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GLOBAL REGULARITY FOR THE NONLINEAR WAVE EQUATION
WITH SLIGHTLY SUPERCRITICAL POWER

MARIA COLOMBO AND SILJA HAFFTER

We consider the defocusing nonlinear wave equation Ou = |u|?~!u in R? x [0, c0). We prove that for
any initial datum with a scaling-subcritical norm bounded by M|, the equation is globally well-posed for
p =543, where § € (0,50(Mp)).

1. Introduction

We consider the Cauchy problem for the nonlinear defocusing wave equation on R3, that is,

{Du = |u|?"tu,

(u, d;u)(-,0) = (up.u1) e (H' N H?) x H!, M

where u : R*x 1 — R, p>1and [0 = —3d;; + A is the d’ Alembertian. For sufficiently regular solutions

of (1) the energy
|u|p+1

1 1
Eu)(t) ::/§|3,u|2+§|Vu|2+ FE dx

is conserved, i.e., E(t) = E. Moreover, there is a natural scaling associated to (1): for A > 0 the map
ur>uy(x,t)= Aﬁu(kx,kt)

preserves solutions of (1). Correspondingly, the energy rescales like E (u;) () = AG—P)/ =D E ) (1)
and hence the equation is energy-supercritical for p > 5. Our goal is to show that given any (possibly
large) initial data (19, u1), the supercritical nonlinear defocusing wave equation (1) is globally well-posed
at least for an open interval of exponents p € [5,5 + §p).

Theorem 1.1. Let [|(uo, u1) | g1ng2xg1 < Mo. Then there exists o = do(Mo) > O such that for any
8 € (0, 8¢) there exists a global solution u of (1) with p = 5+ § from the initial data (ug,u1). Moreover,
there exists a universal constant C > 1 such that for any time t

CE(u)352
1, de) (Ol g1 1ot < W0 w14y g1 €€ ETEE@D ) Q)

and we have the global spacetime bound
352
hell 201 @axmy < C(1+ (CE@)“F™),
In particular, the solution scatters as t — F00.

MSC2010: 35B65, 35L15, 35L70.
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Global regularity and scattering for the energy-critical regime was established in [Struwe 1988;
Grillakis 1990]. The classical results in the critical case were recently improved to obtain explicit double
exponential bounds [Tao 2006b] and to allow a critical nonlinearity with an extra logarithmic factor
f(u) = u’log(2 + u?) in the case of spherical symmetric data [Tao 2007]. Exploiting the method
introduced in [Tao 2006b; Roy 2009] could remove the assumption of spherical symmetry for slightly
log log-supercritical growth. In two-dimensions, global regularity has also been established for the slightly
supercritical nonlinearity f(u) = ue” in [Struwe 2011]. For the classical supercritical nonlinearity
f(u) = |u|?~1u with p > 5, global existence and scattering of solutions still holds for small data in
scaling-invariant spaces, for instance in HS? x HS»~1 where

8
Sp.—1+m

is the critical Sobolev exponent. For general large data, however, the problem of global regularity and
scattering is still open: apart from conditional regularity results in terms of the critical Sobolev regularity
[Kenig and Merle 2011; Killip and Visan 2011], global solutions have been built only from particular
classes of initial data [Krieger and Schlag 2017; Beceanu and Soffer 2018] or for a nonlinearity satisfying
the null condition as in [Wang and Yu 2016; Miao et al. 2019].

Our result should be seen in line with [Tao 2006b; Roy 2009], pushing global regularity in a slightly
supercritical regime. Although the nonlinearity considered in those papers has a logarithmically supercrit-
ical growth at infinity, it still comes, up to lower-order terms, with the scaling associated to the critical
case p = 5. Correspondingly, both the scaling-invariant quantities of the critical regime, as well as some
logarithmically higher integrability, are controlled by the energy. Instead, we consider the supercritical
nonlinearity (1) and achieve global existence and scattering by paying the price of working on bounded
sets of initial data, as previously done for other equations, such as SQG [Coti Zelati and Vicol 2016] and
Navier—Stokes [Colombo and Haffter 2021]. As in [Roy 2009; Coti Zelati and Vicol 2016; Colombo and
Haffter 2021], the crucial ingredient of the proof of Theorem 1.1 is a (quantitative) long-time estimate.
In the spherically symmetric case, the classical Morawetz inequality gives an a priori spacetime bound
as long as the solution exists. The following result replaces this long-time estimate in the absence of
symmetry assumptions.

Theorem 1.2 (a priori spacetime bound). There exists a universal constant C > 1 such that, for any
solution (u,d;u) € L®(J,(H' N H% x HY)(R3)) of (1) with p =546, 8 € (0, 1), defining M :=
lullLoo@sxy. £ = EW)and L :=|[(u,0:u) |l ooy (grso x frso—1y(w3y) the following hold:

o If min{ EM®/2, L} < co, then lull 20— @3xy < 1.
o If min{ EM3/2 L} > cg and (CEM®/2L)CEM L) <51/ 1o
g 8/21176
lull 20— @3xsy < (CEM 2 L)CEMTTLTE )

Corollary 1.3. There exists a universal constant C > 1 such that the following holds. Let My > 0 be given.
Then there exists 8¢ = 8o(Mo) > 0 such that, for any solution (u, d;u) € L°(J, (H' N H? x H')(R?))
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of (1) with p =546 for § € (0,8¢] and with ||(u, Btu)”Loo(J (H1nE2xHH®R3) = Mo, we have the
a priori spacetime bound

s 8/21352
ll 2001 @3y < Max{1, (CE(u)Mg )CE@M>, (4)

Remark 1.4. From the proof, we observe that 8¢ has the following dependence as My — oco: there exists
C’ > 1 such that
In2 In2

8o := min{ 1 .
0= MM My In(C'E)(C'E)352

Theorem 1.1 follows from Corollary 1.3 and a continuity argument, taking advantage of the fact that,
if the estimate (4) involves in the right-hand side higher-order norms of the solution itself, which we a
priori don’t control for large times, on the other side they appear only to the power § and hence can be
kept under control for § small.

The proof of Theorem 1.2 follows instead the scheme introduced in [Tao 2006b] to obtain double
exponential bounds on critical Strichartz norms based on Bourgain’s “induction on energy” method [1999].
In [Roy 2009], the scheme has been successfully applied to a log-supercritical equation assuming
a (subcritical) a priori bound M on [[u| fcog3xs): indeed, it was noticed that the induction on the
energy, which does not allow the inclusion of the a priori bound M, can actually be bypassed by a
simpler ad-hoc argument. We will use the latter strategy also in our case. Rather than controlling an
L*L'? norm as performed in the mentioned papers, we estimate an L2(=1 norm, which is scaling-
critical for every p. To follow their line of proof, we need to overcome some issues related to the
supercritical nature of our equation: for instance, a fundamental use of the equation in all critical
global regularity results is the localized energy equality and the subsequent potential energy decay,
first used in [Struwe 1988; Grillakis 1990; Shatah and Struwe 1993]. In the supercritical regime, the
localized energy inequality becomes less powerful, since the nonlinear term is estimated this time in
terms of a power of the length of the time interval besides the energy itself (see Lemma 4.5). To
be able to still take advantage of this localized energy inequality, we need a control on the length of
the so-called unexceptional intervals, which was not derived before in [Tao 2006b; Roy 2009] and
seems to work in the supercritical case only. To achieve this control, we introduce another scaling-
invariant norm of u accounting for more differentiability, namely L% H*». This quantity, which
appears in the final estimate (3), was not needed in [Tao 2006b; Roy 2009]. It turns out to be fun-
damental to bound the length of unexceptional intervals by performing a mass concentration in H*7,
rather than in H! (see Lemma 6.2), and thereby obtaining an upper bound on the mass concentration
radius.

The strategy of proof of Theorem 1.1 is very flexible and we plan to apply it in a future work to
the radial supercritical Schrodinger equation. For instance, as regards the initial data, the statement
of Theorem 1.1 is written with (ug,u;) € H' N H? x H' and in the proof we take advantage of the
embedding of H 3/2+€ in L.°°. However, we will investigate whether a similar result holds just above the
critical threshold, namely for (ug,u1) € H' N H'T€ x HE for some € > 0, with 8¢ depending on €.
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2. Preliminaries

2A. Energy-flux equality. With the notation of [Shatah and Struwe 1998], we introduce the forward-in-
time wave cone, the truncated cone and their boundaries centered at zo = (x¢, f9) € R3 x R defined by
K(z0):={z = (x,1) e R*: |x —xo| <1 — 10},
Ki(20) := K(z0) N (R® x [s, 1]),
Ml(zo) :={z=(x,r) € R3 % (s,1): |x —xo| = r —to},
D(t;z¢9) := K(z9) N (R® x 1).

Correspondingly, we introduce the localized energy as well as the energy flux

E(u'D(t'zo))'—/ Lol + Livup + ™ dx
) ) - A1Vt " )
D(t;z0) 2 2 p+1
2 +1
1 X —Xo [u|P™ do
Flux(u;M’(zO)):zf —'Vu— u| + —.
: M (zo) 2 |x —xol ' p+1l V2

Let us recall that for any sufficiently regular solution we have the energy-flux identity
E(u; D(t; 20)) + Flux(u; Mg (20)) = E(u; D(s; z)) (5)

for any 0 < s < ¢. Indeed, (5) is obtained by integrating (Ju — [u|?~1u) d;u on K!(zo); see for instance
[Shatah and Struwe 1998]. Whenever zo = (0, 0), we will not write the dependence on zg; we will write
I'+ (1) for the forward wave cone centered at 0 and truncated by 1,

Co(D):={(x. 1) eR3xR:|x|<t, 11},
and we define e(?) := E(u; D(t)). We can then rewrite (5) forany 0 < s <7 as

2+|u|1”‘H do
p+1 2°

1 X
€(l)—€(S) = /Mg E‘Vu—; atu

2B. Strichartz estimates. Letu:R3x 1 — R solve the linear wave equation Ju = F. Letm € [1, %) Then
for any (¢, r) € (2, oo] x[1, 0o0) wave-m-admissible and for any conjugate pair (¢, 7) € [1, +00] x[1, 4+00]
with

=5 —m, (0)

we have

lullLar,ry + 1 80l oo (g grmx grm—1y < CUNt, 0:) )l gy g1 + 1 FllLaqr,zry). (D

where #p € I is a generic time. The above Strichartz estimates are classical and we refer for instance
to [Ginibre and Velo 1995; Keel and Tao 1998; Lindblad and Sogge 1995; Sogge 1995]. Notice that
(g.7r) =2(p—1),2(p—1)) is wave-s,-admissible and all (g, r) wave-s,-admissible are scaling-critical.
Moreover, the constant C can be taken independent of m € [1, %]
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2C. Localized Strichartz estimates. By the finite speed of propagation, we can localize the above
Strichartz estimates on wave cones. Let I = [a, b] and m € [1, %) For any solution u : R3x I — R of a
linear wave equation (Ju = F, we have for any (g, r) wave-m-admissible and any conjugate pair (g, ')
satisfying (6) the localized estimate

el Lr gy < NG, 000) (D) (grmy m—1y@ay + 1 F lLarr oy (yy- (8)

As a consequence, if I = [a, b] = J1 U J,, we have
[l za Ly oy S N 3B (g gm-1y@3y + 1F lLaLs @y yumy-

2D. Littlewood—Paley projection. We follow the presentation of [Tao 2006a]. Fix ¢ € Cfo([RRd ) radially
symmetric, 0 < ¢ < 1 such that supp¢ € B»(0) and ¢ = 1 on B;(0). For N € 27, introduce the Fourier
multipliers

Py (€)= p(E/N) [ (E),
Pon (&)= (1—p(E/N))f(®),
PN [ (€)= ((E/N)—pQE/N)) f (£).

The above projections can equivalently be written as convolution operators and the Young inequality
shows that the Littlewood—Paley projections are bounded on L2 for any 1 < p < +o00. Moreover, we
have the Bernstein inequalities

d(Li-1
1P<n flle@ay Spa NG DN Pan £l 0 ga ©)

for 1 < p < g < +o0 and the same holds with Py f in place of P<y f. Moreover, for 1 < p < 400 we
also recall the fundamental Littlewood—Paley inequality

1 Lo ey ~ H( > |PNf|2)2

Ne2?

(10)

LP([R{”')'

2E. Dependence of constants. In the rest of the paper, all constants will be independent of the choice of
5 €[0, 1). We keep the estimates in scaling-invariant form (for instance, in all the statements of the lemmas
in Sections 3—6). We write the terms in the estimate in terms of simpler scaling-invariant quantities, such
as E||u||i/0%, lullp 20— Ul oo grsps ET—8/(P=1) (see for instance (16)).

3. Spacetime norm bound under a scaling-invariant smallness assumption

In this section, we recall that the Strichartz estimates give a universal control on the critical L2(—1)
spacetime norm, which is in particular independent of the length of the time interval of existence, provided
that the solution satisfies a suitable scaling-invariant smallness assumption. In our context, we formulate
the smallness assumption in terms of the critical H*» norm as well as a scaling-invariant combination of
the energy and the L°° norm.
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Lemma 3.1. Let p = 5+ 8 for § € (0, 1) and consider a solution (u,d;u) € L°(I, H' N H2 x HY)
to (1). Assume additionally that ||u| pco@3xry < M. There exists a universal 0 < co < 1 such that if
8
EM?2 <coy or ||(u7 atu)”LOO(I’(H.S[)XH‘S])*I)(R:;)) = co,
then

lull 2-0@3xry < 1 (11)

Proof. Let us first assume that EM%/2 < ¢y foraco < 1 yet to be chosen. By interpolation

s 4
el 20 < llullfoo lhull /s

We notice that (8, 8) is wave-1-admissible. By the Strichartz estimate (7) (with m=1and (g, 7)= (2, %)),
Holder and the Sobolev embedding H'(R?) — L°(R3?) we have

1 1
lullzs = E2 4 [[ul?"ull 230 S E2 + [[Jul?” Iz2 Mullpeore < EX(1+ ||u||L2<p n)-
Summarizing, we have obtained that for a C > 1
3 _2 4
[ullp20- < CM2E)P=T(1 + [ull}200-1)-

from which (11) follows setting co := (4C)~P~=1D/2 <1,
Let us now assume || (1, d;u) ”LOO(HSP wErsp—1y = cq fora0<c( < 1. Observing that (2(p—1),2(p—1))
is wave-sp,-admissible, by the Strichartz estimate (7) (with m = s, and (g,7) = (2,6(p —1)/(3p + 1))),
Holder and the Sobolev embedding H*7 (R3) — L3(P~1/2(R3), we have
ltll 201 < 1Gas 30| oo (gsm w rsm—1y + Nl el L2 poo-1rp40
< I (u, 8tu)||Loo(HSpXHSp—l) + || |M|p_1 ||L2x [|u ||L°°L3(ﬁ—1)/2

<1000 | oo gom e rsn—1y (1 ]2 1)

Calling C’ the constant in the above inequality, (11) follows by setting ¢, := (4C")~L O

4. Spacetime norm decay in forward wave cones

The goal of this section is to prove the following proposition, which identifies a subinterval J (of quantified
length) with small L2?=D norm of u in any sufficiently large given interval I = [T7, T2]. The main
difference to the energy-critical case p = 5 [Tao 2006b, Corollary 4.11] lies in the fact that the largeness
requirement on / can no longer be reached by simply choosing 75 big enough (see Remark 4.3).

Proposition 4.1 (spacetime-norm decay). Let p = 5+ 8§ with § € (0,1), I = [Ty, T2] C (0, 00) and
consider a solution (u,d;u) € L¥(I, H' N H2 x HY) to (1). Assume that [ull Loo3xr) < M. There
exists a universal constant 0 < Cy < 1 such that if 0 < n < 1 is such that

1< Co(EM3)s0=D (12)
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then the following holds for any A satisfying

12(p—=1) 14

A> (Cop Y5 (EMSF (13)

if T1 and T, are such that
1>

—1)6(p—1)(p+1)/5(EM8/2)(91)+19)/10 max{(Czn_l)_6(”_1)2/5(EM3/2)9(”_1)/10,(M(”_1)/2T2)3/2}
T ’

> A3(Can

(14)
then there exists a subinterval J = [t', At'] C I with

el 20-0 @y () = 1-

Remark 4.2 (simplified assumptions in the large energy regime). In the large energy regime £M /2 > ¢,
with ¢g defined through Lemma 3.1, the hypothesis (12) can be simplified to

_7
6(p—1)

n < Cacy = 06,
where we observe that 0 < ¢, < 1. Moreover, the assumption (14) can be replaced by the stronger
condition

2 > A3(C271

T~

_1)6(17_1)(p+l)/5(EM6/2)9p+19/10max{c(()p_l)/2,(M(p_l)/2T2)5/2} (15)

Remark 4.3. The assumptions of Proposition 4.1 comprise an upper bound on 77 for any fixed 7
satisfying (12), A satisfying (13) and 7> satisfying (14). However, this will not be the spirit of the
application of this proposition: we will rather fix 71 and consider (14) as a condition on 75 and §. This
condition may sound strange since, when all other parameters are fixed, (14) is not verified for large 75.
On the other hand, we will instead fix

T = TlA3(C2,,—1)6(p—1>(p+1)/5(EMs/z)(9p+19)/10
and notice that (14) is verified for § sufficiently small.

As a first step to the proof of Proposition 4.1, we show that if the L2(P~1) norm of u in a strip is
bounded from below, the Strichartz estimates imply a lower bound on the L L?*! norm in the same
interval.

Lemma 4.4 (lower bound on global and local potential energy). Let p =546 with§ € (0, 1) and n € (0, 1].
Consider a solution (u,d;u) € L°(I, H* N H% x HY) to (1). Assume that lull L2co-D®3x1) = 1 and
ullLoow3x 1y < M. Then there exists 0 < Cy < 1 universal such that

a2t Ly = Cn 20O E)E Mt (16)

Moreover, by finite speed of propagation the same estimate can be obtained by replacing R3 x I by any
truncated forward wave cone 'y (I).
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Proof. Let 0 <n < 1. By shrinking /, we can assume without loss of generality that [|u||z2(p—1)(g3x 1) = 7-
We observe that we control all wave-1-admissible spacetime norms with the energy. Indeed, fix (q, r)
wave-1-admissible. By the Strichartz estimate (7) with m = 1 and Holder

1 _ 1 _ 1 1 _ 1
lullzorr < E2 + Ml ullpops S E2 + lullpoopolllul? Mgz S E2 +E2nP~' SE2. (1)

We observe that the pair (3, 18) is wave-1-admissible and that (3, 18) and (co, p + 1) interpolate to
((%(p +1)+3, %(p + 1)+ 3) = (8 + %5, 8+ %8). By interpolation and (17), we thus have

2(p+1)

2(p—1 8+28 18 2(p+1) 3 55
[ ||Loo Il s Eesrms = M Tl ll3 s, 15 S (MEEY3 M8 ) 820

— Lo p+1 O

We now come to a localized energy inequality of Morawetz-type which, in the critical case p = 5,
implies the potential energy decay and hence it is crucial for the global regularity in the critical case
[Grillakis 1990; Struwe 1988]. In the supercritical case, the former localized energy inequality degenerates
and will only lead to some decay estimate on bounded intervals: indeed the presence of the extra term
b8/ (P+1) ip the right-hand side of (18) below makes the inequality interesting only when an estimate on
the length of the interval is at hand.

Lemma 4.5. Let § € [0,1) and p =5+ 8. For any 0 < a < b and any weak finite energy solution
(u,9:u) € C([a.b], H N LPTYY N LP([a,b], L?P) x C([a.b], L?) of (1), we have

/ u(x, b)[PH ! dx < %E +e(b)—e(a) + b7+ (e(b) —e(a)) 75T (18)
|x|<b

Proof. Let us first assume that u € C%(R3 x [a, b]) is a classical solution of (1). We follow the notation
of [Shatah and Struwe 1993; Bahouri and Shatah 1998] and introduce the quantities

1 2 2 |”|p+1 X
Q0 1= 5 (0 +|VuP) + 2 dyu( Vi),

+1
x ((@u)?  |Vul®>  |u|PT! X u
Py:=— - - Vu(o —-Vu+—,
0 z( 2 R U A AR

Observe Rg > 0. Multiplying (1) by (¢ d;u +x-Vu+u) one obtains d; (t Qo+ d;u u)—div(tPy)+ Ro =0;
see [Shatah and Struwe 1998, Chapter 2.3]. Integrating on K, 5 (recall the definitions in Section 2), we
obtain

b Qodx —a Q()dx-i-/ Ry dx dzt
D(b) D(a) Kb

do
:—/ 8,uudx+/ 8;uudx+/ (Qo—i-atuu—l-tPo )
D) D(a) MY x| ) V2

= /Mb t(atu +—-Vu+ ) iig, (19)
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where in the second equality we used the computations of [Bahouri and Shatah 1998, Section 2] for p =5
to rewrite the last addend on the right-hand side. Indeed, on M the integrand

tQ0+8,u+P0-|x—|=t(8tu)2+28,ux~Vu+8tuu
X

is now independent of p. Proceeding as in [Bahouri and Gérard 1999], we estimate on K, 3

?_ (0w)?
-2

dru )I—C-Vu < %|Vu|2. (20)

(0:u)? 1 f.vu‘
2 20t

We infer from (19)—(20), the positivity of Ry and the conservation of the energy that

p+1 1 d
/ ™ e <@ Qodx—l——/ t(a,u+ Vu+ o ) 7
pp) Pt1 b Jp(a) b Jmp V2

p+1 1 2 d
<2 ('”' +(8tu)2+|Vu|2)dx—|——/ z(atu+f-w+z) il
bJp@\ p+1 b Jmy t 1) V2

<E+1[t8+ V+ “ do
b ng tu u ﬁ

We estimate the last term on the right-hand side as in [Bahouri and Gérard 1999]: we use (5) to bound

> do u? do
b/ (8tu+ -Vu + ) \/__2(e(b)—e(a))+2/51—2£,

The main difference with respect to the energy-critical regime is the estimate of the second addend which

now deteriorates with b. Indeed, we estimate by Holder

2 p+1 3T
/Mb l:—z d% < b7 (/Mb |Z|+ . %)P < bﬁ(e(b) —e(a)) 7.

Collecting terms, we have obtained (18) for classical solutions u € C2(R3 x [a, b]).
If u is a weak finite-energy solution of (1) as in the statement, we proceed as in [Bahouri and Gérard
1999]: we fix a family of mollifiers {pe¢ }e>0 in space and define u¢ := u * p.. Then, setting

Je= _|”6|p_lue + (|“|p_1”) * Pe
ue € C%(R3 x [a, b)) is a classical solution of
Oue = |ue|? Yue + fo. (21)

By assumption, f, € L1([a, b], L?) can be treated as a source term. We then deduce (18) by proving the
analogous local energy inequality for a nonlinear wave equation with right-hand side (21) and pass to the
limit € — 0. We refer to [Bahouri and Gérard 1999, Lemma 2.3] for details. O

Lemma 4.5 can be viewed as decay estimate for the potential energy. Again, when compared to
the critical case [Tao 2006b, Corollary 4.10], the supercriticality of the equation weakens the decay by
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introducing a new dependence on 75, the endpoint of the interval to which the decay estimate is applied,
which deteriorates as 7o — +00.

Proposition 4.6 (potential energy decay in forward wave cones). Ler I = [T1,T2] C (0, +00) and
consider a solution (u,d;u) € LI, H* N H% x HY) to (1) with p = 5+ § for some § € (0, 1). Let
0 < 0 such that

ETZ_%Q_(I’“) > 1. (22)
Let A > 0 be such that

) _ _
A> ETZ_EQ_(I’H) and A3ET: e 1)0_(p+1)ma"{l’g_(pH)(p_l)/z}ﬂ <T>. (23)

Then there exists a subinterval of the form J = [t', At’] such that

Y
||”||L00Lp+1(p+(J)) < Tz(ﬁ—l)(p-i-l) 0.

Notice that 6 in the previous statement is not dimensional.

Proof. Let 8 >0 be asin (22) and fix A > E TZ_S/ (P=Dg—(p+1) et N to be chosen later be such that
APNT < T, namely

N
Jra2e=D7 A2y c 1.
i=1

Since e is nondecreasing in time (see (5)), we have e(A42"1) — e(A2*~D¢) > 0 for all n and

N
0= e(A?T1) —e(A>"™IT) = e(4>V Ty) —e(T1) < E.

n=1

Hence there exists ng € {1, ..., N} such that e (420 Ty )—e(A20~D ) < EN 1, Splitting the interval as
[AZ("O_l)Tl, A2n0 Tl] — [A2(n0—1)T1’ A2n0—lT1] U [A2n0—1T1’ A2n0 Tl]»

we have, applying Lemma 4.5 with a := A2®0~D T} and varying b € [42"0~1 T}, A270T}], that

1 8 2
p+1 -1 2 o —1y557
||u”L<>°LP+1(F+([A2”0—‘Tl,A2”0T1]) < ZE + EN"1 4 (A2"0T) T (EN 1) o

s _8 _s
< sz—l Qp-‘r-l + EN—I + T217+1 (EN—I)ﬁ < sz—l 9p+1’
provided
(EN—I)ﬁ < TZ(P—1§?P+1)917+1 and EN—I < TZ%QP-FI,

or equivalently,
(1) (p=1)
2

__8
ET, 7~T07PTD max{1,6~ }<N.

For the latter, we have to ask that [T, A2N T1] € [T1, T»], which is enforced by the second requirement
in (23). O
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Proof of Proposition 4.1. Fix 0 < 6 yet to be determined such that ET, 8/(p=Dg—(r+1 - 1. Fix
A>ET, 8/(P=Dg=(p+1) gnd assume that (23) holds. By Proposition 4.6, there exists a subinterval J of
the form J := [t/, At'] and C’ > 1 such that

&
||u||L00LP+1(r'+(_])) E C/Tz([)*l)(p+1) 9 (24)

We claim that if we choose 6 appropriately, we have [[u|| ;21 + (7)) = - Indeed, assume by contra-
diction that [|u||z2»-1(r, (7)) = 1- Then we have from Lemma 4.4

12(p—1) § ___ 9 __ &
||u||LOOLp+1(F+(J)) > Cin3e+FD (M2 E) 5+D M ™ 200+D,

Choosing 6 to be

Ci 12001 s 9 s S —
— 1 s (M2E) 5p+D M 2+D T, #?TD@=D
2¢7" 2 ’

we reach a contradiction with (24). Let us now verify the hypothesis on #: We observe that

12(p—1)
5

__5_
ET, 71 ~# D = (€ 2C) ™y~ 0y~ S5 (EM 3§
such that hypothesis (22) is enforced if
L 32D 5.1
0<n<(Cy2C)2-D(EM?2)6(r-D,
This explains the hypotheses (12) and (13) with the choice
5(p+1)
= (C1_12C’)12(p—1)_
We also rewrite the largeness hypothesis on /, namely the second formula in (23), in terms of 7,

(r+D(p—1) (17+1)(p—1) 6(p D2 9(p 1) 8(17 D

o 2 =(C1(2C/)_1)_ n (EM?) T2
— (€)™ T T (M)
so that
maX{l,Q_(erl)(p_])}
= (o)™ (EM 35" max{ (Co™) ™5 (EM )5,
This shows that (14) implies the second inequality in (23). O

5. Asymptotic stability

Let u : R3 x I — R solve an inhomogeneous wave equation (Ju = F. We now introduce the free
evolution u; 5, from time fo, that is, the unique solution of the free wave equation Ou; ;, = 0 which
agrees with u at time tg, i.e., (1] s, 09U ,)(t0) = (u, 0:u)(t9). We recall that, from solving the linear
wave equation in Fourier space, we have the representation formula

sin(t+/—A)
v =A

where we use Fourier multiplier notation; see for instance [Sogge 1995]. From this representation as well
as the Strichartz estimate (7), it follows that for any m € [1, %) and any (p, q) satisfying (6) we have the

ULt (1) = cos(t vV —=A)u(ty) + ——=—==— du(to),
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estimate

I1z,500 Isut1,00) | oo (1, frmx frm—1y + 10l L20-D @35ry S 11 (s 90) @) gy frm—1- (25)
From Duhamel’s principle it follows that we can write for ¢t € 1
W) = w1 () + /t sin((t —t')v/—A)
’ f0 V-A
We recall from [Shatah and Struwe 1998, Chapter 4] that for # # ¢’ we have the explicit expression
sin((t —t')v/—A) e
V-A

We recall that the linear evolution enjoys asymptotic stability in the following sense.

F(t)dt'. (26)

() F(t', x") dH*(x").

A (t —1') Jix—x'|=|t—1/|

Lemma 5.1 (asymptotic stability for the linear evolution). Let p =5+ with § € (0, 1). Let u be a solution
to (1) on R3 x I’ with lull oo ®3x1y < M. Then for any I = [t1,t2] € 1" and any t € I'\ I we have
2
14105 (1) =110, ()| ooy S (EM3)T5D disu(e, 1) 771

Proof. From (5) we deduce that
ez [ MO ),
Ix]=t p+1

Integrating in time, by translation invariance and time reversibility, we have
/ / lu(x’, )P an?(x")dt' < E
I J|x'—x|=|t'—t|

for any (x, ) € R3 x I'. Using (26), we write for t € I’ \ I

1 2 |
Up g, () —upy (1) = ——
2 1 A Joy Nt =t Jix—x=1t—r|

lu(x’, t")|P dH?(x) dr’.

We apply Holder with

(3(p—1> 3<p—1))_(p+1+% p+1+%)
2p 7 p-3 p o148
to estimate for any x € R3

|ul,t2(x’ t) _ul,tl (X, t)l

1%) 1
< / = lu(x’, )P dH2(x") dt’
=

1 |x—x'|=|t—|

&) s = dt’ &0
5(/ / Iul"““(xﬁr/)dHZ(x@df/) (/ PPRET =0 )
t Jx—x'|=t—'| no|r—¢'| 3 2

8 5] 30—
S| P )
ty J|x—x'|=[t—t’|
8 2p __2
< (M3 E)505D dist(r, 1) 7. 0

) __2_
dist(¢, I)™ 71
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The importance of the above asymptotic stability lies in the following corollary.

Corollary 5.2. Let p = 5+ 8 with § € (0,1) and I = [t—,t+]. Consider a solution (u,d;u) €
LI, H'NH?x HY) to (1) and assume that [ull Loo@3xry < M. Consider Iy = [t1, t2] and I = [t2, 13]
foranyt_ <ty <tp <tz <ty. Then

|]1|2(p—)

2,65 =ure 2oy = (EM2)6(p Y ”u”LOO(I (HSP x HSp=1Y)’

|]2|2<p D

Proof. We observe that the pair (oo, %(p — 1)) is wave-sp-admissible, where we recall that s, :=
1+68/(2(p—1)) is the critical Sobolev regularity of (1). We estimate by Holder

||ul,t3 ULy “Lz(l’ D(@Tyy) ~ |11|2(p 0 J|luy o T UL t3||Loo(R3X11)||ul t3 ULy ||LooL3(p D/2(Ty (1))

Observe that v :=uj,, —uy,, solves Dv = 0 with v(¢3) = u(13) —u; . (¢3). Hence by the Strichartz
estimate (7) and (25) we have

||v||L°°L3(P*1)/2(I“+(11)) < (v, 3tv)(f3)||(HprHSp—1)(R3)
5 ”(M, alu)(t?))”HSp XHSp—l + ”(Ml,l+? alul,l+)(t3)”HSp X[']Sp—l
SN, 0:u) (13) || s  grso—1 + 11, 00w) () || gsp o grsp—1

< ”(u» 8tu)||LOO(I,(HSpXHSp—1))' O

6. A reverse Sobolev inequality and mass concentration

The section is devoted to proving that, if u solves (1), then there exists a suitable ball with controlled size
which contains an amount of L2 norm, quantified in terms of |u||;2»—1) and ||u| gs. A key ingredient
in the proof is the reverse Sobolev inequality of Tao, generalized for any s € (O, %) We present the proof
for completeness, since the original argument used the fact that p was integer.

Proposition 6.1. Ler 0 <s < % and é = %

such that

—5- Let f € HS(R3). Then there exists x € R and 0 < r < %

1 % 3 2 (3 2
(& [, PO®) 21Paw AL 1 o

Proof. By replacing f with f (x) == (1/|| f Il g75) f (x) we can assume without loss of generality that
[/l gs =1

Step 1: Let g € H® with gl s < 1. Then there exists N € 2% such that
IIgllLY S Pyglla. (28)
and as a consequence

(2s) N2< P~ 29
lgllza SIPygllree. (29)
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From (10), Plancherel’s theorem and the hypothesis | g|| 75 < 1, we infer that

> N¥|Pygl?, S (30)
Ne2?

By interpolation, (30) and the definition of g we see that (29) is a consequence of (28); indeed
2

2 1—2 25 5 1 1—-2 ___2s 2s
IPyglie < 1Pygl/2lPgle =N ¢ (N7 [|Pygl;)IIPggled SN ¢ | Pyel -
We are left to prove (28). Let us fix M € N big enough such that % € (M — 1, M]. With this choice
of M, we ensure the subadditivity of the map x + x4 /@M) We then write, using the hypothesis, (10),
the aforementioned subadditivity, a reordering and Holder,
_4q

% M 2M
lelf. < [ (Z |PMg<x)|2) a= | 1‘[(2 |P~ig(x>|2) dx

Me2Z i=1 "N;e2?

M q M q
< [T1 X ieveeifrass Y [ [iPwe@li ax

i=1N;e2Z Ni<+=<Nym " i=1
q(M—=2)

< (swiewelee) X (f1Pm et P st ar)

Ne2? Ni<-<Num

In all sums on Ny <--- < Ny, we intend that each N; belongs to 22 We claim that the second factor is

bounded by a constant. Indeed, we estimate the last integral for fixed N; and Nps using Holder by
2

(/|PN1g<x>|‘é|PNMg<x)|g dx)M

S

M a=M a=M M
= \IPn&lifs [ 1PN &) 2 | PNy g(X) 2 [Py, 8(x)| 2 dx

a—M qa—M
<|IPngllLe=llPn, gl a" 1PNy &llza" 1PNy gllLara-

By Bernstein’s inequality (9) and the definition of ¢, we have
3 3_6 3 54 3
1PN, gllLoelPry gl ¢ < NNy “N PNl P gl = NE Ny 21 Pwigllzzll Py gLz
Combining the three estimates, we deduce that

q—2
Iglfe < (sup IPgle) — 3 IPwgleolPry Lo
Ne2

Ni<-=<Nm
772 3-8 0573 25 2 25 2
<(swpllPvglee) 3 NNy PNEIPN gl + NI Prygl13):
Ne2? Ni<-<Num

Let us consider the first addend on the right-hand side (the second is handled analogously):

3 g3 ad 3
S NNy NP PN IR, = Y 22 Pynglls Y (nag —np)M 22 (B0

Ni<-+<Npy ni€z hp=ni

S Y2 Pymglia S 1,

ni€ez
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where we used that for fixed s € (0, 3) the series || Poni gl|7, Y 52 o n™ —29=(3/2=9)n ¢onyerges for every
M € N as well as (30). We conclude from (31) that

3 _q_
lglze =llglfa® < sup | PxliLa.
Ne2?
which implies (28).

Step 2: Let N, N € 2% and define Yy = N3y (N x), where  is a bump function supported in By (0)
whose Fourier transform has magnitude ~ 1 on B1go(0). Then we can rewrite

PyPsnf = Py(f*vyy),

where ISN is a Fourier multiplier which is bounded on L°°.
The claimed identity of Fourier multipliers follows by setting F (ﬁﬁ) (£) := W(E/N), where

W(E) = (p(§) —p2)(1 —p(EN /NP (E) "

To verify that ﬁﬁ is bounded on L, for g € L.°° we estimate by Young and a change of variables

I1Pyglree SIFHWE/ NIz lglizoe = [F (W) p1llglzoe.
Observe that ¥ € C2(R?) C S(R?), so that | F =1 (W) 11 < +oo.

Step 3: Conclusion of the proof.
We apply Step 1 to g = P>y f to deduce that there exist N €27 such that

P (2S) N < pr
IP>n fllzz" Na SIPyP=n fllLee.

We observe that N > % because otherwise Py P>y f = 0. By Step 2, we deduce that there exists x € R3
such that

1Pon A1 N <y s £ < ([ fz(y)dy)ZIIWIILZ-
B(x,%)

Combining the two inequalities, we obtain the claimed inequality (27) with r := : € (0 2z ] O

The proposition above will be applied with s = s,; the choice of s # 1 is in turn fundamental in the
main theorem, since it allows us to give an upper bound on the r¢ given by the mass concentration only
in terms of E, M, |[u|l; oo grsp -

Lemma 6.2 (mass concentration). Let p =5+ 38 for§ € (0,1) and let 0 < n < 1. Assume
[ull20-v@3xry =0 and  |ullpeo@sxry < M.
Then, forany 1 <s <sp :=1+8/(2(p — 1)) there exists (x,t) € R* x I and r > 0 such that
1

25 JB(x.r)

_ s _ (so—$)(p—
uZ(y,z)dy > ||u||L:<§’(I HSp(RS))(MzE) ar pr—(sp—s)(p l)naz’ (31)
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where a; = aj(s) > 0 are defined as

s—1 —25p—5 3-2s

oy )/(3 2s)+— and «ap:= -y fory.=—
Moreover,
112 2D Ju] 20 (EM 2~ m =5 (32)
Lo (1, H5P (R3)) ’
where o (s) > 0 are defined as
—1 —1 1 —1 —1
w2ty ETDE=DRED =D

)
Proof. Fix 1 <s <s, =1+46/(2(p—1)) and set

)

the conjugate Sobolev exponent. By shrinking /, we can always assume that |[u| 20 ®3xr) = 7-
Recalling the proof of Lemma 4.4, we have that for any wave-1-admissible (¢, r)

lullparr S E?. (33)

Step 1: We find a frequency scale N € 27, where [ P>n Sl L20-0 @31y 2 1
By Holder and Bernstein (9) with exponents 2(p — 1) and 6(p —1)/(s + 3) € [6, ¢*] we estimate

1 1 s
I P<null2c-0 S [[2P=D || P<nitpocp2c—1 S [[2P=D N 20=D||ul| poo f6r—1/c5+3

We observe that by interpolation and the Sobolev embedding of HSr — [3(p—1/2

=1+ 1) G=1)(p+1) G=1)(p+D) 5 =) (s—D)
Il zoeoir-vrisss < Il sty Il firs S Il =

Thus if we choose the frequency scale N € 27 such that

=D(p+1) 8 (s—1) (s—1)

|]|2(p I)N2(p 1)||u||LOOHépZS Y =cn (34)

for a universal small constant 0 < ¢ < 1, we can ensure that || P> v u |20 ®3x1) 2 7-

Step 2: We deduce a lower bound of || P> Nu || oo (1,14 (r3)) in terms of n, E, M.
Observe that the pair (3, 18) is wave-1-admissible and (3, 18) and (0o, g) interpolate to (%q +3, %q +3).
Using (33) and (34), we have by Holder

q+3

2(p—1)—(2q+3)
” 0 ||P>N || (5/6)q+3

2 1
2P~V < || Poyul ‘;zp ) < || Psnu

_5 iq
< Mt 6q||PZN“||13:3L18||PZN”||200L4

506, 35 5 .3 2
< MG D (MEE) | Poyull§ 4
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hence after some easy algebraic manipulations
| Panullzoors 2 n% P70 (M3 E) =5 (G2
— 520D (a8 By~ 10329 =3 Gsr—9)(p— 1),

Step 3: We apply the reverse Sobolev of Proposition 6.1 to conclude that there exists (x,¢) € R3 x I and
0 < r < 2 such that

N
1 2—
u*(y,t)dy 2 |lull;

( (3—2s)
25 Jpien Loo (LAY @)

Z(P—l)(M%E)—l%(3—25)M—%(Sp—s)(1)—1))1/’ (35)

where y := 9/(2s2). Moreover from (34) we get

(s— 1)(1) 19)

(C,,)Z(p Dy

|| =
2(p—1)— =D+ 5 —D(p—1)
21l o grs ’ (EM2)" 5 NS
=D (p—1)
2D M S
~ 2(p_1)_w 5§ (s=D(p—1) .
1l o grs ’ (EM2)" 5

We now rewrite (35): by interpolation and energy conservation,

==y, 26=1e=D
ullfoogys < E [Ju|

Lo HSP

Observe that y > 2 for s € (0, 3). Thus we have

(sp— s)(p H2—y) w (sp—s)(p—1)(y—2)
(e AN(M E) ull, oo s M-z,
LoH Lo HsP
so that
1 2
-5 u“(y,t)dy
r
B(x,r) —(y—2

2 || = 1(M2E) [5r(G-29+32 2§£ i]M—(sp—s)(p—l)773—523‘2(;;_1)),. 0
LooHSp

Remark 6.3 (optimization of exponents on 7, ||u|; o g5, and EM 8/2) Whilst the free powers of M
in (31) and (32) are fixed by scaling, the other powers come from interpolation and can be optimized.
Since we are not aiming at an optimal double exponential bound, we can take in Step 2 of the proof
of Lemma 6.2 any Strichartz-1-pair (¢’,r’) (here (3, 18)) such that (0o, q) and (¢’, r’) interpolate to
(7,7) with ¥ < 2(p — 1). Alternatively, to optimize the exponents «; and «p, we first suppose that
the endpoint (2, co) was Strichartz-1-admissible, interpolate in Step 2 between (2, co) and (oo, ¢) and
conclude in Step 3 as before. We then approximate (2, co) by wave-1-admissible pairs (24 ¢, 6(2+¢€)/¢).

Letting € — 0,
3—-2s y—28p—s
)+ = 51

and a5 (s) approaches
3-2s 1)
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In the very same way, the free exponents in Lemma 4.4 can be optimized. Proceeding in this way, we
would obtain the lower bound, for any @ > 0 (and an implicit constant depending on w),

lull 28y 40 2 PP DFe(EM )~ AF -t

7. Proof of Theorem 1.2 and Corollary 1.3

We have now assembled all necessary tools to prove Theorem 1.2. We outline now its main steps which
are based on the scheme of [Tao 2006b] and its adaptation in [Roy 2009].

Let (u, d,u) € L°°(J, H' N H%x H') solve (1). Whenever the scaling-invariant smallness assumption
of the first item of Theorem 1.2 holds, then Lemma 3.1 gives the desired spacetime bound. Otherwise, we
split J into subintervals J; such that on each subinterval the L2(?~1 spacetime is completely under control
and substantial, i.e., [|u[|g2(r-1(g3x ;) = 1 for all but eventually the last subinterval. The estimate (3) is
then equivalent to estimating the number of such subintervals and relies on the following key arguments:

(i) Using Lemma 4.4, we deduce that on each J; also the potential energy L°(J;, L?*1) is substantial:
it has a quantitative lower bound in terms of E, M and L.

(ii)) Lemma 6.2 allows us to identify a ball B = B(x;, r;) such that mass concentrates on B at time
t =t; € J;. The mass concentration can be extended to a neighborhood of #; using that the local mass is
Lipschitz in time. At the same time, the size of intervals J; where such concentration happens is bounded
from below in terms of E, M, L and r;.

(ii1) In the scheme of [Tao 2006b], the previous observation together with the finite speed of propagation
is used to remove a cone in spacetime, containing the mass-concentration “bubble”, and to construct
a new solution # with smaller energy than u which coincides with u outside the cone. This allows us
to perform an induction on the level sets of the energy since for sufficiently small energy the claimed
estimate holds by Lemma 3.1. In our setting, such an induction argument seems not applicable, since the
solution # does not need to obey the same a priori bounds on the L°°(/J, H'NH?*xH 1) norm as u.

(iv) As in [Roy 2009] we bypass the induction on the energy by an ad-hoc argument. By time reversal
and translation symmetry and the lower bound on the length of (ii), it is enough to estimate the length of
Ky = JNJty, +00), where (xo =0, tp) is the point where mass concentration occurs at the minimal mass
concentration radius (among those individuated before). As in (ii), the mass concentration at minimal
radius extends to a neighborhood Jo of tg. We then look at the truncated-in-time cone I'y (K4+) and we
define a new splitting of K in subintervals J; such that the L2(P=1 norm on every truncated-in-time cone
', (J;) is substantial and such that J; C Jo. The asymptotic stability of Section 5 controls inductively
the size |J~j+1| < |J~j |. Moreover, the size of Jg is controlled from below by the mass concentration
argument in (ii) and from above by an upper bound on the mass concentration radius (which was not
needed in [Roy 2009]). If | K| was too large, then by the decay of the potential energy Proposition 4.6
there must be a subinterval such that on the truncated-in-time cone the L2(P~1) spacetime norm is small.
By construction, such subinterval cannot be covered by many J;, which means that one of them has to be
sufficiently large, contradicting the upper bound on |f0|.
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Proof of Theorem 1.2. Let p =5+ 6 with § € (0,1), J = [t—, t4] and consider a solution (u, d;u) €
Lo°(J, (H' N H?) x HY)(R?)) to (1) as in the statement. If either EM%/2 < ¢y or L < ¢, then we
conclude by Lemma 3.1 that [|u|z2cp—1) g3y < 1. For the rest of the argument, we thus may assume
the lower bound

min{ EM 2, L} > cq,

where co > 0 is the universal constant given by Lemma 3.1.

Let C > 2¢y 2 be a universal constant that will be fixed at the end of the proof. The inequality imposed
on C guarantees that CLEM?®%/2 > 2.

Moreover, we may assume without loss of generality that [[u||z2(0—1)g3x ) > 1. We then split J into
subintervals Jp, ..., J; such that

o |lullp2p-v@gsxgy =1fori =1,....,1 -1,
* lullp2o-n@exgy) = 1.
We call J; exceptional if
-1
1,6 ||L2(p—1)(qu3le-) + ||ul,t_||L2(P—1)([R{3le~) > B

for some Bexc > 1 yet to be defined. We have by Strichartz estimates (7) that

e N2o-D@3xrys e llL20-v@3xry < L.
In particular, J cannot consist of too many exceptional intervals. More precisely, calling the number of
exceptional intervals Nexe := [{i € {1,...,[}: J; exceptional}|, we have the bound

NCXC S LBSXC'

Between two exceptional intervals there can lie a chain K = J;, U---U J;; of unexceptional intervals.
However, since a chain K of unexceptional intervals has to be confined between two exceptional intervals
(or one of its endpoints is f— or ¢4 ), the number of chains of unexceptional intervals N¢pai, is comparable
to Nexc, that is,

N chain < N, exc-

For a chain K = J;, U---U J;; of unexceptional intervals, we define N(K) :=1i; + 1 —io to be the
number of intervals it is made of. Summarizing, we have

||u||2(p—1) = Nexc + Nchain sup N(K) 5 LBexc(l + sup N(K))
K K

L2(p—D®3xJ) —

The proof is thus concluded with the following lemma and with the choice of By in (36) below. O

Lemma 7.1. There exists a universal constant C > 1 such that the following holds: Consider a solution
(u,d;u) € L®(J, (H' N H? x HY)(R?)) of (1) with p =548, § € (0, 1). Define M := ||ul| Lo @3 1)-
E:=E(u)and L := | (u, atu)||LOO(J’(HSPXHSP_I)(W)) onJ = [t_,ty] and set

Bexe := (CEM 2 L)CEMY2D)C (36)
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Assume that ng/cz < 2 and that

min{ EM 2, L} > co. (37)
Then for any chain of unexceptional intervals, that is, for any K = J;y U---U J;; € J with

lull 2-v@3xs) =1, (38)
s ey lz2o-D@3x sy + Iure_20-0 @3x ) < Baes
foralli € {ig,...,i1}, we have the estimate
N(K) < Bexc.

Proof of Lemma 7.1. Step 0: Let ag, oy, oy and oy be defined through Lemma 6.2 for s = sp, that is, for
y:=203/2sp)* €[5 3],
6
_ O . [
Stp=1)

We prove that there exists (ty, Xo, 7o) € K x R3 x (0, +00) such that

ao:y—ze[%,%], aq %,%], a6=5+%5€[5,§] and a’1=%. (39)

(i) mass concentrates in B(xg, ro) at time ty, i.e.,

1
% / u?(y,10) dy > CeL ™ (EM %)™, (40)
ro " JB(x0.r0)
(i) the length of the J; is uniformly bounded from below in terms of ro, i.e., foralli =iy, ..., i

|Ji| = C7L™0(EM2) ™ Mirs. 41)

From (1), we immediately also deduce the lower bound on the mass concentration radius
- —1
ro 2 (L™ (EM %)) " M~"T" | (42)
By (38), we can apply the mass concentration Lemma 6.2 with n = 1 and s = s, to find that for any
i €{ig,..., i1} there exists (f;,x;,7;) € J; x R? x (0, +00) such that

1
25 / W?(y, 1) dy = CeL ™ (EM %)™,
7 JB(xi.ri)

' Ji] = Co L0 (EM3) = M 3,57,

1

Defining the minimal mass concentration radius ro := min; ¢, . ;) 7i and calling the associated point

in spacetime (xg, f9), we reach (i) and (ii). The lower bound on the mass concentration radius (42) is a
consequence of the simple observation that the left-hand side of (40) can be bounded from above, up
to constants, by rg 22 = ré /(P=D pr2, By time and space translation symmetry, we can assume
without loss of generality that xo = 0 and that ¢y = ro such that B(xg, r9) X {to} lies in the forward wave

cone centered in (0, 0). In view of (ii) it is enough to prove

|K| < L™0(EM %)™ M Beyers .
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Moreover, by time reversal symmetry, it is enough to estimate K4 := K N [tg, +00), i.e., to show
K4 S L7 (EM )™ M3 Boery. (43)
Step 1: We find a cylinder B(xq, ro) x Jo € T'+(K4) in spacetime such that:

(i) Mass still concentrates in B(xq, ro) foranyt € Jo, i.e., fort e Jo it holds

1 / 2 Ce
2Sp B(x0,70) 2

(i1) fo has controlled length, i.e.,

—eo (M3 ) (44)

S $ ~ s
L~ 2 (M2E 1 < \Jol < M3y

(iii) Jo does not carry too much of the spacetime norm. More precisely,

2(p—1) -2
”u”LZ(P*U([R3xJ~0) 5 Lao 2. (45)

The local mass is Lipschitz in time with Lipschitz constant at most [|9:u|[ 00y, r2@®3)) < E /2 More
precisely, we have

1 1
2
‘(/ uz(y,ndy) —(/ w20y, lo)dy)
B(x0,70) B(x0,70)

Ei—to| <ci L3 (M2E)" %7y

SE3i—1o.

In particular, if

for a universal 0 < ¢; < 1 yet to be chosen sufficiently small, then we still have the mass concentration
on the bubble B(xg, ro) X Jo, where

jo = [to, to + ClL_%

More precisely, for any ¢ € Jo, (44) holds. We observe that

1 L% $-1 wotar+1) 8
|J0| :C1M4L 2 (EMz) 2(al+1)r0p <01€02( 0 1 ) rép

5/2

(46)

such that we can choose c1 < ¢’ ~ to ensure (ii). Finally, if K4 C Jo is a strict subset, then | K| < |Jo|
and (43) holds (for big enough constants in the definition of Bex.). Thus we can assume that Jo CKy
and hence B(xg, ro) X Jo C '+ (K+). Finally, let us argue that Jo cannot be covered by too many
unexceptional intervals and thus cannot carry too much spacetime norm. Indeed, from (41), (46) and (37)

we deduce that Jy can be covered by at most
_Q s 1 +1 s s
1L~ 7 (EM?2) 82“’“ )2/14”0p < L%~
C7L™0(EM2)™ 1 M4r”

SIS

many intervals of the family {J,} Hence by (38) we deduce (45).

i=io"
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Step 2: Let
o= co(LEM )73 € (0. ), (47)
with c;, defined through Remark 4.2 (so that 7} is admissible for the spacetime norm decay on large
intervals). For a suitable choice of the universal constant cy, we truncate I'y (K4 ) into wave cones
{F_i_(fi)}f-‘:l such that:
(1) Each of them carries substantial spacetime norm 1, i.e., ||u||L2(p—l)(I‘+(J~i)) =nfori=1,....k—1
and ||u||L2(pfl)(1"+(fk)) <1

(i1) The first interval is not too long, that is, J 1€ fo.

For an 7 yet to be chosen, we will truncate 'y (K ) into wave cones {I"+ (fi)}f.‘=1 such that

||u||L2(p_1(l—-+(J~i)) = 77] fori = 1, . ,k —1 and ||u||L2(p_|)(F+(jk)) < ﬁ

We come to the choice of 7). Let us estimate the spacetime norm on the mass concentration cylinder from

above
p—2 3(p—2)

1
-1 _
/[ uz(y,t)dydzs(/ ) Iulz(”_l)(y,t)dydt)p | Jol 7=Try 77!
Jo J B(x0,r0) '+ (Jo)

and from below, using (44),
// (1) dy dt 2 |Jo| L™ (M3 E)~1r2°".
Jo J B(x0,ro)

We have obtained, using the definition of Jo from Step 1, that

— 8. _ 2p—1_ P N
||M||L2(p—1>(r+(j0))Z(L WO(EMZ) 061)4(p—1)(E erp 1)4(1,_1).

Using (45), we obtain an upper bound on rg, that is,
8 < (70 S a1\Cp—1)(p—1) p—1 4(p—1)?
ro S (L(EM2)™) EZ el ooy oy
< (LOlO(EM%)Oll)(2P—1)(P—1)EP—1L(aé_%)z(P—l)
8(p—1)

— M~ 5 12— D(eo(p—D+ap) (EM%)(p—l)(al @p=D+1) (48)

On the other hand, using the lower bound on ry given by (42), we can estimate furthermore, recalling
(37) and (39), that

2p—1
el oo, oy 2 (L7 (EM 3) ™) 360 1601 (EM )~ 50D

1

— L1620 (EM 3~ (6@ +a5=n) > (LEM3)~3.

Thus choosing 7 :=c3 (LEMS/Z)_3/2, for a small universal constant 0 < ¢, < 1, we ensure that jl - fo.

Choosing ¢, even smaller, namely ¢ < c(/)cg, we ensure that 7 € (0, ¢(), with ¢;, given by Remark 4.2.



GLOBAL REGULARITY FOR THE NONLINEAR WAVE EQUATION WITH SLIGHTLY SUPERCRITICAL POWER 635

Step 3: We prove the following dichotomy (analogous to [Tao 2006b, Lemma 5.2]). Let j € {1,...,k—1}.
Then, for some universal constants Cg > 8 and Cq < 1, either

. . < 5 8
\Jis1] < Csii B1J;| or |Jj| = Coii® M % Bexery.

Consider two subsequent intervals f] = [tj—1.t;] and fj+1 = [tj,tj41] forsome j € {1,... .k —1}.
We have by the localized Strichartz estimates (8) (with (¢, 7) = (2,6(p—1)/(Bp+1)) and v:=u—u;,, |
solving Ov = |u|P~!u with initial datum (v, d,;v)(;+1) = (0, 0)) and Holder that

-1
S Hul?

[|u ULt ||L2(p—1)(r+(jj)) ~ u||L‘7Lf(I‘+(J~jUJ~j+1))

~ ||u||LOOL3(P 1)/2(F+(JJUJJ+1))|| ||L2(p 1)(F+(JJUJJ+]))

8 2(p+1)
(p— ( ) 1 1
S ML oy I s gy 77 S (EM ) 5010

Using (37) and (47), we have

~p—2 S\ st SED | —5etr 2 p—2— 5ot —I\grer ot SeD =y

] (EM2)3(1)71) <c, L 9»-D n 9(r—D < (CZCO )9(1)71) < (CO) 9(1)71)(;0 <¢ ,
where we recall that from the choice of ¢ in Lemma 3.1, it is clear that it beats also the constant arising
from Strichartz estimates. We infer v —u; s, |7 20- DL S < 1. Since [[u]l;2(,— DL () = =1 by
construction, the triangular inequality implies

||ul,tj+1 ||L2(p—1)(p+(jj)) 2 1.
This now gives rise to a dichotomy: either [[u;,,; | —uz,., |72 P04 () 2 1) or the scattering solution
Uy, is nonnegligible [lu; ;. ||L2<p71)(r+(jj)) 2 1.
Case 1: Assume |uy,, —uj;s, ||L2(P—U(F+(J~<)) 2 7). Then in view of Corollary 5.2, we have

3(p

_— ~ _— _ 8 15~ _— ~
1] S i 2 DEMH LT T < 20 (EMEL) P T < i),

where in the second inequality we used (37) and in the last the definition (47).

Case 2: Assume [lug ;. ||, 2 P14 (J))) 2 7. Recall that K4 consists of unexceptional intervals. Hence
we need at least 7 Bexe many of them to cover .ij Recalling the lower bound on the length of unexceptional
intervals, the definition of 7, (37) and that o, > o} from (39), we have

| Jj| = CoAL™ 0 (EM 2) ™ M 4 Beyers? = C7i(EM 2 )™ (EM )~ M & Boyors?

2af
0 (xo

~1+2a) .~ 73 —a]
>Cm T3 0c, M4Bexcrop >Con2 2 M4Bexcr() )

—2a,/3 a)—a]
where in the last inequality we introduced a universal constant Cg < C7¢, of co’ L

Step 4: We show that
K| < Cof > M ¥ Bexery? .

Since 0 < 1) < 1, this implies in particular that | K +| < C9M5/4Bexcrgp and we achieved (43), thereby
concluding the proof.
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Let us therefore assume by contradiction that |K4| > Cgf;“/ 208/ 4Bexcr3” . We call fjl the first
interval for which |J; U---U jj1 | > Contl/2 018/ 4Bexcrgp . We observe that up to choosing the constant C
in the definition of Bex. big enough, we may assume that

2
77 Bexe > max{ & 1} . (49)

By the definition of jj, we then have:
(i) j1 # 1. Indeed, by Steps 1 and 2, |J1| < |Jo| < M®/4rg”.
(i) For every j € {1,..., j1 — 1} we have |J; 41| < Cs# 13| J;|. This follows from Step 3 since the

second option in the dichotomy is ruled out.

Letus call [T}, T5]:= JLU. .. fjl_l. We want to apply the spacetime norm decay result of Proposition 4.1
on I =[Ty, T»] withn = %. Recall that by choice of 7 in Step 2, we have that % € (0, cg) is admissible for
the spacetime norm decay. We need thus a lower bound on the length of /. By construction, Step 2 and (ii)

~11 s _—
Cofi 2 M % Bexery” < |J1| + - +|J,l|<M4r + (T — Ty) + Cgii ¥ (To — TY).
so that

To—Ti > — 72 M4 Bexer”. (50)
~ 2Cqg 0

On the other hand, we have from Step 2 and the lower bound on rg (42)

— = 28
T1§r0+M%rs”:M%r(s)p(l+r(} SPMTS)5M%rgp(l+(L“0(EM%)al)<pfl)2)

F Sp _ 2(xxpto)8
SMZ;’O y(p—1)2 <;7 4M4r

Summarizing, we have obtained

Tz T, —T
T1 T1

> C107*! Bexe- (51)

We now claim that to reach a contradiction, it is enough to find A and a constant C > 1 such that we
can verify the following three requirements:

(R1) A satisfies the hypothesis (13) of Proposition 4.1, that is,

A> @G Y P (EMDHE.

(R2) The interval [ is sufficiently large to apply Proposition 4.1, i.e., (14) is satisfied. In view of (51),
we can enforce (15) if

Bexe = (CEM 3 L)C(EM?21)T70

= Cl_Ol ﬁ_21A3(4C2n—l)6(1)—1)(p+1)/5(EM8/2)(9]7+19)/10max{c(()‘Dfl)/2,(M(p—l)/2T2)6/2}.

(R3) Moreover v/ A4 > 2Cgi~ 15,
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Observe that (R3) ensures in particular that A > 4. If (R1)-(R3) hold, we are in the position to
conclude the proof following [Roy 2009]. The difficulty in the supercritical case instead lies in verifying
the requirements (R1)—(R3). Indeed, if (R1)-(R3) hold, we infer from Proposition 4.1 that there exists
[t1, At]] S JoU...J;,—1 such that

i
lell L2000 1y e = -

In particular, [t{, At{] is covered by at most two consecutive intervals of the family {J; f ':_21 We claim
that then there exists j € {2,..., j; — 1} such that

- WA
il = —=j-1l- (52)
Notice that in view of (R3), the claim contradicts (ii) such that we reached a contradiction. Indeed, assume
first, that [¢], At}] is covered by one interval J; for some j € {2, ..., ji — 1}. Then, recalling that 4 > 4,
we have

JA

= A A - -
[Jjl = 1(A=1) > Efi > 5|Jj—1| > T|Jj—1|-
Assume now that [¢], At{] is covered by two intervals J} =[a;,b;] and fj+1 =[aj+1,bj41] for some
J €142,...,J1 —2}. We consider two cases. First, if b; < «/Zti, then |.ij+1| > 1(A— VA) and
|J;| < V/At] such that
. . N
| Jj+1] = (\/Z— DIJj| = T|J1|

Second, if b; > +/At}, then | J;| > (v/A— 1)t} and |J;_1| <t} such that

7= WA= Dl = A7l
This proves (52).
To conclude the proof, we are left to verify the requirements (R1)-(R3) by choosing 4 and C. We
observe that the right-hand side of (R1) can be bounded from above using (47) and (37) by

12(10 19}

“Ci ) TS (EM D E =it
such that (R1) and (R3) are enforced if we set
A= Cpaf 30
for C1 := max{3Cg, C11}>. We are left to verify (R2). We observe that from (49)
Ty=Ty+(Ta—T1) S 7 M3r 4577 M3 Boerl? < M Boger? .
Combining this with the upper bound on r¢ in (48) and using (39), we obtain

(MPT“Tz)%qMﬂBexcrgp)% <BZ Ls,,(p D@o(p=D+ap) (g g3y % (p=Di@ @p=D+1)

Be%(c(EMzL)“’5 < CnBexcﬁ—
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We now bound the right-hand side of (R2) from above using again (47) and (37) by
Cl—ol 21 (C12f]_30)3(4c2 7 )42(EM3/2)Or+19/10 pax (e P=D/2 (p8(p=1/27T,)8/2}
< CI_OI ﬁ—zl(Clzﬁ—30)3cl3(4C25*1)42(chalﬁfl)(9p+19)/15,~,—7ong/02
< (C/EM%L)C/ﬁ_mBesx/c2 < (CEM%L)(C/Z)(EM‘WL)176B§’;/c2
for a big enough constant C, C’ > 1. We now define By, to be
Bexe 1= (CEM % [)CEMY2L)17
for the same constant C. With this definition, (R2) is enforced since we assumed ng/cz <2. O

Proof of Corollary 1.3. Consider a solution (1, d,u) € L%®(J, (H'N H?x H')(R?)) of (1) with p =5+§
for § € [0, 1) and with

[ (u, at“)||Loo(J,(HlmH2xH1)(R3)) = Mo.

By interpolation, conservation of the energy and the Sobolev embeddings (H !N H?2)(R3) — W 1-0(R3) —
L>®(R3), we observe

N
L= (.00 pooy grso xppsp—1y) = E! =D My Y,
M = [lullpoo@3xs) = Cs Mo.
By Theorem 1.2, if min{ EM?®/2 L} < ¢¢, then lullL2co-1@3xs) < 1. Otherwise, we may assume
min{ EM%/2 L} > ¢ and we fix 0 < § < min{1, (In2)/(In Mp)}. We estimate as above

s(1

(I+3551) —300 2 ~35En) —1 2 )2
o E“M, <2Cscy E-=:(C'E)

S é
EM2L <Cg

for C' := (2Cgscqy 11/2. Thus the corollary follows, if we can meet the smallness requirement of
Theorem 1.2 which now reads, setting C := +/CC’,

(CEPCCB™y <2,
The latter holds defining

. In2 In2
8o := minq 1, , — — .
InMo In(C E)2C(C E)352
Observe that ¢ depends on My only, since E = E(ug, u1) depends on the initial data only. O

8. Proof of Theorem 1.1

By time reversibility, it is enough to consider forward-in-time solutions. Thanks to classical local well-
posedness and existence theory [Sogge 1995], the proof of Theorem 1.1 consists in establishing an a
priori bound on || (u, atu)||Loo([0 TLHNE2xH!) which is uniform in 7.
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Lemma 8.1 (local boundedness). Let § € (0, 1), p =5+ 8 and consider a solution
(u,d;u) € L®°(I,H' N H?>x HY)

to (1) on I = [tg, t1]. Then there exists a universal constant C; > 1 such that if

”“”Lz(p 1)([R3XI) < C[_l’ (53)

then
Il (u, 8[”)||LOO(I’H10H2XH1) < Cillu, 3ru) (t0) | g1 fras gy -

Proof. For t € I, define Z (1) := ||(u, 0:u)(¢) || g1~ g2 g1 - By Strichartz estimate (7), Holder and the
Sobolev embedding of H' <> L% we have

Z(t) £ Z(to) + [l vl L2y 1,372 + IV (1P~ ) 210,01, 1372)
< Z(t0) + 1?7l 2 @3 xpro.e (el Loo qro.01.6) + IVl Lo ((20.11.6))

< Z(to) + ||u||L2(p D (R3x[10,2]) , Slﬁpt] Z(t/)-
‘e 0,

We set Y (¢) := sup, ey, ] Z(¢'). Observe that ¥ is nondecreasing, continuous, ¥ (f9) = Z(o) and

Y () < C(Z(t0) + Il Z30p 1y gy Y (O (54)

for any 7 € I. Setting C; := 2C, we have by monotonicity that Y (¢) < C; Z(tp) for all 7 € [tg, ], where
t:=sup{t € [to,11] : Y(t) < C; Z(tp)}. We claim that if ||u||£2_&,_1)(R3X1) < Cl_l’ then f = ¢;. Assume
by contradiction that 7 < #;. By continuity Y (z) = C; Z(to) and by the validity of (54) at , we obtain

CIZ([O) = Y(t) = CZ(ZO) + C“u”LZ(p 1)(R%X1)Y(Z_) < 2CZ(IO) = CIZ(IO),
which is a contradiction. O

We achieve an a priori bound on (1, d;u) in L%°([0, T], H' N H? x H'), uniform in 7T, by iterating

Lemma 8.1 on a partition {In}N , of [0, T'], where the smallness assumption (53)

1

[ullL20-D@3x1,) < C;

is satisfied by construction. Corollary 1.3 is crucial to control N, independent of 7, in terms of a double

exponential in E and ||(u, d;u)||® The crucial observation is that in the limit as § — 0,

LOHINH2xH!
N is a double exponential of the energy which in turn is controlled by the initial data only. This will allow

us to iterate the local bound obtained in Lemma 8.1 on bounded sets of initial data for § small enough.
Proof of Theorem 1.1. Fix (ug,u1) € H' N H? x H'. Consider (u, d;u) a solution to (1) with p =5+ §
for § € (0, 1). We introduce the set

F:=A{T €[0,+00) : |(u, at”)”LOO([o,T],HlmH2xH1) < My}

for some Mo = Mo (|| (o, u1) |l g1~ f25 1) YEt to be chosen large enough. We claim that 7 = [0, +00).
For Mo > |[(wo, u1) || g1~ g2 g1 it 18 clear that O € F and, by continuity, that F is a closed set. We show
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openness. Let T € F. By continuity, there exists € > 0 such that for all 7’ € [0, T + ¢) we have

||(M, atu)||L°°([O,T’],H10H2XH1) <2Moy.

Fix such a 7’ and let us show that 7’ € F. If § < §¢9(2My), with 8¢y given through Corollary 1.3, then

8/2)352
1l 201 gaxo, 777 < Max{l, (CE(2Mo)2)CECMIYT2y (55)
We can split [0, 7’] into subintervals {J,-}l_1 such that
o ullp2-v@3xs,) = IC_I/(p Dfori=1,....N—1,
* lull 2@y < 1C‘” =D,

and we deduce by iterating Lemma 8.1 that

”(uvatu)”Loo 0.7 H\NH2xH! §C1N||(u01ul)”HlmH2le- (56)
([ 5 ]s )

Moreover, from (55) we have the upper bound

_1
N < 2Clpfl max{l, (CE(2M0)%)C(E(2M0)8/2)352}_ (57)

We want to show that with an appropriate choice of Mo = Mo(||(uo,u1)|l 1~f2xg1) @and of § =
8(”(”0, ul)“HlmHsz] ), we have

N < (nCp)~ In(Mo/||(uo. u )|l 1 grascart)- (58)

which in view of (56) implies || (u, d;u) ||L°°([0 r.E InE2xE) = Mo concluding the proof. Observe that
for My fixed, we have that the right-hand side of (57) as § — 0 converges, more precisely

)5/2)352 E352

_1
lim 2¢,” max{1, (CE(2Mo)2)C(E@Mo V= 2C4max{1 (CE)CE™y, (59)

We now choose My such that the right-hand side of (58) exceeds (59) by a factor 2; that is, we choose
Mo(E, |[(uo, u1)ll g1 2y g1) such that

E352

1
(InCp) ™" In(Mo/||(uo. u )|l g1 g ) = 4C,* max{1, (CE)“E™"}

or, equivalently,

1/4 350
Mo > (|0, w1l g1 mpgoy g1 €€l M Crmax{LECEYTETTY

Finally, by (57) we can choose 8o = 8o(Mo) < 80(2My) even smaller such that for all § € (0, §¢) we have
1
N <4C/ max{1,(CE)°F™7}. (60)

This finishes the proof that F' = [0, +00) and in particular the solution (1, d;u) cannot blow up. Recalling
the choice of My, we then obtain (2). As a byproduct of the upper bound (60) on N, independent of the

size of the interval, we also obtain
1

11
]| L200—1) @3 x[0,4+00) = %Cl Pt 4C;* max{l, (CE)CE3 } < 2max{l, (CE)¢

E 352

2

where we used that C; > 1. O
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SUBELLIPTIC WAVE EQUATIONS ARE NEVER OBSERVABLE

CYRIL LETROUIT

It is well known that observability (and, by duality, controllability) of the elliptic wave equation, i.e., with
a Riemannian Laplacian, in time 7j is almost equivalent to the geometric control condition (GCC), which
stipulates that any geodesic ray meets the control set within time 7. We show that in the subelliptic
setting, the GCC is never satisfied, and that subelliptic wave equations are never observable in finite time.
More precisely, given any subelliptic Laplacian A = — )" | X X; on a manifold M, and any measurable
subset @ C M such that M\w contains in its interior a point g with [X;, X;](¢) ¢ Span(Xy, ..., X,,) for
some 1 < i, j < m, we show that, for any Ty > 0, the wave equation with subelliptic Laplacian A is not
observable on w in time Tj.

The proof is based on the construction of sequences of solutions of the wave equation concentrating on
geodesics (for the associated sub-Riemannian distance) spending a long time in M\w. As a counterpart,
we prove a positive result of observability for the wave equation in the Heisenberg group, where the
observation set is a well-chosen part of the phase space.
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1. Introduction

1.1. Setting. Let n € N* and let M be a smooth connected compact manifold of dimension n with a
nonempty boundary oM. Let u be a smooth volume on M. We consider m > 1 smooth vector fields
X1, ..., X, on M which are not necessarily independent, and we assume that the following Hérmander
condition [1967] holds:

The vector fields X, ..., X, and their iterated brackets [X;, X;], [X;, [X;, Xi]], etc.
span the tangent space T, M at every point g € M.

MSC2010: primary 22E25, 35H20, 35L05, 93B05, 93B07; secondary 35H10, 35S05, 78A05.
Keywords: subelliptic, wave equation, observability, sub-Riemannian.
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We consider the sub-Laplacian A defined by
m m
A=— Z XiX; = Z X2 +div, (X)X,
i=1 i=1

where the star designates the transpose in L?(M, i) and the divergence with respect to s is defined by
Lxp = (div, X)u, where Lx stands for the Lie derivative. Then A is hypoelliptic; see [Hormander 1967,
Theorem 1.1].

We consider A with Dirichlet boundary conditions and the domain D(A) which is the completion in
L*(M, ) of the set of all u € C2°(M) for the norm || (Id— A)u|| 2. We also consider the operator (—A)'/2
with domain D((—A)!/?) which is the completion in L2(M, 1) of the set of all u € C>°(M) for the norm
101d — A)2u] .

Consider the wave equation

2u—Au=0 in(0,T)x M,

u=0 on(0,7T)x oM, (D)

(U)r=0, drttj1=0) = (o, u1),
where T > 0. It is well known (see for example [Garetto and Ruzhansky 2015, Theorem 2.1; Engel and
Nagel 2000, Chapter II, Section 6]) that for any (ug, u1) € D((—=A)Y?) x L2(M), there exists a unique
solution

ue CO0, T; D(—2)))NC' O, T; LA(M)) 2

to (1) (in a mild sense).

We set

ol = ( /| Z(va(X))2du(X))2- 3)
=1

Note that [[v]l¢ = [[(=A) 2]l 21,10
The natural energy of a solution is
Eu(t,-)) = 319:ue(t, 720,00 + 11, 13-
If u is a solution of (1), then
L B, ) =0,

and therefore the energy of u at any time is equal to

2 2 2
o un) 12,52 = lutol3, + e 12247 -
In this paper, we investigate exact observability for the wave equation (1).

Definition 1. Let 7 > 0 and w C M be a u-measurable subset. The subelliptic wave equation (1) is
exactly observable on w in time Ty if there exists a constant Cr,(w) > O such that, for any (ug, u1) €
D((—A)'/?) x L*>(M), the solution u of (1) satisfies

To
/0/|a,u<r,x)|2du<x)dz>cr0<w>||(uo,u1>||;xLz. @)
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1.2. Main result. Our main result is the following.

Theorem 2. Let Ty > 0 and let w C M be a measurable subset. We assume that there exist 1 <i, j <m
and q in the interior of M\w such that [X;, X ;](q) ¢ Span(X1(q), ..., Xu(q)). Then the subelliptic
wave equation (1) is not exactly observable on w in time Ty.

Consequently, using a duality argument (see Section 4.2), we obtain that exact controllability also does
not hold in any finite time.

Definition 3. Let Tp > 0 and w C M be a measurable subset. The subelliptic wave equation (1) is exactly
controllable on w in time Ty if for any (ug, u) € D((—A)/?) x L*(M) there exists g € L>((0, Tp) x M)

such that the solution u of
2u—Au=1,g in (0, Ty) x M,

u=0 on (0, 7Ty x oM, )
(t1=0, Orujr=0) = (uo, uy),

satisfies u(Ty, -) = 0.

Corollary 4. Let Ty > 0 and let o C M be a measurable subset. We assume that there exist 1 <i, j <m
and q in the interior of M\w such that [X;, X ;](q) ¢ Span(X1(q), ..., Xu(q)). Then the subelliptic
wave equation (1) is not exactly controllable on w in time Ty.

In what follows, we denote by D the set of all vector fields that can be decomposed as linear combinations
with smooth coefficients of the X;:

D =Span(Xy,..., X)) CTM.

D is called the distribution associated to the vector fields X1, ..., X,,. For g € M, we denote by D, C T, M
the distribution D taken at point q.

The assumptions of Theorem 2 are satisfied as soon as the interior U of M \ w is nonempty and D has
constant rank < n in U. Indeed, under these conditions, we can argue by contradiction: assume that for
any g € U and any 1 <i, j <m, itholds [X;, X;](¢) € Span(X(q), ..., X;n(q)) = D,. Then we have
[D,D] CDin U, i.e., D is involutive. By Frobenius’s theorem, D is then completely integrable, which
contradicts Hormander’s condition.

The following examples show that the assumptions of Theorem 2 are also satisfied in some nonconstant-
rank cases:

Example 5. In the Baouendi—Grushin case, for which X; = 9;, and X, = x;9,, are vector fields on
(=1, 1)y, x Ty,, where T = R/Z, the corresponding sub-Laplacian A = X12 + X% (here, u = dx; dx;
for simplicity) is elliptic outside of the singular submanifold S = {x; =0}. Therefore, the corresponding
subelliptic wave equation is observable on any open subset containing S (with some finite minimal time
of observability, see [Bardos et al. 1992]), but according to Theorem 2, it is not observable in any finite
time on any subset w such that the interior of M \ @ has a nonempty intersection with S.

Example 6. In the Martinet case, the vector fields are X = 0y, and X, = 9y, + x%ax3 on (—1, 1),, x
Ty, x Ty,, and the corresponding sub-Laplacian is A = X 12 +X % (again, ;t = dx dx dx3 for simplicity).
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Then, we have [X;, X7] = 2x19,,. The only points at which this bracket belongs to the distribution
Span(X 1, X») are the points for which x; = 0. Since this set of points has empty interior, the assumptions
of Theorem 2 are satisfied as soon as M \ w has nonempty interior.

Remark 7. The assumption of compactness on M is not necessary; we may remove it and just require that
the subelliptic wave equation (1) in M is well-posed. It is for example the case if M is complete for the
sub-Riemannian distance induced by X1, ..., X,, since A is then essentially self-adjoint [Strichartz 1986].

Remark 8. Theorem 2 remains true if M has no boundary. In this case, (1) is well-posed in a space
slightly smaller than (2): a condition of null average has to be added since nonzero constant functions
on M are solutions of (1); see Section 1.5. The observability inequality of Theorem 2 remains true in this
space of solutions; anticipating the proof, we notice that the spiraling normal geodesics of Proposition 17
still exist (since their construction is purely local), and we subtract from the initial datum ulg of the
localized solutions constructed in Proposition 16 their spatial average |’ Y, u’é du.

Remark 9. Thanks to abstract results (see for example [Miller 2012]), Theorem 2 remains true when the
subelliptic wave equation (1) is replaced by the subelliptic half-wave equation d,u + i/—Au = 0 with
Dirichlet boundary conditions.

1.3. Ideas of the proof. In the sequel, we define a normal geodesic' to be the projection on M of a
bicharacteristic (parametrized by time) for the principal symbol of the wave equation (1). We will give a
more detailed definition in Section 1.4.

The proof of Theorem 2 mainly requires two ingredients:

(1) There exist solutions of the free subelliptic wave equation (1) whose energy concentrates along any
given normal geodesic.

(2) There exist normal geodesics which “spiral” around curves transverse to D, and which therefore
remain arbitrarily close to their starting point on arbitrarily large time intervals.

Combining the two above facts, the proof of Theorem 2 is straightforward (see Section 4.1). Note that
the first point follows from the general theory of propagation of complex Lagrangian spaces, while the
second point is the main novelty of this paper.

Since our construction is purely local (meaning that it does not “feel” the boundary and only relies
on the local structure of the vector fields), we can focus on the case where there is a (small) open
neighborhood V' of the origin O such that V C M\w, and [X;, X;](0) ¢ Do forsome 1 <i, j <m. In
the sequel, we assume it is the case.

Let us give an example of vector fields where the spiraling normal geodesics used in the proof
of Theorem 2 are particularly simple. We consider the three-dimensional manifold with boundary
My =(—1,1)y, x Ty, x Ty, where T =R/Z ~ (-1, 1) is the one-dimensional torus. We endow M; with

IThis terminology is common in sub-Riemannian geometry, and it is justified by the fact that we can naturally associate to the
vector fields X1, ..., X,; a metric structure on M for which these projected paths are geodesics; see [Montgomer .
tor fields X X tric struct M for which these projected path geod Montg y 2002
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the vector fields X; = 9y, and X, = 9y, — x10y,. This is the Heisenberg manifold with boundary. We
endow M; with an arbitrary smooth volume . The normal geodesics we consider are given by

x1(t) = ¢esin(t/e),
x3(t) = ¢ecos(t/e) —e, (6)
x3(t) =¢e(t/2 —esin(2t/e)/4).

They spiral around the x3-axis x; = xp =0.

Here, one should think of ¢ as a small parameter. In the sequel, we denote by x. the normal geodesic
with parameter ¢.

Clearly, given any Ty > 0, for ¢ sufficiently small, we have x.(t) € V for every ¢t € (0, Tp). Our
objective is to construct solutions u* of the subelliptic wave equation (1) such that || (u’é, u’f Maxre =1
and the energy of uk (¢, -) concentrates outside of an open set V; containing x. (), i.e.,

/ \ (13" (¢, X) 1 4+ (X1 (t, )% + (Xour(t, x))?) dp(x)
M] V;

tends to 0 as k — 400 uniformly with respect to ¢ € (0, Tp). As a consequence, the observability inequality
(4) fails.

The construction of solutions of the free wave equation whose energy concentrates on geodesics
is classical in the elliptic (or Riemannian) case; these are the so-called Gaussian beams, for which
a construction can be found for example in [Ralston 1982]. Here, we adapt this construction to our
subelliptic (sub-Riemannian) setting, which does not raise any problem since the normal geodesics we
consider stay in the elliptic part of the operator A. It may also be directly justified with the theory of
propagation of complex Lagrangian spaces (see Section 2).

In the case of general vector fields X1, ..., X,,, the existence of spiraling normal geodesics also has to
be justified. For that purpose, we first approximate X1, ..., X,, by their nilpotent approximations, and
we then prove that, for these approximations, such a family of spiraling normal geodesics exists, as in the
Heisenberg case.

1.4. Normal geodesics. In this section, we explain in more details what normal geodesics are. As said
before, they are natural extensions of Riemannian geodesics since they are projections of bicharacteristics.
We denote by Sl’;ﬁg(T*((O, T) x M)) the set of polyhomogeneous symbols of order m with compact

m
phg
order m whose distribution kernel has compact support in (0, 7) x M (see Appendix A).

Weset P=0; —Ae W],

support and by W ((0, T) x M) the set of associated polyhomogeneous pseudodifferential operators of

((0, T) x M), whose principal symbol is

pat, T, x, &) = -1 + g% (x, &),

with 7 the dual variable of 7 and g* the principal symbol of —A. For & € T*M, we have (see Appendix A)
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Here, given any smooth vector field X on M, we denote by s x the Hamiltonian function (momentum
map) on T*M associated with X defined in local (x, £)-coordinates by hx(x, &) = £(X (x)).

In T*(R x M), the Hamiltonian vector field p, associated with p, is given by p, f = {p2, f}, where
{-, -} denotes the Poisson bracket (see Appendix A). Since p,p, =0, we get that p, is constant along
the integral curves of p,. Thus, the characteristic set C(ps) = {p>=0} is preserved by the flow of p,.
Null-bicharacteristics are then defined as the maximal integral curves of p, which live in C(p5). In other
words, the null-bicharacteristics are the maximal solutions of

i(s) = —21(s),
x(s) = Veg*(x(s), §(s)),
(s) =0, )

§(5) = —Vig*(x(5), £()),
72(0) = g*(x(0), £(0)).
This definition needs to be adapted when the null-bicharacteristic meets the boundary d M, but in the
sequel, we only consider solutions of (7) on time intervals where x(¢) does not reach d M.
In the sequel, we take 7 = —%, which gives g*(x(s), £(s)) = %. This also implies that ¢ (s) = s + fg
and, taking ¢ as a time parameter, we are led to solve

i(1) = Vg (x(1). £()).
E(t) = —V,g" (x (1), £(1)), (8)
g*(x(0),£(0)) = 1.

In other words, the ¢-variable parametrizes null-bicharacteristics in a way that they are traveled at speed 1.

Remark 10. In the subelliptic setting, the cosphere bundle S*M can be decomposed as S*M =U*MUS 3,
where UM = {g* = }L} is a cylinder bundle, ¥ = {g* =0} is the characteristic cone and SX is the sphere
bundle of X; see [Colin de Verdiere et al. 2018, Section 1].

We denote by ¢; : S*M — S*M the (normal) geodesic flow defined by ¢;(xq, &) = (x (1), £(¢)), where
(x (1), &()) is a solution of the system given by the first two lines of (8) and initial conditions (xq, &p).
Note that any point in SX is a fixed point of ¢, and that the other normal geodesics are traveled at speed 1
since we took g* = }1 in U*M (see Remark 10).

The curves x (¢) which solve (8) are geodesics (i.e., local minimizers) for a sub-Riemannian metric g;
see [Montgomery 2002, Theorem 1.14].

1.5. Observability in some regions of phase-space. We have explained in Section 1.3 that the existence of
solutions of the subelliptic wave equation (1) concentrated on spiraling normal geodesics is an obstruction
to observability in Theorem 2. Our goal in this section is to state a result ensuring observability if one
“removes” in some sense these normal geodesics.

For this result, we focus on a version of the Heisenberg manifold described in Section 1.3 which has
no boundary. This technical assumption avoids us using boundary microlocal defect measures in the
proof, which, in this sub-Riemannian setting, are difficult to handle. As a counterpart, we need to consider
solutions of the wave equation with null initial average, in order to get well-posedness.
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We consider the Heisenberg group G, that is, R* with the composition law
(x1, X2, x3) * (x], X3, x3) = (1 +x7, X2 + X3, X3 + X5 — X1X)).

Then X = 0,, and X, = 9, —x dy, are left-invariant vector fields on G. Since I = V2nZ x2nZ x 277
is a co-compact subgroup of G, the left quotient My = I'\G is a compact three-dimensional manifold
and, moreover, X and X, are well-defined as vector fields on the quotient. We call My endowed with the
vector fields X and X, the “Heisenberg manifold without boundary”. Finally, we define the Heisenberg
Laplacian Ay = X7 + X5 on My. Since [X1, X2] = —0,,, it is a hypoelliptic operator. We endow My
with an arbitrary smooth volume .

We introduce the space

13 ={uo e L2(Mp), /MHuo dpu =0}

and we consider the operator Ay whose domain D(Ag) is the completion in L% of the set of all
u € C°(Mpy) with null-average for the norm ||(Id — Ag)ul|;2. Then, —Ay is positive definite and we
consider (—A g)!/? with domain D((—Ag)'/?) = Hy := L% NH(Myg). The wave equation

Zu—Ayu=0 inRx My,
{tl‘ H H (9)

(iy1—0, dyty—0) = (1o, u1) € D((—Ap)2) x L2,

admits a unique solution u € CO(R; D((—Agx)"/?) N C'(R; LY).

We note that — Ay is invertible in L(z). The space Hg is endowed with the norm |u|4 (defined in
(3) and also equal to ||(—AH)1/2u||Lz), and its topological dual ’H6 is endowed with the norm ||u||% =
I(=Am) " 2u 2.

We note that g*(x, &) = 512 + (&) — x1&3)? and hence the null-bicharacteristics are solutions of

X1 (1) = 281, E1(1) = 283(5 — x163),
Xo(1) = 2(6 — x13), £ (1) =0, (10)
%3(t) = —2x1(& —x1&), &) =0.

The spiraling normal geodesics described in Section 1.3 correspond to §; = cos(t/¢)/2, & = 0 and
& = 1/(2¢). In particular, the constant &3 is a kind of rounding number reflecting the fact that the
normal geodesic spirals at a certain speed around the x3-axis. Moreover, &3 is preserved under the flow
(somehow, the Heisenberg flow is completely integrable), and this property plays a key role in the proof
of Theorem 11 below and justifies that we state it only for the Heisenberg manifold (without boundary).
As said above, normal geodesics corresponding to a large momentum &3 are precisely the ones used to
contradict observability in Theorem 2. We expect to be able to establish observability if we consider only
solutions of (1) whose &3 (in a certain sense) is not too large. This is the purpose of our second main result.
Set

Ve={@. e e T My 161 > Lgi@nt]

Note that since &3 is constant along null-bicharacteristics, V; and its complement V¢ are invariant under
the bicharacteristic equations (10).
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In the next statement, we define a horizontal strip to be the periodization under the action of the
co-compact subgroup I of a set of the form

{(x1, %2, x3) : (x1, x2) € [0, V27)%, x3 € I},

where [ is a strict open subinterval of [0, 2r).

Theorem 11. Let B C My be an open subset and suppose that B is sufficiently small, so that o = My \ B
contains a horizontal strip. Let a € S]g)hg(T*MH), a > 0, such that, denoting by j : T*w — T*Mpy the
canonical injection,

J(T*w) UV, C Supp(a) C T*My,

and in particular a does not depend on time. There exists k > 0 such that, for any ¢ >0 and any T > ke,

it holds
T
Cll@(©), duO)I3,, > < / |(Op(@)dyu, dyu) 2] dt + [ ((0), duON|7, .., (11)
0 0 0 0

for some C = C(e, T) > 0 and for any solution u € CO(R; D((—Ag)'*) N CI(R; L%) of (9).

The term || (ug, u1) ||iZX , in the right-hand side of (11) cannot be removed; i.e., our statement only
consists of a weak observability inequality. Indeed, the usual way to remove such terms is to use a
unique continuation argument for eigenfunctions ¢ of A, but here it does not work since Op(a)¢ = 0 does
not imply in general that ¢ = 0 in the whole manifold, even if the support of a contains j(7T*w) for some
nonempty open set w: in some sense, there is no “pseudodifferential unique continuation argument”.

1.6. Comments on the existing literature.

Elliptic and subelliptic waves. The exact controllability/observability of the elliptic wave equation is
known to be almost equivalent to the so-called geometric control condition (GCC) (see [Bardos et al.
1992]) that any geodesic enters the control set w within time 7. In some sense, our main result is that GCC
is not satisfied in the subelliptic setting, as soon as M \w contains in its interior a point x at which A is
“truly subelliptic”. For the elliptic wave equation, in many geometrical situations, there exists a minimal
time 7p > 0 such that observability holds only for 7 > Tj: when there exists a geodesic y : (0, Tp) — M
traveled at speed 1 which does not meet w, one constructs a sequence of initial data (u’(‘), u’f)keN* of the
wave equation whose associated microlocal defect measure is concentrated on (xg, &) € S*M taken to be
the initial conditions for the null-bicharacteristic projecting onto y. Then, the associated sequence of
solutions (u*)ren+ of the wave equation has an associated microlocal defect measure v which is invariant
under the geodesic flow: pv =0, where p is the Hamiltonian flow associated to the principal symbol p
of the wave operator. In particular, denoting by 7 : T*M — M the canonical projection, v gives no
mass to w since y is contained in M \ @, and this proves that observability cannot hold.

In the subelliptic setting, the invariance property pv = 0 does not give any information on v on the
characteristic manifold ¥, since p = —279; + g* vanishes on X. This is related to the lack of information
on propagation of singularities in this characteristic manifold; see the main theorem of [Lascar 1982].
If one instead tries to use the propagation of the microlocal defect measure for subelliptic half-wave
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equations, one is immediately confronted with the fact that /—A is not a pseudodifferential operator
near X.

This is why, in this paper, we used only the elliptic part of the symbol g* (or, equivalently, the strictly
hyperbolic part of p,), where the propagation properties can be established, and then the problem is
reduced to proving geometric results on normal geodesics.

Subelliptic Schrodinger equations. The recent article [Burq and Sun 2019] deals with the same observ-
ability problem, but for subelliptic Schrodinger equations: namely, the authors consider the Baouendi—
Grushin Schrodinger equation id;u — Agu = 0, where u € L>((0, T) x Mg), Mg = (—1, 1), x T, and
Ag = 8)% + xza§ is the Baouendi—Grushin Laplacian. Given a control set of the form w = (-1, 1), X wy,
where w, is an open subset of T, the authors prove the existence of a minimal time of control £(w) related
to the maximal height of a horizontal strip contained in Mg \w. The intuition is that there are solutions of
the Baouendi—Grushin Schrodinger equation which travel along the degenerate line x = O at a finite speed;
in some sense, along this line, the Schrodinger equation behaves like a classical (half)-wave equation.
What we want here is to explain in a few words why there is a minimal time of observability for the
Schrodinger equation, while the wave equation is never observable in finite time as shown by Theorem 2.

The plane [F\Ri’ , endowed with the vector fields 9, and xd,, also admits normal geodesics similar to the
1-parameter family g., namely, for ¢ > 0,

x(t) = esin(t/¢),
y(t) =e(t/2 —esin(2t/e)/4).

These normal geodesics, denoted by y., also “spiral” around the line x = 0 more and more quickly as
¢ — 0, and so we might expect to construct solutions of the Baouendi—Grushin Schrodinger equation
with energy concentrated along y,, which would contradict observability when ¢ — 0 as above for the
Heisenberg wave equation.

However, we can convince ourselves that it is not possible to construct such solutions: in some sense,
the dispersion phenomena of the Schrodinger equation exactly compensate for the lengthening of the
normal geodesics y; as ¢ — 0 and explain that even these Gaussian beams may be observed in @ from a
certain minimal time £(w) > 0 which is uniform in €.

To put this argument into a more formal form, we consider the solutions of the bicharacteristic equations
for the Baouendi—Grushin Schrédinger equation id,u — Agu = 0 given by

X(I)ZSSin(‘i:yt): sx(t) :géy COS(:‘;:yt),

t  sin(2&,1)
y() = 825)’(5 - Tj) &y(1) =§y.

It follows from the hypoellipticity of Ag (see [Burq and Sun 2019, Section 3] for a proof) that
6512 S V=86 = (&7 + 216,17 = el .

Therefore 82|é§y| 2 1, and hence |y(t)| 2 t, independently from ¢ and &,. This heuristic gives the
intuition that a minimal time £(w) is required to detect all solutions of the Baouendi—Grushin Schrodinger
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equation from w, but that for 7y > L(w), no solution is localized enough to stay in M\w during the time
interval (0, Tp). Roughly speaking, the frequencies of order &, travel at speed ~ &,, which is typical for a
dispersion phenomenon. This picture is very different from the one for the wave equation (which we
consider in this paper) for which no dispersion occurs.

With similar ideas, in [Letrouit and Sun 2021], the interplay between the subellipticity effects measured
by the nonholonomic order of the distribution D (see Section 3.1) and the strength of dispersion of
Schrodinger-type equations was investigated. More precisely, for A, = 92+ |x | 8)2, onM=(—1,1),xT,,
and for s € N, the observability properties of the Schrodinger-type equation (id; — (—A,)*)u = 0 were
shown to depend on the value k = 2s/(y + 1). In particular it is proved that, for x < 1, observability
fails for any time, which is consistent with the present result, and that for k = 1, observability holds only
for sufficiently large times, which is consistent with the result of [Burq and Sun 2019]. The results of
[Letrouit and Sun 2021] are somehow Schrodinger analogues of the results of [Beauchard et al. 2014]
which deal with a similar problem for the Baouendi—Grushin heat equation.

General bibliographical comments. Control of subelliptic PDEs has attracted much attention in the
last decade. Most results in the literature deal with subelliptic parabolic equations, either the Baouendi—
Grushin heat equation [Koenig 2017; Duprez and Koenig 2020; Beauchard et al. 2020] or the heat
equation in the Heisenberg group [Beauchard and Cannarsa 2017]. The paper [Burq and Sun 2019] was
the first to deal with a subelliptic Schrédinger equation and the present work is the first to handle exact
controllability of subelliptic wave equations.

A slightly different problem is the approximate controllability of hypoelliptic PDEs, which was studied
in [Laurent and Léautaud 2022] for hypoelliptic wave and heat equations. Approximate controllability is
weaker than exact controllability, and it amounts to proving “quantitative” unique continuation results
for hypoelliptic operators. For the hypoelliptic wave equation, it is proved in [Laurent and Léautaud
2022] that for T > 2 sup, ¢, (dist(x, w)) (here, dist is the sub-Riemannian distance), the observation of
the solution on (0, 7') x w determines the initial data, and therefore the whole solution.

1.7. Organization of the paper. In Section 2, we construct exact solutions of the subelliptic wave
equation (1) concentrating on any given normal geodesic. First, in Section 2.1, we show that, given any
normal geodesic ¢ — x(¢) which does not hit d M in the time interval (0, T'), it is possible to construct a
sequence (vg)ren of approximate solutions of (1) whose energy concentrates along ¢ — x(¢) during the
time interval (0, T) as k — +o0. By “approximate”, we mean here that 32 v; — Avy is small, but not
necessarily exactly equal to 0. In Section 2.1, we provide a first proof for this construction using the
classical propagation of complex Lagrangian spaces. Another proof using a Gaussian beam approach is
provided in Appendix B. Then, in Section 2.2, using this sequence (vg)ren, We explain how to construct a
sequence (uy)xen Of exact solutions of (32 — A)u = 0 in M with the same concentration property along
the normal geodesic t > x ().

In Section 3, we prove the existence of normal geodesics which spiral in M, spending an arbitrarily
large time in M\w. These normal geodesics generalize the example described in Section 1.3 for the
Heisenberg manifold with boundary. The proof proceeds in two steps: first, we show that it is sufficient
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to prove the result in the so-called “nilpotent case” (Section 3.2), and then we prove it in the nilpotent
case (Section 3.3).

In Section 4.1, we use the results of Sections 2 and 3 to conclude the proof of Theorem 2. In Section 4.2,
we deduce Corollary 4 by a duality argument. Finally, in Section 4.3, we prove Theorem 11.

2. Gaussian beams along normal geodesics

2.1. Construction of sequences of approximate solutions. We consider a solution (x(t), £(¢));c[0,1]
of (8) on M. We shall describe the construction of solutions of

32u—Au=0 (12)
on [0, T'] x M with energy

Eu(t,-)) = 518, )72, + 10, DI5)

concentrated along x(¢) for ¢ € [0, T']. The following proposition, which is inspired by [Ralston 1982;
Macia and Zuazua 2002], shows that it is possible, at least for approximate solutions of (12).

Proposition 12. Fix T > 0 and let (x(t), £(t)):c[0,7] be a solution of (8) (in particular g*(x(0), £(0)) = ‘l‘)
which does not hit the boundary dM in the time interval (0, T). Then there exist ag, ¥ € C>((0, T) x M)
such that, setting, for k € N,

v (t, x) = ki tag(t, x)e*v )
the following properties hold.:

o vy is an approximate solution of (12), meaning that
_1
187k = Avill 10,1 120y < CKT2. (13)
o The energy of vi is bounded below with respect to k and t € [0, T]:

there exists A > 0 such that, forallt € [0, T], %(im}_nfE(vk (t,) = A. (14)
—+00

o The energy of vy is small off x(t): For any t € [0, T], we fix V; an open subset of M for the initial
topology of M, containing x(t), so that the mapping t — 'V, is continuous (V; is chosen sufficiently
small so that this makes sense in a chart). Then

m
sup / (|a,vk<r,x>|2+2<xjvk(r,x>)2> dpu(x) 7= 0. (15)
te[0,T] I M\V, =

Remark 13. The construction of approximate solutions such as the ones provided by Proposition 12 is
usually done for strictly hyperbolic operators, that is, operators with a principal symbol p,, of order m such
that the polynomial f(s) = p, (¢, q, s, &) has m distinct real roots when & # 0; see for example [Ralston
1982]. The operator 83, — A is not strictly hyperbolic because g* is degenerate, but our proof shows that the
same construction may be adapted without difficulty to this operator along normal bicharacteristics. This
is due to the fact that along normal bicharacteristics, 2 — A is indeed strictly hyperbolic (or equivalently,
A is elliptic). It was already noted by [Ralston 1982] that the construction of Gaussian beams could
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be done for more general operators than strictly hyperbolic ones, and that the differences between the
strictly hyperbolic case and more general cases arise while dealing with propagation of singularities.
Also, in [Hormander 1985, Chapter 24.2], it was noticed that “since only microlocal properties of p, are
important, it is easy to see that hyperbolicity may be replaced by Ve py # 0.7

Hereafter we provide two proofs of Proposition 12. The first proof is short and is actually quite
straightforward for readers acquainted with the theory of propagation of complex Lagrangian spaces,
once one has noticed that the solutions of (8) which we consider live in the elliptic part of the principal
symbol of —A. For the sake of completeness, and because this also has its own interest, we provide
in Appendix B a second proof, longer but more elementary and accessible without any knowledge of
complex Lagrangian spaces; it relies on the construction of Gaussian beams in the subelliptic context.
The two proofs follow parallel paths, and indeed, the computations which are only sketched in the first
proof are written in full detail in the second proof, given in Appendix B.

First proof of Proposition 12. The construction of Gaussian beams, or more generally of a WKB
approximation, is related to the transport of complex Lagrangian spaces along bicharacteristics, as
reported for example in [Hormander 1985, Chapter 24.2; Ivrii 2019, Volume I, Part I, Chapter 1.2]. Our
proof follows the lines of [Hormander 1985, pages 426—428].

A usual way to solve (at least approximately) evolution equations of the form

Pu=0, (16)

where P is a hyperbolic second-order differential operator with real principal symbol and C* coefficients,
is to search for oscillatory solutions

v (x) = k1 ag(x)e®V ™. (17)
In this expression as in the rest of the proof, we suppress the time variable z. Thus, we use x =
(x0, X1, - .., Xy), Where xo = ¢ in the earlier notation, and we set x’ = (x1, ..., x,). Similarly, we take
the notation & = (&), &1, ..., &), where & = t previously, and &' = (&, ..., &,). The bicharacteristics

are parametrized by s as in (7), and without loss of generality, we only consider bicharacteristics with
x(0) =0 at s = 0, which implies in particular x((s) = s because of our choice 2(s) = g5 (x(s),E(s)) = }‘.

Taking charts of M, we can assume M C R"™ The precise argument for reducing to this case is written
at the end of Appendix B. Also, in the sequel, P = 8,2, —A

Plugging the ansatz (17) into (16), we get

Pug= (kT AL+ kT Ay + k171 Ag)etY (18)
with
A1(x) = pa(x, VY (0))ao(x),  Az(x) = Lao(x),  As(x) = dj,a0(x) — Aag(x),

and L is a transport operator given by

1 0 0 1
Lao——ZaL;(x Vi (x ))ﬂ 2—(2 as,ag d’k) a. (19)
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For v; to be an approximate solution of P, we are first led to cancel the higher-order term in (18), i.e.,

f(x) = pa(x, Vi (x)) =0, (20)

which we solve for initial conditions
(0, x") =vo(x), Vip(0)=£(0) and (0)=0 (21

(i.e., we fix such a v, and then we solve (20) for v). Indeed, it will be sufficient for our purpose for (20)
to be satisfied at second order along the curve x(s); i.e., DY f(x(s)) = 0 for any |«| < 2 and any s. For
that, we first notice that the choice Vi (x(s)) = &(s) ensures that (20) holds at orders 0 and 1 along the
curve s — x(s) (see Appendix B for detailed computations). Now, we explain how to choose D>y (x(s))
adequately in order for (20) to hold at order 2.

We use the decomposition of p, into

p2(x0, %', 80, 8) = — (o —r(x", )G +r(x", D) + R, &),

where r = ,/g* in a conic neighborhood of (0, £(0)). Note that /g* is smooth in small conic neigh-
borhoods of (0, £(0)) since g*(0, £(0)) = % # 0. Indeed, g* is elliptic along the whole bicharacteristic
since g*(x(¢), £(1)) = i is preserved by the bicharacteristic flow. The rest term R(x’, ") is smooth and
microlocally supported far from the bicharacteristic; i.e., R(x’, §") =0 for any (x’, &) € T*M in a conic
neighborhood of (x(s), &'(s)) for s € [0, T].

We consider the bicharacteristic y starting at (0, 0, 7(0, £(0)), £'(0)) and the bicharacteristic y_
starting at (0, 0, —r (0, £'(0)), &'(0)).

We denote by ®*(xq, ¥, ') the solution of the Hamilton equations with Hamiltonian H. (xo, x', €)=
EFr(x’, &) and initial datum (x’, £€') = (y', ') at xo =0. In other words, ®*(xq, y’, ') == (0, vy, n').
Then, for any s, ®(s, -) is well-defined and symplectic from a neighborhood of (0, £’(0)) to a neigh-
borhood of H4 (s, 0, £'(0)).

The solution (s, - ) of (20) and (21) is equal to 0 on y4+ and Vi (s, - ) is obtained by the transport
of the values of Vi by ®*(s, - ). In other words, to compute Vi (s, - ), one transports the Lagrangian
subspace Ag = {(x", Viyo(x'))} along the Hamiltonian flow Ijlj: during a time s, which yields Ay C T*M,
and then, if possible, one writes Ay under the form {(x’, V- (s, x))}, which gives V¢ (s, x"). The
trouble is that the solution is only local in time: when x’ — 7(®%(s, x’, Vio(x’))) ceases to be a
diffeomorphism (conjugate point), where = : T*M — M is the canonical projection, we see that the
process described above does not work (appearance of caustics). In the language of Lagrangian spaces,
Ao = {(x', Vio(x"))} C T*M is a Lagrangian subspace and, since ®*(s, -) is a symplectomorphism,
Ay = ®%(s, Ao) is Lagrangian as well. If 774, is a local diffeomorphism, one can locally describe A by
Ay ={(x', Vy(s,x"))} C T*M for some function ¥/ (s, - ), but blow-up happens when rank(dm|s,) < n
(classical conjugate point theory), and such a (s, - ) may not exist.

However, if the phase v is complex, quadratic, and satisfies the condition Im(D?v) > 0, where
D> denotes the Hessian, no blow-up happens, and the solution is global-in-time. Let us explain why.
Indeed, Ao = {(x’, Viyo(x"))} then lives in the complexification of the tangent space T*M, which may be
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thought of as C>"*+1, We take coordinates (y, n) on T*R"*! or T*C"*! and we consider the symplectic
forms defined by 0 =Y dy; Adn; and oc = Y_dy; Adn;.

Because of the condition Im(D?v) > 0, Ao is called a “strictly positive Lagrangian space” (see
[Hormander 1985, Definition 21.5.5]), meaning that ioc (v, v) > O for v in the tangent space to Ayp.
For any s, the symplectic forms o and o¢ are preserved by ®(s, - ), meaning that ®(s, - ),0 = o and
D (s, - )oc = og; therefore o = 0 on the tangent space to Ay, and ioc(v, v) > O for v tangent to Aj.
It precisely means that A; is also a strictly positive Lagrangian space. Then, by [Hormander 1985,
Proposition 21.5.9], we know that there exists (s, - ) complex and quadratic with Im(Dzw(s, ) >0
such that Ay = {(x, Vo (s, x"))} (to apply [Hormander 1985, Proposition 21.5.9], recall that, for
p(x) = %(Ax’, x"), it holds Vg (x") = Ax"). In other words, the key point in using complex phases is that
strictly positive Lagrangian spaces are parametrized by complex quadratic phases ¢ with Im(D?¢) > 0,
whereas real Lagrangian spaces were not parametrized by real phases (see explanations above). This
parametrization is a diffeomorphism from the Grassmannian of strictly positive Lagrangian spaces to
the space of complex quadratic phases with ¢ with Im(D?¢) > 0. Hence, the phase

Y(s,Y) = Ve (x(s) - () =X () + 50" —x'(8)) - DEW (s, x () (v — x(s))

for s € [0, T] and y’ € R" is smooth and for this choice (20) is satisfied at second order along s > x(s)
(the rest R(x’, &’) plays no role since it vanishes in a neighborhood of s > x(s)).

Then, we note that A, vanishes along the bicharacteristic if and only if Lag(x(s)) =0 (see also [Horman-
der 1985, equation (24.2.9)]). According to (19), this turns out to be a linear transport equation on ag(x(s)),
with leading coefficient Ve py (x (s), £ (s)) different from 0. Givena #0 at (r =0, x" =x'(0)), this transport
equation has a solution ag(x (s)) with initial datum a, and, by Cauchy uniqueness, ap(x(s)) # 0 for any s.
We can choose a in a smooth (and arbitrary) way outside the bicharacteristic. We choose it to vanish
outside a small neighborhood of this bicharacteristic, so that no boundary effect happens.

With these choices of ¥ and ag, the bound (13) then follows from the following result whose proof
is given in [Ralston 1982, Lemma 2.8].

Lemma 14. Let c(x) be a function on R"! which vanishes at order S — 1 on a curve " for some S > 1.
Suppose that Supp c N {|xo| < T} is compact and that Im ¥ (x) > ad (x)? on this set for some constant
a > 0, where d(x) denotes the distance from the point x € R*! to the curve T. Then there exists a
constant C such that

/ lc()eV P2 gy < k571,
[xo|<T

Let us now sketch the end of the proof, which is given in Appendix B in full detail. We apply Lemma 14
toS=3,c=A;andto S =1, c = A, and we get

_1 _1 _
”812[vk_Avk”Ll(O,T;LZ(M))gC(k 2+k 2+k l),

which implies (13). The bounds (14) and (15) follow from the facts that Im(Dzw(s, -)) > 0 and
vk (x) = k"4 ag (x) etV ), O
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Remark 15. An interesting question would be to understand the delocalization properties of the Gaussian
beams constructed along normal geodesics in Proposition 12. Compared with the usual Riemannian
case done for example in [Ralston 1982], there is a new phenomenon in the sub-Riemannian case since
the normal geodesic x (¢) (or, more precisely, its lift to $* M) may approach the characteristic manifold
3 = {g*=0}, which is the set of directions in which A is not elliptic. In finite time 7" as in our case,
the lift of the normal geodesic remains far from X, but it may happen as T — +oo that it goes closer
and closer to X. The question is then to understand the link between the delocalization properties of the
Gaussian beams constructed along such a normal geodesic, and notably the interplay between the time T
and the semiclassical parameter %

2.2. Construction of sequences of exact solutions in M. In this section, using the approximate solutions
of Section 2.1, we construct exact solutions of (12) whose energy concentrates along a given normal
geodesic of M which does not meet the boundary d M during the time interval [0, T'].

Proposition 16. Let (x(t), £(2)):cf0,1] be a solution of (8) in M (in particular g*(x(0), £(0)) = %) which
does not meet 9M. Let 6 € C°([0, T]1 x M) with 6(t, - ) = 1 in a neighborhood of x(t) and such that the
support of 6(t, - ) stays at positive distance of o M.

Suppose (v )reN is constructed along x(t) as in Proposition 12 and uy, is the solution of the Cauchy

problem

(02— Aug =0 in(0,T)x M,

ur=0 in(0,T)x0M,

upi=0 = (OvK) =0,  Ortti=0 = [3; (O V) ]j1=0.
Then:

o The energy of uy is bounded below with respect to k and t € [0, T]:

there exists A > 0 such that, forallt €10, T], lkim inf E(u(t,-)) > A. (22)
—+00

o The energy of uy is small off x(t): For any t € [0, T], we fix V,; an open subset of M for the initial
topology of M, containing x(t), so that the mapping t — V; is continuous (V; is chosen sufficiently

small so that this makes sense in a chart). Then

m

sup / (|azuk<r,x>|2+2<xjuk(r,x))z)du(x)mo. (23)
te0,T]1J M\V, =

Proof of Proposition 16. Set hy = (83, — A)(Bvy). We consider wy the solution of the Cauchy problem
(02— A)wy=h; in(0,T)x M,
wy=0 in(0,T)x oM, (24)
(Wijt=0, rwk|r=0) = (0, 0).

Differentiating E (wg (¢, -)) and using Gronwall’s lemma, we get the energy inequality

sup E(w(t,-)) < C(E(wi(0, ) + el ro.7:22(01) -
1€[0,T]
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Therefore, using (13), we get sup, (o 7; E(wi (7, -)) < Ck~!. Since uy = Ov; — wy, we obtain that
lim E(ug(r,-)) = lim E((Ove)(t,-)) = lm E(ve(z,-))
k— 400 k—+00 k—+o00

for every t € [0, T'], where the last equality comes from the fact that 6 and its derivatives are bounded
and ||vg]l,2 < Ck~! when k — 4o00. Using (14), we conclude that (22) holds.
To prove (23), we observe similarly that

sup / (|3tuk(tsx)|2+Z(Xjuk(f,x))2) du(x)
M\V,

1€[0,T] o

< C sup (/ (IBzvk(t,x)|2+Z(vak(z,x))z)du(x)>+c/<—£_>o
INIm\,

t€l0,T =1

as k — +o0, according to (15). It concludes the proof of Proposition 16. (]

3. Existence of spiraling normal geodesics

The goal of this section is to prove the following proposition, which is the second building block of the
proof of Theorem 2, after the construction of localized solutions of the subelliptic wave equation (1) done
in Section 2.

We say that X1, ..., X, satisfies the property (P) at ¢ € M if the following holds:

(P) For any open neighborhood V of q, for any To > 0, there exists a nonstationary normal geodesic
t — x(t), traveled at speed 1, such that x(t) € V for any t € [0, Ty].

Proposition 17. At any point g € M such that there exist 1 <i, j <m with [X;, X ;1(q) ¢ Dy, property (P)
holds.

In Section 3.1, we define the so-called nilpotent approximations X7, ... X% ata point g € M, which are
first-order approximations of X1, ..., X,, at ¢ € M such that the associated Lie algebra Lie()? .., )??n)
is nilpotent. Roughly, we have X ? ~ X;(q), but low-order terms of X;(q) are not taken into account for
defining X l.q, so that the high-order brackets of the 5(\7 vanish (which is not generally the case for the X;).
These nilpotent approximations are good local approximations of the vector fields X1, ..., X,,, and their
study is much simpler.

The proof of Proposition 17 splits into two steps: first, we show that it is sufficient to prove the result
in the nilpotent case (Section 3.2), then we handle this simpler case (Section 3.3).

3.1. Nilpotent approximation. In this section, we recall the construction of the nilpotent approximations
X i], R 5(\,’{1 The definitions we give are classical, and the reader can refer to [Agrachev et al. 2020,
Chapter 10; Jean 2014, Chapter 2] for more material on this section. This construction is related to the
notion of tangent space in the Gromov—Hausdorff sense of a sub-Riemannian structure (M, D, g) at a
point ¢ € M; the tangent space is defined intrinsically (meaning that it does not depend on a choice of
coordinates or of local frame) as an equivalence class under the action of sub-Riemannian isometries; see
[Bellaiche 1996; Jean 2014].
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Sub-Riemannian flag. We define the sub-Riemannian flag as follows: we set DO = {0}, D! = D, and, for
any j > 1, D/t =D/ 4 [D, D/]. For any point ¢ € M, it defines a flag

0y=D)cp,c---CcD, D =T, M.

The integer r(q) is called the nonholonomic order of D at g, and it is equal to 2 everywhere in the
Heisenberg manifold for example. Note that it depends on ¢; see Example 5 in Section 1.2 (the Baouendi—
Grushin example).

For 0 <i <r(q), we set n;(q) = dim D;, and the sequence (n;(q))o<i<r(g) 18 called the growth vector
at point g. We set Q(q) = fol) i(nj(q) —ni—1(q)), which is generically the Hausdorff dimension of the
metric space given by the sub-Riemannian distance on M; see [Mitchell 1985]. Finally, we define the
nondecreasing sequence of weights w; (q) for 1 <i < n as follows. Given any 1 < i < n, there exists
aunique 1 < j <nsuchthatn;_i(g)+1<i<n;(g). Weset w;(q) = j. For example, for any g in
the Heisenberg manifold, w;(g) = w2(g) = 1 and w3(q) = 2; indeed, the coordinates x; and x, have
“weight 17, while the coordinate x3 has “weight 2” since 9, requires a bracket to be generated.

Regular and singular points. We say that g € M is regular if the growth vector (n;(q"))o<i<r(g") at g is
constant for ¢’ in a neighborhood of ¢. Otherwise, ¢ is said to be singular. If any point ¢ € M is regular,
we say that the structure is equiregular. For example, the Heisenberg manifold is equiregular, but not the
Baouendi—Grushin example.

Nonholonomic orders. The nonholonomic order of a smooth germ of function is given by the formula
ord, (f) =min{s € N : there exists i, ..., iy € {I,..., m} such that (X;, --- X;, f)(q) # 0},

where we adopt the convention that min & = +o0.
The nonholonomic order of a smooth germ of vector field X at g, denoted by ord, (X), is the real
number defined by

ord, (X) =sup{o € R:ord,(Xf) > o +ord,(f) forall f € C*®(q)).

For example, it holds ord, ([X, Y]) > ord, (X) + ord,(Y) and ord,(fX) > ord,(f) + ord,(X). As a
consequence, every X which has the property that X (¢') € D;, for any ¢’ in a neighborhood of ¢ is of
nonholonomic order > —i.

Privileged coordinates. Locally around g € M, it is possible to define a set of so-called “privileged
coordinates” of M; see [Bellaiche 1996].

A family (Zy, ..., Z,) of n vector fields is said to be adapted to the sub-Riemannian flag at ¢ if it is a
frame of T, M at g and if Z;(q) € D;”i(q) forany i € {1, ..., n}. In other words, forany i € {1, ...,r(q)},
the vectors Zi, ..., Zy,(q) at g span in.

A system of privileged coordinates at g is a system of local coordinates (x1, ..., x,) such that

ord,(x;) =w; forl<i<n. (25)

w; (q) \D;u,- (¢)—1

In particular, for privileged coordinates, we have d,, € D, at g, meaning that privileged

coordinates are adapted to the flag.
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Example: exponential coordinates of the second kind. Choose an adapted frame (Z, ..., Z,) at q. It is
proved in [Jean 2014, Appendix B] that the inverse of the local diffeomorphism

(X1, ..., xp) > exp(x1 Zy) o - - - oexp(xp Zy)(q)
defines privileged coordinates at g, called exponential coordinates of the second kind.

Dilations. We consider a chart of privileged coordinates at ¢ given by a smooth mapping v, : U — R",
where U is a neighborhood of ¢ in M, with ¥, (g) = 0. For every ¢ € R\{0}, we consider the dilation
3: : R" — R" defined by

8o (x) = (8wi(q)x] e, Ew”(q)xn)

for every x = (xy, ..., x,). A dilation 8, acts also on functions and vector fields on R" by pull-back:
8% f = f o, and §; X is the vector field such that (57 X) (8} f) =87 (Xf) forany f e C'(R™). In particular,
for any vector field X of nonholonomic order k, it holds §*X = ¢ *X.

Nilpotent approximation. Fix a system of privileged coordinates (xi, ..., x,) at g. Given a sequence of
integers o = («y, ..., &), we define the weighted degree of x* = xf” <o x)" to be

w(a) = wi(glay + -+ wy(q)a.
Coming back to the vector fields X1, ..., X,,, we can write the Taylor expansion

Xi(X) ~ ) g, jx*y;. (26)

a,j
Since X; € D, its nonholonomic order is necessarily —1; hence it holds w(a) > w;(g) — 1 if a4 ; #0.
Therefore, we may write X; as a formal series

X=X+ xO 4 xM oy

where X l.(s) is a homogeneous vector field of degree s, meaning that
§* X — g8 x®
e (U)X, =& (Yg)s X,

We set )?l.q = (Yy)« X l.(fl) for 1 <i < m. Then )?? is homogeneous of degree —1 with respect to dilations,
ie., 8§X? =X ? for any ¢ # 0. Each X ? may be seen as a vector field on R” thanks to the coordinates
(x1, ..., x,). Moreover,

X,'q = ggr(l) 85:(wq)*Xi

in the C* topologys; all derivatives uniformly converge on compact subsets. For ¢ > ( small enough we have
XE =8 (W) Xi = X! +eRE,

where R? depends smoothly on & for the C* topology; see also [Agrachev et al. 2020, Lemma 10.58].
An important property is that (5(\ 7., XD) generates a nilpotent Lie algebra of step r(q); see [Jean
2014, Proposition 2.3].
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The nilpotent approximation of X1, ..., X,, at g is then defined as M9 ~ R" endowed with the vector
fields X ‘f, X2 Ttis important to note that the nilpotent approximation depends on the initial choice
of privileged coordinates. For an explicit example of computation of nilpotent approximation; see [Jean
2014, Example 2.8].

3.2. Reduction to the nilpotent case. In this section, we show the following.

Lemma 18. Let X1, ..., X,, be smooth vector fields on M satisfying Hormander’s condition, and let
q € M. If the property (P) holds at point 0 € R" for the nilpotent approximation X9, ..., X2, then the
property (P) holds at point q for X1, ..., X;.

Note that the above lemma is true for any nilpotent approximation X7, ..., X% at q, i.e., for any choice
of privileged coordinates (see Section 3.1).

Proof of Lemma 18. We use the notation 4z for the momentum map associated with the vector field Z
(see Section 1.4). We use the notation of Section 3.1, in particular the coordinate chart v, .
We set Y¥; = ()« X; and X = £4Y; which is a vector field on R". Recall that

X{=X{ +eR?,

where R} depends smoothly on ¢ for the C* topology. Therefore, using the homogeneity of X l-q, we get,
for any € > 0,

1 1 > S
Yi = E(‘Ss)*xf = 5(58)*()(? +8Rf) = X? + (88)*Rf' (27)

The vector field (8,)+«R; (x) does not depend on & and has a size which tends uniformly to O as
x — 0 € M4 ~ R" Recall that the Hamiltonian H associated to the vector fields 5(\? is given by

m
i=1
Similarly, we set
m
2
H=> hy.
i=1

We note that (27) gives
hy; = hge +heo.r:-

Hence

m
H=2) hyhy,=H+8, (28)
i=1

where © is a smooth vector field on T*R" such that
I(dm 0 ©)(x, &) < Clix]| (29)

when ||x|| — O (independently of &), where 7 : T*R" — R”" is the canonical projection. This last
point comes from the smooth dependence of R; on ¢ for the C* topology (uniform convergence of all
derivatives on compact subsets of R").
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Given the projection of an integral curve c(-) of H, we denote by ¢(-) the projection of the integral
curve of H with same initial covector. Combining (28) and (29), and using Gronwall’s lemma, we obtain
the following result:

Fix Ty > 0. For any neighborhood V of 0 in R",
there exists another neighborhood V' of 0 such that if ¢jjo,7,; C V', then éj0.7,) C V-

Therefore, if the property (P) holds at 0 € R for X7, ..., X4, then it holds also at 0 € R” for the
vector fields Yy, ..., Y.

Using that X; = ;'Y;, we can pull back the result to M and obtain that the property (P) holds at point ¢
for Xy, ..., X, which concludes the proof of Proposition 17. |

Thanks to Lemma 18, it is sufficient to prove the property (P) under the additional assumption that
M C R" and Lie(X1, ..., X,;) is nilpotent. (30)
In all that follows, we assume that this is the case.

3.3. End of the proof of Proposition 17. Let us finish the proof of Proposition 17. Our ideas are inspired
by [Agrachev and Gauthier 2001, Section 6].

First step: reduction to the constant Goh matrix case. We consider an adapted frame Y1, ..., Y, at g. We
take exponential coordinates of the second kind at g; we consider the inverse v, of the diffeomorphism

(X], BRI xn) = CXP(XI Yl) co CXP(XnYn)(CI)-

Then we write the Taylor expansion (26) of X1, ..., X, in these coordinates. Thanks to Lemma 18, we can
assume that all terms in these Taylor expansions have nonholonomic order —1. We denote by §; the dual
variable of x;. We use the notation ny, n,, ... introduced in Section 3.1, and we make a strong use of (25).

Claim 1. Ifa normal geodesic (x(t), £(t));cr has initial momentum satisfying & (0) =0 for any k > n,r+1,
then & =0 for any k > ny + 1, and in particular & = 0 for any k > n, + 1.

Proof. We write

n
X;(0) =) aj(x)dg, j=1....m,
i=1
where the a;; are homogeneous polynomials. We have
m n 2
ghx, €)= Z(Zai,(x)a). (31)
j=1 Vi=1

Let k > ny+1, which means that x; has nonholonomic order > 3. If a;; (x) depends on x;, then necessarily
i > n3+ 1, since a;;(x)dy, has nonholonomic order —1. Thus, writing explicitly ék = —0g™/0dx; thanks
to (31), there is in front of each term a factor &; for some i which is in particular > n, 4+ 1. By Cauchy
uniqueness, we deduce that & = 0 for any k > np + 1.
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Now, let k > n + 1, which means that x; has nonholonomic order > 2. If a;;(x) depends on xi, then
necessarily i > np+1, since a;; (x)d,, has nonholonomic order —1. Thus, writing explicitly £, =—0g*/0xx
thanks to (31), there is in front of each term a factor &; for some i which is > n, + 1. It is null by the
previous conclusion; hence & = 0. ]

The previous claim will help us to reduce the complexity of the vector fields X; once again (after the
first reduction provided by Lemma 18). Let us consider, for any 1 < j < m, the vector field

X' = Z a;j (x)d,. (32)

i=1

where the sum is taken only up to n,. We also consider the reduced Hamiltonian on 7*M
m
* 2
8red = Z hx§ed~
Jj=1

Claim 2. If X{ed, cees Xf;'d satisfy property (P) at q, then X1, ..., X,, satisfy property (P) at q.

Proof. Let us assume that X {ed, R X;fd satisfy property (P) at g. Let Ty > 0 and let (x™%¢(0), £%¢(0))
be initial data for the Hamiltonian system associated to g%, which yield speed-1 normal geodesics
(x"d2 (1), £74:2(1)) such that x™%¢ () — ¢ uniformly over (0, Ty) as € — 0.

We can assume without loss of generality that Sl.red’g(O) 0 for any i > ny 4+ 1, since these momenta
(preserved under the reduced Hamiltonian evolution) do not change the projection x™%¢(¢) of the normal
geodesic. We consider (x¢(0), £5(0)) = (x™%¢(0), £'4¢(0)) as initial data for the (nonreduced) Hamil-
tonian evolution associated to g*. Then we notice that § = 0 for k > ny + 1 thanks to Claim 1. It follows

red,e

that when i < np, we have x7 (1) = x;~  (t); i.e., the coordinate x; is the same for the reduced and the

nonreduced Hamiltonian evolution.
Finally, we take k such that n, + 1 < k < n3. Since g* is given by (31), we have

=2 aj(x°) (Z aij (x‘?)sf). (33)
j=1 i=1

But a;; has necessarily nonholonomic order 2 since d,, has nonholonomic order —3. Thus, a;;(x) is a

€
X, =
k709

nonconstant homogeneous polynomial in x1, ..., x,,. Since x7, ... converge to g uniformly over

’ n
(0, Ty) as € — 0, it is also the case of x,ﬁ according to (33), noticing that

g < ()2 =14
for any j. In other words, x;_ ., ..., x;, also converge to ¢ uniformly over (0, Tp) as ¢ — 0.
We can repeat this argument successively for k € {n3+1,...,n4}, k €{ngs+1, ..., ns}, etc., and we
finally obtain the result: for any 1 <k <n, x; converges to g unlformly over (0, To) ase — 0. ]

Thanks to the previous claim, we are now reduced to proving Proposition 17 for the vector fields
X ﬁed, o X ;,fd. In order to keep notation as simple as possible, we simplify to X1, ..., X,;; i.e., we drop
the upper notation “red”. Also, without loss of generality we assume that ¢ = 0.
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If we choose our normal geodesics so that x(0) = 0, then x; = 0 for any i > ny + 1 thanks to (32). In
other words, we forget the coordinates x,,+1, .. ., X, in the sequel, since they all vanish.2

Second step: conclusion of the proof. Now, we write the normal extremal system in its “control” form.
We refer the reader to [Agrachev et al. 2020, Chapter 4]. We have

(0 =) uwi()X;(x(1)), (34)

i=1

where the u; are the controls, explicitly given by

ui(t) =2hx, (x(1),5()) (35)

since (x (1), (1)) = '8 (0, &). Thanks to (32), we rewrite (34) as
x(t) = F(x(0)u(t), (36)

where F' = (a;;), which has size n, x m, and u = "(uy,...,uy). Differentiating (35), we have the
complementary equation

u(t) =Gx (@), E@)u),
where G is the Goh matrix
G = 2thx;, hx;Di<ij<m

(it differs from the usual Goh matrix by a factor —2 due to the absence of factor % in the Hamiltonian g*
in our notation).

Let us prove that G(¢) is constant in 7. Fix 1 < j, j* < m. We notice that in (32), g;; is a constant
(independent of x) as soon as 1 <i < nj since d,, has weight —1. This implies

.0

an .

[X;, X;]is spanned by the vector fields 9, 0

np+1° ZXnp420 0

(37)

Putting this into the relation {/ X h xj,} =hx;, X1 and using that the dual variables & forn|+1 <k <np
are preserved under the Hamiltonian evolution (due to Claim 1), we get that G(¢) = G is constant in ¢.
We know that G # 0 and that G is antisymmetric. The whole control space R is the direct sum of the
image of G and the kernel of G, and G is nondegenerate on its image. We take uq in an invariant plane
of G; in other words its projection on the kernel of G vanishes (see Remark 19). We denote by G the
restriction of G to this invariant plane. We also assume that uo, decomposed as ug = (ugy, . - g upn) € R™,

(G ;

satisfies ) ;| u(z)l 1 . Then u(¢) = e’Guo and since ¢'C is an orthogonal matrix, we have ||e'Cug|| = [luo|.

We have by mtegratlon by parts

t

x(t) = / F(x(s)e*Cugds = F(x(1))G ' (¢'C — Nug —/ j—S(F(x(s)))a_l(esa — Dupds. (38)
0 0

ZNote that this is the case only because we are now working with the reduced Hamiltonian evolution; otherwise, under
the original Hamiltonian evolution associated to (31), the x; (for i > ny + 1) remain small according to Claim 2, but do not
necessarily vanish.
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Let us now choose the initial data of our family of normal geodesics (indexed by ¢). The starting point
x#(0) = 0 is the same for any &; we only have to specify the initial covectors £* = £°(0) € T;R™. For any
i=1,...,m, we impose that

(£°, X;) = uo;. (39)

It follows that g*(x(0), £4(0)) = > i, u(z)l. = i for any ¢ > 0. Now, we notice that Span(Xy, ..., X;;)
is in direct sum with the Span of the [X;, X ;] for i, j running over 1, ..., m (this follows from (37)).
Fixing G° # 0 an antisymmetric matrix and GV its restriction to an invariant plane, we can specify,
simultaneously to (39), that

(€°.2[X;, X;]) =¢7'GY).

Then x%(¢) is given by (38) applied with G=¢"! 50, which brings a factor ¢ in front of (38).

Recall finally that the coefficients a;; which compose F' have nonholonomic order O or 1; thus
they are degree-1 (or constant) homogeneous polynomials in xi, ..., x,,. Thus %(F (x(s))) is a linear
combination of x;(s) which we can rewrite thanks to (36) as a combination with bounded coefficients
(since Z;":l “12 = %) of the x;(s). Hence, applying the Gronwall lemma in (38), we get ||x°(?)|| < Ce,
which concludes the proof.

Remark 19. Let us explain why we choose ug to be in an invariant plane of G. If the projection of u
to the kernel of G is nonzero then the primitive of the exponential of ¢?/®¢0y contains a linear term
that does not depend on ¢. Then the corresponding trajectory follows a singular curve; see [Agrachev
et al. 2020, Chapter 4] for a definition. This means we find normal geodesics which spiral around a
singular curve and do not remain close to their initial point over (0, Tp), although their initial covector is
“high in the cylinder bundle U*M”. For example, for the Hamiltonian 512 + &+ x12f;‘3)2 associated to
the “Martinet” vector fields X1 = 9, X2 = 9y, + x128x3 in R3, there exist normal geodesics which spiral
around the singular curve (z, 0, 0).

Remark 20. The normal geodesics constructed above lose their optimality quickly, in the sense that their
first conjugate point and their cut-point are close to g.

4. Proofs

4.1. Proof of Theorem 2. In this section, we conclude the proof of Theorem 2.

Fix a point g in the interior of M \ w and 1 <i, j < m such that [X;, X ;](¢q) ¢ D,. Fix also an open
neighborhood V of ¢ in M such that V C M\w. Fix V'’ an open neighborhood of ¢ in M such that
V' C V, and fix also Ty > 0.

As already explained in Section 1.3, to conclude the proof of Theorem 2, we use Proposition 16 applied
to the particular normal geodesics constructed in Proposition 17.

By Proposition 17, we know that there exists a normal geodesic ¢t —> x(¢) such that x(¢) € V' for
any t € (0, Tp). It is the projection of a bicharacteristic (x(¢), £(¢)) and since it is nonstationary and

travels at speed 1, it holds g*(x(2), £(¢)) = 4—1‘. We denote by (ux)ren @ sequence of solutions of (12) as in
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Proposition 16 whose energy at time ¢ concentrates on x (¢) for t € (0, Tp). Because of (22), we know that

Il (i (0), B (0D ll3xr2 = ¢ >0

uniformly in k.
Therefore, in order to establish Theorem 2, it is sufficient to show that

To
/0 / RS R Y —— (40)
w

Since x(¢) € V' for any t € (0, Ty), we get that for V, chosen sufficiently small for any ¢ € (0, Tp), the
inclusion V; C V holds (see Proposition 16 for the definition of V;). Combining this last remark with (23),
we get (40), which concludes the proof of Theorem 2.

4.2. Proof of Corollary 4. We endow the topological dual H (M) with the norm
ollzeary = (=220l 2.
The following proposition is standard; see, e.g., [Tucsnak and Weiss 2009; Le Rousseau et al. 2017].

Lemma 21. Let Ty > 0 and w C M be a measurable set. Then the following two observability properties
are equivalent:

(P1) There exists Cr, such that, for any (vo, v1) € D((—A)'/?) x L*>(M), the solution
v e €0, Ty; D((—A)2) NC (0, To; LA(M))
of (1) satisfies

To
/0 / 19,v(t, @)1* d1(q) dt = Cry [l (o, v llgaryx 22 (a1)- (41)

(P2) There exists Cr, such that, for any (vo, v1) € L?>(M) x D((—A)~12), the solution

v e €0, To: LAM)) NCL(0, Ty; D((—A)72))
of (1) satisfies
To
2 2
/0 /w 0t )P di(g) dt > Crll o, v sy (42)
Proof. Let us assume that (P2) holds. Let u be a solution of (1) with initial conditions (ug, u;) €

D((—A)2) x L?(M). We set v = 9,u, which is a solution of (1) with initial data vj;—o = u; € L?>(M) and

dvy—0 = Aug € D((—A)~1/2). Since [|(vo, vi) | L2 emary = (1, Auo)ll 22 pgary = o, W) llg(aryx 225
applying the observability inequality (42) to v = d,u, we obtain (41). The proof of the other implication
is similar. (Il

Finally, using Theorem 2, Lemma 21 and the standard HUM method [Lions 1988], we get Corollary 4.
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4.3. Proof of Theorem 11. We consider the space of functions u € C*°([0, T] x M) such that

/ u(t,-)du =0
My

for any ¢ € [0, T'], and we denote by Hr its completion for the norm || - ||%,induced by the scalar product

T
(u,v)m=// (0rudyv + (X1u) (X 1v) + (Xou) (X2v)) dpdt.
0 J My

We consider also the topological dual #;, of the space H, (see Section 1.5).
Lemma 22. The injections Ho — L*(My), L*>(My) — Hy and Hr — L?((0, T) x My) are compact.

Proof. Let (¢r)ren be an orthonormal basis of real eigenfunctions of L*(Mp), labeled with increasing
eigenvalues 0 = Ao < A1 < - - - < Ay = 400, so that —Aggr = M. The fact that A1 > 0, which will
be used in the sequel, can be proved as follows: If —Ag¢ = 0 then fMH ((X1<p)2 + (Xz(p)2) du =0 and,
since ¢ € C*°(Mp) by hypoelliptic regularity, we get X ¢(x) = X»¢(x) = 0 for any x € My. Hence,
[X1, X2]eo =0, and all together, this proves that ¢ is constant; thus A; > 0.

We prove the last injection. Let u € Hy. Writing u(t, -) = Z,fil ar(t)px (-) (note that there is no
0-mode since u(z, - ) has null average), we see that

x x
Il = (—Anu, ) 20,1y xmm = P Ml 2o,y =21 Y NaklF 2o,y = 211807 20,7y x 41
k=1 k=1
and thus 7 embeds continuously into L?((0, T) x Mp). Then, using a classical subelliptic estimate (see
[Hormander 1967; Rothschild and Stein 1976, Theorem 17]), we know that there exists C > 0 such that

Nl gizgo.myxmyy < CUull 2o, myxmy) + Ul 3)-

Together with the previous estimate, we obtain that, for any u € Hr, [lullgi2¢0,1)xmy) < Cllull3,. Then,

the result follows from the fact that the injection H'/2((0, T) x My) — L?*((0, T) x My) is compact.
The proof of the compact injection Ho <> L?(My) is similar, and the compact injection L?(M ) <> H,

follows by duality. U

Proof of Theorem 11. In this proof, we use the notation P = 83, — Ap. For the sake of a contradiction,
suppose that there exists a sequence (%) ren Of solutions of the wave equation such that || (u'é, u’l‘) lyxz2=1
for any k € N and

T
1)l = 0. [ 1OP@B 8 24y )t = 0 3)
0

as k — +oo. Following the strategy of [Tartar 1990; Gérard 1991], our goal is to associate a defect
measure to the sequence (u¥)ken. Since the functional spaces involved in our result are unusual, we give
the argument in detail.

First, up to extraction of a subsequence which we omit, (u'é, ulf) converges weakly in Hg x L*(Mpy)
and, using the first convergence in (43) and the compact embedding H¢ X L>(Mp) — L*(My) x 7-[6,
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we get that (ul(‘), u’l‘) — 0in Ho x L%. Using the continuity of the solution with respect to the initial data,
we obtain that u* — 0 weakly in 7. Using Lemma 22, we obtain u¥ — 0 strongly in L2((0, T) x My).
Fix B € W, (0, T) x Mp). We have

T
(Bu*, ubyyy, = / / (3 Bu*) (3,u") + (X1 Bu®*) (X 1u*) + (X2 Bu) (Xouh)) du(q) dt
0 J My

T
= fo f (([3, Blu*)(@,u®) + ([X1, Blu®)(X1u") + (X2, Blu*)(Xoub)) dpu(q) dt
My
T
+ / / ((Ba,u") (3,u") + (BX ") (X1u*) + (BXou*) (Xouh)) du(g) dr.  (44)
0 JMy

Since [3;, Bl€ W], (0, T)xMp), [X;, Bl€ W) (0, T) x My) and u* — O strongly in L*((0, T) x Mp),
the first of the two lines in (44) converges to 0 as k — +00. Moreover, the last line is bounded uniformly
in k since B € \vghg((o, T) x My). Hence (BuF, uk)HT is uniformly bounded. By a standard diagonal
extraction argument (see [Gérard 1991] for example), there exists a subsequence, which we still denote
by (u¥)ren such that (Bu*, u*) converges for any B of principal symbol b in a countable dense subset
of C2°((0, T) x Mp). Moreover, the limit only depends on the principal symbol b, and not on the full
symbol.
Let us now prove that

liminf (Bu*, u*)3, >0 (45)

k—+o00

when b > 0. With a bracket argument as in (44), we see that it is equivalent to proving that the liminf as
k — 400 of the quantity

Ok (B) = (Ba,u*, 3,u*) ;> + (BX1u*, X1ub) 2 + (BXouk, Xou®) (46)

is > 0. But there exists B’ € lIJ[?hg((O, T) x Mpy) such that B — B € \IJI;lL,((O, T) x Mpy) and B’ is
positive (this is the so-called Friedrichs quantization, see for example [Taylor 1974, Chapter VII]). Then,
liminfy_, 100 Ox(B’) > 0, and Qy(B’ — B) — 0 since (B’ — B)9, € lI’Shg((O, T) x My) and u¥ — 0
strongly in L?((0, T) x Mg). It immediately implies that (45) holds.

Therefore, setting p = o, (P) and denoting by C(p) the characteristic manifold C(p) = {p =0}, there

exists a nonnegative Radon measure v on $*(C(p)) = C(p)/(0, +00) such that

(Op(bYu*, u*)yy, — bdv
S$*(C(p)
for any b € S5, ((0, T) x Mp).
Let C € \Ilp_h‘lg((O, T) x Mpy) of principal symbol c¢. We have pc = {p, c} € S}?hg((O, T) x Myg) and, for
any k € N,

((CP — POWX, uF)y, = (CPu*, u¥)y, — (Cu, Pur)y, =0 (47)

since Pu* = 0. To be fully rigorous, the identity of the previous line, which holds for any solution u € H7
of the wave equation, is first proved for smooth initial data since Pu ¢ H7 in general, and then extended
to general solutions u € Hy. Taking principal symbols in (47), we get (v, pc) = 0.
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Therefore, denoting by (5)scr the maximal solutions of

L ys(p) = F (o). peT R x My

(see (7)), we get that, for any s € (0, T),

Oz(v,ﬁcov/s)=< CO%) d<V coy)
and hence

(v, c) = (v, coy). (48)

We note here that the precise homogeneity of ¢ (namely c € S ((0 T) x Mp)) does not matter since v

phg
is a measure on the sphere bundle S$*(C(p)). The identity (48) means that v is invariant under the flow p.

From the second convergence in (43), we can deduce that
v=0 in S*(C(p))NT*((0,T) x Supp(a)). (49)

The proof of this fact, which is standard (see for example [Burq and Sun 2022, Section 6.2]), is given in
Appendix C.

Let us prove that any normal geodesic of My with momentum & € V¢ enters o in time at most ke ~!
for some x > 0, which does not depend on ¢. Indeed, the solutions of the bicharacteristic equations (10)

with g* = }‘ and &; # 0 are given by
xi1(t) = % cos(2&3t +¢) + ?, x2(t) =B — 2%3 sin(2&3t + @),

() = C+ E + 15 Sin(2E1 + ¢)) + ‘; Sin(2&31 + ),

where B, C, &, &3 are constants. Since £ € V¢ and g* = %, it holds

1 )
- 2 —

41531~ 2
Hence, we can conclude using the expression for x3 (whose derivative is roughly (4|&3 [)~1) and the fact
that ® = Mg\ B contains a horizontal strip. Note that if &3 = 0, the expressions of x (), x»(t), x3(¢) are

much simpler and we can conclude similarly.

Hence, together with (49), the propagation property (48) implies that v =0. It follows that ||u*[|3;, — 0.
By conservation of energy, it is a contradiction with the normalization || (u’(‘), u’l‘ Ml xz2 = 1. Hence, (11)
holds. -

Appendix A: Pseudodifferential calculus

We denote by €2 an open set of a d-dimensional manifold (typically d = n or d = n + 1 with the notation
of this paper) equipped with a smooth volume . We denote by g the variable in €2, typically ¢ = x or
g = (¢, x) with our notation.
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Let wg = dp A dqg be the canonical symplectic form on 7*2 written in canonical coordinates (g, p).
The Hamiltonian vector field f of a function f € C®°(T*Q) is defined by the relation

wo(f,-)=—df(-).

In the coordinates (g, p), it reads
d
f= Z(apjf)aqj = (99, 1)y,
j=1
In these coordinates, the Poisson bracket is

d
fr gl =wo(f, 8 =) (3, £)(0g;8) — (3, £)(Bp,8),
j=1
which is also equal to fg and —3 f.
Let 7 : T*Q — 2 be the canonical projection. We recall briefly some facts concerning pseudodifferential
calculus, following [Hérmander 1985, Chapter 18].
We denote by S (T*2) the set of homogeneous symbols of degree m with compact support in £2. We

also write S”! (T*2) for the set of polyhomogeneous symbols of degree m with compact support in 2.

phg :
Hence, a € Sg}lg(T*Q) ifa e C*°(T*2), m(Supp(a)) is a compact of €2, and there exist a; € Sflrf);l] (T*Q2)
such that, for all N € N, a — Z;Y:o aj € Sg;lgN_l(T*Q). We denote by lIJI’)’flg(T*Q) the space of

polyhomogeneous pseudodifferential operators of order m on €2, with a compactly supported kernel
in @ x Q2. For A e \Ilgﬁg(Q), we denote by 0,(A) € S;;lg(T*Q) the principal symbol of A. The
subprincipal symbol is characterized by the action of pseudodifferential operators on oscillating functions:

if Ae Wi () and f(g) = b(q)e'*S@ with b, S smooth and real-valued, then

fg AP fdu=K" fg (0p(A) @, @) + Lo @, S @) 1f @I dpu(q) + O k"),
A quantization is a continuous linear mapping

Op: ST (T*Q) — W

phg phg (€2)

satisfying 0,(Op(a)) = a. An example of quantization is obtained by using partitions of unity and, locally,
the Weyl quantization, which is given in local coordinates by

1 ila—d’ qg+q
OPW(a)f(Q)wad et q,p>a< ) ,p)f(q/)dq/dp.
T Rq/x[R{‘,’,

We have the following properties:

(H) IfAe \Iléhg(Q) and B € \pg;lg(sz), then [A, B] € \IIFI);IF;_I(Q) and 0, ([A, B]) = %{ap(a), op(b)}.
(2) If X is a vector field on Q2 and X* is its formal adjoint in L*(Q, 1), then X*X € w2 (Q),

phg
op(X*X) = h% and ogh(X*X) = 0.

B)IfAe lIJl’)'}jg(SZ), then A maps continuously the space H*(£2) to the space H*~"(£2).
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Appendix B: Proof of Proposition 12

In this appendix, we give a second proof of Proposition 12 written in a more elementary form than the
one of Section 2.1. Let us first prove the result when M C R", following the proof of [Ralston 1982].
The general case is addressed at the end of this section.

As in the proof of Section 2.1, we suppress the time variable . Thus we use x = (xg, X1, ..., Xn),
where xo = ¢. Similarly, & = (&g, &1, ..., &,), where & = t previously. Let I be the curve given by
x(s) € R, We insist on the fact that in the proof the bicharacteristics are parametrized by s, as in (7).
We consider functions of the form

vk () = k3 Lag(x) eV @,

We would like to choose ¥ (x) such that for all s € R, ¥ (x(s)) is real-valued and

2

4
m Dx9x, (x(s))

is positive definite on vectors orthogonal to x(s). Roughly speaking, |¢/*¥®| will then look like a
Gaussian distribution on planes perpendicular to I" in R"*,
‘We first observe that Btzt vr — Avg can be decomposed as

v — Avg = (kiTTA + kT Ay + k171 Az)e Y (50)
with
A1(x) = pa(x, Vi (x)ao(x), Ax(x) = Lap(x), Az(x) = d2ap(x) — Aag(x).

Here we have set

2

1«9 9 1 [« 9
Lao=—2£()€ Vi (x >>ﬂ+z,(2 ag,ggk( 1” ) ap. (51)

(For general strictly hyperbolic operators, L contains a term with the subprincipal symbol of the operator,
but here it is null; see Appendix A.)

In what follows, we construct ag and v so that A (x) vanishes at order 2 along I" and A,(x) vanishes
at order O along the same curve. We will then be able to use Lemma 14 with § =3 and S =1 respectively.

Analysis of A1(x). Our goal is to show that, if we choose ¢y adequately, we can make the quantity

fx) = pa(x, Vi (x)) (52)

vanish at order 2 on I'. For the vanishing at order 0, we prescribe that i satisfies Vi (x(s)) = £(s), and
then f(x(s)) =0 since (x(s), £(s)) is a null-bicharacteristic. Note that this is possible since x(s) # x(s”)
for any s # s/, due to xo(s) = 1 (bicharacteristics are traveled at speed 1; see Section 1.4). For the



672 CYRIL LETROUIT

vanishing at order 1, using (52) and (7), we remark that, for any 0 < j < n,

—f<(>>——<<))+2 —

. _ 9
=—£;(s)+ Zxk(S) o,

ds(a‘” <x<s>>> +Zxk<s>

Therefore, f vanishes automatically at order 1 along I (without making any particular choice for ¥): it
just follows from (52) and the bicharacteristic equations (7). But for f(x) to vanish at order 2 along T, it
is required to choose a particular ¥. In the end, we will find that if i is given by the formula (59) below,

Y
™ (x(s))

w - (x(s)) = 0. (53)

with M being a solution of (54), then f vanishes at order 2 along I'. Let us explain why.
Using the Einstein summation notation, we want that, for any 0 < i, j < n, it holds

_ S ¥p | pp Py Fpp Ry p Py Y ;Y
T Ox;0x;  Oxj0x; | 0&0x; 0xj0x; | 0x;0& 0x;0x, | 0&0& 0x;0x; 0x;0x;  0& Ox;0xc0x;

along I'. Introducing the matrices

M _ ¥y A ¥,
(M(s))ij = axl_(,)x_(X(S)), (A(s))ij = 8x,~8x-(x(s)’ £(s)),
2p 2p
(B(s))ij = 95 (X(S) £(s)), (C(s))ij = 8&8§J 2 (x(5). £()).
this amounts to solving the matricial Riccati equation
iZ—M+MCM+B M+MB+A=0 (54)

on a finite-length time interval. While solving (54), we also require M (s) to be symmetric, Im(M (s)) to be
positive definite on the orthogonal complement of x(s), and M (s)x(s) = é(s) to hold for all s due to (53).

Let My be a symmetric (n+1) x (n41) matrix with Im(My) > 0 on the orthogonal complement of
x(0) and Myx(0) = S (0) (in particular Im(Mp)x (0) = 0). It is shown in [Ralston 1982] that there exists a
global solution M (s) on [0, T'] of (54) which satisfies all the above conditions and such that M (0) =
The proof just requires that A, C are symmetric, but does not need anything special about p, (in particular,
it applies to our sub-Riemannian case where p; is degenerate). For the sake of completeness, we recall
the proof here.

We consider (Y (s), N(s)) the matrix solution with initial data (¥ (0), N(0)) = (Id, My) (where Id is
the (n+1) x (n+1) identity matrix) to the linear system

{Y:BY+CN,

. 55
N =—AY —BTN. (53)
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We note that (Y (s)x(0), N(s)x(0)) then also solves (55), with ¥ and N being this time vectorial. One
can check that (x(s), 5 (s)) is the solution of the same linear system with same initial data, and therefore,
for any s € R,

X(s) =Y()x(0), &(s)=N(s)(0). (56)

All the coefficients in (55) are real and A and C are symmetric, and it follows that the flow defined by (55)
on vectors preserves both the real symplectic form acting on pairs (y, 1) € (R*™t1)2 and O, n)e (R+1H)2
given by

oa((y,m, V) =y-n"=n-y

and the complexified form oc((y. ), (¥, 1)) = o ((y,n), (¥, 7)) for (y.n) € (C"™1)? and (y', 7) €
(C™t1)2. When we say that og is invariant under (55), it means that we allow complex vectorial initial
data in (55).

Let us prove that Y (s) is invertible for any s. Let v € C"*! and 59 € R be such that ¥ (sg)v = 0. We set
y(s9) = Y (so)v and n(sg) = N (so)v and consider x (sg9) = (¥(so), n(s9)). From the conservation of o¢,
we get

0= 0c(x (%), x(50)) = oc(x(0), x(0)) = v- Mov — ¥ - Mov = —2i - (Im(Mo))v.

Since Im(M)) is positive definite on the orthogonal complement to x(0), it holds v = Ax(0) for some
A € C. Hence
0= Y (so)v =AY (50)x(0) = Ax(s0),

where the last equality comes from (56). Since x¢(s9) = (dp2/9&0) (s0) = —2&(s0) = 1, it holds X (sg) # 0;
hence A = 0. It follows that v = 0 and Y (s¢) is invertible.
Now, for any s € R, we set
M(s)=N(s)Y(s)~,

which is a solution of (54) with M (0) = M. It satisfies M (s)x(s) = & (s) thanks to (56). Moreover, it is
symmetric: if we denote by y*(s) and 1’ (s) the column vectors of ¥ and N, by preservation of o, for any
0 <1, j < n, the quantity

o (5 (), 0" (), (77 (), 07 ($))) = ¥ (5) - M ()Y’ (s) — ¥/ (s) - M(s)y' ()

is equal to the same quantity at s = 0, which is equal to 0 since My is symmetric.

Let us finally prove that, for any s € R, Im(M (s)) is positive definite on the orthogonal complement of
%(s). Let y(so) € C"*! be in the orthogonal complement of % (so). We decompose y(so) on the column
vectors of Y (sg):

y(s0) = Zbiyi(so), b; € C.
i=0

For s € R, we consider y(s) = Z?:o biy'(s) and we set x (s) = Zl’-’:() bi(y'(s), n'(s)). Then,

ac(x (), x(5)) = =2iy(s) - Im(M (5))y(s). (57)
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By preservation of o¢ and using (57), we get that
y(50) - Im(M (50)) y (s0) = y(0) - Im(Mo) y (0). (58)

But y(0) cannot be proportional to x(0); otherwise, using (56), we would get that y(sg) is proportional
to x(so). Hence, the right-hand side in (58) is > 0, which implies that Im(M (sg)) is positive definite on
the orthogonal complement to x (sg).

Therefore, we found a choice for the second-order derivatives of i along I' which meets all our
conditions. For x = (¢, x’) € R x R" and s such that r = ¢(s), we set

Y(x) =E'(s) - (x' =x'(8) + 3" = x'(5)) - M(s)(x" = x'(s)), (59)

and f vanishes at order 2 along I" for this choice of .

To sum up, as in the Riemannian (or “strictly hyperbolic”) case handled in [Ralston 1982], the key
observation is that the invariance of o and o¢ prevents the solutions of (54) with positive imaginary part
on the orthogonal complement of x (0) from blowing up.

Analysis of Ay(x). We note that A, vanishes along I' if and only if Lag(x(s)) = 0. According to (51),
this turns out to be a linear transport equation on ag(x (s)). Moreover, the coefficient of the first-order term,
namely Ve po(x(s), §(s)), is different from 0. Therefore, given ag # 0 at (=0, x=x(0)), this transport
equation has a solution ag(x (s)) with initial datum ag, and, by Cauchy uniqueness, ag(x(s)) # O for any s.
Note that we have prescribed ag only along I', and we may choose ag in a smooth (and arbitrary) way
outside I". We choose it to vanish outside a small neighborhood of T".

Proof of (13). We use (50) and we apply Lemma 14to S =3,c=A;andto S =1, ¢ = A,, and we get

_1 _1 _
||8l‘2[vk_Avk”Ll(O,T;LZ(M))gC(k 2+k 2+k l),

which implies (13).

Proof of (14). We first observe that since Im(M (s)) is positive definite on the orthogonal complement
of x(s) and continuous as a function of s, there exist o, C > 0 such that, for any #(s) € [0, T'] and any
x' e M,

m
0t (), )P+ 31X 0t (5), 2P 2 (Clag (2 (5), )Pk + O (k25 D)y)emekd(x')
j=1
where d( -, - ) denotes the Euclidean distance in R". We denote by ¢,, the Lebesgue measure on R”. Using
the observation that, for any function f,
7'["/2 , d,u
A

as k — 400, and the fact that ag(x(s)) 7% 0, we obtain (14).

(x'(s)) (60)

/ f(x/)e—ozkd(x/,x’(s))z du(x/) N
M
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Proof of (15). We observe that since Im(M (s)) is positive definite (uniformly in s) on the orthogonal
complement of x(s), there exist C, &’ > 0 such that, for any 7 € [0, T], for any x" € M, |9,v(t(s), x)|
and | X ;v (1 (s), x")| are both bounded above by Ck"/4¢~kd".x'5)* Therefore

/ (latvka(s), P4 IX o (s), x/>|2) dp(x")
M\Vis)

j:1 ’ !’ ’
< Ckn/Z / e—2oz kd(x',x(s))? du(x’)
M\Vi(s)

< Ck”/Z/ o2k XS 10 () Lo(l), (61)
M\ Vi)

where, in the last line, we used the fact that [du/d¥¢,| < C in a fixed compact subset of M (since w is a
smooth volume), and the o(1) comes from the eventual blowup of p at the boundary of M.

Now, M C R", and there exists r > 0 such that B;(x(s), r) C V() for any s such that 7(s) € (0, T),
where d( -, - ) still denotes the Euclidean distance in R”. Therefore, we bound above the integral in (61) by

ck"? / e 2K CD g, (x'). (62)
R™\ By (x(s),r)

Making the change of variables y = k=Y 2(y — x(s)), we can bound (62) from above by

c / eI dg, (),
R\ B4(0,rk!/2)

with || - || the Euclidean norm. This last expression is bounded above by

Coret / e e, (y),
which implies (15).

Extension of the result to any manifold M. In the case of a general manifold M, not necessarily included
in R", we use charts together with the above construction. We cover M by a set of charts (U, ¢,), where
(Uy) is a family of open sets of M covering M and ¢, : U, — R" is an homeomorphism U, onto an
open subset of R". Take a solution (x(¢), &(¢))cq0.77 of (8). It visits a finite number of charts in the order
Uy, Ug,, . .., and we choose the charts and ap so that v (¢, -) is supported in a unique chart at each
time ¢. The above construction shows how to construct ag and v as long as x(¢) remains in the same
chart. For any [ > 1, we choose #; so that x () € Uy, N Uy, and ao(#;, -) is supported in Uy, N Uy, ;.
Since there is a (local) solution v; for any choice of initial ag(#;, x(#7)) and Im(8%y/(dx; dx N, x(1))
in Proposition 12, we see that vy may be continued from the chart Uy, to the chart Uy, , .
is smooth since the two solutions coincide as long as ay(t, - ) is supported in Uy, N U,

This continuation
Patching all

1+1°
solutions on the time intervals [#, ;4] together, it yields a global-in-time solution vy, as desired.

Appendix C: Proof of (49)
Because of the second convergence in (43) and the nonnegativity of a, it amounts to proving that

(X1 0p(@)u*, X1u®) 20,1y xayy) + (X2 Op(@)ut*, Xou®) 20,7y xa1,y) = O-
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Now, we notice that for any B € lIlghg((O, T) x Mp), it holds

(Bu*, X1u") 20,1y xmpy 755> 0 and (Bu®, 8, 10,1y ms) 555> O (63)

since u¥ — 0 strongly in L?((0, T) x M) and both X;u* and 3,u* are bounded in L%((0, T) x My).
We apply this to B = [ X, Op(a)], and then, also using (63), we see that we can replace Op(a) by its
Friedrichs quantization Op” (a), which is positive; see [Taylor 1974, Chapter VII]. In other words, we are
reduced to proving

OpF (@) X1u*, X165 20,7y x 0y + (OPF (@) Xau, Xouh) 20,7y xpyy) 7= O (64)

k— 400

Letd§ >0anda € Sghg((—é, T +38)x Mpy), 0<a<sup(a), and such thata(t,-) =a(-) for0 <t < T.

Making repeated use of (63) and of integrations by parts (since a is compactly supported in time), we have
2 2

Z(OPF(fl)Xjuk, XU 20 1yx by = Z(Xj Op” @u*, X ju*) 120, 1y % by + 0(1)

Jj=1 j=1
= —(Op" @u*, Au) 12(0,1yx ) +0(1)
= —(Op" @u*. 87u") 20,1y x My +0(1)
= (8, Op" @u", 3u") 120,11y +0(1)
= (0p" @3u", 3u") 20,1y aayy) +0(1).

Finally we note that since Op’ is a positive quantization, we have

2 2
Z(OPF(G)Xij, Xju") 20,1y %My < Z(OPF(fl)Xjuk, X5u") 20,1y x M)
j=1 j=1
= (Op" (@)3:u*, 3;u*) 120,17y xayy) +0(1)
C8 + (Op" (@)d,u*, 3:u*) 120,17y x ) +0(1)

<
< Cé+o(1),

where C does not depend on §. Taking 6 — 0 concludes the proof of (64), and consequently (49) holds.
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QUANTITATIVE ALEXANDROV THEOREM
AND ASYMPTOTIC BEHAVIOR OF THE
VOLUME PRESERVING MEAN CURVATURE FLOW

VESA JULIN AND JOONAS NIINIKOSKI

We prove a new quantitative version of the Alexandrov theorem which states that if the mean curvature of
a regular set in R"*! is close to a constant in the L" sense, then the set is close to a union of disjoint balls
with respect to the Hausdorff distance. This result is more general than the previous quantifications of the
Alexandrov theorem, and using it we are able to show that in R? and R? a weak solution of the volume
preserving mean curvature flow starting from a set of finite perimeter asymptotically convergences to a
disjoint union of equisize balls, up to possible translations. Here by a weak solution we mean a flat flow,
obtained via the minimizing movements scheme.

1. Introduction

Here we study the asymptotic behavior of the weak solution of the volume preserving mean curvature
flow starting from a set of finite perimeter. In the classical setting we are given a smooth set Ey C R"*!
and we let it evolve into a smooth family of sets (E;); according to the law, where the normal velocity V;
is proportional to the mean curvature of E; as

V,=—(Hg, — Hg,) on JE,, (1-1)

where Hp, = fa E, HE, dH". Equations of mean curvature type are important in geometry, where one
usually studies the geometric properties of 0 £, which are inherited from dEq. Equation (1-1) can also be
seen as a volume preserving gradient flow of the surface area. These equations arise naturally in physical
models involving surface tension; see [Taylor et al. 1992].

The main issue with (1-1) is that it may develop singularities in finite time even in the plane [Mayer
2001; Mayer and Simonett 2000]. In order to pass over the singular time one may try to do a surgery
procedure and restart the flow after a singular time as in [Huisken and Sinestrari 2009] or to define a weak
solution of (1-1), which is what we will consider here. For the mean curvature flow one may define a weak
solution by using the varifold setting by Brakke [1978], the level set solution developed independently
by Chen, Giga and Goto [Chen et al. 1989] and Evans and Spruck [1991], or by using the minimizing
movements scheme developed independently by Almgren, Taylor and Wang [Almgren et al. 1993] and
Luckhaus and Stiirzenhecker [1995]. Since we want the solution of (1-1) to be a family of sets and since
(1-1) does not satisfy the comparison principle, the natural choice is to define a weak solution via the

This research was supported by the Academy of Finland grant 314227.
MSC2020: 35193, 35K93, 53C45.
Keywords: mean curvature flow, large time behavior, constant mean curvature, minimizing movements.

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/apde/
https://doi.org/10.2140/apde.2023.16-3
https://doi.org/10.2140/apde.2023.16.679
http://msp.org
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

680 VESA JULIN AND JOONAS NIINIKOSKI

minimizing movements scheme as in [Almgren et al. 1993; Luckhaus and Sturzenhecker 1995]. This
solution is usually called a flat flow, and it is well defined due to [Mugnai et al. 2016] but might not be
unique.

The advantage of the flat flow is that it is defined for all times for any bounded initial set with finite
perimeter and we may thus study its asymptotic behavior. Heuristically, one may guess that the flat flow
converges to a critical point of the static problem, which are classified in [Delgadino and Maggi 2019]
as a disjoint union of balls, possibly tangent to each other. The asymptotic convergence of (1-1) has
been proved for initial sets with certain geometric properties such as convexity [Huisken 1987], nearly
spherical [Escher and Simonett 1998] or sets which are near a stable critical set in the flat torus in low
dimensions [Niinikoski 2021]. We note that in these cases the flow does not develop singularities and is
thus classically well defined for all times. The result in [Kim and Kwon 2020] shows that the convergence
holds also for star-shaped sets, up to possible translations. For the mean curvature flow with forcing, the
asymptotic behavior has been studied for the level set solution in [Giga et al. 2019; 2020] and for the flat
flow in the plane in [Fusco et al. 2022]. The result closest to ours is the work by Morini, Ponsiglione and
Spadaro [Morini et al. 2022], where the authors prove that the discrete-in-time approximation of the flat
flow of (1-1) converges exponentially fast to a disjoint union of balls. Here we are able to pass the time
discretization to zero and characterize the limit sets for the flat flow of (1-1) in R? and R>. The precise
definition of the flat flow is given in Section 4.

Theorem 1.1. Assume Eq C R"TL, withn <2 and |Eo| = |B1|, is a bounded set of finite perimeter which
is either essentially open or essentially closed, and let (E;);>o be a flat flow of (1-1) starting from E.
There is N € N such that the following holds: for every € > 0 there is T, > 0 such that for every t > T,
there are points x1, ..., Xy, which may depend on time, with |x; — x| > 2r fori # j andr = N~V/@+D
such that for F, = U,N=1 B.(x;),
sup dyr,(x) <e.
x€E,AF,

Here dyr denotes the distance function. To the best of our knowledge this is the first result on
the characterization of the asymptotic limit of (1-1) in R3. The above result holds for any limit of the
approximative flat flow, and we do not need the additional assumption on the convergence of the perimeters
as in [Luckhaus and Sturzenhecker 1995; Mugnai et al. 2016]. We note that the assumption on E( being
either essentially open or closed is only needed to ensure that the flow is continuous up to time zero. It
plays no role in the asymptotic analysis.

Concerning the limiting configurations, Theorem 1.1 is sharp since the flow (1-1) may converge to
tangent balls as shown in [Fusco et al. 2022]. On the other hand, we believe that one may rule out
the possible translations and the flow actually convergences to a disjoint union of balls. The higher
dimensional case and the possible speed of convergence are also open problems.

Quantitative Alexandrov theorem. The proof of Theorem 1.1 is based on the dissipation inequality
proven in [Mugnai et al. 2016] and stated in Proposition 4.1. This implies that there is a sequence of
times 7; — oo such that the mean curvatures of the evolving sets E;; are asymptotically close to a constant
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with respect to the L2-norm. Therefore, we need a quantified version of the Alexandrov theorem which
enables us to conclude that the sets E;, are close to a disjoint union of balls.

There is a lot of recent research on generalizing the Alexandrov theorem [Ciraolo and Maggi 2017,
Delgadino and Maggi 2019; Delgadino et al. 2018; De Rosa et al. 2020; Krummel and Maggi 2017;
Magnanini and Poggesi 2020]. We refer the survey paper [Ciraolo 2021] for the state of the art. Unfor-
tunately, none of the available results is applicable to our problem, and we are also not able to use the
characterization of the critical sets in [Delgadino and Maggi 2019, Corollary 2] to identify the limit set.
Indeed, even if we know that the sets E,; converge to a set of finite perimeter and their mean curvatures
converge to a constant, it is not clear why the limit set is a set of finite perimeter with weak mean
curvature as this class of sets is not in general closed. Our main result is the following quantification of
the Alexandrov theorem, which is the main technical tool in the proof of Theorem 1.1.

Theorem 1.2. Let E C R"*! be a C? regular set such that P(E) < Cy and |E| > 1/Co. There are
positive constants q = q(n) € (0,1], C = C(Co, n) and 6 = 5(Co, n) such that if ||Hg — All»oE) <6
for some X € R, then 1/C < A < C and there are points x1, ..., xy with |x; — x;| > 2R, where R =n/A,
such that for F = U,N:1 Br(x;),

sup daF(x) = C”HE _)“”qn(aE)-

x€EAF
Moreover,

|P(E) = N+ D1 R"| < CllHE = M0 o)

The main advantage of Theorem 1.2 with respect to the previous results in the literature is that we
do not assume any geometric restriction on E such as mean convexity. Moreover, we assume the mean
curvature to be close to a constant only in the L" sense, which is exactly what we need for the asymptotic
analysis in Theorem 1.1. This makes the proof challenging as, for example, we cannot use the estimates
from Allard’s regularity theory [1972].

Theorem 1.2 is sharp in the sense that || Hg — A || 3E) cannot be replaced by a weaker L”-norm. This
can be seen by considering a set which is a union of the unit ball and a ball of small radius ¢ located far
away. On the other hand, the dissipation inequality in Proposition 4.1 controls only the L?-norm of the
mean curvature, which is the reason we cannot prove Theorem 1.1 in higher dimensions. The proof of
Theorem 1.2 is done in a constructive way and we obtain an explicit bound on the exponent ¢ = (n+2)7>.
It would be interesting to obtain the sharp bound as it might be crucial in order to obtain the possible
exponential convergence of (1-1) as in [Morini et al. 2022]. In the two-dimensional case the optimal
power ¢ = 1 is proven in [Fusco et al. 2022].

Outline of the proof of Theorem 1.2. Since the proof of Theorem 1.2 is rather long, we outline it here.
As in [Delgadino and Maggi 2019], our argument is based on the proof of the Heinze—Karcher inequality
by Montiel and Ros [1991], which is an alternative for the proof in [Ros 1987]. In [Delgadino and
Maggi 2019], the authors are able to generalize the Montiel-Ros argument to sets of finite perimeter
with weak distributional mean curvature. Here we revisit the argument by Montiel and Ros and deduce
in Proposition 3.3 that for £ and R as in Theorem 1.2 and for O < r < R, the volume of the set
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E, ={x € E : dist(x, 0F) > r} satisfies the estimate
|E|

|Erl = it

(R—r)""' < C||Hg — M| 12 oE)-

We use this in Step 1 of the proof of Theorem 1.2 to deduce that for r close to R the set E, is a union of
a finite number of components, or clusters, with positive distance to each other.

We note that the above inequality is not enough to conclude the proof as, e.g., the cube Q = (—1, 1)"*+!
satisfies |Q,| = (1 — r)"*!|Q|. Therefore, we need further information from the Montiel-Ros argument
and we prove in Proposition 3.3 that the Minkowski sum E, + B, = {x € R+ : dist(x, E,) < p}, with
0 < p <r < R, satisfies

R | <

|Er+ Byl — oo = R_ypit

|Hg — AllL2oE)-

This enables us to prove that the components of E, 4+ B, C E, with properly chosen p and r, are almost
spherical. In particular, if E satisfies the above estimate with C = 0, then it is a disjoint union of balls.
This, together with the density estimate from [Topping 2008], concludes the proof.

2. Notation and preliminary results

In this section we briefly introduce our notation and recall some results from differential geometry. Given
a set E C R"*! the distance function d : R*t! — [0, 00) is defined, as usual, as

dg(x) := inf [x — y],
yeE

and we denote the signed distance function dg : R"*! — R by

—dyp(x) for x € E,

dp(r) = {daE(x) for x € RMI\ E.

Then clearly dyr = |c75|. We denote the ball with radius r centered at x by B,(x) and by B, if it is
centered at the origin. Given a set E C R"*! we denote its p-enlargement by the Minkowski sum

E—i—Bp:{x—i-yeR"H:er, yeBp}z{xe[R”+1:dE(x)<,o}.

For a measurable set E C R"*! the shorthand notation | E| denotes its Lebesgue measure, and we
denote the k-dimensional measure of the unit ball in R* by wy. In some cases, we may use the shorthand
notation |E| more generally for a measurable set E C R to denote its k-dimensional Lebesgue measure
but this shall be clear from context.

For a set of finite perimeter E C R"*! we denote its reduced boundary by *E and the perimeter by
P(E). Recall that P(E) = H"(0*E) and for a regular enough set, 9*E = dE. The relative isoperimetric
inequality states that for every set of finite perimeter E and for every ball B, (x),

H'(0*E N B, (x)) "D/ > ¢, min{|E N B, (x)], |B,(x) \ EI},

for a dimensional constant c,. We refer to [Maggi 2012] for an introduction to the topic.
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We define the tangential differential of F € C'(R"*!'; R™) on 3E by
D F(x) =DF(x)(I —vg(x) ® ve(x)),

where v denotes the unit outer normal of E. For a function f € C'(R"*!; R) we denote by V. f its
tangential gradient which is a vector in R"*!. We define the tangential divergence of F € C!(R"*!; R"+!)
by div; F = Tr(D; F). Then the divergence theorem on manifolds generalizes to

/ div, FdH" = Hg(F,vg)dH",
IE IE

where Hr € L'(9*E) is the distributional mean curvature. When 9E is smooth, Hg agrees with the
classical definition of the mean curvature, which for us is the sum of the principal curvatures.

We begin by recalling the well-known inequality proven first by Simon [1993] in R and then by
Topping [2008] in the general case.

Theorem 2.1. Let © C R**! be a compact and connected C*-hypersurface. Then
diam(%) < C,, / |Hs,|" ' dH", (2-1)
by

where C,, depends only on the dimension.
We need also the Michael-Simon inequality [Michael and Simon 1973].

Theorem 2.2. Let ¥ C R"™ n > 2, be a compact C?-hypersurface. Then for every nonnegative
¢ € C'R",

1ol iy < Ca f Vool + | Hs | dH", (2-2)
)

where C,, depends only on the dimension.
The following density-type estimate is essentially proven in [Morini et al. 2022, Lemma 2.1].

Proposition 2.3. Let E C R"T! be a set of finite perimeter with P(E) > 0 and 0 < B < 1. There is a
positive constant ¢ = c¢(n, B) such that

|E|
P(E)

We use the previous results to prove the following lemma, which is useful when we bound the Lagrange

re.p :=sup{r € Ry : there exists x € R with |B,(x)NE| > B|B,(x)|} = ¢

multipliers and the number of the components of the flat flow of (1-1).

Lemma 2.4. Let E C R""! be a bounded set of finite perimeter with a distributional mean curvature
Hg € L"(3*E), » e Rand 1 < Cy < co. There is a positive constant C = C(Cy, n) such that:

) If P(E) <Coand|E| > 1/Cy, then
(i) If P(E) < Co, |E| = 1/C¢ and E is C? regular, then the number of components of E is bounded by

C(+||Hg — )‘”nn(aE)) and the diameters of the components are bounded by C(1 + |Hg — )»||'£;,11 (aE))'
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Proof. Our standing assumptions throughout the proof are P(E) < Cp and |E| > 1/Cy. The perimeter
bound and the global isoperimetric inequality yield

|E| < cu P(E)" D/ < ¢, 000",

By the assumptions on E and by the divergence theorems, we compute the following for any vector
field F € C!'(R"F!; R™):

A/didex: MF,vg)dH"
E OE
= Hg(F,vg)dH" + (A — Hp)(F, vg)dH"
OE OE
= / div, FdH" + (A= Hg){F,vg)dH" (2-3)
OE OE

Our goal is to construct a suitable vector field F' to obtain (i) from (2-3). To this aim, we use first
the relative isoperimetric inequality, Proposition 2.3 and a suitable continuity argument to find positive
ro =ro(Co, n), Ry = Ro(Co, n) and r such that ro <r < Ry and, by possibly translating the coordinates,
|BrNE|= %|Br |. Again, it follows from the relative isoperimetric inequality that #" (3*E N B,) > ¢ for
some positive ¢ = ¢(Cp, n). Choose a decreasing C' function f : R — R with

@r)~! for t <3r

-]

! for t > %r

and for which the conditions f(#) < min{(2r)~!,#~'} and | ()| < (2r)"2 hold on [3r, 3r]. We define
the function F : R"*! — R"*! by setting F(x) = f(|x|)x. Then F is a C' vector field with
f(xD
x|
div F(x) = (n+ 1) f(x)+ f'(xD x| for every x € R,

(X, l)E>2

|x|

DF(x) = f(xDI + X®x for every x € R+,

div; F(x) =nf(x|) + f/(|x|)<|x| — ) for every x € 9*E.

Then 0 < div F < (n + 1)(2r)~! everywhere and div F = (n + 1)(2r)~" in B,, so by using these and the
earlier observations we obtain

n+1 n+1 n+1
—— Byl < |By| = 1B, NE|
4Ry 4r 2r
n+1 cn(n+1) (2-4)
5/ div Fdx < ——|E| < =2+,
E 2r 2ro
Again, 0 < div, F <n(2r)~! on 3*E and div, F =n(2r)~! on 3*E N B,, and thus
P(E C
1€ P ENB,) 5/ div, Fawr < "PE) 1€ (2-5)
2Ry ~ 2r I E 2r 2ro

We use (2-3), (2-4), (2-5) and |F| < 1 to obtain (i).
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The claim (ii) is easy to prove in the planar case and therefore we assume thatn >2. Let Ey, E>, ..., Ey
denote the connected components of £. We apply Theorem 2.2 on dE; with ¢ = 1 and use Holder’s
inequality to obtain

C,' < |Hg, | 1rog) < |Hg, — Mlirog;) + 1M P(EHY™,
from which we conclude, using (i) and Holder’s inequality, that
NC," <2"|Hg = M7nop) +2" X" P(E)
< 2| Hg = Mngam) + 27" CoC" (L + 1 He = A7 5,
< 2| Hg — Mn o) + 22" CoC™ (14 Co = | Hg = Mncory)- (2-6)

On the other hand, Theorem 2.1 together with (i) and Holder’s inequality implies

Zdiam(E,)fZCn/ |Hg, "' dH"
i i IE;
<22" 'C, </ |Hpg, — A"~ dH" + A"~ 1P(E))

<21, (f |Hg — A" dH" + P(E)|A|"—‘)
E

< 2" G He = M5 oy + 27 CoC" (L + | HE = AT 8 )
fzn_lcn(”HE )"”Ln l(aE)+2n_1C0Cn(] +C(r)l_2”HE )"”Ln l(aE))) (2_7)
Thus, by possibly increasing C, the second claim follows from (2-6) and (2-7). (I

3. Quantitative Alexandrov theorem

We split the proof of Theorem 1.2 into two parts. We first revisit the Montiel-Ros argument in

Proposition 3.3 where all the technical heavy lifting is done. The idea of Proposition 3.3 is to transform

the (local) information of the mean curvature of E being close to a constant into information on the

p-enlargement of the level sets of the distance function of 0 E. We note that the statement of Proposition 3.3

is given by the sharp exponent. The proof of Theorem 1.2 is then based on purely geometric arguments.
We first state the following equivalent formulation of the theorem.

Remark 3.1. Once we prove that in Theorem 1.2 the number of component of E is bounded, the statement
on the L*-distance is equivalent to the fact that, under the assumption |Hg — A| 1»3E) < 8, there are
points x1, ..., xy such that

N N
U Bo i) c E | By, (xi),
i=1 i=1

where we have p_ = R — C||Hg — )»||’£,1(8E), p+ =R+ C||Hg — )»||qn(3E), R = n/A and the balls
B, (x1), ..., B,_(xy) are disjoint to each other. We leave the details to the reader.
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In Theorem 1.2 we assume that the mean curvature is bounded only in the L” sense and thus the
estimates from Allard’s regularity theory [1972] are not available for us. Indeed, the L"-boundedness of
the mean curvature is not strong enough to give proper density estimates. Moreover, even in the three
dimensional case R? we cannot use the results from [Simon 1993], because we do not have a uniform
bound on the Euler characteristic of the set E. However, if we know that the mean curvature is close to a
constant with respect to the L"-norm, then the following density estimate holds. The proof is based on
[Topping 2008, Lemma 1.2].

Lemma 3.2. Let © C R"*! be a compact C?-hypersurface and ) € R,. There is a positive dimensional
constant 8, such that if ||Hy, — A||12(s) < 8,, then
- H'(B(x,r)yNx)

Sn

rl’l
foreveryx €e L and 0 <r <6,/

Proof. The planar case n = 1 is rather obvious and we leave it to the reader. Assume n > 2. Fixx € ¥
and define V : [0, c0) — [0, 00) as V (r) = H"(B,(x) N X). Since V is increasing, the derivative V'(r) is
defined for almost every r € [0, 00), and

rn
f V'(p)dp < V(ry) —V(r1) whenever 0 <r| <rs.
r

By a standard foliation argument we have that H"(dB,(x) N X) > 0 for at most countably many r € R;..
Thus V’(r) is defined and H" (3B, (x) N X) = 0 for almost every r € [0, 00). Fix such an r and choose
h € Ry for which #"(dB,,,(x) N X) = 0. Define a cut-off function f;, : R"*! — R by setting

1, y € B.(x),
fn)=1—=ly—x|/h, ye& B, (x)\ B (x),
0, y € R"TI\ B, (x).

By using a suitable approximation argument combined with Theorem 2.2 we obtain

Vir+h)—V(r)
h

V@%*4V”sc;( +wquﬂuuzD.

In turn, we may choose a sequence (/) such that iy — 0 and H" (3B, 44, (x) N X) = 0. Then by
letting k — oo the previous estimate yields

va““quww+/

B,.(x)NZ

sca<v1041/ |H:uﬂ#>
B, (x)NX

SCn<V/(r)+/ |H>;—A|dH”+AV(r))
B,(x)NT

|H2|d7'ln)

< Co(V'(r) + | Hs — Ml oy V() "D/ 42V (r)).
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Thus for almost every r € (0, 00),

C,l—|[Hs — Mln(x)
V(r)l/n

— A) V() <V'(r).
If |Hs — Al|p2(x) < 6, for small §,, then the above inequality implies

%V(r)ll/" —AV(@r) < V().

Fix r < §,/1. We will assume that V (r) < §,r", since otherwise the claim is trivially true. By the
monotonicity of V we have

V()" < v <8,/x

for all 0 < p < r. For §, small enough the above inequality then yields

1
4C,

V(o) "< V(p)
for almost every 0 < p < r. The claim follows by integrating this over (0, r). (I

Montiel-Ros argument. We recall that for E C R"! we write
E, :={x € E : dist(x, 0F) > r}. (3-1)

We use the fact that E is C? regular and say that x € JE satisfies the interior ball condition with radius r
if, for y = x — rvg(x), it holds that B, (y) C E. For r > 0 we define

I, := {x € OE : x satisfies the interior ball condition with radius r}. (3-2)

Proposition 3.3. Let 1 € R and suppose that a bounded and C? regular set E C R"*! satisfies P(E) < Cy
and |E| > 1/Cq with Cy € Ry.. Then for0 <r < Rwith R =n/\,

|E]

Bl = oy

(R—r)"" < C|\Hg — Ml 1roE)

and

C
H'(OE\T,) < W”HE — M@K,

provided that | HE — Al . 9E) < 8, where the constants C and & depend only on Cy and on the dimension.
Moreover, under the same assumptions, for 0 < p <r < R,
|E]

|E, + Byl — ——(R—(r —p)" ™| <

Rt =< WHHE—)»HM@E)-

Proof. As we already mentioned the proof is based on the Montiel-Ros argument for the Heinze—Karcher
inequality, which we recall shortly. To that aim, we define ¢ : 9E x R — R"*! as

C(x,t) =x —tvg(x).
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We denote the principle curvatures of dE at x by k(x), ..., k,(x) and assume that they are pointwise
ordered as k; (x) < k;1(x). If we consider 0F x R as a hypersurface embedded in R"*2 then its tangential
Jacobian is

n
Jee(e.t)y =] [I1 = thi(x)] on 9E x R.
i=1

For every bounded Borel set M C 0E x R we have, by the area formula,
K N dy= [ scan
(M) M

In the proof, C denotes a positive constant which may change from line to line, depending only on Cy
and on the dimension.

Step 1: In order to utilize Lemma 2.4, we choose § = §(Co, n) to be the same as in the lemma and assume
|Hg — AllL7@e) < 6. Then E has N connected components with N < C. We may thus prove the claim
componentwise and assume that E is connected. We write

Y :={x €dE:|Hp(x) — A| < $A}.

By Lemma 2.4 we have A > 1/C, and thus by Holder’s inequality

2
H'(BE\X) < X[ |Hg (x) — Al dH" < C|Hg — Ml 13E)- (3-3)
)]
Moreover, we have
1 1 1 1
" f—d’H”z i / ol — D)) awr
n+1Js Hg n+1Js\ A Hg A
< PE) L b () - A
TR EX L"(JE)-

Since E is connected, Lemma 2.4 yields diam(E) < R with R = ﬁ(Co, n) > R. Choose xy € E. Then
using (2-3) with F(x) = x — xo we obtain

nP(E) = (n+ DA|E| +/ (Hg — M)((x —x0), vg) dH",
OE

which in turn implies

[nP(E) — (n+ DAE|| < CllHg — Ml o). (3-4)
Hence we deduce
n 1
—dH" < |E|+C| Hg — Al . 3-5
P s <I|E|+C|[Hg — AllLrE) (3-5)

Next we define
Z={(x,t) e ¥ x[0,00):0<t<1/k,(x)}.



QUANTITATIVE ALEXANDROV THEOREM AND ASYMPTOTIC BEHAVIOR OF MEAN CURVATURE FLOW 689

Note that this is well defined, since x € X implies k,(x) > Hg(x)/n > A/(2n) > 0. We also set
={x€dE\X:k,(x)<1/R} and X,)={x€dE\X:k,(x)>1/R)},
Zi =% x[0,R] and Z)={(x,1) € ) x[0,00):0<t<1/k,(x)},
and finally
7' =27/0Z,.

Then Z and Z’ are disjoint and bounded Borel sets and E C ¢(Z U Z’). To see this fix y € E and let
x € 0F be such that r = dyr(y) = |x — y|. Then we may write y = x — rvg(x), and by the maximum
principle &, (x) < 1/r. Since diam(E) < R, we have r < R and so we conclude that (x,r) € ZUZ and
y=2&x,r).

We now recall the Montiel-Ros argument. We use the fact that E is a subset of {(Z U Z’), the area
formula, the arithmetic geometric inequality and the fact that 1/k,(x) <n/HEg(x) for x € ¥ to obtain

E| < 16(2)| +16(2)] < /@ HGC )N Z)dy +16(2)]
¢
=f Feg A 4 10(2)
Z

1/ky(x)
= [ [ Tla- o aren + e
2 JO i=1

Vki) /4 n
5// (1——HE(x>> dt &M + 12(2)]
> Jo n
n/HE(x) t n
5// (1——HE(x)> dt dH" + |2(Z))]
> JO

n
n+1

—dH”—i-Ig“(Z)I

Next we quantify the previous four inequalities. To that aim we define the nonnegative numbers R, Ry, R3
and R4 as

Ri=¢(2)\ E|. (3-6)
Ro= / HE ()N Z) -1 dy, (3-7)
(2)
1/ky(x) ¢ n n
R; = / / <1 — —HE(X)) — 1_[(1 —tk;(x))| dt dH", (3-8)
X " i=1
n/HEg(x)
R4 = / / 1— —HE(x) dt dH". (3-9)
/kn(x)

Then by repeating the Montiel-Ros argument we deduce that

IE| < / G O HEE)] = Ry~ Ry Ry = R

n+1
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Therefore, by (3-5),
Ri+ Ry+ R3+ R4 < |8(Z)|+ Cl|HE — Mo oE),

where the R; are defined in (3-6)—(3-9).
Let us next show that
1€(Z"| < Cl|HE(x) — Ml L2 oE)- (3-10)

Indeed, by the area formula we have

R n 1/ky(x) 1t
|§(Z/)|§/ J,g“d?—[’”rl :/ / |1—tk,~(x)|dtd7—[”—l—/ / Hll—tki(x)|dtd’}-[". (3-11)
z' 1oy £ J0 i=1

By the definition of X}, we have |1 —tk; (x)| = (1 — tk; (x)) for every (x,t) € ] x [0, R], and therefore
by the arithmetic-geometric inequality we may estimate

[[11—tkix)l < CU+|He)[")  for (x,1) € T x [0, R].
i=1

Similarly, we deduce that

1_[|1—tkl-(x)|SC(l—l—t"IHE(x)V’) for xe X, and 0<t<1/k,(x).

i=1
On the other hand, by the definition of Eé we have 1/k,(x) < R. Therefore, by (3-11), A < C and (3-3)

we have

R
1£(Z)] SC/ / (1+ |Hg(x)|") dr dH"
0

=U%)

=c1§/ (14 [Hg(x)|") dH"

IE\X

sC/ (1+ A"+ |Hg — A" dH"
AE\Z

=< C(Hn(aE \ 2) + ||HE - )\Hzn(aE))
< CI||Hg — AllL»@E)
when ||Hg — A|l.»9E) < 1. Hence by decreasing 4, if needed, we have (3-11). In particular,
Ri+Ry+R3+ Ry < C||Hg — Al 3E)» (3-12)

where the R; are defined in (3-6)—(3-9).

Step 2: Here we utilize the estimate (3-12) and prove the following auxiliary result. For a Borel set
I'CcoEandO<r < R,

ENCZNT x (r R))| = — )
(n+

Hrr R — )" = Cl Hg — Moo (3-13)
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We prove (3-13) by “backtracking” the Montiel-Ros argument. By the definition of R;, Ry, R3, R4
and (3-12) we may estimate

IENS(Z NI X (r, )| = [£(ZN (T x (r, R)| — Ry

> / HOC ()N ZA T x (r, R))dy — Ry — Ry
{(ZN( % (r,R)))
min{R,1/k,(x)}
:/ / (l—tki(x))dth”—Rl—Rz
rnx in{r,1/k,(x)} i=1

min{R,1/k,(x)} n
Z/ / (1——HE(X)> dl‘d'H"—Rl—Rz—R3
N Jmin{r,1/k, (x)} n

min{R,n/HE(x)} ¢ n
Zf / <1——HE) drdH" — Ry — Ry — R3— Ry
N Jmin{r,1/k, (x)} n

min{R,n/HE (x)} t n
/ / <1——HE) dtdH" — Ry — R, — R3 — R4.
rnx in{r,n/Hg (x)} n

Recall that for x € X, we have %k < Hp(x) <2X and R = n/A. Therefore, we may estimate

min{R,n/HE(x)} t n min{R,n/HE(x)} t n
/ (1——HE> dr dH" Z/ (1—— ) dl‘d’Hn—C”HE—)\”Ln(aE)
rnxz rnx n

min{r,n/HEg (x)} n min{r,n/HE (x)}

Z/ / (l——k) dt dH" —C||Hg — Al oE)
rnz Jr n

HY(TND)n [ x T
Zw(l—;> —C||HE—AllLnE)

H"(mz)R( r )”“
== = (1-=) —ClHg=Ml1ror).
i) |Hg —AllLroE)

R
Hence we obtain (3-13) from the previous two inequalities, from (3-3) and from (3-12).

Step 3: Here we finally prove the proposition. Recall the definition of E, in (3-1). Let us first prove that

P(E) .
|E, I_w( — )" — C||Hg — M| 1roE) (3-14)
forall0 <r < R.
To this aim, we claim that
ENZ(ZN(Ex(r,R)) CE U{yet(2):H ¢ ' (»)NZ)>21ue(Z). (3-15)

The point of this inclusion is that almost every point which is of the form y =x —tvg(x), for x € Z and
t € (r, R), belongs to E,.

To this aim, let y € EN¢(X x (r, R)). Then we may write y = x — tvg(x) = ¢(x, t) for some x € &
and r € (r, R), with (x,¢t) € Z. If dyp(y) = |y — x|, then y € E, because |x — y| =t > r. Otherwise,

dye(y)=|y—Xx|=r <t for X € 9F,
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SO0 we may write y =X —Fvg(x) = ¢(X,7) and (X, 7) € ZU Z'. Again, if (X, 7) ¢ Z/, then (X, 7) € Z and
thus #°(¢~"(y) N Z) > 2. Hence we have (3-15).
Recall that by the definition of R, and by (3-12),

Hyec(2):H(c ' (y»)N2Z)>2}| < /(Z)mO(;—l(y) NZ)—1|dy
¢

< C|Hg — M @aE)- (3-16)
We then use (3-15), (3-16), (3-10) and (3-13) with I' = ¥ to deduce
|Ex| = [ENS(ZN(Z X (r, R)| = Cl|HE — AllLraE)
n
_ (D)
“ (n+1)R"
The inequality (3-14) then follows from (3-3).
Let us next show that for all r € (0, R),
HM (T
|E,| < #
n+1R"
where I', C 0F is defined in (3-2).
First we show

(R—r)""' —C|Hg — M 1rop).-

(R—r)""' + C||Hg — Al 1ooE), (3-17)

|[ER| < Cl|Hg — AllLn3E)- (3-18)
This follows from an already familiar argument, so we only sketch it here. It is easy to see that
Er CE(ZNUS(ZN(E x (R, 00))).
Moreover, since %)\ < Hg(x)<2Aforx e X,
n
Jrl(x, 1) = l_[II —tki(x)| = CA+[Hg(x)") <C for (x,1) € ZN (X x (R, 00)).
i=1
Recall that R = n /). Therefore, we have

max{n/HEg(x),R}
|z<zm<zx(R,oo>>>|s// Joc(e 1) dr dH
> JR
2R

n
ccf
s H

E
<C|lHg — Al L»3E)-

dr dH"

The estimate (3-18) then follows from |Eg| < |£(Z N (Z x (R, 00)))| + [£(Z")] and (3-10).
Note that for all p € (r, R) we have {x € E : dyp(x) = p} =¢(T'p, p) and I', C I',. We also set
(p=¢(-,p):0E — R"*! and thus {x € E : dyp(x) = p} = ¢p(T'p) and

n H n
Jetp(x) =[] 11 = pki(x)] < (1—7%) for x €T,
i=1
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Therefore by (3-18) and by coarea and area formulas we obtain
R
|Er| < |Er| = |ER|+ ClIlHE — Ml 1r9E) < / H'({x € E :dye = p}) dp + CllHg — AMlLrok)
r
R
= [ Wt dp + ClHE ~ i

R
5/ / Jo8y(x) dH" dp + C | Hg — Mo
r Fp

R HE n
=< / / (1 — 7/0) dH"dp+ C||Hg — Al k)
r Iy

R 2 n
E/ H"(Fp)(l—zp) dp +Cl|Hg — Al k)
.

R n
1%
r

H'(T))

= m(R — )" 4 C||Hg — Ml oE)-

Hence we have (3-17).
The second claim of the proposition follows immediately from (3-14) and (3-17). These also imply

Byl — — (R

T DR < Cl||Hg — ML E)-

The first claim thus follows from (3-4) and R =n/A.
For the last claim we refine the inclusion (3-15) and show that for 0 < p <r < R and r’' € (r, R),

ENCZN(Ty x (' =p, R)) C(E +B,)Ulye¢(2): H'¢ ' (N2) =23ue(Z).  (3-19)

Indeed, let y € ENC(ZN (T x (r' — p, R))). Then we may write y = x — tvg(x) for some x € XN,
and t € (r' — p, R), with (x,7) € Z. If t € (+/, R), then by (3-15),

YyEENZ(ZN(Ex (r,R)) CE U{yec(Z2):H(¢ T (y)N2Z)>21U¢(Z)
C(E-+By)U{yec(Z2):H (¢ (y)N2Z)>21U¢(Z)).

Let us then assume that ¢ € (r' — p, r']. We write y =x —r'vg(x) + (r' —t)vg(x). Since x € [, i.e.,
dE satisfies the interior ball condition at x with radius r’ > r, necessarily we have x — r'vg(x) € E,.
Therefore, since 0 <’ —t < p, we conclude that y € E, + B,, and (3-19) follows.

We use (3-10), (3-13), (3-16) and (3-19) to conclude

|E, + Byl = [ENG(ZN Ty N x( — p. )|~ CllHE — Al1rom)
H'(T',)

> ——"—(R—('—p)""" = CllHg — MIroE).-
_(n+1)R”( (r=p)) IHe — Aok
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By using the second claim of the proposition and then letting »" — r, we deduce

B4+ By =2 — D (R (= p)y* = — | Hy — Mlrn
(n+ 1)R" (R —r)nt!
On the other hand, clearly E, + B, C E,_,. Then by (3-17) we have
|y + Byl < |Erpl = — X (R~ (r = p))"*' + Cl| Hi = o
(n+1)R"
The last claim thus follows from the two previous inequalities and (3-4). (Il

Proof of Theorem 1.2. Let E, A and Cy be as in the formulation of Theorem 1.2. Recall that we write
R =n/A. As before C denotes a constant which may change from line to line but always depends only
on Cy and n. Let us write

e:=|Hg — Al r@E)-

If e =0, then E is a disjoint union of balls by [Delgadino and Maggi 2019]. Let us then assume that
0 < & <4, where 4 is initially set as in Proposition 3.3. We might shrink § several times but always in
such a way that it depends only on Cy and the dimension n. Indeed, by shrinking 8, if needed, Lemma 2.4
provides the estimates

1/C <A and R<C,

and hence the first claim of Theorem 1.2 is clear. We will use these estimates repeatedly without further
mention.

By Lemma 2.4, the number of connected components of E and their diameters are bounded by C. Thus,
by applying a similar argument as in the proof of Proposition 3.3 (to obtain (3-4)) on each component
and then summing these estimates we obtain

[nP(E)— (n+ DA|E|| < Ce. (3-20)

By possibly shrinking § we have R —§!/("+2) > %R. Choose o = R —&!/®*+2)_ Then the volume estimates
given by Proposition 3.3 read as

|E|
'|Er| = (R =" < Ce (3-21)
forallO0 <r < R and
|E|
‘IEr Bl = g (R == p)" T < et/ (3-22)

for all 0 < p <r <ry. We remark that by (3-21) we have

|Er0| > ﬂs(n+l)/(n+2) —Ce> 18(n+1)/(n+2) _ Ce.
Rn+l C

Hence by decreasing §, if needed, we may assume that £, is nonempty. This implies that £, is nonempty
for ' > ro when |r'—ry| is small enough. Since for any r’ > ry it is geometrically clear that T',» C dE,,+ B,
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and then by using Proposition 3.3 and ry = R — &!/"*2) we have
€

HYE\ (EFO + BFO)) <H'(OE\T,) =< C(I”() _r1+81/(n+2))n+1 ’

Thus by letting ' — r( the previous estimate yields
H'(JE\ (E,, + B,,)) < Ce'/"*2, (3-23)

As previously, we divide the proof into three steps.

Step 1: Recall that ro =R — el/(nt+2) > %R. We prove that there is a positive constant dy = do(Co, n) < ;{R
such that if x, y € E,, then either

1/2(n+2))

x—y|l<e or |x—y|>dp. (3-24)

Letus fix x, y € E,,. We write d := |x — y| and denote the segment from x to y by
Joyi={tx+ A —=1)y:t €0, 1]}.

We may assume that d is small, since otherwise the claim (3-24) is trivially true. To be more precise, we
assume
d <min{R, 1}. (3-25)

Let us first show that
ny C Er()—R’ldz' (3-26)

Note that ro — R~'d?> > 0 by rg > %R and (3-25), and hence E, _g-1,2 is well defined and nonempty.
Choose z € R**!\ E and 7’ € J,y such that

|z — 7| =dist(R"T\ E, Jy).

If z/ =x or z/ =y, then it follows from x, y € E,, that |z —z’| > ro. If not, then from the fact that z is the
closest point on Jy, to z, we deduce that the vector x — z’ is orthogonal to z — 7', i.e., (x —2', 2 —2') =0.
Note also that min{|x —z/|, |y — 7’|} < %d and we may thus assume that |x — /| < %d. Therefore, by the
Pythagorean theorem we have

x—zPP=lx—ZP+z—ZF < id*+1z -7~
Since |x — z| > rg, the previous estimate gives us
Iz =2 >r; — 1d*
We deduce from rg > %R and (3-25) that

(rg — %afz)]/2 >ry— R 'd>

The previous two estimates yield |z — 7| > rg— R ~1d?, and claim (3-26) follows due to the choice of
z and 7.
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Again, we use ro > %R and (3-25) to observe that
ro—(1+R NYd*>>ro—d—R'd*> {R— JR— LR > 0.

Thus E, (14 g-1)s2 1s well defined and nonempty. Next, we deduce from (3-26) and E, + B, C E,—,
that

ny + de C ErofR_]dz + de C Er07(1+R_])d2' (3-27)

n

e it is clear that

Since Jy, + B2 contains the cylinder Jy, x B
|y + Bl > @,d' T,

On the other hand, (3-21) and ¢ < 1 (we may assume § < 1) imply

B 7
|Ery—+r1a2| = W(R — (ro— (14+ R~ Hd*)™!  Ce
_ |E|
- Rn—l—l
|E|

1/(n+2) —1\ g2\n+1 (n+1)/(n+2)
< o D 4 (14 RO - Ce

(81/(n+2)+(1+R—1)d2)n+1+C8

S Cdz(n+1) + CS(H‘FI)/(H‘I’Z).

Then (3-27) yields
wndl+2" < CdZ(I’H-l) + Ce(l’H—l)/(l’H—Z).

If d > !/C0+2) then
wnd1+2n < Cdz(n+1).
This implies d > ¢ > 0 for some ¢ = ¢(Cy, n). By recalling (3-25), claim (3-24) follows.
Step 2: By (3-24) and possibly replacing § with min{8 , (%do)z(nﬂ)} we may divide the set E,, into N
clusters Erlo, e, Er’X such that we fix a point x; € E,; and define the corresponding cluster E£0 as
Eio = {x eE, |x—xi| < %do}.

By (3-24), we have Eﬁo C By, (x;), where g9 = el/C+2) and |x; — xj| = do for i # j. Therefore, we
have for every p > 0

N N
U Botri) € Ery+ B, € By (x0). (3-28)
i=1 i=1

Since ro > %R > }lR >dop and |x; — x| > dp for i # j, we have that the balls B,(x1), ..., B,(xy) with

p= }Tdo are disjoint and contained in £, which in turn implies there is an upper bound Ny = No(Co, n) e N
for the number of clusters N.

Next we improve the lower bound |x; —x ;| > dj and prove that there is a positive constant C; = C(Co, n)
such that

Ixi —x;| = 2R —2C,"/"  for all pairs i # j. (3-29)
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As a byproduct we prove the last statement of the theorem, i.e., we show
|P(E) — N(n + Dw,y1 R"| < Cel/G0+2), (3-30)

Recall that the balls By, 4(x1), ..., Bgy/4(xy) are disjoint. Therefore, using N < Ny and (3-28) with
p= %d() we deduce

||Er, + Bayjal — Nwnyy (ido)"+1| < Csg = Cel/Cnt2),

On the other hand, we have %d() < %R < %R < rp, SO we may use (3-22) to obtain

E
|Eyy + Bayjal — %(;ﬁdo e DY < cpl/ ),

These two estimates and ¢ < 1 imply
[|E| = Ny R"| < Cel/C0H2), (3-31)

Thus (3-20), R = n/A and (3-31) yield (3-30).

To obtain (3-29), let us assume that there is 0 < 2 < %R such that |x; — x;| <2R —2h for some i # j.
This implies that the balls Br(x;) and Bg(x;) intersect each other such that a set enclosed by a spherical
cap of height # is included in their intersection. As the volume enclosed by the spherical cap of height &
has a lower bound ¢, R"t'h"+2/2 with some dimensional constant ¢,, then there is ¢ = ¢(Cy, n) such
that

|Br(x;) N Br(xj)| = ch" 272

We use the previous estimate as well as (3-22), (3-28), (3-31), ¢ <1 and N < Nj to estimate

Nw, 11 R < |E|+ Ceg
< |E,, + By,| + Ceg + Ce'/"+2

N
U BR+80 (X,')

i=1

N

U Br(xi)
i=1

< Nwu R — |Br(x;) N Bg(x;)| + Ceg + Ce'/"+2)
< N1 R" — ch /2 4 Cey 4 Cel/H2)

= an+1Rn+1 _ Ch(n+2)/2 + Csl/(Z(n+2)) + Cel/("+2)

< Nawgs R™T — ch 4972 4 ¢/ C0t2),

< + Ceg + Cel/ 2

+ Napp1 (R4 e0)" = R™ 1)+ Cey + CeV/ 2

=

Thus h"T2/2 < Cgl/C0+2) and (3-29) follows.

Step 3: Let C; be as in (3-29). By decreasing §, if needed, we may assume

0<R-— C181/("+2)2 < R—gl/0D — .
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Then by (3-28) and (3-29) we have that the balls B,(xy), ..., B,(x with p=R-C el/+2° are
y( ) ( ) p( 1)’ ’ p( N)’ p 1 ’

disjoint and
N
U B,(x;) C E,,+ B, C E,,_, C E. (3-32)
i=1

This, ¢ <1, N < Ny and (3-31) imply

< Cel/+2?, (3-33)

N
‘E\UBpoci)

i=1
Set &1 = £1/+2° We prove
N
Ec| B, (3-34)
i=1

for n = R + C»e; with some positive Cy = C»(n, Cp). By decreasing §, if necessary, we deduce from
(3-33) that

N
E\[JBo(x)

i=1

| B, | >

Thus, if x € E,,, then B, (x) N UlN: 1 B, (x;) must be nonempty. This implies

N
Ee, C | Bote, (). (3-35)

i=1
Assume that for x € 0F,
dy :=dist(x, E,, + B,,) > 0.
Then by (3-23)
H"(DE N B(x, dy)) < Ce/ "+,

Let 6, € Ry be as in Lemma 3.2, and set r, = min{d,, 8,/A}. Again, by possibly decreasing § so that
8 <6,, Lemma 3.2 yields
Sury <H"(OE N By (x)).

By combining the two previous estimates we have
min{dx, 87} < Cel/nt2),

Since 8, /A > 8,/ C, by decreasing &, if necessary, the previous estimate implies r, = d, and further yields

d, < Cgl/(n+2) < Cgl/(n+2)2‘ (3-36)

On the other hand, by (3-28),

N
Eyy+ By C Epy+ Br C | Bryey(xi), (3-37)

i=1
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where g = &!/201+2) < ¢1/(+2)’ Thys (3-36) and (3-37) imply

N
OE C ] By (xi)
i=1
with 7 = R+ Ce!/ (n+2)?, By combining this observation with (3-35) we obtain (3-34).
Finally, by decreasing § one more time, if necessary, (3-30), (3-32) and (3-34) yield

N N
U Bo i) c E | By, (xi),

i=1 i=1

e IC— - le CS]/(H 2) s ,0+ — le Cgl/(ﬂ 2) s the baHS BO (XI), ey B (XN) are m tllally dlSOn ,
iOI N w¢e haVe - u | 1nt
|1 (E) 'N(’l+1)(,()n 1Rl| <C81/(” 2)

and C = C(Cy, n) € R4. The claim of Theorem 1.2 then follows by Remark 3.1. O

4. Asymptotic behavior of the volume preserving mean curvature flow

In this section we first define the flat flow and recall some of its basic properties. We do this in the general
dimensional case R"*! and restrict ourselves to the case n < 2 only in the proof of Theorem 1.1. We
begin by defining the flat flow of (1-1).

Assume that Eg C R"*! is a bounded set of finite perimeter with the volume of the unit ball | Eg| = @, +1.
For a given h € Ry we construct a sequence of sets (£ ,’(’),fil by an iterative minimizing procedure called
minimizing movements, where initially E! = Eq and E ,i‘ 41 1s a minimizer of the problem

Fiu(E, E;Q:P(EH—%/ dg, dx + 4-1)
E

1
—||E| — wy1]-
il en]
Recall that dg, is the signed distance function from E;. We then define the approximative flat flow

(E;h)tzo by
E"=E!, for (k—1)h <t <kh. (4-2)

By [Mugnai et al. 2016] we know that there is a subsequence of the approximative flat flow which
converges:

(EM)i=0 = (Ef)i=0,

where for every ¢ > 0O the set E; is a set of finite perimeter with |E;| = wy,4+1. Any such limit is called
a flat flow of (1-1). It follows from [Mugnai et al. 2016] that when n < 6 and if the perimeters of E,h
converge, i.e., limy_¢ P(Eth) = P(E,) for every t > 0, then the flat flow is a weak solution of the volume
preserving mean curvature flow. It is not known if the flat flow coincides with the classical solution
of (1-1) when the latter is well defined and smooth, but the result in [Chambolle and Novaga 2008] seems
to suggest this (see also [Chambolle et al. 2015]).
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Preliminary results. Let us take a more rigorous approach to the concepts heuristically introduced above.
We base this mainly on [Mugnai et al. 2016], with the only difference being that the volume constraint
has a different value. Obviously, this does not affect the arguments.

First, we take a closer look at the functional F; given by (4-1). If E, F C R"*! are bounded sets of
finite perimeter, then it is easy to see that modifications of E in a set of measure zero do not affect the
value 7, (E, F), whereas such modifications of F may lead to drastic changes of the value of F;,(E, F).
To eliminate this issue, we use a convention that a topological boundary of a set of finite perimeter is
always the support of the corresponding Gauss—Green measure. Thus, we consider F as a functional

X1 X{A€Xpt1: A# D} >R,
where
X,11 ={E C R""!: E is a bounded set of finite perimeter with E = spt ;g }.

We remark that if Ey is essentially open or closed and Ey € X,,+1, then we may assume X4 to be open
or closed, respectively.

For F € X,,+1 nonempty, there is always a minimizer E of the functional Fj (-, F) in the class X,
satisfying the discrete dissipation inequality

1 1 1
P(E)+—/ dypdx + —||E| — o <P(F)+—||F|—o ; 4-3)
B Jenr oF «/E| n+1 | «/E| n+1 |
see [Mugnai et al. 2016, Lemma 3.1]. Moreover, there is a dimensional constant C,, such that
sup dyp < C,Vh; (4-4)
EAF

see [Mugnai et al. 2016, Proposition 3.2]. The minimizer E is always a (A, ro)-minimizer in any open
neighborhood of E with suitable A, ro € Ry satisfying Arg < 1. Thus, by the standard regularity theory
[Maggi 2012, Theorem 26.5 and Theorem 28.1] 3*E is relatively open in dE and C'-* regular with any
O<a< % and the Hausdorff dimension of the singular part 9E \ 9*E is at most n — 7. These imply that E
can always be chosen as an open set. On the other hand, if £ is nonempty, it has a Lipschitz-continuous
distributional mean curvature Hg satisfying the Euler—Lagrange equation

dr

7:—HE—H»E, 4-5)

where the Lagrange multiplier can be written in the case |E| # w, 41 as

1
Mg = —= sgn(wp 41 — | E]), (4-6)

Vh

see [Mugnai et al. 2016, Lemma 3.7]. Thus, using standard elliptic estimates one can show that 3*FE is in
fact C>“ regular and (4-5) holds in the classical sense on 3*E. In particular, E is C> regular when n < 6.
Moreover, if x € 0F satisfies the exterior or interior ball condition with any r, then it must belong to the
reduced boundary of E. This is well known and follows essentially from [Delgadino and Maggi 2019,
Lemma 3].
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Now let us turn our attention back to flat flows. Let Ey € X, 1 be a set with volume w,4; and let
0<h< (a)n+1/P(E0))2. Then we find a minimizer E{‘ € X, 41 for Fi, (-, Ep), and by (4-3) we have
||ET| — wnt1| < VA P(Ep) implying, via the condition & < (w,/P (Ep))? that E" is nonempty. Again we
find a minimizer Eé’ € X, 11 for F,(-, E1), and using (4-3) twice we obtain ||E£’| — wn+1| < \/ZP(EO)
and thus Eé’ is also nonempty. By continuing the procedure we find nonempty sets E/*, E {’, Eé’, € X
as mentioned earlier, i.e., Eg = Ey and Ellj is a minimizer of Fj (-, Ex—1) for every k € N. Thus we may
define an approximate flat flow (Eth),zo, with the initial set E, defined by (4-2). Further, a flat flow as a
limit is defined as before. By iterating (4-3) we obtain

k
1 1
h h
P(Ey,) + 7 E 1 —/EhhAEh di?Ef’j,l)h dx + ﬁ“Ekhl — a),,+1| < P(Ey) forevery k e N. 4-7)
Jj j

(j—Dh
By the earlier discussion we may assume that E” is an open set, for every t > h, and dE" is C? regular up
to the singular part BEth \ B*Eth with Hausdorff dimension at most n — 7. We use the shorthand notation kf
for the corresponding Lagrange multiplier.
Next we list some basic properties of the approximative flat flow.

Proposition 4.1. Let (E ,h),zo be an approximative flat flow starting from Ey € X, 11 with volume w,+
and P(Eg) < Coy. There is a positive constant C = C(Cy, n) such that the following hold for every
0 <h < (wa/P(Ep))*:

(i) Foreverys,t withh <s <t — h we have |EShAEth| < C./t —s.

(i1) Suppose that for a given Ty > 0 we have |E%| = wp+1. Then P(E%) > P(Eth) for everyt > T and

T
/”h /;*E”(HEth —AN2dH" dt < C(P(ER) — P(E}))
1 t

for every T, > T| + h. Moreover, for every h <T| < T3,
b
/ / (Hgr — A2 dH" dt < C P (Ep).
T, Jo*ED !

(iii) For every T > O there is R = R(Ey, T) such that E,h C Bg forall0 <t <T.

@iv) If (hy)y is a sequence of positive numbers converging to zero, then up to a subsequence there exist
approximative flat flows ((E,hk),zo)k which converge to a flat flow (E;);>o in the L' sense in space and
pointwise in time, where E, € X,,11, i.e., for everyt > 0,

lim |[EM™AE,| =0.
hk~>0

The limit flow also satisfies |[E;AE;| < C\/t —s forevery0 <s <t and |E;| = w,41 foreveryt > 0.
(v) If Ey is either open or closed, then the sequence in (iv) converges to (E;);>o in the L' sense in space

and compactly uniformly in time, i.e., for a fixed T,

lim sup |EMAE,| =0.
he—0tef0,1]

Moreover, |E;AE;| < C\/t —s forevery() <s <t.
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Proof. Claims (i)—(iv) are essentially proved in [Mugnai et al. 2016]; see the proofs of Proposition 3.5,
Lemma 3.6 and Theorem 2.2.
To prove (v) we first show that

|E2’AE0| —0 as h— 0,

which immediately implies via (iv) that | EgA E;| < C+/t for every t > 0 and hence the second claim of (V)
holds. Then the compactly uniform convergence in time is a rather direct consequence of this and (i).
To this aim, let (h;); be an arbitrary sequence of positive numbers converging to zero. By (iii) and by
the standard compactness property of sets of finite perimeter, there is a bounded set of finite perimeter E
such that, up to extracting a subsequence, EZ: — E. in the L' sense. In particular, by (4-7) we have

|Ecol = wni1 = | Egl. Again, by using |E2’:AEOO| — 0 and (4-4) we have
|Eco\{y €R":dg,(») <j7'}=0 and |{y €R":dE,(y) <—j '}\ Exc| =0

for every j € N. Thus, by letting j — oo we obtain |E \ Eo| =0 and |int(Eg) \ Ex| = 0. Since Ej is
open or closed, this means either |Eq \ Eg| =0 or |Eg\ Ex| =0. But now |E| = | Egl, so the previous
yields |Exo A Eg| = 0. Thus |EZI’: \ Eg| — O up to a subsequence and since (h;); was arbitrarily chosen
we have |EZAE0| — 0. (Il

We note that claim (v) does not hold for every bounded set of finite perimeter Ey. As an example one
may construct a wild set of finite perimeter Eq such that |E ZAE0| >co>0forall A > 0.

By [Mugnai et al. 2016, Corollary 3.10], for a fixed time T > h, we have that the integral [, hT |A12 dt
is uniformly bounded in 4 and hence, via (4-6), that [{t € (h, T) : |Eth| # wp+1}] < Ch, where C depends
also on 7. We may improve this by using Lemma 2.4.

Proposition 4.2. Let Cy > 0 and Eg € X,,11 be a set of finite perimeter with volume w,+| and P(Eg) < Cy.
There are positive constants C = C(Cy, n) and hg = ho(Cy, n) such that if h < hy and (Eth)zzo is an
approximative flat flow starting from Eq, then for every h < T, < T,

T
/ MPd<C(T—Ti+1) and |{t € (T, To) : |Ef| # 0psi}l < CH(Ty = Th + 1),
T
Proof. By (4-7) we may choose hy = ho(Cy, n) such that |Eth| > %a)nJrl whenever i < hy. We may also
assume Co > 2w, 41 so that |Eth| > 1/Cy for h < hgy. Thus, by Lemma 2.4 and P(Eth) < Cyp, we find a
positive C = C(Cy, n) such that for every t > h and h < hyg

IAn? < C(l +/ (Hpgn — Aﬁ’)de"),
FEN

and therefore
1>

b
/ A2 de < (1 - Tl)—l-C/
T T

1

f (Hgi — A dH" dr.
el

1

By Proposition 4.1 (ii) we obtain the first inequality. The first inequality implies, via (4-6), the second
inequality with the same constant C. ]
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We need also the following comparison result for the proof.

Lemma 4.3. Let 1 < Cy < oo. Assume Eg € X4+ is a set of finite perimeter with volume w, 1 and
P(Ey) <Cy,and let F = UlN:1 B, (x;) with |x; — x| > 2r and 1/ Cy <r < Cy. There is a positive constant
g9 = &9(Co, n) such that if (E,h)tzo is an approximative flat flow starting from Eg and

sup dyp(x) <e with e <gg
xeE) AF

for ty >0, then

sup  dyp(x) <Ce'’ forall ty <t <tg+ /€
x€EIAF

provided that h < min{\/e, ho}, where hy = ho(Cy, n) is as in Proposition 4.2.
Proof. Our standing assumptions are
h < min{s/e, hg} and & <min{1/(2Cy), 1}.

As usual, C denotes a positive constant which may change from line to line but depends only on the
parameters Cy and n.

Without loss of generality we may assume 7y = 0. Fix an arbitrary x; € {x;, ..., xy}. Up to translating
the coordinates we may assume that x; = 0. We set for every k =0, 1,2, ...

pi =inf{lx| : x € R\ Ef )
and
ry = min{r, po, ..., Ok}
We claim that
i —ri = —Ci(l+ AL puDh, (4-8)

with some positive constant C; = C(Co, n). First, if ry1| = r¢, the claim (4-8) is trivially true. Thus we
may assume x4 < ry which implies pxr1 = ryyr1 < ry < px. Then p; > 0 which in turn means

Ok = min|x|.
AEN

Since E{’kﬂ)h is bounded and open, there is a point x € R"*!\ Eé’kﬂ)h with pr11 = |x|. Let x” be a closest
point to x on 0E ,i’h. Then

riet +ldgy (0] =[x+ 1dgy (O] = ¥ = px = 7.
The condition |x| < pr means x exists in E ,i’h, so the previous estimate yields
Pkl — Tk = gEgh (x). (4-9)
Again, x € E,}(’h \ Eélk+1)h so by Equation (4-4), |c§E2h x)] < Cn\/}_l and hence

Fert —re = —CpVh. (4-10)
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We split the argument into two cases. First, if rp11 < C, Vh, then by (4-10) we have r; < 2C,~/h.
Therefore, using (4-10) we obtain

r2o =12 = —Culrisr + )V = =3C2h. (4-11)

If rege > C,vh, then by (4-10) we have ry < 2riy;. Since rig+1 > 0, we have x € 8Eé1k+1)h and E?k-s—l)h

satisfies the interior ball condition of radius ¢ at x. Thus by the discussion in Section 2, x belongs to

the reduced boundary of E f’k 41y, and therefore by the maximum principle H oy, (x) <n/rgs1. Again,

by the previous estimate, (4-9), the Euler—Lagrange equation (4-5) and ¢ < Co we obtain

_ CZ h (x)
Y41 — Tk > Ep, - _ n _th lhl
h - h T Tk (kb
1
> ——(I’l+CO|)¥?k+1)h|)-
Tk+1
Therefore 5 5
r —r 14
—k+lh k > —(1 + ”k_k1> (n+ COM?]H.])hD > —3(n +C0|)‘?k+1)h|)' (4-12)
+

Thus (4-11) and (4-12) yield the claim (4-8) in the case r¢y; < r%.
We iterate (4-8) up to K € N, which is chosen so that Kh € (e, 24/¢) (recall h < ,/¢), and use
Proposition 4.2 to obtain
K—1

ROy ST
k=0

(K+1)h
=—C1Kh—C1/ A dr
h
3/e
Z—2C1\/_—C1/ |AM dr
h

NG
z—zclﬁ—/ e VAL e4h 2 ar
h

3VE
z—c81/4<1+/ |A?|2dt>
h

> _ce', (4-13)

By the assumption SUPycE A F dyr(x) <& we have r — ¢ < rg. Thus we divide rlz( — rg by rx +rg and
userg=r—é&= %r > 1/(2Cy) as well as (4-13) to find a positive constant Cy = C,(Cy, n) such that
rg > r — Cpe'/* This means that

inf d_Br(Xi) = —ngl/4 for all ¢t < /e,
R"“\E,h

and again due to the arbitrariness of x; € {x, ..., xy}, that

inf dp > —C281/4 for all ¢t < \/e.
R"“\Elh
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To conclude the proof, we show that there is a positive constant ¢; = £1(Cy, n) such that

supcip <2e'2 forall 1 < Je (4-14)
E}
provided that & < &;. To this aim we choose an arbitrary xo € R"*!\ F with dr(xq) > 2¢'/°. For every
k=0,1,2,..., we set

pr = inf |[x —xo|
er,’jh
and
1/9

re =min{2e /7, p1, ..., pr}.

In particular, r; < 2Cé/ ° A slight modification of the procedure we used to obtain (4-13) yields

2 _ .2 1/4
rK—rOZ—Cs/,

where K is the same as described earlier. Again, the conditions sup, . g Ap dar(x) < € and ¢ < 1 imply
ro > 2619 — ¢ > ¢l/% Thus

1/4

e

rk —ro> —C—— > —Ce>30 = —Ce!/30: 1/,
o

and thus
rg > (1 — C81/36)81/9 > %81/9,

1/9

when ¢ is small enough. Since xg, with dg(xg) > 2¢'/°, was arbitrarily chosen we deduce that

El c(x eR"™ i dp(x) <2¢'°} forall k=0,..., K.
The claim (4-14) then follows from the choice of K. [l

Proof of Theorem 1.1. The proof of Theorem 1.1 is based on Theorem 1.2. We first use it together with
the dissipation inequality in Proposition 4.1 (ii) to deduce that there exists a sequence of times t; — 00
such that the sets E;; are close to a disjoint union of balls. Since the perimeter of the approximative
flat flow is essentially decreasing, the number of balls is also monotone. In particular, we deduce that
after some time, the sets E;; are close to a fixed number, say N, of balls. We use the second statement of
Theorem 1.2 to deduce that the perimeters of E;; converge to the perimeter of N balls with volume w1
and thus the right-hand side of the dissipation inequality converges to zero. This allows us to improve
our estimate and use Theorem 1.2 again to deduce that the flat flow E; is close to a disjoint union of N
balls for all large ¢ except a set of times with small measure. The statement then finally follows from
Lemma 4.3.

Proof. Assume that the initial set Eg € X, has the volume of the unit ball | Eg| = w, 41, fix a positive Cy
with Cy > max{1l, P(E()} and assume h < (Co/w,,+1)2. Let (E;);>0 be a flat flow starting from E and
let (E,h ");>0 be an approximative flat flow which by Proposition 4.1 converges to (E;),>0 locally uniformly
in L!. We simplify the notation and denote the converging subsequence again by /. Since we are now in
the dimensions 2 and 3 (n = 1, 2), the sets E,h are C? regular.
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Step 1: Let us denote
Ty = {t € (0,00) : |E}'| # wns1}). (4-15)

By (4-7) and Proposition 4.2 we find a constant 29 = ho(Co, n) < 1 such that |E,h| >1/Cp forevery t >0
and
(Ty, T)) N Z4| < 3(T—T)

for every Ty > 1 and 7> > T} + 1 provided that 4 < hg. On the other hand, by Proposition 4.1 (ii) we have,
for every h < hg and [ € N, that

c

(+1)?
Iy = fl Flgy = R0y 0 = T

By Chebysev’s inequality,
(0 € (P A+ D) I Hpp =24 12 = 30} < 3+ 1D = 12).
Therefore, by choosing 71 = 1? and T» = (I + 1) we deduce that the set

(t € (T, 1)t |EP | = 0wt | Hgp =3 [ o0, < 3100}

L2(d

is nonempty. Thus if & < hy, then there is a sequence of times (Tlh)l, with 12 < Tlh <+ 1)2, such that
the corresponding sets satisfy |E 2| = wpy1 and

I, —ATlhan(aEhh) <ci'” (4-16)

By slight abuse of the notation we set Eh = Eﬁh and A 1= =\ T for & < hy. Since the sets Eh are
Cc? regular and bounded and thanks to P(Ep) < Co, |Eh| > 1/C0, (4-16) and Theorem 1.2, we find
lo = lp(Cy, n) such that for every [ > [y we have 1/C < X;, < C,

|P(E]) = Nl (n+ Dway1 7)) < CI74% and - sup dypr < CL792, (4-17)
EhAFh

where rlh = n/A;; and Flh is a union of Nlh pairwise disjoint (open) balls of radius r; ;. Since we

have 1/C < A;;, < C, we also have 1/C < r;; < C, which together with the perimeter estimate
P(E lh) < P(Ep) < Cp implies that there is Ng = No(Co, n) € N such that Nlh < Ny. Further, the distance
estimate in (4-17), together with 1/C <r;;, < C and Nlh < Ny, yields

|E}AF]'| < CI792,

Since IElhl = w,41, we have that the estimate above implies |(r; )"+ Nzh — 1| < CI=9/? and further
that |(r;,,)" (N "D — 1] < CI179/% This inequality, the perimeter estimate in (4-17) and N]' < N
imply

|P(E!) = (n+ Do (N)V D] < cim9/2 (4-18)

Since by Proposition 4.1 (ii) (P(E ;’))1210 is nonincreasing, we have that (4-18) implies there is a positive
integer [y = [,(Co, n) > ly for which (N,h)lzl1 is nonincreasing for all i < hy.
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Step 2: For [ > 1] and h < hg the sets Elh are thus close to Nl/1 balls. We claim that there are N € N and
[ > [y such that for every integer L > [,

Nl'=N forall L <I<L, (4-19)

provided that 4 is small enough.

By using a standard diagonal argument and possibly passing to a subsequence we find a sequence
of positive integers (N;);>;,, with N; < Ny, such that Nlh — N, for every [ > [;. Since (Nlh)zzll is
nonincreasing, we have that (N;);>;, is nonincreasing too and hence there are N, I, € N, I, > [, such
that N; = N for every [ > [;. Hence we have (4-19) by the convergence of Nlh to N;.

We obtain from (4-18) and (4-19) that

|P(E}) — (n+ Dy (N < 1792 (4-20)

for [, <1 < L, provided that 4 is small enough. Therefore, it follows from Proposition 4.1 (ii) that

17
a2 —q/2
/Th+h||HEIh M ooy dt < CLT92,
1

Since h <1 and L > 1 was arbitrarily chosen, the above yields
T
sup [limsup / IHgr = AL @ED dt] <2 (4-21)
T>1+2?L h—0 Ja+2)? !
for every [ > I,.

Step 3: Let us fix a small §, the choice of which will be clear later. Then it follows from (4-21), (4-20)
and the fact that the map t — P(E th) is nonincreasing in X that there is 75 such that for every 7 > Ts + 1
there is A5 7 such that

T
hy2
. 1 Hpp =7 172 A <8 (4-22)
forall # < hs 7 and
|P(E") — (n + D NV < 6 (4-23)

for all t € (T5, T) \ Zj. On the other hand, by Proposition 4.2 and by decreasing /s r if necessary, we
deduce that

|2, N (T5, T)| <8 forall h <hsr. (4-24)

Let ¢ > 0and let us fix t > Ts + 1. (The time T5 + 1 will be T, in the claim.) We claim that, when § is
chosen small enough, we have
sup dypn <€ (4-25)
E'AF!
for h < hs 7, where F,h is a union of N pairwise disjoint (open) balls of radius r = N —1/+D) with
volume wy, 4 1.
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Fix T >t + 1. Then it follows from (4-22) that

t
/, e ~ 2172 9pn 4T <8,
and from (4-23) and (4-24) that
|P(E") — (n+ D, 1NV <8 forall Te(t—8"41)\ %,

and |Z, N (@ —8Y4 1)) <8. Using these estimates we deduce that there is #p € (f — § 174 t) such that
|EE = wnst,

|P(Ep) = (n+ Dap NV <8 (4-26)
and

| Hps —)LZ)HLz(aE%) <84
Theorem 1.2 implies that
sup dypn < C89/*
El AF) 0
forall h <hs 7, where F,ﬁ is aunion of Ny, j, pairwise disjoint (open) balls of radius r, , with volume w41,
and
|P(Efy) = Nigy (1 + Deryy | < C89%,

Since 1/C <r;,, <C, as in Step 1 we deduce from the previous two estimates that |E£’) Ath)’| < C89/4,
Then by (4-26) and |Ft’;| = wp4+1 we further conclude that Ny, , = N, i.e., F,ﬁ is a union of N pairwise
disjoint (open) balls with volume w, | and radius r = N~/ #+D,

By Lemma 4.3,

sup dypn < C893¢ forall 1y <t < to+6/8
EEAF)

and < hs 7. In particular, since §7/8 > §'/4 the above inequality holds for ¢. This proves (4-25) by choos-
ing F'" = Ftﬁ and § small enough. The claim follows by letting # — 0. Note that by Proposition 4.1 (iii)
there is R > 0 such that Fth C Bp for all h < hs 7. Therefore, by passing to another subsequence if
necessary, we have that F/* — F,, where F; is a union of N pairwise disjoint (open) balls with volume w,1,
and by (4-25),

sup dyf, <e. O
E,AF,
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A SIMPLE NUCLEAR C*-ALGEBRA WITH AN INTERNAL ASYMMETRY

ILAN HIRSHBERG AND N. CHRISTOPHER PHILLIPS

We construct an example of a simple approximately homogeneous C*-algebra such that its Elliott invariant
admits an automorphism which is not induced by an automorphism of the algebra.

Classification theory for simple nuclear C*-algebras reached a milestone recently. The results of
[Elliott et al. 2015; Tikuisis et al. 2017], building on decades of work by many authors, show that simple
separable unital C*-algebras with finite nuclear dimension satisfying the universal coefficient theorem
are classified via the Elliott invariant, EII(-), which consists of the ordered K¢-group along with the
class of the identity, the K|-group, the trace simplex, and the pairing between the trace simplex and the
Ky-group. Earlier counterexamples due to Toms [2008] and Rgrdam [2003], related to ideas of Villadsen
[1998], show that one cannot expect to be able to extend this classification theorem beyond the case
of finite nuclear dimension, at least not without either extending the invariant or restricting to another
class of C*-algebras. An important facet of the classification theorems is a form of rigidity. Starting
with two C*-algebras A and B and an isomorphism ® : Ell(A) — ElI(B), one not only shows that A
and B are isomorphic, but rather that there exists an isomorphism from A to B which induces the given
isomorphism @ on the level of the Elliott invariant.

The goal of this paper is to illustrate how this existence property may fail in the infinite nuclear
dimension setting, even when restricting to a class consisting of a single C*-algebra. Namely, we
construct an example of a simple unital nuclear separable AH algebra C, along with an automorphism
of Ell(C), which is not induced by any automorphism of C. This can be viewed as a companion of
sorts to [Toms 2008, Theorem 1.2], where it was shown that when such automorphisms exist, they
need not be unique in the sense described. The mechanism of the example is that if there were such an
automorphism ¢, there would be projections p, g € C such that ¢(p) = ¢ but such that the corners pCp
and gCgq have different radii of comparison [Toms 2006] (the definition is recalled at the beginning of
Section 1). This further shows that simple unital AH algebras can be quite inhomogeneous. In particular,
extending the Elliott invariant by adding something as simple as the radius of comparison will not help
for the classification of AH algebras which are not Jiang—Su stable.
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We now give an overview of our construction. We start with the counterexample from [Toms 2008,
Theorem 1.1]. We consider two direct systems, described diagrammatically as follows:

C(Xo) 5 C(X1) ® M, 5 C(X2) ® M, 3 e
C([0, 11) == C ([0, 1]) ® M, (1) == C([0, 11) ® My2) ==} - -

The ordinary arrows indicate a large (and rapidly increasing) number of embeddings which are carefully

(0-1)

chosen, and the dotted arrows indicate a small number of point evaluation maps, thrown in so as to ensure
that the resulting direct limit is simple. The spaces in the upper diagram are contractible CW complexes
whose dimension increases rapidly compared to the sizes of the matrix algebras. (Toms uses cubes; in our
construction we found it easier to use cones over products of spheres, but the underlying idea is similar.)
The direct system is constructed so as to have positive radius of comparison. We use [Thomsen 1994] to
choose the lower diagram so as to mimic the upper diagram, and produce the same Elliott invariant. As
the resulting algebra on the bottom is Al, it has strict comparison, and therefore is not isomorphic to the
one on the top. (In [Toms 2008] it isn’t important for the two diagrams to match up nicely in terms of the
ranks of the matrices involved. However, we will show that it can be done, as it is important for us.)
Our construction involves moving the point evaluations across, so as to merge the two systems:

C(Xo) == C(X)) ® M,(1) == C(X2) ® M, (3 E’; e
C([0, 1)) == C((0, 1D ® M,y == C([0, 1]) ® M, E: e

With care, one can arrange for the flip between the two levels of the diagram to make sense as an
automorphism of the Elliott invariant. The resulting C*-algebra has positive radius of comparison and
behaves roughly as badly as Toms’ example. Nevertheless, we can distinguish a part of it which roughly
corresponds to the rapid dimension growth diagram on the top from a part which roughly corresponds to
the Al part on the bottom. Namely, if at the first level C(Xg) & C ([0, 1]) we denote by ¢ the function
which is 1 on X( and 0 on [0, 1], and we define g = 1 — g, then the Ky-classes of ¢ and g will be
switched by the automorphism of the Elliott invariant we construct. However, we can tell apart the corners
gCq and g+ Cq=* by considering their radii of comparison.

Section 1 develops the choices needed to get different radii of comparison in different corners of the
algebra we construct. Section 2 contains the work needed to assemble the ingredients of the construction
into a simple C*-algebra whose Elliott invariant admits an appropriate automorphism. The main theorem
is in Section 3.

1. Upper and lower bounds on the radius of comparison

We recall the required standard definitions and notation related to the Cuntz semigroup. See Section 2
of [Rgrdam 1992] for details. For a unital C*-algebra A, we denote its tracial state space by T(A).
We take M (A) = Uzozl M, (A), using the usual embeddings M, (A) — M, +1(A). For t € T(A), we
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define d; : Moo (A)4 — [0, 00) by d;(a) =lim,_ t(a'/"). If a,b € My (A),, then a < b (a is Cuntz

o0

subequivalent to b) if there is a sequence (v,);2 | in M (A) such that lim,,_,  v,bv, = a.

Following [Toms 2006, Definition 6.1], for p € [0, 0c0), we say that A has p-comparison if whenever
a,b e My (A); satisty d; (a) + p < d;(b) for all T € T(A), then a = b. The radius of comparison of A,
denoted by rc(A), is

rc(A) = inf({p € [0, 00) | A has p-comparison}).

We take rc(A) = oo if there is no p such that A has p-comparison. Since AH algebras are nuclear, all
quasitraces on them are traces by [Haagerup 2014, Theorem 5.11]. Thus, we ignore quasitraces. Also, by
[Phillips 2014, Proposition 6.12], the radius of comparison remains unchanged if we replace M, (A) by
K ® A throughout. Thus, we may work only in M (A).

Our construction uses a specific setup, with a number of parameters of various kinds which must be
chosen to satisfy specific conditions. Construction 1.1 lists for reference many of the objects used in it,
and some of the conditions they must satisfy. It abstracts the diagram (0-2). Construction 1.6 specifies the
choices of spaces and maps needed for the results on Cuntz comparison, and Construction 2.17, together
with the additional maps in parts (11), (12), and (13) of Construction 1.1, is used to arrange the existence
of a suitable automorphism of the tracial state space of the algebra we construct. Because of the necessity
of passing to a subsystem at one stage in this process, we must start the proof of the main theorem with a
version of just the top row in the diagram (0-1); this is Construction 3.3. Many of the lemmas use only a
few of the objects and their properties, so that the reader can refer back to just the relevant parts of the
constructions. In particular, many details are used only in this section or only in Section 2. Some of the
details are used for just one lemma each.

Construction 1.1. For much of this paper, we will consider algebras constructed in the following way
and using the following notation:

(1) (d(n))n=0.1.2,.. and (k(n)),=0.1,2,... are sequences in Z>g, with d(0) = 1 and k(0) = 0. Moreover,
forn € Zy,

Iy =dm) +k@m), rmy=[]1(). and sm)=]]d0).
Jj=0 j=0

Further define ¢ (n) inductively as follows. Set #(0) = 0, and
tn+ D) =dn+Dtn)+k(n+D[rn)—tn))].

(See Lemma 1.14 for the significance of 7(n).)
(2) We will assume that k(n) < d(n) for all n € Z>.
(3) We define

For estimates involving the radius of comparison, we will assume « > %
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(4) The numbers w, @' € (0, o] are defined by

o0

oo Ml ke
k(1)4+d(1) = k(n)+d(n)

We will require o’ < w < % In particular,

> k()
> s <o
— k(n)+d(n)

(5) We will also eventually require that « as in (3) and w as in (4) are related by 2k — 1 > 2w. This can
easily be arranged with a suitable choice of d(1) and k(1).

(6) (Xu)n=012,. and (Y,)n=0.1,2,.. are sequences of compact metric spaces. (They will be further
specified in Construction 1.6.)

(7) For n € Z>, the algebra C, is
Cn = Mr(n) ® (C(Xn) @ C(Yn))
We further make the identifications
C(Xnt1, Mriny1) = Mins1) @ C(Xng1, M),
CYus1, Myur1) = Miuy1y @ C(Yyg1, Myy),
C(Xn) ® C(Yn) = C(Xn jn| Yn)a
C(Xn» Mr(n)) @ C(Yna Mr(n)) = C(Xn L Y,, Mr(n))-
(8) Forn € Z-¢, we are given a unital homomorphism
Yn - C(Xn) S? C(Yn) - Ml(n+1)(C(Xn+1) ® C(Yn+l)),

and the homomorphism
1ﬁn—}—l,n . Cn - Cn+1

is given by I'y 41, = idpy,,, ® yu. Moreover, for m,n € Z>¢ with m < n,

Cym=Tnn-100h_1n—20 -0l pmyim:Cn— Cp.
In particular, I, , =1idc,.
(9) We require that the maps

Yo C(Xy UY,) — Mgy (C(Xppr UY41))

in (8) be diagonal; that is, that there exist continuous functions

Sn1s Sn2s o5 Sty P Xnpt WYy — X, U Y,
such that for all f € C(X, L1Y,), we have

Ya(f) =diag(foSu1, foSn2, -..s foSuimt1)

(These maps will be specified further in Construction 1.6.)
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(10) We set C =lim, C,, taken with respect to the maps I'; ,,. The maps associated with the direct limit
will be called ' 1, : Cy = C for m € Z>.

As we need to work with two diagrams which are similar in most positions, as in diagrams (0-1)
and (0-2), we sometimes use additional objects and conditions in the construction, as follows:

(11) For n € Z-, we may be given an additional unital homomorphism
2 C(X) & C(Yn) = Myuity(C(Xn41) & C(¥yr)).

FSL . Cn = Cuyt, 1",(,(,),)” : C,y = C,, are defined analogously to (8), the algebra C©
’ )

is given as C 0 = lim, C,, taken with respect to the maps Iy, and the maps Fég)’m :Cp — CO are

Then the maps

defined analogously to (10).
(12) In (11), analogously to (9), we may require that there be
S(O) S(O)

n, 1> “n2> *

0
o S iy Xnpt WY,y — X, Y,

such that for all f € C(X,, L1Y,) we have

. 0 0 0
v (f) =diag(f o S\, foSh, ..o foSY) i)
(These maps will be specified further in Construction 1.6.)

(13) Assuming diagonal maps as in (9), we may require that they agree in the coordinates 1,2, ..., d(n+1);
thatis, forn e Z.gandk=1,2,...,d(n—+ 1), we have Sr(l?,z = Suk-

Lemma 1.2. In Construction 1.1(1), the sequence (s(n)/r(n))n=1,2.... is strictly decreasing.
Proof. The proof is straightforward. (I

Lemma 1.3. In Construction 1.1(1), and assuming Construction 1.1(2), we have

1) (D) 12 1

= < < < o< .
r r) r@ 2

Proof. We have t(0) = 0 by definition. We prove by induction on n € Z.. ¢ that

tin—1) t(n) 1
< < =.
rn—1) rn) 2

(1-1)

This will finish the proof. For n = 1, we have

() k(D)
r(1) k() +d)’

which is in (0, %) by Construction 1.1(2). Now assume (1-1); we prove this relation with n + 1 in place
of n. We have r(n) —t(n) > t(n), so
tn+1) dn+Dt(m)+k(n+ D[r(n) —t(n)] - din+Dt(n) +k(n+ t(n) _ t(n)
r(n+1) [din+1)4+k(n+1)]rn) [dn+ 1) +k(n+Dlr(n)  rn)’

(1-2)
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Also, with
_ din+1) an t(n)
S dn+D+k(n+1) ~r(n)

starting with the first step in (1-2), and at the end using o > % (by Construction 1.1(2)) and 8 < % (by the
induction hypothesis), we have

tin+1) | 1
ri ) =af+ (1 -a)1—-p)=5[1-Qa—-D(A-28)] <3
This completes the induction, and the proof. ]

Lemma 1.4. With the notation of Constructions 1.1(1) and 1.1(4), and assuming the conditions in
Constructions 1.1(2) and 1.1(4), foralln € Z~o we have

t(n)
w<—<w+do <2w.
r(n)

Proof. The third inequality is immediate from Construction 1.1(4).
By Lemma 1.3, the sequence (¢(n)/r(n)),=12... is strictly increasing. Also,

t( k()
r(D) k(D) +d1)

The first inequality in the statement now follows.

(1-3)

Next, we claim that
) _x~ k()
rn) = Z  k(j)+d())
foralln € Z-¢. The case n =1 is (1-3). Assume this inequality is known for n. Then
tn+1) _< din+1) ><t(n)>+< k(n+1) )(r(n)—t(n))
rin+1) \k(n+D+dn+1)\rn kin+1)+dn+1) r(n)
n+1

t(n) k(n+1) k(j)
=i Tkt tdntn = Z k() +d()’

as desired.
The second inequality in the statement now follows. (I

Notation 1.5. For a topological space X, we define
cone(X) = (X x [0, 1])/(X x {0}).

Then cone(X) is contractible, and cone( - ) is a covariant functor: if 7 : X — Y is a continuous map, then
it induces a continuous map cone(7’) : cone(X) — cone(Y). We identify X with the image of X x {1} in
cone(X).

Construction 1.6. We give further details on the spaces X, and Y, in Construction 1.1(6).



A SIMPLE NUCLEAR C*-ALGEBRA WITH AN INTERNAL ASYMMETRY 717

(14) The space X, is chosen as follows. First set Zo = S% With (d(n)),—0.1.2.... and (s(1))u—0.1.2.... as in
Construction 1.1(1), define inductively
Zy =27, = (s'™.

Then set X,, = cone(Z,). (In particular, X,, is contractible, and Z,, C X,, as in Notation 1.5.) Further, for
nelZspand j=1,2,...,d(n+1), we let P;") : Zn+1 — Z, be the j-th coordinate projection, and we
set Q;") = cone(Pj(")) X1 — X
(15) Y, =10, 1] for all n € Z~¢. (In particular, Y,, is contractible.)
(16) We assume we are given points x,, € X,, for m € Z>( such that, using the notation in (14), for all
n € Zg, the set
{0 itV o.. 0 QM Dy (xy) Im=n+1,n+2, ...andv;=1,2,....d@n+j)

for j=1,2,...,m—n}
is dense in X,,.

(17) We assume we are given a sequence (Vx)x=0.1,2.... in [0, 1] such that for all n € Z>( the set {yx | k > n}
is dense in [0, 1].

(18) The maps
Y C(Xy U Yy) = Mgy (C(Xp1 U Y541))

will be as in Construction 1.1(9), with the maps S, ; : X,,41 U Y,11 — X,, 1Y, appearing there defined
as follows:
(a) With Q" as in (14), we set S, ;(x) = Q" (x) forx € X,y and j =1,2,....d(n+1).
(b) Sp,j(x) = yn for
x€Xyy1 and j=dn+D+1,dn+1)+2, ..., I(n+1).
(c) There are continuous functions
Rui1, Rup, ooy Ry as1) i Yng1 = Yy

(which will be taken from Proposition 2.14 below) such that S, ;(y) = R, ;(y) for y € ¥, and
j=12,...,dn+1).

(d) S, (y) =x, for
yeYyyr and j=dn+D+1,dn+D+2,...,1n+1).
(19) The maps
y: C(X, U Y,) = My (C(Xngr L Yuri1))

will be as in Construction 1.1(12), with the maps Sli?; : Xp1 Y, — X, 1Y, appearing there given by
S,(l(’); =8, jforj=1,2,...,d(n+1) and to be specified later for j =d(n+1)+1,dn+1)+2, ...,
I(n+1).
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With the choices in Construction 1.6(18), the map
Yo : C(Xn) @ C(Yy) = C(Xnp1, Mini1) @ C(Vng1, Miguyry)

in Construction 1.1(8), as further specified in Construction 1.1(9), is given as follows. With C4™ viewed
as embedded in My, as the diagonal matrices, there is a homomorphism
8n: C(¥y) = C(Yypr, C1FD) C C(¥p1, Maurny)
such that
ya(f. 8) = (diag(f o Q1", fo Q3. ... fo Q).
gn)s &)y -+, 8(¥n)), diag(8,(g), f(xn), fxa), ...\ f(xa))). (1-4)
k(n+1) times k(n+1) times

For the purposes of this section, we need no further information on the maps §,, except that they send
constant functions to constant functions.

Lemma 1.7. Assume the notation and choices in parts (1), (7), (8), and (10) of Construction 1.1, and in
Construction 1.6 (except part (19)) and the parts of Construction 1.1 referred to there. Then the algebra C
is simple.

Proof. Using Construction 1.6(16), this is easily deduced from [Dadérlat et al. 1992, Proposition 2.1]. [J

Notation 1.8. Let p € C (5%, M>) denote the Bott projection, and let L be the tautological line bundle over
$2 = CP'. (Thus, the range of p is the section space of L.) Recalling that X = cone(S?), parametrized
as in Notation 1.5, define b € C(Xo, M) by b(L) = A - p for A € [0, 1]. Assuming the notation and
choices in parts (1), (6), (7), (8), and (10) of Construction 1.1 and in Construction 1.6, for n € Z> set
by = (idy, ® T 0) (b, 0) € Ma(Cy).

We require the following simple lemma concerning characteristic classes. It gives us a way of estimating
the radius of comparison, which is similar to the one used in [Villadsen 1998, Lemma 1], but more
suitable for the types of estimates we need here.

Lemma 1.9. The Cartesian product L** does not embed in a trivial bundle over (S*)* of rank less
than 2k.

Proof. We refer the reader to [Milnor and Stasheff 1974, Section 14] for an account of Chern classes. The
Chern character ¢(L) is of the form 1+ &, where ¢ is a generator of H>(S?, Z), and the product operation
satisfies €2 = 0. Let Py, Pa, ..., Py : (Sz)k — S? be the coordinate projections. For j =1,2,...,k,
set & = P}k(s). The elements €1, &, . .., & € H*((S®)*, 2), along with 1 € HO((S%), Z) (the standard
generator) generate the cohomology ring of ($2)* and satisfy 8? =0for j=1,2,..., k. By naturality
of the Chern character [Milnor and Stasheff 1974, Lemma 14.2] and the product theorem [Milnor and
Stasheff 1974, (14.7) on page 164], we have c(L*F) = ]_[l;zl(l + ¢j). Now, suppose L*k embeds as
a subbundle of a trivial bundle E. Let F be the complementary bundle, so that L** @ F = E. By the
product theorem, ¢(L*¥)c(F) =c(L**@® F) =c(E) = 1. Thus, ¢(F) = c(L**)~! = 1‘[’;:1 (1—eg;). Since
c(F) has a nonzero term in the top cohomology group H 2k((S%)%), it follows that rank(F) is at least k.
Thus, rank(E) = rank(L**) + rank(F) > 2k, as required. U
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Lemma 1.10. Adopt the assumptions and notation of Notation 1.8. Let n € Z.o. Then b,|z, is the
orthogonal sum of a projection p, whose range is isomorphic to the section space of the Cartesian product
bundle L™ and a constant function of rank at most r(n) — s(n) — t (n).

We don’t expect b, |z, to be a projection, since some of the point evaluations occurring in the maps of
the direct system will be at points x € cone(Z,,) \ Z,, for values of m < n, and b,,(x) is not a projection
for such x.

We don’t need the estimate on the rank of the second part of the description of b, |z ; it is included to

n?

make the construction more explicit. If there are no evaluations at the “cone points”
(Zin x{0D/(Zin x{0}) € (Zn x [0, 1D /(Z1n x {O})
(following the parametrization in Notation 1.5), then this rank will be exactly r(n) — s(n) — t (n).
Proof of Lemma 1.10. For n € Z>o write b, = (c,, 8,), With
cn € Mo(C(Xn, Myny)) and g, € Ma(C(Yn, My(n)))-

Further, for j =1,2,...,s(n) let Tj(") 1 (52)*®™ — §? be the j-th coordinate projection. We claim that
¢ 18 an orthogonal sum ¢, ¢ 4 ¢,.1, in which ¢, o is the direct sum of the functions b o cone(Tj(")) for
j=1,2,...,5(n) and c, 1 is a constant function of rank at most r(n) — s(n) — f(n), and moreover that
gn 1s a constant function of rank at most #(n). The statement of the lemma follows from this claim.

The proof of the claim is by induction on n. The claim is true for n = 0, by the definition of » and
since s(0) =1, t(0) =0, and r(0) — s(0) — ¢(0) = 0.

Now assume that the claim is known for n, recall that I';,11 , = idp,,,, ® v» (see Construction 1.1(8)),
and examine the summands in the description (1-4) of the map y,, (after Construction 1.6). With this
convention, first take (f, g) in (1-4) to be (¢y,0, 0). The first coordinate I',, 1 ,(cy.0, 0)1 1s of the form
required for c,41,0, while I'; 41, (cn.0, 0)2 is a constant function of rank k(n + 1)s(n) unless ¢, (x,;) =0,
in which case it is zero. In the same manner, we see that:

e I'hi1.1(cn1,0)1 is constant of rank at most d(n 4 1)[r(n) — s(n) — t(n)].
e I'yi1.n(cn 1, 0)7 is constant of rank at most k(n + 1)[r(n) —s(n) —t(n)].
e I'y41.2(0, g4)1 is constant of rank at most k(n + 1) (n).
e I'4+1.2(0, g,)2 is constant of rank at most d(n + 1)¢(n).

Putting these together, we get in the first coordinate of I',41 ,(,) the direct sum of ¢,41,0 as described
and a constant function of rank at most

dn+D[r(n) —s(n) —t(m)]+k(n+ )t(n).

A computation shows that this expression is equal to r(n + 1) —s(n + 1) — t(n + 1). In the second
coordinate we get a constant function of rank at most

kin+Dsm)+k(n+Dr(n) —s(n) —tm)]+dn+Dt(n) =t(n+1).

This completes the induction, and the proof. U



720 ILAN HIRSHBERG AND N. CHRISTOPHER PHILLIPS

Corollary 1.11. Adopt the assumptions and notation of Notation 1.8. Let n € Z>. Let e = (ey, e3) be an
element in Moo (Cp) = Moo (C(X,) @ C(Yy)) such that ey is a projection which is equivalent to a constant
projection. If there exists x € M, (C,) such that | xex™ — b, || < % then rank(ep) > 2s(n).

Proof. Recall from Construction 1.6(14) and Notation 1.5 that
Z,= (8" and Z, Ccone(Z,) =X, CX,LY,.

Also recall the line bundle L and the projection p from Notation 1.8.

It follows from Lemma 1.10 that there is a projection g € M»,,)(C(Z,)) whose range is isomorphic
to the section space of the s(n)-dimensional vector bundle L * ™) and such that qbnlz,)g = q. Now
lxex* —b,]| < % implies ||g(xex*|z,)qg —q|l < % Since e|z, and g|z, are projections, it follows that g|z,
is Murray—von Neumann equivalent to a subprojection of e|z, = e;|z,. Therefore rank(e;|z,) > 2s(n) by
Lemma 1.9. So rank(e;) > 2s(n). O

Although not strictly needed for the sequel, we record the following.

Corollary 1.12. Assume the notation and choices in parts (1), (3) (including K > %) (7), (8), and (10) of
Construction 1.1, and in Construction 1.6 (except part (19)) and the parts of Construction 1.1 referred to
there. Then the algebra C satisfies rc(C) > 2k — 1 > 0.

Proof. Suppose p < 2k — 1. We show that C does not have p-comparison. Choose n € Z- such that
1/r(n) <2k —1—p. Choose M € Z>p such that p+1 < M/r(n) <2«. Let e € M (C,) be a trivial
projection of rank M. By slight abuse of notation, we use I';, , to denote the amplified map from M, (C},)
to M (Cy,) as well. For m > n, the rank of I, ,(e) is Mr(m)/r(n), and the choice of M guarantees
that this rank is strictly less than 2s(m). Now, for any trace T on C,, (and thus for any trace on C), and

justifying the last step afterwards, we have
r(m)
— M- ——=>1+p>d:(bn) +p.
r(m) r(n)
To explain the last step, recall b,, from Notation 1.8, and use Lemma 1.10 to see that the ranks of its
components (b,,)1 € Ma(C(Xy, My(m))) and (by,)2 € Ma(C (Y, M, ())) are both less than r(m), while

the identity element has rank r(m).

d; (Fm,n(e)) = T(Fm,n(e)) =

On the other hand, if I's 0(b) 3 T'oo.n(e) then, in particular, there exists some m > n and x € M (Cp,)
such that [|xI'y, ,(e)x™ — by, || < %, which contradicts Corollary 1.11. O

Notation 1.13. We assume the notation and choices in parts (1), (6), (7), (8), and (10) of Construction 1.1.
In particular, Co = C(Xg) @ C(Yp). Define gg = (1, 0) € C(Xo) @ C(Yp) and qoL =1—gqo. ForneZ.
define g, = T,,.0(q0) € C, and g;- = 1 — gy, and finally, define ¢ = I'so0(q0) € C and g+ =1—gq.

Lemma 1.14. Make the assumptions in Notation 1.13. Further assume the notation and choices in
Construction 1.6 (except part (19)). Then the projection

1 —gn € Myjny(C(X,)) ® M) (C(Yy))

has the form (e, f) for a constant projection e € M (C(X,)) = C(X,,, M) of rank t (n) and a constant
projection f € M) (C(Yy)) = C(Yn, Miwy) of rank r(n) —t(n).
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From Construction 1.6, we don’t actually need to know anything about the spaces X, and Y,, we don’t
need to know anything about the points x, and y, except which spaces they are in, and we don’t need to
know anything about the maps QE.") and R, ; except their domains and codomains.

Proof of Lemma 1.14. The proof is an easy induction argument, using the fact that the image of a constant
function under a diagonal map is again a constant function. U

Lemma 1.15. Assume the notation and choices in parts (1)—(10) of Construction 1.1, Construction 1.6
(except part (19)), and Notation 1.13, including k(n) < d(n) for all n € Z>9, k > %, w > o, and
2k — 1 > 2w. Then

2k — 1
20

Proof. We proceed as in the proof of Corollary 1.12, although the rank computations are somewhat more

re(qtCqt) =

involved. The difference is in the definition of d;. In this corner, d, is normalized so that d; (qL) =1 for
all T € T(C). To avoid redefining the notation, we will use t to denote a tracial state on C, and therefore
our dimension functions will be of the form a > d; (a)/t(g"), noting that r(qL) =d; (qL) since qL is
a projection.

It suffices to show that for all p € (1, 2« — 1)/(2w)) N Q, we have rc(g-Cqt) > p.

Fix § € (0, w) such that
2k — 1
p<(1—8)( ) (1-5)
2w

)
e=———>0
2p(1=19)

Set
(1-6)

Since the sequence (s(n)/r(n))n=0.1,2,... is nonincreasing and converges to a nonzero limit «, there exists
ng € Z>o such that, for all n and m with m > n > ng, we have

r(n) s(m)
—_—— /<<
- s(n) r(m)
This implies that
rm) _sm) __rm
r(n)  s(n) r(n)

Using (1-5) and § < w at the first step, we get

-7)

2K — 1

1—a)+2,0w<1—5+2(1—8)< )a):2/<(1—8).

Now write p = a/B with «, § € Z~o. Choose n > ng such that

e <2k(1=8)— (1 —w+2pw).
r(n)

Then there exists N; € Z.¢ such that pN| € Z- ¢ and

N
2K(1—8)>—1> 1—w+2pw. (1-8)
r(n)
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Set
N2 = ,0N1 . (1—9)
Using p > 1 at the last step, we have

Ny pN;
—=——>p(l—-w+4+2pw) > p(1 —w)+2w.
r(n)  r(n)

Now suppose ¢ € Moo (Cy) = Mo (C(X,,) @ C(Yy,)) is an ordered pair whose first component is a trivial
projection on X,, of rank N; and whose second component is a (trivial) projection on Y,, of rank N;. Let
m > n, and let f be the first component of I';, ,(e); we estimate rank( f). (The second component is a
trivial projection over Y,,, whose rank we don’t care about.) Now f is the direct sum of r(m)/r(n) trivial
projections, coming from C(X,,, M) and C(Y,, M,(,)). At least s(m)/s(n) of these summands come
from C(X,, M,,)). So at most r(m)/r(n) — s(m)/s(n) of these summands come from C(Y,, M,)).
The summands coming from C(X,,, M, )) have rank N; and the summands coming from C(Y,, M,())
have rank N;. Since N, > Nj, we get

r(m) S(m))N2 som) T (r(m) _ s(m)
r(n)  sn) s(n) r(n) r(n)  s(n)

Combining this with (1-7) at the first step, and using (1-9) at the second step, (1-6) at the third step, (1-8)
at the fifth step, and Construction 1.1(3) at the sixth step, we get

rank(f) < ( )(Nz—Nl)-

r(m) r(m)

rank(f) < ——= - (N1+eNy) = ——=-(1+¢p)-N;
r(n) r(n)
= r(m) . 2-9 -Nj < r(m) . N < 2kr(m) <2s(m).
r(n) 2(1-9) r(n) 1-34

So Corollary 1.11 implies that there is no x € M (C,) for which ||xI', , (e)x™ — by, || < % Since m > n
is arbitrary,

Foo,n(e) ﬁb (1'10)

Now let 7 be a trace on C, and restrict it to C, = M,,)(C(X,) @ C(Y,)). Denote by tr the normalized
trace on M, (). There is a probability measure p on X, L1Y, such that t(a) = f x.1y, tr(a) du for all

a € C,. Define A = u(X,), so 1 —A = u(Y,). Then, using (1-9) at the second step,

o) AN +(L=2)N>  [A+p(1 = VIN,
B r(n) B r(n) '

Using Lemma 1.14 to calculate the ranks of the components of g1, we get

)+ (1 =W[r(n) —t(n)]

B r(n)

Alr(n) — t(m)]+ (1 — At (n)
r(n) ‘

t(q;) : (1-11)

t(gn) =1—-1(qy) = (1-12)
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It follows from Lemmas 1.10 and 1.14 that d;(b,) < 7(g,). Using this at the first step, and (1-11)
and (1-12) at the second step, we get

de(bp) _ T(gn) _ AMr(n) —tm)]+ 1A —Mt®)
t(gy) ~ tlgy) A+ (1 =)[rm) —tm)]

So
T(e) —d: (by) - (A+p(1=2)N; — A[r(n) —t(n)]+ (1 — 1)t (n))

(g At(n) + (I =M)[rn) —t(n)]

The last expression is a fractional linear function in A and is defined for all values of A in the interval

[0, 1]. Any such function is monotone on [0, 1]. In the following calculations, we recall from Lemma 1.4
that w < t(n)/r(n) < 2w. If we set A = 1 and use (1-8), the value we obtain is

Ni/r(n) — (1 —t(n)/r(n)) - (I-w+2pw)—(1-w)
t(n)/r(n) 2w =f

If we set A =0, we get, using (1-8) at the first step and p > 1 at the last step,

pNi/r(n) —t(m)/r(n) — p(l —w+2pw) —2w _p+202w—2w

> —_ > p.
1—t(n)/r(n) 1l—w l—w
Therefore
d:(Uon(e))  de(b)
n - T
dr(q—) d:(q-)
for all traces 7 on C, so rc(¢g-Cqg™) > p, as required. (I

We now turn to the issue of finding upper bounds on the radius of comparison. For this, we appeal to
results from [Niu 2014]. Niu [2014, Definition 3.6] introduced a notion of mean dimension for a diagonal
AH-system. Suppose we are given a direct system of homogeneous algebras of the form

An = C(Kn,l) ® Mj,,y, ® C(Knl) &® Mj,l‘z D---b C(Kn,m(n)) ® Mj,,‘m(,,)»

in which each of the spaces involved is a connected finite CW complex, and the connecting maps are
unital diagonal maps. Let y denote the mean dimension of this system, in the sense of Niu. It follows
trivially from [Niu 2014, Definition 3.6] that

) dim(K,,;)
y < lim max({,—’ ‘l: 1,2,...,m(n)}).

n—oo ]l’l,l

Theorem 6.2 of [Niu 2014] states that if A is the direct limit of a system as above, and A is simple, then
rc(A) < y /2. Since the system we are considering here is of this type, Niu’s theorem applies. With that
at hand, we can derive an upper bound for the radius of comparison of the complementary corner.

Lemma 1.16. Under the same assumptions as in Lemma 1.15, we have

Ca) <
re(qCq) = T~
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Proof. The algebra C is simple by Lemma 1.7, so gCq is also simple. This fact and Lemma 1.14 allow
us to apply the discussion above, getting

i
—> 00

1 dim(X,)  dim(Y,)
rc(gCq) < = lim max ) .
2n rank(gn|x,) rank(gly,)

As dim(Y},) =1 for all n, the second term converges to 0. As for the first term, by Construction 1.6(14), we
have dim(X,,) =2s(n)+1. Also, rank(g,|x,) =r(n)—t(n) by Lemma 1.14. Thus, by Construction 1.1(1)
and Lemma 1.4, and using d(n) — oo (which follows from Construction 1.1(4)) at the last step,
dim(X,) . 2s(n)+1 . 2r(n) +1 2
im ———— = lim ———— < lim < .
n—oorank(q,|x,) n—oor(m)—tn)  n—oor(n)—tn) — 1-2w

This gives us the required estimate. (]

Lemma 1.17. Let the assumptions and notation be as in Notation 1.13, Construction 1.6(14), and
Construction 1.6(15). If e € C is a projection which has the same Ko-class as q then e is unitarily
equivalent to q. The same holds with q* in place of q.

Proof. This can be seen directly from the construction. For each n € Z-, since X, and Y,, are contractible
(Constructions 1.6(14) and (15)), if e € M (C,) is a projection which has the same Ky-class as ¢, then e
is actually unitarily equivalent to g,,. The same holds for g;-. It follows that this is the case in C as well. [J

We point out that this lemma can also be deduced using cancellation. By [Elliott et al. 2009, The-
orem 4.1], simple unital AH algebras which arise from AH systems with diagonal maps have stable
rank 1. Rieffel has shown that C*-algebras with stable rank 1 have cancellation; see [Blackadar 1998,
Theorem 6.5.1].

2. The tracial state space

For a compact Hausdorff space X, we will need all of C(X, R) (the space of real-valued continuous
functions on X), the tracial state space of C(X) (and of C(X, M,,)), and the space of affine functions on
the tracial state space. This last space is an order unit space, and much of our work will be done there.

For later reference, we recall some of the definitions, and then describe how to move between these
spaces. We begin with the definition of an order unit space from the discussion before Proposition I1.1.3
of [Alfsen 1971]. We suppress the order unit in our notation, since (except in several abstract results) our
order unit spaces will always be sets of affine continuous functions on compact convex sets with order
unit the constant function 1.

Definition 2.1. An order unit space V is a partially ordered real Banach space (see page 1 of [Goodearl
1986] for the axioms of a partially ordered real vector space) which is Archimedean (if v € V and
{Av | A € (0, 00)} has an upper bound, then v <0), with a distinguished element e € V which is an order unit
(that is, for every v € V there is A € (0, 0o0) such that —Le < v < Ae), and such that the norm on V satisfies

vl = inf({A € (0, 00) | —Ae < v < Ae})
forallv e V.
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The morphisms of order unit spaces are the positive linear maps which preserve the order units.

The morphisms of compact convex sets (compact convex subsets of locally convex topological vector
spaces) are just the continuous affine maps.

Definition 2.2. If K is a compact convex set, we denote by Aff(K') the order unit space of continuous
affine functions f : K — R, with the supremum norm and with order unit the constant function 1.

If K and L are compact convex sets and A : K — L is continuous and affine, we let 1* : Aff(L) — Aff(K)
be the positive linear order unit preserving map given by A*(f) = f o A for f € Aff(L).

This definition makes K +— Aff(K) a functor.

Definition 2.3. If V is an order unit space with order unit e, we denote by S(V) (or S(V, e) if e is not
understood) its state space (the order unit space morphisms to (R, 1)), which is a compact convex set
with the weak* topology.

If W is another order unit space and ¢ : V — W is positive, linear, and order unit preserving, we let
S(p) : S(W) — S(V) be the continuous affine map given by S(¢)(w) = w o ¢ for w € S(W).

This definition makes V +— S(V) a functor.

Theorem 2.4 [Goodearl 1986, Theorem 7.1]. There is a natural isomorphism S(Aff(K)) = K for compact
convex sets K, given by sending x € K to the evaluation map ev, : Aff(K) — R defined by ev,(f) = f(x)
Jor f € Aff(K).

Definition 2.5. For a unital C*-algebra A, we denote its tracial state space by T(A). If A and B are unital
C*-algebras and ¢ : A — B is a unital homomorphism, we let T(¢p) : T(B) — T(A) be the continuous
affine map given by T(¢)(t) = 1 o ¢ for T € T(B). We let ¢ : Aff(T(A)) — Aff(T(B)) be the positive
order unit preserving map given by ¢(f) = f o T(¢) for f € Aff(T(A)). (Thus, ¢ = T(¢)*.)

Lemma 2.6. Let X be a compact Hausdorff space. Then C(X,R), with the supremum norm and
distinguished element the constant function 1, is a complete order unit space. Restriction of tracial states
on C(X) is an affine homeomorphism from T(C (X)) to S(C(X, R)). The map from X to S(C(X, R))
which sends x € X to the point evaluation ev, : C(X, R) — R is a homeomorphism onto its image, and
the map Ry : Aff(S(C(X, R))) - C(X, R), given by Rx(f)(x) = f(evy) for f € Aff(S(C (X, R))) and
x € X, is an isomorphism of order unit spaces.

If Y is another compact Hausdorff space, then the function which sends a positive linear order unit
preserving map Q : C(X,R) - C(Y, R) to S(Q) : S(C(Y, R)) — S(C(X, R)), as in Definition 2.3, is a
bijection to the continuous affine maps from S(C (Y, R)) to S(C (X, R)). Its inverse is the map E given as
follows. For a continuous affine map X : S(C(Y, R)) — S(C(X, R)), using the notation of Definition 2.2,
define EQ.) : C(X,R) > C(Y,R) by E(A\) = Ryo)A*o R)_(l.

A positive linear order unit preserving map from C(X, R) to C(Y, R) is called a Markov operator.

Proof of Lemma 2.6. It is immediate that C(X, R) is a complete order unit space. The identification of
S(C(X, R)) is also immediate. The fact that Ry is bijective follows from [Goodearl 1986, Corollary 11.20]
using the identification of X with the extreme points of S(C (X, R)).



726 ILAN HIRSHBERG AND N. CHRISTOPHER PHILLIPS

For the second paragraph, it is immediate that S sends positive linear order unit preserving maps to
continuous affine maps, and that E does the reverse. For the rest, we must show that So E and E o S are
the identity maps on the appropriate sets.

We first claim that for g € Aff(S(C (X, R))) and p € S(C(X, R)) we have

g(p) = p(Rx(g)). 2-1

This formula is true by definition when p = ev, for some x € X. Since, for fixed g, both sides of (2-1)
are continuous affine functions of p, and since S(C(X, R)) is the closed convex hull of {ev, | x € X}, the
claim follows.
We next claim that if A : S(C(Y, R)) — S(C(X, R)) is continuous and affine, w € S(C (Y, R)), and
g € Aff(S(C(X, R))), then
(wo Ry)(gor) = (Aw)o Rx)(g). (2-2)

To prove this claim, for the same reasons as in the proof of the first claim, it suffices to prove this when
there is y € Y such that @ = ev,. In this case, using the definition of Ry at the second step, and the
previous claim with p = A(evy) at the third step,

(evyo Ry)(goX) = Ry(goAr)(y) = (gor)(evy) = (A(evy) o Rx)(g),
as desired.
Now let 1 : S(C(Y,R)) — S(C(X, R)) be continuous and affine; we prove that S(E(A)) = A. Let
we S(C(X,R)) and let f € C(Y, R). Working through the definitions gives

S(EQ))(@)(f) = (@o Ry)(Ry' (f) o).

By (2-2) with g = R;(l (f), the right-hand side is A(w)(f), as desired.
Finally, let Q : C(X,R) — C(Y, R) be a positive linear order unit preserving map; we show that
E(S(Q)) = 0. Let f € C(X,R) and let y € Y. Working through the definitions gives

ESO) () =Ry (f)evyo Q).

Applying (2-1) with g = R;l (f) and p=ev,0Q, we see that the right-hand side is (ev, 0 Q) (f) = Q(f)(¥).
This proves that E(S(Q)) = Q, and the proof is complete. O

Direct limits of direct systems of order unit spaces are constructed at the beginning of Section 3 of
[Thomsen 1994], including Lemma 3.1 there.

Proposition 2.7. Let ((Dy)n=0.1.2...., (©n.m)o<m<n) be a direct system of unital C*-algebras and unital
homomorphisms. Set D = lim, D,. Then there are a natural homeomorphism

T(D) — lim T(D,)

and a natural isomorphism
Aff(T(D)) — lim Aff(T(D,))
n

of order unit spaces.
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Proof. The first part is Lemma 3.3 of [Thomsen 1994].
The second part is Lemma 3.2 of [Thomsen 1994], combined with the fact (Theorem 2.4) that the state
space of Aff(K) is naturally identified with K. O

Definition 2.8. Let V and W be order unit spaces, with order units e € V and f € W. We define the
direct sum V @& W to be the vector space direct sum V @ W as a real vector space, with the order
(v1, wy) < (v, wy) for vy, vy € V and wy, wy € W if and only if v; < vp and w; < w,, with the order
unit (e, f), and the norm ||(v, w)| = max(||v||, ||wl]|).

Lemma 2.9. Let V and W be order unit spaces. Then V & W as in Definition 2.8 is an order unit space,
which is complete if V and W are.

Proof. The proof is straightforward. O

Lemma 2.10. Let A and B be unital C*-algebras. Then, taking the direct sum on the right to be as in
Definition 2.8, there is an isomorphism

Aff(T(A @ B)) = Aff(T(A)) & Aff(T(B)),

given as follows. Identify T(A) with a subset of T(A @& B) by, for t € T(A), defining i(t)(a,b) =
t(a) for all a € A and b € B, and similarly identify T(B) with a subset of T(A & B). Then the map
Aff(T(A @ B)) — Aff(T(A)) @ Aff(T(B)) is f — (flray. flrs))-

Proof. It is clear that if f € Aff(T(A @ B)), then f|r) € Aff(T(A)) and f|r) € Aff(T(B)), and
moreover that the map of the lemma is linear, positive, and preserves the order units. One easily checks
that every tracial state on A @ B is a convex combination of tracial states on A and B, from which it
follows that if f|T(A) =0and f|T(B) =0 then f =0.

It remains to prove that the map of the lemma is surjective. Let g € Aff(T(A)) and h € Aff(T(B)).
Define f: T(A® B) — R by, for t € T(A® B),

f(@) =7(1,0)g(x(1,0)""7[4) +7(0, Dg(z (0, 1) 'z|p)

(taking the first summand to be zero if 7(1, 0) = 0 and the second summand to be zero if 7(0, 1) = 0).
Straightforward but somewhat tedious calculations show that f is weak* continuous and affine, and

clearly f|t) =g and flr) =h. -

The following result generalizes Lemma 3.4 of [Thomsen 1994]. It still isn’t the most general Elliott
approximate intertwining result for order unit spaces, because we assume that the underlying order unit
spaces of the two direct systems are the same. The main effect of this assumption is to simplify the notation.

Proposition 2.11. Let (V,,)m=0.1.2.... be a sequence of separable complete order unit spaces, and let
(Vi) m=0.12..... (@n.m)o<m=<n) and ((Vim)m=0,1,2,..., (@;,m)()gmgn)

be two direct systems of order unit spaces, using the same spaces, and with maps ¢n m, @y * Vin = Va
which are linear, positive, and preserve the order units. Let V and V' be the direct limits

V= h_r>n((vm)m:0,l,2,...a ((pn,m)Ofmfn) and V' = h_I)n((Vm)mZO,l,Z,...a (gp;;,m)0§m§n)’
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with corresponding maps
Yoo :Vu =V and ¢, :V,—> V'

forn € Zso. Forn € Zq further let
v(()"), vf"), ...eV,

be a dense sequence in the closed unit ball of V,,, and define F,, C V, to be the finite set
n
Fy=JUpnm@{"):0 <k <n}U{g} @) :0 <k <n)].
m=0
Suppose that there are 8y, 81, . .. € (0, 00) such that
o0
Y u<o0 (2-3)
n=0

and for all n € Z>o and all v € F,, we have

”(anrl,n(v) - <.0,/1+1,n(v)|| < 8n

Then there is a unique isomorphism p : V. — V' such that for allm € Z and all v € V,, we have

P (Poom(v)) = Tim (¢, , 0 @nm) (V).
Its inverse is determined by

P @hom @) = M (Gocn 09}, ,) (V)
form e Zsyand v € V.

Proof. We first claim that for m € Z> and v € F,, the sequence (((pgo,n 0 On.m)(V))n>m 1s a Cauchy
sequence in V'. For n > m, we estimate, using [l¢, artll = 1 vl < 1, and ¢, (v) € F), at the last step:

l ((p/oo,nJrl OPn+1, m) (V) — ((p/oo,n O(pn,m)(v) =1 (galoo,n+1 OUn+1,n O(/)n,m)(v) - ((p/oo,nJrl O(p;;Jrl, nogan,m)(v) I
< N0k nst M @nt1,n@nm ) =@ s 1 (@um O] < 8.

The claim now follows from (2-3).

Next, we claim that for m € Z>¢ and k € Z., the sequence ((%o,n o gpn,m)(v,((m)))nzm is a Cauchy
sequence in V. Indeed, taking my = max(m, k), this follows from the previous claim and the fact that
gomo,m(v,(cm)) € Fp,-

Now we claim that for m € Z>( and v € V,,,, the sequence (((péo’n 0 @n.m)(V))n=m is a Cauchy sequence
in V’. Without loss of generality ||v|| < 1. This claim follows from a standard &/3 argument: to show that

l ((p:)o,n, © @ny.m) (V) — (@éo,nz o Yn,m)W) <&

for all sufficiently large n; and n;, choose k € Z. ¢ such that ||v — v,ﬁm)

| < &/3, and use the previous
claim.

Since V' is complete, it follows that limy,—, oo (¢4, ,, © ¥n.m) (v) exists for all m € Z>o and v € V. Since
||<péo’n o@n.m|l <1 whenever m, n € Z> satisfy m < n, it follows that for m € Z. ¢ there is a unique bounded

linear map p,, : Vi, — V' such that || o, || < 1 and pp, (v) = lim, 00 (@), © @n.m)(v) for all v € V.
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It is clear from the construction that p, o, ,, = p, Whenever m, n € Z( satisfy m <n. By the universal
property of the direct limit, there is a unique bounded linear map p : V. — V' such that p o 9o n = P
for all m € Z>. It is clearly contractive, order preserving, order unit preserving, and uniquely determined
as in the statement of the proposition.

The same argument shows that there is a unique contractive linear map A : V' — V determined in the
analogous way. For all m € Z-(, we have

A0 PO Poom =AhOPL 1 = Poc,m>
so the universal property of the direct limit implies A o p = idy. Similarly p o A =idy-. U

Proposition 2.12. The isomorphism of Proposition 2.11 has the following naturality property. Let the
notation be as there, and suppose that, in addition, we are given separable complete order unit spaces W,
forn € Z>y, direct systems

((Wm)m:0,1,2,...v (wn,m)OSmSn) and ((Wm)m:0,1,2,...9 (wr/;,m)ogmfn)

using the same spaces, with positive linear order unit preserving maps, with direct limits W and W', and
with corresponding maps

Voo : Wop— W and Y., ,:W,— W
forn € Zq. Also suppose that for n € Z . there is a sequence
w(()"), wi"), ...eW,
which is dense in the closed unit ball of W, and that there is a sequence (€,)n=0.1.2,... in (0, 00) such that

ZZO:() &, < oo and, with

Gu = JlWum@{™) 10 <k <n}U{y,,, (™) |0 <k <n}],

m=0

foralln € Z>o and all w € G, we have

1Vt 0 (W) = Yy (W < e

Let o : W — W’ be the isomorphism of Proposition 2.11. Suppose further that we have positive linear
order unit preserving maps fin, (b, : V,, = W, for n € Z= such that

/

/ / /
I’Ln o(pn,m = wn,m o I'Lm and Il’Ln © (pn,m = n,m ol‘l’m

forallm,n e Zsowithm <n. Let ;u: V. — W and u' : V' — W' be the induced maps of the direct limits.
Then (/' o p =0 o .

Proof. By construction, p : V — V' and o : W — W’ are determined by

P (@0 () = Hm (¢l @nm) () (2-4)
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form e Zsp and v € V,,;, and
& (Yoon (W) = M (Y., © Yinm) (W) (2-5)

form € Z>o and w € W,,. Using (2-4) at the first step and (2-5) at the last step, for m € Z>p and v € V),
we therefore have

(1 0 0)(Poom (V) = ' im (@, , 0 Pnm) (V) = Tim (' 0@l © Pn.m) (V)

= lim (K/féo,n O Ynm 0 Um)(V) = (00 M)((poo,m(v))

n—oo
Since | Jy_o @oo,m (Vi) is dense in V, the result follows. ]

Proposition 2.14 below can essentially be extracted from the proof of Lemma 3.7 of [Thomsen 1994].
We give here a precise formulation which is needed for our purposes. The difference between our
formulation and that of [Thomsen 1994] is that we need more control over the matrix sizes in the
construction. In the argument, the following result substitutes for Lemma 3.6 there.

Lemma 2.13 (based on [Thomsen 1994]). Let X and Y be compact Hausdorff spaces, with X path
connected. Let A : T(C(Y)) — T(C(X)) be affine and continuous. Let E(X) : C(X,R) = C(Y, R) be as
in Lemma 2.6. Then for every ¢ > 0 and every finite set F C C (X, R) there exists Ny € Z~¢ such that for
every N € Z-q with N > Ny there are continuous functions g1, g2, ..., gn : ¥ — X such that for every
f € F we have

<é.
e8]

N
“E(/\)(f) — Y fog;
j=1

Proof. 1t suffices to prove the result under the additional assumption that || f|| <1 for all f € F.
Let ¢ > 0. Since E(A) is a Markov operator, Theorem 2.1 of [Thomsen 1994] provides n € Z..¢, unital
homomorphisms {1, ¥, ..., ¥, : C(X) > C(Y), and o1, o, . .., &, € [0, 1] with Z?:l o; = 1 such that

HE(/\)(f) - Zazmew <3

=1
for all f € F. Note that if B, B2, ..., B, €0, 1] satisfy > ;_, loy — 1| < &/2 then
HE(A)(f)—Zﬂn/fz(f)H <e
=1 00

for all f € F. Choose Ny € Z-g such that Ng > 4n/e. Let N € Z~ satisfy N > Ny. Forl=1,2,...,n—1
choose B; € (¢ —1/N, y]N(1/N)Z, and set 8, =1 — ;’:_11 Bi. Then

n n
1
Br.Br. ... Bu € 520, ;ﬁz=1, and ;Ial—ﬁll<%-

Setm; = Np;forl=1,2,...,n. Then for all f € F we have

EM(H - me(f)‘
=1

<é.
]
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Now forl =1,2,...,nlet h; : Y — X be the continuous function such that y;(f) = f o h; for all
feC(X),and for j =1,2,..., N define g; = h; when

-1 i
ka <j=< ka.
k=1 k=1
Then
1 < | —
5 2mvi) =5 fog;
=1 j=1
for all f € C(X). (]

Proposition 2.14. Let K be a metrizable Choquet simplex, and let (I(n)),=0.1.2,... be a sequence of integers
such thatl(n)>2 foralln>0. ForneZ>qsetr(n)= 1_['1;1 [(j). Then there existng<nj <npy <---€Z>,
withng =0 and n| = 1, and a direct system

C ([0, 11) ® My(ug) =2 C([0, 11) ® My n) 25 C([0, 11) © My () 22> -

with injective maps which are diagonal (in the sense analogous to Construction 1.1(9)) and such that the
direct limit A satisfies T(A) = K.

It is easy to arrange that the algebra A in this proposition be simple: by Proposition 2.11, replacement
of a small enough fraction of the maps g ; in the proof with suitable point evaluations does not change
the tracial state space. However, doing so at this stage does not help with later work.

The conditions np = 0 and n; = 1 are needed because we will later need to pass to a corresponding
subsystem of a system as in Construction 1.1 (more accurately, Construction 3.3 below), and we want to
avoid later complexity of the argument by preserving the value of w.

Proof of Proposition 2.14. We mostly follow the proof of Lemma 3.7 of [Thomsen 1994], using
Lemma 2.13 in place of Lemma 3.6 of [Thomsen 1994], and slightly changing the order of the steps to
accommodate the difference between our conclusion and that of Theorem 3.9 of [Thomsen 1994]. For
convenience, we will use Proposition 2.11 in place of Lemma 3.4 of [Thomsen 1994].

For convenience of notation, and following [Thomsen 1994], set P = T(C ([0, 1])). Lemma 3.8 of

[Thomsen 1994] provides an inverse system ((Py)i=0,1,..., (Aji)o<j<k) With continuous affine maps
Ajk : Pr — Pj such that P, = P for all k € Z>( and
Im((Po)r=0.1,... (Ajx)o<j<k) =K. (2-6)

Choose fy, fi1,...€ C([0, 1], R) such that { fy, fi1, ...} is dense in C([0, 1], R).
We now construct numbers ny € Z. for k € Z>, finite subsets F C C([0, 1], R) for k € Z>, positive
unital linear maps Y1« : C([0, 1], R) = C([0, 1], R) for k € Z-, and continuous functions

8k, 1> 8k,2» -+ - » &k, r(mesn)/r(np) - [0, 11— [0, 1]
such that the following conditions are satisfied:

(1) Fo=1{fo} and for k € Z>,,

Frpr = FrU{fir 1} U EQu k) (B U{ fre1 D) Ui o (Fe U { fi1 D)
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(2) no=0, ny =1, and np =2, and for k € Z.¢ with k > 2 we have ny| > ng and r(ngy1)/r(ng) > 2k,

(3) Fork € Z->p and f € C([0, 1], R),
r(ng+1)/r(ng)
r(ng)

fogki
r(ngy1) ;

@) NE Gk 1+ () = Y1, k() <27 fork > 2 and f € Fy.

We carry out the construction by induction on k. Define Fy = { fo}, no =0, and n; = 1. Take go; :
[0, 1] — [0, 1] to be the identity map for/ =1, 2, ..., r(1). Then define ¥r; ¢ by (3) and define F; by (1).
Now suppose k£ > 1 and we have Fj and ny; we construct

Vi1, 1 (f) =

Frit, Mgty ks 82 -5 8k, r(mgs)/rng)>  and Yy .

Apply Lemma 2.13 with A = Ay 41, wWith € = 27k and with F = F}, obtaining Ny € Z-o. Choose

ng+1 > ng and so large that
r(ngs1)

r(ng
This gives (2). Apply the conclusion of Lemma 2.13 with N = r(ng41)/r(ng), calling the resulting
functions g 1, gk,2» - - - » &, r(ner1)/r(ne)- Lhen define Y11« by (3). This gives (4). Finally, define Fj4
by (1). This completes the induction.
For j, k € Z>¢ with j <k, define ¥ ; : C([0, 1], R) — C([0, 1], R) by

> max(Ng, 2k).

Vk,j = Yk k=10 Yk—1,k—20 - 0Yjt1 j.

An induction argument shows that for j, k € Z>¢ with j <k, we have

Ej)(fj) € Fr and Yy j(fj) € Fy.

This condition, together with Proposition 2.11, allows us to conclude that, as order unit spaces, we have

lim((C ([0, 1], R))k=o0.1...., (E(Xj1))o<j<k) =Hm((C([0, 1], R))k=0.1..... (V. j)o<j<k)- (2-7)
For k € Z( define
i1,k C(0, 11, Myyy) — C((0, 1], Myny1)) = Mrngyn)/rn) (CU0, 11, My (41)))
by
ok+1,k(f) =diag(f o g1, fogk2s - v [ O&k rtnsn)/ring)

for f € C([0, 1], M,(,,)). Let A be the resulting direct limit C*-algebra.
It is easy to check, and is stated as Lemma 3.5 of [Thomsen 1994], that m = Yk+1.x- Letting V
and W be the order unit spaces

V =1Lm((C([0, 1], R)k=0.1...., (E(Xjx))o<j<k),
W =1im((C ([0, 11, R))x=0.1..... (@ ;)o<j<k)

(2-7) now says V = W. Lemma 3.2 of [Thomsen 1994] and (2-6) imply that V = Aff(K). Proposition 2.7
implies that Aff(T'(A)) = W. So Aff(T (A)) = Aff(K), whence T (A) = K by Theorem 2.4. [l
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Proposition 2.15. Let (Dy)n=0.1.2.... and (Cy)n=0.1.2.... be sequences of unital C*-algebras. Let

((Dn)n:0,1,2,...a ((pn,m)Ofmfn)a ((Dn)n:O,l,Z,...v ((p;l,m)05m§n)v
((Cn)n:0,1,2,...s (wn,m)OSmSn)a ((Cn)n:O,l,Z,...a (wy/,,m)OSmSn)

be direct systems with unital homomorphisms, and call the direct limits (in order) D, D', C, and C'.
Suppose further that we have unital homomorphisms (,, i), : Dy, — C, for n € Zs such that

/

’ ’ /
Mn ©Pnm = 1pn,m oy and Ky OPyum = VYum©Mm

forallm,n € Z-gwithm <n. Let u: D — C and ' : D' — C' be the induced maps of the direct limits.
Assume that for all m € Z>o we have

o0 x
> G = Pyl <00 and D [ Vnm — ¥yl < 0.

n=m n=m

Then there exist isomorphisms
p : Aff(T(D)) — Aff(T(D')) and o : Aff(T(C)) — Aff(T(C"))

such that ,1? o p =0 ofi. Moreover, if C,, = Dy, foralln € Z=y and Yy = @n.m and w,;m = @n.m for all
m and n, then we can take o = p.

Proof. We can apply Propositions 2.11 and 2.12 using arbitrary countable dense subsets of the closed
unit balls of Aff(T(D,)) and Aff(T(C,)) for n € Z-o. Under the hypotheses of the last statement, the
uniqueness statement in Proposition 2.11 implies that o = p. O

Lemma 2.16. Adopt the notation of Construction 1.1, including (11) (a second set of maps), and (9)
and (13) (diagonal maps, agreeing in the coordinates 1,2, ...,d(n + 1)). Then

w10~ Cnston S It D+kntD

IIF
foralln € Z>y.

Proof. For a compact metrizable space Z, let M (Z) be the real Banach space consisting of all signed Borel
measures on Z. (That is, M (Z) is the dual space of C(Z, R).) Identify Z with the set of point masses
in M(Z). For n € Z>, we can identify T(C,) with the weak* compact convex subset of M (X, L1 Y,,)
consisting of probability measures. Thus X, LI Y, C T(C,). For every function f € Aff(T(C,)), the
function ¢, () (z) = f(2) - 1m,, forz € X, U Y, isin C(X,, U Y,, M) = Cy; and t(1,(f)) = f(7) for
allt € X, 1Y, C T(C,), hence also all T € T(C,) by linearity and continuity.

For f € Aff(T(C,)) and t € T(C,+1), we can apply the formula in Construction 1.1(9) to ¢, (f) and
apply t to everything, to get

I(n+1) I(n+1)
-0 0s©® 5 _ o
L (DO = 102 ; T(feS,) and Tuna (@) = o ; T(f 0 Su.1)-
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Using (13), we get

I(n+1)
~(0) . _ ONE
T (@ = Farta(H@)] = TrFsy k:d(;w[r(f 08,1 —T(f 0 Su1)]
In+1)—dn+1)
< TCESN) CllfNloo)-
The conclusion follows. O

We add additional parts to Constructions 1.1 and 1.6.

Construction 2.17. Adopt the assumptions and notation of all parts of Construction 1.1 (except (13)),
and in addition make the following assumptions and definitions:

(20) For all m € Z, the maps s© Sm,j Xmg1 WYy — X, 1Y), satisfy

m ]’
SO (X)) C Xy and SO (Y1) C Yy
for j=1,2,...,1(m),
Sm,j(Xms1) CXp and Sy j(Yig1) C Y
for j=1,2,...,d(m), and
S, j(Xmt1) CYm and Sy j(Yms1) C X

for j =d(m)+1, dim)+2, ..., [(m).
(21) Form € Z>, define D, = M, () ® M, ). Define ¢m+1 ms Pm+1,m: Dm—> Diy1 by, fora, b e M, ),

o (@, b) = (diag(a, a, ..., a), diag(b, b, ..., b)),
Ym+1.m(a, b) = (diag(a,a,...,a,b,b, ..., b), diag(b,b,...,b,a,a,...,a)),
in which a occurs d(m) times in the first entry in the second line on the right and k(m) times in the second

entry, while b occurs k(m) times in the first entry and d(m) times in the second entry. For m,n € Z>¢
with m < n, define

Onm = Pnn—1°9Pn—1,n-29"""OQput1m - Dm - Dn»
and define (p,(,(,)ﬂ,, : D, — D, similarly. Define AF algebras by

D =1lim(Dp, ¢mi1,m) and DO =1im(Dy, ), ),

m m

and form € Z-¢ let 9oo 1 : Dy — D and (pég),m :D,;, = DO be the maps associated to these direct limits.

(22) For m € 7>y, define w,, : D,, = C,, as follows. For a,b € M, let f € C(X,,, My(n)) and
g € C(Y;n, M, () be the constant functions with values a and b. Then set w,,(a, b) = (f, g). Further,
following Lemma 2.18(2) below, let i : D — C and 1@ : D© — C© be the direct limits of the maps fi,,.
(23) For m € Z>y, define 6,, : D,, — D,, by 0,,(a, b) = (b, a) for a,b € M,(;. Further, following
Lemma 2.18(3) below, let 6 € Aut(D) and 6@ € Aut(D®) be the direct limits of the maps 6y,.
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Lemma 2.18. Under the assumptions of Constructions 1.1 (except (13)), 1.6, and 2.17, the following hold:

(1) The direct system ((C,(ZO))n:o,l,gw, (r,ﬁ‘?),,)oimin) is the direct sum of two direct systems

(€ Xy Mrm))n=0.12,.. Ty 1C (Ko, My0))0=mzn),

(C Xy My))n=0.1.2.... (Cyn1CCHo, Mymy))0m=n):
and C© is isomorphic to the direct sum of the direct limits A and B of these systems.
(2) Forallm,n € Z>o withm <n,

Fr(t(,)I)n OUm = MUn© QD;S(,)r)n and Fn,m OUm = Un O Pn,m-

Moreover, the maps i, induce unital homomorphisms 1@ : D© — C© and . D — C, and for all
m e Zz(),

PO omm=n®opQ,  and Tomom =10 @oom.

(3) Forallm,n € Z>o withm <n,

§0r(z(,)1)n 00n =06,0 QD;(z(,);)n and ©On,m © Om =06y 0 Pn,m-

The maps 6,, induce automorphisms 6 : D — D and 6 : D© — DO sych that

Poo,m © Op =00 Doo,m and (p(O) o0y = 9(0) o (pcgg),m

oo, m

forallm € Zxy.

4) Forallm e Z>y, (tm)« : Ku(Dy) = K (Cy) is an isomorphism, and

fi i Ko(D) > K (C) and (1), : K. (D) > K, (C?)
are isomorphisms.

Proof. The fact that all the maps in (4) are isomorphisms on K-theory comes from the assumption that
the spaces X, and Y, are contractible ((14) and (15) in Construction 1.6). Everything else is essentially
immediate from the constructions. O

3. The main theorem

We now have the ingredients to deduce the main theorem of this paper, Theorem 3.2.

To state the theorem, we first need to define automorphisms of Elliott invariants, so we need a category
in which they lie. For convenience, we restrict to unital C*-algebras, and we give a very basic list of
conditions.

Definition 3.1. An abstract unital Elliott invariant is a tuple G = (Go, (Go)+, & G1, K, p) in which
(Go, (Go)+, g) is a preordered abelian group with distinguished positive element g which is an order
unit, G is an abelian group, K is a Choquet simplex (possibly empty), and p : Gy — Aff(K) is an
order preserving group homomorphism such that p(g) is the constant function 1. (If K = &, we take
Aff(K) = {0}, and we take p to be the constant function with value 0.)
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If
0 0 0 1 1 1
G =(Gy. (Gy")+.80. GV K@ p ) and GV =Gy Gy )+ g™ GV KD, p M)

are abstract unital Elliott invariants, then a morphism from G to GV isa triple F = (Fy, F1, S) in
which Fj : G(()O) — G(()l) is a group homomorphism satisfying

0 1
Fo((Gyh+) C(Gg)+ and Fog®) =",
F1:G” - G\” is a group homomorphism, and S : K — K© is a continuous affine map satisfying

p M (Fo(m) =pP oS (3-1)
for all n € GE)O).
If
FO.69 56V and FO=(FP, FP, 506D - G

are morphisms of abstract unital Elliott invariants, then define
FO o pO — (Fél) o FéO), Fl(l) oFl(O), SO o 5y,

(Note: S© o SM not SM o SO
The Elliott invariant of a unital C*-algebra A is

Ell(A) = (Ko(A), Ko(A)4, [1], K1(A), T(A), pa),

in which py4 : Ko(A) — Aff(T(A)) is given by pa(n)(t) = 1.(n) for n € Ko(A) and T € T(A).

If A and B are unital C*-algebras and ¢ : A — B is a unital homomorphism, then we define ¢, :
Ell(A) — EIlI(B) to consist of the maps ¢, from Ky(A) to Ko(B) and from K (A) to K;(B), together
with the map T(¢) of Definition 2.5. We write it as (¢«.0, ¢«.1, T(¢)).

Definition 3.1 is enough to make the abstract unital Elliott invariants into a category such that EII( - ) is
a functor from unital C*-algebras and unital homomorphisms to abstract unital Elliott invariants.

Theorem 3.2. There exists a simple unital separable AH algebra C with stable rank 1 and with the
following property. There exists an automorphism F of EII(C) such that there is no automorphism o of
C satisfying a, = F. Moreover, the automorphism F in this example can be chosen so that F o F is the
identity morphism of EII(C).

We outline the proof. We make a first pass through Constructions 1.1 and 1.6, without the spaces Y,,, and
without specifying the point evaluation maps. This is Construction 3.3 below. We get a direct system; call
its direct limit C. Apply Proposition 2.14 using the sequence of matrix sizes in this system and K = T(C).
Doing so requires passing to a subsequence of the sequence of matrix sizes. Replace the original system
with the corresponding subsystem; Lemma 3.5 below justifies this. Then make a second pass through
Constructions 1.1 and 1.6, taking the spaces X,, and the maps between them from this subsystem and
the spaces Y, and the maps between them from the system gotten from Proposition 2.14, as needed
substituting appropriate point evaluations for the diagonal entries of the formulas for the maps. This
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requires sufficiently few changes that, by our work in Section 2, the tracial state space remains the same.
Therefore the algebra obtained from these constructions has an order two automorphism of its tracial state
space which corresponds to exchanging the two rows in the diagram (0-2). The constructions have been
designed so that there is also a corresponding automorphism of the K-theory. Our work in Section 1 rules
out the possibility of a corresponding automorphism of the algebra, because such an automorphism would
necessarily send a particular corner of the algebra to another one with a different radius of comparison.

We start with the following construction, which is “half” of Construction 1.1, and gives just the top
row of the diagram (0-1).

Construction 3.3. We will consider direct systems and their associated direct limits constructed as follows.

(1) The sequences (d(n)),=0.1.2,... and (k(n))y=0.1,2,... in Z>¢ are as in Construction 1.1(1) and satisfy
the condition of Construction 1.1(2). We further define (/(n)),=0.1.2..., #("))n=0.12..., (s(1))n=0.12....,
and (¢(n)),=0.1,2,... as in Construction 1.1(1).

(2) Following Constructions 1.1(3) and (4), we define

o0

= s(n) e k(1) _Z k(n)
n€Z>o r(n) k(1) +d(1)’ k(n)+d(n)

(These will not be used directly in connection with this direct system.)

(3) As in Construction 1.6(14), we define compact metric spaces by X, = cone((5?)*™) for n € Z~,,
and we define maps Qﬁ”) :Xnt1 > Xy forneZspand j=1,2,...,d(n+1) to be the cones over the
projection maps

(SZ)S(n-H) — ((SZ)s(n))d(n—H) — (SZ)s(n).

(4) We are given maps 8, : C(X,) = C(Xn+1, Mip+1)) (as in Construction 1.1(8), but with only one
summand) which are diagonal; that is, there are continuous maps
Tn,la Tn,29 ey Tn,l(n+1) : Xn+l - Xn
such that
8, (f) =diag(f o 1,1, fo T2, ..., fo Tn,l(n+l))
for f € C(X,). (Compare with Construction 1.1(9).) Moreover, T, ; = QE.") for j=1,2,...,d(n+1).
The maps T, ; are unspecified for j =d(n+1)+1,dn+1)+2, ..., I(n+1).

(5) Set A, = M, ® C(X,) (like in Construction 1.1(7) but with only one summand). Following
Construction 1.1(8), set
An—i—l,n == ier(,,) &® 8n : An — An—i—la

and for m, n € Z>o with m < n, take
An,m = An,n—l o An—l,n—2 O0---0 Am—&—l,m A, — Ay

(6) Define A =lim, A,, taken with respect to the maps A, . Forn € Z>, let A, : Ay — A be the
map associated with the direct limit.
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To avoid confusing notation, we isolate the following computation as a lemma.

Lemma 34. Letn € Z.yandletki, Kk, ..., Ky, 01,02, ...,8, € (0, 00). Then
K - [Tj=1 G +xp) —ITj=1 8
kR T [Ti=iGj+xp
Proof. For j =1,2,...,n define
P
b= 8]"}{/(]"

Then A; € (0, 1). Some calculation shows that the conclusion of the lemma becomes

D oajz1=[Ja-ap. (3-2)
j=1 j=1

We prove (3-2) by induction on n. For n =1 it is trivial. Suppose (3-2) is known for some value of 7.
Given A1, A2, ..., Apt1 € (0, 1), set w=1—(1 —A,)(1 —X,41). Then

nwe©,1) and pw=2xry+Apt1 —Andnt1 < Ap+ Apsr.

Applying the induction hypothesis on Ay, Ay, ..., A,—1, 4 at the second step, we then have
n+1 n—1 n—1 n+1
ZAJ- > Z/\j +pu>1-— []_[(1 —,\j)](l —w) =1 —]_[(1 — X))
j=1 j=1 j=1 =1
This completes the induction, and the proof of the lemma. ]

Lemma 3.5. Let a direct system as in Construction 3.3 be given, but using sequences (J (n))n=0.1.2...
and (l;(n))nzo,l,g,"_ in place of (d(n))n=0.1,2.... and (k(n))y=0.1,2.... Denote the additional sequences
analogous to those in Construction 3.3(1) by I, 7, and §. Denote the numbers analogous to those
in Construction 3.3(2) by K, @, and &@. Denote the spaces used in the system by X,. Letv :
Zso — Zsg be a strictly increasing function such that v(0) = 0 and v(1) = 1. Then the direct system
(C(?v(m), M5 m))))m=0,1,2,... is isomorphic to a system as in Construction 3.3, with the choices d(0) =1,
k(0) =0,

d(m) =dw(m — 1)+ 1)dwim —1)+2)---d(v(m)), (3-3)

k(m) =1m — 1) +DIwm —1)+2) - [(v(m)) — d(m) (3-4)
for m € Z-y. Moreover, following the notation of Construction 3.3,

I(m) =I(v(im — 1)+ DI(vm —1)+2) ---1(v(m)),
r(m)=r(w(m)), and s(m)=35(v(m))

(3-5)

form € Z~¢, and

~ ~ / ~/
K=k, w=ow, and o <.

Proof. Given the definitions of d and k, the proofs of the formulas for /, r, and s are easy.
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Using Lemma 1.2 at the first and fourth steps, we now get

L 5 ) s
= lim —= = lim = lim
n—00 r(n) m— 0o s(v(m)) m— 00 r(m)

=K.

We have w = @ because v(1) = 1.
Using Lemma 3.4 at the second step and (3-3), (3-4) and (3-5) at the third step, we have
v(m)

Sy k)
w = ==
n;j—v(mZI)Jrl k(j)+d(j)

> Z ]j)(n:))(m D+l d(J) + ié('])] _ 1_[1}(::)(”1_1)"'1 g(J) i k(m) a)/
Ty [ ) + K ()] £ k(m) +d(m)

Define X,, = fv(m) form € Zsy. Clearly X, = cone((S%)*™), as required. Denote the maps in the

system of the hypotheses by
Sn: C()?n) — C(§n+1, Mj, . 1) and An,m :Cp— Cp,

with 8, being built using maps

T-h,h fn,% cees fn,l(n+l) : yn~&—1 - ina
as in Construction 3.3(4). For p =v(m), vim)+1, ..., vim+1) — 1, set
: r(p) - - =
J(p) =< =Il(w(m)+ DIwim)+2)---1(p).
r(v(m))
Then define
89 C(Xum) = CXumt1)» Mins1))
by

8 = 1AMy ® Sum+1)=1 01111y ® Sum+)—20 - 0 Sy

o, Since j (v(m)) = 1.) With this deﬁnition, one checks that iy, ., ®3m =
A,,(m+1) v(m)» 50 that the direct system gotten using the maps (S ) in Construction 3.3 is a subsystem of

(In the last term we omit id

the system given in the hypotheses.

We claim that 8,(,?) is unitarily equivalent to amap 8,,: C (X,,) = C (Xu+1, Min+1)) asin Construction 3.3.
This will imply isomorphism of the direct systems, and Complete the proof of the lemma. First, &, O 4
given as in Construction 3.3 (4) using some maps from X v(m+1) to X v(m)» Namely all possible composmons

Totm), ivimy © Toom)+1, ivimys1 ©** © Tom+1) =1, iygniry-1»

withi,=1,2,..., l~(p+ 1) for p=v(m), vim)+1, ..., v(m+1)— 1. Moreover, since the composition
of projection maps is a projection map, restricting toi, =1,2, ..., d(p+1) for all p gives exactly all
the maps Qi.m)  Xmy1 > Xy for j=1,2,...,d(n+1). Therefore 5,(,?) is unitarily equivalent to a map
as in Construction 3.3 by a permutation matrix. U
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Proof of Theorem 3.2. Choose N € Z- such that
1 3
N >5 and exp(——) > =, (3-6)

(For example, N = 6 will work.) In Construction 1.1 (1) we make preliminary choices of the numbers d (1)
etc., calling them d(n) etc. Take d(0) = 1 and k(0) = 0, and take d(n) = N" and k(n) = 1 for n € Z-.
Then

n n
Imy=N"+1, Fmy=][(N/+1), and §m)=]]N’
j=1 j=1

for n € Z-o. We obtain numbers as in Construction 3.3(2) (equivalently, Constructions 1.1(3) and (4)),
which we call k¥, @, and @' Further, adopt the definitions and notation of Construction 3.3, except that we
use X, instead of X, and similarly throughout. That is, in Construction 3.3(3) we call the spaces X,
instead of X, the prO_]CCthIl maps Q( " in Construction 3. 3(4) we call the maps of algebras 8, and the
maps of spaces Tn,./ X ntl — X,,, in Construction 3.3(5) we call the algebras A and the maps An s
and in Construction 3.3(6) we call the direct limit A and the maps to it Aoo,n. As in Construction 3.3(4),
we take Tn = Q(") for j=1,2,. d (n+1). For n € Z>¢ choose an arbitrary point X, € )?n, and for
j= d(n +1)+1 let T,, ; be the constant function on Xn+1 with value x,,. (Note that d(n—l— D+1= l(n+ 1).)

We claim that the conditions in Constructions 1.1(3), 1.1(4), and 1.1(5) are satisfied, and moreover that

1 2k —1
- < -
1-2w 20

For n € Z- we have, using log(m + 1) —log(m) < 1/m at the third step,

O " | | . 1
o~ L i =on(3 v+ b tosvh) 2w (- 20 57) =)

j=1 j=1

So k = exp(—1/(N —1)) > % by (3-6). Furthermore,

3 1 1 PN |
w= < - and “):Z
N+1 4 j_zN/

o0

1 1
R D
I Z N T NN-D)

so the conditions @' < @ < % in Construction 1.1(4) and 2k — 1 > 2& in Construction 1.1(5) are satisfied.
Moreover,
I _N+1 _N41_ 1 2(3)—1<2,z—1
1-2& N-— 1 4 4@ 20 20

The claim is proved.

Apply Proposition 2.14 with K = T(A) and with [ (n) and 7(n) in place of /(n) and r(n), getting a
strictly increasing sequence, which we call (v(n)),=01.2,..., with v(j) = j for j =0, 1, an Al algebra By
(called A in Proposition 2.14) which is the direct limit of a unital system

C([0, 1) ® M, 0y —2> C ([0, 1) ® M, u(1)) —2 C ([0, 11) @ M, (v2)) —2> - -+,
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with injective diagonal maps o1, , given by

f}_> diag(fORn,h fORn,L ey fORn,r(vnH)/r(vn))

for continuous functions

Ry, Ru2s .oy Ry rws)y/romy = [0, 11— [0, 1],

and an isomorphism T(Bp) — T(A).

Apply Lemma 3.5 with this choice of v. Define the sequences (d(n)),—0.1,2,.. and (k(n)),=0.1.2,... as
in Lemma 3.5, and then make all the definitions in Constructions 1.1 and 1.6. (Some are also given in
the statement of Lemma 3.5.) Then, as in the proof of Lemma 3.5, X,, = X v(n)- We make the following
choices for the unspecified objects in these constructions. We choose points x, € X, and y, € [0, 1] for
n € Z> such that the conditions in Constructions 1.6(16) and (17) are satisfied. (It is easy to see that this
can be done.) Use these points in parts (b) and (d) of Construction 1.6(18). Take the maps

Rit, Ruo, ..., Ry am+1) - Yos1 = Yy

in part (c) of Construction 1.6(18) to be those from the application of Proposition 2.14 above. For
j=1,2,...,l(n+1), let S}'(l(,)3'|Xn+l : Xpn+1 — X, be the maps in the system obtained from Lemma 3.5,
and take S,g?;. ly, ., = Rn, j. The requirement S;(?} =S, jforj=1,2,...,d(n+1) in Construction 1.6(19)
is then satisfied, so that the condition in Construction 1.1(13) is also satisfied. Moreover, with these
choices, the conditions in Construction 2.17(20) are satisfied.

By Lemma 3.5, the numbers «, @, and o’ from Constructions 1.1(3) and (4) satisfy

Kk=k, w=d, and o <&.

Therefore k > %,

o <w< %, and 2x — 1 > 2w, as required in Constructions 1.1(3), (4), and (5); moreover
1 2k — 1

<
1—-2w 2w

(3-7)

The algebra C is simple by Lemma 1.7.
The algebras A and B of Lemma 2.18(1) are now A = Aand B= By, so C©, as in Construction 1.1(11),
is isomorphic to A® By. The isomorphism T(By) — T(A) gives an isomorphism {(50) T Aff(T(A)) —

Aff(T(B)). This provides an automorphism of Aff(T(A)) & Aff(T(B)), given by

(f, &)~ (@@, 2.

Let g(o) be the corresponding automorphism of Aff(T(A & B)) = Aff(T(C ) gotten using Lemma 2.10.
Clearly @ o0 ¢© is the identity map on Aff(T(C®)).

Adopt the notation of Construction 2.17: C and C© are as already described, D and D© are
the AF algebras from Construction 2.17(21), u : D — C and u© : DO — C© are the maps of
Construction 2.17(22) (which are isomorphisms on K-theory by Lemma 2.18(4)), and 6 € Aut(D) and
0 e Aut(D®) are as in Construction 2.17(23).
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Define E = lim, M, ), with respect to the maps a > diag(a, a, ..., a), with a repeated [(n) times.
The direct system defining D@ is the direct sum of two copies of the direct system just defined, so

DOY~E®E and Aff(T(D?)) = Aff(T(E ® E)).

Since E is a UHF algebra, we have Aff(T(E)) = R with the usual order and order unit 1. Using ldAff(T(E))
in place of g ) above, we we get an automorphlsm of Aff(T(D©®)). But this automorphism is just 90,
We claim that ¢© o 20 = 20 66O, To prove the claim, we work with

Aff(T(E)) ® Aff(T(E)) and Aff(T(A)) ® Aff(T(B))

in place of Aff(T(D®)) and Aff(T(C?)), but keep the same names for the maps.

Since u¥ : E@® E — A @ B is the direct sum of unital maps from the first summand to A and the
second summand to B, the map ,L:(\O) is similarly a direct sum of maps Aff(T(E)) — Aff(T(A)) and
Aff(T(E)) — Aff(T(B)). Let e and f be the order units of Aff(T(A)) and Aff(T(B)). The unique
positive order unit preserving maps Aff(T(E)) — Aff(T(A)) and Aff(T(E )) — Aff(T(B)) are o — «te
and B — Bf for «, B € R. Therefore /L(O) (o, B) = (e, Bf). Since { ) is order unit preserving, we have

& () = £, 50

(O tae., pf) = (Be. af) = n® (B, o) = (1 000) (@, ).
The claim follows.

Using conditions (4) and (13) in Construction 1.1, Lemma 2.16, and Proposition 2.15, we get isomor-

phisms
o : Aff(T(D?)) — Aff(T(D)) and o : Aff(T(C?)) — Aff(T(C))

such that top =00 /I(E). Define
n=po6®op! e Aut(AfF(T(D))) and ¢ =00c® oo™! € Aut(Af(T(C))).
A calculation now shows that the claim above implies

fopu=jpon. (3-8)
We also have { o ¢ = idAff(T(C)).

We want to apply Proposition 2.15 with D,, and ¢, ;, as in Construction 2.17(21), and go,(l(,),)n as there in
place of go;l m» S0 that D and DO are as already given, with C,, = D, for all n € Z>¢ and ¥,y = @
and i/ for all m and n, and with 6,,, 9(0) 6, and ) from Construction 2.17(23) in place of i,
w,, n, and p'. As before, this application is justified by conditions (4) and (13) in Construction 1.1, and

Lemma 2.16. The outcome is an isomorphism p’ : Aff(T(D©)) — AFf(T(D)) such that

nm_(pnm

0=p 0000 (). (3-9)

We claim that n = 6. The “right” way to do this is presumably to show that p’ = p above, but the
following argument is easier to write. We have

Aff(T(D)) = Aff(T(D?)) = R?
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with order (a, ) > 0 if and only if « > 0 and B > 0 and order unit (1, 1). Since the state space S(R?)
of R? with this order unit space structure is an interval, and automorphisms of order unit spaces preserve
the extreme points of the state space, there is only one possible action of a nontrivial automorphism of R?
on S(R?). Theorem 2.4 implies that R2 = Aff(S(R?)), so there is only one nontrivial automorphism of R2.
Since 6O is nontrivial, so is 6 by (3-9), and so is 1 by its definition. The claim follows.

The claim and (3-8) imply

o= jod. (3-10)

Passing to state spaces and applying Theorem 2.4, we get an affine homeomorphism H : T(C) — T(C)
such that {(f) = f o H for all f € Aff(T(C)), and moreover H o H = idy(c). By Lemma 2.18(4),
the expression (i, o0 0y o (1)~ is a well-defined automorphism of K, (C), of order 2. We claim that
F = (ux 00,0 (us)~ ", H) is an order two automorphism of Ell(C). We use the notation of Definition 3.1
for the Elliott invariant of a C*-algebra; in particular, pc and pp are not related to the maps p and p’
above. The only part needing work is the compatibility condition (3-1) in Definition 3.1, which amounts
to showing that

pCOM*Oe*O(N*)_l ={fopc.

To see this, we calculate, using at the second and last steps the notation of Definition 2.5 and the fact that
the morphisms of Elliott invariants defined by w and 6 satisfy (3-1) in Definition 3.1, and using (3-10) at
the third step,
topc=C¢opcopso(m) ' =co0foppo(u)!
=f0f0ppo(u)" =pcopiobsom),
as desired.

Thus, we have constructed an automorphism F of Ell(C) of order 2. It remains to show that F is not
induced by any automorphism of C.

Using (3-10) on the last components, one easily sees that F o j1, = . o 6,. Let ¢ and g+ be
as in Notation 1.13. In the construction of D as in Construction 2.17(21), set e = ¢x0,0((1,0)) and
et =1—e=0x0((0,1)). Then (e) = et, u(e) =q, and u(et) = g*. Therefore F([q]) = [g™].

Suppose now that there exists an automorphism « such that o, = F. Then [a(gq)] = [¢*]. By
Lemma 1.17, a(g) is unitarily equivalent to g. Let u be a unitary such that ua(q)u* = g+ Thus,
since a(gAq) = a(q)Aa(g) = u*qtAq= u, it follows that the g Ag and g Ag" have the same radius of
comparison. By (3-7), this contradicts Lemmas 1.15 and 1.16. ]

Remark 3.6. One can easily check that, with C as in the proof of Theorem 3.2, there is a unique
automorphism of Ell(C) whose component automorphism of the tracial state space is as in the proof.
Therefore the conclusion can be slightly strengthened: there is an automorphism of T(C) which is
compatible with an automorphism of Ell(C) but which is not induced by any automorphism of C.

Question 3.7. Does there exist a compact metric space X and a minimal homeomorphism h : X — X
such that the crossed product C*(Z, X, h) has the same features as the example we construct here?
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Our construction provides an example of an automorphism of order 2 of the Elliott invariant which is
not induced by any automorphism of the C*-algebra. The question of whether there exists an example of
such an automorphism of the invariant which is induced by an automorphism of the algebra but not by
one of order 2 is an older question by Blackadar, which we record below. For Kirchberg algebras in the
UCT class, it is known that any order two automorphism of the Elliott invariant is induced by an order
two automorphism of the C*-algebra [Benson et al. 2003]; also see [Katsura 2008] for a generalization to
actions of many other finite groups. However, very little seems to be known in the stably finite case, even
for classifiable C*-algebras (and in fact even for AF algebras).

Question 3.8 (Blackadar). Does there exist a simple separable stably finite unital nuclear C*-algebra C
and an automorphism F of EINl(C) such that:

(1) F o F is the identity morphism of EIl(C).

(2) There is an automorphism o of C such that o, = F.

(3) There is no « as in (2) which in addition satisfies o« o = idc.
Can such an algebra be chosen to be AH and have stable rank 17

Our method of proof suggests that, instead of being just a number, the radius of comparison should
be taken to be a function from V (A) to [0, oo]. If one uses the generalization to nonunital algebras in
[Blackadar et al. 2012, Section 3.3], one could presumably even get a function from Cu(A) to [0, oo].
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PARTIAL REGULARITY OF LERAY-HOPF WEAK SOLUTIONS TO THE
INCOMPRESSIBLE NAVIER-STOKES EQUATIONS WITH HYPERDISSIPATION

WOICIECH S. OZANSKI

We show that if u is a Leray—Hopf weak solution to the incompressible Navier—Stokes equations with
hyperdissipation o € (l, %) then there exists a set S C R? such that u remains bounded outside of S at each
blow-up time, the Hausdorff dimension of S is bounded above by 5 — 4« and its box-counting dimension
is bounded by %(—160{2 4+ 16a 4+ 5). Our approach is inspired by the ideas of Katz and Pavlovi¢ (Geom.
Funct. Anal. 12:2 (2002), 355-379).

1. Introduction

We are concerned with the incompressible Navier—Stokes equations with hyperdissipation,
w4+ (AN u+u-VYu+Vp=0 inR>

(I-1)
divu =0,

where o € (1, %) The equations are equipped with an initial condition u(0) = ug, where ug is given. We
note that the symbol (—A)“ is defined as the pseudodifferential operator with the symbol (277)%*|£]%* in
the Fourier space, which makes (1-1) a system of pseudodifferential equations.

It is well known that the hyperdissipative Navier—Stokes equations (1-1) are globally well-posed for
o> %, which was proved by Lions [1969]; see also [Tao 2009]. The question of well-posedness for
o< 45'17 including the case o = 1 of the classical Navier—Stokes equations, remains open.

The first partial regularity result for the hyperdissipative (1-1) model was given by Katz and Pavlovi¢
[2002], who proved that the Hausdorff dimension of the singular set in space at the first blow-up time
of a local-in-time strong solution is bounded by 5 — 4« for o € (1, %) Recently Colombo et al. [2020]
showed that if & € (1, 2], u is a suitable weak solution of (1-1) on R® x (0, 00) and

S":={(x, t) : u is unbounded in every neighbourhood of (x, 1)}

denotes the singular set in space-time then P3~4%(S’) = 0, where P* denotes the s-dimensional parabolic
Hausdorff measure. This is a stronger result than that of [Katz and Pavlovié¢ 2002] since it is concerned
with the space-time singular set S’ (rather than the singular set in space at the first blow-up), it is a
statement about the Hausdorff measure of the singular set (rather than merely the Hausdorff dimension)
and it includes the case o = % (in which case the statement, P°(S’) = 0, means that the singular set is
in fact empty, and so (1-1) is globally well-posed). The main ingredient of the notion of a “suitable weak
MSC2020: primary 35Q30, 35Q35, 35R11, 76D03, 76D05; secondary 35B44, 35B65.

Keywords: Navier—Stokes, hyperdissipation, partial regularity, Leray—Hopf weak solutions, box-counting dimension, Hausdorft
dimension.

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/apde/
https://doi.org/10.2140/apde.2023.16-3
https://doi.org/10.2140/apde.2023.16.747
http://msp.org
https://doi.org/10.1007/s00039-002-8250-z
https://doi.org/10.1007/s00039-002-8250-z
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

748 WOJCIECH S. OZANSKI

solution” in the approach of [Colombo et al. 2020] is a local energy inequality, which is a generalisation
of the classical local energy inequality in the Navier—Stokes equations (i.e., when o = 1) to the case
o€ (1, %) The fractional Laplacian (—A)“ is incorporated in the local energy inequality using a version
of the extension operator introduced in [Caffarelli and Silvestre 2007]; see also [Yang 2013; Kwon and
Ozanski 2022; Colombo et al. 2020, Theorem 2.3]. Colombo et al. [2020] also showed a bound on the
box-counting dimension of the singular set

dp(S'N (R x [t,00))) < (—8a> — 2 + 15) (1-2)

for every ¢t > 0. We note that this bound reduces to 0 at o = % and converges to % as o — 17, which is the
bound that one can deduce from the classical result of [Caffarelli et al. 1982]; see [Robinson and Sadowski
2007] or Lemma 2.3 in [Ozarnski 2019] for a proof. We note that this bound (for the Navier—Stokes
equations) has recently been improved by [Wang and Yang 2019] (to the bound dp(S) < %)

Here, we build on the work of [Katz and Pavlovi¢ 2002], as their ideas offer an entirely different
viewpoint on the theory of partial regularity of the Navier—Stokes equations (or the Navier—Stokes
equations with hyper- and hypodissipation), as compared to the early work of Scheffer [1976a; 1976b;
1977; 1978; 1980] and the celebrated result of [Caffarelli et al. 1982], as well as alternative approaches of
[Vasseur 2007; Lin 1998; Ladyzhenskaya and Seregin 1999] and numerous extensions of the theory, such
as [Colombo et al. 2020; Tang and Yu 2015; Kwon and Ozanski 2022]. Instead it is concerned with the
dynamics (in time) of energy packets that are localised both in the frequency space and the real space R,
and with studying how these packets move in space, as well as transfer the energy between the high and
low frequencies. An important concept in this approach is the so-called barrier (see (3-23)), which, in a
sense, quarantines a fixed region in space in a way that prevents too much energy flux entering the region.
This property is essential in showing regularity at points outside of the singular set.

In order to state our results, we will say that u is a (global-in-time) Leray—Hopf weak solution of (1-1) if

(i) it satisfies the equations in a weak sense, namely
t
[ [ (Fuoit ) Pu- (=8P 4 - Vou-g) = [uo-9 = [u)- o)

holds for all # > 0 and all ¢ € C3°([0, 00) x R3: R3), with div @(s) =0 for all s > 0 (where we wrote
[ = [g for brevity),

(i1) the strong energy inequality,
t
Hu®P + [ 1=8)"u@]?de < Jlus)I? (1-3)
S

holds for almost every s > 0 (including s = 0) and every 7 > s. Here || - || denotes the || - || 2(g) norm.

We note that Leray—Hopf weak solutions admit intervals of regularity; namely for every Leray—Hopf
weak solution there exists a family of pairwise disjoint intervals (¢;, b;) C (0, oo) such that u coincides
with some strong solution of (1-1) on each interval and

gy (5—4a) 20 (IR \ U(ai’ bi)) —0; (1-4)
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see Theorem 2.6 and Lemma 4.1 in [Jiu and Wang 2014] for a proof. This is a generalisation of
the corresponding statement in the case o« = 1 (i.e., in the case of the Navier—Stokes equations); see
Section 6.4.3 in [Ozanski and Pooley 2018] and Chapter 8 in [Robinson et al. 2016].

Given ug € L*(R?) with div uo = 0 there exists at least one global-in-time Leray—Hopf weak solution
(see Theorem 2.2 in [Colombo et al. 2020], for example). We denote by S the singular set in space of u
at single blow-up times, namely

s=[Jsi (1-5)
i
where
Si=|xe R3 : u is unbounded in U x (%(ai +b;), b;) for any neighbourhood U of x}

denotes the singular set. In particular, if x ¢ S then limsup,_, - [lu(t)| L~ @) < ¢; for every i and U > x.
The first of our main results is the following.

Theorem 1.1. Let u be a Leray—Hopf weak solution of (1-1) with a € (1, %) and an initial condition
ug € H'(R?), and let ¢ > 0. There exists C > 0 and a family of collections B; of cubes Q C R3 of
sidelength 2=10%9) such that

#B; < C 0 (5—da+e)
foreach j € N, and

s climsup | J 0. (1-6)

I 0es;

In particular, dg (S) <5 —4a.

Here dpy stands for the Hausdorff dimension, and we recall that limsup;_, ., G; := (=0 U ;=4 Gj
denotes the set of points belonging to infinitely many G;’s. It is well known (see Lemma 3.1 in [Katz
and Pavlovi¢ 2002], for example) that (1-6) implies that dy (S) <5 — 4« + ¢, from which the last claim
of the theorem follows by sending ¢ — 0.

We note that C might depend on &, but it does not depend on the interval of regularity (a;, b;), which
gives us a control of the structure of the singular sets S; that is uniform across blow-ups in time of a
Leray—Hopf weak solution. This is an improvement of the result of Katz and Pavlovi¢ [2002], who
obtained such control for a given strong solution, and so for each interval of regularity (a;, b;) of a
Leray—Hopf weak soluti_on their result implies existence of C; > 0 such that Si Climsup;_, U 0eB® (0]
for some collections BJ(.I) of cubes of sidelength 27/ (1+®) satisfying BJ@ < C; 2704+ for all j. One
could therefore expect that the constants C; become unbounded as i varies (for example in a scenario of a
limit point of the set of blow-up times {b;}), and Theorem 1.1 shows that it does not happen.

We note, however, that Theorem 1.1 does not estimate the dimension of the singular set at the blow-up
time which is not an endpoint b; of an interval of regularity (but instead a limit of a sequence of such b;’s).
In other words, if x € S, U > x is a small open neighbourhood of x and {(a;, b;)}; is a collection of
consecutive intervals of regularity of u, we show that supy (4, 4+5,),2,6) [l = ¢i < 00, but our result
does not exclude the possibility that ¢; — 0o as i — oo. It also does not imply boundedness of |u ()|
at times ¢ near the left endpoint a; of any interval of regularity (a;, b;). These issues are related to the
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fact that inside the barrier we still have to deal with infinitely many energy packets (i.e., infinitely many
frequencies and cubes in R?). Thus, supposing that the estimate on the energy packets inside the barrier
breaks down at some ¢, we are unable to localize the packet (i.e., the frequency and the cube) on which
the growth occurs near ¢, unless ¢ is located inside an interval of regularity; see Step 1 of the proof of
Theorem 3.7 for details.

The proof of Theorem 1.1 is inspired by the strategy of the proof of [Katz and Pavlovi¢ 2002], which
we extend to the case of Leray—Hopf weak solutions and we use a more robust main estimate. The main
estimate controls the time derivative of the L? norm of the Littlewood—Paley projection Pju combined
with a cut-off in space (the energy packet); see (3-2). We show that such norm is continuous in time
(regardless of putative singularities of a Leray—Hopf weak solution), which makes the main estimate
valid for all > 0. Inspired by [Katz and Pavlovi¢ 2002], we then define bad cubes and good cubes (see
(3-15)) and show that we have a certain more-than-critical decay on a cube that is good and has some
good ancestors. We then construct B; as a certain cover of bad cubes and prove (1-6).

Our second main result is concerned with the box-counting dimension. We let

s® = Js. (1-7)

i<k
Theorem 1.2. Let u be as in Theorem 1.1. Then dg(S®) < %(—16052 + 16 + 5) for every k € N.

We prove the theorem by sharpening the argument outlined below Theorem 1.1. We recall that the
box-counting dimension dp is concerned with covering the given set by a collection of balls of radius r,

dp(K) := limsupw, (1-8)
r—0 —logr
where N (K, r) denotes the minimal number of balls (or boxes) of radius r required to cover K. In this con-
text, one can actually use the families B; from (1-6) to deduce that dp (S ®y < %(—64013 +960> —48a +35)
for every k, which we discuss in detail in Section 4. This is however a worse estimate than claimed in
Theorem 1.2.

In fact, in Section 4 we improve this estimate by constructing refined families C; that, in a sense, give a
more robust control of the low modes, which reduces the number of cubes required to cover the singular
set and hence improve the bound on dp(S®). See the informal discussion following Proposition 4.1 for
more insight about this improvement.

We note that we can only estimate dp(S (&)Y (rather than dg(S)) because of the localisation issue
described above. To be more precise, for each sufficiently small § > 0 we can construct a family of cubes
of sidelength § > 0 that covers the singular set when ¢ approaches a singular time, and that has cardinality

less than or equal to §(~ 16’ +16a+5)/3+e

for any given € > 0. This family can be constructed independently
of the interval of regularity, but given x outside of this family we can show that the solution is bounded
in a neighbourhood of x if the choice of (sufficiently small) § is dependent on the interval of regularity.
This gives the limitation to only finite number of intervals of regularity in the definition of S®.

We note that the result of [Colombo et al. 2020] is stronger than our result in the sense that it is

concerned with the space-time singular set " (rather than the singular set S in space), it is concerned
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with the parabolic Hausdorff measure of S (rather than merely the bound on dg (S’)) and its estimate of
dp(S’) is sharper than our estimate on dg(S).

However, our result is stronger than [Colombo et al. 2020] in the sense that it applies to any Leray—Hopf
weak solutions (rather than merely suitable weak solutions). In other words we do not use the local energy
inequality, which is the main ingredient of [Colombo et al. 2020]. Also, our approach does not include
any estimates of the pressure function. In fact we only consider the Leray projection of the first equation
in (1-1), which eliminates the pressure. Furthermore, our approach can be thought of as an extension of
the global regularity of (1-1) for o > %. In fact, the following corollary can be proved almost immediately
using our main estimate; see Section 3F.

Corollary 1.3. If o > % then (1-1) is globally well-posed.

We also point out that our estimate on the box-counting dimension, dg(S;) < %(—160{2 + 16a +5),
converges to % as a — 11, just as (1-2).

Finally, we also correct a number of imprecisions appearing in [Katz and Pavlovi¢ 2002]; see for
example Remark 3.4 and Step 1 of the proof of Theorem 3.7.

The structure of the article is as follows. In Section 2 we introduce some preliminary concepts
including the Littlewood—Paley projections, paraproduct decomposition, and Bernstein inequalities, as
well as a number of analytic tools that allow us to manipulate quantities involving cut-offs in both the real
space and the Fourier space, which includes estimates of the errors when one moves a Littlewood—Paley
projection across spatial cut-offs and vice versa. We prove the first result, Theorem 1.1, in Section 3. We
prove Corollary 1.3 in Section 3F and we prove the second result, Theorem 1.2, in Section 4.

2. Preliminaries

Unless specified otherwise, all function spaces are considered on the whole space R In particular
L?:=L?*(R?). We do not use the summation convention. We will write 9; := Ox;» B(R):={x¢€ R3:|x| <R},
[ = Jgs-and |-l := Il | Lrw3)- We reserve the notation | - || for the L? norm, that is, || - || := | - [|2.

We denote any positive constant by ¢ (whose value may change at each appearance). We point out
that ¢ might depend on u and «, which we consider fixed throughout the article. As for the constants
dependent on some parameters, we sometimes emphasise the parameters by using subscripts. For example,
Ck,q 18 any constant dependent on k and q.

We denote by e(j) (a j-negligible error) any quantity that can be bounded (in absolute value) by
cx 27X/ for any given K > 0.

We say that a differential inequality f’ < g on a time interval [ is satisfied in the integral sense if

f@) < f(s) —{—/tg(t)d‘t for every t,s € I with t > s. 2-1)

We recall that Leray—Hopf weak solutions are weakly continuous with values in L2 Indeed, it follows
from part (i) of the definition that

/ u(t)g is continuous for every ¢ € C(C)’o(IR3) with dive =0.
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This is also true if div ¢ # 0, as in this case one can apply the Helmholtz decomposition to write ¢ =¢+Vr,
where div¢ = 0 (then f u(t)¢ is continuous and f u(t)Viyr = 0 since u(t) is divergence-free). Thus,
since part (ii) gives that {u(#)};>0 is bounded in L2 weak continuity of u(¢) follows.

2A. Littlewood—Paley projections. Given f € L'(R?), we denote by f its Fourier transform, i.e.,
f&) = / fe > dx, £eR’,

and by f its inverse Fourier transform, i.e., f (x):= f (=x). Let h € C*°(R; [0, 1]) be any function such
that 1 (x) = 1 for x < 1 and h(x) = 0 for x > 2. We set p(x) := h(|x|) — h(2|x|), where x € R3, we let

pi€):=pQR77E) forjez, (2-2)

and we let P; (the j-th Littlewood—Paley projection) be the corresponding multiplier operator, that is,

Pif(&) = p; &) f(&).

By construction, supp p; C B(2/t1\ B(2/~1). We note that Z]EZ pj =1, and so formally ZJ ez Pi=id.
We also define
j+2 j+2
=P = Z Pe, P4 ji2:i= Z Py, P<j:= Z Py, P —Zpk, (2-3)
k=j—2 k=j—4 k=—00
and analogously for p;, pj_4 j+2, p<j, p>j. By adirect calculation one obtains that
i) =2"p2’y) (2-4)
for all j € Z, y € R® In particular ||p;|l; = ¢ and so, since P;f = p; * f (where “x” denotes the
convolution), Young’s inequality for convolutions gives
I Pully < cllully (2-5)
for any g € [1, co]. Moreover, given K > 0 there exists cx > 0 such that
i) < ex @ IyD202Y, (2-6)
18; 5 ()| < ek (27 |y 72K 2Y 27

forall jeZ, y#0andi =1, 2, 3. Indeed, the case j = 0 follows by noting that
eZﬂiy~§ — (_47T2|y|2)7KA§(62niy-§
and calculating
BN = | [ P& de| = an’ly)*| [ AF p@)e™ d| < exlyl [ 18K pl=exlyl
(and similarly |9; p(y)| < cg |y|~2K), where we have integrated by parts 2K times, and the case j # 0
follows from (2-4). Using (2-6) and (2-7) we also get

19129 (B(ay) < Cr.q(d27)~2K+3/423i@=D/4 (2-8)
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and
19; | La(Beay) < Ci q(d2?)~2K+3/4 270 Hnta=D/a) (2-9)

respectively, forany K >0, d >0,i=1,2,3, j€Zand g > 1. Indeed

Y 9dy < C 2_./6](2K—3) —2qu =C 2_'/q(2K_3)d_2Kq+3,
S POV 4y = Ccg LYy =Crg

from which (2-8) follows (and (2-9) follows analogously). We note that the same is true when p is
replaced by any compactly supported multiplier.

Corollary 2.1. Let A € C(‘)’O(R3) and, given j € Z, set Aj(§) 1= M27/E). Then, given d > 0,

12| 2@ Beayy < cx27GKTIa—KA32,

We will denote by T the Leray projection, that is,

_ , 210
HE f (2-10)

where f : R? — R3 and I denotes the 3 x 3 identity matrix.

TF () = (1 5®5> 3

2B. Bernstein inequalities. Here we point out classical Bernstein inequalities on R>:
1P fllg < 2 VP=VDYP; £, (2-11)
1P<j flly < c2VP=1HD P £l (2-12)

for any 1 < p < g < co. We refer the reader to Lemma 2.1 of [Bahouri et al. 2011] for a proof.

2C. The paraproduct formula. Here we briefly describe the Bony decomposition formula, that is, we
concern ourselves with a structure of a Littlewood—Paley projection of a product of two functions, P;(fg).
One could obviously write f =), Pxf (and similarly for g) to obtain that

Pi(fg) = Pj< Y P ng). (2-13)
k.meZ
However, since functions p;, py have pairwise disjoint supports for many pairs j, k € Z, one could
speculate that some of the terms on the right-hand side of (2-13) vanish. This is indeed the case and

Pi(fg)=P; (P,'izf Pejsg+P<j_sf Prog+ Pi_ajiof Pirag+ Y Pif PkiZg)
k>j+3

= Pj (Kloc,low + Klow,loc + Kloc + Khh)» (2'14)
which is also known as Bony’s decomposition formula. For the sake of completeness we prove the formula
below. Heuristically speaking, Kjoc 10w corresponds to interactions between local (i.e., around j) modes
of f and low modes of g, Kjow loc t0 interactions between low modes of f and local modes of g, Kjoc to
local interactions and Kpp to interactions between high modes; see Figure 1 for a geometric interpretation
of (2-14). We now prove (2-14). For this it is sufficient to show that

Pj(Pf Png) =0 for (k,m) € RiUR,UR3, (2-15)
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""" K loc,low k

Figure 1. Sketch of the interpretation of the terms on the right-hand side of (2-14).
The regions R;, R, R3 (consisting of grey dots) correspond to pairs (k, m) for which
P;(Py f P,g) vanishes; see the discussion following (2-15).

where Ry, Ry, R3 are as sketched in Figure 1. The Fourier transform of w := P;(Py f P,g) is

W) = p,,-(é)/pk(n)f(n)pm(é —mgE —n) dn.
We can assume that |£] € (27!, 2/F1) (as otherwise pj (&) vanishes) and that || € (k=1 2K+ (as
otherwise py (1) vanishes).

Case 1: (k, m) € Ry. Suppose that k > m (the opposite case is analogous). Then j > k + 3 (see Figure 1)
and so
& —nl > ] — In| = 2771 —2F1 > 2k¥2 _okHT = okl > pml,

Thus p;,(§ — n) vanishes.

Case 2: (k, m) € R, U R3. Suppose that (k, m) € R, (the case (k, m) € R3 is analogous). Then m > k + 3
and m > j 4 3 (see Figure 1) and so

& —nl <|&]+ Inl <2/TT 42 <2.0m 2 =
Hence p,,(§ — n) vanishes as well, and so (2-15) follows.

2D. Moving bump functions across Littlewood—Paley projections. Here we show the following:

Lemma 2.2. Let ¢1, ¢ : R3 — [0, 1] be such that their supports are separated by at least d > 277. Then

1 P (92 f)lly < cx(@2)) K3 71,
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forallq e[1,00], j€Z, K >0and f € L1(R3). Furthermore, if |N¢,| < cd™" then

191 P;(@2V g < cx @) 725327 f .
We will only use the lemma (and the corollary below) with g =2 or g = 1.

Proof. We note that
¢1P; (2 f)(x) = 1 (x) / e, P VR0 dy
=¢1(x) / g, =B = DB F () dy (2-16)

since the supports of ¢y, ¢, are at least d apart. Thus using Young’s inequality for convolutions

1P (D2 F)llq < 15j L1 By 12 f llg < ek (@2) K3 71,

for any K > 0, where we used (2-8). This shows the first claim of the lemma. The second claim follows by
replacing f by V f in (2-16), integrating by parts, and using Young’s inequality for convolutions to give

91 P;(p2V F)llg < clVDillLi a2 fllg + 12l L1 sy IVP2 fllg
< cx(d2)) K27 1y,

where we also used the assumption that |[V¢;| < cd 1 <2/, O

In fact the same result is valid when P; is replaced by the composition of P; with any 0-homogeneous
multiplier (e.g., the Leray projector).

Corollary 2.3. Let M be a bounded, 0-homogeneous multiplier (i.e., ]\//[7‘ &)=m() f (&), where m(AE) =
m(§) for any X > 0). Let ¢y, @5 : R3 — [0, 1] be such that their supports are separated by at least d > 274,
Then

1 M P; ($2V )l < cx (@2) 725327 £,

forallg e[1,00], j€Z, K>0and f € L1(R%).

2E. Moving Littlewood—Paley projections across spatial cut-offs. We say that ¢ € C8°([R€3) is a d-cutoff
if diam(supp ¢) < cd and |D'¢| < ¢;d~! for any [ > 0.

We denote by e;(j) any quantity that can be bounded (in absolute value) by cx 2 (d2/)°~X for any
given K > (. The point of such notation is that it will articulate the dependence of the size of the error in
our main estimate (see Proposition 3.1) on both j and d.

In this section we show that, roughly speaking, we can move Littlewood—Paley projections P; across
d-cutoffs as long as d > 27/

Lemma 2.4. Given a d-cutoff ¢, g € [1, oo] and multiindices a, B, with | 8|, |«| < 3,

I(1 = P))D* (¢ P;DP f)llg < ea(DI £
for every j.
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Proof. We write ¢ = ¢; + ¢, where
¢A>1 (é) = X\§|52/72¢§(§),

$2(8) 1= Xz 1002 (&).
Note that

(@1 P, D f)(&) = / b1(E — ) p; () @ri)P1nf £ () dn

is supported in |£| € (2/72,2/%2) (as $1 (£ — ) is supported in {|£ — n| < 2/72} and p; () is supported
in {271 < |n| < 2/*1}). Since pj(&) =1 for such &, we obtain
¢1P;DP [ = P ;D f, (2-17)
and so it suffices to show that
(1 — E)D“(¢2le)ﬁf)||q <ea(DIfllg-
We will show that
D%l < ea(j) (2-18)

for every || < 3. Then the claim follows by writing

I(1= P)D* (P, DP )l < Y D" P D £,

a1t+or=ua

< Y DGl DT f,

al1t+or=ua

< S 1Dl - 291 fllg < ea(DI fllg-

lorp|<3

In order to see (2-18) we first note that
ID*$2(®)] = clé] )| [ ga(re™ dy
= clg | @) | [ gatraKe ¢ ay]

:c|§|\a|(4n2|§|2)—1<‘/AK¢2(x)e—2nix.g dx’ < cp |E| 72Kl g 2K+,

Thus
ID°Galli=c [ ID*ha®)| cxd > H [ g = g2V (@2))
1§]>27 [&1>2
which gives (2-18). [l

Similarly one can put the Littlewood—Paley projection “inside the cutoff”. In this case one can prove
a statement similar to Lemma 2.4, but, since we will only need a version with no derivatives, we state
a simplified statement.

Corollary 2.5. Given a d-cutoff ¢, || Pi(¢(1 — Pj+2) f)Il < eq(j) forevery j.
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Proof. The claim follows using the same decomposition as above, ¢ = ¢ + ¢». Since
$(T= P f&) = [ d1(5 =) (1= pya() f () dn.

we see that (since |n| € (=00, 2/72) U (2/12, 00)) either |£] > || — |€ — | = 2/72 —2/=2 > 2/*! or
€l < Inl+16 —n| <2/72+2/72=2/"1 In any case p;(§) =0 and so P;(¢1(1 — ﬁj)f) =0. The part
involving ¢, can be estimated by e, (j) using the same argument as above. (Il

2F. Cubes. We denote by Q any open cube in R’. Given a > 1, we denote by a Q the cube with the
same centre as Q and a times larger sidelength. We sometimes write Q(x) to emphasise that cube Q
is centred at a point x € R, Given an open cube Q of sidelength d > 0, we let ¢o € Cgo([R{3; [0, 1]) be
a d-cutoff such that

po=1o0nQ, supppoC 20, and [Vigle < Crd™*. (2-19)
Note that
61519 (®)] < cxd®*  for & € R?, (2-20)

which can be shown by a direct computation.

2G. Localised Bernstein inequalities. 1f Q is a cube of sidelength d > 2/ then

lpo P fllg < 22V Ng0 P Fll+ea(DI f g, (2-21)

due to Lemma 2.4 and the classical Bernstein inequality (2-11).

2H. Absolute continuity. Here we state two lemmas that will help us (in Step 1 of the proof of
Proposition 3.1) in proving the main estimate for Leray—Hopf weak solutions.

Lemma 2.6. Suppose that f : [a, bl — R is continuous and such that f' € L'(a, b). Then
t
FO=r@+ [ @
N
forevery s,t € (a, b).
Proof. This is elementary. (]

Lemma 2.7. Ifu(x, t) is weakly continuous in time on an interval (a, b) with values in L?(R3) then Pju
is strongly continuous in time into L*(2) on (a, b) for any bounded domain Q C R>.

Proof. We note that

2
| Put) = Pu) gy = [[| [ 510 =@ —uty ) dy| .

Weak continuity of u(¢) gives that the integral inside the absolute value converges to 0 as t — s (for any
fixed x). Furthermore it is bounded by

15 Hlu(t) — u(s) |l < ¢,
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where we used the Cauchy—Schwarz inequality and the fact that u is bounded in L? (a property of

functions weakly continuous in L?). Since the constant function cf is integrable on €2, the claim of the

lemma follows from the dominated convergence theorem. (I

3. The proof of the main result

In this section we prove Theorem 1.1; namely we will show that dy (S) <5 — 4o, where S is the singular
set in space of a Leray—Hopf weak solution (recall (1-5)). We will actually show that

dy(S) <5—4da+e¢
for any
¢ € (0, min(3 (4o —4), 55)). 3-1)

We now fix such e and we allow every constant (denoted by “c”) to depend on ¢.

We say that a cube Q is a j-cube if it has sidelength 27/(1=®), The reason for considering such “almost
dyadic cubes” (rather than the dyadic cubes of sidelength 27/) is that e;4(j) = e(j) for d =27/ (1-#)
(which is not true for d =27/). We say that a cover of a set is a j-cover if it consists only of j-cubes.
We denote by S;(£2) any j-cover of €2 such that #S;(2) < c(% diam(Q)*j(I*E)f.

Moreover, given a j-cube and k € Z, we denote the k-cube concentric with Q by Qy, that is,

Oy = 2(j*k)(1*6)Q‘
3A. The main estimate. Given a cube Q and j € Z we let

ug,j:=|¢gPjull

and we write
Jj+2

Ug,j+2 = Z U k-

k=j—2

We point out that u ¢ ; is a function of time, which we will often skip in our notation.
We start with a derivation of an estimate for u o ; for any j € Z and any cube Q of sidelength d > 16-27.

Proposition 3.1 (main estimate). Let u be a Leray—Hopf weak solution of the hyperdissipative Navier—
Stokes equations (1-1) on the time interval [0, 00) and let d > 16 -27J. Then ug,j is continuous on
[0, 00) and

d . .
EMQQJ <—c2*uf j+cug, (2’u3Q/2,ji2 Z 2 P tmax(00.30/2) &
0j<k<j—5
+25j/2M§Q/2’ji4+23j/2 Z 2ku§Q/2,k) +ediSS+Z ed(k)
k> j+1 k=>0j
= —Gaisstcig,j(Growtoe+Groc+Grn) +eaissteut Y ea(k) (3-2)

k>6j
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is satisfied in the integral sense (recall (2-1)) for any cube Q of side-length d and any j € Z, where

0:=3Qa—1-2¢) (3-3)
and

ediss 1= ¢ 224 (d2j)_1u§Q/2,jﬁ:2v

. 20jy—¢ej 2
€yl .26‘2 O(j2 ju3Q/2’ji2

Here max(Qk, %Q) denotes the larger of the cubes Qy, %Q, and Ggiss should be thought of as the
dissipation term, Giow 10c the interaction between low (i.e., modes k < j —5) and local modes (i.e., modes
Jj £2), Gioc the local interactions (i.e., including only the modes j +4) and Gy, the interactions between
high modes (i.e., modes k > j).

The role of the parameter 0 is to separate the “very low” Littlewood projections from the “low”
Littlewood—Paley projections. That is (roughly speaking), given j € N we will not have to worry about
the Littlewood—Paley projections P with k < 6 (i.e., they will be effortlessly absorbed by the dissipation
at the price of the error term ey (“vI” here stands for “very low”); see (3-12)—(3-13) below for a detailed
explanation), which is the reason why such modes are not included in Giow joc. In fact Giow.1oc 1S (roughly
speaking) the most dangerous term, as it represents, in a sense, the injection of energy from low scales to
high scales, and we will need to use Gjss to counteract it; see Step 5 in the proof of Theorem 3.7.

The error term egiss appearing in the estimate is the error appearing when estimating the dissipation
term, and it cannot be estimated by e;(j). Its appearance is a drawback of the main estimate, but in our
applications (in Theorems 3.3 and 3.7) it can be absorbed by G gigs.

Proof of Proposition 3.1. Recall (1-4) that a Leray—Hopf weak solution admits intervals of regularity.

Step 1: We show that it is sufficient to show (3-2) on each of the intervals of regularity.
On each interval of regularity (a, b) we apply the Leray projection (recall (2-10) to the first equation
of (1-1) to obtain
ur+ (=N *u+T[(u-V)ul =0.

Multiplying by P; (¢>2Q Pju) and integrating in space we obtain (at any given time)

1d -
2dr @
We note that 7, J € L'(0, T) for every T > 0. Indeed, by brutal estimates

=—f(—A)“uPj(qbZQPju)—/T[(u-vm]g(qs’gpju) =1+J.

I=|[ o PiTlu- VIul g Piu
< 1P T (- V)ullli | Piulloo < cllullVull - 2372 || Piul| < ¢ 23772 Vu||

(where we used Bernstein inequality (2-11) in the third line), which is integrable on (0, T') for every
T > 0. That I € L'(0, T) for every T > 0 is a consequence of Step 2 below. Thus, since u(t) is weakly
continuous with values in L2 (recall Section 2), Lemma 2.6 gives that (3-2) is valid (in the integral sense)
on [0, 00).

Thus it suffices to show that / + J can be estimated by the right-hand side of (3-2).
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Step 2: We show that I < —Gg;ss + ediss + e4(j). (Note that this gives in particular that I € L'(0, 00),
since (trivially) u ¢ ; < c for every cube Q' and every j.)
We write

I=— [ $o(=1)"PuggPu
= — [ ) PgoPu) poPiu— [ (~8)* (1= P)(@oPyu) po Piu— [ 19, (~A)*1Pu dg Pru
=L +5L+1.

Note that, due to the Plancherel theorem
I=—c [ 1EPB©I0E)1 dE < =2 [ )10 ds

=—c22"‘j/Ev-v:—cZZ“juzQ’~+622°’j/(1—13j)v-v

J
< —c2uf ;+c 2|1 = P)v|l = —Gaiss + ea (),
where we wrote v := ¢ P;u for brevity, and we used the fact that ||v|| < ¢ (recall (1-3)) in the last line,

as well as Lemma 2.4 in the last equality.

Step 2.1: We show that I5 < ey(j).
We write

L <I(=A)*(1— P) (o Piw)llug,,
and we will show that
[(=2)%(1 = P)) (o Piu)|| < ea(y). (3-4)

(This completes this step as ug ; < c, as above.) Indeed, (3-4) follows in a way similar to Lemma 2.4 by
taking the decomposition
b0 = d1+ @2,

where

G1(8) == Xz 1<2i—2 B0 €).
‘132(5) = X\g|>2.i—2¢A)Q(€)-

We see that ¢ Pju = i’; (¢1 Pju) (because of the supports in Fourier space, see (2-17)) and so it is sufficient
to show that

(=AY (g Pju) || < ea())
(since ||1 — i’; | < 1). Since the Fourier transform of (—A)* (¢ Pju) is
e [ ga(& — ) p;(mi(n) dn
<c 16 = nl*$2(& —mp;mam)dn+c| n**12(& — n)p;(mia(n)| dn,

we obtain

I8 @Rl <cllull f L EP182()1 08 +clldallil (= 2)* Pyull < ea()),
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where we used the Plancherel theorem, (2-18) and the fact that ||| - |**¢»(-) |1 < ea( J) (which follows in
the same way as (2-18)).

Step 2.2: We show that I3 < egiss + €4(Jj)-
We have

I3 < |[¢g, (=A)*1Pjullug, ;-
For brevity we let v := Pj(¢3g,2u), ¢ := ¢ and

W =[¢, (—A)v.
We will show below that
Wl <c22(d2)) usgp,j +ea(j),

and we will show in Step 2.2c that
Wl =g, (=2)*1Pjull +eqa()), (3-5)
from which the claim of this step follows (and so, together with Step 2.1, finishes Step 2). Since
W@ =c [ (P = P& — o dn.

we can decompose W by writing [ = fln—$\<2-"‘3 + f\n—$|>2-"‘3’ that is,

W =W+ W,
where R A
W@ =cf (0P —IEP$E it dn,
W) i=c /| P = EPOSE —mD () di.

We will show (in Step 2.2b below) that [|Wa|| < e4(j). As for Wy, since supp p; C {|n] € (2771, 2/},
note that
supp Wy C (€] € (2/7%,277%)). (3-6)

Setting f(z) := z% and expanding it in the Taylor series around |£|> we obtain

3 2 )

FOUEP) S (zo)
P — 18P = Y (P = e + == (Il = 1g1)*,
k=1 )

where z( belongs to the interval with endpoints |7|> and |£]? (and so in particular zo € [2%/ 7%, 22/T4)).
Writing ;

P =167 =) i — &) (i +&)

i=1

and taking the k-th power we obtain

4
P =P =) afP@) Y cpun—EFnNE”,

k=1 |BI=k. [y1|+Iy2l=k
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where z = |£]? (for k < 3) or z = z¢ (for k = 4). Thus, noting that | f® (z)| < ¢ 2/C¢=2k),

3
W@l <y 1fPaEm Y g
k=1

[BI=k. [y1|+Iyv2l=k

+c Z |§||V2\

1Bl=4. [y1|+]y21=4

<c 23: Z 0.J Qe=2k+|y2))

k=1 1B|=k, yil+Iy2|=k

[ (&= mPE = o dn|
In—§1<2/

/|nfs|<2/>3f(k) (20) (6 =) $(E —mn" () dy

[, &=l — oo an|
ln—§l<2/

+2/Qed € n*|¢& — D) dn

3
<c Z Z 21(2a—2k+|72|)|%l)\71v(§-)|

k=1 |Bl=k, lyil+Iy21=k

+e i Z 0] Qa=2k+|y])

k=1 |BI=k, lyil+ly2l=k

[ = eE — o) dn
In—§|>2/7"

+c2iCa=d SN nl*1éE — n)d ()| dn

3
=cy Y, 2/CDDPg DYy (E)| + Erry (§) + By (§).

k=1 |BI=k, [yi|+|y2|=k

We will show below (in Step 2.2a below) that
IErr [l |Ermal| < ¢2°(d 2)) " usg ), jeo + ea ()
This, together with the Plancherel identity gives

3
A Yo CeHERNDPY DY | + 22 (d 2) M usgpa. 2+ €a ()
k=1 1BI=k, Inl+ly2l=k

3

<c > 22 d2) vl + 22 (d 2) M uag , ja2 + ea ().

k=1
where we used the facts that |VA¢| < cd =¥ for k = 1,2,3, and | D"v| < c2/7|v) (by applying
Lemma 2.4). Since d > 27/ and
oIl < IgsoaPiull +ea(i) = uspp j+2 +ea(j)
(where we applied Corollary 2.5), we thus arrive at
IWill < e 2% (d 27)usgpn, jao +€a (),

as required.

Step 2.2a: We show that ||Erry || < e4(j) and [|Erra|| < ¢ 22%(d 27) tusg 2, jan + €a(j)-
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We focus on Err; first. We have

3
Err(§) =c Z Z 0 Qa=2k+|y|)

k=1 |Bl=k, [yi|+Iy21=k

[ = eE — " d(n) dn
In—g|>27~

3
sey 2l b [ =l IeE —mieidy
k=1

<2/ _E=nF1pE —mdom]|dy
[n—§>2/
<ex VORK [ e o)) d
In—§[>2/
iQa—1 i\(1-K 4 172
<ex D@ N@HO([ e -y dn)
In—g[>2773

for every K > 3, where we used (2-20) in the fourth line as well as the Cauchy—Schwarz inequality, (2-2)
and the fact that ||v]| < ||u|| < ¢ (recall (1-3)) in the last line. Thus Err;(£) < e4(j) for every & € R3, and
hence (since |&| < 2/%2) also ||Erry || < eq(j).

As for Erry we write

Bro@) =c2/®7¥ [ e nlidE —mdmidy

<c2/Cedg! _,JoGmldn
[n—§1=<2/

<2/ @2 |
= c 2/ @@ Pgsgpul
<2/ 3D @21 usp a0 +eal)),
where we used (2-20) in the second line, the Cauchy—Schwarz inequality (as above) in the third line, and
Corollary 2.5 in the last line. Thus
IErma|| < ¢2%(d 2) " us gy, j2 +ea(),
as required.
Step 2.2b: We show that || W2 || < eq(j).
Indeed, since |£|>* < ¢|n|** + c|€ — n|**, we obtain for any K > 2«
W@l =f =g —mimd
In—§[>2/
sc/ ,_5|n|2"‘|<2>(s—n)ﬁ(n)|dn+c/ _E=nlP1E — D) dn
[n—§[>2/ In—§[>2/

< g2/ _E=nl"1pE —mdopldy,
In—§[>2/

where we used the inequality 1 < cg|§ — n|%277K as well as |n| < ¢ 2/ inside the first integral in the
second line and the inequality 1 < cg|& — n|K—2¢27/(K=29) jngide the second integral. Thus, using the
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Plancherel identity and Young’s inequality for convolutions
™ jQa—K K4
[Wall = |Wa|| < cx2/® )Ilvllfl | s 7 1@l dn
n>

<ex2 @R[ K igan Inl~ dn
[n|>277"

ECKQJ'(Za—K)d—(KH) .75|77|_4 dn
In|>2/

— CKzZO(j (d Zj)—(K+1)’
as required, where we used (2-20) in the third inequality.

Step 2.2¢c: We show that ||[¢p, (—=A)*]P;(1 — ¢30/2)ull < eq(j). (This implies (3-5).)
Indeed, letting (for brevity) w := (1 — ¢39,2)u and g;(§) = |S|2“pj (&), we can write

d(—A)*Piw(x) = (x) gj(x —y)w(y)dy,
{lx—yl=d/3}

as in (2-16). Thus, since ||q;ll.1pw/3)) < ea(j) (as in (2-8)), we can use Young’s inequality for
convolutions to obtain
¢ (=) Piwll < IGjllL1sasmelwll < ea()). 3-7
On the other hand
I(=A) @ Pyw) |l < [(=2)* By (@ Pw)| + (= 2)* (1 = P) (¢ Pyw)]|
< c2?Y|p Pl +ea(j) < ea()),
where we used (3-4) (applied with w instead of u) in the second line and Lemma 2.2 in the last line. This

and (3-7) prove the claim.

Step 3: We show that J < cug_ ;j(Giow,loc + Gloc + Ghn) + ey + Zkzgj eq4(k). (This together with Step 2
finishes the proof.)
We can rewrite J in the form

J == [ 0P Tlu-Vul-@oPjw) ==Y [ ¢oTui Py dutn)po Pyui.
i,l,m
where we used the fact that “7,,,;” and “P;” are multipliers (so that they commute). (Recall that fmi &)=
(Bmi — En&ilE172), see (2-10).) We now apply the paraproduct formula (2-14) to P;(u;0;u,,) to write
J = Jloc,low + Jlow,loc + Jloc + th7

where each of Jioc 1ows Jiow.locs Jlocs Jhn €quals J except for the term u; 0;u,,, which is replaced by the
corresponding combination of the modes of u; and d;u,,, as in the paraproduct formula (see (3-8) and
(3-10) below). We estimate Jpp, in Step 3.1 below and Jioc jow»> Jlow.loc> Jloc 1 Step 3.2.

Step 3.1: We show that Jy, < cug, jGnn + Zkzj eq(k).
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We write

Joh = —Z/¢QTmin< Z Pkuzf’kalum)‘ﬁQP/”i

il,m k>j+3

<ll¢oPiulloo Y ‘qﬁQTm,P > (Pewr Pdyu)
ilm k>j+3 1

SCZWZMQ,/Z doThi P Z (Peuy Pedyun)|| +ea ()
ilm k>j+3 1

<c2¥Pup Y c/)QTmincﬁiQ/z( > Pkuzifkalum) +eq())
ilm k>j+3 1

<c2Pug ;Y \psgpPeullldign PeVul + ea()), (3-8)
k>j+3

where, in the fourth line we applied Corollary 2.3 with f:=) ", _ > 13 Prug Pyit,y, and noted that supp ¢ C Q
is separated from supp(1 — ¢>3 0 /2) by at least d As for the third line, we used Pju = P; P u, (2-21) and
(2-11) to write

lpg Pittlloo < ¢ 22Pug ; + ea() | Piutlloo < c2ug j +ea(j).

as well as noted that e;(j) multiplied by the (long) L' norm still gives e;4(j), since we can brutally
estimate this norm,

|

PioyTyi Y (Pt Petty)
k>j+3

PiTwi Y (Pett; Peyy)
k>j+3

Z (PkulPkum)

k>]+3

<cd¥?2 )" ||Pkulﬁkum||1§cd3/225f/2 > P
k>j+3 k>j+1

< Cd3/225j/2”M”2 < cd3/?25i/2

$oTmiP ) (PkulPkazum)
k>j+3

<cd*?

< cd¥?%i2| p

for each i, [, m, where we used the Cauchy—Schwarz inequality in the first line, boundedness (in L2) of
the Leray projection (i.e., the fact that |’fm,~ (§)] < 1) and the Bernstein inequality (2-11) in the third line,
(2-5) in the fourth line and the Cauchy—Schwarz inequality (twice) in the fifth line.

Noting that

19302 PeViell = | Pesa (939, V Pett) | + ea (k)
< ”PkiZV((z’%Q/sz”)” +2[| Pie2 (V302 ¢3Q/2Fku)” +eq(k)
=c 2k||¢§Q/2ﬁk“” +ed  uzgpptr +eqk)
< c2%u30m 40 +eq(k),
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where we used Lemma 2.4 in the first inequality, the fact that || ﬁk || <1 and (2-19) in the third inequality,
and the assumption d > 27/ > 27 in the last inequality, we obtain

T <c2Pug ;3 2K+ Y ealk), (3-9)
k>j+1 k=j
as required, where we also applied the Cauchy—Schwarz inequality in the first sum.

Step 3.2: We show that Jioc jow + Jiow,loc + Jloc < € uQ,j(Glow,loc + Gioc) + ey + Zkzej eq(k). (This
completes the proof of Step 3.)

We set
j+2 j+4
Ui == Pjuy Z Pruy, + Piuy, Z Pru; + ( Z Pkm)( Z Pkum)
k<j-5 k<j-5 k=j—4 k=j—4
to write
Jioc,1ow T Jiow,loc + Jioc = — Z /¢QTminalUml¢QPjui Sug,j Z ”¢QTmi PjalUml”

il,m i,l,m

=ug; Y N6oTmi Pi($30,20:Unn)|l + ea (i)

i,l,m

<cug; Y IP@3p,0Um) | +eal))

I,m

<cug ;Y (I1Pi@3g,Un)l + 31 P ($3020¢30,2Un)ID + €a(j)

I,m
<c2ug ;Y 1930, Unll +ea()). (3-10)
I,m
where we applied Corollary 2.3 (with ¢ :=2 and f := U,,;;) in the third line, as well as (2-19) (as in the
previous calculation) and the assumption d > 27/ in the last line.
‘We note that for each m, [

+ 93072 Pj+attlloott30)2, j+4- (3-11)

o0

$30/2 Z Pru

k<j—5

||¢32,Q/2Uml” <2u3gp,j+2

Since we can estimate the above L* norm including the summation by writing

2. =2+ 2.

k<j-—5 k<0j 0j<k<j-5
that is,

+ Z | pmax(0r,30/2) Prttlloo
0 0j=k=j-5

<N Pegjullcctec Y 2 umiigizomut Y ealk)
Oj<k=j-5 k=6j

<c2P e Y Punngizomit Y eak), (3-12)
0j<k=<j=5 k=6j

?30/2 Z Pru

k<0j

0302 Z Pru

k<j—5

=

o0
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where we used the localised Bernstein inequality (2-21) in the second line (note that taking max(Qk, %Q)
is necessary since only then can we guarantee that the sidelength of such cube is greater than 27, as
required by (2-21)) and the Bernstein inequality (2-12) in the last line, we can plug it in (3-11) to get

”¢§Q/2Uml | < cusgp, 422" + cusgp, jan Z 2% 23004 +c 23;‘/2”%@2,]&4 + Z eq(k),
0j<k<j-5 k>0j

where we used the assumption d > 27/ to apply the localised Bernstein inequality(2-21) again. Inserting
this into (3-10) and using the fact that %0 =2ua — 1 — ¢, we obtain

Jioc,low + Jiow.loc + Jioc = € 220‘/2_8]‘”%(3/2,‘&2 +c2lug juzgp, j+2 Z 2% U300k

0j<k=<j-5
+c2Pug il st Y ealk),  (3-13)
k>6j
as required (note the first term on the right-hand side the is the “very low modes error”, ey). (I

We now constrain ourselves to j-cubes. Given a j-cube Q we will write

Ug :=ug,j
for brevity. The above proposition then reduces to the following.

Corollary 3.2. Let u be a Leray—Hopf weak solution of the Navier—Stokes equations (1-1) on the time
interval [0, 00). Let Q be a j-cube with j large enough so that 257 > 16. Then

d > 2aj 2 i13k/2 5i/2.2 3j/24k 2
EMQ <—c?2 "‘qu—l—ch U3Q/2,j+2 Z 2J+3k/ MQk—{-Z il M3Q/2,ji4+ Z 23112+ U302k
0j<k<j—5 k>j+1

+c2I TR, ate(f). (3-14)

Proof. We apply the estimate from Proposition 3.1 (which is valid due to the assumption 2%/ > 16). Since

i Qa—e), 2
€diss = C 2]( )M3Q/2,j:|:2

and

Z Ed(k) <cx Z 2ck28k(c—K) < CK2C9j+£9j(C—K) IE(j),
k>6j k>6j

where K is taken large enough (to guarantee the summability of the geometric series), we arrive at (3-14),
as required. (I

3B. Good cubes and bad cubes. We now fix up € H'(R?) and a Leray—Hopf weak solution with initial
data ug. We say that a cube Q is j-good if

oo .
/ / 222()[](|Pku|2 < 27](5740[4»8). (3_15)
070

We say that a j-cube is good if it is j-good. Otherwise we say that it is bad.



768 WOJCIECH S. OZANSKI

3C. Critical regularity on cubes with some good ancestors. We show that, for sufficiently large j, good-
ness of a j-cube and some of its ancestors guarantees critical regularity (4¢) of up on a smaller cube Q.

Theorem 3.3. There exists jo > 0 (sufficiently large) such that whenever Q is a j-cube such that j > jg
and each Qr_19, k € [0], jl, is good then

ug(t) < 27UAETte - forr €0, T).

Remark 3.4. The above theorem appears in an imprecise form as Theorem 7.1 in [Katz and Pavlovi¢
2002].! This is related to the somewhat unexpected way in which the dissipation error is handled in
Lemma 6.3 in the same work. This lemma is in fact not needed, and it seems necessary to incorporate the
dissipation error directly into the main estimate (in order to get around the imprecision), as in egjgs in (3-2).

Moreover the statement of Theorem 7.1 in [Katz and Pavlovi¢ 2002] suggests that goodness of only
one cube is sufficient for the critical decay, which is not consistent with its proof (which uses goodness
of the ancestors in the third line on p. 375).

Proof. Note that the claim is true for sufficiently small # > 0 since uo € H', so that
1Buoll® = [ pF@lio@)P ds <27 [ 1P lio(@)I>dg < 27 flugll}yy < 27/O74+)

for sufficiently large j, and u(¢) remains bounded in H' for small > 0. Suppose that the theorem is
false, and let 7y be the first time when it fails and Q a j-cube for which it fails. Then

ug(t) <27 UPCFE) for t < g, (3-16)
with equality for t = fy. Let 1 € (0, 7o) be the last time when uo(t;) < %2_(j/2)(5_4°‘+8), so that
127UPCte) <y (1) < 27URCTRHD for t e (11, 19). (3-17)

Note that, since supp ¢3g,2 C %Q CQj-1CQj_10and Q;_1o is good,
fo fo .
J, Z P Bppsef 3T PPl <ea ST,
Qj-10 k>j 10

and so in particular (recalling that o € (l, %))

1
IR R (3-18)

and
1
/O Y 2dgpy e za)/ Zzzak”w/u <27/, (3-19)

t
'k> j+1

IThe claim following “we must have” on p. 374 does not follow, as the assumption of the proof by contradiction is only on Q,
rather than on every cube in its nuclear family.
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Moreover, since Q19 is good for every k € [6), j], we also have

To
2 —k(5—2a+¢)
/t Up, = c?2
1

(as in (3-18)), and so

fo :
/ z : 23k”2Qk <c 2 : 2—k(2—2a+s) < 62—1(2—205—&—5)’ (3-20)
no,. . ] ,
0j<k<j—5 0j<k<j-5

where we used the fact that & > 1 and the fact that & > 0 is small (recall (3-1)).2
Applying the main estimate (3-14) between ¢; and ¢y (and ignoring the first term on the right-hand
side) and then utilizing (3-18)—(3-20) we obtain

2_j(5—4l)l+8) — %(MQ(tO)Z _ MQ(Z,I)Z)

fo . . .
= C/[ ug (2J”3Q/2,ji2 Z 23k/2”3Q/2J< + 25]/2”§Q/2,ji4 +2%72 Z 2ku§Q/2,k>
: 0j<k<j-5 k>j+1

. _ 1) .
42/ 8)/ﬂ qu/z’jﬂ%-e(J)
<2 UEete) (3]~ 2t))=(/DC-2ate/2) | 951/29 =] 5= 2ute) 4 93i/29=) (4=2rte))
+C2j(2a—a)2—j(5—2a+s)
5C27]'(574(%4“6)(273]'6/8_i_27j8/2_{_27]'&‘/2_+_273jé‘/2)

< ¢ iG—date)n=3je/8

where, in the second inequality, we also used the Cauchy—Schwarz inequality and used the inequality
j <c27/%/% as well as absorbed e(j) (by writing, for example, e(j) < ¢ 27/ —4+2¢) _recall the beginning
of Section 2 for the definition of the j-negligible error e(j)). Thus

1 <27/,
which gives a contradiction for sufficiently large ;. U

3D. The singular set. Having defined good cubes and bad cubes, and observing that we have a “slightly
more than critical” estimate on a cube that has some good ancestors (Theorem 3.3), we now characterize
the singular set S in terms of its covers by bad cubes, and (in the next section) we show a much stronger
(than critical) estimate outside S.
Let A; denote the union of all bad j-cubes. Using Vitali covering lemma we can find a cover A; that
covers A; and such that
#A; < 2/ 54Fe) (3-21)

Indeed, the Vitali covering lemma gives a sequence of pairwise disjoint bad j-cubes Q) such that

A cJso®
l

2The restriction o > 1 is used here, but & > 1 would be sufficient by noting that ) "~ 2—ke < 02779 Indeed, since 8 > %

(recall (3-3)), the last inequality of this proof would become 1 < ¢277¢ 0=1/2-1/8) "\which still gives contradiction for large j.
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However, since fooo f |(—=A)*?u|? < ¢ (from the energy inequality, recall (1-3)),

ez [f1era©r =Y [~ p@ler e
keZ
e )22 [ pe@la@P =c [f Y22 pal?
k>j k>j
o0 2ak 2 — j(5—da+te) )
2021:/0 /Q(l)gjz | Prul 2021:2 / T, (3-22)

where we used the Plancherel identity (twice, in the first and fourth lines), Tonelli’s theorem (twice, in
the second and fourth lines), and the fact that Q"’s are pairwise disjoint in the fifth line. Thus

#{l} <c 2j(5—4ol+8)’

and so .4; can be obtained by covering each of 50 by at most 6° j-cubes.

In the remainder of this section we will show that there exists a (larger) j-cover B; of all bad j-cubes
(i.e., of A;) with the same cardinality (i.e., satisfying (3-21), but with a larger constant) and the additional
property that

for any x outside of B; there exists r € (0, 2*10)
such that 9(r Q;(x)) does not touch any bad k-cube for any k > j. (3-23)

(Recall that Q;(x) denotes the j-cube centred at x.) We will refer to d(r Q;(x)) as the barrier, and to
(3-23) as the barrier property. We first discuss a simple geometric lemma.

Lemma 3.5 (geometric lemma). Let Q = Q(y), Q" = Q'(x) be open cubes with sidelengths 2a, 2b,
respectively. Then
d(rQ) intersects Q' = relrg—bja,rg+bjal,

where rg > 0 is such that x € 9(rg/ Q).

Proof. We will write v := b/a for brevity. We split the reasoning into cases.

Case 1: ye dQ'. Thenry =b/a (see Figure 2 (middle)), and so r > ror —b/a trivially. Moreover 9(r Q)
intersects Q' if and only if ra < 2b (see Figure 2 (middle)), that is, r < 2b/a =rg + b/a, as required.
Case 2: y ¢ Q'. Then ro' > b/a (which is clear by comparison with Case 1), and d(r Q) intersects Q'
if and only if

roa—b<ra<rga+b
(see Figure 2 (right)), as required.

Case 3: y € Q'. Thenrgy < b/a and d(r Q) intersects Q" if and only if
b—rga<ra<rga+b

(see Figure 2 (left)). The claim follows by ignoring the first of these two inequalities (and writing
r > 0> rg —b/a instead). U
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o(rQ)
= ra o o(rQ)
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Figure 2. Sketch of the interpretation of Lemma 3.5.

We can now construct the j-cover satisfying the barrier property (3-23).

Lemma 3.6. For every j > 0 there exists a j-cover B; of A; such that #8; < c 2JG=42+8) and the barrier
property (3-23) holds.

Proof. (Here we follow the argument from [Katz and Pavlovié¢ 2002, Section 8].) We will find a j-cover
(also denoted by B;) of A; such that

for any j-cube Q outside of B; there exists r € (0, 2710y
such that d(r Q) does not touch any bad k-cube for any k > j. (3-24)

(Here “outside” is a short-hand notation for “disjoint with every element of”.) The barrier property (3-23)
is then recovered by replacing every j-cube Q € B; by 3Q and covering it by at most 43 j-cubes. Indeed,
then for any x outside of such set we have that Q;(x) (the j-cube centred at x) is outside of B; and so
the barrier property (3-23) follows from (3-24).

Step 1: We define naughty j-cubes.

We say that a j-cube Q is k-naughty, for k > j, if it intersects more than n2*—/)G—4+2¢) elements
of Aj. Here n € (0, 1) is a universal constant, whose value we fix in Step 4 below. We say that a j-cube is
naughty if it is k-naughty for any k > j. (Note that a bad cube is naughty. A good cube is not necessarily
naughty, and vice versa.)

Step 2: For each k > j we construct a j-cover B; ; of all k-naughty j-cubes such that
#B; 4 < ey~ 12] G—date)s(i—k) (3-25)

(Note that B; ; covers all j-naughty j-cubes, and so in particular all bad j-cubes.)
Let Q) be any k-naughty j-cube. Given QV, ..., Q® let QU+ be any k-naughty j-cube that is
disjoint with each of 30, ..., 30®. Note that then 301, ..., 30" contain all elements of A that
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M., 0 intersect. This means that QU+ intersects at least n 2K—/)G—4a+28) “pow” elements of A
n
(i.e., the elements that none of OV, ..., QW intersect). This means that such an iterative definition can

go on for at most
L = #Akn—lz(k—j)(5—4a+28) < Cn—lzj(5—4a+e)28(j—k)

steps, and then the family {3QW, ..., 30®)} covers all k-naughty j-cubes. We now cover each of 3Q®
(I=1,...,L)byat most 43 J-cubes to obtain B; ;. (Note (3-25) then follows from the upper bound on L.)

Step 3: We define B;.
Let
Bj = U Bj,k.
k=j
By construction, B; covers all naughty j-cubes (and so, in particular, all bad j-cubes) and

#B; < Z#Bj,k < ey 1pi G—date) Zzs(jfk) — o lpidate)
k> j k>j
as required (given 7 is fixed).
Step 4: We show that (3-24) holds for sufficiently small € (0, 1). (This, together with the previous step,
finishes the proof.)
Let Q be a j-cube disjoint with all elements of B;. Let us denote by C*(Q) the collection of k-cubes Q’
(k > j) from Ay intersecting Q. Since Q is not naughty (as otherwise it would be covered by B;)

#Ck(Q) < n2(k—j)(5—4a+2£) )

Let ro € (0, 00) be such that 3(r ¢’ Q) contains the centre of Q". Applying Lemma 3.5 with 2a = 2-i1=e)
and 2b = 27%1-8) we obtain that

d(rQ) intersects ' = re [ror — 2U=e)(—k) ror +2U=8G=h
Thus if f;(r) denotes the number of bad k-cubes that intersect d(r Q) then

Ji(r) < Z X[rQ/_z(l—s)(/—k),rQ/+2(1—s><1—k>](r).
Q'eCk(Q)
Thus

Il fell 10,210y < 2#Ck(Q)2(1—s)(j—k) < 2172(4(1—4—38)0—]()’

and so letting f:=) ;. ; Jx and recalling that o > 1 and ¢ is small enough so that 4o —4 — 3¢ > 0 (see
(3-1)) we obtain
I flz10,2-10) < Z I fill L1 0,2-10) < €.
k>j

(This is the only place in the article where we need the assumption « > 1; otherwise o > 1 would be
sufficient.) By choosing 1 € (0, 1) sufficiently small such that cn < % 2710 we see that || || L1(0,2-10y < 2710
and so there exists r € (0, 2719) such that f(r) =0 (recall that f takes only integer values). In other words
there exists r such that d(r Q) does not intersect any element of 4; for any k > j, and so in particular
any bad k-cube. U
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We now let
E :=limsup U 0.
I geB;
Observe that, since #8; < ¢ 2/ G—date)
dy(E) <5—4a +e¢;

see, for example, Lemma 3.1 in [Katz and Pavlovié¢ 2002] for a proof.

3E. Regularity outside E. We now show that for every x ¢ E and every interval of regularity (a;, b;)
there exists an open neighbourhood of x on which u(¢) remains bounded (as # € (3(a; +b;), b;)). This
together with the above bound on dg (S) finishes the proof of Theorem 1.1.

Note that if x ¢ E then for sufficiently large jo

x ¢ Q forany Q € B;, for j > jo.
In particular
x does not belong to any bad j-cube for j > jo (3-26)

(since B; is a cover of all bad j-cubes), and for any j; > jo there exists r =r(x, ji) € (0, 2710y quch that
d(r Qj,(x)) does not intersect any bad k-cube with k > j; (3-27)

(by the barrier property, (3-23)). The point is that the barrier can be constructed for any j; > jo. This will
be relevant for us, since in the proof of regularity below we will consider a j-cube with j > j; > jo/6%
Thus we will be able to deal with some of the low modes (k € [0, j — 5])) using (3-26) and others using
(3-27). Indeed, for such modes we will have “cubes larger than j-cube” (i.e., QO with k < j) and we will
obtain the critical decay on such cubes by either utilising the barrier property (3-27) (for cubes that are
only “a little bit larger”, see Case 1 in Step 2 for details) or the fact that distant ancestors are large enough
to contain x so that we can use (3-26). As for local and high modes (i.e., k > j —5), we will use the
barrier property (3-27) to obtain critical regularity for cubes located near the barrier, with more and more
regularity on cubes located further away from the barrier towards the interior. In fact we can guarantee an
arbitrary strong estimate for cubes located sufficiently far from the barrier, but we limit ourselves to the
estimate < 27/ O—4+10)/2,

We now proceed to a rigorous version of the above explanation.

Theorem 3.7 (regularity outside E). Let x ¢ E. Given an interval of regularity (a;, b;), there exists ¢c; > 1
and ji1 = j1(¢;) € N such that
ug(t) < 27 IP Q2 (3-28)

forallt e (%(ai +b;), b,-) and for every j-cube Q CrQj (x), where r € (0, 2719 s as in (3-27),
p(Q) :=5—4a +min(10, 1;68(Q))
and §(Q) denotes the smallest k € N such that Q;_y intersects 9(r Qj, (x)).

Note that the theorem gives no restriction on the range of j’s, but it is clear from the inclusion
Q CrQj (x) that j > ji +10 (as r <2719,
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Proof. Since u is a strong solution in (a;, b;), it is continuous in time in (a;, b;) with values in H 6 (recall
(1-4)). Thus letting
ci:=1 +c||u(%(ai + b)) ”Hﬁ

we see that, for any j-cube Q, uQ(%(ai —i—b,-)) < Pju(%(ai +b,-)) | < ¢;2% and hence also up(t) <c;
for some ¢t > %(a,- + b;) (due to the continuity of the H 6 norm). Thus the claim remains valid on some
nonempty time interval following %(ai 4+ b;) (since p(Q) <5—4a+10<11).

Since the interval of regularity (a;, b;) is fixed, from now on we will suppress the subindex “i”, for
brevity.

We take jp sufficiently large so that (3-26) and the claims of Corollary 3.2 and Theorem 3.3 are valid
(we will let jo even larger below). We let j; be the smallest integer such that

J1 = (jo+10)/6>. (3-29)
‘We also note that

if Q'(y) is a k-cube centred at y € r Q;, (x) and touching the barrier 3(r 0, (x))
then Q' is good if k > j. (3-30)

Indeed, if k > j; then Q' is good by the barrier property (3-27). If k < jj then Q" D rQj, (x) > x (as the
sidelength of Q’(y) is more than 210 times larger than the sidelength of rQj, (x) 3 y), and so Q" is good
by (3-26).
Suppose that the theorem is false and let 7y > %(a + b) be the first time when it fails. Then
g (t) < c27%@Y2 forall 1 € [0, 1] and all k-cubes Q' C rQj, (x) (3-31)
and there exists a j-cube Q C r Qj, (x) (for some j > 0) such that
ug(tg) > 2P/, (3-32)

We note that the existence of such Q is nontrivial, since there are infinitely many functions u o/ (¢) for

Q' CrQj, (x). In fact one can think of a scenario when all such u o'’s remain close to zero until 7y with a

sequence of u g’s growing faster and faster past 7o (in such scenario (3-31) holds but not (3-32)). We verify

in Step 1 below that such a scenario does not happen (i.e., that such Q exists) as long as t; lies inside (a, b).3
We now let #; € (0, o) be the last time such that u o (t;) = 32779/, Then

ug(t) € [§27/P@12 2P @21 for t € [, 1]. (3-33)
The main estimate (3-14) gives
277D = 2(u g (1) > —ug(t1)?)

. rlo o . . .
<-—c 220”/ u2Q—|—c/ 17%9) (2JM3Q/2,ji2 Z 23k/2, O« +25]/ZM%Q/2J:|:4+23J/2 Z 2ku§Q/2’k>
: " fi<k=j-S k>j+1

1o X .
+c/t 220[]2_]8“%Q/2’ji2+€(j), (3-34)
1

3This is the localisation issue that we referred to in the Introduction. This issue was ignored in [Katz and Pavlovi¢ 2002].
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where we omitted the time argument in our notation. Note that we can write
e(j) <27

(recall the beginning of Section 2 for the definition of e(j), the j-negligible error), so that it can be
ignored (i.e., it can be absorbed into the left-hand side for sufficiently large j). We will estimate the terms
appearing on the right-hand side of (3-34) in Steps 2—4 below, and we will conclude the proof in Step 5.

Step 1: We verify (3-32).

Letm €N. By definition of #y there exists T € (ty, to+1/m) and a j-cube Q such that u y(t) > ¢ 27/°(@/2,
We claim that (3-32) holds for such Q if m is taken sufficiently large. Indeed, if it does not, then
2fp(Q)/qu(t0) < 1 for each m, and so

c—1<2POP g (1) —ug(in)) <2219 Py (u(r) — ulto)ll < cllu(r) — uto) 136,

for all m, uniformly in j, and so continuity of # in time (on (a, b)) with values in H 6 gives a contradiction
for sufficiently large m. (Note that, for simplicity, we have omitted the dependence of T and Q on m in
the notation above.)

Step 2: We observe that §(Q) > 11, so that in particular
p(Q)=>5—4a+e. (3-35)
In order to see this, note that if §(Q) < 10 then Q;_;¢ touches d(r Q}, (x)). Thus (3-30) implies that
QOx—10 is good for every k € [0, j], since
k—10>6j—-10>6j; —10 > jj
by our choice (3-29) of j;. Hence Theorem 3.3 gives that

Qg (ty) < 277 C—4+02 < 9= G—4ated(@)/10)/2 _ 5=ip(Q)/2,

which contradicts (3-32).
Step 3: We show that
g (1) < c27KOTHEIRZ 1 kelg), j 5],
27 I @=2/5/2  kej—4,...,j+100/¢], (3-36)
M3Q/2,k(t) =< —3i~—k(9—da)/2 .
c273i7kO42 k> 4100/ ¢,
fort € (11, 1g).

Case 1: k € [0, j —5]. If 6(Qk) > 11 then in particular Q@ C rQ;,(x) and p(Qx) > 5 —4a + ¢, and so
the claim follows from (3-31). If 6(Qy) < 10 then Q;_19 is good for every [ € [0k, k] due to (3-30), since

1—10> 60k —10> 6% — 10> 6%j; — 10 > jo. (3-37)

Therefore the claim follows from Theorem 3.3.
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Figure 3. An illustration of (3-40) - note that each Q' € Sk(;1 Q) is of the same size as
0 (as in the illustration) or smaller (as k > j).

Case2: kel[j—4,...,j+100/¢). Then
§(QK) =8(Q)+k—j=8(Q)—4=T7, (3-38)
where we used Step 2 in the last inequality. Hence Qy C r Q;, (x) and

p(Qi) = p(Q) — 2e.
Thus since for k € [j — 4, j — 1] we have %Q C Oy, (3-31) gives

Usg/ax < 27H(Q0/2 < 9=KP(Q=25/9)/2 < 0=i(P(@=2/3)/2

as required. If kK > j we note that

wiopk <y, ug, (3-39)
0’5 70/4)

where Sy (2 Q) denotes a cover of ZQ by k-cubes with #5)(20) < ¢23*=)0=9 (recall the beginning
of Section 3). Since

Q) =2"U0=99" c Q; , forevery Q'€ 5 (;0). (3-40)
see Figure 3, we obtain
8(Q")=8(Q) +k—j=8(Qj-2)=8(0Q)—2, (3-41)
and so p(Q’) > p(Q) — %8. Therefore (3-31) gives

g < 2—kn(Q"/2 < 2—k(p(Q)~¢/5)/2 < Cz—j(p(Q)—Zs/S)ﬂ’

and since #Sk(ZTQ) < ¢2300-)/¢ — ¢ (recall our constants may depend on ¢) the claim follows by
applying (3-39) above.

Case 3: k> j+100/¢. For such k we improve (3-41) by writing

8(Q") =8(Q)+k—j=58(0;-2)+100/e =5(Q)+100/e —2 > 100/e (3-42)
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for any Q' € Sk(%Q) where we used Step 2 in the last inequality. This gives p(Q’) = 15 — 4a. Thus
using (3-39) and the estimate #S (1 Q) < ¢23*=10=8) < ¢23*=)) we arrive at

wsgpk < Y. ug < Y. 22 < 93k Te(@))2 g dipThO—A/2,
Q'eS(79/4) Q'eSk(710/4)
as required.
Step 4: We use the previous step to estimate the terms appearing on the right-hand side of the main
estimate (3-34). Namely we show that

Z 23k/2u3Q/2k < 23112 5~4)/2)~je/2
Ojsk=i=> > —jp(Q)/27—j (5—4a)/2~—je/10

Z 2k”%Q/2,k < ¢ 2i2=ip(Q)/29—j(5—4a)/29—je/10.
k>j+1

We note that, although the terms appearing on the right-hand side might look complicated, we write
them in this form to articulate their roles. As for the factors 2°//2 or 2/, these are “bad factors” which,
together with the corresponding factor in the main estimate (3-34), give 23//2 This should be compared
against the factor 2°% which is a “good factor” given by the dissipation (i.e., by the first term on the
right-hand side of (3-34), which comes with a minus). This brings us to the factors of the form 27/ =4
whose role is exactly to balance the “bad factor” against the “good factors”.

As for the factors 27/°(@)/2 we point out that together with the corresponding factor uy (which is
bounded above and below by 27/°(@)/2 due to (3-33)) appearing in the basic estimate, one obtains 27/°(2)
as the common factor of all terms in (3-34).

Finally, the role of any factor involving ¢ is to make sure that the balance falls in our favour, namely
that the resulting constant at all terms on the right-hand side of (3-34) (except for the first term), is smaller
than the constant at the first term (the dissipation term). Writing the estimates in the form (3-43) also
exposes the value of 5 — 4w, which is our desired bound on the Hausdorff dimension.

We now briefly verify (3-43). The first two of them follow from Step 3 by a simple calculation,

Z 23k/2”3Q/2,k <c Z 27k(274(¥+8)/2 < szj(274a+8)/2 (3_44)

0j<k<j-—5 0j<k<j—5
and

W) jun < €27TC@2/D — (2 =ip(O2 =i (0@ —4e/5)/2 < ¢ p=ip(@)/2 =G4 2p=je/10,

as required, where we used (3-35) in the last inequality. As for the third estimate in (3-43) we write
2= 2+ )
k=j+1  j+1<k<j+100/e  k>j+100/¢
and estimate each of the two sums separately,

S 2udgy < 202 IO < 0 9)pmin(@)2) ) Sdate/5)2
jH1<k<j+100/¢
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(recall that ¢ might depend on ¢), where we used (3-35) in the last inequality, and
Z 2ku%Q/2,k <¢273 Z P—kE=4a) < o=i(1=4a) < (.0jn=iP(Q)/29=](5—4a+e/5)/2,
k> j+100/e k> j+100/¢
where we used the inequality 11 —4a > —1 + % p(0)+ %(5 —4do) + %8 (a trivial consequence of the

fact that p(Q) <5 — 4« + 10) in the last inequality.

Step 5: We conclude the proof.

Applying the estimates from the previous step into the main estimate (3-34) and recalling that
u%Q/Z,j:I:Z < 27/ (P(@)=2¢/5) (from Step 3) we obtain
2=ir(Q)
< i / "’uzQ i / "o (21271 P(Q=26/5)/2035/ 2= 5= 4) 2= [2 4 95i/2~ip(Q)/2) =i (5=4e)/2)=je/10

§ " 1231/ p(@)/2 = (54 2~ 10)

L p2ajn—je / 05— j(p(@)—2¢/5)
n

. fo .
= —022"‘]/ u2Q+c22°‘f/
131 t

touQ(Z—jP(Q)/Z(2—3]8/10+2—j€/10+2—jg/10))+Czzaj2_3j8/5/102_jp(Q)
1 "
< —ch(Z“_”(Q))(to—tl)(l _cz—je/IO),

where we used the lower bound u g > % 277P(Q)/2 (see (3-33)) in the last line. Therefore if jj is sufficiently
large so that
1—c270/10 5 ¢

(where c is the last constant appearing in the calculation above; recall also that j; is given by (3-29)),
we obtain

1 <0,
a contradiction. O

Corollary 3.8. Given x ¢ E and an interval of regularity (a;, b;) there exists an open neighbourhood U
of x such that
lue(t) || L vy remains bounded for t € (%(ai +b;), bi).

Proof. We fix an interval of regularity. By Theorem 3.7 there exists j; and r € (0, 271°) such that
ug(t) < 2—ir(Q)/2

forall # € [0, T) and all j-cubes Q C rQj, (x). Let j> € N be the smallest number such that §(Q) > 100/¢
for every j-cube Q C Qj,(x). (Note that the last condition implies also that j > j>.) Then p(Q) > 10 for
any such j-cube Q andsoug <c 2737, We let

U:= Qj+2(x).
To show that |lu(t)]| L~ remains bounded, we note that the localised Bernstein inequality (2-21) gives

lpo Piulloo < c2°ug +e(j) <c277?
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for every j-cube Q € §;(U) with j > j, + 2. Hence

1— i—(jo+2))~—7j/2 —j/2
|Pullew) = D NdoPulles < c2207U=UFDRTTI2 = ¢, 27/
Qes;(U)
for such j and so
lll oy < I P<jpritlloo+ D I1PullLw)
J=jat2
< e Peppulte, Y 2 <qp,
J=jh+2

as required, where we used the Bernstein inequality (2-12) in the second inequality. O

3F. Regularity for o > %. Here we briefly verify Corollary 1.3. Letting ¢ € (0, 4o — 5) we see that any
j-cube (j > 0) satisfies
up(t)<c<c n—Jj(5—4a+e)

for all # > 0. Thus any closed and sufficiently small surface S C R can be used as a barrier, and
Theorem 3.7 (with 9(r Qj, (x)) replaced by S) gives that ugy (1) < 271P(@)/2 for all j-cubes Q located
inside S and all ¢ > 0 (provided u is sufficiently smooth). Furthermore j, (from the proof of Corollary 3.8)
can be chosen independently of x (i.e., depending only on how small S is), and consequently Corollary 3.8
gives boundedness of ||u ()|l in # > 0.

4. The box-counting dimension

Here we prove Theorem 1.2; namely that dg(S®) < %(—160{2 + 160 + 5), where S® .= Uiik S;
(recall (1-7)).

A bound on dp(S®) can in fact be obtained by examining the proof of Theorem 3.7 above. Namely,
observing that the only consequence of x ¢ E that we used in its proof was that

x¢€Q forany Q€ B, kel[6%)—10, ji], 41
where jj is taken sufficiently large. In fact, this allowed us to deduce that for a given j-cube Q C r Qj, (x)
the cube Qy =20 =00-8 0 s good for such £’s (take jy := 162 j; — 10] and recall (3-26), (3-27) and
(3-30)). This, in light of Theorem 3.3, gave us the “slightly more than critical” decay, which in turn
enabled us to deduce better decay for cubes located further inside the barrier r Q;, (x). Corollary 3.8 then

deduced that x & S.
Using (4-1) we see that for sufficiently large j

U Ue
ke{l6%2j—10],...,j} QB

contains the singular set in space at a given blow-up time. Thus, covering each of the covers By
(k € {|6%j — 101, ..., j}) by at most

623(j—k)(1—8)#8k < C23(j—k)(1—8)2k(5—4a+8) :C23j(1—£)2k(2—4a+28)
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Jj-cubes we obtain a cover of the singular set by at most
J
c Z 237 (1=e)pk(—da+2e) _ . ) (3-3e+6%(2—4a+2e)

k=162j—10] —c 2j(—64a3+96a2(1+£)—48a(1+8)2+35+8£3+8£2—3a)/9 (4-2)

Jj-cubes, where we substituted 6 = %(Za — 1 —¢) (recall (3-3)) in the last line. In other words N (S, r),
the minimal number of r-balls required to cover S (recall the definition (1-8) of the box-counting
dimension), satisfies

N(S™, r) < ¢ (0407 +960% (1+6)—48(1+¢)*+35+857+82% ~36) /9(1 —¢) (4-3)

for sufficiently small r. This gives that
dp(S"™) < §(—64a> + 96> — 48a + 35) (4-4)

for every m € N. As noted in the Introduction, we point out that the required smallness of r for (4-3)
to hold depends on the interval of regularity (g;, b;). This is the reason why we only estimate dg(S"™),
rather than dg(S).

In what follows we present a sharper argument that allows one to get rid of one of 8’s in the first line
of (4-2) to yield the following.

Proposition 4.1. Given the interval of regularity (a;, b;) the set

U Ue

ke{|6j—10],...,j} QB
covers the singular set in space at time b; if j is sufficiently large.

Assuming this proposition and letting C; be a j-cover of all elements of By for k = [6j — 10/, ..., j,
we obtain a j-cover of the singular set with
J
#C; <c Z 23(j7k)(lfa)#8k < ¢ 2J 3—3e+0(2—4a+2e)) =C2j(f16a2+16cx(1+a)+571767452)/3,

k=10j—10]

which shows that dz(S™) < %(— 16 +16a +5) for all m € N, by an argument analogous to that above.
This is sharper than (4-4), and it proves Theorem 1.2. We note that if one was able to get rid of the other 6
in (4-2), then one would obtain dg(S) <5 — 4a, i.e., the same bound as for dg (S).

Before proceeding to the proof of Proposition 4.1, we comment on the main idea of Proposition 4.1 in
an informal way.

Recall (3-37) that for each k € [6], j — 5] we needed Q;_1¢ to be good for [ € [0k, k], and deduced
from the “e-better than critical” decay for u g, (in Case 1 of Step 3 of the proof of Theorem 3.7, by using
Theorem 3.3), which we have then plugged into the sum of the low modes of the main estimate (3-34) (in
(3-44) above). However, looking closely at this term of the main estimate,

. 1o
2J/ upusgp e y, 2Mug,
. bj<k=j-5
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we observe that it has a structure similar to the definition of a good cube (3-15). Indeed, ignoring u o and
u3p,2, j+2 for amoment we see that we could use (3-15) to estimate it. If that were possible, we would only
need to require that Qy (or rather Qy_19) is good for k € [0, j — 5], and so we would end up with a saving
of one 8. The only problem is that (3-15) is concerned with the time integral of a squared function, rather
than the function itself, and so, applying the Cauchy—Schwarz inequality in the time integral we would
obtain an additional factor of (fo — ;) ~!/2; see the last term in (4-8) below. It turns out that this additional
factor can be taken care of by absorbing a part of this term by the left-hand side (as in (4-9) below).

Proof of Proposition 4.1.. We will show that if j; is sufficiently large then every x outside of C;, is a
regular point in the given interval of regularity (a, b). We set

Jo:=10j1—10]. (4-5)
As in Theorem 3.7 we show that, for sufficiently large j; = j(c;),
MQ(I) < Ci2_jp(Q) (4-6)

for every x ¢ UQ ec;, Q, where ¢; depends on the interval of regularity (a;, b;). In fact, we can copy the
entire proof of Theorem 3.7, except for Step 4, where we replace the estimate on the low modes (i.e., the
first inequality in (3-43)) by

Z 23/(/2/’0qu < ety — 1)2 T @42 | o(q0 _ g1 /29i Q- 20te))2 (4-7)
kel0).j—5) "

which we prove below. Given (4-7), we can plug it, together with the remaining two inequalities in (3-43),
into the main estimate (3-34) (just as we did in Step 5 of the proof of Theorem 3.7 above) to yield

27 = c(uQ<ro>2—uQ<z1)2>

0j<k<j-—5 k>j+1

+220(j2_j8/;] u%Q/Z,]:‘:2+e(])

< 2% (fg—1)27 9P QD 4 ¢~ Jp(Q)21(1+8/5)/ Z 232y,
0j<k<j—5

tc(tg—t1)224 27 iP(Q) (27810 4 5 7e/10 4 H3je/5)

<2 (to—t1)2_jp(Q) (—c+c 2—]8/10)+C(t0_t1)1/22—jp(Q)20tj2—3j8/10’ (4-8)

where, in the last step, we applied (4-7) to estimate the low modes. At this point we obtain the same
inequality as before (i.e., as in Step 5 of the proof of Theorem 3.7), except for the last term, which can be
estimated using Young’s inequality ab < %a2 + %bz to give

% 2P 4 224 (1 — 1))27 1P Q) =3)E/5, (4-9)
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Absorbing the first term above on the left-hand side we obtain
1 <22 (tg — ty)(—c +c277¢/19),

which gives a contradiction for sufficiently large ;.
It remains to verify (4-7). To this end, if §(Qf) > 11 then, as before, we can use the fact that the claim
(4-6) remains valid until 7 to obtain that

Z 23k/2/f0qu < clto—11) Z 23k/29—kp(Qk)/2 < (10 _tl)z—j(2—4a+e)/2’
t

kel8j.,j—51 ! kel6j,j—51
3(Qp=11 8(Qu=11

where we used the fact that p(Q) > 5 — 4« + ¢ in the last inequality.
If §(Qk) < 10 then Qk_1o intersects the barrier d(r Q;, (x)), and so it is good as k — 10> 6 — 10 > jp
(recall (3-30) and (4-5)). Thus since ¢, < 19, ,, (recall (2-19)) the definition (3-15) of a good cube gives

Hence
o 1) 1/2
S ugwen Y 5[
kel8),j—5],6(Qr)=10 g 0j,.J=5.8(Qr)=<10 g
<ctg—1)'? Z 2kKQ=2a+0)/2 _ (g0 — g\ /20 2=20+0)/2,
k<j-5
as required. [l
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THE PESKIN PROBLEM WITH VISCOSITY CONTRAST
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The Peskin problem models the dynamics of a closed elastic filament immersed in an incompressible fluid.
We consider the case when the inner and outer viscosities are possibly different. This viscosity contrast adds
further nonlocal effects to the system through the implicit nonlocal relation between the net force and the free
interface. We prove the first global well-posedness result for the Peskin problem in this setting. The result ap-
plies for medium-size initial interfaces in critical spaces and shows instant analytic smoothing. We carefully
calculate the medium-size constraint on the initial data. These results are new even without viscosity contrast.
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1. Introduction

Fluid structure interaction (FSI) problems in which an elastic structure interacts with a surrounding fluid
are found in many areas of science and engineering. Many numerical algorithms have been developed
for such problems, and the scientific computing of FSI problems continues to be a very active area of
research [Li and Ito 2006; Peskin 2002; Tryggvason et al. 2001; Richter 2017]. The Peskin problem,
considered in this paper, is arguably one of the simplest FSI problems and has been used extensively in
physical modeling as well as in the development of numerical algorithms as a prototypical test problem.

1A. Formulation. Consider the following fluid problem in R%. A closed elastic string I' encloses a
simply connected bounded domain Q; C R? filled with a Stokes fluid with viscosity ;. The outside
region 2, = R?\(Q; UT) is filled with a Stokes fluid of viscosity y». The equations satisfied are

wiAu—Vp=0 inQ, (1-1)
wAu—Vp=0 in Q,, (1-2)
V-u=0 inR*\T. (1-3)

Here u is the velocity field and p is the pressure.

MSC2020: primary 35Q35, 35C15, 35R11, 35R35, 76D07; secondary 35C10.
Keywords: Peskin problem, fluid-structure interface, viscosity contrast, global regularity, critical regularity, immersed boundary
problem, Stokes flow, fractional Laplacian, solvability, stability.
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We must specify the interface conditions at I'. Parametrize I" by the material or Lagrangian coordinate
0e€S=R/2n7Z), and let X (6, t) denote the coordinate position of I" at time ¢. The parametrization is
in the counterclockwise direction, so that the interior region €2; is on the left-hand side of the tangent
vector d X' /06. For any quantity w defined on €21 and €2, we set

[w]l=w|r, —w|r,,

where w|r, and w|r, are the trace values of w at I' evaluated from €2 (interior) and €2, (exterior) sides
of I'. Let n be the outward-pointing unit normal vector on I':

WX a2 xt_rex, m=[0 )
n—=— , = —, = s = ,
x| a0 o 1 0
where R is the 7-rotation matrix. The interface conditions are
d (X,1) (1-4)
—=u s s -
ot
[u] =0, (1-5)

i (Vu+ (V)" — pI - in Qi

(Va4 (V)" — pI - in o, (1-6)

[Sn]= FaldpX|™', T= {
where [ is the 2 x 2 identity matrix. The first condition is the no-slip boundary condition and the second is
the stress balance condition, where X is the fluid stress and Fg is the elastic force exerted by the string I.
We let

Fo =kodg X, ko> 0, (1-7)

where kg is the elasticity constant of the string I'.

In the far field, x — oo, we impose the condition that u — 0 and p — 0. This completes the specification
of the Peskin problem.

Let us rewrite the above problem using boundary integral equations. Given some function F defined
on I', we express the solution to our problem as the following single-layer potential on S = [—m, 7 ]:

u(x,t)=/SG(x—X(n))F(n)dn, (1-8)
G(x)= %(— log|x|I + ’%) x=(x1,x)" € R?, (1-9)

where G is the stokeslet, the fundamental solution of the two-dimensional Stokes problem. Additionally
for y = (y1, y2)T € R? we use the notation

xQy= |:x1y1 xl)’2:|
X2¥Y1 X2)2

We note that X and F (and other variables) depend on ¢, but we will often suppress this dependence to
avoid cluttered notation. We note that the single-layer potential does not have a velocity jump across the
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interface, and thus the boundary condition (1-5) is automatically satisfied. We then have

oxX
B (9)=/G(AX)F(n)dn, (1-10)
t s

where we use the notation

AX = X(©6)— X(1).

On the other hand, the stress interface condition (1-6) is not automatically satisfied, and this will lead
to an equation for F. Let us compute the stress associated with the single-layer expression (1-8). The
stress X in €2; is given by
2jj(x) = p2 / Tiji(x — X () Fie(n) dn,
S
with

1 XiX;jXk

Tk = (1-11)

T xt
where the subscripts denote the components of the respective tensors/vectors, such as F = (Fy, F»)T, and

the summation convention is in effect for repeated indices. We refer to Chapter 2 of [Pozrikidis 1992] for
further details on the derivation of the stokeslet and the stresslet tensors. In €21, the stress is given by

Xij(x, 1) =y /Sfjk(x — X () Fr(n)dn.

Thus, the trace values of the normal stresses are given by the equations

i (X O)n;O)]r; = m(—%maexw v [ TR A Fepn j<9>dn),

1 _
% (X(0)n;(@)Ir, =M1(§Fi|892\f| '+ pv ﬂjk(AX)Fk(n)nj(Q)dn)-
S
The stress jump condition (1-6) thus reduces to (fori =1, 2)

2
Fi(0) +2A /T AX)F(m)og X+ (0)dn = —=—F. ;(0),
) ug]k( )Fi(m)dp X5-(0) dn prE 1i(0)

where o — iy
w= m (1-12)
We define
Si(F, X)(6) = —0pX;~(6) /s Tiji(AX) Fi(n) dn.
We will frequently write it in vector notation as
F(G):2AMS(F,X)(0)+2Aeﬁel(9), (1-13)
where
S(F,x)(0) = —39X(9)L-/ T(X(©0)— X)) - F(n)dn, (1-14)
with :
Fu=LlF 4 il (1-15)

ko ot
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We point out that the above boundary integral equation has a unique solution F given F for sufficiently
smooth X.

The Peskin problem thus reduces to the integral equations (1-10) and (1-13) for X, where G, T, A,
S, A,, and ﬁel are given by (1-9), (1-11), (1-12), (1-14), and (1-15), with F,| given by (1-7). Note also
that, when A, =0, i.e., 1 = 2, equation (1-13) reduces to F =2A,F|, and we may just work with the
single equation (1-10).

Assuming that the stationary solutions are sufficiently smooth, it can be shown by an easy calculation
that the only stationary solutions are those in which X is a uniformly parametrized circle and the velocity
field is u = 0; see Section 5.1 of [Mori et al. 2019]. Thus, all of the equilibrium configurations of (1-10)
and (1-13) are spanned by

o R e O ) R S

1B. Critical regularity and related results. A general guideline for seeking the most natural and largest
class of initial data for a given problem is to identify its scaling and consider a function space that is critical
(invariant) with respect to this scaling. The Peskin problem given above by (1-10) and (1-13) is invariant
under dilation, and thus to make proper sense of scaling one must first fix a reference scale. Consider the
scaling parameter A > 0. The domain scales accordingly from the torus S=[—x, 7] to S/A=[—7 /X, T /A].
Then, we choose as the reference scale the length of uniformly parametrized circles, which we pick to be 2.
Given the additional rotation and translation invariance of the problem, let us consider the particular choice

X, 1(0) =271X.(00),

where X,(0) = e,(0). Then, the system (1-10), (1-13) is written in terms of the difference X (0, t) =
X(0,1t) — X.(0). One can check that the following dilation invariance holds: if X (0, ¢) is a solution,
then X, (0, 1) =A=' X (A0, Ar) is also a solution.

More generally, if the elastic force Fg is given by (1-7), then (1-10) has an additional scaling invariance
given by X, (6,1) =t X (A0, At) and X, ) (0) = 1 X (A0) for any A, T > 0. The stress jump condition
(1-13) then scales as F (0,¢t) = 221 F ()0, At). This more general scaling leaves the equation invariant
with 7 unrelated to A. We note however that the chord arc condition, defined below in (1-17), is only
invariant under the dilation rescaling where 7 = A~

The analytical study of the Peskin problem was initiated in [Lin and Tong 2019; Mori et al. 2019],
in which the case of equal viscosity p; = wy was studied. In [Lin and Tong 2019], well-posedness was
established in X € C([0, T1; H*(S)), T > 0, with initial data X in H>/%(S), whereas in [Mori et al.
2019], the solution resides in X € C([0, T]; C1%(S)), a > 0, T > 0, with initial data X in h1%(S),
o > 0 (this space is the completion of smooth functions in the C'* norm). These spaces are subcritical
with respect to the above scaling. Indeed, in the L? Sobolev scale, H>*(S) (or C([0, T1; H¥*(S))) is
the critical space, whereas in the scale of (Holder) continuous functions, C!(S) (or C ([0, T1; C'(S))) is
the critical scale. In this sense, the results in [Mori et al. 2019] are only barely subcritical. The semilinear
parabolic methods [Lunardi 1995] that are used in [Mori et al. 2019] rely crucially on subcriticality,
however, and do not seem to be readily extendible to the critical regularity exponent.
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In this paper, we consider the Peskin problem in which the viscosities ) and w, are not necessarily
equal. Furthermore, we establish a solution theory with initial data X in the Wiener space F"1(S), the
space of functions whose derivatives have a Fourier series that is absolutely summable (see Section 1C).
This space is critical with respect to the scaling of the Peskin problem identified above.

In contrast to [Lin and Tong 2019; Mori et al. 2019], our theory is restricted to initial data that is
sufficiently close to the stationary states, i.e., the uniformly parametrized circles. The papers [Lin and
Tong 2019; Mori et al. 2019] establish local-in-time well-posedness in their respective function spaces
subject to the following arc-chord condition on the initial data:

[X0(0) — Xo)| _

X =
¥l =, ol 16 — 1]

0. (1-17)

In this sense, our results might be better compared to the results on asymptotic stability of the uniformly
parametrized circle obtained in [Lin and Tong 2019; Mori et al. 2019]. The uniformly parametrized circle
is proved to be exponentially stable in the above L? Sobolev and Holder scales respectively, and in the
latter paper, it is proved that the solution is in C*°(S) for all positive time. In this paper, we improve
upon this result to prove that the solution is analytic for positive time.

Local-in-time well-posedness for initial data in 7! merely satisfying condition (1-17) is an open
question that we do not address in this paper. It is notable, however, that the arc-chord condition (1-17) is
invariant under the dilation scaling described above. In [Mori et al. 2019], it is shown that, if the solution
ceases to exist as ¢ approaches f, < 0o, then following must hold:

lim g, (X) =00, Eu(X)= M for any o > 0.

= kT
On the other hand, if g, (X) remains bounded for all time for some « > 0, then X must converge to a
uniformly parametrized circle. A similar criterion, in which the numerator of g, is replaced with a critical
norm such as the 7! norm, would be a major improvement that should lead to a better understanding of
the global-in-time dynamics of the Peskin problem.

Another extension of the Peskin problem is to consider the following elastic force in place of (1-7):

Fua=d( T(3X) %X (1-18)
el — 0 0 |39X| y -

where 7 (s) is a tension coefficient that must satisfy the structure condition 7 > 0 and d7 /ds > 0. Note
that the above expression is reduced to (1-7) if we take T (s) = kos, hence ko = T (1) =d7T /ds. In the
case of equal viscosity @, = uy, a local-in-time well-posedness theory for initial data satisfying (1-17)
under the more general force (1-18) is established in [Rodenberg 2018] in the Holder scale similarly to
[Mori et al. 2019], using nonlinear parabolic methods [Lunardi 1995]. It is expected that the results and
methods of this paper can be extended to this more general case.

Finally, we mention [Tong 2021] in which the author considers a regularization of the Peskin problem
inspired by the immersed boundary method, extending the techniques in [Lin and Tong 2019]. Such
studies may form the basis for numerical analysis of the Peskin problem.
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The surface tension problem, in which the interface is not elastic but only exerts a surface tension,
may be the most closely related class of problems for which there are extensive analytical studies. We
note that our problem is distinct from the surface tension problem; in contrast to an elastic interface
considered in the Peskin problem, an interface with surface tension only does not resist stretching. This
difference manifests itself in the different energy dissipation laws satisfied by the respective problems;
see Section 1.1 of [Mori et al. 2019]. We refer the reader to [Priiss and Simonett 2009; 2016; Shimizu
2009] for an extensive survey of the analytical study of the surface tension problem.

There is also an increasing number of analytical studies on fluid-structure interaction problems in
which an elastic structure interacts with a fluid, related to the Peskin problem considered here [Ambrose
and Siegel 2017; Cheng et al. 2007; Cheng and Shkoller 2010; Liu and Ambrose 2017; Muha and Canié
2013; Plotnikov and Toland 2011; 2012; Li 2021; Boulakia et al. 2012]. The equations dealt with in these
studies are typically more complicated than those of the Peskin problem; the sharp results obtained for
the simpler Peskin problem should serve as a guide to what is possibly true for the more complicated
model problems.

From an analytical perspective, the Muskat problem is perhaps the closest nonlinear PDE to our
problem for which there is a large body of analytical studies. However, it models a very different physical
setting: two immiscible and incompressible fluids in a porous media governed by Darcy’s law. On the
other hand, for a nearly flat interface in the presence of gravity both problems have the same symbol
at the linear level. The authors of [Constantin et al. 2013] introduced the use of the Wiener algebra
to obtain global well-posedness results for the Muskat problem at critical regularity. Moreover, the
size restriction on the initial data was given by an explicit constant that is independent of any physical
parameter. These techniques were extended in [Constantin et al. 2016; Gancedo et al. 2019a] to deal with
the three-dimensional setting and the case of viscosity jumps, respectively. Other results for the Muskat
problem that only require medium-size initial data in critical spaces (as opposed to the more standard
arbitrarily small data condition) [Cameron 2019; 2020] rely on the maximum principle; these methods
have thus far not been shown to be well-suited to deal with viscosity contrasts.

In this paper, we will use spaces related to the Wiener algebra that allow us to perform careful and
detailed estimates on the nonlinear terms to control explicitly the size constraint on the initial data (see
Figure 1). As opposed to the Muskat problem, here the problem is not only described by the shape of
the interface: the parametrization corresponds to the distribution of material points, and thus it matters.
As a consequence, we have to develop further techniques to deal with a system of equations (for both
components of the curve). Interestingly, a careful understanding of the linear system, together with an
appropriate change of framework, allows us to decouple the frequencies associated to the projection of
the interface onto the space of equilibria from the others. Indeed, we overcome a major difficulty of the
very recent result in [Gancedo et al. 2019b] that deals with the Muskat problem for closed interfaces (i.e.,
bubbles), and obtain the global existence and uniqueness result for the Peskin problem with viscosity
contrast at critical regularity.

1C. Notation and functional spaces. We summarize here the notation and functional spaces that will be
used throughout the paper.
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For a vector x = (x1, x2)T € C? we define

L def def [0 —1 | 01
x— = Rx, R—|:1 O]’ R —[_10.

We denote the Euclidean norm as

= Va i = VIx P + el
and for a matrix A = (a;;)1<;, j<2 wWe use the induced matrix norm
[All = omax(A), (1-19)

where omax(A) is the largest singular value of A. For a vector such as X, we will write X, ; to be the
Jj-th component of that vector.
We now define the periodic Hilbert transform of a function f with period 2P as

defl f(9—n) _ / JO—n—fO+n)
4P

_p tan (— tan (757 )

2P/
Unless stated otherwise, throughout the paper we will use the case P = . In this case, we also define

H(f)(O) =

dn. (1-20)

the Fourier transform of a periodic function f with domain S = [—m, ] as
def T .
FOOE fl) = 5 / F®e M do, kez.
-

Further F(H(f))(k) = —i sgn(k) f (k). Then we define the operator A using the Fourier transform as
FAL) () € k| £ (k). And we observe that H(3y £)(0) = Af.
We denote by f x g the standard convolution of f and g. We use the iterated convolution notation

K f= foeooxf (1-21)
‘,——/

k—1 convolutions of k copies of f

Thus for instance %> f = f * f.
We also use the following notation for the discrete delta function, é,(k), which is the function that is
equal to 1 when k = a and equal to 0 elsewhere. Throughout the paper we will further define

81,—1(k) =81 (k) + 61 (k). (1-22)
We further define the high-frequency cut-off operator 73; for M > 0 by
TnX (k) E 1g=m X (), (1-23)

where 14 is the standard indicator function of the set A, sothat 14(x) =1ifx € Aand 14(x) =0if x ¢ A.
For two vectors X (8), Y (0) € R? we define

(X,Y) =/ X(@©)-Y(0)do. (1-24)
S
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Generalizing the Wiener algebra of functions with absolutely convergent Fourier series as in [Gancedo
et al. 2019b], we further define the homogeneous j—"j 'l and nonhomogeneous F ‘I norms as

XN = Y "MK XK, seR, (1-25)
kez\{0}
Xl et = 1XO)+ > " OMkP|1X k)], 50, (1-26)
kez\{0}
with
1) = >0, 1-27
V) = v = (1-27)

and v, > 0 is chosen sufficiently small. Note that v(0) =0, v(¢) > 0 for all 7 > 0. Further v'(¢) < vy
and v(t) < v are bounded for all time. When v = 0, we write ]'-"3’1 =7%! and ]:g’l = F*51 These are
the main norms that we will use in this paper. Note that when s = 1, the F*! norm is critical for the
Peskin problem.

In this paper we write A < B if A < CB for some inessential constant C > 0. We also write A ~ B if
both A < B and B < A hold. Throughout the paper, we will define

Ci=Ci(lXllz1) =Ci(I X g115ve0) >0, i=1,2,..., (1-28)

as functions that are increasing in [ X|| z1.1 > 0 and might depend on the analyticity constant v, with
the properties that C,-(||X||j-TUl.|) ~ 1 for all v >0 and lim”X”f‘}_l_)m Ci(||X||erl-l§ 0) = 1. We will also
define

Di = Di (X[ 311) = Di(IX | 115 Ao voo) > 0, i=1,2,...,

as functions that are increasing in || X|| A= 0 and might depend on the physical parameter A, and the
analyticity constant v, with the properties that D; (|| X|| ]'_-Ul,l) ~1forall A, € (—1,1) and all v, > 0,
and lil’n”X”flvl_)()Jr D,(HXH}-VH ) 0, 0) =1.

1D. Main results. In this section we will state the main result of this paper: namely, that membranes
whose initial interface has critical regularity (in terms of the scaling of the problem), and that are not too
far from an equilibrium configuration, become instantaneously analytic and converge exponentially fast
to the equilibrium. Without loss of generality, we assume that the initial area enclosed by the membrane
is 7. We get the result under an explicit medium-size condition for the initial deviation and for general
viscosity contrast A, € (—1, 1).

Definition 1.1 (strong solution). Let

xXec(o,T; F*Hnclo, T1; 74H

and

X0,0)—X0,t
X.() = inf | X6, 1) (n )I>
0.1€S.0%n |0 —nl

0

for 0 <t < T. Then, X is a strong solution to the viscosity-contrast Peskin problem with initial value
X (0) = X, if it satisfies (1-10), (1-13) for 0 <z < T and X (t) = Xoin F'!'ast — 0.
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Theorem 1.2 (main result). Let A, € (—1,1) and X € FLL Let Xo.c be the projection of X onto the
vector space spanned by (1-16) and Xo = X — Xo ¢; thus X is mean zero and X 0(0) = X 0.c(0). Assume
that initially the deviation X satisfies the medium-size condition

[ Xoll 11 < k(AL), (1-29)

where k(A,) > 0 is defined in (4-9) (see also (4-10) and Figure 1), and that the area enclosed by X is 7.
Then, for any T > 0, there exists a constant Voo > 0 such that there exists a unique global strong solution
X (1) to the system (1-10) and (1-13), which lies in the space

xXec(o, T Frhnclo, 1, FAhHn Lo, T1; 21,

with v(t) given by (1-27). In particular, it becomes instantaneously analytic. Moreover, the following
energy inequality is satisfied for 0 <t <T:

A t
1 X1 1.0 (1) + fc/ 1 X z21(v) dT < | Xo|l 1.1, (1-30)
0
with C =C(|| Xoll £1.1, Ay, Voo) > 0 defined in (4-12). In addition,
1X 1| 511 (8) < (| Xoll rae™Ae/DE (1-31)

The zero frequency X ¢(0) remains uniformly bounded for all times as

1Xe(0)] < X000+ ClI X031,
with C = C (| Xoll 1.1, A,) > 0 given in (4-15), while
L= IX150 < 1XeP < 1+ 51X 1300 (1-32)

We remark that the decay to zero of the deviation X in (1-31) together with (1-32) shows the exponen-
tially fast convergence to a uniformly parametrized circle with the same area as the initial one.

Remark 1.3. The size of vy > 0 is limited by the size of the initial data. This can be seen in (4-7).
Because we are only interested in having any fixed but arbitrarily small vy, to ensure analyticity, we
stated the size condition as in (1-29).

Remark 1.4. In our results, we assume that both viscosities 141 and p, are positive and hence —1 <A, < 1.
We remark on the endpoint cases of A, = %1, which formally correspond to the cases when u; =0
or iy = 0. As can be seen from Figure 1, the allowed size of the deviation from X tends to O as
A, — %1, which may indicate potential difficulties in formulating a well-posed mathematical problem
for the endpoint cases. From a physical standpoint, it does not make sense to set the viscosity to 0 in
either € or €2;, and thus a proper treatment of these endpoint cases will require a rethinking of the
physical situation under consideration. The case A, = —1 or u> = 0 may be thought of as corresponding
to the problem in which a droplet of Stokesian fluid is floating in vacuum. One significant difference
between this and the Peskin problem is that in the former problem a droplet in linear translation or rigid
rotation experiences no external forces. The force balance and continuity equations will thus have to be
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supplemented by auxiliary conditions that assure uniqueness, after which this problem is likely to be
well-posed. In the case A, =1 or 1 =0, 1 might be considered to be vacuum. It is not clear if this
problem is well-posed. We will not pursue these issues further.

1E. Outline. The rest of the paper is structured as follows. In Section 2, we first decompose in Section 2A
the system (1-10), (1-13) into zero-order, linear, and nonlinear parts around the equilibrium configuration,
and then in Section 2B we perform the linearization of the problem and show its parabolic structure.
Section 2C shows how this structure leads to dissipation and in Section 2D we summarize the system of
equations in its final form. Section 3 contains the crucial nonlinear estimates needed to prove Theorem 1.2.
Finally, Section 4 is dedicated to the proof of Theorem 1.2 via a regularization argument and also shows
the uniqueness of the solutions.

2. Linearization around the steady state

We will linearize the system (1-9)-(1-15), with F,| given by (1-7), around a time-dependent uniformly
parametrized circle with center (c(¢), d(¢)) and radius R(¢):

Xc(0,1) =at)e (0) +b(1)e;(0) +c()er +d(t)er,

2-1
R*(t) = a*(t) +b* (1), @D

where a(t), b(t), c(t) and d(¢) are arbitrary time-dependent functions and e, (0), e;(6), e|(6), e2(0) are
defined in (1-16). For notational convenience, we will suppress the time dependence of the coefficients.

2A. Nonlinear expansion. We will denote by X (6) the deviation from the circle X.(0) as X(0) =
X (0) — X.(0). We define further

def

AX =X(0)—-X(m)
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and X(©0) - X(1n)
A X(0) &2 2
1X©) 2 sin (—9;”)

ApXc(0) = aet<9+7l> —b r(ei
+

')
)
2)

(2-2)

In particular, we have

[\

since

e
e

—sin (Gﬂ) 9
=] " |l

— Cos (%) 6+n
Ane,(Q) = |:_ sin (9%) = _er(T>a

where we have used the trigonometric identities

sin (A) — sin () = 2sin (9;77) cos (@)

cos (f) —cos (n) = —2sin (9%77) sin (8%)

Recalling (2-1) and using the identities
e, (0) = e, (0)" = e,(0),

dpe,(0) = e,(0)" = —e,(0),
one has
d X (0) = ae,(0) — be, (6),

X (0)F = —ae, (0) — be,(0).

The trigonometric identities cos(a + b) = cos(a) cos(b) — sin(a) sin(b) and sin(a + b) = sin(a) cos(b) —
cos(a) sin(b) further give

e @ -e (1) =sn (U710). @) e (PE1) = cos (57),

2 2
e,(@)-e,(%) = CosS <9%77>’ e,(@)-e,(e%) = —sin (9;'7).

These calculations imply the following computations for a circle that will be used frequently throughout
the paper:

36 Xc(0)* - A, Xo(0) = —R?sin (9;’7), (2-3)

36 Xc(0) - AyX.(0) = R?cos (9;”), (2-4)
a® [1—cos(0+n) —sin(6+n)
2 | —sin(@+n) 14cos(B+n)

b2 [14+cos(@+n) sin(6+n) sin(0+n) —cos(6+n)
2 sin(0+n) 1—cos(@+n) —cos(0+n) —sin(@+n)

Ay X (O)®A, X (0) =

i| . (2-5)

The matrices in the last line above have been simplified using the identities sin® (a) = (1 —cos(2a))/2,
cos?(a) = (1 +cos(2a))/2, and sin(2a) = 2 sin(a) cos(a).
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Next, we perform a Taylor expansion of the nonlinear terms around the a time-dependent uniformly
parametrized circle (2-1) under the assumption that |A, X (0)| < 1. First, we start with the magnitude of

the curve

IAX + AX,|? = 4R? sin? (9%’7) (1 n %Anxc(a) ALX(O)+ %mnxw)ﬂ).
Recalling the expression for G(AX) in (1-9), we expand each term as

log|AX + AX,| = log <2R‘sm (9 ”)D %log (1+ 2 AyX(0)- 2, X(0)+ 2|A,,X(9)|2>
1
— log <2R’sm ( ’7) D + 27 A0 Xc(6) - A, X(6) +R1(A, X)), (2-6)
where
n (_l)n—l B )
RIAXO) =3 3 (o) o CAsXO) - A, XO) I8, XOP". 2-T)
=

We expand the denominator in the second term of (1-9) as

1 1 2
1 — =
IAX + AX.?  4R?sin? (T")< R?

A X(O)- A, X)) + Ra(A,X(0)), (2-8)

4R?2 sin? (T")

with the notation

o n
ny (=D" n—m m
Ro(A,XO) =" Y (1) QA Xc0) - A,X(0)" 18, XO)". 2-9)
n=1 n—|”—l;g2
Therefore, we can write
(AX + AX,) ® (AX + AX,)
— Ao+ AL+ Ay, 210
AX T AKX 0ot+AL+ AN (2-10)
with
Ao= A X O)BA, X (6),
Ap=— IiA X.(0)- Ay X(O0)A X (O)®A, X, (9)+ SA X (0)®A, X(9)+ SA X (0)RA,X.(6),
and the nonlinear term is given by
| 2
Ay =28, X(0) A,]X(Q)<1 — A X(0)- 5,X(0) +R2(A,]X(9)))
+R1 AyXo(0)® A X(G)( 2 AyXe(®) - A, X (0) +Ra(A X(Q)))

2580 X(0) ® Ay X (0)(— 25 A, Xe(0) - A, X(0) +Ro(A, X 0)))
1
+ FAUXC(Q) ® Ay X (0)R2(A, X (0)).
Joining the expansions (2-6) and (2-10), we split G(AX) in (1-9) into zero-order, linear, and nonlinear
parts in terms of X as follows:

G(AX) =Go(AyXc(0)+ GL(Ay X (0), Ay X(0)) + G (A, X (0), Ay X(0)), (2-11)
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where

Go(A, X (6)) = %(— log (2R‘sin (95’7
L
47 R?

)D”%Anxc(@)@%xc(@)), (2-12)

GL(AyXo(0), A, X (0)) = (—Anxc(e)-AnX(e)l
A X(0)-0, X (0) A, X (O)OA, X (0)
+A,X OB X O)+A, X O)RA, X (0)), 2-13)

Gn(ApXc(0), Ay X(0)) = _%Rl (A, X(0))1

1
4T R?

2

+— A X(O)DA X(O)( R2AnXC(9)-A,7X(9)+R2(A,7X(9))>

t 1R2 (A, X (O)RA,X(O)+A, X (O)RA, X (6))
x(—%Anxc(e)-AUX(0)+R2(A,7X(9)))
s A X OBA X ORAA, X (). (2-14)

Consider the splitting of the solution F(6) to (1-13) into zero-order, linear, and nonlinear parts as
F©O)=Fy0)+ F.(0)+ Fn(9). (2-15)

(We will prove bounds for these terms in Section 3B.) Introducing the splittings (2-11) and (2-15) in
(1-10), we obtain

X:(0)=0(X)(O0)+ L(X., X)(0) + N (X, X)(0), (2-16)
where we recall that X' (6) = X () + X.(6) and we use the notation

O(Xc)(e)ZfSGo(Aan(Q))Fo(n) dn,
ll(Xc,X)(@)=/SGo(Aan(Q))FL(n)dn+/§GL(Aan(Q),AnX(G))Fo(n)dn,

N(Xc, X)(©0) = /(GL(A Xc(0), AyXO0)FrL(n) +Gn(AyXc(0), Ay X(0)) Fo(n)
+GN (A, X (0), Ay X (0)FL() + G(X(0) — X () Fy (1)) dn.
We have thus expanded the evolution equation (1-10) distinguishing the zero-order, linear, and nonlinear
in X contributions.

2B. Linearized system. We proceed to show that the linearized system gives rise to a diffusion operator
on X. Since the linear structure is the same for any uniformly parametrized circle (see [Mori et al. 2019]),
we will use now (2-1) witha =1, b =c=d =0 and R =1 to simplify the computations, and for clarity
of notation we will denote this circle by X,.

We will now linearize (1-10) and (1-13). We first determine Fy, the value of F at the steady state:

0=0(X,)©) =/§G0(AUX*(9))F0(77) dn, 2-17)

Fo(6) —2A,80(Fo, X,)(0) = 2A,Fe 0(6), (2-18)
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where
Fe0(0) = 07 X.(0)

and
Fo(n)

—d

25in (%5%)

Rewriting A, X, (0) A, X,.(0) - Fo(n) = A, X.(0) ® A, X.(0)Fy(n), and recalling the computations (2-3)
and (2-5), one finds that

So(Fo, X,)(0) = %/Sang-A,,X*(H)A,]X*(O)A,]X*(e)-

S0(Fy, X.)(6) = 5 /§ M., ) Foln) dn,

where from (2-5) we have

1[1—=cos(@+n) —sin(60+n)
M = A X* A X* == . ) 2_1
@,n) X+ (0) ® Ay X (0) 2 |: —sin (0+n) 1+ cos (0+n) 2-19)
and therefore Fj is defined by
A
Fo(0) + 7“ / M0, n)Fo(n) dn = 24,07 X, (6).
S
Since 97X, = —X, and noting that
1
—/ M@, mX.(n)dn=—X.(0),
T Js
it is easily seen that
24, 5
Fy(0) = A 95 X.(0). (2-20)

"
Now, recalling (2-12), it can be checked that (2-20) satisfies in fact (2-17):

1— A,
471( ) /S Go(A,X.(6)) Fo(n) dn

2A,
= —/ log (2
S

so integration by parts in the first term yields (2-17).

sin (9;’7) Dazx*(n) dn +/ M@, )32 X.(n) dn,
2 " IS 7

We now proceed to compute the linear term £(X,, X)(6) in (2-16). For convenience, we write it as

E(X*»X)(O)=/SGO(A;7X*)FL(77) dn-i—/g(VG(AX*)Fo(n))AXdU, (2-21)

where G and G are defined in (2-12) and (1-9), respectively. To simplify the second integral above, note

3G, 3G, 9G;»
T (AXDer (1) = —L(AX e 1 () + —= (AX,)er 2 (n)
3)61 axl 8)61
= aG“(AX ), X aGi2(AX ), X
— 8X1 *)On A2 8)61 *)OnAx 1
9Gi> 0G;2
=- (AX, )0y Xs2 — (AX,)0,X, 1 =0,Gi2(AX,).

0x7 0x1
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Here e ; is the j-th component of the vector e, etc. Further, in the third equality above, we used the fact
that the stokeslet is divergence-free:

Gy n 0Gi> _
dxy 0xp

0.

Likewise, we have

8Gi;
B_(AX*)er,j (n) = _8nGi1 (AX,).
X2

We thus have

24, _
/(VG(AX*)Fo(n))AXdﬂ = ——/(R 19,G (X.(6) — X.(m)AX dn
s 1-A,Js

2A, _
- / (R G(X.(0) — X.(n))3, X () dn

—a ).

2A,

T 1-A4,

/SG(X*(G)—X*(n))(R_lanX(n))dﬂ-

def

Since G(X.(0) — X.(n)) = Go(A,X,), equation (2-21) simplifies to

24, __
L(X,, X)) :/ GO(A,]X*)<FL(17)+ R 18,,X) dn. (2-22)
S 2

1—-A
This is our specification of the linearized operator.
We will now determine Fy, as in (2-15), that is, the linear part of F in (1-13). We find
A
FL0)+—= f M, n)FL(n) dn=2A,0;X —2A4,(Q+5), (2-23)
S

where
0; :_/ Tijk(AX,) Fox (MR, 9 X1(6) dn,
S

87;jk —1
S =— a_(AX*)AXmFO,k(n)Rﬂ 80X*,l(0) d77-
S 0Xm

Let us compute Q. We start with

2A, AX*,iAX*,jAX*,ker,k<n)_ 2A, AX*,iAX*,j

—Ti(AX) Fo = — = :
ijk( )Fok 1-A, T|AX,|* 1—A, 27|AX,|?

where we used
AX, -e(n) 1
_— = ——. 2-24
AXE 2 (224
Therefore, we have
_ A, 1 [ AX, ®AX,
C1-Aum ) |AXL2
A,

1 —1 A, -1
— = | M@©,ndnR %X ©®) = R™ 0, X(9),
1_Aﬂﬂfg(n)n b X (6) Y b X (0)

0 dnR 99X (0)
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where we used (2-19) in the second equality. We next compute S,
_ 9Tij

m

(AX)AX, Fo xR 09 X1 (6)

__l 2Ae AXiAX*,jAX*,ker,j(e)er,k(n)
Tl1—A, |IAX,|*
|24,/ (AX, i AXAX, ker, i (O)er k() 4 AXyiAX,y jAXyer j(0)er k(1)
1—A, |AX, |4 |AX,|*

8A./m (AX*,i AX*,j A X, ker, | (Q)er,k(n)AX*,mAxm>

1—A |AX, [0

2A 2A 8A
_ 1 24, 24w 84T
Tl—A, 1-A, 1-A,

We simplify each term as follows:
1

I'=—7AX;,
I = AX,.’,'AXjer,j(Q) + AX*,iAXker’k(T)) _ AX,,’,'AX*’jAXj
B 2|AX, 2 20X, 12 MK 2
AX,iAX, AX;
11l = — : : ,
4|AX,|?

where above we made repeated use of (2-24) and

AX, - R™19X,(0) _ AX,-e®) _ 1

IAX, ]2 TolAxE 2
Thus
37ijk -1 A /21 20X, iAX, AKX,
LI AX VA X Fo (MR 06 X, ) = = AXLI
o (AX)AXmFo (MR 99X 1—A, ! |AX,|2

Substituting this back into the expression for S in (2-23), we have
A / 2

/(1—2M(9 M AX dn

A /2n

A,/2
- / (= 2M @, )X (n)dy = 2e/27

1-A,

(—(er, X)e: + (e, X)ey),

where we used (2-19) in the first equality and we are using the notation (1-24) for the inner product.
Equation (2-23) thus reduces to

Fi (9>+— / M@, n)F,(n) dn
=2A 39X(9)— lA

R (R13,X(0) + 5 (~ler, X)ex(6) + (a1, X)e,(6)))
AM 0 27T T T ts t .

We must solve the above equation for Fy in terms of X. Suppose (e;, X) = (e;, X) = 0. Then, it is easily
checked that

Fr(0) =2A aQX(e)—lfieA’“‘R 3 X(0). (2-25)
"
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We may further compute F; when X is either e; or e;. Noting that

M, ne(n) = 3(e:(n) —e:(0)),  M®©, ne(n) = 3(e(n) +e(0)),

we see by an easy calculation that

2A
If X =e.,;, then F; = — ‘e ;.
g 1—A,™
Note that
2A.A 2A
24,07, — . _EA: R per, = — = fiu e

This shows that the expression for Fy, in (2-25) is in fact valid without the restriction (e, X) = (e, X) =0.
Substituting (2-25) into (2-22) yields

L(X.. X)(0) =24, / Go(A,X)@2X () +R™'3,X () d. (2-26)
S

Finally, since

Go(A,X.) = —i(log ’2 sin (9_'7)‘)1 +M@©, )

4 2
and
L M, n) <8$X(77) +R‘13,7X(77)> dn = /S 0, M(©, ) —8,M©6, MR~ X (1) dn =0,
we have
LX., X)(0) = —g‘—;/glog [25in (0;77)‘(35)((17)+R‘18,,X(n))dn

AefanX(n)JrR_lX(n)d
n,
s

T 2tan (%52)

which is given by a Hilbert transform
LX,, X)O) = =2EHEX () + R X)), (2-27)
Therefore, the system (2-16) can be written as
X,(@):—%(AX(G)—}-’HR_IX(Q))—FN(XC,X)(Q). (2-28)

Notice that X, is a uniformly parametrized circle with time-dependent radius R(z), as opposed to the X,
used in this subsection to obtain the linearization. We will use the system (2-28) to study the global-in-time
dynamics of the Peskin problem in the rest of this paper.

2C. Evolution of the .ji,l’l norm of X. We first notice that, because X (0) is real-valued, it must hold
that X (k) = X (k). Therefore, the norm (1-25) can be written in terms of positive frequencies alone

IX [0 =2 Pk X ) =2 N R XL (k) + X2 X (). (2-29)
k>1 k>1
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The system (2-28) in Fourier variables reads for k£ > 0 as
2,0 =~ 2e LI XH) + FW (Xe, XK. (2-30)

Here we recall that X = X 4 X . Further the diffusion matrix is given by

_ k —i sgn(k) {00
L(k)_[isgn(k) k } k=1, L(O)_[O 0]'

The diagonalization of this matrix for k > 1 shows that

L(k) = P(k)Dk)P k)",

where for k > 1 we have

1 [—isgn(k) 1 1 5 _|[k+1 0
E[ I —isgn(k)]’ Pl =P, D(k)‘[o k—l]

And when k = 0 we define

Pk) =

P(0) = % [(1) (1)] PO)"'=2P(0), D) = [8 8]

This leads us to define the change of variables

def def

Y(k)Z P)'X k), Y(k)= Pk X (k), (2-31)

with Y £ Y + ¥,. The system (2-30) for k > 0 then becomes
<) Ae v —
Yi(k) = —TD(k)Y(k) + P(k) ' FN (Xe, X)) (K. (2-32)

The relationship between X and Y in space variables is given by the Hilbert transform (1-20), using also
Hz(Yj) = —Y;, as follows:

1

HY) (9)+Y2(9)} @ = [—HX1(9)+X2(9>} ' (2-33)

X0 =75 [n 0)+HY»(6) = /AL X10)-H1x20)

Because, for k # 0, P (k) is a unitary matrix, it holds that || P (k)| = | P(k)~'|| =1, and therefore
Yl =1X(K)], k#0,

and thus
[ XN 10 = 1Y [l £ (2-34)

We will use this norm equivalence several times in the following.
Notice that the first Fourier coefficient of a uniformly parametrized circle (2-1) is given by
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and in the Y-variable

—~ 1 0
Y. (1)=— . 2-
(D) ﬁ[a+bz} (2-35)
Note that H(cosf) = sinf and H(sinf) = —cosf. Then from the transformation (2-33) uniformly

parametrized circles (1-16) in the Y variable are spanned by

_ 0 _ 0 _ 1 fo] . _ 11
e,(e):«/i[cose], e,(@):ﬁ[_sine], elzﬁ[l], ezzﬁ[o}. (2-36)

Further the second component of i/\(l) becomes zero after the operation of D(1) is applied, which
corresponds to the fact that uniformly parametrized circles are steady states. Therefore, we will split the
curve Y(0) =Y. (6) + Y (), with

o=[g]. Bm-o
since those frequencies are contained in the time-dependent circle (2-1). In other words, Y is the projection
of Y onto the orthogonal complement of the vector space spanned by (2-36). In fact, the system of
equations (2-32) does not provide dissipation for the zero frequency of Y nor for the second component

of its first frequency (i.e., for uniformly parametrized circles). We thus can only expect decay for Y. It is
convenient then to write the equations of those frequencies in (2-32) separately:

Y,(0) = 3,Y,(0) = P(0) ' FIW (Xc. X))(0),
aYi(1) =8, Y1(1) = —A () + (P(D ' FW (Xe, X))(D),.,

- _ L (2-37)
a2 (1) = 8,Ye (1) = (P() ' FW (X, X))(1)),.,

Vi) =Y, (k) = —%D(kﬁ(k) + PR FN(Xe, X)) (), k=2

Therefore, we study the evolution in time of || Y || z1.1, as in (2-29), which is given by

d d y = = s =
Y N5 = E(ZZe k7, (k)Yl(k)+Y2(k)Y2(k))
k>1

=2 VKON ()| +2) ek
k=1 k=1

and introducing the time derivative (2-32), with N = N (X, X) = N (X), we have
d _ R 2Ok vk, K+ DIVIR) 2 + (k= D2 (k)
— 1Y || 511 =2 k Yk)| —2A, k =
a7 Y]l kgzl Vi(D)k e Y (k)| k;e 20
) Zev(t)kk(P(k) N (X)(k)) Y(;?i;;]:;rk) (P (k) N(X)(k))‘

Y ()Y (k) + ¥ (k)T 3, Y (k)
21Y (k)|

’

k>1
Noticing that for £ > 1 we have
IAGTK
Yk

~ ~ 1 -~
—Ack((k+ DIY1 () + (k — l)IYz(k)Iz)m = —Ack(k — DY (k)| —2A.k
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we can then see a diffusion term coming from the linear part:

||Y||f11 <-—A, Ze”(’)kk(k DY (k)] — 24, Z v(t)kk|yl(k)|

k=1 k>1 |Y(k)|
+2Zv/(t)k2€v(1)klly\(k)| +2Zev(t)kk|(P(k)71A//(';)(k))| (2_38)

k>1 k>1

The balance above does not include the control of i We will show in Section 4A that the evolution of
ﬁ(O), that is, of the center, can be controlled by all the other frequencies. Moreover, the incompressibility
condition (1-3) allows us to control 2,2(1) as follows:

Vo=m :% X(@)/\Bgé\f(@)d@z% (X109 Xy — Xr09 X1) dO
= i / ((HY1 + Y2 01 + AY2) — (V1 + HW)(AY1 + dgdn) db). (2-39)
Performing the products and taking into account the equalities
HyiijdQZ yiaeyjde, ’Hyja@yjdgz— yjijdQ,
we obtain " . " " "
w=1 | (02AY—¥iAW)d6 = (2A35(0) — FAIIO)
=7 Y (kY20 V2(—k) — [kIV1 () V1 (—k))
keZ
=7 Y KI(IYe2 (0P + Yoo () Va(—k) + V2 () Yoo (—K) + | V2(0)* — [V1 (K)]%).
keZ

where we have used that z,l (k) = 0 for k # 0. We can also eliminate the terms z,z(k)?g(—k) and
Y>(k)Y,2(—k), since Y>(1) = 0 and Y, (k) = O for k # 0, 1. Therefore,

1 a—l—b

2

+ Y k(20 = V1R,
k>1

And so the incompressibility condition translates to the constraint

a’+b> _ R?

Bl Y rinwr-m®p. (2-40)

—
P2 = FZ =2
k>1

Then, we can obtain an upper bound

~ 1 - - 1 -
Yer(DP < 5+ Y k(R®P + 0P =5 + 3 k'Y k)
k>1 ) k>1
1 12,5 1 1
S+ (kzlk / |Y(k>|) LN )
and analogously we find the lower bound
R? 1 1
> =[Ye2(D)]* = zZ5- ZIIYII;I/U- (2-41)
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Recalling the relationship between X and Y in (2-34), we finally obtain

Lo Loviz <7< tebixp?
5= 71X = PP = 5+ 71 X1,

and, since |Y.(1)|> = R?/2 = |X.(1)?/2,
1 v 1
L= ZIXI50 < 1Xe (P < 1+ 51X 500,

so using the notation R? = a” + b?, we have

1 1

1
I 3 X b m— (2-42)
VIH3IXIE, BT VI=31x1%,
The upper bound above motivates us to define
def 1
Cir=CilX | z0) = (2-43)

VI=3IX1%.,

We will later use (2-42) to control the size of R when || X || 1.1 () — 0 as # — oo.

2D. Complete system. We finally summarize the final form of the system of equations that describes our
problem. The system given by (1-10) and (1-13) for X was replaced by (2-37) on the Fourier coefficients
of the associated variable Y from (2-31). We recall that we decompose Y into a time-dependent circle Y,
plus the deviation from the circle given by Y. In other words, we decompose Y into its projection onto
the vector space spanned by (2-36) represented by Y. and its orthogonal complement represented by Y.
Therefore, recalling (2-35), we have

Y(0)=0, Yo(1)=0, Y.k)=0, k#0,1, Y. (1)=0. (2-44)
Now, for k = 1 and k > 2 separately, we have
Y1) = —AJ1 () + (P() "W (X, X)(D)1,
— Ao R (2-45)
0, Y (k) = —TED(k)Y(k) + P(k)" N (X, X)(k),

where X, and X are given in terms of Y, and Y in (2-31). In the following paragraphs, we will write one
or the other without distinction for simplicity of notation. The incompressibility condition (2-39) yielded

(2-40). Thus in particular
Vi = glIY 50 < YoMl <V 3+ 1Y 510 (2-46)
To close the system, notice that ﬁ(O) = P(k)_lfc(O) and, from (1-10), we have
9 X.0) = i/ / G(AX. + AX)F () dy do,
27 sJs

with F defined by (1-13). We can also write the equation for X <(0) using (2-16) or (2-30) and recalling
that the zero frequency of the linear part vanishes,

3,X.(0) =N (X,, X)(0). (2-47)
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We notice that the evolution of the zero frequency i/\C(O), corresponding to the center, is decoupled from
all the other equations (in terms of the ?C(O)—Variable), because X <(0) does not appear on the right-hand
side of (1-10) and (1-13) and therefore also (2-47). This can be seen from the fact that in (1-10) G only
depends on the difference AX = X (0) — X' (1) and in (1-13) the expression for S only depends on 9y X
and AX. In summary, the system to determine Y (equivalently determining X via (2-31)) consists of
(2-44), (2-45), (2-40), and (2-47). That is, all together we have

Y0)=0, Yy(1)=0, Y. (k)=0, k#0,1, Y.;(1)=0,
3,Y.(0) = P(0) "' N'(X., X)(0),

YD) = —A7, (D) + (PN X, X)),
9:Y1(1) (D + (P(D)™N( YD) (2-48)

3,Y (k) = —%D(k)l?(k) +PK) N (X, X)), k=2,
Fea(P =3 = Y k(HEP - Ti0P),

k>1
with F given in (1-13), and Y, X related by (2-31).

To prove Theorem 1.2 (see Section 4) we will use system (2-48) to obtain the energy balance (2-38)
to show the decay of Y. We will need to perform a priori estimates on the nonlinear terms, which in
particular requires us to prove bounds for F' due to the viscosity contrast. Those estimates are performed
in the next section. The decay for Y will allow us to control the evolution of the zero frequency, that is,
of the center.

3. A priori estimates

In this section we perform the a priori estimates on X and F that will be used in the proof of our main
result, Theorem 1.2. First, in Proposition 3.1, we estimate the nonlinear terms in (2-16) in terms of X
and F. Next, in Section 3B, we obtain the a priori estimates for F in (1-13) in terms of X. In order to get
the result with critical regularity, we have to get uniform bounds for some Fourier multipliers given by
principal values (see Lemma 3.2).

3A. A priori estimates on X.

Proposition 3.1. Assume Fo, Fr, Fy € F*' and X € F>!. Then, the nonlinear term N'=N (X, X)(6) =
N (X) in (2-16) satisfies the following estimate in ]'-",}’1:

Il 50 < TIV2DL X 5[ FL ot + 42 Dol Foll yoa [ X1l a1 X [ 20 + D5 Fyll jors (3-1)
where D; = D,-(||X||jrvl,1 ,Veo) & 1 are increasing functions of ||X||]'_-vl,1 and v, such that
lim D;(||X|#.,0)=1
XN 00t

and are defined in (3-54).
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In the proof, the following multiplier will come up frequently:

_ sin(kn/2) ,—ikn/2
ktan (n/2)

def
m(k,n) = 2sin (7/2) » k=1, (3-2)
and we define m (0, n) = 0.
Now let n > 1, k = ko, ki, ..., ko, be integers that further satisfy |k; — kj41| > 1 for all j =
0,1,...,2n — 1. We define the integral of type I, = I,,(k, k1, . .., k2,) by
2n—1

. T in((k; —k; 2) .
L[ mte= ki [T 2 (&) =K On/2) it ians2 gy (3:3)
x i (kj —kj+1)sin(n/2)
We further define 1, =0if k; =k forany j =0,1,...,2n — 1. We will also consider the integral,
I =1 (ky, ..., ka,), under the same conditions

e / sin (ki +ka,)n/2) 35 sin ((k; — kj41)n/2)

. . (3-4)
_n sin (/2) i (kj —kjy1)sin(n/2)
We again define I, =0 if k; = kj; forany j =1,...,2n — 1. In the proofs of the a priori estimates in
this section we will frequently use the following lemma.
Lemma 3.2. We recall (3-2), (3-3) and (3-4). Then, the following uniform bounds hold:
[ In(k, ki, ..., kop)| < 2m,
ki, - ko) | < 27,
This lemma will be proven at the end of this section.
Proof of Proposition 3.1. We first take a derivative of N'(X., X)(0) in (2-16) and let
N (X, X)(0) = N1(0) + N2(0) + N3(0) + Nu(0), (3-5)
where
N1(0) =/ ¥ (GL(A,Xc(0), A, X(0)))FL(n)dn,
S
N2(6) =/ I (Gn (A, Xc(0), A, X(0)))Fo(n)dn,
S
N3(9) :/ 9 (Gn (A, Xc(0), Ay X(6)))FL(n)dn,
S
Na(9) = / 3 (G (X (0) — X (1)) Fy () dn.
S
We will bound A; in FO! fori =1,2,3, 4.
N estimates: Taking a derivative in (2-13), we obtain
10
Ni(©) =) N1i©), (3-6)

i=0
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and we proceed to bound each of these terms in F!. We note that each term A7 ; corresponds to when
the derivative hits a different term inside (2-13). The terms N ; are written in (3-8), (3-15), (3-16), (3-19),
and (3-20) in the following.

The first term A7 1(6) is given by

1

-’Vl,l(@):—m

/S89Aan(9)~AnX(Q)FL(n)dn-

We first take the derivative of A, X.(6) in (2-2) to obtain

9 X (0) — (X (0)—X.(n)
‘ 2tan (0 —n)/2)

2sin ((0 —n)/2)

Further define the operator D%(X,) (and analogously D?(X)) to be 9y A, X () as above after taking the
change of variables n <— 6 — n as follows:

0 Ay X (0) =

DZ(X )(9 )dif aGXC(Q) B XL(?:Q:IJ((’;/(g)_n) (3_7)
A7) = 2sin (7/2) '

Then we make the change of variables n <— 8 — 1 to obtain

1

Ni11(0) = IR

fg D*(X:) (0, )" Ag—y X O)FL(0 — 1) dn, (3-8)

where we used transpose notation instead of a dot for future convenience in the notation. We will also
make extensive use of the identities

— 1—e 1 o in(kn/2) _jnn—s
R X = 2 Ry = IR kg g,
2sin (n/2) k sin (1/2) (3-9)
_ 1 —e—ikn in (kn/2) )
Ag_yXc(k) = .;Xc — Sm'(—n/)e—tkn/lagxc(k)'
2sin (n/2) k sin (n/2)
We remark that both terms above are equal to O when £ = 0. We further have
D> (X) (k) = m(k, )3 X (k), (3-10)
where m(k, n) is given by (3-2).
Regarding the Fourier coefficients of the derivative of the circle (2-1) we have
Bx.00 =" 0 |1 = = | (3-11)
6 A c = ) 1 1 2 -1 1l -

Taking Fourier transform in (3-8), we obtain

1
47 R?

Noal) = — /g D X)) % Ag_y X (k) % e By (k) dn

— 1 20 % Tx .y —ikon 3
=17 /§ kZZkZZD (X (k — kDT Mgy X (k1 — ka)e ™" Fy (k2) d,
1 2
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and plugging in (3-9) and (3-10) we have

1
47 R?

Niat) === 33 G Xtk — k)T 85X (ky — ko) Fr (k) 11 (k. K. ko),

kleZ kzeZ

with I; given by (3-3). By Lemma 3.2 we have |I|(k, k1, k2)| < 2m. Then we get

~ 1 —— —— ~
ML) < 53 D D 106Xtk — k)T 3o X (k1 — k)| [ FL (ko) (3-12)
ki€l kreZ

Then, it follows from (3-11) that

—_— R
|09 Xc(k —k1)| = —=

=

We will now also use the notation (1-22). In particular we have

31,1k —ky). (3-13)

—_— —_— ﬁ —
|00 X o (k — k1) 09 X (k1 — ka)| < TR((SI(k — ki) +38-1(k —k1))|8 X (k1 — k2)|.

Therefore, we can write

~ 2 _— ~
WL < % DY sk — kI3 X (ki — ko)l | Fi (ko).

kleZ szZ
We multiply by eV V% = gV k=k) v ki—k2) gv (k2 1 get

J2

~ 2 — ~
NI B = 52 Y0 D VT8 ik — ke PO X (= k)le" P P ko)),
k1€Zk2€Z

so Young’s inequality for convolutions and the estimate (2-42) yield the bound

€' /2|| X || 311
IVl 00 < || Fp || o (3-14)
2V 1= JIX1,,
This is our desired estimate for N7 ;.
We now proceed to estimate N » as
1
M20) =~ b [ 80, X D206, L@~y d, (-15)
S

with Fourier transform given by

1
47 R?

Ntk =— /§ SO S A Xtk — k) DXk — ke Fy (ko) dy.

k] ez kQEZ
Using again (3-9) and (3-10), we can write it as

1
47 R?

Niak) = ——= 33" G Xe(ki — k)T 05 X (k — k) FL (ko) Iy (k. k1., ko),

kl eZ kQEZ



810 EDUARDO GARCIA-JUAREZ, YOICHIRO MORI AND ROBERT M. STRAIN

with /7 given by (3-3). Using Lemma 3.2, we find that
~ 1 _— —~— -~
N2()] < 55 D D 180Xtk = k)8 X (ki — k)| [ FL (k).
k] ez szZ
so following the steps after (3-12) we conclude that
"= V2| X|| 51

I FLl o
271 = 31X

M 21 o <

This completes our bound for N 5.
The term N/ 3 is given by

d
Ni3(0) = —% /§D2(Xc)(9, M Aoy X(0) Aoy Xc(0) ® Aoy Xo(0)FL(6 — n)%, (3-16)

and its Fourier transform by

1 — —
D G Xetk— k)" 05 X (ki — ko)

ﬁl’s(k):_z X (ky — k3) R
T @ Xo (ks — ko) Fr (k) ok ks - k),

with Ir(k, ky, ..., k4) given by (3-3). Since |I>(k, ..., k4)| <27 from Lemma 3.2, we have
V1 3(k)]

1 —_— — —_— —_— —~~
< 21 2 D NG Xelk— k)T 9 X (ki — ko)l 135 Ko (kz — ks) @ 8 X (ks — k) || FLka)l. - (3-17)
kleZ k4€Z

Expression (3-11) gives
3o X (ko—k3)®Bp X (k3—ks)

.b 2
= (CHZ ) 81(k2—k3)51(k3—k4)|:

_(a+ib)(a—ib)
4

All the matrices above have norm equal to 2, so that

-1 ii|+(a—ib)2 1

-1 —i
: al(kz—k»al(ks—k@[ : ‘}
i1 4 —1

51(k2—k3)5_1(k3—k4)[ ! ’]_M

. J 8_1(kp—k3)d1 (k3 —ks4) [—i _l]‘

1

_ _ R?
|09 X (ko — k3) ® 09 X (k3 — ka)|| < 781,71(/62 —k3)81,—1(k3 — k4). (3-18)

Introducing this bound, together with (3-13), back to (3-17), we find that
-~ \/z — ~
W) < == > 81 i (k= k)|3p X (ki — ko) |81, -1 (ka — k3)81, -1 (k3 — ka) | F (ka);
4R
k[EZ k4EZ
thus multiplication by the exponential ¢"™*, Young’s inequality and (2-42) yield that
2:/2¢3 X 51

| FLl 2o
i 2 Fi
vl—gllelﬁl,l !

I 3l g0 <

This completes our bound for N/ 3.
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The term A/ 4 is given by

1

T2 dn
N1,4(9)=—ﬁ/§A9—an(9) D (X)(Q»U)AG—an(Q)®A0—an(9)FL(9_U)E- (3-19)

We take the Fourier transform and write the result as

1

Niak) = T

o> B Xtk — k) 85 X (k — k)3 X (k — k3)
el el ®0p X (ks — ka) F(ka) Ly (k. k. ..., k),

with Ir(k, ki, ..., kq) given by (3-3). Since |I;| < 2w by Lemma 3.2, comparing now with (3-17), we
conclude that
2/2¢3 1X 51

Tt Pl
- E”X”]'_-Ul,l

I all sor <

This completes our estimate for A7 4.
The remaining terms from N7 (@) in (3-6) are

d
Nis506) = —% ) Ag—n X0 Mgy X(O)D*(X) (O, 10) @ Ag—y X (0)Fr (0 — n)%,

d
Ni6(0) = —% /5 Ag—nX(0) Aoy X (0)Ag—_y X(0) ® D*(X,) (O, 1) Fr(6 — n)ﬁ,

Nia @) = f DA(X.)(0, 1) ® Ay X (0)FL(O0 — ) dn,
TR s (3-20)

Nis(©) = 4%/ ANg_yXc(0) @D*(X)(®, n)FL(0 —n)dn,
7TR s

Nio(0) = #LDZ(X)(G, m & Ag—y X (O)FL(0 —n)dn,
Ni,10(0) = 4”% fg Ao X(0) @ D*(X) (0, MFLO —n)dn.

It is not hard to see that N s and N/ ¢ are bounded exactly as A 3 in (3-16), since the bound (3-18) is
also valid for D2(X,)(0, 1) ® Ag_, X (0) or Ag_, X(0) @ D*(X.) (O, ).
We proceed then with N} 7. Comparing with A 1 in (3-8), (3-12), we obtain

o~ 1 — —— ~
M)l < 55 D D 136 Xe(k = ki) ® 8 X (ki — ko) | FL (ko).
k]EZszZ

Using (3-11), we find that

—_— — R
106 X ¢ (k—k1)®3p X (k1—k2) || = 551(k—k1)
V2

2

+R8 (k—ky)
501 1

[_1] 30X (k1 k)

i

[:ll] 30X (ko)

=

RSy 1 (k—k1) |36 X (ki —k»)|, (3-21)
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where in the last inequality we have used that the matrix norm (1-19) is bounded by the Frobenius norm.

Therefore we conclude that
V26| X || 1

IFLl 5.
21 =31 X3

The bound for N/ g follows in the same way as that of N7 7:
V2e"* I1X 1

| Frl|| ~o.1.
1 2 Fo
21— EHX”]'_-I.I

Finally, the bounds for A} 9 and N7 1 are the same as for N7 7 and N g because

17000 <

”NLSHJ_-UOJ <

106 X (k — k1) ® 3g X o (ki — ko) |

R v . R v .
= 581kt — k)9 X (k —kp[—1 il + 50-1(k1 —k2) |19 X (k —kp)[—1 —i]]

< ?Ral,_l(kl — k)13 X (k — k1). (3-22)

Joining the bounds for NV} to N7, 10, we obtain the bound for A/j in (3-6) as
[N o < 1126, XN 210 1L £o.rs (3-23)

where C is defined in (2-43). This completes our estimates for the N term.

N3 estimates: Taking a derivative in (2-14), we split N3 as

11

N3©) =) N, (3-24)
i=1

where

N3,1(9)=—%/§39R1(AnX(9))FL(n) dn,

N52(0) = # /g % (8, XO)® 8,X(@)(1 - %AWXC(H)TAUX(H)) Fy(n) dn,

N3a@®) = =5 /S A,X(6) ® Ay X (0)3 (A, Xo(0)T A X (0))FL() d,

N3a@®) = /§ 35(A, X (6) ® Ay X (0))Ra(A, X (6))FL(n) d,

Nis@) = s L A, X(0)® A, X (0)3Ra(A, X (0))Fr(p) d,

Nio®) = =5 /S 35(A, Xo(0) ® Ay X () + A, X(0) ® Ay X (6)) Ay Xe(6)T A X (8)FL(n) di.
N @) = =5 fg (A X (8) ® AyX(0) + A, X (8) ® AyX(8))3 (A, Xc(8)T Ay X(0))FL(n) d,

Nis@) = s /S 9 (8, Xc(0) @ A, X (0) + A,X(0) ® A, Xc(0))Ra(A, X O) FL(n) .
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N39(0) = 4n1R2 /g(Aan(G)®Ar;X(Q)+AnX(G)®Aan(G))aeRz(AnXW))FL(n)dn,
N3,10(9)=#/g39(Aan(9)®Aan(G))Rz(AnX(Q))FL(n)d??,
N3,11(9)=ﬁ/SAUXC(Q)®Aan(Q)aeRz(AnX(Q))FL(n)dn,

where R and R, were defined in (2-7) and (2-9).
We proceed with A3 ; first. We take the derivative in (2-7) to obtain

N;3.1(0) = 01(6) + 02(6) + 05(6), (3-25)
where
n—1
B RV
01(6) = —5- /SZ > (1) T oa, X @) A X @)
nzl m=0 209 Ay X (0)T Ay X (0)|A, X (0)*" F(n) dn,
n—1 1
1 —
0:(6) = —5- fSZ > (1) T o6, X @) A X @)
nzl m=0 20, X (0)T 99 A, X (0)| A, X (0)*" Fy(n) dn,
n -1 n—1
03(0)=—ﬁfgzZ(:,l)(’J‘Tm(mnxc(e)mnxw))"—m
nzlm=1 AX @O PV ALXO) 89 A, X (0)FL(n) dn.

After performing the change of variables n <— 6 — ), we take Fourier transform of O(0) to obtain

n—1 n—
61(k)=—i/§2 3 <”>(_1) o —m) SN X (O0) Ny X ()

nRZn

T nmz2 £2DX(X)(0)" Ag_, X (k) #" Ag_, X(0)T Dg_y X (6) % Fy(k) di.

Using (3-9) and (3-10), we rewrite it as

n—1
= 1 (=" (n=m)
0‘(1‘):_%2: > (:1) nRZ”: -

n+n_1>2
n—m—2
D0 T 206 Xctajii—kajy2)" 9 X (kajra—kaji3)
1 kz"n_jl 205 X o (k—k1)" 09 X (kon—2m—1—kan—2m)
[1 %X tkaj—kajs1) 80X (kaji1—kaji2) Frlon) Ink. K. . ko), (3-26)
j=n—m
with |I,(k, ki, ..., ko,)| <27 given by (3-3) and using Lemma 3.2. Above we are using the convention
that ]_[J’Z: n f(j) = 1if jo < ji. Recalling estimate (3-13), distributing the exponential factor "V, and

applying Young’s inequality, we have

n—1

1 n (n—m) — — — n—

10150 51(2: > () oz @V T O R m||X||f.,T||X||;’§,l)||FL||fvo,1,
n>1 m=0

n+m>2
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which can be summed first in m to get

X", I X 20 \*!
btk Ntk
0, ||f01 < = 1 2(2\/_)" nv(t) o (1 + Zﬁe”(’)R) ”FL”FJ"" (3-27)
n>2
and then summed in 7,
| X1l 510
262')"“(1 4 F ) ||X||2
1041501 < 2/2e"~R APyl o,
= X110 Xl \ R 7
1 —2/2ev> v (1 + —>
R 242V~ R
Using estimate (2-42) and the notation (2-43), we conclude that
1011201 < 262 CoCHIX W Il 5o, (3-28)
with
I+ =ze "= Cr| X 511
Cr= e i (3-29)

1—2«/_e”°°C1||X||f11(1+ 258 C1||X”f”)

where C; was defined in (2-43).
We proceed with O; in (3-25). We take Fourier transform and, recalling (3-9), we obtain

R n—1 _
oty =— L X 5 ()

n>1 m=0
n+m=>2
n—m-—
Z Z l_[ (k2]+1 k2j+2) 9 X (kajy2 — k2jt3)
b J=0 289 X (kan—2m—1 — kan—2m)" 06 X (k — k1)
n—1
1_[ X (kaj —kajs1) 30X (kajr1 — koj2) FLlko) Lk K, .. kan),  (3-30)
j=n—m

again with |I,(k, k1, ..., kop)| <27 from (3-3) and Lemma 3.2. Thus, comparing (3-30) with (3-26), we
find the estimate for O,,
10511 o1 < 262> CoCRIX 0 I FLl o1, (3-31)

with C; defined in (3-29) and C; in (2-43).
Repeating these steps for O3, we obtain
n
1 n\m2/2)"" _ _ 2
1030180 =5 200 () = omar—e" T R UK XIS I I FL o0,
n>1 m=1

which after summation in m the right side above becomes

1 1 _
103101 = 5 ) —n@V2e O RIX s + IX 150" X5 1L o0
n>1
1 2
1 X100 1X s\ XS
= (242”0 4 22 L[ Fp ) o, 3-32
22 R ( & =5 I FLll 0 (3-32)
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and after summation in n we have

10501 < % : LIEIrPY
3001 < = || ~o.1.
T 212V (1K /R e (X [ 10 /2V2R) - R? n
Introducing the bound for R in (2-42), we obtain
103l 701 = 3CCHIX W I 5o, (3-33)
and using C; in (3-29) and C; in (2-43) we have
C
Csy= — : (3-34)
1+ 573 Ve CrlI X g
Joining the bounds (3-28), (3-31), and (3-33), we find the estimate for A3 ; from (3-25) as
IV 1l 00 < SCaCHIX L, I FLl 5o, (3-35)
with
Cy=3(4e*">Cy+ 5C3). (3-36)

This completes our desired estimate for N3 .
We continue with the next term N3, from (3-24), which we split in two:

N32(0) = 04(0) + 05(6),

where
04(9)=4ﬂlR2/gBe(AnX(G)®AUX(9))FL(n)dn,
05(9):—ﬁ/SBQ(A,]X(G)®A,]X(G))A,]XC(G)TAnX(G)FL(n)dn.

The bounds for these terms follow in a similar way to that of A/ ; from (3-15) and N 4 from (3-19),
respectively. Taking into account that

106 X (k — k1) @ 9 X (k1 — ko) || < 106 X (k — k1) |39 X (k1 — ka), (3-37)
and Lemma 3.2, it is not hard to find that

~ ] —~— —— ~
104(0)] < 25 D D 130K (k= k)l 13X (ki — ko) | Fr. (o)1,
kleZkzeZ

and recalling (3-13), we have

V2

105 (k)| <=

DY 130 X (k— ki) 139X (ki — k2)181,—1 (ko — k3) 3 X (k3 — ka)| | FL (ks
kleZ k4EZ

Therefore,

||X||2~|,1 ||X||3-1,1
A v A

v v .

||04||}.vo,1 < R ”FL”]:VO‘I’ ||05||]-_-Ul,1 = 24/2e" 2 I FL”]:VO’I’
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thus 5
IX e\ XS
I3 21l go1 < (l +2v/2e" Rf“ ) Rf” I FL £,
so plugging in the estimate (2-42) yields that
V320 501 < CSCRIX I | FLll o0, (3-38)
with
Cs=142v2e"Cy[|X| 1.1. (3-39)

This completes our estimate for A3 5.
The Fourier transform of A3 3 in (3-24) can be bounded as

A 2 — — — o~
IN33(k)| < 2—\;_3 Z e Z |0g X (k — k1) |06 X (k1 — k2)|81,—1(ko — k3)|09 X (k3 — ka)| | Fp (k4)|,

kleZ k4€Z
and thus 5
X |
I3l o1 < V2™ — 0yl o,
which becomes
N33 2o < V2" C3 I X120 | FL 0. (3-40)
Ty =% Fy
Similarly, recalling (2-9), the estimate for N3 4 in (3-24) is
||2 (2\/_)71 m (n m)v(t)Rn m
[NV34ll zor < IIXII I|X||2’" | FLIl zo.,
v R2n v
n>1 m=0
n+m=>2
which can be rewritten as
A3, zo
IIXIIf.TM V2" ORI X[ 1.1)" X150\ 242" X || 11
< v v 1+ > - — I FLI| zo1
- R? R2n 24/2e"®R R F

n>1

2V2e" )X <Z<2\/§ev0>||x||ﬁ,l>n1<1 1X ] ),, 1) .
= - . + - - || L”].‘O*I

R3 = R 22" R
2V2e"ONX N (X 0
B R3 23/2e"®O R

X 511 22"V X | 5. X0z Y
1+ —=—— Z D1 =2 IFLIl o1
2/2¢"0R R 2v2e"®OR '

Performing the sum in n and using estimate (2-42), we conclude that

IN3.4l 501 < 9CCHIX IS0 I FLI zo1, (3-41)
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with

1 ZUOO 1 —Voo
C6:§(1+86 ( zﬁe C1||X||]':J~')C2>a (3-42)

where Cy, C, were defined in (2-43), (3-29). This completes our estimate for N/ 4.
To deal with the term N3 s in (3-24), we have to take a derivative in R, from (2-9). This gives the
splitting
N35(0) = 06(0) + 07(6) + 03(0), (3-43)

where

1
060) = 1 Z (1)L 5, x 0 @ 8, x0)

(ZA X (0)" A, X(0))" " 12098, X (0) A, X (0)| A, X (6) " FL(n) dn,

ﬂ‘l

= (28, X0) A X(©0))" 128, X(0) 89 A, X ()1 A, X (6) " Fr(n) dn,

07(6) = / Z PYEEZ (a x0) @ 8, X0)
Zl

03(0) =

2 R2 R

( 1)"m
ZZ 3 (8, X(0) ® A, X (6))
i (ZAWXC(G)TAWX(e))”—’"|AUX(G)F("““Anxw)TaeAnX(e)FL(n)dn.

Comparing O¢ and Og to O; and O3, respectively, in (3-25), and recalling the bounds (3-27), (3-32),
together with (3-37), we find that

1 X112, (2/2)1em® X[\
5 e n A
106l 0.1 < TR E IIXII’}TJ,.(H—) IFLI zo1,

e R" 24/2eVOR
||X||2~11 n”X”nTll 1 X \* ! ||X||2-11
F’ R F F
1051 = —3 — (2f2e”<” — ) L
n>1

which after summation in n the right side above becomes

X1 22 2V2e" | X|| 1. X1 1.
||06||ﬁo,ls4e2vm<1+_fv)(2_ A <1 L Xl ))

24/2e"~ R R 2/2ev R
4
1 X 511 1X N g0 N\ 2 IX 0
X (1 - 2\/_6‘)00 R v (1 —|— Zﬁev;R>) R4v ”FL”]_-UO,I,
4
||X||]~__1.1 ||X||]~__1,1 _2||X||]-_.1.1

It is now clear that, for the same reason that the bound for O, (3-30) was the same as that for O; (3-26),
the estimate for Q7 is the same as the one for O¢. Therefore, with (2-42), we conclude that

I35l 500 < 17CICIX (S0l FLll o, (3-44)
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with

2

16 1 c
=20 Cyle Xl ) + 12 (3-45)

17

1

22

where we note that C7 is indeed increasing in || X|| -1 as can be seen because the infinite sums in the
v

Cr= 152G (1= €5 ' V2™ X o (14

upper bounds of || Og|| z01 and || Os|| zo.1 above are indeed increasing. Further above we are also using
v v

Cs S V14 51X, (3-46)

and we are further using C, and C3 from (3-29) and (3-34).
Recalling the bounds (3-21) and (3-22), the remaining terms A3 ¢—N 3,11 can be estimated similarly,
using also Cy, Cg and C7 from (2-43), (3-42) and (3-45), to obtain

V3.6l 51 < 8> CRIX 500 I FLI zor,
V37l e < 82> CRIX 31l FLl 5o,
N3850 < 18v/2¢" CoCTIX IS0 | il po. 4
I3 ol z11 < 34826 CoC X I I Pl o '
IV 3,10 7.0 < 1862 CoCTI X 10, | FLl pou1.
I3, 11l por < 34€®= CoCRIIX IS0 I Pl gor-

Therefore, from the splitting (3-24) and adding all the bounds (3-35), (3-38), (3-40), (3-41), (3-44), and
(3-47), we conclude that

V3]l zo1 < 5L CoCRIX 1 [ Ll 5ou, (3-48)
where

Co = 12 (3Cs + Cs + 166> + 18¢2"% Cg + 34e¥~ C;
+ (V2+18V2Cs +34V2C7)e™ Cll|X || 1.+ (9C + 17CCEI X [5,).  (3-49)

with C1, Cy4, Cs, Cg, and C7 defined in (2-43), (3-36), (3-39), (3-42), and (3-45).

N> estimates: It is clear from (3-5) that the previous estimate for A3 in (3-48) is also valid for N>, with
1 Fzl Fo replaced by || Fo|| FO1- Therefore we have

N2l 01 < 5 CoCTIX 10, 1 Foll 2o (3-50)

with Cy defined above in (3-49).

N4 estimates: We split the term N4 in (3-5) following the splitting (2-11):

N4 () = N4 1 (0) + Nup(0) +Najs(0),
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where
N4,1(9)=f 99 (Go(Ay X (0))FNn(n)dn,
S

LRIC) =/§39(GL(A;7X¢(9), A, X (6)))Fn () dn,

Naj3(0) =f§39(GN(Aan(9), A, X(6)))Fy () dn.

We notice that the term N4 5 can be bounded exactly as N7 in (3-5), with || Fy || Fou replaced by || Fy || FO1s
that is, from (3-23) we have

INa2ll o1 < 11823 Cy | X || 21 [| Fy || 2o
with Cy from (2-43). Analogously using the similarity between Ny 3 and N3 in (3-48), we have
INa3l zo1 < 557 CoCRIX 501 Fw Il o,

where we recall Cg from (3-49).
Now taking a derivative in (2-12), the term N4 can be written as

__1 Fi () 1
Nu1(0) = b7 Js Zan (@ —n)/2) +47TR2/g39Aan(9)Gi‘0Aan(9)FN(n)dn
+m/SAan(G)®39Aan(0)FN(n)dn,

and therefore, recalling (3-18), we have
[Nl g0t < (4 +262) | Fy | oo
We add the previous bounds to obtain

IN 4] 201 < 3C10ll Fxl o1, (3-51)
with
Cio = 3(§ +2¢™> + 1172 C1 | X | 111 + B CoCTI X [514). (3-52)
with Cy, Cg defined in (2-43) and (3-49). Combining the estimates (3-23), (3-50), (3-48), and (3-51), we
conclude from (3-5) that
IV 510 < BCoCHIX | 5l Foll jor | X 1| 2 + 1IV2C 1 Cr I X || 510 [ FL o + 2Cioll Fyl o,
where
Cy = #ﬁ(nﬁe”w+%Cgcl||X||El.l), (3-53)
and C, Cy are defined in (2-43) and (3-49). Rename the constants
Dy =C1C;, Dy=CoCi, D3=Cy, (3-54)

to get the result (3-1), where C1, Cy, Cyg, and Cy; are given in (2-43), (3-49), (3-52), and (3-53). U
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3B. A priori estimates on F. In this section we will obtain bounds for Fy, F;, and Fy in ]—']?’1.

Proposition 3.3. Assume that X € ].-"}2'1 and that F solves (1-13). Then, the functions Fy in (3-58), F in
(2-25) and Fy = F — Fy — Fp, satisfy the estimate

2A,
| Foll sor < V2e"™Cy = ” (3-55)
where Cg is defined in (3-46). Further
|Apl
[ FLll por <2A.(1+ 1 Xl z2.1, (3-56)
) 1 _ All )
[ALl(1+1ALD
| Fn ”Fvo’l < 1000v24, A=A+ A, D4”X“fv“ X1 521, (3-57)
where Dy = D4(||X||J~Tv1.1; A, Vo) is an increasing function of ”X”va” as in (1-28) such that
lim Dy(|| X|| 51.1;0,0) =1
iy g D1(1X51:0.0)
and is defined in (3-78).
Proof. First, for a general circle the expression for Fy in (2-20) becomes
Fy(0) = 2Ae oy (3-58)
T —a,
Similar to (3-13) using (3-11) we have for (3-55) that
o 2Ae » 2A,
| Foll por < V2™ R—— - = Ve Cy ”
where Cg is given by (3-46) and we used (2-42).
Further Fy is given by (2-25) and so we have
2[AulA.
IFLl o1 < 24,01 X ]| 21 + 1X 31,
) v 1 _ All )

which gives (3-56).
We proceed with the expansion of the nonlinear terms in (1-13). First, using (2-8), we write

1 1 4 -
= 1——=A,X.0)AX A X (D)),
|AX + AXC|4 16 R4 Sin4 ((9 _ 77)/2) < R2 n ( ) n (0) +R3( n ( )))
where
R3(A,X(0)) = —%Aan(O)TAnX(Q)R2(AnX(9)) +2R2 (A, X(0))

+%(AUXCWAHX(@))%(Rzmnxw)))z, (3-59)

and R2(A,X(0)) is given in (2-9). Then, we use the above expansion to rewrite S(F, X')(6) from
(1-14) as
F©—n)

2sin(n/2) " (3-60)

S(F, X)(6) = /S K(X.. X)(0, n)
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where

K (Xe, X)0,1) = —r2 3 X O Aoy X (O) g, X (0) & Ay, X (0)
x (1 - %AUXC(Q)TAUX(Q) +R3(AnX(9))>,

and we recall the notation X () = X.(0) + X (@) and (2-2).
We will plug in the splitting for F in (2-15) into (1-13). We first introduce an analogous splitting for
K as

K(Xc, X)(0,n) = Ko(Xc) (O, ) + Kp(Xe, X)(0, n) + Ky (Xc, X)(0, n). (3-61)

After we remove the zero-order (2-18), and linear-order terms (2-23), then (1-13) for the nonlinear-order
terms becomes the following equation for Fy:

Fy(©—mn)
7si

2sin(1/2) dn=JX, Fy)(®), (3-62)

Fy(0) —2A, fg Ko(Xc)(0, n)
with
Fyn(© —n) J
2sin (n/2)
Fp (0 —mn)

424, /S (KXo, X6, 1)+ Ky (X, X) 0. ) TE =y (3-63)

J(X, Fy)(0) =24, /;(KL(XC, X)(©, )+ Ky (Xc, X)(0, 1))

dn
2sin(n/2)’
where the first term in J will be treated as a perturbation with Fy and F; given in (3-58) and (2-25)
respectively. Notice that Ky is given by

+24, /S Kn(Xe, X)(0, n)Fo(@ —n)

1
Ko(Xc)(0,n) = m(89Xc(9)L)TAe—an(G)Ae—an(G) ® Ag—nXc(0),
where by (2-3) and (2-5) we have

I\T — _pR2gin( 1
@ X O Mgy Xe©) =—R2sin (1),
I1—cos(20—n) —sin(20—n)
—sin(20—n) 1+cos (20—n)

b_2[1+cos(29—n) sin (20—n) ]+ab|: sin (20 —n) —cos(29—n)i|

2
LR SOLIVES AOESS [

2 sin(20—n) 1—cos(20—n) —cos(20—n) —sin(20—n)
Therefore,
FN(Q—ﬂ)d 1
2sin (n/2) 4 Jg
a®—b? —cos (20—n) —sin(260—n)
e Fy©@—n)d
47 R? /§|:—sin(29—77) cos(ze—n)] N©=mdn

B ab sin(20—n) —cos (20—n)
2w R? Jg | —cos (20—n) —sin (20—n)

/SKO(XC)(Q,n) Fy(© —n)dn

} Fy (0 —n)dn.
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Then taking the Fourier transform we find that

f(fKo(Xxe Ny fv®-m, )(k)
in (1/2)

(@+ib)?*[ 1
4R2

(a —ib)?

= — 3 Fn(0)80(h) + e

:’1] Fy(—1)81 (k) + [ 11 _ll] (181 (k).

—i

Equation (3-62) is then given on the Fourier side by the expressions

Fy(0) =

(3-64)
Fy(k)=J (X, Fy)(k), k=2,

while for k = 1 one has that

(a+ib)?

Fy()— A, — 5

[_; :’1] Fy(=1) = J(X, Fa) (1),

~ (@a—ib)>[ 1 il= —
FN(—l)—AMW ;[ FvD=J&X, Fy)(=),
which gives that
1-A%/2 —iAL/2 a4 =i o
[1A2/2 1— A2/2:|FN(1) A [—i _1:| J(X, Fy)(=1) + J(X, Fy)(1),
and thus
= Ay (a+ib)*[ 1 —i] 1 1-A%/2 iA2/2 | e
Fy(1) = -2 2R [_l Y J(X, Fy)(— 1)+1 Az [—iAfL/Z 1-A2)2 J(X, Fy)(1).

Since we have

—
Lo
[
—_
R

2 42
_). H[l—.Ag/z zAM2/2 ]H 1
—zAM/Z I—AM/Z
we obtain

Al | 7 Fy =) +
— A2 ’ 1

m
1+]A,l

S I=ANI+AY
which together with (3-64) implies that

|Fy(1)| < - Ai|ﬁ(’,F\N><1>|

\J(X, Fy)(1)],

1+1A,l
(I-A)A+A)

[ Fnll zor < IJ (X, Fy)l o1 (3-65)

This is our estimate for Fy.

J (X, Fy) estimate: Notice that J (X, Fy) corresponds to the nonlinear terms in S(F, X) except the
one in the left-hand side of (3-62). For simplicity in notation, we are going to estimate S(F, X’), and

later extract from there the corresponding bounds for J (X, Fy).
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Consider the following splitting for S(F, X)) from (1-14):

S(F,X)(®) =8i(F, X)(0) +S2(F, X)(0) + S3(F, X)(6), (3-66)
with
S1(F.X)(0) = —= / B0 X OV Bgoy X (O) Bgy X (O)DAg_y X (O) 0 m,
TR* Js 7 7 " 2sin(n/2)
Sz(F,X)(9)=—% /S (X () Ag—y X () Ag—y X () Fo—n)
®A9_nX(9)AnXC(9>TAnX(9)m n,

S3(F X)(Q)_L‘/(a X(Q)J‘)TA X(0)Ag_, X(O)QAg_p X (O)R3(A, X (0)) F6—n)
3, T R4 s 0 0—n 0—n 0—n 3 2sin(n/2) 1

We take Fourier transform of S;(F, X) to obtain
S 1 — — —
SIF. X)) =—27 D > @ Xk—k) D)9 Xk —k)d Xk —k)
hiez  kez Q® 0 X (k3 —ka) F (kg) Iy (ki, . .., ka),

where

ki, ... ka)| =

dn’

/ ﬁ sin ((k; — kj1)n/2) e~ kikon/2
sy ey —kj1)sin (n/2) 2sin (1/2)

_ /sin((k1+k4)n/2) & sin (k; —kjv0n/2) ‘
s sin (n/2) il (kj —kjr1)sin(n/2) |

The integral I} turns out to be the previously defined integral in (3-4). In Lemma 3.2 we show that
|| <2m. Using (3-11) and (3-13), we have

| X (k — k1)D)T 86 X (k1 — ko)
2
< B (510 = k)51t — k) + 61k — k)31 (ky — ko)

R — R
Egl,—l(k —k1)|0p X (k1 — ko)| + NG

while recalling (3-18), (3-21) and (3-22), we obtain

n 81._1(ki —k2)|36 X (k — k)| + 106 X (k — k)| |99 X (k1 — k2.

186X (kz — k3) ® Bp X (k3 — ka) |
< B 1k — k)b 1 (hs — k) + gml,_l(kz —k3) |8 X (ks — k)|
+ %maﬁ(kz —k3)181,-1 (ks —ka) + 135X (ka — k3) 196 X (k3 — ka)].
Therefore, Young’s inequality for convolutions yields that
2 2
|XI|!|;EJ’I+”XI!Z”H)(zeszJrz\/_e%o ”X”JTVI'IJr“X”#I)IIFIIFVO.I,

|
II51(F,X)||ﬁ9,1§2<62"°°+2x/_e”°° R RZV
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which by (2-42) and notation (2-43) can be rewritten as

IS1(F, 2)l| por < 2Q2¢™> + 6326 C1| X| g1 + 1ICCTIX 310N Fll or,  (3-67)
with
Cio = {1 (117> +4v/2¢"C1 || X|| 10 + CTI X 510, (3-68)

and C; is defined in (2-43).
Following the same steps, for ‘S'Iz(/F_\X ), one finds that

|S2(F, )]l zo1 < 82¢™ (2" + 6326 C1 | X 73 + 1LCCIX 1500 CHlIX | g | Fll o

We define
Ci3= %(2(34”oo + 626>y ”X”R"‘ + 11C12C12||X||§%1,1), (3-69)
so that
[S2(F, X)|| zo1 < 16«/5e”°°C13C1I|XI|f;-1 1F1l o1 (3-70)

This completes our m ) estimate.
Next, we proceed with m ) in (3-66). We split it accordingly to (3-59) as

S3(F, X)=83,(F, X)+83,(F, X)+833(F, X) + 83.4(F, X),
with

4
S31(F, %) =——c /g (B XO) )T Ay X (O)Ag_y X (0) ® Ag_, X (6)

F©O—n)
2sin(n/2) "
F©—n)
2sin (n/2)

Doy X (@) Aoy X O)R2(A, X (6))

’

2
S32(F, X) = W/S(an(G)L)TAe—nX(Q)Ae_nX(Q)®A9_UX(9)R2(AnX(9))

S33(F, X) = % ‘/S(aGX(G)L)TA@—UX(H)AQ—nX(Q) ® Ag—y X (0)
-(Ae_nxc(e)TAe_nX(é)))Z% .
F©—n)
2sin(n/2)
The procedure follows the steps used to bound N3 4(6) in (3-24) and (3-41), where the term R, from
(2-9) was also involved. After taking Fourier transform and using Lemma 3.2, Young’s inequality for

$14(F ) = ez [ QRO 30, X60)80-,X(0)® 80, X O Ra(8,XO))

convolutions and summation in m and n gives
1851 (F, )| o < 14432 CoCr3 CIIX 31 [ F | o,
1832(F. X)| o1 < 72CsCiaCTIX |51 l1F | o,
1833 (F, X)| o1 < 326 Ci3CIX 01 I Fl sou.
1834(F, ) o1 < 324C13C5CHI X151, [ F 1 g
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Joining the above bounds, we obtain

IS3(F, X)|l o1 < 104C13C14CIX 1 501 | Fll gour, (3-71)
with
Cra = 133 (72C6 + 326" + 144v/2">C6C1 || X || 31 + 324CECHIX50), (3-72)

where C| and Cg previously defined in (2-43) and (3-42), respectively. We combine the bounds (3-67),
(3-70), and (3-71), and order them as

IS(F, X))l o1 < 4e™™ | F g0 +28v2¢™> || X | 5 | F | gor +222C15CHIX 50 Fll ou,
with
Ci5 = 335 (104C13C14 + 82" (627" + 11C12C1[| X || £1.1) +22C12), (3-73)

and Cj in (2-43), Cq, in (3-68), C13 in (3-69) and Cy4 in (3-72).
We remark that instead of (3-66), analogously to the splitting for K in (3-61) we can split S(F, X)(0) as

S(F, X)(0) =So(F, X)(0) +SL(F, X)) +Sn(F, X)(0), (3-74)

where from (3-60) and (3-61) we have
So(F,X)(9)=/ Ko(Xc,X)(9,77)M
s 2sin (n/2)
Then Sy (F, X)(0) analogously contains K (X, X)(8, n) from (3-61) and Sy, is linear in X. Then

Sy (F, X)(0) similarly contains Ky (X, X)(8, n) from (3-61) and S is nonlinear in X. Then it is clear
from the above that we have the estimates

ISo(F, &)l o1 < 4e*'> || F| o1,
ISL(F, X))l zo1 < 28v2e™>Ci[IX | 511 | F | zour,
1SN (F, 2)] o1 < 222C1sCHIX I3 I P oo
This splits the estimates into zero-order, linear-order, and nonlinear-order which is useful because of (3-63).
Next, recalling the definition of J (X, Fy) from (3-63) and its relation with S(F, X) in (3-60) and
(3-74), it follows that
1T (X, Fy)ll o1 < 565/2| A Cr6C1lIX || £1.11| Fy | o0

+567/2|Au|C16C1IX || g1l FLl| por + 4441 A CisCTIX 311 Foll por, (3-75)

with
b

2842

Finally, bound (3-75) allows us to estimate Fy from (3-65),

Ci6 = (28v2¢%" +222C15C11|X || 511). (3-76)

1Pl £o.
_ 56v/2[Au(1+ AL
T A-ANI+A)

4441 AL (T +1ALD
1-A)d+AL

CrrCiCill X g1 [ FLI zor + C17C15C]2”X“2]'_-Ul,1 [ Foll zo.1,
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where

567/2| A, (14 [Aul)
Cir=(1-

-1
Ci6C1 11X || 1. , 3-77
A=A +a, ' X 21 1) (3-77)

and the bounds for Fy, Fy, are given in (3-55) and (3-56). Substituting these bounds we find

[A (T + AL DA — AL +1ALD
(1=A*(1+Ay)
1+ 888v24

IFyll o1 < 11224,

CrrCiCill X || g1 [ X 2.

|A (14 ALD
‘A=A +Ay)

2
¢"=CsCi7CisCHIX | 111X | 521

Defining
Dy = 1455C1C17(112(1 — A, + A, Ci6 + 888¢"C5C1 Cs), (3-78)

where Cy, Cg, Cy5, Ci6, and Cy7 are defined in (2-43), (3-46), (3-73), (3-76), and (3-77), we can write
the estimate for Fy as (3-57). O

Proof of Lemma 3.2. Recalling (3-3) and (3-2) and using the odd part of the integral we can rewrite / = I, as

. _sin((k=k)n/2) . .
i pv/ﬂ sin ((ky +k2,)1/2) (—ky)an (1/2) sin ((k + k2,)1/2) 2n—1 sin (k) — kj+1)1/2) .

—n 2sin (n/2) (kj —kjy1)sin(n/2)
=—5'=1"),

j=1

where

. 2n—1 .
s pV/ @ lann/2) T s ZRen/2) (3-79)
—TT

sin (1/2) i (kj —kj+1)sin(n/2)

/ def

JA= pvf” cos (n)2) sin ((k 4 k2,)n/2) -l ((kj —kj+1)n/2) J

. . (3-80)
- sin (17/2) j—o (ki —kjr1)sin(n/2)

Note that if k| +kp, =0 then I’ =0 and if k +k5,, =0 then I” =0. We henceforth assume that |k +k5,,| > 1
and |k + k»,| = 1. We will calculate (3-79) and then (3-80).

Notice that sin ((k; —k;11)n/2) =sgn(k; —kjy1)sin(|k; —kj11]n/2) and, since |k; —k; 1| > 1, we
rewrite the quotient in the product form as

sin (lk; —kjt11n/2) eiki=kiniin/2 _ o=ilkj—kjualn/2 pilkj=kjp1ln/2(] — g=ilkj—kji1lm)

sin (1/2) ein/2 _ g—in/2 - ein/2(1 — e~in)
kj—kjt1l—1 lkj—kj+1]=1
— oiUkj=kjp1l=Dn/2 Z e inm — Z ol (Z2mt1kj—kjsi|=1n/2
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‘We conclude that
2n—1 2n—1lkj—kj+11—1

l_[ sin(lkj —kj+1|77/2) l_[ Z i (=2m k=K1 1= Dn/2
sin (1/2) =
mj=

j=1

|k1 —ka2|—1 [kon—1—kan|—1
— Z Z o (ki =kal+-Alkap—1 =k | =2(m1++-4mau 1) =2m)n/2

m1=0 mp,—1=0
In particular following those calculations we can express the integrand of I’ in (3-79) as
. n—1 .
sin (k1 +k2n)1/2) T sin (kj —kj1)1/2)
sin (17/2) oy (kj —kjt1)sin(n/2)
/= lkj—kj1l=1 ky+hou|—1

2n—1
1
= (sgn(lq + koy) 1_[ m) Z Z e Bin/2,
j=1 J J

mo, =0
1<]<2n 1
where to be clear in the sum the m ; indicates a further summation over all j € {1, ...,2n —1}. Also we
define B; above as
2n—1 2n
Bi= ) Ikj—kjil + ki kol =2 ) mj—2n.
j=1 j=1

Notice that no matter what the sign of any of the terms inside the absolute values above is we always
have Z?Zl |kj —kji1|+ |k + kon| = 21 for some integer / so that B; is an even integer. This holds
because the sum contains two copies of every ki, ..., ka,.

We further integrate as ff - e!B11/2 gy = (4/By) sin(B;7/2), and we notice that since B is an even
integer, either (4/B)) sin(Bym/2) =01if By # 0 or (4/B;) sin(By7/2) = 2w when B; = 0. We can then
find the following expression for I”:

lkj—kjr1l=1 ki +hkoy|—1

2n—1
1
I/=27r(sgn(k1 + k2,) | | —|kj—kj+1|) E E 15,=0 (3-81)
j=1 %

mp, =0
l<]<2n 1

This is our calculation of the integral (3-79). We note, as a function of the single variable m,,, that B,

is decreasing and takes the value zero at most one time. Thus Zlﬁl‘;::ké"l_l 1p,=0 < 1. We conclude that

|I'] < 2m. Note that (3-4) is exactly (3-79). So this proves the second estimate for (3-4) in Lemma 3.2.
We now calculate the integral (3-80), which is rather similar. We obtain

2n—1 lkj—kji1]—1

I sin (|kj —Kj+11n/2) _ S eflhomhibtlhan ko =2tz <2012
A sin (n/2)
j=0 m ;=0

0<j<2n—1

Then we can express the integrand of /" as

sin ((k + kan)n/2) ' sin ((k; —k;+1)n/2)
sin (17/2) o (kj—kjt1)sin(n/2)
Jj= kj—kj1|=1 |tk | —1

2n—1
1
Z%(sgn@mn)n—k 3 ) P N
j—o 1Ki = kj+1l

mo, =0

cos (1/2)

0<]<2n 1
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We define
2n—1 2n
By= Y Ikj—kjpil+1k+ka| =2) m;—2n,
j=0 j=0
2n—1 2n
B3 = Z |kj —kjp1]+ |k + kopl —2ij —2n-12.
j=0 j=0
Similarly since Z?”: o lkj —kji1]+ 1k + ko, | contains two copies of every ko, k1, ..., ko, then it is always

an even integer. Therefore we conclude that B, and Bs both are even integers.
We can then similarly find the following expression for 7”:

2n—1 1 |kj—kjtil=1 |k+kon|—1
I"=n (sgn(k +k2y) 1_[ m) Z Z (1By,=0 + 1B5=0).
j=0 %R mi=0  myu=0
0<j<2n—1
Then using the same argument as our upper bound estimate for I’ we obtain that |I”| < 27. |

Remark 3.4. One can generally calculate the sum in (3-81) exactly. In particular the value of the sums in
(3-81) can be seen as the number of nonnegative integer solutions to the equation

2n—1

my+---+moy, = % Z |kj —kjr1l+ ki + kop| —n,

j=1
with the restrictions that 0 <m; < |k; —k;1|—1for j=1,...,2n—1and 0 <my, < |k +kp,| — 1.
This value can be calculated exactly using the inclusion-exclusion formula.

Alternatively, if n = 1 in (3-4) then one can calculate, on the region where /| # 0, that we have exactly

min{|k; — ka|, |k1 + ka|} sgn(ky + k2)
lk1 — k| '

And this formula is consistent with our estimate in Lemma 3.2.

I =2n

4. Proof of main theorem

This section is devoted to the proof of Theorem 1.2. In Section 4A we show the scheme of the proof
for existence of solutions via a regularization argument. The main part consists in obtaining the a priori
estimates, in particular the energy inequality from (1-30). Uniqueness is later proved in Section 4B.

4A. Existence. The proof follows a standard regularization argument. We will use a regularization of
(1-10) and (1-13), written in the form of (2-48), and the a priori estimates of the previous section to find a
weak solution in the sense of Definition 4.2 below. The regularity obtained for the solution will imply
that the solution found is indeed a strong solution, which we prove later is unique.

Definition 4.1. For fixed t € [0, T] and ¢ () € W>>°(S), we say that ¥ (1) € L>(S) is a weak solution of

V(0. 1)+ 24,0060, 1) fg T@O. 1) — b, 1) - ¥ (1. 1) dn = 24,326 1),
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with 7 given by (1-11), if for any ¢ € D(S) it holds that

/g V0.1 9©)do+24, /S 0i(0) /§ B0} 0, - Tije (@0, 1) — (0, 0)W(n, 1) dy d6
=24, [ 330000
S

Definition 4.2. We say that X € L ([0, T']; W12°(S))NL([0, T1; W>°°(S)) is a weak solution of (1-10)
if for almost every ¢ € [0, T'] the arc-chord condition (1-17) is satisfied, and if for any ¢ € D(S x [0, T'])
it holds that

/X(@,t)-(p(@,t)d@—/XO(G)-¢(0,O)d0—//X(G,‘L’)-&,q)(@,t)d@dt
S S 0JS

2//w(@,r)./G(X(Q,r)—X(n,t))F(n,t)dnd@dt,
0JS S

where G is defined in (1-9) and F € L' ([0, T]; L>(S)) is the solution in the sense of Definition 4.1
of (1-13).

We will write fjy = Jy f for general f suchas f =X, f =X, f =Y or f = F, with Jy the
high-frequency cut-off defined in (1-23). We start by considering a regularized version of system (1-10),
(1-13) (where (1-10) is written in (2-28) with the linear and nonlinear terms apart). For each positive
integer M, consider the regularized initial data X j»; and the corresponding solution X = X + X ¢ to
the regularized system

A _
0, Xy = _Te(AXM +HR ' X)) + TuN Xumer X ),
Fy =2A,TuS(Fy, Xu) +2A:0; X .

(4-1)

We define correspondingly Yo » and Yy = Yy + Yy .. We recall that (2-28) could be written in
Y-variables as (2-48). The corresponding regularized system in these variables reads as follows:

Yu(0) =0, Yy2()=0,  Yy.(k)=0, k#0,1,  Yiy.1(1)=0,
3:Y11.0(0) = P(0) "N (Xp1.c. X31)(0),

3V (1) = =AYy (D + (PN Xpre, Xan) (D)1,

(4-2)
3, Yy (k) = —%D(k%(k) + PO N Ky, X)) k), 2<k=<M,
Prre2WP =2 = 3 k(Tual = [Ty,

1<k<M

with Fys given by (4-1). Since Xy . is a circle with radius satisfying (2-42), the chord arc condition
(1-17) is clearly satisfied for || X p/]| Fi sufficiently small; we shall soon see that this in fact holds so long
as || X ull Fl1 < k(A,), which is defined in (4-9). Then, with the same size condition, F), is estimated in
terms of X as in Section 3B. Thus, with Fj; solved in terms of Y, using the transformation (2-31), we
obtain an ODE of the form

Y =InuGYu),  Yu(0) = Yo,
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for a certain nonlinear function G. Notice that the ODE for ?M,C(O) is decoupled from the rest because there
are no zero modes in m)(O). Therefore, Picard’s theorem on Banach spaces yields the local ex-
istence of regularized solutions Yy, € C'([0, Ty); Hyp), where Hy, ={f € H"(S): supp(f) cl[—M, M]}.
Since the a priori energy estimate (4-11) holds for the regularized system, we have uniform bounds for
Yy in the space L°(Ry; j:vl’l) NLY(R,; 57-'3*1). It is not hard to prove that Y, forms a Cauchy sequence
in L>([0, T]; F%1), so that we have a candidate for solution. One can then apply a version of the
Aubin-Lions lemma (see Corollary 6 of [Simon 1987]) to get the strong convergence, up to a subsequence,
of the approximate problems in LZ([O, TI; ]'-"1}’1). Next, since ?M (m,t) > ?(m, t) as M — oo, for all
m € Z and almost every ¢, Fatou’s lemma allows us to conclude that

A t
M(1) = IIYIIJTUM(I)JrfC/ 1Yl 21 (z) d7
0 | .
Slligilg(llYMllﬁu(t)JrfC/O ||YM||j:3-1(T)df> = Yol £1.1,

so we obtain that the limit function Y belongs to L*°([0, T']; Tvl’l) NLY (0, T1; .7-'”2’1). Now, we claim
that the strong convergence, up to a subsequence, of X3y — X in L*([0, T']; j-'l}’l) NLY[0,T]; j-'f’l)
holds. The proof of this claim follows in fact along the lines of the proof of uniqueness (see Section 4B).
This strong convergence immediately implies from (4-1), under the size constraint (1-29), the strong
convergence Fy; — F in L'([0, TT; Fvovl). In fact, it suffices to consider Fy, and Fyy,, write their

difference as
FM] - FMZ = 2A[,L(\.7M18(FM1s XM]) - jMZS(FMl’ XMl))

+2A/L<\7M28(FM17 XM]) - jMZS(FMza XM]))
+2A,(Im,S(Fpy, X)) — I, S(Futy, X )
+24,(05 X m, — 05X ur,),

and perform estimates similar to the ones in Section 3B to find that Fj; forms a Cauchy sequence in
LY([0, T7; .Fvo’l). Since Xz is given in terms of Xy, the above convergence holds for X'j;. The strong
convergence Xy — X in L*°([0, T']; ].-"Jvl) together with Fpy — F in LY([0, T7Y; ]—'VO’]) yields X as
a solution to (1-10) in the sense of Definition 4.2. (Moreover, it is easy to check in (4-1) the strong
convergence of the right-side terms in L' ([0, T]; F1:1).)

We refer to Section 5 of [Gancedo et al. 2020] for a similar approximation argument, including the
instant generation of analyticity and the continuity in time. We include it here for completeness. From the
strong convergence in L([0, TT; ]'_—‘)1,1) of the right-hand side of (1-10), we must have that 9, X j; — 0, X
in L' ([0, T]; £'"). Consider 0 < ¢ < #; < t,. Then,

]:vét)

5]
< 0; X <11 dT,
< [ 1@y dr

14

/ 2 0: X (r)dt

n

| X () — X(tl)”j:‘}&tl) = ‘

which from the fact that 8, X € L' ([0, T]; .7-',)1’1) yields that the solution is analytic for all positive times,
and X € C([e, T]; j-',}’l) for any ¢ > 0. Moreover, fix v,, € (0, Vo) and define V() according to (1-27);
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now given any #; > 0 choose 0 < ] < t, close enough to 7, that V(%) < v(¢;). Thus, it holds that

||X(l‘2) — X(tl)”j-H — 0 as Hh — 1,
B(t)

and therefore we have X’ € C ([0, T']; j:é’]). Since ¥y, € (0, vso) is an arbitrary number in an open interval,
we conclude that X € C([0, T']; ]'_-1)1,1). Finally, the analyticity in space for all positive times implies that
XeC(e T .7:5’1) for any s > 0, ¢ > 0, and 0 < ¥ < v. This regularity translates to F as well for
t > ¢. Therefore, one can consider 9, X (t;) — 9, X (¢) for arbitrary 1, f; > ¢ to find in particular that
X € C((0, T]; FO.

We have proven that X is a strong solution in the sense of Definition 1.1 as claimed in Theorem 1.2.
In Section 4B we prove that this solution is unique.

We now prove the global-in-time energy inequality in (1-30).

Proof of (1-30). Equations (2-45) show decay of the higher frequencies (2-38) if we are able to control
the nonlinear terms, for which we will need the constraint (2-40). Indeed, using (2-38) and the inequality
k(k—1)> k2/2 for k > 2 implies

d A
CN N5 = =58 =VO)I¥ 1+ IN Ko, Dl 20, (4-3)
where we have used that | P(k)~'|| = 1, and we can choose v'(¢) as small as we need. The goal is thus to
obtain a bound like
IV (Xe, Xl 510 < CAX N0 1Y [ 20, (4-4)

with C(|| X z1.1) & [| X ]| £1.1.
We proceed to complete the nonlinear estimate (4-4) to obtain the adequate sign in the balance (4-3).
We insert the a priori bounds on F given by (3-55), (3-56), and (3-57), into the estimate (3-1) to obtain
I1—-A,+ A,
1-A,

A,

DillX | a1 Xl 21 + 14772

INV ] 510 < 22v24, e Dy Cg | X || 11| X |

]'_-])2,1
|Aul(1+ AL
(1-AD*(1+Ay)

+2250+/24, D3D4l|X || 511 1 X [ 21,

which finally gives the desired estimate

IVl 531 = 169V2— o DsIX g X (4-5)
where
1 [A (14 1ALD
D 22(1—-A A, DD 147"~ D, C 2250 D3Dy ), 4-6
5 = 169( ( 1AL Dy 4 147¢" D,Cg + - A (1A, 3Dy (4-6)

and Cs, Dy, Dy, D3, Dy, are given by (3-46), (3-54), and (3-78). Recalling the equivalence (2-34) and
inserting the above bound into (4-3), we obtain

d IRA()
EHYH]':‘)JS—Ae(Z— A,

1, 1) 1Y || 2. (4-7)
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Since V' () = voo/(1 +1)% and vs, > 0 in (1-27) can be chosen arbitrarily small, if the condition

Ds (| X[ z1.1)
holds initially, where Ds is defined in (4-6), then the fact that D5 decreases as || X|| Fi decreases guarantees
that this condition is propagated in time. For the same reasons, this condition can be stated as a smallness

condition for || Xo|| 1.1 as
1 Xoll 10 < k(Ap), (4-9)

with k a function defined implicitly via (4-8) (see also Figure 1). Because Ds is increasing on || X || Flbs
we have the explicit upper bound

1—A
k(A,) < ——"—, (4-10)
676+/2D5(0)
where
1-A,
676+/2D5(0)

<588f+88f(1+ ALl )+9I|A |<1+|AM|><112<1+ Al >+ 888 ))1

1-A 1-A)I+AL 1-A,) 1-4A,
Then, for small enough || X|| Fhs the upper bound in (4-10) approximates the actual value of k(A,).

Therefore,
A, !
IIYIIJ-TI}-I(I)JrTC 1Yl z21(7) dT < [[Yoll 11, 4-11)
0
with
V(1) Ds(| Xoll £1.1)
C= C(”X()”]'_-Vl.l, Auv) =1—4 A — 676ﬁW||X0||ﬁ1.1. 4-12)

Moreover, since [|Y || z1.1 < [|[Y || 721, the inequality (4-7) gives

d A
TNY Iz < =ZECIY 0,
and thus
1Y 1l 510 < 1 ¥oll gae™ /D (4-13)
F F
This completes the decay estimate.
The control of the zero frequency follows from (2-47) with

t —_—
X0 < IXO,L-(O)IJr/0 IV (Xc, X)(0)| dr. (4-14)

Notice that the estimates of the nonlinear terms in F%! can be done as in Section 3A and yield the bound

~

_ D
IV (Xe, X)(0)] < IN(Xe, Xl por < Ae 1 _Z

XN 1.0 1 X 2.1,
n
where 55 is a constant that plays the role of Ds. Recalling (2-34) and the energy balance (4-11), we
introduce this bound back to (4-14) to conclude

1X:(0)] < 1X0.c(0)] +Cl Xol %1
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with _
Ds

C= m, (4-15)

and Ds, C given in (4-6) and (4-12) respectively.
Finally, the decay (4-13) applied to (2-46) yields
SR = Yo (D — 5 ast— +oo,
showing the exponentially fast convergence to a uniformly parametrized circle of area 7. U

4B. Uniqueness. Consider two solutions X = X+ X and X=X c+ X with initial data X o and X 0
in 711, Recalling the system in the Y-variables (2-32), we have

d ~ A 5 5

NP = Il = —(5E =V ONY =Tl + VAN K ) -NEe Dl @16)

and
17.(0) — ¥(0)] < |Fo.c(0) — Yo, (0)] + fo |PO)'N(X,. X)(0) — P(0)"'N(X... D)(0)| dr. (4-17)

Notice that, in comparison with (4-3), we are including in the left-hand side of (4-16) the terms corre-
sponding to (the first frequency of) the circle part,

2|Yer(1) = Yoo (D).

Although these terms are neutral with respect to the dissipative linear operator, whenever they appear on
the right-hand side, we will be able to absorb them by using Gronwall’s lemma and (4-11) (which both Y
and Y satisfy). Notice further that since the nonlinear terms do not contain the zero frequency of Y, i.e.,
Y.(0), equation (4-17) implies R
1Yc(0) = Y.(0)| =0, (4-18)
once we show from (4-16) that ||y — 5)|| Fl= 0. Thus we proceed to deal with (4-16).
The difference between the nonlinear terms in (4-16) is split in four, according to (3-5), so that we have

IV X, X)=N X, )l 10 < IN1 (X, X)=N1(Xe, X)l|poa +HIN2 (X e, X)=Na (X, X o

HIN3(Xe, X)=N3(Xe, Xl o1 HINa(X e, X)=Na(Xe, X) | o1 (4-19)

We start by explaining the estimate corresponding to the first subterm N/ ; in detail (see (3-6)), and later
we will explain the general procedure. We have

Nii(Xe, X)(0) = N1 (X, X)O) = Q1 + Q2+ Q3+ Qu, (4-20)

where

1 1 T
Q= <_477R2 + m) ./gaeAnxc(G) Ay XO)FL(n)dn,

1 ~ ~ o~
Q2=4n§2 /S(aeAan(G)—aeAan(Q))TAnX(G)FL(n)dn,
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05 L A, X ()T (2,X(0) — A, X (©))Fr(n)dn,

47 R2

Q4= 47 R?

fg oAy X o (0)" A, X (O)(FL(n) — FL(m)) dn.

For the first term, we need to estimate the difference between R and R. Recalling (2-40), where
|Ye2(D)]? = R?/2 with R? = a® + b2, we have

R R = ‘—221«@(1«»2 —IB0P +2 3 kITa0P =171 0P

k>1 k>1
<23 k([ IB200 ] = 1¥201 [ T®)] +17200D + [T 60 = ¥ 1 01| (0 + ¥ 1))
k>1

Further note for j =1, 2 that
1Y) — 1Y (0| < 1Y (k) — Y (K)I,

and on the S domain we have |?j(k)| < |IYjllLes) < 1Yl 70.1. We conclude
IR?— R < (1Y ll 701 + 1Y [l 700 1Y — ¥ || 1.
Therefore, using also (2-41), we obtain
‘L 1
R? R2

- 1Y [l o0 + 1Y || 0.
- I I

VI=SIY Iy, V1= 5IY Ly,
In particular, for a constant c(||Y || z1.1, “?”]':1,1) > 0, we can write

1
R R

1Y =¥l 1.

R? — R?
- ‘ R2R2

<c(¥ I, ¥ 1 0IY =¥l 0.

Then, the bound for @Q; follows as in the estimate for the term (3-8), we obtain
1Q1l00 < ¥ g0 I )N FLll o [V = ¥l 1,
and introducing the estimate for F; from (3-56) we have
1@ 11501 < AecUY I, ¥ 1510 Ay vo) X112 Y = ¥ 0,
which is trivially bounded by
Q11500 < AccIY [z, 1¥ 1510, A vo) 1Y [ 20 1Y = Pl 1.

It is now clear that (4-11) allows us to control this term by Gronwall’s lemma in (4-16).
We proceed to estimate Q5 in (4-20). Following the steps in (3-8), but maintaining the difference
between X ¢ and X, together, we find that

1921 01 < (Y 50 1Y 11510, A vo) ¥ (1520 Ve 2(1) = Ve (D)
< AccIY 1510 1Y 12100, Ay Vo) 1Y |20 1Y = Pl
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and it is thus controlled in the same way. The bound for Q3 follows exactly as in (3-8) and has the same
structure as the bound for Q>.
Finally, we are left with @4, for which we have

Q4 = c(IYll g0, 1Y | g1 FrL — Fr| zor.

We emphasize that the constant above is given exactly by the one for AV 1 in (3-14). The estimate for
F, — F; follows from (2-25) (compare to (3-56)); we have

~ ~ 1Al ~
I1FL = Full s <2405 = Xl + 2407250 1R = X, (4-21)

so, moving to the Y -variable, we obtain

Q4 < Acc(IY [ 210, 1Y 15 DIY = Yl 20+ Aec 1Y s ¥ 1200, Ay vo) 1Y = Yl 1,
and therefore trivially we have

Qs < Acc(IY 10, 1Y 15D Y = Yl z21 + Aec Y |0, 1¥ 501, Ay vo) | Y = Pl

Although in this section we are denoting by ¢ all constants (possibly depending on ||Y || Fhis ||f;|| Al
A, Vo), it is important to notice that the constant in front of the high-order term [|Y — Y| 2 is less than
or equal to the one appearing in the nonlinear estimates from Section 3A. This will allow us to absorb
these terms using the negative sign coming from the dissipative linear term without additional conditions
on the initial data other than the one needed for the earlier existence proof.

In summary, so far we have obtained

N1 (Xe, X) = N1 (X, D)l zor < Aec(Y |z, 1Y [0 1Y = Y| 2

+ AegUY W T g0 1Y 20 1¥ 120 Ay voo) 1P = Dl 5,
where g is a function whose L !-in-time norm is bounded independently of time in terms of the initial data
1Yol 701, || Yol 7o.1. Therefore the second term above can be controlled in (4-16) after using the Gronwall
inequality.

Following the same steps for all the terms corresponding to A/ from (3-6), it is clear that one obtains

IV (Xe, X) = N1 (X, ) zon < e(1Y |, 1Y 51 FL — Fr o

+ AU g T 500 1Y 200 1F 1 20, Ay vo) | D = Pl 5,
where we use the same letter g to denote another L'-in-time function as explained above and the constant

in front of ||ﬁ L — FL| zo:1 is exactly given by the one in (3-23). Since the coefficient of the higher-order
term in the bound (4-21) is smaller than the one in (3-56), we guarantee that

IV (Xe. X)=N1 (X, D) o1 < Aec (1Y |0 1F | ) [T =Y | 22
ALY [z ¥ 1Y (2, 1Y ] 520, Ay ve) | P=D 511 (4-22)
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Now, we realize that the same idea applies to the other nonlinear terms in (4-19). In A/, there are not
high-order terms to absorb, since the expression of Fy (3-58) only depends on the circle part, which has
to be controlled via Gronwall. The term A3 will provide an estimate like the one above for N, where
the constant in front of || Y - Y| 2 is smaller than (3-48) for the same reasons given before. Finally, the
same can be said for Ay, but with an analogous estimate to (4-21) for the difference Fy — F v. It follows
in the same way as the estimate (3-57), so we omit details to avoid repetition.

The final estimate for the difference of the nonlinear terms in (4-19) has then the form (4-22), with
a coefficient of the highest-order norm smaller than the coefficient of the norm with the highest-order
derivative in (4-5). Therefore, under condition (1-29), the highest-regularity terms in the nonlinear upper
bound can be absorbed by the dissipation in (4-16) and thus

d ~ ~ ~ ~
Y = Pz = AegUY Nz 1F g 1Y D2 1 20, A vo) I P = Pl 00,
which provides for all time via Gronwall that
1Y = Pl 10 < cl¥oll g, 1¥0ll 510, Ay A, vo) 1Yo — Vol £1.1-

We conclude that |y — 57|| A= 0. Together with (4-18), this completes the proof. O
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SOLUTION OF THE QC YAMABE EQUATION ON A 3-SASAKIAN MANIFOLD
AND THE QUATERNIONIC HEISENBERG GROUP

STEFAN IVANOV, IVAN MINCHEV AND DIMITER VASSILEV

A complete solution to the quaternionic contact Yamabe equation on the qc sphere of dimension 4n+3 as
well as on the quaternionic Heisenberg group is given. A uniqueness theorem for the qc Yamabe problem
in a compact locally 3-Sasakian manifold is shown.

1. Introduction

It is well known that the solution of the Yamabe problem on a compact Riemannian manifold is unique
in the case of negative or vanishing scalar curvature. The proofs of these results, which rely on the
maximum principle, extend readily to sub-Riemannian settings, such as the CR and quaternionic contact
(abbreviated as qc) Yamabe problems, due to the subellipticity of the involved operators. The positive
(scalar curvature) case presents considerable difficulties due to the possible nonuniqueness. Among these
cases the corresponding round spheres play a special role due to their roles in the general existence
theorem and because of the connections with the corresponding L? Sobolev-type embedding inequalities.
Through the corresponding Cayley transforms, the sphere cases are equivalent to the problems of finding
all solutions to the respective Yamabe equations on the flat models which are the Euclidean space or
the relevant Heisenberg groups. All solutions of the latter equations were found in the Riemannian and
CR sphere cases in [Obata 1971; Jerison and Lee 1988], respectively. The classification of all solutions
of the Yamabe equation in the Euclidean setting can be handled alternatively by a reduction to a radially
symmetric solution [Gidas et al. 1979; Talenti 1976]. As far as the rigidity question is concerned, Yamabe
established a uniqueness result in every conformal class of an Einstein metric [Obata 1971].

In this paper we determine all solutions of the qc Yamabe equation on the (4n+-3)-dimensional round
sphere and quaternionic Heisenberg group and establish a uniqueness result in every qc conformal class
containing a 3-Sasakian metric.

We continue by giving a brief background and the statements of our results. It is well known that the
sphere at infinity of any noncompact symmetric space M of rank 1 carries a natural Carnot—Carathéodory
structure; see [Mostow 1973; Pansu 1989]. A quaternionic contact (qc) structure [Biquard 1999; 2000]
appears naturally as the conformal boundary at infinity of the quaternionic hyperbolic space. Following
Biquard, a qc structure on a real (4n+3)-dimensional manifold M is a codimension-3 distribution H (the
horizontal distribution) locally given as the kernel of an R3-valued 1-form 5 = (1, 72, n3) such that the
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three 2-forms dn; |y are the fundamental forms of a quaternionic Hermitian structure on H. The 1-form 5
is determined up to a conformal factor and the action of SO(3) on R?, and therefore H is equipped with a
conformal class [g] of quaternionic Hermitian metrics. To every metric in the fixed conformal class one can
associate a linear connection with torsion preserving the qc structure, see [Biquard 2000; Duchemin 2006],
which is called the Biquard canonical connection. For a fixed metric in the conformal class of metrics on
the horizontal space one associates the horizontal Ricci-type tensor of the Biquard connection, which is
called the qc Ricci tensor. This is a symmetric tensor [Biquard 2000] whose trace part defines the qc scalar
curvature. Furthermore, it was shown in [Ivanov et al. 2014a] that the torsion endomorphism of the Biquard
connection completely determines the trace-free part of the horizontal Ricci tensor. The vanishing of the
latter tensor defines the class of qc Einstein manifolds. A basic example of a qc manifold is a 3-Sasakian
space, which can be defined as a (4n+3)-dimensional Riemannian manifold whose Riemannian cone is a
hyper-Kéhler manifold and the qc structure is induced from that hyper-Kéhler structure. By [Ivanov et al.
2014a; Ivanov et al. 2016] the qc Einstein manifolds of positive qc scalar curvature are exactly the locally
3-Sasakian manifolds, up to a multiplication with a constant factor and a SO(3)-matrix. In particular,
every 3-Sasakian manifold has vanishing torsion endomorphism and is a qc Einstein manifold.

The quaternionic contact Yamabe problem on a compact qc manifold M is the problem of finding a
metric g in the qc conformal class [g] of a fixed metric on the horizontal space H for which the qc scalar
curvature is constant. We note that a qc conformal transformation of the contact form described in
Definition 2.1 amounts to a conformal change of the horizontal metric. Another natural problem is to
explore the possible uniqueness or nonuniqueness of such qc Yamabe metrics. Within a fixed gc conformal
class, the questions reduce to the solvability and uniqueness of positive solutions of the quaternionic
contact (qc) Yamabe equation

0+2
Q-2

where A is the horizontal sub-Laplacian defined using the Biquard connection V, Ah = tré(V2h),

Lu=4

Au —u Scal = —u* ! Scal,

Scal and Scal are the qc scalar curvatures correspondingly of (M, 1) and (M, 77), ij = u*/ (=2, and
2*=20/(Q —2), with Q = 4n + 6 —the homogeneous dimension.

Alternatively, one can view the problem as a variational problem whereby on a compact quaternionic
contact manifold M with a fixed conformal class [1] the qc Yamabe equation characterizes the nonnegative
extremals of the qc Yamabe functional defined by

Y (u) =/ (4Q—+2|W|2 +Scalu2> dvg, / u¥ dvg=1, 0<ueD"*(M).
m\ Q-2 M
Here dv, denotes the Riemannian volume form of the Riemannian metric on M obtained by extending in
a natural way the horizontal metric associated to 7, and D'?(M) stands for the L? homogeneous Sobolev
space. Considering M equipped with a fixed qc structure, hence, a conformal class [n], the Yamabe
constant is defined as the infimum

AM) =M, [n]) = inf{T(u) : / u¥dvg=1,0<uce Dl’z(M)}. (1-1)
M
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The main result of [Wang 2007] is that the gc Yamabe equation has a solution on a compact qc manifold
provided A(M) < A(S***3), where S***3 is the standard unit sphere in the quaternionic space H"*1.

In this paper we consider the qc Yamabe problem on the unit (4n43)-dimensional sphere in H"*!.
The standard 3-Sasaki structure on the sphere 7 has a constant qc scalar curvature Scal = 16n (n+2) and
vanishing trace-free part of its qc Ricci tensor; i.e., it is a qc Einstein space. The images under conformal
quaternionic contact automorphisms are again qc Einstein structures and, in particular, have constant
qgc scalar curvature. In [Ivanov et al. 2014a] we conjectured that these are the only solutions to the Yamabe
problem on the quaternionic sphere and proved it in dimension 7 in [Ivanov et al. 2010]. One of the main
goals of this paper is to prove this conjecture in full generality.

Theorem 1.1. Let n = 2hn be a gc conformal transformation of the standard qc structure n on a
3-Sasakian sphere of dimension 4n+3. If n has constant qc scalar curvature, then up to a multiplicative
constant 1 is obtained from 1 by a conformal quaternionic contact automorphism.

We note that Theorem 1.1, together with the results of [Ivanov et al. 2014a], allows the determination
of all solutions of the qc Yamabe problem on the sphere and on the quaternionic Heisenberg group G (H).
This complements the CR case where [Jerison and Lee 1988] characterized all nonnegative solutions of
the CR Yamabe problem on the Heisenberg group and the corresponding odd-dimensional spheres.

Recall that the quaternionic Heisenberg group G (H) of homogeneous dimension Q = 4n 4 6 is given
by G(H) =H" x ImH with the group law

(o, wo) 0 (q, w) = (q0+CI9w+w()+21mq()q)v

where g = (%, x4, y%,z%) e H", w = (x,y, z) € ImH. The standard qc contact form in quaternion
variables is

O = (01,02, 03) = 3(do—q-dg+dq - §).
The corresponding sub-Laplacian is given by Agu = 2221(T¢3“ + X2u+ Y2u+ Z2u), where T,, X,,
Y., Z, denote the left-invariant horizontal vector fields on G (H). Theorem 1.1 shows, in particular, the

following.

Corollary 1.2. If ® satisfies the qc Yamabe equation on the quaternionic Heisenberg group G (H), that is,

40+2)

“o_2 "e®= —Se®® !

for some constant Sg, then up to a left translation ® = (2h)~C=2/% and h is given by
h(g, ) = col(© +1q +qol*)* + @ + w, +21Imgog|’] (1-2)

for some fixed (q,, ®,) € G(H) and constants co > 0 and o > 0. Furthermore, the qc scalar curvature
of ®is Sg =128n(n+2)cpo.

The above corollary confirms the conjecture made after [Garofalo and Vassilev 2001, Theorem 1.1].
In Theorem 1.6 of the same paper the conjecture claim was verified on all groups of Iwasawa type,
but with the assumption of partial symmetry of the solution. Here, with a completely different method
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from [Garofalo and Vassilev 2001] we show that the symmetry assumption is superfluous in the case of
the quaternionic Heisenberg group. The corresponding solutions on the 3-Sasakian sphere are obtained
via the Cayley transform, see for example [Ivanov et al. 2010; 2012; 2014a; Ivanov and Vassilev 2011,
Sections 2.3, 5.2.1] for an account and history. Finally, it should be observed that the functions (1-2)
with ¢y € R give all conformal factors for which ® is also qc Einstein. It is worth mentioning that as a
consequence of Theorem 1.1 and Corollary 1.2, we obtain that all solutions to the qc Yamabe equation
are given by the functions which realize the equality case of the L? Folland—Stein inequality. The latter
were characterized, by a different method, in [Ivanov et al. 2012], where the center of mass technique
developed for the CR case in [Frank and Lieb 2012; Branson et al. 2013] was used.

A major step in the proof of Theorem 1.1 is the following result, where we solve the qc Yamabe problem
on locally 3-Sasakian compact manifolds. By the results of [Ivanov et al. 2014a; 2016] a qc Einstein
manifold is of constant qc scalar curvature; hence as far as the qc Yamabe equation is concerned only the
uniqueness of solutions needs to be addressed. As mentioned earlier, the interesting case is when the
qc scalar curvature is a positive constant; hence we focus exclusively on the locally 3-Sasakian case.

Theorem 1.3. Let (M, 1) be a compact locally 3-Sasakian gc manifold of qc scalar curvature 16n(n + 2).
If n =2hn is qc conformal to an 1 structure which is also of constant qc scalar curvature, then up to a
homothety (M, n) is locally 3-Sasakian manifold. Furthermore, the function h is constant unless (M, 17)

is the unit 3-Sasakian sphere.

The proof of Theorem 1.3, presented in Section 5, consists of two steps. The first step is a divergence
formula Theorem 4.1 which shows that if 5 is of constant qc curvature and is qc conformal to a locally
3-Sasakian manifold, then 7 is also a locally 3-Sasakian manifold. The general idea to search for such a
divergence formula goes back to [Obata 1971] where the corresponding result on a Riemannian manifold
was proved for a conformal transformation of an Einstein space. However, our result is motivated by the
(sub-Riemannian) CR case where a formula of this type was introduced in the ground-breaking paper
[Jerison and Lee 1988]. As far as the qc case is concerned in [Ivanov et al. 2014a, Theorem 1.2] a
weaker result was shown, namely Theorem 1.3 holds provided the vertical space of 7 is integrable. In
dimension 7, the n = 1 case, this assumption was removed in [Ivanov et al. 2010, Theorem 1.2] where
the result was established with the help of a suitable divergence formula. It should be noted that in the
7-dimensional case the [3]-component of the traceless qc Ricci tensor vanishes, which decreases the
number of torsion components. The general n > 1 case treated here presents new difficulties due to the
extra nonzero torsion terms that appear in the higher dimensions, which complicate considerably the
search for a suitable divergence formula.

The proof of the second part of Theorem 1.3 builds on, in the Riemannian case, ideas of Obata, who used
that the gradient of the (suitably taken) conformal factor is a conformal vector field and the characterization
of the unit sphere through its first eigenvalue of the Laplacian among all Einstein manifolds. We show
a similar, although a more complicated relation between the conformal factor and the existence of an
infinitesimal qc automorphism (qc vector field). Our divergence formula found in Theorem 4.1 involves
a smooth function f, see (4-7), expressed in terms of the conformal factor and its horizontal gradient.
Remarkably, we found that the horizontal gradient of f is precisely the horizontal part of the qc vector
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field mentioned above and the sub-Laplacian of f is an eigenfunction of the sub-Laplacian with the
smallest possible eigenvalue —4n thus showing a geometric nature of f (see Remark 5.3). Then we use
the characterization of the 3-Sasakian sphere by its first eigenvalue of the sub-Laplacian among all locally
3-Sasakian manifolds established in [Ivanov et al. 2014b, Theorem 1.2] for (n > 1) and in [Ivanov et al.
2013, Corollary 1.2] for n = 1.

A few final comments are in order. As noted above, the connection between the two Obata theorems —
the uniqueness up to homothety of the Yamabe metric in the conformal class of an Einstein metric on a
compact Riemannian manifold distinct from the round sphere and the characterization of the sphere as
the extremal in the Lichnerowicz—Obata inequality — are well known. Our inspiration for the proof of the
second part of Theorem 1.3 came from the slightly different approach taken in [Bourguignon and Ezin
1987]; see [Ivanov and Vassilev 2015, Theorem 2.6]. The attempt to find an extension of this argument to
the qc setting resulted in the argument presented here.

Remark 1.4. The above argument leading to the uniqueness result in Theorem 1.3 can be applied not
only in the qc case but also in the case of a pseudohermitian structure on a CR manifold. In particular,
the argument presented here reveals the geometric nature of the function in Jerison and Lee’s divergence
formula [1988]. Indeed, the real part of the function f defined in Proposition 3.1 of that paper determines
a CR vector field and its CR-Laplacian is an eigenfunction of the CR-Laplacian with the smallest possible
eigenvalue —2n. More details for the CR case can be found in [Ivanov and Vassilev 2015, Section 5.2].

Convention 1.5. We use the following:

e {e1, ..., eqy} denotes an orthonormal basis of the horizontal space H.

» The capital letters X, Y, Z, ... denote horizontal vectors in H.

e The summation convention over repeated vectors from the basis {ey, ..., es,} Will be used. For
example, for a (0, 4)-tensor P, k = P(ep, 4, €4, €p) means k = Z‘Xb:l Pep, eq, eq,€p).

 The triple (i, j, k) denotes any cyclic permutation of (1, 2, 3).

e The horizontal divergence V* P of a (0, 2)-tensor field P on M with respect to the Biquard connection
is defined to be the (0, 1)-tensor field V¥*P(-) = (V,, P)(eq, - ).

2. Quaternionic contact manifolds and the ¢ Yamabe problem

In this section we will briefly review the basic notions of quaternionic contact geometry and recall some
results from [Biquard 2000; Ivanov et al. 2014a]; see [Ivanov and Vassilev 2011] for a more leisurely
exposition. We also give some background on the qc Yamabe problem.

2A. gc manifolds. A quaternionic contact (qc) manifold (M, n, g, Q) is a (4n+3)-dimensional manifold M
with a codimension-3 distribution H locally given as the kernel of a 1-form n = (1, 12, n3) with values
in R3. In addition H has an Sp(n) Sp(1) structure; that is, it is equipped with a Riemannian metric g
and a rank-3 bundle Q consisting of endomorphisms of H locally generated by three almost complex
structures Iy, I, I3 on H satisfying the identities of the imaginary unit quaternions, 11, = —I I} = I3,
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I 1,13 = —id,,;, which are hermitian compatible with the metric g(/ -, I, -) = g(-, -) and the following
contact condition holds:

A special phenomena, noted in [Biquard 2000], is that the contact form 7 determines the quaternionic
structure and the metric on the horizontal distribution in a unique way.

The transformations preserving a given quaternionic contact structure n, i.e., = u\Wn for a positive
smooth function x and an SO(3) matrix ¥ with smooth functions as entries, are called quaternionic contact
conformal (gc conformal) transformations. If the function u is constant, 7 is called qc homothetic to 7.
The qc conformal curvature tensor W4¢, introduced in [Ivanov and Vassilev 2010], is the obstruction for a
qc structure to be locally qc conformal to the standard 3-Sasakian structure on the (4n+3)-dimensional
sphere [Ivanov et al. 2014a; Ivanov and Vassilev 2010].

Definition 2.1. A diffeomorphism ¢ of a qc manifold (M, [g], @) is called a conformal quaternionic
contact automorphism (conformal qc automorphism) if ¢ preserves the qc structure; i.e.,

¢ n=pnd-n

for some positive smooth function p and some matrix ® € SO(3) with smooth functions as entries and
n = (n1, M2, n3)" is a local 1-form considered as a column vector of three one forms as entries.

On a qc manifold with a fixed metric g on H there exists a canonical connection defined first by O. Bi-
quard [2000] when the dimension (4n + 3) greater than 7, and in [Duchemin 2006] for the 7-dimensional
case. Biquard showed that there is a unique connection V with torsion 7" and a unique supplementary
subspace V to H in T M, such that:

(i) V preserves the decomposition H @ V and the Sp(n) Sp(1) structure on H;i.e., Vg =0, Vo e I'(Q)
for a section o € I'(Q), and its torsion on H is given by T(X,Y) = —[X, Y]v.
(ii) For & € V, the endomorphism T' (&, - )|z of H lies in (sp(n) & sp(1)* C gl(4n).
(iii) The connection on V is induced by the natural identification ¢ of V with the subspace sp(1) of the
endomorphisms of H; i.e., Vo =0.

This canonical connection is also known as the Biquard connection. When the dimension of M is at
least 11 [Biquard 2000] also described the supplementary distribution V, which is (locally) generated by
the so-called Reeb vector fields {&;, &, &3} determined by

N5 () =65k, (&5 adns) g =0, (& adni)ig = — Gk 2dns)ia, (2-1)

where _ denotes the interior multiplication. If the dimension of M is 7, Duchemin [2006] shows that
if we assume, in addition, the existence of Reeb vector fields as in (2-1), then the Biquard result holds.
Henceforth, by a qc structure in dimension 7 we shall mean a qc structure satisfying (2-1).

The fundamental 2-forms w; of the quaternionic contact structure Q are defined by

2a)s|H :dnsle f_la)s =0, %'EV.
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Notice that (2-1) are invariant under the natural SO(3) action. Using the triple of Reeb vector fields, we
extend the metric g on H to a metric 2 on T M by requiring span{&, &, &3} =V L H and h(&s, &) = 8.
The Riemannian metric &, as well as the Biquard connection, do not depend on the action of SO(3)
on V, but both change if » is multiplied by a conformal factor [Ivanov et al. 2014a]. Clearly, the Biquard
connection preserves the Riemannian metric on TM, Vh =0.

The properties of the Biquard connection are encoded in the torsion endomorphism 7 € (sp(n)+sp(1))*.
We recall the Sp(n) Sp(1)-invariant decomposition. An endomorphism W of H can be decomposed with
respect to the quaternionic structure (Q, g) uniquely into four Sp(n)-invariant parts W = W*++ 4
W= W+t W+ where the superscript ++ + means commuting with all three I;, +— — indicates
commuting with /; and anticommuting with the other two and etc. The two Sp(n) Sp(1)-invariant
components W3 =Wt W) =Wt " £ W + W~ are determined by

V= Y3 — 3+ LHVL+LVYL+1YI;=0,
V=V_; <= VLVl — LV — VI =0.

With a short calculation one sees that the Sp(n) Sp(1)-invariant components are the projections on the
eigenspaces of the Casimir operator T = 11 ® I1 + I» ® I, 4+ I3 ® I3 corresponding, respectively, to the
eigenvalues 3 and —1; see [Capria and Salamon 1988]. If n =1 then the space of symmetric endomorphisms
commuting with all /i is 1-dimensional; i.e., the [3]-component of any symmetric endomorphism W on H
is proportional to the identity, W3; = —(tr W /4)id| 5. Note here that each of the three 2-forms w; belongs
to its [-1]-component, w; = ws(—1}, and constitutes a basis of the Lie algebra sp(1).

2B. The torsion tensor. Decomposing the endomorphism 7 € (sp(n)+sp(1))* into its symmetric part Tg0
and skew-symmetric part bg, Tz = T;g_O + bg, Biquard [2000] showed that the torsion 7 is completely
trace-free, tr Ty = tr T¢ o Iy = 0, its symmetric part has the properties

)L =—LT), LA)™ =NLT)", BAO T =LT)" LT T=LTHT.

The skew-symmetric part can be represented as bg, = I;u, where u is a traceless symmetric (1, 1)-tensor
on H which commutes with Iy, I, I3. Therefore we have Ty, = TS? + Liu. If n = 1 then the tensor u
vanishes identically, u = 0, and the torsion is a symmetric tensor, Tz = TEO.

The two Sp(n) Sp(1)-invariant trace-free symmetric 2-tensors T%X,Y)= g((TEO1 L+T, S(; 12+T£ 1)X,Y),
UX,Y)=guX,Y)on H, introduced in [Ivanov et al. 2014a], have the properties

X, V) + T X, 1Y) + T°(LX, LY)+T(I:X, 1Y) =0,
UX,Y)=UWLX, 1Y) =U(LX, LY)=UkX, Y).

(2-2)

In dimension 7 (n = 1), the tensor U vanishes identically, U = 0.

These tensors determine completely the torsion endomorphism of the Biquard connection due to the
identity [Ivanov and Vassilev 2010, Proposition 2.3] 4T°(&,, I, X, Y) = T%(X,Y) — T°(I, X, I,Y), which
implies

AT (&, I, X,Y) =4T°(&,, I,X,Y) +4g(Lul, X, Y)=T%X,Y) = T°(I, X, ,Y) —4U (X, Y).
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2C. Curvature, torsion and qc Einstein structures. Quaternionic contact Einstein manifolds introduced
in [Ivanov et al. 2014a], see [Ivanov et al. 2016; Ivanov and Vassilev 2011] for further details and a more
leisurely exposition, play a crucial role in solving the Yamabe equation on the quaternionic sphere (see
[Ivanov et al. 2010] for dimension 7).

Let R =[V, V] —V|. .| be the curvature of the Biquard connection V. The Ricci tensor and the scalar
curvature, called gc Ricci tensor and gc scalar curvature, respectively, are defined by

Ric(X,Y) = g(R(es, X)Y, e,),
Scal = Ric(e,, e,) = g(R(ep, ea)eq, ep).

According to [Biquard 2000] the Ricci tensor restricted to H is a symmetric tensor. If the trace-free part
of the qc Ricci tensor is zero, we call the quaternionic structure a gc Einstein manifold [Ivanov et al.
2014a]. It is shown in that paper that the qc Ricci tensor is completely determined by the components
of the torsion. Theorem 1.3, Theorem 3.12 and Corollary 3.14 in [Ivanov et al. 2014a] imply that on a
qc manifold (M*+3, g, Q) the qc Ricci tensor and the qc scalar curvature satisfy

Ric(X,Y)= 2n+2)T*(X,Y)+ (4n+ 10)U (X, Y) + %g(X, Y),

Scal = —8n(n +2)g(T (61, £2), §3).

Hence, the qc Einstein condition is equivalent to the vanishing of the torsion endomorphism of the Biquard
connection and in this case the qc scalar curvature is constant [Ivanov et al. 2014a; 2016]. If Scal > 0, the
latter holds exactly when the qc structure is locally 3-Sasakian up to a multiplication by a constant and an
SO(3)-matrix with smooth entries. Recall that a (4n+3)-dimensional Riemannian manifold (M, g) is
called 3-Sasakian if the cone metric gy = t>g +dt*> on N = M x R* is a hyper-Kihler metric; namely, it
has holonomy contained in Sp(n + 1). The 3-Sasakian manifolds are Einstein with positive Riemannian
scalar curvature.

2D. gc conformal transformations. Let h be a positive smooth function on a qc manifold (M, ). If
n = 2hn, we will say that the vector-valued 1-form 5 is qc conformal to 7. We will denote the objects
related to 1 by overlining the same object corresponding to 1. Thus,
dij = —=dh A+ -dp and §=--
1= Topz AT gy = m®

The new triple (€1, &, &} is determined by the conditions defining the Reeb vector fields as £ =
2h&s + I[;Vh, where V§ is the horizontal gradient defined by g(Vh, X) = dh(X). The components of the
torsion tensor transform according to the following formulas from [Ivanov et al. 2014a, Section 5]:

T°(X,Y)=T°X,Y) + h~ ' [Vdh]isym-11(X, Y),

_ 2-3
UX,Y)=UX,Y)+ Qh) "' [Vdh —2h"'dh @ dh]zy01(X, Y), )
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where the symmetric part is given by

3
[Vdh]isym (X, Y) =Vdh(X,Y)+ Zdh(és) ws (X, Y)
s=1

and [3)[0] indicates the trace-free part of the [3]-component of the corresponding tensor.

2E. The gc Yamabe problem. Under a qc conformal transformation, as described above, the qc scalar
curvature changes according to the formula given in [Biquard 2000],

Scal = 2h(Scal) — 8(n +2)>h ' |Vh|> + 8(n + 2) Ah. (2-4)

Let Q = 4n + 6 be the so-called homogeneous dimension of M and 2* =2Q/(Q — 2) the L?-Sobolev
conjugate exponent. It will be suitable to take the conformal factor in the form 7 = u*/(¢=?y, which
turns (2-4) into the qc Yamabe equation

2 R
o+ S du—u Scal = —u* ! Scal, (2-5)

Lu=4
where A is the horizontal sub-Laplacian, Ah = tr8 (V2h), Scal and Scal are the qc scalar curvatures
correspondingly of (M, ) and (M, 1). Thus, within a fixed qc conformal class, the Yamabe problem is
the question of the solvability of the quaternionic contact (qc) Yamabe equation (2-5).

From a variational point of view, the qc Yamabe equation (2-5) is essentially the Euler—Lagrange
equation of the extremals of the L? case of the Sobolev-type embedding inequality determined by (1-1).
By standard subelliptic regularity results, any nontrivial nonnegative weak solution u € D'“2(M) of (2-5)
is smooth and positive. Hence the result of this article can also be interpreted as the characterization of
all nonnegative weak solutions of (2-5) on any closed compact locally 3-Sasakian manifold.

It should be mentioned that the original motivation of the qc Yamabe equation comes from its connection
with the determination of the norm and extremals in the L? Folland—Stein [1974] Sobolev-type embedding
on the quaternionic Heisenberg group G (H). This problem was considered in the general setting of groups
of Heisenberg type [Garofalo and Vassilev 2001; Vassilev 2006; 2000], where, in particular, the equality
case was characterized completely in the space of functions with partial symmetry on groups of Iwasawa
type. Later on, Frank and Lieb [2012], and independently, Branson, Fontana and Morpurgo [Branson
et al. 2013] developed a method based on a center of mass technique which yielded the characterization
of equality cases of several inequalities, including the L? Sobolev and Folland—Stein inequalities in
the Euclidean and CR Heisenberg group cases. These results were extended to the quaternionic and
octonionic settings in [Ivanov et al. 2012; Christ et al. 2016a; 2016b]. The current paper showed that
similarly to the Riemannian and CR model flat cases, in the model qc cases the only critical level of the
gc Yamabe functional restricted to nonnegative functions is its minimum.

3. qc conformal transformations of a qc Einstein manifold

Throughout this section # is a positive smooth function on a fixed qc Einstein manifold (M, , Q) and
n = 2hn is a qc structure which is qc conformal to 7. We assume, in addition, that the qc structure 7 is of
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constant qc scalar curvature Scal = 16n(n + 2) and hence equal to the qc scalar curvature of 7. We recall
some formulas from [Ivanov et al. 2010] which will be used in the subsequent sections.
We begin by defining the vectors

Ai =118, &1, A=A+ A+ As. (3-1

We denote with the same letter the corresponding horizontal 1-forms, defined by A;(X) = g(A;, X) etc.
A short calculation, see [Ivanov et al. 2010, Lemma 3.1], gives the following expression of the 1-forms
A and A in terms of A,

h—2
2

-2
+ hT(dh(Sj) dh(I;X) +dh(&) dh(1; X))

-2
+ hT(Wh(IfX’ 1;Vh) + Vdh(I X, [Vh)). (3-2)

-3 1
A (X) = dh(X) — hT|Vh|2dh(X) _ hT(th(ljx, &)+ Vdh(L X, &))

Thus, after summing, we have also

-2 -3
AX) = —%dh(X) - %szdla(m

3 3 5 3
—h™' Y VAR X, &) +h Y " dh(E) dh(1,X) + h_22 > Vdh(IX, I;Vh). (3-3)
s=1

s=1 s=1

Second we consider the 1-forms
—1
D(X) = =" (70X, Vh) + TO(ULX, L,V (3-4)

For simplicity, using the musical isomorphism, we will denote by D, D,, D3 also the corresponding
(horizontal) vector fields, defined by g(D;, X) = D;(X). Let us consider in addition the form D defined as

DY D, +Dy+ Dy =—h~'TOX, Vh), (3-5)

where the last equality follows from (2-2). Setting 7° = 0 in (2-3), we obtain from (3-4) the expressions
(see [Ivanov et al. 2010; Ivanov and Vassilev 2010])

D;(X) =h"*dh(&)dh(I; X)
-2
+ hT[th (X, Vh)+Vdh (I; X, I;Vh) —Vdh (I; X, I;Vh) —Vdh (I X, [t Vh)]. (3-6)
The equalities (3-5) and (3-6) yield [Ivanov et al. 2010, Lemma 4.2]

_ 3 3
D(X) = hT2 (3th(x, Vh) =) Vdh(IX, ISVh)) +h7 > dh(E) dh(1X). (3-7)

s=1 s=1

Finally, we define the 1-forms (and corresponding vectors)

Fy(X)=—h"'T%X, I,Vh).
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From the definition of F; and (3-4) we find

Fi(X) = —h™'T(X, ;Vh) = =Di(1;X) + D, (I X) + Dy (I; X). (3-8)
From [Ivanov et al. 2014a, Theorem 4.8] we have that on a (4n+3)-dimensional qc manifold with constant
qc scalar curvature the following Bianchi identities hold:

1—n
2
With the help of (3-9) the following divergence formulas were proved in [Ivanov et al. 2010, Lemmas 4.2

and 4.3]:

VT = +2)A, VU=

A. (3-9)

V*D =|T°? —h~'g(dh, D) — h~'(n+2)g(dh, A) (3-10)

and

3 3
v*(z dh(ssm) =Y [Vdh(seq. §)Fy(Iea)]

s=1 s=1 3
+h! Z [dh(&)dh(Iseq) D(eq) + (n+2) dh(&s) dh(lseq) Aeq)].  (3-11)

s=1
4. The divergence formula

This section contains our main technical result. As mentioned in the Introduction, we were motivated to
seek a divergence formula of this type based on the Riemannian, CR and 7-dimensional qc cases of the
considered problem. The main difficulty was to find a suitable vector field with nonnegative divergence
containing the norm of the torsion. The fulfillment of this task was facilitated by the results of [Ivanov
et al. 2014a]. In particular, similarly to the CR case, but unlike the Riemannian case, we were not able to
achieve a proof based purely on the Bianchi identities; see [Ivanov et al. 2014a, Theorem 4.8]. Recall
that the setting here is the same as in Section 3. Since

Scal = Scal = 16n(n +2),
the Yamabe equation (2-4) gives

Ah=2n—4nh+h~'(n +2)|Vh|%. 4-1)

Equation (2-3) in the case of a qc Einstein structure 7, 7° = U =0, and (4-1) motivate the definition of
the symmetric (0, 2)-tensors

. 3 3
D(X,Y)=-T%X,Y)= hT [3v2h(x, Y)=) VPh(X, IY)+4 ) " dh(E)os(X, Y):|, (4-2)

s=1 s=1

E(X,Y)=—-2U(X,Y)

hl > 2h2 >
- [vzh(x, N+ V2h(L X, ISY)] o~ [dh(X)dh(Y)+Z dh(1,X)dh(I, Y)]

s=1 s=1

-1
—hT(2—4h+h_1|Vh|2)g(X, Y). (4-3)
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The 1-form D defined in (3-5) and expressed in terms of /4 in (3-7) satisfies D(X) = h~'D(X, Vh).
Define, in addition, the 1-form E by the equation

EX)=h"'"E(X,Vh)=—-2n"'U(X, Vh)

n (4-4)

3
=" [Vzh(X, Vh) + Z V2h(I X, I,Vh) + (=2 +4h — 30! |Vh|2)dh(X)},

s=1
where the second and third equalities follow from (4-3).

Finally, in addition to the 1-forms D and E and the symmetric (0, 2)-tensors D and E, we define the
(0, 3)-tensors D and E as

D(X,Y, Z) = _}% |:dh(X)T0(Y, Z)+dh(Y)TY (X, Z)
3 3
+ dh,X)T (LY, Z) + Z dh(I,Y)T (I, X, Z):|, (4-5)

s=1 s=1

E(X,Y,Z) = ’%1 [dh(X)E(Y, Z)+dh(Y)E(X, Z)

3 3

+ Y dh(LX)E(Y, Z)+ Y dh(I,Y)E(IX, Z)]. (4-6)
s=1 s=1

After this preparation we are ready to state the main result.

Theorem 4.1. Suppose (M*"*3, ) is a quaternionic contact structure conformal to a 3-Sasakian structure
(M3 7) with n = 2hij. If Scal, = Scal; = 16n(n + 2), then with f given by

—1
f=gh+ VAP, -7

the following identity holds:
3 3 3 10 3
V*(f(D +E)+ ;dh@s)IsE + ;dh@s) F, +4;dh(ss>lsAs -3 ;dh(ss) ISA)

=(%+h)(|T°|2+|E|2>+2h|D+rE|2+h<Qv,V>- (4-8)

Here, the matrix Q is given by

- 5 1 1 1 -
3 =2 T3 T3 —2 =2 =2
15 1 1 10 _2 _2
2 2 2 2 3 3 3
L1 s 1 _2 10 _2
2 2 2 2 3 3 3
1 1 1 5 2 2 10

0=|-2 2 =2 2 =3 =5 3| @-9)

o 0 2 2 2 _2 _2
3 3 3 3 3 3
o2 10 2 2 2 2
3 3 3 3 3 3
o 2 2 10 _2 2 2

— 3 3 3 3 3 3 -

andV = (E, Dy, Dy, D3, Ay, Ay, A3) with E, Dy, Ay defined, correspondingly, in (4-4), (3-4) and (3-1).
In particular, Q is a positive definite matrix with eigenvalues 1, % + @ and % + @.
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Proof. For the sake of making some formulas more compact, in the proof we will use sometimes the
notation XY = g(X, Y) for the product of two horizontal vector fields X and Y and the similar abbreviation
for horizontal 1-forms.

We begin by recalling (3-7), (4-4) and (3-3), which imply

3E(X) — D(X)

3
AX) = === = Y VALK, &)

s=1

3”_ Zdh(ss)dh(l X) — <;+h+ L=t 1w )dh(X). (4-10)

Using the function f defined in (4—7), we write (4-10) in the form

3 3
2 Z V2h(I,X, &) =h(BE(X)— D(X) —2A(X))+3h~! Z dh(€)dh(I;X) —3h~ fdh(X). (4-11)
s=1 s=1

The sum of (3-7) and (4-4) yields

3 —
(E4+D)YX)=h"2V*h(X,Vh)+h? Z dh(&E)dh(I,X) + hTZ(—2+4h =3 YYVRP)dh(X). (4-12)
s=1

Using (4-7) and (4-12), we obtain

3
2Vx f=h(E+D)(X)—h™" > " dh(E)dh(I,X) +h~" fdh(X). (4-13)
s=1

We calculate the divergences of E using first (4-4) to obtain
V*E =2h~2dh(e,)U (eq, Vh) — 20~ (V,,U)(eq, Vh) — 20~ U (e, €p) V*h(ey, ep).
Taking into account the Bianchi identity (3-9), (4-3) and (4-4) it follows

= —1Dh"YAVR) + Uleg, er)(—2h"H[V?h(eq, ep) —2h~ ' dh(ey)dh(ep)| + h~ ' E(Vh)
= |E>+h~'E(Vh) 4+ (n — DA A(Vh). (4-14)

Similarly, we have

—V*I,E =2h2dh(e,)U (Iye,, Vi) +2h~ (Vo U)(eq, I;VR) =207 U (Ise,, p)V?h(ea, ep)
A=n) AU,V +U (Iseq, ep) (=20 N[V h(eq, e5)—2h " dh(es)dh(ep)]+h ™ E(I;Vh)
= U(Iyeq, ep)Uleq, ep)—h™ (1=n)dh(Ise,) Aes) = —h ™ (1—n)dh(Ise,) Aley), (4-15)

since U (Ise,, ep)U (ey, ep) = E(I;VR) = 0 due to (2-2).
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Now we are prepared to calculate the divergence of the first four terms. Using (3-10), (3-11), (4-14),
(4-13), (4-15) and (4-11), we have

3 3
Ve, [f<D+E><ea>—Zdh<ss>E<1sea>+Zdh(ss)Fs(ea)}

s=1 s=1

( (E+D)(ea)——Zdh(SA)dh(lea)+ fdh(ea)>(D+E)(€a)

s=1
+f[-h'D(VR)—h " (n+2) A(VR)+| TP+ E*+h ™ dh(ed) E (ea)—h ™" (1—n)dh(es) Ales)]

3 3 3
+h~ (1=n) Y dh(E)dh(e) Alea)+ Y Vih(lsea, &) E (ea)+ Y Vh(Iseq, &) Fy(Iseq)

3 s=1 s=1 3 s=1

+h™' Y dh(E)dh(Ied) Died)+h~ (142) Y dh(E)dh(Ieq) Alea)
s=1 s=1

= TP+ EP)+ 2| D+EP+ 2 BE-D-24)(e0) Ee)

3 3
—1[Zdh(&)dh(lsea)—fdh(ea)}(%D(ea>+3A<ea>)+Zv2h<lsea,ssm(zsea). (+16)
s=1 s=1

At this point we will use that for any smooth function 4 on a qc manifold with constant qc scalar
curvature the following formulas hold true [Ivanov et al. 2010, Lemma 4.1]:

3 3
v* (Z dh(és)IsAs) = Z Vdh(lsey, §5)As(eq),

s=1 s=1 (4_17)

3 3
V*<Zd1’l(ss)lsA> =Zth(1sea’ &) A(eq).
s=1 s=1

Applying (4-17) and (4-11) we obtain

Ve, [f<D+E><ea) - Zdh@s)E(l eq) +Zdh(ss)F (€a) —2Zdh<ss)1 A(e»}

s=1
= f(T° >+ |E?) + —|D+E|2+—(3E —D—2A)E—h(3E—D—2A)A

-1
2 [Z dh(g)dh(Iseq) — fdh(ea)}mfza) + Z V?h (Iyeq, &) Fs(Ise,).  (4-18)

s=1
According to (3-8), the last term in (4-18) reads
3
Y Vh (Iseq, &) Fi(Iseq) = Di(e) [V h(Iea, 1) — VP h(heq, &) — V2h(I3¢q, £3)]
s=1 + Dy(ea)[—V*h(Iieq, £1) + V2 h(heg, £) — V2h(Izeq, &)]
+ D3(ea)[—V?h(Iieq, &1) — V2h(he,, £) + Vh(lzeq, &), (4-19)
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Using (4-19) we rewrite the last line in (4-18) as

[’“ : Zdh(a)dhu e -1 fdh(ea)}D(ea)JrZ V2h (Iseq, &) Fs (Iseq)

s=1

—Dl(ea)[v h(leq. £1)~V?h(Leq. £2) vzh(lgea,sgw—Zdh(&)dh(l ea)— fdh(ea>]

s=1

+D2(€a)[ VZh(Lieq, £)+Vh(lreq, &) — Vzh(13€a,-§3)+—Zdh(gs)dh(l €q)— fdh(ea)]

s=1

+Da(ea)[—v2h<11ea,sl)—vzh(lzea,sz)+v2h(13ea,s3)

E dh(§s)dh(Iseq)— fdh(ea)] (4-20)
s=1
The equalities (4-4), (3-6) and (3-2) imply

3
V(D X, &)+ V?h(I3X, &) = h(E — Dy —2A)(X)+h ™" > " dh(&)dh(I,X) —h™" fdh(X). (4-21)
s=1

Subtracting two times (4-21) from (4-11) we obtain

3
h! h!
VZh(Liea, &) = V2h(hea £2) = V2 h(l3ea §3) + =5 ) dh(E)dh(Useq) — =5 fdh(eq)
s=1
= %[—E —D+4Dy —2A+8A ](ey). (4-22)
The left-hand side of the above identity is the second line in (4-20). The other two lines are evaluated
similarly and the formulas are obtained from the above by a cyclic rotation of {1, 2, 3}. A substitution of

the resulting new form of (4-20) in (4-18) gives

Ve, [f(D +E)(eq) — Zdh(és)E(I ea) + Zdh(ss)F (eq) — 2Zdh(sg>1 A(e»}

s=1

= f(T° P+ |E|®) + 7[E2+A2+ D?+ D3+ D3 —2AE +2A, Dy +2A,D; +2A3D3].  (4-23)

In view of (4-17) for any nonzero constant ¢ we calculate the divergences as

3 3
Ve, (c > dhE)LAe) =5 ) dh(ES)IsA(ea))
s=1 s=1

= §[2v2h(11ea, £1) — V2h(hey, &) — V(e £3)]1A1(eq)
+ g[zvzhuzea, £) — V2h(Iieq, &1) — Vh(Ize,, £3)1Az(eq) (4-24)

+ g[zvzh(hea, £3) — V2h(hey, &) — Vih(lieq, £1)1A3(e,).
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Subtracting (4-21) from twice (4-11) yields
2V2h(lieq, &) — Vh(hey, £2) — V2 h(Izeq, &) = h[2D) — Dy — D3 +4A; — 245 — 2A3](e,). (4-25)

Now, taking into account (4-25), (4-24) and (4-23) we obtain

3 3 3
V*[f(DJrE)(X)—Zdh(é‘s)E(IsX)JrZdh(és)Fs(X)—ZZdh(Ss)IsA(X)}
s=1 s=1 s=1

3 3
V*[chh@s)lsAs(X)—gZdh(&)lsA(X)}

= f(T° PP+ |E? 31 [E2+A2+D2+D2+D3 —2AE+2A| D +2A,Dy+2A;D;3]
+h§[(2D1—Dz—D3+4A1—2Az—2A3)A1]
+h3[(2Dy=Di—Ds+44;-241-243) Ao]

+h%[(2D3—D2—D1+4A3—2A2—2A1)A3]. (4-26)

In the next lemma we use again the notation XY = g(X, Y) for the product of two horizontal vector
fields X and Y and the similar abbreviation for horizontal 1-forms.

Lemma 4.2. For the (0, 3)-tensors D and E defined by (4-5) and (4-6) we have

D=1 |Vh| 2T - Z|D| + = (D1D2+D1D3+D2D3)

s=1 (4-27)

3
-2
2_h 22 ] 1
|EP? == IVAIP|E]® - 71EP ZZ_)

Consequently,

—|Vh| 2T+ |EP)

=2ID+E - Y ED; +—|E| +ZZ|DS| — (D1 D3+ D1 D3 + DyD3).  (4-28)

s=1 s=1

Proof. We shall repeatedly apply (2-2) and the defining equations (4-5), (4-6), (3-1) and (3-5). We have

|u1>|2_ |Vh| 217%? + i o (2T0(Vh e)TO(Vh, ec)—4ZTo(1 Vh, e )T (I, Vh, e.)
s=1 3
+2 ) TOUliVh, e T, Vh, ec))

s,t=1

=t npirop 4 | ( ZD2+2(D102+D1D3+D2D3>) (4-29)
s=1
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which is the first line of (4-27). For example, the third term in (4-29) is calculated as

3
202 Y " TOU I Vh, e) T IV, e.)

=1
y 3

=2h"? Z [T°(Vh, e)TO(Vh, e.) —2T°(I,Vh, e)TO(I;Vh, e.)]

s=1 3 3

=6|D*—12) " D} +8(D Dy + D1 D3+ D,D3) = —6 » _ D} +20(Dy Dy + Dy D3 + D, D3),
s=1 s=1
recalling the definition (3-5).
Similarly, we obtain the second line of (4-27). The equality (4-28) follows from (4-27), which completes
the proof of Lemma 4.2. (Il

Finally, the proof of Theorem 4.1 follows by letting ¢ = 4 in (4-26) and using (4-28) and (3-1). [

5. Proof of Theorems 1.3 and 1.1

5A. Proof of Theorem 1.3. The first step of the proof relies on Theorem 4.1. By a homothety we can
suppose that both qc scalar curvatures are equal to 16n(n + 2). Integrating the divergence formula of
Theorem 4.1 and then using the divergence theorem established in [Ivanov et al. 2014a, Proposition 8.1]
shows that the integral of the left-hand side is zero. Thus,

/ (A +h)(TOP + |EI?) + 20D +E> + h(QV, V) =0,
M

which, due to the fact that the matrix Q (4-9) is nonnegative and taking into account (4-3), shows that the
quaternionic contact structure 1 has vanishing torsion, i.e., it is also qc Einstein according to [Ivanov et al.
2014a, Proposition 4.2]. This proves the first part of Theorem 1.3.

To prove the second part, we develop a sub-Riemannian extension of the result of [Obata 1971], see
also [Bourguignon and Ezin 1987] and the review [Ivanov and Vassilev 2015, Theorem 2.6], on the
relation between the Yamabe equation and the Lichnerowicz—Obata first eigenvalue estimate. We begin
by recalling some results from [Ivanov et al. 2014a, Section 7.2]. A vector field Q on a qc manifold
(M, n) is a gc vector field if its flow preserves the qc structure,

Lon=WI+0)-n,

where v is a smooth function and O € so(3) is a matrix-valued function with smooth entries; see [Ivanov
et al. 2014a, Definition 7.7] and the discussion preceding it. In fact, taking into account [Ivanov et al.
2014a, Lemma 2.2; 2017, Lemma 5.1], a vector field Q on a gqc manifold (M, n) is a qc vector field if its
flow preserves the horizontal distribution H = ker . Since the exterior derivative d commutes with the
Lie derivative Lo, any qc vector field Q satisfies

LQg:Vgs LQIZOI’ I:(IlaIZaI?))t’
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which is equivalent to saying that the flow of Q preserves the conformal class [g] of the horizontal metric
and the quaternionic structure 0 on H. The function v can be easily expressed in terms of the divergence
(with respect to g) of the horizontal part Q y of the vector field Q. Indeed, from [Ivanov et al. 2014a,
Lemma 7.12] we have

g(VxQu,Y)+g(Vy Qu, X) +21,(Q)g(TL X, Y) = v g(X, Y);

hence

1
= _—V*
v m Oun

This gives a geometric interpretation for the quantity (V*Qg); namely, the flow of a qc vector field Q
preserves a fixed metric g € [¢] if and only if V*Q g =0.

As an infinitesimal version of the gc Yamabe equation, we obtain the following general fact concerning
the divergence of a qc vector field.

Lemma 5.1. Let (M, n) be a gc manifold. For any qc vector field Q on M we have

n Scal

204220 101

where Scal, V*, A and the projection Q p correspond to the contact form 1.

A(V* Q) =~

V*Ou,

Proof. Suppose Q is a qc vector field and let ¢, be the corresponding (local) 1-parameter group of
diffeomorphisms generated by its flow. Then

L L

2n," 20, ¢

for some positive function 4;, depending smoothly on the parameter ¢. The qc scalar curvature Scal; of
the pull back contact form ¢; () is given by Scal; = Scal o¢,. Then, formula (2-4) yields

¢ () = and ¢/ (g) =

Scal og; = 2h,(Scal) — 8(n +2)*h, ' |Vh|* 4+ 8(n +2) Ah;. (5-1)

Clearly, we have ho = %, and from

/

t:O(ZLht ) - _zh;fog = —2hgg

1 o _ _d
3,V QH)g—ﬁQg—dt

we obtain that

1
hy = _EV*QH,

where h6 denotes the derivative of /&, at t = 0. A differentiation at = 0 in (5-1) gives the lemma. [

Lemma 5.2. Let (M, n) and (M, 1) be qc Einstein manifolds with equal qc scalar curvatures 16n(n + 2).
If n and 1 are qgc conformal to each other, n = n/(2h) for some smooth positive function h, then

3
Q=3Vf+) dh()E (5-2)

s=1

is a gc vector field on M, where the function f is defined in (4-7).
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Proof. The assumption of the lemma implies that E = D = Dy = A; = 0. Using (4-21), (4-22) and (4-13)
we obtain V2h(I X, &) = —df (X); thus

VZh(X, &) =df (I,X). (5-3)

It follows that

3 3
> Vx(dhE)E) =) df (I X)é,.

s=1 s=1

As observed in the introduction to the section, it is enough to show that the flow of the vector field Q,
defined by (5-2), preserves the horizontal distribution H. For any X € H, we have

3
Lo(X) =3[V [, X1+ _[dh(E)E, X]

s=1

3 3
Iy X =3V (V=D os(Vf. X)E+ ) [dh(E) Ve, X—Vx (dh(E)E) —dh(E) T, (X)]
s=1 s=1
3

= 3Vv X =3V (V)+)Y dh(E)Ve X € H.

s=1

This completes the proof.
We note that, alternatively, using (5-3) a short calculation shows that Q satisfies the conditions of
[Ivanov et al. 2014a, Corollary 7.9]. U

At this point we are ready to complete the proof of Theorem 1.3. Consider the qc vector field O defined
in Lemma 5.2. By Lemma 5.1, the function ¢ = %A f is either an eigenfunction of the sub-Laplacian with
eigenvalue —4n, A¢ = —4n¢, or it vanishes identically. In the first case, using the quaternionic contact
version of the Lichnerowicz—Obata eigenfunction sphere theorem [Ivanov et al. 2013, Theorem 1.2;
2014b, Corollary 1.2] (see also [Baudoin and Kim 2014]), we conclude that (M, ) is the 3-Sasakian
sphere. In the other case, we have that A f = 0; hence

f= 1 +h+ h—_IIVhlz = const.
2 4
since M is compact. It follows that & = % by considering the points where & achieves its minimum and
maximum and taking into account the qc Yamabe equation (4-1). The proof of Theorem 1.3 is complete.

Remark 5.3. Lemma 5.2 provides also a certain geometric insight for the function f in (4-7). In fact, up
to an additive constant, f is the unique function on M for which Qg = %V f is the horizontal part of a
qc vector field Q with vertical part Qy =dh(&)&s, O = Qpn+ Qy. This assertion is an easy consequence
of the computation given in the proof of Lemma 5.2. Moreover, it implies that on the 3-Sasakian sphere
¢ = A f is an eigenfunction of the sub-Laplacian realizing the smallest possible eigenvalue —4n on a
compact locally 3-Sasakian manifold.
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5B. Proof of Theorem 1.1. Theorem 1.1 is a direct corollary from Theorem 1.3. Alternatively, as in the
proof of Theorem 1.3, we can use in the first step Theorem 4.1 which shows that the “new” structure is
also qc Einstein. The second step of the proof of Theorem 1.1 follows then also by taking into account
[Ivanov et al. 2014a, Theorem 1.2] where all locally 3-Sasakian structures of positive constant qc scalar
curvature which are qc conformal to the standard 3-Sasakian structure on the sphere were classified (we
note that this classification extends easily to the case when no sign condition of the new qc structure is
assumed, see [Ivanov and Vassilev 2015]).

Acknowledgements

Ivanov was visiting University of Pennsylvania, Philadelphia during the writing of the paper. He thanks
UPenn for providing the support and an excellent research environment. Ivanov is partially supported
by the National Science Fund of Bulgaria, National Scientific Program “VIHREN”, Project No. KP-
06-DV-7. Ivanov and Minchev are partially supported by Contract DH/12/3/12.12.2017 and Contract
80-10-161/05.04.2021 with the Sofia University “St. KI. Ohridski”. Minchev is supported by a SoMoPro
II Fellowship which is cofunded by the European Commissionfrom “People” specific programme (Marie
Curie Actions) within the EU Seventh Framework Programme on the basis of the grant agreement REA
No. 291782. It is further cofinanced by the South-Moravian Region. Vassilev was partially supported by
Simons Foundation grant no. 279381 and ARPA-E grant DE-AR0001202.

References

[Baudoin and Kim 2014] F. Baudoin and B. Kim, “Sobolev, Poincaré, and isoperimetric inequalities for subelliptic diffusion
operators satisfying a generalized curvature dimension inequality”, Rev. Mat. Iberoam. 30:1 (2014), 109-131. MR Zbl

[Biquard 1999] O. Biquard, “Quaternionic contact structures”, pp. 23-30 in Quaternionic structures in mathematics and physics
(Rome, 1999), edited by S. Marchiafava et al., Sapienza Univ. Rome, 1999. MR Zbl

[Biquard 2000] O. Biquard, Métriques d’Einstein asymptotiquement symétriques, Astérisque 265, Soc. Math. France, Paris,
2000. MR Zbl

[Bourguignon and Ezin 1987] J.-P. Bourguignon and J.-P. Ezin, “Scalar curvature functions in a conformal class of metrics and
conformal transformations”, Trans. Amer. Math. Soc. 301:2 (1987), 723-736. MR Zbl

[Branson et al. 2013] T. P. Branson, L. Fontana, and C. Morpurgo, “Moser—Trudinger and Beckner—OnofTi’s inequalities on the
CR sphere”, Ann. of Math. (2) 177:1 (2013), 1-52. MR Zbl

[Capria and Salamon 1988] M. M. Capria and S. M. Salamon, ‘““Yang—Mills fields on quaternionic spaces”, Nonlinearity 1:4
(1988), 517-530. MR Zbl

[Christ et al. 2016a] M. Christ, H. Liu, and A. Zhang, “Sharp Hardy-Littlewood—Sobolev inequalities on quaternionic Heisenberg
groups”, Nonlinear Anal. 130 (2016), 361-395. MR Zbl

[Christ et al. 2016b] M. Christ, H. Liu, and A. Zhang, “Sharp Hardy—Littlewood—Sobolev inequalities on the octonionic
Heisenberg group”, Calc. Var. Partial Differential Equations 55:1 (2016), art. id. 11. MR Zbl

[Duchemin 2006] D. Duchemin, “Quaternionic contact structures in dimension 7, Ann. Inst. Fourier (Grenoble) 56:4 (2006),
851-885. MR Zbl

[Folland and Stein 1974] G. B. Folland and E. M. Stein, “Estimates for the 3;, complex and analysis on the Heisenberg group”,
Comm. Pure Appl. Math. 27 (1974), 429-522. MR Zbl


http://dx.doi.org/10.4171/RMI/771
http://dx.doi.org/10.4171/RMI/771
http://msp.org/idx/mr/3186933
http://msp.org/idx/zbl/1287.53026
https://www.emis.de/proceedings/QSMP99/biquard.pdf
http://msp.org/idx/mr/1848655
http://msp.org/idx/zbl/0993.53017
http://numdam.org/item/AST_2000__265__1_0/
http://msp.org/idx/mr/1760319
http://msp.org/idx/zbl/0967.53030
http://dx.doi.org/10.2307/2000667
http://dx.doi.org/10.2307/2000667
http://msp.org/idx/mr/882712
http://msp.org/idx/zbl/0622.53023
http://dx.doi.org/10.4007/annals.2013.177.1.1
http://dx.doi.org/10.4007/annals.2013.177.1.1
http://msp.org/idx/mr/2999037
http://msp.org/idx/zbl/1334.35366
http://dx.doi.org/10.1088/0951-7715/1/4/002
http://msp.org/idx/mr/967469
http://msp.org/idx/zbl/0681.53037
http://dx.doi.org/10.1016/j.na.2015.10.018
http://dx.doi.org/10.1016/j.na.2015.10.018
http://msp.org/idx/mr/3424625
http://msp.org/idx/zbl/1329.26028
http://dx.doi.org/10.1007/s00526-015-0936-9
http://dx.doi.org/10.1007/s00526-015-0936-9
http://msp.org/idx/mr/3449396
http://msp.org/idx/zbl/1342.26042
http://dx.doi.org/10.5802/aif.2203
http://msp.org/idx/mr/2266881
http://msp.org/idx/zbl/1122.53025
http://dx.doi.org/10.1002/cpa.3160270403
http://msp.org/idx/mr/367477
http://msp.org/idx/zbl/0293.35012

SOLUTION OF THE QC YAMABE EQUATION ON A 3-SASAKIAN MANIFOLD 859

[Frank and Lieb 2012] R. L. Frank and E. H. Lieb, “Sharp constants in several inequalities on the Heisenberg group”, Ann. of
Math. (2) 176:1 (2012), 349-381. MR Zbl

[Garofalo and Vassilev 2001] N. Garofalo and D. Vassilev, “Symmetry properties of positive entire solutions of Yamabe-type
equations on groups of Heisenberg type”, Duke Math. J. 106:3 (2001), 411-448. MR Zbl

[Gidas et al. 1979] B. Gidas, W. M. Ni, and L. Nirenberg, “Symmetry and related properties via the maximum principle”, Comm.
Math. Phys. 68:3 (1979), 209-243. MR Zbl

[Ivanov and Vassilev 2010] S. Ivanov and D. Vassilev, “Conformal quaternionic contact curvature and the local sphere theorem”,
J. Math. Pures Appl. (9) 93:3 (2010), 277-307. MR Zbl

[Ivanov and Vassilev 2011] S. P. Ivanov and D. N. Vassilev, Extremals for the Sobolev inequality and the quaternionic contact
Yamabe problem, World Sci., Hackensack, NJ, 2011. MR Zbl

[Ivanov and Vassilev 2015] S. Ivanov and D. Vassilev, “The Lichnerowicz and Obata first eigenvalue theorems and the Obata
uniqueness result in the Yamabe problem on CR and quaternionic contact manifolds”, Nonlinear Anal. 126 (2015), 262-323.
MR Zbl

[Ivanov et al. 2010] S. Ivanov, I. Minchev, and D. Vassilev, “Extremals for the Sobolev inequality on the seven-dimensional
quaternionic Heisenberg group and the quaternionic contact Yamabe problem”, J. Eur. Math. Soc. 12:4 (2010), 1041-1067.
MR Zbl

[Ivanov et al. 2012] S. Ivanov, I. Minchev, and D. Vassilev, “The optimal constant in the L? Folland—Stein inequality on the
quaternionic Heisenberg group”, Ann. Sc. Norm. Super. Pisa CI. Sci. (5) 11:3 (2012), 635-652. MR Zbl

[Ivanov et al. 2013] S. Ivanov, A. Petkov, and D. Vassilev, “The sharp lower bound of the first eigenvalue of the sub-Laplacian
on a quaternionic contact manifold in dimension seven”, Nonlinear Anal. 93 (2013), 51-61. MR Zbl

[Ivanov et al. 2014a] S. Ivanov, I. Minchev, and D. Vassilev, Quaternionic contact Einstein structures and the quaternionic
contact Yamabe problem, Mem. Amer. Math. Soc. 1086, Amer. Math. Soc., Providence, RI, 2014. MR Zbl

[Ivanov et al. 2014b] S. Ivanov, A. Petkov, and D. Vassilev, “The sharp lower bound of the first eigenvalue of the sub-Laplacian
on a quaternionic contact manifold”, J. Geom. Anal. 24:2 (2014), 756-778. MR Zbl

[Ivanov et al. 2016] S. Ivanov, I. Minchev, and D. Vassilev, “Quaternionic contact Einstein manifolds”, Math. Res. Lett. 23:5
(2016), 1405-1432. MR Zbl

[Ivanov et al. 2017] S. Ivanov, 1. Minchev, and D. Vassilev, “Quaternionic contact hypersurfaces in hyper-Kihler manifolds”,
Ann. Mat. Pura Appl. (4) 196:1 (2017), 245-267. MR Zbl

[Jerison and Lee 1988] D. Jerison and J. M. Lee, “Extremals for the Sobolev inequality on the Heisenberg group and the CR
Yamabe problem”, J. Amer. Math. Soc. 1:1 (1988), 1-13. MR Zbl

[Mostow 1973] G. D. Mostow, Strong rigidity of locally symmetric spaces, Ann. of Math. Stud. 78, Princeton Univ. Press, 1973.
MR Zbl

[Obata 1971] M. Obata, “The conjectures on conformal transformations of Riemannian manifolds”, J. Differential Geom. 6:2
(1971), 247-258. MR Zbl

[Pansu 1989] P. Pansu, “Métriques de Carnot—Carathéodory et quasiisométries des espaces symétriques de rang un”, Ann. of
Math. (2) 129:1 (1989), 1-60. MR Zbl

[Talenti 1976] G. Talenti, “Best constant in Sobolev inequality”, Ann. Mat. Pura Appl. (4) 110 (1976), 353-372. MR Zbl

[Vassilev 2000] D. N. Vassilev, Yamabe equations on Carnot groups, Ph.D. thesis, Purdue University, 2000, available at https://
www.proquest.com/docview/275913953.

[Vassilev 2006] D. Vassilev, “Existence of solutions and regularity near the characteristic boundary for sub-Laplacian equations
on Carnot groups”, Pacific J. Math. 227:2 (2006), 361-397. MR Zbl

[Wang 2007] W. Wang, “The Yamabe problem on quaternionic contact manifolds”, Ann. Mat. Pura Appl. (4) 186:2 (2007),
359-380. MR Zbl

Received 13 Feb 2021. Accepted 1 Sep 2021.


http://dx.doi.org/10.4007/annals.2012.176.1.6
http://msp.org/idx/mr/2925386
http://msp.org/idx/zbl/1252.42023
http://dx.doi.org/10.1215/S0012-7094-01-10631-5
http://dx.doi.org/10.1215/S0012-7094-01-10631-5
http://msp.org/idx/mr/1813232
http://msp.org/idx/zbl/1012.35014
http://dx.doi.org/10.1007/BF01221125
http://msp.org/idx/mr/544879
http://msp.org/idx/zbl/0425.35020
http://dx.doi.org/10.1016/j.matpur.2009.11.002
http://msp.org/idx/mr/2601333
http://msp.org/idx/zbl/1194.53044
http://dx.doi.org/10.1142/9789814295710
http://dx.doi.org/10.1142/9789814295710
http://msp.org/idx/mr/2799361
http://msp.org/idx/zbl/1228.53001
http://dx.doi.org/10.1016/j.na.2015.06.024
http://dx.doi.org/10.1016/j.na.2015.06.024
http://msp.org/idx/mr/3388882
http://msp.org/idx/zbl/1325.53041
http://dx.doi.org/10.4171/JEMS/222
http://dx.doi.org/10.4171/JEMS/222
http://msp.org/idx/mr/2654087
http://msp.org/idx/zbl/1196.53023
http://www.numdam.org/item/ASNSP_2012_5_11_3_635_0/
http://www.numdam.org/item/ASNSP_2012_5_11_3_635_0/
http://msp.org/idx/mr/3059840
http://msp.org/idx/zbl/1276.53057
http://dx.doi.org/10.1016/j.na.2013.07.011
http://dx.doi.org/10.1016/j.na.2013.07.011
http://msp.org/idx/mr/3117147
http://msp.org/idx/zbl/1285.53029
http://dx.doi.org/10.1090/memo/1086
http://dx.doi.org/10.1090/memo/1086
http://msp.org/idx/mr/3235632
http://msp.org/idx/zbl/1307.53039
http://dx.doi.org/10.1007/s12220-012-9354-9
http://dx.doi.org/10.1007/s12220-012-9354-9
http://msp.org/idx/mr/3192296
http://msp.org/idx/zbl/1303.53060
http://dx.doi.org/10.4310/MRL.2016.v23.n5.a8
http://msp.org/idx/mr/3601072
http://msp.org/idx/zbl/1372.53049
http://dx.doi.org/10.1007/s10231-016-0571-x
http://msp.org/idx/mr/3600866
http://msp.org/idx/zbl/1362.53064
http://dx.doi.org/10.2307/1990964
http://dx.doi.org/10.2307/1990964
http://msp.org/idx/mr/924699
http://msp.org/idx/zbl/0634.32016
https://www.jstor.org/stable/j.ctt1bd6kr9
http://msp.org/idx/mr/0385004
http://msp.org/idx/zbl/0265.53039
http://projecteuclid.org/euclid.jdg/1214430407
http://msp.org/idx/mr/303464
http://msp.org/idx/zbl/0236.53042
http://dx.doi.org/10.2307/1971484
http://msp.org/idx/mr/979599
http://msp.org/idx/zbl/0678.53042
http://dx.doi.org/10.1007/BF02418013
http://msp.org/idx/mr/463908
http://msp.org/idx/zbl/0353.46018
https://www.proquest.com/docview/275913953
http://dx.doi.org/10.2140/pjm.2006.227.361
http://dx.doi.org/10.2140/pjm.2006.227.361
http://msp.org/idx/mr/2263021
http://msp.org/idx/zbl/1171.35388
http://dx.doi.org/10.1007/s10231-006-0010-5
http://msp.org/idx/mr/2295125
http://msp.org/idx/zbl/1150.53007

860 STEFAN IVANOV, IVAN MINCHEV AND DIMITER VASSILEV

STEFAN IVANOV: ivanovsp@fmi.uni-sofia.bg
Faculty of Mathematics and Informatics, University of Sofia, Sofia, Bulgaria

and

Institute of Mathematics and Informatics, Bulgarian Academy of Sciences, Sofia, Bulgaria
and

Department of Mathematics, University of Pennsylvania, Philadelphia, PA, United States
IVAN MINCHEV: minchev@fmi.uni-sofia.bg

Faculty of Mathematics and Informatics, University of Sofia, Sofia, Bulgaria

and

Department of Mathematics and Statistics, Masaryk University, Brno, Czech Republic

DIMITER VASSILEV: vassilevQunm.edu
Department of Mathematics and Statistics, University of New Mexico, Albuquerque, NM, United States

:'msp

mathematical sciences publishers


mailto:ivanovsp@fmi.uni-sofia.bg
mailto:minchev@fmi.uni-sofia.bg
mailto:vassilev@unm.edu
http://msp.org

ANALYSIS AND PDE
Vol. 16 (2023), No. 3, pp. 861890

DOI: 10.2140/apde.2023.16.861

GARLAND’S METHOD WITH BANACH COEFFICIENTS

IZHAR OPPENHEIM

We prove a Banach version of Garland’s method of proving vanishing of cohomology for groups acting on
simplicial complexes. The novelty of this new version is that our new condition applies to every reflexive
Banach space.

This new version of Garland’s method allows us to deduce several criteria for vanishing of group
cohomology with coefficients in several classes of Banach spaces (uniformly curved spaces, Hilbertian
spaces and L? spaces).

Using these new criteria, we improve recent results regarding Banach fixed-point theorems for random
groups in the triangular model and give a sharp lower bound for the conformal dimension of the boundary
of such groups. Also, we derive new criteria for group stability with respect to p-Schatten norms.

1. Introduction

Let X be a locally finite, pure n-dimensional simplicial complex and I" be a locally compact, unimodular
group acting cocompactly and properly on X. Under the assumption that X is an affine building,
Garland [1973] gave a local criterion for the vanishing of the equivariant k-th cohomology for any
unitary representation of I' and any 1 < k < n — 1. His approach was later generalized by Ballmann
and Swiatkowski [1997] to all simplicial complexes and this generalization is sometimes referred to as
“Garland’s method”. There have been several generalizations of this method that considered the case
where 7 is an isometric representation on a Banach space; see [Nowak 2015; Koivisto 2014; Oppenheim
2014]. However, all these generalizations gave somewhat weak results when applied to examples. For
example, when considering vanishing of cohomology over L? spaces, the results of [Nowak 2015] could
not show vanishing of cohomology, for every 1 < p < oo, for A> groups nor for random groups (see
Theorems 5.1 and 6.2 of that paper).

We note that Garland’s original work referred to affine buildings, and in this set-up strong results
regarding vanishing of cohomologies with Banach coefficients are known; see [Lafforgue 2009; Liao
2014; Lécureux et al. 2020] for results regarding vanishing of the first cohomology, and see [Oppenheim
2017; Lubotzky and Oppenheim 2020] for results regarding vanishing of higher cohomologies. However,
much less is known when one considers the less-structured setting of a group acting on a simplicial
complex without assuming the extra structure of an affine building.

Recently, the results for vanishing of the first cohomology of random groups with coefficients in
Banach spaces were improved: First, Drutu and Mackay [2019] proved vanishing of the first cohomology

The author was partially supported by ISF grant no. 293/18 .
MSC2020: primary 20J06; secondary 20F67, 20P05, 46B20, 46M20.
Keywords: group cohomology, random groups, stability, Garland’s method, vanishing of cohomology, Banach property (T).

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/apde/
https://doi.org/10.2140/apde.2023.16-3
https://doi.org/10.2140/apde.2023.16.861
http://msp.org
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

862 IZHAR OPPENHEIM

for random groups for L? spaces. Second, considering random groups in the triangular model, de Laat
and de la Salle [2021] gave a criterion for vanishing of the first cohomology for a group acting on a
2-dimensional simplicial complex that was applicable to all uniformly curved Banach spaces (and in
particular, to all L? spaces).

The observation of de Laat and de la Salle was that one can get much stronger results than in previous
works if the assumption of the spectral gap in the links is replaced with the assumption of a two-sided
spectral gap (or equivalently with the assumption of contraction of the random walk operator). Using this
insight and the ideas of [Nowak 2015], we rework Garland’s method under the assumption of two-sided
spectral gaps in the links and derive very general vanishing criteria that are applicable to all uniformly
curved Banach spaces (and, in part, to all reflexive Banach spaces). We give two applications for our result:

Fixed-point properties of random groups. Applying our vanishing result to random groups in the
triangular model improves on the results of de Laat and de la Salle when considering fixed-point properties
with respect to L? spaces. As a result, we derive a sharp lower bound for the conformal dimension
of the boundary of these groups that was not achieved in previous works. Namely, in previous works
[Drutu and Mackay 2019; de Laat and de la Salle 2021] it was shown that with high probability, this
conformal dimension is contained in an interval between C,/log m and C’log(m) (where m is a parameter
of the model — see exact formulation below). Our work shows that in fact the conformal dimension is in
an interval of the form C”logm and C’log(m) and thus our result is sharp. We note that as far as we
understand, the proof methods in [Drutu and Mackay 2019; de Laat and de la Salle 2021] cannot be
improved to yield such a sharp bound.

Group stability with respect to p-Schatten norms. By a result of [De Chiffre et al. 2020], vanishing of
the second cohomology for Hilbertian spaces implies stability with respect to p-Schatten norms (see
definitions below). Thus, our new criteria for vanishing of the second cohomology gives new criteria for
group stability.

1A. New criteria for vanishing of cohomology with Banach coefficients. In order to state our results,
we will need the following notation. For every simplex T € X (k) define X, to be the link of v and
M,, A, : 02(X;(0)) — €2(X,(0)) to be the following operators: M; is the orthogonal projection on the
subspace of constant functions in 22(X;(0)) and A; in the random walk operator on the 1-skeleton of X .
With this notation, we prove the following:

Theorem 1.1. Let E be a reflexive Banach space, X a locally finite, pure n-dimensional simplicial complex
and I' a locally compact, unimodular group acting cocompactly and properly on X.

Forl<k<n-—1,if
1

A, (I —M id . _
Tel}l(éllﬁl) (A ( o) ®1de) || pe2(x, 0):F)) < 1

then HX(X, w) =0 for every continuous isometric representation 7w of T on E.

Remark 1.2. A result of the same flavor was given in [de Laat and de la Salle 2021, Theorem B] for
the vanishing of the first cohomology for groups acting on 2-dimensional simplicial complexes. We
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note that our theorem improves on their Theorem B even when considering only vanishing of the first
cohomology: First, our theorem holds for any reflexive Banach space, while Theorem B is only applicable
for super-reflexive spaces. Second, in terms of parameters, the contraction condition of A, (I — M;) ® idg
does not depend on the Banach space, but only on k (as opposed to Theorem B). Last, our proof is simpler
in the regard that it does not use the p-Laplacian or any uniform convexity arguments.

Theorem 1.1 is easily applicable in the setting of uniformly curved Banach spaces (see Definition 2.1)
such as (commutative and noncommutative) L? spaces and more generally strictly 6-Hilbertian spaces
(see the exact definition in Section 2C). Namely, for a uniformly curved Banach space we can deduce
vanishing of cohomology based the fact that links are spectral expanders. Before stating these types
of results, we recall the relevant terminology: Let (V, E) be a connected finite graph and let A be the
random walk operator on this graph. Recall that A is a self-adjoint operator and has the eigenvalue 1
with multiplicity 1. For a constant A, the graph (V, E) is called a one-sided A-spectral expander if the
second largest eigenvalue of A is < A. The graph (V, E) is called a two-sided A-spectral expander if the
spectrum of A is contained in the interval [—A, A]U {1}.

Theorem 1.3 (informal; see Proposition 4.5 and Theorem 4.11 for explicit formulations). Let E be a
uniformly curved Banach space. There are positive constants {A;(E) > 0 : k € N} such that for every
locally finite, pure n-dimensional simplicial complex X, every locally compact, unimodular group T’
acting cocompactly and properly on X the following hold:

(1) For every 1 <k <n — 1, if there is 0 < A < Ay (E) such that for every v € X(k — 1) the one
skeleton of X is a two-sided A-spectral expander, then H*(X, w) =0 for every continuous isometric
representation T of T" on E.

(2) Foreveryl <k <n—1, if there is 0 < A < Ag(E) such that for every t € X (n —2) the one skeleton of
X, is a two-sided )./ (1 + (n — k — 1)X)-spectral expander, then H*(X, ) =0 for every continuous
isometric representation w of I" on E.

(3) Forevery 1 <k <n — 1/Ax(E), if there is 0 < A < A (E) such that for every T € X (n — 2), the one
skeleton of X+ is a one-sided )./ (1 + (n — k — 1)A)-spectral expander, then H*(X, w) =0 for every
continuous isometric representation w of I" on [E.

Specifying the above to 8-Hilbertian spaces reads as follows:

Corollary 1.4. Let X be a locally finite, pure n-dimensional simplicial complex such that all the links
of X of dimension > 1 are connected and I" be a locally compact, unimodular group acting cocompactly
and properly on X. Alsolet0 <6y <1, 1 <k <n—1,0< A < (1/Qk+ D)% pe constants. Define
Ep, to be the smallest class of Banach spaces that contains all strictly 8-Hilbertian Banach spaces for all
6y <0 <1 and is closed under subspaces, quotients, 0%-sums and ultraproducts of Banach spaces.

(1) If for every T € X (k—1) the one skeleton of X is a two-sided \-spectral expander, then H*(X, m)=0
for every & € &, and every continuous isometric representation w of I on L.
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(2) If for every T € X(n — 2,1") the 1-skeleton of X is a two-sided L/(1 + (n — k — 1)A)-spectral
expander, then H*(X, ) = 0 for every E € &, and every continuous isometric representation 7t
of ' on L.

3) If k<n—1/A and for every t € X (n—2, ') the 1-skeleton of X, is a one-sided )./ (14+ (n—k—1)1)-
spectral expander, then H*(X, w) = 0 for every E € &, and every continuous isometric representa-
tionm of I" on L.

Remark 1.5. In all the results above, we gave criteria for vanishing of the equivariant cohomology. We
recall that given that the simplicial complex X is aspherical, it holds that H* (X, w) = H*(T", 7r) (the proof
of this can be found for instance in [Brown 1982, Chapter 7, Section 7]), and thus under this additional
assumption it follows that the criteria given above imply that H*(I", ) = 0.

1B. Application to random groups. An immediate application of our criteria above is improving de Laat
and de la Salle’s results regarding random groups in the triangular model. The triangular model for
random groups, denoted by M (m, d), is defined as follows: For a fixed density d € (0, 1), a group in
M (m, d) is a finitely presented group of the form I = (S | R), where | S| =m (SNS~' = @) and R is a set
of cyclically reduced relators of length 3 chosen uniformly among all subsets of cardinality | (2m — 1)37].
A property P for groups is said to hold with overwhelming probability in this model if

lim P(I" in M(m, d) has P) =1.

m— 00

Below, we will also use the binomial triangular model that is closely related to the triangular model.
The binomial triangular model, denoted by I"(m, p), is defined as follows: a group in I'(m, p) is a finitely
presented group of the form I' = (S | R), where |S| = m, and R is a set of cyclically reduced relators of
length 3, where each relator is chosen independently with probability p. We mention this model, since it
is easier to analyze and the results of this analysis can be transferred to the model M (m, d).

The triangular model for random groups was introduced by Zuk [2003] who showed that when d > %
property (T) holds for groups in M (m, d) with overwhelming probability. De Laat and de la Salle [2021]
(following [Drutu and Mackay 2019]) generalized the result of Zuk to the setting of uniformly curved
Banach spaces. In order to explain this generalization, we recall that by a classical result of Delorme and
Guichardet, a finitely generated discrete group I" has property (T) if and only if it has property (FH), i.e.,
if and only if every affine isometric action of I" on a Hilbert space admits a fixed point. Property (FH)
is readily generalized to the Banach setting as follows: For a Banach space E, a group I' is said to have
property (Fp) if every continuous affine isometric action of I' on E admits a fixed point. Also, a group I'
is said to have property (Fpr») if it has property (Fr) for every L? space E. De Laat and de la Salle [2021]
showed that if d > %, then for every uniformly curved Banach space E, property (Fg) holds for groups in
M(m, d) with overwhelming probability (their result is actually stronger — see Theorem 1.9 stated below).

Our results above are stated in the language of vanishing of the equivariant cohomology for groups acting
on simplicial complexes. The connection between fixed-point properties and vanishing of cohomology
readily follows from the following classical interpretation of group cohomology (see for instance the
discussion in [Fernos et al. 2012, Section 2]):
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Proposition 1.6. Let T" be a topological group and  be a Banach space. The group T has property (Ff)
ifand only if H'(T", ) = 0 for every continuous isometric representation w of T on E.

The connection to our results regarding vanishing of cohomology described above is the following
equivalence between fixed points and vanishing of the first cohomology. We recall that for a topological
group I" and a Banach space [ the following are equivalent:

« H' (", w) = 0 for every continuous isometric representation 77 of I" on E.
e The group I" has property (F).

Above, we discussed the vanishing of equivariant cohomology and not group cohomology, but as
noted in Remark 1.5, this is equivalent in the case of groups acting on aspherical complexes. For a
random group I' in the model I"(m, p) (or in the model M (m, d)), the Cayley complex of the group is a
2-dimensional simplicial complex that we will denote by X. We recall that the Cayley complex of a
group is always simply connected and the action of a group on its Cayley complex is simply transitive
on the vertices. In particular, since the group is finitely presented, the action is proper and cocompact.
Thus, the vanishing of the first cohomology of I" is equivalent to the vanishing of the first equivariant
cohomology for the action of I on X. It follows that if we know that the links of X are two-sided
spectral expanders, we can deduce property (Fg) for a uniformly curved Banach space E and a random
group I" in the model I"(m, p) by applying Theorem 1.3 stated above.

In [de Laat and de la Salle 2021], it was proven that the links of X for ['(m, p) are indeed two-sided
spectral expanders:

Proposition 1.7 [de Laat and de la Salle 2021, Proposition 7.5]. Let n > 0 be a constant. There is a
constant C > 0 and a sequence {u,}meN tending to 0 such that the following holds: Let m € N and
p € (0,m='*2). Also let T be a random group in the model T'(m, p) and Xr its Cayley complex. If
. (1+n)10gm’
- 8m?

then with probability > 1 — u,,, the link of every vertex of Xr is a \/C/(pm?)-two-sided spectral expander:

Combining this proposition with Theorem 1.3 above, we can reprove [de Laat and de la Salle 2021,
Theorem 7.3]:

Theorem 1.8. Let ' > 0 and p € (0, m='*?) be constants and let C be the constant that appears in
Proposition 1.7. Assume that
(1+7n")logm
Pz ——o 5>
8m?

and let I be a random group in the model I"(in, p). Then there is a sequence {u,,}men tending to 0 such
that for uniformly curved Banach space E with L (E) > \/C/(pm?) (where A (E) as in Theorem 1.3) it
holds that I has property (Fg) with probability > 1 — u,,.

As in [de Laat and de la Salle 2021], using the fact that the fixed-point property passes to quotients,
we can also recast this theorem in the triangular model (see further details in Section 7 of that paper) and
reprove their Theorem C:



866 IZHAR OPPENHEIM

Theorem 1.9. Let0 <n <2, d > % + (loglogm —log(2 — n))/(3logm) be constants. Also let I" be
a random group in the model M(m, d). Then there is a sequence {u,;}men tending to O and a constant
C > 0 such that for uniformly curved Banach space E with

ME = | —
(2m — 1)3-1

(where A (E) as in Theorem 1.3) it holds that I" has property (Fg) with probability > 1 — u,,.

Combining this theorem with Corollary 4.7 leads to a stronger result than the one stated in [de Laat
and de la Salle 2021] (and in [Drutu and Mackay 2019]) when considering L? spaces. Namely, applying
Corollary 4.7 yields the following:

Theorem 1.10. LetO0<n <2, d > % + (loglogm —log(2 — n))/(3log m) be constants. Also let I be
a random group in the model M(m, d). Then there is a sequence {un,}meN tending to 0 and a constant
C > 0 such that for
2<p=<3Bd—1)log2m—1)—3logC
it holds that T" has property (Fp») with probability > 1 — u,,.
As a corollary, we improve the bound on the conformal dimension of random groups in the triangular
model stated in [de Laat and de la Salle 2021, Corollary E]. Namely, by a theorem in [Bourdon 2016], if

for a given 2 < p, a hyperbolic group I" has property (Fr»), then the conformal dimension of d.I" is at
least p. Thus, we get:

Theorem 1.11. LetO<n <2, d > % + (loglogm —log(2 — 1))/ (3 log m) be constants. Also let I be
a random group in the model M(m, d). Then there is a sequence {um,}meN tending to 0 and a constant
C > 0 such that

1(3d — 1) log(2m — 1) — 1 log C < Confdim(duI")

with probability > 1 — u,,.
In particular, ford € (%, %) and a group I in M(m, d) it holds with overwhelming probability that

1(3d — 1) log(2m — 1) — 1 log C < Confdim(duI").

Remark 1.12. The theorem above gives a sharp bound on the conformal dimension of the boundary.
Indeed, in [Drutu and Mackay 2019, Proposition 10.6] it was shown that for d € (% %) and a group I" in
M(m, d) it holds with overwhelming probability that

Confdim(0,1") <

log(2m — 1).
2d_10g(m )

1C. Application to group stability. Group stability has received much attention in recent years (see
for instance [Glebsky and Rivera 2008; Arzhantseva and Paunescu 2015; Becker et al. 2019; Becker
and Lubotzky 2020]) partly due to its connection to questions of group approximation; see for instance
[De Chiffre et al. 2020]. In that work it was shown that, under some assumptions, group stability can
be deduced for a group via the vanishing of its second cohomology. Another application of our work is
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providing a criterion for p-norm stability (stability with respect to the p-Schatten norm). In order to state
this application, we first give the needed definitions and results from [De Chiffre et al. 2020].
Let I" be a finitely presented group I' = (S | R), with R C [y the free group on S and |R| < c0. Any
map ¢ : § — U (n) uniquely determines a homomorphism ¢ : Fs — U (n), which we will also denote by ¢.
Given a distance dist,, on U (n), the group I is called G = (U (n), dist,)-stable if for every € > 0 there
exists § > 0 such that for every n e Nif ¢ : S — U (n) is a map with

> dist, (¢ (), idy ) <,

reR

then there exists a homomorphism & :I' = U(n), with

> dist, (¢ (5), $(5)) <&,
seS
or equivalently, a map q~5 1S — U(n), with ), _p dist, (d~>(r), idym)) =0,

For 1 < p < o0, the Schatten p-norm on M,,(C) is defined by ||T'||, = (tr |T PP, where |T| = ~/T*T.
When p =2, this is usually called the Frobenius norm. Define dist,, , to be the metric on U (n) induced by
this norm. Below, we will call a group I' p-norm stable if it is stable with respect to G = (U (n), dist, ;).

We note that (M,,(C), || - || ,) is a noncommutative L” space and in particular, it is strictly 6-Hilbertian
with =2 —2/pif p <2 and 8 =2/p if p > 2. The discussion in [De Chiffre et al. 2020] implies
the following criterion for p-norm stability (see also [Garcia Morales and Glebsky 2022; Lubotzky and
Oppenheim 2020]):

Theorem 1.13 [De Chiffre et al. 2020, Theorem 5.1, Remark 5.2]. Let I' be a finitely presented group
and 0 < 0y < 1 be a constant. Define &, to be the smallest class of Banach spaces that contains all strictly
6-Hilbertian Banach spaces for all 6y < 0 < 1 and is closed under subspaces, £>-sums and ultraproducts
of Banach spaces. If for every for every continuous isometric representation 7w of I" on [ € &, it holds
that H*(T', w) =0, then T is p-norm stable for every 1 +6y/(2 — 6y) < p < 2/6y.

Combining this theorem with Corollary 1.4 and Remark 1.5 immediately yields the following criterion
for p-norm stability:

Theorem 1.14. Let X be a locally finite, pure n-dimensional aspherical simplicial complex withn > 3

such that all the links of X of dimension > 1 are connected and U be a finitely presented discrete group

acting cocompactly and properly on X. Alsolet0 <6y <1, 0 <A < (é)l/ ® be constants. Assume that

one of the following holds:
(1) For every T € X(1), the one skeleton of X is a two-sided \-spectral expander.
(2) For every t € X (n — 2), the 1-skeleton of X is a two-sided )./ (1 + (n — 3)\)-spectral expander.

(3) It holds that 2 <n—1/A and for every Tt € X (n—2), the 1-skeleton of X, is a one-sided )./ (1+(n—3)1)-
spectral expander.

Then I' is p-norm stable for every 14 6y/(2 —6p) < p <2/6p.
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Currently, we do not have new examples in which this theorem improves previous results. One can
take X to be an affine building of a large dimension n, I' a lattice of the full BN-pair group of X and
apply Theorem 1.14(3) to deduce p-norm stability (where p depends on the thickness of the building and
on n). However, as noted above, in the case where X is a classical affine building, stronger results are
given in [Lubotzky and Oppenheim 2020].

Organization. In Section 2, we cover some needed preliminaries. In Section 3, we give the basic
definitions regarding equivariant cohomology and prove a variation of Nowak’s criterion for vanishing of
cohomology. In Section 4, we prove our local criteria for vanishing of Banach cohomology.

2. Preliminaries

2A. Vector-valued ¢? spaces. Given a finite set V, a function m : V — R, and a Banach space F, we
define the vector-valued space 0%(V, m; E) to be the space of functions ¢ : V — [E, with the norm

12
ldle2v m:p) = (Z m(v)|¢(v)|2) ,

veV

where | - | is the norm of E. We define £2(V, m) = £2(V, m; C) and recall that £2(V, m) is also a Hilbert
space with the inner-product
(@.9) =) m@PWY Q).
veV
Let T : ¢2(V,m) — €2(V, m) be a linear operator and T, , € C be the constants such that for every
¢ € £%(V, m) it holds that
(TP W) =) Toudw).

ueV

Define T ® idg : £2(V, m; E) —»> KZ(V, m; E) by the formula
(T ®ide)¢)(v) = > Ty up(w),

ueV
where T, , € C are the same constants as above and ¢ € 02(V, m; E). We define ||T ® idg I Be2(v.m:Ey) tO
be the operator norm of 7 ® idg.
Following [Pisier 2010], we call an operator T : £>(V, m) — £>(V, m) fully contractive if for every
Banach space E it holds that |7 ® idg || ge2(v m:Ey) =< 1-

2B. Uniformly curved Banach spaces. Uniformly curved Banach spaces were introduced in [Pisier
2010]:

Definition 2.1. Let E be a Banach space. The space [ is called uniformly curved if for every 0 < e <1
there is § > 0 such that, for every space ¢>(V,m) and every fully contractive linear operator T :
2V, m) — 2V, m), if IT || ee2(v,myy <8, then || T @1dE || pe2(v,m:E)) < €-

The following theorem is due to [Pisier 2010]:

Theorem 2.2. Every uniformly curved Banach space is super-reflexive and in particular reflexive.
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Given a monotone increasing function « : (0, 1] — (0, 1] such that
lim «(t) =0,
t—0+t a(®)
we define £2U""*d to be the class of all (uniformly curved) Banach spaces E such that for every

space £2(V, m) and every fully contractive linear operator T : £>(V, m) — £>(V, m), if |T I Be2v.myy <6,
then (|7 ®ide [l g2 (v m:Ey) < @(8).

Proposition 2.3. Let T : 02V, m) — £2(V, m) be a linear operatorand L > 1, 0 < § <1 be constants
such that:

(D TN Be2(v.my) = 8.

(2) IT ®1de [ pee2(v.m:E)) < L for every Banach space E.
Then for every monotone increasing function « : (0, 11 — (0, 1] such that lim,_, o+ a(t) = 0 and every
E e grerved ywe have |T @ ide || pe2(v.m:py) < Lat(8).
Proof. We note that (1/L)T is a fully contractive operator such that
1 8

=T <—.
L Asewmy L

Thus, by the definition of £2-°*™d it follows for every E € £urved that

1 5
(e, =«(7)
L B(O2(V.m:E)) L

. )
1T @1dE [ pee2(v,m; b)) < LO[(Z) < La(9),

and thus

where the last inequality is due to the fact that L > 1 and « is monotone increasing. (]

We will also be interested in how 7 ® idg behaves under some operations; this is summed up in the
following lemmas:

Lemma 2.4. Let V be a finite set, T a bounded operator on €*(V, m) and C > 0 constant. Let £ = E(C)
be the class of Banach spaces defined as

E={E: T ®ide |l g2(v,m:py) < C}-

Then this class is closed under quotients, subspaces, £*-sums and ultraproducts of Banach spaces, i.e.,
preforming any of these operations on Banach spaces in £ yields a Banach space in £.

Proof. The fact that £ is closed under quotients, subspaces and ultraproducts of Banach spaces was shown
in [de la Salle 2016, Lemma 3.1]. The fact that £ is closed under £2-sums is straightforward and left for
the reader. (I

Applying Lemma 2.4 on £2<™d defined above yields the following corollary:

Corollary 2.5. For any monotone increasing function «:(0,1]— (0, 1] such that lim,_, o+ o (¢) =0, the class
Eﬁ'curved defined above is closed under quotients, subspaces, £>-sums and ultraproducts of Banach spaces.
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2C. Strictly 0-Hilbertian spaces. Here we will describe a special class of uniformly curved Banach
spaces that contains all (commutative and noncommutative) L? spaces.

Two Banach spaces Eg, E; form a compatible pair (Eg, E) if they are continuously linear embedded
in the same topological vector space. The idea of complex interpolation is that given a compatible pair
(Ep, Ey) and a constant 0 <6 < 1, there is a method to produce a new Banach space [Eg, E;]y as a “convex
combination” of Eg and [E;. We will not review this method here, and the interested reader can find more
information on interpolation in [Bergh and Lofstrom 1976].

This brings us to consider the following definition due to [Pisier 1979]: a Banach space [ is called
strictly 0-Hilbertian for 0 < 6 <1 if there is a compatible pair (Eq, E;) with E; a Hilbert space such that
E = [Eo, E1]o. Examples of strictly 6-Hilbertian spaces are L? spaces and noncommutative L? spaces
(see [Pisier and Xu 2003] for definitions and properties of noncommutative L? spaces), where in these
cases =2/pif2<p<ocandd =2-2/pifl < p <2.

For our use, it will be important to bound the norm of an operator of the form 7" ® idg given that E is
an interpolation space.

Lemma 2.6 [de la Salle 2016, Lemma 3.1]. Let (Eg, E;) be a compatible pair, V be a finite set, m:V — R4
be a function and T € B(£*(V,m)) be an operator. Then, for every 0 <6 < 1,

. 0
IT ®idiEy, k15 | Be2(v.milEo.Erlpy) < IT @ idE, ||B(ez(v w1 T RAE g2y i)
where [Eg, E1 ]y is the interpolation of Eg and ;.

This lemma has the following corollary that shows that strictly 6-Hilbertian spaces are uniformly
curved (see also [de la Salle 2016, Lemma 3.1]):

Corollary 2.7. Let E be a strictly 0-Hilbertian space with 0 < 6 <1, V be a finite set, m : V — R, be a
function and 0 < 8 < 1 be a constant. Assume that T € B(£*>(V, m)) is a fully contractive operator such
that ||T || pe2(v.my) < 8. Then ||T Qidg || pe2(v.m:py) < 8%
In other words, if E is a strictly 0-Hilbertian space with 0 < 0 < 1, then for a(t) = t° we have that
Fe 5u—curved
by .

Proof. For every Hilbert space E; we have that |7 ® idg, || ge2(v.m:F,)) < ¢ and thus the assertion stated
above follows from Lemma 2.6. ]

Corollary 2.8. For a constant 0 <6y < 1, define &, to be the smallest class of Banach spaces that contains

all strictly 6-Hilbertian Banach spaces for all 8y < 0 < 1 and is closed under subspaces, quotients, £>-sums

v -curved

and ultraproducts of Banach spaces. Then, for every 0 < 6y < 1, we have that £, C (1)t

Remark 2.9. A deep result of Pisier shows that the converse of the corollary above is “almost true”
if one considers arcwise 6p-Hilbertian spaces (see the definition in [Pisier 2010, Section 6]). Namely,
by Corollary 6.7 of that work, for every 6y < 6 < 1 it holds that every Banach space in £ “(f)““’ed is a
subquotient of an arcwise 6p-Hilbertian space. We will not define arcwise 6p-Hilbertian spaces here and

we will make no use of this fact.
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2D. Random walks on finite graphs. Given a finite graph (V, E), a weight function on (V, E) is a
function m : E — R, and (V, E) with a weight function is called a weighted graph. Given a weighted
graph as above, we define, for every v € V, m(v) = }_ . e, m(e) and m(@) =) .y m(v).

We also define KZ(V, m) as in Section 2A above; i.e., £2(V, m) is the space of functions ¢ : V — C
with an inner-product

(¢, ¥) =Y =m@eW)Y @)

{v}eVv
The random walk on (V, E) as above is the operator A : 02V, m) — £2(V, m) defined as
m({u, v})
AP = Y = ———pw).
m(v)
ueV {u,viek
We state without proof a few basic facts regarding the random walk operator:

(1) With the inner-product defined above, A is a self-adjoint operator and the eigenvalues of A lie in the
interval [—1, 1].

(2) The space of constant functions is an eigenspace of A with eigenvalue 1 and if (V, E) is connected,
all other the other eigenfunctions of A have eigenvalues strictly less than 1.

(3) The graph (V, E) is bipartite if and only if —1 is an eigenvalue of A.

In the case where m is constant 1 on all the edges, for every vertex v, m(v) is the valence of v and A
is called the simple random walk on (V, E).

We define M to be the orthogonal projection on the space of constant functions: explicitly, for every
¢ € £2(V,m), M¢ is the constant function

1
M¢ = ) D m@)$().
veV
We note that by the facts stated above, AM = M and if (V, E) is connected and not bipartite, then
|A(I — M)| < 1, where || - | denotes the operator norm. We recall the following definition of spectral

expansion that appeared in the Introduction for nonweighted graphs:

Definition 2.10. Let (V, E) be a finite connected graph with a weight function m and 0 < A < 1 be
a constant. The graph (V, E) is called a one-sided A-spectral expander if the spectrum of A(/ — M)
is contained in [—1, A]. The graph (V, E) is called a two-sided A-spectral expander if the spectrum of
A(l — M) is contained in [—A, A] or equivalently if ||A(/ — M)| < A.

Given a Banach space [E, we can consider the operator (A(/ — M)) ® idg : 02(V,m; E) — £2(V, m; E).
Claim 2.11. For every graph (V, E) and every Banach space E, ||(A(I —M)) @ idg || gie2(v,m:y) < 2-

Proof. By the triangle inequality and linearity,

(A — M) @IidE || pe2(v,m:Ey) < I1A ®IdE || pe2(v m:Ey) T 1A QIE || ge2(v,m: b)) 1M @ 1dE || Be2(v,m:Ey) »
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and therefore in order to prove the claim, it is enough to show that
A Qide | pee2vmpy <1, 1M ®ide | pee2(v m:py < 1

Indeed, by the convexity of the function | - |2, for every ¢ € 0V, m; E),

lA®idel> =Y mw)| Y m({” ”})4)( >‘ Ym0 2D e

veV ueV {u,v}eE veV ueV {u,v}eE ( )
=Y lpwl > m({u,v})=2m(u)|¢(u)|2=I|¢||2
ueV veV {u,v}eE ueV
and
o 1
(M ®idp)g | —UEZVmw) @) 2 Zm(uw(u) §§—(®)|¢< )
=Y m@lp )l Z ’"(”) = Zm(u)|¢><u)| = g1 O

ueV
Combining this claim with Proposition 2.3 and Corollary 2.7 yields:
Corollary 2.12. Let (V, E) be a connected finite graph with a weight function m and 0 < X < 1 be a

constant such that (V, E) is a two-sided \-spectral expander. For every monotone increasing function
a: (0, 1] = (0, 1] such that lim,_, o+ a(t) = 0 and every E € So‘j'curved, we have

(A — M) @1dE [l e2(v,m:Ey) < 20t(A).
In particular, for every 0 < 0 < 1 and every strictly 0-Hilbertian space E, we have
1AW = M) @ide | pe2vmiey < 22

2E. Weighted simplicial complexes. Let X be an n-dimensional simplicial complex. For —1 <k <n,
we define X (k) to be the k-dimensional faces of X and X = |J, X (k). X is called pure n-dimensional
if for every 7 in X there is 0 € X (n) such that t C 0. X is called locally finite if for every {v} € X (0),
[{o € X(n) : v € 0}| < co. Throughout this paper, we will always assume that X is pure n-dimensional
and locally finite.

We define the weight function m : |_J;_, X(k) — R inductively as follows:

forall o € X(n), m(o)=1,
and, forO <k <mn—1and 1t € X(k),

m(t) = Z m(o).
oeX(k+1),1Co
More explicitly,

forall t € X(k), m(t)=m—k)!|{oc €e X(n): 7t Co}.

In the case where X is finite, we also define m(Q) = Z{v}ex(o) m({v}).
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Given a simplex 7 € X (), the link of T is the subcomplex of X, denoted by X, that is defined as
X:=nheX:tNn=g, tUn e X}.

We note that by the assumption that X is locally finite, it follows that X is finite and by the assumption
that X is pure n-dimensional, it follows that X; is pure (n— j—1)-dimensional (where j is the dimension
of 7). The weight function on X, denoted by m, is defined as above:

forallo e X;(n—j—1), m(o)=1,
and, for0<k<(m—j—1)—1 and for n € X(k),

m(n) = Z my(0).

oeX; (k+1), nCo

We observe that m,(n) =m(t Un): indeed, if n € X;(n — j — 1), then t Un € X (n) and therefore
m(n) =1=m(rUn).
ForO<k <(n—j—1)—1and n € X (k), the equality follows by induction:

m(p= Y = mo)= Y = m@EUo)= > m(z Uo) =m(n).

oeX; (k+1), nCo oeX (k+1), nCo tUo eX((j+1)+k+1), nStUo

2F. Group representations on Banach spaces. Let I" be a locally compact group and E a Banach space.
Let 7 be a representation 7 : I' — B([E), where B(E) are the bounded linear operators on E. Throughout
this paper we shall always assume 7 is continuous with respect to the strong operator topology without
explicitly mentioning it. We recall that given 7, the dual representation 7 : I' — B(E*) is defined as

(x,7(g).y) = (mw(g H.x,y) forallgeTl, x ek, yel".

Observe that if 7 is an isometric representation, then 7 is an isometric representation: Indeed, for
every g e,
— -1 ~1
max x,m(g).y) = max T X,y =|m x|l=1,
o |X|=|y|:1< (8)-y) O IXI=|y|=1< (& ).x,y)=Im(g ).x|
i.e., for every g € I and every y € E*, if |y| = 1, then |7 (g)y| = 1 and it follows that 7 is isometric.

We remark that 7 might not be continuous for a general Banach space, but it is continuous for a large
class of Banach spaces, called Asplund spaces:

Definition 2.13. A Banach space [ is said to be an Asplund space if every separable subspace of [ has a
separable dual.

There are many examples of Asplund spaces and in particular every reflexive space is Asplund (see
[Yost 1993] for an exposition on Asplund spaces). The reason we are interested in Asplund spaces is the
following theorem of Megrelishvili:
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Theorem 2.14 [Megrelishvili 1998, Corollary 6.9]. Let I" be a topological group and let w be a continuous
representation of I' on a Banach space E. If E is an Asplund space, then the dual representation 7 is also
continuous. In particular, if E is reflexive, then the dual representation 7 is continuous.

3. Equivariant cohomology

Let X be a locally finite, pure n-dimensional simplicial complex with the weight function m defined
above and I" be a locally compact, unimodular group acting cocompactly and properly on X. Also let E
be a reflexive Banach space and 7 be a continuous isometric representation.

Remark 3.1. By our assumption, E is reflexive and thus Asplund. Therefore, by Theorem 2.14, the
assumption of continuity of 7 implies that 77 is also continuous.

Below, we will define the equivariant cohomology H*(X, ) and prove a general criterion for the
vanishing of this cohomology. All the definitions below regarding cohomology already appeared in
[Ballmann and Swiatkowski 1997] for representations on Hilbert spaces and were generalized to the
Banach setting in [Koivisto 2014]. The criterion for vanishing of cohomology appeared (in a somewhat
different form) in [Nowak 2015] (and also in [Koivisto 2014]) and we claim no originality here.

In order to define the equivariant cohomology, we introduce the following notation (based on [Ballmann
and Swiatkowski 1997]):

(1) For 0 <k <n, denote by X (k) the set of ordered k-simplices (i.e., 0 € X (k) is an ordered (k+ 1)-tuple
of vertices that form a k-simplex in X).

(2) Amap ¢ : X(k) — [ is called alternating if, for every permutation y € Sym{0, ..., k} and every
(vo, ..., vp)€ L(k),

G ((Vy ) - - > Vy))) = sgn(y)e ((vo, ..., vg)).

Also, ¢ is called equivariant if, for every g € I' and every o € X (k),

m(8)p(0) =¢(8.0).

(3) For 0 <k <n, a k-cochain twisted by  is a map ¢ : X (k) — E that is both alternating and equivariant.
We define C¥(X, ) to be the space of all k-cochains twisted by 7.

For 0 < k < n, the differential dy : C*(X, m) — C*t1(X, 7r) is given by

k+1
dip(0) =) (=D'¢(0), oeZ(k+1),
i=0
where o; = (vo, ..., Ui, ..., vga1) for (vo,..., 1) = o € Z(k+ 1). By a standard computation

dy odr—1; =0, and we define the k-th cohomology as HNX, ) = Ker(dy)/ Im(dy—1).

Remark 3.2. The reader should note that in the definition of the cohomology above, we made no use of
the fact that E is a Banach space, and this definition applies in a much more general setting.
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We define a norm on C¥(X, 1) in order to make it into a Banach space:

(1) We choose a set, denoted by X (k, I') C X (k), of representatives for the action of I on X (k). We
note that by the equivariance assumption, ¢ € Ck(X, 7) is determined by its values on X (k, I'). We
also note that by the assumption that the action of I" is cocompact, X (k, I') is a finite set.

(2) We extend the weight function m defined above to ordered simplices by forgetting the ordering; i.e.,
for every (vo, ..., vx) € X (k), we define m((vg, ..., vg)) =m{vo, ..., V}).

(3) For a simplex o € X (k), we define [, to be the pointwise stabilizer of o; i.e., for o = (v, ..., vg),
g € I'y if and only if for every 0 <i < k it holds that g.v; = v;. We further define |I';| to be the
measure of I', with respect to the Haar measure of I. By the assumption that the action of I" is
proper, it follows that [T’y | < o0.

(4) We define a norm on C¥(X, ) by

B m(o) 21/2
||¢||—( > mwan) ,

oeX(k,I')

where | - | denotes the norm of E.

With the definitions above, C¥(X, ) is a normed space and we leave it to the reader to verify that it is a
Banach space (this is almost immediate due to (1) above).

Proposition 3.3. The space C*(X, 1) is reflexive.

Proof. Define E*®1) = {¢ : X (k, T") — E} with the norm

B m(o) ) 1/2
||¢||—( Z mkﬁ(aﬂ) .

oeX(k,I')

This is a reflexive Banach space, since it is a weighted 22 sum of |Z(k, )| copies of E. We note that
C*(X, m) is a closed subspace of E**T) and thus it is also reflexive. O

Choose X/(k, ") C X (k,I') to be a set of representatives of the action of the permutation group
Sym{0, ..., k} on X(k,I'); i.e., for every (v, ..., vx) € X(k, ') there is a unique permutation y €
Sym{0, ..., k} such that (v, (), ..., vyx) € X'(k, T"). By definition all the cochains in Ck(X, ) are
equivariant and alternating and thus every map in C¥(X, ) is uniquely determined by its values on
¥'(k, ). However, it may be the case that not every map ¢’ : X'(k, I') — [E can be extended to an
equivariant and alternating map on X (k). Below, we will give a necessary and sufficient condition for the
existence of such an extension.

For o € X (k), we define '} and T, to be the subsets of T that (when restricted to o) induce even and
odd permutations on o; i.e., for o = (v, ..., V),

I't={(gel:g.(vo,..., ) = (Vy ) --+» Vyk)), ¥ €Sym{0, ..., k} and y is an even permutation},

o ={gel:g.(vo,...,v) =Wy, Vyn), ¥ €Sym{0, ..., k} and y is an odd permutation}.
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We note that ' is a subgroup of I" and that,
forallgel'}, g I'f=rf, gI' =TI,
forallgel,, gItf=r,, gI, =TI}
Define the subspace E, , C E to be the subspace of vectors x € [ such that,
forallge 'S, n(g).x =x,
forallgel',, m(g).x=—x.
Proposition 3.4. A map ¢’ : £'(k, ') — E can be extended (uniquely) to a map ¢ € C*(X, ) if and only
if for every o € X' (k, ') it holds that ¢' (o) € Ey 5.

Proof. Let ¢’ : ¥/ (k, I') — [ be some map.
Assume first that there is a map ¢ € C¥(X, ) such that dlsikery=¢'. Let (vg, ..., v) € X'(k, ') and

g€ Fj. Also let y € Sym{0, ..., k} such that y is even and g.(vo, ..., vx) = (Vy(0), - - -» Vyk)). Then it
holds that
7(8).9'((vo, ..., ) =7(g).¢((vo, ..., vr))
=¢(g.(vo, ..., ) (since ¢ is equivariant)

=d((Vy©)s -+ Vyk)))
=¢((vo, ..., ) = ((vo, ..., vr)) (since ¢ is alternating);
ie., m(g).¢'(0) =@ (o) for every o € X'(k, ') and every g € T'). By a similar computation, it follows
that 7 (g).¢'(0) = —¢'(0) for every o € ¥'(k, I") and every g € I';". Thus, for every o € X'(k, T') it
holds that ¢'(0) € E5 .
In the other direction, assume that for every o € X'(k, I') it holds that ¢'(¢0) € E, . For every
y € Sym{0, ..., k}, every g € I' and every (v, ..., vx) € X'(k, I'), define

$(8.(Vy()s - - -» Vyy) = 7(8) sgn(y)¢’((vo, - . .., Vk)).
If we show that ¢ above is well-defined, it will follow from its definition that it is equivariant and

alternating. Fix 0 = (vg, ..., v) € X/(k, ") and let y, ' € Sym{0, ..., k}, g, g’ € ' be such that

g-(vy(O)s cee vy(k)) = g/-(vy’(O), cees vy’(k))-
Then
Wy () =10)s -+ Vyp)-1k) = (g '¢).(o, ..., k)

and therefore g~!g’ € I’ UT and the sign of the permutation induced by g~'g’ on o is exactly
sgn(y (y")~") = sgn(y) sgn(y’). From the assumption that ¢'((vo, ..., v;)) € E, it follows that

(g7 "¢ ((vo, ..., ve)) = sen(y) sgn(y )¢ (vo, - . ., v)),
or equivalently
sgn(y) sgn(y)m (g™ g ((vo, ..., ve)) = ¢ ((vo, - - -, V).
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Thus
m(g) sgn(y)¢ ((vo. ..., vi)) = 7(g) sgn(y) sgn(y) sgn(y ) (g~ gN¢'((vo. - - .. vp))
= (g") sgn(y" )¢’ ((vo, - .., v)),

and ¢ is well-defined. O

All the results above were stated for 7, but since 7 is a representation of I' on a reflexive Banach
space, they pass automatically to 7; i.e., we can define C¥(X, ) as above and by the same considerations
it follows that C¥(X, 77) is also a reflexive Banach space. We also define dy: CK(X, 7)) —» CH (X, 7)
to be the differential defined as above.

The reason for considering Ck(X, 7) is that there is a natural coupling between Ck(X, ) and CK(X, 7):
let (-, -) denote the usual coupling between [E and E* and for ¢ € CK(X,n), v € CK(X, ) define

() = _M9)(40), (o)),
Ue;;’r) (k+D!Is|
With the above coupling, Ck(X, ) € (CK(X, m))*™ Actually, since [ is reflexive, there is an isomor-
phism between CK(X, ) and (CK(X, ))* (see [Koivisto 2014, Proposition 28]), but we will make no
use of this fact. Given this coupling, we define d; : C k+1(Xx, 7) — C*(X, 7) to be the adjoint operator
of d; and d_;: :CH(X, m) — C*(X, ) to be the adjoint operator of d.
We recall that for a Banach space [E, the duality mapping is a mapping j : E — 2F defined as

JO) =" e B x| = x|, (v, x%) =[x )

(the fact that the set defined by j(x) is nonempty follows immediately from the Hahn—Banach theorem).
By our assumption, [ is reflexive and thus we also have the duality mapping j : E* — 2F(=2F").
We define maps J : ckX,m) — 26 (XA and T ck(X,7n)— 264 (Xom) by,
forall g € CK(X, ), Jop={y eCXX,7):forallo € T(k), ¥ (o) € j(p(c)))},
forall y € CK(X,7), Jy ={peC’X,m) :forallo € Z(k), p(c) € j(¥(0)))}.
Proposition 3.5. Let X, E, 7, J, J be as above and ¢ € CX(X, ), ¥ € CX(X, ). Then J¢, J are

nonempty sets and,

forallg* € J¢, 1¢*1> = lo1* = (¢.¢"),
forally* € T, ™12 = 19I1P = (¥*, ¥).
Proof. We will prove the assertions above only for J¢, since the proof for J is similar.
We will only show that J¢ is nonempty: the fact that, for every ¢* € J ¢,
16*1% = llg11* = (¢, &%)

follows from straightforward a computation that is left for to the reader.

Fix ¢ € CK(X, 7). Choose X'(k, T') C = (k, I') as above to be a set of representatives of the action of
the permutation group Sym{0, ..., k} on X (k, ['). By Proposition 3.4, it is enough to show that there is
Y’ Z'(k, T') — E* such that for every o € ¥'(k, I') it holds that ¥'(0') € E} - and ¥'(0) € j(¢(0)).
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For every o € ¥'(k, I'), define e, : T} UT, — {1} as

1, gelf

o

8a(g)={_l gel>

Note that for every g € F;r UT', it follows that &, (g) = &5 (g_l) and that 7(g).¢(0) = &, (g)p (o).
Also, for every o € X'(k, I'), we choose some x € j(¢ (o)) and define

V(o) = eo () (g).xr du(g).

s UTs | Jriury
This integral is well-defined because by our assumptions the action of 7 is continuous and I'}, I', are
compact sets.

Recall that for every ¢’ € ' itholds that g’.T'f =T}, ¢’.T' =T and therefore for every g” € I UT'

it holds that &, ((g")~'g”) = &, (g”). Also recall that the action of I" preserves the Haar measure. Thus
for every g’ € T and every o € X'(k, I') it holds that

(g (o) = £5(8)(g'g). x5 du(g)

ITF Ul | Jriury
1 / N=1 _IIN= (. 1 /" . " I
= - s ((8) g (g").x; du(g") (since g" =g'g)
|F;UFJ| g’.l";rUg’.I“; 7 7

1

- P //7_—[ //.x*d //: /O'.
rF o] Jeeoe o (8)T(g).x, du(g”) =y (o)

Note that for every g’ € ', it holds that g’.Tf =T, ¢’.I'f = ' and that for every g” e IJ UL it
holds that &5 ((g")~'g") = —&,(g"). Thus, by a computation similar to the one above, it follows that, for
every g’ € ', and every o € X'(k, I'),

(g ¥' (o) =—¢'(0)
and therefore ¥'(0) € E; -
We note that for every o € ¥/(k, I') it holds that
(9 (0), ¥'(0))

_ <¢ ©), £ ()7 (g). X du(g))

ITd UTo | Jriurs

1
:m/l: - 80(8)(¢(0),7_T(8)-x;)dl/«(8)
o o ;ru p=

1

_ -1 *
_—|FJUF;| F;un;fsa(g)(n(g ).¢(0), x;)du(g)

1
=— / (e () (¢(0). x)dpu(g) (since m(g™").¢(0) =£,(8~ Np(0) = £5(8)p(0))
Il's UTs | Jriurs
1

TS Ul | Jriurs

lp(@)1*du(g) = l¢(0)I%
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and that
v (o) —‘ £ ()T (). X du(g)‘
ITa UT5 | Jriur,
< — T . * d e T —— d = s
Sirrors] Jeon 17 (8)- x5 1 d(g) FOTs] Jerors lp(o)|du(g) = ¢ (o)l
and therefore ¥'(0) € j(¢(0)) as needed. O

Below, we will make use of changing the order of summation when calculating norms of maps
Ck(X, ) or coupling between maps of Ck(X, ) and C*(X, 7). For this, we will need the following:
forO</<k<nandt e X(l), 0 € £(k), we write T C o if ¢ contains t as a set (without respecting the
ordering); i.e., for o = (vo, ..., v¢), T = (wy, ..., wy), we have t C o if {wy, ..., w;} S {vg, ..., vi}.

Proposition 3.6 [Ballmann and Swiatkowskj 1997, Lemma 1.3; Dymara and Januszkiewicz 2000,
Lemma 3.3]. For 0 <l <k <n, let f = f(t,0) be a I'-invariant function on the set of pairs (t,0),
where T € X(1), 0 € (k) witht Co. Then

f,o) _ f(t,0)
Z Z r 4 Z Z |1‘*r|o :

ceS(k,T) rex(l), tCo T | 1eX(,T) oex(k), <o

The reader should note that from now on we will use the above proposition to change the order of

summation without mentioning it explicitly.
Proposition 3.7 (equivalent to [Ballmann and Swiatkowski 1997, Propositions 1.5 and 1.6]).

(1) The differential is a bounded operator and ||dy|| < vk + 2.
(2) We define dj - C*(X, 1) = CK(X, ) to be the adjoint operator of di. Then

Gom= ¥ "ewn. rezm.

veX(0),vteX(k+1)
where vt = (v, vy, ..., vg) for T = (vo, ..., Vk).

Proof. (1) For every ¢ € CX(X, ) we have

o= Y " S s = Y O 10 Y e
g (k+2)!To | | YT (k+2)! s | =
oeX(k+1,I" i=0 oeX(k+1,I") i=0
m(o) 2
= 9 (0)
JEZ%I,F) (k+D! (k+D!H | rez%rc(;
¢ (1)|? (k+2)!m(7)|¢ (1)[? 5
re;m (k+1)!(k+1)!|Fr|Uez(lg)’rcam(d) te;ﬁ) G Dl ]~ Kr2lel

(2) Foro € ¥(k+1) and t C 0, T € X (k) denote by [o : t] the incidence coefficient of T with respect
to o; i.e., if 0; has the same vertices as t then for every v € Ck(X, ) we have [0 : T]¥ (1) = (=D (07).
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Take ¢ € CKt1 (X, ) and ¢ € C*(X, ). We note that for every T € X(k), every o € X(k+ 1) and every
gel,

Y (g.1),9(8.0) = (@(QVY (1), m(8)¢(0)) = (Y (1), ¢(0)),

and we will use this fact in equality () below, in which we apply Proposition 3.6:

- m(o) k+1 i
(dy. ¢)= Y (kH—w(;(—l) w(oi),mo))

oeX(k+1,T)
_ m(o) '
- 062%1,1‘) (k+ D (k+2)! Ty (fez%;@[a v, ‘W))

1 [o:t]m(o)

- k+ DU Wr)(xﬁ(r), —d)(a))

GEZ%I,F) (k+ D!y reE%;rCa m(t)(k +2)!

m(7) < [0 : tlm(o) )

- Y(t), ————=¢(0) (%)

fE;ka) (k+ DI aEE(kJer),rCJ m(7)(k+2)!

B m(7) [o:t]m(o)
= 2 (k+1)!|rf|(‘/’(r)’ 2 m(r)(k+2)!¢(0))

teX(k,I') ceX(k+1),tCo
m(7) ( m(vt)
= Y oo X $r)). O
!
TeX(k,T) (k+ DI veX(0), vTeX (k+1) m(t)

We end this section by proving the following criterion for vanishing of cohomology that appeared in a
different form in [Nowak 2015] (we claim no originality here):

Lemma 3.8. Let X, ', E, w be as above and 1 <k <n — 1. If there is a constant C < 1 such that, for
every ¢ € CK(X, ), ¥ € CK(X, 7),

2 2
(i, G|+ 1(df 0. df )| = (6. )] - C(M),

2
then H*(X,n) = HX*(X, 7) =0.
Before proving this lemma, we recall the following facts regarding adjoint operators (for proof of these

facts, see for instance [Megginson 1998, Corollary 1.6.6, Theorem 3.1.22]):
Theorem 3.9. Let [y, E; be Banach spaces and T : k| — E; be a bounded linear operator. Then:
(1) The following are equivalent:

(a) T maps [, onto ;.

(b) T* is an isomorphism from [E5 onto a subspace of [].

(¢) There is a constant ¢ > 0 such that, for every x € E5, ||T*x|| > c||x||.

(d) T* is injective with a closed image.
(2) The following are equivalent:

(a) T* maps [ onto .
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(b) T is an isomorphism from ;| onto a subspace of [,.
(¢c) There is a constant ¢ > 0 such that, for every x € Ey, ||Tx| > c||x]|.
(d) T is injective with a closed image.

Using these facts, we can prove Lemma 3.8:

Proof. We will only prove that H kKX, m) = 0; the proof for H k(X, ) is similar. We define d;{_l to
be the k — 1 differential with range Ker(dy), i.e., a’,ﬁ_l : C*1(X, 7) — Ker(dy), and we also define
i : Ker(dy) < Ck(X, ) to be the natural injection. Therefore dy_; =i od;_,. We similarly define
j,é_l 1 CF1(X, ) — Ker(dy) and i : Ker(dy) < C*(X, 7) and with this notation dy_; =i oc?,’(_l.

By the assumptions of the lemma, for every ¢ € Ker(dy), taking ¢ = ¢* € J¢ (using Proposition 3.5)
yields that

Pl + llp* 11>

(i1 ¢, di_107)] = |(¢,¢*>I—C< 7

) =(1-0)llgl*
We note that by Proposition 3.7,
(i b, di_ ¢ < Idf_ ol ldi_10* 1| < ldf_ plIVE+2]|p]l.

Thus, for every ¢ € Ker(dy),
_ 1-C
d; > —ll¢|l.
ldi_ ol —k_i_zIId)lI

This yields that c?,j‘_ | ©i is injective with a closed image. By the notation above, (c?,/c_l)* oi*oi is
injective with a closed image, and therefore i*oi: Ker(dy) — (Ker(dy))* is injective with a closed
image. Note that Ker(dy) is a closed subspace of a reflexive space (using Proposition 3.3) and thus
Ker(dy) is reflexive and it follows that (Ker(dy))* is reflexive as well. Therefore by Theorem 3.9,
i*oi = (i*oi)*: (Ker(dy))* — Ker(dy) is onto.

By a similar argument, for a given ¥ € Ker(dy), if we take ¢ = y* € J, then

(di_ ™, di_ ) = (1= O) |y,

which implies that
1-C

Vk+2
Arguing as above, we deduce from this inequality that (d; _,)* o i* oi is injective with a closed image.
We showed above that i*o1 is onto and therefore it follows that (d;_ )" : (Ker(dp)* — (CF1(X, m))*is

injective with a closed image. Thus applying Theorem 3.9 yields that d; _, is onto, i.e., Im(dj_) = Ker(dy),
or in other words, H*(X, ) = 0. ]

ldi vl =

¥l

Remark 3.10. As in [Ballmann and Swiatkowski 1997], we can define the Laplacian operators as follows:
A,j = c?,fdk, A = dk_lc?,’(t 1~ With this notation, the condition in Lemma 3.8 can be reformulated as
follows: there is a constant C < 1 such that, for every ¢ € Ck X, m), ¥y e ck(x, ),

||¢|I2+||1/f||2).

I(A;f¢,1/f>|+I(Ak¢,lﬁ)|ZI(¢J//)|—C< >
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4. Local criteria for vanishing of Banach cohomology

Below, we will prove local criteria for vanishing of equivariant cohomology in the spirit of “Garland’s
method”. The method is an adaption of [Ballmann and Swiatkowski 1997], but unlike the case of Hilbert
spaces, considered in that work, in which the condition for vanishing of cohomology requires a (one-sided)
spectral gap in the links, here the condition for vanishing of cohomology will require a two-sided spectral
gap in the same links.

Let X, I', E, ¥ be as in Section 3 (recall that we assume that 7 is continuous and [ is reflexive and
thus 7 is also continuous). Given an ordered simplex (vo, ..., v;) =t € X(j), the link of 7 is simply the
link of {v, ..., v;} defined above. Below, we will only be interested in the 1-skeleton to the links: given
T € X(J), the 1-skeleton of X is the weighted graph, denoted by (V;, E;), defined as

Ve={v:{v} € X:(0)}, E.=X:(1),

with the weight function m, ({u, v}) = m (v U{u, v}), where T U {u, v} is defined by the abuse of notation
of treating T as a set (and forgetting the ordering); i.e.,

m((vo, ..., v;)U{u,v})) =m{vo, ..., vj, u,v}).

Note that with this definition, m, (v) = m(z U {v}).
On this weighted graph, we define ¢>(V;, m.), £*(V;, m; E) and the operators A,, M, as in Section 2D.
On ¢%(V;, m; E) define a norm denoted by || - || as in Section 3; i.e., for ¢ € 2V, my; E),

1/2
Il = <Z mf<v)|¢(v>|2) :

veV;

where | - | is the norm of E. Also, define a coupling (-, - ); between 02(Vy, my; E) and €2(Vy, mo; E*) as
follows: for ¢ € £2(Vy, my; E), ¥ € €2(Vy, my; E),

(B, ¥)e =Y m ()W), ¥ (),

veV;

where (-, -) is the standard coupling between E and E*.
Given ¢ € CK(X, ) and T € Z(k — 1) we define the localization of ¢ at X, denoted by ¢, €
Ve, mq; ), as

¢ (v) =¢(vt) forallve V,,

where vt is the concatenation of v with 7, i.e., vt = (v, vy, ..., Ux—1) for T = (vg, ..., vk—1). We note
that by the definition of X, vt € X (k) and therefore ¢ (vt) is well-defined.

The basic observation in [Garland 1973] was that the norm of cochains can be computed by considering
their localizations. Below, we generalize this observation to the Banach setting. The calculations below
are very similar to those of [Ballmann and Swiatkowski 1997], but we included all the calculations,
because we need localization results not only for the norms, but for the couplings.
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Lemmad4.l. Let 1 <k <n—1, ¢ € CX(X, ), v € CK(X, 7). Then

1
k+D, ¥)= >

TeX(k—1,T) Tz

(Dr, Yoo,

1

k+DlP= > ﬁu@n%,
resk—11) " T
1

k+DylP= Y e 12

reX(k—1,T) T

883

Proof. All these equalities follow from the definition of the localization and Proposition 3.6 and thus we
will only prove the first equality, leaving the other two for the reader. Fix ¢ € CK(X, ), ¥ € C*(X, 7).

Then
1
> T (e V) = > T > me ) (¢ (), Y2 (v))
res(k—1) " T resk—1,) " Tvev,
= > T D m@n)@ ), ¥ ()
resk—1,) " Tlvev,
1 1
= m(o)(¢(0), ¥ (o))
fez(g—:l,r) | (k+ D! aez%,:rga
m(o)
= P ErTeT— (@(0), ¥(0)) 1
ae)iz(k,l") (k+ DI reE(kZI,F) reZ(kzl),tga
=((k+ Do, ¥).

Lemmad.2. Letl <k<n—1, ¢ € CK(X,n), v € CK(X, 7). Then
. 1 1 _
USSESIDY i (M @ ide)r, v
tex(k—1,I")

Proof. By Proposition 3.7, for every 7 € X(k — 1),

— m(vT) . m(vT)
dip(t) = Zvj e PO Y = ij e 40U

We note that by definition m; (&) = m(t) and therefore, for every 7 € X (k — 1),

me(u)
m ()

(M; ®idg)pr, Ye)e = ) mAU)(Z e (1), w,(w)

veVy uev;

-y m(vr)(Z g w<vr))

veVy ueV;

- (Z Mo, Y m(ervr)) = (D)D), dY ().

ueV; veVy
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Therefore
1 _
Y. (M@ Yl = Y mr(’)<d:¢(r>,d2‘w<r>>
tEE(k—l,F)| d T1eX(k—1,T) T |
=kI(d}_ P, d} V). a

Lemmad4.3. Let 1 <k<n—1, ¢ € CX(X, ), v € CK(X, 7). Then

_ 1 1
dio, d = (¢, V) — — —((A; ®idp) @, Y7+
(i, i) =9, ¥) = D T (A ®@idoge vr)
TeT(k—1,I)
Proof. For n = (vg, ..., ux1) € Z(k+1)and 0 <i # j <k + 1, define n; = (vo, ..., Vi, ..., Uxs1) and

1’],',]':(Uo,...,ﬁi,...,ﬁj,...,vk+1). Then

~ k+1 ' k+1 4
(dxp (1), dir (n)) = (Z(—l)’qb(m), Z(—D’W(m))

i=0 =0

k+1 ! o
=Y @0 v+ Y. (=DM @m). v ®))).
i=0 0<i#j<k+1

We note that by the assumption that ¢, ¥ are alternating, changing the order of »; in the first sum above
does not change the coupling and therefore

k+1
Z(qﬁ(ni), Vo) = Y (@), ¥ ).
i=0 oeX(k),0C<n

We also note that, for every i # j,

(@), v () = (=D @ imi ), v (Wi, j))

(this can be shown by considering the cases i < j and j < i; we leave the proof for the reader). Therefore

Yo D@ v == Y @@m), ¥ i)

0<izj<k+1 0=<i#j<k+1
1
=5 2 X ( > ¢(ur),w(vr)>,
’ teX(k—1),tCn v, T “u,uFv, vty

where uvt is the concatenation, i.e., if 7 = (vg, ..., vx_1), then uvt = (u, v, vy, ..., vp_1) (we recall
that uvt C 1 refers only to inclusion as sets without regarding the ordering). This yields

; m(n) 1
(i, dipr) =) Y. (@), ¥ ()
nex(k+1,T) (k+ 2Ty (k+1)! oeX(k),oCn
1

m(n)
-2 (k+2)!T,] k! > Z( > ¢(uf),1//(vt)>. 1)

neX(k+1,I") teX(k—1),tCn v, v “u,uFv, UvTCH
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We will calculate each one of the expressions above separately. First, by applying Proposition 3.6,

m(n) 1
2 (k+2)! [T, | (k+1)! Y. ©90).¥0)

neX(k+1,I) oceX(k),0<n
1 m(n)
=Y ). V(o)
O‘EEZ(IC,F) (k+ DM UGE(]H-ZU,UEU (k+2)!
=Y D o) o) = 6 w) @
L T DI,

Second, applying Proposition 3.6 to the second expression,

(m 1
> (kfz—ME > Z( > ¢(ur),w(vr)>

neX(k+1,T) tex(k—1),7Cn v,vTCN “u, uFv, uvTtny
1 1 m(n)
0 2 T2 a2 ( > ¢>(ur>,w(vr>>
rexk—1,) " T pesk+1),1<y T 0,0TCn NuuFv,uvtCn
1
== > T > me({v,u Z ( Z ¢f(u>,wr<v)>
‘rexk—1,) " T {v,u}eE, vel{v,u} v, u}, uFv
1
== > T ( > mr<{v,u}>¢r<u),wf<v))
teX(k—1,I") T veVy “uefv,u}l,u#v
1 me({v, u})
== > | N m,(v)( > Ty P Y@
! teX(k—1,T") veV; ue{v,u}, u#v Mz (v
1 .
=0 2 T (A ®idD)er. ¥ro)-. 3)
“rexk—1) T
Combining (1), (2), and (3) yields the needed equality. O

After these lemmas, we can prove a local criterion for cohomology vanishing that appeared as
Theorem 1.1 in the Introduction:

Theorem 4.4. Let X be a locally finite, pure n-dimensional simplicial complex with the weight function m
defined above and I be a locally compact, unimodular group acting cocompactly and properly on X. For
every reflexive Banach space E and every 1 <k <n —1, if

1
A(l-M id . _
max (AL = M) e pv, oy < 75

then for every continuous isometric representation w of T on E it holds that H*(X, ) =

Proof. Let E be a reflexive Banach space and 7 be a continuous isometric representation of I" on E. Define

C'= ma Al —M id .
reZ(k—Xl,I‘) 1(A(C o) @1dp) |l pe2(v,m:Fy)
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Then by Lemma 4.3, for every ¢ € Ck(X, ), € Ck(X, ),

(dcp, dir)

1 1
=6V D T ((Ar®idDer. Vi)
Trest-1T) " T

1 1 1 1
=)= D T lAU=MOBI G V)= D o (AcMBid) e )

e |

‘rez(k—l,m' d "rex(k—1,I"
1 1 . 1 1 .

= V) D T (AU =Mo)Bide)pe re)e = > o (M @ide)ge, vre)e
TeX(k—1,I) reX(k—1,I)

1

T l<(Af<1—MT>®id[E)¢r,wf>f—<&,:‘_1¢,d;‘_1w>,

1
= V) D

TTeT(k—1,I")
where the second-to-last equality follows from the fact A, M, = M, and the last equality by Lemma 4.2.
Thus

- - 1 1
(dk¢’dk¢>+<d;:_1¢’d1j_1w):(¢7¢>_E Z F—<(Ar(1—Mr)®id[E)¢r,lﬂr)r-

T reX(k—1,T) T

Applying absolute value on this equation and using the triangle inequality,
[(dip. dicyr)| + (1. dig_y )]
1
>l 0= D

[{((Az(I — M) ®@idp)¢r, Vo)l

T reXk—1,I) T

1 1 .
>l )= D (A = M) @ o)l ez v, s e e o

Trex(-1T) T

1 L loell2 + 1|17
> , _ C/ T T
>l )= D T >

T€S(k—1,T)
el + 1y ?
=N, )| —(k+1DC — (by Lemma 4.1).
If we write C = (k + 1)C’, then by our assumption C < 1 and we prove that

J y P12+ Nl 12
(dip, di) |+ Hdi_1 @, di_y )| = [, ¥r)| — C<# ,
and by Lemma 3.8, HY(X,7m)=H"X,7)=0. [l
Next, we will apply this theorem in the context of uniformly curved spaces:

Proposition 4.5. Let X, I be as above and « : (0, 1] — (0, 1] be a strictly monotone increasing function.
Fix1 <k <n—1. Ifthereis . < a~'(1/(2(k 4+ 1))) such that, for every T € X (k — 1, T"), the 1-skeleton
of X is a two-sided \-spectral expander, then H*(X, ) = 0 for every E € £Y°""d and every continuous

isometric representation w of I" on E.
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Proof. First, recall that, by Theorem 2.2, every [ € E;'C“Wed is reflexive. Second, by Corollary 2.12, for
everyt e X(k—1,T),

1 1
. —1
[(Az (I — M7)) @Idg || pe2(v,m: b)) < 20(A) <2 (05 (2(k+ 1)>> R

Therefore, the conditions of Theorem 4.4 are fulfilled and H*(X, ) = 0 for every continuous isometric
representation 7t of I on L. O

As a result of this proposition we deduce the following vanishing result for strictly Hilbertian spaces
that appeared in Corollary 1.4(1):

Corollary 4.6. Let X, I" be as above, 0 < 6y < 1 a constant. Define &, to be the smallest class of
Banach spaces that contains all strictly 6-Hilbertian Banach spaces for all 6y < 0 < 1 and is closed
under passing to quotients, subspaces, £>-sums and ultraproducts of Banach spaces. Fix 1 <k <n — 1.
If there is 0 < A < (1/(2(k + D)% such that for every T € X(k — 1,T) the 1-skeleton of X, is a
two-sided A-spectral expander, then H*(X, ) = 0 for every E € Eq, and every continuous isometric
representation w of I on E.

Proof. Corollary 2.8 states that &, C 85(;“323 Thus the assertion follows directly from Proposition 4.5. [J

Specializing this corollary to the case of vanishing of the L? cohomology of a group acting on a
2-dimensional simplicial complex yields:

Corollary 4.7. Let X be a locally finite, pure 2-dimensional simplicial complex such that all the links
of X of dimension > 1 are connected and I" be a locally compact, unimodular group acting cocompactly
and properly on X. Also let p > 2, 0 < A < 1/2P be constants. Assume that for every vertex {v} € X (0)
the 1-skeleton of X is a two-sided \-spectral expander. Then for every 2 < p’ < p, every space E that is
a commutative or noncommutative LP/-space and every continuous isometric representation w of " on E
it holds that H (X, ) = 0.

Proof. As noted above, for 2 < p < oo, every (commutative or noncommutative) L”-space is 6-Hilbertian
with 8 = 2/p. Thus applying Corollary 4.6 with k = 1,n =2 and 6 = 2/p gives the stated result.  [J

The conditions for Proposition 4.5 and Corollary 4.6 can be deduced for all 1 <k <n — 1, based only
on the 1-dimensional links of X. This is done via the following theorem [Oppenheim 2018, Theorem 1.4]:

Theorem 4.8. Let Y be a finite, pure -dimensional complex, where | > 2, such that (1-skeletons of’)
all the links of Y of dimension > 1 are connected (including the 1-skeleton of Y). Define my to be
the weight function on Y, Vy the vertices of the 1-skeleton of Y and Ay, My the operators associated
with the random walk on this 1-skeleton. Let —1 < k1 <0 < kp < 1/1 be constants such that for every
T € Y(I — 2) the spectrum of A; is contained in [k, k2] U {1}. Then the spectrum of the random walk
on the 1-skeleton of Y is contained in [k1/(1 — (I — Dk1), k2/(1 — (I — 1)k2)] U {1}. Equivalently, if
there are —1 < X1 <0 < Ay < 1 such that for every t € Y(l — 2) the spectrum of A; is contained in
A/ +d—DAry), /(A + U — 1) U {1}, then the spectrum of the random walk on the 1-skeleton of
Y is contained in [Ay, Ap] U {1}.
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Remark 4.9. In [Oppenheim 2018] this theorem is written in the language of spectral gaps of Laplacians,
but as noted above the translation to the language of random walks is straightforward.

Observation 4.10. Theorem 4.8 is not symmetric, as it may appear at first glance: while the upper bound
on the spectrum of Ay deteriorates as / increases, the lower bound actually improves as [ increases. In
particular, it is always the case that the smallest eigenvalue of the 1-skeleton of every graph is > —1.
Thus, in the above theorem we can always take k] = —1 and get that the spectrum of the random walk on
the 1-skeleton of Y is contained in [—1//, 1].

Using Theorem 4.8, we deduce a criterion for the vanishing of all the cohomologies:

Theorem 4.11. Let X be a locally finite, pure n-dimensional simplicial complex such that all the links
of X of dimension > 1 are connected and I" be a locally compact, unimodular group acting cocompactly
and properly on X. Also let « : (0, 1] — (0, 1] be a strictly monotone increasing function, 1 <k <n —1
and 0 < x <o~} (1/Q2(k +1))) be constants.

(1) If forevery t € X(n—2, I') the 1-skeleton of X is a two-sided A /(1+ (n—k—1)1)-spectral expander,
then H*(X, ) =0 for every [ € 50‘}'C”r"ed and every continuous isometric representation w of I’
on L.

2) If k<n—1/A and for every Tt € X (n—2, ') the 1-skeleton of X, is a one-sided )./ (1+ (n—k—1)1)-
spectral expander, then H*(X, ) = 0 for every E € 55'““6‘1 and every continuous isometric
representation t of T on [E.

Proof. Let1 <k <n—1landletne X(k—1,T). If weletY = X,, then Y is a pure (n—k)-dimensional
finite simplicial complex and, with the notation of Theorem 4.8,

1Ay (I — M)l Be2v,.m,) = 1AY L — My) |l p2vy my))-

Note that the 1-dimensional links of Y are also 1-dimensional links of X. We also note that for every
1€ X(m—2,T), X;is a graph and A, is the simple random walk on this graph.

(1) Assume that there is 0 < A < a~'(1/(2(k + 1))) such that for every T € X(n — 1, I') the 1-skeleton
of X, is a two-sided A/(1 + (n — k — 1)A)-spectral expander. Applying Theorem 4.8 yields that for
every n € X(k —1,T") the 1-skeleton of X, is a two-sided A-spectral expander and thus the conditions
of Proposition 4.5 are fulfilled and therefore H*(X, ) = 0 for every E € £°""d and every continuous
isometric representation 7w of I" on E.

(2) The proof is similar to case (1), but we use Observation 4.10 in order to bound the spectrum from
below. We leave the details to the reader. O

Applying the theorem above for strictly 6p-Hilbertian (with «(¢) = t%) immediately yields the following
corollary, which appeared in the Introduction as part of Corollary 1.4:

Corollary 4.12. Let X be a locally finite, pure n-dimensional simplicial complex such that all the links
of X of dimension > 1 are connected and T" be a locally compact, unimodular group acting cocompactly
and properly on X. Alsolet0 <0y <1, 1 <k<n—1, 0<x < (1/Q2(k + 1)))/% be constants. Define
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Ep, to be the smallest class of Banach spaces that contains all strictly 8-Hilbertian Banach spaces for all

0y < 6 < 1 and is closed under subspaces, quotients, £>-sums and ultraproducts of Banach spaces.

(1) If for every T € X (n — 2, ") the 1-skeleton of X, is a two-sided A/(1 + (n — k — 1)A)-spectral
expander, then H*(X, w) = 0 for every [ € &, and every continuous isometric representation T of
I'on L.

(2) If k<n—1/A and for every Tt € X (n—2, ') the 1-skeleton of X is a one-sided )./ (14 (n—k —1)1)-
spectral expander, then H*(X, w) = 0 for every E € &g, and every continuous isometric representa-
tionw of " on E.
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