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STRONG SEMICLASSICAL LIMITS FROM HARTREE
AND HARTREE-FOCK TO VLASOV-POISSON EQUATIONS

LAURENT LAFLECHE AND CHIARA SAFFIRIO

We consider the semiclassical limit from the Hartree to the Vlasov equation with general singular
interaction potential including the Coulomb and gravitational interactions, and we prove explicit bounds
in the strong topologies of Schatten norms. Moreover, in the case of fermions, we provide estimates on
the size of the exchange term in the Hartree—Fock equation and also obtain a rate of convergence for the
semiclassical limit from the Hartree—Fock to the Vlasov equation in Schatten norms. Our results hold for
general initial data in some Sobolev space and any fixed time interval.

1. Introduction

The Vlasov equation is a kinetic equation describing the time evolution of the probability density of
particles in interaction, such as particles in a plasma or in a galaxy. The problem of deriving this
equation from the dynamics of N quantum interacting particles in a joint mean-field and semiclassical
approximation is a classical question in mathematical physics, and the first rigorous results were obtained
in the 1980s (see [Narnhofer and Sewell 1981; Spohn 1981]).

We study here the semiclassical limit from the Hartree and Hartree-Fock equations towards the Vlasov
equation, i.e., the limit corresponding to a regime in which the Planck constant # becomes negligible.
For any fixed time interval, we obtain quantitative Schatten norm estimates between the solutions of the
quantum equations (Hartree and Hartree-Fock) and the Weyl quantization of the solution of the Vlasov
equation. In particular, these imply the convergence of the Wigner transform of the quantum equations
towards the solution of the Vlasov equation.

1A. Context and state of the art.

Vlasov equation. The Vlasov equation is a nonlinear transport equation for the probability density
fiRy xRIxRY > R;
Of+&-Vaf +E-Vef =0, ey

where r € Ry denotes the time variable, x € R¢ denotes the space variable and & € R¢ denotes the
momentum variable. In the above equation, E := —VK x py is the self-induced mean-field force field

Saffirio acknowledges the support of the Swiss National Science Foundation through the Eccellenza project PCEFP2_181153

and of the NCCR SwissMAP.

MSC2020: primary 35Q41, 35Q55, 82C10; secondary 35Q83, 82C05.

Keywords: Hartree equation, Hartree—Fock equation, Vlasov equation, Coulomb interaction, gravitational interaction,
semiclassical limit.

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/apde/
https://doi.org/10.2140/apde.2023.16-4
https://doi.org/10.2140/apde.2023.16.891
http://msp.org
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

892 LAURENT LAFLECHE AND CHIARA SAFFIRIO

created by the pair interaction potential K : RY — R through the formula

—(VK #ps)(t,x) = — /Rd VK(x—y)ps(t, y)dy,

where py is the spatial density associated to f, namely

pr(t,x) =/Rdf(t,x,é)d%‘-

When K is the Green’s function for the Laplace operator, (1) is called the Vlasov-Poisson system
because K can be obtained as a solution to the Poisson equation —AK = py, thus linking the Vlasov
equation to the Poisson equation. In this case, in dimension 3, K corresponds to the Coulomb potential

1
Kx)= m,
but our method allows us to consider more general attractive and repulsive potentials. To simplify the
presentation, we will look at homogeneous potentials of the form K (x) = £|x| ™ or at K (x) = £ In(|x]|),
and we will then indicate how to generalize our results to a class of Sobolev spaces (see page 899).

The well-posedness of the Vlasov equation (1) is due to Dobrushin [1979] for smooth interaction
potentials K € C, E(Rd). Concerning singular interactions, the cases of Coulomb and gravitational potentials
have been tackled first in [lordanskii 1961] and [Ukai and Okabe 1978] for d = 1 and d = 2, respectively.
In d =3, the well-posedness for small data has been proven in [Bardos and Degond 1985] and later extended
to general initial data by Pfaffelmoser [1992] and by Lions and Perthame [1991]. In recent years, improve-
ments on the conditions of propagation of momenta and on the uniqueness condition have been addressed
in [Desvillettes et al. 2015; Holding and Miot 2018; Loeper 2006; Miot 2016; Pallard 2012; 2014]. The
setting of this paper will be close to the setting of the paper by Lions and Perthame [1991]; that is the one
that best suits the comparison with the quantum dynamics because of its Eulerian viewpoint.

The Vlasov equation (1) is supposed to emerge as a joint mean-field (weakly interacting particles at
high density) and semiclassical limit from the dynamics of N interacting quantum particles. This was
first proven in [Narnhofer and Sewell 1981] and [Spohn 1981] for analytic and C? interaction potentials,
respectively, using the BBGKY approach in the fermionic setting. The case of bosons interacting through
a smooth pair potential has been studied in [Graffi et al. 2003] in the mean-field limit combined with a
semiclassical limit through the analysis of the dynamics of factored WKB states.

Hartree and Hartree—Fock equations. 1t is well known that the many-body dynamics can be approximated
in the mean-field limit by the Hartree equation

ihd;p =[H, p], 2

an evolution equation for the density operator p = p(¢), a nonnegative bounded operator on the
space L*(R?) with Tr(p) =1.In (2), i = % is the reduced Planck constant, and H is the Hamiltonian

H=-1nA+Kxp, 3)
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where A is the Laplace operator, K is the pair interaction potential, p(x) = p(x, x) is the diagonal of the
integral kernel of the trace class operator p and K = p is identified with the operator of multiplication by
the function x — K * p(x).

In the case of fermions, a more precise mean-field approximation for the many-body quantum dynamics
is given by the Hartree-Fock equation

ihd;p = [Hyr, p], “)

with Hyp = —h%A + K % p — X, where X is the so-called exchange term defined as the operator with
integral kernel

X(x,y)=K(x—y)p(x,y). 5

We recall that the interest in the mean-field regime is due to the fact that many systems of interest
in quantum mechanics are usually made of large numbers of particles, which typically range between
102 and 10%, while the above equations only describe the behavior of one typical particle in a system of
infinitely many particles. The mathematical literature on this subject is rather extensive. See for example
[Bardos et al. 2000; 2002; Chen et al. 2011; 2018; Erdds and Yau 2001; Frohlich et al. 2009; Golse
and Paul 2017; 2019; Golse et al. 2016; 2018; Grillakis et al. 2010; Kuz 2015; Mitrouskas et al. 2019;
Pickl 2011; Rodnianski and Schlein 2009] for the case of bosons, and [Bach et al. 2016; Benedikter
et al. 2014; 2016a; Elgart et al. 2004; Frohlich and Knowles 2011; Petrat 2017; Petrat and Pickl 2016;
Porta et al. 2017; Saffirio 2018] for the case of fermions.

Semiclassical limit. The Hartree and Hartree—Fock equations are quantum models. It is therefore natural
to investigate their semiclassical limit as i — 0. First results in this direction provide the convergence from
the Hartree dynamics towards the Vlasov equation in the abstract sense, without rate of convergence and in
weak topologies, but including the case of singular interaction potentials, such as the Coulomb interaction
(see [Figalli et al. 2012; Gasser et al. 1998; Lions and Paul 1993; Markowich and Mauser 1993]). Explicit
bounds on the convergence rate in stronger topologies were established in [Amour et al. 2013a; 2013b;
Athanassoulis et al. 2011; Benedikter et al. 2016b; Golse and Paul 2017; Pezzotti and Pulvirenti 2009].
They all deal with smooth interaction potentials. More recently, the case of singular interactions, including
the Coulomb potential, has been considered in [Lafleche 2019; 2021], where the convergence from the
Hartree to the Vlasov equation is achieved in weak topology using the quantum Wasserstein—Monge—
Kantorovich distance, providing explicit bounds on the convergence rate. In strong topology (trace
norm and Hilbert—Schmidt norm), explicit bounds on the convergence from the Hartree dynamics to the
Vlasov equation with inverse power law of the form K (x) = |x|™* with a € (O, %) have been proven in
[Saffirio 2020b], and a proof that includes the Coulomb potential has been provided in [Saffirio 2020a]
but under restrictive assumptions on the initial data.

Key novelties. The aim of this paper is to establish a strong convergence result from both the Hartree and
the Hartree—Fock equations towards the Vlasov dynamics for a large class of regular initial states. Our
results apply to a wide class of initial data which are smooth as 7 — 0, thus giving a thorough answer to
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the question of strong convergence of the Hartree equation to the Vlasov system for singular interactions,
at least in the case of mixed states converging to smooth solutions of the Vlasov equation.

With respect to the results present in the literature, there are several novelties: Apart from the large
class of initial data for whose evolution we can establish strong convergence with explicit rate towards
the Vlasov equation, our techniques allow us to consider inverse power law potentials that are more
singular than the Coulomb potential, and our methods easily extend to very general nonradially symmetric
potentials. Moreover, the topology we consider is not only the one induced by the trace or Hilbert—-Schmidt
norm (as it is for instance in [Saffirio 2020b]), but the ones induced by semiclassical Schatten norms L£?,
forall p €[1, 0o0). These are obtained by a refinement on the estimate for the £7-norms of the commutator
[K(- —2), p] and a careful analysis of the propagation in time of initial conditions leading to bound the

e -]

uniformly in 7, for p > 3. This requires using kinetic interpolation inequalities as in [Lafleche 2019] and

quantity

diag

LP(RY)

an extension of the Calder6n—Vaillancourt theorem for Weyl quantization.

Finally, we extend our results to the Hartree—Fock equation (4), thus proving the strong convergence
of the Hartree—Fock dynamics to the Vlasov equation. As a corollary, we get explicit estimates on the
difference between the Hartree and Hartree—Fock dynamics in Schatten norms, thus giving a rigorous
proof of the fact that the exchange term in the Hartree—Fock dynamics is also subleading with respect to
the direct term when the interaction potential is singular (this was proved in [Benedikter et al. 2014] in
the case of smooth potentials).

Open problems. Our work gives good answers to the problem of the semiclassical limit from the Hartree
and Hartree—Fock equations to the Vlasov equation with general singular potentials in the context of
mixed states. However, a certain number of questions related to the derivation of the Vlasov equation
from quantum dynamics remain open.

(1) To our knowledge, the mean-field limit from a system of N quantum particles interacting through a
singular potential in the case of mixed states is open in both the bosonic and the fermionic settings.

(i1) In the bosonic setting, where N and /i are independent parameters, the joint mean-field and semiclas-
sical limit is an open problem when the interaction is singular. Namely, no uniform convergence in the
semiclassical parameter / has been proven so far.

(iii) We believe our results give optimal bounds on the convergence rate in trace norm £!. The question
whether the bounds we obtain for the semiclassical Hilbert—-Schmidt norm £? are optimal, and thus for
the L? convergence of the associated Wigner functions, is open. The exact same question can be asked
about the bounds in Theorem 1.6 for the convergence of the Hartree—Fock equation to the Vlasov equation.
In both cases, we believe the bounds we get are not optimal and there is room for improvement.

Structure of the paper. The paper is structured as follows:

o We state our main result in Section 1B and include additional comments and generalizations in
Section 1C.
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 In Section 2 we explain our strategy. We introduce a semiclassical notion of regularity (Section 2A)
and then explain our method to get the semiclassical limit by making a comparison with the classical
Vlasov dynamics, finding a new stability estimate for the Vlasov system (Section 2B).

» Section 3 contains the main results concerning the regularity of the Weyl transform of a solution to the
Vlasov equation, which will be crucial to prove the theorems stated in Section 1B.

 Section 4 is devoted to proving Theorems 1.1 and 1.4, dealing with the semiclassical limit from the
Hartree equation under the assumption that the regularity proved in Section 3 holds.

« In Section 5 we present the proof of Theorem 1.6 about the semiclassical limit from the Hartree—Fock
equation, based on additional estimates on the exchange term.

» Two appendices on the propagation of regularity for the Vlasov equation and on basic operator identities
complement the paper.

1B. Main results.

Operators and function spaces. We denote by L? = L”(R?) the classical Lebesgue spaces and by
LP4 = LP4(R?) the classical Lorentz spaces for (p, q) €[1, 00]?; see for example [Bergh and Lofstrom
1976]. In particular, L?-? = L?. We define the space of positive and trace class operators by

Ll :={pe L), p=p*=0, Tr(p) < o0},

where £(L?) denotes the space of linear operators on L?, and the quantum Lebesgue norms (or semiclas-
sical Schatten norms) L? by

lpller := =P 1pll, = =P (Tr(|p|? )7,

where ||p||, denotes the usual Schatten norm (i.e., without dependency in &) and p’ = p/(p — 1) denotes
the conjugate exponent.

In this work, we consider the semiclassical limit to solutions of the Vlasov equation with regular data
in the sense that the initial condition will be bounded in some weighted Sobolev space. Therefore, we
write the following for smooth polynomial weight functions,

(y) =/ 14112,
and for o € N, we define the spaces W,f "P(R?) as the spaces equipped with the norm
£ g ey 2= 162 @) Lo ey + 162) VI F @ o gaay,
where z = (x, £) with (z)> = 1 + |x|> + |&|% We also use the standard notation when o =0 or p = 2:
LRy :=wPP®),  HZ(RM):= wIHRY).

When R?¢ is replaced by R?, as for Lebesgue spaces, we will use shortcut notation and write H" instead
of H"(R?), for example, and C ¢ for the space of smooth compactly supported functions on R?.
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Wigner and Weyl transforms. We can associate to each density operator p a function of the phase space
called the Wigner transform, which is defined (for 2 = 1) by

w(p)(x, §) = /R LT (x gy x = ) dy = F(R)G),
where p,(y) = p(x + %y, X — % y) and we used the following convention for the Fourier transform:
F© = [ e ue
This function of the phase space is not a probability distribution, however, since it is generally not

nonnegative. We refer to [Lions and Paul 1993] for more properties of the Wigner transform. Given p,
we will write its semiclassical Wigner transform as

1 §
wr(p)(x, §) = ﬁw(p)(x, E)'

Conversely, to each function of the phase space, we can associate an operator through the Weyl transfor-
mation, which is the inverse of the Wigner transform. It is defined as the operator p‘,f(g) such that for any
peCx,

Py (g)g := f/Rzlg(%(ery),S)e_"(y_")'s/%(y) dy dg.

Theorems. We state our theorems, starting with our main result.

Theorem 1.1. Letd € {2,3}, a € (max{3d —2, —1},d —2] and K be given by either

+1
K(x)=

x|

or K(x)==%In(x]). (©)

In the second case we set a :== 0. Let f > 0 be a solution of the Vlasov equation (1) and p > 0 be a
solution of the Hartree equation (2) with respective initial conditions
fin c W’(rlr+1,oo(R2d) N H:+1(R2d), (7)
o e L) (8)
where (m, o) € (4N) x (2N) satisfiesm >d and o >m+d/(b—1) withb=d/(a+1). If a <0, we also

require Tr((|x |2—h2A)pin) to be bounded. Then there exist A y(t) € CO([R{+, Ry)and Cy(t) € CO([R{+, Ry)
depending only on d, a and the initial condition of the solution of the Vlasov equation such that

Tr(|p — psl) < (Te(|p™ — pf]) + C (D), 9)

where p; = p;V( f) and p}“ = p sin. Upper bounds for the functions Ay and Cy are given by
t
Ap() < Cd,a/O Ve f llwnooo 2y medy ds.,

13
Cy(t) < Caa / Lo g Linme 1VE £ g meaye ™ ds,
0

where v = (%m +a+2-— d)+ and ng = 2|_%dJ + 2, and remain bounded at any time t > 0.
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Remark 1.2. Condition (6) includes in particular the Coulomb or Newton potential in dimensions d = 3
and d = 2. In these cases, the conditions of regularity (7) of the initial data of the Vlasov equation become
fme W R¥) N HS(R*) whend =3 and a = 1, and fi* € W,"*(R*) N Hy(R*!) when d =2
and a = 0. These conditions are of course not optimal: for example, we ask that m /2 and o be even
numbers to simplify some computations.

Remark 1.3. To see more explicitly that (9) gives a good semiclassical approximation estimate, one
can take p™" and p}“ such that Tr(|p™ — p;}‘|) < Ch and fix some T > 0, which yields the existence of a
constant Cy > 0 such that for any ¢ € [0, T],

Te(lp — ps1) < Crh. (10)

The theorem also implies the convergence of the spatial density of particles p — py in L'. Indeed, by
duality we have
lo—=pflliLr="sup

0eL®(R?)
10llLe <1

fO(x)(P(x)_Pf(x))dx <Tr(lp—psD. (11)

since every bounded function x — O (x) also defines a multiplication operator with operator norm || O|| .
From the bound in Theorem 1.1 we obtain estimates in other semiclassical Lebesgue spaces.

Theorem 1.4. Take the same assumptions and notations as in Theorem 1.1, define b =d/(a + 1) and
assume moreover that
i 1, 2d 1 m2d
e wtho®*) N HI T (R*)

and that ¢ > ng+d/b. Then for any p € [1, b),
o= pplice < 1p™ = pPllce + (Tr(1p™ — ) + () ), (12)

where ¢ and A are continuous functions on R, depending on d, a, p and f™. For any q € [b, 00),

assuming also that p™ € £, this leads to the estimate
10— pslles < c2®)(U1p™ = PPIE +Tr(|p™ — pFP/7 + AP/ )P/ 00, (13)

where py = ,o‘,%v( 3R p}“ =psnandc; €C %Ry, Ry) can be computed explicitly and depend on the initial
conditions.

Remark 1.5. In particular, if we assume p'" = p}‘f‘, or more generally
Tr(|p™ — pf) < Ch and [ — pll2 < Ch,

then we have a rate of the form /2%?~¢ with & > 0 arbitrarily small. For the Coulomb potential in dimension
d = 3, the estimate reads

”fp - f”]}(RZd) = ||p — pf”LZ < CTh3/4_s,

for any ¢ € [0, T'] for some fixed T > 0, where f, = w;(p) is the Wigner transform of p. Notice that
Theorem 1.1 does not imply convergence of the operators but is only a quantitative estimate, where
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both p and p‘;iv( f) depend on %. As operators, they both for instance converge to 0 in operator norm
since by hypothesis ||ploc ~ Ch?. On the contrary, the above equation is both a quantitative estimate
and a convergence result since f is a fixed element which does not depend on 7. Thus it implies the
convergence of f, to fin L> (R, L*(R*%Y).

With the same assumptions in the case d = 2, the Coulomb kernel is of the form K (x) = C In(]x|)
and b = 2, implying that (12) holds for any p € [1, 2) and that we almost get the conjectured optimal rate

of convergence for p =2,
I fo — fllL2meey < Crh'™*.

Our third result concerns the Hartree—Fock equation. In this case, we combine p =1 and p > 1 in one
theorem.

Theorem 1.6. Let p be a solution of the Hartree—Fock equation (4) and f be a solution of the Viasov
equation (1) which satisfy the same initial conditions as in Theorem 1.1, and if p > 1, the same initial
conditions as in Theorem 1.4. If a > 0, we also assume that the solution has finite kinetic energy, i.e.,

—Tr(h>Ap™)

is bounded uniformly with respect to h. Then, for any p € [1, b), there exist functions ¢ € CO(Ry, Ry)
and A € CO(Ry., Ry depending ond, a, p and f™ such that

lo—popllce < 110™ = pF e + (Tr(lp™ — p]) + c(t) ™5 =1,
wﬁere pr = p‘;zv(f), p}“ =psmand s =d—ay — d(% — %
P € L, we still have the estimate

)+. For g € [b, 00), assuming again that

lo = pyllce < c2)(Ulp™ = PFIE + Te(lp™ = P74 AP/ mLS 1) /a0,
where cy(t) can be computed explicitly and depends on the initial conditions.

1C. Discussion.

Higher singularities. For a > d — 2, we have no propagation of regularity and therefore our results hold
true only in a conditional form. Namely, if the solution to the Vlasov equation is sufficiently regular, then
the bounds of Theorem 1.1 and Theorem 1.4 are still satisfied. More precisely, if d = 3, such conditional
results hold for any a € (1, 2). As for Theorem 1.6, a conditional result is still true. However, due to the
need to control the exchange term X, we can only address a smaller class of potentials. In particular, in
dimension d =3 we have a € (1, %) Our results in dimensions 2 and 3 can be summarized as follows:

. d=2 d=3
SEUnES: | g e(=1,01 ae© 1) |ae(-11] ae(.3) ac[3.2)
Hartree global conditional global conditional conditional

Hartree—Fock global conditional global conditional no results
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General class of potentials. All our results generalize to more general nonradial pair interactions. For
s € (0, d), define the weak Sobolev space H?;' as the completion of C>° with respect to the norm

. 2
luall o = 1A a7y,

where || - ||Tv denotes the total variation norm over the space M of bounded measures. By the formula
of the inverse of the powers of the Laplacian, we deduce that it is the space of functions that can be
written as

1
M(x)=/ ————u(dw), (14)
Rd |X —w|*

for some measure © € M.
Notice that this space contains the interaction kernel

1
K(x)=— with a=d —s,
x|

when a > 0, which follows by taking i = §¢. In particular, for the Coulomb potential in dimension d = 3,
72,1
x|~
However, this space contains also more general potentials. It contains for example the Sobolev space
HS! = 1'925"1 which is defined by the norm ||A%/2u| ;1. When n € N, then H™! = W"! is a classical
homogeneous Sobolev space.

The proof for more general potentials follows mainly from the fact that the equation and most of our
estimates depend linearly on K. As an example, Proposition 5.1 is proved with this class of potentials.
Hence, all our results also hold with the assumption K € I-'Ig_“ instead of K (x) = |[x|™* when a > 0,
except Theorem 1.6, since we need an assumption on K2 to prove inequalities (39a) and (39b). For
this theorem, the assumption K (x) = |x|™“ can therefore be replaced by K € I-'Ig_“ and K? € Hg—za
when a > 0.

From Hartree to Hartree—Fock. Notice that Theorem 1.4 and Theorem 1.6 give a semiclassical estimate
between the solutions of the Hartree equation (2) and the solutions of the Hartree—Fock equation (4).
Indeed, let pyy and pyr be solutions to the Hartree equation and the Hartree—Fock equation, respectively,
and let Py be a solution to the Weyl transformed Vlasov equation. Then, for p € [1, 00), we have

lon — purllcr < llog — prllcy +1lpur — prllcr,

where the first term on the right-hand side is bounded by Theorem 1.4 and the second term on the
right-hand side can be estimated by Theorem 1.6.

Well-posedness. One of the strengths of the method is that our strong regularity assumptions that must be
independent of % only concern the solutions of the Vlasov equation. Our assumptions on the solution of
the Hartree equation imply the global well-posedness of solutions, as proved in [Castella 1997], where the
trace norm corresponds to the L?*(A)-norm; see also [Ginibre and Velo 1980; 1985; Lions and Paul 1993].
Even if these assumptions are weak, observe however that the operator p™ has to be at a finite trace norm
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distance from the operator o™ which by construction is bounded in higher Sobolev spaces (as can be
deduced from Proposition 3.3). The additional moment bound when a < 0 ensures that the energy is
finite, which allows us to propagate the space moments; see e.g., [Lafleche 2019, Remark 3.1]. This is
sufficient to give a meaning to the pair interaction potential which is growing at infinity in this case.

2. Strategy

The strategy of this paper consists in getting the semiclassical analogue of the estimates of classical
mechanics, and in particular the case of kinetic models. The quantum analogue of the classical momentum
variable & is the operator

p:=—ihV,

which is an unbounded operator on L2 From this we get in particular that | p|? := p*p = —A*A and we
can express the Hamiltonian (3) as H = %| p|2 + V(x).

2A. Quantum gradients of the phase space. Since our method uses regular initial conditions, we define
the following operators which are the quantum equivalent of the gradient with respect to the variables x
and & of the phase space:

Vip:=1[V, p]l= [.ﬁ,p},

ih
Vepi=| =
gp.— ih,p .

These formulas can be seen from the point of view of the correspondence principle as the quantum
equivalent of the Poisson bracket definition of the classical gradients. Another point of view is to observe
that they are Weyl quantizations, since we have

Vip = ppy (Vawi(p)),
Vep = py (Vewn(p)).

One should not confuse V € £(L?) with V, € £(£(L?)). In Section 3, we prove that if a function on
the phase space is sufficiently smooth in the classical sense, then its Weyl quantization also has some
smoothness in the semiclassical sense.

2B. The classical case: L' weak-strong stability. In the classical case, the method we use to prove the
semiclassical limit, which is the content of Sections 4 and 5 can be seen as an equivalent of the following
L' weak-strong stability estimate for the Vlasov equation, which says that we need to have control of the
gradient of only one of the solutions to get a bound on the integral of their difference.

We use the shortcut notation L? Lg’r = LP(R?, L9 (R?)) for functions on the phase space of the form
f = f(x, &). The next proposition can be seen as the classical equivalent of Theorem 1.1.

Proposition 2.1. Let b € (1, 0o] and VK € L>®, and assume fi and f> are two solutions of the Viasov
equation (1) in L*°([0, T, LI(RZd))for some T > 0. Then, under the condition

Vi fre L'([0, T1, LY 1LY, (15)
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one has the stability estimate

T
I f1 = fllrweay < I — F20 ooy exp(C/ ”vSfQHLb/‘]Lé dt),
0 X
where C = ||VK || po,00.

Remark 2.2. In the case of the Coulomb interaction and b = % the condition on f, becomes

|19 e € 10,70, L,
which by real interpolation follows if
IVe fally € L', T), L3 N LY,

for some ¢ € (0, 2]. In particular, the case ¢ = 2 yields (3 — &, 3+ ¢) = (1, 5), which corresponds to the
classical equivalent of the hypotheses required on the solutions in [Saffirio 2020a]. A quantum version of
this hypothesis can also be found in [Porta et al. 2017].

Remark 2.3. This result allows V K to be more singular than the case of the Coulomb potential. However,
it is a conditional result, since one still has to show that condition (15) holds. If the potential is the
Coulomb potential or a less singular potential, then one can prove that this condition holds if the data
is initially in some weighted Sobolev space by Proposition A.1 in Appendix A. If the potential is more
singular than the Coulomb potential, then it is not clear that there are cases such that condition (15) is
satisfied.

Proof of Proposition 2.1. Let f := f; — f> and define p; = fRd frd§ and Ey = —VV, = —VK x p for
k € {1,2}. Then

O f+&-Vif+E-Vef =(Ex—Ey)- Ve fo,

so that by defining p := p; — p» we obtain

at/\/%Zd|f|dXd§:f/%2d(VK*pVSfZ)Sgn(f)dng

= —/ pVK % </ sgn(f)ngzdff) < fliw
R? Re

where the notation * indicates that we perform the dot product of vectors inside the convolution. We

VK*[ |V5f2|df
Rd

9

LOO

conclude by noticing that by Holder’s inequality for Lorentz spaces (see for example [Hunt 1966, (2.7)]),
for any g € L1,

[VK *gllLe < Supf IVK(z— -)gl = VKl esllgllpv, (16)
zeRd JRY
so the result follows by taking g = || Ve f2| Ll and then using Gronwall’s lemma. U

The next proposition is the classical equivalent of the first part of Theorem 1.4.
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Proposition 2.4. Let b > 1 and VK € L%, and assume f| and f> are two solutions of the Vlasov
mwmmnmemJLUmM»mmmﬂmewmﬁ%ﬁeLanJ§%Q

ILf1 = fall e ged)
. . ) . t T
in in in in
<IA" = 2 lee@eay + CILT = /o IILI(RM)/ IIngzlng.ngdteXP(C/ ”VSfZ”Lb’.lLé dt),
0 0 *

where C = |VK || b0 and

1 1 1
—=— (17)
g p b

Remark 2.5. Formula (17) implies p < b. In the case of the Coulomb interaction in dimension d = 3 we

have b = %, thus the estimate works at most with p = %

Proof. We define the two-parameter semigroup S;  such that S; ; =1 and

08158 = Nt S158s
where
AtSt,sg =-- vxSt,sg —E()- VSSt,sga

with E{(t) = E1(t,x) = —VK % p; and p (¢, x) = f fi(t, x, &) d&. Now observe that the flow property
of S, implies that 0sS; ; = —S¢ sAs. Thus, using the notation

Api=—E-Vi—Ext)- Ve
and taking f1(s) = fi(s, x, &) and f12(s) = fa(s, x, &) to be two solutions of the Vlasov equation, we get

8sSt,s(f1 - fZ)(s) = _St,sAs(fl - fZ)(S) + St,sAsfl(S) - St,s[\sz(s)
= S1.5(As — Ay) fo(5) = S;. s ((E2(s) — E1(5)) - Ve fa(s)),

and by integrating with respect to s and writing f := f; — f» and E := E| — E, we obtain the Duhamel
formula

fO) =580+ /0 S0 (EG) - Ve f5) ds.
Since the semigroup S; ; preserves all Lebesgue norms of the phase space, taking the L?-norm yields
IfOllge, <1Fr, + /0 NES) - Ve o)z, ds.
To bound the expression inside the time integral we write
IECs) - Ve fo)lir, =G0 x VK) - Ve ()L, = /Rd lP@IIVK( —2)- Ve o)l r, dz
=< /Rd @I [IVK(- = DIV () llzp |,pdz

= llollL ||VK”L5~°°||V§f2(s)”sz]Lg’v

where we again used Holder’s inequality for Lorentz spaces. U
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3. Regularity of the Weyl transform

In this section, we prove that if the solution f of the Vlasov equation is sufficiently well-behaved, then we
can obtain uniform in 7 bounds for the quantum equivalent of the norm || Ve f || L} expressed in terms of
the Weyl transform of f.

Proposition 3.1. Let n, n; € N be even numbers such that n > %d, and define o := 2n + n; and
ny = ZL%dJ + 2. Then, for any f € wnotloo(R2dy n H(;’“([de), there exists a constant Cq,, > 0
depending only on d and n| such that

Idiag(|Vs oy (f)DIlLr < Cayn, Ve f llwno-oo @2y g w24
forany p e [1,14n/d].

The strategy is to use a special case of the quantum kinetic interpolation inequality proved in Theorem 6
of [Lafleche 2019]. For the operator | V¢ p|, this special case reads

Idiag(|Vep))llLr < C(Tr(|Vepl [ pI" )’ IVepll 2 (18)

where p =1+n;/d and 6 = 1/p. The corresponding kinetic inequality is

0
IVe fllpayy < c(//R Ve f11E™ dxd&) IVe fllp-

To do this, we will need to compare the multiplication of the Weyl transform of a phase space function g
by |p|* and |x|*, with the Weyl transform of the multiplication of g by |£|" and |x|". This makes error
terms appear involving derivatives of g. For example, in the case n =2,

Py @ Ipl* = p) (I€1°g + 3inE - Vg — 1h*A,g) and p}()|x|* = py (Ix|*g +ih& - Vsg + 1h*Agg).

More generally, one can obtain similar identities when n € N. In order to write them, we introduce the
standard multi-index notation

. d . E .
o= (ai)iel[l,d]] e N, |O{| = o, al = Ol]!Olz! . -Old!,
o ap o) &%) o] o o :
XU =y xS ay —8xl‘3x22 BX;, a<pB <= Vie[l,d],o <pbi.

We then obtain the following set of identities.

Lemma 3.2. For any n € 2N and any tempered distribution g of the phase space,

pl@Ipl"= Y awp(lin)’ ol 0le). (192)

la+Bl=n

PN @Ix" =Y bap(—im)Ppl (x*0f g), (19b)
le+B|=n
PV X = > aupba s (—in) P (Lin) P ol (x0f 6*9P g)), (19)

lo+-Bl=n1
o'+ |=n

where the coefficients aq g and by, g are nonnegative and do not depend on h.
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Proof. By definition of the Weyl transform, we deduce that for any ¢ € C2°,
ploplo =an [[ | el . )00 aM g5y as
R

= / /R AV (8(30+3),§)e O M)(y) dy dk.

With the multi-index notation, we can expand the powers of the Laplacian of a product of functions in the
following way:

A (fe)= ) awpd®fofg,

la+Bl=n
where the a;, p are nonnegative constants depending on n and on the multi-index « such that

D aup=@d)".

|la+Bl=n

Thus we deduce that the integral kernel « of the operator pg.lv(g) |p|" is given by

kxN= ) aa,,g(ih)”"“f 219 g(L(x +y), £)E%e O/ g,

lo-+Bl=n R
which yields
Pl@Ipl = Y aup(lin)’ o caly).

la+Bl=n

This proves (19a). To prove the second identity, we write u := %(x +y) and v := y —x, so that the integral
kernel k, of the operator ,()%V(g)pcl2 is given by

K2 (x, y) = / fR . g(3(x+y), &)eOTIE My dg

=[], st o0 s oy e
R2d

d
= / / g(u, S)e—"“f/ﬁ<
R2d —

1

n/2
(ui2 + %viz + uiUi)) dé.
1

By the multinomial theorem, this can be written as

()= ) bap //de u®g(u, E)vPe "4/ dg

le+l=n

= 2 bus f /R utgu,&)im M1l dg

|a+B|=n

= Z ba,ﬁ(_ih)m// Maafg(u,g)e—ivf/hdg’
R2d

loe+Bl|=n
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where we used integration by parts |B| times to get the last line, and the b, g are nonnegative constants

Z baﬁ— n/2

la+pBl=n

that satisfy

In term of operators, this leads to
PN @Ix" =Y bap(—im)lpl(x"0f o),
le+Bl=n
which is (19b). To get the last identity, we combine the first two to get
pr@Ip"IxI" = Y awp(3in) " oy € 9L g)lxI"
la+Bl=n1
= Y aupbep(—in)I(Lin) " ol (x0f E*00g)). O
la+Bl=n
lo'+p'|=n
From this lemma, we deduce the following £ inequalities.
Proposition 3.3. Let n € 2N, and let g be a function of the phase space. Then there exists a constant
C > 0 depending only on d and n such that
o 11"l 2 < @) (g1l 2eey + (37)" 1V 8l 2wy (20a)
||ﬁﬁ @lx|" 2 < ( ) (llglx|" ||L2([R2d) +hnl|vgg”L2([R2d)) (20b)
o (1" xI" 2 < C(IA + x["E1"™)g Nl 2wy + B | x]" V7 g1l 12 goay
+ 1€ VE gll 2oy + RTTIVE Vgl 2 o)) (200)
Proof. By (19a) and the fact that || p}) (u)| ;2 = ||u|l ;2(g2e) for any u € L*(R*?), we obtain
I @IplMe < Y aap(3h) " 1E“0 gl 2. 1)
la+Bl=n

Then, for any multi-index « and B such that |« + 8| = n, define g(y, &) to be the Fourier transform
of g(x, &) with respect to the variable x, and use the fact that the Fourier transform is unitary in Li to get

1] 1] |ot| 1Bl /1, \18]
(37)"11E* 92 gll L2 maay = (31) 7 IE* YP 81l L2 maay < —|||§| g||L2(R2d)+7(- ) Y1 gl 22 ey

< IE1" gl 2 eay + (38)" IVE2 L2 aay -
Moreover, as remarked in the proof of Lemma 3.2,
> aap=4d)",
lr+Bl=n
from which we obtain (20a). Formulas (20b) and (20c) can be proved in the same way. U

Moreover, we can bound weighted £'-norms using £2-norms with bigger weights. This is the content
of the following proposition where we recall the notation (y) = /1 + |y|? for the weights.
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Proposition 3.4. Let n, n; € N be even numbers such that n > %d , and define k :=n +n;. Assume
p = p‘;v(g) is the Weyl transform of a function g € H;’Lf (R??). Then the following inequality holds:
Tr(lpl1pI") < CAUIE) (%) gl 2oy +" 140)" Vicg Il 2 eay+h" IE) VL gl 2y + IV VE gl 2 goay)-

Proof. First notice that since the sum of eigenvalues is always smaller than the sum of singular values
(see for example [Simon 2005, (3.1)]), we have that

Te(lpllp™) = Te(llpllpI™ D,

and from the definition of |AB| if A and B are two operators, we see that |AB| = (B*A*AB)!/?> = ||A|B|,
so that Tr(||p||p|*|) = Tr(|p|p|™]). Defining m,, := (1 + |p|*)(1 + |x|"), we deduce from the Cauchy-
Schwarz inequality that

Te(lplpI™) < Tr(lplpl™]) < lplp" myll2llm, ]2 (22)

To control the second factor on the right-hand side, we observe that it is of the form m,; "= w@w(—iaV)
with w(y) = (14 |y|™) ™!, so its Hilbert—-Schmidt norm can be computed (see e.g., [Simon 2005, (4.7)]) as

lm,, Hl2 = @)~ lwll 2wk )l 2 = Canh ™",
where Cy ,, = ||lw ||i2 is finite since n > %d . Therefore, by the definition of the £?-norm, (22) leads to

Te(|pl1pI") < Canllplp" myll 2 < Canllp(p™ + | pI" 1x|" + 1 p" " + " 2" 22

To get the result, we take p = p‘;.lv(g) and use Proposition 3.3 to bound the right-hand side of the above
inequality by weighted classical L?-norms of g. U

We can now prove the main proposition of this section following the strategy explained at the beginning
of this section.

Proof of Proposition 3.1. We use an improvement of the Calderén—Vaillancourt theorem for Weyl operators
proved by Boulkhemair [1999] which states that if g € W (R??) with ng = 2| 1d | +2, then oV (g) is
a bounded operator on L? and its operator norm is bounded by
oY (@)l z22) = Cllgllwros g (23)
Since p} (g) = h?p" (g(-,h-)), and, for h <1,
g (s A ) lwnooe meay < 118 Il wno-oom2a),
by taking g = V¢ f we deduce from (23) and the definition of the £>°-norm that
Ve (Pl < ClIVe f llwnos aay,
uniformly in . Moreover, taking g = V¢ f in Proposition 3.4 yields
Tr(| Ve oy (OIPI™) < ClIVe £l 5o ey

The result then follows by combining these two inequalities to bound the right-hand side of the interpolation
inequality (18). ]
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4. Proof of Theorems 1.1 and 1.4

We start this section by proving a stability estimate similar to the inequality used in the classical case,
and then use the results of Section 3 and the propagation of regularity for the Vlasov equation to get the
proof of Theorem 1.1 and then the proof of Theorem 1.4. The conditional result is stated here.

Proposition 4.1. Let K = 1/|x|* witha € ((%d — 2)+, d— 1), and assume p is a solution of the Hartree
equation (2) with initial condition p™ € Eﬂr and f > 0is a solution of the Vlasov equation satisfying

f € L2 (Ry, WHOrhoR2) 0 HITH(R)), (24a)
pre LRy, L'NHY), (24b)

where ny :2L%dJ +2andn, ny € 2N are such that n > %d andny > d /(b — 1), and we use the notation
o=2n+n,v=m+a+2—d)yandb=d/(a+1). Then

Tr(|o — psl) < (Te(|p™ — pf) + C (DAY,

where

t
Ap(t) = Cd,m,a/ Ve f llwno.om2ayn e w2ay ds,
0

t
Cr(t)=Cam.a / 105 ) lina IVEF$) | g aye ™ ds.
0 n

Remark 4.2. It is actually sufficient to assume that f > 0 when ¢ = O since this implies that it holds at
any time ¢ > 0.

In analogy with the classical case (see the proof of Proposition 2.4), we introduce the two-parameter
semigroup U; s such that U, ; = 1 and defined for ¢ > s by

iho U s = H(t)Uy s,
where H is the Hartree Hamiltonian (3). We consider the quantity

iho (U (p(t) — pr (O Uss) = Uy K * (p(t) — pr (), prO)Uys + U By U s,

where B; is an operator defined through its integral kernel by
Bi(x,y) = ((K*pp)x) = (K*pp)(3) = (VK% pp) (3 +3)) - (x =) p (x, ). (25)
Using Duhamel’s formula and taking the Schatten p-norm (recall that 4 ; is a unitary operator), we get
o) —prIlp
. . 1 t 1 t
<™ =pfl,+ 7 f 1Bl p ds + 7 / / lo(s, 2) = pr(s, DINK (- —2), pr()]llpdzds. (26)
0 0

We now take p = 1, i.e., the trace norm, and we have to bound each term on the right-hand side of (26) in
order to obtain a Gronwall type inequality which will prove Proposition 4.1. Note that we will then again
use (26) with p > 1 together with Theorem 1.1 to prove Theorem 1.4.
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4A. The commutator inequality. Generalizing [Porta et al. 2017, Lemma 3.1], we obtain the quantum
equivalent of (16), which is the following inequality for the trace norm of the commutator of K and a
trace class operator p.
Theorem 4.3. Leta e (—1,d —1) and K(x) = 1/|x|* or K(x) =1In(|x|) when a =0. Then

d
a+1
Let b be the conjugated Holder exponent of b. Then for any ¢ € (0, b’ — 1], there exists a constant C > 0
such that

VK € L>® with b=1b,:=

Te(|[K (- —2). pll) < Chlldiag(|V p)) |}/ lldiag (| Ve o)1

for any & € (0, £/(2b")) and with the additional assumption ¢ < by, —b" if d > 4.

Remark 4.4. In the case of the Coulomb interaction and d = 3, we have K (x) =1/|x|, b=b; = % and
VK € L3/%° Thus for any ¢ € (0, 2], there exists a constant C > 0 such that

Te(I[K (- —2), plI) < Chlldiag(|Vep)) IS I diag(IVep ) 5.

for any € € (O, %8).
Theorem 4.3 is a corollary of the slightly more precise proposition that follows.
Proposition 4.5. Forany é € ((1/b]—1/b"),,1—1/b") and q € (b'/(1—8b"), o0], there exists a constant

C > 0 such that

Tr(|[K (- — 2), pl|) < Chl|diag(| Vs p))|I , lIdiag(|Ve oIl 1,7, (27)

where 1/p =1/b"+8 and 0 =§/(1/p — 1/q) and with the additional assumption that g < b} if d > 4.

Proof of Theorem 4.3. We will decompose the potential as a combination of Gaussian functions (see e.g.,
[Lieb and Loss 2001, 5.9 (3)]). By using the definition of the gamma function and a simple change of
variable, when a > 0 one obtains, for any r > 0,

1 1 oo a/2—1 —mrt
= t e dr, (28)
0

W r?/? )

where w, =27%/%/(T'(3a)). Taking r = |x|* leads directly to the decomposition

1 1 [ 1 a2
— ta/z le 7 |x| tdl‘.
W |x|? 2 Jo

Now when a € (-2, 0), take (28) with a + 2 instead of a, integrate it with respect to r, exchange the
integrals and then again replace r by |x|>. This yields a similar decomposition of the form

1 _ l/oota/Zl(eﬂxlzt —1)dr.

wq|x|? 2 Jo

In order to treat the case of the logarithm, do the same steps with a = 0 to obtain

1 > a/2—1, —m|x|*t —t
—In(xh =5 | — e ™y dr.
0
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In all these cases, defining wq := 1, we get the identity

1 1 [
QT(K(X) _ K(y)) — 5 /O ta/z—l(e—ﬂ|)€|2[ _ e—7T|y|21) dz,

Following the idea of [Porta et al. 2017] but using this new decomposition, we write

1 1 [ a/2—1 'd —m0lx >t —m(1—0)|y|*t
(K(x)—K(y) == t — (e e ) dé dt
Wy 2 0 0 do

oo 1
=-m / t“/Z/ x—y)-(x+ y)e_”‘)'x‘zte_”(]_e)'y'% de dr,
0 0
from which we get

K(x—2)—K(y—=2)
—TTw,

1 poo
_ /0 /0 12 (x — ) - (9o ()1 -0 (¥) + 6 ()1 () dr d6,

where we defined gy (x) := e %7 W=z’ and Or(x) := (x — 2)@r(x). Thus, using the fact that the integral
kernel of Vep is ((x —y)/(if))p(x, y) and exchanging 6 by 1 — 6 in the second term of the integral, we
obtain

1 poo
[K(-—z>,p]=/f 1% (g - Ve pp1—g + 19 Ve p - ¢g) dt 6.
0JO

imthw,
Noticing that (¢ - Ve p@1-9)* = ¢1-9Vep - g, we can now estimate the trace norm by

1

1 poo
ILK(-—2), plll1 < // 12\ po - Ve pp1 |1 dr 6. (29)
0 J0

Then, by decomposing the self-adjoint operator Ve p on an orthogonal basis (¥;) ey, we can write
Vep =2 c; jl¥j) (Y] and get

lpo - Veppr-gll1 < Zl)»jl oV i) (¥ jp1-olll1

jelJ

<Y Injlgevil ¥l

jeJ
where we used the fact that |||u)(v|||1 = |lu]l;2]|v] ;2. Thus, by the Cauchy—Schwarz inequality for series,

1/2
o - Vepgi_ll1 < (Z 141 ||¢ew,-||iz> (Z 141 ||szo1_9||iz)

jeJ jeJ

1/2 1/2
5(/ |¢9|2p1> (f |<o1_9|2p1) ,
R4 R4

with the notation p; = diag(|Vepl) =) jerlAjlly; |2. By the integral Holder’s inequality, this yields

172

1/2 1/2
e - Veopi—alli < ol 2 ll@1—all 2 101 o111 (30)
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where (p, q) € [1, 00]? can depend on the parameter ¢, which will help us to obtain the convergence of
the integral in (29). We can now compute explicitly the integrals of the functions ¢ and ¢:

2p 2p —2ml|x—z|?p't _ wWd 1
, = x—z|Pe dx = oVoR
el A;{d | | waray (20p'1)@F200/2
29 27 (1-0)|x—z|2¢'t _ 1
_ , = e dx=————.
le1—o ||L2q /I‘Qd (1 — 9)q/l‘)d/2

Combining these two formulas with (29) and (30) leads to

172 172
UK — 2ol < [ Caaplorliilonly ! a0 B
with
1/(2]7/) d+2p 4p d/(4a’
Caa,p = Ia)a|< ) (2p))~4+2PD/GP) (94" 4/ ),
Wd+2p'

We observe that the integral over 6 is converging as soon as

1 2 1 1 4 1
—<—-=— and —<—=—. 31D
p'd b q d b3
In order to get a finite integral of the variable 7, we cut the integral into two parts. The first for ¢ € (0, R)
and the second for ¢ € (R, 00), for a given R > 0. Then we choose p and ¢ such that

! d—i—d—i—l 1 for te(0,R) d ! d+d+l 1 fort>R
= — —a) < or , an = — —al > or t >R,
2\2p"  2q’ 2\2p"  2q’

or equivalently, since b =d/(a + 1),

1/1 1 1 1/1 1 1
Ao+ << for t € (0, R) and =+ > for t > R.
2 q b 2\p" ¢

o |

However, this has to be compatible with the constraint (31). Therefore, when ¢ € (0, R), we can in
particular take ¢ = po with pg <min(b’, b}). When ¢ > R, then we can also take for example p = pg > %b/

and then any ¢ such that
2 1 1 4 1
S <= <= and — <. (32)
b py ¢ d q
Notice that the condition 1/¢g" < 4/d is only used when d > 4 and can be rewritten as ¢ < bj;. Such a
pair (po, g) exists as long as a < %d and a < 2. By defining § := 1/po — 1/b/, then these conditions are

1 1 5 <1 1 1 1—|—8 1 1 s
———) <§<l——, —=—+43, - < ——34.
by v/, b’ po b g b

equivalent to

With these p and g, we deduce that there exists a constant C depending on d, a, pg and ¢ such that

K (- —2), pllli < Ch(RWDA/=VPD | o[ 5y 4 RGP0/ @oO=1/QaN | o 1121 51172,
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Optimizing with respect to R yields
Tr([K (- —2), p1) < Chllprllfh o1 175" (33)

where 6y = (1/po— 1/6")/(1/po — 1/q). In order to obtain an equation of the form (27), we can define
g :=¢q —b’, which is positive by (32) and the fact that pg < b’. The condition ¢ < b} when d > 4 then reads
as € < by —b’. We can also define p := b’ — & > 1. Then by a direct computation and again using (32) we
obtain

po—p=po+q—26">0,

so that p < py < b’ < ¢ and by interpolation of Lebesgue spaces,

lorllm < o7y ol ™,
where 6y = (1/po—1/q)/(1/p —1/q). Noticing that 66, = (1/po—1/6")/(1/p — 1/q) and that we can
take 1/pg as close as we want to 1/ p, there exists & such that we can choose pg such that
I/p—1/6/ 1 ¢
9091+81 =u=—+—.
I/p—1/g 2 20
Therefore, the last inequality combined with (33) leads to (27). O

The following proposition is an extension of Theorem 4.3 to £? spaces, for p < b. Notice however
that the right-hand side here is expressed in terms of weighted quantum Lebesgue norms, which makes
the inequality weaker than the one in Theorem 4.3.

Proposition 4.6. Letd >2, a € (—1, min(2, 1d)) and 1 < p <b:=d/(a+1). Then forany e € (0, g —1)
and n > a + 1, there exists a constant C > 0 such that

1/24-¢ 1/2—¢
K (- —2), plllcr < Chl Ve pmy |7 11 Ve pmy 17F,

where € = ¢/q, m, =1+ |p|" and with
I 1 1

p gq b

Proof. First we do the same decomposition as for the £' case but then take a £”-norm in (29). This yields

1
hlewq

oo pl
I[K (- —z),p]llpff / 12|\ ¢g - Ve pp1_gl , 6 dr. (34)
0 0

In order to bound this integral, we will cut it into two parts corresponding to ¢ € (0, R) and # > R, and we
take 1/g > 1/p—1/b when ¢ is small and 1/g < 1/p —1/b in the second case. Using the hypotheses, we
can find (@, B) € [2, 00)? and (ng, ng) € (d/a, 00) x (d/B, o0) such that e > d, B > %d, Ng+ng=n
and 1/a +1/8 =1/p — 1/q. Then we define m; := 1 + |p|* and multiply and divide by m,,, and my,.
This yields

g0 - Vepor-all, = I (@om,,)) - my, Ve pmy,m,, o1l

—1 —1
< ligom,, llallm, o1-ollpllmn, Vepmnllg.
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where we twice used Holder’s inequality for operators to obtain the second line from the right side of the
first. We notice that ¢9m;a1 is of the form g(—iV) f(x), so that since o > 2, by the Kato—Seiler—Simon
inequality (see e.g., [Simon 2005, Theorem 4.1]),

gom;, o < 2m)~ Il e llm,, (B )|,

with m;al (hx) = (1 + |hx ")~ By the change of variable y = /x in the last integral, and using the fact
that Cg p, o i= ||m,:a1 |lLe < oo, this yields

-1 —d
pom;, o < Cang.ah™llpoll e

Then a direct computation of the integral of ¢y yields

1/a 1
—1 —dfa | _@d
||¢9mna ||a =< Cd,na,oth (wd+a> (a@t)(d+“)/(2“) .

By the same proof but replacing ¢y by ¢y, if 8 > 2, we have

1
(B —60)r)d/2h)

d/

||m;ﬁ1§01—9||,3 < Cangph”

Therefore, (34) leads to
00 Cphl—d(l/a-‘rl/ﬁ) 1 do
ILK (- —2), plll, < /0 +(1/2)(d/a+d/p+1-a) (/0 gd+e)/ Qo) (] — 9)d/(25)> dr
00 C hl—i—d/p’—d/q’ 1 do
< p dr,
= fo 1@/ p—1/q—1/b)+1 ( /0 g(d+a)/ e (] _Q)d/(Zﬁ))

l/O{ C C
— @d d,ng,o d,l’lﬂ,ﬂ
o= <a)d+a) B/ C2B) g (d+e)/2e) lm, Ve pry |l

where

The integrals in 6 and ¢ converge since

d 1 1 1 . 1 1 1 .
a>d and B> —, ———<- if te[0, R], ———>— if t € (R, 0).
2 p q b p q b

Then observe that as proved in Appendix B (see (56)),

”mnavépmnﬂ”q = ”Vépmnﬁmna”q = ”Vépmn”q,

and we conclude the proof by taking the optimal R as in the proof of Theorem 4.3. U

4B. Bound for the error term. In this section, we will prove that the operator B; defined by (25) is small
when A goes to 0.

Proposition 4.7. Under the hypotheses of Theorem 1.1, if p € [1,2] and n € 2N withn > %d , then
1B/l < CH*lps i IVE 1 gz ey

where v = (n+a+2—d), and C is independent from h.
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Proof. Recalling the notation £ = —VK * p as in [Saffirio 2020a; 2020b], we write a decomposition
of B; as

1 1
i—th(x,)’)=/0 E((1—-0)x+0y) — E(5(x +))d0 - Vips(x, y)
_lh// DVE(((1 =0)x +0y)6" + L (x +y)(1 - 0) d0.d0" : V2p,(x, y)

—in [ / 1)V E (o +bory) 4949 : V2o, (x. )

where ag g = %(0/ +1)—60', by = %(1 —6')+ 06" and “:” denotes the double contraction of tensors.

In terms of the Fourier transform of V E, this yields

—B,(x y)_zh//[ s b VY E (2) d6 40’ dz : Vip,(x, ).
Rd

Defining e,, as the operator of multiplication by the function x — e%7“¥* we obtain

_Bt = zh/ f / VE(z) €ay (VéE pf)ebg 4o de’ dz,
Rd

and since e, is a bounded (unitary) operator, taking the quantum Lebesgue norms yields

| 1 pl - _
Bl < / / / 10— YITE@llew,, (VZo)en, .10 40 46 dz < SHITE 1 IVE 0yl
0JO0 JR

e Now to bound ||§1\E|| 11, we can use the fact that for any n > %d , the Fourier transform maps H"
continuously into L' to get

IVElL < Canll V2K % pyllgn.

If a = d — 2, then by the continuity of V2K % - in H", we get IIﬁlan < Cllpfllgn. Otherwise, if
€ (3d —2,d)\ {2}, we get

2—d—
IVEl 1 < Camal (1415257 112 < Canall ofll gesr-angmiarr-a < Camall prll pingorasa-os.

where we used the fact that if o € (—%d, O), then by Sobolev’s inequalities L? D H® with 1/p* = %—a/d,
and then L2N L' L?" since p*ell, 2]

« Finally, to bound ||V,§2 prllcr, we interpolate it between the L' and the £? norms to get
2 2010 w2, 0l
IV20, 00 < IV20 10 I1V2 0,170 = V2 £ 1 gy 1 V205117 (35)

where 6 = 2/p’. Then using the fact that Vgpf = ,()‘})iV(VS f), we can use Proposition 3.4 with g = ng,
ny=0andn > %d to get

IVEppller < CIVE Il gz goay

which using (35) implies that ||V$2pf lcr < C||V§2f||H22n(R2d). [l
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4C. Proof of Proposition 4.1. We can now use the bounds on the commutator and the error terms proved
in previous sections to prove the stability estimate of Proposition 4.1.
For p =1, inequality (26) yields

Te(lp(1) — oy (1)])
. . 1 t 1 t
§Tr(|pm—p}n|)+£/0 Tr(Ile)dS+g/O/Ip(s,z)—pf(s, DITe([[K (- —2), py(s)]]) dzds.

Proposition 4.7 gives a bound on the second term on the right-hand side, whereas Theorem 4.3 allows us
to bound the last term on the right-hand side uniformly in z. Moreover, because of (11), we have

lo—prlipy <Te(lp — pgD).

Altogether, we obtain for some small ¢ > 0 to be chosen later,

t
Tr(|p _ pfl) < Tr(|pm _ p}n|) +Ch / ”,Of(s)||lefl(rt+a+2—d)4r ||V§f(s) ||H22n(R2d) ds
O n

t
+C / Te(p(s) — py () D lIdiag( Ve oy (I | wrserypr—e s,
0

where b’ = d/(d — (a + 1)). We then use Proposition 3.1 to bound the L”-norm of the diagonal for
p="b+ecand p=>b—¢by

Idiag(1Ve ) liLe < Can Ve S Ny a2 ey
where since n; > d/(b—1) =d (b’ — 1) we can choose ¢ such that b’ +¢ < 1+ ny/d. We conclude by

using Gronwall’s lemma. ]

4D. Proof of Theorem 1.1. To prove this theorem, it remains to prove that the assumptions (24a) and (24b)
are satisfied with our choice of initial conditions, which will imply the result by Proposition 4.1. But these
bounds are only about the solution of the classical Vlasov equation for which the long time existence of
regular solutions is known. More precisely, we prove the regularity needed in our case in Proposition A.1
in Appendix A. With our assumptions on the initial data, we have f" € Wo+1°(R2?) with m > d.
Moreover, since f" € HZ+!(R??) with o > m+d/(b— 1), by Holder’s inequality we deduce in particular
that fin e L(Z7 (R??) which by Holder’s inequality yields

// FIE dx dg < 0o
RZd

for some n; > d /(b — 1). Therefore, Proposition A.1 indeed leads to
f € Lig Ry, Woth @) N HIH (R*)),

where we notice that o > ng := 2|_%dJ + 2. Finally, the HY bound for p also follows from Holder’s
inequality since o > %d, so that

/ VI £l de
Rd

where the last inequality follows from the fact that [v] <o + 1. U

IVIMpll, . <

< CaoE VI Fllamaey < CULF Nl g+t goay s
LZ
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4E. Proof of Theorem 1.4. We now prove Theorem 1.4 using the results of Propositions 4.6 and 4.7.
Recall inequality (26). The bound (11) yields

. . 1 t 1 t
lo—ppllcr < 10™ = oPllcr + Ef 1Bl e ds + g/ Te(lp — ;1) sup IIK (- —2), plllce ds.
0 0 z

The second term on the right-hand side can be estimated thanks to Proposition 4.7 and can then be bounded
as in the case p = 1. The last term on the right-hand side is bounded by Proposition 4.6 by terms of the
form || Vg pymy | co withm, =1+|p|", n>a+1=d/band 1/g closeto 1/p—1/b. Whena < %(d—2),
then ¢ < 2 and we can bound them by interpolating between £' and £? weighted norms, yielding

2/q 1-2/q"
IVep mallze < [ Veprmull 25 | Vep mall 77,

and we can then bound these terms by Propositions 3.3 and 3.4. When ¢g > 2, this strategy is no
longer possible; however, by the property of the Weyl transform and Calder6n—Vaillancourt-Boulkhemair
inequality (23) we know that

1o (@l = llgle@ay  and |} (&)llce < Callgllwro ),

where ng = ZL%dJ + 2. Therefore, this time, we interpolate between the £>- and £>-norm to get

o5 ®llzs < Callon @17 10% @) 2" < CalEN Yoo oy 1€ 1 20, (36)

where 6 = 1—2/q is close to 2/p" — 1/b’ &= . Using Lemma 3.2, we see that V¢ p,m, can be written as
a linear combination of terms of the form p‘,;v(é aaf Ve f) =: p‘;.lv(go,, g), where o and B are multi-indices
satisfying |a + B| < n. Therefore, taking g = g, g in (36) for each g, g, we obtain a control in terms of
weighted Sobolev norms of the solution f of the classical solution of the Vlasov equation (1) of the form
LA WE %0 (R2dy A o+ (R2A) with o > ng+d /b, which can be controlled as in the proof of Theorem 1.1. We
can therefore conclude by Gronwall’s lemma that (12) holds.

Now we prove (13). Consider (12) and the bound

o =pplice < llollce +llofllcoe. (37)

As for the first term on the right-hand side, we know that all £”-norms are propagated by the Hartree
equation, therefore || p|| e = | p™|| 2~ and hence it is bounded by assumption. In the second term on
the right-hand side we again use the Calder6n—Vaillancourt—Boulkhemair inequality (23). Hence, if
f e W (R>) and p" € £, the £-norm of the difference p — ps is bounded uniformly in 7. To
conclude, we bound the £7-norm using the £°°-norm and the £P-norm with p = b — ¢, for ¢ > 0 small

enough, and get

q

lp—psllce < o —ppl2 A

lo—psll,
since g € (p, 00). Then (12) yields
lp = psllce < COUIO™ — PRI +Tr(|p™ — pDP/T + 1P/,

where C is a constant which depends on the dimension of the space d, on ™|z and on fin. [l
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5. Proof of Theorem 1.6

We recall that X = X,, is the operator of the time-dependent integral kernel X,(x, y) = K(x —y)p(x, y),
where p is the integral kernel of the operator p. Under the conditions of Theorem 1.6, the associated
energy is bounded and we have the following inequalities.

Proposition 5.1. Leta € [0,d), s :=d —a and p be a positive trace class operator. Then if K € I-'Il‘j;l,
we have that

Tr(Xp) < CH K | s 11 p1* p 1| 2 (38)

Moreover, if a € [0, %d) and K? € I-'Ilff*d*l, then for any p € [1,2] and g = 2p)/(2 — p) € [2, o0] there
exists a constant such that for any operator p,,

1 2
1Xopaller < CHE K a0l PIpll 2102 o (39a)
When p € [2, oo] we still have
1/2
1Xppsllce < CH*H/P=2) K21 1Pl c2llpal e (39b)

where in both (39a) and (39b) the constants C depend only onsandd.

Remark 5.2. We can control the weighted £2-norms by the inequality

al2

11p1*?pll%, < llpll = Tr(|p|“ p). (40)

Notice that we cannot deduce it immediately by Holder’s inequality for the Schatten norms because it
would give us Tr(]|p|“p|) instead of Tr(|p|“p) on the right-hand side. However, by definition of the
absolute value for operators and by cyclicity of the trace, we get

a2 172 12y = al2 1212y

Ilp1*/2pl15 = Tr(p|pl°p) = Tr(pp'?|p|°p Tr(pl|pl

Now, Holder’s inequality gives

Tr(pl1p1**p'*1%) < llplloo Tr(l1pI%0"*1P) = llpllo Tr(| pI*p),
which leads to (40) by the definition of £? and L.
Proof of Proposition 5.1. We first prove (38) and then use it to show (39a) and (39b).

o Proof of inequality (38). Use (14) to get

2
[[, kG =ploe. P ardy o [ (// Ly)'adXdy)Q(dw)
R2d Rd RM |Xx —y —w|

for some measure Q such that || Q| Ty = || K| 4s1. This leads to

eGP y>|2
<
E = cua 5u£<//R L s dy) Il
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Now we concentrate on bounding the double integral. First we observe that by the change of variable
z=x—y—w we have

// LIS 0T _// 1
y_
RM |X —Yy— wI“ R |zZ|¢

Then, by the Hardy—Rellich inequality (see e.g., [Yafaev 1999]), since a € [0, d), for any ¢ € H*/%, we

have that
2
[0 a <cun [ 180 e
re 2] R

Therefore, taking ¢(z) = p(z + y + w, y) in the above inequality and integrating with respect to y yields

£0 < Caa // A p(z 4y +w, )P dzdy = Caa // A p(x, )P dx dy.
R R

Recalling that Az/ 4p(x, y) is nothing but the integral kernel of the operator ~%/2| p|%/?p and using the
definition of the £2-norm, we obtain

Ea = Ca.ah®1p1**p %,

where Cy ., = 2m)%Cq 4.

 Proof of inequality (39a). Since X, is a positive operator, X2 (X, |>. Moreover, denoting by X the
exchange operator associated to the kernel K2, the following mterestmg property holds:

10G) = [ K= 2lptr )P dedy =Te(pp),

From this and Holder’s inequality for operators, we deduce that if K2 € I-'I,ff_d*1 with s € (%d , d], then

1Xp0211p < 102114 1Xpll2 < 29 | o3l 2o Tr(Xp0) "2,

which by (38) for K 2 Jeads exactly to (39a).

e Proof of inequality (39b). We use the fact that || X, 0, |, < [|X,p0,]l2 for any p > 2 and then we use (39a)
for p =2 to get

1Xp02llcr < B92=4PI X py || 2 < CRIFIA/P= 1/2>||1<2||1/2 a/2

—a P17 pll 21l ol o

The use of the nonsemiclassical inequality || X,051l, < [|X, 0,2 explains the deterioration of the rate,
which might not be optimal. ]

When a < 0, we have similar bounds using moments in x instead of moments in p.
Proposition 5.3. Let a < 0 and K (x) = |x|1%. Then for any positive operator p,

Te(Xp) < Ch?|l|1x]“V2p|| 7. (41)
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Moreover, for any p € [1, 0o, there exists a constant C > 0 such that for any operator p,,
IXppallcr < ChO 1|2 pll 22110l s when p € [1,2), (42a)
IXppallcr < CRIVPEY2 x| || 2]l psl - when p € [2, 0], (42b)
where g = (2p)/(2 — p) € [2, 00) when p < 2 and the constants C depend only on a and d.
Proof. The proof of (41) follows simply by writing

//R K(x—y)lpx, y)|*dxdy <C //RM“’"“' +y1“NpCx, y) > dx dy

and observing that the right-hand side is exactly the right-hand side of (41). The two other inequalities
follow by taking K2 instead of K and using Holder’s inequality as in the proof of Proposition 5.3. [

Proof of Theorem 1.6. We proceed as in the proof of Theorem 1.1 and consider the one-parameter group
of unitary transformations I/, generated by the Hartree—Fock Hamiltonian, i.e.,

iho;Uy = Hup(t) U,

and compute

ihd (U (p — py (POU) = UK % (o — py), pY(OIUs + U B U — U TXp, (0 — PR (F) U

Using Duhamel’s formula and taking the £”-norm using the fact that I/ is a unitary operator, we obtain

. . 1 !
lo =AY (Hller < 0™ = pfller + / 1K * (0 — p)s ()] r ds
0

1 4 1 4
e / 1Byl ds / 1%, (= P CDIler ds. (43)
0 0

The second and third terms on the right-hand side in (43) can be bounded as in Theorem 1.1. As for the
fourth term, we use Proposition 5.1.
More precisely, when K (x) = £|x|™“ with a € [O, %d), using (39a) or (39b) yields

1 i 2
Ao (0= o} (MDUer < CHHK N NP0l 20 = 2 (o
5— 1/2
< CH M KN aan I1PI ol 2Pl 20 + PR ()l 2r),

with§ =d—a—d(1/2—1/p)+. When § > 2, this does not change the order of the rate of convergence O (k).
When 5 < 2 (i.e., for high values of a and p), the contribution of the exchange term becomes bigger
than that of the second term on the right-hand side of (43), thus leading to a rate of convergence of the
order O (h*~1).

When K (x) = £|x|* with a € (—1, 0), we use (42a) or (39b) to get bounds in terms of || |x||”|/2p||£z
instead of ||| p|l*/?p|| ..

When K (x) = £ In(]x|), we write K(x) < C.(]x|® 4+ |x|~%) and use both types of inequalities to get
bounds with || (|x|¢/%> 4 | p|*/*)p|| ;2 instead.
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For all the choices of K, when p = 1, we can therefore conclude that

o —pn (Dllgr < U™ = pllr + Cot)h + Ci()r* e, (44)

When p € (1, b), we proceed as in the proof of (12) (the Hartree case) and use (44) to get

o= 0% (Mlice < 10™ = pf e + CO(UIP™ = Pl et + B+ ~He?. (45)

Moreover, when p € [b, 00), again as in the Hartree case, we proceed as in the proof of (13). Following the
exact same argument, ||p — p}) ( )|z~ is bounded uniformly in # as soon as p'" € £ and f € W2L/2/+2.,
Hence,

lp = o (Dller < COUP™ = pf I + Con?/e + Cr At~ DPI0)HO.

In particular, if | o™ — p}“||1 < Ch, we get for the Hilbert—-Schmidt norm (p = 2) a convergence rate
of /(3/4—#) min{l,s—1} 0

Appendix A: Propagation of weighted Sobolev norms for Vlasov equation

The existence of global smooth solutions and the propagation of regularity is a classical result for the
Vlasov—Poisson equation. It can be deduced starting from the works of Pfaffelmoser [1992] or Lions
and Perthame [1991], which imply the boundedness of the force field, so that any solution with compact
support in the phase space will remain compactly supported at any time. Other general results concerning
the propagation of regularity can be found in the more recent work by Han-Kwan [2019] or in Appendix A
in the work by the second author [Saffirio 2020b]. In our case, we need the boundedness of the solutions
of the Vlasov equation in weighted Sobolev norms, and we will see that we can propagate norms of the
form W,/ (R, We prefer to work in the framework of [Lions and Perthame 1991], which allows us
to have noncompactly supported solutions which are very interesting physically, since they include for
example Gaussian distributions of velocities. Moreover, compactly supported solutions are perhaps less
pertinent in the context of quantum mechanics. Furthermore, the proof here follows a completely Eulerian
point of view. The result of this section is the following.

Proposition A.1. Let K = 1/|x|* witha € (—1,d — 2] and let (n, o, ny) € N3 be such that n > d and
ny>d/(b—1)withb=d/(a+1). Let f > 0 be a solution of the Vlasov equation (1) with initial data

fin e W (R2?) satisfying
//de FinE™M dx dé < oo.

Then the following regularity estimates hold:

f e LRy, W R™M)), (46a)
Vops e L2 (Ry, L™). (46b)

If in addition f™™ e H? (R??) for some k € R, then

[ e LinRy, HY (R*)).
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The proof works in two steps. We first explain in the next lemma how to get control of the regularity as
soon as p is uniformly bounded. Then we finish the proof of the theorem by proving that this assumption
on py holds.

Lemma A.2. Let f be a solution of the Vlasov equation (1) as in Proposition A.1 with o > 1 and assume
moreover that

pr €L (Ry, L¥NLY). (47)
Then the regularity estimates (46a) and (46b) hold.

Proof. For clarity, we first start with the case o = 1 for which we present a detailed proof, and we will
then explain how to modify the proof to get higher regularity estimates. We follow the strategy explained
in the course notes [Golse 2013].

Case 1: o0 = 1. Define the transport operator T :=§& -V, + E - V¢. Then we have
(Vi f)=—=TVyf =VE -V, f, (48a)
(Ve f)=—TVef =V, f. (48b)

To simplify the computations, recall that T* = —T and T(uv) = uT(v) + T(u)v. Hence, by writing
m, =14 |&|"" + |x|"? and using the notation u” := |u|”~'u, we have

// T(”)'”p_lm”:_f/ TP Y + P T(my). (49)
RZ:] RZ:I

However, noticing that
w- (TP ) =u-(ulP2T@) + (p —2)(T@W) - wu? ) =u? 1 T() + (p — 2)(T W) - u)|u| ">
=(p—Du’"Tw),

p / / TG - uP " my = / / lPT (). (50)
RZd RZd
M, = // IVif1Pm, and M;:= // Ve f1Pmy,.
RZ(I RZd

Then using (48a) and (50) for u = V, f leads to

dM,
dr

we can simplify (49) as

Now define

—p [ P A SAVE T = [ VAT 1 Bl 4 (o1 ),

where we used Young’s inequality for products, pab?~! < a” + (p — 1)bP, to get the second term. In the
same way, using (48b) and taking u = V¢ f yields

dM; »
— = Ve fIPT(my) + (M + (p — 1) Mg).
dr R2d
Then again by Young’s inequality for products,

T(my) =np(E -7 +&- X1 <np(| EllL~ + Dm,.
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Thus, for M, ¢ := M, + M, we obtain

d
g Mee = POElL> + 1+ VEl =) M.

o0

(R, LN L") by assumption, we also get the following control

However, since we know that pr € L
on || E| pee:

IElLe < Cllpflie +loflln) < Ci

for some function of time C; locally bounded on R,. To control VE, we can use the integral Young’s
inequality if VK is less singular than the Coulomb potential (i.e., if @ <d —2), and if a = 1, then we use
a singular integral estimate in the spirit of that in [Beale et al. 1984] which can be found in the course
notes [Golse 2013] and can be written as

IVE|lL~ < C(1+ Mo+ lloflize In(1+[|Voyslire)) < Ci(I+1In(1 4 |[Voglle)) = J(@).

Combining these bounds we arrive at %M ¢ < p(1+n)J(t)M, ¢, which by Gronwall’s lemma implies
MIP @) < M7 e,

Now, since M ; / sp is equivalent to || f | Wl in the sense that each one is bounded above by the other

RZd)
up to a multiplicative constant, letting p — 0o, we obtain

. 1 t
1 1y ez < 1F™ 0 gy 00 7. (51)

However, since n > d, we have
Vsl = | 1VeS196 = Canllf gy ooy (52)

where Cy, = [pa(§) ™" d& < oo. Combining the two inequalities (51) and (52) and the fact that e’ > 1,
we deduce that

J(t) S Cl‘ -+ Cl ln((l =+ Cd,n”fin||Wnl.00(R2d))e(l+n) fO J)
t
< Ci+ CiIn(1+ Ca [l f ™y goay) + Co (1 41) / 7
0

Hence, by Gronwall’s lemma,

LI+ Canll MLy 100 goay) eC0+m
n+1 1+n
‘We then deduce the bounds on ||f||W1,oo(R2d) and Vpy by (51) and (52).

J(@) < J©O)+

Case 2: 0 > 1. We give details for o = 2. The generalization to o > 2 follows in the same way. In the
case 0 = 2, (48b) and (48a) become

W(VEf)+TVef==2V,Vef and 8(Vif)+TV;f=—2VE-V;V,f—V°E -V f.
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Moreover, the mixed derivative of order two solves
W(ViVef) + TV Ve f ==V f —VE Vi f.

We define the quantities

Moo= [[ 192 rmyacde, weei= [[0Rrrmaacas M= [[ 1900 rrm,axas,
R2d R2d R2d

and compute their time derivatives, using Young’s inequality for products, the bound on T(m,) as in
Case 1 and the fact that p > 1:

Tdr
dM,;
dr
AM,
dr

where M is defined and bounded as in Case 1. Thus, for M, := M, + My + Mg, we obtain

<pm||E|p~+n+2)Mge +2pM,¢,

< p@lEllre+n+1+[VE| <) Mg + pMyx + pIVE| LMz,

< pllEllL>+n+2|VE| L= + IV Ell 1) Myx 4+ 2p|IVE || Lo Myz + pl[V? E || . M,

d
M= Cp(llE|L= +n+2+2(|VE| = + [V E| %) M.

We proved in Case 1 that || E||~ and || VE|| .~ are bounded. To control VZE, we proceed analogously to
Case 1. More generally, we can bound V? E by V¢ f. This leads, by Gronwall’s lemma, to

M7 (1) < MY/ (0)eC, (53)

for some positive time-dependent constant C; > 0. Now, since le /P s equivalent to || f || W2P (R2) (with
the exact same meaning given in Case 1), letting p — oo, we obtain

i C
”f”anvoo(RM) S ”fm”an-OO(RZd)e "

The general case o > 1 can be handled analogously by defining

My i= [[ 197 rirm, axas,
where o = |0 | stands for the sum of the components of the multi-index o = (o1, 03, .. .). ([l

Proof of Proposition A.1. It just remains to prove that assumption (47) holds. First notice that the method
used in [Lions and Perthame 1991, Theorem 1] actually works for any a € (—1, d — 2] since the Coulomb
potential is decomposed in two parts of the form VK € L3/ N L' + W, This proves that the n;
moments can be propagated, which implies that oy € L? for p = 1 +n/d by the Kinetic interpolation
inequality. Then, by Young’s inequality, since n; > d /(b — 1), we deduce that

E e LZ.(Ry, L™).
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Finally, as proved in [Lafleche 2019, Corollary 5.1], this bound combined with the initial assumption
f e L>®(1+|&|") is sufficient to control || ps| 7~ and gives

lor ()i~ < c(l +/O IE(s)ll ds),

which implies (47) so that we can apply the lemma. Then once we know the W$*°(R3)-norm is bounded
at any time, if the H;] (R?*?)-norm is also initially bounded, we can again use (53) but with p =2 and
then bound the terms involving E and V, f by the W (R??)-norm. Again we conclude the proof using
Gronwall’s lemma. U

Appendix B: Operator identities

Here we list some formulas for operators which are used in this paper. First, if A and B are self-adjoint,
then we have

IAB|, = IBAllp, (54)

which follows from the fact that the singular values are the same for an operator and its adjoint [Simon
2005, (1.3)]. Then we shall remember Holder’s inequality for operators [Simon 2005, Theorem 2.8],
which says that for any bounded operators A and B and any (p, ¢, r) € [1, 00]® such that 1/p=1/qg+1/r,

IABl, < [ AllglI Bl (Holder)

The second important inequality is the Araki—Lieb—Thirring inequality [Araki 1990, Theorem 1] which
states that for any operators A, B > 0 and any (g, r) € [1, 00) x R4, the following inequality is true:

Tr((BAB)?") < Tr((B1AYB%)").
Replacing A by A? and observing that |AB|> = BA?B, this can be rewritten as
IABII, < 1AYBY],. (55)

These inequalities show that regrouping operators together in Schatten norms increases the value of the
norm, while mixing them will lower the value. In the same spirit, for any A, B >0, p > 1 and r > 0, the
following mixing inequality holds:

IB"AB|, < [IAB"||,. (56)
Proof of inequality (56). By (Holder)’s inequality, we have
IB"AB|p < |1 B" A"V ity mp ATV Bl g1y
Now, by the cyclicity property (54) and by (55), we get
IB" A0 (pnyymyp < NAB™H/CFTD and |AY DBy, < |ABTH|/OFD,

which yield the result. U
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MARSTRAND-MATTILA RECTIFIABILITY CRITERION FOR
1-CODIMENSIONAL MEASURES IN CARNOT GROUPS

ANDREA MERLO

In this paper, we show that the flatness of tangents of 1-codimensional measures in Carnot groups implies
Cé—rectiﬁability. As applications we prove a criterion for intrinsic Lipschitz rectifiability of finite perimeter
sets in general Carnot groups and we show that measures with (2rn4-1)-density in the Heisenberg groups H"
are Cj.-rectifiable, providing the first non-Euclidean extension of Preiss’s rectifiability theorem.

Introduction

In Euclidean spaces the following rectifiability criterion, known as the Marstrand—Mattila rectifiability
theorem, is available. It was first proved by J. M. Marstrand [1961] for m =2 and n = 3, later extended
by P. Mattila [1975] to every m < n and eventually strengthened by D. Preiss [1987].

Theorem 1. Suppose ¢ is a Radon measure on R" and let m € {1, ...,n — 1}. Then the following are
equivalent:

(i) ¢ is absolutely continuous with respect to the m-dimensional Hausdorff measure H™, and ¢-almost
all of R"* can be covered with countably many m-dimensional Lipschitz surfaces.

(1) ¢ satisfies the following two conditions for ¢-almost every x € R":
(@) 0 <O (¢, x) <O™*(¢p, x) < 00.
(b) Tan,, (¢, x) S{AH™LV : A >0,V € Gr(n, m)}, where the set of tangent measures Tan,, (¢, x) is
introduced in Definition 1.24.

The rectifiability of a measure, namely that (i) of Theorem 1 holds, is a global property and as such it
is usually very difficult to verify in applications. Rectifiability criteria serve the purpose of characterizing
such global properties with local ones, which are usually conditions on the density and on the tangents
of the measure. Most of the more basic criteria impose condition (iia) and the existence of an affine
plane V (x), depending only on the point x, on which at small scales the support of the measure is
squeezed on around x. The difference between these various elementary criteria relies on how one defines
squeezed on; for an example see Theorem 15.19 of [Mattila 1995]. However, the existence of just one
plane approximating the measure at small scales may be still too difficult to prove in many applications
and this is where Theorem 1 comes into play. The Marstrand—Mattila rectifiability criterion says that
even if we allow a priori the approximating plane to rotate at different scales, the density hypothesis (iia)
guarantees a posteriori this cannot happen almost everywhere.

MSC2020: primary 28A75, 53C17; secondary 22E25, 49Q15.
Keywords: Marstrand—Mattila rectifiability criterion, Preiss’s rectifiability theorem, Carnot groups.
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It is well known that if a Carnot group G has Hausdorff dimension £, then it is (Q—1)-purely
unrectifiable in the sense of Federer; see for instance Theorem 1.2 of [Magnani 2004]. Despite this
geometric irregularity, in the foundational paper [Franchi et al. 2001], B. Franchi, F. Serra Cassano and
R. Serapioni introduced the new notion of Cé—rectiﬁability in Carnot groups; see Definition 1.34. This
definition allowed them to establish De Giorgi’s rectifiability theorem for finite perimeter sets in the
Heisenberg groups H"

Theorem 2 [Franchi et al. 2001, Corollary 7.6]. Suppose 2 € H" is a finite perimeter set. Then its
reduced boundary 9}<2 is Cﬂfﬂn-rectiﬁable.

It is not hard to see that an open set with smooth boundary is of finite perimeter in H", but there are
finite perimeter sets in H! whose boundary is a fractal from an Euclidean perspective; see for instance
[Kirchheim and Serra Cassano 2004]. This means that the Euclidean and Cé—rectiﬁability are not
equivalent.

The main goal of this paper is to establish a 1-codimensional analogue of Theorem 1 in Carnot groups.
Theorem 3. Suppose ¢ is a Radon measure on G. Then the following are equivalent:

() ¢ is absolutely continuous with respect to the (Q—1)-dimensional Hausdorff measure 2", and
¢-almost all of G can be covered by countably many Cé-surfaces.

(ii) ¢ satisfies the following two conditions for ¢-almost every x € G:
(a) 0 < O27 (¢, x) < O%(¢, x) < 00.
(b) Tang_1(¢, x) is contained in M, the family of Haar measures of the elements of Gr(Q — 1), the

1-codimensional homogeneous subgroups of G.

While the fact that (i) implies (ii) follows from [Vittone et al. 2022, Lemma 3.4 and Corollary 3.6], for
instance, the reverse implication is the subject of this work. Besides the already mentioned importance for
the applications, Theorem 1 is also relevant because it establishes that Cé—rectiﬁability is characterized in
the same way as the Euclidean one, and this is the main motivation behind the definition of £2-rectifiable
measures, given in Definition 4.5. Our main application of Theorem 3 is the proof of the first extension of
Preiss’s rectifiability theorem outside the Euclidean spaces, which is obtained by combining Theorem 3
with [Merlo 2022, Theorem 1.2]:

Theorem 4. Suppose ¢ is a Radon measure on the Heisenberg group H" such that for ¢-almost every
x € H", we have
¢ (B(x,r))

2n+1 1
0<0® (P, x) = rlgl}) T < 00,

where B(x, r) are the metric balls relative to the Koranyi metric. Then ¢ is absolutely continuous with
respect to H*', and ¢-almost all of H" can be covered with countably many C[&un -regular surfaces.

Finally, an easy adaptation of the arguments used to prove Theorem 3 also provides the following
rectifiability criterion for finite perimeter sets in arbitrary Carnot groups. Theorem 5 asserts that if the
tangent measures to the boundary of a finite perimeter set are sufficiently close to vertical hyperplanes,
then the boundary can be covered by countably many intrinsic Lipschitz graphs.



MARSTRAND-MATTILA RECTIFIABILITY CRITERION FOR MEASURES IN CARNOT GROUPS 929

Theorem 5. There exists an eg > 0 such that if Q C G is a finite perimeter set for which

W1(10R2|gLB(x, 1), v.B(x, 1))
A < &G,

limsupd, ,(|10€2|g, M) := limsup inf

r—0 r—>0 veMm

for |0Q2|g-almost every x € G, where Wy is the 1-Wasserstein distance, then |0Q2|g-almost all of G can
be covered with countably many intrinsic Lipschitz graphs.

Before giving an overview of the strategy of the proof, we briefly compare our setting to the Euclidean
one and explain why Theorem 3 is so hard won. For the sake of discussion, let us put ourselves in a
simplified situation. Assume E is a compact subset of a Carnot group G = (R", *) such that

(o) there exists an 1y € N such that n; 'r2~! <HIWENB(x,r)) <nr2~! forany 0 < r < diam(E)
and any x € E, and

(B) the functions x +— dw(HQ_1 LE, 9N converge uniformly to 0 on E as r goes to 0.

Proving that the set E is Cé-rectiﬁable is (roughly) equivalent to constructing a plane V € Gr(Q — 1) and
a V-intrinsic Lipschitz graph I' such that 2~ !(Py (E NT)) > 0, where intrinsic Lipschitz graphs are
introduced in Definition 1.36 and Py is the splitting projection on V introduced in 1.10. With this in
mind, it is easy to see that the difficulty one has to face when trying to prove Theorem 3 is twofold. On
the one hand intrinsic Lipschitz graphs are not Lipschitz in almost any sense of the word as their natural
parametrization is Holder continuous, both from the Euclidean and the intrinsic perspective. On the
other hand, splitting projections Py are just (intrinsic) Holder continuous maps. This latter complication
means that there is no a priori reason for which measure, or even dimension, should be preserved by the
projections or the parametrizations. This is indeed the case already in Heisenberg groups H", and for
further details we refer the reader to [Balogh et al. 2012; 2013].!

Unfortunately, the classical approaches to the proof of Theorem 1 all rely on the ideas H. Federer used
to prove his celebrated projection theorem, see for instance [Federer 1969, §3.3], and these arguments all
crucially exploit the fact that orthogonal projections are Lipschitz; see [De Lellis 2008; Mattila 1975; 1995;
Preiss 1987]. We remark that even in Carnot groups, in some particular cases and for high codimensions,
splitting projections are Lipschitz homomorphisms and thus the classical machinery works, although with
some highly nontrivial complications; see [Antonelli and Merlo 2022a; 2022b].

This unavoidable technical obstruction of the Holderianity of intrinsic Lipschitz graphs and of projec-
tions implies that, at low codimension, we need to seek a completely different approach. The first pillar
of the alternative approach we pursue is the observation, encapsulated in Proposition 1.18, that despite the
lack of metric regularity, one can still nicely control the measure of the projection of a 1-codimensional
set. The other will be combining the classical ideas from [Mattila 1975] with quantitative techniques of
[David and Semmes 1993a]. We present here a survey on the strategy of the proof of our main result,
Theorem 3, in the simplified hypotheses («) and (B8) for E, that from now on should be considered
standing throughout the section.

10ne could attempt to use metric projections instead, however one quickly realizes that in some simple cases, like the
Heisenberg groups H", splitting projections and metric projections coincide.
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The cryptic condition (f) can be reformulated, thanks to Propositions 2.6 and 2.7 in the following
more geometric way. For any € > 0 there is a t(¢) > 0 such that for #2~-almost any x € E and any
0 < p < t(e€) there is a plane V (x, p) € Gr(Q — 1), depending on both the point x and the scale p, for
which

ENB(x,p) C{yeG:dist(y, x* V(x, p)) <ep}, (1
B(y,ep)NE # 2 for any yeB(x,%,o)ﬂx*V(x,p). 2)

In Euclidean spaces if a Borel set E satisfies («), (1) and (2) it is said to be weakly linear approximable >
The condition (1) says that at small scales E is squeezed on the plane x * V (x, p), while (2) implies that
inside B(x, p) any point of x % V (x, p) is very close to E; see Figure 1 on page 931.

Proposition 1 shows that if at some point x the set E has also big projections on some plane W, i.e.,
(3) holds, then around x the set E is almost a W-intrinsic Lipschitz surface.

Proposition 1. Let k > 1017% and o > 0. Suppose further that x € E and p > 0 are such that
() dxgp(HI'LE, M) < o,
(ii) there exists a plane W € Gr(Q — 1) such that

(p/ k)T < HLLW (Pw(B(x, p) N E)), 3)

where Py is the splitting projection on W see Definition 1.10.

If k' and w are suitably small with respect to 11, there exists an o = a (1, k, ) > 0 with the following
property. Forany z € ENB(x, p) and any y € B(x, %kp) N E for which 10wp <d(z,y) < %k,o, we have
that y is contained in the cone zCw (o), which is introduced in Definition 1.13.

We remark that thanks to our assumption (8) on E, hypothesis (i) of the above proposition is satisfied
almost everywhere on E whenever p < t(w), where t(w) is suitably small and depends only on w. Let us
explain some of the ideas of the proof of Proposition 1. If the plane W is almost orthogonal to V (x, p)
(the element of Gr(Q — 1) for which (1) and (2) are satisfied by E at x at scale p), we would have that
the projection of E on W would be too small and in contradiction with (3); see Figure 2 on page 931.

If the constants k~! and w are chosen suitably small with respect to 7 it is possible to show not only
that the planes V (x, p) and W are not orthogonal but that they must be at a very small angle indeed.
In particular, this means that inside B(x, p) the plane x * V (x, p) must be very close to x x W. So
close in fact that it can be proved that £ N B(x, p) is contained in a 2wp-neighborhood Wy, of W.
This implies that z, y € W, and since W and V (x, p) are at a small angle, it is possible to show that
dist(y, zW) < 4wp. Furthermore, by assumption on y, z we have d(z, y) > 10wp and thus we infer that
dist(y, zZW) < 5d(y, z). This implies in particular that y € zCyw ().

The second step towards the proof of the main result is to show that at any point x of E and for any
p > 0 sufficiently small there is a plane W, , € Gr(Q — 1) on which E has big projections.

2The reader might notice that our definition of weakly linearly approximable sets does not coincide with that which can be
commonly found in the literature; see for instance [Balogh et al. 2012, Definition 5.4], [De Lellis 2008, Section 5] and [Mattila
1995, Definition 15.7]. However, the assumption («) on the AD-regularity of E makes our definition equivalent to all the others.
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A
x %V (x, p)

Figure 1. On the left we see that (1) implies that at the scale p the set E (collection
of blue wavy lines) is contained in a narrow strip of size 2¢p (shaded yellow) around
x % V(x, p). On the right we see that (2) implies that any ball centered on the plane
x % V(x, p) inside B(x, % p) and of radius €p (shaded yellow) must meet E.

Figure 2. The weak linear approximability of E implies that E N B(x, p) is contained
inside V,,,, an wp-neighborhood of the plane V (x, p). If V(x, p) and W (a red line) are
almost orthogonal, i.e., the Euclidean scalar product of their normals is very small, it can
be shown that the projection Py (E) on W of V,, N B(x, p) has H2 ! _measure smaller
than (wp)2 L

931
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Theorem 6. There is an 1> € N such that for H2~'-almost every x € E and p > 0 sufficiently small there
is a plane Wy , € Gr(Q — 1) for which

HI Py, ,(ENB(x, p)) z 1y 077" )
We now briefly explain the ideas behind the proof of Theorem 6. Fix two parameters n3 € N and w > 0
such that w < 1/ nél(mr]) and for which

By = B(8 10,01 MWy, ), 03 S {y € BO, 1)1 (v, n(Wy ) > o},
B_:=B, *820773_| (ﬂ(Wx,p)_l) C{yeB(,1):(y, n(Wy,p)) < —ok,

where the §; are the intrinsic dilations introduced in (5) and n(W, ,) € V; is the Euclidean normal of W, ,.
Thanks to assumption (1) on E, for any 0 < p < t(w) we have that

ENB(x, p) S{y € B(x, p) :dist(y, x * V(x, p)) < wp}.

In particular, thanks to the assumptions on 13 and w we infer that ENx6,B, =@ = ENx§,B_. Let
Wy, :=V(x, p), and for any z € x5, B define the curve

v (1) = Zazon;‘t(n(wx,p)_l),

as t varies in [0, 1]. The curve y, must intersect W, , at the point Py,  (z) since y,(1) € xd,B—, and as a
consequence we have the inclusion y, ([0, 1]) C Pu_,ip (Pw, ,(2)). Since conditions (1) and (2) heuristically
say that E almost coincides with the plane x * W, , inside B(x, p) and it has very few holes, most of the
curves y, should intersect the set E too.

More precisely, we prove that if some y, does not intersect E, there is a small ball U, centered at some
q € E such that y, N U, # &. It is clear that, defining the set

F=Eu (] U.

zexé, By
y.NE=2

we have Py, (x8,By) € Pw,, (F). So, intuitively speaking adding these balls U, allows us to close
the holes of E. An easy computation proves that 12~ (Pw,,(x6,By)) > r-1y n?_l, and thus in order
to be able to conclude the proof of (4) we should have some control over the size of the projection of
the balls U,. This control is achievable thanks to (2) (see Proposition 2.27 and Theorem 2.28), and in
particular we are able to show that

HQ_I(PWW( U UZ>>§wr9—‘.

z€xé, By
Y. NE=2

This implies that E satisfies the big projection properties, i.e., (4) holds with 7, := 27;3’3*1. This part of
the argument is rather delicate and technical. For the details we refer to the proof of Theorem 2.28.

The third step towards the proof of Theorem 3 is achieved in Section 2D, where we prove the following:

Theorem 7. There exists an intrinsic Lipschitz graph T such that H2~'(ENT) > 0.
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The strategy we employ to prove the above theorem is the following. We know that at /2~ !-almost
every point of x € E there exists a plane W, , such that ’HQ_I(PWW (ENB(x, p))) = nz_l,og_l. For any
x € E at which the previous inequality holds, we let & be the points y € B(x, p) for which there is a
scale s € (0, p) for which W, ; is almost orthogonal to W, ,. Choosing the angle between W, s and W, ,
sufficiently big it is possible to prove that the projection of % on W, , is smaller than %’72_ 1091 This
follows from the intuitive idea that if y € £, the set EN B(y, s) is contained in a narrow strip that is almost
orthogonal to Wy , inside B(y, s) and thus its projection on W, , has very small H2~!_measure. On the
other hand, Proposition 1.18 tells us that §9-1 LV (Pw, ,(ENB(x, p)\%)) < 2c(V)S’3_1 (ENB(x, p)\%A),
and this allows us to infer that there are many points z € B(x, p) N E for which W_ ; is contained in a
(potentially large) fixed cone with axis W, , for any 0 < s < p. This uniformity on the scales allows us
to infer thanks to Proposition 1 that £ N B(x, p) \ & is an intrinsic Lipschitz graph.

Since the property () is stable for the restriction-to-a-subset operation and for the sake of discussion
we can assume that («) is also, Theorem 7 implies by means of a classical argument that 2~ !-almost
all of E can be covered with intrinsic Lipschitz graphs.

Therefore, we are reduced to seeing how we can improve the regularity of the surfaces I'; covering £
from intrinsic Lipschitz to Cé. Since the blowups of #2~!_E are almost everywhere flat, the locality
of the tangents, i.e., Proposition 1.27, implies that the blowups of the measures H2~!LT'; are flat as
well, where we recall that a measure is said to be flat if it is the Haar measure of a 1-codimensional
homogeneous subgroup of G. Furthermore, since intrinsic Lipschitz graphs can be extended to boundaries
of sets of finite perimeter, see Theorem 1.38, they have an associated normal vector field n;. Therefore, for
H2 L almost every x € [';, the elements of Tang_ (’HD*ILFi, x) are also the perimeter measures of sets
with constant horizontal normal n; (x); see Propositions B.12, B.13, and B.16. The above argument shows
that on the one hand the Tang_ (HD‘_1 LI";, x) are flat measures and on the other if seen as the boundary of
finite perimeter sets, they must have constant horizontal normal coinciding with n; (x) almost everywhere.
Therefore, for H2~!-almost every x € ENT;, the set Tann_ (’HQ*ILFi, x) must be contained in the
family of Haar measures of the 1-codimensional subgroup orthogonal to n;(x). The fact that ENT; is
covered with countably many Cé—surfaces follows by means of the rigidity of the tangents discussed
above and a Whitney-type theorem, which is obtained in Appendix B with an adaptation of the arguments
of [Franchi and Serapioni 2016].

Structure of the paper

In Section 1 we recall some well-known facts about Carnot groups and Radon measures. Section 2
is divided in four parts. The main results of Section 2A are Propositions 2.6 and 2.7, which allow us
to interpret the flatness of tangents in a more geometric way. Section 2B is devoted to the proof of
Proposition 2.11, which is roughly Theorem 6. Section 2C is the technical core of this work and the
main result proved in it is Theorem 2.28, which codifies the fact that the flatness of tangents implies big
projections on planes. Finally, in Section 2D we put together the results of the previous three subsections
to prove Theorem 2.30, which asserts that for any Radon measure satisfying condition (ii) of Theorem 3,
there is an intrinsic Lipschitz graph of positive ¢-measure. In Section 3 we prove that measures with
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almost-flat tangents and which are asymptotically AD-regular are intrinsic rectifiable, and we will use
this in Section 4 to prove Theorem 4.2. In Section 4 we prove Theorem 4.1, which is the main result of
the paper, Theorem 4.2 and their consequences. In Appendix A we construct the dyadic cubes that are
needed in Section 2 and in Appendix B we recall some well-known facts about finite perimeter sets in
Carnot groups and intrinsic Lipschitz graphs whose surface measures have flat tangents.

1. Preliminaries

This preliminary section is divided into four subsections. In Subsections 1A and 1B we introduce the
setting, fix notations and prove some basic facts on splitting projections and intrinsic cones. In Section 1C
we recall some well-known facts on Radon measures and their blowups and finally in Section 1D we
introduce the two main notions of 1-codimensional rectifiable sets available in Carnot groups.

1A. Carnot groups. In this subsection we briefly introduce some notations on Carnot groups that we
will extensively use throughout the paper. For a detailed account on Carnot groups and sub-Riemannian
geometry we refer to [Serra Cassano 2016].

We recall that a positive grading of a Lie algebra g is a direct-sum decomposition g=V, &V, B-- - DV,
for some integer s > 1, where Vi # 0 and [V}, V;] C V;, for all integers j € {1, ..., s} and where we
set V41 =0. A positive grading is said to be a stratification if [V1, V1=V, forall j € {l,...,s}. We
also recall that the first layer V| of a stratification is usually referred to as the horizontal layer.

A Carnot group G of step s is a connected and simply connected Lie group whose Lie algebra g admits
a stratification g =V, @ Vo @ - - - @ V,. Throughout the paper we denote by n the topological dimension
of g, by n; the dimension of V; and by 4; the number Z{Zl n;.

Furthermore, we let 77; : G — V; be the projection maps on the i-th layer of the Lie algebra V;. We
shall remark that more often than not, we will shorten the notation to v; := m;v.

The exponential map exp : g — G is a global diffeomorphism from g to G. Hence, if we choose a
basis {X1, ..., X} of g, any p € G can be written in a unique way as p =exp(p1 X1+ - -+ pnX,). This
means that we can identify any p € G with the n-tuple (p1, ..., p,) € R" and the group G itself with R”
endowed with x, the operation determined by the Campbell-Hausdorff formula. From now on, we will
always assume that G = (R”", %) and, as a consequence, that the exponential map exp acts as the identity.

The stratification of g carries with it a natural family of dilations J, : g — g, which are Lie algebra
automorphisms of g and are defined by

5 (i, ... v0) = (vi, A, L ATy), &)

where v; € V;. The stratification of the Lie algebra g naturally induces a grading on each of its homogeneous
Lie subalgebras b, that is,

hb=Vinhod---®VyNh. (6)

Furthermore, note that since the exponential map acts as the identity, the Lie algebra automorphisms §;,
are also group automorphisms of G.
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Definition 1.1 (homogeneous subgroups). A subgroup V of G is said to be homogeneous if it is a Lie
subgroup of G that is invariant under the dilations §, for any A > 0.

Thanks to Lie’s theorem and the fact that exp acts as the identity map, homogeneous Lie subgroups
of G are in bijective correspondence through exp with the Lie subalgebras of g that are invariant under
the dilations §,. Therefore, homogeneous subgroups in G are identified with the Lie subalgebras of g
(that in particular are vector subspaces of R") that are invariant under the intrinsic dilations §;.

For any nilpotent Lie algebra h with stratification W @ - - - @ W5, we define its homogeneous dimension

S
dimpom(h) := Y i - dim(W,).
i=1
Thanks to (6) we infer that, if b is a Lie subalgebra of g, we have dimpon (h) := Zle i-dim(hNV;). Itis
a classical fact that the Hausdorff dimension® with respect to any left-invariant homogeneous metric (see
Definition 1.3) of a nilpotent, connected and simply connected Lie group coincides with the homogeneous
dimension dimpom(h) of its Lie algebra. Therefore, the above discussion implies that if h is a vector
subspace of R" which is also an «-dimensional homogeneous subgroup of G, we have

N

o= i-dimHN V) =dimpon(b). ™

i=1

Definition 1.2. Let £ := dimpon(g), and for any m € {1, ..., — 1} we define the m-dimensional
Grassmannian of (3, denoted by Gr(m), as the family of all homogeneous subgroups V of G of Hausdorff
dimension m.

Furthermore, thanks to (7) and some easy algebraic considerations that we omit, one deduces that for
the elements of Gr(Q — 1) the following identities hold:

dm(VNV)=n —1 and dim(VNV;) =dim(V;), forany i=2,...,s. (8)
Thanks to (8), we infer that for any V € Gr(Q — 1) there exists a n(V) € V; such that
V=7 V,d -V,

where ¥ (= {w € V] : (n(V), w) = 0}. In the following we will denote by 91(V) the 1-dimensional
homogeneous subgroup generated by the horizontal vector n(V'). We shall remark that the above discussion
implies that the elements of Gr(Q — 1) are hyperplanes in R” whose normals lie in V;. It is not hard to
see that the converse holds too and that the elements of Gr(Q — 1) are normal subgroups of G.

For any p € G, we define the left translation 7, : G — G as

ql—)l’pq =px(q.

3For a definition of Hausdorff dimension, see for instance [Mattila 1995, Definition 4.8].
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As already remarked above, we assume without loss of generality that the group operation * is determined
by the Campbell-Hausdorff formula, and therefore it has the form

pxq=p+q+2(p,q) foral p,qeR",

where 2 = (Z21,...,2) R"xXR" > V@ ---® V;, and the 2;s have the following properties. For any
i=1,...,s and any p, g € G we have

(1) 2;(8.p, 8.9) =2 2,(p, q),
(i) Z2i(p,q) =—2i(—q, —p),
(iii) 2y =0and 2;(p,q) =2Zi(p1, .-, Pi-1:q1, - - Gi—1)-

Thus, we can represent the product x more precisely as

pxq=((p1+q1, p2+q+22p1,91), ... Ps +qs +2s(P1, ..., Ps—1.G15 - - > Gs—1))-

Definition 1.3. A metric d : G x G — R is said to be homogeneous and left-invariant if for any x, y € G
we have

(i) d(8,x, 6, y) = Ad(x, y) for any A > 0,
(ii) d(t,x, t,y) =d(x, y) for any z € G.

Throughout the paper, if not otherwise stated, we will endow the group G with the following homoge-
neous and left-invariant metric:

Definition 1.4. For any g € G, we let

. 1/2 1

lgll = max{ei|g1], 2122, ... €slgsl/°),

where € =1 and €5, .. ., € are suitably small parameters depending only on the group G. For the proof
that | - || is a left-invariant, homogeneous norm on G for a suitable choice of €3, ..., €, we refer to

Section 5 of [Franchi et al. 2003]. Furthermore, we define

dx,y) = lx""xy,

and let B(x,r) :={z € G:d(x, z) <r} be the open metric ball relative to the distance d centered at x at
radius r > 0.

Remark 1.5. Fix an orthonormal basis £ := {eq, ..., ¢,} of R” such that
ej€V;, whenever h; < j <h;q. )
From the definition of the metric d, it immediately follows that the ball B(0, r) is contained in the box

Boxg(0,r):={peR": forany i =1,...,s whenever |(p, ¢;)| < ri/ei forany h; < j <hjy1}.
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Definition 1.6. For any 0 < « < £, we define the spherical Hausdorff measure to be the Carathéodory
completion of the exterior measure that acts on Borel sets A € G as

o0 o0
SY(A) = (ssuginf{er‘ tAS| JBGy. ). 1 < 5}.
> j=1 j=1

In the following definition, we introduce a family of measures that will be of great relevance throughout
the paper.

Definition 1.7 (flat measures). For any m € {1, ..., Q — 1} the set of m-dimensional flat measures 2t(m)
is defined as

Mi(m) ;= {AS"LV : for some A >0 and V € Gr(m)}. (10)

In order to simplify notation in the following we let 9t := M (Q — 1).

The following proposition gives a representation of (Q — 1)-flat measures, which will come in handy
later on.

Proposition 1.8. Forany V € Gr(Q— 1) we have SR~V = B~ 111UV, where B :=H!7' (B(0, HNV)
and B does not depend on V.

Proof. Let E :=={z€ G : (z1,n(V)) < 0} and let d E be the perimeter measure of E; see Definition B.4.
Either by direct computation or thanks to identity (2.8) in [Ambrosio et al. 2009], it can be proven that
0E =n(V)HL, ' V. On the other hand, since the reduced boundary 3*E =V of E is a Cé—surface, see
Definition 1.34, thanks to Theorem 4.1 of [Magnani 2017] we conclude that

B 1L, n(V)NS2ILV = |8E|g = H LV,

where B(| - ||, n(V)) := max,cp.1) H ' (B(z, 1) N V). Since B(0, 1) is convex as a subset of R”,
[Magnani 2017, Theorem 5.2] implies that

B -1l n(V)) =HA 1 (BO, HN V).

Finally note that the right-hand side of the above identity does not depend on V since B(0, 1) is invariant
under rotations of the first layer V. U

The above proposition has the following useful consequence:

Proposition 1.9. A function ¢ : G — R is said to be radially symmetric if there is a profile function
g : [0, 00) = R such that (x) = g(||x||). For any V € Gr(Q — 1) and any radially symmetric, positive
function ¢ we have

/(pdSQ_lLV =0 - 1)/s9_2g(s) ds.

Proof. The thesis of the proposition is trivially satisfied for indicator functions of balls. The general result
follows by the monotone convergence theorem. U
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1B. Cones and splitting projections. For any V € Gr(Q — 1), the group G can be written as a semidirect
product of V and D1(V), i.e.,
G =V xNV). (1)

In this subsection we adapt some of the results on projections from Subsection 2.2.2 of [Franchi and
Serapioni 2016] to the case in which splitting of G is given by (11).

Definition 1.10 (splitting projections). For any g € G, there are two unique elements Pyg € V and
Pyvyg € M(V) such that

8= Pyg* Pyw)§.
The following result is a particular case of [Franchi and Serapioni 2016, Proposition 2.17].
Proposition 1.11. For any V € Gr(Q — 1), we let

A2gr = g2 — Do(y g1, Ta(v)81),

Aigi =8 —2i(myg1, A28, ..., Ai—18i-1, Ta()81,0, ..., 0), whenever i =3,...,s5,
where o) 81 := (g1, M(V)I(V) and ty g1 = g1 — tn(v)&1. With these definitions, the projections Py
and Py vy have the following expressions in coordinates:

Pyg = (myg1, A2ga, ..., Asgs) and  Pyw)g = (muv)81,0,...,0).

Furthermore, for any x, y € G, the above representations and the fact that V is a normal and homogeneous
subgroup of G imply:

(i) Pyv(x*y)=xx*Pyys* Puy)x!,

(i) Pyev)(x *y) = Pyv)(x) * Py (v) = Py (x) + Pogvy (9),
where here the symbol + has to be interpreted as the sum of vectors.
Remark 1.12. Throughout the paper the reader should always keep in mind that the projections Py are
not Lipschitz maps and, as stated in the introduction, this is the major source of the technical problems
we have to overcome in order to prove our main result, Theorem 4.1.

The splitting projections allow us to give the following intrinsic notion of cone:

Definition 1.13. For any & > 0 and V € Gr(Q — 1), we define the cone Cy («) as
Cy(@) :={weG: || Puwy)(w)| <alPy(w)}.

The next proposition is very useful, since one of the major difficulties when dealing with geometric
problems in Carnot groups is that d(x, y) &~ |x — y|'/* if x and y are not suitably chosen. However,
Proposition 1.14 shows that if y ¢ xCy(«), then d(x, y) is bi-Lipschitz equivalent to the Euclidean
distance |x — y|.

Proposition 1.14. For any x,y € G for which x~'y & Cy(«) for some a > 0 and V € Gr(Q — 1), we
have
d(x,y) < A@)|mi(x"'y)l,  where Afe):=(1+a™)).
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Proof. For any «, 8 > 0 define
Cla) = U (G\Cy(a)) and D(B):={x €G:|x|l < Blm )}

VeGr(Q-1)
Now let us prove that C(x) € D(A(w)). For any w € C(«) there exists a W € Gr(Q — 1) such that
| Povewy (w) || > a|| Pw(w)|| and, in particular,

lwll < | Pw )|+ | Powy w) | < 1+~ || Pyrewy ()| = (1 4+~ [mawy (riw) | < 1+~ H |y (w)],

where the only identity in the equation above comes from the choice of the metric and Proposition 1.11.
This concludes the proof of the inclusion C(«) € D(A(w)).

Since x 7'y & Cy (@), then x "'y € C(a) and hence d(x, y) = |x "'y < 1 +a~ Y7 (x~'y)|, which
concludes the proof of the proposition. (I

The following proposition allows us to precisely quantify the distance of a point g € G from a plane
VeGr(Q-1).

Proposition 1.15. For any V € Gr(Q — 1) and any g € G we have dist(Pyv)g, V) = |mnv) 81l and, in
particular, dist(g, V) = |mwv)g1l. In addition, for any g € G we have

1Py (@I <2llgll- (12)

Proof. First of all, we note that

dist(Pyv)g, V) < d(Pyuv)g. 0) = |mav) 811, (13)
where the last identity above comes from Proposition 1.11 and the definition of the metric. In addition,
once again thanks to the definition of the metric, we have

dist(Py(v)(8), V) = jg‘f/lle(v)(g)_l #vll = Inf=mmnv) g1 + il = mav) 811 (14)
Putting together (13) and (14) we conclude the proof of the identity dist(Py(v)(g), V) = [mn(v)&1]. Thanks
to this, we conclude that

dist(g, V) = inf d(g, v) = inf d(Py g * Pnv)g, v)
veV veV
= inf d(Pn)g, Pvg™" xv) =dist(Puvg, V) = lmum)gil;

proving the second claimed identity. In order to conclude the proof of (12) we just note that

1Py (@Il = llg * Prevyg ™l < gl + I Pravygll = llgll + 1mangi] < llgll + 11l < 2lgll,
where the second identity above comes from the definition of the norm and Proposition 1.11. O

The following result is the analogue of [Franchi and Serapioni 2016, Proposition 2.12] where M := V
and H :=91(V).

Proposition 1.16. For any V € Gr(Q — 1) and any g € G we have

$UPxgl +1Pvel) < ligll < I Prvgll + I Prgll. (15)
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Proof. The right-hand side of (15) follows directly from the triangular inequality. Furthermore, thanks to
Propositions 1.11 and 1.15 we deduce on the one hand that || Pyv)(g) |l = |mav)(g1)| < llgll and on the
other that || Py g|| < 2|/ gll. The first inequality in (15) follows from combining these two inequalities. [

The following proposition allows us to estimate the distance of parallel 1-codimensional planes.

Proposition 1.17. Let x, y € G and V € Gr(Q — 1). Defining

dist(xV, yV) := max{sup dist(xv, yV), sup dist(yv, xV)},

veV veV
we have

(i) dist(xV, yV) =dist(x, yV) = dist(y, x V) = |77av) (1 (x "' y))],
(ii) dist(u, xV) <dist(u, yV)+dist(xV, yV), forany u € G.
Proof. For any v € V we have

1 1

dist(xv, yV) = ul}rel{/ dist(xv, yw) = ui}rel’{"/d(x, y(y xv” xily)w) = ui)rg/d(x, yw) = dist(x, yV),

1 1

where the second last identity comes from the fact that v* := y~!xv~!'x 7'y € V and from the transitivity

of the translation by v* on V. Therefore, we have sup, .y dist(xv, yV) = dist(x, yV) and thus by
Proposition 1.15 we infer that

dist(xV, yV) = max{dist(x, yV), dist(y, x V)} = max{|7av) (w1 (y " 0))1, [7aevy (11 (x ' y))}
= |y (T (x L y)) | = dist(x, yV) = dist(y, x V),

where the last identity comes from interchanging x and y and exploiting the symmetry of the definition
of dist(xV, yV). In order to prove (ii), let w* be the element of V for which dist(u, yV) = d(u, yw*)
and note that

dist(u, xV) = Uig‘t;d(u, xv) <d(u, yw*) + vig‘t;d(yw*, xv) =dist(u, yV) + Uig‘f/d(yw*, XxV)
=dist(u, yV) +dist(yw*, xV) < dist(u, yV) +dist(xV, yV). [l

The following result is a direct consequence of [Franchi and Serapioni 2016, Proposition 2.2]. The
bound (16) can be obtained with the same argument used by V. Chousionis, K. Fissler and T. Orponen to
prove [Chousionis et al. 2019, Lemma 3.6]. In particular, (16) will play the role of a surrogate for the
Lipschitzianity of projections. The proof is omitted.

Proposition 1.18. For any V € Gr(Q — 1) there is a constant 1 <c(V) < S2-1(B(0,2)NV) =: C; such
that for any p € G and any r > 0 we have

SV (Py(B(p, ) = c(V)r3
Furthermore, for any Borel set A C G for which S2~1(A) < 00, we have

SV (Py(A)) <2e¢(V)S21(A). (16)
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1C. Densities and tangents of Radon measures. In this subsection we briefly recall some facts and
notations about Radon measures on Carnot groups and their blowups.

Definition 1.19. If ¢ is a Radon measure on G, we define

¢ (B(x,r)) ¢ (B(x,r))
rn rn '

m e " Ry
O (¢, x) .—llgl(l)lf and O"™"(¢, x) :=limsup

r—0

and say that ®7 (¢, x) and ®"*(¢, x) are the lower and upper m-densities of ¢ at the point x € G,
respectively.

Definition 1.20 (weak convergence of measures). A sequence of Radon measures {{;};cn is said to be
weakly converging in the sense of measures to some Radon measure v if, for any continuous functions

[ raw— [ rav

Throughout the paper, we denote such convergence with the symbol u; — v.

with compact support f € C., we have

Definition 1.21. For any pair of Radon measures ¢ and v and any compact set K C G we let
Fi(@. ) = sup{‘/fdd)—/fdw‘:feLipT(K)}, a7
where Lipf“(K ) is the set of nonnegative 1-Lipschitz functions whose support is contained in K. Further-
more, if K = B(x, r), we shorten the notation to Fy (¢, ¥) := FB(;T) (o, V).
The next lemma is an elementary fact about Radon measures. We omit its proof.

Lemma 1.22. If ¢ is a Radon measure on G, for any x € G there are at most countably many radii R > 0
for which ¢ (dB(x, R)) > 0.

The following proposition allows us to characterize the weak convergence of measures by means of
the convergence to 0 of the functionals Fk.

Proposition 1.23. Assume that {{1;};en is a sequence of Radon measures and let i be a Radon measure
on G. Then the following are equivalent:

1 pi = p.
(i) lim; o Fx (i, ) =0 for any compact set K C G.

Proof. The proof can be achieved with an argument similar to the Euclidean one; see for instance [Preiss
1987, Proposition 1.11]. (]

Definition 1.24 (tangent measures). Let ¢ be a Radon measure on G. For any x € G and any r > 0, we
define T ,¢ to be the Radon measure for which

T, ,¢(B)=¢(x5,(B)), forany Borelset B CG.
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For any m € {1, ..., Q} define Tan,, (¢, x), the set of the m-dimensional tangent measures to ¢ at x,
as the collection of Radon measures v for which there is an infinitesimal sequence {r;};cn such that
ri " Ty p —v.

Proposition 1.25. Let ¢ be a Radon measure, v € Tan,, (¢, x) and {r;};en an infinitesimal sequence
such that r; " Ty ;¢ — v. Then, if y € supp(v), there exists a sequence {z;}ien S supp(¢) such that
81/, (x71z;) > y.

Proof. A simple argument by contradiction yields the claim. The proof follows verbatim its Euclidean
analogue; see for instance the proof of [De Lellis 2008, Proposition 3.4]. (Il

Proposition 1.26. Suppose ¢ is a Radon measure on G such that
0< O (g, x) <O (p,x) <00, for ¢-almostevery x € G.

Then Tan,, (¢, x) # O for ¢p-almost every x € G.

Proof. This is an immediate consequence of the local uniform boundedness of the rescaled measures
T, ,¢ together with the compactness of measures. See Proposition [Preiss 1987, Proposition 1.12].

The following result is the analogue of [De Lellis 2008, Proposition 3.12], which establishes the
locality of tangents in the Euclidean space. This proposition is of capital importance since it will ensure
that restricting and multiplying a measure with flat tangents by a density will yield a measure still having
flat tangents.

Proposition 1.27 (locality of the tangents). In the hypothesis of Proposition 1.26, for any nonnegative
p € L'(¢) we have Tan,,(p¢, x) = p(x) Tan,, (¢, x) for ¢-almost every x € G.

Proof. First of all, let us note that ¢ is locally asymptotically doubling. Indeed,

, ¢(B(x,2r)) _ . #(B(x,2r)) 2"r"
lim sup ———— < limsup
r>0 @ (B(x,r)) r—0 @rym ¢(B(x,r))
2m®m,*(¢’ x)
<—— <00,
OF (¢, x)

Thanks to [Heinonen et al. 2015, Theorem 3.4.3], we know that the Lebesgue differentiation theorem

for ¢-almost every x € G. (18)

holds for ¢; see [Heinonen et al. 2015, page 77]. In particular, the argument that proves the equivalent of
this result in Euclidean spaces, see for instance the aforementioned [De Lellis 2008, Proposition 3.12],
can be applied verbatim to ¢. O

Proposition 1.28. Suppose ¢ is a Radon measure supported on a compact set K such that for ¢p-almost
every x € G we have

0 <02 (¢, x) <O (g, x) < .

Then, forany ¥, y €N, the set E*(9, y):={x e K: 9~ 'r2 1 <¢p(B(x,r)) <0r2~" forany 0<r <1/y)
is compact.
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Proof. Since K is compact, in order to verify that E?(®9, y) is compact, it suffices to prove that it
is closed. If E? (¥, y) is empty or finite, there is nothing to prove. So, suppose there is a sequence
{xi}ien € E?(®, y) converging to some x € K. Fix an 0 < r < 1/y and assume that § > 0 is so small
that » + 8§ < 1/y. Therefore, if d(x, x;) < and r —d(x, x;) > 0, we have

O N —d(x, x)2 <@ (B(xi, r —d(x, %)) < p(B(x, 7))
< @(B(xi, r +d(x, x;))) < 0(r +d(x, x)2 L
Taking the limit as i goes to oo, we see that x € E?(9, ). ]

Proposition 1.29. With the hypothesis of Proposition 1.28, for any 9, y, i, v € N, the set
&5, () ={x € E?(,y): (1= 1/w)¢(B(x, 1) < p(B(x,r) NE?(®, y)) forany 0 <r < 1/v}
is compact.

Proof. If éjgf , (i, v) is empty or finite, there is nothing to prove. Furthermore, since by Proposition 1.28
we know that the sets E? (19, ) are compact, in order to prove our claim it is sufficient to show that
@?fy(u, v) is closed in E?(®9, y). Take a sequence {y;};eny € é’gfy(u, V) converging to some y € E?(%, y).
FixanO<r <1/vandaé € (0, ;) and let ig(8) € N be such that for any i > ip(8) we have d(y, y;) < 8-
These choices imply that

(1= 1/ (B(yi, r —2d(y, y))) < ¢ (B(yi,r —2d(y, y)) NE?(®, 7)) < p(B(y, 1) N E?(®, ).

Note that the sequence of functions f; (z) := xB(y,,r—2d(y,y)) (2) converges pointwise ¢-almost everywhere
to X B(y,r)(z). This is due to the fact that, for any i > iy(5), on the one hand we have supp(f;) € B(y, r)
and on the other the functions f; are equal to 1 on B(y, r(1 — 36§)). Thus, the dominated convergence
theorem implies that

(I =1/w¢(B(y.r)) = lim (1 = 1/)¢(B(yi,r = 2d(y. i) = (B(y.r) N E?®,y)).

Since r was arbitrarily chosen in (0, 1/v), this shows that y € &y, (1, v), concluding the proof. (Il

Proposition 1.30. With the hypothesis of Proposition 1.28, for any 0 < € < % there are Uy, yo € N such
that for any ¥ > v, y > yp and it € N thereisav =v(0, y, u) € N such that

G(K\ &), (1, 1)) < € (K). (19)

Proof. The proof is an elementary application of the Lebesgue differentiation theorem that can be found
in [Heinonen et al. 2015, page 77]. (I

The following result allows us to compare the measure ¢ when restricted to E? (29, ) with the spherical
Hausdorff measure. Since the proof is a well-known application of the Lebesgue differentiation theorem
that can be found in [Heinonen et al. 2015, page 77], of [Franchi et al. 2015, Theorem 3.1] and the mutual
absolute continuity of the spherical and centered Hausdorff measures, see for instance [Franchi et al.
2015], we choose to leave it to the reader.
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Proposition 1.31. Let ¢ be a Radon measure and suppose further that there are 0 < §; < 8 < 00 such
that
81 <O (¢, x) <O™ (p,x) <8, for ¢-almostevery x € E.

Then 58" E < ¢LE < 8,2"S™_E and in particular, for any ¥, y € N, we have
9IS (W, y) < GLE (@, y) < 9277 SITILE @, ).

The following result will be used in the proof of the very important Proposition 2.4. It establishes the
natural request that if a sequence of planes V; in Gr(Q — 1) converges in the Grassmannian to some plane
V € Gr(Q —1) (i.e., the normals converge as vectors in V}), then the surface measures on the V; converge
weakly to the surface measure on V.

Proposition 1.32. Suppose that {V (i)}ien is a sequence of planes in Gr(Q — 1) such that n(V (i)) - n
for some n € V|. Then there exists a V € Gr(Q — 1) such that w(V) = n and S vy =821y,

Proof. For any continuous function of compact support, f € C., we have thanks to Proposition 1.8 that

lim fdsﬁ—lLV(i)—/deQ—lLV=hm ﬁ—1</deQ;hV(i)-/deQ;kV)=0, (20)

i—00
where the last identity comes from the fact that H, 'LV (i) — H V. O

1D. Rectifiable sets in Carnot groups. In this subsection we recall the two main notions of rectifiability
in Carnot groups that will be extensively used throughout the paper. First of all, let us recall the definitions
of horizontal vector fields and horizontal distributions.

Definition 1.33. Let ey, ..., e,, be an orthonormal basis of V| with respect to the Euclidean scalar
product. Forany i = 1,...,n; and any x € G we let X;(x) := 0;(x % 6;(e;))|r=0 and say that the map
X; : G=R" — R" so defined is the i-th horizontal vector field. Furthermore, we define the horizontal
distribution of G to be the following n-dimensional distribution of planes in R":

HG(x) :=span{X(x), ..., X,, (x)}.

Finally, for any open set 2 in G we denote by C(l) (Q, HG) the sections of HG of class C' with support
contained in €.

The definition of regular surfaces we are about to give is reminiscent of the characterization of smooth
surfaces in the Euclidean spaces through the local inversion theorem. Heuristically speaking, a C é—surface
is a set that is transverse to HG and whose sections with HG are C!-surfaces.

Definition 1.34 (Cé—surfaces). We say that a closed set C € G is a Cé—surface if there exists a
continuous function f : G — R such that C = f~!(0) and whose horizontal distributional gradient
Vof :=(X1f, ..., Xn, f) can be represented by a continuous, never-vanishing section of HG.

Remark 1.35. Thanks to [Serra Cassano 2016, Corollary 4.27], if C is a Cé—regular surface, then S2~!'.C
is o-finite.
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The second notion of regular surface we give in this subsection is inspired by the characterization of
Lipschitz graphs through cones.

Definition 1.36 (intrinsic Lipschitz graphs). Let V € Gr(Q — 1) and E be a Borel subset of V. A function
f 1 E— (V) is said to be intrinsic Lipschitz if there exists an o > 0 such that for any v € E we have

gr(f) :={wf(w):we E} Cvf()Cy(x).
A Borel set A C G is said to be a V-intrinsic Lipschitz graph, or simply an intrinsic Lipschitz graph, if
there is an intrinsic Lipschitz function f : E € V — (V) such that A = gr(f).
Proposition 1.37. Suppose E is a Borel subset of G and assume there is a plane W € Gr(Q — 1) and an

o > 0 such that for any w € E we have E C wCy («). Then E is contained in an intrinsic Lipschitz graph.

Proof. Thanks to the assumption on E, for any w;, w, € E we have wl_lwz € Cw(x). This implies
that for any v € Py (E) there exists a unique w € E such that Py (w) = v, otherwise we would have
w;lwz e N(W).

Let f: Pw(E) — (V) be the map associating every w € Py (E) to the only element in its preimage
Pv;] (w). With this definition we have that the set gr(f) :={vf(v):v € PW_,1 (E)} coincides with E and
this shows that f is an intrinsic Lipschitz function since gr(f) € vf (v)Cw () for any v € E. [l

The following extension theorem is of capital importance for us:

Theorem 1.38 [Vittone 2012, Theorem 3.4]. Suppose V € Gr(Q—1) and let f : E — N(V) be an intrinsic
Lipschitz function. Then there is an intrinsic Lipschitz function f : V. — (V) such that f (v) = f(v) for
anyv € E.

The following result is an immediate consequence of Theorem 1.38:
Proposition 1.39. If f : E C V — DN(V) is an intrinsic Lipschitz function, then S3~'_gr(f) is o-finite.

Proof. Theorem 1.38 together with [Franchi and Serapioni 2016, Theorem 3.9] immediately implies that
S 1(gr(f)N B(0, R)) < oo for any R > 0. 0

From the notions of Cé—surfaces and of intrinsic Lipschitz surfaces rise the two following definitions
of rectifiability:

Definition 1.40. A Borel set A C G of finite S~ !-measure is said to be
() Cé—rectiﬁable if there are countably many Cé—surfaces ['; such that
sa-1 <A \UJ Fi) =0,
ieN
(i) intrinsic rectifiable if there are countably many intrinsic Lipschitz graphs I'; such that
S9! (A U r,) =0.
ieN
The following proposition is an adaptation of the well-known fact that Borel sets can be written in an
essentially unique way, as the union of a rectifiable and a purely unrectifiable set.



946 ANDREA MERLO

Proposition 1.41 (decomposition theorem). Suppose .Z is a family of Borel sets in G for which S2~'_.C
is o-finite for any C € Z. Then, for any Borel set E C G such that S2~'(E) < oo, there are two Borel
sets E*, E" C E such that

(i) E*UE" =E,

(i1) E" is contained in a countable union of elements of 7,
(iii) STY(E*NC) =0 forany C € &
Such a decomposition is unique up to S~ -null sets, i.e., if F* and F" are Borel sets satisfying the three
properties listed above, we have SUNETAFT) =SR2 1(E*AF") = 0.
Proof. The proof follows verbatim the argument of [De Lellis 2008, Theorem 5.7]. (Il
Corollary 1.42. For any Borel set E C G such that SQ_l(E ) < 00, there are two Borel sets E*, E" C E
such that

(i) E*UE" =E,

(ii) there are countably many intrinsic Lipschitz functions f; : Vi — N(V;), where V; € Gr(Q — 1), whose

graphs cover S2~'-almost all of E’,

(iii) S2-Y(E*NC) =0 for any C-intrinsic Lipschitz graph.

Proof. Thanks to Proposition 1.39 we know that every intrinsic Lipschitz graph is S2~!-o-finite. If we
choose .7 in the statement of Proposition 1.41 to be the family of all intrinsic Lipschitz graphs of G, we
get two sets E“ and E” whose union is the whole set E, such that E“ has S 2-1_pull intersection with
every intrinsic Lipschitz graph and E, can be covered by countably many graphs of intrinsic Lipschitz
functions f; : E; € V; — 91(V;). The conclusion follows from Theorem 1.38. U

2. The support of 1-codimensional measures with flat tangents is intrinsic rectifiable

Throughout this section we assume ¢ to be a fixed Radon measure on G whose support is a compact set K
and such that for ¢-almost every x € G we have

(H1) 0 <027 (¢, x) <©1%(¢, x) < 00,

(H2) Tang_1(¢p, x) € 9N, where I is the family of 1-codimensional flat measures from Definition 1.7.
The main goal of this section is to prove the following:

Theorem 2.1. There is an intrinsic Lipschitz graph I such that ¢ (I") > 0.

The strategy we employ in order to prove Theorem 2.1 is divided into four parts: First of all in
Section 2A we show that hypotheses (H1) and (H2) on ¢ imply that for ¢-almost any x € K and r > 0
sufficiently small, there is a plane V, , for which K as a set is very close in the Hausdorff distance to Vy ,.
In Section 2B we prove that if K N B(x, r) has a big projection on some plane W, then W is very close
to V, , and there exists an @ > 0 such that for any y, z € B(x, r) N K for which d(y, z) > dist(W, V, ,)r,
we have z € yCyw (). Section 2C is the technical core of this section, and its main result, Theorem 2.28,
shows that for ¢-almost any x € K we have that the set B(x, r) N K has a big projection on V, ,. Finally,
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in Section 2D, making use of the results of the previous subsections, we construct the wanted ¢-positive
intrinsic Lipschitz graph.

2A. Geometric implications of flat tangents. In this subsection we reformulate the hypothesis (H2) on
¢ in more geometric terms. In order to obtain such a reformulation, we need a way to pass from the
purely pointwise information on the flatness of tangents to a more local understanding of the measure ¢
at small scales. In the following Definition 2.2, we introduce two functionals on Radon measures that
will be used for this precise objective. These functionals can be considered the Carnot analogue of the
functional d( -, 9) of Section 2 of [Preiss 1987].

Definition 2.2. For any x € G and any r > 0 we define the functionals

, Fy (¢, 083 xV) . . Fy (¢, 08271 zV)
dyr(®.9) = inf = and  dy (¢, M) := @>g,lfze@ JS) :
VeGr(Q-1) VeGr(Q-1)

where F, , was introduced in (17).
In the following proposition we summarize some useful properties of the functionals d, , and c?x,r.
Proposition 2.3. The functionals d, (-, 9N) and c?x, (-, M) satisfy the following properties:
(i) Forany x € G, k > 0and r > 0, we have dy i, (¢, M) = do,k(r_(D_I)Txmqb, oMn).
(ii) For any r > 0, the function x > dy (¢, M) is continuous.
(iii) Foranyx,y € Gandr,s >0 for which B(y, s) C B(x, r), we have (s/r)Qd},,s(qb, M) < cix,r(q&, o).
(iv) For any x € G and any s < r, we have (s /r)3d, (¢, M) < dy (¢, M).

Proof. 1t is immediate to see that f belongs to L1p1 (B(x, kr)) if and only if thereisa g € L1pl (B(0, k))
such that f(z) =rg(d/-(x~ 17)). This implies that

& )D</fd¢ ®/fd8’3 1va)

1
:W( / g1/, (x"'2)dp(2) - © f g(al/r(x—lz»dsﬂ—th)

1 T; , _
:k_ﬂ(/g( )d ¢(Z)— /g(z)dSD 1\_V>,

and this concludes the proof of (i). To show that the map x +— d (¢, 9) is continuous, we prove the

following stronger fact. There exists a constant C depending only on G such that for any x, y € G with
d(x,y) <1 we have

= 2(r+2)d(x, )5
e @, 90— dy 1, W] = €6 XL T 50 e, ). @

In order to prove (21), for any € > 0 we let ®* > 0 and V* € Gr(Q — 1) be such that

y”f’f - @*/fdsﬂtv*

fro5

<d,, (¢, M) +e, forany feLlpl (B(0, 1)).
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Furthermore, by definition of d, , we can find an f* € LipT(B(O, 1)) such that

Ty, _
/f*d D’_"f—@*/f*dsﬂ "LVl

r

de,r (¢, M) —€ <

This choice of f*, ®* and V* implies that
dx,r(¢v 93’t) - dy,r(d)’ m)
Ty, _
ff*a’ Q’_‘{’ —O* f F*dsl v+
r
% Tx,rd’ % Ty,r¢
[rass [ rags

Sr_D/ dix"'w, y'w) dep (x) + 2¢
B(x,r+d(x,y))

< + 2¢

Ty,
_'ff*d_g_df _@)*ff*dsﬂ—hv*
r

+2¢ sr@—“/|f*(61/r<x—‘w>>—f*(sl/r(y“w>>|d¢><w)+2e

=<

<r (d0e, ) +CG) (A0, )P +d e, y) T+ d, )TV d @, y)'T))
X $(B(x,r+d(x,y)) + 2,

where the last inequality comes from [Franchi and Serapioni 2016, Proposition 2.13] together with the
constant C(G). Interchanging x and y, the bound (21) is proved thanks to the arbitrariness of €. Finally,
statements (iii) and (iv) follow directly from the definitions. U

The following proposition allows us to rephrase the rather geometric condition on ¢, the flatness of the
tangents, into a more malleable functional-analytic condition that is the ¢-almost everywhere convergence
of the functions x — d; i (¢, 900) to 0. We omit the straightforward proof.

Proposition 2.4. Assume . is a Radon measure on G such that 0 < ©2~1(u, x) < 0o for pu-almost every
x € G. Then the following are equivalent:

(1) lim,— o dy kr (1, IN) =0 for p-almost every x € G and any k > 0.
(ii) Tang_1(u, x) €M for pn-almost every x € G.

Notation 2.5. Throughout Section 2 we let 0 < g < 11—0 be a fixed constant. Proposition 1.30 yields two
natural numbers 9, ¥ € N, that from now on we consider fixed, such that ¢(K \ E? (%, y)) < s1¢(K).
We can assume without loss of generality, again thanks to Proposition 1.30, that ¢ and y have the further
property that for any u > 449 there is a v € N for which

PR\ &Y, (1. 1)) < e1¢(K).
For future convenience, we define 1 := 1/ and let

2_
1 nQ—H(l _ n)Q 1

46 () :=min 24+’ (329)2+1

Eventually, if dx,r(¢|_E¢(1‘}, v), M) +dy (¢, M) <6 for some 0 < § < §g(V), we define I5(x, r) to be
the subset of planes V € Gr(Q — 1) for which there exists a ® > 0 such that

For(QLE? (@, ), OSTILx V) + Fy (¢, OS2 LxV) <2872 (22)
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The following two propositions are the main results of this subsection. They are so relevant since they
give a more geometric interpretation of the condition we call flatness of the tangents and in particular tell
us that E? (¢, ) is in essence a weakly linearly approximable set. For a discussion on how this will play
a role in the proof of the main result of this work, we refer to the Introduction.

Proposition 2.6. Let x € E? (19, y) be such that c?x,r(qf), M) <68 forsome § <8g(¥)and0<r <1/y. Then,
forevery V e Gr(Q — 1) for which there is a z € G and a ® > 0 such that Fy (¢, OS82 1 zv) <25r2
we have _
swp  IV) oy iagia oyt
weES (9,y)NB(x,r/4) r

Proof. Since g(w) := min{dist(w, B(x, r)¢), dist(w, zV)} belongs to LipT(B(x, r)), we deduce that

25r’33/g(w)d¢(w)—®/g(w)d8’31LzV=/g(w)d¢(w)zf min{1r, dist(w,zV)} de (w).

B(x,r/2)

Suppose that y is a point in B(x, r/4) N E? (9, y) furthest from zV, and let D = dist(y, zV). If D > %r,
this would imply that

26r9 > / min{}r, dist(w, zV)} d¢ (w)
B(x,r/2)
re

z/ min{1r, dist(w, zV)} dp(w) > &ro(B(y, £r)) = STT
B(y,r/16)

which is not possible thanks to the choice of §. This implies that D < %r and as a consequence, we have
26r2 > / min{1r, dist(w, zV)} d¢ (w)
B(x,r/2)
z/ min{12r, dist(w, zV)} dp (w) > 1D¢(B(y, D)) = 7' (1D)%,  (23)
B(y.D/2)

where the second inequality comes from the fact that B(y, D) € B(x, 3r). This implies, thanks to (23),
that .
sup dist(w, zV) < D < 2R AS12 Ly (9)51/2,
weE?(9,y)NB(x,r/4) r r

Furthermore, since x € E®(®9, y), we also infer that dist(x, zV)/r < %Cz(ﬁ)(Sl/ 2 Therefore, thanks to
Proposition 1.17, we conclude that

dist(w, xV dist(w, zV dist(xV, zV
sup ist(w, x )< sup ist(w, zV) +dist(xV, z )§C2(0)51/Q 0

weES(®,y)NB(x,r/4) r weES (8,y)NB(x,r/4) r

Proposition 2.7. Let x € E?(9, y) and 0 < r < 1/y be such that for some 0 < § < 8g(8) we have
der (@, M) +dy ,(GLE? (9, ), M) < 6. (24)

Then for any V € Ils(x, r) and any w € B(x, %r) NxV we have E® (9, y) N B(w, 81/@“)1’) %+ J.
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Proof. By the definition of I1s(x, r) (see Notation 2.5), for any V € I15(x, r), where here we choose
= 2_’32_’382, there exists a ® > 0 such that

Fy (9,081 xV) + F  (LE® (9, y), OS2I xV)
9]
p

<24. (25)
Therefore, defining g(x) := min{dist(x, B(0, 1)¢), n}, we infer that
97 (=) r? — Onr < arg (B, (1= mr) —nr@ST'LxV(B(x, 1))
< /rg(51/r(x_1z)) de(z) — O / rg(81, (x7'2)) dST 1 LxV < 2819,

where the last inequality above comes from (25) and the fact that rg(; /,(x*1 ) € LipT(B(x, r)).
Simplifying and rearranging the above chain of inequalities we infer that

=9 (1-n" =28/m= @' A-I =271 -1/D,

where the first inequality comes from the choice of § and the last equality from that of n = 1/£; see
Notation 2.5. Since the function Q — (1 —1/9)2! is decreasing and limg_, oo (1 — 1/Q)271 = 1/e, we
infer that ® > %196. Suppose that §/Q+D < ) < % and assume that we can find a w e xV N B(x, %r)
such that ¢ (B(w, Ar) N E? (9, y)) = 0. This would imply that

©n(1 -~ a2
= OnarST I xV(B(w, (1 — n)Ar))

<0 / Arg(81/0, (w™12)) dS 1 xV (2)

e / Arg(S1 (w™'2)dS N xV(z) — / Arg(81/, (w™12) dpLE? (9, y)(z) <26r%,  (26)

where the inequality on the middle line is a consequence of the fact that, thanks to the precise choice
of g, we have g = n on B(0, 1 — ), whereas the last inequality comes from the choice of ®, V, the fact
that Arg (81, (w™'-)) € Lip/ (B(x, r)) and the constraint on ¢ E? (¢, ) given by (25). Thanks to (26),
the choice of A and the fact that J—teﬁ < O, we have that

§9/(Q+1D)
— (= <@ - <25,
4ed
However, a few algebraic computations that we omit show that the above inequality chain is in contradiction
with the choice of § < ég (). O

2B. Construction of cones complementing supp(¢) in case it has big projections on planes. This
subsection is devoted to the proof of Proposition 2.11, which tells us that if the measure ¢ is well
approximated inside a ball B(x, r) by some plane V and if there exists some other plane W on which
the S2~'-measure of the projection Py (supp(¢) N B(x, r)) is comparable with 2, then at scales
comparable with r the set supp(¢) N B(x, r) is a W-intrinsic Lipschitz surface. In other words, we can
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find an o > O such that
y € zCw(a) whenever y,z € B(x,r)Nsupp(¢) and d(z,y) = r.

Before proceeding with the statement and the proof of Proposition 2.11, we fix some notation that will
be extensively used throughout the rest of the paper.

Notation 2.8. Throughout this paragraph we assume that i is a Radon measure on G supported on a
compact set K such that 0 < ®§_1(1//, x) < O21*(y, x) < oo for y-almost every x € G and that o € N
is a fixed positive natural number. First of all, let us define the following two numbers:

C(0):=2"%"2 and N(o):=|—4log((0))] +40(Q+ 1).
Secondly, we let
C3(0) :=2"(n; — 1)C2(0)?, Cy(o) :=2"9,
C5(0) i= Ca(0) (326 (0) )7, Colo) 1= 22108 O/ Q=DIN@OF61(5) =2,

Finally, we introduce six further new constants that depend only on o. Although we could avoid giving
an explicit expression for such constants, we choose nonetheless to make them explicit for the following
reasons: First of all, having their values helps keep their interactions in proofs under control, getting more
precise statements. Secondly, fixing these constants once and for all, we avoid the practice of choosing
them large enough when necessary. In doing so we hope to help the reader not to get distracted with the
problem of whether these choices were legitimate or not.

For the sake of readability, we choose not to make the dependence on o of the numbers N, ¢ and the
constants Cy, ..., Cg explicit in the following. In addition, in the forthcoming definitions, we choose to
suppress any dependence on o in the right-hand side of the expression. We let:

. 2log, C4 7log2 —2log¢
A =2 log(C Co, | —=—— l, ————
@) 0(0) max{ 0g(Ce) + Co LN(Q—DJ Niog2—2
(i) k(o) := 80N+8§_2A3(1 +eSNA%) and 0 < R <2 WV+HIDs2g
2ZQ n— ISﬂH
iii eg(o) :=min{27%, j=2€i },
o o) { (Apk)21C2

where § is the constant introduced in Proposition 1.8, the n; are the topological dimensions of the
i-th layer, V;, of the Lie algebra g and the ¢; are the structure constants used to construct the metric;
see Definition 1.4;

, 86 €6 k —20 1 Q49
(iv) &(o) :=min 73
4 " (Q0C3C3AGk)(1+36kR™") " 20C2k " 2A2C5 4 2 Ak Cy CaeBN 45

with 8g = 8g(0') and Cs = Ca(0);
1

\% &3(0) ‘= .
V) ) = acacI T
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Since in the rest of Section 2 we make extensive use of the dyadic cubes whose existence is stated in
Appendix A, we recall here some of the notation. For any &, t € N for which ¥ (EY (9, y)) > 0, we
denote by AY (&, 7) the family of dyadic cubes relative to ¥ and to the parameters £ and t yielded by
Theorem A.2. Furthermore, for any compact subset x of E¥ (£, ) and I € N we let

AV &, 1,):={0eAV(E,1): 0Nk AT and Q € A}/’(é, 1) for some j > 1},

where A}l' (€, T) is the j-th layer of cubes; see Theorem A.2. Finally, for any Q € AV (EY (€, 1); &, 1, 1),
we define

a(Q) = de(0) 2k diam 0 (W M) + de0) 2k diam 0 (WLEV (£, T), M),

where ¢(Q) € Q is the center of the cube Q; see Theorem A.2 (v).
Eventually, we recall for the reader’s sake some standard nomenclature on dyadic cubes: for any pair
of dyadic cubes Q;, 0> € AV (&, 1),
(1) if Q1 C Q», then Q5 is said to be an ancestor of Q| and Q; a subcube of Q»,
(i1) if Q, is the smallest cube for which Q1 C O, then Q> is said to be the parent of Q1 and Q; the
child of Q5.

Notation 2.9. If not otherwise stated, in order to simplify notation throughout Section 2 we will always
denote by A := A?(9, y) the family of dyadic cubes constructed in Theorem A.2 relative to the measure ¢,
which was fixed at the beginning of this Section, and to the parameters  and y, fixed in Notation 2.5.
Furthermore, we let

E®,y):=E*®,y), &, v):= éi;’fy(u, v) and Ak, D)= A%(k; 0, y, D).
Finally, if the dependence on o of the constants introduced above is not specified, we will always
assume that o = ¢}, where once again ¢ is the one natural number fixed in Notation 2.5.

Remark 2.10. For any compact subset « of E(, y), we let M(k, [) be the set of maximal cubes of A(«, [)
ordered by inclusion. The elements of M («, [) are pairwise disjoint and enjoy the following properties:
(i) For any Q € A(k, ) there is a cube Q¢ € M(«k,[) such that Q C Q.
(ii) If Q¢ € M(k, 1) and there exists some Q" € A(«, [) for which Qg C Q’, then Qg = Q.
The proof of the following proposition is inspired by the argument employed in proving [David and

Semmes 1993b, Lemma 2.19] and its counterpart in the first Heisenberg group H'! [Chousionis et al. 2019,
Lemma 3.8].

Proposition 2.11. Let « € N be such that . > N 15+ log,(4k)), and suppose that Q is a cube in
A(E (0, y), v) satisfying the two following conditions:
(i) de(0).ak diam @ (PLE (D, y), M) + de(0) 4k diam 0 (@, M) < &.
(ii) There exists a plane W € Gr(Q — 1) such that
diam Q2!

aCIAT T < ST (PWI(Q) T (QNE®, y)D). 27)
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Letx e E(W,y)NQandy € B(x, %(k — 1) diam Q) N E (Y, y) be two points for which
Rdiam Q <d(x, y) <2V*%r 2R diam Q. (28)
Then, for any a > ({%eg/(6- 28TV R=1k)) ™! =: ag, we have y € xCy ().
Remark 2.12. Thanks to the definition of R and k, we have
PNH6 p 2R  PIN+6) =2 p=(N+11)p 2 _ %k < %(k— 1.

This implies that B(x, 2V 6 2R diam Q) € B(x, %(k — 1) diam Q), and thus the requested inequality
d(x,y) > Rdiam Q is compatible with the fact that y is chosen in B(x, é(k — 1) diam Q).
Proof of Proposition 2.11. Suppose by contradiction there are two points x, y € E(, y) satisfying the

hypothesis of the proposition such that y & xCw («) for some « > «g. This implies, since the cone Cy (o)
is closed by definition, that we have 71 (x~'y) # 0. Furthermore, Proposition 1.14 along with (28) yields

diam Q < R7'd(x,y) < RT'A(@)|lmi(x7 ') < RT'AM|m 'y =2R " mGx 'y, (29)

where the last inequality comes from the fact that A (the function yielded by Proposition 1.14) is decreasing
and from the last identity from the very definition of the function A. Let p := diam(Q) and note that
Proposition 2.3 (iii) and the fact that B(x, 4(k — 1)p) € B(¢c(Q), 4kp) imply that

. 4—1)p (@ M) + dy ak—1)p (PLE (D, ), M)

ko\? - -
< ((k — 1)) (de(0).4kp (D, M) + de(0) 410 (PLE (D, y), M) < 2%;.
In addition, we also have that 4(k — 1)p < 1/y; indeed,
4tk —1)p =4(k — 1) diam(Q) <4k — 1) - 27V /y < 1/y,

where the first inequality above comes from Theorem A.2 and the last one from the choice of «.
Therefore, thanks to Proposition 2.6 and the fact that 2D82 < ég(?), we infer that there exists a plane

V e Gr(Q — 1), that we consider fixed throughout the proof, such that
dist(w, xV
sup distw, xV) _ 20,612, (30)
weE®,y)NB(x, k=1)p) 4k —1)p

Since y € E(9, y) N B(x, (k —1)p), we deduce from (30) that
dist(y, xV) < 8(k — 1)Caea/ . (31)

In this paragraph we prove that if there exists a point v € V such that v; # 0 and |7 (Pwv)| < @vy]
for some 0 < 6 < 1, then

|(n(V), n(W))| <6/v 162 (32)
We note that the assumptions on v; imply that

1 * = (W), v1)? = [vg — (W), v)(W) [ = [Ty v|* = |m1 (Pwo)* < 0% u |2 (33)
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where 7y is the projection in V| onto W N V; that was defined in Proposition 1.11. By means of a few
omitted algebraic manipulations of (33), we conclude that /1 — 62|v(| < |(n(W), v)|. Finally, since
(n(V), v1) =0, thanks to (33) and the Cauchy—Schwartz inequality, we have

Olvi] = [y v, (V)| = [{vr = (n(W), vi)n(W), n(V))|
= [(n(W), v1)(n(V), n(W))| = V1 =02|v1| [(n(V), n(W))]. (34)
It is immediate to see that (34) is equivalent to (32), proving the claim.

Given x,y € E(9, y) and V, W € Gr(Q — 1) as above, in this paragraph using the counterassumption
x~ 'y & Cy(a) we construct a v € V with vy # 0 that satisfies the bound |7{ (Pyv)| < 8|v;| for a suitably
small 8. Since y € xCw («), thanks to Proposition 1.11 we have

11 (Pw ()] < 1Pw (') < o7 Pagy ') = o (W), 1 () < @ g (Tt

Defined v to be the point of V for which d(y, xv) = dist(y, xV), thanks to (31) and the fact that
y € B(x, %(k — 1),0) we have
Ivll < d(xv, y)+d(y, x) < dist(y, xV) + §((k — Dp) < (8Ca8, + §)kp < (k= D)p,
where the last inequality comes from the choice of &,. Furthermore, thanks to (29) and (31) we have
1Rp < (3R =8Cokey ) p < i (x| —d(y, xv) < Im (7' )| = i (v )|
ev)| = Juil, (35)

<|lm@Ey)—m@G~

and where the first inequality above, comes from the choice of ;. Let us prove that v satisfies the
inequality
71 (Pwv)| < 4R™'k(16C265/ 2 + 204N £ 20~y . (36)

Since x 'y & Cy (), thanks to Proposition 1.11 we have

771 (Pw (0))] < |71 (Pw (v) — 111 (Pw (x " y) | + |71 (Pw (x ' )|
<|m (Pw (" xo)| 4+ 1 Pw ') || < 11 (Pw (™ x o)) [ 4 a7 Pnowy ()|
< 1Py xv)| +a m Ty < 1Pw (o) | +25TV e 2 Ra T p, (37)

where the last inequality of the last line above comes from (28). Proposition 1.15 together with (31), (35)
and (37) implies that

37 _ o - —2p -
71 (Pw )| < 1Pw (' x0) | +2°TV e 2 Ra ™ p < 2[ly xvl + 25TV 2 Ra ™ p
(€28
= 2dist(y, xV) + 25N 2Ra 1 p < (16Co(k — ey + 20tV e 2 Ra 1 p
(35)
< 4R k(16Coey N + 25N 20 juy| =2 0(ar, e2)[v1 - (38)

Thanks to the choice of the constants ¢, €2, R and k together with some elementary algebraic computations
that we omit, it is possible to prove that /1 — 0 (a, £7)% > 1. Since |1 (Pw ()] < 0(a, &2)|m1(V)], we
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deduce thanks to (32) that

V), n (W) < — 2% o9 6. (39)
1 —0(a, &)

Let us take a step back and let us examine what we have shown so far. Starting from the absurd
hypothesis y~!
This can be alternatively read as the fact that the normals n(V) and n(W) of V and W respectively are
almost orthogonal. However, one should expect this orthogonality to be incompatible with (27).

Let us prove that (39) is in contradiction with (27). Choose some z € B(x, %(k — 1),0) NE(Y, y) and

note that

x € Cw(a) we have shown that there is a nonnull v € V with |7 (Pwv)| < 0(«, &3)|v].

|((V), 71 (Pw (x ™' 2))] = [(n(V), 7y (21 — x1))|
< n(V), 21 —x))| + [(n(V), Taqw) (21 — x1))|
< {n(V), z1 —x)| + [(n(V), n(W))[ [{z1 — x1, n(W))|
< [1Pnvy (x D)1 4 (x, ) [(R(V), n(W))]
=dist(z, xV) +d(x, 2)|(n(V), n(W))], (40)

where the last identity comes from Proposition 1.15. Inequalities (30), (39), (40) and the choice of z
imply that
1 “0)
[(n(V), mi(Pw(x""2)) < dist(z, xV) +d(x, 2)[{(n(V), n(W))]
(30),(39)
< 8Coke) T p +20(a, £2)d(x, 7) < 8Cakes o +20(a, e)kp.  (41)

Furthermore, defining n := my (n(V)), it is immediate to see from (39) that |n —n(V)| < 26(«, &), which
yields thanks to the triangular inequality and Proposition 1.15 the bound

[(n, 11 (Pw (x " '2))] < [((V), 1 (Pw (x ') | + In = n(V) |71 (Pw (x'2))]|
< V), 1 (Pw ') |+ [In— n(W)|[|| Pw (x 2|
D 1/9 1/9
< (8Cake," p +20(a, £2)kp) +460(at, £2)kp < 8(Cae,' " +36(a, £2))kp. (42)
For the sake of notation, we introduce the set
S:={weW:|n w)| <8(Caes +30(c, £2))kp}.

The bound (42) implies that the projection of x~VE(9, y)NB (0, %(k — l)p) on W is contained in S, which
is a very narrow strip around V N W inside W. Furthermore, we recall that from Proposition 1.15 we have

Py (B(0, §(k —1)p)) € B(0,2- 3(k — 1)p). (43)
Finally, putting together (42) and (43), we deduce that

Py(x "E@, )N B(0, §(k — 1)p)) S Pw(x"E®, )N Py(B(0, §(k — 1)p))
C SN B(0, f(k—1)p). (44)



956 ANDREA MERLO

Completing {n(W), n} to an orthonormal basis &£ := {n(W), n/|n|, es, ..., e,} of R" satisfying (9), thanks
to Remark 1.5 we have
SN B(0,2-g(k—1)p) S SNBoxe(0, 1kp). (45)
The above inclusion together with Tonelli’s theorem yields
HIT W (Pw (x TE@, )N B(0, §(k— 1)p)))
<HL'W(SNB(0, L(k—1)p)) < HL ' W (SNBoxe (0, 1kp))
S
= 16(Caey™ +30(@, ek - 2" 2 [ [ ™ (hko) >
i=2

N
=228 [ 7" (Cay™ +36(cr, £2)) (k)2 (46)
i=2

The inclusion (44), the bound (46), Proposition 1.8 and the definition of A finally imply that
STVW(Pw(x"E@, y)N B(0, (k — 1)p)))
<STLW(SNB(0, tkp)) = B~ HL' LW (SN B(0, $kp))
N
< B2 6" (Cary 4+ 30 (@, £2)) (k) 2!

i=2
=2710C5265 A0 0D (Caey/ P+ 30, £2))p2 7, 47)

where § is the constant introduced in Proposition 1.8 and where the last identity comes from the definitions
of eg and Ag; see Notation 2.8. Furthermore, since SD_ILW(PW(]) * E)= SQ_II_W(PW(E)) for any
measurable set E in G, see for instance the proof in [Franchi and Serapioni 2016, Proposition 2.2], we
deduce that

STV W(Pw(x"E@, y) N B(0, §(k — 1)p)))
=S W(Pw(«(@'E®, y) N B(c«(Q)'x, Lk — 1)p))).

Thanks to the choice of k and the fact that x € Q, we infer that B(0, p) € B(c(Q)'x, 3(k — 1)p).
Together with (27), this allows us to deduce that

STILW (P (x'E@, y) N B(0, Lk — 1p)))

Q-1
> S2ILW (P ((Q) T E@. )NB(O, p) = 82 LW (Py («(Q) " (E@. )N Q) = —
5

—. (48)
4C2A7!
Putting together (47) and (48) we conclude that

o6 < (Cres? +36(a, £2)) = Cre T+ 12Rk(2C28)/ 2 + 204N ¢ 2071,

The choice of ¢, and o imply, with some algebraic computations that we omit, that the above inequality
is false, showing that the assumption y ¢ xCw («) is false. We have reached a contradiction, proving the
proposition. U
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2C. Flat tangents imply big projections. We recall that the measure ¢ is supposed to be supported on a
compact set K and that for ¢-almost every x € G we assume that 0 < @f‘l(qb, x) < ®D_1**(¢>, X) <00
and Tang_1 (¢, x) € IN. This subsection is devoted to the proof of the following result, which asserts
that hypothesis (ii) of Proposition 2.11 is satisfied by the measure ¢ E (3, y).

Theorem 2.13. There exists a compact subset C of E (¥, y) having big measure inside E (9, y) such that
for any cube Q of sufficiently small diameter for which (1 — 3)¢(Q) < ¢(Q N C), there exists a plane
I1(Q) € Gr(Q — 1) such that

diam Q2!

-1
245

S (P (QNO) >

The compact set C will be constructed in Proposition 2.14 while the scale below which the thesis of
Theorem 2.13 is known to hold will be determined in Lemma 2.16 together with the plane I1(Q). The
reader can find the precise statement of the above result in Theorem 2.28.

In the following it will be useful to reduce to a compact subset C of E (¥, y) where the distance of ¢
from planes is uniformly small below a fixed scale.

Proposition 2.14. For any u > 49, there exists a v € N, a compact subset C of & (i, v) and an iy € N
such that

(i) $(K\ C) < 2616 (K),
(i) dyatr (@, D) +dy 4t (GLE®, ), M) <27, forany x € C and any 0 < r < 270N+5 [y,

Proof. Since by assumption Tang_1 (¢, x) € 9N for ¢-almost every x € G, thanks to Proposition 2.4 we
infer that the functions f; (x) := d, 4xr (¢, 9) converge ¢-almost everywhere to O on K as r goes to 0.
Thanks to Proposition 1.27, the same line of reasoning implies also that frﬁ’y (x) :=dx akr (PLE (0, y), M)
converges ¢-almost everywhere to 0 on E (9, y). Proposition 2.3 and Severini—-Egoroft’s theorem yield
a compact subset C of &(u, v) such that ¢ (E(?, y) \ C) < e1¢(E (¥, y)) and such that the functions
X = dy akr (@, M) +dy akr (GLE (D, y), M) converge uniformly to 0 on C as r goes to 0. This directly
implies both (i) and (ii) thanks to the choice of ¢ and y. Il

Notation 2.15. From now on we consider the integer u > 4C40 and the compact set C and the natural
numbers v and 1y yielded by Proposition 2.14 to be fixed. Furthermore, we define ¢ := max{¢, v}.

The following lemma rephrases Propositions 2.6 and 2.7 into the language of dyadic cubes.

Lemma 2.16. For any cube Q € A(C,t) we have a(Q) < &p. Furthermore, there exists a plane
I1(Q) € Gr(Q — 1) for which

and

dist(w, IT
0 sup ist(w CFQ) (Q)) - Cﬁ;/@.’
weE(®,7)NB(c(Q).k diam 0/2) 2k diam Q

(i) for any w € B(c(Q), 1k diam Q) Nc(Q)TI(Q) we have E(®, y) N B(w, 3kCe)/ @Y diam Q) # @.
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Proof. Let Q € A(C, 1), fix an x € Q N C and define p := diam Q. Thanks to Proposition 2.14 we know
that

dy 4t (. ) + dy ar (PLE(, ), M) <2729, (49)

for any r <27*N*+3/y . Thanks to Theorem A.2 (ii) we have that p <27*¥*3/y and thus by Proposition 2.3

we infer that
~ ~ 2
de(0) 2o (P2 M) < 29, 41, (9, M) <27 Vg,

] j (50)
de(0) ko PLE@, 7), M) < 2%, 4ty (PLE(®, v), M) <27 Ve,

The bounds in (50) together with Proposition 2.6 imply that «(Q) < 2*’32“82 < e.

The proof of the second part of the statement is a little more delicate. Since C is a subset of &3, (i, v),
thanks to the choice of i and ¢, by Proposition A.5 we have that ¢(Q) € E(9, y)N B(x, p). Let us choose
T1(Q) € M;(x, 2kp), where & := 2~2"~2 and note that Propositions 1.17 (i), (ii) and 2.6 imply that for
any w € E(®, ) N B(kp) we have

dist(w, ¢(Q)V) < dist(w, xV) +dist(xV, ¢(Q)V) = dist(w, x V) +dist(c(Q), x V)
<2.2kp-Cr(27 X Re)1/2 < 2pp . 272 Cze;/ﬂ, (51)

where the last inequality comes from (49). This concludes the proof of (i).
Let us move to the proof of (ii). For any V € I15(x, 2kp) and any w € B (O, lk,o) NV, we define

w* :=x"e(Q)w Pyvy (¢(Q) ' x) = Py (e(Q) ') T Py (e(Q) ') T w Py ((Q) ') e V.
With a few computations that we omit, it is not difficult to see that
d(c(Q)w, xw*) = || Py (c(Q) ™' x) || = dist(c(Q), xV) <2~ DkpCael/?, (52)

where the second identity follows from Proposition 1.17 and the last inequality from the second last
inequality in (51). Thanks to the definition of w*, the triangle inequality, Proposition 1.15 and the fact
that d(c(Q), x) < p, the norm of w* can be estimated as

lw* || < 21| Py (@)~ ) | 4 1 Py (c(Q) ™ )l + lwl| < 2p+2p + 3ko < kp. (53)
Thanks to inequalities (49) and (53) and Proposition 2.7, we infer that
B(xw*, 2kp - 27 2% YN E®, y) £ @.
Finally, since 21-9 C,, thanks to (52) we conclude that
E®, y) N B(c(Qw, 3kpCaes' @) 2 E®, ) N Bxw*, 2kp - 272/ D)y £ &, 0

The arguments we will use in the rest of the subsection to prove Proposition 2.18 through Theorem 2.28
follow from an adaptation of the techniques found in Chapter 2, §2 of [David and Semmes 1993a]. The
first of such adaptations is the following definition, which is a way of saying that two cubes are close
both in metric and in size terms:
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Definition 2.17 (neighbor cubes). Let A :=4A3 and let Q; € A;‘j(ﬁ, ¥) be two cubes with j = 1,2.* We
say that Q| and Q5 are neighbors if '

dist(Q1, Q) ;== inf d(x,y) < A(diam Q| +diam Q,) and |i; —iy| < A.
x€Q1,y€02 D (ID)

Furthermore, in the following (for the sake of notation), for any Q € A(C, t) we let

n(Q) :=n(I1(Q)),

where TT(Q) € Gr(Q — 1) is the plane yielded by Lemma 2.16.

Finally, two planes V, W € Gr(Q — 1) are said to have compatible orientations if their normals
n(V), n(W) € V; are chosen in such a way that (n(V), n(W)) > 0. By extension, we will say that two
cubes Q1, Qs € A(C, 1) have compatible orientations themselves if T1(Q1) and I1(Q,) are chosen to
have compatible orientations.

Proposition 2.18. Suppose that Q; € AZ’_ (0, y) for j =1, 2. Then the following hold:
(1) If Qg is the parent of Q», then Q1 and Q5 are neighbors.

(i) If Q1 and Q, are neighbors for any nonnegative integer k < min{iy, i»}, then their ancestors
Ql € A?l_k(ﬁ‘, y) and QZ € Ag_k(ﬁ, y) are neighbors.

(i) If Q1, Q2 € A(E(D, y), 1) are neighbors, then |log(diam Q/ diam Q)| <2AN.
Proof. Let us prove (i). Since 0> € Q1, we have that (I) of Definition 2.17 follows immediately. On the
other hand, since Q; is the parent of Q,, Proposition A.4 implies that

iy —ip] < [21log, C4/N(Q—1)] + 1 <4A} = A,

where the second inequality comes from the choice of Aj (see Notation 2.8) and this proves (II) of
Definition 2.17. In order to prove (ii), we first note that |(i; — k) — (i — k)| = |i; — i2| < A and secondly
that

dist(Q1, 02) < dist(Q1, Q) < A(diam Q; + diam Q,) < A(diam Q; + diam Q).

In order to prove (iii), we just need to note that thanks to Theorem A.2 (ii), (v) we infer that

g I 0, = g 27-Ni> 1/)/ 2 1 g g¢ <log(Ce) < 0
where the two last inequahties come from the choice of C6 and AO. O

Remark 2.19. If O € A(C, 1) then ¢(Q) € E (9, y) thanks to the choices of i and ¢ in Notation 2.15 and
Proposition A.5.

Remark 2.20. Note that if 1, 0> € A(E(9, y), 1) are neighbors, Proposition 2.18 (iii) implies that
e 24N diam Q; < diam Q; < €*4Y diam Q5.

4The symbol A? (9, y) denotes the ij-th layer of dyadic cubes; see Theorem A.2.
j
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Remark 2.20 explicitly tells us that if two cubes Q1, Q> € A(C, ) are neighbors, then they have
comparable diameters which are in turn comparable with the distance of their diameters. The information
we have on the measure, by means of Lemma 2.16, tells us that ¢ is well approximated by two planes
V1 and V; inside the balls By := B(¢(Q1), kdiam(Q)) and B := B(c(Q>), k diam(Q»)), respectively.
However, since we have chosen k in such a way that k > A ~ dist(¢c(Q1), ¢(Q2))/ diam(Q), the balls
B and B; have a big overlap while having approximately the same size. Hence, the planes V; and V, are
in essence approximating the same portion of the measure and as a consequence they must be almost the
same plane. This heuristic argument is formalized in the following:

Proposition 2.21. Suppose that Q, Q, € A(C, 1) are two neighbor cubes. Then
(1= G35/ )12 = (1= 220(n) — DC3e;/ )2 < |(n(Q1), n(0))].
Proof. Thanks to the definition of k, we have
A(diam Q| +diam Q») < 2A max{diam Q;, diam Q»,} < lek max{diam Q1, diam Q»}.

Without loss of generality we can assume that diam O, < diam Q. Therefore, since the cubes Q; and Q,
are supposed to be neighbors, we deduce that

dist(Q1, Q2) < A(diam @ + diam Q) < gk diam Q. (54)
This implies that for any z € Q, we have
dist(z, @2) = diam @y + inf dist(y, Qo) = diam Q) +dist(Q\, 02)
< (3k+1)diam Q; < (3k — 1) diam Q. (55)

Inequality (55) implies that for any z € Q; we have Q> € B(z, sk diam Q1). This, together with
Lemma 2.16 (i), implies that for any w € E (¢, y) N Q, we have

dist(w, ¢«(Q)TI(Q1)) < 2Cye4 Tk diam Q. (56)

We now claim that B := {u € G : dist(u, Q2) < %k diam 0>} € B(c(Q1), 3k diam Q1). In order to
prove this inclusion, let u € B, and note that
dist(u, ¢(Q1))
< in(g (d(u, w) +d(w, c(Q1)) < in(g d(u, w) +diam Q +dist(Q1, Q2) + diam Q>
wer welr
< ygkdiam Q3 +diam Q; +dist(Q1, Q1) +diam Qs < 75(3k +20) diam Q; < zkdiam Q;, (57)

ueB;
where the second last inequality comes from (54) and the assumption that Q is the cube with the biggest
diameter. Inequality (57) concludes the proof of the inclusion B, C B (c(Q 1), 1k diam 0 1). The inclusion
just proved, together with Remark 2.20, the fact that Q1, Q> € A(E (9, y), t) and Lemma 2.16 (i), implies
that for any u € E(9, y) N B, we have

dist(u, «(QNTI(Q1)) < 2Ces T diam Q) < 2C2e*N 46}/ Zk diam Q5. (58)
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Furthermore, thanks to Remark 2.19 we have ¢(Q») € B, N E(¥, y). Therefore, by Proposition 1.17 for
any u € B, N E(Y, y) we conclude that

dist(u, c(Q2)I1(Q1))
< dist(u, «(Q1IT(Q1)) +dist(c(Q2)TT(Q1), «(QDTI(Q1))
= dist(u, «(Q)TI(Q)) +dist(c(Q2). c(QNTI(Q1) < 4C2eN 46} T diam Q. (59)

Thanks to Lemma 2.16 (ii), we deduce that for any y € B (c(Qz), 40k diam Qz) Nc(Q2)TI(Q7) there exists
some w(y) in E(¥, y) N B(y, 3kC282/(D‘+1) diam Q»). Since by definition &, < ((k — 20)/20C2k)Qle
we have

dist(w(y), Q2) < piean d(w(y), y) +d(y, c(Q2)) +d(c(Q2), p)
2
< 3kCrey/ At diam Q5 + sk diam Q5 + diam Q5 < Lk diam Q», (60)

where the last inequality comes from the choice of k. Inequality (60) implies that w(y) € B,, and thanks
to (59) we infer that
p 2NA _1/97 ;-
dist(w(y), «(Q2)I1(Q1)) <4Cre™ "&,)' "k diam Q>.

Summing up, for any y € B(c(Q2), 35k diam Q2) Nc(Q2)T1(Q7), we have

dist(y, c(Q2)I1(Q1)) <d(y, w(y)) +dist(w(y), c(Q2)I1(Q1))
< 3C28é/(n+l)k diam O, + 4C2e2NA8§/Qk diam Q»
< (3C, +4Cye?N A}/ QAN N/ diam 0, < 6Coe3/ @ Vk diam Q,, (61)

where the last inequality comes from the choice of ¢, and a few elementary algebraic computations that
we omit. Furthermore, inequality (61) and Proposition 1.15 imply that

(1 (c(Q2) ™' y), QD) = 1| Pagoy (€(Q2) ' y) [l = dist(y, c(Q2)TI(Q1)) < 6Cey T Pk diam Q5. (62)

Suppose {v;}i=1,....n,—1 are the orthonormal vectors of the first layer V; spanning the orthogonal comple-

ment of n(Q») inside V1, and let y; := ¢(Q2)8k diam 0,/80(vj). Then, from inequality (62), we deduce that

ni—1 n11

1=1(n(Q1), M(O)) >+ D 1{vj, n(@D) = [(n(Q1). n(Q2))] +Z

j=1

(m1(c(Q2) "1y, n(ON)I?
(k diam Q»/80)2

< 1(n(Q1), n(Q2))| +22°(n1 1)C2e2/ 4D, 0

Proposition 2.22. Let Q1, O, € A(C, t) be neighbor cubes and suppose that T1(Q1) and T1(Q3), the
planes yielded by Lemma 2.16, are chosen with compatible orientations. Then

In(Q1) —n(Qy)| <2/C3el/ @Y, (63)

Furthermore, denote by Q| and Q5 the parent cubes of Q| and Q», respectively, and assume that the
planes H(Ql) and H(Qz) have compatible orientations with T1(Q1) and T1(Q>), respectively. Then the
I1(Q;) have compatible orientations if and only if the planes H(Q,-) do.
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Proof. Since Q| and Q> are neighbors and have compatible orientations, by definition, (n(Q;), n(Q»)) >0.
Thanks to Proposition 2.21 we infer that

n(Q1) —n(Q2)> =2—2(n(Q1), 1(Q2)) <2 —2(1 — C3e3 )12 <2, /Cyel/ O,

and (63) is proved. Let us move to the second part of the proposition. Thanks to Proposition 2.18, the
pairs Q1 and Qz, Q1 and Ql, and Q; and Qz are neighbors as well. Therefore Proposition 2.21 implies
that

n(01), n(02)) = (n(Q1), n(Q2)) + (n(01) —n(Q1), n(Q2)) + (n(Q1), n(Q2) — n(Q2))

>(1— C38§/(Q+1))1/2 —4\/C>38;/(Q+1) > %

Conversely, if H(Ql) and H(Qz) have the same orientation, the same line of reasoning yields that the
planes I1(Q1) and I1(Q») have compatible orientations as well. O

Proposition 2.23. It is possible to fix an orientation on the planes {I1(Q) : Q € A(C, 1)} in such a way
that

n(Q1) —n(Q2)] < 15,

whenever Q1, Qs € A(C, ) are neighbors and are contained in the same maximal cube Qg € M(C, 1),
where the set M(C, 1) was introduced in Remark 2.10.

Proof. Suppose Q; € A‘fi(z?, y) fori =1, 2, and assume without loss of generality that j; < j,. Fix the
normal of the plane IT1(Qy), and determine the normals of all other planes [1(Q) as Q varies in A(C, t)
by demanding that the orientation of the cube Q is compatible with that of 0, its parent cube.

If Q1 = Qo, let us consider the finite sequence {Qi}i= 1....m of ancestors of Q, for which Ql = 0>,
Q m = Qg and such that Qi+1 is the parent of Qi. Then the scalar product between n(Qg) and n(Q»)
can be estimated as

M
~ ~ ~ 2 1 1 1
(n(Q0). 1(02)) = (n(02), n(Q2) — Y (D) —1n(Qis 1) = (1 = Cze5 Ty —2/Csme)/ B, (64)
i=2
where the last inequality comes from Propositions 2.21 and 2.22 and the fact that the orientation of
Qi and Qi+1 were chosen to be compatible. Since Qg and O, were assumed to be neighbors, from
Definition 2.17 (I)) it follows that M < A and thus, thanks to (64) and the choice of &,, we have

(0(Q0). 1(Q) = (1 — C36¥/ D) 2 /G Acl/ @D - g

This proves the statement if one of the cubes is Q¢. The proof of the general case can be obtained with
the following argument. Thanks to Proposition 2.22, we know that the orientations of the planes IT(Q1)
and I1(Q») are compatible if and only if the orientations of H(Ql) and H(Qz), the planes relative to
their parent cubes Q; and Q,, are compatible.® Thus, taking the parents of the parents and so on, one
can reduce to the case in which one of the cubes is Q. [l

SNote that this is the case, since by construction we enforced that every element in A(C, ¢) has a compatible orientation with
its parent cube.
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Definition 2.24. For each cube O € A(C, t), we let
GL(Q) :=c(Q){u e B, Apdiam Q) : =(mu, n(Q)) > Agl diam Q}
={u € B(c(Q), Agdiam Q) : {(mu —71(c(Q)), n(Q)) > Aal diam Q}

and G(Q) = G4 (Q) UG _(Q). Furthermore, for any Q € M(C, 1) we let
6.(0):= |J 6@ and Q) := ] 6.

0eA(C,1) 0eA(C.1)
0<0 0<0

For any Q in the set G(Q), there is a ball B with radius comparable with diam(Q) from which a

tubular neighborhood T of the plane IT(Q) has been subtracted. The following lemma tells us that our
choice of parameters is sufficient to get the inclusion BN E(d, y) C T

Lemma 2.25. For any cube Q of A(C,t) and any x € G(Q), we have
%Aal diam Q < dist(x, E(¥, y)) < Apdiam Q. (65)
(A) (B)
Proof. Since Ay < %k, if we let z € E(¥, y) be the point realizing the minimum distance of x from
E(®, y), we deduce that
d(x,z) =dist(x, E(9, y)) <d(x, c(Q)) < Agdiam Q, (66)

where the first inequality above comes from the fact that ¢(Q) € E (¢, y) (see Remark 2.19) and the last
inequality comes from the very definition of G(Q). Note that inequality (66) proves (65) (B). Furthermore,
since 1 + Ag < %k, the bound (66) also implies that z € B(c(Q), %k diam Q) N E (¥, y) and thus, thanks
to Lemma 2.16 (i), we deduce that

dist(z, «(Q)TI(Q)) < 2Cye3' *k diam Q. (67)
Let w be an element of IT1(Q) satisfying the identity d(z, ¢(Q)w) = dist(z, ¢(Q)I1(Q)), and note that
dist(x, E(9, y)) =dist(x, z) > d(x, «(Q)w) —d(c(Q)w, 2)
> dist(c(Q)~'x, T1(Q)) — dist(z, «(Q)TI(Q))
> (0(Q), 1 (¢(Q) ™' x))| — 2Cae,/ Wk diam Q

(67)
= Ay diam Q —2Cse, Tk diam @ = JA; ' diam Q. (68)

\

where the second last inequality used the fact that x € G(Q) and the last inequality used the choice of &,
and Ay. O

The following is a disconnection result for &(0Q). It tells us that (‘5+(Q) and B_(Q) can be regarded as
two sides of &(Q) in the same way that G, (Q) and G_(Q) are the two sides of G(Q). The intuitive idea
for which this phenomenon occurs is the following. First, if Q1, O» € A(C, () are two cubes contained
in Q such that G (Q1) N G_(Q>) # &, then Lemma 2.25 implies that Q; and O, must be neighbors.
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Since Q; and @, are neighbors, the approximating planes I1(Q1) and IT1(Q») are very close thanks to
Proposition 2.21. In particular, G4 (Q1) and G_(Q>) are in essence on opposite sides of a plane and thus
they cannot intersect, resulting in a contradiction.

Lemma 2.26. For any Q € M(C, 1) we have that the sets &+(Q) are open and & (Q)NG_(Q) = .

Proof. The fact that the &.(Q) are open sets follows immediately from the definitions of the G (Q).
Suppose that Q5+(Q) N&_(Q) # &. Then we can find two cubes Q;, O, € A(C, t) contained in O such
that G4 (Q1)NG_(Q») # < and let x be a point of intersection. In order to fix notations, we also suppose
that Q; € A?i (¢, y) for i =1, 2. Thanks to the definition of G4 (Q), we immediately deduce that

B(c(Q1), Agdiam Q1) N B(¢(Q2), Ag diam Q) # . (69)

This in particular implies that dist(Q, Q) < 2Ag(diam Q| + diam Q,). Therefore, since 24y < A,
we have that Q| and Q» satisfy condition (I) of Definition 2.17. Furthermore, since by construction

xe€GL(01)NG_(Q2), Lemma 2.25 implies that
di di
1&;20& < dist(x, E(®, 7)) < Agdiam Q; and “;IZOQZ

Putting together the bounds in (70), we infer that

< dist(x, E(8, y)) < Agdiam Q,. (70)

diam QO

24571 < <2A2. 71
(240) ~ diam Q, ~ 0 7D
Thanks to (71) and Theorem A.2 (ii), (v) we have that
di 2—JjiN+5 29—jIN—1 di
Qa1 LdamO 2 Ty g 2y _damO_, (72)
diam Q, ~ ¢22-2N-1/y 2-ht5 )y diam Q,

Finally, thanks to the bounds in (72) together with some computations that we omit, we deduce that
log(27¢ 2 A3)

<log Ao,
N log?2 =080

lj2—Jj1l <

where the last inequality comes from the choice of Ag. Since Ag > 2, we infer that | j, — ji| < A, proving
condition (IT) of Definition 2.17. This concludes the proof that Q| and Q, are neighbors.
Now that we know that O and Q> are neighbors, (69) together with Proposition 2.18 (iii) implies that

d(c(Q1), ¢(Q2)) <d(c(Q1), x) +d(x, ¢«(Q2)) < Ap(diam Q + diam Q»)
< Ap(1+€*V*) diam Q5 < 1k diam Q», (73)

where the last inequality comes from the choice of k and of A. Since by (73) and Remark 2.19, we have
c«(Qr) e EW,y)N B(c(Ql), %k diam Qz), thanks to Lemma 2.16 (i) and Remark 2.20, we deduce that

dist(c(Q2), «(QNTI(Q1)) < 2Cskes/ T diam Q1 < 2C,ke*V 46}/ ™ diam Q,. (74)
Furthermore, since Q1 and Q; are neighbors, we infer by Proposition 2.22 that

n(Q1) —n(Q2)] < 2C3e)/ Y,
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and this in turn implies that

(m1(c(Q1)"'x), n(Q1))
= (m1(c(Q2)""x), n(Q2)) + (m1(c(Q2) ™' x), n(Q1) —n(Q2)) + (m1(c(Q1) ' ¢(Q2)), n(Q))
< —Ay ' diam Q5 + 71 (c(Q2) "' %) In(Q1) — n(Q2)| + dist(c(Q2), «(Q1)TI(Q1))
< — Ay diam Q; + Ag diam Q; - 2C3)/ AV 4 2C2ke?V 46}/ D diam Qs (75)

where third line above comes from the fact that x € G_(Q») and the bound on [n(Q;) —n(Q>)| discussed
above while the last inequality follows from (74). The chain of inequalities in (75) and the definition
of A imply that

(1(c(Q1) 7 %), n(Q1) < (—Ay " + AgCaes) O+ Coke®N 456}/ D) diam 0, < 0, (76)

where the last inequality comes from the definition of ¢, and some algebraic computations that we omit.
This contradicts the fact that x € G (Q), proving that the assumption that B(0)+ NBG_(Q) # @ was
absurd. 0

Let us take a step back and explain what the set &(Q) is. Starting from a measure ¢ with flat blowups,
in this section we constructed a countable family of pairs (¢(Q), [1(Q)), parametrized by the cubes
in A(C, v) inside Q, of points of supp(¢) and planes that are a good approximation of ¢ around ¢(Q) at
the scale diam Q. From this family of pointed planes we built &(Q), which should be imagined as the
complement of the union of very thin tubular neighborhoods of the disks ¢(Q)IT(Q) N B(¢(Q), diam Q).
So, since the planes I1(Q) are very efficiently approximating ¢ one should expect that ¢ (&(Q)) ~ 0,
allowing us to regard ®&(Q)°¢ as an extension of supp(¢) inside the ball B(¢(Q), diam Q). An extension,
however, that can ultimately be considered and treated as a countable union of planes. The next proposition
shows that supp(¢) is quite dense inside B(Q)".

Proposition 2.27. Let Q € M(C, 1) and define
1@:= J B((Q), (A—2)diam Q).

QeA(C,0)
0c0
In addition, for any x € 1(Q) we let
d(x):= inf dist(x, Q)+ diam Q. (77)
QeA(C,0)
Q<0

Then dist(x, E(3, y)) < 4A;'d(x) whenever x € 1(Q) \ &(Q).
Proof. Fix some x € 1(0) \ ®(Q), and let Q € Q be a cube of A(C, ¢) such that

dist(x, Q) +diam Q < 3d(x). (78)

Let Q' be an ancestor of Q in A(C, t), possibly Q itself. Since x & &(Q), then x ¢ G(Q") and, thanks
to Proposition 1.15, we have

dist(x, c(QHTI(Q) = [{m1(c(Q")'x), n(Q"))| < A, ' diam Q/, (79)
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where the last inequality is true provided that dist(x, ¢(Q")) < Agdiam Q’. Since x € I (Q), there must
exist some Q € A(C, 1) such that Q C Q and x € B(c(Q), (A9 — 2) diam Q). This implies that

dist(x, ¢(Q)) < d(x, c(Q)) +d(c(Q), ¢(Q)) < (Ag —2) diam Q + diam O < A, diam Q. (80)

Therefore the inequality dist(x, ¢(Q)) < Agdiam Q is verified and hence (79) holds for Q' = Q. Let
0 C Qo C O be the smallest cube in A(C, ¢) for which dist(x, ¢(Qg)) < Ao diam Q¢ holds.

Let w € T1(Qy) be the point for which d (x, ¢(Qg)w) = dist(x, ¢c(Qo)I1(Qp)), and note that the choice
of Q¢ and the bound (79) imply that

lwll = dist(c(Qo)w. ¢(Qo)) < d(c(Qo)w, x) +d(x, ¢(Qo))
< dist(x, c(Q0)TT(Qo)) 4 Ag diam Qo
< Ay ' diam Qg + Ag diam Qg < 2A¢ diam Qp < 1k diam Qp,  (81)

where the last inequality comes from the choice of Ag and k made in Notation 2.8. Since Qg € A(C, 1),
thanks to inequality (81) we have ¢(Qo)w € B(c(Qo), %k diam Q()) and thus Lemma 2.16 (ii) implies that
E®, ) N B(c(Qo)w, 3kCae) @ diam Q) # @. Therefore, since by definition of Qg the bound (79)
holds with Q' = Qy, we have

dist(x, E(¥, y)) <d(x, c«(Qo)w) +dist(c(Qo)w, E(D, y))

=d(x, c«(Qo)I1(Qp)) +dist(c(Qo)w, E(F, y))
< A" diam Qg + 3kCye)/ @V diam Qg < 245" diam Qo (82)

where the last inequality comes from the choice of &;.
If Qo = 0O, then (78) implies that dist(x, E(%, y)) < 2A61 diam Q¢ < 4Aald(x). Otherwise, let O be
the child of Qg that contains Q. Thanks to the minimality of Qg, we have dist(x, ¢(Q1)) > Agdiam Q1,

and thus
dist(x, Q1) > d(x, ¢(Q1)) —diam Qy > (Ao — 1) diam @

>

diam Q¢ > diam Q, (83)
6

where the second last inequality above follows from Proposition A.4 and the fact that Qg is the parent
of Q1, whereas the last inequality comes from the choice of Ag. Eventually, thanks to (78), (82), (83)
and the fact that Q C O, we deduce that

] 62 63
dist(x, E(9,y)) < 24, diam Q¢ < 24, dist(x, Q1)
(78)
< 24, dist(x, Q) < 4A;'d(x). O

The following is the main result of this subsection. Theorem 2.28 transforms the qualitative information
on the relationship between &(Q)¢ and supp(¢) yielded by Proposition 2.27 into a quantitative one,
i.e., the bound on projections given in (84). The proof of the theorem reduces to constructing, for any
(suitable) cube Q, a family of balls {B;};cn With the two following properties: First, the projection
on IT(Q) of supp(¢) U J; B; contains an open set with measure comparable with diam 091, Second,
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the sum of the radii of the balls B; is small and in particular the projection on planes of the set | J; B; has
small measure compared to diam Q2. The construction of the balls B;, that the reader may imagine
centered at points of &(Q), relies on the one hand on the previously discussed fact that the set &(Q)¢
can be regarded as a countable union of disks and on the other, that the holes of supp(¢), seen as a subset
of &(Q)¢, are really small and patching them does not require too much measure.

Theorem 2.28. For any cube Q € A(C, t) such that (1 —&3)¢p(Q) < dp(QNC), we have

diam Q9!

(84)
24871

S (P (QNC)) >

Proof. Let Qg € A(C, 1) be such that (1 —&3)¢(Qo) < d(QoNC), and define

F(Qo):=CNQoU |J B(c(Q),2Csdiam Q),
0es(Qo)
where .7 (Qp) is a family of maximal cubes Q € A(E (¥, y), ) such that Q € Qg and Q &€ A(C, ). As a
first step, we estimate the size of the projection of the balls UQ cr (0o B(c(Q), Ce diam Q). Thanks to
Proposition 1.18 we have

SQ_I(PH(Q)( U B(c(Q),2c6diamQ)>>gzﬂ—lc(n(go))c§—1 > diam Q7L (89)
QeJ(Qo) 0€J(Qo)

We now need to estimate the sum in the right-hand side of (85). Since the cubes in . (Qy) are disjoint and
they are contained in A(E (¢, ), t), thanks to Remark A.3 and the fact that (1 — £3)¢(Qo) <P (QoNC),
we deduce that

¢t Y damQ¥'< Y- ¢>(Q)=¢>( U Q)

QeI (Qo) QeJ(Qo) 0eJ(Qo)
<¢(00\C) < &3¢(Qp) < &3Csdiam QF " (86)

Putting together (85) and (86), we conclude that

s8-! (PH(Q)( U B(c(Q).2Cs diam Q))) <297 1(T1(Qy)) C2e3C2~" diam QF !
Q€7 (Qo)
_ e(T(Qo)

< diam 027, (87)
24971 0

where the last inequality comes from the choice of ¢3; see Notation 2.8.

In this first part of the proof of the theorem we have constructed the family of balls B; mentioned in
the introductory paragraph to the statement of the theorem and we have also proved the second necessary
property of the B;, that is the smallness of the measure of their projection. The rest of the proof will be
devoted to proving that supp(¢) U J; B; has big projections.
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More precisely, the next step in the proof of the theorem is to show that

¢(T1(Qy)) diam Qg™

(88)
A

S (Pricoy) (F(Q0))) >

In order to ease notations in the following we let x = ¢(Q0)d,, A diam Qo (n(Qop)) and define
By = B(x, Ay diam Qo) and B_:= B(x, Ay diam Q0)8y4 1 gigm g, M(Q0) -

Before proceeding further with the proof of (88), we give a brief outline of what we are going to do, hoping
to help the reader keep track of the purpose of each computation. As a first step towards the proof of (88),
we prove that B4 and B_ are contained in G4 (Qg) and G_(Qy), respectively. Note that this implies that
B, and B_ are each on one side of the plane IT1(Qy). Let 0O be the element of M(C, 1) containing Qg and
recall that by Lemma 2.26, &, (Q) and & _(Q) are disjoint open sets. This implies in particular that for
any horizontal line parallel to the normal of the plane I1(Qq) with starting point in B and end point in B_,
we can find a y in such a segment belonging to the complement of &(Qgp). Our final step in the proof
of (88) is to show that y belongs to F'(Qyp), thus proving the inclusion Pr(g,)(B+) S Pricgy) (F(Qo))
and in turn our claim.

Let us proceed with the proof of (88). We will prove that By € G4 (Qp) and B_ € G_(Qy) separately,
since the computations differ.

Let us begin with the proof of the inclusion By € G (Qo). Forany A € G such that |A|| <Ay !'diam Qy,
we have

d(c(Q0), xA) = 18194 giam g, (MQo) Al < 11A;" diam Qp < Ag diam Qo. (89)
In addition, the choices of x and A imply that
(m1(c(Q0) ' xA), n(Qo)) = (71810451 diam 0, (M(Q0))A), 1(Qo))
=104, " diam Qo + (m1 A, n(Qo)) > 94, ' diam Q. (90)

The bounds (89) and (90) together with the definitions of By and G 1 (Qy) finally imply that By € G4 (Q)).
Let us prove that B_ € G_((Qp). Similar to the previous case, for any [|A| < Aal diam Q¢, we have

d(C(QO), XA(SQOAEI diam Qo(ﬂ(Q())_l)) = ”510’461 diam Qo(n(QO))A(SZOAal diam Qy (n(QO)_l) ||
<31A;" diam Qg < A diam Q. 91)
Once again, the choices of x and A imply that
(71 (6(Q0) ™' ¥ Ab304-1 giam 0, (M(Q0) ™), 1(Q0)

= (11104 diam 0 (0D A8304 1 diam 0, (0 ™), 1(Q0))
= —104, " diam Q¢ + (1 A, n(Qo)) < —9A, ' diam Q. (92)

The bounds (91) and (92) together with the definitions of B_ and G_(Qg) show that B_ € G_(Qy).
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Now that we have shown that By and B_ lie on different sides of I[1(Qg), we construct horizontal
curves parallel to n(Qo) joining By and B_ and we show that each one of these lines intersect F(Qy).

First of all, let Q be the unique cube in M(C, t) containing Qq. Thanks to Lemma 2.26 we know that
the sets Q5+(Q) and &_(Q) are disconnected. With this in mind, for any a € B, we define the curve
Vq [0, 1] > G as

Va(1) 1= @830, giam 0t (M(Q0) 7).

By the definition of B_, it is immediate to see that y,(1) € B_. On the other hand, since y,(0) € B+
and the image of y, is connected, we infer that y, must meet the complement of &(Q) at y = y,(s) for
some s € (0, 1).

We now prove that y € F(Qy). First, we estimate the distance of y from ¢(Qyg) as

d(y, ¢(Q0)) = d(adyy5-1 giam 0ys (Q0) ™", ¢(Q0)) <d(a, ¢(Qo)) +20A; " diam Qos

<d(x, «(Qo)) +d(x,a) +20A," diam Qps

< 104, " diam Q¢ + A, ' diam Q¢ +20A; ' diam Qs

< 40Aal diam Q¢ < (Ag — 2) diam Qy, (93)
where the inequality in the third line comes from the definition of x and the fact thata € B(x, A !diam Qo).
The above computation together with the fact that Q is an ancestor of Qg shows that y € 1(Q). In
addition, we have that

dist(y, E(@, y) \ Qo) = dist(c(Qo), E(F, ¥) \ Qo) —d(y, ¢(Qo))
> 64~ ¢ diam Qg — 40A; "' diam Qg > 1004, " diam Qo, (94)

where the first inequality in the last line above comes from the second last inequality of (93), Remark 2.19

and Theorem A.2 (v), while the last inequality follows from the choice of Ag. From (93) and (94) we
deduce that

dist(y, E(3. 1)\ Qo) = 10047 diam Qo ‘2 d(y. ¢(Q0)) = dist(y, QoNE(®.y)). (95

where the last inequality comes from the fact that ¢(Qg) belongs to E (¢, y); see Remark 2.19. Therefore,
if z € E(¥, y) is the point of minimal distance of y from E (¢, y), (95) implies that z € Qo N E (¥, ).
Furthermore, since by assumption y ¢ ®(Q) and by (93) we have y € [ (), Proposition 2.27 implies
that

d(z,y) =dist(y, E(9, 7)) < 4A;'d(y) < 15d (), (96)

where the last inequality can be strict only if d(y) > 0. The definition of the function d, see (77), implies
further by (96) that

d(z) = d(y) —d(z,y) > 15d (), O7)
where last inequality is strict only if d(y) > 0. Summing up what we know so far about z is that it must

be contained in Qg N E (Y, ), however (97) implies that z cannot be contained in a cube Q € A(C, 1)
with diam Q < d ().
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On the one hand, if d(y) =0, the bound (96) implies that d(y, z) =0 and thus since E (¢, y) is compact
we have y = z € E(¢, y). This implies in particular that

YEE®,y)NQSCNQou | J 0ccnoou | B((Q),2Csdiam Q) = F(Qo).
0e€.7(Qo) QeI (Qo)
If, on the other hand, d(y) > 0, we will now show that y € F(Qp). We claim that there is a cube
01 € A(C, ), contained in Q¢ and possibly coinciding with Qy itself, such that

(a) z € Q1 and for any cube Q € A(C, ) contained in Q; we have z € Q,
(b) diam Q; > $d(y),
(c) there exists a O € .#(Qy), that is a child of Q; for which z € Q.

Let us verify that such a cube Q exists. Since z € Qy, for any cube Q € A(C, t) such that Q € Qg and
z € Q we have

wd(y) <d(z) < dist(z, Q) + diam Q = diam Q, (98)

where the first inequality above comes from (97) and the second from the definition of d. Let O be
the smallest cube of A(C, ¢) containing z, and note that for any cube Q € Q) belonging to A(C, t)
we have that z ¢ Q. This proves (a) and (b). In order to prove (c), we note that any ancestor of Q;
in A(E (9, y),t) must be contained in A(C, t). Furthermore, since the condition diam Q| > %d (y)
implies that z € E(, y) \ C, we infer that there must exist a cube Q in .#(Qg) for which z € Q Such a
cube must be a child of Q; otherwise the maximality of 0 would be contradicted.

Let us use (a), (b) and (c) to conclude the proof of the theorem. Items (a), (b) and inequality (96) imply

that

_ @ 6 | ®, .
dist(y, Q1) =d(y.2) = 13d(y) < gdiam Q. (99)

Therefore, Proposition A.4 together with (c) and (99) implies that

d(c(0), y) <d(c(0), 2) +d(z, y) < diam 0 + } diam Q,
< diam Q + §C¢ diam Q < 2Cs diam Q. (100)
The bound (100) finally proves that y € F(Qq) thanks to the fact that 0 € 7(Qo) by (¢). Summing up,

this shows that for any a € B, the curve y, meets the set F(Qg) somewhere.
In turn, this shows that F'(Qg) has big projections. Indeed,

S (Prioy (F(Q0)) = S77! (Prigy (B(x, Ay diam Qo))
= c(T1(Qp) Ay @~ diam 0F ", (101)
where the first inequality comes from the fact that the images of the curves y, are contained in P, (IQO) (a)

for any a € By and the last identity comes from Proposition 1.18. This concludes the proof of the main
step of the proof, which was to verify the validity of (88).
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In order to conclude the proof of the theorem we just need to put (87) together with (101) to get

ST (Pr(y(QuNC)) = SQ—I(PH(QO)WQO)))—sﬂ—l(PmQO)( U B(c(Q),cﬁdiaon)»

Q€S (Qo)
7,300 ¢(I1(Qo)) .. q.; _ diam 03!
> ————diam Q >
24971 0 24971
where the last inequality comes from the fact that ¢(IT(Qp)) > 1; see Proposition 1.18. O

2D. Construction of the ¢-positive intrinsic Lipschitz graph. This subsection is devoted to the proof of
the main result of Section 2, Theorem 2.1, which we restate here for the reader’s convenience:

Theorem 2.1. There is an intrinsic Lipschitz graph T such that ¢ (I') > 0.

We outline the proof of Theorem 2.1 here: For a fixed cube Q € M(C, t), we prove that the family
B(Q) of the maximal subcubes of Q having small projection on I1(Q), thanks to Theorem 2.28, is
small in measure. Therefore, we can find a cube Q' € A(C, 1) \ B(Q) that is contained in Q and for
which any subcube 0 of Q' has big projections on I1(Q). This independence on the scales, thanks to
Proposition 2.11, implies that C N Q is a [1(Q)-intrinsic Lipschitz graph.

Proposition 2.29. Define &4 := min{e;, (329 C C5AOQ_1)_1}. There exists a compact set Cy € C and an
t1 € N such that

(1) ¢(C\Cy) <e49(0),
(i) whenever Q € A(Cy, 1)) we have (1 — 3583)(Q) < $(QNC).

Proof. First of all, we prove that the set A(C, ¢) is a ¢ C Vitali relation. It is immediate to see that
the family A(C, ) is a fine covering of C. Furthermore, let E be a Borel set contained in C and
suppose A C A(C, ) is a fine covering of E. Defining A* := {Q € A : Q is maximal}, the identity
UQe 40= UQe 4+ Q is trivially satisfied and thus the family A* is still a covering of E. The maximality
of the elements of .A* implies that they are pairwise disjoint and thus A(C, ¢) is a ¢-Vitali relation in the
sense of [Federer 1969, §2.8.16]. Therefore, thanks to [Federer 1969, Theorem 2.9.11], we deduce that

$(CNO)

lim —1, (102)

0—x  ¢(Q)
for ¢-almost every x € C. For any j € N, define the functions f;(x) := ¢(C N Q;(x))/P(Q;(x)),
where Q;(x) is the unique cube of the generation Aj‘f’(z?, y) containing x. Identity (102) implies that
lim;_, fj(x) =1 for ¢-almost every x € C and thus, the Severini—-Egoroff theorem concludes that we
can find a compact subset C; of C such that ¢(C \ C;) < €4¢(C) and f;(x) converges uniformly to 1
on C;. This proves (i) and (ii) at once. O

Theorem 2.30. Let C; be the compact set from Proposition 2.29. Then there exists a cube Q' € A(Cy, 2t1)
such that Q' N Cy is an intrinsic Lipschitz graph of positive ¢p-measure.
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Proof. For any Q¢ € M(Cy, 2t1), Theorem 2.28 and Proposition 2.29 imply that

_ diam QD*1
S* Py QNN = — 55— (103)
0

Therefore, for any Q¢ € M(Cy, 2t1) we let B(Qp) be the family of the maximal cubes Q € A(Cy, 2t1)
contained in Q¢ for which

diam QQ_1

Q—1
S (P (E(W, y)NQ)) < W,

(104)

and we define 2(Qy) := UQeB(QO) 0.

The first step of the proof of the theorem is to show that the projection of %(Qg) has small measure,
or more precisely, that

#(Qo)

Cm B R
¢(CN[Qo\ AB(Qo)]) > $5C1Cs AL

for any Qg € M(Cy, 2ty). (105)

Throughout this paragraph we shall assume that Q¢ € M(C1, 211) is fixed. The maximality of the
elements of B(Qy) implies that they are pairwise disjoint and since by definition we have QNE (9, y) # &,
for any Q € B(Qp) Remark A.3 yields

diam 0%~' _ ¢(Q)

S (P (E(®, y)N Q) < < . (106)
Qo) ying 4C2ARTT T 405 AR
Thanks to the fact that C C E (¢, y), Propositions 1.18 and 1.31 allow us to infer that
S2-1(Ccn B S2-1(p cn PB
5(C N[00\ B(00)]) > (CNIQo\Z(Q0)D) - (Pricgy)(CN[Qo\ Z(Q0)]) (107)

0 - 2¢(I1(Qo))v

On the other hand, thanks to (103) we conclude that

SN Pr0y) (C N [Q0\ Z(Q0)D) = ST (Prigo) (C N Q) — ST (Prigon (E W, ¥) N B(Q0)))
- diam QOQ*l

= Y ST P (E@. y)N Q). (108)

QeB(Qo)

Since by definition Qg N E (P, y) # &, Remark A.3, (106), (108) and the fact that the cubes in B(Qg) are
disjoint imply that

) ¢ (Qo) 1
s2-1(p C PB h
(Pricgy (€ N[Qo\ (Q())]))zzcsAo’D‘1 4CsAy! Qe;Qm(p(Q)
1
¢(Qo) #(B(Q0)). (109)

T 2C5AT! 4csAR!
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Putting together (107) and (109), we eventually deduce that

¢(Qo) 1
2¢(IT(Q0)) PP (C N[Qo \ Z(Q0)]) = 20421 - 4CSAOQ,1¢(%’(Q0))
¢(Qo) 1
= B , 110
4C AT + 4C5A§’1¢(Q0\ (Qo)) (110)

where the last equality above follows from the inclusion B(Qg) € Q. Inequality (110) together with the
fact that c(IT(Qq)) < Ci, see Proposition 1.18, immediately implies (105).

Now that (105) is proved, the second step in the proof is to construct a cube Q' € A(Cy, 2¢1) disjoint
from UQoeM(Cn,Zu) P(Qy) such that ¢ (C; N Q') > 0. Every subcube of Q' contained in A(Cy, 2¢) thus
enjoys a big projections property, and this is what in the end allows us to prove that C; N Q' is contained
in an intrinsic Lipschitz graph. Since the elements of M (Cy, 2¢1) are pairwise disjoint and their union
covers Cy, we infer that

¢(cl v U @(Q()))

QoeM(C1,21)

=¢( U Clﬂ[Qo\@(Qo)]>= > #(CiN[Q0\ Z(Q0))

QoeM(Cy,2uy) QoeM(Cy,2t1)

> Z ¢(CN[Qo\ B(Q0)]) —d((C\C1) N Qo)

QoeM(Cy,2t1)
(106) ¢ (Qo) #(Cy)
= ( > —OD.—1>_¢(C\C1)2—]Q_]—84¢(C). (111)
QoeM(Cy,2t1) 89C1Cs5A 80 C1CsA,

Therefore, the choice of &4, Proposition 2.29 and (111) imply that

¢(C)

—— (112
169C C5AF !

1-— &4

¢<cl\ U «%’(Qo)) Z e oan PO e (O =
QoEM(C1,21) =540

Inequality (112) implies that there must exist a cube Q6 € M(Cy, 2¢1) such that qb(Cl \UQeB(Qg) Q) > 0.

Defining ¢ to be the set of maximal cubes in A(Cy, 2t1) \ B (Q()) contained in Q(), we can find at least a

cube Q' € ¢ for which ¢ (C; N Q') > 0. Furthermore, thanks to the maximality of the elements in B(Q;,)

and the fact that Q' N Z(Q()) = @, we also deduce that any subcube of Q" cannot satisfy (104).

In the final step of the proof we show that C; N Q’ is contained in an intrinsic Lipschitz graph. Indeed,
we claim that

xflxz € Crigy)(2ap),  forany x1,x2 € C N 0, (113)

where o was defined in Proposition 2.11. Fix x1, x, € C1 N @, and note that there exists a unique j € N
such that

Ry~127/V+5 < d(xy, x2) < Ry 127 U—DNHS, (114)
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For i = 1,2 we let Q,, be the unique cubes in the j-th layer of cubes A?(z?, y) for which x; € Q,,.
Suppose Q' € A? (¢, y) and note that Theorem A.2 (iv) and (114) imply that

Ry~127IN+5 < d(xy, xp) < diam Q' < y~127IN+S (115)

The chain of inequalities (115) implies that j < j and thus by Theorem A.2 (i) we infer that Q,. € Q’
for i = 1, 2. Furthermore, thanks to Theorem A.2 (ii) and (v), for i = 1, 2 we have

Rdiam Q. < Ry ~'27/V* <d(x), xp) < Ry 712707V

= oN+0) “TR=IN=T < 2N+6, =2 diam Q, (116)

since by construction Oy, € A(?%, ). In addition to this, since as already remarked Q,, € A(Cy, 2¢1),
Lemma 2.16 implies that «(Qy,) < &> for i = 1, 2. Furthermore, the construction of Q" ensures that for
any cube Q € A(Cy, 2¢1) contained in Q’, we have

diam Q9!

SN (P (E@, )N Q) > ———<—.
Q) y)ne 4C2AD

117)

This proves that the hypotheses of Proposition 2.11 are satisfied and thus x; € x2Cn(g;)(200). Finally,
C1 N Q' is proved to be contained in an intrinsic Lipschitz graph by means of Proposition 1.37. U

Remark 2.31. Note that the proof of Theorem 2.1 is an immediate consequence of Theorem 2.30.

3. The support of 1-codimensional measures with almost-flat tangents is intrinsic rectifiable

A careful examination of the arguments of Section 2 shows that in order to prove Theorem 2.1, we never
fully exploited the fact that ¢-almost everywhere we have Tang_; (¢, x) € 9. Indeed, we used the
flatness of tangents just to show that there exists a set C with large ¢-measure on which the 1-Wasserstein
distance between ¢ and some flat measure — below a certain (uniform on C) scale — is smaller than some
fixed constant, which in the specific case of Section 2 is in essence ;. See for instance Proposition 2.14
and Lemma 2.16. This quantified closeness to flat measures is sufficient to construct the cones that yield
the intrinsic rectifiability property of the set C. This is a typical phenomena occurring even in Euclidean
spaces that has been observed explicitly in [David and Semmes 1993a, §I1.2.1 Remark 2.5] and less
explicitly in [Preiss 1987, Lemma 5.2].

In this section we aim to show how to modify the arguments of Section 2 in order to prove the intrinsic
rectifiability of asymptotically AD-regular measures with almost flat tangents.

Throughout this section we let § € N be a fixed natural number and  be a fixed Radon measure on G
whose support is a compact set K and such that for ¥r-almost every x € G we have

(H1) 7' <0271y, x) <037 *(y, x) <6,
(H2') limsup,_ o dy., (¥, M) < 4= QD¢ (28).

In the following we will make extensive use of constants, parameters and sets introduced in Notation 2.8
specializing them for the measure . For clarity, we stress if not explicitly mentioned throughout this

section we will always assume that o := 2.
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The first step in the understanding of the structure of i is to show that for any £ > O the limit
limsup,_, o dx kr (¥, 9N) can be read as the maximum distance from flat measures among all the elements
of Tang_; (¥, x) inside B(0, k):

Proposition 3.1. For y-almost all x € G and any k > 0 we have

lim sup d i (¥, M) = sup{do (v, M) : v € Tang_ (¥, x)}.
r—0
Proof. Fix a point x € K where Tang_ (v, x) # & and where assumptions (H1") and (H2) hold. Recall
that this choice of x can be made without loss of generality thanks to Proposition 1.26. Suppose {r;};en
is an infinitesimal sequence such that lim;_, o, dy , (¥, x) = limsup,_, o dy k- (¥, x) and assume up to
nonrelabeled subsequences that there exists a v € Tangy_1 (¥, x) such that
pr@T gy,

As a first step let us prove that lim sup, _, g dx i (¥, 90) < dp x (v, 9). Forany 0 <n < 1 we let sy
be an element of 9 such that Fy (v, 0821 v) / K2 < do.x (v, 9) + n. With this choice, thanks to the
triangle inequality, we infer that

o Fox(r; 90Ty, 08271y
lim sup do 4 (r; @ I)Tx,r,.lﬁ, M) < limsup 040; x,g‘ﬁ V)
i—o00 i—00 k
, Forr7 VT, 9, v) + Fox (v, 827 1LV)
< lim sup 5)
i—00 k
< do 1 (v, ) + 1, (118)

where the last inequality comes from the choice of ® and V' and Proposition 1.23. The arbitrariness of 7
concludes the proof of the first claim.

As a second and final step of the proof, fix a u € Tanq_1 (¥, x) and show that lim sup,._, o dyx i (¥, 9N) >
do.x (i, MM). Since pu € Tang_1 (¥, x), we can find an infinitesimal sequence {r;};en such that

—(Q-1
r; ( )Tx,riw_\//’“

Furthermore, for any 0 < n < 2-@+D(§=1 —2-92¢,(26)) and any i € N there exists a ®; > 0 and a
V: € Gr(Q — 1) such that

FO,k(rl'_(D_l)Tx,r,-l//, ®i8971LVl‘)
k2

< dos 7 OV T 0. D) + 0 = d g, (0, D) +1,
where the last identity above comes from Proposition 2.3 (i).

Our next task is to show that there exists a compact subinterval I of (0, oo) such that {®;};en € 1.
Thanks to assumption (H2") on v, there exists an ip € N such that we have dy g, (¥, ) < 4_(Q+1)282 (26),
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for any i > ig. This implies for any i > ij that
T. w —(Q—
‘f (w) d = — ”‘”( !0, /g(w)dsﬂhv,-(m < Foux (] 9T 9, 0877101y

<4~ @) 25)k2 4 k2, (119)

where g(x) := max{k — d (0, x), 0}. Thanks to the definition of g and to (119) we infer that

)~ _ ky (B(x, kri))
01

l
a7y ,.
< ®,~f g(w)dsﬂ—%v,xw)—/ k Q—‘f’f’”)
B(0,k/2) B(0,k) i

5‘@- / () dS2 V() — / g(w )M <425 0542 Lk (120)

On the other hand, a similar argument shows that

kY (B(x kri/2)

— k2
2 rl,g_l !

kdTe, ¥ () )
=/ 5%—®i/g(y>dsﬂ Vi)
B(O.k/2) ~

Rearranging inequality (120) and dividing both sides by (%k)ﬂ, thanks to the choice of x and to the
arbitrariness of i, we have

k
lim sup ©; < 29 lim sup ACICSLUDIPS QD) (28) + 2% <225 + 1) + 27 B Dgy(28),  (122)

i—00 N i—o00 (ki’ )Q !
where the second last inequality comes from the fact that (H1') is satisfied at x and the last inequality
from the fact that n < 1.

Similarly, rearranging inequality (121) and dividing both sides by k2, thanks to the arbitrariness of i,
we infer that

O (., x) ¥ (B(x, kri/2)) 2
—De—1 * ) ’ 1 . . . _(QJ’_])
275570 < —5n =g lmin —(kri/2)9—1 < hgg)lf@l +4 £2(28) +n. (123)
On the other hand, (123) and the choice of n imply that
0<2 @D~ —279,28)) <2725 —272%,(28)) —n < lim inf ©;, (124)

where the first inequality comes from the choice of ,(2§) and the second inequality from that of 5. The
bounds (122) and (124) together imply that up to taking a nonrelabeled subsequence of {®;};cn We can
assume that the ©; converge to some © € [2~Q+D (=1 —2-2¢,(28)), 225 + 1) + 2~ @+ Vg, (26)].
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Without loss of generality, we can assume that there exists a V € Gr(2Q — 1) such that n(V;) — n(V).
Since under such an assumption Proposition 1.32 implies that ®;S2-1LV; —~ @S2V, the triangle
inequality implies for any i € N that

do i (e, M)
< For(p, ri_(D_l)Tx,riW) + Fo,k(”i_(D_l)Tx,riW, 0;SILV) + Fo(©;8271LV;, 0S271LV)

-1
< F(),k(,u,l"i @ )Tx,riw)

Fox(©;82° 1LV, ©82°1LV)
k2 '

+do k(I 0 4+
Finally, thanks to the arbitrariness of i and of 1 and to Proposition 1.23, we infer that

o, (. M) < limsupdo (r;” @V T, M) O
i—o00
The following result is the analogue of Proposition 2.14 for i as it serves the same purpose, i.e., find a
compact subset C of K in such a way that YLC is essentially an AD-regular measure and the functions
X > dy akr (¥, ) have small supremum norms on C provided r is small enough.

Proposition 3.2. There exist an iy € N and a y € N such that for any . > 8C4(28)8 we can findav € N
and a compact set Cc é”;g ; (w, v) such that

M) ¥(K\C) =2e19(K),
(i) draks)y (W, D) + dr aksyr (WLEY (28, 7), M) < 472 Vg5 26) forany 0 < r < 270Ny
and any x € C,

where £,(28) is the constant introduced in Notation 2.8 and €| is chosen in the same way as it was in
Notation 2.5.%

Proof. First of all, thanks to Propositions 1.28 and 1.30 we can find a y € N and a v € N such that
Y(K\ éﬁg }7(/¢L, V)) < e1¥(K). Let us now prove that

lim sup dy 428y (WLEY (28, 7), M) <4~ @D76(25), for y-almost every x € EV (25, 7).

r—0

Recall that for y-almost every x € EY (28, 7), we have that Tang_; (WLEY (28, 7), x) = Tanq_; (Y, x).
Thanks to this, Proposition 3.1 yields

Fy akoyr (WLEY (28, 1), %)

lim sup dx’4k(25)r(lﬂ|_E¢(25, 7), M) <limsup + dx’4k(25),(1ﬁ, )
r—0

r—0 (4'16(2(3)"‘)}:2
= limsup d, 4x28)r (¥, M) < 47@“)282(25),
r—0

for y-almost every x € EV (28, 7), where the identity in the last line comes from hypothesis (H1’) and
the Lebesgue differentiation theorem of [Heinonen et al. 2015, page 77]. Therefore, for yr-almost every

6The reader should notice that the objects and symbols introduced in Notation 2.5 were specific to the measure ¢. However,
&1 was just required to be a positive real number smaller than 1/10.
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x € EV (28, 7) there exists an r(x) > 0 such that for every 0 <r <r(x),
dy 4k sy (W, ) + d axsy (WLEY (28, 7), M) < 472 Dg,y(28).

For any j € N, let us define E; := {x € & y(u, v) :r(x) > 1/j} and show that the E; are Borel sets.
Thanks to Proposition 2.3 (ii), the map x> dy (Y, ) +dy ,(YLE V28, 7), M) is continuous and thus
for any r > 0 the setQ ={ye %y(u, V) 1dy, (Y, M) +dy ,(YLEY (28, 7), M) < 4720+ D g, (28)}
is relatively open in &) y(,u, v). In particular, if x € @, for any r € (0, 1/j) N Q we have r(x) > 1/j
thanks to Proposition 2.3 (1V) and hence x € E;. On the other hand, if x € E; then obviously x € €2, for
any 0 <r < 1/j. Since é”’ 2.7 _(u, v)is compact this shows that the sets E; are G5 and thus Borel. Let us
note that since ¥-almost every x € &. 25 7 - (1, v) is contained in some Ej, thanks to the existence of r(x),

w( s\ E ) (125)

jeN

we infer that

Finally, (125) together with the measurability of the nested sets E; implies that we can find a j € N big
enough and a compact set C contained in E ; satisfying items (i) and (ii). O

As in the case of Proposition 2.14, one can impose slightly different conditions on the measure and
obtain a family of cubes satisfying the same thesis as Lemma 2.16. From here on we will employ all the
notations introduced in Notation 2.8.

Proposition 3.3. Fixing u > 8C4(28)d if v, 1, v € N and Ce éa;g’);(u, V) are the natural numbers
and the compact set yielded by Proposition 3.2, respectively, and defining 1 := max{iy, v} for any
cube Q € AV (C~'; 28, y,1), we have that a(Q) < €,(28) and for any such cube Q there is a plane
I1(Q) € Gr(Q — 1) for which

. dist(w, «(QI1(Q))
@ sup

- < C2(28)5:(28)'/%, and
weEY (28,7)NB(c(Q),k(28) diam Q/2) 2k(26) diam Q

@i1) for any w € B(c(Q), %k(25) diam Q) Nc(Q)IT(Q) we have

EV (28, 7) N B(w, 3k(28)C2(28)&,(28)"/ D diam Q) # @.

Proof. Thanks to Proposition 3.2, we can find a 7 € N and a compact set C contained in E¥ (28, y) such
that

1) v (K\ C ) <2e1¥(K), where ¢; was introduced in Notation 2.5,

(i) d.axyr (. ) + dxaksy (YLEY (28, ), M) < 4720 Dey(28) for any 0 < r < 270NCIH3 )y
and any x € C.

Thus, if AY (28, 7) is the family of dyadic cubes relative to the parameters 28, 7 and the measure
yielded by Theorem A.2, one can prove that the cubes of AY(C;28,7,7) satisfy (i) and (ii) by using
verbatim the argument we employed in the proof of Lemma 2.16. ]
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As remarked at the beginning of this section, the arguments we used to prove Propositions 2.21
and 2.27, Lemmas 2.25 and 2.26 and Theorem 2.28 just relied on the possibility of proving Lemma 2.16
for the measure ¢. Proposition 3.3 is the counterpart of Lemma 2.16 for the measure i where ¢ has
been substituted by 28, y by y, and so on. Therefore, repeating the proofs of Section 2C for ¥ and its
associated parameters and compact set C, one can show the following:

Theorem 3.4. For any cube Q € AV (C: 28, 7, 7) such that (1 — £3(28))¢(Q) < ¢(Q N C), we have

diam Q2!

SQ_I(PH(Q)(Q N é)) >
- -1
2A;

Remark 3.5. Similar to what we did in Proposition 2.29, we can construct a compact subset Cyof C
and an 7] € N satisfying (i) and (ii) of Proposition 2.29, provided &3 is substituted with £3(2§), &4 with
€4(28) := min{ey, (646C4 C5(28)AOD*1(28))’1} and A(C, 1) with AY(C; 28, y,1)).

The above remark allows us to construct the v-positive intrinsic Lipschitz graph that will be used to
prove Theorem 4.2 in Section 4.

Theorem 3.6. Let C| be as in Remark 3.5. Then there exists a cube Q' e Aw(él; 268, v, 2t1) such that
Q' N C is an intrinsic Lipschitz graph of positive -measure.

Proof. Thanks to Propositions 3.2, 3.3, Remark 3.5 and Theorem 3.4, the argument we used to prove
Theorem 2.30 can be applied here verbatim. (Il

4. Conclusions and discussion of the results

In this section we use the main result of Section 2, i.e., Theorem 2.1, to deduce a number of consequences.
First of all we prove the main result of the paper, Theorem 4.1, which is a 1-codimensional extension of the
Marstrand—Mattila rectifiability criterion to general Carnot groups. Secondly, we provide in Corollary 4.3
a rigidity result for finite perimeter sets in Carnot groups: we are able to show that if locally a finite
perimeter set is not too far from its natural tangent plane, then its boundary is an intrinsic rectifiable
set; see Definition 1.40. Eventually, we use Theorem 4.1 to prove a 1-codimensional version of Preiss’s
rectifiability theorem in the Heisenberg groups H".

4A. Main results. In this subsection we finally conclude the proof of the main results of this work.
Theorem 4.1. Suppose ¢ is a Radon measure on G and let d( -, -) be a left-invariant, homogeneous
distance on G. Assume further that for ¢-almost all x € G we have

DB ) _ o $BE)

r—0 }"D_1

r—0
where é(x, r) is the ball relative to the metric d centered at x of radius r > 0,

(i1) Tang_1(¢, x) M, where M is the family of 1-codimensional flat measures from Definition 1.7.

Then ¢ is absolutely continuous with respect to S2~" and ¢-almost all of G can be covered with countably
many Cé-hypersurfaces.
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Proof. Since d is bi-Lipschitz equivalent to d, see for instance Corollary 5.15 in [Bonfiglioli et al. 2007],
hypothesis (i) implies that
0 <0271, x) <@g, x) < 0, (126)

for ¢-almost every x € G. For any 9, y, R € N we define
E®,y,R) :={xeBO,R): 0 'r¥ <p(B(x,r) <0r?" forany 0 <r <1/y}.

It is possible to prove, with the same arguments used in the proof of Proposition 1.28, that the E (3, y, R)
are compact sets and

¢(@\ U E@.v. R)) =0. (127)

v, R

Thus, if A is an S2~'-null Borel set, Proposition 1.31 yields

PA) < Y PANED.y.R)< Y 927 'STHANE®D. y. R) =0.
9,7, ReN 9,7, ReN
The above computation proves that ¢ is absolutely continuous with respect to S2~! and just to fix
notations we let p € L'(S2~1) be such that ¢ = pS2—1.

As a second step, we show that ¢-almost all of G can be covered with countably many intrinsic Lipschitz
graphs. Assume by contradiction there are ¢, y, R € N for which we can find a subset of E (%, y, R) of
positive ¢-measure that we denote by E (¢, y, R)* (following the notations of Corollary 1.42) and that has
S Lnull intersection with any intrinsic Lipschitz graph. Thanks to Corollary 2.9.11 of [Federer 1969]
it is immediate to see that

97 < @2 N GLE®, y, R)*, x) < O ¥ (GLE®, y, R)*, x) <,

for ¢p-almost every x € E(J, y, R)*. Further, from Proposition 1.27, for ¢-almost every x € E(9, y, R)",
we infer that Tang_ (¢ E(F, y, R)*, x) € 9. And since its hypothesis is satisfied, Theorem 2.1 implies
that there exists an intrinsic Lipschitz graph I" such that ¢ (I' N E(9, y, R)*) > 0. However, this is not
possible since Proposition 1.31 would yield

0<¢p(TNE®, y, R)") <022 'S YE®, y, B NT),

and this contradicts the fact that E (%9, y, R) intersects in a S2~!-null set every intrinsic Lipschitz graph.

Up to this point we have shown that, for any choice of ©, y, R, we have that S2~!-almost all of the
sets E (¥, y, R) are covered by countably many intrinsic Lipschitz graphs. Furthermore, since ¢ < 21,
thanks to (127) we conclude that ¢-almost all of G can be covered by countably many intrinsic Lipschitz
graphs. This concludes the first part of the proof of the theorem.

So far we have shown that we can find countably many intrinsic Lipschitz graphs that cover ¢-almost all
of G. Since by Remark B.7 we know that intrinsic Lipschitz graphs are boundaries of finite perimeter sets,
if G is a group where boundaries of finite perimeter sets are Cé—rectiﬁable, the proof of the proposition
would be completed here. In the moment of writing some broad families of Carnot groups where
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De Giorgi’s rectifiability theorem is known to hold include step 2 groups (see [Franchi et al. 2003]),

groups of type * (see [Marchi 2014]) and groups of diamond type (see [Le Donne and Moisala 2021]).
In this paragraph, we assume that ¢, ¥, R € N are fixed. Thanks to Proposition 1.31 we infer that

S E(®, y, R) is mutually absolutely continuous with respect to ¢ E (9, y) and in particular that

vl < plx) < 92271 for 2L almost every x € E(¥, y, R).

Let {y;};en be the sequence of intrinsic Lipschitz functions y; : W; — DU(W;) for which

¢<E<z9, AING gr(yi)) =0,
ieN
and let E; := epi(y;) be the epigraph of the function y; which is defined in (142). Since SQ*ILgr(yi)
and |dE;|g’ are asymptotically doubling measures by [Franchi and Serapioni 2016, Theorem 3.9] and
Theorems B.6 and B.8, respectively, we deduce thanks to Proposition 1.27 that for ¢-almost every
x € E(0, y, R)Ngr(y;) we have
M 2 Tang_1 (GLED, y, R) Ngr(y;), x) = p(x) Tang_1 (S ' gr(y;), x)
= p(0)0(x) Tang_1 (|9 Eilg, x), (128)
where 0 is the density yielded by Remark B.7. Finally, Proposition B.16 implies that
Tang-1($LE(, y. R) Ngr(y). x) S pO) (S IVi0) th e [LGL I (129)

for ¢-almost every x € E(?, y, R) Ngr(y;), where V;(x) € Gr(Q — 1) is the plane orthogonal to ng, (x),
the generalized inward normal introduced in Definition B.4, and the constants /g and Lg are those yielded
by Theorem B.6. We now prove that (129) implies that for S2~!-almost every x € gr(y;) N E(%, v, R)
and every o > 0 we have
i ST NE@, v, R) N B, 1)\ x Xy (@)
m =
r—0 rQ—l
where Xy, () (o) :={w € G : dist(w, V;(x)) < a|lw]||}. Thanks to (128) and (129), for S92 almost every
x € gr(y;) NE(Y, y, R) and any sequence r; — 0, there exists a A > 0 for which

0, (130)

T, SYE®, v, R) Ner(y;)
-1
di

—~ A8 LV (x). (131)

The convergence in (131) implies that

S g () NE®, v, (B, 1) \ x Xy, (v (@)

lim
=00 er—l
Ty (ST gt () NE®@, v, R)(BO, 1)\ Xy () (@))
= lim 57
11— 00 r/
= A(STILVi(0)) (B0, 1)\ Xy, (x)(@)) =0, (132)

TWith |0 E;|g we denote as usual the perimeter measure associated to E;.
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where the second last identity above comes from the fact that §92-1 (Vitx)NoB(O, 1)\ Xy, () =0
and [De Lellis 2008, Proposition 2.7].

Proposition B.17 and (130) together imply that each one of the intrinsic Lipschitz graphs gr(y;) N
E(®, y, R) can be covered S~ almost all with Cé—surfaces. In particular this shows that for any ¢, y, R
the set E (¢, v, R) can be covered S2-1_almost all, and thus ¢-almost all, by countably many C <é—surfaces.
This, the arbitrariness of %, y, R € N and (127) conclude the proof of the theorem. O

The following theorem trades off the regularity of tangents, which are assumed only to be close enough
to flat measures, with a strengthened hypothesis on the (Q—1)-density of ¢.

Theorem 4.2. Suppose ¢ is a Radon measure on G and let d( -, -) be a left-invariant, homogeneous
distance on G. If there exists a 5 € N such that

OB o $BE)

-1 ..
87" < liminf oo

I o <& for ¢-almost every x € G, (133)
r— r

r—0
where B(x, r) is the ball relative to the metric d centered at x of radius r > 0, then we can find an
(8, d) > 0 such that, if

lim sup dy (¢, M) < &(4, d) for ¢-almost every x € G,
r—0
then ¢ is absolutely continuous with respect to S2~', and ¢p-almost all of G can be covered with countably
many intrinsic Lipschitz surfaces.

Proof. The first step in the proof is to note that since the metric d and d are bi-Lipschitz equivalent, there
exists a constant ¢ > 1, which we can assume without loss of generality to be a natural number, such that

¢ (B(x,r)) <1 d(B(x,r))
rQ—_l < ll'I’ISllprQ—_1

r—0

(céi)_1 < lim iélf <c¢§ for ¢-almost every x € G.

If we let (6, d ) := 4~2@+D g, (¢8) then the verbatim repetition of the first part of the argument used to
prove Theorem 4.1, where instead of Theorem 2.1 we make use of Theorem 3.6, proves the claim. [

An immediate consequence of Theorem 4.2 is the following:

Corollary 4.3. Let Vg := max{/g 1, Lg}, where lg and Lg are the constants yielded by Theorem B.6, and
suppose 2 C G is a finite perimeter set such that
limsupd, (|10R2]G, M) < e(Vg,d) for |02 g-almost every x € G,
r—0

where €(¥¢, d) is the constant yielded by Theorem 4.2 and d is the metric introduced in Definition 1.4.
Then |02|g-almost all of G can be covered with countably many intrinsic Lipschitz surfaces.

Proof. Theorem B.6 implies that Ig < 6’3_1(|8S2|G, x) < ®Q_1**(|8Q|@, x) < Lg for ¢-almost every
x € G. Theorem 4.2 directly implies the statement. U

As mentioned at the beginning of this section, the main application of Theorem 4.1 is an extension of
Preiss’s rectifiability theorem to 1-codimensional measures in H".
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Theorem 4.4. Suppose d is the Koranyi metric in H" and ¢ is a Radon measure on H" such that

¢(B(x,r))

T < 0% for ¢-almost every x € H". (134)
,

0< O™ (¢p,x):= lim

Then ¢ is absolutely continuous with respect to S***1, and ¢-almost all of H" can be covered with
C [&"n -surfaces.

Proof. Thanks to Theorem 1.2 of [Merlo 2022], the almost sure existence of the limit in (134) implies
that Tan(¢, x) C 9, for ¢p-almost every x € G. Thanks to Theorem 4.1, this proves the claim. |

4B. Discussion of the results. Theorem 4.1 shows that Cé—rectiﬁability in Carnot groups can be char-
acterized by the same conditions on the densities and on the tangents as the Lipschitz rectifiability in
Euclidean spaces. With this in mind we introduce the following two definitions:

Definition 4.5 (#-rectifiable measures). Suppose that ¢ is a Radon measure on some Carnot group G
endowed with a left-invariant and homogeneous metric d, and let m be a positive integer. We say that ¢
is &, -rectifiable if

(1) 0 <O (¢, x) <O™*(¢, x) < 0o, for ¢-almost every x € G,

(i) Tan,, (¢, x) C {Auy : X > 0}, for ¢-almost every x € G, where u, is some Radon measure on G.

Remark 4.6. It was already remarked by P. Mattila [2005] that Definition 4.5 may be considered the
correct notion of rectifiability in H'; see the last paragraph of that work.

Remark 4.7. Instead of condition (ii) of Definition 4.5, we can assume without loss of generality that
Wy = H™" .V (x) for some V(x) € Gr(m), where Gr(m) is the family of m-dimensional homogeneous
subgroups of G introduced in Definition 1.7. This is due to Theorem 3.2 of [Mattila 2005] and Theorem 3.6
of [Onishchik 1993]: the former result tells us that u, must be the Haar measure of a closed, dilation-
invariant subgroup of G and the latter that such subgroup is actually a Lie subgroup.

Definition 4.8 (2*-rectifiable measures). Suppose that ¢ is a Radon measure on some Carnot group G
endowed with a left-invariant and homogeneous metric d, and let m be a positive integer. We say that ¢
is & -rectifiable if

(1) 0 <O (¢, x) <O™*(¢, x) < 00, for ¢-almost every x € G,
(ii) Tan,, (¢, x) € IM(m), for ¢-almost every x € G.

The difference between Definitions 4.5 and 4.8 is that in the former the tangent to ¢ is the same plane
at every scale, while in the latter the tangents are planes that may vary at different scales. Although there
is no a priori reason for which these definition should be equivalent in general, we see that our main
result, Theorem 4.1, may be rewritten as follows:

Theorem 4.9. Suppose ¢ is a Radon measure on G. Then the following are equivalent:
(1) ¢ is Pq_1-rectifiable.
(i) ¢ is P _,-rectifiable.
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(iii) ¢ is absolutely continuous with respect to H2~', and ¢-almost all of G can be covered with countably
many C 013 -hypersurfaces.

The notion of #2-rectifiable measures is also relevant since in different contexts it appears to imply
the right notion of rectifiability. This is summarized in the following theorem, which is an immediate
consequence of the Euclidean Marstrand—Mattila rectifiability criterion and Theorem 4.1:

Theorem 4.10. The following two statements hold:

(1) A Radon measure ¢ on R" is &, -rectifiable if and only if it is Euclidean m-rectifiable;

(i1) A Radon measure ¢ on G is Pq_-rectifiable if and only if it is a 1-codimensional C é-rectiﬁable

measure.

In [Mattila et al. 2010], P. Mattila, F. Serra Cassano and R. Serapioni proved in Theorems 3.14 and 3.15
that whenever a good notion of regular surface is available in the Heisenberg group, provided the tangents
are selected carefully (see Definition 2.16 of the aforementioned work), a 4?2,,-rectifiable measure is also
rectifiable with respect to the family of regular surfaces of the right dimension. However, because of the
algebraic structure of the group H", there is not an a priori (known) good notion of regular surface that
includes the vertical line V := {(0, 0, ) : r € R}. For this reason the uniform measure S>V is considered
to be nonrectifiable from the standpoint of [Mattila et al. 2010]. Up to this point Haar measures of not
complemented homogeneous subgroups (like the vertical line V in H') were considered nonrectifiable and
thus prevented a possible extension of Preiss’s theorem to low dimension even in H!. This was already
remarked in [Chousionis and Tyson 2015]. On the other hand, we have the following theorem:

Theorem 4.11. Let ¢ be a Radon measure on H' such that for ¢-almost every x € H' we have

0< @2(</),x) = lim w < 00
r—0 r

’

where B(x, r) are the metric balls with respect to the Koranyi metric. Then ¢ is &5-rectifiable.
Proof. This follows from Proposition 2.2 of [Merlo 2022] and Theorem 1.4 of [Chousionis et al. 2020]. [J

As remarked in the previous paragraph, to our knowledge, there is not a good candidate of rectifiability
in Carnot groups in the literature for which the density problem may have a positive answer. On the other
hand, Theorems 4.4, 4.10 and 4.11 encourage us to state the density problem in Carnot groups in the
following way:

Density Problem. Suppose ¢ is a Radon measure on the Carnot group G. Then there exists a left-invariant
distance d on G such that the following are equivalent:

(i) There exists an o > O such that for ¢p-almost every x € G we have

0 < ©%e, x) := 11%&;“”) <00
r— r

(i) a €10, ..., Q}, and ¢ is P,- rectifiable.
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Neither one of the implications of the formulation of the density problem has an easy solution. In
[Antonelli and Merlo 2022a], the current author and G. Antonelli proved the implication (ii) = (i) of the
Density Problem when the tangent measures to ¢ are supported on complemented subgroups.

Furthermore, as already observed in [Merlo 2022], if d is a left-invariant distance coming from a
polynomial norm on G with the same argument used in [Kirchheim and Preiss 2002] and later on in
[Chousionis and Tyson 2015], it is possible to show that if (i) in the Density Problem holds, then « € N.
In R” this implies, thanks to Theorem 3.1 of [Ahmadi et al. 2019], that there is an open and dense set 2
in the space of norms (with the distance induced by the Hausdorff distance of the unit balls) for which,
for any || - || € €2, Marstrand’s theorem holds.

Appendix A. Dyadic cubes

Throughout this section we assume ¢ to be a fixed Radon measure on the Carnot group G, supported on a
compact set K, and such that

0 < timint 2B iy qup 2EE D)

I a0 o] 0o, for ¢-almost every x € G. (135)
r— r r—0 r

There are many constructions in the literature of such dyadic cubes for Radon measures both in Euclidean
and in (rather general) metric spaces; see for instance [Christ 1990]. In this section we state the existence
of a family of dyadic cubes for ¢, we list their properties and we prove a number of consequences.

Throughout this Appendix, we will always assume that & and © are two fixed natural numbers such
that ¢ (E? (&, 7)) > 0, where the set E?(&, v) was defined in Proposition 1.28.

Definition A.1. For any subset A of G and any § > 0, we let
0(A,8):={ueA:dist(u, K\ A) <8}U{ue K\ A:dist(u, A) <6},
where we recall that K is the compact set supporting the measure ¢.

For the rest of this subsection, we simplify the expressions of the constants introduced in Notation 2.8 to

N:=N¢), ¢:=¢6), Ci4:=C4(), Cs5:=Cs5(8), Co:=Ce(8).

The construction of the dyadic cubes for the measure ¢ under the hypothesis (135) can be performed
with a very similar approach to that employed for AD-regular measures in [David 1991, Appendix 1].
However, since (135) is a weaker condition than the AD-regularity, the construction needs some tweaks.
For the sake of completeness we recall that a dyadic lattice for general Radon measures in the Euclidean
spaces was constructed in [David and Mattila 2000, Section 3] and that such proof still follows pretty
closely the argument of [David 1991, Appendix 1].

In order to adapt the construction in [David 1991], one reduces to discussing the properties of those
cubes that intersect the set E? (&, ), where the measure ¢ behaves locally as an AD-regular measure; see
items (iii) and (v) of Theorem A.2 where a uniform bound on the lower density of the measure is crucially
exploited. Items (i) and (ii) hold by construction while (iv) can be seen as a fancy way of saying that
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since ¢ is a radon measure, almost every sphere has null measure. For a complete construction of these
cubes we refer to the version of this paper that can be found in the arXiv [Merlo 2020, Subsection A.3].

Theorem A.2. There are disjoint partitions {A}i’(“;‘ , T)}jen, usually called layers, of K having the

following properties:
M Ifj<j. Qe Af(%‘, 7) and Q' € A?/@, 1), then either Q contains Q' or QN Q' = @.
(ii) If Q € A? (&, 1), we have diam(Q) < 27N/+5 /7,
(iii) If Q € A?(£,7) and QN E? (¢, 1) # @. then C; ' 2N /)21 < (0) < C42 N /)21
(iv) If Q € AY(€, 1), we have p(3(Q, £227N /1)) < Cag (2N )2~
W If Qe Af@, ) and QNE® (&, 1) # @, there exists a ¢(Q) € Q such that B(c(Q), ¢?2~Ni=1/t) C Q.
We define A?(§, 1) :=J{Q: Q€ Aj’ (€, T) for some j € N} and call it the family of all dyadic cubes.

Remark A.3. Part (iii) of Theorem A.2 can be rephrased in the following useful way. Recalling that
Cs(8) = C4(32¢ —2)Q-1 4pd putting together Theorem A.2 (i), (iii) and (v) we infer that

(ili) if QN E?(&, ) # @, then C5 ' diam Q27! < ¢(Q) < Csdiam Q2.

The families of cubes yielded by Theorem A.2 may have the annoying property that for a fixed cube
Qe A}p (&, 7), the only subcube of Q in the layer A? +1(&, ) contained in Q is just Q itself. The following
proposition shows that this is not much of a problem for the cubes intersecting E? (&, 7).

Proposition A.4. Recall that given two cubes Q1, Q2 € A?(£, T), if Q is the smallest cube for which
Q1 € 02, then Q5 is said to be the parent of Q.

Suppose Q* € A;f)(é, T) is the parent of some cube Q € A‘fﬂ (&, 7) such that Q NE® (&, 1) # @. Then
di *
c < 2log, C/N©Q—1)] +1 and 207 _ o
diam Q
Proof. Suppose Q is the ancestor of the cube Q contained in the layer A‘f, (&, ) for some j’ for which
J'—j>12log, C4/N(Q—1)] + 1. Then Q NE?(, T) # @, and thanks to Theorem A.2 (i) and (iii), we

infer that
B 5 2—JjN -1 Z_j’N -1
¢(Q\Q)=¢(Q)—¢(Q)2C41< - ) —c4( )

T

(2 2t 2n—(j'— HN(Q=1)
=C, . (1-c27v~/ ) >0, (136)

where the last inequality above comes from the choice of j’— j. It is immediate to see that inequality (136)
implies that Q is strictly contained in Q. Therefore, the parent cube of Q must be contained in some
A?,_K (&, 1) with0 <k < |2logC4/N(Q — 1)] + 1. Hence, thanks to Theorem A.2 (v), we infer that

diam Q* < 2_Nj+5/f — 2NK+6§—2 X ;22_N(j+K)_1/T < 2NK+6§—2 diam Q

< 22108 Co/Q@-DHN46,-2 Giarm 0 = C diam O. g



MARSTRAND-MATTILA RECTIFIABILITY CRITERION FOR MEASURES IN CARNOT GROUPS 987

The following result tells us that item (v) of Theorem A.2 in some cases can be strengthened to
assuming that the center of the cube ¢(Q) is contained in E? (&, 7).

Proposition A.5. Assume p € N is such that i > 4C4&. Then, for any cube Q € A? (éfgr (u,v); €, 1,v),
we can find a ¢(Q) € E®(&, 1) N Q such that

B(c(Q), £¢*diam Q)N K < Q.

Remark A.6. Recall that the set é"gr (i, v) was introduced in Proposition 1.29 and A®(x; &, T, v) in
Notation 2.8.

Proof. In order to prove the proposition it suffices to show that
E?(5,0)NQ\3(Q, 5;¢* diam Q) # 2. (137)

In order to fix ideas, we let j > v be such that Q € Af (£, ) and note that since Q N E?(£, 1) # @,
thanks to Theorem A.2 (ii), (iii) and (iv), we have

$(E?(E. 1) N Q\3(Q. 35¢° diam Q))
> B(EPE N0~ (3(Q. he2diam 0)) "= $(E2¢. )N Q) — 9(0(Q. 52277 /1))
PV (B 1N Q) = Cir @IV JRT = 6(0) — (0 B2 (&, 1) — Car @I )
MY 00— 90\ E* €. 1) - C2e(0). (138)

Since Q € Ad’(é"“tjr (u,v); &, t,v), we have diam Q < 2_N“+5/t and there exists a w € é";r (n,v)N Q.
Therefore, the definition of éagr (i, v) and Theorem A.2 (iii) imply that

P(Q\E?(E, 7)) <p(B(w, 27" /1) \ E?(£,7)) < n~'p(B(w, 27N /1))
<pu lE@TINT I < CupTlER(Q).  (139)

Putting together (138) and (139), we conclude that
$(E?(€, )N Q\3(Q, ¢*diam 0)) = (1 — Cap™'§ — CZ)$(Q) = 36(0),

where the last inequality follows from the fact that Cf{ = 2480g2 . 95002 < % and Cyp '€ < %. This
proves (137) and in turn the proposition. O

Appendix B. Finite perimeter sets in Carnot groups

Throughout this second appendix if not otherwise stated, we will always endow G with the box metric d
introduced in Definition 1.4.

Finite perimeter sets and their blow ups. In this subsection we recall the definitions of functions of
bounded variation and finite perimeter sets, and we collect from various papers some results that will be
useful throughout the paper.
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Definition B.1. We say that a function f : G — R is of local bounded variation if f € L! (G) and

loc
Ve fII(£2) := SUP{/QJ’(X)diV@ p(x)dx: 9 €Co(Q, HG), |p(x)| < 1} < 00,

for any bounded open set Q2 C G, where divg ¢ := 27;1 Xip; and where X1, ..., X,,, are the vector
fields introduced in Definition 1.33. We denote by BVg 1oc(G) the set of all functions of locally bounded
variation. As usual a Borel set E C G is said to be of finite perimeter if xg is of bounded variation.

The following result is a classical application of Riesz’s representation theorem:

Theorem B.2. If f is a function of bounded variation, then ||Vg f || is a Radon measure on G. More-
over, there exists a || Vg f ||-measurable horizontal section oy : G — HG such that |oy(x)| =1 for

IV f |-almost every x € G and for any open set 2 we have
/ f(x)divg (x) dx = / (p.0p)d|Vefll. forevery ¢ €Ci(Q. HG).
Q Q

As in the Euclidean spaces functions of bounded variation are compactly embedded in L'.
Theorem B.3 [Franchi et al. 2003, Theorem 2.16]. The set BV g 10c(G) is compactly embedded in LlloC (G).

Definition B.4. If E C G is a Borel set of locally finite perimeter, we let |0 E|g := || Vg x£||. Furthermore,
we call the horizontal vector ng (x) := o0, (x) the generalized horizontal inward G-normal to 0 E. Finally,
we define the reduced boundary d¢ E to be the set of those x € G for which

(i) |0E|g(B(x,r)) > 0 for any r > 0,

(i) lim,_¢ fB(N) ng d|0E|g exists,

o = 1.

(iii) 1im,ﬁo\f3(x’r) ng d|dE|g
The following lemma on the scaling of the perimeter will come in handy later on.

Lemma B.5. Assume E is a set of finite perimeter in G and let x € G and r > 0. Then
8G1, T EDle =r~ 7T, 196

Proof. For any ¢ € Cé (G, HG), any x € G and any r > 0, defining ¢(z) := @ (31, (x~'z)), we have the
identity
dive ¢(2) = r~" dive (81 (x~'2)). (140)
This, indeed, is due to the fact that
5 (281 (e)) — G
- ®j (20n(ej)) — ¢;(2)

050 = i 2
9B 28n(e)) =g BTy -
— }}1_1;1%) J / J - J / —r IX](p](al/r(-x IZ))-

Thanks to identity (140) and the fact that the Lebesgue measure is a Haar measure for G, we infer that

[ om0 dive w0 dy =2 [ xedive oo, dy =r= @Y [ () dive 50 dy.
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It is not hard to see that ¢ € Cé (2, HG) if and only if ¢ € Cé (x6,2, HG), and thus for any open set 2

we have
1081/, (x T E))|6(R) =r O VIE|6(x8,Q) =r DT, L |DE|(R). O

Theorem B.6 [Ambrosio et al. 2009, Theorem 4.16]. Let E C G be a set of locally finite perimeter. Then
|0 E|g is asymptotically doubling, and more precisely the following holds. For |0 E|g-almost every x € G
there exists an r(x) > 0 such that

ler2 ™ <|9E|g(B(x, ) < L2 Ve forany r € (0,7 (x)), (141)

where the constants Il and L depend only on G and the metric d and |0 E|g is concentrated on 93 E, i.e.,
|0E|G(G\ gE) =0.

Remark B.7. Proposition 1.31 and Theorem B.6 imply that IgS2 1 9:E < |dE|g < LeST ' ILE.
Therefore, the measures S2-! LOGE and [0 E|g are mutually absolutely continuous. In particular there
exists a0 € L' (|3 E|g) such that

SYTILQLE =0|0E|s,

and for |0 E|g-almost every x € G we have Lél <0x) < lal.

Theorem B.8 [Franchi and Serapioni 2016, Theorem 3.9]. If f : V. — QU(V) is an intrinsic Lipschitz
map, the epigraph of f,

epi(f) :={v* 8 (V) 1t < (1 f(v), n(V))}, (142)
is a set with locally finite G-perimeter.

Since the topological boundary of epi( f) coincides with gr( f), thanks to [Franchi and Serapioni 2016,
Theorem 3.9], we infer that |3 epi(f)|c(G\ dg epi(f)) =10 epi(f)|e(gr(f)\ ¢ epi(f)) =0. In particular,
thanks to Remark B.7, we deduce the following proposition:

Proposition B.9. S2~!(gr(f) \ ag epi(f)) =0.

It is convenient to associate a normal vector field to the graph of every intrinsic Lipschitz function
f:V=>9V).

Definition B.10. For any intrinsic Lipschitz function f: V — 91(V), we denote by ny : 9¢ epi(f) — HG
the inward inner G-normal of epi(f).

Tangents measures versus tangent sets to finite perimeter sets. In this subsection we connect the notion
of tangent sets to finite perimeter sets, which is extensively used in the theory of finite perimeter sets, to
the notion of tangent measures. This will help us to prove that if the perimeter measure associated to the
boundary of a finite perimeter set has flat tangents, then it has a unique tangent that coincides with the
plane in Gr(Q — 1) orthogonal to the normal.

Definition B.11 (tangent sets). Let £ C G be a set of locally finite perimeter and assume x € 9 E. We
denote by Tan(E, x) the limit points in the topology of the local convergence in measure of the sets
{Sl/r(x_]E)}r>O asr — 0.
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For a proof of the following proposition, we refer to [Ambrosio et al. 2009] and in particular to
Proposition 5.3.

Proposition B.12. If E is a set of finite perimeter, for S2~'-almost every x € d¢ E we have
(1) Tan(E, x) # 9,
(i1) the elements of Tan(E, x) are sets of locally finite perimeter sets,
(iii) for any F € Tan(E, x), that ng(y) = ng(x) for |0 F|g-almost every y € G.
The following proposition is a characterization of the tangent measures of perimeter measures.

Proposition B.13. If E is a set of locally finite perimeter, for |0 E|g-almost every x € ¢ E we have the
following:

(1) If {ri}ien is an infinitesimal sequence such that 8y, (x~YE) converges locally in measure to some

(Q—I)T

Borel set L, then L is a finite perimeter set and r; wr|0E|g = |0L|g. In particular, if

L € Tan(E, x), then |0L|g € Tanqg_{ (|0 E|g, x).
(i) If v € Tang_1(|0E|g, x), then there is an L € Tan(E, x) such that v = |0L|g.

Proof. Let us first prove (i). From now on, thanks to Proposition B.12, we can assume without loss of
generality that x is a fixed point where properties (i), (ii) and (iii) of Proposition B.12 hold. Fix now an
open and bounded set 2 of G and note that, defining E; := 61/, (x~'E), we have

IxE @ + 1VexE Q) < £(Q) +r7 QT V19E|6(x8,Q). (143)

The above bound implies that x g, is a compact sequence in L!(£2) thanks to Theorems B.3 and B.6 and
thus the sets E; converge in L'(2) to some locally finite perimeter set E which must coincide £"-almost
everywhere with L inside €2, by the uniqueness of the limit in measure. This implies in particular that for
any ¢ € C}(, HG) we have
im [ (o) 1Bl = tim [ xe0a () dive 9 dy

Q 11—

i—0
=/Xmsz(y) divg <p(y)dy=/9(<p,nL)d|8LI@- (144)

The above identity (144) implies in particular that ng, |0 E;|cL€2 — nz |0 L | €2. However, the arbitrariness
of Q and the well-known fact that the weak convergence implies the convergence of the total variations
implies that |0 E;|g — |0 L|g. The second part of the statement of (i) follows immediately from Lemma B.5.

We now prove (ii). We can assume without loss of generality that x =0 satisfy the thesis of Theorem B.6
and that {r;} is an infinitesimal sequence such that

rr VT, 19Elg — v € Tang_1 (|0 E |, x).

Now let E; := 81/, (E), so that |0E;|g = rl.D_lTo,r, |0 E|g. For any open and bounded set 2 we can find
an R > 0 such that 2 C B(0, R). Therefore, thanks to Theorem B.3, we have

_(O— 0E|g(B(x, Rr;
0611, DI () £ 0611, ENI(BO. R) =1 VT, I (B0, Ry = S B,
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Since we assumed that Theorem B.6 holds at x, we have

|0E|c(B(x, Rri))

—1
o < LgR%L
Fi

lim sup|d (81, (x " E))|c(R) < limsup

i—00 i—00

Thus, thanks to Theorem B.3, the sequence {4}, (x"'E)}ien is precompact in L1 .(G) and since we
assumed 81/, (x~ 'E) converges locally in measure to L, we have that &1/, (x~ 'E) converges in Lloc (G)
to L. In particular, thanks to Theorem 2.17 of [Franchi et al. 2003], we infer that L is of local finite
perimeter. Thus, by definition of the tangent sets, we have L € Tan(E, 0), and thanks to item (i),
we conclude that rl._(ﬂ_l)To,,i |0E|g — |0L|g. Thanks to the uniqueness of the limit we conclude
that [0L|g = v. O

Proposition B.14. If E is an open set of finite perimeter in G, for S3~'-almost any x € dE and any
L € Tan(E, x) we have L" (L \ int(L)) = 0. In particular, the measures |0L|g and |d(int(L))|g coincide
on Borel sets.

Proof. This proposition follows for instance from Proposition B.12 and [Bellettini and Le Donne 2021,
Theorem 1.1]. O

Remark B.15. Let V4 :={w € G : =(n(V), w) > 0}. Thanks to (2.8) in [Ambrosio et al. 2009], it is
immediate to see that V.. are open sets of locally finite perimeter in G and that 8V = Fn(V)H 1LV
This implies that the horizontal normal of each of the half spaces determined by V coincides, up to a
sign, |0 Vi |g-almost everywhere with n(V).

Proposition B.16. Let V € Gr(Q — 1) and f : V — N(V) be an intrinsic Lipschitz function. Suppose
that E is a compact subset of gr(y) such that

Tang_1 (|0 epi( f)lg, x) SN, for |depi(f)|g-almost every x € E.
Then for |0 epi( f)|g-almost every x € E, we have
Tang—1 (13 epi(f)lg, x) € (AST LV (x) 1 a e (LS 15",
where V (x) € Gr(Q — 1) is the plane orthogonal to ny(x), which is the normal to gr(f) introduced in
Definition B. 10, and where the constants lg and Lg were introduced in Theorem B.6.

Proof. Proposition B.13, the asymptotic AD-regularity of the perimeter and Lebesgue’s differentiation
theorem at [Heinonen et al. 2015, page 77] imply that for S2~!-almost every x € o¢ epi(f) N E and for
every L € Tan(epi(f), x) we have

|0L|g = ASQ*ILVL,X for some V; , € Gr(Q —1) and X > 0. (145)

Furthermore Remark B.7, Proposition 1.8 and a simple computation that we omit, imply that A € [Ig, Lg].

Fix now an x € 9* epi(f) N E at which (145) holds and that satisfies the thesis of Proposition B.12,
and let L € Tan(epi(f), x). Thanks to these choices, L is a finite perimeter set with constant horizontal
normal and Proposition B.9 and (145) tell us that its topological boundary must coincide up to 2~ !-null
sets with the plane V| .. Therefore, since by Proposition B.14 we can assume without loss of generality
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that L is an open set, we conclude that L must coincide with one of the two half-spaces determined
by Vi .. This implies however, thanks to Remark B.15, that

n(Vpx)=np(y) for S2 L almost every yedL. (146)

Furthermore, Proposition B.12 (iii) and (146) imply that n(V ,) =n;(y) =nz(x) for S92~ 1 almost all
y € dL. This shows however that for S Lalmost all x € gr(f)NE, every element of Tan(epi(f), x) is a
half-space whose boundary is the plane orthogonal to n s (x) and Proposition B.13 concludes the proof. [

Proposition B.17. Suppose E is a compact subset of V and let y : E C V — (V) be an intrinsic
Lipschitz function such that for S2~'-almost every x € E there exists a plane V,(x) € Gr(Q — 1) for
which

SN er(y) N By (x), )\ xy () Xv, ey (6 (@)
lim o =

r—0

0 (147)

whenever a > 0, and where Xy, (xy(x)) (@) :={w € G : dist(w, V(xy (x))) < a||lw||}. Then gr(y) can be

covered with countably many Cé-surfaces.

Proof. Since the graph map x +— x * y (x) is continuous, let us notice that the set gr(y) is compact and
for any i € N let us define the sets

A; := {x e gr(y) : (147) holds at x and S~ (B(x,r) Ngr(y)) > 27 Lgllgr?™" forany 0 <r < 1/i}.

As a first step in the proof, we show that the A; are S9~!_gr(y)-measurable. It is immediate to see that
if we show that the set

A ={xegr(y): S (B, r)Ner(y) =27 Lg'lgr? ™! forany 0 <r < 1/i}

is closed, the measurability of A; immediately follows since (147) holds on a set of full S€~!Lgr(y)-
measure. Since gr(y) is closed, to prove the closedness of A; it is sufficient to show that if a sequence
{xj}jen € A,- converges to some x € gr(y), then x € A,-. So,let 0 < r < 1/i and note that if d(x, x;) <r
we have

27 L e (r —d(x, xp)) T < ST Ler(y) (B(xg, r — d(x, %)) < S Lgr(y)(B(x, 1)).

The arbitrariness of j implies that for any O < r < 1/i we have SQ_ILgr(y)(B(x, r)) > 2_1Lall@r’3_l,
proving that x € A;.

We now prove that the sets A; cover S@~!-almost all gr(y). Thanks to Theorem 1.38 we can extend y
to an intrinsic Lipschitz function y : V — 91(V). Recall now that gr(y) is the boundary of the set of
locally finite perimeter epi(y). Thanks to Theorem B.6, this implies that for |3 epi(y)|g-almost every
x € G there exists a 7(x) > 0 such that for any 0 < r < r(x) we have

LS Lgr(P) (B, 1)) > 19 epi(P)la(B(x, ) = lor?™,

where the first inequality above comes from Remark B.7. In addition, thanks to [Franchi and Serapioni
2016, Theorem 3.9], [Heinonen et al. 2015, Theorem 3.4.3] and to the Lebesgue differentiation theorem
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that can be found in [Heinonen et al. 2015, page 77], we deduce that
O (S Lgr(y), 1) = 077 (i ST Lgr(7), 1) = OISV L), ) = Lgls,  (148)

for SQ_I\_gr(y)—almost every x € . From (148), we infer that for SD_ll_gr(y)—almost every x € G
there exists an r(x) > 0 such that S2~'(B(x,r) N gr(y)) > 27 'L gr27! for any 0 < r < r(x).
Therefore, if r(x) > 1/i and (147) holds at x, then x € A; and this concludes the proof of the fact that
S (&) \ Ujen A7) = 0.

For any i, j € N and any x € A;, we let

[(ny, (x), 11 (x 7 )|
d(x,y)

We remark that the functions p; ; are measurable for any i, j € N. Indeed, on the one hand the func-

tion (x,y) = [(n,(x), m(x_ly))l/d(x, y) is SQ_ILgr(y)—measurable since it is the quotient of two

S92-1_gr(y)-measurable functions. On the other, since G is separable, it is immediate to see that pi,j can

be rewritten as the supremum on y over a countable subset of B(x, §) N A; showing that p; ; is indeed

pi,j(x) :=sup{ 1y €EA; and0<d(x,y)<1/j}.

measurable. We want to prove that for any i € N and any x € A; we have
lim p; j(x) =0. (149)
J—>00

Assume by contradiction this is not the case and that there exists an i € N and a z € A; for which (149)
fails. Then there is a 0 < ¢ < 1 and an increasing sequence of natural numbers {j;}ren such that for
any k € N there is a y; € A; for which y; € B(z, 1/ji) and [(n, (2), m (z"'y))| > ¢d(z, yr). Thanks to
Proposition 1.15, we infer that y; & zXv, ;) (5¢); indeed,

dist(Vy, (2), 27 ye) = [(n, (2), w1 (2~ yi))| > ed(z, i) (150)

We now claim that for any & € N we have

B(yk, 3¢d(z, y0)) S B(z, 2d(z, i) \ 2Xv, ) (5¢)- (151)

In order to prove the inclusion (151) we fix a k € N and let w := y;v for some v € B(yk, écd(z, yk)).
With these choices Proposition 1.15 and the triangle inequality imply that

dist(Vy (2), 27 'w) = |{ny (), w1 @™ w)) | = [(ny (2), 1 (@™ i) = [y (), 71 (' w))|
> ¢d(z, yx) —d(yi, w) > ¢d(z, w) — (1 + o)d(yr, w). (152)
Furthermore, thanks to the choice of w we have
d(ye, w) = vl < Ted(z, yo) < Led(z, w) + Led (yp, w), (153)
d(z, w) <d(z, yo) +d(y, w) <d(z, yo) + vl < (14 3¢)d(z, y) <2d(z, 0o).- (154)
From (152) we infer in particular that (4/¢ — 1)d (yx, w) < d(z, w). This implies in particular that

I+¢ ]
> 1
4/c_1d(z,w)_ 7¢d(z, w), (155)

(152)
dist(Vy (), z7'w) > ed(z, w) — (1 +0)d(yx, w) > ed(z, w) —



994 ANDREA MERLO

where the last inequality comes from the fact that ¢ < 1. The inclusion (151) follows immediately from
the above bound and (154). Therefore, (151) implies that

SN (gr(y) N B(z, )\ 2Xv, 5)(¢/8))

lim sup

r—0 r-1
- lim SN (gr(y) N B(z,2d(z, yo)) \ 2Xv, () (¢/8))
" koo (2d(z, yr)) 2!
sa-1 N By, ¢d 8 La(ed(z, yi)/8)2 1 1 Q-1
> lim (gr(y) N B(yx, cd(z, yx)/8)) > lim ~© c(cd(z, yr)/8) _Is (¢ . (156)
k— 00 ZQ_ld(Z, yk)Q_l k—o00 ZQd(Z, yk) ZLG 16

where the second last inequality comes from the fact that y, € A; for any k and that %cd (z, ) < 1/i
definitely. However, since by construction (147) holds at any point of A;, (156) is in contradiction
with (147) and thus (149) must hold at any x € A;. Define f; to be the function identically O on A; and
for any ¢ € N we let K; () be a compact subset of A; for which

i) STNANK W) < /1,
(ii) n,, is continuous on K; (1),
(iii) p; j converges uniformly to 0 on K;(¢).

The existence of K; (¢) is implied by Lusin’s theorem and Severini—Egoroff’s theorem. Thanks to Whitney’s
extension theorem, see for instance Theorem 5.2 in [Franchi et al. 2003], we infer that we can find a
Cé—function such that f; ,|x =0 and Vy f; (x) =n,(x) for any x € K;(¢). This implies that A;, and
thus gr(y), can be covered S2~!-almost all with Cé-surfaces. (I
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FINITE-TIME BLOWUP FOR A NAVIER-STOKES MODEL EQUATION FOR THE
SELF-AMPLIFICATION OF STRAIN

EVAN MILLER

We consider a model equation for the Navier—Stokes strain equation which has the same identity for
enstrophy growth and a number of the same regularity criteria as the full Navier—Stokes strain equation,
and is also an evolution equation on the same constraint space. We prove finite-time blowup for this
model equation, which shows that the identity for enstrophy growth and the strain constraint space are not
sufficient on their own to guarantee global regularity for Navier—Stokes. The mechanism for the finite-time
blowup of this model equation is the self-amplification of strain, which is consistent with recent research
suggesting that strain self-amplification, not vortex stretching, is the main mechanism behind the turbulent
energy cascade. Because the strain self-amplification model equation is obtained by dropping certain terms
from the full Navier—Stokes strain equation, we will also prove a conditional blowup result for the full
Navier—Stokes equation involving a perturbative condition on the terms neglected in the model equation.

1. Introduction

The incompressible Navier—Stokes equation is one of the fundamental equations of fluid mechanics.
Although it is over 150 years old, much about its solutions, including the global existence of smooth
solutions, remains unknown. The Navier—Stokes equation is given by

oru—Au+(u-V)u+Vp =0, (1-1)
V.-u=0,

where u € R? is the velocity and p is the pressure. The first equation is a statement of Newton’s second
law, F' = ma, where d;u + (u - V)u gives the acceleration in the Lagrangian frame, Au describes the
viscous forces due to the internal friction of the fluid, and —V p describes the force due to the pressure.
The second equation, the divergence-free constraint, comes from the conservation of mass. We will note
that p is not an independently evolving function, but is determined entirely by u by convolution with the
Poisson kernel,
-1 3 ou j ou i
p=(=4) i,; i

It is possible to state the incompressible Navier—Stokes equation without giving any reference to

pressure at all by making use of the Helmholtz projection onto the space of divergence-free vector fields,
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yielding the equation
o — Au+ PyeV - (u®@u) =0. (1-2)

Note that we have used the fact that V- (u ® u) = (u - V)u because V - u = 0, and the fact that the
Helmholtz decomposition implies that Pgs(V p) = 0.

The first major advances towards a rigorous mathematical understanding of the Navier—Stokes equation
came in the seminal paper by Leray [1934]. For all initial data u° € Lgf, Leray proved the global-in-time
existence of weak solutions, in the sense of integrating against smooth test functions, satisfying the energy
inequality, which states that for all ¢ > 0,

t
1 2 2 1 0,2
a2+ [l de < 3.

Unfortunately, while such solutions are well suited to study in the sense that global-in-time existence is
guaranteed for all finite energy initial data, they are not known to be either smooth or unique, leaving
major problems for the well-posedness theory.

The lack of a uniqueness and regularity theory for Leray weak solutions led Fujita and Kato to develop
the notion of mild solutions, which satisfy (1-2) in the sense of Duhamel’s formula. Unlike Leray’s weak
solutions, mild solutions must be both smooth and unique. Fujita and Kato [1964] proved the local-in-time
existence, uniqueness, and smoothness of mild solutions for initial data in H', with the time of existence
bounded below uniformly in the H' norm.

Theorem 1.1. There exists an absolute constant C > O such that for all initial data u° I-'Idlf, there
exists Tax > C/ ||140||‘1t-1l and a unique mild solution to the Navier—Stokes equation u € C ([0, Trax); H(llf).
Furthermore, we have the higher regularity u € C*°((0, Tyax) X R3). If in addition we have ul e Hdlf, then
the energy inequality holds with equality; that is for all 0 < t < Tiax,

t
1 2 2 1,,0112
zllu(t)lle-i-/O lu (@) dr = 3llu”7..

We will note that because mild solutions are smooth and unique, the initial value problem for mild
solutions of the Navier—Stokes equation is locally well posed in H' — and also in a number of larger
spaces; however, it is not known to be globally well posed. Whether the Navier—Stokes equation has
global smooth solutions or admits smooth solutions that blowup in finite time is one of the biggest open
problems in PDEs and one of the Millennium Problems put forward by the Clay Mathematics Institute
[Fefferman 2006].

The main difficulty is that the only bounds that are available on the growth of solutions are the bounds
in LfOL)ZC and L,ZHX1 due to the energy equality, and these bounds are not enough to guarantee the global
existence of smooth solutions because the energy equality is supercritical with respect to the invariant
rescaling of the Navier—Stokes equation. The solution set of the Navier—Stokes equation is preserved
under the rescaling

u(x, 1) = au(hx, Azt),
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for all » > 0. This means that is not enough to control the L®L2- or L?H!-norms of u, which are
supercritical in terms of scaling; in order to guarantee global regularity, we need to control a scale critical
norm. Ladyzhenskaya [1967], Prodi [1959], and Serrin [1962] independently proved a family of scale
critical regularity criteria, which state that if Ty« < +ooand 2/p+3/g =1 with 3 < g < 400, then

Tmax
/0 lu()[|?, dt = +oo.

Escauriaza, Seregin and Sverak [Escauriaza et al. 2003] extended this result to the endpoint case g = 3.
They proved that if Ti,x < 400, then

limsup ||u(?) || ;3 = +o0.

t—> Tnax

Recently, Tao [2021] further extended this regularity criterion giving a quantitative lower bound on the
rate of the blowup of the L3-norm. This result is very slightly supercritical — in fact triple logarithmic —
with respect to scaling, and is the first supercritical regularity criterion for the Navier—Stokes equation.

Two crucially important objects for the study of the Navier—Stokes equation are the strain, which is the
symmetric gradient of the velocity, § = Vgynu, with S;; = %(8,- uj + 0;u;), and the vorticity, which is a
vector that represents the antisymmetric part of the velocity and is given by @ = V x u. Physically, the
strain describes how a parcel of the fluid is deformed, while the vorticity describes how a parcel of the
fluid is rotated.

Taking the curl of (1-1), we find the evolution equation for w is given by

orw— Aw+ (u-V)o— So=0.
Taking the symmetric gradient of (1-1), we find the evolution equation for S is given by,
#S—AS+w-V)S+S*+1two®w— 1w’ I; +Hess(p) = 0. (1-3)
We will note that the vorticity equation is invariant under the rescaling
ot (x, 1) = )Lza)()\x, kzt),
and the strain equation is invariant under the rescaling
S*(x, 1) = A2S(hx, A%1).

The extra factor of A comes from the fact that both w and S scale like Vu.

The vorticity has been studied fairly exhaustively for its role in the dynamics of the Navier—Stokes
equation. For instance, the Beale-Kato—Majda regularity criterion [Beale et al. 1984], which holds for
smooth solutions of both the Euler and Navier—Stokes equations, states that if T,,x < +00, then

Tmax
/O (-, )|l df = +oo.

Chae and Choe [1999] proved a regularity criterion on two components of vorticity that has a geometric
significance, guaranteeing that the blowup must be fully three dimensional. They showed that if a smooth
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solution of the Navier—Stokes equation blows up in finite time 7T,,x < +00, then for all 3/2 < g < +o00
and2/p+3/q =2,

T‘lTlEIX
/0 lles x (-, )]|7, dt = +o00. (1-4)

The fixed direction condition in this regularity criterion was recently loosened by the author in [Miller
2021]. In another key result involving vorticity, Constantin and Fefferman [1993] proved that the direction
of the vorticity must vary rapidly in regions where the vorticity is large if there is finite-time blowup.
There are many other results involving vorticity, far too many to list here.

The strain equation has been investigated much less thoroughly, but can provide some insights that do
not follow as clearly from the vorticity equation. We will refer to the evolution equation for S in (1-3) as
the Navier—Stokes strain equation. This equation is an evolution equation on the constraint space Lft, the
space of strain matrices, which replaces the divergence-free constraint for the Navier—Stokes and vorticity

equations. We define L2 as follows.

Definition 1.2. Define L2 C L?(R*; $*3) by
L3 ={Vymu:uecH',V-u=0}.

The role of this constraint space in the evolution equation (1-3) was examined by the author in [Miller
2020]. One geometric restriction on the matrices S € L2 is that they must be trace-free because

tr(S)=V.-u=0.

Furthermore, in that paper, the author proved that Hessians and scalar multiples of the identity matrix
must be in the orthogonal compliment of Lft.

Proposition 1.3. Forall f € H2(IR{3) and forall g € L*(R?), we have Hess(f), gls € (Lgt)L. That is for
all S € L2,
(Hess(f), S) =0 and (gl3, S)=0.

For sufficiently smooth solutions to the Navier—Stokes strain equation, JT|w|2, Hess(p) € L2 so we can
conclude that the terms %|a)|213 and Hess(p) are orthogonal to the constraint space, or in other words
that 4—11|a)|213, Hess(p) € (Lgt)L. This means that the Navier—Stokes strain equation can be expressed in
terms of the projection onto L2 as

S — AS+ Py((u-V)S+5* + to®w) =0. (1-5)

This is analogous to defining the Navier—Stokes equation without any reference to V p by using the
Helmbholtz projection onto the space of divergence-free vector fields in (1-2). We will use (1-5) to define
mild solutions to the Navier—Stokes strain equation in Section 3.

It is not actually necessary to separately prove the existence of mild solutions to the strain equation,
as it is straightforward to reduce this problem to the existence of mild solutions of the Navier—Stokes
equation. The author proved the equivalence of these formulations in [Miller 2020].
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Proposition 1.4. A velocity field u € C ([0, Thax); H(}f) is a mild solution of the Navier—Stokes equation if
and only if S € C([0, Tiax); Lgt) is a mild solution to the Navier-Stokes strain equation, where S = Vgynu
and u = —2div(—A)~'S.

The strain evolution equation is extremely useful because it allows us to prove a simplified identity
for enstrophy growth, which can equivalently be defined in terms of the square of the L?-norm of S, w,
or Vu based on an isometry proved by the author in [Miller 2020].

Proposition 1.5. For all —% <o < % and forall S € Hs(f’
1817, = 3wl = 51 Vull%,

Remark 1.6. We should note here that the factor of % in Proposition 1.5 is entirely an artifact of how the
vorticity is defined. The vorticity is a vector representation of the antisymmetric part of Vu, with

0 w3 —wy
A = — _C()3 0 Cl)l 9’
2
w)y —wq 0

where A is the antisymmetric part of Vu given by A;; = %(ai uj — d;u;). From this identity we can see that

2 2
1512, = 11,

so the isometry in Proposition 1.5 tells us that all the Hilbert norms of the symmetric and antisymmetric
parts of the gradient of a divergence-free vector field are equal.

Definition 1.7. Based on the isometry in Proposition 1.5, we will define the enstrophy of a solution to
the Navier—Stokes equation, which can be equivalently expressed as

E(®) =[SOz = 3lo®I7. = 31 Va3,
and the energy of a solution of the Navier—Stokes equation, which can be equivalently expressed as

K@) =[SOl = 5lo®ll3 = 5lu@®];..

Remark 1.8. The energy equality for smooth solutions of the Navier—Stokes equation can be stated in
terms of energy and enstrophy as

K (1) +2/0t E(7)dt = K.

Enstrophy is a very important quantity because Theorem 1.1 states that a smooth solution of the
Navier—Stokes equation must exist locally in time for initial data in u® € H'. This implies that enstrophy
controls regularity, because as long as enstrophy remains bounded on some time interval, a smooth
solution can be continued to some later time.

The standard estimate for enstrophy growth is given in terms of nonlocal interaction of the vorticity

and the strain:
dl

320 ®17: =—lolf +(5. 08 w).
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This is a nonlocal identity because S can be determined in terms of w by a nonlocal, zeroth order
pseudo-differential operator, with § = Vg, V x (—A)~'w. Using the isometry in Proposition 1.5 and the
evolution equations for both the strain and the vorticity, this identity can be drastically simplified, with
the nonlocal term replaced by a term involving only the determinant of S.

Proposition 1.9. Suppose u € C([0, Tinax); H(;f) is a mild solution of the Navier—Stokes equation. Note
that this is equivalent to assuming that S € C ([0, Thmax); Lgt) is a mild solution to the Navier—Stokes strain
equation. Then for all 0 <t < Tpax,

%nsmniz = =2|ISI1%, - ‘5‘ / tr(S) = =2|IS|I%, —4 / det(S).

This identity was first proven by Neustupa and Penel [2001; 2005]. The analogous result without
the dissipation term —2||.S ||%,1 was later proven independently by Chae [2006] in the context of smooth
solutions of the Euler equation using similar methods to Neustupa and Penel. This identity was also
proven using the evolution equation for the strain, a different approach to that of Neustupa and Penel, by
the author in [Miller 2020]. The identity in Proposition 1.9 directly implies a family of scale-invariant
regularity criteria in terms of the positive part of the middle eigenvalue of S.

Theorem 1.10. Suppose u € C([0, Tiax); Hdlf) is a mild solution of the Navier-Stokes equation, or
equivalently that S € C([0, Thax); Lft) is a mild solution to the Navier—Stokes strain equation. Let
AM(x, 1) < ho(x,t) < A3(x,t) be the eigenvalues of S(x,t), and let A;‘(x, t) = max{0, Ay (x, t)}. Then
forall3/q+2/p=2and3/2 < q < +00, there exists C;, > 0 depending only on q such that for all
0 <t < Thax,

t
IS@I17. < 150113, exp(cq /0 A3 (117, dr).

In particular, if Tyax < 400, then

Tmax
/0 1A 117, di = +o00.

This regularity criterion was first proven by Neustupa and Penel [2001; 2005; 2018]. It was also
proven independently by the author in [Miller 2020]. Note that because tr(S) = 0, this regularity criterion
significantly restricts the geometry of any finite-time blowup for the Navier—Stokes equation: any blowup
must be driven by unbounded planar stretching and axial compression, with the strain having two positive
eigenvalues and one very negative eigenvalue.

There are many other conditional regularity results, which guarantee the regularity of solutions as
long as some scale critical quantity remains finite, including regularity criteria involving the derivative in
just one direction dzu [Kukavica and Ziane 2007], and involving just one velocity direction #3 [Chemin
and Zhang 2016; Chemin et al. 2017]. For a more thorough, but by no means exhaustive, treatment of
regularity criteria for the Navier—Stokes equation, see Chapter 11 in [Lemarié-Rieusset 2016].

In this paper we will take the opposite approach. We will prove finite-time blowup for solutions of
the Navier—Stokes equation with a fairly broad set of initial data, assuming that a certain scale invariant
quantity related to the structure of the nonlinearity remains small. We will do this first by considering a
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model equation for the Navier—Stokes strain equation and proving finite-time blowup for solutions of this
model equation, and then by viewing the actual Navier—Stokes strain equation as a perturbation of the
model equation.

In order to do this, we will drop the advection and the vorticity terms from the evolution equation (1-5)
entirely, along with a piece of the S term so that the enstrophy growth identity in Proposition 1.9 still
holds. We will show that

(S.o@w)=—4 [ det(s) = -§(s°.5)
and
{((w-V)s,8) =0,
and therefore
(Pu(-V)S+3S*+ jo®w), S)=0.

Using this identity, we can rewrite the full Navier—Stokes strain equation as
S — AS+ 2Py(SH) + Py((u- VIS + 1S + o @ w) = 0.

Dropping the term Pst((u -V)S + %S 2 4 4—1‘0) ® a)) from the evolution equation, our strain model equation
will be given by
%S — AS+ 3 Py(5*) =0. (1-6)

We will refer to (1-6) as the strain self-amplification model equation because it isolates the interaction of
the strain with itself, discarding the nonlocal interaction with the vorticity and the effects of advection. In
the model equation, we are dropping a combination of terms that are orthogonal to S in L?, while keeping
the two terms that contribute to the evolution in time of the L?-norm to first order. We will also show that
for solutions of the strain self-amplification model equation we have

d
S ISOI3: = <2181, =4 [ det(s),

so the strain self-amplification model equation does in fact have the same identity for enstrophy growth

as the Navier—Stokes equation, and consequently has a regularity criterion for ){ in the critical Lebesgue

spaces L’ LY entirely analogous to the regularity criterion for the Navier—Stokes equation in Theorem 1.10.
Solutions of this model equation blowup in finite time for a fairly wide range of initial conditions.

Theorem 5.3. Suppose S € C([0, Thax); Hslt) is a mild solution of the strain self-amplification model
equation such that

—3)18°)1%, - 4/ det(5%) > 0.

Then for all 0 <t < Tiax,
E)> 2 (1-7)
> -
(1 —rot)?
where

—3)18°11%, —4 [ det(5°)

ro =
2
2115112,
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Note in particular that this implies
2
2159112,

—3|1S012, — 4 [ det(5%)
Furthermore, forall2/p+3/q =2 and 3/2 < q < 400,

max S

Tmax
A 13 @)|12, df = +o0.

Remark 1.11. The key to the proof of Theorem 5.3, which is the main result of this paper, is a % lower
bound on the rate of enstrophy growth for a wide range of initial conditions. In particular, we will show

that if )
30800, — 4 [ det(S?)

80:= >0,
15113,

then for all 0 < ¢t < Tpax,
d
T EO> g0E ()32

which immediately yields estimate (1-7) in Theorem 5.3.

Remark 1.12. Theorem 5.3 shows that the regularity criterion in Theorem 1.10, which guarantees the
existence of smooth solutions of the Navier—Stokes equation so long as ){ e LY LY, is not enough to
guarantee the global existence of smooth solutions to the Navier—Stokes equation just by making use of
the constraint space. For solutions of the strain self-amplification model equation, which is an evolution
equation on L2 (the constraint space), )\; becomes unbounded in this whole family of scale critical
spaces. The regularity criterion on ){ implies that the blowup for the Navier—Stokes equation must be
characterized by unbounded planar stretching and axial compression, corresponding to a strain matrix with
two positive eigenvalues and one very negative eigenvalue in turbulent regions. One physical example of
such a structure in turbulent fluids is two colliding jets. The blowup result for the strain self-amplification
model equation shows that a blowup with these features is possible within the relevant constraint space.

Because we chose our strain self-amplification model equation (1-6) by dropping some terms from the
full strain equation, we can prove a new conditional blowup result for the full Navier—Stokes equation, by
viewing the actual strain equation as a perturbation of the strain self-amplification model equation.

Theorem 6.1. Suppose u € C([0, Tiax); Hd2f) is a mild solution of the Navier—Stokes equation such that
foi= =313, — 4/ det(s%) > 0,
and for all 0 <t < Tiax.,
|Pa((u-V)S+ 182+ 1w @w)(-. D),
|(=AS+ Py VIS +282+ Lo ®w) (-, 0)],» ~

Then there is finite-time blowup with

—Eo+vVE;+ foKo
Jo ’

where Ky and E are taken as in Definition 1.7 and fy is as defined above.

Thax < Ty :=
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Remark 1.13. Theorem 6.1 quantifies how close solutions of the Navier—Stokes strain equation have
to be to solving the model equation in order to be guaranteed to blowup in finite time. This result is —
to the knowledge of the author — the first of its kind. There are many results stating that if some scale
invariant quantity is finite, then solutions of the Navier—Stokes equation must be smooth, such as the
aforementioned Ladyzhenskaya—Prodi—Serrin and Beale—-Kato—Majda regularity criteria. Theorem 6.1 is
the first result to say that, for some set of initial data, if a scale invariant quantity remains small enough
for the history of the solution, there must be blowup in finite time.

Remark 1.14. The mechanism for blowup proposed in Theorem 6.1 for the Navier—Stokes equation is
also consistent with research on the turbulent energy cascade. Very recently, Carbone and Bragg [2020]
showed both theoretically and numerically that strain self-amplification is a more important factor in
the average turbulent energy cascade than vortex stretching. This gave a concrete statement to a line
of inquiry on the turbulent energy cascade begun by Tsinober [2001]. The turbulent energy cascade is
directly tied to the Navier—Stokes regularity problem, as finite-time blowup requires a transfer of energy
to arbitrarily small scales, so this suggests that the self-amplification of strain is the most likely potential
mechanism for the finite-time blowup of solutions of the Navier—Stokes equation. The conditional blowup
result in this paper gives a quantitative estimate on the structure of the nonlinearity that will lead to
finite-time blowup for the Navier—Stokes equation via the self-amplification of strain if it is maintained
by the dynamics.

Remark 1.15. Turbulent solutions of the Navier—Stokes equation are, almost by definition, difficult to
impossible to write down in closed form. This poses a significant barrier to proving the existence of
smooth solutions of the Navier—Stokes equation that blowup in finite time: if finite-time blowup solutions
do in fact exist, it will still almost certainly not be possible to give a negative answer to the Navier—Stokes
regularity problem by providing a counterexample in closed form. Any progress on the Navier—Stokes
regularity problem in the direction of proving the existence of finite-time blowup will likely require an
interplay of analysis and numerics. Theorem 6.1 provides a quantitative criterion that could guide further
numerical work searching for possible blowup solutions.

We cannot show that there are any solutions of Navier—Stokes equation which satisfy the perturbative
condition in Theorem 6.1 up until T*. If we could, then this would solve the Navier—Stokes regularity
problem by implying the existence of finite-time blowup. We can, however, use scaling arguments to
prove that this condition is satisfied for short times for some solutions of the Navier—Stokes equation.

Theorem 6.3. There exists a mild solution of the Navier—Stokes equation u € C ([0, Tyax); H(ff) and € >0
such that

—3018%0%, - 4/ det(s%) > 0,
and forall0 <t <e,
| Po((u-V)S+ 182+ Lo ®@w) (-, 1),
[Cas+ P vs+38+fo o) 0,
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Remark 1.16. In this paper we have taken the viscosity to be v = 1. For the Navier—Stokes regularity
problem, we can fix the viscosity to be v = 1 without loss of generality because it is equivalent up to
rescaling the Navier—Stokes regularity problem for arbitrary v > 0. It is useful, however, to see how the
blowup results that we will prove scale with respect to the viscosity parameter v > 0. If we take the
viscosity to be v > 0, then the Navier—Stokes equation is now given by

o —vAu+ PyV - (u®u) =0,
and the strain self-amplification model equation is given by
%S —vAS + 3 Py(5%) =0.
In this case, the condition
—3)18°12, —4] det(5%) > 0
in Theorems 5.3 and 6.1 is replaced with the condition

—3v5°1%, —4f det(5%) > 0.
Likewise the condition
[ Pa(@-V)S 4382 +30@0) (.02
[CAS+ Pl VS T35+ To@a)) - 0l,:

in Theorems 6.1 and 6.3 is replaced by

| Pu(@- VS + 182+ Lo ®w)(-, )],
[(—vAS+ Py(3-V)S+ 28+ 4o ®w)) (-, O 2 ~

Remark 1.17. We should note in particular this means that if S° e Hslt and — f det(S°) > 0, then for all

0. —4 [ det(5°)
3015011%,

O<v<v )
the strain self-amplification model equation with viscosity v blows up in finite time. This implies that the
blowup for the strain self-amplification model equation is generic at sufficiently large Reynolds number,
subject only to the geometric sign constraint on initial data, i.e., — [ det(S°) > 0. This suggests that the
self-amplification of strain is likely the driving factor behind possible blowup for the full Navier—Stokes
equation, and any depletion of nonlinearity preventing finite-time blowup must come from the effects of
advection and the nonlocal interaction of strain and vorticity.

This also means that finite-time blowup may occur for the strain self-amplification model equation
even in simplified geometric settings where blowup is ruled out for the full Navier—Stokes equation. We
will show that there is finite-time blowup for the strain self-amplification model equation even when
restricted to axisymmetric, swirl-free solutions. This contrasts strongly with the Navier—Stokes equation
where there is global regularity for arbitrarily large initial data in the axisymmetric, swirl-free case. There
are also axisymmetric, swirl-free solutions of the Navier—Stokes equation that satisfy the perturbative
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condition for short times, as in Theorem 6.3. Such solutions cannot, of course, satisfy the conditions of
Theorem 6.1 because they cannot blowup in finite time, and hence the perturbative condition can only be
satisfied for short times in such cases.

Remark 1.18. Because such a wide range of initial data lead to finite-time blowup for the strain self-
amplification model equation, the set of initial data for which there is finite-time blowup for this model
equation is too broad a set to consider as possible candidates for finite-time blowup for the Navier—Stokes
equation. While initial data that blowup in finite time are ubiquitous at high Reynolds number, subject
only to a sign constraint on the integral of the determinant of the strain, this does not necessarily mean
that blowup itself is generic. There could be certain structures or scaling laws that emerge as the blowup
time is approached for any blowup solution; further study is needed.

One possible avenue for further work would be to allow the dynamics of the strain self-amplification
model equation to select candidates for blowup for the full Navier—Stokes equation. Consider a solution
of the strain self-amplification model equation that is not axisymmetric and swirl free, and that blows up
in finite time Ty < +00. If we take S( -, Tax — €) for some 0 < € < Thax as our initial data for the
full Navier—Stokes equation, then this would be a very natural candidate for blowup if blowup does in
fact occur for the full Navier—Stokes equation. To consider such an approach, more detailed study of
the qualitative features of blowup solutions of the strain self-amplification model equation is needed. At
present, essentially all we know about such solutions is a lower bound on the growth of enstrophy and
that )L;r blows up in the scale-critical L” LY spaces.

In Section 2, we will discuss the relationship between our results and previous results for simplified
model equations for Navier—Stokes. In Section 3, we will define a number of the spaces used in our analysis
and give precise definitions of mild solutions. In Section 4, we will develop the local well-posedness
theory for the strain self-amplification model equation, including proving global well-posedness for small
initial data, and scale critical regularity criteria in terms of )\2“ and in terms of two vorticity components.
In Section 5, we will prove Theorem 5.3, demonstrating the existence of finite-time blowup for solutions
of the strain self-amplification model equation, and will prove a number of properties about the set of
initial data satisfying the hypothesis of this theorem. Finally in Section 6, we will prove Theorem 6.1, the
conditional blowup result for the full Navier—Stokes equation when a perturbative condition is satisfied
by the history of the solution, and further show that this perturbative condition is satisfied for short times
for some solutions of the Navier—Stokes equation.

2. Relationship to previous literature

There are a number of previous results that prove blowup for simplified model equations for Navier—
Stokes with the hope of elucidating possibilities of extending this to the full Navier—Stokes equation.
Montgomery-Smith [2001] introduced a scalar toy model equation, replacing the first order pseudo-
differential operator PgV- by —(—A)!/? and replacing the quadratic term u ® u by u? giving the scalar
equation

du—Au—(—A)?w?) =0,
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and proved the existence of finite-time blowup solutions for this equation. This blowup result was extended
by Gallagher and Paicu [2009] to a model equation on the space of divergence-free vector fields by
adjusting the Fourier symbol of the first order pseudo differential operator. However, while Gallagher and
Paicu’s model equation is an evolution equation on natural constraint space, the space of divergence-free
vector fields, neither of these model equations respects the energy equality, and so both are still quite
far from the actual fluid equations. They are nonetheless important in that they establish that it is not
possible to prove global regularity for the Navier—Stokes equation using heat semigroup methods alone.

Tao [2016] improved on these earlier blowup results by introducing a Fourier space averaged Navier—
Stokes model equation. His model equation is given by

du— Au+ Bu,u) =0, (2-1)

where B (u, u) is a Fourier space averaged version of PgV - (u ® u). This equation is an improvement
over the previous results because B is constructed so that

(B(u,u),u) =0,

so Tao’s model equation (2-1) respects the energy equality with, for all 0 < ¢ < Ty,
t
a3+ [l de = S,

while also exhibiting finite-time blowup. The operator B also has some of the same harmonic analysis
bounds as those found for full Navier—Stokes equation, in particular,

1B, w)llz2 < Cllull 4| Vael| 5. (2-2)

The fact that there are finite-time blowup solutions to Tao’s model equation shows that if there is global
regularity for solutions of the Navier—Stokes equation with arbitrary smooth initial data, the proof will
require more than the energy equality and the standard harmonic analysis techniques. New a priori bounds
are needed. We will note in particular that the bound in (2-2) implies that Tao’s model equation respects
the Ladyzhenskaya—Prodi—Serrin regularity criterion, that is if T.x < 400 for a solution u of (2-1), then
forall2/p+3/g=1and 3 < g < +o0,

Tmax p
A lul|?y = +o0.

While the Tao model equation respects the energy equality and some of the structure of the velocity
equation, it does not respect the structure of the vorticity or strain equations. In particular, Tao’s model
does not respect—or at least has not been shown to respect— the identity for enstrophy growth in
Proposition 1.9, the regularity criterion on )»;r in Theorem 1.10, or the regularity criterion on two
components of the vorticity in (1-4). The finite-time blowup result for the strain self-amplification model
equation is an advance on Tao’s model equation if the Navier—Stokes regularity problem is considered
from the point of view of enstrophy growth. The model equation considered here, unlike Tao’s model
equation, does not respect the energy equality; however, from a mathematical point of view, the energy
equality is less fundamental to the Navier—Stokes regularity problem than the identity for enstrophy
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growth because energy does not control regularity. Blowup for the Navier—Stokes equation in finite
time is equivalent to the blowup of enstrophy in finite time, so mathematically it is very significant that
we are able to show blowup for an evolution equation on L2 that respects the identity for enstrophy
growth in Proposition 1.9. In summary, Tao’s model equation reflects more of the structure of the velocity
formulation of the Navier—Stokes regularity problem, while the strain self-amplification model equation
reflects more of the structure of both the strain and vorticity formulations of the regularity problem.

The strain self-amplification model equation is the first model equation of possible Navier—Stokes
blowup that respects regularity criteria for the Navier—Stokes equation based not just on size, but on
geometric structure as well. It is straightforward to show that the strain self-amplification, Montgomery-
Smith, Gallagher—Paicu, and Tao model equations all respect the Ladyzhenskaya—Prodi—Serrin regularity
criterion on the size of u, but the strain self-amplification model equation also respects the regularity
criterion on ){ in Theorem 1.10. This implies as a corollary that the strain self-amplification model
equation must respect the regularity criterion on two vorticity components proved by Chae and Choe as
well. This suggests it captures significantly more of the geometry of potential Navier—Stokes blowup than
any of the previous model equations, at least as far as deformation and vorticity are concerned.

Theorem 6.1 shows that the local part of the nonlinearity of the strain evolution equation tends to
lead to finite-time blowup for a wide range of initial conditions, so there must be finite-time blowup for
the Navier—Stokes equation similar to the blowup for the model equation for the self-amplification of
strain unless the vorticity and advection terms act to deplete this nonlinearity and prevent blowup. This
is consistent with a number of previous works for model equations related to the Navier—Stokes and
Euler equations that suggest that advection plays a regularizing role. For instance, there are a number of
previous works on the Constantin—-Lax—Majda [Constantin et al. 1985] and De Gregorio [1990] 1D models
for the vorticity equation which showed that advection may have a regularizing effect [Cérdoba et al.
2005; Elgindi and Jeong 2020; Jia et al. 2019]. Theorem 5.3, which states that finite-time blowup occurs
for a wide range of initial data for the strain self-amplification model equation, extends the analysis of the
regularizing role of advection from 1D models that do not respect the structure of the constraint space to
a 3D model that does respect the structure of the constraint space.

There is also previous research on model equations for the axisymmetric Navier—Stokes and Euler
equations which preserve more of the structures of three dimensional fluid mechanics than the Constantin—
Lax—Majda or De Gregorio models. These model equations also show that advection plays a regularizing
role [Hou and Lei 2009; Hou et al. 2018]. Furthermore, there has been research on the possible role
of advection in the depletion of nonlinearity related to its interaction with the pressure in the growth
of subcritical L?-norms of u [Tran and Yu 2015]. Theorem 6.1 is entirely novel, however, because it
is the first perturbative, finite-time blowup result related to the possible role of nonlinear depletion by
advection. The previous results were either heuristic or numerical; in contrast, Theorem 6.1 provides
a quantitative condition guaranteeing blowup as long as the terms which could potentially deplete the
nonlinear self-amplification of strain are small enough relative to strain self-amplification.

Finally, we should mention that very recently, Elgindi [2021] and Elgindi, Ghoul, and Masmoudi
[Elgindi et al. 2021] proved finite-time blowup for a class of C'**(R?) solutions of the Euler equation
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that conserve energy. While the question of blowup for smooth solutions to the Euler equation remains
open, this represents an enormous step forward in providing an example of classical solutions to the
Euler equation that blowup in finite time. The blowup solutions of the Euler equation constructed in
[Elgindi 2021; Elgindi et al. 2021] are axisymmetric and swirl free, and are closely related to an example
of finite-time blowup that we will construct for the strain self-amplification model equation. We will
discuss this further in Section 5.

3. Definitions

We begin by defining the homogeneous and inhomogeneous Hilbert spaces.

Definition 3.1. For all s € R, let H*(R>) be the Hilbert space with norm
1S s = /R3(1 +AT )| f )P dE = |1+ 47161 FIl 7
and for all —% <5< % let H S(R3) be the homogeneous Hilbert space with norm
1% = /RS(ZnISI)”If(S)IQdS = 1QrIE)’ F17..

Note that when referring to H* (R3), HS (R3), or L?(R3), we will often omit the R> for brevity. All
Hilbert and Lebesgue norms are taken over R? unless otherwise specified. Furthermore, $3*3 will refer
to the space of three by three symmetric matrices:

ad e
s¥3=1d b f|:a,b,cde feR
e f c

We now define the subspaces of divergence-free vector fields and strain matrices in Hilbert spaces.

Definition 3.2. For all s € R, define Hgf Cc H* ([R3; [RR3) by
Hj = {u € H*(R* R®) : £ - i(£) = 0 almost everywhere £ € R?}.
For all —% <s< %, define Héf C H*(R3; R?) by
Hj = {u e H* (R* R?) : £ - 4(£) = 0 almost everywhere £ € R?}.
Definition 3.3. For all s € R, define HS, ¢ H*(R?*; $**3) by
HS = {Veym(=A) " ?u 1 u € H).
For all —% <s< %, define HS, € H* (R*; S>%3) by
HS = {Veym(=A) " ?u 1 u € Hp).
Definition 3.4. For all 1 < ¢ < +o0, define L by

Li ={S e LY(R*; S77) : tr(S) = 0, S = Vigm(—A) ' (=2 div(S))}.



FINITE-TIME BLOWUP FOR NAVIER-STOKES MODEL EQUATION FOR SELF-AMPLIFICATION OF STRAIN 1011

Remark 3.5. We will note that we have already defined L2 in the introduction, so we now have two
definitions of Lgt. These definitions are equivalent, as was proven by the author in [Miller 2020]. The key
reason for this is that, just as the vorticity can be inverted to obtain the velocity, with

u=Vx(—=a"lo,
so too can the strain be inverted to obtain the velocity, with
u=—2div(—A)7'S.
This means that for all S € L2,
S=Vymt <= u=-2div(-A)7'S.

This implies the condition in Definition 3.4 in the case ¢ = 2 is equivalent to the condition in Definition 1.2.
See [Miller 2020] for more details. We will also note that Definition 3.4 is well defined because the

operator —2Vym div(—A)~! is a bounded linear operator mapping LY — L9 for all 1 < g < 4o0. This

12 pecause

follows from the boundedness of the Riesz transform R = V(—A)~
—2Vgym div(—=A) 'S = —2RymR - S.
We will also define axisymmetric, swirl-free vector fields and strain matrices.
Definition 3.6. Begin by letting
r=vVxi+x3, z=x3 e = %(xl, x2,0), e, =(0,0,1).
We will say that u € I-'I(}f is an axisymmetric, swirl-free vector field if
u(x) =u,(r,z2)e, +u(r, 2)e;.
Note that the divergence-free condition can be expressed in this case by
V-u =a,u,+%u,+azuz =0.
We will say that S € L2 is an axisymmetric, swirl-free strain matrix if
S = Viymi,
where u € I-'Idlf is an axisymmetric, swirl-free vector field.

We conclude this section by providing the precise definitions for mild solutions of the Navier—Stokes
equation, the Navier—Stokes strain equation, and the strain self-amplification model equation.

Definition 3.7. A velocity field u € C ([0, Tiax); Hdlf) is a mild solution to the Navier—Stokes equation if
it satisfies (1-2) in the sense of Duhamel’s formula, that is, if for all 0 <t < Tyax,

t
u(t) =e“u’ — /0 e™® PyV - (u @ u)(t — 1) dr.
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Note that ¢’ is defined in terms of convolution with the heat kernel

e x|
(X,f)—WCXP ~a )

A =G(-,t)x f.

so that

Remark 3.8. Ti,. is the maximal time of existence for a mild solution. If there is a mild solution globally
in time for some initial data u° € I-'Idlf, then Tiax = +00, and if there is not a mild solution globally in
time, then Tax < +00 is the blowup time when the solution becomes singular.

Definition 3.9. A strain matrix S € C([0, Trax); Lft) is a mild solution to the Navier—Stokes strain
equation if it satisfies (1-5) in the sense of Duhamel’s formula, that is, if for all 0 < ¢ < Tjpax,

t
S =" [ Py((-V)S+ 87+ jo ) 1) dr,
0

with u = (—=A)~1(=2div(S)) and 0 = V x u.

Definition 3.10. S € C([0, Tyhax); Lft) is a mild solution to the strain self-amplification model equa-
tion (1-6) if S satisfies this equation in the sense of Duhamel’s formula, that is, for all 0 < ¢ < Tipax,

t
S(t) = ™0 — %/ ¢DP(S) (1 — 1) dr.
0

4. Some properties of the strain self-amplification model equation

We begin this section by considering the local-in-time existence of mild solutions to the strain self-
amplification model equation.

Theorem 4.1. Let C = (33—2 ||g||Lz)4, where g(x) = exp(—|x|?/4)/2m)3/% Forall $° e Lft, there exists a
unique mild solution to the strain self-amplification model equation, S € C ([0, Thax); Lgt), with Tax >
C/||S0||Aiz. Furthermore, S € C((0, Thax); H™) and is therefore smooth for all positive times up until

possible blowup.

Proof. The proof of Theorem 4.1 is essentially the same as the proof of local existence of mild solutions
for the Navier—Stokes equation introduced by Kato and Fujita. It will be based on a Banach fixed point
argument.
We begin by fixing
T < L4.
15714,

Note that this implies
Flgl2 18T < 1.

Define the map W : C([0, T]; L2) — C([0, T1; L?) by

WIM](t) =2 S° + /O[ ™A Py(M*(t — 7)) dr.
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Note that § being a mild solution of the heat equation is equivalent to S being a fixed point of this map
with W[S] =
We will ﬁrst show that if ”M”C([O T;L?) = < 2||SO||L2, then || W[M]”C([O T L2 = < 2||SO||L2 Recall that

Ef =G 0%,
where
G(x,t)=1"g(t™"x).
Therefore we can compute that
IGC . Dllz2 = llgll2r =,

Applying Young’s inequality for convolutions we find that forall 0 <t < T,
2 ! 2 !
IWIMIONz2 < 18°2 + 5 [ 1P M) 2 de < 18052 +5 [ 1GCL DI IM7 @ = D)l de

2 ! - 8
< ||S°||Lz+§||M2||C([o,n;u)/0 g2z dv < IS°l 22 + SUMIE o 7y 1 I8N 2t

8
5 ”MHZC([O’T];LZ) ”g ||L2T1/4'

<I18°llz2 +
Using the fact that || M| ¢ o, 77:22) < 2|19l 2 and recalling that 32 ||g||L2||SO||L2T1/4 < 1, we can see that
SIMIE o7y 12 el 2 T4 < ZUSUUT Nl 2TV < 15110

This implies that
IWIMlcqo.ryr2y < 218° 1 2

Therefore W is an automorphism on the closed ball
={M € C([0, TT: LY : 1Ml cqo.ri:2) =< 208°N 12}

We will now show that W is a contraction mapping on B. Fix M, Q € B. Using Young’s convolution
inequality as above we can compute that for all 0 <t < T,

IWIMI0) = W10 > = 1HPstfte

1/4
||g||L2f MM+ Ollcqo. ..M — Qllcqo.11:12)

w|oo<.p

llgll 2t/ UMl co, 1.2 + 1 Cllcqo, 712 IM = Cllcqo,71:12)

< ?||g||Lz||S°||LzT”4||M = Qllcqo.riey-
Letting
=2 g2l 2T < 1,
we find that
IWIM]—WIOllcqo, .02 =rlIM — Qllcqo,r1:12)-
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Note that B is a complete metric space, so by the Banach fixed point theorem, we can conclude that there
exists a unique S € B C C([0, T]; Lft) such that

WI[S]=S.

This implies that there is a unique, mild solution with initial data in S° € L2 locally in time. Note that
the higher regularity S € C((0, T]; H*) is a result of the smoothing due to the heat kernel, but we will
not go through the details of that here. This higher regularity follows from a bootstrapping argument that
is essentially the same as the argument in the case of the Navier—Stokes equation given in [Fujita and
Kato 1964]. O

We will now prove a useful proposition giving an identity for the determinant of 3 x 3, symmetric,
trace-free matrices.

Proposition 4.2. Suppose M € S**3 is a 3 x 3 symmetric matrix such that tr(M) = 0. Then
tr(M?>) = 3 det(M).

Proof. Every symmetric matrix is diagonalizable over R, so let A; < X, < A3 be the eigenvalues of M.
Using the trace-free condition we can see that

tr(M) =A1+Ar2+A3=0.
Therefore we can compute that

(M) =23 423+ 13 = (=2 — )P + 23+ 43 = 3030, — 30123
=3(—A1 —A)A1r2 =3X 1 A3 = 3det(M). O

Using this proposition, we will show that the strain self-amplification model equation has the same
identity for enstrophy growth as the Navier—Stokes strain equation.

Proposition 4.3. Suppose S € C([0, Thax); Lgt) is a mild solution to the strain self-amplification model
equation. Then for all 0 < t < Tpax,

d 4
GISCL 0I5 = =2181%, = 5 [ n(8%) = 211813, —4 [ det(s).

Proof. Taking the derivative in time of the L?-norm, we plug equation (1-6) into the strain self-amplification
model, finding

d 2 4
TISCL 012 =2(0,S, 5) = =2(=AS + 2Pu(sY), S) = =2SI%, — F(Pu(sD. 5)
4 4
= <2811}, — 3(8% ) = =208, — 5 [ w(s®) = =208, —4 [ deucs),

where we have used the fact that S belongs to L2 to drop the projection Py and the fact that S is symmetric
to compute the inner product, and have finally applied Proposition 4.2. U
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In fact, the vortex stretching and the integral of the determinant of the strain can be related in a general
way as follows. This will be useful in showing the term we dropped in the model equation does not
contribute to enstrophy growth.

Proposition 4.4. Forall S € Lft,
—4/det(S) =(S; v Q@ w),

where u = —2div(—A) 'S and w = V x u. In particular, this implies that
(S, Pu(35% + 30 ®w)) =0.

Proof. The first step of the proof will be to show that

ftr((Vu)3) =0. 4-1)
We begin by recalling that by definition,
S = Vgym(=A) "' (=2div(S)),
and so we can see that § = Vgy,u. We may conclude that
u=—2Vdiv(=A)~'S.

Using the boundedness of the Riesz transform from L3 — L3, this implies that Vu € L3, so the integral
in (4-1) is absolutely convergent.
Using the divergence-free condition we note that

3 8ui
S _vu=o.
P ax,-

Therefore for all u € C°(R?; R?) with V - u = 0, we can integrate by parts — without worrying about
boundary terms because of compact support — ﬁnding

zuk 814,

3
ou; duy ou;
(Vi) = Ou; duy Outi __ /
/ ((Va)) Z / ox; 0x; Oy Z Y axiox; dxe
Z / aﬂ 0%u; _ Z /3MJ oug aul /tr((Vu) =0
" 0x; 0xj0xy el 0Xy 0X; 8x]

i,j,k=1

Because CCOO([R{3; R3) is dense in L3(R3; R3), this suffices to guarantee that for all Vu € L3 with V-u =0,

/tr((Vu)3) =0

We know that Vu = § 4 A. Using the fact that S is symmetric and A is antisymmetric, and that all

antisymmetric matrices are trace-free, we compute

tr((Vu)?) = tr(S?) 4+ 3 tr(SA?).
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Recall from the introduction that
0 w3 —wy

A= l —3 0 wil ],
2
wy —w; 0

and we can compute that
A =i0®0— oL
Therefore we find
3r(SA%) =2(S: 0 @) + 3wl r(S) = 3(S: w @ ).
Applying Proposition 4.2, we find that
tr(S?) = 3 det(S).
Therefore we find
tr((Vu)?) = 3det(S) + 3(S: 0 @ w).

Integrating this equality over R? we find
(S: 0@ w) +4/ det(S) = %‘/ (3 det(S) + %(5 0® a))) = ‘5‘/ tw((Vu)?) = 0.
Finally we compute
(Pa(552+3000); 5)=(557+ foo0; §)=1(5: w®w>+1/ tr(s%) =1 (s; w@w)+ [ det(s) =0
3 4 ’ 3 4 ’ 4 3 4 ’
and this completes the proof. The author would like to thank the anonymous referee from an earlier

version of [Miller 2020] for this observation. ]

Using this result, we will observe that the term we have dropped from the Navier—Stokes strain equation
to obtain our strain self-amplification model equation is orthogonal to S with respect to the L-inner
product.

Corollary 4.5. Suppose S € H} with S = Vymu and =V x u. Then
(Pa((u-V)S+1S*+j0®@w);: S)=0.

Proof. We begin by observing that H! < H'2 < L3 and so clearly S € L3. Applying Proposition 4.4
we see that
(P(3S*+ jo®w); S)=0.

Next we use the divergence-free condition, V - u = 0, and the fact that we have sufficient regularity to
integrate by parts to compute

(P ((u-V)S8); §) = ((u-V)§; §) = —(S: (u-V)S§) =0. O

Note that this means the term Pst((u -V)S + %S LR JTa) ® a)) does not contribute to enstrophy growth,
so when we write the Navier—Stokes strain equation as

%S — AS+2Py(SH) + Py((u-V)S+ 1S+ lw®w) =0,
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only the terms —AS and %Pst(S 2) contribute to enstrophy growth. This is the justification for studying the
dynamics of enstrophy growth using a model equation that drops the term Pst((u -V)S + %SZ + %a) ® a))
retaining only the terms that actually contribute to the growth of enstrophy.
The strain self-amplification model equation, like the Navier—Stokes strain equation, is invariant under
the rescaling
S*(s, 1) = A2S(Ax, A%1).

We will now show the existence of global smooth solutions of the strain self-amplification model equation

with small initial data in the critical Hilbert space H /2
Theorem 4.6. Suppose S° € L2 N H,"'* and
3V3
SOl < 2.
1571 -1 h

Then there exists a unique, global smooth solution to the strain self-amplification model equation S €
C([0, +00); L2), that is Tyax = +00.

Proof. We begin by observing there must be a smooth solution S € C((0, Tax); Lgt), for some Tiax > 0.
We will consider the growth of the H~'/2-norm on this time interval. We will use the fractional Sobolev
inequality proven in [Lieb 1983; Lieb and Loss 1997]. For all f € L3/?(R%),
1
N f g2 < 21/6—711/3”][”“/2’
and for all g € L3(RY),
1
lgllzs = WH&’HHI/Z-

Applying both fractional Sobolev inequalities we find that

d 4 _ 4 _
3 ISONF 12 = =208 = §<<—A) 28, 8%) < =208l + 31(=2) I/ZSII a2 182 g1
4
< 2”S||H1/2+ 21/6 1/3 ”S”H 1/2||S2”L3/2 = 2”S||H1/2+ 21/6 1/3 ”S”H 1/2”‘5'”[‘3
V2iar .
< 2||S||H1/2+321/2 IS 12181312 < 2018172 (— +§||S||H_m :

From this bound on the growth of the H~!/2-norm it is clear that if

SOl g1 < %

then q

E”S(l‘)”ﬁ-l/z < 0.
We know that
\/_ 371
PV,

0
1S g1 < =%

so we can conclude that for all 0 <t < Tax,

1S@ e < 2L

42
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To finish the proof we will need to consider bounds on the enstrophy growth in terms of the H~'/2

In addition to the fractional sharp Sobolev inequality, we will also make use of the ordinary sharp Sobolev
inequality [Sobolev 1963; Talenti 1976], which states that for all f € L6(R?),

-norm.

1 223

1715 = 5 (2) 110

Applying the Sobolev inequality, the fractional Sobolev inequality, Holder’s inequality, and the product
rule to the identity for enstrophy growth in Proposition 4.3, we find

d 4 4
3 1SOI72 = =218 15 = 548, 8%) = 208151 + 31815121 1

4 4
= =2IISI1%, + 3||S||H IV S < =208 15 + 5 576 e ISl V(8D s
2 4
< 2018051 + 3 3776 s 18120V S 211l
L8 11 ayh > 2 42
<201+ 3 s 75 () ISl S = 20805, (<14 552 ISl 1e).

We have already shown that for all 0 <t < Tipax,

3‘% ISl -1 < 1,

so for all 0 < ¢ < Tyax,
d 2
alls(t)HLz <0.

This implies that for all 0 < ¢ < Tipax,
IS@1lz2 < 11502

We know from Theorem 4.1 that for all 0 <t < Tinax,
C
IS

Tmax -
This means that if T,,x < +00, then

lim [|S(t)]| 2 = +00.

1= Imax
We know that for all 0 <t < Tpax we have ||S(¢) 72 < ||S0||Lz, so we can conclude that Ty,x = +00. [

Remark 4.7. We will note that the assumption S € H /2N L? is not actually necessary; it is sufficient to

have small initial data in H /2

to guarantee global regularity with no assumption that S° € L% However,
dropping this assumption makes the proof a little more technical, and, more importantly, the whole point
of a strain self-amplification model equation is to model enstrophy growth, so if our solution is not in L?
the model does not mean very much.

Likewise, some of the other results in this section are not optimal: for example, it should be straightfor-
ward to prove the local existence of mild, smooth solutions with initial data in B), 2+3/ P for2 < p <400,

without too much difficulty. Because the strain self-amplification model equatlon is adapted specifically
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to study L? solutions however, getting local existence or small data results down to the largest scale
critical spaces is not particularly useful or illuminating.

We will now prove that because the strain self-amplification model equation has the same identity for
enstrophy growth as the Navier—Stokes equation, it also has a regularity criterion on the positive part
of the middle eigenvalue of the strain matrix that is precisely the same as the analogous result for the
Navier—Stokes equation, Theorem 1.10.

Theorem 4.8. Suppose S € C([0, Tiax); Lft) is a mild solution to the strain self-amplification model equa-
tion. Let A (x,t) < Ay(x,t) < Asz(x, t) be the eigenvalues of S(x,t), and let )\.;(X, t) = max{0, A (x, 1)}.
Then forall3/q+2/p=2and3/2 < q < +00, there exists C, > 0 depending only on q such that for all
0 <t < Timax,

t
1S3 < 1513 exp(C, [ 134 @17, ). (4-2)

In particular, if Tpax < +00, then

Tmax
[ 1 @17 dr = troo.
Proof. We know from Theorem 4.1 that if Tj,,x < +00, then

lim | S()[17, = +o0,

= Imax

so it suffices to prove estimate (4-2). Because tr(S) = 0, we know that A; <0 and A3 > 0, and therefore
—A1A3 > 0.

We can compute from the identity for enstrophy growth in Proposition 4.3 that

d
3 1SN = —208117: —4 / det(S) = =2[|S]17,, +4 / (—h1A3)As
<-2|SI%, +4/ (=A< =2[SII3, +2/ AFISP < ColIas 17, 1181172,

after applying Holder’s inequality, the Sobolev inequality, and Young’s inequality. This computation is
precisely the same as the one done in the proof of the regularity criterion on )\; in [Miller 2020], so we
refer the reader there for more details on these steps. Applying Grénwall’s inequality, we find for all
0 <t < Thax,

t
IS0 < 1512 exp(C, [ 133 (@117, ). =

This regularity criterion means that there must be unbounded planar stretching in the scale critical
LY LY spaces in order for finite-time blowup to occur. The strength of the strain formulation of the
Navier—Stokes regularity problem means that not only does the strain self-amplification model equation
respect geometric regularity criteria in terms of the strain; it also respects the regularity criterion on two
components of the vorticity proven for the full Navier—Stokes equation by Chae and Choe [1999].
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Corollary 4.9. Suppose S € C([0, Tax); Lft) is a mild solution to the strain self-amplification model
equation. Let w =V X (—A)~1(=2div(S)) be the vorticity associated with the strain S. Then for all
3/g+2/p=2and3/2 < q < +00, there exists C;, > 0 depending only on q such that for all 0 <t < Tax,

t
15013 < 1513 exp(C, [ lles x (@)1, ).

In particular, if Tyax < 400, then

Tmax
/0 les x (t)||7, dt = +o00.

Proof. We know that tr(S) =0 and A; < Ay < A3, so XA, is the smallest eigenvalue of § in magnitude. This
implies for all unit vectors v € R3, that |A,| < |Sv|. Consequently we can see that for all x € R?,

|A2| < [Ses].

Next we observe that
2563 = Vu3 + 83u,
e3 X w = Vuz — 0zu.

We can see that Vus is a gradient and that V - 93u = 0, and so using the Helmholtz projections unto the
spaces of divergence-free vector fields and gradients, we can see that

Vuz = Pgr(e3 X W),

831/! = —Pdf(e3 X a))

The boundedness of the Helmholtz decomposition then implies that for all 1 < g < 400,
A2l < I1SesliLe < 31 Vuslioe + $19sulle < Clles x |l a.

The result then follows as an immediate corollary of Theorem 4.8. ]

5. Finite-time blowup for the strain self-amplification model equation

In this section, we will prove the existence of finite-time blowup for the strain self-amplification model
equation. We begin by proving a nonlinear differential inequality giving a lower bound on the rate of
enstrophy growth that is sufficient to guarantee finite-time blowup for some initial data.

Proposition 5.1. Suppose S € C ([0, Tiax); HY) is a mild solution of the strain self-amplification model
equation. Then for all 0 <t < Tyax,

d 32

_— >

TE® = g0E®,

where

—3)18°11%, — 4 [ det(s°)

15013,

80 =
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Proof. We will begin by letting

=3SC-. 1%, —4 [det(S(-. 1) =3I, — 5 [ ()
IS¢ 013, B E(1)?

gt) =

Differentiating g, we find that for all 0 < ¢ < Tpax,

d . 6]-AS+2P(sH|;

3 (<3513, = 3/ w(sD) (20813, — 4 [ (%)
380 = E(1)3)?2 -5 oL
_6]-AS T3P 3 (SBISIG — S D) (20815, — 3 u(s)
IS 2 i1,
_6|-as+3rasdp 3 (2081 — 5 [ wsh)’
S sl 2 ISTE.
N ||S||5L2(”SIIiz _ASJF%PSt(Sz) ;— (=181, —%/tr(S3)>2>,

Applying Young’s inequality, we find
2 2 2
~ISI%) = 2 [ ws?) = —(-as+ 2Pus?. 5) = | AS+ 2PusD LISl
and so we can conclude that for all 0 < ¢ < Tipax,
d
— >
380 =0
Therefore, we can conclude that for all 0 < ¢ < Tax,
g() = go-
Finally, we observe that for all 0 < ¢ < Tpx,
SE0 =-2153, —4 [ det($) = =3I, —4 [ det($) = s VEW? = g0 E1)*"

and this completes the proof.

1021

(5-D

0

Remark 5.2. Note that as long as § is not the trivial solution — as long as || S ||i.,1 > (0 — then the inequality

in (5-1) is strict and therefore for all 0 < ¢ < Tyax,

d 32
—F E .
ar (1) > goE(1)

This differential inequality is sufficient to guarantee finite-time blowup for any solution with initial data

such that go > 0. We will now prove Theorem 5.3, which is restated here for the reader’s convenience.

Theorem 5.3. Suppose S € C([0, Thax); Hslt) is a mild solution of the strain self-amplification model

equation such that

—318%13, — 4/ det(5%) > 0.
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Then for all 0 <t < Tiax,
E()> —
> 5>
(1 —rot)?

where
—3|8°112, — 4 [ det(S°)

2115112,

Note in particular that this implies

218717,
—3|1S0)13, — 4 [det(S%)

max —
Furthermore, forall2/p+3/q =2 and 3/2 < q < 400,

Tmax
/0 1A (@0))7, df = 4o0.

Proof. The main argument of the proof will be integrating the differential inequality in Proposition 5.1.
Applying Proposition 5.1, we can see that for all 0 <t < Tiax,

d
3 EO > 2E®, (5-2)
where gg > 0 by hypothesis. Applying the chain rule and (5-2), for all 0 < ¢ < Tpnax,
L A N P X1 1
GEEOT =LE0 P LEN > g,
Integrating this differential inequality, we find that for all 0 < ¢ < Tax,

—1/2 _
E, / —E(1) 17z 5 %got.

This implies that
ED7'? < Ey" = Jgot,

and therefore that
1

(Eg'"* = Js0r)”

Multiplying the numerator and denominator by Eg, we find that for all 0 < ¢ < Tjux,
Ey

(1- S0y r)”

E(t) >

E@) >
It is easy to check that
1/2
ro=3gFE 2,
so we have now established that for all 0 < 1 < Tjhax,

Ey
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Furthermore, this clearly implies that

1 21512,

ro —3[5912, —4 [ det(S)’

max —
Finally, applying Theorem 4.8, we conclude that for all 2/p +3/g =2 and 3/2 < g < 400,

Tmax
/O 130117, dt = +oo. 0

Next we will show that the set of initial data satisfying the hypothesis of Theorem 5.3 is nonempty and
bounded below in H~'/2 We will also show that )»}L is bounded below in L3/? for all S in this set. First
we will need to perform a few calculations related to the determinant of the strain.

Proposition 5.4. There exists S € H, axisymmetric and swirl-free, such that

— / det(S) > 0.
R3

Note that we will say that S is axisymmetric and swirl free if S = Vsymu, where u is an axisymmetric,
swirl-free, divergence-free vector field.

Proof. We begin by taking u € Hdzf using axisymmetric coordinates, letting
ulx)=@0— 2r22) exp(—r2 — zz)e, +(—2z+ 2r2z) exp(—r2 — zz)ez.

We will observe that

X1 0
u(x) = [(1=2x3) [ x2 | + (=2x3 + 27 +xD)x3) | 0 || exp(=(xf + x5 +x3)),
0 1

and so not only do we have u € H? but we have the stronger result that u must be in the Schwartz class
of smooth functions, which have, along with all their derivatives, faster than polynomial decay at infinity.
Taking the divergence of u we find that

Vou= (a, + %)u +0.u, = (2—42° = 2r2 +4r22%) + (=24 2r* + 422 — 4r*2%)) exp(—r? — %) =0,
as required, so that u € Hdzf. Taking the curl of u we find that
= (., — dyu)ep = (—4rz — 2rz +4rz°) — (drz +4rz — 4r3z)) exp(—r? — 2%)eq
=(—14rz + 4r7® + 4r3z) exp(—r2 — 22)69.
Next we will observe that the gradient can be represented in axisymmetric coordinates as
V= %egag +e,0, +e.0;.

Using this representation and recalling that
cos(6)
e, = | sin(9) |,
0
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we can see that

dger = €.
This means we can compute
r(S(ep ® e)) = tr(Vuu(ey ® ¢5)) = °F = (1 = 22%) exp(—r* —2).

Applying Proposition 4.4 we find that
— [ de(s) = 1(S: 0@ ) = 1 [ iw(S(es @ en)(®)lo(@) dx
_l[rere a2y 3 3,2 a2 a2
=1 2nr(1 —2z°)(—14rz+4rz” +4r z)  exp(—3r- —3z7)dzdr
0 J—oo
[c ehy e
=7 [ T r(1=22)(—14rz +4r2 +4r%2) exp(=3r = 32) dz dr
0 Jo
o (o¢]
—d4n / / P21 =228 (=7 + 222 + 2r)% exp(—3r2 — 373 dz dr,
0 Jo

using the fact that the integrand is even in z. Making the substitution v = z? and w = r2, we find that

87‘[3/2

813

Therefore we can conclude that there exists S € H, axisymmetric and swirl-free, such that

—/ det(S) = nfooofooo wy/T(1 = 20) (=7 420 + 2w)? exp(=3w — 3v) dv dw =

- f det(S) > 0. O
Theorem 5.5. Let the set of initial data satisfying the hypotheses of Theorem 5.3, plowup C Hslt, be given
by
Thlowup = {S € Hy:=315|%, —4 [ de(s) > 0}.
Then Tyiowup is nonempty.
Proof. Take any S € H_ such that
_ / det(S) > 0.

We know such an S must exist from Proposition 5.4. If we multiply such an S € H, by a sufficiently
large constant we will end up with an element of I'pjowup. In particular, we compute

lim <—3IImS||§-11 —4/ det(mS)) — lim <_3mz(”5”21)+4m3<_/ det(s))) .
m—+00 m—+00
Therefore we may conclude that for all S € Hslt such that — f det(S) > 0 and for sufficiently large m > 0,

we have mS € Cplowup- O

Remark 5.6. Note that near the origin, the velocity corresponding to finite-time blowup for the strain self-
amplification model equation from Proposition 5.4 and Theorem 5.5 has a very similar geometric structure
to the C** finite-time blowup solution to the Euler equation from [Elgindi 2021; Elgindi et al. 2021].
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Both involve planar stretching and axial compression near the origin. In particular, approximating the
velocity in Proposition 5.4 near the origin by the first order Taylor polynomial, we have

u(x) ~re, —2ze,.

Remark 5.7. The fact the 'pjowyp is nonempty means that the condition in Theorem 5.3 is satisfied for
some initial data, and so we can conclude that there must exist solutions of the strain self-amplification
model equation that blowup in finite time. In addition to knowing the I'pjowup 1S nonempty, we also know
that ['pjowyp is bounded below in H~'/2 pecause Theorem 4.6 states that there is global regularity for
solutions of the strain self-amplification model equation with small initial data in H~'/2 and Theorem 5.3
requires that all of the solutions with initial data in I'pjowup must blowup in finite time. This can also be
shown directly by computation using the relevant Sobolev embeddings along with Holder’s inequality. In
addition, we have a lower bound on the amount of planar stretching for § € I'pjowyp in the form of a lower
bound on ){ in the scale critical Lebesgue space.

Proposition 5.8. For all S € Tpiowup,

4/3
1A e > g(%) .

Proof. We will prove the contrapositive. Suppose S € Hslt with

4/3
+ 9(m
e <2(3)

We will begin by observing that because tr(S) = 0, we have A1 < 0 and A3z > 0 because three positive
(respectively negative) eigenvalues would violate the trace-free condition. This implies that —A;A3 > 0.
Therefore, we can compute
— det(S) = (A2 < (hir)Af < 5 +4DAT < 5AT ISP
Applying this estimate, Holder’s inequality, and the Sobolev inequality, we find that

=31S1%, —4/ det(S) < =3(1SII%, +2/ A31S17 < =312, 4+ 2045 12321181136

2/2 4/3
= =318 +3(2) 7 13 e lSI, <0.

Therefore we can see that S ¢ 'pjowup, and this completes the proof. O

6. A perturbative blowup condition for the full Navier—Stokes equation

In this section, we will prove a perturbative condition for blowup, and we will also show that this
perturbative condition is satisfied at least for short times. We begin by proving Theorem 6.1, which is
restated for the reader’s convenience.

Theorem 6.1. Suppose u € C([0, Tinax); Hdzf) is a mild solution of the Navier—Stokes equation such that

fo==3IS°I%, — 4/ det(5%) > 0,



1026 EVAN MILLER

and for all 0 <t < Tiax,
| Pa(@- VIS +182+ Lo @w)(-, 0],
|(~aS+ PR VIS +282+ Lo w) (-, 0], ~

(6-1)

Then there is finite-time blowup with

—Eo+VE§ + foKo
Jo ’

where Ky and E are taken as in Definition 1.7 and fy is as defined above.

Thax < Ty 1=

Proof. We will begin by letting
F@0) = =310l =4 [ det(S)(-. ).
We know that tr(S) = 0 and that therefore det(S) = % f tr(S3). Therefore we can see that
fy==318I% -3 [ w(s).
Differentiating f, we find that for all 0 < ¢ < Tpax,
d
3 [ =6(AS+3Pu(S). —AS + Pu((-V)S + 8% + j0 ® ).
Observe that for any M, Q € L?
2
(M, M+Q)=|M+30[,.—3lQl,
and so letting M = —AS+3 Py (S?) and Q = Py ((u-V)S+3 52+ j0®w), we find that for all 0 <t < Tyax,
d 2 2
SO =625+ Py(3u- V)S+35° + jo®w) [ 2 — 3] Pa( - V)S + 382 + o w) | ..
Applying the perturbative condition (6-1), we find that for all 0 < ¢ < Tipax,
d
— >
ar f(@®)=0

and therefore for all 0 < ¢t < Tpax,

f@®) = fo.
Using the identity for enstrophy growth we find that for all 0 < t < Tiyax,
d
T EO =281, —4/ det(S) > =353, —4/ det(S) = £(1) > fo.
Integrating this differential inequality we find that for all 0 < < Tipax,
E() > E0+f0t,

and integrating this lower bound for enstrophy growth, we find that for all 0 < ¢ < Tipax,

t
/ E(t)dt > Eot + 1 for.
0
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Now suppose towards a contradiction that Tr,ax > 7. Using the definition

_ —Eo+VEj+ foKo
B Jo ’

T,

we find that ’
/O "E@)dt > EgT, + 1 foT? = 1Ko,

However this contradicts the bound from the energy equality, which requires that

T, .
[TE® =ik
0

Therefore we may conclude that Ty, < T, and this complete the proof.

1027

0

We cannot show that the perturbative condition (6-1) is satisfied up until 7, —if we could this would

resolve the Navier—Stokes regularity problem by proving the existence of finite-time blowup. We can,

however, show that it is satisfied for short times. The first step will be to show that it holds at the level of

initial data.

Proposition 6.2. There exists S € H2 N Hy ' such that

SN —4f det(S) > 0

and
| Pul@-V)S+ 387+ j000) |

2.
|—AS+ Py(3u-V)S+282+ o @) =

|-

Proof. Begin by taking M € H2N 1’-'15?1 such that
—3IM11%, —4[ det(M) > 0

and Q € H2N Hs:l not identically zero. For all A > 0, let
0*(x)=Q(x) and S*=M+ Q"
It is a simple computation to observe that

1O g =220l and QM3 =27 Qll 5.

Therefore we can see that
lim Q*=0

A——+00

in both H' and L3. This implies that

lim —3I*1%, —4f det(s") = =3 M11%, —4/ det(M) > 0,

A—~400

so S* satisfies (6-2) for sufficiently large A > 0.
Now take
v=—-2div(-A)"'M and w=-2div(-A)"!Q.

(6-2)

(6-3)
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Note that we then have
M =Vgnv and Q= Vgynw.
Likewise we will take

a=Vxv and b=Vxuw.
Finally we will let
w*(x)=2""w(x) and b*(x) =b(x),
noting that this implies
QA = VsymwA and b=V xwh
Going back to our linear combination, we can see that

u* =v+w' and ot =a+b"
Applying the triangle inequality we can see that
| Pa(@” - V)S* + 3(5M) + jo @ ™) | 1
=[Pl VIM + 34+ ja®a) | o+ | P V) Q" + 30D + 36" @) 1

+]| Po(w* - VM + - V)O* + L O*M + MO + L* @ a+a®bh)| .,

and applying Holder’s inequality and our scaling laws from above, we can conclude

| Pa(” - V)S* + 1(5)? + jo’ @ ) |2

< | Pu(w-VIM+iM*+ta®a)| .+ 17| Pe((w-V)Q+ 10>+ 16@D) |+ 27wl VM 12

A2 0l IV QL2 + 24 M Y | Qll s + 5273l 1B .

Likewise we may compute that
|—AS* + Py(3u” - V)S* + 2(8M) + §o* @ 0") | 1
> A2 = AQll e = AT Pu(5(w-V)Q + 20+ 3b ®D) |,
—|-AM + Py(3v- VIM +EM* + La®a)| = 327 HIMN 4l Ol e

— I Mal a6l e — 3P0l e IV Qll 2 — A" Hwll L I VM| 2.

Putting together the inequalities in (6-4) and (6-5), we find that

[Pa(@-V)S" + 52 + g0t @)
r=too | —ASH+ Py(Lh - VSt + 2(S2 + Lr @),

and so in particular for sufficiently large A > 0,

| Pa(@* - V)S* + 184 + j0* @ ™) | 1

_ A 1eoa, A Sceany2 1o A <2
|—AS* + Py (5 * - V)S* + 2(5)? 4 go* @ 0*) | 1

(6-4)

(6-5)
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Now that we have established that the perturbative condition (6-1) can hold for initial data, it is
straightforward to show that it can hold for at least short times by continuity. This result is Theorem 6.3,
which is restated for the reader’s convenience.

Theorem 6.3. There exists a mild solution of the Navier—Stokes equation u € C ([0, Tax); Hg’f) and € >0
such that
—3)18°)%,, — 4/ det(5%) > 0,

and forall 0 <t <€,

|Pe(@-V)S+182+lo®@w)(-, )],
[Cas+P(lu-vs+ 35+ fowa) .0l

Proof. Fix initial data S® € H2N Hy ' such that
—3)18%12, - 4/ det(5%) > 0

and
[Pa(@- )8+ 5 + 50’ @),

[—A80+ P (2w )0+ 392 + LP @) [

where S0 = Vsymuo and 0’ =V xu’. Note that u° e ij by definition and is given by u® = —2 div(—A)~! 5"
Let u € C([0, Tax); Hd3f) be the unique mild solution of the Navier—Stokes equation with initial data ul.
Next we will let

c) = || Pu(-V)S+182+ 0®@w) (. 0|, = 2| (-AS+ Pu(3(u-V)S+ 28+ to®w))(-. O .

The fact that u € C ([0, Tinax); Hd3f) immediately implies that ¢ € C ([0, Tihax)). We also know by hypothesis
that
c(0) <0,

so by continuity there must exist € > 0 such that for all 0 <¢ < €,
c(t) <0.
This completes the proof. O

Remark 6.4. The key to the proof of Proposition 6.2 and Theorem 6.3 rests on the fact that we can add a
perturbative term which is small in both H'and L3, leaving (6-2) essentially unaffected, but which is
very large in H? making the denominator in (6-3) as large as we like. The key is to add a perturbative
term that is supported at very high Fourier modes, but with a scaling chosen so that the perturbation
remains small in H' N L3,

Remark 6.5. There are axisymmetric, swirl-free initial data that satisfy Theorem 6.3. To see this, in the
context of Proposition 6.2, take M as in Proposition 5.4 and Q to be an arbitrary axisymmetric, swirl-free
strain matrix and the result follows. In this case, however, we know that the perturbative condition can
only be satisfied for short times because there is global regularity for axisymmetric, swirl-free solutions



1030 EVAN MILLER

of the Navier—Stokes equation. There is something in the geometry of axisymmetric swirl-free solutions
that, when coupled with the dynamics of the equation, guarantees the perturbative condition will fail after
short times.

Corollary 6.6. Suppose u € C([0, +00); Hdzf) is an axisymmetric, swirl-free, mild solution of the Navier—
Stokes equation such that

Jo:==315"1%, —4/ det(S°) > 0.
Then there exists 0 <t < T* :=(—Eo+~ Eé + foKo)/ fo such that

| Pa(@-V)S+ 182+ 1o@w) (-, 1),
|(=AS+ Pu(3(u-V)S+ 282+ 1o ®@0)) (-, )|

Proof. Ladyzhenskaya [1968b; 1968a] first proved global regularity for solutions of the Navier—Stokes
equation with swirl-free, axisymmetric initial data. The corollary follows immediately from Theorem 6.1
and the global regularity of axisymmetric, swirl-free solutions of the Navier—Stokes equation because
if the perturbative condition from Theorem 6.1 was satisfied up until 7*, then there must be finite-time
blowup, which we know cannot occur. O
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EIGENVALUE BOUNDS FOR SCHRODINGER OPERATORS WITH
RANDOM COMPLEX POTENTIALS

OLEG SAFRONOV

We consider the Schrédinger operator perturbed by a random complex-valued potential. For this operator,
we consider its eigenvalues situated in the unit disk. We obtain an estimate on the rate of accumulation of
these eigenvalues to the positive half-line.

1. Introduction and main results

We study the behavior of eigenvalues of the operator H = —A + V acting on a Hilbert space L?(R%),
where d > 3. The potential V is assumed to be a complex-valued function of the form

Vix)= Z wpVux(x —n), v,€C, x eRY,
nezd
where the w, are independent random variables taking values in the interval [—1, 1] and x is the
characteristic function of the unit cube [0, 1)

The probability space in our theorems is the set ¥ of all infinite sequences w = {w,},cz¢. The
probability measure is defined on ¥ as the infinite product of corresponding measures on intervals [—1, 1].
Since w, can be viewed as a function on ¥ whose value is equal to the n-th coordinate of w, its expectation
E[w,] can be viewed as an integral over X. We impose the condition

Elw,]=0

on w, guaranteeing oscillations of V. The coefficients v,, do not have to be real.
To formulate the main result, we set

V) =) lulx(x—n).
nezd

Note that V is a nonnegative function such that | V| < V.

Theorem 1.1. Let d > 3, let Ry > O and let 1 < v < q < 2. Then the eigenvalues X of the operator
—A 4V satisfy

2
[E[ > Imm|x,-|<ql>/2]sc|Ro|‘”(/ |V(x>|f’dx), (1.1)
Rd
|Aj|<R3
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with
d d—q

=3t 3a 5 (1.2)

p

It is assumed that Im \/)Tj > 0. The constant C in (1.1) depends only on d, v and q.

Theorem 1.1 is a particular case of the following statement, which has rather complicated looking
conditions imposed on the parameters.

Theorem 1.2. Let d > 3, and let Ry > 0. Assume that the parameters x and p obey the conditions

and

. dx
max{2, x} < p < min{ 2, .
2% — 1

Assume also that V € L?(RY). Then the eigenvalues M; of the operator —A + 'V satisfy

2
~ d—1
E[ > Imw\jlkjl(‘"”/z] SC|R0|4‘2P"’<“‘“/”( N |V(x>|”dx) . q >2p—¥. (1.3)

Ij1<R?

It is assumed that Im\/)Tj >0. If x = %(d + 1), then (1.3) holds with p = x. The constant C in (1.3)
depends only on d, p, x and q.

It is known that, if v, € R, the eigenvalues A; obey the Lieb-Thirring estimate (see [Helffer and Robert
1990; Laptev and Weidl 2000; Lieb and Thirring 1976])

Zlecf V@ dx, V=V, d=3, y>0. (1.4)
N d

F R

Theorem 1.1 allows one to consider real potentials V for which the right-hand side of (1.4) is infinite,
while the left-hand side is finite almost surely. Indeed, let 1 <2y =¢q <d/(d —1). Then the parameter p
in (1.2) satisfies the inequality

p>1d+y. (1.5)

Similar results for real random potentials V = V were obtained by the author and Vainberg in [Safronov
and Vainberg 2008]. However, there is a big difference between Theorem 1.1 and the results of that
earlier work, since the only point of accumulation of eigenvalues of the operator H considered there
is the point A = 0. When one studies complex-valued potentials, the fact that the eigenvalues A; might
accumulate to points other than A =0 should not be excluded. Examples of decaying complex potentials V
such that eigenvalues of H = —A + V accumulate to points of the positive real line R are constructed
in [Bogli 2017]. Because of the difference between the cases of real and complex potentials, it would be
more appropriate to ask what new information Theorem 1.1 provides compared to [Frank 2018; Frank
and Sabin 2017], rather than realize that this theorem does not follow from the Lieb—Thirring estimate
even in the selfadjoint case.
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The related result of [Frank and Sabin 2017] says that there is a constant C that depends on d, p and y
such that

2y/Q2p—d)
§ :dist(xj,&)p\jv—l §C(/ |V|de> , (1.6)
. Rd
J

under conditions on y and p implying that p <y + %d . One can now refer to (1.5) to conclude that our
results do give new information about the distribution of eigenvalues in the complex plane.

The same conclusion could be made by an analysis of the results of [Frank 2018], where the eigenvalues
in the disk

Dy = {z eC:|z|P7¥* < cp,df |V|de}

are considered separately from the rest of the eigenvalues; here p > %d . R. Frank [2018] proves that
under some restrictions on p,

(Z dist(kj,[R{+)y> 50/ VP dx, (1.7)
Rd

)\,jEDV

for y equal to either p or 2p —d + €. The constants C > 0 and o > 0 depend only on d and p in the
first case but also on ¢ > 0 in the second. In its turn, € > 0 belongs to the interval whose size depends
on p. The observation we make is that p <y + %d in (1.7). On the other hand, in deterministic results,
p simply can not be larger than y + %d .

Theorem 1.1 gives information about the eigenvalues of H situated in a finite disk about the origin.
The behavior of the eigenvalues outside of this disk is described below.

Theorem 1.3. Letd > 3, let R > 0 and let 1 < v < q < 2. Then the eigenvalues A; of the operator

— A+ V satisfy
Im /A (JA;| — R? ~ 2
[E[ > L] )}scmr”(f |V<x>|f’dx>,
R || R Rd
[A;|=R
with
_d+ d—q
P=5"2ua=2

It is assumed that Im \/A; > 0. The constant C in (1.1) depends only on d, v and q.

According to Theorem 1.3, the condition Velr implies that, for any R > 0,

> Mm /3] < oo (1.8)

|Aj1=R?

almost surely. Eigenvalues of H outside a finite disk about the point z =0 were also studied in [Frank 2018].
However, in the theorems of that work the radius R of the disk depends on V. Moreover, when d > 3,
these theorems guarantee convergence of ZI 3= R? Tm 2% xj|*ﬁ for some @ > 1 and 8 > O rather than
convergence of the series (1.8).

Theorem 1.3 immediately implies the following assertion.
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Corollary 1.4. Letd > 3,let R > 0 and let 1 < v < g < 2. Then the eigenvalues X; of the operator
— A+ V satisfy

2
[E[ > Im\/fjikjlw—”/z} < C(/R |V<x>|de) :

R2<|};|<2R?

with
_d+ d—q
P=3T%u—-2

It is assumed that Im \/1; > 0. The constant C in (1.1) depends only on d, v and q.

We also mention the article [Frank 2018] because Theorem 1.1 of that paper deals with the question
about the shape of the domain containing all eigenvalues of H. In particular, it implies that the imaginary
part of an eigenvalue tends to zero as the real part tends to infinity (in a quantitative way) once V € L?
with p > %(d + 1). Despite a vague visual resemblance of Corollary 1.4 to such a theorem, it does not
give new information about the region containing all eigenvalues of H.

The next statement is an improvement of Theorem 1.1 for 3 <d <5 and Ry < 1.

Theorem 1.5. Let3 <d <5, and let 0 < Ry < 1. Assume that t| satisfies

05<<C_I+(n—1)(d+l)+ d—1 )—2)r1§(v_1)(d+1),
2 7d 2(d —2) 7d

with n and v such that 1 <v <n < 2. If d =3, then we assume additionally that 8v +9n < 26. Let p, q
and r be the numbers defined by

_d 1 1-96 n 0 1 1-6 4 0
P= 71 ¢q p 2 r 2p 2’

where 0 is the solution of the equation

(1—9)+9<d+—d_'7 )—1
o 2\2T2u=2)) "

Then the eigenvalues A of the operator —A +'V satisfy

N 2q/r
[E[ > Imﬁjw“—”/"’]scn,a|Ro|“—9‘1”/2</Rd|V<x>|’dx) . 0> 30gv.

|Aj|<R?

Besides its dependence on d, the constant Cy,  in this inequality depends on a choice of the parameters
Ty ando.

Theorem 1.5 gives new information about eigenvalues of H. Even in the case V = V, this theorem
does not follow from the Lieb—Thirring estimates. It turns into Theorem 1.1 for dimensions 3 <d <5
once we set 71 = 0. On the other hand, since it allows us to consider ratios o /r smaller than ratios ¢/ p
allowed by Theorem 1.1, Theorem 1.5 is an improvement of Theorem 1.1 for dimensions 3 <d <5 and
the values of the parameter Ry < 1.
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One of the difficulties we encountered in this paper is that our statements can not be derived by taking
expectations in the inequalities obtained by Borichev, Golinskii and Kupin [Borichev et al. 2009]. The
reason is that operators of the Birman—Schwinger type we are dealing with might have different properties
for different w. This difficulty was overcome through an application of the Joukowski transform to a
half-plane with a removed semidisk and consecutive integration with respect to the radius.

Eigenvalue bounds for Schrodinger operators with complex potentials have been studied for a long
time. First of all, one should mention the related work of B. Pavlov, who found sharp conditions on V
guaranteeing that H has only finitely many eigenvalues in C \ R;. In particular, this is true for the one
dimensional operator on the half-line Ry (see [Pavlov 1966]) if

V()| < Ce™V*, VxeRy,

for some constants C and ¢ > 0.
In 2001, E. B. Davies posed a question whether the estimate

2
Il < i(/ |V<x)|dx) L d=1,
R

that he and his collaborators established for any nonreal eigenvalue A of H (see [Abramov et al. 2001;
Davies and Nath 2002]) can be extended to higher dimensions. This question was nicely handled by
R. Frank [2011]. It was shown that, if 0 < y < % and d > 2, then there is a positive constant C,, 4 such
that

M7 = Cpa [ IVOOI a (19
R

for any eigenvalue of H in C\ R.. The technique of [Frank 2011] was further developed and combined
with some complex analysis in [Frank and Sabin 2017], where the authors already give the estimate (1.6)
on the rate of accumulation of eigenvalues to the positive half-line R... Another bound of this type is the
inequality (1.7) established in [Frank 2018].

Note also, that if one only considers eigenvalues outside of a cone

I'.={z€eC:Rez>0,|Imz| <eRez}

(here ¢ > 0), then the Lieb—Thirring bound holds for these eigenvalues (see [Frank et al. 2006]):

>l Cy,d,g/ V@I dx,  y =1
A‘j¢1—‘s R

While we do not intend to describe all results related to the theory of operators with complex-valued
potentials, we would like to mention the articles [Briet et al. 2021; Cuenin 2017; Cuenin et al. 2014;
Demuth et al. 2009; Demuth and Katriel 2008; Hansmann 2011; 2017; Korotyaev 2020; Korotyaev and
Laptev 2018; Korotyaev and Safronov 2020; Laptev and Safronov 2009; Pavlov 1967] in addition to
those already mentioned, all of which could be viewed as valuable contributions in this area.
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2. Preliminaries
Everywhere below, &, denotes the class of compact operators K obeying
IKNIE, = Te(K*K)P"? <00, p> 1.

Note that if K € &, for some p > 1, then K € G, forq > p and || K|, < [|[K|[p.
Let z; be the eigenvalues of a compact operator K € &, where n € N\ {0}. We define the n-th
determinant of / + K as

n—1 m
(=D"z;
det, (1 + K) =] J1 +Zj)exp( > T’) n>2,
Jj m=1

det(/ + K) = [ J(1 + 2. n=1.
J

There exists a constant C,, > 0 depending only on n such that
|det, (I + X)| < eS¥le VX €6,.
Moreover, we have the following statement; see Proposition 2.1 of [Korotyaev and Safronov 2020].

Proposition 2.1. Let n > 2. Then for any n — 1 < p < n, there exists a constant C,, , > 0 depending only
on p and n such that

p
\det, (1 + X)| <e“¥ler  vx e, @2.1)

The way the eigenvalue bounds are obtained in [Korotyaev and Safronov 2020] uses applications of
the following abstract result.

Theorem 2.2. Let Hy be a selfadjoint operator on a Hilbert space ). Let Wi and Wy be two bounded
operators on $), and let V. = WoW,. Assume that the function

Ci 2 2> Wi(Ho—2)"'W2 € 6,, 1<p<oo,

is analytic in the upper half-plane C1 = {z € C : Im z > 0} and continuous up to the real line R. Assume

also that
1

IWi(Ho —2)"'Wallg = 0<E), as |z] - oo. (2.2)

Then the eigenvalues A; of Hy+V in C satisfy
* 1
. Y 0N p
Z Imi; <C, /_oo Wi (Ho — % —i0)"' Wa || g dh, (2.3)
J

where C,, depends only on the parameter p.

Proof. The proof of this statement relies on Jensen’s inequality for zeros of an analytic function, which is
(also) justified in Proposition 3.11 of [Korotyaev and Safronov 2020]. ]
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Proposition 2.3. Let a(z) be an analytic function on C satisfying the condition

1
a(z) = 1+0(ﬂ> as |z| — oo.
<
Assume that for some y > 0,

Inja(A+iy)| < f(A), VAreR.

Then zeros of a(z) situated above the line Im z = y satisfy the inequality
1 o
> ma;—y)y < 2—/ F(A) da. (2.4)
j e

The statement also holds for y = 0, if a(z) is continuous up to the real line R.
The bound (2.3) follows from (2.1) and the estimate (2.4) with y = 0 once we set
a(z) = det, (I + Wi (Ho —z)~' W)
and
fO) = Cpul Wi(Ho— 1 —i0)" Wa§ .
According to the Birman—Schwinger principle, z is an eigenvalue of Hy + V if and only if a(z) =0
(multiplicities coincide). This completes the proof of Theorem 2.2. O

One of the tools used in the present paper is an interpolation. Interpolation has been also used to prove
Theorem 1.2 of [Korotyaev and Safronov 2020], which can be generalized and formulated as follows.

Theorem 2.4. Let (2, 1) be a space with an o -finite measure [ such that L>(S2, ) is separable. Let Hy
be a selfadjoint operator on the Hilbert space L*(S2, iu). Assume that the integral kernel of the operator
e~ satisfies the estimate

. C
|e_”H°(x,y)| < L vVt >0, Vx,ye,

for some x > 0. Let V € LP(Q2, u) N L°°(2, w) for p > x such that p > 1. Assume also that (2.2)
holds for all Wy and W» that belong to a class of functions dense in L*P (2, ). Then eigenvalues of the
operator H = Hy + V satisfy

r/p—x
Zumx,-rgcp,r(f IV(x)I”dM> ,
- Q
J

for any r > max{2(p — x), 1}.

The proof of this result is a counterpart of the proof of Theorem 1.2 from [Korotyaev and Safronov
2020], with the only differences being that the value of the parameter » in Theorem 1.2 of that work is %
and Q = R>. However, one can consider different x as well as spaces Q which are different from R?.
Especially interesting are spaces of fractional dimensions for which 2 is not an integer.

Another object that we will work with is the operator

X(k)=|VI"2(=A =) 'WV(=A =) WVIVITV2 1=k keC,.
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If V is a bounded compactly supported function, then X (k) is a trace class operator for d < 3, and
X (k) €S, for p > }ld and d > 4. In this case, we set

D, (k) =det, (I —X(k)), n>1id, neN.

Proposition 2.5. Let V be a compactly supported function on RY. If a point . € C\ R, is an eigenvalue
of H=—A+V, then D, (k) =0 for k = /A. The algebraic multiplicity of the eigenvalue \ does not
exceed the multiplicity of the root of the function D, ().

Proof. According to the Birman—Schwinger principle, a point A is an eigenvalue of H if and only if —1 is
an eigenvalue of [V|'2(—=A —2)~'V|V|~1/2. Therefore, 1 is an eigenvalue of X (ko) with kg =A. On
the other hand, if 1 is an eigenvalue of X (kg), then D, (ko) = 0.

The statement about the multiplicity follows from the fact that an isolated eigenvalue of H whose
multiplicity m is larger than 1 can be turned into m simple eigenvalues by an arbitrarily small perturbation
of finite rank (which does not have to be a function). For any & > 0 there is a finite rank operator K, such
that || K¢ || < ¢ and that all eigenvalues of —A + K, + V near A are simple. Define now the function

ds(k) =det,(I — |V|'*(=A+ K, —2)'V(=A+ K, —2)"'V|V|~/?),

analytic in the neighborhood of ko = +/A for sufficiently small & > 0. In this neighborhood of the point ko,
we have d. (k) — D, (k) uniformly, as ¢ — 0. Since the function d, (k) has at least m zeros near ko,
the multiplicity of the zero of the function D,,(k) at k = ko can not be smaller than m by the argument
principle. ]

3. Large values of Re ¢ without projections

The following proposition gives an important estimate for the integral kernel of (—A — z)7¢.

Proposition 3.1. Let d > 2, and let %(d —1)<Re¢ < %(d + 1). The integral kernel of the operator
(—A —2)7¢ satisfies the estimate

_ 2 _ _ _
[(=A —2) 7 (x, )| < BetImO || @=D/2Re |y yRel=(d+D/2 (3.1)
orz +. The positive constants p and o in this inequality depend only on d and Re ¢ .
R.. Th iti B and « in this i lity d d onl d and R

The proof of this proposition, as well as related references, can be found in [Frank and Sabin 2017].
Everywhere below, we use the notation y;(x) = x(x — 1), where [ € 74

Corollary 3.2. Let %(d —1)<Ret¢ < %(d + 1), whered > 2. Let 2 <r < 2d/(2Re ¢ — 1). Suppose that
W is a function of the form

W(x) = Z wyx(x—n), w,eC, xe RY.
nezd

Then
_ 2 _ _
IW(=A—2) " xille, < Be® MmO |k|@=D/2=Red iy (3.2)
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for z ¢ Ry.. The positive constants 8 and « in this inequality depend only ond andRe ¢. If Re { = %(d +1)
and d > 2, then (3.2) holds with r = 2.

Proof. 1t follows from (3.1) that
IW(=A—2) ik, < Ce2* MmO | d=D=2ReE N7 (g | 4 )2ReE=HDy 12
nezd
A simple application of Holder’s inequality leads to (3.2). (]

We need to turn (3.2) into a similar estimate for the G4-norm of the operator corresponding to smaller
values of Re ¢. For that purpose, we employ the inequality

— o(lm 2
IW(=A =2 xll < BT W loo, (3.3)

for Re¢ = 0.
By interpolation we obtain the following proposition from (3.2) and (3.3).

Proposition 3.3. Let 1(d — 1) < x < (d + 1), where d > 2. Let 2 <r < 2d/(2x — 1). Suppose that W
is a function of the form

Wx) = Z wyx(x—n), w,eC, x eR?
nezd

Then, foranyRe¢ =1 € (0, x] and z ¢ R,
_ 2 _ ) —
IW(=A =2 xille,,, < B M k| @=D/@I=Dr 1wy, .. (3.4)

The positive constants B and o in this inequality depend only on d and t. If » = %(d +1)andd > 2,
then (3.4) holds with r = 2.

Proof. Indeed, let Re ¢y = 7, and let
A =Q|A|

be the polar decomposition of the operator
A=W (A=)
Consider the function

F©) = THW I/ (= A =2 gl A HIm0 T,

If Re ¢ =0, then
2x/t
62}{/r )

lF @I < CllA|
If Re { = x, then

£ < Calk @D ANEE WIS

Consequently, by the three lines lemma,

_ — % 2—6
£ @) < I D=0 w B AlNg, 7, 0=/
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Put differently,
2 2 —1)/2— 0 20
e[| Allgs”, < ClKIP D=0 w1 Allg, T, 0 =1/
The latter inequality implies (3.4). ]

In particular, once we set rx /T = 4, we obtain the following.

Corollary 3.4. Let %(d - <x< %(a’ + 1), where d > 2. Suppose that W is a function of the form

Wx) = Z wyx(x—n), w,eC, xe R
nezd

Then
_ 2 _ _
IW(—A -2 xille, < Be*Mm8) |k|(@=D/@)=DRet )y, (3.5)

for any %x <Re¢ < min{x,dx/(4x —2)} and z ¢ R,. The positive constants B and « in this inequality
depend only ond and Re ¢. If »x = %(d + 1) and d = 2, then (3.5) holds with Re { = %%.

Let us now consider the operator
X(@Q) = W(=A—2)V(=A—2) W,

where W is a fixed function independent of w. The proof of the following proposition is based on the
fact that E[w,] = 0.

Proposition 3.5. Let 3(d — 1) < x < 2(d + 1), where d > 2. Let 1% <Re¢ < min{x, dx/(4x — 2)}.
Assume that V € L2(RY), W e L*(R?) and oy > 2c. Then

_ 2 _ _ g
ENX@)NE,) > < CreeP@ I | @=DI=DREE Y71 W15 (3.6)
If x=1(d+1) and d > 2, then (3.6) holds with Re { = 1x.
Proof. Obviously,

E(IX(ON13,) = ETr X@)*X(0) < 2R3y 2 W(=A =) xill3, (A - W,
lezd

Together with Corollary 3.4, this implies (3.6). ]

Corollary 3.6. Let %(d -1 <x< %(d—l— 1), where d > 2. Let %x <Re¢ <min{x, dx/(4x —2)}. Assume
that V € L3R, W = V2 and oo > 2a. Then

_ 2 _ _ ~
EIX@)E,) > < CreeP@ MmO g (@=Dix=DReEY 712, (3.7

If x=1(d+1) and d > 2, then (3.7) holds with Re { = 1x.
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4. An estimate for the square of the Birman-Schwinger operator

According to the observations that we made, if W = ﬁ , then X(¢) is a function that obeys (3.7) for
some rather large values of Re ¢, and it also obeys

IO < CIVIZ,
for Re ¢ = 0. To obtain our first result about eigenvalues, we can interpolate between these two cases. Let
Xk)y=W(E=A—2)"'V(—A—2)"'W, z=k% keC,,

where W is a fixed function independent of w. What follows is the result of the interpolation (which does
not work for d = 2).

Proposition 4.1. Let 3(d — 1) < x < 3(d + 1), where d > 3. Let

d
max{2, x} < p < minq2x, * . 4.1)
2x—1

Let W = V12, Assume that V € LP(RY). Then
EAX NG, N7 < CI@ D2V (4.2)

If » = %(d 4+ 1) and d > 3, then (4.2) holds with p = x.
Proof. Note that X (k) = X(1). The logic of interpolation says that (4.2) holds for p defined as

p=2/6, for 6 suchthat 1 =0r,

where %}{ <t < min{x,dx/(4x — 2)}. Of course, this interpolation works only if t > 1, which is

impossible for d = 2. Observe that, with this notation, p = 2r.
Let
X (k) =Q|X (k)|

be the polar decomposition of the operator X (k). Consider the function
F©) = T ET(IW (= A —2) Ve (= A = 2 S IWF X (0)52%)),
where

Vo) im 3 wnluplF 0 ()
n

If Re¢ =0, then
IFO] < CENX®IE).
If Re¢ =1, then
| £(©)] < Colk| =D DT E (X () NE, NIV

Consequently, by the three lines lemma,

f (D1 < CIK“DP 2 VI3 EAX RV, )
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Put differently,
EQIX 0)IIZE,) < CIkI D2 VI3 ENIX 0 1E, )1/,

The latter inequality implies (4.2) because 27 = p.

Now we can formulate and prove the following result.

Theorem 4.2. Letd >3, and let 1 <v < g < 2. Assume that W = |V|'/2. Then

EQIX(R)1E ) < CIkIIVIY,
for p defined by

_dd-1)—q d d—gq

o 2d=-2 2 2d-=2)

Proof. Observe that the assumption v < g < 2 leads to the inequalities

d+1 dd—1)—v

)

We will show that the conditions of Proposition 4.1 are fulfilled for the parameter » defined by

_d-Dp

2p—v

o= (-2
x

Consequently, (4.3) follows from (4.2). The second inequality in (4.5) implies

dd—1)—v d—1
>
2(d —v) 2

The latter relation simply means that

while the first inequality in (4.5) combined with the condition v < 2 implies

d+1
< —-.
2

One can also see that the first inequality in (4.7) is equivalent to the estimate

xv dx
= < .
20— (d—1) 2x—1

p

Finally, note that when d > 3, the condition p < 2x follows from the fact that v 4 g > 2.

5. Proof of Theorem 1.1
‘We will work with the function

d(z) =det,(I — X(k)), n=[p]l+1,

4.3)

“4.4)

4.5)

(4.6)

“.7
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where z is related to k via the Joukowski mapping

—R-i-k R=>0
Z_k R, > b

which maps the set {k € C: Imk > 0, |k| > R} onto the upper half-plane {z € C : Imz > 0}. Rather
standard arguments lead to the estimate

E Imz; < C/ In|d(z)| dz, 5.1)
: —00
J

where the z; are the zeros of the function d(z) situated in the upper half-plane C,.. In fact, (5.1) could be
established in the same way as Jensen’s inequality for zeros of an analytic function on a unit disk. In (5.1)
we assume that V is compactly supported. The relation (5.1) leads to the estimate

E:C@P_Jﬂ> mw»<c</wux@gw (1 R)dk+/wHXU? mesnedg
—_ i < - == e 1 .
- |kj|2R N J e S, R k2 N 0 S,

Taking the expectation we obtain
Imk; (|k;|* — R?) 4
E J NI
[2,: ki PR

sc(f [E[||X<k>||g]<l—5> ax+ [ [E[||X<R-e”)||g]sm0d9>. (52)
_ AR ’

o0

Due to Theorem 4.2, the latter inequality leads to

Imk;(|k;j|> — R4 o
E A <C|R|™"|V|?P. 53
[; LR <CIR[™"IV > (5.3)

Now, suppose that we consider only the eigenvalues A; = kjg that satisfy the inequality
kil < Ro.
Multiplying (5.3) by R?~! and integrating with respect to R from 0 to Ry, we obtain
[E[ > Imknkml] < CIRI"IVIZP. g >v. (5.4)
|kj|<Ro

This implies Theorem 1.1. O

Theorem 1.2 can be proved in the same way. The only difference is that one needs to use Proposition 4.1
instead of Theorem 4.2.
Note also that (5.3) implies Theorem 1.3.
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6. Operators of the Birman-Schwinger type
Let a, b and V be functions on R?. Define
A; = |a|* FV F*|b|5,

where F' is the unitary Fourier transform operator. For any complex number z, we understand V, as the
sum

Vo(x) =) wlva|*e € x (x —n).
n

Note that the operator A, can be viewed as a sum over the lattice Z¢:

Ac=) Acn. 6.1)
nezd

where
Arn = wylal® Flo,| e ™8 x (- —n)F*|b|°.

We will show that while A; might not be bounded at some points w, it is still a compact operator
almost surely if a, b and V are in L2. We remind the reader that V was defined as the function

V) =) lulx(x—n).

Remark. Operators of the form a F W F*b do not have to be bounded for all a, b and W from L2. Indeed,
let

W)= (x|+ D7, with 3d <s < 3d,

and let
E173/4 i g <1,

a(é‘):b(é):{o if 1g] > 1

If a FW F*b was bounded, the operator T = a F+/W would be bounded as well. The latter is not true,
simply because T ¢ L? for y» = W (the singularity of T at zero is |£]3$/4~9),

Proposition 6.1. Leta € L% b e L? and V e L2 Let also p > 2. Then the sum (6.1) withRe¢ =2/p
converges almost surely in S ,. Moreover,

EllANE DY? < o) 2P al P11 IVIZ?, Re¢ =2/p. (6.2)

Proof. We are going to prove (6.2) for one point ¢y such that Re o =2/ p. For that purpose, we define the
operator K (w) = |A;0|P/ 2. Then, obviously,

B =E(KIE,) = [E[IIA;OIIép]-
Let 2 = Q(w) be the partially isometric operator appearing in the polar decomposition

Ay = Q)| Ag|.
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We introduce the analytic function
f@© =HTr A [K P K| 0@,

which will be treated by the three lines lemma. Since ||A¢|| <1 for Re¢ =0, and ||| K| ™% Q*|| < 1, we
obtain that

|f(©)]<p, for Re¢=0. (6.3)
On the other hand,
IF (O] < @)~ B2V 2llal2lbll2,  for ReZ =1, (6.4)

by an analogue of Holder’s inequality valid for Schatten classes. Indeed, for Re ¢ =1,
2 2 2
|F O < EllA NI, - ELIK I, 1,
and

E[lA; 15,1 = E[Tr AjA. 1= Y E[TrA},Ac,] < Qo) |V (3lal31b15.

nezd

Using the three lines lemma, we obtain from (6.3) and (6.4) that
£ @) < @)~ @ReEgIRER V|15 a3* € 1b]15°.
Note now that f(¢p) = . Consequently,
_ ~ 2 2 2
BYP < )PV IS a3 P b1 O
Corollary 6.2. Let T be a random operator of the form
T =|a|FV F*|b|,
with
Vix):= anvnx(x —n).
n
Letae LP, be L?, v, € P and p > 2. Then
ELITIG,DY? < @) lall, b1, 1 VIl

Proof. Observe that the functions |a|?/?, |b|P/? and vr/2 belong to L?. Therefore, according to the
proposition, the & ,-norm of the operator

K= |a|P§/2FVP§/2F*|b|P§/2
obeys the inequality
2

ELKNE DYP < @02 alP 215 Wb 1571V, Reg =2/p. O

The following result is a very well-known bound obtained by E. Seiler and B. Simon [Seiler and Simon
1975]. Moreover, the reader can easily prove it using standard interpolation.
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Proposition 6.3. Let a and W be two functions from LP (R?) with p > 2. Let T be the operator
T=aFW,
where F is the operator of the Fourier transform. Then
ITlls, < @)™ lall, Wy, p=2.
Corollary 6.4. Let g > p > 2. Let T be a random operator of the form
T =|a|FV F*|b|,
with
Vx):= anvnx(x —n).
n
Letae L?, be LY and v, € £P. Then
ELITIE DY < @0y~ P~ al b1l 1 VIl
Proof. According to Proposition 6.3,
1T, < @0~ Pllall, bl VI, p=2.
On the other hand, according to Corollary 6.2,
ELNTIG,DY? < @) lall, 1611 V1.
It remains to interpolate between the two cases. For that purpose, we introduce the function
f(¢) =E[(Tr KP)(1+4*P)(1*C)/P+C(P*1)(‘]*1’)/[72 Tr |a|FVF*|b|q§/prle*],
where K = ||a|FV F*|b|| and € is the partially isometric operator appearing in the polar decomposition

la|FVF*|b| = QK.
For convenience, we write

B :=E[(Tr KP)/P].
If Re ¢ =0, then by Hélder’s inequality,

1F O] <)y~ PBllall, IV,
If Re¢ =1, then
£ (O] < EL(Tr KP)P=DG=P/P [|a| FV F*|b|9/P ||, (Tt K7)P=D/P],
which leads to
£ @< B P @m) P al, |1BIEP V] -

Observe also that

fp/q)=B.

Thus by the three lines lemma,

B < B'V4Qm)y == |, 1bll, IV - 0
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7. Large values of Re ¢

Let 0 < R < 1. Let xo be the characteristic function of the ball
2|k
93={5eR":|s|s%},

and let x; x = 1 — xo.x be the characteristic function of its complement

2k
Rd\%:{sew:@p%}.
We introduce the operators

Py = FYniF"

which are the spectral projections of —A corresponding to the intervals [0, 4|k|?/R?] and (4]k|?/R?, c0).

Besides depending on the properties of (—A — z)~¢, the arguments of this paper also rely on the
properties of the operators P, x(—A — z)~¢ for different values of ¢. In this section, we discuss relatively
large values of Re ¢. The following proposition gives an important estimate for the integral kernel of
Pyx(—A — Z)_é‘-

Proposition 7.1. Let R < 1. Letd > 2, and let 3(d — 1) < Re ¢ < 1(d + 1). The integral kernel of the
operator Pj (A — 2)~¢ satisfies the estimate

_ 2 _1y2— _
|Pia(=A =2) "5 (x, y)| < Be UM k| @7 D2TREC Yy — y Reem(@HD2, (7.1)
forz ¢ Ry and j =0, 1. The positive constants B and « in this inequality depend only on d and Re ¢.

Proof. Due to Proposition 3.1, it is sufficient to prove only one of the inequalities (7.1). Let us first
estimate the integrals

iEx—y) dg > Ageig(xfy) d&
I, = / TER e =—|x —y| f TER e
k| <R|E| <2+ k| (1§15 — k%) k| <Rig| <2+ k) (&7 — k=)

Syt Sy VENIER —K2)E

_ 2iE(x — y)e'SW Y dE
—Clx—yl 2[ . (12
21 |k|<R|E| <27+ [K| (1§15 — k=)
for n > 1. We will show that
1] < e MmO (2 |k| /R)@D/2ReC |y y|Rec—(@+D/2, (7.3)
for some 8 > 0 and o > 0. A priori,
|I,| < Cqe™ ™ E12" |k |/ R) 2R, (7.4)

but the representation (7.2) leads to

|1,] < Cae™™ ™17 k|/R) 2R | x —y |71, (7.5)
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The first estimate (7.4) implies (7.3) for 2" |k||x — y| < R, because in this case,
|In] < Cae® ™10 k| /R)T2REE 2" |c — y| /R)REET@HD2,

The second inequality (7.5) implies (7.3) for 2" |k||x — y| > R, because %(d +1) —Re ¢ <1 and, therefore,

(2n|k|/R)d—2Re{—1|x _ y|—1 < (2}1|k|/R)d—2ReC+RC{—(d-‘rl)/zlx _ y|Re§—(d+1)/2'

The estimates (7.3) imply (7.1) for j = 1, because

Pii(—=A—2)C (e, 1) =Q@0) Y Iy, 0

n=1
Corollary 7.2. Let $(d — 1) <Re¢ < 3(d + 1), where d > 2. Let2 < r < 2d/(2Re ¢ — 1). Suppose
that W is a function of the form

W(x)= Z wyx(x—n), w,eC, x e R’
nezd

Then
_ 2 _ _
IW Pj 1 (—A —2) " xills, < Be®ImE || @=D/2Ret )y (7.6)

forz ¢ Ry and j =0, 1. The positive constants B and o in this inequality depend only on d and Re ¢.
If Re¢ = %(d + 1) and d > 2, then (7.6) holds with r = 2.

Proof. 1t follows from (7.1) that

IW Py (—A —2) ™ xil|%, < Ce2*AmO? | (@=D=2ReE N7 1y _j) 4 1)2Rec= @Dy 12

nezd
A simple application of Holder’s inequality leads to (7.6). ]
On the other hand, we have the inequality
— 2
IWPji(=A =27 xll < Be ™| Wlleo, (7.7)

for Re¢ = 0.
By interpolation, we obtain the following from (7.6) and (7.7).

Proposition 7.3. Let (d — 1) < x < 1(d + 1), where d > 2. Let 2 <r < 2d/(2x — 1). Suppose that W

is a function of the form

W(x) = Z wyx(x—n), w,eC, x e R’

nezd

Then, foranyRe¢ =t € (0,x), z¢ Ry and j =0, 1,
_ 2 _ _
IWP; 1 (—A =2 xille,,,, < Be® MO k| @=D/@=DT 1w, 0. (7.8)

The positive constants 8 and « in this inequality depend only on d and t. If » = %(d +1)and d > 2, then
(7.8) holds with r = 2.
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Proof. Indeed, let Re ¢y = 7, and let
A =Q|A|

be the polar decomposition of the operator
A= WP (—A—2) 7.
Consider the function

F@) = e T(WIT Pia(=A =) A< S Im0 Q).

If Re¢ =0, then
2x/t
62}(/1’ :

£ (0)] < CilIA]
If Re { = x, then
£ < Calk @D AN WIS

Consequently, by the three lines lemma,

| £ (Co)| < CIk|P @020 W | I AN SO g = 1.

rx/T Sox/e
Put differently,
2 2 —1)/2—x ) p
el Allg” < ClkP @D WAL T 0 =1/,
The latter inequality implies (7.8), and the proof is completed. O

In particular, once we set rx /1 = 4, we obtain the following.

Corollary 7.4. Let %(d —D<x< %(d + 1), where d > 2. Suppose that W is a function of the form

Wix) = Z wyx(x—n), w,eC, xe RY.
nezd

Then
_ 2 _ _
IWP; 1 (—A —2) " xillg, < Be®ImE) || (@=D/@)=DRe gy, (7.9)

for any %}t <Re¢ <min{x,dx/(4x —2)}, z¢ Ry and j =0, 1. The positive constants B and « in this
inequality depend only on d and Re ¢. If » = %(d + 1) and d > 2, then (7.9) holds with Re { = %}f.

We will now discuss the properties of the random operators
Xnm(§) = € (WP, (=& = 2) " V(=A = 2) Py i W),
Here W is a fixed function which does not depend on w.

Proposition 7.5. Let (d — 1) < x < 3(d + 1), where d > 2. Let 1 <Re¢ < min{x, dx/(4x — 2)}.
Assume that V € L2(RY), W € L*(R?) and oy > 20 Then

_ 2 _ _ [
EXpm (O, < Crege@ e ImO” | (@=DI=D Ry gy, 1w 3. (7.10)

If x=1(d+1) and d > 2, then (7.10) holds with Re { = 1x.
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Proof. Obviously,
B Xnm (ON1E,) = E(Tr X0 (2)* X m (2))

2 . :
< PORES P IW Pk (—A =) xlig I (—A =) T P WG,
lezd

Together with Corollary 7.4, this implies (7.10). U

We will also study the spectral properties of the operator

Y () = Xo,0(¢) + Xo,1(¢) + X1,0(¢).

Corollary 7.6. Let %(a’— )<x< %(a’+ 1), where d > 2. Let %){ <Re¢ <min{x, dx/(4x —2)}. Assume
that V € L>(RY, W = V12 and g > 2. Then

_ 2 _ _ ~
EY (O NIE,)? < Cree@@ MO g (@=D/x=DRety 712, (7.11)

If x=1%(d+1) and d > 2, then (7.11) holds with Re { = x.

8. Small values of Re ¢

The notations we use in this section are the same as in the previous one. In particular, the projections

P, x are the same as before. As was mentioned, the arguments of this paper rely on the properties of the

operators P, ;(—A —z)~¢ for different values of ¢. In this section, we discuss the case 0 <Re ¢ < 1.
In the next two propositions, we discuss the properties of the random operators

Xy (£) = 5 (W Py (—A —2) S V(= A — 2) S Py W),

forRe¢ = %y and0 <y < % Here W is a fixed function which does not depend on w. The value of the
parameter oo should be sufficiently large as in Corollary 7.6.
Later, we will also study the spectral properties of the operator

Y () = Xo,0(¢) + Xo,1(¢) + X1,0(¢).

However, the terms in this representation will be studied separately. A this point, we do not discuss
X1,1(¢) atall.

Proposition 8.1. Letd > 2. Let z €e C\ Ry, and let2 <2p < 3/y. Assume that 0 < R < 1. If Re¢ = %y,
Wel* and V L??, then X0,0(¢) € &, almost surely. Moreover,

3d/(2p)—2
|k|) /@p)=2y

_ 2
E(I1X0,0()IE)"? < Cpyemeoltme] /2(; IV Il2p W5, 8.1)

Proof. This statement follows from Corollary 6.2 and Proposition 6.3. If r = %q =2p,thenl/r+2/g=1/p.
Moreover, since

X0.0(8) = €5 (W(=A —2) PPy (=A —2) 2PV (=A —2) %P Py (= A —2) 5P W),
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we obtain the estimate
1 X0.0(O)l»
2 _ ~ _ _ _
<™ [ W(=A = 2) PPy rllg N Pos(—A —2) 2PV (=A — 2) B Py il | Pox (A —2) " PwW .

It remains to realize that

(/ Yok d )2/’<</ d& )2/’+C ec|1m;|(/ ds )2/’
re (112 =223 ) 7 \Jjg)<ai) 1IEI7 — )23 Py <2kl R 1E12V773

< Cp’yecumu <7> — Cp’yecllmf\ (?) , yr <3,

while a similar argument shows that

2 2(d— 3) d/2p)—-2y/3
Xo.x d€ e _ lme| @ qv/3)/q = gl @ /@2p)=2y/
v (62 —0R)e) = Crre R =Crre R ' -

Proposition 8.2. Let2 <d <5. Let 7 € C\ R4, and let 2 < 2p < 3/y. Assume that 4py > d and
O<R<I1IfRet = %y, WelL* and V € L3P, then X0,1(¢) € 6, for all w. Moreover,

k]

djp-2y _ )
R) IVI2p W%, (8.2)

1X01(Dlls, < cp,ye—‘m“mf'z/z(
Proof. Since
2 _ _ —
X0.1(2) =™ (W(—=A —2) PPy s(—A —2) XBVP p(—A —2) W),
we obtain the estimate

2 _ — —_
1 X011 < 125 [ IW(=A =2) PPy sllapll Pos(—A = 2) 2PV 2 | Pri(—A = 2) " W lap.

It remains to realize that

Yo d& 1/@ep)y | k| d/(2p)-2y/3

) clim

Lo =Gem(Q)
re [(I§1F—2)7¢77| R

xo.x d& VICTONY | k| d/(4p)—y/3

3 clim

f 2 \¢/34p =Cpye - .
re (1§15 —2)¢/°| R

Finally,

1/(4p) 1/(4p) d/@4p)—y
X1,k d§ < Dpcime| d§ <C, eclm¢l E O
2 z14p = 3 2yp -y R
re [(1517 = 2)¢| g1=21kl/R (3]€]2)

Let us now talk about the operator Y (¢). The study of this operator must be harder compared to the
study of X 1(¢) simply because Pj y(—A — z)~¢ is bounded uniformly in z while this is not true about
Pox(—A—2)7%

while
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Corollary 8.3. Let2 <d <5. Let |k| > R where 0 < R < 1. Let also W = \/7 Assume that2 <2p <3/y
and4py >d. If Re¢ = %y and V € L*?, then
b B 20 (1K 3d/(2p)-2y
EAYOlls,) /P < Cpyecolme] ﬂ(;)

In particular, we can set p = 1 and prove the following statement.

712
1713,

Proposition 8.4. Let2 <d <5. Let |k| > R where 0 < R < 1. Let also W = \/7 . Assume that

%d< %y:Reg‘ < %.
Then
|k|)3d/2—4Re{

VI3
R VI3

E(IY@)lls) < cRe;e—aoumclz/z(

9. Another interpolation between small and large values of Re ¢

Let us recall two theorems that hold for the operator

Y (£) = Xo0,0(8) + Xo0,1(5) + X1,0(0),
with W = V1/2, By small values of Re ¢ we mean the values that are considered in Corollary 8.3, which
states that, for any p > 1 and d/(8p) < Re¢ < 3/(4p),

|k| 3d/(2p)—4Re¢ ~ 5
—) V113, 9.1)

1 —ap|Im¢[?/2
EIY(OIIE)"? < Creg,pe e (R

In this corollary, we had to assume that 2 < d <5 and |k| > R, where O < R < 1. One should also not
forget that our assumptions about y = 2 Re ¢ imply that Re ¢ < %.
In the next result, we only replace 4 Re ¢ by d/(2p) in the right-hand side of (9.1).

Theorem 9.1. Let2 <d <5. Let W = V2. Let
0<Re¢ < %.

Assume that
d 3

8Re¢ =pP= 4Rel’

p=>1,
and 0 < R < 1. Then
P \1/p —wolmepy2 (N7 o
EAY(Olg,) " = Crec.pe R Vi3,
for |k| = R.

For the sake of simplicity, we choose
d

7Re¢’

In this case, because of the assumption p > 1 that we made, we have to assume that

p:

O<Re§§%d.

Note that %d < %. Thus, we can formulate the following assertion.
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Corollary 9.2. Let2 <d <5. Let0 <Re¢ < %d andlet p=d/(TRe¢). Assume that 0 < R < 1. Then

Ik|

d/p
— 2 ad
[E(||Y(§)||ép)1/pSCRC{,pe a0|1m§| /2(?) ”V”%F,

for k| > R.

By the large values of Re ¢ we mean the values appearing in Corollary 7.6. We will use only a simpler
version of this result.

Theorem 9.3. Letd > 3. Let 1 <v <n <?2. Let

2Reg =24 41 9.2)
el =—4+—. .
3 2 2d-2)
Assume that V € L*(R%) and ag > 2. Then
(E(IY (01,72 < Cre g0 MmO e =2 7|2, 9.3)
Proof. For Re ¢ defined in (9.2), the assumption v < n < 2 leads to the inequalities
d+1 dd—-1)—
dtl _Rer < d-D—v 9.4)
2 2(d—2)
Let us now introduce the parameter x, setting
2(d—1)Re¢
=
4Re¢ —v
The latter relation simply means that
(d—1)
v=|(2— 2Rec¢. 9.5)
X

Thus (9.3) coincides with (7.11). Let us check that all conditions of Corollary 7.6 are fulfilled. The
second inequality in (9.4) implies
dd—1)—v - d—1
2(d —v) 27
while the first inequality in (9.4) combined with the condition v < 2 implies that

d+1
< —-.

2

One can also see that the first inequality in (9.6) is equivalent to the estimate

(9.6)

XV dx
< .
2% —(d—-1) 2x—1
Finally, note that when d > 3, the condition Re { < x follows from the fact that v + n > 2. Consequently,

2Re¢ =

Corollary 7.6 implies Theorem 9.3. ]

We interpolate between Corollary 9.2 and Theorem 9.3.
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Theorem 9.4. Let 3 < d < 5. Assume that 1| satisfies
d m—Dd+1) d—n (v—Dd+1
0o<{|= -2 <—- 9.7
—<(2+ 7d t2a—2 o= 7d ©.7)

with n and v such that 1 <v < n < 2. If d = 3, then we assume additionally that 8v +9n < 26. Let p, q
and r be the numbers defined by

d 1 1—9+9 J 1 1—0+0 9.8)
= —, _= — — an -—= ) .
p Tt q p 2 r 2p 2
where 0 is the solution of the equation
0 (d d—n
1-6)+=| = =1. 9.9
7i( )+2Q+du—m> 9.9)
Then
| KN e
@wYan@g)”sch(E) kI~ 9.10)

for k| > Rand0 < R < 1.
Proof. Observe that

2v-hld+h _d
o<l 7d=3)d =7 ifd>3,
80—l _d | )
212—n) = 7 if 8v4+91n <26 and d = 3.
In both cases, 7| obeys
0<1 <3d.

Consider Y (¢) for ¢ running over the strip

d d—n
71 <Re¢ <-—+ .
4  4d-2)

Since we have some information about the values of this function on the boundary of the strip, we obtain

(9.10) by interpolation between Corollary 9.2 and Theorem 9.3. (I

Remark. We need to explain why the parameters were selected as described in Theorem 9.4. The work
with perturbation determinants requires convergence of integrals of the form

foo EQY(DIg,) dk, &> 0,

&

so we need the parameters to satisfy the condition
qd(1—6) ¢qOv

< -1,
p 2

which is equivalent to the inequality

ov 1 -1 (1-0
n—gy <L _60=D d-om
14 g 14 d




EIGENVALUE BOUNDS FOR SCHRODINGER OPERATORS WITH RANDOM COMPLEX POTENTIALS 1057

implying that 60— Dd )
vV — +
11(1-0) < —1ag

The latter can be written differently as

9<d d—n) O(v—D(d+1)
1-2(=+ < :
2\2 " 2@ —2) 14d

d (w-1)d+1) d—n
2<9<§+ 7d +2(d—2))' 9.11)

The condition that 6 is large can be converted into an inequality showing that 7; is small. The relation
(9.11) is satisfied if

d (w-1Hd+1) d—n v—-Dd+1)
((5 T Taas 2)) N 2)“ = 7d

In other words,

Since n > v, this condition is obviously fulfilled if (9.7) holds.
In the next statement, we estimate the remainder X 1(¢) for ¢ = 1.

Theorem 9.5. Let p > %d >2,andlet ¢ = 1. Then

KN
ELI X118, 117 < C(? VI

Proof. In this theorem, we deal with the operator
W(=A =27 PV (=A =27 P

On the one hand, we see that

2/p
E[ll(—=A =) PV (=A =) Piylig 1V7 < C(f 1§17 — 2|27 dé) V1.
\

§|>2|k|/R

which implies the inequality

_ _ K\~
ELl(=A =2 PV (=A—2) 2/3P1,k||gp]“f’sc(; Vi p>3d.
On the other hand,
Vip 12 LIS 3
IW(=A—2)"" Pl,kn@psc(;) Vi, p>3d.
Consequently,
. i pom - (Y e .
ELIW(=A =27 PLeV(=A =7 PcWiig 177 < C( ) VI, p>3d. O

The next statement follows by Holder’s inequality.
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Corollary 9.6. Let g > 3d > 1, and let { = 1. Then

ELI X111, 1/q<C<' ') V113,

Surprisingly, ¢ in (9.8) satisfies the inequality g > %a’ > 1. Thus, we obtain the following result.

Theorem 9.7. Let 3 <d <S5. Assume that t| satisfies (9.7) with n and v such that 1 <v <n <2. If d =3,
then we assume additionally that 8v 4+ 9n < 26. Let p, q and r be the numbers defined by

d 1 1—-6 6 1 1-6 6
e BT 9.12)
111 q p 2 r 2p 2
where 0 is the solution of the equation
-0+ 2 (5450 ) =1 9.13)
71(1— . .
! 2(d —2)
Then
| KN o (KN 5
ENX®IE N <C KR) k|~ +<E) ]nvu,,

for|k| > Rand0 < R < 1.

10. Proof of Theorem 1.5

Again, we work with the function
d(z) =det,(I — X(k)), n=I[q]l+1,

where z is related to k via the Joukowski mapping
R &
7= ? + E, R > 0.
Standard arguments allow us to rewrite (5.2) with p replaced by ¢ as

Im k; ([k;|* — R?) o 1 R 7 i .
E[Xj: Jlkj-lzR 15(7(/_ [E[”X(")”qsq](R kz) dk+f0 [E[||X(R-ee)||q6q]sm9d9),

o0

where the k; are defined as square roots of eigenvalues of H. Due to Theorem 9.7, the latter inequality
yields

Imk;(|k;|> — R*)4 B ~
E ) < C|R|%V2 V%, 10.1
[Z LR < CIR[™"|| V| (10.1)

Now, suppose that we consider only the eigenvalues A; = kf that satisfy the inequality
kil < Ro.

Multiplying (10.1) by R°~! and integrating with respect to R from 0 to Ry, we obtain

E[ > 1mk,-|kj|“—1] < C|RI" V|24, & > Logv. O
|kj|<Ro
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Let E C R™*! be a parabolic uniformly rectifiable set. We prove that every bounded solution u to
du—Au=0 in R\ E

satisfies a Carleson measure estimate condition. An important technical novelty of our work is that we
develop a corona domain approximation scheme for E in terms of regular Lip(1/2, 1) graph domains.
This scheme has an analogous elliptic version which improves on the known results in that setting.

1. Introduction

For more than forty years, there has been significant interest in quantitative estimates for solutions of (linear)
elliptic and parabolic partial differential equations in the absence of smoothness. In this area of research,
the lack of smoothness presents itself in the structure or regularity of the coefficients of the operator, or
in the geometry of the domain. Recently, sustained efforts in this area have provided characterizations of
quantitative geometric notions (e.g., uniform rectifiability) in terms of quantitative estimates for harmonic
functions [Garnett et al. 2018; Hofmann et al. 2016] and a geometric characterization of the L”-solvability
of the Dirichlet problem [Azzam et al. 2020]. This paper concerns the parabolic analogue of [Hofmann
et al. 2016] and overcomes the substantial difficulty introduced by the distinguished time direction and
the anisotropic scaling. To deal with this difficulty, we are forced to build appropriate approximating
domains with better properties than would be enjoyed by the parabolic analogues of the chord-arc domains
constructed in that paper. In particular, our construction improves on that of [Hofmann et al. 2016], even
in the elliptic setting. We shall discuss these issues in more detail momentarily.
We shall prove the following.

Theorem 1.1 (a Carleson measure estimate for bounded caloric functions). Let n > 2. Let E C R"!

be a set which is uniformly rectifiable in the parabolic sense. Then for any solution to (0 — Ax)u =0
in R"™\ E withu € L°(R"*'\ E),
sup ! // IVul?8(s, Y) dY ds < Cllull7o ge (1.2)
(t,X)eE,r>0 B((t,X),r)
where §(s, Y) := dist((s, Y), E) and C depends only on the dimension and the parabolic uniformly
rectifiable constants for E.
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Here and below, dist((s, Y), E) is the parabolic distance from (s, Y) to the given set E, and the ball
B((t, X), r) is defined with respect to the parabolic metric; see (2.1) and (2.2) below.
In the case that €2 is an open set, the following holds.

Theorem 1.3. Let n > 2. Let Q C R"*! be an open set for which 32 is uniformly rectifiable in the
parabolic sense. Then for any solution to (3; — Ax)u = 0 in Q with u € L*(2),

sup ! // IVul?8(s, ¥)dY ds < Cllull7oqy,
(t,X)EE,r>0 B((t,X),r)NSQ

where C depends only the dimension and the parabolic uniformly rectifiable constants for 02. Here,

3(s, Y) :=dist((s, Y), dR2), the parabolic distance to 0S2.

The notion of parabolic uniform rectifiability was introduced in [Hofmann et al. 2003; 2004] and
is defined below, but we first provide some context here. Through the works of Hofmann, Lewis,
Murray and Silver [Hofmann 1995; 1997; Hofmann and Lewis 1996; 2005; Lewis and Murray 1995;
Lewis and Silver 1988], it was shown that the good parabolic graphs for parabolic singular integrals
and parabolic potential theory are regular Lip(l/2, 1) graphs, that is, graphs which are Lip(1/2, 1) (in
time-space coordinates) and which possess extra regularity in time in the sense that a (nonlocal) half-order
time derivative of the defining function of the graph is in the space of functions of parabolic bounded
mean oscillation. This is in contrast to the elliptic setting, where one often views Lipschitz graphs as the
good graphs for singular integrals and potential theory (because of [Coifman et al. 1982; 1983; Coifman
and Semmes 1991; Dahlberg 1977; David 1991]), and where the BMO estimate for the gradient is an
automatic consequence of Rademacher’s theorem and the inclusion of L* in BMO. The definition of
parabolic uniform rectifiability in [Hofmann et al. 2003; 2004] is given in terms of parabolic 8 numbers,'
but we do not work with this definition directly here. Instead, we work with an equivalent notion of
parabolic uniform rectifiability in terms of the existence of appropriate corona decompositions recently
established in [Bortz et al. 2023; 2022a]. However, it is worth remarking that the graph of a Lip(1/2, 1)
function is parabolic uniformly rectifiable if and only if the function has a half-order time derivative in
parabolic BMO. In contrast to the case of elliptic uniform rectifiability, which has reached a state of
maturity that includes numerous interesting characterizations, this is not the case for parabolic uniform
rectifiability. In fact, beyond [Hofmann et al. 2003; 2004], the only correct and more systematic studies of
parabolic uniformly rectifiable sets can be found in [Bortz et al. 2023; 2022a].? In these works, parabolic
uniform rectifiability is characterized in terms of a bilateral coronization by regular Lip(l/2, 1) graphs
(Lemma 2.14), and this characterization is the starting point for the analysis in this paper. In general
there are many interesting open problems in this and related areas, and it should be emphasized that
parabolic uniform rectifiability is significantly different to its elliptic counterpart; see [Bortz et al. 2022a,
Observation 4.19].

IThese B numbers can be traced back to the work of P. Jones [1990].
2There are works of J. Rivera-Noriega in this area, but these articles have significant gaps or no proofs. Some of these gaps
are outlined in [Bortz et al. 2023; 2022a; 2022b].
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To give an idea of the methods involved in the proof of Theorem 1.1, the primary novelty of our
work is a corona domain approximation scheme (Proposition 3.25) in terms of regular Lip(!/2, 1) graph
domains. This is in contrast to the (elliptic) NTA domain approximations produced in [Hofmann et al.
2016] for uniformly rectifiable sets. In fact, our proof here carries over without modification to the
elliptic setting,? providing an (improved) approximation by Lipschitz domains. In [Hofmann et al. 2016]
the authors use Whitney cubes to construct these NTA domains using dyadic sawtooths and exploiting
an elliptic bilateral corona decomposition. The heuristic in the elliptic setting is that these sawtooth
domains inherit many essential properties of the original boundary. In contrast, in the parabolic setting
the analogous constructions do not necessarily inherit even the most basic properties. One of the most
readily apparent difficulties in the parabolic setting comes from the fact that the natural lower dimensional
parabolic measure can easily fail to see relatively nice sets. In particular, given a cube (with respect to
the standard coordinates) in R”*!, two of the faces (those orthogonal to the time axis) have zero natural
parabolic surface measure, which says that, not only does the boundary of a cube fail to be uniformly
rectifiable in the parabolic sense, it fails even to have the Ahlfors—David regularity property. The method
outlined in this paper circumvents this difficulty by lifting the graphs in the parabolic bilateral corona
decomposition (Lemma 2.14) in a manner that respects the stopping time regimes and thereby produces
the graph domains rather directly. We also point out that, while the analogous elliptic results (in [Hofmann
et al. 2016]) proceed along the lines of extrapolation of Carleson measures it was later seen in [Hofmann
et al. 2019] that this was unnecessary and a more direct approach is available. Therefore, upon proving
Proposition 3.25, the proof of Theorem 1.1 proceeds as in [Hofmann et al. 2019].

Let us provide some motivation for the estimate in Theorem 1.1. As remarked above, (elliptic)
uniform rectifiability has been characterized by various properties of harmonic functions and among these
characterizations is the elliptic version of the Carleson measure estimate in Theorem 1.1; see [Garnett
et al. 2018; Hofmann et al. 2016]. We therefore expect that the estimate in Theorem 1.1 is a significant
step in characterizing parabolic uniform rectifiability by properties of caloric functions. We suspect that
additional considerations and conditions will need to be made, as was the case for nonsymmetric operators
in the elliptic setting [Azzam et al. 2022], in the converse, free-boundary direction due to the lack of
self-adjointness of the heat operator. In domains that are sufficiently nice topologically, the estimate
in Theorem 1.1 (and its elliptic analogue) is also intimately tied to the solvability of the L”-Dirichlet
boundary value problem in the parabolic setting [Dindos et al. 2017; Genschaw and Hofmann 2020] (see
[Kenig et al. 2000; 2016] and related work in [Dindos$ et al. 2011; Hofmann and Le 2018; Zhao 2018] for
the elliptic theory). Indeed, in the case of regular Lip(/2, 1) graph domains it is known that estimate (1.2)
for bounded null-solutions to general parabolic operators of the form £ = 9, — divy AVy is equivalent to
the solvability of the L?”-Dirichlet boundary value problem for some p > 1 [Dindos et al. 2017] (boundary
value problem means the data is prescribed on the lateral boundary). In fact, merely assuming parabolic
Ahlfors—David regularity* and a backwards thickness condition (also of Ahlfors—David regular type),
the solvability of the L”-Dirichlet boundary value problem is implied by a stronger estimate where the

3Except that the technical Lemma 3.24 is no longer needed.
“In particular, without assuming that the domain is the region above a regular Lip(l/2, 1) graph.
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L*>-norm on the right-hand side of (1.2) is replaced by the (boundary) BMO norm of the data; see
[Genschaw and Hofmann 2020]. This stronger estimate is unlikely to hold” in the present setting due to
the lack of (nontangential) accessibility to the boundary.

The rest of this paper is organized as follows. In Section 2 we introduce the notions and notation used
throughout the paper. In Section 3 we construct approximating domains, each adapted to a particular
stopping time regime in the parabolic bilateral corona decomposition, Lemma 2.14. In Section 4 we prove
the main theorems of the paper (Theorems 1.1 and 1.3) using the constructions produced in Section 3. In
Section 5 we discuss some possible extensions of the results here.

2. Preliminaries

In this paper, we work in R"*! identified with R x R* = {(t, X):t€R, X e R"}andn e N, n >2.5 We
use the notation

dist(A, B) := inf X — Y|+t —s|'/? (2.1)
(t,X)eA,(s,Y)eB

to denote the parabolic distance between A and B, with A, B C R"*!. We also use the notation B((¢, X), )
for the parabolic ball centered at (¢, X) with radius r > 0, that is,

B((t, X),r) :={(s, Y) : dist((t, X), (s,Y)) <r}. 2.2)
Given E C R"*! we let diam(E) denote the diameter, or parabolic diameter, defined with respect to the
parabolic metric.

Definition 2.3 (parabolic Hausdorff measure). Given s > 0 we let ), denote the s-dimensional parabolic
Hausdorff measure. More specifically, for a set E C R"*! and € > 0 we define

M, (E) := inf{z diam(E;)* : E € J Ei, diam(E;) < e},

’H;(E) = 6l_i)n([)l+ H;’E(E) = lim sup ’H;’E(E).

e—0t
The following family of planes will be important in this work.

Definition 2.4 (t-independent planes). We say that an n-dimensional plane P in R"*! is ¢-independent if
it contains a line in the z-direction. Equivalently, if v is the normal vector to P, then v - (1, 0) = 0.

The following local energy (Caccioppoli) inequality holds for solutions to the heat equation.

Lemma 2.5 (Caccioppoli inequality). Let B = B((t, X), r), and suppose that u € (1 + «)B is a solution
to (0, — Ax)u =0 for some a > 0. Then
/|vxu(t,X)|2dXdzgr—2/ lu|?dX dt,
B (1+a)B
where the implicit constant depends on the dimension and o.

SThe elliptic analogue does not hold (in general) in the complement of uniformly rectifiable set.
SWe apologize for the departure from the usual notation (X, ¢), but we will often be working with graphs and it is convenient
to have the last variable as the graph variable.
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Definition 2.6 (Ahlfors—David regular). We say E C R"*! is (parabolic) Ahlfors-David regular, written
E is ADR, if it is closed and there exists a constant C > 0 such that

C it <1 (B((1, X), r)NE) <Cr"™t V@, X) € E, r € (0, diam(E)).

We will call the C of Definition 2.6 the Ahlfors—David regularity constant and if a particular constant
depends on the Ahlfors—David regularity constant, we will say that the constant depends on ADR. We
will sometimes write o := HZH |E to denote the surface measure on E. (The underlying set defining o
will always be clear from the context.)

An ADR set E can be viewed as a space of homogeneous type, (E, dist, o), with homogeneous
dimension n + 1. All such sets have a nice filtration, which we will refer to as the dyadic cubes on E.

Lemma 2.7 [Christ 1990; David and Semmes 1991; 1993; Hytonen and Kairema 2012; Hytonen and
Martikainen 2012]. Assume that E C R"*! is (parabolic) ADR in the sense of Definition 2.6 with
constant C. Then E admits a parabolic dyadic decomposition in the sense that there exist constants
agp >0, y >0, and c, < 00, such that for each k € Z there exists a collection of Borel sets, Dy, which we
will call (dyadic) cubes, such that

Di:={Qf CE:j e},
where Ty denotes some (countable) index set depending on k, with the decomposition satisfying
(i) E=U;Q}, foreachk e Z.
(ii) If m > k, then either Q7' C Q;? or Q'N Q;f = .
(iii) For each (j, k) and each m < k, there is a unique i such that ij c Qon
(iv) diam(Qf) <c 27k
(v) Each Qf contains E N B((t]k, ZJI.‘), ao2™%) for some (t{‘, ZJ’.‘) eE.
(i) E({(t, Z) € Qf : dist((r, Z), E\ 0%) <027*)) < cu0? E(Q}), for all k, j and for all ¢ € (0, ).

Remark 2.8. We denote by D = D(E) the collection of all Q/; ,l.e.,

D:= U Dg.
k
Given a cube Q € D, we set
Do:={Q eD: Q' c Q}.

For a dyadic cube Q € Dy, we let £(Q) :=27%, and we refer to this quantity as the size or side-length
of Q. Evidently, £(Q) ~ diam(Q) with constant of comparison depending at most on n and C. Note that
(iv) and (v) of Lemma 2.7 imply that for each cube Q € Dy, there is a point (zp, Xp) € E and a ball
B((tg, X ), r) such that r ~ 2% ~ diam(Q) and

ENB((tg, Xp),r) CQ C ENB((tg, X9),Cr), 2.9
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for some uniform constant C. We shall refer to the point (zp, X) as the center of Q. Given a dyadic
cube Q C E and K > 1, we define the K dilate of Q as

KQ:={(t X) € E : dist((t, X), E) < (K — 1) diam(Q)}. (2.10)

Throughout the paper we assume that E is uniformly rectifiable in the parabolic sense. We nominally
define this notion in language that will be meaningful to those intimately familiar with the work of David
and Semmes, but we will not discuss and introduce all the relevant terminology (the interested reader may
consult [Bortz et al. 2022a, Definition 4]), as it will not be used in the present work. In fact, the reader
can safely ignore the following definition, as parabolic uniform rectifiability is equivalent to the existence
of a bilateral corona decomposition [Bortz et al. 2023, Theorem 3.3] (see Lemma 2.14 below) and the
latter is the formulation of parabolic uniform rectifiability that we will actually use throughout the paper.

Definition 2.11 (uniformly rectifiable in the parabolic sense (P-UR)). We say a set E C R"*! is uniformly
rectifiable in the parabolic sense (P-UR) if E is ADR and satisfies the (2, 2) geometric lemma with respect
to t-independent planes and the measure HZ“; see [Bortz et al. 2022a, Definition 4.1].” We say that a
constant depends on P-UR if it depends on the ADR and Carleson measure constant in the definition of
the (2, 2) geometric lemma (with respect to 7-independent planes and the measure ’HZ*I).

In order to state the bilateral corona decomposition, we need to define regular Lip(1/2, 1) graphs and
coherent subsets of dyadic cubes.

Definition 2.12 (regular Lip(!/>, 1) graphs). We say that I" is a regular Lip(!/2, 1) graph if there exists a
t-independent plane P and a function v : P — P~ such that

I'={(p,¥(p):peP}

where, upon identifying P with R” = R x R ={(t,x") : t € R, x’ € R*"!}, there exist constants b;
and b, such that ¢ has the following two properties:

e ¢ is a Lip(!/2, 1) function with constant bounded by by, that is
W@ x) = s, ) =il =y [+l =51V, V@ x), (5, y) eR"
Y has a half-order time derivative in parabolic-BMO with parabolic-BMO norm bounded by b,, that is,
1D, lp-spo@n) < ba,

where P-BMO is the space of bounded mean oscillation with respect to parabolic balls (or cubes) and
D,l/ 21&(1‘, x") denotes the half-order time derivative. The half-order time derivative of ¥ can be defined
by the Fourier transform or by

W(S, -x/) - w(t’ -x/)

SRR

1/2

D, "y (t,x") :=¢p.v. dt, VieR, Vx' eR",

where ¢ is an appropriate constant.

7In [Bortz et al. 2022a], a different measure was used in place of Hg"'l, but these measures are equivalent when the set E is
P-UR (with respect to either measure). See [Bortz et al. 2023, Corollary B.2].
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Definition 2.13 (coherency [David and Semmes 1993]). Suppose E is a d-dimensional ADR set with
dyadic cubes D(E). Let S C D(E). We say that S is coherent if the following conditions hold:

(a) S contains a unique maximal element Q(S) which contains all other elements of S as subsets.
(b) If Q belongs to S and if 0 € O C O(S), then O € S.
(c) Given a cube Q € S, either all of its children belong to S, or none of them do.
We say that S is semicoherent if only conditions (a) and (b) hold.
The following is the bilateral corona decomposition.

Lemma 2.14 [Bortz et al. 2023, Theorem 3.3]. Suppose that E C R**! is P-UR. Given any positive
constant n <K 1 and K := n_l, there are constants C, = C,(n, n, ADR, P-UR) and b, =b,(n, ADR, P-UR)
and a disjoint decomposition D(E) = G U B satisfying the following properties:
(1) The good collection G is further subdivided into disjoint stopping time regimes, G = Ug«csS™ such
that each such regime S* is coherent.
(2) The bad cubes, as well as the maximal cubes Q(S*) satisfy a Carleson packing condition:
Y e @)+ D> (@) =Co(Q). YO eD(E).

Q'cQ,Q'eB S$*:0(S*)CQ

(3) For each S¥, there is a regular Lip(1/2, 1) graph Tg«, where the function defining the graph has

Lip(1/2, 1) constant at most n (that is, by < n) and whose half-order time derivative has P-BMO norm
bounded by b;, such that, for every Q € S¥

sup dist((t, X), I's«) + sup dist((s, Y), E) < ndiam(Q), (2.15)
t,X)eKQ (s,Y)eBHNTgx

where BZ = B(xg, K diam(Q)).

Remark 2.16. Notice that if S is any coherent subregime of $*8 then item (3) holds for every Q € S.
Also, note that below we may insist that K is large, but this should be interpreted as taking 7 small.

Definition 2.17 (Whitney cubes and Whitney regions). Given an ADR set E C R"*! we let W(E®) be
the standard (parabolic) Whitney decomposition of E¢, that is, W(E) = {I;} is a collection of closed
parabolic dyadic cubes’ with disjoint interiors, Uw(eeyli = E€, and for each I € W(E®),

4diam(/) < dist(41, E) < dist({, E) < 100 diam(/).
(A similar construction can be found in Lemma 3.24 below). For n < 1 <« K and Q € D(E), we define
Wo(n, K) ={I e W(E®) : nV/*diam(Q) < dist(I, E) < dist(I, Q) < K'/* diam(Q)}

and
WZ(n, K)={I e W(E°): n4 diam(Q) < dist(/, E) < dist({, Q) < K diam(Q)}.

8This means S C $* and § satisfies the coherency conditions in Definition 2.13.
9This means cubes from the collection of parabolic cubes in R"t1 = R x R" with vertices at the lattice points 22k7 x 2k7n,
for each k € Z.
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Comparing volumes, we see that #/Vy < C(n, , K) (we use the notation #A to denote the cardinality of
a finite set A). For n < 1 € K and Q € D(FE), we set

Up(n.K)= |J I and U K)= (] I
1eWgo(n,K) 1ewy(n.K)

Remark 2.18. The reader may readily verify that the Whitney regions Ug and U 5 have bounded overlaps,
that is,
D ol X+ ) Ly, X) S 1, V@, X) e R,
QeD(E) QeD(E)

where the implicit constant depends on the dimension, ADR, 5, and K.

3. Domain approximation in stopping time regimes

In this section we assume that E has a bilateral corona decomposition and we fix S, a coherent subregime
of a stopping time regime S* in the bilateral corona decomposition (by Remark 2.16 the same estimates
hold for S). Our goal is to construct a family of graphs that approximate the set £ well in the sense of
Lemma 2.14 (3) but have the additional property that they lie above (or on) the set E at the scale and
location of the maximal cube Qg. Other important properties of the construction will also be established
including containment properties with respect to the Whitney regions defined above (see Definition 2.17).
In the sequel we will often insist on further smallness of  depending on dimension and the ADR constant
for E. Compared to [Hofmann et al. 2016], the constructions outlined in this section are the main novelties
of this paper.

Let Qg := Q(S) be the maximal cube in the coherent subregime under consideration. Recall that
S C S* and that there exists a regular Lip(l/2, 1) graph, I"g«, such that Lemma 2.14 (3) holds for $*
and hence also for S. Without loss of generality we may assume that the ¢-independent plane over
which I" := T'g« is defined is the plane R” x {0}. Let f : R" — R be the regular Lip(!/2, 1) function that
defines I'g+, that is,

[:=Tg ={@x, f(t,x"): (,x") e R"}.

We define the R"*!-valued function
F(t,xy= (@, x', f(t,x)).

Inspired by [David and Semmes 1991], we define the stopping time distance d : R"! — R by!?

ds[(t, X)] = [dist((z, X), Q) +diam(Q)].

inf
QesS

Given o € [%, %] we introduce

ga(t,x") = f(t,x")+n%d[F(t,x")] and Gg(t,x") = (t,x, go(t, x")).

(5]

Asa e [%, %], below we will drop the subscript o and all constants will be independent of «. As we

have fixed S, we will also drop the subscript $ from ds.

10Note that we take the stopping time distance in the subregime.
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We first prove that g is Lip(1/2, 1).
Lemma 3.1. If n"/8 < % then g is a Lip(Y2, 1) function with constant less than 3n®, and the function
G(t,x"):=(t,x', g, x"))

satisfies
1d[F(t,x)] <d[G(t, x")] <2d[F(t,x")].

Proof. Note first that d is Lip(1/2, 1) (on R”*1) with constant no more than 1, that is,
ld[(z, X)]1—d[(s, Y)]| < dist((z, X), (s, Y)).

This follows from the fact that d is the infimum of nonnegative Lip(1/2, 1) functions with constant 1.
Using this we see that

|g(t’x/) —g(S, y/)| 5 |f(tsx/) - f(S, y/)| +77a|d[(f,xl, f(t7x/)>] —d[(S, y/’ f(S, y/))]|
<nllt —s|"2+1x" =y 1+ 0%l = s+ 1" = Y[+ 1 £, x) = £, )]
<30t —s|"? +1x" = y'|1.

To deduce the inequalities involving d[G (¢, x")] and d[ F (¢, x")] we consider two cases. If d[F (¢, x')] =0,
then G (¢, x") = F (¢, x") so that d[G (¢, x")] = 0. Otherwise, d[F (¢, x’)] > 0, and using that d is Lip(1/2, 1)
with constant 1, we have

|dLF (t, x)]=d[G(t, x)]| <dist(F (¢, '), G (1, x")) = | f (1, ") =g (1, X") | <n“d[F (¢, x")] < 3d[F (¢, x)].
From this we easily obtain
%d[F(t, xN] <d[G(t,x)]) <2d[F(t, x")]. O
We will use the following elementary lemma several times.
Lemma 3.2. If " is the graph of a Lip(}/2, 1) function ¢ with Lip(1/2, 1)-norm less than %, then
51 — @, x| < dist((t, X), T) < |x, — (2, X,
forall (¢, X) = (¢, x', xp).

Proof. The inequality on the right-hand side is trivial. To prove the inequality on the left-hand side,
we can, after a translation, assume that (¢, x’, ¢ (¢, x')) = (0, 0, 0). Furthermore, we can without loss of
generality assume that x, > O (the case x,, < 0 is treated in the same way). Then |x, — ¢(0, 0)| = x,,.
If (s, y') € R” satisfies |y'| + |s|'/? > x,, then

dist((t, X), (s, ¥, (s, Y = 1y'| +1s]'/* = x,..
If (s, y') € R" satisfies |y’| + |s|'/? < x,, then |¢(s, y")| < 3x, and hence
dist((t, X), (s, ¥, (s, ¥))) =[x, — @(s, YD) = (1 — ) x0 = 1x,..

These estimates prove the lemma. U
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We will need the following properties of the stopping time distance.

Lemma 3.3. Let A > 1. If (t, X) € R"! satisfies 0 < 2d[(t, X)] < A diam(Qy), then there exists Q* € S
such that

dist((z, X), Q) < 2d[(t, X)] < Adiam(Q") < Cp, aprd[ (2, X)]. (3.4)
If d[(t, X)] =0, then there exists, for every € € (0, Adiam(Qgs)), Qc € S such that
dist((z, X), Q) < € < Adiam(Q¢) < Cy ADRE. (3.5)
Proof. We start with proving (3.4). By definition there exists Q € S such that
dist((¢, X), Q) +diam(Q) < 2d[(¢, X)].
Let Q* € S be the smallest cube satisfying Q € O* C Qg such that
Adiam(Q*) > 2d[(t, X)]. (3.6)

Such a cube exists because Qg is a candidate. Notice that since Q* contains Q, dist((f, X), Q*) <
dist((#, X), Q) < 2d[(¢, X)] which proves the first inequality in (3.4). The second inequality in (3.4)
holds by the choice of Q* To see that the last inequality holds, we first note that if Q* = Q, then
diam(Q*) =diam(Q) < 2d[(¢, X)] and we are done. Otherwise, the child of Q* containing Q, namely Q’,
fails to satisfy (3.6) and hence

Adiam(Q™) Sp,apr A diam(Q') < 2d[(t, X)].

Since A > 1, we have that diam(Q*) <, apr d[(#, X)] (with the implicit constant independent of A).
This proves (3.4).
To verify (3.5), note that by definition there exists Q € S such that

dist((¢, X), Q) +diam(Q) <€ < Adiam(Qyg).
This allows us to repeat the argument above to produce Q.. (I
Lemma 3.7. If (t, X) € B((tg,, X0), 1K diam(Qs)) N E with (t, X) = (¢, x', x,), then
dist((r, X), ) Sndl(t, X)1 and |x, — f(t, x)| S ndl(t, X)].
Here the implicit constants depend only on the dimension and ADR.

Proof. The second inequality follows from the first and Lemma 3.2. If d[(¢, X)] = 0, then Lemma 3.3
gives that for n € N, we have (¢, X) € K Qy/, for some 0/, € § with diam(Q,,) ~ 1/n. Then using
Lemma 2.14(3) we have dist((¢, X), I') < 1/n for all n and hence (¢, X) € I'. This proves the lemma in
the case d[(t, X)] = 0.

Now assume d[ (¢, X)] > 0 and note that 2d[(¢, X)] < (K—1) diam(Qyg) if K > 6. Applying Lemma 3.3,
there exists Q* such that

dist((r, X), Q%) < (K — 1) diam(Q") S d[(1, X)].
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Then Lemma 2.14 (3) gives the desired inequality
dist((z, X), I') < ndiam(Q*) < nd[(z, X)]. (]
Let
It={@t, x', g(t,x"): (¢, x') e R"}

denote the graph of g. We first prove that we did not lose too much by modifying f and that, in fact,
E lies below I'* (near Qy).

Lemma 3.8. If (t, X) € B((tgs, Xo5), 1K diam(Qs)) N E with (t, X) = (t, x', x,), then
(@) sn%d[(t, X)] <dist((t, X), ") < 3p%d[(t, X)), and
(b) x, < g(t,x") — 3n*d[(t, X)].
Proof. If d[ (¢, X)] =0, then d[F (¢, x")] = 0 by Lemma 3.7, and
. X)=(t,x", f(z.x)=(t,x", g(t, x")).

This implies (a) and (b).
Assume d[(z, X)] > 0. Lemma 3.7 yields the estimate

X, — f(t, x")| < Cnd[(t, X)]. (3.9
IfCn< %, then following the lines of the proof of Lemma 3.1, we have that
Ldi(t, X)) <d[F(t,x")] < 2d[(t, X)]. (3.10)
Thus, by definition of g,
g(t,x") —xp = " dLF (1, x)]+ (f (1. x") = xx) = gnd[(t, X)] = Cnd[(t, X01 = gn*d[(t, X)],

provided Cn < %17“. This proves (b), and when combined with Lemma 3.2, it gives the lower bound in (a).
To verify the upper bound in (a), we use (3.9) and (3.10) to write

lg(t, X'y —xul < n"dlF @, X1+ 1f(t, x') = xa| < 20*d[(z, X)]+ Cnd[(t, X)] < 3n"d[(t, X)]. O

We remind the reader that we have previously defined certain Whitney regions (see Definition 2.17).
We now investigate how these Whitney regions interact with the graphs we are constructing. First we
need to see how they interact with the original graph I'. As in the elliptic setting [Hofmann et al. 2016],
we have the following.

Lemma 3.11. If Q € S and I € Wy, then I is either above or below I" (it does not meet I'). Moreover,
we have the estimate
dist(Z, T') > n'/? diam(Q).

Proof. The first statement, about the cubes being above or below the graph, follows from the estimate.
Suppose for the sake of contradiction that there exists I € Wyp, O € S such that dist(/, I') < n'/? diam(Q),
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and let (s, Y) € I" be such that dist((s, Y), I) < n'/?diam(Q). By construction, dist((t, Z), (t9, X)) <
K'/*diam(Q) for all (¢, Z) € I and hence

dist((s, ¥), (to, X)) < n'/*diam(Q) + CK '/* diam(Q) < K'/* diam(Q).

By Lemma 2.14 (3), dist((s, Y), E) < ndiam(Q). Choosing (ty, Zo) € I such that dist((¢y, Zo), (s, Y)) =
dist((s, Y), I) < n'/? diam(Q), we have that

dist(/, E) < dist((t0, Zo), (s, Y)) +dist((s, Y), E)
< n'2diam(Q) + n diam(Q) < 2n'/? diam(Q) < n'/* diam(Q),
provided n'/* < % This violates the assumption that I € Wg. U

In light of Lemma 3.11, for Q € S we have that Wy = Wa U Wé, where Wa is the collection of
Whitney cubes above I' and W, is the collection of Whitney cubes below I'. We then define

+ .
Ug = U I.
Iewg

The following lemma says that U 5 still lies above I't and, when (¢, X) € U}, the distance from (¢, X)
to 't is roughly the distance to E.

Lemma 3.12. Let Q € S. If n is sufficiently small, then U 5 lies above ' and
xXp —g(t, x') = 3 dist((t, X),T),  ¥(t, X)=(t,x',x,) € U, (3.13)

Moreover,
dist((¢z, X), ") ~ dist((¢, X), E), (t,X) e Ut, (3.14)

where the implicit constants depend on dimension, ADR, n, and K.

Proof. Recall that n = K. Let (1, X) = (1, x’, x,) € I for some I € W. As dist((¢, X), (g, X0)) <
K'*diam(Q) and Q € S, we have

dist((¢, X), T) < (KY* + ) diam(Q) < K/*diam(Q). (3.15)
Using Lemma 3.2,
|, X) — F(t, x)| S K'/* diam(Q),

and therefore dist(F (¢, x"), Q) < K4 diam(Q). It follows that d[F (¢, x')] < K/ diam(Q), and using
Lemma 3.11,

Xy — [t x") = dist((t, X), T) = 02 diam(Q) 2 n'/2K~V*d[F (1, x)] = P *d[F (¢, ).
By the definition of g and the fact that @ > ., Lemma 3.2 implies that

Xn— gt x') =x, — f(t,x) = n*d[F(t,x)] = 5(x, — f(t,x"))
> Ldist((t, X),T) > 4n'/* diam(Q), (3.16)
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where the next-to-last inequality yields (3.13), and where we have used Lemma 3.11 in the last step. In
particular, U 5 lies above I't. Using (3.15) and the last inequality in (3.16), and then the properties of the
Whitney cubes in W, we have

dist((z, X), I') = g diam(Q) =~ g dist((¢, X), E).
Combining (3.16) and the last displayed estimate and then using Lemma 3.2, we obtain
dist((, X), ") > 3 (v — g, x")) = 3 dist((r, X), T) &k dist((t, X), E)

and
dist((t, X), I'") < x, — g(t, x") <x, — f(t,x) <2dist((t, X), ) ~ dist((t, X), E). O

We also require that close to Qg, the region above I't shall be contained in a collection of Whitney
regions associated to Q € S. This can be done using the Whitney regions U 5

Lemma 3.17. Suppose (t, X) = (¢, x', x,,) satisfies x, > g(t, x) and
(t, X) € B((tgs, X 05). 35 K diam(Q5)).
Then
dist((z, X), E) > dist((t, X), ™), (3.18)
and there exists Q* € S such that (t, X) € U},..

Proof. Let (¢, X) be as above. By Lemma 3.8, we see that d[(¢, X)] 7% 0. To prove (3.18), we note that if
(s, Y) is the closest point to (¢, X) in E, then

dist((z, X), (s, Y)) < dist((, X), (tg5, X05)) < 35K diam(Qs).
Thus dist((s, Y), (tgs, Xoy)) < %K diam(Qg), so in particular,
(s,Y) € B((tgs, X5), 1K diam(Qs)) N E.

By Lemma 3.8 (b), (s, Y) lies below I'" and hence the line segment between (s, Y) and (¢, X) meets ['*.
This proves (3.18).
To prove the existence of Q* € S such that (¢, X) € U},., we break the proof into cases.

Case 1: x, — g(t, x") > n3d[(z, X)]. In this case, by (3.18) and Lemma 3.2,
dist((7, X), E) = dist((¢, X), T'") = $n’d[(z, X)].
Since d[(, X)] < (35K +1) diam(Qs) < (3(K — 1)) diam(Qs), we use Lemma 3.3 to produce Q* with
dist((r, X), Q) = (K — 1) diam(Q™) Sn.apr dL(t, X)].
Thus,
(t, X) € B((tg+, X¢+), K diam(Q™))

and
dist((t, X), E) 2 n’d[(t, X)] 2 n*(K — 1) diam(Q*) ~ n* diam(Q),
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where the implicit constants depend on the dimension and ADR. Letting / € WV be such that (¢, X) € [, it
follows that I € W, provided  is sufficiently small.

Case 2: x, — g(t, x') < n*d[(t, X)]. In this case, note that
dist((r, X), G(t, x)) < x, — g(t, x") < >d[(z, X)]. (3.19)
Thus, since d is Lipschitz with norm 1 with respect to dist( - ), we have, for n < %,
1d[(t, X)1 < d[G(t, x)] < 2d[(t, X)]. (3.20)
In particular, d[G (¢, x)] > 0. Notice then that
d[G(t,x)] <2d[(t, X)] < (%K +2) diam(Qs) < §(K — 1) diam(Qy),
provided that K is large enough, and Lemma 3.3 then yields Q* € S such that
dist(G(t, x"), %) < }L(K —1)diam(Q*) ~ d[G(t, x')]. (3.21)
Combining the latter estimate with (3.19) and (3.20), we see that
(t, X) € B((to+, Xg+), 2(K — 1) diam(Q*)).
Claim 3.22. For n chosen small enough (n* < % will suffice at this stage),
dist(G(z, x), E) > n*d[G(t, x))].
Taking the claim for granted momentarily, by (3.19), (3.20), and (3.21), we have
dist((z, X), E) > dist(G(t, x), E) — dist((t, X), G(t, x"))
> dist(G (¢, x'), E) —d[(t, X)] Z n°dl(1, X)]
~n°[G (1, x")] 2 n*(K — 1) diam(Q*) ~ 5 diam(Q*),
and the lemma is proved. It remains to prove Claim 3.22.
Proof of Claim 3.22. Let (s, Y) = (s, y', y») € E be such that
dist(G(t, x), (s, Y)) =dist(G(¢, x), E).
Assume, for the sake of obtaining a contradiction, that
dist(G(t, x), (s, Y)) < n?d[G(z, x))].
Then for n? < %, since d is Lipschitz with norm 1 with respect to dist( - ), we have
d[G(t, y"] < 2d[(s, Y)].
Hence, under the current assumption that dist(G (¢, x), (s, Y)) < n*d[G(t, x')],

Iy —x'| + |t — s|"/% < 2n%d[(s, Y)].
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Since g is Lip(1/2, 1) with constant 3n“ (in particular less than 1),

dist(G(z, x'), G(s, ") < n?d[(s, Y)].
Thus,
lyn — g (s, y)| = dist((s, Y), G(s, ¥)) < n*dl(s, V)1,

which contradicts the conclusion of Lemma 3.8, provided that
(s,Y) € B((tgs. X0g)s }LK diam(QS)). (3.23)
Indeed, the latter is true, as we now show. Recall that by hypothesis

(t, X) € B((tgs, X 0). 35 K diam(Qy)).
Moreover, in the scenario of Case 2,
dist((z, X), G(t,x)) = x, — g(t, x') < n*d[(t, X)] < diam(Qy5),

and therefore
dist(G(t, x'), (tgs. X 05)) < 7K diam(Qy).

Since (s, Y) is the closest point on E to G(¢, x’), it must be that

(s,Y) € B((tgg. Xg5). 3 K diam(Qy)).
In particular, (3.23) holds, and this proves the claim. [l

Our next goal is to produce a regular version of the graphs we have constructed above. The vehicle for
this regularization is the following lemma.

Lemma 3.24. Let h:R" — R, h(t,x") >0, be a Lip(1/2, 1) function with Lip(}/2, 1) constant (at most) 1.
There exists a function H : R" — R such that

(1) c1h(t,x"y < H(t, x') < coh(t, x") forall (¢, x") € R™.
Q) If Z={(t,x"): h(t,x") =0}, then

h(t, XY MO H (e, x| 4+ h(t, XYV H (X)) < cums V(X)) € ZC, meN.
(3) H € Lip(Y2, 1) with constant less than c.

Here c1, ¢, and c3 depend on the dimension alone and c, ,, depends on the dimension and m. Moreover,
H enjoys the estimate
12
| D;"" Hllp-BmO < c4,

where c4 depends only on the dimension.

The proof has many standard elements (if one knows where to look), but is a little lengthy. The proof
can be found in the Appendix.
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Now we are ready to create our regularized graph. Let h(z, x) := %d [F(t,x")], and let H(t, x") be the
function provided by Lemma 3.24.!' We define two functions

Yitg(t.x) = f (6, x) 0"/ H (2, x').
We hope that it is clear to the reader that the function
8o (1. x") == f(t,x") = n“d[F (1, x")]

has properties analogous to those of g, (7, x") except that g is below f and E, that the cubes in Wy
are below the graph of g, etc. We next deduce that w:s has the same properties as the functions gy
(and g, ), enumerated below.

Proposition 3.25. Let E be uniformly rectifiable in the parabolic sense. Let D(E) =GUB, G = UgxcsS™
and {T"g+}s+ecs be the bilateral corona decomposition of E given by Lemma 2.14, with constants n < 1,
K = n_l, and by. Let My be the constant from Lemma 4.1 below, with 151 =2 and 52 =14by Ifnis
sufficiently small, depending only on the dimension and ADR, then the following holds.

Let S* € S. Then for every coherent subregime S of S* there is a t-independent plane Ps and two
regular parabolic graphs F? over Pg given by the functions wrf g With

1V liLip2.1) < Can™/'® and D,y g lIp-smo < (1+b2),
with the following properties (in the coordinates given by Ps & PSL):
() If Q €8, then Wg has a disjoint decomposition Wo = V\/JQr UW,, and if we let U:QIE = UlewaE 1, then
Uy S B((tgs. Xgy), K¥* diam(Q)) N {x, > 9,7(1, x))}.
Here the notation {£x, > :Elﬁr:ks(t, x")} means

(@ X) = (6, %, x0) : 20 > £ (2, X))

In particular,

U U5 < By, X o), K*/* diam(Qs)) N {x, > £, 4(2, x)}.
QeS

(2) If (t, X) € UgesUy, then
dist((t, X), E) =, dist((t, X), I'y).

(3) If (1, X) € B((tgs. X5). 35K diam(Qs)) N {x, > 9, ¢(1, x')}, then
dist((¢, X), E) > dist((t, X), T'g).

@) B((tgs Xgy), 5K diam(Qs)) N {£x, > 9,761, x')} S UgesU},.

lgee the proof of Lemma 3.1, from which one can easily deduce that d[F (¢, x’)] has Lip(1/2, 1) norm less than 1+ 5 and
hence h(t, x") has Lip(1/2, 1)-norm less than 1. This allows one to apply Lemma 3.24.
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(5) There exist (ti, Xi) € I'E such that
S S S

B((tog, X g5), MoK** diam(Qs)) C B((r5, X3), K'/® diam(Qys)) (3.26)
and

B((ty, X5), K'/* diam(Qs)) C B((tgs. X 05). 35 K diam(Qy)). (3.27)

Proof. Let w;—fs be as constructed before the statement of the proposition. Both w:’ts are Lip(l, 1) with
constant less than Cn'3/16 because f is Lip(1/2, 1) with constant less than n and H has Lip(1/2, 1)-norm
less than c3 = c3(n); see Lemma 3.24. Similarly,

1D, llp-Byo < 1D, £ l1p-Bvo+n'> 11 D, * H [[p-Bpo < 1D, fllp-mmo+can'™/ 16 <by+1, (3.28)
provided 7 is sufficiently small. We define Fgﬁ to be the graphs of llfr:;fs, respectively.
We claim that
g78(t, x') > WIS(L x') > gzim(t, x') (3.29)
and

875 (0. x) < U0, x)) < 851 3 (1, X)), (3.30)
Indeed, these inequalities are a result of the fact that /8 > 513/16 > 131/32 when 7 is very small along
with the properties of H in relation to d. For example,

ot x) = ga1ymt, x') =" H @, x') — p?VPdIF 2, X))

Using Lemma 3.24 we have
dlF(t,x)]=2h(t,x")~, H(,x).

Since the constants are independent of 5 the second inequality in (3.29) follows. The other inequalities
are treated similarly.

With (3.29)—(3.30) at hand, properties (1) and (2) can be deduced directly from Lemmas 3.11 and 3.12.
Note that to prove property (2), we observe that (¢, X) € Up implies that (¢, X) is above the graphs
of both g7/3 and g31,32. Similarly, properties (3) and (4) can be deduced from (3.29) (or (3.30)) and
Lemma 3.17: to prove (3) and (4) in, e.g., the context of W;T s, x"), we simply observe that if (¢, X) is
above ‘/f;ts (z, x"), then it is also above 831/32-

To prove (5), let (s, Y) be the closest point on I'g to (g4, X o) and observe from Lemma 2.14 (3) that

dist((tgg, X 0y), (s, Y)) < ndiam(Qsg).
As (s,Y)=(s,y, yo) = F(s, y’), we have that
H(s,y") =, d[F (s, y")] < diam(Qg) +n diam(Qs) < 2diam(Qs),
where we have used the properties of H given by Lemma 3.24. Then by definition,
dist((tg5, X 5), (5, ¥, ¥y g5, ) < dist((tgg, Xgg), (5, ¥)) +0" " H (s, y') Su '/ diam(Qs).

Setting (t:;c, X gc) =(s,y, W;fs (s, ")) and taking 7 sufficiently small (and hence K sufficiently large),
we arrive at (5). [l
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4. Carleson measure estimates: Proof of Theorems 1.1 and 1.3

Before we get into the details of proving Theorems 1.1 and 1.3, we point out that the domains we produced
in Proposition 3.25 support (a local version of) the Carleson measure estimate.

Lemma 4.1 [Hofmann and Lewis 2005, Lemma A.2]. Let I;I, l;z be fixed nonnegative constants. Let
@(t, x') be a regular Lip(1/2, 1) function, with Lip(12, 1) constant by, such that ||Dtl/2(p||p-BMo <by. Let

QT ={(t, X) = (t,x', xp) : xp > @(t, x)).

Then there exist My = My(n, 51, 52) > 1 and ¢5 = c5(n, l;l, l;z), such that if u is a bounded solution to
0 — A u=0in
QT ((to, Xo), Mor) := B((to, Xo), Mor) N Q7,

for some (ty, Xo) € 052, then
f /B A [Vu(s, Y)[*8(s. Y) dY ds < csr™ ™ [l T oot (. X0y Mory)- 4.2)

Here S(s, Y) =dist((s, Y), 0Q"). An analogous statement holds for bounded solutions to (3; — Ax)u =0
in
Q7 ((to, Xo), Mor) := B((t0, Xo), Mor) N 27,
where
Q ={t,X)=(,x",x,) :x, < @(t, x")}.

Proof. The lemma is a consequence of [Hofmann and Lewis 2005, Lemma A.2], henceforth abbreviated
[HL, A.2]. However, to reduce the proof of the lemma to [HL, A.2] one has to note two things. First, by
using the parabolic version of the Dahlberg—Kenig—Stein pullback, the operator (d; — A) is transformed
to an operator of the form treated in [HL, A.2] in the upper half-space. Furthermore, Q% ((ty, Xo), Mor)
is transformed into a region containing a Carleson region of size roughly Myr. Second, while stated for
solutions in the upper half-space, [HL, A.2] uses only that u is a solution in a Carleson region. (Il

Now we are ready to prove Theorem 1.1.

Proof of Theorem 1.1. Let E be uniformly rectifiable in the parabolic sense and let # be a bounded solution
to (0; — Ax)u =0 in E. We may assume that |[u||z~g) 7 O since the conclusion of Theorem 1.1 holds

triVially if ||u ||L°°(EC) =0. Let
u

Tl Loegey

Then ||v]|z(gc) = 1 and it clearly suffices to prove the theorem with v in place of u.
For each Q € D(E) we set

Po =f/ |Vxv|?8(s, Y)dY ds.
Ug

We first reduce the proof of the theorem to a statement concerning the B¢.
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Claim 4.3. [f there exists C (independent of v) such that

> Bo<Co(Qo). YQoeD(E), (4.4)
0C0o
then there exists C' such that
sup ! /f IVxv|?8(s, Y)dY ds < C'. (4.5)
(t,X)eE,r>0 B((t,X),r)

In particular, to prove the theorem it is enough to verify (4.4)

Sketch of Proof of Claim 4.3. To prove that (4.4) implies (4.5), we select a collection {Qf)}i C D(E) such
that, for each i, diam(Qf)) ~ kr, and such that the collection has uniformly bounded cardinality depending
only on n and ADR. Furthermore, B((¢, X),r)NE C U; Qg. Choosing « large enough depending only
on allowable parameters, we have that B((t, X),r)\ E C U; Ugcoi Ug. We can then apply (4.4) to each
Qo = Q. We omit the routine details. O

We have now reduced everything to the setting of our dyadic machinery and we are almost ready to
begin employing the constructions in Proposition 3.25. Notice that these constructions are only likely to
be helpful when bounding a Bp when Q is a good cube. That is why the following claim is important
when handling the bad cubes.

Claim 4.6. There exists a constant A depending only the dimension, K, n, and ADR such that

Bo = Aa(Q).

Sketch of Proof of Claim 4.6. The claim follows readily from Lemma 2.5 and ADR as in [Hofmann et al.
2016]. We omit the details. |

We now prove (4.4). Fix Qg € D(E). If Qo € $* for some §* € S we let S = $*N Dy, and note that S
is a coherent subregime of §* with maximal cube Qq. D¢, has the disjoint decomposition

IDQO:{QGB:QQQO}U< U S*)US, (4.7)
§%:0(8")CQo

where § = @ if Qg is not in a stopping time regime (i.e., if Qg is a bad cube). By Lemma 2.14 (2) and
Claim 4.6,

> Bo=C D 0(Q) <CCpxa(Qo). (4.8)
0<0o 0<Qo
QeB QeB

Let us suppose, for the moment, that we can show that

Y Bo < Co(Q(5), (4.9)
QeS*
for all $* such that Q(S8*) C Qy, and that
> " Bo < Ca(Q(8) =Ca(Qy). (4.10)

QeS
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if Qg is in some stopping time regime. Then, by Lemma 2.14 (2),

D Bot Do D BoSo@i+ Y 0(Q(S) S (Crx +Do(Qy).
Q€S $*:Q($)CQo QeS* $*:0(8")CS 0o
Combining this estimate with (4.8) and using the decomposition of D¢, in (4.7) proves (4.4) and hence
the theorem. Thus it suffices to verify (4.9) and (4.10). In the following we only prove (4.9) as the only
change needed when proving (4.10) is to change S* to S.
To prove (4.9) we use Proposition 3.25. Fix $* such that Q(S*) C Q, and let w:s* be the functions from
Proposition 3.25. Then by Proposition 3.25 (1), if Q € §¥, then Up = UEUUé and so Bp = ,85—%;3;2, where

By = f/ |Vxv|?8(s, Y)dY ds.
Ug
Clearly it is enough to show that
> Bg < Ca(Q(S).

QeS*
We prove the estimate for the sum of the 5 leaving the straightforward modification needed to handle
the sum of the By to the interested reader. Moreover, since the {U}, and hence the {U :Qt}, have bounded
overlap it is enough to prove that

// |Vxv|?8(s, Y)dY ds < Co(Q(S*)). (4.11)
UQ&S*UE

Let
Q. = B((td., X&), K7¥ diam(Qs-)) N {x, > ¥, 5. (1, X)),

Q5. = B((tgg.» X 0g), K¥* diam(Q5)) N (x> ¥ 6. (2, X)),
Qi = B(tgg Xgg), MoK?/* diam(Qs+)) M {x, > Y7 . (1, )},

where we recall that we use the coordinates Pg+ @ PSL* and that the notation {x,, > xﬁ;r g+ (s x")} means

{(#, X", xp) 1 xp > w;:s*(t’xl)}-

We note that ﬁj{* C Qj{* by (3.26). Proposition 3.25 (4) and (3.27) ensure that Q;l is an open subset
of E€ and hence v is a solution in Qif* Applying Lemma 4.1 we have

//N |Vxv|?5(s, Y)dY ds < diam(Q(S")"! ~ ¢ (Q(§%)), (4.12)
Q%

where 3(s, Y) = dist((s, ¥), I['§.) and "¢, is the graph of ¥¢.. Note that if Q € S* we have Ug € 5; by
Proposition 3.25 (1). Moreover, by Proposition 3.25 (2), we have S(s, Y)~§(s,Y) in Ugeg- U"Q'r. Thus,

// |va|25(s,Y)des~/f |Vxv|?8(s, Y)dY ds
UQES*UE UQES*UE
sf/ Vxv25(s, Y) dY ds < o (Q(S™), @.13)
Q5

where we used (4.12) in the last inequality. This proves (4.11), and the proof of the theorem is complete. [J
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The proof of Theorem 1.3 is nearly identical, the only difference being that in this case one needs to
take W(S2), a Whitney decomposition of €2, instead of W(E). Modulo the following remark we leave
the details to the interested reader.

Remark 4.14. As in the elliptic setting, Theorem 1.3 does not require the corkscrew condition. On
the other hand, the converse of the elliptic version of Theorem 1.3 [Garnett et al. 2018; Azzam et al.
2022] requires the additional assumption of interior corkscrews. Note that when carrying out the proof
of Theorem 1.3, without the corkscrew assumption it may be the case that the Whitney regions Uy are
empty for some cubes Q € D(3€2), but this does not affect the analysis above.

5. Further remarks

In this section we make some remarks concerning possible extensions and consequences of Theorem 1.1
and the constructions in Proposition 3.25. These extensions and consequences can be proved, or, we
expect that they can be proved, largely using the tools already developed in the elliptic setting. Again, we
believe that the main novelty of this paper is the approximation scheme, that is, Proposition 3.25.

The first observation is that solutions to the heat equation are (locally) smooth and that z-derivatives
of solutions are, in fact, solutions. This allows one to produce a Caccioppoli-type inequality for the
t-derivative which, in turn, allows one to improve the Carleson measure estimate in Theorems 1.1 and 1.3
to one that includes the 7-derivative. In particular, under the same hypotheses as Theorem 1.1, the estimate

sup 7" // (Vul® +8(s, Y)*18,ul3(s, V) dY ds < Cllullfoipey  (5.1)
(t,X)eE,r>0 B((t,X),r)

holds with a constant C depending only the dimension and the parabolic uniformly rectifiable constants
for E.
The second observation is that the proof of Theorem 1.1 uses essentially three properties of u:

(i) u € L*(E),
(ii) the Caccioppoli’s inequality of Lemma 2.5, and

(iii) the local square function estimate stated in Lemma 4.1.

If one wants to extend the validity of Theorem 1.1 to more general parabolic equations in divergence
form,

L =0;—divy A(t, X)Vy,

where A is an n x n uniformly elliptic matrix, then some regularity conditions on the coefficients need to
be imposed in order to guarantee property (iii). A natural sufficient condition is the parabolic analogue of
the Kenig—Pipher condition.'> More specifically, this means that A satisfies

IVxAGs, Y)[8(s, V), [0:A(s, Y)[8%(s, ¥) € LXR"™\ E),

1211 fact, in [Hofmann and Lewis 2005, Lemma A.2], a slightly more general class of coefficients is permitted.
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where §(s, Y) = dist((s, Y), E), and that there exists a constant M such that

sup  r"! / f IVxA(s, Y)IP8(s, Y) dY ds < M,
(t,X)EE,r>0 B((t,X),r)

sup 7! // 10, A(s, Y)|>83(s, Y)dY ds < M. (5.2)
t,X)€E,r>0 B((t,X),r)

In particular, our results apply to this class of coefficients.

A final observation is that it seems likely that some form of e-approximability [Hofmann et al. 2016;
2019] should hold in this parabolic setting along with the corresponding quantitative Fatou theorem [Bortz
and Hofmann 2020]. In fact, it may be more reasonable to use the dyadic constructions from [Hofmann
et al. 2016] in proving these results. Indeed, our construction here would provide some of the necessary
initial estimates (Theorem 1.1), but it seems easier to deduce (parabolic) BV estimates using dyadic cubes.
We also mention that it is natural to use the estimate (5.1) and to prove e-approximability via a Carleson
measure estimate which includes the 7-derivative of the approximator. Note that this estimate was not
included in [Rivera-Noriega 2003] and therefore the proof used in [Rivera-Noriega 2003, Proposition 4.3]
is valid only if one works with a vertical version of the nontangential counting function N (or by a spatially
nontangential version based on time-slice cones with ¢ fixed), rather than a fully nontangential version.

Appendix: Proof of Lemma 3.24

The idea is to follow Stein’s construction of the regularized distance [Stein 1970, Chapter VI, §1 & §2]
and to combine this with ideas from some of the estimates produced in [David and Semmes 1991].

Proof of Lemma 3.24. Letd :=n+1 and Z = {(¢, x) : h(z, x") = 0}. We note that Z is closed since % is
continuous. We set H (¢, x") =0 forall (r,x") € Z.

We need to define H off of Z, and following [David and Semmes 1991], we begin by producing a
Whitney-type decomposition of Z¢ with respect to 4.3 For each (¢, x) € Z¢, we let I, .+ be the largest
closed (parabolic) dyadic cube containing (¢, x’) satisfying

diam(I; ,»n) < ~ inf  h(z, 7).
( (t,x )) — 20 (.2 €l yry ( :

Recall that the diameter is defined with respect to the parabolic metric. To see that such a cube exists, set
r= %h(t, x") and note, as h is Lip(1/2, 1) with constant 1, that A(t, z') > r in B((z, x"), r). Therefore, any
cube which contains (7, x") and which has diameter less than 21—0r is a candidate for I xr. We conduct
this construction for each (¢, x") € Z¢, and we enumerate the resulting maximal cubes (without repetition)
as {/;};ca. We note that

10diam(Z;) < h(t, x") < 60diam(/;), V(¢,x") € 101, (A1)

where « I is the parabolic dilation of I by a factor of k. Indeed, if (¢, x’) € 101;, then (¢, x") is at most a
(parabolic) distance of 10 diam(/;) from a point in /;, and hence, using the selection criterion for /; and

1311 contrast to the usual Whitney decomposition, in which / is the distance to a closed set, the present version remains valid
even in the case that Z is empty.
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the Lip(1/2, 1) condition for A,

h(t,x')> min h(t,z7)—10diam(Z;) > 10diam(;).
(r,7))el;

To prove the upper bound in (A.1), we note that if  is the parent of /;, then [ fails the selection criteria.
Hence there exists (7, z') € I such that h(t, z’) < 20diam(/) = 40diam(/;), and as & is Lip(1/2, 1) with
constant 1 and dist((z, '), (¢, x")) < 20diam([;), it follows that

h(t,x") < h(t,z')+20diam(l;) < 60diam(l;).
Using (A.1), we have that
%diam(lj) < diam(/;) < 6diam(/;) (A.2)

whenever 10/; N'10; # &. By comparing volumes, it follows that the {10/;} have bounded overlap, with
a constant depending on the dimension alone, that is,

D1t x) <N, ¥t x)eR", (A.3)
ieA
where N = N (n).
Let Qg = {(t, xX)eER": |x|oo < % [t] < }l} be the unit parabolic cube in R". Let ¢ € C§°(3Q0), with

0<¢<1land¢=1o0n2Qy. Clearly the Lip(!/2, 1) constant of ¢ is bounded. For each i € A, let (#;, x])
be the center of I; and £(I;) be the parabolic side length of [;, that is, £(/;) = %rl- and

) 2
Li={@,x) |x —xileo <ri, [t —t;] <717}

(t ,)_ <l‘—l‘l’ x—xi)
AT ACNTTAY A

Fori € A; we set

Then 0 < ¢; < 1, ¢; is supported in 3/;, ¢; = 1 on 21;, ¢; is Lip(Y2, 1) with constant less than
(1)~ &, diam(Z;) "', and (on all of R"),

)™ 8" 0i | + L) V| R diam(1)* 87 ;| 4 diam(1) | Ve gi| < Epm-

We now define
H(t,x') =) diam(I;)g;(t, x).
ieA
Using (A.1) we see that 31; does not meet Z for any i € A, and hence H (¢, x") =0 for all (¢, x") € Z. By
construction, if (¢, x") € Z¢ then (¢, x") € I; for some j € A, and as ¢;(t, x") = 1, using also (A.1), we
have that
H(t,x") > diam(I}) > gh(t, ).

This proves the lower bound in (1). To prove the upper bound in (1) we have, by (A.2) and (A.3),

Hex)< Y diam(Q)) < 6N diam(Q;) < IN(t.x).
i:31;N31; #2
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where we used (A.1) in the last inequality. Having proved (1), we see that the proof of (2) is very similar.
For instance, using the bounds for the z-derivatives of ¢;, if (¢, x") € Z¢, then (¢, x’) € I; for some j, and
hence

0 H(t,x")| < Gnm Y diam(k;) diam(f;) ™" S CN diam(Z;) "+ ~ h(z, x) 72"+,
i:SI,ﬂSIj;éZ

The bound for |V}] H| has a similar proof. Finally, to see that H is Lip(!/2, 1), we have

\H(,x) = H(s,y)I < Y diam(I)lgi (1, x) —g(s, )|+ D diam(I)lgi(t, ') — p(s, y)]
i:(t,x")e3; i:(s,y)e3l;

<2 N[t —s|"2+ X' = y'|1,

where we used that ¢; is a Lip(1/2, 1) function with constant ¢’ diam(7;)~ L

Now we get to the heart of the matter, that is, proving the half-order in time regularity of H (this part
is not in Stein’s book, but rather draws a great deal of inspiration from [David and Semmes 1991]). By
the results in [Hofmann et al. 2003, pp. 370-373], it suffices to verify the Carleson measure estimate

0(s,y, p) <cip™, Vs, ¥)eR", p>0, (A.4)

~ / L A / 2 / dr
v(s,y,p):=/// y(r,z,r)"do(r,2') —,
0J JB((s.y).0) r

where do (t,7') = /1 +|VyH(t,7)|dz dt and

H(t, x") — L(x)\? 12
y(r,7,r) :==inf|r ¢ // @, x) ) do(t,x)|
L B((z,2').r) r

where the infimum is taken over all affine functions L of x” only, and we recall that d = n + 1.

where

The idea behind the proof of the estimate (A.4) is as follows. If the scale r is large with respect
to h(t, 7), then H is well approximated by just the linear function 0, If the scale is small with respect
to h(t, 7’), then, necessarily, i (7, z') > 0 and H is flat (below the scale r) by the derivative estimates (2)
and therefore we can approximate H by its x’-tangent plane.

Now let us begin the proof of (A.4). Fix (s, y’) € R" and p > 0. Set h, (¢, x) := min{6—10h(t, x), ,o},
and write

~ / p A / 2 / d}’
v(s,y,p) = y(t,z,r)do(r,2) —
0 JJB((s,5).0) r

? A / 2 dr / hp(t,Z/) A / 2 dr /
= y(tr,z,r)"—do(t,7)+ y(tr,z,r)"—do(t,7)
B((s,Y"),p) Y hy(t,2) r B((s,y"),p) YO r

=T\+T>.

Let us handle term 7 first. For (z, z') and r in the domain of integration, r > 0 and Ah(t, z') > 60r. In
particular, (7, z') € I; for some j € A, and for all such j it holds that 7; N B((s, y'), p) # @ and r <diam(/;)
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(by the right-hand estimate in (A.1)). Thus we have

min{diam(/;), p} dr
n=y [ i P2 L do (e, ), (A5)
jeh LiNB((s,y"),p) JO r

where A ={j € A : B((s, y), p) N I; #@}. Fix j € A, (1,7) € I;, and r < diam(/;). Using the affine
function
Lan()=H(, )+ V H(t, ) - (x' =2,

we find by Taylor’s theorem, Lemma 3.24 (2) (already proved above), and (A.1) that

2
perr=r | (iH(ux’)—Lu,z»(x’)l) do (1, x'
- B((1,2),r) r

<r? sup  [|&,H|>+|VZH|)? <r? sup h=2(t, x")
B(xlj,Zdiam(Ij)) B(x;_/,Zdiam(Ij))

< r?diam(Z;) " < r*(min{diam([;), p}) 2, (A.6)

where x;; = (1, x}j) is the center of /;. Using (A.6) and (A.5) we obtain

min{diam(/;), p} dr
< Z / / / r*(min{diam(;), p})™* — do (z, 2)
~ 0B, Jo 4

S Ldo (e, 2) S Y o N B(Gs. ), 0) S 0 (B((s, ), ) S o,
jeh LiNB((s,y").p) ieA

as desired.
Having obtained the desired bound for 75, we turn our attention to 7. For (z, z’) € R" and r > 0, set

AN, Z,r)=lie;NB{(t,7),r) #2).

Note that in term 7}, we have r € (%h(f, Z'), p), so that h(%,2") < 61r for all (7,2') € B((z,2),r)
because & has Lip(1/2, 1) constant 1. Hence, by (A.1), we have diam(l;) <7r <7p foralli € A'(z, 7, r).
In particular, since (z, z’) € B((s, y'), p),

J % cB.y). 10p). (A7)

ieN(t,7/,r)

For (z,7) € B((s, ), p), with r € (%h(r, 7, ,0), we plug L = 0 into the definition of p and use
property (1) (which we have already established) along with (A.1) to see that

- roN2 o o—d H(t, x)\’ n < —d . 2 2 /
y(t,z,r)y " <r do(t,x) S E r diam(/;)“r “do (t, x")
B((1,2').r) 4 I;

ieN (t,7,r)

diam(7;)\?*2 diam(Z;)\* !
< E - -7 < - v
- < r ) S 2 r ’ (A9
ieN (z,7,r)

ieAN(r,7,r)
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where we used the fact that diam(/;) < r in the estimate on the last line. Thus, if we let
Ao:={i e A:1; C B((s,y"), 10p), diam(l;) <7p},

then using (A.7), the definition of A’(z, z/, r), and again using the fact that diam(/;) <7r fori € A'(z, 7, r),

we obtain
p ) dr
T < // / E dlam(I,-)‘l“d—Jr2 do(t,7)
B((s,y).p) Jh(z,2))/60 r

ieN(t,7,r)
P dr

< Y diam(I)**! f ldo(z,2) =
icho diam(Z;)/7 Jdist((z,2)), ;) <r r

d
< 3 diam(z)?*! / 5> diam(1)! < o

H . r
icho diam(Z;)/7 icho

o0

This yields the desired Carleson measure estimate and concludes the proof of the lemma. O
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