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BOSONS IN A DOUBLE WELL:
TWO-MODE APPROXIMATION AND FLUCTUATIONS

ALESSANDRO OLGIATI, NICOLAS ROUGERIE AND DOMINIQUE SPEHNER

We study the ground state for many interacting bosons in a double-well potential, in a joint limit where
the particle number and the distance between the potential wells both go to infinity. Two single-particle
orbitals (one for each well) are macroscopically occupied, and we are concerned with deriving the
corresponding effective Bose—Hubbard Hamiltonian. We prove an energy expansion, including the
two-mode Bose—Hubbard energy and two independent Bogoliubov corrections (one for each potential
well), and a variance bound for the number of particles falling inside each potential well. The latter is a
signature of a correlated ground state in that it violates the central limit theorem.
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1. Introduction

The mathematical study of macroscopic limits of many-body quantum mechanics has made sizable
progress in recent years [Ammari 2013; Benedikter et al. 2016; Golse 2016; Lieb et al. 2005; Rougerie
2014; 2015; 2020; Schlein 2013; Spohn 1991]. The situation that is most understood is the mean-field
limit of many weak interparticle interactions. Following Boltzmann’s original picture of molecular chaos
[Golse 2016; Spohn 1980; 1991; Gallagher et al. 2013; Mischler 2011; Pulvirenti and Simonella 2016;
Jabin 2014], an independent particles picture emerges, wherein statistical properties of the system are
computed from a nonlinear PDE. This is based on interparticle correlations being negligible at leading
order, which, for bosonic systems, comes about through the macroscopic occupancy of a single one-body
state (orbital, mode).
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In this paper we consider a particular example where, by contrast, correlations play a leading role,
through the occupation of two one-body states. Namely, we consider the mean-field limit of a large
bosonic system in a symmetric double-well potential. In the joint limit N — oo, L — oo (large particle
number, large interwell separation) there is one macroscopically occupied one-body state (orbital) for each
well. In a previous work [Rougerie and Spehner 2018], two of us have shown that, when the tunneling
energy across the potential barrier is o(N~!), the ground state of the N-body Hamiltonian Hy exhibits
strong interparticle correlations, in the sense that the variance of the particle number in each well is much
smaller than /N (the central limit theorem does not hold).

Here we extend this result to cases where the tunneling energy goes like N~° with any § > 0. This
in particular includes the much more intricate case where 6 < 1 and the tunneling energy thus cannot
be neglected as in [Rougerie and Spehner 2018]. We also prove that the ground state energy of Hy is
close to the ground state energy of a simpler effective Bose—Hubbard Hamiltonian. Our energy estimates
include the contributions of order O (1) described by a generalized Bogoliubov Hamiltonian, which we
show to be given by the sum of the Bogoliubov energies associated to each well, up to errors o(1).

The main feature of the symmetric double well situation is the fact that the N-body state of particles
that macroscopically occupy the two main orbitals is in general nontrivial. This is to be compared with the
case of complete Bose—FEinstein condensation in a single orbital, in which the energy of the condensate
is a purely one-body quantity, obtained from the ground state of a suitable nonlinear Schrédinger (NLS)
equation. We note that our system, although two modes are occupied to the leading order, is physically very
different from a two-component Bose—Einstein condensate [Michelangeli and Olgiati 2017; Anapolitanos
et al. 2017; Michelangeli et al. 2019], in which two distinct bosonic species macroscopically occupy one
mode each. Rather, it is closer to the case of a single-species fragmented condensate [Dimonte et al. 2021].

The effective theory for our double-well system is obtained by projecting the full Hamiltonian on
the subspace spanned by the two appropriate modes (one for each well, identified via NLS theory).
Such a projection is known in the physics literature as the two-mode approximation. After some further
simplifications this leads to the two-mode Bose—Hubbard Hamiltonian

T T
Hgy = j(aIaZ +a;a1) + g(aIalalal —i—a;a;agaz), (1-1)

with a;, a;j the standard bosonic creation/annihilation operators associated with the two modes. The first
term describes hopping of particles through the double-well’s energy barrier, with 7 < O the tunneling
energy. The second term (with g > 0 an effective coupling constant) is the pair interaction energy of
particles in each well.

We aim at deriving the above from the full many-body Schrédinger Hamiltonian for N bosons in

mean-field scaling (N — oo, A fixed)
N

A
Hy := Z(—A‘/—FVDW(XJ-))-i—m Z w(x; — x;) (1-2)
j=1 1<i<j<N
acting on the Hilbert space (d = 1, 2, 3 is the spatial dimension)

N
oY = Q) L*(RY) ~ L2, (R™). (1-3)

sym
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Here Vpw and w are, respectively, the double-well external potential and the repulsive pair-interaction
potential (precise assumptions will be stated below). We study the ground-state problem: the lowest
eigenvalue and associated eigenfunction of Hy.

The main new feature that we tackle is that Vpw is chosen to depend on a large parameter L in the

manner

. L
Vow (x) = min(|x —x[*, [x +xi ), s >2, x| = 3. (1-4)

This is a simple model for a symmetric trap with two global minima at x = £x; . In the limit L — oo
both the distance between the minima and the height of the in-between energy barrier diverge. As a
consequence, the mean-field Hartree energy functional obtained in the standard way by testing with an
iid ansatz (pure Bose—Einstein condensate)

EMu) = - (™ | Hy|u®) (1-5)

has two orthogonal low-lying energy states, denoted by u, u_ (1 being the ground state). Their energies
are separated by a tunneling term

All other energy modes are separated from u, u_ by an energy gap independent of L. This picture is
mathematically vindicated by semiclassical methods [Dimassi and Sjostrand 1999; Helffer 1988]. For the
model at hand we refer to [Olgiati and Rougerie 2021], whose estimates we use as an input in the sequel.

One can show that
Uy +u— Uy —u_

uyp .= s Un =
1 \/E 2 «/i

are well-localized in one potential well each. These are the modes entering the Bose—Hubbard Hamil-

(1-6)

tonian (1-1). If we denote by P the orthogonal projection onto the subspace spanned by u, u_ (or
equivalently u1, u;), the Bose—Hubbard description basically amounts to restricting all available one-body
states to PL2(R%)

Hpn >~ (P)®Y Hy (P)®Y — Ey (1-7)

acting on ®i\;m(PL2([REd)). Here Ej is a mean-field energy reference, and the appropriate choice of g
in (1-1) is

I 2 ,
a1 /fRdeﬂul(x” wx = (y)|°dxdy.

The tunneling energy T is essentially the gap between the Hartree energies of u4 and u_, which goes
to 0 superexponentially fast when L — oo (see below).
A salient feature of the Bose—Hubbard ground state is that it satisfies'

1 (- )BH denotes expectation in the Bose—Hubbard ground state.
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in the limit N — 0o, L — 00, where a;aj is the operator counting the number of particles occupying the
mode j = 1, 2. This is number squeezing, a signature of strong correlations. Actually, the problem being

invariant under the exchange of the modes” we certainly have
@apm="2, j=12

Thus what (1-8) says is that the standard deviation from this mean does not satisfy the central limit
theorem. Hence the events “particle n lives in the j-th well”, n=1, ..., N, are measurably not independent.
Such an estimate is governed by energy estimates precise to order o(1) in the limit N — oo, L — o0.
In the usual mean-field limit with a single well (L fixed), an energy correction of order O (1) arises,
due to quantum fluctuations [Seiringer 2011; Grech and Seiringer 2013; Derezifiski and Napidrkowski
2014; Lewin et al. 2015; Nam and Seiringer 2015; Boccato et al. 2019; 2020]. This also occurs in our
setting, due to the (small) occupancy of modes orthogonal to u, uy. This is conveniently described
by a Bogoliubov Hamiltonian, which is quadratic in creation/annihilation operators. The latter has a
ground-state energy EB°2, which is of order O (1) in the joint limit (we will give more precise definitions
below). Denoting by

E(N):=info(Hy), Egy:=info(Hgp) (1-9)

the lowest eigenvalues of the full Hamiltonian and its two-mode approximation respectively, our main
energy estimate takes the form
|[E(N)— Eg — Egy — EB%®| > 0 (1-10)

in the limit N — oo, T — 0, provided 0 < A is small enough (independently of N and T'). This implies
number squeezing
T N\? .
<<ajaj — 7) >w <N, =12, (1-11)
o5

in the true ground state W of (1-2) ((- )Wy denotes expectation in this state). To avoid some technicalities
we assume that A is fixed and 7 = N % with some arbitrary § > 0. In essence the above results, however,
only require N — oo, T <« A. They are thus optimal in the sense that the opposite regime N — oo,
T 2 X (for fixed A this implies L < 1, see (2-13)) corresponds to the usual mean-field situation for a
fixed potential, where a central limit theorem holds [Rademacher and Schlein 2019]. This is called “Rabi
regime” in the physics literature; see [Rougerie and Spehner 2018, Section 1.3] for more details. The
ground state of the system is expected to be approximated by a Bose—Einstein condensate

N
ujp+up
Wgs%z@”%( lﬁ ) : (1-12)

with a variance of order N for the number of particles in the modes u; and u;. The aforementioned

techniques dealing with the single-well problem allow to prove the (appropriately rigorous version of the)
first approximation in (1-12), with u, the Hartree ground state. When 7', L are fixed however, there does
not seem to be a sharp mathematical way to define the privileged modes u1, u, and actually prove the
second approximation in (1-12) in a well-defined scaling regime.

2Equivalent to a reflection around the double-well’s peak.
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In [Rougerie and Spehner 2018], estimates (1-10)—(1-11) have been proved (essentially) in the restricted
regime 7 < N~!. When T > N, the tunneling contribution to the energy becomes relevant for the order
of precision we aim at, and we cannot just separate the contributions of each well as in [Rougerie and
Spehner 2018]. Instead we prove that the two wells are coupled only via the dynamics in the two-mode
subspace, which we isolate from quantum fluctuations. We need to monitor both the number of excited
particles and the variance of the occupation numbers of the low-lying modes. Roughly speaking the former
is controlled by the Bogoliubov Hamiltonian and the latter by the Bose—Hubbard one. The main difficulty
is however that these quantities are a priori coupled at the relevant order of the energy expansion because
of the nontrivial dynamics in the two-mode subspace. More specifically we have to control processes
where an exchange of particles between the modes u and u_ mediates the excitation of particles out of
the two-mode subspace.

In the next section we state our main results precisely and provide a more extended sketch of the proof,
before proceeding to the details in the rest of the paper. As a final comment before that, we hope that future
investigations will allow us to prove something about the low-lying excitation spectrum of the system
at hand. We expect two types of excited eigenvalues, yielding essentially independent contributions:
those coming from the excited states of the Bose—Hubbard Hamiltonian (1-1) and those coming from the
generalized Bogoliubov Hamiltonian defined in Section 3B. The latter actually commutes with a shift
operator, so that one might expect Hy to have some “almost continuous” spectrum in the sense of very
close eigenvalues in the limit N — oo (with spacing oy (1)).

2. Main statements

2A. The double-well Hamiltonian. We consider the action of the Hamiltonian
N

A
Hy = Z(_Aj + Vow(x))) + N_1 Z w(x; —Xx;),

j=1 1<i<j<N

already introduced in (1-2), on the space ¥ =L2 _(RN), d =1, 2, 3. The coupling constant proportional

sym
to (N —1)~!in (1-2) formally makes the contributions from the two sums in Hy of the same order in N.

We introduced a further fixed coupling constant A > 0. For simplicity we make liberal assumptions on the
data of the problem, which we do not claim to be optimal for the results we will prove.

Assumption 2.1 (the interaction potential). We assume that w is a radial bounded function with compact
support. We also suppose that it is positive and of positive type, that is, with w the Fourier transform,

w(x) >0 ae. and wk) >0 ae. 2-1)
Assumption 2.2 (the double-well potential). Let L > 0 and
x1i=(2.0,....0) R, —x=(=32,0,....,0) e R
2 2
represent the centers of the wells. We define

Vow (x) = min{V (x —xr), V(x +x1)}, (2-2)
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with
Vix)=1x|*, s=2. (2-3)

Note that, since w is radial, the choice of two wells with centers on the x;-axis is without loss of

generality. To model two deep and well-separated wells, we shall let the interwell distance diverge
L =2|x;| —— o0.

N—o0

Low-lying energy modes (see [Olgiati and Rougerie 2021] for more details). Given a one-body function
u € L*(RY), its Hartree energy (1-5) reads

A
Muti= [ vucotdxs [ VovmeoPdx+h [ we- pue PP drdy. @4
R4 R4 R4 x R4
We define u, to be the minimizer of £/ at unit mass, i.e.,
ENuy) = inf{EH[u] ) ue H' (R NLXRY, Vpw (x) dx), / lu)? = 1}. (2-5)
Rd

Its existence follows from standard arguments. By a convexity argument such a minimizer must be unique
up to a constant phase, which can be fixed so as to ensure u# > 0, which we henceforth do; see, e.g.,
[Lieb and Loss 1997, Theorem 11.8].

The mean-field Hamiltonian

hwmFp = —A+VDW+)Lw*|u+|2 (2-6)

is the functional derivative of £ at u_, seen as a self-adjoint operator on L?(R¢). Since Vpw grows at
infinity, ~yp has compact resolvent, and therefore a complete basis of eigenvectors. The Euler—Lagrange
equation for the energy minimization problem reads

hvpu 4 = pyug, (2-7)

with the chemical potential/Lagrange multiplier

=M1+ /fR WG =l P )P dx dy. (2-8)

By standard arguments, w4 is the lowest eigenvalue of Ay, corresponding to the nondegenerate eigen-
function u .
We next define u_ to be the first excited normalized eigenvector of Ay, i.€.,

hvpu_— = p_u_, (2-9)

where p_ > p4 satisfies

o = inf{(u, howit) ‘ u € D(hwp), / iy =0, / ul? = 1}. (2-10)
Rd Rd

It follows from the arguments of [Olgiati and Rougerie 2021] that u_ is nondegenerate.
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Since hpw is a double-well Hamiltonian, all its eigenvectors are mainly localized [Helffer 1988;
Dimassi and Sjostrand 1999] around the two centers £x; . As a consequence, the two linear combinations
Uy tu_ Uy —U_
“ET a0 T A

are mainly localized, respectively, in the left and right wells. These are the low-energy modes whose role

(2-11)

was anticipated above.

Tunneling parameter. The gap u_ — uy of hyr is closely related to the magnitude of the tunneling
effect between wells. Indeed,

U—— p = ((u— —uy), hvp(u— +uy)) =2(uz, hmpu),

and, as said, u; and u; are mainly localized, respectively, in the right and left wells. To quantify this
we define the semiclassical Agmon distance [Agmon 1982; Dimassi and Sjostrand 1999; Helffer 1988]
associated to the one-well potential V

[x] , |X | I+s/2
A(x) = Vr)dr = . 2-12
(x) ; VV)dr I+s/2 (2-12)
We then set
T :=e AL/, (2-13)
As we will recall in Theorem A.1 below, we essentially have
U —py =T. (2-14)
We will work in the regime
N — oo, Xfixed, T <1 or, equivalently, L > 1. (2-15)

2B. Second quantization and effective Hamiltonians. The many-body Hilbert space £ is the N-th
sector of the bosonic Fock space

o0
F =P LA (RS (2-16)
n=0
on which we define the usual algebra of bosonic creation and annihilation operators (see Section 3 for the
precise definition) whose commutation relations are

lau, all = (u, v)12,  lauw ] =laj, aj1=0, u,veL*R. (2-17)
Given a generic one-body orbital u € L?(R?) we introduce the particle number operator

N, = azau

whose action on $ is N
N =" lu)(ul;. (2-18)
=1

Here |u){u|; acts as the orthogonal projection |u)(u| on the j-th variable and as the identity on all other
variables.
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One can extend the Hamiltonian Hy to § as

Hy = Z hmna};an 2(N—1) Z Winnpg am napaq, (2-19)

m,n=1 m,n,p,q=1

whose restriction on the N-th sector coincides with (1-2). The notation above is
Rmn = (U, (—A 4+ VDw)u,),

Winnpg = (Um @ Uy, Wi, QUy)

(2-20)

for an orthonormal basis (u,,),en of L2(RY), with a; , a the associated creation and annihilation operators.

Two-mode energy in the low-energy subspace. Let P be the orthogonal projector onto the linear span of
(u4, u_) (or, equivalently, (uy, uz)). We define the two-mode Hamiltonian

Hy mode := PO Hy PEN (2-21)

and the associated ground state energy

E3 mode :—mf{wmmmdewm \IJNe@(PLz(Rf’)) / Wyl —1} (2-22)

sym

Later we will discuss the relationship between the above and
EBH = infO‘(HBH), (2-23)
the bottom of the spectrum of the Bose-Hubbard Hamiltonian

i

Hpy 1= (ajay +ajar) + wii(ajajarar +ajalayar) (2-24)

_
2(N—1)

on the space ®Sym(P L%(R%)). As discussed in Section 4, Hpy is obtained from Hy by retaining only
terms corresponding to the subspace spanned by u ., u_ (equivalently u;, u5) in (2-19) and making a few

further simplifications.

Bogoliubov energy of excitations. We will adopt the following notation for a spectral decomposition
of hMFZ
hvr = pg|ug) (up | + p—fu—) (u—| + Z P |t ) (it . (2-25)
m>=3
As stated in Theorem A.1(vi) (proved in [Olgiati and Rougerie 2021]) an appropriate choice of the u,,,
with m > 3, ensures that the modes (compare with (2-11))

Udg+1 + U2g+2 Udg41 — U242
Upg = ———— and upy:i=——F7—, (2-26)
r,o ,\/E o \/5
with o > 1, are (mostly) localized, respectively, in the right and left half-space. They pairwise generate
the spectral subspaces of Ay corresponding to (og+1 and poq42. We will always use either the basis of

L?*(R%) from (2-25) or that from (2-26) (with the addition of Uy, u_ oru,, ug). Since all these functions
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solve, or are linear combinations of functions that solve, an elliptic equation with real coefficients, we
can (and will) always assume that they are real-valued functions. We also define

Pri=Y luraural Pri=Y_ |uca)(ucal, (2-27)
a>1 a1
and
Tri(A) =) (. Au),  Tri, (A=) (o Arag), Tri(A) =) (ura. Aury). (2-28)
m=3 a>1 a>1

Then the Bogoliubov energy is given as

EP¢:= —1Tr, ,[D, + AP, K1\ P, — \/D,2 +2AD}*P.K1 P,D}/* ]

—1Tr) [Dy+2PKpn P —V D} +2.D)* P K P, D) ], (2-29)
where
Dy := P.(hvp — 1) Pr, D¢ = Pe(hmr — iy) Pe (2-30)

and K;; and K>, are the two operators on L*(R?) defined by
(v, Kjj) = 50 @ui, wuy @u), (v, Knu) =30 @uz, wur ®v).

The quantity EB2 is essentially the sum of the lowest eigenvalues of two independent bosonic quadratic
Hamiltonians acting on the left and right modes respectively (compare with the explicit formulas in [Grech
and Seiringer 2013] and see [Bach and Bru 2016; Bruneau and Derezifiski 2007; Derezifiski 2017] and
references therein for further literature). It will turn out to (asymptotically) coincide with the bottom of
the spectrum of the full Bogoliubov Hamiltonian (3-18), i.e., the part of Hy that contains exactly two cre-
ators/annihilators for excited modes u,, with m > 3. That the traces in (2-29) are finite is not a priori obvious,
and will be part of the proof. The two summands in the right-hand side of (2-29) coincide thanks to the sym-
metry of the system under reflections around the x| =0 axis. Each summand also coincides, as 7 — 0, with
the bottom of the spectrum of the Bogoliubov Hamiltonian for particles occupying one-well excited modes
above a one-well Hartree minimizer, centered either in x; or —x, used in [Rougerie and Spehner 2018].

2C. Main theorems.

Theorem 2.3 (variance and energy of the ground state). Assume that, as N — oo, T ~ N~ for some
fixed § > 0. Let Wy be the unique (up to a phase) ground state of Hy. There exists Lo > 0 such that, for
all0 < X < A,

.1
Jim (W) = ND) ), =0 (2-31)
and
lim |E(N)— Ez.mode — EB%8| = 0. (2-32)
N—oo

A few comments:

(1) We believe the result holds without the smallness condition on A. The precise condition we need is that
the left-hand side of (8-26) be bounded below by a constant, which we could so far prove only for small A.
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(2) As part of the proof we find
N+ M), = Nu, + Ny )w,, =N+ 0(1).

Since u; and u; are obtained one from the other by reflecting across {x;=0} and the full problem is
invariant under such a reflection, this implies

(M), = Wahu, = 5+ 0, (2-33)
so that we can reformulate (2-31) as
(N — (M), < N.

(3) Central limit theorems are known to hold for mean-field bosonic systems in one-well-like situations
[Buchholz et al. 2014; Rademacher and Schlein 2019]. For T 2 1 we recover such a situation: a single
Bose—FEinstein condensate in the state u with Bogoliubov corrections on top, captured by a quasifree
(gaussian) state. This would essentially lead to

N\? N
(5= 5 ) ) n = Wihugn = (N g0 -
+
The estimate (2-31) is a significant departure from this situation: correlations within the two-mode

subspace are strong enough to reduce the variance significantly.

We also have estimates clarifying the nature of the main terms captured by our energy asymptotics in
Theorem 2.3:

Proposition 2.4 (main terms in the two-mode energy). Assume that, as N — oo, T ~ N % for some fixed
8 > 0. Then we have that, for any fixed € > 0,

2

A
E>.mode — Nhi1 + m@wmz —wi212) — EBH

where Ej moge and Egy are defined respectively in (2-22) and (2-23). Moreover

< C. max(TV/2¢, N~1He8y, (2-34)

AN? AN N
Er— [ 2 M —u)— )l <c T2 NTITEY (235
‘ BH <4(N_1)w1111 2(N_l)me-(l/«Jr iz )2>‘ ¢ max( ). (2-35)

A few comments:
(1) We expect the remainders in the right-hand sides of (2-34) and (2-35) to be essentially sharp and
to be part of the expansion of the full many-body energy E(N). They lead to a variance bounded as
(essentially)
(V=AY en < Cmax (T2, N
N < )

in the Bose—Hubbard ground state. Deriving such estimates at the level of the full many-body ground
state would require that we improve our method of proof.

(2) The reference energy Nhj;, N times the minimal one-well energy with no interactions, is usually
subtracted from the Bose—Hubbard Hamiltonian as a basic energy reference and we follow this convention.
The other terms appearing in the left-hand side of (2-34), which produce an energy shift between E3_mode
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and Epy, are interaction energies due to particles tunneling through the double well’s peak (not included
in the Bose—Hubbard model). Depending on the parameter regime and possible improvements of some of
our bounds, they may or may not be smaller than the other relevant terms. Since we can isolate them
exactly in our energy expansions, we keep track of them as exact expressions, but they are not very
relevant to the main thrust of the argument.

(3) The three main terms we isolate in the Bose—Hubbard energy are more interesting. The first one,
AN? /(4(N —1))wiq1; is a one-well mean-field interaction energy. This is the leading order for any reason-
able two-mode state, independently of its details. The second term —AN/(2(N — 1))wy111, however, is a
reduction of the interaction energy due to the suppressed variance of the true ground state. We had captured
it before [Rougerie and Spehner 2018] in a reduced parameter regime. It is in any case larger than our
biggest error term, which we show is o(1). The last term (®+ —p@—) (N /2) is the tunneling contribution, not
captured in [Rougerie and Spehner 2018]. When § < 1,i.e., T > N, it is larger than our main error term.

2D. Sketch of proof. The general strategy is to group the various contributions to Hy in the second
quantized formulation (2-19), much as in the derivation of Bogoliubov’s theory in [Seiringer 2011; Grech
and Seiringer 2013; Lewin et al. 2015; Derezifiski and Napiérkowski 2014]. We use a basis of L*(R?) as
discussed around (2-25) and distinguish between:

» Terms that contain only creators/annihilators corresponding to the two-mode subspace span(u, u_).
After some simplifications they yield the two-mode energy E» mode, Which we prove controls the variance
(2-31); see Section 4.

o Linear terms that contain exactly one creator/annihilator corresponding to the excited subspace
span(u., u_)*. These should be negligible in the final estimate.

» Quadratic terms that contain exactly two creators/annihilators corresponding to the excited subspace.
In those we replace the creators/annihilators of the two-mode subspace by numbers, which leads to a
Bogoliubov-like Hamiltonian acting on 02(F1), where §+ is the bosonic Fock space generated by the
excited modes.

» Cubic and quartic terms that contain at least three creators/annihilators corresponding to the excited
subspace. These can be neglected due to the low occupancy of said subspace.

To bring these heuristics to fruition we need a priori bounds (see Section 6) on:
» The number of excited particles and their kinetic energy.
» A joint moment of the number and kinetic energy of the excited particles.
» The variance of particle numbers in the low-lying subspace.

The first bounds follow from Onsager’s lemma (see [Rougerie 2020, Section 2.1] and references
therein) supplemented by our estimates on the Hartree problem in [Olgiati and Rougerie 2021]. We also
obtain

N, )< Cmin(N, T™hH (2-36)
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at this stage, which we use later in the proof. For the second estimate, we start with the strategy of
[Seiringer 2011; Grech and Seiringer 2013], but in our case the variance in the low-lying subspace enters
the bound. Combining with a first rough energy estimate proves that the left side of (2-31) is bounded
independently of N and 7, which can then be used to close the second estimate.

With these estimates at hand we can deal efficiently with the quadratic, cubic and quartic terms
mentioned above. The Bogoliubov Hamiltonian acting only on the excited space is introduced via a partial
isometry Uy : HY — £2(F1) that we conjugate the difference Hy — Ha_mode With; see Section 3. This
generalizes the excitation map introduced in [Lewin et al. 2015]. That the Bogoliubov Hamiltonian acts
on £2(F1) and not just FL keeps track of the population imbalance in the two-mode subspace. Relying
on estimates from [Olgiati and Rougerie 2021] we can then split all the excited modes into a left and right
part as in (2-26) and neglect couplings between left and right modes. After some further manipulations,
this reduces the full Bogoliubov Hamiltonian to two independent ones acting on F(P,L*(RY)) and
F(P,L*(R%)), the bosonic Fock spaces generated by the left and right modes respectively; see (2-27).
Their ground energies yield the Eg,, energy entering the statement.

The part of the proof we find the most difficult is the treatment of linear terms. In the one-well
case they are negligible [Seiringer 2011; Grech and Seiringer 2013; Lewin et al. 2015; Derezinski and
Napiérkowski 2014] as a consequence of the optimality of the low-energy subspace.® Cancellations of
this form also occur in our setting (see (5-23) below), using that hypu+ = uru+ 1 u,, if m > 3 and that
Nug| —lu—|l T1'/2 as shown in [Olgiati and Rougerie 2021]. More complicated linear terms appear,
however, an example being proportional to (with a,, an annihilator on the excited subspace, m > 3)

A
2(N—-1)
Using our a priori bounds (think of a,, as being O (1)), the above would be o(1) if the result (2-31) was

al(ala_+alap)ay.

known a priori for
ala_ +alay =N = N>,

That terms of this type finally turn out to be negligible is a signature not of the optimal choice of the
low-lying two-mode subspace, which we used already, but of the particular Bose—Hubbard ground state
within it, witnessed by its small expectation of N ~!(N] — N>)2.

To eliminate these extra linear terms, we will “complete a square” by defining (see Section 7) shifted
creation and annihilation operators for the excited modes. In terms of those the combination of quadratic
and linear terms is a new quadratic Hamiltonian corrected by a remainder term oc A>N ' (NV; — N>)2,
depending on the variance operator. The latter we can absorb in Hj_y4e for small enough coupling constant
A. Another remainder comes from the fact that the shifted operators satisfy the canonical commutation
relations (CCR) only approximately, so that the diagonalization of the new quadratic Hamiltonian is more
involved. After we have decoupled the contributions of the two wells by estimating cross-terms in the
resulting expressions, we can rely on ideas from [Grech and Seiringer 2013] to handle that aspect, for we
have a precise control on the commutators of the shifted operators.

3They are the second quantization of the functional derivative of the Hartree energy at the minimizer.
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3. Mapping to the space of excitations

We will use the second quantization formalism, calling § the Fock space associated to L*(R?), and
a'( f), a(f) the creation and annihilation operators associated to f € L?(R?). We refer the reader to,
e.g., [Gustafson and Sigal 2011, Section 18] for precise definitions. We will adopt the notation

ai =a*(uy), a = at(u_), a,nn =a"(up),

f ft f ft
e ) 4 Apgt1 — Doy

NG N INRES an(ug,a) = 7

forge{-, T}, where uy, u_, uy, u,q, and u, , with m, o € N\ {0} are the modes introduced in Section 2.
We will denote by dI"(A) the second quantization of a k-body operator, and by N, = a; a, the number
operator for the m-th mode. We furthermore define the number operator for modes beyond u and u_ (or

al, =a"(uyy) =

ui and uz)

NL=) " N 3-1)

m=3

As anticipated in Section 2, the Hamiltonian (1-2) can be written as, in the notation we introduced,*

Hy =dI'(=A+ Vpw) + dI’(w)

A
(N—=1)
. A .
= Z homn @, an + m Z Winnpq a;a,'lapaq. (3-2)

m,n>1 m,n,p,q=>1
Two-mode Hamiltonian. The part of Hy in which summations are restricted to the first two indices will
play a major role.

Definition 3.1 (two-mode Hamiltonian). We define
* A
Hy mode 1= Z hun @y, an + 2N—D) Z Winnpg Gyl pdg (3-3)
m,ne{l,2} m,n,p,qe{l,2}
as an operator on the N-body space $H7.
There are a few differences between Hy.ode and the Bose—-Hubbard Hamiltonian Hgy from (2-24):

o Hgy is defined on the N-body space generated by the modes | and u5 only; that is, ®SA;m(P Lz(Rd ).
This is equivalent to identifying N7 + N> = N when working with Hy_ode-

 All quartic terms of (3-3) that contain both a? and ag are neglected in Hpy.

e Hj mode contains the one-well noninteracting terms proportional to 1) and /7. They will give the
energy Nhi; appearing in (2-34).

e The coefficient of aIag + azal in (3-3) will turn out to be a perturbation of the (4 — u—)/2 of Hgy.
The same for the coefficient of the quartic terms.

The difference between Hj 0de and Hpy is not a priori small. We will often work with Hj_j04e, and
discuss in Section 4 its relation with Hgy.

4We are considering w as the two-body observable corresponding to the multiplication by the function w(x — y).
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3A. Excitation space. The energy of the fraction of particles that occupy {u,, },»>3 needs to be separately
monitored. To this end, it will be useful to consider the second quantization of operators restricted to the
orthogonal complement of u; and u,. We define the projections

P o= lug) (ue] + [u2) (uc] = ) ur| + o) ol PHi=1=P = )l (3-4)

m>=3

For self-adjoint operators A on $) and B on $) ® §) we define

dl L (A) :=d0(PYAPY) = ) (um. Aun)a,ap, (3-5)
m,n=>3
dl' (B) :==d['(P* @ P*BP @ P )= Y (un®uy, Bup,@uy)a),ataya,. (3-6)
m,n,p,q=>3
In this notation,
N =dI'; (D).
Let us introduce the Hilbert space decomposition induced by P and P+
oo ®symN 0o ®symN
N = (Span{u+}®span{u_}69@ span{um}) = (span{ul}easpan{uz}@@ span{um}) . (3-7)
m>=3 m>=3
Accordingly, any ¥y € $" can be uniquely expanded in the form
N ..y N—s—2, N—s
Yn=). > w2 uS YT T @y @4 (3-8)

s=0 d=—N+s, —N+s+2, ...
for suitable

@y € ({uy, up)h)®ms,

The index s represents the number of excited particles, i.e., those living in the orthogonal of span(u1, u»).
The index d is the difference’ between the number of particles in «; and the number of particles in u5.
Notice that (3-8) defines @, 4 only for those pairs of integers (s, d) such that (N —s +d)/2 is an integer.

For each fixed d, the collection of functions {®; 4}o<s<n identifies a vector in the truncated Fock space

N
FIV =P, ua}H®m CcFLCF (3-9)

s=0
Replicating the construction for all d we naturally arrive at the following definition.

Definition 3.2 (excitation space). We define the full space of excitations as
G = P (. u}H® =PF.. (3-10)
seN,deZ deZ
A generic ® € 02(F ) is of the form
o= .y suchthat D54 ({ur,ua))®™ and Y [[D,4ll} < +o0.

seN,deZ s,d

STt will be clear from the context when d stands for this difference or the physical space dimension.
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We will adopt capital letters (as in @) to indicate excitation vectors in 02(F 1), while reserving small
letters (as in ¥y ) for N-body wave-functions in $%.

There is a natural operator mapping an N-body wave-function to its excitation content as in (3-8).
We define it by generalizing ideas from [Lewin et al. 2015] (see [Rougerie 2020, Definition 5.10] and
subsequent discussion for review):

Definition 3.3 (excitation map). Given any ¥y € ", consider its expansion (3-8). We define the

excitation map as the operator

Uy :HY —> £2FL). actingaslUyyy= P o (3-11)
0<s<N, |d|SN—s,
(N—s+d)/2eN

It is easy to check that Uy is a partial isometry from $HY into €2(F1); i.e., it acts unitarily if Uy is
restricted to Ran/y. In order to isolate the contributions to the energy that come from excited particles,
we will conjugate the Hamiltonian Hy (or rather Hy — Hj.mode) With the unitary Uy . This boils down to
having formulas describing the action of U/ on creation and annihilation operators. We keep the same
notation for the operators aj, with m > 3 after conjugation with Uy, that is,

Z/{Na;anb{;(, = a;an, m,n = 3.

We do the same for the operator representing the number of excitations, which, on £%(F ), acts according to

Nio= P sdsa. (3-12)

seN,deZ
The difference A'; — N3 on the other hand corresponds to the operator that has the indices d as eigenvalues:

Definition 3.4 (difference operator). The difference operator on 02(F)) is defined as

D :=Uy(N — U, with action D® = P dd, . (3-13)
seN,deZ

We will refer to ©2 (or (N —A3)? on $V) as the variance operator.
We also need the unitary operator that shifts the index d by one unit.
Definition 3.5 (shift operator). We define the unitary operator
O: 02(FL) — £2(FL), withaction (Od), 4= Dy y_i. (3-14)
As an immediate consequence of the above definitions we have, for any m > 3,
[0,0]=0,
[am, ©] =[a},, ©] =0, (3-15)
[D,a,]=[D,4q),]1 =0,
which will be useful in the sequel. It follows from the first commutation relation and the unitarity of ® that

O f(D)O = f(O*DO) = f(D+1) (3-16)
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for any smooth real function f (by functional calculus). We record the action of Uy on operators of the
type a'a, needed to conjugate the full Hamiltonian, in the following:

Lemma 3.6 (operators on the excited Fock space). For any m,n > 3 we have

T *
UnajaiUy =

N-N.+9 ) N—N|+D+1 |[N-N|—-D+1
Tl—i_, UNCZ}GQZ/[;,:@\/ L2+ + \/ lz + ®,

. N—-N| -9 N—-N|+9D+1
Z/INa;azl/{,f, = TL Z/{NalTamZ/l;'\‘, =0,/ %am, (3-17)

N-N|-9+1

L{Na;ramulf, =0! 5

Am, UN“&J a?zz Uy = a?n] ajrjl2
as identities on RanUy, with 1, € {-, T}.

Proof. The derivation of the first three identities is similar. We focus on the second one. We have, for
® € RanUy,

ala U, @
N wyN—s—2,N—
_ S ’ N—s+d+2 [N—s—d gnN—s+a+2)2 ®(N—s—d—2)/2
- Z 2 L QsymUy ®sym Ps.a
s=0 d=—N+s,—N+s+2,...
N vy N—§,N—5+42
X N—s+d |[N—s—d'+2 gN_sia))2 N—s—d))2
= Z Z 2 \/ 2 u?( ) ®symM£®( ’ / ®sym ch,d’—Z-
5=0 d'=—N+s+2, —N-+s+4, ...
Thus, acting with Uy we find
N—-s+d |[N—s—d+2
Una]ady ®)s.a = \/ > \/ > NN

N — _N, —
_ \/ NJ_+©\/N N ©+2®2q> .
2 2 s.d'

Using the unitarity of ®, the commutation of ® with N; and the identity (3-16), one finds

\/N—NJ_+©\/N—NJ__©+2@_@\/N—NJ_+©+1\/N—NJ__®+1
2 2 2 2
and the second identity in (3-17) follows.
The proofs of the last three identities are basically identical. We focus on the first one. We have

N vy N=s—=2,N—s
’ ’ [N=s+d+2 gn-_s+d+2)/2 Nos—d)/2
airamz/{]tlcl> = Z Z #u?( s+d+2)/ ®symu£®( =/ ®sym(am<b)s71,d

s=1 d=—N+s, —N+s+2, ...

N—-1 ey N=s—1,N—s+1
’ - IN=s'+d" on—y+da)2 B(N—s'—d)/2
= Z T”l( s ®sym”2( ’ )/ ®sym(amcD)s’,d’—l-

§'=0 d=—N+s+1, —=N+s+3, ...
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Acting with Uy we find

- N—s'+d IN-N_+9
(uNalamultfq))S’,d’ = T(am(b)s’,d’—l = < +®0m®)
s',d’'

and the result is again obtained by commuting ® all the way to the left using (3-15). (]

With the above we will be able to conjugate with Uy each summand in the Hamiltonian (3-2). For

; ; IN—-N +DN-N_ +9D—-1
Z/lNalTal'alamu;f, =Uya,anly Z/{NalTal Uy =0 ; LZ am

for any m > 3.

example

3B. Bogoliubov Hamiltonian. The Bogoliubov Hamiltonian is a quadratic operator on ¢%(F ) that
represents the main contribution to the energy inside Uy (Hy — Ha-mode) Uy, 1.€., after the contribution
from the modes ©; and u; has been subtracted. We first define operators K11, K22, K12 L*(RY) — L%(RY)
through their matrix elements

(v, Kj1u) = %(v@ul , Wi Qu),

(v, Knpu) = 3 (v @uz , wup @u),

(v, Kipu) = (v@u1, wuy @u).
Since u; and u; are real, we have K1; = K|, and K, = K7,. Since w is bounded and u1, u; € L*(R%),
Young’s inequality immediately shows that these are bounded operators.

Definition 3.7 (Bogoliubov Hamiltonian). We define the Bogoliubov Hamiltonian as the operator on
€*(F1) given by

H = Z (—A-I—pr-i-&w*|u1|2+&w*|l/t2|2+)LK11+)uK22—/,L+) a,;zan
2 2 mn

m,n>=3

A 2+ 4 A P _
+§ Z (K11)mn(® za,La,L +®2aman)+§ Z (K22)mn(®2aylna); +0 2aman)

m,n>3 m,n>3
A + A
+ E Z (K12)mna;;1a;: + 5 Z (Kikz)mnaman
m,n=3 m,n>=3

+ % D (Kip 4w (u112)mn ©a, a0 + % D (K 4w 1u2)mn© 2ahan.  (3-18)
m,n=3 m,n>3
The above is formally obtained from Hy by:
(1) Considering the parts of Hy in (3-2) that contain exactly two a,i with m > 3.
(2) Acting with (3-17) to pass to the space CF ).
(3) Replacing all fractions coming from the right-hand sides of (3-17) by (N —1)/2.

This procedure will be made rigorous in Proposition 5.1 below.
A crucial feature of H is that, if we could ignore the terms coupling modes (mostly) supported in
different wells (for example the last two lines of (3-18)), then H would coincide with the sum of two
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commuting quadratic Hamiltonians, each depending on one-well modes, as we now explain. We start
with the following definition (recall the definition of left and right modes in (2-26)):

Definition 3.8 (®-translated right and left creators/annihilators). For any m, o > 1 we define

by :=0ay, bro :=0a,q, bro=0ayq,

. . ) (3-19)
Cm = am, Cra =0 drg, Cro:=0 auq
together with their adjoints b,, bf ... b; . ¢}, ¢l . ¢} , (recall that ©* = ©~1).
It is straightforward to check the commutation relations
A =4 bra,b) 41 =[bea, b) 41 = fl= P1=3
[(bm, b,] = [cm, c,] mns  [Dras r,ﬂ] [De,as g”g] [cras Cr,ﬁ] [ceas Cg“g] afs (3-20)

(b, bn] = [cm, cn] =0, [bra: br.gl = b, be. gl = [Cra, Cr.p] = [Co,as cop] = 0.

The bf,a operators will be used to construct the excitation energy of the right well, while the cg « Will be
associated with the left well. No other combination contributes to the energy at the order of precision we
aim at. This leads to:

Definition 3.9 (right and left Bogoliubov Hamiltonians). The quadratic Hamiltonians for right and left
modes are

: A
Hiight = ) (rs Urap =4 +2. K10t p)b] o brp 5 ) (s Kuittr, ) (0] by g +-brabr). (3-21)

a1 a,f>1
) A P
Hiefi := Z (g ,q, (hMF—M++)»K22)Me,ﬂ)C},acz,ﬂ+§ Z (Mz,a,Kzzue,ﬁ)(C;,aczﬁ-i-cz,ace,ﬁ)- (3-22)
a,f>1 a,f>1

Since (u,,q, ug,g) =0 for all o, B, every creator or annihilator of a right mode bia commutes with every
creator or annihilator of a left mode cz o+ The two Hamiltonians above hence correspond (after conjugation
with Bogoliubov transformations) to independent harmonic oscillators. One should view Hyjgp (resp. Hief)
as obtained from H by retaining only those summands in which the L?(R¢) scalar products are between
U modes (resp. ug o modes). A further difference is the appearance of Ay in (3-21) and (3-22) instead
of the operator —A + Vpw + Aw * |u 12 /2 4 2w |u2)?/2 that appears in (3-18). This is due to the fact that
their difference, proportional to dI"; (w * (#u3)), will turn out to be negligible. The bTb—part of Hijgne is
the second quantization of the self-adjoint operator P,hyg P, (and a similar property for the cc¢ of Hief).

It follows from the above definitions and the discussion in [Grech and Seiringer 2013, Sections 4
and 5] that our previous definition (2-29) coincides with

EBog =inf U@Z(sL) ([H]right) + inf O'(Z(gL) ([H]]eft) s (3-23)

which we can obtain by acting on the vacuum with two commuting Bogoliubov transformations and
taking the expectation value of Hyigne + Hie; in the quasifree state thus obtained. More details will be
provided in Section 8A below.
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4. Bounds on the two-mode Hamiltonian

The aim of this section is to prove lower and upper bounds for the Hamiltonian Hj_j04e defined in (3-3).
We will also show a bound on the Bose—Hubbard energy and prove Proposition 2.4. We define the operator

7=t 2'u_ - N)L_lwmz/\&— N_lwuzz(/\ﬂ—l) 41
and the energy constants
Eo= Nhi +K—1\ﬂ(2w1122—w1212) (4-2)
4(N —-1)
and
Ey = N(L(wllll — 4wy +2wi212) — L(w1111 + w1122)>,
AN —1) 2N —1)
M'=h11+&w1111+L(w1212—2w1122)—mez (4-3)
' 2 2N =1 2N —1) 1
U:= i(wllll — w1212)-

The next lemma gives precise estimates on the magnitude of these quantities.

Lemma 4.1 (w-coefficients and chemical potential). There exist strictly positive constants ¢ and C
independent on N and, for any ¢ > 0, an N -independent constant C. > 0 such that

c<win <C, (4-4)
lwinal < T, (4-5)
0< win < C. T, (4-6)
0<wip < C T, 47
where T is given by (2-13). As a consequence, we have
l—ps < C. T, (4-8)

where u was defined in (4-3) and [1 4 is the ground state energy of hyr.

We postpone the proof of this lemma to Appendix B. As a consequence of Lemma 4.1, the reader
should keep in mind the rule-of-thumb estimates

e

T ~ on the states that will be of interest,

M= Rt

U:%>C>0.
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4A. Lower bound for Hy poge- We shall prove the following:

Proposition 4.2 (expression and lower bound for Hy mode). We have the exact expression

. AU
Hamote = Eo+ Ejy +T(ajay +aza1) — p No+ = (N1 = Ab)?

+ NZA 1 win N2+ 4(N)L—_1)(wuu — 2wy + wi)NT (4-9)
and the lower bound
Hamoae > Byt B = jiy Nu b NI S0V - A -GN @10)
To prove Proposition 4.2 we will use the trivial identities
al (N7 +Na)az +ai (N1 +Noar = (N +Na — D(alaz +ajay), (4-11)
N2+ N2 = M 7;/\/2)2 N M —2/\/2)2’ NN — M -ZNQ)Z WM —4N2)2’ 4-12)

as well as the following lemma.

Lemma 4.3 (an identity in the two-mode subspace).
(@) + (@ja)? + 2N1N2 = 2N + No)(afar + adar) — (N +N2)2 +4N2 — (N +AL). (4-13)
The proof, a simple computation based on the CCR, is in Appendix B.

Proof of Proposition 4.2. We start by proving (4-9), which is actually just another way of writing (3-3).
First, notice that, due to the fact that

u(=x1,x2, ..., xq) =uz(xy, X2, ..., Xq),

and since h = —A + Vpw involves a symmetric potential Vpw with respect to reflexion about the x;-axis
and since w(x, y) = w(|x — y|), we have the relations

hit=ha,  win=won, Wi = wni.
Moreover, since we work with a basis of real-valued functions and w(x — y) = w(y — x), we have
hia="ha1,  Wmnpg = Wmgpn = Wpnmg = Wamgp-
Using these relations in (3-3) and collecting all terms, we first rewrite (3-3) as
Hy mode = h11 (N1 +N2) + h12(afaz + Cl;al)

A
Z(N_l)wlm(/\fl +NZ = N1 —A2)

+

N 1w1112(a Nlaz +a2N1a1 +a2N2a1 +a Nzaz)

A
wiinl(@jar)? + (@jan)? + 2NiNa] + N1 w212N1N.

+2(N—1)
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Moreover, using the identities (4-11), (4-12), Lemma 4.3, and the definition of U from (4-3), we find

Hj mode = (hn - (wir11 + wllzz)) N1 +N2)

_
2N—1)

+ AN-D (wir11 — 2wi122 + wi212) (V] + N2)?
+ (hu-i— N 111)1112(N1 +AN2 = 1)+ N 111)1122(/\/1 +N2))(afa2+a§a1)
+ M- N2 (4-14)
(N—1 ! 2 N 2N

The identity A7 +N; = N — N} now yields

Hy.mode = Eo+ Ey — uN| + (w1111 — 2wi122 + wi212) N}

A
4(N —1)

A
+ (h12 +Awi2 +Awi — N1 wi2N — N1 w122V — 1)) (ajay +ajay)
22U
N1 —N>)? N2,
+(N—1)( 1 2) +N_1w1122 =

where Eq and E} are defined by (4-2) and (4-3), respectively. The constant term Ej + E}; comes from
the substitution A; + N3 ~ N in the first two lines of (4-14). The third term —uA/| is the contribution
coming from substituting A; + N> ~» —A| and (N} +AN3)? ~» —2NN| in the same lines. The proof of
(4-9) is completed by recognizing that the main part of the coefficient of aIaz + a;(al is

My —
hi+Awin+iwnn =(u, (—A+ VDW+%Aw*(u%—{—u%)—i—kw*(uluz))ug) = (uy, hmruz) = +T’
having used (2-11) to reconstruct w s |u |*. This shows that the operator multiplying (aIaz + a;al) is
the operator 7 defined in (4-1), thus proving (4-9).

Let us now prove the lower bound (4-10). We will do so by considering all terms in (4-9) and estimating

them from below. The main observation is that since uy — u— < 0, we can use the operator inequalities
—N <K afa2+a;ra1 <MA+N,=N-N; <N.

Thus the term T (alTaz + aga 1) satisfies

Kt — - AWpII2 AW1122 ¥
T(airaz +a;a1) = ££ — N — WNL—=1) (afaz +a,ay)
2 N-—1 N-—-1
N AN (4-15)
My — - w1122
2 —N - ’
5 N1 N_1|w1112+w1122|/\/l

where we used that if two operators A and B commute, z € C, and —N < A < N then zAB > —|z|NB.
The first absolute value in the right-hand side is smaller than (©_ —pu4)/2 because u— — 4 = ¢, T+ >0
by Theorem A.1, 0 < wy12 < C; T2-¢ by (4-5), and T « 1. Furthermore, due to (4-6) the second absolute
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value is bounded by C,T'~*. Thus
M4 — K-

T(@lay+alay) >N - C.T' Ny (4-16)
In order to bound the other terms in (4-9) from below, we first notice that, since wjj2 = 0,
2\
NZ>o. 4-17
N_1 wi122V - ( )
For the term —u/N| we use (4-8) to write
—pNL = =N —CeT' N L. (4-18)

The only term left is that proportional to /\/'f. Thanks to the positivity of wy11; and wiz12, using (4-6)
and A/ < N, we have

(w111 — 2w + wia)NT > — wipNT = —C.T* N, (4-19)

A
4(N —1) 2(N—-1)
Plugging (4-16), (4-17), (4-18), and (4-19) into (4-9) gives (4-10). [l

4B. Upper bound for Hj.mede- Let us define the trial function

N+d)/2 N—-d)/2
Vewss = 9 caup NP @ u N2, (4-20)

—al%, gdéaf,
N+d is even

where the symmetrized tensor products are normalized in the above and ¢4 are gaussian coefficients,

cai= 5= 1dI <o @4-21)

with oy a variance parameter to be fixed later, such that 1 <oy K N 172 "and Zy a normalization factor
ensuring ||V gauss[| = 1. We will prove:

Proposition 4.4 (upper bound for Hy mode). Assume that T ~ N ~% for some 8 > 0. Then, with the choice

S — N ifé <2,
ol = { Hompa N if 6 <2 (4-22)
C otherwise,
with C > 1 a fixed constant, the trial state Y gss defined in (4-20) satisfies
(Hy mode) yguss < Eo+ Efj + N2 E2 4 0o max(11/275, N=1H49), (4-23)

2

We start by computing expectation values with respect to the distribution |c4|%.

Lemma 4.5 (expectation values for the gaussian trial state). Let cg be defined by (4-21) if N +d is even
and cqg :=0if N +d is odd, where 1 < oy < CNY2and Zy is fixed so that ZWl@fv lca|> = 1. Then:

o Moments. For any n € N we have

Z d*|cq|> < Co?n, Z d*ey> =0. (4-24)

—J%,édéal%, —a,%,gdgal%,
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o Tunneling term. For any k € Z,

Z CdCd+xk — 1‘ <

—01%, <d<a§, —K

(4-25)

ZqN.| a

Proof. The equality in (4-24) is trivial because of the odd symmetry d — —d. To prove the inequality in
(4-24), we note that if f(x) is a differentiable function in L' ([0, oo[) having a single relative extremum
at xp,, which is a maximum, then

S @< /f(x)dx+f(Lme)+f(Lme+l)

0<d<o}

n —d2

where | x| denotes the integer part of x. Taking f(d) =d 2 / 203,’ which is maximum at x,, = +/2n oy,

we deduce that

0<d<0N

The desired result then follows from the even symmetry d — —d and from the following lower bound

on Zy:

= Y e N N s gy (4-27)

|d|<o? ld|<on
N+d is even N+d is even
Let us prove (4-25). We have
CaCdn = C o~ Qrd+K?) /40y,
Using the inequality 0 < — 14 x < Cx? valid for any x € [—1og(2C), log(2C)] and extending for
convenience the deﬁnition (4-21) of ¢4 for d = O'N +1,..., UN + Kk, we get
2 22
0< Zz (cdcd+K — cfl + %cﬁ) <C ZZ (2'6116——;:;)6*2 < %,
ld|<oy |d|<oy,

where the last step follows from the estimates in (4-24) proven above. Recalling that ZI di<o? c(% =1, this

gives
C
Z CdCaye — 1| < —
ONn

ld|<o}
from which we obtain
C 2 C
Z CdCd+k — 1' < Z CdCd+x — 1‘ + Z_ze—UN/2 < —
_gN<d<aN—K |d|<gl%l N On
This proves (4-25). O

Proof of Proposition 4.4. We take the trial state ¥gauss from (4-20) with 1 <oy <K N 172 to be suitably
optimized at the end. We will compute the expectation value of all terms in (4-9) on rgayss. First of all,
notice that

N 1 wgauss =0
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which allows us to neglect all A/} and N. 12 terms in (4-9). Hence,

My — - A ¥
<H2-m0de>'ﬂgauss = EO + E% + ( * 2 + N _ 1w1122> <a1a2 +a;al>¢gauss
AU 2\
—— (V] —N)?
+ N—1<( 1 2)7)

Veuss T W2V, 2 s (4-28)
Let us evaluate the three expectation values on the right-hand side. We have

N+d+2N-—-d

T il

(aja2+aya1)y,,, =2 Z CdCd+2\/ > 5
—Uﬁgdgaﬁ—Z

Since |d| < 01%, <« N, we can expand the square root around d = 0. We get

\/1+2 d>  2d |
N N2

s
(a,a2 + agal MWeass — N Z CdCd+2

—0}<d<oy—2

SN Z CdCd+2

—01%, <d<a§, -2

<N Z CdCd+2

701%,<d<01%]72
We distinguish between two cases:

N2

N N? NZ|

2 d* 2 '
(4-29)

o If 1 < 01%, < 24/N the second line of (4-29) is bounded by a constant. Indeed

‘2 d*>  2d 3

< forld <2VN

and

CiCara < ecf, for |d| < 01%,,
and we recall that Zldlga,%, cﬁ =1.

o If 01%, > 2\/N , we split the sum in the second line of (4-29) into a sum running from —2«/N to 2\/ﬁ and
a remaining sum. Taking advantage of the last two bounds, the expression in this second line is less than

C Y c+NC > o
d|<2v/N 2/N<ld|<o},

The first sum in the right-hand side is bounded by 1. The second sum can be bounded as follows. Setting
dy = |2+/N |, we have

2 d—dy)? dd d?
Z C‘%:ZZ exp{—( N) — N+ N}

202 o2 202
2/N<|d|<c? N 2N<d<o? N N N

N

2 N2
i exp _d_N Z exp —_ (d ) < 2€_N/J}%/
72 o2 202 | ’
N N Ogd’ga,%, N
Hence, in all cases one has

(ajar + agal)wgauss -N Z CdCd+2

—01%, gdéaﬁ,—Z

< C+CNeNew,

(4-30)
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Combining this result with (4-25), we get

CN
alaz +ajar)pp, — NI < C+ —5 + CNe NN, (4-31)
On

For the variance term in (4-28) we immediately have, using (4-24),

(N =MDy = Y d’leal® < Coy. (4-32)

|d\<aN
Finally, since N2 < NNV_ on $Y and N_ = (V] + N> — a]Taz — a;al)/Z, we have by (4-31)

N

N
N2 s < SN = (alar +ayar) yp,,) < CN (1 +5+ Ne—Nmﬁ). (4-33)

Y
Plugging (4-31), (4-32), and (4-33) into (4-28), and recalling the estimates (4-4), (4-6), and (4-7) for the
Wmnpg coefficients and our assumption 1 <oy K N 12 we find

2

— U_ (o2
(o mode) s < Eo+ Elj + NEZE= +Ne N /"ﬁ> +CN (434)

2—¢ N
5 +C(p-—put +CT7)| —

On
We now optimize the remainder terms by choosing 01%, as in (4-22). Since we assume T ~ N~ for some
8 > 0 we have from (A-4)

Ne N/ov < cN7

for any n > 0, showing that the exponential term in (4-34) is much smaller than N/ ol%,. Using again (4-22)
and (A-4), the two last terms in (4-34) are bounded by C,T'/>~¢if 0 <8 <2 and by C,T'*N+CN~' ~
C,N~@¢=D+ed L c N~ if § > 2. The claimed bounds then follow from

TV2=¢  if0 <8 <2,

T1/278’N71+£6 —
max( V=N ifs >0, O

4C. Bose-Hubbard energy and proof of Proposition 2.4. The next result of this section will allow us to
recover the Bose—Hubbard energy, which is the lowest energy of the Bose—Hubbard Hamiltonian (2-24),
in terms of quantities appearing in the bounds for Hy node.

Proposition 4.6 (Bose—Hubbard energy). Let Egy be the bottom of the spectrum of the Bose Hubbard
Hamiltonian Hgy defined in (2-24) on the N-body two-mode space ® (PL*(R?)). Then

sym

Eon— (2 i = N s — ™) | < cmaxrize vy @)
4(N — 1) 2(N — 1) AR Bt ’ '

Proof. Since Hgy is defined on ®
(2-24). This gives

(PL*(R%)) only, we can plug N; + N> = N (i.e., N = 0) into

sym

A N? Mg —H— 4 + AWi11
H _ —N _ N1 — N
BH = 2(N—1)( >w1111+ 5 (ala2+a2611)+4(N )( 5)%.
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We then repeat the proof of (4-10) and (4-23) on this simplified Hamiltonian. This gives

Egn < (Hpn) < A—]\/zwllll—Lw“u+(M —u )E-i—C max(Tl/Z—E N—1+88)
= Veauss 4(N—1) 2(N—1) + /7 & s
and
e MV AN o N
BH/4(N_1)UJ1111 Z(N—l)w“ll Uy — HU— >
which completes the proof. 0

Proof of Proposition 2.4. Recall Definition (2-22). We deduce from Proposition 4.4 that

R

Ermode < Eo+Ey+N + C, max(T'/?78, N711+%), (4-36)

Since the ground state of H» mode entirely lives in the two-mode subspace, for a matching lower bound
we may set M| =0 in (4-10). Thus, recalling that U > 0, we deduce from Proposition 4.2 that

Epmode > Eo+ EY + N%.
Let us set
Eo=E AN? 4 2 )= Nh AN? Q )
=FE)— —— (4w — 2w = ——QCwin—w .
0 0 4(N—1) 1122 1212 11 4(N—1) 1122 1212

It follows from the two preceding bounds, Proposition 4.6 and the definition (4-3) of E} that

|E2—mode - EO - EBHl

< Ez.mode—Eo—E;@—N%h —Epn+ NS+ E}y+ Eo— Eo
AN? AN N?

<Comax(TV> e N~y 4 - w4+ ————wnn+EY+ ——— (4w —2w

e ( ) AN=1) 1111 SN=D) nt+Ey 4(N—1)( 1122 1212)

AN

<C a T1/2—8’N—1+88 .

¢ max( )+—2(N—1)w”22

Proposition 2.4 follows by using Lemma 4.1 again. O

5. Derivation of the Bogoliubov Hamiltonian and reduction to right and left modes

The aim of this section is two-fold: we will prove that the Bogoliubov Hamiltonian H from (3-18) is
the leading contribution to Hy — Hj-mode, and we will show that H can be decomposed into the two
quadratic Hamiltonians Hijgne and Hiere from (3-21) and (3-22). The most delicate part of this program
is the fact that there are terms in Hy that contain exactly one aﬁ, with m > 3, but that are not a priori
negligible. We keep track of them in Proposition 5.1, and we will show that they are negligible at a
later stage.

Let us state the two main results.
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Proposition 5.1 (derivation of the Bogoliubov Hamiltonian). For any excitation vector ® € £2(F 1) of the
form ® = Uy for some € 9N, we have
‘(L{N(HN — Ho.mode) U)o — (H)o — 114 (M1 ) o

A A

- — Wilom @am®+h.c.> ——< Wi2—m ®_1am®+h.c.>
Jz(N—1><mZ>3 " o V2IN-T) ,,; ' o

< 2 D’ T'—* 34,4 r201/4
< N1/4 (NL+1><D+ W A +C£N1/4 <N_>Z/{;\‘/<I><NL><D . (5_1)

While proving the decomposition of H into right and left modes, we will need to project the problem
on the eigenmodes of iyr with index smaller than some M € N. To this end, we define the spectral
projections

Peyi= Y (usasMusaril+ luai2) a2 = Y (ura)lural +lucadlueal) — (5-2)

1<asM 1<aM
and

Poy = Z (lu2at1) (Uaa+11 + (U2 12) (g 12]) =1 — Py — Jug ) (g | — Ju—) (u—|.
a>M

Let us introduce the versions of the Bogoliubov Hamiltonians Hiighe and Hief, in the right and left wells
with an energy cutoff, obtained by restricting all sums in (3-21) and (3-22) to indices «, 8 smaller than M,

H{ = AT (Pepr)HiighdD (P<pr)

= Y (ura.(inp—ps+AK 1)y, p)b] b 42 > (e Kiitrp)(bf b y+brabrp). (5-3)
= Ur,a, (MMF— M+ 11)Ur,B)0y oOr,B > Ur,a, B11Ur,8) Dy o0, gT0r,a0r,8), -

Isep<M 1<a. <M
HM .= A (P< yy)HiendD (P p)

_ 2 .
= > (Mz,a,(hMF—MJr+?»K22)W,,3)C£,O,Ce,ﬂ+5 D (uraKaoue g)(c] 4} g+ceace ), (5-4)
1<a, B<M 1<a, B<M

where we recall that the operators K, Ky, and K, are defined as
(v, Kju) = 3(v@ui, wu; ®u), i=1,2, (v, Kjpu) = (0@ uy, wus @v).
Proposition 5.2 (reduction to right- and left-mode Hamiltonians). Consider ® € 0%(F 1) such that
(d (hwp — py) + N7 +dT (e — )N 1o < C (5-5)

for a constant C that does not depend on N. For every energy cutoff A, let My be the largest integer such
that poy,+2 < A, where { i} are the eigenvalues of hyr in increasing order. Then,

[(H — Hig) — Hig — dT L (Poy, (har — i) Poig))ol < Caon (D) + (5-6)

(Uamy+2 — )V /2

where the constant Cp does not depend on N.

The results of Propositions 5.1 and 5.2 will enable us to show in the next sections that the expectation
value of Hy — H>.mode in the ground state 1/, of the N-body Hamiltonian Hy is equal to (H-+ N i>“z*v Vs
up to error terms oy (1) and, furthermore, that the Bogoliubov Hamiltonian in the last expression can be
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decomposed as a sum of a “right” and “left” Bogoliubov Hamiltonian up to small errors. Indeed, let us
anticipate the following a priori estimates to be proven in Section 6:

(Nf)¢gs <C, (dT(hmr — pNL)y, <C, (No)y,, < Cemin{N, T4},

where the constants C and C, are independent of N. In particular, taking ® = Uy Vg, the second term in
the right-hand side of (5-1) is of order T2,

To prove Proposition 5.1 we will, in the next three subsections, group the terms in Hy — H2-mode
depending on the number of creation and annihilation operators a,n,, with m > 3 they contain.The proof of
Proposition 5.2 is provided in Section 5D.

We first collect a few properties that we will use throughout the section.
Lemma 5.3 (general estimates). (i) For any functions f, g, h € L>*(R?) we have
DU ®g wh@un)* < (g, [w* (FR)*g) < CIFIZ 1IR3 (5-7)
m>=3
(ii) For any two functions f, g € L*>(R?) we have
S Uf®g wunRun)* < (f®g. w'f®8) < CIfI3lgl3. (5-8)

m,n>=3

(iii) We have the bound

lw * (uiua)ll oo = sup |w* (ujuz)(x)| < C.T' 5. (5-9)
xeRd

(iv) The operators K1, and Ky, are positive and trace-class. Moreover
IK2llop < CeT/27°. (5-10)
Proof. Let us start by proving (5-7). We have
Y@ wh@un)* =Y (g, wx (fh)|wn) (unlw* (hf)g).
m>=3 m>=3
The first inequality in (5-7) then follows thanks to the operator bound
D lum) (] < 1.
m>=3

To pass to the second inequality of (5-7) one uses Young’s inequality, recalling that w € L°°. A similar
argument proves (5-8) as well, using instead the operator bound

Z [t @ ) (U @ up| < 1.
m,n>=3
To prove (5-9) we write, recalling that 2uuy = ui —u? andw >0,

sup
xeRd

/Rdw<x—y>u1(y)uz(y)dy <3 sup /Rdw(x—y>||u+(y>|2—|u<y)|2|dy

xeRd
< C 2_ 2 <C Tl—é‘
SClHugl” =lu—"llpr < Ce ;

where the second inequality follows from Young’s inequality, while the third one follows from (A-1).
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The operators K| and Ky are trace-class since they are integral operators with kernels K;; (x, y) =
%u,-(x)w(x — y)u; (y) and their trace is equal to

/ Kii(x,x)dx = l/ w(0) |u,-(x)|2dx = lw(O) <oo fori,je(l,?2}
Rd 2 d 2

They are positive because of our assumption that w is of positive type; see (2-1). To prove (5-10) we use
the Cauchy—Schwarz inequality to obtain

1Ki2llop = sup [{v, Kipu)| < sup [/ () w1 (Ywx — y)uz(X)|u(y)| dx dy
u,veL2(RY), ul=[lv[|=1 lull=lvll=1J JR
12 1/2
< (// ) Pwx = y)|uy)] dxdy) wili
IIMH ||v|| 1 R2d
and the result then follows from w € L and (4-7). [l
f

S5A. Linear terms. The part of the Hamiltonian containing only one aj, is, recalling the identities

Wmnpg = Wpnmqg = Wmgpn = Wnmgp>

= (—A+ Vow)ma an +he. (5-11)
m=3
+ ) (=A+ Vow)-ma' an +hec. (5-12)
m>=3
A i
v Z Wiy imalalaia, +he. (5-13)
m>3
+ —_— Z w++_ma1aia a,, +h.c. (5-14)
m>3
A
+ —_— Z Wq— eraia1 ata, +h.c. (5-15)
m>3
+ N— Z Wy m+a1a amay +h.c. (5-16)
m>=3
+ N— Z w+,,ma1aT a_a,; +h.c. (5-17)
m>3
—i——)L Zw ata’apa_+he (5-18)
N—1 +—m—-tu_Upt— L.
m23
+ N— Y w_ma'alaiay, +he (5-19)
m>=3
Z w___ga a a_a,+hec. (5-20)
m>3

The main result of this subsection is the following proposition.
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Proposition 5.4 (linear terms). Let ® € (%(F 1) be such that ® = Uy for some i € $HV. We have:

o Elimination of subleading terms.

A
‘<A1w> ——<<Z<w++ 4w YN - Nz)am+hc)>

m=3 1//‘

l—s
TN””“C SR W G2
o Conjugation with Uy.
‘(uNAlu* Yo — ;<Z Wil—m OapD +h.c.> - ;<Z Wirem O 'a,D +h.c.>
N V2N =D\~ o V2IN-D\Z ®
C D2 T 3/4 £y 14
< N1/4(<NL+1>¢+<N>¢>+C e~ N SWNDE . (5-22)

Some linear terms still appear explicitly in (5-22), of the form
%al(/\/l —Ng)am, m 2 3.

According to the standard prescriptions of Bogoliubov theory (ajjE ~ /N and am ~ 1 for m > 3), and
using the a priori estimate (6-6), for the variance, this term would not result to be negligible. We will
prove that it actually is at a later stage of the proof.

Proof. Let us start with (5-21). The terms (5-11), (5-13), and (5-18) will be considered together (and
analogous arguments will hold for (5-12) + (5-15) + (5-20)). Their sum gives

GID+ G +G-18= ) [<—A + Vow).ma | +

N -1
m>=3 N
TN 2[(w+—m— — Wy em)al Noay] +hec.
mz

— L+ Lo. (5-23)

Wiy yma (N +N—)am:| +h.c.

In order to estimate L; we write, using Ny + N_ =N —N| and w44, = (W * u%)m,

o A
L= Z |:(hMF)+ma+am TN 1w+++mal(/\/l — l)am] +h.c.

m>=3

But (AmE) +m = g (U, Uy) =0 if m > 3 and thus

A
L)y =——— > wipym{¥.a} WL — Dani) +he.
N —1

m=3
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Using the Cauchy—Schwarz inequality twice, inserting (5-7), recalling that Ny <N and 2N < N7 241,
we have

c 17? 12 2 £r1/2 2 2 21"
D lwigml D AN Zar 1PN am I + las v P llamy [1%)

L)yl < —
N m=3 m=3

C 2 _c
< 5| Ty NN+ N W] < (5-24)

m=3

ﬂ

The term L, in (5-23) can be rewritten as
A

Ly= <= 3 s ws (- = fus Puen)al N +hie.
- m>=3
Hence
C 12 1,2 1/2 12
(La)y N[Z' e, w (u? = Jug )| ] [Z IV 2y PNy amw||2]
m>=3 m>=3
C
< g fs e (P = e ) ) VANV P VL)
<C T'-¢ WYV2 2y L4 a2y 4
STEN2Y Y Ly =y
<. Ty
X £N1/4 —Iy NIRRT

In the first step we used the Cauchy—Schwarz inequality for the m-sum and for the scalar product. In the
second step we used (5-7). In the third one we used Young’s inequality, w € L* and the L?-bound (A-1),
as well as V; < N and the Cauchy—Schwarz inequality (N LN_)zv, < (Nf)w (N2)y. In the last step we
used N2 < NA_.

Having estimated both L and L,, we deduce

[, (511 + (5-13) + G-18P < —= (V2 + 1)y + Co V)Y WD)/, (5-25)

«/_ N4
Analogous arguments lead to a similar bound for [({, ((5-12) 4 (5-15) 4+ (5-20))¢r)|.

The remaining terms in A yield the linear terms in the left-hand side of (5-21). In fact, noticing that
Wit—m = W_j4m = W4_m+, and using the identity

ala_+ala; =Ny =N,
we find
A
(5-14) + (5-16) + (5-17) + (5-19) = N_1 Z(wJFJr_maj(F + w+__mai)(/\/'1 —MNya,, +h.c. (5-26)
m>=3

The estimate (5-21) is then deduced by merging (5-25) and (5-26).

We now turn to (5-22). Using the definition of u; and u; in terms of 4 and u_ (see (2-11)) we can
replace ai and aﬁ, with linear combinations of af and ag. The action of Uy on a;fnan is then obtained
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using (3-17). For example, recalling that [N, a,,] = [N2, a,] = 0 for m > 3, and recalling the definition
of ® from (3-13),
Uya] (N7 — No)anlyy = Una] anldy Uy (Ny — ND)Uy
N—-N, +9D+1
_ @\/ ¢2+ +

a,; 9.

The action of Uy on the term of (5-22) containing a; is computed analogously, and the same holds for the
adjoint operators. Thus, acting with Z/y on the linear terms in the right-hand side of (5-21) and recalling
the definition of u; and u; to re-express the matrix elements of w gives

Un Y (Wi wie @ )N = Na)anldyy +hec.
m>=3
A
=——— > [wi-mOVN-N +D+1+hc.+wir n® 'VN-N —D+1]Da,+he. (527)
The linear terms in (5-22) are obtained by replacing all square roots in the above right-hand side by

/N — 1. We now bound the remainders this operation produces. Consider for example the second line
of (5-27), and define

N-1

A
R := “m{®OWN-NL+D+1—-+N —1)Day, h.c.
YT VAN - 1),%:3*‘((\/ L+D+ 1= VN —1)Dan),, +he

Proceeding as when estimating (L1)y and (Lj)y above, recalling that [D, a,,] = 0, one obtains

212 } N. D ) - 2_1 1/2
|R1| < (leﬂ ml) NLD) g <(\/1 AR 1)@ .

m>=3 [}

We now use the inequality

K 2 K 2 K
(\/1+ZXJ—1> g(%ZXj) <Ck Y X} (5-28)
Jj=1 j=1 j=1

for a collection X1, ..., Xk of K mutually commuting self-adjoint operators. Inserting (5-7) and using
the Cauchy—Schwarz inequality to get (V| D?)2 < (V2D?) ¢ (D?) o, we find

o) (2 =)
<), (etenes(§),)

Since ® = Uy, we know that

NEDN) o =Y s%d*| Dy all> < N (N D)o

s,d

|Ri| <

Moreover, the commutation relation [D, ®] = ® implies

(DN o106 = ((ODO™H2) g = (D — 1)He <2(D* + 1o
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and we deduce

st (5, (yuene(5))
IRl < 17 T WVDg <N>¢ N<Nl+1)¢+ A

C D2
< NiA ((Nf + o+ <W>®)

The remainder for the term in the third line of (5-27) can be treated in the same way, completing the
proof of (5-22). U

5B. Cubic and quartic terms. The part of Hy containing three afn withm >3 is

A T
Az = Tl Z [w+mnpaia;anap +w_mppa_a anap] +h.c.,
m,n,p=3
while the one containing four is
A P
4= Wimnpq @y dpq -
2(N —1)
m,n,p,q=3

Proposition 5.5 (cubic and quartic terms). For any ® € £>(F 1) we have
C

|(UnAsUy) o] < ﬁ</\/f+l)q>, (5-29)
[(UnvAsUy)o| < (/\Q) (5-30)
Proof. To prove (5-30) notice that with the notation (3-6) we have
A
UnAs Uy = ————dIT ,
NAHN =N T L(w)

where w is the operator of multiplication by w(x — y) on LZ(R%)®2. Since w € L™, we have

C C C
UnAs UL < —dIM (1R 1) = — —DH<=N?
NAsUY < 1(1®1) NNL(NJ_ ) NNL

because second quantization preserves operator inequalities. Since A4 > 0, (5-30) follows.
Let us now prove (5-29). Taking the second quantization of the operator inequality (recall that w > 0)

PPt —ePHwPt® (Pt —eP)+ (Pt —eP) @ Prw(Pt —eP)QPL >0
for some ¢ > 0, we deduce

2 1 s
Z w+mnpa1a;anap +he <edllp (w*|lug [Ny + s Z wmnpqa,Lanapaq

m,n,p>3 m,n,p,q=3

1 ¥
<eCN N, + - E Winnpg @ @) apay .
m,n,p,q=3

In the last step we used the inequality dI"; (w * [u|?) < CN1, which holds by boundedness of w s [u |,
We can use the same arguments for the part of A3 that contains w_,,. Adding the two results and
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multiplying by /(N — 1) we thus obtain
eCA

A3z <
SSN

4
NI N +ND)+ EA4.

Using the fact that V. +N_ < N on $, and then conjugating by Uy, this implies
UnAs Uy < eCNL+e ' CUy AU

and plugging (5-30) in the last term gives
* -1 ¢ 2
Z/{NA3UN<8CNJ_+8 NNL

We optimize this bound by choosing ¢ = N~!/2, Repeating the same proof with ¢ replaced by —e and
with reversed inequalities, this yields
C C
VN VN
Using also 2N < J\ff + 1, this concludes the proof. U

WL+ ND) SUNA UG < —=NL +ND).

5C. Quadratic terms. The part A, of Hy that contains exactly two a,i with m > 3 is composed of

24 terms which can be combined together by using the equalities Wynpg = W pnmg = Wimgpn = Wpmgp and
the identities
> Wimin + Wimni)ahap =dU L (w * |u;|* +2K;p), i=1,2,
m.n=3
Z (Wim2n + Wimn2)@,,an = AU (w * (u1uz) + K12)
m.n>3

to obtain

— i Tt Tt Tt
Ay = Z (_A‘i‘VDW)mnaman"‘m Z (wllmnalal+2w12mnalaz+w22mna2a2)aman+h-c-

m,n>=3 m,n>=3

+ (a}'aldFL(w*wl |2+2K11)+a§a2dFL(w>r<|u2|2+2K22))

A
N-—1
A n
+ N—1 (ajazdl’y (w(uu2)+Ky2)+h.c.).

The action of Uy on quadratic terms of the type a'a was given in Lemma 3.6. To deduce the action of
Uy on terms of the type a’a’aa as the ones in A,, we can always reduce ourselves to terms of type a'a
by commuting operators, as in

Z/{Naira;amanu;:, = Z/{Na;ramL{;L{Na;anLlf\‘, form,n > 3.

This is allowed because for m, n > 3 the operators afnaﬁ commute with af and ag. The same argument

holds for terms of the type

L{Na;ra;azanbﬁ‘\} = UNaIaz Z/{;(,LINa;fnanM;‘,.
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Arguing in this way to commute operators, one easily deduces the expression

Uy AUy =Y (= A+Vow)mnd),an (5-31)
m,n>=3
A N-N+D+2 [N—N| +D+1
m,,®2\/ \/ ndn-+h.c. 5-32
+2(N—1) L;;wu > > apap—+h.c (5-32)
N—M+®\/N—M—®+1
2 mn man+h.c.+h.c. 5-33
+m§>:3w12 \/ 5 5 ama,~+h.c.4+h.c (5-33)
L, [N=N_ —D+2 [N=N|—-D+1

i © 2\/ \/ ndn+h.c. 5-34
+m§>:3w22 2 2 Gt € -39
+(N=N1+D)dl | (w|ui[*4+2K11) (5-35)
+(N=N1L—D)dT | (wx|uz|*+2K2) (5-36)

N— D2 [N-N,—D
+2@2\/ Nl;_ * \/ AQL dFL(w*(M1M2)+K12)+h-C;|- (5-37)

If we could replace all square roots by /(N —1)/2 and (N — N £9) by N — 1, then the expression on
the right-hand side would coincide with

A
2
+2 3 Kot ws () @aay +he.

m,n>=3

[H]+//L+NJ_ ::dFJ_<—A+VDW+ w*|u1|2+%w* |u2|2+AK11 +)»K22)

+2 3 (Kim® + (Ka)mn® > + (Kidanan +hie; (538)
m,n>=3
see (3-18). The w4 N, term is there to compensate for a term which we included in the definition of H but
that does not come from Uy A, Uy,. We will prove the following result, showing that such a replacement
can be done at the expense of negligible remainders.

Proposition 5.6 (quadratic terms). Let ® € 02(F 1) be such that ® = Uy for some yr € V. Then
c <Nf +D2+1 >
VN N o

[{UNA Uy) o — (H)o — g (N1) o < (5-39)

where H was defined in (3-18).
Proof. The result is proven if we show the following three general estimates:

o Controlling terms (5-32)—(5-34). Forevery i, k€ {1,2}, c1,c2€Z, je{-2,0,2},and g, &, € {—1, 1},

A ( [N“Ni+&D N—N_+&9 N-1
‘ <Zwikmn®] ( \/ | +e1 D+ \/ +e2D+er )aman> he
n=3 @

2(N-1)\ & 2 2 2
C  Lap/Nt D N2 D2 172
< — _—t 4 — 1 — -
\Nwﬁq, <N3+N3+ TR ) (5-40)
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o Controlling terms (5-35)—(5-36). For every i € {1, 2},
A
(V= NL£D) — (N = D)L (w s >+ 2K,-l~)>
- @
o Controlling the last term (5-37). Finally,
e \/N—Nl+®+2\/1v—/\a—® N-1
N-1 2 2 2

C
<N<Nf+©2+1>¥2wf>¥2. (5-41)

>dFJ_(w*(u1u2)+K12)> +h.c.
[

(5-42)

NE D N2 D2 1)\
N NNN>‘

C
—<Nf>}b/2<—+ +E
Let us prove (5-40). We have

A N — N — N-—-1
Z Wikmn © \/ ANpte®+e \/ NiteDte — ana,) +h.c.
2(N -1 2 2 2 @

1/2

1/2
2(N— 1)( Z Iwzkmn|) ( Z IIamanq)||2>

m,n>3

‘ \/ \/ 1\ 12
e/ - — — - — — ——1 — |7/
><< ( +81 +82N+N +N> >q)

NEONE Dz D4 ;
CINLWV —1))1/2<®J(—+—+—+—+—)®—1> :
O N2 T N2 T N2 TN o

where in the first step we used the Cauchy—Schwarz inequality for the sum over m, n and for the £>(F )
scalar product, and in the second step we used (5-8), the inequality (5-28), the commutation of A/} and D,
and the bound Nf@z < N2D2. The proof of (5-40) is complete if we show how to get rid of ®. For the
terms containing N7 we simply use the fact that [©, V| ] = 0 and that ® is unitary. For the © terms we
use the identity

090 =21,
which implies ©0"@~! = (D — 1)" for each n € N, and therefore
0’0’02 =(® -2’ < CD*+C,
'O 1< (@ -2 < C@* +D% +1).

This completes the proof of (5-40).
Let us now prove (5-41). We have

(V= NLED) = (N =D)AL (w s s P+ Ki)),

m((—/\ﬁ £ D+ 1)dl L (w s Ju; | + Kid))e

C
< WD+ DD
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where we used the Cauchy—Schwarz inequality for the £?(F ) scalar product, the boundedness of w * |u; |

and Kj;;, and the fact that |dT"; (K)| < || K ||V for a bounded one-body operator K.

Finally, one may prove (5-42) in a similar way, using the boundedness of w % (ujus) and Kj»,

inequality (5-28), and commuting ® with N, and © as done above for (5-40).

O

Proposition 5.1 now follows by merging (5-22), (5-29), (5-30), and (5-39), with a rearrangement of the

remainder terms.

5D. Reduction to left and right modes: proof of Proposition 5.2.

Proof of Proposition 5.2. We have the decomposition

3
H— Hﬁ?ggg — erﬂfl{‘) —dl L (P p, (hvp — 1) Poygy) = Hip + Koy, + Z Ej,

Jj=1
where

Hi2i=2 3 s @) (-2+ 07 + 0 ala,

(K12)mn©®%a’ ay +% > (Ki)mn® %a)ay

m,n>=3 m,n=3

A A
+ E Z (K12)mna;rna,z+ z Z (Kikz)mnaman,

m,n>=3 m,n>=3

Ko py =2 Z (K11 + K22)mna;,an + A Z (K11 + KZZ)mn(a,Lan +h.c)

m,n>2Mx+2 3<m<2Mp+2
n>2Mp+2
A _
+5 ) [Ki)m®? + (Ka)mn©hayay +hc.]
m,n>2My+2
+A Y H(K1D)mn® 2+ (K)mn©¥)aj,a) +hec.]
3<m<2Mp+2
n>2Mp—+2
Eii= Y (tra. (hve — ppuepla) ,aep+hee.,
I<a, B<Mp
Eyi=4A (Urq, (K11 +K22)M8,ﬂ>aiaaz,ﬂ +h.c.
1<, B<Mp
+ A [{tra, K11tt0,8)O 72 + (U, Kzzbte,,s)@z]azaag,ﬁ +h.c.,
1<a. B<Ma
3:=AX [{ur,a, K22ur,/3>aiaar,,3 + (ueq, Kuue,ﬂ)azaae,ﬁ]
1<, BS<Mp
A 2 ¥
+5 [(ttr.ar Koty p)O%a) ya) g+ (0.0 Ki1ue )©%a; 4af 5 +hc]

(5-43)

(5-44)

(5-45)

(5-46)

(5-47)

(5-48)

(5-49)
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Let us briefly explain the rationale behind the above decomposition. First, in view of the definitions of
hmr and of the right and left modes u, , and u, ,, see (2-6) and (2-26), one has

A
2
= Y [tra. (e — w)urp)a) yarp + (e m, (hvp — ()Uen)ag ,aen
1<, B<M, —
@ PSM + B1 4+ dT (P py, (e — i) Pogy) — AT (w % (1)), (5-50)

dFJ_<—A+VDw+ w*|M1|2+%w* |u2|2—,u+)

where the sum in the first line contains the terms involving Ayp — (4 in Hﬁg}’l‘g and H-I]l(enfl{‘); see (5-3) and
(5-4). One can proceed similarly for the terms involving K;; and K5, in the Bogoliubov Hamiltonian
(5-38). Now, we gather in Hy, all those terms that involve the operators w * (1#1u;) and K (including
the last term in (5-50)). For Hy, we will prove a cutoff-independent quantitative bound. We then gathered
in dI'y (P> p, (hvr — 04) P- g, ) and K. py, those terms of H — Hy, for which one or two indices m
and n are larger than the cutoff M. We will show that the contribution of K. y;, is negligible, while
dI'y (P p, (hmr — p+) P~ 1, ), being nonnegative, can be dropped for a lower bound. For the part of
H — Hj, in which sums run over modes below the energy cutoff M, we want to control those terms that
contain matrix elements that couple “right” modes with “left” modes. They are of different types, and we
collected them in E;, E,, and E3. The remaining terms precisely give I]-I]ffg}’l‘t) + I]-I]I(e]g“ . We will show that
(expectations of) all terms in the right-hand side of (5-43) are controllable in the limit N — oo followed
by M — oc.

We first prove that
(Hi2)o| < CeT* SN+ 1)o. (5-51)

For the first two lines of Hi, we write

n=(3 0 [ () (=24 02+ 07 + (K12)mn©? + (K e ]) |

m,n>=3

= %Mdmw % (u112)) (=2 + 0%+ O72) + (dI' L (K12)®* +h.c.)) ol

A -
< SN2+ 62+ O P I L (w + (1u2)) @ || + 4| O @ [T L (K ) ]|

Recalling that the norms of w= (u 1) and K1, were estimated in (5-9) and (5-10), arguing as in Section 5C
we find

L<CT" (N
For the other terms of H;, we write

A t
L= ‘(5 > (Ki)mayya, +h.c.>¢' <Al

m,n>3

Z (K12)mn@ma, ® H .

m,n>3

Since we assumed that all elements of the basis {u,,},, are real-valued functions, we have

(U, Kiotp) = (U Qui, Wiy Quuy) = (U @y, WU @ Up)
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and this gives

2

Z (um» K12“n>amanq> = Z <”ma K12un><uq» KTZ“p)(“};a;amart)(D

m,n>=3 m,n,p,q>3
= Z (U @uy, wu2®ul><u2®ulawup®uq><a;a;aman>d>

mvnvpﬂq>3
= (dI' L (wluz @ u1)(uz @ uilw))e.
However,
lwluy @ ua)(ur Qualwllly = sup [, wur @uz)*(u1 @uz, w”uy @uo)

ueL2(R2?), ||lu|=1
2
< (f(w(x — ) [ur () * ua () * dx dy) <C. T8,

where the last step is due to (4-7). Since the second quantization preserves operator inequalities, we

conclude )
Z (umv K12un>aman(b < C8T1_8<Nf>d>a

m,n=>3

from which
L <C T (N D).

This completes the proof of (5-51), since the expectation in the right-hand side is uniformly bounded by
our assumption (5-5).
We now explain how to bound K. s, , focusing, as an example, on the term

1 —

KO = Y [(Ki)wm® %ala) +he.l.
3<m<2MpA+2
n>2Mp+2

‘We have

1/2 1/2
|<K934A>¢|<2(Z |<um,1<uun>|2> ( > ||anam<1>||2) lo~?a|

m,n>1 m>=3, n>2Mp+2
1/2
24172 i
<2Tr(K7)" ||<I>II<N¢ > a,;an>
n>2Ma+2 @

The first bound follows from the Cauchy—Schwarz inequality both for the sum over m, n and for the
0%(F 1 )-scalar product. The second one follows from the fact that K;; and thus K 121 are trace-class, as
proven in Lemma 5.3, and by commuting aa, with a,, and ignoring a negative term coming from the
commutator. For the last square root we write

1
(o 3 da) <t W0 G snrafan)

n>2Mp+2 @ Homy+2 = H+ n>2Mp+2 @
We now notice that the sum in the right-hand side satisfies

Z (1n — m4)a) an < AU L (v — s,
n>2Mp+2



1924 ALESSANDRO OLGIATI, NICOLAS ROUGERIE AND DOMINIQUE SPEHNER

and since all the operators commute with \/; we can plug this into the expectation value above. We thus
find

1 1/2
(K)ol < C( (N1 | (g — u+>>¢) :
H2aMp+2 — K+
Since, by the assumptions (5-5) on &, the expectation value is bounded uniformly in &, we deduce
C
(K3 ol < .
M (omy+2 — 14)'/2

All the terms in the second and third lines of (5-47) can be estimated in this way. For the terms in the
first line the argument is slightly simpler since, arguing as above,

1/2
<C(Z<a,1am>¢ > <a2an>¢)

3<m n>2Mp+2

Z (K114 K22)mn (@), a0 +h.c.) o

3<m<2Mp+2
n>2Mp+2 (d]" (h ))
1/2 1UIMF — M )
(MoMu+2 — M)

This proves
C

(5-52)
(MomMy+2 — M)

(K)ol <

1/2°

We next turn to estimating the E terms in (5-43). Since all sums are finite, it is enough to show that the
L?(RY)-expectation values multiplying affaagzﬂ in the sums converge to zero as N — oo (notice that our
assumption (5-5) on @ ensures that all expectation values in 02(F 1) are well-defined). For 2, we notice

that
(Ur.q, (hvp — 1)1e,8) = 5 (Uoat1 — R2a4+2)8a,p, (5-53)

and therefore, by (A-7), forany o, B € {1, ..., Mp},
lim (uy o, (hvr — py)ueg) = 0.
N—o00
The fact that (E;)¢ and (E3)¢ converge to zero as N — oo is a consequence of the localization of u,
and uy g in the right and left wells, respectively. More precisely, for E, we notice that, by the definition

Of K]],
ity Kirtte,p)] = 5/ (ttre @ ui, wuy @ue g)| < Cllugpl, lur])

1/2 1/2
c(/ |ug,,3(x)|2dx) +c(/ |u1(x)|2dx) , (5-54)
x120 x1<0

and both terms in the right-hand side converge to zero as N — oo by (A-8) and (A-9). The expectations
of Ky, in E; coincide with those of K, by reflection symmetry, so the same argument applies. For E3

N

we argue similarly by noticing that

[utras Kooty g)| < Cllural, [u2l)(lurgl, luzl),

1/2 1/2
(ltr g, |u2]) <C(/ |ur,,.«x<x>|2dx) +C(/ |uz<x)|2dx)
x1<0 x120
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and the right-hand side of the second bound converges to zero as N — oo, once again by (A-8) and (A-9).
These arguments prove that, fori =1, 2, 3,

(i)l < Cmyon(1) as N — oo (5-55)

for some constant C, that does not depend on N. Comparing this, (5-51), and (5-52) with (5-43)
proves (5-6). U

5E. Reduction to right and left modes: linear terms. We now prove that the main contribution to the
linear terms surviving in the left-hand side of (5-22) actually comes from terms that couple u; with the
modes u, , and up with the modes ug . As previously we also show that we can neglect the contribution
of modes beyond the energy cutoff M, . First, we remark that using the definition of b*’s and ¢*’s from
(3-19) we can rewrite the linear terms of Proposition 5.1 as

A A
_— Wilombp® +hec) + ——— Wi m(cn® +h.c.).
«/2(N—1)”§3 * «/2(N—1)”§3 *

Proposition 5.7 (reduction of linear terms to right and left modes). Assume ® € £2(F.) satisfies

@2
</\/l + ~ +dl | (hyp — H+)> < C uniformlyin N. (5-56)
®

For every energy cutoff A large, let My be the largest integer such that pop, 42 < A, where {4, }m are
the eigenvalues of hyg. We have:

o Large cutoff limit.

C

<
(Momy+2 — M)

(5-57)

Y Wiiombu®)o +wirm(cnD)o +hec)
m>2My+2

12"

A
‘«/ 2(N—-1)
o Reduction to right and left modes.

A

m Z W+1_m<bm©+h-c->¢

st = > {ur wr () a) (bra® +hco| < Cagyon (1),
1S0{§MA
Z Wi2—m{cm® +hc)o

FSms2Mat — Y (g w uyu)uga)(ceo® +hc)o| < Cayon (D).
1<0{<MA

N (5-58)

V2N —1)

Proof. Let us discuss how to prove (5-57), by focusing on the first limit (the second one is treated
similarly). We have

A
B vay ey Z Wi1—m (bm© +h-C->¢>
V2N =1 m>2Mp+2

s 1/2 ||:D(b|| . 1/2
<c( 3 |w+1_m|> W( > <a”zam>¢) . (559)

m>2Muy+2 m>2Muy+2
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where we have used the Cauchy—Schwarz inequality both for the sum and for the ¢2(F 1) scalar product
and the identities b, = (® — 1)b,, and b;bm = a,Tnam. The first sum in the right-hand side is bounded
by a fixed constant thanks to (5-7). We now multiply and divide by popu, +2 — 4+ to get, arguing as in
the previous subsection,

1
D dpam < ——————dT' L (hyp — ).
m>2Mp +2 MoMp+2 — M+

Plugging this inside (5-59), and using the assumption (5-56), we get

) c
— Wii—m (D +h.c)o| < ,
‘./Z(N—l)m>§4;\+2 e (2my+2 — ) V2

which is the desired bound.
Let us now prove (5-58), again by focusing on the first bound only. By a change of basis we have

Z w (bmg +h.C.>cI) Z (u W (u u )u ) <br’a® + h.C.)q;.
Hl-m T a——— = 1 +U Uy ) F———
3<m<2My +2 VEIN =D S, V2N~ 1219 o tne)
l.a +h.c. )
+ ) N g)————. (5-60
1<0{§<MA(M1 Wk (U U )Ug,q) TS (5-60)

The second sum in the right-hand converges to zero in the limit N — oo because each summand does,
and the sum is finite. Indeed, for instance

[{wr, w* (uiu_Yug )| < C(lurl, lueql)

and the right-hand side tends to zero as N — oo by (5-54). The expectations on the state ® in the sum
are well-defined thanks to the assumption (5-56). We thus have

‘ Z (uy, w* (Uypu_)u >M
1<a<M, ) T 2(IN-D
SO MA

which proves (5-58). U

< Cuyon(1),

6. A priori estimates on the ground state of Hy

Based on the previous results we can now deduce nontrivial information on the ground state g5 of Hy,
in particular that ((N; —/\fz)z),’ygS < CN and (/\ff)wgs < C with C a constant independent of N.

Proposition 6.1 (number and energy of excitations).

M)y, <C, (6-1)
(dT L (hvp — )y, < C, (6-2)
(N_)y, < Cemin{N, T~'7¢}. (6-3)



BOSONS IN A DOUBLE WELL: TWO-MODE APPROXIMATION AND FLUCTUATIONS 1927

Proposition 6.2 (second moment of excitations).
W2y < S =AYy +C 6-4)
D S (N1 — 2) Ny + €, (6-
C

VLT L (e = 1)) g, < 5 (N7 = N2y, +C. (6-5)

Proposition 6.3 (variance in the two-mode subspace).
(M1 = N2)?)y, <CN. (6-6)

Inserting (6-6) in (6-4) and (6-5) yields

Ny <
NLAT L (hME — (4)) gy <

As a consequence of (6-3), (6-6), and (6-7), if one applies Proposition 5.1 to the vector ® = Uy s, the

Ca
(6-7)
C

error terms in the right-hand side of (5-1) are small, being bounded by

C T-%
Ni/A + C, NIz (6-8)
The rest of this section is devoted to the proofs of Propositions 6.1-6.3. The general strategy for
the first two results is similar to the single-well case (that is, the case of fixed L) and some arguments
are accordingly borrowed from [Grech and Seiringer 2013]. The two-mode nature of our low energy
space, however, calls for additional ingredients, in particular as regards the proof of Proposition 6.2.
Proposition 6.3 uses as input our results of Sections 4 and 5.

We will use several times Onsager’s inequality (see, e.g., [Rougerie 2020, Lemma 2.6]):

% Z w(x; — x;)

— N
i#j

>N [ [ we = Pl P ardy +2 3 [ wts = P dy - w o). ©9)
i=1

Proof of Proposition 6.1. Using (6-9) and then the definition of x4 from (2-8) we get (since the interaction
term in the N-body Hamiltonian (1-2) is nonnegative, we may replace the prefactor A/(N — 1) by A/N)

(HN)y, > (dT (M) gy, — % f/ w(x = )|t () Plug (p)? dx dy — C
> (AT (hvp — 1))y, + NEMu 1= C
> (A L (AME — 44)) yy +NEMu - C. (6-10)
The last step is due to the identity
dI'(hmr — p4) = (- — p) N= +dU L (hvr — 14) (6-11)

and to the fact that y_ > . On the other hand, the factorized trial function u%N yields the energy upper
bound
(HN)y, < NEMuyl, (6-12)



1928 ALESSANDRO OLGIATI, NICOLAS ROUGERIE AND DOMINIQUE SPEHNER

and putting together (6-10) and (6-12) we find
(dI L (hmr — (1)) gy, < C, (6-13)

which is precisely (6-2). Recalling the spectral decomposition (2-25), and the fact that @, — uy > C for
m 2> 3 (by Theorem A.1), we deduce

(dT L (AME — 1))y = CINL )y

which, together with (6-2), proves (6-1).
To prove (6-3) we use (6-11) again and notice that, by the spectral properties of sy from Theorem A.1,

(AT (AME = 1)) gy = (e — ) N )y = TNy,
This, compared with (6-10) and (6-12), yields (6-3) after recalling that (J\/'_)wgS < N also trivially holds. [J
Proof of Proposition 6.2. We claim that
(NLAT Grsge = 1)) g < SNy + 52 (VG = A2 + (6-14)
for § > 0 arbitrary and for some constants C, Cs > 0. This implies the bound (6-4) because
dT (Amr — py) 2 cNy

on L2(RN) with ¢ > 0, and because hyp commutes with A/ .
To prove (6-14) we define the operators

N
A
S:=2 Z w o up ] (x)) — N1 Z w(x; —x;) + E(N) — Ny

j=1 i<j
and
Pj=uy)(uilj+lu-)(u_|;, PjJ_ =1-"p;,
with j =1, ..., N. The latter project a single particle in (or out) the two-mode subspace. We also denote by
hwmr, j the operator that acts as sy on the j-th variable and as the identity on all the others. We then have
N
(NLAT L (v = ) )y, = <M > (hyej - u+)> = (NLS)y, = N(P{S)y,.. (6-15)
j=1 Yes

where we have used Hy g = E(N)v,s in the second equality and the fact that v, is symmetric under
permutations of variables in the last one. We split the operator S into the part which commutes with PlL
and the part which does not, according to

S - Sa + Sbv
where

N
A
Sa =A E w*|u+|2(x])—m E W(Xi—Xj)+EN—N[,L+,
j=2 2<i<j<N

N
A
. 2
Sp = Aw *x [uy|“(x1) — N_1 2; w(x; — x;).
j:
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We will estimate separately the contributions of the terms containing S, and S inside (6-15). For the
contribution of the term containing S, we use (6-9) for N — 1 variables, that is,

A

m Z w(x,-—xj)>—k

N
7 Wit +2 Z w ok |ug [*(x;) — C.

2<i<j<N j=2

We also take advantage of the upper bound

(HN)yy < Ny — k%w++++,
which follows immediately from (6-12) if we recall the expression (2-8) of . The two last formulas yield
Sa < C.
Since S, commutes with PIL, we have, using also (6-1),
N(P{"S4)yy, < C(NL)y, <C. (6-16)
To estimate the contribution of S, we consider the decomposition
N(P{Sp)yy, = AN (P [w s Jug [P (x1) — w(xr — x2)1)y,,
= AN (P{"P; [w s luy [ (x1) — w(x; — x2)])y,
+ AN (P Po[w * [uy > (x1) — w(xy — x)]1P5") y,,
+ AN (P Polw s [uy P (x1) — w(x) — x2)1P2)y,,
=: Term; 4 Term; + Terms. (6-17)

We estimate the last three terms separately. For the first one we use the Cauchy—Schwarz inequality and
the fact that w and w * |u|* are bounded to get
1/2

N
1

1L ply1/2 s 1
[Term;| < CN{(P; P; )ngs _CN<P1 N1 /2_2 Pj >

1//gs
1/2
<CWDZ <8Ny, + G,

with § > 0 arbitrary, where the last bound follows from /x < 8x + 1/(48) for any x > 0. For the second
term in (6-17) we argue similarly to get
[Terma| < CN(Pi) 7 (Py')y” = C(N1)y, < C.

where the last bound follows from (6-1).
The third term in (6-17) is more delicate, since it contains only one PjL. We write

Termz = AN (P{-lu_)(u_low x (Jus* — [u_[*)(x1))

— AN (P () (o + ) g ) w * g ) (x1))
=: Terms ; + Terms >, (6-18)

where we have used several times the operator identity

lu) (]2 w(xy — x2) [v){vl2 = [u) (V]2 w* (Uv)(x1).
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Using the Cauchy—Schwarz and Young inequalities, the L!-estimate (A-1), and then the a priori estimate
(6-3), we find
13172 1/2
[Terms 1| < CN(Pj"), oAl ) {u—l2)y, II|M+I —Ju—?l

<Cr'” 8/2<N_>;/gf</\m},,{j
1/2

<C,T'™ S/me:N T (VL)

1/2

< C€T1/2—£<N > < C T1/2 é‘

Recalling that
N
Y )l + ) (ugl)) = ala_ +a ay =Ny — s,
one may write
N 1
—Term; » = N—_(P1 w sk (g u_) () (N] —N2))

1

N
- m(Ple e (uqu ) (en) (o) QL1+ =) (1) vy, -

The second summand is clearly bounded by a constant and thus we include it in the error. For the first
one we write, using the Cauchy—Schwarz inequality and the boundedness of w * (uju_),

g P (g ) )G = M2yl < CLP ) (VT = MY
We finally get

12
|Tenn3,2| < C<NJ->Wgs N > <CN~™ 1/2<(N ./\/) )1/2

where we have used (6-1) in the last bound. All in all we proved

|Term;s| < CN_1/2((N1 —Nz)z)l/gf +C
and therefore
C
N(P{“Sp)yy < SN Dy + (M — N2)?)y + Cs. (6-19)

The announced bound (6-14) then follows from (6-16) and (6-19). We deduce (6-4) by choosing § small
enough. Plugging (6-4) into (6-14) yields (6-5) as well. (Il

Proof of Proposition 6.3. We combine Proposition 5.1 with a computation similar to Proposition 4.4
to obtain an energy upper bound. For a corresponding lower bound we use Propositions 4.2 and 4.4
to control the two-mode energy, and argue that the excitation energy must be uniformly bounded with
respect to N.

Recall the trial state Ygauss from (4-20). We apply (5-1) with ® = Uy gauss. Since Ygauss has no
excitation in the subspace Pt LoV (ay, Voauss = 0 for any m > 3), we get

NJ_UN wgauss =Huy wgauss =0
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The expectations of the linear terms in a,, in the left-hand side of (5-1) also vanish for ¥ = ¥guss.
Furthermore, we will use

1

1 1 — _
N<©2>MN‘//gauss = N<(M NZ) >'// gauss \ NO—I%/' = M_ —/L+ g C5T1/2 8’

where the first bound was proven in (4-32). By the variational principle for the ground state problem

of Hy we find
C

E(N) g <HN>1[/gauss g <H2—mode>1//gauss + W

< Eg+EY+ N% +CT
<Eo+Ey+NHotesc (6-20)

applying successively (5-1) and (4-23).
For a lower bound we apply (5-1) with ® = &g =: Uy g, Obtaining

|E(N) — (Ha-mode + i+ N1 )y, — (H)o,, — (linear terms) g, | < error terms.
In this inequality:

(1) The error terms are bounded by using (6-3), the identity (Qz)q,gs = (N — Nz)z)Wgs’ and the inequality
(N_)y, < N, yielding

C 1—¢ ((Nl _N2)2>'(//g5
error terms < (N1/4 +C.T )(T + 1).

(ii) The expectation of Hy mode+/1+N 1 is bounded from below by using the lower bound of Proposition 4.2,

m
(Ha-mode + U4+ N 1)y, = Eo+ Ey + N

+ T M- Y 2 1—¢
— —-C.T .
R T (N1 =M2)% )y — Ce (NL) v
Thanks to (6-1), the term in the second line can be replaced by —C.

(iii) The expectation of H is bounded from below using the fact that H is bounded below independently
of N (this can easily be seen as in [Lewin et al. 2015, equation (A.6)], keeping in mind that Ay —
has a finite gap on the excited subspace).

(iv) The expectation of linear terms can be bounded by using the Cauchy—Schwarz inequality as follows:

A
‘\/ﬁ Z[w+1—m(®am® +h-0-)c1>gs + w+2—m(®’1am© "‘h-C-)cbgs]
m>=3

1/2 1/2
2(N (Z| Wi m|) (Znamcbgsnz) IDO ™ g
m=3 12 12
Z(N (Z| wyo m|) <Z ||amd>gs||2) IDODg|.

m=>=3
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The sums of |w4;_p, | are bounded by constants thanks to (5-7). The other sums equal (N L)y, for which
we use (6-1). Finally, thanks to the commutation relation (3-15) one has
IDOH Dy = (W1 = N2 £ 1))y, 2N — N2y, +2
and thus
(W1 = N2)?) gy + Cs

Z[e

[({linear terms) ¢, | <

for any & > O arbitrarily small.

Overall we find
Py — H c
Ey>Ey+Ey+N
N o+ Ey+ 2 + N1
for a suitable small enough positive constant c. Notice that we used the fact that the constant U in (4-3)
satisfies U > C > 0O independently of N thanks to the estimates of Lemma 4.1, Comparing this with

(6-20) gives the desired (6-6). ]

((Nl _N2)2)1//gs -C

7. Shifted Hamiltonians and lower bound

Shifted CCR. Let us introduce the notation

A
(M) . (M)
Hignt shife *= Hrighe + 2N=D E (y, w (uyu_)urg)(bro® +h.c),
1<asM
(7-1)
A
Hl(:/]ft,)shift = I]-i]l(:;lt) E (U, wx (Upu_upm)(ce.oa® +h.c.).

+—
V2(N —=1) ISaeM

The linear terms are those appearing in (5-1) up to a change of basis from {u,,},,>3 to the right and left
mode basis {u, q, Us.o}a>1), Where we have ignored the modes beyond the cutoff M and small error terms,
as justified in Proposition 5.7.

The estimates of Propositions 5.1, 5.2, and 5.7 yield the lower bound

M M .
Un(Hy — Hamode) Uy = [H]Eig}’l‘g shife T Hl(et~tf‘s)hift + u4 N — remainders. (7-2)

‘We will show in this section how to deal with the linear terms in I]-I]Egﬁgshift and I]-I]l(égfs)hiﬂ. ;11:/111? idea is
A

to define new shifted creation and annihilation operators 155,01 and 52 » in such a way that IH]right shift
[I-I]l(ej‘fltAS)hift are quadratic in terms of, respectively, bfva and 52 > Up to a constant term. We will do this for

and

each fixed M, not necessarily the M, from Proposition 5.2.
From now on we will use the notation {r, «} or {£, @} to indicate that the mode u, , or u o intervenes
in an expectation value. For example, for any operator A on L2(R?),

Aayie.p) = (Ura, Augg).
Similarly,
Wmnir,a)p{r.p} = <”m R up o, W Up ® ur,,B>a

and so on.
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Definition 7.1 (shifted creators and annihilators). For any o > 1 we define

Er,a = br,a + XD,

I (-3)
Cpo = CpytYa®,
where x4, Yo, ¢ =1, ..., M, are real numbers whose values will be given below.
A simple calculation using the commutation relations (3-15), (3-20) yields:
Lemma 7.2 (commutations relations for shifted operators). One has
[Br.a b 5] = 8up — Xpbr.o — Xab) 5, )

[br,ou br ,B] = _xﬂbr,oz +xabr,ﬂ-
Similar commutation relations, with straightforward adaptations, hold for the Eg’ o
We define the following quadratic Hamiltonians, obtained from (3-21) and (3-22) by replacing the
creation and annihilation operators 5% and c? by the shifted creators and annihilators (7-3),
1 e~ -~
HOD, = 5 2 (v =+ AK D rayin (B o ﬂ +brab) 4)

I1<a,B<M ..
+ = Z (K11 r,a)ir, ﬂ}(bm r,g +brabrg), (7-5)
l<a B<M

1
Hl(enf/lt) = Z (hmr — P4+ AK2) (0,a)(e,p) (Cg aCe g+ Cral) 8

l<a B<M ~t  ~t - o~
+ 5 D K)o (@) o8 g+ Catp). (1-6)
1<a,n<M
where we have ignored the modes beyond the cutoff M and symmetrized the terms involving one creator
and one annihilator.
Let us introduce the orthogonal projections

Prcy=PPayy =Py Pr=_ |ura){ral, (7-7)
1<asM

Py = PPy =Py Pe=Y |ugo)(ttral. (7-8)
1<asM

We will show the following result.
Proposition 7.3 (shifted Hamiltonians). For any ® € 02(F 1) we have

<H£g}3t,shift>¢ - <Hrlght>¢ +5 Tr(Pr <m(hmr — iy +AK11))
)\‘2 C CT1/278
— = (uy, KW, <yK Dol < — W = (D%, (79
+2(N—1)<u1 nWr < Kiiu)(9%) o \/ﬁ< Lo+ N (D%, (71-9)

where W, <y is defined by

Wrcmr = Pr.cpt(Pr.cpr (g — g + 20K 1) Prcar) ™ Prcu (7-10)
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and we picked

Xog = Wecywx(uyu_)up). (7-11)

A
m(ur,a,

A similar bound holds for I]-I]l(é‘f/lt)Shift upon replacing K11 by K.

__Thus the quadratic Hamiltonian I]-I]rl oht together with the linear terms coincides, up to remainders, with
I]-I]r(lggt minus a constant term given by the trace in (7-9) and minus a term proportional to Azi)z The latter
term will be absorbed using the variance term from Hj.mede Which is proportional to A, and I]-I]Hg}lt minus
the constant term will give the correct Bogoliubov energy in the lower bound. Note that the trace in the
constant term is finite because we are restricting ourselves to modes o < M.

Proof. Using the commutation relations (7-4) and [EW, D] =[0, Dla,y = —by, one finds that Hifgwgt <hift

is given in terms of the shifted creators and annihilators 5% by

(M)
rightshift
Z (hmr— M++)»K11){ra}rﬁ(b brﬁ—l-l;r,al;i,g)
l<aﬂ<M
+— Z (K1) r.a)irp) (B, Tlg+brabr/3) Tr(Pr<M(hMF H+F+AK11))
1<a,3<M

A ~ -
- Z ( Z (hMF_M++2)\K11){r,a}{r,ﬂ}xﬂ_mw+1—{r,a}>(br"a@"i‘@br,a)

I<a<M <M

2X
+ AME— 420K 1) () )X — — e W | — (1) | XD
Z ( Z (hmp—H+ 1D{ra}ir,B)Xp s ! {,a}) «

1<a<M NM<B<M

+1 Z ( Z (/’lMF M +2AK11){ H ﬁ}xﬂ —2)\ W41 { })(b —I-bT) (7 12)
= — M+ ro}{r, - +1-{r,« aTVq)- -

2 1<a<M “<BM V2(N-1)

The first and second lines in the right-hand side precisely coincide with I]-I]gggt defined in (7-5) minus the
constant term — Tr( P <p (hmr — i+ + A K11))/2. The condition for the vanishing of the linear terms in

the third line is

A
Z (hmE — pog + 20 K11 (ra)(r 81X = (7-13)

Y Wyl—{ra}
1<pem V2N —1)
which leads to (7-11), using the projection P, <j defined in (2-27) and (7-10). With this choice, the
expectation in ® of the last line in (7-12) becomes

A
Rp=————— Wel— bro+b, ).
[0 2(N — 1) 1<§<:M +1 {r,a}< r,o r,oﬂ)d)

This can be bounded with the help of the Cauchy—Schwarz inequality and the boundedness of w * (141 _)
as in the proofs of Section 5, that is,
172 C

1/2
Ro| < {le+1 (r.a } {anr,muZ} <ﬁ<m>l{2,

a>1 a>1
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with C independent of N and M. Plugging (7-13) into (7-12) we only have to compute the contribution
of the term proportional to D2 in the fifth line, which is given by
)\2
e (uy, w (Upu )Wy pw * (o Yup)D?

w ’ x’D =
«/2(N—1 1<§<:M el te 2N —1)

To bring this contribution to the form appearing in (7-9) we have to show that one can replace the
multiplication operator w * (#u_) by the integral operator K1, up to a small error. To this end we notice

that, using (1-6), for any f € L?(R?),
2
<u1, (w *(Upu_) — %)d

I 2 £\12
= zl{ur, wuz|” )|

2 2,2 2
S ARG, (w s uz|™)7ur) < Cll fllawiziz,

(7-14)

2
[y, (W (uiu) —Ki) ) =

where we have bounded one of the w * |u>|? in the square by a constant. Using (4-7) this implies

|1, (W (uyu—) = Kn) )l < C T2 £l

Noting that the operator W, < is bounded (recall that hyr — w4 has a finite gap by (A-5) and Ky = 0),
this yields

[(ur, ws (Uiu YW, cppw x (upu_)uy) — (uy, K1yWe <y Kiiur)|
SCTV2 (| Wycpr w s (uyu_) ug |3+ [Wrapr Kiyuy|l2)
<C€T1/2 8‘

This means that we can replace w * (u4u_) by K1 in (7-14), thus obtaining the term proportional to D?
in (7-9), at the expense of a remainder term of the form

C€T1/2—£®2
N -1

Lower bound on the shifted Hamiltonian. We now discuss how to minimize Hﬁf‘gﬁt + [I-[Il(eﬂglt)

Proposition 7.4 (lower bound for the full shifted Hamiltonian). Let EB°8 be defined in (2-29). Then

Hgggt + u—uf;‘g) > EBC + L Te[ P,y (hovp — 114 + 2K 11)] .
M
+ % Tr[ P, <pr(hmp — iy +AK20) ] — —=WN 1 +1).  (7-15)

VN

The lower bound (7-15) is one of the main points in which our proofs significantly deviate from the
standard techniques of derivation of Bogoliubov theory. Indeed, the Hamiltonian I]-/I];;t (with or without
cutoff) is defined in terms of operators which do not satisfy an exact CCR (see Lemma 7.2 above).
For this reason, the techniques that are normally used to diagonalize quadratic Hamiltonians (see, e.g.,
[Lewin et al. 2015, Appendix A]) are not directly applicable here, and we thus need slightly different
methods in order to recover the correct energy EB°2 in (7-15). We will adopt a method already used in
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[Grech and Seiringer 2013], whose main point is to perform a suitable linear symplectic transformation
mixing creators and annihilators (Bogoliubov transformation). After such a transformation the original
Hamiltonian is brought into a diagonal part in the new creation and annihilation operators df, « and a part
containing commutators of these operators. If the I;E,a satisfied the CCR, then the same would be true for
the df, « and after the transformation the Hamiltonian would have the form ), e, dI olra+E Bog Tn our
case, however, this is not true, and the commutators will be corrected by terms that need to be controlled.
Since we work here with a finite number of modes (due to the energy cutoff), we can simplify the analysis
by considering the symmetrized versions of the quadratic Hamiltonians defined in (7-5)—(7-6), instead of
the Hamiltonians obtained from (3-21) and (3-22) by replacing the creators and annihilators brﬂ,a and cg’ o
by Z;B,a and 55’0{.
The proof of Proposition 7.4 will occupy the rest of the present section. Define the operators

Dy, := P.(hvr — i) Prs  Dr<m := Pr<y(hvr — 1) Pr<y- (7-16)

The operators D, and Dy <) are defined similarly.
Recall from (2-29) that EB¢ = EP%% 4 E}°% with

EB®:= _ITr, ,[D, +1P,K\ P, —v D>+ 2).D*P, K\, P,D}?].
The quantity E?Og is the ground state energy

EP°¢ = inf spec(Hm) (7-17)

of the quadratic Hamiltonian

O A i
Hgg_hg- = Z (Ur,q, (Dy +)\PrK11Pr)Mr,,B>AJ;Aﬂ + b Z (ura, PrK11 Py ”r,ﬂ)(AaA;} +h.c.), (7-18)

a,f>1 a,p>1

where AE, are canonical creation and annihilation operators on a Fock space § , whose base space is the
span of the right modes u, o, & > 1; that is, the Ag are operators on § | , satisfying the CCR (the notation
©® = 1 is there to recall that this Hamiltonian can be formally obtained from Hiigp by setting © equal to
the identity inside the b*). Equation (7-17) can be deduced by replicating the arguments of [Grech and
Seiringer 2013, Section 4-5] or [Lewin et al. 2015, Appendix A]. The fact that the operator

D, + AP, Ky P, =\ D2 + 20D} P, k1, P, D}V?
is trace-class on the space P, L%(R?) is part of the proof; see [Grech and Seiringer 2013, equation (53) and
below]. The adaptation to our case is immediate because the method does not depend on the details of D,.

It follows from the variational principle that E ? “¢ is bounded from above by the ground state energy

EBog

<M of a quadratic Hamiltonian obtained from (7-18) by ignoring the modes u, 4, ¢ > M, i.e.,

M),0=1
Hiigtzt = Z <ur,ou (Dr,gM +)‘Pr,éMKIIPr,gM)”r,ﬂ>A2AIB

1<, B<M A
+5 D (tnas PrcwKin Prca urg) (AL AL +hec). (7-19)
I<a, <M
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The aforementioned arguments adapted to the finite-dimensional setting ensure that

B 172 172
E, ZgM = _%TrJ_,r[Dr,gM + AP <K Pr<m — \/D,2,<M + ZKD,,/gM P.<m K Pr,gMDr,/gM}
Notice that E 8 1s formally obtained from E® - < M by replacing P, <y by P, (i.e., M = 00). The ground
state energies E °¢ and E?(fM of the left Bogoliubov Hamiltonians without and with energy cutoff are
given by a similar expressions as in (7-18) and (7-19), with r replaced by £ and K| replaced by K»».

Lemma 7.5 (Bogoliubov energies with and without cutoff). One has

EPe CEPE . E < ELS,. (7-20)
Proof. As we already mentioned, EP °¢ and Ef fM are the ground state energies of the quadratic Hamil-
tonians (7-18) and (7-19). They are reached (see previous references again) by unique (up to a phase)

ground states. Let ®™)©=1 pe the ground state of I]-I]fiﬂggt’ ©=1 We have that

e=1 Bo

<|H]right ><1>(M>’®:1 = Er,ggM
because all terms with &, 8 > M vanish, since ®™)©=1 has no components in the sectors of the Fock
space corresponding to those modes. The claimed result thus immediately follows from the variational
principle. (]

o

We now prove that Hygp

can be bounded from below by E < M, up to

e a correcting term originating from the symmetrization in the creators and annihilators in the defini-
tions (7-5) and (7-6),

/—\_/

« a controllable error due to operators entering H) do not exactly satisfy the CCR.

rlght

Lemma 7.6 (lower bounds for the shifted Hamiltonians). We have

C
H > %Tr[Dr,gM + AP <uKil+E%, — \/—K(M +1), (7-21)
—
HIED > 3 THDe<u + APecm Kool + Ep oty — \/_(/\/L 1) (7-22)

The bound of Proposition 7.4 immediately follows from (7-21), (7-22), Lemma 7.5, and EBog —
EP°® + E}°% There thus only remains to provide the following proof.

Proof of Lemma 7.6. We discuss (7-21) only, since (7-22) can be obtained by completely analogous
arguments. Let us define the M x M real symmetric matrices
D= ((”ra; Dr <M ”rﬂ))(]yﬂ 1
Vi=2({urq, r<MK11Pr<Murﬂ>)aﬁ 1 (7-23)
E:=+/D2>+2D!2V D)2,
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The notation is chosen to allow direct comparison with the arguments in [Grech and Seiringer 2013,
Sections 4-5]. In terms of these matrices, we have

/(.\M/)—l BTV Bt D+v Vv IE -
Hngm—z((b>,b)<v pev) (3): (7-24)

M

o=

where we have used the matrix notation b = (15,,0,)0"{’[: | and bt = (l;j’a) | for the creation and annihilation

operators and ¢ denotes the transpose.
Let us introduce new creators and annihilators d,n, « obtained by means of the Bogoliubov transformation

d\ 1(A;]'"+B;" Ay'-By"\ (b
=51 451 o1 421, pet ) g ) (7-25)
where Ay and By are the real M x M matrices defined by
Ao :=D'?E"'?Uy, By:= (A" = D7'PEV?U,,
with Uy the orthogonal M x M matrix diagonalizing E,

USEUy = A = diag(eq).

The inverse transformation is
I; d 1 (Ap+By Ap—By d
~ = S = = . 7-26
(bf) <dT) 2 (AO—BO Ao+Bo) \ d’ (7-26)
The matrix S is symplectic and diagonalizes the 2M x 2M symmetric matrix in (7-24),
gl D+V V §— A0
V. D+V 0 A
(this can be checked by an explicit calculation, noting that A6(D +2V)Ag = BéDBo = A). Thus

5| A0\ [(d) < 1+
HD, = S (@, d) (0 A) (dT> =Y ead) ydra+ 3 > ealdra. df,).
a=1 a=1

If the operators Eia satisfied the CCR, the same would be true for the d& « and the last sum would be
equal to

1/2 1/2
TH(E) = Tr\/DigM +20D) 2, P <y K11 Pr<u D)2,

which is precisely the sum of the two first terms in the right-hand side of (7-21).
In our case, the sum involving the commutators can be obtained from the following identity: if R is a
real M x M symmetric matrix, then

[d'. Rd":= ) Rupldra: diﬂ] =Tr(R) —x' BoRAL(b +b"), (7-27)
1<a, <M
where x = (xa)é‘t"':1 is given by (7-13). The identity (7-27) follows by noting that the commutation
relations of the l;ia given in Lemma 7.2 can be rewritten as

[b', Qbl=x"(Q—0Q"b, [, Qb'1=Tr(Q)—x"(Q" b+ Qb") (7-28)
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for any M x M matrix Q. One deduces from (7-25) and from A I = B|, By I = A{ that

[d', Rd"1=—1[b', (Ag+ Bo)R(Ao — Bo)' b] +h.c.
+ 1[B", (Ao+ Bo)R(Ao+ Bo)' b'1— 11", (A9 — Bo)R(Ag — Bo)' b1,

from which (7-27) is obtained by relying on (7-28).
Applying (7-27) with R = A yields

M

(M) 1 A 1/2 =1 1/2 t

Hi =Y ead, ydro + 5 TH(E) = —————w',; D'?E~'D'?(b+b"), (7-29)
— 2 2J/2(N =1)

)M

where w - stands for the vector (wy1—(r,q})y—

|- To deduce the above equation we used
(D+2V)'ByAAl, = DV2E"' D2,

which follows thanks to the identities BOAAf) = D '2ED'? and D"V?E?D~Y? = (D +2V). The
expectation of the last term in (7-29) on the vector ® € £2(F 1) can be bounded using the Cauchy—Schwarz
inequality, the boundedness of w * (uu_), and the fact that E~! < D~! by operator monotonicity of the
inverse and square root (recall that E 2=DY2(D+2V)DY? > D? since V > 0) to write

1 t 1/2 =1 1
——w', D'2E'D'2(b+b
22(N—1) - < o
C 1/2 2y1/2
< AT wawar] S|S0 0 b g0 |
N a>l1 a>1"g>1
C 12
<—=WNl)g
N A
The lower bound in the lemma then follows from the fact that the first term in (7-29) is nonnegative (since
E > 0 and thus ¢, > 0 for all o). ]

8. Proof of the main results

Recall that Proposition 2.4 follows from the considerations of Section 4.

8A. Energy upper bound. We obtain an upper bound on the ground state energy E(N) corresponding
to (2-32) by constructing a trial state iy as follows. Recall that by the decomposition (3-8), any
wave-function v is uniquely identified by the components ®; ; of Unyy. The d-dependence of the
components of Uy Yryia Will be encoded in the gaussian coefficients ¢; = e~ /4oy /Zy that we already
used in Section 4. The s-dependence, in turn, will be chosen so that the expectation of H on Uy Vs will
coincide (up to remainders) with EB°¢ defined in (2-29). To evaluate this part of the energy, we need a
well-known lemma. Its claims follow, e.g., from arguments6 in [Grech and Seiringer 2013].

6In particular, notice that the transformation in [Grech and Seiringer 2013, equation (26)] is implemented in Fock space
by eXa, where X, is defined before Lemma 3 in that work.
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Lemma 8.1 (minimization of quadratic Hamiltonians). Let V be a locally bounded external potential
such that limy|_. V(x) = 400, and define h :== —A + V. Let k be the integral operator on L*(R%)
whose kernel is u(x)w(x — y)u(y) for a real-valued u € LR and w as in Assumption 2.1. Given
an orthonormal basis {u,} of L*(R?) such that all u,, are real-valued, denote by hyn = (U, hu,) and
kmn = (Um, k u,) the matrix elements of h and k in this basis. Consider the quadratic Hamiltonian

1

Howaa = ) (h+K)mnAjyAn+ 5 D kinn (AL A} + A An).
m,n m,n

where AL and A, are creation and annihilation operators on the Fock space G with base L*(R?) satisfying

the canonical commutation relations. Then the unique (up to a phase) ground state of Hquaq is

U,

where Qg is the vacuum vector of G and U a Bogoliubov transformation, acting on creation/annihilation
operators as
[U*A,Tn[U = Z(CmnAj, + SmnAn) 8-1)
n

for suitable coefficients ¢y, and sy,. Moreover, the ground state energy of Hquaa is

inf o (Hguaa) = —3Tr(h +k — v/h2 +2112kn1/2). (8-2)

We refer to [Lewin et al. 2015; Grech and Seiringer 2013; Nam et al. 2016; Bach and Bru 2016;
Bruneau and Derezinski 2007; Dereziniski 2017] for more details. It follows from (8-1) that we have

(UQg | AfUQg) =0, (8-3)

i.e., particles appear only in pairs in the Bogoliubov ground state. Moreover, by using the fact that U Qg
is a quasifree state, one can show that all moments of the number operator N = AT A, in this state
are finite; i.e., (N f)tu Qg < oo for all positive integer k.

Recall the Bogoliubov Hamiltonian Hiigp: for right modes, defined in (3-21). Let us consider its version
in which the d-translation operator ® is formally set to the identity. This amounts to replacing the b*
with the a7, i.e.,

o— A .
gt = D (trars (e — oy + AK1ur paf yarp +5 Y tras Kntr ) (@] o) g +aradr p).

a,p>1 a,fz1
This operator acts on the right Fock space
L=F(PLALARY), PLyi=) e (tral. (8-4)
a>1

Similarly, we consider the Bogoliubov Hamiltonian I]-I]l(gff1 for the left modes and the left Fock space si,
defined by the same formulas with r replaced by ¢ and K;; by K»,. We extend both operators to the full
excited Fock space § by using the unitary equivalence

F1=3((PL, LR @ (P L*R))) = F, @ F!
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and having H9=! acting as the identity on the left Fock space (respectively I]-I]left acting as the identity

rlght
on the right Fock space). Applying Lemma 8.1, there exist unitary Bogoliubov transformations Us;gn; and

Ulese such that

H et Urignt 2 = E

Bog
right [U”ght Q,

right
=1
Hicre Ulert 2 = Elef[ Ulefc €2

with © the vacuum vector of §; and

B
ERE = —1Tr, [D, + AP K11 P, =V (D)? + 20D} P K11 P, DY),

gt = —Te i o[ Dy + AP K P =V (D)? + 20D, PoKay PD} ],

where D,, D, are defined in (7-16).
The latter quantities are those given by adapting (8-2) to our case. Their sum coincides with EB°2
defined in (2-29). By construction, HE=1 commutes with Ulett, because the latter is defined in terms of

right
left modes only. Similarly, IH]Sft 1 commutes with Usight. Thus
Bog Bog
(Hrlght left )[Uleft rlght - (Erlght left Wit “gth

= EP°Uje Usight 2. (8-5)

We denote by (Useft Urign €2)5 the component of Ulef; Urign €2 in the s-particle sector of § .
We are now ready to define our trial state. To control some terms arising from Bogoliubov excitations,
our choice of variance differs slightly from that of Section 4.

Definition 8.2 (trial state with fluctuations). We define

N
R(N—s+d)/2 Q(N—s—d)/2
VYirial := Z Z Cd,sUy (N=std)/ Qsym U, (N=s=d)/ Qsym Dirial, s » (8-6)

5=0 |d|<o}

where the coefficients ¢, ; are defined by

(1/Zy)e~ /%% if N —s+d is even and |d| < o2
s = . (8'7)
0 otherwise,
Zy being a normalization factor such that }_ <o cﬁ,’x =1 for all s and
5 JI— =N if § <1 in the assumption T ~ N9,
ON = w12 . (3-8)
NY otherwise.
Moreover, let
Uleft Uriont €2) s
thrial,s — ( left Uright )s (8-9)

~ .
VEN o 1 Ure Usigh Qs 112
The excitation content of iy iS

Un V/trial)s,d =Cd,s cbtrial,s

for0 <s < N and |d| < cr,%,, and zero otherwise. Note that the function of the s-variables @y, ¢ does
not depend on d, and that ¢, ; = ¢4,y for all d if s and s’ have the same parity. Note also that Yy is
normalized to 1. In the rest of this subsection we prove:
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Proposition 8.3 (energy upper bound). Pick a sequence T(N) ~ N~° with 0 < 8. Then, along this
sequence,
1im sup((H) g1 — E2-mode — E**%) < 0. (8-10)

N—o00

Proof. By using Proposition 5.1 with ® = Uy a1 to estimate (Hy)y,,» one obtains the upper bound

<HN>Wma1 < <H2-m0de>1/ftria1 + <H>UNW1ria1 + <NJ->UNWma1 + (linear terms >U1v1//tria1 —error terms.  (8-11)

We first determine the expectations in the trial state of the two-mode Hamiltonian H> pege (Step 1), then
that of the Bogoliubov Hamiltonian H (Steps 2 and 3), before showing that the expectation of the linear
terms and the error terms converge to zero as N — o0.

Step 1: two-mode energy of the trial state. The two-mode Hamiltonian (4-9) does not contain operators
that change the number of excitations (i.e., the index s). The only terms in Hj.poqe that involve the
variable s are those containing A or A'Z. For example, we compute

(V2L <N Uit U2
N D) v Z D leas s | Pusiars I Zs | Pesiars 1> = i

1 UlettUrignt 2
— 0|d|<0N —0 ” N1 <N UleftUright ”

The denominator in the last line tends to 1 when N — oo and it easily follows from the previous definitions
that

2 2 2
<NJ_ > UJleflUJrighIQ = (NJ_ ) Userc €2 + <NJ_ ) lUrigth *

Since both moments in the right-hand side are finite, it follows that
N2y <€ (8-12)

for a constant C > 0 independent of N. By the Cauchy—Schwarz inequality, this implies (N} )y, < JVC.
For all other terms of H) pode in (4-9), i.e., those that only contain a? and ag, we will use a general
formula of the type

<f(al’ az) Yirial — Z Z Z Cd,sCd’, s”q)trlal s”

5=0 |d|<o} |d'|<oy

Q(N—s+d")/2 Q(N—s—d")/2 Q(N—s+d)/2 R(N—s—d)/2
X<u1( s+ ®symu2( = ,f(a?,ag)ul( st/ ®symu2( s ).

To compute the expectations in the second line, we can repeat the calculations performed in the proof
of the upper bound (4-23) for the two-mode Hamiltonian, keeping track of the fact that the total number
of particles is now N — s for a generic 0 < s < N. Let

. Q(N—s+d)/2 Q(N—s—d)/2
Virial,s = Z Cd,sU Qsym Uy Qsym Dyrial, s

ld|<o?

be the component of i, With exactly s excitations. One finds

(N + M) prars = (N = 5)" | Piar s 11,
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. . N —s _(N_ 2
(N—>1//lrial,s = %<N1 +N2 - a}az - az}al>1//trial,x g C<1 + 0_2 + (N - s)e (N S)/O-N> ”d)trial,s ”27
N
(N1 = N2 s < Ce(N — )T V28| Dyiar |1

Using Z?’:O Yirial,s = Vil and splitting the sum into two parts for 0 < s < N/2 and for N/2 < s < N,
one has for example (C is a generic constant which may change from line to line)

N g <C ) ( (N —s)e V- “/"N)ncbma]sn +CN Y | Dusars I

0<s<N/2 N N/2<s<N

N c
< C(I + =+ NeN/ZU’%’) +=
Oy N

N
< c<1 + —2) < C(1+max(C,T~'27%, N'/2)), (8-13)
oNn

where in the second line we have used Z?]:o | Pirial, s > =1 and the bound

NZ
T 2 1Pl < Y0 SRl < Ny < C
N/2<s<N N/2<s<N
and in the third line we have used (A-4), the assumption 7 ~ N =4 and the fact that Ne— N/ 203 can be
bounded by a constant times N (o3 /N )87 (=97 Similarly, we find

(V14N g = (N = ND)" gy < CN",
0<(N—-NL —afaz —aganm = 2N )y < C(1 +max(Ce T~ 12— N1/2))
(M) = N2 gy < max(C:NT'/27 N2,
N pa < NNV ga < CN(1+max(C, T8 N2, (8-14)

According to the identity (4-9) of Proposition 4.2, one has

Py — P —
(Ha-mode) yin = Eo+ Ey + N . 2 + 2 : (N — aIaz - a;a1>1/flrial

AN
- m((wllu + w1122) (VL) yr — W1122)

A L

+ ﬁ(((wmz +wi2)NL —wi2)(N —a as — a,a1))
U

- M(NJ)lﬂtrial + m((-/\/’l _N2)2>Wtrial

2)
N—-1

A
w1122 N g + 4(N—_1)(w1111 —2w1122 + w1212) N -

+
Plugging (8-12) and (8-14) into this identity, bounding the expectation in the third line by

(lwiti2| + wi122) N(N — alTaz - a;c”)lp[rial’
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and recalling the estimates for the various w-coefficients and for  — . from Lemma 4.1, we deduce that

R
(Hmote s < Eo+ EN + N=—= = 104 N1y +on (1)
in both cases of (8-8). Arguing as in Section 4C, we conclude
<H2—mode>¢mal < E2—_mode — U+ (NJ_>1//mal +on(1). (8-15)

Step 2: Bogoliubov energy of the trial state. We want to compute (M), .., We consider the decom-
position analogously to (5-43):

3
H = Hiign + Hiere + Hiz + > &, (8-16)
j=1
with Hijgne, Hiee given by (3-21)—(3-22), Hy2 given by (5-44), and

E1= ) (ra: (hve — g pha yae g +hc.,
o,f>1

=2\ Z (Ura, (K11 + Kzz)ue,/s)al‘,aae,,s +h.c.

a,f>1 -
+A Z [ttrer K111te,8)O 7% + (U g, Kzzue,ﬁ>®2]“:,a“2ﬁ the,
Rt (8-17)
53 = Z <l/tr’a, Kzzur,ﬁ)azaar,a + Z I/t(,a, K]]ngﬁ)ag’aag,a
a,f>1 a,p>1
+ = Z ( Mrou K22“r/3>® araarﬂ + <“€ o> Ki1ug ,3>® a( Olae B +h.e).

a B>1
We will show below (see Step 3) that the main part of the energy in the trial state comes from the
expectation of Hijgne + Hierr. We now prove that the latter expectation is equal to E Bog up to errors of
order N~'T7-1/2-¢_Each term of Hrighe + Hiefe contains ® elevated to a certain power, either —2, 0, or
+2 (this power is zero for the b'b and cfc parts). We know that the excitation content of ¥, 1S

{UNYrial}s,a = Cd s Puial,s;

thus the operator ® acts on Uy Yia by simply translating the ¢y s-coefficient as ¢g  — c4—1.5. Taking
one term of Higne as an example, we have

Z (Kll)aﬂ(® Aar,ody, ﬁ UNYgial — Z (Kll)(xﬁ Z( Z (uNwtrial)s,m (ar,aar,ﬁuNWtrial)s,dﬂ)

o,B>1 o,f>1 |d)<
= > (K Z( > Cd,scd—z,s)(q’trial,s, ar,ar, g Purial s+2)
o,f>1 |d|<UN

where we have used that ¢4 ; only depends of the parity of s. For the sum over d, we know that, by (4-25),
for all « € 27,

C 1/(ceNTY?*8) if§ <1,
o < €< 8-18
Z d.sCdtx.s ' o2 = {1/N1/2 otherwise, 19
ld|<a}
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having used the lower bound (A-4) on the gap for the second inequality and recalled the choice (8-8).
This proves that

N
> (Ki)ap (O aratr pluiy = Y Ki1ap @ratr )iy | = | Y &) Pusiat.s: K Pusas42)| <o (1),
o,f>1 o,f>1 s=0

where

gls)=1-— ch,scd—Z,s and kv = Z(Kll)aﬂar,otar,ﬂ~
d a,p

We used the Cauchy—Schwarz inequality, (8-18) and the fact that, since K is trace-class, K is controlled
by N 2 whose expectation in @y is uniformly bounded. All terms in Hyigne and Hier, that contain e+2
can be treated similarly. This shows that, up to a remainder, Hyign + Hiee acts on Uy Yryia as if © were
set to the identity, and therefore

|<Hright + Hleft)uzvlﬁtrial - EBog| < |< rlght + lH]left >UN1Ptrial - EBog| +on(1).

On the other hand, recalling the definition of Uy ¥ia1, the normalization of ¢4, and (8-5), we see that

Zs 0<([Uleft rlgth)n((Hnght ]eft )([Uleft rlgth)) )
ZS:() || ([Uleft right Q)s ”2

<|H]r1ght + lHlleft >UNWtrial =

= EP%® +oy(1),
where the error is due to sum reaching only to N < co. Hence
|{Hright + Hiet)oty e — E"5 < 0w (1). (8-19)

Step 3: remainder terms in H. We now have to compute the contributions of Hj, and of the &; in (8-17).
For Hj, we have the a priori estimate (5-51), which implies

|(H12) ey | < CeT /275 (8-20)
The terms 1n51de &1 and &, each contaln exactly one operator arjj « and one az 2 Using (8-3) and the fact
that all the a « S commute with ag 8 and with Ujer, we obtain

<§1 )uNl//[rial — <§2>UN1//“1&1 =0. (8'21)

We now consider &3, focusing on its second line. As in Proposition 5.2, we introduce an energy cutoff A
and an integer M, which is the largest integer such that 2y, +2 < A, where {1, },, are the eigenvalues
of hyr. We have

Z (Urq, K22Mr,ﬁ) <®_zar,(¥ar,ﬁ>Z/{N¢trial
o,f>1

< Z (ur,aaK22ur,/3)<®_2ar,aar,ﬁ>1/{mﬁmal +2

l<a ﬁ<MA
— ‘§3<MA+2§>MA

-2
Z (Urqs K22Mr,ﬂ>(® ar,aar,ﬁ>uzv¢ftria1
az>l, B>My
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For each fixed a and B, the matrix element (u, o, K»u, g) tends to zero as N — oo by the argument

<M .
4" vanishes as N — oo

presented in the proof of Proposition 5.2; see Section 5D. Consequently, &
for each fixed My. For &; Mx we argue as in the estimate of IK. 5, in the proof of Proposition 5.2. By
repeated use of the Cauchy—Schwarz inequality, we have

172

12
53>MA < ( Z |(ur,ou K22ur,ﬂ>|2) ( Z ”ar,aar,ﬂquJtrialuz)

a>l, f>Mx az>l, B>My

12 12
< ( Z (ur,a, K22ur,ﬁ><ur,ﬁ, KZZ”r,a)) <NJ_ Z ailgar,ﬂ>

o, f>1 B>Mn UN Yuial

The square root that contains K, in the right-hand side is equal to TrK»;, recalling that K>, is trace-class
as proven in Lemma 5.3. For the other square root we notice that

i $
Zaiﬁarvﬁg Z(aiﬁar,ﬁ +ae,ﬁa€,ﬁ)= Z a,dn,

,3>MA ,3>MA n>2MA+2
having passed to the basis (2-25) in the second step. Since all operators commute with N|, we deduce
using the same arguments as in the proof of Proposition 5.2 that

S 1 .
<NJ_ Zarr’ﬂar,ﬁ < —<NJ_ Z (tn — /~L+)a;lan>

B>Mp >uN1//trial Hamy+2 — K+ n>2Mp+2 UN Ytrial

The operators a]; a, commute with A/}, and we can bound the sum in the right-hand side by dI"} (hyr— ).
Hence

>Mx <

3 X

12
C(— (N1 dl'y (hmr — M+))uwmal) .
MoMpA+2 — M+

The matrix element in the right-hand side is bounded by an N -independent constant. Indeed, since Uy Yiial
is a quasifree state, Wick’s theorem gives the expectation of a quartic operator such as N, dI" | (hyr — 1)
in terms of the expectations of N'| and dI" (Amg — i), which are uniformly bounded in N. This proves

C

g < : (8-22)
3 (MzMA+2 - M+)1/2
Plugging (8-19), (8-20), (8-21) and (8-22) into (8-16) gives the final bound
Bog C
vy i — E7°1 < + Cpon(1). (8-23)

(MzMA+2 - M+)1/2

Step 4: error and linear terms. Note that, with the choice (8-8),

(2) LY Y dd el
— == d cy s Puials I < C—- < on(1),
N UN Yirial N ' N

=0 |d|<oy

where the second bound follows from Lemma 4.5. In view also of (8-12), the first error term in (5-1)
when ® = Uy Yryiq is bounded by CN —1/4 The second error terms, in turn, can be bounded by an oy (1),
relying on (8-12) and (8-13). Let us now show that the expectations in i, of the linear terms in (5-1)



BOSONS IN A DOUBLE WELL: TWO-MODE APPROXIMATION AND FLUCTUATIONS 1947

are also negligible. Using the Cauchy—Schwarz inequality we find

A < A
S mem@+ha> +—————( zm2m%©+h#
‘ V2(N —1) mZ>3 Uy V2N —1) ,1;3 UN Yusial

3 172 172
<m[(2|w+l_m|2) +(Z|w+z_m|2> ](M)L,{fa,wl—N2>2>;{§a]

m=3 m=3
<on(1),

where the last inequality follows from (5-7) and (8-14). Hence we deduce from (8-11) that

(HN ) yia < (H2-mode) yria + (Huty i + M+(NJ->%&;11 +on (D).
Plugging (8-15) and (8-23) into this inequality gives precisely (8-10) by passing to the limit N — oo
and then A — oo. U
8B. Energy lower bound. We now prove the following:

Proposition 8.4 (energy lower bound). Assume T K 1. For every large enough energy cutoff A, let My
be the largest integer such that poy, +2 < A, where { i} are the eigenvalues of hyr in increasing order
(this implies that My — 00 as A — o0). Then there exists Ly > 0 such that, for all 0 < A < Ao,

o Bo cA
or M7, pBog
> TNl

(Hy)yy = Eo+ Ejy + N (N = N2y

—CAoN(n—CaT—I_Z—CgTW—e— € —
NV (Mamy+2 — )/

(8-24)
where c is a positive constant.

We first need to prove that the (negative) coefficients multiplying the variance (D2)¢ in (7-9), and its
analog for [I-I]l(eﬂgt?shift, can be absorbed by the variance term of the two-mode Hamiltonian. Recall that

W <y = Pr.<ay (Pr.<aty (hve — g + 20K 1) Pro<ary) ™" Pro<ty s
with a similar formula for Wy <y, (replacing K1 by K27).
Lemma 8.5 (variance coefficients). Let U be the coefficient from (4-3). We have
(ur, KnWecm, Kniur) < C, (uz, KnoWe <y, Kopuz) < C (8-25)
for some constant C that does not depend on ). and A. Consequently, if 0 < A < Ao with Ao small enough,

then
2 2

A A
AU — ?(ul, KuW,<m, Kiiur) — ?(ML Koo Wi <my Koouz) > ch (8-26)
for some ¢ > 0.

Proof. Using the positivity of K;; and the finite energy gap (A-5), one has

Py <y, (hvp — py + 20K11) Procaty = Procty (i — 0) Proca, > C 7 Prcy
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for some C > 0. Hence

Wr<my < CPr<my

because the inverse power is operator monotone [Bhatia 1997] and we are restricting everything to the
range of P, <y, . Since K1 is also bounded, the first inequality in (8-25) follows, and the second one is
proven in the same way. The estimate (8-26) is a consequence of (8-25). Actually, the right-hand side
in this estimate is bounded from below by A(U — CX) and U — CA > 0O for A smaller than some X that
depends on C, because U > 0 by (4-4). O

The rest of the subsection is devoted to the proof of Proposition 8.4. We use the a priori estimates of
Section 6 systematically, without further mention. We also use the fact that N’} < N2N2 when evaluated
on Vg, and similarly for D4

Proof of Proposition 8.4. We first use Proposition 5.1 with ® = Uy v,s. For such ®, the error terms are
bounded as in (6-8) and one gets

(HN )y = (Hamode) yrgs + M- N L)y + (H)tay g

A < c T—°
+ e D (Wit b D + W2 D +h.c.>> — <7~ Cevie (827)
— /4 1/2
V2IN =D\ . N N

Next we use Proposition 5.2 to separate the full excitation energy into the excitation energy of right and
left modes, at the expense of the appearance of the cutoff A. For a lower bound, we ignore the positive
dI'y (P>, (hmp — 4) P>, ). We also use Proposition 5.7 to reduce the linear terms to modes below the
cutoff without coupling between right and left modes. We thus obtain for any A > 0 large enough

(HN)yy = (Hamode) g + U (N L)y + (Higﬁt) +HE ) v,

A
+ —< Z (w+lf{r,a} br,a© + W42—(¢,a) CZ,aQ +hC)>
«/Z(N— 1) 1<a<My Z/{ngs
T-°¢ C
—Cproy(1) =C

NV2 (o e — )2

Let us now plug into the above estimate the lower bound on Hj.j04e from Proposition 4.2; see (4-10).
This produces, among other terms, a term — 44 (N1 )y, that cancels the one above. The expectation in the
ground state of the last term in (4-10) is bounded from below by —C,T'~¢ due to (6-1). We also recognize

that Hggﬁt} + I]-I]I(ég“ together with the linear terms coincide with Hffg/lﬁgshiﬁ + Hl(glﬁ[t’fs)hift from (7-1). Thus

ALY 2 (M) (M)
(HN)yy Z Eo+ Ey +N > + N_1 (N1 =N2) )y + (g shite + Hliesc shife) U ves
— Cpron(1)—=C I e <
& & .
N1/2 (U2my+2 — n4)1/2

We now use Proposition 7.3 to bound the term containing the shift Bogoliubov Hamiltonians, which enable
the absorption of the linear terms at the expense of passing to b* and ¢* operators and of the appearance
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of a negative variance term. According to the a priori bound (6-6) on (QZ)MN¢gS = (N — Nz)z)y,gs, the
error terms in Proposition 7.3 are bounded by C/+/N + C,T'/>7%. The new lower bound looks like

_,LL_ —_—~— —_—~—

M+
(HN)yy 2> Eo+ Ejy + N———+ (HS 4+ HE Y

1 1
3 Tr(Pr <pm, (hmp — g +AK11)) — 5 Tr( Py, <m, (hmp — 4 +AK22))

) 22 22
+ ﬁ((-/\/l —MN2) )y [)»U — 7(“1, KWy >m, Kijuy) — j(uz, K22We,>MAK22u2)]

T* . C
_ ol e
Cro(1) = Coyy = C. TV

12"

By relying on Proposition 7.4, we bound the difference of the expectation of Hﬁiﬁgﬁg + H{M») and the terms

in the second line by EB°2 up to remainders Coy(1). Finally, the terms in the square brackets can be
bounded from below by using the Lemma 8.5 above; see (8-26). This yields the desired result (8-24). [J

(Homy+2 — M)

8C. Proof of Theorem 2.3. Putting together Propositions 8.3 and 8.4, we can now conclude the proof of
Theorem 2.3. Taking the limit N — oo in (8-24) yields

.. My — - Bo . CA 2 C
liminf| (Hy)y,, —Eo—Ey—N—————E g)}hmsu (—((Nl—/\/z) Ve — )
N—o0 < Ve N 2 N—>oop N Ve (2my+2—p4)/?
On the other hand, combining (8-10) and the estimate (4-36) on E5_node, Which follows from Proposition 2.4,
we have
: w My — K- Bog
hmsup <HN)¢gg—E0—EN—N——E <0.
N—o0 . 2
This gives
ch C
lim sup — (N7 — N5)?)y.. < limsu .
N—>oop N Ve N—>oop (MZMA+2 - M+)1/2

As argued below Proposition 5.2, the limit of the eigenvalue ptop, +2 as N — oo is the M, -th eigenvalue
of a fixed one-well Hamiltonian with compact resolvent. Hence, letting A — oo,

A
lim sup %((Nl — Ny, =0, (8-28)
N—o00

thus proving (2-31). Inserting (8-28) in the energy upper and lower bounds (8-10) and (8-24), we find by
using (4-36) again

C
ON(l) - 1/2 + EZ-mode + EBOg < E(N) < EZ-mode + EBOg + ON(I)-
(M2mpy+2 — )

Thus we may let first N — oo and then A — oo to conclude the proof of (2-32).
Appendix A: The one-body Hartree problem

We recall here a number of results that were proved in our companion paper [Olgiati and Rougerie 2021],
i.e., properties of the eigenvectors and eigenfunctions of the one-body Hamiltonian /.
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In Section 1 we defined u and u_ as the first and second eigenfunctions of /yp, corresponding to the

eigenvalues 4 and u_, and the full spectral decomposition of Ay is

g = g )|+ i) |+ ) i) G-

m>=3

Moreover, we defined right and left modes as

L U2g41 T U2 . U241 — U2
Mr’a = and uﬁ,a = T

V2
for any o > 1.
We have the following result.

Theorem A.1 (one-body Hartree problem). (i) Lower eigenvectors convergence.
N =l Pl < CeT'°,
e = lu—ll 2 < C.T275,

M| = lu—lloe < CeTV275
(ii) Bounds on the fist spectral gap.
C€T1+8 S H—— Ut S CsTl_e-

(iii) Second gap.
Unm— M- =2C forallm =3
independently of L.

(A-1)
(A-2)
(A-3)

(A-4)

(A-5)

(iv) Properties of uy. The function uy is smooth, strictly positive (up to a phase), and even under

reflections across the {x; = 0} hyperplane.

(v) Properties of u_. The function u_ is smooth and odd under reflections across the {x|, = 0} hyperplane.

Moreover, up to a phase,

ui(x) >0 forx; =0.
(vi) Higher spectrum. For any a > 1 we have
lim (2¢42 — H20+1) =0,
T—0
and, for an appropriate phase choice of the u,,

lim lity.o|? dx = lim lug.q|*dx =0.
T—0 x1<0 T— =0

(A-6)

(A-7)

(A-8)

Items (i), (ii), and (iii) follow from [Olgiati and Rougerie 2021, Theorem 2.1]. The fact that u can be
chosen as positive is a standard fact already recalled in Section 2. Since the syr commutes with reflection

across {x; = 0}, we can choose its eigenvectors to be either odd or even under such a permutation. Since
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u4 is positive, it must be even. The fact that u_ is odd and its sign follow from [Olgiati and Rougerie
2021, Lemma 4.2]. Notice that, for u; defined in (2-11), as a consequence of (iv) and (v) we have

/x1< Jur ()] dX—f x1<0|u+(X)+u ) dX—f x1<0||u+(X)|—Iu—(X)IIZdX-

Hence, by (A-2),
/ luy (x)|* dx = f lup (x)|* dx < C.T'°, (A-9)
x1<0 x120

which is the analog of (A-8) for the low energy modes.

Appendix B: Estimates and identities in the two-mode space
We prove here some results that were stated in Section 4.

Proof of Lemma 4.1. The upper bound on w111 follows immediately from Young’s inequality (recall that
w € L*). To prove the lower bound, we use the pointwise lower bound on u (see [Olgiati and Rougerie
2021, Proposition 3.1])
uy(x) > Cse*(lJrS)ADw(x), (B-1)
where
{A(lx —xrl), x1 20,
Apw =
A(lx +xcl), x1 <0,

and A is the Agmon distance (2-12). Let us notice that, using the definition (2-11) of u#; and u5,
win > [[ e =P ePdxdy > g [ we -yl @PueoPddy,
120 y120

having used in the second inequality the fact that u, (x) > 0 and u_(x) > 0 for x; > 0, as granted by
Theorem A.1. Using the lower bound (B-1) we deduce

Wi > // W = y)e MM 200A 0D g gy
120
// _ e 24AMD =214 g g4y
es—r2 W
yiz=L/2
// Wl = y)e 2HOADE249AMD g gy —: ¢ > 0,
ybo

where all the steps are justified since the functions in the integral are manifestly positive and summable.
To prove (4-5) we use the definition of u; and u; in terms of u4 and u_ from (2-11), then Young’s
inequality and (A-1), to get

1 2 2 2 2 2 2 1-
|w1112|<§/dw*lull Mg ™ = Ju— 7] < llw s |ug "l oo g |” = u—|"llp0 < CeT 5.
R
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Similarly, for (4-6) we write

Wi < L—IL/R wok [Jup [ = Ju— | ug | = - < Clllug? = Ju— |7, < CeT>°.
On the other hand, the positivity of w122 is deduced by noticing that

Wi = f W (k) | (k) |* dk > 0, (B-2)

since w(k) > 0 by assumption.
To estimate w12 we use the fact that w has compact support and is bounded by a constant to write

wan<C [[ @ PlemPdrdy+c [ n@Plee)? dxdy.

yn<C y1> C

In the first integral we recognize that \/Eul(x) =ur(x)+u_(x)=|uyr(x)| — lu—(x)| for x; <0 (recall
that Theorem A.1 ensures that u_ is negative for negative x’s), and, using (A-2),

C/ ur () |ua ()P dx dy < Cllfuy| = |u—||72 uall. < CT'.
x1<0, y1<C

In the second integral we can ignore the region in which —C < y; < 0, since both u; and u;, are
exponentially small there, because u, and u_ are; see [Olgiati and Rougerie 2021, Proposition 3.1].
For the region in which y; > 0 we argue as in the integral above by recognizing that /2us(y) =

i (y) = u—(y) = lus (y)| = lu—(y)| for y; > 0. This proves (4-7).
To prove (4-8) we only have to notice that

A
_ - - — 1—-2N ,
M=t SN =1) (w1212 — wit12 + ( Jwi122)
and the result follows from the estimates above. O

Proof of Lemma 4.3. Since N_ = (N] + N> — aIaz - agal)/2 and [NV} + N>, aIag +a;ra1] =0, one has

= (M +M2)? =2V +Mo)(alar +ajar) + (@l az + alar)?
and thus
2N + N (alaz +ala)) — N+ N2 +4N2 — N1 — s
= (a, Tay)? +(a2a1) +a a2a2a1+a2a1a ap— N1 — N>

:(3102) +(azal) + 2NN,

where the last equality follows from the commutation relations of a, af, ap and a; . U
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