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PROPAGATION OF SINGULARITIES
FOR GRAVITY-CAPILLARY WATER WAVES

Hui ZHu

We obtain two results of propagation for the gravity-capillary water wave system. The first result shows
the propagation of oscillations and the spatial decay at infinity; the second result shows a microlocal
smoothing effect under the nontrapping condition of the initial free surface. These results extend the works
of Craig, Kappeler and Strauss (1995), Wunsch (1999) and Nakamura (2005) to quasilinear dispersive
equations. These propagation results are stated for water waves with asymptotically flat free surfaces, of
which we also obtain the existence. To prove these results, we generalize the paradifferential calculus of
Bony (1979) to weighted Sobolev spaces and develop a semiclassical paradifferential calculus. We also
introduce the quasihomogeneous wavefront sets which characterize, in a general manner, the oscillations
and the spatial growth/decay of distributions.
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1. Introduction

We present two results on the propagation of singularities for the gravity-capillary water wave system,
including a microlocal smoothing effect. To the best of our knowledge, these results are the first of this
type for quasilinear dispersive equations. Before stating the main results, we shall first revisit classical
results of propagation for the linear half-wave equation and the linear Schrodinger equation. They lead us
to a more generalized concept of singularities which is adaptive to various dispersive equations.

1A. Wavefront set and the linear half-wave equation. If u € 9'(M), where M is a smooth manifold
without boundary, then the singular support of u, denoted by sing supp u, is the smallest closed subset
of M outside of which u is smooth. To study the propagation of singularities when u solves some partial
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differential equations, the information given by sing supp u is usually insufficient. Heuristically, if we
consider singularities as accumulations of wavepackets with large wavenumbers, then this is because the
propagation direction of a wavepacket is given by its wavenumber rather than its location. It is probably
with this mindset that Hormander [1971] introduced the concept of the wavefront set.

The wavefront set of u, denoted by WF(u), lifts sing supp u to the cotangent bundle 7* M \0 in the sense
that a point xo € M belongs to sing supp « if and only if there exists & #~ O such that (xg, &) € WF(u).
We shall recall an equivalent definition of WF(u) essentially due to [Guillemin and Sternberg 1977]:
in local coordinates, a point (xg, &) € T*M\0 does not belong to WF(u) if and only if there exists
a € CX(R*) with a(xo, &) # 0 such that ||a(x, hDy)u| ;> = O(h™) for h € (0, 1]. For the definition of
the pseudodifferential operator a(x, hD,), see (1-7).

In terms of the wavefront set, Hormander [1971] proved a propagation result for pseudodifferential
equations of real principal type, improving previous works [Courant and Lax 1956; Lax 1957] on wave
propagation.

Theorem 1.1 [Hormander 1971]. Let M be a smooth manifold without boundary. Let P € W' (M)
admit a real principal symbol o(P) = o(P)(x,&) € C®(T*M\0,R), and let & = &,(x,&) €
C®(R x T*M\O, T*M\0) be the Hamiltonian flow of o (P). If u solves the Cauchy problem

{atu—l—iPu:O, (1-1)

u(0) = ug € L* (M),
then for all (xg, &y) € WF(ug) and all t € R, we have ®;(xq, &) € WF(u(1)).

In particular, if P = «/—_Ag where g is a Riemannian metric on M, then (1-1) becomes the half-wave
equation and & is the corresponding cogeodesic flow on 7*M. Therefore, we conclude that, for solutions
to the half-wave equation, microlocal singularities travel at speed 1 along cogeodesics. This gives a
justification for the Huygens—Fresnel principal of wavefront propagation.

For the propagation of singularities for the semilinear wave equation, we refer to [Bony 1986; Lebeau
1989]. For the propagation and the reflection of singularities for the linear wave equation on manifolds
with corners, see [Vasy 2008; Melrose, Vasy and Wunsch 2013].

1B. The homogeneous wavefront set and the linear Schrodinger equation. Hormander’s theorem
(Theorem 1.1) is untrue when the order of P is higher than 1. For example, the Schrodinger propagator
e'"»/2 on R? sends &'(R?) to C*(R?) whenever ¢t # 0. We conclude that singularities may appear
and disappear along the Schrodinger flow. These phenomena of “microlocal smoothing effect” and
“microlocal singularity formation™ are due to the infinite speed of propagation of the Schrédinger equation,
as wavepackets with large wavenumbers can travel to or back from infinity instantaneously.

The study of the infinite speed of propagation of the Schrodinger equation probably dates back to
[Boutet de Monvel 1975; Lascar 1977; 1978]. They proved that space-time singularities, as elements of
some space-time wavefront sets, travel along geodesics at an infinite speed. They did not obtain, however,
a time-dependent propagation results for wavefront sets with respect to the space variable alone. The
study of the smoothing effect for dispersive equations with an infinite speed of propagation was initiated
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by Kato [1983], who proved a local smoothing effect for generalized KdV equations. Craig, Kappeler
and Strauss [1995] proved microlocal smoothing effects for the linear Schrodinger equation under the
nontrapping condition of the geometry. Their results were later refined by Wunsch [1999] who obtained a
time-dependent propagation after understanding the transformation between singularities and quadratic
oscillations at infinity. The simplest example is the identity
eilA/Z(Sxo (x) = (zm.lt)d/2 eilx—xo\z/(Zt)’

where 8., is the Dirac measure at xo € R%. Wunsch’s results were stated on Riemannian manifolds
endowed with a scattering metric. He introduced the quadratic scattering wavefront set to characterize
quadratic oscillations.

Similar results were later obtained, independently, by Nakamura [2005] via a simpler calculus but
in a less general geometric setting— asymptotically Euclidean geometries, where he introduced the
homogeneous wavefront set. By definition, if u € .’ (R%), then the homogeneous wavefront set HWF(u)
is a subset of R*? whose complement consists of all (xg, §y) admitting a symbol a € C f"([R{Qd) with
a(xo, &) # 0 such that ||a(hx, hD,)u| ;2 = O(h*) for h € (0, 1]. It was proven by Ito [2006] that
the quadratic scattering wavefront set and the homogeneous wavefront set are essentially equivalent in
asymptotically Euclidean geometries. In fact, heuristically, if xo # 0 and &y #~ 0, then the pseudodifferential
operator a(hx, hD,) is a microlocalization in the region of quadratic oscillation:

x| ~ & ~h"

Take for example the free Schrodinger equation in R, of which the dispersion relation is w = %|5 2. A
wave packet of frequency & ~ 4~ travels at the group velocity v= dw/d& =& ~ h~!. The homogeneously
scaled quantization a — a(hx, h D) thus allows us to keep up with the infinite speed of propagation and
obtain an analogue of Hormander’s theorem.

Theorem 1.2 ([Nakamura 2005], similar results in [Wunsch 1999]). Let g be an asymptotically Euclidean
Riemannian metric on RY, meaning that there exists € > 0 such that, foralla eN? and all i, j €{1, ..., d},
we have

13 (g1 () = 8ij)| < (x) 77~ (1-2)
Consider the Cauchy problem of the linear Schrodinger equation
{iatu + %Agu =0,
u(0) = ug € L*(RY).
Then the following propagation results hold:
(1) If (x0, &) € HWF(ug) and tg € R such that &y # 0 and xo + t&y = O for all t between 0 and ty, then
(x0 + 1050, §0) € HWF(u(10)).

(2) If (x0, &) € WF(ug) is forwardly (resp. backwardly) nontrapping in the sense that the cogeodesic
issued from (xg, &o), denoted by {(x;, &) }ier (With an abuse of notation), satisfies

lim |x;| =400 (resp. lim |xt|:+oo),
t—>+00 t——00
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then there exists £, € RY (resp. £_ € RY) satisfying £+ = lim,_, 1o &, and moreover, for all ty > 0
(resp. tg < 0), we have

(t1ok+, &) € HWF(u(t0))  (resp. (105, §-) € HWF(u(10))).

Theorem 1.2(1) studies the propagation of oscillations and spatial growth/decay for Schrodinger waves
at infinity and we thus require the condition xo + t& # 0. In R this result is a consequence of an
Egorov-type argument and the commutation relation

[id: + 1A, a(t, hx, hD,)] = (id,a — & - dca) (¢, hx, hDy) + O(h?),

where a € C;° (R x R?4). A similar argument works in asymptotically Euclidean geometries where we
replace the role of the semiclassical quantization x — hx with the spatial decay of the metric g, i.e., the
condition (1-2).

Theorem 1.2(2) is a microlocal smoothing effect: if (fp£+, £1) does not belong to HWF(u (%)), then
(x0, &) cannot be an element of WF(uq). This result is a refinement of the result in [Craig, Kappeler and
Strauss 1995] and can be proven via a positive commutator estimate. In R this estimate has the form

[id,+ 1A, a(t,x, hDy)] 2 Oh™),

where a is some well-chosen symbol. For related results, see [Doi 1996; 2000; Burq 2004] for the necessity
of the nontrapping condition; see [Robbiano and Zuily 1999] for a microlocal analytic smoothing effect;
see [Kenig, Ponce and Vega 1998; Szeftel 2005] for local and microlocal smoothing effects for the
semilinear Schrodinger equation. We should also remark that Hormander [1991] has also introduced
an essentially equivalent counterpart of the homogeneous wavefront set to which a similar definition as
that of Nakamura was given. See [Rodino and Wahlberg 2014; Schulz and Wahlberg 2017] for more
comments. However, Theorem 1.2(2) is unable, via simply reversing the time, to show how oscillations
at infinity form singularities along the Schrédinger flow. Indeed, the information about the locations
of singularities is not contained in quadratic oscillations but rather in linear oscillations at infinity. See
[Hassell and Wunsch 2005; Nakamura 2009] for more on this subject.

1C. Quasihomogeneous wavefront set and the gravity-capillary water wave system. The gravity-
capillary water wave system describes the evolution of inviscid, incompressible and irrotational fluid with
a free surface, in the presence of a gravitational field and the surface tension.

1C1. Formulations of the gravity-capillary water wave system. We shall first recall the Eulerian formu-
lation of the gravity-capillary water wave system. The area occupied by the fluid is a time-dependent
simply connected open subset of R?*! and is denoted by 2. The boundary of  consists of two parts:
the free surface ¥ and the bottom I'. The free surface of the fluid is a time-dependent hypersurface which
is the graph of a function n = n(t, x), where (¢, x) € R x R, whereas the bottom is independent of time
and is of depth b € (0, o0). Therefore,

Q={-b<y<n}, T={y=n), T={y=-b}



PROPAGATION OF SINGULARITIES FOR GRAVITY-CAPILLARY WATER WAVES 285

The Eulerian formulation describes water waves in the unknowns (1, v, P) where v : Q2 — R is the
Eulerian vector field and P : Q — R is the pressure of the fluid:

0v+v-Vyyv=-V,,(P+gy) (Eulerequation),
Viy-v=0 (incompressibility),

{ Vi xv=0 (irrotationality), (1-3)
(v-n)y—, =0m/(Vn) (kinetic condition at the free surface),
(v-n)yy——p=0 (kinetic condition at the bottom),

—Ply—y =« H(n), (dynamic condition).

Here g € R is the gravitational acceleration, x > 0 is the surface tension, n : 92 — S? denotes the exterior
unit normal vector field of 92, while

Vn
Hn=V [ ——— 1-4
() ( Trlvnlz) (1-4)

is the mean curvature of the free surface. In (1-3), the kinetic condition at the free surface implies that
fluid particles which are initially on the free surface will stay on the free surface, whereas the kinetic
condition at the bottom is a rephrasing of the impenetrability of the bottom. The dynamic condition is the
Laplace—Young equation which expresses the balance between the interior pressure P and the surface
tension «.

One of the main difficulties in the study of the Eulerian formulation of the system (1-3) is the time-
dependence of the domain 2. By [Zakharov 1968; Craig and Sulem 1993], we can reformulate (1-3) as a
system in R? Note that due to the simply connected geometry of  and the irrotationality of the fluid,
there exists a velocity potential ¢ : 2 — R such that V,,¢ = v. By the incompressiblity of the fluid, the
potential ¢ is harmonic. Therefore ¢ satisfies the Laplace equation with Neumann boundary conditions:

Axy(p =0, an¢|y=n = 8177/<V77>7 an¢|y:—b =0.
Define ¥y = ¢|,—, and define
Gy = (Vn)dndly=y.

Here G () is the Dirichlet-Neumann operator (see Section SA for a rigorous definition). Then the
system (1-3) can be rewritten in terms of the unknowns (1, ¥):

an—Gmy =0, X

0 +gn—KkH(m+3IVy | -

1 (Vn-Vy +Gmy)? _ (1-5)
2 1+ |Vn|? '
We shall assume henceforth that k = 1 for simplicity.

1C2. Quasihomogeneous wavefront set and model equations. It is known that the linearization of (1-5)
about the stationary solution (n, ¥) = (0, 0) can be symmetrized, up to a smoothing remainder, to the
fraction Schrodinger equation or order % Consider the more general model equation

iu+i|De|"u=0, y=>1. (1-6)
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It is natural to ask ourselves if we can define a new family of wavefront sets and extend the results from
Theorems 1.1 and 1.2 to (1-6). Note that a wave packet of (1-6) of frequency & ~ h~! travels at the group

velocity
d -'E Y
| |

dé

It suggests that we need to use pseudodifferential operators of the form a(h” ~!x, hD,) as test operators.

=yIE" 2% ~ =770

In the following definition, we consider the more general quantization with two parameters.

Definition 1.3. If u € ./ (R?), u € RU {00}, § > 0 and p > 0 with § + p > 0, then the quasihomogeneous
wavefront set WFgf o (1) is a subset of R4 defined as follows. A point (xg, &) does not belong to WFgf o (u)
if and only if there exists a € C2°(R*?) with a(xo, &) # O such that |la(h®x, h* D, )ul| 2 = O(h*) for
h € (0, 1]. Here,

a(h®x, h’ Dy )u(x) = 2w) ™ /f X E G x, hPE)u(y) dy dE. (1-7)
R2d

Note that WFa’f o (1) is invariant under the scaling (x, &) — (A’x, A?£) for all A > 0. The existence of
(xg, &0) € WF({f o (1) implies an accumulation of mass near the ray {(A°xq, A”£0)},~0. By choosing different
parameters, we recover the definitions of various wavefront sets from the quasihomogeneous wavefront
set: the wavefront set of Hérmander (8, p, u) = (0, 1, 00), the homogeneous wavefront set of Nakamura
(6, p, ) = (1, 1, c0) and the scattering wavefront set of [Melrose 1994] (3, p, u) = (1, 0, 00).

Theorem 1.4. If u solves (1-6) with initial data u(0) = ug € L*(R?) and . € RU {o0}, then the following
results of propagation hold:

(1) If py =8+ p, (x0.&0) € W}’ (uo)\{§ =0} and 1 € R, then
(x0 +fo¥ 160l” 0. &0) € W' (u(10)).
Q) Ify > 1, py > 8+ p, (x0, §0) € WF;', (uo)\(§ = 0} and 1y # 0, then
(toy &0l &0, £0) € WFL ) (u(ip)).

Note that we do not require xg + ¢y |€0|Y ~2&0 # 0 in Theorem 1.4(1), while we require xg +t&p # 0 in
Theorem 1.2(1). This is because in Theorem 1.2 the geometry is only Euclidean at infinity.

1C3. Asymptotically flat water waves. Instead of the linearization at (1, ¥) = (0, 0), if we paralinearize
and symmetrize (1-5) as in [Alazard, Burq and Zuily 2011], then we obtain a quasilinear paradifferential
fractional Schrodinger equation of order % We require the geometry of the free surface to be Euclidean
at infinity and the velocity field to be zero at infinity to avoid problems caused by the infinite speed of
propagation and the nonlinearity. We shall fulfill this requirement by proving the existence of gravity-
capillary water waves in some weighted Sobolev spaces.

Definition 1.5. If ., k € R, then H{' = H}*(R?) is the set of all u € .#/(R?) such that

laell e = 1) (D) uell 12 < +o00.
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If in addition k € N and é > 0, then define

k
HE = () H
j=0
We are mostly interested in the case where § = % The weighted Sobolev space H,’f /2 is a natural

space to apply the energy estimate for the fractional Schrodinger equation of order % and thus also for the
gravity-capillary water wave system.

Theorem 1.6. If d > 1, u >3+ ‘51, k<2u—d—=6and (no, Yo € H,’:H/z’l/z X ’H,’:’l/z, then there exist
T > 0 and a unique solution

(. W) € C(I—T, T, HiT/22 5 112
to the Cauchy problem of (1-5) with initial data (no, Vo).

The study of the Cauchy problem for the water wave equation dates back to [Nalimov 1974; Kano and
Nishida 1979; Yosihara 1982; 1983]. The local well-posedness in Sobolev spaces with general initial data
were achieved in [Wu 1997; 1999; Beyer and Giinther 1998]. Our analysis of the water wave equation
relies on the paradifferential calculus of [Bony 1986], which was introduced to the study of the water
wave equation in [Alazard and Métivier 2009] and later allowed Alazard, Burq and Zuily [2011; 2014] to
prove the local well-posedness with low Sobolev regularities. For recent progress of the Cauchy problem,
see e.g., [Alazard and Delort 2015; de Poyferré and Nguyen 2016; 2017; Deng, Ionescu, Pausader and
Pusateri 2017; Hunter, Ifrim and Tataru 2016; Ifrim and Tataru 2017; Ionescu and Pusateri 2018; Ming,
Rousset and Tzvetkov 2015; Rousset and Tzvetkov 2011; Wang 2020].

To prove Theorem 1.6, we shall combine the analysis in [Alazard, Burq and Zuily 2011] and a
paradifferential calculus in weighted Sobolev spaces. The latter can be achieved by modifying the
definition of paradifferential operators via a spatial dyadic decomposition. More precisely, if a is a
symbol, then we define

Pa= ) ViTyali.
jeN
where {/;}jen C C° (R?) is a dyadic partition of unity of RY, v = Zlk— j1<n Wk for some sufficiently
large N € N, and T, is the usual paradifferential operator of Bony. Such dyadic paradifferential calculus
inherits the symbolic calculus and the paralinearization of Bony’s calculus, while at the same time allows
the spatial polynomial growth/decay of symbols to play their roles in estimates.

We do not attempt to lower u to > 2 + % as it was in [Alazard, Burq and Zuily 2011]. The range of k
is so chosen such that © — % >34 %, enabling us to paralinearize (1-5) in Hff . We should mention that
the existence of gravity water waves (water waves without surface tension) in uniformly local weighted
Sobolev spaces was obtain by [Nguyen 2016] via a periodic spatial decomposition from [Alazard, Burq
and Zuily 2016].

1C4. Propagation at infinity. Our first main result concerns the propagation of quasihomogeneous
wavefront sets with parameters (8, p) = (% 1), corresponding to Theorem 1.4(1).
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Theorem 1.7. Suppose thatd > 1, u >3+ %’, 3<k<2u—K —d for some K >0, and
(.)€ C([=T, T, 1y /212 s 112,
where T > 0, solves (1-5). If to € [—T, T] and
(x0. &0) € WE[/3/27 ((0) UWF[ ] (¥(0))
such that & #0, 0 <o <% — 3 and
x0+ 3116l ~"*6 #0
for all t between 0 and ty, then
(xo + 3t0l€0l /%0, £0) € WE{ 3/ 2F7 (1(10)) UWF 13 (v (19)).
We will see that, by Lemma 2.15, if (, ¥) € ’H,’:H/z’l/z X ’H,‘f’l/z, then
WE{S 2 () UWEL, | () C {x =0} U (& =0).

By [Alazard and Métivier 2009], we expect o to be at most 4 — o — % for some o > 0, corresponding to

the gain of regularity by the remainder in the paralinearization procedure. Theorem 1.7 does not give the

optimal upper bound for o, as it is not our priority, but when k =2u — K — d, the parameter o can still
K_d_3

be as large as u — 5 — 5 — 5, almost reaching the paradifferential threshold.

1CS. Microlocal smoothing effect. Our second main result shows that singularities of the initial data
which are nontrapped with respect to the initial geometry instantaneously generate an element in the
quasihomogeneous wavefront set with parameters (8, p) = (%, 1), corresponding to Theorem 1.4(2).

Observe that if 7 is sufficiently regular, then ¥ endowed with the metric inherited from RY*! is
isometric to (R9, 0), where

o <Id+(Vn) (V) Vn)
(V) 1)

Define Xy = X|;—0 and o, = 0l;=o. We identify the cogeodesic flow G on T*X with the Hamiltonian
flow on R4 of the symbol G (x, &) = ’SQO(x)*lé. Precisely G = G, (x, &) is defined by the equation

05Gs = (0:G, —0xG)(Gy), Go=IdRaa. (1-8)

Definition 1.8. A point (xg, &) € RY x (R4 \0) is called forwardly (resp. backwardly) nontrapped with
respect to G if, with an abuse of notation, the cogeodesic {(x;, &) = Gs(x0, £0)}ser satisfies

lim |x;|=o00 (resp. lim |x;| =o00).
§—+00 §—>—00

Theorem 1.9. [f d > 1, u>3+9, 3<k <3(n—1-9),and
(%) € C(I=T, T1, HLT/212 i1/,
where T > 0, solves (1-5). Let

(xo. £0) € WE /247 (5(0)) UWEST? (9(0)),
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where &g 0 and 0 <o < %k. If (xq, &o) is forwardly (resp. backwardly) nontrapped, and the cogeodesic
{(xs, &) }ser is defined as above, then there exists £~ (resp. £_) in Rd\{O} such that

lim & =& (resp. lim §_; =§—oo)7
§—00 §—>00

and moreover, forall 0 <ty <T (resp. —T <ty <0), we have

(31018400l 2E100. E4o0) € WEI S V27 ((20) UWF[ T ( (10)).
(resp. (30l€—col ™6 -co. &-o0) € WE{3 /277 (n(19)) UWF['3 (v (50))).

We remark that the asymptotic directions &1, are determined solely by the geometry of X¢. This is
due to the infinite speed of propagation. We can also prove that the nontrapping assumption is, at least
in the following two cases, unnecessary: if d = 1, or if Vn(0) € L* and || (x)V?1(0)|| 1o~ is sufficiently
small. In both cases we obtain the following local smoothing effect.

Corollary 1.10. Suppose d, i, k, o satisfy the hypothesis of the previous theorem, T > 0,
(n,¥) € CA=T, T1L 1212wt 17?)
solves (1-5), and both of the following two conditions are satisfied:
(1) Eitherd =1 or || (x)V*(0) || . is sufficiently small.
(2) WE{73 /277 (n(0) UWF/5 (¥ (0) C {x =0} U {£ =0).
Then, for all tg € [—T, T1\{0} and for all ¢ > 0,

(n(20), ¥ (1)) € H/"+1/2+U—e o« jIoE

loc loc

The second condition is satisfied if, by Lemma 2.15, there exists (k, k') € R? such that
+1/2+0—k +o—k'
(1(0), ¥ (0)) € Hy M #H7~F  HyTT T

This is particularly the case if (7(0), ¥ (0)) € & (R?) x &' (R?).

We refer to [Christianson, Hur and Staffilani 2009; Alazard, Burq and Zuily 2011] for local smoothing
effects of 2-dimensional capillary-gravity water waves. See also [Alazard, Ifrim and Tataru 2022] for a
Morawetz inequality of 2-dimensional gravity water waves.

1D. Outline of paper. In Section 2, we present basic properties of weighted Sobolev spaces and the
quasihomogeneous wavefront set. In Section 3, we prove Theorem 1.4 by extending the idea of Nakamura.
In Section 4, we review the paradifferential calculus of Bony, and extend it to weighted Sobolev spaces
by a spatial dyadic decomposition. We also develop a quasihomogeneous semiclassical paradifferential
calculus, and study its relations with the quasihomogeneous wavefront set. In Section 5, we study the
Dirichlet-Neumann operator in weighted Sobolev spaces and prove the existence of asymptotically flat
gravity-capillary water waves, i.e., Theorem 1.6. In Section 6, we prove our main results, i.e., Theorem 1.7,
Theorem 1.9 and Corollary 1.10, by extending the proof of Theorem 1.4 to the quasilinear equation using
the paradifferential calculus.
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2. Quasihomogeneous microlocal analysis

In this section we develop the quasihomogeneous semiclassical calculus and discuss its relation with
weighted Sobolev spaces and the quasihomogeneous wavefront set.

2A. Quasihomogeneous semiclassical calculus.

Definition 2.1. For (i1, k) € R?, set m} (x, &) = (x)K(&)". Let a; € C*°(R*?). We say that a, € S, if for
all o, B € N9, there exists Cqp > 0, such that, for all (x, &) € R2,

sup 029 an(x. )| < Copmy 0 (x. &), 2-1)
he(0,1]

We say that aj, € S,’f is (u, k)-elliptic if there exist R > 0, C > 0 such that, for x|+ || > R,

. ©
Jnf lan (e, )] = Cm (x. £).

Also write S = U, xere St » and =55 = Ny vyere St -
We say that a;, € S_J is elliptic at (xg, &) if, for some neighborhood € of (xo, &),

inf inf |ap(x, &)| > 0.
he(0,1] (x,£)e

Definition 2.2. Let §, p € R such that § + p > 0 and, for all 4 € (0, 1], define the scaling
02" : (x,€) > (h’x, h7E), (2-2)
which induces a pullback 6, on S: 6,?a; = aj o 6,"”. Then define, by (1-7),
Op” (an) = Op(8 Lan) = a(h’x, h* Dy).
The scaling 19;3 u(x) = h*/?u(h’x) defines an isometry on L*(R%). Therefore, by the formula
@)~ 0p,” (@9 = Op," " (@), (2-3)
we deduce the following results from the usual semiclassical calculus, for which we refer to [Zworski 2012].

Proposition 2.3. There exists K > 0 such that, ifa € C*®(R*?) with || 0% afau 1 <M forall |a|+|B| <d,
then Op)” (a) : L* — L? and ||Op, " (@)l 2, 12 < K M.

Proposition 2.4. There exists a bilinear operator jifz’p 1S x 8 — S such that
Op;,” (an) Op),” (br) = Op,” (@t bn).

Moreover, if ap € S,’: and by, € S}, then ahﬂi’pbh € S,’f:;. For all r > 0, define

5 plelG+p)
anfty by ="y _ ——0gan Dby (2-4)

la|<r

Then we have
8, 3, )
anty " by — antty bn = O™ CT0) guvvr.
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Proposition 2.5. There exists a linear operator ;;f P 8% — S such that
s, 8.0 (8,
Oph p(ah)* = Oph p({}, pah)-

. 8
Moreover if aj € S,’f, then g’h’pah € S,‘:. Forr > 0, define

plel(6+p)

3,p
é‘h,r anp =

loe|<r

0 Diay. (2-5)

Then we have

s, 5. 5
&y Pan — fh,f"h = Oh" +p))S,i‘_7'

Proposition 2.6 (sharp Garding inequality). If § + p > 0 and a;, € Sg such that Reay, > 0, then there
exists C > 0 such that, for all u € Lz(lR{d) and 0 < h < 1, we have

Re(Op,” (an)u, )2 = —Ch*** |lu]|2,.

2B. Weighted Sobolev spaces. Recall the weighted Sobolev spaces defined in Definition 1.5.
Proposition 2.7. We have . (R?) = (), yeg H{ and ' (R*) = U, rer H{-

Proof. Clearly .7(R%) c N JkeR H,ﬁ‘ . The converse follows by the Sobolev embedding theorems. As
for the second statement, clearly {J, »crz Hi C ' (RY). Conversely, if u € .#/(R?), then there exists
N > 0, such that for all ¢ € . (R?) we have

(w,0) S Y 1x*0lle S 10pm)ell 2.
la|+IBI=N

By duality this implies that u € H__IQI . g
Lemma 2.8. Ifu € .’ (R?), then there exists N > 0 such that

u=h"NOop)* (m=N)o(),.
Therefore, if 6+ p > 0, and a;, € O(hoo)s:gg, then Opi’p(ah)uh = Oh*®) 4.

Proof. By the proof of Proposition 2.7, there exists N > 0 such that, for all ¢ € .7(R?),

_ 8,
W, 9)r oS Y 1x%0Pglle SHNIOPL” (my)ell 2.
la|+IBI<N

Again we conclude by duality. O

Definition 2.9. We say that a linear operator A : .7 (R?) — .#/(R?) is of order (v, £) € R?, and write
Ae 0y if forall (u, k) € R? there exists C > 0 such that for all u € .7 (R?) we have

u - <Cllu .
I Aull v < Cllal g

Therefore A extends to a bounded linear operator from H;' to H,'",". We write A€ 6-3 if A€ 6} for
all (v, £) € R2.
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Let o be any nonempty set. Let A, : S (R?) - " (RY) and C, > 0 be indexed by o € /. We say
Ay = O(Co)oy if for all (u, k) € R? there exists K > 0 such that, for all & € <7, we have

Al g s < K Car
By Propositions 2.3 and 2.4, we obtain:
Proposition 2.10. The following mapping properties of pseudodifferential operators hold:
(1) If ay € S} with (v, £) € R, then Op(ay) € 0.

Q) If u e ' (RY), then u € H{' if and only if there exists a (1, k)-elliptic symbol a, € S} such that
Op(ap)u = O(1) 2.

Next, we characterize weighted Sobolev spaces by a dyadic decomposition.
Definition 2.11. The set 2 consists of all maps of the form
Y :N— CPRY, jr 1y,
such that the following conditions are satisfied:
(1) There exists C > 1 such that for all j > 1 we have
suppy; C {x € RY:C~'2/ <|x| < C2/}.
(2) For all j > 0, the function /; is nonnegative.
(3) There exists C > 1 such that C~' <Y~ ¥; < C.
(4) For all @ € N there exists C, such that for all j € N we have
8¢l o < Co27 710,
The set &2, consists of all ¢ € & such that
&) Z‘/’EN Y =1, and
(6) supp ¥; Nsupp ¥ = & whenever |j — k| > 2.
If ¥, 1} € & such that tﬂjlﬁj =, for all j € N, then we write ¢ € 1}
Proposition 2.12. If u, k€ R, v € Z and u € 7' (R?), then u € H,ﬁ‘ if and only if
> 22 1yl < oo
JjeN
Moreover, there exists C > 1 such that, for allu € H, H. we have
—1y,,112 2jk 2 2
C el < Y- 22 ulfe < Cllullg.
jeN
Proof. We may assume that ¢ € 2, because if ¢!, ¢ € 2 then
> 2Kl ullg = Y 2 gl e

jeN jeN
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Define § € & by setting ij = Z|k_j|§2 Yy for all j € N. Then ¢ € ¥. Note that the family of
multiplication operators {2‘jk(x)k&j} jen 18 bounded in ﬁg, which implies that, for all u € N, the
family of pseudodifferential operators {27/ k(Dx)“(x)kz/}j (Dy)™"}jen is bounded in ﬁ’g . Therefore, for
all u € H;', we have

22Kl 3 S D) Yy () ull 2, S (D)™ () ull3 > + (L= ) (D) (x)oull,. (2-6)
Apply Proposition 2.4 with (8, p) = (1, 0) and & = 27/, we obtain that, for all N > 0, the estimate

(I =Y (Do) Y (D) = 0N 2, g2 (2-7)

holds uniformly for all j € N. Therefore,
DA =P D Y ullzs £ Y0 27N el < llully

jeN jeN
Forr €{0,1,...,9}, set

= Y U@ ) e sy,

Jj€10N+r
where § = jj(l)’o. Observe that if 0 ;é Jj — j € 10N, then supp &j M supp lﬂj/ = . Therefore,

9
D I (Dx) 4 (x uuLz—Z > D i) ulz: = Y I0p@ullys S lulfy.  (2-8)

jeN r=0 jelON+r r=0
Combining (2-6), (2-7) and (2-8), we prove that if u € H}' then Y~ . 22 [[WjullF S Null3,.
. k
Conversely, assume that ) jeN 22ik [l u ||%1M < 00. Much as above, we have

o> Y 2¥|(D “w,uuLzNZ D D ) ul7s

jeN r=0 jelON+r
9
2 Y 10p(@,ull?, 2 0p(aull3.., (2-9)
r=0
where a = Z?:o a,. Observe a is (i, k)-elliptic, so u € H]'. By the symbolic calculus, there exists
r € SZ% such that

luli3 < 10p@ul 72 + 0p(r)ull7. (2-10)

For the remainder term, we have
10p(r)u |2, = (u, Op(r*sryu) 2 = Y (u, Op(r*dr)yjue) 2.
jeN
For each term in the summation, by the analysis above (2-6), we have, for all N > 0 and ¢ > 0,
(u, Op(r*tr)yju) 12 = (Op(m )u, Op(m_j tr*trim ™ ) (Do) (x) N yu) 12

S Nl g D™ ) =N | 2

S 27 Ml g2 N (D2) Wl 2

S 27N ellull Gy + e~ 22D  Yrul 72,
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where the constants are independent of . Summing up in j,
10p()ul7 < ellullgy +e™" Y 22 1ullzy. 2-11)
jeN
By choosing ¢ sufficiently small, we conclude by (2-9), (2-10) and (2-11) that
lullf S D 2 ull
jeN
and finishes the proof. O

2C. The quasihomogeneous wavefront set. In this section the parameters §, p, u satisfy the conditions

in Definition 1.3 without further specification. By Lemma 2.8, the following characterization of the
quasihomogeneous wavefront set is easy to prove by the symbolic calculus.

Proposition 2.13. Ifu € S(R?), then (xo, &) ¢ WFgfp (u) if and only if there exists ay € S_5 which is
elliptic at (xo, &) such that Opi’p(ah)u =Oh") 2 for h € (0, 1].

Lemma 2.14. If u € &'(RY) and aj, € S”Z is such that

U suppa; € R*\ WE}' (w),
he0,1]

then (u, Opi’p(ah)u)y/,y = O(h**) and consequently Opi’p(ah)u = O™z forh e (0, 1].
Proof. Let K = Uhe(O,l] suppay and let {€2;};c; be an open cover of K. Let bil € S~ be elliptic
everywhere in €2; such that Opi’p (b;'l)u = O(h*);2. By a partition of unity, we may assume that
K C Q:= Q;, for some iy € /, and set by, = b;f’. By the ellipticity of by, we can find ¢, € S and
rp= (’)(hN)S:gg for some large N > 0 such that a5, = (;f’”bh)ui’pch ﬁi’pbh +ry. Therefore, by Lemma 2.8,
(u, Opy”(@n)u) 1, = (Opy” (b)u, Opy " (ci) Opy,” (bn)u) 2 + (. Opy” (r)u) 7.7
= O(h")? + O(h™®) = Oh*H).

Next, observe that there exists wy, € S_5 and 7, = O(hV) s-o¢ such that supp w;, C K and
Op},” (a)* Op,” (an) = Op,” (wh) + Op,” (7).

Therefore,
0P, (an)ull?, = (u, Opy,” (a)* Opy” (an)u) » »

= (1, Op,” (Wi)u) 1,7 + O(h*) = O (™). 0
Lemma 2.15. Ifu € .7"(R?). Then the following statements hold:

(1) The quasihomogeneous wavefront set WFgL P (u) is a closed (8, p)-cone. To be precise, this means
92”0 WFgfp (u) = WF(S":p (u) for all h > 0 where the scaling 92”0 is defined by (2-2).

(2) If y > 0 then WFSH o) = WF(S’%/)’ oy (). Therefore in all situations we can restrict our discussions

to the cases where either 5 =1 or p = 1.

(3) For all (xg, &) € R*, we have (xo, &) € WF(;’fp (n) if and only if (&y, —xp) € WF[’f’a(ﬁ).
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(4) For all (xg, &) € R*, we have (xo, &) € WF(S’fp (n) if and only if (x9, —&p) € WFgfp(ﬁ).
(5) Define WFgfp(u)" = WF(S’fp (u)\N5,p, where
{x =0} x RY, §>0,p=0,
Mp =R x {£ =0}, §=0,p>0, (2-12)
(x=0xRIURI x {£=0}, §>0,p>0.
Ifu € H{ with (1, k) € R? and a, € S such that
M0 ) suppan =2, (2-13)
O<h<l1
then Opi’p (ap)u = O(hPk+rI) 12 and consequently WFS’I;“ Fuwye = @.

Proof. The statements (1) and (2) are consequences of the quasihomogeneous scaling (2-2) we used to
define the pseudodifferential operators. To prove (3), note that if a, € S_5 and F is the Fourier transform
operator, then

F=Lop) (an) F = Opy” (k).

where by, (x, &) = a; (&, —x). To prove (4), we use Op(ap)u;, = Op(cp)uy, where cp(x, &) = ap(x, —§).
To prove (5), note that if a;, satisfies the condition (2-13), then

O Lan)(e) 210 () = O . O
3. Model equations

We prove Theorem 1.4 by combining the ideas of [Nakamura 2005] and simple scaling arguments.
3A. Proof of Theorem 1.4(1). If a € WIL’COO(R x R%?) and A € WIL‘COO (R, L2 — L?), then define
Za=da+{E", a}, L, A=0,A+i[|Ds]", Al
Here { -, - } denotes the Poisson bracket defined by {f, g} =0: f - 0xg — 0 f - 0t 8.
Lemma 3.1. If aq € WIL’COO (R, SZX) and satisfies the condition
J swpparn{g =0} =2,

O<h<l
(R, S=X), with supp b, C supp ay,, such that

o0
loc

£, 0p,” (an) = Opy " (Lian) + h* T Opy” (by) + O(h™) 1= @ 12 12)-

then there exists b, € L

Proof. For all T > 0, there exists € > 0 such that
U U swpantt. )n{igl <€} =2.
te[~T,T] O<h<l1

Let m € C®°(RY) such that 0 <7 < 1, 7(£) =0 for |§| < %, and 7(&§) =1 for |&| > 2{ Then

illD+1”, Opy” (ap)] = ih ™"V [|h* Dy |? 7w (h” Dy), Opy” (an)] + O(h™) oo (T.71.12 12)-

Now that || (£) € S!', we conclude by Proposition 2.4 and the hypothesis py =& + p. O
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Assume that u = o0, as the proof is similar for © < oco. Let (xg, &) & WF (uo) with & # O.

We aim to find a;, € WILCOO(R, SZ5) of the asymptotic expansion aj ~ 3 J(‘”p)a where a] €

P (R, SZL), such that, for all 7 € R, ay(t, -) is elliptic at (xo + ty1&ol” ~2&, &), and

£,0py" (an) = Oh™) 1= @ 12 12)- (3-1)

loc

If such an a, is found, we let A (f) = Op}i’p (ap(t)) and
o (1) = 1P 4y (1) TP g,
then by a direct computation and (3-1), we have
drvn = "L, Ape P ug = Oh™) 1o g 1255 12)- (3-2)
If we assume that supp a; (0) is sufficiently close to (xg, &) so that
J suppan(0) € R¥\ WEL (o),
he(0,1]

then by Lemma 2.14, we have v,(0) = Op}i’p (an(0))ug = O(h*°);2. Therefore by (3-2), we have
v, € O(h )Loo (R,L2) and thus Ahu S O(h )Loo (R,L2)-
To construct ay, let ¢ € C(R? x (R? \0)) with ¢ (xo, &) # 0, such that Oph P(@)u = O(h*>) 2. Then

we can construct a, with a,|,—o = ¢, with ah € WIC:; F(R, SZ), by solving iteratively the transportation

equatlons . 1
{z,a?, =0, {.z,a,i +b; =0,
a2|l=0:¢)7 aé|t:0:0: ] 2 1’

where bJ € Wio (R, SZ%) satisfies, by Lemma 3.1, that
£, 0p," (@]) = Op; " (Laj) + h*** Opy” (b)) + O(h™) 1o . 12 12)-
Thus we have proved Theorem 1.4(1).

3B. Proof of Theorem 1.4(2). Let = py —(6+ p) > 0. For all 4 > 0, introduce the semiclassical time
variable s = h~P¢, and rewrite (1-6) as

dsu+ihP|Dy|"u=0. (3-3)
Ifa=a(s, x,&) € Wh®(R x R¥) and A= A(s) € WL (R, L* — L?), then define
Za=0da+ (&, a), L'A=08,A+ihP[|D,|", Al
Lemma 3.2. If ¢ € C° (IRd) such that ¢ >0, ¢(0) > 0,and x - Vo (x) <0 forall x € RY, and we define

_ y—2& _ _
x(s,x,s>=¢<x sy'f'ﬂs x°>¢(5€§°>

fors >0, € >0, (x0, &) € R? x (R\0), then the following statements hold when € is sufficiently small
and |&y| is sufficiently large:
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(1) x € W R0, S5 ).
(2) Zix € W Rz, S7°) and Z; x > 0.
(3) If to > 0 and set (tu)(s, x, &) = u(s, X, £), then Tx € W>(Rxo, S-).
(4) If s is sufficiently large, then (t x)(s, - ) is elliptic at (toylé()l”_zéo, &o).
Proof. Each time we differentiate x with respect to x, we get a multiplicative factor (1 +s)~, which is
of size (x)~!in supp x as

supp x C {C~'s < x| < Cs) (3-4)
for some C > 0 when |s| and |&| are sufficiently large and € is sufficiently small. Therefore y €
W (R, Sy ). Clearly T x (s, -) is bounded in C2°(R*?). We write

x—toyl6ol” %60 yIE 5 —yl6l % xo >¢(s—so>

(fx)(s,x,é)=¢< (3-5)

to(1+5s)/s (1+s5)/s 1+ €

where |£]7 72& —|&y|” ~2&y=o0(1) as € — 0, whence T x (s, - ) is elliptic at (to) |&o|" 2o, &) for sufficiently
large s. To estimate % x, we perform an explicit computation:

~ x—sylEl 26 —x0)  (§—80\ (—syEl 26 —xo)+ (I +s)y (5]
asx<s,x,s>——<w)( . )«p( - ) ey ,

yler x—sylE] 2% —xo\ . (E—E
{|§|V,x}<s,x,s>—T-<V¢>< - >¢( : )

Therefore,

x = sylEl" % —Xo)¢<§ —so) o syIE T —x

%X(s’xvé):_(v(b)( 1+S € (1+S)2

Note that on supp % x, we have

x—sy|E|V 26 —xo I+s ) 1y (1
v olawr) ol o)

So we prove similarly that % x € W (Rxo, S_[°). O

Now fix fp > 0 and let u = 0o as the other cases are similar. Let € > 0 be sufficiently small and let
{Aj}jen C[1, 1+ €) be strictly increasing. Choose ¢ as in Lemma 3.2, and set

A _ (x—sylE"2E—x0\, (&
X’(S’X’S)_¢( 2 (1 +s) )d’( hje )

Then supp x; C {xj+1 > 0} for all j € N. We aim to construct a, € W (Rxo, S;*°) such that the
following statements hold:

(1) Forall s > 0 and & € (0, 1], we have suppay C UjeN supp x;-

(2) The symbol ay|s—o is elliptic at (xg, £&o); more precisely , we have

(an — (&" X0ty X0)|s=0 = O(h™) 5.
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(3) For 1y > 0, let T be defined as in the lemma. Then ta;, € W (Rx¢, S_%) and tay (s, - ) is elliptic
at (toyléol]’*zé‘o, &p) when s is sufficiently large.

@) L Op,” (an) = Oh™) (g 12 12)-

Assume that such an ay, is found and that

(toy 50l &0, §0) & WF,(, ), (u(t =1o)).

By (1) and (3-5), if we choose ¢ such that supp ¢ is sufficiently close to the origin, then for sufficiently
small 2 > 0 we have

.0 2
SUpp Oy anlymp-pry € RE\WES ) (=)

By (3), the symbol 0{3/’2’*@, ls=n-51, € S”g is elliptic at (toy |€0|” %&0, &o). Therefore, by Lemma 2.14,

—-1), ,0
(u, Opy” (an)ue) p2lymp-r1y = (, O PO ) an)ue) 2l = O,
By (3-3), we have

d
5 0P, (@) 2 = (u, £ Oy (@) 2,
which implies, by (4), that

h7ﬂ10
(ut, O (an)u) 12 ]s—0 = (u, OP” (an)u) 12| yp-s1, — / (u, £ Op)* (an)u) 2 ds
0

<Oh®)+ O™ x h*®) = Oh™).
Therefore, by (2), we have

10p)” (x0)uls=oll?> = (u, Op)” (a@)u) 12|s=0 + O(h™) = O(h™).

We conclude that (xg, &) & WFgfp (ug).
We shall construct a;, in the following form of asymptotic expansion:

an(s, x, &) ~ Yy WOl (s)aj(s, x, ),
jeN

where a}{ € W ®(Rxo, S, *°), with supp a}{ C supp xj, and ¢’ € P;j, with

J
P = {f(ln(l +8)): f(X) =Y cxX*, ¢, = 0 forall k}. (3-6)
k=0

The above asymptotic expansion is in the weak sense that, for some € > 0, and all N € N,
aj, — Z hj(‘s"'p)(p]aé c O(hN(S—i-p—e ))WOC~°O([O,h75T],S(;OO)'
j<N

The following properties for functions in () ;. P; will be used in the construction of aj,.

JjeN
Lemma 3.3. If € P; for some j € N, then  is smooth and nonnegative on [0, +00) and

(14 )3) " ¥ (s) :=/ (140) 'Y () do € Py
0
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Proof. The function 1 is smooth because it is the composition of a polynomial and the smooth function
s +— In(1 +s). The nonnegativity of i is the consequence of the nonnegativity of the coefficients ¢y
in (3-6) and the fact that In(1 4+s) > 0 when s > 0. To prove that ((1+5)d,) "¢ € P; 11, note that for all
n € N we have

(1 +9)3) 7 n(1 + )" = (n+ D~ An(1 + )"
The claim follows by the linearity of the operator ((1 + §)ds) "L O

To construct aj,, we begin by setting ¢° = 1 and choosing a,? satisfying

ap — (" X0 Xo = O™ ooy 57,
(@ — & %)y X0)ls=0 = O(h™) 5.

By the definition of B and Propositions 2.4 and 2.5, there exists r}? € L*(R>o, S_") with supp r}? C supp xo
such that
£ 0p,” (ap) =20p,” (xoZ X0) +h*** Op,” () + Oh™) Ly 12 12)- (3-7)
By (3-4), we have (s)r,(l) € L*(Rx>o, S, ) and similarly
(s)x0Ls x0 € L (Rx0, S5 ). (3-8)

By Lemma 3.2, we have
X0-Zs X0 > 0. (3-9)

Recall that, by the sharp Garding inequality (Proposition 2.6), if a symbol pj, € Sg satisfies p, > 0, then
Op(,)l’l(ph) 2 —h. By (2-3), we deduce that Opg’l(ph) pe —h%tP. To be precise, this means there exists
C > 0 which only depends on a finite number of seminorms defined by (2-1), such that, for all u € L?,

(u, Op)” (p)u) 2 = —Ch* [lul 2,
Take ¢} € L™ (R0, S; >°) such that
suppa2 E {02 =1}cC supp02 C {x1 > 0}.
By (3-7) and (3-9), for all u € L?, we have
(u, L Opy* (afyu) 2 = (Opy” (ci)u, LI Op;* (af) Opy” (cp)u) 12 + O(h*) ||,
> —C(s)" R+ 0p,” (cull?, + O(h™),

where the factor (s)~!' comes from the estimate (3-8). By the symbolic calculus, there exists by €

L*®(R=0, Sy *°) such that
Op;.* (bi) — C Oy (ci)* Opy* (cn) = Oh™) g 12 12)
and supp b, C supp ¢;,. Therefore,
L1 0py’ () = —Cis) "' W Op)” (cn)* Op,” (cn) + Oh™) Loy 12 12)
> —(s)" 12T Op,? (b)) + O(h™) ey 12 12)- (3-10)
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Suppose that, for some £ > 1, we can find ¢/ € Pj, a] for j =0,...,6—1and ' e Py, b ' e
L®(R=0, Sy ™), with supp bf;_l C {x¢ > 0}, such that

-1
T Op;i'p(z hJ'(“ﬂ)wfaz) = —(s) Y TR Opy (BT + O ey 1212y (B-1D)
j=0

If we choose By > 0 sufficiently large and set goe = ((1+5)d)~"! wz_l and afl = By x¢, then by a direct

calculation, we have
Z(@'ay) = Be(1+5) """ xo + Bop* L xe

= Be(l+9) "y xe = (o) g
Observe that
Z@'ap) =0Us) T W T e, ()T T =03 T T g
Much as above, applying the sharp Garding inequality to the symbol
Zy@tap) — )T =00 T @ F YT g
we can find b}, € L®(Rxo, S, ) with supp bl C {x¢+1 > 0} such that
L2 0p, (9'ay) — ()" Opy (b, ™) = = () R Oy P (B) + O ) 22, (B-12)

with ¥¢ = ¢~ 1+ ¢ € P,. Summing up (3-11) and h*©@+P) x (3-12), we close the induction procedure.
Finally we conclude the asymptotic expansion by observing that, for all €’ > 0, we have

||‘/’Z||L°°([0,hfﬁr]) =0O(| logh|£) — O(h—e’f).

Thus we have proved Theorem 1.4(2).

4. Paradifferential calculus

In this section, we develop a paradifferential calculus on weighted Sobolev spaces and a semiclassical
paradifferential calculus.

4A. Classical paradifferential calculus. We recall some classical results of the paradifferential calculus.
We refer to the original work [Bony 1979] and the books [Hormander 1997; Métivier 2008; Bahouri,
Chemin and Danchin 2011]. The results and proofs below are mainly based on [Métivier 2008], so we
shall only sketch them. In the meantime, we shall also make some refinements regarding the estimates of
the remainder terms, for the sake of the semiclassical paradifferential calculus that will be developed later.

4A1. Symbol classes and paradifferential operators.
Definition 4.1. For m € R, r > 0, let ™" be the space of all a(x, &) € L (R? x (R\0)) such that:

(1) For all x — R the function & — a(x, &) is smooth.

(2) For all o« € N4, there exists C, > 0 such that for all £ € R? with |£| > %, we have

10ga(- . &)llwre < Co (&)™,
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If a e I'™", then we define for all n > 0 the seminorm

M) (a)=sup sup (&) 7"0fa(-, &) [lwre.
le|<n |&]>1/2

: — ; 7_ d
We also define M™" (a) = M[”rr(a), where d =1+ [4%].
Definition 4.2. A pair of nonnegative functions (), 7) € C*®(R*¥\0) x C®(R?) is called admissible if
the following conditions are satisfied:

(1) The function 1 — 7 is a cutoff function of the origin. To be precise, if || > 1, then 7 (n) = 1, and if
In| < 5. then 7 (n) =0.

(2) The function x is an even and homogeneous of degree 0, and there exist €1, €3 € (0, 1) with €] < €,

such that
{x(e,n>=1, 61 < e, w
x©,m) =0, [0]=elnl
Definition 4.3. If m € R and a € I'"", then the paradifferential operator 7, is defined by
Tu(€) = 2m)™ / XE = mm(ma —n, ni) di, (4-2)
R

where (x, ) is admissible and a (0, &) = f e *q(x, &) dx. In other words T, = Op(o,) where
04(-,8) =m()x(Dx, §)a(-, §). (4-3)
Proposition 4.4. I[fm € Rand a € "0 then T, = (’)(M’"’O(a))ﬁén.
Remark 4.5. A symbol p satisfies the spectral condition if there exists € € (0, 1) such that
supp p C {(n, §) € R* 5] = €(§)).

By [Métivier 2008], if a € T then o, € I and satisfies the spectral condition. The above
Proposition 4.4 is in fact a consequence of the following estimate (4-4) and the mapping property:
if p e "0 satisfies the spectral condition, then Op(p) defines a bounded operator from H**" — H*
for all u € R.

Note the definition (4-2) depends on the choice of admissible pairs of functions. The following lemma
and corollary show that if we change the admissible pair, then the error term is regularizing.

Lemma 4.6. I[f m € R, r > 0and a € ', then, for alln > 0, we have
M, (0q) S M, (@) (4-4)
If in addition r € N, then, for all B € N? with |B| < r, we have
MO GE (0, —am)) S MO (V7 a). (4-5)

Proof. The first statement is proven in [Métivier 2008]. We only prove the second statement. We shall
only prove the case where 8 = 0 for the rest is similar. By [Métivier 2008], we have

(04 —am)(x,§) =n(§) / p(x,y, )@ (y, &) dy
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for all (x, &) € RY x (R?\0), where ®(-,&) =F x(-, &) and

_ 1
olx,y,8) = Z( y)”/o r(l—t)r_laj’a(x—tyf)dt.

!
lyl=r
Therefore, if |£] > % and || < n, then
100 y. ©)llee SIyII0EV al-, &)= S Iy IE™ MO (V a). (4-6)

Note that the admissibility of (7, x) implies that, for all o, B € N, there exists Cy g > 0 such that, for all
(x, ) € R*, we have [xP8g ®(x, §)| < Cqp(§)?"1*I71P1. Therefore, for all « € N and all § € R, there
exists C, > 0 such that

19D+, &)1 < Co (€)1, (4-7)
We conclude (4-5) by estimates (4-6) and (4-7). [
Corollary 4.7. Leta € T, withm € Randr € N. Let (x, ) and (x', ") be admissible. Denote by T,
and T the paradifferential operators respectively defined by these two admissible pairs. Then
Ty =T, = O(M"(V' @) gnr + O(M"™" (@) g
If in addition an = an’ = a, then

T,— T, = O(M’"’O(vra))ﬁom_,,

Proof. Let T) be the paradifferential operator defined with respect to (x’, 7); then by Lemma 4.6,
T,— T =0M™(V"a)) o Note that 7,” — T, is a composition with a paradifferential operator with
a smoothing operator (D) — 7' (D,), which implies 7)) — 7| = O(M™" (a)) o7 This term vanishes if
ar =an’' =a. O

Corollary 4.8. Let yy € Ci°(R?). Then Ty —y € 6, ™.
Proof. This is a consequence of (4-5) and the Calderén—Vaillancourt theorem. O
4A2. Symbolic calculus and paralinearization.

Proposition 4.9. Ifa e ™" and b € ™" wherer € N, m € R and m' € R, then

T Ty = Tusy = O(M™ (@M"™ (V') + M" (V' @) M"" (b)) i + O(M™ (@M"™ (b)) .,
0 0
where the symbol atthb = aﬁ?:(r)b is defined by (2-4). If in addition am = a and bt = b, then

T, Ty — Tuzp = O(M™ (@M™ ° (V') + M™ (V" a)M™"" (b))

’
(jerm —re
0

Proof. By Corollary 4.7, we may choose an admissible pair (i, x) to define paradifferential operators,
while assuming that e, < [—11. We shall only prove the case where am = a and bwr = b, as the general
case follows easily. The following proof follows [Métivier 2008]. Take the decomposition T, T) — Typp, =
(I) 4+ (I), where

(I) = Op(a,) Op(op) — Op(oatop), () = Op(o,top) — Op(Tag).
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Write Op(o,) Op(op) = Op(o), where
1
(2m)d
Here 0 € C*®(R?*?\0) satisfies that (6, ) is admissible and 6 x = x. By Taylor’s formula, we have the

decomposition

ox,§)=

/f "N e, (x, &+ )0, E)op(y, &) dy dn.

1
Oulx, E4+m) =) — 0o, O+ Y palx, & M’

le|<r " loe|=r

where the functions p, depend on Vg o0,. Then write o = o,flo}, + ZI al=r da> where
Gu(x, §) Z/Ra(x,x — v, 6)(DYop)(y, &) dy,

Rar3.6) = @) [ p, (e y 000, 6) din,
By the same estimate in [Métivier 2008],
108 R (x, + E) 111 S M™ (a) ()"~ 1AL,
Using DY o}, = opep, we verify that
102 g (- E)ll1oe S M™ (@) M™ (V" b) ()" 1A,
and consequently, by Remark 4.5,

” (I) ”HS—)HS*m*mH»r S Z Mm+m/_r,0(qa) 5 Mm’r(a)Mm/’O(Vrb).
lo|=r

To estimate (II), for all |«| < r, take the decomposition 8? o0aD%0p — Oy¢aDeh = (1) 4+ (i1) + (iii), where
(i) = 8?(% —a)D%op, (i) = 8§‘aD)‘f(ob —b), (i) = BgaD)‘fb — O9¢aDeb-
By Lemma 4.6, Leibniz’s rule and interpolation,
Mm-‘rm’—r,O(i) S Mm—r,O(o_a _ a)Mm’,O(D;xO_b) g Mm,O(Vra)Mm’,r(b),
M r0GEy < M (@) M TR0 (DY (63, — b)) < MM (@) M™ 0 (VT D),

Mm+m’7r,0(iii) < Mm+m’7|ot|,0(vr7\oz| (agaDcxb))

~ X
< MOV aEa) MO (b) + MM (¢ a) M™ O (V7 b)
5 Mm,O(Vra)Mm’,r(b) + Mm,r(a)Mm’,O(Vrb).

By Remark 4.5, these estimates imply that

(1) = O(M™" (@)M™ 0 (V"b) + M™ (V" a)M™ " (b))

’
()”"er =T
0

The proposition follows. 0

Proposition 4.10. Leta € I'" withr e N and m € R. Then

T* — e = O(Mm’o(Vra))@;ﬂ*r + O(Mm,r(a))ﬁ(;oo’

a
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where the symbol a* = g‘IO”rOa is defined by (2-5). If in addition amw = a, then

a

T — Ty = O(M’"’O(Vra))ﬁén—r.

Proof. Much as in the proposition for the composition, we shall only prove the case where ar = a.
Let (0, w) be admissible such that 8 x = x, then 77 = Op(o,), with

0, (x, §) = (271)_”’/e_i"'”c'fa(x+y,$+n) dndy =a*(x, £) + Y ra(x, 8),

le|=r

where by Taylor’s formula,
nes =2 [ 1y eI DR, (x, & + B, £) dr dy dy.
o! R2 [0, 1]
The term DY 8g 0,4(x, & +1tn) in the integral and the analysis in [Métivier 2008] imply that

Mmfr,O(O_; _ Ua*) < Z Mmfr,O(ra) _'_Mmfr,O(a* _ Ua*) 5 Mm,O(vra)‘

la|=r

The proposition follows by Remark 4.5. U
Recall the following results of paralinearization. See, e.g., [Métivier 2008].

Proposition 4.11. Ifa € H* and b € H? witho > £ and B > £, then
lab — Tob — Tpall gatp-ar2 S llall ge D]l e

Proposition 4.12. If F € C*°(R) with F(0) =0, then for all 1 > , there exists a monotonically increasing
Sunction C : R>o — Rxq such that, for allu € H", we have

IF @)l e+ I F @) = Trryull gao-an < CQlullas) lull me-

4B. Dyadic paradifferential calculus. Now we develop the theory of paradifferential calculus with
weighted symbols on weighted Sobolev spaces via a dyadic decomposition of the space.

4B1. Weighted symbol classes and dyadic paradifferential operators. We define a family of symbol
classes which take into consideration the spacial decay of symbols.

Definition 4.13. If r e N, k € R, and § € [0, 1], then Wkr;’o is the set of all u € y/(Rd) such that

IM”Wroo = Z “ k+6‘a|8)?lu”l‘oo < OQ.

| <r

Definition 4.14. If m, k € R, r € N and § € [0, 1], then I'}"y is the set of all a(x, §) € L{;
such that

(R4 x (R?\0))

loc

(1) for all x € R? the function & — a(x, &) is smooth, and

(2) for all & € N“ there exists Cy > 0, such that

I9gac-, &)l < Co (&)™ forall |¢] > 1.
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Moreover, we define

M@= sup sup (&) [ofa(-. &)y
la|<r+d 1§1=1/2 '

Let I 57" = 5 and T o=V, g Ty - Then for (m, k) € (RU{— 00})?, define

m—j,r—j
ka = Z Desis

0<j=<r

me[R{

We say that a, = ) o -, hi ah ey if

m—j.r—Jj
sup Z M;_s's (ah)<oo
0<h<10</<r

We shall define ™" = 3" and , 2" =, Z7y .

We are mostly interested in the cases where § € {0, 1}. Note that Wkr”go = (x)*W"> and thus
Ly = (x)kr™r | whereas [ is a natural extension of S to symbols of finite regularities. We will
encounter symbols defined by solutions of the water wave system and thus have coefficients in weighted
Sobolev spaces. We need the following lemma.

Lemma 4.15. If u € Hff"s, where u > d, k € N and § € (0, 1], then, for all « € N¢ with |a| <
min{(u — a?)/(l +6), k}, we have (x)‘“'f)gu € L™ and consequently we have the inclusion

7-[;:’8 C Wéﬂin{[(u—d)/(lﬂ)],k},oo N <x>—min{[u—3]/8,k}Loo.

In particular 7—[“ 172 C Wmm (2(u=d)/31k).00 N (x)_mi“{k’z["“_‘z]}Loo.
Proof. The lemma follows directly from the Sobolev injection:
0o 0wl S ullyigee S Nl s S Il
[{x) ulle S loelyyooe S IIMIIHg S letllges.

which hold provided || +d < u—98la|, || <k, d< u—3dn and n < k, that is,

—d —d
o <mind “=C kb <mind B4 kL 0
144 ]
Lemma 4.16. Let A be a linear operator from ./ (R?) to #'(RY) and let m,k € R. If there exists
{Aj}jen € £2°(0F") and r, ¢ € & such that A = ZjeN 2-ik1//jAj<bj, then A€ 0}
Proof. The lemma is a consequence of Proposition 2.12. g

Definition 4.17. Let y € 2, and define € & by setting ¥; = >~ ;<10 Y& If a € I}y, where
m,k € R, r e Nand § € [0, 1], then define the dyadic paradifferential operator

Pa=)_ ¥iTy,a¥;-
JeN
Proposition 4.18. [fa € T''y', then P, = O(M;"" (a)) or.
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Proof. Note that if a € l",':f;{ then a € (x)*I""™°. Therefore, by Proposition 4.4, we have
1 Tyyall - prvn S M™0(Yia) S 2775 M} P ().
We conclude by Lemma 4.16. (]
4B2. Symbolic calculus.
Proposition 4.19. Leta € FZT;;, be F,’:f:;sr, reN, (m, k), (m' k') eR?, 0<8<1,then

Pan - Patb - O(M]??ér (a)Mn}’;gr (b))ﬁ]in-;m’—
+k—

érr+ﬁk_+olj’
where
lo|<r
+m’,
ath="Y_ —dgaDibe Ty
aeNd
Proof. Let rj : N — C, ¥ =3, _in<s0 ¥jr» 80 ¥y = ¥ if | j — j’| < 20. Then write
lj—J'1=20 lj—j'1<20 3 i i )
PaPo= Y UiTyaViViTyw¥i= Y UiTyalyp¥i+ViR; ¥,
(j.j"heN? (j.J"eN?

the remainder being

Ri.jr=¥ilysa¥i¥iTypp¥ = TysaTyyn
= O/ EOMET @M (0) pyeow— + OQTEOM @M (B)) 5

by Propositions 4.4 and 4.9 and Corollary 4.8. More precisely, when composing Ty, and Ty, we use
V¥ = ¥; and have

Ty,aTy, = Tya+ O(M™" (yja)M O’O(V”_ﬂj))@;w
+O(M™ OV (@) MO () pr + O(M™ (@) M ()
where MOO(V ;) = OQ277"), M™ (Y;a) = O(2/%), and we use 0 < § < 1 to induce that
M’”’O(V’(vfja)) — O(Orgfgr{z—j(r—n)—i-j(k—&n)}) — O(Zj(k—ar))_

Similar arguments work for the composition Ty, Ty;q.
Observe that Zj':|j—j’\520(¢ja)ﬂ1/fj’b = (Y;a)tib, for all j € N. Hence

Y TyaTyn =¥ Tyam¥i+Rj,
Jili=71=20
where the remainder can be estimated much as above:

R; = 0@/ DM @M (8)) -5+ OQT O M @M (8) .
We conclude by Lemma 4.16. O
Proposition 4.20. Let a € T}y with (m, k) € R2, andr e N, 0 <8 <1, then

,P; — Par = O(M]T;sr (a))ﬁk”:s:+0]:°°7 (4-8)
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where
la|<r
at=)  —EDlae sy
aeNd
Proof. Observe that for any real-valued y € C2° (RY),
(Ya)* =a*gy.
More precisely, this means that
y! -
Wa) =) ;ag Dl =Y ” ngwagD;fa
lyl<r lyl<r *  at+p=y
1
= —a§<ﬂ'aﬂpf‘ )D“w oy - ( of D? )Dgw
loe+1Bl<r " |Bl<r la|<r— Idl
=2 <ﬂ,aﬂDﬁ )w =a'ty.

|Bl<r
Then write P} — Par = 3~ ey lpj(R} + R})n_pj, where, by (4-9),

1 2
R =T, .~ Ty, Ry =Ty — Tyjar = Tty —yjar-
For le we use Proposition 4.10,

R} = OM™ (V. (¥ja))) pn-r = O ) M (@) s
By Lemma 4.16,
Z ViR Y = OMy (@) grr o7
jeN
Using 3 .y ¥ = 1, we induce that

Y 0%y, =0 foralla e N\0, Y a iy —yiat =0
JeN jeN
Then we write

Aty —Yiat = Y DU -wap,  waep € Tyt P
a0
loe|+IBl<r
where the symbols weg are independent of j. Write

ZL”J’RJZLI’J' = Z Rop,  Rap = Z‘_/IJ Tpey;wes V-

jeN o, B jeN
By (4-10), we prove similarly to Proposition 4.19 that

VjRap = V¥; Z _wj/TDWj"waﬂ_wf"
1j=i1=20
= OB 1By e AP B )

m—r—|o|
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(4-9)

(4-10)

+ (’)(2/ (—la|+k—1B15) M?—T‘,‘B(T(ls:swl’r_lﬂl (wolﬂ))ﬁo_oo

= 0QI M (@) gpr + ORI MY (@) 5
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Setting ¥/ = )" /_ <100 Vj~- We again conclude by Lemma 4.16, and the identity
Rap =) ¥jRap¥],

jeN
that Rys = O(M}'; (a)) oo O
4B3. Paralinearization.

Proposition 4.21. If a € HY, b € H} witha > 4, >4, keR, LR, then, forall € >0,

— — <
llab —Pab = Poall yarp-ar- < lall g 1Dl o

Consequently if a € H%”S and b € ’HE’(S withé >0, « —ém > %, B —dén > %, then, forall € > 0,
lab —Pub — Ppa IIH«Vm—d/z—e,a S lallyes bl s
Proof. Decompose the product ab as

ab =) " v;(¥ja)(¥;b) = Pub +Ppa+ R} + R},
jeN

where the remainders R} and RJ.2 are defined by
Rj = v;(Wja-¥jb = Tya(Wib) = Ty (@),

Rj2 = Vi Wi Tyja = Ty ¥ + ¥ (b Typ — Ty Yja
By Proposition 4.11,

IR} W gars-ar < Wjall e 9Bl e S 277 lall g 161 -
By Proposition 4.9 and Corollary 4.8 and the Sobolev embedding theorem, for all € > 0 we have
ViTya¥s — Tya =27 Olall ) ya-ar2-e.
v Tfibl_pj —Ty;p = 27j£0(||b||Hlﬂ)ﬁ(f—d/2fe.

We conclude the first statement by Proposition 2.12.
As for the second statement, observe that if 0 <k <m and 0 < £ < n, then

lab—P,b— Pba||Hliizak)+(ﬁ—5é>—d/2—s,s <lla ”lex—(?k ”b”HZﬁ*M <la ”"an“s ”b”Hfa

We conclude by noting that for all p € NN [0, m + n], there exist k € NN [0, m] and £ € NN [0, n] such
that p =k + €. O

Proposition 4.22. Let F € C*°(R) with F(0) = 0. For all n > %, there exists some monotonically
increasing function C : Ry — Ry such that, for all k > 0 and all u € H)', we have

IE GOl gy + 1F @) = Praull yau-ar < Clullpe) lull gy
Consequently, if u € 7-[,’;’8 with § > 0 and u — 8k > %l, then

IE @)llgpes + 1F W) = Praullyzu-inzs < Clullpm)llullyms.
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Proof. Decompose F(u) as F(u) = ijo ij(l_ﬂju). By Proposition 4.12,
IF @yl ge < CUYull gl Yjullme < CUlullm) 1 jullme-

Then write ¥; F (Y;u) = ¥; Ty, prwy¥ju + ¥ R;, where

Rj =i (F(Yju) — Tryuy¥ju) + Vi (Ui Te yuy — Ty Frogu) Yju.
By Propositions 4.12 and 4.11 and Corollary 4.8,

IRl g2u-arz < Clull ) 1Yrjull g

We conclude the first statement with Proposition 2.12. To prove the second statement, note that for all
j € NN[O, k] we have

HE ) gemsi 4 1 () = PF’(M)MI|H]?(M*EJ>*d/2 = Clllull pu-si) el s O

4C. Semiclassical paradifferential calculus. We develop a semiclassical dyadic paradifferential calculus
and a quasihomogeneous semiclassical paradifferential calculus, using scaling arguments inspired by
[Métivier and Zumbrun 2005].

4C1. Semiclassical paradifferential operators.
Definition 4.23. For all & € (0, 1], define the scaling operator
o u(-) > k4 uh ). (4-11)

(1) If b € '™’ then define Tbh = rh_l Té,ljfbrh‘

(2) If a € T}y, then define Py = 3=, o ¥ Ty Y-

(3) If € > 0, then define P/ = ng;ga'
Proposition 4.24. If ¢ > 0and a € F,’:bo, wherem <0,k <0, then SUPse(0.1] ||735’E 7212 < o0.
Proof. Observe that Ggie’oa = O(1)ro0. We conclude with Lemma 4.16. Il
4C2. Semiclassical symbolic calculus.
Definition 4.25. If a;, € 2'(R*?) and € > 0, we say that a; € o, if

U suppap N Ae1 = O.
O<h<l1

Proposition 4.26. Let (m, k), m’, k') € (RU{—oo}))?, r e N, withr > m +m', r > k + k'. Let
a € F,’(’f:;r Nog and by, € FZ}:;{ N og such that, for some R;, > 0 depending on h,

supp a; Nsupp by, C {|x| > Ry} x RY. (4-12)
Then, for h > 0 sufficiently small,
,Pt}llhpgh - Pgh]jhbh = O(hr(l + Rh)k+k,78r)L2—>L2’

where the symbol ap,ti,bj, = ahjjg”ibh € E,'("J:Z,";r is defined by (2-4).
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Proof. By (4-12), if ¥;a;, # 0 and ¥;b;, # 0, then j 2 log, (1 + R;). We claim that

Pc,tzplil = Z ‘_//jTll/fljah‘_//jl_//J’Tll;fljfbh‘_//j'
JjZlogy (14+Ry)
lj'=Jj1<20
_ 'Th . O hr 1 R k+k'—8r 4-13
= YiTananc b ¥i O (14 Ry) )12 p2- (@-13)

JjZlog, (14+Ry)
lj'=Jj1<20

Then we conclude by
Y Wan)tn(Yybn) = Vi (antnb).
J'j'=j1=20
It remains to prove (4-13). We use (4-1) to deduce that 7 (7, 0y bh)u) vanishes in a neighborhood of
& =0. By (4-5), for some 7’ € C % (R?) which vanishes near & = 0 and equals 1 outside a neighborhood

of £ =0,and, forallm+m’' <N €N,
h h -1 1,0
L0 YV T m ™ = Tgr0y,an Ons Wi ¥ N7 (D) Tyro,
= o200 o2y wom 1600000
+OM™ O (Wjan) gp ORTINRY) 5 ox OM™ O (Wb1)) je . (4-14)

Then we use Proposition 4.9 and the fact that a;, b, € o to deduce

o100 Top 0w 0@ Lol n)
=T, 10

O (U an) 0, Uy @) 20,y bon)
+OM™ (V6,5 (jan) MO O, Wi IM™ " (0 (Wi b)) e
+ O™ (6,2 (Wan)) MO (V" 6, 0 ) M By (b)) -
+ O™ 6 (Wan) M O, 2 W) M™ O (V 6,5 (W bw) s+
To estimate the remainders, we see that, for each o € N¢ with |a| =r,

o!

a0 aarnl,0
Oll'Olz'ax eh,*wjax eh,*ah

0O (Wjan) =

a)tor=a

o! : ; ;
— Z ' 'O(h|a1|2_]|al| x hle2lpik=dlealy o — o (p" 2] *=3)y
o) tor=a oo

where we use 0 < § < 1. Therefore, the first term in the remainder is
O(hrzj(k-i-k’—ér))Lz_)Lz — O (A + Rh)k+k,_8r)L2_)L2.
Similar methods apply to the other two terms and we conclude that
_ r k+k'—68r
Tor0w,an Ty 0wy e Torw,mn = Tolwanmy by O AT RDTETD 202 (4-15)
The estimate (4-13) follows from (4-14) and (4-15). Il
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Combining the analysis of Propositions 4.26 and 4.20, using Proposition 4.9, we obtain a similar result
for the adjoint, to the proof of which we shall omit, as it is similar to the above.
Proposition 4.27. Let (m, k) € (RU{—o00})?, r € N, withr > m, 8r > k. Let aj, € F,’:f:;r N oy, such that,
for some R;, > 0 depending on h, suppay C {|x| > Rp} X RY, then, for h > 0 sufficiently small,
(Pa)* = P = Oh" (1 + Rp) ") 12, 2,

where a; = ;,?;rl ap € X}y is defined by (2-5).

Corollary 4.28. Lete >0, (m, k), (m', k') € (RU {—OO})Z, re N, withr > max{m+m',k'}, k <0. If
a, € F,’:f’lr No. and by, € FZ}”{ N oy, then

Ph’épl};h _ Ph 0 — O(h(1+5)r_€(k+k ))L2

2,
an O5 2an) by —L
h ph,e h _ (14€)r—e(k+k")
P, P —P =0O(h 2 72,
b " an byt (6 Can) ( 1oL

Proof. It suffices to observe that, if € > 0 then supp 9;:2@1 C {lx] = h~¢} and 9;:2% = O(l’l_ek)rgn,lr. We
conclude by Proposition 4.26. U

Corollary 4.29. Let € > 0, (m, k), (m', k') € (RU{—00})?, r e N, withr >m+m', k<0, k' <0. If
ay € FZ?’lr Noe and by, € FZfs’lr Noe, then, for h > 0 sufficiently small,

h,eh,€ h,e _ (1+e)r—e(k+k")
Pah th - ahﬁth —O(h )L2—>L2’

where the symbol a; by = ahﬁ;:i € pite E,’ﬁfkr/",lr is defined by (2-4).
Proof. It suffices to use the identity (6] Jan)t (6] 2bn) = 053 (antsb). O

4C3. Some technical lemmas. The results above only concerned the high frequency regime as we require
the o, condition. The next lemma studies the interaction of high frequencies and low frequencies.

Lemma 4.30. Lerm € R, a;, € T%9, b, € T%0 such thar, for some R > 0,
suppay, € {|&] > R}, suppby € {|€| <h™'R/4}.
Then P Py, = O(h™) 12, 2.

Remark 4.31. This lemma concerns the estimate of Pf,’h Pp,,» not Pgh P,ﬁ’h. This is not a typo.

Proof. By definition
Ty pu(§) = 2m) ™ / XE =0, () W;by (& —n, mi(n) dn.

The admissibility of x implies supp m C {|&] < h~'R/3}. Therefore, for any |j’ — j| < 20,

YTy Vi Tun ¥ = YTy o, W (h D/ RYY; ¥ (1 = 2R Do/ R Ty, 1

=0 22
We conclude by Lemma 4.16. O
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Corollary 4.32. If a € "0 is homogeneous of degree m with respect to &, then, for b € T'%%N oy and
h > 0 sufficiently small,
PEHR" Py — P = Oh™) 12, 2.

Proof. By a direct verification using (4-2), the homogeneity of a and the admissible function y, and
Corollary 4.7, we see that K" P, — P! = PL%/;’ where P’ denotes the paradifferential quantization with any
admissible pair (7', x) such that 77" = 7/, and the symbol

an(x, &) = (w(h&) — w(&))a(x, hg) e 10

satisfies the condition
suppd, C RY x supp(1 —m(h-)) C RY x {|g] <2hn~ '}
We conclude by Lemma 4.30. O
Lemma 4.33. If a, € ' Noy with r > max{m, 0} —|—d~, then, for h > 0 sufficiently small,
T, —Opy(ap) = Oh") 2o, g2
Proof. By Calderén—Vaillancourt theorem, we have
T, = Opy(an) = 7, (Ty10,, — Op(®; i)ty

— o( Z [Erg (010, = O van) ||Lm>

~ 2 2
lal,IB1<d L=L

By hypothesis r > max{m, 0} + |8] > |B|. We use (4-5) to deduce that
1807 (0510, — O cam i~ < MO (010, — 6 2an))

< Mmax{m,O}—rJrlﬂl,O(af (%Ajfah _ 9;1:20/1))

< MO0 @, Jan)

<h"M™0(ay,). O
Lemma 4.34. If a; € I'""*° N oy withm € RU {—o00}, then, for h > 0 sufficiently small,

Pl —Opy(an) = Oh™) 2, 2.

Proof. By Lemmas 4.33 and 4.16,

P =" Op, (jan)yj = Oh™) 2, 12,

jeN

Note that, uniformly in j € N, we have
Yitn(ian)Enyy = Yjan + ¥ O(h™)p-sec.

Therefore,

> Vit (an)dnj = an+ O™ ). 0

jeN
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4C4. Symbols with limited regularities in (x, £). The symbols we have encountered so far have limited
regularities in the x-variable but are smooth with respect to the £-variable. When studying the propagation
of singularities for nonlinear equations, we need to solve Hamiltonian equations which transfer the limited
regularity in the x-variable to the &-variable. Therefore we need to discuss in this section paradifferential
operators with symbols that have limited regularities in both the x- and &-variables. As we do not intend

to obtain optimal regularities, we shall content ourselves with an approach by approximation.
Definition 4.35. For all r € N, the symbol class Y is the set of all @ € L° (R4 x (R?\0)) compactly

loc
supported in RY x (R4 \0) such that N" (a) < 400, where

N@= Y 19%eal e
aeN |o|<r
If a € Y"1 with r € N, then the paradifferential operator T, is defined via approximating a by smooth
symbols. To be precise, let Q € R? x (R?\0) be an open neighborhood of supp @ and let {a,,},en C C(2)
such that
lim N"(a, —a) =0.

n—oo

Note that such an approximation is always possible because a is compactly supported and we only require
the convergence with respect to the N”-norm (not the N”*!-norm)! By Proposition 4.4 and Lemma 4.6,
for all n, m € N we have

1Ta, = Ta, 22 S MO (@0 — am) S NO(ay — am) < N (ay — ).
Therefore, for all u € L?, the sequence {7, u},en is Cauchy in L? and we define

Tyu= lim T, u.
n—oo

Clearly this definition is independent of the choice of the sequence {a,},en and extends the definition of
paradifferential operators with symbols that are smooth with respect to &. Then we define the operators
T, P,, P! and P" exactly as before.

Proposition 4.36. If a € Y with r > 0, then for all h € (0, 1], we have Tah - L% — L% Moreover,

sup |7, [l2 12 S N°(@).
he(0,1]
Consequently, for all e > 0 we have

h, 0
sup [Py N2z S NV (@).
he(,1]

Proof. The general case h € (0, 1] follows from the case 4 = 1 and we shall assume # = 1. Choose a
convergent sequence {a, },en C C°(K2) as above. For all u € L? with |ul| 12 = 1, we have

ITaullz2 < [ Tau — Ta,ull 2 + | T, ull .2,
where lim,_, oo || Tou — Ty, u|| ;2 = O by the definition of 7, u and

1 Tu,utll 2 < N%ap) S NOa—a,) + N%a) — N%a).
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Therefore, passing n — oo we conclude that || T |2, ;2 S N (a). The estimate for 735’6 follows similarly
to Proposition 4.18. (|

Combining the approximation method above and the analysis in Proposition 4.26, we obtain the
following corollaries similarly to Corollaries 4.28 and 4.29.
Corollary 4.37. Lete >0, (m, k) € (RU{—00})?, r eN, withr >0. If a, € Y't'No, and by, € FZT’I’ Noy,
then, for all k' € R such that r > k + k', we have

heph _ ph _ (1+e)r—e(k+k') g g—m,r m,r

Pa” th P(Hljfgah)ﬁhbh =0 Mk,’l (ah)Mk’l (bh))Lz_)Lz’
h phe _ ph _ (14€)r—e(k+k') y g—m.r m,r

PonFPar = Pzt an = O My @My O 12 12

Proof. Let aj, be a sequence of approximating symbols {a},en C Cf?o([RZd) N o, which is bounded,
uniformly in & € (0, 1], with respect to the norm N"(-). Note that for all X’ € R, we have M, (-) <
N"(-). And thus, when n € N is sufficiently large, we have M_,f?’r(a,'; —ap) <2N"(a, —a) =o(1). By
Corollary 4.28, if r > k + k', we have

h, _ / —m, )
P;ﬁep{jh — P(h = ORI €Wt LT (G M ()

0 da)anbn

= ORI =< ®EH M (@) MY (b)) 2y 12+ 0(1) 2, 2.
In fact, for all u € #(R?), as n — oo, by Proposition 4.36, we have

heph  h
||Pah thu P(GZ:Sall)nhbhu“Lz

= [Py =PI Phull 2 + P ull o + IPEEPE w— P,

u
O (an—a))nbn L O 2l by

= o() (1P, ull g2 + lull2) + O IFO=<EHI BT (@) MY (by)) el 2

Passing n — oo and then use the density of .#(R¢) in L?, we conclude that for all u € L?, we have

h, h h 1 —e(k+k' —m, s
PPy u— P(Gz.gah)ﬁhbhuny = OhH =M (@) MY (bw) ] 2.
: h phe _ ph f it
The estimate for P, P, thﬁh @) is similar. O

Corollary 4.38. If ¢ > 0 and ay,, b, € Yt where r € N, then
,Pfheplilf - ;l]:;;hh = O(h(l—i_e)r)LzaLZ,
where the symbol a1} b, = ahﬁg’jbh is defined by (2-4).

4C5. Almost sharp Garding inequality for paradifferential operators. We need an almost sharp Garding in-
equality for our paradifferential calculus. There are various works on the (almost) sharp Garding inequality
for pseudodifferential operators with limited regularities; see, e.g., [Taylor 1991; Tataru 2002; Hérau 2002].

Lemma 4.39. If € € (0, 1) and ay € My,,(T'%") N oy is compactly supported, where n € N, r >
max{cz, e ' —1}andRea > 0, then, forall € € (0, 1), there exists C > 0 such that, for all u € L?,

Re(Ta};u, u)2 > —Ch]_6||u||iz-
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Proof. By Lemma 4.33 and the condition r > d, we may replace Ta’jl with Op,, (ap,) in the above inequality.
As ay, € og and is compactly supported, we have {b;, (x, &) = h=teaq, (x, h&)}ne,17 is bounded in [rl-er,
By [Taylor 1991, §2.4 (2.4.6)],as r > ¢! — 1, we have 1 — e <r/(1 +r) and thus

Re(Op(bp)u, u)2 2 —|lull3,.

~

We conclude by Op(by,) = h~'* Op, (as). O

We are mostly interested in the case where € = % In this case, the condition for r is simply r >

max{cf , (l)_1 — 1} = d. Next we show that the almost sharp Gérding inequality also applies to symbols

2
in Y17,
Lemma 4.40. If € € (0, 1) and ap € My, (Y1), withn € N, r > max{d, e ' — 1}, then there exists
C > 0 such that, forallu € L2,

Re(T) u,u)2 > —Ch'“|lull7,, Re(Plu,u)p2>—Ch'™“|lul7..

Proof. Choose a sequence a/{ € M, (T'%") which converges to a; with respect to the norm N”(-) and is
uniformly compactly supported in R? x (R4\0). Apply the almost sharp Garding inequality for a,ﬁ; there
exists a constant C > 0 which is independent of j such that, for all u € L?, we have

Re(T) u,u)2 = Re(Tah )2+ Re(T:,.u, w)2 > o(1) — Ch' ¢ |lull3,.
h—4 h
We conclude the almost sharp Garding inequality for Ta}; by passing j — oo. Therefore,
Re(Pé’hu, u)j2 = Z Re(y; TJ}jahl_/fju, )2 = Z Re(szljah_Wj”v Yju)p2

JEN jeN
2 —h'"Y guliy 2 —h' Yl O
jeN
4C6. Relation with quasihomogeneous wavefront sets.
Lemma 4.41. If r > 0 and a, = Z;ZO hja;l., where a,{ e Y""=J such that ay, is elliptic at (xo, &) €
R? x (R?\0) in the sense that, for some neighborhood 2 of (xo, &), we have

inf inf |an(x, &) >0,
O<h<1(x,§)e§2| h( é)l

then for all u € L? such that Ta};u = O(h%);2, where 0 <o <r,we have (xg, &) & WF&I(M).
Proof. Assume that @ C RY x (R?\0). Let b, € S_ with supp b, C Q. Then by the symbolic calculus

stated in Corollary 4.38, there exists ¢, = )_;_o h/c;, where ¢; € X'/, such that

TR =T!T! +Oh )2 2.

Cp ™ ap
Thus be;u = O(h?)2. By Lemma 4.33 we have Opy, (by)u = O(h®);2. We conclude by Lemma 2.14. [
Lemma 4.42. Lete >0, e I'(j if e =0and e e T} if € > 0, and suppose that e is homogeneous of
degree m with respect to §&. Then, for f € H* and ) <o < (1+¢€)r,

WEST " (P, f)° C WEZT7(f)°.

€1
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If in addition e is elliptic, i.e., for some C > 0 and |&| sufficiently large, |e(x, )| = C|&|", then
WE 17" (Pe f)° = WES 7 (f)°.
Proof. For u € R, define Z* = Pjgu. Then Z~*Z* —1d € 6-5. Therefore,
[—Z7°Z°f € HY, Pef —Pese~Z’ f € Hy " ™"+ H™,

where § = 0 if € = 0, while § = 1 if € > 0. By Lemma 2.15 and the fact that Z** are pseudodifferential
operators with elliptic symbols in § =5 we readily have

WE 7 (f)° = WEZ((Z° )%, WEST" " (Pef)° = WES "™ (P 2° f)°.

€,1
So we may assume that s = 0. Let a, b € S_% N o, such that
suppb C {a =1} C suppa C RZd\WFgl(f).

Then by Lemma 2.14, Op;’l(a)f = O(h?);2. By Corollary 4.32, Lemma 4.34, Proposition 4.26, and
Corollary 4.28,

h"™ Op, ' (D)P. f = Op;,' (BYPEf +O(h™) 12
= Op;;' (b)P! Op;; ' (@) f +Op; ' (BYP! Opy ' (1 —a) f + O(h™) 12
=O(1) 12,12 Opy (@) f + O T9) 2
=O(h%) 2,

proving the first statement. The second statement follows by a construction of parametrix. O

5. Asymptotically flat water waves

In this section we prove Theorem 1.6. The idea is to combine the analysis in [Alazard, Burq and Zuily
2011] with the dyadic paradifferential calculus in weighted Sobolev spaces. We shall use the following
formal notations for simplicity. Let w be a function on R¢ which is nowhere-vanishing. Then for any
operator A between some function spaces on R? and, for any function f on R?, we introduce the following
notations whenever they are well-defined:

AW —wAw™, W =yf

Note that (Af)™ = A™ £ For k € R, we also define by an abuse of notation
A® = gD 0 Y,

Observe that L,% = H,? is an Hilbert space with the inner product

(£ 8= g

5A. Dirichlet-Neumann operator. We study the Dirichlet—-Neumann operator on weighted Sobolev
spaces and its paralinearization. The time variable will be temporarily omitted for simplicity.
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5A1. Boundary flattening. Let n € W1 (R?), such that

6:=b+ infd n(x) > 0.
Define t(x, z) = (x, z+ n(x)) and set e
Q=171 =(-b—n(x)<z<0},
=12 =1{z=0},
T=t7'D)={z= —b—nx)}.

Let 7, be the pullback deduced by 7, then

d
7,(dx2 + dy?) = (dx dz)g( d’;)

where

<Id+(Vn) (V) Vn)
"(Vn) L)

—1 ( Id —Vﬂ >
e = t 2]
—'(Vn) 1+|Vn|

We verify that

Let V., = (Vy, 9;). Then the divergence, gradient and Laplacian with respect to the metric o are

divou =V, -u,
Vou = (Vu — Vnd.u, —Vn-Vu+ (14 |VnHd.u),
Aot = 32u+ (V — Vnd,) u.

The exterior unit normal to 92 = S UT is

(—=Vn, 14+1Vn®)/y/1+1Vnl2,

(0, 1),

™M

1o = (D) s, 1) = {
Let » € H'/2, and suppose that ¢ satisfies the equation

Axyd’:Oa ¢>Iz=10, 3,,¢)|r:0.
Then v = (7]g)«¢ satisfies
Agv=0, v|g=1Y, ,vlrz=0.

The Dirichlet-Neumann operator can now be written as

-1
v1+ |V77|2 Gy = 8nQU|§; =ng- ViV|z=0.

317

(5-1)

(5-2)

5A2. Elliptic estimate. Let xo € C*°(R) with xo(z) =0 for z < —% and xo(z) =1 for z > 0. Take the

decomposition v = ¥ 4 v, where

Y (x,2) = x0(2)e* Py (x).
LemmaS.1. LetneN, meR, n eR, keR, a € ;. Then

||a;l Op(a)l_p-||L%(RSO’H£—n7m+l/2) ,S, ||w||H,:‘
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Proof. We only prove the case where n = 0. The general case follows with a similar argument and the
identity

v =Y () @0 Py ).
j=0
Let
b(x.€) =a(x,&)(E)" ™ €Sy,
Mz, 8) = x0@)e" S (€)1 € L2282,
Then for all N > 0,

IOP@Y Il gy g2y S 1OPR) OPBIY I 2y ) + 11l -
Observe that

Op(M)™® — (Op()¥)* e L0, 12,
(Op)®)? —0p(*)™ € L6
Also note that
0 0
o(§) :=/ W (2. 8)dz = (S)/ x5 (2)e*®7dz e S}
—00 —0o0

Therefore,
10p() Op(B)Y 11725, 12) = (OP(A*) Op(BY Y, OP(BIY) 12s 1) + OV II70)
= (Op(@) Op(B)Yr. Op(B)Y) 12 + O I3, = OUIW [I7,0). O
Lemma 5.2. Forall k € R, we have ||17||Hk1 < C(”nuwl.oo)”lp”Hkl/Z.
Proof. Let H 5,0 be the completion of the space
{feC Oo(512) : f vanishes in a neighborhood of f]},
with respect to the norm

172

leell o= 1Voull Lz = (Vou, Vou) 5,

where (X, Y)Lg = f§~2 o(X, Y)dx dz. As b < oo, by the Poincaré inequality,
lull> = CAnlize)ldzull 2 < Cmllwro) llull 10

for all u € HL}’O. Let 0 < ¢ € C*®(R) be such that £(z) =1 for |z| <1, and ¢ (z) = z for |z| > 2. For some
R > 0 sufficiently large to be determined later, set w(x) = R x ¢({(x)*/R). Then (x)¥ <w(x) < R{(x),
supp Vw C {{x) = R'*}, and |[Vw(x)| < R*=D/k,

As v satisfies the equation A,v = —A, ¥, we consider ™) as the variational solution to the equation
B(®™),.)=—L(-), where, foru, ¢ € HQLO,

Bu, )= (V{u, V") 2@, Lp) = (V" y™, V™) 2.
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+1
Observe that Vé(,w ) — Vo F by, where b, = (w™'Vw, =V - w™'Vw) e L®, satisfies ||b,| <
C(Inllwreo)R™'/* We verify that L and B are continuous linear and bilinear forms on H leo. Moreover B
is coercive when R is sufficiently large; indeed,

B(g. 9) = Vol = Ibwellz, = (1= Cllnllwis) R Vop 17, (5-3)
Therefore, by the Lax—Milgram theorem and Lemma 5.1,
151y S N5 20 SNLN groye SN N S AW N e O
1/2

Proposition 5.3. Let (n, ¥) € W' x H">, k € R. Then |G|l ,,-12 < CUnllwroo) 11l 112-
k k

Proof. By Lemmas 5.1 and 5.2, v € L?((—S, 0), Hkl)ﬁHZ1 ((—=6,0), L,%). By a classical interpolation result
(see, e.g., [Alazard, Burq and Zuily 2014, Lemma 2.19]) and the equation satisfied by v, we deduce that

veCl(-8,01, H>yncl(-s,01, H '?. O
5A3. Higher regularity.
Proposition 5.4. Let (n, ) € HHH/2 % H;+]/2, where k € R, u > %-ﬁ- %l, 0<o < [M — %] Then
IGY N yo-12 = CUInll g1l yosire.
Consequently, if (n, V) € HHH/2 % ’H;:H/z’g, withd >0, keNand o —k§ >0, then

IGMYllye-1i26 = CUMN a2 1Y lly o172

Proof. We shall only prove the cases where o € N. The remaining cases follow by interpolation. By
Section 5A2, it suffices to prove that, for all o € [O, w— %] NN, there exists § > 0 such that

b€ L*((=8,0), H'THnH'((=8,0), HY).

Let N, be the corresponding norm of v, we shall prove that N, < 4-00. The case where o = 0 has already
been proven by Lemma 5.2. It remains to bound N, | by N, via a mathematical induction. Note that if
x € CX((—4, 8)), then x 97 v satisfies the equation

—AQ(XB;’TJ)—FKTJ:Ag(xafl_p)—lﬂ_b. (5-4)
where K =[A,, xd7]. Note that A, = P - P with P = (V —Vnd,, 9,), so

K=P-[P,x3°]1+[P, x2°]- P.

By an explicit calculation

[P, x071=(—x[Vn,8710; — Vnx'97, x'87).
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Integrating the following pairings by parts using v|,—¢ = 0, we have by Lemma 5.1 that
|(x 920, K)(afﬁ)LzL%I < ||P*(Xafﬁ)”LZL%”[P,Xa;]XﬁHLZL%'HlP(X8;5)||L2L%||[P,X8)?]*X5”L2L%
,SNUN(H»I,
|07 0, Kx 07 ¥) 22| S WP (007 D)l 22 10P x 07 Ix Wl 22+ POCOT Y 22 ILP X 07 T X 0l 22
Sl o172 (No+Not1),

|(X 070, =D (X YD) 2121 S IIP(XaC'v)IILszllP(Xaalﬁ)lleLzN||¢||Ha+1/2Na+1

In the above inequalities, the adjoint operators are taken with respect to LQLI%. Using again the structure
of A,, we have by (5-3) that

(X070, —Ag(x07 D)) 22 R IIP(X8"U)||L2L2 lea"f)lleLz ke ||X3”5IIH1H1 N;.
Pairing (5-4) with x 97 v and using the estimates above, for all € > 0,

N2 S Ixd%01%, 1 S NoNowt + 1W | gor12(No + Noy1) S eNZy +€ (N + W 1150512)-

HlHl ~

All the constants hidden by < are of the form C (||| gx+1,2). We thus conclude the induction by choosing
€ > 0 sufficiently small. By interpolation as in Proposition 5.3,

ve Co([-5,00, H{ T nek(-s,01, H 7).
When ¢ € ’HZ’S, we apply the above estimate to Y € Hjaf‘sj and conclude. O

5B. Paralinearization. Now we paralinearize the system of water waves. The following results are
immediate consequences of the analysis in [Alazard, Burq and Zuily 2011] and our dyadic paradifferential
calculus on weighted Sobolev spaces.

Proposition 5.5. Let (n, 10)e”;’-[‘”rl/”><3'-[§:"S withu—%eN, keNana’,u—ék>3+%. Let

_Vn: V¥ + Gy
1+|Vnl?

1/2 u—3/2—d

, V=Vy—BVn,

and ) =)\ 1,0 ¢ I‘3/2 u—1/2—-d

+T, , Where

AV, &) = VA IVDIER — (Vi-£)2,

1+ |Vn)? ,
20 (x, §) = %{V @DV +iderM . vy,
and 0
AD 4 ivy &
aV(x,8) = ——-—>~
14+ 1|Vn|
Then

Gy =Py —Ppn) —Pyv-Vn+ R0, ¥),
where R(n, V) € HMH/Z 5

We shall define w = i — Ppgn, which is called the good unknown of Alinhac.
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Proof. We only sketch the proof, for the key ingredients are already given in [Alazard, Burq and Zuily
2011]. We simply replace the paradifferential calculus in [loc. cit.] by our dyadic paradifferential calculus.
Let v be defined as in Section SA. Rewrite (5-2) as

ad?v+Av+B-Viv—ydv=0,

where o = 1 +|Vy|?, B = —2Vn, y = An. Applying Proposition 4.21, we obtain as in [loc. cit.,
Lemma 3.17],
Pod2u+ A+ Pp - Vou — Pyd.u € C([—5, 0], Hi), (5-5)

where u = v — Py_,¢ with £(x, 2) =z + n(x). Define ax =al’ +a (O)GFI’L 1/2= d—I—FO“ 3/2= dby

atd(x, 5)— ( B-££4alE]>—(B- £)?),
B 1 M) g Y
x,&) == m—ail) <185a_ Ova; (xai )

Then we factorize (5-5) as
Pa(9: = Pa_) (3 — Pa,Ju € C([=8, 01, H™).

Because Rea'"” <0, a parabolic estimate (see e.g., [loc. cit., Proposition 3.19]) implies that

1/2,8
(D1 — Pa,u)]:—0 € HY T/,

We conclude by setting A = (1 4+ |Vn|>)ay. —iVn-&. O

The proofs of the following results are in the same spirit and much simpler. Their proofs are exactly the
same as in [loc. cit.], simply replacing the usual paradifferential calculus with our dyadic paradifferential
calculus, particularly Propositions 4.22 and 4.21. Therefore we shall omit the proofs.

HM+1/25 with w — % eN, u—06k >3+ %, and define £ = 0@ 4+ ¢ ¢
, where
oo _ LHIVIPER — (V82 )
(14[Vn|»)3/2 ’
Then H(n) = —Pen + (), where f(n) e?—[z"“ 2-d/2.28
Proposition 5.7. Let (n, ) € HMH/Z > x HY 0 with p — % eN, u—38k >3+ [El. Then
V-V G 2
_|VW|_1( n-Vy + g’?)‘ﬂ)
14 1|Vn|
2u=2-d/2,28

Pr0p0s1t10n 5.6. Let n €

2,u—1/2—d ly, 3/2—d
L'oo +To0

1 2
=19 - D@,

=Pv -V —PgPy-Vn—PgG¥ + f(n, ¥),

where f(n, V) € H}

Note that in the above paralinearization results, we do not use the spatial decay of the symbols, as
we only require the symbols to be in the classes Fo o - These results will only be used in the proof of
the Cauchy theorem, where the spatial decay of the symbols is not important. Later when we study the
propagation of singularities, we will heavily use the spatial decay of the symbols.
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Combining Propositions 5.5, 5.6 and 5.7, we obtain the paralinearization of the water wave system.

Proposition 5.8. Ler (1, ) € Hi /> s HiY with i — 1 €N, =8k > 3+ . Then (n, ¥) solves the

water wave equation if and only if

(3z+PV'V+£)(z> = f(n. ¥)

(0 =P . _(1d O
L=0 <Pz O)Q, wzthQ-(_PB P.)

and f(n, )= Q" (g) € Hf:H/z x M, is defined by

Ji=Gmy —{Pr(y —Pgn) —Pv - Vn},

1V VY +Gm)y)?
2 1+|Vn|?

where

1
fr=—3IVy [+ +H®n) +Py - VY =PpPy -V —=PpGmy +Pen —gn.
2

5C. Symmetrization.

Definition 5.9. For T > 0, y € R and two operators A, B € L*°([0, T, ﬁ(],/), we say that A ~,, B, or
simply A ~ B when there is no ambiguity of the choice of y, if

A—BeL*(0,T], 6] .
By [Alazard, Burq and Zuily 2011], there exist symbols which depend solely on 7,
y = )/(3/2) + y(l/Z)’ p= p(1/2) +p(_1/2), g = q(O),
whose principal symbols are explicitly
y O = 00, pUD = (14 V) VAD, @ = (14 V)

such that
PpPr~32 Py Py, PyPe~2PyPp, Py ~3p (P)*. (5-6)

(P, O
(7 2)e

Then the first two relations in (5-6) can be rephrased as

~ S. 5-7
“(z, o) 5

where the equivalence relation ~ is applied separately to each component of the matrices.

Define the symmetrizer

-(0)

5D. Approximate system. Set the mollifier J; =P , where j, = jo = + js(fl):

JO =exp(—ey©®?),  jIV =30: D, L.

&

Then uniformly for ¢ > 0, we have
Jspy ~3/2 Pyja, ‘]g* ~0 Je.
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Let 5= 52 + p3/2 with

NSV =(=3/2) _

— (VRPN 4 Ly, G2 g p1/D)

p =—am7m P
p(1/2) p(1/2)
Then we have
PpPs~old, Py Pi1/q ~old.

. (P5J.P 0
Lo=LO ' PeP .
=£0 ( 0 Pl/quP) ¢

Let

Then as in (5-7) we have
SL <P}/ 0 ) JeS.
We define the approximate system

n

(0 +Py -V + L) (1//

> = fen, Je¥).

323

(5-8)

(5-9)

SE. A priori estimate. From now on we restrict ourselves to the case where § = % The weighted Sobolev

spaces ’H,,’f 22 ’H,’: /2 are the spaces where we do the energy estimates.

Proposition 5.10. Let (1, ) € C' ([0, T1, Hy T2 s sV with p = L e N, =% > 344 solve

the approximate system (5-9). Define

My = sup [0 9) Ol Mo =10, 9Oy,

0<t<T
Then there exists some nondecaying function C : R>¢g — Rx( such that
My < C(Mo) +TC(Mr).

Proof. For 0 < j <k, set _
Mj = sup |(n, lﬁ)(t)IIH;L+1/2—./‘/2XH;»—1/2’

0<r<T
MG =101 YOl gaese i
By [Alazard, Burq and Zuily 2011], we know
M{ < C(M{)+TC(MY).
It remains to prove that, for 1 < j <k, we have

M < C(M{)+TC(My).
To do this, let A;‘ =P u-in,and set

J

o-s()
Then
0 +Py-VI)D+ Jod=F,,
P, 0
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where F; = F! + F? + F2, with
F! = NS (Jen. Je),

F2 =3+ Py - Ve, A}S] (Z)

0 —P n n
3 Y © N
= <Py 0 ) Telty S(w) Aj ke (w)
By Propositions 5.8, 5.5, 5.6 and 5.7,

LF e Tl gy < CAUen I lygrraie,qyu) < CUGA g gy

Therefore,
IF L qo.r).22) < C(Mr).

As Py - VJ, is a scalar operator, Proposition 4.19 gives
||[al + Py - Vjsa A;'LS]”Loc([O’T]’[.]j{‘H/z*fﬂXHJ!‘*/‘/2_>L2XL2) = C(MT)9

which implies
IFZ | L qo.r).22) < C(Mr).

By (5-8), the operator

sends HHTY2 « HP to H* x H™ Unfortunately,

R:= ( 0 _PV> JeALS — ALSL,

P, 0
(0 -P, M " 0 —P, _ n
_<7>y 0 >J8[A ,S]+[S£8,Ak]+<(7>y 0 )Jgs ch)Ak
=: (I) + (II) 4 (I10)

does not send Hj“ /27002 Hj” /% 0 L2 x L? because the subprincipal symbol cannot be canceled out
in the symbolic calculus, due to the existence of A;TL . Particularly, we need to use Proposition 4.19 to

estimate the commutators [A*, S] and [SL,, A;‘ 1, and obtain

1<)
14
More precisely, the first term on the right-hand side comes from (I) and (II), while the second term comes

from (IIT). When j > 1,

ijil—j/z « I_I]fiﬁil/Z—j/z _ Hj/¢_—i;1/2—(j—1)/2 « Hju_—l(j—l)/Z 5 ,H];:H/z,l/z « ,H;:,I/Z,

SO Y grevi-ir gusiz=in + 10 Y guin-in gu-ir.
L2x 2 J—1 j=1 J J

and we deduce that
1F2 Nl o,71,22) < C(M7).
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Finally by the exact same energy estimate as in [Alazard, Burq and Zuily 2011], we conclude that
M7 SRl pesqo.71.22) < C(MJ) + T C(My). O

SF. Existence.

Lemma 5.11. For all (ng, ¥o) € ”Hfﬂ/z’lﬁ X 7-[,’:’1/
& > 0, the Cauchy problem of the approximate system (5-9) has a unique maximal solution

z,where,u—%ef\landu—]%>3+%,ana’,f0rall

(e We) € C([0, To), HIT212 o gyi112),

Moreover, there exists Ty > O such that

inf T, > Ty.
e€(0,1]

Proof. Following [Alazard, Burq and Zuily 2011], the existence follows from the existence theory of
ODEs by writing (5-9) in the compact form
0 X = Fe(X),

Hy A2 Hy 12 Indeed, J, € 0, > is a smoothing operator.! The

where F; is a Lipschitz map on
estimates to proving the Lipschitz regularity can be carried out much as in the proof of Proposition 5.10.
The only nontrivial term that remains is the Dirichlet-Neumann operator, whose regularity follows by

combining Proposition 5.4 and the shape derivative formula (which goes back to [Zakharov 1998],

(dGm. @) = lim %(G(n +he) =Gy = -G (Bp) =V - (Vo).

A standard abstract argument then shows that 7, has a strictly positive lower bound, we refer to [Alazard,
Burq and Zuily 2011] for more details. g

Proof of Theorem 1.6. By Lemma 5.11, we obtain a sequence {(7:, ¥¢)}o<s<1 Which satisfies (5-9) and is
uniformly bounded in ([0, T, 1 />12 5 341/2) for some T > 0. By (5-9), the time derivatives
{(8ne, W) }o<e<1 are uniformly bounded in L([0, T1, ™ "'/% x 34~3/%1/2)) By [Alazard, Burq
and Zuily 2011], there exists

(n,¥) € C([0, T, H*1/2 x H™), (5-10)

which solves (1-5), such that as € — 0, we have (1., %) — (17,%) weakly in L([0, T'], Hfﬂ/z’ 12 x?—[,’f’l/z),
and strongly in C ([0, T, ’H,’:_l’l/z X 7—[,’:_3/2’1/2). We then prove that, for 1 < j <k,

n
=01, ¥) = A S, w)<w)
lies in C([0, T], L?), where A} is defined in Proposition 5.10, and S = S(n, ¥) is the symmetrizer. Up
to an extraction of a subsequence, we may assume by weak convergence that
(1. %) € L0, T], HITV/212 5 i 112),
@y, ) € L0, T), HL™1Y2 s = ¥/21/2

IWe do not need J; € fi’__gg because the operators such as Py - V, L, etc., are all of nonpositive orders with respect to the
spatial decay.
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with

||(77» vf)”LOO([O,T],’H]':+1/2’1/2x?—[f)ﬂW'voo([O,T],Hgil’lﬂ><’H£H3/2) = C(||(770’ K[IO)HHZAUZJ/ZXH;:J/Z)-

H;:H/z,l/z o ,Hg,l/Z

This already implies that (n, ¥) is weakly continuous in . By the analysis in the

previous section,

0 —-P
-V)o Y1d=F
(0 +Py - V) +<79y 0) ,
with

1 F Nl Lo, 71,22) < C (I (no, W0)||Hg+1/2,1/szg,1/2)-

Let J, = Op, (e""'z_'s‘z). Now that e~I¥P=h*E1* ¢ Sg, we have the commutator estimate
[ Py -V1=0)0, [y Pyl = O(D) .

Because k > 1, by the same spirit of estimating R in Proposition 5.10, we obtain the energy estimate
d
S @I < CUG0. Y0l ).

Therefore, ¢t — ||J, P (¢) ||i2 are uniformly Lipschitzian. Consequently, by the Arzela—Ascoli theorem,
t— || D(t) ||%2 is continuous, because J; ® — ® as 7 — 0. Combining the weak continuity, we deduce
by functional analysis that ® € C ([0, T], L?). By (5-10), the paradifferential calculus, and the definition
of &, we deduce that

(1. 9) € C([0, T1 1y /212 st 1V2),

Thus we finish the proof of Theorem 1.6. O

6. Propagation of singularities for water waves

6A. Finer paralinearization and symmetrization. To study the propagation of singularities, we need
much finer results of paralinearization and symmetrization than Propositions 5.5 and 5.8 so as to gain
regularities in the remainder terms.

Proposition 6.1. If (n, ) € HM Y2 5 HE with p — % eNand n >3+ %, then there exists A =
AD A0 e mrm12=d gyeh that
Gy =Pr(y —Ppn) —Pv-Vn+ R, ¥),

where R(n, ) € H**~X=4/2 for some K > 0 independent of the dimension d. Moreover \Y=7, when it
is defined, is a function of derivatives 3% n, where |o| < 1+ j.

Proof. This theorem follows by replacing the usual paradifferential calculus with the dyadic paradifferential
calculus in the analysis of [Alazard and Métivier 2009]. In that work, the explicit expression for A is
given. We write it down for the sake of later applications:

A= (1+|VyPas —iVn-&,
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where a1 = qu aﬁ_L]) e x1#=1=d/2 i5 defined as follows. Setting ¢ = 1/(1 +|Vn|?), we have

V=icVn & —VelgR—(cVn-§2, ) =icVn-&+elg — (cVn-§)2,

4O iaga(_l) . 8xa5r1) — cAna(_l) FON iaga(_l) -axa( cAna(l)
- = 20 _ D ’ + = 20 _ D
+ - - +

)

Suppose that a(j are defined for m < j < 1. Then we define

1
(m D _ a (k) pa (€)
- D _ a0 Z Z Z o dea-"Dray’,

ay m<k<lm<(<l |a|=k+L—m

"Srm_l) — gD,
The principal and subprincipal symbols of A coincide with the ones given by Proposition 5.5. U

Proposition 6.2. Let (n, V) € HHMH2 5 HI with % —% eNand u >3+ %. Let A* = P(},(a/z))zm, and set

w=A“US<n), U=(_l: 1).
) il

0,u—1/2-2—d 1/2u1/22d

Then there exist Q € Mayx2(Xy
independent of the dimension d , we have

)and § € X, such that, for some K > 0 which is

. 1 0 i 1 —1 _K—
@+ Py -V +Pow+iP, (O _1)w+5g7>¢ <1 _1) € HIKdr, (6-1)

Remark 6.3. Because y in the definition of paradifferential operators is an even function, we verify that
A, Py, Py, Pp all map real-valued functions to real-valued functions. Therefore,

w = (“) with u = A™(—i, 1)5(3) = A*Pyw—i A*P,n, (6-2)
u
recalling that w = ¢ — Pgn is the good unknown of Alinhac.

Proof. Combining Propositions 6.1 and 5.8, and moving the term g7 to the left-hand side,

0
(8t+Pv-V+£)(n)+g( >=f(n,w),
v n

fa. ) =07" <2) € gt1/2-K—=d/2 o g2n—K—d/2

where

for some K > 0 and

fi=Gmy —{P.(¥ —Ppn) — Py - Vn},

1 (V- VY +Gmy)?
fr=—3IVUP+5 oo

+Hm) + Py -V —PpPy -V —PgGy¥ + Pen.
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Given two time-dependent operators A, B : . — ./, we say that A ~ B if
A—BeL®(0,T], 6,5,

By the ellipticity of y®/2, pU/2) and ¢©, we can find paradifferential operators A" and § by a routine
construction of a parametrix such that AMAR ~1d, SS ~ Id. We can find ¢ ex~l2n-l/ 2-2-d ith
principal symbol ¢1/2 = ¢ @ /p(1/2) which implies (note that the only nonzero entries in the following
matrices are in the lower left corners)

00 00
AFS — AF ~0.
(. ) as=ats (1) -0

Then by (5-7) and the fact that the Poisson bracket between the symbol of A and y vanishes, we find
by the symbolic calculus two symbols A, B € Mo, (X%#~1/2=2=dy guch that

A:=[0,+Py -V, A*S]~ [0, + Py -V, A“SISA*A*S ~ Py A"S,

B:= 0 =Py AMS — AHSL ~ 0 =P — AMSLSAM)ARS ~ PgAMS.
P, 0 P, 0

In fact, by Proposition 4.19, the symbol A is a finite sum of symbols which is given by the symbolic
calculus of the operator [d; + Py - V, A* S]EIN\“, whereas the symbol B is given by the symbolic calculus

( 0 _PV) — ARSLSR™.
P, 0

of the operator

Clearly A is of zeroth order. The reason why B is of zeroth order is the condition (5-7) according to
which we constructed the symbols y, p, g.

Let ® = A“S(Z), and write
0\ (0 0\ (7
()=o) ()

0 —-P 00
0 +Py-V)D R OG=P,O+Ppd+F,
0 +Py-V) +(79y 0 ) +(g77§ O) AP +Ppd +

we obtain by the analysis above that

where

0
) —Parpd+ ( 0 O) o —gA“S( ) + A*Sf(n, ) e HF K472,
gP: 0 n

v(p o) =i(75,):
1L (P =P
)U _2(734—7% ’

0=-iuA+BU". O

n

F=(A+B
( )(w

Finally, observe that

We conclude by setting
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Remark 6.4. By Proposition 6.1 and the symbolic calculus, the symbols that we have encountered, such
as A, ¢ and Q etc., are of the form a = a”™ 4+ a™~D ... such that a7, whenever it is defined, is a
function of (Vn, ..., V/*!p). To be precise a7 = fitvn, ..., Vitly, &), where fj 1s homogeneous
of degree m — j in & and £0,...,0,8)=[&]", £;0,...,0,6)=0for j > 1. Note thatif n e #; *'/>'/2,
then forall j < pu+ 3 —d, we have Vine ’H”H/z_“/z. Therefore, by Lemma 4.15,

an c Wmm{lz(qul/Z j—d)/31,k},00 n <x>—min{2(u+1/2—j—c?),k}Loo, (6-3)
and consequently
(m—j) o pm=1j.0 )
—&1" mm{2u. 1—2d.4.00 ¢ € F—min{2u—l—2j—25,k},0' 6-4)

As another consequence of (6-3), we also have

a(m) _ |S|m c Fm,min{[Z(u—1/2—d)/3],k}

’

{2(n=1/2—j—d)/31.k} ©-3)
( ) m—j,min{[2(u— j
"elly

m—j,min{[2(u—1/2— d)/3] k}— ]
—j1

Lemma 6.5. Let u be defined as in (6-2). If (n, ) € HMY2Z 5 HI with ,u—% eN, then, for 0<o <reN,
withr<,u—%—l—c?,

cr

o o 1/2 o o
WES (u)° = W27 ()° UWFS T (9)°.
If i, 9) € HET2 s Hl with k < 2(u—1—d), then, for 0 < o < 3k,
WFlo'/z’l(u)o — Fll/l}‘gll/z-‘rd (77)0 UWF[/L/;‘UI ('(//')o,

Proof. Clearly if n € H*+1/2 then (y G/2)2/3 e Tir pU/2) ¢ rl/%f, g e Ber% . By (6-9), if
ne H’Hl/z then (y G/2)21/3 ¢ F“ * p/2 ¢ F1/2k q© e FO 1» B€ Fg’]f. By Lemma 4.42 and (6-2),
forelthere_Oore_é, ’
WEZ (1)° = WEZ (A" P,n)° UWEZ | (AP, (Y — Pgn))°

— WF;H—I/Z—HT( ) UWFMJrU(Iﬁ _ ,PBn)o

C WESTV259 ()2 U (WELT7 (w)° UWE T (Ppin)°)

C WF"“/”“(m U(WFL? ()° UWF““’(n)")

1/2 o
= WE/ 247 ) UWELY? (y)°.
Conversely, as WF:TU (Ppn)° C WF, “+1/2+G (n)°, we have

WFé;ﬁ&-l/Z-ﬁ-a(n) UWFM+U(1ﬂ)O
=WF£?_1/2+0( ) U(WFM+U(W) \WFM+1/2+¢7( )0)
= WE 257 () U (WL ( — Pan)*\ WELT 277 ()°)
= WE/ 2 () UWEL? (p — Ppm)°

= WF?, (u)°.
The lemma follows. U
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6B. Proof of Theorem 1.7. By Lemma 6.5, it is equivalent to prove the following theorem.

Theorem 6.6. Under the hypothesis of Theorem 1.7, let u be defined by (6-2), and let
(x0. &) € WEJ)5 1 (ug)°,
with) <o < % — % Let ty € [0, T], and suppose that

X0+ 3t1€o]~*& #£0
forallt €0, ty]. Then
(x0 + 3t0l&01~"/*€0, &) € WF{)5 1 (u(t0))°.

X' =>"H
keZ

By Lemma 2.15, if f € X", then WF}, ,(f)° = @. Also note that if f € X" and a € % then
Pof e X' Ask <2u—d,wehave V € H,’f C (x)KHH*=K/Z  (x)=% L, which implies

Proof. For v € R, define

Py-VwcCcPyH ' c H ' c X"

By Remark 6.4, particularly (6-4),

J min{pu—1—d, j+k/2} k/2
Pow € Z ~Hmin{2u—l—2j—2¢§,k} C Z ~X c X

j<p—d j<pn—d
Similarly
_ j=3/2 k/2-3/2
Pyw —=Pprw € Z ) Hmin{Zp,—l—Zj—ZJ,k} cX ’
j<wu—d
_ j+1/2 k/2+1/2
Prw = Pig-1pw € Z ) Hmin{Zu—]—Zj—Zc?,k} cX :
j<p—d
By the hypothesis on m, we thus obtain
1 i 1 -1
dyw' +i| Dy |2 (0 _(1’) w + Egmxrl/2 (1 _1> w' e X¥27302, (6-6)

where w’ = 7(D,)w, and 7 € C®(R?), which vanishes near the origin, and equals 1 outside a neighbor-
hood of the origin. Moreover, we require that suppsr C {7 =1} such that 1 —7 € C° (RY) and 7 () =0
if |£]? < |g|. Observe that the matrix

1 0 8. .. _ 1 -1
#1132 g 1/2
M =] (O _1)+2|5| (1 _1)

is symmetrizable when restricted to supp . Indeed, let

p_ L[ 1+0 1—-6
—2\—a-0 —a+6)°
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where 6 = \/ﬁ(é) -(gl€1"2+1). Then P € ﬁg. For & € supp wr, we have

—1 _£13/2 10
PMP™ =& 9(€)<0 _1).

- , u Reu +if(Dy)Imu’
w=PDy)w =P(D)| =)= . )
u’ —Reu' 4+i0(Dy) Imu’

Set

where u’ = 7 (D,)u, then

) 10\ . _
9 + | Dy |>*0(Dy) (0 B )wexk/2 02,

1
Finally, let v =Reu’ +i6(D,) Imu’. Then WEY), 1 ()° = WF{), 1 (v)°, and
3V + | Dy ??0(Dy)v € XK/273/2,

We are left to prove that if (xg, &) € WF{’/Z’1 (v(0))°, then

(0 + 1010|280, £0) € W[ (v(t0)).

Because 6(£) ~ 1 in the high-frequency regime, a proof similar to that of Theorem 1.4(1) yields the
conclusion. g

6C. Proof of Theorem 1.9.

6C1. Hamiltonian flow. Let ® = @y : R x ([Rd\O) — R4 x (R4 \0) be the Hamiltonian flow of

(Vo - £)? )3/4

—,,6/2 ez _
H(x’é)—)’ (O’X’é)_(lg| 1+|V770|2

That is
05Dy (x, &) = X (Ps(x, §)), <Dls:O=Id[Rd><(Rd\0)a

where Xy = (0 H, —dx H). We use s to denote the time variable in accordance to the semiclassical time
variable in the following section. Observe that:

Lemma 6.7. For (x, &) € RY x (R?\0), we have
D(x,8) =Gy, (x,6)(x, &),
where G is the geodesic flow defined in Section 1C5, and
p(x.§) = %/0 G(®, (x. )" do.
Proof. We have Gy, (x.6)(x, &) = Go(x,§) = (x, §) = Py(x, §). Then observe that

H(x,&) =G(x, &)Y =01 (5,8
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Therefore,
Lo o= Sowo(S6) w8
ds Psxs ’ ds ’ ds @s(x,€) ’
= 3G (G0, )X GGy (x, §)
- XH(g(ps(x,S)(xv 5))
We conclude by the uniqueness of solutions to Hamiltonian ODEs. (|

Lemma 6.8. Suppose that, for some € >0, Vng € Wlo/’;ie, V2o € Wlofeo. Let (xo, &) € R? x (R?\0)

such that the cogeodesic {(xs, &) = ®s(x0, £0)}ser is forwardly nontrapping. Set
3 (° _
is = Xs — X0 — b} / 1o 1/250 do.
0
Then there exists (2100, £400) € RY x (R4\0) such that

sLiToo(Zs’ &) = (24005 §4c0)-

Consequently, by Lemma 6.7, let (x, &) = G(x0, &), and then

Proof. Because {(x;, &)}ser is forwardly nontrapping and we only consider the limiting behavior
when s — 400, we may assume that &g := || (x) V219l L~ is sufficiently small. As Vg € L>, we have
H(-,&) >~ [£/*. Then

Ly £ = A H (x5, 6) & — xy -0 H (5, ),

where
_3 _3 ~ 15.13/2
aSH('X_SW %‘S) '%.S - ZH(X_SW SS) - ZH(XO’ %‘O) - |$0|
and
O H (x5, &) = TH(xy, )P0, G (xy, &)
_ 2V770 . Ss 2(V770 : %-S)Z )
_3 1/3 2 2
= 3H(x,, T2y AL S v
i (x5, &) (1 T |V770|2 n0és 1+ |V770|2)2 1o vV 1o .
Therefore
Xs - 0 H (xy, &) = O£ 1?) = O(el&l),
and consequently,
d
3 s &) 2 16 (6-7)
So, for any bounded set B C R4,
E|:(x, B xR?, H(x, &)= H(x,
Ms>0:x,€B)< sup{|x-&]: (x,&) € B x (x,8) (x0, &0)} < sup |x|<$0>_1/2’ (6-8)

[HIRE xeB

where X is the Lebesgue measure on R. Let

E(x,§)=H(x,&) — g%
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Then by the hypothesis of the decay of no, we have E € Fi/ 12;16’0. By the definition of z;, we have

%(Zm &) = (8gE, — 0 E) (x4, &) = O((XS)_I_G),

where we used the conversation of H (x;, &) to deduce the boundedness of &;. By (6-8),

[ele] 00 1
/ (x,) "€ ds = (1 +e)/ f0(s >0 ()" > 1) dr 5/ V12— 1dr < 0.
0 0 0

Therefore, for any 0 < s~ < sT with s~ — 00,
st

|(zg+, Es+) — (25—, &) 5/ <X(;)717€ do — 0,

N

implying that (x;, &) is a Cauchy sequence as s — o©. g

6C2. Construction of symbol. For h > 0, and h'/2s < T. Set
Hy (s, x, &) =y (n's, x,8),

so in particular H (x, £) = Hy(s, x, £). For h > 0, the semiclassical time variable s = h=172¢ was inspired
by Lebeau [Lebeau 1992]; see also [Zhu 2020] for an application in theory of control for water waves.
For a € C®([0, h~1/?T) x R*), set

& a=da%{Hy, al.

Lemma 6.9. Suppose that, for some € > 0, Vi € W{)/gie, V2 € W{)feo, V3no € Wé)/’gie. Let

(x0, &) € RY x (Rd\O) such that the cogeodesic {(xs, &) = P (x0, &0)}seRr is forwardly nontrapping. Then

there exists so > 0, K > 0 and
xE € WP Rag, TH K- AW (R, Sy>) (6-9)
in the sense that i )
IN“E= ) ey + INTE 7@ x5 Loy < +00,

and satisfies the following conditions:

(1) x*(0,x,&) € S_ is elliptic at (xo, £&).

(2) Forallty>0, x=(s, <X, £) € 8= is elliptic at (310|&c0] ™/ *&00, L&) for sufficiently large s.

) If Q is a neighborhood of (%tol";'oo |~12¢&, :I:Soo), then x* can be chosen such that

supp xi<s, tix, é) cQ
0
for sufficiently large s.
Moreover, if (n, V) € %,’fﬂ/z X ’H,‘: with u >3+ %’ and m > 2, then
LiEaF € 1210, V2T, ()K=t

and
ghi,sxi = O(hI/Z)Loc([O,h—l/ZT]’(x>—lTu—K—J—l)- (6_10)
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Proof. Let ¢ € C°(R?) such that

(i) >0, ¢(x) =1 for |x| < J and ¢(x) =0 for |x| > 1, supp¢ = {|x| <1},
(i) x- Ve (x) <0 for all x € RY,
(iii) y- Ve (x) =0 for all x, y € R% with x - y = 0.

Such ¢ can be constructed by setting ¢ (x) = ¢(|x]|), where ¢ : R — R satisfies 0 < ¢ <1, ¢(z) =1 if
=< 1 , 9p(z)=0ifz>1.For p >0, § >0, A > 0, v > 0 and sufficiently large s > 0, set

~+ _ X — X g:ng
LS = ¢( pAds )¢(p(8 —s—v>>'

We verify that fojfs )Zi(s, -) >0 for s > 0 sufficient large. Indeed,

goiii(&x,f)=<:|:8€H(x’$)_a$H(xs’q:5S)—x_xs)V¢<x_x3>¢( EFE, )

PASS PASS? PASS p(8—s~")
Oy H (x5, F&5)—0, H (x,8) §FEs X—Xs EF&s
+<i p(6—s") _”ma—sV)zsv+1)¢(pA5s>v¢(p<a—sv>>‘
By (),
su pp¢( Mx ) C{x eR?: |x — x| < pAds},
SUPP¢<(8T—ES_V)) ClEeR  EFEI<pG—s"))
s d.1
supquS(W) C {x ERT 1 5pAds < [x — x| < p)L(Ss},
supp V¢(%> CleR": 3p@E—s ) <EFE&I<pG—5"]

By Lemma 6.8,

3 (% - 3 -
to=x043 [ 16l do 2= Jlel e 006)
0

Therefore, by writing
_3 —1/2
if. s _(*—500l8] Eoo+0(1)) (§:F§oo+0(1))
g (s’rox’g)_(/’( proto N o= )

we see that Xi(s, %x, S) is elliptic at (§t0|goo|—1/2§oo, iéoo) for sufficiently large s. Moreover, if pAd is
sufficiently small and s is sufficiently large, then

supp¢< )C{xeRd x| 2 s}.

ASs
Therefore, by the hypothesis on 19, we have, for (x, ) € supp XE (s, ),

2 —2—€ —3/2—¢
V2H VV§H>( 5 — <O(s ) OC(s ))’

2 —
VXSH(X"‘:')_(VEVH \ O(s™327¢)  0()
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and consequently, by the finite increment formula,
|9 H (x5, FE5) — 86 H (x, §)] S 5727 — x| + € F &I Ss7 /2 pr8 + p8,
|90 H (x5, F&) — 0 H (x, £)] S 872 o — x| 4+ 573278 F&| < prds ™' 7€ 4 pss™3/27¢,

By (iii) and the estimates above,

(9 H (x, &) — 0 H (x;, F&,)) - V¢(%)

.x_-xs x_xs
=@gﬂmgy—%Huﬁ$&D-Ejaﬂﬂx—%yv¢(pms)

— O3 s D (x —xy) - Vo [ T2 ),
PASS

(3 H (xs, F&,) — 0 H(x, £)) - w(is“_v)
p(6—s)

EFE& §FE&
— (0 H (xs, TE,) — 0 H(x, £) - 0V 2 FE
(3 H (. ) — 0 H . ) L2 (6 5 6) ¢(p(8_s_v))
= O0s1 45 F £, - v¢(i‘§“_).
PG —s)

Finally, we fix 0 < v <€, § > 0. Then, when X is sufficiently large, and s > so — 1 > 0, with sy being
sufficiently large, by (ii),

Loe LFOGTVP4Th X — X, EFE
Lo, X" = PASs? x=x)- V¢ PSS ¢ p(8—s7Y)

v = OR)s X — X EFE,
~ sy (ézpss)-qs( s )w(m) >0. (6-11)

We verify as in Lemma 3.2 that
e WOR(Rag, S, L5 7T € WOR Ry, T 5.

We then choose p > 0 sufficiently small such that pA8 is small and that supp x = (s, £x,&) CQ when s
is large. Next, we set, for s > s,

XT(s, X, E) = 75(s, x, 6).

To define x* for s < s, we choose p € C®(R) such that 0 < p < 1, p(s) =1 for s > s9, and p(s) =0
for s < sg — « for some small « > 0 to be specified later, and solve the transport equation on [0, sg],

Lo x5, X, 8) = p() Ly X (5, %, 6), x50, x, &) = X (s0, x, §).

Because the vector field involved in the definition of .,%Oi is in WH—K—=d-% yith respect to the x-variable,
we deduce that x* € W (Rso, T#~K=9) and thus x* satisfies (6-9). Clearly

LT =0. (6-12)
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Moreover, because

XT(8, %, 8) = X (50, Putgms) (%, §)) — f p(0) L5 7 (0, Pi(o—s)(x,£)) do,

if we choose « > 0 sufficiently small, then

50

KO0, 80 = F G0 X ) — [ 9@ 70 ) do
S0—0t

:l: ~
> 11— 1%, %70 %o £ L1 (150—aso)) > O-

Therefore, x*(0, -) is elliptic at (xo, £&).
To estimate Zfs x*, we use

Hh(S,)QS) _HO(SJC,S) = H/’l(s7x7s) _H/’l(07x7 S)

S S
= / (3 Hy) (0, x, &) do =h!/? / By )0, x, &) do,
0 0
and write
L X (s, ) — Ly x T (s, ) = £{Hy — Ho, x*}(s, )
s
:j:hl/zf (0P %0, ), x*E (s, )} do.
0

Observe that

V- 2\—1/4 Vn - Vn- 2
79 =3 (1P = ) (s VO € = VG Vi)

1+1Vn|? 1+4|Vn|? (1+[Vnl?)?
By hypothesis and Proposition 5.4, VG (n){ € H,’j_z’l/z C H2’k3 as k > 2. Therefore,

oy P e L0, h7PT), TSR,
Using |x| ~ s on supp Xi(s, -), we have, uniformly for all s € [0, h=127],
(sMay P (' Po, ), xF (s, )} € L0, 2T, (x)~tpr K4ty
Therefore,
A
ghﬂ,:sxi(s’ ) - gozfzsxi(s, ) = :l’:h,l/2<s>_1 /.‘ O(l)Lm([o,h,lﬂT]’<x>,1Tﬂ,K,j,1) dO’

= :l:hl/2<s>_lO(s)<x)—l'ru—l(—d—l

- O(hl/z)(x)—ly‘u—l(—cifl ’
which, together with (6-12), proves (6-10). Il

6C3. Propagation. Now we prove Theorem 1.9. By Lemmas 6.5 and 6.7, it suffices to prove the following
propagation theorem for u defined as in (6-2).

Theorem 6.10. Under the hypothesis of Theorem 1.9, let u be defined as (6-2). Let

(x0, &0) € WFg ; (u0)°,
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with0<o < min{(,u—K—a?)/Z, 3k/2} for some K >0, such that the cogeodesic {(x;, &) = Py (x0, £0) }ser
is forwardly nontrapping. Set

oo = lim &.

§—>—+00

Then, for all ty € (0, T], we have

(3101€0] ™" %00 £00) € WEY)5 | (u(10)).

Under the semiclassical time variable s = h~/2¢, (6-1) becomes

, Py 0 ih'/? 1 -1
@5 +h'PPy -V +h'PPo)w +ih'/? ( o _p >w+Tg7D§ L) =F=00 )
4

for some K > (0. We define Eﬁ’, which applies to time-dependent operators A : . — ./,

1 0\ i 1 -1
cfA=asA+h1/2[Pv-v+7>Q+iPy (o _1)+%P§ (1 _1>,A].

We also define .2, which applies to symbols of the diagonal form A = (A(; AO,):
ZEAT 0
h h,s
A= ' _ .
‘:ZX < 0 "gh,s A_>

Proof of Theorem 6.10. We shall from now on write p = u — K — d for some sufficiently large K > 0,
also define I, = [0, h~1/2T] and

o0
Y, =L> <1h, Moo (Z thP—f))
j=0

for simplicity. More precisely, a symbol A, = Z?:o hi A{; ey, }f if

sup sup Np_j(A{;) < +00,
he(0,1] s€[0,h~1/2T]

where the norm N*~/ (A{;) is applied to every component of A{;. Choose a strictly increasing sequence
{Aj}j=0 C[1, 1+¢€) with € > 0 being sufficiently small. Define x ji as in Lemma 6.9, where we replace ¢
with ¢ (- /A;). Then

supp x;° C {xj5, > 0}

J 0 in .

We shall construct an operator Ay € L (I, L? — L?) such that:

for all j € N. Set

(1) A, is a paradifferential operator; more precisely, there exists
Ay € WhPRso, YA N W2 (R-y,, Sy ™)

for some sy > 0, such that

h o AZ_ X
Ah - PA/, = O(h )LOO(Ih#LzﬁLz), Ah - O A7 .
h
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Moreover, we require that

supp A,jf C U supp in.
Jj=0

(2) AX(0, x, &) is elliptic at (xo, =£0).
3) Ahi(s, X, £) € SZX is elliptic at (%to|§oo|*1/2.§oo, £x0) for s > 0 sufficiently large.
(4) [,I;Ah Z O(hp)Loo(Ih,LZ_)LZ).

We shall construct A;, of the form
2p

A = Zhj/Z(iji’
Jjz0
where ¢ € P;, recalling the definition (3-6), and .A,j; e L®(I,, L> — L?). We begin by setting
0 h h 0_
A =Py )Py, ¢ =1

Therefore, by the symbolic calculus, Lemma 6.9 and Corollary 4.32 (observe that the symbol of .A2
belongs to op, and that y is a sum of homogeneous symbols),

. I 0
85A2 +h1/2 |:le (0 _1> 5 ./42] = 27’7)/,:05(4/,)(0 +h7)£22 + O(hp)Loo(lh’LZ_)LZ)

for some symbol b?l such that (x)b2 € Y,f . This (x) factor comes from the spatial decay of d, ¢y . Moreover,
we have supp b2 C supp xo, which implies (s)b2 € th . Similarly,

W P[Py V. A1 = h' PPy + Oh°) 1y, 12 1),
where (s)b} € Y/, with suppb} C supp xo. Be careful that, because Q and P; (} j) are not diagonal

matrices, their commutators with Ag do not gain an extra A, for the principal symbols do not cancel each

other. So, ' o P
W2 [Po, Ayl =h' PPy + O 1oy, 12 12),

1 -1
h'/? [P; (1 _1> : Ag} =Py +Oh") 1oy, 12> 12),
where (s)bﬁ, (s)bz € Y,f, with supp bﬁ U supp bz C supp xo- By Lemma 6.9,
X0, x0 = h' by,

where (s)b2 €y, }f , with supp bi C supp xo- Therefore, combining the idea described above (3-10) and the

paradifferential Gérding inequality (Lemma 4.40, where we take € = 1),

h 1 1/2.4 1/2h 0
PXO»thXO h Pb2 Z h pbi + O(h )L2—>L2

for some bfl € Y} with supp bfl C {x1 > 0}. In fact, choose c;, € L*(Rxo, S, *°) such that

suppa, C {c, =1} Csuppcy C supp xi-
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Then, for all v € L2, we have

(V. (P, = 1P Ppd0) 12 = (Peyv. (Py ) — W2 P Po,v) 12+ O(h)

> —Ch'2| P, vl7, + Oh?).
Therefore, it suffices to choose bfl such that

be, —CP: P, = O(hp)LOO(Ih,U»Lz)»

h

which can be achieved by Propositions 4.26 and 4.27. Set

o = (s)(bh +bp +2b} +2b)) € Y2, BY=(s)(B)+b)) €Y.
Then

LAY = h' 2 (s)7' P,

a0 +h1/280 + O(hp)LOO(Ih,LzeLz)-

Suppose that we have found A{; e L1y, L? > L2), <pj € Pjfor j=0,...,£—1, and we_l e Py,
ap B e P, with
suppa, ' Usupp B~ C {x¢ > 0},

such that
-1

= (Z hj/Z(ij;;) z k2 <S>_1W_lP(f:;‘f*Urhl/Zﬂ,f*1 +ON?) Loty L2 L) (6-13)
j=0

Then as in the proof of Theorem 1.4(2), we set
N
9'(s) = / (1+0) 'y (o) do, Aj=Cip'Pl,
0

where the constant C, is sufficiently large, such that by Lemma 6.9, in the sense of positivity of matrices,

Co. L @' x0) = Co(l+) " " xo + Cep' 2 xe
> <S>—lt//€—la]€fl +(p£h1/2<s>—1/§fl

I

for some Bfl ey }f . By the paradifferential Garding inequality, and a routine construction of a parametrix,
we find &} € Y/, with supp &}, C {x¢+1 > 0}, such that

> h(s)~'P"

h —1ph
P {s) Pw—la,‘j#hl/wﬁﬁ— W +e

_ P
Ce ;i (9" x0) og F O =21

Similar to the estimate of Ag, by a symbolic calculus, we find gfl, Efl € Y,f , with

supp &y, Usupp B, C supp xe
such that
hogt h 12, 00—1 ¢
LA, = P25t +h'2(s) Pot gy + Oh”) o1y, 12— 12)-

Summing up the two inequalities above,

h 4t -1 l—1ph 1/2; \—1ph
‘CsAh - <S> K/f PO‘I(;] Z h <S> Pqﬂ(gi-i—/éﬁ)-i-h1/2(1ﬂ[71+(ﬂl)d,§+h1/2<ﬂeéﬁ + O(hp)Loc([h,LZ_)LZ). (6-14)
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Therefore, combining (6-13) and (6-14),
¢
zy (Z hf'/%ofA;,> > KD TP g + O 1oy, 12 1),
j=0
where
w[—l
w@

Thus we close the induction procedure.

) ¢ 3 1y ot ¢
B+ 2w+ . ﬁ£=”—e‘”ah+%éi-

l -1 l 4

To finish the proof, suppose that
(31018001 ™" * 600, E0c) & WF[)5 1 (u(10)),
(3101€c0] ™" %600, —E00) & WE{)5 | (u(to)).

By Lemma 6.9, we can choose ¢ such that, for sufficiently small 2 > 0,

1/2,0
supp 0, /1 lymp-v2i © R\ WEJy | (u(t0)).

1/2,0 — —
SUpp 0, /1 1 =12 € R\ WE), | (u(t0)).
So by Lemmas 4.34 and 2.14,
(Apw, w) 2 lg—p-1724, = O(W*).
By our construction, (pe (0)=0forall £>1, so
Apls=o = A} ls=0 = (P )* P} ls=0.

Because Fj, = O(h'/?) s, we have, by Lemma 2.15, that A, Fj, = O(h**'/2),,. Therefore, by (4),

12 B2
||'P)}<l0w|s:0||iz =Re(Apw, w)p2ls=p-1/24 — /0 Re(ﬁ?./lhw, w)y2ds — /0 Re(A, Fy, w) 2 ds
<OM*) +Oh’~1?) = 0(*).
Observe that xo|s—o is of compact support with respect to x, and we have

Plolecs = Tfy + OP) 2 12,

Xols=0

where
0
Brn = Z Vjxols=ofn¥j € thT”_J
j=0 j=0
is a finite summation. By Lemma 4.41 and (6-5), we conclude that, if (xo, &) ¢ WF& (o) provided
o< %r, where

r=min{[3(u—1—-d)] k},

then under the hypothesis of theorem we have r = k. O
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6D. Proof of Corollary 1.10. The case when d = 1 is trivial. For the second case, we shall prove that,
on any cogeodesic {(x/, &)}rer,

lim x,-& = oo, (6-15)

t—+400

so no geodesics can be trapped. The proof of (6-15) is almost finished by the proof of Lemma 6.8. Indeed,
similar calculations imply

L0080 2 160l

List of notation

WE#(u) wavefront set

WFa’f o (1) quasihomogeneous wavefront set

Op(a) pseudodifferential operator

Op, (a) semiclassical pseudodifferential operator

Op‘;’p (a) quasihomogeneous semiclassical pseudodifferential operator
T, paradifferential operator

P dyadic paradifferential operator

7?(’} semiclassical dyadic paradifferential operator

Phe quasihomogeneous semiclassical dyadic paradifferential operator
ajifl’p b composition of symbols

2Pa adjoint of symbols

IS Schwartz function space and tempered distribution space
7—[,’: ’5, Wkrgo weighted Sobolev spaces

rmr paradifferential symbol class

oy weighted paradifferential symbol class

g weighted paradifferential polysymbol class

M™", M}"j"  symbol norm and weighted symbol norm

92 o phase-space scaling operator
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