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EIGENVALUE BOUNDS FOR SCHRODINGER OPERATORS WITH
RANDOM COMPLEX POTENTIALS

OLEG SAFRONOV

We consider the Schrodinger operator perturbed by a random complex-valued potential. For this operator,
we consider its eigenvalues situated in the unit disk. We obtain an estimate on the rate of accumulation of
these eigenvalues to the positive half-line.

1. Introduction and main results

We study the behavior of eigenvalues of the operator H = —A + V acting on a Hilbert space L?>(R%),
where d > 3. The potential V is assumed to be a complex-valued function of the form

Vix)= Z wpUx(x—n), v,eC, xe RY,
nezd
where the w, are independent random variables taking values in the interval [—1, 1] and x is the
characteristic function of the unit cube [0, 1)4.

The probability space in our theorems is the set ¥ of all infinite sequences w = {w,},c7¢. The
probability measure is defined on X as the infinite product of corresponding measures on intervals [—1, 1].
Since w, can be viewed as a function on ¥ whose value is equal to the n-th coordinate of w, its expectation
E[w,] can be viewed as an integral over £. We impose the condition

Elw,] =0

on w, guaranteeing oscillations of V. The coefficients v, do not have to be real.
To formulate the main result, we set

V) =Y lualx(x—n).
nezd

Note that V is a nonnegative function such that |V | < V.

Theorem 1.1. Let d > 3, let Ry > O and let 1 < v < q < 2. Then the eigenvalues A; of the operator
— A+ V satisfy

2
[E[ ) Im/fflkjl“f—”/z]sC|Ro|q—”(/ |V(x)|f’dx>, (1.1)
< N
|Aj|<R3
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with
_d, d-a (1.2)
P=3"%u—=2 '
It is assumed that Im \/E > 0. The constant C in (1.1) depends only on d, v and q.

Theorem 1.1 is a particular case of the following statement, which has rather complicated looking
conditions imposed on the parameters.

Theorem 1.2. Let d > 3, and let Ry > 0. Assume that the parameters x and p obey the conditions
x d—1 d+1
+

and

. dx
max{2, x} < p < min{ 2, .
2x — 1

Assume also that V € LP(R?). Then the eigenvalues M; of the operator —A +V satisfy

2
~ d—1
[E[ E Im /)\'j|)\j|(q_l)/2j| < C|Rolq—2p—P(d—l)/x (/d [V (x)|? dx) . qg>2p— % (1.3)
R

IhjI<R2

It is assumed that Im\/)Tj >0. If x = %(d + 1), then (1.3) holds with p = x. The constant C in (1.3)
depends only on d, p, »x and q.

It is known that, if v, € R, the eigenvalues A; obey the Lieb-Thirring estimate (see [Helffer and Robert
1990; Laptev and Weidl 2000; Lieb and Thirring 1976])

Zp\jvfc/ V)| * 7 dx, V=V, d>3, y=>0. (1.4)
j e

Theorem 1.1 allows one to consider real potentials V for which the right-hand side of (1.4) is infinite,
while the left-hand side is finite almost surely. Indeed, let 1 <2y =¢ < d/(d —1). Then the parameter p
in (1.2) satisfies the inequality

p>id+y. (1.5)

Similar results for real random potentials V = V were obtained by the author and Vainberg in [Safronov
and Vainberg 2008]. However, there is a big difference between Theorem 1.1 and the results of that
earlier work, since the only point of accumulation of eigenvalues of the operator H considered there
is the point A = 0. When one studies complex-valued potentials, the fact that the eigenvalues A; might
accumulate to points other than A =0 should not be excluded. Examples of decaying complex potentials V
such that eigenvalues of H = —A + V accumulate to points of the positive real line R, are constructed
in [Bogli 2017]. Because of the difference between the cases of real and complex potentials, it would be
more appropriate to ask what new information Theorem 1.1 provides compared to [Frank 2018; Frank
and Sabin 2017], rather than realize that this theorem does not follow from the Lieb—Thirring estimate
even in the selfadjoint case.
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The related result of [Frank and Sabin 2017] says that there is a constant C that depends on d, p and y
such that

2y/@2p—d)
) , (1.6)

D dist(hy, Ryl ! §C( V| dx
. Rd
J

under conditions on y and p implying that p <y + %a’ . One can now refer to (1.5) to conclude that our
results do give new information about the distribution of eigenvalues in the complex plane.

The same conclusion could be made by an analysis of the results of [Frank 2018], where the eigenvalues
in the disk

Dy = {z eC: 7|7 < c,,,d/ |V|de}

are considered separately from the rest of the eigenvalues; here p > %d . R. Frank [2018] proves that
under some restrictions on p,

(Z dist(Aj,R+)7’) 5c/ |V|P dx, (1.7)
Rd

)\.jEDV

for y equal to either p or 2p —d + ¢. The constants C > 0 and o > 0 depend only on d and p in the
first case but also on ¢ > 0 in the second. In its turn, € > 0 belongs to the interval whose size depends
on p. The observation we make is that p <y + %d in (1.7). On the other hand, in deterministic results,
p simply can not be larger than y + %d .

Theorem 1.1 gives information about the eigenvalues of H situated in a finite disk about the origin.
The behavior of the eigenvalues outside of this disk is described below.

Theorem 1.3. Letd > 3, let R > O and let 1 < v < g < 2. Then the eigenvalues A; of the operator

— A+ V satisfy
Im \/A; (|A;| — R? ~ 2
[E[Z 0 )]scmr“(/ |V(x>|f’dx),
2 LR R
=R
with
_d+ d—q
P=5"%a =2

It is assumed that ITm \/)T] > 0. The constant C in (1.1) depends only on d, v and q.

According to Theorem 1.3, the condition VelLr implies that, for any R > 0,

> Mm /] < oo (1.8)

|A;|>R?

almost surely. Eigenvalues of H outside a finite disk about the point z =0 were also studied in [Frank 2018].
However, in the theorems of that work the radius R of the disk depends on V. Moreover, when d > 3,
these theorems guarantee convergence of Z| 3|2 R? [Im A [%[A; | ~# for some « > 1 and B > O rather than
convergence of the series (1.8).

Theorem 1.3 immediately implies the following assertion.
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Corollary 1.4. Letd > 3, let R > O and let 1 < v < g < 2. Then the eigenvalues A; of the operator

— A+ V satisfy
2
[E[ > Im\/Tj|,\,-|<”—‘)/2] < c(/ IV (x)]? dx) :
R2<|};|<2R? R
with
d d—gq
P=2%%ad—

It is assumed that Im \/A; > 0. The constant C in (1.1) depends only on d, v and q.

We also mention the article [Frank 2018] because Theorem 1.1 of that paper deals with the question
about the shape of the domain containing all eigenvalues of H. In particular, it implies that the imaginary
part of an eigenvalue tends to zero as the real part tends to infinity (in a quantitative way) once V € L?
with p > %(d + 1). Despite a vague visual resemblance of Corollary 1.4 to such a theorem, it does not
give new information about the region containing all eigenvalues of H.

The next statement is an improvement of Theorem 1.1 for 3 <d <5 and Ry < 1.

Theorem 1.5. Let3 <d <5, and let 0 < Ry < 1. Assume that 7| satisfies

d -D@d+1) d—n (= 1)(d+1)
0= <(§+ 74 T 2(d—2)> _2>” =T

with n and v such that 1 <v <n < 2. If d =3, then we assume additionally that 8v +9n < 26. Let p, q
and r be the numbers defined by
_1=0 0 1 1-6 6

d 1
=-—, —=—"+= d —=—+—,
P 1t q p +2 a r 2p +2

where 0 is the solution of the equation

1_0) 6 (d d—n>_1
w10+ 5355 =

Then the eigenvalues A; of the operator —A + 'V satisfy

" 2q/r
[E[ ) Im/ﬁlkﬂ““””]scn,g|Ro|”—9qv/2( /R d|V<x>|’dx> . 0> 30qv.

4 1<Rj

Besides its dependence on d, the constant Cy,  in this inequality depends on a choice of the parameters
Ty ando.

Theorem 1.5 gives new information about eigenvalues of H. Even in the case V = V, this theorem
does not follow from the Lieb—Thirring estimates. It turns into Theorem 1.1 for dimensions 3 <d <5
once we set 71 = 0. On the other hand, since it allows us to consider ratios o /r smaller than ratios g/ p
allowed by Theorem 1.1, Theorem 1.5 is an improvement of Theorem 1.1 for dimensions 3 <d <5 and
the values of the parameter Ry < 1.
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One of the difficulties we encountered in this paper is that our statements can not be derived by taking
expectations in the inequalities obtained by Borichev, Golinskii and Kupin [Borichev et al. 2009]. The
reason is that operators of the Birman—Schwinger type we are dealing with might have different properties
for different w. This difficulty was overcome through an application of the Joukowski transform to a
half-plane with a removed semidisk and consecutive integration with respect to the radius.

Eigenvalue bounds for Schrodinger operators with complex potentials have been studied for a long
time. First of all, one should mention the related work of B. Pavlov, who found sharp conditions on V
guaranteeing that H has only finitely many eigenvalues in C \ R, . In particular, this is true for the one
dimensional operator on the half-line R, (see [Pavlov 1966]) if

IV(x)] < Ce V¥, VxeR,,

for some constants C and ¢ > 0.
In 2001, E. B. Davies posed a question whether the estimate

2
] si([ |V<x>|dx> L d=1,
R

that he and his collaborators established for any nonreal eigenvalue A of H (see [Abramov et al. 2001;
Davies and Nath 2002]) can be extended to higher dimensions. This question was nicely handled by
R. Frank [2011]. It was shown that, if 0 < y < % and d > 2, then there is a positive constant C,, 4 such
that

A <Cpa / V@ dx, (1.9)
R

for any eigenvalue of H in C\ Ry. The technique of [Frank 2011] was further developed and combined
with some complex analysis in [Frank and Sabin 2017], where the authors already give the estimate (1.6)
on the rate of accumulation of eigenvalues to the positive half-line R.. Another bound of this type is the
inequality (1.7) established in [Frank 2018].

Note also, that if one only considers eigenvalues outside of a cone

I''={zeC:Rez>0, |Imz| <eRez}

(here ¢ > 0), then the Lieb—Thirring bound holds for these eigenvalues (see [Frank et al. 2006]):

>l scy,d,g/ VI dx,  y =1
)‘j¢rs R

While we do not intend to describe all results related to the theory of operators with complex-valued
potentials, we would like to mention the articles [Briet et al. 2021; Cuenin 2017; Cuenin et al. 2014;
Demuth et al. 2009; Demuth and Katriel 2008; Hansmann 2011; 2017; Korotyaev 2020; Korotyaev and
Laptev 2018; Korotyaev and Safronov 2020; Laptev and Safronov 2009; Pavlov 1967] in addition to
those already mentioned, all of which could be viewed as valuable contributions in this area.
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2. Preliminaries
Everywhere below, &, denotes the class of compact operators K obeying
IKIG =Te(K*K)"* <00, p>1,

Note that if K € &, for some p > 1, then K € §, forg > p and [|K ||, < [[K||p.
Let z; be the eigenvalues of a compact operator K € &, where n € N\ {0}. We define the n-th
determinant of / 4+ K as

n—1 —1)ymm
detn(l—f—K):l_[(l—i—zj)eXp(Z%), n=>2,

J m=1
det(I + K) = [ J(1 + 2. n=1.
J

There exists a constant C,, > 0 depending only on #n such that
|det, (I + X)| < e“¥le. | vX e@,.
Moreover, we have the following statement; see Proposition 2.1 of [Korotyaev and Safronov 2020].

Proposition 2.1. Let n > 2. Then for any n — 1 < p < n, there exists a constant C,, , > 0 depending only
on p and n such that

P
det, (I + X)| < Xle,  vxes,. 2.1)
P

The way the eigenvalue bounds are obtained in [Korotyaev and Safronov 2020] uses applications of
the following abstract result.

Theorem 2.2. Let Hy be a selfadjoint operator on a Hilbert space §). Let W\ and W, be two bounded
operators on ), and let V. = W W,. Assume that the function

is analytic in the upper half-plane C = {z € C : Im z > 0} and continuous up to the real line R. Assume

also that

1
IWi(Ho —2)"' W2l = o(m), as |z] — oo. 2.2)

Then the eigenvalues X; of Ho+V in C satisfy

Zlmxjgc,,/
j

o0

IWi(Ho — A —i0) "' W2||§ d, (2.3)
o
where C, depends only on the parameter p.

Proof. The proof of this statement relies on Jensen’s inequality for zeros of an analytic function, which is
(also) justified in Proposition 3.11 of [Korotyaev and Safronov 2020]. O
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Proposition 2.3. Let a(z) be an analytic function on C satisfying the condition

a(z)=1 +0(i) as |z| — oo.

|z
Assume that for some y > 0,

Inja(+iy)| < f(A), VreR.

Then zeros of a(z) situated above the line Im z = y satisfy the inequality

1

Stmiy -y =5 [ fodn @4)
T J-

J

The statement also holds for y =0, if a(z) is continuous up to the real line R.
The bound (2.3) follows from (2.1) and the estimate (2.4) with y = 0 once we set
a(z) = det, (I + Wi(Ho —2)~' Wa)
and
FO) = CpullWi(Ho— 1 —i0) "' W& .
According to the Birman—Schwinger principle, z is an eigenvalue of Hy + V if and only if a(z) =0
(multiplicities coincide). This completes the proof of Theorem 2.2. 0

One of the tools used in the present paper is an interpolation. Interpolation has been also used to prove
Theorem 1.2 of [Korotyaev and Safronov 2020], which can be generalized and formulated as follows.

Theorem 2.4. Let (2, 1) be a space with an o -finite measure (. such that L*(2, ) is separable. Let H
be a selfadjoint operator on the Hilbert space L*>(2, j1). Assume that the integral kernel of the operator
e~ ™Mo satisfies the estimate

le = Ho (x ¢ Vi>0, V Q
,y)l_t%, >0, Vx,y€eq,

for some x > 0. Let V € LP(Q2, u) N L*®(2, u) for p > x such that p > 1. Assume also that (2.2)
holds for all Wy and W5 that belong to a class of functions dense in L*P (2, ). Then eigenvalues of the
operator H = Hy + V satisfy

r/p—x
Z|Imkj|r§Cp,r</ |V(x)|pd,bb> ,
- Q
J

foranyr > max{2(p — x), 1}.

The proof of this result is a counterpart of the proof of Theorem 1.2 from [Korotyaev and Safronov
2020], with the only differences being that the value of the parameter » in Theorem 1.2 of that work is %
and = R3. However, one can consider different x as well as spaces Q which are different from R?.
Especially interesting are spaces of fractional dimensions for which 2 is not an integer.

Another object that we will work with is the operator

X(k)=|V|'"*(=A =2)7'V(=A =) 'V|V|TV? z=k% keC,.
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If V is a bounded compactly supported function, then X (k) is a trace class operator for d < 3, and
X (k) € G, for p > %d and d > 4. In this case, we set

D, (k) =det,(I =X (k)), n>1id, neN.

Proposition 2.5. Let V be a compactly supported function on R If a point . € C\ Ry is an eigenvalue
of H=—A+V, then D,(k) =0 for k = v/A. The algebraic multiplicity of the eigenvalue A does not
exceed the multiplicity of the root of the function D, (- ).

Proof. According to the Birman—Schwinger principle, a point A is an eigenvalue of H if and only if —1 is
an eigenvalue of [VIV2(=A —2)~'V|V|~1/2. Therefore, 1 is an eigenvalue of X (ko) with k(% =X. On
the other hand, if 1 is an eigenvalue of X (kp), then D, (ko) = 0.

The statement about the multiplicity follows from the fact that an isolated eigenvalue of H whose
multiplicity m is larger than 1 can be turned into m simple eigenvalues by an arbitrarily small perturbation
of finite rank (which does not have to be a function). For any ¢ > 0 there is a finite rank operator K, such
that || K. || < ¢ and that all eigenvalues of —A + K, 4 V near X are simple. Define now the function

ds(k) =det, (I — |[V|"*(=A+ K; —2) ' V(=A+ K. —2) ' V|V,

analytic in the neighborhood of ko = +/A for sufficiently small & > 0. In this neighborhood of the point o,
we have d.(k) — D, (k) uniformly, as ¢ — 0. Since the function d. (k) has at least m zeros near ko,
the multiplicity of the zero of the function D, (k) at k = ko can not be smaller than m by the argument
principle. g

3. Large values of Re ¢ without projections

The following proposition gives an important estimate for the integral kernel of (—A — 7).

Proposition 3.1. Let d > 2, and let %(d —1)<Re¢ < %(d + 1). The integral kernel of the operator
(—A —2)7¢ satisfies the estimate

_ 2 _1)/2— _
(=8 =2) 75 (x, y)| < B k| @7 D2TREC y — y Recm (@D, (3.1)
for z ¢ Ry. The positive constants B and « in this inequality depend only on d and Re ¢.

The proof of this proposition, as well as related references, can be found in [Frank and Sabin 2017].
Everywhere below, we use the notation y;(x) = x (x — 1), where [ € 7.

Corollary 3.2. Let %(d —1)<Re¢ < %(d + 1), whered > 2. Let 2 <r < 2d/(2Re ¢ — 1). Suppose that
W is a function of the form

W(x) = Z wyx(x—n), w,eC, xe RY.
nezd

Then
_ 2 _ _
IW(=A -2 xille, < Be® MmO |k|@=D/2=Re Ly (3.2)



EIGENVALUE BOUNDS FOR SCHRODINGER OPERATORS WITH RANDOM COMPLEX POTENTIALS 1041

for 7z ¢ Ry. The positive constants 8 and « in this inequality depend only on d andRe . If Re ¢ = %(d +1)
and d > 2, then (3.2) holds with r = 2.

Proof. It follows from (3.1) that
IW(=A—2) " xllk, < Ce2 MmO | d=D=2ReC N7 (g | 4 )2Rec=HDy 12
nez4
A simple application of Holder’s inequality leads to (3.2). 0

We need to turn (3.2) into a similar estimate for the G4-norm of the operator corresponding to smaller
values of Re ¢. For that purpose, we employ the inequality

IW(=A —2) " il < B ™" | Wl oo. (3.3)

for Re¢ = 0.
By interpolation we obtain the following proposition from (3.2) and (3.3).

Proposition 3.3. Let 1(d — 1) < x < 1(d + 1), where d > 2. Let 2 <r < 2d/(2x — 1). Suppose that W
is a function of the form

W(x) = Z wyx(x—n), w,eC, x e R%
nezd

Then, foranyRe¢ =1t € (0, x] and 7 ¢ R4,
_ 2 _ _
IW(=A =2 xillgy,, < pe” ™ k| /DT Wl (3.4)

The positive constants B and « in this inequality depend only on d and t. If »x = %(d +1)andd > 2,
then (3.4) holds with r = 2.

Proof. Indeed, let Re {y = 7, and let
A =Q|A|

be the polar decomposition of the operator
A=W (A=) 0y
Consider the function

F@&) = e Te((WIE/™ (= A — 1)~ | A|@*-EHIma /).

If Re¢ =0, then
2x /T
62}(/r'

LF (Ol = CllAl
If Re ¢ = x, then

£ ()] < Calkl "V AN WL

Consequently, by the three lines lemma,

1) /2 0 2-9
£ @) < CIIP D=0 w B AN, 2, o =1/
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Put differently,
2 2 — — (% 2—6
e | Allgs”, < CIKIP D=0 w1 Allg, ", 0=/
The latter inequality implies (3.4). O

In particular, once we set rx /T =4, we obtain the following.

Corollary 3.4. Let %(d —1)<x< %(d + 1), where d > 2. Suppose that W is a function of the form

W) = Z wyx(x—n), w,eC, xe R?
nez4

Then
_ 2 _ _
IW(=A =2 xlle, < Be® I8 |f|(@=D/@)=DRe )y, (3.5)

for any %x <Re¢ < min{x, dx/(4x —2)} and z ¢ R. The positive constants B and o in this inequality
depend only ond and Re ¢. If »x = %(d + 1) and d = 2, then (3.5) holds with Re ¢ = %%.

Let us now consider the operator
(@) = e W(—A -2 V(A —2) W,

where W is a fixed function independent of w. The proof of the following proposition is based on the
fact that E[w,,] = 0.

Proposition 3.5. Let 1(d — 1) < x < (d + 1), where d > 2. Let 3x < Re ¢ < min{ax, dx/(4x — 2)}.
Assume that V € L2(RY, W € L*(R?) and oy > 2c. Then

ENEQ)NE)) < Cre e m o (@=D/x=DReC ) §)) 2, (3.6)
If x=21(d+1) and d > 2, then (3.6) holds with Re { = % x.
Proof. Obviously,

E(IXONI3,) = ETr X@)* X)) < 0% 3 |y 2 W(—A =) xill3, I (—A -2 W,
lezd

Together with Corollary 3.4, this implies (3.6). O

Corollary 3.6. Let 3(d—1) <x < 1(d+1), where d > 2. Let 3 <Re ¢ <min{x, dx/(4x —2)}. Assume
that V € L*(RY), W = V12 and oo > 2a. Then

_ 2 1) /y— ~
EIZ@) G, < Cree?@m MmO g (@=D/x=DReGy 712, 3.7)

If x=21(d+1) and d > 2, then (3.7) holds with Re { = %x.
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4. An estimate for the square of the Birman—Schwinger operator

According to the observations that we made, if W = \/7 , then X(¢) is a function that obeys (3.7) for
some rather large values of Re ¢, and it also obeys

IXO1 < CIVIZ,
for Re ¢ = 0. To obtain our first result about eigenvalues, we can interpolate between these two cases. Let
Xk)y=W(E=A—2)"'V(—A—2)~'W, z=k% keC,,

where W is a fixed function independent of w. What follows is the result of the interpolation (which does
not work for d = 2).

Proposition 4.1. Let 3(d — 1) < x < 3(d + 1), where d > 3. Let

d
max{2, x} < p < min 2, ——\. 4.1)
2x—1
Let W = V12, Assume that V € L?(RY). Then
EAXERNE NP < D2V, (4.2)

If x=21(d+1) and d > 3, then (4.2) holds with p = x.
Proof. Note that X (k) = X(1). The logic of interpolation says that (4.2) holds for p defined as
p=2/6, for 6 suchthat 1 =0t,

where %x < 1t < min{x, dx/(4x — 2)}. Of course, this interpolation works only if t > 1, which is
impossible for d = 2. Observe that, with this notation, p = 27.
Let
X (k) = QX (k)]

be the polar decomposition of the operator X (k). Consider the function
F@) = CET(WIE (=A =) Ve (=A =) WEIXR)IPT4Q%),
where

Vo) =Y olval*e " x (x —n).

If Re¢ =0, then
£ < CENXBIE).
If Re{ =1, then
| £(©)] < Calk| =D =DT | X (k) 1E, N IV

Consequently, by the three lines lemma,

| F(D] < ClK[“ D2 VI3 EAX RIE, ).
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Put differently,
EQX NE, ) < Clk“=DP 2 VI3 X ©)IE, )=,

The latter inequality implies (4.2) because 2t = p.
Now we can formulate and prove the following result.
Theorem 4.2. Letd >3, and let | <v < g < 2. Assume that W = |V |/, Then
E(IX (0NIG,) < CIKIT VI,
for p defined by
_dd—-1)—q d d—gq

2d—2) 2 2d-=2)

Proof. Observe that the assumption v < g < 2 leads to the inequalities

d+1 dd—-1)—v

D))

We will show that the conditions of Proposition 4.1 are fulfilled for the parameter » defined by

(d-1p
= —,
2p—v

v:(Z—(d_l))p
%

Consequently, (4.3) follows from (4.2). The second inequality in (4.5) implies

dd—1)—v _d-1
2(d —v) 2

The latter relation simply means that

while the first inequality in (4.5) combined with the condition v < 2 implies

d+1
w < —.

2

One can also see that the first inequality in (4.7) is equivalent to the estimate

xv dx
= < .
2x—(d—1) 2x—1

p

Finally, note that when d > 3, the condition p < 2x follows from the fact that v 4+ ¢ > 2.

5. Proof of Theorem 1.1

We will work with the function

d(z) =det,(I — X(k)), n=[p]l+1,

4.3)

(4.4)

4.5)

(4.6)

(4.7)
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where z is related to k via the Joukowski mapping

_RLE R
FrTr TV

which maps the set {k € C: Imk > 0, |k| > R} onto the upper half-plane {z € C : Imz > 0}. Rather
standard arguments lead to the estimate

E Imz; < C/ In|d(z)| dz, (5.1)
. —00
J

where the z; are the zeros of the function d(z) situated in the upper half-plane C,.. In fact, (5.1) could be
established in the same way as Jensen’s inequality for zeros of an analytic function on a unit disk. In (5.1)
we assume that V is compactly supported. The relation (5.1) leads to the estimate

|k;|* — R? 00 » (1 R ™ ioup
§ —L——— | Imk; <C IXWG | = — ) dk+ IX(R-€)|% sin6do).
; lkjl“R ] S '\R k2], 0 p

Taking the expectation we obtain
{3 Im k; (|k;|* = R*)+
~ PR

OO p (1 R " ONNP 7 o
§C(/ [E[”X(k)HG,,](E_k_z) dk+/.g E[IX(R-e )||6p]sm9d9). (5.2)
oo .

Due to Theorem 4.2, the latter inequality leads to

Imk;(|k;j|*> — R4 L
E A < C|R|V|V|?F. 5.3
[Z LR <CIR[™"IV (5.3)

Now, suppose that we consider only the eigenvalues A; = ka that satisfy the inequality
kil < Ro.
Multiplying (5.3) by R9~! and integrating with respect to R from O to R, we obtain
IE[ > Imk,-|kj|q—1} <CIRl'IVIY. q>v. (54)
[kjI<Ro

This implies Theorem 1.1. U

Theorem 1.2 can be proved in the same way. The only difference is that one needs to use Proposition 4.1
instead of Theorem 4.2.
Note also that (5.3) implies Theorem 1.3.
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6. Operators of the Birman—-Schwinger type
Let a, b and V be functions on R?. Define
A; = |a|* FV F*|b|%,

where F' is the unitary Fourier transform operator. For any complex number z, we understand V, as the
sum

Ve(x) i= ) onlval®e "y (x = ).
n

Note that the operator A; can be viewed as a sum over the lattice 74:

Ac=) " Acn, 6.1)
nezd

where
Arn = wplal® Flog| e ™8y (-« —n)F*|b|°.

We will show that while A; might not be bounded at some points w, it is still a compact operator
almost surely if @, b and V are in L?. We remind the reader that V was defined as the function

V) =) ulx(x—n).

Remark. Operators of the form a F W F*b do not have to be bounded for all a, b and W from L2 Indeed,

let
W) =(Ix|+ 17,  with jd <s < 3d,
and let 35/
g7 it &l <1,
:b =
a(§) =b() {0 if1E]> 1.

If a FW F*b was bounded, the operator T = a F+/ W would be bounded as well. The latter is not true,
simply because T ¢ L? for Y = W (the singularity of Ty at zero is |£]3$/4~9),

Proposition 6.1. Leta € L% b e L? and V e L2 Let also p > 2. Then the sum (6.1) withRe ¢ =2/p
converges almost surely in & ,. Moreover,

ELIANE DV < @o) P )ally 115 IVIE?, Re¢ =2/p. (6.2)

Proof. We are going to prove (6.2) for one point ¢y such that Re ¢y = 2/ p. For that purpose, we define the
operator K (w) = | A, |P/2. Then, obviously,

B :=E(IKII§,) = EllA,llg 1
Let Q@ = Q(w) be the partially isometric operator appearing in the polar decomposition

Apy = Q(w)|Ag,l.
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We introduce the analytic function
f©) =HTr A KPS| K |00,

which will be treated by the three lines lemma. Since ||A;|| <1 for Re¢ =0, and ||| K |0 Q*|| < 1, we
obtain that

|f()]<p, for Re¢ =0. (6.3)
On the other hand,
1F(O1 < @) Y2V allal2llbll2,  for Re¢ =1, (6.4)

by an analogue of Holder’s inequality valid for Schatten classes. Indeed, for Re ¢ =1,

|F@OP <EllA NG, ELKIIE,],
and
ElllAcllE,] = E[Tr A A ] = " E[Tr A}, Aca] < Q)| VI3 lal315113.

nezd

Using the three lines lemma, we obtain from (6.3) and (6.4) that
£ (@] < Q)R gITRE2 )R a3 b5
Note now that f(y) = 8. Consequently,
_ ~ 2 2 2
BUP < m) 2P V5P a3 P 1b1S 0
Corollary 6.2. Let T be a random operator of the form
T = |a|FV F*|b|,
with
Vix):= Z WV X (X —n).
n
Letae L?, beL?, v, €t? and p > 2. Then
ENTIE, D' < @) llall Il IV,

Proof. Observe that the functions |a|?/?, |b|?/? and vr/2 belong to L?. Therefore, according to the
proposition, the & ,-norm of the operator

K= |a|p§/2FVp;/2F*|b|p§/2
obeys the inequality
o — 2 2 a4 2
ELKIE DYP < @02 1al? 215 P 1b1P215 P IV PP, Reg =2/p. O

The following result is a very well-known bound obtained by E. Seiler and B. Simon [Seiler and Simon
1975]. Moreover, the reader can easily prove it using standard interpolation.
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Proposition 6.3. Let a and W be two functions from L? (R?) with p > 2. Let T be the operator
T=aFW,
where F is the operator of the Fourier transform. Then
ITlls, < @)™ lall,IWlp.  p=2.
Corollary 6.4. Let g > p > 2. Let T be a random operator of the form
T = |a|FV F*|b|,
with
Vx):= Z wpUn X (x —n).
n
Letae L?, be LY and v,, € £P. Then
ELTIE DY < @m)y~ P~ 1l IVl

Proof. According to Proposition 6.3,

TN, < @0 Pllall bl Vp,  p=2.
On the other hand, according to Corollary 6.2,

ELNTIG,DY? < @) lall, 1511 V-

It remains to interpolate between the two cases. For that purpose, we introduce the function
£(¢) = E[(Tr KP)(Ha=PA=0/p+E(p=DG=P)/P* Ty |q| FV F*|b|95/P K P71 Q¥],

where K = ||a|FV F*|b|| and € is the partially isometric operator appearing in the polar decomposition

la|FV F*|b| = QK.
For convenience, we write
B :=E[(Tr KP)?/P].

If Re ¢ =0, then by Holder’s inequality,
1F (O] <)y~ PBllall, IV,
If Re¢ =1, then

| £ ()] < E[(Tr KP)P=DG=P/r* g FV F*|b|9/P s, (Tr K P) P~ D7),
which leads to
£ < B P2 a) 16182V .
Observe also that

fp/q)=B.

Thus by the three lines lemma,

B < BV m)y= =4 a6l IV . 0
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7. Large values of Re ¢

Let 0 < R < 1. Let xo be the characteristic function of the ball

_ d. 2[k|
‘B—{seR e < 28 }

and let x; x = 1 — xo0.x be the characteristic function of its complement

Rd\%z{gewwsp%}.

We introduce the operators

Pn,k = FXn,kF*a

which are the spectral projections of —A corresponding to the intervals [0, 4|k|>/R?] and (4|k|>/R?, 00).

Besides depending on the properties of (—A — z)~¢, the arguments of this paper also rely on the
properties of the operators P, x(—A — z)~¢ for different values of ¢. In this section, we discuss relatively
large values of Re ¢. The following proposition gives an important estimate for the integral kernel of
Pox(—A—2)7%

Proposition 7.1. Let R < 1. Letd > 2, and let $(d — 1) < Re{ < 3(d + 1). The integral kernel of the
operator Pj (A —z)~¢ satisfies the estimate

[Pik(=A—=2) 75 (x, y)| < Be MmO || @-D/27ReE  _ y Ret=(ED/2 (7.1)
forz ¢ Ry and j =0, 1. The positive constants B and o in this inequality depend only on d and Re ¢.

Proof. Due to Proposition 3.1, it is sufficient to prove only one of the inequalities (7.1). Let us first
estimate the integrals

eié‘(xfy) dg: 5 Aseié(xfy) dé‘_
I":/ T e = Xl / 212y
k| <RIE| <2+ k| (1§15 —k#) wk|<RiE|<2+ k| (1§15 — k=)

Sper Sy [EIIER — k2%

206 (x — )€ dg

— ¢l /2"|k|<RIE<2"+‘|k| (I§12 —k2)s+1 7 72
for n > 1. We will show that
|| < B0’ (27 |/ Ry@=D/2ReC y  yRec=(@4D/2, (7.3)
for some 8 > 0 and o > 0. A priori,
L] < Cqe®™ ™ 12" k| /R)*2ReE, (74)

but the representation (7.2) leads to

|1,] < Cge™™ ™87 k|/R)2ReE | x — y |71, (7.5)
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The first estimate (7.4) implies (7.3) for 2" |k||x — y| < R, because in this case,
1] < Cae®™ ™1 2" k| /R)T 2R Q2" k| |x — |/ R)REET @D,
The second inequality (7.5) implies (7.3) for 2" |k||x — y| > R, because %(d +1) —Re ¢ <1 and, therefore,

(2n|k|/R)d72Re{71|x _ y|71 < (211|k|/R)d72R6§+Re{7(d+1)/2|x . lee§7(d+l)/2‘

The estimates (7.3) imply (7.1) for j = 1, because
(o.¢]
Pia(-A—2) (. y)=Cm) 4> 1. O
n=1

Corollary 7.2. Let (d — 1) <Re¢ < 3(d + 1), where d > 2. Let2 <r < 2d/(2Re ¢ — 1). Suppose
that W is a function of the form

Wx) = Z wpx(x—n), w,eC, xe RY.
nezd

Then
_ 2 _ _
IWP; 1 (—A —2) " xille, < Be® T8 || @=D/2Ret )y (7.6)

forz ¢ Ry and j =0, 1. The positive constants B and o in this inequality depend only on d and Re ¢.
If Re¢ = %(d + 1) and d > 2, then (7.6) holds with r = 2.

Proof. Tt follows from (7.1) that

||WPj,k(_A _ Z)_§Xl||262 < CeZa(Im{)2|k|(d—1)—2Re§ Z (ln _ l| 4+ I)ZRB{_(d+1)|wn|2.

nez4
A simple application of Holder’s inequality leads to (7.6). (|
On the other hand, we have the inequality
— 2
IWPjk(=A —=2)" xull < Be” ™[ W|oo, (7.7)

for Re¢ = 0.
By interpolation, we obtain the following from (7.6) and (7.7).

Proposition 7.3. Let 1(d — 1) < x < 1(d + 1), where d > 2. Let 2 <r < 2d/(2x — 1). Suppose that W

is a function of the form

Wx) = Z wpx(x—n), w,eC, xe RY.

nezd

Then, foranyRe¢ =t €(0,x), z¢ Ry and j =0, 1,
_ 2 _ _
IWP; k(—A —2) " xills,,,. < Be* ™" k| @=D/EO=Dr w0 (7.8)

The positive constants B and « in this inequality depend only on d and t. If »x = %(d + 1) and d = 2, then
(7.8) holds with r = 2.
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Proof. Indeed, let Re £y = 7, and let
A=Q|A]

be the polar decomposition of the operator
A=|WIYTP (=D =2y
Consider the function

F(@) =T Te(WIET P (= A — )¢ x| A| e Hiima/r ox)

If Re¢ =0, then
2x/t
62;{/‘(‘

£ < CillAll
If Re ¢ = x, then
£ < Calkl "V AN WL

Consequently, by the three lines lemma,

£ @)l < CIKIP D=2 w | TR Al 6 =/

rx/t Gox/r
Put differently,
2 2 _ _ 6 2—6
e Allg;, < CIKIT@ D=0 w T Alg 6 =1/x.
The latter inequality implies (7.8), and the proof is completed. U

In particular, once we set rx /T = 4, we obtain the following.

Corollary 7.4. Let %(d —D<x< %(d + 1), where d > 2. Suppose that W is a function of the form

W(x) = Z wyx(x—n), w,eC, xe R?.
nezd

Then
_ 2 _ _
WP 1 (—A —2) " xille, < Be*Mm8) |k|(@=D/@)=DRet iy, (7.9)

for any %}f <Re¢ <min{x,dx/(4x —2)}, z¢ Ry and j =0, 1. The positive constants B and o in this
inequality depend only on d and Re . If % = 3(d + 1) and d > 2, then (7.9) holds with Re { = 1x.

We will now discuss the properties of the random operators
X (£) = €5 (W Py (—A = 2) V(= A —2) S Py W),
Here W is a fixed function which does not depend on w.

Proposition 7.5. Let 3(d — 1) < x < 3(d + 1), where d > 2. Let 1 < Re¢ < min{x, dx/(4x — 2)}.
Assume that V € L2(RY), W € L*(R?) and oy > 2c. Then

_ 2 _ _ g
EIXnm (DS < Cre g™ g (@=DE=DRE 71 W17 (7.10)

If x=21(d+1) and d > 2, then (7.10) holds with Re { = 1x.
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Proof. Obviously,
[E(IIXn,m(é“)lléz) =E(Tr X, (§)* X, (8))

2 _ _
< OREN P IW Paa(—A =2 aullg, i (= A — ) F Pk WG,
lezd

Together with Corollary 7.4, this implies (7.10). U

We will also study the spectral properties of the operator

Y () = Xo0,0(¢) + Xo0,1(¢) + X1,0(¢).

Corollary 7.6. Let 3(d—1) <x < 3(d+1), where d > 2. Let 3 <Re ¢ < min{x, dx/(4x —2)}. Assume
that V € L*(RY), W = V12 and oo > 2a. Then

_ 2 _ _ ~
ENY NI ) < Crege®m 0 ImO” g (@=Dix=DRe Ly 72, (7.11)

If x=21(d+1) and d > 2, then (7.11) holds with Re { = 1x.

8. Small values of Re ¢

The notations we use in this section are the same as in the previous one. In particular, the projections

P, i are the same as before. As was mentioned, the arguments of this paper rely on the properties of the

operators P, x(—A — z)~¢ for different values of ¢. In this section, we discuss the case 0 <Re ¢ < 1.
In the next two propositions, we discuss the properties of the random operators

2 _ _
Xn,m({)=ea0§ (WPn,k(_A_Z) gVV(_A_Z) {Pm,kW)’

for Re ¢ = %y and0 <y < % Here W is a fixed function which does not depend on w. The value of the
parameter op should be sufficiently large as in Corollary 7.6.
Later, we will also study the spectral properties of the operator

Y () = Xo0,0(¢) + Xo0,1(¢) + X1,00¢).

However, the terms in this representation will be studied separately. A this point, we do not discuss
X1,1(¢) at all.

Proposition 8.1. Letd > 2. Let 7€ C\ Ry, and let2 <2p <3/y. Assume that 0 < R < 1. If Re¢ = %)/,
WelL* andV L?P then X0,0(¢) € &, almost surely. Moreover,

|k| 3d/(2p)=2y - 5
) IVIl2p Wy, (8.1)

— 2
E(IX00(O)NI& )77 < Cpyeeolmer/2 (?

Proof. This statement follows from Corollary 6.2 and Proposition 6.3. If r = %q =2p,thenl/r4+2/g=1/p.
Moreover, since

X00(8) = e (W(=A=2) P Poy(=A =) 2PV (=A =) X P u(—A = )W),
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we obtain the estimate

1X0.0(O)l
2 _ ~ _ _ _
<™ [ W(=A = 2) PPy rllg Pos(—A —2) 2BV (=A —2) 2B Pyl | Pos (—A — 2) 5P,

It remains to realize that

( / Yo d )2”< ( / d& )2/’ . clma( f ds )2/ '
_— = _— C , e S —
e |(|E]12 —2)X 3| <2k 1(1E12 —2)% 3| Py e|<2ik|/R |12V

ciim cllm
S Cp,ye <?> = Cp’ye (?) , yr < 3’
while a similar argument shows that
[ onde N e (W) g (WY
e [(IE]> —2)8/3a I R pyy R .

Proposition 8.2. Let2 <d <5. Let z € C\ Ry, and let 2 <2p < 3/y. Assume that 4py > d and
O<R<1IfRet= %y, W e L% and V € L*?, then X0,1(¢) € G, for all w. Moreover,

d/p=2y
_ 2 (1Kl
1Xo0,1(D s, < Cpye oMl ﬂ(—)

A 1VIl2p W13, (8.2)

Proof. Since
Xo.1(8) = ¢ (W(=A —2) PPy (=A =) EPV P (—A —2) W),
we obtain the estimate
1X0.1 ()l < 1267 IW (= A = 2) " Pogllapl Pos(=A = 2) 2PV o) | PL(=A = 2) S Wil

It remains to realize that

qoxde  \VOP P2

B C{lm

(L) <Ge() |
re [(|§]7 —2)%¢/7] R

xoxds  \VEP NP

5 c|im

/ 2 ) =Cpye ‘
re [(1€]° = 2)¢/°] R

Finally,

1/(4p) 1/(4p) d/@p)—y
</ X;,k dé§ i ) < 2eCIm{|</ dg i > < 5p,yec|1m§|<|k_|) O
re [(IE% —2)¢|*P g1>2k1/R (31£12)77 R

Let us now talk about the operator Y (¢). The study of this operator must be harder compared to the

while

study of X 1(¢) simply because Pj y(—A — z)~¢ is bounded uniformly in z while this is not true about
Pox(—A—2)"%
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Corollary 8.3. Let2 <d <5. Let |k| > R where 0 < R <1. Letalso W = \/7 Assume that2 <2p <3/y
and4py >d. If Re{ = %y and V € L??, then

R

In particular, we can set p = 1 and prove the following statement.

Proposition 8.4. Let2 <d <5. Let |k| > R where 0 < R <1. Let also W = ﬁ . Assume that

. el k| 3d/2p)-2y )
E(IY (OIIE )7 < Cpyemeolimel <—) V13,

%d< %y:Re{ < %.
Then

2
V1.

Ik[\3¢/2-4Re¢
?)

E(NY (@)ls,) < Crege @mel/2 (—

9. Another interpolation between small and large values of Re ¢

Let us recall two theorems that hold for the operator

Y (¢) = X0,0(¢) + Xo0,1(¢) + X1,000),

with W = V172, By small values of Re ¢ we mean the values that are considered in Corollary 8.3, which
states that, for any p > 1 and d/(8p) <Re¢ < 3/(4p),

A V13, 9.1)

In this corollary, we had to assume that 2 < d <5 and |k| > R, where 0 < R < 1. One should also not
forget that our assumptions about y =2 Re ¢ imply that Re ¢ < 43'1'
In the next result, we only replace 4 Re ¢ by d/(2p) in the right-hand side of (9.1).

Theorem 9.1. Let2 <d <5. Let W = V2. Let

3d/(2p)—4Re¢
EQY )NE )P < Creg, pe0lmel /2 (@) Vv
D7 = Cree,

O<Re§<%.

Assume that
d 3

§Rec ¥ T 4Rec

p=>1,
and 0 < R < 1. Then
P \1/p —oomers2 (KN o
EAYOllg,) " = Crec.pe n VI3,
for |k| = R.

For the sake of simplicity, we choose
d

TRe¢’

In this case, because of the assumption p > 1 that we made, we have to assume that

p:

O<Re§§%d.

Note that %d < %. Thus, we can formulate the following assertion.
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Corollary 9.2. Let2 <d <5. Let0 <Re ¢ < %d and let p =d/(TRe¢). Assume that 0 < R < 1. Then

P \1/p —aotimepy2 (K7 o
[E(||Y(§)||6p) < CRe¢,pe R VI3,

for k| > R.

By the large values of Re { we mean the values appearing in Corollary 7.6. We will use only a simpler
version of this result.

Theorem 9.3. Letd > 3. Let 1 <v <n <?2. Let

dRec =44 470 9.2)
el =—4+—. .
3 2 2(d-2)
Assume that V € L*(R%) and ap > 2. Then
(EQNY (©)IE))" < Crege®* MmO k=2 72, 9.3)
Proof. For Re ¢ defined in (9.2), the assumption v < n < 2 leads to the inequalities
d+1 dd—-1)—
a1 _yperd¥-D—v 9.4)
2 2(d—-2)
Let us now introduce the parameter x, setting
2(d—1)Rec¢
*=——.
4Re¢ —v
The latter relation simply means that
(d—1)
v=|2— 2Rec¢. 9.5)
%

Thus (9.3) coincides with (7.11). Let us check that all conditions of Corollary 7.6 are fulfilled. The
second inequality in (9.4) implies
did—1)—v - d—1
2(d —v) 2’
while the first inequality in (9.4) combined with the condition v < 2 implies that

d+1
w < —.

2

One can also see that the first inequality in (9.6) is equivalent to the estimate

(9.6)

xv dx

2Re¢ = < .
2x—(d—1) 2x—1

Finally, note that when d > 3, the condition Re ¢ < x follows from the fact that v + n > 2. Consequently,
Corollary 7.6 implies Theorem 9.3. U

We interpolate between Corollary 9.2 and Theorem 9.3.
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Theorem 9.4. Let 3 <d < 5. Assume that t| satisfies
d m—-1)d+1) d—n wv—Dd+1
0<{{= -2y < — 9.7
—«2+ 74 T2d-2) =" ©n
with n and v such that 1 <v <n < 2. If d = 3, then we assume additionally that 8v +9n < 26. Let p, q
and r be the numbers defined by

d 1 1—9+9 p 1 1—9+9 ©3)
= -, _——= — —_ an. _—= — -, .
P 11 q p 2 r 2p 2
where 0 is the solution of the equation
d—m+ 22920 ), 9.9)
T — —1 — = 1. .
! 2\2 "2 =2)
Then
1 KNP s
@wYamg»/QSQ(EJ k|~ V|12, (9.10)

for k| > Rand0 < R < 1.

Proof. Observe that
2w—1)(d+1)

d .
<= if
L)@ =7 rd=3,
1
8v—=1) _d . _
—21(2_77)57 if 8v+91n7 <26 and d =3.
In both cases, 7| obeys
O<1 < %d
Consider Y (¢) for ¢ running over the strip
d d—n
71 <Re¢ < -+ .
4  4(d-2)

Since we have some information about the values of this function on the boundary of the strip, we obtain
(9.10) by interpolation between Corollary 9.2 and Theorem 9.3. g

Remark. We need to explain why the parameters were selected as described in Theorem 9.4. The work
with perturbation determinants requires convergence of integrals of the form

o0
q
[ B pdk e =0

so we need the parameters to satisfy the condition
qd(1—-6) q6v
)4 2

< -1,

which is equivalent to the inequality

6 1 O(v—1 1—-6
w1 _ee=D_d-om
14 g 14 d
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implying that
Ov-Dd+1)
71(1-0) < g

The latter can be written differently as

9(d d—n) 6(v—D(d+1)
1——(=+ <
2\2 " 2d-2) 14d

In other words,

d (w-Dd+1) d—n
2<0(§—|— 7d +2(d—2))' (9.11)

The condition that 6 is large can be converted into an inequality showing that t; is small. The relation
(9.11) is satisfied if

d (-Dd+1) d—n w—1d+1)
((5 T Taas 2)) N 2) = 7d

Since n > v, this condition is obviously fulfilled if (9.7) holds.
In the next statement, we estimate the remainder X ;(¢) for ¢ = 1.

Theorem 9.5. Let p > 2d > 2, and let ¢ = 1. Then

—4
P41/ 3} 72
ELIX 11 (ONG 177 < C(R> 1712,
Proof. In this theorem, we deal with the operator
W(=A—2) ' PV (=A—2)7 PiW.

On the one hand, we see that

2/p
E[I(—A =272 PPV (=A =2 Piylig 117 < C(f 1§17 — 2|72 ds) V1.
|

§|>2|k|/R

which implies the inequality

KN"83
tE[n(—A—z>—2/3Pl,kV(—A—z)—2/3Pl,k||gp]“f’sc(%) Vi, p>3d.
On the other hand,
Y- K\ ;
1WA =27 PP, <C(Z ) IV, p>3d
Consequently,
E[|W(—=A—2)"'PaV(—A—2) P WL 1P <C Ll _4||V||2 > 3d O
Z 1,k Z LkWls, = R p P =34

The next statement follows by Holder’s inequality.
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Corollary 9.6. Let g > 3d > 1, and let { = 1. Then

ELX 00 ()1 ]“q<C(' ') 1713,

Surprisingly, ¢ in (9.8) satisfies the inequality g > %d > 1. Thus, we obtain the following result.

Theorem 9.7. Let 3 <d <5. Assume that t, satisfies (9.7) withn and v suchthat 1 <v <n<2. Ifd =3,
then we assume additionally that 8v 4+ 9n < 26. Let p, q and r be the numbers defined by

d 1 1—-6 6 1 1-6 6
4 =00 e 2= 9.12)
Tt q p 2 r 2p 2
where 0 is the solution of the equation
0 (d d—n
1—6 1. 9.13
n-0+ 5 (54 5 —x) = ©9.13)

Then
KN o (K], 502
ENX®IE N < C, [(R) k| =07/ +<;) }nvn,,

for k| > Rand0 < R < 1.

10. Proof of Theorem 1.5

Again, we work with the function
d(z) =det,(I — X(k)), n=[q]l+]1,

where z is related to k via the Joukowski mapping
u + k R>0
=—+—, > 0.
TETR

Standard arguments allow us to rewrite (5.2) with p replaced by ¢ as

Imk;(|k;|> — R?) 4 o0 R n i |
E[XJ: : ij'lzR :|§C(/ [E[”X(k)”téq](R k2) dk+/ [E[||X(R-ee)||(éq]sm9d9),

—0o0

where the k; are defined as square roots of eigenvalues of H. Due to Theorem 9.7, the latter inequality
yields

Imk;(|k;|> — R?) . B ~
E A < C|R|7%2v A, 10.1
[Z LR < CIR|™*"|V|; (10.1)

Now, suppose that we consider only the eigenvalues A; = ka that satisfy the inequality
|kj| < Ro.

Multiplying (10.1) by R°~! and integrating with respect to R from 0 to Ry, we obtain

[E[ > Imkj|kj|“1} < C|RI" V|24, & > Logv. O
[kj|<Ro
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