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LARGE-SCALE REGULARITY FOR
THE STATIONARY NAVIER-STOKES EQUATIONS
OVER NON-LIPSCHITZ BOUNDARIES

MITSUO HIGAKI, CHRISTOPHE PRANGE AND JINPING ZHUGE

We address the large-scale regularity theory for the stationary Navier—Stokes equations in highly oscillating
bumpy John domains. These domains are very rough, possibly with fractals or cusps, at the microscopic
scale, but are amenable to the mathematical analysis of the Navier—Stokes equations. We prove a
large-scale Calderén—Zygmund estimate, a large-scale Lipschitz estimate, and large-scale higher-order
regularity estimates, namely, C' and C*>” estimates. These nice regularity results are inherited only at
mesoscopic scales, and clearly fail in general at the microscopic scales. We emphasize that the large-scale
C'7 regularity is obtained by using first-order boundary layers constructed via a new argument. The
large-scale C?” regularity relies on the construction of second-order boundary layers, which allows for
certain boundary data with linear growth at spatial infinity. To the best of our knowledge, our work is the
first to carry out such an analysis. In the wake of many works in quantitative homogenization, our results
strongly advocate in favor of considering the boundary regularity of the solutions to fluid equations as a
multiscale problem, with improved regularity at or above a certain scale.
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1. Introduction

We consider the large-scale boundary regularity for the stationary Navier—Stokes equations

—Au®+Vp®=—u®-Vu® in B}

1,4+
V-ut=0 in Bf+, (NS9)
ut=0 on Iy,

in a domain with a rough bumpy boundary. The no-slip boundary condition is prescribed only on the lower
part I'f of 9By , . The boundary is rough in two aspects: (i) possible lack of regularity at the microscopic

MSC2020: 35Q30, 35B27, 76D03, 76D10, 76M50.
Keywords: Navier—Stokes equations, large-scale regularity, boundary layers, John domains, Green’s functions, homogenization.

© 2024 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/apde/
https://doi.org/10.2140/apde.2024.17-1
https://doi.org/10.2140/apde.2024.17.171
http://msp.org
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

172 MITSUO HIGAKI, CHRISTOPHE PRANGE AND JINPING ZHUGE

scale as the boundary may have fractals or inward cusps; (ii) bumpiness, i.e., the boundary is highly
oscillating. The functions u® = (uf(x), u5(x), u5(x)) € R3 and p® = p®(x) € R denote respectively the
velocity field and the pressure field of the fluid. The definitions of B | and I'; are given in Section 1D. We
will show large-scale regularity estimates, including a Lipschitz estimate (see Theorem A in Section 1A),
a C17 estimate (see Theorem B) and a C%? estimate (see Theorem C). These improved regularity results at
large scales are generally false at small scales due to the roughness of the boundary. The tools developed in
this paper enable us to decouple the large-scale regularity from the small-scale properties of the boundary.
Therefore, our results (i.e., Theorems A, B and C) show that stationary incompressible Newtonian fluids
are regular above the microscopic scale, regardless of the irregularity of surfaces at the microscopic scale.

Before going into the details of our results and of the mathematical analysis, let us give some more
general perspectives. The study of fluids over rough boundaries plays a prominent role in the field of
hydrodynamics, at least for three reasons.

First, rough, bumpy or corrugated surfaces are ubiquitous in nature and engineering. They appear at any
scales from geophysics (see for instance [Narteau et al. 2001] for the fractal-like core-mantle boundary in
the Earth) to zoology [Pu et al. 2016] and microfluidics [Waheed et al. 2016]. At the microstructure, the
geometry may be anything from fractal to periodic and crenellated. No surface is perfectly smooth, and the
lack of smoothness may actually enable us to resolve certain oddities, such as the no-collision paradox for a
sphere dropped in a viscous fluid under the action of gravity [Smart and Leighton 1989; Joseph et al. 2001;
Davis et al. 2003; Gérard-Varet and Hillairet 2012; Izard et al. 2014]. Moreover, certain roughness patterns
are either selected by biological processes and environmental pressure such as scales of sharks for their
drag reduction properties, or designed for industrial applications especially in aeronautics, microfluidics
and for the transport of fluids in pipes [Pu et al. 2016; Dean and Bhushan 2010; Lee and Jang 2005].

Second, the study of roughness is strongly tied to the derivation of boundary conditions in fluid
mechanics. The question of whether or not fluids slip over surfaces is still a matter of active debate.
Experiments show that there is no universal answer and that the slip behavior depends a lot on the geometry
and microstructure of the surface [Bocquet and Barrat 2007; Lauga et al. 2007]. A widespread idea is that
roughness favors slip. To give one specific example where finding the most accurate boundary condition
is critical, let us cite the field of glaciology. The assessment of various friction laws for the flow of a
glacier over a rough bedrock is crucial in order to understand the speed of glacier discharge and eventually
estimate the sea level rise as a result of global warming [Joughin et al. 2019; Minchew and Joughin 2020].

Third, the study of the impact of roughness on the behavior of fluids accompanied the development of
turbulence research, as underlined in [Jiménez 2004]:

Turbulent flows over rough walls have been studied since the early works of Hagen (1854) and
Darcy (1857), who were concerned with pressure losses in water conduits. They have been
important in the history of turbulence. Had those conduits not been fully rough, turbulence
theory would probably have developed more slowly. The pressure loss in pipes only becomes
independent of viscosity in the fully rough limit, and this independence was the original
indication that something was amiss with laminar theory. Flows over smooth walls never
become fully turbulent, and their theory is correspondingly harder.
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Investigations of the effect of roughness on fluid flows span three distinct regimes. In the laminar
regime, studies focus on the drag-reducing properties of roughness elements [Bechert and Bartenwerfer
1989; Garcia-Mayoral and Jiménez 2011]. As for the onset of turbulence [Schultz and Flack 2007;
Squire et al. 2016], there are some indications that roughness lowers the critical Reynolds number for
the transition from the laminar to turbulent regime [Varnik et al. 2007]. In the fully turbulent regime, a
similarity hypothesis for the flow over flat surfaces and for the flow over rough surfaces was put forward
[Townsend 1956]. The extent to which such a universal law holds is still being disputed [Jiménez 2004;
Castro 2007; Flack et al. 2007; Schlichting and Gersten 2017].

The three main directions raised above are reflected in the mathematical works. The literature is vast.
Therefore we do not aim for exhaustivity.

First, there is an extensive body of works that deal with wall (or friction) laws, or in other words, effective
or homogenized boundary conditions. One aims at replacing rough boundaries by fictitious, smooth or flat
boundaries. In that line of research, it is well known that Navier-slip boundary conditions provide refined
approximations for fluids above bumpy boundaries. Under some quantitative ergodicity assumptions, one
can get error estimates. Historically, periodic roughness profiles were first looked at [Amirat and Simon
1997; Achdou et al. 1998; Jager and Mikeli¢ 2001; 2003]. Analysis of almost-periodic [Gérard-Varet
and Masmoudi 2010] or random stationary ergodic [Gérard-Varet 2009; Basson and Gérard-Varet 2008]
boundary oscillations was done more recently. Let us also mention a few works that address nonstationary
fluids [Bucur et al. 2010; Higaki 2016], for which the analysis is less developed due to its inherent
difficulties. We also point out that some authors attempted to justify boundary conditions arising in fluid
mechanics starting from boundary conditions at the microscopic scale; see for instance [Casado-Diaz et al.
2003; Bucur et al. 2008; Bonnivard and Bucur 2012] for the derivation of the no-slip boundary condition
from a perfect slip boundary condition at the microscale, or [Dalibard and Gérard-Varet 2011] for the
computation of the homogenized effect starting from Navier-slip boundary conditions at the microscale.

A second topic is the study of the effect of roughness on singular limits. The topics of rotating fluids
and of the homogenized effect of bumpiness on Ekman pumping has been studied in numerous papers
[Gérard-Varet 2003; Gérard-Varet and Dormy 2006; Dalibard and Prange 2014; Dalibard and Gérard-Varet
2017]. The paper [Gérard-Varet et al. 2018] carries out an analysis of the vanishing viscosity limit in a
specific scaling regime. There are also studies concerned with equations in singularly perturbed domains
such as the Stokes equations in rough thin films [Chupin and Martin 2012] or water waves above a rough
topography in the shallow regime [Craig et al. 2012].

Third, rough domains pose considerable numerical challenge. This aspect has certainly driven the
development of wall laws in a model reduction perspective; see for instance [Achdou et al. 1998; Deolmi
et al. 2015]. Other approaches are being elaborated, such as direct numerical simulations [Cardillo et al.
2013], lattice Boltzmann methods that are adapted to intricate geometries [Varnik et al. 2007] and large
eddy simulations [Anderson and Meneveau 2011; Bonnivard and Suarez-Grau 2018] that in this context
cause important parametrization issues of the small scales.

In this work, we tackle these questions from the angle of regularity theory. The following two
general objectives in regularity theory motivate our results: identify building blocks describing the
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local behavior of solutions, and estimate the decay of certain excess quantities at various scales. We
prove that fluids above bumpy boundaries, that are very rough at the microscopic scale, have improved
regularity at large scales. Our results are in the spirit of large-scale regularity estimates pioneered in
[Avellaneda and Lin 1987] for periodic homogenization, and later extended to stochastic homogeniza-
tion; see for instance [Armstrong and Smart 2016; Armstrong and Mourrat 2016; Gloria et al. 2015;
2020] and [Armstrong et al. 2016] for the higher-order large-scale regularity theory. Our research
program was started with the works [Kenig and Prange 2015; 2018] concerned with uniform regularity
estimates above highly oscillating boundaries for elliptic equations. In [Higaki and Prange 2020], the
large-scale Lipschitz and C'7 estimates for the stationary Navier—Stokes equations were established
above Lipschitz boundaries. A local Navier wall law was also obtained. Finally, let us also mention
[Zhuge 2021], which deals with the large-scale regularity of elliptic equations above arbitrarily rough
microstructures.

1A. Outline of the main results of the paper. We study the large-scale regularity for stationary incom-
pressible viscous fluids modeled by the Stokes or Navier—Stokes equations, in domains that are very rough
and bumpy at the microscale. Our results show that the large-scale regularity is completely independent
of small-scale properties of the boundary.

Let us stress some novel aspects of our results. We refer to Section 1B for a further comparison with a
few related works, and to Section 1C for an outline of the proofs.

First we consider John domains, whose boundaries allow for fractals and inward cusps. Hence, the
boundaries considered in this paper get closer to the modeling of real boundaries found in nature, that in
particular do not need to be graphs. John domains have in a broad sense the minimal properties for the
analysis of incompressible fluids. Indeed, we rely on a Bogovskii operator in John domains to estimate
the pressure. For precise definitions and a more complete discussion, we refer to Section 1D below.

Second, beyond the Lipschitz estimate, we prove higher-order C'¥ and C>? estimates for y € [0, 1),
as stated in Theorems B and C. These require the construction of boundary layer correctors, which is at
the heart of the paper in Section 4; see Section 4B for the first-order boundary layers and Section 4C
for the second-order boundary layers. As far as we know, the present work is the first to construct the
second-order boundary layers with a linear growth in the direction tangential to the boundary. To make the
analysis more tractable, we assume that the boundary is periodic for the structure result of second-order
boundary layers; see Theorems 4.3 and 4.4. We are aware of [Barrenechea et al. 2002; Bresch and
Milisic 2010], where a refined second-order approximation is constructed for the Stokes equations in a
two-dimensional rough channel. However, the boundary layers considered in [Barrenechea et al. 2002;
Bresch and Milisic 2010] only involve data spanned by linear and quadratic polynomials of the vertical
variable, x, and x22 in this two-dimensional case, which are bounded on the bumpy boundary. In our
three-dimensional situation, the class of “no-slip Stokes polynomials™ (see Section 4A) is much richer
and involves boundary data with linear growth at spatial infinity.

Third, we provide explicit quantitative regularity estimates in the nonperturbative regime.

Fourth, in the vein of the seminal works [Avellaneda and Lin 1987; 1991] and of [Kenig et al. 2014; Gu
and Zhuge 2019], we provide pointwise estimates for the large-scale decay of the velocity and pressure
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parts of the Green’s function associated to the Stokes system in bumpy John half-spaces; see Section 1C
and Appendix B. These estimates are pivotal to constructing the first-order boundary layers in Section 4B.
We now state the three main theorems of the paper.

Theorem A (large-scale Lipschitz regularity). Forall € € (0, %), L €(0,00), M €(0,00) and § € (0, 1),
the following statement holds. Let Q2 be a bumpy John domain with constant L according to Definition 1.2
below. If (uf, p®) € Hl(Bf’Jr)3 X LZ(B‘fnL) is a weak solution of (NS?) satisfying

(

(the precise definition of the bumpy cube B} , = Q,(0) N Q° can be found in Section 1D). Then, for any

refed). i
(f |Vu8|2) + <f pé‘ _f pé‘
B, B B

f/2,+
where the constant C is independent of ¢, M and r, and depends on L and é.

1/2
|W|2) <M (1-1)

£
1+

2\1/2
) < C(M + M*), (1-2)

£
r+

Notice that Theorem A, as well as the subsequent results, holds in the nonperturbative regime for
arbitrarily large M in (1-1). This is due to the energy subcritical nature of the stationary Navier—Stokes
equations, which makes it an easier problem than the nonstationary Navier—Stokes system. Note also that
the powers of M in the right-hand side of (1-2) are explicit.

For higher-order C'¥ and C>” regularity results, we measure the oscillation of the solution with
respect to modified polynomials that vanish on the bumpy boundary. These modified polynomials are
polynomials of degree 1 and 2 that are corrected by the first-order and second-order boundary layers.

Theorem B (large-scale C!*7 regularity). Forall y € [0,1), € € (0, 3), L € (0, 00), M € (0, 00) and
6 € (0, 1), the following statement holds. Let Q2 be a bumpy John domain with constant L according to
Definition 1.2 below. If (u®, p®) € Hl(Bf’Jr)3 X LZ(BfA_) is a weak solution of (NS?) satisfying (1-1),
then, there exists a constant P (depending on p®) such that, for any r € (e, %),

| 22 . 2o\
inf {—<][ u£—8w<—) dx) +<][ pg—n<—)—P1 dx) }
(w,m)e2i(Q) | ¥ \JB e B e

<CrV(M+ M*2r%  (1-3)
where 21(R2) is the class of all solutions to the Stokes equations in a bumpy John half-space 2 with linear

£ &
r+ r+

growth at infinity that vanish on 0<2; see (5-1). The constant C is independent of ¢, M and r, but depends
on L,y and é.

The velocity estimate in (1-3) will be derived via a large-scale estimate of |Vu® — Vw(x/¢)| and the
Poincaré inequality; see Section SA.

While Theorem B holds for arbitrary bumpy John half-spaces, for the next result, we work in periodic
John domains. As we outlined above, the extra periodicity assumption makes the analysis of the second-
order boundary layers more manageable.
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Theorem C (large-scale cr regularity). Forall y €[0,1), ¢ € (0, %), L € (0,00), M € (0, c0) and
8 € (0, 1), the following statement holds. Let Q2 be a periodic bumpy John domain with constant L
according to Definition 1.3 below. If (u®, p*) € H'(B{ )’ x L*(Bf ) is a weak solution of (NS¥)
satisfying (1-1), then, there exists a constant P (depending on p®) such that, for any r € (8, %),

1 N A2 \/2 N RNV
inf {—(][ ug—swl(—)—szwz(—> dx) —i-(][ pE—TL’1<—)—87T2<—)—P2 dx) }
(w1,41)€21(2) | ¥ \JB & € B e &
( V€2 (£2)

w2,q2)€22
§Cr1+}/(M+M6+2)/+§)’ (1_4)
where 21(2) is used in Theorem B and 2,(X2) is the class of all solutions to the Stokes equations in a

£ €
r+ r+

periodic bumpy John half-space 2, with quadratic growth at infinity, that vanish on 0Q2; see (5-2). The
constant C is independent of ¢, M and r, but depends on L, y and é.

We point out that the building blocks in 2;(2) and 2,(£2) are defined through the first-order and
second-order boundary layers and play roles of correctors of Stokes system in the bumpy John domain €2.
It turns out that the above three regularity results, Theorems A, B and C, hold also for the linear Stokes
equations, with a linear dependence on the size M of the solutions in H' (Bf ). Therefore, these
statements immediately imply the Liouville theorems for Stokes equations in bumpy John half-spaces
with sublinear (see Corollary 3.1), subquadratic or subcubic growth (see Theorem 5.8).

1B. Comparison to two closely related works. To further underline the novelty of our work, let us
compare our results to the ones of two tightly linked papers.

In [Higaki and Prange 2020], the first and second authors carried out the analysis of the large-scale
Lipschitz and C'7 regularity for the stationary Navier—Stokes system. The results there, similar to
Theorems A and B here, hold outside the perturbative regime, that is, for arbitrarily large M in (1-1). The
main differences between [Higaki and Prange 2020] and the present work are:

(1) In [Higaki and Prange 2020] the bumpy boundary is given by a Lipschitz graph without structure,
while here we work in bumpy John domains, as defined in Definition 1.2, that are not necessarily graphs,
without structure for the large-scale Lipschitz and C!7 regularity.

(2) In[Higaki and Prange 2020] the analysis relies on a compactness method originating from [Avellaneda
and Lin 1987] and the first-order boundary layer correctors are needed to prove the large-scale Lipschitz
estimate in Theorem A, while here we resort to a quantitative method, which enables us to by-pass the
use of the first-order boundary layers for the large-scale Lipschitz regularity; see Section 1C.

(3) In [Higaki and Prange 2020] no analysis of the higher-order large-scale regularity is carried out, while
here we build the second-order boundary layer correctors that make it possible to prove Theorem C.

(4) In [Higaki and Prange 2020], no pressure estimate is established, while in the present paper, we estab-
lish the pressure estimates in all cases, following the strategy developed recently in [Gu and Zhuge 2022].

(5) In [Higaki and Prange 2020], the nonlinear estimates are not explicit, while here the dependence on
M in (1-2), (1-3) and (1-4) is given as an explicit polynomial in M.
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In [Zhuge 2021], the third author carried out an analysis of the large-scale Lipschitz regularity for linear
elliptic equations in domains with arbitrary roughness at small scales and quantitative Reifenberg flatness
at large scales. Hence, those domains are much rougher than the bumpy John domains considered here. We
underline that the discrepancy in these assumptions on the domains comes from the fact that for incompress-
ible Navier—Stokes equations, as opposed to elliptic equations, we have to estimate the pressure in terms
of the velocity, which relies on a Bogovskii-type operator as in [Higaki and Prange 2020]; see Section 1C
and Appendix A. To address this point we work in bumpy John domains defined by Definition 1.2.

1C. Outline of the strategy for the proofs. We now point to some essential ingredients and ideas for the
proofs. We mainly focus on two aspects: the lack of smoothness at the microscopic scale, which requires
several innovations, and the higher-order regularity, new even in smoother domains, which requires the
construction of higher-order boundary layers.

Analysis in John domains. We perform the analysis in bumpy John domains, as defined in Definition 1.2.
This type of domain is a good compromise between

« on the one hand a high level of arbitrariness of the boundary, which is not a graph, includes certain
fractals or cusps, does not oscillate with any structure, and hence approaches better the properties
genuinely rough physical surfaces found in real fluids,

» and on the other hand the possibility of being amenable to mathematical analysis, considering the
fact already underlined above that we work with incompressible fluid models that involve estimating
the pressure, rather than elliptic equations which can be studied in even rougher domains.

In John domains, we can rely on the Bogovskii operator of [Acosta et al. 2006], whose properties are
summarized in Theorem A.1. This operator is required from the beginning of our analysis in Section 2A
in order to prove a weak Caccioppoli inequality for the Stokes system (the usual Caccioppoli inequality
seems not available in John domains), which then implies the reverse Holder inequality (2-2), as a starting
point of the large-scale regularity theory.

All the boundary estimates of this work are mesoscopic estimates in the sense that they involve averaged
quantities smoothing out the possibly rough microscales. Although it is a direct consequence of the weak
Caccioppoli inequality, notice that the reverse Holder inequality (2-2) is a large-scale estimate. Indeed,
going from the weak Caccioppoli inequality (A-6) to (2-2) uses the Poincaré inequality that holds in
balls large enough, typically at a scale greater than . At scales smaller than &, inward cusps of highly
oscillating bumpy John domains may be seen, preventing Poincaré’s inequality from holding.

In a nutshell: In the works [Kenig and Prange 2018; Higaki and Prange 2020], tools were developed,
particularly for the analysis of the first-order boundary layer correctors, to handle bumpy domains with a
boundary given by the graph of a Lipschitz function without structure. Here, the analysis in bumpy John
domains requires us to push the techniques even further, to the limit, as it seems, of what is technically
possible. There is one particular point, where we are completely unable to transfer the techniques used
above Lipschitz graphs to the present context. Indeed, in [Kenig and Prange 2018; Higaki and Prange
2020] we used a domain decomposition method pioneered in [Gérard-Varet and Masmoudi 2010] to study
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the well-posedness of the Stokes system for the first-order boundary layer correctors. We do not manage
to adapt this strategy, in particular the technique of local energy estimates in the bumpy channel, to our
current situation. In this paper, we develop a different argument to construct the first-order boundary
layers, based on the large-scale Lipschitz estimate proved as an a priori estimate. We will discuss this
intricate point in more details shortly later.

Quantitative method for the large-scale regularity. We rely on a quantitative method for large-scale
regularity, inspired by the Schauder’s theory pioneered by [Armstrong and Smart 2016; Armstrong and
Shen 2016; Shen 2017], the Calder6n—Zygmund theory motivated by [Caffarelli and Peral 1998] and
[Shen 2018, Chapter 4] and the pressure estimate developed in [Gu and Xu 2017; Gu and Zhuge 2019;
2022]. This method is based on a perturbation argument. The principle of this method is the following:

(1) Approximate the original rough problem by a smooth problem at any mesoscopic scale and obtain
suboptimal quantitative estimates.

(2) Use the improved regularity of the approximate problem to get the scale-by-scale decay of excess
quantities (measuring for instance, Holder continuity, Lipschitz, C1¥, C27, or higher regularity) for
the original rough problem, up to a small error.

(3) Conclude by a real-variable argument such as Theorem 2.5 or an iteration lemma such as Lemma 3.10,
which are in some sense black boxes oblivious to the equations.

In the context of homogenization, the homogenized limit problem with constant coefficients is the
approximate problem. Here, the approximate problem is a Stokes problem in a domain with a flat
boundary. Both problems have improved regularity, in the sense that the solutions are basically as smooth
as one wishes.

We remark that from a high-level point of view all the regularity estimates in this paper follow the
above scheme. For the large-scale W'+? regularity stated in Theorem 2.4, item (1) above corresponds to
Lemma 2.6, item (2) corresponds to the estimate (2-14) and item (3) corresponds to Theorem 2.5. For the
proof of Lipschitz estimate in Theorem A, item (1) corresponds to Lemma 3.2, item (2) corresponds to
Lemma 3.5 and item (3) corresponds to Lemma 3.10. The proofs of higher-order regularity estimates in
Theorems B and C follow a similar scheme.

We point out that in our quantitative method the nonlinear term # ® u will also be regarded as a
perturbation added to the linear Stokes system. In order to establish the Lipschitz estimate, we use the large-
scale Calderén—Zygmund estimate of Theorem 2.4 in combination with a large-scale Sobolev embedding
stated in Theorem 2.7 to bootstrap the integrability of the nonlinear term. For C!” and C?7 estimates,
the Lipschitz estimate of # in Theorem A leads to the O (r?) smallness of the perturbation term u Q@ u
near the boundary, which guarantees the higher-order regularity for up to C>? with any y € (0, 1).

Construction of boundary layers. As aforementioned, we develop a different argument to construct the
first-order boundary layers. In fact, the large-scale Lipschitz regularity in Theorem A makes it possible to
construct the velocity and pressure parts of the Green’s function in bumpy John domains, and to estimate
its decay at large scales. This is the purpose of Appendix B, where we prove estimates for the velocity
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part of the Green’s function (see Proposition B.4), its derivatives (see Proposition B.3), and the pressure
part of the Green’s function (see Proposition B.5). These estimates are the key for our new proof of the
existence of the first-order boundary layer correctors; see Theorem 4.1. In this way we are able to by-pass
the difficulties posed by the method used in [Gérard-Varet and Masmoudi 2010; Dalibard and Prange
2014; Dalibard and Gérard-Varet 2017; Kenig and Prange 2018; Higaki and Prange 2020].

To the best of our knowledge, the present work is the first to carry out a thorough analysis of the second-
order boundary layer correctors, allowing for linear growth of the boundary data in the tangential direction.
Our key observation is an algebraic connection between the first-order and second-order boundary layers
on the boundary, which allows us to use the first-order boundary layer correctors in an ansatz for the
second-order boundary layers. Unlike the first-order boundary layers (which form a two-dimensional
vector space), the space of second-order boundary layers is six-dimensional and needs three different
ways of construction, based on the structures of the associated Stokes polynomials; see Sections 4A
and 4C. For our analysis to go through, we also need some good quantitative convergence/decay of the
first-order boundary layers away from the boundary. Hence we work in a periodic framework, according
to Definition 1.3; but this is by no means an optimal assumption. Other structures, such as almost-periodic
structures with a nonresonance condition, or random ergodic with quantitative decorrelation properties at
large scales, would certainly be manageable.

The key outcome of Section 4 handling the construction of boundary layers is summarized in Proposi-
tions 4.6 and 4.7. They are then used in Section 5 to run the excess decay method for the higher-order
regularity in Theorems B and C.

1D. Notation and definitions.

John domains. We first define John domains. These domains were introduced in [John 1961] and named
after John in [Martio and Sarvas 1979].

Definition 1.1. Let Q C R be an open bounded set and ¥ € 2. We say that Q is a John domain (or a
bounded John domain) with respect to x and with constant L if, for any y € €2, there exists a Lipschitz
mapping p : [0, |y — X|] — Q with Lipschitz constant L € (0, oo) such that p(0) =y, p(]y —x|) =X
and dist(p(¢), 92) >t/L for all € [0, |y — X|].

Our analysis takes advantage of a key property of John domains, namely the existence of a right inverse
of the divergence operator. Such an operator is usually called a Bogovskii operator; see Appendix A
where we state the result of [Acosta et al. 2006].

Examples of John domains are: Lipschitz domains, NTA domains, domains with inward cusps or
certain fractals such as Koch’s snowflake. Notice that domains with outward cusps are not John domains.
For our work, we generalize the above definition from bounded domains to a class of unbounded domains.

Definition 1.2. Let Q be a domain containing the upper half-space of R® and assume dQ C {—1 < x3 < 0}.
We say that Q2 is a bumpy John domain (or a bumpy John half-space) with constants (L, K) if, for any
x € {x3 =0} and any R > 1, there exists a bounded John domain Q2 (x) with respect to xg = x + Rey
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and with constant L € (0, 0o) according to Definition 1.1 such that

Br,+(x) C Qr(x) C Bxr,+(x), (1-5)
where Bg 1 (x) = Qr(x) N Q2. Here Qg (x), defined later, is a cube centered at x with side length 2R.

The above definition guarantees that the constants of John domains are rescaling- and translation-
invariant. This is a natural requirement as we are considering unbounded domains.

Definition 1.3. We say that Q2 is a periodic bumpy John domain if the following hold:

(i) 2 1is a John domain with constant (L, K).
(ii) Qis (27Z)>-translation-invariant, namely 27z + =  for any z € Z> x {0}.

For simplicity, we assume K = 2 in the whole paper. Otherwise, the constant in our main theorems
will also depend on K.

Throughout the paper, we assume that 2 is a bumpy John domain satisfying Definition 1.2, or a
periodic bumpy John domain satisfying Definition 1.3. We will always specify in case periodicity is
needed. In fact, periodicity is used to construct the second-order boundary layer correctors in Section 4C
and hence is also an assumption of Theorem C, Proposition 4.7, Section 5B and Theorem 5.8(ii).

Let Q° :=eQ = {x e R*| e7'x € Q). We refer to Q° as a highly oscillating bumpy John domain. Note
that

I CclxeR | —e <x3 <0} (1-6)

A key fact about Q° is that ©° is still a John domain with the same constants as in Definition 1.2, as these
constants are scale-invariant.
Throughout the paper, we use the notation
rL=x=0"x3) € R |x" € (=r,r)? x3<r}nNQ’,
e ={x=0u' x3) e R | x' € (—r, r)?}NIQE.
Since the boundary could be very rough at small scales, By , and I'; may have disconnected components.
Fortunately, this will not cause any issue since the solutions will be extended naturally by zero across the
boundary. We also define
0, =0:0=(rr’ CM=y+00), Q0 =0 N{xeR x> e}
(M =0,(MN{xeR’ [x3>—¢} and 0, 4(») =0, N{x R’ |x3>0}. (1-7)
From the definition of B ,, one has B/ , C Q7 and |Q; \ Bf| < 4er?.
Weak solutions. We work in the framework of weak solutions of (NS?). A velocity/pressure pair (u®, p®) €

Hl(Bf’Jr)3 X LZ(Bf,Jr) is said to be a weak solution to (NS?) if u® satisfies V - u® = 0 in the sense of
distributions, Y u® € H(} (Q1)? for any cut-off function ¥ € C3°(Q1), and the weak formulation

/VME-W)—f PE(V-¢)=—/ W -Vu)-¢ (1-8)
B B B,

& &
L+ 1+
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for any ¢ € C5°(Bf, +)3. The Poincaré inequality is a fundamental tool in our paper. Since the weak
solution vanishes on the lower boundary I'{, we extend it to Q] by zero across I'{. This enables us
to use for instance [Giaquinta and Martinazzi 2012, Proposition 3.15], to get that, for all fixed bumpy
John domain €2 with constant L € (0, co) according to Definition 1.2, for all fixed r > &, and for all
ue Hl(Bi+) such that u =0 on I'},

J

where C is an absolute constant independent of ¢ and r. Notice that this estimate is only valid at scales

lu* < Cr2/ |Vul?, (1-9)
B

ot ot
r > ¢. Indeed, below that scale the constant in (1-9) may degenerate because in particular of inward cusps
at small scales.

Other frequently used notation. The notation C denotes a positive constant that varies from line to line,
and may or may not be universal. Whenever needed, we make precise what the constant depends on.
The notation x - y stands for x;y; + - - - + xyyy for vectors x, y € CN. The notation a < b (resp.a 2 b)
means that there exists a universal constant C such that a < Cb (resp. Ca > b). The notation a ~ b stands
fora <banda > b.

1E. Outline of the paper. Section 2 is devoted to the proof of the large-scale Calder6n—Zygmund estimate
stated in Theorem 2.4. We then use this result to bootstrap the regularity and obtain a large-scale Holder
estimate for the nonlinear term in the Navier—Stokes equations; see Theorem 2.8. In Section 3, we
prove Theorem A. In Section 4 we construct the first-order and second-order boundary layer correctors.
Theorems B and C are proved in Section 5. There are three appendices. Appendix A is devoted to
the results related to Bogovskii’s operator in John domains. Appendix B handles the construction and
estimates for the Green’s function associated to the Stokes system in bumpy John domains. Appendix C
provides a proof for the iteration Lemma 3.10.

2. Estimates for the nonlinearity

The goal of this section is to obtain some regularity estimates for the nonlinearity —u® @ u® for the Navier—
Stokes equations. As usual, this follows from a bootstrap argument for the stationary Navier—Stokes
equations. However, since there is no smoothness up to the boundary, we have to carry out a delicate
large-scale bootstrap argument.

2A. Large-scale Calderon—Zygmund estimate. Assume r > ¢. Let Q be a bumpy John domain with
constant L according to Definition 1.2. Let (u®, p®) € Hl(Bf,Jr)3 X LQ(BIS’JF) be a weak solution of the

linear Stokes system
—Au*+Vp*=V-F¢ in B}

1+
Vouf =0 in B, 2-1)
ut=0 onIY.

We extend u® and F?¢ by zero to the whole of Q; = Q;(0); they are denoted again by u® € H 03
and F¢ € L*(Q)*>*3 respectively. Note that we also have Vu® =0 in Q{(0) \ Bj .. Forany r > ¢ and



182 MITSUO HIGAKI, CHRISTOPHE PRANGE AND JINPING ZHUGE

Q1e6r(y) C 01(0), Lemma A.4 and the Sobolev—Poincaré inequality imply that for any 6 € (0, 1)

1/2 12 ¢ 5/6 172
(][ |Vu€|2) 59(][ |Vu€|2> +—(][ |Vu8|6/5) +(][ |F€|2) . (2-2)
0, 016:(») 0 \Joism 016:(»)

Here the constant C depends only on L.

We refer to [Zhuge 2021, Lemma 2.2] for a similar proof of (2-2) in the case of elliptic equations.
The John boundary condition for Stokes system results in additional difficulties as we only have a weak
Caccioppoli inequality in Lemma A.4. Notice that this estimate holds only at large scales, namely, r > ¢,
because Lemma A.4 as well as the Sobolev—Poincaré inequality fail for r < ¢ (inward cusps are allowed in
John domains and these cusps can be seen at a scale less than ¢). As a result, we are not able to derive the
full-scale Gehring inequality (e.g., [Giaquinta 1983, Chapter V, Proposition 1.1] or [Bensoussan and Frehse
2002, Theorem 1.10]). Instead, we can show a large-scale Gehring inequality; see Lemma 2.2 below.

For p €[1, c0), define the averaging operator

I/p
Mf’[g]m:(][ W) :
Qt(x)

The important exponents for us are p = g and p = 2. For convenience, sometimes we write M,z as M;
in Section 2B. The following lemma collects useful properties of M,.

Lemma 2.1. For p € [1, 00) and g € L?(Q1), we have the following properties:
(i) For1 < p' < p <ooand Q;(x) C Qy,
M![g1(x) < MP[g](x). (2-3)

(ii)) For0 <t) <t < land Q(x) C Oy,

P o) 3 P
Milgln) <C{ ) MElgl). (2-4)
(iii) For 0 <t <s with Qs+;(y) C Q1,
/ glP <C Mf’[g]Psc/ el 2-5)
Qs (y) 0s(y) Os+1(y)
(iv) For 0 <t; <t < s with Qg4441,(y) C Q1 and q € [p, 00),
MPlgl! < C ][ MP[g]". (2-6)
Q,(y) Qi1 (¥)
(v) For0 <s <t with Qs1:(y) C Oy,
MPIgl(y) <C Mgl (2-7)
0s(y)

Here the constant C depends on p and p', but not on s, t, t| or ty.
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Using the averaging operator and Lemma 2.1, we can show a large-scale Gehring inequality (also
known as a self-improving property or Meyers’ estimate).

Lemma 2.2. Let L € (0, 00) and 2 be a bumpy John domain with constant L according to Definition 1.2.
There exists some pg € (2, 00) so that forany 0 <r < 1,& <t <1 with Q34:(y) C 01(0),

1/po 1/2 1/po
(][ |M%[Vu8]|P°> < C( ][ |M3[w1|2) + C( ][ |M%[F€]|PO) : (2-8)
0, (y) 03-(y) 03-(y)

where the constant C and the Lebesgue exponent pg depend only on L.

Proof. Assume first that r > . Then by Lemma 2.1, we may rewrite (2-2) as

12
(][ |M%[W]|2>
o,
172
e(f, )
er()’)
12 5/6 1/2
509(][ |Vu€|2) +—(][ |Vu€|6/5) +C(][ |F€|2)
032 () 0 \J o, () 032 ()

12 ¢ 5/6 1/2
< ce(][ |M?[w€]|2> +—(][ |M$[Vu€]|6/5) +c(][ |M,2[F8]|2) .
052 (») 0 \J 0z (v 032 (»)

For 0 < r < ¢, Lemma 2.1(v) implies

IMIVU ]l L0, () < C MF[Vuf].
Q4r(y)

These imply that a weaker reverse Holder inequality holds for all scales r € (0, 1) with Q3,4,(y) C Q1(0).
By a version of Gehring’s inequality [Giaquinta 1983, Chapter V, Proposition 1.1] or [Bensoussan and
Frehse 2002, Theorem 1.10], and choosing 6 sufficiently small, there exists some pg > 2 such that for all

r € (0, 1) with Q32,4,(y) € Q1(0),

1/po 1/2 1/2
<][ |M3[WJ|I’°> sc(][ |M?[W]|2) +C<][ |M?[F8]|2) .29
o,y 032, (y) 032, (y)

To conclude the proof, we use a covering argument to adjust the size of cubes. By covering the
cube O3, (y) by a finite number of cubes Q, (y;) and applying the last estimate in every Q,(y;), we get
the estimate

1/po 1/2 1/2
(][ |M,2[wf]|f’°) < C( ][ |M?[w€]|2) + c( ][ |M,2[F8]|2>
032 (y) Qo6 () Qo6 ()

fore <t <1 and Qoer-+:(y) C Q1(0), at the price of a larger constant C than in (2-9). Replacing 32r
by r, we obtain the desired estimate. 0

Remark 2.3 (covering argument). The covering argument above to adjust the size of cubes should be a
standard technique in analysis. Similar arguments may be used later in this paper.
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The following theorem is a large-scale boundary Calderén—Zygmund estimate, or in other words, a
large-scale boundary W7 estimate, for the linear Stokes system.

Theorem 2.4. Forall ¢ € (0, %), L € (0,00) and p € (2, 00) the following statement holds. Let Q2 be a
bumpy John domain with constant L according to Definition 1.2. Suppose ¢ <t <r < %, 0s.(x) C Q(0)
and ./\/ltz[Fs] € L?(Q4r(x)). Then the weak solution u® to (2-1) satisfies

1/p 1/2 1/p
<][ |M$[Vu8]|1’> < c(][ |Mf[w€]|2> + C<][ |M,2[F5]|p) , (2-10)
0, (x) Q4 (x) Q4 (x)

where the constant C depends only on L and p.

The proof of Theorem 2.4 relies on a combination of a real-variable argument (see Theorem 2.5), and
the quantitative approximation at sufficiently large scales s of the solution u° to the Stokes system in the
bumpy domain by a solution to a Stokes problem in a flat domain (see Lemma 2.6).

We first state the real variable result. The following theorem is taken from [Shen 2018, Theorem 4.2.3],
where it is stated for balls instead of cubes. Notice that we introduce some flexibility for the size of the
cubes as in [Zhuge 2021, Theorem 2.6] and [Shen 2023, Theorem 4.1] to fit the cubes in Lemma 2.6.

Theorem 2.5 [Shen 2018, Theorem 4.2.3]. Let N > 1, 0 <c; <1,k >0and A > 2. Let Q¢ be a
cube in R3 and F € L*>(AQy). Let g > 2 and f € LP (L Qy) for some 2 < p < q. Suppose that for each
cube Q C 2Q0 with |Q| < c1|Qol, there exist two measurable functions Fg and Rgo on 2Q such that
|F| <|Fol+I|Rglon2Q, and

e ol
(fme) =x(f )+ (f o)

There exists ko > 0, depending on A, p, q, c1 and N, with the property that if 0 <k < kg, then F € L?(Qy)

(F7) <l (=) +(F, )}

where C depends on A, p, q, cy and N.

and

We now turn to the approximation. Fix ¢ > ¢. To apply Theorem 2.5, we introduce an approximation
of u® at all scales s > ¢. Fix y € {—1 < x3 < 1}. Let Q%(y) = O,(y) N{x3 > —¢}. Let s > ¢ be fixed. By
the coarea formula [Evans and Gariepy 2015, Theorem 3.11, page 139] and the fact that Vu® = 0 below
the bottom boundary we have

2s 2s
/ |Vu£|2dx:/ / |w€|2da,drz/ f |Vu?|?do, dr.
05, () 0 JoQ:(y) s JIQN(Y)
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A contradiction argument then gives that there exists 7y € [1, 2] such that

12 5 1/2
(/ |Vu€|2> 51—/2(/ |w€|2> . (2-11)
9055 () § 05,

Note that 7y depends particularly on the specific solution «#°. But this is harmless as 7 is bounded uniformly
in ¢ in [1, 2]. Now, we construct an approximation of u® in Q,,(y) by considering the Stokes system

—Awy+ Vg =0 in Qf (),

V-w,=0 in OF ((¥), (2-12)
wg = u’ on BQfos(y).
Since wy =0 on 9 Q%(y) N {x3 = —¢}, we may extend the solution w; naturally across this boundary. For

our purpose, we need some regularity estimates for w;. First of all, the energy estimate implies

1/2 2\1/2 1/2
(][ |sz|2) +<][ qs—][ qs ) §C<][ |W|2) : (2-13)
6] Qlos s Orps (M

Second, by the classical regularity theory for the Stokes system over a flat boundary, we have

12
IVws Lo, 500 < C(][ |sz|2)
0;(y)

C 1/2 1/2 172
§%</ |w8|2> =Ct§/2<][ |Vu8|2> §C(][ |Vu8|2) . (2-19)
s Q1ps () 01ps () Qs ()

Finally, since Qfos(y) is a Lipschitz domain and because (2-11) implies wS|3Qfo-f(Y) e H'(00¢ ()3, it

1oS
follows from [Fabes et al. 1988] that (Vw,)* € L(d Qfos(y)), where (Vwj)* is the nontangential maximal

function. More precisely, we have

1/2 12 ¢ 1/2
(/ |(sz>*|2) SC(/ |w€|2> sl—/z(f |W|2) :
307, () 9075 (¥) § 05,
1/3 C 1/2
(f wwr) =5([  war) @-15)
Qfps ) s 05,(»)

see [Wei and Zhang 2014, Lemma 3.3] and [Kenig et al. 2013, Remark 9.3]. The above higher integrability
of w; plays an important role in the following lemma.

This yields,

Lemma 2.6. Let L € (0, 00) and 2 be a bumpy John domain with constant L according to Definition 1.2.
Let (wy, q5) be given as above. Then there exists ¢ € (O, %] such that, for any 6 € (0, 1), ¢ € (0, 0],

s €le/0,1], Q7,(y) C 01(0),

1/2 1/2 1/2
(][ |Vu€—sz|2) sce“(][ |Vu8|2) +c9(][ |F8|2) : (2-16)
Q.r(y) Q7s(y) Q7s(y)

where C depends only on L, and Cy depends on L, o and 0.
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Proof. We rely on the variational definition of the weak solutions of (2-12). First of all, by (2-12), we see
that u® —wy € HO1 (Qfos(y))3 and V- (u® — w,) =0, since u® has been extended by zero. Thus we can test

(2-12) against u® — w; to obtain
/ Vw, - V(u® —w,) =0. (2-17)
Ofys )

Let . + be a smooth cut-off function so that 0 <n, + <1, 5. y(x) =1if x3 > 2¢, n, +(x) =01if x3 < ¢, and
|Vne | < Ce™ . Ttis easy to verify ¥ 1= (u® — ws)’?f,+ € HO1 (B¢ 7+(y))3, where By . (y):=y+ By, ..

fos
Testing (2-1) against ¥, we obtain

/ Vut V(U —ws)n; ;)
B (3)
= f (P° = P)((u* —wy) - 20, + Ve, 1) —/ Fe V(W —wo)ni,) (2-18)
B;E()J,+(y) st()y,Jr(y)
for any P € R (to be determined later). Combining (2-17) and (2-18) and using the fact Vu® = 0 in
Ors O\ Bp (), we arrive at

/ V(W —wy)  V(u® —wy)
Ofs )

_ f VUl - V((u —we)(1— 17 ,)
Bf;)s,+(y)

e e ey e - [ Y w ). @19)
Blye+ () Biys + )

Now, we are going to estimate the integrals on the right-hand side of the above equation. Note that

1-— n§’+ and V1, , are both supported in {—& < x3 < 2¢}. Let R{ := Qs(y) N {—e < x3 < 2¢} and

TY = Q4s(y) N {0 < x3 < 2¢}. Clearly, |T?| < |R{| < Ces? To estimate the first integral, we use the

Poincaré inequality applied in R{ to obtain

/ Vu® - V(W —wy)(1—nZ )
Bz%s,+(y)

1/2 1/2
5(/ |Vu€|2) ( |V(<u€—ws)(1—n§,+>)|2>
R RS
‘ 12 12 12
sc(/ |W|2) {( |V<uf—ws>|2) +sl< |u8—ws|2> }
R; R R
1/2 12 12
sC(/ |W|2) {( |V<u€—ws>|2) +( |V<u8—ws>|2) }
RE RE R¢
1/2 1/2
§C(/ |Vu’3|2) (/ |V(u€—ws)|2) ) (2-20)
RS Qfs ()

The last integral of V(u® — wy) in the above estimate will eventually be absorbed by the left-hand side of
(2-19). The main difficulty in proceeding is to obtain a certain estimate of smallness for Vu® over the
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thin strip R{. This can be done by using Lemma 2.2. In fact, if 6 € (0, 1) and s > ¢/6, Lemma 2.2 yields

1/po 1/2 1/po
(][ |M§S[Vu£]|f’°) < C<][ |M§S[WJ|2) + C( ][ |M§S[F8]|P°) :
QZS (y) Q6s (}’) Qés (y)
Since for any z € Qg (y) "
MG [F1(z) < Co <][ |F‘>‘|2) :
. . Q7s(y)
together with (2-5), we obtain

1/po 1/2 1/2
(][ |M§S[w€]|f’°) sc(][ |Vu€|2> +C9(][ |FS|2) |
025 (y) 075(y) 075(y)

It is important to notice that in the last inequality, C is independent of 6 and Cy depends on 6. By an
argument similar to that in [Zhuge 2021], we can now estimate the right-hand side of (2-20) as

1 1/2 gs\!/2~1/po 1/po
( |Vu6|2) < c(—) (][ | M3 [Vu8]|1’0>
= Os
Qs Jge s 02 (y)

1/2 1/2
gcea(][ |Vu£|2> +ce(][ |FE|2> , (2-21)
075(y) 075(y)

with some o € (0, %) This is the desired estimate of Vu® in R{. Later on we will insert it into (2-20) and
then (2-19) to reach a conclusion.
Let us turn to the estimate of the second integral on the right-hand side of (2-19). Using Holder’s

12 12
sCe—l( |p8—7>|2> ( |u£—ws|2>
¢ R
12 12
sc( |p8—7>|2) (f |V<u8—ws>|2) L)
7 R:

P = ][ P,
QI()S,+(y)

where Qs+ (¥) = Qs (y)N{x3 > 0}. Then the Bogovskii lemma applied in a Lipschitz domain Qs 4+(y)

1/2 1/2
( |p8—7>|2) s(/ |p8—7>|2>
TE Qs+ ()
1/2 1/2
5c<f |Vu€|2> +c(/ |F€|2>
QtOs,Jr(y) Qros.+(y)
1/2 1/2
§C<f |w€|2) +c(/ |Ff|2). (2-23)

198, + s, +

inequality and the Poincaré inequality, we have

/ 0PI ) 20 V)
Br%xHr y)

Now, we pick

implies

Unlike the previous argument, we want to gain the smallness for (2-24) below from

12 12 12
( |V<u€—ws>|2> s(f |W|2> +(f |sz|2) .
R Re Re
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The estimate for Vu® over R{ is given (2-21). On the other hand, by (2-15) and the Holder inequality, we

have
1/2 1/3
(/ |sz|2) s|R;§|“6(/ |sz|3)
R Re
Re11/6 12 o\ 1/6 1/2
(] e
s 05.(») S 05.(»)

Inserting this into (2-22), we have

f (P° =P —wy) - 216+ Ve +)
Bfos,Jr(y)

1/2 1/2 1/2 e 1/6 1/2
S (U VR (TR DRV
;i)s.+ Bf()xd» R? $ Qix(y)

Finally, for the last integral of (2-19), by the Poincaré inequality, we have

12 1/2
sc( f |F5|2) ( / |V<u8—ws>|2) L @2s)
Bis 1+ () Ofps ()

Now, (2-19) together with (2-20), (2-21), (2-24) and (2-25) gives

1/2 s 1/12 1/2 1/2
(/ IV (u® — ws)|2) < c(e" + (—) )(/ |Vu8|2) +Cy (/ |F€|2) . (2-26)
Qlps (M) $ 07;(») 07;,(»)

Since we assumed s > £/6, we have ¢/s < 6. In view of 1y € [1, 2], (2-26) divided by |Q;(y)|'/? leads
t0 (2-16). 0

/ FE - —w)n?.,)
Bis 1+ ()

Proof of Theorem 2.4. We will first prove a slightly weaker version of (2-10) when Qs7,(x) C Q1(0). Then,
(2-10) can be recovered thanks to a covering argument at the price of enlarging the constant by a numerical
factor; see Remark 2.3 for more details. When Qs7,(x) is far away from the boundary I'{, the estimate
(2-10) is a consequence of interior regularity. Hence it suffices to prove (2-10) when Qs7,(x) NT'] # @.
Note that this case can be reduced to the case when x € {z3 = 0} by a covering argument as well as
interior regularity. To apply Theorem 2.5 to Q¢ := Q,(x), A :=56 and F := Mtz[Vus] in Qser(x) with
x € {z3 = 0}, we approximate u#° in any cube Q,(y) contained in Q,,(x) for any scales for s > /6,
where 6 is as in Lemma 2.6. If Q,(y) is entirely contained in {z3 > 0}, then the well-known interior
estimate for the Stokes system applies. If Q(y) is contained entirely in {z3 < —e&}, then trivially u® =0
in Q;(y). Hence, it suffices to focus on the typical boundary case Q;(y) with y € {z3 = 0}. Moreover,
we assume s < r/2 so that Qs57,(y) C Qs7,(x) C Q1(0) whenever Qs (y) C Q2 (x).
Now, for each Q;(y) with y € {z3 = 0}, we will discuss two cases.

Case 1: s>4¢t. By (2-14) and (2-16), there exists wy solving (2-12) and satisfying

12
||sz ”L“(Qs/z(y)) < C(f |Vu€|2> (2-27)
st(y)
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1/2 1/2 12
<][ |Vu — sz|2) <Co° (][ |Vu8|2) + (][ |c9F€|2) . (2-28)
Qr(y) Q7s(y) Q7s(y)

Note that the above estimate only holds for s > &/6. Therefore, we will use Lemma 2.1 and replace
Vu® and Vw; by M?[Vuf] and M?[Vw], respectively. Precisely, the above two inequalities imply for
s >4t >¢/6,

and

12 1/2
IMFIV Wil (0, ) < c(f |M,2[WJ|2) < C( ][ |M%[wg]|2>
Q2 (y) Q75(y)

and

1/2 1/2 1/2
(][ |M?[W]—M%[sz]|2) 5C6"<][ |M?[W]|2> +(][ |M%[ceF8]|2) .
Qs/4(y) 075(y) 075(y)

Case 2: 0 < s < 4¢. In this case M?[Vug] itself satisfies some trivial estimate. Note that for any
7€ Qs2(y), as Q;/2(2) C Qs(y), by Lemma 2.1(v),

1/2 1/2
M?[Vu8]<z>56<][ |M,2[w1|2) sC(][ |M?[WJ|2) ,
0s5/2(2) Os(y)

IMIIVUET L0, ) < IMTIVUET L0, o)

1/2 1/2
§C<][ |M,2[w1|2> §C<][ |M?[W]|2> .
QA‘(y) Q7S(y)

This ends the study of the two cases. We now apply Theorem 2.5 with A := 56, Q¢ := Q,(x), g := o0,
F = M?[Vus] and f ;= M?[CQFE]. Moreover,

which yields

o M3 Vue] — M2[Vuwyl, s> 4t,
Q 0, 0 <s < 4t,

and
M?[vws]v N 24t’

Ry =
¢ iM%[W], 0<s <4dr.

For any given p > 2, we may choose 6 sufficiently small with C6° < k¢ so that the requirement of
Theorem 2.5 is satisfied. Consequently, we arrive at

1/p 1/2 1/p
(f |M%[Vu€]|f’) §C<][ |M?[W]|2) +C(][ |M?[CQFE]|P) (2-29)
0r(x) Oser (x) Oser (x)

forall e € (0,0(p)) and ¢/(40) <t <r and Qs7,(x) C Q1(0). Estimate (2-10) now follows by a covering
argument (see the proof of Lemma 2.2) and Lemma 2.1 (in order to adjust the size of balls and relax the
condition t > (40) to t > ¢). To remove the smallness condition € € (0, 8(p)), we observe that the case
O(p) <e<t=<r< % is trivial as the constant C is allowed to depend on p. Il
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2B. Bootstrap argument. In this subsection, we apply the large-scale Calderén—Zygmund estimate
proved previously to study the regularity of the stationary Navier—Stokes equations (NS®). Note that in
Theorem 2.4, F? is a general function. We will take advantage of the nonlinearity F® = —u® @ u®. As
usual, the proof relies on a bootstrap argument.

Throughout this subsection, we set F¥ = —u® ® u®. To begin with, note that the Sobolev embedding
theorem implies F°® € L3, which yields M,[F?®] € L3. Hence, (2-10) holds with p = 3. To further improve
the large-scale regularity, we need to lift the regularity of F° from that of Vu®.

For any 0 < a < b < 00, define a new maximal function

Mga‘b)[g](x): sup ][ gl
0:(x)

a<t<b
Note that M%o, 00) is the usual Hardy-Littlewood maximal function. Clearly, by the L? boundedness of
the Hardy-Littlewood maximal function, M% a.by 18 uniformly bounded in L space for p € (1, 00).
Fix ¢t > 0. Define

1/q
Kq(r) = Kq,t(r) = < Mf[VuE]q) .
0,(0)

The following estimate is a sort of the large-scale Sobolev embedding theorem.
Theorem 2.7. Let L € (0, 00) and 2 be a bumpy John domain with constant L according to Definition 1.2.

Lete <t<r< % and F® = —u® @ u®. Then for any p > 3 and any q satisfying

+ (2-30)

ESEE
\]

<3 |=
W =

we have

l/p
(][ |M,[F8]|”) < Cr¥(K,(5r))% (2-31)
0,-(0)

where the constant C depends only L, p and q.

Proof. Let p > 3 and q satisfy (2-30). Without loss of generality, we assume in addition ﬁ < [17. Let
x € B; (0). We first estimate

1/2 1/2
Mt[FS](x>=(][ |F’3|2) SC(][ |uf|“> :
0 (x) 0 (x)

Let x = (x, x3). We consider the cases x3 > ¢ and x3 < t separately. Assume first x3 > ¢ and let N be the
natural number so that 2V ~!¢ < x3 < 2V¢. Note that u® vanishes in a large portion of Q,v+1,(x). By the
triangle inequality and the Poincaré inequality, we have

1/4 4\1/4 N
A A D et AL
O (x) O (x) 02 (x) j=1 Q,j,(x) Qyj+1,(x) O,N+1,(x)
N 172
gczy“z(][ |Vu8|2) .
0 0,i+1,(x)
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Now, let a € (O, min{ }) and write

11
3’ ¢q

. 1/2 . 12
2J+1t<][ |w€|2) < czf“t(][ M,[Vu€]2>
0,741,(x) Q,j41,(x)
) 1/q
< czf+1t(][ M,[W]‘f)
Q2j+]t(x)
) o 1/g—a
< C2]+1t(][ M,[Vug]q) ( ][ M,[Vua]q)
Q2j+lt(x) Q2j+lt(-x)

. o 1/g—«
< C@EITpt=3e ( / M,[W]q) (][ M,[W]")
Q2j+lt(x) Q2j+lr(-x)

o 1/g—«
§C(2j+1t)13“r3“( Mt[wg]q> (][ Mt[wf]q> . (2-32)
(@)

05,(0) 2j+1,(X)

Using the definition of K, and Mgzz, 5> We obtain

‘ 1/2 , _
2f“r(][Q ()IVu€|2> < CQDI K (51)) (M 5, IMIVIE1 0) V77
2j+1 X
It follows that
1/4 N y
. _ —o
(][ |u£|4) < C Y @I (57) 1 (My 5 M VEE 1] (x))
0, (x) i
Jj=0

< Cr(Ky(5r)) (M, 5 [M[Vuf171(2)) /477,

which yields

2/qg—2a

M [FF1(x) < Cr¥(K (5r)) (M, 50 [M V1] (x)) (2-33)

On the other hand, if x3 < t, then By;(x) has a relatively large portion not contained in €2°. Thus, the
Sobolev—Poincaré inequality implies

1/4 1/4 12
(f |u8|4> §C<][ |u8|4) scz<][ |W“|2) .
0 (x) Q2 (x) Q2 (x)

Using the same argument as (2-32), we see that M,[F¢](x) has the same bound as (2-33) for x3 < ¢.
: : 1 1 1,1 L1y :
1 Since by assumption, <<% T3 and 0 <o < mm{g, 5} is arbitrary, we may choose o so that

. ﬁ +a. This implies p(% —2a) > 1. Thus, using the L7972 boundedness of the Hardy-Littlewood

maximal function, we obtain

/ |MUIFE1(0)|P dx < CrP (K, (5r))**" f (M (g5 IMAIVUET] () P340 dx
0:(0) 0,(0)

r

< CrP(Ky(5r))*P / (M [Vu]()?P =D dx.
05,(0)
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Consequently,

1/p
<][Q <o>|Mt[F€]|p) < Cr2(Ky(5r))**4 (Kap(1—agq)(5r)*1 70

Now, observe that we may choose o < é — ﬁ but sufficiently close to é — ﬁ Then g <2p(1—aq) —q

as o« approaches % — %. This implies

1/p
(][ |M4F€]|P) < Cr¥(Kap(1-20)(5r))* < Cr2(K;(5r))* (2-34)
0,-(0)

for any g > ¢, where we also used the fact that K,,,(r) < K,,(r) for any 1 <m < n. Finally, to recover the
case with the exact exponent ¢, we may start with a ¢ < g still satisfying (17 < ﬁ + % Then (2-34) holds
for any ¢ > ¢, which includes the case § = g. This proves the desired estimate. O

Now, a bootstrap argument between (2-10) and (2-31) shows that both Mtz[Vug] and M,Z[F €] are
in L? for any p > 3. In the following, we use this to prove a large-scale Holder’s estimate for F®, which
plays an important role in the Lipschitz estimate in the next section.

Theorem 2.8. Let L € (0, 00) and 2 be a bumpy John domain with constant L according to Definition 1.2.
Lete <t <r< % Let M > 0 be such that

(/

For everyl > 3 and § > 0 satisfying [§ < 6, we have

1/2
|w€|2) <M.

€
1,+

1/3
( |M,[F8]|3) < Cri=I (M + MPEOH), (2-35)
Or

where the constant C depends only on L, [ and 8.

Proof. Note that, by an argument similar to that at the end of the proof of Theorem 2.4, we only have
to prove (2-35) when /Ny <t <r < 1/N; for some Ng, N; > 2. Letl > 3 and § > 0 with [§ < 6 be
given and fixed for the proof. First of all, by the Sobolev embedding theorem, || F*||;3p,) < CM 2. This
implies | M [F]ll130,,) < CM?. By Theorem 2.4,

1/3
(][ M[W]P) <C(M+M?).
O1ys

Then, applying Theorem 2.7, we obtain that, for any 3 < p < o0,

1/p 2/3
(][ IMt[FE]V’) < C< Mt[Vu8]3) <C(M + M*.
Q140 018

Now, using Theorem 2.4 again combined with a covering argument, we derive from the last inequality that

1/p
(][ |M,[Vu8]|") <C(M + M*).
01/80
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Now, let p > [. By the interpolation, we have

1/1 0/3 (1-0)/p
(f |Mt[W]|l> 5(][ |M,[W]|3) <][ |M:[Vu€]|P>
Q1,80 0Q1/80 Q180

<CM+M»' (M +MH'"0 < (M + M*29), (2-36)
where

)

3o
For the given 6 € (0, 1), we want4 — 20 =4 — % + 4. This implies 6 = % - % and thus we may choose

6 3.4
p=3(1=7+3)

One can easily verify that 6 € (0, 1) by the assumption on/ and §. Consequently, we derive from (2-36) that

1/1
(f |MI[VMS]|Z) < C(M+M4_6/l+8)_
Q1/80

1 9+1—9

L
400°

1/3 21 21
( |M,[F81|3) scﬂ(][ |M,[WJ|’) sCrH/’(/ IMZ[WSJI’)
Qr QSr QSr

S Crz_é/l(M+M2(4_6/l+8)). |:|

Finally, we apply Theorem 2.7 to obtain for r <

Note that if Vu® itself is in L? for p > 3, then Morrey’s inequality implies that u® is C%!~3/7, which
implies, since u® vanishes on the boundary,

1/3
(][ |F€|3) < Criolr,

where C depends on M, L and p. Hence, (2-35) is consistent with the usual Morrey estimate.

3. Large-scale Lipschitz estimate

In this section, we will establish the large-scale Lipschitz estimate of u® and the oscillation estimate of p°.
We remark, for later use in Section 4B, that Theorem A implies the following Liouville theorem for the
Stokes system
—Au+Vp=0 inQQ,
V-ou=0 in Q, (3-1)
u=>0 on 0%2,
where €2 is a John domain in Definition 1.2. The proof of the following statement is standard.

Corollary 3.1. Let Q be a bumpy John domain according to Definition 1.2. Let (u, p) be a weak solution

of 3-1). If
1 1/2
lim —<][ |u|2) =0,
R—oo R Br(0)NQ

then u = 0 (hence p is constant).
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3A. Set-up and approximation. First of all, we may write (NS?) as a linear Stokes system

—Au*+Vp*=V-F¢ in B}

1+
V-u®=0 in By |, (S%)
ut=0 on Iy,
where F® = —u® @ u®. As in the classical regularity theory for Stokes system, we will use the large-scale

C%¢ estimate of F¢ in Theorem 2.8 to prove the large-scale Lipschitz estimate. The proof is based on the
excess decay method.

Similarly to the large-scale Calderén—Zygmund estimate of Theorem 2.4, we also need to approximate
the Stokes system (S¢) at all scales greater than ¢. Fix r € [8, %] and let (v,, g,) be the weak solution of
the Stokes system

—Av,+Vg, =0 in Qf,,
V-v,=0 in Qfor, S;)
v, = u® ondQ;,,
where we have automatically extended u® across the bottom boundary by zero-extension and 7 is a
constant in the interval [1, 2] chosen analogously to those in (2-11) and (2-12). Note that (S,) is a special
case of (2-12) with s =r and y = 0, which means the estimates (2-13)—(2-15) hold also for (v, g,), in

place of (wy, g5). The following lemma is an analogue of Lemma 2.6.

Lemma 3.2. Let L € (0, c0) and Q2 be a bumpy John domain with constant L according to Definition 1.2.
Let (uf, p?) and (v,, g,) be weak solutions of (S%) and (S,), respectively. If ¢ € (0 ! ] andr € [28, %], then

» 10
1/2 2\1/2
(f, o) (] )
Bf. :

p"’"—qr—][ (P —aqr)
r/2,+ 6
1/2 1/3
|W|2) +C(][ |M§[FS]|3) (32
Q4r

Br/2,+

() (f

e
5r,+

where C depends only on L.

Proof. Let us set R} = Q7 . N{—¢ < x3 < 2¢}. By examining the proof of Lemma 2.6, we obtain
e\ 1/6
/ IV’ —v,)|)> < C/ |Vu8|2—|—C(—) / |Vu8|2—|—C/ |F€|2. (3-3)
B%r,+ R} r Bgr,-%— B§r,+

From Lemma 2.1(iii) and Theorem 2.4 with p = 3,

1 5 1/2 1 5 5 1/2 |Rg| 1/6 s 3 1/3
|vu€|) §C< M [wS]l) SC(—’) (][ M [vu€]|>
(|B,§’+| R¢ |B,§:+| Rt & |Bi+| Bﬁ,+ €

e 1/6 1/2 1/3
r B¢ Q4r

Sr.+

Inserting this into (3-3), we have

1/2 e \/12
(][ |w€—w,|2> §C<—> (][
Brg,+ r B

1/2 1/3
|W|2> +C<J[Q |M§[F€]|3> . (3-4)

&
Sr+
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Next, we estimate the pressure by using the Bogovskii lemma. The issue is that, in general, By , is not
a John domain. By Definition 1.2, for r > 2¢, there exists a John domain 27 with constant L satisfying

B, CS CB .

Note that (u® — v,, p® — g,) satisfies
—AW* —v)+V(p*—¢q)=V-F° inB;,.

Thus, we may use the Bogovskii lemma in €27 and (3-4) to obtain

2.1/2 12 12
<][ ) sc(][ |W—er|2) +c(][ |F8|2)
Q: Q Qs
oN\/12 12 13
§C<—) (f |W“|2) +C(][ |M§[F€]|3) .3
r £ Qur

where we also used the fact |2;| ~ | B} , |. Using a well-known fact

Pf—q—+ (p°—qy)
Q

2
[ f—][ fl = inf/ |f —al? for any open set E,
E E acR E
we derive
2\1/2 2\1/2
<][ ps—qr—][ (P —aqr) ) §<][ P'=ar—+ (P°—qr) )
Bf/2,+ B;?/Z,Jr r6/2.+ Qﬁ
2\1/2
SC(][ pE_Qr_f (r° —ar) ) : (3-6)
Qs Qe
Combining (3-4), (3-5) and (3-6), we obtain the desired estimate. O

Remark 3.3. The pressure estimate in John domains in the proof of Lemma 3.2 is a standard technique
that we will frequently use throughout this paper. It allows us to transfer the pressure estimate to the
estimates of Vu® and F°.

3B. Excess decay. Let &2 = {(ax3, bx3,0) | a, b € R}. Note that £ consists of all the linear solutions
(velocity component) of the Stokes equations in the whole space with the no-slip condition on {x3 = 0}.
These linear solutions are dubbed as no-slip Stokes polynomials of degree 1.

For a pair of functions (w?, 7¢) € Hl(Bf’Jr)3 X LZ(Bi+), with r € (0, 1], we set

B B

€ €
sp,+ p,+

wf— t
I

&
sp,+ o, +

1/2
Hw®, 7% p) = inf (][ |Vw8—VP|2) +  sup . pe(0,r], (37
B,

Pez s,t€[1/16,1/4]

o (w’, 7% p) = <][ ][
B B

The quantity H can be dubbed as a zeroth-order excess quantity. In Section 5 we will consider higher-order

172
|Vw8|2> +  sup
s.te[1/16,1/4]

) pe(,r]. (3-8)

&
0.+

excess quantities Hiy and Hapg to address the large-scale C!»¥ and C?7 regularity.
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Moreover, for a pair of functions (w,, 7,) € Hl(Qf)3 X Lz(Qf) with r € (0, 1], we set

v o,

The following lemma states the comparability between H (v,, g,; r) and H (v, gr; 61).

1/2
H(w,, m,; p) = inf ( |IVw, — VP|2> + sup , pe@,r]. (3-9)
o5

Pe s,te[1/16,1/4]

Lemma 3.4. Let L € (0, 00) and 2 be a bumpy John domain with constant L according to Definition 1.2.
Fixe € (0, zlt]’ re [ ] and let (v, qr) satisfy (S;). Then we have the following statements:

(1) Forall 6 € (0, 1],
- e\1/2 1/2
H (v, qr; 0r) < CH(v,, qr; 0r>+ce—1(—) (f |er|2) : (3-10)
r 0;,
(i1) Forall 6 € (0, 1],

1/2
H(v,,q,;er)5CH(v,,q,;29r)+c9—5/2<f)(][ |Vv,|2) . (3-11)
r &
Q29r

Here C depends only on L.

Proof: (i) We first deal with v,. Since By, . C Qp, and |Bj, | ~|Qg, |, we have

1/2 1/2
inf (][ |V, —VP|2) <C inf (][ |V, —VP|2> .
Pezy 1. Pe e

On the other hand, the triangle inequality implies

sup ][ qr _f qr
s.rel1/16,1/411V B, . 1.
< sup ][ qr — ][ sup ][ ][ qrl. (3-12)
s,t€[1/16,1/411J Q5 Q(,,, pe[1/16,1/4] Q(,,,, By v
Combining the above two inequalities, we obtain
H(v,,q,;0r) <CH(v,, q;0r)+2  sup ][ qr — ][ (3-13)
pell/16,1/411J 05, ngr+

Since |Qy or \ B or. 4| 18 less than C e(0pr)?, a direct computation yields

oo b o= Gl b f o)l l (- o)
Q(Jpr 9pr +| | err Q(-),or QGr Qgpr‘\ngr,+ Qgr

(ngp,\ls%@,)r+||Qz,|”2 IQgp,\ng,+|1/2IQ§,I1/2><][ . ][ . 2)1/2
= r— r
|B€pr +| |Q0,or|1/2 |B€pr +| Q5 Q5

or

1/2 1/2
<c(9 ! —5/2( )+9 172 —2< ) )<][ |Vv,|2) , (3-14)
r Qgr

1

Opr,+ |B€pr+|
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where we have applied the Holder inequality in the second inequality and the Bogovskii lemma in Qj, in
the third inequality. Noting p > % and using (3-13) and (3-14), we obtain the first inequality (3-10).

(i1) Let P, € &2 be such that
1/2 1/2
|Vv,—VP*|2) = inf (][ |Vv,—VP|2) .
Pe BE

(U

Since v, (x) — P.(x + €e3) is a weak solution to (S,) with the same pressure g, and P,(x + ge3) =
P, (x) + &(V Py)es, by the Bogovskii lemma in Qj,, we see that
2>l/2

e
or,+

A A T
s.eel1/16,1/411J 05, . 05, pell/16,1/41\J 05, 05,
1/2
< c(][ |Vv,—VP*|2) . (3-15)
05,
Moreover, notice that v, — P (x 4 €e3) vanishes on x3 = —¢, so that by the Caccioppoli inequality (see

Lemma A.3 in the rectangular region Q5 translated by e3), we have

1/2 1/2
2 C 2
Vv, — VP < — |, — Pi(x +€e3)|” dx
0 0

- 91" 3
20r

< [vr = Pl™)  +CO |~ JIVP
or e r

20r,+

C 1/2 1/2
7Y 5/2{(/ Ivr|2> +<f |P*(x+ee3)|2) } (3-16)
( r) Qiﬁr\Bg(ird» QZOr\BEHrA»

Now (3-15) and (3-16) combined with the Poincaré inequality imply

&
or

H,,q:6r) <CH(v,,q,:20r) +C6~! (;)IVP*I

C 1/2 1/2
+ 0 5/2{(/ |vr|2) +(/ |P*(X+883)|2) l (3-17)
( r) Q;H;‘\B‘Zg(')r‘-# Q;gr\Bégn_'_

By the definition of P, we have

1/2
|VP*|§C<][ |er|2) sC(][
B§9r‘+ o
Consequently,

C 1/2 1/2
(9r)5/2{</s : '”"2> +</ . 'P*(x+“3)|2> }
QZOV\BZBr,+ Q29r\320r<+
C 1/2
SW{S(/ |er|2) +e(sezr2>‘/2|v1)*|}
®r) 055, \By. ¢

—5/2( € 32 € 32 21/2
50(9 /(—)+e /(—) )<][ |er|) ) (3-19)
r r &

Hence, we obtain (3-11) from (3-17) combined with (3-18) and (3-19). O

1/2
|Vu,|2> . (3-18)

3
20r
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Lemma 3.5. Let L € (0, 00) and Q2 be a bumpy John domain with constant L according to Definition 1.2.
Fix o € (0, 1] arbitrarily. Forall ¢ € (0, %] re [8, %] 0 e (0, %] and (v, q,) satisfying (S,),

ﬁ(vr, Qr;er)fc<0a+9_l <£>)ﬁ(vr» qr; 1), (3-20)
r

where C depends only on L and «.

Proof. By the regularity of the Stokes equations in flat domains,

v €CH(QL ), gr € COU(QL ).

Let e3 = (0, 0, 1). The boundary C'* estimate of v, on {x3 = —¢} implies
1/2
|er|2) :

Note that d3v, 3(—¢e3) = 0 by the condition V - v, = 0. Thus, from v,(—¢ce3) = 0, there exists f;(x) =
(33vr,1(—¢e3), d3v,2(—¢e3), 0)x3 € &) and
12
|wr|2)

- 14+o
o () — P(x +ee3)| < CM(][
o
for all x € Qf,. Since v, (x) — ﬁ(x + ge3) is a weak solution to (S,) with the same pressure ¢g,, by the

14o
10, () — v (—e3) — (x3 + £)330, (—€3)| < cw(][
0

re e
r/2

re e
r/2

Caccioppoli inequality (see Lemma A.3) in Q5,,, we have

_ 12 ¢ N 172
(][ Ier—VP(x+se3)|2dx) S—(][ Ivr—P(x+863)|2dX>
Qf)r Qr Qi@r

172

e ()(f, )"
r Q¢
r/2

Then the observation P (x +ee3) = P x)+e(V Ig)e3 yields

A\2 e 1/2
<][ |Vv,—VP|2> < c<9“+9—1(->) <][ |Vv,|2> . (3-21)
er r Qi/Z

The C%* estimate of ¢, implies

x|
197 () = 4, (0)] < €=

1/2
|Qr - f Qr|2) .
0; "2

r/2

Then by the Bogovskii lemma in a Lipschitz domain Q¢ /2> We have

|x|a 21/2
-1 =L (f vu)

r® ,
r/2

f qr — f qr| =< co” (f
Qbsr 0 o

&
otr

which results in

1/2
|V, |2) . (3-22)

sup

s,re[1/16,1/4] 2
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Hence on the one hand, by (3-21) and (3-22) we see that

1/2
H(vy, g3 6r) < C(G“ +67! (;)) (][Q Ier|2> . (3-23)

On the other hand, since v, (x) — P(x + ce3), for any P € &7}, is a weak solution to (S,) with the same
pressure ¢, and P(x + ce3) = P(x) 4+ &(V P)e3, we may apply (3-23) to v,(x) — P(x + €e3) and obtain

1/2
H(v, — P(x +¢e3), qr; 0r) 50(9“+91<5))( |Vv,—VP|2dx) . (3-24)
r 0:

In particular, we may choose P = P, that minimizes

12
( Vv, — VP|2) .
0s

2
< |VUr_VP>k|2) =< (Ur7CIr§r)~ (3-25)
(0

Then, it is clear that

Thus the estimate (3-20) follows from (3-24) with P = P, and (3-25). O

Lemma 3.6. Let L € (0, 00) and 2 be a bumpy John domain with constant L according to Definition 1.2.
Let o € (0, 1] be the number in Lemma 3.5. For all ¢ € (0, ‘l‘], r e [8, zlt]’ 0 € (0, %], and (vy, qr)
satisfying (S,),

12 12
H(vy, qr;0r) < C6°H (v, qr; 2r) + ol (E) (f |er|2) ) (3-26)
4 QZr

where C depends only on L and «.
Proof. The estimate (3-26) follows readily from Lemmas 3.4 and 3.5. O

Lemma 3.7. Let L € (0, co) and 2 be a bumpy John domain with constant L according to Definition 1.2.
Let (u®, p®) be a weak solution of (S%) and let o € (0, 1] be the number in Lemma 3.5. For all € € (O, 31—2],

re [28, %] and 9 € (0, %],

1/12 1/3
H®u®, p®;0r) <CO%H (u®, p*; 2r)+ce3(f> &, p°; 16r)+Co~3 (][ |M§[F€]|3> , (3-27)
r 10r

where C depends only on L and «.
Proof. The triangle inequality and Lemma 3.6 imply
H@u®, p®;0r) < H(v,, q,; 0r) + H(u® — vy, p* —gq,; 0r)
<CO“H(vy,q,;2r)+Hwu® —v,, p° —q,;0r)+ C@‘S/Z(é)l/z(][ |er|2)l/2
<CO*HW®, p%;2r) + CO“Hu’® —v,, p° —q,;r) ¢

1/2 1/2
+H(u8—vr,pS—qr;0r>+ce—5/2(f) (f |W|2), (3-28)
r &

4r,+

&
2r
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where in the last line the energy estimate of (S,) is applied. By the definition of H, we find
0“Hu® — vy, p* —qr; 1) + HW® —v,, p* —qr; 0r)

1/2
§C(9°‘+9_3){<][ |Vuf—wr|2) +  sup ][
B pell/16,1/41 JBE, |

The Poincaré inequality and Lemma 3.2 imply
P —ar —][ (r* —qr)
B

1/2
(][ |VuS—Vv,|2) +  sup ][
Bf . pell/16,1/41J B C ot
1/2 2\1/2
=c{(f, me-vor) -+ (f )l
B :;/2.+

P 1/12 1/2 1/3
£12 2re13
§C<—> (][ |W|) +C(][ |M8[F]|) . (3-30)
r B;,Jr Q4r

Now from (3-28) to (3-30), we obtain the desired estimate (3-27) by the definition of ® in (3-8). Il

o — gy — ]é (pS—q»}. (3-29)

e e
r+ r/2.4+

€
pr+

ps—qr—][‘ (P° —aqr)

£
r+ Br/2,+

3C. Iteration. In the following two lemmas, we prove some properties of H and ® needed when iterating
(3-27).

Lemma 3.8. Let L € (0, 00) and 2 be a bumpy John domain with constant L according to Definition 1.2.
Let (u®, p®) be a weak solution of (S%). There exists a function h(r) defined on [e, %] such that

h(ry <C(Hu®, p*;r)+ W’ p*;r)), (3-31)
O’ p*r) <C(H®W®, p*;r)+h(r)), (3-32)
sup  |h(r1) —h(r2)| < CH®u®, p%;2r). (3-33)

r1,ro€lr,2r]
Here C depends only on L. Notice that the function h depends on u®.

Proof. The proof is similar to [Gu and Zhuge 2022, Lemma 6.1] and hence we provide the outline of the
proof. Let P, € &2 be such that

1/2
<][ |Vu€—VPr|2> = inf (][
B Pe2 B

h(r)=|VP|, rele 3]

1/2
|w€—v1)|2> .

& &
r+ T+

We define

Then the inequality (3-31) follows from

h(r) < C(][
B

and (3-32) is trivial by definition. For (3-33), we observe that for any ry, r; € [r, 2r]

1/2
|VPr|2> < C(H@®, p*;r)+®u®, p*;r))

€
r+

1/2
Ih(rl)—h(rz)ISC(][ |VPr1_VPr2|2) <CH(u*, p*; 2r). U

Br,Jr
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Lemma 3.9. Let L € (0, 00) and 2 be a bumpy John domain with constant L according to Definition 1.2.

Let (u®, p®) be a weak solution of (S%). Then for ¢ € (0, %] re [28, %]

1/3
sup @’ p* 1) <COW’, p*;2r) + (][ IMﬁ[FE]I3) : (3-34)
telr,2r] Qo

where C depends only on L.

Proof. Let t € [r, 2r]. A simple computation implies

12 1/2
<][ |w€|2) gc(][ |Vu6|2) . (3-35)
B &

§,+ 2r,+
For the pressure estimate, by a similar argument as in (3-6),

£ orof decf |p-f »
B; B B¢ B

sup

s.tel1/16,1/411J B, , A /0t -
1/2 172
cel(f et (o))
B4 B4
where we need to assume » > 2¢. Then (3-34) follows from (3-35), (3-36) and Lemma 2.1(iii). O

We now state the iteration lemma. Its proof is given in Appendix C.

Lemma 3.10. Let H, ®, h: (0, 1] — [0, 00) be nonnegative functions. Let € € (O, %8]. Suppose that there
exist positive constants Cy, By, o, B and 0 € (O, %] so that

HOr) < sHE) +Co((2) @16 + Bor), e e &, (3-37a)
H(r) < Co®(r), rele 3], (3-37b)
sup ®(7) < Co(P(2r) + BorP), rele 1], (3-37¢)
o h(r) = Co(H(r) +@(r)), rele 1], (3-37d)
P (r) < Co(H(r) +h(r)), rele 3], (3-37¢)
sup  |h(ry) —h(r)| < CoH (2r), rele 1] (3-37f)
Thon r1,r€lr,2r]
/81/2 @ dr + ®(r) < C(®(3) + Bo). (3-38)

where the constant C depends only on Cy, o, 8 and 9.

Proof of Theorem A. In the following proof, we actually only need to show (1-2) for the case Noe <r <1/N;
for some Ny, N1 > 2. The case % > r > 1/N; follows trivially by enlarging the size of the cube and
a standard pressure estimate (see Remark 3.3); the case ¢ < r < Nye follows from the case r = Nye.
From the previous lemmas, we can choose Ny =4 and N; = 16. Hence, we may assume without loss of

generality that r € [48, %]
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We apply Lemma 3.10 to H(r) = H (u®, p®;r) and ®(r) = ®(u®, p%; r). Choose 0 sufficiently small
so that we have C6% < % in (3-27) in Lemma 3.7. We need to verify the conditions in Lemma 3.10. Note
that (3-37b) is obvious and (3-37d)—(3-37f) follow from Lemma 3.8. To verify (3-37a) from Lemma 3.7
and (3-37¢c) from Lemma 3.9 (with ¢ replaced by 4¢), it suffices to note that Theorem 2.8 implies

1/3
( |M§[F8]I3> < C(M + M*+2B+28),.B (3-39)
0O

for any B € (0,2), 6 € (0, 1) with B+ 8 <2 and r € [, ]. Hence, we may apply Lemma 3.10 with
By = C(M + M*+2#+2%) 10 obtain

1/2 H(ut. pé: t
/ A pi0 — Ldt sup 0, ptir) = C@WE, )+ (M 4+ MHH)
4¢ rel4e,1/2] < C(M + M*+28+28) (3-40)

where in the last inequality, we have used a standard pressure estimate (see Remark 3.3) to bound

cD("’ P’ 2) by C(M + M?). Hence, for r € [48, 16]

12
(][ |Vu8|2) < C(®(u", p°s 3) + (M + M*2F+20))
- < C(M + M*2+2),

which proves the desired estimate of the velocity u°.
Next, we give an estimate for the pressure. For r € [8, 4—11] we observe that

(F,v=f, ) =<(f, w=f, ) +lf, A, o

1/2,+ 12,4+

Using the technique as in (3-6) and by the Bogovskii lemma, the desired estimate of Vu® just proved and

(3-39), we have
21172 1/2 1/2
(b= fo 1) el o ()
F . St St
< C(M + M*25+25)
On the other hand, let N € N be such that 2Vr e [lz %] Then

forf ol=xlf, o f, v

l/2+ 241, 4+

S

Now, observe that for each j =0,1,..., N —1,

2J+4,
&€ 1 & ~
<4 = sup dr.
2i+3r T 5.1€[1/16,1/4]

f, 71, 7
B, :

1+
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Thus, (3-40) leads to

N-1 172

Z][ ps—][ p° 54/ - sup ][ pg—][ p°|dF

=0 ;jw §j+1,.,+ & I srell/16,1/411J BE; | e
Finally, by the same trick as in (3-6), we obtain

1/2 1/2
f pe_f pé‘ Ec{(f |Vu€|2> _{_(f |F€|2> }
B, 4 i+ Bi, Bf |
<C(M+M?).

Summarizing up the above estimates, we obtain the desired estimate for the pressure p®. O

4. Boundary layers in bumpy John domains

As seen in the previous section, the no-slip Stokes polynomials of degree 1 (i.e., the basis of #2})
PV = (x3,0,0), P"=(0,x3,0) 41

are the key ingredients for the large-scale Lipschitz estimate. Their trace on nonflat bumpy boundaries
can be corrected by adding boundary layer correctors. Consequently, one obtains polynomial solutions of
the Stokes equations in the bumpy John domains considered in this paper.

In Section 4A, we determine the no-slip Stokes polynomials of degree 2 by explicit computation.
The boundary layer equations are introduced as well. Sections 4B and 4C are respectively devoted to
the analysis of the first-order and the second-order boundary layer equations. The estimates for the
Green'’s function, obtained in Appendix B using the large-scale Lipschitz estimate of Theorem A, play a
fundamental role. We summarize the estimates for the boundary layers in Section 4D. These estimates
are key to the theory of higher-order regularity in Section 5.

4A. No-slip Stokes polynomials. Let u be a solution of —Au+Vp=0and V-u=0in Q; 4+(0) andu =0
on B[Rifr N B1(0). The real analyticity of u in Q12 +(0) is classical and well known; see [Masuda 1967;
Giga 1983]. Here we want to identify the form of the no-slip Stokes polynomials of degree 2 of u at 0.

Let P(x) = (P1(x), P»(x), P3(x)) be the no-slip Stokes polynomials of degree 2 of u at 0. First of all,
since u = 0 on 8[F\R§r, then we must have

Py (x) = aix3 + by1x1x3 + bioxoxs + by3xs,
Py (x) = apx3 + bo1x1x3 + bapxox3 + by3xi, 4-2)
P3(x) = b31x1x3 + b3pxaxs + b3xi.

The linear part is familiar. So let us concentrate on the quadratic part. Note that there are no terms
x?%, x3, or x1x2, because u = 0 on the boundary. If there is no further restriction on u, then there are
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nine free variables b;;, 1 <1i, j <3, as shownin (4-2). If V.-u =0in Q2 4+ (0), then we claim that P is
also divergence-free. If this claim is true, then we must have

bi1+bx0+2b33=0, b3 =b3=0.

Because of this restriction on the coefficients, the dimension for the homogeneous no-slip Stokes polyno-
mials of degree 2 becomes 6. We can find basis polynomials

P = (x2x3,0,0), P® = (x3,0,0),
P(23) = (0, X1JC3, 0), P(24) = (05 x%, 0)5 (4_3)

P(ZS) = (—2x1x3,0, X%), P(26) = (0, —2xpx3, X32)

Note that these polynomials are solutions to the stationary Stokes system with associated pressure L?/)
given by

L@ (x)=0 forj=1,3,
L®(x)=2x;, L% (x)=2x,
LY (x)=2x3 forj=35,6. (4-4)

Now, let us show the claim that P is divergence-free. Since u = P + O(|x|?), we have that V - u =
V-P+0(|x|?) =0in {x3 > 0} N B} ,2(0). Because of V- P = Cy+ C; - x for some Cp € R and C; € R,
we see that Co+ C; - x = O(]x|?). Hence we must have Co = 0 and C; = 0; otherwise, it is easy to find a
contradiction by taking x = §C; or —&C for sufficiently small 5.

Similarly to the linear solution pairs (P17, 0), the fundamental fact about the polynomial pairs
constructed above is that (P?/), L?)) are quadratic solutions of Stokes equations in the upper half-
space R3 , namely

—APC) 4+ VL) =0 inR3,
V-P@) =0 in R3,
PCD =0 on IR3.

To study the C'7 and C?? regularity of (NS?), the linear and quadratic solutions of Stokes equations
in [R{i are not enough. We need to construct linear and quadratic solutions in €2 which vanish on 9€2,
where €2 is a bumpy John half-space in the sense of Definition 1.2. These solutions will be constructed
based on (P17, 0) and (P?/), L27). Observe that P does not vanish on dQ. Therefore we have to
introduce new correctors, called boundary layers, in order to correct the boundary discrepancy on 9£2.
Precisely, we will show the existence of weak solutions (with corresponding sublinear or subquadratic
growth) of the boundary layer equations

—Av+Vg=0 inQQ,
Vou=0 inQ, (BLY))
v+ P =0  ondQ,

lOC(K_Z) is said to be a weak solution of (Bng_jt)h) if
it satisfies V- v = 0 in the sense of distributions, x (v + P)) € H; (Q)* for any x € C{°(R?), and the

where i € {1, 2}. Here a couple (v, g) € HILC(S_Z)3 x L?
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weak formulation

/Vv-V¢—/q(V-¢)=O for any ¢ € C5°(2)°. (4-5)
Q Q

4B. First-order boundary layers. We consider the first-order boundary layer equations

—Av+Vg=0 inQ,
V.u=0 in Q, (BLY))
v+ PUD =0  onaQ,

for j € {1, 2}. The solvability of (BL%Q) follows from the next statement.

Theorem 4.1. Let L € (0, 00) and 2 be a bumpy John domain with constant L according to Definition 1.2.
(Q) of BLY)) satisfying

For j € {1,2}, there exists a unique weak solution (v9), (1)) e HILC(S_Z)3 x L? Ist

loc

sup (Vo2 414113 < ¢, (4-6)

ger? /szﬂ<s+<o, H?2)xR
where the constant C depends only on L.

In [Higaki and Prange 2020] the well-posedness of the system (BLEQ ) was proved over Lipschitz graphs
by a domain decomposition method: coupling of the Stokes problem in a bumpy channel Q N {x3 < 0}
with the Stokes problem in the flat half-space {x3 > 0} via a nonlocal Dirichlet-to-Neumann boundary
condition at the interface {x3 = 0}. We face considerable technical difficulties when trying to adapt this
strategy to the case of bumpy John domains. Indeed, the local energy estimates in the bumpy channel
require to estimate the pressure, or to work with divergence-free test functions. In either case, we need to
construct a Bogovskii operator for a sequence of exhausting domains containing N {|x’| <k, x3 < 0}
with a constant uniform in k. The construction of the Bogovskii operator of Theorem A.1 by [Acosta et al.
2006] relies on connecting any point in the bumpy John domain to a fixed neighborhood of a reference
point X. Such a procedure gives, for a slim domain such as Q N {|x’| < k, x3 < 0}, a constant in the
estimate (A-1) that scales proportionately to the horizontal size k of the domain. We are unable to take
advantage of the small vertical extent of the domain to provide a modified construction of the Bogovskii
operator. This would be needed to carry out the downward iteration on the local energy estimates, also
called Saint-Venant estimates, in [Higaki and Prange 2020].

Here we take advantage of the fact that we already proved large-scale Lipschitz estimates by the
quantitative method, without relying on boundary layers as in [Higaki and Prange 2020]. Therefore, we
develop a new strategy using the large-scale Lipschitz estimate to prove the existence of solutions to

(BL(léz). We rely on the Green’s kernel estimates proved in Appendix B. For N € R, let us set

QSN =QN{z3 < N}, QZN =QN{zz3 > N} “4-7)
We also define 2y and Q. in a similar manner.

Proof of Theorem 4.1. We define (v\!7, 1)) by (v, ¢), so as not to burden the notation.
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Uniqueness. Let P =0 in (BL(léz). Then the Liouville-type result, Corollary 3.1, implies v = 0 in the

class

sup |Vv|2 < 00.

te7? Km(é-#—(& DY) xR

This implies ¢ = 0 in the class (4-6) as well from the equations.

Existence. Step 1: lifting the boundary data. Let n_(x3) be a smooth cut-off function such that
n—(t) is smooth and nonnegative,

n_(t)=1ift <3andn_()=0ifr > 4. (4-8)
By writing w = v+ n_ P)), we see that w satisfies
—Aw+Vg=F:=—-A(n_P1)) inQ,
V-w=0 in Q, (4-9)
w=0 on 0L2.

Notice that F is a bounded function supported in a slim channel S := {x € R? | 3 < x3 < 4}. Thus, the
problem is reduced to finding a weak solution of (4-9) satisfying

sup (IVw> +191*) < C||F 3. (4-10)

£c7? /Szm(s+(0,1)2)xR

We rely on the representation of w and g by the Green’s kernel

w(X)z/QG(x,y)F(y)dy, q(x)z/gl'l(x,y)'F(y)dy-

Thanks to the properties of the Green’s function (G, I1), it suffices to prove that Vw and ¢ are well-defined
and satisfy the estimate (4-10).
In the following proof, we take the zero-extension of (G, IT) as is done in Appendix B.

Step 2: estimate on 2>g. For any y € § and x € Q2>3g, by Proposition B.3(1)

[ViG(x,y)| < 3
lx — ¥

Then it follows from the Holder inequality that

c CIF~
|Vw<x)|sfwxG(x,y)HF(yndys||F||LoofWdys—.
S S -

X3
A similar computation using Proposition B.5(i) gives the same bound for the pressure g (x) with x3 > 8.
Consequently,

sup (IVw> +191*) < C||F|?. (4-11)

ge7? /Q>sﬂ(f+(0, DY) xR

Step 3: estimate on Qg. Fix & € Z? arbitrarily. For simplicity, we denote the cubes in R? centered at
(5,0) by Or(§) =(,0)+ (—R, R)>. We would like to estimate |[Vw| and |¢/| in the cube Qg(&). Notice
that Qg C Ué cz2x(0) @8(&) with finite overlaps.
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Taking a cube Q40(§), we decompose F into two parts as F = F xo,,) + F (1 — x04)). Correspond-
ingly, we decompose (w, ¢) into singular and regular parts, namely (w, ¢) = (Wsing, gsing) + (Wreg, Greg)»

where
{wsing(x) = [o G, WF () X040 (¥) dy,

QSing(x) = fQ H(X, Y) . F()’)XQ40(§)()’) dy
and
{wreg(x) = fQ G(x, y)F(Y)(l - XQ40(§)(y)) dy,

Greg () = [ TI(x, y) - F()(1 = x0,06)()) dy.
To estimate the regular part (wyeg, greg) in Qg(§), we use (B-19) and (B-23) in Proposition B.3 to

obtain
12 C
(/ |va<x,y)|2dx) < ¢
03(8) [(§,0) — vl

for any y € §\ Q40(§). As a result,

12 12
(/ |Vwreg|2> < ||F||Loo/ (/ V.G, y>|2dx> dy
0g(§) S\ Q40(§) 0g(é)

C
< ||F||L°°f —————dy < C| F| . 4-12)
S\ (€, 0) —yI3

Similarly, by using (B-38) and (B-39), we can derive the estimate of greg,

1/2
(/ |qreg|2) < C||F| 1. (4-13)
0s(§)

Next, we consider the singular part (Wsing, gsing), Which actually is a weak solution of

—AWsing + Vqsing = F X0,06) 10 L2,
V'wsingzo in Q,
wsing = O on aQ.

Note that the energy relation yields
IVwsingll 2(@) < CIIF ||, (4-14)

where C is independent of &. This gives the local L? boundedness of Wsing in the channel 2<g. On the
other hand, the argument in Step 2, using (B-38), implies that, for any x3 > 8,

CI|Fll7 o
|Gsing ()] < ”)C& (4-15)
3

Let €2,0(£) be the John domain given by Definition 1.2 satisfying

QN Q20(8) C220(8) CRN Og0(§).

By the Bogovskii lemma and (4-14),
qsing — f gsing
Q20(8)

<]€220(§)

2\1/2
) < C|[F| . (4-16)
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On the other hand, let Q% (§) = (£, 10) + (=1, 1)%. By (4-15),

‘f gsing
01(®)

Since Q7 (&) C 220(§), by a familiar argument and (4-16), we have
'][ gsing — f Gsing| = f {sing — f qsing
07 Q0(8) 07 Q220(8)
<C f qsing — f qsing
220(6) Q0(8)
This, together with (4-17), implies

][ Gsing| < C||F|| L. (4-19)
Q20(8)

Now, combining (4-16) and (4-19), we obtain
2\1/2
) + f qsing
Q20(8)

1/2
(f |QSing|2) =< (f {sing — f {sing
QNQOs(5) QNQOs(§) 220(8)
2\1/2
) + f qsing
Q20(8)

<C (f gsing — f qsing
Q20(8) Q20(8)
with C independent of &.

Now, combining (4-12), (4-13), (4-14) and (4-20), we have

< C||F|lr. (4-17)

< Cl[Flle. (4-18)

< C|Fllre, (4-20)

sup/ (Vwl*+1g1*) < CIIF 7. (4-21)
Ee7? JQNQs(§)
Finally, the desired estimate (4-10) is a consequence of (4-11) and (4-21). Il

4C. Second-order periodic boundary layers. Let P/ be a no-slip Stokes polynomial of degree 2. We
consider the second-order boundary layer equations

—Av+Vg=0, xeq,
V-v=0, x e, (BLE{L)
v+ P =0, xedQ.

Constructing solutions to (BLg{l)d) for j € {1, 3, 5, 6} with subquadratic growth is much more involved
z) with sublinear growth. Indeed, for j € {1, 3, 5, 6}, the boundary data
— P@) in (BLY,) grows linearly in the tangential di(pe)ction. Solutions to (BLY,) for j € {1, 3, 5, 6} are con-
j

1st )
gence/decay properties of the first-order correctors away from the boundary. Hence, we analyze (BL%)d) un-

than constructing solutions to (BLEJ;

structed using the first-order correctors solving (BL’7); see below. For this construction we rely on conver-

der periodicity assumptions. Periodicity ensures exponential convergence/decay away from the boundary.
Throughout this subsection, we assume €2 is a periodic bumpy John domain according to Definition 1.3.
Consider the fundamental periodic domain

Q= QN (—m, 71> x (=1, 00).
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We regard €2, as a submanifold of T2 x R, where T = R/27Z is the flat torus. By definition, Qp is
open and connected in T? x R. Moreover, Qp N {x3 < 2} is diffeomorphic to a bounded John domain
in R>. We thus have the Bogovskii operator on Qp N {x3 < 2}. It is important to notice that there is a
one-to-one correspondence between the functions in €2, and the (27 Z)*-periodic functions in . We say
a function F' defined in € is (ZnZ)Z—periodic if F(x)=F(x+z)forany x € Qand z € nZ)?* x {0}. In
other words, if f € LIZOC(QP), then there exists a locally L? function F defined in €2 so that F(x) = (),
where X is the representation in €2, so that x — X € (2Z)* x {0}. In this sense and for convenience, we
do not distinguish between F and f.

Denote by L2(§2p) and ﬁ& (€2p) the closure of C§°(£2,) under the norms

1/2 1/2
1fl2g,) = (/Q |f|2) I g, = (/Q IVf|2> :

Clearly, 1:1\01 (€2p) is a Hilbert space with respect to the inner product (V f, Vg)q, . Here and below,
(fg)a,= [ f-2
QP

where g denotes the complex conjugate of g. Let I%l - (£2p) be the subspace of ﬁol (Qp)3 that consists of
all the divergence-free functions, namely, I:I\O1 () ={f¢€ I/-I\O1 (Qp)3 | V. f=0).

’ )
Ist
{x3 > 0}. The same formulas are obtained in [Higaki and Prange 2020, Proposition 3] based on the

We now recall the Fourier series representation for the solutions of (BL; ;) on the flat half-space
periodic Poisson kernel. Note that paper uses the fact that the equations are imposed on a domain whose
boundary is given by the graph, but a similar proof is valid if we utilize the zero extension of the functions.

Proposition 4.2. Let L € (0, 00) and Q2 be a periodic bumpy John domain with constant L according to

Definition 1.3. Then the weak solution (v\1), g1 of (BLEQ ) given by Theorem 4.1 satisfies the following:

() (19, ¢y is expanded in Fourier series in {x3 > 0} as

VI =g+ D (ﬁi” '+ (T,;f‘) V“”(k)xa)e'k'“e””’,
. keZz\{(0,0).} | (4-22)
q(lj)(x) — Z 2|k|V(lj)(k)e—|k|x3etk-x ’
keZ2\((0.0))
where VU (k) is a scalar function of k defined by
k
(

VD) = o) — i gy, (4-23)

~(1)) . . . . ;
and moreover, U]E ) is the Fourier series coefficient of v (x’, 0):

~A(1j 1 : . ’

o) = _2/ VD 0)e R dx, ke 72 (4-24)
(2m) (—m,m)?

(i1) The third component of ﬁ(%jg) is zero. Particularly, by setting

~(1) 1j 1j 1j
S = o =@, a)'". 0).
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we have the exponential convergence
@) ="+ Vo @)+ g < CI (L Ol 2 nmy e forxs > 1. (4-25)
Here C is a universal constant.

Construction of v for j € {1,3,5, 6}. We construct the second-order boundary layers v/ corre-
sponding to P?) = P2 (x) for j € {1, 3, 5, 6}. These boundary layers are solutions to (BL;{I)d) with
subquadratic growth; see Theorem 4.3. We begin with the case j = 1, where P@D(x) = xpx3e3. We
recall that (v®D, g@P) solves

—Av+Vg=0 in Q,

V.ou=0 in Q, (BLSY)

v+xyx3e1 =0 on 0S2.

The difficulty in the analysis of (BL;;)d) is that the boundary value is not periodic and has linear growth
as xp — oo. We aim at eliminating the growth factor x; and at recovering the periodic structure. The key
finding is the connection between the first-order and second-order boundary layers on the boundary, namely

v®) — 0D =0, xe€aQ. (4-26)

This observation is the basis of the ansatz for v?". Recall that v(!" converges exponentially fast to
the constant !V € R3, when x3 — oo by the spectral gap near frequency 0 yielded by the periodicity;
see (4-25). Hence the nondecaying divergence V - (v (x)) = vém(x) can be corrected by adding a

an

corrector —a, “x37m4(x3)e3. Here no(-) is a function on R satisfying

n4(¢) is smooth and nonnegative,
Ny (1) =0ift < 1andny (1) =1ift > 1. (4-27)
Below, we also need the cut-off n_ defined in (4-8).

The following statement gives the existence and the structure of second-order boundary layers with
subquadratic growth.

Theorem 4.3. Let L € (0, 00) and 2 be a periodic bumpy John domain with constant L according to
Definition 1.3. There exists a weak solution (v@D, qm)) € Hlloc(S_Z)3 x L% (Q) to (BLgl)d) decomposed as

loc

11
v () = v () — &l Vxan (x3)es + RV (x),

(4-28)
g% (x) =x29" (x) + 0V (),
where (R?V, QD) ¢ I/-I\(} (Qp)3 X L2(§2p). Moreover, we have
IVR®V 2@ + 10V 112, < C, (4-29)

where the constant C depends only on L.

Proof. We aim at proving the existence of (RZY, 9@y and estimating it so that (@D, gy defined by

the right-hand sides in (4-28) gives a weak solution of (Bqu)d).
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Existence: By the previous discussion, we begin with a formal examination of x, vID (x) —aél ]))C3 ny(x3)es.
First of all, it is easy to see

11 11 11 11
V- (oM () — P xsn g (a)es) = o8V () — ol Vg (n3) — @l PV x303m 4 (x3)

for all x € 2;,. Notice that the expression above simplifies for x3 > 1:

11 11 11
V- (o) — g sy (x3)e3) = f P () — eV,

Then, by Proposition 4.2, we get
vy -V = Y (@) — ik VIV ()xg)e MRy > 1,
keZ?\{(0,0)}

This means that x,vD (x) — oeéll)x3 n+(x3)es is not divergence-free. Thus, our next goal is to construct a
function to correct the divergence for x3 > 1. Define

1 o
d(x):= Z (;@Q? _ ikzv(ll)(k)x3) e—IkIX3etk-x)el
keZ? ky£0 N )

1 "
+ > (T(ﬁ,g’lzl)—ikZV(”)(k)x3)e"k"3e’k"‘>e2, (4-30)
k=0, kpez\ o} N 2

which is an element of H' (Qp,>0)3, where € -0 := 2, N {x3 > 0}. Of course, there is no unique way to
construct a right-inverse of the divergence such as d. We may extend d(x) to the whole domain €2, by
multiplying it by 14 (x3) and still correct the divergence of x,v'D (x) — aéll)xg Ny (x3)e3 —d(x)ny(x3).
To check the divergence condition, we calculate

D(x) ==V - (v (x) — o Vx3ns (x3)e3 — d ()01 (x3))
=i () — ™ (r3) — 1y (13)V - d () — @3V x3 + d3 (x)) B34 (x3).

Obviously, D is supported in €2, -5 := €2, N {x3 < 2}, in which we can rely on the Bogovskii operator to
find a right-inverse of the divergence. Let A := |, 22 D. Let x4 (x3) be a smooth cut-off function such that

x+(x3) =0 ifx3<0, and yxi(x3)=Q2n) %A forx;> 1. (4-31)

This implies 93 x4 (x3) is supported in €2, > and pr LBx+=ATt follows that

| @@=V -Gueendi= [ D@ -t dr=0.

Qp.<2 Qp.<2

Hence, by Appendix A, there is a Bogovskii corrector B € H(} (Qp,<2)3 such that
V-B(x) = D(x) — 83 x+(x3),

and ||B]| g @) =C, where C depends only on the John constant L of 2. We extend B by zero to the
whole domain €2, and denote it again by B € HO1 (Qp)3. Let us combine the above correctors and define

C(x) = —d(x)n4(x3) — x+(x3)e3 — B(x).
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Note that C € IEI\O1 (Qp)3. In particular, | VC|| 2@y = C, where C depends only on the John constant L
of Q. By (4-25), the function C converges exponentially fast to —(@2m)"2A as x3 — 00, and its derivatives
decay exponentially fast to 0 as x3 — oo.
By the crucial cancellation
(=AM @) + Vg ) =0,

as well as the definition of C, we see that the pair
20 (@) — o Vazng(x3)es +C(x) and 2"V ()
is a weak solution to (BLgl)d) with an additional external force
FOV @) = =200 (1) +¢"D ()e2 — A=y Vxzn (x3)es +C ().

In order to cancel this source term, we consider
—ARED £ VQED = — @) i@,
V-RCD =0 in p, (4-32)
RED =0 on <.
The weak formulation of (4-32) is written as
(VRO Vg)o, = —(f®V. g, @€ H, (). (4-33)
Next, we prove the unique existence of the weak solution of (4-33). By the integration by parts for AC,
(f, @)a, = =200, 9)a, + (g, 2)a, + i (AGxsns (x3)e3), p)g, + (VC. Vo)g,.  (4-34)

By the Poincar€ inequality in €2, > and the Cauchy—Schwarz inequality in €2,

1(FPD, @), < C(IVV ™V 2y + 1 V2, + 1A G () 2, + IVCH 22, VOl 20,

o0 o0
/ / 8,010 (1) (x) dx’ dxs f / ¢ ()pa(x) dx’ drs
1 (—m,m)? 1 (—m,m)?

From Proposition 4.2 again, we have the representation formulas

(i _k . _ P
32v(”)(y)=32< > (vi“#(';' ) V“”(k)xs)e ""’“el’”),

keZ2\{(0,0)}

n n . (4-35)

/

ik-x ik-x'
(D) =5 2V D) (ye—tkles € 3 2V D (feye Ikl € _
q " 1( > k| VE(k)e )T > k| VE 7 (k)e .

ik
keZ2. ki £0 k1 =0, kr€2\ {0} 2

Thus, by integration by parts in x; and x;, the last two integrals in (4-35) are bounded by C||Vg|| L2(2y)-
Consequently, in view of (4-6) and (4-35), we obtain

1(FCY, p)a,| < ClIVell L2, (4-36)

Then, by the Riesz representation theorem, there is an element RV ¢ I/-I\Ol - (£2p) solving (4-33) and
satisfying [VRED L2(Qy) = C. The existence of the pressure oth e L]ZOC(S_ZP) can be proved by using
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the Bogovskii lemma. Finally, the existence of the remainder (RZD, 0D in (4-28) is proved if we
set RZD = @D 4 RCD and QCY = 9@V, Let us emphasize that (R?V, Q@) can be “unwrapped”
(without changing the notation) as a (2nZ)2—periodic function in .

Estimate: The estimate of RV is clear. Hence we focus on the pressure term Qm) = 0@D Notice that
since QD is locally L? it suffices to prove

1Q®V 12, ;) < C. (4-37)

We apply the Fourier series expansion in the flat domain {x3 > 3}. We decompose R?D and QY into
RED = w4+ w, and Q@Y =7 41, (up to a constant), where (wy, rq) is a solution of

—Aw; +Vr =0, x3 > 3,

V.w; =0, x3 > 3,

wi(x',3) =RV, 3),

while (w,, ;) solves
—Awy+Vry=—fC0 x3>3,

V. wy = 0, X3 > 3,

wy(x’,3) =0.
Using the periodicity of RV (x’, 3) in x’, the solution (wy, r;) may be written by the Poisson kernel as
in Proposition 4.2, which implies

Irillz2, .y < CIVR®V 12, < C. (4-38)
On the other hand, observe that the source term — f ! is represented as
0= Y FE®+FB@x)e et k3,

keZ2\{(0,0)}
where

|F1(k)| + [ F2(k)| < Clklze3""|ﬁ,§“)|,
with f),ilj ) defined in (4-24). Then a simple computation shows that
wa(x) = Z (G1 (k) + Ga(k)x3 + G3 (k) x3 + Ga(k)x3)e ™ Klvs el
keZ2\{(0,0)}

ra(x) = Z (Gs (k) + Go (k) x3 + G7(k)x3 + Gy (k)x3)e Il ik’
keZ2\{(0,0))
where

4 8
|k| Z 1G1 (k)| +Z 1Gi(K)] < Clkle3 M D).
=1 =5
Now it is easy to see that

Ir2ll 2, ) < ClIVMY L Ol p2(myy < C (4-39)

From (4-38) and (4-39), we obtain (4-37). Il
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By a similar consideration, we can obtain the existence of (v 2/, ¢@?) for j € {3, 5, 6}, whose proofs are
parallel to Theorem 4.3 and therefore omitted. Recall that 4 (resp. n—) is defined in (4-27) (resp. (4-8)).

Theorem 4.4. Let L € (0, 00) and 2 be a periodic bumpy John domain with constant L according to
Definition 1.3. Let j € {3, 5, 6}. There exists a weak solution (v @D, q(zj)) € HILC(QP X LIZOC(S_Z) to (BLgl)d)
decomposed as, when j = 3,

12
v () = x101P (x) — af P xany (x3)es + RV (x),

(4-40)
q® ) =x19"? () + 0P (),
when j =5,
v® (x) = =200 (x) — 2n_(x3)e3 + 208 Vx3n 4 (x3)es + RV (x),
25) (11) 25) (4-41)
g7 (x) =-2x19" " (x) + 0 (x),
and when j = 6,
029 (x) = 220,02 (x) — x39_ (x3)e3 + 208 P xany (x3)es + RO (x), )
g% (x) = —2x2" () + Q%7 (x),
where (RZ), Q@1 e ITI\OI(QP)3 X LZ(QP). Moreover, we have
IVR®D || 2@ + 103l 12,) < C (4-43)

where the constant C depends only on L.

Construction of v?? and v®*. The boundary layers corresponding to P and P®* can be constructed
by using the Green’s function. The fact that P®» and P®* only depend on the vertical variable x3
and that there is no growth in the tangential variable x’ makes the analysis much easier than for P/,
j €({1,3,5, 6}, studied above. The proof of the following proposition is almost identical to the one of
Theorem 4.1. Notice that here we state Theorem 4.5 in the periodic case only for convenience. Indeed
we use these correctors in combination with (v, ¢2)) for j € {1, 3, 5, 6} whose existence is stated
in Theorems 4.3 and 4.4 in periodic bumpy John domains. However, the existence of (v?/), /) for
J € {2, 4} can be proved in general bumpy John domains according to Definition 1.2.

Theorem 4.5. Let L € (0, 00) and Q2 be a periodic bumpy John domain with constant L according to
Definition 1.3. Let j € {2, 4}. There exists a unique weak solution (v 2D, q(zj)) € HILC(S_Z)3 X LIZOC(STZ) to
(BLgl)d) satisfying

Vv 2, + 1% 112, < C. (4-44)

where the constant C depends only on L.

4D. Estimates of boundary layers. Before closing this section, we summarize the estimates of the
boundary layers. The following propositions can be proved in a similar manner as in [Higaki and Prange
2020, Lemma 4] combined with a direct computation. The details are omitted here.
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Proposition 4.6. Let L € (0, 00) and 2 be a bumpy John domain with constant L as in Definition 1.2. For
jel{l,2}, let W), qgUD)Y the weak solution of (BLijst))provided by Theorem 4.1. Then, forr € (g, 1),

2 1/2 2 1/2 1/2
<][ (Vv“ﬂ)(f) dx) +<][ q(lj)<)—c) dx) gc(f) , (4-45)
B & B & r

where C depends only on L.
Proposition 4.7. Let L € (0, 00) and 2 be a periodic bumpy John domain with constant L as in
Definition 1.3. For j € {1, ..., 6}, let (v, g®)) the weak solution of (BL;{l)d) provided by Theorem 4.3

or4.4. Then, forr € (g, 1),
1 . 2 1z A 2 1/2 1/2
- <][ (Vo) <f> dx) 4= (][ g (’ﬁ> dx> < c<5> : (4-46)
r B & r B I r

5. Higher-order regularity

& &€
r+ r+

B e
r+ rt

where C depends only on L.

5A. Large-scale C17 estimate. The goal of this subsection is to prove the large-scale C! regularity
stated in Theorem B. We will use the first-order boundary layers and modify the argument of the Lipschitz
estimate.

Recall that 2| =span{ P!V, P12} ={(ax3, bx3,0) |a, beR}. Let 2, =span{P?) | j=1,2,...,6).
Let . = span{(P?), L®)) | j =1,2,...,6}. Note that any element of .# is a weak solution of the
Stokes system in R3. Let (v19, q(”‘)), with k = 1,2, and (v%), q(zj)), with j =1,2,...,6, be the
first-order and second-order boundary layers, respectively. Then define

21(Q) = span{(P19, 0) + 1P, ¢y | k =1, 2}, (5-1)
2,(Q) = span{ (P, LC) + ), ¢y | j=1,2,...,6}. (5-2)
Hence, 2;(R2) (resp. 2,(€2)) is the vector space that contains all the “linear” (resp. “quadratic”) solutions

of the Stokes system in €2 vanishing on the boundary 9€2; see the Liouville-type results at the end of this
section stated in Theorem 5.8.

Remark 5.1. Note that the pressure part in estimate (1-3) of Theorem B is different from the Lipschitz
estimate in which P is fo/z pt. Actually, in (1-3), P is the average of the corrected pressure over a
,+

P]:f <p8—rr<i))dx
B?)(s),-f— €

for some (w, ) € 2;(2); see (5-15). This is reasonable since we are concerned with the C%? estimate

small ball, i.e.,

of the pressure and P plays a role similar to the zeroth-order term in the Taylor expansion of the pressure,
if the boundary is flat. We emphasize that P depends on ¢. The point here is that P is independent of r.

The critical fact we are going to use is that any (w, ) € 21(£2) is a solution of the Stokes system in €2
that vanishes on d€2. Hence, by rescaling, (u®, p®) — (ew(x/e), w(x/¢)) is still a weak solution with a
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no-slip boundary condition. This observation allows us to capture the regularity beyond the Lipschitz
estimate. To this end, we define the first-order excess by
K\ |2 1/2
Hiw(u®, p%; p) = inf {(][ Vu® — V(sw(—)) dx)
(w, )21 (Q) B, e
X X
il (@) f, (ron())edl) o
Bfﬂ.+ € Bl‘sﬂ-+ €
Recall that (w, m) € 2;(£2) means that

s5,1€[1/16,1/4]
2
(w.m) =) &P 4010, g(10)
k=1

for some £, £, € R. We will also use the quantity ®(u®, p®; p) defined in (3-8).

Lemma 5.2. Let L € (0, 00) and 2 be a bumpy John domain with constant L according to Definition 1.2.
Let (u®, p®) be as in Theorem B, namely, a weak solution of (S°) in Section 3A satisfying (1-1). For all

e€(0,55]. re[2e 5] and 6 € (0, 3],

1/12 1/3
Hyg(u®, p*; 0r) < C<9+9‘3<§> )<I>(u8, pt; 16r)+CH73 (][ IMﬁ[FS]P) , (5-4)
Oior

where C depends only on L.
Proof. First, we apply Lemma 3.7 with @ = 1

1/12 1/3
H®u®, p: 0r) §C(0+«9_3(§) )@(Lﬁ,pS; 16r)+C0_3(][Q |M§[F€]|3) , (5-5)
10r

where we also used the fact H(-, -, 2r) <®(-,-,2r) <C®(-, -, 16r). Let P* = ¢; PV 4+ g5 P12 € p,
be the linear solution that minimizes H (u®, p®; 6r). Then (3-31) implies
2
D16 < CHWE, pfs 0r) + @F, pf; 0r)) < CO 0 We, pfir). (5-6)
k=1
By the definition of H;y and H, one has

HIS'[(MS5 pga 9}")

2 X 2 1/2
<(f, [pe-v(a(rs o () «)
Bgrd» k=1 &
2 X 2 X
© il (e () e f (-2 ())e
s.rel1/16,1/411J B, | =1 € or,+ k=1 ¢
2 A\ 2 1/2
§H(u8,p8;9r)+2|€z|(][ (w“k))(—) dx>
k=1 Bngr €
2 % x
+2  sup |z;§|][ q(”‘)<—)dx—][ q(lk)(—>dx’. (5-7)
pell/16.1/4] 1= St € /2,4 €
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From Proposition 4.6, we have the estimate for the first-order boundary layers
2 N 1/2 A\ 2\2 e\!/2
Z{ <][ (V)10 <—> 2 dx) + (][ g™ <—> dx) } < ce—l/z(-) . (5-8)
=1 B & B & r
Inserting this into (5-7) and using (5-6) and (5-5), we obtain
e\ 12
His(u®, p*; 0r) < H@u®, p*; 0r) + C0‘3<—) P, pir)
r

1/12 1/3
5c(a+93(§) )q>(u€,p€; 16r)—|—C93<][ |M§[F€]|3) ) O
Qior

Proposition 5.3. Let L € (0,00) and Q be a bumpy John domain with constant L according to

Definition 1.2. Let (u®, p®) be as in Theorem B. For any y €10, 1), § € (0, 1), ¢ € (O, %] andr € [8, %],

& &
or.+ or,+

His(u®, p*;r) < CrY (M + M*H2740), (5-9)
where C depends on L, y and §. Here M is the number given in Theorem B.

Proof. Note that it suffices to prove (5-9) for r € [Nye, 1/N] with some absolute constant Ny, Nj > 2.
The cases for r € (1 /N1, %] or € > 1/(NoN,) follow directly from the Bogovskii lemma and the Poincaré
inequality. The case r € [e, Noe] follows from the case r = Nye.

Firstly, using (3-39) with § = y +§ (with & € (0, 25¥) being arbitrary), we have

1/3
( |M§[F€]|3) < Cs(M + M2 40y v+, (5-10)
O

with Cs depending on §.

Since 6 € (0, %] in Lemma 5.2 is arbitrary, we can choose 6 sufficiently small so that C6 < %(%)y

holds in (5-4). For such fixed 6, we can find g € (0, %) depending on y and 6 such that the factor in

(5-4) satisfies i
co(5) " =50i6) " reli 6
in (5-4). Then by (5-10) and (5-4),
Hig(u®, p°; 0r) < (%)VCD(MS, P53 167) + Cy (M + M2 +48)v 45, (5-11)
Now the key observation is that, for any (w, 7) € 2,(R2), the pair (U?, I1°) defined by

Ul(x) =u’(x)— 8w<§>, I1°(x) = p°(x) — n(%)

is still a weak solution of the Stokes system (S°) in Section 3A. Therefore, the estimate (5-11) still holds
if we replace ® (u®, p®; 16r) by ®(U?, I1%; 16r) for any (w, ) € 2;(2). Then taking the infimum over
all (w, ) € 21(R2), we can further replace ®(U?, I1%; 16r) by Hs(1°, p®; 16r). Hence we obtain

14
Hia (e, p%50r) = (L) Hia@?, ps 167) + Co(M + M2/ 40,74, (5-12)
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This is the first-order excess decay estimate for the C!” regularity of (u«?, p®). Note that we can eventually
replace 45 by ¢ in the right-hand side of (5-12) as § € (0, 1) is arbitrary. Thus, by a simple iteration, we

have that for £/gg <r < &,

Hig(u®, p*;r) <r7 (Hia(u®, p°sro) + Cs(M + M*+27%0))
for some rg € [ &, 1]. Clearly, Hiy(u®, p; ro) < ®(u®, p*; ro). It remains to show
O, p¥iro) < C(M + M?).
Indeed, since rg is comparable to 1, the above estimate follows directly from the Poincaré inequality and
Bogovskii’s lemma. g

The above theorem directly implies the C! estimate for the velocity. To handle the pressure estimate
in Theorem B, we need the following lemma.

Lemma 54. Let L € (0, c0) and 2 be a bumpy John domain with constant L according to Definition 1.2.

For a given p > 0, let (£1(p), £2(0)) be the pair of real numbers so that
2

w, ) =) _ b(p)(PO +010, 1)
k=1
minimizes His(u®, p®; p). Then there exists a constant €1 € (0, 1) so that for all ¢ € (0,&1] and r €

[e/e1. 5],
2
sup Y |6(r) — (r)] <C sup Hig(u®, p©: 1), (5-13)

ri,r€lr,2r] k=1 telr,2r]

where C depends only on L.

independent over R, if r <ry,rp <2r,

2
D o lek(r) — ti(ro)| < C<][
k=1 B;

<C({

Proof. By the definition of Hig, the triangle inequality and using that the matrices V P'® are linearly
2
D () = i (r)) VPP

2>1/2
k=1
: X
v(Stuton -t (r09 0009 ()
k=1
2
+C 3 ) —zk<r2>|(][
k=1 B¢

r+

2 \1/2
dx)
vy (X
&
12 2

&
< CHiq(u®, p;r) + CHig(u®, p*ir2) + Co(;) D 1) = ()l
k=1

£
r+

2 1/2
dx)

where in the last inequality, we inserted u® and enlarged the domain from B; | to B; , withi =1,2, and

applied Proposition 4.6. Now if r > ¢/, for some small ¢; € (0, 1) so that Coei/z < %, then

2 2
D 1lk(r) — () < C Y Hig, p°i ).
k=1 i=1
This gives the desired estimate. O
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Proof of Theorem B. Let ¢ € (0, 1) be the number in Lemma 5.4. Note that it suffices to prove (1-3) when
e€0,e]and r € [8 /€1, %] as a familiar argument enables us to remove the smallness condition on ¢
and the restriction on r. The velocity estimate in (1-3) follows from the Poincaré inequality and (5-9).
Hence, it suffices to estimate the pressure. Let (£1(p), £2(p)) be as in Lemma 5.4. For r € [8/81, %],
let K be the integer so that 4 Xr e [g/e, 4¢/¢1). By the triangle inequality, the estimate of ¢!/ in
Proposition 4.6,

2 2
. B o (Qaf (-Fuw ()
2
][ (p _ZE 4K, (lk)( >>dx—][ <pe_Z£k(4iK+1r)q(lk)<§)>dx‘
k=1

41[(1 411(

1/2
; &
(Hmw P4 K“r>+2|fz RO ek<4’—’<r>|< 4,.KF) )

k=1

IA

K
< CZ(4i—K+lr)y(M+M4+2)/+5)
i=1
< CrY (M + M*2 ), (5-14)

where we have used (5-9) and (5-13) in the third inequality. Define

2
Py = ][ (p"f = ti(de/en)g"™ (;—C)) dx. (5-15)
B; k=1

e/e],+

Then by (5-14) and another use of (5-9) and (5-13), we have

2
][ <p8 — 3" tudr)g™ (’—‘)) dx — P
ot k=1 €

On the other hand, by Bogovskii’s lemma applied to the John domain between B; _ and B3, given by
Definition 1.2 and (5-10) with 4§ replaced by §, we have

2 X 2 X 2 /2
(- Soncom(2) -, (- Sean(2))af o)
o - k=1

k=1 r+

2 X 2 1/2 1/2
§C{<][5 Vu"’"—V(Zﬁk(4r)<P(”‘)+8v(”‘)<;))> dx) +(][ |F£|2> }
k=1 8r+

2r,+
1/3
< CHx(u, p*;4r) + C<][ IMg[FS]P)
QSr

< Cr”(M + M*T2r+9), (5-16)

Combining the above two inequalities, we obtain the desired estimate in (1-3) for the pressure. O
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5B. Large-scale C*7 estimate over periodic boundaries. The goal of this subsection is to prove the
large-scale C?” regularity stated in Theorem C. In this subsection, we assume  is a periodic bumpy
John domain defined in Definition 1.3. The argument for C>? estimate is similar to the C'” estimate.
Throughout, we assume (w1, 71) € 21(2) and (w2, q2) € 22(R2). In other words, for some £, £7; € R,

2
(wi, m) =Y L (PO 010, g0,
k=1
6
(wz,m)=Z€zj(P(2j)+v(2j),L<2j)+q(2j)).
j=1

It is important to observe that, by rescaling,

()G () en(2)

is a solution of the Stokes system in 2% with the no-slip boundary condition on 92°.
Define the second-order excess as

v (e (1) (1) )
(o)l (o))

Lemma 5.5. Let L € (0, 00) and Q2 be a bumpy periodic John domain with constant L according to

Hona(u®, p; p)

= inf {<][
(wlsQI)EJIEg; B,

(w2,92)€2>

+ sup
5,t€[1/16,1/4]

Definition 1.3. Let (u®, p®) be as in Theorem C, namely, a weak solution of (S%) in Section 3A satisfying

(1-1). Foralle € (0, 35|, 7 € [2¢, 1] and 6 € (0, §],

1/12 1/3
Hona(u®, p*; 0r) < C<92 +67° (;) )Cb(us, pFil6r)+Co~3 <][Q |M§[F8]|3) s (5-17)
10r

where C depends only on L.

Proof. The proof follows from the strategy developed in Section 3, in particular from Lemma 3.2
to Lemma 3.7. Let (v,, g,) be the solution of the approximate problem (S,). We will first use the
C?! estimate of v, = (vr.1, V.2, vy, 3) at the lower boundary x3 = —e. Precisely, in view of no-slip Stokes

3 12
< c'”%"(][ |er|2) (5-18)
r o

polynomials defined in Section 4A, the C>! estimate v, gives

2 6
V() = Y L PP tees) =D 05, PP (x + ze3)
k=1 j=1

for x € Q°F /2 where we choose

N OV k

1k =

(—ce3) fork=1,2
0x3
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and

;= v = (sey) _12 e, = P02 Tege(ees).
18 Ur,2 1 azvrl 1 azer
0, = ce re=—= ' (—ce3), Li=—— = (—¢ge3).
) 8x3 o2 e s 28x18x3( 3) 26 28xz8x3( 3)
Moreover,

1/2
ZIka|+rZIE2,I<C(][ Ierl) : (5-19)

Observe that

vE(x) = v, (x) — Z 5 PO (x + ge3) — Z 6P (x + ces),
k=1 j=1

6
q; () =q:(x) = > _£5;L% (x + ces)
j=1
is a solution of the Stokes system in Q¢ with a no-slip condition on x3 = —e. Therefore, for any 6 € (O, %]
and r > ¢, it follows from (5-18) and the Caccioppoli inequality in rectangular region Q5, that

12 e 1/2 e 1/2
(][ |w:|> 5—(][ |v:‘|2) §C<02+9‘1<—>>(][ |er|2> . 520
0, or\Jos, r :
Then (5-19) implies
2\1/2 e 1/2
) §C<92+9‘1(;>><][ |Vv,|2> . (5-2))

2 6
1k 2j
(][QE Vv, — V(ZETkP( Y+ 6P f>)
k=1 j=1

or
Next, to see the oscillation estimate for the pressure, applying Bogovskii’s lemma to ¢, and the Caccioppoli

inequality to v’ (combined with (5-20)) in Lipschitz domains, we have

12
][ ][QS a; §C<92+9_1<§))(][F|Vv,|2> . (5-22)

t0r
Notice that L>/) are linear functions. Thus, an application of (5-19) and the triangle inequality to (5-22)

sup
5,1€[1/16,1/4]

leads to
6 6
sup ][ <Qr - ZKZ]'L(ZJ)> - ][ <Qr - ZKZjL(ZJ))
s.re[1/16,1/411J 0, = < O

(o (), o)
<c(e*+e7'( - ][|er|) . (5-23)

This, combined with (5-21), gives
2 6 N 2\/2
(][ er—V(ZZTkP(Ik)+ZE§jP(21)) )
Q?)r k=1 Jj=1 6
il B o)
s,t€[1/16,1/4] Z 2 Z

sOr ]:] 10r
e 1/2
§C(92+9_1<—))(][ |Vv,|2) .
r e
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This is the key second-order excess estimate we need for (v,, g,) in Q7. To proceed, we follow the
similar argument developed in Section 3. Precisely, using an analogue of Lemma 3.4 and taking the
approximation estimate in Lemma 3.2, we can replace (v,, ¢,) by (#®, p®) with new errors in u® and F°.
Combined with the energy estimate for (S, ), we now have

2 6 N\ 120\/2
(][ Vua—V(ZETkP(lk)+Z(Z§jP(2”> )
ot k=1 j=1 6 6
+ o sup ][ (pe_ze;jwn) ][ (ps_ze;juzn)‘
39r+ j=1 Bfer+ j=1

s,te[1/16,1/4]

e\ /12 1/2 1/3
§C(02+03<—) )(][ |Vu8|2) +C93<][ |M§[F€]|3> . (5-24)
r B¢ Qur

Sr+

Next, we insert the boundary layers into the above inequality. By (5-8) and
2 \1/2 2 \1/2 1/2
o si(f e o)
& r Bgr,+ & r
which follows from Proposition 4.7, we obtain from (5-24) and (5-19) along with the energy estimate

for (S, ) that
2 \1/2
dx)

(]és,-,+ Vut —V(ZE* <P(1k)+8v(”‘)< )) +Z£* (P(ZJ) +6e v(21)<8)))
][rgr+ <pa _ Z‘ﬁ“;ﬂ“k) (_) _ IX}% (L(zj) +eq@) <§>>> d
) Eae ()

t0r,+

e\ /12 1/2 1/3
50(92+9—3<—> )(][ |Vu8|2) +ce—3< |M§[F€]|3) : (5-25)
r ¢ Q4r
Sr.+

In view of the definition of H,,4, we arrive at

1/12 1/2 1/3
Hznd(ue,Pe;Qr)§C<92+93<§) )(f |Vu8|2) +C93< |M§[FE]|3) ,
4 Q4r

Sr,+

6

HEA

j:1 or,+

+ sup
s,1€[1/16,1/4]

which implies the desired estimate. U

Proposition 5.6. Let L € (0, 00) and 2 be a bumpy periodic John domain with constant L according to
Definition 1.3. Let (u®, p®) be as in Theorem C. For any y €[0, 1), § € (0, 1), 6‘6( ]andre [ ],

Hong(uf, p®;r) < Crit7 (M + MST2r+3), (5-26)

where C depends on L, y and 5. Here M is the number in Theorem C.
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Proof. For any y € [0, 1), we choose an arbitrary § > 0 small enough so that § < I_TV Then applying
(3-39) with 8 =14y + 4, we have

1/3
( |M§[F8]|3) S C(M+M6+2y+48)rl+y+8.
O

Now, the rest of the proof is parallel to Proposition 5.3. We omit the details. U
The following lemma is parallel to Lemma 5.4.

Lemma 5.7. Let L € (0, 00) and Q2 be a bumpy John domain with constant L according to Definition 1.2.
For a given p > 0, let £1(p) and £2;(p) be the real numbers so that

2
Wi, m) =Y Lix(p)(PID 4010, g0,
k=1
6
(wa, T2) = Zgzj (p)(P(zj) + 0@ 1) +q(21))
j=1

minimize Hynq(u®, p%; p). Then there exists a constant gy € (0, 1) so that for all e € (0, ex] and r € [8/82, %],

2 6
sup Y |lw(r) = i)l 4+ sup Y rllyj(r) —€2j(r)| < C sup Hppa(u, pfit), (5-27)
r1,12€[r,2r] k=1 ri,r2€[r,2r] j=1 te[r,2r]

where C depends only on L.

Proof. First, observe that, for any ax, b; € R,

2 6 2.1/2
Z|ak|+Z|bj|§C<][ ) . (5-28)
k=1 j=1 B

This inequality is true because P('®) and P/ are all linearly independent polynomials. Recall that

2 6
akp(lk) +ijp(2j)
k=1 j=1

1(0)N{x3>0}

P are homogeneous linear functions and P/ are homogeneous quadratic functions. This means
PIOGx) = rPUO(x) and PP (rx) = r2P@)(x). Fix ri,ry € [r,2r]. Applying (5-28) with a; =
Lig(r1) —L£(rp) and bj =r(L2j(r1) — £2;(r2)), we have

2 6
D 10wl = L)l + Yl (1) = £2j(r)]
k=1 j=1
2

6
¢ ¢ —¢ P () — 2o (r) PO
(ﬁl(o)n{xg>0} Z( 1k (r1) — L1k (r2)) +Zr( 2j (1) — £2j(r2))

k=1 j=1

A

2 >1/2
2 >1/2
2 )1/2

2

A
r B, (0)N{x3>0} Z

k=1
2

6
¢ Gie(ry) — € v pb () — o (Y P2
(][B,(O)m{x3>o} Z( 1 (r1) — L1k (r2)) —i—Z( 2 (r1) — €2 (r2))

k=1 j=1

A

6
(L) = L (r)) PO 4+ (8 (r1) — £2(r2)) PP
j=1

IA
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where the Poincaré inequality has been applied in the last line. Now, inserting u¢, v'® (x /&) and v/ (x /&)
into the right-hand side, and using the triangle inequality, we obtain

2 6
D 1wl = L)l + Yl (r1) = £2j(r)]

k=1 j=1

2
< c<]£ V<Z<m<m — zlm))(f’(”‘) + vl (g))

k=1
6
+ Z(@zj (r1) — €2 (r2)) (P(zj) + 2@ ()EC)))

&
r+

2 \1/2
dx)

- : e\ 2 /2
+CZ|€1k(rl)—€1k(r2)|(][€ (Vv(lj))(g> dx)
k=1 C 6 r+ | ) i 1/2
+7zlr|€2j(r1)—€2j(r2)|<]££ g(vv(ZJ))<;> dx)
Jj= i

< CHong(u®, p®; r1) + C Hpna(u®, p*; r2)
12 6

12 2
+cl(§) Zwlk(n)—elk(rz)|+cz(§) Y rlea ) — £ (),
j=1

k=1

where Proposition 4.7 is applied in the last inequality. Thus, if » > ¢/&, for some sufficiently small
constant &5 € (0, 1) so that C;(g/r)'/? < % and C»(e/r)'/? < %, then

2 6 2
Z [€1k(r1) — L1k (r2)| + Z’”WZ;’(“) — b)) =C Z Hopg(w®, 5 1y).

k=1 j=1 i=1
This leads to the assertion. O

Proof of Theorem C. The estimate for the velocity is contained in (5-26). The estimate for pressure can be
derived similarly as Theorem B. The details are left to the reader. 0

5C. Liouville-type results. As an application of the construction of boundary layers and uniform regu-
larity, a Liouville-type theorem for Stokes systems can be shown by the large-scale Lipschitz, C!*¥ and
C?7 estimates. We point out that our large-scale regularity results hold also for the linear Stokes system,
although with linear dependence on M in the right-hand sides of (1-2), (1-3) and (1-4). The proofs are
simpler, using that the source term F¢ = 0. To describe the Liouville-type theorem, consider the Stokes
system in the entire €2

—Au+Vp=0, xeQ,

V-u=0, x €, (5-29)

u=20, x €09,
where €2 is a bumpy John domain according to Definition 1.2. Let Bg = Bg(0). We state the Liouville-type

theorem as follows. Its proof follows from a routine rescaling of the large-scale regularity estimates.
Notice that this result complements Corollary 3.1 already stated above.
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Theorem 5.8. Let Q2 be a bumpy John domain according to Definition 1.2. Let (u, p) be a weak solution

of (5-29).
(i) If for some o € (0, 1)
1 1/2
liminf —— u?) =o,
R—oco RIt0 Br.s
then (u, p) € 2,(2) (up to a constant for p).
(i1) In addition, assume Q is periodic bumpy John domain according to Definition 1.3. If for some

o€ (Oa 1)’

then (u, p) € 21(2) + 2,(2) (up to a constant for p).

Appendix A: Bogovskii’s lemma and some applications

][szo}.

Theorem A.1 [Acosta et al. 2006, Theorem 4.1]. Let Q@ C R? be a bounded John domain according to
Definition 1.1 with constant L. There exists an operator B : Lg () —> Wol’q(Q)3 satisfying

For a bounded open set D C R? and p € (1, 00), let

Lg(D) = {f € LY(D)

V-Blfl=f inQ
and
IBL lwia@) < Cllfllza, (A-1)
with C depending on L.

Lemma A.2. Let Q be a bounded John domain according to Definition 1.1. Set
Hy o, (Q):={ue H} () |V -u=0inQ).

Let f € L*()3 and F € L*(2)3*3. Ifue HY(Q)? is a weak solution of the Stokes equations in the sense

/Vu-w=/f-¢—/F-w, ¢ € Hy (),
Q Q Q ’

then there exists a function p € L*(Q) unique up to a constant for which we have

/Vu-V¢—/p<V-¢)=/f-¢—fF-V¢>, ¢ € Hy ().
Q Q Q Q

Namely, the pair (u, p) is a weak solution of the Stokes equations. Moreover,

‘P—][P
Q

where diam(S2) denotes the diameter of 2.

< C(IIVull 2@ +diam( @)1 fll 2@y + 1 Fll2 @) (A-2)
L2(Q)
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A direct application of Bogovskii’s operator is the Caccioppoli inequality for the Stokes equations. Let
0+ = O, N{x3 > 0}. Suppose (u, p) is a weak solution of

—Au+Vp=V-F in Qy,
Vou=0 in Q4. (A-3)
u=>0 on Oy N{x3=0}.

The following is the Caccioppoli inequality over flat boundaries whose proof is classical [Giaquinta and
Modica 1982, Theorem 1.1] (the interior Caccioppoli inequality is similar).

Lemma A.3. Let F € LZ(er,Jr)3><3 and let (u, p) € Hl(Qgr,Jr)3 X L2(Q2r7+) be a weak solution to
(A-3). Then,

1
IVull2g, ) < C(;Ilulle(Qm) + IIFlle(QZH)), (A-4)

where the constant C is independent of r.

Now, consider the Stokes equations over John boundaries

—Au*+Vp*=V-F¢ in B}

4r,+>
V-ut=0 in Berr, (A-5)
u®=0 onIj.

Unfortunately, the Caccioppoli inequality in the form of (A-4) cannot be derived for the weak solution of
(A-5) by the usual iteration argument (see e.g., [Giaquinta and Modica 1982, Lemma 0.5] or [Giaquinta
1983, Chapter V, Lemma 3.1]) due to the assumption that the John domain condition (after rescaling)
holds only for scales r > ¢. Actually, we only have a weaker Caccioppoli inequality valid for » > &, which
is sufficient for us to show a (large-scale) Meyers estimate.

Lemma A.4 (a weak Caccioppoli inequality). Let L € (0, 00) and Q2 be a bumpy John domain with
constant L according to Definition 1.2. Let ¢ € (0, l] and F¢ € Lz(Bjr’+)3X3, and let (u®, p*) €
Hl(Bjr,+)3 X Lz(Bjr’Jr) be a weak solution to (A-5) with r > . Then, for any 6 € (0, 1),

C
& & &€ &€
VUl 2ps ) = 01 Vu ||L2(B§r_+) + 5“” ”LZ(Bjrv_*_) +C||F ||L2(B§r_+) ) (A-6)

where the constant C depends only on L. In particular C is independent of 0, ¢ and r. Moreover, if
r > 4e, then by the standard interior Caccioppoli inequality and a covering argument as in the proof of
Lemma 2.2, Bj, | may be replaced by B, , on the right-hand side of (A-6).

Proof. Let ¢, be a smooth cut-off function so that ¢,.(x) =1 for x € Q,, ¢(x) =0 for x ¢ O, and
|V| < C/r. Integrating the first equation of (A-5) against u®¢? we have

/ WS-vw(pZ:—z/ dVut - (Vo @u’)— Vptufp? — F&-Vu®¢?). (A-7)
g B

& & &
2r,+ 2r,+ BZr. + BZr,+
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The first and third terms on the right-hand side are routine. For the sake of completeness, let us give some
more details for the third term. We have

f F& .V (u®¢?) / F¢.Vutg?
5 .

&
2r,+ 2r,+

s

+2

PF° - (Vo @u®)
B

2r,+

<WF N r2ess, HIVU PllL2es +£||F8|| g, Ul
- L3(By, 1) L(By, 1) r LBy, 1) L*(B

13 .
2r, +)

We then use Young’s inequality in both terms and absorb the term %ll Vufd|l 12 BS ) in the left-hand side
of the inequality (A-7). To deal with the pressure, by Definition 1.2 of the bumpy John domain €2, we use
the Bogovskii operator in a John domain €25 satisfying B5 , C Q5 C By, and (A-2) to obtain

2r,+
Q Q

2r
Let L = fﬂir p°. Then, using the above estimate and V - u® =0,

/ Vps.usd)z

2r,+

2.1/2
) < CUVE 2 ) + Il 2 )

&
2r

/ V(o —L)-u

2r,+

/B (0f — Lyt - 26V

&€
2r+

C
= 7(||VM€||L2(Q§,‘) +IF Nl 25 ) 1u” [FRIG:TN

C
2 2 &2 g2
S 9 ||VM ||L2(Bir.+) + W ”M ||L2(Bf“_,+) + C“F ||L2(Bjr,+)

for any 6 € (0, 1). In view of (A-7), this gives the desired estimate by a standard argument. O

Appendix B: Large-scale estimates for the Green’s function

This appendix is devoted to the study of the Green’s function for the Stokes equations in a bumpy John
half-space according to Definition 1.2. The large-scale estimates proved in Section 3 will be applied. The
basic scheme is to derive estimates for the velocity part of the Green’s function directly from the interior
and large-scale boundary Lipschitz estimates. For this we follow the strategy pioneered in [Avellaneda
and Lin 1987; 1991]. Then, we deduce the estimates for the pressure part of the Green’s function from
Bogovskii’s lemma and the estimates for the velocity part.

We use Br(x) = Qr(x) to denote the cube centered at x with side length 2R. If the center is not
important in the context, it is abbreviated as Bg. Throughout this appendix, Q<y, Q2>n, Qoy, and Qo n
defined around (4-7) will be used. Moreover, let £ denote the projection of x € R? on S[R'i.

B1. Construction of the Green’s function. Let D be an open set in R>. Denote by ¥!:2(D) the space of
functions
{u e L5(D) | Vu € L*(D)*} (B-1)

equipped with the norm ||u|ly12(py = llull 6(py + [ Vil 2(py- Let Yol’z(D) be the closure of C§°(D) under
Il - lly12(py- The closed subspace of YOI’Z(D)3

{ueYy* (D)} | V-u=0in D} (B-2)
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is denoted by Yolﬁ (D). Note that, when the Lebesgue measure of D is finite, we have YO1 ’2(D) = HOI’Z(D)
by the Sobolev inequality |lu|l 6py < CIVull2(py if u € C5°(D). Moreover, we see that Y&’j(D) as well
as YOI’Z(D)3 is a Hilbert space with an inner product (u, v) = fD Vu-Vo.

Let Q be a bumpy John domain with constant L € (0, co) according to the Definition 1.2. Based on
similar proofs in [Hofmann and Kim 2007; Choi and Lee 2017] and using the large-scale Lipschitz estimate
of Theorem A proved in Section 3, we can construct the Green’s function (G, IT) = (G (x, y), [1(x, y)),
which satisfies the following properties:

(i) Forany g € [1,3), G(-,y) € WO‘;;{)C(s_z)“3 and G(-,y) € Y'2(Q\ B,(y))>*? for each y € Q and
r > 0. Moreover, I1(-, y) € L? (Q \ Br(y))3X1 for each y € Q and r > 0.

loc

(1) (G(-,y), I1(-, y)) satisfies, for each y € €,
/QVG<-,y)-V¢—/QH<-,y)<V-¢)=¢<y>, b € C Q). (B-3)

2 (Q), with p(x) — 0 as x3 — oo, satisfies

(iii) Forall f € C$°(Q)? if the function (u, p) € Y(}j(szf x L?
the Stokes equations in the sense

/ww—/p(v@:/ Fb. eCTE, (B-4)
Q Q Q
then

u(x) = fQ Gl O dy,  plx) = /Q M(x, y) - £(y)dy. (B-5)

We describe how to obtain (G, [T) meeting properties (i)—(iii) above. The existence and basic esti-
mates of the velocity component G (x, y) follow from a similar argument as [Hofmann and Kim 2007,
Theorem 4.1] by working in the Hilbert space Yolﬁ (€2). In fact, there is G (x, y) such that u(x) defined in
(B-5) belongs to u € Yol”(f(Q) and is the unique solution of the Stokes equations in the sense

/ Vu-Vo = / f-o foranyee YOI”j(Q). (B-6)
Q Q

Then, by using Lemma A.2 on each bounded John subdomain, one sees that there is a pressure p € L]ZOC(E_Z)
for which we have (B-4), uniquely determined under the condition p(x) — 0 as x3 — oo.

When constructing the pressure component I1(x, y) in (B-5), we need a careful analysis since the
domain is unbounded unlike in [Choi and Lee 2017]. Here the oscillation estimate of p will play a crucial

role. For an open set E, define the oscillation of p in E by

osc p= sup |p(x)— p(y)l. (B-7)
E x,yeE

The following lemma shows a fundamental oscillation estimate for the pressure.

Lemma B.1. Let L € (0, 00) and Q2 be a bumpy John domain with constant L according to Definition 1.2.
Then we have the following statements:
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(i) Let B CQ. If —Au+Vp=0and V -u =0 in Bg, then

172
osc p < c(][ |Vu|2> , (B-8)
Br Bg
where C is a universal constant.
(i1) Letz e E)Ri andlet R>2. If —Au+Vp=0and V-u=0in QNBr(z) andu =00n 0QNBr(z), then
1/2
osc p< c<][ |Vu|2) , (B-9)
Q-2NBg2(2) QNBr(2)

where C depends on L and is independent of z and R.

Proof. The interior case (i) is classical and the proof is omitted. Let us prove the boundary case (ii). Since
only the case where R is sufficiently large is nontrivial, we assume that R > 32. For any x € Q.2NBg/2(2),
the mean value property of harmonic functions yields

pw={ p itBw=iy-xi<nce (B-10)
B (x)
Here we assume r = %X3 < %R; hence r > 1. Note that if x3 > %R, the oscillation can be handled by the
interior estimate (B-8).

Recall that X is the projection of x on B[R{i. Let 24, (X) be a John domain given by Definition 1.2 so that
QN By (X) C Q4 (X) C 2N B, (%). Clearly B, (x) C Q4,(X), Brja(X) C B3rya(z) and Bg/2(X) C Br(2).

By (B-10) and the Bogovskii lemma,
=C ][ pP— ][ p‘
Qar () Q4r (X)

‘p(x)—][ pf][ p—][ p
Q4 (X) By (x) Q4 (X)
1/2 1/2 1/2
< c<][ |Vu|2) < c(][ |W|2> < c<][ |Vu|2) , (B-11)
Bg, (£)NQ BRrp2(1)NQ Br(2)NQ2

where we also used the Lipschitz estimate of u in the fourth inequality. Similarly, we have

1/2
For horl=elf, )
By, ()NQ Q4 (%) Br(z)NQ

On the other hand, by the pressure estimate for the Stokes system (an analogue of Theorem A with linear

172
froa Fooratl = (™)
By, ($)NQ Bria(£)NQ Br(z)NQ2

Similar to (B-11), because Bg/4(X) C B3g/4(z), we obtain

12
o fodclh o)
Bra(X)N$2 B3r/a(z)NQ Bar(2)NQ2

dependence on M),
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Finally, combining the above estimates, we arrive at

1/2
‘p(x)—][ p‘ sc(][ |W|2> . (B-12)
B3r/a(z)NS2 Byr(2)NQ
Since x € 2.2MN Bg/>(z) is arbitrary, this implies the estimate (B-9) with 2R in the right-hand side instead
of R. Then a covering argument using (B-8) yields the desired estimate (B-9). O

Remark B.2. The interior oscillation estimate holds also for —Au+Vp = f and V-u =0 in Bg provided
felLi(B r)> for some q > 3. Precisely, by classical Schauder theory,

1/2 1/q
oscpr(][ |Vu|2) +CR<][ |f|q> ,
Brya Bg Br

where C is a universal constant.

Now, we are ready to construct I[1(x, y) and prove properties (i)—(iii) of (G, I1). For a given f €
Cy°(Br(0)N Q)3 with R > 32, we consider the Stokes equations (B-4) with u given by (B-5) and the
associated pressure p € LIZOC(S_Z). For x € Q., such that |x| > 4R, we set r = %|x| > 2R. Since f is
supported in Br(0) N 2, we have —Au + Vp =0 in B,(x) N Q2. Moreover, by an energy estimate using
(B-6), we have

, 12 cR
|w|> < Sl l2meone- ©13)
<]€?r(x)m r3/2 L2(Br(0)NQ)

Therefore, Lemma B.1 and a covering argument imply the oscillation estimate of p, namely,

<K
osc  p= L2(Br(0)NR)+
Q-2NBy(0)\ B0 32 8

This further implies

o0

o0
C
osc_ p=< 0sC I fllz2Bro)ng) = I Fllz2(Bro)ng)- (B-14)
2.2\B,0) ;mm@k Ny ,; 2k-1 )3/2 * ri? !

This shows that p(x) converges to a constant as x — oo. By the assumption that p(x) — 0 as x3 — oo,
we know the limiting constant is zero. Hence, in view of (B-14), we derive

CR
[p(x)| < |x|—3/2||f”L2(BR(O)ﬂQ) (B-15)

for all x € Q.7 satisfying |x| > 4R. Moreover, by arguing in a similar manner as in Step 3 in the proof of
Theorem 4.1 and using (B-15) instead of (4-15), we find that for sufficiently large R’ > R,

1Pl 28, 0n) < CROISf | 28000y (B-16)

with a constant C(R") depending on R’.
On the other hand, for x with either x € Q< or |x| > 4R, we can connect x to another point X € Q-7
with |[X| > 4R by a chain of a finite number of cubes {B,,(z;) | i = 1,2, ..., N} such that By, (z;) C .
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Using Remark B.2 on each By, (z;), as well as (B-15) applied to x, we see that for any x, R

|p(0)| = Cq(x, B fllLaBr)ne) (B-17)

provided g > 3, where Cy(x, R) is a constant depending only on ¢, x, and R.

From (B-15) and (B-17), for each fixed x € €2, the map f +— p(x) is a bounded linear functional on
L9(Br(0)NQ)3. By the Riesz representation theorem, there is a unique function IT(x, -) € LY (Br(0)N)3
with ¢’ € [1, %), so that

() =f O, y)- f() dy.
Br(0)NQ

Note that the above I1(x, - ) is only defined in Bg(0) N <2 for a fixed x. As x and R vary, we can obtain a
family of such functions, which can be glued together by the uniqueness of p. Thus we have constructed
a function IT(x, y) defined in the entire 2 x 2 satisfying I1(x, -) € LIC’O/C(S_Z)"’. To investigate the local
integrability of I1(-, -), let us fix R > 1 and define a functional S(f, g) for smooth f, g supported in
Br(0)NQ by

S(f, 8= / p(x)g(x)dx = / (IT(x, y) - f(y)g(x)dydx.
Bgr(0)NE2 Br(0)NQ

Br(O)NQ
From (B-16), by taking a sufficiently large R’ > R, we see that

ISCf @)1 < 1Pl 2 rn 1€l 2 Brong) < CRIN 28002 181l 28R 0)02)-
Hence S is a bounded functional on L?(Bg(0) N 2)* x L2(Bg(0) N ), which implies that

/ M(x,-)g(x)dx isin L2*(Bg(0)NQ)°. (B-18)
Br(0)NQ2

Now we can prove that (G, IT) satisfies properties (i)—(iii). Property (iii) is obvious from the arguments
so far. Property (ii) follows from property (iii) combined with the Lebesgue differentiation theorem. Here
we use the fact that, for all ¢ € Cg° (22)3, the function of y

/Ql'l(x,y)(v'qﬁ)(X)dx

2
loc

form (B-3). Consequently, we have constructed the Green’s function (G, IT) meeting properties (i)-(iii).

belongs to L2 ()° because of (B-18). The integrability of IT( -, y) in property (i) follows from the weak

We should point out that in the above argument for existence, the estimate, for example of IT(x, ), is
very rough, especially when x is close to the boundary d€2. This is because the large-scale regularity
of I1(x, -) is not taken into consideration. In the following, we obtain some more careful estimates of
(G, IT) by studying (B-3).

B2. Large-scale estimates of the velocity component. For convenience, let G(x, y) and I1(x, y) be
zero-extended for both x and y. Recall the symmetry G(x, y) = G'(y, x), where G’ is the transpose
of G. Thus by definition, G (x, y) = 0 if either x € 32 or y € 92 and x # y. Denote by §(x) the distance
from x to 9€2.
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Notice that V, G denotes the derivative of G with respect to the first variable, i.e.,
(VxG)(x,y)=(VG(-,y)(x) forall (x,y) €.

Similarly, V, G denotes the derivative of G with respect to the second variable. The following estimates
for the derivatives of G are crucial.

Proposition B.3. Let L € (0,00) and Q be a bumpy John domain with constant L according to
Definition 1.2. The velocity component G(x, y) satisfies:

(i) For x3 > 2 and y3 > 2,

. 3(y)
[VxG(x, y)| < C min . (> (B-19)
lx =y~ |x—yl
. d(x)
|[VyG(x, y)| < Cmin > 3 (- (B-20)
lx —y|= lx =yl
(i1) For x3 > 2 and y3 < 2 with |x — y| > 32,
1/2 1 1)
([ oo z)|2dz) < Cmin{ -2 } (B-21)
Bi(y) lx —y[* |x =yl
1/2 C
( f IV.G(x, z)l2dz> < . (B-22)
Bi(y) |x — I
(iii) For x3 <2 and y3 > 2 with |x — y| > 32,
>\ . 1 5(y)
IV:G(z,y)|°dz) < Cmin 5 3 (> (B-23)
Bi(x) lx —y|= [x —yl
172 C
2
</ IVyG(z, y)l dz) < 3 (B-24)
Bi(x) lx —yl

Here C depends on L.

Notice that G and IT are zero-extended outside 2. Therefore, the integrals above make sense even in the
case when Bj(x) or Bj(y) intersect Q€. For the estimates concerned with the oscillation of the pressure,
on the contrary, we make precise when the balls intersect the boundary; see for instance Lemma B.1.

Proof of Proposition B.3. Note that (ii) and (iii) are symmetric. While (i) is the interior estimate whose
proof is similar to (ii) and (iii). Hence, we will only prove (ii). Since we are working on cubes, it is more
convenient to define R = |x — y|oo :=maxj<;<3 |x; — y;|, which is comparable to the usual distance |x —y]|.
Recall that (G(x, -), [1(x, -)) is a weak solution of Stoke system in 2\ {x}. To show (B-21), we begin
with the interior and boundary Lipschitz estimates for G (x, - ),

1/2 1/2 1/2
(][ |VyG(x,z)|2dz) 5c<][ |VyG(x,z)|2dz> SC(][ |vyG(x,z)|2dz> . (B-25)
Bi(y) B3(3) Brpa ()

where y is the projection of y on {y; = 0}.
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To proceed, let F € L?(Bg 2N Q)3*3 (zero-extended to the whole of ). Let (u, p) be the weak

solution of
—Au+Vp=V-F inQ,

V-u=0 in Q, (B-26)
u=0 on 0%2.
Recall from (B-5) that
u(x) = / G(x,y)V-F(y)dy = —/ VyG(x, y)F(y)dy. (B-27)
Q Q
The energy estimate implies
/ |Vu|2§C/ |F|?. (B-28)
Q Q

Next, we estimate |u(x)| and |Vu(x)|. Let r = x3, which is comparable to §(x) since x3 > 2. We
consider two cases: r < 1—10R orr > %R. Ifr> %R, since F is supported in Bg/2(y) N which does
not intersect with Bg,19(x), we can apply the interior Lipschitz estimate to u and (B-28)

1/2 1/2
[Vu(x)| < C<][ |W|2) < CR_3/2</ |F|2> . (B-29)
Br/io(x) Q

On the other hand, we apply the interior estimate, Sobolev embedding and (B-28) to obtain

1/6 12 12
()| sc(][ |u|6) SCR‘”Z(/IWIZ) sCR—W(fW) . (B30)
Bro(x) Q Q

Ifr < %R, by the interior and boundary Lipschitz estimate

1/2 1/2
|Vu<x>|sc(][ |W|2) §C<][ |W|2)
B, (x) Blr()?)
1/2 1/2
sc(][ |Vu|2> §CR_3/2(f|F|2) . (B-31)
Bprys(%) Q

Moreover, using the Poincaré inequality and the boundary Lipschitz estimate, we have

1/2 1/2
120 sc(][ |u|2) §C<][ |u|2)
B, (x) Bo (%)
1/2 1/2 1/2
§Cr(][ |Vu|2) §Cr(][ |Vu|2> §CrR_3/2(/|F|2> . (B-32)
By (%) Bprys(%) Q

From the estimates (B-29) - (B-32), (B-27) and duality, we see that

12
( f o wvee z)|2dz) <= (B-33)
BRrp()HNQ R

12
2 r
<f IV),G(x, Z)l dZ) =< 3 (B_34)
Brp (N2 R



234 MITSUO HIGAKI, CHRISTOPHE PRANGE AND JINPING ZHUGE

Note that (B-25) and (B-34) combined lead to (B-21). To see (B-22), notice that (V,G(x, y), V,I1(x, y))
is a weak solution in y € 2\ {x}. Thus, we may apply (B-33), Poincaré inequality and boundary Lipschitz
estimate to obtain

1/2 1/2 1/2
(f |VXG<x,z>|2dz> sc(][ IVxG(x,z)Izdz> sc(][ |vyva<x,z>|2dz)
B1(y) B3(3) B3(3)

1/2
sc(][ IVnyG(x,z)|2dz> <
Br2(9) R

The proof of (ii) thus is complete. U
Analogously, we can also show the estimates for G itself. The proof is left to the reader.

Proposition B.4. Let L € (0,00) and Q be a bumpy John domain with constant L according to
Definition 1.2. The velocity component G(x, y) satisfies:

(1) For x3 > 2 and y; > 2,

b 8 8(x)8
|G(x,y)|50min{ LG 1G22 @3)}' (B-35)
lx =yl lx=yl= [x =y~ [x—yl
(ii) For x3 > 2 and |x — y| > 32,
1/2 1 8 8 1 8(x)( 1
</ |G(X,Z)|2dZ) Slen{ , (X)z, (y)+2’ (x)( ()’):‘ )} (B—36)
Bi(y) lx =yl lx—=y|* |x—yl lx—y
(iii) For y3 > 2 and |x — y| > 32,
1/2 1 8 8 1 8(y)(5 1
(/ G y)|2dz) - Cmin{ , ) By (x)+2, ( (x);r )}' (B-37)
Bi(x) lx =yl lx=y|* |x =yl lx—y

Here C depends on L.

B3. Large-scale estimates of the pressure component. The estimates of IT are stated as follows.

Proposition B.5. Let L € (0,00) and Q be a bumpy John domain with constant L according to
Definition 1.2. The pressure component I1(x, y) satisfies:

(1) For x3 > 2 and y; > 2,

(B-38)

M(x, y)| sCmin{ 50 }

Ix—y? |x—yl3
(i1) For x3 <2 and y3 > 2 with |x — y| > 32,
12 1 b
(/ |H@gﬂﬁ&) 50nm{ ) }. (B-39)
B (x)

Ix —y2" x —y]3

(iii) For x3 > 2 and y3 < 2 with |x — y| > 32,

12 C
2
(/ HHLZN<k> < 3 (B-40)
Bi(y) [x — ¥

Here C depends on L.
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Proof. We will carry out a delicate oscillation estimate of the pressure originating from [Gu and Zhuge
2019]. We first consider the estimate (i), i.e., x3 > 2 and y3 > 2. Consider a point w € Q with w # y. Let
t =|w— Yy|eo. We claim

1
0sc H(-,y)mein{t—z, (B-41)

B /a(w)NQso

8(y)
B
with C independent of ¢, w, and y. The operator osc is defined in (B-7).

We prove the above claim by considering different situations. If w € By, ,»(y), then 1 < % y3 and
B, (w) C 2. By the interior pressure estimate (B-8) in Lemma B.1 and (B-19),
1 8(y) }

1/2
osc TI(-, )§C<][ V,.G(z, )Zdz> §Cmini—,—
B,/4(w) y Bl/z(w) | X y | t2 t3

Next, if w ¢ B, »>(y), we consider two subcases: (a) |w3| < ‘l‘t; (b) |ws| > %t. Without loss of generality,
we assume ¢ > %yg > 20.

For the case (a), let w be the projection of w on B[RRi. Using the interior and boundary pressure
estimates in John domains from Lemma B.1 combined with a covering argument,
1 3(y) }

1/2
0sc l'I(-,y)SC<][ IVxG(z,y)|2dZ) <Cmn{ 7 T3
B2 (W) t t

(B-42)
By ja(w)NQ2s2

where we have also used (B-19) and (B-23) in the second inequality.
Now, for the case (b), B;/4(w) may be decomposed as a union of a finite number of cubes B;/16(w;),
withi=1,2,... Ko, where K is an absolute constant, so that B, g(w;) is contained in 2.,. Thus,

Ko ) 1/2 1 3()/)
osc II < osc II <C V.G(z, dz <Cming —, — ¢,
205, TG ») = Zj 505 TG ) ;(]é,/gw.)' Gz, ) ) {,2 % }

where we have used (B-19). Thus, the claim (B-41) is proved.
Now, by a covering argument, it is not difficult to see from (B-41) that, for any r > O,

|1 sy
osc  II(-,y)= osc IT1(-, y) < Cmin =5 (-
Q>2032r(y)\Br(y) (Blr(y)mQ>2)\(Br(y)mQ>2) r r
Consequently,
o0
| )
osc H(-,y)sz osc <Cm1n{ = @} (B-43)
Q22\Br (y) k=1 Q>2ﬂsz,(Y)\sz—1,()) r r

This means that for each y with y3 > 2, there exists a function ﬁ(y) such that

lim  T(x,y) =T().

|x|—00, x3>2

This convergence is uniform on any compact set in {y3 > 2}. We show that ﬁ(y) = 0. In fact, if
fe C80(9)3, the pressure of the Stokes equations with the source f is given by

px) = /Q M. y)- £()dy.
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By the definition of the Green’s function, p(x) — 0 holds as |x3| — oo. It follows that
| A £y dy =o.
Q

This holds for any f € Cg° (€0)3, where € is a bounded open set whose closure is contained in {y3 > 2}.
Thus we have ﬁ(y) = (. Therefore, (B-43) implies (B-38) since r is arbitrary.

Next, we prove (ii). Let x3 <2, y3 > 2, and r := |x — y|o. Without loss of generality, it suffices to
assume r > 32. For such x = (x1, x2, x3), we pick X = (x1, x2, 3). Because —1 < x3 <2 and |x — X|o0 <4,
we have r —4 < |X — y|co <r + 4 and hence by (i),

§Cmin{%,@}. (B-44)
r: r

G, y)| sCmin{ ) }

r—4)2" (r—4)3
Next, we consider

’

Q3(%)

where X = (x1, x2, 0) is the projection and 23(x) is the John domain between N B3(X) and 2 N Bg(X)
given by Definition 1.2. Following the argument in the proof of Lemma B.1, we can show

e~ f (f ) emnl 50
(x,y)— -,y <C IVxG(z,y)| dz) =< Cmin ,
Q3(%) Qio(x)

P2 3
where we have used (B-23) as well as (B-19) combined with a covering argument and the fact that
dist(R210(X), y) ~ r in the last inequality. On the other hand, observe that 2N B (x) C Q3(x). Hence, by
the Bogovskii lemma in Q3(x) and (B-23) with a covering argument,

1/2 1/2
(][ ITI(z, y)— H(-,y)|2dz) 50(][ T (z, y)— H(-,y)|2dz>
B (x) Q3(%) Q3(%) Q3(%)
> \/? 1 8%y
§C(][ IViG(z, )| dz) SCmin{—z,—3 } (B-45)
Q3(%) r r

Combining the estimates above, we obtain

1/2 1 6
(][ IH(z,y)Izdz> SCmin{—z,(—g)}.
Bi(x) rer
This proves (B-39).

Next, we use a duality method to prove (iii). Let f € C3°(B1(y) N Q)3, zero-extended to €2, and
consider

—Au+Vp= fxpy inL2,
V-u=0 in 2, (B-46)
u=20 on 0€2.
By definition, the solution (u#, p) with finite energy can be represented by (B-5). Since we already know
the estimate of VG (namely, (B-22)), we have

IVu(x)| <

=P 1228, ()
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for |x — y|eo > 4 with x3 > 2. By a familiar oscillation argument, we obtain

lp(0)] = ‘/Q [Mx, y)- f(y)dy| < =P [FAVEITASE (B-47)

This implies (B-40). U

Appendix C: Proof of the iteration lemma

Proof of Lemma 3.10. The proof is a variation of the one in [Zhuge 2021]. For fixed r € (8, 11—6), the
assumption (3-37f) implies

18 it 18 p2r 18 H (2t
/ thg/ h@) )dt+Co/ ( )dt
- , t , t

t
4 ot 4 H(t
S/ —()dt-i-Co/ —()dt,
2 t 2 t

r r

which, combined with (3-37b), (3-37d) and (3-37c), gives
2 (s 14 p(t 4 gt 12 g
/ thﬁ/ Qd[—FCO/ Ldt§C(<I>(%)+BO)+Cof Ldt.
r t 18 1 2r t r t
Then from (3-37f) we have

/2}’ @dt>‘/\2r h(r)—COH(zt) dr > h(r) _CO/I/Zmdt
.t . t - 4 . t '

Therefore for r € (s, 1—16), we find

1/2 H(l) "

h(r) < C(¢(%)+Bo)+C/ (C-1)

-
Leté e (0, rnin{ %, ﬁ }) be a small number to be determined later and let us set &, = 6% We temporarily
assume that ¢ € (0, f¢,) in the following proof. From (3-37a) we have

5 5 5 « 5
H (6t 1 H (2t o (16t
( )dts— ( )dt+Co(/ (§> ( )dt—i-Bo/ t’gldt>
g5 1 2 s 1 e/s \ 1 t ¢/8

1 (2 H@) 8 /e \* d(16¢) .
< - —=dr+Cy . dt+8""By).
2 /8 t e/8 t t

From (3-37e) and the estimate (C-1) for A (r), we have

§ o S o
/ (f) O (161) dl‘ECo/ (E) H(16¢t) + h(16¢) dr
/s \1 t e/s \ 1 t
o 168 H(t) k) e o dr 1 1/2 H(l)
S VIO B (CORDAT )

| 1/2 H([) .
<(Co+Cra~ )5“/ 24+ Cla 5“(c1>(—) +B0).
et 2

—_—
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Now let us choose § sufficiently small depending on «, Cy and C; so that

% 4 Co(Co+ Cra—h)s* < %.
Then we obtain o5 "
H (¢t H (¢t
Ldz5§/ Ldz+c<c1>(1)+130),
ge/s 1 e/s 1 2

and consequently, from ¢/6 < 63,

PHO 3f1/2@dz+c(cb<l) +Bo).
0

ge/s L E) 2
Therefore from (3-37b) and (3-37c) we have
V2 H@) Y2 H() 1 1
/MTdtg/% Tdt+C<<I><§>+BO>§C<CI>(§>+BO>, (C-2)
where we have used
sup () < C<CI>(%> + Bo>, (C-3)

08<r<1/2

with some constant C independent of e, which is proved by applying (3-37¢c) finitely many times. Hence,
from 4e < 0&/8, the estimates (C-1) and (C-2) lead to, for r € (0/8, 1),

1 2 H(r) 1
ho) = C(0(5)+Bo)+C | ZEdr=c(o(5)+Bo). (C-4)
2 ge/s !t 2
Forr € (98/8, 3%), from (3-37e), (C-2) and (C-4), we see that
2r 2r 2r
d(r H(t h(t
/ 20 4 < ¢, Ldt—l—Co/ ersc(cb(l)JrBo).
r t r t , t 2
From this, using the following inequality valid for all fixed r € (28, %)
®(r) < C(@(1) + Bot”), telr2rl,

which is a consequence of (3-37¢), we find
sup  D(r) < C(ob(l) + BO).
Oe/d<r<1/32 2
Using repeatedly (3-37c¢) finitely many times, we have
sup D) < c(cb(l) + Bo), (C-5)
e<r<1/32 2
with a constant C independent of . On the other hand, (3-37b) and (C-5) imply
0s/8 g (s 018 ¢ (1
f Ldtgco/ %dth(@(%)+Bo>. (C-6)

&€ t &
Combining (C-2), (C-3), (C-5) and (C-6), we obtain the assertion (3-38), provided ¢ € (0, f¢,). Finally,
if & € (Pes, 75), (3-38) is trivial by applying (3-37b) and (3-37c) finitely many times. O
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