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MARSTRAND-MATTILA RECTIFIABILITY CRITERION FOR
1-CODIMENSIONAL MEASURES IN CARNOT GROUPS

ANDREA MERLO

In this paper, we show that the flatness of tangents of 1-codimensional measures in Carnot groups implies
CQ'; -rectifiability. As applications we prove a criterion for intrinsic Lipschitz rectifiability of finite perimeter
sets in general Carnot groups and we show that measures with (2rn+-1)-density in the Heisenberg groups H”"
are C,-rectifiable, providing the first non-Euclidean extension of Preiss’s rectifiability theorem.

Introduction

In Euclidean spaces the following rectifiability criterion, known as the Marstrand—Mattila rectifiability
theorem, is available. It was first proved by J. M. Marstrand [1961] for m = 2 and n = 3, later extended
by P. Mattila [1975] to every m < n and eventually strengthened by D. Preiss [1987].

Theorem 1. Suppose ¢ is a Radon measure on R" and let m € {1, ...,n — 1}. Then the following are
equivalent:

(1) ¢ is absolutely continuous with respect to the m-dimensional Hausdorff measure H", and ¢-almost
all of R" can be covered with countably many m-dimensional Lipschitz surfaces.

(ii) ¢ satisfies the following two conditions for ¢-almost every x € R":
(@) 0 <O (P, x) <O™*(¢p, x) < 00.
(b) Tan,, (¢, x) S{AH"LV : A >0,V € Gr(n, m)}, where the set of tangent measures Tan,, (¢, x) is
introduced in Definition 1.24.

The rectifiability of a measure, namely that (i) of Theorem 1 holds, is a global property and as such it
is usually very difficult to verify in applications. Rectifiability criteria serve the purpose of characterizing
such global properties with local ones, which are usually conditions on the density and on the tangents
of the measure. Most of the more basic criteria impose condition (iia) and the existence of an affine
plane V (x), depending only on the point x, on which at small scales the support of the measure is
squeezed on around x. The difference between these various elementary criteria relies on how one defines
squeezed on; for an example see Theorem 15.19 of [Mattila 1995]. However, the existence of just one
plane approximating the measure at small scales may be still too difficult to prove in many applications
and this is where Theorem 1 comes into play. The Marstrand—Mattila rectifiability criterion says that
even if we allow a priori the approximating plane to rotate at different scales, the density hypothesis (iia)
guarantees a posteriori this cannot happen almost everywhere.
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It is well known that if a Carnot group G has Hausdorff dimension £, then it is (Q—1)-purely
unrectifiable in the sense of Federer; see for instance Theorem 1.2 of [Magnani 2004]. Despite this
geometric irregularity, in the foundational paper [Franchi et al. 2001], B. Franchi, F. Serra Cassano and
R. Serapioni introduced the new notion of Cé—rectiﬁability in Carnot groups; see Definition 1.34. This
definition allowed them to establish De Giorgi’s rectifiability theorem for finite perimeter sets in the
Heisenberg groups H".

Theorem 2 [Franchi et al. 2001, Corollary 7.6]. Suppose 2 € H" is a finite perimeter set. Then its
reduced boundary 9,2 is C Hiu,,-rectiﬁable.

It is not hard to see that an open set with smooth boundary is of finite perimeter in H", but there are
finite perimeter sets in H! whose boundary is a fractal from an Euclidean perspective; see for instance
[Kirchheim and Serra Cassano 2004]. This means that the Euclidean and Cé—rectiﬁability are not
equivalent.

The main goal of this paper is to establish a 1-codimensional analogue of Theorem 1 in Carnot groups.
Theorem 3. Suppose ¢ is a Radon measure on G. Then the following are equivalent:

() ¢ is absolutely continuous with respect to the (Q—1)-dimensional Hausdorff measure H3~), and
¢-almost all of G can be covered by countably many C é-surj‘aces.

(1) ¢ satisfies the following two conditions for ¢-almost every x € G:
(@) 0 <O2 (¢, x) <O 1%(¢, x) < c0.
(b) Tann_{(¢, x) is contained in M, the family of Haar measures of the elements of Gr(Q — 1), the
1-codimensional homogeneous subgroups of G.

While the fact that (i) implies (ii) follows from [Vittone et al. 2022, Lemma 3.4 and Corollary 3.6], for
instance, the reverse implication is the subject of this work. Besides the already mentioned importance for
the applications, Theorem 1 is also relevant because it establishes that Cé—rectiﬁability is characterized in
the same way as the Euclidean one, and this is the main motivation behind the definition of Z2-rectifiable
measures, given in Definition 4.5. Our main application of Theorem 3 is the proof of the first extension of
Preiss’s rectifiability theorem outside the Euclidean spaces, which is obtained by combining Theorem 3
with [Merlo 2022, Theorem 1.2]:

Theorem 4. Suppose ¢ is a Radon measure on the Heisenberg group H" such that for ¢-almost every
x € H", we have

¢(B(x,r))

2n+1 1
0<® (¢, x) '_rlg% antl ,

where B(x, r) are the metric balls relative to the Koranyi metric. Then ¢ is absolutely continuous with
respect to H*' T, and ¢-almost all of H" can be covered with countably many C Hfﬂ,l-re(gmlar surfaces.

Finally, an easy adaptation of the arguments used to prove Theorem 3 also provides the following
rectifiability criterion for finite perimeter sets in arbitrary Carnot groups. Theorem 5 asserts that if the
tangent measures to the boundary of a finite perimeter set are sufficiently close to vertical hyperplanes,
then the boundary can be covered by countably many intrinsic Lipschitz graphs.
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Theorem 5. There exists an eg > 0 such that if Q C G is a finite perimeter set for which

Wi(10Q2|gLB(x, 1), v B(x, 1))
Q
’

limsupd, ,(|02|g, M) := limsup inf

r—0 r—0 VvEM

< &G,
for |0Q2|g-almost every x € G, where W is the 1-Wasserstein distance, then |0Q2|g-almost all of G can
be covered with countably many intrinsic Lipschitz graphs.

Before giving an overview of the strategy of the proof, we briefly compare our setting to the Euclidean
one and explain why Theorem 3 is so hard won. For the sake of discussion, let us put ourselves in a
simplified situation. Assume E is a compact subset of a Carnot group G = (R", %) such that

() there exists an n; € N such that nl_lr’a_l <HIYENBx,r) < mrﬂ_1 for any 0 < r < diam(E)
and any x € E, and

(B) the functions x — d,, S(HETILE, M) converge uniformly to 0 on E as r goes to 0.

Proving that the set E is Cé-rectiﬁable is (roughly) equivalent to constructing a plane V € Gr(Q — 1) and
a V-intrinsic Lipschitz graph I such that 2~ (Py(E NT)) > 0, where intrinsic Lipschitz graphs are
introduced in Definition 1.36 and Py is the splitting projection on V introduced in 1.10. With this in
mind, it is easy to see that the difficulty one has to face when trying to prove Theorem 3 is twofold. On
the one hand intrinsic Lipschitz graphs are not Lipschitz in almost any sense of the word as their natural
parametrization is Holder continuous, both from the Euclidean and the intrinsic perspective. On the
other hand, splitting projections Py are just (intrinsic) Holder continuous maps. This latter complication
means that there is no a priori reason for which measure, or even dimension, should be preserved by the
projections or the parametrizations. This is indeed the case already in Heisenberg groups H", and for
further details we refer the reader to [Balogh et al. 2012; 2013].!

Unfortunately, the classical approaches to the proof of Theorem 1 all rely on the ideas H. Federer used
to prove his celebrated projection theorem, see for instance [Federer 1969, §3.3], and these arguments all
crucially exploit the fact that orthogonal projections are Lipschitz; see [De Lellis 2008; Mattila 1975; 1995;
Preiss 1987]. We remark that even in Carnot groups, in some particular cases and for high codimensions,
splitting projections are Lipschitz homomorphisms and thus the classical machinery works, although with
some highly nontrivial complications; see [Antonelli and Merlo 2022a; 2022b].

This unavoidable technical obstruction of the Holderianity of intrinsic Lipschitz graphs and of projec-
tions implies that, at low codimension, we need to seek a completely different approach. The first pillar
of the alternative approach we pursue is the observation, encapsulated in Proposition 1.18, that despite the
lack of metric regularity, one can still nicely control the measure of the projection of a 1-codimensional
set. The other will be combining the classical ideas from [Mattila 1975] with quantitative techniques of
[David and Semmes 1993a]. We present here a survey on the strategy of the proof of our main result,
Theorem 3, in the simplified hypotheses («) and (8) for E, that from now on should be considered
standing throughout the section.

10ne could attempt to use metric projections instead, however one quickly realizes that in some simple cases, like the
Heisenberg groups H", splitting projections and metric projections coincide.
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The cryptic condition (8) can be reformulated, thanks to Propositions 2.6 and 2.7 in the following
more geometric way. For any € > 0 there is a t(¢) > 0 such that for %2~ !-almost any x € E and any
0 < p < t(e) there is a plane V (x, p) € Gr(2Q — 1), depending on both the point x and the scale p, for
which

ENB(x, p) S {y € G:dist(y, x x V(x, p)) < ep}, (1)
B(y,ep)NE # 2 for any yeB(x, %p)ﬂx*V(x,,o). )

In Euclidean spaces if a Borel set E satisfies (), (1) and (2) it is said to be weakly linear approximable.2
The condition (1) says that at small scales E is squeezed on the plane x * V (x, p), while (2) implies that
inside B(x, p) any point of x x V (x, p) is very close to E; see Figure 1 on page 931.

Proposition 1 shows that if at some point x the set E has also big projections on some plane W, i.e.,
(3) holds, then around x the set E is almost a W-intrinsic Lipschitz surface.

Proposition 1. Let k > 1017% and o > 0. Suppose further that x € E and p > 0 are such that
(i) dygp(HI'LE, M) < o,
(i) there exists a plane W € Gr(Q — 1) such that

(p/ k)2 < HL LW (Pw (B(x, p) N E)), 3)

where Py is the splitting projection on W see Definition 1.10.

If k= and w are suitably small with respect to 1, there exists an o = (11, k, w) > 0 with the following
property. Forany z € EN B(x, p) and any y € B(x, lk,o) N E for which 10wp <d(z,y) < %k,o, we have
that y is contained in the cone zCyw (), which is introduced in Definition 1.13.

We remark that thanks to our assumption (8) on E, hypothesis (i) of the above proposition is satisfied
almost everywhere on E whenever p < t(w), where t(w) is suitably small and depends only on w. Let us
explain some of the ideas of the proof of Proposition 1. If the plane W is almost orthogonal to V (x, p)
(the element of Gr(Q — 1) for which (1) and (2) are satisfied by E at x at scale p), we would have that
the projection of £ on W would be too small and in contradiction with (3); see Figure 2 on page 931.

If the constants k~! and e are chosen suitably small with respect to 7; it is possible to show not only
that the planes V (x, p) and W are not orthogonal but that they must be at a very small angle indeed.
In particular, this means that inside B(x, p) the plane x * V (x, p) must be very close to x x* W. So
close in fact that it can be proved that £ N B(x, p) is contained in a 2wp-neighborhood Wy, of W.
This implies that z, y € Wa,,, and since W and V (x, p) are at a small angle, it is possible to show that
dist(y, zW) < 4wp. Furthermore, by assumption on y, z we have d(z, y) > 10wp and thus we infer that
dist(y, zW) < 5d(y, z). This implies in particular that y € zCW(g).

The second step towards the proof of the main result is to show that at any point x of E and for any
p > 0 sufficiently small there is a plane W, , € Gr(Q — 1) on which E has big projections.

2The reader might notice that our definition of weakly linearly approximable sets does not coincide with that which can be
commonly found in the literature; see for instance [Balogh et al. 2012, Definition 5.4], [De Lellis 2008, Section 5] and [Mattila
1995, Definition 15.7]. However, the assumption () on the AD-regularity of E makes our definition equivalent to all the others.
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A
xxV(x, p)

Figure 1. On the left we see that (1) implies that at the scale p the set E (collection
of blue wavy lines) is contained in a narrow strip of size 2¢p (shaded yellow) around
x % V(x, p). On the right we see that (2) implies that any ball centered on the plane
x * V(x, p) inside B(x, % p) and of radius €p (shaded yellow) must meet E.

Figure 2. The weak linear approximability of E implies that E N B(x, p) is contained
inside V,,,, an wp-neighborhood of the plane V (x, p). If V(x, p) and W (a red line) are
almost orthogonal, i.e., the Euclidean scalar product of their normals is very small, it can
be shown that the projection Py (E) on W of V,,, N B(x, p) has H2 ! _measure smaller
than (w,o)Q_l.

931
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Theorem 6. There is an 1, € N such that for H2 ™ -almost every x € E and p > 0 sufficiently small there
is a plane Wy , € Gr(Q — 1) for which

HY (Pw, ,(ENB(x, p)) 2, ' p7 7 @)
We now briefly explain the ideas behind the proof of Theorem 6. Fix two parameters 73 € N and @ > 0
such that w < 1/ nSQ(QH) and for which

By = B(8)0,01 MWy ), 03 ) S {y € BO, 1) : (y, n(We ) > o},
B_:=B, *820n§1 (U(Wx,p)_]) S{yeB(O,1):(y, (Wi, p)) < —o},

where the §; are the intrinsic dilations introduced in (5) and n(W, ,) € V; is the Euclidean normal of W, ,.
Thanks to assumption (1) on E, for any 0 < p < t(w) we have that

ENB(x, p) S{y € B(x, p) :dist(y, x * V(x, p)) < wp}.

In particular, thanks to the assumptions on 13 and w we infer that ENx6,B, =& = ENx§,B_. Let
Wy, :=V(x, p), and for any z € x4, B define the curve

Y. (1) = Zfszon;lt(n(wx,p)_] )s

as 1 varies in [0, 1]. The curve y, must intersect W, , at the point Py,  (z) since y,(1) € x3,B—, and as a
consequence we have the inclusion y, ([0, 1]) € Pv;ip (Pw, ,(2)). Since conditions (1) and (2) heuristically
say that E almost coincides with the plane x * W, , inside B(x, p) and it has very few holes, most of the
curves ¥, should intersect the set E too.

More precisely, we prove that if some y, does not intersect E, there is a small ball U, centered at some
q € E such that y, N U, # @. It is clear that, defining the set

F=£U ] U,

zexé, By
y.NE=2

we have Py, (x8,By) C Pw,,(F). So, intuitively speaking adding these balls U, allows us to close
the holes of E. An easy computation proves that H2~! (Pw,,(x6,By)) > Ty n3’3_1, and thus in order
to be able to conclude the proof of (4) we should have some control over the size of the projection of
the balls U,. This control is achievable thanks to (2) (see Proposition 2.27 and Theorem 2.28), and in

particular we are able to show that

’HQ—I(PWX_,( U UZ))gwrQ—l.

zexd, By
y.NE=2

This implies that E satisfies the big projection properties, i.e., (4) holds with 1, := 2773’3_1. This part of
the argument is rather delicate and technical. For the details we refer to the proof of Theorem 2.28.
The third step towards the proof of Theorem 3 is achieved in Section 2D, where we prove the following:

Theorem 7. There exists an intrinsic Lipschitz graph T such that H2~'(ENT) > 0.
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The strategy we employ to prove the above theorem is the following. We know that at 2~ !-almost
every point of x € E there exists a plane W, , such that HQ*I(PWW(E NB(x, p))) = nz’lpﬂfl. For any
x € E at which the previous inequality holds, we let Z be the points y € B(x, p) for which there is a
scale s € (0, p) for which W,  is almost orthogonal to W, ,. Choosing the angle between W, ¢ and W, ,
sufficiently big it is possible to prove that the projection of % on W, , is smaller than %172_ 1p2-1 This
follows from the intuitive idea that if y € %, the set ENB(y, s) is contained in a narrow strip that is almost
orthogonal to W, , inside B(y, s) and thus its projection on W, , has very small H2~I_measure. On the
other hand, Proposition 1.18 tells us that s9-1 LV (Pw, ,(ENB(x, p)\%)) < 2c(V)SQ_1 (ENB(x, p)\AB),
and this allows us to infer that there are many points z € B(x, p) N E for which W, ; is contained in a
(potentially large) fixed cone with axis Wy , for any 0 < s < p. This uniformity on the scales allows us
to infer thanks to Proposition 1 that £ N B(x, p) \ £ is an intrinsic Lipschitz graph.

Since the property () is stable for the restriction-to-a-subset operation and for the sake of discussion
we can assume that («) is also, Theorem 7 implies by means of a classical argument that 2~ !-almost
all of E can be covered with intrinsic Lipschitz graphs.

Therefore, we are reduced to seeing how we can improve the regularity of the surfaces I'; covering E
from intrinsic Lipschitz to C é. Since the blowups of H2~!_E are almost everywhere flat, the locality
of the tangents, i.e., Proposition 1.27, implies that the blowups of the measures H2~!LT; are flat as
well, where we recall that a measure is said to be flat if it is the Haar measure of a 1-codimensional
homogeneous subgroup of G. Furthermore, since intrinsic Lipschitz graphs can be extended to boundaries
of sets of finite perimeter, see Theorem 1.38, they have an associated normal vector field n;. Therefore, for
12 _almost every x € I';, the elements of Tang_; (HD*ILI}, x) are also the perimeter measures of sets
with constant horizontal normal n; (x); see Propositions B.12, B.13, and B.16. The above argument shows
that on the one hand the Tang_ (HQ_1 LI';, x) are flat measures and on the other if seen as the boundary of
finite perimeter sets, they must have constant horizontal normal coinciding with n; (x) almost everywhere.
Therefore, for 2! -almost every x € ENT;, the set Tann_ (H21.T;, x) must be contained in the
family of Haar measures of the 1-codimensional subgroup orthogonal to n;(x). The fact that ENTY is
covered with countably many C é—surfaces follows by means of the rigidity of the tangents discussed
above and a Whitney-type theorem, which is obtained in Appendix B with an adaptation of the arguments
of [Franchi and Serapioni 2016].

Structure of the paper

In Section 1 we recall some well-known facts about Carnot groups and Radon measures. Section 2
is divided in four parts. The main results of Section 2A are Propositions 2.6 and 2.7, which allow us
to interpret the flatness of tangents in a more geometric way. Section 2B is devoted to the proof of
Proposition 2.11, which is roughly Theorem 6. Section 2C is the technical core of this work and the
main result proved in it is Theorem 2.28, which codifies the fact that the flatness of tangents implies big
projections on planes. Finally, in Section 2D we put together the results of the previous three subsections
to prove Theorem 2.30, which asserts that for any Radon measure satisfying condition (ii) of Theorem 3,
there is an intrinsic Lipschitz graph of positive ¢-measure. In Section 3 we prove that measures with
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almost-flat tangents and which are asymptotically AD-regular are intrinsic rectifiable, and we will use
this in Section 4 to prove Theorem 4.2. In Section 4 we prove Theorem 4.1, which is the main result of
the paper, Theorem 4.2 and their consequences. In Appendix A we construct the dyadic cubes that are
needed in Section 2 and in Appendix B we recall some well-known facts about finite perimeter sets in
Carnot groups and intrinsic Lipschitz graphs whose surface measures have flat tangents.

1. Preliminaries

This preliminary section is divided into four subsections. In Subsections 1A and 1B we introduce the
setting, fix notations and prove some basic facts on splitting projections and intrinsic cones. In Section 1C
we recall some well-known facts on Radon measures and their blowups and finally in Section 1D we
introduce the two main notions of 1-codimensional rectifiable sets available in Carnot groups.

1A. Carnot groups. In this subsection we briefly introduce some notations on Carnot groups that we
will extensively use throughout the paper. For a detailed account on Carnot groups and sub-Riemannian
geometry we refer to [Serra Cassano 2016].

We recall that a positive grading of a Lie algebra g is a direct-sum decomposition g=V, @&V, P---d Vs,
for some integer s > 1, where Vy # 0 and [Vy, V;] C V;4 for all integers j € {1, ..., s} and where we
set Vy11 = 0. A positive grading is said to be a stratification if [Vy, V;] =V, forall j €{l,...,s}. We
also recall that the first layer V; of a stratification is usually referred to as the horizontal layer.

A Carnot group G of step s is a connected and simply connected Lie group whose Lie algebra g admits
a stratification g =V, @ Vo @ - - - @ V,. Throughout the paper we denote by n the topological dimension
of g, by n; the dimension of V; and by /; the number Z{Zl n;.

Furthermore, we let 77; : G — V; be the projection maps on the i-th layer of the Lie algebra V;. We
shall remark that more often than not, we will shorten the notation to v; := m;v.

The exponential map exp : g — G is a global diffeomorphism from g to G. Hence, if we choose a
basis {X1, ..., X} of g, any p € G can be written in a unique way as p =exp(p1 X1 +- -+ pnX,). This
means that we can identify any p € G with the n-tuple (p1, ..., p,) € R" and the group G itself with R"
endowed with x*, the operation determined by the Campbell-Hausdorff formula. From now on, we will
always assume that G = (R", x) and, as a consequence, that the exponential map exp acts as the identity.

The stratification of g carries with it a natural family of dilations §, : g — g, which are Lie algebra
automorphisms of g and are defined by

81V, - .o, v5) = (Avp, A%va, L, A Yy), (5)

where v; € V;. The stratification of the Lie algebra g naturally induces a grading on each of its homogeneous
Lie subalgebras b, that is,

hb=vinho---dV;Nh. (6)

Furthermore, note that since the exponential map acts as the identity, the Lie algebra automorphisms §;,
are also group automorphisms of G.
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Definition 1.1 (homogeneous subgroups). A subgroup V of G is said to be homogeneous if it is a Lie
subgroup of G that is invariant under the dilations §, for any A > 0.

Thanks to Lie’s theorem and the fact that exp acts as the identity map, homogeneous Lie subgroups
of G are in bijective correspondence through exp with the Lie subalgebras of g that are invariant under
the dilations §,. Therefore, homogeneous subgroups in G are identified with the Lie subalgebras of g
(that in particular are vector subspaces of R") that are invariant under the intrinsic dilations §,.

For any nilpotent Lie algebra b with stratification W; @ - - - @ Ws, we define its homogeneous dimension

N
dimpom(h) := Y i - dim(W;).
i=1
Thanks to (6) we infer that, if b is a Lie subalgebra of g, we have dimpom (h) := Zf: (i-dim(hNV;). Itis
a classical fact that the Hausdorff dimension® with respect to any left-invariant homogeneous metric (see
Definition 1.3) of a nilpotent, connected and simply connected Lie group coincides with the homogeneous
dimension dimyg,(h) of its Lie algebra. Therefore, the above discussion implies that if b is a vector
subspace of R" which is also an «-dimensional homogeneous subgroup of G, we have

N

o= i-dim(HNV;) =dimpon(D). ™)

i=1

Definition 1.2. Let Q := dimpon(g), and for any m € {1, ..., — 1} we define the m-dimensional
Grassmannian of (3, denoted by Gr(m), as the family of all homogeneous subgroups V of G of Hausdorff
dimension m.

Furthermore, thanks to (7) and some easy algebraic considerations that we omit, one deduces that for
the elements of Gr(2Q — 1) the following identities hold:

dm(VNV)=n —1 and dim(VNV;) =dim(V;), forany i=2,...,s. (8)
Thanks to (8), we infer that for any V € Gr(Q — 1) there exists a n(V) € V; such that
V=yveVd -V,

where 7 := {w € Vi : (n(V), w) = 0}. In the following we will denote by 91(V) the 1-dimensional
homogeneous subgroup generated by the horizontal vector n(V'). We shall remark that the above discussion
implies that the elements of Gr(2Q — 1) are hyperplanes in R” whose normals lie in Vj. It is not hard to
see that the converse holds too and that the elements of Gr($Q — 1) are normal subgroups of G.

For any p € G, we define the left translation 7, : G — G as

qt— 1pq ‘= p*x(q.

3For a definition of Hausdorff dimension, see for instance [Mattila 1995, Definition 4.8].
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As already remarked above, we assume without loss of generality that the group operation * is determined
by the Campbell-Hausdorff formula, and therefore it has the form

pxg=p+qg+2(p,q) forall p,qgeR",

where 2 =(21,...,2) R"xR" > V@ --- DV, and the 2;s have the following properties. For any
i=1,...,s and any p, g € G we have

(i) 2i(:.p.8.9) =2 2,(p, q),
(i) 2i(p,q) =—2;(—q, —p),
(i) 2y =0and 2;(p,q) =2Zi(p1, ..., Pi=1:q1, - - Gi—1)-

Thus, we can represent the product * more precisely as

pxqg=({Pi1+q, P2+ +22(p1,91), .-, Ps+qs +25(P1, .., Ps—1,q15 - - -+ Gs—1))-

Definition 1.3. A metric d : G x G — R is said to be homogeneous and left-invariant if for any x, y € G
we have

(1) d(,x, 8, y) =Ad(x, y) for any A > 0,
(i) d(z.x, t;y) =d(x, y) for any z € G.

Throughout the paper, if not otherwise stated, we will endow the group G with the following homoge-
neous and left-invariant metric:

Definition 1.4. For any g € G, we let

1/2 1/s
lgll := max{eilgil, 22l /2, ... €slgsl ),
where €] =1 and €, . . ., €, are suitably small parameters depending only on the group G. For the proof
that || - || is a left-invariant, homogeneous norm on G for a suitable choice of ¢y, ..., €, we refer to

Section 5 of [Franchi et al. 2003]. Furthermore, we define
d(x,y) =[x %yl

and let B(x,r) :={z € G:d(x, z) <r} be the open metric ball relative to the distance d centered at x at
radius 7 > 0.

Remark 1.5. Fix an orthonormal basis £ :={ey, ..., e,} of R” such that
ej €V;, whenever h; < j <hiy. 9)
From the definition of the metric d, it immediately follows that the ball B(0, r) is contained in the box

Boxg(0,r) :={peR":forany i =1,...,s whenever |(p, ¢;)| < ri/ei forany h; < j <hjy1}.
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Definition 1.6. For any 0 < o < £, we define the spherical Hausdorff measure to be the Carathéodory
completion of the exterior measure that acts on Borel sets A C G as

o0 o0
S¥(A) := igginf{z;r;" A C LJI B(xj,rj), rj < 8}.
j= j=

In the following definition, we introduce a family of measures that will be of great relevance throughout
the paper.

Definition 1.7 (flat measures). For any m € {1, ..., Q — 1} the set of m-dimensional flat measures 2t(m)
is defined as

M@m) ;= {AS™LV : for some A >0 and V € Gr(m)}. (10)

In order to simplify notation in the following we let 9t := 9 (Q — 1).

The following proposition gives a representation of (Q — 1)-flat measures, which will come in handy
later on.

Proposition 1.8. Forany V € Gr(Q—1) we have SR~V = =111V, where B :=H!7' (B(0, HDNV)
and B does not depend on V.

Proof. Let E :={z € G: (z1,n(V)) < 0} and let 0 E be the perimeter measure of E; see Definition B.4.
Either by direct computation or thanks to identity (2.8) in [Ambrosio et al. 2009], it can be proven that
dE =n(V)H" 'L V. On the other hand, since the reduced boundary 9*E = V of E is a C.-surface, see
Definition 1.34, thanks to Theorem 4.1 of [Magnani 2017] we conclude that

B -1, n(V)S2ILY = |9E|g = HY LV,

where B(| - ||, n(V)) := maxzeg(o,l)Hg’Jl(B(z, 1) N V). Since B(0, 1) is convex as a subset of R",
[Magnani 2017, Theorem 5.2] implies that

Bl 1, n(V)) =HAH(BO, HNV).

Finally note that the right-hand side of the above identity does not depend on V since B(0, 1) is invariant
under rotations of the first layer V. O

The above proposition has the following useful consequence:

Proposition 1.9. A function ¢ : G — R is said to be radially symmetric if there is a profile function
g : [0, 00) = R such that ¢(x) = g(||x||). For any V € Gr(Q — 1) and any radially symmetric, positive
function ¢ we have

f¢dSQ_1LV =0 - l)fsﬂ_zg(s) ds.

Proof. The thesis of the proposition is trivially satisfied for indicator functions of balls. The general result
follows by the monotone convergence theorem. O
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1B. Cones and splitting projections. For any V € Gr(Q — 1), the group G can be written as a semidirect
product of V and D(V), i.e.,
G=VxNV). (11)

In this subsection we adapt some of the results on projections from Subsection 2.2.2 of [Franchi and
Serapioni 2016] to the case in which splitting of G is given by (11).
Definition 1.10 (splitting projections). For any g € G, there are two unique elements Pyg € V and
Pfﬁ(v)g € M(V) such that
g = Pvg* Pu)g.
The following result is a particular case of [Franchi and Serapioni 2016, Proposition 2.17].

Proposition 1.11. For any V € Gr(Q — 1), we let

A28 =82 — 2ao(Ty g1, Ta(v)81)s

Aigi =g —2i(myg1, A28, ..., Ai—18i-1, Ta(v)&1,0,...,0), whenever i =3,...,s,
where myvyg1 = (g1, n(V)In(V) and wy g1 = g1 — wu(v)&1. With these definitions, the projections Py
and Py vy have the following expressions in coordinates:

Pyg=(myg1, A2ga, ..., Asgs) and Pyw)g = (Tav)81,0,...,0).
Furthermore, for any x, y € G, the above representations and the fact that V is a normal and homogeneous
subgroup of G imply:
(i) Py(xxy) =xxPyys* Puyx~ |,

(i) Py(v)(x *y) = Pyey)(x) * Poey) (¥) = Poy (x) + Py (3),
where here the symbol + has to be interpreted as the sum of vectors.

Remark 1.12. Throughout the paper the reader should always keep in mind that the projections Py are
not Lipschitz maps and, as stated in the introduction, this is the major source of the technical problems
we have to overcome in order to prove our main result, Theorem 4.1.

The splitting projections allow us to give the following intrinsic notion of cone:

Definition 1.13. For any o > 0 and V € Gr(Q — 1), we define the cone Cy («) as
Cv(a) :={weG: |[Puv)(w)| <o Py(w)l}.

The next proposition is very useful, since one of the major difficulties when dealing with geometric
problems in Carnot groups is that d(x, y) &~ |x — y|'/* if x and y are not suitably chosen. However,
Proposition 1.14 shows that if y ¢ xCy («), then d(x, y) is bi-Lipschitz equivalent to the Euclidean
distance |x — y|.

Proposition 1.14. For any x,y € G for which x~'y & Cy(a) for some @ > 0 and V € Gr(Q — 1), we
have
d(x,y) < Al)|mi(x"'y)|, where A(@) = (1+a™h).
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Proof. For any «, 8 > 0 define
Cla) := U (G\Cy(@)) and D(B):={x €G: x| < Blmi ()]}

VeGr(Q-1)
Now let us prove that C(«) € D(A(w)). For any w € C(«) there exists a W € Gr(Q — 1) such that
| Powy(w)|l > e|| Pw(w)|| and, in particular,

lwll < I Pw (w) | + 1| Porewy w) | < 1+~ || Prewy () | = (1 +a ™) | maewy (miw) | < (14+a ™|y (w)],

where the only identity in the equation above comes from the choice of the metric and Proposition 1.11.
This concludes the proof of the inclusion C(«) C D(A(w)).

Since x "'y & Cy (@), then x~'y € C(«) and hence d(x, y) = |x "'yl < (1 + Y |7 (x~'y)|, which
concludes the proof of the proposition. (]

The following proposition allows us to precisely quantify the distance of a point g € G from a plane
VeGr(Q—1).

Proposition 1.15. For any V € Gr(Q — 1) and any g € G we have dist(Pyv)g, V) = |mav) 81| and, in
particular, dist(g, V) = |mnv)g1l. In addition, for any g € G we have

Py (DI <2lgll- (12)
Proof. First of all, we note that
dist(Pnv)g, V) <d(Pnv)g, 0) = |t 81l, (13)

where the last identity above comes from Proposition 1.11 and the definition of the metric. In addition,
once again thanks to the definition of the metric, we have

dist(Py(vy(g), V) = 32‘f/||P9?(V)(g)71 * v > jg‘f/|—7fn(V)81 +vi| = vy &1l (14)

Putting together (13) and (14) we conclude the proof of the identity dist(Py(v)(g), V) = |mn(v)&1|. Thanks
to this, we conclude that

dist(g, V) = inf d(g, v) = inf d(Py g * Pnv)g, v)
veV veV
= inf d(Pnv)g, Prg™" xv) =dist(Pun)g, V) = Imuw)gil,
proving the second claimed identity. In order to conclude the proof of (12) we just note that
1Py (@1l = llg * Prvyg ™' I < gl + I Pnavygll = llgll + 1macnyg1] < llgll + g1l < 2llgll,

where the second identity above comes from the definition of the norm and Proposition 1.11. U

The following result is the analogue of [Franchi and Serapioni 2016, Proposition 2.12] where M :=V
and H :=2(V).

Proposition 1.16. For any V € Gr(Q — 1) and any g € G we have

30U Pxey gl +1Pvgl) < ligl < | Puevygll + 1l Pygll. (15)
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Proof. The right-hand side of (15) follows directly from the triangular inequality. Furthermore, thanks to
Propositions 1.11 and 1.15 we deduce on the one hand that || Pyv)(g) |l = |7av)(g1)| < llgll and on the
other that | Py g|| < 2||g||. The first inequality in (15) follows from combining these two inequalities. [

The following proposition allows us to estimate the distance of parallel 1-codimensional planes.

Proposition 1.17. Let x, y € G and V € Gr(Q — 1). Defining

dist(xV, yV) := max{sup dist(xv, yV), sup dist(yv, xV)},

veV veV

we have
(i) dist(xV, yV) =dist(x, yV) = dist(y, xV) = [7rav) (T1(x "' »)I,
(ii) dist(u, xV) <dist(u, yV) +dist(xV, yV), forany u € G.

Proof. For any v € V we have

1 1

dist(xv, yV) = 1‘1)161{/ dist(xv, yw) = ui}rg/al(x, yoy lxv IxTy)yw) = ui)rel{/d(x, yw) = dist(x, yV),

where the second last identity comes from the fact that v* := y~lxv~!
of the translation by v* on V. Therefore, we have sup,.y dist(xv, yV) = dist(x, yV) and thus by
Proposition 1.15 we infer that

x~'y € V and from the transitivity

dist(xV, yV) = max{dist(x, yV), dist(y, xV)} = max{|mav) (w1 (y "' %)), [7nevy Gr1 (x " y)) [}
= |y (T (x 7 y)) | = dist(x, yV) = dist(y, x V),

where the last identity comes from interchanging x and y and exploiting the symmetry of the definition
of dist(xV, yV). In order to prove (ii), let w* be the element of V for which dist(u, yV) = d(u, yw*)
and note that

dist(u, xV) = Uig‘t;d(u, xv) <d(u, yw") —i—&gf/d(yw*, xv) =dist(u, yV) —i-gg‘ljd(yw*, xv)
= dist(u, yV) +dist(yw™, xV) < dist(u, yV) +dist(xV, yV). O

The following result is a direct consequence of [Franchi and Serapioni 2016, Proposition 2.2]. The
bound (16) can be obtained with the same argument used by V. Chousionis, K. Fissler and T. Orponen to
prove [Chousionis et al. 2019, Lemma 3.6]. In particular, (16) will play the role of a surrogate for the
Lipschitzianity of projections. The proof is omitted.

Proposition 1.18. For any V € Gr(Q — 1) there is a constant 1 < c(V) < S2-1(B(0,2)NV) =: C; such
that for any p € G and any r > 0 we have

SV (Py(B(p, 1)) = c(V)r?7!
Furthermore, for any Borel set A C G for which S2~1(A) < oo, we have

S v (Py(A)) <2c¢(V)S21(A). (16)
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1C. Densities and tangents of Radon measures. In this subsection we briefly recall some facts and
notations about Radon measures on Carnot groups and their blowups.

Definition 1.19. If ¢ is a Radon measure on G, we define

¢ (B(x,r)) $(B(x,r))
rm rm ’

O (¢, x) :=1lim i(I)lf and ©™*(¢, x) :=limsup
r—

r—0

and say that © (¢, x) and ®"*(¢, x) are the lower and upper m-densities of ¢ at the point x € G,
respectively.

Definition 1.20 (weak convergence of measures). A sequence of Radon measures {1;};cn is said to be
weakly converging in the sense of measures to some Radon measure v if, for any continuous functions

[ram— [ rav

Throughout the paper, we denote such convergence with the symbol pu; — v.

with compact support f € C., we have

Definition 1.21. For any pair of Radon measures ¢ and v and any compact set K € G we let

F(¢. %) :=sup{‘/fd¢—/fd1/f':feLipﬂK)}, (17)
where LipT(K ) is the set of nonnegative 1-Lipschitz functions whose support is contained in K. Further-
more, if K = B(x, r), we shorten the notation to Fy (¢, ¥) := FB(Tr)(qb, v).

The next lemma is an elementary fact about Radon measures. We omit its proof.

Lemma 1.22. If ¢ is a Radon measure on G, for any x € G there are at most countably many radii R > 0
for which ¢ (0B(x, R)) > 0.

The following proposition allows us to characterize the weak convergence of measures by means of
the convergence to 0 of the functionals F.

Proposition 1.23. Assume that {i1;};icn is a sequence of Radon measures and let u be a Radon measure
on G. Then the following are equivalent:

1) wi = p.
(11) lim;— o0 Fx (i, ) =0 for any compact set K C G.

Proof. The proof can be achieved with an argument similar to the Euclidean one; see for instance [Preiss
1987, Proposition 1.11]. (|

Definition 1.24 (tangent measures). Let ¢ be a Radon measure on G. For any x € G and any r > 0, we
define T ,¢ to be the Radon measure for which

T, ,¢(B) =¢(x6,(B)), forany Borelset B C G.
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For any m € {1, ..., Q} define Tan,, (¢, x), the set of the m-dimensional tangent measures to ¢ at x,
as the collection of Radon measures v for which there is an infinitesimal sequence {r;};cn such that

ri " Ty rp — v.

Proposition 1.25. Let ¢ be a Radon measure, v € Tan,, (¢, x) and {r;};en an infinitesimal sequence
such that r; " Ty ;¢ — v. Then, if y € supp(v), there exists a sequence {z;}ien € supp(¢) such that
81/r, (x71z) = ».

Proof. A simple argument by contradiction yields the claim. The proof follows verbatim its Euclidean
analogue; see for instance the proof of [De Lellis 2008, Proposition 3.4]. 0

Proposition 1.26. Suppose ¢ is a Radon measure on G such that
0 <O (¢, x) <O™*(¢p,x) <oo, for ¢-almostevery x € G.

Then Tan,, (¢, x) = S for ¢p-almost every x € G.

Proof. This is an immediate consequence of the local uniform boundedness of the rescaled measures
Ty r¢ together with the compactness of measures. See Proposition [Preiss 1987, Proposition 1.12]. [J

The following result is the analogue of [De Lellis 2008, Proposition 3.12], which establishes the
locality of tangents in the Euclidean space. This proposition is of capital importance since it will ensure
that restricting and multiplying a measure with flat tangents by a density will yield a measure still having
flat tangents.

Proposition 1.27 (locality of the tangents). In the hypothesis of Proposition 1.26, for any nonnegative
p € L'(¢) we have Tan,,(p¢, x) = p(x) Tan,, (¢, x) for ¢-almost every x € G.

Proof. First of all, let us note that ¢ is locally asymptotically doubling. Indeed,

. ¢(B(x,2r)) _ . ¢(B(x,2r)) 2"r"
lim sup ———— < limsup
r>0 @ (B(x,r)) r—0 @rym ¢(B(x, 1))
2"O™ (¢, x)
<— """ <00,
- 0%(9.x)

Thanks to [Heinonen et al. 2015, Theorem 3.4.3], we know that the Lebesgue differentiation theorem
holds for ¢; see [Heinonen et al. 2015, page 77]. In particular, the argument that proves the equivalent of

for ¢-almost every x € G. (18)

this result in Euclidean spaces, see for instance the aforementioned [De Lellis 2008, Proposition 3.12],
can be applied verbatim to ¢. U

Proposition 1.28. Suppose ¢ is a Radon measure supported on a compact set K such that for ¢-almost
every x € G we have

0< 02 (¢, x) <O (¢, x) < 0.

Then, forany ¥, y €N, the set E®(9, y):={x e K : 0~ 'r2 1 <¢p(B(x, r)) <0r?~! forany 0<r <1/y}
is compact.
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Proof. Since K is compact, in order to verify that E? (1, y) is compact, it suffices to prove that it
is closed. If E®(®9, y) is empty or finite, there is nothing to prove. So, suppose there is a sequence
{xiYien € E®(V, y) converging to some x € K. Fix an 0 < r < 1/y and assume that § > 0 is so small
that » + 8§ < 1/y. Therefore, if d(x, x;) < and r — d(x, x;) > 0, we have

9 r —d(x, x)¥ < P(B(xi,r —d(x,x:))) < ¢(B(x, 1))
<P(B(xi,r +d(x,x;)) < (r +d(x, x,)"
Taking the limit as i goes to 0o, we see that x € E?(¢, y). O

Proposition 1.29. With the hypothesis of Proposition 1.28, for any ¥, y, i, v € N, the set
&y, (. v) = {x € E°W, y): (1 = 1/m$(B(x, 1) < p(B(x,r)NE?(®, y)) forany 0 <r < 1/v}
is compact.

Proof. If é"g)’ , (i, v) is empty or finite, there is nothing to prove. Furthermore, since by Proposition 1.28
we know that the sets E? (19, y) are compact, in order to prove our claim it is sufficient to show that
5$V(M, v) is closed in E? (¥, y). Take a sequence {y;};en € é”gfy (i, v) converging to some y € E?(%, y).
FixanO<r <1/vandaé € (0, %) and let ig(§) € N be such that for any i > iy(5) we have d(y, y;) < ér.
These choices imply that

(A =1/ (BGi, r —2d(y, i) < ¢(B(yi, r —2d(y, y)) NE? (@, y)) < p(B(y,r) NE®(®, y)).

Note that the sequence of functions f;(z) := X B(y;,r—2d(y.y;)) (2) converges pointwise ¢-almost everywhere
to X B(y,r)(z). This is due to the fact that, for any i > i(5), on the one hand we have supp(f;) € B(y, r)
and on the other the functions f; are equal to 1 on B(y, (1 — 3§)). Thus, the dominated convergence
theorem implies that

(A =1/w¢(B(y.r)) = lim (1 = 1/)¢(B(yi.r = 2d(y. yi))) = p(B(y.r) N E*@,y)).

Since r was arbitrarily chosen in (0, 1/v), this shows that y € &, (i, v), concluding the proof. Il

Proposition 1.30. With the hypothesis of Proposition 1.28, for any 0 < € < % there are ¥y, Yo € N such
that for any ¥ > vg, y > yo and € N thereis av = v(¥, y, u) € N such that

PR\ &Y, (1. 1)) < € (K). (19)

Proof. The proof is an elementary application of the Lebesgue differentiation theorem that can be found
in [Heinonen et al. 2015, page 77]. O

The following result allows us to compare the measure ¢ when restricted to E? (19, y) with the spherical
Hausdorff measure. Since the proof is a well-known application of the Lebesgue differentiation theorem
that can be found in [Heinonen et al. 2015, page 77], of [Franchi et al. 2015, Theorem 3.1] and the mutual
absolute continuity of the spherical and centered Hausdorff measures, see for instance [Franchi et al.
2015], we choose to leave it to the reader.
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Proposition 1.31. Let ¢ be a Radon measure and suppose further that there are 0 < §; < §, < 00 such
that
81 <O (¢, x) <O™*(p,x) <8, for ¢p-almostevery x € E.

Then §|S™LE < ¢pLE < 5,2"S™L_E and in particular, for any 0, y € N, we have
9TISTTIEY (W, y) S $LEY @, y) < 9277 STTILEY @, ).

The following result will be used in the proof of the very important Proposition 2.4. It establishes the
natural request that if a sequence of planes V; in Gr(Q — 1) converges in the Grassmannian to some plane
V € Gr(Q—1) (i.e., the normals converge as vectors in V), then the surface measures on the V; converge
weakly to the surface measure on V.

Proposition 1.32. Suppose that {V (i)}ien is a sequence of planes in Gr(Q — 1) such that n(V (i)) - n
for some n € V. Then there exists a V € Gr(Q — 1) such that n(V) =n and S2~'LV (i) — S2-I_V.

Proof. For any continuous function of compact support, f € C., we have thanks to Proposition 1.8 that

lim deQ_l\_V(i)—/deQ_lLVz_lim ,3—1<fdegu—lLV(i)—/deg;lLv)=o, (20)

i—00
where the last identity comes from the fact that H, 1LV (i) — HE L. O

1D. Rectifiable sets in Carnot groups. In this subsection we recall the two main notions of rectifiability
in Carnot groups that will be extensively used throughout the paper. First of all, let us recall the definitions
of horizontal vector fields and horizontal distributions.

Definition 1.33. Let ¢y, ..., e,, be an orthonormal basis of V| with respect to the Euclidean scalar
product. Foranyi =1,...,n; and any x € G we let X;(x) := 9;(x x 5;(e;))|;=0 and say that the map
X; : G=ZR" — R”" so defined is the i-th horizontal vector field. Furthermore, we define the horizontal
distribution of G to be the following n-dimensional distribution of planes in R":

HG(x) :=span{X(x), ..., X,, (x)}.

Finally, for any open set 2 in G we denote by C(l) (Q, HG) the sections of HG of class C! with support
contained in €.

The definition of regular surfaces we are about to give is reminiscent of the characterization of smooth
surfaces in the Euclidean spaces through the local inversion theorem. Heuristically speaking, a C é—surface
is a set that is transverse to HG and whose sections with HG are C'-surfaces.

Definition 1.34 (Cé—surfaces). We say that a closed set C € G is a Cé—surface if there exists a
continuous function f : G — R such that C = f~!(0) and whose horizontal distributional gradient
Ve f :=X1f...., Xpn, f) can be represented by a continuous, never-vanishing section of HG.

Remark 1.35. Thanks to [Serra Cassano 2016, Corollary 4.27], if C is a Cé—regular surface, then S2~!.C
is o -finite.
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The second notion of regular surface we give in this subsection is inspired by the characterization of
Lipschitz graphs through cones.

Definition 1.36 (intrinsic Lipschitz graphs). Let V € Gr(Q — 1) and E be a Borel subset of V. A function
f 1 E— (V) is said to be intrinsic Lipschitz if there exists an o > 0 such that for any v € E we have

gr(f) :=={wf(w):weE} Cvf)Cy(a).

A Borel set A C G is said to be a V-intrinsic Lipschitz graph, or simply an intrinsic Lipschitz graph, if
there is an intrinsic Lipschitz function f : E C V — (V) such that A = gr(f).

Proposition 1.37. Suppose E is a Borel subset of G and assume there is a plane W € Gr(Q — 1) and an
o > 0 such that for any w € E we have E C wCy (). Then E is contained in an intrinsic Lipschitz graph.

Proof. Thanks to the assumption on E, for any w;, w, € E we have wl_lwg € Cw(a). This implies
that for any v € Py (E) there exists a unique w € E such that Py (w) = v, otherwise we would have
wl_lu)z e N(W).

Let f : Pw(E) — (V) be the map associating every w € Py (E) to the only element in its preimage
Pu_,l(w). With this definition we have that the set gr(f) :={vf(v) :v € PVT,I(E )} coincides with E and
this shows that f is an intrinsic Lipschitz function since gr(f) € vf (v)Cw () for any v € E. O

The following extension theorem is of capital importance for us:

Theorem 1.38 [Vittone 2012, Theorem 3.4]. Suppose V € Gr(Q—1) and let f : E — N(V) be an intrinsic
Lipschitz function. Then there is an intrinsic Lipschitz function f : V — (V) such that f(v) = f(v) for
anyv € E.

The following result is an immediate consequence of Theorem 1.38:
Proposition 1.39. If f : E €V — (V) is an intrinsic Lipschitz function, then S2~'_gr(f) is o -finite.

Proof. Theorem 1.38 together with [Franchi and Serapioni 2016, Theorem 3.9] immediately implies that
S 1(gr(f)N B(0, R)) < oo for any R > 0. ]

From the notions of Cé—surfaces and of intrinsic Lipschitz surfaces rise the two following definitions
of rectifiability:

Definition 1.40. A Borel set A C G of finite S2~'-measure is said to be
1) Cé—rectiﬁable if there are countably many C é—surfaces I'; such that
s2-1 (A U r,-) =0,
ieN
(i) intrinsic rectifiable if there are countably many intrinsic Lipschitz graphs I'; such that
sa-1 (A (U F,-) =0.
ieN
The following proposition is an adaptation of the well-known fact that Borel sets can be written in an
essentially unique way, as the union of a rectifiable and a purely unrectifiable set.
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Proposition 1.41 (decomposition theorem). Suppose .F is a family of Borel sets in G for which S2~'.C
is o -finite for any C € 7. Then, for any Borel set E C G such that S2~'(E) < oo, there are two Borel
sets E*, E" C E such that

(i) E*UE" =E,

(i) E" is contained in a countable union of elements of %,
(iii) ST (E*NC) =0 forany C € Z.
Such a decomposition is unique up to S~ -null sets, i.e., if F* and F" are Borel sets satisfying the three
properties listed above, we have SYE'AF) =S Y(E*AF") = 0.
Proof. The proof follows verbatim the argument of [De Lellis 2008, Theorem 5.7]. g
Corollary 1.42. For any Borel set E C G such that s-1 (E) < 00, there are two Borel sets E¥, E" C E
such that

(i) E*UE" =E,

(i) there are countably many intrinsic Lipschitz functions f; : Vi = MU(V;), where V; € Gr(Q — 1), whose

graphs cover S2~-almost all of E,

(i) S2~1(E*NC) =0 for any C-intrinsic Lipschitz graph.
Proof. Thanks to Proposition 1.39 we know that every intrinsic Lipschitz graph is S2~!-o -finite. If we
choose .# in the statement of Proposition 1.41 to be the family of all intrinsic Lipschitz graphs of G, we
get two sets E* and E” whose union is the whole set E, such that E* has S -1 pull intersection with

every intrinsic Lipschitz graph and E, can be covered by countably many graphs of intrinsic Lipschitz
functions f; : E; € V; — 91(V;). The conclusion follows from Theorem 1.38. Il

2. The support of 1-codimensional measures with flat tangents is intrinsic rectifiable

Throughout this section we assume ¢ to be a fixed Radon measure on G whose support is a compact set K
and such that for ¢-almost every x € G we have

(H1) 0 < 027 (¢, x) < ©271%(¢, x) < 00,

(H2) Tang_;1(¢p, x) € 9, where 91 is the family of 1-codimensional flat measures from Definition 1.7.
The main goal of this section is to prove the following:

Theorem 2.1. There is an intrinsic Lipschitz graph " such that ¢ (I') > 0.

The strategy we employ in order to prove Theorem 2.1 is divided into four parts: First of all in
Section 2A we show that hypotheses (H1) and (H2) on ¢ imply that for ¢-almost any x € K and r > 0
sufficiently small, there is a plane V, , for which K as a set is very close in the Hausdorff distance to V.
In Section 2B we prove that if K N B(x, r) has a big projection on some plane W, then W is very close
to V, , and there exists an o > 0 such that for any y, z € B(x, r) N K for which d(y, z) > dist(W, V, ,)r,
we have z € yCw (). Section 2C is the technical core of this section, and its main result, Theorem 2.28,
shows that for ¢-almost any x € K we have that the set B(x, r) N K has a big projection on V, . Finally,
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in Section 2D, making use of the results of the previous subsections, we construct the wanted ¢-positive
intrinsic Lipschitz graph.

2A. Geometric implications of flat tangents. In this subsection we reformulate the hypothesis (H2) on
¢ in more geometric terms. In order to obtain such a reformulation, we need a way to pass from the
purely pointwise information on the flatness of tangents to a more local understanding of the measure ¢
at small scales. In the following Definition 2.2, we introduce two functionals on Radon measures that
will be used for this precise objective. These functionals can be considered the Carnot analogue of the
functional d( -, M) of Section 2 of [Preiss 1987].

Definition 2.2. For any x € G and any r > 0 we define the functionals

Fo (9, 0871 xV - F, (¢, 08271 v
dor@ = nf L@ V) and Ao M= ne L@ L2V)

0>0 ro >0, zeG rQ
VeGr(Q-1) VeGr(Q-1)

’

where F, , was introduced in (17).
In the following proposition we summarize some useful properties of the functionals d, , and cix,r.
Proposition 2.3. The functionals d; (-, M) and d (- M) satisfy the following properties:
(i) Forany x € G, k > 0 andr > 0, we have dy i (¢, M) = do,k(r*(Q*I)Tx,,q&, om).
(ii) For any r > 0, the function x > d (¢, M) is continuous.
(iii) Foranyx,y € Gandr,s > 0 for which B(y, s) C B(x, r), we have (s/r)Qciy,s((p, M) < cix,,(qb, ).
@iv) For any x € G and any s <r, we have (s/r)de,s (¢, M) <d, (¢, M.

Proof. 1t is immediate to see that f belongs to LipT(B (x, kr)) if and only if there isa g € Lip]L(B 0, k))
such that f(z) = rg(81,,(x~'z)). This implies that

#(/qus—@ffdsﬂleV)

1
:W( / 8B/ (x712)dp(2) - © / g<81/r<x—1z))dsﬂ—1LxV)

1 Ty, -
:k—ﬂ(/g(z)er’_(?(z)—®fg(z)d$Q 1LV),

and this concludes the proof of (i). To show that the map x +— d, (¢, 9) is continuous, we prove the
following stronger fact. There exists a constant C depending only on G such that for any x, y € G with
d(x,y) <1 we have

2(r +2)d(x, y)'/*
s

s ($, M) —dy (¢, M| < C(G) ¢(B(x,r+d(x,y))). 1)

In order to prove (21), for any € > 0 we let ®* > 0 and V* € Gr(Q — 1) be such that

Ty,
/fd g_‘f’—@)*/fdsﬂ—hv*
r

<dy, (¢, M) +e, forany f eLip(B(O,1)).
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Furthermore, by definition of d, , we can find an f* € Lipf(B(O, 1)) such that
T,

/ f*d g"’f - OF / frds?Lv,|.
-

This choice of f*, ®* and V* implies that

dir(¢, M) —€ <

dx,r(¢a m) - dy,r((pv i)ﬁ)

Ty . Ty _
<|[| f*d P g fHdSvE — || frd=2 ¢ _o fHdSRTILVH| 426
Fa-1 Fa-1
o Terd o Tt - \ . , _
< /f d—5 —/f d—gor|+2e<r @ ‘)flf S1/r (™ w)) = f*G1yr (v ) dp(w) + 2¢

Sr_Q/ d(x_lw,y_lw)d¢(x)+2e
B(x,r+d(x,y))

<r 2 d@. ) +CG) (A0, ) +de, y) TV Fd@, )T, y)!7))
X @(B(x,r+d(x,y))) +2e,
where the last inequality comes from [Franchi and Serapioni 2016, Proposition 2.13] together with the

constant C(G). Interchanging x and y, the bound (21) is proved thanks to the arbitrariness of €. Finally,
statements (iii) and (iv) follow directly from the definitions. Il

The following proposition allows us to rephrase the rather geometric condition on ¢, the flatness of the
tangents, into a more malleable functional-analytic condition that is the ¢-almost everywhere convergence
of the functions x +— d (¢, 901) to 0. We omit the straightforward proof.

Proposition 2.4. Assume 1 is a Radon measure on G such that 0 < @2~ (u, x) < oo for pw-almost every
x € G. Then the following are equivalent:

(1) limy— o dy kr (£, M) = 0 for p-almost every x € G and any k > 0.

(i) Tang_1(u, x) M for p-almost every x € G.
Notation 2.5. Throughout Section 2 we let 0 < &1 < 11—0 be a fixed constant. Proposition 1.30 yields two
natural numbers ¥, y € N, that from now on we consider fixed, such that ¢ (K \ E? (9, y)) < e1¢(K).

We can assume without loss of generality, again thanks to Proposition 1.30, that ¢ and y have the further
property that for any u > 449 there is a v € N for which

SR\ &Y, (1. 1)) < 16 (K).
For future convenience, we define n := 1/ and let

1 HQ+1(1 _ n)Dz—l
24(Q+1)y’ (329)2+!

3G (¥) :=min

Eventually, if d, ,(¢LE? (9, ), M) +d,. (¢, M) < & for some 0 < § < 8 (), we define IT5(x, r) to be
the subset of planes V € Gr(Q — 1) for which there exists a ® > 0 such that

Fer(GLE? (8, y), O8I xV) + Fy (¢, O8I xV) < 28,2 (22)
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The following two propositions are the main results of this subsection. They are so relevant since they
give a more geometric interpretation of the condition we call flatness of the tangents and in particular tell
us that E? (¢, y) is in essence a weakly linearly approximable set. For a discussion on how this will play
a role in the proof of the main result of this work, we refer to the Introduction.

Proposition 2.6. Let x € E? (9, y) be such that c?x,, (¢, M) <6 forsome $ <dbg(¥) and0<r <1/y. Then,
forevery V e Gr(Q — 1) for which there is a z € G and a ® > 0 such that Fy (¢, OS82 7v) <25r2
we have

sup dist(w, x V) < 22H3/Qp 1R . 0, (91812

weE? (D, y)NB(x,r/4) r

Proof. Since g(w) := min{dist(w, B(x, r)), dist(w, zV)} belongs to LipT(B(x, r)), we deduce that

25r92/g(w)d¢(w)—®/g(w)dSQ_l\_ZV=/g(w)d¢(w)z[ min{1r, dist(w,zV)}d¢ (w).

B(x,r/2)

Suppose that y is a point in B(x, r/4) N E®(®, y) furthest from zV, and let D = dist(y, zV). If D > %r,
this would imply that

26r3 > / min{3r, dist(w, zV)} d(w)
B(x,r/2)
re

> / min{1r, dist(w, zV)} dp(w) > Lro(B(y, 1)) = Tl
B(y,r/16)

which is not possible thanks to the choice of §. This implies that D < %r and as a consequence, we have
28r2 > / min{3r, dist(w, V) } de (w)
B(x,r/2)
> / min{12r, dist(w, zV)} dp (w) > 1 D¢ (B(y, 1D)) = 9! (D)7, (23)
B(y,D/2)

where the second inequality comes from the fact that B(y, 3 D) € B(x, 3r). This implies, thanks to (23),

that
sup V) D puiagiazia _ ey )stR,

weE? (9,y)NB(x,r/4) r r
Furthermore, since x € E? (99, y), we also infer that dist(x, zV)/r < %Cg(ﬁ)(Sl/ 2 Therefore, thanks to
Proposition 1.17, we conclude that

dist(w, xV dist(w, zV) +dist(xV, zV
sup distw, xV) _ sup S, V) distrV, 2 )SCz(ﬁ)fsl/Q- O

weE?(9,y)NB(x,r/4) r weE®(9,y)NB(x,r/4) r

Proposition 2.7. Let x € E?(9, y) and 0 < r < 1/y be such that for some 0 < § < 8g() we have
dyr (@, M) +dy (GLE? (9, ), M) < 6. (24)

Then for any V € Tls(x, r) and any w € B(x, %r) NxV we have E® (9, y) N B(w, SU/@Q+D #+ Q.



950 ANDREA MERLO
Proof. By the definition of I1s(x, r) (see Notation 2.5), for any V € I1s(x, r), where here we choose
§:= 2*’32*’382, there exists a ® > 0 such that

Fe (¢, 082 xV) + Fy  (¢LE? (9, ), ST LxV)
0
.

<26. (25)
Therefore, defining g(x) := min{dist(x, B(0, 1)°), n}, we infer that
97 (1 =m I r? —Onr? < nrg(B(x, (1 —mr) —nroSI ' LxV(B(x, r))
< [ ey, ) do@) -0 [ rgGy, (12 ds ey <260,

where the last inequality above comes from (25) and the fact that rg(; /r(x_l 2) € Lipf(B(x, r)).
Simplifying and rearranging the above chain of inequalities we infer that

O=9 11—t —28/n >0 A -t =21 - 17927,

where the first inequality comes from the choice of § and the last equality from that of n = 1/9); see
Notation 2.5. Since the function Q — (1 — I/D)D_1 is decreasing and limg_, oo (1 — I/D)D_1 =1/e, we
infer that ® > %ﬁe. Suppose that §1/Q+D < ) < % and assume that we can finda w € xV N B(x, %r)
such that ¢ (B(w, Ar) N E? (9, ¥)) = 0. This would imply that

©r(1—ma~ 124
= OnarSTILxV(B(w, (1 — n)Ar))

< @/krg((S]/M(wlz)) dSQfll_xV(Z)

=0 / g (w™'2) dSI Lk V (2) — f g1 (w™'2)) dgLE? (9, ¥)(2) <2857, (26)

where the inequality on the middle line is a consequence of the fact that, thanks to the precise choice
of g, we have g = n on B(0, 1 — n), whereas the last inequality comes from the choice of ®, V, the fact
that )»rg(&l/kr(w_l ) € Lip;r (B(x, r)) and the constraint on dLE® (9, y) given by (25). Thanks to (26),
the choice of A and the fact that }Lezﬁ‘ < O, we have that

§9/(Q+1)
— (1= <@ - <25,
4ed
However, a few algebraic computations that we omit show that the above inequality chain is in contradiction
with the choice of § < §g(¢). O

2B. Construction of cones complementing supp(¢) in case it has big projections on planes. This
subsection is devoted to the proof of Proposition 2.11, which tells us that if the measure ¢ is well
approximated inside a ball B(x, r) by some plane V and if there exists some other plane W on which
the S2~'-measure of the projection Py (supp(¢) N B(x, r)) is comparable with 2, then at scales
comparable with r the set supp(¢) N B(x, r) is a W-intrinsic Lipschitz surface. In other words, we can



MARSTRAND-MATTILA RECTIFIABILITY CRITERION FOR MEASURES IN CARNOT GROUPS 951
find an o > O such that
y € zCw () whenever y, z € B(x,r)Nsupp(¢) and d(z,y) > r.

Before proceeding with the statement and the proof of Proposition 2.11, we fix some notation that will
be extensively used throughout the rest of the paper.

Notation 2.8. Throughout this paragraph we assume that i is a Radon measure on G supported on a
compact set K such that 0 < @f‘l(w, x) < @Q_l’*(w, x) < oo for Y-almost every x € G and that o € N
is a fixed positive natural number. First of all, let us define the following two numbers:

0(0):=27%"2 and N(o):=|—4log(l(0))] +40(Q+ 1).
Secondly, we let

C3(0) :=2%(n; — HCa(0)?, Cy(0) : =20,
Cs5(0) := C4(0)(32¢(0) ™), Cg(o) 1= 22108 C4(@)/Q=D+N(©@)+6 (5) =2,

Finally, we introduce six further new constants that depend only on o. Although we could avoid giving
an explicit expression for such constants, we choose nonetheless to make them explicit for the following
reasons: First of all, having their values helps keep their interactions in proofs under control, getting more
precise statements. Secondly, fixing these constants once and for all, we avoid the practice of choosing
them large enough when necessary. In doing so we hope to help the reader not to get distracted with the
problem of whether these choices were legitimate or not.

For the sake of readability, we choose not to make the dependence on o of the numbers N, ¢ and the
constants Cy, ..., Cg explicit in the following. In addition, in the forthcoming definitions, we choose to
suppress any dependence on o in the right-hand side of the expression. We let:

i 2log, Cy Tlog2—2log¢
A ::2 1 C C , | ,— =2t
(1) o(o) max{ 0g(Ce) + Cs LN(Q—I)J Niog2 2
(i) k(o) :=80N T8 2A3(1 +€%N45) and 0 < R <2 (VHID2
229-n— 18[81—[
iii eG(0) :=minj2%, j=2 i }
" o { (Agk)2-1C2

where S is the constant introduced in Proposition 1.8, the n; are the topological dimensions of the
i-th layer, V;, of the Lie algebra g and the ¢; are the structure constants used to construct the metric;
see Definition 1.4;

, 56 . k — 20 1 249
@iv) &z(o) :=min T3
4 " (20C3C3Apk)(1+36kR™1)" 20C2k” 2A2C3 + 240k CyCyeBV 40

with 8¢ = 85(0) and C = C»(0);
1
222C2C2(AgCe) 1

v) &3(0) =
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Since in the rest of Section 2 we make extensive use of the dyadic cubes whose existence is stated in
Appendix A, we recall here some of the notation. For any £, r € N for which ¥ (EY (9, y)) > 0, we
denote by AY (&, 7) the family of dyadic cubes relative to ¥ and to the parameters £ and 7 yielded by
Theorem A.2. Furthermore, for any compact subset « of E V(&, ) and I € N we let

Aw(K;é, 7,l):={0 € A‘”(E, T):QNk#J and Q € A}ﬁ(é, t) for some j > 1},

where A}/f (£, 7) is the j-th layer of cubes; see Theorem A.2. Finally, for any Q € AV (EV (£, 7); &, 1, 1),
we define

a(Q) := de(g). 2k diam 0 (¥, M) + de0) 2k diam 0 (WLEV (£, T), M),

where ¢(Q) € Q is the center of the cube Q; see Theorem A.2 (v).
Eventually, we recall for the reader’s sake some standard nomenclature on dyadic cubes: for any pair
of dyadic cubes Q1, Q; € AV (&, 1),
(1) if Q1 C Q», then Q is said to be an ancestor of Q1 and Q; a subcube of Q»,
(i1) if @, is the smallest cube for which Q1 C O, then Q> is said to be the parent of Q1 and Q the
child of Q5.

Notation 2.9. If not otherwise stated, in order to simplify notation throughout Section 2 we will always
denote by A := A? (49, ) the family of dyadic cubes constructed in Theorem A.2 relative to the measure ¢,
which was fixed at the beginning of this Section, and to the parameters ¢ and y, fixed in Notation 2.5.
Furthermore, we let

E®,y):=E*®,y), &u,v) = éiffy(u, v) and Ak, 1) =A% 9, v, D).
Finally, if the dependence on o of the constants introduced above is not specified, we will always
assume that o = ¢}, where once again ¢ is the one natural number fixed in Notation 2.5.

Remark 2.10. For any compact subset « of E (19, y), we let M(k, ) be the set of maximal cubes of A(k, )
ordered by inclusion. The elements of M («, [) are pairwise disjoint and enjoy the following properties:

(i) For any Q € A(k, ) there is a cube Qg € M(«k, [) such that Q C Q.
(i) If Qg € M(«k,1) and there exists some Q' € A(k, [) for which Q¢ € Q’, then Q¢ = Q.
The proof of the following proposition is inspired by the argument employed in proving [David and

Semmes 1993b, Lemma 2.19] and its counterpart in the first Heisenberg group H' [Chousionis et al. 2019,
Lemma 3.8].

Proposition 2.11. Let ¢ € N be such that 1 > N 15+ log,(4k)), and suppose that Q is a cube in
A(E(9, y), ) satisfying the two following conditions:
(i) deg) 4k diam 0 (PLE (D, ), M) +de(0) 4k diam 0 (¢, M) < 2.
(ii) There exists a plane W € Gr(Q — 1) such that
diam Q9!

S w(p QN E®, . 27
4C52A0’3‘1 < (Pwle(@Q) (O @, v (27)
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Letx e E(0,y)NQandy € B(x, %(k — 1) diam Q) N E (W, y) be two points for which
Rdiam Q <d(x, y) <2N*%:~2R diam Q. (28)
Then, for any a > (§28@/(6 23N R)) T = a, we have y € xCw ().
Remark 2.12. Thanks to the definition of R and k, we have
INFO p =2 R o QIN+6) r=2 H=(N+1D) £ 2p %k < %(k —1).

This implies that B(x, 2" 6 2R diam Q) € B (x, %(k — 1) diam Q), and thus the requested inequality
d(x,y) = Rdiam Q is compatible with the fact that y is chosen in B(x, §(k — 1) diam Q).

Proof of Proposition 2.11. Suppose by contradiction there are two points x, y € E (¢, y) satisfying the
hypothesis of the proposition such that y & xCw () for some o > . This implies, since the cone Cyy ()
is closed by definition, that we have 7y (x~'y) # 0. Furthermore, Proposition 1.14 along with (28) yields

diam Q < R7'd(x, y) < R7'A(@)|mi(x7'y)| < RTTAM|m 7'y = 2R N x 7yl (29)

where the last inequality comes from the fact that A (the function yielded by Proposition 1.14) is decreasing
and from the last identity from the very definition of the function A. Let p := diam(Q) and note that
Proposition 2.3 (iii) and the fact that B(x, 4(k — 1)p) € B(c(Q), 4kp) imply that

e 4—1)p (@ M) + dy ak—1)p (PLE (D, ¥), M)

ko2 - .
< ((k — 1)) (de(0).4kp (B ) + de(0) arp (BLE (D, ¥), M) < 27,
In addition, we also have that 4(k — 1)p < 1/y; indeed,
4k —1)p =4k — 1)diam(Q) <4k —1)- 27N/ < 1/y,

where the first inequality above comes from Theorem A.2 and the last one from the choice of «.
Therefore, thanks to Proposition 2.6 and the fact that 2Q82 < ég(?), we infer that there exists a plane

V € Gr(Q — 1), that we consider fixed throughout the proof, such that
dist(w, xV
sup M < 2C28;/Q. 30)
weE®,)NB(x,k=1)p) 4k —1)p

Since y € E(¢, y) N B(x, (k—1)p), we deduce from (30) that
dist(y, xV) < 8(k — 1)Caes/ Fp. (31)

In this paragraph we prove that if there exists a point v € V such that v; # 0 and |7 (Pwv)| < 6vy]
for some 0 < 6 < 1, then

[(n(V), n(W))| <6/v'1—62. (32)
We note that the assumptions on vy imply that

[u1]* — (n(W), v1)* = |v1 — (W), v)(W) > = |mpv |2 = |71 (Pwo)* < 6% u |2, (33)
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where 7y is the projection in V| onto W N V; that was defined in Proposition 1.11. By means of a few
omitted algebraic manipulations of (33), we conclude that /1 — 82|v;| < |(n(W), v)|. Finally, since
(n(V), v1) =0, thanks to (33) and the Cauchy—Schwartz inequality, we have

Olvi| = [ty v, (V)| = [{vr — (n(W), vi)n(W), n(V))|
= [(n(W), v1) (n(V), n(W))| = V1 =02|v1|[{(n(V), n(W))]. (34)
It is immediate to see that (34) is equivalent to (32), proving the claim.

Given x,y € E(®, y) and V, W € Gr(Q — 1) as above, in this paragraph using the counterassumption
x~ 'y & Cy () we construct a v € V with vy # 0 that satisfies the bound || (Pyv)| < @|v;| for a suitably
small 8. Since y € xCw (o), thanks to Proposition 1.11 we have

71 (Pw ()] < I1Pw ' DI < @ Pagwy (7 )l = (W), 1 )| < @ Hm (e ).
Defined v to be the point of V for which d(y, xv) = dist(y, xV), thanks to (31) and the fact that
y € B(x, %(k— 1),0) we have

lvll < dxv, y) +d(y, x) <dist(y, xV) + L ((k = 1)p) < (8C2ey™ + L)kp < (k= 1)p,

where the last inequality comes from the choice of &;. Furthermore, thanks to (29) and (31) we have

1)cv)|

1Rp < (AR —8Cakey ) p < Imi(x ') —d(y, xv) < [m (6~ ) = I (3™
<|mG"y) = m oy x)| = vl (35)

and where the first inequality above, comes from the choice of ;. Let us prove that v satisfies the
inequality
|71 (Pyv)| < 4R™'k(16C3/ 2 + 26N ¢ 2671 vy . (36)

Since x ™'y & Cw (), thanks to Proposition 1.11 we have

1771 (Pw (V)] < |71 (Pw (v) — 1 (Pw (x " )| 4 |71 (Pw (x ' )|
< |1 (Pw (' xo) [+ | Pw (x| < 1 (Pw ™ xv)) |+~ Poewy (1) Il
<1Pw( ' xv)| +a m Ty < 1Pw (T xv) | + 25TV e 2 Ra T p, (37)

where the last inequality of the last line above comes from (28). Proposition 1.15 together with (31), (35)
and (37) implies that

37 _ o - N
1 (Pw )| < 1Pw(y " xv) | +2°TV ¢ 2R p < 2]y~ xv| + 27N ¢ Ra
(€2))
= 2dist(y, xV) + 25N 2Ra " p < (16Co(k — 1es/ 2 + 20N e 2R p
(35)
< 4R7'k(16Ces Y 4+ 20N £ =267 ) )| =: (e, £2)|v1 . (38)

Thanks to the choice of the constants o, €7, R and k together with some elementary algebraic computations
that we omit, it is possible to prove that /1 — 0 (a, £2)% > % Since |1 (Pw (v))| < 0(a, &2)|m1(v)], we
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deduce thanks to (32) that
0(a, €2)

V1—0(a, &)?

Let us take a step back and let us examine what we have shown so far. Starting from the absurd
Ix € Cw(e) we have shown that there is a nonnull v € V with |7, (Pwv)| < 0(e, £2)|v].
This can be alternatively read as the fact that the normals n(V) and n(W) of V and W respectively are

[(n(V), n(W))| < =20(a, £2). (39)

hypothesis y~

almost orthogonal. However, one should expect this orthogonality to be incompatible with (27).
Let us prove that (39) is in contradiction with (27). Choose some z € B (x, %(k -1 p) NE(W, y) and
note that
|((V), 1 (Pw (x " 2) = [(0(V), 0y (21 — x1))

< [(m(V), z1 —x)) [+ [(n(V), waw) (21 —x1))]
< [(n(V), z1 —x)) |+ [{(n(V), n(W)) | [{z1 — x1, n(W))]
< 1 Puyy ') 1+ d (x, D) [(n(V), n(W))|
=dist(z, xV) +d(x, 2)|(n(V), n(W))|, (40)

where the last identity comes from Proposition 1.15. Inequalities (30), (39), (40) and the choice of z
imply that
4 40)
|(n(V), mi(Pw(x™ " 2)))| =< dist(z, xV) +d(x, 2)[(n(V), n(W))]
(30),(39)
< 8Cokes U p +20(at, £2)d(x, 7) <8Cakes U +20(e, ex)kp. (A1)

Furthermore, defining n := my (n(V)), it is immediate to see from (39) that |n —n(V)| <20(«, €3), which
yields thanks to the triangular inequality and Proposition 1.15 the bound

[(n, T (Pw (x ' 2))| < [(n(V), T (Pw (x "' 2))| + In— n(V)| |71 (Pw (x " '2))|
< V), T (Pw(x "2+ In—n(V)[[| Pw(x ' 2)|
@1 1/9 1/9
<" (8Cake,’" p +26(a, £2)kp) + 46 (at, e2)kp < 8(Cae,' " +36(a, £2))kp. (42)
For the sake of notation, we introduce the set
S:={weW:|(nw)| <8(Caes +30(c, £2))kp}.

The bound (42) implies that the projection of x'E®, y)NB (O, %(k —1) ,0) on W is contained in S, which
is a very narrow strip around V N'W inside W. Furthermore, we recall that from Proposition 1.15 we have

Py (B(0, §(k—1)p)) € B(0,2- £ (k — 1)p). (43)
Finally, putting together (42) and (43), we deduce that

Py (x""E®,y)NB(0, §(k— 1)p)) € Pw(x "E@, ¥)) N Py (B(0, (k — 1)p))
cSNB(0, 3(k—1)p). (44)
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Completing {n(W), n} to an orthonormal basis £ := {n(W), n/|n|, es, ..., e,} of R" satisfying (9), thanks
to Remark 1.5 we have
SN B(0,2-5(k—1)p) € SNBoxe (0, 1kp). (45)
The above inclusion together with Tonelli’s theorem yields
HE W (Pw (x"E@, y) N B(0, §(k—1)p)))
<HL W W(SNB(0, 2(k—1)p)) < HL' W (S NBoxg (0, 3kp))
N
= 16(Caey™ +30(@, ek - 2" 2 [ [ ™ (hko)
i=2
A
= 2" 2 T 67 (Caey™ +360/(e, £2) (k)27 (46)
i=2
The inclusion (44), the bound (46), Proposition 1.8 and the definition of Ag finally imply that
STLW(Py(x'E@, y) N B(0, Lk —1)p)))
<SILW(SNB(0, Lkp)) = B~ MW (SN B(0, 1kp))

s
< B2 2B €7 (Cagy ™ + 30 (@, £2) (k) 2!
i=2
=2710C5 25 Ay TV (Caey T +30(@, £2))p 2, 47)

where 8 is the constant introduced in Proposition 1.8 and where the last identity comes from the definitions
of eg and Ag; see Notation 2.8. Furthermore, since SQ_II_W(PW(p *x E) = SQ_I\_W(PW(E)) for any
measurable set E in G, see for instance the proof in [Franchi and Serapioni 2016, Proposition 2.2], we
deduce that

STLW(Pw(x'E®, y)NB(0, 1k — 1)p)))

=S¥ W(Pw («(Q ' E®, y) N B((Q)'x, §(k = 1)p))).
Thanks to the choice of k and the fact that x € Q, we infer that B(0, p) € B(c(Q)'x, §(k — 1)p).
Together with (27), this allows us to deduce that

STLW(Pw(x'E®@, y)NB(0, 1k — 1)p)))
—1

>SN W (P (c(Q) T E®, y)NB(0, p)) > STILW (P (c«(Q) " (E®, y)NQ))) > (48)

e
4C2AF
Putting together (47) and (48) we conclude that

6 < (Cr6s/ 2 +30(a, £2)) = Cres/ 2+ 12R'k(2Co8)/ 425N ¢ 2071y,

The choice of ¢, and o imply, with some algebraic computations that we omit, that the above inequality
is false, showing that the assumption y &€ xCw («) is false. We have reached a contradiction, proving the
proposition. O
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2C. Flat tangents imply big projections. We recall that the measure ¢ is supposed to be supported on a
compact set K and that for ¢-almost every x € G we assume that 0 < ®§*1(¢, x) < ®Q*1’*(¢, X) < o0
and Tang_1 (¢, x) € 9. This subsection is devoted to the proof of the following result, which asserts
that hypothesis (ii) of Proposition 2.11 is satisfied by the measure ¢ E (3, y).

Theorem 2.13. There exists a compact subset C of E (¥, y) having big measure inside E (9, y) such that
for any cube Q of sufficiently small diameter for which (1 —e3)¢(Q) < ¢p(Q N C), there exists a plane
I1(Q) € Gr(Q — 1) such that

diam Q2!
Q-1
2A5

S§ N (Prg)(QNO)) >

The compact set C will be constructed in Proposition 2.14 while the scale below which the thesis of
Theorem 2.13 is known to hold will be determined in Lemma 2.16 together with the plane IT(Q). The
reader can find the precise statement of the above result in Theorem 2.28.

In the following it will be useful to reduce to a compact subset C of E (1, y) where the distance of ¢
from planes is uniformly small below a fixed scale.

Proposition 2.14. For any p > 41, there exists a v € N, a compact subset C of &(u, v) and an 1p € N
such that

(1) ¢(K\C) <2e1¢(K),
(i) dy.atr (@, M) +dyarr (PLE®, ), M) <27V ey forany x € C and any 0 < r <270N+5/y,

Proof. Since by assumption Tang_1 (¢, x) C N for ¢-almost every x € G, thanks to Proposition 2.4 we
infer that the functions f (x) := dy a1 (¢, ) converge ¢-almost everywhere to O on K as r goes to 0.
Thanks to Proposition 1.27, the same line of reasoning implies also that f,ﬂ’y (x) :=dx akr (PLE (D, ), IN)
converges ¢-almost everywhere to 0 on E (9, y). Proposition 2.3 and Severini—-Egoroff’s theorem yield
a compact subset C of &(u, v) such that ¢ (E (¢, y) \ C) < e1¢(E (¥, y)) and such that the functions
X = dy akr (@, M) 4+ dy ar (PLE (D, ), 9N) converge uniformly to 0 on C as r goes to 0. This directly
implies both (i) and (ii) thanks to the choice of ¥ and y. O

Notation 2.15. From now on we consider the integer yu > 4C40 and the compact set C and the natural
numbers v and 1y yielded by Proposition 2.14 to be fixed. Furthermore, we define ¢ := max{ig, v}.

The following lemma rephrases Propositions 2.6 and 2.7 into the language of dyadic cubes.

Lemma 2.16. For any cube Q € A(C,t) we have a(Q) < &). Furthermore, there exists a plane
I1(Q) € Gr(Q — 1) for which

@ sup dist(w, c(QI(Q) _ Crel/2

: < and
weE(9,y)NB(c(Q),k diam 0/2) 2k diam Q

(i) for any w € B(c(Q), Lk diam Q) Nc¢(Q)TI(Q) we have E(9, y) N B(w, 3kCae) ™" diam Q) # .
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Proof. Let Q € A(C, 1), fix an x € Q N C and define p := diam Q. Thanks to Proposition 2.14 we know
that

dy 4t (. ) + dy air (PLE (D, ), M) <27 Ty, (49)

for any r <27*N*+3/y,_ Thanks to Theorem A.2 (ii) we have that p <27*¥*+3/y and thus by Proposition 2.3

we infer that 2
de(0) 245 (9 M) < 2% 41 (@, M) <27 e,

- (50)
de0) 2 (PLE @, ), M) < 224, 41p (PLE(D, 1), M) <2 Vg,

The bounds in (50) together with Proposition 2.6 imply that «(Q) < 2_92“82 < eé.

The proof of the second part of the statement is a little more delicate. Since C is a subset of &, (1, v),
thanks to the choice of i and ¢, by Proposition A.5 we have that ¢(Q) € E(9, y)N B(x, p). Let us choose
T1(Q) € Ms(x, 2kp), where § := 2~2'~2 and note that Propositions 1.17 (i), (ii) and 2.6 imply that for
anyw e E(@, y)N B(%kp) we have

dist(w, ¢(Q)V) < dist(w, xV) +dist(xV, ¢(Q) V) = dist(w, x V) +dist(¢(Q), x V)
<2-2kp- Cr2~ Y01/ < 2kp . 27 el (51)

where the last inequality comes from (49). This concludes the proof of (i).
Let us move to the proof of (ii). For any V e I15(x, 2kp) and any w € B(O, lk,o) NV, we define

w* = x"e(Q)w Pyvy (¢(Q) ' x) = Py (e(Q) ') T Py (c(Q) ') T w Py (e(Q) ') e V.
With a few computations that we omit, it is not difficult to see that
d(c(Q)w, xw*) = || Puy) (€(Q) ™ x) || = dist(c(Q), xV) < 2~ @ DkpCrel/, (52)

where the second identity follows from Proposition 1.17 and the last inequality from the second last
inequality in (51). Thanks to the definition of w*, the triangle inequality, Proposition 1.15 and the fact
that d(¢(Q), x) < p, the norm of w* can be estimated as

lw* [l < 21 Pueyy («(Q) ™0 + 1Py (e(@) ™ ) | + lwll < 20 +2p + 3kp < kp. (53)
Thanks to inequalities (49) and (53) and Proposition 2.7, we infer that
B(xw*, 2kp - 272/ YN E®, y) £ 2.
Finally, since 21-9 C,, thanks to (52) we conclude that
E®,y) N Bc(Q)w, 3kpCaed TV 2 E®, y) N Bxw*, 2kp - 272l D) £ &, O

The arguments we will use in the rest of the subsection to prove Proposition 2.18 through Theorem 2.28
follow from an adaptation of the techniques found in Chapter 2, §2 of [David and Semmes 1993a]. The
first of such adaptations is the following definition, which is a way of saying that two cubes are close
both in metric and in size terms:
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Definition 2.17 (neighbor cubes). Let A := 4A(2) and let Q; € Af,(z?, ) be two cubes with j = 1,2.4 We
say that Q1 and Q, are neighbors if

dist(Q1, @2):=  inf d(x,y) < A(diam @y +diam Q>) and [ij —iz| < A.
x€Q1,y€0 @O (In

Furthermore, in the following (for the sake of notation), for any Q € A(C, t) we let

n(Q) :==n(I1(Q)),

where TT(Q) € Gr(Q — 1) is the plane yielded by Lemma 2.16.

Finally, two planes V, W € Gr(Q — 1) are said to have compatible orientations if their normals
n(V), n(W) € V) are chosen in such a way that (n(V), n(W)) > 0. By extension, we will say that two
cubes Q1, Q> € A(C, 1) have compatible orientations themselves if I[1(Q1) and I1(Q;) are chosen to
have compatible orientations.

Proposition 2.18. Suppose that Q; € Af;(z‘}, y) for j =1, 2. Then the following hold:
(1) If Qg is the parent of Q», then Q1 and Q, are neighbors.

(1) If Q1 and Q, are neighbors for any nonnegative integer k < min{iy, i}, then their ancestors
Ql € A?} (W, y) and Qz € A;’;k(ﬁ, y) are neighbors.

(i) If Q1, Q2 € A(E(W, y), 1) are neighbors, then |log(diam Q/ diam Q,)| < 2AN.
Proof. Let us prove (i). Since Q> C Q1, we have that (I) of Definition 2.17 follows immediately. On the
other hand, since Q; is the parent of Q,, Proposition A.4 implies that

iy —ia] < [21l0og, C4/N(Q—1)] + 1 <4Aj = A,

where the second inequality comes from the choice of A (see Notation 2.8) and this proves (II) of
Definition 2.17. In order to prove (ii), we first note that |(i; — k) — (i — k)| = |i1 —i2| < A and secondly
that

dist(Q1, 02) < dist(Q1, Q1) < A(diam Q 4 diam Q,) < A(diam Q; 4 diam Q).

In order to prove (iii), we just need to note that thanks to Theorem A.2 (ii), (v) we infer that

diam 0, | _ 2-Nitt5 /,, (Nlia —i1| +6)log2 —2log ¢ <log(Ce) < 8AIN =2AN
og — og——— | = ip—1 og2—2lo 0 = ,
gdiam 0, = g (22-Ni—1 [y, 21 g g¢ =10g(Le) =04y
where the two last inequalities come from the choice of Cg and Ay. Il

Remark 2.19. If O € A(C, ¢) then ¢(Q) € E (¢, y) thanks to the choices of u and ¢ in Notation 2.15 and
Proposition A.5.

Remark 2.20. Note thatif Q1, Q> € A(E (9, y), 1) are neighbors, Proposition 2.18 (iii) implies that
e 24N diam 0, <diam Q; < 24N diam 0.

4The symbol A(./)_ (9, v) denotes the i;-th layer of dyadic cubes; see Theorem A.2.
y i 14 j y y
j
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Remark 2.20 explicitly tells us that if two cubes Q;, O, € A(C, t) are neighbors, then they have
comparable diameters which are in turn comparable with the distance of their diameters. The information
we have on the measure, by means of Lemma 2.16, tells us that ¢ is well approximated by two planes
V| and V; inside the balls By := B(¢(Q1), kdiam(Q1)) and B; := B(c(Q>), k diam(Q»)), respectively.
However, since we have chosen k in such a way that £k > A ~ dist(¢c(Q1), ¢(Q»))/ diam(Q), the balls
B and B; have a big overlap while having approximately the same size. Hence, the planes V; and V, are
in essence approximating the same portion of the measure and as a consequence they must be almost the
same plane. This heuristic argument is formalized in the following:

Proposition 2.21. Suppose that Q1, Q> € A(C, t) are two neighbor cubes. Then
(1= C3ey 2 = (1 =22y = DTy T2 < |n(Q1), n(Q)].
Proof. Thanks to the definition of k, we have
A(diam Q; + diam Q») < 2A max{diam Q, diam Q»,} < }Lk max{diam Q1, diam Q»,}.

Without loss of generality we can assume that diam O, < diam Q. Therefore, since the cubes Q; and Q>
are supposed to be neighbors, we deduce that

dist(Q1, Q2) < A(diam O, +diam Q) < 3k diam Q. (54)
This implies that for any z € Q, we have
dist(z, @2) < diam Q1 + inf dist(y, Qo) = diam @, +dist(Q1, @2)
< (3k+1)diam Q| < (3k — 1) diam Q. (55)

Inequality (55) implies that for any z € Q; we have Q, € B(z, sk diam Q). This, together with
Lemma 2.16 (i), implies that for any w € E (3, y) N O, we have

dist(w, ¢(Q)TI(Q1)) < 2Cye4/ Tk diam Q. (56)

We now claim that B, := {u € G : dist(u, Q2) < 2—10k diam 0>} € B(c(Qy), %k diam Q). In order to
prove this inclusion, let # € B, and note that
dist(u, ¢(Q1))
=< ing (du, w)+d(w, «(Q1)) < ing d(u, w) +diam Q; +dist(Q1, Q2) +diam 0
wer we?
< Jkdiam Qs +diam Q| + dist(Q1, Q1) +diam Qs < 5(3k +20) diam @ < Lk diam 0, (57)
ueB;

where the second last inequality comes from (54) and the assumption that Q; is the cube with the biggest
diameter. Inequality (57) concludes the proof of the inclusion B, C B(c(Ql), %k diam Q 1). The inclusion
just proved, together with Remark 2.20, the fact that O, O, € A(E (¥, ), t) and Lemma 2.16 (i), implies
that for any u € E(, y) N By we have

dist(u, «(QTI(Q1)) < 2Ces Tk diam Q) < 2C2e*N e}/ W diam Q5. (58)
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Furthermore, thanks to Remark 2.19 we have ¢(Q») € B, N E (¥, v). Therefore, by Proposition 1.17 for
any u € B, N E(Y, y) we conclude that

dist(u, c(Q2)I1(Q1))
< dist(u, c(QDTI(Q1)) +dist(c(Q2)TI(Q1), c(Q1)IT(Q1))

— dist(, (O)TI(01)) + dist(c(02). «(ODNTI(0)) = 4C,e*N 46}V diam Q. (59)

Thanks to Lemma 2.16 (ii), we deduce that for any y € B (c(Qz), %k diam Qz) Nc(Q2)IT(Q>7) there exists

some w(y) in E(9, y) N B(y, 3kCaes’ ™ diam Q,). Since by definition &, < ((k — 20)/20C2k) 2+,
we have

dist(w(y), Q2) < pieng d(w(y), y) +d(y, c«(Q2)) +d(c(Q2), p)
2
< 3kCrey/ Ot diam Q5 + sk diam Q5 + diam Q5 < Lk diam Q», (60)

where the last inequality comes from the choice of k. Inequality (60) implies that w(y) € By, and thanks
to (59) we infer that
di 2NA _1/9,
ist(w(y), «(Q2)T1(Q1)) <4Cre™ "¢, "k diam Q.

Summing up, for any y € B(c(Qz), %k diam Qz) Nc(@2)II(Q»2), we have
dist(y, c(Q@2)I1(Q1)) <d(y, w(y)) +dist(w(y), c(Q2)I1(Q1))
< 3Cye)/ @ Vk diam 0, +4C2e*V 46} Wk diam Q,
< (3C, +4C,eN A}/ QAN Q4D Giam 0, < 6Coe5/ T Vk diam Q,, (61)

where the last inequality comes from the choice of ¢; and a few elementary algebraic computations that
we omit. Furthermore, inequality (61) and Proposition 1.15 imply that

[(T1(c(Q2) ™ 3), 1(Q D) = || Pagoy (€(Q2) ' y) [l = dist(y, «(Q2)TT(Q1)) < 6Cey’ TPk diam 0,. (62)

Suppose {v;}i=1,...n,—1 are the orthonormal vectors of the first layer V| spanning the orthogonal comple-
ment of n(Q») inside Vi, and let y; := ¢(Q2)8k diam 0,/80(vj). Then, from inequality (62), we deduce that

ni—1 I
B 2+ Yy = 2, N Hm(e(@) 7). n(@)I*
L=1(n(Q1), n(Q2))| +;|<vj,n<Q1>>| = (n(Q1). n(Q))| +; 0y Ly)onie
=< |<n(Q1), H(Q2)>|2+220(n1 _ 1)C228§/(Q+1) 0

Proposition 2.22. Let Q1, Q, € A(C, t) be neighbor cubes and suppose that T1(Q1) and T1(Q>), the
planes yielded by Lemma 2.16, are chosen with compatible orientations. Then

In(Q1) —n(Q2)] < 2¢/Cae/ D, (63)

Furthermore, denote by Ql and Qz the parent cubes of Q1 and Q», respectively, and assume that the
planes H(Ql) and TI( Qz) have compatible orientations with T1(Q1) and T1(Q>), respectively. Then the
[1(Q;) have compatible orientations if and only if the planes T1 (Q,') do.
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Proof. Since Q| and Q> are neighbors and have compatible orientations, by definition, (n(Q;), n(Q»2)) >0
Thanks to Proposition 2.21 we infer that

n(Q1) —n(Q2) > =2 —2(n(Q1), n(Q2)) <2 —2(1 — C3e/ T2 <2 /Cye)/ D,

and (63) is proved. Let us move to the second part of the proposition. Thanks to Proposition 2.18, the
pairs Q1 and Qz, 01 and Ql, and Q> and Q2 are neighbors as well. Therefore Proposition 2.21 implies
that

(n(Q1), n(Q2)) = (n(Q1), n(Q2)) + (n(Q1) — n(Q1), n(Q2)) + (n(Q1), n(Q2) — n(Q2))

> (1— C38§/(D+1))1/2 —4 /C38;/(D+1) > 11_0

Conversely, if H(Ql) and H(Qz) have the same orientation, the same line of reasoning yields that the
planes I1(Q1) and IT1(Q,) have compatible orientations as well. Il

Proposition 2.23. It is possible to fix an orientation on the planes {I1(Q) : Q € A(C, t)} in such a way
that

n(Q1) —n(Q2)] < 1,

whenever Q1, Q> € A(C, 1) are neighbors and are contained in the same maximal cube Qg € M(C, 1),
where the set M(C, t) was introduced in Remark 2.10.

Proof. Suppose Q; € A‘fl_ (¢, y) fori =1, 2, and assume without loss of generality that j; < j,. Fix the
normal of the plane I1(Qp), and determine the normals of all other planes [1(Q) as Q varies in A(C, )
by demanding that the orientation of the cube Q is compatible with that of Q, its parent cube.

If Q1 = Qo, let us consider the finite sequence {Qi}izl,_,,, m of ancestors of O, for which Ql = 0>,
Q m = Qp and such that Qi+1 is the parent of Q,-. Then the scalar product between n(Q¢) and n(Q»)
can be estimated as

M
(n(Q0). n(Q2)) = (1(Q2). 1(Q2) — ¥ _n(01) —n(Qiy1) = (1 Caey TH) —2/C3Mey/ D, (64)
i=2
where the last inequality comes from Propositions 2.21 and 2.22 and the fact that the orientation of
Qi and Qi+1 were chosen to be compatible. Since Qg and Q, were assumed to be neighbors, from
Definition 2.17 (II)) it follows that M < A and thus, thanks to (64) and the choice of &, we have

(n(Q0), n(Q2)) = (1 — C3e3’ V) —2./CiAe)/ @V > 0.

This proves the statement if one of the cubes is Qg. The proof of the general case can be obtained with
the following argument. Thanks to Proposition 2.22, we know that the orientations of the planes IT(Q1)
and I1(Q»,) are compatible if and only if the orientations of H(Ql) and H(QZ), the planes relative to
their parent cubes Q; and Q,, are compatible.’ Thus, taking the parents of the parents and so on, one
can reduce to the case in which one of the cubes is Qy. O

SNote that this is the case, since by construction we enforced that every element in A(C, ¢) has a compatible orientation with
its parent cube.



MARSTRAND-MATTILA RECTIFIABILITY CRITERION FOR MEASURES IN CARNOT GROUPS 963

Definition 2.24. For each cube Q € A(C, 1), we let
G+(Q) :=c(Q){u € B(0, Apdiam Q) : £ (mu, n(Q)) > Aal diam Q}
={u € B(c(Q), Agdiam Q) : ={(mu — 71(c(Q)), n(Q)) > Aal diam Q}

and G(Q) = G+(Q) U G_(Q). Furthermore, for any 0 € M(C, 1) we let
6.(0):= |J G:(@ and )= [J G(0.

QeA(C.) QeA(C.)
0c0 0c0

For any Q in the set G(Q), there is a ball B with radius comparable with diam(Q) from which a

tubular neighborhood T of the plane I1(Q) has been subtracted. The following lemma tells us that our
choice of parameters is sufficient to get the inclusion BN E(9, y) C T

Lemma 2.25. For any cube Q of A(C,t) and any x € G(Q), we have
%Aal diam Q < dist(x, E(9, y)) < Apdiam Q. (65)
(A) (B)
Proof. Since Ay < ‘l‘k, if we let z € E(9, y) be the point realizing the minimum distance of x from
E (¥, y), we deduce that
d(x, z) =dist(x, E(D, y)) <d(x, c(Q)) < Apdiam Q, (66)

where the first inequality above comes from the fact that ¢(Q) € E (9, y) (see Remark 2.19) and the last
inequality comes from the very definition of G(Q). Note that inequality (66) proves (65) (B). Furthermore,
since 1+ Ag < 3k, the bound (66) also implies that z € B(c(Q), 3k diam Q) N E(¥, y) and thus, thanks
to Lemma 2.16 (i), we deduce that

dist(z, «(Q)TI(Q)) < 2Cye3/ k diam Q. (67)
Let w be an element of T1(Q) satisfying the identity d(z, ¢(Q)w) = dist(z, ¢(Q)T1(Q)), and note that
dist(x, E(0, y)) =dist(x, z2) = d(x, «(Q)w) —d(c(Q)w, 2)
> dist(c(Q) ™ 'x, T1(Q)) — dist(z, «(Q)TI(Q))
> 1(0(Q). i (e(Q) ™" )| 226,k diam 0

67
> Ay diam Q — 2026,/ Mk diam @ = J A, diam @, (68)

\%

where the second last inequality used the fact that x € G(Q) and the last inequality used the choice of &,
and Ay. Il

The following is a disconnection result for &(Q). It tells us that (’5+(Q) and &_(Q) can be regarded as
two sides of B(Q) in the same way that G, (Q) and G_(Q) are the two sides of G(Q). The intuitive idea
for which this phenomenon occurs is the following. First, if O, Q> € A(C, 1) are two cubes contained
in Q such that G (Q1) N G_(Q») # <, then Lemma 2.25 implies that Q| and Q, must be neighbors.
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Since Q) and Q5 are neighbors, the approximating planes I1(Q;) and I1(Q;) are very close thanks to
Proposition 2.21. In particular, G4+ (Q1) and G_((Q>) are in essence on opposite sides of a plane and thus
they cannot intersect, resulting in a contradiction.

Lemma 2.26. For any Q € M(C, 1) we have that the sets &+(Q) are open and (’5+(Q) NG_(Q) = 2.

Proof. The fact that the &1 (Q) are open sets follows immediately from the definitions of the GL(Q).
Suppose that Q5+(Q) N&G_(0) # &. Then we can find two cubes Q1, O, € A(C, t) contained in O such
that G4 (Q1)NG_(Q») # & and let x be a point of intersection. In order to fix notations, we also suppose
that Q; € A‘;’i (¢, y) fori =1, 2. Thanks to the definition of G1(Q), we immediately deduce that

B(c(Q1), Agdiam Q1) N B(¢(Q2), Ao diam Q») # . (69)

This in particular implies that dist(Q, Q») < 2Ag(diam Q| + diam Q;). Therefore, since 24y < A,
we have that Q| and Q» satisfy condition (I) of Definition 2.17. Furthermore, since by construction
xeGL(Q1)NG_(Q2), Lemma 2.25 implies that

diam QO . . diam Q> . .
<dist(x, E(¥, y)) < Apdiam Q; and <dist(x, E(¥, y)) < Agdiam Q;. (70)
2A¢ 2A0
Putting together the bounds in (70), we infer that
_ diam Q;
24D < ——=- <243, 71
24p) ~ diam Q, — 0 71

Thanks to (71) and Theorem A.2 (ii), (v) we have that

. —jIN+5 2n—jiN—1 i
- diam Q) - 2 . /v and 2 . 1% - diam Q)
T diam Q, T ¢22-2N-1/y 2-ht5/y T diam Q,

Finally, thanks to the bounds in (72) together with some computations that we omit, we deduce that

QA ™! <24A% (72)

log(27¢ 2 A%)
Nlog?2

where the last inequality comes from the choice of Ag. Since Ag > 2, we infer that | j, — ji| < A, proving

lj2—Jjil < <log Ay,

condition (II) of Definition 2.17. This concludes the proof that Q| and Q; are neighbors.
Now that we know that O and Q, are neighbors, (69) together with Proposition 2.18 (iii) implies that

d(c(Q1), ¢(Q2)) =d(c(Q1), x) +d(x, ¢(Q2)) < Ap(diam Q1 + diam Q»)
< Ao(1+e*"*) diam Q5 < 1k diam 0, (73)

where the last inequality comes from the choice of k£ and of A. Since by (73) and Remark 2.19, we have
¢(Q2) € E(®, y)NB(c(Q1), %k diam Q5), thanks to Lemma 2.16 (i) and Remark 2.20, we deduce that

dist(c(Q2), «(QNTI(Q1)) < 2Cskes diam Q; < 2C2ke*N4e)/? diam Q,. (74)
Furthermore, since O and Q» are neighbors, we infer by Proposition 2.22 that

In(Q1) —n(Qy)| <2C3es Y,
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and this in turn implies that

(m1(c(Q1)™'x), n(Q1))
= (m1(c(Q2)"'%), n(Q2)) + (m1(c(Q2) "' %), n(Q1) —n(Q2)) + (1 (c(Q1) ' e(Q2)), n(Q1))
< —Ay " diam Q5 + |71 (¢(Q2) "'x)|In(Q1) — n(Q2)| + dist(c(Q2), ¢«(QDNTI(Q1))
< —A;" diam 0 + Agdiam Q3 - 2C36)/ @Y 4 2C,ke*N A6}/ ? diam Q,, (75)

where third line above comes from the fact that x € G_(Q») and the bound on [n(Q) —n(Q»)| discussed
above while the last inequality follows from (74). The chain of inequalities in (75) and the definition
of A imply that

(1 (c(Q1) 70, n(Q) < (—Ay " + AgCaes T 4 Crke®N 456}/ D) diam 0, < 0, (76)

where the last inequality comes from the definition of ¢, and some algebraic computations that we omit.
This contradicts the fact that x € G (Q), proving that the assumption that B(0)+NG_(Q) # @ was
absurd. g

Let us take a step back and explain what the set &(Q) is. Starting from a measure ¢ with flat blowups,
in this section we constructed a countable family of pairs (¢(Q), [1(Q)), parametrized by the cubes
in A(C, ) inside Q, of points of supp(¢) and planes that are a good approximation of ¢ around ¢(Q) at
the scale diam Q. From this family of pointed planes we built &(Q), which should be imagined as the
complement of the union of very thin tubular neighborhoods of the disks ¢(Q)IT(Q) N B(¢(Q), diam Q).
So, since the planes I1(Q) are very efficiently approximating ¢ one should expect that ¢ (&(Q)) ~ 0,
allowing us to regard ®&(Q)¢ as an extension of supp(¢) inside the ball B (¢(Q), diam Q). An extension,
however, that can ultimately be considered and treated as a countable union of planes. The next proposition
shows that supp(¢) is quite dense inside B(0)"

Proposition 2.27. Let O € M(C, 1) and define
1@:= |J B(Q)(A~2) diam Q).

QeA(C,0)
Q<0
In addition, for any x € 1(Q) we let
d(x):= inf dist(x, Q) +diam Q. 77
QeA(C,0)
0c0

Then dist(x, E(9, y)) < 4A;'d(x) whenever x € 1(Q) \ &(Q).
Proof. Fix some x € 1(Q) \ &(0Q), and let Q C Q be a cube of A(C, 1) such that

dist(x, Q) + diam Q < 3d(x). (78)

Let Q’ be an ancestor of Q in A(C, t), possibly Q itself. Since x & ®(Q), then x ¢ G(Q) and, thanks
to Proposition 1.15, we have

dist(x, c(Q)TI(Q")) = [{m1(c(Q)'x), n(Q")] < Ay diam @', (79)
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where the last inequality is true provided that dist(x, ¢(Q")) < Agdiam Q. Since x € [ (Q), there must
exist some Q € A(C, t) such that O € Q and x € B(c(Q), (A9 — 2) diam Q). This implies that

dist(x, ¢(Q)) < d(x, c«(Q)) +d(c(Q), c«(Q)) < (Ag —2) diam O + diam O < A, diam O. (80)

Therefore the inequality dist(x, ¢(Q)) < Agdiam Q is verified and hence (79) holds for Q' = Q. Let
0 C Qo C O be the smallest cube in A(C, ¢) for which dist(x, ¢(Qg)) < Ao diam Qg holds.

Let w € T1(Qy) be the point for which d (x, ¢(Qp)w) = dist(x, ¢(Qo)I1(Qp)), and note that the choice
of Qo and the bound (79) imply that

[w]l = dist(c(Qo)w, ¢(Qo)) < d(c(Qo)w, x) +d(x, c(Qo))
< dist(x, ¢(Qo)T1(Qo)) + Ap diam Qg
< Ay diam Qg + Ag diam Qg < 2Agdiam Qg < Sk diam Qp,  (81)

where the last inequality comes from the choice of Ay and k£ made in Notation 2.8. Since Qg € A(C, 1),
thanks to inequality (81) we have ¢(Qo)w € B(c(QO), 1k diam Qo) and thus Lemma 2.16 (ii) implies that
E®, ) N B(c(Qo)w, 3kCaes/ @ diam Q) # @. Therefore, since by definition of Qo the bound (79)
holds with Q" = Qy, we have

dist(x, E(¥, y)) <d(x, «(Qo)w) +dist(c(Qo)w, E(?, y))

=d(x, ¢(Qo)I1(Qo)) +dist(c(Qo)w, E(¥, y))
< Ag' diam Qg + 3kCye)/ ¥V diam Qg < 245" diam Qy, (82)

where the last inequality comes from the choice of &;.
If Qo = Q, then (78) implies that dist(x, E (¢, y)) < 2Aa1 diam Qg < 4A61d(x). Otherwise, let O be
the child of Qg that contains Q. Thanks to the minimality of Qg, we have dist(x, ¢(Q1)) > Agdiam Q1,

and thus
dist(x, Q1) > d(x, ¢(Q1)) —diam Qy > (Ag — 1) diam @

_ A1

diam Qg > diam Qy, (83)
6

where the second last inequality above follows from Proposition A.4 and the fact that Qg is the parent
of Q1, whereas the last inequality comes from the choice of Ag. Eventually, thanks to (78), (82), (83)
and the fact that Q C O, we deduce that

) 6. ®3)
dist(x, E(%, y)) < 24, diam Q¢ < 24, dist(x, Q1)
(78)
< 24, dist(x, Q) < 4A;'d(x). O

The following is the main result of this subsection. Theorem 2.28 transforms the qualitative information
on the relationship between &(Q)¢ and supp(¢) yielded by Proposition 2.27 into a quantitative one,
i.e., the bound on projections given in (84). The proof of the theorem reduces to constructing, for any
(suitable) cube Q, a family of balls {B;};en With the two following properties: First, the projection
on IT(Q) of supp(¢) U J; B; contains an open set with measure comparable with diam 091, Second,
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the sum of the radii of the balls B; is small and in particular the projection on planes of the set | J; B; has
small measure compared to diam Q2. The construction of the balls B;, that the reader may imagine
centered at points of &(Q)°, relies on the one hand on the previously discussed fact that the set &(Q)°
can be regarded as a countable union of disks and on the other, that the holes of supp(¢), seen as a subset
of B(Q)¢, are really small and patching them does not require too much measure.

Theorem 2.28. For any cube Q € A(C, t) such that (1 —&3)¢(Q) < d(Q NC), we have

diam Q9!

Q-1
245

Proof. Let Qg € A(C, ) be such that (1 —&3)¢(Qo) < ¢(QoN C), and define

ST (Proy(QNC)) > (84)

F(Qo):=CnQou | J B((Q),2Csdiam 0),
Q€S (Qo)
where . (Qp) is a family of maximal cubes Q € A(E (9, y), t) such that Q € Qg and Q & A(C, ). As a
first step, we estimate the size of the projection of the balls UQGJ(QO) B(c(Q), Cgdiam Q). Thanks to
Proposition 1.18 we have

SQ_1<PH(Q)< U B(c(Q),2C6diamQ))>529_IC(H(Q0))C§‘_1 > diam Q7L (89)
0eJ(Qo) Qe (Qo)

We now need to estimate the sum in the right-hand side of (85). Since the cubes in .# (Qy) are disjoint and
they are contained in A(E (¢, y), ), thanks to Remark A.3 and the fact that (1 —&3)¢(Qo) <P (QoNC),
we deduce that

¢t Y diam@?' < Y ¢(Q)=¢( U Q)

e s (Qo) €4 (Qo) 0e.7(Qo)
<$(Q0\ C) < £3¢(Qp) < &3Csdiam QT (86)

Putting together (85) and (86), we conclude that

s (PH(Q)< lJ B((Q).2Csdiam Q))) <297 1¢(11(Qy)) C2e3C2 " diam Q5!
Q€7 (Qo)

c(IT(Qo)) .. _
< Tg‘j diam Q! (87)

where the last inequality comes from the choice of ¢3; see Notation 2.8.

In this first part of the proof of the theorem we have constructed the family of balls B; mentioned in
the introductory paragraph to the statement of the theorem and we have also proved the second necessary
property of the B;, that is the smallness of the measure of their projection. The rest of the proof will be
devoted to proving that supp(¢) U J; B; has big projections.
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More precisely, the next step in the proof of the theorem is to show that

¢(I1(Qo)) diam QF~!
AF! ’

S (Pr(gy (F(Q0))) = (88)

In order to ease notations in the following we let x = ¢(Q)d, A diam Qo (n(Qop)) and define
By :=B(x, Ay diam Qp) and B_:= B(x, A;' diam 00)8304." diam 0,(Q0) 7).

Before proceeding further with the proof of (88), we give a brief outline of what we are going to do, hoping
to help the reader keep track of the purpose of each computation. As a first step towards the proof of (88),
we prove that B, and B_ are contained in G4+ (Qp) and G_(Qy), respectively. Note that this implies that
B, and B_ are each on one side of the plane [1(Qg). Let O be the element of M(C, () containing Q¢ and
recall that by Lemma 2.26, &, (Q) and & _(Q) are disjoint open sets. This implies in particular that for
any horizontal line parallel to the normal of the plane IT1(Qg) with starting point in By and end point in B_,
we can find a y in such a segment belonging to the complement of &(Qg). Our final step in the proof
of (88) is to show that y belongs to F(Qy), thus proving the inclusion Pr(gy)(B+) € Prigy) (F(Qo))
and in turn our claim.

Let us proceed with the proof of (88). We will prove that B € G4 (Qp) and B_ € G_(Qy) separately,
since the computations differ.

Let us begin with the proof of the inclusion By € G (Qp). Forany A € G such that ||A|| < Aal diam Qy,
we have

d(c(Q0), X A) = 1181041 giam g, (ML Al < 114, " diam Qg < Ag diam Qo. (89)
In addition, the choices of x and A imply that
(m1(c(Q0) ' xA), n(Qo)) = (my (81045" diam 0, (M(Q0))A), 1(Qo))
=104, " diam Qo + (m1 A, n(Qo)) > 94, ' diam Q. (90)

The bounds (89) and (90) together with the definitions of By and G4 (Qy) finally imply that By € G (Qy).
Let us prove that B_ € G_(Qo). Similar to the previous case, for any [|A|| < A ! diam Qop, we have

d(6(Q0), ¥ A8041 giam 0, (M Q0) ™)) = 181041 iam 0, M(Q0)) A4 giam g, () D
<314, " diam Q¢ < A diam Q. 91)
Once again, the choices of x and A imply that
(71 ((Q0) ™ X Ay 41 im0, (M(Q0) ), 1(Q0))
= (7[1 (810‘451 diam Qy (n(QO))AézoAal diam Qg (n(QO)il))a n(QO))
= —104, " diam Q¢ + (m1 A, n(Qp)) < —94; " diam Q. (92)

The bounds (91) and (92) together with the definitions of B_ and G_(Qg) show that B_ € G_(Qy).
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Now that we have shown that By and B_ lie on different sides of I1(Qg), we construct horizontal
curves parallel to n(Qg) joining By and B_ and we show that each one of these lines intersect F(Qy).

First of all, let Q be the unique cube in M(C, t) containing Q. Thanks to Lemma 2.26 we know that
the sets ®_.(Q) and &_(Q) are disconnected. With this in mind, for any a € B, we define the curve
Ve 110,11 — G as

Va(1) 1= 83041 giam 0o (M(Q0) ™).

By the definition of B_, it is immediate to see that y,(1) € B_. On the other hand, since y,(0) € B
and the image of y, is connected, we infer that y, must meet the complement of &(Q) at y = y,(s) for
some s € (0, 1).

We now prove that y € F(Qy). First, we estimate the distance of y from ¢(Qy) as

d(y, ¢(Q0)) = d(adyp-1 giam Qys ((Q0) ™). ¢(Qo)) <d(a, ¢(Qo)) +20A; " diam Qys

<d(x, ¢«(Qo)) +d(x,a)+20A;" diam Qos

< 10A; " diam Q¢ + A ' diam Qg +20A; " diam Qos

< 40Aa1 diam Q¢ < (Ag — 2) diam Qy, (93)
where the inequality in the third line comes from the definition of x and the fact thata € B(x, A, !'diam Qo).
The above computation together with the fact that Q is an ancestor of Qp shows that yel( 0). In
addition, we have that

dist(y, E(, y) \ Qo) = dist(c(Qo), E(@, )\ Qo) —d(y, «(Qo))
> 64~ '¢% diam Qg — 40A; " diam Qp > 1004, diam Qo, (94)

where the first inequality in the last line above comes from the second last inequality of (93), Remark 2.19

and Theorem A.2 (v), while the last inequality follows from the choice of Ag. From (93) and (94) we
deduce that

dist(y, (3, 7)\ Qo) > 100A7" diam Qo ‘%) d(y. ¢(Qo)) = dist(y, QoNE(®. ). (95)

where the last inequality comes from the fact that ¢(Qg) belongs to E (¢, y); see Remark 2.19. Therefore,
if z € E(¥, y) is the point of minimal distance of y from E (¢, y), (95) implies that z € Qo N E(Y, y).
Furthermore, since by assumption y ¢ ®&(Q) and by (93) we have y € | (0), Proposition 2.27 implies
that

d(z, y) = dist(y, E(®, y)) < 4Ag'd(y) < 15d(), (96)

where the last inequality can be strict only if d(y) > 0. The definition of the function d, see (77), implies
further by (96) that

d(z) zd(y) —d(z,y) > 15d(), O7)
where last inequality is strict only if d(y) > 0. Summing up what we know so far about z is that it must

be contained in Qg N E (¥, y), however (97) implies that z cannot be contained in a cube Q € A(C, 1)
with diam Q < 5d(y).
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On the one hand, if d(y) =0, the bound (96) implies that d(y, z) =0 and thus since E (¢, y) is compact
we have y = z € E(¢, y). This implies in particular that

YEEW,y)NQSCNQoU | J occnoou | B((Q).2Csdiam Q) = F(Qo).
0e.7(Qo) 0eJ(Qo)

If, on the other hand, d(y) > 0, we will now show that y € F(Qp). We claim that there is a cube
01 € A(C, 1), contained in Q¢ and possibly coinciding with Qy itself, such that

(a) z € Q1 and for any cube Q € A(C, ) contained in Q] we have z & Q,
(b) diam Q1 > $5d (),
(c) there exists a Q € #(Qy), that is a child of Q| for which z € Q

Let us verify that such a cube Q; exists. Since z € Qy, for any cube Q € A(C, t) such that Q € Qg and
z € Q we have

%d(y) <d(z) <dist(z, Q) +diam Q = diam Q, (98)

where the first inequality above comes from (97) and the second from the definition of d. Let Q; be
the smallest cube of A(C, ¢) containing z, and note that for any cube Q € Q; belonging to A(C, ¢)
we have that z ¢ Q. This proves (a) and (b). In order to prove (c), we note that any ancestor of O
in A(E(9, y),t) must be contained in A(C, t). Furthermore, since the condition diam Q| > %d ()
implies that z € E (¢, y) \ C, we infer that there must exist a cube Q in .#(Qg) for which z € Q. Such a
cube must be a child of Q; otherwise the maximality of O would be contradicted.

Let us use (a), (b) and (c) to conclude the proof of the theorem. Items (a), (b) and inequality (96) imply
that

. @ 6) ®, ..
dist(y, @1) <d(y,2) < 73d(y) < gdiam Q. 99)
Therefore, Proposition A.4 together with (c) and (99) implies that

d(c(0),y) <d(c(0),z) +d(z, y) < diam Q + § diam Q;
< diam Q 4 §Cg diam Q < 2C¢ diam Q. (100)
The bound (100) finally proves that y € F(Qq) thanks to the fact that 0 € .7(Qo) by (¢). Summing up,

this shows that for any a € B, the curve y, meets the set F'(Q¢) somewhere.
In turn, this shows that F'(Qg) has big projections. Indeed,

S9N (Priggy (F(Qo)) = S77! (Prigy (B(x, Ay diam Qo))
= c(T1(Qo)) Ay ™" diam QF ", (101)
where the first inequality comes from the fact that the images of the curves y, are contained in P}, (IQO) (a)

for any a € B and the last identity comes from Proposition 1.18. This concludes the proof of the main
step of the proof, which was to verify the validity of (88).
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In order to conclude the proof of the theorem we just need to put (87) together with (101) to get

ST (Pry(QuNC)) = SD‘1(PH(Q0)(F(Q0)))—SQ1<PH(Q0)( U B(c<Q>,c6diaon>))

Qe (Qo)
@®7),(101) ¢(T1(Qy)) .. q_; _ diam 0!
> —————diam Q >
- -1 0 = 0-1 °
245 2A;
where the last inequality comes from the fact that c¢(IT(Qp)) > 1; see Proposition 1.18. U

2D. Construction of the ¢-positive intrinsic Lipschitz graph. This subsection is devoted to the proof of
the main result of Section 2, Theorem 2.1, which we restate here for the reader’s convenience:

Theorem 2.1. There is an intrinsic Lipschitz graph T such that ¢ (") > 0.

We outline the proof of Theorem 2.1 here: For a fixed cube Q € M(C, ), we prove that the family
B(Q) of the maximal subcubes of Q having small projection on IT(Q), thanks to Theorem 2.28, is
small in measure. Therefore, we can find a cube Q' € A(C, ) \ B(Q) that is contained in Q and for
which any subcube O of Q' has big projections on IT1(Q). This independence on the scales, thanks to
Proposition 2.11, implies that C N Q is a I1(Q)-intrinsic Lipschitz graph.

Proposition 2.29. Define ¢4 := min{e, (3209 C C5AOD_1)_1 }. There exists a compact set C; € C and an
t1 € N such that

(i) ¢(C\Cy) <e49(0),
(i) whenever Q € A(Cy, 1)) we have (1 — 35£3)$(Q) < $(QNC).

Proof. First of all, we prove that the set A(C,¢) is a ¢ C Vitali relation. It is immediate to see that
the family A(C, ) is a fine covering of C. Furthermore, let E be a Borel set contained in C and
suppose A € A(C, ) is a fine covering of E. Defining A* := {Q € A : Q is maximal}, the identity
UQe 40= UQ€ 4+ Q is trivially satisfied and thus the family A* is still a covering of E. The maximality
of the elements of .A* implies that they are pairwise disjoint and thus A(C, ¢) is a ¢-Vitali relation in the
sense of [Federer 1969, §2.8.16]. Therefore, thanks to [Federer 1969, Theorem 2.9.11], we deduce that

lim —¢(C no) =1, (102)
0—x  ¢(Q)
for ¢-almost every x € C. For any j € N, define the functions f;(x) := ¢(C N Q;(x))/¢(Q;(x)),
where Q;(x) is the unique cube of the generation A}’ (¢, y) containing x. Identity (102) implies that
lim;_, o fj(x) =1 for ¢-almost every x € C and thus, the Severini-Egoroff theorem concludes that we
can find a compact subset Cy of C such that ¢(C \ Cy) < e4¢(C) and f;(x) converges uniformly to 1
on C;. This proves (i) and (ii) at once. Il

Theorem 2.30. Let C be the compact set from Proposition 2.29. Then there exists a cube Q' € A(C1, 2t1)
such that Q' N Cy is an intrinsic Lipschitz graph of positive ¢-measure.
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Proof. For any Qg € M(Cy, 2t1), Theorem 2.28 and Proposition 2.29 imply that

B diam Q7!
S (Pri(oy(QoNC)) = — (103)
0
Therefore, for any Qg € M(Cy, 2t1) we let B(Qp) be the family of the maximal cubes Q € A(Cy, 2t1)

contained in Qg for which

diam Q2!

— (104)
4c2A3!

S (P (E®, )N Q) <

and we define B(Qy) := UQGB(QO) 0.

The first step of the proof of the theorem is to show that the projection of Z(Qy) has small measure,
or more precisely, that

¢(Qo)

C # —— 7
¢(CN[Qo\ #(Qo))D > 800, C AT

for any Qo € M(Cy, 2uy). (105)

Throughout this paragraph we shall assume that Qg € M(Cy, 2t1) is fixed. The maximality of the
elements of B(Qy) implies that they are pairwise disjoint and since by definition we have QNE (9, y) # &,
for any Q € B(Qp) Remark A.3 yields

- diam Q9! ¢(0Q)
s2L(p E®,y)N : 106
(Pricgy(E(@, )N Q)) < 4ciAT < 4CoATT (106)
Thanks to the fact that C € E (¢, y), Propositions 1.18 and 1.31 allow us to infer that
s2-lcn 7 S2-1(p cn i
$(C N[00\ Z(00)]) > (CNIQo\#(Q0)D _ (Pri(y)(CN[Qo\ (Qo)]))' (107)

O B 2¢(T1(Qo)) ¥

On the other hand, thanks to (103) we conclude that

ST (Pricy) (CN[Q0\ B(Q0)D) = 82 1(Pri(gy (C N Qo)) — ST (Pricoy) (E®, ¥) N B(Q0)))
- diam QOD_1

aa T > ST Py (E@. y)N Q). (108)

QeB(Qo)

Since by definition Qg N E (Y, y) # &, Remark A.3, (106), (108) and the fact that the cubes in B(Qy) are
disjoint imply that

) #(Qo) 1
s2-1(p C PB -
(Pricgy) (CNTQo\ #(Q0)]) = 2C5A§)171 4C5AOQ?1 Q6§Qo)¢(Q)
1
¢(Qo) ®(B(Q0)). (109)

T 20s5ART! 4csAR
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Putting together (107) and (109), we eventually deduce that
¢ (Qo)

2¢(T1 9o (C B — B
CT@IHCNIONAQID = 3 oy = 11 #(F(00)
$(00) 1
= B , 110
1G0T+ agamr?(Q0\ #(00) (110)

where the last equality above follows from the inclusion B(Qg) € Q. Inequality (110) together with the
fact that c¢(T1(Qp)) < Cy, see Proposition 1.18, immediately implies (105).

Now that (105) is proved, the second step in the proof is to construct a cube Q" € A(Cy, 2¢;) disjoint
from UQoeM(Cl,Zu) PB(Qy) such that ¢ (C; N Q") > 0. Every subcube of Q’ contained in A(Cy, 2¢;) thus
enjoys a big projections property, and this is what in the end allows us to prove that C; N Q’ is contained
in an intrinsic Lipschitz graph. Since the elements of M(Cq, 2t1) are pairwise disjoint and their union
covers Cp, we infer that

</><61 v Y %(Qw)

QoeM(C1,21)

=¢< U clm[Qo\%(Qo>])= > #(CiNQo\ #(Qo)])

QoeM(Cy,2u) QoeM(Cy,2u)
> Z d(CNIQo\ B(Q0)]) —d((C\C1)N Qo)
QoeM(Cy,24y)
(106) ¢ (Qo) ) #(Cy)
> — | —9(C\C)) > ———— —ap(C). (111)
(Qoeﬂ;(chzm 89C1CsAD"! V= secca2

Therefore, the choice of ¢4, Proposition 2.29 and (111) imply that

¢(C)

— (112
168C,C5AS !

¢(cl\ U %(Qw)zl_—g‘glwa—em(oz
00eM(C1.202) 80 C1CsAg

Inequality (112) implies that there must exist a cube Qf, € M(C}, 2¢;) such that ¢(C; \Uoges(gy) Q) > 0.
Defining ¢ to be the set of maximal cubes in A(Cy, 2¢;) \B(Q()) contained in Q{), we can find at least a
cube Q' € ¢ for which ¢(Cy N Q') > 0. Furthermore, thanks to the maximality of the elements in B(Qy))
and the fact that Q' N %(Q()) = @, we also deduce that any subcube of Q" cannot satisfy (104).

In the final step of the proof we show that C; N Q’ is contained in an intrinsic Lipschitz graph. Indeed,
we claim that

x;'x2 € CrygyRag),  forany xi,x, € CiN Q) (113)

where « was defined in Proposition 2.11. Fix x1, x, € C; N Q’, and note that there exists a unique j € N
such that

Ry™'27/N® <d(xy, xp) < Ry~ '27U7 DN, (114)
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Fori = 1,2 we let Q,, be the unique cubes in the j-th layer of cubes A‘;’ (9, y) for which x; € Q,,.
Suppose Q' € A?(z?, y) and note that Theorem A.2 (iv) and (114) imply that

Ry ~127IN+5 < 4(xy, xp) < diam Q' < y~127IN+S (115)

The chain of inequalities (115) implies that j < j and thus by Theorem A.2 (i) we infer that Q,. € Q'
for i = 1, 2. Furthermore, thanks to Theorem A.2 (ii) and (v), for i = 1, 2 we have

Rdiam Q. < Ry 27" <d(x), xp) < Ry ~12707DNE
= 2Ny TR TINT < 2NH0r 2R diam Q. (116)

since by construction Q,, € A(?, y). In addition to this, since as already remarked Q.. € A(Cy, 2ty),
Lemma 2.16 implies that «(Qy,) < &> for i = 1, 2. Furthermore, the construction of Q ensures that for
any cube Q € A(Cy, 2t1) contained in Q’, we have

diam Q2!

: (117)
AC2AG!

SN (Prgy(E@. y)N Q) =
This proves that the hypotheses of Proposition 2.11 are satisfied and thus x; € x2Cpy(g;)(2a0). Finally,
Cy1 N Q' is proved to be contained in an intrinsic Lipschitz graph by means of Proposition 1.37. O

Remark 2.31. Note that the proof of Theorem 2.1 is an immediate consequence of Theorem 2.30.

3. The support of 1-codimensional measures with almost-flat tangents is intrinsic rectifiable

A careful examination of the arguments of Section 2 shows that in order to prove Theorem 2.1, we never
fully exploited the fact that ¢-almost everywhere we have Tang_; (¢, x) € 9. Indeed, we used the
flatness of tangents just to show that there exists a set C with large ¢-measure on which the 1-Wasserstein
distance between ¢ and some flat measure — below a certain (uniform on C) scale — is smaller than some
fixed constant, which in the specific case of Section 2 is in essence &;. See for instance Proposition 2.14
and Lemma 2.16. This quantified closeness to flat measures is sufficient to construct the cones that yield
the intrinsic rectifiability property of the set C. This is a typical phenomena occurring even in Euclidean
spaces that has been observed explicitly in [David and Semmes 1993a, §I1.2.1 Remark 2.5] and less
explicitly in [Preiss 1987, Lemma 5.2].

In this section we aim to show how to modify the arguments of Section 2 in order to prove the intrinsic
rectifiability of asymptotically AD-regular measures with almost flat tangents.

Throughout this section we let § € N be a fixed natural number and r be a fixed Radon measure on G
whose support is a compact set K and such that for yr-almost every x € G we have

(HI") 671 < @271 (y, x) < @27 15(y, x) <36,
(H2)) limsup,_ o dx., (i, M) < 4= QD¢ (28).

In the following we will make extensive use of constants, parameters and sets introduced in Notation 2.8
specializing them for the measure . For clarity, we stress if not explicitly mentioned throughout this
section we will always assume that o := 20.
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The first step in the understanding of the structure of i is to show that for any k > 0O the limit
limsup,_, o dx kr (¥, 9N) can be read as the maximum distance from flat measures among all the elements
of Tann_; (¥, x) inside B(O0, k):

Proposition 3.1. For y-almost all x € G and any k > 0 we have

lim sup dy (¥, M) = sup{dox (v, M) : v € Tang_1 (Y, x)}.
r—0
Proof. Fix a point x € K where Tang_1 (v, x) # @ and where assumptions (H1’) and (H2’) hold. Recall
that this choice of x can be made without loss of generality thanks to Proposition 1.26. Suppose {r;}ien
is an infinitesimal sequence such that lim;_, o dyx k, (¥, x) = limsup,._, o dx «- (¥, x) and assume up to
nonrelabeled subsequences that there exists a v € Tang_1 (Y, x) such that
rl._(Q_l)Tx,,iw — v,

As a first step let us prove that lim sup, _, o dx i (¥, 90) < dp x (v, 90). Forany 0 <n < 1 we let sy
be an element of 91 such that Fy (v, @SD_ILV)/]CD <dp (v, M) 4+ n. With this choice, thanks to the
triangle inequality, we infer that

Fox(r; T, w, 08271 V)

1

lim sup do’k(rl.f(nfl) Ty, 90) < limsup

. . kQ
1—> 00 11— 00
. Fou(r7 DT, v) + For(v, 0821V
< lim sup 3
1—00 k
<do (v, M) +1., (118)

where the last inequality comes from the choice of ® and V and Proposition 1.23. The arbitrariness of n
concludes the proof of the first claim.

As a second and final step of the proof, fix a u € Tanq_1 (¥, x) and show that lim sup, _, o d i (¢, 90) >
do.x(p, MM). Since u € Tanq_; (¥, x), we can find an infinitesimal sequence {r;};en such that

—(Q-1
r; ( )Tx,r;w_\/'b-

Furthermore, for any 0 < n < 2-@+D(s=1 —2-2¢,(26)) and any i € N there exists a ®; > 0 and a
V; € Gr(Q — 1) such that

—(Q-1 -1
Fox(r7 VT, .y, ©;8271LV)) -
: e — < do (7 VT 0 M) + 1 = dy s, (. ) 41,

where the last identity above comes from Proposition 2.3 (i).
Our next task is to show that there exists a compact subinterval I of (0, co) such that {®;};en € 1.
Thanks to assumption (H2") on v, there exists an igp € N such that we have d; g, (¢, ) < 4_(Q+1)282 (28),
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for any i > ig. This implies for any i > iy that
llﬁ( w) _ - _
‘/ ) a2 o, [ g(w) ds V)| < Forlry @ VT, 0, 0:877 V)

<47 @) 25)k2 4 k2, (119)

where g(x) := max{k — d (0, x), 0}. Thanks to the definition of g and to (119) we infer that

-opa_ Ky (B kr)
Q 1

a7, ;.
< ®,-f g(w) dSQ—le<w>—/ k #
B(0,k/2) B(0,k) :

/g(w)alsQ "LV (w) — f (w )M

On the other hand, a similar argument shows that

kY (B(x, kri/2))
PR

< 47@F 0 28)k2 1 k2 (120)

— ;K2

dex,rﬁ/’(Y) _
_/ ET_®ifg(y)dSQ "LVi(y)
B(0,k/2) ;

de r,w(y) B

< 47@F 0 08) k2 k2 (121)

®; / () dSLVi(y)

Rearranging inequality (120) and dividing both sides by (%k)ﬂ, thanks to the choice of x and to the
arbitrariness of i, we have

B(x, kr;
limsup ©; < 2% lim sup Y (B(x, kri))

! ! k)T +27 ey (28) + 2% <298+ 1) +27 ey 26),  (122)
i—00 i—00 i

where the second last inequality comes from the fact that (H1’) is satisfied at x and the last inequality
from the fact that n < 1.

Similarly, rearranging inequality (121) and dividing both sides by k2, thanks to the arbitrariness of i,
we infer that

0. x) _ 1 Y (B(x, kri/2)) 2

—Qe—1 * ) ) 1 . . . _(D+])

2756 < —ZQ =73 ll_)oof (kri/Z)Q—l < hl_rgélolf@, +4 £2(28) +n. (123)
On the other hand, (123) and the choice of 1 imply that

0 < 2" @D (=1 _2792,(28)) <2725~ —272,(28)) — n < liminf ©;, (124)
1—> 00

where the first inequality comes from the choice of &;(2§) and the second inequality from that of 1. The
bounds (122) and (124) together imply that up to taking a nonrelabeled subsequence of {®;};cn We can
assume that the ©; converge to some © € [2-Q+D (51 —279¢,(25)), 225 + 1) + 2~ R+ Dg, (28)].
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Without loss of generality, we can assume that there exists a V € Gr(Q — 1) such that n(V;) — n(V).
Since under such an assumption Proposition 1.32 implies that ©;S2~1.V; — @S2V, the triangle
inequality implies for any i € N that

do (e, )
< Fo(u, ri_(Q_I)Tx,riw) + Fo,k(ri_(ﬂ_l)Tx,rilﬁ, O; SV + Fo i (©:; 8271V, @821 V)
< s
—(Q-n 9Q-1 Q-1
F g T, o Fo(O®;S V:, ®S \%
< forte s V) 4 o DT oy 4 4 kO & V)

Finally, thanks to the arbitrariness of i and of 1 and to Proposition 1.23, we infer that
do (e, M) < limsupdo i (r; VT 9, M). O
11—
The following result is the analogue of Proposition 2.14 for ¢ as it serves the same purpose, i.e., find a
compact subset C of K in such a way that YLC is essentially an AD-regular measure and the functions
x > dy 41 (¥, M) have small supremum norms on C provided r is small enough.

Proposition 3.2. There exist an iy € N and a y € N such that for any . > 8C4(25)8 we can findav € N
and a compact set C C gzlg’}; (u, v) such that

) ¥(K\C) <2e19(K),
(i) dyaks)y (W, D) + draksyr (WLEV (28, 7), M) < 472 Vg5 26) for any 0 < r < 270Ny
and any x € C,

where 5(28) is the constant introduced in Notation 2.8 and & is chosen in the same way as it was in
Notation 2.5.°

Proof. First of all, thanks to Propositions 1.28 and 1.30 we can find a y € N and a v € N such that
Y(K\ éazl/g );(/,L, V)) < e1¥(K). Let us now prove that

lim sup dy_ges)r (WLEY (28, 7), M) <4~ QD76,28), for y-almost every x € E¥ (28, 7).

r—0

Recall that for y-almost every x € E¥ (28, 7), we have that Tanq_; (Y LEY (28, 7), x) = Tang_; (¥, x).
Thanks to this, Proposition 3.1 yields

F Ew 287~ b
lim sup dy ax2s)r (WLEY (28, 7), M) < lim sup x4k (YLET (28, 7). )

+ dy ak28)r (Y, M)

o 0 (4k(28)r)R
= lim sup d 4x2s)r (Y, M) < 47(’3“)282(23),
r—0

for y-almost every x € EV (28, ), where the identity in the last line comes from hypothesis (H1") and
the Lebesgue differentiation theorem of [Heinonen et al. 2015, page 77]. Therefore, for yr-almost every

6The reader should notice that the objects and symbols introduced in Notation 2.5 were specific to the measure ¢. However,
&1 was just required to be a positive real number smaller than 1/10.
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x € EV (28, 7) there exists an r(x) > 0 such that for every 0 < r < r(x),
dy ak@syr (W, ) + dy 4k (WLEY (28, 7), M) < 4720 Dy (25).

For any j € N, let us define E; := {x € 6021/3 J;([L, v) :r(x) > 1/j} and show that the E; are Borel sets.

Thanks to Proposition 2.3 (ii), the map x — d, (¥, ) + dx,,(w\_E'/’(Z(S, 7), M) is continuous and thus

5 (1 v) 1y (Y, ) +dy  (YLEY (26, 7), M) < 4733 Dey(26))

is relatively open in @ﬂzlg y(M» v). In particular, if x € Q, for any r € (0, 1/j) NQ we have r(x) > 1/j

thanks to Proposition 2.3 (iv) and hence x € E;. On the other hand, if x € E; then obviously x € €2, for
any 0 <r < 1/j. Since éﬁg’?(u, v) is compact, this shows that the sets E; are G5 and thus Borel. Let us

for any r > O the set Q, :={y € éazvg

note that since y-almost every x € éazlg i(,u, v) is contained in some Ej, thanks to the existence of r(x),
we infer that
w(z%"g,fw, iU Ej> =0. (125)
jeN
Finally, (125) together with the measurability of the nested sets E; implies that we can find a j € N big
enough and a compact set C contained in E ; satisfying items (i) and (ii). 0

As in the case of Proposition 2.14, one can impose slightly different conditions on the measure and
obtain a family of cubes satisfying the same thesis as Lemma 2.16. From here on we will employ all the
notations introduced in Notation 2.8.

Proposition 3.3. Fixing i > 8C4(28)8 if 7,79, v € Nand C € gzlg’?(u, V) are the natural numbers
and the compact set yielded by Proposition 3.2, respectively, and defining T := max{iy, v} for any
cube Q € A‘p(é; 28, v,1), we have that «(Q) < &,(28) and for any such cube Q there is a plane
I1(Q) € Gr(Q — 1) for which

: dist(w, «(QT1(Q))
@ sup

. < C2(28)228)'9,  and
weEY (28,7)NB(c(Q),k(28) diam Q/2) 2k(26) diam Q

(i) for any w € B(c(Q), 1k(26) diam Q) N ¢(Q)T1(Q) we have

EY (28, 7) N B(w, 3k(28)C(28)&,(28)/+D diam Q) # 2.

Proof. Thanks to Proposition 3.2, we can find a 7 € N and a compact set C contained in E¥ (28, y) such
that

1) v(K\ C ) <2e1¥(K), where ¢; was introduced in Notation 2.5,

(i) draeor (. ) + dy axsr (YLEY (28, y), M) < 4730 Dey(28) for any 0 < r < 270NCIH
and any x € C.

Thus, if AY (28, 7) is the family of dyadic cubes relative to the parameters 28, 7 and the measure v/
yielded by Theorem A.2, one can prove that the cubes of AV(C;28,7,7) satisfy (i) and (ii) by using
verbatim the argument we employed in the proof of Lemma 2.16. O
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As remarked at the beginning of this section, the arguments we used to prove Propositions 2.21
and 2.27, Lemmas 2.25 and 2.26 and Theorem 2.28 just relied on the possibility of proving Lemma 2.16
for the measure ¢. Proposition 3.3 is the counterpart of Lemma 2.16 for the measure { where ¢ has
been substituted by 28, y by y, and so on. Therefore, repeating the proofs of Section 2C for v and its
associated parameters and compact set C, one can show the following:

Theorem 3.4. For any cube Q € A (C; 28, 7,7) such that (1 — 3(28))p(Q) < ¢(Q N C), we have
diam Q9!

Q-1
245

S (Prig(QNC)) =

Remark 3.5. Similar to what we did in Proposition 2.29, we can construct a compact subset Cyof C
and an 7] € N satisfying (i) and (ii) of Proposition 2.29, provided &3 is substituted with £3(268), &4 with
£4(28) := min{ey, (648C1C5(25)A0’3_1(28))_1} and A(C, 1) with AV (C; 268, ., T)).

The above remark allows us to construct the 1-positive intrinsic Lipschitz graph that will be used to
prove Theorem 4.2 in Section 4.

Theorem 3.6. Let CN‘I be as in Remark 3.5. Then there exists a cube Q' € A‘”(CN‘I; 28, v, 2t1) such that
Q' N Cy is an intrinsic Lipschitz graph of positive yr-measure.

Proof. Thanks to Propositions 3.2, 3.3, Remark 3.5 and Theorem 3.4, the argument we used to prove
Theorem 2.30 can be applied here verbatim. 0

4. Conclusions and discussion of the results

In this section we use the main result of Section 2, i.e., Theorem 2.1, to deduce a number of consequences.
First of all we prove the main result of the paper, Theorem 4.1, which is a 1-codimensional extension of the
Marstrand—Mattila rectifiability criterion to general Carnot groups. Secondly, we provide in Corollary 4.3
a rigidity result for finite perimeter sets in Carnot groups: we are able to show that if locally a finite
perimeter set is not too far from its natural tangent plane, then its boundary is an intrinsic rectifiable
set; see Definition 1.40. Eventually, we use Theorem 4.1 to prove a 1-codimensional version of Preiss’s
rectifiability theorem in the Heisenberg groups H".

4A. Main results. In this subsection we finally conclude the proof of the main results of this work.

Theorem 4.1. Suppose ¢ is a Radon measure on G and let d(-,-) bea left-invariant, homogeneous
distance on G. Assume further that for ¢-almost all x € G we have

OB ) Lo 8BED)

1) 0 < liminf ) ,

r—0 erl

r—0
where B(x, r) is the ball relative to the metric d centered at x of radius r > 0,

(ii) Tang_1(¢, x) S M, where M is the family of 1-codimensional flat measures from Definition 1.7.

Then ¢ is absolutely continuous with respect to S~ and ¢-almost all of G can be covered with countably
many Cé—hypersmfaces.
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Proof. Since d is bi-Lipschitz equivalent to d, see for instance Corollary 5.15 in [Bonfiglioli et al. 2007],
hypothesis (i) implies that
0<027(p, x) <2 *(¢, x) < o0, (126)

for ¢-almost every x € G. For any 9, y, R € N we define
E®,y,R):={xeB®O,R) : 9 'r2 " <¢(B(x,r) <or?! forany 0 <r < 1/y}.

It is possible to prove, with the same arguments used in the proof of Proposition 1.28, that the E (%, y, R)
are compact sets and

¢<G\ U E@.v. R)) =0. (127)

%,v,R

Thus, if A is an S2~!-null Borel set, Proposition 1.31 yields

PA < Y PANEWD.y.R) < Y 022 'STNANE®. y, R) =0.
9,y,ReN v,7,ReN
The above computation proves that ¢ is absolutely continuous with respect to S2~! and just to fix
notations we let p € L'(S2~!) be such that ¢ = pS2—1.

As a second step, we show that ¢-almost all of G can be covered with countably many intrinsic Lipschitz
graphs. Assume by contradiction there are ¢, y, R € N for which we can find a subset of E (¢, v, R) of
positive ¢p-measure that we denote by E (9, y, R)* (following the notations of Corollary 1.42) and that has
S2-Lnull intersection with any intrinsic Lipschitz graph. Thanks to Corollary 2.9.11 of [Federer 1969]
it is immediate to see that

9 <O N @GLE®, y, R)", x) < @ V¥ (@LE®, y, R)", x) < ¥,

for ¢-almost every x € E(9, y, R)". Further, from Proposition 1.27, for ¢-almost every x € E(, y, R)",
we infer that Tang_ | (L E (9, y, R)*, x) € 9. And since its hypothesis is satisfied, Theorem 2.1 implies
that there exists an intrinsic Lipschitz graph I" such that ¢ (I' N E(J, y, R)*) > 0. However, this is not
possible since Proposition 1.31 would yield

0<¢p(TNE®W,y, R)*) <922 18 YE®, y, R)*NT),

and this contradicts the fact that E (%9, y, R) intersects in a S2~!-null set every intrinsic Lipschitz graph.

Up to this point we have shown that, for any choice of ¥, y, R, we have that S2~!-almost all of the
sets E(9, y, R) are covered by countably many intrinsic Lipschitz graphs. Furthermore, since ¢ < S2~,
thanks to (127) we conclude that ¢-almost all of G can be covered by countably many intrinsic Lipschitz
graphs. This concludes the first part of the proof of the theorem.

So far we have shown that we can find countably many intrinsic Lipschitz graphs that cover ¢-almost all
of G. Since by Remark B.7 we know that intrinsic Lipschitz graphs are boundaries of finite perimeter sets,
if G is a group where boundaries of finite perimeter sets are Cé—rectiﬁable, the proof of the proposition
would be completed here. In the moment of writing some broad families of Carnot groups where
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De Giorgi’s rectifiability theorem is known to hold include step 2 groups (see [Franchi et al. 2003]),

groups of type * (see [Marchi 2014]) and groups of diamond type (see [Le Donne and Moisala 2021]).
In this paragraph, we assume that ¢, ¥, R € N are fixed. Thanks to Proposition 1.31 we infer that

S2-ILE(®, y, R) is mutually absolutely continuous with respect to ¢ E (%9, y) and in particular that

p! <pkx)< 9221 for S almost every x € E(0, y, R).

Let {y;};en be the sequence of intrinsic Lipschitz functions y; : W; — 9(W;) for which

¢><E<ﬂ, y, O\ gr()/i)) =0,
ieN
and let E; := epi(y;) be the epigraph of the function y; which is defined in (142). Since SQ_ngr(yi)
and |0E;|g’ are asymptotically doubling measures by [Franchi and Serapioni 2016, Theorem 3.9] and
Theorems B.6 and B.8, respectively, we deduce thanks to Proposition 1.27 that for ¢-almost every
x € E(, y, R)Ngr(y;) we have
M 2 Tang—1 ($LEW, v, R) Ngr(yi), x) = p(x) Tang_1 (8V'Lgr(y), %)
= p(x)0(x) Tang_ (|9 Eilg, X), (128)
where 0 is the density yielded by Remark B.7. Finally, Proposition B.16 implies that
Tang—1 (L E@D, . R) Ngr(yi), x) € p()d@) (AL Vi) e (L g, (129)

for ¢-almost every x € E(9, y, R) Ngr(y;), where V;(x) € Gr(Q — 1) is the plane orthogonal to ng, (x),
the generalized inward normal introduced in Definition B.4, and the constants /g and Lg are those yielded
by Theorem B.6. We now prove that (129) implies that for S22 almost every x € gr(y;) N E(0, ¥, R)
and every o > 0 we have

iy STHEr () N E@, v, R) N B, 1)\ XXy (@)
1 Q-1 =
r—0 r
where Xy, () (o) := {w € G : dist(w, V;(x)) < a|w]|}. Thanks to (128) and (129), for S2-Lalmost every
x € gr(y;) N E(Y, v, R) and any sequence r; — 0, there exists a A > 0 for which
T, S'LE®, y, R) Ngr(yi)

Q-1
T

0, (130)

—~AST v (x). (131)

The convergence in (131) implies that

. Sl gr(y) NE®, y, R)(B(x, 1) \ xXv,(x)(@))

i—00 rj‘)_l

i DS egr() NE@, v, RNBO, D\ Xy, (@)

i—00 rJQ—l

= MSTTILVi(0))(BO, 1)\ Xy, () (@) =0, (132)

TWith [ E il we denote as usual the perimeter measure associated to E;.
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where the second last identity above comes from the fact that SQ_I(V,-(x) NAB0, 1)\ Xy, x)(x)) =0
and [De Lellis 2008, Proposition 2.7].

Proposition B.17 and (130) together imply that each one of the intrinsic Lipschitz graphs gr(y;) N
E (@, y, R) can be covered S2-1_almost all with Cé—surfaces. In particular this shows that for any ¢, y, R
the set E(¥9, v, R) can be covered S2~!-almost all, and thus ¢-almost all, by countably many Cé-surfaoes.
This, the arbitrariness of ¥, y, R € N and (127) conclude the proof of the theorem. O

The following theorem trades off the regularity of tangents, which are assumed only to be close enough
to flat measures, with a strengthened hypothesis on the (Q—1)-density of ¢.

Theorem 4.2. Suppose ¢ is a Radon measure on G and let d( -, -) be a left-invariant, homogeneous
distance on G. If there exists a 6 € N such that

¢(B(x,r)) .. ¢ (B(x, 1))
—fhmsuprn—_l

r—0

8§~ < liminf

L a1 <& for ¢-almost every x € G5, (133)
r— r

where B(x,r) is the ball relative to the metric d centered at x of radius r > 0, then we can find an
(8, d) > 0 such that, if

lim sup dy (¢, IN) < &($, d) for ¢-almost every x € G,
r—0
then ¢ is absolutely continuous with respect to S2~', and ¢-almost all of G can be covered with countably
many intrinsic Lipschitz surfaces.

Proof. The first step in the proof is to note that since the metric d and d are bi-Lipschitz equivalent, there
exists a constant ¢ > 1, which we can assume without loss of generality to be a natural number, such that

¢(B(x,r)) . ¢ (B(x,r))
————— <limsup —————
0 -1

(¢8)' < liminf

mir oo <8 for ¢-almost every x € G.

If we let (6, &) = 4_Q(Q+1)82(C5) then the verbatim repetition of the first part of the argument used to
prove Theorem 4.1, where instead of Theorem 2.1 we make use of Theorem 3.6, proves the claim. [

An immediate consequence of Theorem 4.2 is the following:

Corollary 4.3. Let ¥¢ := max{lg 1, Lg}, where lg and Lg are the constants yielded by Theorem B.6, and
suppose 2 C G is a finite perimeter set such that
limsupdy (|02, M) <e(Pg,d) for |0Qg-almost every x € G,
r—0

where (¥, d) is the constant yielded by Theorem 4.2 and d is the metric introduced in Definition 1.4.
Then |0<2|g-almost all of G can be covered with countably many intrinsic Lipschitz surfaces.

Proof. Theorem B.6 implies that I < ©271(13Q|g, x) < ©271*(|aQ|g, x) < Lg for ¢-almost every
x € G. Theorem 4.2 directly implies the statement. U

As mentioned at the beginning of this section, the main application of Theorem 4.1 is an extension of
Preiss’s rectifiability theorem to 1-codimensional measures in H".
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Theorem 4.4. Suppose d is the Koranyi metric in H" and ¢ is a Radon measure on H" such that

¢(B(x,r))

T < 0% for ¢-almost every x € H". (134)
r n

0 <O (¢, x) ;= lim
r—0

Then ¢ is absolutely continuous with respect to S+, and ¢-almost all of H" can be covered with
C ulnn -surfaces.

Proof. Thanks to Theorem 1.2 of [Merlo 2022], the almost sure existence of the limit in (134) implies
that Tan(¢, x) C 9N, for ¢-almost every x € G. Thanks to Theorem 4.1, this proves the claim. O

4B. Discussion of the results. Theorem 4.1 shows that C é—rectiﬁability in Carnot groups can be char-
acterized by the same conditions on the densities and on the tangents as the Lipschitz rectifiability in
Euclidean spaces. With this in mind we introduce the following two definitions:

Definition 4.5 (Z-rectifiable measures). Suppose that ¢ is a Radon measure on some Carnot group G
endowed with a left-invariant and homogeneous metric d, and let m be a positive integer. We say that ¢
is &,,-rectifiable if

(i) 0 <O (g, x) <O™*(¢, x) < 00, for ¢p-almost every x € G,

(i1) Tan,, (¢, x) € {Au, : A > 0}, for ¢p-almost every x € G, where i, is some Radon measure on G.

Remark 4.6. It was already remarked by P. Mattila [2005] that Definition 4.5 may be considered the
correct notion of rectifiability in H'; see the last paragraph of that work.

Remark 4.7. Instead of condition (ii) of Definition 4.5, we can assume without loss of generality that
Uy = H" V(x) for some V(x) € Gr(m), where Gr(m) is the family of m-dimensional homogeneous
subgroups of G introduced in Definition 1.7. This is due to Theorem 3.2 of [Mattila 2005] and Theorem 3.6
of [Onishchik 1993]: the former result tells us that @, must be the Haar measure of a closed, dilation-
invariant subgroup of G and the latter that such subgroup is actually a Lie subgroup.

Definition 4.8 (&?*-rectifiable measures). Suppose that ¢ is a Radon measure on some Carnot group G
endowed with a left-invariant and homogeneous metric d, and let m be a positive integer. We say that ¢
is & -rectifiable if

(i) 0 <O (g, x) <O™*(¢, x) < 00, for ¢p-almost every x € G,
(i1) Tan,, (¢, x) € M(m), for ¢-almost every x € G.

The difference between Definitions 4.5 and 4.8 is that in the former the tangent to ¢ is the same plane
at every scale, while in the latter the tangents are planes that may vary at different scales. Although there
is no a priori reason for which these definition should be equivalent in general, we see that our main
result, Theorem 4.1, may be rewritten as follows:

Theorem 4.9. Suppose ¢ is a Radon measure on G. Then the following are equivalent:
(1) ¢ is Py_-rectifiable.
(i) ¢ is P _,-rectifiable.
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(i) ¢ is absolutely continuous with respect to H2~\, and ¢-almost all of G can be covered with countably
many Cé-hypersmfaces.

The notion of #-rectifiable measures is also relevant since in different contexts it appears to imply
the right notion of rectifiability. This is summarized in the following theorem, which is an immediate
consequence of the Euclidean Marstrand—Mattila rectifiability criterion and Theorem 4.1:

Theorem 4.10. The following two statements hold.:

(i) A Radon measure ¢ on R" is P,,-rectifiable if and only if it is Euclidean m-rectifiable;

(i) A Radon measure ¢ on G is Pq_-rectifiable if and only if it is a 1-codimensional Cé-rectiﬁable

measure.

In [Mattila et al. 2010], P. Mattila, F. Serra Cassano and R. Serapioni proved in Theorems 3.14 and 3.15
that whenever a good notion of regular surface is available in the Heisenberg group, provided the tangents
are selected carefully (see Definition 2.16 of the aforementioned work), a £2,,-rectifiable measure is also
rectifiable with respect to the family of regular surfaces of the right dimension. However, because of the
algebraic structure of the group H", there is not an a priori (known) good notion of regular surface that
includes the vertical line V := {(0, 0, ¢) : ¢ € R}. For this reason the uniform measure S?_V is considered
to be nonrectifiable from the standpoint of [Mattila et al. 2010]. Up to this point Haar measures of not
complemented homogeneous subgroups (like the vertical line V in H') were considered nonrectifiable and
thus prevented a possible extension of Preiss’s theorem to low dimension even in H!. This was already
remarked in [Chousionis and Tyson 2015]. On the other hand, we have the following theorem:

Theorem 4.11. Let ¢ be a Radon measure on H' such that for ¢-almost every x € H' we have

0 < ©%(¢, x) := lim w <0
r—0 r

’

where B(x, r) are the metric balls with respect to the Koranyi metric. Then ¢ is &75-rectifiable.
Proof. This follows from Proposition 2.2 of [Merlo 2022] and Theorem 1.4 of [Chousionis et al. 2020]. [

As remarked in the previous paragraph, to our knowledge, there is not a good candidate of rectifiability
in Carnot groups in the literature for which the density problem may have a positive answer. On the other
hand, Theorems 4.4, 4.10 and 4.11 encourage us to state the density problem in Carnot groups in the
following way:

Density Problem. Suppose ¢ is a Radon measure on the Carnot group G. Then there exists a left-invariant
distance d on G such that the following are equivalent:

(i) There exists an o > 0 such that for ¢-almost every x € G we have

0 < ©%e, x) := 1in(1)M <00
r— r¢

(i) a €{0,...,Q}, and ¢ is P,- rectifiable.
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Neither one of the implications of the formulation of the density problem has an easy solution. In
[Antonelli and Merlo 2022a], the current author and G. Antonelli proved the implication (ii) = (i) of the
Density Problem when the tangent measures to ¢ are supported on complemented subgroups.

Furthermore, as already observed in [Merlo 2022], if d is a left-invariant distance coming from a
polynomial norm on G with the same argument used in [Kirchheim and Preiss 2002] and later on in
[Chousionis and Tyson 2015], it is possible to show that if (i) in the Density Problem holds, then o € N.
In R" this implies, thanks to Theorem 3.1 of [Ahmadi et al. 2019], that there is an open and dense set 2
in the space of norms (with the distance induced by the Hausdorff distance of the unit balls) for which,
for any || - || € €2, Marstrand’s theorem holds.

Appendix A. Dyadic cubes

Throughout this section we assume ¢ to be a fixed Radon measure on the Carnot group G, supported on a
compact set K, and such that

0 <timinf 2BE) sup $BE, M) _

, for ¢-almost G. 135
0 e - or ¢-almost every x € (135)

There are many constructions in the literature of such dyadic cubes for Radon measures both in Euclidean
and in (rather general) metric spaces; see for instance [Christ 1990]. In this section we state the existence
of a family of dyadic cubes for ¢, we list their properties and we prove a number of consequences.

Throughout this Appendix, we will always assume that & and t are two fixed natural numbers such
that ¢ (E? (&, 7)) > 0, where the set E? (&, ) was defined in Proposition 1.28.

Definition A.1. For any subset A of G and any § > 0, we let
d(A,8) :={ueA:dist(u, K\ A) <8}U{u e K\ A :dist(u, A) <6},
where we recall that K is the compact set supporting the measure ¢.

For the rest of this subsection, we simplify the expressions of the constants introduced in Notation 2.8 to

N:=N(§), ¢:=¢06), Ci:=0C6), C5:=Cs5(8), Co:=Co(8).

The construction of the dyadic cubes for the measure ¢ under the hypothesis (135) can be performed
with a very similar approach to that employed for AD-regular measures in [David 1991, Appendix 1].
However, since (135) is a weaker condition than the AD-regularity, the construction needs some tweaks.
For the sake of completeness we recall that a dyadic lattice for general Radon measures in the Euclidean
spaces was constructed in [David and Mattila 2000, Section 3] and that such proof still follows pretty
closely the argument of [David 1991, Appendix 1].

In order to adapt the construction in [David 1991], one reduces to discussing the properties of those
cubes that intersect the set E? (&, t), where the measure ¢ behaves locally as an AD-regular measure; see
items (iii) and (v) of Theorem A.2 where a uniform bound on the lower density of the measure is crucially
exploited. Items (i) and (ii) hold by construction while (iv) can be seen as a fancy way of saying that
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since ¢ is a radon measure, almost every sphere has null measure. For a complete construction of these
cubes we refer to the version of this paper that can be found in the arXiv [Merlo 2020, Subsection A.3].

Theorem A.2. There are disjoint partitions {A}p(é , T)}jen, usually called layers, of K having the
following properties:

@) If j < j" Qe Al 1) and Q' € A%, ), then either Q contains Q" or QN Q' = @.
(i) If Q e Aj’(s, 1), we have diam(Q) < 2~Ni+3 /¢,
(iii) If @ € A (5. 1) and QN E?(§. 1) # @, then C;' 27V /1) < (Q) < G427V /1)2"
(iv) If Q € AY(E, 1), we have ¢(3(Q, £227N /1)) < Car (27N )R,
V) If Qe Aj’(g, ) and QNE® (&, 1) # @, there exists a ¢(Q) € Q such that B(¢(Q), ¢>2~Ni=1/1) C Q.
We define A% (&, ) :=J{Q: Q € A? (&, 7) for some j € N} and call it the family of all dyadic cubes.

Remark A.3. Part (iii) of Theorem A.2 can be rephrased in the following useful way. Recalling that
Cs(&) =C4(32¢ _Z)Q_1 and putting together Theorem A.2 (ii), (iii) and (v) we infer that

(iti) if QN E?(&, 1) # @, then C5 ' diam Q2! < $(Q) < Csdiam Q2.

The families of cubes yielded by Theorem A.2 may have the annoying property that for a fixed cube
Qe A}ﬁ (&, 1), the only subcube of Q in the layer A? +1(&, 7) contained in Q is just Q itself. The following
proposition shows that this is not much of a problem for the cubes intersecting E? (£, 7).

Proposition A.4. Recall that given two cubes Q1, Q2 € A?(£, 1), if Q, is the smallest cube for which
Q1 € 0>, then Q3 is said to be the parent of Q.

Suppose Q* € Af(é, T) is the parent of some cube Q € A?JFK (€, 7) such that QN E® (&, 1) # @. Then

diam Q* -
diam Q —

k < |[2log, C4/N(Q—1)]+1 and 6.

Proof. Suppose Q is the ancestor of the cube Q contained in the layer A?, (&, 7) for some j for which
Jj —Jj=>12log, C4/N(Q—1)] + 1. Then Q NE® (&, v) # @, and thanks to Theorem A.2 (i) and (iii), we

infer that
~ ~ 7—jN\2-1 7—Jj'N\2-1
¢(Q\Q)=¢(Q)—¢(Q)2C4‘1< - ) —c4( ' )

(27N ot 27—(j'—HN©=1)
=C, . (1—-cp27v~/ ) >0, (136)

where the last inequality above comes from the choice of j'— j. It is immediate to see that inequality (136)

implies that Q is strictly contained in Q. Therefore, the parent cube of Q must be contained in some

A?u,( (&, 1) with0 <k < |2logC4/N(Q —1)] + 1. Hence, thanks to Theorem A.2 (v), we infer that
diam Q* < 2_Nj+5/f — 2NK+6§—2 . {22_N(j+K)_]/T < 2NK+6§—2 diam Q

< 2108 C4/Q@=DH+N+6,-2 {fiam O = Cq diam Q. o
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The following result tells us that item (v) of Theorem A.2 in some cases can be strengthened to
assuming that the center of the cube ¢(Q) is contained in E? (£, 7).

Proposition A.5. Assume € N is such that > 4C4&. Then, for any cube Q € A? (éa;ff (m,v); &, 1,0),
we can find a ¢(Q) € E® (&, ) N Q such that

B(c(Q), &¢*diam Q)N K < Q.

Remark A.6. Recall that the set éﬁr (u, v) was introduced in Proposition 1.29 and A?(k; &, 7, v) in
Notation 2.8.

Proof. In order to prove the proposition it suffices to show that
E?(5,1)NQ\3(Q, 33¢* diam Q) # 2. (137)

In order to fix ideas, we let j > v be such that Q € Aj’ (£, 7) and note that since Q N E®(£, 1) # @,
thanks to Theorem A.2 (i), (iii) and (iv), we have

$(E?(E.T)NQ\0(Q, 55¢* diam Q))
A2 (ii .

> ¢(E*(E,1)NQ)—¢(3(Q, 55¢*diam Q)) > 'S (E? (6. 1)N Q) — $(3(Q. L2277V /1))
P(E?(E, )N Q) — Cat 7N /1) = 9(0) — p(Q\ E? (¢, 1)) — Cag (27N 1) 2!
'$(0) —$(Q\ E? (5. 1) — C22(0). (138)
Since Q € A¢(é"‘?f(u, v); €, T, v), we have diam Q < 2_N”+5/t and there exists a w € éﬂjf(/,o, v)N Q.
Therefore, the definition of cg’gr (u, v) and Theorem A.2 (iii) imply that

P(Q\E?E, 1) <p(Bw, 27N /) \ E? ¢, 1) < 'op(B(w, 27N /1))
<puteQTINT IR < cuulEp(Q).  (139)

v)

A2
A2 (ii
=

Putting together (138) and (139), we conclude that

$(E?(E, 1N Q\B(Q, ¢ diam Q) = (1 = Cap™'§ = Ci0)9(Q) = 10(Q),
where the last inequality follows from the fact that Cf;‘ =4822, 950022 < % and C4u™ '€ < le' This
proves (137) and in turn the proposition. U
Appendix B. Finite perimeter sets in Carnot groups

Throughout this second appendix if not otherwise stated, we will always endow G with the box metric d
introduced in Definition 1.4.

Finite perimeter sets and their blow ups. In this subsection we recall the definitions of functions of
bounded variation and finite perimeter sets, and we collect from various papers some results that will be
useful throughout the paper.
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Definition B.1. We say that a function f : G — R is of local bounded variation if f € L! (G) and

loc
Ve f1I(€2) := Sup{/Q f (@) dive p(x) dx : ¢ € Co (2, HG), |p(x)| < 1} < 00,

for any bounded open set Q2 C G, where divg ¢ := Z:“:] X;¢; and where X1, ..., X,, are the vector
fields introduced in Definition 1.33. We denote by BV 10c(G) the set of all functions of locally bounded
variation. As usual a Borel set £ C G is said to be of finite perimeter if xg is of bounded variation.

The following result is a classical application of Riesz’s representation theorem:

Theorem B.2. If f is a function of bounded variation, then | Vg f || is a Radon measure on G. More-
over, there exists a | Vg f ||-measurable horizontal section oy : G — HG such that |oy(x)| =1 for
Vg f||-almost every x € G and for any open set 2 we have

/Q £ () dive g (x) dx = fQ (@.op)dIVafll. forevery g €CH(SQ. HE).

As in the Euclidean spaces functions of bounded variation are compactly embedded in L'.

Theorem B.3 [Franchi et al. 2003, Theorem 2.16]. The set BV 1oc(G) is compactly embedded in Ll (G).

loc
Definition B.4. If £ C G is a Borel set of locally finite perimeter, we let |0 E|g := || Vg xg|l. Furthermore,
we call the horizontal vector ng (x) := oy, (x) the generalized horizontal inward G-normal to 0 E. Finally,
we define the reduced boundary o E to be the set of those x € G for which
(i) |0E|g(B(x,r)) > 0 forany r > 0,
@ii) lim,_ ¢ fB(”) ng d|0E|g exists,

an = 1.

(iii) 1imHo}fB(x’r) ng d|dE|g
The following lemma on the scaling of the perimeter will come in handy later on.

Lemma B.5. Assume E is a set of finite perimeter in G and let x € G and r > 0. Then
81/ ENle =1~ VT, 9E |6

Proof. For any ¢ € Cé (G, HG), any x € G and any r > 0, defining ¢(z) := ¢(8]/,(x_1z)), we have the
identity
dive ¢(z) =" dive (81, (x'2)). (140)
This, indeed, is due to the fact that
S (28 (e)) — G
i ®j(z6n(ej)) — ¢;(2)

Ne@= i T
.91 (x T 280(e)) — 9 (31, (x712)) B
= AI_IH) AaY: h ]h AV, —r 1Xj(/)j(51/r(x ).

Thanks to identity (140) and the fact that the Lebesgue measure is a Haar measure for G, we infer that

[ o diveprdy =2 [ e dive g,y =@ [ xp0)dive 503 dy.
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It is not hard to see that ¢ € C&(Q, HG) if and only if ¢ € Cé (x8,Q2, HG), and thus for any open set 2
we have
181, (T ENIa(Q) = r~ @ VI9E|g(x8,Q) = r~ 7T, |IE|6(Q). O

Theorem B.6 [Ambrosio et al. 2009, Theorem 4.16]. Let E C G be a set of locally finite perimeter. Then
|0 E|g is asymptotically doubling, and more precisely the following holds. For |0 E|g-almost every x € G
there exists an r(x) > 0 such that

lor?™! < [9E|G(B(x. 1) < Le2” " Vr27 0 forany r € (0,7(x)), (141)
where the constants lg and L depend only on G and the metric d and |0 E|g is concentrated on 93 E, i.e.,
|0E|6(G\IgE) = 0.

Remark B.7. Proposition 1.31 and Theorem B.6 imply that l@SQ_ll_E)EE <|0E|g < LGSD_lLaaE.
Therefore, the measures S2~! LOGE and |0 E|g are mutually absolutely continuous. In particular there
exists a0 € L'(|dE|g) such that

SO E =0|9E|g,

and for |0 E|g-almost every x € G we have Lél <0x) < lél.

Theorem B.8 [Franchi and Serapioni 2016, Theorem 3.9]. If f : V. — (V) is an intrinsic Lipschitz
map, the epigraph of f,

epi(f) :=={v*&m(V)) 11 < (1 f(v), n(V))}, (142)
is a set with locally finite G-perimeter.

Since the topological boundary of epi( f) coincides with gr( f), thanks to [Franchi and Serapioni 2016,
Theorem 3.9], we infer that |3 epi(f)|c(G\ g epi(f)) =10 epi(f)|s(gr(f)\ g epi(f)) =0. In particular,
thanks to Remark B.7, we deduce the following proposition:

Proposition B.9. s9-1 (gr(f)\ 9g epi(f)) =0.

It is convenient to associate a normal vector field to the graph of every intrinsic Lipschitz function
f:V=>9NV).

Definition B.10. For any intrinsic Lipschitz function f: V — 9(V), we denote by n : 9¢ epi(f) — HG
the inward inner (G-normal of epi(f).

Tangents measures versus tangent sets to finite perimeter sets. In this subsection we connect the notion
of tangent sets to finite perimeter sets, which is extensively used in the theory of finite perimeter sets, to
the notion of tangent measures. This will help us to prove that if the perimeter measure associated to the
boundary of a finite perimeter set has flat tangents, then it has a unique tangent that coincides with the
plane in Gr(Q — 1) orthogonal to the normal.

Definition B.11 (tangent sets). Let E C G be a set of locally finite perimeter and assume x € 9§ E. We
denote by Tan(E, x) the limit points in the topology of the local convergence in measure of the sets
{81 (x'E)}ys0 as r — 0.
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For a proof of the following proposition, we refer to [Ambrosio et al. 2009] and in particular to
Proposition 5.3.

Proposition B.12. If E is a set of finite perimeter, for S2~'-almost every x € dGE we have
(1) Tan(E, x) # @,
(i1) the elements of Tan(E, x) are sets of locally finite perimeter sets,
(iii) for any F € Tan(E, x), that np(y) = ng(x) for |0 F|g-almost every y € G.
The following proposition is a characterization of the tangent measures of perimeter measures.
Proposition B.13. If E is a set of locally finite perimeter, for |0 E|g-almost every x € 9§ E we have the
following:

(1) If {ri}ien is an infinitesimal sequence such that 8y, (x~YE) converges locally in measure to some
Borel set L, then L is a finite perimeter set and ri_(Q_I)Tx,rl. |0E|g — |0L|g. In particular, if
L € Tan(E, x), then |0L|g € Tang_{ (|0 E|g, x).

(i) If v e Tanqg_1(|0E|g, x), then there is an L € Tan(E, x) such that v = |0L|g.

Proof. Let us first prove (i). From now on, thanks to Proposition B.12, we can assume without loss of
generality that x is a fixed point where properties (i), (ii) and (iii) of Proposition B.12 hold. Fix now an
open and bounded set 2 of G and note that, defining E; := 6y, (x~'E), we have

—(9-1
e L + 16 xE () < £ + 17 V0 E 6 (x8, Q). (143)
The above bound implies that g, is a compact sequence in L!(§2) thanks to Theorems B.3 and B.6 and
thus the sets E; converge in L' () to some locally finite perimeter set E which must coincide £"-almost
everywhere with L inside €2, by the uniqueness of the limit in measure. This implies in particular that for
any ¢ € C} (2, HG) we have

i—

tim [ (g, ne,) 19 Erlc = lim / xEne () dive o(v) dy
Q —

_ f Kira() dive ¢(y) dy = /Q (@, 1) d1dL]6. (144)

The above identity (144) implies in particular that ng, |0 E; |2 — nz |0 L|cL€2. However, the arbitrariness
of Q and the well-known fact that the weak convergence implies the convergence of the total variations
implies that |0 E;|g — |0 L|g. The second part of the statement of (i) follows immediately from Lemma B.5.

We now prove (ii). We can assume without loss of generality that x =0 satisfy the thesis of Theorem B.6
and that {r;} is an infinitesimal sequence such that

7T 9E)G — v € Tang_ (|9 E|g, x).
Now let E; := 81/, (E), so that [0 E;|g = rl.Q_1 Ty, |0 E|g. For any open and bounded set £2 we can find
an R > 0 such that Q C B(0, R). Therefore, thanks to Theorem B.3, we have
[0E|G(B(x, Rr;))
r-1 '

1

1881/, (¢ EN6(R) <[/, (7 E)e(BO, R)=r; T, [0E|c (B0, R)=

1
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Since we assumed that Theorem B.6 holds at x, we have

|0E|c(B(x, Rr;))
et

1

lim sup|d(81/, (x ' E))|c(2) < limsup < LgRYL

i—00 i— 00

1
loc

assumed 81, (x~'E) converges locally in measure to L, we have that §; /ri x'E) converges in L}OC(G)

to L. In particular, thanks to Theorem 2.17 of [Franchi et al. 2003], we infer that L is of local finite
perimeter. Thus, by definition of the tangent sets, we have L € Tan(FE, 0), and thanks to item (i),

Thus, thanks to Theorem B.3, the sequence {41, (x7VE)}ien is precompact in L, (G) and since we

we conclude that ri_(Q_l)To,rilaElﬁ — |dL|g. Thanks to the uniqueness of the limit we conclude
that |0L|g = v. O

Proposition B.14. If E is an open set of finite perimeter in G, for S~ '-almost any x € dE and any
L € Tan(E, x) we have L™ (L \ int(L)) = 0. In particular, the measures |0 L|g and |d(int(L))|g coincide
on Borel sets.

Proof. This proposition follows for instance from Proposition B.12 and [Bellettini and Le Donne 2021,
Theorem 1.1]. ]

Remark B.15. Let Vi :={w € G : =(n(V), w) > 0}. Thanks to (2.8) in [Ambrosio et al. 2009], it is
immediate to see that V4. are open sets of locally finite perimeter in G and that 9V = Fn(V)H 1L V.
This implies that the horizontal normal of each of the half spaces determined by V coincides, up to a
sign, |0 Vi |g-almost everywhere with n(V).

Proposition B.16. Let V € Gr(Q — 1) and f : V — N(V) be an intrinsic Lipschitz function. Suppose
that E is a compact subset of gr(y) such that

Tang_1 (|0 epi( f)lg, x) SN, for |0 epi(f)|g-almost every x € E.
Then for |0 epi( f)|g-almost every x € E, we have
Tang—1 (18 epi(f)lg, x) C (AS2'LV(x) 1 a e LG IS,
where V(x) € Gr(Q — 1) is the plane orthogonal to ny(x), which is the normal to gr(f) introduced in
Definition B.10, and where the constants lg and Lg were introduced in Theorem B.6.

Proof. Proposition B.13, the asymptotic AD-regularity of the perimeter and Lebesgue’s differentiation
theorem at [Heinonen et al. 2015, page 77] imply that for S2~'-almost every x € ¢ epi(f) N E and for
every L € Tan(epi(f), x) we have

|0L|g = )\.Sn_l\_VL’x for some V; , € Gr(Q —1) and 1 > 0. (145)

Furthermore Remark B.7, Proposition 1.8 and a simple computation that we omit, imply that A € [Ig, Lg].

Fix now an x € 9* epi(f) N E at which (145) holds and that satisfies the thesis of Proposition B.12,
and let L € Tan(epi(f), x). Thanks to these choices, L is a finite perimeter set with constant horizontal
normal and Proposition B.9 and (145) tell us that its topological boundary must coincide up to S2~!-null
sets with the plane V; .. Therefore, since by Proposition B.14 we can assume without loss of generality
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that L is an open set, we conclude that L must coincide with one of the two half-spaces determined
by Vi x. This implies however, thanks to Remark B.15, that

nw(Vp ) =np(y) for S almost every y € dL. (146)

Furthermore, Proposition B.12 (iii) and (146) imply that n(Vy ,) =n;(y) =nz(x) for S22 almost all
y € dL. This shows however that for S92 Lalmost all x € gr(f)NE, every element of Tan(epi(f), x) is a
half-space whose boundary is the plane orthogonal to n ¢ (x) and Proposition B.13 concludes the proof. [

Proposition B.17. Suppose E is a compact subset of V and let y : E C V — 9UV) be an intrinsic
Lipschitz function such that for S8~ -almost every x € E there exists a plane V,(x) € Gr(Q — 1) for
which
ST N @) N By (x), )\ xy () Xy, (xy ) (@)
rh—I;% r-1

=0 (147)

whenever a > 0, and where Xy, (xy(x)) (@) :={w € G : dist(w, V(xy (x))) < a||lw||}. Then gr(y) can be
covered with countably many C é—surfaces.

Proof. Since the graph map x +— x * y (x) is continuous, let us notice that the set gr(y) is compact and
for any i € N let us define the sets

A; = {x € gr(y) : (147) holds at x and S°~'(B(x,r)Ngr(y)) > 27 'L ' Igr?™! forany 0 <r < 1/i}.

As a first step in the proof, we show that the A; are S9~!_gr(y)-measurable. It is immediate to see that
if we show that the set

={xeg(y): ST IBx, HNe(y) =27 L 1gr2" forany 0 <r < 1/i}

is closed, the measurability of A; immediately follows since (147) holds on a set of full S~ _gr(y)-
measure. Since gr(y) is closed, to prove the closedness of A; it is sufficient to show that if a sequence
{xj}jen C A converges to some x € gr(y), then x € A So,let 0 < r < 1/i and note that if d(x, x;) <r
we have

27 L e (r —d(x, xp)) T < S e () (B(xj, r — d(x, %)) < S Lgr(y)(B(x, r)).

The arbitrariness of j implies that for any 0 < r < 1/i we have S~ 'Lgr(y)(B(x, r)) > 2*1Léll@r9*1,
proving that x € A;.

We now prove that the sets A; cover S¢~!-almost all gr(y). Thanks to Theorem 1.38 we can extend y
to an intrinsic Lipschitz function y : V — 91(V). Recall now that gr(y) is the boundary of the set of
locally finite perimeter epi(y). Thanks to Theorem B.6, this implies that for |3 epi(y)|g-almost every
x € G there exists a 7(x) > 0 such that for any 0 < r < r(x) we have

LoS2 Lgr(7)(B(x, 1)) 2 19 epi(#)la(B(x., 1) = lor,

where the first inequality above comes from Remark B.7. In addition, thanks to [Franchi and Serapioni
2016, Theorem 3.9], [Heinonen et al. 2015, Theorem 3.4.3] and to the Lebesgue differentiation theorem
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that can be found in [Heinonen et al. 2015, page 77], we deduce that

O2 (S Lar(y), 1) = 027 (xer) ST Lgr(7), 1) = 77N  Lgr(P), x) = Lg'le,  (148)
for SQ_ILgr(y)—almost every x € . From (148), we infer that for SQ_ILgr(y)—almost every x € G
there exists an r(x) > 0 such that S2~'(B(x,r) N gr(y)) > 27 'L Igr2" for any 0 < r < r(x).

Therefore, if r(x) > 1/i and (147) holds at x, then x € A; and this concludes the proof of the fact that

52 (er)\ Uyen A1) = 0.
For any i, j € N and any x € A;, we let

[y, (x), w1 (x ' y))|
d(x,y)

We remark that the functions p; ; are measurable for any i, j € N. Indeed, on the one hand the func-

pij (%) == sup{ ty€d;and 0 <d(x,y) < 1/1'}-

tion (x,y) = [(n,(x), mi(x~ Iy |/d(x, y) is SD*ILgr(y)—measurable since it is the quotient of two
S2-1_gr(y)-measurable functions. On the other, since G is separable, it is immediate to see that pi,j can
be rewritten as the supremum on y over a countable subset of B(x, §) N A; showing that p; ; is indeed
measurable. We want to prove that for any i € N and any x € A; we have

lim p; j(x) =0. (149)
j—o0

Assume by contradiction this is not the case and that there exists an i € N and a z € A; for which (149)
fails. Then there is a 0 < ¢ < 1 and an increasing sequence of natural numbers {j;}ren such that for
any k € N there is a y; € A; for which y; € B(z, 1/ji) and [{n, (2), m (zflyk))| > ¢d(z, yx). Thanks to
Proposition 1.15, we infer that y; € zXv, () (%c); indeed,

dist(V, (z), 27 yk) = [(n, (2), m1 (2" ye))| > ed(z, y). (150)

We now claim that for any k € N we have

B(w. ded(z, w)) € B(z, 2d(z, y)) \ 2Xv, (5 (L) (151)

In order to prove the inclusion (151) we fix a k € N and let w := y;v for some v € B(yk, %cd(z, yk)).
With these choices Proposition 1.15 and the triangle inequality imply that

dist(Vy (2), 2~ 'w) = [{ny (2), 1 (2 w))| = [y (2), 711 (2~ )| = |y (2), 71 (')
> cd(z, yi) —d(ye, w) = ed(z, w) — (1 4+ )d (yr, w). (152)
Furthermore, thanks to the choice of w we have
d(yi, w) = |[vl| < zed(z, yi) < ged(z, w) + ged (v, w), (153)
d(z, w) <d(z, yi) +d (3, w) <d(z, yo) + vl < (14 5¢)d (2, yi) < 2d(z, yi). (154)
From (152) we infer in particular that (4/¢ — 1)d (yx, w) < d(z, w). This implies in particular that

. L (52 1+¢ X
dist(Vy, (2),z7 w) > cd(z, w) — (1 +0)d(yr, w) > cd(z, w) — Py ]d(z, w) > zed(z, w), (155)
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where the last inequality comes from the fact that ¢ < 1. The inclusion (151) follows immediately from
the above bound and (154). Therefore, (151) implies that

S (gr(y) N B(z, 1) \ 2Xv, (5 (¢/8))

i
i
- lim SN (gr(y) N B(z,2d(z, yo) \ 2Xv, (1) (¢/8))
T k=00 (2d(z, yr))2~!
S2-1 N By, ¢d(z, yi)/8 L= Ig(ed(z, yi)/8)27 ! Q-
> lim (gr(y) N B(yx, ¢d(z, y)/8)) > lim L& cled@ y)/8)~"" _ Is (¢ . (156)
k— 00 29_1d(z,yk)9_1 k— 00 ZQd(z,yk) ZLG 16

where the second last inequality comes from the fact that y; € A; for any k and that %cd (z, ) <1/i
definitely. However, since by construction (147) holds at any point of A;, (156) is in contradiction
with (147) and thus (149) must hold at any x € A;. Define f; to be the function identically O on A; and
for any ¢ € N we let K;(¢) be a compact subset of A; for which

(i) ST ANKiW) <1/,
(i1) n, is continuous on K; (1),
(iii) p;, j converges uniformly to 0 on K; (¢).

The existence of K; (¢) is implied by Lusin’s theorem and Severini—Egoroff’s theorem. Thanks to Whitney’s
extension theorem, see for instance Theorem 5.2 in [Franchi et al. 2003], we infer that we can find a
Cé—function such that f; ,|x = 0 and Vi f; ,(x) = n,, (x) for any x € K;(1). This implies that A;, and
thus gr(y), can be covered S2~!-almost all with Cé-surfaces. O
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