


ANALYSIS AND PDE
Vol. 16 (2023), No. 5, pp. 1133-1203

DOI: 10.2140/apde.2023.16.1133

LONG TIME SOLUTIONS FOR
QUASILINEAR HAMILTONIAN PERTURBATIONS
OF SCHRODINGER AND KLEIN-GORDON EQUATIONS ON TORI

ROBERTO FEOLA, BENOIT GREBERT AND FELICE IANDOLI

We consider quasilinear, Hamiltonian perturbations of the cubic Schrédinger and of the cubic (derivative)
Klein—Gordon equations on the d-dimensional torus. If € « 1 is the size of the initial datum, we prove
that the lifespan of solutions is strictly larger than the local existence time € ~2. More precisely, concerning
the Schrodinger equation we show that the lifespan is at least of order O (™), and in the Klein—-Gordon
case we prove that the solutions exist at least for a time of order O (¢ /3" ) as soon as d > 3. Regarding
the Klein—Gordon equation, our result presents novelties also in the case of semilinear perturbations:
we show that the lifespan is at least of order 0(6’10/ 3_), improving, for cubic nonlinearities and d > 4,
the general results of Delort (J. Anal. Math. 107 (2009), 161-194) and Fang and Zhang (J. Differential
Equations 249:1 (2010), 151-179).
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1. Introduction

This paper is concerned with the study of the lifespan of solutions of two classes of quasilinear, Hamiltonian
equations on the d-dimensional torus T? := (R/27Z)“, d > 1. We study quasilinear perturbations of the
Schrodinger and Klein—Gordon equations.

The Schrodinger equation we consider is

{ia,u + Au—Vxu+[AG(u*)IH (u])u — |u)*u =0,

(NLS)
(0, x) = uo(x),
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where C 3 u :=u(t, x), x € T4 d > 1, V(x) is a real-valued potential even with respect to x, h(x) is a
function in C*°(R; R) such that 4(x) = O (x?) as x — 0. The initial datum u( has small size and belongs
to the Sobolev space H S(T?) (see (3-2)) with s > 1.

We examine also the Klein—Gordon equation

Iy —AY +my + f(f)+gW) =0,
¥ (0, x) = o, (KG)
0y (0, x) =y,
where R> ¢ ;=Y (¢, x), x € T4, d > 1 and m > 0. The initial data (Yo, Y1) have small size and belong
to the Sobolev space H* (T4) x H*~1(T?) for some s >> 1. The nonlinearity f (i) has the form

d
f(lﬁ):—zax,(az/ijF(W, V) + @y F)(Y, V), (1-1)
j=1
where F(yo, y1,...,Ya) € C R4+ R), and has a zero of order at least 5 at the origin. The nonlinear
term g(y) has the form
g(W) = 0y, G) (Y. AgW) + MG (0, )W, AGY), (1-2)
where G(yo, y1) € C*®(R?; R) is a homogeneous polynomial of degree 4 and Axg is the operator
Ak = (—A+m)'/?, (1-3)
defined by linearity as
Akce’™ = Axa(eV™,  Akc())=VIjP+m forall jez¢. (1-4)

Historical introduction for (NLS). Quasilinear Schrodinger equations of the specific form (NLS) appear
in many domains of physics like plasma physics and fluid mechanics [Litvak and Sergeev 1978; Porkolab
and Goldman 1976], quantum mechanics [Hasse 1980], and condensed matter theory [Makhankov and
Fedyanin 1984]. They are also important in the study of Kelvin waves in the superfluid turbulence [Laurie
et al. 2010]. Equations of the form (NLS) posed in the Euclidean space have received the attention of
many mathematicians. The first result, concerning the local well-posedness, is due to Poppenberg [2001]
in the one-dimensional case. This has been generalized by Colin [2002] to any dimension. A more general
class of equations is considered in the pioneering work by Kenig, Ponce and Vega [Kenig et al. 2004].
These results of local well-posedness have been recently optimized, in terms of regularity of the initial
condition, by Marzuola, Metcalfe and Tataru [Marzuola et al. 2021]. Existence of standing waves has
been studied in [Colin 2003; Colin and Jeanjean 2004]. The global well-posedness was established by
de Bouard, Hayashi and Saut [de Bouard et al. 1997] in dimensions 2 and 3 for small data. This proof is
based on dispersive estimates and the energy method. New ideas have been introduced in studying the
global well-posedness for other quasilinear equations on the Euclidean space. Here the aforementioned
tools are combined with normal form reductions. We quote [lonescu and Pusateri 2015; 2018] for the
water-waves equation in two dimensions.

Very little is known when (NLS) is posed on a compact manifold. The first local well-posedness
results on the circle are given in the work by Baldi, Haus and Montalto [Baldi et al. 2018] and in [Feola
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and Iandoli 2019]. Recently these results have been generalized to the case of tori of any dimension in
[Feola and Iandoli 2022]. Except these local existence results, nothing is known concerning the long
time behavior of the solutions. The problem of global existence/blow-up is completely open. In the
aforementioned paper [de Bouard et al. 1997] they use the dispersive character of the flow of the linear
Schrodinger equation. This property is not present on compact manifolds: the solutions of the linear
Schrodinger equation do not decay when the time goes to infinity. However in the one-dimensional case in
[Feola and Iandoli 2020; 2021] it is proven that small solutions of quasilinear Schrodinger equations exist
for long, but finite, times. In these works two of us exploit the fact that quasilinear Schrédinger equations
may be reduced to constant coefficients through a paracomposition generated by a diffeomorphism of
the circle. This powerful tool has been used for the same purpose by other authors in the context of
water-waves equations, firstly by Berti and Delort [2018] in a nonresonant regime, and secondly by
Berti, Feola and Pusateri [Berti et al. 2023; 2021b] and Berti, Feola and Franzoi [Berti et al. 2021a]
in the resonant case. We also mention that this feature has been used in other contexts for the same
equations; for instance Feola and Procesi [2015] proved the existence of a large set of quasiperiodic (and
hence globally defined) solutions when the problem is posed on the circle. This “reduction to constant
coefficients” is a peculiarity of one-dimensional problems; in higher dimensions new ideas have to be
introduced. For quasilinear equations on tori of dimension 2 we quote the paper about long-time solutions
for water-waves problem in [lonescu and Pusateri 2019], where a different normal form analysis was
presented.

Historical introduction for (KG). The local existence for (KG) is classical and we refer to [Kato 1975].
Many analyses have been done for global/long time existence.

When the equation is posed on the Euclidean space we have global existence for small and localized
data in [Delort 2016; Stingo 2018]; here the authors use dispersive estimates on the linear flow combined
with quasilinear normal forms.

For (KG) on compact manifolds we quote [Delort 2012; 2015] on S4 and [Delort and Szeftel 2004]
on T% The results obtained, in terms of length of the lifespan of solutions, are stronger in the case of the
spheres. More precisely, in the case of spheres the authors show the following: if m in (KG) is chosen
outside of a set of zero Lebesgue measure, then for any natural number N, any initial condition of size €
(small depending on N) produces a solution whose lifespan is at least of magnitude € V. In the case of
tori in [Delort and Szeftel 2004] they consider a quasilinear equation, vanishing quadratically at the origin
and they prove that the lifespan of solutions is of order € =2 if the initial condition has size € small enough.
The differences between the two results are due to the different behaviors of the eigenvalues of the square
root of the Laplace—Beltrami operator on S¢ and T¢. The difficulty on the tori is a consequence of the
fact that the set of differences of eigenvalues of /—Aa is dense in R if d > 2; this does not happen in
the case of spheres. A more general set of manifolds where this does not happen is the Zoll manifolds;
in this case we quote Delort and Szeftel [2006] and Bambusi, Delort, Grébert and Szeftel [Bambusi
et al. 2007] for semilinear Klein—Gordon equations. For semilinear Klein—Gordon equations on tori we
have the results of [Delort 2009; Fang and Zhang 2010]. In [Delort 2009] the author proves that if the
nonlinearity is vanishing at order k£ 4 1 at zero then any initial datum of small size € produces a solution
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whose lifespan is at least of magnitude e “*(1+2/9_yp to a logarithmic loss. In [Fang and Zhang 2010]
the authors obtain a time O (e ¥3/27). We improve these results; see Theorems 4 and 3, when k = 2.

Statement of the main results. The aim of this paper is to prove, in the spirit of [lonescu and Pusateri 2019],
that we may go beyond the trivial time of existence, given by the local well-posedness theorem, which
is €2 since we are considering equations vanishing cubically at the origin and initial conditions of size e.
In order to state our main theorem for (NLS) we need to make some hypotheses on the potential V.

We consider potentials having the form

V(x) = @) Y Vg,
fez (1-5)

X
: xge[—%,%]CR,meN,m>%d.

e

We endow the set & := [—%, %]Zd with the standard probability measure on product spaces. This choice of
the function defining the convolution potential is standard [Faou and Grébert 2013; Bambusi and Grébert
2006]; essentially one needs that the Fourier coefficients decay at a certain rate and that the function V (x)
depends on some free parameters xg. Our main theorem is the following.

Theorem 1 (long-time existence for NLS). Consider (NLS) with d > 2. There exists N C O having zero
Lebesgue measure such that if xg in (1-5) is in O\.4, we have the following. There exists so=so(d, m) > 1
such that for any s > sg there are constants co > 0 and €y > 0 such that for any 0 < € < €9 we have the
following. If ||uollgs < ie, there exists a unique solution of the Cauchy problem (NLS) such that
u(t, x) € €00, T); H (TY),  sup [lu(t, )lws <€, T =coe ™. (1-6)
tel0,T)
In the one-dimensional case we do not need any external parameter and we shall prove the following
theorem.

Theorem 2. Consider (NLS) with V =0 and d = 1. There exists sy > 1 such that for any s > sq there are
constants cy > 0 and €y > 0 such that for any 0 < € < €y we have the following. If |uollgs < %6, there
exists a unique solution of the Cauchy problem (NLS) such that

u(t,x) € C°([0, T); H*(TY)),  sup |lu(t, )u: <€, T >coe ™. (1-7)
tel0,7)

These are, to the best of our knowledge, the firsts results of this kind for quasilinear Schrodinger

equations posed on compact manifolds of dimension greater than 1.
Our main theorem regarding the problem (KG) is the following.

Theorem 3 (long-time existence for KG). Consider (KG) with d > 2. There exists A4 C [1, 2] having
zero Lebesgue measure such that if m € [1, 2]\ A we have the following. There exists so = so(d) > 1
such that for any s > s the following holds. For any § > O there exists ey = €o(s, m, §) > 0 such that for
any 0 < € < €g and any initial data (Yo, Y1) € HT1/2(T?) x H V2T such that

1
Vol sz + 11l gs-12 = 356,
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there exists a unique solution of the Cauchy problem (KG) such that
¥ (1,x) € CO[0, T); HH2@))n (0, T); H 72T,

sup (|0 (t, lgsrre + 19t M) <€, T >e 2, (1-8)
tel0,7)

wherea=3if d=2anda= % if d > 3.

The time of existence in (1-8) is intimately connected with the lower bounds on the four waves
interactions given in Section 2B. More precisely the time of existence is larger then e ~2~2/# with B given
in Proposition 2.2. This is the reason for the difference between the result in d = 2 (where 8 =27) and
d > 3 (where B = 37). We do not know if this result is sharp; this is an open problem. Despite this fact,
Theorem 2 improves the general result in [Delort 2009; Fang and Zhang 2010] in the particular case of
cubic nonlinearities in the following sense. First of all we can consider more general equations containing
derivatives in the nonlinearity (with “small” quasilinear term). Furthermore, adapting our proof to the
semilinear case (i.e., when f = 0 in (KG) and (1-1) and G in (1-2) does not depend on y;), we obtain the
better time of existence € 193" for any d > 4. Indeed, in this case, the time of existence is €~ 24P with
B as above. This is the content of the next theorem.

Theorem 4. Consider (KG) with f = 0 and g independent of y;. Then the result of Theorem 3 holds

. 8 . .; 10 :
frue, replacing a = 3 and a = 5 with a =4 and a = 3 respectively.

Comments on the results. We begin by discussing the (NLS) case. Our method covers also more general
cubic terms. For instance we could replace the term |u|>u with g(|u|*)u, where g(-) is any analytic
function vanishing at the origin and having a primitive G’ = g. We preferred not to write the paper in
the most general case since the nonlinearity |u|?u is a good representative for the aforementioned class
and allows us to avoid complicating the notation further. We also remark that we consider a class of
potentials V more general than the one we used in [Feola and Iandoli 2020; 2021] and more similar to
the one used in [Bambusi and Grébert 2006] in a semilinear context.

Secondly, we remark that, beside the mathematical interest, it would be very interesting, from a
physical point of view, to be able to deal with the case /(7)) ~ v with T ~ 0. Indeed, for instance, if
we choose h(r) = +/1+1 — 1, the respective equation (NLS) models the self-channeling of a high-
power, ultra-short laser pulse in matter; see [Borovskii and Galkin 1993]. Unfortunately we need in our
estimates /(1) ~ t!7° with o > 0. More precisely we need the purely quasilinear part of the equation
[A(u®)A (Ju|*)u to be smaller (O(e374), € « 1) than the semilinear one (O (e%)). At present we
are not able to perform a normal form analysis which is able to reduce the size of the purely quasilinear
part. Whence, if such a quasilinear term were O (e?), then the time of existence we are able to obtain
would not be better than O (e ~2). Since % has to be smooth, this leads to 4(t) ~ t2, T ~ 0.

Also in the (KG) case we are not able to deal with the interesting case of cubic quasilinear term. This
is the reason why we require that the nonlinearity f in (1-1) has a zero of order at least 4 at the origin.

We introduce the following notation: given ji, ..., j, € RT, p > 2, we define

max;{ji, ..., jp} =i-th largest among ji, ..., j,. (1-9)
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We use normal forms (the same strategy is used for (NLS) as well) and therefore small divisors problems
arise. The small divisors, coming from the four waves interaction, are of the form

AkG(E —n—¢) — Akc(n) + Akc(¢) — AkG(§), (1-10)
with Akg defined in (1-4). In this case we prove the lower bound (see (1-9))

|AkG(E —n—¢) — Akc(n) + Akc(¢) — Ak (§)]
> maxa{|€ —n — ¢, Inl, [£[} "V max{|g —n—¢|, Inl, IC1} P (1-11)

for almost any value of the mass m in the interval [1, 2] and where f is any real number in the open
interval (3,4). The second factor in the right-hand side of the above inequality represents a loss of
derivatives when dividing by the quantity (1-10) which may be transformed in a loss of length of the
lifespan through partition of frequencies. This is an extra difficulty, compared with the (NLS) case
(for which lower bounds without loss have been proved in [Faou and Grébert 2013]), which makes the
problem challenging already in a semilinear setting. The estimate (1-11) with 8 € (3, 4) has been already
obtained in [Fang and Zhang 2010]. We provide here a different and simpler proof, in the particular
case of four waves interaction, which does not use the theory of subanalytic functions. We also quote
Bernier, Faou and Grébert [Bernier et al. 2020] who use a control of the small divisors involving only
the largest index (and not max, as in (1-11)). They obtained, in the semilinear case, the control of the
Sobolev norm for a time 7" ~ €%, with a arbitrarily large, but assuming that the initial datum satisfies
1Voll 12 + 1t ll go-12 < co€ for some s = s'(a) > s, i.e., allowing a loss of regularity.

Ideas of the proof. In our proof we shall use a quasilinear normal forms/modified energies approach; this
seems to be the only successful one in order to improve the time of existence implied by the local theory.
We recall, indeed, that on T¢ the dispersive character of the solutions is absent. Moreover, the lack of
conservation laws and the quasilinear nature of the equation prevent the use of semilinear techniques as
done by Bambusi and Grébert [2006] and Bambusi, Delort, Grébert and Szeftel [Bambusi et al. 2007].

The most important feature of (NLS) and (KG), for our purposes, is their Hamiltonian structure. This
property guarantees some key cancellations in the energy estimates that will be explained later on in this
introduction.

Equation (NLS) may be indeed rewritten as

ou = —1Vyi#nis(u, u) =i1(Au —V xu — p(u)),

where V; := %(VRe(u) +1Vimw)), V denotes the L?-gradient, and the Hamiltonian function ;s and
the nonlinearity p are

s, i) = f IVul> + (V xu)i+ P(u, Vu) dx,
‘[rd

d (1-12)
Pu, Vu) := §(IV(uPNP +1ul), p@) = @ P)(u, V) =) 9y, (9, P)(u, Vu).
j=1
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Equation (KG) is Hamiltonian as well. Thanks to (1-1), (1-2) we have that (KG) can be written as

{31W=3¢<%”KG(¢, P) =0, (1-13)
¢ =—0y Hxc(V, ) = —Akc¥ — f(¥) —g(¥),
where (¥, ¢) is the Hamiltonian

(W, ¢) = /T ) 192 + L(ALGUU + F(, Vi) + G(¥, AGY) dx. (1-14)

We describe below our strategy in the case of the (NLS) equation. The strategy for (KG) is similar.

In [Feola and Iandoli 2022] we proved an energy estimate, without any assumption of smallness on the
initial condition, for a more general class of equations. This energy estimate, on (NLS) with small initial
datum, would read

t
E(t)—E(O)Sf lu(z, I3 E(x) dr, (1-15)
0

where E(t) ~ |u(t, -)||3,,. An estimate of this kind implies, by a standard bootstrap argument, that the
lifespan of the solutions is of order at least O (e2), where € is the size of the initial condition. To increase
the time to O (e~*) one would like to show the improved inequality

t
E(t)—E(O)S/ lu(z, )3 E() dr. (1-16)
0
Our main goal is to obtain such an estimate.

Paralinearization of (NLS). The first step is the paralinearization, a la [Bony 1981], of the equation as a
system of the variables (u, u); see Proposition 4.2. We rewrite (NLS) as a system of the form (compare
with (4-12))

U = —iE((=A+VHU + 5 U)U + A UU) + X, (U) + RU), E:= [(1) _01], U= [Z]

where 2% (U) is a 2 x 2 self-adjoint matrix of paradifferential operators of order 2 (see (4-11), (4-10)),
1 (U) is a self-adjoint, diagonal matrix of paradifferential operators of order 1 (see (4-12), (4-10)). This
algebraic configuration of the matrices (in particular the fact that <7 (U) is diagonal) is a consequence
of the Hamiltonian structure of the equation. The summand X g, is the cubic term (coming from the
paralinearization of |u |>u, see (4-13)) and || R(U)|| s is bounded from above by ||U ||LS for s large enough.

Both the matrices % (U) and </ (U) vanish when U goes to 0. Since we assume that the function #,
appearing in (NLS), vanishes quadratically at zero, as a consequence of (4-10), we have

LA as; 12> 1A U s o1y S WU s

where by .Z(X; Y) we denote the space of linear operators from X to Y. We also remark that the
summand X g, is a Hamiltonian vector field with Hamiltonian function Hy(u) = fw lu|* dx.

Diagonalization of the second-order operator. The matrix of paradifferential operators .« (U) is not
diagonal; therefore the first step, in order to be able to get at least the weak estimate (1-15), is to diagonalize
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the system at the maximum order. This is possible since, because of the smallness assumption, the
operator E(—A+a(U)) is locally elliptic. In Section 6A1 we introduce a new unknown W = &y s(U) U,
where ®Nps(U) is a parametrix built from the matrix of the eigenvectors of E(—A + a4 (U)); see (6-4),
(6-2). The system in the new coordinates reads

WW = —E((—A+ VU + "W+ ()W) + X, (W) + RO ),

where both dz(l)(U), g%l(l)(U) are diagonal, see (6-11), and where |R™V(U) || gs < ||U|7,. for s large
enough. We note also that the cubic vector field X gy, remains the same because the map ®nps(U) is
equal to the identity plus a term vanishing at order 6 at zero; see (6-5).

Diagonalization of the cubic vector field. In the second step, in Section 6A2, we diagonalize the cubic
vector field X g,. It is fundamental for our purposes to preserve the Hamiltonian structure of this cubic
vector field in this diagonalization procedure. In view of this we perform a (approximately) symplectic
change of coordinates generated from the Hamiltonian in (5-3) and (5-2) (note that this is not the case for
the diagonalization at order 2). Actually the simplecticity of this change of coordinates is one of the most
delicate points in our paper. The entire Section 5 is devoted to this. This diagonalization is implemented
in order to simplify a low-high frequencies analysis. More precisely we prove that the cubic vector field
may be conjugated to a diagonal one modulo a smoothing remainder. The diagonal part shall cancel
out in the energy estimate due to a symmetrization argument based on its Hamiltonian character. As a
consequence the time of existence shall be completely determined by the smoothing reminder. Since this
remainder is smoothing, the contribution coming from high frequencies is already “‘small”; therefore the
normal form analysis involves only the low modes. This will be explained later on in this introduction.

We explain the result of this diagonalization. We define a new variable Z = &4, (W), see (6-20),
and we obtain the new diagonal system (compare with (6-22))

6Z=—E((—A+V9Z+ W) Z+4"WU)Z) + Xu,(Z) + R (U), (1-17)

where the new vector field Xy, (Z) is still Hamiltonian, with Hamiltonian function defined in (6-25),
and it is equal to a skew-selfadjoint and diagonal matrix of bounded paradifferential operators modulo
smoothing reminders; see (6-23). Here R;z)(U ) satisfies the quintic estimates (6-24).

Introduction of the energy norm. Once we achieve the diagonalization of the system, we introduce an
energy norm which is equivalent to the Sobolev one. Assume for simplicity s = 2n, with n a natural
number. Thanks to the smallness condition on the initial datum, we prove in Section 7A1 that

I(=AL+ A U) + AW fllz ~ I fllas
for any function f in H*(T%). Therefore by setting!
Zy:=[E(—AL+aU) + a4 (UNI?Z,
me, the definition of Z,, = (25, Z») in 7A1 is slightly different than the one presented here, but they coincide

modulo smoothing corrections. For simplicity of notation, and in order to avoid technicalities, in this introduction we presented it
in this way.
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we are reduced to studying the L? norm of the function Z,,. This is done in Lemma 7.2. Since the system
is now diagonalized, we write the scalar equation, see Lemma 7.3, solved by z,

a[Zn = _iTXZn - 1V *Zp — AnX:[;(Z) + Ri’l(U)v

where we denote by T the element on the diagonal of the self-adjoint operator —Al + o4 (U) + 21 (U);
see (7-1), (3-6). Xf{4 (Z) is the first component of the Hamiltonian vector field Xy,(Z) and R, (U) is a
bounded remainder satisfying the quintic estimate (7-12).

Cancellations and normal forms. At this point, still in Lemma 7.3, we split the Hamiltonian vector field
Xq = X:I;’res + X;IZ’ L where X ;{4’“35 is the resonant part; see (3-84) and (3-83). The first important fact,
which is an effect of the Hamiltonian- and Gauge-preserving structure, is that the resonant term A" X ;I;’res
does not give any contribution to the energy estimates. This key cancellation may be interpreted as a
consequence of the fact that the super actions

L= Y ()P peN Z:= m

Jjezd | jl=p

where Z is defined in (3-1), are prime integrals of the resonant Hamiltonian vector field X ;; ®(Z) in the
spirit’> of [Faou et al. 2013]. This is the content of Lemma 7.4, more specifically (7-16).

We are left with the study of the term — A" X ;{f. In Lemma 7.3 we prove — A"X}E’L = B,(ll)(Z )+B,52)(Z),
where B,gl)(Z) does not contribute to energy estimates and B,Sz)(Z) is smoothing, gaining one space
derivative; see (7-11) and Lemma 3.7. The cancellation for B,(,])(Z) is again a consequence of the
Hamiltonian structure and it is proven in Lemma 7.4, more specifically (7-17).

Summarizing we obtain the energy estimate (see (3-3))

%%nzn(r)n@ =Re(—iTy2n. 2n) 12 +Re(—=iV # 25, 2,) 12 (1-18)
+Re(R,(U), zn) 12 (1-19)
+Re(—A" X" (2), z0) 12 (1-20)

+Re(BV(2), z,) 12 (1-21)

+Re(BP(2), 20) 2. (1-22)

The right-hand side in (1-18) equals zero because 17y is skew-self-adjoint and the Fourier coefficients
of V in (1-5) are real-valued. The term (1-19) is bounded from above by ||z, || ;2 ||U II%S; (1-20) equals zero
thanks to (7-16); the summand (1-21) equals zero as well because of (7-17). Setting E(t) = ||z, (t)||i2,
the only term which is still not good in order to obtain an estimate of the form (1-16) is (1-22).

In order to improve the time of existence we need to reduce the size of this new term (1-22) by means
of normal forms/integration by parts. Our aim is to prove that

/ Re(B?(2), z4)12(0) do < €2 (1-23)
0

2More generally, this cancellation can be viewed as a consequence of the commutation of the linear flow with the resonant
part of the nonlinear perturbation which is a key of the Birkhoff normal form theory; see for instance [Grébert 2007].
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aslongast <e *and ||z, ;2 < €. The thesis follows from this fact by using a classical bootstrap argument.
Let us set Bnis(o) := Re(B,ﬁz)(Z), Zn)12(0). The term %nrs may be expressed as (see Proposition 7.5)

Buis ~ Y (EVDE 0, ORE —n— DIMEQZ(—E); (1-24)

&,n.0ex”

the sum is restricted to the set of nonresonant indexes, see (3-83), and the coefficients satisfy

(&)%"
b 0, 0)| < ’
b€, 1 §)|Nmaxl((g_n—g),(n),(ﬁ)

where the constant depends on max;({(§ —n —¢), (), (¢)) and where we have defined the Japanese
bracket (£) := /14 |£]2 for £ € R%. We fix N € RT and we let Znis 1= PBNLS. <N + PNLs.>N, Where
93NLS,5N is as in (1-24) with the sum restricted to those indexes such that max; ((§ —n—2¢), (n), (¢)) < N.
It is easy to show (see Lemma 7.7) that fot |Bnis. =~ (@) gs do S tN~Yz||%,. This is due to the fact
that the coefficients b(&, n, ¢) are decaying. Let us analyze the contribution given by Anrs. <n-

We define the operator Anrs as the Fourier multiplier acting on periodic functions as

Anrse® ™ = Anps(§)e® ™, Ans € R, Anis(€) := |+ V(€), £ € 7¢, (1-25)

where f/\(é ) are the real Fourier coefficients of the convolution potential V (x) given in (1-5). Recalling
(1-17), we have

3,2(8) = —iANLs(§)2(8) + 0 (&),

where Q := —iTxz+ X (D) + R(z) with Ty a paradifferential operator (see (3-6)) with symbol X, which
is real, of order 2 and homogenelty 6 1in z, and Rgz) is a quintic reminder. We set g(§) := el Anis®)z (&)
and we obtain

t
/ PnLs,<n(0)do
0

/0 (max((—n—c). (<MD E, 1, e TNSEND gy £)g(n)§(L)g(—€)(E)* do,

§.n.0exe

with wnis defined in (2-1). Integrating by parts in o, we obtain
/Ot PBNis,<n(o)do ~ /OI(L%[L zZ, 2], Tigy2n (0 +1ANLS)2) 12 dO
+/()t(ﬂ<[(8, +1ANLS)Z, 2, 2], Tigywz) 2 do
+ /0 (Telz. 2 (0 iANLS)2) T 2 do

t
+ f (7-lz, @ T1ANs)z, 2) T2 2 do + O(lully),  (1-26)
0

where 7_ (zl 22, z3) 1s the multilinear form whose Fourier coefficient is

< < - < ’ P} :—b 5 5 .
7€) = (ZW, {Z;Z € O2E == ORBE), T 0.0 = bl 1,0)
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The denominators wnrs are never dangerous since we have very good lower bounds on them; see
Proposition 2.1 (see also Lemma 7.7). Let us consider, for instance, the first term in the right-hand side
of (1-26). We have

t
/ (7<lz, 2, 2], Tigy2 (8 +1ANLS)Z) 12 (0) do
0

t t
=/ (T<$>2<7<[Z,E,Z]9_T<§>2’l*2iTEZ)L2(O—)dU +[ (9<[Z, Z,Z], T<E>2n(X;;4) (Z)—|—R§27+)(U)))L2(O')da
0 0

NLS

The first term may be estimated by the Cauchy—Schwarz inequality obtaining
t
f||<7<(z,Z,Z)IIHZ(O’)IITZZIIHsZ(G)dG- (1-27)
0

Since X is a symbol of order 2 and homogeneity 6, the second factor is bounded from above by €% as
soon as ||z(0)| g+ < €. Since I~ is supported on frequencies lower than N, the (& )2 symbol of H 2 norm,
multiplied by the coefficients b(&, n, ¢) of the first term in (1-27), provides a factor N (see Lemma 7.7
for details); since it has homogeneity 4, we have also a factor €* as soon as ||z(0) || gs < €. We eventually
bound (1-27) by tNe'®. Analogously, the second term in (1-27) may be bounded from above by €.
Recalling the contribution given by %nis.-ny, we can bound fol Pnis(o)do from above by
t(e* N~ '4+€'9N+€%)+e* Choosing N = ¢~? we immediately note that the last quantity stays of

size €2

as soon as t < e,

As said before the strategy for (KG) is similar except for the control of the small divisors (1-11).

We summarize the plan concerning (KG) focusing on the main differences with respect to (NLS).
In Section 4B we paralinearize the equation obtaining, after passing to the complex variables (4-24),
the system of equations of order 1 (4-44). In Section 6B we diagonalize the system: the operator of
order 1 is treated in Proposition 6.11 and that of order zero in Proposition 6.13. As done for (NLS), we
diagonalize the operator of order zero paying attention to preserve its Hamiltonian structure. We consider
the function z solving (6-48) and we define the new variable z,, := (D)"z, where (D) is the Fourier
multiplier having symbol (£). We want to bound the L?-norm of the variable z,,, which solves (7-41). The
evolution of the L2-norm is studied in Proposition 7.10. From this proposition we understand that, in order
to improve the energy estimates, we need to perform a normal form on the nonresonant term % in (7-55),
which has coefficients decaying as in (7-56). We proceed as done in the (NLS) case. We fix N € R
and we split Z in two pieces, one supported for frequencies such that max;{(§¢ —n —¢), (n), ()} <N
and the other for max;{(§ —n —¢), (n), (¢)} > N. The contribution to the energy estimate of the second
one is 1N~ 'e* Again in this point we exploit the smoothing property in (7-55). We focus on the part
of # coming from small frequencies. We perform in Proposition 7.12 an integration by parts in the
same spirit as done in the (NLS) case; see (7-74). When integrating by parts, the small denominators
wkg(&, n, ¢) appear. In this case we do not have nice bounds as in the (NLS) case, indeed we only know
that |wkg (£, 1, ¢)| = max{|€ —n—¢|, |nl, |¢]}~P, where B is bigger than 3 in dimension d > 3 and it is
bigger than 2 in dimension d = 2. Hence such divisors give an extra factor N” in the energy estimates
(recall that we are dealing with the case of small frequencies < N). After the integration by parts one has
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to use (7-39). The term +(x &)Akg(§) therein has homogeneity 3 and order 1, so that its contribution
to the energy estimates in (7-75) is t N Pe7. Indeed the unboundedness of Akg is compensated for by the
coefficients of %, which gain one derivative. The vector field X w (Z) has homogeneity 3 and has no loss
of derivatives, so that its contribution to (7-76) is t Nf~1¢® (the Lo —1” comes from the coefficients of %).
The contribution of the remainder in (7-39) is negligible. We have one last term which is the one coming
from the boundary term of the integration by parts which is bounded by N#~!e* Summarizing we have
obtained (compare with (7-63))

/ B(o)do
0

where the term €* N !¢ is coming from the high frequencies of . Choosing N := e ~>/# we note that

St(E NP+ NP4 AN 4 e NP

the right-hand side of the above inequality is controlled by € as soon as ¢ < e ~2(+1/8) which is the time
announced just after the statement of Theorem 3.

We explain the role of the parameter a in Theorem 4. In the semilinear case we have f = 0 and
g independent of y; in (KG), so there are no derivatives in the nonlinearity. When we pass to the
system of order 1 in (4-44), one has & = 0 and that the cubic term X%K@G)(U ) may be decomposed
as a paradifferential operator of order —1 plus a trilinear reminder whose coefficients have the better
(compared to the quasilinear case (7-56)) decay max;((§ —n — ¢), (n), (¢))~? (see Remark 4.6). We
perform the integration by parts as in the quasilinear case. Here we do not have the contribution coming
from +(x &)Akg (&) (because this term equals zero in the semilinear case), which was ¢’ NP. Moreover
the contribution of the cubic semilinear term is €°N#~2 (instead of € N#~! as before), thanks to the
better decay of the coefficients in the cubic reminder. The high-frequency part is also smaller and it
gives N~2¢%, instead of N~'€® One eventually obtains ’fot HB(0) do! St(eONP2 L e*N72) +e* NP2,
If one chooses N = e ~2/# one can bound the previous quantity as soon as t < e~ C+4#) which means
t<e 193" whend >3andt <e ™ ifd =2.

2. Small divisors

As pointed out in the Introduction the proofs our main theorems are based on a normal form approach.
As a consequence we shall deal with small divisors problems. This section is devoted to establishing
suitable lower bounds for generic (in a probabilistic way) choices of the parameters (xg in (1-5) for (NLS)
and m in (1-4) for (KG)), except for indices for which the small divisor is identically zero.

2A. Nonresonance conditions for (NLS). In the following proposition we give lower bounds for the
small divisors arising from the normal form for (NLS).

Proposition 2.1. Consider the phase wnis(€, 1, ¢) defined as

onLs(§, 1, &) 1= Anrs (€ — 1 — &) — Anrs (1) + Anrs(§) — Anis(§), (8,1, ¢) € 27, (2-1)

where Anps is in (1-25) and the potential V is in (1-5). We have the following:
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(1) Letd = 2. There exists N C O with zero Lebesgue measure such that, for any (x;);cza € O\ N, there
existy >0, No:= No(d,m) >0 (m > %d see (1-5)) such that for any (&, n, {) ¢ Z (see (3-83)) one has

lones €, O = y max{[§ —n—¢l, Inl, [}y, (2-2)

(ii) Let d = 1 and assume that V = 0. Then one has |oxis(€, 1, £)| 2 1 unless

S:é" 77=§_77_§ or §=§_77_§’ n=§’ 5,77,{62. (2'3)
Proof. Item (i) follows by Proposition 2.8 in [Faou and Grébert 2013]. Item (ii) is classical. (Il
2B. Nonresonance conditions for (KG). Recall the symbol Agg(j) in (1-4). We shall prove the

following important proposition.

Proposition 2.2 (nonresonance conditions). Consider the phase a)ﬁG (&, n, ¢) defined as

w0l (E, 1, 0) = 01AkG(E —1— )+ aAkc(n) + 03AkG () — AkG(E), (£, 0)eZ>,  (2-4)

where & = (01, 02, 03) € {£}> and Agg is in (1-4). Let 0 < o < 1 and set B :=2+ o if d =2, and
B :=3+o0 if d > 3. There exists ¢€g C [1, 2] with Lebesgue measure 1 such that, for any m € ¢, there
exist y > 0, Nog := No(d, m) > 0 such that for any (&, n, {) ¢ Z (see (3-83)) one has

R (€. 1. O = y max{[§ —n =l |nl. 11} max{l§ —n = 1. Inl. £}, (2-5)

The case d = 2 follows by Theorem 2.1.1 in [Delort 2009]; the rest of this subsection is devoted to the
proof of Proposition 2.2 in the case d > 3. Throughout this subsection, in order to lighten the notation,
we shall write Agg(j) ~ Aj forany j € 7% and d > 3. The main ingredient is the following.

Proposition 2.3. Let 4 > B > 3. There exist a > 0 and ¢p C [1, 2] a set of Lebesgue measure 1 and for
m € g there exists k (m) > 0 such that

> Kk (m)
AL

forall oy, 02,03, 04 € {—1, 1}, j1, jo, ja, ja € Z9 satisfying |ji| > |j2| > |j3| > |jal and o1 j) + 02j2 +
033 + 04 j4 = 0, except when 0y = 04 = —0p = —o3 and | j1| = | j2| = | j3| = | jal.

|O’1Aj1 +O’2Aj2 —|-O‘3Aj3 —|-04Aj4 (2-6)

The Proposition 2.3 implies Proposition 2.2. Its proof is done in three steps.

Step 1: control with respect to the highest index.

Lemma 2.4. There exist v > 0 and #, C [1, 2] a set of Lebesgue measure 1 and for m € .4, there exists
y(m) > 0 such that

lo1Aj, + 02 Aj, + 030 + 04Ny, | > y(m)|ji] ™" 2-7)

for all 01,02,03,04 € {—1,1}, ji1, jo. j3, ja € Z9 satisfying |jil > |j2l > |j3| > |jal, except when
01 =04 =—0y=—0o3and | ji| = |j2| = | j3| = | jal.
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The proof of this lemma is standard and follows the line of Theorem 6.5 in [Bambusi 2003]; see also
[Bambusi and Grébert 2006; Eliasson et al. 2016]. We briefly repeat the steps.

Let us assume that ji, j», j3, ja € Z% satisfy |ji| > |j»| > |j3| > | ja|. First of all, by reasoning as in
Lemma 3.2 in [Eliasson et al. 2016], one can deduce the following.

Lemma 2.5. Consider the matrix D whose entry at place (p, q) is given by (d? /dmP)A; , p,qg=1, ..., 4.
The modulus of the determinant of D is bounded from below: one has |det(D)| > C|j1|™", where C > 0
and |t > 0 are universal constants.

From Lemma 3.3 in [Eliasson et al. 2016] we learn:

Lemma 2.6. Let u'V, ... u™ be four independent vectors in R* with ||u® llpt < 1. Letw € R* be an
arbitrary vector. Then there existi € [1, ..., 4] such that [u® - w| > Cllwlp det®, ..., u®).

Let us define
Ykc(m) = o1Aj (m) +02A),(m) +03A),(m) + o4 Aj, (m).
Combining Lemmas 2.5 and 2.6 we deduce the following.
Corollary 2.7. For any m € [1, 2] there exists an index i € 1, ..., 4] such that
d'yxG
dm!

Now we need the following result (see Lemma B.1 in [Eliasson 2002]):

(m)‘ > Cljl™".

Lemma 2.8. Let g(x) be a C"'-smooth function on the segment [1, 2] such that
lg'|lcn =B and max min|d¥g(x)| =o.
I<k<n x
Then
B p\/"
meas((x : [g00] < o) = G (E+1)(2) 7

o
Define
(o@j(K) = {m € [l, 2] : |O'1Aj1 +O'2Aj2 -1—0'31\1'3 +O’4Aj4| < K|j1|7v}.

By combining Corollary 2.7 and Lemma 2.8 we get

meas(&;(x)) < ClLil" (e i)V < Crel /Ay |8, (2-8)

Define
cw=|J .
Lj1=1j21>1j31>1jal

and set v =>5u+4(4d+1). Then (2-8) implies meas(&'(k)) < Ck /% Then taking m € |, _o([1, 2]\ & (k))
we obtain (2-7) for any | ji| > | j2| > | j3| > | j4|. Furthermore |, . (([1, 2]\ & (k)) has measure 1. Now if for
instance | ji| = | j2| then we are left with a small divisor of the type [2A, +03A), +04Aj,| or |Aj;+04Aj,],
i.e., involving two or three frequencies. So following the same line we can also manage this case.
Step 2: control with respect to the third-highest index. In this step we show that small divisors can be
controlled by a smaller power of | j;|, even if it means transferring part of the weight to | j3|.
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Proposition 2.9. Let 4 > B > 3. There exists N C [1, 2] a set of Lebesgue measure 1 and for m € Ap
there exists k (m) > 0 such that

K (m)

|A' — A, +03A; +O’4A'|Z—, -
e ” T jal 20 iy |

for all 03,04 € {—1, 41}, for all ji, jo, j3, ja € Z¢ satisfying |ji| > |j2| = |j3| > |jal, the momentum
condition j| — j»+03j3 4+ 04js =0 and

1/(4-p)
il = Tk, 1j3D) = (%) |j| 41D/ A=),
where C is a universal constant.

We begin with two elementary lemmas:

Lemma 2.10. Leto ==+1, j, k € Z% with |j| > |k| > 0and |j| > 8, and [1, 2] > m +—> g(m) a C' function
satisfying |g'(m)| < 1/(10|j|3)f0rm € [1, 2]. For all k > 0 there exists 9 = 9(j, k, 0, k, g) C[1,2] such
that form € 9
A +oAr—g(m)| >«
and
meas([1, 2]\ 2) < 10« |j|>.

Proof. Let f(m) = Aj+ oAy —g(m). In the case 0 = —1, which is the worst, we have
L )_ o) — k=151
V9IiP+m  lkP4m 21 PHm/ Ik +m) 11 4m/ [k 4m
We want to estimate | f'(m)| from above. By using that 4(] j|> +2)%? < 5|j|? for | j| > 8 we get
1 1
> .
10113 ~ 1013

In the case o = 1, the same bound holds true. Then we conclude by a standard argument that

—g'(m).

f’(m)=%(

, 1
)1z g =

meas{m € [1,2]:|f(m)| <«} < 10«|j|>. a
Lemma 2.11. Let j, k € 7% with |j| > |k| and |j — k| < |j|'/%. Then

_Gi=h
1

for some explicit rational function g.

. : : lj — kP
Aj— A Jrg(ljl,IJ—kI,(J—k,J),m)JrO(JU|4 (2-9)

Furthermore

o . 1
|3m9(|J|,IJ—kI,(J,J—k),m)ISW, (2-10)

. . 31 — kI

172 and |j| large enough.

uniformly with respect to j, k € 7¢ with |j| > |k|, |j — k| < |j|
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Proof. By Taylor expansion we have for |j| large

m 1/2 m m2 1
A-:|j|(1+_—) =jl+———= +o<.—)
! 112 21j1 8IjP il

and
2k = 1 — kP m
Ak=|J|(1+ —
1/
L 2k— ) AH kP Am Q= 41— kP +m)?
=[jl+ . - 3
2|j 81/l
3 QU=j N —kP+m)?® 151 k= j DHlj—kP+mt (1] —kP
48 11 16 4! i it )
which leads to (2-9) where (we use that |(k — j, j)| < |j —k||j| and |j — k| < |j|'/?)
—y? —274y2+m)? —m? 823 — 1222(y2 +m 1624
gx, yozom) = —> +( : ) 3 S )+l§—. O
2x 8x3 48 x3 4116 x7

We are now in position to prove the main result of this subsection.
Proof of Proposition 2.9. We want to control the small divisor
A= Aj] — Ajz —|—O’3Aj3 —|—O’4Aj4.

Let g be the rational function introduced in Lemma 2.11. We write

(1, J1—J2) I, L — j2l?
A =o03Aj, +os\j, + ————+g(jil, |1 — j2l, G, j1 — j2), m) + O ——7— ).

1l Ljl*
Remember that by assumption j; — jo 4+ 03j3 + 04 j4 = 0 and in particular |j; — ja| < 2| ja].
Fix y > 0. Choosing

=Y
| /312440 j1 1P
in Lemma 2.10 and assuming 2| j3| < |j11'/? we have by Lemmas 2.10 and 2.11
Al > Y Bl Y
= a0 | Ll* 7~ 20312470 |
as soon as’ sy
. C P, _ . .
iz (5) I = g sl = 51l

(where C is an universal constant) and m € 2(js, ja, 0, k, o3 g(|j1l, |j1 — j2l, (1, j1 — J2), - )) (the set 2
is defined in Lemma 2.10 and we set ¢ = 0304). Then defining

.. 4 ..
C(y, J3, jar 03,04) i= {m €[1,2]:|A| > 77— forall (ji, j2)
21 j3|24+6) jy 8

such that | ji| > max(| j2|, J(y, | j31)), j1 — j2+03j3+04js = 0},

3Note that this estimate implies [3,g(|j1 1, Lj1 — j2l» (1 — j2. j1)» m)| < 1/21j113/2) < 1/(10] j3|3) and thus Lemma 2.10
applies.
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we have

Cg(% J3, J4, 03, 0-4) = ﬂ@(]?)’ J4, 0, W7 O—3g(|]1|a |]1 _]Zla (]1’ J1 _.]2)9 ))a
g

where the intersection is taken over all functions g generated by (i, j2) € (Z4)? such that
|j1l = max(| 21, J (¥, | /3])

and j; — jo» + 03 j3 + 04j4 = 0. Thus by Lemma 2.10

meas([1, 2]\ € (v, j3. j4, 03, 04))

10y . : e L .
=2 W#{(Ull, j03j3 +0ajal, G, 033 +04ja)) 1 € Z% | ji* = n).

n>1

The scalar product (j, 03 j3 + 04j4)) takes only integer values smaller than 2| ;|| j3|. Then, since g > 3,

we get
n>1
Then it remains to define
Np = U ﬂ C (Y, J3s Ja» 03, 04)
>0 (j3,ja)e@!)?
Ljal<ljsl
0‘3,0'46{—1,1}

to conclude the proof. O

Step 3: Proof of Proposition 2.3. We are now in a position to prove Proposition 2.3. Let o1, 03, 03, 04 €
(=L 1}, ji, jo, j3. ja € Z¢ satistying |ji| = |jo| = |j3| = ljal and o1 ji + 02jo + 033 + 04 js = 0. If
o1 = 0y, then, since |ji1| > |jz2] > |j3] > |ja|, we conclude that the associated small divisor cannot be
small except if 01 = 0o = —03 = —0y4. Then we have to control |A; + Aj, — Aj; — Aj,| knowing that
171l = 1j2] = 3] = |jal. We first notice that if | j;|> < |j3]*> + 1, then we can conclude using Lemma 2.4
that (2-6) is satisfied with @ = v for m € .#,. On the other hand if |j;|?> > |j3]*> + | then

Aj,+ Ay — Ay — Ay, = A A>Af2‘_Af23> !
J J J3 ja Z 4 BN A, 2 |j3|2+2’
which implies (2-6). Thus we can assume o1 = —o» and we can apply Proposition 2.9, which implies the

control (2-6) for m € .45 with @ = 2d + 3 under the additional constraint | ji| > J(y (m), | j3|). Now if
[j1] < J(y (m), |j3|), we can apply Lemma 2.4 to obtain that there exists v > 0 and full measure set .,
such that for m € .#, N A := €} there exists k (m) > 0 such that

Km) _ km) _kmy(my*f
Ll = J(y(m), |j31)" | j31¢
with @ = v(2d + 8)/(4 — B) which, of course, implies (2-6).

lol Aj1 +O’2Aj2 -f—O’3AJ'3 +G4Aj4| >

’
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3. Functional setting

We denote by H S(T4; ) (respectively H S(T4; C?)) the usual Sobolev space of functions T 5 x>
u(x) € C (resp. C?). We expand a function u(x), x € T, in Fourier series as

(0= Gy Y e i i= s [ ute G3-1)
UX) = —= u\n)e , un) = ——= ux)e X. -
(27)d/? = Qm)d/2 Ja
We set (j) :=+/14|j|? for j € Z?. We endow H*(T%; C) with the norm
1 =Y ()= 1ac) . (3-2)
jezd

For U = (uy, u») € H*(T%; C?) we set ||U||gs = |lu1]l s + lluz2 ]| gs. Moreover, for r € RT, we denote
by B,(H*(T%; C)) (resp. B,(H*(T%; C?))) the ball of H*(T%; C)) (resp. H*(T%; C?))) with radius r
centered at the origin. We shall also write the norm in (3-2) as |u||%,, = ((D)*u, (D)*u);2, where
(D)eli* = (j)e'/* for any j € Z%, and (-, -),2 denotes the standard complex L>-scalar product

(u,v)2 = / u-vdx forallu,ve Lz(Td; C). (3-3)
Td

Notation. We shall use the notation A < B to denote A < C B, where C is a positive constant depending
on parameters fixed once for all, for instance d and s. We will emphasize by writing <, when the
constant C depends on some other parameter q.

Basic paradifferential calculus. We follow the notation of [Feola and Iandoli 2022]. We introduce
the symbols we shall use in this paper. We shall consider symbols T¢ x R? 5 (x, £) — a(x, &) in the
spaces A", m,s € R, s >0, defined by the norms
laln = sup  sup(&) " o%ax, &)l . (3-4)
la|+[Bl<s §€R

The constant m € R indicates the order of the symbols, while s denotes its differentiability. Let 0 < € < %

and consider a smooth function x : R — [0, 1],

1iflEl <3,

_ (& ]
0 if | = % and define x (&) -—X( . ) (3-5)

X(§)=:

For a symbol a(x, §) in 4" we define its (Weyl) quantization as

ijox |J — Kl
(2n)d 2" 2 <J+k> ( . T>h(k) oo

jezd kezd

T h =

where a(n, £) denotes the Fourier transform of a(x, &) in the variable x € T% Moreover the definition of
the operator 7, is independent of the choice of the cut-off function . up to smoothing terms; this will be
proved later in Lemma 3.1.



LONG TIME SOLUTIONS FOR QUASILINEAR SCHRODINGER AND KLEIN-GORDON EQUATIONS ON TORI 1151

Notation. Given a symbol a(x, £), we shall also write
T,[-1:=O0p”Ma(x, )] (3-7)
to denote the associated paradifferential operator. In the notation B stands for Bony and W for Weyl.

We now collect some fundamental properties of paradifferential operators on tori. The results are
similar to the ones given in [Feola and Iandoli 2022]. One could also look at [Berti et al. 2021c] for
recent improvements.

Lemma 3.1. The following hold:

(1) Letmi,my eR, s > %d,s eNanda e 4", be A" One has

(Al ymioms + (@, BY gt S lal 6]y, (3-8)
where
d
{a.b) =Y (9 a) By, b) — (8,,a) (2, b)). (3-9)
j=1

(i1) Letso>d, soeN, meRanda € ,/I{g" Then, for any s € R, one has

I Tahtllggs-n S lalgnllbllms  forall h € H*(T%; ©). (3-10)
(iii) Letso >d, soeN, meR, peN,anda € ,/I{g'jrp For0 <ey <e¢ < % and any h € HS(T"; 0,
we define
) |j — kI Jtk
Roh = (2,,)d 3 e Y (e - XQ)( o Jali -k 5 )i, (3-11)
jezd kezd

where X¢,, Xe, are as in (3-5). Then one has
IRah N so-m S ARl slal gy, - forall h e H* (T ©). (3-12)
Proof. (i) For any ||+ |B] < s we have

029l (a(x. £)b(x.£)= Y Cop(@'0]' a)(x. £)(0b) (x, £)
o)+or=u

Bi+p=B
for some combinatorial coefficients Cy g > 0. Then, recalling (3-4),

105"0¢" a) (v, £)(29L0) (x )l S lal_ym 1By (€)™ 271,

This implies (3-8) for the product ab. Inequality (3-8) for the symbol {a, b} follows similarly using (3-9).
(i1) First of all notice that, since a € Jig(’)", so € N, we have (recall (3-4))
laC-. &)l < (€)"lalym  forall § € 7,

which implies
a(j. )1 <€) lalym(j)™ forall j, & € 7. (3-13)
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1

Moreover, since 0 < € < 5 we note that, for &, n € 74

|s—n|> {(1 — &gl < A+,

0 3-14
(<E+n> 70 = la-am=a+olkl, 19
where 0 < € < %, and hence (& + ) ~ (£). Therefore

. A AYPNE
ITah s S Y™ xe('s ') ( -, S—'7)h<n) (by (3-2))
ot 7\ (€ +n) 2
€ nez 5
< <s>‘2’"(z @—>,|fz<n>|<n>°‘) jal’ym (by (3-13), (3-14)),
ot ~ (£ — )"
S ne
R 1 2
Slalyn Y (Z hm(n)® ——— )
" et ezt (& —n)
S lalin 1AE)E) % (€)™ 32 zuy < lalym IAEE) 1320 14E) 31 0,
S Walslalym. (3-15)

where we denote by * the convolution between sequences, and in the penultimate inequality we used the
Young inequality for sequences and in the last one that (£) % is in £!(Z%) since so > d.

(iii) Notice that the set of &, 1 such that (x¢, — xe,) (1§ —n|/(§ + 1)) = 0 contains the set such that
E—nl=ZeiE+n) or |E—nl<FeE+n).
Therefore (x¢, — Xxe,) (1§ —nl/{§ +n)) # 0 implies
e +n) <[5 —nl < 5e(E+n). (3-16)
For & € 7¢ we denote by </ (&) the set of n € 7% such that (3-16) holds. Moreover (reasoning as in (3-13)),

m
since a € A7, we have

A G, OIS V" lalyn, (/Y7077 forall j,& e 77, (3-17)

so+po

To estimate the remainder in (3-11) we reason as in (3-15). By (3-16) and setting p =5 — 5o we have

Rah| 2oy m < 2s+0=m) | (v — ¥, <|§—77|)A< . §+77> by (32
IRaR N, Ngjﬁm Gter = x| ey )2 ; (by (3-2))
— 14 + m. 2
< Z@)Z’"( 3 6 (5”_> fﬁsf) Ih(n)l<n>s> a2 (by (3-17))
sezd — g
SIAEEN * () fazalal’yn
S NAE)EY W2z 1E) I gy @y S WBllTgslal?y (3-18)

where we denote by * the convolution between sequences, and in the penultimate inequality we used the
Young inequality for sequences and in the last one we used that (£) ™% is in £!(Z¢) since so > d. U
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Proposition 3.2 (composition). Fix so > d, so € N, and m;,my € R. Fora € JV 2 and b € </1/ fot2 We
have (recall (3-9))

TooTy=Tay+ Ri@,b),  TaoTy=Tay+ 5 Tias) + Rala, b), (3-19)
where Rj(a, b) are remainders satisfying, for any s € R,
IR (a, D)l gs-m-my+i S NIhllmslal A, IbI,sz - (3-20)
Moreover, if a,b € H?T50(T%; C) are functions (independent of & € R") then, forall s € R,
I(TaTy — Tap)hllgso S NN as Nall goso 161 oo (3-21)

Proof. We start by proving (3-21). For &, 6, n € Z% we define

E—01\ (10— &)
997 = € € N ) = € . 3-22
N 0.mi=x (<s+e>)x ((9+n>) EC Rt ((%‘+n)) (22

Recalling (3-6) and that a, b are functions we have

Roh .= (T, Ty — Typ)h,
(Roh)(€) = @m) ™2 3" (1 = r2) (€. 0. e —0)b(6 — )h(n). (3-23)

n,0ezd
Let us define the sets

D:={(,0,n)eZ: (r1—r)E0,1) =0}, (3-24)
B W, 1E=01 _Se Je—nl _Se o 55} _
‘”_:@ﬂ”nez 10 S A G 4 @i 4 (3-25)
3 o lE—0) g E—ul 8 lo—u) g} _
B"‘%ae””ez ET0 S5 Ern o5 @rm s (5-26)

We note that
DDAUB = D°CA°NB".

Let (&, 6, n) € D¢ and assume in particular that (¢, 8, n) € Supp(r;) :={(&, 6, n) : r; # 0}. Then, reasoning
as in (3-14), we can note that

E—nl<e&+n) and (&)~ (n). (3-27)

Notice also that (¢, 8, n) € Supp(r;) implies (3-27) as well. The rough idea of the proof is based on the
fact that, if (€, 8, n) € D¢, then there are at least three equivalent frequencies among §,& — 6,60 —n, n;
therefore (3-23) restricted to (§, 8, n) € D¢ is a regularizing operator. We need to estimate

* 2
w%m&ﬁws}:(}:m@—ﬂnww—wNMWN@fﬂ) =1+1I+11I,

Eezd " n.0
where Z: o denotes the sum over indexes satisfying (3-27), the term I denotes the sum on indexes satisfy-
ing also |§ — 0| > ce|&|, II denotes the sum on indexes satisfying also | — 6| > ce|n| for some 0 < ¢ K 1
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and 111 is defined by the difference. We estimate the term /. Using (3-27) and |§ — 0| > ce|§| we get

* 2
1<y (Z jaE —0)116© — ) 1h(m)|(n)* (& —9>P)

gezd “n.0
S HAGEIEY *1a@)1(E)” * 1bE)172 40,
S NAENEY 1320, NAEE 171 2y 1BEF: 0,
S Ml lall o 1811700,

where in the last inequality we used Cauchy—Schwarz and s¢g > d > %d .

Reasoning similarly one obtains IT < ||h||%{s ||a||%[5O ||b||%m+p. The sum /I is restricted to indexes
satisfying (3-27) and | — 0| < ce|&|, |n — 6| < c€|n|. For ¢ « 1 small enough these restrictions imply
that (¢, n, ) € A, which is a contradiction since (£, n, {) € D¢ C A€

Let us check (3-20). We prove that

1
TaoTy=Tap + 5:Tiay + R2(a, b),  [IR2(a, b)h| gs-mi-mrs2 S kllaslal m 1] m . (3-28)
1 50+2 s0+2
First of all we note that
—— 1 $+ﬂ) < 0+n )
T,Tyh = 0,n)a 6, —— |b|O —n, h 3-29
TN E = == n;ﬂ ri§. 6. ma <§ 5 n—— Jh), (3-29)
= 1 §+n>( $+n)A
Tuh = a 0,—— |blO —n, h(n), 3-30
(Tap) (§) wﬂ)%% ra(§, m)a (s 5 e 0 (3-30)
1 — 1 ( €+n>—/\( E+n)
—(Tiamh =— 0:a 0, -(0:b)|6 —n, h
5 (Tian)) (&) 2i<mwn£d ra(&, ) (@ca) & — @cb)(0 = n, > |h()
e Y nEnG a)(s 0. S—) @ b)( g, )h(n) (3:31)
2i(V2m)Md 2 : 2
n,0eZ
In the formulas above we used the notation 0y = (dy,, ..., d,), similarly for d:. We remark that we

can substitute the cut-off function r; in (3-30), (3-31) with r; up to smoothing remainders. This follows
because one can treat the cut-off function r{ (&, 8, n) — ry(&€, n) as done in the proof of (3-21). Write
E+60 =&+ n+ (6 —n). By Taylor expanding the symbols at & 4+ 1, we have

E§+60\ E+n £4+n\ 0—n
<f QT) (5 97)*“ ><f 97)'7

d 1 o —
Z/(I—G)(asaa)(f 0, S;” a%)(e,-—nﬂ(ek—nk)da (3-32)

4>|~

Similarly one obtains

13(— 9+”> ( ’§+”)+(a§b)(9 n,ﬁn) 6%
2 2

e

T2

9_
5 / (1_0-)(35/&19)( S EE T‘g)(e,—s,-)(ek—sk)do. (3-33)

Jj.k=1
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By (3-32), (3-33) we deduce that

T, Tyh — Typh — T{ah}h ZRh

- p=1 (3-34)
R h = —— ,9, ,9, ﬁ 5
(Rp)(E) = ¢ «/Eﬁdnéd”@ mgp(E. 0. mh(n)
where the symbols g; are defined as
g1i=— i / (1 =0)(Oxx; a)(é— it )(%é,b)( —n,s¥+ ;s)da, (3-35)
]k 1
1 &+ 0—n\ —— £+
g = — Y / (1= 0) (e, a)<g— T"+GT")(axkij)(e—n, T”) do, (3-36)
d
1 — E+n\ —— £+
g1=17 jél (3,9, (s -0, T) (3,05, b) (e —n, T) (3-37)
+ 6 —
g4 = Z / (1—a><axkx,gpa>(s 6. s—)(ax,,skg,b)(‘g n,52”+aT§)dG, (3.38)
Jkp 1
6 —
85 ‘= Z /(1—0’)(aék§,x,,a)<§ 9 _§+77+ n)(agpxkij)< — —g—;n)do’, (3-39)
]kp 1
9_
%=1 > /[ <1—m)(l—az)(ag,gkx,,xqa)(s 0.5 1o, 2")
Jik.p.g=1

_— + 0 —
X (O, £,x;2:D) (9 -, § 2 7 + 0y 7 E) doydo,. (3-40)

We prove the estimate (3-20) (with j = 2) on each term of the sum in (3-34). First of all we note that
ri(§, 60, n) # 0 implies

©.1) e {!;5 < ge}ﬂ{!e_i_Z') < %6} — BE), EeTi (3-41)

Moreover we note that
@.meRBE = EISIOL 1013l Inl SIEL (3-42)

We now study the term R/ in (3-34) depending on g3 (&, 6, n) in (3-37). We need to bound from above,
forany j,k=1,...,d, the H~m~m2+2_§oholev norm (see (3-41)) of a term like

Fa®:= Y (@ 3§ka)<5 9“”)(%3;@(9 n,S )h()

0.mesE)

= Zéj,k(s , s+”)h( ) (3-43)

nezd
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where we let

é\j,k(pv ;) = Z (ax,aéka)(p _£9 {)(8xka§jb)(£’ é‘)l(éf)(p,{')v P, { € Zd’
Lezd

— a. lp—t _8 i 1] 8
%(p,;“).—{ﬂel -—<2§+Z>sse}m{£ez ‘—<g_p+2;>556}

and 1«4, ¢) is the characteristic function of the set ¢’(p, ¢). Reasoning as in (3-42), we can deduce that
for £ € €(p, ¢) one has
2¢1 < 5126 + pl. (3-44)

Indeed ¢ € € (p, ¢) implies (6, n) € #(§) by setting
26 =20+p, 20=2042¢—p, 2n=2(-—p. (3-45)

Hence (3-44) follows by (3-42) by observing that 2; = & + 1. Using that a € .4;" % 4 b€ JI@(’)"ﬁZ and

reasoning as in (3-13), we deduce
164 (p. O S (€)™ ™72 p) ™l A b ym2 . (3-46)

so+2
By (3-43), (3-42), (3-2), we get

+ 2
||E-,k||§,mlmng@)‘le‘zmH(Z cjk(é g, 20 ”)‘W )| )
Eezd nezd
2
Slalm b, Z(men )S()) (by (3-46), (3-44), (3-45))
0+2 s0+ fezd “pezd

< lal? o Ibl e, HAE)I(E) * (&) 2z,

30

S IAlgslal®, m b1 s
so ‘0 +2

where in the last step we used the Young inequality for sequences, the Cauchy—Schwarz inequality

and that (€)% is in £1(Z?) if 5o > d. Since the estimate above holds for any j,k=1,...,d, we may
absorb the remainder R3/ in (3-34) in Ry (a, b)h satisfying (3-28). One can deal with the other terms
g1, 82, 84, &5, 86 similarly. U
Lemma 3.3. Fix sg > %d andlet f, g, h € H*(T; C) fors > sg. Then

feh=Trh+Ton f +Trng +%(f, g h), (3-47)
where

A(f, 8 ) = o )d Y a0 fE—n—0mh(),

n,cezd (3-48)
max2 (1§ —n—¢l, Inl, 1€])?

» 1, 5 Il p=>0.
@1 O S0 (e —n—ch il iene. T

Remark 3.4. An estimate of the form (3-48) implies that the function (f, g, h) — Z(f, g, h) defines a
continuous trilinear form on H® x H*® x H* with values in H*” as soon as s > p + %d. This will be

proved in Lemma 3.7.
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Proof. We start by proving the following claim: the term

Trgh— ) ¢ Y x CS L gHﬂm)ﬂs—n—ogwm@>

tezd n,;ez4 ()

is a remainder of the form (3-48). By (3-6) this is actually true with coefficients a(§, n, ¢) of the form

o (E=g) L (lE—n—¢l+
“@niy_*<@+n) “( @) )

In order to prove this, we consider the following partition of the unity:

[ R R

Then we can write

E—¢| £ —n—cl+1nl E—c\ (lE—n—cl+]
s 1, = € -1 € € €
aE.n ¢ (X<@+a> >X< @ >+X<@+n>x< ) )

& —¢| 1+ 1¢| & —¢|
€ € € @5 s N . 3'50
+X<@+o>x(@—n—n)+x<@+r) &m0 G50)

Using (3-5) one can prove that each summand in the right-hand side of the equation above is nonzero
only if max,(|€ —n —¢|, In, [1¢]) ~ max (€ —n—¢|, |n, |1¢]). This implies that each summand defines
a smoothing remainder as in (3-48). A similar property holds also for T, f and T¢,g. At this point we

write

feh=7 & Y [®e($,n,§)+xe(|s_'7(_5'“{')

o Inl+ 12 E—n—¢l+1n
Ui —-n—- Ui A AT
+ X (—)+x ( )}f(é—n—()g(n)h(z)-
Ne-n-00) ()
One concludes by using the claim at the beginning of the proof. ]

Matrices of symbols and operators. Let us consider the subspace % defined as
U ={w",u")e L*(T%;C) x LX(T4;C) :u™ =i }. (3-51)

Throughout the paper we shall deal with matrices of linear operators acting on H*(T¢; C?) preserving
the subspace %. Consider two operators R, R, acting on C % (T4: C). We define the operator § acting

on C®°(T?; C?) as
R R i
§i= [Rz Rl]’ (3-52)

where the linear operators R:[-1, i = 1,2, are defined by the relation R;[v] := R;[v]. We say that an

operator of the form (3-52) is real-to-real. It is easy to note that real-to-real operators preserve % in
(3-51). Consider now a symbol a(x, &) of order m and set A := T,. Using (3-6) one can check that

Alh] = Alh) = A=T; ax&=alx, —8), (3-53)

(adjoint) (Ah,v);2=(h,A"v);2 = A*=Tj;. (3-54)
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By (3-54) we deduce that the operator A is self-adjoint with respect to the scalar product (3-3) if and only
if the symbol a(x, &) is real-valued. We need the following definition. Consider two symbols a, b € 4"
and the matrix

A= AGr,£) = ( a(x,§)  b(x,§) )

b(x9 _é) Cl(x, _S)
Define the operator (recall (3-7))

Op™™a(x,§)  Op*™(b(x,8)) ) (3:55)

. BW, o—
M = Op®W(A(x, £)) := (opBW(b(T—s)) op*Va(x, —£))

The matrix of paradifferential operators defined above has the following properties:

e Real-to-real-ness : by (3-53) we have that the operator M in (3-55) has the form (3-52); hence it is
real-to-real.

o Self-adjointness: using (3-54) the operator M in (3-55) is self-adjoint with respect to the scalar product
on (3-51)

U, V)= /TdU-de, U= m V:[g]. (3-56)

if and only if
a(x,§) =a(x,§), blx,—=§) =>b(x,8). (3-57)

Nonhomogeneous symbols. In this paper we deal with symbols satisfying (3-4) which depend nonlinearly
on an extra function u(¢, x) (which in the application will be a solution either of (NLS) or (KG)). We are
interested in providing estimates of the seminorms (3-4) in terms of the Sobolev norms of the function u.

We recall classical tame estimates for composition of functions; we refer to [Baldi 2013] (see also
[Taylor 2000]). A function f : T¢ x Bg — C, where Bg :={y € R" : |y| < R}, R > 0, induces the
composition operator (Nemytskii)

f@) = f(x,u(x), Du(x), ..., D u(x)), (3-58)
where D*u(x) denote the derivatives 07 of order || = k (the number m of y-variables depends on p, d).

Lemma 3.5. Fixy >0 and assume that f € C*(T¢ x Bg; R). Then, for any u € HY P with |lu|\wr~ < R,
one has

IF @) lar < ClFller U+ ullgree), (3-59)
N

~ 1 n oz
Hf(u+h)—z O flh, ... k| < Clhllyoo (-l a7 + Whllwreollull gr+0) (3-60)

!
= n! "y

for any he HY TP with || h||wpr. < %R and where C > 0 is a constant depending on y and the norm ||u|| wp.cc.

Consider a function F (yg, y1, ..., yq) in C®(C?*!; R) in the real sense; i.e., F is C™ as function of
Re(y;), Im(y;). Assume that F has a zero of order at least p+2 € N at the origin. Consider a symbol f (&),
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independent of x € T¢, such that | f| ym < C < o0 for some constant C. Let us define the symbol

a(x,é)::(azquF)(u,Vu)f(E), z“;:za", ,zk —8’3 o (3-61)

for some j,k=1,...,d, o, B €10, 1} and o, 0’ € {£}, where we use the notation ™ = u and u™ = u.
Lemma 3.6. Fix so > 1d. Foru € Bg(H****(T4; C)) with 0 < R < 1, we have

lal g SNl ey

where a is the symbol in (3-61). Moreover, the map h — (3,a)(u; x, £)h is a C-linear map from HST50+1
to C and satisfies

|@ua)h] g S RN sesot llu ||Hv+v0+l
The same holds for d;a. Moreover if the symbol a does not depend on Vu, then the same results are true
with so+ 1 ~ .

Proof. 1t follows from Lemma 3.5. U

Trilinear operators. Throughout the paper we shall deal with trilinear operators on the Sobolev spaces.
We shall adopt a combination of notation introduced in [Berti and Delort 2018; Ionescu and Pusateri
2019]. In particular we are interested in studying properties of operators of the form

0= Q[ul, uz, u3] : (C*(T% €))°* — Cc>(T%; ©),

0) = (-6

> qE . OiiE —n—ia(niia(c) forall & e 27,

2n >d =,

where ¢ (&, 7, ¢) € C for any £, n, ¢ € Z¢. We now prove that, under certain conditions on the coefficients,
the operators of the form (3-62) extend as continuous maps on the Sobolev spaces.

Lemma 3.7. Let o > 0 and m € R. Assume that for any &, n, ¢ € Z¢ one has

- ma((E —n—0), ), ) 63
9E 1 O S € —n=2). (), (€))7 (69

Then, fors > so > %d + w, the map Q in (3-62) with coefficients satisfying (3-63) extends as a continuous
map form (H® (T4; ©))3 to H*t™(T4; C). Moreover one has

3
1@y, uz, us)llgssm S Nuillms [T lasell o (3-64)
i=1 i#k
Proof. By (3-2) we have

1Q @1, uz, uz) [ Fsm 2
< Z(S)Z(“*’")( > |q<s,n,;)||ﬁ1<s—n—o|mz(n>|m3(¢>|>
gezd n,cezd

2
< Z( D7 () max((§ —n—¢). (n). (C)V‘Iftl(é—n—é)llﬁz(n)||ﬁ3(§)l> (by (3-63))

Eezd “n,cezd
=1+11+ 11, (3-65)
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where I, 11, I1I are the terms in (3-65) which are supported respectively on indexes such that
max{{§ —n =), (M. (O} =& —n—1¢),
max{{§ —n =), (m. ()} = (),
max{(§ —n —¢). {m). ()} = (5).

Consider for instance the term /1. By using the Young inequality for sequences we deduce

1 S p) i (p)) = () a2 (m) * () a3 () ez S Nl mso lluz || oo llus || s,
which is (3-64). The bounds of I and I/ are similar. ]

In the following lemma we shall prove that a class of “paradifferential” trilinear operators, having
some decay on the coefficients, satisfies the hypothesis of the previous lemma.

Lemma 3.8. Let u > 0and m € R, m > 0. Consider a trilinear map Q as in (3-62) with coefficients

satisfying
1§ =<l 5§ —¢I"

(E+¢) (cm
forany &, n,¢ € 7% and 0 < € < 1. Then the coefficients q (£, 1, ¢) satisfy (3-63) with j ~> u+m.

Proof. First of all we write (&, 1, ¢) =q1(§, 1, ¢) +q2(§, 1, ¢) with

_ & —¢| (lS—n—CHInI) 367

1€ —¢| | —n—C|+1¢] nl+1¢]
9 b = 9 b € e o € - . € e o ®€ 9 b 9 3_68
60,0 = FE 1, O (@H))[x ( - )+x (<S_n_§>)+ € z)} (3-68)

where O (&, n, ¢) is defined in (3-49). Recalling (3-5) one can check that if g(£¢,n,¢) # O then
€ —n —¢|+Inl K€ |¢| ~ |&|. Together with the bound on f (&, n, ¢) in (3-66) we deduce that the
coefficients in (3-67) satisfy (3-63). The coefficients in (3-68) satisfy (3-63) because of the support of the
cut off function in (3-5). O

Hamiltonian formalism in complex variables. Given a Hamiltonian function H : H'(T%; C?) — R, its
Hamiltonian vector field has the form

L _ . VaHU) | 01 _|u
XyU):=—1JVHU) = 1(—VMH(U))’ J = [_1 0], U= [ﬁ} (3-69)
Indeed one has
dHWU)[V]=—-QXyWU),V) forallU = [;], V= [g], (3-70)
where 2 is the nondegenerate symplectic form
QU, V):—/ U~iJde:—/ i(uv —uv) dx. (3-71)
Td Td
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The Poisson brackets between two Hamiltonians H, G are defined as
(G, H}:=Q(Xg. Xp) 2" — /W iJVG-VHdx = —i /W VuHViG —ViHV,Gdx.  (3-72)
The nonlinear commutator between two Hamiltonian vector fields is given by
(X, Xul(U) =dXc(U)[Xy(U)] —dXu(U)[Xc(U)] = —X(G,m(U). (3-73)

Hamiltonian formalism in real variables. Given a Hamiltonian function Hg : H'(T¢; R?) — R, its
Hamiltonian vector field has the form

_ ([ VeHa(y. ) _
Xy (P, 8) = IV Hy (¥, ) = (—W e ¢)> , (3-74)
where J is in (3-69). Indeed one has
dHa(b. §)[h] = —O(X gy (. ). h)  for all m h= [‘(Z] (3-75)

where Q is the nondegenerate symplectic form

S(lYr| [V2])._ v ], [ ~ _
Q<[¢1}[¢2D ._/w [¢>1] I [@}dx—/w (Y192 — dr1y2) dx. (3-76)

We introduce the complex symplectic variables

u v\ _ L (ALY +iag e (w) » (u) 1 AR+
D=z (" )=— : —¢ ' (L) =— , (377
<u) <¢> V2 (Af{@ —ingo ¢ i) 2\ —indlw—a) G717

where Akg is in (1-3). The symplectic form in (3-76) transforms, for

[ 1)

into Q(U, V) where Q is in (3-71). In these coordinates the vector field X g, in (3-74) assumes the
form Xy as in (3-69) with H := Hg o6,

We now study some algebraic properties enjoyed by the Hamiltonian functions previously defined. Let
us consider a homogeneous Hamiltonian H : H'(T¢; C?) — R of degree 4 of the form

HW)= @)™ Y hal6.n. i —n— Di(mi(u(=§). U:m’ (3-78)

£,,6€2¢
for some coefficients h4(&, 1, ¢) € C such that

h4(§a n, é‘) = h4(—77’ _S’ é‘) = h4(§v n, S —-n—- 4)9

(3-79)
ha(€,1,¢) =ha({,n+¢ —E,&) forallg,n, ¢ ez’




1162 ROBERTO FEOLA, BENOIT GREBERT AND FELICE IANDOLI

By (3-79) one can check that the Hamiltonian H is real-valued and symmetric in its entries. Recalling
(3-69) we have that its Hamiltonian vector field can be written as

_iv- X}
( ¥qu(U)):( H(U))’ (3-80)
iv.HW)) ~ \x} W)
XpO® =2m ™ Y fE 0 O —n—Oimi), (3-81)
n,cezd

where the coefficients f (&, n, ¢) have the form

fE, 0,0 ==2ih(E n¢), &nteZ’ (3-82)

We need the following definition.

Definition 3.9 (resonant set). We define the following set of resonant indexes:

Z:={En,0) e E|=1¢), Inl=1E —n—¢NU(E, 0, ) e 1 |E|=1E —n—<l, Inl=I¢]). (3-83)

Consider the vector field in (3-81) with Hamiltonian H defined in (3-78). We define the field X ;™ (U)
by

X5E) =m0 fOVE . OaE —n— Dumi), (3-84)
n,cezd
where
FUE 0 = fE 0, D1aE 0, 0), (3-85)

where 14 is the characteristic function of the set % and f is defined in (3-82).
In the next lemma we prove a fundamental cancellation.
Lemma 3.10. For n > 0 one has (recall (3-2))
Re((D)"X 5"*(U), (D)"u) > = 0. (3-86)
Proof. Using (3-83)—(3-85) one can check that
X =en Y FEn i —n—0imic),
(n.5)eZ (&)
with 2(§) :={(n, £) € 22 1 |€|=1¢ 1, Inl=§ —n—¢|} for § € 7, and
FEn.8)=fEn O+ fE nE—n=20). (3-87)
By an explicit computation we have
Re((D)' X" (U), (D)’ u) 2
=)™ Y EFFE O+ TFC A —E HIAE —n—OumaQ)u(—§).

£€z?,(n,5)eR ()

By (3-87), (3-82) and using the symmetries (3-79) we have #(&,n,¢)+ F(. ¢ +n—£&,8) =0. |
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Remark 3.11. Throughout the paper we shall deal with general Hamiltonian functions of the form

HW)=Qm)™ Y w2%%E p, )u’l (§ —n— Ou (mu® ()u™ (—£),

01,02,03,04€{+}

gn.cez!
where we use the notation
w()=i(-) ifo=+ and w0 ()=u(-) ifo=-—. (3-88)

However, by the definition of the resonant set (3-83), we can note that the resonant vector field has still the
form (3-84) and it depends only on the monomials in the Hamiltonian H (U) which are gauge-invariant,
i.e., of the form (3-78).

4. Paradifferential formulation of the problems

In this section we rewrite the equations in a paradifferential form by means of the paralinearization formula
(ala [Bony 1981]). In Section 4A we deal with the problem (NLS) and in Section 4B we deal with (KG).

4A. Paralinearization of the NLS. In the following we paralinearize (NLS), with respect to the vari-
ables (u, u). We recall that (NLS) may be rewritten as (1-12) and we define ﬁ(u) = P(u, Vu) — %|u|4 =
LIVR(Jul?)[2. We set

d
P) = @3 PY(u, Vi) =y 0,3, P)(u, Vu). (4-1)
j=1

Lemma 4.1. Fix so > %d and 0 < p < s —sg, s > so. Consider u € H*(T?; C). Then we have

puw) =T, plul+T, pli] (4-2)
d d
+ D Ty, plugl+ Ty, plig) =Y 0 (T, plul+ T, plidl) (4-3)
. 7 ’J X J 7
]=1 j=1
d
- § : Ox (T, Blux ]+ Ty, o plits]) + R(w), (4-4)
T J
j=1

where R(u) is a remainder satisfying
IR0 S CluallTys (4-5)
for some constant C > 0 depending on s, so.

Proof. By using the Bony paralinearization formula, see [Bony 1981; Métivier 2008; Taylor 2000], and
passing to the Weyl quantization we obtain

pu) =T, plul+T, plu] (4-6)
d d
+ Y (T plug)+ Ty, plitg D) =Y 0(Ty,, plul+ Ty, pli)) 47
j=] y J ., 7 j:] J J
- X% 0y, ;<Tauxj o Pl ]+ Ty Bl D)+ R(), (4-8)
]j= =
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where R(u) satisfies the estimate (4-5) since 4 (x) ~ x? for x ~ 0. The first term in (4-8) is equal to the
first in (4-4) because 9z, P = 104, u, \VA(u»)? = 0if j #k. O

"k 7

We shall use the following notation throughout the rest of the paper:

U= |:12:|’ E = |:O _1], 1:= |:0 1:|, diag(b) := bl, beC. 4-9)

Define the real symbols

ar(x) = [ ([uHPlul®  ba(x) :=[A (ul)1u?,

d
G & = W (PP Y i), &= G-k, 10
j=1
We define also the matrix of functions
,_ v |@WUx) ba(Usx)| _ |ax(x) ba(x) ]
Az (x) 1= A2(U3 %) = |:b2(U; %) ax(U: x)} = [bz(x) a2(x)} (10

with a(x) and b, (x) defined in (4-10).
Proposition 4.2 (paralinearization of NLS). Equation (NLS) is equivalent to the system
U = —iE Op®™((1+ A2(x)) 1)U —iEV % U —i Op®N(diag(@ (x) - £))U + X, (U)+ R(U), (4-12)
““NLS

where V is the convolution potential in (1-5), the matrix A,(x) is the one in (4-11), the symbol a,(x) - £ is
in (4-10) and the vector field X, (U) is defined as
““NLS

2 2
X (U) = —iE[OpBW([2|u| N DU + Q3(U)] (4-13)

i’ 2ul?
The seminorms of the symbols satisfy the estimates

a2l o + 16210 Sl ypey  forall p+so<s, peN,

. 6 (4-14)
lai §|/V1,1 S Nl pissr  forall p+so+1=<s, peN,
where we have chosen so > d. The remainder Q3(U) has the form (Q;F(U), Q;(U))T and
01 &) =M™ > aE. n. OiE —n— (i) (4-15)

n.cezd

for some q(&, n, ¢) € C. The coefficients of Q;r satisfy

< maxp{{§ —n—&), (), ()} i 0> 0. 416
R (T ERTAGIE (10

The remainder R(U) has the form (RY(U), Rt (U))T. Moreover, for any s > 2d + 2, we have the
estimates

IRz SUUN e, 1Q3W) s S WU N3y (4-17)
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Proof. By Lemma 3.3 the cubic term |u|>u in (NLS) is equal to 27, pu + T,2u + %(u, u, u). Setting
Q;F(U) = %(u,u,u), we get (4-15) by (3-48). The second estimate in (4-17) is a consequence of
Lemma 3.7 applied with p = p =m = 2.

We now deal with the remaining quasilinear term p(u) defined in (4-1). We start by noting that

3, ==0p"™i&), j=1,...d, (4-18)

and that the quantization of a symbol a(x) is given by OpBW(a (x)). We also remark that the symbols
appearing in (4-2), (4-3) and (4-4) can be estimated (in the norm | - | y») by using Lemma 3.6. Consider
now the first paradifferential term in (4-4). We have, forany j =1, ...,d,

04Ty, ., POt = Op™"(i8)) 0 Op™ (83, u, P) 0 O™ (i )ur.

By applying Proposition 3.2 and recalling the Poisson bracket in (3-9), we deduce

Op®™(i&)) 0 0p*™ (3, u, P) 0 Op”™(i&)) = Op®V(—£/ 3z, v, P) (4-19)
BW( 1, o5 15
+0p (L0, (G, P~ S0, 00,0, PY) @20)
+ RV @)+ R (), (4-21)
where

" @) := Op®M(— 481, By, P))
and ﬁJ@ (u) is some bounded operator. More precisely, using (3-20), (3-10) and the estimates given by
Lemma 3.6, we have, for all h € H*(T¢; C),

IR @ohllgs < Cllalaslullys. 1R @hllgs < Cllallgs ) (4-22)

H2r0+3
for some constant C > 0 and s > d + 1, s € N. We set

R(u) := Z(E}”(u) + 1?}2’(14)).

j=1
Then

Z x7 ux uxj x,

= OpBW (Zg Oi u ) + R(u) — = 0p®W (Z( £, (i, u, P) 450y (i u,, P)))

Jj=1 j=1
= 0p™Max(x)[§%) + R(u) + 5 0p™ (Z &0, (O, P) = B 1’5))) (by (4-10))
~ =1
= 0p®Max () [€[*) + R(w), !
where we used the symmetry of the matrix BWWIS (recall Pis real) and that
Biyyuy P () = 303,y IVA(uP)P =" a2 (x).

By performing similar explicit computations on the other summands in (4-2)-(4-4) we get (4-12), (4-11)
with symbols in (4-10). By the discussion above we deduce that the remainder R(U) in (4-12) satisfies
the bound (4-17). U

2 (4 10)
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Remark 4.3. « The cubic term X« (U) in (4-13) is the Hamiltonian vector field of the Hamiltonian
““NLS
function

u

“ 4 . 2-I/t
HsU) = /W ul*dx, X, (U) = —iful i| (4-23)

o The operators

BW, 2 BW, 1:. = swl [2lul?  u?
Op”"((1+ A2(x))|§17), Op~"(diag(ai(x)-§)), Op P2 20l

are self-adjoint thanks to (3-57) and (4-10).

4B. Paralinearization of the KG. In this section we rewrite (KG) as a paradifferential system. This is

the content of Proposition 4.7. Before stating this result we need some preliminaries. In particular in

Lemma 4.4 below we analyze some properties of the cubic terms in (KG). Define the real symbols
~1/2

ay(x, €) = ax(u; x, §) = Z@w o DX, VG, ¥ =K (1),
P e V2 (4-24)
ao(x, £) 1= ao(u: x, £) 1= § (3,5, O) (¥, AGY) + (33,30 G (W, AGV) A (8).
We define also the matrices of symbols
11
A (x,8) = (u; x,§) = %[1 J weEan(u; x, 8), (4-25)
a(x,§) =AW, x,§) :—[ ]ao(u;x,é), (4-26)
and the Hamiltonian function
3@2(@:_/ G, Aoy dx, (4-27)

with G the function appearing in (1-14). First of all we study some properties of the vector field of the
Hamiltonian %”K(?})

Lemma 4.4. We have
Xy (U) = —iJ VAL (U) = —iE OpPN(atp (x, £)U + Q3(w), (4-28)

with o in (4-26). The remainder Q3(u) has the form (Q3 (w), O3 )" and (recall (3-88))

07 () = Tl 0226;6& }q (&, n, O (& —n — OHu2 (Mu(¢) (4-29)
n,{éld

for some q°°>%3 (&, n, ¢) € C. The coefficients of Q;r satisfy

|q(71,0'2,0'3($’ 1, é_)| < max2{<$ - n—- ;)7 <77>7 <§>} (4_30)

~ max{(§ —n—2¢), (), (£)}
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for any o1, 02, 03 € {£}. Finally, for s > 2d + 1, we have

laol.ro StlFypigs  PH+so<s, so>d, (4-31)
1 @)l S Nuell s 1Q3 @) g S Maell 3y (4-32)
ldy X WA s S NullZys Bl s for all h € HY (T C?). (4-33)
Proof. By an explicit computation and using (1-2) we get
—1/2
X (U) = (X (U), Xy (UDT U) = —i2KS ¢y
e = <4) (4) <4) NG g().

The function g is a homogeneous polynomial of degree 3. Hence, by using Lemma 3.3, we obtain

iX;,K<4G>(U) =Ao+A_ip+A 1+ 0 (u), (4-34)

where
Ag:=10pPV(@,,,, G (W, AGY ) u+ill, (4-35)
A2 =1 0pPY(8y,, G (W, ALSYU DA RS > i) 1+E Al OPPV (3,10 G (W, AYGY ) uti], (4-36)
Ay =L A2 OpPY(8,0y, G (W, AU AR (utiD)], (4-37)

and Q7 is a cubic smoothing remainder of the form (3-48) whose coefficients satisfy the bound (4-30).
The symbols of the paradifferential operators have the form (using that G is a polynomial)

(u + M) u+ u) —d i&-x 01,0 -~ -
, @m)™ YT DY gl E muti (E — u(n), (4-38)
ﬁ f o1,00€{x} £ez7d nezd

where k, j € {yo, y1} and where the coefficients gk‘ 72(&, n) € C satisfy | gkljaz &, <.
We claim that the term in (4-37) is a cubic remainder of the form (4-29) with coefficients satisfying
(4-30). By (3-6) we have

1/2

(8ij)<

A= 126y 7 C 12 E=¢l\ 5
A® =557 Z D000 G (€ — O AR E) ARy (;)xe(@H))u &)
rezd oe{+)
1 _ _
= 3Gy Y g - ) Agd @) Agd @)
01,07, (IGji} |$ — é‘l o o~ -
bel ——— |u% (£ —n—C)u* o by (4-38
n:§ X ((S—i—;))u (& —n—0u(mu’ () (by (4-38)),
which implies that A_; has the form (4-29) with coefficients
0.0 = de €~ £ A @A On (1 ) (4-39)

By Lemma 3.8 we have that the coefficients in (4-39) satisfy (4-30). This proves the claim for the
operator A_j. We now study the term in (4-36). We remark that, by Proposition 3.2 (see the composition

formula (3-19)), we have A_;» = OpBW(A !/ 2(5 )0y0y; G) up to a smoothing operator of order —%.



1168 ROBERTO FEOLA, BENOIT GREBERT AND FELICE IANDOLI

Actually to prove that such a remainder has the form (4-29) with coefficients (4-30) it is more convenient
to compute the composition operator explicitly. In particular, recalling (3-6), we get

A1y = OpPMAL L2 (8)dy,,G) + R_1, (4-40)
where
Ra@=0m)™ Y 2% —n—¢n, OuolE —n—Ou ()’ (£),
o1,02,0 €{£}
e :
L1020 _ . - A2 12, Aa-12(E1C
E—-n—¢n0)= Zgyoyl(é Cn)X6(<g+§)>|: () + Agg (§) —2Agg <—2 )]

We note that
1/2 1/2 §+¢ _1/ 3pfE+te §-¢
&) = ( : ) 2 ] Ak (—2 +roo ).

‘ ey b A (0) — 20 ”2<§J2”;)‘§|s|—3/2+|c|—3/2.

Again by Lemma 3.8 one can conclude that r?°>°(§ —n — ¢, n, ¢) satisfies (4-30). By (4-40), (4-35),
(4-37) and recalling the definition of ag(x, £) in (4-24), we obtain (4-28). The bound (4-32) for Q3
follows by (4-30) and Lemma 3.7. Moreover the bound (4-31) follows by Lemma 3.6 recalling that
G, A¢g¥) ~ O(u*). Then the bound (4-32) for X, follows by Lemma 3.1. Let us prove (4-33). By
differentiating (4-28) we get

Then we deduce

dy X (U)[h] = —1E Op* V(e (x, £))h —iE Op®M(dy o (x, §))U +dy Q3(w)[h]. (4-41)

The first summand in (4-41) satisfies (4-33) by Lemma 3.1 and (4-31). Moreover using (4-38) and (4-24)
one can check that

|dy (x, E)h] o S llullgrrso il ggriso.  p+s0 <.

Then the second summand in (4-41) verifies the bound (4-33) again by Lemma 3.1. The estimate on the
third summand in (4-41) follows by (4-29), (4-30) and Lemma 3.7. O

Remark 4.5. We remark that the symbol ag(x, £) in (4-24) is homogeneous of degree 2 in the variables
u, u. In particular, by (4-38), we have

a(x, &) = Q2m) ™2 Y~ e Fag(p, £),

pezd

A _ —d 01,02 ;01 1102

ao(p. §) = 2m)™ > ad"*(p, . )u (p — nu® (), (4-42)
o1,02€{%}
nez?

ag % (p.n. €)= Lel 2 (p, ) + g0 P (p. M Agg (©).

Moreover one has |a;"”*(p, n, £)| < 1. Since the symbol ag(x, §) is real-valued, one can check that

a1 0" (pon, &) =ay " (—p,—n, &) forallg, p,ne 7%, 61,09 € {£}. (4-43)



LONG TIME SOLUTIONS FOR QUASILINEAR SCHRODINGER AND KLEIN-GORDON EQUATIONS ON TORI 1169

Remark 4.6. Consider the special case when the function G in (1-2) is independent of y;. Following
the proof of Lemma 4.4 one can obtain the formula (4-28) with symbol ay(x, £) of order —1 given by
(see (4-37))

ao(x, §) 1= 30y, G (W) Agg (6).
The remainder Q3 would satisfy (4-30) with better denominator max{(§ —n —¢), (n), (¢ )2,

The main result of this section is the following.

Proposition 4.7 (paralinearization of KG). The system (1-13) is equivalent to

U =—iEOp®™((1+ a4 (x.£))Akc())U + X4® (U) + R(w), (4-44)

o= fi)=eLi]

(see (3-77)), @1 (x, &) is in (4-25), and XfK<4G> (U) is the Hamiltonian vector field of (4-27). The operator
R(u) has the form (R* (u), R*Tw))T. Moreover we have

where

|0+ lazl ot S Nullyypign forallp+so+1<s, peN, (4-45)

where we have chosen so > d. Finally there is > 0 such that, for any s > 2d + |, the remainder R(u)
satisfies
1RGOl s S Nl s (4-46)

Proof. First of all we note that system (1-13) in the complex coordinates (3-77) reads

A—1/2 A—1/2 i
du = —iAggu — i % (W) +gW), v = % (4-47)

with £ (), g(¥) in (1-1), (1-2). The term (—i/~/2) Ay *g(¥) is the first component of the vector field

X (U), which was studied in Lemma 4.4. By using the Bony paralinearization formula (see [Bony
1981; Métivier 2008; Taylor 2000]), passing to the Weyl quantization and (1-1) we get

d
W)Y == 3 000" M@y, yeyy YW, Vi) 000 ¥ (4-48)
J.k=1 d
+ Y 100" ™M (@yy, YW, V), 019 + 0" M@y y YW, VYD + R (W), (4-49)
j=1

where R™7 () satisfies | R () || gs+r < IIWIIA}F for any s > sg > d + p. By Lemma 3.6, and recalling
that F (¢, Vi) ~ O(y°), we have

g, Flrg + 10y FlLio +10yy Flyo S IV e pHso+1<s, (4-50)
where s > d. Recall that 9, = OpBW(éj). Then, by Proposition 3.2, we have

[Op™™ @y y,, ), 3 1 = Op™™(=idyy, F. EDY + QW)
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with (see (3-20)) [|Q () |l gs+1 S |81/,1/,t F| 0, ||¢||Hv Then by (3-8), (4-50) and (3-10) (see Lemma 3.1
and Proposition 3.2) we deduce that the terms in (4-49) can be absorbed in a remainder satisfying (4-46)
with s > 2d large enough. We now consider the right-hand side of (4-48). We have

— 3, 0 0p™" (B, y,, F)(W, V) 0y, = Op”(&;) Op™™ (B, y,, F) (W, VY1) Op° V(&)

By using again Lemma 3.1 and Proposition 3.2 we get

£ =0p*May(x. £)¥ + R(y). (4-51)

where a5 is in (4-24) and ﬁ(l//) is a remainder satisfying (4-46). The symbol a;(x, &) satisfies (4-45) by
(4-50). Moreover

_ A_l/2 I
ﬁ “Zf(w—T Ké”f(%) 2 L oYy, OARL N+l (@52)

up to remainders satisfying (4-46). Here we used Proposition 3.2 to study the composition operator
1/ 2 OpBW(az (x, é))A_l/ 2 By the discussion above and formula (4-47) we deduce (4-44). U

Remark 4.8. In the semilinear case, i.e., when f = 0 and g does not depend on y; (see (1-1), (1-2)),
equation (4-44) reads
U = —iE Op®™ (1AkG(E)U + Xy (U),

where the vector field X,-@ has the particular structure described in Remark 4.6.

5. Approximately symplectic maps

5A. Paradifferential Hamiltonian vector fields. In this section we shall construct some approximately
symplectic changes of coordinates which will be important for the diagonalization procedure of Section 6.
Define the frequency localization

Sew = Zw(km(' |>e , £ez?, (5-1)
by (&)

for some 0 < € < 1, where . is defined in (3-5). Consider the matrix of symbols

0 bnis(x, &)

st —8) 0 (>-2)

Bnis(Ws x, &) := Bnus(x, §) := ( ) . bais(x, &) = 1 (&)w?

1
2112

where x (£) is a C*°(R; R™) function equal to 0 if || < 4 and 1 if |§| > 5. Define also the Hamiltonian
function

1 . =
Bnis(W) = 3 /v E Op™(Bris (S W x, )W - W dx, (5-3)

where SeW = (Sgw, S; w)’. The presence of truncation on the high modes (Sz) will be decisive in
obtaining Lemma 5.1 (see comments in the proof of this lemma).
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Analogously we define the following. Consider the matrix of symbols

0 bxa(x, 5)) aop(x, &)
Bxg(W; x,&) := Bgg(x, &) = | —— , brxg(W;x, &) = ———, 5-4
KG ( £) KG (¥, §) (bKG(x, 5 0 KG( £) I ARG (@) (5-4)
with ag(x, &) in (4-24) and Agg in (1-4), and define the Hamiltonian function
Fo(W) =3 / i Op™(Ba (S Ws x, )W - W dx, (5-5)
Td

where S¢ W := (Sgw, Szw)”, where S is in (5-1).

In this section we study some properties of the maps generated by the Hamiltonians i s(W) in
(5-3) and Bkg(W) in (5-5). In the next lemma we show that their Hamiltonian vector fields are given by
OpBW(BNLs(W; x,&))W and OpBW(BKg(W; x, £))W respectively, modulo smoothing remainders. More
precisely we have the following.

Lemma 5.1. Consider the Hamiltonian function (W) equal to #nis in (5-3) or Bxg in (5-5). One has
that the Hamiltonian vector field of (W) has the form

Xz (W) =—iJVBW) = O0p®M(B(W; x, E)W + Q(W), (5-6)

where Q (W) is a smoothing remainder of the form (Q;;(W), Q;;(W))T and the symbol B(W; x, €) is
respectively equal to BNLs(W; x, &) in (5-2) or Bxkg(W; x, &) in (5-4). In particular the cubic remainder
Q% (W) has the form
T\ _ 1 01,072,073 Py — o =0 d
QW@ =g Do AT EnOWIE - OuImuTE), §e2!, (5T)

01,02,03€{%}
n.cez?

where @757 (&, 1, ¢) € C satisfy, for any &, 1, ¢ € 7%, a bound like (3-48). In the case that B = BnLs
we have o0y = +, 0y = —, 03 = +. Moreover, for s > %d + p, we have
k
Idiy Qu(W)Thi, ... hidll s SNw3s [ [ Wil forall i € HS (T4 CY, i=1,2,3,  (5-8)
i=1

fork=0,1,2,3. Moreover, forany s > 2d + 2, one has

k
ldfy X s WAL, - il g S HwIGE [ [ Whilles forall by € HY (T4, i=1,2,3,  (5-9)

i=1

k
ldy X s WAL, s kil e S Nwl3s* [ [ Wellas  for all by € HS (T4 €%, i =1,2,3, (5-10)
i=1
withk=0,1,2, 3.
Proof. We prove the statement in the case %8 = %nLs; the other case is similar. Using the formulas (5-2),
(5-3) we obtain BN s(W) = —G1(W) — Go(W) with
i

G(W) = —E/dOPBW(bNLS(st))U_JU_)dX, G2 (W) :=%/d Op®V(bnis (Sew)ww dx,
T T
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where we recall (5-1). By (5-2) we obtain that V3G (W) = —i OpBW(bNLS (Szw))w. We compute the
gradient with respect w of the term G,(W). We have

dy G (W)() = / Op®™(Se () Sg () |2x($))wwdx

B
Z Sero)2(@)E =1 — ) S s (WMD)

e 4 C+E> (|s—;|>A_ by (3.6
X|§+§|2x< > )X\ ex o) w(=§) (by (3-6))

] 3 X(§+§> 1 X(|§—¢|)X<2|s—n—z|>x
(2m)d 2 JIe+ERT\E+) ) E+0) ‘

e 2| A
X<<s+;>>w<-§—n—;)h(n)w(;)w(—é) (by (5-1)

ceE\ 1 € — ¢
= h €
2on )dZ (=m) Z ( 2 >|¢+s|2x <<s+g>)

§.5eZ
21§ +n—¢| 2|\ 2 AT
XXe( E+o) )xe(<$+{>>w(é+n Hw(Q)w(=8).

Recalling (3-69) and the computations above, after some changes of variables in the summations, we obtain

_i
T 2Qn )"

X s (W) = OpBW(BNLs (S W x, €)W + Ry (W),

where the remainder R; (W) has the form (R+(W), R+(W))T, where (recall (3-5))

(R+(W))($) =

> nE . ObE—-OwmbE), £ez?,

n,cezd

nEn )= -2 x(zf_“”)x( |n—£| >X< 20| )X< 20| )
o 26—+ 2 )7\ —g+n) )T\ (g —n—2¢) )"\ (g —n—2¢)

One can check, for 0 < € < 1 small enough, ||+ |n| K< |E —n — ¢| ~ |¢|. Therefore the coefficient
r1(§, n, ¢) satisfies (3-48). Here we really need the truncation operator S¢: if you don’t insert it in the
definition of AN (see (5-3)) then R; is not a regularizing operator. Furthermore this truncation does

(2m )d

not affect the leading term: Define the operator

RS (W)
Ry(W) = ( R}TW)) := Op®Y (Bnis(Se W x, &) — Bais(Ws x, £))W

We are going to prove that R; is also a regularizing operator. By an explicit computation using (3-6),
(5-1) and (5-2) one can check that

(W)(S)=W Ym0 ObE —n—DBMDE). Eezd,
n,¢ezd

(. D) = — 1 X(§+C)X<IS—§I)(I_X(IE—U—CI)X( [n] ))
o &+ ¢ 2 )™\ Ero \e+o J*\ero
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We write 1-r,(&, n, ¢) and we use the partition of the unity in (3-49). Hence using (3-5) one can check
that each summand satisfies the bound in (3-48). Therefore the operator Qs := R; + R, has the form
(5-7) and (5-6) is proved. The estimates (5-8) follow by Lemma 3.7. We note that

dw (Op®V(Bnis (W x, £))W)[h] = OpP™(Bais(W; x, £))h + Op®V(dw Bais(W; x, €)[A])W.

Then the estimates (5-9) with k = 0, 1 follow by using (5-8), the explicit formula of B(W; x, ) in (5-2)
and Lemma 3.1. Reasoning similarly one can prove (5-9) with k =2, 3. ([

In the next proposition we define the changes of coordinates generated by the Hamiltonian vector fields
X 2y and X 5, and we study their properties as maps on Sobolev spaces.

Proposition 5.2. For any s > sg > 2d + 2 there is ro > 0 such that for 0 <r <ry and

W= [ﬂ € B,(H*(T?; C?))

the following holds. Define
Z:= D (W)= W+ X, (W), (5-11)

where » € {NLS, KG} (recall (5-3), (5-5)). Then one has

IZ1gs < lwllgs (14 CllwlFs) (5-12)
for some C > 0 depending on s, and
W =2Z—Xz,(Z)+rw), (5-13)
where
Ilr@) e S lwllys- (5-14)

Proof. By (5-11) we can write
W=2Z—X5(W)=Z—X3(Z)+ X5 (W)~ X5,2)].

By using estimates (5-9) or (5-10) one can deduce that X 4, (W) — X 4, (Z) satisfies the bound (5-14).
The bound (5-12) follows by Lemma 5.1. [l

5B. Conjugations. Recalling (1-25) and (4-23) we set

HGSW) = A W) + W), AL (Z) ;=/

ANLsz-zdx. (5-15)
Td

Analogously, recalling (4-27) and (1-4), we set

S (W) = g (W) + 8 (W), 48 (2) ::/IAKGz-de. (5-16)
T{

In the following lemma we study how the Hamiltonian vector fields X, = (W) in (5-15) and X<t w)
““NLS “YKG
in (5-16) transform under the change of variables given by the previous lemma.
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Lemma 5.3. Let so > 2d + 4. Then for any s > s there is ro > 0 such that for all 0 < r < ry and
zZ= ﬂ € B,(H*(T; C?))
Z

the following holds. Consider the Hamiltonian %, with » € {NLS, KG} (recall (5-3), (5-5)) and the
Hamiltonian %154) (see (5-15), (5-16)). Then

dw Pz, (WX, o (W)] =X, = (Z) +[X2,(Z), X,,0(Z2)] + Rs5(Z), (5-17)

where the remainder Rs satisfies
IRS(Z) s S Nzl (5-18)
and [ -, -] is the nonlinear commutator defined in (3-73).

Proof. We prove the statement in the case %, = %nLs and %*(54) = f(fg ); the KG-case is similar. One
can check that (5-17) follows by setting

Rs 1= dw X s (W[ X,pi20 (W) — X, 0 (2)] (5-19)
T X0 (W) = X0 (Z2) +dw X0 (2) [ X 5 (2)] (5-21)
F Xz (2), Xy (2)]. (5-22)

We are left to prove that Rs satisfies (5-18). We start from the term in (5-19). First of all we note that
Xpzo (W) — Xpc0(Z) = —1EANs(W — 2) + X0 (W) — X 20 (2),

where we used that X, (W)= —iE AnLs W. By Proposition 5.2, (4-23) and (5-9) we deduce that

““NLS

X < ”/ — X < 2 s < 3 5.
Hence using again the bounds (5-9) we obtain

5

Reasoning in the same way, using also (5-13), one can check that the terms in (5-20), (5-21), (5-22)
satisfy the same quintic estimates. (I

In the next lemma we study the structure of the cubic terms in the vector field in (5-17) in the NLS
case.

Lemma 5.4. Consider the Hamiltonian #n1.s(W) in (5-3) and recall (4-23), (5-15). Then we have

21zI> 0

. BW
Xy (2) + [ X5 (2), Xy (Z2)] = —1E Op < 0 2z

)Z+Qﬁ4a, (5-23)
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where the remainder QH<4> has theform QH(4) (Z2) = (Q @ (2), QH<4> (Z))T and

(Qgin (2)(€) =

> age € DEHE—N—DIMEQ), e, (5-24)

(2 )d n.;ezd

with symbol satisfying

4 < maxo{(E —n =), (n), (O
9, © 1 ONS a1 & =), b, ©)F

Proof. We start by considering the commutator between X 4, ¢ and X ¢ . First of all notice that (see
“NLS
(5-6) and (5-2))

(5-25)

+NLS( ) 2
X,%NLS(Z>=( Z ) Xt (2):= OpBw<ﬁi<s>)[Z]+Q;NLS<Z>,

%NLS(Z)
and hence (recall (3-6)), for & € Z¢,
(W)(&)
2 (&40 1§ —nl
- € Pais Sy 15 y 5-26
= on )d ;ﬂz(s n— OZ(T’)Z(O[|5+TI|2X( > )x (<§+n>)+w (& ng)] (5-26)

where gz, (¢, n, ¢) satisfies the bound in (3-48). Hence, by using formulas (1-25), (5-26), (3-73), one
obtains
‘€+(Z))

72”(4) (Z) + [XJNLS (Z) (2) (D]= <(€+—(Z) ’

EHDE) = o )d 3 e 0. DEE — 11— DIMEED).
where e

2 _(&§+n7 & —nl
s 1 =1 € BNLs\S o 1]
oEm ) +[I§+n|2X( 2 )X (<s+n>)+” & ;)}

x [ANLs(E —n—¢) — AnLs(n) + Anis(¢) — Anes(6)]. (5-27)

We need to prove that this can be written as the right-hand side of (5-23). First we note that the term
in (5-27),

s &1, OIANLS(E — 1 — &) — AnLs () + Anes(§) — Anis(8)], (5-28)

can be absorbed in R; since (5-28) satisfies the same bound as in (5-25). Moreover, using (1-25) and
(1-5), we have that the coefficients
2 . S+n) (|§—77|)A > = =
X X [VE—n—-0)—-Vm+V(E)-V(E)]
1€ +nl? ( 2 )7\ +m
satisfy the bound in (5-25) by using also Lemma 3.8. Therefore the corresponding operator contributes

to R;. The same holds for the operator corresponding to the coefficients

2 _(§+m E=nl\re 2.2
IE+n|2X( > )xe(<§+n>)[lé n—¢Im+1gI7].
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We are left with the most relevant terms in (5-27) containing the highest frequencies 1 and §. We have
—2(|§|2+|77|2)X <|S—n|)x<§+n) N (I%‘—nl)_rl(E n.0)
E+n2 T\ +n) 2 g+ T

£+n E=nl\  [E=nl_(E+n & —n
r.n, ¢ = ( ( —1x + X X -
2 Ne+n) g+ 2 )7\ +n)
Again we note that the coefficients (&, n, ¢), using Lemma 3.8 and the definition of ¥ below (5-2),
satisfy (5-25). Then it remains to study the operator Z*(Z) with

@HZ)E) =~ o )d 3 ( (Hnl))z(s—n—;)%(n)z(o.

n.¢ezd

where

By formula (4-13) and (3-6), 2" (Z) = —i 0p®™(2|z[*)z + Q7 (U), where Q3 satisfies (4-15), (4-16). O

In the next lemma we study the structure of the the cubic terms in the vector field in (5-17) in the KG
case.

Lemma 5.5. Consider the Hamiltonian SBxg(W) in (5-5) and recall (4-27), (5-16). Then we have
X (2) + X 26 (2). X0 (2)] = —iE Op™™ (diag(ao(x. £)) Z + Qo (2). (5-29)

where the symbol ag(x, &) = ao(u, x, &) is as in (4-24) and the remainder QH(4) (Z) has the form
(O w (2), O o QFw (2))7, with

QH<4> =0~ Y QT E N O E 1= DZEMIRE) (5-30)
Ul,Z?éUG3Z€d{i}

01,02,03

for some q o (&, n, ¢) € C satisfying

01,02,0° aXz{(é—n—f),(ﬂ),(C)}“
l4 2,03 5_31
Uy G OIS e == o), (o) 63D

for some 1 > 1.

Proof. Using (5-6) (with = ki) we can note that
(X2 (2), Xy (2)] = [0p®Y(Bka(Z; x. £)), X 2 (D)1 + Ra(2), (5-32)
where R»(Z) = (RS (Z), Ry (Z))7, with

RE@NE =2m) " Y B E g, 0T E - O, el

o1,02,03€{%}
1 )72{632(1 (5_33)

"7 (E, 0, £) =g T (0, OlorAkc(E — 1 — &) +02Akc () + 03 AkG (£) — Aka(§)],
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where the coefficients are defined in (5-7). The remainder R, has the form (5-30) and we have that the
coefficients r5" "7 (&, n, ¢) satisfy the bound (5-31). On the other hand, recalling (5-4), (3-73), we have

BW, R;_(Z) .
[0p"™(Bka(Z: x.£)). X,,0/(2)] = R3(Z) + Ru(2).  R;(Z) = ( o (Z)>, j=3,4, (534
where '
RY(2) := 0p®V(bka(Z; x, £))[iAkaZ] +iAkc OpPN(bko(Z; x, €))IZ], (5-35)
R{(Z) = 0p™ ((dzbko) z: x. )X 2 (Z)DIZ]. (5-36)
By Remark 4.5 and (3-6) we get
EI =2 —d 01,02 _ g + é‘) 1
foen ¥ a@(e-on T ) nearom

o1.00€{£}n,c€7¢

) X(g J_r gl)[_ialAKG@ —n—¢) =i Ak (N7 (& — 0 — )2 (MZ().

Using the explicit form of the coefficients of RZF and Lemma 3.8 one can conclude that the operator RI
has the form (5-30) with coefficients satisfying (5-31). To summarize, by (5-32) and (5-34), we have
obtained (recall also (4-28), (4-26))

LHS of (5-29) = Op®¥ (‘i“‘)(x’ 9 0 ) 7+ F(2)+ 05(2) + Ra(Z) + Re(Z),  (5-37)
0 1ap(x, &)
where R4 is in (5-36), R is in (5-33), Q3(Z) is in (4-28) and
F(2) + - yBW, . +
Fy(Z) = (—+ ) FH(Z) = —i 0pPYao(x, E)IE] + RE(2). (5-38)
FF2)

where R;r is in (5-35). By the discussion above and by Lemma 4.4 we have that the remainders R, R4
and Q3 have the form (5-30) with coefficients satisfying (5-31). To conclude the prove we need to show
that F3 has the same property. This will be a consequence of the choice of the symbol bxg(W; x, §) in
(5-4). Indeed, by (5-4), Remark 4.5, (5-38), (5-35), we have

Fr® =m0 3 £ 0, O E —n— )P mEQ),
o1,00€{£}
n,{eZd
where

(5-39)

A A —
fgl,az,—(s’n,g) :zagl,@(%__é_’ n’€+§)l|: KG($)+ KG(;) 1:| €<|‘§ Cl)

2 2AkG(E+2)/2) (& +0)
By Taylor expanding the symbol Akxg(£€) in (1-4) (see also Remark 4.5) one deduces that

aal,az(g_é. . S+§)i[AKG($)+AKG({)_1]‘< 1§ -2l
0 T2 2Akc((E+1)/2) ~ () F(£))32

Therefore, using Lemma 3.8, we have that the coefficients fg"m’_(f, n, ¢) in (5-39) satisfy (5-31). This
implies (5-29). =
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6. Diagonalization

6A. Diagonalization of the NLS. In this section we diagonalize the system (4-12). We first diagonalize
the matrix £ (14 A,(x)) in (4-12) by means of a change of coordinates as the ones made in the papers [Feola
and landoli 2021; 2022]. After that we diagonalize the matrix of symbols of order 0 at homogeneity 3, by
means of an approximately symplectic change of coordinates. Throughout the rest of the section we shall
assume the following.

Hypothesis 6.1. We restrict the solution of (NLS) on the interval of times [0, T'), with T such that

1
sup lu(t, ) lgs <€, |uo(x)||lgs < ze.
tel0,T)

Note that such a time T > 0 exists thanks to the local existence theorem in [Feola and Iandoli 2022].

6A1. Diagonalization at order 2. We consider the matrix E(1+ A,(x)) in (4-12). We define

ANLs (%) := AnLs (U x) i= v T4+ 2u PR/ ()2, a” (x) == Anps(x) — 1, (6-1)

and we note that +Anps(x) are the eigenvalues of the matrix E(1+ A;(x)). We denote by S matrix of
the eigenvectors of E(1+ A;(x)); more explicitly

S1 82 _ §1 —82
S - - ) S ! = - ’
52 81 —52 8

L+ [ulP[h (Jul®)]? + Anes (x)
V2ANLs (0) (14 [h (Ju)?) 1P ul? + InLs (X))
—u?[h' (Ju|»)]?

V2hnes 0 1+ [A/([uP) Plul? + Ancs ()

Since +Anrs(x) are the eigenvalues and S(x) is the matrix of eigenvectors of E(1 4 A,(x)) we have

s1(x) = (6-2)

so(x) =

STTE(L+ Ax(x))S = E diag(Anis (x)), st —Is2l* =1, (6-3)

where we have used the notation (4-9). In the lemma we estimate the seminorms of the symbols defined
above.

Lemma 6.2. Let N > s5g > d. The symbols aél) defined in (6-1), s1 — 1 and s, defined in (6-2) satisfy the
following estimate

1 6
5”1y + st = Ugo + 15200 S lel§yprgs  P+s0<s, peN.

Proof. The proof follows by using the estimate (4-14) on the symbols in (4-10), the fact that 4'(s) ~ s
when s ~ 0, ||lu||s < 1, and the explicit expression (6-1), (6-2). O

We now study how the system (4-12) transforms under the maps

dnrs = Ones(U) := OpBN(S™H(U; %)),  Wnis = Unis(U) :=0pPVM(S(U; x)).  (6-4)
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o[

be a solution of (4-12) and assume Hypothesis 6.1. Then for any s > 259+ 2, N 3 5o > d, we have the

Lemma 6.3. Let

following:
(i) One has the upper bound

1PN @)W s + UNLs (D W (s < W | as (14 ClluellS 2,

I(@PxLs W) = DW | as + [(Enes(U) = VWl as SUW s w0, for all W e H* (T ),

(6-5)

where the constant C depends on s.
(ii) One has Ynis(U) o Dnis(U) = 1+ R(u), where R is a real-to-real remainder of the form (3-52)
satisfying

IRWOW || gz S IW s [l (6-6)

H2s0+2 .

The map 1+ R(u) is invertible with inverse (1 + R(u))™" := (1 + ﬁ(u)), with E(u) of the form (3-52)
and
IRGOW [l gz S UW Lazs 2] (6-7)

as a consequence the map ®nis is invertible and @ITH{S =(1+ ﬁ) WnLs with estimates
1PNt s @ W llgs < IW s (1 + Cllell® o) (6-8)
where the constant C depends on s.
(iii) Foranyt € [0, T), one has 3, ®nis(U)[ - 1= Op®™(@, 8~ (U; x)) and
ST Ui 0L S ulfpgree 13 ONLSWV I S IW s e G2y (6-9)

Proof. (i) The bounds (6-5) follow by (3-10) and Lemma 6.2.

(i) We apply Proposition 3.2 to the maps in (6-4); in particular the first part of the item follows by using
the expansion (3-21) and recalling that symbols s{(x) and s, (x) do not depend on &. Inequality (6-7) is
obtained by Neumann series by using that (see Hypothesis 6.1) ||u| gs < 1.

(iii)) We note that 9,51 (x, &) = (9,51) (u; x, E)[ut] + (Iz51) (u; x, S)[ﬁ]. Since u solves (4-12) and satisfies
Hypothesis 6.1, then using Lemma 3.1 and (4-17) we deduce that ||it|| gs < ||u|| gs+2. Hence the estimates
(6-9) follow by direct inspection by using the explicit structure of the symbols s, s, in (6-2), Lemma 3.6
and (3-10). O

We are now in position to state the following proposition.

Proposition 6.4 (diagonalization at order 2). Consider the system (4-12) and set

W = onis(U)U, (6-10)
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with OnLs defined in (6-4). Then W solves the equation

W = —iE Op®V (diag(1 4+ a{" (U; x))|EHW —iEV « W
—10p®V (diag@\" (U; x) - £)W + Xy W)+ ROW), (6-11)
where the vector field X, « is defined in (4-13). The symbols aél) and Zi%l) -& are real-valued and satisfy
““NLS
the estimates
|a§1)|.,4/,,0 < ||u||?qp+sO forall p+so<s, peN,

(6-12)
a;”

L Sl forall p+so+1<s, peN,

where we have chosen sy > d. The remainder RV has the form (RGP RGN Moreover, for any
s > 2d + 2, it satisfies the estimate

IRV @) llas SIU s (6-13)
Proof. The function W defined in (6-10) satisfies

W =8, OnLs (U) U +Pnps(U)U

= —Onis(U)IE OpPWY (1+A2(U)|E)) WUnLs (U)W —DNLs(U)IE VWns (U)W (6-14)
—i®nLs(U) Op” Y (diag(d (U)-£)) ¥nLs (U)W (6-15)
+¢NLS(U)X%§§S(U) (6-16)
+@nLs(U)RWU)+0pPY (3, S~ (U)U (6-17)

—dnLs(U)ILE OpBY (14+A2(U)) £ 1) +0pBY (diag(d; -£))+ EVHIR(U)Wnis (U)W,  (6-18)

where we have used items (ii) and (iii) of Lemma 6.3.

We are going to analyze each term in the right-hand side of the equation above. Because of estimates
(6-7), (6-5) (applied to the map ®nrs), Lemma 6.2 (applied to the symbols az, b, and a; - £) and finally
item (ii) of Lemma 3.1, we may absorb term (6-18) in the remainder RV (U) verifying (6-13). The term
in (6-17) may be absorbed in RV (U) as well because of (4-17) and (6-5) for the first term and because
of (6-9) and item (ii) of Lemma 3.1 for the second one.

We study the first term in (6-14). We recall (6-4) and (6-2), we apply Proposition 3.2 and we get, by
direct inspection, that the new term, modulo contribution that may be absorbed in R (U), is given by

—iE Op®W(diag(Anrs)) W — 2i Op®W(diag(Im{(s2b2) V51 + (s1b2 + 52(1 +a2)) V52 } - €)W,

where by Im{l;}, with b = (b1, ..., by), we denote the vector (Im(by), ..., Im(b,;)). The second term in
(6-14) is equal to —iE'V * W modulo contributions to RW(U) thanks to (1-5) and (6-5).

Reasoning analogously one can prove that the term in (6-15) equals —i OpBW(diag(Eil (U)-£))W, modulo
contributions to RV (U). We are left with studying (6-16). First of all we note that X, (U)=—iEu|*U;
then we write

Koty (U= X N+ Xy (U = X (9.
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Lemma 6.2 and Lemma 3.1(ii) (recall also (6-2)), imply || Onis(U)U — Ul|lgs < ||U||Hg, therefore it is a
contribution to R (U). We have obtained ®nps(U)X 0, U) = %)(4) (W) modulo RV (U).

Summarizing we obtained (6-11) with symbols a( ) deﬁned in (6- 1) and

a\" =y +21Im{(5:62) V1 + (5162 +52(1 +a2))V5r} € R, (6-19)

with a; in (4-10). (I
6A2. Diagonalization of cubic terms at order 0. The aim of this section is to diagonalize the cubic vector
field X, o in (6-11) (see also (4-13)) up to smoothing remainder. In order to do this we will consider a
change of coordinates which is symplectic up to high degree of homogeneity. We reason as follows.

Let

<
Z = [z} = q);@NLS(W) = W +X,@NL3(W), (6_20)

where X »,, ¢ is the Hamiltonian vector field of (5-3). We note that ® 4, ¢ is not symplectic; nevertheless
it is close to the flow of %nLs(W), which is symplectic. The properties of X 5, and the estimates of
® 4,5 have been discussed in Lemma 5.1 and in Proposition 5.2.

Remark 6.5. Recall (6-10) and (6-20). One can note that, owing to Hypothesis 6.1, for s > 2d 4 2, we
have

(1= ) 1 Ul < IWllas < (T4 )1 UNEs, (1= 156) IW las < 1 Z1as < (14 5) IW lLas. (6-21)
This is a consequence of the estimates (6-5), (6-8), (5-12), (5-9), (5-14) tanking € small enough depending
ons.

We prove the following.

Proposition 6.6 (diagonalization at order 0). Let U = (u, u) be a solution of (4-12) and assume
Hypothesis 6.1. Define W := Onis(U)U, where Onis(U) is the map in (6-4) given in Lemma 6.3.

Then the function
7= H
<

%7 =—EANLsZ —iE Op®™ (diag(as” (x)|£[*) Z
— i 0p®WV(diag(@\" (x) - ENZ+ Xy () +RP W), (6-22)

defined in (6-20) satisfies (recall (1-25))

where aél)(x), 5;1) (x) are the real-valued symbols appearing in Proposition 6.4, the cubic vector field
Xy@ (Z) has the form (see (5-23))
NLS

HnLs 0 2|Z|2 NLS

the remainder QH<4> is given by Lemma 5.4 and satisfies (5-24)—(5-25). The remainder Réz)(U )
has the form (R(2 +) R(2 NI Moreover, for any s > 2d + 4,

2
Xy (Z):=—iEOp®W <Z'Z' 0 )Z+QH<4> (2), (6-23)

IR (W) gs S NU I3y (6-24)
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The vector field X o (Z) in (6-23) is Hamiltonian; i.e., (see (3-69), (3-72)) Xy (Z) := —iJ VHY s(2),
NLS NLS
with

HY ((Z) 1= A0 2) — (Brais(2), #0(2)), AL (Z) = / Anisz-Zdx, (6-25)
"ﬂ'(

where A is in (4-23), and Byis is in (5-3), (5-2).
Proof. Recall (5-15). We have that (6-11) reads
oW =X, co(W)— i0pBVAWU; x, €)W + RV (U),

where we set
A(U; x, §) := E diag(a}" (U; x)|£?) + diag@ " (U; x) - &). (6-26)

Hence by (6-20) we get
Z = (dw P s (W)= Op" (AU x, )W+ (dw i) (WX ) (W)]
+ @dw Pz ) WIRD(W)]. (6-27)
We study each summand separately. First of all we have
(5-9),(6-13) (6-21)
ldw @z s WIRD@llgs S Nullps A+ Twlz) S lulls. (6-28)

Let us now analyze the first summand in the right-hand side of (6-27). We write
(dw @2 (W)L Op”Y (AU x, §) W] =10p"V (A(U: x, ) Z + P + P2,
P :=i0p®V(A(U; x, )W — Z], (6-29)
Py = ((dw Pz (W) — DI Op™Y (AU x, €)W,
Fix so > d, we have, for s > 259 + 4,

9 aw E12.310.62)
I Pollas S Nlwllp:10Op~" (AU; x, §) Wl s N llee |l s - (6-30)

~

By (6-20), (5-9) we get |W — Z||gs < ||w||H3 ,. Therefore, by (6-29), (6-26), (6-12), (3-10) and (6-21)
we get

6 3 9
1P s S Nl IW = Z 1 gsve S Nl 1w e S Naal (6-31)

H250+1

The estimates (6-28), (6-30), (6-31) imply that the terms P;, P, and dw ® sy (W)[RD(U)] can be
absorbed in a remainder satisfying (6-24). Finally we consider the second summand in (6-27). By
Lemma 5.3 we deduce

dWchZNLS (W)[ (<4) (W)] - %p(<4) (Z) + [X(ENLS (Z) (2) (Z)] + R5 (Z)
where Rs is a remainder satisfying the quintic estimate (5-18). By Lemma 5.4 we also have
%(<4> (2) +[Xzs(2), X @, (2)]=—1EANSZ + XH(4) (2),

with X @ asin (6-23). Moreover it is Hamiltonian with Hamiltonian as in (6-25) by (5-23) and (3-73). [J
NLS
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Remark 6.7. The Hamiltonian function in (6-25) may be rewritten, up to symmetrizations, as in (3-78)
with coefficients h4 (&, n, ¢) satisfying (3-79). The coefficients of its Hamiltonian vector field have the
form (3-82) (see also (3-81)). Moreover, by (6-23), (3-6), (5-23), (5-24), we deduce that

1§ —¢I
(E+¢)
6B. Diagonalization of the KG. In this section we diagonalize the system (4-44) up to a smoothing

remainder. This will be done into two steps. We first diagonalize the matrix E(1+ 7 (x, §)) in (4-44) by
means of a change of coordinates similar to the one made in the previous section for the (NLS) case. After

that we diagonalize the matrix of symbols of order 0 at homogeneity 3, by means of an approximately
symplectic change of coordinates. Consider the Cauchy problem associated to (KG). Throughout the rest
of the section we shall assume the following.

Hypothesis 6.8. We restrict the solution of (KG) on the interval of times [0, T'), with T such that

sup (1 (&, I gser2 + 100 @, Il gs—12) <€, Mol gsrrz + (Y1) | gs-12 < 556,
tel0,T)

with ¥ (0, x) = ¥o(x) and (3;¥)(0, x) = 1 (x).
Note that such a T exists thanks to the local well-posedness proved in [Kato 1975].
Remark 6.9. Recall (3-77). Then one can note that

U@ D gsar F 109 @, D llgs12) < lullms < 2310 @ D) s + 130 @ ) gs1r2).-

6B1. Diagonalization at order 1. Consider the matrix of symbols (see (4-24), (4-25))

11]. - _
E(L+A(r.€), Alx.§) = [1 1]az(x,s>, ir(x.§) = ING©)ax(x.6). (633)
Define

kG(x. &) ==V (1 +a(x, £)2 — (@(x, £)%, a5 (x.&) = Igc(x.&) — 1. (6-34)

Notice that the symbol Agg(x, &) is well-defined by taking ||u| s < 1 small enough. The matrix of
eigenvectors associated to the eigenvalues of E(1+ &7 (x, £)) is

o= ) snon(n) )
S2(X, S1(Xx, S2(X, S1(x, (6-35)
1 +a>+ Akc —ay
S1 = , Sy = .
V2ix6(1 +a + Axc) V2ixo (1 +a + Axc)
By a direct computation one can check that
SN, E)E(L+ i(x, §))S(x, &) = E diag(hkg(x, §)), 57— |s2]* =1. (6-36)

We shall study how the system (4-44) transforms under the maps

ko = Pra(U)[-1:=0p® (S (x, §)),  Wkg = Wka(U)[-1:=0p®V(S(x, &)). (6-37)
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Lemma 6.10. Assume Hypothesis 6.8. We have the following:
(i) If so > d, then
135 o a2l yo + Is1 = 1 yo + 5200 S lutllypiigers  PHs0+1<5. (6-38)
(ii) For any s € R one has

1Pk = Vlias + 1Wka(WV = Vs S IV s llull forall Ve H (T, C*).  (6-39)

H2s0+l
(iii) One has Ygg(U) o Pxg(U) =1+ Q(U), where Q is a real-to-real remainder satisfying
1OV | g SV s ]l 25 (6-40)

(iv) Foranyt € [0, T), one has 8, Pxg(U)[-1=O0p®V(3,S~ ' (x, &)) and

18,57, ©)go S lullfpgess 13 Pka@DV s SNV Il s (6-41)
Proof. (i) Inequality (6-38) follows by (4-45) using the explicit formulas (6-35), (6-34).
(i1) This follows by using (6-38) and Lemma 3.1(ii).
(iii) By formula (3-19) in Proposition 3.2 one gets

0 i{s1, 52}

WkG(U) o Pka(U) =14 0p°™ (—i{sl sl 0

) + R(s1, 52)
for some remainder satisfying (3-20) with a ~~» s1 and b ~~ s,. Therefore (6-40) follows by using (3-8),
(3-10) and (6-38).
(iv) This is similar to the proof of Lemma 6.3(iii). [l
Proposition 6.11 (diagonalization at order 1). Consider the system (4-44) and set
W = kg (U)U, (6-42)

with kg defined in (6-37). Then W solves the equation (recall (4-9))

0, W = —iE Op°™ (diag(1 + a3 (x, £)) Aka (&)W + Xyn» (W) + RV (w), (6-43)

where the vector field X,®) is defined in (4-28). The symbol &; is defined in (6-34). The remainder RV has
the form (RGP, RN Moreover, for any s > 2d + ., for some p > 0, it satisfies the estimate

IRV @) llas < Nl (6-44)
Proof. By (6-42) and (4-44) we get
(W = g(U)U + (3 Pxc(U))[U]
= —idka(U) Op®™ (E(1+ o (x, £)) Ak (§)) Wk (U)W + Pk (U) X4 (U)
+ ko (U)R(u) + (3, Pxa(U)[U]
+idka(U) Op®™ (E(L+ i (x, £))(§)) Q(U)U, (6-45)
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where we used items (ii), (iii) in Lemma 6.10. We study the first summand in the right-hand side of
(6-45). By direct inspection, using Lemma 3.1 and Proposition 3.2 we get

—i®ka(U) OpPV(E (1+ (x,8)) AkG (§)) Wk (U) = —iOp®Y (ST E(L+.4 (x, £))S)+R (1)
= —iE Op®WV(diag(Axc(x,€)))+R(u) (by (6-36)),

where R(u) is a remainder satisfying (6-44). Thanks to the discussion above and (6-34) we obtain the
highest-order term in (6-43). All the other summands in the right-hand side of (6-45) may be analyzed as
done in the proof of Proposition 6.4 by using Lemma 6.10. O

6B2. Diagonalization of cubic terms at order 0. Above we showed that if the function U solves (4-44)

then W in (6-42) solves (6-43). The cubic terms in the system (6-43) are the same as those in (4-44) and

have the form (4-28). The aim of this section is to diagonalize the matrix of symbols of order zero <% (x, &).
Let us define

z
Z = [Z} =0z (W) :i=W+ Xg o (W), (6-46)
where X 4, is the Hamiltonian vector field of (5-5) and W is the function in (6-42). The properties of
X 2 and the estimates of &z, have been discussed in Lemma 5.1 and in Proposition 5.2.

Remark 6.12. Recall (6-42) and (6-46). One can note that, owing to Hypothesis 6.8, for s > 2d + 3, we
have

(1= )U s < IWlas < (0455510 0as, (1= 355 ) W llas < NZ1as < (14 555) Wl as. (6-47)
This is a consequence of the estimates (6-39), (6-40) (5-12), (5-10), (5-14) taking € small enough.

Proposition 6.13 (diagonalization at order 0). Let U be a solution of (4-44) and assume Hypothesis 6.8
(see also Remark 6.9). Then the function Z defined in (6-46), with W given in (6-42), satisfies

8, Z = —iE OpP™(diag(1 +a; (x, £)) Axc(£))Z + Xy (Z) + RP (), (6-48)
where 51; (x, &) is the real-valued symbol in (6-34), the cubic vector field XH@% (Z) has the form
K
Xy (Z) := —iE Op®W(diag(ao(x, §)))Z + Oy (2), (6-49)
KG KG

the symbol ay(x, §) is as in (4-24), and the remainder Q @ (Z) is the cubic remainder given in Lemma 5.5.
KG

The remainder Rf)(u) has the form (Rf’“(u), R§2’+)(u))T. Moreover, for any s > 2d + |, for some

u > 0, we have the estimate

IR )l s < llullys- (6-50)

Finally the vector field X ;& (Z) in (6-49) is Hamiltonian; i.e., X, (Z) 1= —iJVHgé(Z) with
KG KG

H(2) = H44(2) — (#xa(2). 4B (2)), A3 (2) = /

AxGz-zdx, (6-51)
‘[[d

where A is in (4-27), and Fxg is in (5-5), (5-4).
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Proof. We recall (5-16) and we rewrite (6-43) as

B W =X o (W) —1E Op”V(@y (x, ) Akc(ENW + RV ().
Then, using (6-46), we get

& Z = dw Pz (W0 W]

= dWQ%KG(W)[XWK%M(W)] (6-52)
+ dw @ gz (W) [—iE Op®V(diag(a) (x, &) Axkc(£)) W] (6-53)
+dw @ g (WHIRD ()] (6-54)

By estimates (5-10) and (6-44) we have that the term in (6-54) can be absorbed in a remainder satisfying
(6-50). Consider the term in (6-53). We write
(6-53) = —iE Op°Y (diag(ay (x, §) Akc(E)) Z + Pi + Py,
Py = —iE Op™" (diag(ay (x, §) Ak(ONIW — Z1, (6-55)
Py 1= ((dw @6 (W) — DI—1E Op™" (diag(@y (x, &) Axc (E))W].

We have, for s > 259+ 2,

100 S (6-38).3-100(647)
[Pollas < llullys | Op”(ay (x, §) Akc(E))wll gs— S ll2a 1l ggs 5

which implies (6-50). By (5-14) in Proposition 5.2 and estimate (5-10) we deduce |W—Z|| ys+1 < ||u||ils.
Hence using again (6-38), (3-10), (6-47) we get P satisfies (6-50). It remains to discuss the structure of
the term in (6-52). By Lemma 5.3 we obtain

dWCDL@KG (W)[ f(<4) (W) /./f(<4) (Z) + [XﬁKG (Z) f(Z) (Z)]s (6'56)

modulo remainders that can be absorbed in Rf1 ) satisfying (6-50). Then (6-56), (6-52)—(6-54) and the
discussion above imply (6-48), where the cubic vector field has the form

Xy (2) = X (2) + [X 96 (2), X2 (2)]. (6-57)

Using (3-73), (3-72), we conclude that X« is the Hamiltonian vector field of Hgé in (6-51). Equation
KG

(6-49) follows by Lemma 5.5. U

Remark 6.14. In view of Remarks 4.6 and 4.8, following the same proof as Proposition 6.13, in the
semilinear case we obtain that (6-48) reads

8,2 = —iE Op®™(diag(AkG () Z + Xy () + RP (w),

where X B has the form (6-49) with ag(x, &) a symbol of order —1 and QH<4) a remainder of the form
(5-30) W1th coefficients satisfying (5-31) with the better denominator max{(é n—2:), (), ()}

7. Energy estimates

7A. Estimates for the NLS. In this section we prove a priori energy estimates on the Sobolev norms of
the variable Z in (6-20). In Section 7A1 we introduce a convenient energy norm on H* (T4; C) which
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is equivalent to the classic H®-norm. This is the content of Lemma 7.2. In Section 7A2, using the
nonresonance conditions of Proposition 2.1, we provide bounds on the nonresonant terms appearing in
the energy estimates. We deal with resonant interactions in Lemma 7.4.

7A1. Energy norm. Let us define the symbol
L =2 8§ =EP+3, T=30x§=a W +a" ), (7-1)
where the symbols aél)(x), Ziil)(x) are given in Proposition 6.4.
Lemma 7.1. Assume Hypothesis 6.1 and let y > 0. Then for € > 0 small enough we have the following:
(i) One has
Lz < Cllulfagers  1(1+2) = (&P + D71 2 Sy Cllull e (7-2)

for some C > 0 depending on sy.

(ii) Foranys € R and any h € H*(T%; C), one has

1T zr bl gs2r < Il s (14 Clluel$yni000),

(7-3)
TRl =2 + 1 Ty —qe sty Bl =2 Sy V1 ars el
for some C > 0 depending on s and y.
(iii) Foranyt €10, T) one has |8t2|43 < ||u||212X0+3. Moreover
I(Ts, 129l s Sy IR s (S pagis for all h € H (T C). (7-4)

(iv) The operators T, T(1+ )y are self-adjoint with respect to the L?-scalar product (3-3).
Proof. (i)—(ii) Inequalities (7-2) follow by using (7-1), the bounds (6-12) on the symbols a" and a\" - &;
(7-3) follows by Lemma 3.1.

(ii1)) The bound on 9, % follows by reasoning as in Lemma 6.3(iii) using the explicit formula of aél) in
(6-1) and the formula for a|' - £ in (6-19) (see also (6-2)). Then (3-10) implies (7-4).

(iv) This follows by (3-54) since the symbol .# in (7-1) is real-valued. [l

In the following we shall construct the energy norm. By using this norm we are able to achieve the
energy estimates on the previously diagonalized system. For s € R we define

4 z
i =Tay+gyz, Zn= [Zn} =Ta+onlZ, Z= [Z] ni=js. (7-5)

n

Lemma 7.2 (equivalence of the energy norm). Assume Hypothesis 6.1 with s > 2d + 4. Then, for e > 0
small enough enough, one has

(1= gig)lzlas < lzallze < (14 g5) Izl s (7-6)
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Proof. Let s =2n. Then by (7-3) and (7-5) we have ||z, ||z2 < llzllgs(1 + C||u||‘;’{25.0+1) <2||z|| g2, with
so > d. Moreover
(7-3) 6
lzllms = N1Tarepymzlice < lzallzz + Cllizllas lull G

which implies (1 — C ||u||2250 s llzlles < llznll 2 for some constant C depending on s. The discussion
above implies (7-6) by taking € > 0 in Hypothesis 6.1 small enough. (Il

Recalling (6-22), (1-25) and (7-1) we have

@ +iAnis)z = —iToz+ X (D) +REPVW), Z= m (7-7)
NLS
where X« is given in (6-23) (see also Remark 6.7) and R§2’+) is the remainder satisfying (6-24).
4

Lemma 7.3. Fix s > 2d + 4 and recall (7-7). One has that the function z,, defined in (7-5) solves the
problem

8ﬂn:—ﬂTgaf—ﬂ/*@—%EH%QVXm§%Z)+BSR2y+B§%ZY+RMAUL (7-8)

where X +(4§°§ is defined as in Definition 3.9,
NLS

B,i”(Z)(s)=( Y bOE 1 0O2E —n— M),
UCGZ”’ (7_9)
BY2)E) = 5 )d D BPE N DIE —n— O,
n.cezd
with £ ¢l
bV (&, n, :=-—2'€< _ )1m-, L 0), 7-10
&, n.¢) i E10) (&, 1, ¢) (7-10)
2n 4
Oy oy < Emaxalls —n ¢l et -
b€, 1,01 S el —r= O o] E.n.0) (7-11)
and where the remainder Rs , satisfies
IRsn (W) 22 S Nullys. (7-12)
Proof. Recalling (3-84) we define
X (2) = X1y (D)= X13%(2). (7-13)

N LS NLS NLS

By differentiating (7-5) and using (7-1) and (7-7) we get
01zn = T(1+.2)0 012+ Ty, 1+.22

= —iTgzn — 11142 (V *2) + Ta4.20 X <4> (Z)+ T<1+z)"R( )
+ Ty, a+202 —lTa+2), Telz. (1-14)

By using Lemmas 3.1 and 7.1, Proposition 3.2, and (7-6), (6-21) one proves that the last summand gives
a contribution to Rs ,(U) satisfying (7-12). By using (7-4), (6-21), (6-24) we deduce that

2,+
I T4.20 RSO 2 4+ 1T, 0002l 12 S a3y
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Secondly we write

iT(1+=(/)n(V * Z) =iV % Zn t+ 1V % (T(1+‘§|2)n_(1+f)n2) + iT(1+f);z_(1+|s|2)n (V * Z).

By (7-3), (6-21), and recalling (1-5) we conclude || T(j4.#)y(V %2) =V % 2,72 S llull%,,. We now study
the third summand in (7-14). We have (see (7-13))

Tat+on X (4) (2) = Turepr X o b (Z2) + Tapepn X K (2) + Ty (g X @ (2).
By (7-3), (6-23), (3-10), Lemma 3.7 and using the estimate (5-25), one obtains
1T —aiery X (Dlz S lullys.
NLS

Recalling (6-32) and (7-13) we write

TavgerXys (D =G+ €+G. o) = g7 ) i OE=n=OMIE),
n.¢ezd
C1E . Q) = —2ixé( & — ] )(1 1EPY e B ),
(E+¢) (7-15)

e (158 2 2un
c2(§, 1. 8) = 21Xe(<%_+§_>)[(1+|§| )= A+ 1) e (8,1, 8),

c3(6.0.8) 1= qye (€. 1. O+ ED) L€, 1. ).

We now consider the operator 4 with coefficients c; (&, n, ¢). First of all we remark that it can be written
as €1 = M(z, z, z), where M is a trilinear operator of the form (3-62). Moreover, setting

an = Tapepy 2t o= Tas -4

we can write 4] = B,(,l)(Z ) —M(z, z, hy), where BY has the form (7-9) with coefficients as in (7-10).
Using that |c; (&, 1, ¢)| < 1, Lemma 3.7 (with m = 0) and (7-3) we deduce that |M (z, Z, hy) |2 S ||u||3,s.
Therefore this is a contribution to Rs ,(U) satisfying (7-12). The discussion above implies formula (7-8)
by setting B,(,Z) as the operator of the form (7-9) with coefficients bf,z) &,n,0):=cp&,n,80)+c3(,n, ).
The coefficient c3(&, n, ¢) satisfies (7-11) by (5-25). For the coefficient c,(&, 1, {) one has to apply
Lemma 3.8 with u =m = 1and f(£,7,¢) := (1 + 5" — (1 +1¢[)")(E) 7" O

In the following lemma we prove a key cancellation due to the fact that the super actions are prime
integrals of the resonant Hamiltonian vector field Xg’res(Z) in the spirit of [Faou et al. 2013]. We also
prove an important algebraic property of the operator B!" in (7-8).

Lemma 7.4. For any n > 0 we have
Re(T(e)r X +<4§“(Z) Tgyz)2 =0, (7-16)
Re(BI(2), 20)2 =0, (7-17)

where X +(4§°s is defined in Lemma 7.3 and By, M i (7-9), (7-10).

NLS
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Proof. Equation (7-16) follows by Lemma 3.10. Let us check (7-17). By an explicit computation using
(3-3), (7-9) we get

1 N N
Re(B,"(2). 202 = G55 D, bV OFE =0 = DIME()Z (=)
&.n.gez? 1 R R . )
f i 2 PG DI 4+ DD E)
En.cez?
1 A A
= g 2 BVEn 0BG T —E DEE 0~ DX ).

&.1,6€2¢
By (7-10) we have

1§ —¢|
(E+¢)

where we used the form of the resonant set &% in (3-83). O

pVE O +bDE, c+n—E§8) = 2ixe( )[m(s, 0,¢) —1z:(¢, E+n—&,8)] =0,

We conclude the section with the following proposition.
Proposition 7.5. Let u(t, x) be a solution of (NLS) satisfying Hypothesis 6.1 and consider the function z,
in (7-5) (see also (6-20), (6-10)). Then, setting s = 2n > 2d + 4 we have

Sl Ol < Nza @l < 27 u@) s (7-18)

and

Illza®72 = B(t) + Z-5(t), t€[0,T), (7-19)
where:
o The term %(t) has the form

2

A= Gy

D EE 0, OZE =0 — OZMED(E),
£n.cez (7-20)

b(E, 7, 0) =bPE 0, O +bP(C, C+n—E8), En ez

where b,(12) (&, n, ¢) are the coefficients in (7-9), (7-11).
o The term $-5(t) satisfies

|B5() S Nulllys, t€l0,T). (7-21)

Proof. The norm ||z, | .2 is equivalent to ||u|| g+ by using Lemma 7.2 and Remark 6.5. Using (7-8) we get

30llzn (1172 = Re(Te X (™ (2), 20)12 (7-22)
+Re(—iT»2n, 2a) 12 + Re(BM(Z), 20) 12 + Re(—iV %24, 20) 12 (7-23)

+Re(BP(Z), 20) 12 (7-24)

+Re(Rs 1 (Z), zn)p2- (7-25)

Recall that T is self-adjoint (see Lemma 7.1(iv)) and the convolution potential V has real Fourier
coefficients. Then by using also Lemma 7.4 (see (7-17)) we deduce (7-23) = 0. Moreover by the
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Cauchy—Schwarz inequality and estimates (7-12), (7-6) and (6-21) we obtain that the term in (7-25) is
bounded from above by ||u 1%,;. Consider the terms in (7-22) and (7-24). Recalling (7-5) and (7-1) we write
Re(Ty, znxtg“(Z), Zn) 12 = Re(Tjg 2,1X+(4§e“(2) Tiey2) 12 +Re (T znxt4§“(2), Tat.2y— (g 2) 12

= Re(T gy X;Q4§°S(Z), Ta4.2y—(gy2) 12 (by (7—16)).
Moreover we write NS

Re(B{(Z), za) 12 = Re(BP(Z), Tigy2) 12 + Re(BP(Z), Ty gy gy 2) 12

Using the bound (7-3) in Lemma 7.1 to estimate the operator T oy _ (&> and Lemma 3.7 and (7-11)
to estimate the o )
perator B, (Z), we get

|Re(T<§>an+(4fes(Z), Tsoy— g2zl + Re(BP(Z), Ty gy g 2| S llull s,
which means that these remainders can be absorbed in the term %-5(¢). Then we set
B(t) :=2Re(BP(Z), Tjgymz) 2.
Formulas (7-20) follow by an explicit computation using (7-9), (7-11). U

7A2. Estimates of nonresonant terms. In this subsection we provide estimates on the term %(t) appearing
in (7-19). We state the main result of this section.

Proposition 7.6. Let N > 0. Then there is so = so(No), where Ny > 0 is given by Proposition 2.1, such
that, if Hypothesis 6.1 holds with s > sq, one has
/ B(0)do | Sullpe s TN + 1wl pps T+ el Foo s TN+ [|e] oo g (7-26)

where %(t) is in (7-20).

We need some preliminary results. We consider the trilinear maps

PBi = Filz1, 22, 23], ,(S)—(zﬂ—)d Z bi (€, 1. 02166 —n—)2mz3(6), i=1,2, (7-27)

n,,€7¢
T =Tz, 2.3, T-(€) = (Zn)d Z t (&, 0,021 —n—0)220)Z23(2), (7-28)
n.¢ezd
where
bi1(§,n,8) =1, 1, &) Lmax{lc—n—cl,Inl I} <N} (7-29)
b2(§,n,8) =&, 1, O) Lmax(lg—n—c,InL.1c]}> N} » (7-30)
~1
to(6.n,0)=—"—bi(§,n,0), (7-31)

ionLs(§, 1, ¢)
where b(&, n, ¢) are the coefficients in (7-20), and wnrs is the phase in (2-1). We remark that if
(&,n,¢) € Z (see Definition 3.9) then the coefficients b(&, n, ¢) are equal to zero (see (7-20), (7-9),
(7-11)). Therefore, since wny s is nonresonant (see Proposition 2.1), the coefficients in (7-31) are well-
defined. We now prove an abstract results on the trilinear maps introduced in (7-27)—(7-28).
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Lemma 7.7. One has that, for s =2n > %d +4,

3
1%alz1, 22, 231l SNT' Y Nzillms [ [ Nzell ganssre  forall e > 0. (7-32)
i=1 i#k
There is so(Ng) > 0 (Ng > 0 given by Proposition 2.1) such that for s > so(Ng) one has
3
| 7Lzt 22, 23llme SNY Mzl [ [ zlliso.  pe N, (7-33)
i=1 i#k
3
17Tz1, 22, 2312 S ) Mzillas [ [ lzello. (7-34)
i=1 i#k

Proof. Using (7-30), (7-20), (7-11) we get

2
|Zalz1, 22, 23112 S Z( 3 ba(E, 1. 01121 —n—c>||22<n)||23<;>|>

Eezd “n,cezd )
SNy Z(S)z"mzax{lé—n—él,lnl,I§|}4|21(§—n—é“)lliz(n)llis({)l)-
tezd “n,cezd
Then, by reasoning as in the proof of Lemma 3.7, one obtains (7-32). Let us prove the bound (7-33) for
p = 0; the others are similar. Using (7-31), (2-2), (7-20), (7-11) we have

2
17121, 22, 231112 S Z( 3 o @ OlEE ==l 1220 |z3<;>|>

Eezd “n,cezd

2n o No+4 2
s (30 B L L B -0l ).
gezd ezt T

Again, reasoning as in the proof of Lemma 3.7, one obtains (7-33). Inequality (7-34) follows similarly. [J

Proof of Proposition 7.6. By (7-27), (7-29), (7-30) and recalling the definition of % in (7-20), we can write

t t t
/ @(O') do = / (e@] [z, Z, zl, T<§>2nZ)L2 do + / (%Z[Z, Z, z], T(S)Z"Z)LZ do. (7-35)
0 0 0
By Lemma 7.7 we have
t (7-32) t (6-21) ! 4
f (Bolz, 7,2, Tgymo)zdo| S N7U [ lzlfdo < N7 llullys do. (7-36)
0 0 0

Consider now the first summand in the right-hand side of (7-35). We claim that we have the identity

t t
/ (#1lz, z, 2], Tgy»w2) 2 do = f (7<lz, 2, 2], Tigyn (0 +1ANLS)2) 2 dO
0 0
t
+/ (y<[(al +1ANLS)Za z’ Z]v T@)Z”Z)Lz dG
0
t
+/ (7<lz, Z, (O +iANLs)z], Tigynz) 2 do
0

13
+ / (T-lz, (0 HIANLS)Z, 2], Teyn2) 2 do+O0(lullhys).  (7-37)
0
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We use the claim, postponing its proof. Consider the first summand in the right-hand side of (7-37). Using
the self-adjointness of T¢)> and (7-7) we write

(y< [Za z’ Z]v T(%-)Zn (al + II\NLS)Z)L2
_ . _ 2,
= (T@)z y< [Z, Z, Z], —T<E>2n—21T2Z)L2 + (y< [Z, v Z]v T(§)2" (X:I_(4) (Z) + R; +)(U)))L2

NLS
We estimate the first summand in the right-hand side by means of the Cauchy—Schwarz inequality, (7-33)
with p =2 and (7-3); analogously we estimate the second summand by means of the Cauchy—Schwarz
inequality, (7-34), (6-23) and (6-24), obtaining

/(? 2,2, 2], Tigy2 (8 +1ANLs)2) 2 dO

/ lu(@) 1N + llu(@) 1% do.

The other terms in (7-37) are estimated in a similar way. We eventually obtain (7-26).
We now prove the claim (7-37). Recalling (7-7) we have

0,2(5) =—iAns®EE) + 2(¢), Eez!,  2:=—iTsz+ X', (D +RFV ).

NLS

We define g(&) := e"MNs@ (&) for all £ € Z¢. One can note that § (&) satisfies
0, 8(8) = MO D(g) = NS (3, i ANLs)Z(E) forall § € 77, (7-38)

According to this notation and using (7-27) and (2-1) we have

/ (%1 Z, Z Z] T(%' 271Z)L2 dU

f Z )d b5, 1, e TNSEND 3 (E —n — 0)2(ME()Z(—E)(E)" do
£.1.0€ Zd

By integrating by parts in o and using (7-38) one gets (7-37) with
O(lulfye) = (F=[2(1). Z(), 2], Tz (D)) 12 — (F=[2(0), 2(0), 2(0)], Tig202(0)) 1.

The remainder above is bounded from above by |ju ||ioo s using Cauchy—Schwarz and (7-34). O

7B. Estimates for the KG. In this section we provide a priori energy estimates on the variable Z solving
(6-48). This implies similar estimates on the solution U of the system (4-44) thanks to the equivalence
(6-47). In Section 7B1 we introduce an equivalent energy norm and we provide a first energy inequality.
This is the content of Proposition 7.10. Then in Section 7B2 we give improved bounds on the nonresonant
terms.

7B1. First energy inequality. We recall that the system (6-48) is diagonal up to smoothing terms plus
some higher degree of homogeneity remainder. Hence, for simplicity, we pass to the scalar equation

0z +iAkez = —i0pPV (@3 (x, §) Ao (€))z + X (2) + R P (w), (7-39)
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where (recall (6-49)) X f (2) = —i Op®WV(ao(x, £))z + Q;%(Z). For n € R we define

= (D)"z, Z,= [f”] =1(D)'Z, Z= [Z] (7-40)

Zn Z
Lemma 7.8. Fixn:=n(d) > 1 large enough and recall (7-39). One has that the function z,, defined in
(7-40) solves the problem

dzn = —10p"™V((1 + a5 (x,€) AkG(&))zn + (D)" Xtﬁ“(Z)+B,5“<Z>+B,<,2>(Z)+R4,n<U>, (7-41)

where the resonant vector field X:IQ;&“ is defined as in Definition 3.9 (see also Remark 3.11), the cubic
terms B,(f), i =1, 2, have the form K6

BU@)E) = (271 7 2 BTE N OZE — 0= D ML), (7-42)
o1,00€{x}
n.cez?
BPDE&) = g7 Y WPCEROTE - OF T Q). (43)
61,02,0326{:&}
cez?
with (recall Remark 4.5) !
01,07 . 01,07 5 +§ Ié,-: §| _
by (€., ) = —iq (S & — )X (($+C))1j &.n,0), (7-44)
01,02,0 <€>"maX2{|§—'7—§|,|?7|,|§|}”
by R E OIS 1 (&, 1, 7-45
I (&1, 0l max (G —n—2). . )] (&.n,8) (7-45)
for some . > 1. The remainder satisfies
IR ()22 S Ml - (7-46)

Proof. Recalling the definition of resonant vector fields in Definition 3.9 we set
Xi (2) = X (2) = X (2), (7-47)

which represents the nonresonant terms in the cubic vector field of (7-39). By differentiating in ¢ (7-40)
and using (7-39) we get

0zn = =1 0p™((1+37 (x, ) Ak (§)) 2 + (D)X 4 (2)

—i[(D)", Op®™((1 + &) (x, &)) AkG(€)]z (7-48)
+(D >X*<4%<Z> (7-49)
+(D)" R(2 P (u). (7-50)

We analyze each summand above separately. By estimate (6-50) we deduce [|(7-50)|| .2 < [lu||%,.. Let us
now consider the commutator term in (7-48). By Lemma 3.1, Proposition 3.2 and the estimate on the
seminorm of the symbol a, F(x, &) in (6-38), we obtain that ||(7- A2 S ||u||H,, ||Z||H/1<||L[||Hn, we have
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used also (6-47). The term in (7-49) is the most delicate. By (6-49) and (7-47) (recall also Remark 4.5
and (3-6))
(D)" Xﬁi(z) BY(Z)+ % + 6, (7-51)

with B,El)(Z) as in (7-42) and coefficients as in (7-44), the term %] has the form

~ 1 —_— —_
T1E) =——— > P E 0 0T E—n— O MEQ),

d
o iy (7-52)
S e, 0, £) = —ial (s et J;)x(g - g)[w () e 6. ),
and the term %, has the form (7-43) with coefficients (see (5-30))
T 6, €)= G 1, 6 L 6.1 ), (7-53)

In order to conclude the proof we need to show that the coefficients in (7-52), (7-53) satisfy the bound
(7-45). This is true for the coefficients in (7-53) thanks to the bound (5-31). Moreover notice that

[(6)" = (£)"I S 1€ — ¢ lmax{(€). (¢)}"~".
Then the coefficients in (7-52) satisfy (7-45) by using Remark 4.5 and Lemma 3.8. ]

Remark 7.9. In view of Remarks 4.6, 4.8, 6.14 if (KG) is semilinear then the symbol d; in (7-41)
is equal to zero and the coefficients b3',">7 (€, 1, ¢) in (7-43) satisfy the bound (7-45) with the better

denominator max;{(§ —n —¢), (n), (;)}2.

In view of Lemma 7.8 we deduce the following.

Proposition 7.10. Let i/ (¢, x) be a solution of (KG) satisfying Hypothesis 6.8 and consider the function z,,
in (7-40) (see also (6-46), (6-42)). Then, setting s =n=n(d) > 1 we have ||z, || ;2 ~ ||V || gs+12+|| Al Hs-12
and

Oillza ()72 = B(1) + Boa(t), 1 €10,T), (7-54)
where:
e The term (1) has the form
BO)= Y (EINE N, OTE - — ORI )I(-E), (7-55)
“emiezt |

where b°1-92% (&, 1, ¢) € C satisfy, for&,n, ¢ € 7¢,

maxa{l — 5 — ¢l Il 1£ 1}
b2 (& p, g 14¢(&, n, 7-56
| G OS raxi € —n =),y oy 2 &9 (720

for some p > 1.

o The term %-5(t) satisfies
|Ba()] S ull3ye, ¢ €10, 7). (7-57)
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Proof. The equivalence between | z,||;2 and || || gs+1/2 + ||1,b || 7512 follows by Remarks 6.12 and 6.9.
By using (7-41) we get

20 llza @172 =Re(—iOpPM((1 + a5 (x, £)) Ak (E))zn. 2n) ;2 (7-58)
+Re((D)" X (Z). za)12 (7-59)

+Re(BY(2). z0) 12 (7-60)

+Re(BP(Z), z4) 12 (7-61)

+Re(Ryn(2), 2n)12- (7-62)

By (6-34), (6-33) and (4-24) we have that the symbol (1 + 21;’ (x, £)) Akg(§) is real-valued. Hence the
operator i OpBW((1 —i—Zz; (x, &) Ak (§)) is skew-self-adjoint. We deduce (7-58)=0. By Lemma 3.10 (see
also Remark 3.11) we have (7-59) = 0. We also have (7-60) = 0; to see this one can reason as done in the
proof of Lemma 7.4, by using Remark 4.5, in particular (4-43). By formula (7-43) and estimates (7-45)
we have that the term in (7-61) has the form (7-55) with coefficients satisfying (7-56). By the Cauchy—
Schwarz inequality and estimate (7-46) we get that the term in (7-62) satisfies the bound (7-57). ]

Remark 7.11. In view of Remark 7.9, if (KG) is semilinear, then the coefficients b2 (&, n, ¢) of the
energy in (7-55) satisfy the bound (7-56) with the better denominator max;{(§ —n —¢), (1), ({)}2.

7B2. Estimates of nonresonant terms. In Proposition 7.10 we provided a precise structure of the term Z(¢)
of degree 4 in (7-54). In this section we show that, actually, Z(¢) satisfies better bounds with respect to a
general quartic multilinear map by using that it is nonresonant. We state the main result of this section.

Proposition 7.12. Let N > 0 and let B be as in Proposition 2.2. Then there is so = so(Ng), where Ny > 0
is given by Proposition 2.2, such that, if Hypothesis 6.8 holds with s > s¢, one has

/ HB(o)do
0

where A(t) is in (7-55).

S NullC oo s TNP T e )| T oo pps NPT+ | 3o js TN 4+ NPT | oo pys, (7-63)

We first introduce some notation. Let & := (07, 02, 03) € {£}> and consider the trilinear maps

7 = Aol =g 2 6N E0OTE =1 OT2)T@). (164

n,cezd
G G =~ 1 5,0 A IR
y< :§< [Zly 22, Z3]7 <y< (%-): (27T)d Z <$> t<(‘§’ n, g)Z]](S_n_é‘)ZQZ(n)Z 33(;)’ (7_65)
n,cezd
where
by (£, 1, ) =775 (&, 0, &) Lmax{je—n—<|.Inl.|c} <N} (7-66)
S(E, 1, ¢) = b7 (6,10, )L {max(le—n—cl,lnl1c]}= N} » (7-67)

ti(S7 n, é‘) =Tz b?(f’ n, g)v (7'68)

leG(Ev n, é‘)
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where b%1-°273 (£, n, ¢) are the coefficients in (7-55), and a)%G is the phase in (2-4). We remark that if
(&, n,¢) € Z (see Definition 3.9) then the coefficients b(&, n, ¢) are equal to zero (see (7-55), (7-43),
(7-45)). Therefore, since wﬁG is nonresonant (see Proposition 2.2), the coefficients in (7-68) are well-
defined. We now state an abstract result on the trilinear maps introduced in (7-64)—(7-65).

Lemma 7.13. Let u > 1 as in (7-56). One has that, fors > %d + u,

3

15 121, 22, 230l SN llzills [ ] N2kl garmense (7-69)
i=1 ik

for any & € {£}> and any € > 0. There is so(Ng) > 0 (Ny > 0 given by Proposition 2.2) such that for
s > 5o(Np) one has

3
1721, 22, 231l S NP Y lzill e [ [lzkllao,  peN, (7-70)
i=l1 ik
3
1721, 22, 2312 S NPTUY llzillas [ T el (7-71)
i=l1 ik

where B is defined in Proposition 2.2.

Proof. The proof is similar to that of Lemma 7.7. One has to use Proposition 2.2 instead of Proposition 2.1
to estimate the small divisors. (Il

Remark 7.14. In view of Remark 7.11, if (KG) is semilinear we may improve (7-69) and (7-71) with

3
o -2
185 121, 22, 232 SN2 zillas [ ] el gamence,
i=1 ik

3
-2
17<[z1, 22, 231l 22 SNP2Y lizillas | llzello.
i=1 i#k

We are now in a position to prove Proposition 7.12.

Proof of Proposition 7.12. By (7-64), (7-66), (7-67), and recalling the definition of £ in (7-55), we can
write

t t 4 o

f@(t)dt: > /(%f[z,z,z], (DY 2)padT+ ) f(%g[z,z,z],(D)sz)der. (7-72)

0 = Jo = Jo
oe{L} oe{t}

By Lemma 7.13 we have

(7-69 t (6-47)

) t
< N lzlede < NTU[ )l dr. (7-73)
0 0

/ (#51z.2.2], (D)*2) 2 do
0
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Consider now the first summand in the right-hand side of (7-72). Integrating by parts as done in the proof
of Proposition 7.6 we have

r e,
/ (12,7 2, (D) D)2 d = / (7912, 2, 2], (DY (0 +iAka)2) 2 d
0 0
t -
+ / (T91(0, +iAka)z, 2, 2], (DY 2) 2 d
0
t -
+ / (7912, %, (0 +iAke)z], (D) 2) 2 d
0

+f (ﬁf[z, (0; +1AkG)z. 21, (D)*2);2dT + R, (7-74)
0

where

R = (72[z(1), 2(t), 2(1)]. (D) 2(t)) 12 — (72 [2(0), 2(0), 2(0)], (D)*z(0)) 2.

The remainder R above is bounded from above by N# ||u||4 [ oo using Cauchy—Schwarz and (7-70). Let us
now consider the first summand in the right-hand side of (7-74). Using that the operator (D) is self-adjoint
and recalling (7-39) we have

(7212, 2, 21, (D)* B +iAxG)2) 12 = (D) TP [z, 2, 2], (DY ™' (3 +iAkG)2) 2

= ((D) 7%z, 2, 2], (D)L OpPWV(—id] (x, §) AxG(§))2) 2 (7-75)
+(7%1z, 2. 2], (D)* (X7 o (Z)+ RS ) 2. (7-76)

By the Cauchy —Schwarz inequality, estimate (7-70) with p = 1, estimate (6-38) on the seminorm of the
symbol a, F(x, &), Lemma 3.1 and the equivalence (6-47), we get |(7-75)| < [|u||7,- NP. Consider the term in
(7-76). First of all notice that, by (4-31) and Lemma 3.1, and by (5-31) and Lemma 3.7, the field XH(4> (Z2)
in (6-49) satisfies the same estimates (4-32) as the field X%M Therefore, using (7-71) and (6-50), we obtam
1(7-76)] < ||lu|® s N A=1 Using that (see Hypothesis 6.8) |ju| s < 1, we conclude that the first summand
in the right-hand side of (7-74) is bounded from above by N* [, [lu(t)||” dv + N#~! [J lu(z)]|®dz. The
other terms in (7-74) are estimated in a similar way. We eventually obtain (7-63). O

Remark 7.15. In view of Remarks 4.6, 4.8, 6.14, 7.9, 7.11 and 7.14, if (KG) is semilinear we have the
better (with respect to (7-63)) estimate

ft B(o)do
0

S NullS oo s TNP 2 4 | oo s TN ™2+ NP 2|1t T s - (7-77)

8. Proof of the main results

In this section we conclude the proof of our main theorems.

Proof of Theorem 1. Consider (NLS) and let u( be as in the statement of Theorem 1. By the result in
[Feola and Iandoli 2022] we have that there is 7 > 0 and a unique solution u(¢, x) of (NLS) with V =0
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such that Hypothesis 6.1 is satisfied. To recover the result when V # 0 one can argue as done in [Feola
and Iandoli 2019]. Consider a potential V as in (1-5), with X € &'\ .4, where .4  is the zero measure set
given in Proposition 2.1. We claim that we have the following a priori estimate: Fix any 0 < N. Then for
any t € [0, T'), with T as in Hypothesis 6.1, one has

lu@ s < 2lluollzys + CUull 2 s TN + Nl oo pps T + Nl foo pps TN ™'+ Nt Joo ) (8-1)

for some C > 0 depending on s. To prove the claim we reason as follows. By Proposition 4.2 we
have that (NLS) is equivalent to the system (4-12). By Propositions 6.4, 6.6 and Lemma 7.3 we can
construct a function z,, with 2n = s such that if u(¢, x) solves the (NLS) then z,, solves (7-8). Moreover
by Proposition 7.5 we have the equivalence (7-18), and we deduce

t
lu@ll7s <22 1za (1135 < 2lluollFs +2‘ / B(0)do : (8-2)
0

t
+2‘/ B_s5(0)do
0

Propositions 7.5 and 7.6 apply; therefore, by (7-26) and (7-21), we obtain (8-1). The thesis of Theorem 1
follows from the following lemma.

Lemma 8.1 (main bootstrap). Let u(t, x) be a solution of (NLS) with t € [0, T) and initial condition
ug € H* (Td; C). Then, for s > 1 large enough, there exist €y, co > 0 such that, for any 0 < € < €, if

luollms < %€, sup lu@®)llm <€, T <coe?, (8-3)
tel0,7)

then we have the improved bound sup, (o ) [u(®) | gs < %e.

Proof. For € small enough the bound (8-1) holds true, and we fix N := € 3. Therefore, there is C =C(s) >0
such that, for any 7 € [0, T),

2 2 4 10 -3 6 4 3
() s < 2lluollzys + C Ul oo s + Nullpoo s T€ ™ + Nl fooprs T+ Nl oo s T€)

< 42 +C(e* +26'T +€°T) (by (8-3))
< 1€°(3 +4C (" +2eco +c0)) < €7, (8-4)
where in the last inequality we have chosen c( and € sufficiently small. This implies the thesis. ]

Proof of Theorem 2. One has to follow almost word by word the proof of Theorem 1. The only difference
relies on the estimates on the small divisors, which in this case are given by Proposition 2.1(ii).

Proof of Theorem 3. Consider (KG) and let (v, ¥1) be as in the statement of Theorem 3. Let ¢ (¢, x)
be a solution of (KG) satisfying the condition in Hypothesis 6.8. By Proposition 4.7, recall (3-77), the

function
U= [lf]
u

1 —
uy = —2([\;(/(_%,1,00 + IAK(l;/zlﬁl)-

/2

solves (4-12) with initial condition
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Moreover, by Hypothesis 6.8 and Remark 6.9 one has ||ug|| gs < %66. By Remark 6.9, in order to get (1-8),
we have to show that the bound sup, o 7, l[ullgs < 7€ holds for time T > €™ ifd =2 and T 2 ¢ 5/>
if d > 3. Fix B as in Proposition 2.2 and let m € %g. By Propositions 6.11, 6.13 and Lemma 7.8
we can construct a function z, with n = s such that if (¢, x) solves (KG) then z,, solves (7-41). By
Proposition 7.10 and Remark 6.12 we get

@7 <2220 DN < 2lluolFys +2

+2 . (8-5)

/ PB-s5(o)do
0

/ P(o)do
0

Propositions 7.10 and 7.12 apply, therefore, by (7-63) and (7-57), we obtain the following a priori estimate:
Fix any 0 < N. Then for any ¢ € [0, T'), with T as in Hypothesis 6.8, one has

2 2
(s = 2lluollzs

+C (1l e prs TNP T Nt Lo g TNP ANt oo e T+ o ps TN T NP | o ) (8-6)
for some C > 0 depending on s. The thesis of Theorem 3 follows from the lemma below.

Lemma 8.2 (main bootstrap). Let u(t, x) be a solution of (4-44) with t € [0, T) and initial condition
ug € H(T4; C). Definea=3ifd=2anda= % ifd > 3. Then, for s > 1 large enough and any § > 0,
there exists €y = €9(d, s, m, §) > 0 such that, for any 0 < € < €, if

1 1 —a+§
luollas < g€, sup |lu(®)||as < g€, T <e >, (8-7)
t€l0,T)

. 1
then we have the improved bound sup,c(o ) |u(?) | gs < ge.

Proof. We start with d > 3. For € small enough the bound (8-6) holds true. Let § > 0 and 0 < 0 < 6.
Define

B:=3+0, N:=¢ /G, (8-8)
By (8-6), (8-7), (8-8), there is C = C(s) > 0 such that, for any ¢t € [0, T),
lu(@) 3 < 2702€” + Ce€¥/CT) 20T (€ + 101 < L2, (8-9)

where in the last inequality we have chosen € sufficiently small and we used the choice of T in (8-7) and
that o < 8. This implies the thesis for d > 3. In the case d = 2 the proof is similar setting § =2+ ¢ and
N =2/t O

Proof of Theorem 4. Using Remarks 4.6, 4.8, 6.14, 7.9, 7.11, 7.14, 7.15 one deduces the result by
reasoning as in the proof of Theorem 3 and using in particular the estimate (7-77).
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