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PROPAGATION OF SINGULARITIES
FOR GRAVITY-CAPILLARY WATER WAVES

Huil Zuu

We obtain two results of propagation for the gravity-capillary water wave system. The first result shows
the propagation of oscillations and the spatial decay at infinity; the second result shows a microlocal
smoothing effect under the nontrapping condition of the initial free surface. These results extend the works
of Craig, Kappeler and Strauss (1995), Wunsch (1999) and Nakamura (2005) to quasilinear dispersive
equations. These propagation results are stated for water waves with asymptotically flat free surfaces, of
which we also obtain the existence. To prove these results, we generalize the paradifferential calculus of
Bony (1979) to weighted Sobolev spaces and develop a semiclassical paradifferential calculus. We also
introduce the quasihomogeneous wavefront sets which characterize, in a general manner, the oscillations
and the spatial growth/decay of distributions.
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1. Introduction

We present two results on the propagation of singularities for the gravity-capillary water wave system,
including a microlocal smoothing effect. To the best of our knowledge, these results are the first of this
type for quasilinear dispersive equations. Before stating the main results, we shall first revisit classical
results of propagation for the linear half-wave equation and the linear Schrédinger equation. They lead us
to a more generalized concept of singularities which is adaptive to various dispersive equations.

1A. Wavefront set and the linear half-wave equation. If u € 9'(M), where M is a smooth manifold
without boundary, then the singular support of u, denoted by sing supp u, is the smallest closed subset
of M outside of which u is smooth. To study the propagation of singularities when u solves some partial
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differential equations, the information given by sing supp « is usually insufficient. Heuristically, if we
consider singularities as accumulations of wavepackets with large wavenumbers, then this is because the
propagation direction of a wavepacket is given by its wavenumber rather than its location. It is probably
with this mindset that Hérmander [1971] introduced the concept of the wavefront set.

The wavefront set of u, denoted by WF(u), lifts sing supp u to the cotangent bundle 7*M\0 in the sense
that a point xo € M belongs to sing supp u if and only if there exists &y 7~ 0 such that (xg, &) € WF(u).
We shall recall an equivalent definition of WF(u) essentially due to [Guillemin and Sternberg 1977]:
in local coordinates, a point (xg, &) € T*M\0 does not belong to WF(u) if and only if there exists
a € CX(R*) with a(xo, &) # 0 such that [|a(x, hDy)u| ;> = O(h*>) for h € (0, 1]. For the definition of
the pseudodifferential operator a(x, hD,), see (1-7).

In terms of the wavefront set, Hormander [1971] proved a propagation result for pseudodifferential
equations of real principal type, improving previous works [Courant and Lax 1956; Lax 1957] on wave
propagation.

Theorem 1.1 [Hormander 1971]. Let M be a smooth manifold without boundary. Let P € W!(M)
admit a real principal symbol o(P) = o(P)(x,&) € C®(T*M\0,R), and let ® = d,;(x,&) €
C®([R x T*M\O, T*M\O) be the Hamiltonian flow of o (P). If u solves the Cauchy problem

{8,u+iPu=0, (1-1)

u(0) = up € L* (M),
then for all (xg, &y) € WF(ug) and all t € R, we have ®,(xq, &) € WF(u(t)).

In particular, if P = \/—_Ag where g is a Riemannian metric on M, then (1-1) becomes the half-wave
equation and @ is the corresponding cogeodesic flow on T*M. Therefore, we conclude that, for solutions
to the half-wave equation, microlocal singularities travel at speed 1 along cogeodesics. This gives a
justification for the Huygens—Fresnel principal of wavefront propagation.

For the propagation of singularities for the semilinear wave equation, we refer to [Bony 1986; Lebeau
1989]. For the propagation and the reflection of singularities for the linear wave equation on manifolds
with corners, see [Vasy 2008; Melrose, Vasy and Wunsch 2013].

1B. The homogeneous wavefront set and the linear Schrodinger equation. Hormander’s theorem
(Theorem 1.1) is untrue when the order of P is higher than 1. For example, the Schrodinger propagator
e'"®/2 on R? sends &' (R?) to C®(RY) whenever ¢t # 0. We conclude that singularities may appear
and disappear along the Schrédinger flow. These phenomena of “microlocal smoothing effect” and
“microlocal singularity formation” are due to the infinite speed of propagation of the Schrédinger equation,
as wavepackets with large wavenumbers can travel to or back from infinity instantaneously.

The study of the infinite speed of propagation of the Schrodinger equation probably dates back to
[Boutet de Monvel 1975; Lascar 1977; 1978]. They proved that space-time singularities, as elements of
some space-time wavefront sets, travel along geodesics at an infinite speed. They did not obtain, however,
a time-dependent propagation results for wavefront sets with respect to the space variable alone. The
study of the smoothing effect for dispersive equations with an infinite speed of propagation was initiated
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by Kato [1983], who proved a local smoothing effect for generalized KdV equations. Craig, Kappeler
and Strauss [1995] proved microlocal smoothing effects for the linear Schrédinger equation under the
nontrapping condition of the geometry. Their results were later refined by Wunsch [1999] who obtained a
time-dependent propagation after understanding the transformation between singularities and quadratic
oscillations at infinity. The simplest example is the identity

eil‘A/sto(x) — eilx—x0|2/(2t),

Qmit)d/?

where §,, is the Dirac measure at xg € R4, Wunsch’s results were stated on Riemannian manifolds
endowed with a scattering metric. He introduced the quadratic scattering wavefront set to characterize
quadratic oscillations.

Similar results were later obtained, independently, by Nakamura [2005] via a simpler calculus but
in a less general geometric setting — asymptotically Euclidean geometries, where he introduced the
homogeneous wavefront set. By definition, if u € %’ (R?), then the homogeneous wavefront set HWF(u)
is a subset of R%¢ whose complement consists of all (xo, &) admitting a symbol a € C° (R*) with
a(xo, &) # 0 such that |la(hx, hDy)u|;2 = O(h®) for h € (0, 1]. It was proven by Ito [2006] that
the quadratic scattering wavefront set and the homogeneous wavefront set are essentially equivalent in
asymptotically Euclidean geometries. In fact, heuristically, if xg # 0 and &) #~ 0, then the pseudodifferential
operator a(hx, hD,) is a microlocalization in the region of quadratic oscillation:

x|~ |g] ~ A"

Take for example the free Schrodinger equation in R? of which the dispersion relation is @ = %Ié 1>. A
wave packet of frequency & ~ h~! travels at the group velocity v = dw/ d& =& ~ h~!. The homogeneously
scaled quantization a — a(hx, hD,) thus allows us to keep up with the infinite speed of propagation and
obtain an analogue of Hormander’s theorem.

Theorem 1.2 ([Nakamura 2005], similar results in [Wunsch 1999]). Let g be an asymptotically Euclidean
Riemannian metric on R4, meaning that there exists € > 0 such that, for all x € NY and all i, je{l,....d},
we have

|85 (1 (1) = 81))1 S (x) 17~ (1-2)

Consider the Cauchy problem of the linear Schrodinger equation
{ia,u +1Au =0,
u(0) = ug € L*(RY).
Then the following propagation results hold:
(1) If (x0, &) € HWF(ug) and ty € R such that £y # 0 and xo + t&y £ O for all t between 0 and ty, then
(x0 + 1050, §0) € HWF (u(1o)).

(2) If (x0, &) € WF(uyg) is forwardly (resp. backwardly) nontrapping in the sense that the cogeodesic

issued from (xq, &o), denoted by {(x;, &) };er (With an abuse of notation), satisfies

lim |x;] =400 (resp. lim |xt|=+oo),
t—>+00 t——00
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then there exists &, € R? (resp. &_ € RY) satisfying £+ = lim,_, 1o &, and moreover, for all ty > 0
(resp. to < 0), we have

(tok+, &+) € HWF(u(t0))  (resp. (105, §-) € HWF(u(10))).

Theorem 1.2(1) studies the propagation of oscillations and spatial growth/decay for Schrodinger waves
at infinity and we thus require the condition xo + & # 0. In R this result is a consequence of an
Egorov-type argument and the commutation relation

[id; +3A,a(t, hx, hD,)] = (id,a — & - dca)(t, hx, hDy) + O(h?),

where a € C;°(R x R%9). A similar argument works in asymptotically Euclidean geometries where we
replace the role of the semiclassical quantization x — hx with the spatial decay of the metric g, i.e., the
condition (1-2).

Theorem 1.2(2) is a microlocal smoothing effect: if (fo§+, £+) does not belong to HWF(u(#y)), then
(x0, &) cannot be an element of WF(ug). This result is a refinement of the result in [Craig, Kappeler and
Strauss 1995] and can be proven via a positive commutator estimate. In R this estimate has the form

[id, +3A,at, x,hDy)] 2 O(1™),

where a is some well-chosen symbol. For related results, see [Doi 1996; 2000; Burq 2004] for the necessity
of the nontrapping condition; see [Robbiano and Zuily 1999] for a microlocal analytic smoothing effect;
see [Kenig, Ponce and Vega 1998; Szeftel 2005] for local and microlocal smoothing effects for the
semilinear Schrodinger equation. We should also remark that Hormander [1991] has also introduced
an essentially equivalent counterpart of the homogeneous wavefront set to which a similar definition as
that of Nakamura was given. See [Rodino and Wahlberg 2014; Schulz and Wahlberg 2017] for more
comments. However, Theorem 1.2(2) is unable, via simply reversing the time, to show how oscillations
at infinity form singularities along the Schrédinger flow. Indeed, the information about the locations
of singularities is not contained in quadratic oscillations but rather in linear oscillations at infinity. See
[Hassell and Wunsch 2005; Nakamura 2009] for more on this subject.

1C. Quasihomogeneous wavefront set and the gravity-capillary water wave system. The gravity-
capillary water wave system describes the evolution of inviscid, incompressible and irrotational fluid with
a free surface, in the presence of a gravitational field and the surface tension.

1C1. Formulations of the gravity-capillary water wave system. We shall first recall the Eulerian formu-
lation of the gravity-capillary water wave system. The area occupied by the fluid is a time-dependent
simply connected open subset of R?*! and is denoted by 2. The boundary of € consists of two parts:
the free surface X and the bottom I'. The free surface of the fluid is a time-dependent hypersurface which
is the graph of a function n = n(t, x), where (¢, x) € R x R?, whereas the bottom is independent of time
and is of depth b € (0, c0). Therefore,

Q={-b<y<nl, EZ={y=n}, T'={y=-b}
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The Eulerian formulation describes water waves in the unknowns (1, v, P) where v : @ — R? is the
Eulerian vector field and P : Q2 — R is the pressure of the fluid:

0 v+v-Vyv=—V, (P+gy) (Eulerequation),

Vi v=0 (incompressibility),

Vi xv=0 (irrotationality), (1-3)
(v-n)y—, =0dn/(Vn) (kinetic condition at the free surface),
(v-n)y—_p=0 (kinetic condition at the bottom),

—Ply—y =«H(n), (dynamic condition).

Here g € R is the gravitational acceleration, « > 0 is the surface tension, n: 92 — S denotes the exterior
unit normal vector field of 92, while

Vi
Hm)=V- (—) (1-4)
V1+1Vn?
is the mean curvature of the free surface. In (1-3), the kinetic condition at the free surface implies that
fluid particles which are initially on the free surface will stay on the free surface, whereas the kinetic
condition at the bottom is a rephrasing of the impenetrability of the bottom. The dynamic condition is the
Laplace—Young equation which expresses the balance between the interior pressure P and the surface
tension k.

One of the main difficulties in the study of the Eulerian formulation of the system (1-3) is the time-
dependence of the domain 2. By [Zakharov 1968; Craig and Sulem 1993], we can reformulate (1-3) as a
system in R?. Note that due to the simply connected geometry of €2 and the irrotationality of the fluid,
there exists a velocity potential ¢ : £ — R such that V,,¢ = v. By the incompressiblity of the fluid, the
potential ¢ is harmonic. Therefore ¢ satisfies the Laplace equation with Neumann boundary conditions:

Axyp =0, udply=y=0m/{(Vn), udly=——p» =0.

Define ¥ = ¢|,—, and define
Gy = <vn>an¢|y=r/-

Here G(n) is the Dirichlet—-Neumann operator (see Section 5A for a rigorous definition). Then the
system (1-3) can be rewritten in terms of the unknowns (n, ¥):

on—Gmy =0,

V-V +G 2 1-5
g+ gn—eH (o + Swyp - LTV OWD -5

1
2 14+|Vn|?

We shall assume henceforth that k = 1 for simplicity.

1C2. Quasihomogeneous wavefront set and model equations. It is known that the linearization of (1-5)
about the stationary solution (n, ¥) = (0, 0) can be symmetrized, up to a smoothing remainder, to the
fraction Schrédinger equation or order % Consider the more general model equation

u—+i|De|"u=0, y=>1. (1-6)
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It is natural to ask ourselves if we can define a new family of wavefront sets and extend the results from
Theorems 1.1 and 1.2 to (1-6). Note that a wave packet of (1-6) of frequency £ ~ h~! travels at the group
velocity

gl
V=
dé

It suggests that we need to use pseudodifferential operators of the form a(h? ~'x, hD,) as test operators.

=yl ~hm Y.

In the following definition, we consider the more general quantization with two parameters.

Definition 1.3. If u € ./ (R?), u € RU {00}, § > 0 and p > 0 with § + p > 0, then the quasihomogeneous
wavefront set WFgf 0 (1) is a subset of R4 defined as follows. A point (xg, &) does not belong to WFS’f p(u)
if and only if there exists a € Cé’o(IRZd) with a(xg, &) # 0 such that |a(h’x, h? Dy)ul| > = O(h*) for
h € (0, 1]. Here,

a(h®x, h’ D )u(x) = 2w) ™4 f/ TGP x, hPE)u(y) dy dE. (1-7)
RZ(I'

Note that WFgf ,(u) is invariant under the scaling (x, §) — (A%x, APE) for all A > 0. The existence of
(x0, &) € WF; o (1) implies an accumulation of mass near the ray {(A°xq, A?£y)},.~0. By choosing different
parameters, we recover the definitions of various wavefront sets from the quasthomogeneous wavefront
set: the wavefront set of Hormander (8, p, u) = (0, 1, 0o), the homogeneous wavefront set of Nakamura
(8, p, ) = (1, 1, 00) and the scattering wavefront set of [Melrose 1994] (6, p, ) = (1, 0, c0).

Theorem 1.4. If u solves (1-6) with initial data u(0) = ug € L>*(R?) and . € RU {oo}, then the following
results of propagation hold:

(1) If py =8+ p, (x0, ) € WEy  (uo)\{§ =0} and 19 € R, then
(x0 + toy §0l” ~*£0, &0) € WE{', (u(10)).
@) Ify > 1, py > 8+ p, (x0, &) € WF}' (o) \{§ =0} and 1o # 0, then
(toy |50l &0, &0) € WLy (u(ip)).

Note that we do not require xo + ¢y |€0|Y ~2&0 # 0 in Theorem 1.4(1), while we require xo + &y # 0 in
Theorem 1.2(1). This is because in Theorem 1.2 the geometry is only Euclidean at infinity.

1C3. Asymptotically flat water waves. Instead of the linearization at (n, ¥) = (0, 0), if we paralinearize
and symmetrize (1-5) as in [Alazard, Burq and Zuily 2011], then we obtain a quasilinear paradifferential
fractional Schrédinger equation of order % We require the geometry of the free surface to be Euclidean
at infinity and the velocity field to be zero at infinity to avoid problems caused by the infinite speed of
propagation and the nonlinearity. We shall fulfill this requirement by proving the existence of gravity-
capillary water waves in some weighted Sobolev spaces.

Definition 1.5. If i, k € R, then H}' = H/'(R?) is the set of all u € .#/(R?) such that

luell g = 1) (D) ull 2 < +o00.
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If in addition k € N and é > 0, then define

k
M,S_ﬂ n—=_ej
H, = Hj .
i=0

%. The weighted Sobolev space 7—[;: 12 is a natural

space to apply the energy estimate for the fractional Schrodinger equation of order % and thus also for the

We are mostly interested in the case where § =

gravity-capillary water wave system.

Theorem 1.6. If d > 1, >3+ %, k <2 —d —6and (no, Yo) € HL /> x gtV
T > 0 and a unique solution

2, then there exist

n,¥v)eC(-T,T], H,/:H/M/z « H,’f’l/z)
to the Cauchy problem of (1-5) with initial data (ng, ¥o).

The study of the Cauchy problem for the water wave equation dates back to [Nalimov 1974; Kano and
Nishida 1979; Yosihara 1982; 1983]. The local well-posedness in Sobolev spaces with general initial data
were achieved in [Wu 1997; 1999; Beyer and Giinther 1998]. Our analysis of the water wave equation
relies on the paradifferential calculus of [Bony 1986], which was introduced to the study of the water
wave equation in [Alazard and Métivier 2009] and later allowed Alazard, Burq and Zuily [2011; 2014] to
prove the local well-posedness with low Sobolev regularities. For recent progress of the Cauchy problem,
see e.g., [Alazard and Delort 2015; de Poyferré and Nguyen 2016; 2017; Deng, lonescu, Pausader and
Pusateri 2017; Hunter, Ifrim and Tataru 2016; Ifrim and Tataru 2017; Ionescu and Pusateri 2018; Ming,
Rousset and Tzvetkov 2015; Rousset and Tzvetkov 2011; Wang 2020].

To prove Theorem 1.6, we shall combine the analysis in [Alazard, Burq and Zuily 2011] and a
paradifferential calculus in weighted Sobolev spaces. The latter can be achieved by modifying the
definition of paradifferential operators via a spatial dyadic decomposition. More precisely, if a is a
symbol, then we define

Pa= Zl_ﬂ, Tyjaj,
jeN
where {¥/}jen € C°(RY) is a dyadic partition of unity of RY, Yj = >k ji<n ¥ for some sufficiently
large N € N, and Ty, is the usual paradifferential operator of Bony. Such dyadic paradifferential calculus
inherits the symbolic calculus and the paralinearization of Bony’s calculus, while at the same time allows
the spatial polynomial growth/decay of symbols to play their roles in estimates.

We do not attempt to lower u to > 2+ % as it was in [Alazard, Burq and Zuily 2011]. The range of &
is so chosen such that p — % >3+ %, enabling us to paralinearize (1-5) in H,’f . We should mention that
the existence of gravity water waves (water waves without surface tension) in uniformly local weighted
Sobolev spaces was obtain by [Nguyen 2016] via a periodic spatial decomposition from [Alazard, Burq
and Zuily 2016].

1C4. Propagation at infinity. Our first main result concerns the propagation of quasihomogeneous
wavefront sets with parameters (8, p) = (%, 1), corresponding to Theorem 1.4(1).
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Theorem 1.7. Suppose thatd > 1, u >3+ %, 3<k<2u—K —d for some K >0, and
(n, ¥) € C(I=T, T1, 1 T2 212,
where T > 0, solves (1-5). If to € [T, T] and
(x0. £0) € WE{1/2¥7 (5(0) UWF[' 3 (v (0))

such that&y) #0, 0 <o 5%— and

[\S] |08}

xo+ 311601 /250 # 0
for all t between 0 and ty, then

_ 1/2
(xo + 3t0l€0l 720, £0) € WE{3 Y277 (n(10)) UWE{S (¥ (10)).
We will see that, by Lemma 2.15, if (1, ¥) € #2125 24412 then
1/2
WE{3 2 () UWE, | () C {x =0} U (& =0).

By [Alazard and Métivier 2009], we expect o to be at most © — o — % for some « > 0, corresponding to

the gain of regularity by the remainder in the paralinearization procedure. Theorem 1.7 does not give the

optimal upper bound for o, as it is not our priority, but when k =2u — K — d, the parameter o can still
K_d_3

be as large as u© — 5 — 5 — 5, almost reaching the paradifferential threshold.

1CS. Microlocal smoothing effect. Our second main result shows that singularities of the initial data
which are nontrapped with respect to the initial geometry instantaneously generate an element in the
quasihomogeneous wavefront set with parameters (8, p) = (%, 1), corresponding to Theorem 1.4(2).

Observe that if 7 is sufficiently regular, then ¥ endowed with the metric inherited from R*! is
isometric to (RY, 0), where

=(1d+(Vn)’(Vn) Vn)
(V) 1)

Define o = X|,—0 and g, = 0|;=0. We identify the cogeodesic flow G on T*X%( with the Hamiltonian
flow on R4 of the symbol G(x,&) =" §Qo(x)*1§. Precisely G = G, (x, &) is defined by the equation
asgs = (8SG» _8xG)(gs)a gO = IdRQd- (1'8)

Definition 1.8. A point (xg, &) € RY x (R4 \0) is called forwardly (resp. backwardly) nontrapped with
respect to G if, with an abuse of notation, the cogeodesic {(xs, &) = G, (x0, &) }scRr satisfies

lim |x;| =00 (resp. lim |xS|:oo).
s—>—400 §—>—00

Theorem 1.9. If d > 1, M>3+%, 3<k< %(M—l—%),and
(n,¥) e C(-T,T], H;:H/Z,I/Z « H;:,l/z),
where T > 0, solves (1-5). Let

(x0. £0) € WE/77(5(0)) UWEL T (3 (0)),
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where &g #0and 0 <o < %k. If (xo, &o) is forwardly (resp. backwardly) nontrapped, and the cogeodesic
{(xs, &) }ser is defined as above, then there exists £, (resp. £_) in [Rd\{O} such that

lim ‘i:s = é—Q—oo (’”esp- lim S—s = s—oo)v
§—>00 §—>00

and moreover, forall 0 <ty <T (resp. —T <ty <0), we have

(310l 400l ™€ 100, E1o0) € WF{S /277 (n(10)) UWF[ (¥ (0)).
(resp. (31018—oo 26 0. E_0) € WEL Y77 (0 (1)) UWF{'3 (¥ (10))).

We remark that the asymptotic directions &1, are determined solely by the geometry of Xy. This is
due to the infinite speed of propagation. We can also prove that the nontrapping assumption is, at least
in the following two cases, unnecessary: if d = 1, or if V1(0) € L™ and ||(x) V?1(0)|| .~ is sufficiently
small. In both cases we obtain the following local smoothing effect.

Corollary 1.10. Suppose d, u, k, o satisfy the hypothesis of the previous theorem, T > 0,
(0, ¥) € CA=T, T1L #2212
solves (1-5), and both of the following two conditions are satisfied:
(1) Eitherd =1 or ||{(x)V*n(0)|| L is sufficiently small.
(2) WE{3 /27 (n(0) UWFL/15 (¥ (0)) € {x = 0}U {£ =0},
Then, for all tg € [T, TI\{0} and for all ¢ > 0,

(n(to), ¥ (to)) € HITV/2To—€ 5 grto=e,

loc loc

The second condition is satisfied if, by Lemma 2.15, there exists (k, k') € R? such that
+1/240—k +o—k'
(1(0), ¥ (0)) € Hy, TN x HY) )

This is particularly the case if (7(0), ¥ (0)) € &' (R?) x &' (R?).

We refer to [Christianson, Hur and Staffilani 2009; Alazard, Burq and Zuily 2011] for local smoothing
effects of 2-dimensional capillary-gravity water waves. See also [Alazard, Ifrim and Tataru 2022] for a
Morawetz inequality of 2-dimensional gravity water waves.

1D. Outline of paper. In Section 2, we present basic properties of weighted Sobolev spaces and the
quasihomogeneous wavefront set. In Section 3, we prove Theorem 1.4 by extending the idea of Nakamura.
In Section 4, we review the paradifferential calculus of Bony, and extend it to weighted Sobolev spaces
by a spatial dyadic decomposition. We also develop a quasihomogeneous semiclassical paradifferential
calculus, and study its relations with the quasihomogeneous wavefront set. In Section 5, we study the
Dirichlet-Neumann operator in weighted Sobolev spaces and prove the existence of asymptotically flat
gravity-capillary water waves, i.e., Theorem 1.6. In Section 6, we prove our main results, i.e., Theorem 1.7,
Theorem 1.9 and Corollary 1.10, by extending the proof of Theorem 1.4 to the quasilinear equation using
the paradifferential calculus.



290 HUI ZHU

2. Quasihomogeneous microlocal analysis

In this section we develop the quasihomogeneous semiclassical calculus and discuss its relation with
weighted Sobolev spaces and the quasihomogeneous wavefront set.

2A. Quasihomogeneous semiclassical calculus.

Definition 2.1. For (i, k) € R?, set m} (x, &) = (x)K(&)". Let ay € C*°(R*?). We say that aj, € S if for
all , B € N, there exists Cup > 0, such that, for all (x, &) € R,

Sup 1029 an(x, £)] < Capm 0l (x, &). 2-1)

We say that aj, € S,’: is (u, k)-elliptic if there exist R > 0, C > 0 such that, for |x| + |§] > R,

/l?f1 lan(x, §)] = Cmig (x, £).

Also write S = U, yere St » and SZ55 = Ny yere St -
We say that a;, € S_% is elliptic at (xg, &) if, for some neighborhood 2 of (xo, &),

inf inf |ap(x, &)| > 0.
he(O 1] (x,6)e

Definition 2.2. Let §, p € R such that § + p > 0 and, for all 4 € (0, 1], define the scaling
0p7 1 (x,€) > (h’x, hPE), (2-2)
which induces a pullback 6,” on S: 6, *aj, = aj, 6, ". Then define, by (1-7),
Op,”(an) = Op(¥, Pap) = a(h’x, h" D).
The scaling 192u(x) = h%/2y(h¥x) defines an isometry on L*(R%). Therefore, by the formula
@)~ 0p,” (@9 = O0p,* (@), (2-3)
we deduce the following results from the usual semiclassical calculus, for which we refer to [Zworski 2012].

Proposition 2.3. There exists K > 0 such that, if a € C*®°(R*?) with ||aaa allr <M forall la|+|B| <d,
then Ophp(a) L?> - L? and ||ophp(a)||Lz%z <KM.

Proposition 2.4. There exists a bilinear operator ﬁh’p 18X X S — S such that
Op;,” (an) Op;,” (by) = Op,” (andy” b).
Moreover, if aj, € S,’: and by, € S}, then ahﬁi’pbh € S,’:_FK For all r > 0, define

h|a\<a+p>

3,p
apfly’ bn =

|| <r

¢ ap DY by, (2-4)

Then we have
ahﬁh bh _ahﬁh th O(hr(8+p)) pwtv—r.

k+€ r
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Proposition 2.5. There exists a linear operator §,f’p 18X — S such that
Op,” (an)* = Op;,” (¢ an).
Moreover if ay, € S,’:, then (;E’pah € S,’:. Forr > 0, define
plelG+p)

C;f,’fah = Z - 9 DY ap. (2-5)

la|<r

Then we have
s, s, £
é‘h 'Oah — §h’fah = O(hr( +p))S;{:_r'

Proposition 2.6 (sharp Garding inequality). If § + p > 0 and ay, € Sg such that Re ay, > 0, then there
exists C > 0 such that, for all u € Lz(Rd) and 0 < h < 1, we have

Re(Op,” (an)u, u) 2 = —Ch**|u]|2,.

2B. Weighted Sobolev spaces. Recall the weighted Sobolev spaces defined in Definition 1.5.
Proposition 2.7. We have . (R?) = (", e H{ and ' (R) = U, rer H{-

Proof. Clearly .7(R%) c N (LkeR H|'. The converse follows by the Sobolev embedding theorems. As
for the second statement, clearly ] (k) eR? H,f‘ C .7 (RY). Conversely, if u € .7’ (RY), then there exists
N > 0, such that for all ¢ € . (R?) we have

w0 7S Y, x9S 10pmy)e@ll 2.
la|+IBI=N

By duality this implies that u H__ICJ . ]
Lemma 2.8. Ifu € .7’ (R?), then there exists N > 0 such that

u=h"NOop)” (m=N)o),.
Therefore, if 5+ p > 0, and ay, € (’)(hoo)s:gg, then Opi’p(ah)uh = O(h*®) ».

Proof. By the proof of Proposition 2.7, there exists N > 0 such that, for all ¢ € .7 (R%),

_ S,
w9 s S Y 1xell ShV 0P, mN)ell 2.
loe|+|BI=N

Again we conclude by duality. U

Definition 2.9. We say that a linear operator A : .7 (R%) — ./(R?) is of order (v, £) € R?, and write
Ae 0y ifforall (u, k) € R? there exists C > 0 such that for all u € . (R¢) we have

I Aul v < Cllull

Therefore A extends to a bounded linear operator from H;' to H,' . We write A€ 0-3 if A€ 0, for
all (v, £) € R%.
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Let <7 be any nonempty set. Let A, : . (R?) — .&'(R?) and C, > 0 be indexed by o € 7. We say
Ay = O(Co)oy if for all (i, k) € R? there exists K > 0 such that, for all & € <7, we have

| Adll e s < K Car
By Propositions 2.3 and 2.4, we obtain:

Proposition 2.10. The following mapping properties of pseudodifferential operators hold:

(1) If ay € S} with (v, £) € R?, then Op(ay) € 0.

Q) If u e . (RY), then u e H,f if and only if there exists a (i, k)-elliptic symbol a;, € S,’: such that
Op(ap)u =O(1) 2.

Next, we characterize weighted Sobolev spaces by a dyadic decomposition.
Definition 2.11. The set &2 consists of all maps of the form
Y :N— CPRY), jr 1,
such that the following conditions are satisfied:
(1) There exists C > 1 such that for all j > 1 we have
supp¥; C {x e RY: €712/ < |x| < C27}.
(2) For all j > 0, the function v; is nonnegative.
(3) There exists C > 1 such that C~' <3, ¥; < C.
(4) For all @ € N there exists C,, such that for all j € N we have
108 W1l < Co27/11.
The set &, consists of all ¥ € & such that
(5) ZjeN Y; =1, and
(6) supp ¥; Nsupp ¥, = & whenever |j — k| > 2.
If ¢, ¥ € 2 such that 1//j1/~fj = forall j € N, then we write ¥ € V.
Proposition 2.12. If 1,k € R, ¥ € Z and u € /' (R?), then u € H,fL if and only if
> 22 u g < oo
jeN
Moreover, there exists C > 1 such that, for all u € H,f , we have
—1y,,112 2jk 2 2
CM el < Y- 22 1ul < Cllullg.
JjeN
Proof. We may assume that ¥ € 2, because if ¢!, ¢> € 2 then
> 2 gjull = Y 2 g7ul

jeN jeN
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Define ¥ € & by setting 1/7j = Zlk—jISZ Yy for all j € N. Then ¢ &€ V. Note that the family of
multiplication operators {2‘jk(x)k1ﬁj} jen 1s bounded in 6’8, which implies that, for all u € N, the
family of pseudodifferential operators {27/ k (Dx)“(x)kl/?j (Dy)™"}jen 1s bounded in ﬁé’ . Therefore, for
all u € H}', we have

22Kl Fe S DY gy () ull 2o S I (D) () ull7 > + (L= ) (D) gy (x)oull?,. (2-6)
Apply Proposition 2.4 with (8, p) = (1, 0) and h = 27/, we obtain that, for all N > 0, the estimate

(1= Y (Do) Y (D) = 0Q Ny 2 g2 (2-7)

holds uniformly for all j € N. Therefore,
DA = I D Y ( ullps S Y52V ull gy S Nl

jeN jeN
Forr €{0,1,...,9}, set
= Y PiE e ) e S
Jj€10N+r
where § = ﬁ(l)’o. Observe that if 0 75 Jj — j' € 10N, then supp &j N supp 1/7j/ = @. Therefore,

9
> I (De) 4 (x uan—Z > WD Yy ulz: = Y _I0p@ullys S lulfy.  (2-8)

jeN r=0 jelON+r r=0
Combining (2-6), (2-7) and (2-8), we prove that if u € H}' then Y . 22| Wju 3 < ||u||
Conversely, assume that ) jeN 227k ||1//Ju|| . < 00. Much as above, we have

00> 2Dy wullezZ S D Y )l

jeN r=0 jelON+r
9

2 10p(@)ull}, 2 0p(@ull3., (2-9)
r=0

where a = Z?:o ar. Observe a is (u, k)-elliptic, so u € H,f . By the symbolic calculus, there exists
r € S_% such that

lel3 < 10P(@ull72 + 0p(r)ull7. (2-10)

For the remainder term, we have
10p(rul2, = (u, Op(r*tryu) 2 = > (u, Op(r*ar)iu) 2.
jeN
For each term in the summation, by the analysis above (2-6), we have, for all N > 0 and ¢ > 0,
(u, Op(r*dr)yu) 12 = (Op(m{)u, Op(m _} gr*grim " )(De ) (x) "V yu)
S Nl g D)™ ) =N | 2
S 27N ull g 27 (D) ] 2

S 27N (ellul3 + e 2R (D) Fgul2),
k
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where the constants are independent of . Summing up in j,
10p()ull7 < ellullzy +e™" Y 22 1ullzy. (2-11)
jeN
By choosing ¢ sufficiently small, we conclude by (2-9), (2-10) and (2-11) that
lull e < D 22 1ull
jeN
and finishes the proof. U
2C. The quasihomogeneous wavefront set. In this section the parameters §, p, u satisfy the conditions

in Definition 1.3 without further specification. By Lemma 2.8, the following characterization of the
quasihomogeneous wavefront set is easy to prove by the symbolic calculus.

Proposition 2.13. Ifu € S (RY), then (xo, &) ¢ WFgf o (u) if and only if there exists a, € S_S which is
elliptic at (xo, &) such that Opi’p(ah)u = Oh*)2 for h € (0, 1].

Lemma 2.14. If u € &'(RY) and aj, € S” is such that

U suppan € R*\WF}' (u),
he(0,1]

then (u, Opfl’p(ah)u)ygy = O(h**) and consequently Opi’p(ah)u = Oh*) 2 forh e (0,1].

Proof. Let K = Uhe(O,l] suppay, and let {Q2;};c; be an open cover of K. Let b;; € S—% be elliptic
everywhere in €2; such that Opz’p (b;l)u = O(h*);2. By a partition of unity, we may assume that
K C @ := Q;, for some ip € I, and set b;, = b;lo. By the ellipticity of by, we can find ¢, € S_5 and
rp, =0OhN) s—> for some large N > 0 such that a, = (g’f P bh)ttfl’p chﬁ’;l’p by, +ry,. Therefore, by Lemma 2.8,

(1, Opy,” (an)u). 7. = (Op,” (bu)u, Opy” (cn) Opy” (br)u) 12 + (1, Opy” (ri)u) 7
= O(h")* + O(h™) = O(h*™).
Next, observe that there exists w, € S_ and 7, = OhN) 5o such that supp w;, C K and
Op;,” (an)* Op;,” (an) = Op),” (wn) + Op;”* (n).

Therefore,
10p,” (an)ull?, = (u, Opy” (a)* Op)” (an)u) o

= (u, Op," (W) s, + O(h*) = O(h*"). m
Lemma 2.15. Ifu € " (R?). Then the following statements hold:

(1) The quasihomogeneous wavefront set WFS’f o (u) is a closed (8, p)-cone. To be precise, this means
Qlf’p WFalfp (u) = WFalfp (u) for all h > 0 where the scaling 02”’ is defined by (2-2).

(2) If y > 0 then WFgfp (n) = WFtSl%/),/p/y (n). Therefore in all situations we can restrict our discussions

to the cases where either § =1 or p = 1.

(3) For all (xo, &) € R*, we have (xo, &) € WE}' ,(w) if and only if (£0, —xo) € WE} s (id).
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(4) For all (xo, &) € R*, we have (xo, &) € WF}' ,(w) if and only if (xo, —£) € WEy' ,(@).
(5) Define WF({flo(u)O = WF({LP(H)\JVS”O, where
{x =0} x RY, §>0,p=0,
Nsp =R x {£ =0}, §=0,p>0, (2-12)
(x=0xRIURY x {£=0}, §>0,p>0.
Ifue H,é’“ with (u, k) € R? and a;, € S” such that
M0 | suppay =2, (2-13)
O<h<I
then Opi’p(ah)u = (Q(h‘SkJFW)Lz and consequently WF(;S’];:”O” (n)° =@.
Proof. The statements (1) and (2) are consequences of the quasihomogeneous scaling (2-2) we used to
define the pseudodifferential operators. To prove (3), note that if a, € S5 and F is the Fourier transform
operator, then
F~'Op (@) F = Op,” (by),
where by, (x, &) = a, (&, —x). To prove (4), we use m = Op(cp)uy, where cj(x, &) = ah(T—E).
To prove (5), note that if a;, satisfies the condition (2-13), then

O Lan) () 7H)0 (x) ™ = Oh* ) g O
3. Model equations

We prove Theorem 1.4 by combining the ideas of [Nakamura 2005] and simple scaling arguments.
3A. Proof of Theorem 1.4(1). If a € WIL’COO([R x R2) and A € WIIO’COO(R, L? — L?), then define
La=da+{E", a}, L, A=0,A+i[|D:]", Al
Here { -, - } denotes the Poisson bracket defined by {f, g} =0 f - 0xg — 0 f - 0¢ 8.
Lemma 3.1. If a € WIIO’COO(R, S”X) and satisfies the condition
U swpann{s =0y =2,

O<h<l
(R, S=%), with supp b, C supp ay,, such that

00
loc

£, 0p," (ay) = Opy” (Lian) + h* Opy” (by) + O(h™) 1= @ 12 12)-

then there exists by, € L

Proof. For all T > 0, there exists € > 0 such that
U U swpante. )ni{igl <€} = 2.
te[-T,T] O<h<l1

Letm € C*(RY) suchthat 0 <7 <1, w(£§) =0 for || < %, and 7(¢§) =1 for |§| > 2{ Then

i[|D,|”, OPZ’p(ah)] =ih™PY[|h” D" w(h” Dy), Opi’p(ah)] + O™ poo (1,71, 12> 12)

Now that |£]” 7 (£) € S, we conclude by Proposition 2.4 and the hypothesis py = § + p. U
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Assume that © = oo, as the proof is similar for © < oco. Let (xg, &) € WF({fp(uo) with &) # 0.

We aim to find a; € W, >°(R, S~) of the asymptotic expansion a; ~ Y ;. h/®*Pa), where aj €

WIIO’COO([RR, S, such that, for all € R, a;(t, -) is elliptic at (xo + ty|&l” ~2&, &), and
£, 0p)" (an) = Oh™) 1 @12 12)- (3-1)
If such an a; is found, we let Ay (¢) = Opfl’p (an (1)) and
va () = &1 Ay ()71 g,
then by a direct computation and (3-1), we have
drvp = "L, Ape P ug = Oh™) 1o w125 1) (3-2)
If we assume that supp ay (0) is sufficiently close to (xg, &) so that
U suppai(0) € R\ WE}! (o).
he(0,1]

then by Lemma 2.14, we have v, (0) = Opfl’p(ah 0)ug = O(h*°);2. Therefore by (3-2), we have
vy € O(hoo)LIOOCC(R,LZ) and thus Ahu € O(hoo)LIO&(R’LZ).
To construct ay, let ¢ € C° (R? x ([Rd\O)) with ¢ (xg, &) # 0, such that Opi’p((p)u = Oh*);2. Then

we can construct a; with ay|;—9 = ¢, with aﬁ € Wlf:;’oo([R{, S~X), by solving iteratively the transportation

equations . -
{fta,? =0, {.z;a;, +b; =0,
apli—o = ¢, ajli=0=0, j=>1,

where b{; e WX (R, S”%) satisfies, by Lemma 3.1, that

loc
s, j s, ' 8.0,1.J
£, 0p,” (ay) = Op,” (Laj) + 1 Op,” (b]) + O(h™) 1 @12 1.
Thus we have proved Theorem 1.4(1).

3B. Proof of Theorem 1.4(2). Let B = py —(6+ p) > 0. For all h > 0, introduce the semiclassical time
variable s = h~P¢, and rewrite (1-6) as

dsu +ihP | D) u =0. (3-3)
Ifa=a(s,x, & € Wh™ R x R¥) and A= A(s) € W, °(R, L — L?), then define

La=da+{|E]", a}, L'A=03A+ihP[|D,|", Al

Lemma 3.2. If ¢ € CCOO([Rd) such that ¢ >0, ¢(0) > 0,and x - V¢ (x) <0 forall x € R4, and we define

- y=2g _ -
x<s,x,s)=¢(" A xo)¢<5650)

fors >0, € >0, (xo,&) € R? x (R!\0), then the following statements hold when ¢ is sufficiently small
and |&o| is sufficiently large:
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(1) x € W R0, S5).

(2) Zix € W Rxo, S_°) and % x > 0.

(3) If to > 0 and set (tu)(s, x, &) = u(s, %x, S), then tx € W (Rxg, S_%).
(4) If s is sufficiently large, then (t x)(s, -) is elliptic at (t0y|$0|”*2§0, &o).

Proof. Each time we differentiate y with respect to x, we get a multiplicative factor (1 +s)~!, which is
of size (x)~! in supp x as
supp x C {C™'s < |x| < Cs) (3-4)

for some C > 0 when |s| and |&y| are sufficiently large and € is sufficiently small. Therefore x €
W (R=g, Sy ). Clearly Tx (s, -) is bounded in C2°(R*?). We write

x—toylgol 6 yIEI T —ylEl % xo )¢(€—€o)
to(1+s)/s (I+s)/s 1+s € ’

(Tx)(s,x,8) =¢( (3-5)

where |£]7 72& —|&y|” ~2&p=o0(1) as € — 0, whence T x (s, - ) is elliptic at (toy |&0|” 2o, &) for sufficiently
large s. To estimate .%; x, we perform an explicit computation:

_ x—sy|€]" 2 —xo E—&\ (x—sy[E]" 6 —x0)+(1+s5)y 5]V %€
asx(s,x,f)——(ng)( 1+S >¢( € ) (1+S)2 )

yler x—sylE 2% —xo\ . (E—E
{ISIV,X}(s,x,E)—T-(W)( - )¢( : )

Therefore,

x—syl§l" % —x0>¢($ —50> . x—sylEl" 2 —xo =0

fsx(s,x,é)=—(v¢)< T - Or2 2

Note that on supp % x, we have

x—sy|E[V 26 —xo 145\ 1\ 1
(1+5)? _O(<1+s>2>_0<1+s>_0(5)'

So we prove similarly that £ x € W (Rxo, S_7°). O

Now fix #p > 0 and let u = oo as the other cases are similar. Let € > 0 be sufficiently small and let
{Aj}jen C[1, 1+ ¢€) be strictly increasing. Choose ¢ as in Lemma 3.2, and set

| _(x—syE T2 —x0\ , (&
X’(s’x’é)_d’( e )¢< hje )

Then supp x; C {xj+1 > 0} for all j € N. We aim to construct a;, € W°**°(Rxo, S, *) such that the
following statements hold:

(1) For all s > 0 and & € (0, 1], we have suppay C UjeN supp ;-

(2) The symbol ay|s—o is elliptic at (xg, £o); more precisely , we have

(an — (&, X0y X0)|s=0 = O(h™) 5.



298 HUI ZHU

(3) For tp > 0, let T be defined as in the lemma. Then ta;, € W (Rxo, S_5) and tay (s, -) is elliptic
at (toy|&]” ~2&o, &) when s is sufficiently large.

(4) L2 0p)” (an) = Oh™) 1oy 1220 12)-
Assume that such an a;, is found and that
(toy |50l” €0, £0) & WF,,(, ) ,(u(t = fo)).

By (1) and (3-5), if we choose ¢ such that supp ¢ is sufficiently close to the origin, then for sufficiently
small 4 > 0 we have
,0
supp 07 anlsp-p1y € RF\WES, ) (uli=gy).

By (3), the symbol 9{3/2’*ahls=h—ﬂm € S~ is elliptic at (toy|£|” ~2&o, £&). Therefore, by Lemma 2.14,

(@, Opy " (@) p2ls—psr, = (@, Opp " ™2 OF ) @) p2ls_pse, = O™).
By (3-3), we have

d
5 (0 0Py (@n)u) 2 = (u. £ Opy” (ap)ue) 2.
which implies, by (4), that

-B
(u, Opy” (@) 12 ls=0 = (u, Oy (@p)tt) 12 -1, — /0 " £ Op)” (ap)u) 2 ds
<Oh®)+ O™ x h™®) = Oh™).
Therefore, by (2), we have
10p)” (xo)uls=oll2 = (u, Op;,” (ap)u) 1215=0 + Oh™) = O(h™).
We conclude that (xg, &) & WF;OP (ug).

We shall construct ay, in the following form of asymptotic expansion:

an(s, x, &) ~ Y WOl (s)aj (s, x, ),

jeN

where a{; € W®(Rxo, S, ™), with supp a,f C supp xj, and ¢’ € P;, with

J
P = {f(ln(l +5): f(X) =Y X, ¢ =0 forall k}. (3-6)
k=0

The above asymptotic expansion is in the weak sense that, for some ¢ > 0, and all N € N,

a, — Z hj(8+p)(pfa‘}{ c @(hN(S—i-p—e ))Woo,OO([O,h*ﬂT],Saw)‘
Jj<N
The following properties for functions in jen P will be used in the construction of aj,.

Lemma 3.3. If € P; for some j € N, then  is smooth and nonnegative on [0, +-00) and

(A +)00) 'Y (s) :=/ (1+0) 'Y (0)do € Pjy1.
0
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Proof. The function 1 is smooth because it is the composition of a polynomial and the smooth function
s — In(1 + 5). The nonnegativity of i is the consequence of the nonnegativity of the coefficients c;
in (3-6) and the fact that In(1 +s) > 0 when s > 0. To prove that ((1 4 5)d,) "'y € P; 1, note that for all
n € N we have

((1+5)3) " An(1 + - )" = (n+ D)~ (In(1 + )"t

The claim follows by the linearity of the operator ((1 + s)d;)~". Ol
To construct ay,, we begin by setting ¢” = 1 and choosing ag satisfying
8 s,
ay — (€, )" xo = O(hoo)wooyoo(uaezo,sgw)’
(@) — (" X0y X0)ls=0 = O(h™) g-=.

By the definition of B and Propositions 2.4 and 2.5, there exists r € L (R, S~°) with supp r{ C supp xo
such that
£} Opy,” (ay) = 20p;” (X0 x0) +h**? 0Py (1)) + O(h™) g, 12 12)- (3-7)

By (3-4), we have (s)r) € L*(Rxo, S, *°) and similarly

($)x0Zs x0 € L (Rx0, Sy ™). (3-8)
By Lemma 3.2, we have
X0-Zs x0 = 0. 3-9)

Recall that, by the sharp Garding inequality (Proposition 2.6), if a symbol pj, € Sg satisfies p, > 0, then
Opg’l( pn) 2 —h. By (2-3), we deduce that Opg’l( pn) 2 —h%*P. To be precise, this means there exists
C > 0 which only depends on a finite number of seminorms defined by (2-1), such that, for all u € L2,

(u, Opy” (pu) 2 = —Ch** [lul2,.
Take ¢} € L®(Rxo, S, ) such that
suppag € {cg =1} C suppcg C {x1 > 0}.
By (3-7) and (3-9), for all u € L?, we have
{u, L Opy* (afyu) 2 = (Opy* (cn)u, L1 Op,” (af)) Opy* (cn)u) 12 + Oh™) [ul|2,
> —C(s)"'h+||0p, (cnulls + O(h™),

where the factor (s)~! comes from the estimate (3-8). By the symbolic calculus, there exists by, €
L*®(Rx0, S; ) such that

Op,.” (by) — C Op,” (ci)* Op,.” (1) = Oh™) Loy 12 12)
and supp by, C supp c¢;,. Therefore,
L70py* (af) = —Cs) "' WP Op)” (cn)* Op,” (cn) + Oh™) Loy 12 12)
> —(s)"'hHP Op (b)) + O(h™) Loy 12 12)- (3-10)
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Suppose that, for some £ > 1, we can find ¢/ € P;, a}{ for j=0,....6—land y* '€ Py, b, ' €
L*®(Rxo0, S(;oo), with supp bffl C {x¢ > 0}, such that
-1
Ly Opf;p<2 h“‘”p%pfa,i) > —(s) Y T O (b7 + Oh™®) g 12y (B-11)
j=0

If we choose By > 0 sufficiently large and set o' = ((1+5)3,) 'yt~ and aﬁ = By Xy, then by a direct

calculation, we have
Z(ptap) = Be(1+5) """ xo + Bep" L xe

= Be(1+3)" 'y e = ()7l
Observe that
Z@'ap) =0Us) " W T e Nge, ()T T =00 T YT D g
Much as above, applying the sharp Garding inequality to the symbol
Z@ap) = ()" T = 0xs) T @ F YT g
we can find b}, € L®(R>, Sy ) with supp b C {x¢+1 > 0} such that
L3 0p,  (9'a) — ()" T Opy (b7 = = ()T R Oy P (b)) + O a2 (3-12)
with ¢ = ¥~ 4+ ¢ € P,. Summing up (3-11) and ~A*@®+#) x (3-12), we close the induction procedure.
Finally we conclude the asymptotic expansion by observing that, for all ¢’ > 0, we have

”(P[”LOO([OJ,%T]) = O] ]ogh|‘) = O(h_e/‘f).

Thus we have proved Theorem 1.4(2).

4. Paradifferential calculus

In this section, we develop a paradifferential calculus on weighted Sobolev spaces and a semiclassical
paradifferential calculus.

4A. Classical paradifferential calculus. We recall some classical results of the paradifferential calculus.
We refer to the original work [Bony 1979] and the books [Hormander 1997; Métivier 2008; Bahouri,
Chemin and Danchin 2011]. The results and proofs below are mainly based on [Métivier 2008], so we
shall only sketch them. In the meantime, we shall also make some refinements regarding the estimates of
the remainder terms, for the sake of the semiclassical paradifferential calculus that will be developed later.

4A1. Symbol classes and paradifferential operators.
Definition 4.1. For m € R, r > 0, let """ be the space of all a(x, &) € L. (R? x (R9\0)) such that:

(1) For all x — R, the function & — a(x, &) is smooth.

(2) For all « € N9, there exists C, > 0 such that for all &£ € R? with |£] > %, we have

logaC-, &)llwne < Cafg)" ™.
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If a € ', then we define for all n > 0 the seminorm

M} (a) = sup sup (&)I7"(|9ga(-, &)|lwre.
lal<n|§|=1/2

r _ N 7 _ d
We also define M"™" (a) = Mg+r(a), whered =1+ [5]
Definition 4.2. A pair of nonnegative functions (x, ) € C ®(R2\0) x C*®(R?) is called admissible if
the following conditions are satisfied:

(1) The function 1 — 7 is a cutoff function of the origin. To be precise, if |n| > 1, then () = 1, and if
In] < 1, then 7 (n) = 0.

(2) The function x is an even and homogeneous of degree 0, and there exist €1, €3 € (0, 1) with €] < €3,

such that
{x(e,n)=1, 61 < elnl, @
x©,m) =0, [0]=elnl.
Definition 4.3. If m € R and a € I, then the paradifferential operator 7, is defined by
T = @0 [ (e~ nonm(na —n. i an (42)
R

where (x, ) is admissible and a(9, §) = f e~ ™*%a(x, &) dx. In other words 7, = Op(o,) where

0a(+,8) =m(E)x(Dx, &)a(-,§). (4-3)

Proposition 4.4. Ifm € R and a € T"™°, then T, = O(M™°(a)) gpr.
Remark 4.5. A symbol p satisfies the spectral condition if there exists € € (0, 1) such that

supp p C {(n, &) e R* : || > €(&))}.

By [Métivier 2008], if a € "0 then o, € "0 and satisfies the spectral condition. The above
Proposition 4.4 is in fact a consequence of the following estimate (4-4) and the mapping property:
if p e "0 satisfies the spectral condition, then Op(p) defines a bounded operator from H**" — HH
for all u € R.

Note the definition (4-2) depends on the choice of admissible pairs of functions. The following lemma
and corollary show that if we change the admissible pair, then the error term is regularizing.

Lemma 4.6. If m € R, r > 0 and a € ', then, for all n > 0, we have
M, (0a) S M, (a). (4-4)
If in addition r € N, then, for all B € N¢ with |B| < r, we have
MmO G (0, —am)) S MMV a). (4-5)

Proof. The first statement is proven in [Métivier 2008]. We only prove the second statement. We shall
only prove the case where B = 0 for the rest is similar. By [Métivier 2008], we have

<oa—an><x,s)=n<s>fp<x,y,s>q>(y,s>dy
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for all (x, &) € RY x (R?\0), where ®(-,&) = F x(-, &) and

—y)Y !
plx,y, &)=Y ( yy‘) /O r(l—0)"'9 a(x —ty, &) dr.

lyl=r
Therefore, if |£] > % and |a| < n, then
10 (- y, Ol SIyII0EV aC-, ©)llie S Iy E MOV a). (4-6)

Note that the admissibility of (7, x) implies that, for all o, B € N, there exists Cy g > 0 such that, for all
(x, &) € R we have |x’38é"fb(x, &) < Ca’}g(?;)d_‘“'_'ﬁ'. Therefore, for all « € N and all & € R there
exists C, > 0 such that

19D+, &)l < Co(E) 7. 4-7)
We conclude (4-5) by estimates (4-6) and (4-7). U

Corollary 4.7. Leta € '™, withm € Rand r € N. Let (x, ) and (', ') be admissible. Denote by T,
and T, the paradifferential operators respectively defined by these two admissible pairs. Then

T, =T, = O(M"™ (V@) gnr + O(M"™" (@) .
If in addition awr = an’ = a, then
T,— T, =0OM™°(Va)) o

Proof. Let T) be the paradifferential operator defined with respect to (x’, 7); then by Lemma 4.6,
T, —T) = OM™O(V"a)) gy~ Note that 73" — T7 is a composition with a paradifferential operator with
a smoothing operator (D) — 7’ (D,), which implies 7, — T, = O(M"™" (a)) o7 This term vanishes if
ar =an’' =a. O

Corollary 4.8. Let € Ci°(RY). Then Ty — € 6, .
Proof. This is a consequence of (4-5) and the Calderén—Vaillancourt theorem. O
4A2. Symbolic calculus and paralinearization.

Proposition 4.9. Ifa e ' and b € F’"/”, wherer € N, m € R and m’ € R, then

TuTy — Tz = O(M™ (@)M™*(V"b) + M'"’O(v’a)M’"“’(b))ﬁ(;mu, +O(M™ (@M™"" (b))

65>
where the symbol afth = aﬁ?:?b is defined by (2-4). If in addition aw = a and bt = b, then
T, Ty — Tozp = O(M’"”(a)M’"“O(vrb) + M’"’O(Vra)M"’/”(b))ﬁmw,r.
0

Proof. By Corollary 4.7, we may choose an admissible pair (7, x) to define paradifferential operators,
while assuming that €, < %. We shall only prove the case where amr = a and b = b, as the general
case follows easily. The following proof follows [Métivier 2008]. Take the decomposition 7, Tj, — T,z =
(I) 4+ (1), where

(I = Op(0,) Op(0p) — Op(ogfop), () = Op(oafiop) — Op(ouzs).
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Write Op(o,) Op(op) = Op(o), where

1
~ @)
Here 0 € C*®(R??\0) satisfies that (8, ) is admissible and 6 x = x. By Taylor’s formula, we have the
decomposition

o(x,§)

// "N e, (x, £+ O, E)op(y, £) dy dn.

1
a6, E4m =) — 0T, En"+ ) palx, & M,

lo|<r |a|=r

where the functions p, depend on Vg 0,. Then write 0 = o,flo), + ZI wl=r da> where
0. ) = [ Ruxox =5, DL 0. )0y

Rur3.6) = @) [ oty o, 6) din,
By the same estimate in [Métivier 2008],
108 R Cx. &)1 S M™ (@) ()"~ 1P,
Using DY o} = opep, we verify that
108 qu (- &)l S M™" (@M™ 09" b gy 1A,
and consequently, by Remark 4.5,

WDl s pgsmmsr S Y M 0(ga) S M™ (@)M™ (VD).
|a|=r

To estimate (II), for all || < r, take the decomposition 8? o,D%op, — O3¢aDeh = (1) + (i1) + (ii1), where
(1) = ag(oa —a)D{op, (i) = 8§‘aD§‘(ab —b), (i) = 8§‘aD§2‘b — 032aDgb-
By Lemma 4.6, Leibniz’s rule and interpolation,
Mm+m’—r,0(i) S Mm—r,O(Ua _ a)Mm,’O(DgO’b) S Mm,O(vra)Mm’,r(b)’
Mm-i—m’—r,O(ii) S Mm,r(a)Mm’—r-‘r\al,O(D? (Ub _ b?‘[)) SJ Mm,r(a)Mm’,O(vrb)’

Mm-l—m’—r,O(iii) g Mm+m’—|ot\,0(vr—|oz| (agaD;‘b))
< MO8 ay M0 (b) + M0 (9 a) MO (V7 b)
< M™ONVTAYM™ T (b) + M (a)M™ (V' D).
By Remark 4.5, these estimates imply that

(1) = O(M™" (@)M™ 0 (V"b) + M™O(V"a)M™"" (b))

ﬁmﬁ»m’fr .
0

The proposition follows. O

Proposition 4.10. Leta € I'" withr € N and m € R. Then

a

Ty — T = O(M™ (V" @) gor + O(M™ (@) v,
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where the symbol a* = g O is defined by (2-5). If in addition amw = a, then

TF — Ty = O(Mm’O(Vra))ﬁgn—r.

a

Proof. Much as in the proposition for the composition, we shall only prove the case where an = a.
Let (0, ) be admissible such that 6 x = x, then T, = Op(0,)), with

oy (x.§) = (2n)‘dfe‘iy'”5a(X+y,§+n) dndy =a*(x, §)+ ) ralx, §),

lee|=r

where by Taylor’s formula,

ns =21 [ 1y e DY 3G, (x, €+ B, €) dr dn dy.
R24 %[0, 1]
The term D 07'6,(x, § +1n) in the integral and the analysis in [Métivier 2008] imply that

M" 007 — o) < 3 M) + M@ — ) S MOV ).

|a|=r

The proposition follows by Remark 4.5. O
Recall the following results of paralinearization. See, e.g., [Métivier 2008].

Proposition 4.11. Ifa € H* and b € HP witho > 4 and B > 4, then
llab — Tub — Tyall gats-ar2 S lall g 1Dl e

Proposition 4.12. If F € C*°(R) with F (0) =0, then for all > , there exists a monotonically increasing
Junction C : Rs>o — R>¢ such that, for allu € H*, we have

| F )l ge + 11 FW) — Tewyull gzu-az < Clullgs) llull g

4B. Dyadic paradifferential calculus. Now we develop the theory of paradifferential calculus with
weighted symbols on weighted Sobolev spaces via a dyadic decomposition of the space.

4B1. Weighted symbol classes and dyadic paradifferential operators. We define a family of symbol
classes which take into consideration the spacial decay of symbols.

Definition 4.13. If r e N, k € R, and § € [0, 1], then Wkrgo is the set of all u € ./ (R%) such that

|M||W:oo = Z || k+8|a|a§u||Loo < OQ.

la|=<r

Definition 4.14. If m, k € R, r e N and § € [0, 1], then quar is the set of all a(x, &) € L
such that

(RY x (R\0))

loc

(1) for all x € R¢ the function & — a(x, &) is smooth, and

(2) for all « € N¢ there exists C, > 0, such that

logaC- . &)l < Cal€)" " forall |§] > 1.
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Moreover, we define

M (@)= sup sup (&) 7"[[0ga(-, &)y
la|<r+d 1§1=1/2 ’

Let Fk_,gom = mmeR FZf;Sr and FT&L,(S = mkeR F/’:fisr- Then for (m, k) € (RU {_OO})Q’ define
m,r __ m—j,r—j
Yps = Z D sis
O=<j=r
We say that aj, = Y, h'aj €, 2}y if
sup > M (@) < oo
O<h<1 0<j<r

We shall define =" = £y and , £ = , £('7 .

We are mostly interested in the cases where § € {0, 1}. Note that W,::go = (x)*W"> and thus
T}y = (x)"T™", whereas T'}'{" is a natural extension of S}" to symbols of finite regularities. We will
encounter symbols defined by solutions of the water wave system and thus have coefficients in weighted
Sobolev spaces. We need the following lemma.

Lemma 4.15. If u € Hllf’a, where |1 > d, ke Nand$ € (0, 1], then, for all o € N? with || <
min{(u — j)/(l +6), k}, we have (x)""a)‘fu € L™ and consequently we have the inclusion

H//{L,B - W(;I’l;n{[(u—d)/(l-l-t?)],k},oo N <x>—min{[u—g]/3,k}Loo‘

In particular 7—[,’:’1/2 C ngin{[z(“_d)m’k}’oo N (x )~ mintk.2lp—d]} o0,
Proof. The lemma follows directly from the Sobolev injection:
o0 ol o < Nl S el s S Nalygpes.
o o

1) ullze S Nullyooe Sl g S Matllyges

which hold provided |o| +d < pu —8la|, o] <k, d < —8n and n <k, that is,

—d —d
o) <mind ==E kU <mind A2 gL 0
1+6 5

Lemma 4.16. Let A be a linear operator from ./ (R?) to .#'(RY) and let m,k € R. If there exists
{Aj}jen € £°(0)") and W, ¢ € & such that A = ZjeN ijllfj.AJ'(bj, then A € O}

Proof. The lemma is a consequence of Proposition 2.12. (I

Definition 4.17. Let y € 2, and define ¥ € & by setting ¥; = >~ ;<10 Y& If a € Iy, where
m,k € R, r e Nand § € [0, 1], then define the dyadic paradifferential operator

Pa = Z Yilyaj-
jeN
Proposition 4.18. Ifa € T}y , then P, = O(M}"" (a)) gin.
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Proof. Note that if a € I}y then a € (x)*T""%. Therefore, by Proposition 4.4, we have
1Tysallers— v S M™0(Wja) S 277 MY (@),
We conclude by Lemma 4.16. O

4B2. Symbolic calculus.

Proposition 4.19. Leta € F,':’Sr, be FZ?:;{, reN, (m k), (m', k) eR2%, 0<8 <1, then

PaPy = Pazp = OM (@M 5 (D)) i+ o
k4K —8r k+k
where
la|<r
ath= Y _ —dfaDibe AN
aeNd
Proof. Let rj : N — C2°, ¥ =", _i1zs0 ¥jr» $0 ¥y = ¥r if | j — j’| < 20. Then write
1j—J'1<20 =120 o )
PaPp = Z YiTy,a¥jVj Ty ¥ = Z ViTyaTyp¥; + ViR, ¥,
(j,J"eN? (j,JHeN?

the remainder being

Rjj =YiTya¥j¥jTyw¥j — TyaTy,b
= 0@ DM @M (B)) i + OO M (@M (8))

by Propositions 4.4 and 4.9 and Corollary 4.8. More precisely, when composing Ty, and Ty, we use
wjlﬁ, = ¢; and have

Ty,aTy, = Tya+ O(M™ (@) MOV ) s
- o(M'”sO(vr(wja))MO”(_wj))ﬁg,_, + o(Mm”(xp,a)MO”(x_pj))ﬁo_w,
where MO0V ;) = OQ2777), M™" (Y;a) = O(2/%), and we use 0 < § < 1 to induce that
M’"’O(V’(xpja)) — O(OTffr{z_j(r_nHj(k_sn)}) — O(zj(k—&)).

Similar arguments work for the composition Ty, Ty;q.
Observe that Zj':|j—j'|520(‘/’ja)ﬂwj/b = (Y;a)tb, for all j € N. Hence

Y TyaTun=¥iTyan¥) + R,
Ji=Jj'1=20
where the remainder can be estimated much as above:

R] — O(Z!(k-i—k’_(Sr) M]’:ér (a)Mn;l’ér (b))ﬁ(;nﬁ»m’fér + O(z](k-‘rk/)MZ’lér (a)Mn/l’ér (b))ﬁ(;oo
We conclude by Lemma 4.16. ]
Proposition 4.20. Let a € 'y with (m, k) € R*, and r € N,0 <8 < 1, then

P = Par = OMY (@) gprr y g (4-8)
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where
la|<r
a* = Z —8%_ Diaexy.
aeNd
Proof. Observe that for any real-valued v € CE.’O(R‘I),
(Ya)" =a*gy. (4-9)
More precisely, this means that
1
* — aY DY = B=
Way =) DY) = Z a,ﬂ, DYy d! Dfa
lyl<r |y|<r a+/3 14

- ¥ l‘g(ﬂ'aﬂpf’ )D“l/f > 5 ( of Df )Df?w

||+ B8] <r 1Bl<r la|<r— Ia\

= (ﬁ,aﬂDﬂ )w—a 2.

|Bl<r
Then write P — Py = ZJ.GN i (le + Rf)l_ﬁj, where, by (4-9),

1 2
R; = T;/_a — T R =Tway — Tyiar = Tty —yjar-
For R 11 we use Proposition 4.10,

R} = OM™ (Vy(yrja))) gp—r = O M (@) g+
By Lemma 4.16,
2 YRy = O @) gpip o

jeN

Using )y ¥ = 1, we induce that

D 9%y =0 foralla eNN\O, Y a*ty; — yja* =0. (4-10)

JjeN jeN
Then we write

= iat = Y DY g, e € T A
a#0
la|+|Bl<r

where the symbols w,g are independent of j. Write

Y UiRY =D Rus Rap=)  ViToey,ug )

jeN a,p jeN
By (4-10), we prove similarly to Proposition 4.19 that
ViR =V Y ViToey uws¥y
1j—j'1<20
— O (2] el Hk—IBlo=(r— |ﬂ|>a>Mm Ial Iﬁlr Bl (w, 8)) gn—r—tal
+ 0(21(—\a|+k—|ﬁ|6)M]Zn_—lllsoLIS:SIﬂl,r—lﬂl(waﬂ))ﬁo_w
=0 MY (@) ppr + O ML (@)) v
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Setting l,bjf = ZI ' jl<100 ¥j7. We again conclude by Lemma 4.16, and the identity
Rop =Y _ViRap¥),

JjeN
4B3. Paralinearization.

Proposition 4.21. If a € HY, b € H} witha > 2, B>4, keR, L eR, then, forall € >0,

lab —Pab = Poall yusp-an-c S lallng 161 -

Consequently if a € Hf‘n"s and b € HE’S withé >0, a —ém > %, B —én > %l, then, forall e > 0,
lab —Pab = Poallyes-ar-cs S lallzeslibllypa.
Proof. Decompose the product ab as

ab="Y_"y;(Y;a)(Y;b) = Pub+Pra+ R} + R},
jeN

where the remainders le and Rj2 are defined by
Rj = v (@ ¥ib = Tya(W5b) = Typ(¥0))

R} = ¥ (¥ Tyya = Ty, ¥ib + ¥ b Ty o — Ty) ¥
By Proposition 4.11,

||R} | getp-arn < ||1_ﬁja||Ha Hl_pjb”Hﬂ < 9—J (k+0) ”a”Hf ”b”Hf‘
By Proposition 4.9 and Corollary 4.8 and the Sobolev embedding theorem, for all € > 0 we have
ViTya¥i — Tya = 2_jk(9(||a||H,g)ﬁg—d/2—e,
YTy — Ty = 2_jEO(”b||Hf)ﬁ§7d/2—e.

We conclude the first statement by Proposition 2.12.
As for the second statement, observe that if 0 <k <m and 0 < £ < n, then

lab —Pab = Poall ye-sovp-so-ar-cs S lall ga-se 161 ys-se S llallyggo 1600

We conclude by noting that for all p € NN [0, m + n], there exist k € NN [0, m] and £ € NN [0, n] such
that p =k + €. O

Proposition 4.22. Let F € C*°(R) with F(0) = 0. For all u > ‘—21, there exists some monotonically
increasing function C : Ry — Ry such that, forallk > 0 and all u € H,f, we have

IE @Ol e+ I @) = Prrapll you-ae = Clull ) llull gy
Consequently, if u € H};:,S with § > 0 and u — §k > %, then

IE @) llypes +1F @) = Praullypu-inas < Clull o) lullyges.
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Proof. Decompose F(u) as F(u) = ijo ij(_lﬁju). By Proposition 4.12,
IF @yl ge < CUYull gl Yjull me < CUull )l jull e

Then write Vi F(Yju) =¥ Ty, o ju+ Vi R;, where

Rj =Y (F(Yju) — Tpymy¥iu) + ¥ (0 Tr puy — Ty pryyuw) Y
By Propositions 4.12 and 4.11 and Corollary 4.8,

| Rj Il 2u-arz < C(llull )| juell e

We conclude the first statement with Proposition 2.12. To prove the second statement, note that for all
j €NN[O, k] we have

||F(M)||Hju—6.i +[[F(u) — PF'(u)M||,,jz<u—51)—d/z < C(”uI|H“‘5/')||”||1.1jl‘—5j- O

4C. Semiclassical paradifferential calculus. We develop a semiclassical dyadic paradifferential calculus
and a quasihomogeneous semiclassical paradifferential calculus, using scaling arguments inspired by
[Métivier and Zumbrun 2005].

4C1. Semiclassical paradifferential operators.
Definition 4.23. For all & € (0, 1], define the scaling operator
wu(-) e 4 uh ). (4-11)

(1) If b & I, then define Ty =7, ' Ty1o, Th.

(2) If a € Iy, then define P = 3=, . ¥; Ty, ¥;-

(3) If € > 0, then define P/ = szjga.
Proposition 4.24. If € > 0 and a € I}, where m <0, k <0, then supj,c (.1, I|P |l 12, 12 < 00,
Proof. Observe that 9}:::6’061 = O(1)o0. We conclude with Lemma 4.16. [l
4C2. Semiclassical symbolic calculus.
Definition 4.25. If a;, € 2'(R*?) and € > 0, we say that a;, € o, if

U suppap N e 1 = .
O<h<l1

Proposition 4.26. Let (m, k), m', k') € (RU{—oo})?, r € N, withr > m +m', r > k + k'. Let
a, € F,’:;{ Nog and by, € FZf‘;Sr N og such that, for some Rj, > 0 depending on h,

supp a; Nsupp by C {|x| > Ry} x RY. (4-12)
Then, for h > 0 sufficiently small,
P:h Pgh o 735/111;,1711 =O0h (1+ Rh)k+k/_6r)L2—>L2»

where the symbol aft,b), = ahﬁgiibh € hEZ:Zf;’r is defined by (2-4).
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Proof. By (4-12), if ¥;a;, # 0 and ¥;b;, # 0, then j 2 log, (1 + Rj). We claim that

hph h h
PPy = Z l_pijjahl_pj_wj'T%/bhl_pj/
JjZlogy (1+Ry)
lj'=jl=<20
= D UiTlamapn ¥y O A+ R s, (4-13)

JjZlogy (1+Ry)
lj'—jl=20

Then we conclude by
D (Wian)ia(ybn) =i (antinbn).
Ji—=j1=20
It remains to prove (4-13). We use (4-1) to deduce that 7 (7, Oy, bh)u) vanishes in a neighborhood of
& =0. By (4-5), for some 7" € C % (R4) which vanishes near & = 0 and equals 1 outside a neighborhood

of =0, and, forallm+m' <N €N,
h h -1 1,0
Ty Vi¥i Ty m o = TQ}::S(Wjah)ehv* (YJ‘_/’J'/)”/(DX)TGJJS(%”%)
= Te,i;fj(wjah)Te;;ﬁ(;/ij,/)w’Te,i;i’(w,/bh)
+OM™ O (Yjan) 5p OQTINRY) 5 ox OM™ O (Wb1)) jr - (4-14)

Then we use Proposition 4.9 and the fact that a;, b;, € o to deduce

Lo san Lo 0w nem 1oy, m
= Tehljo(w,ah)ne,:;,?(yj;/f,/®n/)n«9h1;2(w,/bh)

+OM™ (V76,5 (jan) MO @, W )M™ " (02 (W b)) i
+OM™ 6, (Wjan) MO (V" 6, Wy IM™ " (6 (Wi b)) v
+ OM™ (6, jan) MO @, i IM™ O (76, (Wi b)) et

To estimate the remainders, we see that, for each o € N¢ with |a| =r,

o!

arpl.0 ) qaxpnl,0
8x eh,*wjax Qh,*ah

30y, (jan) = )

]
o1ty Q11 02!

= Z o! O(hlalp=ill 5 plaalpik=slealy . — o (proik=8ry,

| |
oy -Foy=ar o107,

where we use 0 < § < 1. Therefore, the first term in the remainder is
O(hrzj(k—t-k’—ér))Lz_)Lz — O 1+ Rh)k+k/_8r)L2_>L2.
Similar methods apply to the other two terms and we conclude that
Too,., T T,10 =T, +Oh (1 + R =0y 2 o (4-15)
0y Y rian) L 0, YW @m oY (Wybn) T Loy ((Wan) i (W ba)) L2—>L2
The estimate (4-13) follows from (4-14) and (4-15). [l
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Combining the analysis of Propositions 4.26 and 4.20, using Proposition 4.9, we obtain a similar result
for the adjoint, to the proof of which we shall omit, as it is similar to the above.

Proposition 4.27. Let (m, k) € (RU{—00})?, r e N, withr > m, 8r > k. Let aj, € F,r:;sr N oy, such that,
for some Ry, > 0 depending on h, suppay, C {|x| > Ry} x R% then, for h > 0 sufficiently small,
(Ph)* =Pt = O™ (1+ Rp) ) 2 2,

where aj = C;?,’,lah € 1%y is defined by (2-5).
Corollary 4.28. Let ¢ > 0, (m, k), (m', k') € (RU {—o0o)2, r € N, with r > max{m +m’, K'}, k < 0. If

’
ap € I} Noec and by € T}, | Noy, then

h.eph _ ph _ (1+€)r—e(k+k')
Pa P, P(G,f;fah)thbh =0 o2

h phe _ ph _ (I+e)r—e(k+k")
th,])ah thﬁh(@;:gah) - O(h )L2~>L2'

Proof. 1t suffices to observe that, if € > 0 then supp 9;:2ah C{lx| =2 h €} and 9;:2% = O(h_ék)l“z)"vl’. We
conclude by Proposition 4.26. U
Corollary 4.29. Let € > 0, (m, k), (m', k') € (RU{—0co})?, r e N, withr >m+m’, k<0, k' <0. If

ap € T}V Noec and by € T}, | Noe, then, for h > 0 sufficiently small,

hephe  phe (14-€)r—e(k+k")
Pﬂh th antibn — O(h )L2—>L2a

where the symbol a;15by, = aj, tt;i € plte ZZZ:Z?Y is defined by (2-4).
Proof. 1t suffices to use the identity (6] Jan) 34 (6) \bn) = 6} ) (antisbn). O

4C3. Some technical lemmas. The results above only concerned the high frequency regime as we require
the o, condition. The next lemma studies the interaction of high frequencies and low frequencies.

Lemma 4.30. Let m € R, a;, € %, b, € %0 such that, for some R > 0,
suppay € {|§] = R}, suppby € {|§| <h™'R/4}.
Then P! Py, = O(h™) 2, 2.

Remark 4.31. This lemma concerns the estimate of Pgh Pp,,» not P;’h Pl},’h. This is not a typo.

Proof. By definition
Ty pu(§) = 2m) ™ f X (& — 0, Ma () W;bn (& —n, mi(n) dn.

The admissibility of x implies supp YW C {|&] < h~'R/3}. Therefore, for any |j’ — j| < 20,

YiTya ViV Ty m ¥y =¥ Ty 0w (D /R (1 = 2 RhDy /R Ty, ¥ j

=YiOh™) 2,29
We conclude by Lemma 4.16. ]
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Corollary 4.32. Ifa € T is homogeneous of degree m with respect to &, then, for b € T%° N oy and
h > 0 sufficiently small,
PR Py —Ph) = Oh™®) 2, 2.

Proof. By a direct verification using (4-2), the homogeneity of a and the admissible function y, and
Corollary 4.7, we see that " P, — P! = Pgh, where P’ denotes the paradifferential quantization with any
admissible pair (7', x) such that 77" = 7/, and the symbol

an(x, §) = (u(h§) —m(§)alx, h§) € T
satisfies the condition
supp dp C R x supp(1 — 7w (h-)) Cc RY x {|&] <2hn~ ).
We conclude by Lemma 4.30. (]
Lemma 4.33. If a, € ' Noy with r > max{m, 0} + dN, then, for h > 0 sufficiently small,

T" —Op,(an) = O(h") 12, 2.

ap

Proof. By Calder6n—Vaillancourt theorem, we have
Ta = Opy(an) =7, (T,10, — 0P, i),
,0
- 0( > 19¢9f 010, — Oy an) ||Loo)
- " L2— L2
lal,|8]=d

By hypothesis r > max{m, 0} + |8] > |B|. We use (4-5) to deduce that
19887 (o

300, — Onvan) e S MOGf 00, =65 an))

S MmO RO F (10, — 03 V)

< MnO0(T (6 0a,))

<h" M™%ay). O
Lemma 4.34. If a; € ' Nog withm € RU {—o0}, then, for h > 0 sufficiently small,

Ph —Op,(an) = Oh™) 2, 2.

ap
Proof. By Lemmas 4.33 and 4.16,
Pr =Y ¥ Op, (rjan) ¥ = Oh™) 2, 1.
jeN
Note that, uniformly in j € N, we have
Yitn(Yjan)n ¥ = Yian + Y O(h™)r-c..

Therefore,

Zt_lfj B (Yjan)ny; = an + O(h™)p-sce. N

jeN
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4C4. Symbols with limited regularities in (x, £). The symbols we have encountered so far have limited
regularities in the x-variable but are smooth with respect to the £-variable. When studying the propagation
of singularities for nonlinear equations, we need to solve Hamiltonian equations which transfer the limited
regularity in the x-variable to the &-variable. Therefore we need to discuss in this section paradifferential
operators with symbols that have limited regularities in both the x- and &-variables. As we do not intend
to obtain optimal regularities, we shall content ourselves with an approach by approximation.
Definition 4.35. For all r € N, the symbol class YT" is the set of all a € L;’;’c(Rd x (R4\0)) compactly
supported in RY x (IR"\O) such that N” (a) < 400, where

N@= > 1all, i
aeN |g|<r
If a € Y"1 with r € N, then the paradifferential operator 7, is defined via approximating a by smooth
symbols. To be precise, let 2 € RY x (R?\0) be an open neighborhood of supp a and let {a, },en C C(R2)
such that
lim N (a, —a) =0.

n—oo
Note that such an approximation is always possible because a is compactly supported and we only require

the convergence with respect to the N"-norm (not the N”+!'-norm)! By Proposition 4.4 and Lemma 4.6,
for all n, m € N we have

1Ta, = Ty 212 S MG (0 — an) S N°(an — am) < N'(an —ap).
Therefore, for all u € L2, the sequence {7, u},en is Cauchy in L? and we define

T,u= lim T, u.
a n—oo

Clearly this definition is independent of the choice of the sequence {a,},en and extends the definition of
paradifferential operators with symbols that are smooth with respect to £. Then we define the operators
T, P,, P! and P" exactly as before.

Proposition 4.36. If a € Yt with r > 0, then for all h € (0, 1], we have Tah - L% — L% Moreover,

h 0
sup 17 22 S NV (a).
he(0,1]

Consequently, for all € > 0 we have

h 0
sup [Py N2z S NV(a).
he0,1]

Proof. The general case h € (0, 1] follows from the case # = 1 and we shall assume & = 1. Choose a
convergent sequence {a, },en C C°(K2) as above. For all u € L? with llu]l;2 = 1, we have

I Taullp2 < 1 Tau — To,ull 2 + | Ta,ull 2,
where lim,,, o || T,u — T, u|| 2 = O by the definition of 7T,u and

I Ta,tll 2 S NOan) S N%a —a,) + N%a) — N%a).
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Therefore, passing n — oo we conclude that || T, || ;2,2 S N (a). The estimate for Pfl”e follows similarly
to Proposition 4.18. (I

Combining the approximation method above and the analysis in Proposition 4.26, we obtain the
following corollaries similarly to Corollaries 4.28 and 4.29.

Corollary 4.37. Let€ >0, (m, k) € RU{—00})?, r €N, withr > 0. If ay € X" "' No, and b, € T}'{ Noy,
then, for all k' € R such that r > k + k', we have

h,eh h _ (14+-€)r—e(k+k') p g—m,r m,r
P“" szh _P(Qﬁ,’gah)tinbh =0 ' Mk/*l (ah)Mk’l (bh))Lz_)Lz’

h ph,e h
ppphe_ph

— 14e)r—e(k+k') y g—m, ,
@h butn (0} wan) O(h( el )Mk/,nf r(ah)M;:lr(bh))Lz—)Lz'
Proof. Let a) be a sequence of approximating symbols {a; },en C CZ° (R?*?) N o, which is bounded,
uniformly in / € (0, 1], with respect to the norm N”(-). Note that for all k" € R, we have M,,"|"" (-)
N"(-). And thus, when n € N is sufficiently large, we have M,"\"" (a; —an) <2N"(aj, — ap) = o(1). By

Corollary 4.28, if r > k + k', we have

heph _ ph — O(RHOr—eU+K) pp=m.r (ny g em.r
Pai Pon = Piggoapyzn, = O Mgy (ap) My i (On) 12 12

= O =< CI MM @) M (b)) g2y 12 + 0 (D 2 2.
In fact, for all u € .7(R?), as n — oo, by Proposition 4.36, we have

hoeph h
1P, Pyt =P co ullr2

(), can)tnbn

_ he _ pheyph h h.eph . ph
= NP = Py Pl 1P o, apyyann, N2+ 1Pa Poytt = Pgro

h,x
= o()(IP} ull g2 + llull 2) + ORI =EHRI MM (@) M (b)) | 2.

u
a/r;)ﬁhbh

Passing n — oo and then use the density of .#(R¢) in L?, we conclude that for all u € L?, we have

heph ., ph _ (1+e)r—e(k+k') 3 g—m,r m,r
Py, Py, u p(@;’gah)ﬁhbhu”Lz =0 M, (an) My 7 (b)) llull 2.
; h phe _ ph S Simi
The estimate for P P, thﬁh (6 an) is similar. O

Corollary 4.38. If € > 0 and ay,, by, € Y™ where r € N, then

h,eh,e h,e _ (14+e)r
Pah th - aptyby O(h )LQ_)LZ’

where the symbol ay,f; by, = ay, ﬁg’jbh is defined by (2-4).

4C5. Almost sharp Garding inequality for paradifferential operators. We need an almost sharp Garding in-
equality for our paradifferential calculus. There are various works on the (almost) sharp Garding inequality
for pseudodifferential operators with limited regularities; see, e.g., [Taylor 1991; Tataru 2002; Hérau 2002].

Lemma 4.39. If € € (0, 1) and ay € M,x,(I'%") N oq is compactly supported, where n € N, r >
max{cf, el — 1} and Rea > 0, then, for all € € (0, 1), there exists C > 0 such that, forall u € L2,

Re(T) u, u);> > —Ch' =< |lul,.
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Proof. By Lemma 4.33 and the condition r > d, we may replace Ta}; with Opy, (ay,) in the above inequality.
As aj, € op and is compactly supported, we have {b,(x, &) = h=1Fea, (x, h&)}ne.1) is bounded in [l-er,
By [Taylor 1991, §2.4 (2.4.6)], as r > €~ ! — 1, we have 1 —e < r/(1 +r) and thus

Re(Op(bn)u, u) 2 Z —llull.
We conclude by Op(by,) = h~'*€ Op, (as). O

We are mostly interested in the case where € = % In this case, the condition for r is simply r >
max{ci , (%)_1 — 1} = d. Next we show that the almost sharp Garding inequality also applies to symbols
in T4,

Lemma 4.40. If € € (0, 1) and ap, € My, (Y1), withn € N, r > max{d, e "' — 1}, then there exists
C > 0 such that, forall u € L2,

Re(Tju,u)r2 > —Ch' ™ |lull?,,  Re(Plhu,u)p2 > —Ch' ™ |lul|%,.

Proof. Choose a sequence a,{ € M, (T%") which converges to a;, with respect to the norm N”(-) and is
uniformly compactly supported in R? x (R?\0). Apply the almost sharp Garding inequality for a;l; there
exists a constant C > 0 which is independent of j such that, for all u € L?, we have

Re(T) u,u)2 = Re(Tah it )2 —i—Re(Tah,-u, w2 > o(1) — Ch' ¢ |ull3,.
! h—aj h
We conclude the almost sharp Garding inequality for Ta’; by passing j — oo. Therefore,
Re(Plu,u)2 =y Re(Y;Ty , Vju, )2 =y Re(Ty , Yju, yju)p2
jeN jeN
2 —h"" > yulli, 2 —h T ul3. O
jeN

4C6. Relation with quasihomogeneous wavefront sets.
Lemma 4.41. If r > 0 and a;, = Z;:O hjali, where a}{ € Y =J such that ay, is elliptic at (xo, &) €
RY x (Rd\O) in the sense that, for some neighborhood 2 of (xg, &y), we have

inf inf |a,(x, >0,
0<h<1(x,§)e§2| h( $)|

then for all u € L? such that Ta’Zu = O(h?);2, where 0 <o <r,we have (xg, &) & WF&I(M).
Proof. Assume that @ C R? x (R\0). Let b, € S_% with supp b, C Q. Then by the symbolic calculus

stated in Corollary 4.38, there exists ¢, = )_;_o h/c;, where ¢; € Y'*"7/, such that

Tp =TT} + O )2, 0.

cp tay
Thus Tb};u = O(h?);2. By Lemma 4.33 we have Op,,(b;,)u = O(h°);>. We conclude by Lemma 2.14. [J
Lemma 4.42. Lete >0, e € Fgf v ife=0andec Fgf | if € >0, and suppose that e is homogeneous of

degree m with respect to €. Then, for f € H* and0 <o < (1+é€)r,
WF;’TO'—ITL (ng)o C WFS+0' (f)o-

€,1
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If in addition e is elliptic, i.e., for some C > 0 and |&| sufficiently large, |e(x, §)| > C|&|", then
WET (P, [)° = WE 7 (f)°.
Proof. For . € R, define Z* = Pjgju. Then Z7*Z* —1d € 0-3. Therefore,
f=Z7Z°f€HY, Pef —Petje=Z' f€H, ™™+ H>,

where 8§ = 0 if € =0, while § = 1 if € > 0. By Lemma 2.15 and the fact that Z** are pseudodifferential
operators with elliptic symbols in § = we readily have

WET?(f)° = WEZ((Z°f)°, WEST" (P f)° = WES "7 (P 2° f)°.

€1
So we may assume that s = 0. Let a, b € S_ N o, such that
suppb C {a =1} C suppa C [Ri2d\WFgl(f).

Then by Lemma 2.14, OpZ’l(a) f = 0O(h?) 2. By Corollary 4.32, Lemma 4.34, Proposition 4.26, and
Corollary 4.28,

W™ Ops ! (bYP. f = Op (DYP! f + O(h™) 2
=O0p; ' (b)P! Ops ' (@) f +0p ' ()P Ops' (1 —a) f + O(h™) >
= O() 2,12 0ps (@) f + O )
=O0h°) 2,

proving the first statement. The second statement follows by a construction of parametrix. U

5. Asymptotically flat water waves

In this section we prove Theorem 1.6. The idea is to combine the analysis in [Alazard, Burq and Zuily
2011] with the dyadic paradifferential calculus in weighted Sobolev spaces. We shall use the following
formal notations for simplicity. Let w be a function on R? which is nowhere-vanishing. Then for any
operator A between some function spaces on R¢ and, for any function f on R?, we introduce the following
notations whenever they are well-defined:

AW =A™, @ =y,

Note that (Af)™ = A™ f®_ For k € R, we also define by an abuse of notation
A® = A ph) - p(0h

Observe that L,% = H,? is an Hilbert space with the inner product

(f.8)12 =Y g2

5A. Dirichlet-Neumann operator. We study the Dirichlet-Neumann operator on weighted Sobolev
spaces and its paralinearization. The time variable will be temporarily omitted for simplicity.
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5A1. Boundary flattening. Let n € W12 (R?), such that
§:=b+ inf n(x) > 0. (5-1)

Define 7(x, z) = (x, z+ n(x)) and set e

Q=17'(Q) = {-b—n(x)<z<0),
=17 =(z=0),
T=t'(D)={z=-b—nk))}.

Let . be the pullback deduced by 7, then

d
2.(dx? + dy?) = (dx dz)Q(d)ZC),

where
=(1d+(Vn)’(Vn) Vn)
(Vi) 1)

-1 _ Id —Vn
¢ T\ 14vp2)

Let V., = (Vy, d;). Then the divergence, gradient and Laplacian with respect to the metric o are

We verify that

divou =V, -u,
Vou = (Vu — Vndu, =V - Vu+ (14 |Vy»)d.u),
Aot = 32u+ (V — Vnd,) u.

The exterior unit normal to 92 = S UT is

IPFNETERN KCAUR ER IR VVAE L ZTERS
hy = (D7) |Tag2, n)= P ~
©, 1), r.
Let ¥ € H'/?, and suppose that ¢ satisfies the equation
Ay =0, @lx=v, hdlr=0.
Then v = (7]g)«¢ satisfies
Apv=0, vig=1v, 0,vlz=0. (5-2)

The Dirichlet-Neumann operator can now be written as

—1
VIHIVnEZ Gy = dn,vlg =ng - Virvl—o.

5A2. Elliptic estimate. Let xo € C*°(R) with xo(z) =0 for z < —% and xo(z) =1 for z > 0. Take the
decomposition v = v + ¢, where

Y (x, 2) = x0(2)e* Py (x).

LemmaS.1. LetneN, meR, pn R, keR, a € §. Then

102 OP@Y Il 2y, sy S NV N
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Proof. We only prove the case where n = 0. The general case follows with a similar argument and the
identity

v =3 ()1 @D Py ).
j=0
Let
b(x,&) =a(x,&)(E) ™ e S,
Mz, §) = x0()e N (E) 2 e L8,
Then for all N > 0,

I0P@Y Il 2y g2y S IOPR) OPBIV l 2(ay, 12 + 1l -

Observe that

opW® — Opn)®y* e L6, 7,

(Op(W)*®)? —0p(rH™ e L2267
Also note that
0 0
o(£) = / 22z, 8) dz = (&) f 1@ dz € S0,
—00 —00

Therefore,
10p() OPBYY 1725, 12, = (OP(?) OPBYY, OP(B)Y) 12y, 1) + O UV I)
= (Op(0) Op(D)y. Op(B)Y) 12 + OIY [17,) = OUIYII7,)- O
Lemma 5.2. Forall k € R, we have ||17||Hkl < C(||77||W1,oo)||1//”HkI/2.
Proof. Let H;’O be the completion of the space
{f e C®(): f vanishes in a neighborhood of f)},
with respect to the norm

1/2

lutll o= 1Voull Lz = (Vou, Vou) 5,

where (X, Y)Lg = f§ o(X, Y)dxdz. As b < oo, by the Poincaré inequality,
lullz> = CAinlize)1:ullL2 = Cnllwre) llull 10

forall u € HQ}*O. Let 0 < ¢ € C*°(R) be such that £(z) =1 for |z| < 1, and ¢(z) = z for |z| > 2. For some
R > 0 sufficiently large to be determined later, set w(x) = R x ¢({(x)¥/R). Then (x)* < w(x) < R(x),
supp Vw C {(x) > R'*}, and |[Vw(x)| < R*=D/k,

As v satisfies the equation A,v = —A, Y, we consider ) as the variational solution to the equation
B@™ .y = —L(-), where, foru, p € H0,

B, ¢) = (V{u, V8" ) 2. Lig) = (V9™ VI 0) 2.
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Observe that Véwil) =V, F by, where b,, = (w™'Vw, =V - w™'Vw) e L®, satisfies ||b,| <
C(Inllwr.ec)R™'/* We verify that L and B are continuous linear and bilinear forms on H 91’0. Moreover B
is coercive when R is sufficiently large; indeed,

B(g. @) = Vool = Ibullz, = (1= Clnllwis) R Vop |7, (5-3)
Therefore, by the Lax—Milgram theorem and Lemma 5.1,
100y S I N gp0 S UL gaone S Wl S 11 0
1/2

Proposition 5.3. Let (n, ¥) € W x H? k € R. Then |G ;12 < CUmllwr) 1]l 172
k k

Proof. By Lemmas 5.1 and 5.2, v € L?((—S, 0), Hkl)ﬁHZ1 ((=$4,0), L,%). By a classical interpolation result
(see, e.g., [Alazard, Burq and Zuily 2014, Lemma 2.19]) and the equation satisfied by v, we deduce that

veCl(-3,0], Hyncl(-s,01, H . O
5A3. Higher regularity.
Proposition 5.4. Let (n, ) € H*1/2 x H,?H/z, where k € R, u > % + %, 0<o < [pc — %] Then
IIG(UWIIH;—I/Z < C(HUHHMH/Z)HW”H:H/Z-
Consequently, if (1, V) € H*H2 x 17TV with § > 0, k € N and o — k8 > 0, then

IG Y llo-120 = CUIMI ) 1 llgo1/26.

Proof. We shall only prove the cases where o € N. The remaining cases follow by interpolation. By
Section 5A2, it suffices to prove that, for all o € [0, w— %] NN, there exists § > 0 such that

b e L*((=8,0), H' TN H'((=8,0), HY).

Let N, be the corresponding norm of v, we shall prove that N, < 400. The case where o = 0 has already
been proven by Lemma 5.2. It remains to bound N, | by N, via a mathematical induction. Note that if
x € CX((—4, 8)), then x 9/ v satisfies the equation

—AQ(X855)+K6=AQ(Xa;’_W)—K_w. 5-4)
where K = [A,, x97]. Note that A, = P - P with P = (V —Vna,, d,), so

K=P-[P,x0]1+[P, x3]- P.

By an explicit calculation

[P, x371= (—x[Vn, 3710, — Vnx a7, x'97).



320 HUI ZHU

Integrating the following pairings by parts using v|,—o = 0, we have by Lemma 5.1 that
|(x 07 0, Kx070) 22| SIP*(x 07 )l 22 1LP X 07 1x Oll 22+ PCx 07 ) 22 P x 07 1 x Ol 22
,S NaNaJrl,
|07 0, K x 07 ¥) 202l S WP (007 D)l L2210 X 0 Ix Wl 22+ POCOT Yl 22 1LP X 07 T X 0l 22
Sl o172 (No+No41),

|(X 070, =D (X7 ¥)) 2121 S IIP(Xa"v)IILszIIP(Xa"W)IILsz Sl por12No 41

In the above inequalities, the adjoint operators are taken with respect to LZL,%. Using again the structure
of A,, we have by (5-3) that

(X070, =D (X7 0)) 212 R IIP(Xa"v)IILsz ||X3”5IIL2L2 e ||X3“17||H1H1 N;.
Pairing (5-4) with xdJ v and using the estimates above, for all € > 0,

N2 S XT3 1 S No Not + 19l gosua (N + Novg1) S €NZyy + €7 N2+ 19 1001),

All the constants hidden by < are of the form C (||| gu+12). We thus conclude the induction by choosing
€ > 0 sufficiently small. By interpolation as in Proposition 5.3,

veCl(-s,01, HT* ncl(-s, 01, HT ).

o—4j

When ¢ € ’Hk , we apply the above estimate to ¢ € H; and conclude. U

5B. Paralinearization. Now we paralinearize the system of water waves. The following results are
immediate consequences of the analysis in [Alazard, Burq and Zuily 2011] and our dyadic paradifferential
calculus on weighted Sobolev spaces.

Proposition 5.5. Let (1, 1//)‘5’7'-1’”1/2'S XH,’:’B with p — 3 €N, k e N and . — 8k > 3+ £. Let

_Vn-Vy+ Gy
1+

, V=Vy—-BVp,

and ). =2 420 ¢ FS{&’”_I/z d—l—Fl/z” 3/2-d , where

AV, &) = VA +IVIPIER — (Vi-£)2,

+ |Vl )
K(O)(x, £) = #{V . (Ol(l)Vn) +lag)\(l) . Vot(l)},
and "
AV +iVn &
Ot(l)(x, s) ===
14+ |Vn|
Then

Gy =Pr(y —Ppn) —Pv-Vn+R@, ¥),

where R(n, ¥) € ’H“H/z 5

We shall define w = ¢ — Ppn, which is called the good unknown of Alinhac.
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Proof. We only sketch the proof, for the key ingredients are already given in [Alazard, Burq and Zuily
2011]. We simply replace the paradifferential calculus in [loc. cit.] by our dyadic paradifferential calculus.
Let v be defined as in Section SA. Rewrite (5-2) as

aafv +Av+B-Vo,v—yd,v=0,

where @ = 1 + |Vn|?, B = —2Vn, y = An. Applying Proposition 4.21, we obtain as in [loc. cit.,
Lemma 3.17],
Pud2t + Au+Pp - Vou —P,du € C([—5, 0], HiP), (5-5)

where u = v — Py_,¢ with (x, z) =z +n(x). Define at = a” +a” EFl“ 1/2= d—l—FO” 3/2= dby

af’(x, 6) = ( B-&£4alE]2 - (B-£)2),
1 ) 14
ai))(x,é)zztm<laga(_l)8xa$)—aa$))

Then we factorize (5-5) as
P (3, — P ) (0, — Pa,Ju € C([—8, 01, 1),
Because Rea'" <0, a parabolic estimate (see e.g., [loc. cit., Proposition 3.19]) implies that
(01t — Py, u)|smo € HLT2P,
We conclude by setting A = (1 + |V77|2)aJr —iVn-£&. U

The proofs of the following results are in the same spirit and much simpler. Their proofs are exactly the
same as in [loc. cit.], simply replacing the usual paradifferential calculus with our dyadic paradifferential
calculus, particularly Propositions 4.22 and 4.21. Therefore we shall omit the proofs.

Proposition 5.6. Ler n € Hi™/>% with p — L € N, w— 8k > 3+ ¢, and define ¢ = £® + ¢ ¢

2.u—1/2—d 1 3/2—d
Fﬂ/ M/

0.0 + F , where

o _ AEIVIPIER—(Vn-8? )
TSR

Then H(n) = —Pen+ f(n), where f(n) € H2u 2-d/2.28

Proposition 5.7. Let (n, ¥) € My /%% s 11, with p — L €N, = 8k > 3+ 2. Then
py)— 170 VY +G)y)
1+1|Vn|?
2u—2— d/226

1 2
=19 - D@,

=Py -V —PgPy -Vn—=PpGm¥ + f(n, V),

where f(n, V) € H;

Note that in the above paralinearization results, we do not use the spatial decay of the symbols, as
we only require the symbols to be in the classes l"gf o - These results will only be used in the proof of
the Cauchy theorem, where the spatial decay of the symbols is not important. Later when we study the
propagation of singularities, we will heavily use the spatial decay of the symbols.
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Combining Propositions 5.5, 5.6 and 5.7, we obtain the paralinearization of the water wave system.
Proposition 5.8. Ler (1, ) € Hi /> s HY with i — L €N, =8k > 3+ L. Then (n, ¥) solves the
water wave equation if and only if

U
14

0 -P Id 0

—_ -l A . _

L=0 (734 0 )Q, wzthQ_<_PB 79)\)’
and f(n,¥)= Q" (2) € ’r‘-{,’frl/2 x M, is defined by

=Gy —{P.(y —Ppn) — Py - Vn},

1(Vn-Vy+Gmy)?
2 14+|Vn)?

(8t+PV‘V+£)< )=f(77, v)

where

1
fa= —§|V¢|2+ +H@®m) +Py - VY =PpPy-Vn—=PpGmy + Pen —gn.

5C. Symmetrization.

Definition 5.9. For T > 0, y € R and two operators A, B € L*°([0, T], ﬁg/), we say that A ~,, B, or
simply A ~ B when there is no ambiguity of the choice of y, if

A—BeL®(0,T], 6.
By [Alazard, Burq and Zuily 2011], there exist symbols which depend solely on 7,
y =y B 4,2 D YD O
whose principal symbols are explicitly
y(3/2) _ \/m’ p(]/Z) =+ |Vn|2)_1/2m, q(O) =1+ |V77|2)1/4

such that
PpPs~32PyPyq,  PyPe~2PyPp, Py ~3p2 (P)*. (5-6)

— PP 0
=7 n)e

Then the first two relations in (5-6) can be rephrased as

~ . -7
SL (77,/ 0 ) S (5-7)

where the equivalence relation ~ is applied separately to each component of the matrices.

Define the symmetrizer

SD. Approximate system. Set the mollifier J; = P;,, where j, = js(o) + jg(_l):

&

JO =exp(—ey®?), jID =40 DO

Then uniformly for ¢ > 0, we have
JSP}/ ~3/2 Py Je, Jg* ~0 Je.



PROPAGATION OF SINGULARITIES FOR GRAVITY-CAPILLARY WATER WAVES
Let 5= 512 + 532 with

-1/ _ L 3 _

FEVD I 4 L 512 g p(112)

p = > P
P72 P72
Then we have
PpPp~old,  PyP1;4 ~old.

_1 (PP 0
Le=LQ7 ("7 e0? :
¢ ( 0 Pl/qjepq) ¢

Let

Then as in (5-7) we have

SL, (Py 0 )JsS.

We define the approximate system

@ +Pv- VI + CQ(;}) = f(Jen, Je¥).

323

(5-8)

(5-9)

SE. A priori estimate. From now on we restrict ourselves to the case where § = % The weighted Sobolev

H};:+l/2,1/2 o Hl,:,l/z

spaces are the spaces where we do the energy estimates.

Proposition 5.10. Lez (1, ) € C'([0, T1, Hi /212 s 1ty with = L e N, i =% > 344 solve

the approximate system (5-9). Define

Mr= sup 10 ) Olygoingge Mo =101 9OV ypiom,

Then there exists some nondecaying function C : R>o — Rx¢ such that

My < C(My) + T C(Mr).
Proof. For 0 < j <k, set _
My = sup ([, )OIl yurir-iz guir,
J J

0<t<T
M =100 ) Ol i i
By [Alazard, Burq and Zuily 2011], we know
M{ < C(MJ) +TC(MY).
It remains to prove that, for 1 < j <k, we have

M < C(MJ)+TC(My).

¢=A§‘S(”).
Y

P, 0

To do this, let A;‘ =P u-ii2, and set

J

Then

(8t+PV-VJ€)CI>+< )J8<I>=Fg,
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where F, = F; + ng + Fg, with
Fl = A{SF(en, Je),

0 —-P n n
3 _ Y " _ AR
= (Py 0 ) Telly S(w) Aj ke <w)
By Propositions 5.8, 5.5, 5.6 and 5.7,

1 f e e s ggiis < CA e )y, i) < CUM, Y s, ).

Therefore,
| F;! L0, 71,22) < C(M7).

As Py - VJ, is a scalar operator, Proposition 4.19 gives
1[0: +Pv - VJe, AJHS]||Loo([o’T],H.;HI/Z—/‘/ZXHIy—j/zﬂLzXLz) = C(Mr),

which implies
”Fg2||L°O([O,T],L2) < C(Mr).

By (5-8), the operator

sends H**1/2 x H* to H* x H". Unfortunately,

R:= < 0 _PV) JeAYS — AYSL,

P, 0

0 —P 0 -7
- (Py OV) JelAY L S1+[SLe, AT+ ((Py OV) JeS — Sc8>A;j
=: (D + D + (1)

does not send Hj“ T2y Hj“ /2 {0 L% x L? because the subprincipal symbol cannot be canceled out
in the symbolic calculus, due to the existence of A;L . Particularly, we need to use Proposition 4.19 to

estimate the commutators [Aj.‘ ,S]and [SL,, A;‘ ], and obtain

I%(3)
v
More precisely, the first term on the right-hand side comes from (I) and (II), while the second term comes

from (III). When j > 1,

H]-Mjl_j/z « Hju_—lil/Z—j/Z _ Hj/tjl/Z—(j—l)/Z x H].M__](j_l)ﬂ 5 H;:H/Z,I/Z x 7—[;:’1/2,

S, ¥) Il gi=irz gresirz=ie 0G0 ) guira=irz gueire-
L2x2 J J 7 J

and we deduce that
1F2 NIz o, 71,22) < C(Mr).
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Finally by the exact same energy estimate as in [Alazard, Burq and Zuily 2011], we conclude that
M% SI@lpeqo,ry,22) < C(M({) +TC(Mr). O

SF. Existence.

Lemma 5.11. For all (ng, ¥o) € ’Hffrl/z’l/z X ’Hfj’l/z, where @ — % e Nand n — % >34 ‘51, and, for all
e > 0, the Cauchy problem of the approximate system (5-9) has a unique maximal solution

(Ner Ye) € C([0, Tp), HETV22 5 gt/

Moreover, there exists Ty > 0 such that

inf T, > Tp.
e€(0,1]

Proof. Following [Alazard, Burq and Zuily 2011], the existence follows from the existence theory of
ODEs by writing (5-9) in the compact form
9 X = Fe(X),

where F; is a Lipschitz map on 7—[,’:“/2’1/2 X H,’f’l/z. Indeed, J; € 6, is a smoothing operator. The

estimates to proving the Lipschitz regularity can be carried out much as in the proof of Proposition 5.10.
The only nontrivial term that remains is the Dirichlet-Neumann operator, whose regularity follows by
combining Proposition 5.4 and the shape derivative formula (which goes back to [Zakharov 1998],

(dGm. @) == lim %(G(n +he) =Gy =—-Gn)(Bp) =V - (Vo).

A standard abstract argument then shows that T, has a strictly positive lower bound, we refer to [Alazard,
Burq and Zuily 2011] for more details. ]

Proof of Theorem 1.6. By Lemma 5.11, we obtain a sequence {(n,, ¥¢)}o<s<1 Which satisfies (5-9) and is

uniformly bounded in L*°([0, T, ’Hfj /2172 H,’f 1/ 2) for some T > 0. By (5-9), the time derivatives
{(8ne» 3 e)}o<e<1 are uniformly bounded in L ([0, T, H~""'/% x 3/*~*/*1/%)) By [Alazard, Burq
and Zuily 2011], there exists

(n,¥) € C([0, T1, H*T1/2 x H"), (5-10)

which solves (1-5), such that as £ — 0, we have (1,,v.) — (1,%) weakly in L([0, T'], ’Hf:H/z’l/z x?—[f’l/z),
and strongly in C ([0, T, 7—[,’:71’1/2 X 7—[,’?73/2’1/2). We then prove that, for 1 < j <k,

n
® =D, )= AL, ‘ﬁ)(w)
lies in C([0, T1, L?), where A;.‘ is defined in Proposition 5.10, and S = S(n, v) is the symmetrizer. Up
to an extraction of a subsequence, we may assume by weak convergence that
(1, ¥) € L¥([0, T, HL /212 s i1/,
@n. B9) € L0, T], ML s =321/

I'We do not need J; € ﬁ:g’g because the operators such as Py - V, L, etc., are all of nonpositive orders with respect to the
spatial decay.
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with

” (777 1//) ||Loo([o’T]’Hlt‘*l/z-l/zXHZ)le‘oc([O’T]’H;:*I-I/ZXH;:*3/2) S C(” (7707 ‘/IO) ||H]l:+1/2~1/2x7_t£4~1/2)'

/H]l:+l/2,l/2 « ,H];:,I/Z

This already implies that (n, ¥) is weakly continuous in . By the analysis in the

previous section,

0o —-P
V) VYo =F
0 +Py-V) +<Py 0) ,
with

| Fll Lo o,71,22) < C (1o, ¢0)||Hg+1/2.1/2x7{£.1/2)-

Let J, = Op, (e_|x|2_|’5|2). Now that e=/**IP=h*I§1° € Sg, we have the commutator estimate
[Jn, Pv-VI=0WM)go .,  [Jn, Pyl = O(l)ﬁl/f'

Because k > 1, by the same spirit of estimating R in Proposition 5.10, we obtain the energy estimate

d
SPOI < U0 YOl ).

Therefore, ¢t — || J, P (¢) ||i2 are uniformly Lipschitzian. Consequently, by the Arzela—Ascoli theorem,
t— ||<I)(t)||ﬁi2 is continuous, because J, ® — ® as 1 — 0. Combining the weak continuity, we deduce
by functional analysis that ® € C([0, T, L?). By (5-10), the paradifferential calculus, and the definition
of ®, we deduce that

. W) € C([0, T], HAT/212 s 112,

Thus we finish the proof of Theorem 1.6. ]

6. Propagation of singularities for water waves

6A. Finer paralinearization and symmetrization. To study the propagation of singularities, we need
much finer results of paralinearization and symmetrization than Propositions 5.5 and 5.8 so as to gain
regularities in the remainder terms.

Proposition 6.1. If (n, ¥) € HWHY2 5 HE with p — % eNand p >3+ %, then there exists A =
AD 42O e mbrml2=d e that
Gy =Pr(¥y —Ppn) —Pv-Vn+ R, ¥),

where R(n, ¥) € H**~X=4/2 for some K > 0 independent of the dimension d. Moreover A=), when it
is defined, is a function of derivatives 07 n, where |o| <1+ j.

Proof. This theorem follows by replacing the usual paradifferential calculus with the dyadic paradifferential
calculus in the analysis of [Alazard and Métivier 2009]. In that work, the explicit expression for A is
given. We write it down for the sake of later applications:

A= (1+|VyPas —iVn-g,
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where a4 = qu aij) e nh#=1=d/2 5 defined as follows. Setting ¢ = 1/(1 4+ |Vn|?), we have

aV =icvn-g —elgP—(Vn- )2 al) =icVn-g+/clE]2 - (cVn-§)2,

) iaga(_l) . axail) —cAnat ) laga( )9, a(l) cAna(l)
a = oM ’ 4y = 20 _ O
ay,’ — U —ay

a_

Suppose that a(] ) are defined for m < j < 1. Then we define

V=—mm 2 2 2 L Dtall,

ay m<k<lm<t<l |a|=k+l—m

a(+m—1) — gD,
The principal and subprincipal symbols of A coincide with the ones given by Proposition 5.5. O

Proposition 6.2. Let (n, Y) € HHMHY2 5 HIE with n— % eNand >3+ % Let A* = Pyamyeus, and set

w=A“US(n), U=(_l: 1).
Y il

0,u—1/2—2—d —1/2;;1/220.’

Then there exist Q € Myx2(X,
independent of the dimension d , we have

)and { € X, such that, for some K > 0 which is

. 1 0 i 1 —1 —K—
@+ Py -V pouti, (o _)ws B (| D)) e (6-1)

Remark 6.3. Because yx in the definition of paradifferential operators is an even function, we verify that
A*, Py, Py, Pp all map real-valued functions to real-valued functions. Therefore,

w= (“> with u = A" (i, l)S(Z) = A"Pyw— i APy, (6-2)
u
recalling that w = 1 — Ppn is the good unknown of Alinhac.

Proof. Combining Propositions 6.1 and 5.8, and moving the term g7 to the left-hand side,

0
(3z+Pv-V+£)(n)+g( )=f(77,1/f),
4 n
where

fap =07 (2) € HAMH/2-K=d)2 o pp2u—K—d]2

for some K > 0 and

fi=Gmy —{P.(¥ —Pgn) — Py - Vn},

B 1 (V1 VY +G)y)?
fr==31VyP+3 v

+H@m)+ Py -V —PpPy -V —=PpGY + Pen.
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Given two time-dependent operators A, B : .7 — ./, we say that A ~ B if
A—Be L®(0,T], 6,5,

By the ellipticity of ¥ ®/?, p{1/2 and ¢©, we can find paradifferential operators A¥and § by a routine
construction of a parametrix such that AMAR ~1d, SS ~1d. We can find ¢ € ¥ -1/21-1/2-2-d ity
principal symbol ¢ =172 = ¢g© /p(/2) which implies (note that the only nonzero entries in the following
matrices are in the lower left corners)

00 00
APS — AH ~ 0.
(o) w525 (15) -0
Then by (5-7) and the fact that the Poisson bracket between the symbol of A* and y vanishes, we find

by the symbolic calculus two symbols A, B € My r (011 2_2_‘2) such that

A:=1[0,+Pv -V, A*S]~[8, + Py -V, ALSISA*A*S ~ Py A"S,

B = 0 =Py A*S — AHSL ~ 0 =P — APSLSAM | AMS ~ Py ArS.
P, 0 P, 0

In fact, by Proposition 4.19, the symbol A is a finite sum of symbols which is given by the symbolic

calculus of the operator [9; +Py - V, A*S 1SA*, whereas the symbol B is given by the symbolic calculus

—A* AH.
(p g7) - arses

of the operator

Clearly A is of zeroth order. The reason why B is of zeroth order is the condition (5-7) according to
which we constructed the symbols y, p, g.

Let ® = A“S(Z), and write
0\ (0 0\ (7
()=o) ()

0 —P 00
0; +Py - -V)D 18 K) =P, DO+Ppd+F,
(0, +Py - V) +(73y 0 ) +<g73; 0) 2D+ Ppd +

we obtain by the analysis above that

where

_ ny 0 0\, 0 —K-d)2
—(A—FB)(w) Parp® + (ng 0) ) gA“S(n) +A*Sf(n,¥) e H* .

/(o) =( )
(5. o) =3 (7 )

Q0=-1UA+BU". 0

Finally, observe that

We conclude by setting
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Remark 6.4. By Proposition 6.1 and the symbolic calculus, the symbols that we have encountered, such
as A, ¢ and Q etc., are of the form a = a™ +a™~D ... such that a7, whenever it is defined, is a
function of (Vn, ..., V/*ly). To be precise a7 = fj(Vn, ..., VITIn £), where f; is homogeneous
of degree m — j in & and £0(0, ..., 0,8) = |&|™, fj(o .0, 5)_0forj > 1. Note that if n e #!/>1/2,
then for all j < pu + 1—d, we have Vine H’H /2= Therefore by Lemma 4.15,

V”? Wmm{ 2(u+1/2—j—d)/31,k},00 N <x>—min{2(u+1/2—j—z§),k}Loo, (6-3)
and consequently
(m—j) m=j,0 -
—l&1" mm{Z,u 1-2d.43.00 ¢ < F—min{Z,u,—]—Zj—ZJ,k},O' (6-4)

As another consequence of (6-3), we also have

|£__| m m1n{[2(pL 1/2— d)/3] k}
~ 6-5
a™m= = FT;{,mln{[Z(u—l/Z—J—d)/3],k} - FT;{,min{[Z(u—1/2—d)/3],k}—J 6-3)
Lemma 6.5. Let u be defined as in (6-2). If (n, ) € H**1/2x H*, with p—% €N, then, for 0<o <reN,
. 1 i1
wzthr<u—§—1—d,
o 1/2 o o
WES, (1) = WE 277 ()° UWES T (9)°.
If i, v) € HE Y2 e with k < 2(u—1—d), then, for 0 <o < 3k,
o 1/2 [e] o
WEf), | (u)° = WE/' 327 () UWF 3 (y)°.

Proof. Clearly if n € H**1/2 then (yG/2)2#/3 e Tir | pU/2 e 127 O c 70 B € 1O, By (6-5), if
n e HEH 2 then (y /)23 e Tl p/? e T/ @ eTyt, B e T}, By Lemma 4.42 and (6-2),
for either e =0 or e = 1
2,
WEZ (u)° = WEZ (A" P,n)° UWEZ | (A*P, (¥ — Ppn))°
= WE557 () UWEL 7 (f — Pyn)°®
C WEST2H (p)° U (WL (9)° UWEL T (Ppin)®)
© WAV () U (WEL (1) UWEL (1))

- WFE’ffl/2+“( )° UWE " ()"
Conversely, as WFgTU (Ppn)° C WF“+1/2+J(77)°, we have

WE V25 () UWEL T (9)°
= WELT Y2 ()0 U (W (9)7\ WEF1242 (1))
= W25 ()2 U (WELE (0 = P\ WELT 247 (%)
:WFM+1/2+O‘( ) UWF“JFU(l//—PBn)

= WF"I n)°.
The lemma follows. |
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6B. Proof of Theorem 1.7. By Lemma 6.5, it is equivalent to prove the following theorem.

Theorem 6.6. Under the hypothesis of Theorem 1.7, let u be defined by (6-2), and let

(x0, £0) € WF{5. (u0)°,
with) <o < 2 5. Let 19 € [0, T], and suppose that

xo+ 3t1€0| " *& #£0
forallt €0, ty]. Then
(xo + 310l€01 7"/, &0) € WEY5 | (u(10))°.

x'=>" H T

keZz
By Lemma 2.15, if f € X", then WF}, ,(f)° = @. Also note that if f € X" and a € 2§}, then
P.feX'™™. Ask <2u—d,wehave V € 7—[,’: C (x)KHH*K/2 < (x)7% L, which implies

Proof. For v € R, define

Pv-VwcPyH ' c H ' c x>,

By Remark 6.4, particularly (6-4),

min{u—1—d, j+k/2} k/2
Pow € Z mm{2;,c 1—2j—2dk) © Z X c X

j<w— j<n—d
Similarly
J 3/2 k/2-3/2
Pyw — Pgprw € Z min{2u—1-2j—2d.k) © cX ’
j<p— d
J+1/2 k/2+1/2
Pew —Pie-12w € Z min(2p—1-2j—2d.k) < cX :
j<p— d
By the hypothesis on m, we thus obtain
. 1 0 i _ 1 -1 _
dw' +i| D> (o _1) w/+3g|Dx| 12 (1 _1) w' e X232, (6-6)

where w’ = n(D,)w, and 7 € C®(R?), which vanishes near the origin, and equals 1 outside a neighbor-
hood of the origin. Moreover, we require that suppw C {f =1} suchthat 1 -7 € C é’o([REd) and 7(§) =0
if |£]? < |g|. Observe that the matrix

1 0 8., — 1 -1
1£13/2 8 1-1/2

is symmetrizable when restricted to supp 7. Indeed, let

p_L( 146 1-96
“2\-1-0) —(1+6))°
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where 6 = \/fr(f;‘) -(gl€|72+1). Then P € ﬁg. For & € supp mr, we have

-1 _ £13/2 1 0
PMP! =g| 9@)(0 _1>.

, u’ Reu +i0(Dy) Imu’
P(Dy)w = P(Dy)| - ) = . ,
u' —Reuw +i0(Dy) Imu’

Set

w

where u’ = 7 (Dy)u, then
- 32 I 0\ . k/2-3/2
0w + | Dy |70 (Dy) 0 —1 weX .

Finally, let v=Reu’ +i6(D,) Imu’. Then WE7), 1()® = WF}), ;(v)°, and
3,v + | Dy |/?0(Dy)v € X232,
We are left to prove that if (xg, &) € WFf/L 1(v(0))°, then
(0 + 310801 ™' 280, §0) € WET)5 1 (v(10)).-

Because 6(£) ~ 1 in the high-frequency regime, a proof similar to that of Theorem 1.4(1) yields the
conclusion. 0

6C. Proof of Theorem 1.9.

6C1. Hamiltonian flow. Let ® = &, : R? x (R¥\0) — R¢ x (R?\0) be the Hamiltonian flow of

(Vio - £)? )3/4

— 1, 3/2 = 2_
Hx, &) =y <o,x,s)—(|5| Vol

That is
05 Ps(x,8) = Xy (DPs(x,8)), q>|s:0=IdR"><(Rd\O)’

where Xy = (0 H, —dx H). We use s to denote the time variable in accordance to the semiclassical time
variable in the following section. Observe that:

Lemma 6.7. For (x, &) € RY x (R?\0), we have
D, (x, &) = Gy, (x.6)(x, §),
where G is the geodesic flow defined in Section 1C5, and
0, 6) =3 /0 G(®, (x. £) " do
Proof. We have Gy (x £)(x, &) = Go(x,§) = (x, &) = Po(x, ). Then observe that

H(x,&) =Gx, &)Y =0, (£, 8"
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Therefore,
Lo o= Sp@e(S6) w8
ds 7O ds ’ ds 7/ gse)
= 3G (G0, )X GGy, 1.0 (x, §)
= Xy (Gp,(x,6)(x,8)).
We conclude by the uniqueness of solutions to Hamiltonian ODEs. (I

Lemma 6.8. Suppose that, for some € > 0, Vg € W{)/’;i’re, V2 € Wlofeo. Let (xg, &) € R? x (R?\0)

such that the cogeodesic {(xy, &) = Py (x0, &0) }ser is forwardly nontrapping. Set

3 (7. _
g = Xg — X0 — 5/ 1&,171/%¢, do.
0
Then there exists (Z+o00, E+00) € RY x (Rd\O) such that
lim (z, &) = (Z+00s E+00)-
§—>+00
Consequently, by Lemma 6.7, let (x., &) = G(xo0, &), and then

lim & = )
§—> 400 S‘S §+OO

Proof. Because {(x;, &)}ser is forwardly nontrapping and we only consider the limiting behavior
when s — 400, we may assume that &g := || (x) V25|l .~ is sufficiently small. As Vi € L™, we have
H(-,&)~|]/*. Then

Sy 8) = 0 H (3 £) & — x, -0 H (5, &),

where
de H (x, &) & = 3H (x5, &) = 3 H (x0, &) = |£o|*/?
and
O H (x,, &) = 2H(x,, £) 778, G (x,, &)
_ 2V770 'gs Z(VUO 'Ss)z )

_3 1/3 2 2

= = H(x,, — VvV ——
Therefore

Xy - O H (x5, &) = O(e|&, 7% = O(el&o]%),
and consequently,
d
4 @ £ 2 16l (67

So, for any bounded set B C R4,

sup{|x - £] : (v, §) € B x RY, H(x, &) = H (x0, é0)} _ sup ¥ (E) "2, (6-8)

AMs>0:x,€B) <
’ |&0l3/2 reB

where A is the Lebesgue measure on R. Let

E(x,&)=H(x,&) — g%
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Then by the hypothesis of the decay of 79, we have E € Fi/ 12;16’0. By the definition of z;, we have

%(ZS’ &) = (0 E, —0cE)(xy, &) = 0(<xs>_l_e),

where we used the conversation of H (x;, &) to deduce the boundedness of &;. By (6-8),

00 o] 1
f (x) 1€ ds:(l—i—e)/ (s >0 (x,) ! >z)dz,§/ Vi=2—1dr < oo.
0 0 0

Therefore, for any 0 < s~ < s* with s~ — o0,
S+
[(zs+, E+) — (25—, E)| S / (xg)_l_6 do — 0,

N

implying that (x;, &) is a Cauchy sequence as s — oc. ]

6C2. Construction of symbol. For h > 0, and h'/2g < T. Set
Hy(s,x,6) =y (n's, x,8),

so in particular H (x, &) = Hy(s, x, £). For h > 0, the semiclassical time variable s = h=12¢ was inspired
by Lebeau [Lebeau 1992]; see also [Zhu 2020] for an application in theory of control for water waves.
For a € C*°([0, h~1/2T) x R*), set

Za=0da+(Hy, a).

Lemma 6.9. Suppose that, for some € > 0, Vny € WIO/’;L, V2170 € W?f:, V3770 € WSO/’;L. Let

(x0, &) € R9 x (Rd\O) such that the cogeodesic {(xs, &) = P (x0, &) }ser is forwardly nontrapping. Then
there exists so > 0, K > 0 and
XE € W Rap, T4 K= A WHR (R, S7™) (6-9)
in the sense that i i
IN#=R GO o ey + NP K4 @ 0O o ey < 00,

and satisfies the following conditions:

(1) x=(0,x, &) € S_ is elliptic at (xo, £&).

(2) Forall ty > 0, Xi(s, %x, E) € S”% is elliptic at (§z0|goo|—1/2goo, :i:Soo) for sufficiently large s.

(3) If Q is a neighborhood of (%t0|.§oo|_1/2éoo, :I:Soo), then x* can be chosen such that

supp xi(s, e é‘) cQ
0
for sufficiently large s.
Moreover, if (n, V) € 7—[,’{”1/2 X %ff, with u >3+ % and m > 2, then
L xF € LO(0, h7V2TY, ()~ K=

and
L X2 O(hl/z)L”([O,h*VZT],(x)*‘T“*K"Z*')' (6-10)
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Proof. Let¢p € C fo(Rd) such that

(i) ¢ =0, ¢(x) =1 for x| < 5 and ¢ (x) =0 for |x| = 1, supp¢ = {|x| < 1},
(i) x- Ve (x) <0 for all x € RY,
(iii) y-Ve(x) =0 forall x, y € R% with x - y =0.

Such ¢ can be constructed by setting ¢ (x) = ¢(|x]|), where ¢ : R - R satisfies 0 < ¢ <1, ¢(z) =11if
z< %, ¢(z)=0ifz>1. For p >0, § >0, A >0, v > 0 and sufficiently large s > 0, set

~+ . X — Xs & F&
* (S’x’g)_‘z’(pws )d)(p(a—s—w)'

We verify that fo%s % (s,-) >0 for s > 0 sufficient large. Indeed,

fofyii(s’x’g):(iagH(x,é)—BsH(xs,ﬂFEs)_x—xs>V¢<x—x5)¢( ETE, )

PASS PASS? PASS p(8—sY)
Oy H (x5, F&5)— 0y H (x, §) §F&s X—Xs EFEs
+(i p(B—s—) _”p<6—s-v>2sv+1)¢(pws)V¢(p<8—s—v>)‘
By (),
suppqﬁ(;xs) ClxeRY: |x —x;| < pAds),
PASS
Fés d. —v
SUPP¢< ” )C{%'GR HEFEI=p@B—s ),
p@E—s57Y)
supquS('p;—(stS) C {x eRe: %,o)»&s <|x—xg < ,o)»&s},
supp Vcb(p(éf—fiu)) ClEeR 5o —s") <IEFEI<pG—s"}
By Lemma 6.8,
vo=x043 [ 161 do o 2= Joltel ™ e 006)
0

Therefore, by writing
_3 —1/2
-~ i _ X 2t0|§oo| soo‘{‘o(l)) (Sq:§w+0(l)>
g (s’ tox,é)—qb( pASto N )

we see that x = (s, o, £) is elliptic at (319|&x0| ™"/ ?€0c, oo ) for sufficiently large s. Moreover, if pAd is
sufficiently small and s is sufficiently large, then

._xs

supp¢(—> C{x eR?:|x| > s).
PASS

Therefore, by the hypothesis on 19, we have, for (x, §) € supp )Zi(s, ),

2 —2—¢ —3/2—¢
V2H VXV5H>(X’§)=<O(S ) OCs )>’

2 _
VXSH(X’S)_(VEVXH ViH O~ o)
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and consequently, by the finite increment formula,

|9 H (x5, F&) — 0 H(x, &) S 5727 |x — x| + & F&| Ss7 V2 prs + ps,
|9y H (x5, F&) —  H(x, £)] S5 o — x|+ 572718 F&| < pAds ™' 7 4 pss /77,

By (iii) and the estimates above,

(9 H (x, £) — 3 H (x,, F&,) - w»(x ;8"‘)

— X X=X
= (0¢H (x,&) — 0: H (xg, F&5)) - W( Xs)'v¢( ohos )

=06 s (e —xy) - V¢< ASS)

(0 H (3, F6,) — 0 H (x, ) - Vd)( fffi,,)
§FE&s §FE&s
= axH ) s _8xH y : s -V BTN
(0 H (xy, F&s) (x,8)) |§$§SI2(§:F€) ¢(p(8—s“’))
ZO()\,S_I_G +S—3/2—€)(&-:ng).v¢< S:F%-S_ )
p(6—s7")

Finally, we fix 0 < v <€, § > 0. Then, when A is sufficiently large, and s > s — 1 > 0, with sy being
sufficiently large, by (ii),

R G 0 P X =% ET&
o5k = 01352 =) Vo sy )P\ o=

b= 005" ( )W(i)zo. 6-11)
p(8—s7")

_p(S—s V)ZSU-"-] (é éﬁ) ¢
3 WP Ray,, 87, LEFE € WO Ry, TG KT,

We verify as in Lemma 3.2 that

We then choose p > 0 sufficiently small such that pA8 is small and that supp ¥ *(s, +x,&) C Q when s
is large. Next, we set, for s > sy,

XT(s, X, E) = 1(s,x, 6).

To define x* for s < 59, we choose p € C®(R) such that 0 < p < 1, p(s) =1 for s > 59, and p(s) =
for s < sgp — « for some small o > 0 to be specified later, and solve the transport equation on [0, sg],

Ly X5, x,E) = p() L, X (5, x,6), xT(s0.x, &) = X (50, x, £).

Because the Vector field involved in the definition of .Zi is in Wr—K—d:% with respect to the x-variable,
we deduce that x* e W (R0, TH k- d) and thus x ¥ satisfies (6-9). Clearly

ZLyxT =0. (6-12)
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Moreover, because

X6 = X0, Dt (1) [ 9OV 70, Bt (5,60 do

if we choose « > 0 sufficiently small, then

50

X008 = G0 X ) — [ p(0) L 70 ) do

so—a

— 1L 77 (0 %o £ 11 (159—ctrs0]) > O-

Therefore, x*(0, -) is elliptic at (xq, £o).
To estimate .Zhﬁ x~, we use

Hh(s’x’g)_HO(s’va) == Hh(s’xv%-)_Hh(ovxsg)

_ / (3 Hy) (0, x, &) do = b1 / Gy )1, x, £) do,
0 0
and write
L (s, 0) = Ly x T (s, ) = £{Hy — Ho, x*)(s. )
_ ih”z/ By O (2o, ), (s, )} dor
0

Observe that

G 3 2_(V’7'5)2)_1/4< Vi -& _ (Vn-§)? ' )
0o =3 1) (v o €= G oWy va).

By hypothesis and Proposition 5.4, VG () € H” 212 - qu ask > 2. Therefore,
3:)/(3/2)(h1/2 e Loo([o h 1/2T] F3/2 =K — d).
Using |x| ~ s on supp Xi(s, -), we have, uniformly for all s € [0, h=1217,
()0 P (10, ), x5 (s, )} € LE(0, hRT), ()~ pnmK=d=h),
Therefore, )
LE XA, ) — LE x5 ) = £h s /0 O o 1271, -1k i1, 40
= £h'2(s)71O() 1 r-i
= Oh"?) g ity
which, together with (6-12), proves (6-10). [l

6C3. Propagation. Now we prove Theorem 1.9. By Lemmas 6.5 and 6.7, it suffices to prove the following
propagation theorem for u defined as in (6-2).

Theorem 6.10. Under the hypothesis of Theorem 1.9, let u be defined as (6-2). Let

(XO, 50) € WF(;] (uo)oa
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with0 <o < min{(u—K—c?)/Z, 3k/2} for some K >0, such that the cogeodesic {(xs, &) = D (x0, £0) }ser
is forwardly nontrapping. Set

Then, for all ty € (0, T], we have

(Stoléoc] ™800, 00) € WE )3 1 (1(00),

Under the semiclassical time variable s = h~/%¢, (6-1) becomes

0 ih!/? 1 -1
@5 +h'?Py -V + 0 PPoyw +ih'/? (%V p ) w+ %735 (1 _1) w=Fp=00"?) .
14

for some K > 0. We define Lif, which applies to time-dependent operators A : . — .7,

10\ i 1 -1
EfA:aY/H—hI/Z[PV-V—I—PQ—l—iPy (o _1)+%7>; (1 _1),4.

h . . . _ (AT 0.
We also define .Z;", which applies to symbols of the diagonal form A = ( 0 A- )
ZEAT 0
LrA= (T :
= (55 on)

Proof of Theorem 6.10. We shall from now on write p = u — K — d for some sufficiently large K > 0,
also define I, = [0, »~1/2T] and

0
Y, =L> (Ih, MM(Z thﬂ—f))
j=0
for simplicity. More precisely, a symbol Ay = »~7_, h/ Al ev)if

sup sup Np_j(Ai) < +00,
he(0,1] 5€[0,h~1/2T]

where the norm N*~/ (Ai;) is applied to every component of Ai;. Choose a strictly increasing sequence
{Aj}j=0 C 1, 1 +¢€) with € > 0 being sufficiently small. Define x ji as in Lemma 6.9, where we replace ¢
with ¢ (- /A;). Then

supp )(jjE C {)(jjfH > 0}

Xji = X]'+ 0
J 0 Xj* :

We shall construct an operator Aj;, € L* (1, L? — L?) such that:

for all j € N. Set

(1) Ap is a paradifferential operator; more precisely, there exists
AF e Wh(Rag, YA N WP Ry, S5°°)

for some s¢ > 0, such that

h P A 0
An =Py, = O ) o, 12512, A= 0 A,)
h
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Moreover, we require that

supp Aff C U supp in.
j=0

(2) A,ﬂf (0, x, &) is elliptic at (xg, &p).
(3) A (s, o, £) € S=X is elliptic at (%toléool_l/zfoo, £x0) for s > 0 sufficiently large.
4) ﬁ?Ah > OhP) oo, 12— 12)-
We shall construct A, of the form
2p
Ay = Zhj/ZgojA{Z’
j=0
where ¢ € P;, recalling the definition (3-6), and A;; € L®(I;, L> — L?). We begin by setting
A= (P Py #° =1,

Therefore, by the symbolic calculus, Lemma 6.9 and Corollary 4.32 (observe that the symbol of Ag
belongs to g, and that y is a sum of homogeneous symbols),

. 1 0
8;./42 + h1/2 |:l7)y (0 . 1) s Ag] = 273);(20%-,1)(0 + hPZg + O(hp)Loo(Ih’quLZ)
for some symbol b2 such that (x)b2 € Y}f) . This (x) factor comes from the spatial decay of d, £y . Moreover,
we have supp b2 C supp xo, which implies (s)bg €y, ,f . Similarly,

R2[Py -V, AV = h‘/ZP;’A + OhP) ooty 125 12

where (s)b) € Y/, with supp b} C supp xo. Be careful that, because Q and P; (] ) are not diagonal
matrices, their commutators with Ag do not gain an extra A, for the principal symbols do not cancel each

other. So, " o P
W P[Po. Ajl = h'2Py + O") gy 1212,

1 -1
]’ll/2|:73{ (1 _1) ) ./42:| - hPZZ +O(hp)L°°(1h,L2—>L2)?

where (s)bi, (s)bfl € Y,f, with supp bi U supp bfl C supp xo- By Lemma 6.9,
x0Z x0 = h' by,

where (s)b;: €y, ,f , with supp b2 C supp xo. Therefore, combining the idea described above (3-10) and the

paradifferential Garding inequality (Lemma 4.40, where we take € = %),

Progig — 1P 2 2P + O 1, 12
for some bZ € Y}’IO with supp b,b; C {x1 > 0}. In fact, choose ¢, € L*°(Rxo, SO’OO) such that

suppay, C {c, =1} Csuppc;, C supp xi.
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Then, for all v € L2, we have

(v, (P" —h”27>4>v>Lz=<7>chv (P

X0-Z xo0 X0Lh0 h]/zp )Pch V)2 + OhP)

> —Ch'?||P,vl3, +0(hﬂ).
Therefore, it suffices to choose b,sl such that
Pys — CP; Pe, = Oh) o1, 125 12)
which can be achieved by Propositions 4.26 and 4.27. Set

af) = (s)(b} + by +2by +2b3) € YP, B = (s)(by)+b}) € Y],
Then

ﬁ?Ag Z h1/2<s>_17):tl2+h1/2ﬁ;) + O(hp)Loo(]h’LzﬁLZ).

Suppose that we have found Ai; e L1y, L? — L2), (pf € Pjfor j=0,...,£—1, and 1,0@_1 € Py_q,
ail gt e vf, with
suppaj, ' Usupp B, C {x¢ > 0},

such that
—1

Lh(ZhJ/z JA]> >h5/2< ) we lphe . h]/zﬂ[ l+0(h )LOO(I/ L2—12)- (6-13)
=0

Then as in the proof of Theorem 1.4(2), we set

S
o'(s) = f (+0) o) do, AL =Crp'P" |
0

where the constant Cy is sufficiently large, such that by Lemma 6.9, in the sense of positivity of matrices,

CeZy (9 xe) = Ce(l+9) 7 xe + Cop". 2 xe

> (s)_lgllg_]aﬁ_l +g0€h]/2(s)_1,8~,f
for some S ﬁ €y, f . By the paradifferential Garding inequality, and a routine construction of a parametrix,
we find &} € Y/, with supp &} C {x¢4+1 > 0}, such that
h —1ph 1.ph
PC@J‘((p Exe) ( ) Pwl—laﬁ—lJrhuzwzlgfl Z h( > /Pll,/ Ltoba fl+0(hp)L°°(lh,L2—>L2)-

Similar to the estimate of A2, by a symbolic calculus, we find gﬁ, éﬁ ey, }f , With

supp a, U supp B, C supp x¢
such that

EhAZ _ Ph

Ce25 (9" xe) +h1/2< > : ep ab+hl/2B] + 0" YL (1, L2 L?)-

Summing up the two inequalities above,
(6-14)

h 40 —1 4, —1ph 1/2 1ph
Es'Ah - <S> W ,Paﬁ—l >h / < > P l(“;,‘*‘ﬂh)‘*‘hl/z(lffl 1+¢z)a +h12 eﬂe +O(h )L°°(I, L2—L12)-
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Therefore, combining (6-13) and (6-14),

l
Ly (Z hf/zgofA;l) = WD) TP e+ O 1212,
j=0
where
¢€
vt

wi—l
w@

Thus we close the induction procedure.

~ Yl p ot ot
@i+, A=+ B

=149 4o o B+

To finish the proof, suppose that

(3101&00l ™ E00. E00) & WEY)5 1 (u(t0)),
(3t0lé00l ™ *E00r —E0c) & WFY)y | (u(to)).

By Lemma 6.9, we can choose ¢ such that, for sufficiently small # > 0,
1/2,0
supp 0, /1 lymn-v2i © R\ WFy | (u(t0)).
SUpp 0, /4 17 lymn-120, € R\ WEY), | (u(t0)).
So by Lemmas 4.34 and 2.14,
(Apw, w) 2 lgp-1124, = O(h*).
By our construction, ¢¢(0) =0 for all £ > 1, so
Apls=0 = A} ls=0 = (P})* P} ls=0.

Because Fj, = O(h'/?) s, we have, by Lemma 2.15, that A, Fj, = O(h**1/2),>. Therefore, by (4),

=172

h12g, h
1P} wls=oll7> = Re(Apw, w) 2 ly—p-172 — / Re(L! Apw, w) 2 ds — / Re(Ap Fy, w);2 ds
0 0

<Oh*)+ 0"~ = Oh*™).
Observe that xo|s=o is of compact support with respect to x, and we have

pho = T,g?h +OMhP) 22,

X0ls=0

where
P
Br = Z Vjxols=on¥j € Zh-’T/"/
Jj=0 j=0
is a finite summation. By Lemma 4.41 and (6-5), we conclude that, if (xo, o) ¢ WEF( | (uo) provided

o< %r, where

r=min{[3(u—1—d)], k},

then under the hypothesis of theorem we have r = k. U



PROPAGATION OF SINGULARITIES FOR GRAVITY-CAPILLARY WATER WAVES 341

6D. Proof of Corollary 1.10. The case when d = 1 is trivial. For the second case, we shall prove that,
on any cogeodesic {(x;, §)}ier,

llm xt . %‘I - OO, (6‘15)

t—+00

so no geodesics can be trapped. The proof of (6-15) is almost finished by the proof of Lemma 6.8. Indeed,
similar calculations imply

L8 2 60l

List of notation

WE#*(u) wavefront set
WFS” (1) quasihomogeneous wavefront set
Op(a) pseudodifferential operator
Op,,(a) semiclassical pseudodifferential operator
Op‘;’p (a) quasihomogeneous semiclassical pseudodifferential operator
T, paradifferential operator
Pa dyadic paradifferential operator
73;’ semiclassical dyadic paradifferential operator
PL’}’G quasihomogeneous semiclassical dyadic paradifferential operator
ajifl’p b composition of symbols
2a adjoint of symbols
AR Schwartz function space and tempered distribution space
H,’f’a, Wys®  weighted Sobolev spaces
rmr paradifferential symbol class
Ty weighted paradifferential symbol class
i weighted paradifferential polysymbol class
M™", M}'y" symbol norm and weighted symbol norm
92 5 phase-space scaling operator
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