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SCATTERING OF THE THREE-DIMENSIONAL CUBIC NONLINEAR
SCHRODINGER EQUATION WITH PARTIAL HARMONIC POTENTIALS

XING CHENG, CHANG-YU GUO, ZIHUA GUO, XIAN LIAO AND JIA SHEN

We consider the following three-dimensional defocusing cubic nonlinear Schrédinger equation (NLS)
with partial harmonic potential:
i 0pu + (Aps — xH)u = |ul?u, (NLS)
ulr=0 = uo.
Our main result shows that the solution u scatters for any given initial data 1y with finite mass and energy.
The main new ingredient in our approach is to approximate (NLS) in the large-scale case by a relevant
dispersive continuous resonant (DCR) system. The proof of global well-posedness and scattering of the
new (DCR) system is greatly inspired by the fundamental works of Dodson (2012, 2016) in his study of
scattering for the mass-critical nonlinear Schrodinger equation. The analysis of (DCR) system allows us
to utilize the additional regularity of the smooth nonlinear profile so that the celebrated concentration-
compactness/rigidity argument of Kenig and Merle (2006, 2008) applies.
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1. Introduction

1.1. Background and motivation. Consider the Cauchy problem for the following family of nonlinear
Schrédinger equations in R?, d e N, with harmonic oscillators:

i 9pu + Agau — (@2|y* + [x[P)u = plul?~u,
M|t=0=uo,

(1-1)
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where 1 < p < o0, (y,x) € R xR, d =dy +dy, and dy,d» €N, dy > 1. The complex-valued
function u = u(t, y, x): R x R4 — C is the unknown wave function. The parameter w is 0 or 1, with
o = 1 corresponding to the quadratic potential case and w = 0 corresponding to the partial harmonic
oscillator on the left-hand side. The parameter = 1 corresponds to the defocusing case and u = —1 to the
focusing case. Equation (1-1) arises as models for diverse physical phenomena, including Bose—Einstein
condensates in a laboratory trap [Josserand and Pomeau 2001; Pitaevskii and Stringari 2003] and the
envelope dynamics of a general dispersive wave in a weakly nonlinear medium. It can also be derived in
the NLS with constant magnetic potential; see, for example, [Fukuizumi and Ohta 2003]. The associated
conserved mass and energy of (1-1) are given by

M@)(©) = / u(t, y.x)2 dy dx
R91 xR492

and

gdi.d> t=[ 1y t.y.x) 2+ L (w2]y]? 2 t”ZLt”p—Hdd'
wi,p W) (0) Rdldezzl yaxut(t, Y, X)|[" 45 (@ [y |7+ [x[F)|u, y, x)| +p+1|u( y.x)| ydx
It is natural to take the initial data from the following weighted Sobolev space:

up € {f = f(y.x) e L (RY):
IVyx Fllrz ey X1 fllz ey + @l 2 @ay + 1Sz gay < 00}

In view of the Sobolev embedding

2<q =<2+ ifd=>3,
HY'(R?) — L1(R?), 2<g<oo ifd =2,
2<qg <00 ifd =1,

the initial data is of finite energy in the energy-subcritical case

l<p<l+4z% ifd=>3,
l<p<oo ifd =1,2,

and we call the critical case p =1+ ﬁ, d > 3, the energy critical case.

The global well-posedness of (1-1) has been established in the energy-subcritical case by R. Carles
[2002b; 2008] in the defocusing case i = 1, and by J. Zhang [2005] in the focusing case ;. = —1 when
the initial energy is assumed to be less than the energy of the ground state of the related elliptic equation.
The Cauchy problem for (1-1) with quadratic potential (that is, @ = 1) in the energy-critical case was
considered by R. Killip, M. Visan, and X. Zhang [Killip et al. 2009b] in the radial case, and in the general
case later by C. Jao [2016; 2018]. They proved the global well-posedness for the defocusing case and also
for the focusing case when the initial energy (resp. kinetic energy) is less than the energy (resp. kinetic
energy) of the ground state. We would also like to mention the work of C. Hao, L. Hsiao and H. Li [Hao
et al. 2007; 2008], where the authors proved the global well-posedness for (1-1) (when w = 1) with an
additional angular momentum rotational term.
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It is well known that solutions of (1-1) with a quadratic potential (i.e., @ = 1) cannot scatter. However,
intuitively, in the defocusing case, if we turn off the confinement in some instead of all of the directions,
it should suffice for the condensate to evolve asymptotically freely: Indeed, if @ = 0, then the operator
i 9; + A, should yield large time dispersion and one expects a scattering theory for (1-1). When w = 0,
the scattering phenomena for (1-1) in the defocusing case has already been showed by P. Antonelli,
R. Carles and J. D. Silva [Antonelli et al. 2015] (see also [Carles and Gallo 2015]) in the fully weighted
space when w =0, u =1, dy =1,2,3, dp =1and 1 + dil <p<l+ ﬁ. The focusing case of
(1-1) has been investigated by A. H. Ardila and R. Carles [2021] recently when the energy is strictly less
than the static energy of the ground state. In this aspect, one expects the global-in-time well-posedness
result for the defocusing/focusing (when energy is strictly less than the static energy of the ground state)
energy-critical and subcritical cases for (1-1). On the other hand, the potential influences strongly the
asymptotic dynamics of the solution. In (1-1), the x-direction is not expected to have a global-in-time
dispersive estimate in view of Mehler’s formula

; —yl2
ot (Ax—Ix] )f(y,x) ) .
i (lx2+IF] .
= 2mi sin(2t))_72 / ewen (53 C(’5(2")_x'x)]‘()1, %)di forall y e R, x € R%,

R92

from which we can only derive the following periodic-in-time dispersive estimate:
. d
||e”(AX_|x|2)f(y,x)||L§O(Rd2) < |sin(2[)|_72||f(y,x)||L)1c(Rd2) forallt ¢ 27, forall y € R4

Nevertheless, we have the following global-in-time dispersive estimate in the y-direction:

||e”(AX+Ay Il )f(y»x)”L;oL%(Rd) N ||f(y’x)||L}L)2€(Rd),

where we used the dispersive estimate for the semigroup e?2» together with the L2-norm conservation
for the unitary of the operator e’ (Ax—xP), Thus, according to the scattering theory for the nonlinear
Schrodinger equations without potential, see for instance [Staffilani 2013; Tao 2006], one expects a
scattering result in the weighted Sobolev space when w = 0 in the case 1 + dil <p<l+ m, with
d1 + d > 2. Generally, to obtain the scattering in the intercritical case, one relies on the Morawetz
estimate; see for instance [Antonelli et al. 2015]. It is difficult to deal with the scattering on the two
endpoints p = 1 + dil and p =1+ m, which correspond to the usual d;-dimensional mass-
critical and (d;+d)-dimensional energy-critical nonlinear Schrodinger equation without potentials
respectively. For the endpoint p = 1 + m, the scattering is a byproduct of the proof of the
global well-posedness, and we need to use induction on the energy method [Colliander et al. 2008]
or the concentration-compactness/rigidity argument [Kenig and Merle 2006; 2008] to prove the global
well-posedness. It seems to us one of the main difficulties is to establish a more delicate global-in-time
Strichartz estimate which should be a lot combination of the local Strichartz estimate of three-dimensional
Schrodinger equations as in [Barron 2021; Hani and Pausader 2014]. We refer to [Killip and Visan 2013]
for more illustration on the proof of the scattering of the nonlinear Schrédinger equations at critical
regularity Sobolev space. For the endpoint p =1 + dil’ global well-posedness is quite easy to get, and
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the main obstacle is to show the scattering. We cannot prove the scattering by the Morawetz estimate
even when the initial data lies in a better regular Sobolev space HJ}, . because the Morawetz estimate only
provides an a priori estimate of the nonendpoint Strichartz norm on the Hy1 / 4L§—level but cannot give an
a priori estimate of the Strichartz norm on the L2-level, which is not enough to yield the scattering in
this case. Therefore, to show the scattering, we still need to use the concentration-compactness/rigidity
argument [Kenig and Merle 2006; Kenig and Merle 2008] and its mass-critical counterpart [Dodson 2012;
2016a; 2016b; Killip et al. 2008; 2009a; Killip and Visan 2013; Tao et al. 2007a; 2008] to show the
finiteness of the L2-level Strichartz norm. In the L2-level Strichartz norm, we need to consider not only
the space and time translations of (1-1) as in the case 1 + dil <p=<1l+ @, but also the partial
Galilean invariance

u(t, y, x) > e BP0y 1y 280, x),

where &g € R4, of (1-1). In addition, by a limitation operation, it is realized that a new mass-critical
nonlinear Schrodinger system can be embedded into (1-1): this new mass-critical nonlinear Schrodinger
system inherits the above invariance and also has the scaling invariance in space-time, and its global
well-posedness and scattering should be proven by the argument from [Dodson 2012; 2016a; 2016b;
Killip et al. 2008; 2009a; Killip and Visan 2013; Tao et al. 2007a; 2008].

In this paper, we will consider the following Cauchy problem for the defocusing cubic NLS on R3:

{iatu+(AR3—X2)u = ulu, (1-2)

Ulr=0 = o,

where u = u(t, y, x): R x R? x R — C is an unknown wave function. The following mass and energy
quantities are conserved by the evolution of (1-2):

M) = / u(z,y. x) 2 dy dx.,
RZxR (ME)

n‘?(u(l))ZfR2 R%IVy,xu(l,y,X)ler%leu(t,y,X)|2+%Iu(t,y,X)l“dde-
X

Motivated by the mass and energy formulations, we take the initial data in the following weighted Sobolev
space:

up € SR = {1 € L2 @) | f 5@ = 1V /12 oy + 1/ 12500 oy < 003
with | £l gy = 1/ gty + 16 T2y (13)

By the Sobolev embedding H!(R3) — L4(R3), 2 < ¢ < 6, the initial data is of finite mass and energy.

Observe that (1-2) is a special case of (1-1), namely, corresponding to dy =2, do =1, o =0, u =1,
p=1+ dil = 3 in (1-1). In this case, the scattering phenomena is not yet clear. As we are in the energy
subcritical case 1 < p =3 < 5, the equation (1-2) is globally well-posed and the scattering of the solutions
follows in the small initial data case ||ug||x < 1, which is a byproduct of the small-data well-posedness
theorem. We will briefly explore these results in Section 3 and outline the ideas of the proofs, as we did
not find them in the literature.
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1.2. Main results. Our main result in this article is the following scattering result for solutions of the
defocusing cubic NLS (1-2). Recall that ¥ (R?) is defined in (1-3).

Theorem 1.1. For any initial data ug € % (R?), there is a unique global solution u € CX(R, Z(R?)) of
(1-2). Moreover, the solution scatters; namely there exist u+ € X (R3) such that

[l (2) —ei’(AR3_x2)ui||E(R3) —0 ast— too.

In order to treat the general initial data with finite (but not necessarily small) ¥-norm |jug||x < oo, we
turn to the celebrated concentration-compactness/rigidity argument developed by C. E. Kenig and F. Merle
[2006; 2008], where one key ingredient is the linear and nonlinear profile decompositions for solutions with
bounded X~-norm. The proof of Theorem 1.1 shall rely on (a corollary of) Theorem 1.2 given below. More
precisely, we shall use Theorem 1.2 to prove the core result Theorem 4.9 in Section 4.2, which in return
gives Theorem 4.10 in Section 4.3. Theorem 4.10 will be used later in the proof of Theorem 1.1 in Section 5.

As for the nonlinear profile decomposition, we will consider a sequence of solutions exhibiting an
extreme behavior to study the concentration of the data. More precisely, we need to study the behavior of
the nonlinear profile u; when A — oo. The (simplified) nonlinear profile 1, A > 0, is the solution of (1-2)

100y + Ayuy + (Ax —x2)uy = |upl?uy,
up (0, y.x) = 1¢(%. x),

taking the initial data by rescaling the function ¢ only in the y-variable. Set

(1-4)

—it(Ay—x2)

w(t,y.x) =e up(t, y, x),

and we obtain from (1-4) the following evolutionary equation for w:

wa(0,y,x) =

eIt (Ax=x2) (|pit (Ax=x2) ), 2001 (Ax—x2)y ).
P(3-%)-

x), then ¥ satisfies

e -

If we define w) (¢, y, x) = %(%’
{ ({0 4+ Ay)D = emiRP1(Bx=x?) (|pi A1 (Ax=x) 5|20 A1 (Ax—=x) 5y
5(0, y,x) = ¢(y, x).

Denote by IT,, the orthogonal projector on the n-th eigenspace of —A + x? (see Section 2 below for
more details). Applying I1, to the equation for v, we arrive at the following equation for v, = I1,:

{(ia, + Ay)ﬁn — eik2t(2n+1)nn (Zn1,n2,n3€N e—m2(2n1—2n2+2n3+1)z 5’115”25”3)’
f)‘n(07 y’ X) = ¢n(y» X) = Hn(p(y’ X).

Letting A — oo, we can formally get a limiting equation

(0 + Ay)vn(t, ¥, X) = D nynpnzeN p(Un Unyvns) (2, ¥, X),
ni—nz+n3=n (1-5)
vn(O’ yv X) = ¢n(yv X).
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By reversing the above process, we get an approximation solution of u:

- ; 2 1 t
i (t, y, x) = e (Bx=x7) Z(I”” (,\_2 %x)) (t,y,x) e Rx R? x R, (1-6)
neN
where vy, is the solution of (1-5).
In the above deduction, the following equivalent form dispersive continuous resonant (DCR) system
enters naturally:
{iatv—l—Asz:F(v), (DCR)

v(0,y,x) = ¢(y, %),

where the nonlinear term F(v) is defined by

F(v):= Z T, (Vi Uiy Unsy)-

ni,n2,n3,nEN
ni—nz+n3=n

This (DCR) system can be viewed as a dispersive version of the (CR) system derived by E. Faou,
P. Germain, and Z. Hani [Faou et al. 2016] in their study of the weak turbulence of the nonlinear
Schrodinger equations on compact domains; see also [Buckmaster et al. 2019; Colliander et al. 2010;
Germain et al. 2015; 2016; Dartois et al. 2020; Fennell 2019]. This new (DCR) system is very similar to
the resonant nonlinear Schrodinger system arising in [Biasi et al. 2018; Cheng et al. 2020a; 2020b; Hani
and Pausader 2014; Hani et al. 2015]. The latter has nice local well-posedness theory, and also scatters
for small data in Li?—l 1

In our second main result, we prove the following large-data global well-posedness and scattering
theorem for (DCR), which might be of independent interest.

Theorem 1.2. For any ¢ € L%?—L}C (R? x R), there exists a unique global solution v of (DCR) in
C?Li?—l;(R x R? x R) satisfying

“v”L‘I’OL%HJCOL‘,‘JH,'V(RXRZXR) =C,

where C = C(||¢]|| L2l ) is a constant. Moreover, the solution scatters; namely there exist vy € L%H;
such that

||U(f) _eitAy Uﬂ:“L%'H}(RzXR) —0 ast— Foo.

Theorem 1.2 shall be proved in the final two sections and it takes a vast bulk of the paper. We prove
it again by the concentration-compactness/rigidity argument from [Kenig and Merle 2006; 2008]. The
system (DCR) is essentially a defocusing mass-critical nonlinear Schrédinger system. In the proof,
we follow the framework for scattering of mass-critical nonlinear Schrédinger equation [Dodson 2012;
2016a; 2016b; Tao et al. 2008] and our argument is also partly inspired by the scattering of the resonant
Schrodinger system derived from the NLS on cylinders [Cheng et al. 2020a; 2020b; Hani and Pausader
2014; Hani et al. 2015; Yang and Zhao 2018; Zhao 2019].

We would like to comment briefly on the relation between (DCR) and weak turbulence.
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Remark 1.3 (the (DCR) system and weak turbulence). We can rewrite (1-5) in the Hermite coordinate (see
(2-1) below for the definition of the Hermite functions): taking the solution v, (¢, y, x) = ¢, (¢, y)hn(x)
in (1-5), we get an equivalent but simplified equation

(0 + Ag2)ea(t.y) = > Duy.nyins.nCnyCnyCns, (1-7)

ni,nz>,n3eN
ni—nz>+n3=n

where Dy, 5, .n5,n 1s the number such that Hn(hnlﬁnzhm)(x) = Duy,ny,n3,nhn(x), x € R. It would
be very interesting to understand Dy, n,.ns.n.! Compared with the success of the proof of the weak
turbulence on cylinders given by Z. Hani, B. Pausader, N. Tzvetkov, and N. Visciglia [Hani et al. 2015],
the unclear expression of the nonlinear term of the (DCR) system seems to be one of the main obstacles
to study the weak turbulence of the nonlinear Schrodinger equations with (partial) harmonic potentials;
for more information we refer to [Hani and Thomann 2016]. However, there are some interesting recent
attempts toward this direction in [Gérard et al. 2019; Germain and Thomann 2016].

Remark 1.4 (focusing NLS equations with harmonic potentials). In this paper, we only consider the
scattering of the defocusing NLS with partial harmonic potentials. It is an interesting problem to study
the scattering of the focusing version of (1-2). It seems difficult to find the threshold of the scattering
of the focusing NLS, and if we were able to find it, then most likely the scattering can be proven by
following the argument in [Dodson 2012; 2015; 2016a; 2016b; Killip et al. 2009a; Tao et al. 2007a; 2008].
We refer to [Ardila and Carles 2021; Bellazzini et al. 2017; Cao et al. 2022; Zhang 2020; Stanislavova
and Stefanov 2021] for the study of the instability/stability of soliton which may give some clues on the
threshold of the scattering of the focusing NLS.

1.3. Brief outline of the proofs. The model with partial harmonic potential studied in this paper can be
compared to the NLS on wave-guide R? x T, which was considered previously in [Yang and Zhao 2018;
Cheng et al. 2020a]. One key difference is that in our case, the linear operator has more complicated
spectral theory; for example the eigenfunctions cannot be written explicitly.

The proof of this paper contains two main ingredients. In the first part, we prove that Theorem 1.2
(or more precisely, the consequence Theorem 4.10 of Theorem 1.2) implies Theorem 1.1. The proof of
Theorem 1.1 has a very standard skeleton based on the concentration-compactness/rigidity argument intro-
duced by C. Kenig and F. Merle [2006], and it consists of three main steps: linear profile decomposition,
the existence of an almost periodic solution to the defocusing cubic NLS (1-2), and a rigidity theorem.

First of all, we establish the linear profile decomposition of Schrodinger operator with partial harmonic
potentials; namely the linear solutions can be divided into several orthogonal bubbles modulo some trans-
forms. This can be viewed as a vector-valued version of linear profile decomposition of the Schrodinger
equation in L2, which was first established by F. Merle and L. Vega [1998] in two dimensions, and then
extended to general dimensions; see for instance [Killip and Visan 2013] for more details. The proof of
this part is very similar to the wave-guide case in [Cheng et al. 2020a], and it is essentially related to the

n [Biasi et al. 2019a; 2019b; Evnin 2020], the authors studied a special structure of the constant Dy 5, n3 .1, and proved
that it satisfies a certain identity.
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description of the lack of compactness of the embedding ei1(Ag3—x%) . 5 (R3) — L‘t‘,yH,lC_GO for some
fixed 0 < €9 < %

In the second step, we prove the existence of a critical element by the construction of approximation
solutions. Since the nonlinear flow is not commutable with the transform groups derived in the first step,
in order to construct the approximation solutions, we need to assume that the limiting equations, which
is exactly the (DCR) system, is globally well-posed and scatters, as stated in Theorem 1.2. The idea of
using limiting equations was first considered in [Ibrahim et al. 2011], and was widely used in [Cheng et al.
2020a; 2020b; Hani and Pausader 2014; Ionescu and Pausader 2012; Jao 2016]. Then, much as in [Cheng
et al. 2020a], we use the normal form method to exploit additional decay to approximate the nonlinear
profile. In the wave-guide case [Cheng et al. 2020a], the eigenfunctions, which are the plain waves e'”/,
can be easily computed, and thus the Fourier coefficients are summed naturally. The difficulty in this
step is that we need to sum up the spectral projections of the solution properly. To some extent, the main
innovation of this paper is that we utilize the additional regularity of the smooth nonlinear profile to
update the /! summation of projections to /2.

In the third step, we borrow the idea used in [Cheng et al. 2020a] to prove the nonexistence of a nontrivial
critical element. The key point is the use of the interaction Morawetz estimate developed by J. Colliander,
M. Keel, G. Staffilani, H. Takaoka and T. Tao [Colliander et al. 2004], which is very important in the
remarkable work [Colliander et al. 2008] on scattering for energy-critical NLS in three dimensions, and
was further developed in [Planchon and Vega 2009; Colliander et al. 2009]. Then, we can arrive at the con-
tradiction similar to [Kenig and Merle 2006; 2008] using the compactness property of the critical element.

The second part of this paper is devoted to the proof of Theorem 1.2. The proof is greatly inspired by
the fundamental work of B. Dodson [2012; 2016a; 2016b] in his study of mass critical NLS. We also refer
to [Yang and Zhao 2018], and the principal difference between that work and this paper is that our system
(DCR) involves the spectral projection of Schrodinger operator with harmonic potential. Here, one key
observation is that the (DCR) system is scaling invariant, which indicates that the classical method as
developed in [Cheng et al. 2020a; 2020b; Tao et al. 2008] could be potentially applied to our situation.
Indeed, the linear profile decomposition developed for the Schrodinger propagator in Li?—l}c (R% xR) (see
Theorem 4.1) can be directly applied here. The essential difficulty occurring in the proof of Theorem 1.2
lies in precluding the almost periodic solution to the (DCR) system.

There are two cases of the critical element: high-to-low frequency cascade and the quasisoliton
scenarios. We exclude these scenarios based on the rigidity argument of B. Dodson [2012; 2016a; 2016b].
The key tool is to establish a vector-valued version of the two-dimensional long-time Strichartz estimate
in [Dodson 2016b]. The long-time Strichartz estimate is developed by B. Dodson to show the scattering
of the mass-critical nonlinear Schrodinger equations and has been proved as an important technique in
the scattering theory of nonlinear dispersive and wave equation. We refer to [Dodson 2019; Dodson and
Lawrie 2015; Dodson et al. 2017; 2020; Killip and Visan 2012; Visan 2012; Murphy 2014; Rosenzweig
2018] for more applications of this powerful tool. The proof of the long-time Strichartz estimate in our
situation here is rather technical due to the spectral projection and the failure of the two-dimensional
endpoint Strichartz estimate. For the high-to-low frequency cascade scenario, it is more delicate and
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we have to exploit some additional regularity of the critical element through the long-time Strichartz
estimate, and then preclude it using energy conservation law. For the quasisoliton scenario, we mainly
use the long-time Strichartz estimate to control the error terms of low frequency cut-off of the interaction
Morawetz identity. With all these ingredients at hand, the contradiction argument of C. E. Kenig and
F. Merle [2006; 2008] allows us to conclude the proof.

The rest of the paper is organized as follows. Section 2 contains some basic notation and preliminaries.
In Section 3, we record the local well-posedness, the small-data scattering result and the stability theory
for system (1-2). For the convenience of the readers, we present the proofs in the Appendix. In Section 4,
we will give the linear profile decomposition for data in ¥ (R3) and also analyze the nonlinear profiles;
therefore we reduce the nonscattering in X (R3) to the existence of an almost-periodic solution. In
Section 5, we will show the extinction of such an almost-periodic solution. The scattering of the (DCR)
system shall be proved in Section 6, where the proofs of two auxiliary theorems are left to the final
Section 7.

2. Basic notation and preliminaries

In this section, we introduce some basic notation used in this paper. We will use the notation X <Y
whenever there exists some constant C > 0 so that X < CY. Similarly, we will write X ~Y if X <Y < X.
We use N to denote the set of all nonnegative integers.

Throughout the paper, we will take €o to be some small fixed number in (0, §).

2.1. Fourier transform and Sobolev spaces. For any a € R?, d € N, the Japanese bracket (a) is defined
to be (a) = (1 + |a|?)}/2. We define the Fourier transform f:R? — C of a function f:R¢ — C as

f&)=

—izE
(270% /Rd e f(z)dz.
For each s € R, the fractional differential operator |V£i_geﬁned by |€|-S\f &) =& f (§). We also
define (V)* as an operator between function spaces by (V)* £ (§) = (1 + |£]?)5/2 f (&). In the following
we will use (V)® to emphasize the application of the operator on the x-variable.
We will frequently use the partial Fourier transform Fy, f of a complex-valued function f:R2xR — C
defined as

Ffen == [ oo, ger

where x € R is viewed as a parameter.

We shall also use the Littlewood—Paley projections. Take a cut-off function y € C°°((0, o00)) such
that y(r) = 1if r < 1l and y(r) = 0if r > 2. For N € 2%, let yn(r) = x(N7'r) and ¢n(r) =
AN(r) — xny2(r). We define the Littlewood—Paley dyadic operator P<y f := F “Ln (E]) f &)
and Py f := F Y ¢on(&]) f (§)). We also define the partial Littlewood—Paley projections to be

PZy f(y.x) = F (xw §)(Fy £)(E X)) and Py, f (v, x) := Fy (¢ (ED(Fy 1) (E, X))
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Next, we denote the usual Lebesgue space as L? (R?), and sometimes we write || /||, = || /|| L7 (RA)
for abbreviation. For any s € R, we define the Sobolev space as

WHP(RY) :={f € LR : || f lws.oay = (V) f Lo ey < +00}.
We also define H*(R%) = W52(R%).

2.2. Harmonic oscillator and Hermite-Sobolev spaces. The harmonic oscillator —A, + x2, x € R, has
been studied by many authors, and we refer to the lecture notes of B. Helffer [1988] and also the seminal
work of H. Koch and D. Tataru [2005b] for a few basic facts that we shall record below. The harmonic
oscillator admits a Hilbertian basis of eigenvectors for LZ(R), and, for each n € N, we will denote the
n-th eigenspace by E, and the corresponding eigenvalue by A, = 2n + 1. Each eigenspace Ej, is spanned
by the Hermite functions %,,, where

n

() = ———— (1t L) @-1)

nl237a X

for n € N. We also let IT,, be the orthogonal projector on the n-th eigenspace E, of —A, + x2.
For s € R and p > 1, the Hermite-Sobolev space W*? (R) is defined as

WHP(R) ={u € LE(R) : flullws.r := [{V) ullz + Il - PullLr < oo}

In particular, if p = 2, we denote W;’Z(IR) by #5.(R), and the H1(R)-norm was given in (1-3). By
[Yajima and Zhang 2004], we have

lellyysr ~ (=4 +x2)Zullp + [|ullp-

The Hermite-Sobolev spaces satisfy the usual Sobolev embedding; see for instance [Cazenave 2003].
These spaces also have other stronger Hermite-Sobolev embedding. For instance, we have

LY(R) — H ' (R). (2-2)

By duality, to prove (2-2), we only need to show H!(R) < L*/3(R). This follows from Holder’s
inequality as follows:

— 1
1 zars S 1) Hzall ) fllzz S DA+ X2 fllz < Uf -

The Hermite-Sobolev space L)I,’ 3 with 1 < p < oo and s € R is defined by

1

2
LYHE =1 f €LY LYR*XR) : | f | 1pps oy = (/Rz [RACROL /e dy)

=(/RZH(Z<2n+1>°”|fn(y,x>|2)2

nenN

N =

b4
dy) < oo} ,
L3 (R)
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where f,, = I, f. Similarly, for any time interval / € R and u : I x R?> x R — C, we define the space-time
norms LYWy L7 and LY LIHS of u as
dt) ,

Wl = [ (10000000 gy )
ya 1
q P
Il agcrssmeen = ( [/ [ e av) o)

where 1 < p.q,r <oco,ands € R. When s =0and p = ¢ = r, we shall write L} , , for LYW;"? L.
Similarly, when p = g, we shall write L‘Z yH5 for L? L‘yI 5. We also use the following space-time norm.
For any {un (¢, y, X)}nen, With (¢, y,x) € [ X R2 x R, we set

QR
N =

[

lunllLrparri2axmexmxny = Mnlli2 L7 L9 L (1 xm2xw)-
where 1 < p,q,r < oo.
Lemma 2.1. The Dirac function 8o(x) belongs to H ' (R).

Proof. By definition, we have

8021 =D @n+ 1) eal?, (2-3)
n=0

where ¢, = (80(x), hy(x)) = hn(0). Since

D I D et
dx™ |x n!’
n=0
we have
g 0, n is odd,
—x2 n
[ = —1 2
dx™ |x=0 =D n!, niseven.
(3)!
Thus
0, n is odd,

hn(©) =9 (=" (=13
ngﬂ% (%)‘

n!, niseven.

Together with (2-3), this implies

o0 o0

80C0I2 s < 74 Z S D — O

((%) (2n +1) = 2Mm(4m 4+ 1)

3. Local well-posedness and small-data scattering

In this section, we will review the local well-posedness theorem and the stability theorem for solutions of
(1-2), which shall be crucial in proving the existence of the critical element, and then record another impor-

tant theorem on the scattering norm in Theorem 3.4, which says that a weak space-time norm Lf’ y ,16_60
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is sufficient to prove the scattering result. We shall only state these results in this section and leave the
proofs to the Appendix. In fact, the results in this section can be proved by following the exact arguments
as in [Cheng et al. 2020a, Section 2; 2020b], upon noticing the embedding H1/2+(R) — L®(R).

Different from the Strichartz estimate for the harmonic oscillator, which is a local estimate, we have
a global Strichartz estimate for the partial harmonic oscillator similar to the Schrédinger equation on
waveguides [Cheng et al. 2020a; 2020b; Tarulli 2017; Tzvetkov and Visciglia 2012]. Before giving the
Strichartz estimate, we first introduce the following definition.

Definition 3.1 (Strichartz admissible pair). We call a pair (p, ¢) Strichartz admissible if 2 < p < oo,
1,1 _1
2§q<oo,and;+a—§.
We can now state the Strichartz estimate. The proof is almost identical to [Tzvetkov and Visciglia
2012, proof of Proposition 2.1]; we also refer to Proposition 3.1 in [Antonelli et al. 2015], and we omit

the proof here.
Proposition 3.2 (Strichartz estimate for the partial harmonic oscillator). For any Strichartz admissible
pair (p, q), we have
it (A 2
||e”( R3ITY )f(y’x)”Lf’LzL}C(Rx[szR) S ”f”L%X

Meanwhile, for a = 0, 1, it holds

itA
e F DL r Lgg @xrexry S 1S 130e sy

The following nonlinear estimate, which follows from the Holder and Sobolev inequalities, is useful in
showing the local well-posedness result.

Proposition 3.3 (nonlinear estimate). For any 0 < €9 < %, we have

luquzus] 4/37_[1 € ~ ||u1|| H)lc—fo ”uZHL‘,‘,yH)IC_(O ||u3||L?’y7-l;_€0'

Using Propositions 3.2 and 3.3, one can easﬂy prove the following local well-posedness and small-
data scattering in L%’H}c (R? x R) and % (R3). The local solution can be extended to be global by the
conservation of mass and energy; we refer to [Carles 2002b; Tao 2006]. The proof of the local well-
posedness is given in the Appendix; see also [Antonelli et al. 2015; Ardila and Carles 2021; Carles 2002a;
2002b; 2003; 2011; Carles and Gallo 2015] for a comparison.

Theorem 3.4 (LWP and scattering in L%H}C and X).

(1) (well-posedness) Let ug € Li?—[}c. There exists a unique solution u € CPL%H}C (I xR? xR) of (1-2),
where I C R is the maximal lifespan. Furthermore, if ug € X (R3), the solution u can be extended to be
global in C2%, (R x R? x R).

(2) (scattering norm) If the solution u € COEy (R x R3) of (1-2) satisfies ||u||L4 17€0 (RxR2xR) = <M
for some positive constant M. Then u scatters in % (R3); that is, there exist uy € Ey x([R X R) such that

it(Agz—x 2)

lutz, y, x)—e ug(y, )|z, >0 ast— oo, (3-1)

We next give the existence of wave operators, whose proof can be found in the Appendix.
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Theorem 3.5 (existence of the wave operators). Let u_ € X. There exists T— > 0 depending on |[u—| s,
and a solution u € C((—o0, —T_], X) to (1-2) such that

lu(t, y, x) =" ADy_(y, )|y -0 ast — —co. (3-2)

Similarly, let uy € 3. There exists T+ > 0 depending on |u+ | s, and a solution u € C([T4+, 00), X) to
(1-2) such that

it(A—x2)

lu(t,y,x)—e ur(y,x)|lg =0 ast— oo.

We now state the stability theory in L§ H}C (R? x R). The proof is again given in the Appendix. For a
comparison, see [Colliander et al. 2008; Killip and Visan 2013; Koch et al. 2014]; in particular, [Killip and
Visan 2013, Theorem 3.7]. We also contend that the result in the following theorem can extended to X (R3).

Theorem 3.6 (stability theorem). Let [ be a compact interval and let ti be an approximate solution to
(1-2) in the sense that ii satisfies i 3,1 + Agsii — x>
Suppose

it = |ii|?i + e for some function e.

il rzpnnrs oy < M
for some positive constant M.
Let ty € I and let u(ty) obey

lu(t0) =1t (t0) | 291 = M (3-3)
for some M’ > 0. Assume in addition that the smallness condition
. _ _ 2 -
”el(t 10)(Agz—x )(u(lo) — M(l‘o))“thL.yrH)lc + ”e”L?,/SH)lc <e€ (3-4)

holds for some 0 < € < €1, where €, = €1(M, M') > 0 is a small constant. Then, there exists a solution u
to (1-2) on I x R? x R with an initial data u(ty) at time t = tq satisfying
—u < / 5 < ’ /
e —=tllps 51 < C(M, M7e, lu—itllpeop24, = C(M, MM,

/
lllgen3ptny st = €M M),

4. Existence of an almost-periodic solution

In this section, we will show the existence of an almost-periodic solution by the profile decomposition
and the nonlinear approximation.

4.1. Linear profile decomposition. In this subsection, we will establish the linear profile decomposition in
¥ (R3), which depends on the corresponding decomposition in L?(R?). The linear profile decomposition
in L? for the mass-critical nonlinear Schrodinger equation has been established by F. Merle and L. Vega
[1998], R. Carles and S. Keraani [2007], and P. Bégout and A. Vargas [2007]. We also refer readers to
[Killip and Visan 2013; Koch et al. 2014] for other versions of the linear profile decomposition.

Theorem 4.1 (linear profile decomposition in L3 Hy (R*xR) and £). Let {uy }x>1 be a bounded sequence
in L%’H}C (R% x R). Then after passing to a subsequence if necessary, there exists J* € {0, 1, ...} U {oo},
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so that for any J < J* we havefunctlons ¢/ € L2’H ([R{2 xR), 1 <j<J, rk € L2’H ([Ri2 x R), and
mutually orthogonal frames {()LJ tk yk gk)},m C Ry x R x R? x R? in the sense that forany j # j/,

J J’ _ 2 22— Y2y
oy T g -+ |y’<.y.’f| +|( ©) k.(.,k) k|—>oo ask - oo (41
MM A A A A

such that, for every 1 < j < J, we have a decomposition
J

| S Y ; —y!
uk(y,x):Z_jelyf]i(elt,gAquﬁj)(y ]:yk’ )+rk (y X)
i=1 A At
In addition,
lim. (|uk||L2H1 Z - ”im) —o, 42)
kie‘itéAy( ~i My +y))- s";’J()ka -|—yk,x)) =0 in LZHI, ask — oo, for j < J, (4-3)
lim sup ||e”(AR3_x )rkJ |, o 1o =0 asJ —J*. (4-4)
k—o0 LiyHa

Furthermore, if {uy }x>1 is a bounded sequence in S (R3), then in the above conclusion, we can further
take )L]JC —1oroo, ask — oo, |EI£ | <Cj, forevery 1< j <J. And we have a slight different decomposition

J J J
; | Y Y. P (Y=Y
— J J - t, A J k J
uk(y,x)—z¢k(y,x)+rk (y,x)._ZFelyEk(ezk [RZPk¢J)( : ,X)-l-rk (v, x),
Jj=1 J=1"k k
where . )
¢/ (y.x) if limg o0 A = 1,

Pl¢7(y,x) =

Pé(,xll(')ed)j (y,x)  if limg 0 Ai =00,

and 0 is some fixed positive sufficiently small number. In addition, we also have a slight different decoupling

J
kli)ngo(é'(uk)— gs(@g)—g(r,{)) =0, (4-5)
hm (M(uk) ZM(¢k) M(rg )) =0, (4-6)
j=1

where £ and M are given in (ME). Other conclusions (4-1)—(4-4) hold as before.

To prove the above theorem, we need to establish the inverse Strichartz estimate in Proposition 4.6
below. We first recall the following refined Strichartz estimate which is essentially established in [Cheng
et al. 2020a; 2020b].

Proposition 4.2 (refined Strichartz estimate [Cheng et al. 2020a; 2020b]). Forany f € L%’H;_EO/ 2 we
have

3 1
itA,» 4 —2 0 itA 2 4
16952 £l ey SIS0 e 300 1Q17 1742 fo 12 )
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where
D= [ J{[2k1. 2/ (ky + 1) x [2 k2. 27 (ka + 1)) : (k1. ko) € 7%}
jez
is the collection of all dyadic cubes, and fg is defined by Fy,(fo) = xo Fy f-

To prove the inverse Strichartz estimate, we shall need the following two facts:

Proposition 4.3 (local smoothing estimate [Constantin and Saut 1988; Vega 1988]). For any given € > 0,
we have

L jtA 2 1—¢
[ L 0% 1 0P 6) 1 dy drdt SR,y

Furthermore, if € > 1, then we have

1
L @R P i) dy drdr S L1 oy
Lemma 4.4. For each f € HL(R) and any R > 0, we have

If e xi=R) < R_%(Ilf(X)IIL)zc + IIXf(X)Il,izC IIf/(X)IIé_)-

Proof. For any f € H1(R), we have

X X
xf2(x) = f (2f2(2)) dz = / F2(2) 422/ (2) f(2) dz.
0 0
Then by Holder’s inequality, we get for any R > 0,
520 L qrizr < 1125 + 16/ G2 1) 2

Therefore,
_1 1 1
1/ Lgeaxizr) S RS Nz + Ix/ L2 1/ O £2)- 0
We also have the following estimate.

Lemma 4.5. By interpolation, the Holder inequality, (2-2), and Proposition 3.2, we have

tA itA itA itA -9
le’ yf||L4 1 S [léf yf||L4 HE le’ yf||L4 Hl < llef yfll XIIfIILg,j)lC- (4-7)
We can now prove the inverse Strichartz estimate.
Proposition 4.6 (inverse Strichartz estimate). For { fi }x>1 C L% HL(R? x R) satisfying

lim =A and lim |e'2r2 =, 4-8
k%ollfkllL;H;c k%oll Siell (4-8)

1—e¢
Ly

there exist ¢ € Li?—t}c and Ak, tr, &, yik) € Ry x R x R? x R?, so that passing to a further subsequence
if necessary, we have

e S CRYTIO (A2 fi) (Mg y + i, X) = $(y,x) in LHy, ask — oo,
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48

. €0
i (1l — e = 92,00 = 1912, 2 AZ( A) , (4-9)
8 8 =
limsup e 452 (fe = )4, o <€A T (1-ca? ()7, (4-10)
k—o00 z yHx 0 A
where ¢ and B are small positive constants, and
() = e B (IR gy (L0 ),
M A
Moreover, if { fi jk>1 is bounded in Y (R3), and also
. _ : itA _
Jim | fielp=A - and - lm JlenTe fiell 4 g 1-c0 =€, (4-11)
then we can take A > 1, |&x| S 1and ¢ € L%H}C(Rz x R) such that
Ape 1 eyt (1182 £y Mgy + Y. x) = ¢(v.x) in L2HL, ask — oo, (4-12)
and
48
. €0
Jim (1= 1= gulh) = Jim 1% 2 42( ) @13

Proof. Case 1: { fx }x>1 is bounded in Li?—[}c By Proposition 4.2, (4-7) and (4-8), there exists { O }x>1 S

D so that
s -8 _ . —3 0 itA,
€0A €0 Zliminf|Qp| 22| "r (fk)Qk“Lll/Z.
k—o00 ty.x

(4-14)

Let A be the inverse of the side length and &; be the center of the cube Q. By Holder’s inequality and

(4-8), we have

3 . 3 2 q1_2 3 . 3
liminf | Qg |72 [l a2 (fi) g, Il 1172 < liminf AT (€50 A'720) 11 262 (fi) o, [l 1he
k—o00 t.y.x k—o00 ty

Together with (4-14), this implies

24 1_24

lim inf A le” 252 (fi) i llLoe  (@xmexm) S €0A .

t.y.x

Then by Lemma 4.4 and Bernstein’s inequality, we have

hrn 1nfkk e An2 (f)ox oo

foy.x RXRZ2x{|x[>R})

<R 1;€n;gka(||(fk>gk||%@+|||x|(fk)gk(x>|| < 2 IR0l o)
1. . 1
S RS timinf A 10k F 1 fell ez, + 10k 1Al o 10 fily o )

~ R (| iz, + el e 100kl foeys ) =0 a5 R— o0,
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Therefore, we can take R large enough such that

. iA | 24 q_2s
liminf Ag [le"" 2% (fi) o, lLse, (x|=r) S 3€0A° <.
k 00 1.y.x =

As a consequence, there exists (fx, i, Xx) € R x R? x R with |x| < R, so that

24

. 24 _
liminf Ag | (2% (i) 0, ) (k. Xi)| Z €0 A 0. (4-15)
k—o0

Since |xx| < R, we may assume, up to a subsequence, x; — x* as k — oo, with [x*| < 1.
By the weak compactness of L§ H1, we have

Ake—l.sk(kky‘}’yk)(el.tkARz fk)(A’ky + yk’x) N ¢(y’x) in LiH)lC’ as k — 00.
By the very basic fact in Hilbert space H that

ge—g inH = |gly —llgx—glE — llgll.
we have

) 2 2 - 2
kliﬁolo(ka“L;H;c — |l fx —¢k||L§H;C) = ”¢”L§H}C'

We now turn to the remaining part (4-9). Define & so that Fy A is the characteristic function of the cube
[—%, %]2 By Lemma 2.1, (x, y) = h(y)do(x) € L%’H;l([Riz x R). From (4-15), we obtain

|(h(y)80()€), ¢(y,X +X*)>y,x|

- klim K(go(x)’/ h(y)Age S GuyTy) (el haz i) (A y + yg, x + xg) dy>
—>00 RZ

X
24

. 24 _
= lim Ax|(™ 2% (fi) o) ks Xp)| Z €04 <0, (4-16)
k—o0

from which it follows o

* A%
Iy x + 3|2 Z €0 4! 5.

At the same time, since
lp (v D)l 250 Z NS x + X2 g1 + MIxI@.x + 392 = lIx" e x + x5l 2

= ¢ (rox + 225 — I NISGDl3
we get

* * <
16+ )2 < 1612250 + DN L2, < 1612250

Therefore ||@|| L2l > €24/€0 g1724/€0 and (4-9) follows. We turn to (4-10), by Proposition 4.3 and the
Rellich—-Kondrachov theorem, we have

!t (e~ BRI I B2 i) ey + e x - xi0)) = B2 P(y.x)  as k — oo,
for almost every (¢, y, x) € R x R? x R. By the refined Fatou’s lemma [Lieb and Loss 1997], we obtain

o2 £ |14 L leitBe2( £, — 4 o leftAr2 g, |14 .. >0 ask — oo.
” fk”L?yH)lc €0 || (fk d)k)”L?yH)lc €0 || ¢k||L?yH}( €0
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Thus, by the invariance of Galilean transform, we have

lim su eitARz _ 4 = limsu eitARz 4 o eitAle 4 B
2 2
= (0 ATy e ”Awn -
ty

We now take c(¢) € C°°, which has compact support on [—1, 1], such that

—€0°

le()e™ )l 43 = 1.
t.y
Then by (4-16), we have

1— 24
>6€0A €0,

/R (C(OR(B0(x). (7. x + 3™}y x

On the other hand, by Holder’s inequality, Sobolev’s inequality and Lemma 2.1,

'/R(C(t)h(y)%(X), P(y.x +x7))yx dt

- /R (€8 (DR (7)S0(x)). €AY (. x + 5%}y

< itA itA
S e (c@h()ipasslle y¢(y,x)||L?,yH;—eo

< el Ay , X 1—€g -
€2 900l g 1o

Therefore, by the above two estimates and (4-17), we get (4-10).

Case 2: { fx }k>1 is bounded in Y (R3?). In this case, we have

lim sup ||P>nyk||L2H1—eo < (R)™°° lim sup | fkllz@®s) =0 as R— oo.
k—o00 - yiex k—o00

For R € 27 large enough depending on A and e, by (4-11), Sobolev embedding, and the Strichartz estimate,
P g Ji satisfies

lim |82 P2 ficll g pyrmeo = Jim /™82 fell s o 1oco = Jim e 852 PYg fil 4 1o
k—o00 Hx k—o0 x

L
. itA >
zkli)m e 2w fk”L;‘,y C hm | P2 Rfk”Lz —€0

So we can replace f; by P2 ~ g Jx in the above case, and for R = R(A, €) > 0 large enough, we may take
{OQk}k>1 SDand | Q| < R? such that A > R~ and |&x| < R. As in the proof of Case 1, we still have
(4-12) and also (4-9), (4-10). Furthermore, if lim sup; _, ., Ax < 00, then

Ape S Gy i) (o1t Bg2 fiy Ay 4 yi, x) = (1, X)

holds for some ¢ € ¥ (R? x R). To show (4-13), we just need to consider the case when A; — oo because
the situation when lim supy_, o, A < oo is as in Case 1. We note

48

€0

li = lim [P > 42
Jim (6613 = tim 172,012, = 4%( A)

Then the decoupling of the X-norm comes from P_ 20~ Id in L%H}C and (4-12). O
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Proof of Theorem 4.1. The conclusion follows by applying Proposition 4.6 repeatedly until the asymptoti-
cally linear evolution of the remainder is trivial in L;" yH)lC_éo. The decoupling (4-5) and (4-6) follow
from (4-13) and the orthogonality (4-1). O

Remark 4.7. For a linear profile decomposition for the Schrodinger propagator of the Schrodinger
operator —A + |x|2 in L2, we refer to the work of C. Jao, R. Killip, and M. Visan [Jao et al. 2019] and
C. Jao [2020]; we believe that some part of their argument can be applied in our equation. We also refer
to the linear profile decomposition proved by A. Ardila and R. Carles [2021].

4.2. Approximation of the nonlinear profile: the case of concentrated initial data. In this section, we
will show that the nonlinear profile u given in (1-4)

i 0puy + Agsuy —x2uy = |uy|uy,
{uk(o,y,x) = 10(%.%),
can be approximated by i, given in (1-6)
. _it(Ap—x2) 1 ty 2
), y,x)=e %(xvn(k—zzx)), (t,y,x) e RxR* xR,

when A is sufficiently large. Here v, is the solution of the (DCR) system (1-5)

ni—n2+n3=n

Un(O,y’x) = ¢n(y’x) = Hn¢(y’x)

The following corollary can be proven from Theorem 1.2 by following the argument in [Colliander et al.
2008; Killip and Visan 2013]. In particular, we refer to [Colliander et al. 2004, Lemma 3.12].

{ (0 +Ay)va(t, . X) =D ny,no,nseN Hyu(Vn UnaVns)(t, ¥, X),

Corollary 4.8 (corollary of Theorem 1.2: preservation of higher regularity). Suppose ¢ € L%’H}C (R% xR)
and v is the global solution of (DCR) given as in Theorem 1.2. For any s1 > 0 and s, > 1, if we assume
further v|;—o € Hy'H* (R? x R), then the solution v € C? Hy' Hy? (R x R? x R) and satisfies

v ”L?OHySl 32 mthtwysl ’4Hf62([RxR2xR) =C(¢ ”H;l HQZ(szR))-

Relying on Corollary 4.8, we can now prove the following general result on approximation of the
nonlinear profile in the large-scale case. We will prove it with the help of Theorem 3.6.

Theorem 4.9. Forany ¢ € L1}, 0<0 < 1, (Ak. tx., yi. €k) € Ry xRxR2 xR, |&| < 1 and Ay — o0
when k — oo. There exists a global solution uy € C?L%’H)lc of

10:ug + Ayug + Ayug — x2ug = |ug|ug.
(0, 3, %) = A e (A P_j o) (Y1),

for k large enough, satisfying

<
(77 ||LZOOL§H}CmL;{yH}((RxR2xR) ~lell 251 1
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Furthermore, assume that €4 = €4(||®|| 2%l ) is a sufficiently small positive constant and € HJ}OH}CO
such that

o= ¥llp241 < ea.

Then there exists a solution v € C to H)%H}C (R x R? x R) of (DCR), with

v(0,y,x) =¥ (y,x) iftx =0,
li . y.x)—eltAy =0 ifty — +o0,
Jim oy, x) — el 200 if t — Fo0

such that for k large enough we have

”uk”L‘,’OL%H}CHL‘,‘JH}C(RXRZXR) <1
with
”Mk(t) - wkk ([)||L?OL%H)ICHL?’J,H}C(RXR2XR) e 0 as k — 0Q,
where
Wi, (1 y. x) = e OB iy Ei ) 1 it (A=) ( g LTk _jSk(t_tk)’x)‘
k k

Proof of Theorem 4.9. By translation invariance, we may take y; = 0. By Galilean transformation and
|&x | is bounded, we may take & = 0. Then

_ 1 lt(A —x2) .
wy, (£, y,x + 1, , X .
/lk( Vs ) (Az k /\k )
When # = 0, we will show w), is an approximate solution to (1-2). After a simple computation, we see

ey, ‘= (ids + Ay + Ay _xz)w/lk - |w/lk|2w/1k

: - t
_ _kl:3 Z e it@n+1) Z e—21t(n1—n2+n3—n)(nn (Unll_)nzvm))(_’ L’x). 4-17)

272
neN ni,np,n3eN /\k k
ni—nz+n3#n

We will show this error term is small in the dual Strichartz space. Divide the right-hand side of (4-17)
into three terms:

er (2. y.x)
:_)%3 Ze—it(2n+1) Z e 2it(mi—nztn3— n)Py2 10(H (1),,11),121),,3)()L2 ) ,X))
neN ni,no,n3€N k
3 S R G N P )
neN ni,nz,n3eN

ni—n2+n3=n

_ i _ _ ry
_)“k3 Ze it(2n+1) Z o~ 2it(ni—na+n3— n)pz2 m(l‘[,,(vnlvnsz)(g,ﬁ,x))

neN ni,nz,n3€N
ni—nx+n3#n

| 2 3
=: ekk +exk +exk.
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We first consider eik and shall use Bernstein’s inequality, Leibniz’s rule, Plancherel’s identity and Holder’s
inequality to estimate as follows:

1
”ekk (t’ Y, X)HL?/J?H}(

_ _ia2 —2iA2¢(n— _ _
S A’kl Ze z)th(Zn-H) Z e ZZlkt(nl np+ns n)nn(vyvnl Uy 'Un3)(l,y,X) . 4.
nenN ni,nz>,n3eN Lt,y Hx
—1| iA2t(Ax—x2) (i A2t (Ax—x2 i A2t (Ax—x2), iA2t(Ax—x2)
~Ate KH(Ax—x )(e’ K Ax=xD) gy . @i At (Aa—x2) ol At (A v)(t’y’x)”Lj‘,/fH}C
<71 2 .
S A ||Vyv||L;1.yH)1€||v||L?’y%1( —0 ask — oo, (4-18)

where - -- are the missing two terms with V), acting on vy, and v;.
We now turn to the estimate of eik. Using Bernstein’s inequality and Leibniz’s rule as above, we have

2 < -1 —iAZt(2n+1) =
||€Ak ”L?/;”H)lc SAL Ze K Z Hn(Vyvn, - UnyUn3)(1, y, X) L4 +
neN ni,nz,n3eN ty Hx
ni—n2+n3=n sl
-1 1 _ 2
~ A7 (Z (M2 > Ta(Vyvn, - UnyVns) (. Y. X) ) e, T @19
neN ni,nz,n3eN Lt,y Lx

ni—n2+n3=n
where - - are the missing two terms with V,, acting on vy, and vy;.
We observe the following elementary inequality: forn =n; —ny +ns3

(m)2 < ()7 ()2 < ()7 (1) (02)2 (n2)2,
Using the fact {(n)™'},en € 12, the Minkowski inequality and boundedness of IT,, we have
1 _
(n)2 Z 0, (Vyvny - Onyvns) (8, Y, X)

ni,n2,n3€eN
ni—n2+n3z=n

4/3
L{PL31;

S (O (n1)%(n2)(13)?| T (VyVn, - UnyUns) (2, X))
LJL317
ni,n2,n3eN t.y Lxtin
ni—n2+n3=n
<

D (n1)(n2)*(13)2 [ (Vy v, - Buyvns) (2.3, 0| 2

ni,no2,n3€eN

By Holder’s inequality and the embedding ! (R) € L*°(R), we find

473"
LY

[(Vyvny - Unyvns) (@ ¥ X L2y S NIV vny (2, 9, ) 2 @y 10m2 (8 ¥ ) 31 gy Tons (2, Y, 0) g1 )

Similar arguments can be applied to the other two terms on the right-hand side of (4-19). All together
this leads to the estimate
2 -1 2 2 2 -
”e/lk ”L;‘,/y%'l)lc . Ak H (n1)“(n2)=(ns) ”(vy UnyVny Un3)([»y,x)”L)26 |‘Lf,/y3léllézlfl3

-1 2 2 2 Y .,
FA ) 020 03) 1y Ty vms om0 2 | a7y

—1 2 2 2 =
2 102 12)2 (1) 2y By Yy V)3 ) 2 gy o
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-1 3 3 3
S0 02 13) 19y v, (072 0m (09) ler 1oms (92 [ 7372 42
-1 2
<Ak ||Vyv||L;‘.yH§||U||L;t.yH;
-1
She CUY N a1ye)CAYlIL297) =0 ask— oo, (4-20)
Now, we only need to deal with eik. We will use the normal form transform to exploit additional decay
of A, since it possesses time nonresonance property. Integrating by parts and direct computation imply

t
/0 el(t—r)(Ay-‘rAx—xz)eik (1) de

t ~
:—A;3 Z / ezt(Ay—zn—l)e_eryPi’z,m (Hn(vnlﬁnzvm)()%,%,x)) dt
0 = r Mk

ni,nz,n3,neN
ni—na+n3#n

. .= ~ t
_ _1-3 } : t(Ay—2n—1) —itA . —1pYy - y
= _A'k el ( v n )e 4 y(—l Ay) PSZ_IO Hn (vnl vnzvn:;)(_Az , A’ ,x)
ny,n2,n3,neN r Mk
ni—nx+n3#n

_ i _on— X N— _ y
+)“k3 Z pit(Ay—2n 1)(_1Ay) 1Pi’z101‘[,1(vn]1),,21),13)(0,)L—,x)
ni,nz,n3,neN - k

ni—na+n3#n

_ L i(Ay—2n—1) —itRy, % _ T
+Ak3 Z /Oezt(Ay 2n-1),, ery(_sz) 18t(P§2_10Hn(vn,vnzvn3)(k—2,%,x))dt
k

ni,n2,n3,neN
ni—n2+n3#n

-3 it(Ay+Ax—x2) X \—1 = Y
:/\k Z el (Ay+Ax—x )(—lAy) sz_mnn(vnlvnsz)(o,)L—,X)
n15n25n35n€N k

ni—nz+n3#n

. . ~ t y
=3 —2it(n1— —it, -1 _
_Ak Z e (i =natna)= (=i Ay) P;z—lonn(vnlvnzvm)(,\_z’A_’x)
ni,n2,n3,neN r Mk
ny—na+nz#n

t -

-3 it(Ay—2n—1 —itA, % -1 - Ty

—|—)Lk E elt(Ay—2n )/ e 't Y(—iAy) 8rP22—1onn(Un1vnzvn3)(/\_2,A_JC) dr,
ni,nz,n3,neN 0 © Mk
ni—nx+n3#n

where the operator A, is defined to be
Ay :=2(n1—nz2+n3—n)+A,.

This is a perturbation of the Laplacian operator and we suppress the parameters n1, 1y, n3, n. The inverse
operator (—A y)_1 is defined by the Fourier transform

i(Fy f)(E x)

(n1 —nz+n3—n)—I§%

This operator is invertible when ny —n, +n3 —n # 0 and |£] < 271%. We will use this expression in the

Fy((=i D)~ ) x) = 5

remaining of the proof.
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Define

3,1 -3 t(Ay+Ax— y ‘A 1 — Y

e ‘)Lk Z pit(Ay+Ax—x )P<2 1()((—sz) (H,,(vnlvnzvm)(o,k—,x))) A
ni,n,n3,neN k Lt,ny
ni—na2+n3#n

32 -3 —2it(ni—na>+n3)—it_; x \=1( py = Ly

e)}k _‘/\k Z e it(ni—n2+n3)—i (—lAy) (PSZ_IOH,,(vnlvnva)(A—z,A—,x . L’
ni,n2,n3,neN k 7k Ly yHx
ni—nz+n3#n

and

o33 it(Ay—2n—1)

€k ”\k Z e

ni,npy,n3,neN /
ni—nx+n3#n —itA 1 _ T Yy
./0 TAy (i A ) (8 P<2 l01'[,,(1),111),121),,3)(g,ﬁ,x dr

Then, we have

First, we consider the term ei’kl. By the boundedness of the operator PZ,—10(—i A y) " whenni—ny+nz #n
and Minkowski’s inequality, we may estimate as follows:

L} )

/ it—1)(Ay+Ax— x) 3 (1, v, x)dr
0

3,1 3,2 3,3
~enn +ekk —I—ekk. 4-21)

4 41
Ly Hx

3,1 1 - LXN— _ y
st X e oG8 () (01| ]
ni,nz,n3eN k Ly 1Ly x
ny—nz+n3#n
- 1 - y
5)\,{3 (n)2 Z n((vnlvnzvn3)(0,r,x))
ni,n2,n3eN k L3 NLR0:
ni—nay+n3#n
_ 1 _
Sy P LU D (TR [(US) 7Y

ni,n2,n3€N

— 1 _ _ _
SAZ D M2 (@ny Onavns) 0,3, 0) 2 2 SA7 D 11y B ona) (0,3, L2501

ni,nz,n3eN ni,na,n3eN

A2 1o 03 Lot 10ms 0.5, )| 301 [0n5 0.y, )| g0

ni,nz2,n3eN

SAZZC(HU(O,y,x)HHy]H;f—>0 as k — oo. (4-22)

Next, we consider the term ei 2 As in the estimate of > Ak by the boundedness of the operator

P2y—10(—i Ay) ! when ny —ns + n3 # n, Minkowski’s inequality, the fractional Leibniz rule, Sobolev’s
inequality and Holder’s inequality, we have

<I’l>% Z e—2it(n|—n2+n3)—it(_iAy)—1

3,2 -3
<
e S Ak

ni,nz2,n3eN — t y
ni—na+n3#n 'Pzz—lonn((vnlvnzvns)( 5> ’x))
= Ar Ak

L} L33
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-3 1 - t y
Skk (n)2 Z ||Hn((vn1vn2vn3)(k_2’k_’x)) ”L‘y‘ P,
ni,na,n3€eN k k Lthln
ni—nx+n3#n
3 3
-3 — -3 3
< Ak 2 Z ||vn1Un2vn3 ||HJ}/2H)IC . < Ak > H ”U(t’ y’x)||W3/4’47'L5r ”L;1
ni,n2,n3eN Li ’
_3 _3
<A, 2@, y, )| <A, 2C(||v(0, y, x ; 350 ask — oco. 4-23
SN0 DN 2y raing S 4 CUDO, 3.0 otz ) (4-23)

Finally, we are left to consider the term ei’;. Applying the Strichartz estimate, we obtain

A,:3 Z it (By=2n—1)

t ~
ni,n2,n3,n€N —itA X \—1 y — T )y
ni—rfg-{fnﬁén /0 e't y(_lAy) (arPSZ—lonn(vnlUnzvn3)(/\_2,E,x)) dr
k

L} yHx
=] (G NN S ID DI

ni,na,n3,neN
ni—nx+n3#n

t ~
_\/0 P;’Z_]O(e—ltAy(_iAy)—l

_ Ty Ty Ty
'atnn(kk3vn1(E?EaX)UHQ(EsE,X)Ung)(g,ﬁ,x)))df

We observe, after some computation, that

(4-24)
LiL3HY

t -
(0 +Ay+Ay—x?) Y B2 /0 ey (—iAy) TP,

ni,na2,n3,neN

ni—na+nz#n X r y B r
0 [ A3 vm, (=50 = ==, — 2 x))d
(3820 (5 3o (2o (5 o))

— Z e—2it(n1—n2+n3)—it(_l-Ay)—lPy

<2—10
ni,nz,n3,neN

ni—nz+n3#n _3 r oy r y t oy
1 2 3 -atnn(kk l)nl (E,E,x)vnz(g,E,x)vn3(g,ﬁ,x))-

Therefore, by the above observation, Plancherel’s theorem and Leibniz’s rule, we have

—it(n— ) —its % a— - ry
(4-24) 5 ‘(Z( Yo TRttt ) 1P§2108,nn(xk3vm(k—2,ﬁ,x)
neN ™ ni,n2,n3eN k
ni—na+n3#n _ 2 1
*Un 57 X |Un s X
AR AT AR Ak LIL3L
_ t
(2% Jam (e (5
neN /\k k

ni,n2,n3€eN

L%.X)2 <n>)i

ni—nz+n3#n Z—y t y
Ul = — X |vns | . —. x
A2 AT) TP A A

L
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-2 _ -2 A
= Ak Z ”atvm *UnyUns ”L;L%’H}C + Ak Z ”vl’ll : atvn2vn3 ”L%L%’H}C
ni,n2,n3eN ni,n2,n3eN

) -
—I—/\k Z l[vn, 'Unzatvn3||L}L§H}c‘
niy,n2,n3€N

3395

(4-25)

We shall only show how to estimate the first term on the right-hand side of (4-25), as the other two terms

can be estimated similarly. By Holder’s inequality, and the fact that v satisfies (DCR), we have

Y 19evm, Dy vmsllL 120
nyi,nz,n3eN

2
Sl g 10Nz Lo

Z Hm (Un417n51)n6)

n4,ns,ne,n1 €N
n4g—ns+ne=nj

2 2
Sz pepallAyvllLzrens + 1173 653

Applying Holder’s inequality and the Sobolev embedding, we have

Z [y, (Vi UnsVng)

n4,ns,ne6,n1 €N
n4g—ns+ne=n|

L3LSHS

LILSH3

3 _
5 <n1>2 Z Hnl(vn4vnsvn6)
n4,ns,ncEN L:;LSL)ZCII%l
n4—ns+ne=ni
< > (n) N na)3 (1) (n6)> | Ty (Vna Dns Vn)|
n4,ns,neg€N L?LSL)%I%l
n4—ns+ne=ni
3 3 3 =
S|22 e (ns) 06) NongOnsvngllz |
nq4,ns5,n6EN L7L3
SI DD (1) (1) (16)* 1vns g1 10ns 301 1vng 00 S0, 18,0 < CUV I 42/3,,0)°
~ 40Hx S0 Hy 6 1 H 6 L7Ly°H; — Hy ' "Hy7 2
ng,ns,ne€N

=y

where in the last inequality we use the fact that by Corollary 4.8, we have
Il e < CAVIL250)-
1Ayvllzes < CUAY I 250)-
Combining all these estimates together, we finally obtain
32 SA(CUW 222" CUIAY Yl 1253)
+ U N2 CUY  2r2,)%) = 0 as k — oo,

To apply Theorem 3.6, we see

. B e -
kgngollka(oiy,x) Up (0,3, ) 290 = 16 =¥ llp241 < e€a,

(4-26)
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1 t oy
w = |V =, —,X = ||V 5
| Ak”L?OLJ%H}C(RXRzXR) H A (’\i A ) L0123 I ||L?°L§H}C

1 r oy
Wp, g4 41 2 =77 73y X = VllLs ol
” k ”Lt!ny(Rx[R xR) H )kk (/\% Ak ) L?’yH}C ” ||Lt,ny

These together with the estimates (4-18), (4-20), (4-21), (4-22), (4-23), (4-26) and Theorem 1.2 yields
Theorem 4.9 when 7, = 0.
If t;, — 00 as k — oo, then v is the solution of (DCR) with

Iim |jv(z, y,x —eitAy =0.
Jim v, y,x) Vliz21
By the argument in the case 7; = 0, we can also obtain Theorem 4.9 in this case. O

4.3. Existence of an almost-periodic solution. Define

ALY = sup [l 4 <o gy

where the supremum is taken over all global solutions u € C2(R, = (R?)) of (1-2) with
Eu(t)) + M(u(r)) < L.
The proof of Theorem 3.4 implies A(L) < oo for sufficiently small L. Let
Lmax =sup{L >0: A(L) < oo}. 4-27)

If Lax < 00, then following the arguments in [Cheng et al. 2020a; 2020b], one can show the existence
of an almost periodic solution with the help of Theorems 4.1 and 4.9. The proof is rather standard, we
refer to [Cheng et al. 2020a; Cheng et al. 2020b; Killip and Visan 2013; Kenig and Merle 2006; 2008;
Tao et al. 2008] and omit the proof here.

Theorem 4.10 (existence of an almost-periodic solution). Assume that Ly < 0o. Then there exists a
solutionu, € C tO (R, Z(R3)) of the defocusing cubic NLS with partial harmonic potential (1-2) satisfying

Ee) + M(ue) = Linax  and ”“C”L“ ” 00. (4-28)
t.y

1=€0mxR2xR)
Furthermore, u. is almost periodic in the sense that for any n > 0 there is a Lipschitz function t — y(t)

and a sufficiently large positive number C(n) such that

/ e )||uc(t,y,x)||$_ll dy <n forallt €R. (4-29)
y+y(@)=Cn *

5. Rigidity theorem

In this section, we will exclude the almost-periodic solution in Theorem 4.10 by the interaction Morawetz
estimate with an appropriately chosen weight function. Once the almost-periodic solution is excluded, we
can finish the proof of Theorem 1.1.
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Proposition 5.1 (nonexistence of the almost-periodic solution). The almost-periodic solution u. as in
Theorem 4.10 does not exist.

Proof. For each rg > 0, we define the interaction Morawetz action

My (1) = / / Sreltey D) Vytte(t, y.2)) - Vo (1 — FD e ¢, 5. )2 dy dx df 5,
R2xR JR2xR

where J = Im denotes the imaginary part of a complex number and v¥,,: R — R is a radial function
defined as in [Colliander et al. 2009; Planchon and Vega 2009], with

M) = [ stog( 3 o) 0

where .

wro(s) = {5_3

0 ifs<rg.

if s > ro,

It is straightforward to verify that ., is convex and |V, | is uniformly bounded (independent of rp), with

_AZWro(”) = 2’,_ﬂ80(r) — Wry (7).
0

Using the above properties of the weight function ¥,,, one can show (see [Colliander et al. 2009,
Section 3.3]) for all 7o > 0

To 1 2
/ . T ey 012 ) Py S e ez [9telppor S1. D)
By (4-29) and the conservation of mass, we have

2
u
[ cllL'%!X 5/
2 ly+y(@)<C (1)

where m. := M(u.) > 0 by (4-28).
Therefore, for each Ty > 0, by (5-2), Sobolev’s inequality, and (5-1), we deduce

m2T0 To 2
< [2(f lictt, v, 0l d)
~To \JIy+y(0)|<C (2 *

100

me To 2 \4 2
se(i) [y (fumeeriyto) ) u

To
me 1 2 2 me
scl=< Vo 2 (Jue(t, y, dydt sC =< ).
< (IOO)[_TO/WM 12 (et . )12 dy (100)

Letting 7o — oo, we obtain a contradiction, and this concludes the proof. O

e (r. y. 117> dv. (5-2)

Finally, we can now prove Theorem 1.1.

Proof of Theorem 1.1. By Theorem 3.4, to prove the scattering of solutions to (1-2), it suffices to show

the finiteness of the Lf’ y ,16_60 -norm of the solution of (1-2).
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To this end, let Ly,x be given as in (4-27). Then, equivalently, we need show that L,,x = 00. Suppose
for a contradiction that Ly,x < co. Then Theorem 4.10 would yield an almost-periodic solution of (1-2),
which is impossible in view of Proposition 5.1. O

6. Scattering of equation (DCR)

We will now prove Theorem 1.2, that is, the global well-posedness and scattering of the (DCR) system

{iatv—i—Asz:F(v),
v(0,y,x) = (y,x),
where

F):= Y Hp(Iy,vIT,,v,;v)

ni,na,n3,neN
ni—n2+n3=n

and IT,, is the orthogonal projector on the n-th eigenspace E, of —A, + x2.

We will mainly follow the approach to the global well-posedness and scattering of the two-dimensional
mass-critical nonlinear Schrodinger equation as in [Dodson 2016b]. The main ingredient is to establish an
infinite-dimensional vector-valued version of the two-dimensional long-time Strichartz estimate, which
helps us to preclude certain almost periodic solutions.

The (DCR) system is Hamiltonian with an energy functional

1 2 1 _ _
E(v) = ) ZA2xR|Vyvn| dy dx+Z Z [I‘%sz Un UnyUnsUny dy dx,

neN n,ni,n2,n3,n4€N
ny—n2+n3—nas=n

under the symplectic structure on L%,x (R? x R) given by (f. g) :=3 Jrexg S (. x)g(y, x)dy dx. It
also conserves the following mass M and kinetic energy &p:

M) = f lo(t. v, ) dy dx,
R2xR

— _ 2\ 2 _ 2 — 2
Eo(v) = /R , |CAx 220y )P dy de = ZN(zn +DIonl7s oy = 10172001 @2 xry
ne
We shall divide this section into three subsections. In Section 6.1, we establish the local well-posedness
theory for (DCR) and reduce the scattering to the exclusion of almost periodic solutions. In Section 6.2,
we derive the long-time Strichartz estimate and in Section 6.3, we exclude the almost periodic solution.

6.1. Local well-posedness and reduction to the almost periodic solution. In this subsection, we will
present the well-posedness theory of the (DCR). Then following ideas similar to those in [Tao et al. 2008;
Cheng et al. 2020a; 2020b; Yang and Zhao 2018], we shall prove that there is an almost periodic solution
of (DCR) if the system is not global well-posed and if the solution does not scatter in L%’H}c That is, we
reduce the global well-posedness and scattering of (DCR) to the exclusion of this almost periodic solution.

6.1.1. Local well-posedness theory and the existence of an almost periodic solution. The local well-
posedness theory of the (DCR) system follows from a more or less standard argument: the Strichartz
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estimate in Proposition 3.2 and the nonlinear estimate in Lemma 6.2. The proof of the nonlinear estimate
relies on the following Strichartz estimate for the harmonic oscillator.

Lemma 6.1 (Strichartz estimate for the harmonic oscillator [Carles 2002b; Keel and Tao 1998]). For
1

2<gq,r < oo with % + % =3, we have the estimate
it(Ax—x2) )
[ f||L;1w;§"([—T1,T1]xR) S g @y
holds for any Ty > 0 and s > 0.
We can now give the nonlinear estimate.

Lemma 6.2. For functions Fy, F,, F3 defined on R? x R, we have

> Tu(My, FiTl,, Foll,, F3)

ni,na,n3,neN
nij—n2+n3=n

< -
L4/3]2 ~”Fl”L}‘L%”FZ”L;‘L)%”F?)”L;‘L%’ (6-1)
v X

and consequently, for any 8 > 0,

> Tu(My, FiTL,, Falle, Fs)

ni,n2,n3,neN
ni—n2+n3=n

S min [[FeollpapellFe@ g 2 1Fellg 2. (6-2)

Ly}

where 03 is a permutation of the set {1, 2, 3}.

Proof. Let Fy € L*L2, by Holder’s inequality and Lemma 6.1, we have
ytx

< > Hn(HmFlnnzennSFz),Fo>

ni,nz,n3,nEN
ni—nz+n3=n

4
_1 Z / p2it(i—nz+nz—n) Iy, F11l,, Fo I, F311, Fody dx df
0

T 2
ni,na,n3,nEN REXR

T
_ %/ /2 ezt(—Ax—i-xz)Fl(y’x)eit(—Ax—i-xz)Fz(y,x)
0 JR2xR .ei‘(_A-¥+x2)F3(y, x)eit(—Ax+x2)F0(y, x)dy dx dz

Fe(_ 2 Fe(_ 2
< /RZ ||‘3”( Axtx )Fo(y,X)||L<;0L)2€([o,n]xug)||elt( Axtx )Fl(y7x)||L%L§([0,7[]xR)

e A By (0, 0| 18 o,y € AT Fa (00 9 18 o,y 4
< fR | Fo(r- Dz lle ™+ F1 (50l 1 go ey 1€ T Far 0l 1673 15 0 ey
et CAHI By, 1673 18 ((0,71xm) 4
< /R2 [Fo(y. )2 1F1(y. )l 2 1 F2(y. ) 2 1 F3 (v, x) [l 2 dy-
Therefore,

> Ty, Fi1L,, P2, Fs)

ni,nz,n3,neN
ni—n2+n3=n

which is (6-1). One can similarly prove (6-2) using the fractional Leibniz rule. O

<
~ “Fl”LﬁL%||F2||L§L§”F3“L§L}C’

Ly L3
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Lemma 6.2 provides the following estimate for the nonlinearity F(v).

Lemma 6.3. For each solution v of (DCR), we have
3 —
||F(v)||L;1!/y3H% < ”U”L‘}JH‘;’ where a =0, 1.
Thus by Proposition 3.2, the solution v of (DCR) satisfies the Strichartz estimate
3
||U||L§’Lg7-[%(1xR2XR) N ||UO||L§H§5(R2><R) + ”v”L‘}.yH%(IxRZxR) fora =01, (6-3)
where I C R, and (p, q) is a Strichartz admissible pair.

As a consequence of Lemma 6.3 and (6-2), we obtain the following well-posedness theory. Since the
proof is well known (see for instance [Cheng et al. 2020a; 2020b; Tao 2006; Killip and Visan 2013]), we
omit it.

Theorem 6.4 (well-posedness and scattering of (DCR)).

(1) (local well-posedness) Assume || vo|| 12n1 <00 The (DCR) admits a unique solution
ve (CPLIHLNLE H)((-T. T) x R* x R)

for some T > 0.

(2) (small-data scattering) There is a sufficient small constant § > 0, such that when ||vo|| 2nl = s,
(DCR) admits a unique global solution v with v(0) = vo, which scatters in LiH; in the sense that there
exist vE € Li?—[}c (R? x R) such that

[lv(z) —eimyviHL%?_[}C -0 ast — too.

(3) (scattering norm) Suppose v is a maximal lifespan solution on I with ||v||; 4 L2(IxR2xR) < ©0- Then
. X 2 1 t,y=x
v globally exists and scatters in L3 Hy.

We also have the stability theorem by Lemmas 6.2 and 6.3. The argument is similar to the proof of
Theorem 3.6, and we also refer to [Colliander et al. 2008; Killip and Visan 2013].

Theorem 6.5 (stability). Let [ €{0, 1}, I be a compact interval and v € (CPL2HLNL? HL)(I xR?xR)
be an approximate solution of (DCR) with the error term e =i0;0 + A, v — F(V). Then, for any € > 0,
there is § > 0 such that if

el 47354 (1 xpaxiy T+ 1500) = vol 2501 < 6.
then (DCR) admits a solution v € (L?oLg’H}C N L?,ych)(l x R2 x R) with v(to) = vo and

[0 —v ”L?JHQDL;’OLf,H}C(IszxR) <E€.

To prove (DCR) is globally well-posed and scatters for large data, by Theorem 6.4, we need to prove

v ”L‘t‘,yLJZC([R{x[szR) < 00,
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where v is a solution to (DCR) with initial data vo € L3 (R* x R). For the solution v of (DCR) with
maximal lifespan interval /, let

S(m) = SUP{HU”L;*JL%(IXWX[R) : ||v(0)“L§H}C(R2><R) =mj,
and
mo = sup{m : S(m) < oo for all m <m} > 0.

If we have mo = oo, then the global well-posedness and scattering in L%”H}C of (DCR) hold. Following
the argument in [Tao et al. 2008; Killip and Visan 2013], and using Theorems 6.5 and 4.1 during the
proof, we have:

Theorem 6.6 (existence of an almost periodic solution to (DCR)). Assume mg < oo. Then there
exists an nonzero almost periodic solution v € C?L%H}C N L‘t"y L2(I x R? x R) to (DCR) with I the
maximal lifespan interval such that M(v) = my. In addition, for any n > 0, there exists C(n) > 0 and

(y(1),£(t), N(t)) € R? x R? x Ry such that

[ eyl | I E D2 & <y foralli 1. (64)
ly=y @)= FF x [E=§@I=C ()N () x

N
Furthermore, we can take [0,00) C I, and N(0) = 1, £(0) = y(0) =0, with
N(@) <1, [N'(t)|+I|E@)|<N@)? forallt €[0,00).

As in [Dodson 2012; 2016a; 2016b; Killip and Visan 2013; Rosenzweig 2018], we see the almost
periodic solution in Theorem 6.6 has the following property:

Theorem 6.7. (1) If J C I is an interval which is partitioned into small intervals Jy, in the sense that
||v||L;‘,yL)26(JkXR2XR) =1, then we have

N(Jg) ~ / N(t)3dt ~ inf N(t) and Z N(Jg) ~ / N(t)3 dt, (6-5)
Jk teJy Joy J
k=
where N(Ji) = sup,c s, N(7).
(2) For any interval J C [0, 00), we have
/; N@)*dr < ||v||2?)yL%(JszxR) <1 —I—/J N(t)? dr. (6-6)

Proof of Theorems 6.6 and 6.7. With Theorems 4.1 and 6.5 at hand, one can follow the arguments in
[Cheng et al. 2020a; 2020b; Dodson 2012; 2016a; 2016b; Rosenzweig 2018; Tao et al. 2008; Killip and
Visan 2013]. O

6.1.2. Some functional spaces and bilinear Strichartz estimates. As in [Dodson 2016b], due to the failure
of the endpoint Strichartz estimate in two dimensions, we need to utilize the function spaces U f and Vf
introduced originally in the seminal work [Koch and Tataru 2005a]; see also [Hadac et al. 2009; Koch
and Tataru 2007; Koch et al. 2014] for more detailed study on these spaces. The structure of our (DCR)
system motivates us to introduce the Banach spaces U K (L2) and VAp (L2) as follows.
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Definition 6.8 (U f (Lfc) space). For 1 < p < oo, let U f (L)zc) be an atomic space, where an atom v? is
defined to be

N N
V(63 X) = ) AL (3, x), with Y lop ()7, =1
k=0 k=0 >

In the expansion of v¥, N may be finite or infinite, 7o = —oo, and ty 41 = oo if N is finite. We impose a
norm on || - ”Ug’(L,%) as

||v||U£(L)2() = inf% Z ley| v = chv”, where vY are UK(L)ZC) atoms} )
v v
For a time interval I C R, we define

ez, = Ivlzllyr ez
Let DUX (L2) be the space

DUXR(L2) = {(id; + Ay)v:v e UL (L)},

endowed with the norm

t .
119 + Ay)v(z, y,x)||DU£(L%) = H/o Pl T=9)Ay (ids + Ay)v(s, y,x)ds

UR(L3)
For each time interval / € R, we can similarly define the restriction space DU f (L2,1).
Definition 6.9 (Vf (L2) space). For 1 < p < oo, Vf (L2) is defined to be the space of right continuous

functions v € L‘t’oLi . such that

A A
”v”VP(LZ = ||v||LOOL2 +{ S;lp/'z ”e ltk+l yv(tk+1) —e€ i yv(lk)” < Q.
Uk sk k

When the time is restricted to / € R, We can similarly define the function space Vf (Lfc, I). Then we have
(DUZ(L2)* = VI (L2). (6-7)

The following basic properties are straightforward to verify. For the proofs, see [Hadac et al. 2009;
Koch et al. 2014].

Remark 6.10 (basic properties of Ug(LJZC) and Vp(Lx)) Forany l < p<g<ooanda <b <c, we

have
UR(LY) S V(LY SUL(LY), (6-8)
Ilugaz ey = Wlozaz ey @4 100G 002 10 S 10T 202 10 TING 22 ey €9
lWlgpwz) < Ivle=ollpz  +I1G3:+Ay)vlpyr2). (6-10)

Moreover,

L” Ly 'L2C DUZ(L?), and UZ(L2 DCSLYLILY,  where (p.r) is Strichartz admissible. (6-11)
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Following the argument in [Dodson 2016b], we also have:
Lemma 6.11. Suppose I = U;-n=1 I/, where I/ = laj,bjl,aj1=0b;. If f € L}Lix(l x R2 x R), then,
forallty e,

m 1

t ) m 5
P t—DAy f(t,y,x)dt < / e—l‘L’Ayf(.[) dr + ( ||f||2 A ) ’
/fo UZ(L3.D) ,; ” L3.x ,; PUatz17)
where
”f”DUg(L%,IJ') = sup / ' f(r,y, x)w(z, y,x)drdy dx.
lwll 17 JR2xR

Vo)< 1
By the bilinear Strichartz estimate in [Bourgain 1998], Minkowski’s inequality, Holder’s inequality,

and interpolation, we have the following two propositions. The proofs are similar to the bilinear Strichartz
estimates in [Dodson 2016a; 2016b].

Proposition 6.12 (bilinear Strichartz estimate, 1). Ler (p, q) satisfy 1 < p,q < oo, %—i—% = 1. For
M < N, assume supp Fyuog C{§ : || ~ N} and supp Fyvo C {§ : |§| ~ M }. Then we have

M\7»
Lrrg@sey <\ 3y | wollzz llvollzz - (6-12)

[lle" ol 2 [l A voll .2

Furthermore, suppose that g(t, y— ) and h(t, y—3) are convolution kernels with respect to the y-variable
and

Jsup et )1 1 ey + Isup Ve, )1 g ey < 1.

Then we also have

=

; ; M
A A
I 5y € ualiz Vs €00l | gy = (7 ) Mol ool

Similar to the argument in the proof of Lemma 3.5 in [Dodson 2016b], we can transfer the estimate
(6-12) to the U g space. Therefore, we have:

Proposition 6.13 (bilinear Strichartz estimate, I1). Let (p, q) satisfy 1 < p,q < oo, % + - =1. For
M < N, assume supp Fyu C{§ : || ~ N} and supp Fyv C{§ : |§| ~ M }. Then we have

1

M\»r
M2 ol llr pg < (ﬁ) lellyrez v lores).

1
q

6.2. Long time Strichartz estimate. From now on, we shall take our following setting as standard
assumptions. Fix
O<ez ey <Ker <1 and €3 <e’. (6-13)

By Theorem 6.6, we can take

IN'(0)] + E'()] <2720 2N (1 (6-14)
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and

o6, 3012, dv+ [

|(Fy) (€. 0117, d <€3. (6-15)
EEO1z220 N e

/|y—y(r)|2220e;”4/1v<t>
If [0, T'] is an interval with

T
||v||2?.y L2 (0T xR = 2k0 and /0 N(t)>dt = e320  for some ko > 0, (6-16)

then we can partition [0, T] = Uy:_ol J %, where J% are intervals that satisfy
| VO + @100l o) 8 =260 (6-17)

We can define the interval G,i now.

Definition 6.14. For any nonnegative integer j < kg, and nonnegative integer k < 2K0=/_ we can define
. (k+1)27 -1
6= |J J= (6-18)
a=k2/
For j > ko, we simply define G/ = [0, T']. We let é(G,i) = é(l,ﬁ), where t,g is the left endpoint of G,i.
On the time interval G li defined above, we have:
Lemma 6.15. (1) Let J; be the small intervals contained in Glg. By (6-5) and (6-17), the following
estimate holds:

(k+1)2/ -1

> / N@)>dt <2/ es. (6-19)
JO[

a=k2/

S NUD S fG N@dr g

J]EG,{

(2) By (6-14) and Definition 6.14, we have, for eacht € Gj,

I£(1) —£(G))| =27 Pes¢,

Nl—=

(6-20)
Thus, foranyt € G, andi > j,
2 < E—g(n)] 2T C g2 TR < E—E(G)) =2 C{E 2 < E—E (0] <273 (6:21)
and also
o lE—E@| 2T g E—E(GDI 2T g -] <23, (6-22)

Lemma 6.16. For the almost periodic solution v(t) to (DCR), and assume ||v ”L;‘ L2(Uxr2xr) = L on
Ly X
J C R, then we have

< y <
||v||Ui(L§,J) <1 and ||P>2_4€3—1/4N(J)U”Ui(L)zc’j) €2,

where N(J) = sup,cy N(¢).
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Proof. Let J = [to, t1], by (6-10), (6-8), (6-7), and (6-11), we have

10z @2,y < 022, + 10135 12 oy < 1
By (6-15), we have

y y
1P s 20es1ann P leeend coxaexmy S NP2, oo —ira g Vg s coxmexm = €2

Therefore, by the Strichartz estimate, we have

y
” P>2—4e3_]/4N(J)v | Ui(L)ch)

< y
” >2 20 —1/4N(J)v(t0)||L§QX(JXIRZXIR) + ||P>2—4e;]/4N(J)F(v)||L?/2L$/5L)ZC(JXR2XR)
2
< €2 + || 2 —20 —1/4N(J)v||LtOOL%.x ”v”L?L?}L)ZC(JXR2XR)
3 2
Sete(lvtolier: (rxrexr) T IIUIIL?yL;C(JX@zXR)) < €. O

We also have the following fact as a consequence of the above lemma.

Remark 6.17. If N(J) < 275¢}/%, we have

Yy
I g(G&),zf—25-~-52i+zF(”)||L?/2L§/5L2(wazxw)

<
1Py a0t VI coxaexm V1L 6 12 oy =

where the operator Py Giy2i—2 <zt is given in Definition 6.18 below. Thus, for 0 <7 < 11, and

N (Gé) <23 e;/ 2 by the fact that G’ is a union of at most 2!! small intervals, we have

y
” PE(G&),Z"—2§...521'+2F(U) ”L?/ZLJG/SL)%(G(I;,XRZXR) <e

We can now define the long-time Strichartz estimate norm as in [Dodson 2012; 2016a; 2016b]; see
also [Cheng et al. 2020a; 2020b].

Definition 6.18 (long-time Strichartz estimate norm). For any G,f c[0,T], let

i—j
|v||X(G) 227 D P ) 22 02,61 +Z|| oGy 22 2 oI5 426
o<i<j Gl EGJ

where
P%-y(t),zi—zﬁ...fzi-iﬁv =eVEOp 232—25...52i+2(e_ly'g(t)v)-
We define the X ko norm to be
lvli% sup  sup o]}
X, ([0, ) ~ 0<j<ko G/ c[0,T] X(G})
For any nonnegative integer k. < ko, we take
0% oy = S s ol (6-23)

0<j=k« G{cl0,T]
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To close our bootstrap argument in the proof of the long-time Strichartz estimate, we also need to
introduce the following norm to measure X, norm of v at scales much higher than N(z).

Definition 6.19. Let

2 _ Z i—j Z pYy 2 '
”””Y(G,ﬁ) — _ | s(Gm,zi—zf---ssz””Ui(L%,Ga)
0<i<j GlngGli
N(GL)<2i=5¢l/2 Z pPY> . l? -
(Ga)=2e3 + | £(G]),2i2<-<2i+2 ”Ui(L%,G,i)
i>j,i>0
N(G])<2i—5¢}/?

We can define the norm ||v ”71( .7]) similar to (6-23) in Definition 6.18.

For i < j, and the solution v on the time interval Gl , we can define the Littlewood—Paley projector
around £(¢) of v as

v = VEOPY (EEOy) Yy EO Py (mirEDy)

y
Pé(t),Zi £(1),>27

Then, as a consequence of (6-7), (6-8), (6-11), the Littlewood—Paley theorem and Proposition 3.2, we
have the following estimates which reveal the relationship between the Strichartz norm L7 LgLi of the

Littlewood—Paley projector around £(¢) of v and the long-time Strichartz norm of v. We still refer to
[Dodson 2016a; 2016b] for the argument, without presenting the proof here.

Lemma 6.20. Fori < j, we have

Yy
1P,

0.2 VlLr L2l 27 g iy (6-24)

y . < .
”Ps(t),zzf”||L;’L3L§(G,{xu@2xu@) ~ ”v”X(G,{)’

(6-25)
where (p, q) is Strichartz admissible pair.
Our aim is to prove the long-time Strichartz estimate.

Theorem 6.21 (long-time Strichartz estimate). For the almost periodic solution v in Theorem 6.6, which
satisfies (6-13), (6-14) and (6-15), there exists a positive constant C = C(v) such that, for any nonnegative
integer ko, v and N(t) satisfy (6-16), we have

il %, o, = €

To prove Theorem 6.21, it suffices to show, for any 0 < j < k¢ and Gii c[o0,T],
i—j y 2 _ y 2 _
22 Z ”Pg:(Gé)’zi—zS...Ezi-&-Zv “Ui(L)z(,G{X) + Z ”PE(G;),zi—zg-'-sz""‘zv”Ui(L)ZC,G,i) = C.
0si<j  GicGi izj

To reach the above estimate, we will perform an induction argument on 0 < k, < k¢ and then a bootstrap
argument in Sections 6.2.1 and 6.2.2, respectively.
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6.2.1. Basic inductive estimates. First we show the basic estimates to start up our induction.

Lemma 6.22 (basic inductive estimate).
3
Il g, qo.rpy =€ and vllg, o) = C€s - (6-26)

For 0 <k <ko, we have

2|v||% and (6-27)

v ”Xk oy =% 0. Iz, e (0T = ”””Yk*qo )’

Proof. By Lemma 6.16, we have
||v||U§(L2 Joy S 1 forany J% in the decomposition of G]{ in (6-18). (6-28)

Therefore, by Strichartz estimate, (6-10), (6-11), (6-8), we have, for ¢, € J¢,

1

2
y 2 :
(Z ”PE(Ja),Zi—zs...52i+2v“Ui(L%,Ja)) Sl  + ||v“L?L$L3c(~’“XR2XR)
i>0
- - 3 <
S vtz  +10lg2 g2 5oy S 1

Thus, ||v||)~(-0([03T]) <C.
At the same time, by (6-15), the conservation of mass, and (6-28), we infer that

1

2
( ZO 1Pf ey pim2 <22 12, ,a))
i>
N(J¥)<ey/?21=5

< || E(Ja) >8¢ —1/2N(Ja) (Ol)“LZ + “ E(Ja) >8¢ _l/zN(JC‘) ( )”L L2 (JaXIszR)

1P, sac 2w e 13 e TP (t),z4e3_1/2N(t) (v)”L‘L%.x(J“szxR)

3
< || pY <3
N||PE([)> 1/2N(l‘) ||LooL2 (J“szxR)(” ||LooL2 (J‘XXRZXR)+||U||U2(L2 ]0‘)) 6 .

Thus, by Definition 6.19, we have ||v||Y (10,77 = Ce§/4.
By Definition 6.14, we see G/ *' = GJ, UG, , |, with GJ, NG}, , | = @. Then for 0 <i < ;. if
Gl C G]Jrl we have G, C ij or G, C Gék+1 Thus

i—(j+1) Y
Z 2 Z ”PS(G&),zi—Zs---sz"“v”Ui(L%:Gé)

0<i<j+1 GLcGit!
-1 i—j y 2
=2 )2 ( 2 1P 61y pi2 <z Uz 2,60
0<i<j G(’;,CG{,(
c 2
+ Z g(G')zt 2<.. <2I+2v”U§(L%,Gé))
G CG2k+1
2
ey, ,0l17, iy HIP N ol i)
S(G )2] <-<2/+ UA(L sz) S(G k+l)21 <-<2/+ UA(L G2k+l)

<1 _
<300y )+ gy ) (629
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At the same time, by (6-21) and (6-9), we see

STPY e +1
E(G]{+1)’21725...521+2 U2 (L2 Gj )

i>j+1
y

< . .

2;1 s(G’*‘)zl 2<2i2 ”U2<L2 Gl " ||Ps(G,ﬁ+‘),zi—2s~~szf+2 ”UZ(L2 G’k+1>)

i>j
2

< -

Z i:(GJ 21’—35...521'4—% ||UA(L2 Gék) + ” S(G 21’_35."521'_;’_; ||UA(L2 ng-‘rl)) (6 30)

i>j+1

Therefore, by (6-29) and (6-30), and Definition 6.18, we get

<2|vll%

v ”Xk +1([0,7T]) — X, ([0,T])

By a similar argument, we can deduce

|
v ”Yk*-i- ([o, T]) =2l ”Yk*([O i

6.2.2. The bootstrap estimate. In the following, we will establish the bootstrap estimate, which is
necessary for the proof of Theorem 6.21. For 0 < j < kg and G; C [0, T]. By Duhamel’s formula, we
have, for 0 <i < j,

y . y i
”Pg(g&),zi—zf...sziﬁ-zv”Ui(L)zC,G"x) = ”Pg(Gi) 2i—2<. <2i+zv(t0t)||L§!x

+ f iC=Aypry o Fu(r)de (6-31)
té.{ £(GL),2i2<..<2i+2 Ug(L)ZC,G(’;,)
Here we take té to satisfy
y .
1PeGiy 22 <zt iz = nf ” tGiy 222V O3

We now consider the first term on the right-hand side of (6-31). By (6-17) and Lemma 6.15, we have
o _—
Z 21 ’ Z ” E(Gl) 2i— 2< <21+2v(t‘;)||L32,

< 2—f 7% /G SO + eV a2 o) Do 1P8 2i32cgivs?®l7z dr <L
k

0<i<j

Fori > j, we can just take t,g to be the left endpoint of G,{. Then we have

y 2. < 2. <
2P G sV OIS IWEDIE ST
1zJ
Thus
i—J y )2 y N2
D 2T PGy VDT D IP  ia iaVEDIT S 1 (632)
0<i<j  GicG/ i) T

We next consider the second term on the right-hand side of (6-31). Observe that there are at most two
small intervals, called for instance J; and J,, which intersect G,ﬁ but are not contained in G,ﬁ. Then by
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Lemma 6.16 and (6-11), we have

i—j 2
Z 2 Z ”F(v)”L}Lg,x((GQn(JlUJZ))xWxR)

s 22 IFE@IL1 L2 (rum)xrexmy
o<i<j

+[lvll

< lvll® 6
~ ”v”L?L?,L%(J]XRZXR) L?LgL%(JZXRZXR) ~

Then by (6-9), (6-11), (6-33), (6-14), (6-19) and Definition 6.14, we obtain

t 2
i—J i(t—1)Ay py )
DS /,i ¢ Peciai-2gnanF @AY (12,61
0<i<j G(l;ng'li o ALX,U
N(GlL)=2i—5¢/?
< i—j y 2 )
~ Z 2 2 A Z 1761y 22zt F Olpu2 (2,640
O<i<j GLCGY JINGl#2
N(GlL)=2/=5¢}/?
< i—Jj 2 A
~ Z '2 Z ' Z ”F(”)”L}Li,x((G&nJ,)xWxR)
O<i<j GLCGY JiNG{#2

N(GlL)=21—5¢}/?

st X2 X OB e S1H L X 2750

o<i<j JlgGli Jlng ) 05i1</£,
Npza-el? 2<% NG

On the interval G; with N(G]) > 2=%¢}/? by (6-14) and (6-17), we have

[ N@)?dr < 1.
Gy
Thus, by Minkowski’s inequality, (6-3), (6-19), (6-6), and (6-35), we have

>oooe? F(v)|? S F)|?

L £(G}).21 2 <2 +2 L}L} (G{ xR2xR) LIL3 (G]xR2xR)
iz
N(G])=21—5€)/? < ||v”2?L$L§(G;ij2xR) <L
Thus, by (6-31), (6-32), (6-34), and (6-36), we infer

2

t
it—7)Ay p¥
/ pit—t yPg(G,{),zi—Zsoszi“F(v(r))dr

j
Tk

2 <
gy sit Y]

iz
N(G{)<2'—%¢;/?

IDIESED M
0<i<j G(lng]{
N(Gi)<2i—5¢}/?

U2 (L},G})

2

t
it—17)A y
/,& ¢ ' Ps(Gg),zi—zﬁ...sziJrzF(U(T)) dr

< 1.

U2 (L%,Gh)

3409

(6-33)

(6-34)

(6-35)

(6-36)

(6-37)
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We can further get

Egysit ¥

RES
N(G})=<2i—10¢}/?

2.2 )
0<i<j GégG}é,
N(Gl)<2'~10¢;/?

2

l(t 7)Ay
/t{ Ps<Gf>2l 2y O U (L3.G})

2
. (6-38)
UZ(L%,Gh

it—10)A y
/;& ¢ yPg(gl ), 2[—25...52i+2F(U(T)) dr

because the contribution of those terms for i satisfying 2i_1°e;/ 2 <N(t) <27 e;/ 2 in the right-hand
side of (6-37) is small by similar argument as in the proof of (6-37).

By a similar argument as above for (6-38), we also refer to [Dodson 2016b] for more explanation.
Then, we have

3 2

2
gy SE+ 2
e
N(G])<2i—10¢}/?

t
l(t 7)A
/;] yPE(Gj)Z’ —2<. <21+2F(v(r))df

UZ(L}.G])

¢ 2
i—j it—7t)Ay, py )
* Z ‘2 Z ) ‘/lz ¢ yPE(GQ),zi—ZS...Szi-rzF(v(f)) dt V2 1260 (6-39)
OSZ<J G(ngG,ﬁ o A x>YUa
N(G&)§2i_10€;/2
Remark 6.23. By Lemma 6.22, Remark 6.17, and (6-11), we have
(t—0) 2
el t=DAy pY F(v(r))dt
izzj /’ff §GP2 22 UZ(L3.G))
0=<i<l11
N(G,ﬁ)ﬁZi_SE;/z o A 2
i—) i(t—t
+ 3 2 % ‘/t PGy s FOONE| S
o A(anGDl)

0<i<ll1 j J
==t aicoy,
N(GlL)<2i—5¢/?

So we can further reduce the summation over i on the right-hand side of (6-38) and (6-39) toi > 11.
Therefore, we have reduced to the proof of the following estimate.

Theorem 6.24 (reduced estimate).

t
it—1)A
Z /t ’ PE(GJ) 2i—2<..<2i+2 F(v (T)) dr

i>]j k
+

O=i<j GL<G]

&<

N(Gi)<2i—10€1/2

2

U2(L3,G))
2

it—1)A y
/t&e "B iy ni-r < it F (D)) T

UZ(L3%,Gl)

+e3|vl} +vl% (1 +v% (6-40)

3
el W%, g0, P17, o1 7, (0.7 ¥;(10.70) ¥, (0.71)"
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Once this theorem is proved, we can close the proof of Theorem 6.21 by a bootstrap argument. In the
proof given below, we shall assume Theorem 6.24 holds, while leaving its proof to Section 7.1.

Proof of Theorem 6.21. Suppose

3
<Ce; < e,

<Cp and ||v||Y _qo.tp =

Iol%, o) =

and from (6-27), we have

<2Cy and <2e¢5.

Ilv ||Xk*+1([o ) = ”””Yk (0.1 =

Then, by (6-38), (6-39), and (6-40), we can further get
2 5 3
I0lg, . qory < CU+e (2C0)s + €5 +ea(l+2Co)®),

3 2 5 3
g, . qorp =< Cles +€5 (2C0)% +e5 +ex(1+2C0)°).

If we choose Co = 2°C, and €, small enough, then we may deduce

W%, . qo0.r) = <C; and Wi, . o =€ -

Theorem 6.21 now follows from this and (6-26) by performing an induction on k.. O

6.2.3. The low-frequency localized interaction Morawetz estimate. As an application of the long-time
Strichartz estimate, we can obtain the low-frequency localized interaction Morawetz estimate of the
(DCR). The Morawetz estimate is a very important tool to prove the scattering of the nonlinear dispersive
equations for the radial case [Lin and Strauss 1978; Morawetz 1968]. In the nonradial case, J. Colliander,
M. Keel, G. Staffilani, H. Takaoka, and T. Tao [Colliander et al. 2004] developed the interaction Morawetz
estimate, which is used to prove the scattering of the nonlinear Schrodinger equation [Colliander et al.
2008; Tao et al. 2007a; 2007b; Dodson 2012; 2016a; 2016b] in the nonradial case. The low-frequency
localized interaction Morawetz estimate will be used to preclude the soliton-like solution in Theorem 6.26.

Theorem 6.25 (low-frequency localized interaction Morawetz estimate). Let v(¢, y, x) be the almost
periodic solution in Theorem 6.6 on [0, T| with fOT N(t)3dt = K. Then we have

2
< o(K). (6-41)
L7 ,([0,TIxR2)

“/ IVy & (|P<10 _IKU(t’y’x)|2)dx

The proof of this theorem follows from similar arguments in [Dodson 2012; 2016a; 2016b] and relies
on Theorem 6.24 (and also some part of the proof). In our (DCR) system, the interaction Morawetz
quantity is

Mo(t)_///Rz/ v, 7. x)|2 ~|J(vV yu)(t, ¥, x)dy dj dx dF,

which is invariant under the Galilean transform in the R%-component. Following the argument in
[Colliander et al. 2009; Planchon and Vega 2009] we can get

H/m (ote, v dx|

< [Mo(T) — Mo(0)].
L7 ,([0,TIxR2)
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Replacing v by its low-frequency cut-off P2 10671 K Vs WE then get the low-frequency localized interaction
Morawetz quantity

_ y 22 VY py y - -
M(t)_/R/R/Rz/Rz|PSw€1lKv(t,y,x)I |y_)7|“S(Pgloe;‘vayPgl()e;‘KU)(t’y’x)dyddedx'

Because for any n > 0 independent of €1, by Theorem 6.6 and Bernstein’s inequality, we have

IM(T)| + [M(0)| < nkK,

we then obtain
2

<nK+¢&,
L7 ,([0,TIxR2)

H/RWyﬁuv(r,y,x)F)dx

where & are the error terms coming from the low-frequency cut-off of the solution of the (DCR). These
error terms can be proven to be o(K), using Theorem 6.24 and also some estimates from the proof of it.
We shall leave the detailed proof of this theorem to Section 7.2.

6.3. Exclusion of the almost periodic solution.
Theorem 6.26. The almost periodic solution to (DCR) in Theorem 6.6 does not exist.

Proof. We will preclude two scenarios in the following.

Case I: fooo N(t)3 dt < oo. By the proof of Theorem 6.21, as in [Dodson 2016a; 2016b], we have

0 3
||v(t’y’x)”L?oH;’L)ZC([O,OO)XR2XR) Smo ([) N(t)?’ d[) . (6-42)
By (6-42) and (6-4), we have
le™ v g1 12 S NOCH@) + ()2 =0 as 1 — o,

Thus, for any € > 0, we can take a sufficiently large positive constant 7o such that ||’ €0y (zo)|| A1z <€
In the following, we can assume 7y = 0 because of the Galilean invariance. By Minkowski’s inequality,
the Gagliardo—Nirenberg inequality, and Holder’s inequality, we have

E(1) = E@O) 5 [v(O0)], > S

Because we can take € as small as we wish, this scenario does not exist.

Case II: fooo N(t)3 dt = co. By Holder’s inequality and Sobolev’s inequality, we have

|Py - U(Zay,x)|2dydx
/Iy—y(t)ISC(I})O||v(0)||iz )/N(t)/R <10e7'K
y.x

C(rglv @17, )\3
(5 )

S

1
LI AP2 s ve 3P

Ly
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1 2
By Theorem 6.6, we have for K > C (155 llv ||L§ X),

2
v
vl ,

= P2 v, y,x)?dydx.
2 A/Y—Y(l)ic(@llvlliz )/N@) =10 K
y.x

By the above two estimates, together with Theorem 6.25 and the conservation of mass, we have the
following contradiction when K is sufficiently large:

’ 2
ol k= [ vor( [ [ 172 o as0)
Ly x 0 |y—y(t)|§C(ﬁ||u||i%x)/N(t) g =<10e7'K

2
1
S IV ZAPL 1 0y, ) P) dx < o(K).
/R <10e7'K L2, (0.T]x)
This completes the proof of Theorem 6.26. O
Proof of Theorem 1.2. This is an immediate consequence of Theorems 6.6 and 6.26. O

7. Proof of Theorems 6.24 and 6.25

7.1. Proof of Theorem 6.24. In this section, we complete the proof of Theorem 6.24. To prove this
theorem, we depompose the nonlinear .term ng(G& ),2i 2 <ei +2 F(v) and also use the fact that on the
time interval G, &(t) can replace £(G) up to 2/ 72 by (6-20). Then, we can see it is enough to prove

the estimate the left-hand side of (6-40) with Pé__y( Giy2i—2<zait? F(v) being replaced by
y y y
PS(G&),Z"—ZS-"szi“O( 2. M (@(Gé),zzf—5 Uni L), z2i-10Vn2 v"S)) (7-1)

ni,no,n3,neN
ni—nz2+n3=n

B 22 <znit2© Y (Bl gm0 @{Gé),ng—lov’”@{Gé),zi—Ss---szi-i-SvM))’ (7-2)

ni,nz,n3,neN

ni—n2+n3=n
we also have a similar fact for the nonlinear term Pg(G.]é'),zi—ZS,_, <oi+2 F(v), where the symbol O represents
the different frequencies that will be located in different v,,, [ = 1,2, 3. Since their estimates are almost
identical, we denote them as a single O. The estimate of the Duhamel propagator of the term (7-1) is very
short and easy, and mainly relies on the bilinear Strichartz estimate in Proposition 6.13. The estimate
of the Duhamel propagator of the term (7-2) is lengthy. This is because to prove the estimate of the
Duhamel propagator of the term (7-2), we need to prove the bilinear Strichartz estimates on the union of
the small intervals. It turns out these bilinear Strichartz estimates cannot be proven just by the harmonic
analysis but also rely heavily on the structure of the (DCR) system or more precisely the corresponding
interaction Morawetz estimate of (DCR). During the proof of this part, some terms can be estimated by
the following bilinear Strichartz estimate established recently [Candy 2019] instead of the interaction
Morawetz estimate as in [Dodson 2016b]. This new bilinear Strichartz estimate is very useful in [Shen
and Wu 2020].
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Lemma 7.1 (bilinear Strichartz estimate [Candy 2019]). Let 1 < g,r <2,
M, N €27 satisfy M < N. Then, for any ¢, ¥ € L>(R?),

3_,_3

. . M aq
||e”APN¢eltAPMW||L?L;(RxR2) < NT||PN¢”L2(R2) I Pr ¥l L2 w2)-

+ % < %, and suppose

Q=

7.1.1. Estimate of (7-1). We first deal with (7-1).
Theorem 7.2. For any fixed G,{ C[0,T], j >0, we have
DERED M

i i—10_1/2
N(Gi)<2i=10¢!

2

A y hgh
/n !t TP G- <zaita T (D) dT

UX(L3,G)

2

+
iz,

N(G{)<2i10¢}/2

/ eltrp? F& (v(x)) dr
t

G 21 2< <21+2 kj
J £(G]),

UZ(L3.G{)
o o

< 3 <

=€ v ||Xj [0,T]) Ilv “Yj ([0,T])’

where
high
hig Py = E I, (ng(Gj) s ng(t) —i—10Vn2Vn3 ) (1),
> >

ni,na,n3,neN
ni—n2+n3=n

h h »y
00 EEEE Y Hn(ng(G&),sz—s”nlng(t),zzi—lo”nz”ns)(t)-

ni,np,n3,neN
ni—n2+n3=n

Proof. On the time interval Gé with N (Gé) <2 _10631,/ 2 we take w € VA2 (L)zc, G&) be normalized so that
(Fyw)(t, &, x) is supported on
61272 < 5 - §(Gg)| =272

for any (¢, x) € R x R. By the Cauchy—Schwarz inequality, (6-1), Proposition 6.13, the conservation of
mass, (6-8), (6-11), Lemma 6.20, and (6-15), we infer

/ (w(D), F (o) de
Gl .

1
< E: 2 y 2
[elzz e s(Gl 2z ”L?”Li“(GaxRZ) 1Peaina sz oz Gixnex

[>i—5
y .
lw IILS/szLz(G, szR)H £@), >2i—10””L?”LiOLi(G&szxR)””"L?C’L%,X(Gax%m

- it
S 2 2P Iz az,ei 1P saimto ||LOOL2X(GQXR2XR)

= P )2

Lo B2 10V L25/12150 12 (G, xR2xR)
< 0, 5 .
=M%, qo.ry > 27 Peaiatluzazey

[>i—5

1
<elvlle s 2 . -
Sef ”v”X,-qo,T])(lZ 2 1P gy Pz i) -3

>i—5
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As in [Dodson 2016b], we see, for any 0 </ < j, G,i overlaps 27~ intervals G'é and, for0 <i </,
Gll3 overlaps 2!~ intervals G.,. In addition, every G is contained in one G'IB. Thus, we can divide the
summation in the left-hand side of the following (7-4) and (7-5) into different groups according to [ > j
and 0 </ < j. Then by some easy calculation and reordering the summation of i and /, we have

i—j 2
D2 ) (Z 2% |P (Gl)zlv||U§(L§,Gg))’ (7-4)

o<i<j G&CGZ I>i—5
i i—10_1/2
N(G})=<2! 063

iz, [>i—5
N(GZ,)SZ'_“)E%/Z

Theorem 7.2 follows from (6-7), (7-3) and (7-4). o

7.1.2. Estimate of (7-2). Now we turn to the estimate of (7-2). Let

low R § y y y
Fk,j () := Iy (Pg(t) <2i—10Un1 PS(t),szi—lov"Z Pg:((;j),zi—5<...<2i+5vn3)’
ni,np,n3, neN Kk -
ni—nz2+n3=n

1 _ y y y
Fyi(w(@)) = Z I, (Pg(t) <i- lovnlPi:(t),fzi—lovnzPS(G&),zi—SS...SzH-Svn3)'

ni,nz,n3,neN
ni—nz2+n3=n

Then, we have:

Theorem 7.3. Forany 0 <i < j, on the time interval Gl C Gli, with N(Gé) =< 2i_106;/2, we have

/;i l(t A, ng((;l )22z <21+2F01l0;N(v(_[)) dr

UZ(L%.G&)
y , ~ ~ 4
< ”PS(GI )25 <. <2'+5v”U§(L)2<,G&)(62 + ||v”Y,~([0,T])(1 + ”v”X,-([O,T])) ). (7-6)
In addition, fori > j, N(GJ)<2’ 10, 1/ , we have
it—1)A low
/t j VP ) i ) A

k

U2(L%,G))

3G=i) 4
<2 S(G,{),Z"—5§~-~§2i+5v”Ui(L)anGlf)(Gz + ”””Z([o,T])(l + ||U||)"('j ([O,T])) ). (1-7)
Proof of Theorem 7.3. We will only prove (7-6), as (7-7) follows by a similar argument. Fix G(’; with
N (Gé) < Zi_loe;/ 2 'We can see there are no more than two small intervals J 1 and J, which overlap Gé
but are not contained in G.. Let G, = GL\(J1 U J3), by (6-8), (6-7), (6-9), and (6-11), we have

l(t 7)A, Py FlOW d
/;é E(GlL),2i2<.<2i+27 Qi (v(7)) de U126
t
< l(t f)Av Py F]OW d
~ /tllx £(GL),2i—2<..<2i+2" @i (v(r))dr vz 3, i)

I O 373 12 ngiwmxey + 1Fad @O 2 angiyaexmy T-8)
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Here, we may assume t., € G(’x, because if t., ¢ G(’x, we may move . into 6& with the errors being
absorbed by the last two terms on the right-hand side of the above inequality. We can show the last two
terms on the right-hand side of (7-8) are small in the following.

On the intervals J; for [ = 1, 2, by Propositions 6.12 and 6.13, (6-11), the fact N(¢) < 2i_5e;/2 on Gé,
(6-14), (6-15), Lemma 6.16, and (6-11), we can get

”Flow(v(t))||L4/3L2((JmG ) R2xR)
y .
5 ” ||P§'(Jl),§€3_1/4N(Jl)v||L)2‘ ”PE(GQ)J’.*SS"SZHSU ”L)zc ”L%y((‘llﬂG&)XRZXR)
y
NPgy, <100l 12 ((inGi)xR2xR)
+ | P

. y .
cn e Vv ez cwinciomm 1 Py gr) 2ims <. <orsP L2 L3 12 (inGiyxrexm)

Y .
”P’;‘(t),szf—lov”L§/3L§L,2(((110G&)XRZXIR)

s )

2K 563—”41\](11)

. y
ks s(anz sewsaitsluz e Picy eV luz s

+62|| S(Gl 21—5ss21+5v||U§(L)2(sG(II)

SelP] (7-9)

£(GL),2i—5<<2i+5 vl UZ(L%.GL)"

Thus, we can simplify the estimate of (7-8) to the case that Gé is the union of finite many small intervals J;.
(If not, we just need to add the right-hand side of (7-9)). Let

1 ,l — y y
owl2 (1)) = Z H”(P E(1), 2lzv”1PS(t),sz’zv”2PS(G&),Z"—Ss---sz“rSv”3)'

ni,na,n3,neN
ni—n2+n3=n

Then by Lemma 6.11, we have

LHS of (7-8) < A1 + A2 + Az + Aa,

where
1
1 N 2
Ay = Z ( Z 1P S(Gl)zt 2<i<2i+2 aolw (v (t))”DUi(L%,Jz)) , (7-10)
0<lr<i—10 JlgG(l;,
N(J))zey/ 221275

= E —itA y lOle
2 : /J/e R sy GO o (7-11)
0<lr<i—10 2
J[EG‘Q

N(J))=e}/ %2025

1

_ y lowlz 2 2
3=y ( 2. WP mmagsmaFar TOONL o o )) (7-12)

0<l><i—10 G;chi
=Y«

N(GIZZ)SGQ/22/2—S
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= E —itAy p¥y low,lz
o ‘ Ll2 ¢ ’ P‘S(G’ ,2i2<<2i 2 a i () de i (7-13)
0<lr<i—10 8 L2,
J2 R
G4 CG,

N(G)<e}/?2/2~5
The proof of the first two terms are easy. We first prove the following auxiliary estimate.
Lemma 7.4. Let (po, qo) be Strichartz admissible with qo > 20. Suppose that
w(t, y.x) € LY LIOLY(J; x R* x R)

satisfies that Fw(t, -, x) is supported on {€ : 2072 < |§ —£(GL)| <2/ 2L IFN(J)) > e;/2212_5, then we
have

/ [ /w(l ¥y, x)FlOZ-N’lz(v(t,y,x))dydxdt
J; JR2 ’

1

1
I 1_
f4q
<29 €5

7“w“LPOLqOLZ(JzXRZXR)” £(GL).2i—5<- <2[+51)(l‘ y, x)||U2(Gz L2) (7-14)

Proof. By (6-14), we see |€ —£(¢)| < 2212 implies |§ —£(J))| < €3 1/2 N(Jp) for t € J;. By the argument
in the proof of Lemma 6.2 and Hélder’s inequality, we have

/J [Rz / mny’lz”((ﬁ y.x))dy dx dt
l

2
< ”elt( Ax+x2 )wpgy(t) 2lzelt(—Ax+x )
it(—Ax+x2)
P s’
y it(—Ax+x2)
VP Gy pim5<0i+sC Vi po/r0=1 20/ 0=1 2 (g 21w s xR2)"

v ”Lf&LfOLﬁ ([0,]xRx J; xR2)

(7-15)

By Minkowski’s inequality, Holder’s inequality, Lemma 6.1, Bernstein’s inequality and the conservation
of mass, we have

it(—Ax+x2)

”elr( Ax+x2 )wa e

£(1),212
< ” ”eit(—Ax—i-x )

v ”LfchfOLJ% ([0,r]xRx J; XR2)

y it(—Ax+x2)

2220 t0,x1x) 1 P ) 212 U220 g0 ey |20 L3 1)
212

N ”w”Lf’OLgoL%(thxR) 1P g(,) 2V ||L°°L"0L2(J,><R2><R) 290 JJw ”LPOLqOLZ xrexgy (7-16)
Next, we use the vector-valued version of transference principle to estimate

iT(—Ax+x2) y iT(—Ax+x2)
I g(J,) <€_1/2N(Jl)e UPS(G‘)ZI —S5<. <2z+se ”||Lf&Lf0L§([o,n]xRxJZxRZ)-
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Then, using the similar argument of Corollary 1.6 in [Candy 2019], we are reduced to considering

y y 272
S(Jz),5€3_1/2N(Jz)v and PE(Ga) 25 <onznitsV ATE U, (L3 )-atoms. Let

_ tA itA
PE(JI)Weg 2y Z)Uel "I PlGr gims cogaits? = e g ().
JeJg
where 7 and J are partitions as in the definition of Ui (L2). We see by Lemma 7.1, Holder’s inequality
and Lemma 6.1,
itAy iT(—Ax+x? itAy it(—Ax+x?
”ezt vl T( +x )flezt vl T( +x )gJ I 1’0/(1’0_1)Lfo/(po_l)L%([O,n]XRXJlX[Rz)

i 2
<2 2(63 ZN(JZ))2 i [T At )f1||L2 22072071 (g2 [0, 7]xR)

<2H NI W N Sz gz NI 1l 20 00 e
Then, we have
”ng(Jl) segl/zN(J,)eir(_AXerz)y it(—Ax+x2)
’ UPS(G' ),2i—5 <n<2i+5€ v ||Lfg/(”0‘1)Lf0/<”0‘l’L§([o,n]xRxJ,xu;ez)
S35 G INUD TRy oz B gy secarst Ry (1D
Therefore, (7-14) follows from (7-15), (7-16) and (7-17). O

We first consider (7-10). By duality, we have

co- ¥ (% [N sl
0<lr<i—10 JIQG(I;(, ”w”V2 ;. L2 =1 / , %
N(JI)ZG;/Zzlz—S 1ow,lz(v(; y,x))dydxds ) .

By ”w”Lf’OLﬁoL%(J;xWxR) < ”w”Vj(J;,LZ) <1, and (7-14), we get

7100 > ( Yo 2we ) 1P, 1) 25 <zaits? 6 Y- D w2 6 12)
0<lr<i—10 JiCGL,
N(J))=ey/?2/25
-3 7_% ;
<62|| E(G')Z’ S5<e. <2I+5vl|Ui(L)2cath;t)'

We now consider (7-11). By duality and Lemma 7.4, we have

—itAy py low Lo
e P v(t, y,x))dt
/Jl E(Gl ),2i—2<..<2it+2 (x i ( ( Y, )) L% )

2l l_i
< ll‘A. q0 —* . _
| "SUP 1” Ywoll 70 190 12 (7, xr2xm)2 wey 0277 E(Gz)2[—5<...<2i+sv”Ui(G}x,Li)’ (7-18)
wol, 2 = ==
y.xX
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where J;,wg is supported on {£ : 2/ 7> < [£ —£(Gl)| < 2/73} in the above estimate. For fixed i, we take
qo =20+ 2i; then 2i/90 < 1. For the right-hand side of (7-18), by Holder’s inequality, Young’s inequality,

(6-14), (6-5), (6-19), and the conservation of mass, we have
20y 1_ 1L

=2 g _ i .
(7-11) > sup 296, 02 2||e”AywO”L{’OL"OL%(szWxR)
o<l <i—10 lwol2 =1
13 .
J1€Gy P S(GZ)ZZ 5<...<2i+5v”U§(G&,L§)

N(J))=ey/?202—5 .

22 i_% itA Dpo ro
< Z 2490 €4 Z et 2y we |29 L70 190 L2 (xR xR)

0<l><i—10 JCG,

N(J))=ey/*2/2=5 po—1

—iH0 ) oy
: Z (2 2)P0 ||PE(G&),zf—Sﬁ...ﬁzl‘-FSv||U§(G&5L)2€)
J1SG,
B ke T
< Z 2q0€ e yw0||Lp0LqOL2(Gl XszR)(240+2)2 a0
0<l><i—10 .
2-5<e3V2N(I)) P E(Gl 2i—5§...52i+5v”Uﬁ(G{x,L%)
2, 1L
a0 .
N Z 2q0 63 2 C I E(G’)Zl —S<. <2,+5””U&(G},,L§)
0<lr<i—10

2’2_5<e_1/2N(J;)

<€3 (18 S(Gl)zt —5<.. <2z+5””U§(L3uGé>'

For the estimates of (7-12) and (7-13), we separate the proofs in the next section using two bilinear
Strichartz estimates. O

7.1.3. Two bilinear Strichartz estimates. We have the following:

Theorem 7.5 (first bilinear Strichartz estimate). Let wq € L2 L (R2 x R) with supp Fywo is supported on
{£:2075 < |§ —£(GL)| < 2!F3). Then, for any 0 <l <i — 10, we have on G C G},

” ”eltAy w0||L2 || E(t) <212U”L§ ”L%'y(Gfgszz) S ||w0||2 (l + ”U“X (Gz . (7_19)

Theorem 7.6 (second bilinear Strichartz estimate). Let wg € Li’ x([Riz x R) with supp Fywo supported
on{€:2175 <& —E£(GL)| <2/5). Then we have

2
> e Srwollizl Py o vliz iz Gixnry < Mwollzs (1 +101G e ) (7-20)
0<lr<i—10

With the above two bilinear Strichartz estimates, we can now estimate (7-12) and (7-13).

Estimate of (7-12). For any 0 < [, < i — 10, by the fact that Gé consists of 219 subintervals Gé_lo,

Proposition 6.12 and Theorem 7.5 on the subintervals Gé‘lo, we get
H ” (Gl ),2i—5 <25 ”L2 “P £(0), <2120”L% ”L%y(GéXRz)

y
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Forlany Gl2 C G, choose wfgz e VZ(L2, Géf), with supp ]—"yw/[g2 C{E:272 < |E—E£(GL)| <212} and
||w 2 ||V2(L2 G2y = 1. Then by Holder’s inequality, (6-1), and (7-21), we have
Xa ﬁ

N 2
el y y y
( 2 H wi 2 (Bl s tn Bl i Vnakgy pimsc.carestn)

1 —qi ni,n2,n3,neN
GB Gy nij—n2+n3=n

1
)2

L}, (GRxR>xR)
N(GQZ)SG;/2212—5

1
SO s Il g sevliz e o)
GZCG[
B =Ya y
N(G)<el/ 221275 H}E(thz —5<. <21+5U”U2(L2 Gc’x)(1+||v”X(G'))' 722

By Proposition 6.13, (6-8), (6-11), and N (Géz) < e;/ 2212_5, we can estimate the term in the first bracket
on the right-hand side of (7-22) as follows:

I
1012212022 g
> 2 w2 3 pY 3
< ” ||w ||L2 || S(t) 2]2 ||L_>26 ”L?L;/z(Glﬁszz)” ||L3L6L)2((G12X|R2X|R)|| E([),zlz ||L3L6L2(G]2XR2XR)
<25 olly, 1)

Thus, by the above inequalities, we obtain

TSNP o ivs e sz a7, (0 + 1013 ) 0

Estimate of (7-13). Let wg € Li’x have unit norm with F, wo supported on {& : 2172 < |§—§(Gé)| <2it2y
By the Holder inequality and Proposition 6.12, we have

—itA y lowl
/Glze l yPE(G’)zl —2<..<i+2 az >(v(t,y,x))dt
B

L%,
] low,[
S sup € wo BT Py )N, o e
lwoll,» =1 @ L}, (G2 xR2xR)
y.X
itA y
5 o Hsup IH ||€ yw()“Lz ” z;-(t) 212U||L2 ” f(l) <2[2 ”L)ZC ||Pf(Gé),Zi_Sfu'Szi"rSv”L% ”Ltl y(G?sz)
ol .= .
Ir—i
<273 ||py

~

E(G;ISZ),2’2—2§~--5212+2U”UK(L 12) H I% é(t) <22 Ul I E(G’ ), 2175 < <2’+5v“LJ26 ”L%.y(G?XRZ)'
Then by the Cauchy—Schwarz inequality and (7-20), we have
1
o y 2 _
(7-13) < ”U ”Y,' (G&)( Z ” ” Pg(t),lezv”Lz ” P} £(GL),2i—5<- <21+5v ”L% HL%,y(G(’IX[Rz))

0<lz<i 10

< v ”Y(G’)” £(GL),2i—5<- <2l+5v||U2(L2 Gl)(1+||v||X (GL) ) 0
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Therefore, this completes the proof of Theorem 7.3. Then we can prove Theorem 6.24 by summation
with respect to i in the same way as (7-6) and (7-7) in Theorems 7.3 and 7.2.

7.1.4. Proofs of the bilinear Strichartz estimates. It remains to prove the two bilinear Strichartz estimates,
that is Theorems 7.5 and 7.6. The proofs of these results are basically the same and rely on the interaction
Morawetz estimates of the (DCR) system; the argument here follows from that in [Dodson 2016b]. We
shall only present the proof of Theorem 7.5 here, because argument of the proof of Theorem 7.6 is similar
and also relies on the result of Theorem 7.5 as the proof of the corresponding bilinear Strichartz estimate
in [Dodson 2016b].

Proof of Theorem 7.5. Let w = e'*Av wq and & = Pg(t) <o V- Then w and w satisfy i 0, w+ A, w =0, and
i0;W~+ Ay = F(W)+ Ny + N = F(w) + N,
where
N1 = ng(t),szle(v) — F(w),
and N, = ( PE ). 2,2)1) with %Péy(t),s ol being given by the Fourier multiplier
_ /
_V¢(E 2152(’)) fzg)‘

We define the interaction Morawetz action

M(1) —/ / lw(t, 7, %) y — ?s(waw)(t y,x)dydydxdx
RZxR JRZXR ly =yl

+/ / (e, 7. 52— 3@V, ) (. y. x) dy df dx dF.
R2xR JR2xR ly =l

After some tedious calculation, we get

/, / /[|11)(l,y,5€)w(t,y,x)lzdxdfcdydt
G Jr2JRJ/R

<2272 sup M)
tergz

yol2=2i / /Rz/Rz//m(z 7,52 y_y|J(N(Vy—ig(t))u?)(t,y,x)dxdicdyd)?dt (7-23)
o2 /12 /R2/Rz//|w(z,)7,5c)|2—|y:)j|S(u:;(Vy—is(t))N)(t,y,x)dxdfcdydfdt (7-24)
422 / /%2 /[Rz//J(w(V —i&E@))w)(t,y, x)| ~|\s(wN)(t ,y,x)dxdxdydydet|. (7-25)

By the invariance of the Galilean transformation of M(¢), Holder’s inequality, and the conservation of
mass, we infer that 222721 SUp, i |M(t)| can be bounded by the right-hand side of (7-19).
B



3422 XING CHENG, CHANG-YU GUO, ZIHUA GUO, XIAN LIAO AND JIA SHEN

Estimate of (7-23). By (6-14), (6-17), Bernstein’s inequality, the conservation of mass and the Strichartz
estimate, we have

I,—2i : ~ 2
- < 2t2 —

—2i 2 / y
T2 3 ol /R /ng EONPy ) 203 < catr30 Y- D
(Y, —iE(t) P t, 7, dx dr
”( y lé( )) E(l),§212v( y x)”L% X
< I,—2i s ~ 2 2l,—2i 2
<2 ”Nl”L?_/fL)ZC(G;ZXRZXR)”(Vy lS(I))w”L‘t“yL%(ngszx[R)”wOHL%x—i_z ”wOHLJ%,x'

Let

m(t.§) == 7

§-86@) (§-80)
¢ .
By Minkowski’s inequality, Young’s inequality, sup, ||(F 'm) (¢, y)|l;1 <1 and (6-24), we get
quality, sup, [[{(/¢ LY g

1(Vy — ié(t))ﬁ)IIL;gyL%(G’BZxWxR)

S Z “(Vy _ig([))P;(t)’zll v”L?’yL)ZC(G;zXRzXR)

o<li<b

s ) on [ |<fglm)(r,y—y~)|||(P§,),211v)(r,y2x)||L;df‘ L
o<l <l Lt,y(GBZX[Rz)
< I y

~ Z 2 ”Pg(t),z’lv“L‘,‘.yLi(ngszxR)

o<hi=<b

s Y 225 el 6 <2200l

~ X, (GZ) ™ Xi (G&)

o<l =<l

Thus, it implies

) < 72l—2i 2 o 20,—2i 2
(72315 22272 woly 1015, 63 IN 47512 612 iy + 2277 ol
Let

ol = p? and vV"=P

y
£(r), <2257 0),>22-5""

We can then decompose Nj as

Ny =
y A _ y I py I pY l
@(:),52’2( 2 H”(vnlvnzvn3)) 2 H"(Pf(t),sZ’Zv”lpé(t),szlzv"zps(t),szlzvn3)
ni,n2,n3,neN ni,n2,n3,neN
ni—n2+n3=n ni—n2+n3=n
(7-26)
y 17 . hy)_ y I py [ pY h
+2(P$(t),5212( Z H”(vnlvnzv"3) Z H”(@(t),52’2v”‘@(t),52’2U”ZIE(t),§2’2v”3))
ni,n2,n3,neN ni,n2,n3,neN
ni—n2+n3=n ni—n2+n3=n

(7-27)



SCATTERING OF THE THREE-DIMENSIONAL CUBIC NONLINEAR SCHRODINGER EQUATION 3423

y I ok ol y I py h pY l
+f§(,),512( 2 H"(v"lv"zv“)_ 2 Tn(Bgy o Vni By <o Vi By <ot V)

ni,nz,n3,neN ni,nz,n3,neN
ni—n2+n3=n ni—n2+n3z=n
(7-28)
y h.h _ y h py h pY
+O(P$(t),§212( > Hn(”m”nz”ns)) > H”(@(r),szlzvnl@(msz’z”"zIz(t),szfz”'”))’
ni,n2,n3,neN ny,ny,n3,neN
ni—n2+n3=n ni—n2+n3=n
(7-29)

where the O in (7-29) means there are two high-frequency factors in it. Observe that
(7-26) = 0.

We next consider (7-27) and (7-28). Because their estimates are very similar, we only prove (7-27). Since
(Fy v,]f3)(t, 0, x) is supported on {0 : |0 — £(1)| < 212710} we have

y I 1 ,h _ y I py [ pY h

Pey.<an ( Z I (v, V7, Vs ) Z T (P ), <a12 Vi Py, <o Vo Py, <a2 Vs
ni,n>,n3, neN ni,nz,n3,neN,
ni—n2+n3=n ni—n2+n3z=n

(7-30)

3 3 /// emITEO ((P;(t),z,1 v )@, x)e—iz$(t)(P§y(t)’5211 vl )(z, x)v! (6, x))

lIi<lpni,nz,n3,neN
ni—n2+n3=n

/// i EG—F)Hin(F—2)+io(z—0) ((¢(S—2i(t)) _¢(0—21§2(t)))
¢(021_zfl((t)))wll(s_n)¢(nz_70)) do dndédzdydo (7-31)
+ Y X e 0w, koG e EOw, Gk 6.0)

li<lyni,n2,n3,neN
ni—n2+n3=n

iE(y—§)+inG—z)+io(z— E—£(1) o—£&(1) o—£()
./f/es(y P +inG—z)+io( 9)((¢,( = )—d)( = ))¢( = ))

Y1, (n—0) (S;T") do dypde dj dz df. (7-32)

We shall only prove estimate (7-31), as the proof of (7-32) is similar.

73n=>Y Y // K(t:3.2.0) (e O™ OP) | v )y =5.%)

li<lhni,n2,n3,neN
TR (=5 —2)E )

Psy(t),gzll vl )y —F —z. )l (v — F —z—6,x)) dF dz d,
where

K(t;)7,z,0)=[// ei€i+inz+ioe((¢(5—2i(f))_qj(o—zléz(t)))

-¢(”‘2—,§“))w E—n¢ ("2%’)) d¢ d dor
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By the estimates |§ — n| ~ 2/1, |p—o| <21, and the fundamental theorem of calculus, we obtain

E-¢0) o—£@) _ _
‘qs( sl B Gyl | SR et R (7-33)
This implies
sup/ |K(t; 7,2,0)|dy dz do <2017l (7-34)
t

Thus, by Minkowski’s inequality, Holder’s inequality, (7-34), Lemma 6.20 and the conservation of mass,
we infer

y I 1 .h
H Pey<an T ( 2 'm v”zv’”)

ni,nz,n3,neN
ni—nz+n3=n
_ y h
2. TPy, <ona¥m P 2(0y.<202 U i) <2 V)
ni,nz,n3,neN
ny—n2+n3=n

L3L3(GR xR xR)

Kt 5. 2.0[1Pf ) o, v) =50 2 1Py v =F=2.0)lIL2

=2 = 0.0) 3 55z dQH

L3
< 2 2TRINRS ) oV e s 1PY gt s s 2 10" s s 2 S 10 61
h=<l,
We now consider (7-29). Since
o 5 syt
el = P sV Py s Vs, )
E0.=22 M T8, T E 0.2 T a2 Gl o
Shollggorg W0"17sm 5,2 S 100, 61y
it follows that
IV 35 12 6ty < 100 6ty (7-35)

and therefore, we have

(7-23) S 2227 [wol 75 oy 1+ 101 61)-

Estimate of (7-24). Applying integration by parts, we have

///G //'w(t V. x)lzﬁ%(uw)(t .y, x)dy dj dx dx dz|.
ﬁ

(7-24) < (7-23) + 2272
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By the Strichartz estimate, (7-35), (6-14), (6-17), Bernstein’s inequality, and the conservation of mass,
we have

212 —2i

/ /f/ lw(t, 7, x)|2| |m(wN)(t y,x)dy dj dx d% dr

5212_21.“11)0”25’)(2_2/ & (t)|||P £(1),22 3 <<2l2+3 ||L2 (Vy lé(t)) g(t) <2120”L§,x dt

l—2i .
+22 ’||w|| [ |

1 l
4 L3 (Glszsz) 1N ”Lf/jL%(G;xuzesz) LS, L3(G 2 xR2xR)

S22 g2, (140l )

Thus

(7-24) S 2227 lwo |7, (1+ vl (1)

Estimate of (7-25): By Bernstein’s inequality and the conservation of mass, we have

212 —2i

/ /R /RZ//J(w(vy—zsm)w)(z rn 2= |o(wN2)(t 5. 5)dy dj dr di d
< ||w0||i§’x(2_l_12f |§ e "g‘(t) 22-3<.. <2,2+3U||L§’x||(v —i&(1))P E(t) <212v”L_%,X dt)

+ ||w0||i§x (2_1_7 /;12 |€ (t)”lng(t),lz—3§~~512+3v”L%_x “(Vy lé([)) P £(0), <2/20“L§,x dt)
B
S lwol, .

We now turn to the estimate of

22 / /RZ /RZ/ / S(w(Vy —i&()w)(t, y, x)l |«s(le)(t ,¥,X)dydydx dx dt|.
Since
/ s( > @nn(wmw_mwm))(x) di =0, (7-36)
R ni,no>,n3,neN
ni—n2+n3=n
we see

/ S (i N1 ) () di = /R *(Z TS nn(vm%vm))(sé)dx.

neN neN ni,nz>,n3eN
ni—n2+n3=n

I

Using the decomposition v = v +v! , where v/ = P” _- v, together with the above equality, we have
g p f(t) <212 5 g q y

[ EA@N @ = [ S Font it Fant Fat Frad@di, @37

nenN neN
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where Fj , consists of j v,}l‘—terms and 4 —j v,ll—terms, for j =0,1,2,3,4,in

S(li)_nPsy(z),gzlz Z Hn(vnllﬁzvﬁ)),

ni,no2,n3€eN
ni—n2+n3=n

We now consider the estimate of the F; terms, j =0, 1,2, 3, 4, as follows.

By (7-36), we have
/ > Fonlt.7.%)d=0

RnGN

By Bernstein’s inequality, (6-1) and Lemma 6.20, we have
/Gl2 f / /2/ S(w(Vy —i&()w)(t, y, x)| |(F3+F4)(t ,y,X)dydydxdxdt
R

<2k lwoll7

212 —2i

h
” ||L3L6L2(G12XR2XR) ”L?OL%’X(G/?XRzXR)

o
<227 o2, 0l g

By a direct calculation, we have

— y y hpY ol vl
ZFI’"_ZJ(PEQ) <2 Py 202V P s 2 T vl

neN neN niy,n2,n3€N
ni—n2+n3=n

l y
+tunPe, <212( > Ma(op, P £(t), 220272 U, )

ni,nz,n3eN

ni—n2+n3=n
+2 ) H,,(vnlvg,ng(t) Jat2V n3))) (7-38)

ny,na2,n3€eN
ni—n2+n3=n

Since the support of the partial Fourier transform with respect to y of ) ", . F1,,(¢, ¥, X) is contained in
{& 1 |€] = 22274}, we can apply the integration by parts with respect to ¥, the Hardy-Littlewood—Sobolev
inequality, Bernstein’s inequality, the Strichartz estimate, (6-25), and (6-24) to give the following estimate:

oo L Lo im0 i (3 50 aras axasa

neN n’eN

<212 —2i
12 RrR2 JR2

2[2 —2i

Z(wn(vy—zsa»wn)(t ¥, X)

neN
: 95 (—Ay)‘lf(z Fl,nf)(z,y,x)dx

[y =7 R\ 5=

dydydxd:

< Ir—2i .
~ 2 ||w||L?LgL§(Gg2XR2X|R)“(vy lé(t))w”LIOOLJ%‘X(GZ‘ZXRZXR)

195 (—A;)”/(Z Fi ,,) dx

n’eN

L}2LY5(G xm2)

—i 2 l h l
2000 1 0122 iy 1V 1215 12002 oy S 2% N0l 101,
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We are now left to show

= oo [ L L @ igomn o g =,

n,n’eN |

Sllwoll2 A+ vll%

2h—2i F2 (1,7, %) dy dy dx dX dr

X (Gt )) (7_39)

Similar to the estimate on the term involved F; above, from integration by parts, Bernstein’s inequality
and (6-25), we conclude

a2 Z/,2 L, [, [ s —igomne. .0
neN
y=Jy /(Z P2, _IOFZ,n/)(z,y~,)z)dxd;cdydy~dz
1y =7l et
I—2i ,
5 2 2 ! ||w||L?LgL%(GIﬂZXR2XR) ”(vy _l(t))w”LooLZ (GlszZXR)

35 (—Ay5)” 1(/ ZP>12 10F2n’dx)

n’eN

LY2LY° (G xw2)

h
"2

—i 2 I
<27 wollZ; V117 <227 wol 7,

v .
LeL4L2 (Glszsz) L}LSL3 (G2 xR2xR) ~ ” ||X (G%)

We now turn to the estimate of the low-frequency part of F». First of all, we can decompose [ ,’ as

Fou(t,y, x)—ms(2v E(t) <212( Z H,,/(v /v A /))

4 7
mon2 my
—/
ny—n,+n3;=n

1 py Tk
o P <2t ( 2. Ty ”n;vng))
n'y,nh,neN
2pY L hpY LT
" PS(’) <212v”/P$(l),§212 Z H”/(vnﬁvn’zvné)
n'y,nh,neN

y h pYy I ~h 1l
Pz P 2 Ty, vn’zvné))‘ (7-40)
ny,n%,nseN
n—n)+ns=n’

Since

~ y y h
J(Z 2 Pl T O v Py o0 ) )

/ ’ ’/ 7
n’e€N nl,n}, nseN
ny—n,+ns=n’

(X X Py O l) =0

/ /7 ’ /
n’eN ”15”2>"3€N
n—n)+ns=n’
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we obtain
vl PY hhol
(Z vn/PE(l) <22 ( Z H”/(vn/1 vn’zvng))
n’eN "/1 nz’n eN
e Py uhp I T
t 2 P$(f) <2tz U’ E(t) <22 > H"’(vn’lvn’zvng))
e ny,n, e

’ ’ A
ni—n5+n3=n

— X ¥ h py 11 ok
_2‘5(2 2 (P oo WPy o o 0 v i)

n’eN n),n},n5eN
/7 ’ [
ny—n5+n3=n

y y h
= Pl <on U ! v ,Pg(t) <202V, )) (7-41)

hoh oL NN
+23(Z€:N / Z N( Pg(t) ot T (v 00 07 ) =0 vl T, (P S0r.<atz O vn,z)vn,s))). (7-42)
n ni,n5,n5€
n’ll—n'zz—i-nzf;:n’

For (7-41), by (7-30), (7-34), Lemma 6.20 and the conservation of mass, we have

212—"' [ (7-41)(x) dx
R L}, (GZxR2)
Ip—iy, h y I 1 h
5 2'2 ||U “L?,yL%c(ngXRZXR) Z Hn Pf(l‘),izlz (vnl vnz vn3

ni,nz,n3,neN
ni—nz>+n3=n

1 h
_ Z Hn(v vy P&(t)<212v"3)

ni,na,n3,neN
ni—n2+n3=n

LYPL3 (G xR xR)

Ir—i 11—l l h
11512

%Gy (7-43)
To estimate (7-42). We note similar to (7-33), we have

¢(W) (25;2) <27l — £ ()],

Then by Lemma 6.20 and the conservation of mass, we have

<2l )3

2bai / (7-42) dx
R L} ,(GZxR?)
L—i ] kol
<22 ”L?OL%_X(G?XRzXR) Z Ps(t) <2’2H”(v"1v”2v

ni,n,n3,neN
ni—n2+n3=n

h kol
_ Z I, (P o), <212(vn1“z}1'2)vn3)

ni,na,n3,neN
n1—n2+n3=n

L! Lﬁ,x(Gézx[sz[R)

< in..h 11 lzz
2" ” ||L L6L%(G12 R2x R) Z || s(t) 2’1U ”L3L6L2(G12XR2XR) ~ ||U||

1_2

X (GL)
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Now we turn to the remaining terms in (7-40). Observe that

~ y R T h
. ( Z Z vn’Pg(t) <2/2 H”/(vn’, ”n;”ng)

4 ’ 4 ’
n’eN ny,n5,n3€N

n,—n.+nsh=n’ h I h .l
e 2 2 Plywntn P, 212H”'(vn’1vn’2”"§))

4 7 ’ 4
n’eN ;/1],11/2,n§€N
J——
ni—n,+n3=n

= Pl il Ly
- Z Z (PE(I) <22 v”'PS(t) <22 H"’(vn’l vn'zvn’g)
n’eN n',n}, n5eN mme s -
A 77 y
R = Py <o VT (g Py ooV Ue)) - (7440
T hool ol
i Z Z S(v ”/P‘s”(t) <22 H"'(Un/lvn/zvné)
n’eN n’l,n’z,ngel\j -
- A 5
ny—ny+ni=n + Pl o U T (v, H0).<2 )) (7-45)
Similar to the arguments for (7-43), we have
212—i /(7—44)dx 212 l”v” l
" Ll (G2xr2) X1 (GL)

Thus, to show (7-39), we just need to consider the term that contains (7-45). By direct calculation, we get

22 [ ’ /Il ’;NS(va—is(r))wn)a,y,x)

4 ol hooT . h
Z Z Pf(t) <22~ (v ”/Pé(t) <2l ”/(vn’l vn’zvné)

|y yl n’eN n’l,nz,ngeN
nl—n2+n3—n
+P§(t) <22 n’H" (v (t) <212 n, v ))(t y,X)dydydxdxdf
_9j I
= pl2—2i /GlZ //Z\s(wn(v —i§@)wa) (. y 4+ 28(Gy 2t x) Z Z ;(;),5212—10

B neN n’eN n’l,nz,n eN
n1 n2+n3—n

(o0 h . h h ~ I ~ ~ ~
-J(vn,lvng(vn,vn,z ng(t)qlz ,,,Pm<212vn,2))(z,y+2g(Gﬂ2)z,x)dxdxdydydz. (7-46)

We may take & (Géz) = 0 in the right-hand side of the above equality by the invariance of the Galilean
transformation. By the inverse Fourier transform, we have

> X /lszffa(wn(v 8wy 1)

, |y |
n.n'eN n',nj, 3eN
nl—n2+n3=n

PY,- 103((@r vk, )(vn,v, PE(I) wots vk, sa) <2,2vf;,2))(t, 7,%)dy dj dx dx dr
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= X / ; //// S(@a(Vy —i§ (1) wn) (1. . x)

n,n’eN n’l, 2 2eN

ny—ny+ni=n’ (/// (7]1+7)2+U3+U4)ei?(n1+nz+n3+n4)
Iy yl 202~10

T ((Fyvhy )0, 0, %) (Fyohy )t ma DFvl) (0, 5 (Fyvl ) (17, 9)
. (1 _¢(U1 _E([))¢(n2 _lf(t))) dnl dﬂz df]3 dn4) dy d)7 dx dx dr.

2b2 2
Let

q(m) = |m >+ n2l? = n3> = |nal?,

as in [Dodson 2016b], we have 1/g(n) is a convergent sum of terms with operator norm being dominated
by 1/(Im[* + [n21*) ~ 1/(In1|n2]) on the support of

m—§@) n2—§@) n U
(1_¢( ¥ )¢( - ))¢(2’23—4)¢(21;4)'

Let G - = [to, t1]. Applying integration by parts (with respect to time), we have
pplymng g y P P

& itam \ (i (V. — i y—Jy no+m+n2+n3)
/Géz ST 72 (e Ytaness =szomamya o =0 (55
. el Y (1+n2+n3+70) (1 _¢(7I0 ;lf(l))¢(n2 ;lf(t)))

(e (Fyol) 1o D) (ol )0 na, e M (Fpul )0 m e

: (fyvng)(t, N3, X) dny dnz dns d770) dy dy dx dx dt
:= B1+ By + B3 + By, (7-47)

where

B = ///////flCI(U) MDY (W (Vy—i £ (1)) wn) (. y, X)l | (m+Z§;?§+n0)eiﬂm+nz+n3+no)

'(1_¢(n0;i(t))¢(772;5([))) (e (Fyol ) tmo, B)e T (il ) 2,2.%)

51
, (7-48)

to

/ ////////ZCI(U) g 37 S Wn(Vy—i&(®)wn)(t. y, x)| _~| (771+Z§::7§+;70)

o1 T +m+n3+10) (l_d)(’70—15(’))(]5(772—15(0))
22 20

_ 2 T - _ 2 1 - . 2 - . 2
(e itlnol (]-"yvfl’,)(t,no,x)e itlnz| (.7-";1)”;,)(t,nz,x)e”l"1| (ffvfl,l)(t,m,x)e”l'”'

; 2 ~ : 2 ~ ~ -
eltiml (]-";v,ll/l)(t,nl,x)e”|"3‘ (]—"yvflg)(t,m,x)dnodmdn2d773)dy dy dxdx

(Fyv /)(t n3,%)dn1dnadnszdne)dy dy dxdx de, (7-49)
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——/t W =6 — ”q<">%<wn(%—zé(z))wn)(zyx>| .

.a%(¢(771+Z?:7173+770)eiy~(m+nz+n3+no) (1_45(770;520))(]5(772;5(0 )))

— 2 ~y —] 2 ~ ] 2 ~
(e T Fgop) 0. D)e 2 (Fyvp ) (1.2, D) M (Fyog ) F)

-eit|"3|2(f~vl, )(t,m3,X)dnydnadns dr]()) dydydxdxdt, (7-50)

A e e i

.eii(n1+nz+n3+no)(l_¢(’70 IS(Z))QS(UZ lg(t)))
22 202

0, —; P2 — o 2 -
'E(e it|nol (‘7:)71),}1’/)(1»7]0»36)3 it|nz] (ffvgé)(t,nz,x)

M (Fol ) D (Fyvl, ) (6,03, ¥ dny dip dns dng) dy di dxdidr. (7-51)
For (7-48), set

1 m—+n+n3+n no —&() n2—£&(1)
m(t;no,m,nz,ns):q(n)qﬁ( ! 22,2_103 0)(1—45( 02,2 )¢( 2212 ))

Then we have

a9 = [[[f[f]f Ny = 16O 1. 6) 2 |K<z 20,21 22, 230 (1. — 20.5)

vn (t, y—12zs, x)vn,1 (t,y —Zl,x)vn,3 (t,y —z3,X)dz1dzpdzzdzgdx dx dy dy
2

151

’

to

where

K(t;20,21,22,23)=////m(t;no,m,nz,ns)e””“eizznzei23"3eiz°”° dnidnadnadne,  (7-52)
which satisfies

sup/ |K(t; 20, 21, 22, 23)| dz1 dzp dz3 dzg S 27 2 (7-53)
t

by the Coifman—Meyer theorem [Germain et al. 2012]. Thus, by Bernstein’s inequality, (7-53) and the
conservation of mass, we have

> >oooa 48)‘

n,n’eN nl,nz,n3€N
nl—n2+n3—n

<2272 wll oo p2 [1(Vy —iE(O)w| 00y 2
1 Ly.x i Ly.x

[ 1K@z 22z 05 20 Dl 1 5 22 P
oty —21,%) .2 ||Ul(f,)7—23,37)||L§ dz1dzadzzdzedy

212 —2i

Ir—i 2 —21 h 12 2
S22 wolZ, 2RI 120 s 1020 12 S ol
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Next, we turn to the estimate of (7-49). By a direct computation, we have

LE [ (i =180 un) 100
— GOty 2, + Z By, [ (T, = i66(Dy )03, ) d
k’'=1
- Z Byk,fﬁ/(‘c)yk,wn(ayk — 1§k (1)) wn)(t, y, x) dx.

k/_
Thus, we get

(7-49) =

/G//////// 5 On .0l K620, 21,22, 29U (1.5 =20, 0], (17 =22, )

: vn/ (t.j—z1. i)vig (t,§ —z3,X)dz1 dzp dz3 dzg dy dj dxdX dr (7-54)

5> f W &= 0 0, =it ..o

k.k'=1

- K(t:20, 21,22, 23)00, (1, § — 0. D)0", (1, § — 22, )
2
: vfl/ (t,7— zl,i)vflg(t, § —z3,%)dzy dzp dz3 dzody dj dx di dt (7-55)

> | ; I (lyy yy)(‘ayk,m(ayk,wn<ayk—isk(z))wnxr,y,x)

k.k'=1

- K(1:20.21. 22, 23)0/%, (1. § — 2o, )?)v,’,’/z(t, y—z2,%)

-vi/l (t. 7 —Zl,i)vflg(t, § — 23, %) dzy dzp dz3 dzg dy dj dx d% dr, (7-56)

where K(¢;zg, z1, 22, z3) is given in (7-52).
By (7-53), (6-14), (6-19), Bernstein’s inequality and the conservation of mass, we have

> > (754

2i~—2 2 2
I N P W(/ . |5'(t)|dr)
n,n' €N n',nl,nieN : G

— < 2
ny—n)+ns=n’ ~ ”wO”ng,x'

212—2i

Integrating (7-55) by parts in space, we derive

9= 5 [ S5+ i, v

k.k'=1

- K(1:20. 21, 22. 23)V% (1, § — 2o. i)v,}j&(t, y—122,X)

-vfl/l (t,y —Zl,i)vi/s (t,y —z4,X)dz1 dzp dzzdzodx dx dy dy dt.
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Therefore, by the Hardy-Littlewood—Sobolev inequality, (7-53), Lemma 6.20, the Sobolev embedding

theorem, the fact G/lg2 C G(;, |£(1)| < 22 and I, < i, we have

> > (759

n,n’eN n’ . n.,nkeN
'ttt =n < w || ||v||
ni—n,y+ny=n ~ 0 X (G’

I,—2i 12
2 VN Egersr2

I>—2i~2in—21 2 hy2
<2277 27 || 6L3L)2C||U ”L?L§L§|

By a similar argument, we infer

2[2 —2i

)OI DINCE DI T,

n,n’eN nl,nz,n3eN
nl—n2+n3—n

Now we turn to (7-50). As (7-48), we have the corresponding integral kernel

K(t:20,21,22,23) = //// 1 (t; Mo, N1, N2, N3)e’ 711 172112611323 12010 ) dn, dipz dno,

where

y 27 i 43+ o
m(t;no,N1,M2,M3) = — ¢( )

q(n) 2k=10

((V¢)( s<)) (m;s()) ¢( s<))(v¢)( s<>))

The kernel function K (t;zo, 21, z2, z3) satisfies

sup/ |K(t 20,21, 22,23)|dz1 dzp dz3dzg S 27 3
t
Thus

212—2i

> > (750)

-2 h 12
S I T §%( [ |s’(r)|dr)
n,n’eN n,n},n%eN v G

ni—njtny=n' S llwol7 -
y.x

Finally, we consider the term (7-51). Following the argument for the estimates (7-48) and (7-50), by the
Bernstein inequality, the conservation of mass and Lemma 6.20, we deduce

> > a5

/ /7 ’ /
n.,n'eN n',n5,n5eN
n|—n,+nl=n’

a2 < gl ||wo|| LA 1%

X; (G’

Therefore, we eventually arrive at

(7-25) < ||w0|| (1+||v||X(Gl )-

The proof of Theorem 7.5 is complete. O
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7.2. Proof of Theorem 6.25. By Theorem 6.21, we have

lvall 2, qo.a—27p < 1 (7-57)
where
€32ko
2 . 3
vy (t,y,x) =Av(A°t, Ay, x), with A = i (7-58)
Letw = Py2k0 v;. Then w satisfies
i0;w+ Ay = F(w)+ N,
where
N = PészF(vA).
Let
M(t)—/// / |lw(t, y, x)|2| |o(waw)(t y,x)dydydxdx.
R2
Then a direct calculation similar to [Dodson 2012; 2016a; 2016b; 2009] gives
[, a0 ax| < s M@+,
L7 ,([0,A72T]xR2)  te[0,A—2T]
where
AT
J(w(Vy—lé(t))w)(t v, x)l ~l\s(wN)(t ,V,X)dydydxdxde| (7-59)
R2
2T
151, 7, x)|2|y y~|3(N(v —iE())D)(t, y, x)dydydxdxdt‘ (7-60)
rR2 JR2
AT2T
lw(t, 7, %)|? | |\s(w(V —i&()N)(t, y,x)dydydxdxde|. (7-61)
R2 JR2

Since N (t) <1, we have N, (t) < €32%0 /K. By Theorem 6.6 and the Bernstein inequality, for any 7 > 0,
if K > C(n), we have

”(Vy —i&()w ”L}’°L§,X([O,A*2T]x[RZXR) S 772k0- (7-62)
Therefore, by the Galilean transformation and the conservation of mass, we get

sup  [M(1)] S n2o.
te[0,A72T]

We now consider (7-59). As in (7-37), let v/1 =P’
decomposition

k-3 VA and v/1 P>yzk0_3v;k. Then we have the

/%(@N)(t,f,fc)dizf Fo(t,y,%) + F1(2,7,%) + F2(2, 7, %) + F3(1, 7, X) + Fa(z, y, X) dX.
R R

We can see

f Fo(t,7,%)d% =0
R
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Following the same argument as the proof of (7-25), we may obtain

Then by (7-62) and the conservation of mass, we have

AT2T

rs(tf)(vy—isa)m)(r,y,x)'y ‘¥|<F2+F3+F4)(r,yix> dy dj dx d¥ dr‘ <n2ko.
R2 Y=y

To estimate the contribution of the term with F; in (7-59), we see the support of the spatial Fourier
transform of [, Fi(r, 7, %) dX isin {& : €] > 2k0=43 a5 in (7-38). Therefore, by integration by parts, the
Hardy-Littlewood—Sobolev inequality, the Bernstein inequality, Lemma 6.20 and (7-57), we have

R JR2

AT2T

- J(W(Vy—lé(f))w)(t Vs X)| i

/A ZT[Rz /R [(w(v —iEO)).y 0 by

Swllipeer2  qoa—2rxmexmy (Vy =16 (@)W ”L?vyL%([OJ_ZTlxRZXR)

) 85(—A)7)_1/F1(t,)7,32)di
R

(/ Fi(t,7,%) d)"c) dy dj dx dr

dy dj dr

|05(—=A5)” I/I;{Fl(t,)?,i)di

Ly} ([0,A—2T]xR?)
—k ; =~ 13
S 27V, —is () w ||L?!yL)2(([0,)t_2T]><[R2XR) [[v;, ||L§yL§([0,)L—2T]xR2xR)'

By the Bernstein inequality, Lemma 6.20, and (7-57), we have

! L ko=l _ ko
||UA||LgyL§([o,x—2T]xR2xR)5 Z 23276 3523

0<l<kg
Note that
Iy =)Dl 5721012 o sarpoy S 0 2125%07) <25, (7-63)
0<l<kg
Interpolating (7-63) and (7-62), we obtain
. ~ 3
(V) —i&(t)w ||L‘,‘!yL§([0,A—2T]xR2xR) <ns oko (7-64)

Thus, by the above estimates, we have

(7-59) < n82ko.
Now, we turn to (7-60). By (7-35) and (7-57), we have

(7'60) 5 ”w”LooLz (0,1~ 2T]X[R2X[R)”N||L4/3L2([0,A—2T]XR2XR)”(Vy _ié(t))ﬁ)”L‘t‘.yL%([()’/l—2T]x[R2x[R)

S niko.
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Finally, we consider (7-61). Applying integration by parts, we have

—2
(7-61) < (7-60) + m o IRz|1I)(t,)7,)?)|2ﬁsﬁ(wN)(t ,v,x)dydydxdxdt|. (7-65)
By (6-1) and (7-36), we see
22T
- 6s></ / [ 0.5, 912 |||w(z Yol v ey )13 dy d (7-66)
22T
/ L, 105 D1 iy 0l 1o 0y 0 Iy )z dy d
(7-67)

By the Hardy—Littlewood—Sobolev inequality, (7-62), (7-64), Lemma 6.20, the Sobolev embedding
theorem, the conservation of mass, and interpolation, we have
82ko

-66) < [lv"]13 o3 <
(7-66) < ””A”L;{yLi([o,,x—zr]szxR)”w||L;{yL§([o,x—2T]xR2xR) ~ 1

and

h ~ 113
-67) <
(7-67) S 13 lL3 Ls L3 to.a—2T1xmex) 121 19 190720 2 10 12 712wy
k2 < %2]{0
”v/1”L?Lg‘)/”Li([o,A—ZT]xWxR) ~ 1 )
Thus, by the above estimates, we have

< r’%ZkO‘
L? ,([0,A72T]xR2)

H/IV By x|

Undoing the scaling in (7-58), we finally reach the desired estimate (6-41). O

Appendix: Well-posedness theory for (1-2)
In this appendix, we present the proofs of the recorded results in Section 3. Let
X1(t) =xsin(t) —icos(t) 0y and X,(t) = xcos(t) +i sin(z) 0. (A-1)

We have the pointwise identity: for any f € S(R?),

1X1(0) S (0, )P+ 1 X2(0) f (0, 0 = |xf (v, ) > +10x f (v, x)> forallz €R. (A-2)
The next result follows by direct calculation. We refer to [Carles 2002b] for more explanation.
Lemma A.1. The operators X1(t) and X, (t) satisfy the following properties:

(1) They correspond to the conjugation of gradient and momentum by the free flow,
Xi(1) = oit(Bg3 —x2) (—i 8x)e—it(AR3 —xz)’

Xz(t) — eit(AR3 _xz)xe_it(A[R3 —x2) )
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(2) They act on the nonlinearity like derivatives, that is, for j = 1,2, we have
X, @) (ulPu)] < ul? X (0ul.
As a consequence, for any u+ € X, we have
e A=) |5 = u()—e A Dug | 2 4
HIX1 (O @)= P )| 2+ X @) @) - S D)5

We now show the local well-posedness part of Theorem 3.4 in the following formulation. This is essentially
following the argument in [Cazenave 2003; Tao 2006].

Theorem A.2 (local well-posedness). For any E > 0 and ug with ||ug]| L2l @ xr) = E, there exists
80 = 80(E) > 0 such that if

it (A~ — 2
||elt( R3™X )MOHL?.),L%(IXRZXR)

it(A 2 it(A ~— 2
4 ||X1(t)elt( R3I™X )MOHL;‘VyL)ZC(IXRzXR)—i_ ”XZ(t)elt( R3™X )MOHL;‘JL%(IXRZXR) 580,
where 1 is the time interval, there exists a unique solution u € CtOLi HL(I x R? x R) of (1-2) satisfying

it(AR3 —x2)

lullzs 2 xmexmy = 2lle uollLs yiaxmexmy and  lullpeor2s (rxmexmy = Cluollp2p-

Proof. Let

t
D) = 180y i [ )5 s,
0

and set the space X to be
X={ueClLiH,: Il oo p251 < 2E. Il g4 51 = 2C80}
or
07241 .
X={ueC L}H,: lullpoor  <2E. fullps 2 <2Cdo.
1Xj Oullpeorz < 2E. [1X;(Oullps 12 <2Co. j =1.2}.
For any u € X, by Proposition 3.2, Holder’s inequality, Sobolev’s inequality, Lemma A.1, and (A-1), we
have
”@(“)“L‘,”L,%,x S ||u0||L32;,x + ”M”L?,yl)%'lmllzf}!yH}

and
1X1 (@) 002+ 1X2(0) D)o

S Vsuoll g, +lxuoll g, +ulZe 4y (X1l g2+ 1Xa@ullys 12).

Thus

1P eor2  + X1 ()P poorz  + [ X2(O)PW)lI o2 < E+(2C80)° <2E.  (A-3)
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Similarly, we can obtain
0@l 2 + IX1(OP)Ls p2 + IX2()PC) L3 12 =80+ (2C8)° <2C. (A-4)
In the same time, for any u, v € X, by the Strichartz estimate, Holder’s inequality, and Sobolev’s inequality,
we have
0G0 = @)l 12 S [l = o] o,
< lu— v||L?,yL§c(||u||i‘,"yH§ + ”v”i;‘.yH}) < (2C80)%|u — UHL;"yL)ZC- (A-5)

Combining (A-3), (A-4), and (A-5), we have for §p small enough ® : X — X is a contractive map.
Therefore, the theorem follows from the fixed point theorem. O

We now turn to the proof of the scattering norm in Theorem 3.4.
Proof of the scattering norm part of Theorem 3.4. We need to show

ellzs stnrsw) 42 @xrexmy < €M) (A-6)

Then by the scattering theory of the nonlinear Schrddinger equations [Antonelli et al. 2015; Carles 2011;
Tao 2006], we have scattering in (3-1). By the well-posedness part of Theorem 3.4, it suffices to prove
(A-6) as an a priori bound.

Divide the time interval R into N ~ (1 + %)4 subintervals /; = [, ?;41] such that

||u||L?)y'Hi_EO(Ij XRZXR) E 87 (A_7)

where § > 0 will be chosen later.
On each /;, by (A-1), the Strichartz estimate, the Sobolev embedding and (A-7), we have

”””L;‘Wy"“LimL;{yw(g xR2xR)

< C(llu)ls+ IIIMIZMIIL;{/;L; + X1 (t)(IMIZM)IIL;{/ysL; + IIXz(t)(Iulzu)llL;{/ysL)zc)

< C(lu@)ls + ”u”i;‘yH;‘GO(”u”L?.yL% +IXi@ullLs 12
| Il 1)+ Wz 002, 1)
<C(lu@p)ls+ ||M||i4 gi-colullps p2 +1Vxulps g2+ llxlullps 72+ ||”||L;‘W;’4L§))

.y X

. 2
fc(”“(t])”E +3 ”u”L‘,‘WylAL%ﬂL?.yH}C)'
Choosing § < (%)1/ * Jeads to the estimate

[|u ”L‘,‘W;}AL%OL?JH)IC(IJ- xR2xR) <2C ||u(tj) [ Syoxe
The desired bound (A-6) now follows by adding up the bounds on each subintervals /;. O

Proof of Theorem 3.5. We only give a sketch for the proof of Theorem 3.5, since it follows essentially by
the same argument as in the proof of Theorem 3.4.
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Foru_ € X, let § > 0 be a small absolute constant to be taken later. Taking 7 = T_(u—) large enough
and then applying the monotone convergence theorem, we obtain

it(A—x2)

lle 5.

u_ <
”L;‘Wy‘AL,%mL;{yH}x((—oo,—T_]szxR) =

Solving the integral equation
t
u(t) = ety / e’(t_s)(A_xz)(|u|2u)(s) ds
—00

in LPL2HL N LHILE 0 LW, L2 0 L} HL((—00, —T-] x R? x R) and keeping u small in
L?W;AL}ZC N L?’y”;’-[)lc((—oo, —T_] x R? x R), the argument in the proof of Theorem A.2 implies that
there exists a solution of (1-2) on (—oo, —T_] x R? x R, which furthermore satisfies (3-2). This completes
the proof for first part of Theorem 3.5. The proof for the second part of Theorem 3.5 is similar and thus
we omit it here. O

We now turn to the proof of Theorem 3.6. First, we show the following short-time version.

Lemma A.3 (short-time stability theorem). Let I be a compact interval and let ti be an approximate

2

solution to (1-2) in the sense that i 0;1i + Agsii — x>0 = |ii|?il + e for some function e. Assume that

12l Lgo 12901 (1 xm2xmy = M (A-8)
for some positive constant M. Let tg € I and u(ty) be such that
lu(r0) =i (t0) | 29 = M (A-9)

for some M’ > 0.

Assume also the smallness conditions hold:
Il 413301 (1 xmoxm) < € (A-10)
€ (A-11)

F—to) (A a —x2 -
" ¢T3 u(tg) — i (10)) | L4 41, + el 47337351 <

for some 0 < € < €1, where €y = €, (M, M’) > 0 is a small constant. Then, there exists a solution u to
1-2) on I x R? x R with initial data u(to) at time t = to satisfyin
8

-y < -
lu =l Ls 51 S e (A-12)
lu—itl g3 S M. (A-13)
Il oo 201 S M + M, (A-14)

2 <12~
ul“u — |(ul“u <e. A-15
o= P 373 3,0 (A-15)

Proof. By symmetry, we may assume ?9 = inf /. Let w = u —u. Then w satisfies
i 0w+ Agsw —x2w = |i + w|?(@ + w) — |i) % —e.

For t € I, we define

e 2/~ ~12 -
D(t) = i+ w 2+ w) = 72 37531 (10 1oy
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By (A-10), we have
DO S lwlps st (E7a o0+ 1wlZs 50
s 2
< ”w”L?,yH}c([to,t]xRZxR) Ferllwlley o< xmy (10

On the other hand, by the Strichartz estimate and (A-11), we get

V(A 2
”w”L?.yH;([to,t]xwsz)5 e ¢r0) (B )w(t")”L;‘,yﬂi—([to,r]xWxR)+D(t)+”"’”Li‘,/y%}c([to,t]xWxR)

< D(1) +e. (A-17)
Combining (A-16) and (A-17), we obtain
D(t) S (D(t) +€)* +€3(D(t) +e).
A standard continuity argument then shows that if €; is taken sufficiently small, then
D(t) <e forallt el,

which implies (A-15).

Using (A-15) and (A-17), one easily derives (A-12). Moreover, by the Strichartz estimate, (A-9) and
(A-15),

~ 2~ ~12 ~
lwlizge 230 (1 xm2xry < Nw )l 251 + i +wl™ G +w) — [l arsy 0 +llell 4y < M’ +e,

which establishes (A-13) for €; = €1 (M) sufficiently small.
To prove (A-14), we use the Strichartz estimate, (A-8), (A-9), (A-15) and (A-10),
~ ~ 2 <12~ ~12~
el oo 20 (1 xmexmy S M (t0) 2501 + 1t (f0) =10 (t0) | L2500 + Il Fu =l %] /5y 0 + W7 75,0

SM+M +e+|i SMAM +eté.

3

L} 1k

The proof is complete by choosing €1 = €1 (M, M) sufficiently small. O
We now show the proof of Theorem 3.6.

Proof of Theorem 3.6. We divide the interval I into N ~ (1 + é)4 subintervals I; = [t;,1;41], 0 < j <
N — 1, such that

Il Ls 310z, xmexm) = €15

where €; = €1(M,2M’) is given by Lemma A.3.
By choosing ¢ sufficiently small depending on J, M and M’, we can apply Lemma A.3 to obtain, for
each j and all 0 <€ < ¢y,

~ . ~ . /
e — “”L;{yH}C(IJ» xrexg) = C()e, e =l Lo 2901 (1, xm2xmy = €M,

el o 12308 1, ey < CONM + M), lufu — a7 <C(j)e.

”L?ff%k(l_; xR2xR)

provided we can prove that analogues of (3-3) and (3-4) hold with 7o replaced by ;.
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In order to verify this, we use an inductive argument. By the Strichartz estimate, (3-3), and the inductive
hypothesis,

() = (@)l L2901

~ 2 ~12 ~
< lhto) = (00} 35, + P2 = 2R 3731 12y + 1€ 37530 o 1y
j—1
SM' '+ Clh)e+e.
k=0
Similarly, by the Strichartz estimate, (3-4), and the inductive hypothesis,

i(f—1: 42 -
||el(t t/)(AR3 X )(u(t])_u(t]))”L?yH)l((I]XRZXR)

< || pi (t—t0)(Ag3—x2) 5
S N 1) ~ 108 et 1wy 1€l L3750 o, T

j1 o el = P 72, s
x ([to,t; 1xR2xR)
Se+ Y Clhe. py AR
k=0
It is clear now we may choose €1 sufficiently small, depending on N, M and M’, such that the hypotheses

of Lemma A.3 continue to hold as j varies. This completes the proof of Theorem 3.6. |

Acknowledgments

Xing Cheng is grateful to Professor Rémi Carles for explaining his work on the nonlinear Schrodinger
equation with quadratic potentials and for pointing out some typos and misunderstanding in an initial
version of this manuscript. Xing Cheng also thanks Binghua Feng for calling his attention to [Fukuizumi
and Ohta 2003; Cao et al. 2022]. The authors thank Anxo Biasi for helpful discussion on the (DCR)
system and for calling their attention to [Biasi et al. 2019a; 2019b; Evnin 2020]. The authors are grateful
for the anonymous referees, for their valuable comments that greatly improved the exposition.

Xing Cheng has been supported by the NSF of Jiangsu Province (grant no. BK20221497), the NSF grant
of China (grant U2340221), and NSF of Jiangsu Province (grant no. BK20230036). The corresponding
author Chang-Yu Guo is supported by the Young Scientist Program of the Ministry of Science and
Technology of China (no. 2021 YFA1002200), the NSF of China (no. 12101362 and 12311530037), the
Taishan Scholar Project and the NSF of Shandong Province (no. ZR2022YQO01). Zihua Guo was supported
by the ARC project (no. DP200101065). Xian Liao is funded by the Deutsche Forschungsgemeinschaft
(DFG, German Research Foundation) Project-ID 258734477 -SFB 1173. Jia Shen is partially supported
by NSFC 12171356.

References
[Antonelli et al. 2015] P. Antonelli, R. Carles, and J. D. Silva, “Scattering for nonlinear Schrodinger equation under partial
harmonic confinement”, Comm. Math. Phys. 334:1 (2015), 367-396. MR Zbl

[Ardila and Carles 2021] A. H. Ardila and R. Carles, “Global dynamics below the ground states for NLS under partial harmonic
confinement”, Commun. Math. Sci. 19:4 (2021), 993-1032. MR Zbl


https://doi.org/10.1007/s00220-014-2166-y
https://doi.org/10.1007/s00220-014-2166-y
http://msp.org/idx/mr/3304280
http://msp.org/idx/zbl/1309.35124
https://doi.org/10.4310/CMS.2021.v19.n4.a6
https://doi.org/10.4310/CMS.2021.v19.n4.a6
http://msp.org/idx/mr/4278941
http://msp.org/idx/zbl/1475.35309

3442 XING CHENG, CHANG-YU GUO, ZIHUA GUO, XIAN LIAO AND JIA SHEN

[Barron 2021] A. Barron, “On global-in-time Strichartz estimates for the semiperiodic Schrodinger equation”, Anal. PDE 14:4
(2021), 1125-1152. MR Zbl

[Bégout and Vargas 2007] P. Bégout and A. Vargas, “Mass concentration phenomena for the L2-critical nonlinear Schrodinger
equation”, Trans. Amer. Math. Soc. 359:11 (2007), 5257-5282. MR Zbl

[Bellazzini et al. 2017] J. Bellazzini, N. Boussaid, L. Jeanjean, and N. Visciglia, “Existence and stability of standing waves for
supercritical NLS with a partial confinement”, Comm. Math. Phys. 353:1 (2017), 229-251. MR Zbl

[Biasi et al. 2018] A. Biasi, P. Bizoi, B. Craps, and O. Evnin, “Two infinite families of resonant solutions for the Gross—Pitaevskii
equation”, Phys. Rev. E 98:3 (2018), art.id. 032222. MR

[Biasi et al. 2019a] A. Biasi, P. Bizon, and O. Evnin, “Complex plane representations and stationary states in cubic and quintic
resonant systems”, J. Phys. A 52:43 (2019), art. id. 435201. MR Zbl
[Biasi et al. 2019b] A. Biasi, P. Bizon, and O. Evnin, “Solvable cubic resonant systems”, Comm. Math. Phys. 369:2 (2019),
433-456. MR Zbl
[Bourgain 1998] J. Bourgain, “Refinements of Strichartz’ inequality and applications to 2D-NLS with critical nonlinearity”, Int.
Math. Res. Not. 1998:5 (1998), 253-283. MR Zbl
[Buckmaster et al. 2019] T. Buckmaster, P. Germain, Z. Hani, and J. Shatah, “Analysis of (CR) in higher dimension”, Int. Math.
Res. Not. 2019:4 (2019), 1265-1280. MR Zbl

[Candy 2019] T. Candy, “Multi-scale bilinear restriction estimates for general phases”, Math. Ann. 375:1-2 (2019), 777-843.
MR Zbl

[Cao et al. 2022] D. Cao, B. Feng, and T. Luo, “On the standing waves for the X-ray free electron laser Schrodinger equation”,
Discrete Contin. Dyn. Syst. 42:12 (2022), 6097-6137. MR Zbl

[Carles 2002a] R. Carles, “Critical nonlinear Schrodinger equations with and without harmonic potential”’, Math. Models
Methods Appl. Sci. 12:10 (2002), 1513-1523. MR Zbl

[Carles 2002b] R. Carles, “Remarks on nonlinear Schrodinger equations with harmonic potential”, Ann. Henri Poincaré 3:4
(2002), 757-772. MR Zbl

[Carles 2003] R. Carles, “Nonlinear Schrodinger equations with repulsive harmonic potential and applications”, SIAM J. Math.
Anal. 35:4 (2003), 823-843. MR Zbl

[Carles 2008] R. Carles, Semi-classical analysis for nonlinear Schrodinger equations, World Sci., Hackensack, NJ, 2008. MR
Zbl

[Carles 2011] R. Carles, “Nonlinear Schrodinger equation with time dependent potential”, Commun. Math. Sci. 9:4 (2011),
937-964. MR Zbl

[Carles and Gallo 2015] R. Carles and C. Gallo, “Scattering for the nonlinear Schrodinger equation with a general one-
dimensional confinement”, J. Math. Phys. 56:10 (2015), art.id. 101503. MR Zbl

[Carles and Keraani 2007] R. Carles and S. Keraani, “On the role of quadratic oscillations in nonlinear Schrédinger equations, II:
The L2-critical case”, Trans. Amer. Math. Soc. 359:1 (2007), 33-62. MR Zbl

[Cazenave 2003] T. Cazenave, Semilinear Schridinger equations, Courant Lecture Notes in Math. 10, Amer. Math. Soc.,
Providence, RI, 2003. MR Zbl

[Cheng et al. 2020a] X. Cheng, Z. Guo, K. Yang, and L. Zhao, “On scattering for the cubic defocusing nonlinear Schrodinger
equation on the waveguide R? x T”, Rev. Mat. Iberoam. 36:4 (2020), 985-1011. MR Zbl

[Cheng et al. 2020b] X. Cheng, Z. Guo, and Z. Zhao, “On scattering for the defocusing quintic nonlinear Schrodinger equation
on the two-dimensional cylinder”, SIAM J. Math. Anal. 52:5 (2020), 4185-4237. MR Zbl

[Colliander et al. 2004] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao, “Global existence and scattering for rough
solutions of a nonlinear Schrodinger equation on R3”, Comm. Pure Appl. Math. 57:8 (2004), 987-1014. MR Zbl

[Colliander et al. 2008] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao, “Global well-posedness and scattering for
the energy-critical nonlinear Schrédinger equation in R3”, Ann. of Math. (2) 167:3 (2008), 767-865. MR Zbl

[Colliander et al. 2009] J. Colliander, M. Grillakis, and N. Tzirakis, “Tensor products and correlation estimates with applications
to nonlinear Schrodinger equations”, Comm. Pure Appl. Math. 62:7 (2009), 920-968. MR Zbl


https://doi.org/10.2140/apde.2021.14.1125
http://msp.org/idx/mr/4283691
http://msp.org/idx/zbl/1476.35227
https://doi.org/10.1090/S0002-9947-07-04250-X
https://doi.org/10.1090/S0002-9947-07-04250-X
http://msp.org/idx/mr/2327030
http://msp.org/idx/zbl/1171.35109
https://doi.org/10.1007/s00220-017-2866-1
https://doi.org/10.1007/s00220-017-2866-1
http://msp.org/idx/mr/3638314
http://msp.org/idx/zbl/1367.35150
https://doi.org/10.1103/physreve.98.032222
https://doi.org/10.1103/physreve.98.032222
http://msp.org/idx/mr/3863860
https://doi.org/10.1088/1751-8121/ab4406
https://doi.org/10.1088/1751-8121/ab4406
http://msp.org/idx/mr/4024907
http://msp.org/idx/zbl/1509.35256
https://doi.org/10.1007/s00220-019-03365-z
http://msp.org/idx/mr/3962002
http://msp.org/idx/zbl/1429.83009
https://doi.org/10.1155/S1073792898000191
http://msp.org/idx/mr/1616917
http://msp.org/idx/zbl/0917.35126
https://doi.org/10.1093/imrn/rnx156
http://msp.org/idx/mr/3915301
http://msp.org/idx/zbl/1431.35165
https://doi.org/10.1007/s00208-019-01841-4
http://msp.org/idx/mr/4000257
http://msp.org/idx/zbl/1423.35050
https://doi.org/10.3934/dcds.2022139
http://msp.org/idx/mr/4509336
http://msp.org/idx/zbl/1505.35178
https://doi.org/10.1142/S0218202502002215
http://msp.org/idx/mr/1933935
http://msp.org/idx/zbl/1029.35208
https://doi.org/10.1007/s00023-002-8635-4
http://msp.org/idx/mr/1933369
http://msp.org/idx/zbl/1021.81013
https://doi.org/10.1137/S0036141002416936
http://msp.org/idx/mr/2049023
http://msp.org/idx/zbl/1054.35090
https://doi.org/10.1142/9789812793133
http://msp.org/idx/mr/2406566
http://msp.org/idx/zbl/1153.35070
https://doi.org/10.4310/CMS.2011.v9.n4.a1
http://msp.org/idx/mr/2901811
http://msp.org/idx/zbl/1285.35105
https://doi.org/10.1063/1.4932604
https://doi.org/10.1063/1.4932604
http://msp.org/idx/mr/3406426
http://msp.org/idx/zbl/1328.35207
https://doi.org/10.1090/S0002-9947-06-03955-9
https://doi.org/10.1090/S0002-9947-06-03955-9
http://msp.org/idx/mr/2247881
http://msp.org/idx/zbl/1115.35119
https://doi.org/10.1090/cln/010
http://msp.org/idx/mr/2002047
http://msp.org/idx/zbl/1055.35003
https://doi.org/10.4171/rmi/1155
https://doi.org/10.4171/rmi/1155
http://msp.org/idx/mr/4130825
http://msp.org/idx/zbl/1462.35349
https://doi.org/10.1137/19M1270586
https://doi.org/10.1137/19M1270586
http://msp.org/idx/mr/4147586
http://msp.org/idx/zbl/1448.35464
https://doi.org/10.1002/cpa.20029
https://doi.org/10.1002/cpa.20029
http://msp.org/idx/mr/2053757
http://msp.org/idx/zbl/1060.35131
https://doi.org/10.4007/annals.2008.167.767
https://doi.org/10.4007/annals.2008.167.767
http://msp.org/idx/mr/2415387
http://msp.org/idx/zbl/1178.35345
https://doi.org/10.1002/cpa.20278
https://doi.org/10.1002/cpa.20278
http://msp.org/idx/mr/2527809
http://msp.org/idx/zbl/1185.35250

SCATTERING OF THE THREE-DIMENSIONAL CUBIC NONLINEAR SCHRODINGER EQUATION 3443

[Colliander et al. 2010] J. Colliander, M. Keel, G. Staffilani, H. Takaoka, and T. Tao, “Transfer of energy to high frequencies in
the cubic defocusing nonlinear Schrodinger equation”, Invent. Math. 181:1 (2010), 39-113. MR Zbl

[Constantin and Saut 1988] P. Constantin and J.-C. Saut, “Local smoothing properties of dispersive equations”, J. Amer. Math.
Soc. 1:2 (1988), 413—439. MR Zbl

[Dartois et al. 2020] S. Dartois, O. Evnin, L. Lionni, V. Rivasseau, and G. Valette, “Melonic turbulence”, Comm. Math. Phys.
374:2 (2020), 1179-1228. MR Zbl

[Dodson 2012] B. Dodson, “Global well-posedness and scattering for the defocusing, L2-critical nonlinear Schrédinger equation
when d > 37, J. Amer. Math. Soc. 25:2 (2012), 429-463. MR Zbl

[Dodson 2015] B. Dodson, “Global well-posedness and scattering for the mass critical nonlinear Schrodinger equation with
mass below the mass of the ground state”, Adv. Math. 285 (2015), 1589-1618. MR Zbl

[Dodson 2016a] B. Dodson, “Global well-posedness and scattering for the defocusing, L? critical, nonlinear Schridinger
equation when d = 17, Amer. J. Math. 138:2 (2016), 531-569. MR Zbl

[Dodson 2016b] B. Dodson, “Global well-posedness and scattering for the defocusing, L2-critical, nonlinear Schrédinger
equation when d = 27, Duke Math. J. 165:18 (2016), 3435-3516. MR Zbl

[Dodson 2019] B. Dodson, “Global well-posedness and scattering for the focusing, cubic Schrodinger equation in dimension
d =47, Ann. Sci. Ecole Norm. Sup. (4) 52:1 (2019), 139-180. MR Zbl

[Dodson and Lawrie 2015] B. Dodson and A. Lawrie, “Scattering for the radial 3D cubic wave equation”, Anal. PDE 8:2 (2015),
467-497. MR Zbl

[Dodson et al. 2017] B. Dodson, C. Miao, J. Murphy, and J. Zheng, “The defocusing quintic NLS in four space dimensions”,
Ann. Inst. H. Poincaré C Anal. Non Linéaire 34:3 (2017), 759-787. MR Zbl

[Dodson et al. 2020] B. Dodson, A. Lawrie, D. Mendelson, and J. Murphy, “Scattering for defocusing energy subcritical
nonlinear wave equations”, Anal. PDE 13:7 (2020), 1995-2090. MR Zbl

[Evnin 2020] O. Evnin, “Breathing modes, quartic nonlinearities and effective resonant systems”, SIGMA Symmetry Integrability
Geom. Methods Appl. 16 (2020), art.id. 034. MR Zbl

[Faou et al. 2016] E. Faou, P. Germain, and Z. Hani, “The weakly nonlinear large-box limit of the 2D cubic nonlinear Schrodinger
equation”, J. Amer. Math. Soc. 29:4 (2016), 915-982. MR Zbl

[Fennell 2019] J. Fennell, “Resonant Hamiltonian systems associated to the one-dimensional nonlinear Schrédinger equation
with harmonic trapping”, Comm. Partial Differential Equations 44:12 (2019), 1299-1344. MR Zbl

[Fukuizumi and Ohta 2003] R. Fukuizumi and M. Ohta, “Instability of standing waves for nonlinear Schrodinger equations with
potentials”, Differential Integral Equations 16:6 (2003), 691-706. MR Zbl

[Gérard et al. 2019] P. Gérard, P. Germain, and L. Thomann, “On the cubic lowest Landau level equation”, Arch. Ration. Mech.
Anal. 231:2 (2019), 1073-1128. MR Zbl

[Germain and Thomann 2016] P. Germain and L. Thomann, “On the high frequency limit of the LLL equation”, Quart. Appl.
Math. 74:4 (2016), 633-641. MR Zbl

[Germain et al. 2012] P. Germain, N. Masmoudi, and J. Shatah, “Global solutions for 2D quadratic Schrédinger equations”,
J. Math. Pures Appl. (9) 97:5 (2012), 505-543. MR Zbl

[Germain et al. 2015] P. Germain, Z. Hani, and L. Thomann, “On the continuous resonant equation for NLS, II: Statistical
study”, Anal. PDE 8:7 (2015), 1733-1756. MR Zbl

[Germain et al. 2016] P. Germain, Z. Hani, and L. Thomann, “On the continuous resonant equation for NLS, I: Deterministic
analysis”, J. Math. Pures Appl. (9) 105:1 (2016), 131-163. MR Zbl

[Hadac et al. 2009] M. Hadac, S. Herr, and H. Koch, “Well-posedness and scattering for the KP-II equation in a critical space”,
Ann. Inst. H. Poincaré C Anal. Non Linéaire 26:3 (2009), 917-941. MR Zbl

[Hani and Pausader 2014] Z. Hani and B. Pausader, “On scattering for the quintic defocusing nonlinear Schrédinger equation on
R x T2”, Comm. Pure Appl. Math. 67:9 (2014), 1466-1542. MR Zbl

[Hani and Thomann 2016] Z. Hani and L. Thomann, “Asymptotic behavior of the nonlinear Schrodinger equation with harmonic
trapping”, Comm. Pure Appl. Math. 69:9 (2016), 1727-1776. MR Zbl


https://doi.org/10.1007/s00222-010-0242-2
https://doi.org/10.1007/s00222-010-0242-2
http://msp.org/idx/mr/2651381
http://msp.org/idx/zbl/1197.35265
https://doi.org/10.2307/1990923
http://msp.org/idx/mr/928265
http://msp.org/idx/zbl/0667.35061
https://doi.org/10.1007/s00220-020-03683-7
http://msp.org/idx/mr/4072238
http://msp.org/idx/zbl/1436.81095
https://doi.org/10.1090/S0894-0347-2011-00727-3
https://doi.org/10.1090/S0894-0347-2011-00727-3
http://msp.org/idx/mr/2869023
http://msp.org/idx/zbl/1236.35163
https://doi.org/10.1016/j.aim.2015.04.030
https://doi.org/10.1016/j.aim.2015.04.030
http://msp.org/idx/mr/3406535
http://msp.org/idx/zbl/1331.35316
https://doi.org/10.1353/ajm.2016.0016
https://doi.org/10.1353/ajm.2016.0016
http://msp.org/idx/mr/3483476
http://msp.org/idx/zbl/1361.35164
https://doi.org/10.1215/00127094-3673888
https://doi.org/10.1215/00127094-3673888
http://msp.org/idx/mr/3577369
http://msp.org/idx/zbl/1361.35164
https://doi.org/10.24033/asens.2385
https://doi.org/10.24033/asens.2385
http://msp.org/idx/mr/3940908
http://msp.org/idx/zbl/1421.35333
https://doi.org/10.2140/apde.2015.8.467
http://msp.org/idx/mr/3345634
http://msp.org/idx/zbl/1329.35206
https://doi.org/10.1016/j.anihpc.2016.05.004
http://msp.org/idx/mr/3633744
http://msp.org/idx/zbl/1367.35154
https://doi.org/10.2140/apde.2020.13.1995
https://doi.org/10.2140/apde.2020.13.1995
http://msp.org/idx/mr/4175819
http://msp.org/idx/zbl/1459.35290
https://doi.org/10.3842/SIGMA.2020.034
http://msp.org/idx/mr/4090357
http://msp.org/idx/zbl/1464.37064
https://doi.org/10.1090/jams/845
https://doi.org/10.1090/jams/845
http://msp.org/idx/mr/3522607
http://msp.org/idx/zbl/1364.35332
https://doi.org/10.1080/03605302.2019.1634725
https://doi.org/10.1080/03605302.2019.1634725
http://msp.org/idx/mr/4000839
http://msp.org/idx/zbl/1428.35508
https://doi.org/10.57262/die/1356060607
https://doi.org/10.57262/die/1356060607
http://msp.org/idx/mr/1973275
http://msp.org/idx/zbl/1031.35131
https://doi.org/10.1007/s00205-018-1295-4
http://msp.org/idx/mr/3900820
http://msp.org/idx/zbl/1412.82034
https://doi.org/10.1090/qam/1435
http://msp.org/idx/mr/3539025
http://msp.org/idx/zbl/1348.37100
https://doi.org/10.1016/j.matpur.2011.09.008
http://msp.org/idx/mr/2914945
http://msp.org/idx/zbl/1244.35134
https://doi.org/10.2140/apde.2015.8.1733
https://doi.org/10.2140/apde.2015.8.1733
http://msp.org/idx/mr/3399137
http://msp.org/idx/zbl/1326.35344
https://doi.org/10.1016/j.matpur.2015.10.002
https://doi.org/10.1016/j.matpur.2015.10.002
http://msp.org/idx/mr/3427942
http://msp.org/idx/zbl/1344.35133
https://doi.org/10.1016/j.anihpc.2008.04.002
http://msp.org/idx/mr/2526409
http://msp.org/idx/zbl/1169.35372
https://doi.org/10.1002/cpa.21481
https://doi.org/10.1002/cpa.21481
http://msp.org/idx/mr/3245101
http://msp.org/idx/zbl/1312.35159
https://doi.org/10.1002/cpa.21594
https://doi.org/10.1002/cpa.21594
http://msp.org/idx/mr/3530362
http://msp.org/idx/zbl/1365.35153

3444 XING CHENG, CHANG-YU GUO, ZIHUA GUO, XIAN LIAO AND JIA SHEN

[Hani et al. 2015] Z. Hani, B. Pausader, N. Tzvetkov, and N. Visciglia, “Modified scattering for the cubic Schrodinger equation
on product spaces and applications”, Forum Math. Pi 3 (2015), art.id.e4. MR Zbl

[Hao et al. 2007] C. Hao, L. Hsiao, and H.-L. Li, “Global well posedness for the Gross—Pitaevskii equation with an angular
momentum rotational term in three dimensions”, J. Math. Phys. 48:10 (2007), art. id. 102105. MR Zbl

[Hao et al. 2008] C. Hao, L. Hsiao, and H.-L. Li, “Global well posedness for the Gross—Pitaevskii equation with an angular
momentum rotational term”, Math. Methods Appl. Sci. 31:6 (2008), 655-664. MR Zbl

[Helffer 1988] B. Helffer, Semi-classical analysis for the Schrodinger operator and applications, Lecture Notes in Math. 1336,
Springer, 1988. MR Zbl

[Ibrahim et al. 2011] S. Ibrahim, N. Masmoudi, and K. Nakanishi, “Scattering threshold for the focusing nonlinear Klein—-Gordon
equation”, Anal. PDE 4:3 (2011), 405-460. MR Zbl

[Ionescu and Pausader 2012] A. D. Ionescu and B. Pausader, “Global well-posedness of the energy-critical defocusing NLS on
R x T3, Comm. Math. Phys. 312:3 (2012), 781-831. MR Zbl

[Jao 2016] C. Jao, “The energy-critical quantum harmonic oscillator”, Comm. Partial Differential Equations 41:1 (2016), 79-133.
MR Zbl

[Jao 2018] C. Jao, “Energy-critical NLS with potentials of quadratic growth”, Discrete Contin. Dyn. Syst. 38:2 (2018), 563-587.
MR Zbl

[Jao 2020] C. Jao, “Refined mass-critical Strichartz estimates for Schrodinger operators”, Anal. PDE 13:7 (2020), 1955-1994.
MR Zbl

[Jao et al. 2019] C. Jao, R. Killip, and M. Visan, “Mass-critical inverse Strichartz theorems for 1d Schrodinger operators”, Rev.
Mat. Iberoam. 35:3 (2019), 703-730. MR Zbl

[Josserand and Pomeau 2001] C. Josserand and Y. Pomeau, “Nonlinear aspects of the theory of Bose—Einstein condensates”,
Nonlinearity 14:5 (2001), R25-R62. MR Zbl

[Keel and Tao 1998] M. Keel and T. Tao, “Endpoint Strichartz estimates”, Amer. J. Math. 120:5 (1998), 955-980. MR Zbl

[Kenig and Merle 2006] C. E. Kenig and F. Merle, “Global well-posedness, scattering and blow-up for the energy-critical,
focusing, non-linear Schrédinger equation in the radial case”, Invent. Math. 166:3 (2006), 645-675. MR Zbl

[Kenig and Merle 2008] C. E. Kenig and F. Merle, “Global well-posedness, scattering and blow-up for the energy-critical
focusing non-linear wave equation”, Acta Math. 201:2 (2008), 147-212. MR Zbl

[Killip and Visan 2012] R. Killip and M. Visan, “Global well-posedness and scattering for the defocusing quintic NLS in three
dimensions”, Anal. PDE 5:4 (2012), 855-885. MR Zbl

[Killip and Visan 2013] R. Killip and M. Visan, “Nonlinear Schrodinger equations at critical regularity”, pp. 325-437 in
Evolution equations (Ziirich, 2008), edited by D. Ellwood et al., Clay Math. Proc. 17, Amer. Math. Soc., Providence, RI, 2013.
MR Zbl

[Killip et al. 2008] R. Killip, M. Visan, and X. Zhang, “The mass-critical nonlinear Schrodinger equation with radial data in
dimensions three and higher”, Anal. PDE 1:2 (2008), 229-266. MR Zbl

[Killip et al. 2009a] R. Killip, T. Tao, and M. Visan, “The cubic nonlinear Schrodinger equation in two dimensions with radial
data”, J. Eur. Math. Soc. 11:6 (2009), 1203-1258. MR Zbl

[Killip et al. 2009b] R. Killip, M. Visan, and X. Zhang, “Energy-critical NLS with quadratic potentials”, Comm. Partial
Differential Equations 34:10-12 (2009), 1531-1565. MR Zbl

[Koch and Tataru 2005a] H. Koch and D. Tataru, “Dispersive estimates for principally normal pseudodifferential operators”,
Comm. Pure Appl. Math. 58:2 (2005), 217-284. MR Zbl

[Koch and Tataru 2005b] H. Koch and D. Tataru, “L? eigenfunction bounds for the Hermite operator”, Duke Math. J. 128:2
(2005), 369-392. MR Zbl

[Koch and Tataru 2007] H. Koch and D. Tataru, “A priori bounds for the 1D cubic NLS in negative Sobolev spaces”, Int. Math.
Res. Not. 2007:16 (2007), art. id. rnm053. MR Zbl

[Koch et al. 2014] H. Koch, D. Tataru, and M. Visan, Dispersive equations and nonlinear waves: generalized Korteweg—de Vries,
nonlinear Schrodinger, wave and Schrodinger maps, Oberwolfach Sem. 45, Birkhéuser, Basel, 2014. MR Zbl


https://doi.org/10.1017/fmp.2015.5
https://doi.org/10.1017/fmp.2015.5
http://msp.org/idx/mr/3406826
http://msp.org/idx/zbl/1326.35348
https://doi.org/10.1063/1.2795218
https://doi.org/10.1063/1.2795218
http://msp.org/idx/mr/2362770
http://msp.org/idx/zbl/1152.81463
https://doi.org/10.1002/mma.931
https://doi.org/10.1002/mma.931
http://msp.org/idx/mr/2400070
http://msp.org/idx/zbl/1132.35476
https://doi.org/10.1007/BFb0078115
http://msp.org/idx/mr/960278
http://msp.org/idx/zbl/0647.35002
https://doi.org/10.2140/apde.2011.4.405
https://doi.org/10.2140/apde.2011.4.405
http://msp.org/idx/mr/2872122
http://msp.org/idx/zbl/1270.35132
https://doi.org/10.1007/s00220-012-1474-3
https://doi.org/10.1007/s00220-012-1474-3
http://msp.org/idx/mr/2925134
http://msp.org/idx/zbl/1253.35159
https://doi.org/10.1080/03605302.2015.1095767
http://msp.org/idx/mr/3439464
http://msp.org/idx/zbl/1342.35340
https://doi.org/10.3934/dcds.2018025
http://msp.org/idx/mr/3721867
http://msp.org/idx/zbl/1374.35380
https://doi.org/10.2140/apde.2020.13.1955
http://msp.org/idx/mr/4175818
http://msp.org/idx/zbl/1462.35320
https://doi.org/10.4171/rmi/1067
http://msp.org/idx/mr/3960256
http://msp.org/idx/zbl/1420.35361
https://doi.org/10.1088/0951-7715/14/5/201
http://msp.org/idx/mr/1862803
http://msp.org/idx/zbl/1037.82031
https://doi.org/10.1353/ajm.1998.0039
http://msp.org/idx/mr/1646048
http://msp.org/idx/zbl/0922.35028
https://doi.org/10.1007/s00222-006-0011-4
https://doi.org/10.1007/s00222-006-0011-4
http://msp.org/idx/mr/2257393
http://msp.org/idx/zbl/1115.35125
https://doi.org/10.1007/s11511-008-0031-6
https://doi.org/10.1007/s11511-008-0031-6
http://msp.org/idx/mr/2461508
http://msp.org/idx/zbl/1183.35202
https://doi.org/10.2140/apde.2012.5.855
https://doi.org/10.2140/apde.2012.5.855
http://msp.org/idx/mr/3006644
http://msp.org/idx/zbl/1264.35219
https://www.math.ucla.edu/~visan/ClayLectureNotes.pdf
http://msp.org/idx/mr/3098643
http://msp.org/idx/zbl/1298.35195
https://doi.org/10.2140/apde.2008.1.229
https://doi.org/10.2140/apde.2008.1.229
http://msp.org/idx/mr/2472890
http://msp.org/idx/zbl/1171.35111
https://doi.org/10.4171/JEMS/180
https://doi.org/10.4171/JEMS/180
http://msp.org/idx/mr/2557134
http://msp.org/idx/zbl/1187.35237
https://doi.org/10.1080/03605300903328109
http://msp.org/idx/mr/2581982
http://msp.org/idx/zbl/1188.33015
https://doi.org/10.1002/cpa.20067
http://msp.org/idx/mr/2094851
http://msp.org/idx/zbl/1078.35143
https://doi.org/10.1215/S0012-7094-04-12825-8
http://msp.org/idx/mr/2140267
http://msp.org/idx/zbl/1075.35020
https://doi.org/10.1093/imrn/rnm053
http://msp.org/idx/mr/2353092
http://msp.org/idx/zbl/1169.35055
https://doi.org/10.1007/978-3-0348-0736-4
https://doi.org/10.1007/978-3-0348-0736-4
http://msp.org/idx/mr/3618884
http://msp.org/idx/zbl/1304.35003

SCATTERING OF THE THREE-DIMENSIONAL CUBIC NONLINEAR SCHRODINGER EQUATION 3445

[Lieb and Loss 1997] E. H. Lieb and M. Loss, Analysis, Grad. Stud. in Math. 14, Amer. Math. Soc., Providence, RI, 1997. MR
Zbl

[Lin and Strauss 1978] J. E. Lin and W. A. Strauss, “Decay and scattering of solutions of a nonlinear Schrodinger equation”,
J. Funct. Anal. 30:2 (1978), 245-263. MR Zbl

[Merle and Vega 1998] F. Merle and L. Vega, “Compactness at blow-up time for L2 solutions of the critical nonlinear Schrédinger
equation in 2D”, Int. Math. Res. Not. 1998:8 (1998), 399-425. MR Zbl

[Morawetz 1968] C. S. Morawetz, “Time decay for the nonlinear Klein—-Gordon equation”, Proc. A 306 (1968), 291-296. MR
Zbl

[Murphy 2014] J. Murphy, “Intercritical NLS: critical H*-bounds imply scattering”, SIAM J. Math. Anal. 46:1 (2014), 939-997.
MR Zbl

[Pitaevskii and Stringari 2003] L. Pitaevskii and S. Stringari, Bose—Einstein condensation, Int. Ser. Monogr. Phys. 116, Oxford
Univ. Press, 2003. MR Zbl

[Planchon and Vega 2009] F. Planchon and L. Vega, “Bilinear virial identities and applications”, Ann. Sci. Ecole Norm. Sup. (4)
42:2 (2009), 261-290. MR Zbl

[Rosenzweig 2018] M. Rosenzweig, “Global well-posedness and scattering for the elliptic-elliptic Davey—Stewartson system at
L?-critical regularity”, preprint, 2018. arXiv 1808.01955

[Shen and Wu 2020] J. Shen and Y. Wu, “Global well-posedness and scattering of 3D defocusing, cubic Schrodinger equation”,
preprint, 2020. arXiv 2008.10019

[Staffilani 2013] G. Staffilani, “The theory of nonlinear Schrodinger equations”, pp. 207-267 in Evolution equations (Ziirich,
2008), edited by D. Ellwood et al., Clay Math. Proc. 17, Amer. Math. Soc., Providence, RI, 2013. MR Zbl

[Stanislavova and Stefanov 2021] M. Stanislavova and A. G. Stefanov, “Ground states for the nonlinear Schrodinger equation
under a general trapping potential”, J. Evol. Equ. 21:1 (2021), 671-697. MR Zbl

[Tao 2006] T. Tao, Nonlinear dispersive equations: local and global analysis, CBMS Reg. Conf. Ser. Math. 106, Amer. Math.
Soc., Providence, RI, 2006. MR Zbl

[Tao et al. 2007a] T. Tao, M. Visan, and X. Zhang, “Global well-posedness and scattering for the defocusing mass-critical
nonlinear Schrodinger equation for radial data in high dimensions”, Duke Math. J. 140:1 (2007), 165-202. MR Zbl

[Tao et al. 2007b] T. Tao, M. Visan, and X. Zhang, “The nonlinear Schrodinger equation with combined power-type nonlineari-
ties”, Comm. Partial Differential Equations 32:7-9 (2007), 1281-1343. MR Zbl

[Tao et al. 2008] T. Tao, M. Visan, and X. Zhang, “Minimal-mass blowup solutions of the mass-critical NLS”, Forum Math.
20:5 (2008), 881-919. MR Zbl

[Tarulli 2017] M. Tarulli, “Well-posedness and scattering for the mass-energy NLS on R” x .# k> Analysis (Berlin) 37:3 (2017),
117-131. MR Zbl

[Tzvetkov and Visciglia 2012] N. Tzvetkov and N. Visciglia, “Small data scattering for the nonlinear Schrodinger equation on
product spaces”, Comm. Partial Differential Equations 37:1 (2012), 125-135. MR Zbl

[Vega 1988] L. Vega, “Schrodinger equations: pointwise convergence to the initial data”, Proc. Amer. Math. Soc. 102:4 (1988),
874-878. MR Zbl

[Visan 2012] M. Visan, “Global well-posedness and scattering for the defocusing cubic nonlinear Schrodinger equation in four
dimensions”, Int. Math. Res. Not. 2012:5 (2012), 1037-1067. MR Zbl

[Yajima and Zhang 2004] K. Yajima and G. Zhang, “Local smoothing property and Strichartz inequality for Schrédinger
equations with potentials superquadratic at infinity”, J. Differential Equations 202:1 (2004), 81-110. MR Zbl

[Yang and Zhao 2018] K. Yang and L. Zhao, “Global well-posedness and scattering for mass-critical, defocusing, infinite
dimensional vector-valued resonant nonlinear Schrodinger system”, SIAM J. Math. Anal. 50:2 (2018), 1593-1655. MR Zbl

[Zhang 2005] J. Zhang, “Sharp threshold for blowup and global existence in nonlinear Schrédinger equations under a harmonic
potential”’, Comm. Partial Differential Equations 30:10-12 (2005), 1429-1443. MR Zbl

[Zhang 2020] J. Zhang, “Sharp threshold of global existence for nonlinear Schrédinger equation with partial confinement”,
Nonlinear Anal. 196 (2020), art.id. 111832. MR Zbl


https://doi.org/10.1090/gsm/014
http://msp.org/idx/mr/1415616
http://msp.org/idx/zbl/0873.26002
https://doi.org/10.1016/0022-1236(78)90073-3
http://msp.org/idx/mr/515228
http://msp.org/idx/zbl/0395.35070
https://doi.org/10.1155/S1073792898000270
https://doi.org/10.1155/S1073792898000270
http://msp.org/idx/mr/1628235
http://msp.org/idx/zbl/0913.35126
https://doi.org/10.1098/rspa.1968.0151
http://msp.org/idx/mr/234136
http://msp.org/idx/zbl/0157.41502
https://doi.org/10.1137/120898280
http://msp.org/idx/mr/3166962
http://msp.org/idx/zbl/1293.35302
http://msp.org/idx/mr/2012737
http://msp.org/idx/zbl/1110.82002
https://doi.org/10.24033/asens.2096
http://msp.org/idx/mr/2518079
http://msp.org/idx/zbl/1192.35166
http://msp.org/idx/arx/1808.01955
http://msp.org/idx/arx/2008.10019
https://tinyurl.com/theorynonlinear
http://msp.org/idx/mr/3098641
http://msp.org/idx/zbl/1298.35204
https://doi.org/10.1007/s00028-020-00596-9
https://doi.org/10.1007/s00028-020-00596-9
http://msp.org/idx/mr/4238220
http://msp.org/idx/zbl/1464.35331
https://doi.org/10.1090/cbms/106
http://msp.org/idx/mr/2233925
http://msp.org/idx/zbl/1106.35001
https://doi.org/10.1215/S0012-7094-07-14015-8
https://doi.org/10.1215/S0012-7094-07-14015-8
http://msp.org/idx/mr/2355070
http://msp.org/idx/zbl/1187.35246
https://doi.org/10.1080/03605300701588805
https://doi.org/10.1080/03605300701588805
http://msp.org/idx/mr/2354495
http://msp.org/idx/zbl/1187.35245
https://doi.org/10.1515/FORUM.2008.042
http://msp.org/idx/mr/2445122
http://msp.org/idx/zbl/1154.35085
https://doi.org/10.1515/anly-2016-0013
http://msp.org/idx/mr/3682639
http://msp.org/idx/zbl/1368.35081
https://doi.org/10.1080/03605302.2011.574306
https://doi.org/10.1080/03605302.2011.574306
http://msp.org/idx/mr/2864809
http://msp.org/idx/zbl/1247.35004
https://doi.org/10.2307/2047326
http://msp.org/idx/mr/934859
http://msp.org/idx/zbl/0654.42014
https://doi.org/10.1093/imrn/rnr051
https://doi.org/10.1093/imrn/rnr051
http://msp.org/idx/mr/2899959
http://msp.org/idx/zbl/1234.35256
https://doi.org/10.1016/j.jde.2004.03.027
https://doi.org/10.1016/j.jde.2004.03.027
http://msp.org/idx/mr/2060533
http://msp.org/idx/zbl/1060.35121
https://doi.org/10.1137/17M1131830
https://doi.org/10.1137/17M1131830
http://msp.org/idx/mr/3775133
http://msp.org/idx/zbl/1428.35541
https://doi.org/10.1080/03605300500299539
https://doi.org/10.1080/03605300500299539
http://msp.org/idx/mr/2182299
http://msp.org/idx/zbl/1081.35109
https://doi.org/10.1016/j.na.2020.111832
http://msp.org/idx/mr/4074629
http://msp.org/idx/zbl/1437.35644

3446 XING CHENG, CHANG-YU GUO, ZIHUA GUO, XIAN LIAO AND JIA SHEN

[Zhao 2019] Z. Zhao, “Global well-posedness and scattering for the defocusing cubic Schrodinger equation on waveguide
R2 x T2”, J. Hyperbolic Differ. Equ. 16:1 (2019), 73-129. MR Zbl

Received 12 Apr 2021. Revised 20 Jul 2022. Accepted 31 Aug 2023.

XING CHENG: chengx@hhu.edu.cn
School of Mathematics, Hohai University, Nanjing, China

CHANG-YU GUO: changyu.guo@sdu.edu.cn

Research Center for Mathematics and Interdisciplinary Sciences, Shandong University, Qingdao, China
and

Department of Physics and Mathematics, University of Eastern Finland, Joensuu, Finland

ZIHUA GUO: zihua.guo@monash.edu
School of Mathematics, Monash University, Clayton, VIC, Australia

XIAN LIAO: xian.liao@kit.edu
Institute for Analysis, Karlsruhe Institute of Technology, Karlsruhe, Germany

JIA SHEN: shenjia@nankai.edu.cn
School of Mathematical Sciences and LPMC, Nankai University, Tianjin, China

mathematical sciences publishers :.msp


https://doi.org/10.1142/S0219891619500048
https://doi.org/10.1142/S0219891619500048
http://msp.org/idx/mr/3954678
http://msp.org/idx/zbl/1428.35548
mailto:chengx@hhu.edu.cn
mailto:changyu.guo@sdu.edu.cn
mailto:zihua.guo@monash.edu
mailto:xian.liao@kit.edu
mailto:shenjia@nankai.edu.cn
http://msp.org

ANALYSIS AND PDE
Vol. 17 (2024), No. 10, pp. 3447-3476

DOI: 10.2140/apde.2024.17.3447

ON GAGLIARDO-NIRENBERG INEQUALITIES WITH VANISHING SYMBOLS

RAINER MANDEL

We prove interpolation inequalities of Gagliardo—Nirenberg type involving Fourier symbols that vanish
on hypersurfaces in R?.

1. Introduction

In a recent paper by Ferndndez, Jeanjean, Maris and the author the following inequality of Gagliardo—
Nirenberg-type was proved:

hellg S NADE = Dull3™ [ulls,  u e S®RY). (D
Here, (|D|* — Du = F~1((] - |* — D)1), the symbol < stands for < C for some positive number C
independent of u and the parameters are supposed to satisfy

20-x) _1_1_(d=w)s
d+1 —2 q¢— d

see [Fernandez et al. 2022, Theorem 2.6]. In this paper we investigate such inequalities in greater generality

, 2<g<oo, deN, d=2 and — 2)

N —

s>0, k>

both by extending the analysis to a larger class of exponents, but also by allowing for more general
Fourier symbols. We expect applications in the context of normalized solutions of elliptic PDEs and
orbital stability [Cazenave and Lions 1982; Bartsch et al. 2016; Noris et al. 2014] or long-time behaviour
[Weinstein 1982/1983] of time-dependent PDEs just as in the case of the classical Gagliardo—Nirenberg
inequality [Nirenberg 1959]. In [Ferndndez et al. 2022; Lenzmann and Weth 2024] applications of (1) to
variational existence results and symmetry-breaking phenomena for biharmonic nonlinear Schrodinger
equations are given. For the existence and qualitative properties of maximizers in classical Gagliardo—
Nirenberg inequalities we refer to [Weinstein 1982/1983; Del Pino and Dolbeault 2002; Bellazzini et al.
2014; Lenzmann and Sok 2021; Zhang 2021]. Interpolation inequalities in different spaces like Lorentz
spaces, Besov spaces, BMO or weighted Lebesgue spaces can be found in [Brezis et al. 2021; Hajaiej
et al. 2011; Brezis and Mironescu 2019; Dao et al. 2022; Caffarelli et al. 1984; McCormick et al. 2013].
We shall be concerned with inequalities of the form

lullg < I P1(D)ully; | P2(D)ully 3)

r’
where ¢, 71,72 € [1,00], k €[0,1] and Py, P, : R? — R are Fourier symbols that may vanish on a given
smooth compact hypersurface S C R?, d > 2, with at least k € {1,...,d — 1} nonvanishing principal
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curvatures in each point. In the case d = 1 the symbols are allowed to have a finite set of zeros S C R. We
will assume that P; vanishes of order ; on S and behaves like |-|% at infinity; see assumptions (A1), (A2)
below for a precise statement. This covers (1) as a special case, where d > 2, (o1, «z,51,52) = (1,0,s,0)
and S is the unit sphere in RY sok=d —1. As an application of our results for (3) we obtain the
following generalization of [Ferndndez et al. 2022, Theorem 2.6].

Theorem 1. Assume d €N, d >2, k €[0,1], s > 0. Then
lellg S NADE = Dully ™ Jully,  u e S®?),
holds provided that the exponents r € [1,2], g € [2, o0] satisfy

20 =) <l L_({=wns and min{l l} {2% if k>0,

= __S )
d+1 roq d roq’ >% if Kk =0.

So our result from [Ferndndez et al. 2022] is recovered, as (2) is nothing but the special case r =2 in the
above theorem. We even obtain sufficient conditions for general ¢, 71, 5 € [1, 00]. In the one-dimensional
case we obtain the following generalization of [Fernandez et al. 2022, Theorem 2.3].

Theorem 2. Assume k € [0, 1], s > 0. Then
lullg S NADIE = Dul; ™ lluly,, ueS®),

holds provided that q, 1,12 € [1, 00] satisfy

11— 1
LSALIE
ri rp

1—k <

Both our main results arise as special cases of Theorems 18 and 19 where interpolation inequalities of
the form (3) are proved for symbols Py, P : R? — R that satisfy the following abstract conditions:

(A1) There is a compact hypersurface S = {&§ e R? : F(§) =0}, with F € C®°(R?), |[VF|+0on S and at
least k € {1,...,d —1} nonvanishing principal curvatures at each point such that {€ € R? : P; (§) =0} C S.
For £ near S we have P; (§) = ai+($)F(E)°_f_i +a;—(§)F(§)% for smooth nonvanishing functions a; 4+, a; —
and o; > —1. In the case o; = 1, additionally assume a;— = —a;_, and in the case «; = 0, additionally
assume da;— = d; +.
(A2) There are 51,52 € R, § > 0 such that for dist(¢, ) > § > 0 the functions Q; (§) := (£)% / P; (§)
satisfy for some ¢ > 0

7 0i®I< " ifyeNg 0<lyl<ld/2],

97 0i®)1 < (€)1 ity eNg. Iyl =1d/2] + 1.
Here and in the following we set (£) := (1 + |£[2)Y/2 and |y| :== |(y1.....7a)| i= y1 + -+ + V4

for multi-indices y € NZ, F(£)4 := max{F(£),0} and F(§)_ =: —min{F(§),0}. In the case d = 1
assumption (A1) is supposed to mean S = {£ € R: F(§) = 0} = {&7,....&/}, with F, P;,a;+,a;—
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as above. Given the importance of the fractional Laplacian (—A)%/2 = | D|* we mention that one may
generalize this further by allowing the symbols Py, P5 to vanish at some finite set of points in R4 \S;
see Remark 10. The choice Py = P, or k € {0, 1} leads to Sobolev inequalities. In the elliptic case
—A —1=|D|? —1 such results are due to Kenig, Ruiz and Sogge [Kenig et al. 1987, Theorem 2.3],
Gutiérrez [2004, Theorem 6] and Evequoz [2017]. Our most general result from Theorem 19 contains
these results as a special case (k, s1,a1,x) = (d —1,2, 1,0). Sharp results for special nonelliptic symbols
with unbounded characteristic set S are due to Kenig, Ruiz and Sogge [Kenig et al. 1987, Theorem 2.1],
Koch and Tataru [2005] and Jeong, Kwon and Lee [Jeong et al. 2016, Theorem 1.1].

Remark 3. (a) In the case S = @ the main results of this paper hold without any assumptions on «1, 2.
Similarly, if the Fourier support of the given functions is contained in a fixed compact subset of R¥, then
all conditions involving s1, s> can be ignored.

(b) Theorems 1 and 2 equally hold for symbols P;(|D|), where P; are polynomials of degree s with
simple zeros only or no zeros at all.

(¢) Our analysis may be extended to vectorial differential operators with constant coefficients P; (D),
P>(D), where, according to Cramer’s rule, the characteristic set S is then supposed to satisfy
{det(P;(§)) = 0} C S for i = 1,2. Such a situation occurs in the context of Maxwell’s equations,
Dirac equations or Lamé equations with constant coefficients.

(d) The Gagliardo—Nirenberg inequalities from this paper hold for functions with Fourier support in
bounded smooth pieces of more general sets S C R4, In this way, unbounded characteristic sets S or
characteristic sets with singularities as in [Mandel and Schippa 2022, Section 3] may be partially analyzed,
but a full analysis remains to be done. In the special case of the wave and Schrodinger operator one
may nevertheless implement the strategy from [Ferndndez et al. 2022] to get such inequalities at least for
r = 2; see Section 7.

(e) The admissible set of exponents for Gagliardo—Nirenberg inequalities may become larger by imposing
symmetries. For instance, the Stein—Tomas theorem for O(d — k) x O(k)-symmetric functions from
[Mandel and Oliveira e Silva 2023] may substitute the classical Stein—Tomas theorem in Lemma 13 to
prove better dyadic estimates. The latter yield larger values for A.(p, ¢g) in (17), which allows one to
deduce Gagliardo—Nirenberg inequalities for a wider range of exponents.

Our strategy is as follows. We decompose the pseudodifferential operators Py (D), P>(D) dyadically,
both for frequencies close to the critical surface S and at infinity. Assumption (A1) allows us to analyze
the first-mentioned part with the aid of Bochner—Riesz estimates from [Mandel and Schippa 2022; Cho
et al. 2005]. Here, only the parameters o1, o> will play a role. Assumption (A2) will be used to estimate
the second-mentioned part that only involves s1, s2. Interpolating the bounds for the dyadic operators in
both frequency regimes then allows us to conclude. We stress that the proof from [Fernandez et al. 2022]
does not carry over from the L2(R4 )-setting since Plancherel’s theorem does not have a counterpart in
L"(R%) with r # 2.



3450 RAINER MANDEL

2. Preliminaries

In the following we decompose a given Schwartz function u € S(R?) in frequency space. We start by
separating the frequencies close to the critical surface from the others by defining

uyi=F Yh), uz:=F YA -1)0), wherete C(S’O(Rd), 7 =1 near S. ()]

More precisely, t is chosen in such a way that S admits local parametrizations in Euclidean coordinates
within supp(z), that a;+, a;— from (A1) are uniformly positive near S and that the functions Q; from
(A2) behave as required for £ € R? \ supp(z). The function 7 is considered as fixed from now on. For
both u1 and u, we will introduce a dyadic decomposition into infinitely many annular regions in order
to prove our estimates mostly via Bourgain’s summation argument [1985]. We will need the following
abstract version of this result from [Carbery et al. 1999, p. 604].

Lemmad. Let 81,2 €R, 0 €(0,1), and let (X1, X2) and (Y1, Y2) be real interpolation pairs of Banach
spaces. For j € N let T; be linear operators satisfying

175 flly, <M1 2P Flix,. 175 fllvs < M22P27 || fIxs.

Then we have

< CB1. BIM O MEN £l x1 X004 (%)
Y1.Y2)6.00

Y TS
JjEN
provided that (1 —0)B1 + 6B, = 0, with 81, B2 # 0. In the case (1 —0)B1 + 682 < 0 we have for all
re[l,o00]

< CM11_0M29”f”(X1,X2)0.r' (6)

i
X1,Y2)6,r

JEN

The whole point of this result is (5); the estimate (6) is a rather trivial consequence of the summability
of the interpolated bounds

175 v 200, 27 C-OPHD| £, x5, forall r €1, o],
Here, (Y1,Y2)q,r, (X1, X2)g,, denote real interpolation spaces [Bergh and Lofstrom 1976]. The choice
Y = L1 (RY), Y, = L92(R?), with

1 1-6 6
= +_v C]l #QZ»
q q1 q2

yields the Lorentz space (Y1, Y2)g,, = L97 (RY), whereas q; = ¢» = ¢ leads to (Y7, Y2)o, = L9(R%).
In our context, the spaces X; are defined as the completion of {u € S (R%): P;(D)u € L" (R? )} with
respect to the norm ||u||x; := || P; (D)ul|,. Exploiting assumptions (A1), (A2) we find that for any given
u € S(R?) the function P;(D)u is a priori well-defined as a function in L°°(R?) because £ > P; (€)1i(£)
is integrable due to o; > —1. (Choosing the completion of a smaller set one may extend the analysis to
o; < —1.) The link to Gagliardo—Nirenberg-type inequalities is provided by the general interpolation
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property [Bergh and Lofstrdom 1976, Theorem 3.1.2], namely

1Ay X, < 11NN, 0<k <1, 1<r<oo.
In fact, choosing X1, X» as above we obtain for u € S(R?)

ullx1, %00, < IPLDUNTF I P2(Du]s,. 0<k<1,1<r<oo. (7

ry?

The same estimate holds for (X1, X2),,r replaced by the complex interpolation space [X1, X2]. This
can be deduced from (7) and [ X1, X2]k C (X1, X2)«,00; see [Bergh and Lofstrom 1976, Theorem 4.7.1].

3. Large frequency analysis

We start with our analysis for large frequencies or, more precisely, for those frequencies with uniformly
positive distance to the critical surface S given by our assumption (A1). To this end we first choose a
function 7 such that

neCg(R), supp(n) C [-2.—1]U[3.2]. Z n(2’ -) = 1 almost everywhere on R;

jez
see [Bergh and Lofstrom 1976, Lemma 6.1.7]. For &y € RY define

Tif = F (0@~ 6o /) = Kj = /. where
Kj(x) 1= F (@716 — b)) = 2794 F 71 - D@ el o,
Later on, we will choose &y € S in order to have Tju, = 0 for j > jo, where jo € Z only depends

on £y and 7. Indeed, (4) implies that #,(§) = (1 — 7(§))u(&) vanishes for frequencies £ close to S. As a
consequence, only the bounds for j \ —oo will be of importance.

()

Lemma 5. Assume d € N and let n € C§°(R), & € RZ. Then we have for j € Z
ITjllpsq 5274670 for1=p=q=oc.

Proof. For all r € [1, 00] we have || K|, = 2/4|F Y (n(- )27l
q < oo and % =14+ % - % we get from Young’s convolution inequality

<27J4/"" Hence, for 1 < p=

~

_;d —id 1_1
0T fllg SUK I £l S 27771 f Nl < 274G £, O

In the following, we will need a multiplier theorem in L (R%) for arbitrary u € [, 0o]. The natural
candidate — Mikhlin’s multiplier theorem [Bergh and Lofstrom 1976, Theorem 6.1.6] —is only available
for u € (1,00). In order to avoid tiresome separate discussions we first provide a simple sufficient
condition for a given function m : R — R to be an L*-multiplier for all € [1, 00]. The following result
essentially says that a function m serves our purpose provided that its derivatives grow a bit slower near
zero and decay a bit faster near infinity compared to the requirements of Mikhlin’s multiplier theorem.
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Proposition 6. Let d €N, k := |d/2] + 1 and m € C*¥(R? \ {0}). Then m is an L* multiplier for all
W € [1, 00| provided that there is € > 0 such that

10%m(€)| < (€)72%|E17% ¢ for all a € N& such that |«| = k.

Proof. We show that the assumptions imply that p := F ~!m is integrable. Once this is shown, the result
follows from Young’s convolution inequality because of

1F Xl =lo* £l < ol f Il

We may without loss of generality assume 0 <& <2k —d. Forall & € Ng, || = k we have

[ F((=ix)*p)(§)] = [0°p(§)] = [0“m(&)] < (€)7>°|6] 7 F*.
Hence, F(x%p) belongs to the space L°! (R?) N Lo2(RY), where
d d

T kT2 T kg2

Our choice for € implies 1 < 07 < 03 < 2, so the Hausdorff—Young inequality gives
Ix[¥p e L1 (RY) N Lo2(RY).

To conclude p € L! (R?) with Holder’s inequality it remains to check
Ix|7% € LoV (RY) + Lo (RY).

But this follows from x| ™% 1|,<; € Lo (R?) and |x| %1y~ € L°2(R?) due to koy < d < ko, which
finishes the proof. O

Next we provide our estimates in the large-frequency regime. To this end we analyze the mapping
properties of 7;u := T;(uz), where T; and u = F ~1((1 — 7)ii) were defined in (8), (4), respectively.

Proposition 7. Assume d € N and (A2) with 51,52 € R. Then, fori =1, 2,
ITully <27 C4G= | PyDyull, forl<p<g<co. el

Proof. In order to use Lemma 5 for §o € S we set 1;(z) := n(z)|z|™* for z € R. Then n € C5°(R),
0 ¢ supp(n) implies n; € C5°(R) for i = 1,2. Moreover, we have fori = 1,2and j € Z

Tiu=F 1 (n2’ € — Eo)i2(€))
= F (i 27 1€ — £ol) (27 |& — &)™ 112(£))
= 275 F=1 (i (2718 — Eolymi (§) P; (€)1 (£)),

where m; (§) := (1—1(§))|E —&0|% / P; (£). Since 7 is smooth and identically 1 near &y € S, a calculation
shows that our assumptions on P; from (A2) imply that m; satisfies the assumptions of Proposition 6. In
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fact, for |¢| =k :=[d/2] + 1 and Q;, e > 0 as in assumption (A2),

0mi@1 s Y ()07 (=T @)~ 6ol (6)) 197 Qs 6]

O<y=«a

SL0YQi®)1+ Y (&)Y 08)

0<y<a
< (g)e Wl (gy~la—vI=1 gy=lrl < (g)=min{le}—la]

Here we used the Leibniz rule. So, by Proposition 6, m; is an L*-multiplier for all u € [1, co]. Hence,
Lemma 5 yields for all g € [p, o0]

I Tully S 275 | F~1(ni (2716 - éol)mi(f)m@))”q
<2762 G=i) | F =1 my (&) P (DY),
< 276G Py (D -

Next we use these dyadic estimates to prove estimates of Gagliardo—Nirenberg type. We deduce our
results from a detailed analysis of the special case P;(D) = (D)* for 51, s2 € R. This is possible due to

(D) uzllp < 1P (D)ullp. 1= p=oc, ©)

for symbols Pp, P, as in (A2) thanks to Proposition 6. So we collect some mapping properties of the
Bessel potential operators (D)%, where s > 0.

Proposition 8. Assume d €N, s > 0and p,q.r € [1,00], u € S(R?).

@) If 0< 5 — 2 <5 then |[ullq S 1(D) ullp.

(i) If 0 < %— é = g and 1< p,q < oo then |lullqr < (D) ullp,r and |lulg < (D) ullp.
(i) If 0< 3 —2 =5 ands =d =1 then ||ulloo < [|(D)ul]1.
@iv) If 0 < %— é =g and 1 = p <q <oo then |[ullg,00 < [(D)*ull1.

Proof. The parts (i), (iv) and the second part of (ii) are given in [Grafakos 2014, Corollary 1.2.6]; the
Lorentz space mapping properties from (ii) follow from real interpolation. The estimate (iii) follows from

[ulloo < 111 = lm(DY(D)w) 1 < I{D)ull1, ueSR).
Here we used that m(£) := &(1 4 |£|2)~1/2 satisfies the assumptions of Proposition 6. O

We finally use these estimates to prove Gagliardo—Nirenberg inequalities for large frequencies.

Proposition 9. Assume d € N, « € [0, 1] and (A2) for s1, 52 € R. Then

luallg S IPLDY)T* [ PoDYus,,  ue SR, (10)

r’

holds provided that the exponents q,ry,r2 € 1, 00] satisfy 0 < 1r;1" + % — é < 5., as well as the following
conditions in the endpoint case lr;l" + rK—z - é = %:
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@) Ifq:oothen%—il—‘;éo#%—%orrl:rzzoo, s1:szzoord:l,(rl,rz):(%,é),
S1,52€{0,1}.

(ii)Ifl<q<ooand%—%1=éz%—%andadditionally,ifrl=1,K<1,then1<r2<q,/(2%2
= o<1

orry =00, ; <K=

(iii)Ifl<q<ooand%—%1=é=%—%andadditionally,ifQ:1,K>O,then1<r1<q,

> = o<l

1 K= orn oo,q_l K= g

Proof. As mentioned before, it is sufficient to prove the estimates in the prototypical case P; (D) = (D)%i.
The case x € {0, 1} is covered by Proposition 8(i), (ii), (iii). So we may concentrate on x € (0, 1)
in the following. We combine Proposition 7 and Lemma 4 for the Bessel potential spaces X; :=
P;(D)" L7 (R%) = (D)™ L™ (R%) and i = 1,2. Here we use the identity
Jo )
=Y Tju. where |Tiulg, $2/¢
j=—00

see Proposition 7. Our strategy is as follows. We first prove apply Lemma 4 to get strong bounds. This

. . 1— 1 . . .
will cover all nonendpoint cases 0 < TK + % 7= %, as well as the endpoint cases involving ¢ € {1, co}.

The remaining discussion for 1 < g < oo and 1 < ry, r, < 0o can be taken from the literature, but the
analysis for {ry, 2} N {1, 0o} # & is more delicate. We will first address the case % - % = 21222, where
we prove our claim using complex and real interpolation theory. Finally, in the case % — % # %
we will first deduce restricted weak-type bounds from Lemma 4 and upgrade them to strong bounds by
interpolating the restricted weak-type bounds with each other. We will need in the following that our

assumptions imply s > 0.

—d(L-—L .
G=aullx, (eZ 1<r<g <o)

Step 1: We start the interpolation procedure with (nonendpoint) exponents satisfying

1—« K 1 K}
0< +———< —. (11)
r rn q d

In that case the interpolation estimate (6) with (Y1, Y2, 6, r) := (L' (R?), L72(R?), k, q) gives the bound

Jo

> 7

j==00

(©) )]
1—
luzllq = S el x2)e.q < KDYl (D) 2ully,-

q

Here, (6) applies because (11) allows us to find g; € [r;, 0o] such that

1 1 1 1 1 1—
(I—K)(Sl—d(———))+K(S2—d(———))>0, - = K.,.ﬁ.
n q r2 g2 q q1 q2

So the claim is proved for all nonendpoint exponents given by (11).

= % Using S)forY1 =Y, = LQ(Rd) we

X _

It remains to discuss the endpoint case 0 < 1r;1x + 5 é

get the claim for all exponents satisfying

1 s

1— 1 1 1
FLX and ¢ > max{ry,rp}, ———175—75——5—2. (12)
rin d’" q  rn d

r1 n g

|
Q|
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Here the latter two inequalities correspond to 1, B2 # 0 in Lemma 4. From this we infer that the claimed
endpoint estimates hold for ¢ € {1, co} via the following cases:

e Caseq=1: r1 =rp =1, s1 =85, =0is trivial.

e Caseq=1:. ri=rp=1, §=0, 51 # 0 # s is covered by (12).

e Case g =00: rp =rp =00, 51 =52 =0 is trivial.

e Case g =00: ;-— 7 5L £ ;é 22 is covered by (12).

, %, é), 51,82 € {0, 1} is covered by Proposition 8(iii).

e Case g = 00: (d,rl,rz) = (
These are all cases involving g € {1, oo} and in particular claim (i) is proved. So we are left with those

endpoint estimates for 1 < g < oo that are not covered by (12).

Step 2: The claim holds for 1 < ry, r, < 0o due to

lellg S I(DY ullz S ICD) 1 ully 7 1{D)2ully,

where % = lr;l" + % This is a consequence of Sobolev’s embedding theorem [Bergh and Lofstrom
1976, Theorem 6.5.1] and the complex interpolation result from [loc. cit., Theorem 6.4.5(7)]. So we may
in the following assume {rq, 2} N {1, 00} # &. As announced earlier, we first deal with % - % = 222,
Step 3: Assume we are in the endpoint case with 1 < q <o, + -1 = %, r1 <rp (without loss of

Pri_ 12
generality) and {ry, 72} N {1, o0} # &. Then 1—" + == l = 5 implies - i — % = é = % — 7. We

distinguish the following cases:

e Casery; =1, rp = 1: This case is excluded, so there is nothing to prove.

e Case r; = 1, 1 <rp <gq: By Proposition 8(ii), (iv), we have [[u]lg,00 < [[(D)*'ull1, as well as
lullg,r» S I1{D)*?>ul|,. Applying the interpolation identity [loc. cit., Theorem 5.3.1]

LYR?Y) = (LT®°[RY), L% (RY))q, & € (0,1], (13)
we infer for all k¥ € [rz 1]

1_
q -~ q.kq ~ q,ra ~ 1 ‘ * Ircz
lllg < Nuell g el g < Nl g lllf -, S I(DY | {7 I{D)*>u

o Case ri=1,rp, =o00: We have to prove (10) for = <k < . It is sufficient to prove the claim first for
K= E and then for k = 2. We use [[u]lg,00 < (D )s‘u||1 and

b= [ 01w D) Fuar <Dl DY . (14

M\&
Q &.

lull7 2 < I(D)2"

In (14) we subsequently used Proposition 8(ii) and the L.2-isometry property of the Fourier transform, as well
ass; = %, Sy = —%. Real interpolation of these two estimates and 14 ([R{d) = (Lq’w([R{d), L9? ([Rd))z/q,q,
which is (13) for x = %, gives

1 1
llullg < IIMIIqoollullqz S DY ull{ (D)2 ullg. (15)
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1
q/
[1956] in a more general setting [Voigt 1992, Theorem 2.1] for the family of linear operators 75u :=
esz(D)s/z_d/qu, with s € C, 0 < Re(s) < 1. We have

So the claim holds for k¥ = é and we now consider k = —;. Here we use Stein’s interpolation theorem

Tit _ —£2 D it D —d < D —4d

[ u”BMO(Rd)—e (D) ({D) qu)”BMO(Rd)N”( )9 ulloo,
d_d 4
2 g 7

(14) 1 B
ullz2 < KDY« ullf (D)

d
q

8 D=

1 42
1T ully = &' (D) ul|

Here we used the validity of Mikhlin’s multiplier theorem in BMO(R?) to deduce that the operator norm

(D)t : L®(R4) — BMO(R?) is polynomially bounded with respect to ¢ and thus compensated for by

12

the mitigating factor e’ as |t| — oo. We refer to Proposition 3.4, Theorem 4.4 and the comments on

pages 20-21 in Tao’s lecture notes [2018], where such an application in the context of Stein’s interpolation

theorem is explicitly mentioned. In view of [BMO([Rd ), LZ([Rd )Mo = LZ/G(Rd ) for 0 < 6 < 1 we may
plug in § = 2 and get in view of 5; = %,Sz = —%

d 1 d 1 1
7

el = [ T7ully < (DY 7u 50 (DY ul)? (D)7 ul|2)? = |(D)* u|| 1{D)*2ul|&.

e Case 1 <ry <rp, =o00: We have to prove (10) for 1 < g < ry, ¥k > rq—‘.
esz(D)s2+s(Sl_52)u and obtain as before

We consider T u :=

i 14it
17" ullgmomay S D)2 ulloo. 1T ullr, S (D) 2l -
T __ S
So we conclude for k := T =55

1_
lullg = 1T ulln < I{DY2ullos“I(D) M ully,

This proves the claim for k = 7. Since the desired bound for k = 1 follows from Proposition 8(ii), we
get the claim for k € [r—l, 1].

e Case 1 <r; =ry = oo: This case does not occur because 1 g % - %1 = —% <0.
Step 4: To prove the remaining estimates we first prove restricted weak-type estimates [|u2]/g,00 <
[|lu ||( X1,X2) 1 for all exponents satisfying
-« « 1 § 1 1, s1—s52
0< +———-=> and l<g<oo and ——— (16)
ri rn q d o2 d

For s1 = s, = 0 this is implied by Holder’s inequality, so we may assume 5§ >0 or s =0, (s1,52) # (0, 0).
For 5 =0, (s1,52) # (0,0), ¢ = r; = rp this is implied by the strong estimates in the case (12), so we
may even assume § > 0 or 5§ =0, (s1,52) # (0,0), (r1,72) # (¢, q). For the remaining exponents the
weak estimate is a consequence of (6) because one can find g; € [r;, oo] such that

(1—K)(S1—d(i—i)) +K(S2—d(i—i)) =0,
. qi 2. q2

1 11—« K 1
— = +—, Si—d(———)750 q1 # 4.
q q1 q2 ri
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. .o, . . . 1_ 1 g .
Indeed, this condition is equivalent to “-* + = — = 7 and finding g> such that

1 1—« K K 1 K}
—— =—=—. @#q ——(l—fc)(———)sf'é 7 K (———2),
q r q2 " r2 q r o d

and such a choice is possible due to our assumptions. (In the case s =0, (s1,52) # (0,0), (r1,72) # (¢, 9q)

choose g2 =2, g1 =r1.) In this way we obtain [|u2| 4,00 < [l (x,,x,),, for all exponents satisfying (16).
We finally interpolate these restricted weak-type estimates with each other to prove strong estimates for
exponents as in (16). To this end let § > O be sufficiently small (but fixed) and & :=§ (sl 52 _ + %) #0

and define ¢, g™, K, k Vlaé—é‘— =q* +eand K —8 =« =k*+6. Then (§,r1,r2,%), (¢* ,rl,rz,/(*)

1
q
satisfies (16) and the reiteration property of real interpolation [Bergh and Lofstrom 1976, Theorem 3.5.3]
gives

luillg < “Ml”(Lq*([Rd) Lq(Rd))l v

S ”u”((Xl X2) e, la(XhXZ)K 1)1 P

< ||M||(X1,X2)M < ”PI(D)M”rl “N P2(D)ully,

Here the first bound uses é = %(ql* + %) and the third uses k = %(/2 +Kk¥). O

We have thus proved that the Gagliardo—Nirenberg inequality (3) holds for noncritical frequencies
whenever the exponents belong to the set

B(k) :={(q.71.72) € [1,00]> : (q.r1.72) as in Proposition 9}.

Remark 10. (a) The original Gagliardo—Nirenberg inequality |V/ vllg < ||va||}l_"||v||’,‘2 from

[Nirenberg 1959, p. 125] holds for j, m € N provided that Sk =(1- /()(———) and L<l-k<l.
Our result shows that “in most cases” the large frequency part of this estimate holds provided that
n% <1—«k < 1 holds and 1 7= 0= - — ) + £ The exceptions are due to the fact that, in

LY(®R?) or L®(R?), the term (D)/ u does not control Df u, i.e., not every single partial derivative of
order j. This is a consequence of the unboundedness of the Riesz transform on these spaces.

(b) Our proof indicates which function spaces to choose in order to get some endpoint estimates in the
exceptional cases as well. Roughly speaking, one may replace L7(R¢) by L4" (R?) for suitable r > ¢
and L (R?) by BMO(R?) on the left-hand side. On the right-hand side the Hardy space ! (R?) may
replace L!(R?).

(c) One may as well consider symbols P; (D) that vanish at some finite set of points in R4\ S. If for
instance one has P; (§) = b; (§)|€ —&* |/ near £* e R\ S for t1, t, > —d and nonvanishing b; € C*®(R?),
then one ﬁnds as in Proposition 9 that the interpolation estimate holds in this frequency regime whenever

I—K + P d , where 7 := (1 — )ty + k1. Under suitable extra conditions similar to the ones above,
thls may be extended to the endpoint case 1—" + = % = é.

(d) The proof in the important special case 1 < r1, 2, g < oo is much shorter than the complete analysis;
see the beginning of Step 2.
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4. Critical frequency analysis

We introduce a real number A¢(p, g) such that || T} lp—sq < 2~ /4:(P-9) holds for suitably defined dyadic
operators T“J that play the role of the 7} in the previous section. Unfortunately, the definition of A¢(p, q)
is rather complicated for d > 2. It involves the number

A(p,q) = min{Ag, A1, A2, Ay, A3, A5, Aq, A},
where A; = A;(p,q) and A} = A;(q’, p') are given by

k+2/1 1 k+2 k+1
A():l’ Alzi(___)’ AZZL_ + ,
2 \p ¢ 2 q
as well as

A3

2d —k 2d—k—1 k+2(1 1) 2d —k—2 2d—k-2
= - s=—|——— |+ — )
P q 2 q

2 q ' 2
The values Ag, A1, A’1 , Az, A’2 will be important for 1 < p <2 < g < 0o, whereas all other exponents
satisfying 1 < p < ¢ < oo come with A3, A%, A4, A}. Then we define for ¢ > 0

11 .
Ae(p,q):;—g ifd=1 Agp.q):=A(p.q)—e-Lpges ifd=>2. 17)

Here, £ denotes a set of exceptional points where we do not have strong bounds, but only weak bounds
or restricted weak-type bounds. It is given by

s={paenoopi itz 1K awlo k1, K46k+d
VPO Ty g T2k Dk +2) T g 20+ 1) p 20+ D(k+2)

and coincides with the red points in Figure 1.

We first prove dyadic estimates in the frequency regime close to the critical surface S. The latter
can be locally parametrized as a graph £; = ¥ (£’) after some permutation of coordinates, where
E=(§.&) € RI~1 x R ~ R, In view of (A1) we study operators of the form

T f = F ' (0@ €a—vEME) (&) =Kj* f, where

2 . (18)
Kj:=F '@/ Ga—vENXE))

and
Yy e CRMRY™, e Cé’o(Rd_l) and at least k € {1,...,d — 1} eigenvalues of

the Hessian D21 are nonzero on supp(y). (19)
In the degenerate case d = 1 we interpret (27 (£; — v (£'))) x(£) as n(2/ (£ —c)) for some constant ¢ € R.
Our analysis of the mapping properties of T“] follows [Mandel and Schippa 2022, Section 4]. Contrary

to the situation for 7}, only the bounds for j , 4-oo will be of importance. Repeating the proof of
Lemma 5 gives the following result in the one-dimensional case.

Lemma 11. Assume d =1 and n € C3°(R). Then we have

1T pog <2770 fori<p<g<co jel
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1
q
1
As
Ay
1
2
Ay A
_k A4
2(k+2)
k2
EFDEFD) Ao
A/
, 2
A5 |
k+2 _k+4 1 7

D=

2(k+1) 2(k+2)

Figure 1. Riesz diagram with the bounds for the mapping constant of f,— from Lemma 13.
The exceptional points from £ are in bold.

The bounds in higher dimensions are more complicated and depend on the number k € {1,...,d — 1}
of nonvanishing principal curvatures of S. We first analyze the kernel function K ; following [Mandel and
Schippa 2022, Lemma 4.4].

Proposition 12. Assume d € N, d > 2, let y, ¥, k be as in (19) and n € C§°(R). Then the kernel function
Ej satisfies for j € Z, j > jo

2d—k _2d—k—1 )
2 r

1K |l <27 fl<r<2. Koo <27. (20)

Proof. The bound || K 2 <27/ /2 follows from Plancherel’s identity and (18). Indeed,

IR)13= [ @ €= @)1 P ' 6a)

= [, 17 ( [ neiorar) ag
[Rdfl R
=277 131113

To prove (20) it thus suffices to show ||Ej |1 <27/ ((k+2)/2=d) a5 well as ||Ej loo <277, and to apply
the Riesz—Thorin interpolation theorem. These two norm bounds for the kernel function are consequences
of the pointwise bounds for arbitrary N, M € Ny

1K) Svm 277 (A +27 ea DM A+ DTN ] = elxal,

- . . X (21)
1K) Sp 277 0427 g DM A+ |xa)72 if X)) < clxal,
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where ¢ > 0 is suitably chosen. Indeed, choosing M, N sufficiently large we get

~ . . _ _k
||Kj||lsN,Mf(/ 2 (1427 g )M (1 + [xa) 2dx/) dxg
R\J|x'|<cxq

+ ( 2 (127 e M (1 4 3N dx’) dxg
R\J|x'|=cxy
<un 2 / (14277 1xg) Mg 111 + [ )5 dog
R
Lo / (U277 g™ (1 + x4 dcg
R
2]

o0
g4 (1 + g™ divg 4+ 21 / T R

<mn2’ /
0 27

_jkE2_
Smun 2770D,

Here we used 2/ > 2/0 > 0. So it remains to prove the pointwise bounds by adapting the arguments from
[Mandel and Schippa 2022]. We have

Kj()=cq 277 (F '@ xq) /R IR ED Yy ag!

for some dimensional constant ¢; > 0. We choose ¢ > 0 so large that the smooth phase function
D(E') = x' - 4+ xgy (£) satisfies [VO(E")| > ¢~ 1|x/| for all £ € R4~! whenever |x’| > ¢|xz|. In view
of y e Cg° (R?~1) the method of nonstationary phase gives

1K) S 27 [(F '@ x)l(+ XDV
v 277 (27 xg DM A+ X )TN for x> elxgl.

In the second estimate we used that 7 ~! is a Schwartz function. On the other hand, the theory of
oscillatory integrals gives (see [Stein 1993, p. 361])

~ . . k
1K)l Sm 277 (0 +277 g DM (1 + [xg )72 for [x'] < elxgl. U

Next we use Proposition 12 to find upper bounds for the operator norms of 7} as maps from L2 (R%)
to L9 (Rd), where 1 < p < g < oo. The latter condition is mandatory since T"J is a translation-invariant
operator covered by Hérmander’s result from [Hérmander 1960, Theorem 1.1].

Lemma 13. Assume d €N,d >2andlet y, ¥, k be as in (19) and n € C§°(R). Then, for any fixed & > 0,
1T lpsq 2749 forl<p<q=oo. jez.j=jo.
Proof. We first analyze the range 1 < p <2 < ¢ < oco. Plancherel’s theorem gives

1) fll2 = InQ7 Ea — v EMXEVFll2 S U ll2 = 1 f ]l
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due to 7, y € L%°(R?). The Stein-Tomas theorem for surfaces with k nonvanishing principal curvatures
[Stein 1993, p. 365] yields as in [Mandel and Schippa 2022, Lemma 4.3]

~ J = J 1 k

T; <272 . T <272 roif - < —.
175 1 llq A1l W75 1 12 1/ llg 72012
The Restriction-Extension operator f > F ~1( f doypy) for compact pieces M of hypersurfaces with k
nonvanishing principal curvatures has the mapping properties from [Mandel and Schippa 2022, Corol-
lary 5.1], so it is bounded for (p, g) belonging to the pentagonal region

1 k+2 1 k I 1 2
_> —7 - <—7 - - = Z T A~
p 2k+1) g 2k+1) p q k+2

So for these exponents and M; := {&§ = (§/,&;) € supp(x) x R: &g — ¥ (§') = t} with induced surface
measure doyy, = (1+ [V ()[?) /2 d&" we have for §(£) := x(&) f (E)(1 + |V (§)[>)~1/2

(22)

17 fllg < /R n@IONIF (& do,)lq dt < /R @701 glp dr <2771 f 1.

Moreover, [Mandel and Schippa 2022, Corollary 5.1] yields restricted weak-type bounds from L?!(R%)
to L9:°°(R?) for all (p, q) belonging to the closure of the above-mentioned pentagon, which implies
||TJ fllg.oo S2771 f |p.1 in the same manner. Interpolating all these bounds gives

||T lposg S 27 J(min{Ao,A1,42,45}—e1(p.q)ce) — 9~ JAe(P:q) forl<p<2<g<oo,e>0.

This finishes the analysis inthecase ]| < p<2<g<oo.For2<p<g<ooorl <p<qg<2weget
from Proposition 12

~ ~ ~ (k2
1T 151 + 1T loomoo S 1K 111 S 277 (574D,

Interpolating the estimates for (p, g) = (o0, o0) with the ones for p =2, g > 2 from above yields the
estimates in the region A5, A);; the dual ones follow analogously. So we get

||T lposg S 27 Jjmin{A3,45,44,44} _ >—JjAc(p, 11)

which proves the claim. O

The optimality of our constants is open. It would be interesting to see whether recent results and
techniques for oscillatory integral operators by Guth, Hickman and Iliopolou [Guth et al. 2019] or Kwon
and Lee [2020] (Proposition 2.4, Proposition 2.5) can be adapted to prove better bounds, especially
intherange | < p <g <2or2 < p < g < oo. Any theorem leading to a larger value of A.(p,q)
will automatically provide a larger range of exponents g, r1, 72 for which our Gagliardo—Nirenberg
inequalities hold. Candidates for such values > A.(p, ¢q) are given in [Cho et al. 2005, Lemma 2.2] and
[Mandel and Schippa 2022, Lemma 4.4], but it seems nontrivial to make use of those in our setting. Next
we use the estimates for T] to discuss the relevant operators at distance 2~/ from the critical surface
where j /' +o0.
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Proposition 14. Assume d € N and (A1) with a1,y > —1. Then there are bounded linear operators
T; : LP(RY) — L1(R?) and jo € 7 with Z/
we have, for all u € S(R?),

—jo Tju = u1 such that, fori = 1,2 and any given & > 0,

| Tjullq < 2/@= 4P| P, (Dyu|, forl<p<qg=<oc, jeZ j= jo

Proof. Recall u; = F ~!(t1i), where t was chosen in (4); we first consider the case d > 2. According to
assumption (Al) there are 11,..., 17 € C§° (R%) such that 7 4 ---+ 17 = 7 holds and S Nsupp(1;) =
{& e supp(1y) : éd = (5’ ), where § = T1;&}. Here, I1; denotes some permutation of coordinates in R<.
Since P; vanishes of order ¢; near the surface in the sense of assumption (A1), we may write

Pi(&) ') = [u+ (&) Eq — v ENIY +1u—©)Ea —viENZ* 1€,
with 774, 77— € CP(RY), y; € CR(RYTY), E:= 1€, (23)

for suitable functions y;, v; that satisfy (19). In view of this we define
= T, where Tui=F ! (©a) n@’ Ea —viEMu@)) =108

Since 0 does not belong to the support of 7, there is jo € Z such that u; = Z;’i jo Tju in the sense of
distributions. We introduce the smooth function n; (z) := n(z)|z|~% . Then Lemma 13 yields

1
1T7ullq sZnT ullg

=1
L
= |77 @ G~ EMuE)u®a®)],

L
=Y 20| F 02 Ga — i ED) o E) @i (§) + i () P (D)

L
< Y2/ | T (g4 (8) + i (E)) Py (D)“(é))H

2/ AP D P (D)u .

In the last inequality we used that 7j;4, 7;;— are L”-multipliers since their Fourier transforms are
integrable. O

In the forthcoming analysis we shall need the following auxiliary result. The proof mainly follows
Stein’s analysis of oscillatory integrals [1993, p. 380-386].

Proposition 15. Assume 0 < a < % and that y,y are as in (19), t € C§° (R9); set
Lou:=F (g =¥ ENT 2 EN(E)u).

Then Ly : L2(R?) — L9(R?) is a bounded linear operator for q := kzigtilg'




ON GAGLIARDO-NIRENBERG INEQUALITIES WITH VANISHING SYMBOLS 3463

Proof. Define the family of distributions y; as in [Stein 1993, p. 381] (called o in this book) via

52

e
I'(s)

where ¢ is smooth with compact support and {(y) = 1 for |y| < yo, where yg is chosen so large that
C(Eg— ¥ (&) = 1 holds whenever y(§")7(€) # 0. The family (y;) is extended to all s € C via analytic
continuation. Then introduce the family of linear operators

My f = F () ys(Ea — Y (EN ).

ys(9) = ==y "1t ()1ys0 if R(s) >0,

Plancherel’s identity gives

[Msfll2 <N fll2 if R(s) =1.
On the other hand

Myf =@ f ()= fs(—zq)- / (2 EVED g5
Rd—l

From equation (15) in [Stein 1993] and equation (32) in [Mandel and Schippa 2022] we infer

k
2

k
12(2)| < A+ |za) O+ |z4)72 <1 if R(s) = .

We conclude

- k
IMs flloo S SN iE 9 (s) = ==

Furthermore, for any given Schwartz functions f, g the function s fRd (My f)g is holomorphic in the
open strip —% < J(s) < 1 with continuous extension to the boundary. So the family Mj is admissible for
Stein’s interpolation theorem [1956, Theorem 1] and we obtain

IM120f 1y S 17l 0 €01 1-20==0)- (<3 ) 4001, = =4 D,
This leads to 6 = % and g = kZJ(rkztiL. In view of 0 < 2« < 1 this implies
|7 (&) G =y ENFUE—vENS), S Nl
Now we consider functions f = 722. By choice of ¢ and of y, we then have
|77 (D Ga = v ENF©28) ], S IF @Dl < lgllyr
This implies the claim given that this operator coincides with L, L. O

We now use the dyadic estimates from Proposition 14 to prove Gagliardo—Nirenberg inequalities in the
special case P1(D) = P»(D) where the exponents satisty A¢(p,q) = « € [0, 1]. This result plays the
same role in the critical frequency regime as Proposition 8 does in the noncritical regime. For d > 2 we
concentrate on exponents with 1 < p <2 <g < oo.

Lemma 16. Assume d € N and let P := Py = P satisfy (Al) for @ := a1 = ap € [0,1]. Then
luilly S | P(D)ullp holds for all u € S(R?) provided that
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(i) d =land 1 < p,q < ocosatisfy - — L =aand,if 0<a <1, (p.q) ¢ {(1, t25). (§.00)},

(ii)d22and1§[7§2§q§oosatisfy%— ;ql}>2k(]ﬁ<f)

é = k+2 and mln{

The estimate ||u1]lg,00 < || P(D)ul|p holds for exponents as in (i), (ii) or
(i) d=1, p=1,g= 1 ifa €(0,1),

. k k :
vy d=>2,1<p< 2154:5;)7 q= sz(rztgx ifae (% 1]'

Proof. With the same notation as before we have

PE) ) = [u+©)Es — v ENTE + 1§ (Ea — v EN 0@,
with 774, 7 € CPRY), g, € CEPRITY), & :=TIE,

for functions y;, v; that satisfy (19). Sou; = Zj —jo Tju. Assuming 1 < p <2 < ¢ < oo are chosen as
above we obtain (ii), (iv) as follows:

e Case d > 2, a = 0. Our assumptions give that A;(p, q) = o = 0 only occurs for p = g = 2. Here the
estimate ||u1|l2 < || P(D)ull2 follows from Plancherel’s theorem.

e Cased > 2, a € (0,1). We first consider the case a < % By assumption, (1 l) lies on the green

P’ q
diagonal line in Figure 2. By Proposition 15, the claimed inequality holds for the endpoints of that line
givenby p =2, g = k2+(kz—:212x and its dual p = kzi];ii)a’
each other provides the desired inequality for all tuples on the green line in Figure 2 and thus proves the

claim for o < %

q = 2. Interpolating these two estimates with

Now consider the case o > 1 . Our assumptions imply that (— —) lies on the blue line in Figure 2 with
endpoints excluded. In partlcular (; é) is in the 1nter10r of the A1 reglon so A(p.§) =42 (p ) for
all (5, ) close to (p. ¢). For small § > 0 we choose - = 1 +8 = 1_§. Interpolating the estlmates for

(p,q1) and (p, g2) with interpolation parameter 6 _q glves due to (ql —0)A:(p,q1) +04:(p,q2) = «,
the weak estimate ||u| 4,00 < ||P(D)ul|,. Here we used Uy = Z/—lo Tju, the dyadic estimates from
Proposition 14 and the interpolation lemma, Lemma 4. These weak estimates hold for all (;, é) on the blue
line with endpoints excluded. Interpolating these inequalities with each other gives |ully < || P(D)ul|p
for the same set of exponents, which proves (ii) for « € (0, 1).

To prove the weak estimate from (iv) assume o € (3, 1). For any given (% é) on the dashed horizontal

blue line in Figure 2 with left endpoint excluded we can choose ¢q1, g as above and the same argument
2(k+1) 2(k+1)

gives [ullg,00 < [[P(D)ullp. Since these exponents are given by 1 < p < 7527 Tto5a’

and g = we

are done.

e Case d > 2, o = 1. It was shown in [Mandel and Schippa 2022, Section 5] that the linear operators
(P(D)+i8)~L: LP(RY) — L7(R?) are uniformly bounded with respect to small |§| > 0 given that
our additional regularity assumptions on P from (A1) imply that S = {& € R? : P(§) = 0} is a smooth
compact manifold with |V P| # 0 on S. This implies |[u1]4 S || P(D)u||, and analogous arguments yield
the weak bounds claimed in (iv).



ON GAGLIARDO-NIRENBERG INEQUALITIES WITH VANISHING SYMBOLS 3465

1
q
1
A
Ay
el (AR
(@+1-200)k+2—4ap | .
2d(k+2)
1 , AO
'A
’ 1972
A5 : )
k420 17
2(k+1)

Figure 2. Riesz diagram showing the exponents 1 < p <2 <g < oo satisfying A;(p,q) =«
in the case ¢ = g € (%, 1) (blue) and for ¢ = ap € (O, %) (green). For the green resp.
nondashed blue, exponent pairs Lemma 16 (i), (ii) give |u|l4 < || P(D)u||,. In the case
o = ay the corresponding estimates from [Mandel and Schippa 2022, Theorem 1.4(ii)]
only hold for exponents on the magenta line. The picture was produced with parameter
values (d,k, a1, 02) = (4,2, %, %)

Next we turn to the one-dimensional case d = 1. The representation formula then reads

L
1 =3 F N ([us @)E - )7 + u_(©)E—E)="1P(Du), (24)
=1

where {P(§) = 0} = {£]..... &, }. Using our assumption
the following arguments:

é = o we obtain the claims (i), (iii) from

SIS

e Case d =1, « = 0. We then have p = ¢g and we first analyze 1 < p = g < oco. In this case the
Hilbert transform f +—> F ! (sign(S)f) is bounded on L?(R), and so is f > F ~!(sign(§ — Sl*)f) for
[ =1,..., L. So the representation formula (24) implies ||u1 ||, < || P(D)u||p. In the case p =¢q € {1, oo}
we make use of our additional regularity assumption 7; := 774 = 77— from (Al), so

L L
el < Y IF NG Py £ 3 IF @) * (PDYW)llp < | P(D)ullp.

Here we used that F ~!(z;) is a Schwartz function for / = 1,..., L.

e Cased =1, € (0,1). If 1 < p <g < oo we deduce the claimed estimate from the boundedness of
the Hilbert transform on L4(R) and the Riesz potential estimate || F~1(|- 7% f)|lg < || fllp- For p = 1,
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0 < a < 1 we have a weak estimate || F ~1(]- |_"‘fA)||q,oo < ||/ ll1; see [Grafakos 2014, Theorem 1.2.3].
Note that the Hilbert transform is bounded on L4:°°(R) as well by real interpolation.

e Cased =1, «a =1. We now have %—% =1,s0 p =1, q = co. We exploit the additional smoothness
assumption 7; 4 = —71;_ from (A1). Then P € C*°(R) is a smooth function with simple zeros &7, ....&;.
To prove the claimed inequality we start with the trivial estimate ||v]|oo < [|V’||1 = | F ~1(i£D)]|; for all
v € S(R). Translation in Fourier space gives ||V | oo < ||.7-'_1(i($—$l*)ﬁ)||1 foralu e SR),/=1,...,L.

So (24) implies as above

L

L
lutlloo < D IFHE—E) T HPDW)loe £ Y IF @ POl S I1P(D)uly. O

As remarked in Figure 2, claim (ii) of the previous lemma improves upon the corresponding bounds
from [Mandel and Schippa 2022, Theorem 1.4] in the case 0 < o < % We finally combine all these
estimates to prove Gagliardo—Nirenberg inequalities in the critical frequency regime. Given the rather
complicated definition of A¢(p, g), an explicit characterization of the admissible exponents is possible in
principle, but extremely laborious. We prefer to avoid most of the computations. Instead, we describe the
set of admissible exponents in an abstract way and provide the required computations in the reasonably
simple special case 1 < p <2 < g < oo that allows us to prove our main results. Proceeding in this way it
becomes clear how eventual improvements of Lemma 13 affect the final range of exponents. Once more
we exploit Bourgain’s summation argument, which allows us to argue almost as in the large-frequency
regime. On a formal level, comparing Lemma 5 (large frequencies) with Lemma 13 (critical frequencies),
we essentially have to replace s; —d (% — %) by Ae(7i,q;)—«; because the summation index now ranges
from some j = jo to 400 and not from j = jj to —oo. It will be convenient to formulate our sufficient
conditions in terms of & := (1 —k)a; + ko,

We provide a definition of the set A(k) of exponents (g, r1, r2) that are admissible for

lutllg < 1 PUDYlr7 | P2AD)ully,.  u € SERY). (25)

ry’
Lemma 16 provides the definition for k € {0, 1}, namely

A0) :={(g,r1,m2) €1, c>o]3 :(q,r1,01) as in Lemma 16(1),(ii)},

(26)
A1) :={(q.r1,72) € [1,00]° : (¢, r2,a2) as in Lemma 16(i),(ii)}.

In the case 0 < k < 1 the definition is more involved and relies on the interpolation lemma (Lemma 4)
and the dyadic estimates for critical frequencies from Proposition 14. Combining the latter with (6) we
obtain [u1llg < lull(x,,x,)., and deduce (25) for exponents (g, r1,2) belonging to the set

A1) :=1(q.r1,1m2) €[1,00)> : there are & > 0, g1 € [r1,00], g2 € [r2, 00] such that
1 1—-x « _
—= + —and (1 —k)Ag(r1,q1) + kAe(r2,q2) > a .
q q1 q2
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This result covers all nonendpoint cases in our considerations further below. Using (5) with Y1 =Y, =
L9(R?) we obtain [|u; lg < ||P1(D)u|| ¥l P2(D)ully, for exponents in

Aa (k) := {(q, r1.r2) € [1,00]% : ¢ > max{ry, r»} and there is & > 0 such that

(1—K)Ag(r1.q) + kAg(r2,q) = &, Ag(ri.q) # o, i =1,2}.

Next we use |[u|lg = |lu| ;_" ]| to deduce further estimates from Lemma 16 for exponents in

Az(k) :={(q.r1.12) € [1,00]° : (¢, r1,@1), (¢, 72, &2) as in Lemma 16(i), (ii)}.
Using (5) with Y, = L9 (R9), Y, = L92(R?), we get the weak bound lu1llg.00 < Il (x1,x2)c., for

exponents belonging to

Ay (k) :=1{(q,r1,m2) €[1, o0]? : there are € > 0, gy € [r1, 00|, g2 € [r2, 00] such that

1 1—« K
(1—K)Ae(r1,q1) + kAe(r2, q2) = @, i + P o # Ae(ri qi), q1 #q2 -
1 2

Interpolating the (weak or strong) endpoint estimates for A3 (k) U.A3 (k) UAY (k) with each other exactly as
in the final step of the proof of Proposition 9 we deduce [[u1llg < llul(x,,x5),., SN P1(D)u || Tl P2D)ully,
for exponents from

Ag(k) = {(q,rl,rz) €[1,00]3 :there are £ £ 0,8 >0, §,¢* €[1,00], ©,k* € (0,1) with

1 1 1
——e=—=—+¢ k0=« =k*+§ and
q q (4

(G.r1.12) € A (R)UA3(K)UA2(K). (g%.71.72) € AY (K*)UAz(K*)UAz(K*)}-

Summarizing these interpolation results we obtain the following interpolation inequality in the critical
frequency regime.

Proposition 17. Assume d € N, k € [0, 1] and (A1) for a1,z > —1. Then
lutllg < IPY (DYl I P2(Duls,, u e S®RY),

holds provided that (q,r1,12) € A(k) := A1 (k) U Az (k) U Az (k) U Ag ().

5. Gagliardo-Nirenberg inequalities and proofs of Theorems 1 and 2
We first discuss the one-dimensional case. As before, we use the notation
a:=1—k)a; +xay and §:=(1—«)sy+ks2.

Theorem 18. Assume d =1, k € [0, 1] and that (A1), (A2) hold for 51, 52 € R and a1, o > —1 such that
O<a<s. Then
lullg S IPL(DYuly I P2(D)ullk,. ueSMR),

holds provided that q,ry, 15 € [1, 00] satisfy & < I;IK + K- % <5, as well as the conditions (i), (ii), (iii)
and (iv), (v), (vi) in the endpoint cases lr;l" + rK_z - é =Sanda = _]K + rk_z — (—}, respectively:
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() If q :oothen%—sl £ 0 # %—sz or (r1,r) = (%é), 51,52 €10, 1},

i 1_s1_1_1_ s = r = 1 1
() If 1 < g < o0, HTd T g1 dandrl—lthen1<r2<q,/(>qorrz—oo,q</c<q,.
1 S1 1 1 52 r =
(111)If1<q<ooand—r1——d =7 d andry =1thenl <ri<gq, 1 —k > 7 07T =00,

1 1
<l < L
q—l K—Q"

(iv) If g = oo then %—al £ 0 # %—cxz or (ri,ry) = (%é) ap, o €40, 1}

V) If 1 <q < o0, %—m:é:%—azthenal,azem, andri =1,k <lonlyifl <r <gq, Kzrq—z.
i) If 1 <g < o0, %—cxl =é=%—o¢2 then ay, 0 € [0, 1] andrp = 1,6 >0o0nlyifl <r; <gq,
l—Kqu—l.

Proof. Proposition 9 shows that the large-frequency part of the inequality (involving s1, 52 and thus (i), (ii)

and (iii)) holds. In view of Proposition 17 it remains to show that all exponents satisfying & < lr;l" + r"—z -1

q
with (iv), (v) and (vi) in the endpoint case & = lr;l" + % — é are covered by A(x). In the case k = 0
this holds by definition of .A(0) from (26) because the requirement (71, q) ¢ {1, ﬁ, é, oo} if0<a <1

from Lemma 16 (i) is met by (iv), (v) and (vi). The discussion for ¥ = 1 is analogous. So from now on
consider the case 0 < k < 1.

We now retrieve some information about A(k) by exploiting the formula A.(p,q) = % — é for
1 < p <g < o0;see (17). Going back to the definition of the sets A; (k) we find
-« « 1 _
Al(K)=§(q,r1,r2)e[1,oo]3: +———>a%,
r r2 4
1— 1 1 1
@wﬁ%@m“@euwﬁz K+£——:@05———¢mmn:L4,
r2 g ri g
-« « 1 1 1
AAMD{@meMﬂLwP: +———-=@ ———=0; €[0,1] and
r2 g ri 1 q !
(ri,q)gé{ 1, )(—oo)% ifaie(O,l)forizl,Z}.
1—o; o

Since the interpolation inequality holds for these exponents, our claim is proved in the following cases:

1—«k K 1 vl

-ty — g > see Ap().

. 1?‘;1K + r"—z — é =a and ¢ = 1: we necessarily have @ = 0, r; = r, = 1, which is covered by A5 (k) for
a1,ap # 0 or Az (k) for o1 = ap = 0, respectively.

1—k K 1 __ = R 1 : 1 —0=1_
et = and g = 00: - —ay #0# 7y 02 is covered by A5 (k) and a1 =0=7—w
with a1, ap € {0, 1} is covered by A3 (k).

So it remains to show the remaining endpoint estimates dealing with 1 < g < co. By the definition of
AY (k) we have restricted weak-type estimates for exponents from

1— 1
Af(K):{(q,rl,rz)e[l,ooP: K+£——=5landthereareq1E[rl,oo],qze[rz,oo]
r2
1 1 1— 1
suchthat g1 # ¢2, —— — # a; (i = 1,2), K_,_i:_
Fi  gi q1 92 4
1— 1
={%mmﬂ€UwP: K+£——:m1<q<m.
ry q
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(Indeed, thanks to @ > 0 we may choose qil = % —& and S = é
1 <r; < 00, analogously for r, < 00.) This implies

— 1‘1;]" for small & > 0 provided that

3 11—« K 1 _ 1 1
: +———=a,1<g<o00, —— — F o —0y.
r1 2 q rr nrn

As(k) D {(q.r1.12) €1, 00]

This yields the claim for the following exponents:

rz % =a, | <g <ooand % — % # a1 —ap, which is covered by A4 (x),
. 5—1K+f—2—§=&, I <g<ooand - — 1 =a; €[0,1] with (r;,¢) # (1, =) if @ € (0, 1), which
is covered by A3 (k).

So it remains to prove the claim for

1 1 1
l<g<oo, ——a;=—-—=——0wop and
r q r2
) ri
[r1=1<r2<q, 1>k>—= or rmn=1<r <gq, 1>1—/<z—:|.
q q

By symmetry we may concentrateonr; =1 <r, <gq, 1 >« > %2, where the estimate follows from

(13
lullg < Nuellgroo g cq < Nl gos el -, < I PY(DYu ;™ || P2(D)ully,
Here we used Proposition 8(iv) and (ii) (for r = r»). o

Proof of Theorem 2. We apply Theorem 18 to the symbols P1(D) = |D|*—1,s >0 and P»(D) = I that
satisfy the hypotheses of the theorem for (o1, a2, 51,52) = (1,0,5,0). Then@ =1—«, 5§ = (1 —k)s, so

Theorem 18 implies that the Gagliardo—Nirenberg inequality holds provided that 1 —« < 1r1K + ;‘2 é <
(1 —k)s. The latter restriction comes from Theorem 18(i) and one checks that (ii)—(vi) are not restrictive
for our choice of parameters (a1, a2, s1,52) = (1,0,s,0), s > 0. O

We continue with the higher-dimensional case where a computation of A(x) N B(«x) is rather cumber-
some. To simplify the discussion we concentrate on the special case r{y =7, =r €[1,2] and g € [2, ]
and only consider the special ansatz ¢; = ¢» = ¢ in the definition of the sets A; (k).

Theorem 19. Assume d € N, d > 2,k € [0, 1] and that (A1), (A2) hold for s1,s2 € Rand a1, 02 > —1
such that 0 <a < 1. Then

lullg < I PL(DYu| S Pa(DYu]S, ueSRY),

holds provided that @ < 1, a1 # a2, 0 < k < 1 and the exponents r € [1,2], q € [2, 0] satisfy
l 1 k +2a
> N1 A0
rq) T 20k+1)

27)

as well as (q,r);é( é) ifs1 =82 =5€(0,d]. Inthe case @ =1 or a1 = a3 or k € {0, 1} the same is

true provided that the last condition in (27) is replaced by mln{% qi} > Zk(,j_’z_‘i‘).
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Proof. The conditions for large frequencies (involving s1, s2) were shown to be sufficient in Proposition 9.
So we concentrate on the critical frequency part involving o1, a». The following computations are based
on the formula A.(r,q) = A(r.q) — &+ 1(pq)ce. Where

2(1 1 2 1 1
Avﬂ%ﬁm%Lg;_( )k+ K+l k k4

roq
for 1 <r <2 <¢g <o0; see (17) and Figure 1. Our definitions of A; (k), Az (k), A3(k) yield in the case
O0<k<1

2 g = 2 r

A1() D{(q.r,r) €[2,00] x[1,2]? : Ae(r,q) > @ for some & > 0},
Ar() D{(q.r.r) €2, 00] x [1,2]? : Ag(r,q) = & for some & > 0, o # @ # a2},

As(k) D {(q, r.r) € (2,00 x[1,2]%: Ag(r.q) = @ for some ¢ > 0, a1 =@ = a5 € [0, 1]

(11 k +2a
and min{ —, —; > ——— .
rq’ 2(k+1)
From A(k) D A1(k) U Az (k) U Asz(k) we thus get

A(k) D %(q, r,r) €[2,00] x[1,2]*: Ag(r, q) > & for some & > 0 and

11 k +2a
if Ag(r,q) =& =a; = ap €0, 1] then min{—,—} + }
r

717 20+

Since Ag(r,q) > a for some ¢ > 0 is equivalent to

_ k+2& i =
1 1 2 1 1 > =2 ffa<1and o o,
L min{—,—} 2k(/:£1) o 1 # o
roq k42 roq >2(k—4:1[) ifa=1ora; =as.

This proves the claim for 0 <k < 1. When « € {0, 1} the claim follows from (26) and Lemma 16(i), (ii)). O

Proof of Theorem 1. We apply Theorem 19 to Py(D) = |D|* — 1, P»(D) = I. Again, the hypotheses
of the theorem hold for («1, a2, 51,52,k) = (1,0,5,0,d — 1) because S is the unit sphere with d — 1
nonvanishing principal curvatures. O

6. Local Gagliardo-Nirenberg inequalities

In [Fernandez et al. 2022] it was shown that a “local” version of Gagliardo—Nirenberg inequalities
is of interest, too. Here one looks for a larger set of exponents where (3) holds under the additional
hypothesis || P1(D)ull;, < R||P2(D)u|,,, where R > 0 is fixed; see Corollary 2.10 in that paper. A

simple consequence of our estimates above is the following.
Corollary 20. Assume d € N, k € [0, 1] and (Al), (A2) for s1,52 € R and ay,az > —1. Then the
inequality

lllg < (R0 + R || (DY, | P2(D)ul,

holds for all u € S(R?) and satisfying || P1(D)u I, < R||P2(D)ulr, provided that for some k1, k2 € [0, k]
we have (q,r1,r2) € A(k1) N B(ka).
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Proof. Choose k1, k2 as required. Then Proposition 17 gives
l1llg < 1 Pr(DYully 7 | Pa (D))
= (IPL(DYullyy | P2(DYull )T - [ Pr(Dyully 7| P2 (D)ully,
< RV Pr(D)ully; || P2D)ully,.
Similarly, Proposition 9 implies
luzllq <R[ Pr(D)ull; || P2(D)ully,.
Summing up these inequalities gives the claim. O

In the context of our particular example P1(D) = |D|* —1, s > 0, and P>(D) = I this gives the
following generalization of [Ferndndez et al. 2022, Corollary 2.10].

Corollary 21. Assumed €N, d > 2, k € (0,1), s > 0. Then
lellg < R+ DD = Duly [l

holds for all u € S(R?) satisfying ||(|D|* — Dul|, < R|ul|, provided that (q.,r) # (o0, %) if0<s<d
and

(i)d=1,lfr,qfooandl—/cf%—éfsor
- 2(1—k) 1 1 - 411 k+2-2
(i) d =2, 1<sr=<2=<q=ocand 57—555,mm{;,7}2 2(k+1;<'

Proof. This corresponds to the special case
(k1,62) = (k,0) and (op,02,51,82.k,r1,72)=(1,0,5,0,d —1,r,r)

in Corollary 20. The computation of A(k) and B(0) can be done as in the proof of Theorem 19. Note
that the assumptions imply ¢ =1 —k € (0, 1), o1 # oz and 0 <k < 1. O

7. Gagliardo-Nirenberg inequalities with unbounded characteristic sets

In the previous sections we provided a systematic study of Gagliardo—Nirenberg inequalities, where the
characteristic set S of the symbols is smooth and compact. In the case of unbounded characteristic sets
our analysis works for Schwartz functions whose Fourier transform is supported in a given bounded set,
but an argument for general Schwartz functions is lacking so far, even in the case of simple differentiable
operators with suitable scaling behaviour like the wave operator or the Schrodinger operator. In the
L2-setting, a less technical approach based on Plancherel’s identity can be used. We follow the ideas
presented in [Ferndndez et al. 2022] to prove Gagliardo—Nirenberg inequalities of the form

lullg < 119 — Aul 7 ulls, u e SR, (28)
lvllg S llidew— Av| 1 |lv]k, v eSRY), (29)

where r = 2. We denote the space-time variable by z = (x, 1) € RI-IxR=RA.
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Theorem 22. Let d € N. Then (28) holds provided that r =2, q = #‘i‘“{, where % <k<lifd=>3
and Y <k <1ifd =2.

Proof. We first consider the case d > 3, and define C; := {£ = (§/,&;) e R¢ : 55 —|€’|> =t} and the
induced surface measure o;. Then we have the representation formula

u(z)=cd/ At de =4 // A(E)E 7 doy (€) dt

where ¢y = (27)~%/2. Strichartz’ inequality [1977, Theorem I, case III(b)] implies that we have for

2(d+1) 2d
a1 S4=43

1, =1
lully < | IF @] doy)llg dt
R
d—1_d . _4
N IR|f| a7 2y, doy) 1

d—2_d . _1
< Rlll ¥ 24 lul - "2 2, doy) 41

Here, the factor |¢|@—1)/4=4/24) i obtained via scaling and in the last estimate we used |£| > /|¢| for
& € C¢. On the other hand, Plancherel’s theorem gives

o=l = [ 1651 PRI g

—l 215 2 1e1—1
[ et doe

N Y N0 SIS B )
_E/Rt 1l 172 172, doyy 4

2 1 A -1
||U||2=§/R”“|'| 2||L2(Ct9dgt)d[

Writing ¢(¢) := ||i] - |_1/2||L2(Ct,da,) it remains to prove that the quotient

d=2__d_
fR|t| 4 2q(p([)d[

1=k ©

(2002 dr) =" (002 dr)?
is bounded independently of ¢. According to [Fernandez et al. 2022, Lemma 2.1], with w(z) =
|¢|(@=2)/4=d/ Q) ), () = 1 and wa(r) = ¢, this is the case if and only if the following quantity is finite:

and

11—k w 1—k |t| 2 ~q 5
Sups 2 |1 =sups 2 - dt
5§>0 (w? +sw2)2 L2(R) >0 r 1+st
d=2_d 1
—1(4-4 lp| 2 "4 2
=sups =N —2d:0 )
s>0 R 1+ P
This leads to g = 734 In view of 241 < ¢ < 24 this requires § < k < 52, but the upper

bound for ¥ may be removed just as in [Fernandez et al. 2022, p. 20-21] by combining the already
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established inequality for % with
2(d +1) 1 1-6 0
1—-60 0 —
lullg < Il [Juell 2441 2=q= d—1 5 ) + 2(;74—11)'
In the case d = 2 the analogous reasoning based on [Strichartz 1977, Theorem I, case III(c)]. It is

also shown in that work that the above estimates are valid for 6 = % <g< dz__dz = oo and thus

1 d+2 : : . : 1
2 <K=3505D The same interpolation trick then allows to extend this to the whole range k > 7. [

We now apply this method to the Schrodinger operator.

Theorem 23. Let d € N,d > 2. Then (29) holds provided that r = 2,q = 290 and L <« < 1.

Proof. Define Py := {§ = (¢, &4) € R? : £5 —|&'|> =t} and the induced surface measure o;. Plancherel’s
identity gives

o= [ [ 106l PR g

= [ W[ B € PR g d
R Rd—1

= [ [ eV ag P a ar
R R4—

-1,
= [ W 18002y
where 0 (£) := 0(/1€',1E7)(1 + 4|€')>)~1/4. Similarly,

d—1
Jidw = avl = [ >+
R

A2
”vt”Lz(P],dU]) dt.

Strichartz’ inequality from [Strichartz 1977, Theorem I, case I] implies for ¢ = %
ca [ [, o€ 0+ g PP ag ay
R JRA—1
s / / BE 1+ 8 2)el=E D g
R R4—1
dt

d—1
s/mz
R q

$ [ 10| G ) (1 4P don) (W ez di

lvllg =

q

dt
q

‘/ D(VIE 11 4[5/ P))e= VEAIHET) g/
Rd—1

d—1_d+1 —1/A _1

= [T e ) (4l don)
d—1_d+1 1

< [ 10T S 6 1+ HEPY 2,0

d—1_d+1
5 [R|t| 2 24 ”vt”Lz(P],dU])d['
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We set (1) = |t]@—D/4|5, l22(p,, do,) @nd it remains to show that the quotient

I |z|%—‘%‘¢(z) dt

(o202 dt) = (g2 )
is bounded independently of ¢. We apply [Ferndndez et al. 2022, Lemma 2.1] once more:

d—1

1
[ ) = (- )— /|p A )
sup s =N dt] =sups 2 — d
s>18 (/ 1+ 512 s>€ Vs 1+ p? P

D=

ol T \2
—x_d+1 , d+1 q
—supsT 8 T ag ( p—zdp) .
§>0 R 1+p
This term is indeed finite for g = % and k¥ = %, which proves the claim in this special case. The
claim for general x > % follows as above by interpolation. O

We conjecture that at least for 1 <r <2 <¢g < oo and 0 < k¥ < 1 the inequality (28) actually holds for
exponents

11 2(1—«) min%li}> d — 2 G0)

r g Ty
whereas the corresponding inequality involving the Schrodinger operator holds whenever
I 1 2(1-«k) (11 d+1—2/<
—-——=——", min _—
r’q 2d

rog d+17
Note that the Sobolev inequalities [Jeong et al. 2016, Theorem 1.1] then take the form of the endpoint
estimate x = 0 in (30).

roqg d
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SEMICLASSICAL PROPAGATION THROUGH CONE POINTS

PETER HINTZ

We introduce a general framework for the study of the diffraction of waves by cone points at high frequen-
cies. We prove that semiclassical regularity propagates through cone points with an almost sharp loss even
when the underlying operator has leading-order terms at the conic singularity which fail to be symmetric.
We moreover show improved regularity along strictly diffractive geodesics. Applications include high-
energy resolvent estimates for complex- or matrix-valued inverse square potentials and for the Dirac—
Coulomb equation. We also prove a sharp propagation estimate for the semiclassical conic Laplacian.

The proofs use the semiclassical cone calculus, introduced recently by the author, and combine radial
point estimates with estimates for a scattering problem on an exact cone. A second microlocal refinement
of the calculus captures semiclassical conormal regularity at the cone point and thus facilitates a unified
treatment of semiclassical cone and b-regularity.

1. Introduction

We present a systematic analysis of the propagation of semiclassical regularity through points which are
geometrically singular (cone points), analytically singular (e.g., including inverse square potentials), or
both. The novel aspect of our approach is that it handles leading-order singular terms with ease, regardless
of symmetry or sign conditions.

As a simple application of our main microlocal propagation result, we consider high-energy scattering
by complex-valued potentials on R" with an inverse square singularity. Denote by HOZ([RR” \ {0}) the
closure of CZ°(R" \ {0}) in the topology of H?(R"); denote further by A = Z’}:] Dif (where D =(1/i)0)
the nonnegative Laplacian, and denote polar coordinates on R” by (r, w) € (0, 00) x "\,

Theorem 1.1 (high-energy estimates for potential scattering). Let V(x) = Vy(x)/ |x |2, where Vy =
Vo(r, w) € C([0, 00), x S"~1; C) and Vo(0,w) = Z € C. (Thus V(x) = Z/|x|> + O(|x|~") near the
origin.) Suppose that n > 5 and Re \/((n —2)/2)2+Z > 1. Then there exists Ly > 0 so that for all . € C
with Re L > Ay and 0 < Im A < 1, the operator

A+V —r: HF}R"\{0}) - L*(R") (1-1)
is invertible, and its inverse obeys the operator norm bound
I(A+V =07 Xl g2 < Cyelal 2 (1-2)
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forall x € C(X) and € > 0. More generally, A+V — 1 :D — L?*(R") is invertible for n > 2 and
ZeC\ (—o0, —((n— 2)/2)2] for a suitable domain D (see (5-29) with | = 1), and the estimate (1-2)
holds in this generality as well.

The point is that we can allow for Z to be nonreal, in which case A + V is not a symmetric operator
on C°(R™\ {0}). (The compact support assumption on V is made only to focus the attention of the
reader on a neighborhood of the singularity at x = 0. The result holds also for V with sufficient decay at
infinity, such as [0 V| < (x)~1=% for all « where § > 0.) For a general result for matrix-valued inverse
square potentials without symmetry conditions, see Theorem 5.7; Lemma 5.10 verifies the assumptions
of Theorem 5.7 for the case considered in Theorem 1.1. Typical applications of high-energy resolvent
estimates include decay and local smoothing estimates for solutions to wave and Schrédinger equations;
since such applications are orthogonal to the focus of the present paper, we shall not discuss them here.

Burq and Planchon, Stalker, and Tahvildar-Zadeh [Planchon et al. 2003; Burq et al. 2003] proved
Strichartz estimates for exact inverse square potentials in the case of real Z > —((n —2)/2)*. Duyckaerts
[2006] obtained, by means of estimates for semiclassical defect measures, high-energy resolvent estimates
(without the e-loss) in the more general setting of inverse square potentials at a finite collection of
points p; in R", at each of which the coefficient Z; satisfies Z; > —((n —2)/ 2)2. We also mention the
work [Baskin and Wunsch 2013] on lossless resolvent estimates in a geometric setting, namely in the
presence of finitely many conic singularities, and the work by [Hillairet and Wunsch 2020] on resonances
in this setting (see also [Galkowski 2017]).

Remark 1.2 (more natural settings). The setting of Theorem 1.1 is chosen here for its simplicity. More
natural examples in which leading-order terms without signs or symmetry properties are present arise
in particular in the study of PDEs on vector bundles. As an example, motivated by the recent work
[Baskin and Wunsch 2023], we prove high-energy resolvent estimates for the Dirac—Coulomb equation
in Section 5C; see Theorem 5.14.

The heart of the proof of Theorem 1.1 is the propagation of semiclassical regularity through r =0, which
we prove in this paper for a general class of admissible operators; see Definition 4.1 and Theorem 4.10.
Thus, in addition to inverse square singularities (which may be anisotropic), we allow for the underlying
metric g to have a conic singularity at » = 0, so g = dr? 4 r2k(r, v, dr, dy) for some smooth r-dependent
tensor k, with k|,—¢ a Riemannian metric on a closed manifold Y. We moreover allow for further first-order
differential operators of the schematic form r~'D,, r_sz to be present. All these singular terms are
allowed to be of the same strength at r = 0: they are, to leading order at r = 0, homogeneous of degree —2
with respect to dilations.

In order to explain the main features of Theorem 1.1, note that the degree —2 homogeneity of the
Laplacian and of the potential 2 is reflected also in the Hardy inequality, which demonstrates that any
factor of ~! should be regarded as a derivative as far as analysis near the cone point = 0 is concerned.
Therefore, when Z in Theorem 1.1 is nonreal, the operator A 4+ V — A is, even to leading order at the cone

In particular, the choice of the large end of the space, here R”, is only made for convenience and allows for simple control of
the global structure of the geodesic flow. Thus, we do not discuss the large literature on limiting absorption principles here.
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point, not symmetric. Therefore, techniques rooted in the spectral theory of self-adjoint operators do not
apply. Furthermore, recall that even for solutions of smooth-coefficient PDEs Pu = f where the principal
symbol of P is complex-valued, microlocal regularity of u propagates along the null-bicharacteristics of
Re P only under a sign condition on Im P near the boundary of the support of Im P [Vasy 2018, §4.5];
on a technical level, the term Im P contributes the leading term in a positive commutator argument for
proving the propagation of regularity along null-bicharacteristics of Re P. The absence of sign conditions
on Im V in Theorem 1.1 is thus a significant obstacle for the applicability of existing methods.

In general geometric or analytic settings where one cannot separate variables, propagation estimates
through cone points and other types of singularities have so far largely been restricted to self-adjoint
settings. Melrose and Wunsch [2004] studied the diffraction of waves by conic singularities by combining
microlocal propagation estimates in the edge calculus developed by Mazzeo [1991] with the inversion of
a suitable model operator on an exact cone. This point of view is closely related to that adopted in the
present paper, see Remark 1.4, though by contrast to the present work, [Melrose and Wunsch 2004] takes
full advantage of the self-adjointness of the underlying Laplace operator.

Later works on wave propagation in singular geometries have been based on positive commutator
arguments relative to a quadratic form domain (thus still in self-adjoint settings), following the blueprint
of [Vasy 2008] on the propagation of singularities on smooth manifolds with corners (see [Lebeau 1997]
for the analytic setting). Vasy’s work was extended to the setting of manifolds with edge singularities by
Melrose, Vasy and Wunsch [Melrose et al. 2008], and the same authors established improved regularity of
the strictly diffracted front on manifolds with corners [Melrose et al. 2013]. See [Qian 2009] for the case
of inverse square potentials. We remark that in these works, the underlying geometry near the singularity
is not reflected in the type of singularities which propagate or diffract—for instance, in the case of [Vasy
2008], the geometry is that of a manifold with corners equipped with a smooth (incomplete!) Riemannian
metric, but the correct notion of regularity is conormality at the boundary; thus, these works introduce
mixed differential-pseudodifferential calculi which are compatible with both structures.

Baskin and Marzuola [2022] combined the techniques of [Vasy 2008] with those developed in [Baskin
et al. 2015] to study the long-time behavior of waves on manifolds with conic singularities. An important
ingredient in their work is a high-energy estimate for propagation through the conic singularity. In the
present paper we give an alternative proof which in particular avoids the use of a mixed calculus; see
also Remark 1.5. We also mention that Gannot and Wunsch [2023] analyzed the diffraction by conormal
potentials in the semiclassical setting using direct commutator methods involving paired Lagrangian
distributions, inspired by [de Hoop et al. 2015].

The recent work [Baskin and Wunsch 2023] on diffraction for the Dirac—Coulomb equation is also
rooted in [Melrose and Wunsch 2004; Melrose et al. 2008]. While the (first-order) Dirac—Coulomb
operator is self-adjoint for the range of Coulomb charges considered in [Baskin and Wunsch 2023], the
wave-type operator obtained by taking an appropriate square has nonsymmetric leading-order terms at
the central singularity; thus, the authors work directly with the first-order operator in their proofs of
propagation results. We are able to give a direct proof of high-energy estimates for the resolvent associated
with the wave-type operator arising in [Baskin and Wunsch 2023]; see Section 5C.
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In the high-energy regime under study in the present paper, the strategy for overcoming the issues caused
by the absence of symmetry or self-adjointness properties is the following. We distill the contribution of V
to the high-frequency propagation of regularity (i.e., in Theorem 1.1, the inverse powers of |A| appearing
in uniform estimates of L2 norms) into a model problem right at the cone point, thus decoupling it from the
real-principal-type propagation away from the cone point (where V plays no role due to its subprincipal
nature). More precisely, in the setting of Theorem 1.1, set & := |A|~'/? and z = h?A = 1 + O(h), and
define the semiclassical rescaling

h? h h?
P.=h*(A+V -2 =h*A—z+ WVO = (hD,)* —i(n—1)=hD, +h*r > Agi1 —z+ —Vp. (1-3)
X r r
Recall here that Vj € C°([0, 00), X S$"1; C) is equal to a constant Z € C at r = 0. The operator Py isa
semiclassical differential operator in r > 0. Its uniform analysis as # — 0, as far as the novel bit near
r = 0 is concerned, is based on two ingredients, discussed in more detail in Section 1A:

(1) Symbolic propagation estimates: real-principal-type propagation in r > 0 in the spirit of [Duistermaat
and Hormander 1972], and radial point estimates down to r = 0 in the spirit of [Melrose 1994; Vasy
2013] but taking place in the semiclassical cone algebra introduced by the author in [Hintz 2022]. The
advantage of this algebra in the present setting is that Pj, ; has a smooth and nondegenerate principal
symbol in this algebra down to r = 0; in this algebra, the proofs of the relevant symbolic estimates are
then essentially standard.

(2) Inversion of a model problem: Passing to the rescaled variable 7 = r/ h and letting &4 — 0 for fixed 7
in the resulting expression of P, , gives

f

Z
N(P)=D; —i(n—1)i"'D; +F *Agu1 — 1 + . (1-4)
r

The inversion of N (P) is a scattering problem on an exact cone at unit frequency and requires the existence
of the limiting (outgoing) resolvent. Its analysis is based on b-analysis near the small end of the cone
[Melrose 1993] and on the microlocal approach to scattering theory on spaces with conic infinite ends
pioneered in [Melrose 1994].

The €-loss in the estimate (1-2) is then due to the analogous loss in the limiting absorption principle
for the scattering problem, as one needs to exclude incoming but allow outgoing spherical waves; see
Remark 5.3. (We shall in fact deduce the lossy estimates stated in Theorem 1.1 from sharp results —as far
as the relationship of domain and codomain of P} ; is concerned — on spaces with variable semiclassical
orders.) For general admissible operators, the decay rates of incoming and outgoing solutions of the
model problem are typically different, and the semiclassical loss upon propagation through the cone
point is equal to their difference (up to an additional e-loss); we give explicit examples in which this
loss indeed occurs in Appendix A, demonstrating that our analysis is sharp up to an e-loss. It seems
impossible to avoid this e-loss if one proves the propagation estimates in the above step-by-step manner:
the microlocal radial point estimates force inequalities on the semiclassical orders (see, however, [Wang
2020] in a Besov space setting), and also on the incoming and outgoing decay orders of the function
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spaces on which the model problem is invertible. Thus, avoiding this e-loss requires the development
of propagation arguments which provide control near » = 0 in one fell swoop. We demonstrate this for
operators P, , = h2A ¢ — 2, 2=1+4+0(h), on (nonexact) conic manifolds, for which we are able to obtain
a lossless propagation estimate by means of a positive commutator argument which is global on the level
of the normal operator N (P), i.e., which involves the construction of a commutator which is positive as
an operator on an exact cone, in the spirit of Mourre’s construction [1980/81] and Vasy’s approach [2000;
2001] to many-body scattering; see Theorem 5.4, in particular the estimate (5-6). It is not clear at present
however how to generalize such an argument to more general (in particular nonsymmetric) settings.

The close connection between diffraction by conic singularities and scattering on large ends of cones
was recently studied for exact (or “product”) cones (i.e., the metric is g = dr? 4 r2k(y, dy)) by Yang
[2022], resulting in a partial improvement of the classical analysis by Cheeger and Taylor [1982a; 1982b]
which was based on separation of variables and Bessel function analysis. Recently, Chen Xi [2022]
constructed a detailed parametrix for high-frequency diffraction by (nonexact) conic singularities, i.e., for
the operator (h%A ¢g— (1 ki 0))~!, with applications to short-time Strichartz estimates for the Schrodinger
equation; an important ingredient in his work is the precise resolvent construction by Guillarmou, Hassell
and Sikora [Guillarmou et al. 2013], applied on an exact cone which arises similarly to (1-4). (The
history of the study of propagation and diffraction phenomena for solutions of wave-type equations on
manifolds with singularities is long, starting with Sommerfeld’s example [1896] and early developments
by Friedlander [1958] and Keller [1985]. The use of geometric and microlocal techniques for the analysis
of singularities goes back to [Melrose and Sjostrand 1978; 1982] on manifolds with boundary using
commutator techniques, and [Melrose 1975; Taylor 1976; Melrose and Taylor 2018] using parametrix
constructions.) We also mention the recent work by Keeler and Marzuola [2022] who use estimates for
the resolvent on exact cones perturbed by a radial (but not homogeneous) potential in order to obtain
dispersive estimates for the Schrodinger equation.

Finally, we prove a diffractive improvement which gives finer control on the strength of singularities as
they propagate through the cone point. Combining our framework with the arguments in [Melrose and Wun-
sch 2004; Melrose et al. 2008] for the propagation of coisotropic regularity, we show that, under a nonfocus-
ing condition, the strongest singularities propagating towards the cone point only continue along geometric
geodesics (limits of geodesics barely missing the cone point), whereas away from those, the diffracted
front is smoother; see Section 4F. We do not address here the interesting question of whether one can prove
estimates in the presence of multiple scatterers using such diffractive improvements, as done in [Baskin
and Wunsch 2013]; in particular, we do not recover Duyckaerts’ results [2006] here. See Remark 5.11.

Regarding applications of our high-frequency estimates, we content ourselves with a few conjectural
remarks. First, in the context of [Baskin et al. 2015; 2018; Baskin and Marzuola 2022] and Remark 5.12,
it should be possible to use our results to justify contour-shifting arguments for obtaining asymptotic
expansions (including radiation fields) of solutions to wave-type equations on static conic manifolds with
rather general inverse square potentials in the forward cone. Due to the relationship between edge Sobolev
spaces and semiclassical cone Sobolev spaces discussed in Remark 3.4, it is likely not necessary to prove
b-regularity at the spatial cone point » = 0 (unlike in [Baskin and Marzuola 2022, §8.2.2-8.2.3]); instead,



3482 PETER HINTZ

Figure 1. The semiclassical cone single space X.p.

edge propagation results at » = 0 (with uniformity as ¢ — oo encoded by b-spaces), which directly apply
also to nonsymmetric operators, likely suffice. One does need to show, however, the existence of global
forward solutions by means distinct from energy methods since spectral methods are no longer available
for defining domains of the spatial operator.> Second, it is not immediately clear how to generalize
local smoothing estimates for Schrédinger equations (e.g., as in [Duyckaerts 2006, Corollaire (2)]) if
the underlying Hamiltonian is not self-adjoint; it is an interesting question however whether, say in the
context of Theorem 1.1, some version of local smoothing (with an e-loss) holds for the evolution defined
in terms of the inverse Fourier transform of the resolvent (A +V —A+i0)"L 1 e R, assuming it exists.
(Estimates in the elliptic regime A < —1 are discussed in [Hintz 2022].) A similar remark applies to
Strichartz estimates.

1A. Sketch of the proof. Consider again the operator Py ; from (1-3); we work locally near r = 0, thus
on X =10, 1), x $"~!. In order to achieve a clean separation of the regimes & — 0, r > 0 (corresponding
to semiclassical analysis away from the cone point) and & ~ r — 0 (where the normal operator N (P)
in (1-4) enters and semiclassical tools cease to be applicable), we work on a resolution of the total space
[0, 1);, x X obtained by a real blow-up of h =r =0,

Xen = [0, Dp x X; {0} x 3X].

See Figure 1. We wish to regard 4 /(h +r) as the “true” semiclassical parameter; we proceed to make
this more precise.

Note first that for 4 = 1, the rescaling r2P; , is a Fuchs-type operator, or b-differential operator in the
terminology of [Melrose 1993], namely a differential operator built out of the vector fields r9, and 9,
(which span the space of b-vector fields), where y € R"~! denotes local coordinates on dX. In this sense,
vi» Where k' is the
inverse metric on S"~!. As & tends to 0, the operator r2 P, . is built out of the semiclassical vector fields

the rescaled operator r2 P ; has elliptic principal part given by (rD,)? + k" D, D

hro, and hd, (which span the space of semiclassical b-vector fields). In this semiclassical sense (i.e.,

2A closely related setting in which many of these points are addressed, with the exception of the analysis at a spatial inverse
square singularity, is described in [Hintz 2023]; see in particular §5.3 of that work.

3Recall here that the real blow-up gives an invariant way of introducing polar coordinates around {0} x dX. Thus, a
neighborhood of 4 = r = 0in X, is diffeomorphic to [0, 1), x [0, %]9 x 0X and equipped with a smooth map (the blow-down
map) to [0, 1) x X =1[0, 1) x ([0, 1) x §"_1) given by (p, 0, y) — (psiné, (p cosb, y)), which is a diffeomorphism away from
the front face ,Lf1 (0). In practice, it is more convenient to work with the smooth functions h+r, h/(h+r) on X.p instead of p, 6.
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ignoring terms with extra powers of 4), its principal part is
rZPh,z ~ (hrDr)2 +kithyihDyj — rzz,

The characteristic set, i.e., the zero set of its principal symbol S&h + |npn]? — r2, becomes singular at
r = 0, which is indicative of the inadequacy of the semiclassical b-setting to capture the behavior of Py ,
microlocally near 4 =r = 0 (cf. the above discussion regarding the tension between the geometry and the
notion of regularity in [Melrose and Wunsch 2004; Vasy 2008] and subsequent works). The way out is to
divide by (h + r)? and thus consider

P - P r,y ’D h D
J [A ) rs )
h,z h,z J J y

as a differential operator built out of (h/(h +r)) rd, and h/((h +r)) d,:, which are the prototypical
semiclassical cone vector fields introduced in [Hintz 2022]; see Section 3A. In this sense, the principal
part of (r/(h + r))zPh,Z (i.e., ignoring terms of size O(h/(h +r))) is

2 2 2
" Vb~ (Lrp,) ki (D) (LD, ) - () - (1-5)
htr) " e htr Y \nvr ) \n+r )™

Put differently, we may note that P , ~ (h D)2+ k' (hr~! Dy,-)(hr_1 D,;)—z is homogeneous of degree 0
with respect to scaling in (4, r), and approximately homogeneous of degree —2 with respect to scaling
in r; this suggests expressing Py ; in terms of r/(h +r) =1 — h/(h +r), leading again to (1-5).

Note that in the regime h/(h + r) < 1, where we are aiming to use semiclassical methods, the
operator (1-5) is now nondegenerate in the sense that its principal symbol

poi(r, y, &,m) =E>+n* =1

(recall z =1+ O(h)) has a smooth zero set on which pg ; vanishes simply. (The microlocal analysis of
semiclassical cone operators in the semiclassical regime is thus concerned with tracking amplitudes of

oscillations
r h/(/;+r) Ee h/(/‘1+r) ny

through the phase space over X.; — more precisely, over the “semiclassical face” h/(h +r) = 0— whose
fiber variables are (&, n).)

The semiclassical cone calculus W ;(X), introduced in [Hintz 2022] and developed further in Section 3,
makes this rigorous. It allows for the symbolic analysis of pseudodifferential operators of the form

h h h
O = _’h s Vo Dr’ Dy)”
Pe.n (P) p<h+r Y h+rr h+r y)

using standard methods from microlocal analysis: there is a semiclassical principal symbol p(0, r, y, &, n),
which is a symbol on the aforementioned phase space (defined rigorously after Lemma 3.2). Moreover, as
usual, the commutator i[Op, ,(p), Op. ,(g)] is given by the quantization of the Poisson bracket of p and
q up to operators with an extra factor of 4/(h 4 r). For the operator P ; in (1-3), the Hamilton vector
field of its principal symbol is nondegenerate except at two submanifolds of critical points over r = 0;
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these critical sets are saddle points for the Hamilton flow, and are end or starting points of geodesics
hitting the cone point or emanating from it. (See Figure 10.) One can thus prove quantitative microlocal
propagation and radial point estimates on the associated scale of weighted semiclassical cone Sobolev
spaces, which measure L2 norms of derivatives along (h/(h+r))rD,, (h/(h+r)) Dy, and which feature
weights which are real powers of r/(h+r) and h +r.

Remark 1.3 (semiclassical cone ps.d.o.s as tools). The (large) pseudodifferential calculus W ;(X) was
introduced in [Hintz 2022] as the space in which inverses and complex powers of elliptic semiclassical
cone operators, such as 72 A + 1, live; the goal there was a precise description of their Schwartz kernels.
Here, by contrast, we use semiclassical cone pseudodifferential operators (ps.d.o.s) as tools to understand
propagation phenomena. Correspondingly, we only need to consider the small semiclassical cone calculus,
as our analysis will be based on proving estimates, rather than on the construction and usage of parametrices.
(Parametrices are typically significantly more challenging to construct [Chin 2022] and are very precise
tools; on the flipside, they tend to be less convenient when the need for generalizations or for proofs of
sharp mapping properties on various function spaces arises.) Thus, in Section 3, we provide a perspective
on W (X) which makes it easy to work with in nonelliptic settings.

At this point, we control the semiclassical regularity of solutions of P, ;,u = f at h/(h+r) =0. This
means that we have an estimate of the schematic form

lull S 1l Przull + | Eull + H : (1-6)

h+r

where Eu controls u# on a transversal to the collection of forward geodesics which encounter r = 0; the
function spaces here are semiclassical cone Sobolev spaces. That is, control of Fu together with weak
control of u at h/(h 4 r) = 0 (finiteness of the final term) gives stronger control of u (finiteness of the
left-hand side), provided the forcing term P, ;u has suitable bounds (e.g., equals 0). Notice that the
weights 1 and 4 /(h 4 r) in the norms ||u|| and ||hu/(h + r)|| are comparable for h ~ r, i.e., at the front
face in Figure 1; thus, the estimate (1-6) does not provide control of # in this regime.

In order to control u globally, including at 4 = r = 0, one needs to invert the normal operator N (P)
of P ., which is the restriction of P, ; to the front face of Xz; see (1-3)—(1-4) for a concrete example.
The function spaces on which one inverts N (P) need to match the function spaces in which the symbolic
propagation estimates are obtained. As already observed in [Hintz 2022] (see also the earlier paper [Loya
2002]) and demonstrated in detail on the level of function spaces in Section 3C, the correct function spaces
for N (P) are standard Sobolev spaces when 7 =r/h 2 1 (i.e., measuring regularity with respect to D; and
Ft D) and b-Sobolev spaces in 7 5 1 (i.e., measuring regularity with respect to 7 Dz and D). Following
[Melrose 1994], we show in Section 4D that the analysis of N (P) on spaces with variable orders of decay
as 7 — 00 precisely matches the above symbolic analysis which involves variable semiclassical orders
(powers of h/(h + r)) to accommodate the threshold requirements for propagation into/out of the radial
sets; see [Dyatlov and Zworski 2019, Appendix E.4].

We stress the global (rather than microlocal or symbolic) nature of the requirement that the normal
operator N (P) be invertible; while verifying this in concrete situations is nontrivial, one has many standard
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techniques at one’s disposal (such as boundary-pairing arguments, unique continuation, separation of
variables, etc.). We also remark that the necessity to invert model (or “normal”) operators for the purpose
of controlling solutions of PDE in a singular regime is a typical feature of singular PDE; see for example
the role of the invertibility of the Mellin-transformed normal operator family in the asymptotic behavior
of waves in [Baskin et al. 2015; 2018; Baskin and Marzuola 2019; 2022].

In combination, the symbolic estimates and the normal operator invertibility provide control of u at
both hypersurfaces h/(h +r) =0 and h +r = 0 of X.;: schematically, one estimates the final term
in (1-6) by [|(h/(h 4+ r)) N(P)u| and then replaces N(P) by P, thereby committing an error term
which vanishes to leading order at the front face 4 4+ r = 0; one obtains

wl| S P zull + I Eull + hllull.

h+r

The final term can be absorbed into the left-hand side when # is sufficiently small. Thus, we have uniform

lull S 1Pzl + | Eull + H (h+r)

control of u as h — 0. (One can package this into an invertibility statement for a modification of P ; by
placing complex-absorbing potentials away from r = 0 in the spirit of [Nonnenmacher and Zworski 2009;
Waunsch and Zworski 2011; Datchev and Vasy 2012; Vasy 2013]; see Section 4E.)

Remark 1.4 (relation to edge propagation). The proof of symbolic propagation estimates for wave
equations on conic or edge manifolds using the edge calculus [Mazzeo 1991], as done in [Melrose and
Wunsch 2004, §8] and [Melrose et al. 2008, §11], is closely related, via the Fourier transform in time,
to the semiclassical cone Sobolev spaces associated with W¢;(X); see Remark 3.4. Going one step
further in the comparison, we note that the fine analysis of diffraction of [Melrose and Wunsch 2004] for
waves on a conic manifolds uses a normal operator at the cone point which is defined via a rescaled FBI
(Fourier-Bros-Iagolnitzer) transform in time; this normal operator is thus equivalent to the operator N (P)
considered here, but used in a different manner.

Remark 1.5 (second microlocalization). Writing

hrD, =(h+r)

rD, and hD,=(h+r)

Dy
h+r h+r

suggests that semiclassical conormal regularity at the cone point (regularity under application of ir D,
and hDy) can be captured on the scale of semiclassical cone Sobolev spaces as well. We present a
systematic second microlocal perspective on this in Section 3D, inspired by recent work of Vasy [2021a;
2021b] on the limiting absorption principle on asymptotically conic manifolds (with the conic nature
referring to the large end of the manifold). In view of the characterization of the quadratic form domain
of h2A ¢ + 1 as a semiclassical cone Sobolev space in [Hintz 2022, Theorem 6.1], we can thus eliminate
the need of working with a mixed differential-pseudodifferential calculus as in [Baskin and Marzuola
2022], and instead work in a single microlocal framework.

1B. Outline of the paper. In Section 2, we review basic notions from b- and scattering analysis, with
an eye towards the relationship with semiclassical cone analysis. In Section 3, we describe a hands-on
perspective on the semiclassical cone algebra W, (X) with a focus on its use for symbolic computations.
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The heart of the paper is Section 4: we define the general class of operators to which the analysis
sketched in Section 1A applies (Section 4A) and analyze in detail their symbolic properties (Section 4B),
followed by a general analysis of N(P) (Section 4C). We state and prove the main microlocal result,
Theorem 4.10, in Section 4D. We prove the diffractive improvement in Section 4F. Finally, Section 5
contains applications of the general theory: a sharp version of propagation estimates for 72A ¢—lon
conic manifolds in Section 5A, and high-energy resolvent estimates for scattering by inverse square
potentials and the Dirac—Coulomb equation in Sections 5B and 5C.

In Appendix B, we provide a brief summary of the Sobolev spaces and pseudodifferential calculi used,
to aid the reader in keeping track of the (meanings of the) various orders involved.

2. Review of b- and scattering calculi

We denote by X a smooth n-dimensional compact manifold with nonempty, connected, and embedded
boundary 9 X. The Lie algebra Vy(X) CV(X) =C*°(X; T X) of b-vector fields consists of all smooth vector
fields on X which are tangent to d X. The Lie subalgebra Vs.(X) C V(X)) of scattering vector fields consists
of all b-vector fields which vanish, as b-vector fields, at 3 X. Thus, if x € C°°(X) denotes a boundary-
defining function (meaning: 0X = x~1(0), and dx does not vanish on 3X), then Vi (X) = xVp(X). In
local coordinates (x, y) € [0, 00) x R*~! near a point on d X, b-vector fields are of the form

n—1

a(x, )xd;+ Y b (x,y)dy. ab',.. b eC™, 2-1)

j=l1

while scattering vector fields are of the form

n—1
a(e, y)x%0+ Y bl yxd,, a b, b ec™.
j=1
Correspondingly, there are natural vector bundles
°TX - X, *TX — X, (2-2)
isomorphic to 7 X° over X °, but with local frames (in local coordinates as above) given by x 9y, 8y1 e, ayn—l
and x29,, Xdy1, ..., X0yn-1 respectively, so that Vi, (X) =C*(X; b7 X) and Vi (X) =C>®(X; T X). Here,

we implicitly use the bundle maps °TX — T X and **T X — T X (which are isomorphisms over X° but not
over 0X) to identify C*(X; b7 X) and C®°(X; T X) with subspaces of C®°(X; TX) = V(X). The dual
bundles of (2-2) are the b-cotangent bundle and scattering cotangent bundle, °7*X — X and **T*X — X,
with local frames dx/x,dy', ..., dy" ! and dx/x2,dy'/x, ..., dy""!/x, respectively. (These 1-forms
are thus smooth, nonzero sections of °T*X, resp. *°T*X, down to dX.) Writing the canonical 1-form on
TX° as d n—1 dx n—1 d j

G+ ) &y, resp. e ) ()= (2-3)

j=1 j=1

thus defines fiber-linear coordinates (£, np), resp. (£, sc) € R x R"™L on °T*X, resp. *°T*X. The
b-density bundle is denoted by "Q! X = | A" ®T*X|; in local coordinates, its smooth sections are of the

form a|(dx/x)dy'---dy*™!|, a e C™®.
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The space of finite linear combinations of up to k-fold compositions of elements of V,(X), where
e =b, sc, is denoted by Diff*(X), and we put Diff,(X) = EBkeNO Diff¥(X). The space Diffy,(X) gives
rise to the notion of conormality (relative to a fixed function space) of distributions on X°: concretely,
the space

A% (X) C x*L>®(X°)
consists of all u so that Au € x* L°°(X°) for all A € Diff,(X). More generally, for § < 1, one can consider

the space
AY_5(X) C x*L®(X°)

of conormal distributions u of type 1 — §, defined by the condition that for any k € Ny and A € Diff]f (X),
one has Au € x* % L°°(X°). (Thus, A%(X) = A7 (X).) A more restrictive class than A%(X) is the class

o

(X)), which is defined simply as

A%(X) = x*C®(X) C A%(X).

of classical conormal distributions, A

Given an element u = x%*ug € AZ%(X), the function ug is thus not merely conormal (regularity under
X0y, dy), but smooth (regularity under 9,, dy).

As an important example, let £ — X denote a smooth real vector bundle of rank N, and consider the
radial compactification E — X, i.e., the fiber bundle whose fiber E, over x € X is equal to the radial
compactification of E, = RV defined by

RN := (RY L ([0, 00), x S"1))/ ~,
RY\ {0} 3 p~'w ~ (p, w) € [0, 00) x S" 1.

Then the total space E is a manifold with corners which has two boundary hypersurfaces, Ey (the radial
compactification of E;x) and SE (fiber infinity, locally defined by p = 0). On E, we regard only SE
as a boundary, in the sense that we declare Vi (E) to consist of all smooth vector fields on E which are
tangent to SE (but not necessarily to Ex). For s € R, we then put

S*(E) := A5(E).

One can of course consider variants of this, e.g., requiring elements of Vy,(E) to be tangent to both
boundary hypersurfaces and defining spaces S*" (E) which are conormal of weight —s, —r at SE, Eyy,
respectively; or one may require classicality at one or both of the boundary hypersurfaces.

2A. b-pseudodifferential operators. We denote fiber infinity of the radial compactification bT*X of
bT*X by "S*X. Elements of S*(®7*X) will be symbols of b-pseudodifferential operators (of type (1, 0),
in Hormander’s (p, 8)-terminology [1971, §1.1]). Concretely, consider a € S*(PT*X) with support
contained in a local coordinate patch near a point on 9 X; thus, for all i, j € Ny and «, B8 € Ng_l, there
exists a constant C;jqg so that

105004, 95,a(x, ¥, &, M| < Cjap(1+ 5ol + o)~
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The (left) quantization of a is then defined by

(Opy(@u)(x, y) := (27)~" //// exp(i(x ;/x E+(—Y)- nb))¢>(

d /
xax, y, G, mpu(x', y') < dy’ déy dn,

)¢(|y—y/|)

X
log —
X

where ¢ € C°((—1, 1)) is identically 1 near 0. The cutoff ¢ serves to make C~'x’ < x < Cx’ and
|y —¥'| < c on the support of the Schwartz kernel of Op, (a) for some C > 1, ¢ > 0, i.e., it localizes near
the diagonal. We define

WP (X) := Opy(S° CT* X)) 4+ W, (X).

Here, if we write 7 /g : X 2 s X for the left/right projection, the space W, "(X) of residual operators
consists of all operators C®(X) — C®(X) (with C®°(X) denoting the space of smooth functions on X
vanishing to infinite order at d X) whose Schwartz kernels k € C~>°(X 2. ﬂl’;leX ) (the dual space of
C®(X?; nszI X)) pull back to smooth right b-densities on the b-double space®

XZ:=[X% (0X)?] (2-4)

which vanish to infinite order at the left boundary by, (the lift of 0 X x X) and the right boundary rby, (the
lift of X x 0X) but are smooth down to the front face ffy,. (See [Vasy 2018, §6] for more details, and also
[Melrose 1993; Grieser 2001].) One often encounters weighted operators as well,

Diffy! (X) := x! Difff (X), ¥ (X) := x W (X).

More generally still, one can consider quantizations of symbols which are conormal of order s at ®S*X

and of order [ at ®T} X this level of generality is occasionally useful; see, e.g., [Vasy 2021b, §5] and
Section 3D. Given an operator A € \Ilg’l(X ), we denote its Schwartz kernel by K 4.

Elements of \Ifg’l(X) define continuous linear operators on C*®(X), and the composition of two
b-ps.d.o.s is again a b-ps.d.o., with orders equal to the sum of the orders of the two factors. The principal
symbol "oy : \Ilg’l(X ) = (x!85/x!$5"1)(®T*X) is a *-homomorphism, and maps commutators into
Poisson brackets. In local coordinates (and omitting orders for brevity), this means that for two operators
A, B € Wy(X) with principal symbols a, b, we have

®s(i[A, B]) = {a, b} = H,b,
H, = (0g,a)x 0y + (9y,a)dy — (x0xa)dg, — (dya)dy,.

(2-5)
2B. Scattering pseudodifferential operators. 1t is important to consider more general symbol classes
than merely S*(*T*X) or x~"S*(**T*X). Namely, for § € [O, %), we shall consider the class

S17s.s(CT*X)

of symbols which are conormal at *°S*X with weight —s, and conormal of type 1 — § with weight —r
at 5T, X. (The presence of both 1 —§ and § as subscripts follows the classical literature on symbol

4For a detailed discussion of real blow-ups such as (2-4), we refer the reader to [Melrose 1996]. See [Hintz 2022, Appendix A]
for a brief summary which is sufficient for our purposes.
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classes; see, e.g., [Hormander 1971].) This means that Sff& s (CT*X) consists of all smooth functions a
on **T*X which over X° are symbols of type (1, 0) and order s, i.e., a|r+x- € S‘l"O(T*XO) = S5(T*X°),
and which near 0 X satisfy for all i, j e Ny and «, 8 € N”_l an estimate

I(xc’ix)ia;?aS B a(x,y, £, nse)l < Cijapx ™~ THHAFIDI (] 4 £ | 4 gy U HED,

U

In the case § =0, we omit the subscript “1 —§, §”. We then define the (left) scattering quantization of a by
log
/ !/

Opg (@u)(x,y) = Qm)™ //// exp(i[x;zx sc + y;y : nscj|>¢(
dx" dy

xa(x,y,&:c, nsc)u(x/» y/) ﬁ sl d&gc dnge.

X
= >¢(Iy D
X

(In this generality, scattering ps.d.o.s were introduced by Melrose [1994].) If one were working with
global coordinates, one could remove the cutoffs here due to the rapid decay of the partial (in the fiber
variables) inverse Fourier transform of a as |[1/x — 1/x| +|y/x — y'/x'| — 00.5 We then set

qjscl BS(X) —Oqu(Si r(g 5(SCT*X))+\I’ o, OO(X)

where W_°>7°°(X) consists of all operators whose Schwartz kernels lie in C®(X2; n;;SZlX ). We shall
refer to s as the (scattering) differential order, and to r as the (scattering) decay order.
The principal symbol of scattering operators captures their leading-order behavior for large frequencies
as well as at 0X:
Coge W s s(X) = (S) /81Ty T PO CTHX).

SjsTj

This is a *-homomorphism. Thus, for A; € \IJSC s, s(X), j=1,2, we have

sits—Lrira—1428 o5y
[A], AZ] € lp:Cl,lg_z(g’g nn (X)» (2'6)
IS . S1+s2—2,r1+r—2+48 . . .
the principal symbol (which captures the commutator modulo W__ " ”; & (X)) is given in terms

of the principal symbols ay, a; of Ay, A, by

05,451, 4+r—1428 (([A1, A2]) = Hg a2,

x_lHal = (8*;‘50“1)(xax + nscansc) + (anscal)ay — ((x0y + nscansc)al)aésc - (ayal)ansc‘ (2-7)

We refer the reader to [Vasy 2018, §3] for more details in the special case X = R, in which case the
scattering calculus is the same as the standard ps.d.o. calculus on R” for amplitudes which are product-type
symbols in the base and fiber variables.

A natural setting where one must work with § > 0 arises when working with operators which have a
variable scattering decay order

re C(eT*X).
To wit, for s € R, we define
SST(ET*X)
SImportantly, one typically does not want to localize more sharply to |1/x — 1/x’| + |y/x — y'/x’| < 1 (which is a small

neighborhood of the lifted diagonal in the scattering double space; see [Melrose 1994, §21]), as this would thus destroy the
leading-order commutativity of the scattering calculus at 9 X.
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to consist of all a of the form a = x~"ag, where ag € m36(0,1/2) Sff)a’s(SCT*X). It is easy to check that
SUTCCT*X) CNseo.1 ) Sff%’ sC¢T*X) for any ro > supr; in fact, differentiating variable-order symbols
produces only logarithmic factors in the boundary-defining function x. Thus, we can quantize such
symbols, giving rise to the space

WET(X) 1= Opy (ST (T*X)) + W™~ (X) € (1) Wili_y 5(X).
8(0,1)
Principal symbols of elements of WS;"(X) lie in (S‘"r /M=o S‘V_I’V_HM)(WX ). The (variable) orders
are additive under operator composition; this is a consequence of the formula for the full symbol (in local
coordinates) of the composition of two ps.d.o.s.

We point out that for fixed s € R the space S*"(**T*X) (and thus W:"(X)) only depends on the
restriction of r to %X . Indeed, given r' € C®EeT*X) with ¥ —r = 0 at %X , We can write
' —r=xw, w e C>®(¢T*X), and therefore x M =x" exp(—wx log x); by direct differentiation, one then
finds that exp(—wx logx) € S?’_O(S’S(WX) for any § > 0. In view of this, we can define ST (€T*X) and
W:"(X), given a variable order

reCOCe T X),

to be equal to $*7(**T*X) and lIlgc’F(X ), respectively, where r € C*° (T *X) is any smooth extension of r.

2C. Sobolev spaces. We next recall the corresponding scales of weighted Sobolev spaces. We have
some flexibility in the choice of the underlying L?-space. Thus, fix any smooth positive b-density
wo € C°(X; °Q'X), and fix a, € R. We then set u := x% g and

HY(X: p) = Ly(X: ) = HU(X: p) = LE(X: p) == L*(X: ). (2-8)

These spaces are independent of the choice of o (but not a,,), up to equivalence of norms; the same will
be true for the spaces defined in the sequel. When the density u is fixed and clear from the context, we
drop it from the notation. Let @ = b, sc. For s > 0, we then let

H(X) :={u e H (X): Au € H*(X)},
where A € WJ(X) denotes any fixed elliptic operator. For s < 0, we define H’(X) = (H*(X))*

with respect to the L2(X) inner product; an equivalent definition is given by H*(X) = {u; + Aus :
ur, uy € H'(X)}, where A € W*(X) is elliptic. Weighted spaces are defined by

HY' (X)=x'HS(X), H(X)=x"H(X).
Finally, we define scattering Sobolev spaces with variable decay orders r € C*°(*°T}; X) by taking ro < infr
and putting
, . , . 0
H'(X) :={ue H(X) : Au € H (X)},

C

where A € W;"(X) is any fixed elliptic operator.

C

2D. b-scattering operators and Sobolev spaces. In our application, we shall encounter a compact
manifold X whose boundary d X has two connected components, say H;, H,, both of which are embedded.
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We can then consider the space My s(X) of b-scattering vector fields (which localized to a neighborhood
of Hy, resp. Ho, lie in Vy, resp. Vi), the corresponding b-scattering tangent bundle ®*7 X and its dual
b.seT* X, as well as weighted b-scattering Sobolev spaces,

HYU'(X), s.leR, reC®(*T} X).

b,sc
Localized to a neighborhood of Hj, its elements lie in H; ’l, and localized to a neighborhood of H,, they
lie in HZ".
Let us make this even more concrete in the setting which will arise below,
=[0,00); x Y, Hy=2"'0), Hy=2%"(c0), (2-9)

where we write [0, co] for the closure of [0, o) inside of R; here Y is a compact (n—1)-dimensional
manifold without boundary. Then % /(X+1) and (14-%)~! are defining functions of H; and H», respectively;
hence V5o (X) = (1 + )" WV (X). Using local coordinates yl, e, y”_l on an open subset U C Y, the
collection of 1-forms R

a +f)%, A+5dy!, ... (A +5Hdy"!

is a smooth frame of »T*X over [0, co] x U. Denoting the corresponding fiber-linear coordinates on
b.seTX by (&b.sc> Mb.se) € R x R"~!, we can then quantize a symbol6

A

p— X
ae§HrpseTrx) = ( <
( ) (x +1

-1
) (1+ %) S5 (bseT*X)
by

(Opy, s (@u) (X, y) := 2m)~ /// exp( < éb et T nb,sc))
1+x

A

X ¢( log — )qﬁ(ly —y'Dax, y, &b scs Mo,sc)u (', y")
* i’ dy
X = 1 i1 dép sc b, sc-
The space Wy’ o o (X) of b-scattering ps.d.o.s is then the sum
P gp

WL (X) = Opy (o (S°17 (5T * X)) + Wy 227 (X).

Here,
N
—o00,l,— X —00,0,—
w0 = () W
is defined momentarily. First define the double space
Xi o = [0, 00)2 x Y; ({0} x Y)*; AN ({oo} x ¥)?], (2-11)

where [0, 00)? is the radial compactification (equivalently, the closure of [0, 00)? inside of @), and
A C|O, oo)2 x Y2 is the diagonal. Then the space \Il oo 0 ~%°(X) consists of all operators whose Schwartz

5We leave the minor, largely notational, changes to accommodate symbols with variable scattering decay orders r to the
reader.
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Figure 2. The double space Xﬁ’ « Without the factor ¥ 2. The dashed line is the lifted

diagonal. Indicated are the symbolic orders of Schwartz kernels of elements of \Dg:i’cr (X).

2

kernels are smooth right b-densities on X{ . which vanish to infinite order at all boundary hypersurfaces ex-

b,sc
cept for the lift of ({0} x Y)2. See Figure 2. Moreover, Schwartz kernels of elements of \Ilg”gc’r

mal of order s to the lifted diagonal in X tz),s . smoothly down to the lift of ({0} x Y )2, conormal with weight

(X) are conor-

—r down to the lift of A N ({00} x Y)?, and vanish to infinite order at all other boundary hypersurfaces.

3. Semiclassical cone calculus

We revisit and generalize the algebra W.;(X) and the associated scale of weighted Sobolev spaces from
[Hintz 2022], give a user-friendly treatment of the symbol calculus (including Poisson brackets), and study
operators and function spaces with variable (semiclassical) orders and their behavior upon restriction
to the transition faces of the semiclassical cone single and double spaces (recalled later in this section).
Throughout this section, we denote by X a compact n-dimensional manifold with nonempty, connected,
and embedded boundary 9 X. We denote by x € C*°(X) a boundary-defining function.

3A. Vector fields, bundles, Poisson brackets. We recall from Section 1A the semiclassical cone single space
Xen = [[0, D x X; {0} x 9X],

the boundary hypersurfaces of which we denote by cf (conic face, lift of [0, 1) x dX), tf (transition face,
the front face@), and sf (semiclassical face, lift of {0} x X). See Figure 3. Defining functions of these
boundary hypersurfaces are x/(x + &), x + h, and h/(h + x), respectively. On X5 \ cf, it is convenient
to use the local defining functions x of tf and //x of sf.

Definition 3.1 (vector fields). We define the space

Vch (Xch)

of semiclassical cone vector fields to consist of all b-vector fields V € Vy(X.;) which are horizontal, i.e.,
tangent to the fibers of X.; — [0, 1);, and whose restriction to sf vanishes.

Lemma 3.2 (spanning set). Identifying a vector field V € Vy(X) with its horizontal lift to X along
Xen — X, the space Ve (Xcn) is spanned over C°(Xcp) by (h/(h + x))Vo(X). Moreover, given V, W €
Ven(Xen), we have [V, W] € (h/(h +x))Ver(Xcn)-
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h
cf

tf
sf

—_—
xr

Figure 3. The semiclassical cone single space X.j.

This allows us to define the graded ring

Diff;(X) = @ Diff*, (X)
k ENQ
of differential operators in the usual manner.

Proof. Directly from the definition, we have (h/(h + x))Vp(X) C Ven(Xcen). Conversely, suppose
V € V.p(Xcn). Let us work in local coordinates (x, y) € [0, 00) X R"~! near a point in 0 X. Near cf, we
use the local coordinates (4, X, y) with X := x/h. From the definition, we have
n—1
V=a(h, & )30z +) b/ (h. &, )d,, (3-1)
j=1
with a, b/ € C*. Since £9; = xdy, this expresses V in the desired form.
Near sf on the other hand, we use (fz, X, y) with h = h/x. Since V € Vy(Xcp), we can write
n—1
V=a(h,x,y)(xd, —hd) +ach, x, y)hoy + Y bl (h. x, y)d;.
j=1
The horizontal nature of V means 0 = Vi = V (xh) = axh, which implies a = 0 by continuity from
(Xen)° ={x > O,fz > 0}. The vanishing of V at h = 0 as a b-vector field implies, in addition, that
a=ha and b/ = l%bj’ with a’, b;. € C*. Since the horizontal lifts of xdy, d,; € Vp(X) to X are equal to
xdy — hdj, 9y, the claim follows.
Regarding the Lie algebra structure, we compute, for V, W € Vy(X),

thW—h h[VW]—i—VhWWhV
h+x " h+x T ht+x\h+x h+x h+x ’

Since V, W € Vy(Xcp), we have V(h/(h+x)), W(h/(h+x)) € (h/(h+x))C®(Xcp). O

There exists a vector bundle
T Xen — Xen

together with a smooth bundle map T X — °T Xop so that the space V¢ (Xcp) is equal to the space of
smooth sections of T X 5. In local coordinates on X, a local frame of " T X, is given by (the horizontal

lifts to X5 of) I L L

b} 87, ce ey
BRGRN AT htx ”

h+x
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We call " T X, the chi-tangent bundle and its dual “*T* X, the ch-cotangent bundle, with local frame

x—l—hd_x’ Xth dy', ..., Xtk dy" !
h x h h

A choice of local coordinates (x, y) € [0, 00) x R*~! on an open set U C X induces a trivialization of
hT*X .4 over the preimage of [0, 1) x U under X, — X, with fiber-linear coordinates (&5, 17¢n) € Rx R~

defined by the requirement that the canonical 1-form on 7*X° be equal to

X + h dx =
Een Z(ncﬁ» (3-2)
In X5 \ cf, where a smooth frame of T X, is given by (h/x)x0dy, (h/x)dy1, ..., (h/x)dyn-1, it is com-

putationally simpler to use the fiber-linear coordinates (&, ) in which the canonical 1-form takes the form
- Ty’ 3-3
E + Z iy ¥ (3-3)

We compute the form of the Hamilton vector field H, of a smooth function a € C®C"T*X ) in
these fiber coordinates, and using (ﬁ, x,y) with h=h /x as coordinates on the base. In terms of the
coordinates on "T*X used in (2-3), we have (£, ) = (h/x) (&, 1) and thus, by changing coordinates
in the expression (2-5),

H, = h((0ga) (xdy — hdy, — ndy) + (3,0)dy — (xdy — hd; — nda)dza — (3,0)d,).  (3-4)

3B. Symbols, pseudodifferential operators, Sobolev spaces. A simple symbol class for cfi-operators

is SS("T*Xep) = A5 ("T*X ), where we only regard fiber infinity hs*X.p as a boundary, i.e., we

require symbols to be smooth down to " T* X, for e = cf, tf, sf. In practice, we need more general
symbols: for § € [0, %) and for s, [, a, b € R, we define

—1 —b
h
slabChT*X _ X )~ sooochT*X
( ch) = (x—+h> (x+h) o ( ch)

to consist of all symbols which are conormal with weight —s at " $* X4, conormal with weight —/ at

hT*Xcn and with weight —a at *T,f X5, and conormal of type 1 — & at " T 5 X, with weight —b. In

the coordinates (3-3), the membership a € Sf 030 0(ChT*XCh) is equivalent to a = a(h x,y,&,n) (with

h=h /x) satisfying estimates
|(x8,) 9% (hd;) 0f 0P ah, x, y, €. M| < Cijrap(1+ €]+ )~ *HED =i HhH Il +1EDS

for all i, j,k € Ng and «, 8 € N’S_l; in coordinates (%, X, y, &, np) on the c/i-cotangent bundle over
Xen \ sf, with * = x/h and with the canonical 1-form given by (2-3), a must satisfy

|(R0) 0% (hon)! 9E 9 a(h, 2.y, &, mp)| < Cijrap (1 + 1&6] + Impl)* PV

See Figure 4. As usual, we omit the subscript “1 —§, 6” when § = 0.
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Figure 4. Illustration of ¢*T*X_; (showing only part of the compactified fibers) and the
symbol class $1%b(¢hT*X 1), indicating the orders at the various boundary hypersur-
faces of " T*X .

It is occasionally useful to restrict attention to symbols which are classical conormal down to tf, which
amounts to replacing xd,, 79y, in the above symbol estimates (which are for symbols of order O at tf) by
dyx, dp. We denote the corresponding symbol classes with a subscript “cl” as in Sj;”“’b(cﬁ? Xch)-

As in Section 2, the main use of § > 0 is to accommodate symbols with variable orders. Here, we only

discuss the case of variable semiclassical orders. Thus, consider b € C*°(“" T} X4), an arbitrary extension
of which to an element of C*®°(¢"T*X.;) we denote by the same letter; we then put

_ no\P , _
SHLEBET X ep) :={(—h +x) ap:ag e [ Sii:s‘f;s(’(mT*xch)},
56(0,%)

which is a subset of ;.o 12 Sff’sasbo ("T*X.p) for any by > supb.
We now proceed to quantize symbols a = a(h, x, y, &, ncn), thereby giving meaning to the formal
expression

¢ h h 2
Opc’h(a) :a(h, X, Y, mex, mDy> .

Thus, fixing ¢ € C°((—1, 1)), identically 1 near 0, we define, in local coordinates (x, y) on X,

(Ope (@) (h, x, y) = Q)™ f / / f eXP(i[x B P Al -nChD
X

hx
><¢(
T ()

for a and u supported in the coordinate chart; for general a, u, one defines Op, j,(a)u using a partition of

)¢(|y_y/|)a(h9 X, ¥, SCI"lv chh)u(h, X/, y/)

lo al
S ' dy
Y dgadna (3-5)

unity.
We interpret this in terms of the c/i-double space

X2, :=[10, D)y, x X3 {0} x ffy; {0} x Ap],
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Figure 5. The c/i-double space Xczh.

where we denote by Ay C X% the lift of the diagonal in X2 to X%; see (2-4) and the subsequent paragraph
for the definition of Xﬁ and its boundary hypersurfaces Iby, ff},, rby,. First, recall from’ [Hintz 2022,
Definition 3.1] that lb,, rby, ff», tf>, sfp, and df, are the lifts of [0, 1) x lby, [0, 1) x rby, [0, 1) x ff},
{0} x ffy,, {0} x X2, and {0} X Ay, respectively; moreover, Ay denotes the lift of [0, 1) x Ap. See Figure 5.

Then the Schwartz kernel of Op, (@) is a conormal distribution of order s — ‘—11 at A¢p, conormal down
to ffy, tfp, df, with weights —/, —«, —b, and vanishes identically in a neighborhood of Ib;, rb,, sf;.

The composition of two cfi-quantizations is almost a cfi-quantization itself; one merely has to allow
for additional residual terms: Define the space W_,>*(X) of residual operators to consist of all operators
whose Schwartz kernels are conormal sections of the right b-density bundle on Xgh, with weight O at ff;
and tf,, and with infinite order vanishing at 1b,, rby, df;, sf;. We then put

W (X) := Opgy, (8*("T* X)) + Wep™ (X)),

where Op.;, = (Op, ;)ne(0.1); this gives the same space as [Hintz 2022, Definition 3.2]. More generally, we
define the quantization of symbols a € S‘ff’s"féb ("T*X ;) by the same formula (3-5); the space of residual
operators is now

—
— — X - _
V0= () o

Thus, we can now define the spaces
W5 5 (X) 1= Ope (S5 (AT Xen)) + W™~ (X),
Wi 4P (X) 1= Opey (8™ (A T*Xep)) + W, ™™ (X),

ch

where in the second line b € C*°(“"T ;X ;) is a variable-order function. Their Schwartz kernels can be
characterized as being conormal distributions (of order s — ‘l‘ and type (1, 0)) at A which are conormal
at ff, (with weight —/), tf, (with weight —«), and conormal of type 1 —§ at df, (with weight —b), and

TWe add subscripts “2” here in order to avoid confusion during the frequent changes between X5 and Xgh later on.
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which vanish to infinite order at 1b,, rby, sf;. One can also consider subalgebras which are classical at tf,
i.e., the symbols are required to be classical conormal at tf, and the residual operators are required to
have classical conormal Schwartz kernels at tf,; we denote these algebras by a subscript “cl”, such as

slab
chcl (X)

All such ps.d.o.s define /-dependent families of bounded® linear maps on C*°(X); compositions of
two such ps.d.o.s give a ps.d.o. in the same class, with orders given by the sum of the orders of the two
factors. The principal symbol map is

ch La,b Ja,b —1,l0,b—1426
Os,l,a,b - \Ijshla(g(;(X)_)(Ss A * * )(ChT*Xch)’

similarly for the variable-order spaces (with § > 0 then arbitrary), and it is a x-homomorphism. These
facts follow from a minor variation of [Hintz 2022, Proposition 3.9] (using weights instead of index sets),
with the statements about principal symbols following by continuity from the corresponding statements
for standard semiclassical operators (of type (1 — 4, §)) in x > 0 and b-ps.d.o.s in & > 0; we leave the

details to the reader. We moreover have, for A; € \IICS% ! ag s (X), j=1,2, with principal symbols a;,

Op, ,(i[A1. Az]) = Op j,(Hayaz) € W 1150249 (),

analogously for variable-order operators. One can evaluate H, a, using the formula (3-4).
Since the principal symbol captures operators to leading order at the union of boundary hypersurfaces

ChgEX ., UCh T Xch, the latter set is also the locus of the elliptic and wave front sets of an operator. Thus,
for A € W5 (X), we define

15PeP(A), WEE*(A) €S Xep URTE X o

as follows: Ells’l’“’b(A) is the set of all ¢ so that oy 1.a,b(A) is elliptic in a neighborhood of ¢, and
WFééa(A) is the complement of the set of ¢ so that the full symbol of A lies in S —oo.! *“*_OO(C”?XCH)
when localized to a sufficiently small neighborhood of ¢. In particular, we have WF(/;;’“(A) =g if and
only if A € \IJC_hOO’l’“’_OO(X ). We omit the orders s, [, o, b and [, « when they are clear from the context.
The definitions for type-(1 — §, §) and variable-order operators are analogous. See Figure 6.

Finally, we define the corresponding weighted Sobolev spaces. As in (2-8), we first fix a weighted
b-density u = x** g, where 0 < g € C*(X; bQ1X) and a, € R, and define

) b
h
HY, (X:w) :=L%X: H‘”‘”’X I +hY —— ) H, (X: ).
C,/’l( ’M) ( ’/"l/)’ ( ,LL) X h (-x ) h X C,/’l( ,,U,)

These spaces depend on «,,, but are independent of (o (up to equivalence of norms). When the choice
of w is clear from the context, we will omit it from the notation. For s > 0, we then define H’ 5 l @ b(X ) to
consist of all u € HCOJf o b(X) so that Au € th(X) for any (thus all) elliptic A € \I—'ghl * b(X). We note
for s € Ny the equivalent characterization

Hp P (X) = {ue HYp* (X) 1 Vi -+ Viu € HYp® (X)) for all V; € Ven(Xen), 0<i < j <s).

ch

8Though not uniformly in / unless b > 0.



3498 PETER HINTZ

e ChS*X

Figure 6. The shaded boundary hypersurfaces are the locus of the elliptic set as well as
of operator and distributional wave front sets; see also Figure 4.

For s <0, the space HCS ;l @ b(X ) can be defined either as the dual space (H h —L-e b(X ))*, or as the s the space
of all u1+ Au, where uy, us € H0 La, b(X) and A € W_°(X). Lastly, for a variable order b € C“(Ch Xcn)s
we pick bg < inf b and put

ch

HYp P (X) = {u € HSy "™ (X) : Au € HY, (X)),

ch

where A € W5*P(X) is any elliptic operator; the space Hg”é’“’b(X ) is independent of the choices of by
and A, up to equivalence of norms.

We can define Sobolev wave front sets in the usual manner Let/, @ € R, and suppose that we are given
a distribution u € H_,* L% (¥} meaning u € H_ }fv Le=N(x) for some N € R. Let s, b € R. Then

WES P (1) € NS Xep UM TE X ep

ch

is the complement of all & so that there exists an operator A € \II‘C‘ ;f’a’b (X), elliptic at «r, so that Au € Hg 2 (X).
(The a priori assumption on u is familiar from the definition of the b-wave front set, see, e.g., [Vasy
2018, Definition 6.2], and ensures that one then also has Bu € H° en(X) for any B € \IJS L, b(X ) with
WEF,, (B) C Ell;;(A).)

Remark 3.3 (operators on vector bundles). If E, FF — X are smooth vector bundles, one can consider
semiclassical cone ps.d.o.s acting between sections of E, F, giving rise to classes ¥, (X; E, F) and
function spaces HCS’ 5 (X; E) etc. More generally, one can allow E, F' to be vector bundles E, F — Xcp,
over the semiclassical single space, with Schwartz kernels of elements of W}, (X; E, F) defined by taking
the tensor product of W}, (X) over C°°(X ») with COO(X2 s EXm g F*), where mrp, g : Xgh — Xcp are
the stretched left and right projections. Using such ps.d.o.s, one can define Sobolev spaces H; (X E)
etc. in this generality.

Remark 3.4 (relationship with edge Sobolev spaces). For the propagation through cone points in the
spacetime setting, many authors [Melrose and Wunsch 2004; Melrose et al. 2008] have utilized Mazzeo’s
edge algebra [1991]. A typical example is the operator —D,2 + Ag, where g = g(x, y,dy) is a conic
metric on a manifold X with boundary (see (4-2)); upon multiplication by x2, this is a second-order
differential operator, the principal part of which is a Lorentzian signature quadratic form in the collection
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(xD;, x Dy, Dy) of edge vector fields. The membership u € He1 (R; x X, |dt dg|) — meaning that u, x D, u,
xDyu, Dyu € L?— can then be characterized by taking the Fourier transform in  as

il(0), x|oli(a), xDyii(o), Dyi(o) € L*(Ry; L*(X; |dgl)).
Introducing i = (o) ™!, this is equivalent to the L?>(R,; L?(X)) membership of ((h+x)/h)it, x D,il, Dyit.
Upon multiplication by #/(h 4 x), we thus find

we H(Re x X, |drdg) <= i€ L’(Ro; H "1 (X; 1dgD),

and the respective norms of u and # are equivalent. (One can show that similar spectral characterizations
of edge Sobolev spaces remain valid also for spaces with weights and with variable differential orders;
the details will be given elsewhere.)

3C. Restriction to tf. Symbolic arguments for the analysis of semiclassical cone PDEs Pu = f can

at best control # microlocally at hg*X ., UcCh TiXch, i.e., modulo errors which are trivial at infinite
frequencies and at sf. Crucially however, such errors may well be nontrivial at tf, and thus nontrivial
(meaning in particular: not small) as 4 — 0. To obtain control at tf, one needs to invert the normal
operator N (P), defined in [Hintz 2022, §3.1.2] (denoted by N (P) there) and recalled below. The
following result, already implicit in the definition of the normal operator in [Hintz 2022, §3.1.2], lays the
groundwork for the analysis of N(P).

Lemma 3.5 (restriction to tf: vector fields). The restriction map
Vo(Xen) 2V > Vg € Vp(tf)

restricts to a surjective map
N Ve (Xen) = Vb,sc (tf) (3-6)

onto the space Vy s(tf) = (h/(h 4+ x))V(tf) of vector fields which are b-vector fields near tf N cf and
scattering vector fields near tf N sf. The map (3-6) induces bundle isomorphisms

N Xen T,  PTFXep =T (3-7)
Proof. Near tf\ sf, we write V € V.;(Xp) in the coordinates (4, X, y), with X = x/h, as
n—1
V=a(h, £ )80+ Y _ b/ (h 2, y)d,; (3-8)
j=1

see (3-1). The restriction to tf, in local coordinates given by h=1(0) = [0, 00); x [Rig’,_l, is the b-vector
field

n—1
Vie=a(0. %, y)20; + Y b7 (0. %, )d,. (3-9)

j=1
Conversely, every b-vector field W on [0, c0) x R"~! can be written in the form W = a(%, y)Xd; +
Z;:i bl (X, y)dy;, and upon taking a(h, ¥, y) and bl (h, X, y) to be smooth functions which restrict at
h = 0 to the coefficients a(X, y) and b/ (%, y) of W defines a ch-vector field V through (3-8) whose
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restriction (3-9) to tf is precisely W. We remark moreover that (3-9) vanishes if and only if @ = ha and b/ =
hb’, where @, b’ are smooth functions of (h, £, y), i.e., if and only if V vanishes at tf as a c/i-vector field.
On tf\ cf on the other hand, and using coordinates (}Az, x, y) with h= h/x,wecan write V € Vo (Xcp) as

n—1
V =ha(h,x, y)(xd; —hop)+ Y hbI (h. x, y)d,, (3-10)
j=1
with smooth coefficients a, b, ..., b"~L. Restriction to tf, which in these coordinates is given by x =0,
produces
n—1
Vi =—a(h,0, h*0; + > b/ (1,0, y)hd,, (3-11)
j=1

which is a scattering vector field on [0, 00); X [F\R’;_l, as claimed. Conversely, every scattering vector
field W on [0, 00) x [RR”—A‘ can be written in the form W = a(h, y)h8; + Z’;;} b (h, y)hd,;, u
taking a(h, x, y) and b’ (h, x, y) to be smooth functions which restrict at x = 0 to the coefficients —a (%, y)
and b/ (fz, y) of W defines a cfi-vector field V through (3-10) whose restriction (3-11) to tf is W. Note
also that (3-11) vanishes if and only if ¢ = xa and b/ = xb’ for smooth a, l;j, i.e., if and only if V

and upon

vanishes at tf as a cfi-vector field.

The surjectivity of (3-6) follows from these two calculations via a partition of unity subordinate
to a cover X = U UV, where U Nsf = @ and V Ncf = . Our arguments above also prove that
ker N = (x + h)Ver (Xcn). Thus, we have an isomorphism

Ven (Xch)/(x +h)Ver (Xen) — Vb,sc(tf)-
This induces the first isomorphism in (3-7) abstractly as follows: if p € tf, then
b.sc Tptf = Vb,sc (tf)/IpVb,sc (tf) s

where Z,, C C*°(tf) is the ideal of functions vanishing at p. The ideal in C*(Xcz)/(x +h)C>(Xcn) of
elements that restrict to an element of Z,, at tf is 7, /(x +h)C*°(X¢s), where J, C C*°(X¢4) is the ideal
of functions vanishing at p. Since Ven(Xcn)/TpVen(Xen) = ch T, Xcn, we obtain (3-7). Concretely, the
first isomorphism in (3-7) maps X9z, d,, in the coordinates used in (3-8) to x93, dy; (cf. (3-9)), and

fz(xax — ﬁa,;), ﬁay,- in the coordinates used in (3-10) to —fﬂa,;, fzayj (cf. (3-11)). Il
The map (3-6) induces a surjective map

l

x - h ~ : x L b i~ R X
N‘<x+h) (h—l—x) leflc{h(X)_)<—£+1> (x+1) lef'g,sc(tf), Ti=o (3-12)

into weighted b-scattering differential operators on tf. More generally:

Lemma 3.6 (restriction to the transition face: ps.d.o.s). Let s,l,b € R. Restriction to tf C Xczh

induces a surjective map N : \Dg,’il”g’b(X) — \Ils’l’b(tf).9 More generally, if b € COO(CHTS?XC;-,), then

b,sc

9Recall that the subscript “cl” refers to classicality at tf, i.e., smoothness of the Schwartz kernels down to tfy.
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Figure 7. Illustration of the map 7 defined in (3-14).
b’ := b|inst € C° (3¢ T t), and restriction to tf C Xgh induces a surjective map
N WP x) — Wt (). (3-13)

Proof. This can be proved entirely on the level of Schwartz kernels, since memberships in W, or Wy, 4 are
characterized as conormal distributions with conormal regularity at various boundary hypersurfaces. The
point then is that tf; is naturally diffeomorphic to the double space tf%’SC in the notation of (2-11), where
we note that tf = [0, co]; x dX is indeed of the form (2-9). This is the route taken in [Hintz 2022, §3.1.2].

Alternatively, we can proceed explicitly for the symbolically nontrivial part using the quantization
map (3-5), and use the Schwartz kernel perspective only to deduce the surjectivity of the restriction map
for residual operators, lIlC_hfl’l’O’_oo(X ) = W :Co’l’_oo(tf ). Indeed, on the level of symbols, note that with
X =x/h, we have

-1 —b
, e — h —
S“’Z’O’h(ChT*XCh) — <x _T_h) <h_|_x) SS’O’O'O(ChT*XCh)

N —1
- (x i 1) &+ DPs OO0 T X p),

and hence Lemma 3.5 implies that restriction to "7 X, induces a surjective map
SEPOP T X o) — UL BseTHE),

But changing variables in the cfi-quantization (3-5) to X = x/h, x’ = x’/h produces precisely the b-
scattering quantization (2-10). This proves the lemma for constant orders; the proof in the variable-order

case is the same. O

As a consequence, we can relate semiclassical cone Sobolev spaces to b-scattering Sobolev spaces. In
order to state this, we fix a collar neighborhood U = [0, x¢), x 0X of d X, and define the map

w:[0, 1), x[0,00); x 0X — [0, 1), x [0,00), x 0X, w(h,x,y)=(h, hx,y). (3-14)

Note that (h%, y) € U if and only if £ < xoh~!. Now, since tf = [0, co]; x dX, the domain of 7 is
[0, 1), x (tf \ sf); moreover, for any fixed x € [0, 00) and y € X, the point 7 (h, X, y) converges, as
h N\ 0, to the point (X, y) on the transition face of X.;. See Figure 7.
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With this setup, we have:

Corollary 3.7 (restriction to tf: Sobolev spaces). Suppose x € A°([0, 1);, x X) has compact support in
[0, 1) X U. Let 0 < g € C°(X; °Q' X) and 0 < fig € CP(tf; Q' X), let o, € R, and put

poi=x"uo, f:=X"[lo.
(1) (constant orders) Let s, 1, a, b € R. Then
o Lab
”X””Hé«}iﬂ‘b(x;u) ~h>2 a||7T*(Xu)||Hg:£éb—a(tf;m, uc H(iha (X5 ), (3-15)
in the sense that the left-hand side is bounded by a uniform constant (independent of h and u) times the

right-hand side and vice versa.

(2) (variable orders) Let b € C>(¢h T;Xch) denote a variable order, and let b’ := b|nst. If b is invariant
under the lift of the dilation action (x,y) — (Ax,y) in U, then

o _
[l xu ”ng,ﬂ'“’b(X:u) ~hz™ ||7T*(XM) ”Hg:ééb’—a(tf;m-
For general b, and given § > 0, there exists xo(8) € (0, xg] so that for x € C°([0, x0(8)) x 0X), we have

1y o o
cn% a||7T*(X”)||Hgv’1b"”“s(tf;ﬂ) < ”XI/[”HS,]ll,a,b(X;M) <Ch~™ a”j‘[*(X”)”Hg,l,‘b/_a-%—S (3-16)

(tf; 1)’
where C does not depend on h, u.

Proof. By factoring out A%, it suffices to consider the case o = 0. Consider first the case of constant
orders. Factoring out the appropriate powers of x/(x +h) =%/(X + 1) and h/(h +x) = (X + 1)7!, we
reduce to the case [ = b = 0. For s = 0, the equivalence of norms (3-15) then follows from

f / 2 By = / ez Sy,

For s € Z, the conclusion follows from (3-12); for general s € R, use duality and interpolation.

For variable semiclassical orders b (and still with « =0), and under the assumption of dilation-invariance
5,10
]Z‘),SC

neighborhood of tf, to be constant along the orbits of (h, x) — (Ah, Ax), and then extend it further to an

elliptic operator A € \Ilg;il ’3’b(X ). In this manner, we obtain a right inverse (with special properties) of the

near tfy, we first pick an elliptic operator Aew (tf); we can then extend its Schwartz kernel to a

restriction map (3-13). For any fixed by < inf b, we thus have

2 ~ 2 2
0005~ DI 0+ IAGE I
~ L * 2 Ak 2
WE U GO+ VACE GO 1)

o
~h7 | xul?. .
DX

The lossy estimate (3-16) is a consequence of this, as the dilation-invariant extension of b’ — §, resp. b’ + 8
is less, resp. greater than b in a sufficiently small (depending on b and §) neighborhood of 9 X. O
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3D. Relative semiclassical b-regularity. We now make Remark 1.5 precise and demonstrate how to
combine the notions of semiclassical cone regularity and semiclassical b- (i.e., conormal) regularity.
Recall here that a semiclassical b-vector field is a particular type of i-dependent b-vector field on X;
namely, it is a vector field on [0, 1), x X which is horizontal and which vanishes at # = 0. In local
coordinates as in (2-1), such a vector fields can be written as
n—1
a(h, x, y)hxds+ Y b/ (h, x, y)hd,;. (3-17)
j=1
The main insight is that the semiclassical b-algebra can be embedded into the semiclassical cone algebra
via a phase space resolution; see Lemma 3.8 below. This can alternatively be phrased as a second
microlocalization of the semiclassical b-algebra at the zero section over 0 X at 2 = 0; see Remark 3.10.
First, we explain a slightly nonstandard perspective on semiclassical (b-)phase spaces. Let X be an
n-dimensional manifold with nonempty embedded boundary 0 X. Thus, paralleling Definition 3.1, we
define
th = [0, 1) X X,
Vor (Xbr) :={V € Vy(Xpp) : V is horizontal, V|,—o = 0}.

It is then easy to see that Vps(Xpp) is spanned over C°(Xyy) by hV for V € Vp(X) (see (3-17)),
where we identify V with an h-independent horizontal vector field on Xp,. We then have Vpp (Xpp) =
C>®(Xpn; " T Xpp) for a rank-n vector bundle

thth — Xb];l.

In local coordinates [0, 00), X [Ri;_l, a smooth frame of this bundle is Axd,, hay. e, hayn—l. We can

introduce fiber-linear coordinates on the dual bundle P2 7* X, by writing the canonical 1-form as
dx n—1
_1dx =1y
Eonh E + Z(’?bh)]h dy’.
j=1
Thus, for example, the symbol of the semiclassical b-differential operator ix D, is ébh.lo Denote fiber
infinity of the radial compactification " 7* Xy, by " §*X,. Given a symbol
ae S PORT*Xyy) = xRS OO X )

(i.e., a is conormal with weight —s at ®" §* Xy ,. conormal with weight —I at b% 77,1y x Xon, and conormal
with weight —b at 1 = 0), we can then define the semiclassical quantization

(Opy (@) (x, y) := 27) ™" //// exp(i[xh_x fon + 22 -nbh])qs(
X h

a(x, y, Eon, non)u(x’, y) o h”_)i‘ d&bn dnbn-

)¢(Iy—y’|)

! /

X
log —
X

]OBy contrast, the standard convention is to introduce fiber-linear coordinates (&, 1) on bT*X asin (2-3) and declare the
principal symbol of hx Dy to be &,; the translation to the present convention is accomplished by using (the adjoint of) the bundle
isomorphism bh T Xpr =10, 1), x b7 X induced by division by £ (i.e., induced by the map Vy;; (Xpp) 2 V = (h! Vhelo,1))-
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h

G-

D ——
T X

Figure 8. Left: The resolution chh of the fiber-compactified semiclassical cone
phase space at fiber infinity over tf; see (3-19). (Unlike in Figure 4, we show the full
compactified fibers here.) Right: The resolution of the fiber-compactified semiclassical
b-phase space at x = & = 0 and at the zero section over x = h = 0; see (3-20).

If we make the change of variables

(Son» mon) = (x + 1) Echns Nen), (3-18)

see (3-2), this exactly matches the c/i-quantization (3-5). The key point is now that this match has a clean
interpretation on the level of symbol classes on a joint resolution of the semiclassical cone and b-phase
spaces:

Lemma 3.8 (relationship between semiclassical cone and b-phase spaces). Define the cbhi-phase space
AT * X oy = [P T* Xep: " S Xen]. (3-19)

Denote by C ;=" T{T)}xa x Xon the semiclassical b-phase space over the corner h = x =0, and denote by
oc C C the zero section. Then the identity map on (0, 1), x T*X° extends by continuity to a diffeomorphism

BT Xy = [T * Xon: C; oc]. (3-20)
We refer to the front face of (3-19) as fbf (“finite b-frequencies”). See Figure 8.

Proof of Lemma 3.8. We work in polar coordinates p = x + h, 6 = (x, h)/|(x, h)| in the (x, h)-variables.
Thus, local coordinates near " T Xcn are (0, 7,0, Sen)s Sen = (Echs Nen), while local coordinates near
the front face of [bh_T*th; C], away from fiber infinity, are (p, y, 6, &or), Con = (&bn, Nbr). Coordinates
near the interior of the front face of the final blow-up in (3-20) are then (p, y, 8, ¢on/p) = (0, ¥, 6, Leh);
see (3-18). Near the intersection of the lift of oc with that of C, smooth coordinates can be con-
structed by introducing polar coordinates in the fiber variables, giving (o/|%oul, ¥, €, |Conls Son/1Conl);

this matches, up to a permutation, the local coordinates on <" T*X . near the lift of ¢/ T Xcn given by
(p/1Ccn) ™Y, v, 0, 1en) ™Y, Cen/lCen]). Lastly, near the lift of fiber infinity on the resolved b-phase space,
we can use coordinates (p, v, 6, |Zonl ™", Con/|Con|), Which matches the local coordinates near the lift of

hS*X.p given by (0, ¥, 0, ¢l /0, Cen/|Ceh)- O
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Figure 9. Illustration of the orders of (symbols of) cbfi-pseudodifferential operators
in (3-21) and Definition 3.9.

The blow-up of a boundary face does not enlarge the space of conormal distributions, but allows for
more precise accounting of weights. Concretely, define for s, s, [, «, b € R the symbol space

Ss,s/,l,a,b(cth*Xch)’ (3-21)

where the orders refer, in this order, to fiber infinity, the front face fbf of (3-19), and the phase space over
the lifts of cf, tf and sf, see Figure 9. Then we have

Ss,l,a,b(ch T*Xch) — SS,S-H){,Z,O{,[)(Cbh T*Xch),

) _ ) _ (3-22)

§55 ,l,a,b(cbﬁ T*Xch) C Smax(s,s 7a),l,ot,b(ch T*Xch)-

Note that the second inclusion is false if we use spaces of classical symbols on both sides; after all,
blow-ups do enlarge the space of smooth functions (but preserve the space of conormal functions). Since
we worked with general conormal symbols and ps.d.o.s in Section 3B, we can immediately quantize
symbols on the cbfi-phase space:

Definition 3.9 (cb/i-pseudodifferential operators). Let s, s’, [, a, b € R. Then we define

Wi PP (X0 1= Opey (87 P (PRT* X op)) 4 W (X)),

Operators with variable semiclassical orders b € " T3 X, are defined similarly.

Remark 3.10 (second microlocalization). In view of Lemma 3.8, one can view W.;(X) as a second
microlocalization of the (conormal) semiclassical b-algebra Wy (X) at the zero section over & = x = 0.
In terms of symbol classes, we have

Ss,l,b(bh T*th) — Ss,l+b,l,[+b,b(cbﬁ T*X h)’

Co , o (3-23)

Ss,s ,l,a,b(cbh T*Xch) C Ss,l,max(b,x —l,a—1) (bh T*th)’

and analogous statements hold for ps.d.o.s. However, similarly to [Vasy 2021b, §5] in the context of
b- and scattering algebras, it is analytically advantageous to resolve W, (X) as in Definition 3.9, as the
second microlocal/resolved algebra involves global (noncommutative) phenomena at 4 = x = 0 (i.e.,
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the lift of tf, associated to which is the normal operator homomorphism into a noncommutative algebra)
which are directly inherited from W, (X), but which are not visible on the level of Wy, (X).

!
8j.8;.j.aj.bj

For two ps.d.o.s A; € \IJC'{)h’ (X), one can compute the full symbol, i.e., the symbol modulo

—00,11+Hh, 102, —00 (Gl T — ¢—00,—00,l1 42,1402, —00 (coh T
S 1Tl 0o (ChT*XCh)—S 1Tl 0o (Cth*XCﬁ)’

.. max(sy,s| —aq)+max(sy,s;—a2),li +lo, 01 +an, by +b . . .
of the composition Ajo Ay € Wy, ' 2RTRMTRATER AT (XY in local coordinates using

the usual symbol expansion to be the sum of products of derivatives of the full symbols of the two factors
along b-vector fields on WXCH which vanish, as b-vector fields, at " $* X, (thus vanishing as b-vector
fields at the lift of " S* X, as well as at the front face of (3-19)) and at the lift of ¢# T Xch. Plugging the
cbfi-symbols of Aj, A, into such an expansion thus shows that, in fact,

s1+82,8) 455,01+, 01 +an,b1+b
Ajo Ay e Wy, AR IR (),

Similar arguments show that the principal symbol map
Cbﬁo_ : \Ijé‘];;l/,l,a,b(x) s (SS,S/,Z,(){,b/SS—l,S’—l,l,(x,b—l)(Cbﬁ T*Xch)

is well-defined (and a *-homomorphism as usual). One can moreover define an associated scale of Sobolev
spaces

H P (0 = (e HIPO ™ (X) - Au e LA(X) for all A € Wiy P (X)) (3-24)

The relationships (3-22) and (3-23) imply:

Proposition 3.11 (relationships between Sobolev spaces). Let s, s, [, o, b € R. Define L* using the
volume density 1 = x** g, 0 < o € C*°(X; bQU X)), with ay, €R. Then

s,l,a,b _ rys.sta,lob
H: 7 (X)=Hy, (X),

s,01,b _ S, I+bLI+bb
HypP 00 = Byl 0 (00,

C

One can conversely embed Hcsl;f}/l’l’“’b(X ) into Hi ’}ll’&’b(X ) and H]i’}ll’b(X ) under suitable inequalities
(which can be read off from Proposition 3.11) between the orders. In particular, this allows us to give
a direct proof of [Hintz 2022, Proposition 3.18] on the relationship between H. ;(X) and H, ,(X); for
instance, for s, [, @ € R (denoted by s, «, T in the reference), we have

HCS’,li,a,O(X) — Hcst,):v}-li-a,l,a,o(x) C Hg,,il,min(o,a—l,a—l-‘rs) (X), (3_25)

which implies (and is slightly sharper than) the first part of [Hintz 2022, Proposition 3.18]. If one wishes
to translate estimates on cone spaces to b-spaces, the advantage of the resolved cb/i-Sobolev spaces,
compared with cfi-Sobolev spaces, is that one can reduce losses in powers of & (or in regularity) in the
conversion; as a simple concrete example, we have

S0 s.1,min(0,a—l,a—I+'
H' (X)) € Hyy, OQambatt) (x),

which for s’ > —s_ gives an improved bound at 2 = 0, and for s’ > 0 a bound which is independent of
the differential orders s, s/, unlike (3-25), which gets lossier as s decreases.
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Remark 3.12 (variable semiclassical orders). The above discussion applies, mutatis mutandis, to symbols
and operators with variable semiclassical orders b as well; here b is a smooth function on the lift of
ch T;;Xch to Cth*Xch.

4. Microlocal propagation estimates at cone points and generalizations
Let n > 1. We work locally near a cone point; thus on an n-dimensional manifold
X =10,2x0)x XY, x9>0, 4-1)

where Y is a closed connected (n—1)-dimensional manifold, and where X° = (0, 2x¢) x Y is equipped
with a smooth Riemannian metric g of the form

g =dx? +x%k(x, y, dy), (4-2)

where k € C*®([0, x¢); C*(Y, S’T*Y)) is a smooth family of smooth Riemannian metrics on the cross
section Y. Any metric which locally near dX is of the form dx? + X%k(x, y,dx,dy), with k|3x a
Riemannian metric on d X, is of the form (4-2) in a suitable smooth collar neighborhood of 90X, as shown
in [Melrose and Wunsch 2004, §1].

While the above X is not compact, all calculations and estimates will take place in the compact subset
[0, xo] X Y of X; thus, we shall commit a slight abuse of notation and write ||u|| H:,(x) etc. for norms of
functions u on X which will always have support in x~1([0, x0]). We fix the volume density

p = |dg| = x"'|dx dk| € x"C*®(X; Q' X) (4-3)

on X, and define Sobolev spaces relative to L*(X) := L*(X: t). We moreover define

2= ;lﬁ g = di2 + 220, y, dy),
. h (4-4)
h:=x"'==, [:=|dg|=x"""d% dk(0)].

X

4A. Admissible operators. The class of operators of interest to us is the following.

Definition 4.1 (admissible operators). We call an h-dependent differential operator Py, ; on X° admissible
if it is of the form

Pho=h*Ag —z+hx Q1 +hxqop, (4-5)
where Q1 ; € Diffé(X) and qo ; € C*°(X) depend smoothly on z € C, |z — 1| < Ch.
We shall henceforth take z = z(h) to be a smooth function of i € [0, 1) with z(0) = 1.

Remark 4.2 (vector bundles). Our analysis applies also to operators acting on sections of a vector bundle
E — X; we explain the necessary (largely notational) changes in Remark 4.11.

Using local coordinates y € R"~! on 39X, let us write

01:=q1:(x,y,xDx, Dy), qo:=qo:(x,Y).
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The normal operator of Py, ; is
N(P):= A —1+%72¢11(0, y, £Dz, Dy) + % 40,1(0, y)
=D} —i(n—1)D; + 2 2 Ago) — 1 +5 721,10, y, Dz, Dy) + £ q0.1(0, y) (4-6)
on tf = [0, co]; x 8X.!!

Lemma 4.3 (structural properties). We have

A

-2
% 1) Diff2  (tf).

-2
X .
Ph,ze<m> Diff2 (X) and N(P)e(

X
Furthermore, we have

-2
X .
P,.—N(P) € (x +h)<m) lefczh(X)a

where we abuse notation and write N(P) € (x/(x + h))™2 Diffczh (X) for any operator whose normal
operator is equal to N (P).

1

Proof. In local coordinates y', ..., y"~! on Y, the metric k(x, y, dy) is given by an (n—1) x (n—1)

matrix (k;;) with determinant |k| > 0 and inverse (k'7), and we have

1 1
Ag =kl 2x" D (1k12X" 7 DY) + x 72 Agy

n—1
=D2—i(n—1+x)x"'De+ Y x 2|2 Dy (k12K D),
i,j=1
where y = %ax log |k| € C*. Since
x+h h x+h
hD, = : xD, € Ven(Xen),
x  h4+x X
x+h h x+h
hx™'D, = - Dy € Ven(Xen)s 4-7
X y X htx ? X e (Xen) 4-7)
h h h
P € iDiffg,.,(X),
X h+x X
we find h2A, € (x/(x+h)) "2 Diff2 (X), and its normal operator is DI—i(n—1DE" "Dy +372 Ay = Mg
The remaining terms in (4-5) are analyzed similarly. 0

4B. Characteristic set, Hamilton flow. Using the fiber-linear coordinates (&.5, 1¢cx) on AT X 5 from (3-2),
we can read off the principal symbol from (4-7) to be

2
) X h 2 2
p = (m) o (Pr,z) =&x+ |770h|k—1 -1
(Here, we use that z = 1 4+ O(h), hence the principal symbol of z is 1.) This is elliptic at fiber infinity

°h §* X ., but has a nonempty characteristic set at finite frequencies. Near sf, it is more convenient to use

HThis can be defined more invariantly as an operator on the inward pointing normal bundle + N9 X, which is the natural place
for the b-normal operators ¢ 1 (0, y, x Dx, Dy) and g1 (0, y) to live; see [Melrose 1993, §4.15; Hintz 2022, §3] for details.
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)

7—‘)fin
Figure 10. Illustration of the flow along the rescaled Hamilton vector field H, see (4-9),
through the radial sets R, and Roy. Shown is the characteristic set, the fibers of which
over sf are spheres (here 1-spheres); one fiber is drawn as a dotted circle. Also indicated
is (in gray) the linearization of H at Rj,/ou OVver tf.

the fiber coordinates (£, ) from (3-3), and h=h /x, x,y as coordinates on the base, so that
p=&+kY(x, ynm — 1,
E=p ' ONTiXen ={h=0, &+ nl>, =1} (+5)
Using (3-4) and writing |n|*> = k¥/1;n;, we then compute
Hi=h""H, = 26(xd, — hd; — 1d,) + Q2In|* — x8:k" n;n;)ds + 2k n; 8,5 — @k nin;dy,.  (4-9)
Restricted to x = 0 as a b-vector field on WXCh, this is

Hlvmo = 26 (x 3y — hdj, — ndy) + 20178 + 2k n; 8,5 — 3,6k Ynin;dy,). (4-10)

This vanishes as a standard vector field on # = x = 0 if and only if 7 = 0. The intersection of =1 (0)
with £ Nx~1(0) has two components: the incoming and outgoing radial sets Rin/oux C ch TiXch,

Rin:={(h,x,y,6,7):h=0,x=0, ycdX, E=—1, n=0},

A A 4-11)
Rouw :={h,x,y,&,n):h=0,x=0, yeadX, E=+1, n=0}.
These are saddle points for the rescaled Hamilton vector field H since
x"Hx =72, h'HA=42, | ?H?>==+4  at Rinjour (4-12)

(The top sign is for “in”, the bottom sign for “out”.) See Figure 10.

Over ¢ T Xcn, the set Ry, is a radial source (though this really only makes sense infinitesimally at
tf N sf since the cfi-calculus is not symbolic over tf \ sf), and Ry is a radial sink. This matches precisely
the familiar situation of scattering theory on the asymptotically conic space (tf, ), see [Melrose 1994],
which we discuss in detail in Section 4C.

In x > 0, the flow of H is a reparametrization of the flow of #~!H, = x~'H. Integral curves of H
starting over a point in X° never reach d X in finite time. Instead, we consider

Ho:=h~"Hyli_,
=283y —x~'ndy) + Qx 7 nl* — 9k in)dg +x 7 QK idy — @k nin;dy).  (4-13)
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Given yy € 0X, the curves
Vl,y0(5)3: (—2S, )’0»—1,0), NS (—X0,0),

(4-14)
Y0.y,(8) :== (25, 0, 1, 0), s € (0, xp),

are integral curves of Hgt. Here, y; ,, strikes 9 X at s = 0 at the incoming radial set over point yo, whereas
Y0,y, €emanates from the outgoing radial set over yp at s = 0.

Lemma 4.4 (incoming/outgoing null-bicharacteristics). Let 0 <sg <xg. Suppose y : (0, so) = X NrT :f‘\th ch
is an integral curve of Hgr tending to 0X as s "\ 0 in the weak sense that liminfs\ o x (¥ (s)) = 0. Then in
the coordinates (x, y, &, n), y is necessarily of the form y (s) = yo,y,(s) for some yg € 0X. Similarly, if
y i (—s0,0) = TN TS’;\thch is an integral curve of Hgs with liminfy ~0 x(y (s)) =0, then y (s) = yy,y,(s)
for some yg € 0X.

Proof. The vector field
xHgr = Hlxmo = 28 (xdx — 1d,) + 2In|* — x3:k" nin;)ds + 2k ;0,5 — @,k Ynin;dy,)

vanishes identically at Rqy. We study the behavior of xHgs as a vector field on ¥ near Roy; we may
use the coordinates x > 0, y € R"~!, and n € R"~!, in which £ is determined by p = 0 as the positive
square root of 1 — k' (x, y)nin;. The linearization of (xHyf)|s in the normal directions at Ry, defined
by mapping d f to d(xHy f) where f € C*°(%), fl|r,, =0, maps

dx — 2dx, dn— —2dn,

and is thus hyperbolic; the unstable and stable subbundles of Tx_, % for the (xHgt)|x-flow are correspond-
ingly the span of 9, and 9,. The unstable manifold theorem, in the form given in [Hirsch et al. 1977,
Theorem 4.1], thus applies inside ¥ at R, and produces an unstable manifold whose tangent space at a
point { € Ry is the sum of T; (Rou) and R, (See the proof of [Melrose and Wunsch 2004, Theorem 1.2]
for similar, albeit more general, considerations.) Since the manifold RouU{y0,y,(s) : yo € X, s €(0, 50)}
is H-invariant with the same tangent space, it must be equal to this unstable manifold. The first part of the
lemma follows from this observation; the second part is completely analogous. 0

Definition 4.5 (generalized broken bicharacteristics). Denote by 3 the topological space defined as the
quotient £ /3. Let I C R denote an open interval. We then say that a continuous curve y : I — ¥ is a
generalized broken bicharacteristic (GBB) if either y(I) C ¥ \ X and y is an integral curve of Hg, or
there exist so € I and y;, yp € 0X so that y (so+1) =y0,y,(t) fort >0, so+t € I and y (so+1) = yy,y,(t)
fort <0, so+tel.?If Yo is at distance 7 from y; with respect to the metric k(0) on 0 X, we say that
y is a geometric GBB; otherwise y is a strictly diffractive GBB.

See Figure 11. We remark without proof that geometric GBB are uniform limits of H-integral curves
just barely missing 0 X (see also [Melrose and Wunsch 2004, Lemma 1.5]).

121y light of Lemma 4.4, this is equivalent to the condition that y is an Hgs-integral curve outside of %, but may enter and
exit the characteristic set over X at different points.
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0X

<)

Figure 11. The projection of strictly diffractive (blue) and geometric (red) GBBs to
the base X, as well as geodesics (green) just barely missing the cone tip 0 X. Left: the
geometric picture, where 0 X is collapsed to a point. Right: the resolved picture.

4C. Scattering theory for the normal operator. Propagation through the “cone point” 9 X will require
global control of the normal operator, namely the absence of purely outgoing or purely incoming solutions
(depending on the direction in which one wants to propagate estimates). Let us define fiber-linear
coordinates on the scattering cotangent bundle *7*(tf \ cf) via
A~ n_l .
dh dy’
scﬁ + ;(nsc)jT-
Via the identification (3-7), the radial sets Riy/ouc defined in (4-11) are then equal to the sets **Rin/ou C
SeT*(tf \ cf), where
“Rin :={(h, y,&c, nse) :h =0, y € 90X, & =+1, nee =0},

SCRfout = {(l:\l» Vs Eses Mse) }Al =0, y€dX, &= —1, nyc=0}.

Invariantly, Rin = Riy is the graph of —(x/h)(dx/x) = —d(h~') = dh/h?, and likewise for Rou = Rout
but with an overall sign switch.

Definition 4.6 (conditions on the normal operator). Let /,!” € R, and recall (4-4).

(1) We say that N (P) is injective at weight | on outgoing functions if the only solution u to the equation
N(P)u = 0 satistying u € U yg HOO’I’fN(tf; 1) and WFq (1) C Ry 18 trivial: u = 0.

b,sc
(2) We say that N (P)* (the formal adjoint with respect to L2(tf; )) is injective at weight I’ on incoming
functions if the only solution v to the equation N (P)*v = 0 satisfying v € | J NeR Hli';’cl N (tf; 1)
and WF,.(v) C °Ry, is trivial: v =0.

(3) If condition (1) and condition (2) with [’ = —[ + 2 hold, we say that N (P) is invertible at weight .

The wave front set assumptions here are the microlocal formulations of outgoing/incoming radiation
conditions. In the special case that N(P) = A; — 1, these assumptions are indeed equivalent to the
standard Sommerfeld radiation condition. Our goal is to elevate the qualitative conditions of Definition 4.6
to quantitative estimates; see Lemma 4.8.

Changing variables in the expression (4-6) for N(P) to (fz, y) gives

N(P) = (A*D)* +i(n — 1)h>D; + h> Agoy — 1 +h%q11(0, y, —hDj, Dy) + o 1(0, y),
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with scattering principal symbol at ** Tz tf given by
P =Eq+ Insel? = 1. (4-152)
Its Hamilton vector field is
Hi i= 7 Hypy = 260 (hd) + 115y, — 2150 + A H, 2 (4-15b)

by (2-7), which has a source, resp. sink structure at >Ry, resp. **Roy Within the characteristic set p; ! 0).
Recall then that microlocal propagation estimates near the radial sets R, /ou Tequire suitable orders —
here the decay order — of weighted Sobolev spaces to be above or below certain threshold values; see
[Melrose 1994, §9], [Vasy 2018, §4.7], and [Dyatlov and Zworski 2019, Appendix E.4].

Definition 4.7 (threshold quantities). Define the functions

ry = Im<bUI(Q1,1)(—%

ro :=1Im(qo,1]x=0) € C*(3X).

), <eon.

Then the threshold quantities rjy/ou € R are defined as
Tin i= —% + % sup(ry +ro), Fout := —% + % inf(r; — ro).
X X

We next recall that at the other end of tf, i.e., the “b-end” tf N cf, the weights /, I’ in Definition 4.6 are
related to the boundary spectrum of N (P). Concretely, from the expression (4-6), we read off

*N(P) € (RD;)* —i(n—2)2D; + Ax) +q1.1(0, y, Dz, Dy) + % Diffy (¢f \ sf). (4-16)

Its (dilation-invariant in X) normal operator at X = 0 is given by the sum of the first four terms, and the
Mellin transformed normal operator family is defined by formally replacing x D; by multiplication with
A € C, giving

N(P)(r, y. Dy) := 3% —i(n = Dh+ Ay +41.1(0, y, &, Dy). (4-17)

This is a holomorphic family in A taking values in elliptic elements of Diff?(d X). The boundary spectrum
of N(P) is then

spec,(N(P)) :={reC: IV(P)(A) :C®°(0X) — C™(0X) is not invertible};
it is a discrete subset of C, and its intersection with |Im A| < C is finite for any fixed value of C [Melrose
1993, §5.3]. Let us now put
A :={—ImA: A espec,(N(P))}; (4-18)

this is a discrete subset of R.

Lemma 4.8 (estimates for N(P)). Let s,] € R and r € C* (T tf). Suppose that r is constant near
S“Rinjout and satisfies r > rin at **Rin, r < rou at **Rou. Suppose moreover that Hyr <0 and /—Hr € C*°

on * Tz st N {p = 0} in the notation of (4-15a)—(4-15b).
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(1) If N(P) is injective at weight | on outgoing functions and |l —n/2 ¢ A, then

”””ng:g(tf;;)) < C”N(P)””H;;f"*z’r“(tf;ﬂ) (4-19)
for all u for which both sides are finite.
(2) If N(P)* is injective at weight —I + 2 on incoming functions and —l +2 —n/2 ¢ A, then
”v||H;§:2’7l+2.7r71(tf§ﬂ) < C|N(P)*v| Hs o ) (4-20)

for all v for which both sides are finite.

(3) If N(P) is invertible at weight | and | —n/2 ¢ A,then the operator N (P) is invertible as a map

{ue HYLI(f; o) s N(Pyu e Hy 272 oy — Hy 272 ).

b,sc b,sc

Proof. This is a standard application of elliptic b-theory at tf N cf and radial point estimates at tf N sf in
the scattering calculus as in [Melrose 1994] and [Vasy 2018, §4.8].

We first prove symbolic estimates for N (P) and N (P)* which do not use the injectivity assumptions. In
tf\ sf, the operator N (P) is an elliptic weighted b-differential operator. Let ¢; € CZ°(tf\ sf), j =0, 1,2, 3,
be identically 1 near tf N cf, with ¢; 1 = 1 on supp ¢;. Then, only recording the b-regularity and the
weight at cf, we have

prull yoi = Clllg2N (Phull o-21-2 + lloull 1) (4-21)

for any fixed N. Now, recalling (4-4), we have

HE([0, 00); x 0X: 1) = H' 2 ([o, 50) X 9X: d%dk(O)D.

Using now that / —n/2 ¢ A, we can estimate
Ig2ull i < CIE2N(PYE Dz v, Dy) (o)l w22

by passing to the Mellin transform. Since N(P) — £72N(P)(R Dy, y, Dy) € 27! Diffy, by (4-16), this can
be plugged into (4-21) and yields (putting back the scattering decay orders, which at this point are still
arbitrary due to the localizers)

11l o1 < CAIGIN (Pl y2i-2co1 + sl ynios). (4-22)

Turning to the scattering end, and with ¥; =1 — ¢;, we claim that (now with the b-decay orders being
arbitrary)

112l ot < CAYON (Pl go-2i-acon + oty v.x)- (4-23)

This is proved by means of the scattering calculus by a combination of elliptic estimates (controlling
Yiu away from Xy = p ! (0)), radial point estimates at *Ri,/ou, and microlocal real-principal-type
estimates on X \ (*“Rin U Rou). We only sketch the argument for the radial points in order to explain
the emergence of the threshold condition on r; details can be found, e.g., in [Vasy 2018, §4.7].

13This condition is automatically satisfied since, for [ — n/2 ¢ A, the operator N(P) is not even Fredholm; see
[Melrose 1993, §6.2].
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We work in [0, 1); x 3X C tf, and consider estimates near *“R;y,. Fixing a cutoff function x € CZ°([0, %)),

identically 1 near 0 and with x’ <0 on [0 !

, 5), we consider a commutant

A

= h7 (19 x (e x (e = D),
= %(Opsc(a) + Op, (a)*) € N 0, 2r+1

where § > 0 controls the localization near 1 = 0. We compute the commutator
) N(P)— N(P)x
2Im(N (P)u, Au) = {[i[N(P), A] +2TA u,u).
i

(This holds directly for sufficiently decaying u, and for u as in the statement of the lemma can be justified
using a regularization argument.) The principal symbol of i[N (P), A] is equal to ﬁHtfa. When Hys falls
on the cutoff in A, the result is supported in the elliptic set of N(P), and hence easily controlled. When
H¢s falls on either of the second or third cutoff functions, the result is < 0 on supp a in view of the source
character of R, (or directly using (4-15b)), provided & > O is sufficiently small; at **R;, then, the
principal symbol of

. N(P)—N(P)*

i[N(P), A]l+ 2TA

has a matching definite sign, i.e., is a negative multiple of h2, provided that

2-(+1)-(—zr—1)+z.sca(Q;iQ*> <0,

Q :=hq11(0, y, —hDj, Dy) + 40,1 (0, y), (4-24)
at S°Rj,. But Ry, is the graph of the 1-form dh / fzz; hence
_ *k
S°0<Q 2.Q ) =Im*o(Q)
[

at S°R;, is equal to

A

A dh
Im®0(g1.1(0, y, —hDj, Dy))(f) +Imgo 1 =ri+ro

in the notation of Definition 4.7. The condition (4-24) thus becomes —2r — 1 + (r; + rg) < 0, which is

satisfied on all of **R;, provided that r > —% + % sup(r; + ro) = rip there. Under this assumption, one

thus obtains control on u microlocally near R, in the space HZ:" by N(P)u measured in H: >+,
The analysis at R gy is similar, now using the commutant

=2 x (h/8) x (Inse ) X ((Ese + D).

The derivatives of the latter two cutoffs along H are now positive due to the sink character of Ry, and
the principal symbol of the commutator at the radial set is a negative multiple of h=2" (thus allowing us to
propagate control from a punctured neighborhood of the radial set into the radial set itself) provided that

0-0°
2i

2- (=D (=2r— 1)+2-Sca< ) <0 at*Ryy. (4-25)
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In view of Ry being the graph of —dh / h? and the calculation

. dh
Im*0 (Q)ser,, =Im®a(g11(0, y, —hDj, Dy)) (—?) +1Imgo,1 = —r1 +ro,

the condition (4-25) reads 2r + 1 —ry +rg <0, s0 r < —1 + 1 inf(ry — rg) = rou.
Putting (4-22) and (4-23) together, we obtain the estimate

el ot = CAN (PYull 2200 + ]y i) (4-26)

for any N; we choose N to satisfy —N < s and —N < minr.

The estimate (4-26) implies that N (P), acting on H, s”i’cr, has finite-dimensional kernel; any element u
in the kernel automatically lies in Hlfs”cl", for any variable-order function r’ satisfying r' < roye at SRoy.
Thus, WF. (1) C **Rou. Under the injectivity assumption on N (P), we thus conclude that u = 0. A
standard functional analytic argument then allows one to drop the error term in (4-26), which gives the
estimate (4-19).

The proof of part (2) is analogous; the direction of propagation in the characteristic set is now reversed,
which is precisely matched by the sign switches in the orders in the estimate (4-20). Part (3) is an

immediate consequence of the first two parts. O

Remark 4.9 (flexibility in the choice of /). If the assumptions of part (1) of the lemma are satisfied for
some value of /, then they continue to hold for all values [ with [ —n/2 ¢ A for which either [ > [, or [ <1
but / —n/2 and [ — n/2 lie in the same connected component (a, b) of R\ A. (Indeed, the claim for [ <

follows from the fact — proved using the Mellin transform upon localizing near tf N cf — that any element

[ Hs,b+n/2—e,r
b,sc

holds for part (2): we may increase —/ + 2 (or stay in the same connected component of (R\ A) +n/2),

in the kernel of N(P) on Hli’éf:r automatically lies in for any € > 0.) A similar statement
i.e., decrease [. Altogether then, there typically only exists an interval of finite length (possibly empty) of
weights / so that the invertibility condition of part (3) is satisfied.

4D. Statement and proof of the microlocal propagation estimate. We are now ready to state the main
result of the paper:

Theorem 4.10 (microlocal propagation through the cone point). Let Py, ; denote an admissible operator
in the sense of Definition 4.1, and define the threshold quantities rin, rou as in Definition 4.7. Let
zceh T Xcn denote the characteristic set of Py, (see (4-8)). Denote by H= (x/h)H, € Y(ch T3 Xch) the
rescaled Hamilton vector field (see (4-9)). Let s, 1, a € R, b € C® (¢! TiXch). Assume that b is constant
near the radial sets Rin/ou (se€ (4-11)) and satisfies b — o > riy at Rin and b — o < rou at Roue; assume
moreover that Hb < 0 and /—Hb € C® on X. Let x, ¥ € C°(X) be cutoffs, identically 1 near X, and
with x =1 onsupp x. Let E € WO (X)), with Schwartz kernel supported in [0, 1), x (X ~'(1) x x ~(1)).

ch

(1) (forward propagation) Suppose N (P) is injective at weight [ on outgoing functions (see Definition 4.6(1)).
Suppose that (the preimage in X of ) all backward GBBs (see Definition 4.5) starting in ¥ Nsupp x reach
Ell.s (E) in finite time while remaining inside ¥ ~'(1). Then for some small § > 0, we have

el gstian ey < CUR Phctell 22w i+ | Eaell g ) + B || ull s ). (4-27)
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(2) (backward propagation) Suppose N (P)* is injective at weight —l + 2 on incoming functions (see
Definition 4.6(2)). Suppose that (the preimage in X of ) all forward GBBs starting in ¥ Nsupp x reach
Elle, (E) in finite time while remaining inside 7 1D. Then for some small 5 > 0, we have

|| Xu || H;hs+2.—l+2,—a,—b—l X)

< CUIX Pyl postmamb iy + NEwll gossrtizasor ) + R\ Full e ). (4-28)

Since by Lemma 4.3 and the calculations in Section 4B, the operator P, , € lIlCZ,;Z’O’O(X ) is elliptic at
fiber infinity, and is of real-principal-type (except at the radial points) at sf, the estimates (4-27) and (4-28)
are sharp as far as the relative orders in the norms on # on the left and P,f*z) u on the right are concerned.
Indeed, it has the well-known real-principal-type loss of one order at sf and is an elliptic estimate in the
ch-differentiability sense.

The improvement of the final (error) terms on the right-hand sides in (4-27) and (4-28) relative to the
space on the left-hand sides is accomplished at sf by microlocal symbolic means, and at tf using global
normal operator estimates. The overall improvement by a positive power of 4 between error term and
left-hand side allows for the inversion of P , for small 4 > 0 under suitable assumptions on the global
behavior of the null-bicharacteristic flow; see Sections 4E and 5 for examples.

Remark 4.11 (operators on vector bundles). Let E — X denote a smooth vector bundle. Theorem 4.10
then holds (with the same proof) also for operators P ; acting on sections of E, provided Py, ; is admissible
in the sense that

Py .= hzx_zQZ,z + hx_lqo,z -3,
02 € Diffy (X E),  go,: € C*(X; End(E)),
where x~2Q, . (replacing the combination h?A ¢t h%*x~2Q; . in Definition 4.1) has scalar principal

symbol ®o (x 7205 ;) = 0 (x72A,). Thatis, o (x 2 Q2,.)(¢) = |§|§_1 for ¢ € °T*X, with g the conic
metric (4-2). The normal operator is of class

N(P)e(

A

-2
X ) Lk
1> Diffy ( (tf; 77 Eyx),

X
where 7 : tf = [0, 0o]; x X — 90X denotes the projection map. The injectivity conditions of Definition 4.6
are unchanged. The definition of the threshold quantities rj, /oy in Definition 4.7 requires a minor change;
to wit, with respect to a choice of a positive definite fiber inner product on Eyx, we set (top sign for “in”,
bottom sign for “out”)

1

1
Finjout = —75 + 5 Saux? SCO'(

, (4-29)

dx
:sz

x2001— (x2021)* +qo.1 —qg,l)
2i

where the sup is defined to be the supremum of the largest eigenvalue of the scattering symbol (which
takes values in self-adjoint endomorphisms of £). One may choose different fiber inner products in
the calculation of rj, and rqy, respectively. A (near-)optimal choice of fiber inner products, resulting
in (almost) the smallest possible rj, and largest possible roy, is typically easy to read off in concrete
situations. For example, if 0,1 =0 and go 1]5x is block-diagonal (or more generally lower triangular)
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with respect to some bundle splitting of E|yx, then the supremum in (4-29) can be made to be arbitrarily
close to the supremum of Im A, where A ranges over all eigenvalues of the diagonal entries of gg 1 (),
y € 90X, if one chooses the fiber inner product appropriately.

Remark 4.12 (technical assumptions on the variable order). One can replace the assumptions that b be
locally constant near Rip/ouc and satisfy J/—HbeC>®on = by the simpler assumption that Hb < 0 on X.
This would require the use of the sharp Garding inequality for the cfi-calculus, which however we do not
prove here.

Proof of Theorem 4.10. We give details for the proof of part (1); the proof of part (2) is completely
analogous. If backward GBBs starting in WF, (B) never pass through 4% C ch T~ Xch» the orders [
and a are irrelevant, and the estimate (4-27) follows from standard elliptic regularity and real-principal-
type propagation in the (variable-order) semiclassical calculus on X°. We shall thus work in a small
neighborhood of x = 0.

Step 1: symbolic positive commutator estimate. We first work near the incoming radial set R;, defined
in (4-11); we shall use the coordinates (fz, x,y,&,n) near ch Tj~¢Xcn defined by (3-3) and (4-4). Fix
cutoffs xa, xsf» xr € C°([0, 1)), identically 1 near O and satisfying x/ < 0 and m € C*([0, 1)).
Denote a smooth extension of b to ¢"T* X, by the same symbol. For small § > 0, fixed momentarily, we

then consider a commutant

e rlpll x h w
a=h"""2x "‘m(—)xsf(—)m(—), w:=+n?+E+12. (4-30)

) 8 )

Thus, supp a is contained in any fixed open neighborhood of R;, when é > 0 is sufficiently small. We
have G € §700 00 bH/2(CAT X ) Let

. Coo— 1 . o
Aew X7 xy  dody=a, A:=A%A.
Using the L?(X; ) inner product, we then evaluate the commutator

2Im(A Py ou, Au) = (€u, u),

Py.— P
G =il Al+2———= "EA e W (X)), (4-31)
The principal symbol of € is
R Ph.—PF\
2haHa +2-°ha(’Z2+hA’“)ha2. (4-32)
1

When H hits x5, we obtain a nonnegative contribution (in fact, the square % of a smooth function e),
while differentiation of xx gives a nonpositive contribution (in fact, a negative square —b%z), consistently
with the saddle point structure of H at R;,. Differentiation of s produces a symbol with semiclassical
order —oo.

The main term of ~dHd near ‘Rin arises from differentiation of the weight hb=1/2 ~%; since H,, = hH is,
modulo AxVy, given by the expression (4-10), we can compute this modulo x §~°% 752425 by substituting
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the expression (4-10) of H|,—o for H. Thus, the main term is
h2x 2028 (=20 4 2b 4+ 1) + O xZ x 21

A further contribution arises from the skew-adjoint part of P} ; at Ri,, which is the same as the skew-
adjoint part of N(P) at R, upon making the identification (3-7); this was already computed in the
proof of Lemma 4.8. Overall then, we can write

o (€)= e — bk —chd® — f2ha?, (4-33)

where

f=v-2(=20b—a)— 1) +2(r1 +r0)] — €

is positive (and smooth) at R;, for small € > 0. Denoting c/-quantizations of the lower case symbols by
the corresponding upper case letters, we thus have

_ ok px IRPATE S STV RTINS GTY)
¢ =E"E—BpBr —¢€|lh2Au|” — ||h2 FAul||” + R,

where R € \I—';.loo‘_oo’za’Zb_l (X) has WF,, (R) C suppa and arises as the remainder term not controlled
by the previous symbolic considerations. We will plug this into the right-hand side of (4-31); the left-hand
side is bounded from below by

A A

1 v _ A1l v 1 v _ — ~
—e|lh? Aul|* —e YA 2 AP, .u|® > —€||h? Au||* — Ce 1||GP,Z,ZM||H7N,7N,Q,M—Ce l||Xu||§LI,N,,N,Q,,N,
c.h ch

where G € lllgh (X) is elliptic on supp a; here N € R is arbitrary. Putting By := h'2FA e \IJC_hoo’_oo’“’b(X)
and dropping the contribution of Bg, we thus obtain the estimate

1 Boull* S UG Pzl v vawer + I Ewll® + 1(Ru )]+ [ Kl v (4-34)
which provides H C_,fv ~N@b_control of u microlocally near R, provided one has microlocal Hcf,fv =N, =Nob_
control of u on WF,, (E) C {0 <x <3, | + 1| <8}, and provided |(Ru, u)]| is finite; since G is elliptic

near WF., (R), we can insert the estimate
2 S 2
[(Ru, u)| S ”GMHH—N,—N,a,b—l/Z + ||X”||H—N,—N,a,71v
c,h c,h

into the right-hand side of (4-34).

Concatenating this radial point estimate with the propagation of regularity from a punctured neigh-
borhood of R, to a punctured neighborhood of Ry and then a radial point estimate at R o, — proved
by the same method, with the commutant & again given by (4-30) but now with w = (|n|> + & — 1*)!/?
and using that 2(b — o) + 1 — r; + rp < 0— and using elliptic estimates away from X, we obtain the
propagation estimate

||B]M||H:'y,]ll.a,b < ”GPh,z“”H;;?J*Z’“b“ + ||EM||H:,h—N,—N,b + ||X~M||HCTI:V.I,a,b—1/2; (4-35)

the operators By, G, E € \IJS,;O’O’O(X ) appearing here are subject to the following conditions: WF,, (B;) C
Ell.;(G), furthermore G is elliptic on X Nx~1(0), and all backward null-bicharacteristics from WF,, (B))



SEMICLASSICAL PROPAGATION THROUGH CONE POINTS 3519

either tend to Ry or enter Ell.;(E). The orders at cf are unconstrained at this point, but chosen for
compatibility with the normal operator argument below.
Fixing a variable-order function b” so that

B —a >ry  at Rig, (4-36)
we then have the estimate

Il s 7Pl as-sames 1 El s + 15l s (4-37)

c,h

under the assumptions on E, x, x stated in the theorem. For B> >b— %, this follows directly from (4-35)
(upon replacing the microlocal cutoff G by the less precise cutoff ¥). For general b’ note that as long
as (4-36) is satisfied, one can apply this estimate inductively to the error term yu provided supp x is
sufficiently close to supp x (so that the same operator Eu satisfies the geometric control assumption for x
in place of yx), increasing supports of the involved cutoff functions by an arbitrarily small but positive
amount and gaining half a semiclassical order at each step. Thus, away from R;,, one can ultimately
take b° to be arbitrarily negative, while at Ri,, one always needs to have (4-36).

Step 2: normal operator estimate. We now work on the error term xu in (4-37). We first prove the desired
estimate (4-27) under the stronger condition that b — « > rip + 1 at Ri,. We split yu = xou+ 1 —x"xa,
where x” € C*°(X) is identically 1 near dX and supported in a very small neighborhood of 3 X the part
(1 — x")xu is supported away from cf U tf; hence

_ w7 < — vy
¢! x)xullH;év,z,a,bbNII(l X)Xu”HC—JfV,—N.—N,bb

for any N. To estimate x’u, we use the injectivity assumption on N (P) and the resulting estimate (4-19)
together with Corollary 3.7(2) (with ¢, = n). For 0 < § < 1 with b’ + 28 < b, and choosing supp x”
sufficiently small, we obtain

b 2— b
1wl o SN w11

c.h b,sc

SN GUD v-2imaggost

b,sc

SINPYOCWN iz onsas (4-38)

In the final line, we abuse notation and denote by N (P) € \IJC2 ,;Z’O’O(X ) any operator whose normal operator

is equal to N (P). Put b := b” 4+ 1+28. Using Lemma 4.3, which gives N(P) — P, . € W3>~"0(X), we
further estimate

INCPYOCWI w2200
c,h

< Pty xaicnass 1 (Prz = NPl x-arnass + NN P), X Mullyvoainare (4-39)

c,h

b b
SJ Il x Ph,z””H—N—z,l—za.b: + u”H—N,l,a—l.b: + ”X]ju”H—N—l,—N.—N,bﬁ—l s (4-40)
c,h c,h

c,h
where x* =1 on supp x”. Under the present condition that b —« > rjy + 1 at Rj,, we can choose b” as
in (4-36) so that b* < b still. Plugging this into (4-37) finishes the proof of part (1) under this condition.



3520 PETER HINTZ

In order to prove the theorem as stated, thus only assuming b — « > rj, at Rj,, we note that the norm
on second term on the right in (4-40) is one order weaker at tf than the left-hand side of the desired
estimate (4-27), but only b* —b = b” 4+ 1428 — b < 1 orders stronger at sf. This suggests revisiting the
estimates (4-38)—(4-40) using a more precise cutoff which distinguishes between the regimes h <x and
h > x. To wit, consider " = v/"(h/x), where ¥/” = 0 on [0, 1] and ¥* = 1 on [2, 00). This is a smooth
function on [ X.5; sf N tf], and thus conormal on X.j; in fact, we have

h ¢ _
1— 9" e A%~ (Xen) = (x + h)° <m) A (Xen) w754 (X) (4-41)

for any ¢ > 0, since on supp(1 — ¥°) we have x < h; thus x +h < h/(h + x). Taking £ = 8, we can
therefore estimate

by = - Sy
(1= )Xu”HC—JZV,I,a.bb S IXull -via-swrs <h IIXMIIH&{VJM-

c,h
Next, the estimate (4-38) holds without change. (Note that Corollary 3.7 applies for merely conormal
cutoffs.) Finally, we need to estimate (4-39) more carefully. Note that

Y’ e AT (Xen) C WG T (X)
for any ¢ > 0. Taking ¢ = 1 —§, this gives ¥°(Py.. — N(P)) € 52>~ (X); hence
||‘/’b(Ph,z - N(P))u”H—N—Z,I—Z.a,bu S ”)ZMHH—N,Z.a—a,bﬁ—HB =< ha ||)zu||H—N-1-avb~
c,h c,h c,h

For the final, commutator, term in (4-39), we note that we can replace WP by 1— 1//b and use (4-41) with
£ =8,50 [N(P), ¥’] € W >~ (X) which gives
N (PY, ¥Vl woaionass SNyt wassiores < BN KUl ynot v,
c,h c,h c.h

Altogether, we have shown

H

c.h

Ixull, —yiww SIX Ph,zu||HCT]fvfz,172,a,b: + h(?ll)ZuIIchth/-avb-
Plugged into (4-37), we have now established the desired estimate (4-27). O

We can sharpen Theorem 4.10 by working with the resolved Sobolev spaces defined in (3-24). This is
straightforward since admissible operators

Py, e W30 (x) c v 00x)

are elliptic at the front face fbf of " T*X;; indeed, this follows from the ellipticity at fiber infinity

ch SiXen C "T+*X ., and the classical nature of the principal symbol of P, .. Therefore:

Theorem 4.13 (propagation estimates with relative b-regularity). In the notation of Theorem 4.10, and
for any s’ € R, the forward propagation estimate (4-27) generalizes to an estimate on cbhi-Sobolev spaces,

~ S1 o~
”XM“H:ET-;’[J.[,,ID(X) < C<”XPh’zu”H;:f'A'/*Z"*Z“’*b“(X) + ||Eu||H:vlf/;,1,a,b(X) +h ||XM||Hc;ﬁ.—N,l.a,b(X)).

The backward propagation estimate (4-28) generalizes similarly.
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4E. Global estimates with complex absorption. We upgrade the microlocal estimate proved above into a
quantitative invertibility statement for an operator which effectively localizes the interesting nonelliptic
phenomena near the cone point into a small neighborhood of d X via complex absorption.

Let us assume first for simplicity that Y is null-cobordant; see Remark 4.16 below on how to remove
this assumption. With X = [0, 2x¢) x Y and g as in (4-1)—(4-2), consider then a compact n-dimensional
manifold X’ > X with boundary X’ = 39X, equipped with a smooth metric ¢’ which is equal to g on
X" :=10, xo] x Y. Given an admissible operator Py ; on X, let P}:,z € (x/(x+h))? Diffczh (X’) denote an
extension of P, , from [0, 1) x X" to [0, 1) x X’ with principal part equal to h>A g¢- Forc € (0, 1), let

K. := X"\ ([0, cxg] x Y).

In order to implement complex absorption, let us take ¢ € (0, %) small and fix an operator

Qe W, (X))
whose Schwartz kernel is supported in K. x K., and so that Q is elliptic on T*K,, with nonnegative
principal symbol. We then consider

Phzi=P,.—iQ, (4-42)
and assume that

all backward GBBs of PA’ . enter Ell;(Q) in finite time. (4-43)

By construction, Py, is a semiclassically elliptic second-order semiclassical ps.d.o. on (X’)° which is
elliptic over K,.. Moreover, due to the sign condition on the principal symbol of O, one can propagate
semiclassical regularity for solutions of P, ,u = f along forward null-bicharacteristics of P,;’ .5 see [Vasy
2013, §2.5] and [Dyatlov and Zworski 2019, §5.6.3]. For our fixed metric g on [0, 2xg) x Y, the control
condition (4-43) is satisfied if we choose ¢ > 0 sufficiently small. Indeed, from the expression (4-13), one
finds that if Hgsx = 2€ = 0 on the characteristic set, then |5|?> = 1 and thus

Hix=2Ht > 2x PP —ClpP=2x""'—=C>c'=C>0

in x < 2¢ when c is sufficiently small; hence the level sets of x are geodesically convex in x < 2¢, which
implies the claim.

Remark 4.14 (relaxed conditions on Q). One can more generally allow Q to be a second-order operator
with real-principal symbol; a concrete choice is then Q = ¢ - (thg/ + 1), where ¥ € C°(K?) is
identically 1 on K>..

We then have:

Proposition 4.15 (global estimates with complex absorption). Let s, [, o, b be as in the statement of
Theorem 4.10 ( for the operator Py, ;). Fix the volume density on X' to be the metric density |dg’|. Then
Sfor small h > 0, the operator Py, ; defined by (4-42) is invertible as a map Hg’l(X’) — H§_2’1_2(X’), and
it satisfies the uniform estimate

—1
”u”Hg’fl'”’b(X’) = C”Ph,zu”Hg;l/—lavbﬂ(x/) =Ch ||(X + /’l)’Ph,ZuHHg;z‘/—z,a,b. (4—44)
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More generally, for any s’ € R, we have

||u” vv’lub C”thu” v2v/ 2,0-2,a,b+1
b,h

X1 —

Proof. By our assumptions on the complex—absorblng potential Q, we can apply Theorem 4.10(1) with E
and x supported in X'\ K.. We thus have

xull gsiaw = CUPh 2l ys-2i-2aonr + [ Eutll s, Nb+h8||XM||H - 1b0)-
On the other hand, we can control Eu and (1 — x)u in H(f ,ll b (or simply hbHﬁ if we take E to be

localized away from x = 0, as we may arrange) by P u in H_, $—21=2,a,b+1

using a combination of elliptic
estimates and real-principal-type propagation estimates (w1th complex absorption), starting either from

Ell; (Q) or {x = 1}. Altogether, we obtain

)
lall s < CANPh el yo-2-2msr + Bl e (4-45)

For hy > 0 with Ch‘S 1 , we can now drop the error term in (4-45) for O < h < hg. This proves the
injectivity of Py, , (with a quantltatlve estimate). Analogous arguments prove the dual estimate

V|| 1y=s12—142—a,—b=1 < C|| P55 V|| y—s, 1. —b,
1Vl g2s42 vt < CIPy 0l ygitie
which implies the surjectivity of Py, .. O

Remark 4.16 (links Y that are not null-cobordant). When Y is not null-cobordant, we cannot choose X’
as above. This is a technical issue, independent of the analysis near the cone point x~!(0), which we
circumvent here with the following artificial device: we set X’ := [0, 4x] x Y, and consider i-dependent
families of operators on X’ which are semiclassical cone operators near x ~! (0) and semiclassical scattering
operators [Vasy and Zworski 2000] near x ~1(4x(). We then take P,; e (x/(x+h)? Diff2 oh.sch (X —
the second subscript referring to the semiclassical scattering behavior near x ~!(4xo) — to be equal to
Py,on[0,1)x X *. We can arrange for P,L . to be elliptic near x~1(4xp) in the semiclassical scattering
algebra, e.g., by taking it to be equal to thg/ + 1 near x = 4x(, where g’ is a scattering metric on
(x0, 4x0] x Y. We choose the complex absorbing operator Q as before, and so that Pj, , = P};’ .10 is
elliptic in x > %xo. Proposition 4.15 then remains valid upon using function spaces for # which near
x~1(4xp) are semiclassical scattering Sobolev spaces with differential order s, semiclassical order b, and
arbitrary decay order r, and similarly for P, ,u with orders s —2, b+ 1, r; this uses elliptic estimates in
the semiclassical scattering algebra near x ~'(4x(). (This usage of the semiclassical scattering algebra is
only one of several possibilities in which the invertibility of P} , for small % is easy to obtain despite the
presence of a boundary.)

4F. Propagation of Lagrangian regularity: diffractive improvement. By adapting arguments from
[Melrose and Wunsch 2004; Melrose et al. 2008], we improve upon Theorem 4.10 by demonstrating
that, under a nonfocusing condition, strong singularities can only propagate along geometric GBBs. The
key technical result concerns the propagation of Lagrangian regularity with respect to the incoming
and outgoing Lagrangian submanifolds, localized near geometric continuations of a GBB striking the
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cone point. Using the coordinates (fz, x,y, &, n) and the notation of (4-14), the incoming and outgoing
Lagrangians are given by
-Fo:= Ufo,yoa .21705
yo€dX

where
Fl,yo = V1,y0((=x0, 0)) = {(0, x, yo, —1, 0) : x < 2xp},

(4-46)
Fo.,y0 = Y0,y,((—=x0,0)) = {(0, x, yo, 1, 0) : x < 2x0}.

(We are making the fz—coordinate, which was set to 0 in (4-14), explicit here.)

We shall first show that one can control the Lagrangian regularity of a solution u of P, ,u = f, with
sufficiently regular forcing f, near Fo y, by propagating Lagrangian regularity from the union of all 7 }”y,,
with y’ at distance 7 from Yy, into dX and then within X to Fop ,, N x~1(0). Localization within the
radial sets Rin/ou requires a more careful choice of commutants compared to the symbolic part of the
proof of Theorem 4.10, and the extra Lagrangian regularity is captured using test modules, as introduced
in [Hassell et al. 2008] and used for this purpose in [Melrose et al. 2008; 2013]; see also [Haber and Vasy
2013]. (Test modules also feature prominently in [Baskin et al. 2015; 2018; Gell-Redman et al. 2020].)

Fix xo < x1 < x2 < x3 < 2x0 and cutoffs
xj € CZ ([0, x))), xj=1 on[0,x;—4], j=1,2,3.
Mirroring [Melrose et al. 2008, Definition 4.2], we then introduce:

Definition 4.17 (test module). Let 7 = F; U Fo. Define the \Ilgh (X)-module'*

h
M= {A € lI'g,’io’o’l(X) ssupp K4 C [0, 1), x (supp x2)2, Chao( A)‘ = 0}.
h+x )|

Denote by M C lIlg}ilo’o’k(X ) the set of finite linear combinations of up to k-fold products of elements
of M. If X is a function space on which \Ifgh (X) acts continuously, we say that u has Lagrangian
regularity of order k relative to X if M*u C X. We say that elements of the space M*X’ satisfy the
nonfocusing condition of degree k relative to X.

Since

h+x

regularity with respect to elements of M means that the semiclassical order improves upon differentiation

h _1
W (X) = (—) W (X,

along suitable elements of \I—'gh (X). A concrete example of an element of M in local coordinates is

h+x h
W (h—i—nyj) =D,;.

Lemma 4.18 (properties of M; see [Melrose et al. 2008, Lemma 4.4]). The set M is closed under
commutators. Moreover, M is finitely generated in the sense that there exist Ay, ..., Ay € \D?ﬁo,o,l (X)

l4Recall that K A denotes the Schwartz kernel of A.
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with supp Ky, € [0, 1), x (supp X3)2 so that, with Ay := 1, we have
N
M= :A € \IJ?,%O’O’I(X) i there exists Q) € \Dgh(X) such that A = Z QjAj}.
j=0
Concretely, one can take Ay to have principal symbol

() () )

and one may take Aj, 1 < j < N — 1, to have principal symbol ((h + x)/ h)aj, where aj € C*®°("T*Xp)
vanishes on F and has differential da; which at a point { € Riy, resp. { € Roy lies in the unstable, resp.

stable eigenspace of the linearization of H (as a vector field on " TiXch)atg.

Proof. Let B=((h+x)/h)By, C =((h+x)/h)Cy € M. Denote the principal symbols of By, Cy € \Ifgh (X)
by bo, co. We then have [B, C] € \I/C_hl’o’o’l (X), and

g ch h B.C] h " h+x h H h+x TH
= O 1 s = C = C Co.
Nn+x htx P\ V) T Ty )ro TR

But by (3-4), Hp|;,_, is a smooth b-vector field for b € §0.0.0.1: thus d € SO(WXCH). Moreover, since
F is a Lagrangian submanifold, H} is tangent to F; therefore, Hyco = 0 on F since co|r = 0, and thus
d|r =0 as well. This proves [B, C] € M.

Let us now work in local coordinates (fz, x,y,&,n) in which the rescaled Hamilton vector field
H=h"'H p of Py, . takes the form (4-9). The linearization of H at Royue/in as a vector field on AT*X o is
(top sign for “in”, bottom sign for “out”)

F2(xdy — hdy — ndy) + 2k n;d,, (4-47)

which thus has eigenvalue F2 (with eigenvector dx), £2 (with eigenspace spanned by dh and dn;), and 0
(with eigenspace spanned by dé and dy/ 4 k/dn;). Upon restriction to h =0, the same statements remain
true except there is no contribution from dh anymore. Since F is locally the joint zero set of n', ..., "7/,
and p, which have linearly independent differentials, every smooth function vanishing on F can be written
as a linear combination (with smooth coefficients) of p and ;. Thus, we may take quantizations of h! n;
for the operators A; in local coordinates. The full collection of A; can be defined using a partition of

unity. O
The fact that M is a \IJ?,Z (X)-module and a Lie algebra implies that
N
MK = { > QuA": Qg € llfgh(X)}, A =TT Ay (4-48)
loe| <k i=1
where o = (@1, ...,ay) € Név . Modulo \Ilgh (X), the operator A is a multiple of Py, ;; therefore, regularity

of solutions u of P, .u = f, with f having Lagrangian regularity of order k, under application of an
element Q, ]_[lN:1 Al € M¥ with ay > 0 is automatic once Lagrangian regularity of order k — 1 has been
established. In order to prove regularity of solutions of P, ;u = f under application of A;, 1 <j <N —1,
we need to control the commutators of Py, ; with the A; chosen in Lemma 4.18:
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Lemma 4.19 (commutators; see [Melrose et al. 2008, Lemma 4.5]). With the A; chosen as in Lemma 4.18,

we have, for j=1,..., N —1,
N

i[Prz Ajl =) CixAr,  Cire W57,
k=0

and "o 5.0, _1(C 1) ry-10) = 0 for k #0.
Proof. Denote by a; the principal symbol of szj for j=1,...,N—1,so0 Chcr(Aj) = ﬁ_laj. Since
P, € lIJCZ,%Z’O’O(X), we have i[ Py, ;, Aj] € lI’g;iz’O’O(X), with principal symbol at sf given by sz(fz_laj) in
the notation used in (4-9). It thus suffices to prove the existence of ¢ € § 1.2.0.0chT*X 1) such that near
h=0, N
hH(A™ aj) = " hejh™ ar,  cjilzax-10) =0 (k # 0); (4-49)
k=1
indeed, if Cj; € lbcl,;z’o’_l (X) is a quantization of hc jk times a cutoff to a neighborhood of sf, then (4-49)

implies that
N

Cjo=ilPyz Aj1= Y CixAr € W50 71(X).
k=1
In order to verify (4-49), we note that the left-hand side equals h! (szaj —aj Hfz); but since at FNx~1(0),
the differentials da; and dh are eigenvectors of the linearization of H with the same eigenvalue, as
discussed after (4-47), this vanishes quadratically at F Nx~'(0), completing the proof. Il

We are now ready to propagate Lagrangian regularity through the radial sets. For s, [, o, b € R and
k € Ny, and using the notation (4-48), let

HEp P (X i= {u e HI P (X) : A% e HD P (X) for all |a| < k).

c,h

We recall that we will only encounter distributions on X with compact support, justifying the convenient,
albeit slightly imprecise, notation here.

Proposition 4.20 (microlocalized propagation near the radial sets). Let s,/,a,b € R. Let B,E, G €
\Ilgh (X) denote operators with Schwartz kernels supported in [0, 1), x (supp x1)?. Recall the quantities
Tinjout from Definition 4.7.

(1) (propagation into Rin) Suppose that all backward integral curves of H starting in ¥ N WF,, (B)
either tend to a subset S C Riy or enter Ell; (E) in finite time while remaining inside Ells;(G); and
suppose that, for all incoming null-bicharacteristics yy y, : (—xo, 0) — X with y; y,(0) € S, there exists
s € (—xo, 0) (depending on yo) such that y; y,((s,0]) C Elles(G) and yy y,(s) € Ellep(E). Under the
condition b — o > ri,, we then have

”BM“Hé.}ll,oz,b;k(X) < C(”GPh’ZM||Hé;2,l—2.a,b+l;k(x) + ||Eu“Hc—JfV,l.a,b;k(X) + ||)(2u||ch}fv.1,a,b71/2(x)). (4-50)

(2) (propagation out of Rou) Suppose that all backward integral curves of H starting in ¥ NWF, (B)
either tend to a subset S C Rout oOr enter WF/Ch (E) in finite time while remaining inside Ell.;(G).
Suppose moreover that S C Ellex(G), and that, for every integral curve y C £ Nx~1(0) \ Rou of H
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with limg_, o Y (s) € S, there exists s so that y((s,o0)) C Ellcx(G) and y(s) € Ellgz(E). Then the
estimate (4-50) holds under the condition b — o < roy.

Proof. We begin with the proof of part (1). By compactness of Rj,/ouc and since Ellej is open, it suffices
to prove microlocal estimates near a single point {y € Rj,, Which in the coordinate system (fz, x,y,&,n)
used in (4-46) has coordinates ¢y = (0, 0, yo, —1, 0).

Now, restricted to x = h =0 and writing k = k(y, n) for the dual metric function of the metric k£(0) on
0X in local coordinates, we have

H = —2£0d, +2In|*d + (3,k)d, — (3,k)d,.
Following [Melrose and Zworski 1996, Lemma 2], introducing |n|, 7 = n/|n|, one has

05y = (k) (y, MInl, 90 =—(0,k)(y, Nnl

along H-integral curves; reparametrizing to r = ¢ (s) satisfying 7’ = 2|n|, one thus obtains
oy =3@K. D, i ==, D, dlnl=—E & =1l

Thus, £(t) = a cos(t + @) and |n(t)| = a sin(t + @g), where a = /€2 + |n|? is constant, and ¢q € [0, ].
Therefore, the function Y assigning to (y, &, ) near (yp, —1, 0) the limiting point along the backward
H-integral curve is given by evaluation at t = —¢y, SO

§ U
T(y.§,n)= <€Xpy ((— arccos m) m>, —1, 0>.

In particular, Y is smooth, and HY' =0 at h=x=0. Extending Y to a smooth function in a neighborhood
of x=h= 0, with values in R"~! x R x R"~!, we thus have HY = O(x) at h = 0. Since x'Hx = —2
at £y, we can choose C so that in any sufficiently small neighborhood V of ¢,

H(T —¢> —Cx) >x >0 inV. (4-51)

Fix now cutoffs xs, xa, xst» X7, xz € C°([0, 1)), identically 1 near 0, with nonpositive derivative and
with \/—x.x/ € C*, and consider the commutant

~ N—1 2
C ap e X h = 2 p 1 2
i=h""2x X8<3>Xsf(g)X}‘(5 ;aj)XE(?>XS(8 (1T — &ol? = Cx)),

where & > 0 controls the size of supp d. We now proceed as in the first step of the proof of Theorem 4.10.
Thus, in the symbol (4-32) of the commutator appearing in (4-31), and specifically in the term 2haHa,
the main contribution near ¢y arises from differentiation of the weights (and then the subprincipal symbol
of Py, enters in the threshold condition on b — « as there), giving a negative multiple of h=2bx~2e
Differentiation of yr gives a term of the same sign, namely a negative square, since »_ aj2 is a local
quadratic defining function of R, inside of £ Nx~'(0). In view of (4-51), differentiation of xs produces
x times the negative of a square, thus another term with sign matching that of the main term. Derivatives
falling on x5 produce a nonnegative square, corresponding to the a priori control required along y;

for y near yg, at x ~ §. Finally, differentiation of yy produces a term vanishing near X which thus can
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be controlled by elliptic regularity, and differentiation of y produces a semiclassically trivial (namely,
vanishing near h = 0) term. We can then proceed as in (4-33), obtaining the desired propagation estimate.

For k > 1, we argue as in the proof of [Baskin et al. 2015, Proposition 4.4]: rather than using
A= Op,. (@) as the commutant, we use (in the notation (4-48)) the vector of ps.d.o.s (AA‘)‘)O,Ez, where
ITcC N(])V consists of all @ € Név with |«| =k and @y = ay = 0. The main term of the commutator arises
from A as before; the new contributions, from commutators of Py, . with a factor A}, can be expanded
as in Lemma 4.18, and those which have the maximal number of module factors A;, 1 <[/ <N — 1,
can be absorbed into this main term due to the vanishing property of the C;; in Lemma 4.18. Thus, one
can control k£ module derivatives of u# in a neighborhood of ¢y provided one has control of X — 1 module
derivatives in a slightly bigger neighborhood. Thus, one obtains the estimate (4-50) inductively.

The proof of part (2) is completely analogous; one now takes Y at x = h =0 to be the limiting point
along forward H-integral curves. U

Note that for any ¢ € "T};X.; \ F, there exists an element A € M which is elliptic at £; hence
microlocally near such ¢, membership in H, ’}ll’“’b;k is equivalent to membership in H. ’é’“’“k.ls In

particular, in ¥ Nx~!(0) but away from the radial sets, the propagation of H; ’;l’“’b & regularity is equivalent

to the standard (real-principal-type) propagation of H_ ’,ll’a’bJrk regularity. One can thus concatenate the
radial point estimates of Proposition 4.20 with such real-principal-type estimates. To state this succinctly,

we introduce:

Definition 4.21 (integral curves connecting the radial sets). (1) For a point y € 3 X, denote by '~ (y) C
C%([0, 7]; ) the set of integral curves of H inside ¥ Nx~!(0), smoothly reparametrized to uniformly
continuous curves y : (0, 1) > X Nx~1(0), which satisfy y () = (0,0, y, 1, 0) € Ry and y (0) € Riy.
Denoting by IT: £ Nx~!(0) — 3X the projection to the base, define the set of starting points of such
curves by

Y7 ={y0):y eI'"(n}

(2) We call a continuous curve y : [ — X a resolved GBB if it is either an integral curve of h~'H b
disjoint from x~1(0), or otherwise if, for some y€0X and yg € Y~ (¥), the curve y is the concatenation
of y71,y,, an element y of I'” (y) with I1(y (0)) = yo, [1(y (;r)) = y, and the curve yo ,.

See Figure 12.

Corollary 4.22 (microlocalized propagation of Lagrangian regularity). Lets,l, o € R, b € C* (C”’_TS’;XCH)
and x € C°(X) with supp x C supp xi1 be as in Theorem 4.10, with b — « satisfying the monotonicity and
threshold conditions stated there. Let k € Ny. Let B, E, G € \Dgh (X), with Schwartz kernels supported in
[0, D), x (x~1(1) x x~'(1)). Suppose that all backward resolved GBBs starting at a point in WE,, (B)
reach Ell.; (E) in finite time while remaining in Ell.;(G). Then the estimate (4-50) holds.

A dualization argument gives the propagation of the nonfocusing condition through 0 X. The simplest
setting uses the modification of P} ; via extension to an operator P; . on compact manifold X’ > X and

I5That is, for B, B € W, (X) with WF/, (B) C Elle(B) \ F, one has || Bu|| bk S §u||HA,,,¢,,b;k + lull Nt
c,h c,.h c,h
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Figure 12. Illustration of a part of the characteristic set, with the Lagrangians F; and
Fo in red, and a resolved GBB in blue.

the inclusion of a complex absorbing term Q € W, ®((X")°) as in Section 4E, resulting in the operator
Phrz= Pl;,z —iQ

in (4-42). (This requires d X to be null-cobordant; if this is not true, one can use the modification described
in Remark 4.16.) Recall that the Schwartz kernel of Q has empty intersection with x~1([0, exg]) x
x~1([0, ¢xp]), where 0 < ¢ < % We shall use the notation of Proposition 4.15.

Theorem 4.23 (diffractive improvement). Let s, [, o, b be as in the statement of Theorem 4.10 (for
the operator Py ;). Let E,G € \Ilgh (X") be such that all forward resolved GBBs starting at a point
in WF.,(E) C Ellet(G) remain in Elley(G) until they enter Ely(Q). Let fi € H2,>'">**T1(X"),

foe Mk Hé;z’l_z’“’bﬂ(x’) be such that supp f+ C x~'([0, cxo]). Then the solution u of

Phot = f = fs+Ef-
can be written in the form

u=up+Gu_, uyeHYX), u_e MHOPX).

[

Note that on the scale of semiclassical cone Sobolev spaces, we have Ef_ € Hg’zz’l_z’a’burl with
b’ = b — k, but typically Ef_ is no better than this. Thus, Theorem 4.23 (for f, = 0 for concreteness)
implies that the strong semiclassical singularities of u resulting from the forcing term E f_ only propagate
along geometric GBBs (resulting in the term Gu_), whereas microlocally away from these, u has
Hgy’é’a’b—regularity.

In a simple case, a formulation of Theorem 4.23 which highlights regularity rather than singularities
reads as follows: Fix yy € 9 X, and define the set

K:=yo,U |J r@.xhu |J »,.

Y€~ (o) yeY~ (o)
Thus, the quotient K /(K N x~1(0)) contains the image of all backward geometric GBB continuing yo y,,
and K in addition contains all curves inside of ¥ N x~!(0) which connect an incoming base point y
(at distance w from y() with the outgoing base point yg of geometric GBBs. Fixing any E € \Ifgh (X")
with WF,,(E) N K = @, there then exists G € W5, (X) with WF,,(G) N K = @ which satisfies the
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conditions of Theorem 4.23. Thus, if f satisfies the nonfocusing condition (of some degree k) relative

s—2,1—-2,a,b+1 s—2,0—-2,0,b+1
to H_,

, and with f microlocally near K lying in H_, (thus f in particular does not

have strong singularities along the incoming directions yy y), then the semiclassical wave u forced by f

slozb

liesin H’ microlocally near K (thus u in particular does not have a strong singularity along yo y,).

Proof of Theorem 4.23. As follows from Proposition 4.15 by taking adjoints (or directly from the proof of
Proposition 4.15), the adjoint P, _ is invertible, and

— —s —I,—a,—b —s+2,—14+2,—a,—b—1
(P/’l Z) . —> HC,h

is uniformly bounded. We now apply a backward propagation version of Corollary 4.22 to P, : For E*, G*
the adjoints of the operators E, G in the statement of the theorem, and for B* € lI! 4 (X) so that all forward
resolved GBBs starting at a point in WF,, (E*) remain in Ell.;(G*) until they enter Ell.,(B*), we have

”E*v”HCT]§+2471+2,—a.—b—l;k < C(”G*PZZU||Hcfhs"7l'7a'7b"k + ||B*U”chlj+2<—l+2,—a.—b—l;k + ||Xu||H(:15V.—l+24—a‘—b—3/2)

for any k € Ny. In particular, we may take B* so that all forward null-bicharacteristics of Py ; starting
in WE,, (B*) miss the cone point and enter Ell.;(Q* ) in ﬁnite time. The term B*u is then automatically
controlled for solutions of P; v =w when G*w € H % —bik by elliptic regularity (on Ell.;(Q)) and
real-principal-type propagation (along the backward null bicharacteristic flow) with complex absorption.
We conclude that

Pr) " we H o Grw e H TP

—){UEH —s+2,—14+2,—a,—b—1 - E¥ UEH s+2—l+2 —o,—b— lk}

Upon taking adjoints (see also [Melrose et al. 2013, Appendix A]), this implies that

,Ph . Csh2172,a,b+1+E(Mk s 21 2ab+1)_>Hslozb+G(Mk slab)

»Z

is a bounded map. O

Remark 4.24 (second microlocalization at ). A sharper approach would be to second microlocalize
at F; and Fop, thus cleanly decoupling the semiclassical orders at F; and Fo (subject to threshold
conditions at the radial sets) and the semiclassical order away from F; this would allow for a unified
treatment of Lagrangian and nonfocusing spaces and thus for a direct proof of Theorem 4.23. We leave
such refinements for future work. We note that second microlocalization in the semiclassical setting
was studied in [Sjostrand and Zworski 2007; Vasy and Wunsch 2009] following [Bony 1986]; a second
microlocal refinement (at the outgoing radial set) for the scattering theory of the corresponding normal
operator was recently obtained in [Vasy 2021c].

5. Applications

We now present applications of the propagation estimates proved in Section 4. First, we discuss the
familiar geometric case of h>A ¢ — 1 in Section 5A, where we can moreover prove a result sharpening both
Theorem 4.10 and the propagation results of [Baskin and Marzuola 2022]. We discuss high-frequency
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scattering by inverse square potentials on Euclidean space in Section 5B, and high-frequency scattering
for the Dirac—Coulomb equation in Section 5C.

5A. Propagation estimates for conic Laplacians. For a conic metric g as in (4-2) on the manifold
X =10, 2xp), x Y of dimension n = dim X > 3, we consider

Ph.=h*A;—z, |z—1|<Ch.
We fix the volume density u = |dg| on X.

Lemma 5.1 (admissibility, thresholds, invertibility). The operator Py ; is admissible in the sense of
Definition 4.1, with threshold quantities ri, = —% and roy = —% (see Definition 4.7). Moreover, the
normal operator N(P) = A; — 1, with g given in (4-4), is invertible at weight | (in the sense of

Definition 4.6(3)) for all
le@—n_2J+n_2) (5-1)
2 2
Proof. Only the final statement is nontrivial. In the notation (4-17), and passing to a spectral decomposition
of Ay whose eigenvalues we denote by 0 < A2, j=0,1,2, ..., one finds that A € spec, (N (P)) if and

J
only if there exists j with A —i(n—2)r+ Ajz- =0, so

. n—2 n—2\° AT
specy, (N (P)) = i 5 + 5 +2; :j=0,1,2,... .

Therefore, the complement of the set A defined in (4-18) contains (—n + 2, 0). As noted in Remark 4.9,
the invertibility of N (P) at weight [/ is independent of the choice of / inside the shifted interval

" Caraoy=(1-"2% 422
J— —n s = _ 3 .
2 2 2

The choice I =1 is particularly natural, as the space Hk},’slc’o(tf; f1) is the quadratic form domain of A
(as follows from Hardy’s inequality). The invertibility of N (P) at weight [ = 1 is then equivalent to the
limiting absorption principle for the exact conic metric g, the proof of which is a standard application of
a boundary-pairing argument [Melrose 1995, §2.3] and unique continuation at infinity. See Lemma 5.10
below for a proof is a more general setting. 0

As a consequence, we may apply Theorem 4.10 for [ in the range (5-1), any value of s € R, o =0,
and variable orders b satisfying in particular b > —% at Rin, b < —% at Rout, and we may arrange that
‘b — (—%)‘ < € for any fixed € > 0. Packaged in the form of Proposition 4.15 using complex absorption,
we thus have, using the volume density |dg| near X,

Ul 506 < C||Phut]| pys—2.1-2.06+13 5-2
|| ||H5,’;110b_ || h,z ||Hg‘112120b+1 ( )

this estimate is sharp in the sense explained after the statement of Theorem 4.10. Lossy estimates on
constant order spaces are given by

1 1
x+h) 27| 5000 ~ B2 u| 0.2 172-
|(x +h) ||Hcs',,1100 [| ”ch;llo 1/2—¢

. 1
ShT 2T Pocull ys—2i-20024e ~ A2 (e 4+ h) 2Py I gs-21-200.
ok c,h
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In the special case s =/, and recalling from [Hintz 2022, Theorem 6.3] that the domain

D} =D((h* Ay + 1))
of the (I/2)-th power of the Friedrichs extension of the conic Laplacian h2A ¢ +1isequal to Hé:i,O,O in
present notation, this gives:

Proposition 5.2 (constant-order estimates). In the above setting and with [ as in (5-1), we have for all
€ > 0 the estimates
—1_e —1-2¢ lie
e +m) "2 ullpp < Ceh e +h) 2" Pyt -2, (5-3a)

lullpy < Ceh™' 721 Pozull -2, (5-3b)

as well as more general estimates with D}ll and D/IL_Z replaced by HCS’,IZ’O’O and Hg;z’l_z’o’o.

The estimate (5-3b) is an immediate consequence of (5-3a). We recall that in the case [ = 1, the
(arbitrarily small) 2¢-loss in (5-3b) can be removed, as shown in the semiclassical cone setting by Baskin
and Marzuola [2022] following arguments by Melrose, Wunsch, and Vasy [Melrose and Wunsch 2004;
Melrose et al. 2008]; in the full range of weights / considered here, a lossless estimate was obtained by
the author in [Hintz 2022, §6.2] via reduction to the case [ = 1 via conjugation by (1 + h2A gr)(l*”/ 2 and
reduction to the case [ = 1. On the other hand, the estimate (5-3b), even for € = 0, loses a full order at tf
compared to the sharper estimate (5-3a).

Remark 5.3 (limiting absorption principle). The #~!=2¢ loss in Proposition 5.2 is familiar from (and
essentially arises from) the loss of slightly more than one power of (z) in the limiting absorption principle

(A—=14i0)"": () 2 “LARY) — (z) 7T H*(R")
on Euclidean space, which is a consequence of a sharp variable-order estimate akin to (5-2); see Lemma 4.8.

A natural question is whether one can prove an estimate which removes both the €-loss of (5-3b) while
retaining the lossless character of (5-3a) (or (5-2)) at tf. We answer this in the affirmative:

Theorem 5.4 (sharp propagation estimate). Consider a conic manifold (X, g) as in (4-1)—(4-2) and with
dimX > 3. Let Py ; = thg — 2, |z — 1| < Ch. Denote the characteristic set of P, , by ¥ C " T3 Xchs
see (4-8). Let x, x € C(X), with ¥ = 1 near supp x, and E € W_;>°(X). Suppose that all backward
GBB from ¥ Nsupp x enter Ell.y (E) in finite time while remaining inside supp x. Then, for any s, N € R,
we have an estimate

~ 1.
”Xu”Hé’,f'O'O(X) <C(lx Ph’ZM”ngz,—l,O.l(X) + ||EM||HCT,5\/,—N.—N,O(X) + h2 ||X”||H;’:V~*Nv0-0(x))- (5-4)

This holds more generally if the first two norms above are replaced by || xu|| 557100 and ||x P ;ull 250241015
cb,h cb,h
with s’ € R arbitrary. Taking s = 1, N =0 in (5-4) gives

_ - 1o
Ixullpr < h Mo+ WX Prllpr + I Eull 2 +h2 1 xull 2, (5-5)
and upon adding complex absorption as in Section 4E and (4-42), we have

-1
lutllpy = Nl yravo S A G+ VPt = 1Pzt g -r0. (5-6)
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For comparison, the A-lossless version of (5-3b) for / = 1 reads
-1 _
Il 00 S = IPa et yog-r00 = 1Pzl s (5-7)

which is weaker than Theorem 5.4 in that the required control on P, ; at tf is one order stronger than in
the theorem.

As discussed after Theorem 4.10, the estimate (5-4) is sharp in the sense that the relative orders on
u on the left and P, ;u on the right cannot be improved, but here the semiclassical order remains fixed
upon propagation through the cone point.

The proof of Theorem 5.4 uses the global positivity (as an operator) of a commutator on tf, reminiscent
of proofs of similar lossless results in N-body scattering [Vasy 2000; 2001], as well as a splitting of u,
using the functional calculus for #%A ¢» into a part localized near the characteristic set and a part where
h’A ¢ — 1 is elliptic and can be inverted by spectral theory. The following technical result is proved at the
end of this section.

Lemma 5.5 (functional calculus). Let ¢ € C°(R). Then, for all € > 0,
¢(h2Ag) = A—e,n—e,n—e,O,O,oo(Xgh; bg%)’ (5-8)
where the orders of the conormal space refer to by, ffy, rby, tf,, dfy, sfy C X gh in this order.

Remark 5.6 (dimension). We only study the case dim X > 3 here. The methods used in [Melrose et al.
2008; Baskin and Marzuola 2022], which are based on quadratic forms, and also the methods in [Melrose
and Wunsch 2004], work in the case dim X = 2 as well. However, the identification of the quadratic
form domain with a semiclassical cone Sobolev space fails in this case (see [Melrose and Wunsch 2004,
equation (3.11)] for 4 = 1), which is why we do not consider it here.

Proof of Theorem 5.4. We present the proof in the case that P, , agrees with its normal operator,
equivalently P, . = h>A ¢— 1 with g = dx? 4+ x2k(y, dy) an exact conic metric. In the general case, the
error terms arising from P, ; — N(P) € lllf;l_z’_l’o(X ) are handled easily; we leave the details to the
reader. (In particular, since we shall use a global commutator argument which controls « at sf and tf in one
fell swoop, there is no need for a delicate argument for the combination of the symbolic estimate at sf and
a normal operator estimate at tf as in the end of the proof of Theorem 4.10.) We write P = Py, , for brevity.

Positive commutator argument: Define the operator
h N inh oh

A= E(XDX 4+ xDy)*)—1=hxD, — - = 1, a:="0(A)=x&—1, (5-9)
where we use the coordinates (3-3). This will be the main piece of the commutant in a positive commutator
calculation, and it is in essence the key term both in the commutator argument of [Vasy 2008], as well
as in the Mourre commutant [1980/81] in classical scattering theory. Let x = x (x) be identically 1 near
dX = x~1(0), with support in any prespecified neighborhood of 3 X, and so that x’ <0, /—x x’ € C*,
and so that @ < 0 has a constant (negative) sign on X Nsupp x; arranging the latter property is what the
constant term in (5-9) is for. We then consider the operator

A= xAx,
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and estimate in two different ways the expression
~ ) ~
2h~ ' Im(Pu, Au) = <E[P’ Alu, u>. (5-10)

Consider first the commutator term. Since A2A ¢ 1s homogeneous of degree —2, we have (i/h)[P, Al =
—[xd,, P]=2h*A ¢» Which is the crucial global positive commutator. Therefore,

i

i
[P, xAx]1=2xh*Agx + #(CALP, XT+[P, x1Ax).

h
The contribution of the first term to the right-hand side of (5-10) is
201hV eI,
where we write || - || = || - ||z2. The second term on the other hand consists of operators with coefficients

supported strictly away from x = 0. It suffices to merely capture its principal symbol, which by (4-9) is
2)(ah_1HpX = ax"'H(x?) = 4a& x x'; near incoming directions, where & < 0, this is negative, whereas
near outgoing directions, where & > 0, this is positive and thus has a sign matching that of the above
main commutator term. For a suitable microlocal cutoff E € W9,
& < € for some fixed small € € (0, 1), we thus conclude from (5-10) that

in h
2UhV, (xu)|)? < 21m<(th - %—)(}(u), hlxxPu> —2h " Im(xu, x Pu)+ ||Eull>.  (5-11)
X

(X) which is elliptic on X in the region

Hardy’s inequality gives || (h/x)xu || < Cyllh Dy (xu)|; hence the first term on the right is bounded from
above by
elhDx(x)|* + Cellh ™ xx Pul®.
For the second term in (5-11), we rewrite
(xu, x Puy = =l xull® + (hVg(x*u), hV;u)
= —lxull® + 11 xhVull* + (h(Vex*u, hVqu);
taking the imaginary part annihilates the first two terms, while for the final term we have
(h(VexPu, hVu) — (hVgu, h(Vyx*)u) = ah* Vo (Ve x*)u) — h*(Vox?) - Veu, u)
= (h* A (xHu, u), (5-12)
with no derivatives falling on u anymore. Altogether, we obtain from (5-11) the estimate
Q2= CONVy(xw)* < Cellh™ x x Pull® + Chll ul* + | Eull?, (5-13)
where ¥ = 1 on supp x, used to bound the contribution of (5-12).
Control of xu in Hcl”hl’o’oz Since the principal symbol of
hV, € WHO0(X; €M T* X op)

(mapping complex-valued functions into sections of **7* X, see Remark 3.3) is not injective at the zero
section over sf, the estimate (5-13) does not yet give full control of yu in Hcl”hl’o’o: an estimate of || yu ||i2
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is lacking at this point. (Note that the control of (k/x)xu via Hardy’s inequality degenerates precisely
at sf, i.e., the lift of 7 = 0.) The key observation is that the characteristic set of P and the set where the
principal symbol of 4V, fails to be injective are disjoint. Thus, for some A; € \Ilc_hl’_l’O’O(X (T X, C)
and A; € \IJC_;’_Z’O’O(X), we have

I=Aj0hVy+ AP+ R, Rew, %0 >(x)

ch

this implies
I xull < C(||hvg(XM)||HCT;1—'YO-0(X) + ”P(X”)”chj‘z"”o()()) +IR(xw 2. (5-14)
Using [P, x] € \Ilcl;,l_oo’_oo’_l(X), we can estimate the second term by
“P(XM)HHQI,Z’J’O’O < ||XPM||H;]12,*2-010 + [P, X]’/l||HthZ-f2-0,O
< |ht —lo— Sl NN
Sh XXPMHHCJ% 1o, 1+”XMHHCJ,1’ N=N.-1

for any N € R. The remainder term in (5-14) is simply estimated by

h
X

u

[R(xw)ll 2 < CH

h+xX L2 LZ‘

Applying Hardy’s inequality to this term, the estimate (5-14) then implies, a fortiori,
Ixull2 < C'URVe(xwllz2 + I1h™ xx Pull 2 + kil Xull 2).

We can now add » times this, with nC’ < % to the estimate (5-13) (in which we fix € < C™1), in order
to obtain

lxullpy = Ixul® + 1AV ol S Wh™"xx Pull® + | Eull® + 2l Xul. (5-15)

As far as weights in s and x are concerned, this is already the desired estimate. However, the differential

order is forced to be 1 here, and in addition the order of differentiability required on Pu in (5-15) is too
strong (0 instead of —1) even in this special case.

Sharp improvement at tf: The basic idea is to apply the estimate (5-15) to ¢ (WA ¢, where ¢ € C°(R) is
equal to 1 on [—4, 4]; on the remaining piece (1—¢ (h2A ¢))u, the operator A ¢—1 can be inverted directly
using the functional calculus. In order to define h2A ¢ as a self-adjoint operator, we need to pass from X
to a compact manifold X'. If Y = 0 X is null-cobordant, we may choose X’ so that 3 X’ = 0 X, and we then
extend g to a Riemannian metric on X’ which we continue to denote by g. The operator ¢ (h>A ¢) does
depend on the choice of extension, but its structural properties, as used in the following argument, do not.
If Y is not null-cobordant, we may set X’ = [0, 6x¢], x ¥ and define a smooth metric on X’ which is equal
to g on [0, 2x¢) x Y and equal to the pullback of g along the map (x, y) — (6x¢9—x, y) on (4xg, 6x0] X Y;
we denote this metric g again. Thus, we have two identical cone points at x = 0 and at 6xg —x = 0.

Concretely then, ® := ¢ (h2A ¢) 1s given by Lemma 5.5, the notation of which we shall use here. Now,
in order to remain localized near 0 X, we apply the estimate (5-15) to

up = xdxu.
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Using [P, @] =0and x[P, x] =0, we estimate the first term on the right in (5-15) by

X h N _ -
“x®——h N+ ) Pw | + 1A xx @LP, Xull. (5-16)

hlxy Pxdyul <
A~ xx Px®xul < X

Denoting the lift of x to the left, resp. right factor of X gh by x, resp. x’, we note that

X h l
x e AVL000.0x2 ) o y.=Tyd
hx' +h (Xen) n* x'+h

Passing to a b-density 0 < 119 € C*°(X; Q' X), we claim that W is continuous as a map

c Al—e,n+1—e,n—e,0,0,oo(Xgh)‘

—1-2,-10 00,—1, 10 0.,0.0
PO(X o) = Hey 7T (X o) = Hey (X |dg)),

C,

Ho o M (X: 1dgh = He),

c,h

but since W is smoothing in the sense of cfi-differentiability, it suffices to show the boundedness on
L*(X; po) of

xl

x'+h

—1
x%qj(x/)—% ( ) c A%—O—]—E,n—é,%—l—é,0,0,00(Xgh; bQ%) (5_17)

Since this kernel is bounded section of °Q2!/2 (all indices being > 0), this is a consequence of Schur’s lemma.

The operator acting on u in the second term on the right in (5-16) has Schwartz kernel supported in

x> ¢ >0and |x —x'| > ¢ > 0 (since supp x Nsuppdy = @), hence lies in A!7€:00:00:00:00.00(x2 ).

therefore, the second term in (5-16) can be bounded by 4" || xu|| for any N, where x* = 1 on supp ¥.
Altogether, forgetting the cutoff ¥ and renaming x° as ¥, we have proved

I uq ||Hx;1,o.o < h! l(x+h)x Pu”H;;fv’il’O.o + ”El/l”Hc—Jj\’,—N,—N,O + h% ||)?u||H;l:v,o,o.o (5-18)

for any s, N € R.
It remains to control xu,, where

ur:=u—uy=u— xdyu.

Let ¢” € C°((—3, 3)) be identically 1 on [—2, 2], and let " = ¢ (h>A,). Then xu, is localized near
high frequencies, in the sense that its localization to low frequencies

D (xuz) = O (xu) + O°[®, x1ju — O Dy fu = O°[®, x]Fu (5-19)

(using ®°d = ®° and x x = x) is O(h*) (due to the presence of [®, x]) near x = 0 and vanishes to an
order & more than u near suppdy C X°. Moreover, xu; satisfies the equation

P(xuz) = (x —x®X)Pu+ ([P, xlu—[P, x]®xu— x P[P, X]u), (5-20)
Altogether, if we put
PP =P 420",
then we have

PP(xuz) = fr:= (X — xPX)Pu+I[P, xlu— ([P, x1®xu + x P[P, x1lu —20°[®, x1xu). (5-21)

We moreover have P¥ = pn(thg), where p?(0) := (0 — 1) +2¢" > %(a + 1) for 0 > 0; hence we can
invert P* using the functional calculus for A, by (P*)~! = g*(h?A) where ¢*(0) = 1/p*(0) is equal
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to (0 — 1)~! for large . One can then show, by a combination of the arguments leading to Lemma 5.5
and [Hintz 2022, Theorem 5.2], that

2
(P! e ()ﬁ) W20 + W ()

where the collection £ of index sets is equal to £(—1) in the notation of [Hintz 2022, Theorem 6.1].
Therefore, using (5-21), the mapping properties of elements of (x/(x + h))2\I!;hz(X ), and estimating the
smoothing contribution in the space \Ilc_hoo’g(X ) to (PH)~! by means of Schur’s lemma, we have

lxuall o0 = 1CPH™ fall oo S IFPullyr-2-vo0 + I ZLP, XTull a0 + Rl Kl o —voo. (5-22)

Here, the first term on the right comes from the first term in (5-21) and the boundedness of x — x ® x*

(with ¥* =1 on supp ¥) on HCS hz ~199. this boundedness follows from the boundedness of the Schwartz
kernel of
/ —1
xng_th(x/ih) (x')"% € Ag-ﬁ-l—e,n-i-l—e,%—1—6,0,0,00(X§h; bQ%)

similarly to the discussion of ¥ in (5-17). The final term in (5-22) comes from the big parenthesis
in (5-21), every term of which involves the localizer ® to low frequencies as well as a commutator with
a cutoff x or y. But x[P, x] € \Ilcl,’foo’foo’fl(X ); hence the second term on the right is bounded from
above by || xul| BN for any N. By elliptic regularity at infinite semiclassical cone frequencies,
this can be bounded by C (|| x*Pu ||Hr;3 N-2-Nt || Pu ||H NN 1). Combining the resulting estimate
with (5-18) proves the theorem for H, ;-spaces. The proof of the more general statement for Hy, ,-spaces
requires only notational changes which are left to the reader. (|

To complete the proof, it remains to prove Lemma 5.5.

Proof of Lemma 5.5. This can be proved using the Helffer—Sjostrand formula [1989] similarly to [Vasy
2000, Lemma 10.1 and Proposition 10.2]. Choosing a compactly supported almost analytic extension
¢ € CX(C) of ¢ (that is, p|r = ¢ and |3:¢| = O(|Im z|V) for all N), we have

B(h2A,) = 2_71n / :p(2) (WA —2)~ " dZ A dz. (5-23)
For z ¢ R, [Hintz 2022, Theorem 3.10 and §6.1] gives
2
_ X _ —
(h*Ay—2)7 ' e (m) LX) + W, (X), (5-24)

where € = (&, &, E, &), With Re z >0 for (z, k) € Ep; Rez>n for (z, k) € Ey; Rez > 2 for (z, k) € &
and Rez > 0 for (z, k) € & Using that the principal symbol of h2A, is real-valued and its normal
operator Aj is self-adjoint, we claim that any fixed seminorm (5-24) is moreover bounded by [Tm z|~*
for some k (depending on the seminorm).

To justify this claim, it is instructive to first consider the corresponding statement for (A —z)~' € W2,
z € C\ R, where A is the Laplacian on a closed Riemannian manifold: for any N, the construction
of a symbolic parametrix of A — z of order N gives Oy ;, Q?v, . € W2 with seminorms bounded
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by [Imz|~€ for some C depending on N and the seminorm, so that (A — z)Qy.. = I — Ry, and
Oy .(A—z)=1—R} , where Ry, R}, . € W~ obey such bounds as well. But then (A —z)~" =
On:+ Q;v, Rn:+ R;\,’ (A= 2) 'Ry, where the first two summands as pseudodifferential operators
and the third summand (the “remainder operator’) R;V’Z(A —z)~! Ry, asamap H ~N — HY obey
such bounds; this uses that |[(A —z)'|| = [Imz|~" as an operator on L?. But any seminorm on U2 g
continuous on the space of bounded operators H~" — H" for sufficiently large N. This implies that
any W~2-seminorm of (A — z)~! is bounded by |Im z|~* for some k. (In this simple example, the claim
follows also directly from Beals’ Theorem [1977].)

Analogous arguments can be used to control the inverse of the normal operator A; — z: in addition
to carrying out N steps of the symbolic parametrix construction, one uses the inverse of the b-normal
operator (which is independent of z) to solve away to order N at the left/right boundary (for the left/right
parametrix) and the b-front face of tf%,sé by virtue of taking only finitely many steps, one ensures
the validity of [Im z|~* bounds on seminorms. The true inverse (A — z)~! then obeys such bounds
as well since any seminorm on the space of large b-scattering ps.d.o.s in which (A; — 7)~! lies (see

[Hintz 2022, equation (3.28)] for a general statement) is continuous on the space of remainder operators

—N,ll,—N N,IZ,N
Hb,sc - Hb,sc

resp. right parametrix construction) for sufficiently large N.

(for appropriate orders /1, [, with [, = —N, resp. [; = —N in the case of the left,

The |Im z| = bounds for seminorms of (5-24) can then be proved by completely analogous means,
namely by constructing a parametrix which is accurate to some finite order, and observing that any fixed
seminorm on the space (5-24) is continuous on the relevant space of remainder operators.

Plugging these into (5-23), we conclude that ¢ (22 A ¢) s of the same class as the resolvent. To improve
the orders, let m € N and write ¢ (¢) = (0 + C) "¢, (o) with C > — inf supp ¢. Then

PP Ag) = (WP Ay + C) " (h*Ay).

Applying the previous discussion to ¢,, and using [Hintz 2022, Theorem 6.3(3)] (with w = —m) to control
(h? Ag+C)~" implies, upon letting m — oo, that ¢ (h2A,) € W >0 (X) 4 A-en—en—e0.00.00(x2
This gives (5-8). 0

5B. Scattering by potentials with inverse square singularities. Complex absorption is a somewhat
drastic method for gaining microlocal control along incoming directions. As a more natural setting, let
us thus consider scattering by potentials on R”, n > 2, which are singular at the origin 0 € R", as in
Theorem 1.1. (Working on more general conic manifolds requires only minor modifications.) That is, the
underlying spatial manifold is

X =[R% {0}]=[0,00), xS"!, g=dx’=dr’ +r’gei1. (5-25)

We write A=A, =) Di_, for the (nonnegative) Laplacian. Let N € N, and denote by A the Laplacian
acting componentwise on CV-valued functions. We consider scattering by matrix-valued potentials

V()= x| Vo(x), Vo eCP(X; CV*N),
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The assumption of compact support of V can of course be relaxed considerably, but since our interest lies
in understanding the effect of the singularity at » = 0, we shall not concern ourselves with more general
conditions on V at infinity here.

We are interested in high-energy estimates for the resolvent of A 4 V; concretely, we shall consider
A+V —o?, where Imo > 0 is bounded and |Re o'| > 1. Upon introducing

h=lo|™', z=(ho)*=1+0(), (5-26)
we define

Py.:=h*(A+V -0 =h*A—z+h*r 2V, (5-27)

This is admissible in the sense of Definition 4.1, with Q; ; = Vj and go ; = 0. Since Q; ; has differential
order 0, the threshold quantities in Definition 4.7 are riy = rout = —%. The normal operator of Py ; is
computed by passing to 7 = ;- and setting 1 = 0:
N(P)=A; —1+772Vy,
(P) =4 0 (5-28)
g :=dr? +gg1, Vyi=Volax € C°(0X; CV*N).

(Thus Vi (w) = Vo(0, @) in the coordinates (r, w) € [0, 00) x S? on X.)

Theorem 5.7 (potential scattering). Assume that the operator N(P) defined in (5-28) is invertible at
weight | € R (in the sense of Definition 4.6(3)). Let C > 0, and let xo € C:°(X) be identically 1 near
r = 0. Then there exists C' > 0 so that for 0 < Imo < C and |Rec | > C’, the operator A+V — o2 is
invertible as a map

A+V —o?:{ue HE.(X®) : xou € F'HZ(X), (1 —xo)u € H*(R")}
> {feLt . (X°):xof er2L*(X), (1—xo0)f € L*RM}. (5-29)

Moreover, in the notation (5-26)—~(5-27), the following uniform estimate holds for all €, 5 > 0, a suitable
constant Ce s > 0,and all0 <Imo < C, |[Reo| > C":

||X0M||Hév;,1/2+eo +Id = Xo)ullesc.El/H

< Cesh™ 72 x0Pazull 212170 + 11 = X0) Pzl ys-21249)1 - (5-30)

here, Hy' = Hy” (R") = (r)~Y F~Y((hD)~* L*(R")) is the semiclassical scattering Sobolev space. In
particular, forl; < min(l, % + e), I > max(l -2, —% — e), and for any fixed y € C°(X) we have

IX(A+V =) fllinze < Ceylo| ™ 2N £l g2 (5-31)

We recall that for V (x) = |x| 2V, (x), with real-valued V, satisfying Vp(0) > —((n —2)/ 2)? (and
indeed under relaxed regularity requirements on Vj, and allowing for the presence of several such inverse
square singularities), Duyckaerts [2006] obtained cutoff resolvent estimates of the form (5-31) without
the 2e-loss. It is an interesting question — which we do not address here — whether in this setting, or
perhaps even in the general setting of Theorem 5.7, one can prove a lossless estimate using a global
commutator argument similar to the one used in Section SA.
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Remark 5.8 (meromorphic continuation). For V with compact support as above, the resolvent (A+V—o2)~!
can be meromorphically continued to the complex plane when 7 is odd, and the logarithmic cover of C*
when 7 is even; the estimate (5-31) holds in strips of bounded Im o for large |Re o|. The construction of
this continuation can be accomplished along the lines of black box scattering [Sjostrand and Zworski
1991] (see also [Dyatlov and Zworski 2019, §4]), with those estimates in the references in Imo > 1
relying on self-adjointness replaced by estimates on the off-spectrum resolvent that follow from [Hintz
2022, Theorem 3.10]. For applications of such estimates to expansions of scattered waves for n odd, we
refer the reader to [Dyatlov and Zworski 2019, §3.2.2].

Remark 5.9 (vector bundles). One may more generally consider potentials valued in endomorphisms
of a vector bundle £ — X, with A denoting an operator acting on sections of E with scalar principal
symbol given by the dual metric function. The main difference to the case of a trivial bundle is that the
threshold quantities ri,, rour depend on subprincipal terms of A (and their calculation requires the choice
of a fiber inner product on E; see Remark 4.11). In the special case of tensor bundles E, and with A

denoting the tensor Laplacian, the fiber inner product on E induced by g does give ri, = rout = —%.

Proof of Theorem 5.7. Semiclassical propagation estimates near infinity of R" are standard, see, e.g.,
[Vasy and Zworski 2000, Theorem 1] (following [Melrose 1994]) in a general geometric setting, and
can be combined with the propagation estimates through the singularity at » = 0 given in Theorem 4.10
(where we shall take o = % + €, b = 2¢€ near Rj,, and b = 0 near Roy). Altogether, upon simplifying to
constant orders, we obtain, for any § > 0, and for 0 < & < hg with kg > O sufficiently small,

—1-2
lxoull ys.2ee0 + (1= xo)uell o125 S X0 P ctell 22125102 4 o U1 - X0) Phzttll 21240,

which is the estimate (5-30). (The loss of #~%¢ in the second term on the right is due to the fact that the
propagation through r = 0 comes with this loss, which then gets propagated out to infinity.) This estimate
also gives the injectivity of P, , for small 2 > 0 and |z — 1| < Ch, with surjectivity following from the
analogous estimate for the adjoint; this proves the first part of the theorem, albeit on function spaces
with weights (r)*(1/2+9) at infinity. But for any fixed o with o2 ¢ [0, 00), A + V — o2 is an elliptic
scattering operator near infinity; hence these weights can be removed. (It is only in the high-energy limit
|IRe 0| — oo with [Imo/Re o | — 0 that one loses uniform (in o) ellipticity.)
The simplified estimate (5-31) follows by setting s =2 in

W 2N Pzl ys-2iaeinmco < BTN XA+ V =0l oo,
c,h

c,h

Ul si124e0 < || xu|| 500070, |
Xl yegesen < lxull e
We describe a few scenarios in which the invertibility assumption on N (P) can be verified:

(1) The operator N (P) is invertible for an open set of Vy € C>®(S"~!'; CV*¥). In particular, it holds
whenn >3, le(1—(n—-2)/2,14+ (n—2)/2), and V3 = 0 by Lemma 5.1, and therefore also when
| Vallex is sufficiently small (depending on /) for some sufficiently large k.

(2) Consider V3 which depends holomorphically on a parameter w € €2, where Q2 C C is open and
contains 0. (For example, this is the case when Vy(w) = wVj o.) Let us write N (P,,) for the w-dependent
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normal operator, and assume that N (Py) is invertible at weight /y; assume moreover that there is a
continuous function / : 2 — R with /(0) = [y so that [(w) ¢ —Imspec, (N (Py)). Then there exists a
discrete set D C 2 so that N (P,,) is invertible at weight [(w) for w € Q\ D. This follows from analytic
Fredholm theory in w; we leave the details to the reader.

A very concrete third scenario is the following:

Lemma 5.10 (scalar inverse square potentials). Let n > 2, consider the scalar case N = 1, and suppose
Vy=ZeC\ (—o0, —((n—2)/2)*] is a constant (so V (x) = Z/|x|> + O(|x|~")). Then N (P) is invertible
at weight | if and only if || — 1] < Re/((n —2)/2)> + Z.

Proof of Lemma 5.10. The boundary spectrum of N (P) can be computed, via expansion into spherical

2
specy (N (P)) = {i(";zi\/("ngre) +z> :eeNo}.

The condition on Z ensures that
n—2\?
Re 3 +7Z >0,

and thus for / as in the statement of the lemma, one has / —n/2 ¢ — Im spec, (N (P)).

harmonics, as

Expanding an outgoing solution u# of N(P)u = 0 at weight / into spherical harmonics, u (7, ®) =
Zlmlsé Uem (7)) Yo (@), the coefficient ug, satisfies a Bessel ODE

n—1 Ll+n—-2)+7
_u/l/m - 7 u%m + 72 Upm — Uem =0,

and hence is a linear combination of #~"~2)/2 H,le )(f) and F~=2/ 2HU(K2 ) (7) where we set

n—2 2
Vy = T+l + Z.

The outgoing condition can only be satisfied if uy, is a multiple of 7 ~"*=2)/2 H,le)(f). But for 0 <7 < 1,

one has
n=2_ n=2_

A_B=2 A A A
P HD ()] = b~ 7 R = 7 Rew,

with ¢, > 0, which lies in 7/ L2(7"~'dF) if and only if I’ < 1 — Re vy, which is violated for I = /. Hence
necessarily u., = 0. This proves that N (P) is injective at weight / on outgoing functions; the injectivity
of N(P)* at weight — 4+ 2 on incoming functions is proved similarly. O

Theorem 1.1 follows from Theorem 5.7 and Lemma 5.10 upon taking o = +/A and [ = 2, which allows
for the choice [ = [, = 0. Note that for / = 2, the target space in (5-29) in L*(X) = L*(R"), and the
domain is HZ(R" \ {0}) for n > 5 by Hardy’s inequality.

Remark 5.11 (multiple scatterers). By exploiting the diffractive improvement obtained in Section 4F
as in [Baskin and Wunsch 2013], it is conceivable that one can generalize (up to e-losses) Duyckaerts’
high-energy resolvent estimates [2006] for scattering by a finite number of real-valued inverse square
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potentials and analyze the complex-valued case Z; € C\ (—o0, —((n —2)/ 2)2] (or more generally the case
of finitely many matrix-valued inverse square potentials). However, the study of this problem exceeds the
scope of this paper.

Remark 5.12 (operators with inverse square singularities arising in the study of wave equations). Follow-
ing [Baskin and Marzuola 2022], consider a static metric g = —dr? 4+ dr? 4 r2k, where k is a Riemannian
metric on a closed manifold Z; e.g., (Z, k) = (s" 1, gsn—1), in which case g is the Minkowski metric. In
the regiont > 1, r/t < %, we introduce 7 = 1/t, R = r/t (in the notation of the reference: p, x) and
compute

i(n—1)

t*0g = —(T Dy + RDg)* +i(T Dy + RDg) + D% — Dg+ R2A,.

Restricting the coefficients to 7 = 0 (as a b-operator) and formally passing to the Mellin transform by
replacing T Dy with multiplication by o € C gives

P, =Ag— (RDg+0)>+i(RDr+0)=Ag—0*>+Q, G:=dR>+ R%,

where Q =io — (20 —i)RDg. When |Imo| is bounded and |[Re o | — oo, we let & = |o|~'; then the
rescaling
Ph.=h*P, =h’Ag — 2>+ h*Q (5-32)
1
)
the coupling of [], with a potential V = V(r, z) which asymptotes to an inverse square potential
as r — 0o, i.e., V(r,z) = r2Vo(z) + O(~27%) with Vy € C*(Z). Then we have t*(0; + V) =
tzljg + R72Vy(2) + O(T° R~%7%), and therefore the rescaling (5-32) has an additional h>R™2V, term, as
studied in the present section; that is, a stationary asymptotically inverse square potential on [0, 00), X Z

is an admissible operator on [0 ) r X Z in the sense of Definition 4.1. More generally, consider

gives rise to an inverse square singularity of P, . at R = 0.1 (If V = r~2V;(z) is an exact inverse
square potential, then Py, has the same additional term.) Operators of this type, acting on sections
of vector bundles without natural positive definite fiber inner products (and correspondingly without
symmetry conditions on Vj), appear in the study of the equations of linearized gravity on stationary and
asymptotically flat spacetimes in certain gauges, and indeed this was the author’s original motivation for
the investigations in the present paper; the details will appear elsewhere.

5C. Scattering for the Dirac—Coulomb equation. Motivated by [Baskin and Wunsch 2023], we consider

the stationary scattering theory for the Dirac—Coulomb equation on Minkowski space at high energies.

As discussed in Section 1, our framework allows us to deal directly with the associated matrix-valued

Klein—Gordon operator — which has nonsymmetric leading-order terms at the Coulomb singularity —

albeit with an arbitrarily small loss upon propagation through the singularity. Moreover, our results

include a larger range of Coulomb charges Z € R than [Baskin an(\1f Wunsch 2023] (which requires |Z] < %
3

for technical reasons); we can even allow for Z which [Z| > 23, in which case the Dirac-Coulomb

Hamiltonian is not essentially self-adjoint.

16 After the original version of the present paper appeared, this has been worked out in detail by the author in the preprint
[Hintz 2023].
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The underlying spatial manifold is again given by (5-25), now with n = 3. We recall relevant notation
from [Baskin and Wunsch 2023]. Denote the Pauli matrices by

(01 (0 =i (1 0
=\10) 2T\ o) “T\0o 1)

Put further

The equation governing a massive Dirac field (with mass m € R) minimally coupled to an electromagnetic
potential A = (Ag, A1, A2, A3) is

(iﬂA—m)lﬁIO, A4 = VIL(3M+iAM),

where ¥ takes values in C* We now take
z
Ap=—+V, VelC?X), AjeC?X), (5-33)
r

with Z € R the charge of the Coulomb field. As shown in [Baskin and Wunsch 2023, §4.3], the operator
—(if4 +m)(ids —m) is then of the form

7\ z
P=_(D,+—) +A+m*+i=a,+r 'R, ReDiffy(X: CY). (5-34)
r r

Let us pass to a fixed temporal frequency o € C, thus replacing D; in (5-34) by —o, resulting in the op-
erator family P (0). Introducing & =|o|~! and z = (ho')? and multiplying P (c) = P(h_lﬁ) by h? gives
2

hZ\* h h?
Py, =h*A— (ﬁ— —) + 5 Zay +r*m*) + S rR=h*A—z+h*r Q1. +hr g0z (5-35)
r r r

O1.=—-2>4iZa,+r*m*> +rR, qo.=27Z
When Im o is bounded while |Re o | — 00, one has z = 1 + O(h); thus, Py ; is an admissible operator
in the sense of Definition 4.1. The threshold quantities in Definition 4.7 take the values

Fin = Fout = _%
since g1 is real and the principal symbol of Q1 ; (as a first-order b-differential operator) vanishes at r =0.
The normal operator of Py, is obtained by passing to 7 = r/h and restricting to 4 = 0, giving in polar

coordinates (7, ) € [0, 0o] x S?
, 2 N
N(P)=D; ——D;y — 1= <) +r (L +ila(w)). (5-36)
7 7

For Z =0, the operator N (P) is equal to (A — 1) ® Idgs, where § = d7? +72gsp, and hence is invertible
at weight / € (3, 3) by Lemma 5.1. For fixed /, this will remain true for Z in a small neighborhood of 0.
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The determination of the largest set of Z for which N (P) is invertible at some weight requires explicit
calculations:

Lemma 5.13 (invertibility of N(P)). Let Z € R be such that |Z| # /«k? — %far all k € N. Then the
operator N (P) is invertible at weight | = 1.

The conclusion of the Lemma in particular holds in the range |Z| < ‘/Tg; this is related to the essential

self-adjointness of Dirac operators; see [Weidmann 1971; Lesch 1997; Baskin and Wunsch 2023, §4.1].

Proof of Lemma 5.13. We begin by separating into spinor spherical harmonics following [Baskin and
Wunsch 2023, §2.1]: For
keZ\{0}, wmef-Ikl+3, ..., lkl—1},
define the C>-valued function on S?
172
—sen()((c+3 = 1)/ + D)W@)
1/2 ; =
((k+ 3+ 1)/ @+ 1) Y11 (@)
Thus X2, =« (k + 1) ,. Moreover,

o alc N\ =D w
4 bQ ) \=aQ_y,)’
as follows from [Baskin and Wunsch 2023, equations (3), (4), (9)] or [Szmytkowski 2007, equa-
tion (3.1.3)]. Thus, the action of the spherical operator X + i Za, € Diff?(S?; C*) appearing in (5-36) on
the 2-dimensional space with basis (€2, ., 0) and (0, 2_, ) is given by the matrix

k(k+1) —iZ
( —iZ K(K—l))‘ (3-37)

l|_l
217 2

QK,}L(G)) = (

This can be diagonalized when |Z| # |«|, and it has eigenvalue A = k2 4+ +/k2 — Z2 on the eigenspace
spanned by

i (o)
Veul) = ((K;Jﬁ)Q_Kﬂ(w)>» e f=lel+ 5,0 Ikl =3}

Thus, the action of N (P) on separated functions of the form u(f)y,fu (w) is given by the action on u of
the differential operator

2 Z\
NE=D?- %D; — (1 - ;) o

The Mellin-transformed normal operator of #2NE at # = 0 is the polynomial

M —ir=2*+2E, reC

for its roots, we have

—ImA)+3e{l-(F£Vk2-22), 1+ (3 £Ve2=22)}.
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Now if Z2 > 2, then these two roots have real parts % and 3, whereas if Z? < k2, they are disjoint from
an open interval (1 — 8, 1+ &) around 1 due to the assumption that k> — 7% # %.

An outgoing solution of N(P) at weight [ = 1, expanded into the spherical eigenfunctions y,fﬂ, is an
outgoing solution of N*; one easily finds u = UooF 1712617 L O(F72) as F — 00, where uq, € C, and
the O(772) term is conormal at 7 = 0; near 7 = 0 on the other hand, we have u = A~'/2%5([0, 1);). A
boundary-pairing argument, i.e., the evaluation of

1/€ J— —
0=1lim | ((NFu)i —uNFu)r?d7 = 2i lim Im(F?uu’|/€) = —2i|uco |,
e—0 J, e—0

gives un, = 0, and thus u = 0 by standard ODE analysis near 7 = co. This shows that N (P) is injective
at weight / = 1 on outgoing solutions. Since (¥, Ki)* = N[ with respect to the L?(#* d#) inner product,
the injectivity of N (P)* at weight —/ 4+ 2 on incoming functions is proved similarly. This completes the
proof when Z is not a nonzero integer.

When Z € 7\ {0} and « satisfies |Z| = ||, then the action of X +iZa, on the span of (£, ,,0) and
(0, _, ) is not diagonalizable anymore. By inspection of (5-37), it still has the eigenvalue k2 with
eigenspace spanned by y,j# =Y - Let &W = (L, 4, 0), then an outgoing solution u = uly,:fu +u2§,w
of N(P) satisfies a lower triangular ODE system, with a decoupled equation for #; which implies u; =0
by the previous arguments, whence u; is now an outgoing solution to the same equation as #; and must
therefore also vanish. O

If we cut A off via multiplication by a cutoff x € C°(X), the operator Py . is equal to h2A — 7
near infinity and can thus be analyzed as in Section 5B. In this setting, we thus obtain invertibility and
quantitative estimates for Py, :

Theorem 5.14 (high-energy estimates for the Dirac—Coulomb equation). Suppose A = (Ag, A1, Az, A3)
as in (5-33) has compact support. Let Z € R be such that |Z| # /k* — % forall k e N. Then forl =1
(and indeed for [ sufficiently close to 1), 0 < Im z < Ch, and for all sufficiently small h > 0, the operator
Py .= hpP (h~'2) defined in (5-34)—(5-35) is invertible as a map between the spaces (5-29) and satisfies
the uniform bound (5-30) as well as the bound (5-31) (with A, +V — o? replaced by ﬁ(o), where
o= h_lz)forll =1[,=0.

Remark 5.15 (complex charges). One can also analyze the case of nonreal Z € C, in which case
Fin = —% +ImZ and roy = —% — ImZ. The difference roy — rin = —2Im Z results in an additional
2Im Z loss of powers of the semiclassical parameter # when propagating through the singularity at » = 0.
Nonetheless, the invertibility of N (P) automatically holds for values of Z close to those allowed in
Theorem 5.14, as discussed prior to Lemma 5.10.

Appendix A: A class of examples with sharp semiclassical loss
Note that the semiclassical order b in Theorem 4.10 must decrease from Ri, to Roy by more than

D = max(rin — rout, 0); (A-1)
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thus, the estimate (4-27) controls u in L?, say, microlocally near the flow-out of Ry by A~P~¢ (for any
€ > 0) times the L2-norm of the microlocalization of u near the flow-in of Ri,. While in many natural
settings, such as those discussed in Section 5, one has D = 0, it is easy to construct examples where
D > 0. The following example (placed into a general context at the end of this appendix) shows that a
loss of A~ typically does occur, whence our estimates are sharp up to an e-loss. This e-loss may be
avoidable, though we are not able to prove or disprove this here.

Consider X = [0, 2),, u = |dr|, and

2 2ih
Ph’Z=h2<—8r2—;8r)—Z+TC], Z:1+O(h)9

where g € C is a parameter. (The term in parentheses is the radial part of the Laplacian on R? in polar
coordinates.) The normal operator is

, 2 2i

N(P)=—-0;—<0;—1+—q.
F r

For g =0, the kernel of N (P) is spanned by 7#~!e*"; since #~! barely fails to lie in #~'/2L2([0, 1), |d7]),
it is easy to see that N (P) is invertible at weight / in the sense of Definition 4.6 for [ € (—% %), this
persists for small values of ¢ € C. (The boundary spectrum of N(P) at 7 = 0 is independent of ¢.) In the
notation of Definition 4.7, we have

rin:%‘i‘Rer rout:%_RCQv (A—2)
so D =max(2Re g, 0). The quantities (A-2) correspond precisely to the L2-decay rates of incoming and

outgoing solutions i, iy € ker N(P), which have the asymptotic behavior

—1-Req ,—if

Hig ~ F .l ~ FTIReA R oo (A-3)

(We omit the explicit expressions involving confluent hypergeometric functions.)

We can now construct an element & € ker N(P) which lies in #/L?, [ € (—%, %), near 7 = 0 and which
is uniquely specified by requiring its incoming data at 7 = oo to be given by i;,. Indeed, & is necessarily
of the form

U(F) = flin + Cilout,
where ¢ € C is the “scattering matrix”; necessarily ¢ # 0 (since #;, fails to lie in #/ L? near 7 = 0). But then

Ppaup(r) =0, up(r):=a(r/h).

(This exact formula uses the invariance of P, ;1 under dilations in (%, r).) Considering a neighborhood
of r =1 then, the asymptotics (A-3) for
Uep(r):=u,(r/h), e=in,out,

imply

Up = Uin,h + Clout,h,

Uin.h ~ pltReq=ir/h Uouth ~ h'7Red ir/h (near r = 1).
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This demonstrates the loss of 272R¢¢ between the amplitudes 7'+R¢9, resp. h!~Re? of the incoming,
resp. outgoing pieces of uy. (The fact that there is in fact a gain when Re ¢ < 0 is a peculiar feature of the
1-dimensional situation considered here: the characteristic set of Py, ; has two connected components, with
the incoming and outgoing radial sets lying in different components, and the monotonicity requirement
in Theorem 4.10 does not relate the two components.)

The same idea can applied to produce many more examples with sharp loss D. Indeed, when N (P) is
invertible at weight /, then the solution & = &(7, y) (with y denoting points on 3 X) of N(P)ii =0, where
it has prescribed incoming data and lies in 7/ L? near # = 0, gives rise to a solution uy (r, ) = i(r/h, y)
of Py up(r,y) =0, where P, ; = N(P) (upon changing coordinates 7 = r/ h). The relative decay rates
of incoming/outgoing solutions of N (P) are then directly reflected in the relative semiclassical orders
of uj, near the flow-in/flow-out of the cone point. (Since the characteristic set of Pj 1 is connected when
dim X > 2, the loss is at least 0, see (A-1); after all, even away from the cone point, semiclassical
regularity cannot improve under real-principal-type propagation.)

Appendix B: Sobolev spaces and pseudodifferential calculi

This section consists entirely of figures which illustrate the orders of weighted Sobolev spaces as well as
of spaces of pseudodifferential operators, with references to the original definitions. Concretely, labeling a
boundary hypersurface H by “I” means that the order / of some weighted Sobolev space H:" ! refers to
pfq decay at H of its elements, where ppy is a defining function of H, or [ orders of regularity when H is a
boundary hypersurface at fiber infinity of some compactified phase space. For spaces of pseudodifferential
operators on the other hand, the same label “/” refers to a ,0;,1 bound of the full symbol of the operator, or
of its Schwartz kernel at the hypersurface of the double space corresponding to H.

See Figure 13 for b- and scattering Sobolev spaces (or operators), Figure 14 for b, sc-Sobolev spaces,
Figure 15 for semiclassical cone Sobolev spaces, and Figure 16 for cb/i-Sobolev spaces.

bS*X scQ* X
S S
P X | HY(X) sTp X|r HY(X)

Figure 13. X is a manifold with boundary dX. Left: the orders of Hlf’l(X);
see Section 2A. Right: the orders of HS;" (X); see Section 2B.

b’SCS*X
S

bseTy X |1 HYU(X)  r|PeeTy X

b,sc

Figure 14. X is a manifold with two connected and embedded boundary hypersurfaces
9X = H, U H,. Indicated are the orders for H>'" (X).

b,sc
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(X)

Figure 15. X is a manifold with boundary 0 X. Indicated are the orders for Hs”;l’“’b(X ); see Section 3B.

5,8 Lab
HE 0 (X)

Figure 16. This is essentially a repetition of Figure 9. Indicated are the orders for
H‘Y];fh’l’“’h(X); see Section 3D.
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SMALL CAP DECOUPLING FOR THE MOMENT CURVE IN R?

LARRY GUTH AND DOMINIQUE MALDAGUE

We prove sharp small cap decoupling estimates for the moment curve in R3. Our formulation of the small
caps is motivated by a conjecture of Demeter, Guth, and Wang about L? estimates for exponential sums.

1. Introduction

We use high-/low-frequency methods to prove small cap decoupling inequalities for the moment curve
M3 ={(t,12,1%) : t € [0, 1]} in R%. We begin by describing the problem and our results in terms of

exponential sums. The motivation for this paper is to prove Conjecture 2.5 with n = 3 from [Demeter
et al. 2020], which we state now. We use the standard notation e(r) = 27",

Conjecture 1. Foreach N > 1, 0<o <2,and s > 1,

N 2
[O,I]ZX[O,I/NUJ

A
Ze(kxl +k2x2 +k3X3) dx < C.NE[N*™° + N2S—6].
The s = 1 and s = oo versions of this conjecture are easily verified using L?-orthogonality and the

k=1

triangle inequality, respectively. When o = 0, this is Vinogradov’s mean value theorem, solved in three
dimensions by Wooley [2016] and using decoupling for the moment curve by Bourgain, Demeter, and
Guth [Bourgain et al. 2016]. The case of 0 = 2 was proven by Bombieri and Iwaniec [1986] and by
Bourgain [2017b] using a different argument. In [Demeter et al. 2020], they prove a slightly more general
statement which implies Conjecture 1 in the range 0 <o < % We prove the following general exponential
sum estimate which implies Conjecture 1 for the full range of o.

Theorem 2. For each N > 1, 0 <o <2, interval H of length 1/N°, and s > 1,

N 2s

/ > arelkx) +kxy +Kx3)| dx < CoN[N° ™7 + N>
[0.12xH| =

for any ay, € C satisfying |ax| < 1.

The terms in the upper bound come from two examples. The upper bound N°~¢ follows from taking
random a; € {1}, by Khintchine’s inequality. The upper bound N 256 follows from the example ag =1
and noting that the integrand is = N2 on roughly the box [0, 1/N] x [0, 1/N2] x [0, 1/N3]. Theorem 2 is
an estimate for the moments of exponential sums over subsets smaller than the full domain of periodicity
(i.e., N3 in the x3-variable). Bourgain [2017a; 2017b] investigated examples of this type of inequality.
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Theorem 2 is a corollary of a small cap decoupling problem for M?, which we now describe. For
R > 1, and small cap parameter 8 € [% 1], consider the anisotropic small cap neighborhood

M3 (RP,R) ={(51,62,8) : &1 €10, 11, |6 —&7| < R, |5 — 3615 + 28] < R7'}.

This is the anisotropic neighborhood of M? at scale R? (for which canonical decoupling for the moment
curve applies) plus a vertical interval of length R~!. Next we define small caps y, which form a partition
of M3(RP, R) and are defined precisely in Section 2.3. Each y has the form

y =11 6,6) IRP <& <(U+DRP, |6} <R, |5 -3616+28 <R}y (1)

for some integer [, 0 <[ < RP. If /8 =1, then y coincides with canonical R™'/3 x R™%/3 x R!
moment curve blocks. In the range < ,B < 5, y is essentially equlvalent to the R~'-neighborhood
of a canonical R~# x R2f x R_3/3 moment curve block. In the range 5 < B <1, y looks like a
canonical R~# x R™2# x R~3# moment curve block plus a vertical R~'-interval. In each case, y has
dimensions R™# x R=2# x R~!. Our definition of small caps using the vertical R~! neighborhood is
motivated by Theorem 2, which we explain further in Section 1.1. See the paragraph following (2) for
some remarks about the decoupling problem associated to small caps which are the (3-dimensional)
R~ !-neighborhood of canonical R~# x R=2# x R~3F blocks.
The small cap decoupling theorem we obtain is:

Theorem 3. Let % <B<landp=>2 Then

1F17 ) gy < CeRE(RPWITD 4 R 1>Z||fy||mw

for any Schwartz function f : R®> — C with Fourier transform supported in M>(RP, R).

The only other result of this form that we are aware of is in [Jung 2023], which essentially proves the
B= % case of Theorem 3. The proof of Theorem 3 uses the same framework as the high-low argument
from [Guth et al. 2024]. We require a crucial new ingredient, which is small cap decoupling for the cone
established in [Guth and Maldague 2022]. See Section 1.2 for some discussion of the role of small cap
decoupling for the cone in the proof of Theorem 3. Modulo some minor adaptations, our high-low proof
of Theorem 3 with g = 3 actually yields the stronger (¢£2, L”)-decoupling estimates from [Bourgain
et al. 2016] rather than the (P, L?) inequalities stated in Theorem 3. See Section 1.3 for a sketch of
the necessary adaptations. The powers of R in the upper bound of Theorem 3 come from considering
two natural sharp examples for the ratio || f ||1,§ / (Zy Il fy ||(§,)p /4 The first is the square root cancellation
example, where | f [ ~ XB s forall y and f = Zy ey, fy, where e, are 1 signs chosen (using
Khintchine’s inequality) so that || £ || ~ RPP/2 R3max(28.1) and

||f||§ S RA(/2) R3max(28,1)

~ RB(p/2-1)
> N f Ny~ RER3m@AD R :

The second example is the constructive interference example. Let f, = RA+2B+1 11y, Where 1, is a smooth
bump function approximating y,. Since |f| = |Zy fy| is approximately constant on unit balls and
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| £(0)] ~ R?, we have

115 o R

~ pB(p—H—-1
>, Ifylly = RERF+26H R . .

We remark that the arguments in this paper could also be used to analyze small cap decoupling
problem with R~! neighborhoods of canonical blocks. These are different from taking the vertical R~
neighborhood in the range % < B < 1. For example, if we consider the constructive interference example
for the R~'-neighborhood small caps, then each fy is equal to ~ 1 on a dual set of size R? x R x R,
which leads to the lower bound

115 . R

~ RB(P—2)-2
AT G

If p>6+4+2/8 and % < B <1, this is larger than the factors of R in the upper bound from Theorem 3,
so optimal small cap estimates for the R~ neighborhood would not have the same upper bound as
in Theorem 3. In the R~! set-up, there is also a third type of example which dominates for certain
parameters 8 and p: the block example f = 1}y, with 6 a canonical R~!/3 x R=2/3 x R~! block. This
leads to extra cases and a more complicated proof that we do not present here.

An immediate corollary of Theorem 3 is the following general exponential sum estimate.

Corollary 4. Foreach 3 < <1,2<p <6+2/B,and r > R™*A.D,

|Q,|—1f
0,

for any r-cube Q. and any collection E C [0, 1] with |E| ~ RP consisting of ~ R™P-separated points
and a; € C with |ag] S 1.

p
3 acelx - (€,82.6Y)| dx S RV

Ee€E

Note that the corresponding corollary of canonical decoupling M? only holds in the range » > R3%.

For a, b > 0, the notation a < b means that a < Cb, where C > 0 is a universal constant whose
definition varies from line to line, but which only depends on fixed parameters of the problem. Also,
a ~ b means C~'b < a < Cb for a universal constant C, and a <. b means that the implicit constant
depends on ¢ > 0.

The paper is organized as follows. We explain the implications of Theorem 3 in Section 1.1 and give
some intuition for the proof of Theorem 3 in Section 1.2. Then in Section 2, we develop multiscale
high-/low-frequency tools and lemmas. Some of these tools are very similar to those developed in [Guth
et al. 2024], but the high-frequency analysis uses the geometry of the moment curve and relies on small cap
decoupling estimates for the cone recently established in [Guth and Maldague 2022]. We use these tools
in Section 3 to prove a weak (superlevel set) version of Theorem 3 for the critical exponent p. =64 2/8.
Then in Section 3.2, we perform a sequence of pigeonholing steps analogous to those in Section 5 of [Guth
et al. 2024] to show that Theorem 3 follows from the superlevel set version with the critical exponent.
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1.1. Implications of Theorem 3.

Corollary 4 follows from Theorem 3. Let ¢, be a nonnegative Schwartz function satisfying ¢, 2 1
on Q,, supp g, C B,-1,and [ |$o,|” ~, |Q,|. Then the function

f) =) ace(x- (€&, &), (x)
EcE

satisfies the hypotheses of Theorem 3. Using the triangle inequality, we may split the indexing set E into
O (1) many subsets &’ so that each & € E' is identified with a unique small cap y which completely contains
the r~!-neighborhood of (&, &2, £%). This is possible because r > R™*(A.D, 5o a ball of radius »~! can
be completely contained in an R~# x R=2# x R~! small cap y, whose geometry is described in detail in
Section 2.3. Applying Theorem 3 in the range 2 < p < 6+2/8 gives

|FIP Se REPPZDFEN "lace(- (€, 82, 89))o,llh ~ RPPIPH|Q, ). O
O

IS0

Theorem 2 follows from Theorem 3. Begin with the integral on the left-hand side of Theorem 2. Perform

the change of variables (x1, X2, x3) = (y1/N, y2/N?2, y3/N?3):
i k kK
age|y-| =5 =3
AN VAN B E

N
Using the periodicity of the exponential sum in the first two variables,

«KO,I]ZXH Z
i kKK
ae ° _7 _7_
k=1 IV NS N
- Z kK kK K
are|ly-| = —5: 3
i Y\N NN

k=1
Let ¢ be a bump function which satisfies ¢y = 1 on [0, N3 x N3H, supp (2;H c [0, N3 x [0, N° 73],
and [ |¢y|? ~, N°7°. Then
N 2s
dy S f
R3

ko k2 k3)) N ( (k k2 k3>)
are\y- -\ —> 75 T2 ae\y- -\ —> =5 7= ¢H()’)
»/[O,NS]ZXN3Hk2:1: ( (N N2 N3 k; N N2 ]\/3

Then apply Theorem 3 with p =25, R = N37%, and B defined by R? = N, which means that g =
1/3—0) €[3.1] (since o €0, 2]), giving

ol k k2K
/;@3 de€<y‘ (ﬁ N2’ F))(f)H(y)
k=1

Incorporate the extra factors from the substitution and the periodicity steps, and use the assumption
lax] < 1 and the property ||¢H||%§ ~s N°77 to get the bound

2 2s

)
dx=N"°
[0, N1x[0,N2]x N3 H

are(x - (k, k%, k%))

2s
dy

/[O,N]x[o,Nz]me 2s
=N} dy.

[0,N32xN3H

2s
dy.

2s N
dy Se REIRPO™D 4 RED-113" 0 g 1.
k=1

N

~/[O,1]2><H Z

k=1

2

are(x - (k, k>, k*))| dx <, N"ORE[RPGU—D 4 RACs=D-1 1y NO=7,




SMALL CAP DECOUPLING FOR THE MOMENT CURVE IN R3 3555

Finally, using the relationship between R, N, 8, and o, the upper bound simplifies to

NS[N(sfl) +N(2374)7(370)]N170 — NS[N370 +N2s76]’

as desired. O

1.2. Some intuition behind the proof of Theorem 3. Here we describe one of the cases from the proof
of Theorem 3 which illustrates the role of small cap decoupling for the cone. After a series of standard
reductions which are also used in [Guth et al. 2024], to prove Theorem 3 it suffices to show that

a®/P){x € Browep 1o < [ e RERFPFD N£ 115, 3)
Y

where o > 0, Bgmaxcs is a ball of radius R™*#:Dand we have the extra assumption that || frllo S1
for all y. The spatial localization to a ball of radius R™*2#:1) is natural since this is the smallest size of
ball that contains an R? x R*® x R wave packet dual to each y* Consider the special case of maximal o,
so o ~#y ~ RP and call {x € Bgmucp. : R ~ | f(x)|} the high set H. Using a local trilinear restriction

estimate for the moment curve, recorded below in Proposition 27, we show roughly that
(RH°|H| sf PFARE))
N, RB (H) y

Suppose that on most of NVgs (H), we have > | f, I>(x) < |Zy | fy 12 % 07s g5 2 () where 7. g-5/; is
smooth approximation of the characteristic function of the set %R*ﬂ <|€| <2R~P. Each | fﬂz\is supported

3
dx.

in y — y. Writing m(t) = (¢, ¢, t?) and using the definition (1), the support of each |fy|2ﬂ>R—ﬂ/2 is
approximately contained in

{AM'(IR™P)+ Bm"(IRP)+Cm"(RP): JRP<A<RP |Bl<R ™, |CI<R'}.

In Section 2.3, we show that these sets are disjoint for distinct/ € {1, ..., RP}, and each of the above sets is
contained in the R ~#-dilation of a conical small cap. Note that this is not exactly true when g = 1, which is
why we use cylinders instead of balls to cut out the low set in the actual argument. Ignoring this technicality,
this means that we may apply a small cap decoupling theorem for the cone to bound the integral

/./\/R,s(H)

Finally, the functions Zy | fy|* and |Zy | £ |7 % 112 gs /2| are roughly constant on R” balls, which implies
that for any p > 0, we have

3

D P iiagerp

14

3+p

1
(RP)°IH| < — dx.

RBP N s (H)

D U P gepp(x)
Y

This is an important observation since we have more factors of R? in the denominator on the right-hand
side and we may choose p so that 3 + p is the critical exponent for the scale of conical small caps that
we have, thus using the full strength of the small cap decoupling theorem for the cone. Our argument
shows that each of these steps can be sharp, which leads to the upper bound (3).
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1.3. Canonical (¢*, L?) decoupling in the case B = % In this section, we sketch a small variation of
our argument which recovers the sharp (£2, L?)-decoupling estimates for M3 of [Bourgain et al. 2016].

As in [Guth et al. 2024] for the parabola, pigeonholing arguments combined with a version of
interpolation with L? and L estimates may be used to show that proving the critical (¢, L'?)-decoupling
inequality implies sharp (£, L?)-decoupling inequalities for all other p > 2. It further suffices to prove
the following level-set version of the inequality:

6
Ol12|Ua| 58 R8 (Z ”fV”iIZ(WBR)) ) (4)
Y

where Br C R? is any ball of radius R, U, := {x € Bg : |f(x)| ~ a}, and wp, 1s a weight function
adapted to Bg. Via pigeonholing steps similar to those in [Guth et al. 2024], we may assume that each f,
is either identically equal to 1 or has a wave packet decomposition f, = ZTV Vr,, where the T, are a
subset of a tiling of R by disjoint translates of the dual set y* (which has dimensions R'/? x R?/3 x R),
each function V7, approximately satisfies |1, | ~ xr, (xr, the characteristic function of T,), each T),
intersects B, and the number of 7, which appear in the sum f,, = ZTV WTV 1s ~ A for some constant A that
is independent of y. Notice then that each L'? norm appearing on the right-hand side of (4) is essentially
- 1/342/341
”fV”le(wB ) AR/ / )
and so is uniform in the nonzero f,. We also have || f, ||€1,(w3 ) ~p A - R? for any 2 < p < oo. Since
R
each f, is made up of wave packets which all have height 1, || f, ||OO S
In the proof of Theorem 3, we bound |U,| by dividing U, into O(e~') many subsets and bounding
each subset separately. Those subsets are H, €2, and L and are defined in Definition 13 below (there are
no Ay when g = %) We replace the R? factor which appears in each set by #{y : fy #0} =:#y. The
only further modification needed is to replace R” in the pruning process by #y. Then each FI’; satisfies
| kak loo Se RE(#y /). Considering the bound for | Ag|, for example, the argument then yields

a6|A |< Rg( J/) <Z ||fy||lL/63(BR)>

The right-hand side (without the C, R® factor) is essentially

6
a OHy AR ~ a0 (Z 17y ”i”(w)) ’
Y

so we have the desired L!? estimate.

2. Tools for the high/low approach to M?

We perform a high/low frequency analysis of square functions at various scales, incorporating the pruning
process for wave packets analogous to [Guth et al. 2024]. We develop language to discuss canonical
caps and small caps of various scales, associated wave packets, and averaged versions of functions which



SMALL CAP DECOUPLING FOR THE MOMENT CURVE IN R3 3557

satisfy useful locally constant properties. Then we write a series of key lemmas to analyze the high/low
frequency portions of averaged, pruned square functions at various scales.

Begin by fixing some notation. Fix a ball B gmacs.1) of radius R™*?A: D, The parameter o > 0 describes
the superlevel set
Uy = {x € Brmaxapny 1 | f(x)] > a}.

Fix 8 € [%, 1] and R > 2. Let ¢ > 0 be given and consider scales Ry € 8N closest to R¥¢ for R™1/3 <
Rk_l/3 < 1, and scales r € 2N closest to R'/31%¢ for R=F < rk_1 <R3 LetN distinguish the index so
that Ry is closest to R. Since R and Ry differ at most by a factor of R?, we will ignore the distinction
between Ry and R in the rest of the argument. Similarly, assume that ry; = R? for some index M e N.
The relationship between the parameters is

1/3

1=Ry <R/ <R’

k+1

13
SRN :rOSmerrrH»lSrM:Rﬂ-

Next we fix notation for moment curve blocks and small caps of various sizes. For the explicit
definitions, see Section 2.3 below.

(1) {y} are small caps associated to RP and R, meaning ~ R~ x R~ x R—3f moment curve blocks
plus the set {(0,0,2): |z| < R™!}.

(2) {yx} are small caps associated to r;y and R, meaning ~ rk_1 X rk_2 X rk_3

the set {(0,0,z) : |z] < R™'}.
—1/3

moment curve blocks plus

(3) {6} are canonical ~ R x R™2/3 x R~! moment curve blocks.

(4) {rx} are canonical R, 173 & Rk_2/ 3% R, " moment curve blocks.

The specific definitions of y, y, 6, tx in Section 2.3 provide the additional property that if yx N yk4m # &,
then y4+m C yi (and similarly for the ty).

We assume throughout this section (actually until Section 3.2) that the f), satisfy the extra condition
that

5 <yl <2 or Nfyllpems) =0 )

2.1. A pruning step. Here we define wave packets for blocks y%, 7¢, and prune the wave packets associated
to fy,, fr according to their amplitudes.
For each y, fix a dual block y;* with dimensions 7, I'x e 2 x R which is comparable to the convex set

(xeR®:|x-&|<1forall &€ € y — ).
For each 7, fix a dual block 7;° of dimensions R,i/ 3 % R,f/ 3% Ry which is comparable to the convex set
(xeR®:|x-&| <1forall &£ € 7 — ¢}

The main difference between dual small caps y;" and dual canonical caps 7;° is that for each k we have
Ve =i if vk, Yk C 0, whereas the 7/ are all distinct.

We will describe wave packet decompositions for small caps {yx} and for canonical caps {tx} in parallel.
Let T,,, T, be the collection of tubes T},

«» T, which are dual to y, ¢, contain y;*, 7", and which tile R,
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respectlvely Next, define associated partitions of unity ¥, , ¥r, . Let ¢(§) be a bump function supported

in [—1, —] For each m € Z3, let

Y () =c/ P12 — y —m) dy,
[—1/2,1/23

where c is chosen so that ), /3 ¥ (x) =c fR3 |¢|> = 1. Since || is a rapidly decaying function, for
any n € N, there exists C,, > 0 such that

C C
lﬁm(X)fc/ - 2y 4 = e
(—1/2,172p (L+[x —y —m[5)" (14 |x —m[?)n

Define the partitions of unity ¥z, , " WTT associated to %, T to be WT =YnoA,, WTT (x) = lﬁmOArk, where
Ay,, Ax, are linear transformations taking ;.7 to [—1, 2] and Ayk( D =m+[—1 ] Ay (Ty) =
m+ [—— —] The important properties of /7, , Yz, are rapid decay off of 7),,, Tr, and Fourier support
contained in Y4, tx translated to the origin.

To prove upper bounds for the size of U,, we will actually bound the sizes of ~ ¢~! many subsets
which will be denoted by U, N H, Uy, N Ay, Uy N, and U, N L. The pruning process sorts between
important and unimportant wave packets on each of these subsets, as described in Lemma 16 below.

In the following definition, A, >> 1 is a large enough (determined by Lemma 16) constant depending
on ¢ which also satisfies A, > D,, where D, is given by Lemma 14. We partition the wave packets
T, =T5uU Tﬁk and T,, = T%, U TT’T’k into “good” and “bad” sets, and define corresponding versions of f,
as follows.

Remark. In the following definitions, let K > 1 be a large parameter which will be used to define the
broad set in Proposition 28.

Definition 5 (pruning with respect to y;). Let f)f‘/[ = f, and f% _, = fyu_,- Foreach 1 <k < M, let

o

k+1 k _ k
Z wTVk and f}’k—l_ Z ka'

Ty, eTs Ve Yk CVik—1

RP
Tg = :T}’k € —I]—Vk . ||¢’Tyk fyk ||L0<>(R3) <K AM ket }

Recall that Y9 = 6 = . Once the wave packets corresponding to all of the small caps have been
pruned, we have f'=3"

Definition 6 (pruning with respect to 7;). Let F¥N*! = f1, Fr},VVH — fel- For each 1 <k < N, let
+ M+N—k+1 RP
_H_gk = {Tfk € _H_T/\ ”ll’Trk ||L°°(R3) < K As _},

o
k k41 k
Fr= Z v, F fk+ and  F | = Z

8 i
Ty, €T3, Tk CTh—1

For each k, define the k-th versions of f, F to be f* = =21y k and Fk = Zrk
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Lemma 7 (properties of f* and F¥). (1) | f} ()| < /AT ()| S#y C oy and |FE (0| < [FET (0] S
#y C o

) 1f5 | zomsy < K3AY R RP Jor and || F) || poosy < KPAYTNHHIR¥RE /.

— o

! Csupp f C Ceyi and supp

(3) There is some constant C, <&~ so that supp I FT];H

Csupp}:"kcggrk.

'Proof. For‘the ﬁrsF Property, recall that ZTV,( €T, v, ZTfk €T, Y, are partitions of unity so we may
iterate the inequalities

k k+1 k+1 N 1
IFRI <P < Y0 IR < < YT RN < Y AL

Tk+1CTx TN CTg Y1Ctk
1 2 2 N
AR A D DRV AETIREE R VA E Y VA PR
2Cyi YNCYI Yyn

Then use the assumption that each || f) || @3y S 1. Now consider the L bound in the second property.
We write
fa@y= 3 un T+ D v A

T, €T}, Ty €T3,

XER'Ty, XER*Ty,
The first sum has at most R terms, and each term has norm bounded by K3AY ~*RP /a, by the definition
of T5,. By the first property, we may trivially bound f,’;“ by #y Cimax, || fylloo SR. Butifx ¢ R°T,,,
then yrr, (x) < R™1990 Thus

k+1 —500,,.1/2 k+1 —250
2o vn A s 2 RPN o = R max £yl
TVk eTFﬁk TVk eﬂ}k
X¢RETy, X¢R°Ty,

Since o S| f(x)| < Zy I fylloo S R#, we certainly have R~>° < R /a. The argument for ||Frkk | oo w3
is analogous.

The third property depends on the Fourier supports of ¥, , ¥, , which are contained in yx, 7 shifted
to the origin. If each f}’,‘;rl has Fourier support in Cyy (that is, a dilated copy of yx by a factor of C, taken
with respect to its centroid), then supp f}’,‘k is contained in (1 + C)y,. The same type of argument is true
for the claims about F¥ and FA+!. O

]3. Define

Definition 8. Let ¢ : R — R be a smooth function supported in [—}L, ‘—11

1 v
wo(t) = Zm(wz(r —k)).

keZ

Let w(ty, 1, t3) = wo(t1)wo(t2)wo(t3) and let QO = [—% %]3 denote the unit cube centered at the origin.

For any set U = T'(B), where T is an affine transformation 7 : R®> — R3, define

wy (x) = U7 w(T ' (x)).
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For yi, ., let A,,, A, be affine transformations taking y,*, ;" to [—%, %]3 and define w,,, @, by

@y () =y w4y () and - g (0) = |71 w(Ag (x).
Let the capital-W version of weight functions denote the L°°-normalized (as opposed to L'-normalized)
versions, so for example, for any cube Q; of sidelength s, Wo (x) = |Qs|wg, (x). If a weight function

has subscript which is only a scale, say s, then the functions w,, Wy are weight function localized to the
s-cube centered at the origin. We will ignore the distinction between an s-ball and an s-cube.

Remark. Note the additional property that w(&;, &, &) is supported in [—%, %]3, so wy is Fourier
supported in an s ~!-cube at the origin. Similarly, wy, and w, are Fourier supported in y; and 7 translated
to the origin, respectively. The same is true for the Wp,, Wy, Wz« weight functions. Finally, note that if
S1 =T1(Q) and S, = T»(Q), where T; are anisotropic dilations with respect to the standard basis and
S1 C S, then wg, x ws, S wy,.

The weights w-,, wg = wr,, and w, are useful when we invoke the locally constant property. By locally
constant property, we mean generally that if a function f has Fourier transform supported in a convex
set A, then, for a bump function 4 = 1 on A, f = f % @4. Since |@4| is an L'-normalized function
which is positive on a set dual to A, |f|*|@4] is an averaged version of | f| over a dual set A*. We record
some of the specific locally constant properties we need in the following lemma.

Lemma 9 (locally constant property). For each yy, 7y and T), € T,,, Ty, € T respectively,

2 2
”fy"”Lm(Tm) Sl @y, (x)  forany x € Ty,

2 2
| oo,y S 1ok 0n () foranyx €Ty,

Also, for any ry-ball By, or R,i/3-ball BR1/3,
k

D Il
Yk
D oIfal

Because the pruned versions of f, f,, and f7, have Fourier supports similar to those of the unpruned

2
= E | fy "% wg, (x) foranyx € By,
L>(By,) Vi

§|ftk|2>ka s (%) Jorany x € Byis.

LOO(BR1/3) Ry k
k

versions (see Lemma 7), the locally constant lemma applies to the pruned versions as well.

Proof of Lemma 9. For the first claim, we write the argument for f;, in detail (the argument for the f,,
is analogous). Let p;, be a bump function equal to 1 on 7; and supported in 27;. Then using Fourier
inversion and Holder’s inequality,

| fae OV = | fo % Bre O < 150 11| fo I 5 152 | (30

Since p;, may be taken to be an affine transformation of a standard bump function adapted to the unit ball,
|6z, ll1 is a constant. The function g, decays rapidly off of 7%, so |0, | S wy,. Since for any Ty, € T,
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wy, (y) is comparable for all y € T;,, we have

Sup | fo |* * wq, (x) < / | foel*(3) sup wg, (x —y)dy

xeT,k Xe Trk

~ f | fo PNy (x — y)dy forall x € Ty,

For the second part of the lemma, repeat analogous steps as above, except begin with p,,, which is
identically 1 on a ball of radius 2r, ! containing yx — yx (which is the Fourier support of | f,, ). Then

Y I =
Yk

The rest of the argument is analogous to the first part. The argument for Zrk | fo|? is the same. O

> |fyk|2*ﬁrk<y>‘ S 1P 151,
Yk Yk

For ease of future reference, we record the following standard local and global L2?-orthogonality lemma.
ForU cR3letU*={§eR3:|g-x|<1forall x e U —U}.

Lemma 10 (local and global L? orthogonality). Let U = T(Q), where Q is the unit ball centered at the
origin and T : R> — R is an affine transformation. Let h : R®> — C be a Schwartz function with Fourier
transform supported in a disjoint union X = |_|, X, where X; C B are Lebesgue measurable. If the
maximum overlap of the sets U* + Xy is L, then

/|hx|2wU5LZf|hxk|2wU,
Xk

where hx, = [y h(&)e*™ x5 dE. The corresponding global statement is

[ =3 [ i
Xk

Proof. The global statement is just Plancherel’s theorem. For the local statement, we have

|hX|2wU=/hXthU=[ﬁXﬁX*ﬁ)U

by Plancherel’s theorem again. Next we used the definition of /1y and & x, to write
[ o =35 [ .
Xe X

The function /iy, is supported in X, and the function A x; * Wy is supported in X; + U™ Write X} ~ X
to denote the property that (X, + U*) N (X} + U*) # @. By hypothesis, for each X, there are at most
L many X, such that X; ~ X;. Since X; N (X, +U™*) C (Xx +U*) N (X, + U*), this leads to the bound

S5 [inhnrio=3 3 [axiuo Y 3 [h by Pu

Xk X;( Xk X]/‘,NXk X X]/(’VX](

>3 /(|hxk|2+|hx,;|2)wu szLZf |, Pwy. O
Xk

Xk X]:,’\*Xk
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Definition 11 (auxiliary functions). Fori =1, 2, let ¢; : R — [0, oo) be a radial, smooth bump function
satisfying ¢; (x) = 1 on the unit ball in R’ and supported in the ball of radius 2. Then for each s > 0, let
Pes1 R3 — [0, c0) be defined by

p<s-1(81, 62, §3) = @a(s&1, s&2) p1(83).
Write C-1 for the set where p—1 = 1.

We will sometimes abuse the notation from the previous definition by writing 4% p.—1 =h —h% p_g-1.

Definition 12. Let gy (x) =), |fy > %@, (x). For | <k <M —1,let
g )= 1T Proy. gl =gexb, . and g =gi— g
Yk

For 1 <k <N, let
Gr(x) =Y IFF P oy, Gix) =Gyx Pogipe  and Gl (x) = Gy — Gf.
T
In the following definition, A, >> 1 is the same e-dependent constant from the pruning definition of f*
and F*,
Definition 13. Define the high set by
H = {x € Brnwes : A RP < gyr_1(x)}.

Foreachk=1,...,M —2,let H = Ay _; and let
M—1

Ay = {x € Bgmaxesn \ U Agc: (Ag)(M_k)Rﬁ < gk(x)}.
I=k+1

Foreachk=1,..., N, let Qyy = U{‘iﬂ A; and let

N+1
Q= {x € Brmwcs \ U Q: (A MIN-PRB < Gk(x)}.
I=k+1

N+1 M—1
L = Bpuwsn \ [(U szN> U (U Ak)].
k=1

=1

Define the low set to be

2.2. Lemmas related to the pruning process for wave packets.

Lemma 14 (low lemma). There is a constant D = D, > 0 depending on ¢ so that, for each x, we have
|84 (V)| < Degrr1(x) and |GL(x0)] < DGt (x).

Proof. Prove the claim in detail for g,f since the argument for Gi is analogous. We perform a pointwise

k+1
Yk

version of the argument in the proof of local/global L?-orthogonality (Lemma 10). For each , using
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Plancherel’s theorem,
k112 v _ k+1)2
57 Py 0= [ 1FEF P =305 00 dy
_ k—H k+1 Zﬂtxé
= [ AT @ P €1

= > f e Cpkl f";j E)po1 (§)dE.
Vi1 Vi1 CVk

The integrand is supported in (Coyx+1 — Ce yk/ LN, - ) where C. comes from (3) of Lemma 7 and
2C, - ol contains the support of p <rc) . The set C, ol is contalned in a cylinder with a vertical axis, centered at
the origin and of radius Zrk e The distance between the sets C.yx+1 and C gyk 4 is controlled by the
distance of their projections to the (£, &)-plane. This means that the final integral displayed above
vanishes unless yx is within ~ C,r,_ +11 of y;,,, in which case we write yx 1 ~ ¥/, ;. Then

> / TS f R B @) @) dE = Y] / I ) % f’;jj )0, (6) d.

/ R3 ; 3
Yi+1 Vi1 SV Yi+1 Vi1 SV

Vit 1 ~Viy1

Use Plancherel’s theorem again to return to a convolution in x and conclude that

k+1 pk+1 k 1 v
|8k * B, (x)|—' DDA R SN ol By er) B B A eV SR [CoF
Vi1 Vip1 CVk Yk Vi1 CVk
V1™~V

By the locally constant property (Lemma 9) and (1) of Lemma 7,
Yoo I P reg s lpo IS Y0 Y AT R wy kg ¢ 1o () S g (1)
Vi Yk+1CVk Y Vi+1CVk

It remains to note that

Wypyy * Wy * |'5§rk“] |(X) S Wy, ()

since y; is comparable to a dilation of y*, ; and p_ il is an L'-normalized function that is rapidly
k+

decaying away from B, (actually, it decays rapidly away from the small set Br(k2 11 0) x B(l)(O)) O

Corollary 15 (high-dominance on A,2;). For R large enough depending on ¢,
gr(x) < 2|g,’§(x)| forall x € Ay and Gr(x) < 2|G,]Z(x)| forall x € Q4.

Proof. This follows directly from Lemma 14. Indeed, since gi(x) = g,f(x) + g,i’ (x), the inequality
gr(x) > 2|g,i‘ (x)| implies that g (x) < 2|g,f(x)|. Then by Lemma 14, |gx (x)| < 2D gi+1(x). Since x € Ay,
Srr1(x) < Aé”_k_lRﬂ, orin the case that k = M — 1,

gM(X)=Z|fy|2*a)y(x)§’ < RF
y

o0
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using the assumption that || f,, |« S 1 for all y. Altogether gives the upper bound
gk(x) <2DAYIRP.

The contradicts the property that on Ay we have AY “kRP < gi(x) for A, sufficiently larger than D,,
which finishes the proof. The argument for G, on €2 is analogous. (]

Lemma 16 (pruning lemma). If A, is a large enough constant depending on &, then, for any t,

Z I — Z k+l(x) < i Jforalxe g
YCT Y CT A/°K
o
Z Ju — Z Fitl| < —; Jforallx ey,
7w CT wCT Ag K‘
o
fol_ZFrll(x) SW forall x € L.
TICt T1Ct As K-

Proof. Begin by proving the claim about A,. By the definition of the pruning process, we have

fe= v (= h = = o+ Z("’“ I, 6)

m=k+1

where here, the subscript T means f; = Zycf fyand f]" = Zymcr fyn- We will show that each difference
in the sum is much smaller than «. For each M —1 > m > k+1 and y,,, use the notation T =T,,\T5,

and write

Yo WP ol ()

r@ =t @l= | Y Y, 0t )| =

Ty €15, Ty, €T),
-3 1 1/2
< Y KA e ey 1 e W ()
Ty €18,
< 3 4—(M-m+1) & 1/2 rm+1 1/2
KA; =5 2 W E ey ¥z, )
TymeT
-3 M— 1 1 1/2
SK3A; Mo 2 27 2 2 1 Pl v, 0
T, ET Tym
SKPA;MD S g e I Pl e, ¥ (0
~ & Rﬁ £ ym I L (T ) L (Tym) TVm .
TVm s TVm eTVm

Let 7, denote the center of fym and note the pointwise inequality

1/2
Y oW, i, Vr () S Iy, (= cF, ),

T,

Ym
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which means that

00— [ o S KAy M 2 —5 17l Y op =g T Pl )

)/mET)/m
< 3 (M— m+1) o~ m+12 ~
K~ A Rﬂ |ym| _ Z a)ym ('x CTym)lfm | *a)ym (CTJ/m)
Vme-ﬂ—)/m
Se KA M m*” =5l it P xay, (1),

where we used the locally constant property in the second-to-last inequality. The last inequality is

justified by the fact that w,,, (x — nym) ~ wy, (x —y) forany y € Ty and we have the pointwise relation

wy,, ¥ oy, S oy, . The last two inequalities incorporate a dependence on C, from Lemma 7 since the
locally constant property uses that | f;;“ |? is supported in the C,-dilation of y,, — y,,. It is important to

note that C, is a combinatorial factor that does not depend on A.. Then

o
3A (M— m+1) Z |fm+1| *wym(x) ~ K™ 3A M-m+1) ¢

VmCT

D@ =W S K

YmCT

RAEm m (X).

At this point, choose A, large enough so that if g, (x) < AY ~" RP, then the above inequality implies that

Z fm(x) m+1(x) <8K 3A 1/2

YmCT

This finishes the proof since M + N < &7, so the number of steps from (6) is controlled. The argument
for the pruning on €2; and on L is analogous. O

2.3. Geometry related to the high-frequency parts of square functions. We have seen in Corollary 15
that on Ay and €2, gr and Gy are high-dominated. In this subsection, we describe the geometry of the
Fourier supports of g,’: and GZ, which will allow us to apply certain decoupling theorems for the cone in
Section 2.4. We begin with the precise definitions of canonical blocks and small cap blocks (which we
also call “small caps™) of the moment curve.

Definition 17 (canonical moment curve blocks). For § €2V, §> 10, consider the anisotropic neighborhood

M (S) = {(£1, &, &) 1 £ €10, 1], 16 — & < S7%, |63 — 3816 + 28| < S77).

Define canonical moment curve blocks at scale S which partition M3(S) as follows:
§—1
L€ 6.8): 157 <& <0+ DS 16— £ <572, |6 - 366+ 26| < 57°).

1=0

Definition 18 (“small caps” of the moment curve). Let R > 10 and let S € 2N satisfy Rl<§ 1<R3
Consider the anisotropic small cap neighborhood

M3(S,R) = (&1, 82, &) : & €10, 1], |2 — & < S72, |65 — 3616+ 26| < R7').
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Define small caps y associated to the parameters S and R by
5—1
| |y =] te&.6: 15 <1 <+ DS [ —£]1 <572 & - 366 +28) <R (D)
1=0
Note that the small caps y are essentially canonical moment curve blocks at scale S plus a vertical
(&3-direction) R_1 -neighborhood.
To analyze g we need to understand the Fourier support of Z
radius rk+1 By (3) of Lemma 7, the support of |f"Jrl 1 is Coyk — Coyi. Suppose that y4 is the [-th piece,
meaning that

e =11, 6, 8) I, <& <A+ Dl |-l <12, 165 — 3815+ 28| <R7'Y,

where [ € {0, ..., rp — 1}. The small cap y, is comparable to the set

k+1 | outside of a cylinder of

= {mlr, )+ AW 7Y + Bw U7 FCm”(Arg Y 0< A< Bl < ICI<RTY

in the sense that 557% C yx C 20yx (where the dilations are taken with respect to the centroid of y;). Then
Yk — Yk 1s contained in

(A’ (tr, Y + B Arg Y+ em” (e A St IBI S ICLS R

Recall that 1 — P<rol, is supported outside C ol D{E1,8,8) (6,5 < rkH, & < 1}. Intersecting
C.vk — C.y with the support of 1 — Peri) forces the relation A% + (A2(lr, ) +2B)?> > rkJrl Using
the upper bounds |A| < C.r "and |B | < C Srk , it follows that for R large enough depending on ¢, the
support of the high—frequency part of |f/kJW2 is contained in

Vo= { A U7+ B Ar7 Y+ Cm” (Y rk+l<|A|<C ri' IBISCor 2 ICISCRT') (8)

Our “high lemmas” will require geometric properties that are recorded in the following propositions.
Proposition 19. The sets yi, varying over yi, are < C R®-overlapping.
Proof. Suppose that a point corresponding to parameters A, B, C, 1l and A’, B’, C’, I’ respectively is in the

intersection of two sets as in (8). By analyzing the first coordinate, we must have A = A’. By analyzing
the second coordinate, we must have

|A2Lr, !t — A20r Y S Cor 2.

Therefore, since A 2 rkjrll, we have || —1I'| < C.R" O

Next we describe the geometry of a small cap partition for the cone. Let 8 € [% 1] and p > 1. Let
S € 2V a dyadic number closest to pf'. For the (truncated) cone I' = {S : 512 + 52‘7’ = 532, % <& < 1},
divide [0, 277) into S many intervals Is of length 277/S and define the small cap partition

N1 (D) =|_[Ng1 (D) N {(pcost, psing, 2): ¢ € Is))

Is
corresponding to parameters 81 and 8, = 0, as in Theorem 3 from [Guth and Maldague 2022]. After a
linear transformation, we will identify the high parts of sets yx — yx as subsets of conical small caps.
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Proposition 20. Let r~! € [r|, 20C.r; "] be a dyadic value and write {& ~ r='} := {(£1, &, &) e R3:

%r‘l <& <r! } There is an affine transformation T : R> — R> so that the following hold:

) If rk_l < R™Y2, then the collection of y; may be partitioned into <, R* many subsets S; which
satisfy the following. For each S;, there is a conical small cap partition of ~1 x C.r/R x C.r/R blocks
so that, for each y; € Si, r[T (%) N{& ~ r~'}] is completely contained in one of the conical small caps.
Collections of r,? R~ many neighboring yy are identified with the same conical small cap.

() If R71/2 < rk_1 and (Rrk_l)_’s1 = rk_1 for some By € [%, 1], then the collection of y, may be
partitioned into <, R* many subsets ‘S:[l which satisfy the following. For each S;, there is a conical small
cap partition of ~ 1 x C.(r/R)?1 x C' r/R blocks so that each r[T (yx) N{&3 ~ r~'}], where y, C S;, is
completely contained in one of the conical small caps. Each yy € S; is assigned to its own conical small cap.

Proof. Let T : R — R? be the affine transformation

y x—2z/6 x+z/6)
27 V2 V2 )

T(x,y,z):= (

The image of the set (8) under T is

i L L= 1+ B2 —trgt ! ~1 1
B O B U Ak A )

1 -1 -1 -2 -1
3T SHAIS Cer s IBI S Cor 7, ICI S CeR }

~

Defining w € [%, %] by

_ 220t 2= 1P
(cosw, sinw) = 7 5 |
24027 24121,

the set T (%) is contained in
{A(cosa), sinw, 1) + B(sinw, —cosw, 0) + C(cos w, sinw, —1) :
re SIALS Cerd L IBIS Cetr P+ R, ICI S CRT') (9
Suppose that rk_1 < R~/2. Then

T N{E~r 1) c {A(cosw, sinw, 1) + B(sinw, — cosw, 0) + C(cos w, sinw, —1) :
bl <jAl=r7 IBIS CRTL ICI S CRTY)L (10)

The w = w(y) in (9) form an ~ rk_l-separated subset of [%, %] For a dyadic S closest to C.R/r, we
may sort the w(y) into different intervals Is C [0, 2) of length S ~1 and note that the r dilation of
T (%) N {& ~ r~1} for w(yy) € I is contained in a single ~ 1 x ™! x S~! conical small cap. If y; and
¥¢ are within ~ r; /R of one another, then w(yx) and w(y;) are assigned to the same /5.

Now suppose that R~1/% < rk_1 < R™'/3 Then

T(7) N ~r') C {A(cosw, sinw, 1) + B(sinw, — cosw, 0) + C(eos o, sinw, —1) ;
Ll <Al < IBIS Gt ICIS CRTY). (1)
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Let S €2V be chosen so S~#1 is the smallest dyadic number satisfying C ¢ IR"3 e <5 (recalling that B is
defined by (Rr; h=p1 = e Uin the proposition statement). Then C f' RePY lrk R~! < 57! and so each
r-dilation of T (¥;)N{&; ~r~'} is contained in a single approximate 1 x S~#1 x S~! conical small cap. If y;
and y, are conical small caps which are a distance Cr,~ ! from one another, then their corresponding angles
o (yx) and w(yy) are also a distance 2 Cry ! and make the sets on the right-hand side of (11) distinct. [J

To analyze G, we need to understand the Fourier support of }_ F,";rl ? outside of a low set C R-1/3

| K+l

By (3) of Lemma 7, the support of |F)’fk+1 |2 is contained in C. 1y — C1%.

Proposition 21. Let r be a dyadic value, R, :{3 <rl<c, R, 3 There is an affine transformation
T : R?® — R3 so that the following holds. We may partition the 1y into <, R® many sets S; which satisfy:
there is a canonical partition of the cone into approximate 1 x Cor R, 23 C grsz_ *3 blocks so that, for
each ty € S;, the r-dilation of the sets T[(C.t — Cox) \ BRkj{}] N{& ~ r~ '} is contained in one of the

canonical cone blocks.

Proof. Suppose that 7 is the [-th piece, meaning that

n={(61,6,8): IR <& <A+ DR’ |62 — € <R, |6 — 3816+ 280 < R},

where l € {0, ..., R,i/ - 1}. Let T be the affine transformation from the proof of Proposition 20. Then

TI(Cetp — Ceti) \ B-151N {& ~ r~!} is contained in the set
k+1

{A(cosa), sinw, 1) 4+ B(sinw, —cosw, 0) + C(cos w, sinw, —1) :
bl <1Al =7 IBIS R ICI S Cer

where w € [%, %] is defined by

—2/3° —2/3

2V2IR; 2—12R,;2/3>
24+ 2R 24 2R )

(cosw, sinw) = (

Since the w = w () form an ~ R

n 1 3-separated set, the r-dilation of each displayed set above is contained

in a canonical cone block of approximate dimensions 1 x C grRk_z/ 3 x C grsz_M 3, (]

2.4. Lemmas related to the high-frequency parts of square functions. First we recall the small cap
decoupling theorem for the cone from [Guth and Maldague 2022]. Subdivide the R~! neighborhood of
the truncated cone T = { (&1, &, &) : €] + &7 = &7, 3 <& <1} into R x R™P1 x R™! small caps y,
where B, € [%, 1] and B, € [0, 1]. Here, R~ corresponds to the flat direction of the cone and R~

corresponds to the angular direction. The (¢7, L?) small cap theorem for I' is the following.

Theorem 22 [Guth and Maldague 2022, Theorem 3]. Let B € [3, 1] and B, € [0, 1]. For p > 2,

/ |f1P < CSRS(R(ﬂl-i-,Bz)(P/Z—l) + RB1+B2)(p—2)—1 + R(ﬁ|+52—1/2)(p—2)) Z ”fV”[Ljﬂ(n@)
R3

14

for any Schwartz function f : R> — C with Fourier transform supported in Ng—1 ().
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Lemma 23 (high lemma I). Suppose that R% <r;' < R™V/2. Then

-1 v
fistt s 2 T 1oy

YC¢
where the § are disjoint collections of rj; 2R~ many adjacent yy.

4

’

L4(R3)

Proof. Let T be the affine transformation from Proposition 20 and write 7Tx = Ax + b for a 3 x 3 invertible
matrix A and b € R>. Then

gl (x) = |det A|"te2mix b hoT LA H*x). (12)

Perform the change of variables x — A*x to get

/|g,’g(x)|4dx:|detA|—3/|Q,goT—‘(x)|4dx.

Let r be a dyadic parameter in the range r, +11 <rl< Cery ' Let Ny : R3 — [0, 0o) be a smooth function
with compact support in the set {(51, &, &) : %r‘l <& <r! } =:{& ~ r~!} and satisfying the property
that the sum of 5, over dyadic r is identically 1 on the support of g,i’ o T~!. By dyadic pigeonholing,
there is an r so that

|detA|—3/|gA,§oT—1(x)|4dxgcg(logR)4|detA|—3f|(57,gor—l)nr(x)|4dx.

Finally, perform the change of variables x — rx to get

|det A| 33 / (gl o T ", (ro)|* dx.
Now, note that

(g} o T, (rx) =Z Q7 Pl (1 =y )07, 1 ()

—Z S LS Py, (1 — Pt N T ] (),
i %ES
where S; is one of the <, R® many sets partitioning the y; from (1) of Proposition 20. Apply the triangle
inequality in the first sum over i and then apply Theorem 22 with parameters C; '(R/r), B = 1, and
B> = 0 to obtain
4
[ 16kt 5. tog IR G Rt AI Y [ | Po, (1= ooy Do T nd 00)
¢ Y C¢
where ¢ are disjoint collections of ~ rsz_l many neighboring yx. This number comes about since one

has rx many y;’s and they get sorted into ~ R/r; many conical small caps, so each conical small cap
contains ~ ri/(R/ry) =rj ZR~! many y;’s. It remains to undo the initial steps which allowed us to apply

small cap decoupling for the cone. First do the change of variables x — r~!x:

32/ *

S LA a1 =y )0 T 1 ()
Yk C¢& 1 5
= | S Ran - pop e 0
¢

YeCe

4
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By Young’s convolution inequality (since multiplication on the Fourier side by 5, is equivalent to
convolution on the spatial side by 7,., which is Ll-normalized),

4
> [| S Rau - oy ot Zf S 1AL Pon (1 = py 1 Do T

¢ Ve C& Y C&
Perform the change of variables x — (A~!1)*x and use (12) to get

4
|det AP’ Zf S LA Pay (1= 0T ’ S Zf i Py (= poy T
YeC¢ Yk CE

which finishes the proof. O]

Lemma 24 (high lemma II). Suppose that max(R~#, R='/2) <r;' < R™'/3. Then

242 14 —1 k+1 4+4//3
[ 1she < corte REAE

where B € [% 1] satisfies (rekR™1) Pt = ry.

Proof. Repeat the argument from the proof of Lemma 23, using (2) in place of (1) from Proposition 20
and applying Theorem 22 with §; as in the hypothesis of the lemma and 8, = 0. The result is

/ g 1P < R“"E(r‘”?)Z / 10l £ ’<“|2wyk(1—p<,—u )P

The R'# factor is to account for the fact that the Fourier support of g,i‘ may only be identified up to some

R? factors with small caps of the cone. Since 1 — Perrl = P=Cc — P,1 0N the support of |fk+1 2, by
=Tk+1 - =Tk+1

Young’s convolution inequality, we have

/|[| k+1|2’\yk(1 10<r71 )] |2+2//31 </|(|fk+1 2) |2+2//31 fl k+l 4+4/ﬁ1 0

Lemma 25. Foreachm, 1 <m < N,

3
/ G, 1° < chs(Z [P ||‘;12(R3)> .
Ty

Proof. Repeat the argument from the proof of Lemma 23, using Proposition 21 in place of Proposition 20
and applying canonical L°® cone decoupling [Bourgain and Demeter 2015] instead of small cap decoupling.

/ |Gonl® Se Rf‘sz / FE a1 - pog] I

o —

113 on the support of |F}Z+l |2, by Young’s convolution inequality, we

m+1

The result is

Since 1 — i3 =
pSRm+1 pSCg '0<R

have

[uETraa- ot s [T e = [ iEe w
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Theorem 26 (cylindrical decoupling over PY. Let P' = {(t,1%): 0 <t < 1} and for § > 0, let N5(P")
denote the 8-neighborhood of P' in R%. If h : R — C is a Schwartz function with Fourier transform
supported in Ns(P') x R, then, for each 4 < p <6,

p/2
AP e 87 (Z /2 ||i,,(R3>> :
¢

where the ¢ are products of ~ 8'/% x § rectangles that partition Ns(P') with R.

R3

Proof. Begin by using Fourier inversion to write
htov = [ [ e g e ag ag
Ns(Ph) JR
For each x3, the function

o / f h(g', )¢5 dg3e™ ¢ ag!
Ns(Ph) JR
satisfies the hypotheses of the decoupling theorem for P!. Use Fubini’s theorem to apply the £>-decoupling
theorem for P! from [Bourgain and Demeter 2015] to the inner integral
P 2/p\ p/2
[ [neravans. [(2( [ av) )
R JR2 R —\/R2

where {v} form a partition of NVs(P') into ~ §'/% x § blocks. By the triangle inequality, the right-hand
side above (omitting C,5~°) is bounded by

(L avan) )

The sets v x R are the ¢ in the statement of the lemma. g

/ / h(E', &)e¥m 6 26N g3 dE!
vJR

/ / h(g', &)™ T8 dgs g’
v JR

Remark. The implicit upper bound in the statement of Theorem 26 is uniform in 4 < p < 6. For the
specific exponent p = 4, the implicit C,5~¢ upper bound may be replaced by an absolute constant B
which does not depend on §.

2.5. Local trilinear restriction for M?>. The weight function Wp_ in the following theorem decays by a
factor of 10 off of the ball B,. It is specifically defined in Definition 8.

Proposition 27. Let s > 10r > 10 and let f : R*> — C be a Schwartz function with Fourier transform

supported in N,.-1 (M?). Suppose that rll, 712, 113 are canonical moment curve blocks at scale R 11 3 \which
satisfy (tf, tlJ) >s~! fori # j. Then

/ r|f,;f,lsz;|25s3|3r|2( / |f,;|2WB,) ( / |f,g|zws,) ( / |ffg|2WB,).

The weight function Wp_ is the generic ball weight defined in Definition 8.
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Proof. Let m(t) = (¢, 2, t3) and let B,-1 be the ball of radius r~1in R3 centered at the origin. Then

W, (x) fi (x) = / Wi, # fog (E1)e™™ 4" ag!

Tf+B)"l
~ ~ i ei ein 2mix-(ELElE
= [ W el et agleled
T]+Br_|
-/ [ W ¢ e + 0.0 DO g
[{w; eR2:|w; |<2r—1} JI;
where B, +supp f; C (m(&))+ (0, ) : £] € I, || <r~'}. Let {w; € R? : ;] < 2r~'} = B?). Then
for w = (w1, wy, w3), we have

/ W, () f1 COWi, () f2 ()W, (x) fr () x

2
dx

3
I1 / o / Wa,  fri m(E]) + (0, w)e™ ™ ME O di do
B2 JI;

- /Br i=1
I1 / Wa, % g (&) + (0, @)e™™ ™ ™E) dg] ’ do
I;

<J,
B 1JB?)* ;]
2 1/2 2
dx) dw). (13)

3
W, * fr (m(] Vyp2rixm(E) ggi
= </(B(2)1)3 (/B llj!/, Wa, * fri(m(&)) + (0, wi))e D deg|

Foreachw € (Br(%)l)?” analyze the inner integral in x. Use the abbreviation WB, * frli (- +0,0))= fAj” ()
and further manipulate the innermost integral as a function of x: 1

3 2

dx

3
[1 f W, # fr, (M(E]) + (0, w;)e™ ™ ™ED gg]
=171

= / £ mED) F2 (mED) F2 (m(gd) P mEmED @Dl g,
Lixhxl; i b

where &) = (511, 512, 513). Perform the change of variables E= m(éll) + m(élz) + m(§13). The Jacobian

factor is 1/|det J|, where det J is defined explicitly in terms of &; by

1 1 1
det| 28 28 2§ | =6(8—E)E )& —&),
3(EH? 3(EH? 3(&)?
using the formula for the determinant of a Vandermonde matrix. Note that since (/;, I;) > s—l—2r=1>0,
|det J| is nonzero. The change of variables yields

1

—dE, 14
det J(&1)] : (1

FimED) F2 mED) £ mEh)e

~/1;1(11)+m(12)+m(13)
where we interpret & in the integrand as implicitly depending on &. Define F©(£) by

Ky +miay 6) £ (MED) £ (mED) £17 (m(&?))m
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so that we may view the integral in (14) as the inverse Fourier transform of F“. The summary of the
inequality so far, picking up from (13) and using the change of variables and the definition of F¢, is

. 12 \2
/ Iffll(X)ffg(X)ffls(X)lzdx5(/ ) (/ |F“<x>|2dx> dw).
B, (B~

By Plancherel’s theorem, the right-hand side above equals

12 \2
@) dE) dw).
(/<B;2g>z</'F @) s) w)

By Cauchy—Schwarz, this is bounded above by

(B2 f / |F@)I* dé do ~ r—ﬁf / |Fe@)I dé do.
’ (B, (B))3
Undo the change of variables, again writing f;: =m(& 11) + m(&f) +m(& 13 ) to get
O e ) £ P et 60 de do

(35?1)3 Lixhxl; ' 1 I

Note that |det J(£1)| = s, so the previous line is bounded by
3
o [ 1 e F2 e F P derdo~ S TT [ (s fg@F ds,
B2 i i im1 IN @) :

By Plancherel’s theorem, this is bounded by

3
—-6.3 . 2
r s E/qu|f,f(x)| Wp, dx. O

3. A weak version of Theorem 3 for the critical exponent

1/3 2/3

3.1. The broad part of U,. For three canonical blocks 7/, 72, 77 (with dimensions ~ R, /> x R, “/" xR "")
which are pairwise > 10C; R~#/3-separated, where C, is from Lemma 7, define the broad part of U, to be

Bry = {x € Us:a < K1/ () 2 () 3 (oI, max | fy (0] < .
1
We bound the broad part of U, in the following proposition.
Proposition 28. Let R, K > 1. Suppose that || f, || w3y <2 for all y. Then

a6+2/’3|Brf | <, KSO0R10e A100M+N) p2p+1 Z 17,
¥

2
”LZ(R3) .

Proof of Proposition 28. Begin by observing that we may assume that R? < . Indeed, if > < R”, then

we have
Ul < R f 2y < RT3
%

using L2-orthogonality. Assume for the remainder of the argument that R? < a2,
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We bound each of the sets Br¥ NAy, Br¥ NQ,,, and Br¥ NL in separate cases. It suffices to consider
the case that R is at least some constant depending on ¢ since if R < C,, we may prove the proposition
using trivial inequalities.

Case 1: bounding |BrK NAg|. By Lemma 16,

Bry NAl < Ifx € Ua N A S KIF 057 0 5T I, max | £y (0] < e}
T

k+1 k+1 k+1
b

By Lemma 7, the Fourier supports of f - are contained in the C.r 1—neighborhood of

8/3

C rl ,C rl ,C ‘El respectively, which are > C, R separated blocks of the moment curve. Let {B,, }

be a finitely overlapping cover of Brf NAy by ri-balls. For R large enough depending on ¢, apply
Proposition 27 to get

/ |fk+l ket k+1|2< R|B,, |2 (/|fk+1| WBrk) (/lfk+l| WBrk) (/|fk+1 )

Using local L?-orthogonality (Lemma 10), each integral on the right-hand side above is bounded by

/Z' 1

Ifx e Brf NAx N By, then the above integral is bounded by

k+1,2 k+1,2
/2 :| A *a)VkWBrk NC5|B"k|§ | + |7 5 @y, (x)
Yk

by the locally constant property (Lemma 9) and properties of the weight functions. The summary of the
inequalities so far is that

oO|BrX NA N B, | <. K6/ |f"+1 o ’f+12< R°K°|B,, |gk(x)°,

where x € Br® nA, N B,,.
Recall that since x € Ay, we have the lower bound AQ’I —kRA < gr(x) (where A is from Definition 13),
which leads to the inequality

oS|BrX NALN B, | <. K°R® |By, | (x)>*P

(A ~FRB)P
for any p > 0. By Corollary 15, we also have the upper bound |g¢(x)| < 2|g,’(’ (x)], so that

«®BrX NAL N B, | <. KOR® |Brellg (07

(A"~ RE)P

for any p > 0. By the locally constant property applied to g,i’, |g,i’ PP <, | g,i’ *kWp, |3*? and by Cauchy—
Schwarz, |g} * w B, PP < gl PP s w 5,- Combine this with the previous displayed inequality to get

1
6 K 6 pe h|3+
o’ |B AyNB,| <, K°R® ——F—— PW
| rOt k rk|N€ ( éw kR,B)P_/|gk| Brk
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Summing over the balls B,, in our finitely overlapping cover of Brf NAy, we conclude that

af|Brf NAy| <. KOR® 3+, (15)

(AM=*RB)P _/R3
We are done using the properties of the set Brf NAg, which is why we now integrate over all of R? on
the right-hand side. We will choose different p > 0 and analyze the high part g,i‘ in two subcases which
depend on the size of ry.

Subcase la: R~ < r, <R /2. This case only appears if % < B. Choose p =1 in (15) and use
Lemma 23 to obtain
4

§ k+1 ~
| | * Wy, * p>r1:+11
e C¢

’

1
a®Brf NAy| < KOR®———C.Rr 'R Z
A L4(R3)

where ¢ are collections of r; 2R~ many adjacent y;.
The Fourier supports of the terms in the L* norm are still approximately disjoint (actually Ci-
overlapping, see Proposition 19), so by Plancherel’s theorem and L2-orthogonality, we have

4
k+1
Do Proyx b,
Y C& LY®Y
2
k+12 ~ k+1 ~ 2
Se R DU Proypo | Y N Py b gy (16)
¥ Ce L=®Y yce

for each ¢. First bound the L* norm by

k412
Z'fyk | >|<6l))/1<>klo>r_*_I
Yk C¢

2

k k
< 0 C O max I ey S GFRD? max A e s
L>®(R3)

where we used that ||wy * '5>r[11 [l1 ~ 1. To bound each of the L* norms in (16), we use cylindrical L*-
+
decoupling the parabola (Theorem 26) and unravel the pruning process using properties from Lemma 7:

k+1,2 v 2
” |f | * Wy, * p>r711 ||L2(R3)

SIS LA (by Young’s inequality)
2
( Z [Winn ”24([&3)) (by cylindrical L*-decoupling for P')
Vi+1CVk
2
( Z IIf }],1112||L4(R3)> (by (1) from Lemma 7)
Viet1 CVk
2 2
S ( Z [ ”%4([}&3)) S ( Z FA (R3)) (by iterating the previous two inequalities).
YN CVk Y Vi

Note that each application of L*-decoupling involves an explicit constant B in the upper bound, so it does
not depend on a scale R. The accumulated constant in the unwinding-the-pruning process above is BCe
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-1

since there are fewer than ~ ¢~ many different scales of y, until we arrive at y. Use Cauchy—Schwarz

to bound the expression in the final upper bound above by

#y Cve Y Il s S 0 RE D 1A 1 age)-

Y CVk Y CVk

Using the assumption || f, [|oc < 1 for each y, we have || f,, ||

~

Ly < Ny 1%, @) The summary of the

argument in this case so far is that

a®[Brf NAk| Se KSR*R™Pr 'R Z(rzR”)zmax LA GG REY D A 15
YeCe
Se KOR¥riR™! max IIf"“II anyn2

For the remainder of the proof, we use the notation < to mean <, R¥. Tt now suffices to verify that
re R~ max,, || AL, £ R a™?/P. We will use the upper bounds

RP
1A oo S min(r,:lRﬂ, K3A£”7)

(from (1) and (2) in Lemma 7). Suppose that ry < «. Use ”f)lka loo < K3Aé”_kRﬂ/a and 8 > % to check

()P 2<(RPYP2 = p2RTVHB<REHIIUP

RPN?
== i”lgR_l (7) = R 2P

= rkR max I|fk+1 ”4 <A4(M k)R2,3+1 72/}3

as desired. Now suppose that r; > «. Then use || f]f‘k“ oo <7y ' RP and check

P2 <RI = R RO < R ()P
= R max £ s S R e

which finishes this subcase.

Subcase 1b: max(R~#, R™1/?) < rk_1 < R~!/3. In this case, let B; € [% 1] satisfy (rk_lR)_ﬁl = rk_1 and
take p =2/B1 — 1 in (15). Then by Lemma 24

1

6 K < 6 pe
a®IBry NAl e KOR o0y

-1 k+1 4+4/ﬁ1
R R IR G

Majorize each L***/#1 norm by a combination of L> and L°® norms to get

61K 6 p2e —1 k+1 4/ k41
a®[Brf NAx| Se KOR Rm/ﬂ_l)rk RZmaxu 122 0 o -
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Repeat the unwinding-the-pruning argument from Subcase 1a to obtain

3
4
L5 6 sy S Bes R < > ||fy||iﬁ(R3)) SBsR (R sy
Y Yk Y CVk
where we used Cauchy—Schwarz and the assumption || f, |loc < 1 in the final inequality. Note that we

-1

have the additional constant Bs ¢* due the accumulation of < & many factors of the upper bound

B,s R®’ for L°- -decoupling of the parabola with small parameter &3, In summary,

@Bl AN S KORY e R Y max LA P20 RO 1 oy
Vk Y CVk
It suffices to check that
e e ~1p max ||fk+1 ||4/ﬁ‘_2(r,;1R’3)2 < R+ 218,
which simplifies to
Rﬂ(l—Z/ﬂl)rk—3 n},ix I fe ||i</)51 -2 é a 2B,

Using || £ oo < K3AMP R Ja, it further suffices to verify the inequality r,> REG/A=1 < o4/B1=2-2/8
Suppose that the exponent 4/8; —2 —2/8 > 0. Use r; ' < R™'/3 and R? < o? to verify

(Rﬂ)Z/ﬂl—l—l/ﬂ < (aZ)Z/ﬁl—l—l/ﬂ = rk—3R5(2/,31—1) < otB—2-2/B

Now suppose that the exponent 4/8; —2—2/8 < 0. Using Cauchy—Schwarz, the locally constant property,
and the definition of Ay, for x € U, N Ay, we have
o Sty YA S Roregrgn (0) S RO AMF D RE,

Vk+1
Vk+1

1/B1

Alsouse ' = rk_lR to verify

R—l S r];l/ﬂ r]:3R S (rkflR)zrkflfl/ﬂ
r3R < 2BV
rT3R(REAM—K=D REYUB=1-1/B < (o 2)2Pi=1-1/p

rk—3Rl3(2/ﬂ1—1) < (RSAgM_k_]))Sa“/ﬂl_2_2//3’

Lol

as desired.

Case 2: bounding |Br§ NL2,,|. Repeat the reasoning at the beginning of Case 1. By Lemma 16,

Br¥ Q| <|{x e UsNQy:a S K|F:lf+1(x)Fr"léH(x)F:%H(x)llB, max | f; ()| < al.
T

Let {B 13} be a finitely overlapping cover of Brf N, by R,%/ 3 balls. Then by Proposition 27, for R
large enough depending on ¢,

/ e s R ([ 1y ey ) ([ 1r ) (1,

Ry
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The integrals on the right-hand side are bounded by

CS / Z |F-Z1n+l|2WBR|/3

Tm

using local L2-orthogonality (Lemma 10). If x € Brf N2, N BR1/3, then the above integral is bounded by

/ DF’"*H # 0, W,y S Co ) IFIT P x g, (1) = CoGin ()

Tm

by the locally constant property. Recall that since x € £2,,, we have the lower bound AY+N-"RF < G, (x).

Also, by Corollary 15, G, (x) < 2|G" (x)]. Combining the information so far yields

m

o®IBrf NQy N Byis| e KOR | Bl |Gl (0)]°.

(AéW-HV—mRﬁ)3

Use the locally constant property for Gh and sum over all B3 to get

1
a®|BrX nQ,, | <. KOR® 3ﬂf IG" 1.

Note that we dropped the unnecessary factors of AM +N=m > 1 and that we are done using the properties
of the set BrR'" (r, v/, "), which is why we now integrate over all of R* on the right-hand side.
By Lemma 25,

3
h 6 14
/W G110 Se Rs(E E ||L12(R3)) .
T

Use Cauchy—Schwarz and then (2) (with FT";JIII) of Lemma 7 to bound the L'> norm by a combination
of L™ and L% norms:

3 3
(Z‘ ||F;Z+1||‘212(R3)) §R€K6(K AMAN=m ) (Z [ ,’f’nj,‘llie(Rs)) :
Tm

Tm+1

Next, we use cylindrical L°-decoupling over the parabola to unwind the pruning process. For each 7,1,

we have
||1'7,’,'f:,1 ||L6(R3) < ||FT’ZI, ||L6(R3) (by (1) of Lemma 7)
3
< B,s RSS( Z ||fT'ijZ||Ls(R3)> (by cylindrical L®-decoupling for P!)

Tm+2CTm+1
3
5 . . . . ...
. < (BsREHN ( Z | f,/x +1 ||iﬁ (R3)) (by iterating the previous two inequalities).
TNCTm-H

Note that {ry} are canonical blocks of the moment curve. Our goal is to have an expression involving the
small caps y. We defined the y so that they lie in the cylindrical region over canonical R~# x R~%# blocks
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of P!, Therefore, we may continue unwinding the pruning process using Theorem 26, ultimately obtaining

3 3
5
<§ I ,"j:,‘niﬁ(m)) < (BsR° >M+N(§ j||fy||’iﬁ(R3)).
4

Timn+1

By Cauchy—Schwarz and using the assumption || f, [loc < 1, we have

~

3
(Z ILfy ||26(R3)) <# Y 1 WGy S R D I 1w
14 14 Y

The summary in this case is that

1 (RF
o |BrK ﬂQ | < K30R3€A10(M+N) R ( ) RZﬂ) Z ”f]/”LZ(R3)

It suffices to verify that R*?a =% < R?#*1q =2/, This follows immediately from the relation R? < o?.

Case 3: bounding |U, N L|. Begin by using Lemma 16 to bound

a6+2/ﬂ|Br§ ﬂL|§K12/ |f|2|F1|4+2/'B-
U,NL

Then use Cauchy—Schwarz and the locally constant property for G; to get

2+1
f FRIFHE <, RSf IfFPGTHYP
U,NL «NL

Using the definition of L, we bound the factors of G| by
/ |f|2(A£4+NRﬁ)2+1/'B.
UyNL

Finally, use L? orthogonality to conclude

||L2(IR3)' |:|

14

3.2. Wave packet decomposition and pigeonholing. To prove Theorem 3, it suffices to prove a local
version presented in the next lemma.

Lemma 29. Let % < B <1land p=>2. Then, forany R™ 8D _pall Bpmncs.n C R3, suppose that

2-1 —4)—-1 p
”f”L”(BRmaxaﬁ 1) <C; Rg(Rﬂ(p/ ) + RA(P—4 ) Z ”fy ”LP(R3)
14

for any Schwartz function f : R> — C with Fourier transform supported in M3(RP, R). Then Theorem 3
is true.

Proof. Write
1F17 gy S Z/ 1f17,

BRmax(Z/i‘l) BRmaX(Zﬂ,l)
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where the sum is over a finitely overlapping cover of R? by R™*28:D_balls. Let ¢ be a weight function
decaying by order 100 away from B gmaxcs.1), satisfying ¢pp = 1 on Bgmacs.n, and with Fourier transform
supported in an R~ ™A1 peighborhood of the origin. The Fourier support of each fy @B is contained
ina 2R # x 4R7%$ x 21/PR~! small cap. By the triangle inequality, there is a subset S of the small
caps y so that for each y € S, the Fourier support of f),¢p is contained in a unique small cap and

ny¢B

yeS

p

p <
IFNLo (B pmarcapi) =
LP(BRmax(Zﬁ,l))

Then by applying the hypothesized local version of small cap decoupling,

P
Z fy¢B < CgRs(Rﬁ(p/Z_l) + R,B(P—4)—l) Z ||fV¢B”€p(R3)'
yes LP(Bgmax28.1) y€S

It remains to note that ZBRmax(Zﬂ,l) (117058 < [ 117, O

It further suffices to prove a weak, level-set version of Theorem 3.

Lemma 30. Let p > 2. For each B> and Schwartz function f : R> — C with Fourier transform supported
in M3(RP, R), there exists o > 0 such that

1A 08 sy v (108 R)P {6 € Bmwcs 1ot < | FODBI+ RO Y 1 fy 17 05,
Y
Proof. Split the integral as

[ = | | 17
B pmax(28,1) {0 €B gmax@p.1) M N L0 (B pnanap, 1) SIS ON=2ZMS L0 (8 s 210}

R_IOOOS)»SI

+ | | 117,
{XEBRmaxQﬂ.l) |f (-x)lfRilOOO”f ”LOC(Rmax(Zﬂ,l))}

in which A varies over dyadic values in the range [R~1°%, 1]. If one of the < log R many terms in the
first sum dominates, then we are done. Suppose instead that the second expression dominates:

P < p3p—1000p) £1P
I f1? <R’R ||f||L°°(BRmax(zﬂ,1))'

)
B pmax(28,1) {(x€B gmax2. 1) 1| f =R £ o pmaxc2p,1), )

Then by Holder’s inequality, we have

p < p3 p—1000p+(p—1) Z P
/B 1P <RR 1 120 (B o)
Rrmax(28,1) Y

Finally, by the locally constant property and Holder’s inequality,

p P
||fy||LOC(BRmax(2ﬂ,l)) S, |||fy| *a)y*”LOO(BRmax(Zﬁ,l)) Sp I||fy|p *wy*”LOO(BRmax(zﬂ,])) ,S A;} |fy|p- O]

Use the notation
Uy = {x € Bpmxcpn : o0 < [ f(x)]}.
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We will show that to estimate the size of U,, it suffices to replace f with a version whose wave packets

have been pigeonholed. Write
F=Y20 vk, (17)
y TeT,

where, for each y, {{/r}rer, is the partition of unity from a partition of unity from Section 2.1. If
o < Ce(log YR max || fy oo,
¥

then by an argument analogous to the one dealing with the low integral over {x : | f(x)| < R —1000 flloo}
in the proof of Lemma 30, bounding «”|U,| by the right-hand side of the small cap decoupling theorem
is trivial. Let ¢pp be the weight function from Lemma 29.

Proposition 31 (wave packet decomposition). Let o > C.(log R)R_loomaxy Il fy | Loo(m3). There exist
subsets S C {y} and TT}, C T, as well as a constant A > 0 with the following properties:

Ual S (log R) {x eUp:a S| D Yr(x)gp) fy(x) H (18)
yes TeT,
Z Yrés fy ~A forally €S, (19)
TeTTy LR
#T,APRII S S gty | SRVHT,APRP forally €. 20)
i Lr(®)
TeT,

Proof. Split the sum (17) into

¢f =) Yrésfy+) D Vrosfy 21)

v TeT; Y TeT)
where the close set is
T; ={T € T}, TN RIOBRmax(Z/S,l) # o}
and the far set is

—ﬂ—)j/c = {T € —l]—y . TleOBRmax(Zﬁ.l) = Q}

Using decay properties of the partition of unity, for each x € Bgmaxcs.n),

Y3 wr)esx) fy (x)

Vo TeT)

—1000
rs R m}?x ”d)BfVHLOO(BRmax(Zﬁ,I))‘

Therefore, using the assumption that « is at least R~1% max,, || ; [l 200 Bpmax(p.1)?

I

o . 2
m]leITnE?% 1YrdB fyll Lo ws (22)

|Uel =2

{era:oc§2

DD Yr0)$sx) £y (x)

4 TEeT,

The close set has cardinality HT}C,l <R3, Let
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Split the remaining wave packets into

oD Wresfy=_ Y, Y. Vrésfy+Y, Y vrésfy (23)

y TeTy, Y R-18< < TeT); y TeTy,
where X is a dyadic number in the range [R_103, 1],
T, =T €Ty Yo fyll Lo ~ AM},
T =T € TS : [¥rdp fyll~ms) < R™'M}.
Again using the lower bound for o, the small wave packets cannot dominate and we have

{era:agzt\Z > ZI//T(XWB(X)fy(X)H-

Y R-108 << TETy;

Finally, we analyze the L?” norm for each p > 2 and each y. Note that we have the pointwise inequality

Uo| <4

By dyadic pigeonholing, for some A € [R~19%, 1],

|Ual S (log R) D> Yres) £, ()

vy TeT,,

{era ca < (logR)

D Ures) £, =] Y Yr)s@) f, 0|+ | Y Yr)esx) f, (x)
TeTS, TET; 3 TET;.A
" X€RT xgRT
<| D vr®es@) fy ()| + CeR™Plpp(x) £, (x)].
it
Let S’ be the subset of {y} for which
Z Vrds fy > C. R max g5 f; | Lo ws)-
L (R3) Y

TET;Y 2

Using the lower bound for «, we then have

|Ua| < (log R)

I

{x €Uy :a < (logR) ‘ Z Z Yr(x)ep(x) f (x)

yeS’ TGT;,)L

It follows from the pointwise inequality above that, for each y € &,

> vrosfy

Te?]';’A

AM < < R¥*\M.

Lo (R3)

Perform one more dyadic pigeonholing step to obtain a dyadic u € [1, R®] for which

|Uy| < (log R)?

I

{x €Uy :a < (log R)? | Z Z Yr(x)pp(x) fy (x)

yeS TE-U—;J&

where S is the set of y satisfying | > e Vrosfy |~ M,
Vs

H Lo(R3
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It remains to check the property about the L? norms. For each y € S, using the locally constant
property, we have

> 1/’T¢ny

T eT‘

AR S N |

TeT‘
Tely ,

< /
~Y
XER'T

< RIPEHTS , RAVPTL (UM)P + C.R™P |1 f, 1|7

14
dx + CR™ g3 f, 117, g

> Yr) fy(x)

LP(R3)"
By construction, we have M > C.R™! maxy, || fy [l Lo rs)- It follows that

CER_IOOOP||¢ny < R—]OO#‘H'L Rﬂ+2/3+1 (MM)p

” LP(R3)

which concludes the proof. O

3.3. Trilinear reduction. We will present a broad/narrow analysis to show that Proposition 28 implies
the following level set version of Theorem 3 for the critical p =6+2/8.

Theorem 32. Forany R>2, s < <1,and a > 0,
a2 B\U, | Se ROORPHN £, 113
4

for any Schwartz function f : R®> — C with Fourier transform supported in M>(RP, R) and satisfying
I fylloo <2 forall y.

Proposition 28 implies Theorem 32. We present an algorithm incorporating a broad-narrow argument. For
-1/3 -2/3
A X R,

moment curve block.

each k, 1 <k < N, recall that {t;} is a collection of canonical ~ R X Rk_1 moment curve

blocks. Write £(7) = r~! to denote that 7 is a canonical r~! x r=2 x r—3
Step 1 of the algorithm is as follows. Let E, be a constant we choose to be larger than 10C,, where

C. is from Lemma 7. We have the broad/narrow inequality

O] < 4B max | fry )]+ R*  max ] f100) fra(0) f (01, (24)
d(‘L’l r, )=E:R,
where the second term is the maximum over 3-tuples of 7; which are pairwise > EgRl_l/ 3—separated. In-
deed, suppose that the set {7 : | fr, (x)| > R, 173 max,/ | ff.’ (x)|} has at least 3E, elements. Then we can find
three tll, 112, 713 which are pairwise > E€R1_1/3—separated and satisfy | f(x)| < R28|frlu (x)ftlz (x)frf ()|'/3.
If there are fewer than 3E, elements, then | f(x)| < 3E, max,/ | ff{ ()| +max, | ff{ x)].
Suppose that

Uel =2|{x € Uy :max | £, (0)] < @}].
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If this does not hold, then proceed to Step 2 of the algorithm. Further suppose that there are blocks rf
which satisfy d(t!, {) > Engl/3 and

Ual S R¥*[{x € Us r ot < 2R £y () fr2.(0) frp (12, max | f, (0)] < . (25)

If (25) does not hold, then proceed to Step 2 of the algorithm. Assuming (25), apply Proposition 28 to
get the inequality
P UL S ROORPHS ) £, 13,

¥
which terminates the algorithm.

Next, we describe step k of the algorithm for £ > 2 and Rz/ ¥

< R'~P. The input for step & is
|Ual e (log ) |{x € Uy 00 S (log R) ™" max | fr,_, (1)} (26)
For each t;,_;, we have the broad-narrow inequality

o @ S 2B max [fo I+ R max £y () fa(0 fp @',

‘L’,LCkal

d(tl,t)>E.R; '

Either proceed to Step k + 1 or assume that
|Ual S (log RY[{x € Uy s S (log B max | foy_, ()], max | fo,(0)] <} |-

Again, either proceed to Step k + 1 or assume further that there are T]i C tx—1 which are pairwise
> E.R, Y 3—separated and satisfy

|Ual = (log RYR™ ) [{x € Un s S (log RYT'R| £y () 2 () fp (I, max | o (0] < e}
Tk—1
By rescahng for the moment curve there exists a linear transformation 7" so that | f, i o T| =] 8 |, where

the 7} are pairwise 2 E. R, —separated blocks and g is Fourier supported in the amsotroplc neighborhood
M (Rk_lf3 RP, Rk_lR). Indeed, suppose that 7;_; is the [-th piece

T ={(1,6,8) IR P <& < U+ DR, 16— €21 < R, |6 — 3616 + 28] < R7L,).

Since the Fourier support of f is in M3(R?, R) by hypothesis, the Fourier support of f;,_, is in 71 N
M3(RP, R). Define the affine transformation L (&, &, &3) by

£ R & — IR,

£ R (& — PR = 2R (&5 — IR,
£ Ri_1(5— PR ) =3IR (82— PR + 3R, (61 — IR,

1/3

This affine map satisfies L(t_; N M3(RP, R)) = /\/13(R,;1{3R’3, Rk_le). If we write L~1(&, &, &) =

A(&1, &2, &) + b, where A is a linear map, then the rescaling map 7 above is equal to (A~H* In

1/3

this step, we have assumed that Ry R~ I < R, R™ B, One may then verify that L(y) = y are
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13 2/3 13

~R" R PxR,;
to the rescaled functrons to obtain the inequality

1 R™ 28 % Ry_1 R~! small caps partitioning M3(R RP, R, lR) Apply Proposition 28

P {x € Up e S (log BT RY g (08 (08 (I, max e, (0)] <

Se RFFORI RPN gy 13,
Y

where B’ € [ ] is defined by (Rx_1 R~ e = Rl/3

and summing over t_1, this implies

o |Uy) e R R RPHS ) £ 13,

R~P. By undoing the rescaling change of variables

It suffices to verify that (R, ', R)*# ™! < Rzﬂ“/az/ﬂ_z/ﬂ/ Use the upper bound @ < R, 1/3R‘3 from

the step we are considering so that it suffices to verify (R, " RPHNR Y 3R/S)z/ p-2/p < RZﬂJrl which
srmphﬁes to R, 2’3 —1=2/3p42/36 < R2P-26' 2428/ Using the definition of 8’ this further simplifies to

Rk_ 2{3 —1=2/3p +2/ 3'3 / < R( ﬂ +1/3+2/8) , which is true since 8 < 2. In this case, the algorithm terminates.

2/3

Next, we descrrbe step k with k > 2 and R}, > R'=P. The input for step k is

|Uq| < (log R)*|{x € Uy : e < (log R)*! max | fr O} 27)

Let {¢} be a partition of M?(R?, R) into ~ R, R~ x R,

we may assume that there are versions f;, , of the f;, , whose wave packets corresponding to ¢ have
been localized and pigeonholed and which satisfy

R™2 x R~! small caps. By Proposition 31,

|Ual S (log R)[{x € Uy S (log B) max | fr,_, (1)}
As in the previous case, either we proceed to Step k + 1 or we have

|Ual < (log R)*R* > "|{x € Uy 10 < (log R fry (0) fr2 () fo3 (017, max. | fo ()] <all.
Tk—1
By the same rescaling argument as above, let 7' be the linear transformation so that | f ioT|=| 8 | and the
T, are pairwise 2 E.R| —separated blocks and g is Fourier supported in the anlsotroplc neighborhood
M3(R,:_1{3Rﬂ, Rk—lR)‘ Note that each |f; oT|= |g£|, where ¢ is an Ri_ 1R~ x R,%_IR_2 X Rg_1R™!
small cap. Apply Proposition 28 to the rescaled functions (max£ ||g£ lloo) ™! (gzllc + 82 + gzz) to obtain
the inequality

oF|{x € Uy : o < (log R)f g (¥)g 2 ()8 (0)]'/%, max|gr, (x)] < ]

Se RUORE RO max g% ) lse I
- ¢

By undoing the rescaling change of variables and summing over t;_1, this implies

o Ual e R (R R max | fe o) Y11 13-
¢
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By properties of the pigeonholing lemma, for each ¢, (max, ||f; ||oo)6||f¢ ||% <e R3£(R££31R_1R’3)2||f; ||g.

By cylindrical L®-decoupling (Theorem 26), for each ¢,

3
2/3 H—
1fe 11§ Se RS<Z ||fy||%) Se RRRERTRE2D CNI£, 13
yC¢ yC¢

The summary of step k in this case is that

— 2/3 5— 7
o8 |Ual Se R R RPRERTRD S f 13
Y

It remains to verify that R,:{3R4/3_1 é R2’3+1/a2/’3_2. This is true since R,i/fl > 1 and @ < RP. The
algorithm terminates in this case.
The final step, if the algorithm has not terminated yet, gives the case

|Uq| < (log RN |[{x € Uy : o < (log B)Y max | fz, (0)1}].

Write ty = 6 and use trivial inequalities:

o*"P|{x € Unra < (log RYY max | £y () }] e (log RN ) / | falo+?P
0
Se (log R)™ Y max || fy [ 53*/7 f | fol?
0

S Qog RV Y maxty <O [ 17,
0

yCo
Se (log R)NRETIDERID N 13,
¥
where we used Lemma 7 for the L* bound. Technically, our algorithm could give us a version of f whose
wave packets have been pigeonholed at a few scales. In that case, we incorporate a process analogous to
that of “unwinding the pruning” from the proof of Proposition 28 into the trivial argument above. Noting
that N ~ ¢~1, and (log R)N (log R)V <¢ R?, we are done since (8 — 1/2)(4+2/8) <28+ 1, which is
equivalent to 8 < 1. 0

3.4. Proof that Theorem 32 implies Theorem 3. We divide the work into two propositions. First, in
Proposition 33, we show that Theorem 32 implies the critical exponent p = 6+-2/8 version of Theorem 3.
Then, we show that the general Theorem 3 follows from the critical exponent case.

Proposition 33. Theorem 3 holds for the critical exponent p =6+ 2/8.

Proof. Fix p=6+2/8. By Lemma 29, it suffices to bound the L? norm of f on a fixed ball Bgmaxes.1).
By Lemma 30, there is a constant & > 0 (which we may assume is > C,(log R)R~'% max, || fy lloc) SO
that it suffices to bound a” |Uy | for Uy = {x € Bpmuxs.y : @ < | f(x)|}. Finally, by Proposition 31, we may
replace f by a pigeonholed and localized version f. One of the properties of the pigeonholed version is
that, for all y, either || fy loo ~ A or || f,, lloo = O for some constant A.
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Apply Theorem 32 to the function f/A to obtain the inequality

(@/A)|Uql Se RORPFY N f /Al 2oy
¥
It remains to note that by (20) from the pigeonholing proposition,

AP fy 2 gmmcnny S REAPHT, REFZPFLS RN F 1T, s

Since | f,,l < | fy | for each y, this concludes the proof. O

Next, we show that Theorem 3 for general p follows from Theorem 3 at the critical exponent p =642/
via an interpolation argument with L? and L estimates.

Proof of Theorem 3. Let p > 2. Repeat the initial steps in the proof of Proposition 33 so that it suffices to
prove

o |Uy| S RE(RPPPD 4 REP=D-H) N 12 o,
Y

where f has been pigeonholed and localized as in Proposition 31. First suppose that 2 < p < 6+42/8.
By Proposition 33, we have

6+2
VU, So RERPEY A0

Y
Write A ~ max, || f; llco- We would be done if R AS+2/A=r < RA(P/2=D6+2/B=r which simplifies
to RA/2A < . If this does not hold, then using L? orthogonality,
af|Uq| S RPPPDAP2N £ 5
¥
By (20), AP72| 113 < R*|| £, II5, which finishes this case.
Next, assume that 6 +2/8 < p. Then by Proposition 33,

P |Uq| Se RERPHDD " aP=0=2/8) £, 1 02/F

642/
y
We would be done if R?PH1qP=6-2/8 < RB=H=1Ar=6-2/B \yhich simplifies to & < RPA. Since
aSfx)]= |Zy fy(x)| and #y < RP, this is true. 0
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THE QUERMASSINTEGRAL-PRESERVING MEAN CURVATURE FLOW
IN THE SPHERE

ESTHER CABEZAS-RIVAS AND JULIAN SCHEUER

We introduce a mean curvature flow with global term of convex hypersurfaces in the sphere, for which
the global term can be chosen to keep any quermassintegral fixed. Then, starting from a strictly convex
initial hypersurface, we prove that the flow exists for all times and converges smoothly to a geodesic
sphere. This provides a workaround to an issue present in the volume-preserving mean curvature flow in
the sphere introduced by Huisken (1987). We also classify solutions for some constant curvature-type
equations in space forms, as well as solitons in the sphere and in the upper branch of the De Sitter space.

1. Introduction and statement of main results

Letn > 2, and let M" C M’I’(H be a smooth, closed, embedded hypersurface in a simply connected space
form M’}<+1 of constant curvature K € R, given by the embedding xo. We consider a family of embeddings
x = x(t, -) satisfying the mean curvature-type flow with a global forcing term

O x = (ut)cx (r) — H)v, (1-1)

which has initial condition x (0, - ) = xo. Here H is the mean curvature and v the outward unit normal of
the evolving hypersurfaces M,. For convex hypersurfaces (i.e., with k1 > 0, where k] < --- <k, denote
the principal curvatures), the sign conventions are taken so that —H v points inwards. Moreover, let r
denote the radial distance to a given point O € M’,‘(“, which we call the origin in the sequel. This means
that the flow (1-1) depends on the choice of the origin and, in fact, along the flow we will change the
origin in a controlled way. We use the notation
K~2sin(vKr) if K >0,
cx(r) = s/K(r), where sy (r) = {r if K =0, (1-2)
|K|~'2sinh(\/[K]r) if K <O.

If o, represents the £-th elementary symmetric function, we define the time-dependent term by

-/M HO'ngt

w(t) = (1-3)
Ju

CkOyp th
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foreach £ =0, 1, ..., n, where dV, denotes the volume element of M,. This choice guarantees that (1-1)
gives a family of globally constrained mean curvature flows, where p can be chosen to preserve any of
the n+1 quermassintegrals W, (€2;) of the evolving hypersurfaces M, (see Section 2.1 for a review of the
quermassintegrals). Here €2; denotes the convex region enclosed by M, = x (¢, S") — note that we may
assume that the common domain of the embeddings is §" due to convexity.

Let us stress that, for £ =0 and K = 0, the flow (1-1) with nonlocal term as in (1-3) coincides with the
volume-preserving mean curvature flow (VPMCEF) introduced by Huisken [1987]. He proved that strictly
convex hypersurfaces in R"*! remain convex and embedded under the flow, and the solution exists for all
times and converges to a round sphere smoothly as t — co. Since then it was still an open question of
extending the result to an (n41)-dimensional sphere S';(“, K > 0, where convexity can be lost under
VPMCEF, as pointed out in [Huisken 1987, p. 38].

Our main result settles this question by proposing the flow (1-1) as the most natural generalization of
the VPMCEF to a space form with positive curvature. Indeed, such a definition preserves convexity under
the flow, and allows us to prove the following version of Huisken’s original result within the half sphere,
where, for a point p € S';(H , we denote by H(p) the open hemisphere around p.

Theorem 1.1. Letn > 2, and let My C S',’(H be a strictly convex hypersurface enclosing a domain .
Then there exists a finite system of origins (O;)o<i<m and numbers 0 =ty <t] < -+ <ty < lpt] = OO
such that the problem

O x = (ui(t)eg (ri) —H)v, telt, tiy1), 0<i=<m,

x(0, M) = My,
x(t;, M) =1limM,, 1<i<m,
t

where r; is the distance to O; and u; is given as in (1-3) to keep the quermassintegral W,(€2;) fixed for
any £ =0,1,...,n, has a solution

x:[0,00) x §" — S’I'{H.
For every t > 0, the embeddings x(t, - ) smoothly map S" to strictly convex hypersurfaces, with
0; e and M, CH(O;) forallt €[t tiy1),
and satisfy spatial C*°-estimates which are uniform in time. The restriction
X 2 [tm, 00) x S" — S

is smooth and converges for t — oo in C*™ to a geodesic sphere around Oy, with radius determined by
We(By) = We(S20).

At this stage we should mention that Guan and Li [2015] invented a purely local mean curvature-type
flow in the sphere, which is volume-preserving and drives star-shaped hypersurfaces to geodesic spheres.
There is also a flow of Guan—Li-type that preserves W,_;(€2;) and decreases W,(£2;), which has so far
refused to allow curvature estimates (see [Chen et al. 2022] for an overview of known results).
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However, notice that nonlocal flows are more challenging than their corresponding local counterparts,
as the evolution depends heavily on the global shape of the hypersurface M, and the presence of the
term () in all the relevant evolution equations causes a plethora of extra complications; e.g., comparison
principles and preservation of key properties fail (see [Cabezas-Rivas and Miquel 2016]), and embedded
hypersurfaces may develop self-intersections (see [Mayer and Simonett 2000]).

In this framework, our flow (1-1) is, to the best of our knowledge, the first known curvature flow in the
sphere which preserves any desired quermassintegral by a suitable choice of the global term © and which
enjoys smooth convergence to a geodesic sphere.

Elliptic counterpart: rigidity results. As a byproduct of the pinching estimates (see Proposition 4.3) that
we require to prove Theorem 1.1, we can also classify hypersurfaces in a space form M'I’(‘Ll which have a
rotationally symmetric curvature function under suitable assumptions on the sectional curvature.

With this goal, we work with curvature functions more general than H. Let I' C R" be a symmetric,
open cone containing the positive cone

My ={keR":;>0,Vi=1,...,n},
and consider a symmetric function f € C*(T"). Let

F(A) = f(k1,...,Kkp)

be the corresponding operator-dependent function, where A denotes the Weingarten or shape operator.
We assume the following:

Conditions 1.2. Let f(k) = F(A) be a C?> symmetric function defined on an open, symmetric cone
I' D I';. We ask further that

(a) f is strictly increasing in each argument,
(b) f is homogeneous of degree 1,

(c) f is normalized so that f(1,...,1) =n.

Notice that (a) implies that F' defines a strictly elliptic operator on M, as proved in [Huisken and
Polden 1999]. We say that f is inverse concave/convex if the dual function

fler, i) = foe i h

is concave/convex (see Section 8.1 for a more detailed introduction).

A classical result by Alexandrov [1962] says that if a compact hypersurface embedded in R"*+! has H
equal to a constant, it must be a round sphere. Later on, Ros [1987] extended this result to the constancy
of higher-order symmetric functions o,. Hypersurfaces in a model space M’I’{H which have a constant
curvature function F' were often called Weingarten hypersurfaces in the previous literature. It was shown
in [Espinar et al. 2009, Theorem 28] that round spheres are the only examples of compact Weingarten
hypersurfaces in the hyperbolic space H"*!. In this spirit, we obtain similar rigidity results for F radially

symmetric instead of constant.
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Theorem 1.3. Letn > 2, K € Rand |a| > 1, and let M" C l\/l];’g|r1 be a convex hypersurface, which is
located in the northern hemisphere for K > 0, such that

Secy > —aK.
Suppose that F is a convex function satisfying Conditions 1.2, which is a solution to
F =yck

for some constant y. Then M is a geodesic sphere which is centered at the origin provided K #0. If a =1
the convexity assumption on M can be dropped, while if o« = —1 the convexity of F may be replaced by
inverse concavity.

Such results have been obtained for o, by integral methods: for instance, [Wu and Xia 2014] studies
constant linear combinations of higher-order mean curvatures, [Wu 2016] analyses the constancy of cx oy
in H"*!, and [Kwong et al. 2018] deals with hypersurfaces having radially symmetric higher-order mean
curvatures in general M’}(H under mild convexity assumptions. But those integral techniques are restricted
to the oy because they are divergence-free in space forms. Our maximum principle approach enables us
to relax the assumptions on the curvature functions at the cost of having to impose a condition on the
sectional curvature of the hypersurface. However, notice that if (1 +«)K > 0 this assumption is weaker
than convexity, while if this product is < 0 the condition already implies convexity.

Classification of solitons. In the study of singularity formation along curvature flows, especially the
mean curvature flow, the class of self-shrinking solutions, simply called solitons subsequently, plays an
important role. For the mean curvature flow in Euclidean space, they arise as blow-up limits of type-I
singularities (see [Huisken 1990]), and they satisfy the elliptic equation

H={(x,v).

Huisken [1990] showed that the only compact mean-convex solitons are spheres.

A similar recent result with H replaced by the Gauss curvature K (see [Brendle et al. 2017]) settled the
long-standing open problem of whether the flow by certain powers of the Gauss curvature of n-dimensional
hypersurfaces, n > 3, converges to a round sphere; the convergence to a soliton had already been proved
in [Andrews et al. 2016].

The study of solitons for more general curvature functions has received plenty of attention, as well as
in space forms; see, e.g., [Gao and Ma 2019; Gao et al. 2018; 2022; McCoy 2011]. Here one considers
the general equation

FP=u, (1-4)

where § € R, F is a function of the principal curvatures with suitable assumptions, and
u =sg(r){d,, v) (1-5)

is the generalized support function. From a well-known duality relation by means of the Gauss map
for hypersurfaces of the sphere and itself, from Theorem 1.3 we can deduce a new classification result
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for convex solitons in the sphere S’f“, and similarly, from a duality relation between hypersurfaces
of the hyperbolic and De Sitter space, from Theorem 1.3 we can deduce a new classification result
for convex solitons in the upper branch of the (n+41)-dimensional De Sitter space S™! with sectional
curvature K =1, i.e.,

n+1
snl = {y eR"2: —(yo)2+2:(yi)2 =1,y"> 0}.
i=1

More precisely, with the notation
_ «n+l
I, M=§]"",

sgn(M) = {_1 M= !

(1-6)
we prove the following result.
Corollary 1.4. Letn > 2, |B| < 1, B # 0, and let M be either S™™" or S™'. Consider M" C M a closed
strictly convex hypersurface, and, in the case ((1 — B)/B) sgn(M) > 0, we assume further that
M
Secy < sen( ).
1-8

If F is an inverse convex function satisfying Conditions 1.2, which is a solution to the soliton equation (1-4),

then M is a geodesic sphere centered at the origin. In the case B = 1, the inverse convexity may be
replaced by concavity.

Remark 1.5. Corollary 1.4 is remarkable in several ways. Firstly, to our knowledge this is the first
such result, where the S-regime ranges down to zero. This is surprising, as in the Euclidean space, for
F =K'"" and B < n/(n+2) the result is false; see [Andrews 2000; Brendle et al. 2017]. Note however
that K'!/" is not inverse convex. Secondly, in all of the previous results of this type, the inverse concavity
of F was exploited crucially. The duality approach allows us to deal with a further class of curvature
functions, which could not be treated by earlier methods.

Notice that, while Weingarten hypersurfaces are known to be geodesic spheres in ™! (see [Rold4n
2022]), we are not aware of rigidity results for solitons in this setting. On the other hand, to have some
model examples in mind, F = | A| satisfies the assumptions of Theorem 1.3, and the harmonic mean
curvature is suitable for Corollary 1.4.

The problem of extending a nonlocal flow to curved spaces. As said before, Huisken [1987] introduced
the VPMCEF of convex hypersurfaces in the Euclidean space:

dx = (u(r) — H)v, (1-7)

where the global term is the average mean curvature u = H = fM, H. Taking p as in (1-3) for K =0,
McCoy [2004] obtained convergence of convex hypersurfaces in R"*! to round spheres under a flow
that preserves any quermassintegral (which in the Euclidean case coincide with the mixed volumes; see
Section 2.1).

Huisken already pointed out that an interesting problem is to extend his result to non-Euclidean
ambient spaces, with the warning that the generalization will not be straightforward because (1-7) does
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not preserve convexity in general Riemannian manifolds, due to terms with an unfavorable sign in
the evolution equation of the second fundamental form. In particular, for hypersurfaces in M'I’(H, the
Weingarten matrix h; evolves according to

(0 — MY = (|AI> = nK)h' + 2K H8' — u(hyh' + K 8%).

Notice that for K < 0 the bad term is 2K H 83., which comes from the background geometry and causes
that convexity is not preserved in general. This failure is independent of the nonlocal nature of the flow;
indeed, if we replace convexity by h-convexity (k1 > |K|), Miquel and the first author [Cabezas-Rivas
and Miquel 2007] proved that #-convex hypersurfaces can be deformed under (1-7) to a geodesic sphere;
this was extended by Andrews and Wei [2018] for a class of quermassintegral-preserving flows. The
curvature condition was relaxed to positive sectional curvature (k1«3 > |K|) by Andrews, Chen and Wei
[Andrews et al. 2021] in the volume-preserving case.

Notice that the complication for K > 0 is of a completely different nature, since the fatal term is
now —uK 3;, and thus comes directly from the global term. Indeed, Huisken [1987] illustrated this with
an intuitive example: if the flow starts with a convex hypersurface of S"*! with a portion M* C?-close
to the equator, then in this region H > H and hence M* moves in the outward direction crossing the
equator, and thus the evolving hypersurface becomes nonconvex.

This obstruction to the preservation of convexity in an ambient sphere supports the claim that the flow
(1-7) is, geometrically, not the most natural generalization of the same flow in the Euclidean case to
the spherical ambient space. Indeed, our alternative flow (1-1) does preserve pinching of the principal
curvatures, and hence, it succeeds in driving any convex initial hypersurface to a geodesic sphere. Notice
that Huisken’s example is actually the motivation for the definition of (1-1), as the effect of multiplying
the global term by ck (r) is to slow down the motion as the hypersurfaces approach the equator.

In short, to extend Huisken’s results to the hyperbolic space one needs to strengthen the notion of
convexity, whereas for the ambient sphere we propose a different generalization of the flow (notice that
(1-1) and (1-7) coincide for the Euclidean space), which works for convex hypersurfaces.

The isoperimetric nature of the flow. In addition, under (1-7) the surface area is nonincreasing, and hence
Huisken’s theorem provides an alternative proof of the isoperimetric inequality for convex hypersurfaces
of R"*!. An interesting side effect of the extra term in (1-1) is that this flow is no longer of isoperimetric
nature in the classical sense, because if we choose u to preserve enclosed volume, the surface area is no
longer decreasing necessarily.

However, the flow (1-1), with global term chosen to preserve the weighted volume | q, CK> has decreasing
surface area, which suggests that in principle it is the right flow to prove the isoperimetric type inequality

/ cx < $(IMo)),
Q

with equality if and only if Qg is a ball centered at the origin. Here ¢ is a function that gives equality on
the slices. This was originally shown in [Girdo and Pinheiro 2017, Proposition 4] by other means, and
hence we do not pursue any further investigation in this matter here.
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This reinforces the idea that our new flow has a geometric meaning beyond the generalization of
Huisken’s result, and we hope that in the future some interesting new applications will follow.

Structure of the paper. The contents of this paper are organized as follows. We first introduce in Section 2
the basic notation and evolution equations that ensure that our flow preserves the quermassintegrals,
while Section 3 gathers new estimates for strictly convex hypersurfaces in the sphere, which may be
of independent interest, like a refined outradius bound (Theorem 3.3) or inradius control in terms of
pinching (Corollary 3.2). Then in Section 4 we prove that the pinching deficit decreases exponentially
under the flow as time evolves, which is the key to get convergence of the evolving hypersurfaces. To
achieve upper curvature bounds, we perform a technically intricate process in Section 5, which includes
a delicate iterative changing of origin to ensure an optimal configuration that enables us to gain some
uniform bound on the global term for some controlled time interval. This is a novel method, providing an
alternative to proving initial value-independent curvature bounds after a waiting time. To finish the proof
of Theorem 1.1, in Section 6 we establish long-time existence, and convergence to a geodesic sphere is
done in Section 7. Finally, the elliptic results are proved in Section 8.

2. Notation, conventions and preliminary results

Hypersurfaces in space forms. Let x : M — M',’fl be the embedding of a smooth hypersurface in a
simply connected space form M’}(H enclosing a bounded domain €2. Then the metric in polar coordinates
is given by
g=dr*+ S%{ (r)o,
where r is the radial distance to a fixed point O € M’I’(+1 and o is the round metric on S”.
The trigonometric functions in (1-2) satisfy the computational rules

/ 2 2
Cxg =—Ksg, cx+Ksy=1.

We will also use the related notation cog (r) = cg (r)/sk (7).
For the outward pointing unit normal v, we define the second fundamental form & = (h;;) by

VxY =VxY —h(X,Y)v,

where V is the Levi-Civita connection of the metric g = (-, -) on M’}<+l, and X and Y are vector fields
on M. We adopt the summation convention throughout, and latin indices indicate components with
respect to a coordinate frame (9;)<;<, on the domain of the embedding x.

If the induced metric on M is denoted by g, then we write A for its Laplace—Beltrami operator and
define the Weingarten operator A = (hz.) via

hij = g(A(9;), aj) = gikh']‘..
Recall that the symmetry of & and the Codazzi equations

Vihjk = thik
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imply that the tensor VA is totally symmetric. Moreover, one can relate the geometry of a hypersurface M
with the ambient manifold M'I’(“ by means of the Gauss equation

Rijke = hikhje — highjx + K(gix&je — &ie&jk)- (2-1)
On the other hand, if

denote the eigenvalues of the operator A, that is, the principal curvatures of M, we consider the normalized
mean curvatures H, defined as

-1
Hg:(Z) oy, Withop = Z Kiy =+ K.

1<ii<-<iy<n

In particular, H; = H/n and H, equals the Gauss curvature. We use the convention that Hy = 1. For
convex hypersurfaces, these symmetric functions satisfy the Newton—MacLaurin inequalities [Wang and
Xia 2014]

Hy_H.>H/H,_; forl<k<{<n. (2-2)

We will also use the Hsiung—Minkowski identities [Guan and Li 2015]

(€+1)/ UoE11 =(n—€)/ CkOe (2-3)
M M

for=0,...,n—1.

Later on, we need to control the support function from below, given that there is a uniform ball enclosed
by the evolving domain. Fortunately, for strictly convex domains, such control is easy to obtain. We
furnish quantities like r and u with a hat if their reference point is not the origin. The right reference
point will then be displayed as a subscript, and in cases where the reference point is clear by context, it is
suppressed.

Lemma 2.1. Let Q C M'I’{H be a strictly convex domain with p € Q and M = 02. Then the support
Sfunction
iy = sk (Fp) (0, V),

where 7, is the distance to the point p, satisfies
ip > n}vilnﬁp = rr}lviln sk (7p) = sk (dist(p, M)).

Proof. At a global minimum of the support function, we have Vii, = 0. It is well known (see [Guan and
Li 2015]) that

R i 1— Cx ic/ ~ ~ j A
v,-u,,:h{vj( < ):-h{—varpst(rp)h{vjrp. (2-4)
Accordingly, due to the invertibility of A, we also have V7, = 0. Hence, at such a point and for K > 0,

ip=-skg(Fp) > min(sK (mjviln fp), Sk (mﬂf}x fp))
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due to the concavity of sx within the interval [0, r/+/ K]. In the case K <0, we have that sk is increasing,
so we are done. Now suppose that
sk (max7,) <sg(minr,). 2-5
K ( i p) K ( i p) (2-5)

Due to the symmetries of the sine function we must then have
A 7 A
minr, > —— —max 7.
m " Uk M T
At a point £ € M, where 7, is maximized, the geodesic which connects p and £ intersects M in another
point, say ¢ € M. Due to the convexity of M, we have
T b4

f—f > dist(€.£) =75 (6) +7,(6) 2 7, (6) + — —min, = —=.

a contradiction. Hence (2-5) cannot be valid and the proof is complete. U

2.1. Mixed volumes and quermassintegrals. We define the curvature integrals or mixed volumes as
Vi—e(2) =/ HydV fort=0,...,n.
M

On the other hand, for any connected domain 2 C M'I’(H bounded by a compact hypersurface of
class C3, the quermassintegrals are given by (see [Solanes 2006] or [Santalé 1976, Chapter 17])

1—Oawp---
W) = A1 O ")0/ X(LeNQ)dLy, €=1,...,n. (2-6)
n+Dwp_1---wp—g Ly

Here L, represents the space of ¢-dimensional totally geodesic subspaces L, in M'I’(+l, where one can
define a natural invariant measure d L,, and w, = |S"| is the area of the n-dimensional unit sphere in R+1.
If © is a convex set, then the function yx is equal to 1 if L, N Q # & and 0 otherwise.

One typically sets
Wp

n+1’
Moreover, using the Cauchy—Crofton formula (see [Santalé 1976]), we recover the area of the hypersurface

Wo(€2) = [€2| and W, 1(82) =

1092 = (n + )W (Q).

Accordingly, volume- and area-preserving flows can be regarded as particular cases of quermassintegral-
preserving flows.

Mixed volumes and quermassintegrals are related (see [Solanes 2006, Proposition 7]) in a space of
constant curvature M'I’(H by means of

1 L
—V, s (2)=W QD—K———W,_1(2), £=1,...,n,
parl ¢(£2) 0+1(82) pone ALl 1(€2) n 2-7)

V() = (n+ Wi (R) = [9€2.

Notice that in R"*! the mixed volumes coincide with the quermassintegrals, up to a constant factor.
The next result gathers the evolution equations of the quantities defined above under a normal variation.
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Lemma 2.2. If M, is a hypersurface of M'}('H evolving along a flow given by d;x = @v, then

(a) 8, VO](Q;) =/ QDdV[ and 81|M1| =/ QDH th,
M M

(b) 3:/ Hede=/ ¢((n—OHp1 — KLH—1)dV,, €=0,....n,
M M

n+1—¢ _
P /Mgngth, ¢=0,...,n,

(d) 0:gij = 20hij,
(@ 0,1 =—g" V0 — phih — Ko’

(©) 9 We(2) =

Proof. The formulas in (a) and (b) were deduced in [Reilly 1973]. The evolution in (c) follows by
induction on ¢ and using the relation (2-7); see [Wang and Xia 2014, Proposition 3.1] for K = —1. The
evolution for the metric and the Weingarten operator are standard, e.g., [Gerhardt 2006, Chapter 2]. [

Corollary 2.3. If the global term in (1-1) is chosen as in (1-3), then the quermassintegral Wy($2;) is
constant along the flow (1-1).

The fact that p(¢) > 0 for strictly convex hypersurfaces is heavily used within the proof of Theorem 1.1.
Remark 2.4. Notice that a global term given by

Sy H((n—OHe — KCHe—1)dV,

Hn = Sy cx((n—OHepy — KCHe—1) dV,

leads to a flow that preserves the mixed volume V,,_,(€2;). Unlike the quermassintegral-preserving case,
this term does not have a sign for convex hypersurfaces if K > 0. For K < 0 this difficulty disappears, but
another type of mixed volume-preserving curvature flows for s#-convex hypersurfaces in the hyperbolic
space was already studied in [Makowski 2012].

We use the following conventions for constants. Indexed letters C, i.e., Cp, Ci, etc. will retain a
specific meaning throughout the whole paper, while the letter C denotes a generic constant, which is
always allowed to change from line to line and depends on the quantities listed in the formulation of the
lemma or theorem. Capital letters also stand for “large” constants. A similar convention holds for lower
case letters, which stand for “small” constants. The only exception from this convention concerns the
use of various versions of the letter ¢, like T', t, T, etc. Those always refer in some way to time and ¢
denotes the time variable, while T, 7, 7, etc. will, once defined, not change value.

3. Geometry and location of strictly convex hypersurfaces in the sphere

This section presents some geometric results for strictly convex hypersurfaces of the sphere, which are
required to prove Theorem 1.1. In particular, we obtain inradius estimates in terms of pinching, as well
as a suitable outball configuration in terms of pinching and the value of any given W, (2). Throughout
Sections 3-5, we make the standing assumption that M C S'I’(H is a strictly convex hypersurface enclosing

a domain Q.
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Let B, denote a geodesic ball of radius r in 5’1?“1. The outer radius of €2 is given by
p1 () =inf(R > 0: Q C Bg(q) for some g € SL™},
and the inner radius is given by
p—(2) =sup{p >0:B,(p) C Q2 for some p € SY;(H}.

In [Andrews 1994a], it was shown that pinched hypersurfaces of the Euclidean space satisfy a uniform
control of the outer radius by inner radius, and a version for a positive ambient space can be found
in [Gerhardt 2015, Section 6]. The proof of this version relied on uniform positivity of the smallest
principal curvature, which is insufficient for our purposes. Hence we provide a more general version in
the following proposition.

Proposition 3.1. If, for some number Cy > 0, we have the pinching estimate k, < Cok1 in M, then the
outer radius is estimated from above according to

pi(Q) < C1p_(Q)
for some positive constant C; = C(n, K, Cy).

Proof. For simplicity but without loss of generality, we assume K = 1. Due to a classical result [do Carmo
and Warner 1970],

0<ps(Q2) < %7‘[
because M lies in some open hemisphere. Hence, there is a center ¢ such that
QC By, (q),

and it is true that ¢ € Q (see [Santalé 1946, p. 455]). By moving ¢ slightly inwards, we can achieve
M C B;2(q), and that M is star-shaped around q.

Now consider the stereographic projection from the antipodal point —g, where ¢g is mapped to the
origin 0 € R™*!. It follows (see [Gerhardt 2015, (6.15)]) that the metric g of S"*! is conformal to the
Euclidean metric; more precisely,

g=eVdr*+r%0), withy(r)=—In(1+ 1r?).
Hereafter, we denote by tilde the Euclidean geometric quantities. On B ,2(gq) the metric g is uniformly

equivalent to the Euclidean metric.
Next, from [Gerhardt 2006, (1.1.51)], we get

eV ki = ki +dy (D)

and hence, from our pinching assumption,

LA
Kn Kn +dW(U)
Thus
/1 4+dy @) > Cy %y +d Y (D))
and

R1 > Cy ity +(Cyt = DY/ () (9, D) > Cy ' &y
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because ¥’ < 0 and M is star-shaped, i.e., (9,, V) > 0. Therefore, the Euclidean hypersurface Mc §2(0)
is pinched, which from [Andrews 1994a, Lemma 5.4] leads to

p+(2) < Cp4(2) < Cp_(R2) < Ci1p-(R),
where we have used the uniform equivalence of the ambient metrics. O

Corollary 3.2. If, for some number Cy > 0, we have the pinching estimate k, < Coky in M, then one can
find positive constants d, and C,, depending on n, K, Co and W;(2), such that

T
di=p-(Q=C<—=.

2VK

Proof. By the definition of inner and outer radius, we can find points p, g € S’}(H such that

B,_)(p) CQC B, Q).

From (2-6), the quermassintegrals W, are clearly monotone under the inclusion of convex domains,
and hence

We(B,_)(p) < We(R2) < We(B,, (2)(q)).
We obtain, with Proposition 3.1,
Cri=f; (We(Q) = p-(Q) = CT (@) = CT 7 (We(Q)) =2 d,
where f; denotes the increasing function given by f;(r) = W¢(B,). O
The trivial outer radius estimate
T
p+(82) < —=
i 2/K

is not good enough for our purposes. Now we present a refined estimate which should be of independent
interest in the future.

Theorem 3.3. The outer radius satisfies
T log We(H) — log W, (€2) I d>
2K (n+1—0maxy H 2K maxyH’

where H is an open hemisphere.

p+(82) <

Proof. From the initial hypersurface My = M, we start the curvature flow

Hy_y
Hy

x: [0, T*)x S" — SiH gx = V. (3-1)

Then Lemma 2.2 (c) ensures that W, evolves in time according to

n+1-—1¢
W (82)) = P Vie41(€2) < (n+1 -0 We(€2),

where the inequality follows from (2-7).
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From [Gerhardt 2015; Makowski and Scheuer 2016], we know that (3-1) preserves the strict convexity
and the solution converges smoothly to an equator, while we also have the estimate

Wi () < We(Q)e =01,

Hence the maximal existence time of (3-1) is at least

1
T > ——— (log W, —1 Q
_n+1—€(0g ¢(H) —log W, (£2))

because we know that W, (£2) must converge to W,(#H) at T*.
Now [Makowski and Scheuer 2016, Lemma 4.7] leads to the curvature bound

max H <max H forall0<ft < T
M, Mo

Due to the convexity this implies a full second fundamental form bound, as well as a bound

H
' < H, <maxH, (3-2)
Hy_y Mo

which follows by application of (2-2) for k = 1.
Next, let E = 0 be the limiting equator of the flow, and let r be the radial distance from the center
of ‘H, which contains all M,. Define

Py =maxr(t,-) =r(. &),

where & is chosen to be any point where the maximum is realized. The function 7 is Lipschitz and hence
differentiable almost everywhere. At each time ¢, where 7 is differentiable, we have

d - Hyy
Er(t) = Te(t’ &),
where we used that v(¢, &) = 0,. Integration and (3-2) yield

T* .
0 (n+1—¢)maxy, H

T
2K dt

Mo WK  (n+1—Omaxy H
Accordingly, M fits into a neighborhood of the origin of size given by the right-hand side of the latter

inequality, and therefore the outer radius is controlled by the very same quantity. U

Remark 3.4. A lune, i.e., the intersection of two hemispheres, shows that an outer radius bound in terms
of Wy (£2) cannot be independent of max H.

Theorem 3.3 enables us to find, for a given strictly convex hypersurface of the sphere, a suitable origin,
which allows a ball of controlled size within €2 and at the same time ensures a controlled positive distance
of M to the equator.
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Lemma 3.5. There exists an origin O € Q2 such that, with the constant d, from Theorem 3.3, we have

b4
B4 (O) CQ and maxr < —— —4e 3-3
1¢(0) 12 Wi (3-3)

forall

1 . dp %JT —tan~!(maxy; H/vK)
€ < —min , .
2maxy H 2VK

Proof. If B, () denotes an outball for Q with center O, then we know that O € Q. The distance of focal
points from M can be calculated from the evolution of the Weingarten operator in Lemma 2.2 along the

normal variation with speed ¢ = —1. Then the largest principal curvature is controlled by the solution to
the ODE
Y =Y +K,
v(0) = max H,
M

which exists for all ¢ < 1y, with
T tan~"(maxy H/vVK)

2VK VK

Hence, around all points belonging to the set

to 1=

[x e Q:dist(x, M) = 11},

there exists an interior ball of radius %to. In addition, if we shift O by a distance of d»/(2 maxy; H) in
any direction, there still is the same amount of space between M and the new equator. Therefore, if we
shift O into €2 along a perpendicular geodesic only by the amount

1. dy fo
€<¢=-min[ ———, — |,
4 2maxy H 2
then (3-3) holds. O

4. Monotonicity of the pinching deficit

The geometric results from Section 3 depend on the quality of the pinching and the size of the quermass-
integral. In the following we investigate how these quantities behave under the flow (1-1). As this flow is
defined to be quermassintegral-preserving, the key ingredient for proving Theorem 1.1 is the pinching
estimate to be proven in this section.

Again, we assume K > 0, unless stated otherwise. As a first step, we need the following evolution
equations.

Lemma 4.1. For every choice of origin O, along (1-1), the induced metric g and second fundamental
form h satisfy the evolution equations

0:8ij = 2(nck — H)hij,
3h'; = AR + (AP —nK)h', + 2K HS; — (e hih + Kuh?),

where u is the generalized support function in (1-5) of M; with respect to the origin O.
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Proof. The evolution of the metric comes from Lemma 2.2 (d). For the evolution of A, we depart from
the standard evolution equation

dhij = V7 (H — pek) + (ucg — H) (high’ — K gij)
(see [Andrews 1994b, Theorem 3-15]) and use the Simons-type identity

Vo H = Ahij+ (A —nK)hij + H(K gij — hihji).
Now we expand the second derivatives of ck:

—Vick =deg (Whij — Veg (xi, x;) = S (9, v)hij + Keg gij, (4-1)
where we have used
Vicx = —Kck3.

The proof is complete, using the evolution of the metric to revert to h’] (|

Remark 4.2. Notice that the strong maximum principle for tensors applied to the evolution of h; already
implies that the property of strict convexity is preserved for all times. Accordingly, H > 0, and the
quotient x1/H is well defined as long as the flow exists.

Next we deduce an evolution equation that is the key to convergence of the flow.

Proposition 4.3. Let k| be the smallest eigenvalue of A. Then, for every choice of origin O, under the

flow (1-1) with initial data M, the function
K1

P=ﬁ

is a supersolution to the following evolution equation in the viscosity sense, as long as the flow exists:

2 &L (Vih!)?
o= dp =g Y 3
k=1j>D "/

+2dp(Vlog H) + %cK|A|2p+McKK1(% _p) +2n1<(% _p),

where D is the multiplicity of k.

Proof. Assume that the flow is defined on a maximal time interval [0, T'). Let (¢y, &) € (0, T) x M,
and let n be a smooth lower support of p at (f, &), i.e., n is defined on a spacetime neighborhood U/
of (9, &), and we have

n(to, §0) = p(t0,%0), 1 =< pu-

Hence ¢ = Hn is a smooth lower support for «.
Now we take coordinates with the properties

If we denote by D the multiplicity of « (ty, &), then at the point (¢y, &) and for all 1 <i, j < D, we
have (see [Brendle et al. 2017, Lemma 5])

Oh's = 80,0,  Vih', =8 Vig
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and
(Vih})?
View < Vi —2 Z . _JK : (4-2)
j>D J 1
Next, write
G, = B,h’j — Ah’j,
and compute at (g, &o)
dhl @ Gl+g"vZhnl ¢
R
1 (Vih))*\ Gl g
Vi +2 1 T 9H
= g (Vi 2 )+ G
(Vih; )2 Gl
=—ZZ +An+2dn(VlogH)——Gk
k=1 j-p KK
On the other hand, we know by Lemma 4.1 that
G’ = (|AP —nK)h', + 2K H8', — p(cihih' + Kuh').
Accordingly, we get
G} — nGi = —,ucKK]2 + r],ucKlA|2 +2KH(1—nn).
Finally, by means of
AP = 1A+ L1?,
we obtain
o 1
G%—r}Gi=nucK|A|2+,uCKK1H(;—77)+2KH(1—nn). O

Corollary 4.4. For every choice of origin O for which M C H(O), the flow (1-1) with initial data M
stays in H(O) and improves every pinching, i.e., the pinching deficit

n M, H
is exponentially decreasing:

C()(f) S w(s)e—ZnK(l‘—A‘)

forall0<s<t<T,
where T is the maximal time of existence of the flow with initial data M.
Proof. We need the evolution equation of cx. From (1-1) and (4-1), we obtain

0k =i dr = —Ksg dr(9,x) = Ku(H — puck) = Ack + Kcg (n — pu).

The preservation of cg > 0 follows immediately by the strong maximum principle, as long as the flow
exists.
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The strict convexity is also preserved from Remark 4.2. The statement about the pinching deficit
follows from the strong maximum principle for viscosity solutions, e.g., see [Da Lio 2004], and from the
fact that

0w < —2nKw,
where we can discard the terms including p because cx > 0 and p(¢) > 0 by convexity. O

In particular, for s = 0, we reach a pinching relation between the biggest and smallest principal
curvatures of M;:

. K1 —
> (n}/[lon E>H > C e, (4-3)

provided that an origin is chosen such that the strictly convex initial hypersurface is contained in the open
hemisphere centered at that origin.

5. Upper curvature bounds

Notice that, unlike in previous treatments of quermassintegral-preserving curvature flows, an upper
bound for the global term does not come automatically from an upper bound for H, since the cg in the
denominator of w is not uniformly bounded away from zero, at least not without further work. Moreover,
we need some uniform control of w to get bounds for H.

To overcome these difficulties, the idea is to choose the origin such that a configuration as in Lemma 3.5
is achieved, which will allow us to deduce uniform bounds on the curvature and the global term in a
short but controlled interval [0, t(¢)] (Lemma 5.4). Then, since the pinching is at least as good as at the
beginning, we can repeat this process as often as needed, in order to keep the flow going as long as we
like (Lemma 6.1). During this evolution, the pinching improves exponentially and at some point will
be strong enough that M, is very close to a sphere. From here the flow is very easy to estimate and no
further shifting of the origin is necessary. Now we will implement all the required steps to make this
argument rigorous.

A key idea to obtain a curvature bound is to adapt a well-known trick from [Tso 1985], which consists
in a suitable combination of the generalized support function with the mean curvature. For this we need
control on the size of inballs during the flow.

A lower bound for the support function of an arbitrary inball. For a domain 2 and a point p € 2, we
say that B is an inball at p if p is the center of B and B has maximal radius with the property that B C 2.
In the sequel we are going to prove that, along the flow, the radii of inballs at p don’t decrease too quickly.
We give a quantitative estimate.

We need to be careful because now we are dealing with two different support functions: we denote
by u the support function with respect to the origin O that is implicit in the flow equation, while for a
given point p € €,

u Eﬁp = SK(fp)(afp, l))
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takes another interior point p as the origin of distances. Accordingly, r and 7 mean distance from O
and p, respectively. Similar notations will apply to the corresponding trigonometric functions, i.e.,

Sk :=8k(Fp) and Cg :=ck(7)p).
Note that for brevity we suppress the dependence on the point p within the notation & and 7.

Lemma 5.1. For every choice of origin, along (1-1), the evolution equations of the mean curvature H
and the support function it =il , are given by

&%H=AH+H(A?+Kn) — u(cg|AP* +uK H),
00 = A+ G|A1> + (ucx —2H)Cek + wK sk Sk (Vr, VF).
Proof. The formula for H follows directly by taking the trace in the evolution equation for h; from
Lemma 4.1. On the other hand, a standard calculation leads to
dit = (V,(8x 97), v) + 8k 7, V,v)
= (ucg — H)Cx + 8k (0p, V(H — pck))
= Aii + (g —2H)Ek + al AP = 3 (35, Vex),

where we applied well-known formulas for Az and V,(8xd;) on M’,‘(H (see [Cabezas-Rivas and Miquel
2007, (4.6) and (4.11)]). The stated formula follows by realizing that

(07, Veg) = —Ksg {0z, Vr). 0

Proposition 5.2. For every choice of origin O for which M C H(O), and for every p € Q2 and radius p
with the property B,(p) C 2, the solution M, = 02, of (1-1), with initial data M and maximal existence
time T > 0, satisfies the following:

(i) There is a positive constant T = T(n, K, p) with the property
B,/a(p) C Q2 forallt € [0, min(z, T)).
(i) One can find positive constants d3 < 1/(2«/?) and t, depending on n, K, Co and W;(2), with the

property
Upo, —2d3>2d3>0 forallte[0, min(r, T)),

where pg is the center of an inball corresponding to the inradius p—(2).

Proof. (i) Let us first obtain the evolution of the distance 7 = 7, from the fixed point p to the points
on M, under the flow (1-1):
0;F =dr(0;x) = (ucg — H) (v, 97). (5-1)

On the other hand, r(¢) denotes the radius of a geodesic sphere centered at p that moves under the
ordinary mean curvature flow starting at r(0) = %p, that is,

r'(t) = —ncog (x(1)),
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whose solution is given by

cx (x(t)) = eX"ck (3p) fort > 0.

As ck is a decreasing function,

) >1p &= eKek(lp) <ck(Lp),

meaning that

1
r(f)Z%/O &~ t<—Ilog

Set f(t,-)="r(t,-)—x(t) for t € [0, min(z, T)). Then f(0,-) >0, and f evolves according to
0 f = (nex — H)(v, 9;) +ncog (x(7)).

If there exists a first time #; such that the geodesic sphere By ;) touches the hypersurface M;, at some point
X1, then at this first minimum for f we have H (x1, t;) < ncog (x(t1)), (9, v) =1 and 9; f (x1, 1) <O.
Consequently, taking into account that cx > 0 and strict convexity is preserved, we have

0 f(x1,t1) = p(t)eg (r(ty)) >0,
which is a contradiction, and hence the statement follows.

>i1) Apply (i) with p = pg and p = p_(2), and obtain the desired T due to Corollary 3.2. Using
Lemma 2.1, we get
lpo > sk (50-(R)) = sk (3d1) =: 4ds, (5-2)

where we applied the lower bound in Corollary 3.2. O

An upper bound for the mean curvature. To estimate the mean curvature along a solution with suitably
located initial data, we use the well-known auxiliary function

H
]7:/\ ’
up,—ds

D

which, after choosing the origin O as in Proposition 5.2, is well defined for a while for some suitable
p € Q2. Routine computations lead to the evolution of ®, where we suppress the dependence on p within
the notation.

Lemma 5.3. Under the assumptions of Proposition 5.2, along the flow (1-1), the function ® evolves
according to

d3
u—ds

— UK du —

0, d=AD+

A

(Vd, Vi) +CI>(nK —
u—d

IAIZ) +20°¢k

u
i —ds

Unlike in previous literature, we cannot neglect all the terms including w, as some do not have a sign.

(ck|A]> 4+ ®(Ksk Sk (Vr, VF) +ckék)).

Nor is it known at this point that p is bounded. The novelty of our approach is to make use of Lemma 3.5,
a configuration which enables us to gain some control on y and then get an estimate on ® and H.
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Another complication arises from the necessity of using an iterative change of origin. The configuration
of Lemma 3.5 depends on curvature. Hence we need a very precise estimate of curvature as the flow
progresses, and it is insufficient to estimate the curvature by a multiple of its initial value, as then our time
interval, along which B.(O) C €2; is valid, would decrease and we would not be able to prove long-time
existence.

For this reason, we introduce a novel method, which also gives an interesting alternative to proving initial
value-independent curvature bounds after a waiting time, as for example in [McCoy 2004, Equation (17)].
It provides a bound on @, which is uniform in p lying within a certain region.

With this purpose, we define a modified auxiliary function

(dlSt(pa Ml‘) - 2d3)q>p7 14 € Vl‘,

W0, T)xS"x S - R, (1€ p)
[ ) K @5, p) iO, otherwise,

with
Vi i={p e Q, :dist(p, M,) > 2ds},
and where for p ¢ Q the distance to M, is defined to be negative. In short,

W&, p) = max(0, min#, — 2d5) @,.

Note that W is Lipschitz, because when miny, 7, = dist(p, M,) > 2d3, then, by Lemma 2.1,

iy, > sk (nﬂllinfp) > sk (2d3)
t
due to miny, 7, < 7/(2+/K). Furthermore,

iy > sk (2ds) = \/% sin(2dsv/K) > 8ds,

where we used sinx > %x for x € [0, %71] Hence ®, is well defined for p € \7t. In the sequel we write,
for brevity,

max ¥ = max W(,-).
M, Sn xSt

Lemma 5.4. There exists an origin O € 2, a constant C3(n, K, Cy, W¢(2)), and constants t and €1,
depending onn, K, Co, Wy (2), max(C3, maxy, V), such that, for the solution M, = 9<2; of (1-1) with
initial data My = M and maximal existence time T > 0, we have:

(i) M; C H(O) forallt € [0, min(z, T)].

(ii) @y, > 4d3 and B¢, (O) C Q; forall t € [0, min(t, T)).

(ii1) The function V satisfies

max(C3, n]lélx lIJ) < max(C3, m}&}x lIJ) forallt € [0, min(z, T)).

t
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Proof. Define the functions

e(y) = 1 min bV K %n —tan” (y/d3 K) fory >0
o= 2y 2K Y
and
nnCE! S y nm? T d?
() = —~ (1+ ) + +—=yr =2y,
IV S ING # ECO I I S

where d3 and Cy are the constants from Proposition 5.2 and (4-3), respectively. It is clear that g(y)
converges to —oo as y — oo, and hence it has a largest zero y, which only depends on n, K, Cj
and W,(2). Let ¥o = max,—g ¥, and define

€1 = eg(max(y, ¥o)).

(1) & (ii)) With pg from Proposition 5.2 (ii) and by definition of ds in (5-2), along My = M we have

. ) sk (miny, 7,,.,) — 2d; ® 1
H = (upg _d3)q)p9 < pPa < pPa )4}

< < Yo,
VK 2d3 VK T diWK

and hence
T
€< eo(d3x/fmﬁx H) < —,

2VK

where the latter estimate is due to the definition of €y. This is exactly the threshold required to apply
Lemma 3.5.

Then we can apply Lemma 3.5 with € = €; in order to obtain a suitable origin O € 2 with the
property (3-3). From the first part of Proposition 5.2 applied to p = O and p = 4¢€1, as well as from
the second part of Proposition 5.2, we obtain t = t(n, K, Cy, W;(R2), €1), up to which the claimed
properties of (ii) are satisfied. Property (i) is then clear from the fact that, at the equator, cx = 0, and
hence (d/dt) maxr < 0.

(iii) Next, we bound the function W. Suppose W attains a positive maximum over the set [0, 7] x S" x S’};r]
at some (7, £, p). Define the Lipschitz function

U5(0) =max W(r, -, p),
which is positive in some small interval J := [ — §, ]. Thus we have
dist(p, M;) > 2d; forallt € J.
Hence in J the function @5 is smooth, and
U;(t) = (IIAI/Ii[an; —2d3) max ®;

is differentiable almost everywhere in J.
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For almost every ¢ € J, using (5-1) and (075, v) > 0 because p € 2, for all t € J, we have

d = N A d
quﬁ = Enj‘l},nrﬁnﬁxq)ﬁ—i_(%flrﬁ —2d3)En[1£X<I>,;

= (cK(r)y, - H(t_, x(t_, argmin . fﬁ)))(arp V) n}?x o;+ (rrﬁl/]lnrp 2d3)j rrﬁx o;

A d
< /,er/}%xcb,;—l- (Irﬁl/}fnr,; —2d3)$ II}IV%XCD’;.

Inserting the evolution equation from Lemma 5.3, discarding two good terms, and using V& ;(z, §;) =0
at all maximizers &, we obtain

illl <Mmax<I> + (min 75 — 2d3) | max ®; | nK — ds |A|?) 4+ 2 max @2
dt LY 7R M7 5 —d3 M, P

s

__ K (max ®5(K sk 8k (Vr, Vrp)-l—cKcK)))
u,;—d3 M;

where we used that u and cx are positive due to M; C H(O) and O € ;. Using sy < K~'/? and
minyy. 75 — 2d 24/ K 5
MG 2 (ks ek (Vi Vig) +ex) <2 LOVE) 3T
Up— d3 §d3 d3\/ K

we get

- 5 di _
0y < (14 —=— Jumax @ +nK Wy + 20 max & — 2T 5 max b3
Vv Kds M; M, n M,

&lg_

By means of the Hsiung—Minkowski identity (2-3) and Lemma 2.1, we estimate, for all 0 <t < t,

il e 2nC€+l
uy <n( )< 2 AN (5-3)
1 [y uoerr = sk e [, wft €1
where the constant Cyp comes from the pinching (4-3). Hence
- 5 o di _
4§, <omct! (1+ 7 ) T, FnK ;4205 max & — U max @
dt VKds) €o(max(y, ¥o)) M,
2nCit (1 St ) ¥ KT
= - = n D
miny, 75 —2ds ' /Kds/ €o(max(y, y0)) !
2 —, d; _
: \IJ
miny, 75 — 2d3 P n(ming, 7 — 2d3)?
Multiplication with (minyy, 75 — 2d3)? gives, for almost every ¢ € J,
(+1 2 2
A 2d - nnC, ( 57 ) \I!- nJT — T o, dj—,
min7; —2d3) —W¥; < v+ s — =W,
(M; ! Var¥r VK VKd3 ) €o(max(y, yon & TR T
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which is strictly negative whenever max (¥, o) < ¥ 5(1). To conclude the argument, suppose that
(i, p)= max W>max(y, Yo).
[0,7]xS" x S
We know that
Wj5() < V(T &, p),
with equality at ¢ = 7. But previously we showed that, for ¢ close to 7, we have (d/dt)¥ 5 < 0 almost
everywhere, which is impossible. Hence we obtain the desired estimate with C3 = y. O

Higher-order curvature bounds. We use the estimate from Lemma 5.4 to control the global term and
estimate the derivatives of curvature.

Lemma 5.5. For the origin O € Q from Lemma 5.4 and the solution M, = 0<2; of (1-1) with initial
data M and maximal existence time T > 0 and for all m € N, there exists

Cy= C4(n, m, K, Co, We(R2), max(C3, mﬁx \II))
with the property

w@) +|V"A| <Cy4 forallt € [0, min(z, T)),
where t is the number from Lemma 5.4. In particular, we have T > t, and the flow exists smoothly
on [0, t].

Proof. Up to the time min(z, T), (5-3) holds, i.e., with the notation from the proof of Lemma 5.4, we

have
ZnCS+l 2nC§Jrl

&1 eo(max(Cs, Y))’

The curvature derivative bound can be proved by a well-known induction argument, as for example in

wu(t) <

[Huisken 1984]. First, due to convexity and Lemma 5.4 (ii) and (iii),

2

o 2
|A|2 < H? < % < d32—K(max(C3, m;llx \If)) .

Assuming that all derivatives up to order m — 1 are bounded by a constant of the form C4, we obtain the
evolution equation of |[V"A[:

a|IVTAIZ < AIVTAP? = 2|V A2 4+ C(uu + K) |V A?
+C Y (ulVick|+ IV ADIV/A||VFA| V™ Al
i+j+k=m
where we used that Vu = A % Vcg; see (2-4). Here S« T denotes any linear combination of tensors

formed by contracting S and 7 by means of g.
Then we claim

IV"AI> < C forall 7 € [0, min(z, T)). (5-4)
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As p and u are bounded, we get
m
(8 — A)V"AP> < =2|V"H A2 4+ C IV A)? + C(Z |Vick|+ 1) IV A.
i=0
Notice that cx (r) and |Vcg| are bounded as well. Moreover, from (4-1), one has, for £ > 0, the
covariant derivatives

V2, = Vick * K +uxVIA + Z Vick * VIAxVFA,
it+jt+k=t

which are controlled by uniform constants arguing by induction. In short, we reach
(@ — D)V AP < =2|V" AP+ CIV"A|(1+ V" A),

which leads to (5-4) by standard maximum principle arguments, as for example in the proof of [Huisken
1987, Theorem 4.1].

As the right-hand side of the flow equation and all higher derivatives of the curvature remain uniformly
bounded, we conclude (as in [Huisken 1984, pp.257 {f.]) that, if 7 < 7, then M, converges (as t — T in
the C*°-topology) to a unique, smooth and strictly convex hypersurface.! Now we can apply short-time
existence to continue the solution after 7', contradicting the maximality of 7. Hence the solution of (1-1)
starting at a strictly convex hypersurface exists on [0, 7). On this interval we have uniform smooth
estimates, and hence the flow also exists on [0, t]. U

6. Construction of a global solution

In the previous section we achieved existence and uniform estimates of any solution to (1-1) with strictly
convex initial data M on a time interval [0, 7] from Lemma 5.4, the length of which only depends on
preserved data of the problem. Those are, in particular, the hemisphere H(O), the pinching constant Cy,
the quermassintegral W,(£2) and the number max(C3, maxy; ¥). The full curvature derivative bounds
also only depend on those quantities.

Hence we can start an iteration process and shift, at time it with i € N, the origin according to
Lemma 5.4 applied to the new strictly convex initial hypersurface M;.. The constant C4 from Lemma 5.5
is then uniform among the integers i, because it only depends on quantities which are always preserved.
The following lemma makes this precise.

Lemma 6.1. Let My C S'}(H be a strictly convex hypersurface enclosing a domain 2. Then there exists
a sequence of origins (O;);enujoy and positive numbers 1o, €1(0) depending only on n, K, Cy, W, (£20),
max(C3, maxy, V), such that the problem

ox = (ui(t)cx(r;i) — H)v forallt € lity, (i +1)79),

x(0, 8" = My,
x((+ D1, = 1lim M,
t/(i+1)1

INote that, due to the bound on p, it can be seen from Lemma 5.1 that H is bounded from below on every finite time interval.
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where r; is the distance to O; and u; is given as in (1-3) to keep the quermassintegral Wy (S2;) fixed for
any£=0,1,...,n, has a solution
x:[0,00) x " — S’}(H.

For everyt > 0, M, is strictly convex and we have
Be,0)(0;) C2; and M; CH(O;) foralltelity, (i +1)70). (6-1)
The mappings x(t, - ) satisfy spatial C*°-estimates which are uniform in time.

Proof. For My, pick Oy according to Lemma 5.4. From Lemma 5.5 we conclude that the solution M,
of (1-1) with initial data My exists on [0, 7p], where 79 and €;(0) depend on n, K, Co, W¢(£2p), and
max(Cs, maxy, V). The derivatives of A are bounded by

Cy= C4(n, m, K, Cy, We(R), maX(Cg, nj{?x \IJ))
0

Now suppose that, for i > 0, the hypersurface M;,, the origin O; and the solution (M;);c[i, (i+1)7)
were already constructed such that (6-1),

maX(Cg, rr/{jlx \IJ) < maX(Cg, rr/lv?x \IJ),
t 0

as well as
wi(t) + V" Al < Cs4(n, m, K, Co, We(Q), max(Cs, max v)) (6-2)
0

all hold for all ¢ € [itp, (i +1)7p]. Then apply Lemma 5.4 to the initial hypersurface M; 1), and obtain
an origin O;41 such that the solution M, of (1-1) with initial data M; ;1) satisfies (6-1),
max(C3, max \IJ) < max(C3, max \IJ) < max(C3, max \IJ)
My M1z Mo
and
i1 (1) + V" Al < Cy4(n, m, K, Co, W(20), max(Cs, max v))

during the interval [(i 4+ 1)79, (i + 2)7p] and with the same €;(0). Here we also used that Cy and W,
are preserved. This means that the construction can be carried out infinitely often to obtain the desired
long-time solution. U

7. Asymptotic estimates and convergence to a spherical cap

In the previous sections we have put ourselves into a position where we have a strictly convex flow
(M{)o<t<oo in the sphere. This flow is not necessarily smooth in time, but it satisfies spatial Ck-estimates
which are uniform with respect to time and has a uniformly bounded global term, due to the proof of
Lemma 6.1.

Additionally, by means of Corollary 4.4 and the curvature bounds, we get

n
Z(Ki —Kl) =H —nk < l’lHa)(t) < nCe—ZnKt’
i=1
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which implies exponential decay of the traceless second fundamental form
o 1 -
AP =2 D e —x)* = Cem KL, (7-1)
1<j
Using this property, in the following we are going to apply some recent estimates of almost-umbilical
type due to De Rosa and Gioffré [2021], to show that the process of picking new origins actually terminates

after finitely many steps and that the flow will then converge to a geodesic sphere of a uniquely determined
radius. The crucial ingredient is the following result.

Theorem 7.1 [De Rosa and Gioffre 2021, Theorem 1.3]. Let n > 2, let ¥ be a closed hypersurface
in R"*! and let p > n be given. We assume that there exists co > 0 such that ¥ satisfies the conditions

IZ1=1S"I, NAllLr(z) < co.
There exist positive numbers §, C > 0, depending only on n, p, co, with the following property: if
IAllLrz) <8,

then there exists a vector ¢ = c(X), such that ¥ — c is a graph over the sphere; namely, there exists a
parametrization
v:S"> %, Yx)=e¢ Wx+e,
and f satisfies the estimate
1f lw2rsny < CllAllLe(s).-

In the following we will use this result to prove that the surfaces become exponentially C-close to
geodesic spheres and that the necessity to pick new origins vanishes.

Lemma 7.2. In the situation of Lemma 6.1, there exists an integer m > 0 depending on n, K and M, such
that, in Lemma 6.1, the origins O;, i > m, may be chosen constantly equal to Op,.

Proof. Let m be a positive integer to be specified during the proof. Let O,, be the flow origin associated
to the interval I, := [mto, (m 4+ 1)1p). By stereographic projection from the antipodal point of O,,, the
family (M;);ey, can be viewed as a flow in the Euclidean space, which we denote by (1\7],),E 1,,- Geometric
quantities of this flow, denoted by a tilde, are related to the original ones as follows, see [Gerhardt 2006,
Proposition 1.1.11], where ¢¢ is the conformal factor:

g=e"3, v=e D,
e’A=A+de(®)id, e*H=H+ndo®).
In particular, we obtain
A=¢%A.

The surface areas of M; and 1\71, are related by

|M,|=/ 1=/ e,
M, M,
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and hence
Cl\M,| < M| < M,

where C depends on |@|co(y,). Now define the scaled hypersurface

—~ ~ S
MI :)\.M[, Wlth)\.n: |~ |,
| M|

so that |1\7,| = |S"|. Now the associated Weingarten operator is

N - e’

A=1"T1A= 7A — 2 tde®)id,
and similarly for the traceless Weingarten operator. Hence

AN iz < CULA a4+ 1)
and

1Al Loty = CHAN L=,

where C depends on n, |¢|ciy,) and |M;]|.

Then ||A||Loo(ﬁ7[t) is bounded by Lemma 5.5 and (7-1) ensures that ||A||Loo is as small as needed for
m big enough. Therefore, we can apply Theorem 7.1 for sufficiently large m to get a function f which,
from the embedding theorems of Sobolev spaces into Holder spaces, satisfies

—2nKt

I fllcisny = CllAl Loz, < ClAlLewm,) < Ce forall 7 € I,.

Then, due to our curvature bounds (5-4), we have full C*-bounds on f for all k. By iteration of
interpolation arguments for C* bounds (see [Gerhardt 2011, Corollary 6.2]), this implies that

—2nKt

”f”ck(gn) <Ce forall t € I,,.

In other words, M; is exponentially C*-close to a sphere S, for all k € N and for all ¢ € I,,. As the
area along the M, is uniformly bounded above and below by Corollary 3.2, we get C* bounds for the
conformal factor as well, and this property of closeness to a sphere S; carries over to the original flow
in S’}(H. Note that the radii of the spheres S; converge to a well-defined limit, which is strictly less than
w/ (2\/E ), determined by the initial value of W, (£2p). Hence the curvature of M, is uniformly bounded
from below.

On the other hand, the radial distance to the origin O,, satisfies

dr = (ucg — Hyv™',  with v =145, |dr|>. (7-2)

Hence, for an error §,, that converges to zero when m — oo,

oH H
0;r = (fM’—CK — H)v_1 < ( °k__ 1)—& + 8, (7-3)
fM, 0eCk fs, Ck
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where Hg, is the mean curvature of the sphere S;. At points which maximize r, we have that cx is
minimized. At such points the first term on the right-hand side of (7-3) is strictly negative if cg is not
constant. Hence, for large m, if S; is uniformly off-center, max,, r is decreasing and a similar estimate
shows that minyy, r is increasing. Hence, from then on, there is no longer a need to adjust the origin. U

Convergence to a spherical cap. To complete the proof of Theorem 1.1, it only remains to show that
the immortal solution coming from Lemma 6.1 actually converges to a limit geodesic sphere. After
m-fold picking of a new origin, we now may, without loss of generality, assume that origins have not
been changed at all. We will exploit the C*°-estimates for the flow hypersurfaces M, coming from (5-4).
We already know from Lemma 7.2 that every limit point of the flow must be a round sphere.

Now we prove that only the sphere centered at the origin can arise as a limit. Notice that the radius R
of any limit sphere is determined by the initial hypersurfaces by means of the equality Wy (Bg) = W;(L2p).
Denote by Hy the mean curvature of such a sphere Sg. Hence, from the evolution (7-2) of the radial
distance and for an error § that converges to zero when M; — Sg, we get

H
atrz ( Ck _1>_R+8 (7_4)

fM Ck v

As above, at points which maximize r, we have that cx is minimized, thus at such points the first term on

the right-hand side of (7-4) is strictly negative if cg is not constant. Therefore the function maxyy, r is
strictly decreasing in sufficiently small C?-neighborhoods of any noncentered sphere, which excludes
those as limits. Thus subsequential limits are unique and the whole flow must converge.

8. The elliptic case: rigidity results

In order to prove Theorem 1.3, we first have to get the elliptic viscosity equation of the pinching deficit
for general curvature function F. Let us first gather some prerequisites about these functions.

8.1. Symmetric curvature functions. If M is a hypersurface of M’I‘(H, then we set

Fx)= fki1(x), ...,k (x)),

which can be alternatively seen as a function defined on the diagonalizable endomorphisms, F = F(A),
or as a function of a symmetric and a positive definite bilinear form, F' = F (g, /). In the latter case, we
write )
Fii — IF ikl _ °F
ohi;’ dhijdhy
With these conventions, the covariant derivatives are given by
ViF = F/*Vihj. (8-1)

On strictly convex hypersurfaces M, we can define the so-called inverse curvature function by
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A curvature function F is called inverse concave if F is concave. Notice that concavity/convexity with
respect to the matrix variables is equivalent to the same property with respect to the eigenvalues (see
[Andrews 2007; Gerhardt 2006] for further information). Next we gather several useful properties.

Lemma 8.1. (a) If F is inverse concave and M is strictly convex, then

- Fii 2
FUK by +23  —(Vihi)? > = (V, F)2. 8-2
1hij Vihg + E K.(lj)_F(l) (8-2)

j J

(b) Under Conditions 1.2, we have:
(1) If F is convex, then it is inverse concave (see [Gerhardt 2006, Lemmas 2.2.12 and 2.2.14]).
(ii) Euler’s formula F''x; = F implies that F is strictly positive.

Rigidity for radial curvature functions. We start with a result that contains an elliptic version of
Proposition 4.3.

Lemma 8.2. Suppose F satisfies Conditions 1.2. Then:
(1) The Weingarten operator satisfies the elliptic equation
—F"V} hij = FP"VihpgVjhes — V3 F 4 F ™ hygh!hij + K Fgij — Fhyjh!" — K F” g shij.
(ii) For the function p = k/F, we have

Fkk (th})l

+ FPUN hpg Vihes + 2FX Vi pVi F
Kj — K1

—~FFVip=2)
+ pFNV F — V| F + F' Sec;| (ki — K1)

in the viscosity sense, where D is the multiplicity of k.
Proof. (i) We differentiate (8-1) to get
VO F = FPVihpg Vi + FVhys.
Now combine the commutator formula for second covariant derivatives with the Gauss equation (2-1) to
deduce
F"Nihes = F™(V} hij + R
= F"*VAhij + F™ (hushij — hmjhis + K gnsgij — K gmjgis)h"
+ F" (hmshrj - hmjhrs + Kgmsgrj - Kgmjgrs)h;n
=F" (Vrzsl/ll‘j =+ hmshThij) —+ KFg,'j — Fhmjh:n — KFrSg,»sh,'j.

"ohme +R™.R

isj rsj mi)

(i1) As in the proof of Proposition 4.3, let  be a smooth lower support of p at &y € M, and define ¢ =nF.
Then, in coordinates with

8ij =8ij, hij =xidij, (8-3)
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we have inequality (4-2), which combined with (i) leads to

CFFMV2n = —FH2 g ¢ %F”V,?,F +2FNV v F

F*(Vih')?
> 2PNV VIF+2) PPN R Vi,
j K1

j>D
+nFMVEF —VEF 4+ Fli(ciicr + K)(k; —kp). O

In order to prove Theorem 1.3, let F' = yc%. Then taking derivatives and using (4-1), we get
V,f,F = ayc‘}‘{lv,flck +aa— l)yC(;l(_2kaKV10K = K(Cihkl — gkl)aF + %VkFVIF,
K
where
1
—. 8-4
a (8-4)
This implies
2€ 2¢e
pFMVAF V3 F = paKF(iF — Fgu) =K F (e = 1) + SEFIVFV, F = (9 F)
CK CK F F
ii 2¢ kI 2
=KaF (K,'—Kl)-i-F(pF ViFViF — (V1 F)?). (8-5)
Here we have used Euler’s relation, and computations are done in the coordinates (8-3).

Proof of Theorem 1.3. As |a| > 1, we have that € € [0, 1] for € defined as in (8-4). Then using that M is
convex, we can estimate

2) e

j>D

Fkk (V hl )2

Kj—Ki

Fkk(th )2
p
EZ —2¢ FFlekFVIF—I—T*Vp,

where we also used the following (see [Brendle et al. 2017, Lemma 5]):
Viwsij = Vih;; foralll <i, j <D.

Plugging this into Lemma 8.2 (ii) and using the convexity of F, we get

Fkk(th )2

—FFIV2p > 2¢ Z —— -2 %Fk’VkFVZF + € FPIS 1y Vi
Jj=1 / 3
+ pFMNyF — V| F 4+ F' Sec;|(kj — k1)) + T« Vp
F"k(V h)? 2e
> 2e Z + €FPITY g Vihys — F(VIF)2
+ F'(Secji +aK)(k; — k1) + T * Vp.

Notice that in the case « = —1, we have € = 1 and therefore we do not need the convexity of F in the

first inequality above.
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By Lemma 8.1 (b) our F is inverse concave, and hence (8-2) leads to
—FFMVEp+T % Vp > F'(Sec;; +aK)(k; — k).

This completes the proof using the strong maximum principle for viscosity solutions. We conclude that M
has to be centered at the origin provided K # 0, since only in this case can cx be constant. O
Remark 8.3. Note that this approach also provides a direct maximum principle proof of Liebmann’s
soap bubble theorem (the convex case of Alexandrov’s theorem); see [Liebmann 1900].

Solitons. We complete this paper by proving Corollary 1.4.

Proof of Corollary 1.4. For the given hypersurface M, there is a dual hypersurface McC M’}(“, where
K =sgn(M) as in (1-6) and with the properties

Ki=—, Ck =1U;
Ki

see [Gerhardt 2006, Theorems 10.4.4 and 10.4.9] and [Scheuer 2021]. Hence M satisfies the equation

&P =Fu)=F®&™") =

F&)’
i.e., with o = —1/8, we have

where F is the inverse curvature function of F. Therefore to complete the proof it only remains to check
the conditions of Theorem 1.3 for M, which hold provided that, for any g-orthonormal frame, we have

§alij > —ak.
In coordinates that diagonalize A, the Gauss equation (2-1) for M gives

Rijij +aK = hiihj; — hijhi + (1 + e)K = % +(1+a)K =0,
ikj
provided
L > ﬂ[{
kik; — B
Notice that if ((1 —8)/B)K <0, this is guaranteed by convexity of M; otherwise, the inequality follows
by the assumption on Sec,s. Hence the statement follows by direct application of Theorem 1.3. O
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We prove a polynomial upper bound on the number of resonances in a disk whose radius tends to 4+-oo for
even asymptotically hyperbolic manifolds with real-analytic ends. Our analysis also gives a similar upper
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1. Introduction

The purpose of this work is to prove an upper bound for the number of resonances for even asymptotically
hyperbolic manifolds with real-analytic (but a priori not exactly hyperbolic) ends. Let us recall that
an asymptotically hyperbolic manifold is a Riemannian manifold (M, g) such that M is the interior
of a compact manifold with boundary M and there is an identification of a neighborhood of 3 M with
[0, €[y, x oM y that puts the metric g into the form

- dy} + gl(yzl, Y. dy). "

1

where g1(y1, y’, dy’) is a family of metrics on oM depending on y;. We say that (M, g) is even if g is a

smooth function of ylz. We refer to [Dyatlov and Zworski 2019, §5.1] for a detailed discussion of this notion.

Letting A denote the (nonpositive) Laplace operator on an even asymptotically hyperbolic manifold

(M, g) of dimension n, one commonly introduces the family of operators, depending on the complex
parameter A,

-1
(—A =Lt —1>=2%)"":L*(M) - L*(M), Imir>0. )
MSC2020: 58]50.
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Since the essential spectrum of —A is [(n — 1)?/4, 4-oo[, this family of operators is well-defined and
meromorphic for Im A > 0, with maybe a finite number of poles between 0 and i (n — 1) /2 on the imaginary
axis, corresponding to the eigenvalues of —A in ]0, (n — 1)2/4[. Notice that the residues of these poles
have finite ranks.

The scattering resolvent of (M, g) is then defined as the meromorphic continuation of (2), as provided
by the following result.

Theorem 1 [Mazzeo and Melrose 1987; Guillarmou 2005]. Let (M, g) be an even asymptotically
hyperbolic manifold of dimension n. Then the resolvent (2) admits a meromorphic extension Rgq(1) to C
as an operator from C°(M) to D'(M), with residues of finite rank.

In the case of manifolds that are exactly hyperbolic near infinity, one may also refer to [Guillopé and
Zworski 1995a]. Notice that we do not use here the same spectral parameter as in [Mazzeo and Melrose
1987; Guillarmou 2005; Guillopé and Zworski 1995a]. The spectral parameter from these references
is given in terms of our A as £ = (n — 1) /2 — i A. Another proof of Theorem 1 has been given by Vasy
[2013a] (see also [Vasy 2013b; Zworski 2016; Dyatlov and Zworski 2019, Chapter 5]).

The poles of the scattering resolvent (the meromorphic continuation of (2)) are called the resonances
of (M, g). If u # 0 is a scattering resonance for (M, g) then we define the multiplicity of wu as the rank
of the operator

i
oy RIS G

where y is a small positively oriented circle around p (so that the index of u with respect to y is 1, and
the index of any other resonance is zero). That this operator has finite rank follows from the fact that
the residues of Ry, (A) have finite ranks. Another definition for the multiplicity of resonances may be
found for instance in [Guillopé and Zworski 1997, Definition 1.2], but it coincides with the one we gave
when p is nonzero (see [Guillopé and Zworski 1997, Proposition 2.11]). The definition of the multiplicity
of 0 as a resonance is more subtle (and will not matter in our case), see the discussion after Theorem 1 in
[Zworski 1997]. Notice that in [Mazzeo and Melrose 1987; Vasy 2013a], the scattering resolvent Rycyt(A)
is constructed as an operator from the space C°° (M) of smooth functions on M that vanish at infinite
orders on dM to its dual. Since C2°(M) is contained in C‘°°(M ), we stated in Theorem 1 a weaker result.
Notice however that, since C2°(M) is dense in C % (M), this simplification does not modify the notion of
multiplicity of a resonance.

Our main result is an upper bound on the number of resonances for even asymptotically hyperbolic
manifolds with real-analytic ends (as defined in Section 4.1).

Theorem 2. Let (M, g) be an even asymptotically hyperbolic manifold real-analytic near infinity (as
defined in Section 4.1) of dimension n. For r > 0, let N (r) denote the number of resonances of (M, g) of
modulus less than r, counted with multiplicities. Then

N@) = 0™, )

-+
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This upper bound is natural, since it is coherent with the asymptotic for the number of eigenvalues for
the Laplacian on a closed Riemannian manifold given by Weyl law. There are also noncompact examples
for which the bound (4) is optimal; see the lower bounds from [Guillopé and Zworski 1997; Borthwick
2008] discussed below.

There is a long tradition of studies of such counting problems in scattering theory, going back to
the work of Tullio Regge [1958]. Results similar to Theorem 2 have been established in the context
of scattering (e.g., by a compactly supported potential or by certain black boxes) on odd-dimensional
Euclidean spaces [Melrose 1984; Zworski 1989; Sjostrand and Zworski 1991; Vodev 1992]. In the
context of asymptotically hyperbolic manifolds, the bound (4) is known for manifolds with exactly
hyperbolic ends [Guillopé and Zworski 1995b; Cuevas and Vodev 2003; Borthwick 2008]. Still in the
case of manifolds with exactly hyperbolic ends, we also have some lower bounds available: in the case
of surfaces Guillopé and Zworski [1997] proved that r?> = O(N(r)), which implies that (4) is optimal
in that case. In higher dimension n, Borthwick [2008] proved a similar lower bound r"* = O(N%¢(r)) for
compact perturbations of conformally compact hyperbolic manifolds (a stronger assumption than just
having exactly hyperbolic ends). This lower bound is obtained for the counting function N*¢(r) associated
to a larger set of resonances than N (r), and that also satisfies (4). However, a few cases in which the
same lower bound for N (r) follows are given in [Borthwick 2008]. Finally, a lower bound for N (r) of
the form

. log N(r)
limsup ———=n
r—+00 ogr
is proven for generic compact perturbations of a manifold with exactly hyperbolic ends in [Borthwick
et al. 2011].

Leaving the context of manifolds with exactly hyperbolic ends, much less is known on the asymptotic of
the counting function N (r). The bound (4) was established by Borthwick and Philipp [2014] in the case of
asymptotically hyperbolic manifolds with warped-product ends, that is, for which the coordinates (y;, y’)
in (1) may be chosen so that g;(y1, ¥, dy’) = g1(y’, dy") does not depend on y;. The proof of a similar
bound is sketched in [Froese and Hislop 2000] for a class of asymptotically hyperbolic manifolds with
ends that are asymptotically warped. Wang [2019] established, for certain real-analytic asymptotically
hyperbolic metrics on R3, a polynomial bound O(r%) for the number of resonances in a sector of the form

{ze@:6<|z|<r,—%n+e<argz<%n—e} ®))

when r tends to 400 while € > 0 is fixed. The evenness assumption is not made in [Wang 2019], hence the
necessity to count resonances in sectors of the form (5) rather than in disks (one has to avoid the essential
singularities that can appear in the noneven case according to [Guillarmou 2005]). In the even case, our
result, Theorem 2, improves the bound from [Wang 2019], not only because we can count resonances in a
disk, but also because our result, valid in any dimension, gives a better exponent in the 3-dimensional case.

Let us point out that the upper bound (4) is also satisfied by the counting functions for the Ruelle
resonances of a real-analytic Anosov flow, as follows from a result of Fried [1995] based on techniques
introduced by Rugh [1992; 1996]. We gave a new proof of this result in [Bonthonneau and Jézéquel 2020],
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adapting techniques originally developed in [Helffer and Sjostrand 1986; Sjostrand 1996]. The tools
of real-analytic microlocal analysis that we use in the present paper rely heavily on [Bonthonneau and
Jézéquel 2020].

The main idea behind the proof of Theorem 2 is to adapt the method of Vasy [2013a] to construct the
scattering resolvent, by introducing tools of real-analytic microlocal analysis. The method of Vasy does
not only apply to even asymptotically hyperbolic manifolds, it may also be used to study resonances
associated to the wave equation on Schwarzschild—de Sitter spacetimes (in this context, resonances
are also called quasinormal frequencies). The interested reader may for instance refer to [Dafermos
and Rodnianski 2013, §6] for a description of the geometry of Schwarzschild—de Sitter spacetimes.
Consequently, our method also gives an upper bound on the number of resonances (or quasinormal
frequencies) for Schwarzschild—de Sitter spacetimes.

Theorem 3. The number of quasinormal frequencies of modulus less than r for a Schwarzschild—de Sitter
spacetime is O(r3) when r tends to +o0.

It is proven in [S4 Barreto and Zworski 1997] that the quasinormal frequencies for a Schwarzschild—de
Sitter spacetime are well approximated by the pseudopoles

c(£e£1—i(k+1)),

for k e N and £ € N*, the corresponding pole having multiplicity 2¢£+ 1. Here, c is a constant depending on
the mass of the black hole and the cosmological constant. However, the approximation given in [loc. cit.]
is only effective for a pseudopole p such that |ut| tends to 400 while the imaginary part of © remains
bounded from below. Consequently, while Theorem 3 seems reasonable in view of the approximation
result from [loc. cit.], these two results discuss two different asymptotics. The result from [loc. cit.]
cannot be used to prove Theorem 3, nor to prove that Theorem 3 is sharp (even though it suggest that it
should be the case).

It may be possible that the method of the proof of Theorems 2 and 3 generalizes to the case of slowly
rotating Kerr—de Sitter black holes (as the method of Vasy [2013a, §6] also applies in this context).
However, there are some additional technical difficulties that would probably arise in that case, due to
the microlocal geometry being more complicated than in the Schwarzschild—de Sitter case. In particular,
there are bicharacteristics that originate at the source above the event horizon, then enter the domain
of outer communication and eventually leave it. Our strategy of proof would require the propagation
of singularities along these bicharacteristics using real-analytic microlocal analysis. Consequently, in
order to deal with Kerr—de Sitter spacetimes, one cannot use real-analytic tools only near the event and
cosmological horizon, as it is the case in the proof of Theorem 3; see Remark 4. Since the coefficients
of Kerr—de Sitter spacetimes are real-analytic on the whole domain of outer communication, it is not
unlikely that this problem may be solved. In any case, we expect that one would need to use an escape
function more carefully designed than in our analysis below.

Idea of the proof. As mentioned above, the proof of Theorems 2 and 3 is based on an adaptation of
the method of Vasy [2013a] to construct the scattering resolvent, by introducing tools of real-analytic
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microlocal analysis. Our approach of the method of Vasy is mostly based on the exposition from [Dyatlov
and Zworski 2019, Chapter 5].

The starting point of the proof of Theorems 2 and 3 is the following observation. When using the
method of Vasy to construct the scattering resolvent, one will construct a meromorphic extension to (2)
on a half plane of the form

{fAeC:ImA > —C} (6)

for a given C > 0, by studying the action of a modified Laplacian on a functional space H¢ that depends
on C. The constant C may be chosen arbitrarily large, so that we get indeed a meromorphic continuation
to C, but this requires a change in the space on which the modified Laplacian is acting.

In the context of even asymptotically hyperbolic manifolds, the space H¢ is constructed in the
following manner: one embeds M as a relatively compact subset of a manifold X, and replaces the
operator —A — (n — 1)2/4 — A% by a family of modified Laplacians. These modified Laplacians are
elliptic on M but have a source/sink structure above the boundary of M in X. One can then set up
a Fredholm theory for the modified Laplacians by using microlocal radial estimates (see for instance
[Dyatlov and Zworski 2019, §E.4]). However, radial estimates in the C* category are limited by a
threshold condition. In our setting, it imposes choosing space H¢ as a space of functions with a number
of derivatives proportional to C in order to get a meromorphic continuation of (2) on the half-plane (6).

Consequently, working only with C® tools, one will a priori only have access to bound on the number
of resonances when restricting to a half-plane of the form (6). A natural idea to tackle this difficulty is to
work with a space “Hy,” of functions that are smooth near the boundary of M in X (in our case, this
would be real-analytic objects). If one is able to prove a real-analytic version of the radial estimates, it
should be possible to bypass the threshold condition and construct directly the meromorphic continuation
of (2) to the whole C, working on a single space H. One can then hope that this functional analytic
setting can be used to prove a global bound on the number of resonances, without the need to restrict to a
half-plane of the form (6). We will use the tools from [Bonthonneau and Jézéquel 2020], based on [Helffer
and Sjostrand 1986; Sjostrand 1996], to prove an estimate that is in some sense a real-analytic version of
a radial estimate (see also [Galkowski and Zworski 2022]). Notice that similar estimates are proved in
[Galkowski and Zworski 2021; Guedes-Bonthonneau et al. 2024] in different geometric contexts, and
with a focus more on the hypoellipticity statement that may be deduced from the radial estimates rather
than on the functional analytic consequences. In some sense, the results on resonances for zeroth order
pseudodifferential operators in [Galkowski and Zworski 2022] and the results on real-analytic and Gevrey
Anosov flows from [Bonthonneau and Jézéquel 2020] are already implicitly based on real-analytic radial
estimates.

There is an important technical difference between the idea of the proof of Theorems 2 and 3 as
depicted above and the way the proof is actually written. Indeed, we cannot work with a space Hy, of
functions that are analytic everywhere on X (in particular because we do not want to assume that g is
analytic everywhere in M). Due to the lack of real-analytic bump functions, it is not easy to construct a
space of functions that are real-analytic somewhere but have (at most) finite differentiability somewhere
else, and that can be used to construct the scattering resolvent. We solve this issue using a strategy that
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was already present in [Guedes-Bonthonneau et al. 2024]: we introduce a semiclassical parameter 2 > 0
and work with a space of distributions # on X that depends on /. Let us point out that the space H really
depends on /, not only its norm. As /4 tends to O, the elements of 4 are more and more regular near the
boundary of M in X. We can then invert a rescaled modified Laplacian acting on H after the addition of
a trace class operator whose trace class norm is controlled as / tends to 0, and the upper bound from
Theorems 2 and 3 will follow.

Structure of the paper. In Section 2, we introduce a set of general assumptions that will allow us to deal
simultaneously with the analysis in the context of Theorems 2 and 3. The point of these assumptions is
not to cover a wide generality, but to avoid to write the same proof twice with only notational changes.
We state in Section 2 a general result, Proposition 5, from which Theorems 2 and 3 will be deduced.

In Sections 3 and 4, we prove respectively Theorems 3 and 2.

In Section 5, we recall and extend some results from [Bonthonneau and Jézéquel 2020] that will be
needed for the proof of Proposition 5.

Finally, Section 6 is the main technical part of the paper, as it contains the proof of Proposition 5.

2. A general statement

In order to deal with the cases of asymptotically hyperbolic manifolds and of Schwarzschild—de Sitter
spacetimes simultaneously, we introduce here an abstract set of assumptions that are enough to make our
analysis work.

2.1. General assumption. We will use the notion of semiclassical differential operator, so let us recall
very briefly what it means (see [Zworski 2012] or [Dyatlov and Zworski 2019, Appendix E] for more
details on semiclassical analysis). A semiclassical differential operator Q of order m € N on a smooth
manifold X is a differential operator on X, depending on a small, so-called semiclassical, implicit
parameter i > 0, of the form

m

0=> ho.
k=0

where Qy is a differential operator of order k£ on X that does not depend on 4, for k =0, ..., m. With Q
one may associate its (semiclassical) principal symbol ¢ : T*X — C, which is a polynomial of degree m
in each fiber of 7*X. We may define ¢ as the unique /-independent function on 7*X such that, for every
smooth function ¢ : M — C and x € X, we have

_ o) X2
e Q(e'h)(x) hioq(x,dxw)JrO(h)-

Notice that g =Y ;- g, Where gx denotes the (classical) homogeneous principal symbol of the differential
operator Qy for k = 0,...,m. In the applications from Sections 3 and 4, the introduction of the
semiclassical parameter /& will be somehow artificial, this is just a technical trick.

Now that this reminder is done, we are ready to state our set of general assumptions.
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Let X be a closed real-analytic manifold of dimension n. We endow X with a real-analytic Riemannian
metric (this is always possible; see [Morrey 1958]). Let Y be an open subset of X with real-analytic
boundary 0Y. Consider a family of differential operators

Pr(w) = Py +wP) + o Py, @)

where @ € C and the operator P; for j € {0, 1,2} is a semiclassical differential operator (that does
not depend on w) on X of order j with principal symbol p;. We assume that there is € > 0 and a
neighborhood U of dY with real-analytic coordinates (x1, x") : U — ]—¢, €[ x 3Y such that {x; =0} =3Y
and {x; > 0} =Y NU. We require in addition that Py, P; and P, have real-analytic coefficients in U and
that the following properties hold:

(a) For (x1,x',&,&) € T*U ~T*(]—¢, €[ x 3Y), we have pa(xy, x', &1, &) = w(xEZ +q1 (x1, X', &)
where ¢ is a homogeneous real-valued symbol of order 2 on ]—e, €[ x T*0Y and w : ]—€, €[ - R
is a real-analytic function such that w(0) = 0 and w’(0) > 0.

(b) There is a constant C > 0 such that for (x1, x’, &1, £’) € T*U we have g (x1, x’, £') > C~1|&"|%.

(¢c) The symbol p; is real-valued, pi(x1, x’,&1,&") = p1(x1, &) does not depend on (x', &) for
(x1,x’,&1,&") € T*U, and there is C > 0 such that

p1(x1, &1) -
&1 -

in particular the sign of p;(xy, &) is the same as the sign of —&;.

C—l

(d) The symbol p; is real-valued and positive on T*Y \ {0}.

(e) The symbol py is real-valued and negative on a neighborhood of Y.

Remark 4. Let us explain the significance of these assumptions. In the context of the proof of Theorem 2,
the manifold X will be an even extension for M, and Y will be M seen as a subset of the even extension X.
In the context of Theorem 3, ¥ will be the domain of outer communication and dY corresponds to the event
and cosmological horizons. In both cases, Py, (w) will be a (semiclassically rescaled) family of modified
operators. For instance, in the context of Theorem 2, we replace the operator —h%A —h?(n—1)%/4—w? by
a modified Laplacian Py, (w) (see for instance [Dyatlov and Zworski 2019, §5.3]). The new operator Pp, ()
is defined on the whole X, and, for f smooth and compactly supported in Y, solving for u the equation
Pr(w)u = f with u satisfying a regularity condition near dY amounts to solving for & the equation
(—=h2A — h%(n — 1)2/4 — »?)it = f while imposing a certain behavior at infinity for & (here f depends
on f and is smooth and compactly supported in M).

A method to construct the scattering resolvent is then to construct a meromorphic inverse P, (@)~
for P, (w). In Proposition 5 below, we give a new construction of this meromorphic inverse (maybe
after modifying P, (w) away from Y, which is harmless since we only care about what happens on Y).
This new construction is inspired by the method of Vasy [2013a] (see also [Dyatlov and Zworski 2019,
Chapter 5]) with the addition of tools of real-analytic microlocal analysis near 0Y.
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Let us explain very briefly how it works. The idea is to set up a Fredholm theory for P, (w). Inside Y,
the operator Py, (w) is elliptic (due to (d)), so there is no problem here. Outside of Y, we are allowed
to modify P}, (@), and we can consequently deal with this part of X by adding to P, (w) a well-chosen
elliptic operator. This is similar to the addition of a complex absorbing potential in [Vasy 2013a], and
possible because of the hyperbolic structure of P, (w) near Y in X \ Y. Hence, the most important point
is to understand what happens at Y, where P, (w) stops being elliptic. At that place, the operator Pj, (w)
has a source/sink structure on its characteristic set (this is a consequence of the assumptions (a) and (b)),
so that one can use radial estimates (see for instance to [Dyatlov and Zworski 2019, §E.4]) to set up a
Fredholm theory for P, (w). However, the C* versions of the radial estimates are restricted by a threshold
condition: they can be used to construct the scattering resolvent, but they do not give a bound on the
number of resonances in disks as in Theorem 2. This is where real-analytic microlocal analysis becomes
useful: using methods as in [Bonthonneau and Jézéquel 2020; Galkowski and Zworski 2022] (see also
[Galkowski and Zworski 2021; Guedes-Bonthonneau et al. 2024]), we are able to get an estimate which
is in some sense a C“ version of a radial estimate and allows us to prove Theorem 2. This estimate
corresponds to the fourth and fifth case in the proof of Lemma 26.

There are some technical reasons that make our set of assumptions very specific. The (e) is rather
artificial, this is just a way to ensure that our family of Fredholm operators will be invertible at a point. The
assumptions (a), (b) and (c) impose that the source/sink structure of P, (w) on its characteristic set is very
particular. This specific structure will allow us to work in the real-analytic category only near Y, which is
essential because we are not able to ensure that Py, () is analytic away from 0Y. Concretely, this ensures
that near Y in X \ Y, the projection on X of the bicharacteristics curve of P, () that are contained in its
characteristic set go either toward or away from 0Y. This allows us to set up a propagation estimate by
working on spaces weighted by e¥/”, where 1 is a function on X monotone along the projection to X
of the bicharacteristics of Py, (w). This estimate does not require real-analytic coefficients, so it can be
used to make the link between dY (where we really need real-analytic machinery) and the place in X \ Y
where P (w) is artificially made elliptic by the addition of a differential operator with C* coefficients.

2.2. General result. The assumptions from Section 2.1 allow us to state an abstract result from which
Theorems 2 and 3 follow.

Proposition 5. Under the assumptions from Section 2.1, we may modify the operator Pj,(w) away from Y
into a new operator Pn(w) so that the following holds. There are two Hilbert spaces H1, H; (depending
on h) and a constant k > 0 (that does not depend on h) such that the following properties hold when h is
small enough:

(i) For j = 1,2, there are continuous inclusions C*(X) C H; € D'(X).
(ii) For j =1, 2, the elements of H; are continuous on a neighborhood of 9Y .
(iii) Pp(w) : H1 — Ha is a holomorphic family of bounded operators.

@iv) There is v > 0 such that P, (iv) : H1 — H, is invertible.
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(v) For every open and relatively compact subset V of {z € C :Imz > —«}, if h is small enough then,
for every w € V, the operator Pp(w) : H1 — Hy is Fredholm of index 0. Moreover, this operator has
a meromorphic inverse w — Py(w)~" on V with poles of finite rank.

(vi) If 6 €0, k[, there is C > 0 such that for every h small enough, the number of w in the disk of center 0
and radius § such that Py(w) : Hi — Hj is not invertible (counted with null multiplicity) is less
than Ch™".

Remark 6. The notion of null multiplicity used in the statement of Proposition 5 is defined using
Gohberg—Sigal theory (see for instance [Dyatlov and Zworski 2019, §C.4]). In our context, we can use
the following definition: if wg is such that the meromorphic inverse w +— P, (w) is defined near wy, then
the null multiplicity of Py (w) at wy is the trace of the residue of w — P, (@)~ '8, Py (w) at wp (which is a
finite rank operator).

Remark 7. The modification of P, (w) needed to get Proposition 5 will be obtained by modifying the
coefficients of Py, P and P, away from Y, so that the general assumption are still satisfied by Pj(w)
after this modification.

3. Schwarzschild—de Sitter spacetimes (proof of Theorem 3)

In this section, we explain how the general framework from Section 2 can be used to prove Theorem 3.
We start with this case because the setting is slightly simpler than in Theorem 2 that we prove in Section 4
below. We recall a few basic facts about Schwarzschild—de Sitter spacetimes in Section 3.1 and then apply
Proposition 5 in Section 3.2. Finally, in Section 3.3, we discuss the number of resonances for the operators
obtained by decomposing functions on Schwarzschild—de Sitter spacetimes on spherical harmonics.

3.1. The model. We start by recalling the definition of Schwarzschild—de Sitter spacetimes and of the
associated quasinormal frequencies. The interested reader may refer to [Dafermos and Rodnianski 2013]
for the geometry of Schwarzschild—de Sitter spacetimes (and other notions from general relativity). For
the definition of the resonances, one may refer to [S4 Barreto and Zworski 1997] or [Vasy 2013a]. Fix

two constants 1

My>0 and O0< A < ——.
9 2

0
The constant My is called the mass of the black hole and A the cosmological constant. We define the

function

Ar? 2M,

G(r)=1—T— for r > 0.

r

Let then r_ < r be the positive roots of the polynomial r G (r). Define M =]r_, ry[, x Si and M =R, x M.
Let g be the Lorentzian metric

g= —Gd? + G lar? —i—rzgg(y, dy),

where gs denotes the standard metric on S?. The Lorentzian manifold (1\7 , &) is called a Schwarzschild—
de Sitter spacetime. The hypersurfaces {r_} x S and {r} x S? are called respectively the event and the
cosmological horizons.
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In order to understand the asymptotic of the solution to the wave equation on (M , &), one studies the
meromorphic continuation of the resolvant (Psqs — 22)~!, where

Psas = Gr 2D, (r’G)D, — Gr 2 Aq..

Here, D, = —id, and Ag. is the (nonpositive) Laplace operator on the sphere S?. The operator Psqs is
self-adjoint and nonnegative on the Hilbert space L>(]r_, ro[ x S?; G~'r?dr dy), where dy denotes the
standard volume form on S%. Consequently, the operator (Psqs — A%)~! is well-defined on this space
when Im A > 0. It is proven for instance in [S4 Barreto and Zworski 1997, §2] that (Psgqs — 22)"! has a
meromorphic continuation Rsgs(A) to C, with poles of finite rank, as an operator from C2°(]r—, ro[ x S?)
to D'(Ir_, r4[ x S?). The poles of this meromorphic continuation are called the quasinormal frequencies
for the Schwarzschild—de Sitter spacetime. If 1o 7~ 0 is a quasinormal frequency, we define its multiplicity
as the rank of the operator

L f ARsqs(A) dA,
T Y

where y is a positively oriented circle around Ag, small enough so that the index of any other quasinormal
frequency with respect to y is zero.

3.2. Upper bound on the number of quasinormal frequencies. Our proof of Theorem 3 is based on
the method of Vasy [2013a] to construct the resolvent Rsqs(X), following mostly the exposition from
[Dyatlov and Zworski 2019, Exercise 16, p. 376]. We start with a standard modification of the operator
Psgs — A2, with some minor changes that will be convenient to check the assumptions from Section 2.1.

Let us embed a neighborhood of [r_, 7] in the circle S' and set X =S! x S? and ¥ =]r_, r,.[ x S°.
Letp:]r_,ri [ — [—1, 1] be a C* function, identically equal to £1 near r4. Let then F : Jr_,r. [ —> R
be a primitive of

o 1 1
FO=rt (G(r) T 20 - (9M§A)1/3)) ®

and introduce, for A € C, the operator

G—le—iAF(r)(PSdS _ )\2)eiAF(r)

2GF'

r

which is explicitly given by the formula
2G 1—G*(F')?

GD} —r*Aq+ <2AF’G—i(—+G’))D,—iA( —AZ%.

r

The coefficients of this differential operator extend as real-analytic functions near r_ and r, . Indeed, the
definition of F ensures that F’G continues analytically passed r_ and r,. Moreover, near r+ a direct

e GF”) ©)

computation yields
G/
2(1 — (OMZA)1/3)

G/F/ + GF// =F
and
1-G*(F')? 1 G
G 1= (OMZA)E A — (OMEA)3)
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Letting x be a C* function supported in a small neighborhood of [r_, r; ] and identically equal to 1
on a smaller neighborhood of [r_, 1], we can define a family of operators on X by

@) = x(r) x(9).
Finally, for w € C, we define the semiclassical differential operator
Pu(w) :=h*0(h'w).

Notice that this operator depends on the implicit semiclassical parameter 4 as in Section 2. It is of the
form (7) with

2G
Py=x(r) (Gthrz —r 2 h? A —i (— + G’)th,>,
p

/

, _(2GF
P = x| 2F GhD, —ih

r

+G/F/+GF//>>’

Pr=—x =
G
where it is understood that the factor in parentheses continues analytically in r passed r_ and r. Let us
check that the general assumptions from Section 2.1 are satisfied by this family of operator.
We already mentioned that P, (w) is of the form (7), and it follows from the expression for the P;’s
given above that they are semiclassical differential operators of order j with analytic coefficients on a

neighborhood of Y. Moreover, the principal symbols of the P;’s are given on Y by

1—G(r)’F'(r)?
G(r)

Py, p, ) =G@)p>+r72n%,  piry, p.n) =2F' (NG(r)p,  po(r,y) =—

We get the values of these symbols on a neighborhood of ¥ by continuing these formulas analytically in 7.

We can define the coordinates (x1, x") near dY by taking x; =r —r_ (Whenr isnearr_)orx; =r  —r
(when r is near r) and x’ = y. Beware here that this change of coordinates reverses the orientation of the
real line near .. Then, we see that the (a) holds with w(x1) = G (r+Fx1) and g1 (x1, ¥, n) = (r+ Fx1) " n>.
In particular, we have w’(0) = FG’(r+) > 0. The point (b) follows from the definition of ¢;. To get (¢),
one only needs to notice that the value at r1 of the real-analytic extension of F'(r)G(r) is %1 (and that
our change of variable reverses orientation near ). Since G is positive on Jr_, r[, we get (d). In order

2
2(q _ G(r) _
p(r) (1 2(1—(9M§A)1/3)> 1

G(r)

to check (e), write

po(r,y) =

Since 1 — (9M§A)1/3 is an upper bound for G on ]r_, r[, we find that po(r, y) < O forr € Jr_, ry[.
Using that p(r)? is equal to 1 when 7 is near r., we find that
1

re,y))=————————— <
po(rs, y) G INEE

k]

and thus (e) holds.
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Consequently, we can modify P, (w) away from Y in order to get a family of operator P,(w) that
satisfies Proposition 5. With « as in Proposition 5, we let V be a connected, relatively compact and open
subset of {z € C: Imz > —«} that contains the closed disk of center O and radius 3k /4. Let ¢, denote the
injection of C>°(Y) in H; and ¢; denote the map from #,; to D’(Y) obtained by composing the injection
H1 — D'(X) with the restriction map D'(X) — D'(Y).

If A € h~'V, we define the resolvent

Ry(A) = e OR%y Py(h) T e OG0 (Y) — D(Y). (10)

This is a meromorphic family of operators. We just got a new construction of the meromorphic continuation
Rsgs(A) of the L? resolvent (Psgs — A%)~!, as we will now demonstrate.

Lemma 8. IfA € h=YV is such that Im A > 0, then R, ()) is the restriction to CX(Y) of the L? resolvent
(Psas — AL In particular Ry () does not depend on h.

Proof. Let A € h='V be such that Im A > 0. Let u € C2°(Y). Notice that

(PSdS . )LZ)R;,()»)M — GeiAF(r)GflefiAF(r)(PSds . )\Z)eiAF(r)h%l Ph(xh)fltzefiAF(r)Gflu
= GO py(Ah)y Py(Wh) e PO Gy = u,

where we used that h2G~le 2 F ) (Pgyq — A2) ey = P, (ARt = 13P,(Mh), where (3 is the map
obtained by composing the injection H, — D’(X) with the restriction map D'(X) — D’'(Y). Consequently,
we only need to prove that the distribution Rj,(A)u belongs to the space L2(]r_, ro.[ x S%; G~'r% dr dy).
Since Psqs is elliptic, we know that u is smooth, and thus bounded on all compact subsets of Y. It remains
to understand the behavior of u near Y.

Notice that R, (A)u = *F )y, where v is the restriction to ¥ of an element of 7;. In particular, since
the elements of #; are continuous near dY, there is a compact subset K of Y such that v is continuous
and bounded outside of K. Let us study for instance the behavior of u near r = r_ (the behavior near r
is similar). From (8), we see that

In|r—r_|

F(r) = o)

+0Q).
Consequently, we have that e/*F ") is O(|r —r_|'m*/G'¢-)) when r tends to r_. Working similarly near r,
we find that u belongs to the Hilbert space L>(Ir—, ro[ x S?%; G712 dr dy). O

Remark 9. Tt follows from Lemma 8 that R, (1) = Rsgs(A) on A~'V. In particular, . € h~'V is a
quasinormal frequency if an only if it is a pole of R;(A) and, if in addition A # 0, its multiplicity is the
rank of the operator

L /y JR () du,

where y is a small circle around A.

With this new construction of the resolvent Rgqs(A) at our disposal, we are ready to prove Theorem 3.
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Proof of Theorem 3. Considering the bound on the number of points where P, (w) is not invertible given in
Proposition 5, we only need to prove that if A is a nonzero complex number of modulus less than «/(4h)
then its multiplicity as a quasinormal frequency is less than the null multiplicity of w — Pj,(w) at Ah.
Let us consider a quasinormal frequency A of modulus less than « /(4h). Since Pj(w) is a holomorphic
family of operators with a meromorphic inverse near Ak (because Ah belongs to V), it follows from the
Gohberg—Sigal theory [Dyatlov and Zworski 2019, Theorem C.10], that there are holomorphic families
of invertible operators U(w) and U,(w) for w near Ah, respectively on H, and from H; to Hj, an

integer M > 0, operators Py, ..., Py on H, and nonzero integers ki, ..., ky; such that
M
Py(w) = U, (w)(Po + ) (= A Pm>Uz(w> (11)
m=1
for w near Ah. Moreover, Py, ..., Py are rank 1 and Py Py, = 8¢, Py for 0 < €, m < M. We also have

that I = ZZ’:O P, since Pj(w) is invertible for w # Ah near Ah. Notice that the k,,’s must be positive,
since Pj(w) is holomorphic in @, and that the null multiplicity of Pj,(w) at Ak is ZHA;[: 1 km.
It follows from (11) that

M
Py(@)” = Ur(w)™! (PO + Y (@—r) Pm>U1 (@)~ (12)

m=1
From (10) we get
Ry () = A1 () + Az(w),

where A; and A, are obtained by replacing the inverse Pj,(w)~! respectively by Us(w) ™! PoU;(w)~! and
by Uz (@)~ M (@ — Ah) ™ P,,U; () =" in (10), with @ = uuh. Notice that A; (1) is holomorphic in u,
so that
/MRh(M) dM=/MA2(M) du. (13)
Y Y
The operator ptA;(w) is of the form BI(M)(ZQL(M — 1) Km Pm)Bz(u), where Bi(u) and B>(u) are
holomorphic near A. Writing the Taylor expansions for By (u) and By(u),

Bi(w) =Y (n—1"'Cjy.

£>0

we find that the residue of A, (1) at A is

Z CikPnCoy.
m,k, 0

k+0=ky—1
. . M . M
This operator is the sum of ), _, k,, operators of rank at most 1, and thus is of rank at most ), _, ky,.
It follows then from Remark 9 and (13) that the multiplicity of A as a scattering resonance is at most
Znﬂle km, which is the null multiplicity of w — Pj(w) at Ah. O
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3.3. Decomposition on spherical harmonics. Notice that the Schwarzschild—de Sitter spacetime is
radially symmetric. It is standard to use this kind of symmetry to study quasinormal frequencies by
decomposing the operator Psqs on spherical harmonics (see for instance [Sa Barreto and Zworski 1997]
or [Hintz and Xie 2022]). Let £ € N and Y be a spherical harmonics satisfying —AgY =£€(€+1)Y. The
action of Psqs on functions of the form u(r)Y (y) is then equivalent to the action of the operator

Pég=Gr D, (r*G)D, + Gr 2L + 1).

The operator (PS[dS — %)~ defined for ImA > 0 by the spectral theory on L>(Ir—, r4[; G~ 'r%dr) admits
a meromorphic continuation to C. The poles of this extension are quasinormal frequencies corresponding
to angular momentum ¢£.

We can then apply Proposition 5 as in Section 3.2 to get:

Theorem 10. The number of quasinormal frequencies corresponding to the angular momentum £ of
modulus less than r is O(r) when r tends to +oo0.

4. Scattering on asymptotically hyperbolic manifolds (proof of Theorem 2)

In this section, we specify the geometric assumptions from Theorem 2 and explain how one can use
Proposition 5 to prove Theorem 2. In Section 4.1 we describe the class of asymptotically hyperbolic
manifolds with real-analytic ends that we are going to study. In Sections 4.2 and 4.3, we check the
assumptions from Section 2.1 in order to use Proposition 5 and prove Theorem 2 in Section 4.4.

Sections 4.1, 4.2 and 4.3 are based on the exposition in [Dyatlov and Zworski 2019, Chapter 5] of the
method of Vasy [2013a] to construct the scattering resolvent, with a few additional technicalities required
to deal with real-analytic ends and apply Proposition 5.

4.1. Geometric assumptions. We explain here how the definition of asymptotically hyperbolic manifold
may be modified to obtain the definition of asymptotically hyperbolic manifolds with real-analytic ends
that appears in Theorem 2. Let us consider a Riemannian manifold (M, g) where M is a real-analytic
manifold but the metric g is a priori only C°°. One could just say that (M, g) is asymptotically hyperbolic
with real-analytic ends if M is the interior of a compact real-analytic manifold with boundary M such
that g may be put into the form (1), with g real-analytic, near M, using a real-analytic diffeomorphism
between [0, €[ x M and a neighborhood of M. This is for instance the assumption that is made in
[Zuily 2017]. However, it may seem a priori too restrictive to assume the existence of such coordinates
defined on a neighborhood of the whole d M. Consequently, we will rather make a local assumption on g
and then see that it implies that g takes the form (1) in real-analytic coordinates.

Definition 11. Let M be a real-analytic manifold and g be a smooth (C*°) Riemannian metric on M. We
assume that M is the interior of a compact real-analytic manifold with boundary M. Assume that, for
every xo € dM, there is a neighborhood U of xq in M and a real-analytic function y; from U to R such that

(i) y1>0o0onU and dIM NU = {y; = 0};
(i) dy;(x) # 0 for every x € IM NU;
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(iii) yl2 g extends to a real-analytic metric g on U;
(iv) |dyilz=1ondMNU.
Then we say that (M, g) is an asymptotically hyperbolic manifold real-analytic near infinity.

A function that satisfies (i) and (ii) is called a boundary defining function for M. Notice that if y1 and y;
are two real-analytic boundary defining functions, then there is a real-analytic real-valued function f,
defined wherever y; and y; are both defined, and such that y; = e y1. In particular, the validity of (iii)
and (iv) does not depend on the choice of the boundary defining function y;. One can check that if (M, g)
is an asymptotically hyperbolic manifold real-analytic near infinity, then it is also an asymptotically hyper-
bolic manifold in the standard (C*) sense (see for instance [Dyatlov and Zworski 2019, Definition 5.2]).

Let us fix an asymptotically hyperbolic manifold real-analytic near infinity (M, g), and let M be as in
Definition 11. The existence of a real-analytic boundary defining function defined on a neighborhood
of 9M does not seem obvious, and will be established in Lemma 13 below. However, notice that one
easily shows that there are C* boundary defining functions defined on the whole M and let us define the
conformal class of Riemannian metrics on d M:

[glyi = {(ylzg)|3M 1y € C®(M)is a boundary defining function}.
It will be convenient to know that:

Lemma 12. The conformal class [gl,;; admits a real-analytic representative.

Proof. Let g be any C* representative of [g],;;. Let g be a real-analytic Riemannian metric on oM
(whose existence is guaranteed by [Morrey 1958]). For every x € M, let B(x) be the self-adjoint
(for g(x)) endomorphism of 7,0 M such that go(x) = g(x)(B(x) -, -). Let g; be the metric defined by
g1(x) = go(x)/||B(x)||, where the operator norm of B(x) is defined using the metric g(x). From its very
definition, g is a representative of [g]sas. Let us prove that g is real-analytic.

Let xo € M. From our assumption above (Definition 11), there is a neighborhood V' of xq in M and
a real-analytic metric g» on V such that g, is conformal to gy on V. We have g = ¢/ g, for some C*®
function f on V. For x € V, we have

_ s ( B(x) )
=11 =\ Beor

_ . e 2O B(x)
_g(X)(m.’.>‘

On the other hand, for x € V, we have

g2(0) =g (e B -, ).
Since g» and £ are real-analytic, it follows that x — e~/ B(x) is real-analytic on V, and thus so is g;. [

We can then establish the existence of a real-analytic diffeomorphism on a neighborhood of dM that
puts the metric g into the form (1) (this is also known as a canonical product structure). The C*° version
of this result is standard; see for instance [Dyatlov and Zworski 2019, Theorem 5.4].
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Lemma 13. Let gy be a real-analytic representative of [gl,3;. Then there is a real-analytic boundary
function v defined on a neighborhood U of dM such that

|dy1|y12g =1 on a neighborhood of M and gy = (Y%g)lgﬁ. (14)

Moreover, there is a real-analytic map y' from U to M such that y' is the identity on M, the map
W = (y1, ) is a diffeomorphism from U to [0, €[ x dM for some € > 0, and the pushforward of g under
this map has the form

dy? + g1 (v, Y, dy")

(g = ;
1

where g1(y1, ¥, dy') is a real-analytic family of Riemannian metrics on M.

Proof. We start by constructing y; locally. Let xo € 3M. Let ¥; be a real-analytic boundary function
defined on a neighborhood U of xq as in Definition 11. Up to multiplying y; by a real-analytic function,
we may assume that (yfg)l aiinu = &0- We want to construct y; on a neighborhood of xo of the form
y1 = e | with f real-analytic that vanishes on M. The condition |dy | Vg = 1 may be rewritten as an
eikonal equation, F(x, df(x)) = 0, noncharacteristic with respect to d M, like in [Dyatlov and Zworski
2019, (5.1.11)—(5.1.12)], which in our case has real-analytic coefficients. We can then use [Taylor 2011,
Theorem 1.15.3] to find a (unique) solution f to this equation near xy, which happens to be real-analytic.
Thus, we constructed a boundary defining function y; that satisfies (14) near xg.

Notice that if y; and y, are boundary defining functions that satisfy (14) on open sets U; and U, of M,
then y; and y, coincide on all the connected components of U; N U, that intersect M. Indeed, we can
write y; = e/ y, with f that satisfies an eikonal equation as above and vanishes on M, and there is only
one solution to this equation near M. We get the coincidence of y; and y, on the whole connected
component of U; N U, by analytic continuation.

We can consequently glue the local solutions to (14) to get a solution defined on a neighborhood of the
whole dM.

Finally, we construct the normal coordinates (y;, y’) by integrating the gradient vector field Vvis V1
starting on M as in the proof of [Dyatlov and Zworski 2019, Theorem 5.4]. O

Definition 14. Using the notation from Lemma 13, we say that (M, g) is even if for every integer k,
we have

07+ g1(0, ', dy") =0. (15)

From now on, we will always assume that (M, g) satisfies the evenness assumption Definition 14.
Notice that Definitions 11 and 14 together are the hypotheses from Theorem 2. It is also worth noticing
that the evenness assumption (15) does not depend on the choice of the canonical product structure; see
[Dyatlov and Zworski 2019, Theorem 5.6].

4.2. Even extension. We define an even extension X for M in the following way. We fix a canonical
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product structure (y1, y’) on a neighborhood U ~ [0, €[ x M of dM, as in Lemma 13. Let us define the
real-analytic diffeomorphisms

Vi UNM — 10,2 [ x M, x = (1 ()%, Y (x),
V_:UNM —]—1—€, —1[x M, x> (=1 —yi(x)%, ¥ (x)).

We let X be the closed real-analytic manifold obtained by gluing ]—1 — €2, €[ x M with two distinct
copies of M using the maps ¥_ and ¥. We let x| be the function on X given by the first coordinate in
]—1 —€2, €[ x aM. Up to making € smaller, we extend x; to a smooth function on X, real-analytic on
1—1— €2, €2[ x M, and such that |—1 — €2, €2 [ x OM = {(—1—€? <x; <€?).

The features of the even extension X of M in {x; < 0} are somehow irrelevant: we are only concerned
by the analysis in {x; > 0} (but it is more convenient to work on a closed real-analytic manifold). In
particular, we will identify Y := {x; > 0} with M. We will never do that with {x; < —1}. Notice however
that ¥ € X does not have the same smooth structure as M as defined above (the manifold Y is the even
compactification of M).

Notice that the diffeomorphism ¥, : U N M — ]0, ez[x1 X OM puts the metric g into the form

g1(Vxr, x', dx’)
x .

1

—1\* dxl2
(¢+ )8 =—

= +
2
4x1

It follows from our evenness assumption, Definition 14, that the family x; — g;(/x1, x’, dx’) of real-
analytic metrics on M has a real-analytic extension to {—¢ < x; < ¢} for some ¢ > 0.

4.3. The modified Laplacian. Let n > 0 be smaller than ¢ /2, €2/2 and 1 (where ¢ and € are defined in
the previous section), and choose a function p : R — R such that p(x) = x for |x| <nand p(x) = +31n/2
for |x| > 2n (where = is the sign of x). Notice that we can choose p such that p’(x)x/p(x) < 1 for
positive x. Define then the function

. 4xy

H _”<(1 +x1)2)

on X. For A € C, let us consider the operator on M >~ Y
D nt3 n—1)2 -
PR (-Ag _e-l —)\2>x1 A (16)

where A, is the (nonpositive) Laplacian on M. Using ¥, to identify the set {0 <x; <n} with ]0, n[,, x oM,

we see that the operator (16) takes the form

(14 x1)?

—x1(1+x1)%0;, — 1

Ay + A +x)((n —=2—id)x +id—1—yxi(14x1))dy,

_(n;l —i,\)(m”;l+i/\—1—y(1+x‘)(1_xl)> (17)

2

there. Here A, is the Laplacian for the metric g;(/x1, x’,dx") on dM, the function y is the logarithmic
derivative J _15—; with respect to x; of the Jacobian J of the metric g;(,/x7, x’, dx’) on OM. The
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Jacobian J may be defined by taking local coordinates on M. While J depends on the choice of
coordinates, the logarithmic derivative y does not. It follows from our evenness assumption that y extends
to a real-analytic function on {—n < x; < n} C X. Notice that the expression (17) extends real-analytically
to{—n<x; <n}CX.

Remark 15. Here, we differ from the exposition in [Dyatlov and Zworski 2019, Chapter 5] where, instead
of (16), the operator
ir_n+3 —1)? n—l_ix
X2 <—Ag— (n y ) —A2>x14 2 (18)

is considered. This is an artificial modification that we introduce in order to be able to check (e) from
Section 2.1. The formula (17) for (16) can be deduced from the formula for (18) given in [Dyatlov and
Zworski 2019, Lemma 5.10].

Let x : R — [0, 1] be a smooth function such that x(¢) =0 fort < —2n/3 and x(t) =1 for t > —n/3.
Define then for A € C the differential operator P(A) on X by

L nt3 2 n=l_ i
PRI <_Ag_(” D _)3))214 2 onY~M,
4
P = x (x1) x (17) on {—n <x; <n},
0 on {x; < —2n/3}.

Notice that the differential operator P (1) has real-analytic coefficients on the set {—n/3 < x; < n}.
Let us define for w € C and A& > 0 the semiclassical operator

Pu(w) = h*P(w/h).

Let us check that this family of operators satisfy the general assumptions from Section 2.1. We recall that
the manifold X and its open subset Y have been defined at the end of Section 4.2. It follows from (17)
that P, (w) is of the form (7) with Py, P; and P, that have real-analytic coefficients in the neighborhood
{—n/3 <x; <n}of dY.

Let p; denote the principal symbol of P; for j =0, 1, 2. For x in the interior of ¥, we have

(1+x1)?

pax. ) = — = [
(1+x1)? [, dx
p](-x7§)=_4— g7~_ 5
X1 X1/ g(x)
A +x)?/|d7 |
PO(X) = 4— 2—~ —1).
X1 X1 lg(x)

Near Y, we can express these symbols in the (x, x") coordinates to find

(1+x1)?
ot x, &1, 8) = (L x0)M + =18l ey

pi(xr, x, &1, =—(1+x)(1 —x)&,
po(x1, x') =—1.



EVEN ASYMPTOTICALLY HYPERBOLIC MANIFOLDS WITH REAL-ANALYTIC ENDS 3641

We are now in position to check that the assumptions from Section 2.1 are satisfied. We see that (a) holds
with w(x1) = x1(1 + x1) and g (x1, x', §') = 4—11(1 +x1)|5/|§1(ﬁ,x/)' It is clear from the definition of g
that (b) also holds. The validity of (¢) and (d) follows immediately from the formulae for p;(x1, x, &1, &)
and p>(x, &) above.

It remains to prove (e), that is, that p is negative on a neighborhood of Y. It is clear that py is negative
on a neighborhood of dY from the formula above, so that we only need to check that
dx;
2%

<1
g(x)

on the interior of Y.
Notice that we have

,( 4x; )

di; P\axp2/) 4x 1—xidx

2% ( dx )(1+x1)21+x12x1'
(1+x1)?

Since | %

1 |g(x) =1 when 0 < x| < 21, we get

,( 4x; )

P \aGxn?) 4n 1-x _1-x

8@) p< 4x) >(1+x1)2 I+x; = 1+x;
(14x1)?

dx;
2X

and the validity of the (e) follows.

4.4. Upper bound on the number of resonances. Since the assumptions from Section 2.1 are satisfied
by the operator P, (w) introduced in Section 4.3, we may modify Pj(w) to get an operator Py (w) that
satisfies Proposition 5.

From here, the strategy to prove Theorem 2 is the same as in Section 3.2. We let k be as in Proposition 5
and choose a connected, relatively compact and open subset V of {z € C: Imz > —«} that contains the
closed disk of center O and radius 3« /4. We write ¢, for the inclusion of C2°(M) in #H, and ¢; for the
map obtained by composition of the inclusion of #; in D’(X) and the restriction map D' (X) — D'(M).

For A € h~'V, define the resolvent

n—1 i

n=l_ A nt3
Rh()x) — il 4 =2 4

uh? Py (ha) 0k,

NI

:CX (M) — D' (M).

As in Section 3.2, we get:
Lemma 16. If h is small enough,  is in h='V and Im A > 0, then R, (}) coincides with the inverse of
—Ag — %(n —1D2=22on L*(M). In particular, Ry (L) does not depend on h for A € h K.
Proof. The proof is the same as for Lemma 8. One just needs to notice that if Im A > 0 then the function
)?f"_l)/d'_ik/z belongs to L2(M). O

Notice that Lemma 16 implies that for A € A~V the scattering resolvent Ry.q (1) coincides with Ry, (1).
With Proposition 5 and Lemma 16 at our disposal, the proof of Theorem 2 follows exactly the same lines
as the proof of Theorem 3 given in Section 3.2. Consequently, we do not repeat it.
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5. Real-analytic Fourier-Bros-Iagolnitzer transform

In this section, we detail the tools of real-analytic microlocal analysis that will be used in the proof of
Proposition 5 in Section 6. The main ingredient that we need is a real-analytic Fourier—Bros—lagolnitzer
transform as we studied in [Bonthonneau and Jézéquel 2020].

In Section 5.1, we recall the main feature of such an FBI transform, and prove a slight generalization,
Proposition 18, of [Bonthonneau and Jézéquel 2020, Proposition 2.10]. In Section 5.2, we give a
description, Proposition 20, of the dual of a Hilbert space defined in Section 5.1. This result will be
useful to construct the injection of the spaces H; and H; in D’'(X) in the proof of Proposition 5 (see
Proposition 21) and to reuse results from [Guedes-Bonthonneau et al. 2024] in Section 5.3, where we
study the specificities of certain spaces defined using FBI transform and logarithmic weights (rather than
weight of order 1 as in [Bonthonneau and Jézéquel 2020]).

5.1. Generality. Let us recall the tools from [Bonthonneau and Jézéquel 2020] that we need for the proof
of Proposition 5. As in Section 2, we let X be a closed real-analytic manifold, and we endow it with a
real-analytic metric gx (which is possible due to [Morrey 1958]). We endow T*X with an associated
metric gxn Which is given, using the decomposition into horizontal and vertical direction

To(T*X) =Ty X ® TOZX Ty X0 Ty X
for a = (o, ag) € T* M, by the formula

8X,a, (V, V)
1+ gx,q, (ag, ag)

gKN,O[((u9 U), (M, U)) = gX,OtX (M, M) +

for (u, v) € T,, X & T, X. This metric can be used to give a characterization of Kohn—Nirenberg symbols
(see for instance [Bonthonneau and Jézéquel 2020, Remark 2.5]), and we will consequently call it a
Kohn—Nirenberg metric. Let Xbea complexification of X (endowed with any smooth distance) and T*X
its cotangent bundle. If > 0 is small, we let (X), denote the Grauert tube (see for instance [Guillemin
and Stenzel 1991; 1992]) of size r for X, that is, the image of

{(x,v) €TX : gxx(v,v) <r%} (19)
by the map

(x, v) = exp,(iv),

which is well-defined on (19) if r is small enough (here we use the holomorphic extension of the exponential
map for gx). We define similarly the Grauert tube (T*X), C T*X by using the Kohn—Nirenberg metric
on T*X. Because of the noncompactness of 7*X, it is not clear a priori that (7*X), is well-defined.
However, one can reduce the study of the Kohn—Nirenberg metric on 7*X to its study near the zero
section and the study of its pullbacks by the dilations (v, ag) = (o, Aag) for A > 1 on a bounded subset
of T*X (for instance the space between the spheres of radii 1 and 2 in each fiber). Since these pullbacks
are uniformly analytic and positive definite, we see in particular that (7*X), is well-defined when r is
small enough.
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Working in the holomorphic extension of real-analytic coordinates on X, we get a holomorphic
trivialization (%, &) = (x + iy, £ +in) of T*X in which T*X is described by {y = n =0}. Using the
same dilation trick as above, one may then check that, for every compact subset K of the domain of the
coordinate patch x, there is C > 0 such that, for every » > 0 small enough, the image of (7*X), above K
in this trivialization is intermediate between

TEXN{lyl < C7r Il < CT 1+ [EDr)
and
TEX N {|y| < Cr, |nl < C(1 + |&])r).

Here, we write T;)? for the reciprocal image of K by the canonical projection T*X —> X.

If m is a real number, r > 0 is small and a is a smooth function on (7" X),, we say that a € Sg\((T*X),)
is a Kohn—Nirenberg symbol of order m on (T*X), if, for every compact subset of the domain of a
coordinate patch as above and every k, k', £, £ € N there is a constant C > 0 such that on the image of
T;y N (T*X), by the trivialization of T*X associated to the coordinate patch, we have

1059% 8L 9L (%, E) < C(1+ EN™ (1 + €))~1-1°1,

We define similarly symbols of logarithmic order by replacing (1 + |£])™ by log(2 + |£]).
Let us fix a real C* metric g on the vector bundle T*X — X (seen as a real vector bundle) and define
fora = (x,&) € T*X the Japanese bracket

(lal) = vV2+ gx(8).

This is just a more convenient way to denote the size of « than taking the norm of £ directly, notice in
particular that (|«|) and log(|«|) are bounded from below. Notice that if » > 0 is small enough, then the
function o — (|a|) is a Kohn—Nirenberg symbol of order 1 on (7*X),, as defined above.

It will also be useful to endow T*X with a distance adapted to Kohn—Nirenberg symbols. One way to
do that is to endow 7 X with a smooth Hermitian metric, which gives an identification of T*X with TX.
Then, one may define a Kohn—Nirenberg metric on T X as above when X , seen as a real manifold, is
endowed with a smooth Riemannian metric (e.g., the real part of the Hermitian metric). We let dxn denote
the associated distance. Restricting to a compact subset K of X, one may check that o, 8 € T;)? are
close for dxy if their position variables are close to each other and, in local coordinates, their momentum
variables have the same order of magnitude and the Euclidean distance between them is small with respect
to this order of magnitude. This can be proved using a rescaling argument as described above.

For R > 1, so that (X)1 is defined, we let E g (X) denote the space of bounded holomorphic functions
on the interior of (X)1,r, endowed with the supremum norm. Then, we let Ez(X) denote the closure
of E ®/(X) in Eg(X) for any R’ < R large enough so that (X);,z is well-defined. It follows from the
Oka—Weil theorem [Forstneri¢ 2017, Theorems 2.3.1 and 2.5.2] that the space Er(X) does not depend
on the choice of R’. Let E,(X) denote the dual of Eg(X), and notice that if R > R’ are such that (X);,z
and (X)1,g are well-defined, then the injection of Eg/(X) in Eg(X) has dense image (because it contains
Eg/(X) for some R” < R), so that the adjoint of this map defines an injection of E(X) into E}, (X).



3644 MALO JEZEQUEL

We choose a real-analytic FBI transform 7 : D'(X) — C*°(T*X) on X, as defined in [Bonthonneau
and Jézéquel 2020, Definition 2.1]. This is a transform defined by a real-analytic kernel Kr:

Tu(ot):/ K7 (o, x)u(x)dx
X

for u € D'(X) and @ € T*X. Here, dx denotes the Lebesgue density associated to the Riemannian metric
gx on X. The kernel Ky, and thus 7, depends on the implicit semiclassical parameter 2 > 0 introduced
in the beginning of Section 2.1. Unless the opposite is explicitly stated, all the estimates below will
be uniform in 4. The fact that T is a real-analytic FBI transform [loc. cit., Definition 2.1] means that
the kernel K7 has a holomorphic extension to (T*X), x (X), for some small r > 0, which satisfies the
following properties:

o For every é > 0, there is ' > 0 such that if («, x) € (T*X),» x (X), are such that d(«,, x) > § then

|K7(a, x)| < ()™ eXp(—r/ﬂZ—D)- (20)
e There is § > 0 and ' > 0 such that if (o, x) € (T*X),» x (X), are such that d(a,, x) < then
o " (o)
|Kr(a, x) —e b a(o, x)| < (r)” exp =) (21)

Here, a(a, x) is an analytic symbol defined near the diagonal, elliptic in the class of h—3n/ 4(|oc|)"/ 4

meaning that for r’, § > 0 small enough, there is a constant C > 0 such that a(«, x) is holomorphic in
{(a, x) € (T*X),» x (X),» : d(ay, x) < 8} and satisfies on that set the estimate
™ (o)t < late.x)| < Ch™ ¥ (lal)
The phase ®7(«, x) from (21) is an analytic symbol of order 1 on the set
{(, x) € (T*" X)) X (X)), d(0ty, x) < 8}

(it is holomorphic and bounded by C{«) for some C > 0), which satisfies in addition the following
properties:

e Fora € T*X, we have ®7(«, o) = 0.

e Fora e T*X, we have d, @7 (o, ary) = —oe.

e There is C > 0 such that, if (o, x) € T*X x X and d(a,, x) < 8, then
Im(®7 (e, X)) = C ' (loel)d (et ). (22)

According to [loc. cit., Theorem 6], such a FBI transform exists. Moreover, if we endow 7*X with the
volume associated to the canonical symplectic form, then we may assume that the formal adjoint S :=T*
of T is a left inverse for 7, i.e., that T is an isometry on its image. Notice that S has a real-analytic kernel
K s that satisfies for o and x real

Ks(x, @) = Kr (o, x).
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In particular, K5 is negligible away from the diagonal, and may be described near the diagonal in a similar
fashion as Kr.

Let us fix some small r > 0, and let G be a Kohn—Nirenberg symbol of order 1 on (7*X), and set
G =t Gy for some small T > 0 (the function G is sometimes called an escape function). We let A = Ag
be the submanifold of (7*X), defined by

A =eHe' 77X, (23)

where H;' is the Hamiltonian vector field of G for the symplectic form w; = Im w, where w denotes the
canonical complex symplectic form on T*X. By taking T small, we ensure that A is C* close to T*X
(this statement can be made uniform by pulling back A to a bounded subset of T*X using dilation in
the fibers as above). Notice that in [Bonthonneau and Jézéquel 2020, Definition 2.2], the symbol G
was assumed to be supported in (7*X), for some ' < r. The only reason for that was to ensure that
the flow of Hg' is complete, which implies that (23) makes sense. However, taking t small (which we
will always do) is enough to ensure that (23) is well-defined. Moreover, we see that A only depends on
the values of G on (T*X),  for some r’ < r, so that the assumption on the support of G from [loc. cit.,
Definition 2.2] may be lifted without harm.

We will say that a smooth function a on A is a symbol of order m € R, and write a € Sg\(A), if the

H' is a symbol of order m, in the standard Kohn—Nirenberg class on 7*X. We define

function a o e
similarly symbols on A x A.

On A, we can construct a real-valued symbol H of order 1 such that dH = — Im 8 where 6 denotes the
canonical complex 1-form on T*X (see [loc. cit., §2.1.1], in particular equation (2.9) there). Notice also
that wg = Re w is a symplectic form on A if 7 is small enough. We let da = w',/n! denote the associated
volume form.

Notice that if u € E(X) with R large enough, then Tu is well-defined and holomorphic on (7*X),
for some small » > 0, so that if 7 is small enough, Tu is defined on A. We can consequently define
the FBI transform T, associated to A by restriction Tau = (Tu)|s. Notice that since the kernel of § is
holomorphic, we also have an operator S, that is a left inverse for T (see [loc. cit., Lemma 2.7]). We

will work with the spaces
2 2 2% 21
Li(A) :=L(A, (la]) e 7 da) for k e R,
HA i={u € Efp(X) : Tau € LI(A)}.

Here, R needs to be large enough so that Eg(X) is well-defined, and t small enough depending on R
(but the particular choice of R is irrelevant when t is small). According to [loc. cit., Corollary 2.2],
we know that H/j\ is a Hilbert space. We let also H’f\’FBI c L,%(A) denote the (closed) image of ’H,]j\
by T. The structure of the projector [T, := T) Sx on the image of T, has been studied in [loc. cit.,
§2.2]. The orthogonal projector Bx on H‘[)\’FBI in L%(A) is studied in [loc. cit., §2.3]. Notice that in order
to prove Proposition 5, we will work with a symbol Gy which is of logarithmic order. As explained
in Section 5.3 (see also [Guedes-Bonthonneau et al. 2024]), it implies that Hlj\ is in fact a space of
distributions. Consequently, we could have worked from the beginning only with distributions (and avoid
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the introduction of the space E,(X)). However, we decided to start from the context of [Bonthonneau
and Jézéquel 2020] and then specify to the case of logarithmic weights in Section 5.3. This is because
we will need some extensions of the results from [loc. cit.] that are not made easier by assuming that
Gy is of logarithmic order. It is also useful to see the case of logarithmic weights as a particular case of
[loc. cit.], as it allows us to use the results from this reference.

Assume that A(«, 8) is a smooth function on A x A and let A be the associated operator

Au(a) = / A, Bu(B)dB fora € A.
A

The operator A may be defined for instance as an operator from the space of smooth compactly supported
functions u on A to the space of smooth functions on A. In order to understand the action of A on L%(A),
one has to study the reduced kernel of A:
H(B)—H(x)
Ared(a, B) = A, Ble .
To study the action of A from L,%(A) to L%(A), one can study the kernel Aeq(c, BYUBD (o)), We
will say that the kernel A is negligible if

Ared(et, B) = Ocoo (K ({Jx]) + (I1BI) ™). (24)

Here, the C* estimates may be understood by identifying A with 7*X using eHgl, taking a trivialization
for T*X and then asking for all partial derivatives of Arq to be O(h*°({|a|) + (|8])) ™). We do not need
to ask for symbolic estimates in that case, as it is automatic for something that decays that fast. Notice
that an operator whose reduced kernel satisfies (24) is bounded from L,%(A) to L%(A) for every k, £ € R,
with norm O(k°°). An operator whose reduced kernel satisfy (24) will be called a negligible operator.

Recall the phase ®r5(a, B) from [Bonthonneau and Jézéquel 2020, §2.2], which is the critical value
of y > &r(a, y) + Ps(y, B). Here, Oy is the phase that appear when describing the kernel Ks(y, 8) of
S locally as we do for K7 in (21). That is, ®5(y, B) = —®7 (B, ¥). The following fact follows from the
analysis in [loc. cit.].

Lemma 17. Let 6 > 0 be small enough. Assume that T > 0 and h > 0 are small enough. Assume that
A(a, B) is a smooth function on A x A and let A be the associated operator. Let m € R. Assume that
there is a symbol a € S (A x A) supported in {(a, B) € A x A, dgn (o, B) < 8} such that

1 H(B)+iPrs(e.f)—H (@)
h

e
2w h)"

Ared(a, B) = aa, B) + Oce (W™ ((|e]) + (181N ™). (25)

Then, A is bounded from L%(A) to L,%_m (A) for every k € R, and there is a symbol o € Sg\ () such that
the operators B ABx and Bpo By differ by a negligible operator.
Moreover, o coincides with o — a(a, o) up to O(h) in SIQ"I\?] (AN).

Indeed, the boundedness statement follows from the proof of [loc. cit., Proposition 2.4]. Our assumption
on the kernel of A implies that A belongs to the class of FIO from [loc. cit., Definition 2.5], and thus the
proof of [loc. cit., Proposition 2.10] may be rewritten replacing the operator *“ f Ty PS5~ by the operator A.
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This gives the symbol o such that B ABy — Bpyo By is a negligible operator. The proof gives that o
coincides with o — go(a)a(a, o) for a symbol gg of order O that does not depend on A. To see that one
can take go = 1, just notice that the operator [Ty = Tx S, satisfies the hypotheses from Lemma 17 with
o — a(o, o) identically equal to 1 up to O(h) in 512111 (A), according to [Bonthonneau and Jézéquel 2020,
Lemma 2.10], and that BI15 By = B Bx. Moreover, one may retrieve the leading part of a symbol o
from restriction to the diagonal of the kernel of the operator By o B, (the kernel may be computed by the
stationary phase method as in [loc. cit., Lemma 2.16]).

We need to extend certain results from [loc. cit.] to a slightly more general context in order to prove
Proposition 5. Let P be a semiclassical differential operator of order m with C* coefficients and let p be
the principal symbol of P. We make the following assumption:

for every x € X either Go(y, &) = 0 for every y near x

and & € Ty*X , or P has real-analytic coefficients near x. (26)

Notice that under the assumption (26) the principal symbol p of P may be restricted to A provided 7 is
small enough. Indeed, for every x € X, either p has a holomorphic extension near 7. X or A coincides
with 7*X near 7,"X. We let p, denote this restriction. If P is an operator that satisfies (26), we may
define TA P Sy as the operator with kernel

TAPSa(a, B) Z/MKT(OK, Y)Py(Ks(y, B))dy. 27)

The reason for which we use this definition is because since P is a priori not an operator with real-analytic
coefficients, it is not straightforward to define the action of P on elements of E(X). Notice that the
following result allows to define P as an operator from 7—[’1‘\ to 7—[’1‘\_’”. When we will specify to the case of
logarithmic weights in Section 5.3, the spaces ’H'j\’s will be included in D’(M), and the natural relation
TrPu = TxPSxTau will be satisfied; see Lemma 23.

Proposition 18. Under the assumption (26), if T is small enough, then the operator Ta P Sy is bounded
from L,%(A) to L,%_m (A). Moreover, if L e Rand f € SI‘Z(N(A), there is a symbol o € S%#(A) and an
operator L with negligible kernel such that

BAfTAPSABA = Bao By + L.

In addition, o coincides with fpa up to O(h(|o])™ 1.

The proof of Proposition 18 is based on applications of the stationary and nonstationary phase methods
with complex phase. We will apply both the C*° and the holomorphic versions of these methods. We are
not aware of a reference stating the C° version of the nonstationary phase method with complex phase
that would cover all the cases we are going to consider (for the stationary phase method, see [Melin and
Sjostrand 1974], and for a standard version of the non stationary phase method with complex phase, see
[Hormander 1983, Theorem 7.7.1]), so that we prove here a statement adapted to our needs. This result
and its proof should be no surprise for specialists.
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Lemma 19. Let m, n be integer. Let U, V be open subsets respectively of R™ and R". Let & : U xV — C
be a C* function. Let K| and K, be compact subsets respectively of U and V. Assume that for every
(x,y) € K1 x K we have Im®(x, y) > 0 and d,®(x, y) # 0. Then, for every L, N > 0, there are
constants k € N and Lo > 0 such that, for every . > A, every C* function u supported in K, and every
x € U such thatd(x, K1) < LlogA/A, we have

f Ty (y) dy
\%

Proof. Let x € U be such that d(x, K1) < LlogA/A. From our nonstationary assumption, we see that

-N
<A lullcx.

if A is large enough then d, ®(x, y) # O for every y € K». We can consequently introduce the differential
operator
2,0, P(x, y)

Ly=—i Yy ———~23,,
B 2T TR T

and notice that L, (e/*®®¥)) = 1e/*®®Y)_ Letting k be a large integer and ' L, denote the formal adjoint
of L., we find that

/ Py (y) dy =1 7F / eI Liu(y) dy.
v \4

Then, we notice that the L norm of ! Lﬂ‘cu is controlled by the C¥ norm of u. Moreover, since d(x, K1) <
LlogA/A, we find that for every y € K», if A is large enough, we have Im ®(x, y) > —Co L log A /A for
some constant C¢ that does not depend on k nor u. Consequently, for A large, we have

[ e umay| < ea et e

14

Here the constant C may depend on k and ®, but not on A nor u. Taking k large enough, we ensure that
k — CeL > N and the result follows. Ol

We have now at our disposal all the tools to prove Proposition 18.

Proof of Proposition 18. We want to apply Lemma 17 to the operators Ty PSp and f7APSp. Let us
introduce the open sets

U ={xeX:Gop(y,&) =0 for every y near x and & € Ty*X},
U, = {x € X : P has real-analytic coefficients near x}.

By assumption X = U, UU,. We start by proving that for every § > 0, provided t is small enough, we have

H(B)—H @)
TaPSa(a, e 7 =O0h™({al) +(IB1) ™) (28)

whenever «, 8 € A are such that dgn(«, 8) > §. Let us write o = et (x,&)and B = eHgl (v, n) where
(x,&) and (y, n) are in T*X. Assume first that x and y are at distance larger than §/L for some large
constant L >> 1. We can then write

TAPSA(a, B) = (/ +/ +/ )KT(W,Z)PZ(Ks(Z,ﬁ))dZ- (29)
D(x,8/10L)  JD(y,8/10L) JX\(D(x,8/10L)UD(y,8/10L))
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We write D(w, r) for the ball of center w and radius r in X. Notice that, provided 7 is small enough,
the third integral in (29) is O(exp(—({|a|) + (|B8]))/Ch)) since the kernel K7 and Ky are negligible
away from the diagonal (20). Since e @ B)=H@/1 j5 O(exp(Ct({|a]) + (|B])))), we see that for T small

enough we have
Kr (e, 2) P(Ks(z, p))dz = O(exp(—%))

=0 ({lal) + (1B,

Hp)—H() /
e h
X\(D(x,6/10L)UD(y,5/10L))

and we only need to care about the two other terms.
Let us deal with the first term in (29). Up to a negligible term, it is given by

. D7 (a,2)
/ ¢ ale, ) P.(Ks(z, B)) dz. (30)
D(x,8/10L)

By taking L large enough, we have either D(x, §/10L) € U; or D(x,§/10L) C U,.

Let us begin with the case of D(x,§/10L) € U;. In that case, the differential operator P has a
priori only C* coefficients on D(x, §/10L) so that we find that P,(Ks(z, 8)) is O(exp(—{(|B])/Ch))
in C*°. Notice also that d,®7 («, ory) = —og and that the imaginary part of ®7 (e, z) is nonnegative when
z€ D(x,8/10L). Hence, provided L is large enough, we can use the C* nonstationary phase method
(apply Lemma 19 with a rescaling argument) to find that (30) is

O (lal) = exp(—(IBl}/ Ch)).

Here, the integrand is not supported away from the boundary of the domain of integration, but since the
imaginary part of the phase is larger than C~!(|a|)/ h near the boundary of the domain of integration,
we may just introduce a bump function to fix that. The same trick allows to remove the dependence
on x of the domain of integration. Using that x € U;, we find that « = (x, &) and that H(«x) = 0 (see
[Bonthonneau and Jézéquel 2020, (2.9)]), so that

H(B)—H () H(B)
e =e h =O<exp<Cr@)>.

Hence, for 7 small enough, we find that

H(B)—H () Q7 (e.2)
e h / e~ ala, 2)P.(Ks(z, B)) dz = O™ ((lae]) + (IBI) ™). (3D
D(x,8/10L)

When D(x, §/10L) C Us, the coefficients of P are analytic, and P,(Ks(z, B)) is O(exp(—(|8])/Ch))
as a real-analytic function. Hence, provided L is large enough, we can use the holomorphic nonstationary
phase method (see for instance [loc. cit., Proposition 1.1], and use a rescaling argument) as in the proof
of [loc. cit., Lemma 2.9] to see that (30) is O(exp(—({|a|) + (|B))/Ch)), provided 7 is small enough.
Hence, if 7 is small enough, this is enough to beat the potential growth of the factor e B)=H@)/h s
that we also have (31) in that case.

We deal similarly with the second term in (29), distinguishing the cases D(y,§/10L) € U; and
D(y,5/10L) C U,.
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Let us now prove (28) when the distance between x and y is less than §/L (and consequently & and n are
away from each other in a trivialization of 7*X). As above, we can discard the z’s that are away from x (and
thus from y) and write up to a negligible term the kernel of 75 P S as (the error term coming from the ap-
proximation (21) is dealt with by an application of the nonstationary phase method as in the previous case)

; D7 (,2)+Pg(z,8) ~
e 2 a(a, 2)b(z, B) dz, (32)
D(x,108/L)

where the symbol b is defined by

Pz,

B py=e T P @ T bz, B).

Notice that the phase in (32) is holomorphic and nonstationary. Indeed, working in coordinates and
assuming that L is large enough, we find that, for some C > 0 and every z € D(x, 105/L),

max ((Jel), (Iﬂl)))
L

|V (D7 (et 2) + Ps(z, B))| = |Be — e | + 0(
> C ™ max((Jal), (IB])).

Moreover, provided t is small enough, the imaginary part of the phase is larger than C “Tmax((Jal), (I8])
when z is on the boundary of D(x, 106/L) (because z is away from o, and B, ), and is always nonnegative
when D(x, 108/L) € U;. We can apply the C* nonstationary phase method when D(x, 108/L) C U,
and the holomorphic nonstationary phase method when D(x, 10§/L) € U, (for this second case, see
the similar computation in the proof of [Bonthonneau and Jézéquel 2020, Lemma 2.9]). Indeed, in the
latter case b is holomorphic in z, while in the first case it is only C®. In the first case, we get that (32)
is O(h*({Ja]) + (|B1))~>) and in the second case that it is O(exp(—({|«|) + (|8]))/Ch)). Noticing that
in the first case H (o) = H(B) = 0, we find that (28) holds.

Notice that differentiating the kernel of K7 or of Kg (in a local trivialization of 7*X) amount to
replace the symbols a and b by symbols of higher orders (in terms of «, 8 and k). Thus, all the estimates
that we established when « and 8 are away from each other actually hold in C*°.

We must now understand what happens when « and 8 are close to each other. We write as above
a = elé' (x, £) and B = e’ (v, n) where (x, £) and (y, 1) are in T*X. Then, up to negligible terms,
the kernel of Ty PS, at («, B) is given as above, for some small § > 0, by

; Pr(2,2)+Ps(z,8) ~
e h a(w, 2)b(z, B) dz.
D(x,8)

As above, the error coming from the approximation (21) is dealt with by an application of the nonstationary
phase method. The asymptotic of this integral when (|«|)/ & tends to +o0 is given by the stationary phase
method. Indeed, when o = B, the rescaled phase y — (@7 (o, y) + ©s(y, 8))/(|«|) has a uniformly
nondegenerate critical point at y = o, = By, as a consequence of (22). Moreover, when D(x, §) C Uy,
the imaginary part of this phase is nonnegative on D(x, §), provided the distance between «, and g, is
way smaller than §. When D(x, §) C U,, we may ensure that the imaginary part of the (rescaled) phase
is uniformly positive on the boundary of D(x, §) by taking v small enough. As above, we apply the



EVEN ASYMPTOTICALLY HYPERBOLIC MANIFOLDS WITH REAL-ANALYTIC ENDS 3651

stationary phase method in the C* category (see [Melin and Sjostrand 1974, §2]) when D(x, §) C U,
and in the C® category when D(x, §) C U, (see [Sjostrand 1982, §2] for the general method and the
proof of [Bonthonneau and Jézéquel 2020, Lemma 2.10] in the case s = 1, page 111, for the details of the
computation in our particular setting). In both cases, we can use the fact that the imaginary part of the phase
is positive on the boundary of the domain of integration to remove the dependence of this domain on x. In
the first case we get an expansion with an error term of the form O (2% (Ja|)~°°) and in the second case of
the form O(exp(—(|a|)/Ch)). Since in the first case we have H (o) = H () =0, we see that in both cases
we get the desired expansion (25) for the reduced kernel of T P Sa, with an error term of the required size.

We can then apply Lemma 17 to end the proof. Indeed, we just saw that the kernel of f7TA P Sy is of
the form (25). Moreover, it follows from the application of the stationary phase method that, up to O(h)
in Sl"gl\? ! (A), the symbol o — a(a, ) coincides with fpx go, where g is a symbol of order O that does
not depend on P. Thus, the operator fTy PSx — fpalla is also of the form (25) but with an a such
that a — a(a, a) is O(h) in S%?Z*I(A). Consequently, there is a symbol ¢ € hSI’z’;Z*l(A) such that
BA(fTAPSA — fPpATIA) By — BAG By = B fTAPSABy — BA(fpa +0) B is a negligible operator.
We get the announced result with o = fpy + 6. O

5.2. Duality statement. In [Bonthonneau and Jézéquel 2020, Lemma 2.24], an identification between H;k
and the dual of Hlj\ is given. However, the pairing used to define this identification is not the L? pairing.
We explain here how to describe the dual of H’j\ using the L? pairing. This will allow us in particular to
reuse results from [Guedes-Bonthonneau et al. 2024] in Section 5.3.

Let us first recall that there is an antiholomorphic involution @ — & on (7*X), such that

e (T*X), :a=a}=T"X;

see [Guillemin and Stenzel 1991]. Let G be a symbol of order 1 on (T*X), as above (of the form
G = tG( with T small) and A be defined by (23). Let us introduce a new symbol G*(«) = —G (@),
and notice that the Lagrangian associated to G* by (23) is A, that is, the image of A by the involution
o > @. Notice also that changing G to G*, we have to replace H by the function H* on A given by
H*(a) =—H(@).

Consequently, if u € ’H'j\ and v € ’H/Z\k, we may define the pairing

(u, v) :/ Tau(a)Tzv(a) de, (33)
A

for which we can prove:

Proposition 20. Let R > 1. Assume that t is small enough. The pairing (33) induces an identification
between Hik and the dual OfH/f\. Moreover, if u or v belongs to Er(X) then (33) is just the natural
(sesquilinear) pairing between elements of Eg(X) and E ' (X).

Proof. Assume that u is in Eg(X) and that v € Hik. Since T is an isometry on its image, we know that

/ uv dx = TuTv da. (34)
X T*X
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Notice that the function « — Tu(a)Tv(a) is holomorphic on (T*X),. Moreover, from [Bonthonneau
and Jézéquel 2020, Lemmas 2.4 and 2.5, Corollary 2.2], we see that, provided t is small enough, there is
r > 0 such that Tu (o) Tv(@) decays exponentially fast in (7% X),. This allows us to shift contour in (34)
to find that [ x uv dx coincides with (33), provided 7 is small enough. By symmetry, we have the same
equality when v is assumed to belong to Eg(X).

Consequently, the (antilinear) map from Hik to the dual of H]j\ induced by the pairing (33) is injective.
Let us prove that it is surjective. Let / be a continuous linear form on 7—[’1‘\. It follows from [loc. cit.,
Proposition 2.4] that S, is bounded from Li(A) to #% , and we can thus define a linear form [ on L,%(A)
by the formula f(w) =[(Spw). Notice that if u € ’H’f\ then [(u) = i(TAu). Let then /4 be the element of
L3(A) such that

I(w) = / w(a)hl(a)(|a|)2ke_% do
A

for every w € L,%(A). Let us define the function 4, on A by

2H@)

ho(a) = hy@)(l&))e™ 7,

and notice that 4, belongs to sz (A), so that v := Sxh2 belongs to Hik. Let u € ERr(X), then with the
pairing above, we have

(u, v) =/ Thu(a)Izhy (@) dao.
A

Notice that the kernel of the operators T, and ITj are obtained by restricting respectively to A x A and
A x A the holomorphic kernel of the operator IT = T'S. We write I1(c, B) for this kernel. Since S is
the adjoint of 7, we find by analytic continuation that I (&, B) =I1(8, o). It follows then from Fubini’s
theorem that

(u, v) :/ I[TATAu(e)hy (o) do
A
=f Tau(@ @) (jal) e "5 da = 1(u).
A

The equality on the first line can be proved first by replacing A, by a rapidly decaying function and then
using an approximation argument. It follows from [loc. cit., Corollary 2.3] and the Oka—Weil theorem
that Ez(X) is dense in H'j\ and the result follows. O

5.3. Particularity of logarithmic weights. When applying the FBI transform techniques that we describe
here in Section 6, the weight G will be of logarithmic order. This is a strategy that we already applied in
[Guedes-Bonthonneau et al. 2024]. It amounts to doing C* microlocal analysis with respect to the large
parameter (|c|) but real-analytic microlocal analysis with respect to the small parameter /.

Using a logarithmic weight allows us to construct spaces that are intermediate between C*°(X)
and D' (X).
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Proposition 21. Assume that Gy has logarithmic order. Assume that T and h are small enough. Then,
for every k € R, there are continuous injections C*°(X) C 7—[’1‘\ C D'(X). Moreover, these injections are
natural in the following sense: the diagram

C®(X) — HE(X) —— ER(X)

~ 7

D'(X)

is commutative, with R as in the definition of 7—[]1‘\. The arrows that are not given by the proposition are the
standard injections.

Proof. 1t follows from Lemma 19, using for instance [Bonthonneau and Jézéquel 2020, (2.9)] to bound H,
that C*°(X) is contained in HX , where we identify an element of C*°(X) with an element of E, (X) using
the L? pairing (see also [Guedes-Bonthonneau et al. 2024, Lemma 4.10]). The proof of this result actually
proves that the injection is continuous (even if the estimates are not uniform in /). Notice that C*°(X)
is dense in ’H'j\ as a consequence of [Bonthonneau and Jézéquel 2020, Corollary 2.3]. Replacing G
by G*, we find that C*°(X) is also a dense subset of Hik, with continuous injection. Consequently, the
pairing (33) induces a continuous injection of H’j\ into D'(X) according to Proposition 20. Since the
pairing (33) coincides with the L? pairing when u or v is in Eg(X), we see that the diagram above is
indeed commutative. 0

Remark 22. It follows from Propositions 20 and 21 that if u € 7—[’1‘\ and v € ’Hik are such that u or v
is in C*°(X), then the pairing (33) coincides with the natural pairing between a smooth function and a
distribution.

When Gy is of logarithmic order, we may identify the H’j\’s with spaces of distributions, and con-
sequently it makes sense to let a differential operator P with C* coefficients act on the elements of
the ’H’j\’s. In the following lemma, we see that under the assumption (26) we can relate the action of P
on these spaces with the action of the operator 75 P S, that we studied in Proposition 18.

Lemma 23. Assume that Go has logarithmic order. Let P be a semiclassical operator of order m € N that
satisfy (26). Assume that T is small enough. Then, for every k € R, the operator P is bounded from Hlj\
to Hlxm and for every u € 7—[’1‘\ we have

TAPM = (TAPSA)TAM,
where we recall that Tx P Sy is the operator with kernel (27).

Proof. For o € A, we have by definition

ThPu(x) = /

; Pu(y)Kr (e, y)dy = /Mu(y)’Py(KT(a, y))dy, (35)

where ‘P denotes the adjoint of P for the bilinear (rather than sesquilinear) L? pairing on M. Notice that
for o € A, the function A : y = 'Py (K7 (e, y)) is C*. Consequently, one may use the C* nonstationary
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phase method, Lemma 19, to find that ‘Sh, (8) decays faster than the inverse of any polynomial when S
becomes large while its imaginary part remains bounded (from the Kohn—Nirenberg point of view) by
Llog(|B8])/{|B]) (for any large constant L). Notice however that this estimate is not uniform in /4 (we
apply Lemma 19 with % fixed and (|8]), rather than (|8|)/ k, as a large parameter). Consequently, we can
shift contour in the integral equality ‘T 'Shy, ="(ST)hy = hy, to find

ha(X)=/;\KT(ﬂ,X)<fA4 Ks(y,ﬁ)ha(y)dy> dp

= /A K7 (B, x)TAPSx(a, B)dB.

Using the fast decay of 'Sh,, we see that this integral actually converges in C*°(X), and plugging this
equality into (35), we get Tx Pu = (TpA P Sx)Tpu. It follows from Proposition 18 that Ty Pu € L%,m (A),
that is, Pu € H5 ™ (A). O

The following result will be used in the demonstration of Proposition 5 to prove that the elements of
the spaces H| and > are bounded near oY .

Proposition 24. Let K be a compact subset of X. Assume that G has logarithmic order and that there is
C > O such that if a € T¢ X is large enough then

Go(e) < —C " log(lel).

Assume that T is small enough. Then, for every k € R, if h is small enough then the elements of H'j\ are
continuous on a neighborhood of K.

Proof. Let N > n. It follows from [Guedes-Bonthonneau et al. 2024, Lemmas 4.2 and 4.9] that, for 4 small
enough, there is a neighborhood U of K such that if v is in H " (X) and supported in U then v belongs
to Hik and its norm in this space is less than C||v|| y-~, where the constant C may depend on / but not on v.

Letu e H’j\ If x is a C* function supported in the intersection of U with a coordinates patch, then we
see that in these coordinates the Fourier transform of yu decays faster than (£) V. Indeed, the H~" norm
of the functions given in coordinates by x (x)e’*¢ decays like (£) ™" when & tends to +oco. Thus, the
same is true for the norm of these functions in ’H/:\k. It follows then from Remark 22 that xu(£), which
is the L? pairing of u with one of these functions, decays like ()" when & tends to 4+c0. Consequently,
the distribution x u is a continuous function, and the result follows by a partition of unity argument. [J

6. General construction (proof of Proposition 5)

The aim of this section is to prove Proposition 5. We will use the notation that we introduced in Section 2.1.

In Section 6.1, we fix the value of certain parameters that play an important role in the proof of
Proposition 5 and define the modification P, (w) of Py (w). In Section 6.2, we define the spaces that will
be H; and H, in Proposition 5, and explain how the action of Pj(w) on these spaces is related to the
values of a certain symbol (Proposition 25). In Section 6.3, we prove ellipticity estimates on this symbol
(Lemmas 26 and 28). In Section 6.4, we use these estimates to study the functional analytic properties



EVEN ASYMPTOTICALLY HYPERBOLIC MANIFOLDS WITH REAL-ANALYTIC ENDS 3655

of P,(w) acting on the spaces defined in Section 6.3: we prove that P, (w) is Fredholm by proving that
it is invertible after perturbation by a compact operator (Lemmas 30 and 32 and Proposition 36), and
that Py, (iv) is invertible for some v > 0 (Lemmas 31 and 33 and Proposition 36). In Section 6.5, we
prove the crucial point (vi) from Proposition 5 (from which our upper bounds on resonances, Theorems 2
and 3, follow). This is done by evaluating the trace class norm of the compact perturbation that we use to
make Py, (w) invertible (Lemmas 37 and 38). Finally, in Section 6.6, we put all these information together
in order to get a full proof of Proposition 5.

Notice that, in most of this section, we are not working directly with the operator P, (w), but rather
with an operator P, (w), defined in Section 6.1, which is conjugated to P, (w), but simpler to apprehend.

6.1. Choice of parameters and modification of the operator. We use the notation from Section 2.1.
Up to making ¢ smaller, we may assume that w’(x;) > € for every x; € ]—¢, €[ and po(x) < —e¢ for
every x € U UY (this second point is a consequence of assumption (e)). We may also assume that x;
extends to a smooth function on the whole X (analytic on U) such that U ={—e€ < x| <€}, Y ={x; > 0}
and X \ Y = {x; <0}.

Let us introduce on T*U >~ T*(]—¢, €[)(x,,&) X T*3Y(, ¢ the symbol of logarithmic order

Gi(x1, X', &1, &) =log(2 + &7 +1&'1%)

and denote by Hg, the Hamiltonian flow of G for the canonical symplectic form on 7*U. Here, the
quantity |£’|? is computed using any smooth Riemannian metric on 8Y, e.g., the restriction of gx. Let us
compute Hg, p» where we recall that p; is the principal symbol of the order 2 differential operator P,
from (7). Using local coordinates on 0Y, we find that

28 ’ 2 28 9q1 /st
He, palet, ¥, 61, 8) = -/ (g 45— P, 8)
o 24P 2 g 1P o
Ve (') s VelED -
Ve ¥ ) — e Veqi (0, X, E).
2 R

Since w’(x1) > ¢, the first term on the right-hand side is elliptic of order 1 whenever &; is larger than a
fixed proportion of |£’|. Moreover, this term has the same sign as &;. The other terms are also of order 1,
and they can be made arbitrarily small by assuming that & is much larger than &’. Hence, there is some
small €; € ]0, [ such that if (x, x", &, &) € T*U and |&;| > 6;1(1 + |€’]) we have

HG1p2(x1€, x',E1,&) ~ !
1

(36)

for some constant C > 0.
Let then Cy be a bound for the derivative of w on ]—e, €[. We choose € € ]0, €[ small enough so that
if (x1,x’,&1,&) € T*U and |&| < 261_1(1 + |&’]) we have, with & = (&1, &),

—Cocotl + €+ 1= C7H1 + |8, (37)
—Coeofi +qi(x1, x,EN+1>C7 A+ 6. (38)

Here, |£|? is defined using the metric gx on X, and we used the ellipticity condition on ¢; (assumption (b)).
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Let x : R — [0, 1] be a smooth function such that x (#) = 0 for t < —eg and x (¢) = 1 for t > —5¢(/6.
Let ¥ be a real-analytic function from R to R such that #¢/'(¢) < 0 for r € R and ¢/(¢) < 0 for r # 0.
One can take for instance v/ (1) = —t%/2.

Let O be a semiclassical differential operator of order 2 with principal symbol g. We assume that Q
has the following properties:

 The coefficients of Q are supported in {x; < —eg/2}.

 The principal symbol of Q is
q(x, ) = 1A+ 151,

where x; : R — [0, 1] is a smooth function supported in ]—oco0, —€p/2] and that takes value 1 on
]—00, —2¢(/3]. For instance, one can take Q = x; (I — hZAgX).

The modification Pj(w) of the operator Pp,(w) for which Proposition 5 will be established is

_ya) o y@)
Pp(w) = x(x)Pp(@)+e 7 Qe k-, (39)
but we will rather study the conjugated operator
- zen) e
Ppw)=e n x(x))Pp(w)e » +0Q.

For (x,&) = (x1,x',&1,&) e T*U ~ T*(]—¢, €[ x 3Y), the principal symbol of p(x, &; w) of ﬁh(a))
is given by

px, & w)= X(Xl)(w(xl)%‘lz-i-ch(xl,x/, EN42iwx)yY (x1)& +wpi (x1,§1)
+iwpi (x1, ¥/ (X)) + @’ po(x) =¥ (x1)*w(xn)) + x1 () (L +E[7).  (40)

Finally, let ¢ be a C* function from R to [0, 1], supported in ]—ep/3, €p[, such that ¢ () = 1 for
t € [—€0/6, 2¢0/3] and t¢’(¢) < O for every ¢ € R.

Our choices of parameters are summed up in Figure 1, where the black line represent the x;-axis. The
colored zones in this drawing correspond to places where we will use different mechanisms to prove the
Fredholm property for Py (w). In the purple zone (which is compactly contained in Y'), we will use the
ellipticity of Py (w), which follows from our assumption (d) in Section 2.1. In the green zone (which is
away from Y), the operator P, (w) is also elliptic, but this is just because Q is. Finally, the most interesting
part is the blue zone, where two phenomena occur: in some places Py(w) is elliptic and in other places
we need to use propagation and radial estimates to get the Fredholm property. See Section 6.3 for the
details on how Figure 1 can be turned into actual estimates.

6.2. Definition of the spaces. We define the symbol Gy on T*X by

Go(x,§) =—¢(x))G1(x, &) for (x,§) € T"X.

Then, for some small r > 0, we extend Gg to (T*X), as a symbol of logarithmic order. The particular
features of the extension are irrelevant as soon as we have symbolic estimates, and that G is identically
equal to 0 away from a small neighborhood of the support of ¢, so that all derivatives of G vanish at any
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Figure 1. Some relevant places near dY.

point of T*X such that x; < —ep/3 or x| > €¢ (even derivatives in directions that are not tangent to 7*X).
As above we define the escape function G = TG for some small T > 0. We let A = M6’ T*X be the
associated Lagrangian deformation and (’H’j\)kequ the associated family of Hilbert spaces (see Section 5).
Notice that these are spaces of distributions according to Proposition 21. For k € R, define the Hilbert space

v
Fi={ueD(X):ehuecH\), (41)

where we recall that i is defined in Section 6.1. The spaces 7| and H, in Proposition 5 will be respectively
{Lt e Fi: Ph(O)u € ]:k—l} and Fr—1-

Notice that it is equivalent to study P, (w) acting on the Fi’s or P, (w) acting on the H/j\’s. Also, we
can write fN’h (w) = 132 + wf’l + ? 130 where the f~’j’s are semiclassical differential operator with analytic
coefficients near the support of ¢». Consequently, these operators satisfy the assumption (26) and it makes
sense to restrict their principal symbols (and thus the principal symbol p(-; w) of Py(»)) to A, see the
remark below (26). Applying Proposition 18 and Lemma 23 to the operators Py, P and P, we find:

Proposition 25. Assume that T and h are small enough. Let m € R and f be a symbol of order m on A.
Let w € C. Let ky and ky be such that ky + ko = m + 1. Then, there is a constant C such that for every
u, v € HL, we have

~ 2 ___
/ fTAPy(@)uTpve” 7 da —/ f@)pla; @)TauTpve 7 da| < Ch||u||Hk1 ”UH,sz.
A A A A

Here, the constant C depends continuously on w and p( - ; w) denotes the principal symbol of P, (w). We
also wrote HY for (Mg HA.-

Another consequence of Proposition 18 and Lemma 23 that it will be useful to remember is that, under
the assumptions of Proposition 25, for every k£ € R the family v — P, (w) — Py (0) is a holomorphic
family of bounded operators from #X to HA~".

6.3. Ellipticity estimates. In order to use Proposition 25, let us introduce the following subsets of 7" X:
Ve = {x1 < —2€0/3}U{x1 > €0/3} U ({—5€0/6 < x1 < 2€0/3} N {|E1] <2¢7 (1 +1E'D)),

Vi ={=5€/6 < x1 <2¢0/3}N{E1 = e (1 + 1€},
Vo ={=5€0/6 < x1 < 2¢0/3} N {51 < —€; ' (1 +[E'D).



3658 MALO JEZEQUEL

Here, we see the function x; : X — R as a function on 7*X by composition by the canonical projection
T*X — X, and the constant € has been defined in Section 6.1. Notice that a point of 7*X for which x; is
between —e and € is in T*U ~ T*(]—e, €[) x T*(3Y), and may consequently be written as (x1, x', &1, &)
with (x1, &1) € T*(]—¢, €[) and (x’, &) € T*3Y. This is how we make sense of £’ in the equation above.
We use the same metric on 7*9Y as in Section 6.1.

We let also Wg, W, and W_ denote the images respectively of Vg, V. and V_ by M6’ Notice that
T*X = VrRUV,LUV_ sothat A = WgU W, UW_. We are going to prove two ellipticity estimates,
Lemmas 26 and 28, that will be used in Section 6.4 below to prove that f;h (w) is Fredholm for a certain
range of w’s and invertible for at least one of these w’s.

Lemma 26. Let t > 0 be small and fixed. There is k > 0 (depending on t) such that the following holds.
For every compact subset K of {z € C:Imz > —«}, there is a constant Cg such that for o € K and o € A
such that {|a|) = Cg we have

Re plas ) = Cil(lal)  if o € We,

Im jp(a; 0) < —Cg'(leel) if x € Wy,

Im p(a; @) > C(lal)  if a € W_.

Proof. Let us write o = eHgl (x, &) for (x, &) € T*X. We will distinguish the different cases that appear
in the definitions of Vg, V4 and V_.

First case: (x, &) € {x; < —2¢p/3}. In that case, we see that G is null on a neighborhood of (x, &) so
that @ = (x, £). Moreover x;(x;) =1,sothatg(x, &) =1+ €. Using that x (x1) = 0 for x| < —¢p, we
find from (40) that the real part of p(x, §; w) is greater than

—Coeot? — C(1+ &) + £ (42)

Here, C > 0 is some constant that depends continuously on w (and does not depend on «). Thanks to our
assumption (37) on €y, we see that (42) is larger than C ~!(Ja])? and hence that C~!(|or|) when « is large
enough.

w

Second case: (x, &) € {x; > €y/3}. Notice that H;' p(a; h) is O({|a|) log(|a|)), with symbolic estimates
(it follows from the fact that G has logarithmic order). Consequently, we have

plas h) = p(x, §; 0) + O({la|) log{lal))
= p(x, & +iy' (x1)dx1; ) + O((Jet) log(lex]))
= p2(x, &) + O({la|) log(la[)).

Thanks to our assumption (d) of ellipticity on p, in Section 2.1, we see that this quantity is larger than
C~!(|a])? and hence that C~!(Ja|) when « is large enough.

Third case: (x, &) € {—5¢p/6 < x1 <2¢€y/3}IN{|&1] < 261_1 (1+1€'])}. Inthat case, we notice that x (x;) =
1 and that p(o; w) = p(x, &; w) + O({]a|) log{|x|)) as above. Using (40), we find that

Re p(a; @) > q1(x1, x', §') — Coeotl — C () log(lal).
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Using that [§1| < 2e¢, ! (14 |&’]) and our assumption (38) on €(, we see that for « large enough, this real
part is larger than C~'(|a|)? and hence that C~'(|«|).

Fourth case: (x, &) € V.. Notice that we have
Im p(e; w) =Im p(x, & w) +THg! Im p(x, §; o) + O((log(la]))?). 43)

We want to estimate Hé”é Im p(x, &; w). First, notice that p(-; w) — py is a symbol of order 1 on a
neighborhood of the support of Gy, so that

HE! Im p(x, & @) = HG! Im pa(x, §) + O(log(ja)))

=—Hp!, Go(x, &) + Olog(lal)).

Notice that the symbol Im p; vanishes on the real cotangent bundle 7*X, which is a Lagrangian subman-
ifold for the symplectic form w;. Consequently, the Hamiltonian vector field H;! pz is tangent to T*X
(this is why we only care about the value of Gy on T*X). Recall that wg denotes the real part of the
canonical symplectic form w on (T*X),. For u tangent to 7*X, we have

wg(u, Hﬁ;’pz) =Im(iw(u, Hf‘rgpz)) =Im(w(iu, Hl‘;{pz))
=d({m p;) - (iu) =dRe py) - u
=wgr(u, Hy,), (44)

where H), is the Hamiltonian vector field of p, for the (real) canonical symplectic form on the real
cotangent bundle 7*X. We used the Cauchy—Riemann equation on the second line of (44). On the last
line, we used the fact that p, is real-valued on 7*X and that the pullback of wg on T*X is the canonical
symplectic form on 7*X. Since wg is symplectic on 7*X and the vector fields H,, and H;"! p, Are parallel

to T*X, we find that H;"! p, coincides with Hp, on T*X. It follows that

HE'Im p(x, &; o) = Hg, pa(x, §) + O(log(|al))
= —¢(x1)Hg, pa(x, §) + 2w (x1)¢' (x1) G (x, £)& + O(log(|al))
< —C7'¢(x1)& + C, log(lal)

for some constant C,, > 0 that depends continuously on w and some constant C that does not depend on w.
Here, we used (36), which is valid thanks to the assumption (x, £) € V., and the fact that w(x;)¢’(x1) <O0.
Then, we plug this estimate into (43) to find that

Im p(a; ) < 2wx) Y ()€ + Imawp; (x1, &) — C~ ' tgp (x1)& + C,(log(|al))?
< —C ' (—w)Y (x1) + 1o (x1) + Imw)&; + Cy, (log(le]))?,

where the constants C may change from one line to another but still does not depend on w. We used here
that py(xy, &) is elliptic of order 1 with the same sign as —&i, that is, our (c) from Section 2.1. Notice
that w(x)¥’(x1) has the same sign as x;¥'(x1), and consequently there is a constant ¥ > 0 such that
—w ()Y (x1) + 1P (x1) > k for —5¢¢/6 < x1 < 2€0/3. Hence, if Inw > —k, we see that Im p(«; w) is
less than —C~!(Ja|) when « is large.

Fifth case: (x, &) € V_. This is the same as the fourth case up to a few sign flips. O
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Remark 27. Let us point out how the five cases in the proof of Lemma 26 correspond to different places
in Figure 1. The first and the second cases correspond respectively to the green and the purple zone.
The last three cases correspond to the blue zone (to distinguish these cases one need to consider the
momentum variable which is not represented on Figure 1).

Lemma 28. Assume that v is large enough. Assume that t is small enough (depending on v). Then there
is a constant C > 0 such that for every a € A we have

Re pla:iv) = C Nal)  if a € Wg,
Im p(e; iv) < —C Ylal) if « € Wy,
Imp(a;iv)>C Ya|) ifaeW._.

Proof. We write as above o = eHa' (x, &) for (x, &) € T*X. We review the same five cases as in the proof
of Lemma 26, with the additional assumption that w = iv with v > 0 large.

First case: (x, &) € {x| < —2€0/3}. The symbol g (x, &) is still 1+ |£|? in that case. Notice that we have
here po(x) < —e (see the beginning of Section 6.1). Looking at (40), we find that, for some constant
C > 0, the real part of p(x, &; iv) is larger than

X (x1)(—Co€oki +ev? — C(1+v)) + (1 + &%) > —Coeol + (1 +|£]%),

provided v is large enough so that ev> — C (1 + v) > 0. Using our assumption (37), we see that the real
part of p(a; iv) is indeed larger than C~!(|a|).

Second case: (x, &) € {x; > €y/3}. Notice that p(-;iv) = p,+ivp; — vzﬁo, where for j =0, 1, 2, the

principal symbol p; of f’} is a symbol of order j that does not depend on v. It follows that HZ' p(-; iv)

is O(r ({|a|) log{Jee]) + V2 log(|ee])/{|e[))), uniformly in v and t and with symbolic estimates.
Consequently, we have in this second case

Re p(a; iv) =Re p(x, &;iv) +O(r((|a|) log(Jarl) + vz—loﬁx”))

=Re p(x, & + iy (x))dx; iv) + O(zv*(|e]) log(|a|))
= pa(x, &) —v? po(x) + O + Tv?(|a|) log(|ex])),

uniformly in 7 and v. We start by taking v large enough so that py(x, &) — v po(x) + O(v) is larger than
C~'(Ja|)? (which is possible by our ellipticity assumptions on p, and p). Then, by taking T small enough,
we ensure that O(tv?(Ja|) log(||)) is smaller than C~!(|a|)?, which gives the required estimate. Let us
point out here that how small T needs to be depend on v, but how large v has to be does not depend on t.

Third case: (x,&) € {—5€9/6 < x1 <2¢/3} N{l&1] < 261_1 (14+&D)}. As in the previous case, we no-
tice that

pla; iv) = p(x, & iv) + O(tv*(lal) log(lal)).



EVEN ASYMPTOTICALLY HYPERBOLIC MANIFOLDS WITH REAL-ANALYTIC ENDS 3661

Then, we use (40) to find that
Re p(x.&;iv) = —Coeod +q1(x1,x', §) +ev? = C(1+),
for some C > 0 that does not depend on v, nor 7. Using (38), we find that if v is large enough we have

Re j(x, &;iv) > C~ 11+ €.

Consequently, we have
Re p(a; iv) = C7H(1+[§%) — Cov*(jal) log{lel),

where the constant C > 0 may have changed, but still does not depend on v, nor t. Taking t small enough
(depending on v), we get rid of the term —Ctv?(|a|) log(|e|). Thus, we get the required estimate. As
above, it is crucial here that how small t needs to be depend on v, but how large v has to be does not
depend on 7.

Fourth case: (x, £) € V.. Writing p(-;iv) = p +ivp; — v?po, we find that
Im j(a; iv) =1Im p(x, & iv) + THot Im p(x, & iv) + O(r*v (log(la]))?).

Then, we notice that on a neighborhood of the support of G, the symbol p(-;iv) — p; is the sum of
a symbol of order 1, a symbol of order 1 multiplied by v and a symbol of order O multiplied by v?.
Consequently, we have

Hg; Im p(x, & iv) = Hg! Im pa(x, §) + O log(lar))).

Using (36) as in the proof of Lemma 26, we see that Hé’é Im py(x, &) is nonpositive. We recall (40) and
the fact that w(x1)v’(x1) is nonpositive, to find, for some C > 0 that does not depend on 7 nor «, that

Im j(a; iv) < vpi(x1, &) + Ctv*(log(le]))?. (45)

Since (x, &) € V., we know that &; is nonzero. Moreover, p;(x1, &) is negative and elliptic. Thus, we
only need to take v small enough to get rid of the last term in (45) and the required estimate follows.
Once again here, see that T depends on v, but v does not depend on 7.

Fifth case: (x, &) € V_. This is the same as the fourth case up to a few sign flips. O

6.4. Invertibility and Fredholm properties. With the estimates from Section 6.3, we are now ready to
study the functional analytic properties of Py(w) acting on suitable spaces.

Let v be large enough and 7 be small enough so that Lemma 28 and Proposition 25 hold. Let then
k be as in Lemma 26. Let § € ]0, k[ and V be a relatively compact open subset of {z € C:Imz > —«}.
Without loss of generality, we may assume that V is connected and contains the compact set

{zeC:|Rez| <v+«k,—6 <Imz <2v+«}.

Let then Ck be the constant from Lemma 26 applied with K = V. We shall always assume that / is
small enough so that Proposition 25 holds. Let k£ be any real number.
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Let a be a compactly supported smooth function from A to Ry such that

inf inf a(x)+Rep(a;w)>0. (46)
weK acA
(le)<2Ck
We let then A be the operator
A= SABACIBATA, (47)

where we recall that S, is a left inverse for T, and B, is the orthogonal projector on H%’FBI in L%(A)

(see page 3645). The operator A : C*°(X) — D'(X) extends to a bounded operator from #'} to Hf\ for

every m, £ € R, see for instance [Bonthonneau and Jézéquel 2020, Proposition 2.4 and Remark 2.20].
Let us define the domain of ﬁh (w) on 7—[’1‘\ as

Dy = {u e HX : P,(0O)u e H1Y.
We put a Hilbert space structure on Dy by endowing it with the norm

2 2 5 2
lellp, = Nl + IIPh(O)MIIH:xl-

We will need the following approximation result.

Lemma 29. Let u € Dy. Then ﬁh (w)u belongs to ’H’f\_l and there is a sequence (u,)neN of elements of
X such that (up)nen tends to u in 7—[’1‘\ and (P (w)uy)nen converges to Pp(w)u in ’Hll‘(l.

Proof. Start by noticing that
Pr(@)u = (P (w) — Py(0)u + P, (0)u.

Since ﬁh (w) — ﬁh (0) is bounded from 7—[’1‘\ to 7—[’1‘\_1, we see that ﬁh (w)u belongs to ’Hlj\_l when u belongs
to Dyg.
Let then /. be the operator
Ie = SABASeBATY,

where s is a symbol on A defined by s. (o) = 6 (e {|c|)), where 6 is a compactly supported function in R,
identically equal to 1 near 0. It follows for instance from [loc. cit., Proposition 2.4 and Remark 2.20] that
if u € HX then I.u € HY. We see that for u € H~ , we have

| lew — M”H’;\ = ||TTABaseTau — TAUHL%(A)
= 1Ba(se = DTaull 20y < CllGse = DTaull 2.

It follows that I.u converges to u in 7{’/‘\ when € tends to 0.
If u belongs to Dy, we see that

Pr(@)Iu = I Py(w)u + [Py (), I]u.

From the analysis above, we have that /. ﬁh (w)u converges to Fh (w)u in Hlj\_l when € tends to 0. Notice
that the symbol s, is uniformly bounded as a symbol of order 0 on A. Hence, it follows from [loc. cit.,
Proposition 2.12], as in the proof of [loc. cit., Lemma 3.4], that the operator [13;, (w), I.] is uniformly
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bounded from ’H]j\ to Hlj\_l when € tends to 0. If u is in HS, the analysis above implies that [ﬁh (w), I ]u
tends to O in ’H'j\_]. Thanks to the uniform boundedness of [f;h (w), I.] when € tends to 0, we see that the
same holds when u is only in ’H’f(l. O

We first use Lemma 26 to find:

Lemma 30. There is C > 0 such that for h small enough and every w € V and u € Dy we have
lullz, = Cll(Pr(@) + A)ullyp-r.

Proof. Thanks to Lemma 29, we only need to prove this estimate for u € HY'. Let f, f—, fr and f, be
symbols of order 0 on A such that fy + f— 4+ fr + f, = 1. Moreover, we assume that f,, f_ and fp are
supported in the intersection of {(|x|) > Ck} respectively with W, W_ and Wy and that f, is supported
in {(Ja|) =2Ck}.

For u € HY’ and w € K, we have, from Proposition 25,

Re<f fR(amaDZk_lTA(ﬁh(w)+A)ume_@ d“)
A

2/ Fr(@)(la) ¥~ Re(p(@: @) +a(@)| Tau@)Pe™ 7 da - Chilul
iy A

—1 2% y M@ 2
>C frR@)(la)™ | Tau(a)|“e” 7 da Ch||u||HkA,
A

where we used Lemma 26 in the last line (since a takes positive values it does not harm the positivity of
the real part of p). From Cauchy—Schwarz inequality, we find that

% ) M@ 5 2
Tr@) ()T Tau@)l e 7 da = Cll(Ph(@) + Aully-lullyy + Chllullyy -
A

Replacing the real part by an imaginary part, and varying the sign, we get the same estimates with fr
replaced by f4 and f_. Using (46), we get the same estimates with fr replaced by f,. Summing these
four estimates, we find that

el = CNP@) + Al lnllps + Chlluly

When £ is small enough, we can get rid of the second term in the right-hand side. Dividing by ||u ||H:;\ the
result follows (the result is trivial when u = 0). Il

The same proof using Lemma 28 instead of Lemma 26 gives:
Lemma 31. There is C > 0 such that for h small enough and every u € Dy we have
lullzp < CllPRGVIUll 1.

Applying Proposition 18 as in the justification of Proposition 25, we find that, for every w € V, there
is a symbol o, of order 2 on A and an operator Z with negligible kernel on A x A such that

BATA Py(w)Sa B = BA0wBa + Z = BAo,B + BAZB,.
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Let us identify the dual of 7—[’,‘\ with ’ka as in [Bonthonneau and Jézéquel 2020, Lemma 2.24], that is
using the pairing
R 2H
(u, v)p :=/ TauTpve 7 da. (48)
A

Notice that it is a priori not the L? pairing (recall that the L? pairing identifies the dual of X with Hik,
see Section 5.2). Under this identification, the formal adjoint of Fh (w) may be defined as

Py()* = SpA(BAGwBA + BAZ*B)Ta
By this, we just mean that if u, v € HY then
(Py(@)u, v)p = (u, Py(w)*v)a.

Notice that we do not claim that Fh (w)* is the adjoint of 13}1 (w) for a Hilbert space structure. We define
the domain of 13;1 (w)* as

D*, = {u e H ¥ 2 Py(0)*u e 1K)

Notice that we have ¢, (o) = p(a; @)+ O(h{|x|)). Hence, the operator 13;1 (w)* satisfies Proposition 25
with p replaced by p. In order to introduce the symbol f, one may use [loc. cit., Proposition 2.12].
Consequently, we can use Lemmas 26 and 28, as in the proofs of Lemmas 30 and 31, to get:

Lemma 32. There is C > 0 such that for h small enough and every € V and u € D* we have
lullyyir < CIPL (@) + A ully+.

In this statement, (13}1 (w)+A)* = Fh (w)* + A is the formal adjoint of ﬁh (w) + A for the pairing (48).

Lemma 33. There is C > 0 such that for h small enough and every u € D*, we have
il < CllBAGV)Y u gyt

Remark 34. Here, we used (48) rather than the L? pairing to describe the dual of Hlj\ because this
identification makes A self-adjoint, so that we can reuse directly the estimates from Lemmas 26 and 28.
We expect however that the L? pairing studied in Section 5.2 would allow to get similar estimates that we
could also use in the proofs below.

From Lemmas 30, 31, 32 and 33, we deduce:

Proposition 35. There is C > 0 such that for h small enough and w € V the operators ﬁh (w) + A and
P, (iv) are invertible as operators from Dy, to 7—[’1‘(1. Moreover, the operator norms of their inverses is
bounded by C.

Proof. From Lemma 30, we find that Py(w) + A is injective on Dy and that its image is closed in 7—[’1‘(1.
Let us consider and element v € HXkH such that (u, v), = 0 for every u € Hlj\_l in the image of
P, (w) + A. In particular, if u € HY, we have ((Fh (w) + A)u, v) = 0. Notice that HS is dense in ’HXH]
(for instance because it contains all real-analytic functions due to Proposition 20, and they form a dense
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subset of HXH] according to [Bonthonneau and Jézéquel 2020, Corollary 2.3], one can also work as in
Lemma 29). Consequently, we have

((Py(@) + A)u, v) 5 = (u, (Py(w) + A)*v) o

for every u € 1Y, since this equality holds when v € HY°. Hence, we have (u, (lgh (w) + A)*v) =0 for
every u € H3°, and thus (f;h (w) + A)*v = 0. It follows from Lemma 32 that v = 0.

We just proved that the image of ﬁh (w) + A is dense in ’H’f\_l, and thus f’h (w) + A is invertible. The
estimate on the operator norm of the inverse immediately follows from Lemma 30.

The argument to invert Fh (iv) is the same using Lemmas 31 and 33 instead of Lemmas 30 and 32. [J

The analytic Fredholm theory then implies that:

Proposition 36. Assume that h is small enough. For every w € V, the operator P, (w) : Dy — 7-{][‘\_1 is
Fredholm of index 0. Moreover, the operator 13;1 (w): Dy — Hlj\_l has a meromorphic inverse w +— ﬁh (w)™!
with poles of finite rank on V.

Proof. From [loc. cit., Proposition 21.3] or Lemma 38 below, we find that A is a compact operator
from Dy, to Hll‘\_l. Hence, it follows from Proposition 35 that lN’h (w) : Dy — ’Hlj\_l is Fredholm for w € V.

Since 13}1 (w) — ﬁh (0) is a holomorphic family of bounded operators from 7—[’,‘\ to Hlf\_l, we see that
Pr(w)isa holomorphic family of operators from Dy to 7—[’1‘\_1, for w in V. Since this operator is invertible
for @ = iv and V is connected, we find that the index of P, () is O. Finally, the analytic Fredholm
theorem [Dyatlov and Zworski 2019, Theorem C.8] implies the existence of the meromorphic inverse
w > 13;1 (w)~ !, with poles of finite rank. U

6.5. Counting resonances. We will now use the functional analytic framework from Section 6.4 to
prove the point (vi) in Proposition 5. The bounds on the number of resonances from Theorems 2 and 3
ultimately come from the following lemma.

Lemma 37. Recall that § € 10, k[. There is C > 0 such that, for every h small enough, the number of
w’s in the disk of center 0 and radius & such that lN’h (w) : Dy — H’j\_l is not invertible (counted with null
multiplicity) is less than Ch™".

Before being able to prove Lemma 37, we need to establish a bound on the trace class operator norm
of A, which is defined by (47).

Lemma 38. The operator A : D;, — ’H’f\_l is trace class, with trace class norm O(h™").

Proof. We only need to prove that the operator A = BpaB, is trace class from L,%(A) to Li_] (A), with
trace class norm O(h™").

For every N > 0, introduce the operator (y := By (|a|)" Ba. Using [Bonthonneau and Jézéquel 2020,
Proposition 2.12] to make a parametrix construction, we see that there is a symbol oy of order —N
on A such that Ly ByoyBa — Ba and Byony BoOy — B are negligible operators, in particular they are
O(h®) as operators from Lfl (A) — sz (A) for any s1, s» € R. Hence, for & small enough, we get an
inverse DX,I : ’H([)\’FBI — ”HXFBI for Uy, which is bounded uniformly in / and satisfies the equation

Oy Ba = Baon Ba + Baon Ba(Ba — Oy Baon Ba) + (Ba — Baoy BAON)Oy (Ba — Oy Baon By).
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Thus, we see that D;,l By is equal to Byoy B up to a negligible operator. Let us recall that H’Z,FBI is
the image of 7-{,]1‘\ by T (which is also the image of L,%(A) by By).

Fix N > n. Notice that A is bounded, uniformly in /, as an operator from LE(A)to L, y(A) (since Ba
is bounded on L,%(A) and on L%JFN (A)). We can then write

A =070y BAONDA. (49)

On the left-hand side, A is seen as an operator from L,%(A) to L,%_l (A). On the right-hand side, A sends
L3(A) into HT,F]\{%I’ the operator L, sends H]}\J,FFA{H into HXFBI, the operator Ly sends HXFBI into H%’FBI,
the operator D;l B sends H&FBI into H(z)\,FBI’ the operator Dk_l sends H([)\,FBI into H’f\,FBI and ¢ is the
inclusion of ’H’f\’FBI into L,%_I(A). With these mapping properties, the operators A, O, Oy, Dk_l and
¢ on the right-hand side of (49) are bounded uniformly in 4. From [Bonthonneau and Jézéquel 2020,
Lemma 2.25], we see that DX,IBA is trace class on L(Z)(A) (since Bpoy By is). Moreover, its trace is
given by the integral of its kernel on the diagonal, which is O(2™"). Indeed, D;l B is a “complex FIO
associated to A, of order —N” in the sense of [loc. cit., Definition 2.5] as a consequence of [loc. cit.,
Lemmas 2.16 and 2.23]. Since H%’FBI is a closed subset of L%(A), we see that DX,IBA is also a trace
class operator from ’H([)\’FBI to itself, with the same trace. Moreover, (Jy' B, is a positive self adjoint
operator on H([)\’FBI with /4 small enough (because (Jae)N is positive), so that its trace class norm coincides
with its trace. This ends the proof of the lemma. U

Proof of Lemma 37. For w € V, let us introduce the spectral determinant
fin(@) = det(I = (Py(@)+A) ' A).

Since Fh (w) — 13;, (0) is a holomorphic family of bounded operators from 7—[’1‘\ to 7—[’1‘(1, we see that
Pr(w)+Aisa holomorphic family of operators from Dy to ’Hlj\_l. From Proposition 35, the operators
(Fh (w)+A)"": Hlj\_l — Dy are bounded uniformly in @ € V, and thus it is a holomorphic family of
operators in V. Consequently, the spectral determinant f,(w) is holomorphic in V.

The logarithmic derivative of f is given by

fa@) _
fn(w)
= tr((Py(@) + A) AU — (Py(w) + A) ' A) N (Pr(w) + A) 78, Py(w)).

tr((I = (Py(w) + A) 7 A (Pr(@) + A) 7100 Py (@) (P (@) + A) ' A)

Let us then write
(Py(@) +A) AU — (Py(@) + A) 7 A) T (Py () + A) '8, Pr(w)

= (I = (Py(@)+A) A" = D(Py(@) + A) '3y P ()

= Py(0) '8, Py (@) — (Py(@) + A) "' 8, Py (o) (50)
Hence, if wy is in V, the residue of the family of operators (50) at wy is the same as the residue of the

family of operators w ﬁh (w)~ '3, ﬁh (w). Consequently, the order of annulation of f;, at wg coincides
with the null multiplicity of w +— fN’h (w) at wy.
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Since V is open, there is > 0 such that the closed disk of center i v and radius v + § + 27 is contained
in V. Since the poles of 13;, (w)~ ! are isolated, we may choose 0 < n’ < 7 such that there is no poles of
ﬁh (w)~! on the circle of center iv and radius v 48 4+ 1 +n’. For r > 0, let n;,(r) denote the number of
zeros of fj in the disk of center iv and radius r. Notice that

S v+8+n S v+8+n+n’
(v +8) < u/ ) 4 < u/ ) gy (51)
v+8 r n 0 r
From Jensen’s formula, we know that
v+8+n+n’ n,(r)
/ dr<—log|fu@v)l+  sup  log|fi(®)l. (52)
0 r |w—iv|=v+8+n+7’

From Proposition 35 and Lemma 38, we know that the trace class norm of the operator (ﬁh (w)+A)'A
is O(h™™) uniformly in z and in  on the circle of center iv and radius v + 8 + n + n’. Then, from
[Gohberg et al. 2000, Theorem 1V.5.2], we find that

sup log | fh(w)| < Ch™", (53)
|w—iv|=v++n+n’

for some C > 0 and & small enough. In order to estimate | f; (iv)| from below, let us write
(I —(P(iv)+ A A =1+ P,Giv) ' A.

From Proposition 35 and Lemma 38, we see that the trace class operator norm of (/ — (ﬁh (v)+A)~H -1
is O(h™™). Since
Su@)™" = det((I — (Py(Gv) +4)~H7h,

we find using [Gohberg et al. 2000, Theorem IV.5.2] again that
—log|fu(iv)| <Ch™" (54)

for some C > 0 and /& small enough. From (51), (52), (53) and (54), we find that nj, (v +46) is O(h™"). The
result follows since the disk of center O and radius § is contained in the disk of center i v and radius v+4§.

6.6. Summary. Let us put together the definitions from Sections 6.1 and 6.2 and the results from
Sections 6.4 and 6.5 to check that Proposition 5 holds.

Proof of Proposition 5. We just need to collect facts that we already proved. We recall that the mod-
ification P, (w) of P, (w) is given by (39). Recalling (41), we let H; = {u € D'(X) : e¥/"u € D} =
{u e Fr: Ph(O)u € Fr—1} and Hp = Fy— (for any value of k € R).

The inclusions C*(X) € H; € D'(X) for j = 1,2 are given by Proposition 21. The fact that the
elements of # ; are continuous near dY follows from Proposition 24.

All the properties needed for P, (w) : H1 — H, follow from the same properties for ﬁh (w) : D — 7—[’1‘(1.
The holomorphic dependence on w follows from the remark after Proposition 25. The invertibility for
w =1iv with a v > 0 is given by Proposition 35. Point (v) follows from Proposition 36.

Finally, the counting bound (vi) is given by Lemma 37. O
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