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THE “GOOD” BOUSSINESQ EQUATION: LONG-TIME ASYMPTOTICS

CHRISTOPHE CHARLIER, JONATAN LENELLS AND DENG-SHAN WANG

We consider the initial-value problem for the “good” Boussinesq equation on the line. Using inverse
scattering techniques, the solution can be expressed in terms of the solution of a 3 x 3-matrix Riemann—
Hilbert problem. We establish formulas for the long-time asymptotics of the solution by performing a
Deift-Zhou steepest descent analysis of a regularized version of this Riemann—Hilbert problem. Our results
are valid for generic solitonless Schwartz class solutions whose space-average remains bounded as t — co.

1. Introduction

When investigating the bidirectional propagation of small amplitude and long wavelength capillary-gravity
waves on the surface of shallow water, J. Boussinesq [1872] derived the classical Boussinesq equation

2 2
. 3n ho
Nie — 8honxx = ghO(Zho + 3 nxx>xx, (I-1

where 7n(x, t) is the perturbation-free surface, /g is the mean depth, and g is the gravitational constant.
This equation was later rediscovered by Keulegan and Patterson [1940]. In nondimensional units, (1-1)
can be written as

Uy — Uxx — (u2)xx —Uyxrx =0, (1-2)

where u(x, t) is a real-valued function and subscripts denote partial derivatives. Equation (1-2) is often
referred to as the “bad” Boussinesq equation in contrast to the so-called “good” Boussinesq equation

Uy — Uxy + (uz)xx F Uyrxx =0, (1-3)

in which the u;; and u,,., terms have the same sign, thus making the equation linearly well-posed; see,
e.g., [Bona and Sachs 1988; Compaan and Tzirakis 2017; Farah 2009; Himonas and Mantzavinos 2015;
Linares 1993] for well-posedness results for (1-3). Equation (1-3) governs small nonlinear oscillations in
an elastic beam and is also known as the “nonlinear string equation” [Falkovich et al. 1983].

Deift and Zhou [1993] proposed a steepest descent method for the asymptotic analysis of Riemann—
Hilbert (RH) problems. The Deift—Zhou approach has been successfully utilized to determine long-time
asymptotics for a large number of integrable equations such as the modified KdV equation [Deift and
Zhou 1993], the KdV equation [Deift et al. 1994], the nonlinear Schrédinger equation [Jenkins and
McLaughlin 2014; Tovbis et al. 2004], the sine-Gordon equation [Cheng et al. 1999], the Camassa—Holm
equation [Boutet de Monvel et al. 2009], the Degasperis—Procesi equation [Boutet de Monvel et al. 2019],
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and the Toda lattice [Deift et al. 1996]. At his 60th birthday conference in 2005, P. Deift [2008] presented
a list of sixteen open problems, among which he pointed out that “The long-time behavior of the solutions
of the Boussinesq equation with general initial data is a very interesting problem with many challenges.”
The purpose of this paper is to take a first step towards the solution of this problem.

As in [McKean 1981; Deift et al. 1982], we consider the following version of the “good” Boussinesq

equation:
e+ 3U) x4 Sty =0, (1-4)

which can be obtained from (1-3) by a simple shift u — u + % followed by a trivial rescaling. Our main
result provides explicit formulas for the long-time asymptotics of the solution u(x, t) of (1-4) in a sector
in the right half-plane {x > 0, # > 0} under the assumption that the initial data lie in the Schwartz class and
satisfy the physically natural assumption that u, (x, 0) has zero mean. The proof is based on a Deift-Zhou
steepest descent analysis of a 3 x 3-matrix RH problem, which is parametrized by x and 7. This RH problem
was derived in [Charlier and Lenells 2022] by performing a spectral analysis of a Lax pair associated to
(1-4); it is formulated in the complex plane of the spectral parameter k£ and has a jump contour consisting
of the three lines R U wR U »’R, where w = ¢>"'/3. The steepest descent analysis of this RH problem is
severely complicated by the fact that the associated spectral problem is third-order. In fact, even though
a version of the inverse scattering formalism was developed for the Boussinesq equation already in [Deift
et al. 1982], the results presented here are, to the best of our knowledge, the first asymptotic results for any
of the equations (1-2)—(1-4) obtained via steepest descent techniques (there exists a substantial amount
of work on the long-time asymptotics for Boussinesq equations based on functional analytic approaches,
see, e.g., [Farah 2008; Liu 1997; Linares and Scialom 1995; Wang 2009], but these approaches yield
asymptotic information of a much less precise type). In addition to the third-order spectral problem,
another complication in the analysis of (1-4) stems from the fact that the associated RH problem is singular
at the origin. Therefore, instead of performing the steepest descent analysis of this RH problem directly, we
will analyze a regularized version of the RH problem and then transfer the results to the singular problem.

The paper is organized as follows. The main result is stated in Section 2. An overview of the rather
involved proof, which also contains a statement of the relevant RH problem, is presented in Section 3.
The steepest descent analysis begins in Section 4, where several transformations of the RH problem are
implemented. Local parametrices at the three critical points are constructed in Section 5 and the resulting
small-norm RH problem is estimated in Section 6. Finally, the asymptotic behavior of u(x, ¢) is obtained
in Section 7.

2. Main result

Equation (1-4) can be rewritten as the system [Zakharov 1974]
{wt + %uxxx + %(uz)x =0,

Uy = Wy,

(2-1)

which is equivalent to (1-4) provided that u; (x) := u,(x, 0) satisfies

/uﬁﬂdx:& (2-2)
R
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The assumption (2-2) ensures that the integral fR u dx does not grow linearly but is conserved in time.
Indeed, letting ug(x) := u(x, 0) and assuming that » has sufficient smoothness and decay, (1-4) implies

2

d—zfudx=0, i.e., /udx:(/uldx)t—l—/uodx.
dt* Jr R R R

Therefore, instead of analyzing (1-4) with initial data u(x, 0) and u,(x, 0) directly, we will consider the
system (2-1) with initial data up(x) = u(x, 0) and wo(x) = w(x, 0).

2A. Definition of s(k) and s* (k). The formulation of our main result involves two spectral functions
s(k) and s (k) which are defined as follows (see [Charlier and Lenells 2022] for details). Suppose ug(x)
and wq(x) are real-valued functions in S(R), where S(R) denotes the Schwartz class of rapidly decaying
functions on the real line. Let @ := ¢2™'/3 and let, for J=1,2,3,1i(k)= w’/k. Define U(x, k) by

0 0 0
Ux, k)= Pk)~! 0 0 0| Pk, (2-3)
—wo(x)—uox —2up(x) 0
where
o o 1
Pk)= |0’k ok k |. (2-4)
kK2 k* k2

Let X (x, k) and X4 (x, k) be the 3 x 3-matrix-valued eigenfunctions defined by the linear Volterra integral

equations
o0 N AT
X, k) =1 — / e —NLO (XY (x', k) d’ (2-5a)
X
00 N
XA k) =1+ / e~ C=NL® (T X A) (x| k) d, (2-5b)
X

where £ = diag(ly, [2, [3), L denotes the operator which acts on a 3 x 3 matrix A by LA = (L, A] (ie.,
eFA =efAe %), and UT denotes the transpose of U. The 3 x 3-matrix-valued functions s(k) and sA (k)
are defined by

s(k):l—/Re—x@(UX)(x,k) dx. (2-6)
sA(k)=1+/Rex@(UTXA)(x,k) dx. 2-7)

2B. Statement of the main result. We first state our main result for the system (2-1); the formulation for
(1-4) is given as a corollary. For simplicity, we only consider solutions in the Schwartz class, but it will
be clear from the text that our result and its proof only require a finite degree of smoothness and decay.

Definition 2.1. We call {u(x, t), w(x, t)} a Schwartz class solution of (2-1) with initial data ugy, wo € S(R) if
(1) u, w are smooth real-valued functions of (x, t) € R x [0, 00),

(1) u, w satisfy (2-1) for (x, t) € R x [0, co) and

u(x,0) =upx), wkx,0) =woe(x), xeR.
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Figure 1. The contour I" and the open sets D,, n =1, ..., 6, which decompose the

complex k-plane.

(iii) u, w have rapid decay as |x| — oo in the sense that, for each integer N > 1 and each T > 0,

N
sup Y (14 DM (19ful + [0Lw]) < oo.
xeR i—0
tel0,7)

Let {Dn}gz1 denote the sectors shown in Figure 1. We make the following two assumptions.

Assumption 2.2 (absence of solitons). Assume that (s(k))1; and (s (k));; are nonzero for k € D \ {0}
and k € Dy \ {0}, respectively.

Assumption 2.3 (generic behavior at k = 0). Assume that
lim &*(s(k)11 #0,  lim k(s (k)n # 0.
k—0 k—0

Assumption 2.2 ensures that no solitons are present (the case when s1; and sﬁ have a finite number
of simple poles off the contour can be treated by standard methods; see, e.g., [Fokas and Its 1996], or
[Lenells 2012] for a 3 x 3 matrix case). Assumption 2.3 ensures that s;; and slA1 have double poles at
k = 0, which is the case for generic initial data [Charlier and Lenells 2022].

Define the reflection coefficient r; (k) by

stz
RGO
If ug, wo € S(R) are such that Assumptions 2.2 and 2.3 hold, then r; (k) extends to a smooth function of
k € [0, co) with rapid decay as k — oo which satisfies 71 (0) = w and |r; (k)| < 1 for k > 0; see [Charlier
and Lenells 2022].

We can now state our main result, which establishes the long-time behavior of u(x, ¢) in the asymptotic
sector x/t > 0; see Figures 2 and 3.

r1(k) k € (0, 00). (2-8)
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Figure 2. Numerical example showing |r1(k)| as a function of k > 0 (left) and an example
of an asymptotic sector in the (x, ¢)-plane where the formula of Theorem 2.4 applies (right).
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Figure 3. Numerical simulation of the solution u(x, t) of (1-4) with initial data u(x, 0) =
—%e‘xz/ 20-and u, (x, 0) = 0 (solid blue) together with the asymptotic approximation in
(2-9) (dashed black) at the times ¢t =0, ¢ = 100, ¢ = 200, and ¢ = 300. As expected,
the asymptotic formula provides a better and better approximation as ¢ increases. The
convergence is the slowest for small values of x, which is consistent with the fact that
the asymptotic estimate (2-9) is not uniform near x = 0.

Theorem 2.4 (long-time asymptotics for (2-1)). Suppose {u(x,t), w(x, t)} is a Schwartz class solution
of (2-1) with initial data ugy, wy € S(R) such that Assumptions 2.2 and 2.3 hold. Then the following
asymptotic formula holds uniformly for £ = x/t in compact subsets of (0, 00) as t — oo:

333k /v . (19;1
sin
2t 12

+v1In(63/3tk3) — v/3kit — arg ry (ko) — arg T'(iv)
1 o
+ = In
v ko

ulx,t)=—

s — ko

) Int
dIn(1l —|ri(s)] )) + 0(7), (2-9)

s — wky
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where I denotes the Gamma function, kg = ko($) = ¢ /2, and v = v(¢) > 0 is defined by

1
v=—5_In(l—|r (ko) |*).
JT

The proof of Theorem 2.4 is presented in Sections 3—7; Section 3 contains an overview of the proof.
As a corollary, we obtain asymptotics of the solution of (1-4) with initial data ug(x) = u(x, 0) and
ui(x) =u(x, 0).

Corollary 2.5 (long-time asymptotics for (1-4)). Suppose u(x, t) is a Schwartz class solution of the
“good” Boussinesq equation (1-4) with initial data ugy, u; € S(R) such that fR uydx =0. Let wo(x) =
ffoo uy(x") dx’ and define ry : (0, 00) — C by (2-8). Suppose Assumptions 2.2 and 2.3 hold. Then u obeys
the asymptotic formula (2-9) as t — oo uniformly for { = x /t in compact subsets of (0, 00).

Remark 2.6 (asymptotics in the left half-plane). In Theorem 2.4, we have, for conciseness, only presented
asymptotics of u(x, t) in a subsector of the right-half plane x > 0. A similar formula can be derived by the
same methods for a subsector of the left half-plane, except that the formulas there involve r; := slA2 /s ﬁ
instead of ri. Alternatively, asymptotics in the left half-plane can be obtained directly from Theorem 2.4
and the invariance of the Boussinesq equation under space inversion.

Remark 2.7 (asymptotics of w). Theorem 2.4 provides a formula for the asymptotics of #. Our methods
can be used to derive an analogous asymptotic formula for w, but since this requires somewhat lengthy
estimates of z-derivatives (see (3-6)), we have decided to not include this.

Remark 2.8 (regularity and decay assumptions). The Schwartz class assumption in Theorem 2.4 can be
relaxed significantly. In fact, even our current proofs only require a finite degree of smoothness and decay.
In light of the developments for integrable equations with second-order spectral problems, we expect that
significant further improvements can be obtained by considering solutions in weighted Sobolev spaces.
Consider for example the nonlinear Schrodinger equation: In [Deift and Zhou 2003], asymptotic formulas
for the solution of the Cauchy problem were established under essentially minimal assumptions on the
initial data, and more recently, the error terms in these formulas have been sharpened to become in a
certain sense optimal by using the d generalization of the nonlinear steepest descent method [Borghese
et al. 2018; Dieng et al. 2019]. It is an interesting research direction to investigate the regularity and
decay requirements necessary for the derivation of asymptotic formulas for integrable equations with
higher-order spectral problems. It seems clear that the 3 steepest descent method can be effectively
applied also in this context. However, the construction of the direct and inverse scattering transforms in
the framework of weighted Sobolev spaces is likely to be more involved for spectral problems of at least
third order than for second-order problems.

2C. Notation. We summarize some notation that will be used throughout the paper. In what follows,
y C C denotes an oriented (piecewise smooth) contour.

o If A is an n x m matrix, then |A| > 0 is defined by |A|*> = > |A;;]>. Note that |A + B| < |A| +|B|
and |AB| < |A||B|.

e ¢ and C will denote generic positive constants which may change within a computation.
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e We write Ry = (0, 00) and R_ = (—o0, 0).
e For 1 < p < oo, we write A € LP(y) if |A| belongs to L?(y). Then A € L?(y) if and only if each
entry A;; belongs to L?(y). We write || AllLrq) := [[|AlllLry)-

o« We define L3(y) as the space of all functions f : y — C such that (1 + kD' fk)y e L3(y). If y is
bounded, L3(y) = L3(y), but in general it only holds that L3(y) C L3(y). We turn LS(y) into a Banach
space with the norm || f 173,y == I (1 + kD' fli 13-

e We let E3(C\ y) denote the space of all analytic functions f : C\ y — C with the property that for
each component D of C\ y there exist curves {C,}7° in D such that the C, eventually surround each
compact subset of D and

sup [ (1+1kl) | f ()1 |dk| < 0.

n>1 n

o For a function f defined in C\ y, we let fi denote the nontangential boundary values of f from the
left and right sides of y, respectively, whenever they exist. If f € E3(C\ y), then fy exist a.e. on y and
fr € L3(y); see [Lenells 2018, Theorem 4.1].

3. Overview of the proof

The proof of Theorem 2.4 consists of a Deift—Zhou steepest descent analysis of a 3 x 3 matrix RH problem.
The jump contour I" of this RH problem consists of the three lines R U wR U ”R, see Figure 1, and the
jump matrix v is given explicitly in terms of ry (k) defined in (2-8) and the function r, (k) defined by

A
= SR o, 3-1)

(AN’
More precisely, v is defined as follows. Define {/;(k), z; (k)};zl by
i) =o'k, zj(k)=w"k* keC, (3-2)
and define the complex-valued functions ®;;(¢, k) for 1 <i # j <3 by
D¢, k)= Ui —1))¢ + (zi —zj),
where ¢ := x/t. By symmetry, it is enough to consider ®;;, ®31, and ®3,, which are explicitly given by

D21 (¢, k) = w(w— Dk —k),
®31(¢, k) = (1 — w)k(¢ — 0*k),
D3(¢, k) = (1 — 0Hk(C — wk).

Given a function f (k) of k € C, we let f* denote the Schwartz conjugate of f, i.e.,

(k) = fk).



1358 CHRISTOPHE CHARLIER, JONATAN LENELLS AND DENG-SHAN WANG

The jump matrix v(x, t, k) is defined for k € I by

1 —ri(k)e” %21 Q 1 0 0
v =|ri®e®  1-|rk)* 0], v=10 1-|n@k)* —r;wk)e ' *»
0 0 1 0 ry(wk)e'®2 1
I=|ri(@*))* 0 ri(w?k)e"®s 1= ®)* —rytke ' 0
v3 = 0 1 0 . va=| k)P 1 0], (3-3)
—ri(@?k)e'® 0 1 K 0 0 1
1 0 0 1 0 ry(wk)e '
vs= 10 1 —r1(wk)e %2 | v = 0 1 0 ,
0 ri(wk)e'®?  1—|r(wk)|? K—r;‘(w%)e’% 0 1—|r(w?k)?

where v; denotes the restriction of v to the subcontour of I' labeled by j in Figure 1. We consider the
following RH problem, which is formulated in the L3-setting to ensure uniqueness (the solution of an
n x n-matrix LP-RH problem is unique whenever it exists provided that 1 <n < p; see [Lenells 2018,
Theorem 5.6]).

RH problem 3.1 (L3-RH problem for m). Find a 3 x 3-matrix-valued function m(x, t,-) € I + E3(C\ I
such thatmy(x,t, k) =m_(x,t,k)v(x,t, k) forae k eT.

By introducing the row-vector-valued function n by
nx,t, k)= (@ o* Dm(x,t,k), (3-4)
we can transform the RH problem for m into the following vector RH problem for 7.

RH problem 3.2 (L3-RH problem for n). Find a 1 x 3-row-vector-valued function n(x, t, -) € (w, w?, D+
E3(C\F) suchthatn(x,t, k) =n_(x,t,k)v(x,t, k) fora.e k €T.

For technical reasons, we also need the classical version of this RH problem.

RH problem 3.3 (classical RH problem for n). Find a 1 x 3-row-vector-valued function n(x, t, k) with
the following properties:

() n(x,t,-):C\T — C3is analytic.

(1) The limits of n(x, t, k) as k approaches I \ {0} from the left and right exist, are continuous on I' \ {0},
and are denoted by n and n_, respectively. Furthermore, they are related by

ny(x,t,k)=n_(x,t,k)v(x,t,k), kel \{0}. (3-5)
(iiD) n(x, 1, k) = (@, 0>, D+ O0Kk™") as k > oc.
@av) n(x,t,k)=0{) ask — 0.
The following result was proved in [Charlier and Lenells 2022].

Proposition 3.4. Suppose the assumptions of Theorem 2.4 hold. Let U be an open subset of R x [0, 00)
and suppose for each (x, t) € U that the solution of the classical RH problem 3.3 for n is unique whenever
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it exists. Then RH problem 3.3 has a unique solution n(x,t, k) for each (x,t) € U and the solution
{ulx,t), w(x, t)} of (2-1) can be expressed in terms of n = (ny, ny, n3) by
UGk, 1) = =2 O limy e k(ns (x, 1, k) — 1),

29x (x,0)eU. (3-6)

30 ..
w(x,t) = 5% limy, o0 k(n3(x, 2, k) — 1),
To use Proposition 3.4, we need the following lemma.
Lemma 3.5. Suppose RH problem 3.1 has a solution m(x,t,-) at some point (x,t) € R x [0, c0).
Then n = (w, w?, 1)m is the unique solution of RH problem 3.2 at (x,t). Moreover, if the solution of

RH problem 3.3 exists, then it is unique and is given by n = (w, ®?, 1)m.

Proof. The assertion for n = (w, w?, 1)m follows as in [Boutet de Monvel et al. 2019, Lemma A.5]. The
last claim follows because every solution of RH problem 3.3 is also a solution of RH problem 3.2. [

It will follow from the steepest descent analysis (see Lemma 6.3) that there exists a 7 > 0 such
that RH problem 3.1 has a unique solution m for t > T and x /¢ in a compact subset of (0, co). Thus
Proposition 3.4 and Lemma 3.5 imply that the formulas (3-6) for u, w are valid for all # > T and x /¢ in
compact subsets of (0, co) if n is defined by n = (w, w?, 1)m. Therefore it is enough to determine the
large t asymptotics of m.

3A. Steepest descent analysis. The large ¢ behavior of m can be obtained by performing a Deift—
Zhou steepest descent analysis of RH problem 3.1. The first step in this analysis is to define analytic
approximations of the functions r; and r, appearing in the jump matrix v, as well as of the combination
r1/(1 — |r1]?). Once these approximations are in place, we can deform the contour in such a way that
the new jump is close to the identity matrix everywhere except near three critical points (see Section 4).
The critical points are the solutions of the stationary phase equations d®,;/dk =0, d®3,/0k =0, and
0®3,/0k = 0. For each choice of 1 < j <i <3, 0®;;/dk =0 has a single zero k;; given by
¢ g »’¢
k21=§, R k32=T-

Writing ko = kj;, these three critical points can be expressed as kg, wko, and w*ko; see Figure 4. The
signature tables for ®,;, ®31, and P3, are shown in Figures 5-7.

Near each of the three critical points, the RH problem can be approximated by a local parametrix

k31 =

which is constructed in Section 5. In fact, since the jump matrix v obeys the symmetries

v(x, t, k) = Av(x, 1, k) A~ = Bu(x,1,k)"'B, keT, (3-7)

where
001 010
A=1100 and B=[100], (3-8)
010 001
the solution m obeys the symmetries

m(x,t,k) = Am(x,t, wk) A~ = Bm(x,t,k)B, ke C\T. (3-9)
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2k0

Figure 4. The three critical points ko, wkg, @’k in the complex k-plane for ¢ > 0.

Re q)z] >0
wko Re®;,; <0
R
ko
w2k0

Figure 5. The regions where Re ®;; > 0 (shaded) and Re ®,; < 0 (white).

Re @3, <0
a)ko Re (I)31 >0
R
ko
w2k0

Figure 6. The regions where Re ®3; > 0 (shaded) and Re ®3; < 0 (white).

It is therefore sufficient to construct the local parametrix m*0 at k¢, because then the local parametrices at
wkqy and w?kq can be obtained by symmetry. In the end, we arrive at a small-norm RH problem whose
solution is estimated in Section 6. Finally, the asymptotics of u(x, ¢) is obtained in Section 7.

3B. Assumptions for the remainder of the paper. From here on, we assume that {u(x, 1), w(x, )} is a
Schwartz class solution of (2-1) with initial data ug, wg € S(R) such that Assumptions 2.2 and 2.3 hold.
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Re @32 <0

Cz)ko Re @32 >0

ko

Figure 7. The regions where Re ®3, > 0 (shaded) and Re ®3; < 0 (white).

We also assume that r; (k) and r,(k) are defined by (2-8) and (3-1). We let Z denote a fixed compact
subset of (0, 00).

4. Transformations of the RH problem

By performing a number of transformations, we can bring the RH problem 3.1 to a form suitable for deter-
mining the long-time asymptotics. More precisely, starting with 72, we will define functions m/) (x, 1, k),
j =1,2,3, such that the RH problem satisfied by m /) is equivalent to the original RH problem 3.1. The
RH problem for m/) can be formulated as follows, where the contours I'/) and the jump matrices v/
are specified below.

RH problem 4.1 (RH problem for m). Find a 3 x 3-matrix-valued function m(x,t,-) € I +
E3(C\F(j)) such that mgz)(x, t, k)= m(_J)(x, t, kv (x, t, k) fora.e. ke T,

The jump matrix v‘® obtained after the third transformation has the property that it approaches the
identity matrix as  — oo everywhere on the contour except near the three critical points ko, wko, w?ky.
This means that we can find the long-time asymptotics of m® by computing the contribution from three
small crosses centered at these points.

The symmetries (3-7) and (3-9) will be preserved at each stage of the transformations, so that, for
j=1,2,3,

v D (x, 1, k) = Ao (x, 1, wk) A7 = BvD(x,1,k)"'B, keTlD, 4-1)
mP(x,t, k)= AmP(x, t, wk) A" = BmWD(x, 1, k)B, keC\T'Y. (4-2)

4A. First transformation. The purpose of the first transformation is to remove (except for a small
remainder) the jumps across the subcontours e™/3R,, R_, and e /3R, of I. To implement this
transformation, we need analytic approximations of the functions r}, 1, and 7}, where 7| (k) is defined by

ri(k)

Al =1, k)’
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U2 Ul

Rek

ko

Us Uy

Figure 8. The open sets {U; }Al' in the complex k-plane.

We introduce open sets U; = U;(¢) CC, j=1,...,4, as in Figure 8, such that

UrUUs ={k |Re®2(¢, k) <0}, UUUg={k|Re D2 (¢, k) >0}

Lemma 4.2. There exist decompositions
r;(k):rik’g(xvtvk)—i_r;r(xatak)’ ke(_oo’o]v
rl(k):rl,a(xvtvk)—i_rl,r(xvtvk)y ke[oako]v (4_3)
ri (k) = f}"’a(x, t, k) +f}k’r(x, t, k), kelko,00),
where the functions ry ,, 15 ., T1.a, 1, fﬁa, fﬁr have the following properties:
(a) Foreach ¢ € T and eacht > 0, r;a(x, t,k) and ry 4(x,t, k) are defined and continuous for k € U,
and analytic for k € U,, and ff (X, 1, k) is defined and continuous for k € U and analytic for k € Uy.

(b) Foreach ¢ € T andt > 0, the functions r} ,, r1 4, and r{ , satisfy

Clk — wk _
e n |Z)|20|€(t/“>”‘e“’2““‘>', ke, (4-4a)
18L(r5 ,(x, 1, k) — 3 (0))] < Clk|e!"/PRePuChl ke U,, (4-4b)
x\"2.a 2
100 (r1 4 (x, 1, k) —r1(0))] < Clk|e!/Re@aChl keU,, (4-4c)
1L (r1a(x, 1, k) — 11 (ko)) | < Clk — kole /PR @RI ke 17 (4-4d)
188 (FF ,(x, £, k) — 7 (ko)) | < Clk — koleW/PRe®a @RI p e 77 (4-de)
, K U
0175, (x, 1, 0)] < ey k|e<f/4>‘Re“’2l@s’<)', kel (4-4f)

where | =0, 1 and the constant C is independent of ¢, t, k.

(c) Foreachl <p<ooandl=0,1,

the L”-norm of (1+|-1)Lr} (x,t,) on (—00,0) is O(t>/?), (4-5)
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the LP-norms of 8'ry,(x,t,-) and % on (0, ko) are O(t3/%), (4-6)
’ Fo(x,t)
the L”-norms of (1+|-)dLi}, (x, ¢, -) and "~~~ on (ko, 00) are O(t /%), (4-7)

uniformly for ¢ € Z ast — o0.

Proof. The proof uses the techniques of [Deift and Zhou 1993]. Since these techniques are rather standard
by now, we omit the details; see [Lenells 2017, Lemma 4.8] for a proof of a similar lemma. O

In the sequel, we often write r; ,(k) and r; , (k) instead of r; ,(x, t, k) and r; ,(x, t, k), respectively,
for notational convenience.
Recalling that r, = ry 4, + 12 ,, we can factorize v, v4, V6 as

U L U L L U
V2 = U2,aU2J’v2,a’ U4 = v4,a U4J’U4,a’ Vo = U6,aU67rU6,a’

where the analytic factors are given by

(10 0 1 0 0
v,=(0 1 —r}, (w/c)e—f<1>32 , v.=10 1 0],

00 0 rq(wk)e'®2 1

1 —r2a(k)e_”1’21 1 0 0
vﬁ{a= 0 ra(k)e® 1 0],

0 0 0 1

1 00 1 0 rg(@k)e " ®

Ve, = 0 1 o), vl,=]01 0 ,

—r3 (@)’ 0 1 0 0 1

and the small remainders v; ., j =2, 4, 6, are given by the expressions obtained by replacing r; with r; ,
in the definition (3-3) of v}, i.e.,

1 0 0
v, = |0 1=ry (@k)r} (k) —r} (0k)e '
0 ra. (wk)e! 3 1
1=l (K)[> =} (k)e ™1 0

var = | o, (k)e! P 1 0],
0 0 1
( 1 0 ror(@k)e"®
Ve, = 0 1 0

—r3 (@K)e' P 0 1—ry (0%k)r]  (07k)
Define the sectionally analytic function m" by

mWV(x,t,k) =mx, 1,k)G(x, 1, k),
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where G is defined by

vga, ke Dy,
W)™l keDs,
Gx,1,k) = Vi keDs, (4-8)
(i)', keDy,
véa, k € Ds,
(g )~', ke Ds.

Lemma4.3. G(x,1, k) and G(x,t, k)" are uniformly bounded for k € C\T, t >0, and ¢ € Z. Moreover,
G=I+0®( " ask— occ.

Proof. We have Re @, (¢, k) > 0 for k € D3 (see Figure 5). Therefore, by virtue of (4-4a),
C
U —ct|Re @21 (£,k)]
Jk)—1| < , ke Ds,
|U4,a(x ) | 1+ |k|e 3
uniformly for ¢ € Z. Since Re @5 (¢, k) < 0 for ¢ € D4 (see Figure 5 again), we deduce similarly that

C _
Ir.a(x, 1, k)| < ———W/HRePnECHI - p e 75,

T 1+ |k
and hence C
L \—1 —ct|Re ®2;(,k)|
k=1 < —— , keDa.
[(vg ) (x, 1, k) — 1| Tk 4
We appeal to the A-symmetry of (4-1) to extend these bounds to the other sectors. O

It follows from Lemma 4.3 that m satisfies RH problem 3.1 if and only if m (! satisfies RH problem 4.1
with j = 1, where ') =T and the jump matrix vV is given on 'y UT'3 UT'5 by

M _ U U M _ L U {1 _ L L
Ul _U6,av1v2,a’ U3 _UZ,av3v4,a’ US _v4,av5U6,a’

and the small jumps remaining on ', Uy U I'¢ are given by

vl =v;,. j=2.4.6.

Here I'; denotes the subcontour of I" labeled by j in Figure 1. More explicitly, the jump matrices U;l),

j=1,3,5, can be expressed as

I e pkye o
Uil) = I";k(k)e[(bzl 1_},.1 (k)rik(k) Ol(k)e_tq)ﬂ

0 0 1

1—r1(w2k)rl*(w2k) a(w?k)e P r;k(a)zk)e_"bn
vgl) = 0 1 0 ’
—r (ka)et<I>31 ﬂ(ka)etq>32 1

1 0 0

vgl) = | Blwk)e'® 1 —r1(wk)e P2

a(wk)e'® ri(wk)e'®?  1—r(wk)rf(wk)
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3
a)k() 2
8
< > > re
4 7 ko 1
9
a)2k0 6
5

Figure 9. The contour I'® in the complex k-plane.

where the functions « (k) = «(x, t, k) and B(k) = B(x, t, k) are defined by
a(k) = —ry (k) (1 —ri(k)r{(k)), keRy,
Bk) =r2a(@’k) +r1(K)ry ,(wk),  k €Ry.

4B. Second transformation. Let I'? = U?Zl FJQ) denote the contour displayed in Figure 9, where
F§2) = ko, 00) etc. For each ¢ € Z, we choose §1(¢, k) such that §; is analytic except for the jump
across I‘gz),
8140 K) =81, (1= ()P, kel}?,
and such that
s, k=1+0@(™"), k— oco. (4-9)

The relation kg = ¢ /2 implies that there exists an € > 0 such that
|r(ko)| <1—¢€ forall k € [kg,o0) and all { € Z. (4-10)

Hence, by the Plemelj formulas, we find

. 1 In(1 —|r1(s)[%) 2)
Sl(g’k)_eXp{ﬁf[kw)sTds}’ keC\T}”. (4-11)

Let Ing(k) denote the logarithm of k with branch cut along argk =0, i.e., Ing(k) = In |k| 4 i arg, k with
argy k € (0, 2m).
Lemma 4.4. The function 81(¢, k) has the following properties:

(a) &1 can be written as
81(¢, k) = e—ivlno(k—ko)e—)u(f,k)’ (4-12)

where v =v(¢) > 0 is defined by

1
v=—s_In(=Inko)), ¢eT,
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and

Xl(é,k)Zﬁ/k Ing(k — ) d In(1 — |r1(s)[?). (4-13)

(b) For each ¢ € T, 8,(¢, k) and 8;(¢,k)~" are analytic functions of k € C\ F%Z) with continuous
boundary values on FiZ) \ {ko}. Moreover,

sup sup |6;1(¢, KF!| < . (4-14)
¢€l e\
(c) 81 obeys the symmetry
81(¢, k) =810, eI, keC\F?). (4-15)

(d) As k — ko along a path which is nontangential to (kgy, 00), we have

Ix1(8, k) — x1(¢, ko)| = Clk — kol|(1 + [In |k — ko), (4-10)
C
10x (X1, &) = x1.(8, ko))l = — (1 +[In [k — Kol ), (4-17)
where C is independent of ¢ € . Furthermore,
1 1 C
[0x x1(E, ko)| = " A X1 (1 V)|, v)=( ko) T 53UX1(M, V), v)=(¢.ko) | = " (4-18)
and "
8, (81(8. k) = ——5,(¢. k)=, 4-19
e (81(5,k)) 7k — ko) 108, k) (4-19)
Proof. The lemma follows from (4-11) and relatively straightforward estimates. U

The functions 83 and §5 defined by

83(¢, k) =81(¢, w?k), keC\T{,
85(¢, k) =81(¢, wk), keC\TY,

satisfy the jump relations
834 (£, k) = 85 (2, k) (1 — [r (k) [}), kel

854(8, k) =85 (&, k) (1 = |ri(@k)*),  keTs.

The jump matrix v cannot be appropriately factorized on the subcontour F{Z) U F§2) U ng) of I'®,
Hence we introduce m® by

mP(x, 1, k) =mV(x, 1, k)AL, k),

where the 3 x 3-matrix-valued function A(¢, k) is defined by

81(§a k) 0 O
_ 9586, %) _
AL, k) = 0 5. K) (4-20)
0 O 53(4-7 k)

85(Z, k)
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From (4-14) and (4-9), we infer that A and A~' are uniformly bounded for { € Z and k € C \
TP urPur?) and that
ACk)=T1+0(") ask— oo. (4-21)

It follows that m satisfies RH problem 3.1 if and only if m‘® satisfies RH problem 4.1 with j = 2, where
the jump matrix v is given by v® = ATWOAL A computation gives

61_+ _& —tdy e~ 1®31
) o1 51—51+r1(k)e 31— 55'3(k)
v = 81— (SH— *(k)et<1>21 (Sl—_(l—rl(k)rf(k)) 81— 83a(k)e—t<l>32
5385 81t 52
0 0 1
338 ri(k) —td 83 —t®
1—ri () r*k R L LS S .7 21 k 31
. ”f(lz:l( ) 5 T—rkrik)’ 5L 55’3 (5 )68
=1 %4 " 1Py 1 _ k) 01493 ,—1®3 |
5365 T—n(or (0) ¢ 2.4 (@057
0 0 1
1 0 0
W [0 12 (@b, k) 5gf*r;,(wk)e—f¢sz
8% td3;
— 1
0 8]83r2,r(a)k)e
838 _ 82 _
1 ;25r 1(k)e"®n AL el
v = 1®y _ * 5153 —td3)
7 8 8 ri(k)e 1—=ri(k)ri (k) 32 —=a(k)e
0 0 1

@

The remaining jumps v;~ can be obtained from these matrices together with the Z3 symmetry (4-1) and

are given by

1 83+85 * (k) —tdy i Vik(a)zk)e_td),?l
8 8185 1—r1 (@) r* (w?k)
@ ;
R 2 P 1 0 ’
8 85 ri(@ ke 2k td3; 1— 2k * 2k
T2 1—-r(@k)ri @) 3g,ﬁ(‘” )e ri(@°k)ri(wk)
(1=r2 g, () =227 (e"® 0
=] 2, w1 ol
5585 ="
0 0 1
o 8361 1 (wk)e P32
k)e! P2 1—r 1 (wl)r* (wk 361 n
vgz) _ 5 55_/3(60 )e ri(wk)ri(wk) T Tor (i@l | -
_ 8185+ % (2k)e! @3 & ri(wk)e'®3 :

52 ' 2a 5185 1—r (k)rt (wk)
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1 0 8833 o (@*k)e™ 3
v = 0 1 0 :
819
(1325 3, (@’k)e'® 0 1—ry, (a)zk)r;r (w*k)
(1 2 )0 2 8385 2 —t Py 3% 2 —1d3
—ri(@°k)ri(wk) 5 2 a(wk)e 5.5, —ri(wk)e
v = 0 L1 0 ,
816 1)
—grl (@k)e' Pt ﬁﬁ(wzk)e@n 1
( 1 0 0
O 8('3 B(wk)e! 1 — L (wk)e
9 = | 9395 5
2
8155a(a)k)e’q’31 3—5r;"(a)k)etq’32 1—ri(wk)r{(wk)

52 8183

4C. Third transformation. The (11)-entry of viz) can be rewritten as
81+ . . S14 .
@ =1=n®rf®) = 1= 550037 ®).
1

Therefore, using the general identity

I+ fi /> U fia o=fifa\ (1+firf3r f1r O I 0
1 fa]=(0 1 0 fr L 0| f3a1
0 0 1 0 0 1 0 0 1 0 0
where f; = fj .+ fjr, as well as the relation
Bk) — 15 J(wh)r (k) = ry 4 (@°k),  k €Ry,
we can factorize v12) for k € F(z)
2 2
1=SER R () — 52 0e® 2 pe
2 = 5 - DA (2) (2)B
Ui ) - 8124— "*(k)etd>21 1 —r3 (wk)81+83 —td3 | — Ui ) v( )y
8305
0 0 1
where
8355A —td 2 2 —t®
1 =27 4 (k)e "™ 3 rp a(@k)e™®n
DA _ 82 8185
=10 1 0 ’
\0 0 1
2
R TCURORS RO
1—
2 _
lr = 512; Pi (k)e!® 1 0|’

\ 0 0 1

lrl

(4-22)
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1 0 0
2
2 @F flg (e ] —51+553r2a<wk>e—f¢sz
0 0 1
Similarly, using the general identity
L h  f
BA+fif3 fa
0 0 1
I 0 0 1 fl,r f2,r 1 fl,a f2,a
= f3,a 1 f4,a_f2,af3,a f3,r 1+f1,rf3,r f4,r_f2,af3,r_f2,rf3,a 0 1 0 ,
0 0 1 0 0 1 0 0 1

where f; = fja+ fj.r, as well as the relation
a(k) = rf (k) k) = =13 o (0k) = r{()r2,a(@’k), k€ Ry,

we can factorize véz) for k € ng) as

2
1 —5;%}’1(]()6_[(1321 8—3ﬂ(k)g—f‘1>31
1
@ ! (2)A (2) (2B
v, = 8515 r*(k)etd>21 1—r1(k)rf‘(k) 88630[(]() oy | =5 U7rU7 ’
5
where
(2)A 52 k tq)zl 1 8153 k k 2k tll)32
v, = 8 8 ( e 52 (rza(a) )—i—rla( o.a(w )) ,
2
( 1 5;‘25’_ r(k)e—tfbm ;_E,Br(k)e_tq)“
105
2) 2
V7, = (Sf_:SSrik’r(k)et(bZ] —|7’1,r(k)|2 5(1;233r;“r(k)(I’]’,(k)r;‘,a(wk)_rz’a(ka))e—tcbg ,
\ 0 0 |
2
1 5%85 S5, a(k)e—td>21 33 ,Ba (k)e_’q’»“
@B — 1 135
7 =0 1 0 ;
\0 0 1
and

Br (k) :=r1,(k)r3 ,(@k),  Balk) :=raa(@k) + 11 4(K)rS , (k).

Let V; = V;(¢) CC, j=1,...,4, denote the open subsets of the complex k-plane displayed in
Figure 10. Define the sectionally analytic function m® by

mPx, t, k) =mP(x, 1, k)H(x, 1, k),
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V3 kO V4 Rek

Figure 10. The open sets {Vj}f’ in the complex k-plane.

where H is defined for k € D, U D¢ by
@ kew,
WP ke,

H(x,t,k) = { o4, k € Vs, (4-23)
W@ ke,
1, elsewhere in D; U Dg,

and extended to all of C\ I" by means of the symmetry H (x, t, k) = AH (x, t, wk)A~!. Let T® be the
contour displayed in Figure 11.

Lemma4.5. H(x,t, k) is uniformly bounded for k e C\T'®, t >0, and ¢ € I. Moreover, H=1+0 (k™")

as k — oo.

Figure 11. The contour I'® in the complex k-plane.
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Proof. We present the proof for k € Vi U V;; the proof for k € V3 U V4 is similar. Note that V; C Uj,
j=1,...,4 (see Figures 8 and 10). Note also the identities

1 (L, wk) = P3(C, k), Dai (¢, k) = —D31(C, k),  Pog + P3p = D3y (4-24)
If k € V4, then wk € U, and (see Figures 5 and 7)
Re ®,1(¢,k) <0, Re®3(¢, k) >0.

Therefore, using (4-24), (4-4a), (4-4f), and (4-14), we find

2B Ji ® c Re ®
(") Dl = 55 S a0 < T e~Re®ul ke,
2)B 8183 * —td 9 —ct|Re ®3;|
v wk 2| < 200 ke V.
() D3] = z —5 17 4(wk)e _1+|k|e |
This proves the claim for k € V;. All entries of (v;z)B)_1 are continuous functions on V,. Since V; is
compact, the claim follows also for k € V,. O

It follows from Lemma 4.5 that m satisfies RH problem 3.1 if and only if m® satisfies RH problem 4.1
with j = 3, where I'® is the contour displayed in Figure 11 and the jump matrix v® is given for
—% <argk < % by

1 0 0
2
v?) :viz)B ol rla(k)e"bz' 1 3(;231’;”(0)/()@_@32
0 0 1
2
180, e 5 (ry (@) g (RO (k))e ™t
3 _ ;. (DB\—1 _ 8 8185~ 7 ’ a
v =@ =10 1 0 ’
0 0 1
( 1 0 0
2
R —88—81’ (Kye'®n 1 8:3;233(2a(a)k)+rla(k)r2a(a)2k)) 103
0 0 1
2
D05 h wke T gy (@Pkye
3) QA _ 81 8105
Uy =V =10 1 0 )
0 0 1
| 0 0
G o |0 1=r @kl @) =28 (ke o
Vs =0, = ' 85 ,
2
5 s (@k)e!®s 1

8103
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1 8365g(k)e—t<1>21 5 zsf(k) —ICI)';l
@ = v PBy@ APk 1 i) A= | 0 l—rz,r(a)k)rzyr(a)k) —‘Saﬁrh(wk)e—@az :
5
2
0 68—6r2r(a)k)e“b32 1
1 _% k —t Py ﬁ ) r* k —t®3
52 ri,-(k)e 5,85 ri( )rz,a(w )e
1
3 _ . >
v == A et L (o, () S8 (ke |
3355 ’ o 5
0 0 1
2
(=2, (07, () =555 (e 0
G _ .0 _ = =
v8 - v] N 812+ ’\* (k)etq)zl 1 ol
8505
0 0 1

and extended to the remainder of I'® by means of the first symmetry in (4-1). Here the functions
fk)y= f(x,t, k), glk) =g(x,t, k), and h(k) = h(x, t, k) are defined by

f (k) =12 (@) 411 0 ()73 (k)47 , (07k),
g (k) = ry, 1 (k) (r2,a (k) 4710 ()75 4 (@K)) =110 (k) (L=r2, - (@0K)75 (k) =75 () =7} 4 (@*K)r2 0 k),
h(k) =r1,,(k)r3 ,(0k) =124 (k).

The next lemma establishes bounds on f and g and their x-derivatives.
Lemma 4.6. Fork € I';, andl =0, 1, we have
|3)lcf(k)| < C|k|e(l/4)|Re¢21(§,k)|’ I3fcg(k)| < C|k|e(t/4)‘Req)21({’k)|. (4-25)

Proof. By (4-4b) and (4-4c), we have r;" .(0)=0, rf’ ,(0)=7r3(0), r,-(0) =0, and r1 4(0) =r1(0). Since
r1(0) = w and r(0) = 1 (see [Charlier and Lenells 2022]), we deduce that

r;,00=r30)=1 and r,0)=r(0)=o.
In particular,
r1,a(0)r3(0) + 77 ,(0) +7r2,(0) =w+d+1=0. (4-26)

To derive the estimate for f, we write

f k) =1} (@) + 12,0 (@0°k) + 11,0 ()73 (k)
=1} (@) — 1] 4 (0) 4+ 12,4 (@) — 12,4 (0) + (11 o (k) — r1,4(0))r} (k)
+71,4(0) (5 (0k) — 5(0)) + 71,4 (0)73 (0) + 1§, (0) + 12,4(0).
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Using (4-26) and the fact that T'\” C (*R_ N Uy), the inequalities (4-4b) and (4-4c) imply

|f ()] <17 o (@°k) — 1§ L (0)] + |12, (@*k) — 12,4 (0)| + Clr1,a(k) — r1,4(0)| + CI]|
< Clk|(eW/PIRe @u@.0b) 4 pt/HIRe 2GR 1 o(1/4)Re P2 K]y

< C|k|e(t/4)\Re<D21(§,k)|, ke Fgﬁ).
The estimate for o, f is derived in a similar way. Writing
g(k) = 2, (k) (r2.a(0%k) + 11 o (k)15 4 (k) + 1.0 ()2, (@h)F5  (0k) — f*(?k),

and using that r , and 9,7, vanish at kK = 0, the estimates for g and 9, g follow from the estimates for f
and 0, f. O

Lemma 4.7. The jump matrix v® (resp. 3,v®) converges to the identity matrix I (resp. to the zero
matrix 0) as t — oo uniformly for ¢ € I and k € T'® except near the three critical points ky, wko, wko.
Moreover, the jump matrices v]@, j=5,6,7,8, satisfy

I+ 1- D3O = Dl 1oy o) < C1772, (4-27a)
IA+1-D3D = Dy o,y < Cr772, (4-27b)

I+ DO = Dl ooy < €17 (4-27c)

I+ 1 D8 0P = DIl 1oy r@rorey < CE2, (4-27d)

uniformly for ¢ €e Zandl =0, 1.

Proof. Consider first the jump matrix v?). Since Re 3, > ¢ > 0 and Re &, < 0 for k € Ff), v?)

(resp. vaf)) converges to I (resp. to the zero matrix) as t — oo by (4-24), (4-4), and (4-14). Note

however that the convergence to 0 of the (21) entry is not uniform for k near kg, because Re ®,(¢, ko) =0.

Analogous statements for US), US), and vf) can be proved in a similar way.

Since Re @3, = 0 for k € T, (4-27a) follows from (4-5), and (4-14).
We next show (4-27b) and (4-27c). We parametrize FS) by ue” i3,0<u<2ky/(14+ V/3), and note that
Re @31 (¢, ue™/?) =Re @2 (¢, ue™ ) = 3u(2kg —u), ueR.
It follows that

Re ®31(¢, k) > %k0|k|a 3)
{ kel

Re @ (¢, k) = 5ok,

Using (4-25), (4-14), (4-19), and the fact that 0, (t®P3;) = (1 — w)k, we thus find
| = D3l < Clfk)e " Re®1 < Clkle™™ Mk eT?,
| (v 131 < Clkle= oK, ker®.

Hence, for / =0, 1, we have

1A+ 1D = Dl < —,
x Yo L) = kot

1A +1- DD = Disl, o < ——s
x L) = o2
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and similar estimates apply to the (12)-entry. On the other hand, Re ®3, =0 for k € Fé3), and hence we
can estimate the (23)-entry using (4-14) as

3183

0 = Dasl = | =575 (@ k)'<C|r2,<wk>| keTd.

5
By (4-5), this implies that the L' and L* norms of (14 |- )(v® —I)»3 on F6 are O(t73/%) as t — oo.
Using also (4-19) and (4-5), we conclude similarly that the L' and L* norms of (1+]-|)dy vg) on Fé3)
are O(173/%) as t — oo. A similar estimate applies to the (32)-entry and its x-derivative. The (22)-entry
is even smaller. This proves (4-27b) and (4-27c).

We finally show (4-27d). Note that Re @3, > 0 and Re ®3; > 0 for k € R;. We conclude from (4-4a)
that |(v§3) — I)»3] and |(v§3) — I)13| decay to zero as t — oo faster than |(v§3) —I)12] and |(v§3) —Doy].
Moreover, since Re ®,; =0 for k € Ry, (4-6) and (4-14) imply
2

8 _ 3395 _
;" = Dl = ‘3 s SO e = Dol =| S| s e,
o
while |(v§3) — I)p;] is even smaller. Thus,
v~ Hpinpesy ey = CrP%,
To estimate 8x(v§3))21, we use (4-6) and (4-19). This gives
38305 8385 _
10, (0§21 | < ax<5—2)r1,r +| =g der1, | < C12,
1 1

The entries ax(v§3))12 and 0, (v§3))22 are estimated in a similar way.
The matrix vé ) can be estimated in the same way as v( ) , except that now we need to use (4-7) and to

note that Re ®,; = 0 for k € (kg, 00). This proves (4-27d). O

5. Local parametrix at kg

In Section 4C, we arrived at an RH problem for m® with the property that the matrix v® — I decays to
zero as t — 0o everywhere except near the three critical points kg, wkg, w?*ko. This means that we only
have to consider neighborhoods of these three points when computing the long-time asymptotics of m®.
In this section, we find a local solution m*® which approximates m® near kq. The basic idea is that in the
large ¢ limit, the RH problem for m‘® near ko reduces to an RH problem on a cross which can be solved
exactly in terms of parabolic cylinder functions [Its 1981; Deift and Zhou 1993].

Let € = €(¢) = ko/2. Let D¢ (ko) denote an open disk of radius € centered at ky. Let D = D, (ko) U
wD, (ko) Uw? D, (ko). Let X = ko + X, where X is the contour defined in (A-1). We will also use the
notation X = X N D.(ky) and Xf = (ko + X;) N Dc(ko), j=1,...,4, where X; is defined in (A-1).

In order to relate m® to the solution m* of Lemma A.2, we make a local change of variables for k
near ko and introduce the new variable z = z(¢, k) by

7 =342tk — ko). (5-1)
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For each ¢ € Z, the map k > z is a biholomorphism from D, (ko) onto the open disk of radius 3'/4y/2z€
centered at the origin. Using that

D2y (£, k) = D1 (£, ko) + iv/3(k — ko),

where ®;1(¢, ko) = —i~/3k2, we see that

£(D1(2, k) — @1 (¢, ko)) = %zz.

Equations (4-12) and (5-1) imply that, for { € Z and k € D (ko) \ [ko, 00),
% = 2D 23171 ER 355 = MO dy (¢, D g, k),
1

where the functions dy(¢, t) and d; (¢, k) are defined for ¢ € Z and k € D, (ko) \ [ko, 00) by

do(z, 1) = (2¥/31) ek 832 ko)Ss(L, ko), (5-2)

251 (k) —2x1 (2 ko) 03(85 K)85(L, k) ‘
83(¢, ko)d5(Z, ko)

di(g, k)=e (5-3)

Defining m for k near ko by

mx, 1, k) =m® (x,t, k)Y, 1), ke De(ko),

where
déﬂ(;, f)e— /2% ko) 0 0
Y, n= 0 dy (g, et/ Putko) g
0 0 1

we find that the jump v(x, ¢, k) of m across X is given by

1 0 0
by = e—zw1n0(z)d1—1;fa(k)eiz2/2 1 _%dé/Zr;a(wk)e—chgze—(z/z)%(g,ko)
5
0 0 1
, : 2
1 2@ gy (ke e/ _;_gdo 12Q, (k)e=! P31 o1/2%2 G ko)
=10 1 a 0 :
0 0 1
1 0 0
by = | —e 2@ pE (k)ei?/2 ] %a’é/zgz(k)e*fq)ne*(f/z)@ﬂ(C,ko)
5
0 0 1
2
1 _eZivlno(z)dllaLa(k)efizz/Z (;S_?Sd()*l/zrza(ka)eftCIme(t/2)<l>21(§,ko)
~ 105

v4=10 1 0 ’
0 0 1
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where v; denotes the restriction of v to Xf, j=1,2,3,4,and Q1 (k) =Q(x, 1, k) and Q,(k) =Q,(x, t, k)
are given by
Q1 (k) = r2.a(@°k) + 1.4 ()3, (0k), QoK) =1} (k) +r{ ()20 (@k).
Define g = ¢ (¢) by
q =r1(ko).

For a fixed z, r; 4(k) — ¢, f;k’a(k) —q/(1— |q|2), and di(¢, k) — 1 as t — oo. This suggests that
(x, t, k) tends to the jump matrix vX (x, ¢, z) defined in (A-2) for large ¢. In other words, the jumps of m®
for k near ko approach those of the function mXY ~! as t — oo. This suggests that we approximate m >
in the neighborhood D (ko) of ko by the 3 x 3-matrix-valued function m*o defined by

m(x, 1, k) =Y (&, Hm* (q(©), 2(¢, k)Y (¢, 1), k € De(ko). (5-4)

The prefactor Y (¢, t) on the right-hand side of (5-4) is included so that m* — I on 8D, (ko) as t — o0;
this ensures that %0 is a good approximation of m® in D, (ko) for large .

Lemma 5.1. The function Y (¢, t) is uniformly bounded:

supsup |3 Y (¢, )| <C, 1=0,1. (5-5)
L€l t>2

Moreover, the functions dy(¢, t) and d, (¢, k) satisfy

ldo(¢, )| =e*™, €T, t>2, (5-6a)
[0xdo (¢, 1)] < Ch’TI, eI, t>2, (5-6b)
and
1 (6. k) — 1] < Clk —kol(1+ [In |k —kol]), ¢ €T, k € X<, (5-7a)
18,1 ¢, )] < Slin ke~ Koll, el kear. (5-7b)

Proof. The symmetry (4-15) implies
183(2. k0)85(¢. ko) = 181(¢, wko)81 (¢, wko)| = 1,
and hence (5-6a) follows because
Re 1.k = 5 [ “wdin(l = n(5)/?) = =5 In(1 Iy ko)) = .
Using (5-6a), we obtain
|8:do(5, )] = ldo (¢, )3y Indo (¢, )] = > |3; Indo (&, 1)]

< C(Iin7 3w+ 19 x1(¢, ko) + 19x In(83(¢, ko)85 (¢, ko)1),

and thus (5-6b) follows from (4-18) and the fact that 9, = (1/¢)d,. Observing that 63 and J5 are analytic
for k € X€, (5-7a) follows from (4-16). Finally, we have

0xd1 (8, k) = di (£, k) 9 logdy (¢, k).
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Since
33(¢, k)ds(¢, k)

83(¢, ko)ds(¢, ko)
is analytic and |d; (¢, k)| < C for k € X<, it follows that

0 log

83(¢, k)ds(¢, k) )
83(¢, ko)8s(¢, ko) |)

and so (5-7b) follows from (4-17). U

[0xd1 (¢, k)| < C(|ax(X1(§v k) — x1(Z, ko))| +% ¢ log

Lemma 5.2. For each (x, t), the function m* (x, t, k) defined in (5-4) is an analytic and bounded function

of k € D¢ (ko) \ X€. Across X€, m* obeys the jump condition mlff = m" vX0, where the jump matrix v¥

satisfies

(xe) = ceZ, t>2,1=0,1. (5-8)

{na,i(v(” — V")l 1 ey < Ct 7,
9L (0P — vk0)|| oo (xey < Ct~1/2 1nt,

Furthermore, ast — 00,

L (m* (x, 1, )™ = Dllz~@p.aey = 0, 1=0,1, (5-9)

1 k 1 Y (&, Hm{(q@))Y (&, 1)
— "(x,t, k)" —1)dk=—
2mi 3D5(k0)(m (x ) ) 31/4\/5\/;

uniformly for ¢ € I, and (5-10) can be differentiated with respect to x without increasing the error term.

+o0@a™h, (5-10)

Proof. We have
v P =y, @)Y,

Thus, recalling (5-5), the bounds (5-8) follow if we can show that

195 [0, 1, ) = v* (e, 1,2 Dllera) < €' n, (5-11a)
195 [0, 1, ) = v (e, 1, 2 D) < C1~ 2 Int (5-11b)

for j=1,...,4and [ =0, 1. We give the proof of (5-11) for j = 1; similar arguments apply when
j=2,3,4.

For k € X7, only the (21) and (23) elements of the matrix v — v¥X are nonzero. Using (4-4a), (4-14),
(5-6a), and the facts that ®2; (¢, wk) = P32(¢, k) and v5(q(¢), 2(£, k) = 0 for k € Xf, [(D—v¥)p3] can

be estimated as
. 516
(0= )l = | 5524y 3 g @hye™ P2 IPAED | <1 (@hplerRe P
5
< Cet/HRe @21 (L.0k)| ,~tRe @3y _ (~,~(t/4)[Re <I>32(C,k)|’ ke xf.

For k = ko + ue™/* and u > 0, we have

Re ®3(¢, ko + ue™*) = L(9k3 + 67/ 2kou + /3u?) > c(ko +u)>. (5-12)
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Hence
y ko/2 3ko/2 )
“(U _ UX)23”L1(X15) < C/ e—Cl(k()"ru)z du = C/ e—ClU2 dv < Ce—ClkO
0 ko

and

N _ 2 2
1@ — 023l Loqae) < Csupe 0t < Cem%0,
u>0

To estimate 9, (0 — v¥),3, we first note that

0y (D —UX)23 =a1+ay+az+as+as,

where
816
aj =_ax(%)dé/2 * J(wk)e™ 1932 ,~(t/2)P21 (¢, ko)
5
$183, 172 1032 ,— (/) O ko).
a) = — 62 —5-0x(dy' ) M(a)k)e
5
8183 12 1932, = (1/2)®2 (¢ ko)
a3 = ——-dy "9,(r} ,(wk))e ™" P2e (ko
5
8103 J172 . ~1®32) ,=(1/2)®2 (ko)
ay=—— 52 —5-dy' 1y 4 (wk)0x (e )e
5
as = _8183d1/2 * ( k)e—ﬂb%za (e—(t/Z)d)z,({ ko))
5
We claim that lajllLinpeey ey < Ce=<k5 for j=1,...,5. These bounds follow from arguments which

are similar to those given for (o — v¥)»3, but more estimates are required. For a;, we note that 9, (8;83/ 8%)
has a pole at k = kg (see (4-19)) which is canceled by the zero of r; . (k) (see (4-4a)). For a; and a3z, we
use (5-6b) and (4-4b), respectively. For a4, we note that 9, (t®P32) = 9, (P32) = (1 — w)k, and for as, we
observe that 9, (1P, (¢, kg)) = %8;(0(1)21({, ko) = w(w — 1)kg. Therefore, we arrive at

~ _ 2
19, (B = v¥)asll 1mzoeyaey < Ce™ .

We next consider the (21)-entry of § —v¥. Since g = ry (ko), from (4-de) it follows 7} , (ko) = 7} (ko) =
q/(1 — |g|%). Furthermore,

(/MRe 21 (60)] _ ,(t/DIRe(P21(£,5) = P21 (§,k0))| — e(1/4)|Re(iZ2/2)| < e|z|2/8_

Thus |(D — v¥),1| can be estimated as
|5 = 0¥y = e MOar Y (0T — 7 (kg)e @2
= e 2O = DFF () + (P, (k) = 7 (ko)) €772
< C(dy " = 117 ()1 + 177, (k) = 7 (ko) e ™72,
< C(1d7" = 1]+ [k — ko[)e /PR @2 @kl =122,
< C(d;" = 1]+ [k —kolye K0P ke xf,
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where we have used (4-4e) and (4-4f). Utilizing (5-7a), this gives

1@ —v¥)21] < Clk — kol (1 + [In [k — kol e~ * 0Pk € .
Hence
~ X *© —ctu? -1
[(v—v )21||L1(x;)§C/O u(l+ |Inul)e du <Ct "lInt
and

1B = v )il (eey < C supu(l + [Inue " < €+~ nt.
u>0

To analyze 3, (v — vX),1, we split it into three parts as follows:
(@ —v¥)a1 = by + by + b3,

where _ .
by = 3 (e 2O (@ — DA} (k) + (o (k) — Ff 4 (ko)) )e'* /2,

by = e 2O ((d! = DA (0 + (7 o (0) = 71, (ko)) /2,
by = ¢ 2@ (@7 — D)FF L (k) + (P, (k) — 7 4 (ko)) Bcei™ /2.
For by, we use that |3, (e =2V M0@)| < C/(t (k — ko)) for k € X, and thus, by (4-4),

oo
1611y < Ct_I/ (1+Inw)e " du < Ct~3nt,
0

Usup(1 +1n we " < Ctring.

u>0

b1llLoeqxey < Ct™

The norms of b, and b3 are estimated in a similar way. This completes the proof of (5-8).
The variable z goes to infinity as t — oo if k € d D¢ (ko), because

|z| = 3421 |k — ko).
Thus (A-3) yields

mi (q(©))
31/44/21 (k — ko)
uniformly with respect to k € d D¢ (ko) and ¢ € Z, and this asymptotic formula can be differentiated with
respect to x without increasing the error term. Recalling the definition (5-4) of m*o, this gives

Y@ omi @)Y 7!
3142t (k — ko)

uniformly for k € d D (ko) and ¢ € Z. In view of (5-5), the asymptotics (5-13) can be differentiated with
respect to x. This proves (5-9). Equation (5-10) follows from (5-13) and Cauchy’s formula. O

m*(q(¢), 2(¢, k) =1+ +0@™", t— oo,

mhy= -1 = +o0@™hH, t— oo, (5-13)

6. A small-norm RH problem

We use the symmetry
mko(x, t, k)= Am*o (x,t, a)k)A_1
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Figure 12. The contour I’ = I'® U D in the complex k-plane.

to extend the domain of definition of m*® from D, (k¢) to D, where we recall that D = D, (ko) Uw D¢ (ko) U
w? D, (ko). We will show that the solution 71 (x, ¢, k) defined by

_ m(3>(mk°)_l, k e D,
o m®, elsewhere,

is small for large ¢. Let T =T® UaD be the contour displayed in Figure 12 and define the jump
matrix v by R

v, keT\D,

0= { (mho)~1, k € 0D,

m v )1 ke TND.
The function 7 satisfies the following RH problem.
RH problem 6.1 (RH problem for it). Find a 3 x 3-matrix-valued function m(x, t,-) € I + E3(C\ )
such thatm, (x,t, k) =m_(x,t,k)0(x,t, k) fora.e ke T

Let X denote the union of the cross X¢ and its images under the maps k — wk and k — w’k, i.e.,

X€ = X€UwX¢Uw?X¢. Define the contour I'' by

I'=T\(TUX‘UaD).

Lemma 6.2. Letr w = v — I. The following estimates hold uniformly fort > 2 and ¢ € T:

n C
1L+ 1 DALD I 1oy < (6-1a)

k_ot’
1L+ 1 DALD I (p1mzooy oy < Ce™, (6-1b)
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1Ll L1nzy@my < Ct™ 12, (6-1c¢)
[05ll,1 %) < Ct™'Int, (6-1d)
05| oo ¢y < Ct~/*Int, (6-1e)

withl =0, 1.

Proof. Using that Hémljf and its inverse are uniformly bounded for k € IT'NDand! =0, 1, the estimate
(6-1a) follows from Lemma 4.7.

The contour I' consists of the set (Uj.:l FJ@) \ D and the images of this set under the rotations k — wk

and k — w*k. We estimate the L' and L> norms of (1 +|- |)8)’C12) on Ff) \ D for j = 1; similar arguments
apply when j =2, 3, 4, and (6-1b) then follows by symmetry. We parametrize T'¥\ D by k = ko + ue™/4,
u > ko/2. Only the (21) and (23) elements of 1 = v'® — I are nonzero. Using (4-4a), (4-14), and (5-12),
the (23)-entry can be estimated as

123 (x, £, ko + ue™ /)| < Clrf  (wk)|e™'®2 < Ce™G1/OP2 < Coctkotn)?
The analysis of |0, 53] is similar. Using (4-4e), (4-14), and the identity
Re @, (¢, ko +ue™/*) = —v/3u®,  u >0, (6-2)
the (21)-entry can be estimated as
W21 (x, 1, ko +ue™ /)| < CIFf ,le' ™ < Ce" ™ < Ce "y >0.
Using in addition (4-4f) and (4-19), we conclude that |3, Wy (x, ¢, ko + ue™ i) < Ce=<"’ Hence
0L (x, £, ko +ue™ /M) < Ce™ ™| u>ko/2, =0, 1.

It follows that the L' and L> norms of (1 + |- |)8)lCuA), [=0,1,are O(e ") as t — oo on F?) \ D. This
proves (6-1b).

The estimates in (6-1¢) are immediate from (5-9).

For k € X€, we have © = m*(v® — vko)(mlff)*l, so (6-1d) and (6-1e) follow from (5-8) combined
with the fact that 8émlj§ and its inverse are uniformly bounded for k € F'NDand/=0,1. O

For a function 4 defined on ﬁ the Cauchy transform Ch is defined by
~ h(zhd7 ~
Ch)(2) = — /A @) zeC\T.

T

2mwi 7/ -z

If h € L3(T), then Ch € E3(C\T), and the left and right nontangential boundary values of Ch, which we
denote by arh and C_h respectively, exist a.e. on T and belong to L3(f‘\); furthermore, C. € B (L3(F))
and (1 —C_=1 , Where B(L3(F)) denotes the space of bounded linear operators on L3(F); see [Lenells
2018, Theorems 4.1 and 4.2].
The estimates in Lemma 6.2 show that
{muwwawyﬁscrw,

t22’ GI’ l=0515 (6-3)
1141 DOLD | ooy < Cr~ 2 Int, ¢
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and hence, employing the general identity || f|l.» < ||f||1/p||f|| b,

I+ 1Dyl o) < Ce2nnP VP 1>2 ¢eZ, 1=0,1, (6-4)

o~

for each 1 < p < oo. The estimates (6-4) imply that w € L.3(f‘\) N Loo(f‘). We define C; = Coer,) -
L3(T) + L) > L3(T) by Cph :=C_ (hd))

Lemma 6.3. There exists a T > 0 such that I — ’C\,;)(x,,,_) eB (L3 (F)) is invertible whenever t > T and
¢t el

Proof. Let K := |I8 i3y Foreach h € L3(F) we have ||8 hlljse@) < K||II)||L00(F)||h||La(F), and
thus ||5,;)||B(Lx(r)) < K||w||LOC(F) By (6-3), there exists a T > 0 such that ||w||Lo<>(r) <K 'fort>T7T. O

In view of Lemma 6.3, we may define i(x, z, k) for k € F, t>T,and ¢ =x/t €Z by
p=1+—-Cz) 'Cal el +L3T). (6-5)

Lemma 6.4. Fort > T and ¢ € T, there exists a unique solution i € I + E3(C\ T of RH problem 3.1.
This solution is given by

m(x,t, k)= I+C(;Lw) —I+—/ alx, 1, s)w(x,t, s) (6-6)
Proof. Since W € L3(F) N LOO(F), this follows from [Lenells 2018, Proposition 5.8]. O
Lemma 6.5. Let 1 < p < oco. For all sufficiently large t, we have
195 (e = Dll oy < Ct2Any@= D7 1=0,1, ¢ €T
Proof. Let K, :== ||€, l5eLe (@) < 0o and assume 7 is so large that lw]l Lo < K; ! Standard estimates

using the Neumann series show that

= 1||Lp<r><Z||c 1sctr e ICi 1||me<ZKJ||w||LDO(F)||A||Lp(ﬁ>=
j=1

The claim for [ = 0 now follows from (6—3) and (6-4). Using that

Kpllwll Lo
1= Kpll0l oo

O (L —1) =0, Z(c )fI—Z[( 0xCi)Ciy -+ Ciy 4+ +Ciy - Cip (L)1,

we find

o0 o0
N . 2 = = 1 =
10x(A=Dllo@ < D G=DICal i, 195Ca o @n ICa T o @+ ICal i, 10:Ca T oy
j=2 j=1

o0
. i—2 2
sCZJK;, 111 < 19 wanmnwnu(wZKf 11 = 10D o
. &

||3 w||L°°(F)||w||LP(F)+||a w”u(r)
=KDl oo ()

and the claim for / = 1 follows from another application of (6-3) and (6-4). Il
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6A. Asymptotics of m. The following nontangential limit exists as k — oo:

Lo 1 R R
L(x,1) = lim kGi(r,1.k) = 1) = —%ff fCx, 1, k)b (x, 1, k) dk.
Lemma 6.6. As t — o0,
L(x, z)———/ W(x, 1, k) dk+ Ot ' nt) (6-7)

and (6-7) can be differentiated termwise with respect to x without increasing the error term.

Proof. Since
1

L(x, t)——z— w(x,t,k)dk+ Li(x, 1)+ Ly(x, 1),
where
1 N 1 N N
L ==y [ bt Rk Lo 0= =5 [ @000 = D, k) dk,
the lemma follows from Lemmas 6.2 and 6.5 and straightforward estimates. 0

We infer from (5-10) that the function F defined by

1 1 koy—1
F,t t,kydk = ——— N —1)dk

¢ n= 27‘[1/3D€(k0)w(x ) 2m/aDg<ko>((m ) )
satisfies

IO
314241

The symmetry properties of o imply that both A (x, ¢, wk). A~ and i1 (x, t, k) satisfy RH problem 6.1;

F(, 1) = +0@¢ 'Int) ast— oo.

by uniqueness they must be equal, i.e.,

mx,t, k) = Am(x, t, k) A™", keC\T.

It follows that (i and w also obey this symmetry. Using this in (6-7), we find that the leading contribution
from 0D to the right-hand side of (6-7) is

1 . 1 .
L k)dk=——— 1, k) dk
27 / wix ) 2mi (/EiDe(ko)—i_/waDe(ko)—i_/sz)De(ko))w(x )
=F( ) +oA ' Fo, DA+ 0* A2F (¢, 1) A%

Therefore, (6-7) implies that

3! Jim k((x, 1, k) —1I)
_ (Zizo W ATTY (¢ 0Omf (q@)Y (€. 07 AT
= 0, 3]/4\/5«/;

)-I—O(t_llnt), t—o0, [=0,1, (6-8)

uniformly for ¢ € 7.
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7. Asymptotics of u(x, t)

Recall from the discussion in Section 3 (see Proposition 3.4 and Lemma 3.5) that

u(x,t) = 39

59 (hm k(nz(x, 1, k) — 1)),

where n = (w, w?, 1)m. Taking the transformations of Section 4 into account, we can write
m=mH 'A7!G™!

forall k e C\ D, where G, A, H are defined in (4-8), (4-20), and (4-23), respectively. It follows that

L L 85(¢, k
u(x, t)_—%% hm k(nz(x,t, k) — )_id_kféok(ajg k; —1), (7-1)

where /i = (w, w?, ). Thus, utilizing (6-8) and the fact that T'(iv) = I'(—iv),

2 JA—T X =1 4J
oW ATY (&, )my (q(6)Y (L, 1) A
u(x,t):—gi(a) w? I)ZJ 0 J A ¢ ) —{—O(I_]lnt)
2dx 3142/t 3
271,192 (5 ko) doe—192 (ko)
:_gi(a) e Ba1 + wdpe ﬁ12>+0(t_llnt)
2dx 3427
_ 3x2 2 1—1 ,1®2(¢ ko) 1
_ 2><31/4«/_d Re(w’d; e Ba)+ 0@t np), t— oo.
Using the identities
V2 V2
D (iv)| = i il

ﬁ [eTV — g~ TV - ﬁenvﬁlql ’
_ _ . 1 [
55 (¢ k)35 €. ko) = exp|iv10g(3K3) + — [ “loglwko = sld In(1 = [n ()],
0
we conclude that, as t — o0,

u(x,t)

33/4 d dmwi . 2 . 2
= _\/__d_ RC{\/ECXP[T-FZ Vln(6\/§tk0)—l\/§k0t
1 °°1 ls—ko

ko |S—C()k()|
_ ¥Wa (197
T/ dx 12

dn(1—|r, (s)|2)—|-i<%—argq—argf‘(iv)):| }+O(t1 Inf)

L vIn(6V/3tkd)—/3k2t—argq

9]

—argF(iv)—I—% /k In

0

s —kol
|s —wko|

dIn(1—|r (s)|2))+0(t_1 Int)

+vin(63/3tkd)—/3k31 —argq

. I |s—kol 2 1
—argl"(lv)-l-; A In S—akol din(1—|ri(s)|?) |+O (@ "Int)
0

_ Pl (19;1
V2 12

uniformly for ¢ € Z. This proves (2-9) and completes the proof of Theorem 2.4.
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Figure 13. The contour X = X U X, U X3 U X4 defined in (A-1).

Appendix: Exact solution on a cross

Let X =X, U---UXy C C be the cross defined by

X ={se™*10<s <00}, Xo={s¥*|0<s < o0, AD)
X3 ={se T 0<s <00}, Xa={se T*|0<s <00}

and oriented away from the origin; see Figure 13. Let D C C denote the open unit disk and define the
function v : D — (0, 00) by v(g) = —% In(1 — |q|2). We consider the following family of RH problems
parametrized by g € D.

RH problem A.1 (RH problem for m*X). Find a 3 x 3-matrix-valued function m* (g, z) with the following
properties:
(@) m¥X(q,-):C\ X — C¥3 is analytic.
(b) The limits of m* (q, z) as z approaches X \ {0} from the left and right exist, are continuous on X \ {0},
and are related by
mi(q.2) =mi(q,2v"(q.2), keX\{0},
where the jump matrix v¥(q, z) is defined by

1 00

= 1 qzziv(q)e_i22/2 O
%Wz_zwmeizz/z Lo ifzeX, 0 1 0 if 7 € X2,
0 01 0 0 1
g (A-2)
—Gz e 10 if z € X, 0 1 o| ifzexs,
0 01 0 0 |

with the branch cut running along the positive real axis, i.e., 72iv(@) — 2iv(@)Ino(2)
() m¥(g,2) =1+ 0z Hasz— oo
(d) m¥(g,z)=0() asz— 0.
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The proof of the following lemma is standard and relies on deriving an explicit formula for the
solution m* in terms of parabolic cylinder functions [Its 1981].

Lemma A.2 (the solution mX). The RH problem A.1 has a unique solution m*(q, z) for each q € D.

This solution satisfies

m%X 1
mx(q,z)zl+#+0(z—2>, z—> 00, g €D, (A-3)

where the error term is uniform with respect to arg z € [0, 2] and q in compact subsets of D, and the
function mf( (gq) is defined by

0 B2 0
mi@)=|{pu 0 0], geD, (A-4)
0O 00
where By, and By are defined by
mefni/ALefSnv/Z meniﬂeSnU/Z
B2 = ., Ppu=———"—, qeD.

g (—iv)

Moreover, for each compact subset K of D,

gl (iv)

sup sup [9,m*(q.2)| <oo, 1=0,1.
qgekK zeC\X
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