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A CHARACTERIZATION OF THE RAZAK-JACELON ALGEBRA

NORIO NAWATA

Combining Elliott, Gong, Lin and Niu’s result and Castillejos and Evington’s result, we see that if A is
a simple separable nuclear monotracial C*-algebra, then A ® W is isomorphic to W, where W is the
Razak—Jacelon algebra. In this paper, we give another proof of this. In particular, we show that if D
is a simple separable nuclear monotracial M,oo-stable C*-algebra which is KK -equivalent to {0}, then
D is isomorphic to YW without considering tracial approximations of C*-algebras with finite nuclear
dimension. Our proof is based on Matui and Sato’s technique, Schathauser’s idea in his proof of the
Tikuisis—White—Winter theorem and properties of Kirchberg’s central sequence C*-algebra F (D) of D.
Note that some results for F(D) are based on Elliott, Gong, Lin and Niu’s stable uniqueness theorem.
Also, we characterize WV by using properties of F' (V). Indeed, we show that a simple separable nuclear
monotracial C*-algebra D is isomorphic to W if and only if D satisfies the following properties:
(i) For any 6 € [0, 1], there exists a projection p in F(D) such that p ,(p) = 0.
(ii) If p and g are projections in F (D) such that 0 < tp ,, (p) = Tp.» (), then p is Murray—von Neumann
equivalent to ¢q.
(iii) There exists an injective homomorphism from D to W.

1. Introduction

The Razak—Jacelon algebra WV is a certain simple separable nuclear monotracial C*-algebra which is
KK -equivalent to {0}. Note that such a C*-algebra must be stably projectionless; that is, W ® M (C) has
no nonzero projections for any n € N. In particular, every stably projectionless C*-algebra is nonunital.
Jacelon [2013] constructed W as an inductive limit C*-algebra of Razak’s building blocks [2002]. We
can regard W as a stably finite analogue of the Cuntz algebra O,. In particular, WV is expected to play
a central role in the classification theory of simple separable nuclear stably projectionless C*-algebras
as O, played in the classification theory of Kirchberg algebras; see, for example, [Rgrdam 2002; Gabe
2020]. We refer the reader to [Elliott et al. 2020a; 2020b; Gong and Lin 2020] for recent progress in the
classification of simple separable nuclear stably projectionless C*-algebras. Note that there exist many
interesting examples of simple stably projectionless C*-algebras. See, for example, [Connes 1982; Elliott
1996; Kishimoto 1999; Kishimoto and Kumyjian 1996; 1997; Robert 2012].

Combining Elliott, Gong, Lin and Niu’s result [Elliott et al. 2020a] and Castillejos and Evington’s
result [2020] (see also [Castillejos et al. 2021]), we see that if A is a simple separable nuclear monotracial
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C*-algebra, then A ® W is isomorphic to W. This can be considered as a Kirchberg—Phillips-type
absorption theorem [2000] for W. In this paper, we give another proof of this. In our proof, we do not
consider tracial approximations of C*-algebras with finite nuclear dimension. Also, we mainly consider
abstract settings and do not use any classification theorem based on inductive limit structures of WV other
than Razak’s classification theorem [2002]. (Actually, we need Razak’s classification theorem only for
W ® My = W.) We obtain a Kirchberg—Phillips-type absorption theorem for W as a corollary of the
following theorem.

Theorem 6.1. Let D be a simple separable nuclear monotracial Mypeo-stable C*-algebra which is
KK -equivalent to {0}. Then D is isomorphic to W.

Our proof of the theorem above is based on Matui and Sato’s technique [2012; 2014a; 2014b],
Schathauser’s idea [2020a] (see also [Schathauser 2020b]) in his proof of the Tikuisis—White—Winter
theorem [Tikuisis et al. 2017] and properties of Kirchberg’s central sequence C*-algebra F (D) of D.

Matui and Sato’s technique enables us to show that certain (relative) central sequence C*-algebras
have strict comparison. Note that a key concept in their technique is property (SI). This concept was
introduced in [Sato 2009; 2010].

Borrowing Schafhauser’s idea, we show that if D is a simple separable nuclear monotracial (Moo -stable)
C*-algebra which is KK-equivalent to {0}, then there exist “trace-preserving” homomorphisms from D
to ultrapowers B® of certain C*-algebras B. Combining this and a uniqueness result for approximate
homomorphisms from D, we obtain an existence result, that is, existence of homomorphisms from D to
certain C*-algebras. Schafhauser’s arguments are based on extension theory (or KK-theory) and Elliott
and Kucerovsky’s result [2001] with a correction by Gabe [2016]. Hence Schafhauser’s arguments are
suitable for our purpose, that is, a study of C*-algebras which are KK -equivalent to {0}.

We studied properties of F (W) in [Nawata 2019; 2021] by using the stable uniqueness theorem
in [Elliott et al. 2020a]. In particular, we showed that (V) has many projections and satisfies a
certain comparison theory for projections. By these properties and Connes’ 2 X 2 matrix trick, we can
show that every trace-preserving endomorphism of W is approximately inner. (Note that Jacelon [2013,
Corollary 4.6] showed this result as an application of Razak’s results [2002].) This argument is a traditional
argument in the theory of operator algebras; see [Connes 1976]. In this paper, we remark that arguments
in [Nawata 2019; 2021] work for a simple separable nuclear monotracial Mpco-stable C*-algebra D
which is KK-equivalent to {O}. Also, we characterize V by using these properties of F'(W). Indeed, we
show the following theorem.

Theorem 6.4. Let D be a simple separable nuclear monotracial C*-algebra. Then D is isomorphic to W
if and only if D satisfies the following properties:

(i) For any 0 € [0, 1], there exists a projection p in F(D) such that tp ,(p) = 6.

(i) If p and q are projections in F (D) such that 0 < tp o, (p) =D, (q), then p is Murray—von Neumann
equivalent to q.

(iii) There exists an injective homomorphism from D to W.
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This paper is organized as follows. In Section 2, we collect notation, definitions and some results. In
particular, we recall Matui and Sato’s technique. In Section 3, we introduce the property W, which is a key
property for uniqueness results. Also, we remark that arguments in [Nawata 2019; 2021] work for more
general settings. In Section 4, we show uniqueness results. First, we show that if D has property W, then
every trace-preserving endomorphism of D is approximately inner. Secondly, we consider a uniqueness
theorem for approximate homomorphisms from a simple separable nuclear monotracial Mjoo-stable
C*-algebra D which is KK-equivalent to {0} for an existence result in Section 5. In Section 5, we show
an existence result by borrowing Schafhauser’s idea. In Section 6, we show the main results in this paper.

2. Preliminaries

In this section we shall collect notation, definitions and some results. We refer the reader to [Blackadar
2006; Pedersen 1979] for basics of operator algebras.

For a C*-algebra A, we denote by A the sets of positive elements of A and by A™ the unitization
algebra of A. Note that if A is unital, then A = A™. Fora, b € A4, we say that a is Murray—von Neumann
equivalent to b, written a ~ b, if there exists an element z in A such that z*z = ¢ and zz* = b. Note
that ~ is an equivalence relation by [Pedersen 1998, Theorem 3.5]. For a,b € A, we denote by [a, b]
the commutator ab — ba. For a subset F' of A and ¢ > 0, we say that a completely positive (c.p.) map
¢ : A— Bis (F, e)-multiplicative if

lp(ab) —p(a)pb)| <&

for any a,b € F. Let Z and M~ denote the Jiang—Su algebra and the CAR algebra, respectively. We
say a C*-algebra A is monotracial if A has a unique tracial state and no unbounded traces. In the case
where A is monotracial, we denote by t4 the unique tracial state on A unless otherwise specified.

2A. Razak—Jacelon algebra V. The Razak—Jacelon algebra VV is a certain simple separable nuclear
monotracial C*-algebra which is KK-equivalent to {0}. In [Jacelon 2013], W is constructed as an
inductive limit C*-algebra of Razak’s building blocks. By Razak’s classification theorem [2002], W is
M>-stable, and hence WV is Z-stable. In this paper, we do not assume any classification theorem for W
other than Razak’s classification theorem.

2B. Kirchberg’s central sequence C*-algebras. We shall recall the definition of Kirchberg’s central
sequence C*-algebras [2006]. Fix a free ultrafilter w on N. For a C*-algebra B, put

co(B) = {{xntnen € L°(N, B) | lim [lxull =0},  B®:=L2(N, B)/cw(B).
We denote by (x,), a representative of an element in B®. Let A be a C*-subalgebra of B®. Set
Ann(A4, B®) :={(xp)n € B° N A" | (xy)na =0 for any a € A}.

Then Ann(A, B?) is a closed ideal of B® N A’. Define a (relative) central sequence C*-algebra F(A, B)
of A C B by
F(A,B):= B®N A’/ Ann(4, B®).
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We identify B with the C*-subalgebra of B® consisting of equivalence classes of constant sequences.
In the case A = B, we denote F (B, B) by F(B) and call it the central sequence C*-algebra of B. If
A is o-unital, then F (A, B) is unital by [Kirchberg 2006, Proposition 1.9]. Indeed, let s = (s,), be
a strictly positive element in A € B®. Since we have limy_, o, siksg =, taking a suitable sequence
{k(n)}nen CN, we obtain s’ = (s,i/k("))n € B® such that s’s = s. Then it is easy to see that s’ € B® N A’
and [s'] = 1 in F(A, B). Note that the inclusion B C B~ induces an isomorphism from F(A, B) onto
F(A, B™) because we have [xs'] = [x] in F(A, B™) forany x € (B™)®? N A"

Let 7p be a tracial state on B. Define tp 4 : B® — C by 18,4 ((xn)n) = lim,_4 78(x,) for any
(xn)n € B®. Since w is an ultrafilter, it is easy to see that 7 4, is a well-defined tracial state on B®. The

following proposition is a relative version of [Nawata 2019, Proposition 2.1].

Proposition 2.1. Let B be a C*-algebra with a faithful tracial state tg, and let A be a C*-subalgebra
of B®. Assume that tg 4|4 is a state. Then tg ((Xn)n) =0 for any (x»), € Ann(A4, B?).

Proof. Let {h)},eca be an approximate unit for A. Since tp 4|4 is a state, we have lim g 4 (1) = 1.
The rest of proof is same as the proof of [Nawata 2019, Proposition 2.1]. O

By the proposition above, if 7 4|4 is a state, then tp 4, induces a tracial state on F'(A, B). We denote
it by the same symbol 7p 4, for simplicity.
2C. Invertible elements in unitization algebras. Let GL(A™) denote the set of invertible elements in A™.
The following proposition is trivial if 14~ = 1p~.
Proposition 2.2. Let A C B be an inclusion of C*-algebras. Then GL(A™) C GL(B™).

Proof. Let x € GL(A™). There exists g9 > 0 such that for any 0 < & < g9 we have x + ely~ € GL(A4A™)
because GL(A™) is open. Since Sp4(x) U {0} = Spp(x) U {0}, we have x + ¢l p~ € GL(B™) for any
0 < & < gg. Therefore x € GL(B™). O

The following corollary is an immediate consequence of the proposition above.

Corollary 2.3. Let {An}nen be a sequence of C*-algebras with Ap C Ap+1, and let A =52 | An. If
An € GL(Ay) for any n € N, then A € GL(A™).

The following proposition is well known if B is unital. See, for example, the proof of [Schafhauser
2020a, Proposition 3.2].

Proposition 2.4. Let B be a C*-algebra with B € GL(B~). Then B® C GL((B®)™).

Proof. We shall show only the case where B is nonunital. Let (x,), € B®. Because of B C GL(B™),
there exists (z;)n € (B™)® such that z, € GL(B™) for any n € N and (x,), = (zn)s in (B™)®. For

1/2 Then u, is a unitary element and z, = u,(z, Zn)l/ 2 Note that we

any n € N, put uy, 1= z,(z5z,)"
have (x,), = (un)n(x,’{xn),l,/z. For any n € N, there exist y, € B and A,, € C such that u, = y, + A, 1p~
and |A,| = 1 because u, is a unitary element in B™. Since w is an ultrafilter, there exists A¢g € C such

that limy,, ., A, = A¢. Hence

(un)n = (yn)n —|—/\01(Ba))~ € (Bw)w.
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Since
((n)n + A01(B‘”)”)((x:xn);l/2 + SI(Bw)”) — (Xn)n

as ¢ — 0, we have (x,), € GL((B®?)™). |

Note that if B has almost stable rank 1 (see [Robert 2016] for the definition), then B € GL(B™). Also,
if B is unital, then B ® K € GL((B ® IK)™), where K is the C*-algebra of compact operators on an
infinite-dimensional separable Hilbert space.

2D. Matui and Sato’s technique. We shall review Matui and Sato’s technique [2012; 2014a; 2014b].
Let B be a monotracial C*-algebra, and let A be a simple separable nuclear monotracial C*-subalgebra
of B®. Assume that tp is faithful and tp 4|4 is a state. Consider the Gelfand—Naimark—Segal (GNS)
representation 7;, of B associated with 7g, and put

M = (N, 7y (B))/{{n e | T3, ((5560)n) = lim g (x5x) = 0},

where Tp is the unique normal extension of tp on 7, (B)”. Note that M is a von Neumann algebraic
ultrapower of 77, (B)” and 7p , is a faithful normal tracial state on M. Since B is monotracial, ¢, (B)”
is a finite factor, and hence M is also a finite factor. Define a homomorphism o from B® to M by
0((xn)n) = (5 (xn))n. Kaplansky’s density theorem implies that o is surjective. Moreover, [Matui
and Sato 2014a, Theorem 3.1] (see also [Kirchberg and Rgrdam 2014, Theorem 3.3]) implies that the
restriction o on B® N A’ is a surjective homomorphism onto M N o(A)’.

Proposition 2.5. With notation as above, M N o(A)' is a finite factor.

Proof. Note that 7p 4, is the unique tracial state on M since M is a finite factor. It is enough to show that
M N o(A) is monotracial. Let 7 be a tracial state on M N p(A4)". Since we assume that 7p 4|4 is a state,
we see that if A4 is unital, then o(14) = 137. Hence o can be extended to a unital homomorphism ¢~ from
A~ to M, and M No(A) = M N~ (A~). By [Bosa et al. 2019, Lemma 3.21], there exists a positive
element a in A~ such that Tg 4 (0~ (a)) = 1 and t(x) = 7p (0~ (a)x) for any x € M N (A)". Since A
is monotracial,

T(%) = T3,0(0™ (@)X) = T3,0(0™ (@) B0 (¥) = Tp.0(X).

Indeed, let x¢ be a positive contraction in M N o(A)'. For any a € A, define t'(a) := 7B ,(0(a)x¢). Then
7’ is a tracial positive linear functional on A. Since A4 is monotracial and tp 4|4 is a tracial state on A,
there exists a positive number ¢ such that t/(a) =t tp 4 (a) for any a € A. Note that if {h,}nen is an
approximate unit for A4, then ¢ = limy, oo T’ (/1,). On the other hand, we have

78,0 (x0) = 7' (hn)| = 1780 (1 = 0(hn))x0)| = |7B0 (1 = 0(hn)) /2 x0(1 = 0 (1)) /2|
< |tBw(—0(hn))| = [1—1B,0(hn)| =0
as n — oo. Hence t = 7p 4, (x¢), and 7p 4 (0(a)x0) = TB,»(0(a))TB,»(xo) for any a € A. It is easy to

see that this implies T, (0™~ (@)X) = T, (0™ (a))TB,»(x) forany a € A~ and x € M No(A)". Therefore
we have 7(x) = Tp ,(x) for any x € M N o(A)". Consequently, M N o(A)" is monotracial. O
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Fora,b € A4+, we say that a is Cuntz smaller than b, written a 3 b, if there exists a sequence {Xy }nen
of A such that ||x;bx, —a|| — 0. A monotracial C*-algebra B is said to have strict comparison if, for any
keN, a,be My(B)4+ withdrzemry (@) < deyeTr, (b) implies a 2 b, where Try is the unnormalized trace
on My (C) and dp @ty (@) = limy 00 T8 @ Try (a 1/”). Using [Nawata 2013, Lemma 5.7], essentially the
same proofs as [Matui and Sato 2012, Theorem 1.1; 2014a, Lemma 3.2] show the following proposition.
See also the proof of [Nawata 2021, Lemma 3.6].

Proposition 2.6. Let B be a monotracial C*-algebra, and let A be a simple separable non-type-I
nuclear monotracial C*-subalgebra of B®. Assume that tp is faithful, Tg 4|4 is a state and B has strict
comparison. Then B has property (SI) relative to A; that is, for any positive contractions a and b in
B® N A’ satisfying
B.w(@ =0 and inf 1p,(b™) >0,
meN

there exists an element s in B® N A’ such that s*s = a and bs = s.

By Proposition 2.1, ¢ induces a surjective homomorphism from F (A4, B) to M N o(A)". We denote
it by the same symbol g for simplicity. Using Propositions 2.5 and 2.6, essentially the same proofs as
[Matui and Sato 2014a, Proposition 3.3; 2014b, Proposition 4.8] show the following proposition. See
also the proof of [Nawata 2021, Proposition 3.8].

Proposition 2.7. Let B be a monotracial C*-algebra, and let A be a simple separable non-type-I
nuclear monotracial C*-subalgebra of B®. Assume that tp is faithful, Tp 4|4 is a state and B has strict
comparison. Then F (A, B) is monotracial and has strict comparison. Furthermore, if a and b are positive
elements in F (A, B) satisfying d., , (a) < dyy , (b), then there exists an element r in F (A, B) such that
r*br =a.

3. Property W

In this section we shall introduce the property W, which is a key property in Section 4.

Definition 3.1. Let D be a simple separable nuclear monotracial C*-algebra. We say that D has property W
if F(D) satisfies the following properties:

(i) For any 6 € [0, 1], there exists a projection p in F(D) such that tp (p) = 0.

(i) If p and g are projections in F'(D) such that 0 < tp 4 (p) = Tp,»(q), then p is Murray—von Neumann
equivalent to g.

By arguments in [Nawata 2019; 2021], we see that if D is a simple separable nuclear monotracial
Moo-stable C*-algebra which is KK-equivalent to {0}, then D has property W. We shall give a sketch of
a proof for reader’s convenience and show a slight generalization (or a relative version).

In this section, we assume that D is a simple separable nuclear monotracial Mco-stable C*-algebra
which is KK -equivalent to {0} and B is a simple monotracial C*-algebra with strict comparison and
B € GL(B™). Let ® be a homomorphism from D to B® such that tp = 75,4 o ®. By the Choi—
Effros lifting theorem, there exists a sequence {®, },en of contractive c.p. maps from D to B such that
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®(x) = (Pn(x))n for any x € D. Since we assume 7p = 78,4 © P, we have 75 ,|a(p) is a state. Hence
7B, 18 the unique tracial state on F'(®(D), B) by Proposition 2.7. The following proposition is analogous
to [Nawata 2019, Proposition 4.2; 2021, Proposition 2.6].

Proposition 3.2. (i) For any N € N, there exists a unital homomorphism from M,n (C) to F(®(D), B).
(ii) For any 0 € [0, 1], there exists a projection p in F(®(D), B) such that tg (p) = 0.

(iii) Let h be a positive element in F(®(D), B) such that dv, ,,(h) > 0. For any 0 € [0,d, , (h)), there
exists a nonzero projection p in hF(®(D), B)h such that Tt ,,(p) = 6.

Proof. (i) Since D is isomorphic to D ® Mo =D Q@ ),y Mo~ (C), an argument similar to that in the
proof of Proposition 4.2 in [Nawata 2019], henceforth abbreviated [N19], shows that there exists a family
{(eijm)m }1-21};1 of contractions in D% N D’ such that

2N
(Z eM,mx) =x and  (€ijmeki,mX)m = (8jkeil,mX)m
=1 m
forany 1 <i, j,k,! <2 and x € D. Note that we have

lim |[([Pn(eijm), Pn(x)Dnll =0,  lim ‘ =0
m—w m—w

2N
(Z Dy (epe,m)Pn(x) — Py (x))
=1 A

and
Jim | ((Pn(eijm) Pn(erim) — 8k Pnleirm))Pn(x))nl =0

forany 1 <i,j, k,[ < 2N and x € D. Hence, for any finite subset ' C D and ¢ > 0, there exists a family
of {(®, (eij,(F,s)))n},-zl;-/:l of contractions in B® such that
. oW

D Buler,(p.e) Pulx) — Pu(x)| <&
=1

lim [[[®n(eij (re) Pu (Ol <&, lim
n—-w n—-w

and
Jim [(@n (i), (F,e) Prnleki,(F,e) — Sk Puleir,(F.e))) Pn(X)]| <&

forany 1 <i,j,k,l1 <2V and x € F. Let {F,,; }men be an increasing sequence of finite subsets in D
such that D = UmeN F,,. We can find a sequence { Xy, }men of elements in w such that X, 11 C Xy,
(\men Xm = @, and, for any n € X,

2N

D PuCrt (Fp1/m) Pn(x) — Pp(x)
=1

1
< —
m

1
I[P (e, (Fpp,1/m))s Pu ()]l < et

and
1
[ (Pr (i), (F,1/m)) Pr(€ki (Fp,1/m)) — 8k Prl€it,(Fy,1/m))) Pu(X) ]| < P

forany 1 <i, j,k,1 <2V and x € F,,,. Forany 1 <i, j <2V, put

. ._{0 itn ¢ Xy,
P Pleij (Fymy) i1 € Xin \ Xmy1 (m eN).
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Then we have (E;j »)n € B® N ®(D),

2N

Y [(Ece)nl =1 and  [(Eijm)n)[(Ext,n)n] = 8k[(Eiz,n)n]
=1

in F(®(D),B) forany 1 <i, j,k,I <2N. Therefore there exists a unital homomorphism from M, (C)
to F(®(D), B).

(ii) Since D is isomorphic to D ® Mz =D ® &), cny M2co, an argument similar to that in the proof
of [N19, Proposition 4.2] shows that there exists a positive contraction (py,)m, in D N D such that
((p,%,l — Pm)X)m = 0 for any x € D and ©p o, ((pm)m) = 0. By an argument similar to that above, we
obtain a projection p in F'(®(D), B) such that tp ,(p) = 0.

(iii) Using Proposition 2.7 instead of [N19, Proposition 4.1], we obtain the conclusion by the same
argument as in the proof of [N19, Proposition 4.2]. |

The proposition above and the same arguments as in [N19, Section 4] show the following corollary.

Corollary 3.3 ((cf. [N19, Proposition 4.8])). Let p and q be projections in F(®(D), B) such that
B,0(p) < 1. Then p and q are Murray—von Neumann equivalent if and only if p and q are unitarily
equivalent.

Since we assume B € GL(B™), we obtain the following proposition by the same argument as in the
proof of [N19, Proposition 4.9].

Proposition 3.4. Let u be a unitary element in F(®(D), B). Then there exists a unitary element w in
(B™)® N ®(D) such that u = [w].

There exists a homomorphism p from F(®(D), B) ® D to B® such that
p([(xn)n] ® @) = (xnPn(a))n
for any [(xp,),] € F(®(D), B) and a € D. For a projection p in F(®(D), B), put

By == p(p®s)B®p(p ®Ss),

where s is a strictly positive element in D. Define a homomorphism o, from D to By’ by op(a) := p(p®a)
for any a € D. Since B has strict comparison, we see that if p is a projection in F(®(D), B) such that
78,0 (p) >0, then o), is (L, N )-full for some maps L and N by [N19, Lemma 3.5 and Proposition 3.7]. (We
refer the reader to [N19, Section 3] for details of the (L, N)-fullness.) Therefore [N19, Proposition 3.3]
implies the following theorem. We may regard this theorem as a variant of Elliott, Gong, Lin and
Niu’s stable uniqueness theorem [Elliott et al. 2020a, Corollary 3.15]; see also [Elliott and Niu 2016,
Corollary 8.16]. Note that [N19, Proposition 3.3] is also based on the results in [Elliott and Kucerovsky
2001; Gabe 2016; Dadarlat and Eilers 2001; 2002].

Theorem 3.5. Let Q be a compact metrizable space. For any finite subsets F1 C C(2), F, C D and
e > 0, there exist finite subsets Gy C C(2), Go C D, m € N and § > 0 such that the following holds. Let
p be a projection in F(®(D), B) such that tg 4 (p) > 0. For any contractive (G1 © G2, §)-multiplicative
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maps 1, VY2 : C(Q) D — B2, there exist a unitary element u in Mmz+1(BI‘,")N and z1,23,...,2Zm € Q

such that
m

u(1(f@b) &P fEp(p@b) @& EP fz)p(p @ b)u*
k=1 k=1

m

<é

—a(f@b) &P fEp(p@b) & & P f(zi)p(p @ b)
k=1 k=1

forany f € F1and b € F,.

Using Proposition 2.7, Proposition 3.2 and Corollary 3.3 instead of Propositions 4.1, 4.2, and 4.8
of [N19], the same proof as [N19, Lemma 5.1] shows the following lemma.

Lemma 3.6. Let Q2 be a compact metrizable space, and let F be a finite subset of C(2) and & > 0. Suppose
that Y1 and Vrp are unital homomorphisms from C(82) to F(®(D), B) such that tg 4 oY1 = 1B, © V2.
Then there exist a projection p € F(®(D), B), (F, e)-multiplicative unital c.p. maps Y| and V) from
C(R2) to pF(®(D), B)p, a unital homomorphism o from C(Q2) to (1 — p)F(®(D), B)(1 — p) with
finite-dimensional range and a unitary element u € F(®(D), B) such that
0<tgow(p)<e Y1) =Wi()+o(Nl<e Iv2(f) —u@y(f) +o(/Hu] <e

forany f € F.

The following lemma is essentially the same as [N19, Theorem 5.2] and [Nawata 2021, Theorem 5.2].

Lemma 3.7. Let Q2 be a compact metrizable space, and let Fy be a finite subset of C(Q2) and F> a
finite subset of D, and let € > 0. Then there exist mutually orthogonal positive elements hy,hs, ..., hy in
C(2) of norm 1 such that the following holds. If V1 and vy are unital homomorphisms from C(R2) to
F(®(D), B) such that

BoW1(hi))>0, 1=Vi<l,  and 71BeoVY1=71Bw°V2,
then there exists a unitary element u in (B®)™ such that
lup( () ® @y — p(Ya( ) @ a) <
forany f € F1,a € F,.

Proof. Take positive elements i1, h5,...,h; in C(£2) in the same way as in the proof of [N19, Theorem 5.2].
Let 1 and v, be unital homomorphisms from C(£2) to F(®(D), B) such that tp ¢ (1 (h;)) > 0 for any
1 <i <!l and 1B oY1 = 1B, o Y. Define homomorphisms W; and ¥, from C(2) ® D to B by

Uy :=po (Y1 ®idp) and W, :=po (Y ®idp).

Note that there exists v > 0 such that tp ,,(¥1(h;)) > v for any 1 <i < [. Using Proposition 3.4,
Theorem 3.5 and Lemma 3.6 instead of Corollaries 4.10, 3.8 and Lemma 5.1 in [N19], the same argument
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as in the proof of [N19, Theorem 5.2] shows that there exists a unitary element u in (B®)™ such that
[uWi (f @ a)u™ = Vo (f @a)|l <e
for any f € F1, a € F,. Therefore we obtain the conclusion. O

The following theorem is a generalization of [N19, Theorem 5.3]. See also [N19, Theorem 5.3].

Theorem 3.8. Let N1 and N, be normal elements in F(®(D), B) such that Sp(N1) = Sp(N3) and
8.0 (f(N1)) >0 forany f € C(Sp(N1))+ \{0}. Then there exists a unitary element u in F(®(D), B)
such that uN1u™* = N if and only if 1B ¢, (f (N1)) = 18,0 (f(N2)) for any f € C(Sp(Ny)).

Proof. It is enough to show the “if” part because the “only if” part is obvious. Let Q2 := Sp(N1) = Sp(N2),
and define unital homomorphisms ¥; and ¥ from C(2) to F(®(D),B) by ¥1(f) := f(N1) and
Y2 (f) := f(Np) for any f € C(2). By the Choi—Effros lifting theorem, there exist sequences of

unital c.p. maps {Y1,,}nen and {Y2 »}nen from C(R2) to B~ such that ¥1(f) = [(Y1,,(f))s] and
Vo(f) = [(Y2,0n(f))n] for any f € C(2). Let F1 := {1,t} C C(£2), where ¢ is the identity function
on 2, that is, ((z) = z for any z € 2, and let { > ;» }men be an increasing sequence of finite subsets
in D such that D = | J,,, e F2,m. For any m € N, applying Lemma 3.7 to Fy, F ,, and 1/m, we obtain
mutually orthogonal positive elements /11, h2.m, ..., higm),m in C(£2) of norm 1. Since we have

B0 (W1(him)) >0, 1=<Vi<I(m), and 1B uOoY1 =TBwOY2

by the assumption, Lemma 3.7 implies that there exists a unitary element (U, »), in (B®)™ such that

[t )01 (1) ® )5, 00 = PV () R )| < -

for any f € Fi, a € F» . By the definition of p, we have

T ([t V1,0 () @ty = V2 ())Pa(@)] < -

forany f € F1, a € F» p. Therefore we inductively obtain a decreasing sequence { X, }men of elements
in o such that (), ey Xm = &, and, for any n € X,

1
||um,nW1,n(f)q)n(a)u;kn,n — Y2, (f)Pn(a)] < m
forany f € F1, a € Fp . Set

1 ifn ¢ X,

Uy .=
" Umn ifn€Xp\Xmy1 (meN).

Then we have
lim [ju, ®, (a)“; —®,(a)| =0, lim |[up¥1,,(0) Dy (a)”;’; —Y2n()®Pp(a)|| =0
n—-w n—-w

for any a € D. Therefore, (un), € (B™)® N ®(D) and [(un)n]N1[(un)n]* = N2 in F(®(D), B). Since
[(Un)n] is a unitary element in F(P(D), B), we obtain the conclusion. O

The following corollary is an immediate consequence of the theorem above.
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Corollary 3.9 (cf. [Nawata 2021, Corollary 5.4]). Let p and q be projections in F(®(D), B) such that
0 < 1Bw(p) < 1. Then p and q are unitarily equivalent if and only if T ,,(p) = TB,w(q).

The corollary above and the same argument as in the proof of [Nawata 2021, Corollary 5.5] show the
following theorem.

Theorem 3.10. Let p and q be projections in F(®(D), B) such that 0 < 1 4 (p) < 1. Then p and q are
Murray—von Neumann equivalent if and only if tg ., (p) = ©B,0(q).

By Proposition 3.2 and applying the theorem above to B = D and ® = idp, we obtain the following
corollary.

Corollary 3.11. Let D be a simple separable nuclear monotracial Mpes-stable C*-algebra which is
KK -equivalent to {0}. Then D has property W.

4. Uniqueness theorem

In this section we shall show that if D has property W, then every trace-preserving endomorphism
of D is approximately inner. Furthermore, we shall consider a uniqueness theorem for approximate
homomorphisms from a simple separable nuclear monotracial M,oc-stable C*-algebra D which is KK -
equivalent to {0} for an existence theorem in Section 5.

Let D be a simple separable nuclear monotracial C*-algebra, and let ¢ be a trace-preserving endomor-
phism of D. Define a homomorphism ® from D to M»(D) by

_fa O
Pla):= (0 w(a))

for any a € D. Since g is trace-preserving, we see that 7a7,(p),|®(p) is a state. Hence 17, (D), is @
tracial state on F(®(D), M»(D)). (See Proposition 2.1.) Define homomorphisms ¢1; and ¢, from F (D)
to F(®(D), M2(D)) by

1 ([Con)a)) o= [((x(;’ 3)” and -t ({(n)al) = [((8 go(?cn>))n]

for any [(x,)n] in F(D). It is easy to see that (17 and 55 are well-defined. Put p :=1t11(1) and g :=t22(1).
Note that p and ¢ are projections in F(®(D), M»(D)) and if {h,, }»en 1S an approximate unit for D, then

= [(5 )] = o= (G o))

It can be easily checked that ¢1; is an isomorphism from F (D) onto pF(®(D), M>(D))p.

Lemma 4.1. Let D be a simple separable nuclear monotracial C*-algebra with property W. Then D is
Mjeo-stable, and hence D is Z-stable.

Proof. Since D has property W, there exists a projection p in F'(D) such that 7p ,,(p) = % Moreover, p
is Murray—von Neumann equivalent to 1 — p. Hence there exists a unital homomorphism from M (C)
to F(D). By Corollary 1.13 and Proposition 4.11 in [Kirchberg 2006] (see [Blackadar et al. 1992,
Proposition 2.12] for the pioneering work), D is Mpc-stable. O
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The lemma above implies that if D has property W, then D has strict comparison and D € GL(D™) by
[Rgrdam 2004a; Robert 2016]. Furthermore, F(®(D), M (D)) is monotracial and has strict comparison
by Proposition 2.7. The following lemma is related to [Nawata 2021, Lemma 6.2].

Lemma 4.2. With notation as above, if D has property W, then p is Murray—von Neumann equivalent
to q in F(®(D), My(D)).
Proof. For any m € N, there exists a projection ¢, in F(D) such that tp 4, (¢m) = 1 —1/m because D
has property W. Proposition 2.7 implies that there exists a contraction ry, in F(®(D), M»(D)) such
that r, prm = 122(qm). By a diagonal argument, we see that there exist a projection ¢’ in F(D) and a
contraction r in F(®(D), Ma(D)) suchthat tp ,(¢') =1and r* pr =122(q’). Note that 122 (¢") is Murray—
von Neumann equivalent to prr* p. There exists a projection p’ in F(D) such that t1;(p’) = prr*p
and tp 4 (p’) = 1 because (13 is an isomorphism from F(D) onto pF(®(D), Ma(D))p. Since D has
property W, there exist vy and v, in F(D) such that vivy =1, viv] = p/, vjvp =1 and 205 =4
Therefore we have

p=w (D) ~u1(p) = prr*p~r*pr=12(q") ~122(1) =¢. O

The following theorem is one of the main theorems in this section.

Theorem 4.3. Let D be a simple separable nuclear monotracial C*-algebra with property W, and let ¢
be a trace-preserving endomorphism of D. Then ¢ is approximately inner.

Proof. By Lemma 4.2, there exists a contraction V in F(®(D), M»(D)) such that

e =[(Ceo)] e v =[(6 o))

where {h, }»en is an approximate unit for D. It can be easily checked that there exists an element (vy),

in D® such that 0 0
V= ,
(o))

(nX)n = (@(X)Vn)n, (U;:Unx)n =x and (an:¢(x))n = @(x)

and we have

for any x € D. Since (v, X)n = (¢(x)Vn)n and (@(x)v,v), = @(x), we have (V,xV;y), = @(x) for any
x € D. Because of D € GL(D™), we may assume that v, is an invertible element in D~ for any n € N.
(See the proof of Proposition 2.4.) For any n € N, let u,, := v, (v, v,,)_l/z. Then u, is a unitary element

in D™. Since (v, vy X), = X, we have (U, x), = (vn(v;l"v,,)_l/zx)n = (vpX)y for any x € D. Therefore

p(x) = (Unxv:;)n = (unXU;)n = (Un(VnX™)")n = (Up (Upx™)*)p = (unxu;,k)n
for any x € D. Consequently, ¢ is approximately inner. O
Let D be a simple separable nuclear monotracial Mpeo-stable C*-algebra which is KK -equivalent to {0}.
In the rest of this section, we shall consider a uniqueness theorem for approximate homomorphisms

from D to certain C*-algebras. Let B be a simple monotracial C*-algebra with strict comparison,
B CGL(B™) and M,(B) C GL(M>(B)™), and let ¢ and ¥ be homomorphisms from D to B® such that
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Tp = TB,» © ¢ = TR, © . By the Choi-Effros lifting theorem, there exist sequences of contractive c.p.
maps ¢, and ¥, from D to B such that ¢(a) = (¢n(a))n and ¥ (a) = (¥n(a)), for any a € D. Define a
homomorphism ® from D to M,(B)® by

[ %n (a) 0
Pa):= (( 0 wnw))),,

for any a € D. Since p = 1B, © ¢ = 1B, © ¥, We KNOW Tpz,(B),0|®(p) 1S a state. Hence 1z, (B), e 15
a tracial state on F (P (D), M»(B)) as above. Since D is separable, there exist elements (s, ), and (¢,)x
in B® such that [(s,),] =11in F(¢(D), B) and [(t,)»] =1 in F (¥ (D), B) by arguments in Section 2B. Put

r=[((5 o)) e o= [(( )]

in F(®(D), M>(B)). It is easy to see that p and g are projections in F(®(D), M>(B)) such that
™™y (B),0(P) = T™™My(B),0 (@) = % Theorem 3.10 implies that p is Murray—von Neumann equivalent to g.
Therefore we obtain the following theorem by an argument similar to that in the proof of Theorem 4.3.

Theorem 4.4. Let D be a simple separable nuclear monotracial Myeo-stable C*-algebra which is
KK -equivalent to {0} and B a simple monotracial C*-algebra with strict comparison, B C GL(B~) and
M>(B) CGL(M2(B)™). If ¢ and  are homomorphisms from D to B® such that tp =tp 409 = 1B 40V,
then there exists a unitary element u in (B™~)® such that (a) = uy (a)u™ for any a € D.

The following corollary is an immediate consequence of the theorem above.

Corollary 4.5. Let D be a simple separable nuclear monotracial Mpe-stable C*-algebra which is
KK -equivalent to {0} and B a simple monotracial C*-algebra with strict comparison, B C GL(B™)
and M»(B) € GL(M»(B)™). If ¢ and ¥ are trace-preserving homomorphisms from D to B, then ¢ is
approximately unitarily equivalent to .

Remark 4.6. If B is a simple separable exact monotracial Z-stable C*-algebra, then B has strict
comparison, B € GL(B™) and M»(B) C GL(M»(B)™) by [Rgrdam 2004a; Robert 2016].

The following corollary is also an immediate consequence of Theorem 4.4.

Corollary 4.7. Let D be a simple separable nuclear monotracial Mpe-stable C*-algebra which is
KK -equivalent to {0} and B a simple monotracial C*-algebra with strict comparison, B C GL(B"~) and
M>(B) € GL(M»(B)™). For any finite subset F C D and € > 0, there exist a finite subset G C D and
8 > 0 such that the following holds. If ¢ and ¥ are (G, §)-multiplicative maps from D to B such that

[z (¢(a)) —tp(a)| <8 and |tp(¥(a)) —tp(a)| <6

for any a € G, then there exists a unitary element u in B~ such that

lp(@) —uy(a)u™| <e
foranya € F.
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5. Existence theorem

In this section, we assume that D is a simple separable nuclear monotracial M;oo-stable C*-algebra which
is KK-equivalent to {0} and B is a simple separable exact monotracial Z-stable C*-algebra. We shall
show that there exists a trace-preserving homomorphism from D to B. Many arguments in this section are
motivated by Schafthauser’s proof [2020a] (see also [Schafhauser 2020b]) of the Tikuisis—White—Winter
theorem [Tikuisis et al. 2017].

The following lemma is related to [Kirchberg and Phillips 2000, Lemma 2.2].

Lemma 5.1. Let D be a simple separable nuclear monotracial Mpo-stable C*-algebra which is
KK -equivalent to {0} and B a simple separable exact monotracial Z-stable C*-algebra. If there
exists a homomorphism ¢ from D to B® such that T, © ¢ = Tp, then there exists a trace-preserving
homomorphism from D to B.

Proof. By the Choi-Effros lifting theorem, there exists a sequence {¢y }nen Of contractive c.p. maps
from D to B such that ¢(a) = (¢n(a)), for any a € D. Let { F;;, }men be an increasing sequence of finite
subsets in D such that D = | J,,, ¢y Fm. For any m € N, applying Corollary 4.7 to F,, and 1/2™, we obtain
a finite subset G, of D and §,, > 0. We may assume that G, C Gy+1, 6m > Sm+1 for any m € N and
limy; 00 8, = 0. Since we have

lim {|gn(ab) — gn(a)pn(b)|| =0 and  lim |tp(¢n(a)) —p(a)] =0
n—-w n—-w
for any a, b € D, there exists a subsequence {¢, () fmeN Of {@n jnen such that

0nm) (@D) = Pr(m) (@) Py )| < 8w and |t (@ m)(a)) — tp(a)| < O

for any a, b € G,. Corollary 4.7 implies that for any m € N, there exists a unitary element u,, in B~
such that

1
19 m) (@) = tmPnm-+1) (@i | < 555

for any a € F;,. Therefore it can easily be checked that the limit
mlglloouluz U1 @ (m) (@)U g -+ UZUT

exists for any a € D. Define ¥ (a) := limpy— o0 U1U2 *** Um—1@n(m) (@)1, _; ---u3u] for any a € D.
Then v is a trace-preserving homomorphism from D to B. O

By the lemma above, it is enough to show that there exists a homomorphism ¢ from D to B® such that
TB,» © ¢ = Tp. Borrowing Schafhauser’s idea [2020a], we shall show this. By arguments in Section 2D,
there exists the extension

n:0— J — B® 25 M — 0,
where M is a von Neumann algebraic ultrapower of 7., (B)” and

J =kero = {(xn)n € B” | %B,w((x;:xn)n) = 0}.
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Note that J is known as the trace kernel ideal. Also, M is a II;-factor because B is infinite-dimensional
(which is implied by Z-stability) and monotracial. Since D is monotracial and nuclear, 7., (D)” is
the injective II;-factor. Hence there exists a unital homomorphism from 7., (D)” to M (see, for ex-
ample, [Takesaki 2003, Chapter XIV, Proposition 2.15]). In particular, there exists a trace-preserving
homomorphism IT from D to M. Consider the pullback extension

Q

M*n: 0—s J E D—0
| la n
n: 0 J—B° %M 0

where E = {(a,x) e D® B® | I1(a) = 0o(x)}, 6((a,x)) =a and ﬁ((a, x)) = x for any (a,x) € E. If we
could show that TT*n is a split extension with a cross section y, then flo y is a homomorphism from D
to B® such that tg 4 © Mo y = Tp. But we were unable to show this, immediately. Note that we need to
consider a separable extension in order to use KK -theory and some results in [Elliott and Kucerovsky
2001; Gabe 2016]. We shall construct a suitable separable extension 79 by Blackadar’s technique [2006,
Section I1.8.5].

We shall recall some definitions and some results in [Elliott and Kucerovsky 2001; Gabe 2016]. An
extension 0 — I — C — A — 0 is said to be purely large if, for any x € C \ I, xIx* contains a
stable C*-subalgebra which is full in 7. Note that x/x* = xx*Ixx* = I N xCx*. By [Gabe 2016,
Theorem 2.1] (see also [Elliott and Kucerovsky 2001, Corollary 16]), if A is nonunital and [ is stable,
then a separable extension 0 — I — C — A — 0 is nuclear-absorbing if and only if it is purely large.

Lemma 5.2. With notation as above, suppose that there exist separable C*-subalgebras Jo C J, Bo C B®
and Mo C M such that Jy is stable,

r]O:O—>J0—>BOQ|ﬁ>MO—>O

is a purely large extension and T1(D) C My. Then there exists a homomorphism ¢ from D to B® such
that Tg 4 0@ = Tp.

Proof. Consider the pullback extension

IM*ne: 0 Jo Eo ¢ D 0

| |, In

no: 0 Jo — Bo -2 My — 0

where Eg ={(a,x) e D® By | 1(a) = 0(x)}, 0((a, x)) = a and ﬁ((a, x)) = x for any (a, x) € Eq. Since
no is purely large, it can be easily checked that IT*ng is purely large. Hence IT*7q is nuclear-absorbing
by [Gabe 2016, Theorem 2.1]. Because D is KK-equivalent to {0} and nuclear, we have Ext(D, Jo) = {0},
and hence [IT1*7n9] = 0 in Ext(D, Jy). Therefore there exists a (nuclear) split extension 1’ such that
IT*no @ 7’ is a split extension. Since I1*7g is nuclear-absorbing, IT*ng is strongly unitarily equivalent to
IT*no @ 7', and hence I1*ny is a split extension. Let yq be a cross section of TT1*7g, and define ¢ := Mo 0.
Then ¢ is the desired homomorphism. O
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A key result in the proof of the pure largeness is the following characterization of stable C*-algebras.

Theorem 5.3 [Hjelmborg and Rgrdam 1998; Rgrdam 2004b, Theorem 2.2]. Let A be a o-unital
C*-algebra. Then A is stable if and only if, for any a € A4 and € > 0, there exist positive elements a’
and ¢ in A such that |la—a'|| <&, a’ ~c and ||lac|| < e.

Before we construct a separable extension 79, we shall consider properties of 7.
Proposition 5.4. With notation as above, let b be a positive element in B® \ J.
(i) For any positive element a in bJ b, there exists a positive element ¢ in bJ b such that a ~ ¢ and ac = 0.

(ii) For any positive element a in J and e > 0, there exist a positive element d in bJ b and an element
rin J such that |r*dr —a| < e.

(iii) For any element x in B® and ¢ > 0, there exists an element y in GL((B®)™) such that ||x — y|| < e.

For the proof of the proposition above, we need some lemmas. For a positive element a € A and ¢ > 0,
we denote by (a — &)+ the element f(a) in A, where f(¢) = max{0,¢ —¢}, ¢t € Sp(a). The same proof
as in [Rgrdam 1992, Proposition 2.4] shows the following lemma. See also [Pedersen 1987, Corollary 8].

Lemma 5.5. Let A be a C*-algebra with A C GL(A™), and let a and b be positive elements in A. Then
a is Cuntz smaller than b if and only if, for any ¢ > 0, there exists a unitary element u in A~ such that
u(a —e)yu* € bAb.

The following lemma can be regarded as an application of the construction of Z.
Lemma 5.6. Let A be a monotracial Z-stable C*-algebra. For any 0 € (0, %) there exist positive
elements d and d’ in A such thatdd' =0 and d.,((d —¢&)+) =d,((d'—¢)+) = (1—¢)0 forany0<e<1.

Proof. Let u be the Lebesgue measure on [0, 1], and define a tracial state 79 on C([0, 1]) by to(f) :=
f[o 1] fdu forany f € C([0,1]). By [Rgrdam 2004a, Theorem 2.1(i)], there exists a unital homomor-
phism ¢ from C([0, 1]) to Z such that 79 = tz o . Define f and g in C([0, 1]) by

0 if 1 € [0, 6],

2 : 6
=t 1fte[0 —]
9 20 2 . 360
Zt—2 fre(6, =],
f(t):= —%t+2 ifte(%,@], and g(1):=1°?, 1 (302]
. —gl‘+4 1fte(7,29],
0 ift € (0,1] )
0 ift € (20, 1].
Note that for any 0 < ¢ < 1, we have
. 0
(; 1ft€[0:9%9],
Zt—¢ ifr e (4, %]
—¢ 1) = [ 2°20
(f=8)+() —2142—¢ ifte(g,e—e%],
0 1ft€(9—87,1],
0 ifr €[0,0+¢],
2 2-¢  ifre(0+%.%,
(g—8)+() = 2 4 i 36 20 g
—gt+4—e ifte(3.20- 5],
0 ifre(20-%,1]
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Hence dr,((f —¢&)+) = dg,((g —€)+) = (1 —&)6. Let s be a strictly positive element in A, and put

d:=5sy(f) and d :=5®y¥(g)
in A® Z = A. Then d and d’ are desired positive elements in A. O

Lemma 5.7. Let A be a simple separable exact monotracial Z-stable C*-algebra, and let b be a (nonzero)
positive element in A. For any 0 € (0,d,(b)/2), there exist positive elements e and e’ in bAb such that
ee’ =0and dy,(e) = d,(e') > 0.

Proof. By Lemma 5.6, there exist contractions d and d’ in A such that dd’ = 0 and 6 < d.,(d) =
de,(d") < dr,(b)/2. Furthermore, we may assume that there exists ¢ > 0 such that dr,((d —¢)4) =
de,((d"—€)4+) > 0. Since A has strict comparison and d,(d + d') = d.,(d) + d.,(d") < dr,(b),
Lemma 5.5 implies that there exists a unitary element v in A~ such that u(d +d’ — &) u* € bAb. Note
that (d +d' —¢&)+ = (d — &)+ + (d’ — &)+ because of dd’ = 0. Put

e:=u(d—¢e)su* and e :=u(d —e) u*.

Then e and ¢’ are desired positive elements. O

Proof of Proposition 5.4. (i) We may assume ||a|| =1 and ||b|| =1. Since b ¢ J, we have 7 ,,(b) > 0. Take
arepresentative (by), of b such that ||b, || =1 for any n € N, and choose g9 > 0 such that g (,(b) —go > 0.
Since we have

i dey (bp) > lim 7p(bn) = 78,6 (b),
there exists an element X; € w such that, for any n € X1,

deg (bn) > 18,0 (D) — 0.

By an argument similar to that in the proof of [Sato 2010, Lemma 3.2], we see that there exists a
representative (a,), of a such that a, € b, Bb, and ||a, | = 1 for any n € N and lim,—¢, dz, (an) = 0
because of a € (by)nJ(bn)n. Hence there exists an element X, € w such that for any n € X»,

TB,w (b ) — &0

—

Note that we have dr, (an) < d¢y(bn)/2 for any n € X; N X,. Hence Lemma 5.7 implies that for any

deg(an) <

n € X1 N X, there exist positive elements e, and ey, in bnTbn such that e,e, = 0 and dr,(en) =
dep(en) > dry(an). Since m has strict comparison and m - GL(mﬁ) by [Rgrdam 2004a;
Robert 2016], Lemma 5.5 shows that for any n € X1 N X5, there exist unitary elements u, and v, in
mN such that

up(an —1/n)4u) €enBe, and v,(an—1/n)4v, € el Bel,.

Note that (a, — 1/n)4uyv,(ap —1/n)4 = 0 for any n € X1 N X,. Define z = (z,), and ¢ = (cp)n
in B® by
0 if n ¢ Xl N Xz,

Zp =
" qun(an—l/n)}ir/2 ifne X1NX,
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and
- 0 ifné¢ X1 NXsy,
upvp(an —1/n)yvpu, ifne X;NXs.
It is easy to see that z, ¢ € bB—“’b, z¥z=a, zz* =c and ac = 0. Since bJb is a closed ideal in bB®b
and a € bJ b, we know z and ¢ are elements in bJ b. Therefore we obtain the conclusion.

(ii) Note that B has strict comparison; see, for example, [Bosa et al. 2019, Lemma 1.23]. Since a € J
and b ¢ J, we have dq; , (a'/%) =0 and dyp ,(b) > 0. Hence there exists a sequence {sy }nen in B®

1/5

such that limy oo [|sybSN — a5 =0. Let dy := bsya syband ry = syal/5 for any N € N.

Then we have dy € bJb, ry € J for any N € N and

ryvdNTN = al/ss}'{,bsNal/Ssl*\,bsNal/S —>a

as N — oo. Therefore we obtain the conclusion.

(iii) Since B is a simple monotracial Z-stable C*-algebra, B € GL(B™) by [Rgrdam 2004a; Robert
2016]. Therefore we obtain the conclusion by Proposition 2.4. O

If B is unital, then the following lemma is a well-known consequence of Proposition 2.4 and Blackadar’s
technique [2006, Proposition 11.8.5.4].

Lemma 5.8. With notation as above, let S be a separable subset of B®. Then there exists a separable
C*-algebra A such that S C A C B® and A C GL(A™).

Proof. We shall show only the case where B is nonunital. Let A; be the C*-subalgebra of B® gen-
erated by S. Since A; is separable, there exists a countable dense subset {x; | k € N} of A;. By
Proposition 5.4(iii), for any k,m € N, there exist yg , € B® and Ay ,, € C\ {0} such that

1
Xk — Vkem + Akm LBy~ < p

and yg m + Akml(Beo)~ € GL((B®)™). Let A be the C*-subalgebra of B“ generated by A; and
{Vk,m | k,m € N}. Then we have A1 € GL(A3). Indeed, we have yg ,» + Ag,m a5 € GL(AY) for any
k,m € N because of Spy, (Vk,m) U0} = Sppe (yi,m) U{0} and Ay ,, # 0. Since A1 = {x; | k € N} and

Xk = Viem + Akem L4 = 11ay Xk — 1ay Vkem + Aem L (B2)~) |
1
= 1% = Okeom + Aem Loyl < -

for any k,m € N, we have A7 € GL(A%). Repeating this process, we obtain a sequence {A,}nen
of separable C*-subalgebras of B® such that 4, C A,+1 and A, C (W;_H) for any n € N. Put
A:=Jp~, An. Since A, C GL(4;, 1) CGL(A™) for any n € N by Proposition 2.2, we have A C GL(A™).
Therefore A is the desired separable C*-algebra. O

The following lemma is also based on Blackadar’s technique.

Lemma 5.9. With notation as above, let {by, | k € N} be a countable subset of B® \ J and S a separable
subset of B®. Then there exists a separable C*-algebra A such that {by | k e N}US C A C B® and
br(ANJ)by is full in AN J for any k € N.
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Proof. Let A1 be the C*-subalgebra of B® generated by {b | k € N} and S. Since A1 is separable, there
exists a countable dense subset {a; | [ € N} of (41 N J)4. By Proposition 5.4(ii), for any k,[/,m € N,
there exist di j , € bx J b+ and ry ; ,, € J such that

1
17z s m et mT e tm = arll < .

Let A> be the C*-subalgebra of B® generated by Ay and {dg ;m.7k.1m | k,I,m € N}. Then we have
A1NJ C (A NJ)bi(Ax N J)bi (A2 N J) for any k € N because A; N J is generated by {a; | [ € N}.
Repeating this process, we obtain a sequence {4, },en of separable C*-subalgebras of B® such that
Ap CApg1and Ay NJ S (Apt1 NI )bg (Aps1 N )b (Ap1 N J) forany k,n eN. Put A:= 72 | Ay.
Since we have AN J = J;2, (A, N J), we see that A is the desired separable C*-algebra. O

By Lemmas 5.8 and 5.9, [Blackadar 2006, Proposition I1.8.5.3] implies the following lemma.

Lemma 5.10. With notation as above, let {by, | k € N} be a countable subset of B® \ J and S a separable
subset of B®. Then there exists a separable C*-algebra A such that {by | k e NJUS C A C B®,
A C GL(A™) and b, (AN J)by is fullin AN J forany k € N.

We shall construct the separable extension 79 of Lemma 5.2.

Since o is surjective and D is separable, there exists a separable subset Sy of B such that 0(So) =
I1(D). Applying Lemma 5.8 to So, we obtain a separable C*-algebra By such that So € By C B® and
B1 € GL(B{"). Since By is separable, there exist a countable subset {a1,, | m € N} of (B1 N J)4 and a
countable subset {b; i | k € N} of By such that

{arm |meNy=(B1NJ)+ and {bix |k eN}=Bi4.

Put Ty :={(k,1) eENxN|(by g—1/1)+ ¢ J }. Applying Proposition 5.4(i) to (b1 g—1/1)4-a1,m(by x—1/1)+
for any (k,l) € T1 and m € N, there exist a positive element ¢; 1 (x,7),» and an element z; 1 (x.1),, in
b1k —1/1)+J (b —1/1)+ such that

b1k =1/ Dyarmby e — 1/ D+cr1,,0),m =0,
2y mZrnenm = bre—=1/Dyarmbr e —1/D+,
211,k D)m 1 1 (ke dyom = €11 G ) m-

Let 2 := BrU{c1,1,(k,0),m> Z1,1,(k.,1),m | (k. 1) € T1,m € N}. Applying Lemma 5.10 to {(by x —1/1)+ |
(k,1) € T1} and S;, we obtain a separable C*-algebra B, such that

By U{cr1,k,),m Z1,1,k.0).m | (k.1) € Ty,m e N} € By C B?,

By CGL(BY) and (by g —1/1)+(BoNJ)(byx—1/1)4 is full in B, N J for any (k,[) € T1. In the
same way as above, there exist a countable subset {a ,, | m € N} of (B2 N J)4 and a countable subset
{h2 k | k € N} of By such that

{aam|meN}y=(B,NJ)y and {bz’k|k€N}=Bz+,
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and we put 75 := {(k,[) e NxN | (by x —1/1)+ ¢ J}. Applying Proposition 5.4(i) to (b; x —1/1)+a2,m
X (bjx—1/1)4 forany 1 <i <2, (k,l) € T; and m € N, there exist a positive element ¢; ; (x,1),» and
an element z5 ; (k.1),m in (b; x —1/1)+J(b;  — 1/1)+ such that
bige—1/D a2, m(bix—1/1)+¢2 k,1),m =0,
23 i (e 1ymZ2iteym = i =1/ Dvazm(bi g —1/ 1)+,

3
22,i,(k,1),;mZ2 i (k,1),m = €2,i,(k,0),m-

Let 83 := By U{cai(k,)ym-22,i,k,),m | 1 =1 <2,(k,l) € T;,m € N}. Applying Lemma 5.10 to
{(bix—1/1)+|1<i<2,(k,l)eT;}and S3, we obtain a separable C*-algebra B3 such that

By U {CZ,i,(k,l),maZZ,i,(k,l),m |[1<i<2,(k,l)eT;,meN}C B3 C B?,

B3 CGL(B3 ) and (bj x — 1/1)+ (B3N J)(bj x —1/1)+ isfullin B3NJ forany 1 <i <2and (k,l) € T;.
Repeating this process, for any n € N, we obtain

BnCB®, {anm|meNyC(BanJ)y. {bpslkeN}C By,
T, CNxN, {Cn,i,(k,l),m»Zn,i,(k,l),m |1<i<n,(k1])eT;,meN}

such that B, is separable,

By € But1, Bn CGL(BY), {anm|meN}j=(B,NJ)4,
{bnj [k €N} = Bug, Ty ={(k,]) eNXN|(bp—1/1)+ ¢ J},
Cri (ke l)ms Zniy(kdym € Big — 1/ D)4 (Bppa N I) (b — 1/ D)+,
bix =1/ D+vanmbig —1/D+cnie1ym =0,

Zy i kedymZniGeym = Bik =1/ D) panmbi g —1/1)+,

* — .
Zn,i,(k,D)mZy i (k,1),m = Cn,i,(k,l),m

and (bj x —1/1)+(Bp+1 N J)(bjx —1/1)4 is fullin B, NJ forany 1 <i <n and (k,/) € T;. Define

o0
BO;:UBH, Jo:=BoNJ and My :=0(By).

Then
n0:0— Jo —> By %> My —> 0

is a separable extension and I1(D) € My. Corollary 2.3 implies Bo € GL(B;") since we have B, C
GL(B,;") for any n € N. Furthermore, for any i € Nand (k,/) € T;, (b; x — 1/1)+ Jo(b;j x — 1/ 1)+ is full
in Jo by a similar argument as in the proof of Lemma 5.9. Note that, for any ng € N,

o0 o0
Joy = | tanm |meN} and Boy = ] {bui |k €N}

n=no n=no

We shall show that Jy is stable and 7g is purely large.
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Proof of the stability of Jo. Let a € Jo+ \ {0} and & > 0. Set

= mind s 7
g :=min{ ——, /=, &;.
2af” V2

Since By is separable, there exists an approximate unit {1, },en for Bg. Note that &, ¢ J for sufficiently
large n because of My # {0}. Hence there exists N € N such that Ay ¢ J and |hAyahy —a| < &'/2.
Since Bot+ = Upwe1{bn.k | k €N}, for any [ € N, there exist n(/) and k(/) in N such that

1
I1hN —buay eyl < 7

Note that (b, (1),k() —1/1)+ — hn as | — oo because we have

2
1N — Buay ey =1/ D+l S AN = bu@y k@)l + 1bn@) k@) — Bn@y k@) — 1/ D+l < T
Hence there exists lo € N such that (b, ,).kq) — 1/ lo)+ & J, thatis, (k(lo), lo) € T, () and

8/
la = (bn(o) ko) — 1/ 10)+a(bn(y) ko) — 1/ 10)+ 1l < 7

Since Jo+ = Uflo:n(lo){an,m | m € N}, there exist ng > n(lp) and mq € N such that
/
Ia = ano.moll < 211bn(tg) i) 1>
Put a’ := (bu(i),k (o) — 1/ 10)+ano.mo (bu(io) k(lo) — 1/ 10)+- Then
la—d'| <& <e.

By construction of Bg and Jy, there exist

Z = Zngn(lo).(k(o).lo).mos € = Cno,n(lo),(k(lo).lo).mo € Jo
such that a’c =0, z*z =a’ and zz* = ¢. Hence a’ ~ ¢ and
lacll = llac —a'c|| < lla —dllllcll = lla —a'[[lla"| < &'(lall + &) <e.
Therefore Jy is stable by Hjelmborg and Rgrdam’s characterization (Theorem 5.3). O

Proof of the pure largeness of ng. Let x € By \ Jo. Note that we have xx* ¢ J. Since Byt =
Une1{bn x | k € N}, for any I € N, there exist n(/) and k(/) in N such that

1
Ixx™ =buay k) | < 57-

By an argument similar to that in the proof of stability of Jo, there exists lo € N such that (b, ), k@19) —
1/1lo)+ ¢ J, thatis, (k(lo), lo) € Ty(,)- On the other hand, [Kirchberg and Rgrdam 2002, Lemma 2.2]
implies that (b, 1),k (10) — 1/2l0)+ is Cuntz smaller than xx*. Since we have By C (TBO”), there exists
a unitary element u in B such that

U(bn (o) ko) = 1/ 1) +u™ = u((bu(n) ko) — 1/2l0)+ — 1/2lo) 4 u™ € xx* Boxx* = xBox*
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by Lemma 5.5. Put

C :=u(bn(io) ko) = 1/10)+Jo (b (i) ko) — 1/ lo)+u™ S xJox*.

Then C is full in Jo because (by(1),ko) — 1/10)+J0(Dn(io),k(to) — 1/ 10)+ is full in Jo. We shall show
that C is stable. Let a € C4 \ {0} and ¢ > 0. Set

SR ETREE
gi=miny ——, /=, &;.
2|all” V2

By the definition of C and Jo4+ = Uf:n(lo){an,m | m € N}, there exist ng > n(ly) and mg € N such that

lla —u(bnie) ko) — 1/ 10)+ang,mo bniio) ko) — 1/ lo)+u™|| < & <e.

Puta’ = u(bn(lo),k(lo)_l/ l0)+ang,mq (bn(lo),k(lo)_1/10)+u* € C, then |la—d’| <&’ <&. By construction
of Bg and Jy, there exist elements

Zno,n(lo),(k(l0),lo).mo> €no,no),(k(lo),lo).mo

in (b (10),k(10) — 1/ 10)+Jo(buiy) k(1) — 1/ lo)+ such that

* / _ * k!
U a" U n(l), k(o) lo),mo = 0: Znomo),(kUo),lo),moZno.nlo),(klo),lo),mo = U A U

and
Zno,n(lo),(k(lo),lo),moz;:o,n o),k (o), lo),mo = Cno.nlo),(ko),lo),mo-

Put ¢ 1= UCpy n(lo), k(o). lo).mot " It is easy to see that ¢ € C, a’c = 0 and

* / / .
€ ~ Cng.n(lo).(k(lo).lo).mo ~ U @ ~a in Bo.

Since C is a hereditary C*-subalgebra of By and a’, ¢ € C, we see that a’ is Murray—von Neumann
equivalent to ¢ in C. Therefore, the same argument as in the proof of stability of Jo shows |lac|| < &, and
C is stable. Consequently, ng is a purely large extension. O

Therefore we obtain the following lemma.

Lemma 5.11. With notation as above, there exist separable C*-subalgebras Jo C J, Bg C B® and
My C M such that Jy is stable,
|

o :0 —> Jo —> Bo 22% My —> 0
is a purely large extension and I1(D) C M.
Consequently, we obtain the following theorem by Lemma 5.1, Lemma 5.2 and the lemma above.

Theorem 5.12. Let D be a simple separable nuclear monotracial Myeo-stable C*-algebra which is
KK -equivalent to {0} and B a simple separable exact monotracial Z-stable C*-algebra. Then there exists
a trace-preserving homomorphism from D to B.
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Remark 5.13. Actually, we need not assume that D is M,o-stable in the theorem above. Indeed, define
a homomorphism ¢ from D to D ® My by ¢p(a) = a ® 1. Then ¢ is a trace-preserving homomorphism
from D to D ® M,~. By the theorem above, there exists a trace-preserving homomorphism ¥ from
D ® My to B. Then i o ¢ is a trace-preserving homomorphism from D to B.

The following corollary is an immediate consequence of the theorem above.

Corollary 5.14. Let B a simple separable exact monotracial Z-stable C*-algebra. Then there exists a
trace-preserving homomorphism from W to B.

The injective II;-factor can embed unitally into every II;-factor. Hence the following question is
natural and interesting.

Question 5.15. (1) Let B be a simple monotracial infinite-dimensional C*-algebra. Does there exist a
trace-preserving homomorphism from W to B?

(2) Let B be a simple non-type-I C*-algebra. Does there exist a (nonzero) homomorphism from W to B?

Note that Dadarlat, Hirshberg, Toms and Winter [Dadarlat et al. 2009] showed that there exists a unital
simple separable nuclear infinite-dimensional C*-algebra B such that Z does not embed unitally into B.

6. Characterization of W

In this section we shall show that if D is a simple separable nuclear monotracial M, -stable C*-algebra
which is KK-equivalent to {0}, then D is isomorphic to W. Also, we shall characterize YV by using
properties of F(W).

Theorem 6.1. Let D be a simple separable nuclear monotracial Myeo-stable C*-algebra which is
KK-equivalent to {0}. Then D is isomorphic to W.

Proof. By Theorem 5.12 and Corollary 5.14, there exist trace-preserving homomorphisms ¢ and v
from D to W and from W and D, respectively. Since D and W have property W by Corollary 3.11,
Theorem 4.3 implies that { o ¢ and ¢ o Y are approximately inner. Therefore D is isomorphic to W by
Elliott’s approximate intertwining argument [Elliott 1993]; see also [Rgrdam 2002, Corollary 2.3.4]. O

The following corollary is an immediate consequence of the theorem above.

Corollary 6.2. (i) If A is a simple separable nuclear monotracial C*-algebra, then A @ W is isomorphic
to W. In particular, W @ W is isomorphic to W.

(ii) For any nonzero positive element h in W, hWh is isomorphic to W.

Following the definition in [Lin and Ng 2023], we say that a C*-algebra A is W-embeddable if there
exists an injective homomorphism from A4 to W.

Lemma 6.3. Let A be a monotracial WW-embeddable C*-algebra. Then there exists a trace-preserving
homomorphism from A to W.
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Proof. By the assumption, there exists an injective homomorphism ¢ from A to W. Let s be a strictly
positive element in A. (Note that A is separable because A is WW-embeddable.) Since ¢ is injective, ¢(s)
is a nonzero positive element. Corollary 6.2 implies that there exists an isomorphism ® from ¢(s)We(s)
onto Y. Note that ¢ can be regarded as a homomorphism from A to ¢(s)We(s). Define ¢ := ® o ¢.
Then v is a trace-preserving homomorphism from A4 to W. O

The following theorem is a characterization of W.

Theorem 6.4. Let D be a simple separable nuclear monotracial C*-algebra. Then D is isomorphic to W
if and only if D has property W and is WW-embeddable, that is, D satisfies the following properties:

(i) For any 0 € [0, 1], there exists a projection p in F(D) such that tp ,(p) = 6.

(ii) If p and q are projections in F (D) such that 0 < tp o (p) = tp,»(q), then p is Murray—von Neumann
equivalent to q.

(iii) There exists an injective homomorphism from D to W.

Proof. The “only if” part is obvious by Corollary 3.11. We shall show the “if” part. Since D is
W-embeddable, there exists a trace-preserving homomorphism ¢ from D to W by Lemma 6.3. Lemma 4.1
implies that D is Z-stable because D has property W. Hence there exists a trace-preserving homomorphism
Y from W to D by Corollary 5.14. The rest of proof is same as the proof of Theorem 6.1. O

We think that every simple separable nuclear monotracial C*-algebra with property W ought to be
W-embeddable. Note that every simple separable nuclear monotracial C*-algebra with property W is stably
projectionless by [Kirchberg 2006, Remark 2.13] and an argument similar to that in the proof of [Nawata
2019, Corollary 5.9]. Hence an affirmative answer to the following question, which can be regarded as
an analogue of Kirchberg’s embedding theorem [Kirchberg and Phillips 2000], would imply this.

Question 6.5. Let A be a simple separable exact stably projectionless monotracial C*-algebra. Assume
that t4 is amenable. Is 4 W-embeddable?

Note that we need to assume that 74 is amenable because 74, (W)” is the injective II; -factor.
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