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We study an extension problem for the Ornstein—Uhlenbeck operator L = —A + 2x - V + n, and we
obtain various characterisations of the solution of the same. We use a particular solution of that extension
problem to prove a trace Hardy inequality for L from which Hardy’s inequality for fractional powers
of L is obtained. We also prove an isometry property of the solution operator associated to the extension
problem. Moreover, new L? — L? estimates are obtained for the fractional powers of the Hermite operator.
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1. Introduction and the main results

It is said that analysts are obsessed with inequalities. The usefulness of various weighted and unweighted
inequalities in applications to problems in differential geometry, quantum mechanics, partial differential
equations, etc., have made this a very attractive area of research. Hardy’s inequality is one such inequality
which finds its origin in an old paper of G. H. Hardy [1919] written more than a hundred years ago; see
also [Hardy 1920]. In recent years, this has been intensively studied in different settings and various
contexts. For a historical review of Hardy’s inequality, we refer the reader to [Kufner et al. 2007].

We begin by recalling the classical Hardy’s inequality which states that, given f € C;°(R"),

|f )P

re  |x]?

Y2y dxs/ Vf@Pdx, n =3,

where V denotes the gradient in R”. This can be rephrased as follows in terms of the Euclidean Laplacian
A=) 9%/0x;:

2
qo-2 [ U8 av<-mgn.
n x|
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which has been generalised to fractional powers of the Laplacian. In fact, for 0 < s < %n and f € Ci°(R"),

we have

p TG0 +29)° [ P

—dx < ((—=A)'f, f). (1-1)
r(in—2s)° T U

The constant appearing on the left-hand side is known to be sharp (see [Beckner 2012; Yafaev 1999] for
instance), but the equality is never achieved. Frank et al. [2008] used a ground state representation to
give a new proof of (1-1) when 0 < s < min{1, 3n}, improving the previous results. On the other hand,
replacing the homogeneous weight |x|~>* by a nonhomogeneous weight we have the following version of
Hardy’s inequality:

4SF(%<H+2s>)pzs/ )2
F(}T(n—2s)) re (02 +|x|?)%

where the constant is sharp and the equality is achieved for the functions (p% + |x]?)~=29/2 See

dx (=AY f. f), p>0, (1-2)

[Boggarapu et al. 2019, Remark 2.6] for a proof of inequality (1-2). Note that proving such an inequality
for fractional powers depends on how one views this type of operator. In fact, there are several ways of
obtaining fractional powers of the Laplacian. Caffarelli and Silvestre [2007] first studied an extension
problem associated to the Laplacian on R" and obtained the fractional power as a mapping which takes
Dirichlet data to the Neumann data. Motivated by this work, [Boggarapu et al. 2019] studied the extension
problem in a more general setting of sums of squares of vector fields on certain stratified Lie groups. They
used a solution of that extension problem to prove a trace Hardy inequality from which Hardy’s inequality
is obtained. Because of its several interesting features, the study of extension problems for various
operators has received considerable attention in recent times, see e.g., [Roncal and Thangavelu 2020b;
Stinga and Torrea 2010], etc.

Inspired by [Frank et al. 2015], Roncal and Thangavelu [2020a] considered a modified extension
problem for the sub-Laplacian on the H-type groups which gives conformally invariant fractional powers
of the sub-Laplacian, and they proved Hardy’s inequality for the same. In this regard, we would also
like to mention that Garofalo and Tralli [2021] recently used an extension problem for the heat operator
associated to the sub-Laplacian on the H-type groups to study the usual and conformal fractional powers
of the sub-Laplacian. See also [Garofalo and Tralli 2023] by the same authors in this direction.

Although this fractional Hardy-type inequality has been studied extensively in the setting of Euclidean
harmonic analysis, not much has been studied in the framework of Gaussian harmonic analysis. As we
know that the role of the Laplacian in Gaussian harmonic analysis is played by the Ornstein—Uhlenbeck
operator defined by L := —A + 2x - V, it is therefore natural to ask for such a fractional Hardy inequality
for this operator. It is also convenient to work with L := —A + 2x - V 4 n instead of L. In fact, from
the mathematical point of view, L is very closely related to the Hermite operator; see (1-3) below. Later
in this article, this relationship will be discussed and exploited in some of our studies. Because of its
various applications in probability theory, stochastic calculus, etc., the study of the Ornstein—Uhlenbeck
operator experienced a lot of developments in the last couple of decades. We refer the reader to the book
of Urbina-Romero [2019] in this regard.
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Our aim in this article is to establish Hardy and trace Hardy inequalities for fractional powers of
the Ornstein—Uhlenbeck operator L. Recall that L = —A 4 2x - V 4+ n can be defined on the Gaussian
L? space: L*(y) = L*>(R", y(x)dx) with y(x) = 72~ s a positive self-adjoint operator. We
observe that Z?:l a;aj =—A+2x-V, where 0; = 9/0x; and Bf = 2x; — 0; is its adjoint on L?(y). The
relation between L and the Hermite operator H = —A + |x|* is given by

M,LM;'=H, where M, f(x)=yx)"*f(x). (1-3)

Hardy’s inequality for the fractional powers H* of the Hermite operator has been studied in [Ciaurri et al.
2018]. Here H® is defined by spectral theory as

9]

H* =Y "(2k+n) P,
k=0
where (2k +n), k € N are the eigenvalues of H on L*(R") and Py is the orthogonal projection of L2(R™)
onto the finite-dimensional eigenspace corresponding to the eigenvalue (2k +n). However, there is another
natural candidate for fractional powers of H, and hence of L, which will be treated here.

To motivate the new definition of fractional powers, denoted by Hj, it is better to recall the conformally
invariant fractional powers of the sub-Laplacian £ on the Heisenberg group H"”. The connection between
L and H is given by the relation m, (L f) = m, (f) H (L), where the 7, are the Schrodinger representations
of H” and H(X) = —A + A2|x|% The spectral decomposition of H (1) is given by

H(\) = Z(zk +n) A Pe(M).
k=0

The conformally invariant fractional powers of L are then defined, for 0 < s < (n 4 1), by the relation
I(3Qk+n+1+5))
I(3Qk+n+1-ys))

o
TLs ) =m0 (f) Y _QIAD* Pe(h).

k=0
The operator on the right-hand side which multiplies 7, ( f) is the alternate candidate for fractional powers
of H(}), which we denote by H (1);. By defining Q; = M),_ ! PyM,,, the spectral decomposition of L
becomes L = Y ;- ,(2k +n) O, and hence the fractional powers we are interested in are given by

= T(GCk+n+1+y)
Ly =) 2
SS@W=) I(3Q2k+n+1-5))

k=0

Ok f (x).

Along with L we also consider U = %L and the associated fractional powers

= T(k+n/2+1+5)
N = 2S
Usf) =) T(3k+n/2+1-5))

k=0

Qi f (x).

For these operators, we prove the inequality in the following theorem. Letting A be either L or U, we
define the trace norm of a suitable function u(x, p) on R"” x [0, c0) as

a2 = [ [ (Vautr o0 + (n-+ ot pP)o! > dy oy dp.
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where
Voyu = Q7 V201u, 27 0u, ..., 272 8,u, d,u)

and V; is defined without the scaling factor 27 1/2.

Theorem 1.1 (general trace Hardy inequality). Let 0 < s < 1, and let A be either L or U. Suppose
¢ € L*(y) is a real-valued function in the domain of A such that ¢~ Ay is locally integrable. Then for
any real-valued function u(x, p) from the space Cg([O, 00), CE(R")) we have

(At > o= [ L gpAt@)

L) Jpe ¢ (x)

It would be nice if we could choose a function ¢ so that A;¢ can be calculated explicitly. It turns out

Y (x).

that for A = U we can do that. Indeed, with such a choice of ¢ we can prove an explicit trace Hardy
inequality from which Hardy’s inequality can be deduced.

Theorem 1.2 (Hardy’s inequality for Uy). Let O < s < 1. Assume that f € L*(y) with U, f € L*>(y).
Then for every p > 0 we have

wy(p + x]?) dy (x)

T(3(n/241+45) f)?
sJ 2 =2 ’
(Usfs fizg) = 2p) r(3m/2+1-s)) /R (p+1x[)

for an explicit wy(t) > 1. The inequality is sharp, and equality is attained for
2—(n/24+1-5)/2

I(3(/2+1-5s))

where K, denotes the Macdonald’s function.

2 _ _
fx)=+2 N2 (p 4 |x )T K o+ 1612,

We remark that since w,(¢) > 1, we have the following inequality which is slightly weaker:

T(ln/2+1+9) f(x)?
-, ) > 2 S
(Usfs fizg) = 2p) r(3(n/2+1-5s)) /w (p+1x[>)

However, written in this form, we do not yet know if the constant appearing in the above inequality

dy (x). (1-4)

is sharp or not. Observe that the constant we have obtained is analogous to the sharp constant in the
Euclidean case; see (1-2). It is worth pointing out that Hardy’s inequality for the pure fractional powers U*
can be deduced from Theorem 1.2. Indeed, writing R, := U,U ~*, we see that R, is a bounded operator
on L?(y) and its operator norm is given by

TR k+n/2+1+5))
Rsllop = 3 k 2 ’ K :
I Rsllop = sup(3 & +1/2)) C(3k+n/2+41-5)

To estimate this norm we use the fact that x#~*T"'(x + «)/T'(x + B) < (x + B)/(x + «) for & > 0 (see
[Roncal and Thangavelu 2016]), which gives the estimate
T3k +n/2+1+5)) _2k+n+2(-5)

Te+n/2 '
(2k+n/2) P(zk+n/2+1=5)) = 2k+n+2(1+s)

The right-hand side of the above inequality being an increasing function of k, we obtain || R;|lop < I.
Using this, Hardy’s inequality for U*® reads as follows:
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Corollary 1.3. Let 0 < s < 1. Assume that f € L*>(y) with U f € L*>(y). Then for any p > 0 we have
I(3(n/241+45)) f(x)?
F(3(n/24+1-5)) Jr (p+Ix[»)?

As a consequence of Hardy’s inequality with nonhomogeneous weight, we obtain a Heisenberg-type

(U f, fizgy = 2p)* dy (x).

uncertainty principle for the fractional powers of the Ornstein—Uhlenbeck operator. Indeed, an application
of the Cauchy—Schwarz inequality yields

) ) ) 1/2 F(x)? 1/2
| fI7dy (x) < ( Lf O (o +1x7)° dJ/(X)) < —“dV(X)) ;
R R re (0 +1x|%)
which along with Theorem 1.2 gives the following:
Corollary 1.4. For any f € L>(y) with U, f € L>(y), we have
F((n/2+1+s))
F(3(n/24+1-s))

2
( y |f () (o + |x ) dy(x))(Usf, i) = Q2p)° ( N If(x)lzdy(x)) :

We must mention that one can use the L2-boundedness of U; L™ along with the inequality for U; to
derive an inequality for L®. Indeed, the operator norm of i := U; L™ is given by
T(3k+n/2+145))

I(3(k+n/2+1-s)
which can be estimated as above to get [|[R;|lop <27°. The fact that [|[Rs|lop(L* f, f)r2¢) = (Us S, fr2e)
together with this estimate yields the following:

”mv ||op = sup 2! (2k + n)—s
k>0

Theorem 1.5 (Hardy’s inequality for L*). Let 0 < s < 1. Assume that f € L*(y) with L° f € L*(y).
Then for any p > 0 we have

F(3(/2+1+5)) f(x)?

L : 4p)’
(LS ey = (4p) T(3(/241=s5)) Jre (0 +|x]?)*

dy (x).

The main ingredient in proving the above mentioned trace Hardy and Hardy’s inequality for fractional
powers of L is a solution of the extension problem for L:

B, - 307 )ut ) =0, u(x,0)= (). (1-5)

(-L+a2+

As we will see later, a solution of the above partial differential equation will play a very crucial role for
our purpose. The second theme of this article is the study of general solutions of the extension problem
for L under consideration. In fact, we prove a characterisation of the solution when the initial data is a
tempered distribution. In order to state the result we need to introduce some more notations which will be
briefly described here. More details can be found in Section 3. We introduce the following two operators.
For any distribution f* for which M, f is tempered, we define

(l 2)(3—1)/2 00

: ['(s) Z F(%(Zk +n+s+ 1)) W_(k+n/2),s/2(%,02) Orf(x),
k=0

S)f(x) =
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and for any function g for which Qg has enough decay as a function of k, we define

o
Sgg(x) = (%,02)(‘?_1)/2 Z M_gesnp2), 52 (30%) Org (x),
k=0
where W_14/2), 52 and M_ 4,2, 52 are Whittaker functions.

In view of the asymptotic properties of the Whittaker functions stated in Lemma 3.2, it follows that the
series defining S; f converges for any tempered distribution M,, f. Moreover, if we take g from H)i o (R,
which is the image of L>(R", y) under the semigroup e*pﬁ, then the series defining Sg g also converges
and defines a smooth function. With these notations we prove the following characterisation:

Theorem 1.6. Let f be a distribution such that M,, f is tempered. Then any function u(x, p) for which
My, u(x, p) is tempered in x is a solution of the extension problem (1-5) with initial condition f if and

only if u(x, p) = S})f(x) + S%g(x) for some g € (-0 H}%’t([RR”).

We also prove another characterisation of the solution of the extension problem in terms of its
holomorphic extendability. In order to state this we need to introduce some more notations. For any
t, § > 0 we consider the positive weight function

2 2\ 81
w; (x, y) = —F;(s) e 2 (1 _ b ; ] ) o P+ gy
R~

For any p > 0, we let H 2(Qp, wff) stand for the weighted Bergman space consisting of holomorphic

+

functions on the tube domain Q, :={z =x+iy € C" : |y| < p} belonging to LZ(QP, w%“'). Also form € R,
let W} (R") stand for the Sobolev space associated to the Hermite operator H. This is a Hilbert space in
which the norm is given by

o
Lf = Y@k +m)*" | P f1I3.
k=0
Theorem 1.7. A solution of the extension problem (1-5) is of the form u(x, p) = S /1) f(x) for some
distribution f such that M,, f € W;;l” (R"), where 2m,, = —%(211 + 1), if and only if for every p > 0,
M, u(-, p) extends holomorphically to 2,2 and satisfies the uniform estimate

/ |Myu(z, p)*w’y(2) dz < Cp" '/
Q2

forall0 < p <1.

We conclude the introduction by describing the plan of the paper. In Section 2, we study an extension
problem for the Ornstein—Uhlenbeck operator. We provide two representations of solutions and their
equivalence. In Section 3, we prove several characterisations of the solution of the extension problem
under consideration. Using the results obtained in Section 2, we prove the trace Hardy and Hardy’s
inequality in Section 4. Then in Section 5, we prove an isometry property of the solution to the extension
problem. Finally we end our discussion by proving an inequality of Hardy-Littlewood—Sobolev type for
the fractional powers of the Hermite operator in Section 6.
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2. The extension problem for the Ornstein—Uhlenbeck operator and fractional powers

The extension problem. Our strategy to prove Hardy’s inequality for L; is via the trace Hardy inequality
which in turn requires the study of the following extension problem for the operator L:

=25, — 20, 0) =0, u(,0)= f(x). 2-1)

(-L+02+
If u is a solution of the above problem, it follows that v(x, p) = M, u(x, p) solves the problem

=25, — 20?)ot, ) =0, (x, 0) =My f(x). 2-2)

(-H+a2+

A solution of the above problem can be obtained in terms of the solution of an extension problem for the
sub-Laplacian on the Heisenberg group.

Let £ be the sub-Laplacian on the Heisenberg group H”. Then a solution of the extension problem
1—2s
0
is given by w(z, t, p) = p f * ®, 0(2, 1), see [Roncal and Thangavelu 2020a], where ®; , is an explicit

<—£+8§+ 3p+%p28,2>w(z,t,p):0, w(z, t,0) = f(z,1)

function given by
- (n+1+-s)

—(n+1+s)/2
7'[”+1F(S) :

2 2
Psp(z, @) = F(30+149) (307 +1121) +d?)
If we let 7 stand for the Schrodinger representation of H” on L?(R"), then we have the following result.

Theorem 2.1. For any f € L*(y) the function v(x, p) defined by the equation

v(x, p) = pzsf ;0 (8)(8)" My f(x) dg
Hn
solves the extension problem for the Hermite operator with initial condition M,, f. Consequently, the
extension problem for L is solved by u(x, p) = e|x|2/2v(x, 0).

Proof. For any X from the Heisenberg Lie algebra " viewed as a left-invariant vector field on H”, we
can easily check that

w00 [ gl fwdz = [ Xotme) rwde

This leads to
H/H @(g)m. ()" f(x)dg wa Lo(g)mi(g)* f(x)dg,

and consequently, as

1-2 1
PP L@ p(8) = (0 + =0, + 30707 )07 @ p(8) = 0,

we obtain

(_H +02+ 1‘pzs 3 — }Lpz) (pzf /H ()7 (8)*f () dg) =0.
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To check that v(x, p) satisfies the initial condition, we make the change of variables (z, 1) — (pz, p°t),
so that

vy = [ @iz 20 My f ) dzdr

Since 7w (pz, pzt)Myf converges to M, f in L*(R"), we obtain v(x, p) — M, f as p — 0 in view of the
fact that fu—u" @, 1(g)dg = 1. This completes the proof of the theorem. O

There is yet another convenient way of representing the solution of the extension problem for L. If we
let k; s(0) = (sinh t)_“'_le_(cmht)/’z/ 4 then it is known that this function satisfies the equation

1+2
atkt,s(p) = <3§+ +es

1
o= 70"k (0).

Theorem 2.2. For f € LP(y) with 1 < p < 00, a solution of the extension problem for L is given by
—S

L'(s)

u(x, p)=——p> fo ki s(p)e™'" f(x)dt. (2-3)

Moreover, as p — 0, the solution u( -, p) converges to f in LP(y) forany 1 < p < oo.

Proof. That u solves the extension problem follows easily from the fact that e ~'X f (x) solves the heat
equation associated to L, i.e., —Le "L f(x) = d,e "L f(x), and the definition of k¢ s(p). Indeed, we have
-5

I'(s)

o
~Lu(x, p) = ——p* / ki, (0)3v(x, 1) dt,
0

which after an integration by parts in the ¢ variable yields

I'(s)

Since k; ;(p) is the heat kernel associated to the operator (8,% + HTfsap — ;ll pz), we have

Lu(x, p) =

0
o [ oo ar
0

47 (a2, 142s 1o\ [ —1L
Lutr. ) = s (22 + 20, = 107) [ ke pan

Finally, an easy calculation shows that for any function v(p) one has
2 1-2s
(22+

and hence it follows that u(x, p) solves the extension problem.

142 1
+ sap - sz)v(p)’

o — 700 (PP v(p) = o (33 +

Now to prove the L?(y) convergence of the solution to the initial condition, we make use of the fact
that e~ is a contraction semigroup on every L”(y) and e 'L f converges to f in L”(y) as t — 0. We
first make a change of variables 1 — p?t to get

—S

4 00 )
e, ) = s fo koo (0)e "ML £ (x) dr.
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Note that
,02‘Y+2kp2t,s(,0) _ p2S+2(Sinh pZt)—s—le—(cothpQI)pZM
pzl‘ s+ 24,2
— Z‘_S_l (Sinh p2t> e—(cothp t)p-t/(4t) — t—s—le—l/(4t) as p — 0. (2_4)
Here we have used the facts that (sinhy)/y — 1 and ycothy — 1 as y — 0. Also we see that
157 1e= /60 ¢ L1(0, 00), and an easy calculation yields

o0
/‘ 1571 1/@0 gy — 457 (s).
0

Now using this result we can write, for any x € R",

)

4 ! o0 2
uuwn—fur=ﬁ5phﬂﬁ k2 s(p)e™ " f(x) dt —

47 [ 1 e
F(S)/O 1571V @D £(x) dt

4=s 00 ; e
= To) -/(.) (/02 +2kpzt,s()0) —t 16 1/(4 ))e 0 Lf(x) dt
+ ;}(:)/0 t_s_le_]/(4[)(e_p2th(x)_f(X))dt,

Therefore, using Minkowski’s integral inequality and the fact that ||e_/’2’ LA Lry) < I fllLr(y), we have

(-, 0) = fllrg) <

47 [ 1 —1/4
L' (s) / 102 2k 2y (0) — t e || Flloyy dt
0

+

4 * 1 —1/4 2L
F@)/)tﬂ_e_””mf”’f—fmﬂwdﬁ 2-5)
0

Note that using the asymptotics of the sine and cotangent hyperbolic functions, we have
|p2x+2kp2t,s(,0) _ t—S—le—l/(4l‘)| < C,02S+2€_p2t(s+l) + t—s—le—l/(4t) — hp(t), t> M. (2-6)

It is not hard to see that for every p > 0, we have h, € L' and lim,_,¢ f;[o he(t)dt = f;[o h(t)dt, and
also as p — 0 we have h,(t) — 15 le /@) = h(r) pointwise. Hence by the generalised dominated
convergence theorem (DCT) we have

o0
/Iﬂ“wmw—erW%memwﬂ)%p*O
M

Now see that, similar to (2-4), one can show the function 4, (¢) goes to a finite limit as  — 0, so there is
no singularity of /1, at 0. Hence it is easy to see that

M
/ |p25+2kp2t’s(p) _ t—s—le—l/(4l)|||f||Lp(y) dt
0

goes to zero as p — 0. Hence it follows that the first integral in the right-hand side of (2-5) goes to zero.
Also the integrand of the second integral is bounded above by an integrable function of ¢. Indeed,

el —1/4 2 —s—1 _—1/(4
e e f— Fllirgy <267 eV fllLngy).
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Hence by DCT the second integral goes to zero as p — 0. Therefore we have

4—S o0 2 )
u(-,p):mpzsﬂfo ko2 s(p)e™" "Lrdt — f in LP(y) as p — 0. O

We have thus given two representations for solutions of the extension problem, and we now claim they
are the same. This is not obvious and needs a proof. It is convenient to work with the functions

@s.5(z,a) = ((5 + }T|Z|2)2 +a2)—(n+l+s)/2’

in terms of which we can express ®; , as follows: with § = ‘—1‘/)2,
2—(n+1+s) | 2
Dy p(z,a) = ﬂnJFI—F(S)F(Q(n‘FI‘FS)) ¥s,5(z, a). (2-7)

For a function ¢(z, t) on H" we let ¢*(z) denote the inverse Fourier transform of ¢ in the ¢ variable. Thus

oo
05 5(2) =/ @s.5(z, D)™ di.

o0

This is a radial function on C" and hence has an expansion in terms of the Laguerre functions:
— _ 2

We let Clﬁ, 5 (s) be the coefficients defined by

0r (@) = Q@m) AN Yt s (g (). (2-9)
k=0

These coefficients are given in terms of the auxiliary function L(a, b, ¢) defined for a, b € R; and c € R
as follows:

o0
L(a,b,c) = f e~ 2D b= 4 )¢ dx. (2-10)
0

The following proposition expresses the c,é’ 5(s) in terms of L; see [Cowling and Haagerup 1989].
Proposition 2.3 (Cowling-Haagerup). Forany § > 0and 0 < s < %(n + 1), we have

Q) A
r(l+1+)°

Using this proposition we can compute the explicit formula for the group Fourier transform of ®; ,(g)
on H". Let P, (1) stand for the projections associated to H(A) = —A + A2|x|% Then making use of the
fact that

ts(s) = L(8IAl, 3@k +n+1+4s), 32k +n+1-5)).

A 9 ()(2,0)dz = ) "M " P (M),

we obtain the following formula: with § = % 02 as before,

—(n+14s) S

[ @en@mer ds = T (o 149) s PG,
k=0
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As the projections associated to L are given by Qr = M, 1PkMy, we see that the solution defined in
Theorem 2.1 is given by

—(n+1+s) | 2 5 > )
utx ) = iy TEe+1+9) gck,,«s)Qkf(x)'

Therefore, in order to prove our claim, we only need to check that
—(n+1+s)

7T”+1F(s)

4—S
rs)”

F+1+9)70% Y eh 5() Qi f ().

k=0

(o.¢]
# [Tkttt fwdi =
0
where § = }—1 p>. Equivalently, we need to check that

o0
/ ki s(p)e ' dr = L(1p*, 12k +n+1+5), $Qk+n+1—5)).
0

In order to compute the above integral, we make the change of variable cotht = 2z + 1 and note that
—(sinh?#)~'dt = 2dz and sinht = (2z(2z +2))~ /2 We get

oo
/ (Sinh t)75‘7lef(COIht)p2/4eft(2k+n) dt
0

= me(22(2z +2))(S_])/2e—(2Z+1)p2/4(w .
0

—(Qk+n)/2 4
2z >

o0
—9 f o~ QDR /A ([ DHCk+m/2 (0, 4 ) ~T1=1+ChmI/2 4,
0
[e.8]
— / o~ QDR /A I+ H@RA/2-1 (0 Ly ~TA=)+@k4m)]/2 g
0

=2L(3p% @k +n+1+5), 1Qk+n+1-y)).
This proves our claim that Theorems 2.1 and 2.2 define the same solution of the extension problem.
The above proof also shows that the function u(x, p) defined by the integral (using U in place of L)
)
L'(s)

solves the extension problem for U and the following expansion for the solution u is valid.

u(x, p) = o /0 ke (e 'V £ (x) d,

Proposition 2.4. For0 <s < %(n +1) and f € L*(y), the solution of the extension problem associated
to U is given by

—s 00

u(op) = 5P D L% 3kt n 24 149), Sk +n/241=9)) Qi -11)
k=0

We let T , stand for the solution operator which takes f into the solution u(x, p) of the extension
problem. Thus

—S

I'(s)

Ty f(6) = o2 /0 ke (e £ () dt,
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which is also given by the expansion in the above proposition. In what follows we make use of the

transformation property

21)° RSk
ra “* D=1,

satisfied by the L function for all admissible values of (a, b, ¢); see Cowling and Haagerup [1989].

LA, b,a) (2-12)

Fractional powers of the operators L and U. In what follows let A stand for either L or U. Note that
the associated eigenvalues A are given by (2k + n) and (k + %n), respectively. The above representation
of the solution of the extension problem allows us to define A as the Neumann boundary data associated
to the extension problem. More precisely we have the following result:

Theorem 2.5. Assume that0 <s < 1. Let f € L> N\ LP(y) with 1 < p < 00 be such that As f € LP(y).
Then the solution of the extension problem u(x, p) = Ty, , f (x) satisfies

. _ (=)
1 1 2sa , — _21 2s A, f,
plfbp pu(x, p) T sf
where the convergence is understood in the L (y) sense.

Proof. The expansion of T , f given in Proposition 2.4 and the transformation property (2-12) of the
L function allows us to verify the identity
4°T"(s)

2s _
1% T—s,p(Asf)(x) = T(—s)

Ts,pf(x), (2-13)

which when expanded reads as

AT (s) o
M) P = 7y

o0
/ (sinh7)* e~ (oD /4, =14 4 £ (1) dr.
0

2

Differentiating with respect to p and multiplying both sides by —p!=2, we get

oo
—p' T du(x, p) = —pZ(H)/ (sinh 1)~ (coth 1)e~hDP e~ A £ (x) dr.
0

2I'(s)

Now we make the change of variable t — tp? to get

o0
_p1—2xapu(x, ,0) — p4—2S / (Sinh(l‘pz))s_l COth(t,Oz)e_COth(tpz)p2/4€_tp2AAsf(x) dt
0

2I'(—s)

. 25\ s—1
! f 2 (SIRUPDN T tht0) (1p2)e= M =04 A £ () di.
2I'(=s) Jo tp?

Under the extra assumption that Ay f € L?(y) with 1 < p < 0o, we know that lim,_, ¢ e‘pz’AAsf = A f,
in L?(y). So as p — 0, we can argue as in the proof of Theorem 2.2 to obtain

1 o0
lim (—o!—2 _ A $=2=1/640 g1\
lim (=p ™2 Bpulx, p) = 55 sf</0 e d

Computing the last integral and simplifying we obtain

o) A f. O

lim (o'~ 9,u(x, p)) = =2
p—
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3. Characterisations of solutions of the extension problem
In this section we prove several characterisations of solutions of the extension problem for L. Recall that
the extension problem for L reads as

l‘pzs p— 30 ), ) =0, ulx,0)= f(0).

(-L+a2+

Now given a € N” and p > 0 we define the Fourier—Hermite coefficients associated to the expansion in
terms of the normalised Hermite polynomials H, as

(e, p) = / u(x, p)He (x) dy (x).
Now letting vy (p) :=u(c, 2,/p), we see that
(—Qlal+n) + pd; + (1 — )3, — PIva(p) =0,  v4(0) = (f, Ha)r2(,)-
Again if we write vy (p) = ¢ °g(2p), then it can be easily checked that the above equation becomes
rga(r)+(1—s—r)g,(r) — 3Qlal+n+1—5)gy(r) =0,
where r =2p. Now we let g, (r) =r*h,(r), which leads to
rh(r)+ (14+s —r)h,(r) — %(2|a| +n4+1+5)hy(r)=0. (3-1)

Note that this is in the form of Kummer’s equation: xh”(x) 4+ (b — x)h’ — ah(x) = 0. The solutions
of Kummer’s equation are given by the functions M(a, b, x) and V (a, b, x), which are known as the
confluent hypergeometric functions. The function M, given by M(a, b, x) = anozo((a)m /(D)m)x™, is
analytic, and

Va,b,x) =

T ( M(a, b, x) 1_bM(l—i—a—b,2—b,x)>
- —X , x>0.
sinthb \I'(1+a—b)I'(b) 'a)I'2->b)

Also, V has the integral representation given by
1 o0
Via,b,x) = —/ e 1+ 0P dr, x> 0.
['(a) Jo

For more details, see for instance [Abramowitz and Stegun 1964, Chapter 13] and also [Frank et al. 2015,
Lemma 5.2].
Finally, writing u = %s and k = ||+ %n, performing another substitution wy, (1) = e V2Pl 24, (1),
transforms (3-1) to
1k 1/4—u?

wg(r)+(—z—;+r—2)wa(r)=0, (3-2)

which is in the form of a Whittaker equation. This warrants the following lemma which describes the
properties of solutions of Whittaker equations.
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Lemma 3.1 [Olver and Maximon 2010]. Let k € R and —2u ¢ N. The two linearly independent solutions
of the ordinary differential equation

w” (x) + (_Z +54 1/4X—M>w(x) -

are given by the functions M, ;,(x) and Wy, (x), where

o
M, (x)= e X/ 2y 1/ 2tn Z —1/2+M _pr

’

— (142, p!
and when 2 is not an integer,
I'(—2p) I'(+2w)
W, =—-M —— M, _ . 3-3
K,;L(x) (/2= p—x) K'M(X)—FF(]/Z—{-/L—K) K, u(x) (3-3)
Moreover, we have the following asymptotic properties of these Whittaker functions:
For large x,
C(1+42wp) _ _
M,(,M(x)fvmex/zx « M—K#—%,—%,... and Wy, (x)~e X2k (3-4)
Also as x — 0 we have
M, (x) =x""12(14+0(x), 2v#-1,-2,-3,..., (3-5)
2 re2
en(X) = #xlﬂ—u + %xl/%‘ﬂ + 0(x3/2_”), 0<p< % (3-6)
'a/24+up—«) ra2—up—«)

In view of the above lemma, generic solutions of (3-2) are given by

Wy (r) = Cr(laDM_(a|4n/2), s2(r) + Co(laDW_(1a|4n/2), s/2(F).

But we know v, (p) = e gy (2p) = e P (2p)*ho(p) = e P (2p)*e”’>p~1/>~ w4 (p), and by definition
Vo (p) = u(a, 2,/p). Hence we have

~ -1/2

u(a, p) = (%,02)(S / (Cr(oDW-(al+ns2).s2(30%) + Co(ltDM_(jaj4n/2), 5/2(307))- (3-7)
The initial condition on the solution along with the behaviour of the Whittaker functions stated in the
previous lemma allows us to conclude that

Ci(la]) = ?F( k+n+s+1)(f, Ho)2(y)-

Thus the solution of the extension problem can be written as a sum of two functions, namely

- -
(%,02)(3 Dﬂm Z T(3Qk+n+s+D)W_irn),s2(307) Ok f,
k=0

(30772 37 CallaDM-atina). 2(30%) Ha ().

aeN”
The second series above converges under some decay conditions on the coefficients Cp(|a|) as we will
see soon. We make use of these considerations in the proof of Theorem 3.3 below.
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To proceed further with our description of solutions of the extension problem, we need the following
asymptotic properties of the Whittaker functions appearing in the above expressions for large values of
the parameter k.

Lemma 3.2. For any p € (0, 00), we have the following asymptotic properties, as k tends to infinity:
2

12
—1)/2 _ e P
(30°)" " Moty s 2 (307) ~ (00T (V2k ) ”2exp<2<2k+n>c<—> ) (3-8)

42k +n)
. 1/2
| 2\G6—1)/2 | 2 (pv/2k+n)*~!/? ( ( p’ ) )
1 w_ N ) 2 ~ exp|—2 2k+7’l s 3-9
(2,0 ) (k+ /2),5/2(2'0 ) F(%(2k+n+1+5)) p ( )¢ 42k +n) G2

where 2,/T(x) = V/x +x2 +1In(y/x ++/x + 1) forx > 0.

Proof. For large values of « and for any x € (0, 0o), the following asymptotic properties can be found in
[Olver and Maximon 2010, 13.21.6, 13.21.7]:

ru+1) (xc(x)\/* _

M (i) = — =75 (1+x> Ly (4t ()2 (1 + 0™, (3-10)
[T oK 1/4

W_ e u(4kcx) = ,f/]ffz (ﬁxx)) Ko, (4 (x) ) (14 07, (3-11)

where I, is the modified Bessel function of the first kind and K5, denotes the Macdonald function of
order 2p¢. Taking x = %pz, k=k+ %n and pu = %s, for large values of &, from (3-10) we have

2ArQ2pu+1 22k
M_(snp2),s2(x) = Qut1) <x§(x/ (2k+n))

1/4 . 12 |

Recall that the modified Bessel function of the first kind has the following asymptotic property:

e¢* when x isreal and x — oo. (3-12)

IZN,(X) ~

1
2w x
But it is easy to see that 2(2k +n)¢ (x/(2(2k 4 n)))'/? goes to infinity as k — oo, which by the above
asymptotic property yields

1/2
nene (55 )

X 1/2\—1/2 X 1/2

valid for large values of k. It can be easily checked that for any x > 0 and large &,

1 1/4 x 1/4 X 1/4 3 1/4 x 1/4
- <{— <|-= . (3-14)
4 2k +n 22k +n)+x 4 2k +n

This, along with (3-13), proves the result for the function M_(x1,2), /2
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‘We obtain the asymptotic property for the other function similarly: for large &, from (3-11) we have

W_kny2),s/2(X)

_ Bme it xi(x )k +m)'? x 172 »
_(k+n/2)k+n/21/2( 22k +n)+x ) Kzu(2(2k+n)§(m) )(1+0(k ).

Now the Macdonald’s function K5, (z) has the following asymptotic property:

K>, (x) ~+/m/(2x)e”™, when x isreal and x — oo. (3-15)

Again for the same reason as above, as k — oo, using (3-15) we have

12
ka2 ez (5575) )

X 1/2\—1/2 X 1/2

Using Stirling’s formula, I'(x) = +/ 2 x*1/2e=% 0 @/12% 651 0 < §(x) < 1 which is true for x > 0, see
[Ahlfors 1953], we have
I'(3Q2k+n+1+s))e®+n/2) I(3Q2k+n+1+s))
(k +n/2)k+n/2=1/2 - e—9(k+n/2)/6(2k+n)r(%(2k + n))

1+5)/2
~ (3@k+m)
as k — oo. This observation along with (3-14) and the asymptotic property (3-16) yields

1/2
X
T(3Qk+n+149))W_gerny2), s2(x) ~ 2k +n)*/ 27 H4x 1/ exp(—2(2k +n)¢ <m) ) O
Remark. It can be easily checked that for large « the following inequality is valid for any x > 0:

INxK Sk T (x /i) < 33/xK, (3-17)
which can be used to further simplify the exponential part in the above estimates.

The analysis preceding Lemma 3.2 motivates us to define the following two operators. Given a
distribution f such that M,, f is a tempered distribution, we define

(%pz)(‘v—l)ﬂ 00

ro) Y T(3@k+n+s+D)W_iin),s2(50%) Ok f- (3-18)
k=0

1
Slf=

Recall that & is a tempered distribution on R” if and only if the Hermite coefficients satisfy the estimate
[(h, ®y)| < C(2|a| +n)™ for some integer m. So M,, f being a tempered distribution, its Hermite coeffi-
cients have at most polynomial growth, and consequently Qy f has polynomial growth in k. So because
of the exponential decay in (3-9), the above series defining S; f converges uniformly. Consequently, in
view of (3-7), § }) f defines a solution of the extension problem.

For the other solution of the Whittaker equation we define the operator S% for nice functions g by

o0
$2g = (107 723" Mgy c2(20%) Ors. (3-19)
k=0
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It is not hard to see that as the Whittaker function M_ ;. 1,/2), s /2(%,02) has exponential growth as k — oo,
Qrg must have enough decay for the series in (3-19) to converge. This encourages us to determine a
condition on the function g so that the projections Qg have enough decay. Now as can be seen in the
above lemma, the function M_4,/2), /2(%/02) is growing like P2+ for large values of k£ which leads
'L'" which we denote by H2,(R"). Clearly, if
g0 H . ,([R{”) the series in (3-19) converges and defines a smooth function. But in view of the connec-

us to consider the image of L?(y) under the semigroup e~

tion between L and the Hermite operator H, we note that a functlon gisin H t([F\R”) if and only if ge™!" /2
is in the image of L?(R") under the Poisson semigroup e —tH'” 1 et us write HZ([R{”) = tH'? (L*(RM)).
We are ready to prove the following characterisation for the solution of the extension problem.

Theorem 3.3. Let f be a distribution such that M,, f is tempered. Then any function u(x, p) for which
M, u(x, p) is tempered in x is a solution of the extension problem (1-5) with initial condition f if and

only if u(x, p) = S;f(x) + Szg(x) for some g € ﬂt>0 H2t(R”).

Proof. First suppose u(x, p) = S! o () + 52 »8(x) for some g such that g € M=o H v, 2 (R™). Consequently,
120) = Ce_z’V 2k+n for large k. So the expression (3-19) defining Spg 1s
well defined and solves the extension problem.

for every t > 0, we have || Qxgl|?

Now since M, f is a tempered distribution, as mentioned above, the Fourier—-Hermite coefficients
associated to Hermite polynomials of f satisfy

|f(oz)| = [(fs Ho) 2] < CQ2la] +n)" for some integer m.

But in view of the fact that Z‘ =k l=G(k+n—-D!/(k!(n—1)!) < C(2k + 1)1, we must have that
10k FII? 120 = < C(2k 4+ n)?"*+"=1 Now the asymptotic property (3-8) in Lemma 3.2 along with estimate
(3-17) gives

(%,02)(371)/211%(21C 1+ 14 8))Weikgny2), s2(30%) < (0v/2k +n)*~H2emrvakin/2,

which allows us to conclude that

[o.¢]

S PGk +n+14+9)Woiernsz, o/2(50%)) @k +m)>" ! < oo,
k=0

Consequently, S}) f make sense and hence solves the extension problem. Now we observe that an easy

calculation yields

(309"

TI‘(%(Zk +n+149))W_ikin/2), 3/2(%,02)

—S

T T(s)
which together with the expression (3-18) yields that S ‘1) f is in the form (2-3) and, as discussed in the

PP L(50% 1Qlal +n+1+5), 1Qlal +n+1—5)), (3-20)

previous subsection, this converges to f as p — 0. Also note that from the asymptotic property in (3-5),
we have (%pz)(‘y_l)/zM_(Hn/g),S/g(%pz) approaches zero as p — 0. So Sf)g — 0 as p — 0. Therefore
u==_5 }) f+ Sg g solves the extension problem with initial condition f.
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Conversely, suppose u(x, p) is a solution of the extension equation (2-1) with initial condition f whose
Fourier—-Hermite coefficients associated to the Hermite polynomials have tempered growth. Then as
discussed in the beginning of this subsection we have

i(a, p) = (1022 (CLUD W_inj), 5 2(302) + Colla) M_snyy. 512 (507)).

Now using u(«, 0) = (f, Hy) and the behaviour of (%pz)(S7l)/2W_(k+n/2)’ 5/2(%,02) near p =0, see (3-5),

we have

F(3Qlal+n+1+y))
['(s)

Ci(la]) = (fs Ha) 12(y)-

Also since M, u(x, p) is tempered, it(c, p) has at most polynomial growth in |«|. But estimate (3-17)
along with the asymptotic property (3-8) yields

-1)/2 — 5= /
(%p2)(5 )/ M—(k+n/2),s/2(%,02) SC(,O)Y 1/2(%) N 1/263;) 2k+n/2

for large k. Hence we must have C»(|a|) decaying as e3#v2«l+1/2 for every p > 0. So let us take
8= yern Co(lae]) Hy. Then the function g satisfies || ng||%2(y) < Ce30V2k+n/2 for every p > 0. This
ensures that g € H}%’3 o /Z(R") for every p > 0, which completes the proof. U

Remark. For any p > 0, the space HPZ(R") has an interesting characterisation. It is well known that
any g from this space has a holomorphic extension to the tube domain 2, ={z=x+iy € C": |y| < p}
in C" which belongs to L?($2 p» Wp) for an explicit positive weight function w, given by

Jop1 Qip? = [x )" 1x])
(2i (07 = [xP) ey

wp(2) = (0 — [y . z=x+iyeC
where J,, /21 denotes the Bessel function of order (n/2 — 1). We denote this weighted Bergman space
by Hg (C"). Thangavelu [2010] proved that for any holomorphic function F on €2,

kKl(n—1"! 2
? Ly (=2p%)e”, (3-21)

2 ) k=D
pr F@P0p@ dz=en ) IS G m

where f is the restriction of F to R”". In view of this identity we see that g € sz([R{") if and only if the
function M, g extends holomorphically to €2, and belongs to Hg (C™"). We refer the reader to [Thangavelu
2010] for more details in this regard. From this observation we infer that the condition g € (), H)it (R™)
in the above theorem can be replaced by the requirement that M, g extends holomorphically and belongs

to (), H2(CM).

We also have the following characterisation of the solution u(x, p) when M, u(x, p) has tempered
growth in both the variables.

Theorem 3.4. Suppose u(x, p) is a solution of the extension problem (2-1), where M, u is tempered (in
both variables). Then u = Sll)f for some f € LP(y) if and only if supy-o lluC-, p)llLry) < C.
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Proof. Suppose f € LP(y),and letu = § /1) f. Then, as mentioned earlier,
—S

I'(s)

u(x, p) = ——p? /0 ks (o)t f () dr.

tL

Now since e’ is a contraction semigroup on L”(y), we have

475‘ 2 o
. < § k: s(p)dt.
NuC-s O Lre) < N llLeey) F(S)p /o 1s(p)

Proceeding in a similar way as before, one can easily see that

o0
/ kis(p)dt =2 L(3p% S +5), 31— ).
0
So we have

luC-, P ey < Csll fllrgyp™ L(30%, (1 49), 21— ).

Now we make use of an estimate for the L function, see [Roncal and Thangavelu 2020b, p. 18], to get

—s _ 2 2
luC-, P)ILee) < Csll flleap® T()(307) e /4 =2 fllLrghe 4,

which gives the required boundedness.
Conversely, let sup p=0 (-, P Lrp) < C. This condition allows us to extract a subsequence p; along
which u( -, p) converges weakly to a function f € LP(y). Letting p go to zero along p;, from (3-7) we
have
it p) (3p7)° "
_ T(3Qlal+n+1+5))

G (fs H) 1200 Wetetny2), 52 (207) + Co(la DM _esn 2y, 5/2(307)-

Now as p — oo we have
N F(1+2,u/) ep2/4
ra2+up+(k+n/2))

But it is given that #(«, p) has polynomial growth in the p variable, so we must have C,(«) = 0, and

(2k+n)

M_(ein/2).52(50°) p

hence we are done. O

Now we turn our attention to the holomorphic extendability of solutions of the extension problem under
consideration. To motivate what we plan to do, we first recall a result about holomorphic extendability of
solutions of the following extension problem for the Laplacian on R":

<A+8§+1’%S8p>u(x,p):0, ux,0=f(x), xeR", p>0.

After the remarkable work of Caffarelli and Silvestre [2007], this problem has been extensively studied in
the literature. See, for example, the work of Stinga and Torrea [2010]. It is known that for f € L2(R™),
the function u(x, p) = p° f * @5 ,(x), where ¢y , is the generalised Poisson kernel given by

—n/ZF(%(n —|—s))

2 2\—(n+s)/2 cR"
RO (07 + |x[%) . X ,

‘ps,p(x) =7
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is a solution of the extension problem. Recently in [Roncal and Thangavelu 2020b], the authors proved
that a necessary and sufficient condition for the solution of the above problem to be of the form u(x, p) =
P’ f *@s ,(x) for some f € L?(R") is that u( -, p) extends holomorphically to the tube domain pin C",
belongs to a weighted Bergman space B, (£2,) and satisfies the uniform estimate |lu(-, p)| g, < C for
all p > 0, where the norm || - || p, is given by

- . 2\
”F”%;3 =P n/ IF(X+zy)|2(1——2 a'xdy.

Our aim in the rest of this section is to prove an analogous result for the extension problem we considered
for the Ornstein—Uhlenbeck operator L. In order to do so, we require the following Gutzmer’s formula
for the Hermite expansions. In order to state the same, we need to introduce some more notations.

P

Let Sp(n, R) denote the symplectic group consisting of 2n x 2n real matrices which preserves the
symplectic form [(x, u), (v, v)] = (u-y — v - x) on R*" with determinant 1. Recall that O (2n, R) stands
for the orthogonal group, and let K := Sp(n, R)N O (2n, R). For a complex matrix o = a +ib, it is known
that o is unitary if and only if the matrix o4 := (Z _Z) belongs to the group K which yields a one to one
correspondence between K and the unitary group U (n). A proof of this can be found in [Folland 1989].
We let o - (x, u) stand for the action of o4 on (x, u), which clearly has a natural extension to C" x C".
Also given (x, u) € R* x R", let w(x, u) be the unitary operator acting on L?(R") defined by

m(x, u)pE) = TE D +u), £ R

Clearly for (z, w) € C" x C", as long as ¢ is holomorphic, 7 (z, w)¢ (§) makes perfect sense. Also note
that Laguerre functions of type (n — 1), defined earlier in (2-8), can be considered as a function on R" x R"
which can be holomorphically extended to C* x C" as follows:

ou(z, w) o= LI (L2 4+ wd))e@HIA L 2w e,
We have the following very useful identity proved in [Thangavelu 2008]:
Theorem 3.5 (Gutzmer’s formula). For a holomorphic function f on C", we have
(y—vx) N KL= D!
IJT(G @ w) fE)dode=e Z m(ﬁk@l)’, 2iv) || P f 113,
where z =x+iy, w=u+iv e C"
We use this to prove the following result:
Proposition 3.6. Let § > 0. For a holomorphic function F on ;, we have the identity
Ck+DI(n+8)  ,1s5-1 2.2
|F(x+iy)Pw)(x, y)dxdy =Cp ) IIPSf 3 Ly (=207,
/"/|y|<t Z F(k+ +8)

k=0

where f denotes the restriction of F to R" and the weight wf > 0 is given by

2 2\38-1
5( y) = 1 e*ZM'x 1— |ul” + 1yl e*(\u|2+|)’|2) du.
F((S) 12 n
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Proof. Let F be holomorphic in the tube domain ; = {z =x+iy:|y| <t} of C". Now since the Lebesgue
measure is rotationally invariant, (1—(Ju|>+]y[2)/12)% " e~ W+ gy du is a rotation-invariant measure.
So, using Gutzmer’s formula, we have

2 2\d0—1
/ ( 7 (iy, iv)F(§)|2d§> <1 _ M) =P+ gy,
R2n n t I

k!(n —1)! . 2+ 12\ s
_annPkfn%(H 1)'/ (pk(Zly,Zlu)(l—t—z . e~ WD gy du.  (3-22)

Integrating in polar coordinates, the integral on the right-hand side becomes

2 2\0—1 1) 2\ 6—1
/ o (2iy, 2m)<1 - M) e~ WP gy du = wyy, f L7 (=2r?) <1 — r—z) r=ldr.
RZ” t + 0 t +

Now using a change of variable r — rt followed by another change of variable r — /7 in the integral in
the right-hand side of the above equation, we have

00 £2\%-1 1 1
/ L' (=2r%) (1 — —2) rldr = —z2"/ Ly (=20 (1 =)’
0 =), 2 0
By making use of the following identity (see [Szeg6 1967]),

v F'k+oa+1) ! wpi p B
Lk(t)_l"((x—ﬁ)l"(k+ﬂ+l)_/o (1-7r) rP L (rt)dr,

the above yields

o ul? + 19PN e
- 2iy, 2 1= A+ gy d
O Rzﬂfﬂk( iy lu)( 5 N e ydu
1 2, I'(k+n) L8]
==t _ 22 3-23
2 F(k++8)"( )- (23

Now we simplify the left-hand side of (3-22):

1 . P+ 1PN T e
- T FEde) (1 - =2—Y0 1™+ gy g
T o) Rzn( Rnl @iy, iv)F (&) é)( 2 e ydu

1 iGiy-E+iy-iu)2) .2 )+ 1y PP
F ag) (1 - M WPHYP) gy g
F((S) RZn( ., |€ ("i: +”’t)| 5 [2 .\ e ydu
1 oy, . 1wl + 1P\ upane
yE R 24 1— I+ gy g
“T® Rzn( ) e (& +iu)l r‘?)( 2 X e y du

_ ! 2y P+ PN
_/lllF(§+lu)| (F((S)/ e (1 2 . e dy) dédu

= [ P&+ Pul ) ds du
R2n
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Now, when [u| > 1, we see that (1 — (|u|?> + |y|?)/t2)°"" = 0 for all y € R". Thus,
fz |F (& +iu)Pw) (u, §) d& du = / f |F (& +iw)|*w) (u, &) d& du.
R2n nJ |u| <t

Finally, we have

C(k+DI'(n+9)
C'k+n-+9)

Lt =2y O

/f |FE+in)Pwd @, &) dedu=c, Y_ | PefII3
ul<t k=0

For s > 0, we consider the following positive weight function W, (k) on N given by the sequence

2P+ DI +25) a1y 1 2
L —1p?).
Fantas o (20)

We define W (R") to be the space of all tempered distributions f for which

(307 (T 5@k 40+ 14 9) Weiainry,512(30%))

[e.¢]
A2, = @, Pefll3 < oo.

k=0

Remark. For r < 0, the following asymptotic property of Laguerre functions is well known (see [Szegd
1967, Theorem 8.22.3]) and is valid for large &, for r < —c and for ¢ > 0O:

L(]:(r) — er/Q.(_r)—a/2—1/4kol/2—1/462'\/—kr(l + O(k—l/Z)) (3_24)

1
27
The asymptotic property (3-9) together with (3-17) gives

(307 T (TG +1+1+9)W_iernpy.o2(30))" < c1(p/2k 4yl V2,
and from (3-24) we have
LZHPI(—%PZ) < c€p2/4p—n—25+1/2(2k+n)(n+25—1)/2—1/4ep«/m.
Now using the fact that I'(k + 1)T"(n +2s) /T (k +n + 2s) ~ 2k +n)~"+25=D we have
(k) < cre? /4 (p? 2k + n)) =D/,
On the other hand, using (3-9) and (3-24), for large k, we have
(k) = c2e” T (0% (2k + n)) DIV ®),

where ¥, (k) = 42k +n)¢ (p? /(4(2k +n)))'/? — p+/2k. Tt can be checked that for 0 < p < 1, the function
Y, (k) is decreasing in k, whence v, (k) < ¢ for some constant ¢ depending on p. So finally we have

c2e” 14 (p? 2k +m) T < W) < ere? (0P 2k +m)) VA (3-25)

By letting m, = —%(Zn + 1), we clearly see that f < W;(IR”) if and only if f € WI'?” (R™") whenever
0 < p < 1. Here W (R") denotes the Hermite Sobolev spaces.
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In view of the connection between the operators H and L, to prove Theorem 1.7 it suffices to prove
the following characterisation for the solution of the extension problem for H. Note that the extension
problem for the Hermite operator H we are talking about reads as

(—H+02+ 1;2s ) i

Dutr, p) =0, ulx,0) = f(x).
For p > 0, let T, stand for the operator defined for reasonable f by

1

F( ) Z (%(Zk tnt+s+ 1))W—(k+n/2),S/Z(%PZ)Pkf(x)-

1)/2

T f(x) _(l 2)(5 )/

Using similar reasoning as in the case of L, we point out that for a tempered distribution f, the above
expression makes sense and solves the extension problem for H. Moreover, in view of the relation
Qr=M, 1PkMy, we have T), f = M., IS}JMV_ ! f. Thus Theorem 1.7 easily follows from the following:

Theorem 3.7. A solution of the extension problem for H is of the form u(x, p) = T, f(x) for some
f € Wi (R") if and only if for every p > 0, u(-, p) extends holomorphically to Q,, and satisfies the
estimate

/ lu(z, p)IPw3)y(2) dz < Cp" '/, (3-26)
$2pp2

forall0 <p<1.
Proof. First suppose u(x, p) = T, f(x) for some f such that f € WZ(S)([R{"). So clearly

(lpz)(é‘—l)ﬂ o0

L (s) ZF(%(2k+n+s+1))W—(k+n/2),S/2(% )Pkf(x)
k=0

u(x, p) =

But the Hermite function ®,(x) = H, (x)e"”z/ 2 has holomorphic extension to C". Let ®(z, w) :=
Zla\:k ®,(2) Py (w). Then using the estimate (see [Thangavelu 2010])

|Dk(z, 2)| < C(y)(2k +n)> = D/A 2V 2ty

along with the asymptotic property (3-9), we conclude that the series

o0

T(3Qk+n+s+ D)W_gein/2),5/2(30) Pe f (2)
k=0

converges uniformly over compact subsets of €2,> and hence defines a holomorphic function in the
domain £2,/,. Now noting that

1P, p)I13 = p> 2T (3 @k +n+5+ D) W_grns) s 2(302) 11 P LIS,

in view of Proposition 3.6 we obtain

o0
[ ] metivpPud ndxdy = e 3 @601 1B
"Jlyl<p/2 k=0
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But in view of (3-25),

o0
2 _
I£II3, < CeP /*p=CrD2N "2k o ny>™|| P £ 113,

) _ k=0
which gives

. 2 -
/ f e +iy, p) P, x, y) dx dy < Ce p" 2| fR
" Jyl<p/2

proving the first part of the theorem.
Conversely, let u(z, p) be holomorphic on €2,/ for every p > 0 satisfying the estimate (3-26). Let g,
be a tempered distribution such that

Pau(-, p)= (o)) VPT (L @k + 145+ D)YW_einy), 512 (50%) Pegy- (3-27)

Now for 0 < p <1, using (3-25) we have

o
2 ~
I8 Ime < Ce™ 1 p2H D2 Y 5, () Pregy 3.
k=0
Note that using Proposition 3.6 we obtain

o0
/ u(z. p)Pw2y(2) dz = cap™ Y W, (k)| Peg,ll3.
012 k=0

which by the hypothesis yields ||g, ”%v”’" < C for all 0 < p < 1. Now by the Banach—Alaoglu theorem,
H

we choose a sequence {p,,} going to 0 such that g, converges weakly in Wy,"(R") as k — oo. Let f be

the weak limit in this case. Now given ¢ € S(R"), we have

/ u(x, ) dx =y / Pett(x, o) Prp () dx.
Rﬂ k:() Rﬂ

But using (3-27), the above integral equals

o0
s—1)/2 -
> (302) TV r (S @lal 1+ s + D)W qating.s2(302) / P8, () Pep(x) dx.
Rn
k=0
This allows us to conclude that u( -, p,,) converges to f in the sense of distribution. Now under the
assumption that u solves the extension problem for H, the exact same argument as in the beginning of

this subsection gives

(o, p) = (%Pz)(s_l)/z(cl(|Ol|)W—(|a|+n/2),s/z(%,Oz) + Co(le) M—(at+n2), 52 (307)).

where #i(a, p) denotes the Hermite coefficients. But the estimate (3-26) gives
[e.¢]

2 _
D (CoOM_esny . 52(30%) L2 (=50%) < Clp).
k=0
But since both M_(1n/2),5/2(3 %) and LZ*ZS*I(—% p?) have exponential growth in k (see (3-8) and
(3-24)), the above inequality forces C;(k) to be zero. Now, as u( -, p,,) converges to f and as p,, tends
to zero, (%pé)(‘v_l)/zW_(Hn/z),5/2(%/031) goes to a constant ['(s)/ F(%(2k +n+s+ 1)) (see (3-5)), and
the theorem follows. O



EXTENSION PROBLEM, TRACE AND HARDY’S INEQUALITIES FOR THE ORNSTEIN-UHLENBECK OPERATOR 1229

4. Trace Hardy and Hardy’s inequality

Trace Hardy inequality. We prove the following trace Hardy inequality only for the operator U as the

case of L is similar. We shall work with the gradient on R" x [0, co) defined by

Vou = Q27 201u, 2720, ..., 2712 8,u, d,u).

We also let P (0, 0,) = (—U + 85 + 1—p2s 0p — ‘l‘pz) stand for the extension operator.

Lemmad4.1. Let u and v be two real-valued functions on R" x [0, 00) such thatu, v € Cé([(), 00), CZ(R™M)).

Then for 0 <s < 1 we have

I 1.

u(x, p)
v(x, p)

= [ [ (50t o0+ (o 3ot o)y o o

2
p' " dy(x)dp

Vyu(x, p) —

2
/ /R u(x, p) (Ps(ax,ap>v(x,p>>p1‘2de<x>dp

" (X, p

2
+/R MR i (0! 0,0, ) dy (1)

» v(x,0) p—0

Proof. For any 1 < j < n, we consider the integral

2
/(aju—%aju> dy(x):/ ((aju)2 2 3;ud; v—l— (a v))dy(x).
n Rﬂ

Now by the definition of adjoint we get

u WU
./[R" ;Bjuajv dy(x) = /n uaj (;@v) dy(x).

Using the fact that 8 = 2x; — 9; on L2(y), we have

2

u u u 1
aF(=ov) =2x;—d;v — —d;ud;v —u?d; [ —9;v),
“]<UJ> xJUJ vJuJ ”J<UJ)

which together with the above equation yields

u u? 2 1
2 —djudjvdy(x) = 2xj—0jv—u“0;| —d;v ] ) dy(x)
Rr U n v v

l/t2 M2 M2
= /n <2xj—8jv — Tafv + 5(8]-1))2) dy(x).

v

l/l2 2 u I/l2
/ (E(ajv) —2;8jua,~v)dy(x):—/ —ady (x).
RH Rn

Hence we have

(4-1)

(4-2)
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Similarly, for any x € R" one can obtain

*(u? 2 u 1-2s *u? 1-2s u(x, 0 1-2s
; ﬁ(apv) —2;8pu8pv P dp = ; —8 o (P d,v)dp + 2. 0) ;%(p d,v)(x, p).

Multiplying both side of (4-2) by % and summing over j we get the required result. O

Theorem 4.2 (general trace Hardy inequality). Let 0 <s < 1. Suppose ¢ € L*(y) is a real-valued function
in the domain of Uy such that ¢~ Uy is locally integrable. Then for any real-valued function u(x, p)
from the space Cz([O, 00), Cg(R”)) we have

Ls¢(x)

[ 05uute P (ot St 7)o ay o = G [ i 02208y o,

Proof. To prove this result, we make use of Lemma 4.1. Since the left-hand side of (4-1) is always
nonnegative, we have, for 0 <s < 1,

[ 05t P+ (ot S, 07)0' > ay oy d

2
> _ / /R u(x, p) (P )v(x o' dy () dp

» v(x, p

u(x,())2 ; 1-2s
_/Rn (. 0) am(pT v, p)dy (). (4-3)

Now we take
—S

I'(s)
Then v solves the extension equation (2-1), i.e., Ps(dy, dp)v =0 and v(x, 0) = ¢(x). Then from (4-3),
we have

[ [ 90 o+ (s 4ot yute, )t dy o do

v(x, p) = ——p> /0 ki s(p)e P (x)dr.

2_/[@ u, 0 lim (pl 23,0)(x, p)dy (x).  (4-4)

n v(x,0) p—
In view of the above, we need to solve the extension problem for U with a given initial condition ¢. Since
. - s A —5)
1 1-2s4 L p)=21"% — U,
Tim o pu(x, p) ') ®,
we get the desired inequality. O
Corollary 4.3. Let0 < s < 1 and f € L*>(y) with U, f € L*>(y). Then we have

U,
U, )i = / i
R 0]

dy (x)

for any real-valued ¢ in the domain of Us.

Proof. When u itself solves the extension problem with initial condition f, the proof of Lemma 4.1 shows
that the left-hand side of the trace Hardy inequality reduces to (Us f, f)12(,)- O



EXTENSION PROBLEM, TRACE AND HARDY’S INEQUALITIES FOR THE ORNSTEIN-UHLENBECK OPERATOR 1231

Hardy’s inequality from trace Hardy. In this subsection we construct a suitable function ¢ so that
(Us) /¢ simplifies. In order to do so, let us quickly recall some basic facts about Laguerre functions.
Let @ > —1 and k € N. The Laguerre polynomial of degree k and type «, which we denote by L (x), is
a solution of the ordinary differential equation

xy" () + (@ + 1 =x)y'(x) +ky(x) =0,

whose explicit expression is given by

k .
vy PhtatD) (0 _
Lk(x)_goF(k—j+l)F(j+a+l) it (+3)

Recall that the Laguerre functions of type (n — 1) are given by
(p,?_l(r) = LZ‘I(%rz)e*’ZM, r>0.

For more details about such functions we refer the reader to [Thangavelu 1993, Chapter 1]. Now given
s, p > 0, we consider the function ¢;, , which is defined in terms of Laguerre polynomials as follows:

o o
_ 2 _
Gop () =Y Com o LY (xP) = 723" Co o () >~ (V20x)),

m=0 m=0
where the coefficients are given in terms of the L function as

Crp(s) = 2m SL(p, @k +n)+ 5(1+5), 12k +n) + 5(1 —5)).
(/24 1+5))

In the following lemma we show how these functions are related via the fractional power of the operator

under study.

Lemma 4.4. For —1 <s < 1, we have

(A2 +1+s)*
r(Am/2+1-s)°

Proof. Let us take two radial functions g and # on R" such that

Us¢fs,p = (4;0)S¢s,p- (4-6)

g(x) = "2 2 h (),

where & € L?(R"). Moreover, we choose % in such a way that the Laguerre coefficients
F'm+1) o0

_ h(r)LZ/z_1 (rz)e_rz/zrn_1 dr
Cm+n/2) Jy

R N(h)y =2
are nonzero. By our choice of & and definition of g, it is not hard to see that Q;g(x) = e’/ 2 Peh(x).
Also, since & is radial, using a result proved in [Thangavelu 1993, Theorem 3.4.1] we have

0 if k=2 1
th<x>={ thie=2am+d

i ) 4-7
Ril* T L (xP)e i k= 2m. -
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n/2—1

Now using the definition of the Laguerre function along with the fact that R,/~ " (h) # 0, we see that

2y — 2
¢Syp(x)=e|x|/22WEI_H)ZL(/),%(‘W—I-H)—F%(I—I-S),i(4m+n)+%(1 )/ (V21x))
m=0

= 723" Cop () (R ()™ RN () LI (|x PyeH 172,
m=0

But observation (4-7) and the fact that

Qxg(x) = e Ph(x)
transform the above equation into

o

2— _
Bep(@) =D Cr )R ()7 Qg (). (4-8)

k=0

Hence using the definition of U we have

I(1Qk+n)+1(1+9)
I($Qk+n)+1(1—9)

Usp—sp= Y _ Crp(—5)2" (R[5 ()" Oxs. (4-9)
k=0

But in view of the transformation property (2-12), we have

Ck,p(_s)

= T L(p L@km L1 —), Lk + 11+ 9))

T(3(n/241-9))
2 T(GCk+n)+3(1—9) | 1 | |

= P’ L(p. 2k+n) +3(1+5), Jk+n)+ 31 —s)
F(%(n/2+1—s)) F( 2k +n )+ (1+s )) (/)4 n)+s §)s g n)+s S)

_ F(3(/2+1+5))° 20)" JT(GCk+m + 50— s))ck . +10)
rAn/24+1-9))"  TE@k+m+51+s) "

Hence from (4-9) we obtain

r(Ame2+1+9)?
(f )2 4p)" s p- O

T(3(n/24+1—s))

Now in the rest of the section we will calculate ¢ , almost explicitly in terms of the Macdonald’s

Us¢—s,,o =

function K, defined for z > 0 by the integral
(,¢]
Ky(z):=2"""12" / e T/l gy,
0

Proposition 4.5. Let 0 <5 < 1 and p > 0. Then we have
2= (n/2+1+45)/2
2 el :
V21T (5(n/241+5))

2 _
bs.p(x) = eI (p - |x )" K (o IXP). (@-11)
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Proof. First we note the following formula proved in [Ciaurri et al. 2018, Lemma 3.8]:

1 [~ >
— / M ((p 417 + A2 ar = AT ek ()¢ (V 21D, (4-12)
A/ 27 —0o0 k=0
where the coefficients c,ﬁs ,(s) are given by
27 |A)F

I(3@+2+5))

ch o (9) = SL(pIAL 54k +2a +2) 4+ 5(1+5), 7 (4k +2a +2) + 5(1 —s)).

This holds for any A # 0 and o > —%. In particular, taking o = %n —1and A =11in (4-12), we have

2 1 >~ —(n X
s, p(x) = ! /ZE f e ((p+ |x[H)? 1222 gy (4-13)
—00

The right-hand side of the above equation can be computed in terms of the Macdonald’s function K.
Now we make use of the formula (see [Prudnikov et al. 1986, p. 390])

©  cosbr 2:\"*78
OO = () YKy (), 4-14
/0 PR r (b) T K12 s(bz) (4-14)

which is valid for b > 0 and N, Nz > 0. This gives

/OO eil((p+|x|2)2+t2)—(l’l/2+1+s)/2dt

—o0
2—(n/2+1+5)/2
F(3m/2+1+s5)
Now using the fact that K, = K_,,, we obtain
ﬁz—(n/2+1+s)/2

(p+ |x[))~ 22K (o 1xP). (4-15)

2 _
¢s.p(x) =2 N [T ))e'X' P+ xR g (o + X1, (4-16)
2 n N
proving the proposition. 0

We are now ready to prove Theorem 1.2. For the convenience of the reader we state the theorem here
as well.

Theorem 4.6. Let O < s < 1. Assume that f € L*>(y) such that Us f € L?(y). Then for every p > 0 we
have

(Us f, e = 2p)° ws(p + [x]?) dy (x)

F(%(n/Z—I—l—i—s))/ f(x)?
F(5(n/241—29)) Jre (0 +1x1)°

for an explicit ws(t) > 1. The inequality is sharp, and equality is attained for f(x) = ¢_g ,(x).

Proof. Taking ¢ = ¢_; , in 4.5, in view of Lemma 4.4 we have

¢s,p
¢—s,p

Ugp T(En/2+1+5)°

(4p)’
o rlwpti-s)y
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Now we use Proposition 4.5 to simplify the right-hand side of the above equation. Note that

%w:=F60U2+1—®)
b—sp T(300/241+5))

K o145)2(0 + 1x1%)
Kuoi-s)2(p + 1x1%)

27 (p+x|H~ 4-17)

Let
K t
(8 1= (n/2+1+s)/2( )’
Kj2t1-5)2(1)

Using the fact that K, (¢) is an increasing function of v for ¢ > 0, we note that w,(¢) > 1, for all ¢ > 0, and
U _ e s Po0/241=5)
¢ r(Am/2+1+5)

Hence the required inequality follows from Corollary 4.3.
To see that equality holds for f(x) = ¢_s, ,(x), using Lemma 4.4 we note that

(o + 1x ) wy(o + |x[%).

241+ )
C(30/ 9)° ~(4 )‘/ ooy p 2 204y

r(Am2+1-5) $—s5.p(x)

We finish by noting that (4-17) allows us to write the above as

d)fs,p(x)z
re (0 +[x[2)*

(Us@—s.p> P—s.p)12¢) =

(Us—s.p D—s.p)12(y) = (20)° wy(p + |x1%) dy (x). O

5. Isometry property for the solution of the extension problem

In this section we prove an isometry property of the solution operator associated to the extension problem
for the Ornstein—Uhlenbeck operator under consideration. Such a property has been studied in the context
of the extension problem for the Laplacian on R" and for the sub-Laplacian on H"” in [Mdllers et al. 2016].
See also the work of Roncal and Thangavelu [2020a], where they proved a similar result in the context of
H-type groups.

We consider the Gaussian Sobolev space 7—[‘; (R™) defined via the relation f € H; (R™) if and only if
Lspf € Lz(y), where Ly > is the fractional power under consideration. Instead of || L2 f |2, we use the
equivalent norm for this space which is given by

Ezzgxgmm+ny+gl+g)
r(3Qlal+n) +31—y9)

I £1I%) = (Ls f. fr2y = (f, Ha) 20>

aeN”

Recall that the H, are the normalised Hermite polynomials on R” forming an orthonormal basis for L?(y).
As the solution of the extension equation (2-1) is a function of 02, it can be thought of as a function of
(x, y) € R"*2 that is radial in y. Thus it makes sense to define P; f (x, y) = u(x, v/2|y|), where u(x, p)
is the solution of the extension equation (2-1) given by (2-3). We can now consider P f(x, y) as an
element of L>(R"*2, ). For («, j) € N* x N2 we let

Hy j(x,y) = Hy(x)H;(y), (x,y) € R" xR%,
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where the H; are two-dimensional Hermite polynomials. Then Py f(x, y) can be expanded in terms
of Hy j(x,y). We will show that P takes #3 (R") into HH(R"2). We equip ’H;“([R”“) with a
different but equivalent norm. For u € H‘;“ (R"*2), we define

> TRl +21j+n+ D+ 10+ +5))

' He) 1200 )%
F(zClal+21jl+n+1)+3 (1—(1+s)))|< Y2l

2
”u”uJ):
(o, ))eN" xN?

where for any j € N? we let
: Cul2
u’ (x) :=/2u(x,y)Hj(y)e V72 gy,
R

Equipped with this norm we denote the space ’Hj,“ (R"*2) by ”;[f,“(lR”*z).

Theorem 5.1. For 0 < s < n, the function Py : Hj,(R") — 7’-7)5/“ (R"*2) is a constant multiple of an
isometry, i.c., || Py fllts) = Cosll flls) forall f € HS (RY).

Proof. We have

o0

Pif(x,y) = Zr() LA Ck+n) + 50 +5), 22k +n) + 31— ) Oc f-

Now from (2-13) we note that

Py f(x,y)= ,S fm(L Hx)

© ys I(3Qk+n)+1(1+s))
> = 2k+n)+1(1—s5), L @k+m)+1(1 T T
2 gy DT 2G93 () L G T )

Ok f.

Now writing a := 3(2k +n) + (1 +s) and b := $(2k +n) + 3(1 —5), we expand L(3|y|*, a, b) in
terms of Hermite polynomials. In order to do this, we use Mehler’s formula (see [Urbina-Romero 2019,
Chapter 1]) for two-dimensional normalised Hermite polynomials:

r2(Ix12+1y%) _2rx-y
1—72 1—r2)

S H 0 H ) = (1= )7 exp(—

jeN?

In view of the definition of the L function, we have

o0
L(%|y|2? a, b) =e_|y|2/2/ e_t‘ylzta_l(l_i_t)—bdt.
0

Now taking > = /(1 +1) in the above Mehler’s formula, we have

=1+ HiOH, (y)(1+t)'j'/2,

jeN?
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which yields

L(3IyP a,b) = PI7? > H(O)H(y)/ (aHI2=1 (] 4yl gy

jeN?
p C@a+|jl/2)T'(b—a+1)
— o~ IyI7/2 . .
¢ ]_GXN;HJ(O)HJ(” Th+1j1/2+1)

Here the second equality follows from the formula

ja-1 F(a)F(b—a)
f(l+t) ar === 5-1)

Finally, writing P f (x, y) = v(x, ¥) and using the above observations, we have
v(x, y)
=ce P2 3" HO)H;(y)

(e, j)eNn xN2

T(a+1j1/2)T (b—a+1) T (3Q2lal+n)+5(14s))
F(G+1j1/2+D) T (3Qlal+n)+3(1—s))

(fs Ha) 12y Ho (%),

where ¢, 1= 4° /T (—s). Now note that for any j € N> we obtain
T(@+1jl/2T(b—a+1) T (3Qlal+n) +1(1+5))
F@+1jl/2+D  T(GQlal+n) +1(1—5))

v/(x)=c¢, Y H;(0)

aeN"

<fa Ha)Lz(y)Ha(-x}’

which yields
C(a+1jl/2T kb —a+1)T(5Qlal+n)+3(1+5))
FO+1j1/2+D  TEQlal+n)+11—y)

As shown in [Urbina-Romero 2019], for any k € N and for one-dimensional Hermite polynomials we

(v, Hy)12() = ¢ H;(0) (f. Ha)12()-

have o
22Tk + 1)
H. 0)=0 d (Hy(0)="——"-"""_"~
41 (0) =0 and (Ha(0)’ = =
But making use of the formula I'(2z) = (271)_1/2225_1/2F(Z)F(z + %), we obtain
1 T'tk+1/2)
Hy(0)? = ——— 172
(F2(0)) JT Tk+1)

Hence, for j = (j1, j») € N", we have
1 TG+ 1/ (2 +1/2)
F(Gi+DCG2+ 1)

With these things in hand we proceed to calculate ||v ||%1 5)» Which is given by a constant multiple of

(H;(0))* =

iz L@k 420l +n+ D+ 10+ +5))
s T(3Ck+2]jl+n+ D+ 11— (1+5)))
Ta+jl/2Th—a+ 1) TEQk+n) + 11 +5))?
Th+1jl/2+1)  T(E@k+m+11-5)

X HJ(O)

2>,
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where || O 1> = Zm:k [{f, Ha)Lz(y)lz. Now we have already noted the fact that Hy;11(0) = 0. In what
follows both j; and j, should be even. Using the values of a and b we have

3 F(3Ck+2jl+n+ D+ 31+ (1+5)))

Ta+1jl/2T®h—a+ 1)>2
F(3Qk+21jl+n+1D+3(1—(1+5)))

(Hf(o) TG+ 1jl1/2+1)

J=(j1.j2)eN?

_ T(s+1)? Z T(3Qk+20jl+n+ D+ 51— (1+5) TG+ 1/2T02 +1/2)
T S T(G@kR2j D430+ A +5)) TG+ DEG2+D

In order to simplify this further we make use of some properties of Hypergeometric functions. We start
by recalling that

o0

FG.Bn2)=)

k=0

o0

(S)k(ﬂ)kzk_ I'(m) ZF(3+k)F(ﬂ+k)Zk
(mik! ©  T@OTB) = T+Ck+1)""

k=0
Here we will be using the following property proved in [Olver and Maximon 2010]:

o0

rmriin—2456— r ré+ekr k
L0 =0=F) _ s g1y L) A TO+OTB+D)
F(n—8)TCm—p) F@OTB) = T+ k+1)
That is,
FO+OIB+hH _ TETn—3=HI'E) provided R(n—8§—B) > 0. (5-2)

ZT+OCk+D) ~ T-&HL0—p)

Taking § = J(2k+2j,+n+1—s), f=1 and n = $(2k+2j>+n+3+s) in the above formula, we have
i PG+ jTB+j) T+ 1/rA/2)T(3Qk+2j+n+1—5))
T+l +1D P+ I(3Qk+2j+n+2+s))

Jj1=0

This gives

Z T(3Ck+2]jl+n+ D+ 10— (1+5)) TG+ 1/2T (2 +1/2)

S TGEk+2j1+n+D+50+0+s)) TGIHDIG2+D

_Te+1/2ra/2) i T(3Qk+n+1—9)+ j2)T (jo+1/2)
L(s+1) — T(3Ck+n+2+5)+ )T (2 +1)

_D(s+1/2T(1/2) T(32k+n+1-15)) T(s)I(1/2)
T+ TA@k+n+149) T+1/2)
(/22T (3Qk+n+1—5)
s T(A@k+n+1+9)
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Therefore, we have

r(1/2) S T(AQk+n+1-y5)
Wl =T+ D> —— )0 (§ )||Qkf||2
ms = T(32k+n+1+5))
FrAQlal+n+1-5s)
=5 )2 2 )I(f, Ho) 1201 = Cn sl FIIGy)- O

F(3Qlal+n+1+5))

aeN”

6. Hardy-Littlewood—Sobolev inequality for H;

In this section we are interested in the Hardy-Littlewood—Sobolev inequality for the fractional powers H;.
For the Laplacian on R" and the sub-Laplacian on H", such inequalities with sharp constants are known.
Let us recall the inequality for the sub-Laplacian £ on H". Letting ¢ = 2(n + 1)/(n + 1 — s), the
Hardy-Littlewood—Sobolev inequality for £, (see [Branson et al. 2013; Frank and Lieb 2012]) reads as

rGa+n+9)° a 24
(f )zwziif”( / |g(z,w)|qd2dw) < (L8 ). (6-1)
T(3(1+n—s)) "

We first find an integral representation of H_; using the integral representation of fractional powers of
the sub-Laplacian, £_g. The integral kernel of £_; is given by ¢, s|(z, t) |~2+25 as shown in [Roncal and
Thangavelu 2016]. Here |(z, 1)| := (|z|* +¢?)!/* denotes the Koranyi norm on the Heisenberg group and
Q =2n+ 2 is its homogeneous dimension. We consider the Schrodinger representation ; of H" whose
action on the representation space L>(R") is given by

(2, P (E) = M HETID g (& 4 ),

The Fourier transform of a function f € L'(H") is the operator-valued function defined on the set of all
nonzero real numbers, R*, given by

fo 2/ f(z,)m(z, 1) dz dt.
HYI

The action of the Fourier transform on a function of the form £ is well known and is given by Z} n) =
f (A)H (L), where H (1) is the scaled Hermite operator. In view of this, it can be easily checked that

dm,(m(L)) =m(H (%)), (6-2)

where dr, stands for the derived representation corresponding to ;. We refer the reader to [Thangavelu
1998] for more details in this regard. Recall that the fractional power £_; is defined as follows (see
[Roncal and Thangavelu 2016]):

00 4 r(l@k+nm+1a—-s)
L= _n_1/ ( 2N~ 2 2
fen=0Cn = kg( D M3k +n)+ 11 +5)

o soz(z))e—"“ A" dA.
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So we have dm (L_5) = H(\) 5. In particular, for A = 1, using spectral decomposition, we have

L T(ECk+n) +31-9)
H_; L
/= Z (5Qk+nm) +5(1+5))

Now it is not hard to see that

Hy(fe ) () = 72 Z
=0

Py f.

(5Qk+n)+5(1—5))
(3Ck+n)+3(1+5))

Or f(x). (6-3)

Hence from the definition of L_; we have
H_(fe ") (x) = e M72L_ f(x). (6-4)

In this section, we prove an analogue of (6-1) for the operator H_;. We first study L? — L9 mapping
properties of the operator H_;.
In view of relation (6-2) we have

H_f(§) = cny /H @ O~ (2, 1) £ (€) dz dt.

Using the definition of 7| and writing z = x 4 iy, we obtain

H g fE) =cns | (x> |yH)? 13 OF1m90/200 i 0E425/2) £ (£ 4 vy dx dy dt
|H]Il

:Cn,s/ ((|x|2+|n_$|2)2+tZ)—(n—H—s)/Zeitei(x-é-i-x-n)/Zf(n)dxdndt
Hn

_ f Kiy& ) fond,

where the kernel K3, is defined by

K (E.m) = cus / (x> 4[5 = E7) 413 O HIm0 20 S22 g iy (6-5)
R” xR
Taking the modulus and then a change of variables leads to
Ky ml<cns | (xP+1n—§77"" dx.
RV!

Now again a change of variable x — x|§ — 5| yields
K3 (&, m)] < Cosls —nl 7" (6-6)

It is a routine matter to check the following L? — L?-boundedness property; see e.g., [Grafakos 2009,
Theorem 6.1.3]. In fact, for 1 < p <g <oco with 1/p —1/q =2s/n, we get

[H-s flize < Cus (DI fllLr- (6-7)

Nevertheless, in the following theorem, we obtain a better estimate for the kernel, improving the
L? — L9 estimates mentioned above.
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Theorem 6.1. Forany 1 < p <q <oowith1/p—1/q <1, there exists a constant C, s(p) such that for

all f € LP(R"), the inequality |H_; f||a < Cy.s(P)|| flLr holds.

Proof. In view of the formula stated in (4-14), from (6-5) we have

ST /21492
I'(3(n+1—s))

Now we use the integral representation of K, to simplify the above integral giving the kernel as

Ky (§.m):=2cn s fR (P =€)~ "2 Ky o (2P = [P)e 12 d.

oo
Ku@ =212 [ e, (6-8)
0

A simple change of variables shows that
(0.¢]
ZUKv(Z) — 21)—1 / e—l—zz/(4t)tv—1 dt = ZUK—U(Z)-
0
Thus

(X +1n =&~ "2 K g p(x)* + 10— €%
= (Ix]?+n—&P)""TO2K g n(x P+ In—E1P),

leading to the formula
(x24I =R TPK (3P +1n— &) =27""" /O el gy,
where v = %(n +1—s)and z = |x|* + | —n|% Writing a := %(é + 1), we estimate the integral
/ o~ (KP4 @) yix-a dx,

where we have let r = |§ — n|. First note that

f o~ (xP+r)?/ (@) yixa g, e—r4/(4t)/ oiX°a p= 2 1P/ (A1) p—Ix Y/ (A1) g,

n

—|x[*/4

Let ¢ stand for the Fourier transform of the function e . So the above integral is bounded by

t n/2
o /N (r_2) oz / o4 (a—y)e e gy,
Rn

which is bounded by (after making a change of variables and using |¢p(§)| < C)

e—r4/(4t) (/4
and K3, (&, n) is bounded by

o0
/ ol o@D (= (nk2-29)/4—1 g _ r_(”+2_25)/2K(,,+2_2S)/4(rz).
0

Finally we have
|K3(E,m)| < ClE — |~ T2 22K (00641 — 1)) =: G(E — ). (6-9)
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Now we see that
|H_s fE)| <C|fI*xG(), VEeR" (6-10)

Now note that for r > 1, integrating in polar coordinates, we have
oo
f G(x) dx =c, / (™ "TEIRK g a0 a () 1 d
g 0

Using the facts that K, (z) ~ 7 V2e7% for large z and near the origin z7" K, (z) is bounded, we conclude
that the above integral is finite. Now in view of Young’s inequality we have

1 1,1
If1*Gllg < I fIIpIIGl-,  where 5+1:;+;. (6-11)

But this is true for any r > 1. Hence we are done. 0
As a corollary to Theorem 6.1 we have the following analogue of (6-1).

Corollary 6.2. For g =2n/(n —s), 0 < s < n, we have the inequality

2/q
Cn,s( . |f o) dX> <(Hf, f), (6-12)

where C, s is some constant depending only on n and s.

Proof. Replacing s by %s and putting p = 2 in the above theorem, we have

IH_s/2 £ 112 < cnsll £1I3. (6-13)

where g = 2n/(n — s). Now in the above inequality substituting f by Hy, f we have

2/q
(/R" |f o) dx) =< cn,s(Hv/2fv Hv/2f>-

But in view of Stirling’s formula for the gamma function we know that Hsz/2 and H; differ by a bounded
operator on L?(R™). Hence the result follows. Il

Corollary 6.3 (Hardy’s inequality for H). Let 0 <s < 1. Assume that f € L*>(R") such that H, f € L*>(R").
Then we have

fx)?

H R n zcl’l 1+ 12)s
el Nleen Zens | 0 o

Proof. Given f € L*>(R"), in view of Holder’s inequality we have

2 2/q
/ T e cas( [ 1F@dx) (6-14)
re (14 [x]2)* R
where
2n o\ 1 2n —2s
q= , A, s):= </ 1+ |x]7)~% dx) and —=1-— =-
n—s R q’ 2n n

Hence the result follows from the previous corollary. O
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As a consequence of this we have a version of Hardy’s inequality for L;:

Corollary 6.4. Let 0 < s < 1. Assume that f € L>(y) such that Ly f € L*>(y). Then we have
f (x)2
(Lef Py = ens [ s dy .

Proof. Let f € L*(y). Itis easy to see that g(x) := f(x)e""'z/2 e L*(RM). By Corollary 6.3 we have

g(x)?
H,g. 0y > —5=d
(Hsg g)LZ(R)_Cn,s /Rn (1+|x|2)s X

Also from the spectral decomposition we see that

1.2 2
Hyg(x) = H;(fe ") (x) =ML, f (),
which gives (H;g, 8) 2@y = (Ls f, f)12(,)- Hence the result follows. U

Remark. Frank and Lieb proved in [Frank et al. 2008] that the constant appearing in the left-hand side of
the Hardy-Littlewood—Sobolev inequality (6-1) for the sub-Laplacian on the Heisenberg group is sharp.
It would be interesting to see the sharp constant in the analogous inequality (6-12), which we have proved
for the Hermite operator.
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