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We consider smooth solutions of the Burgers—Hilbert equation that are a small perturbation é from a
global periodic traveling wave with small amplitude €. We use a modified energy method to prove the
existence time of smooth solutions on a time scale of 1/(e8), with 0 < § < € <« 1, and on a time scale of
€/ 82, with 0 < § « €2 « 1. Moreover, we show that the traveling wave exists for an amplitude € in the
range (0, €*), with €* ~ (.23, and fails to exist for € > 2/e.
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1. Introduction

1A. The Burgers—Hilbert equation (BH). We study the size and stability of traveling waves of the
Burgers—Hilbert equation (BH),
fi=Hf+ ffy for(x,1)e QxR, (1-1)
f(x,0) = folx), (1-2)
where €2 is the real line R or the torus T = R/2wZ and Hf is the Hilbert transform which is defined for
f R (resp. T) > R by

21 _
/) dy resp. Hf (x) = %P. V. ; f(y)cotx 4

Hf (x) = %P.V./ dy.

RX—Y
Its action in the frequency space is ﬁ?(k) = —isgnk f (k) for k £ 0, and f[?(()) =0.

This equation arose in [Marsden and Weinstein 1983] as a quadratic approximation for the evolution
of the boundary of a simply connected vorticity patch in two dimensions. Later, Biello and Hunter [2010]
proposed the model as an approximation for describing the dynamics of small slope vorticity fronts in the
2-dimensional incompressible Euler equations. Recently, the validity of this approximation was proved in
[Hunter et al. 2022].

MSC2020: 35F25, 76B47.
Keywords: Burgers—Hilbert, normal forms, traveling waves.

© 2023 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/apde/
https://doi.org/10.2140/apde.2023.16-9
https://doi.org/10.2140/apde.2023.16.2109
http://msp.org
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

2110 ANGEL CASTRO, DIEGO CORDOBA AND FAN ZHENG

By standard energy estimates the initial value problem for (BH) is locally well-posed in H*® for s > %
Bressan and Nguyen [2014] established in global existence of weak solutions for initial data fy € L*(R),
with f(x,t) € L*(R) N L*(R) for all + > 0. Bressan and Zhang [2017] constructed locally in time
piecewise continuous solutions to the BH equation with a single discontinuity where the Hilbert transform
generates a logarithmic singularity. Uniqueness for general global weak solutions of [Bressan and Nguyen
2014] is open. But piecewise continuous solutions are shown to be unique in [Krupa and Vasseur 2020].

The Burgers—Hilbert equation can indeed form shocks in finite time. Various numerical simulations
have been performed in [Biello and Hunter 2010; Hunter 2018; Klein and Saut 2015]. Finite time
singularities, in the C 1.5 norm, with 0 < 8 < 1, were shown to exist in [Castro et al. 2010] for initial
data fy in L2(R) NC 1% (R) that has a point xq € R such that H (fo)(xo) > 0 and fo(xo) = (327 ]| foll.2)/3.
Recently, with a different approach, Saut and Wang [2022] proved shock formation in finite time for (BH)
and Yang [2021] constructed solutions that develop an asymptotic self-similar shock at one single point
with an explicitly computable blowup profile for (BH).

In this paper we are concerned with the dynamics in the small amplitude regime where (BH) can be
viewed as a perturbation of the linearized (BH) equation f; = H[ f]. Since the nonlinear term in (1-1) is
quadratic and the Hilbert transform is orthogonal in L?, standard energy estimates yield a time of existence
of smooth solutions 7 ~ 1/| fo||. Thanks to the effect of the Hilbert transform and using the normal form
method, Hunter, Ifrim, Tataru and Wong (see [Hunter and Ifrim 2012; Hunter et al. 2015]) were able to im-
prove this time of existence. More precisely, if € is the size of the initial data, they prove a lifespan 7 ~ 1/¢>
for small enough € (see also [Ehrnstrém and Wang 2019] for a similar approach with a modified version of
the (BH) equation). The proofs are based on the normal form method and on the modified energy method.
Furthermore, Hunter [2018] showed for 0 < € < 1 the existence of C*°-traveling wave solutions of the form

Je(x, 1) = ue(x + vet),
with
ue(x) =ecos(x)+ 0(€?), (1-3)
ve = —14 0(€?). (1-4)

Notice that, (u.(nx)/n, ve/n) is also a C*°-traveling wave solution.
Throughout the paper we will assume that the initial data fj has zero mean. Since (1-1) preserves
the mean,

2
f f(x,t)dx =0 forallz.
0
Since in the construction above u. also has zero mean,
2
/ f(x,t)dx =0 forallz.
0
1B. The main theorem. In the present work we extend the results in the small amplitude regime in the
following way:

(1) Size of the traveling waves: We show that the traveling waves exist for an amplitude € in the range
(0, €), with €* ~ 0.23, and fail to exist for € > 2/e.
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(2) Extended lifespan from a traveling wave: We prove that a §-perturbation of u, lives, at least, for a
time T ~ 1/(8¢) for 0 < 8§ < € <« 1, and for a time T ~ €/82 for 0 < § <« €? « 1. This is an
improvement compared with the time 7 ~ 1/€? provided by the results in [Hunter and Ifrim 2012;

Hunter et al. 2015]. Indeed, our main theorem reads:

Theorem 1.1. For 0 < |€]|, § K 1 let (ue, ve) € C°(T) x R be a traveling wave solution of (1-1) as in
(1-3) and (1-4) and

I fo—uellgacry < 9.
Then there exist 0 < €9 KL 1, T (€, 8) > 0 and a solution of (1-1)
f@x, 1) € C(0, T(e, 8)); H*(T))
such that

(1) if 8§ < |€| and |€| < €q, then T (€, 8) ~ 1/(€8),
(2) if 8 K €2 and |€| < €y, then T (¢, §) ~ € /8>

Moreover, there are two differentiable functions €(t) and a(t) such that
I f . 1) — ey (x +a) g+ S 6.

1C. Sketch of the proof of Theorem 1.1. Now we briefly describe the proof of Theorem 1.1. Assume
that the solution

FO, ) =ue(x +vet) + g(x +vet, 1)

is a small perturbation around the traveling wave u.(x +v¢t). Then the linearization of the Burgers—Hilbert
equation (1-1) is

Leg:=—vegy+Hg+ (uc(x)g)x =0
so to the first order, the perturbation g solves the equation g, = L.g, with solution
glx, 1) =e'tg(x,0).

Therefore the linear evolution of g is determined by the eigenvalues of L..
The full nonlinear evolution of g is

gl:L€g+N(gag)a

where N (g, g) is a nonlinearity that is (at least) quadratic in g. We plug in the linear solution to get
gr =" Leg(x,0) + N(eg(x,0), e g(x, 0))

to second order, which integrates to

t
glx, 1) = e’Lfg(x, 0) + e’LG/O e_“'LfN(e“'Lfg(x, 0), e“'LGg(x, 0)) ds.



2112 ANGEL CASTRO, DIEGO CORDOBA AND FAN ZHENG

Expand (at least formally) the initial data and the nonlinearity in terms of the eigenvectors of L. as

g(x,0) = ch(pn(-x)a N (o, om) = chmnwn,

n n
where the eigenvalue of ¢, is A,,. Then

e()hl+)‘4m)t — e)hnt

glx, 1)~ ancne“’wn(m +> A G () (1-5)

I,m,n
to second order, provided that the denominator A; 4+ A, — A, is not equal to 0, i.e., that the eigenvalues
are “nonresonant”’. Then we can integrate (1-1) up to a cubic error term, yielding the “cubic lifespan”,
i.e., initial data of size € leads to a solution that exists for a time at least comparable to € ~2. This is the
“normal form transformation”, first proposed by Poincaré in the setting of ordinary differential equations
(see [Arnold 1983] for a book reference). Its application to partial differential equations was initiated by
Shatah [1985] in the study of the nonlinear Klein—-Gordon equation, and then extended to the water wave
problem by Germain, Masmoudi and Shatah [Germain et al. 2012; 2015] and Ionescu and Pusateri [2015;
2018], the Burgers—Hilbert equation by Hunter, Ifrim, Tataru and Wang [Hunter et al. 2015], and more
recently, the Einstein—Klein—Gordon equation by Ionescu and Pausader [2022].

Unfortunately, nonresonance fails for L. because O is an eigenvalue, and 0 + A, — A, = 0. The
eigenvalue O arises from the symmetry of (1-1). Indeed, the initial data uc(x + 8) = u(x) + Su.(x)
produces the solution

Fx, 1) = ue(x +vet +8) X e (X 4 vet) + Sul (x + vet).

In this case g (x, t) =8u_ (x), with g, =0, so u, e ker L. Also, the initial data ue45(x) X uc (x)+80cue(x)
produces the solution

F, 1) = theqs(X 4 Veyst) R e (X 4 Vet) + 80ette (x + vet) + Sv_tul (x + vet).
In this case g(x, 1) = §cuc(x) + Sv.tu,(x), so
Leg =8Lcdcuc =g =8v.u, €kerlL,,

and thus dcu. is in the generalized eigenspace corresponding to the eigenvalue 0.
These perturbations generate translations and variations along the bifurcation curve. We treat them
separately using a more sophisticated ansatz

f @, 0) =ucry(x +a() +gx +a(),1).

We will show in Proposition 4.1 that if |e9| and || f — u¢, || y2/l|€o| are sufficiently small, then f can
always be put in the form above, with |e — €p|/|€g| also small and the expansion of g not involving any
eigenvector with eigenvalue 0. This way we remove the resonance caused by the eigenvalue 0 from the
evolution of g.

We also need to analyze the other eigenvalues of L., a first-order differential operator with variable
coefficients, and a quasilinear perturbation from Lo = 9, + H, whose eigenvectors are the Fourier modes e'"~.
Just like the Schrodinger operator with potential —A + V, with a basis of eigenvectors known as the “Jost
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functions”, giving rise to the “distorted Fourier transform” (see [Agmon 1975]), L can also be diagonalized
using a combination of conjugation and perturbative analysis. More precisely, let g = h,. Then

Leg = ((ue(x) —ve)g)x + Hg = ((ue(x) —ve)hy + Hh),,

so L. is conjugate to the operator i — (uc(x) —ve)hy +Hh. Let h = h o ¢, where ¢_ (x) is proportional
to (ue (x) — ve) "L Then

Leg = ((ccdy + H + R o)y,

where cc — 1 as € — 0, and R, is a small smoothing remainder (i.e., it gains derivatives of arbitrarily high
orders). Thus L. is conjugate to ccd, + H + R, whose eigenvalues can be approximated by those of ¢, 9y +
H, which are £(nc.i —i), n =1, 2, .... The general theory of unbounded analytic operators developed
in [Kato 1976] allows us to justify this approximation up to 0 (€%) (see Corollary 3.10), and to relate
the eigenvectors of L. to the Fourier modes (see Lemma 3.7), in the sense that another linear map h— h
conjugates L. into a Fourier multiplier whose action on e/ "+$€""¥ is multiplication by A, (n # 0).

At the end of the day we have the following estimate for small €:

, l+m+#n,

2

[Af 4+ A — Au| >
€, l+m=mn;

= N|—

see Proposition 3.11. Because this value appears in the denominator in (1-5), if g has size §, a direct
application of the normal form transformation yields a lifespan comparable to €2/82. To improve on this,
we will make use of the structure of the nonlinearity:

N(b, h) = 1hT + O(le)).

The first term is the usual product-style nonlinearity, which imposes the restriction / +sgnl/+m+sgnm =
n +sgnn, and implies [ +m —n = 1 # 0, so the normal form transformation can be carried out as
before. The second term is of size |€| and gains a factor of 1/|€| in the lifespan. Thus the usual energy
estimate can show a lifespan comparable to 1/|€d|, and the normal form transformation can show a
lifespan comparable to |€|/82. This decomposition of the nonlinearity into one part satisfying classical
additive frequency restrictions and another part enjoying better estimates analytically was first used by
Germain, Pusateri and Rousset [Germain et al. 2018] to show global well-posedness of the 1-dimensional
Schrédinger equation with potential (see also [Chen and Pusateri 2022]). Our result shows that this
approach can be adapted to quasilinear equations and to the case of discrete spectrum.

1D. Outline of the paper. In Section 2 we study the traveling waves solutions for (1-1). For sake of
completeness we sketch the proof of existence which follows from bifurcation theory. In addition we
analyze the size of the traveling waves. In Section 3 we study the linearization of (1-1) around the
traveling waves. In Section 4, we introduce a new frame of reference which will help us to avoid the
resonances found in Section 3. Finally, in Section 5 we prove Theorem 1.1.
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2. Traveling waves

The existence of traveling waves for (1-1) was shown in [Hunter 2018]. Here we will study their size
after we give some details about the existence proof. We look for solutions of (1-1) of the form

Je(x, 1) = ue(x + vet);
thus we have to find (u., ve¢) solving
Hue —veu, +ucu, =0. (2-1

If (ue, ve) is a solution, so is (u (x), v7) = (ue(nx)/n, ve/n). Thus from one solution we can get n-fold
symmetric solutions for all n > 1.
To solve (2-1) we can apply the Crandall-Rabinowitz theorem [1971] to

F:HT(T)xC— H"~ (),
(u, ) = Hu +uu' — (=14 pwu’,
where

Hrk’+(TT) = {27 -periodic, mean zero, even functions analytic in the strip {|Im(z)| < r}},

endowed with the norm

L gty = D NFC i) e,
+

and
H,"’*(T) = {2 -periodic, odd functions analytic in the strip {|Im(z)| < r}},

endowed with the norm

1F gty = D IFC i) e
+

Here || - || gt 1s the usual Sobolev norm, and it is enough to take k > 1 and r = 1.
We notice that (0, u) = 0 and the derivative of F atu =0, u =0,

D,F(0,00h=Hh+H

has a nontrivial element in its kernel belonging to H**(T), namely, & = cos(x).

Thus, the application of the Crandall-Rabinowitz theorem allows to show the existence of a branch of
solutions (u¢, v¢) € (H11’+, R), bifurcating from (0, —1) for (2-1) with the leading-order term

ue(x) = €cos(x) + 0(€?), ve=—1+0(e).
We remark that we obtain a bifurcation curve
€ = (ue, ve),

. @2)
Bs={zeC:|z]<é} = (H'™ " ,R),

which is differentiable and hence analytic on Bs for § small enough.
The rest of this section is devoted to proving further properties of these solutions.
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Introducing the asymptotic expansion

o0 o
Ue(X) =Y up()e", ve =Y vy€", (2-3)
n=1 n=0
taking u; = cos(x), Ao = —1 and comparing the coefficient in €”* we obtain that
n—2 n—
u, + Huy, = —v,_; sin(x) + Z Uy — %8x Z Up—mlm = —Vy_1 8in(x) + f,
m=1 m=1
forn=2,3,....

We notice that in order to solve the equation Hu + u’ = f we need (f, sin(x)) = 0. Therefore we
have to choose Vo] = l(sin(x) fn). This gives us a recurrence for (u,, v,—1), n > 2, in terms of
{(Um, vm—1)},_;- In order to study this recurrence we will introduce the ansatz

U, = Z U i cos(kx). (2-4)
k=2

By induction, one can check that the rest of coefficients in the expansion on cosines of u, must be zero.
In addition, if u.(x) solves (2-1), u_.(x + ) is also a bifurcation curve in the direction of cos(x), and
then by uniqueness, u.(x) = u_(x 4+ ), which yields 4, y =0if n —k =1 (mod 2).

Comparing the coefficient of sin(kx) with k =n (mod 2), and 2 < k < n, we have

min(m,k—1)
(1 _k)”nk+kzvf11un mk_Z Z Z Um [ Un—m, k—I
m=1 [=max(1,k—n+m) n—1 min(m,n—m—k)
Z Z Um, i Un—m k+1 = 0. (2'5)
m=1 =1
And comparing with sin(x) we have
1 n—1 min(m,n—m—1)
Up—1 = 5 Zl ; Um, I Un—m, 1+1- (2‘6)
m= =

Up to order O (e*) we find
U (x) = €cosx — 162 cos2x—|—%e3 cos3x+0(e4), 0-7)
—1— 1?4+ 0(eM.

The recurrence (2—5)—(2—6) allows us to prove the following result.

Theorem 2.1. The radius of convergence of the series (2-3), with the coefficients given by (2-4)—(2-6), is
not bigger than 2 /e.

Proof. From (2-5) and (2-6) we have
1

(n — k) ug xn—kn—k-
|

3
|

(I— n)un,n =

N[ —
~
Il

Let
o0
y=yx)=x +Zun,nxn~

n=2
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Then y — xy’ = xyy’/2, which, together with y ~ x for small x, yields y = 2W (x/2), where W is the
Lambert W-function. Since the radius of convergence of W at 0 is 1/e, the radius of convergence of y
at 0 is 2/e, so the radius of convergence of (2-5) and (2-6) is at most 2/e. O

In addition we can get a bound for how large the traveling wave can be.
Theorem 2.2. The series (2-3), with the coefficients given by (2-4)—(2-6), converges for any € < x* ~ (0.23.

Proof. This proof is based on the implicit function theorem.

First we introduce the spaces
L*~ = {odd functions f € L*(T)},

H'* = {even functions f € H'(T)}.

The space X is the orthogonal complement of the span of cos(x) in H'*. We will equip L>~ with the

norm .
1
lull3,- == [ lu@x)|*dx (2-8)
T[ —TT
in such a way that ||sin(nx)||;2- = 1 for n > 1. We also define
1 T
lulli = — [ (/@) + o) = 2u () Au(x)) dx. (2-9)

—TT
Thus |[cos(nx)||x =n — 1 for n > 2. The reason why we take these norms is technical and it will arise
below. Finally we define

X=XxR
equipped with the norm
1@, ) llx = Vilalg + vl
Since u, = e cosx — %62 cos2x + O(€®) and ve = —1 4+ O(€?), we can let
G(e, u, p)
_ lF( 12 cos 2 2, ep)
=3 €COSX — 5€7COS2X +-€"U, €N

= Hii + € (cos x(sin2x + ') + (3 cos 2x — i1) (sinx — € sin2x — eit')) + i’ — ju(sinx — € sin 2x — €ii’)
map R x X to L>~.
Because of the existence of traveling waves, we already know that there exists €* such that, for every
€ € [0, €*), there exist i, and . satisfying

G(G, ﬁé? MG) = O
In addition we have

dG(e,tic+sv, u+sv)
ds =0

=dGe g, . (V,v)
= Hi+€(0 cosx—i(sinx—e sin2x—ei/)—e(% cos2x—ii)v')
+0'—v(sinx —esin2x—eit ) +epv’

maps (7, v) € X linearly to L%~
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Thus as far as dG ;. (i, ) is invertible from X to L%~ for € € [0, x*) we will be able to extend
the solution (u, we) from [0, €*) to [0, x*) by the implicit function theorem.
Note that

dGooo(v,v)=Hv+ v —vsinx
is an isometry from X to L>~ under the norms given by (2-8) and (2-9). Therefore one can compute
dGe i, . =dGyg o 1+dGyg ((dGei, . —dGo00))-

By the Neumann series and the fact that dGo 0,0 is an isometry, dG ;.. Will be invertible, as long as
ldGe i, . —dGoo0llx—r2- < 1. In order to show this last inequality we will bound

Ac = dGe g, p. —dGooollx—r2-

in terms of ||iz¢||x and u.. After that we will bound ||z, || x and .. To do it we will use the information
we have about 9,1t and O tie.
Along the bifurcation curve,
dGe i, e (Belle, ur)
=—0:G(€, e, pe)
= cosx(sin2x+ii’é)+% sinx (cos2x —2ii¢) —€ (cos2x —2i¢ ) (sin2x+i, )+ (sin2x+i.).  (2-10)

Thus

Beiic, 1) =dG_} |, (=0cG(€, e, pe))-

Therefore
= 1 ~
VIeiiell} + 11 < 7= 10:G e e, )l o (2-11)
€

In addition we have, for ro = /|| ¢ |I§( + e l?

\/ ~ 2 112 1 ~

Ocre < “86’/‘6”)( + “’l’gl = 1—A 10cG (€, e, pe)ll 2.
€

Thus, explicit estimates for A and [|0.G (€, ii¢, (e)|l 2~ in terms of r. and € give a differential
inequality for r. which can be used to bound A..

We will need the following lemmas to bound A, and the norm ||0:G (€, ii¢, pe) || 2-, Where 0.G (€, tie, [Le)
is given by the right-hand side of (2-10).

Lemma 2.3. If f € X then || f sinx — f' cos x|l ;2 < /3| flx-
Lemma 24. If f € X then |2 f sin2x — f'cos2x||;2 < %«/17||f||x.

Proof. We only show Lemma 2.3. The proof of Lemma 2.4 is similar.
Let f =) 72, facosnx. Then

o0
2(fsinx — f'cosx) = frsinx +2 f3 sin 2x —{—Zn(f,,_l + fuy1) sinnx,
n=3
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and

41 f sin(x) = f'cos(D)17. = f5 + 415+ Y n* (o1 + fur1)’

n=3
<10f7 +20f2+59f7 +88f2 + 182 fs+ 3213 f5 +4Z(n +Df.
n=6
The infinite sum is bounded by 1.48) % ((n — 1) £2, and it remains a finite-dimensional problem to
show that the remaining terms are bounded by 122222 (n—1)2f2. O
Lemma 2.5. If f, g € X then ||(f8)'ll> < Bl fllxllgllx, where
869
B = 3 + Taa ™~ ~ 3.05.
Proof. Let f =Y 72, facosnx, g = Z _,8&ncosnx € X. Then
(fe) =—5 Zn Z fim|8ln—m| sSinnx,
n>1 m|>2,|ln—m|>2
so by Cauchy—Schwarz,
2
1
I/ I =35 2 nz( > ﬁmg.n_m|) <ClfIxlgl%,
In|=1 Im|=2,|ln—m|>2
where )
1 o n w2 869
C== == 0
s ) (ml—DXn—m -2 3 ' 144

=L 22, |n—m|>2

Now, with Lemmas 2.3, 2.5 and 2.4 we are ready to bound the right-hand side of (2-10). Indeed,
A/ 1044¢€2 V17

||right-hand side of (2-10)]|,2 < 1 +2r + TEHfte lx + Belliie|| 5 + llcll% + el

Turning to the other side, we have
G c.iic.n0) —dG0,0,0)(0, V)
= €(?' cosx — D(sinx — e sin2x — €ii,) — €(5 cos 2x — iic) V') + €v(sin2x + ii,) + epev’.  (2-12)

Again by Lemmas 2.3, 2.5 and 2.4 we find

|left-hand side of (2-12)]|;2 < («/§€ +— 17 €? + Be? llite || x +26|,u€|) 1Vl x + €1 +2|ielx)|v]

4
= (A4 2l 1+ 2l - (. o + (VT2

\/_2

+ Belaclx ) I5]1x.
SO

A¢ <2€+2er. + + Be? Te.

Since dG (0,0,0) is an isometry, the Neumann series (1 —T) = Z;’;O T" shows that if A, < 1, then
dG i, .. 1 invertible, and ”dG(_elﬁ u )|| <(1—-4)"" s0

AV 10+4€2
4

+2re + Te||u€||x + Ber; +r;

1 V17 -
Videiel + 1 = 1= 2+ r2).



STABILITY OF TRAVELING WAVES FOR THE BURGERS-HILBERT EQUATION 2119

Then ro = 0 and
LV104 42+ 2+ YWe)r. 4 Ber? 412

1 —2¢ —2ere — {62 Be?r,

=

/
ré

By the comparison principle, . is bounded from above by the solution to

dy , ~10+4x2+ (8+2v17x)y +4Bxy? +4y? (2-13)
dx_y_ 4 —8x —8xy —+/17x2 —4Bx2%y ’

with y(0) = 0, which is
(2Bx* 4+ 4x)y* + (8x + vV 17x> —4)y + xv/x2 + 2.5+ 2.5sinh ' (+/0.4x) =0

When x > 0, the quadratic coefficient and the constant are positive, so this equation has a nonnegative
root if and only if

8x ++17x* —4 < —2\/ (2Bx2 +4x)(xvVx* +2.5+2.5sinh ™! (v/0.4x)),

whose solution is x < x* &2 0.23 numerically. Hence the solution can be extended to € = x* ~ 0.23. In

order to achieve this last conclusion we notice that the solution to (2-13), with y(0) = 0 can be extended
only if Ac < 1, since 1 — A arises in the denominator.

The above argument shows that for € € (—x*, x*), the bifurcation curve produces a traveling wave
U = E€COSX — %62 cos 2x + €2ii,, which travels at speed v, = —1 — e . Since all the operators involved
are analytic in all its arguments, the bifurcation curve is analytic in € on (—x*, x*). It may be the case,
however, that the power series for u, and v, around € = 0 has a smaller radius of convergence than x* (for
example, the function f(x) = (x> 4 1)~! is analytic on the whole real line, but the radius of convergence
of its power series around O is only 1.) We now show that the radius of convergence of the power series
for u. and v, are indeed at least x*.

We note that the above argument also works if € is replaced with ee’® (a € R), so the bifurcation curve
(e, ve) is also analytic in a neighborhood of {ee!® : € € (—x*, x*)}. Hence the curve is analytic in the
disk of radius x* centered at 0, so the radius of convergence of its power series around 0 is at least x* [

3. Linearization around traveling waves
In this section we will analyze the spectrum of the operator

Leg=—vegy +Hg+ (e(x)g)x

corresponding to the linearization of (1-1) around the traveling wave (u., v¢) bifurcating from zero in the
direction of the cosine studied in the previous section.
Actually, let

fx, )= fe(x, 1) +g(x +vet, 1),
with fe(x, 1) = uc(x + vet). Then

fi(x, 1) = 0r fe(x, 1) + (Vegx + &) (X + Vet , 1)



2120 ANGEL CASTRO, DIEGO CORDOBA AND FAN ZHENG

and
(Hf + ffo&x, 1) = (Hfe + fedc f)(x, 1) + Hg(x + vt 1)
+ 0y (fe(x, )g(x +vet, 1)) + g(x + vet, 1)0: g (x + vet, 7).
Putting these in (1-1), we get the equation for g(x, t)
0 8(x, 1) = —veg(x, 1)y + Hg(x, 1) + (ue (x)g(x, 1)x + 8 (x, 1)g(x, 1)y

The linearization around g = 0 is

atg = Legs
where
o
Leg=—vege+He+ueg)e = Hg+gc+ ) €" (™ —v")g), . (-1)
n=1 )
Lg - Lng

3A. The eigenvalue 0. The action of L on the Fourier modes is
F(Lg)(m) =i(m —sgnm)g(m),

with eigenvalues 0 (double), i, +2i, ... (on L?(T) with zero mean). We first study the perturbation of
the eigenspace corresponding to the double eigenvalue of 0. By translational symmetry, for any § € R,
uc(x + 8) is also a solution to

Hu —veu+uu' = 0.

Differentiation with respect to é then shows that
Leu, = Hu, — veu!, + (ueu.) = 0.
Also, since u. lies on a bifurcation curve, we can differentiate

Hu, —veu, +ucu., =0,

with respect to € to get
Ledeue = Hoeue — (Dcveul, + ucdeu, + uldeue = (deveu,

so on the span V. of u, and dcu., L¢ acts nilpotently by the matrix

0 0cve
0 0 /)’
3B. Simplifying the linearized operator. We want to solve the eigenvalue problem
Leg = ((ue —ve)g)' + Hg = A(e)g.

Let g = /. Then the antiderivative of the above is

(e — vo)l' + Hh = A(€)h (mod 1). (3-2)

, 27 27 dy -1
¢ = ( / ) ) (3-3)
Ue — Ve 0 Ue(y)—ve

Let h = h o ¢e, where ¢, satisfies
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Then
(e —v)PL(h' 0 pe) + H(hope) = h(€)hope (mod 1),
When € is small enough, ¢ is a diffeomorphism of R/27Z, so
2 dy -1 5 B B
27 (/ —) B +H(hop)op " =€) (mod1).
0o ue(y)—ve
By the change of variable z = ¢ (y),
2 -1
- B 1 ~ P (x) —
H(hoge)od ' (x) = / h(dk(y))cot(ny) dy

27 Jo

2 —1 _ o1
:%/0 h(z) cot(q>€ (x)2 o (Z))(qﬁe—l)/(Z)dz.

The convolution kernel of the operator

Rh=H(hog)ogp, ' — Hh

N .
Ko(x,2) = cot(¢€ Db D )«b;l)’(z) - cot(xTZ) (3-4)

is

and the e-derivative of the kernel is

-1 _ a1 ae —1 _ae -1 1y
o0 9 <z>> P @b @ oy

|
+cot<¢€ (x)zd)e (2)

0cKc(x,2) = —cscz<

>a€<¢;1)/<z>.

Near x =0, cscx — 1/x2 and cotx — 1 /x are smooth, and (p- 1)’ is smooth everywhere, so when x — z is
small enough, up to a smooth function in (x, z),

1K) _ 09 -0 @)@ @) | 86 @
2 (@' ()= (2))? ¢ (0)—¢c ' (2)
(07 (@ (97 (1) =7 ()~ (e () —Bep7 () (97 (2)
a (@' () =9 (2))?
07 @ (=22 [y 10 (1—1)z+1x)dt
a (¢ (1) —¢c ' (2))?

@Y @E=2)? [y 1=Dd(@ )" (1—t)z+tx) dr
(9 () —¢c ' (2))2 ’

which is itself a smooth function of (x, z) when x — z is small enough (because ¢ I'is smooth). Then

10 R ™ | g Seom Nillp2jcry.  kom=0,1,...,
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where the constant does not depend on €, for all he H™ /(1), or, equivalently,
19 Rehll i Seom W2l jg-ms  kom=0,1,..., (3-5)
where the dot over H means that the norm does not measure frequency zero.

Definition 3.1. We say an operator is of class S if it satisfies (3-5). We say a family of operators is of
class S uniformly if for each k and m there is an implicit constant that makes (3-5) true for all operators
in the family.

Thus 9 R, is of class S uniformly in €. Since Ry =0, R¢/¢€ is also of class S uniformly in €.
Now the eigenvalue problem for £ is of the form

(cedy + H + R)h = A(e)h (mod 1)
or, equivalently,
By +c."H+c"R)h = c7'A(e)h (mod 1), (3-6)

2 dy -1
o= 2m f —) (3-7)
< 0 Ue(y)— Ve

and R./e is of class S uniformly in €. Note that since u. and v, are analytic functions of € on a

where

neighborhood of 0, with ug = 0 and vy = —1, so are ¢, R and ¢ with ¢pg =1, Ry =0 and ¢y = 1.

3C. Spectral analysis of the linearization. The eigenvalue problem (3-6) is a perturbation of the eigen-
value problem
h'+Hh=xh (mod 1),
with explicit eigenvalues
0 (double), ni, n==41,+£2,...,
and eigenfunctions
eF, TSNy — 4D

They form an orthogonal basis of H*/(1) for any nonnegative integer k.
Definition 3.2. Let 7 : H*(T) — H*(T) for k € N be a linear operator. We will define
ITN =Tl gy v 1y
The resolvent (3, + H —z)~! is also a Fourier multiplier whose action on Fourier modes is
(O + H —2) 'eH DY = (£ni — )~ leF DY p=0,1,.... (3-8)

The circle
Th={z:1z—ni|=3}, n=+1,42,...,

encloses a single eigenvalue +ni, and the circle

Fo={z:lzl =1}
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encloses the double eigenvalue 0. On I';, and I'y we have

lz—mi|>1, meZ,
so by (3-8),
10+ H —2)~"

| <2, zel,, nel.

Moreover the projection
Pn:_ l-f(ax+H_Z)_le7 n::i:l,:I:Z,...,
2ri Jr,

is the projection on the span of ¢/ *$8""¥ and the projection

Pom—t [ o+ H—2""dz
2ri Jp,

is the projection on the span of ¢/* and e~*.
Now when € is small enough and z € I';;, we have

d+c'H+c'Re—z2=0,+H—2)(1+ @ +H—2)""'R)),
where
Ro=@+c.'"H+c'R)— @+ H)=(c.' —1)H+c 'R,

is analytic in € near 0, with R, = 0, thanks to the analyticity of c.. Taking the inverse gives
(Octc.'H+c'Re—2) ' =4+ @0+H—-2)"'R) 0+ H—2)"

and the Neumann series

o
I+ @ +H=-2"R)™'=> (0 +H—2)"'R)"
n=0
converges because
1@y +H —2) 'R < 2| R || See < 1

when € is small enough (depending on k). Moreover,

I(1+@+H—-2)""RY™ 1| g e
and so
1@ +c'"H4c'Re—2) ' — (@, +H—2)""|| Se

uniformly for z € I';,. Hence the projections

Qn(e):—ﬁf @By +c'H+c 'R —2)'dz, nez,
T,

exist and satisfy
”Qn(e)_Pn” §k65 neZ?

2123

(3-9)

(3-10)

(3-11)

(3-12)

(3-13)

(3-14)

uniformly in n. Then by [Kato 1976, Chapter I, Section 4.6], when € is small enough, O, (¢) is conjugate
to P,. Thus dimran Q,,(¢) = 1 for n # 0 and dimran Qy(¢) = 2. So dy + c;lH + ce_lRe has a single
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eigenvalue enclosed by I, for n # 0. In Section 3A we showed that the action on the range of Qg(€) is
given by a nonzero nilpotent 2-by-2 matrix. If z is outside all these circles, then (3-10) still holds and
the Neumann series (3-12) still converges to show that oy + c¢_ 'H+ c;lR6 — z is invertible, so it has no
other eigenvalues.

3D. Analyticity of eigenvalues and eigenvectors. By (3-8) and (3-9), (8, + H —z)~! is analytic in (z, €)
for z in a neighborhood U of ( J,.; I's, and € near 0. By (3-11), R{ is analytic in € near 0, so the series
(3-12) shows that (0, +c;1H +CE_1R€ —2)7lis analytic in (z, €) for z € U and € near 0, and the integral
(3-13) shows that all the projections Q,(¢) (n € Z) are analytic in a neighborhood of 0 independent of r.

Let v, (¢) be the corresponding eigenvectors to Q,,(€) for n # 0. Thanks to (3-14), a good choice is
VUn(€) = Qp(€)e! 58X which is nonzero and analytic in a neighborhood of 0 independent of n. Then
by (3-6),

0,,(€) (0 —I—ce—l([-[ 1 R,))ei rHsenmx — (5 +c€_1(H L R))Wn(e) = Cg_l)»n(f)wn(é).
On the other hand, the left-hand side equals
(n + Sgnn)i Qn(e)ei(n+sgnn)x + Ce_l Qn(e)(H + Re)e:ti(n-l—sgnn)x,

which is another vector analytic in € near 0. Then by the next lemma, all the eigenvalues c;lkn (e), and
hence A, (¢), are analytic in a neighborhood of 0 independent of .

Lemma 3.3. Let u(e) and v(e€) be two vectors analytic in € € U satisfying
u(e) 20 and v(e) =A(e)u(e), ee€l.
Then A(¢€) is analytic in € € U.

Proof. Without loss of generality assume that 0 € U. Since the result is local in €, it suffices to show that
A(€) is analytic in a smaller neighborhood of 0.

Since u(0) # 0, we can find a linear functional f such that f(u(0)) # 0. Then f(u(e)) #0 in a
neighborhood of 0, and so
()
 flue)
is analytic in a neighborhood of 0. (|

A(€)

Regarding the double eigenvalue 0, in Section 3A we showed that u and d.u. are two generalized
eigenvectors of the operator L.. Using the relation given in Section 3B, they correspond to two generalized
eigenvectors v, (¢) and W(T (¢) of the operator 0y + c_ 'H+ ce_lRe, via the relation (v, (€) o ) =u.
and (w(;r (€) o) = dcue. Then clearly woi (e) are both analytic in €.

From the analyticity of the eigenvalues ¢ ' 4, (€), it is easy to derive bounds on their Taylor coefficients.

Proposition 3.4. For k > 1 and n # 0, the coefficient of €* in cZ'A,(€) is bounded in absolute value
by C* for a constant C > 0 independent of n,
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Proof. At the end of Section 3C we showed that when € is in a neighborhood of 0 independent of #n, the
eigenvalues c;l)Ln (¢) are enclosed in the circle I'},. Then

lc-'hn(e) —nil <3, n==£1,£2,....
The result follows from Cauchy’s integral formula for Taylor coefficients. U

Corollary 3.5. Fork > 0 and n # 0, the coefficient of €* in A, (€) is bounded in absolute value by |n|C*
for a constant C > 0 independent of n.

Proof. Since c. is analytic in € near 0 with co =1, and A, (0) =ni, the result follows from Leibniz’s rule. [J

3E. Conjugation to a Fourier multiplier. We have conjugated the eigenspaces of T =, +c. ' H+c 'R,
(and also of c.9, + H + R¢) to Fourier modes via the operator

L4+ We=Y" P,Qule),
neZ
where P, is the projection onto the span of =¥, Qg (¢) is the projection onto the span of 1//(;—L (e), P, is the
projection onto the span of e/ "+5€"* and Q,, (¢) is the projection onto the span of v, (€), n==41, +2, ....
We will view T as a perturbation of d, + ce_lH and follow the proof of [Kato 1976, Chapter V,
Theorem 4.15a]. In the process we will extract more information from the fact that R is of class S. Since

Pl=P, Y P,=1, (3-15)
neZ
we have
We=_ Py(Qu(€) = Py) (3-16)
neZ
and Wy =0.

Proposition 3.6. W, /¢ is of class S uniformly in €.

Proof. We bound each term on the right-hand side separately. By [Kato 1976, Chapter V, (4.38)],

0n(€) = Py = —c. ' Qu(€)R Z,(€) — ¢ ' Z) ()R Py,
where
zn(e):L_/ z—m+0—cYsgnn)i) '@, +c'H -2 dz,
2r7i Jr,

z;,(e):ﬁfr z—c "M@ (T —2) 1 dz.

We now bound the operator norms of the right-hand side, with uniformity in € and decay in n, in order to
show that the sum in n converges.

First note that it is clear from the frequency side that when € is in a neighborhood of 0 independent of n
and z € |,y I for all m > 0, the operator (3 +c_ ' H —z)~! is bounded from H™ to H™, uniformly in
€ and z. Since R, /¢ is of class S uniformly in € (see (3-5) and notice that Ry = 0), it follows from the
Neumann series that || (7 —z)~!|| gm_s ym 18 finite and only depends on m. Since |z —(n+(1 —c;l) sgnn)i|
and |z — c;lkn (€)| are uniformly bounded from below, both Z, (¢) and Z,(¢) are bounded from H™
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to H™, uniformly in € and n. Since Q,(€) is given by a similar integral (3-13), it also has this property,
which is also trivially true for P,. Now, for all n,m, k € Z, m,k > 0 and hel?,

1Zy () Re Pultll sy Sk I Re Patl e Sk V€1l Pull -
Sk €1+ )TNl - (3-17)
because P, is the projection onto very specific Fourier modes. For the first term we have
IR Zu (| g S €11 Zu (@R fr-n Sone L€l Nl -

To introduce the action of Q,(¢), note that the image of Q,(¢) lies in the eigenspace of the operator
ce0y + H + R, with eigenvalue A, (¢), so for n 0 and u € Im Q,, (¢) we have

u =€) ce' + Hu + Reu),
50 [lull g Sk (A (1 Hlull e S In| = [Jull s . Hence
1Qn(€) R Zn ()l st Sk n 2N R Zn(€) | prrse Somoke 1€l (14 [0 22l gy (3-18)

This also holds for n = 0 because R /¢ is of class S uniformly, so W, /e is of class S uniformly in €
thanks to the convergence of ), (1 + In|)~2. O

Now for £k = 0, 1, ..., there is a neighborhood of O such that when € is in this neighborhood,
N Well o e < 1,50 14+ We : H* — H* is invertible. By (3-15) and (3-16) it follows easily that

(1 +Wo)Qn(e) = P(1+ We), (3-19)

so the eigenspace of T is conjugated to the (span of) Fourier modes, and hence T is conjugated to a
Fourier multiplier.
We have proven the following lemma:

Lemma 3.7. For € small enough, there exists an operator W, such that W /€ is of class S, uniformly in €.

Moreover:
(H 1+ W, H* — HF is invertible.
(2) I+ Wo)Qu(e) = P(1+We), ne .
) If ¥ is in the closed linear span of the eigenvectors Vr,(€) (n # 0) of c.9y + H 4+ R, then
(14 Wo)(cedx + H+ Re)Y = Ac(1+ Wo) v,
where A is a multiplier such that
Ace TN = ) (€)' TN g =], 2,

3F. Taylor expansion of eigenvalues. Now we Taylor expand the eigenvalues A, (¢) for n # 0. To do so
it is more convenient to study the eigenvalue problem (3-2) for h:

Leg:=((ue —ve)g) + Hg = Ae)g.
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Recall the operator L = Ly = d, + H whose action on the Fourier modes is
F(Lg)(m)=i(m—sgnm)g(m),

with eigenvalues O (double), +i, £2i, ... (g mean zero).
Since (u¢, ve) is analytic in € on a neighborhood of 0, and

1A' |2 < I+ Hhll g2 + | Hhl 2 = | Lhll 2 + 2l 2,

by [Kato 1976, Chapter VII, Theorem 2.6], L. is a holomorphic family of operators of type (A), so by
Chapter VII, Section 2.3, all the results in Chapter II, Sections 1 and 2 apply, and we can compute the
Taylor coefficients of A(¢) as if L, acted on a finite-dimensional vector space.
We start with computing the resolvent of L,
R@)=(L—2)"

whose action on the Fourier modes is
F(R(2)g)(m) = (i(m —sgnm) —2) ' g(m).
Around the eigenvalue ni (n = +1, 2, ...) we have the expansion

oo
R(@)=(ni—2)"'Py+ ) (z—ni)sit,
k=0

where P, is the projection on the span of ¢/ " T522* and
g(m)
i(m—sgnm—n)’

F(S,g)(m) = m #n+sgnn. (3-20)

By [Kato 1976, (I1.2.33)],

o0
(@) =ni+Y AP, n=x%1,42,...,
k=1
where

k
20 — Z (—1)P Z TrL(UP)Sr(th) o L(v')S(h'),

p=1 vi+tvp=n, vj>1
hl+“'+h1):p_l

where S,(ZO) = —P, and, for h > 1, S,(lh) = S,’l’, with S, defined in (3-20), and L") is the coefficient of
€’ in the Taylor expansion of L.. Note that the constraints in the summation imply that there is some
Je€fl,..., p}suchthat h; =0 and so S,(Zhj ) — —P,, so every summand is a finite-rank operator whose
trace is thus well-defined.

Lemma 3.8. If A is a finite-rank operator, then Tr AB = Tr BA.

Proof. By linearity we can assume A has the form A(-) = f(-)v for some (not necessarily continuous)
linear functional f. Then Tr A = f(v). Since AB(-) = f(B-)v and BA(-) = f(-)Bv, it follows that
TrAB = f(Bv) =Tr BA. O
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Using the lemma above, we can simplify the sum in Af,k) a little. Indeed, there are p circular rotations
of the tuple (hy, ..., hp). Since (Z i hj, p) =1, the p circular rotations are all distinct, so we can choose
the lexicographically smallest one as a representative. For such a representative, /1 = min; h; =0, so

h .
s — _p.and thus we only need to act L(”P)S,(l P L) on e HSEX and take the (n+ sgnn)-th
mode to compute the trace. Thus

k
)\',(,lk) — Z(_l)p—l Z f[L(Up)S}Ylp) L L(vl)ei(n+sgnn)x](n + Sgnn). (3_21)
p=1

vi+tv,=k, vj>1
hi+-+hp=p—1
(hy,..., hp) is a representative

Let us compute some terms Aflk) by using the formula (3-21). We have

AV =Tr LV P, =0
because L shifts the mode by 1, and

AD =Te(LP P, — LS, LV P,).

Put s = sgnn. We extract the (n+s)-th mode of each term:

T LOP, = FILO 209 4 5) = ")
n 4 .
| b iLVs, ——— .
LS )SnL( )l (nts)x _ T((n s+ l)et(n—i-s-l- x4 (n+s— l)ez(n-i-s— )x)

1
= LT((H +s5+ l)gi(n+s+l)x —(n+s— l)ei(n+sfl)x)’

in+s+Dm+s)—iln+s—1Dn+s) ints)
4 2

Tr LS, LV p, =

SO
5,0 i(n+s) _2i(n+s) __i(n+s)

n 4 4 4

We can further compute that

2iln+s) 1le*i(n+s) 527ie®(n+s)
4 32 768

An(€) =in — + O, (e

forn =41, +2,4+3,....
Proposition 3.9. Forn =4+1,42,...,

k) _ 0, 2’Tk,
" ic®(n+sgnn), k<2ln|+2,
where ¢® is the k-th Taylor coefficient of c as defined in (3-7).
When k > 2|n| +4, )\,(1]() is still purely imaginary but the formula )L,(lk) =ic® (n +sgnn) does not hold

in general.
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Proof. Firstly we notice that, for n = %1, the coefficient of €in Ay (¢) is

€4 11€% 529¢€%
ME)=i————-—

0 7
2 16 382 TOE)

which does not hold for 1) = +2i ¢

Next, we prove the fist part of the lemma. In each summand of (3-21), all the coefficients are real,
except that each operator L brings a factor of i to the Fourier coefficients (via the operator d,), and each
operator S, removes a factor of i (see (3-20)). Hence each summand is purely imaginary, and so is A,gk).

In each summand of (3-21), the operator S,(l”‘f ) is a Fourier multiplier that does not shift the modes,
while the operator L™ g = ((u"™ — v'™)g)’ shifts the modes by at most m because u"™ only contains
modes up to e™"*_ Also the amount of shift is equal to m (mod 2). Thus when acting the sequence
L(“P)S,(,h”) < LD op ! 19X the mode is consecutively shifted by at most vy, v2, ..., v,, and the total
amount of shift is equal to ) Vi = k (mod 2). Since in the end we are taking the (n+s)-th mode, the
total amount of shift must be O in order to count, so when k is odd )\ﬁlk) = (0. When k is even, the mode
¢/"+9% can only be shifted as far as e/ "+5¥%/2*; otherwise it can never be shifted back. Hence when
k <2|n|+2 =2|n+s|, the frequency always has the same sign as n or becomes 0. In the former case we
can take sgnm = sgnn in (3-20), while in the latter case the derivative in L kills it, so it does not hurt if
we still take sgnm = sgnn in (3-20). Either way we can take sgnm = sgnn in (3-20). Thus the action of

Sy is the same as that of S, where

g(m)

F(S,8)(m) = - :
i(m—n—sgnn)

m #n+sgnn.
For n > 0, the operator S/, is the analog of S, for L™, with
F(LTg)(m) =i(m —1)g(m),
ie., LTg =g —ig. Hence A% remains the same if we replace L with L™. Now we have
Lig:=L"g+ i "L™Mg=—vg —ig+ (ucg) = (e —ve)g) —ig,

n=1

whose eigenvalue problem is
(e —ve)g) —ig = 21" (e)g.
Using the same change of variable as in Section 3B, the problem above can be transformed to
R —icZ'h=c"AT (o),
whose eigenvalues are
Ah(e)=n'cei —i.
Since when € — 0, A,(¢) — ni and ¢ — 1, we must have n’ =n + 1, and so
Au(€) = (n+ Deei —i + 0, (™).

For n < 0, note that since L preserves real-valued functions, its eigenvalues come in conjugate pairs,
SO Ap(€) = Ajy|(€) = —An(€) has the same property. O
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Corollary 3.10. When |€| is small enough,
IAn(€) — (n+sgnn)cei +isgnn| < |n|(Ce)?"+* < 'S, n e 7\{0},
A (€) — (n+sgnn)decei| < [n|(Ce)?" T3 < C'e>, ne2\(0},
for some constant C, C' > 0 independent of n.

Proof. By Proposition 3.9. the Taylor expansions of A, (€) and (n + sgnn)cei — i sgnn differ only from
the term €*"**, By Corollary 3.5, the error terms of the former sum up to O (|n| Y32, 14(Ce)*) =
O(|n|(Ce)*M+4y if, say, Cle| < % The error term of the latter clearly also satisfy this bound.

To extend the chain of inequalities it suffices to note that |n|(C €)2In=2 is uniformly bounded for n £ 0
if [Ce| < 3. O

3G. Time resonance analysis. For m, n and [ € Z we consider

Am(€) +An(€) +ri(€) =(m+n+1Dcei + (sgnm +sgnn +sgnl)(ce — 1)i + 0(66).
Proposition 3.11. If m, n,l € Z and mnl # 0, then when € is small enough, |\, (€)+A,(€)+A;(€)| > %62.
Proof. By (3-7) and (2-7),

R —
2 0 Ue(y) —ve 0 1+ecosy—%62c052y+%e2

2
= (/ (1 —ecosy+ezcos2y+%626032y— %ez)dy)
0

Ce = (1 + ‘—1‘62)_1 +0@E)=1- %62 + 0(€).

We distinguish three cases.

1
+ 0(e?),

Case l: m+n—+1+#0. Then |m+n+1|>1. Since cc — 1 562,
A (€) + A (€) + Ai(€) = (m +n+Deci + O(€2).

Since ¢ — 1 as € — 0, we have |1, (€) + A, (€) + A (€)] > %|m +n 41| for small €.

Case 2: m+n+1 =0 and mnl # 0. Then
Am(€) +An(€) + Mi(e) = —X(sgnm +sgnn +sgnl)e’i + O(”).

Since |sgnm|=|sgnn|=|sgnl| =1, we have |[sgnm+sgnn+sgnl|>1,s0 |, (€)+r,(€)+1(€)] > %62
when € is small enough. O

When m +n+1 =0 and mnl = 0, since A, (¢) is odd in n, it follows that A,,(€) + A, (€) + A;(¢) = 0.
We do have time resonance in this case. We will eliminate this case by choosing a new frame of reference.
4. A new frame of reference

Recall that the traveling wave solution

fe(x, 1) =uc(x +vet)
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satisfies

0 fe = Hfe + feOx fe,
1.€.,

Veu, = Hue + ueu.

Now we aim to find a new reference frame. Let POi (¢) be the projection on the 1-dimensional space

-1,/

spanned by the eigenvector (pg (€) = Ocue and @, (€) = —€ ™ u, respectively. Then we aim to rewrite

f, ) =uery(x +a() +glx +a(), 1),

where €, a € R and POlL (e(t))g = 0. We first show that it is always possible, provided that f is close to a
traveling wave.

Proposition 4.1. Let k > 2. Then there is r = r(k) > 0 such that if |eg| < r and || f — ue, |l gr < rleol,
then there is € € R, a € R/2nZ and g € H* such that

J) =uex +a)+gx+a), 4-1)
Pi(e)g =0, (4-2)
€ —€ol + llgllme SIS — theyll - (4-3)

Moreover, €, a and g depend smoothly on f.
Proof. Define the map F : (—r,r)> — R?, (¢,a) — (yT, y7), with
PyE(O(f (x —a) —uc(x)) = y g5 (€). (4-4)

We now find the solution to the equation F (€, a) = 0. Since POjE (¢) is uniformly bounded in L? and
||g05IE (e)]| is uniformly bounded from below,

|F(e, ) SIIf(x —a) —uell 2. (4-5)
Summing the two equations in (4-4) and taking the total derivative yields
— (Py () + Py () (f'(x —a))da — gy (€)de + (3 Py (€) + e Py (€))(f (x —a) —uc(x))de  (4-6)
=@y ()dy" + ¢y ()dy™ +yTdeqy (€)de +y depy (€)de. (4-7)
Since || fll g2 < llue ll g2 +rléol < l€ol, we have

If(x—a)—ucllg <1 f(x—a) = fF) g+ 11 f —uell g + e — e ll g
S laeol +rlegl + € — €ol. (4-8)

Since both POjE (¢) and 0, POlL (e) are uniformly bounded on L?, and u, = —€q, (),
1(4-6) — €@y (€)da+ ¢j (€)de|l 12 S (lae| +rleo| + |€ — o)) (|dal + |del).

By (4-5) and (4-8),
1y*3ey (ll2 S IF (e, @)l S laeol +rleol + e — €ol,
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SO
1(4-7) — @5 (€)dy™ — 95 (€)dy™ |2 S (laeo] + rleol + € — eol)|de].

Hence the equality between (4-6) and (4-7) gives an estimate of the differential

jerca=(5 -0

We assume that the solution (e, a) satisfies |e — €g| 4 |a€p| < roleo|, where rg is small enough. This in

< laeo] +rlegl + € —eol.

particular implies %|€0| < |€] < 2]eg]. Then

1
HdF(e, a) - (O _060) H < (ro+ el

omte (arco () ))( ).

1 0
dF—G(0 _€0>

IG =Ml <Sro+r.

is also small enough. Let

Then

and

If rg and r are small enough, then |G| and IG~1 <2.
Let (e1, a;) = (eg, 0) — d F (g, 0) "' F (€, 0). Then (recalling (4-5))

le1 — €0l + lareol < 1G ™' F(eo, 0)| S 1F (€0, 0)| S I f —uellz2 Srleol.
Since [02F| and |3, F| <1, and |82 F| < || f 2 < |€ol, by Taylor’s theorem,
|F (€1, an)| S ler — €0l + ler — eollar| + leol la1|* S 7| F (€0, 0)].

Hence the iteration (€41, an+1) = (€, ay) +d F (e, a,) " F (e, ay) converges when r is small enough.
Moreover €, — €o| + |an€o| S |F (€0, 0)|. Then (€, a) := lim,_(€,, a,) satisfies F(e,a) = 0 and
le —€o| + laeo| S |F (€9, 0)] S rleo| < roleol if r is small compared to ry.
Let g = f(x —a) — uc. Then (4-1) and (4-2) clearly hold. Moreover,
gl = lgCr + @)l = 1Lf () = ue (x4l s

<1 =tz + e (3 +@) = ey () |

SIf = teylzs + le = €ol + laeol

S — el e+ 1F (€0, 0) S N f — e ll 1
showing (4-3). The smooth dependence of €, a and g on f is also clear. U

By translation symmetry, if f is r|ep|-close to u¢,(x +a) for some a € R/2wZ, we can reach a similar
conclusion. Then we can write

Fx ) =uery(x +a@)) +gx+a),1).
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We will obtain an energy estimate for g. Combined with local well-posedness of (1-1) and Proposition 4.1,
we can show that the solution extends as long as the energy estimate closes, see the end of Section 5B.

To get the energy estimate, we first need to derive an evolution equation for g. Since f is differentiable
in ¢, so are €(t), a(t) and g, and we get

filx, 1) =a' () (u, + gx) (x +a(t)) + € () deuc(x +a(t)) + g (x +a(t), 1)
and
(Hf + ffo)(x, 1) = (Hue +ucuy)(x +a(t)) + Hg(x +a(t), 1)
+0x(ue(x +a(®)gx +a(r), 1) + (ggx) (x +a(1), 1).
The equation for g is then
8t = Ueu/é - a/(t)(u/e +8x) — 6/(I)8eue +Hg+ (ueg)x + 88x
=Lcg+ (ve — a/(t))(u/e +8x) — 6/(2‘)86146 + 88x-

Since POjE (e)g(t) =0, we have POjE (6)g: = —€'(t)0 POjE (€)g, so the action of the projections POjE (¢) on
the above equation is

(ve —d' (1)) Py (€)8x + € (1) (3 Py (€)g — Beute) + Py (€)(g8x) =0,
(ve —d' (1)) (ug + Py (€)gx) +€ (1)d: Py (€)g + Py (€)(ggx) =0.

Since POjE (¢) are bounded on L2, we have ||P0i(e)gx lz2 S llgllg- Since POjE (e) are analytic in €, we have
[|0¢ POjE ©gllz2 < llgllz2- Since POjE (e) is a projection, we have POjE (€)* = POjE (€). Taking the derivative
in € and using the constraint Poi(e)g =0, we have Poi(e)ae Poi(e)g = 0, Poi(e)g, 1.€., Oc Poi(e)g is in
the 1-dimensional space spanned by (,00i (¢). Hence

1P (€)g /o OIS Nglu, 1P g/oi @] S gl

Thus, dividing the two equations by (,00i (e) we get

01 1 Us—a/(t) _ Po—i_(E)(ggx)/(P(-)i_(E)>‘ < )
‘((e 0>+0(”g”” )>( €(r) )‘ _'(Po‘@)(ggx)/cpa(e) S N8Oy

Assuming || g(#)|| z1/|€] is small enough we have

ve—d' (1) _ 0<||g(r>||§,1/|e|>> "
( €(1) )‘( TGIERA 9

4A. Diagonalization. To find the evolution of other modes, we diagonalize the equation for g. Let
g=hyand h = h o ¢, where ¢, satisfies (3-3). Recall from (3-1) that Leg=—vege+Hg+ (eg)y, S0

hy = —vehy + Hh +uchy — € ()3 Ue + (ve — ' (1)) (e + hy) + 1h} (mod 1),
where Uk is a primitive of u.. Differentiating h = h o ¢ with respect to € we get

he =hy o e +€ () Dcpe) iy 0 pe).
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On the other hand,

(—vehy + Hh+uchy)y = Leg = (((cedy + H + Re)R) 0 ¢,
SO
By = (cedy + H+ R)h — € (1) 0cpe 0 . Vi — € (1) Ue 0 !
+ (e —d' () e +h) o + 3hT 0! (mod 1).
By the chain rule, /i, = ¢/ (h, 0 ), 0 hy 0 ¢! = (¢ 0 7y, and
hy = (cedy + H+ Rh+ ®chy — € )3 Uc 09 + (ve —a' ()uc o ' + 2(pL 0. )?hT (mod 1),
O = —€' () (Depe 097" + (e —d (1)) (PLop7 ).

Using the operator W, from Lemma 3.7 we have
(I 4+ Wo)(cedr + H+ Re) = A (1 + W),

where A is a Fourier multiplier whose action on the Fourier mode el (mtsgnmx 4o multiplication by A, (¢€).
Since W, /¢ is of class S, uniformly in €, for any smooth function F', the operator

hi> Re(F)h =1+ W) (Fhy) — F((1+ W.)h),

is of class S, with the implicit constants depending on the C* norms of F.
Let h = (1 + W,)h. Then

(1+ Wk = Ach+ ®chy — € ()(1+ Wo) (B Ue 0 9.
+ (ve —a' )1+ Wo) (e 0. ") + Nelb, bl + Re(P)h (mod 1),
where
Nelb, bl = 3@, 0. H* (1 + W) 'p)3. (4-10)

Both R (0cpe 0 ¢ 1y and R. (PLop” I'— 1) /e are of class S, uniformly in € when € is small. Moreover,
since W, is analytic in € with Wy =0, so is R¢ (1) with Ro(1) = 0. Hence R.(1)/¢ is of class S uniformly
in €, and s0 is Re (@, o g 1) /€.

Since d.ue and u/ are in the generalized eigenspace of L associated with the eigenvalue 0, we have
0cUc o ¢€_1 and u, o qﬁ;l are in the corresponding space of ccd, + H + R, so (1 + W) (0 U o qb;l) and
14+ We)(ue o ¢€_1) are in the space spanned by sin x and cos x, according to Lemma 3.7.

Now we have

b = (1 + Wo)h, + €' ()3 Wehn

= Ah+ Db, + N[b, h] 4+ Rest (mod 1, sin x, cos x), “4-11)
where N[0, b] is given by (4-10) and
Rest = €' (1) (3 WA + Re (P)h

is also of class S uniformly in € when € is small.
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Recall that €'(¢) and a’(¢) are chosen such that Py(e)g(¢) = O for all ¢, where Py(¢) is the projection
onto the span of dcu, and u. This implies Qo(e)fz(t) =0 for all #, where Qg(¢) is the projection onto
the span of d. U, o qbe_l and u. o ¢€_1. Since 1+ W, maps the span of d.U, o ¢)€_1 and u, o d);l to the span
of sinx and cos x, we have 6(1) = 6(—1) =0 for all .

5. Energy estimates

Since 6(1) = 6(—1) =(0forall¢, fork=0,1,... we define the energy

—Lypn2 — 1ypg2
Ek ) ” b ”H" -2 ” b ”H"/(l,sinx,cosx)
and aim to control its growth.
Using the evolution equation (4-11) for h and the anti-self-adjointness of A we get

4 EL(t) = Eo(t) + Ex(0) + Exex(0),
Eq(t) = (Peby, b) e,
En(1) = (Nelb(2), h(D], h(0)) g«
Erest(1) = (€ ()3 Weh (1) + Re (PR (), H(1)) .
Recall that g = i, h = ho ¢ and h = (1 + W,)h. When € is small enough, the last two are bounded
operators with bounded inverse between Hf k= 0,1,...,s0

g1z 20 W e 22k 1 g 22 D1 gracn (5-1)
Since Re(dcpe 0 p 1), Re(¢pL o p ') /e and 3. W, are of class S uniformly in e,

(€' ()3 We — € (t)YRe (Bepe 0 NAD | e Sk 8O3 1O g1 Sk E2(6),

|(ve —d' ()Re(@. 0 7 DOl g Sk (O3 /) €l ]l g1 Sk E2 (1)
SO

| Erest ()] Sk E2(1) 2 E(1)'/2. (5-2)
To bound E¢ we use (4-9) and (5-1) to get

I llex Sk g3 + Ng @I /leD el Sk Ea(t).

Since E¢ loses only one derivative in fj, we have
|Ea(t) — (e 10(1), 950(0)) 12/1)| Sk E2(0) Ex(0). (5-3)

For the sake of bounding this term, since the inner product is taken in the space L?/(1), we can without
loss of generality assume that h(0) = O (which is not true in general) and integrate by parts to get

2

27
2050 (1), 5h(1)) 12/1) = /O D, (85 (1)) dx = — fo L8 (1)) dx

so again by (4-9) and (5-1),
|Ea (1) Sk E2(t) Ex(2). (5-4)
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Combining (5-2), (5-3) and (5-4) shows that

d
dt

5A. Normal form transformation. To bound Ey we recall the expression of N, from (4-10). Since N,

Ei(t) — En(t)| Sk Ex(t) Ex(2). (3-5)

does not depend on the constant mode of f, we can also assume without loss of generality that 6(0) =0.
We further have the decompositions
En(t) = Eni(t) + Ena(1),

L [k/2]+1 o . . (5-6)

Eni() =5 fo DO B:h1)) dx= Y a /0 H@ T h)a]h),
j=2
where ¢i; € R are constants and we integrated by parts to get rid of the terms with k + 1 derivatives falling
on a single factor of b.
We use the normal form transformation to bound them. Define the trilinear map

1 2N .
D, s J2s = i(m-+sgnm)x
B Bl= D o S wane Jy it senme X
mnl#Q % fz(n +sgn n)ei(n+sgnfz)xf3(l + Sgnl)ei(l-i-sgnl)x dx
and put
Dy j(t) = Dy [95h(0), H2770(), 316 (D)1
Then

%Dl,k, J() =€ )@ DLH (), 3> Th(1), 3/h(1)]
+ D0y 9, b (1), 077 h(0), 0 h(0)]
+ D[0gh(@), 077 8,h(1), 01 H(1)]
+ D J3h (), 32 h(1), 93, h()].

Note that Ex(¢) is a linear combination of the last three lines on the right-hand side, with 0, replaced
with A, so (d/dt) Z[.]{/Z]Jrlcjle,k,j(t) — En1(2) is a linear combination of

j=2
€ (1) D)LH(1), 9>779(1), 3/h (1], (5-7)
D [35 (3, — AOb(), 37 h(1), 3/ b(D)], (5-8)
D [3h(1), 0577 (8, — Ah(1), 8] h(1)], (5-9)
D.[850(1), 95277 0(1), 8] (3 — A)h()). (5-10)

We estimate these terms one by one.
By the definition of D,

» O (€A, (€)+) (€))
(57 = <f>mn%0z<xm(e>+xn<e)+kz<e>>2
2

x | bm+sgnm,1)ake! " TEMWYG (ntsgnn, 1)k T2 ! TG (1 sgn i, 1)9) e T
0
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We first bound the fraction. By Corollary 3.10, when € is small enough,

A, (€)+ A, (€)+Aj(€) = (m+n+1+sgnm~+sgnn+sgnl)decei + 0(ed)
S(Um+n+11+1)lel. (5-11)

On the other hand, the integral vanishes unless
m4n—+I1+sgnm-+4sgnn—+sgnl =0, (5-12)
in which case m 4+ n + [ is an odd number, and so is nonzero. Then by Case 1 of Proposition 3.11,

A (€) + An(€) + 1i(€)] > 3lm +n+1], (5-13)

SO

e (€) + 2 (&) + 2 ()] _

|Am(€) + An(€) + A1 (e)]> ™ €l (5-14)

Then for k > 3,

(5D S le@e' ] Y 1om+sgnm) hm +sgnm, 1)

ey x (n+sgnn)*t>7h(n +sgnn, ) +sgn )’ Hl +sgnl, 1)|
2w
m|e(t)e/(t)|/ OFH (x, 0"~ H(x, 1)d] H(x, 1)| dx
0
Sk le(®)e' (O]1H (x, t)”i])lg’ I1H (e, )|y terrr00 Sk le(t)e' (01 H (x, t)llzf (5-15)

since k > [k/2] + 2, where

H(x, )= [h(m+sgnm, 1)|e'mHenms
m#0
satisfies
IH G, )l e = 15O e S Ex()'?
so by (4-9) and (5-1),
(5-7)] Sk el E2 (1) Ex ()2 (5-16)

To bound the other terms (5-8), (5-9) and (5-10), we use the evolution equation (4-11) of f, which
loses one derivative in §, so

13 = ADB@ et S N30 /1EDIH@ | 75 + 1B 1

If lg(@) || 51/ €] is small enough and & > 2, the first term is dominated by the second term thanks to (5-1).
Since in the summation of D it holds that m +n + [ # 0, the denominator is uniformly bounded from
below thanks to (5-13). Unless j =2 in (5-8) and (5-9), we can integrate by parts if necessary to ensure
that at most k — 1 derivatives in x hit each factor of j. Then similarly to (5-15) it follows that for k > 5,

1((5-8), j = 3) 4+ ((5-9), j = 3) + (5-10)| Sk Ex (1), (5-17)
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For j =2, by symmetry of D, it is clear that

((5-9), j=2) = ((5-8), j=2), (5-18)
which according to (4-11) equals

De[35(@cbh, (1) + Ne[b(1), h()]+ R(1)), 35h(1), 37H(1)].
Similarly to (5-15),
ID[OER(1), 35h(1), 370()]] Sk E3(1)*Ex(1)'/2. (5-19)
Similarly to (5-3),

| D35 (@b (1)) — DX (), 950(2), 32601 Sk E3(2) 2 Er(2). (5-20)
By the definition of D,

De[®:05 (1), 95h(1), 326(1)]

1 2 . A ) R
— / . (p)e'P h(m~+-sgnm, 1)dF el MTEMTG (4 sonn, 1)
0

x 9! MY (1 4 son, 1)2e TN gy (5-21)

where m’ 4+ sgnm’ = p+m +sgnm # 0, £1. We break the summation into several parts.

Part 1: |p| > %|m + sgnm|. Then we can transfer the extra derivative from f to ., and compute as in
(5-3) to get
|Part 1] Sk E3(1)?Ex (0). (5-22)

Part 2: |p| < |m +sgnm|/3 but |p| > |n+sgnn|/3. If |n+sgnn| > |m|/3 then |p| > |m|/9, and we get
the same bound as before. Otherwise, since the integral vanishes unless

p+m+n+l+sgnm+sgnn+sgnl=0 (5-23)

in which case we have |/ +sgn/| > |n +sgnn|/3, we can transfer the extra derivative to the factor 8%?) to
get (note that [| D |[cx i lIg11%,/1€])

|Part 2| S (Ig()113,1 /1D E4(t)' P Er(t) S E4(t) Ex(2) (5-24)

provided that || g(¢) || 51/ |€]| is small enough.

Part 3: |p| < %|m + sgnm| and |p| < %ln + sgnn|. Then sgn(m’ + sgnm’) = sgn(m + sgnm), i.e.,
sgnm’ =sgnm, so m’' =m + p. By symmetry,

1 2w
Part 3 = 2 h(l+sgnl, )82 TDXG_(p)eP*h(m+senm, t
m%o Ot ), sl 0 c(p)eP*h(m—+sgnm. 1)
|pl<Im+sgnm|/3 x gk H Ll tmsenmXfy (L sonp, 1)9k el HEIY g
|pl<In+sgnn|/3 1 o
2 n 2 i(l+sgnhx & ipx,
+ [+sgnl,t)dze O] e m-sgnm, t
m%() o (@ Fmep (@t (@) Jy TEND% «(PeTblmrsgnm. 1
|pl<lm-+sgnm|/3 x kel mHSENmIX (L sonp, )9k H eI HSENIX gy

Ipl<In+sgnnl/3
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Note that the two denominators are uniformly bounded from below. Also, sgn(m + p) = sgnm and
|m + p| > %(2|m| — 1), and similarly for /. Then by Corollary 3.10, the two denominators differ by
0(|m|€4|m|/3+3 4 |n|64|n\/3+3), SO

1 2r . R ' A
P ) bh(l+sgnl, 1)d2e' DD (p)eP* o, (h(m—+sgnm, 1)
m%() )xin+p(6)+)n;1(6)+kl(e) 0 X € N
|pl<|m+sgnm|/3 % a)]ccei(m+sgnm)x6(n+8gnn, t)a)’;ei(n-i-Sgnn)x) "

|pl<Intsgnn|/3

2
+Y O(m|e!m3H 4 n|etinI313) f |(+sgnd)*h(U+sgnl, 1) D (p) (m-+sgnm)
0

(5-23) N K17
xh(m-+sgnm, t)(n+sgnn)" " h(n+sgnn,t)|
_1 21
_ 2 n 2 i(l+sgnDx & ipxX\p
= dx(h(l+sgnl,t)d;e D (p)e'P*)h(m+sgnm,t)
m%éo Do+ p(€)Fn (€)1 (€) /0 i ! ‘
|pl<|m+sgnm|/3 x 8fei<m+sgnm)xh(n+sgnn, t)afei("“g“")x dx

[pl<|n+sgnn|/3

2
+Y 0 / |(I+sgnl)?h(I+sgnl, 1)
0 I R R
(5-23) x P, (p)(m+sgnm)kb(m+sgnm, t)(n—i—sgnn)kb(n—l—sgnn, 1),

4)m|/343

where we integrated by parts in the first integral and used the bounds |m|e and

In(n +sgnn)et™V/33) <
in the second. Then as in (5-15) it follows that

|Part 3| <y (lg 1131 /1N Es@)' 2 Er () +€* (g3, /1D E3@) 2 Ex (t)
< Es(t) Ex(1) (5-25)

provided that € and ||g(¢)|| g1/|€| are small enough.
Combining (5-20), (5-22), (5-24) and (5-25) shows that

| D[35 (@b (1)), 350(2), 320(0)]] Sk Ea(t) (1 + E4(1)'/?) Ex (1) (5-26)

provided that € and ||g(¢)|| g1 /|€| are small enough.
We now turn to D[3*N[h(2), h(t)], 3%h(z), 32h(1)]. Similarly to (5-3),

| D[OXN[H(1), h()], 356 (1), 32H(1)]
—Dc[(pLop. )20, (1+Wo) ') @ 1+ W) 'h(2)), 35h(1), 320 (1)]| Sk lel E3 ()2 Ex (1) (5-27)

Since W, /€ is of class S uniformly in €, sois ((1 + W)~ — 1)/e, so

|Del(@L 0 07 (0 (1+ W) " o) @5 (1 4+ W) ™' — Dh(2)), 85h (1), 325 ()]
<k lelEs()*PEx)'/?. (5-28)
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Finally, Dc[(¢. 0. ") (x (14+ W) ~1h(£)) (85T 1h (1)), 3% (2), 32 (#)] is of the same form as the left-hand
side of (5-21), so we trace the same argument to get

|Part 1] g E3(t) Ex (1),
|Part 2| g E4(t) Ex (1),
|Part 3| g E4(t) Ex(t) + €* E3(t) Ex(t) S E4(t) Ex(t)

provided that € is small enough. Hence

| Del(¢L 0 7 (0 (1+ W)~ o)) @51 0(1)), 356(1), 26()]1] Sk Ea(t) Ex(2). (5-29)
Combining (5-27), (5-28) and (5-29) shows that, for k > 4,

|D[BX N[ (1), H(D)], 356(2), 326()]1| i Ea(t) 2 Ex ()2 (5-30)

provided that € is small enough.
Combining (5-19), (5-26) and (5-30) shows that, for k > 4,

1((5-8), j =2)| <k Ea()V2(1 + E4(1)'/?) Ex (1)*? (5-31)

provided that € and ||g(¢)|| g1/|€| are small enough.
Finally, combining (5-16), (5-17), (5-18) and (5-31) shows that, for k > 5,
[k/2]+1
‘E D D) = Eni(0)] S (1+ Ea()'?) Ex(t)? (5-32)
j=2

provided that € and ||g(¢)|| g1 /|€| are small enough.

5B. Lifespan when § < €. In this section we will obtain a preliminary bound for Ey, = Exy — Enp and
show a lifespan of 1/(ed) when ||goll g5y = K €, i.e., § < ce for some ¢ > 0 independent of €.
Recall from (5-6) that
17 Kigar — a—1\2 —1 2
En(t) = 5/0 0:h(@)0; (e 0 )™ ((1 4+ We) ™ h(2))y) dx.
Similarly to (5-3), for k > 3,

2

En®)— [ (@Lod )20 ()% (1 + Wo) " (1))?) dx| Sk el Ex(t)/2
0

Since ((1+ W,)~! —1)/e is of class S uniformly in e,
2

(@ o p D21+ W)™ b, (1) — by (1))?) dx

0

<k €2 Ex(1)*?,

27
2‘ i (@, 0 p-H?EH()E (1 + W) 1o (1) — b (1)) (1)) dx
2T

- (@, 0 A+ W) T b (1) — b ()5G35 (1) dx| Sk lel Ex ().
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Finally, by integration by parts,

2

‘2 i (@L o (1 + W) ' (1) — b ()L ()T h (1) dx

27
/0 A ((PL o d (1 + W)™ (1) — b (1)) (B¥h (1) dx| Sy el Ex ()2

Combining the bounds above shows that, for k > 3,
|En, ()] = |En(t) — En,(1)] Sk €] Ex(8)*? (5-33)

provided that € is small enough.
Now combining (5-5), (5-32) and (5-33) shows that, for k > 5,

[k/2]+1
Tl 22 D0 = Ex®)] S L+ Ea() ) Ex (1) + e Ee (1)), (5-34)
j=2
provided that € and ||g(¢)|| g1 /|€| are small enough. Hence
[k/2]+1
1/2 2
Ef0) = Ex0) = Y cji(D1xj(®) = Dri;(0) + Ox(I(1+ E)E} +1€1E; [l 11 go.01)-
j=2

Similarly to (5-15),
D1k j ()] = | Dey [350(2), 35T270(2), 316 (0)1] Sk Ex ().

Now we are able to show a lifespan longer than what follows from local well-posedness. Assume that
the initial data is

F(x,0) = ue(x) + g(x),

where |€| < €q is small enough, the energy E;(0) computed from g is E;(0) = 82, and |8/€] is also small
enough. Let

T = sup{T : there exists a solution f(x,?) = uc)(x +a(t)) +gx +a(t), 1), (5-35)
t € [0, T] such that %|e| <le(®)| <2le|, Ex(t) < 482}. (5-36)

Then the above conditions hold for all ¢+ < T* Moreover, the energy estimate implies
Ei(t) =87 4 Or(8> +1(8* +1€]8%)) = 8 + 0k (8> (1 +t]e])).
Then there is ¢ > 0 such that if T* < ¢;/|€]|§, then Ex(t) < 252. Also,
HF G Olle = Nuell 2l = 1L (e, O)llze — Nluell 2l < Ngll2 S8

by conservation of the L? norm. Meanwhile || f (x, #)|l;2 — el 2] S8, 80 [luewllzz — Nuellz2] S 6.
When |€e]| is small enough, | u.| ;2 is differentiable in € with nonzero derivative at € = 0. Since |§/¢€] is
small enough, |e(t) — €] < 6.
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By local well-posedness, the solution can be extended to a time * > T*, with

Lf G ) = £ e, T e S @ =TS Dl + 1F (x, Dl133) < (@ = T*)e]

fort € [T* t*]. Then || f(x, 1) —uer+)(x +a(T*)| g2 S (¢* —T*)|e| + 8. Take t* = T* 4 §/|¢|. Then
f(x, t) satisfies the conditions in Proposition 4.1, so (5-35) holds up to time ¢* Since f(x, T*) is small
in H, f(x,t) is uniformly bounded in H 4on [T* t*], so it stays within a compact set in H 2. Since €
is differentiable in f € H?, |e(t) —e(T*)| < (t* —T*)|e| <8, 50 |e(t) —e| < 8,50 |€]/2 < |e(t)] < 2le|
holds up to time #*. The energy estimate then implies E; < 3582 also up to time ¥, so (5-36) holds up to
time ¢*, contradicting the definition of 7* Hence the lifespan T* 2, 1/]€|3.

5C. Longer lifespan when § < €*. When the perturbation g is very small compared to €2, that is,
lgoll s =0 K €2, we can obtain a longer lifespan by applying the normal form transformation to

Eny=EyNy —En1 = En21 + En2n+ En2z + Enog,
where
[k/2]4+1

2 ) )
Eny= Y. c,@,-/o BT (Pl o N1+ W)™ = D)3 (¢L 0 ¢ (1 +Wo)~'h(1)) dx,
j=1

[k/2]+1 k+2—j

2
Evp= ) chﬁfo OH(D (DL o d NI ()] (¢L o ¢ N1+ We) ™' h(1)) dx,
=1 i=1

[k/2]+1

2
Evp= ) «j /0 HO) (@ op = DA IH(1)d] (L o)1+ W) ~'h(1)) dx,
j=2

[k/2]+1

27
Enu= Y ckjf OHOT (1] (¢l op (1 + W)~ —b) dx,
=7

where c¢;, C;q and c;; € R are constants and we integrated by parts to get rid of the terms with
k + 1 derivatives falling on a single factor of fj, except for the term with j = 1 in Ep»;, in which
the k + 1 derivatives do not matter in view of the fact that the operator (¢, o ¢_ DA+ w)"1=1)isof
class S.

Now we define

D1l f1, f2, f3]

[k/2]+1 Cl/cj 2 f( ) i (m4-sgnm)x
_ Z 1(m—+sgnm)e ‘
j=1 Am(€) +A,(€) +Ai(e) 0 g ; i
o X 9 (@0 A+ W)™ = D fa(n +sgnnye! HET)

X 0)((@L 09 N1+ W™ il +sgnbyel(HeD),
and

D1 (1) = De21[h(0), b(1), h(®)],
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and similarly define Dy, D)3 and Dy4. Then

%Dm(t) — En21(t) = € (1) (3 De 21) [H (1), h(1), h(1)] (5-37)
+ De21[(3; — Ah (D), b(1), bh(®)] (5-38)

+ De21[h(0), (8 — A)b (1), h(n)] (5-39)

+ De21[h(2), b(2), (8 — Ae)b(®)]. (5-40)

We estimate these terms one by one.

For (5-37), (5-11) still holds, but there are nontrivial actions on h in the slots, so no frequency restriction
such as (5-12) exists. When m +n 4+ # 0, we are in Case 1 of Proposition 3.11, so (5-13), and hence
(5-14), still hold. When m +n +1 = 0, by Case 2 of Proposition 3.11, when € is small enough,

A (€) + An(€) + i(€)] > 3€7, (5-41)
which, combined with (5-11), shows that the multiplier in 9 D, is bounded by

A (€) 4 Ay (€) + A ()] < e (5-42)
|2om (€) + A (€) + 21 (€)1

instead of (5-14). Since both (¢, o ¢ 1) (1 + W)~ — 1) /€ and 3 (¢ 0 p7 1) (1 + We)~! — 1) are of
class S uniformly in €, it follows that, for k > 3,

I(5-37)] <k €' ()€ 2Ex(1)** < € 2 Ex (1) Ex ()2 (5-43)

provided that € is small enough.

The terms (5-38), (5-39) and (5-40) are like (5-8), (5-9) and (5-10) respectively, except that instead of
the uniform lower bound of A,,(¢) + A, (¢) + A;(¢) we now have (5-41), which loses two factors of €, but
we are helped by the e-smallness of (¢ o ¢_ D1+ W)~ = 1), which wins back a factor of €. All told
we lose a factor of € compared to (5-32), so, for k > 5,

1(5-38) + (5-39) + (5-40)| Sk lel (1 + E4()'/*) Ex (1) (5-44)

provided that € and ||g(¢)|| 1 /|€| are small enough.
Combining (5-43) and (5-44) shows that, for k > 5,
D210 = Exan (0] S el ™! (1 + Ea(0) ) Ew(r)? (5-45)
provided that € and ||g(¢)| z1/|€| are small enough. We can also save a factor of € in the other terms
En2, En23 and E o4 thanks to the e-smallness of (¢, o ¢€_1)’ and ¢, o qﬁe_l — 1. Hence the bound (5-45)
also holds for En22, En23 and Epnog4.
Combining (5-5), (5-32) and (5-45) shows that, for k > 5,
[k/2]+1 4
E(t) = Ex@) = Y cjx(Draj(t) = D j(0)+ Y _(Daj(t) — D2;(0))
=2 =! + Ol 10+ Ey*) ERll L o.)
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provided that € and ||g(¢)|| g1 /|€| are small enough. Similarly to (5-33), for k > 3,
Do, j (D] Sk €)1 Ex (1) = Ex (1) /|e].
Hence if E;(0) =8> <1 and E; < 252 on [0, ¢] then
Ei(t) =82+ |e|718% + O (r]e]718%).

Assume §/€? is small. Then the second term on the right-hand side is < 8°/2, so we close the estimate for
atime t <; |€|/82, which is also the lifespan in this case.
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