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A STRUCTURE THEOREM FOR ELLIPTIC AND PARABOLIC OPERATORS
WITH APPLICATIONS TO HOMOGENIZATION OF
OPERATORS OF KOLMOGOROV TYPE

MALTE LITSGARD AND KAJ NYSTROM

We consider the operators
Vx - (A(X)Vx), Vx-(A(X)Vx) =9, Vx-(AX)Vx)+X- -Vy—20,

where X € @, (X,1) € @ xRand (X, 7,?) € Q x R" x R, respectively, and where 2 C R™ is an
(unbounded) Lipschitz domain with defining function ¥ : R™~! — R being Lipschitz with constant
bounded by M. Assume that the elliptic measure associated to the first of these operators is mutually
absolutely continuous with respect to the surface measure do (X) and that the corresponding Radon—
Nikodym derivative or Poisson kernel satisfies a scale-invariant reverse Holder inequality in L?, for some
fixed p, 1 < p < oo, with constants depending only on the constants of A, m and the Lipschitz constant
of ¥, M. Under this assumption we prove that the same conclusions are also true for the parabolic
measures associated to the second and third operators with do (X) replaced by the surface measures
do (X) dr and do (X) dY dt, respectively. This structural theorem allows us to reprove several results
previously established in the literature, as well as to deduce new results in, for example, the context of
homogenization for operators of Kolmogorov type. Our proof of the structural theorem is based on recent
results established by the authors concerning boundary Harnack inequalities for operators of Kolmogorov
type in divergence form with bounded, measurable and uniformly elliptic coefficients.

1. Introduction
Let @ C R™, m > 2, be an (unbounded) Lipschitz domain
Q:{X:(x,xm)el]%m*l XR:x,; >k}, (1-1)

where 1 : R"~! — R is Lipschitz with constant bounded by M. Let A = A(X) = {a;, j(X)} be a real
m X m matrix-valued, measurable function such that A(X) is symmetric and

kEP < Y a j(X0&E <kIE (1-2)

i,j=1
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for some 1 <k < oo and for all £ € R", X € R™ We consider the divergence form operators

Le:=Vx - (A(X)Vyx),
Lp:=Vx-(A(X)Vx) — 0,
Li:=Vx-(A(X)Vx)+ X - Vy -9,

in RZ7"+ > 1, equipped with coordinates (X, Y, t) := (X1, ..., Xms Y1, -+ -» Ym> 1) € R X R x R.
Obviously L¢ only makes reference to the X-coordinate, £p makes reference to the X- and 7-coordinates
and Lx makes reference to all coordinates. The subscripts &£, P, K, refer to elliptic, parabolic and
Kolmogorov.

L¢ is the standard second-order elliptic PDE with only measurable, bounded and uniformly elliptic
coefficients, much-studied ever since the breakthroughs of Moser, Nash, De Giorgi and others. Lp is the
corresponding parabolic version, and Li is an operator of Kolmogorov type in divergence form, which
up to now has only been modestly studied and understood. Recently, in [Golse et al. 2019] the authors
extended the De Giorgi—-Nash—-Moser (DGNM) theorem, which in its original form only considers elliptic
or parabolic equations in divergence form, to (hypoelliptic) equations with rough coefficients including
the operator Ly assuming (1-2). Their result is the correct scale- and translation-invariant estimates for
local Holder continuity and the Harnack inequality for weak solutions.

To give some perspective on the operator L, recall that the operator

K:=Vx-Vx+X.-Vy—0

was originally introduced and studied by Kolmogorov [1934]. He noted that K is an example of a
degenerate parabolic operator having strong regularity properties, and he proved that I has a fundamental
solution which is smooth off its diagonal. Today, using the terminology introduced by Hormander
[1967], we can conclude that K is hypoelliptic. Naturally, for the operator Lx, assuming only measurable
coefficients and (1-2), the methods of Kolmogorov and Hormander cannot be directly applied to establish
the DGNM theorem and related estimates.

In this paper we are interested in the L” Dirichlet problem for the operators L¢, Lp, Lx in the
(unbounded) Lipschitz domains 2, €2 x R and €2 x R™ x R respectively, and where X € , (X,t) €e 2 xR
and (X, 7Y, 1) € 2 x R" x R. In particular, we consider the operators £p and Lx in ¢-independent and
(Y, t)-independent domains, respectively. We introduce a (physical) measure ox on 922 x R" x R,

do(X, Y, 1) =14+ |V (x)|>dxdY dr, (X,Y,1) € d0Q2 xR" xR. (1-3)

We refer to o as the surface measure on 92 x R™ x R, where the subscript K indicates that we consider
a setting appropriate for operators of Kolmogorov type. The corresponding measures relevant for L¢ and
Lp are og and op,

doe(X) =1+ Vo (0)[2dx, dop(X, 1) := doe(X)dt, (1-4)

where X € 92 and (X, ¢) € 92 x R, respectively.
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The main results of the paper are Theorems 3.1, 3.2 and 3.3, stated in Section 3 below. Using these
theorems we can derive new results concerning the L? Dirichlet problem for £x using results previously
only proved for L£¢ or Lp, and we can also conclude that some results proved in the literature concerning
Lp are straightforward consequences of the corresponding results for L¢. In particular, the main result
of [Fabes and Salsa 1983] concerning parabolic measure is a consequence of the classical result of
[Dahlberg 1977] concerning harmonic measure. Our proofs of Theorems 3.1, 3.2 and 3.3 are based on our
recent results in [Litsgard and Nystrom 2022] concerning boundary Harnack inequalities for operators of
Kolmogorov type in divergence form with bounded, measurable and uniformly elliptic coefficients.

Theorem 3.1, 3.2 and 3.3, and their consequences, are deduced under the assumptions:

(A1) Q2 C R™ is a (unbounded) Lipschitz domain with constant M.
(A2) A satisfies (1-2) with constant k.
(A3) A satisfies the qualitative assumptions stated in (2-16) and (2-17) below.

All quantitative estimates will only depend on m, ¥ and M, and Theorems 3.1 and 3.2 are by their
nature of local character. However, we have chosen to state our results in the unbounded geometric
setting 2 x R™ x R. To avoid being diverted by additional technical issues caused by the unbounded
setting, we assume (2-16). Equation (2-17) is only imposed to ensure that all results (e.g., the existence
of fundamental solutions) and all estimates used in the paper can be found in the literature. One can
dispense of (2-17) at the expense of additional arguments.

We consider the following problems and we refer to the bulk of the paper for all definitions, and in
particular for the definition of weak solutions to Lxu =0 in 2 x R™ x R.

Definition. Assume that Q C R” is an (unbounded) Lipschitz domain with constant M. Assume that A
satisfies (1-2) with constant «, and (2-16). Given p € (1, c0), we say that the Dirichlet problem for Licu =0
in © x R™ xR is solvable in L? (02 x R™ xR, doy) if there exists, for every f € LP (02 xR" xR, dox),
a weak solution to the Dirichlet problem

Lxu=0 in Q2 xR" xR,
u=yf nontangentially on 92 x R™ x R,

and a constant ¢, depending only on m, k¥, M and p, such that

IN @) llLraexrm xR, dox) < Cll fllLr(@@xrm xR, dox)s

where N (u) is introduced in Section 2G. For short we say that D,‘é(E)Q x R™ x R, doy) is solvable. If
the solution is unique then we say that the Dirichlet problem for Lxu = 0 in Q is uniquely solvable in
LP(022 x R" x R, dox). For short we write that D,’é(BQ x R™ x R, dox) is uniquely solvable. The
notions that Dg (02, dog) and D;;(SSZ x R, dop) are uniquely solvable are defined analogously.

Using our structural theorems (i.e., combining Theorems 3.1, 3.2 and 3.3) we can conclude that
if Dg(BQ, dog) is uniquely solvable for some p € (1, c0), then also D,’é(aSZ x R™ x R, doy) is
uniquely solvable. We can use this insight to state a number of results concerning the solvability
of D,’é(aﬁ x R™ x R, dox) and in particular we can conclude the following.
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Theorem 1.1. Assume (A1)—(A3). Assume also
Alx, xp) = A(x), xeR", x, R, (1-5)

i.e., A is independent of x,,. Then there exists § = 6(m, k, M) € (0, 1) such that if 2 —§ < p < 00, then
DR (3 x R™ x R, doy) is uniquely solvable.

Theorem 1.2. Assume (A1)—(A3). Assume also
A, X +1) = A(x, xn), xeR™, x, €R, (1-6)
i.e., A is 1-periodic in x,,, and that A satisfies a Dini-type condition in the x,,-variable,

1 2
f @) 45 < o0, (1-7)
0 e

where 0(0) :=sup{|A(x, A1) — A(x, Ap)|:x € R™ 1 A — 2o < 0}. Then there exists § = 6(m,k, M) €
(0, 1) such that if 2 — 6 < p < 00, then D%(&Q x R™ x R, doy) is uniquely solvable.

Using our structural theorems it follows that Theorem 1.1 is a consequence of [Jerison and Kenig
1981] and that Theorem 1.2 is a consequence of [Kenig and Shen 2011]. By the same argument we can
conclude that the main result in [Fabes and Salsa 1983] is a consequence of [Dahlberg 1977] and that the
main result in [Castro and Stromqvist 2018] is a consequence of [Kenig and Shen 2011].

With Theorem 1.2 in place we are also able to analyze a homogenization problem for operators of
Kolmogorov type. In this case we assume, in addition to (1-2), that

AX+2Z)=A(X) forall ZeZ™, (1-8)
and that ] )
®
/ @ 45 < o0, (1-9)
0 o

where ©(p) :=sup{|]A(X) — A(?)l X, X eR™, | X — ?l < p}. That is, A is periodic with respect to the
lattice Z™ and A satisfies a Dini condition in all variables.
We consider, for € > 0, the operator L,

$i=Vx - (A°(X)Vx), A“X):=A(X/e). (1-10)
Let
Le:=Vx-(AVy),

where the matrix A is determined by
Ao = / AX)Vxwe(X)dX, oeR™, (1-11)
©,1)m

and the auxiliary function w, solves the problem
Vx - (A(X)Vxwe (X)) =0 in (0, D™,
Wy (X) —aX is 1-periodic (in all variables),
/‘(071)»1 (wa (X) - C(X) dX = 0
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Finally, we also introduce
C=LE+X-Vy—08, Li:=Le+X Vy—20. (1-12)
We prove the following homogenization result.

Theorem 1.3. Assume (A1)-(A3). Assume also (1-8) and (1-9). Then there exists § = 6(m, k, M) € (0, 1)
such that the following is true. Consider € > 0. Given p, 2—8§ < p <oo,and f € LP(dQ xR" xR, dox),
there exists a unique weak solution u, to the Dirichlet problem

Lsue=0 inQxR" xR,
uc = f nontangentially on 92 x R™ x R,

and a constant c = c(m, k, M, p), 1 <c < 00, such that

IN (U llLrgoxrm xR, dox) < cll fllLr@xrm xR, dox)-

Moreover, u. — u locally uniformly in Q x R"™ x R as € — 0, and u is the unique weak solution to the
Dirichlet problem
{Z‘;@?:O in Q2 x R" xR, (1-13)
u= f nontangentially on 02 x R™ x R,

and there exists a constant ¢ = c(m, k, M, p), 1 < c < 00, such that

IN @) |lLraoxrm xR, dox) < Cll fllLr(a@xRm xR, dox)-

Theorem 1.2 and the first part of Theorem 1.3 were proved in [Kenig and Shen 2011] for L¢. In that
work the Neumann and regularity problems are also treated. The theory for the Neumann and regularity
problems is based on the use of integral identities to estimate certain nontangential maximal functions.
Homogenization of Neumann and regularity problems for £p and Lx remain interesting open problems.

To be clear, the main idea of this paper is that results concerning the L? Dirichlet problem for the
operator Lx in domains 2 x R™ x R (and for the operator £p in domains €2 x R) can be derived from
the corresponding results for the operator L¢ in €2, using boundary estimates and in particular boundary
Harnack inequalities for the operator Lx (Lp). In the case of L the latter results are established in
[Litsgard and Nystrom 2022]; however, the relevant results in that work hold for more general operators

Vx - (AX,Y,)Vx) + X - Vy — 3,
and in the more general class of domains
(XY, 1) = (X, Xy, Yo 1) €R i x> P (x, v, 1)

In particular, in [Litsgard and Nystrom 2022] we allow for (Y, #)-dependent coefficients and domains.
Therefore, one can repeat the analysis of this paper, taking any result concerning the solvability of the
L? Dirichlet problem for parabolic operators

Vx - (AX,1)Vx) — 0,
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in Lip(l, %) domains, as the point of departure. The results are the corresponding results for the operator
Vx - (AX,)Vx)+ X - Vy — o

in Y -independent Lipschitz-type domains. Similarly, focusing only on £¢ and £p, one can replace 2 C R™
by an NTA-domain in the sense of [Jerison and Kenig 1982], having an (m—1)-dimensional Ahlfors-regular
boundary in the sense of [David and Semmes 1991; 1993]; see also [David and Jerison 1990].

The rest of the paper is organized as follows. In Section 2, which is of more preliminary nature, we
introduce notation and state definitions including the notion of weak solutions. In this section we also
discuss the Dirichlet problem, see Theorem 2.1, and we point out that in Theorems 1.3 and 1.4 in [Litsgard
and Nystrom 2021] we simply missed stating the obvious restriction u € L (€2 x R™ x R) under which the
proofs there are given. With this clarification, Theorem 2.1 is a special case of Theorem 1.4 in [Litsgard
and Nystrom 2021]. In Section 3 we state our structural theorems: Theorems 3.1, 3.2 and 3.3. In Section 4
we state a number of lemmas concerning the interior regularity of weak solutions and concerning the
boundary behavior of nonnegative solutions to Lxu = 0; the latter were recently established in [Litsgard
and Nystrom 2022]. In Section 5 we prove Theorems 3.1 and 3.2. In Section 6 we prove Theorem 3.3 and
hence, as outlined above and as a consequence, we prove Theorems 1.1 and 1.2. In Section 7 we also give,
as we believe that the argument may be of independent interest in the case of operators of Kolmogorov
type, a proof of Theorem 1.1 using Rellich-type inequalities along the proof of the corresponding result
for the heat equation in [Fabes and Salsa 1983]. In Section 8 we apply our findings to homogenization,
giving new results for homogenization of operators of Kolmogorov type, and in particular we prove
Theorem 1.3.

2. Preliminaries

2A. Group law and metric. The natural family of dilations jointly for the operators Lg, Lp, Lic, (8;)r>0,
on RN*1 N :=2m, is defined by
8(X, Y, 1) =(rX,r’Y, r’) (2-1)

for (X, Y, 1) € RN*L » > 0. Furthermore, the classes of operators Lg, Lp, Li are closed under the group
law
X, Y, DoX, Y, ) = X+ X, Y+Y —1X,i+1), (2-2)

where (X, Y, 1), (X, Y, ) € RN*L Note that

(X,Y, ) '=(=X,-Y —tX, —1), (2-3)

and hence

X, Y, D o X, Y, ) = X=X, Y-Y+(t—-DX,t—17), (2-4)

whenever (X, Y, 1), (X,Y,7) e RN*L
Given (X, Y, t) € RV*! we let

I(X, Y, Ol = (X, )+ 112, (X, V)] = |X|+ Y|/ (2-5)
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We recall the following pseudotriangular inequalities: there exists a positive constant ¢ such that
1. Y, 07 <elX. Y. 0l (X, Y. 00 (X, Y, DIl < c(I(X. Y. )l + (X, Y, D), (2-6)
whenever (X, Y, 1), (X, Y,7) € RV*!. Using (2-6) it follows immediately that
IX. Y. D o(X. V.0 <c (X, Y. 1) o (X, Y, D), 2-7)
whenever (X, Y, 1), (X, Y, 7) e RV*L Let
d(X, Y, 0, (X, Y,0) =1(IX, ¥, D) o (X, Y, D + (X, Y, ) o (X, ¥, DID. (2-8)
Using (2-7) it follows that
IX. Y. D) o (X, V.0 ~d((X. Y, 1), (XY, D)~ (X, V. o (X, Y., (2-9)

with constants of comparison independent of (X, Y, 1), (i , Y, ) e RN*1. Again using (2-6) we also see
that
(X, Y, 0, (X, Y, 1) <c(d((X,Y,0,(X,Y, D) +d(X,Y,1),(X,Y,1)), (2-10)

whenever (X, 7Y, 1), (5(\ , ?, 1), ()? , }N’, 7) € RV*! and hence d is a symmetric quasidistance. Based on d
we introduce the balls

B(X. Y. 1) :={(X,Y,1) e RV :d((X,Y.D), (X, Y, 1)) <7} (2-11)
for (X,Y,t) € R¥*! and r > 0. The measure of the ball B,(X, Y, t) is |B.(X, Y, t)| = c(m)r9, where
q :=4m+2.
2B. Surface cubes and reference points. Let Q C R™, m > 2, be an (unbounded) Lipschitz domain as
defined in (1-1) and with constant M. Let

T =0 xR x R={(x, Xm, ¥, ym., 1) € RN T x,, = ¥ (). (2-12)

An observation is that (X, d, dox) is a space of homogeneous type in the sense of [Coifman and
Weiss 1971], with homogeneous dimension ¢ — 1. Furthermore, (RN d, dX dY dr) is also a space of
homogeneous type in the sense of [Coifman and Weiss 1971], but with homogeneous dimension q.

Let

Q:=(—1, D" x (=1, )" x (=1, 1)
and
0,=36.0:={(rX,r’Y,r’t): (X,Y,1t) € Q).

Given a point (X, Yo, to) € RV ! we let
0 (Xo, Yo, 10) := (Xo, Yo, t0) 0 Qr :={(Xo, Yo, t0) o (X, ¥, 1) : (X, ¥, 1) € O, }.
Furthermore, if (Xg, Yy, fp) € 02 x R™ x R then we set

A, (Xo, Yo, 10) := (02 x R" x R) N O, (X, Yo, to).
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We will frequently, and for brevity, write O, and A, for Q,(Xy, Yo, fo) and A, (Xo, Yo, fo) whenever the
point (Xg, Yo, tp) is clear from the context. At instances we will simply also write A for A, (Xo, Yo, fo)
whenever the point (Xg, Yo, fo) and the scale » do not have to be stated explicitly. Given a positive
constant ¢, cA := A, (Xp, Yo, tp).

Given o > 0 and A > 0, we let
A:;A = (O, Ao, 0, —%AQ3, Qz) ER" ' xRxR" ' xR xR, @-13)
Ay p=1(0,A0,0,3A0° —0%) e R" ' x Rx R" ' x Rx R,
and
A;A(Xo, Yo, t0) == (Xo, Yo, t0) OA;t,A,

whenever (Xo, Yo, to) € RV*t1. Furthermore, given A := A, (X, Yo, tp) we let

AR p = A5 (Xo, Yo, 10).

2C. Qualitative assumptions on the coefficients. Central to our arguments are the boundary estimates
recently proved in [Litsgard and Nystrom 2022], where we considered solutions to the equation Lu = 0,
where L is the operator

Vx - (A(X,Y,t)Vx)+ X - Vy — 0, (2-14)

inRVTLU N =2m, m>1,(X,Y, 1) := (X1, -« s Xpus Y1 - - - » Yms 1) € R™ x R™ x R. We assume that
A=AX Y, ) ={a;;(X, Y, D}

is a real-valued, m x m-dimensional, symmetric-matrix-valued function satisfying

m

kTEP <D ai (XY 0EE, AKX Y. 08 - ¢| < kg1, (2-15)
i,j=1
for some k € [1, 00), and for all £, ¢ € R™, (X, Y,t) € R¥*!. Throughout [Litsgird and Nystrom 2022]
we also assume that

A= A(X,Y,t)= I, outside some arbitrary but fixed compact subset of RV *!, (2-16)
and that
ai,j € C®(RM* (2-17)

forall i, j € {1,...,m}. In [Litsgard and Nystrom 2022] the assumptions in (2-16) and (2-17) are only
used in a qualitative fashion. In particular, from the perspective of the operator, the constants of the
quantitative estimates in that work only depend on m and «. To be consistent with that paper, in (A1)—(A3)
we have included the qualitative assumptions stated in (2-16), (2-17).

2D. Function spaces. Let Uy C R™, Uy C R™ be bounded domains, i.e., bounded, open and connected
sets in R™. Let J C R be an open and bounded interval. We denote by H}((U x) the Sobolev space of
functions g € L?(Uyx) whose distribution gradient in Uy lies in (L2(Ux)™, i.e.,

Hy(Ux) :={g € L%(Ux) : Vxg € (L*(Ux)™},
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and we set
lgllzrp wy) = 18l 2wy + VX8l 2wy, & € Hy(Ux).

We let H}(’O(UX) denote the closure of C;°(Uy) in the norm of H}((UX). If Uy is a bounded Lipschitz
domain, then C*®°(U x) is dense in H )1((U x). In particular, equivalently we could define H )lf(U x) as the
closure of C*°(U x) in the norm || - ||H)|((UX). We let H;l (Ux) denote the dual to H;((UX), whose elements
act on functions in H}(’O(UX) through the duality pairing (-, -) := (-, ')H;I(UX)’H}(’O(UX).

In analogy with the definition of H}((UX), we let W(Ux x Uy x J) be the closure of C*°(Ux x Uy x J)
in the norm

Nlullw @y xvy =)

=lullz wyxs,mrwen TIEEX-Vy+0ull s wy vy wi

172 12
o— . 2 j— . . 2 -
= (/LYXJ||M( Y, t)||H)]((UX)det) + (.//nyjn( X-Vy+0)u( ,Y,t)llH;](UX)det) . (2-18)

In particular, W(Ux x Uy x J) is a Banach space and u € W(Ux x Uy x J) if and only if
uely,(UyxJ, Hy(Uy)) and (—=X-Vy+d)ue L}, (Uy x J, Hy'(Ux)). (2-19)

Let Q C R™, m > 2, be an (unbounded) Lipschitz domain as defined in (1-1) and with constant M.
We say that u € Wi (2 x R x R) if u € W(Ux x Uy x J) whenever Ux C R™, Uy C R™ are bounded
domains, J C R is an open and bounded interval, and Ux x Uy x J is compactly contained in 2 x R” x R.

2E. Weak solutions. Let Uy, Uy and J be as introduced in the previous subsection. We say that u is a
weak solution to

Lxu=0 inUxxUyxJ (2-20)
ifue WUy xUy x J) and if

0://f AX)Vxu-VxpdX dY dr+ (=X-Vy43)u(-,Y,0),¢(-,Y,0))dYdr (2-21)
UXnyXJ UyXJ

2 ] . . . .o .
for all ¢ € f’lY,t(UY x J, I;IX’O(UX)). Here, again, (-, )= (-, '>H;‘(Ux),H}w(Ux) is the duality pairing
between H, (Uy) and Hx,o(UX)-

Definition. Let Q C R™, m > 2, be an (unbounded) Lipschitz domain as defined in (1-1) and with
constant M. We say that u is a weak solution to

Lru=0 inQxR" xR (2-22)

if u € Wi (2 x R" x R) and if u satisfies (2-21), whenever Uy x Uy x J is compactly contained in
Q2 x R" x R.

Note that if u is a weak solution to the equation Licu =0 in 2 x R™ x R, then it is a weak solution in
the sense of distributions, i.e.,

///(A(X)qu Vx¢p —u(—X - Vy+9)¢)dX dY dr =0, (2-23)

whenever ¢ € C;°(2 x R™ x R).
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2F. The Dirichlet problem and associated boundary measures. In [Litsgard and Nystrom 2021] we
conducted a study of the existence and uniqueness of weak solutions to

Vx - (AX,Y,t)Vxu)+ X - Vyu — o;u =0,

as well as the existence and uniqueness of weak solutions to the Dirichlet problem with continuous
boundary data. In [Litsgard and Nystrom 2021], Theorems 1.2, 1.3, and 1.4, are particularly relevant to
this paper. Theorem 1.2 in [loc. cit.] concerns the existence of weak solutions to (2-24). However, in
[loc. cit.] a stronger notion of weak solutions is used, see Definition 2 there, as we there demand certain
Sobolev regularity up to the boundary of €2 x R™ x R. Theorem 1.3 in [loc. cit.] concerns the uniqueness
of weak solutions to (2-24) and in Theorem 1.4 in [loc. cit.] we consider the continuous Dirichlet problem
and the representation of the solution using associated parabolic measures. We here state the following
consequence of these results.

Theorem 2.1. Assume that A satisfies (1-2) and (2-16). Let f € Cyp(02 x R™ x R). Then there exists
ueC(QxR" xR) such that u = u r is a weak solution to the Dirichlet problem

Liu=0 nQxR" xR, (224)
u=f onoQ2xR" xR,

in the sense of the Definition on page 1555. If u is bounded, then u = uy is the unique weak solution

to (2-24) and in this case there exists, for every (X, Y,t) € Q x R" x R, a unique probability measure

w(X, Y, t,-)on 0Q x R"™ x R such that

u(X,Y, 1) = f// FX,Y, DHdox(X, Y, 1, X, Y, 7). (2-25)
QxR xR

Proof. As stated above, the notion of weak solutions introduced in the Definition on page 1555 is weaker
than the notion of weak solutions introduced in Definition 2 in [Litsgard and Nystrom 2021]. In particular,
concerning the existence part of Theorem 2.1, Theorems 1.2—1.4 in that work give a stronger result.
Concerning uniqueness and Theorems 1.3 and 1.4 of that work, an important piece of information is
neglected in the statements of these two theorems. As can be seen from the proofs of Theorems 1.3
and 1.4 there, this information concerns the fact that in the unbounded setting 2 x R™ x R we need
a condition at infinity to ensure uniqueness, and what we prove is the uniqueness of bounded weak
solutions. In particular, in Theorem 1.3 it should be stated that g € W(RN*!) N L>®(RN*1!) and that
u is unique if u € L*°(2 x R” x R). Similarly, in Theorem 1.4 it should be stated that u is unique
if u e L*°(2 x R™ x R). In Theorems 1.3 and 1.4 we simply missed stating the obvious restriction
u € L°(2 x R™ x R) under which the proofs in that work are given. With this clarification, Theorem 2.1
is a special case of Theorem 1.4 in [Litsgard and Nystrom 2021]. (|

The measure wi (X, Y, t, E) introduced in Theorem 2.1 is referred to as the parabolic measure, or
Kolmogorov measure to distinguish it from the parabolic measure associated to Lp, associated to Li in
QxR"xR,at (X,Y,r) e 2xR" x Rand of E C 92 x R™ x R. Properties of wi (X, Y, t, -) govern
the Dirichlet problem in (2-24). The corresponding elliptic and parabolic measures on d€2 and 92 x R,
wg and wp, are introduced analogously.
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2G. The nontangential maximal operator. Given an (unbounded) Lipschitz domain 2 C R” with
constant M,

(Xo, Yo, 10) = ((x0, ¥ (x0)), Yo, 7o) € 32 x R" x R,
and 1 > 0, we introduce the (nontangential) cone
I'(Xo, Yo, 20) :={(X, Y, 1) e QxR" xR :d((X, Y, 1), (X0, Yo, 10)) < n|xm — ¥ (x0)|}. (2-26)
Given a function u defined in 2 x R™ x R we consider the nontangential maximal operator

N (u)(Xo, Yo, 10) := sup lu(X, Y, 1)]. (2-27)
(X,Y,t)el'"(Xo,Yo,t0)

If f is defined on 02 x R™ x R and (X, Yo, o) € 02 x R™ x R, then we say that u(Xg, Yo, o) =
f (Xo, Yo, tp) nontangentially (n.t.) if
lim u(X,Y, 1) = f(Xo, Yo, 1),

(X,Y,1)el(Xo,Yo,t0)
(X,Y,1)—(Xo,Yo,t0)

where n = n(M) is chosen so that (92 x R™ x R) NI""(Xo, Yo, t0) = {(Xo, Yo, tp)}. With this choice of n
we simply write N (u) for N"(u). Furthermore, given § > 0 we introduce the truncated cone

I'J(Xo, Yo, to) := I'"(Xo, Yo, 10) N Bs(Xo, Yo, to), (2-28)
and the truncated nontangential maximal operator

NJ (u)(Xo, Yo, 1) := sup lu(X, Y, ). (2-29)
(X,Y,0)eT] (Xo,Yo,t0)

Again with n fixed, we write Ns(u) for N (;7 (u). For more on nontangential maximal functions in the
elliptic context we refer to [Kenig 1994].

2H. Conventions. Throughout the paper we will use following conventions. By ¢ we will, if not otherwise
stated, denote a constant satisfying 1 <c¢ < co. We write ¢; < ¢; if ¢1 /¢; is bounded from above by a positive
constant depending only on m, k, and M, if not otherwise stated. We write ¢; ~ ¢ if ¢; < ¢y and ¢ < ¢;.

Givenapoint (X, Y, 1) e R" xR" xR, welet mx (X, Y, 1) ==X, wx (X, Y, t) := (X, t). Similarly, if
A C 92 x R™ x R, then we let wx (A) denote the projection of A onto the X-coordinate, we let wx ;(A)
denote the projection of A onto the (X, ¢)-coordinates.

3. Statements of the structural theorems

Our structural theorems concern the quantitative relations between the measures wg, wp, wx and the
(physical) measures og, op, ox. We first prove the following relations between the measures.

Theorem 3.1. Assume (A1)—(A3). Let we, wp, and wi be the elliptic, parabolic and Kolmogorov
measures associated to Lg, Lp, L in 2, 2 X R and Q@ x R™ x R, respectively. Then there exist
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A=Am, M), 1 <A <ooandc=c(m,k, M), 1 <c < oo such that the following is true. Consider

A=A (X, Yy, 19) CIRLxR" x R. Then

oMo (Al A A op(x(A)op@x (Afy ). 7x: (D) oe(mx(A)we(x(Afy 0), 7x(A))
ox(A) op(mx. (D)) oe(mx(A))

whenever A C A.

Theorem 3.1 states that the measures a);g(ACA As ) wp(TTx, t(AcA A)s ) a)g(rrx(ACA A), +) are all
comparable in the sense stated when evaluated on the surface cube A C A. As we will prove, if A = A;

and if
we(x (Af5 ) Tx (Af)) 1)
F—0 oe(x (A7)
exists, then also the limits
w(AT, +, Aj wp(mx (AT V), Tx (Af
IC( cALA ) and  lim P( X,t( cA,A) X,t( )) (3_2)

i
F—0  ox(Af) F—0 op(mx,: (A7)

exist and all limits are comparable in the sense of Theorem 3.1. Indeed, using (3-1) we will be able to

deduce that the Poisson kernels

dwge
K&(”X(A:_A,A)’ X) = d_(nX(AcA A) X),

dwp
Kp(x (Al 0). X, 1) = d—(nx,t(AjA,Ax X, 1),

" dwx
K}C(ACA’A’Xv Y’t): _(A(,A A’X, Yat)

are all well-defined on A and that
UIC(A)KIC(ACA o XY, D)~ op(wx (A)Kp(y, z(ACA A X, 1)

~ og(Tx (M) Ke(mx (Af5 ). X).
whenever (X, Y, 1) € A.
Given ¢g, 1 < g < 00, we say that K¢(X) := Kg(er(AjA’A), X) € B;(mx(A), dog) with constant T,

1 <T <oo,if y
q
(][ C|Ke (X)) dCfs(X)) SF(][ _ Ke(X)] ng(X)) (3-3)
wx(A) x(A)

forall AC A. Analogously, Kp(X, t) :=Kp(nx,,(A:rA’A), X,t) € By(wx (A), dop) and Kic (X, Y, 1) :=
Ki(Af, o» X, Y. 1) € B4(A, doy), with constant T, if

1/q
(][f |Kp(X. D)]? dop(X, t)) sr(][f _ |Kp(X, )| dop (X, t)),
X, (D) X, (D)
1/q
(]66[ |Kic(X, Y, )|? dox (X, Y, z)) 51“(]%( |Kic(X, Y, )| dox (X, Y, z)),
A A

respectively, for all A C A.

(3-4)
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We can now state our second main result.

Theorem 3.2. Assume (A1)-(A3). Let we, wp, and wic be as in the statement of Theorem 3.1. Then there
exist A\ =Am, M), 1 <A <ooandc=c(m,k, M), 1 <c < o0, such that the following is true. Consider
A=A, (Xo, Yo, to) COIQLXR"™ xR. Assume that wg(wx (A:A’A), -) is mutually absolutely continuous on
wx (A) with respect to og and that the associated Poisson kernel Kg(X) := K¢ (mx (AjA’ A)» X) satisfies

Ke € By(mx(A), dog)

for some q, 1 < g < 0o, and with constant I, 1 <T" < oo. Then Q)'p(]TX’t(Aj_AyA), ) and wlC(Aer,A’ )
are mutually absolutely continuous on wx ;(A) and A with respect to op and o, respectively, and the
associated Poisson kernels Kp(X,t) := Kp(nx,,(AjA’A), X,t)and Kx (X, Y, t) = K’C(AjA,A’ X, Y, 1)

satisfy
Kp € By(mx,(A). dop), K € By(A, doy).

with constant T = F(m, K, M, T).
We also prove the following theorem.

Theorem 3.3. Assume (A1)—(A3). Let p € (1, 00) be given and let q denote the index dual to p. Assume
that wi (AZFA’ A» *) is mutually absolutely continuous on A with respect to oxc for all A := A, (X, Yo, t9) C
02 x R™ x R. Then the following statements are equivalent:

@) KK(A;FA’A, ) € By(A, doy) forall A C 92 x R™ x R, with a uniform constant I'.
(i1) D,@(@Q x R™ x R, doy) is solvable.

Furthermore, ifoé(BQ X R™ x R, doy) is solvable then it is uniquely solvable.

4. Local regularity and boundary estimates

In this section we state a number of the lemmas concerning the interior regularity of weak solution and the
boundary behavior of nonnegative solutions. The boundary estimates are proven in [Litsgard and Nystrom
2022] for the more general operators stated in (2-14), assuming (2-15), (2-16) and (2-17). Concerning
geometry, in that work we considered unbounded domains Q C RV*! of the form

Q={(X,Y, 1) = (X, Xp, ¥, Y, ) € RV 20 > (2, 3, yns 1)), (4-1)

imposing restrictions on ¢ of Lipschitz character accounting for the underlying non-Euclidean group
structure. In particular, we also allowed for (Y, t)-dependent domains. Up to a point, the results in
[Litsgard and Nystrom 2022] are established allowing A = A(X, Y, t) and 1} = 1/~f(x, Y, Ym, t) to depend
on all variables with y,, included. However, the more refined results established are derived assuming in
addition that A as well as ¥ are independent of the variable y,,. The reason for this is discussed in detail
in that work. Obviously, the operators Ly considered in this paper are, as A = A(X), special cases of the
more general operators of Kolmogorov type considered there. Also, the geometric setting of that work is
more demanding compared to the domains considered in this paper, as 2 x R" x R is a special case of
the domains in (4-1).
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Below we formulate the necessary auxiliary and boundary-type estimate results needed in our proofs,
and in particular in the proofs of Theorems 3.1, 3.2 and 3.3, in the context of Li as these results follow
from [Litsgard and Nystrom 2022]. For the corresponding results for L¢ and Lp we refer to [Kenig 1994]
and [Fabes and Safonov 1997; Fabes et al. 1986; 1999; Nystrom 1997], respectively.

4A. Energy estimates and local regularity. Consider (X, Yo, to) C RVN*L In the following we will
frequently use the notation Q, := Q,(Xo, Yo, t9) for ¢ > 0.

Lemma 4.1. Assume that u is a weak solution to Liu = 0 in Qs = Q2-(Xo, Yo, tp) C RN*L Then

/// |vxu|2dXdet§r—12/// lu|?dX dY dr.
r QZr

Proof. This is an energy estimate that can be proven using standard arguments. We refer to [Litsgard and
Nystrom 2022] for further details. g

The following two lemmas are proved in [Golse et al. 2019].

Lemma 4.2. Assume that u is a weak solution to Licu =0 in Q2,(Xo, Yo, to) C RNTL Given p € [1, 00)
there exists a constant c = c(m, k, p), 1 < c¢ < 0o such that

1/p
sup |u| < C(M lu|? dX dY dt) . 4-2)
Qr Q2r

Lemma 4.3. Assume that u is a weak solution to Liu =0 in Q2 (X0, Yo, t0) C RNTL Then there exists
a=a(m,k) € (0, 1) such that

o~ ~ d((X, Y, 1), (X,Y,D))\*
(X, Y,r>—u<x,Y,r>|5( G ))) sup lul, (43)
r Q2r
whenever (X, Y, 1), (X,Y,7) € 0,(Xo, Yo, to).
To state the Harnack inequality we introduce
0, (Xo. Yo. to) 1= 0, (Xo, Yo, 1) N{(X, Y, 1) 1 tg — 1> <t <1o}. (4-4)

The following Harnack inequality is proved in [Golse et al. 2019].

Lemma 4.4. There exist constants c =c(m,k) > lando, B, y,0€ (0, 1),withO<a < B <y < 02, such
that the following is true. Assume that u is a nonnegative weak solution to Lxu =0 in Q, (Xo, Yo, o) C
RN*L Then,

sup u<c_ inf u,
O (Xo.Yo.10) 0} (X0.Yo.10)

where N
07 (Xo, Yo, t0) = (X, Y, 1) € Q. (Xo, Yo, to) : tg —ar® < t <o},

07 (Xo, Yo, 10) = (X, ¥, 1) € 0, (Xo, Yo, t0) : to— yr* <t <ty — Bri}.

Remark. Note that the constants «, 8, v, 8 appearing in Lemma 4.4 cannot be chosen arbitrarily.
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4B. Estimates for (nonnegative) solutions. We refer to [Litsgard and Nystrom 2022] for the proofs of
the following results.

Lemma 4.5. Assume (A1)—(A3). Let (Xg, Yo, tp) € 0Q X R" x Rand r > 0. Let u be a weak solution of
Liu=0in (QxR" xR)N Q,,(Xo, Yo, ty), vanishing continuously on (02 x R™ x R) N O, (Xo, Yo, to).
Then, there exists « = a(m, k, M) € (0, 1) such that

d((X,7,1), (Xo, Yo, fo)))“

sup u, 4-5)

r (QxR™ xRN Q2 (X0, Yo.t0)

w(X,Y,1) S (
whenever (X, Y,t) € (2 x R" x R)N Q,/(Xo, Yo, 10).

Lemma 4.6. Let Q2 and A be as in Lemma 4.5. There exist A = A(m, M), ¢c = c(m,«x, M), and
y=y(m,k, M), 0 <y < o0, such that the following holds. Let (Xy, Yy, t9) € 0Q X R" x Rand r > 0.
Assume that u is a nonnegative weak solution to Lxu = 0 in (2 x R™ x R) N Q2 (Xg, Yo, ty). Then

u(lX,Y, 1) S (Q/d)yu(A;A(Xo, Yo, 1)),
M(Xv Y7 t) Z (d/Q)yl/l(A;’A(XO, YO9 tO))v
whenever (X, Y, 1) € (QxR" xR)NQ2p/c(Xo, Yo, 1), 0<o <r/c,whered :=d((X, Y, 1), 09QxR" xR).

(4-6)

Theorem 4.7. Let 2 and A be as in Lemma 4.5. Then there exist A = A(m, M) and ¢ = c(m, k, M) such
that the following holds. Let (Xq, Yo, ty) € 02 x R™ x R and r > 0. Assume that u is a nonnegative weak
solution to Lxu = 0in (2 x R" x R) N O»-(Xo, Yo, to), vanishing continuously on (92 x R™ x R) N
er(X(), Yo, 19). Then

u(X,Y, 1) S M(A;A(Xo, Yo, 10)),

whenever (X, Y,t) € (2 x R" x R) N Q24/c(Xo, Yo, 1)), 0 <0 <r/c.

Theorem 4.8. Let 2 and A be as in Lemma 4.5. Then there exist A = A(m, M) and ¢ = c(m, k, M) such
that the following holds. Let (Xo, Yo, to) € 022 x R™ x R and r > 0. Assume that u and v are nonnegative
weak solutions to Lxu = 0in Q x R" x R, vanishing continuously on (02 x R™ x R) N Q»,(Xo, Yo, ty).
Letgg=r/c,

m = U(AZ,FO,A(XO, Yo,17)), my; =v(A, ,(Xo, Yo, ), @7

my =u(A, x(Xo, Yo,10)), my; =u(Ay A (Xo, Yo, 1)),
and assume m; > 0, m, > 0. Then there exist constants ¢ = c(m, M) and

cr=cy(m,k, M, mf/ml_, m;/mz_),

1 <cy, cp < 00, such that if we let 01 = go/c1, then

o v(AQ,A(X()? Yo, o)) - v(X,Y, 1) e U(AQ,A@O, Yo, o))
2 ~ ~ - = > C2 ~ ~ o )
u(Aga(Xo, Yo, 7)) ~ u(X, Y. 1) u(Ag, A (Xo, Yo, 10))

whenever (X,Y,t) € ( x R" x R) N QQ/CI(XO, Yo, fo) for some 0 < o < o1 and (Xo, Yo, 7o) €
(02 x R™ x R) N Q,, (Xo, Yo, 10).
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4C. Estimates of Green’s functions and parabolic measures. The adjoint operator of Lx is defined as
©:=Vx-(A(X)Vx) — X -Vy + 0, (4-8)

as A is assumed to be symmetric.

Remark. We remark that for nonnegative weak solutions to the adjoint equation £x-u = 0, adjoint versions
of Lemma 4.6, Theorem 4.7, and Theorem 4.8 hold. The statements in the adjoint versions are the same,
except that the roles of A;A(Xo, Yo, tp) and A;A(Xo, Yo, tp) are reversed.

Definition. A fundamental solution for L is a continuous and positive function 'y =T (X, Y, ¢, X , 17, ),
defined for 7 < and (X, Y), (X, ¥) € RV, such that

() Tx(-,-,- X,Y,7)is a weak solution of Lxcu =0in RN x (7, 00) and T'(X, Y, 1, -, -, -) is a weak
solution of Licu =0 in RN x (—o0, 1),

(ii) for any bounded function ¢ € C(RV) and (X, Y), (X, Y) € RV, we have

lim__ u(X,Y,n=¢X.Y), _ _lim X, Y,7)=¢X.7), (4-9)
(X,Y,t)egX,Y,f) (X,Y,E)an,Y,t)
1>t 1>t

where
u(X,Y, 1) = // Te(X,Y, 6, X, Y, D) ¢(X,Y)dX dY,
RN (4-10)
X, Y, 7) = // Te(X,Y, 6, X, Y, D) ¢(X,Y)dX dY.
RN

Lemma 4.9. Assume that A satisfies (2-17). Then there exists a fundamental solution to Ly in the sense
of the Definition above. Let I'ic(X, Y, t, X , Y , 1) be the fundamental solution to Lx. Then we have the
upper bound

1

d(X,Y, 1), (X,Y,7)1-2

Me(X,Y,1,X,Y, 7)< (4-11)

forall (X, Y, 1), (X,Y,[) witht > 1.

Proof. We refer to [Delarue and Menozzi 2010; Di Francesco and Pascucci 2005; Polidoro 1997] for the
existence of the fundamental solution for £ under the additional condition that the coefficients are Holder
continuous. See also [Lanconelli et al. 2020]. For the quantitative estimate we refer to Lemma 4.17 in
[Litsgard and Nystrom 2022] and the subsequent discussion. O

Assume that Q@ C R” is an (unbounded) Lipschitz domain with constant M. We define the Green’s
function associated to L for 2 x R™ x R, with pole at ()? , ?, 1) e QxR" xR, as

Ge(X,Y,t,X,Y, 1) =Tx(X,Y,1,X,Y,1)

—/// Te(X,Y, 7, X, Y, Ddox(X, Y, 1,X,Y, 1), (412
02 xR™m xR
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where ["i is the fundamental solution to the operator L. If we instead consider (X, Y, ) € @ x R™ x R
as fixed, then, for (X, Y,7) € Q x R" x R,

Ge(X,Y,1,X,Y, /) =Tx(X,Y,1,X,Y,1)

AN AN A~ ~

—/// Tx(X,Y,t,X,Y, D) doi(X, Y, 1, X,Y,1), (413)
I xR™ xR

where w,*c()? , ?, f,-) is the associated adjoint Kolmogorov measure relative to ()? , ?, 7) and Q x R" x R.
The corresponding Green’s functions associated to L¢ and Lp, for 2 and 2 x R, are denoted by G¢
and Gp, respectively.

Let 6 € Cj° (RN*1). The following representation formulas are proved in Lemma 8.3 in [Litsgard and
Nystrom 2022]:

0(X,Y,1) = f/f 0(X,Y,)dox (X, Y, 1, X, Y, 1)
I xR xR
—/// AX)VxGr(X,Y,7, X, Y, 1)-VxO(X, Y, t)dX dY dt
QxR"™ xR

+ /// Ge(X,Y,5, X, Y, )(X-Vy —3,)0(X, Y, t)dX dY dt,

QxR xR (4_]4)

0(X, Y,f):/// 0(X,Y,t)dop(X, Y, 1, X, Y, 1)
IQ2xR™ xR

—/// AX)VxGr(X, Y, t,X,Y,7)-Vx6(X, Y, 1)dX dY dr
QxRm xR
+ f// Gr(X, Y, t,X,Y, D) (=X -Vy +8)0(X,Y,1)dX dY dr,
QxR™ xR

whenever ()?, ?, f) e QxR™ xR.
The following lemmas, Lemmas 4.10 and 4.11, are proved in [Litsgard and Nystrom 2022]; see in
particular Section 8. Theorem 4.12 stated below is one of the main results in that work.

Lemma 4.10. Ler Q2 and A be as in Lemma 4.5. Then there exist A = A(m, M), 1 < A < o0, ¢ =
c(m,x, M), 1 <c < oo, such that the following is true. Let (Xo, Yo, 1) € 02 xR" xR, 0 < o < o0.

Then
012G (X, Y, 1, AL (X0, Yo, 10)) S (X, Y, 1, Ag(Xo, Yo, 10))

S01PGr(X, Y, 1, A, (X0, Yo, o)),
whenever (X, Y, 1) e Q xR" xR, t > 1 —|—CQ2.

Lemma 4.11. Let 2 and A be as in Lemma 4.5. Then there exist A = A(m, M), 1 < A <00, ¢ =
cim,k, M), 1 <c < oo, such that the following is true. Let (Xq, Yo, %) € 0Q x R" xR, 0 < o < o0.
Then

Gr(X,Y, 1, A, y(Xo, Yo,10) S Gr(X, Y, 1, AZA(XO» Yo,10)) S Gr(X, Y, 1, A, , (Xo, Yo, 10)),

whenever (X, Y, 1) e Q xR™" xR, t > ZQ+CQ2.
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Theorem 4.12. Let 2 and A be as in Lemma 4.5. Then there exist A = A(m, M), 1 < A < oo,
c=c(m,x, M), 1 <c < oo, such that the following is true. Let (Xg, Yo, tp) € 0Q x R" xR, 0 < gg < 00.
Then

wic (A, A (Xo, Yo, 1o), Anp(Xo, Yo, 10)) S wic (AT coo.A (X0, Yo, 70), A o(Xo, Yo, 7))

for all Ay(Xo, Yo, ), (Xo, Yo, o) € 32 x R™ x R such that A,(Xo, Yo, 1) C Augy(Xo, Yo, o).

5. Proof of the structural theorems: Theorems 3.1 and 3.2

The purpose of the section is to prove Theorems 3.1 and 3.2. Throughout the section we assume (A1)—(A3).
Let we, wp, and wi be as in the statement of Theorem 3.1.

5A. Proof of Theorem 3.1. To prove Theorem 3.1 we need to prove that there exist A = A(m, M),
1<A<oo, c=c(m,x,M), 1 <c < oo, such that if A := A, (Xo, Yy, fp) C 02 x R" x R, then the
estimates stated in the theorems hold whenever A C A. The proof of Theorem 3.1 is based on the relation
between wg, wp, wi and the corresponding Green’s functions and boundary Harnack inequalities.

To start the proof we first note that an immediate consequence of Lemma 4.10 is that there exists
c=c(m,k, M), 1 <c < oo, such that given A := A, (X, Yo, f0) C 92 x R" x R, we have

FI2Gr(Aly s A ) S oAy 40 D) SFIT2GR(AT 4 A ) (5-1)

whenever A = Az C A. Using this, and the corresponding results for £¢ and Lp, see [Kenig 1994] and
[Fabes and Safonov 1997; Fabes et al. 1986; 1999; Nystrom 1997], we obtain

Ge(x(Af, 0 nx(AzA)) O’K(A)a)g(ﬂx(AcA N nX(A)) Ge(mx (Al ) x (A )

Gr(Alan-A; ) : e (Tx (A)wrc(Afy 5 A) : Gr(Alpa- A% )

cA A

, (5-2)

and

GP(jTX,t(AjA,A)’ nX,t(AZ’A)) < GK(A)a)p(JTX l‘(Aj_A A) JTXJ(A)) < GP(nX,I(AjA’A)v nX,t(A;A’A))

Gre(Afan A ) T op(x(A)ox(Af 4 D) T Gr(Afaa AL )

To this end we will now prove the theorem only for wi, the proof for wp being analogous. We first relate
G,C(ACA A A ) and G;C(ACA A AJr ) Using that G;C(ACA As s o> o) solves the adjoint equation we
can apply the adjomt version of Lemma 4 6 to conclude that
GIC(A:_A’A, AXA) Z G]C(A;‘rA’As A:’_A,A)’
GIC(A:A,A, A;A,A) Z GIC(AZFA’Aa Ag,A)'
Hence

Ge(Ala o Alz ) _ GeAlia ALY _ Gl A7)

Gr(Aly Az ) 7 Gr(Ala A ) 7 Gr(Aly 4 A% )

7

(5-3)
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Therefore, applying Lemma 4.11 twice,
+ +
GIC(ACA’A, AA,A)

GIC(A;FA,A» AC_A,A)

~ 1. (5-4)

Furthermore, by the standard elliptic Harnack inequality
Ge(rx(Afy ) Tx(AL N~ Gelrx(Afy 2)s Tx (A ). (5-5)
Putting (5-2)—(5-5) together we can conclude that
O’}C(A)a)g(ﬂX(AjA’A)v T[X(A)) GE(T[X (A:_A’A)’ nX(Az,A))
oe(mx (A)wx(Al, 5. D) Gr(Afanr A )

Next, using Theorem 4.8

(5-6)

cA,A
GK(AZFA,A,AZA) Gr(AA A- AX A)

Ge(rx(Afy n)- Tx(AS ) Ge(rx(Aly \) mx (A% 4)

Furthermore, G¢(myx (A:rA’A), JTx(AZ’A)) ~r " A (rog(mx(A))) ) by classical estimates for the fun-
damental solution second-order elliptic equations in divergence form; see [Kenig 1994]. We claim that

Gr(Afy o AR D) AP0 (roxc(A) 7 (5-7)

To prove this we first note that the upper bound on G;C(A:FA, A AJAr’ ) follows from Lemma 4.9. The
proof of the lower bound on G (AjA’ A AZ A) 1s a bit more subtle but can be achieved analogously to
the proof of the estimate in display (9.11) in [Litsgard and Nystrom 2022]. Using (5-7), we deduce

Ge(mx(Aly n) Tx(AF ) Ge(ax(Afy ) x(AL L) ox(A)

Gr(Alyas A% ) Gi(Alx p AL D) oe(x (D))

Combing this with (5-6),

0 (Tx ()0 (B)we (Tx (Aca 2) Tx(A)
o (A)oe(mx (Ao (Al 5. A)

This proves Theorem 3.1.

5B. Proof of Theorem 3.2. Again we will only prove the theorem for wy, the proof for wp being
analogous. Assume that C()g(ﬂx(A:_A’ A)»> ) is mutually absolutely continuous on 7y (A) with respect
to og and that the associated Poisson kernel K¢ (X) := Kg(rrx(A:“A’A), X) satisfies

Ke € By(mx(A), dog)

for some ¢, 1 < g < oo, and with constant I', 1 <I'" < co. To prove Theorem 3.2 for wx we have
to prove that CU)C(A:_A’ A ) 1s mutually absolutely continuous on A with respect to oy, and that the
associated Poisson kernel K (X, Y, t) := K;C(AeryA, X, Y, 1) satisfies Kx € B4 (A, dox) with a constant
I'=T(m,«, M,T).
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Let dug := we(mrx (A:’A’A), wx(-))dY dt. To prove that a);C(A;’A’A, -) is absolutely continuous on A
with respect to oy it suffices to prove that a);g(AjA’ As ) K g on A and that ux < ox on A. Recall that
dox (X, Y,t) = dog(X) dY dt. However, as ux and o are defined through the stated product structure,
it follows immediately that px < ox on A as wg(mx (AZFA’ A)s-) K og onmyx(A). In particular, by the
assumptions it suffices to prove that a)K(A:rA’ A *) is absolutely continuous on A with respect to px and
we will do this by using Theorem 3.1.

Recall that we previously observed that (X, d, dox), where ¥ was introduced in (2-12), is a space of
homogeneous type in the sense of [Coifman and Weiss 1971]. By the results in [Christ 1990] there exists
what we here will refer to as a dyadic grid on ¥ having a number of important properties in relation to d.
To formulate this we introduce, for any (X, Y,t) € ¥ and E C X,

dist((X, Y, 1), E) :=inf{d((X, Y, 1), (X,Y,©): (X,Y,7) € E}, (5-8)
and we let

diam(E) :=sup{d((X, Y, 1), (X, Y,7) : (X, Y, 1), (X,Y,7) € E}. (5-9)

Using [Christ 1990] we can conclude that there exist constants & > 0, 8 > 0 and ¢, < oo such that for
each k € Z there exists a collection of Borel sets, D, which we will call cubes, such that

Di:={Qf C =:j e,
where J; denotes some index set depending on k, satisfying:

(i) = =J; O foreachk e Z.
(i) If m > k then either Q7 C Q% or Q7' N Q% = @.
(iii) For each (j, k) and each m < k, there is a unique i such that Q{; c o
Gv)(ﬁmn(Qﬁ)g(g2_@
(v) Each Q% contains ¥ N By« (X5, Y1, 1)) for some (X4, Y}, 1) € £.
(vi) ox({(X, Y, 1) € Qf :dist((X, ¥, 1), £\ 0}) <0 27%})) <cx 0 oxc(Q)) forall k, j and forall o € (0, @).

We shall denote by D = D(X) the collection of all Qf ,le.,
D= JDy.
k

Note that (iv) and (v) above imply that for each cube Q € Dy there is a point (X g, Yp,7p) € ¥ and a
cube Q,(Xg, Yg, tp) such that r ~ 2~k ~ diam(Q) and

Ar(Xp,Yp,10) C QO CAL(Xg, Yp,10) (5-10)
for some uniform constant c. We let

AQZZ Ar(XQ,YQ,IQ), (5—11)
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and we shall refer to the point (X ¢, Yg, 7o) as the center of Q. Given a dyadic cube Q C X, we define
its y dilate by

Y Q:= A, diam0) (X0, Yo, 10). (5-12)

For a dyadic cube Q € Dy, we let £(Q) = 27%, and we shall refer to this quantity as the length of Q.
Clearly, £(Q) =~ diam(Q).

We now prove that wg (AjA’ A» ) 1s absolutely continuous on A with respect to px using Theorem 3.1.
Indeed, let E C A and § > 0, and let {Q;} be a (finite) dyadic Vitali covering of E such that

MIC(U Qj) < px(E) +34,

and such that y Q; Ny Q; = & for some small y = y(m, M) > 0, whenever i # j. Using Theorem 3.1
and the doubling property of wg(rx (A;LA’ A)s +) we see that

wx(Afy ps 0) S ox(Afy 4, Acg) S we(x(Aty ) Tx(Bep 0N S ey 0)),  (5-13)

where now the implicit constants may depend on |A[, which is fixed. Hence

wi(Afp s E) < ZCUIC(A:_A,A’ 0) < ZMK(V 0) S /MC(U Qj) S (i (E) +96). (5-14)
J J

In particular, given € > 0 there exists § = §(m, k, M, €, |A|) > 0 such that if £ C A, and if ux(E) <4,
then a),C(A:rAyA, E) < €, proving that w,C(AZFAvA, )KL Uk
By the above we can conclude that wx (A:rA’ As ) Ko on A and that

d wic(Afy 5, AF(X, Y, 1)
X Afypo X, ¥, 1) = lim —— A T

Kic(Afa s X Y 1) 1= ——
K(Aca A ) doy F~0  ox(Af(X, Y, 1))

exists and is well-defined for ox-almost every (X, Y, ) € A. Using Theorem 3.1

GIC(A)KIC(A;FA,A, X, Y, )~ UP(”X,!(A))KP(WX,I(AjA,A)v X, 1)
BGS(JTX(A))Ks(JTX(A:rA,A), X), (5-15)

whenever (X, Y, t) € A. Using the assumption on K¢g(X) = Kg(ﬂ'x(A:_A’A), X), and (5-15), it follows
that Kic(X, Y, 1) .= KK(A:“A,A, X, Y, t) satisfies

K}C € Bq(A, dO’;c),

with a constant T = F(m, i, M, T"). This completes the proof of Theorem 3.2.

6. The L? Dirichlet problem for £x.: Theorem 3.3

Recall the notation ¥ introduced in (2-12). Given f € L} (%, dox), we let

loc

MU)X, Y, 0):=  sup ]%[A 1| do

A=A (X,Y,1)CXE
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denote the Hardy—Littlewood maximal function of f, with respect to ox. In the following we assume that
a);g(AjAy A ) 18 mutually absolutely continuous on A with respect to oy for every A := A, (X, Yo, tp) C
02 x R™ x R.

We first prove that (i) implies (ii) and hence we assume, given A C dQ xR xR, that K (Aer’ Artrt)E
B, (A, dox). As wi is a doubling measure we can use the classical results of Coifman and Fefferman
[1974, Theorem IV] to conclude that K ;C(AjA’ A> o) € BG(A, doy) for some g > ¢ independent of A.
Let p be the index dual to ¢ and note that p < p.

Consider first f € Cp(3€2 x R™ x R). Let (Xo, Yo, o) € 02 x R™ x R, and recall the (nontangential)
cone I'(Xo, Yo, to). Let (X,Y,7) € T(Xo, Yo, to) and let 8 := d((X,Y,7), (Xo, Yo, to)). Then, by
Theorem 2.1 we know that there exists a unique bounded weak solution to Lxu =0 in 2 x R™ x R, with
u= f on 02 x R" x R. Furthermore,

w(X,Y,7) /f/ KX, Y, 5, X, Y, 1) f(X, Y, t)dox(X, Y, 1).

We write
ulX,Y, %) = //f KX, Y, 5, X,Y,0) f(X,Y,t)dox(X, Y, 1)
A4s(Xo,Yo0,70) 00
)] K@ TSR 0 dor (X, V)
=2 R;(Xo.,Yo0.10)
o0
= (X, Y, D)+ ) ui(X. Y, 1),
j=2
where R;(Xo, Yo, t0) 1= Ayj+15(Xo, Yo, 0) \ Asis(Xo, Yo, fp). Using
d X, Y, 7 Ar(X, Y, ¢t
KR PEX Y= K R P 5 X v 1) = lim 2& al ) (6-1)
dox F—0 ox (A7 (X, Y, 1))

in combination with Theorem 4.7, we see that
K,C(X Y £L,X, Y, 1)< K,C(AcA4 XY ),

whenever (X, Y, t) € A4s(Xo, Yo, f0), and where Ays := A45(Xo, Yo, fp). Hence, using Cauchy—Schwarz,

o\ ) ]
i (X, Y, 0)| < o—K(Am(]%[ |Kic(Afx, a- X, Y. D) dff/c) (M (| f17) (X0, Yo. 10))"/?
Ays
< coxc(Afy, A- Das) (M (| f17)(Xo, Yo, 10)) 7
< c(M(|f1")(Xo. Yo, to))"/?
by (i). Similarly, using also Lemma 4.5 we have
KIC(S(\a ?7 f; X’ Y’ t) 5 27ajK’C(Aj_A2j5’A7 X? Y’ t)a

whenever (X, Y, 1) € R;(Xo, Yo, tp). Using this estimate, and essentially just repeating the estimates
conducted in the estimate of u;, we deduce that

lu;j(X, Y, 1) <27 (M(| f17)(Xo, Yo, 10)) /7.
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In particular,

o
XY, D) < (XY, D+ ) |uj(X, Y. )| < (M| £17)(Xo. Yo, 10)) /7,

j=2

and hence
N () (Xo, Yo, to) < c(M (| fI)(Xo, Yo, 10))"/7.
We can conclude that
IN @)l Lr @exrnx®, dog) < NMAFIPNYP N Lo @2xin xR, dox)
<cll fllLreexrm xR, dox)> (6-2)

by the continuity of the Hardy—Littlewood maximal function and where the constant ¢ depends only
on (m,k, M, p). We now remove the restriction that f € Cp(02 x R" x R). Indeed, given f €
LP (02 x R™ x R, dox) there exist, by density of Cp(d2 x R” x R) in L?(02 x R"™ x R, dok), a
sequence of functions {f;}, f; € Co(d22 x R™ x R), converging to f in LP(02 x R™ x R, dox). In
particular, there exists a sequence of functions {u;}, where u; is the unique bounded weak solution to
Liu; =01in @ x R" x R, with u; = f; on 92 x R™ x R. By (6-2),

IN (up — upllLr@e@xrn xR, dox) =< cll fk = fillLr@@xRm xR, dox) = 0 as k,l — oo. (6-3)

Consider Uy x Uy x J € RN*! where Uy ¢ R” and Uy C R” are bounded domains and J = (a, b)
with —00 < a < b < 0co. Assume that Uy x Uy x J is compactly contained in 2 x R" x R and that the
distance from Uy x Uy X J t0 9Q x R™ x R is r > 0. By a covering argument with cubes of size, say, r/2,
Lemma 4.2, and the finiteness of N(u;) in L? (02 x R™ x R, dox), it follows that {u;} is uniformly
bounded in L?(Ux x Uy x J), whenever Uy x Uy x J is compactly contained in 2 x R™ x R. Using
this, and the energy estimate of Lemma 4.1, we can conclude that

” VXMJ' ”LZ(UX xUy xJ) is uniforn’lly bounded. (6‘4)

Using (6-4) and the weak formulation of the equation Liu; =0 it follows that (X - Vy —;)u; is uniformly
bounded, with respect to j, in L%’I(Uy x J, H;l(UX)). Let W(Ux x Uy x J) be defined as in (2-18). By
the above argument we can conclude, whenever Uy x Uy x J is compactly contained in 2 x R™ x R, that

lu; llw(yxUy xJy 18 uniformly bounded. (6-5)
Using (6-3), and arguing as in the deductions in (6-4) and (6-5), we can also conclude that
luk —uillwwyxvyxsy — 0 ask,l — oo. (6-6)
Using (6-6) it follows that a subsequence {u,} of {u;} converges to a weak solution u to

Liu=0 in Q@ xR" xR,
and that

IN @) lLrexrm xR, dox) < Cll fllLr@@xRrm xR, dox)-

Note also, using the notation introduced above, that

N —uj)llLr@exrn xR, dox) < Cllf — fillLr(@axrm xR, dox) = 0 as j — oo. (6-7)
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To complete the proof that (i) implies (ii) we have to prove that u = f n.t. on 92 x R" x R. Consider
feLP(OQxR" xR, dox) and let { f;}, f; € Co(02 x R™ x R), be a sequence of functions converging
to fin L7 (02 x R™ x R, dox). Let (Xg, Yo, fp) € 02 x R™ x R be a Lebesgue point of f. Given é > 0
we have

Ns(u— f)(Xo, Yo,20) < Ns(u—u;)(Xo, Yo, t0)+Ns(u;— f;)(Xo, Yo, t0) +M(f — f;)(Xo, Yo, 1), (6-8)
where N was introduced in (2-29) and Ns(u — f)(Xo, Yo, tp) should be interpreted as

Sup |M(X5 Y’ t)_f(XCN YOato)l'
(X.Y,1)el{ (Xo,Y0.10)

In the following we assume, as we may without loss of generality, that (0, 0, 0) € 92 x R" x R. Given
€ > 0small and R > 1, let

Se(R,8) :={(X,Y,t) e Ar(0,0,0) : Ns(u — f)(X, Y, 1) > €}.
Using (6-8), weak estimates and (6-7) we deduce

ox(Se(R,98)) < Ceip(”f - fj ”ip(aQXRmXR, dox) + ”N(S(uj - fj)||€p(AR(o7o,o),dg,C))- (6-9)

Now letting § — 0, j — 0o, R — o0, in that order, we deduce that the set of points (X, Yy, f9) €
092 x R™ x R at which

lim lu(X, Y, 1) — f(Xo, Yo, 00)| > €
(X,Y,1)el'(Xo, Yo,%)
(X,Y,1)—(Xo0,Y0,%0)

has ox measure zero. As € is arbitrary we can conclude that u = f n.t. on 9Q2 x R" x R.

Next we prove that (ii) implies (i) and hence we assume that D,’é(aﬂ x R™ x R, doy) is solvable. Let
(Xo, Yo, 1) € 02, A := A, (Xo, Yo,%) C 02 xR" x Rand f € Cyo(A), f > 0. Let u be the unique
bounded solution to the Dirichlet problem with boundary data f. Then

u(Afy p) = /// Kx(Ajy o X, Y. D) f(X, Y, 1) dox (X, Y, 1).
A

Using the estimate in Lemma 4.2, and (ii),

1/p
u(AZy 2) S (f][][ lu(X, Y, t)|1’dXdet>
’ Qr/c(Az—AYA)
1 1/p
S ( /f/ INu)(X,Y, )| dox(X, Y, z))
or(A) 4A

(1 ) 1/p
N(U;C(A) //A|f(X, Y, 0)|” dox (X, Y,t)) '

In particular, for all f € Co(A) with || |l Lr(3@xR" xR, dox) = 1, we have

1 1/p
< )
B (%(M)

Vf/ Kie(Afy, A X Y. D) f(X, Y, 1) dox(X, Y, 1)
A
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Hence, since (A, o) is a finite measure space,

1/q 1 1/p
(f/A|KK(AjA,A,X,Y,t)|qda;C(X,Y,t)) S(U}Q(A)) :

Furthermore, Lemmas 4.5 and 4.6 imply

A

Combining the estimates,

[U /q [[f
< |KK(A3_A’A’ X7 Yv t)|qu]C(X, Y’ t)) S KK(AZ’_A’A7X7 Yv t)dGIC(Xv Ya t)
A A

Hence K ;C(A:’A’ As 0 ) € By(A, doy) and the proof that (i) implies (1) is complete. Put together we
have proved that the statements in Theorem 3.3(i) and (ii) are equivalent.

6A. Proof of the uniqueness statement in Theorem 3.3. Having proved that Theorem 3.3(i) and (ii) are
equivalent it remains to prove that if D,’é(aﬁ x R™ x R, doy) is solvable, then D,@(BQ x R™ x R, dox)
is uniquely solvable. That is, we have to prove that if N(u) € L? (92 x R™ x R, dox), and if u is a weak
solution to the Dirichlet problem

Lxu=0 in 2xR" xR,

{ u=0 ntonoQxR" xR,

then u =0 in 2 x R™ x R. Note that the proof of this is considerably more involved compared to the
corresponding arguments in the elliptic setting [Kenig 1994; Kenig and Shen 2011]. One reason is, again,
the (time-)lag in the Harnack inequality for parabolic equations.

To start the proof we fix (X, Y, ) € © x R™ x R and we intend to prove that u(X, Y, 7) = 0. Let
6 € C3° (22 x R™ x R) with # = 1 in a neighborhood of ()?, ?, 7). Then, using (4-14),

w(X, Y, 1) = wé)(X,Y,1)
=— /// AX)VxGx(X,Y,1,X,Y,1)-Vx(ud)(X, Y, t)dX dY dr
+ f// Ge(X,Y, 1, X,Y,1)(X - Vy —3)u0)(X, Y, 1)dX dY dt.  (6-10)
By the results in [Golse et al. 2019], see Lemma 4.3, we know that any weak solution to Lxu = 0 is
Holder continuous. As A is independent of (Y, ), it follows that partial derivatives of u with respect to Y
and ¢ are also weak solutions. As a consequence, as A is independent of (Y, t), any weak solution to

Liu = 0is C*°-smooth as a function of (Y, ¢). Hence the term (X - Vy — 9,) (u0) appearing in the last
display is well-defined. Using (6-10), and that Liu = 0,

w(X,Y, D) < U+ 1+ 1I), (6-11)
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where
I:= f/ G (XY, 7, X, Y, D||Vxu(X, Y, )| |Vx0(X, Y, )| dX dY dr,

= // IVxGr(X, Y, 1, X, Y, Ol |lu(X, Y, )| |Vx0(X, Y, )| dX dY dt, (6-12)
11 = /f IGe(X, Y, 5, X, Y, )| |u(X, Y, )]0 — X - Vy)O(X, Y, )| dX dY dr.

Recall the notation Q := (—1, 1) x (=1, 1)" x (=1, 1). Given (X, Y, ) = (£, £m, ¥, 1) € Qx R" x R
fixed, we have
(E,¥@E), Y, 1) edQxR" xR

fixed. We consider Qg ((x, ¥ (x)), Y, 1) = (X, ¥RX), Y, f)o Qg and we let € and R satisfy
€ <A/8, R>8\ wherek:=x, — ().

When taking limits, we will always first let € — 0O before letting R — oo.

Let p1=1(X,Y,1) € CF(Qar (%, ¥()),Y,1)), 0 <1 <1, be such that p; =1 on Qr((£, ¥ (%)), Y, 7).
Let 9o = ¢2(X) = ¢a(x, x;y) be a smooth function with range [0, 1] such that ¢»(x, x,;) = 1 on
{(x,xm) : X = Y(x)+ 2€} and @o(x, x,) = 0 on {(x, x,) : X, < Y(x)+ €}. Note that ¢; can be
constructed so that || RVx |z~ + |R*(X - Vy — 3,1 || 1~ < 1. Similarly, ¢, can be constructed so that
leVx@allLe < c, where c is independent of €. We let

9 ZQ(X, Y9 t) :e(xvxinv Ya t) = §01(X, Yv t)(p2(X, xm)-

Then 6 € C3°(Qar((£, ¥ (%)), V. )), 0<60 <1, 6 = 1 on the set of points (X, ¥, ) = (x, X, ¥, 1) €
Qr((%, (%)), Y,7) which satisfy x,, > ¥ (x) + 2¢ and 6 = 0 on the set of points in (X, Y, ) =
(x, xm, Y, 1) € Qp((X, ¥ (X)), Y, 7) which satisfy x,, < ¥ (x) + €. Let

() D1 = Qor((F, (@), Y. D) N{(X, Y, 1) Yr(x) + € < X < Y (x) + 26},

(i) D2 = Qar(®, ¥(), Y, HN{(X, Y. 1) 1 ¥ (x) + R < x < ¥(x) + 2R},
(iii) D3:=DsN{(X, Y, 1) : ¥ (x)+2€ <xp, <Y (x)+ R},

where

Dy = Qor((%, ¥(%), Y, )\ Qr((&, ¥(%)), ¥, 1).

Using this notation, the domains where the integrands in 7, /1, and /1] are nonzero are contained in the
union D; U D, U Ds. By the construction of 6,

(") 1€VxO|lopy) + IIR*(X - Vy — 3)0 || L(p,) < c,
(ii") IRVxO|lL(p,) + IR*(X - Vy — 8,0l =Dy < c,
(iii") |RVxO LoDy + IR*(X - Vy — )0 |l LoDy < €,

where c is a constant which is independent of € and R. Note that if (X, Y,?) € D3, then (X, Y, t) =
@1(X, Y, t) and this explains (iii’).
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Using the sets Dy, D», and D3, and letting

Gr(-s )= Gr(X, YV ),
we see that
I+1H+1 ST+ T+ Ts, (6-13)
where

T, :=6i2/f (elGel IVxul + el Vx Gl lul + R |Gl lul) dX a dr,
D,
1
T21=F// (RIGx||Vxu| + RIVx Gyl lu] + |Gyl lul) dX dY dr,
D,

1
T3:=ﬁ/f (RIG | |Vxul + RIVx Gl lul + |Gl Ju]) dX dY dr.
D3

We need to estimate 77, 15, and 73. To improve readability we will in the following use the notation
Api= @R XR" x R)N Q,((%, ¥ (%)), Y, ) forg>0.

We first consider 7. We start by estimating the contribution from the term |G| |u| and in this case
we prove a harder estimate than we need. The argument will be used for further reference. Note that

%/f/ |Gyl Jul dX dY dt
€ D,

- ¥ (x)+2€ G Y.t
S\// Ne(l/l)(l/ }C((-x’xm), ’ )d_xm) do_lC
AoR € ¥ (x)+e €

¥(x)+2e q 1/q

~ l G]C((-xa-x )9Y’t)

5||Ne(u>||Lp<A2R,da,c>(f / / (— f m 50 4 Y dor)
Aog \€ Jy(x)+e €

where N, is a truncated maximal operator defined as

Ne@)(X, Y, )= sup  [u((x,xn), Y, ).
Y (xX)<xm <¥ (x)+2€
Using Lemma 4.10 and the definition of K, see (6-1), we have, for every (X, Y, ) € Ayg, 1 <0 <2,
and denoting by e, the unit vector in R” pointing into €2 in the x,,-direction,
G/C(S(\7 /Y\,f,X‘i‘O'Eem,Y,t) C()[C(S(\, ?72\7 ACUG(X’ Yat))
m

< lim .
e—>0 € €e—0 €1~

<Kx(X,Y,1,X,Y,1).

Note that if 7 < t, then this is trivial as the left-hand side is identically zero. If 7 > ¢, then we may apply
Lemma 4.10 in the deduction as we are considering the limiting situation € — 0. Using these estimates,
and Lebesgue’s theorem on dominated convergence, we obtain

limsupiz/// |G| |uldX dY dt
e—>0 € D1

5 (hm Sup ”ﬁé(u)”LF(AzR,dO';c))”K}C(X\a ,Y\a f’ Ty %y ')”Lq(AzR,dO')C) = 09 (6_14)

e—>0
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as u vanishes at the boundary in the nontangential sense. We next consider the term

1//f Gl V| dX dY dr.
€ D,

In this case, we first note, using Lemma 4.6 and the construction of Dy, that if € is small enough, then
Gr(X,Y. 1) =Gr(X, V.1, X, Y, 1) S(R/MY Gi(Aly, p X, Y. 1), (6-15)

whenever (X, Y, ) € D;. Let {Q;} be all Whitney cubes in a Whitney decomposition of 2 x R™ x R
which intersects Dy. Then |Q;| ~ €4. Using (6-15) and Holder’s inequality

1//[ |G| |Vyu|dX dY dt
€ D

g(R/x)VéZ/// G (Afx, as X, ¥, )| Vxu| dX Y dr
i Q; 7
J

1/2 12
g(R/A)VéZ(/// |GK(A:FAR’A,X,Y,t)|2dXdet> (// |qu|2dXdet) . (6-16)
i Qj Qj
J

Using the adjoint version of Lemmas 4.6, and 4.11, we see that

sup Gic(Afy, 4 X, Y. 1) S iréf Gr(Afa, p- X Y, 0). (6-17)
4Q; ’ j ’

Furthermore, using the energy estimate of Lemma 4.1, assuming that the Whitney decomposition is such
that 8Q; C @ x R" x R,

/// |vxu|2dXdet§e—2/// lu>dX dY dr < e 2|Q;|(sup |ul)?. (6-18)
Q) 20, 20,

Using (6-16)—(6-18) we deduce

1 |G,C||vxu|dXdet,§(R/WiZ|Qj|(infG,c(ATA XY D) (suplu(X, Y, 0)). (6-19)
€ D €? r 4Q; COR 20;

sup |u| < (]%[ lu dXdet). (6-20)
2Qj 4Qj

This inequality in combination with (6-19) imply that

Using Lemma 4.2

%ff/ |G,<||qu|dXdet§(R/)»)VE—IZ//ﬁ Gi(Aly, o, X. Y. Dlu(X, Y, 1) dX dY df, (6-21)
Dy D,

where D is the enlargement of D defined as the union of the cubes {4Q;}. We can now repeat the
argument leading up to (6-14), with G replaced by G (A:'AR’ As > o ) and with Dy replaced by Dy, to
conclude that

limsupé/f/ G x| |Vxu| dX dY di = 0. (6-22)
D,

e—0
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The remaining term in 77 can be handled analogously and hence we can conclude that
T; — 0, ase— 0. (6-23)

Next we consider 7> and we first consider the contribution from the term

lz/// Gl ju dX dY dr. (6-24)
r /),

In this case we first note, using Lemma 4.9, that
Ge(X.Y,)=Ge(X, Y, i, X, Y.) <Tx(X, Y, 7, X, Y. 1) S R*,

whenever (X, Y, t) € D,. Hence,

izf// |GK||u|dXdet§R1q// N (u) dog
R D> AsR

SRTIRCVUTYP N )| 1o (Agg. doxe)

= RYD/PN W) r(arg. dox) — 0, as R — oo.

We next consider the contribution from the term

l/// |Gk ||Vxu|dX dY dr.
R D,

Using the energy estimate of Lemma 4.1, as well as Lemma 4.2,

1/2
(/f/ |qu|2dXdet> gqu/Z/// lu| dX dY dt,
D> 52

where D, is an enlargement of D,. Using this, and also again using the bound on G stated above, we

see that
l/// |G;C||qu|dXdet§qu/2Rlq/zf// lu| dX dY dr
R D, 52
,Squf/f N (u)| dog
A4r

SRYTIRCVY N )| Lo (A4, dor)

< R(l_q)/l’||N(u)||Lp(A4R,dU,C) — 0, asR— oo.

The remaining term in 75 can be handled analogously and hence we can conclude that
T, — 0, asR — oc. (6-25)

Finally we consider 75. The term in 73 containing the integrand |G| |u| can be handled as we handled
the term in (6-24). For the other terms we first recall that by construction G K(f(\ Y. 6 X, Y, t) Z0if
and only if ¢ < f. Furthermore, for (X, Y, t) € D; fixed, Gxe(-,-,-, X, Y, 1) isa nonnegative solution to
Lxu=0in (L xR" x R)YN Qr((x, ¥ (X)), ?, 7). In particular, if R is large enough, then by Theorem 4.7
we have that

Ge(X, Y, 1, X,Y,1) SGr(AL,, X, Y1), (6-26)
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whenever (X, Y, t) € D3 and we can ensure that A:T,IAR A C Orp((X, ¥ (X)), Y, 7). To proceed we let

C = C(m) > 1 be a large but fixed constant, and we introduce
D3 :=D3N{(X,Y, 1) : y(x)+2¢ <x, <Y (x)+R/C}.

Then the domain of integration in the terms defining 73 is partitioned into integration over D3 and D3\ D3.
Integration over the latter set can be handled as we handled 7,. Therefore we here only consider the
remaining terms in 73 but with domain of integration defined by D3. We now let {Q;} be all Whitney
cubes in a Whitney decomposition of  x R™ x R which intersects D3. Focusing on the term in T3
containing the integrand |G| |Vxu| we see that

%f/f Gl V| dX dY dt
3

2]
<= |Gl Vxu|dX dY dt
R JZ QjﬂD;k

1/2
§%Z|Q,-|”21<Q,~>‘l(/// |G/c|2dXdet> (]%[ |u|dXdet>
J Q;ND;3 40;
1 _
SJﬁZIQﬂl(Qj) l(sngK(Az[lAR’A,X, Y, t))(ﬁ% |u|dXdet), (6-27)
j j 0

where we have used Lemma 4.1, Lemma 4.2 and (6-26). Furthermore, (6-17) remains valid in this context
and hence

(supGi(AF,, X, Y,0) <]6[][ ul dX dY dt)
Qj ' 40;

5(]66[ GK(AleRA,X,Y,t)luldXdet). (6-28)
4Q; ’

Combining these insights we see, using the notation 6(X) := (x,;, — ¥ (x)), that

%f/f |G,C||qu|dXdet§%Zl(Qj)1(//[@ Gr(AT , 4 X Y. t)|u|dXdet)
D;‘ j J ’

1 N .
s E(/fﬁg Gr(AZip, o0 X Y Duld(X)™ dX dY dz), (6-29)

where 5; is a slight enlargement of D3 due to the enlargement from Q; to 4Q;. In particular,

1 1 -
E///*|G,C||VXu|dXdet§E(///D Gr(AL o X, Y. D)lul8(X) 1dXdet), (6-30)
3 S

where Ds is defined as the set

@ XR" xRN (Qer(X, Y, D\ (X, Y, 1) : (x, ¥ (x), ¥, 1) € Agje, Y (x) < X < ¥ (x) +2¢R})
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for some ¢ = c(m) > 1. Note that points in Ds can be represented as
(X, Y, 1) =((x, ¥ (x)), Y, 1) +(0,8(X), 0,0),
where ((x, ¥ (x)),Y,t) € Acg \ Ag/c. Consider one such point (X, Y, r). We claim that
GrAT o X Y 08O S M(K(AL 40 )Xo\ gy (D) (@ (X)), Y1), (631)

where again M denotes the Hardy-Littlewood maximal function on 2 x R x R with respect to oy,
and YA p\Ag e ) is the indicator function for the set Acg \ Ag/.. To prove (6-31) we simply note, using
Lemma 4.10, that

wi(AT, s Aer ((x, ¥ (%)), Y, 1))
Ge(At, . X, Y, 0D8X) ' < ¢ Arh :
KA tara NIX)TR o (A ((x, ¥(x)), Y, 1))

where r := §(X), and that wx (AT, , Aer((x, (X)), Y, t)) can be expressed as
—1ARA p

Kic(AT X, Y, D doe(X, Y, 1)
///A”«x,w(x)),m c~'ArA

= /// Ke(AT 5 0o XY, Dt Ay (X, ¥, D) doxe (X, Y, D).
Acr ((x, ¥ (X)), Y,0) '

Using (6-31) we can continue the estimate in (6-30) to conclude that

1
: / / / Gl | Vxul dX dY dr < / / / M(Kx(AT 1y o D sas o ()N @) dog.
D3 Acr\AR/e ’

Hence, the term on the left-hand side in the last display can estimated by

1/q 1/p
I o) ([ o)
AcrR\AR/c Acr\AR/c Up
< (o (Aeg) Ve ( f f / N ()P dGic) ~0,
Z\AR/(.

as R — oo. This completes the estimate of the term in 73 containing the integrand |G ||Vxu|. The term
containing the integrand |Vx G| |u| can be estimated in a similar manner. We omit further details and

claim that
T3 — 0, as R — oo. (6-32)
To summarize, we have proved that
lw(X,Y, )| < lim limsup (I + 11 + 1) < lim limsup (T} + T» + T3) = 0; (6-33)
R—o00 (50 R—o0 50

ie., |u(5(\ , i’\, )| =0, and as (5(\ , ?, f) is an arbitrary but fixed point in the argument, we can conclude
that # =0 in Q2 x R™ x R. This completes the proof of uniqueness and hence the proof of Theorem 3.3.
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7. An alternative proof of Theorem 1.1 along the lines of [Fabes and Salsa 1983]

In this section we give, as we believe that the argument may be of independent interest in the case of
operators of Kolmogorov type, a proof of the key estimate underlying Theorem 1.1 using Rellich-type
inequalities instead of the structural theorem. Hence, the proof is along the lines of the corresponding
proof for the heat equation in [Fabes and Salsa 1983]. To avoid formal calculations and manipulations we
will, for simplicity, throughout the section assume

(A1)-(A3) and that 92 is C°°-smooth. (7-1)

The assumptions in (7-1) will only be used in a qualitative fashion and the constants of our quantitative
estimates will only depend on m, k and M. The general case follows by approximation arguments that
we leave to the interested reader.

In addition to (7-1) we also assume (1-5), i.e., that A is independent of x,,. Then the unique bounded
solution to the Dirichlet problem Lxu =0in @ x R" xR, u = f € Co(02 x R™ x R), equals

~ A~

w(X,Y, 1) = f/f Ke(X, Y, 7, X, Y, 0)f(X, Y, 1)dox(X, Y, 1),
I xR xR
and due to (7-1),
Kx(X,Y,1,X,Y, 1) := Ax)VxGx(X, Y, 1, X, Y, 1) - N(X)

forall (X,7Y,1) € 92 x R" x R and where N (X) is the outer unit normal to 02 at X € 0%2.
We are going to prove that if A := A, (Xg, Yo, to) C 92 x R™ x R, then

12
(]%[ |Kic(A%y 4. X, VD) doc(X, ¥, r)) < (]%[ |Kic(A%y 4, X, ¥, )] dog(X, Y, z)) (7-2)
A A

for all A C A. In fact, we claim that it suffices to prove (7-2) for A = A. To see this, we assume that
(7-2) holds for all A with A replaced by A, and we start by noting that we have the representations

Ki(Afy oo X, Y. 1) = A)VxG(Af, 4. X, Y. 1) - N(X)
dw W (Afp 0 DX, Y, 1))

K4+ i
=—— (A, A- X. Y. ) =lim
doy ( cAA ) F—0 o (A (X, Y, 1))

for (X, Y,1) € A. Consider (X, Y, 1) € A and 7 > 0 small. Writing A= A;(X,Y,t) and

o (Al a0 ) ox(Al n B oc(AT L A)

: < (7-3)
oxc(A) oA’ D) o(A)
we first apply Lemma 4.10 to deduce
At G A)  Gr(AQy A A )
Wi (Afp o> D) < AN A ' (7-4)

+ ~ ~Y + —
oAz A Oe(A; AR )
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Next, applying Theorem 4.8 in (7-4), and passing to the limit by letting 7 — 0 in (7-3),

GIC(ACA A A;A,A)

G (AT, AR )

K’C(A;‘rA’Av X: Yv t) KIC(A:A’A9X9 Y? t)

Using this, and (7-2) with A replaced by A (which holds by the assumption), we deduce

12 Gr(Afy a0 AT )
( HH. ik o x voP oy, r)) < AMTAN_ - (gs)
Gr(AT; 1Az ) oc(B)
However, again using the bound G;C(A:“A K A4_A A) pe 7274, see (5-7), we see that
GIC(A+A A A ) 1
o7 4AA SFIGK(AT, A AT ). (7-6)
Gr(ATy 1A Do) A 4B
Next, using Lemma 4.11, Lemma 4.10 and Theorem 4.12, in that order, we deduce
Gre(Afanr Az ) SP T (Al 40 A), (7-7)

and hence, by combining the estimates above, see that

12 (A« A)
(]66[ |Kic(AT 1, X, Y, 0)]*dox (X, Y, t)) SKLLA, (7-8)
A ’ o (A)

which completes the proof of our claim.

Based on the above it remains to prove (7-2) for A = A and the rest of the proof is devoted to this. We
note that we can without loss of generality assume that (Xg, Yo, o) = (0, 0, 0). A key observation in the
following argument, and this is a consequence of A and €2 being independent of (Y, ¢), is that

K (55, ?, X, Y1) depends on (?, £,Y, 1) only through the differences (?— Y), (f—1).

In particular,
Kx(X,Y,1,X,Y,0)=Kx(X,Y =Y, i —1, X,0,0). (7-9)

Note that A is invariant under the change of coordinates (X, Y, t) — (X, —Y, —t). Hence,
I:= // |Kic(Af; 5. X, Y. D)7 dox(X, Y, 1)
A

= (" f / |Ki(Afy oo X, =Y, )P doxc(X, Y, 1).
A
Using (7-9), Harnack’s inequality, i.e., Lemma 4.4, and more specifically Lemma 4.6, we see that
K;C(ACA X =Y, - S KIC(A4CA A X Y1)
for all (X, Y,t) € A. Hence,

|Kic(Afy ar Xo =Y, —D)> S Kic(Aly 00 X. =Y, —0)Kic(Af 5 5. X, Y, 1) (7-10)
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forall (X,Y,t) € A. Let
¢ € COMMT\ ({(Af, AVULAL L A D)
be such that
d(X, Y, 1) =1, (7-11)

whenever (X, Y, 1) = ((x, x,), Y, t) is such that (x, Y, 1) € [—r, r]" ! x [=r3, 3] x [—r2, r?], xpm €
[V (x) —r/16, ¥ (x)+r/16], and
$(X,Y,1)=0, (7-12)

whenever (X, Y,t) = ((x, x»,), Y, t) is in the complement of the set defined through the restrictions
(x, Y, 1) € [<2r, 2r]" 7! x [=(2r), 2r)*1" x [=(2r)%, (2r)?), X € [¥ (x) —r/8, ¥ (x) +r/8]. Further-
more, we choose ¢ so that

|VX¢(X5 YJ)'S"_I» |(XVY_at)¢(X9 Y,t)lsr_zv (7_13)
whenever (X, 7Y, t) e RY +1. We introduce

V(X, Y, 1) :=Gi(Ay oo X, =Y, —1), (X, Y,1):=Gr(Aj, o X, Y, 1), (7-14)
and
U(X,Y, 1) =¢(X,Y,1)d,v(X,Y, 1) (7-15)

Recalling that ﬁ)},y,z = Vx - (A(X)Vyx) — X - Vy + 0, and using the definition of the Green’s function, we
see that

o://f L*Gi(Af A o X, Y, OV (X, Y, 1)dX dY dt
QxR" xR ’
:/// L(X, Y, )V (X, Y, t)dX dY dr.
QxR™ xR
Hence

0= [ff (,C*ﬁ(xa Y, t)lIJ(X, Y, t) — ﬁ(X, Y, I)L\.IJ(X’ Y’ t)) dXx dY dr
QxR xR

+ff/ (X, Y, )LW(X, Y, r)dX dY dr.
QxR™ xR

ozf// Kic(Aj o o X, Y, OW(X, Y, 1) dox(X, Y, 1)
QxR xR '
+/// U(X,Y,DLW(X, Y, 1)dXdY dr. (7-16)
QxR™ xR

Note that by construction, W (X, Y, t) =0,,v(X, Y, 1) if (X, Y, t) € A. Consider the vector field A(x)N (X).
Obviously, A(x)N(X) - N(X) < k by the boundedness of A and hence we can write

Using this identity, and integrating by parts,

em =T (X) +c(X)AX)N(X)

for all (X, Y, t) € A and for some function c¢( - ) such that ¢(X) > c(m, k, M) for all (X, Y, t) € A. Here
T (X) denotes a vector tangent to d€2 at X. Using these observations we see that

W(X,Y, 1) =0,,v(X,Y, 1) =c(X)AX)N(X) - Vxv(X, Y, 1),
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whenever (X, Y, t) € A. In particular, using this and the fact that K ,C(AjA’ A) and W are nonnegative
functions,

Ig‘/// (X, Y, ) LW (X, Y, t)dX dY dt|.
QxR™ xR

LYX,Y,1)=(Vx(AX)Vx)+ X - Vy — )W
=2A(X)Vx(9x, v)Vx$ + 9y, vLY + HL(Iy, ),

We next observe that

and that
Lu(X,Y, 1) =L(G(Acan, X, =Y, —1) = (L*Gr)(Acan, X, =Y, —1) =0.
Using this we see that
E(axm U) = ‘C(axm U) - axmﬁ(v) == 8ymv.
In particular,

LY(X, Y, 1) =2A(x)Vx(0y,0) Vi + 3y, vLD + Py, v.

We note that these calculations essentially only use that A is independent of x,,. Recall that ¢ satisfies
(7-11)—(7-13) and let

E=QxR"xR)N{(X,Y,1):¢(X,Y, 1) #0}.
Using this notation and elementary manipulations,

where
I :=r"2 /f IVxGic(Afy 5. X, =Y, =D)|Gi(Af o o- X, Y, 1)dX dY dt,
. :

12:=r1// IVxGi(Afy o2 X, =Y, =D)|[Vx G (A s 5. X. Y, 1)|dX dY dt,

E

Li=r"" f// |Vx0y, G (Afy pr Xo =Y, =DIGx(Afp 4. X, Y, 1) dX dY dt,
E

Iy = // ’ 19y, G (Afx A X, =Y, =D)IGi(Af 5 5. X, Y, 1)dX dY dr.
Using the energy estimate of Lemma 4.1, and that
IGi(Ady a0 Xo =Y, =D+ |Gk (Afp o X Y. D) SP779,
whenever (X, Y, t) € E, we deduce that
L+ DL So(a)™

Similarly, using a slightly more involved argument, a Whitney decomposition, Lemma 4.1 and the fact
that A is independent of x,,, we can proceed in a manner similar to the proof of Lemma 2.6 in [Nystrom
2017] to also deduce that

L+1Iy So(A)™
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Putting these estimates together we can conclude that
JJ[ Kt s xvoP do v =1 S acay

whenever A C 92 x R” x R. Furthermore, as 1 < a),g(AjA As D), we have

1/2
(w |KIC(ACA AaX Y, t)| dO’;c) (M |KIC(A AA’X’ Y, t)|dGK>a

which is (7-2) with A = A. This completes the proof.

8. Applications to homogenization: Theorem 1.3
By making the change of variables (X, Y, 1) — (X, Y,7), (X, Y, 1) = (¢X, €Y, €27), the boundary

IQXR"XxR={(X,Y,1) e R" x R" x R : x, = ¥ (x)}

is transformed into
I xR xR:={(X,Y, 1) e R" x R" x R: % = Ve (%)},
where ¥ (x) := €'y (ex). Note that 1 and ¥ have the same Lipschitz constant. Let

veX, Y, 1) i=uc(X, Y, 1), [ ¥e®),Y,0):=f(x, ¥ (x),Y,1).

Then,
Liue=0 in Q2 xR" xR, &1
=f nt.ondQxR" xR,
where L} is as in (1-12), if and only if
Llve=0 inQ xR" xR, 82)
Ve = fe nt.ondQ: x R x R.

By Theorem 1.2 we see that (8-2) has a unique weak solution which satisfies

IN () llLr 3 xR xR, dox) S Il fell Lr (99 xR7 xR, doe) -

Changing back to the (X, Y, t)-coordinates, we get that (8-1) has a unique weak solution satisfying the
estimate

IN (o) |l Lraexrr xR, dog) S I f IlLr(@@xrm xR, dox) s (8-3)

and in the last two displays the implicit constants are also allowed to depend on p, but are independent of
€ and f. This settles the proof of the first part of Theorem 1.3.
To settle the proof of the second part of Theorem 1.3 we want to let ¢ — 0 and prove, given f €
LP (02 x R™ x R, dox), that u — u and that u is a weak solution to the Dirichlet problem
{L k=0 in Q2xR" xR,
U=

m (8-4)
f nt.ondQ xR" xR,
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and that

N @)l r@exrm xR, dox) S | fIlLr(9@xRm xR, dox) » (8-5)

where the implicit constant also is allowed to depend on p. Note that A is a constant matrix, and
once existence is established, uniqueness for the problem stated follows from the uniqueness part of
Theorem 3.3. We also note that in the following it suffices to consider the case p = 2, again by the
classical arguments in [Coifman and Fefferman 1974].

Consider Uy x Uy x J C RNt where Uy c R™ and Uy C R™ are bounded domains and J = (a, b),
with —00 <a < b < 0o. Assume that Uy x Uy x J is contained in  x R™ x R and that the distance from
Ux x Uy x J t0 32 x R™ x Ris r > 0. By a covering argument with cubes of size, say, r/2, Lemma 4.2,
and (8-3), it follows that u, is uniformly bounded, with respect to €, in L?>(Ux x Uy x J), whenever
Ux x Uy x J C Q x R™ x R. Using this, and the energy estimate of Lemma 4.1, we can conclude that

IVxuell L2y xuy x sy 18 uniformly bounded in €. (8-6)

Next, using (8-6) and the weak formulation of the equation Lj.u. = 0 it follows that (X - Vy — 9;)u, is
uniformly bounded, with respect to €, in L%’t(Uy x J, H;l(UX)). Let W(Ux x Uy x J) be defined as
in (2-18). By the above argument we can conclude, whenever Uy x Uy x J is compactly contained in
Q x R™ x R, that

lue llwwy xvy x 7y 1s uniformly bounded in €, (8-7)

and, by ellipticity of A€, that
|A“Vxu, 2, wxxvy <y is uniformly bounded in €. (8-8)
Using the Sobolev embedding theorem one can prove that there exists a compact injection
W(Ux x Uy x J) = L*(Ux x Uy x J). (8-9)
Using this, (8-7) and (8-8) we see that there exists a subsequence of {u.}, still denoted by {u.}, such that
ue — i in L*(Ux x Uy x J),
ASVyu, — & weakly in (L>(Ux x Uy x J))™, (8-10)

(X-Vy —0)ue — (X -Vy —0,)u  weakly in L%’I(Uy X J, H;l(UX)).
In particular,
ue — u  weakly in W(Ux x Uy x J).

Furthermore, using this and the local regularity estimate in Lemma 4.3 we also have that
uc — u, locally uniformly in 2 x R™ x R as € — 0.

We now have sufficient information to pass to the limit in the weak formulation of the equation
Li-ue =0 and doing so we obtain

02/[/ S-VX¢dXdet+/ (=X -Vy+0d)u(-,Y,0),¢(-, Y, 0))dYdr  (8-11)
Ux><Uy><J UyXJ
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for all ¢ € L%J(Uy x J, H}(’O(UX)). We need to show that & = AVyii. To this end, we consider the
functions

wg (X) == ewy(X/€), (8-12)

with w, defined as in (1-11). Following [Cioranescu and Donato 1999], we see that

wy, = «-X weakly in H}((UX), -13)
wS —a-X in L*(Uy).
In particular
AVywS — Ao weakly in (L*(Ux))" (8-14)
and
/AG(X)VXwg -Vx¢pdX =0 (8-15)

for all ¢ € C5°(Uy); see [Cioranescu and Donato 1999, Section 8.1].
Pick ¢ € C3°(Ux), ¥ € C;°(Uy x J). We choose ¢ = pu.y in (8-15), and integrate with respect to ¥
and ¢:

0=/// (AS(X)VxwS - Vxu) oy dXdet+/f/ (A (X)Vxwt - Ve dX AV dr. (8-16)

Picking w§ v as a test function in the weak formulation of Lj-u. = 0 yields

0= // ((A*(X)Vxue - Vxwy)oy + (A (X)Vxue - Vxp)wg ) dX dY dr
+ /f/(x V¥ — ) ewSue dX dY dr,

where we have used that ¢ and w;, only depend on X and that ¥ only depends on Y and ¢. Subtracting
the expression in the last display from (8-16) yields

0= ff (A*(X)Vxwg - Vxo)uey — (A (X)Vxue - Vxp)wgyr) dX dY dr
— // (X -Vyy —o)pwiu.dX dY de.  (8-17)
Using (8-10), (8-13), and (8-14), we see that

f/ ((AE(X)Vsz-VX<p)uex//)dXdet—>//f((ga-vxw)ﬁw)dXdet,
///(AG(X)VXMG Vx@)wSy dX dY df — /f/(g Vx@)(a - X)¥ dX dY dt,

/// (X - Vy ¥ — ) pwSuce dX dY dr — ///(X SV — a9 (- X)pi dX dY dr,

as € — 0; i.e., passing to the limit in (8-17) we obtain

J[[ (- Fxpriy — - xor@ 200 = - Vrp ~ 8@ X)) ax av dr <o
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Using that
(Vxo)(a - X)¥ = Vx(p(a- X)¥) —ap,

and (8-11), now with ¢ = (« - X)@r as test function, we get
// (A - Vx@)ay — (& -a)oy)dX dY dr = 0. (8-18)
Since A is constant, this implies that
£-a=(AVxi)-a foralla e R",

and consequently, £ = AVyii. In particular, {u}.-( has a subsequence that converges weakly to i and it
is a weak solution to Lxit =0 in  x R™ x R.
Next, assume that f € Cp(0Q2 x R™ x R). Then

u (X, Y, 1) :/// KX, Y, t,X,Y,D f(X,Y,dox(X,Y,1), (8-19)

and we need to extract a convergent subsequence from the sequence of kernels {K.}. Using the represen-
tation in (8-19) we see that if

(X,Y, 1) eUx xUy xJ and dist(Uy, 92 x R™ x R) > 2r, (8-20)

then as above, i.e., again using a covering argument, Lemma 4.2 and (8-3), we deduce that

J[[ Kex vt XF D £ R T D o R0 = (X Vo] = g ane
for some positive constant ¢ < oo independent of €. It thus follows by duality that
[Ke(X, Y, 1, -, Dl20exrm xR, dog)
is bounded uniformly in € for (X, Y, ¢) as in (8-20). This clearly implies that
1 Kell L2y x Uy x T xR xR, dX dY dr doye)
is bounded uniformly in €. Thus, for a subsequence,
K. — K, ase—0, weaklyin L*(Ux x Uy x J x Q2 x R" x R, dX dY dt dog).

Suppose now that {u.;} converges weakly in W(Ux x Uy x J) to u. Then, by the above argument
there exists a subsequence {e;/} of {€;} such that Kej, converges weakly to K in

L>(Ux x Uy x J x 02 x R" x R, dX dY dt doy).

This implies, as u (X, Y, t) - u(X, Y, t), and by continuity for all (X, Y, ¢) as in (8-20), that
ue(X, Y, 1) =/f/ KX, Y, t,X. Y. D) f(X, Y, dox(X, Y, 1)

N /// KXY, 6,X, Y., DfX,Y,DHdox(X,Y,))=ia(X,Y, 1),
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as € — 0 and for all (X, Y, ¢) as in (8-20). As Ux x Uy x J is arbitrary in this argument, we conclude
that for a certain subsequence of {u¢}¢~0,

ue — i weakly in Wipe (2 x R™ x R),

and
K. — K weakly in LIZOC(Q xR" xR x 02 x R" x R, dX dY dr dok). (8-21)
Furthermore,
Liii =0 in QxR" xR,
and

(X, Y, z):/// KX, Y, t,X,Y,D)f(X,Y,)dox(X, Y, 1),
whenever (X, Y, t) € Q x R™ x R. Note that the space
L%OC(Q XxR" xR x 92 x R" xR, dX dY dr doy)

in (8-21) should be interpreted as local only in the first three variables X, Y and ¢. As A is a constant
matrix, the Kolmogorov measure wg, . is absolutely continuous with respect to oxc and this can be seen as a
consequence of Theorem 1.1. In particular, the problem D,%(&Q x R™ x R, dox) is uniquely solvable for
the operator Li and K (X,Y, ¢, X , Y , 1) is the Radon—-Nikodym derivative of the Kolmogorov measure
wz (X, Y, t,-) with respect to o at ()~(, ?, 1) € 32 x R™ x R. As a consequence, using Theorem 3.3
we can conclude that for f € Co(02 x R™ x R) given, u is the unique solution to the problem in (8-4)
which satisfies (8-5). For f € L% x R™ x R, doy) the same conclusion follows from the density
of Co(32 x R™ x R) in L?(3Q x R™ x R, doy); see the final part in the proof of (i) implies (ii) in
Theorem 3.3 for reference. Summing up, the proof of Theorem 1.3 is complete.
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