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SCATTERING OF THE THREE-DIMENSIONAL CUBIC NONLINEAR
SCHRODINGER EQUATION WITH PARTIAL HARMONIC POTENTIALS

XING CHENG, CHANG-YU GUO, ZIHUA GUO, XIAN LIAO AND JIA SHEN

We consider the following three-dimensional defocusing cubic nonlinear Schrodinger equation (NLS)
with partial harmonic potential:
i 0pu + (Ags — x*)u = |u|?u, (NLS)
ult=0 = uo.
Our main result shows that the solution u scatters for any given initial data uy with finite mass and energy.
The main new ingredient in our approach is to approximate (NLS) in the large-scale case by a relevant
dispersive continuous resonant (DCR) system. The proof of global well-posedness and scattering of the
new (DCR) system is greatly inspired by the fundamental works of Dodson (2012, 2016) in his study of
scattering for the mass-critical nonlinear Schrodinger equation. The analysis of (DCR) system allows us
to utilize the additional regularity of the smooth nonlinear profile so that the celebrated concentration-
compactness/rigidity argument of Kenig and Merle (2006, 2008) applies.
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1. Introduction

1.1. Background and motivation. Consider the Cauchy problem for the following family of nonlinear
Schrodinger equations in [Rd, d € N, with harmonic oscillators:

i 9:u + Agau — (@2|y* + [x[P)u = plul?~u,
Ulr=0 = Uo,

1-1)
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where 1 < p < o0, (y,x) € R x R2, = dy + d», and dy,d € N, dy > 1. The complex-valued
function u = u(¢, y, x): R x R4 — C is the unknown wave function. The parameter w is 0 or 1, with
o = 1 corresponding to the quadratic potential case and w = 0 corresponding to the partial harmonic
oscillator on the left-hand side. The parameter © = 1 corresponds to the defocusing case and ; = —1 to the
focusing case. Equation (1-1) arises as models for diverse physical phenomena, including Bose—Einstein
condensates in a laboratory trap [Josserand and Pomeau 2001; Pitaevskii and Stringari 2003] and the
envelope dynamics of a general dispersive wave in a weakly nonlinear medium. It can also be derived in
the NLS with constant magnetic potential; see, for example, [Fukuizumi and Ohta 2003]. The associated
conserved mass and energy of (1-1) are given by

M= [ oy s
R91 xR492
and

"
p+1

it = [ Ay P+ P,y 0P+ dyar.
X

It is natural to take the initial data from the following weighted Sobolev space:

wo € {f = f(y.x) e L (RY):
1Yy £l ey + X1z ey + @Y1l ey + 17112 gy < 00}

In view of the Sobolev embedding

2<q=<2+4% ifd=>3,
H'(RY) — L1(R?), 2<g<oo ifd =2,
2<g<00 ifd =1,

the initial data is of finite energy in the energy-subcritical case

l<p<l+44 ifd=>3,
l<p<oo ifd =1,2,

and we call the critical case p =1+ ﬁ, d > 3, the energy critical case.

The global well-posedness of (1-1) has been established in the energy-subcritical case by R. Carles
[2002b; 2008] in the defocusing case ;. = 1, and by J. Zhang [2005] in the focusing case u = —1 when
the initial energy is assumed to be less than the energy of the ground state of the related elliptic equation.
The Cauchy problem for (1-1) with quadratic potential (that is, @ = 1) in the energy-critical case was
considered by R. Killip, M. Visan, and X. Zhang [Killip et al. 2009b] in the radial case, and in the general
case later by C. Jao [2016; 2018]. They proved the global well-posedness for the defocusing case and also
for the focusing case when the initial energy (resp. kinetic energy) is less than the energy (resp. kinetic
energy) of the ground state. We would also like to mention the work of C. Hao, L. Hsiao and H. Li [Hao
et al. 2007; 2008], where the authors proved the global well-posedness for (1-1) (when w = 1) with an
additional angular momentum rotational term.
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It is well known that solutions of (1-1) with a quadratic potential (i.e., @ = 1) cannot scatter. However,
intuitively, in the defocusing case, if we turn off the confinement in some instead of all of the directions,
it should suffice for the condensate to evolve asymptotically freely: Indeed, if @ = 0, then the operator
i 9; + Ay should yield large time dispersion and one expects a scattering theory for (1-1). When w = 0,
the scattering phenomena for (1-1) in the defocusing case has already been showed by P. Antonelli,
R. Carles and J. D. Silva [Antonelli et al. 2015] (see also [Carles and Gallo 2015]) in the fully weighted
space when w =0, u =1, di =1,2,3, do =1and 1 + dil <p<l+ ﬁ. The focusing case of
(1-1) has been investigated by A. H. Ardila and R. Carles [2021] recently when the energy is strictly less
than the static energy of the ground state. In this aspect, one expects the global-in-time well-posedness
result for the defocusing/focusing (when energy is strictly less than the static energy of the ground state)
energy-critical and subcritical cases for (1-1). On the other hand, the potential influences strongly the
asymptotic dynamics of the solution. In (1-1), the x-direction is not expected to have a global-in-time
dispersive estimate in view of Mehler’s formula

eit(Ax-IXlz)f(y,x)
d i (IXPHIFIZ e o
= 2mi sin(2t))_72 / etz (3 cos(20)—x%) f(y,%)d% forall y e RY, x € R,

R92

from which we can only derive the following periodic-in-time dispersive estimate:
it(Ax—|x) < -2 n dy
le FO ) Lo @azy S 1sin@O)|" 2 [ f(r, X)L (raay forallz & 77, forall y € R

Nevertheless, we have the following global-in-time dispersive estimate in the y-direction:

||e”(AX+Ay &l )f(y’x)“LcymL}((Rd) N ||f(y5x)||L;L§(Rd)»

where we used the dispersive estimate for the semigroup e??2» together with the L2-norm conservation
for the unitary of the operator e’ (Ax—Ix?), Thus, according to the scattering theory for the nonlinear
Schrodinger equations without potential, see for instance [Staffilani 2013; Tao 2006], one expects a
scattering result in the weighted Sobolev space when w = 0 in the case 1 + dil <p=<l+ m, with
dy + da > 2. Generally, to obtain the scattering in the intercritical case, one relies on the Morawetz
estimate; see for instance [Antonelli et al. 2015]. It is difficult to deal with the scattering on the two
endpoints p = 1 + dil and p =1+ m, which correspond to the usual d;-dimensional mass-
critical and (d+d>)-dimensional energy-critical nonlinear Schrodinger equation without potentials
respectively. For the endpoint p = 1 + m, the scattering is a byproduct of the proof of the
global well-posedness, and we need to use induction on the energy method [Colliander et al. 2008]
or the concentration-compactness/rigidity argument [Kenig and Merle 2006; 2008] to prove the global
well-posedness. It seems to us one of the main difficulties is to establish a more delicate global-in-time
Strichartz estimate which should be a lot combination of the local Strichartz estimate of three-dimensional
Schrodinger equations as in [Barron 2021; Hani and Pausader 2014]. We refer to [Killip and Visan 2013]
for more illustration on the proof of the scattering of the nonlinear Schrodinger equations at critical
regularity Sobolev space. For the endpoint p =1+ dil’ global well-posedness is quite easy to get, and
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the main obstacle is to show the scattering. We cannot prove the scattering by the Morawetz estimate
even when the initial data lies in a better regular Sobolev space H J} , because the Morawetz estimate only

provides an a priori estimate of the nonendpoint Strichartz norm on the H)} /4

L2-level but cannot give an
a priori estimate of the Strichartz norm on the L2-level, which is not enough to yield the scattering in
this case. Therefore, to show the scattering, we still need to use the concentration-compactness/rigidity
argument [Kenig and Merle 2006; Kenig and Merle 2008] and its mass-critical counterpart [Dodson 2012;
2016a; 2016b; Killip et al. 2008; 2009a; Killip and Vigan 2013; Tao et al. 2007a; 2008] to show the
finiteness of the L2-level Strichartz norm. In the L2-level Strichartz norm, we need to consider not only
the space and time translations of (1-1) as in the case 1 + di] <p=<1l+ m, but also the partial
Galilean invariance

u(t, y, x) > e HIEP ooy 1y —2g0r, x),

where & € R41, of (1-1). In addition, by a limitation operation, it is realized that a new mass-critical
nonlinear Schrodinger system can be embedded into (1-1): this new mass-critical nonlinear Schrédinger
system inherits the above invariance and also has the scaling invariance in space-time, and its global
well-posedness and scattering should be proven by the argument from [Dodson 2012; 2016a; 2016b;
Killip et al. 2008; 2009a; Killip and Visan 2013; Tao et al. 2007a; 2008].

In this paper, we will consider the following Cauchy problem for the defocusing cubic NLS on R3:

{iatu + (Ags —x*)u = |u|?u,

(1-2)
Ulr=0 = Ug,

where u = u(t, y, x): R x R?> x R — C is an unknown wave function. The following mass and energy
quantities are conserved by the evolution of (1-2):

M) = [ty 0P dy dx,
) (ME)

)= [ AVt y. 0P + £ty 0P + ey 0l dy
X

Motivated by the mass and energy formulations, we take the initial data in the following weighted Sobolev
space:

up € SR 1= {f € L2 (R 1 || f sy = IV £z, sy + 1 250t oy < 003
with ||/ et gy = 1/ iy + 15 2y (1-3)

By the Sobolev embedding H ! (R3) — L4(R?), 2 < g < 6, the initial data is of finite mass and energy.

Observe that (1-2) is a special case of (1-1), namely, correspondingto d1 =2, dy =1, 0 =0, u =1,
p=1+ dil = 3 in (1-1). In this case, the scattering phenomena is not yet clear. As we are in the energy
subcritical case 1 < p =3 < 5, the equation (1-2) is globally well-posed and the scattering of the solutions
follows in the small initial data case ||ug|xz < 1, which is a byproduct of the small-data well-posedness
theorem. We will briefly explore these results in Section 3 and outline the ideas of the proofs, as we did
not find them in the literature.
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1.2. Main results. Our main result in this article is the following scattering result for solutions of the
defocusing cubic NLS (1-2). Recall that X (R3) is defined in (1-3).

Theorem 1.1. For any initial data ug € % (R?), there is a unique global solution u € C2(R, £(R?)) of
(1-2). Moreover, the solution scatters; namely there exist u+ € X (R?) such that

||M(I)—€it(AR3_x2)u:|:||z(R3)—>0 as t — +00.

In order to treat the general initial data with finite (but not necessarily small) ¥-norm |jug||x < oo, we
turn to the celebrated concentration-compactness/rigidity argument developed by C. E. Kenig and F. Merle
[2006; 2008], where one key ingredient is the linear and nonlinear profile decompositions for solutions with
bounded ¥-norm. The proof of Theorem 1.1 shall rely on (a corollary of) Theorem 1.2 given below. More
precisely, we shall use Theorem 1.2 to prove the core result Theorem 4.9 in Section 4.2, which in return
gives Theorem 4.10 in Section 4.3. Theorem 4.10 will be used later in the proof of Theorem 1.1 in Section 5.

As for the nonlinear profile decomposition, we will consider a sequence of solutions exhibiting an
extreme behavior to study the concentration of the data. More precisely, we need to study the behavior of
the nonlinear profile u; when A — oco. The (simplified) nonlinear profile 1, A > 0, is the solution of (1-2)

i0uy + Ayuy + (Ax —x2)uy = |upl®uy,
u2 (0, y.x) = 10(%. x),

taking the initial data by rescaling the function ¢ only in the y-variable. Set

(1-4)

—it(Ayx—x2)

wy(t,y,x)=e uy(t,y,x),

and we obtain from (1-4) the following evolutionary equation for w:

. — —it(Ax—x2) (| it (Ax—x2) 2 it(Ax—x2)
{(za, +Ay)wy =e (e w;|“e wy),
wx (0, y,x) = 7¢(%. x).

If we define wy (¢, y, x) = /%(){_2’ %,x), then v satisfies

{(iat + Ay)ﬁ — e—ikzt(Ax—xz)(|ei/12t(Ax—x2)l~)|2€i/12t(Ax—x2)l~))’
U(0,y,x) = (y, x).

Denote by IT,, the orthogonal projector on the n-th eigenspace of —A + x? (see Section 2 below for
more details). Applying I, to the equation for v, we arrive at the following equation for v, = I1,v:

ni,n2,n3€eN

ﬁn(O,y,x) = ¢n(y’x) = Hn‘]j(y’x)

Letting A — oo, we can formally get a limiting equation

. ~ P12 _i32 _ ~ = ~
{(lat + Ay)vn — el/l t(2n+1)Hn(Z e iA*(2n1—2n2+2n3+1)t vnlvngvng),

{(iat + Ay)vn(t, y,x) = > n1,nzfse_N I (v, Onyvns) (2, Y, X)), (1-5)
vn(()? y,X) =¢n(y,x) S
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By reversing the above process, we get an approximation solution of u:

: 1 t
iy (t,y,x) :e”(Ax_xz)Z(Xvn( J )), (t,y,x) e RxR*x R, (1-6)

=, T, X
A2 Q7
neN

where v, is the solution of (1-5).
In the above deduction, the following equivalent form dispersive continuous resonant (DCR) system
enters naturally:
{iatv-l—Asz:F(v), (DCR)

v(0,y,x) =¢(y,x),

where the nonlinear term F(v) is defined by

F):= Y Tu(vn, nyvns).

ni,n2,n3,neN
nyj—nx+n3=n

This (DCR) system can be viewed as a dispersive version of the (CR) system derived by E. Faou,
P. Germain, and Z. Hani [Faou et al. 2016] in their study of the weak turbulence of the nonlinear
Schrodinger equations on compact domains; see also [Buckmaster et al. 2019; Colliander et al. 2010;
Germain et al. 2015; 2016; Dartois et al. 2020; Fennell 2019]. This new (DCR) system is very similar to
the resonant nonlinear Schrodinger system arising in [Biasi et al. 2018; Cheng et al. 2020a; 2020b; Hani
and Pausader 2014; Hani et al. 2015]. The latter has nice local well-posedness theory, and also scatters
for small data in Li Hi.

In our second main result, we prove the following large-data global well-posedness and scattering
theorem for (DCR), which might be of independent interest.

Theorem 1.2. For any ¢ € L%’H}C(RZ X R), there exists a unique global solution v of (DCR) in
C tOLg’H)lC (R x R? x R) satisfying

Ivllpee 2t nrs 2l @xmexmy = €

where C = C(||9|| 122! ) is a constant. Moreover, the solution scatters; namely there exist vy € L%?—L}C
such that

||v(t) —eitAyvi”sz,H;lc(RZXR) —0 ast— *oo.

Theorem 1.2 shall be proved in the final two sections and it takes a vast bulk of the paper. We prove
it again by the concentration-compactness/rigidity argument from [Kenig and Merle 2006; 2008]. The
system (DCR) is essentially a defocusing mass-critical nonlinear Schrédinger system. In the proof,
we follow the framework for scattering of mass-critical nonlinear Schrédinger equation [Dodson 2012;
2016a; 2016b; Tao et al. 2008] and our argument is also partly inspired by the scattering of the resonant
Schrodinger system derived from the NLS on cylinders [Cheng et al. 2020a; 2020b; Hani and Pausader
2014; Hani et al. 2015; Yang and Zhao 2018; Zhao 2019].

We would like to comment briefly on the relation between (DCR) and weak turbulence.
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Remark 1.3 (the (DCR) system and weak turbulence). We can rewrite (1-5) in the Hermite coordinate (see
(2-1) below for the definition of the Hermite functions): taking the solution v, (t, y, x) = ¢, (¢, y)hn(x)
in (1-5), we get an equivalent but simplified equation

(iat +AR2)Cn(Z7Y) = Z Dnl,nz,n3,ncn15nzcn37 (1-7)

ni,na,n3eN
ni—nx+n3=n

where Dy, nyns.n is the number such that T, (i, 7ty finy)(X) = Dy ony.ns.nhin(x), x € R. It would
be very interesting to understand Dy, n,.ns.n.' Compared with the success of the proof of the weak
turbulence on cylinders given by Z. Hani, B. Pausader, N. Tzvetkov, and N. Visciglia [Hani et al. 2015],
the unclear expression of the nonlinear term of the (DCR) system seems to be one of the main obstacles
to study the weak turbulence of the nonlinear Schrodinger equations with (partial) harmonic potentials;
for more information we refer to [Hani and Thomann 2016]. However, there are some interesting recent
attempts toward this direction in [Gérard et al. 2019; Germain and Thomann 2016].

Remark 1.4 (focusing NLS equations with harmonic potentials). In this paper, we only consider the
scattering of the defocusing NLS with partial harmonic potentials. It is an interesting problem to study
the scattering of the focusing version of (1-2). It seems difficult to find the threshold of the scattering
of the focusing NLS, and if we were able to find it, then most likely the scattering can be proven by
following the argument in [Dodson 2012; 2015; 2016a; 2016b; Killip et al. 2009a; Tao et al. 2007a; 2008].
We refer to [Ardila and Carles 2021; Bellazzini et al. 2017; Cao et al. 2022; Zhang 2020; Stanislavova
and Stefanov 2021] for the study of the instability/stability of soliton which may give some clues on the
threshold of the scattering of the focusing NLS.

1.3. Brief outline of the proofs. The model with partial harmonic potential studied in this paper can be
compared to the NLS on wave-guide R? x T, which was considered previously in [Yang and Zhao 2018;
Cheng et al. 2020a]. One key difference is that in our case, the linear operator has more complicated
spectral theory; for example the eigenfunctions cannot be written explicitly.

The proof of this paper contains two main ingredients. In the first part, we prove that Theorem 1.2
(or more precisely, the consequence Theorem 4.10 of Theorem 1.2) implies Theorem 1.1. The proof of
Theorem 1.1 has a very standard skeleton based on the concentration-compactness/rigidity argument intro-
duced by C. Kenig and F. Merle [2006], and it consists of three main steps: linear profile decomposition,
the existence of an almost periodic solution to the defocusing cubic NLS (1-2), and a rigidity theorem.

First of all, we establish the linear profile decomposition of Schrédinger operator with partial harmonic
potentials; namely the linear solutions can be divided into several orthogonal bubbles modulo some trans-
forms. This can be viewed as a vector-valued version of linear profile decomposition of the Schrodinger
equation in L2, which was first established by F. Merle and L. Vega [1998] in two dimensions, and then
extended to general dimensions; see for instance [Killip and Visan 2013] for more details. The proof of
this part is very similar to the wave-guide case in [Cheng et al. 2020a], and it is essentially related to the

In [Biasi et al. 2019a; 2019b; Evnin 2020], the authors studied a special structure of the constant Dy 5, ,5n5,n, and proved
that it satisfies a certain identity.
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description of the lack of compactness of the embedding e’? (Ag3—x?) T(R3) — L?’ y’H)lC_eO for some
1

fixed 0 < €9 < 5.

In the second step, we prove the existence of a critical element by the construction of approximation
solutions. Since the nonlinear flow is not commutable with the transform groups derived in the first step,
in order to construct the approximation solutions, we need to assume that the limiting equations, which
is exactly the (DCR) system, is globally well-posed and scatters, as stated in Theorem 1.2. The idea of
using limiting equations was first considered in [Ibrahim et al. 2011], and was widely used in [Cheng et al.
2020a; 2020b; Hani and Pausader 2014; Ionescu and Pausader 2012; Jao 2016]. Then, much as in [Cheng
et al. 2020a], we use the normal form method to exploit additional decay to approximate the nonlinear
profile. In the wave-guide case [Cheng et al. 2020a], the eigenfunctions, which are the plain waves e/,
can be easily computed, and thus the Fourier coefficients are summed naturally. The difficulty in this
step is that we need to sum up the spectral projections of the solution properly. To some extent, the main
innovation of this paper is that we utilize the additional regularity of the smooth nonlinear profile to
update the /! summation of projections to /2.

In the third step, we borrow the idea used in [Cheng et al. 2020a] to prove the nonexistence of a nontrivial
critical element. The key point is the use of the interaction Morawetz estimate developed by J. Colliander,
M. Keel, G. Staffilani, H. Takaoka and T. Tao [Colliander et al. 2004], which is very important in the
remarkable work [Colliander et al. 2008] on scattering for energy-critical NLS in three dimensions, and
was further developed in [Planchon and Vega 2009; Colliander et al. 2009]. Then, we can arrive at the con-
tradiction similar to [Kenig and Merle 2006; 2008] using the compactness property of the critical element.

The second part of this paper is devoted to the proof of Theorem 1.2. The proof is greatly inspired by
the fundamental work of B. Dodson [2012; 2016a; 2016b] in his study of mass critical NLS. We also refer
to [Yang and Zhao 2018], and the principal difference between that work and this paper is that our system
(DCR) involves the spectral projection of Schrodinger operator with harmonic potential. Here, one key
observation is that the (DCR) system is scaling invariant, which indicates that the classical method as
developed in [Cheng et al. 2020a; 2020b; Tao et al. 2008] could be potentially applied to our situation.
Indeed, the linear profile decomposition developed for the Schrodinger propagator in L§ HL(R? xR) (see
Theorem 4.1) can be directly applied here. The essential difficulty occurring in the proof of Theorem 1.2
lies in precluding the almost periodic solution to the (DCR) system.

There are two cases of the critical element: high-to-low frequency cascade and the quasisoliton
scenarios. We exclude these scenarios based on the rigidity argument of B. Dodson [2012; 2016a; 2016b].
The key tool is to establish a vector-valued version of the two-dimensional long-time Strichartz estimate
in [Dodson 2016b]. The long-time Strichartz estimate is developed by B. Dodson to show the scattering
of the mass-critical nonlinear Schrodinger equations and has been proved as an important technique in
the scattering theory of nonlinear dispersive and wave equation. We refer to [Dodson 2019; Dodson and
Lawrie 2015; Dodson et al. 2017; 2020; Killip and Visan 2012; Visan 2012; Murphy 2014; Rosenzweig
2018] for more applications of this powerful tool. The proof of the long-time Strichartz estimate in our
situation here is rather technical due to the spectral projection and the failure of the two-dimensional
endpoint Strichartz estimate. For the high-to-low frequency cascade scenario, it is more delicate and
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we have to exploit some additional regularity of the critical element through the long-time Strichartz
estimate, and then preclude it using energy conservation law. For the quasisoliton scenario, we mainly
use the long-time Strichartz estimate to control the error terms of low frequency cut-off of the interaction
Morawetz identity. With all these ingredients at hand, the contradiction argument of C. E. Kenig and
F. Merle [2006; 2008] allows us to conclude the proof.

The rest of the paper is organized as follows. Section 2 contains some basic notation and preliminaries.
In Section 3, we record the local well-posedness, the small-data scattering result and the stability theory
for system (1-2). For the convenience of the readers, we present the proofs in the Appendix. In Section 4,
we will give the linear profile decomposition for data in ¥ (R3) and also analyze the nonlinear profiles;
therefore we reduce the nonscattering in X (R3) to the existence of an almost-periodic solution. In
Section 5, we will show the extinction of such an almost-periodic solution. The scattering of the (DCR)
system shall be proved in Section 6, where the proofs of two auxiliary theorems are left to the final
Section 7.

2. Basic notation and preliminaries

In this section, we introduce some basic notation used in this paper. We will use the notation X <Y
whenever there exists some constant C > 0 so that X < CY. Similarly, we will write X ~Y if X SY < X.
We use N to denote the set of all nonnegative integers.

Throughout the paper, we will take € to be some small fixed number in (0, %)

2.1. Fourier transform and Sobolev spaces. For any a € R%, d € N, the Japanese bracket (a) is defined
to be (a) = (1 + |a|?)!/2. We define the Fourier transform f: R4 — C of a function f:R? — C as

fe) =

—iz-E
(2n)% /[R{d e f(z)dz.
For each s € R, the fractional differential operator |VMeﬁned by |§W &) =& f (§). We also
define (V)* as an operator between function spaces by (V)* f (&) = (1 + |£]?)%/2 £(€). In the following
we will use (V)* to emphasize the application of the operator on the x-variable.
We will frequently use the partial Fourier transform 7, f* of a complex-valued function f: RZxR—C
defined as

Fofen == [ e oo, geR?

where x € R is viewed as a parameter.

We shall also use the Littlewood—Paley projections. Take a cut-off function y € C°°((0, 00)) such
that y(r) = 1if r < 1l and y(r) = 0if r > 2. For N € 2%, let yn(r) = y(N7'r) and ¢n(r) =
AN(r) — xn/2(r). We define the Littlewood—Paley dyadic operator P<y f := ]-'_1()(N(|§|)f(§))
and Py f = F Y on(|E]) f (§)). We also define the partial Littlewood—Paley projections to be

P2y f(yox) = F v @)(Fy £)(E x) and PR f (v, x) := Fy H(on (1ED(Fy £) (&, X))
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Next, we denote the usual Lebesgue space as L? (R?), and sometimes we write || f || p» = 1 lLr®a)
for abbreviation. For any s € R, we define the Sobolev space as

WSP(RY) := {f € LPRY) : || f lws.rgay i= 1V fllLpgay < +00}.
We also define H*(R?) = W52 (R%).

2.2. Harmonic oscillator and Hermite-Sobolev spaces. The harmonic oscillator —A, + x2, x € R, has
been studied by many authors, and we refer to the lecture notes of B. Helffer [1988] and also the seminal
work of H. Koch and D. Tataru [2005b] for a few basic facts that we shall record below. The harmonic
oscillator admits a Hilbertian basis of eigenvectors for LZ([R{), and, for each n € N, we will denote the
n-th eigenspace by £, and the corresponding eigenvalue by A, = 2n + 1. Each eigenspace E, is spanned
by the Hermite functions /,,, where

n

dx"

() = ———(—1)"e

\/HZ%JTZ

for n € N. We also let IT,, be the orthogonal projector on the n-th eigenspace E, of —Ay + x2.
For s € R and p > 1, the Hermite-Sobolev space WW*? (R) is defined as

(€) (2-1)

WHP(R) = {u € LE(R) : [lullws.r := (V) ullpz + Il - Pullp < oo}.

In particular, if p = 2, we denote W;’z (R) by #H5.(R), and the #L(R)-norm was given in (1-3). By
[Yajima and Zhang 2004], we have

luellyysr ~ N(=A +x2)2ullp + ullp.

The Hermite-Sobolev spaces satisfy the usual Sobolev embedding; see for instance [Cazenave 2003].
These spaces also have other stronger Hermite-Sobolev embedding. For instance, we have

LY(R) = H ' (R). (2-2)

By duality, to prove (2-2), we only need to show H!(R) — L*/3(R). This follows from Holder’s
inequality as follows:

— 1
1 s SN el () Fllz S DA+ 1x2)2 Fllg2 SHF Il -

The Hermite-Sobolev space L)I,) M5 with 1 < p < 0o and s € R is defined by
1
4

Lfoc: fEL;I;)L;zc(RZXR) : ||f||L§’H;(R2xR) = (/RZ ||f(y")||p§€(R) dy)

=(/R H (Z(2n+1)3|fn(y,x)|2)2

nenN

N =

D
dy) <oo§,
L3 (R)
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where f,, = I, f. Similarly, for any time interval / € R and u : I x R?> xR — C, we define the space-time
norms LYW, 4 L7 and LY LIHS of u as
1
p
)

Il 2w g ey = ( / ( L 1ut 0l dy)
1

ya 1
L q q p
Il agscrsameen = ( [/ [ e av) o)

where 1 < p.q,r <oco,and s € R. When s =0 and p = ¢ = r, we shall write L{ , , for LY Wy"’ L.
Similarly, when p = g, we shall write L‘Z yH5 for Lf Lg?—[;. We also use the following space-time norm.
For any {u,(t, y, x)nen, with (£, y, x) € I x R?> x R, we set

QS

lunllpr Laprizaxmexmxny = Munll2 e Lg oy g xmexw)-
where 1 < p,q,r < oo.
Lemma 2.1. The Dirac function §y(x) belongs to 7-[;1 (R).

Proof. By definition, we have

18031 =D @+ D)7 enl?, (2-3)
n=0

where ¢, = (6o(x), hn(x)) = hy,(0). Since

Z (— x2)m — " _x2 x"
o dx™ |x n!’
n=0
we have
g 0, n is odd,
—x2 n
= —1)2
dx™ x=0 D n!, niseven.
(3)!
Thus

0, n is odd,
ha(0)=1 (=)' (=1)2
«/ﬁZ%n% (%)'

n!, niseven.

Together with (2-3), this implies

o0 o0
1

1
180 ()12 <73 Z <y <L O
s '2—’ 2Qn+1) T fZ 2 m D

?ven
3. Local well-posedness and small-data scattering

In this section, we will review the local well-posedness theorem and the stability theorem for solutions of
(1-2), which shall be crucial in proving the existence of the critical element, and then record another impor-

tant theorem on the scattering norm in Theorem 3.4, which says that a weak space-time norm L?, y ,16_60
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is sufficient to prove the scattering result. We shall only state these results in this section and leave the
proofs to the Appendix. In fact, the results in this section can be proved by following the exact arguments
as in [Cheng et al. 2020a, Section 2; 2020b], upon noticing the embedding 7/ (R) < L®(R).

Different from the Strichartz estimate for the harmonic oscillator, which is a local estimate, we have
a global Strichartz estimate for the partial harmonic oscillator similar to the Schrédinger equation on
waveguides [Cheng et al. 2020a; 2020b; Tarulli 2017; Tzvetkov and Visciglia 2012]. Before giving the
Strichartz estimate, we first introduce the following definition.

Definition 3.1 (Strichartz admissible pair). We call a pair (p, g) Strichartz admissible if 2 < p < oo,

2<¢g< ndl4+1l=1
<gq oo,adp—l—q >

We can now state the Strichartz estimate. The proof is almost identical to [Tzvetkov and Visciglia

2012, proof of Proposition 2.1]; we also refer to Proposition 3.1 in [Antonelli et al. 2015], and we omit
the proof here.

Proposition 3.2 (Strichartz estimate for the partial harmonic oscillator). For any Strichartz admissible
pair (p,q), we have

it (A~ — 2
||elt( R3 ™Y )f(yax)”L;’LgL%([RszxR) S “f“L%x

Meanwhile, for « =0, 1, it holds

itA
€™ F Ly Lgmg @xwzxwy S L |23 @2xm)-

The following nonlinear estimate, which follows from the Holder and Sobolev inequalities, is useful in
showing the local well-posedness result.

Proposition 3.3 (nonlinear estimate). For any 0 < €9 < 1, we have

vzl 10 S litll g pp-colzlyy icollualy oico-

Using Propositions 3.2 and 3.3, one can easﬂy prove the following local well-posedness and small-
data scattering in Li?-{,)lc (R? x R) and % (R?). The local solution can be extended to be global by the
conservation of mass and energy; we refer to [Carles 2002b; Tao 2006]. The proof of the local well-
posedness is given in the Appendix; see also [Antonelli et al. 2015; Ardila and Carles 2021; Carles 2002a;
2002b; 2003; 2011; Carles and Gallo 2015] for a comparison.

Theorem 3.4 (LWP and scattering in L%H}C and X).

(1) (well-posedness) Let ugy € Li?—l}c. There exists a unique solution u € CtOLi”H}C (I x R? x R) of (1-2),
where I C R is the maximal lifespan. Furthermore, if ug € X (R3), the solution u can be extended to be
global in C2%, (R x R? x R).

(2) (scattering norm) If the solution u € CXZ), (R x R3) of (1-2) satisfies ||u ||L4 190 (RxR2xR) = <M
for some positive constant M. Then u scatters in X (R3); that is, there exist uy € Ey x([R X R) such that

lt(AR3—x )

lu(t,y, x)—e ut(y,x)lz, . —>0 ast— Foo. (3-1)

We next give the existence of wave operators, whose proof can be found in the Appendix.
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Theorem 3.5 (existence of the wave operators). Let u_ € X. There exists T— > 0 depending on |u_|x,
and a solution u € C((—o0, —T_], X) to (1-2) such that

it(A—x2)

lu(z, y,x)—e U—_(y,x)[|lg >0 ast— —oo. (3-2)

Similarly, let uy € 3. There exists Ty > 0 depending on |u+||s, and a solution u € C([T4+, 00), X) to
(1-2) such that

it(A—x2)

u(t, y,x)—e ur(y,x)|g =0 ast—oo.

We now state the stability theory in L%H}C (R? x R). The proof is again given in the Appendix. For a
comparison, see [Colliander et al. 2008; Killip and Visan 2013; Koch et al. 2014]; in particular, [Killip and
Visan 2013, Theorem 3.7]. We also contend that the result in the following theorem can extended to X (R?).

Theorem 3.6 (stability theorem). Let I be a compact interval and let ti be an approximate solution to

2

(1-2) in the sense that i satisfies i 3,1 + Agstii — x21i = |ii|?i + e for some function e.

Suppose
Vil nzminey ot =M
for some positive constant M.
Let ty € I and let u(tp) obey

lu(to) =i (t0)ll 241 =M’ (3-3)
for some M’ > 0. Assume in addition that the smallness condition
. _ _ 2 ~
”el(t to)(AR3 X )(u(fo) - M(IO))”L?JH}C + ||€||L;l./ySH)1€ <e€ (3-4)

holds for some 0 < € < €1, where €; = €1 (M, M’) > 0 is a small constant. Then, there exists a solution u
to (1-2) on I x R? x R with an initial data u(ty) at time t = tq satisfying
—u < 4 = < ’ ’
e —tllps 51 < CM, M)e, lu—iillpeop2s1 = C(M, MM,

/
”u”L?"L%H}CﬂL‘,‘Jﬂ} <C(M,M").

4. Existence of an almost-periodic solution

In this section, we will show the existence of an almost-periodic solution by the profile decomposition
and the nonlinear approximation.

4.1. Linear profile decomposition. In this subsection, we will establish the linear profile decomposition in
¥ (R3), which depends on the corresponding decomposition in L2(R?). The linear profile decomposition
in L2 for the mass-critical nonlinear Schrodinger equation has been established by F. Merle and L. Vega
[1998], R. Carles and S. Keraani [2007], and P. Bégout and A. Vargas [2007]. We also refer readers to
[Killip and Visan 2013; Koch et al. 2014] for other versions of the linear profile decomposition.

Theorem 4.1 (linear profile decomposition in Li HL(R2xR) and X). Let {uy} k>1 be a bounded sequence
in LiH}C(RZ x R). Then after passing to a subsequence if necessary, there exists J* € {0, 1, ...} U {oco},
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so that for any J < J* we haveﬁmcttons qbf € L27-{, ([Ri2 xR), 1 <j<J, rk € L27-[ ([Ri2 x R), and

mutually orthogonal frames {(AJ tk yk gk)}k>1 C Ry x RxR? xR? in the sense that forany j # j’,

|yk _yk |2 |()L )2tk ()L/Jc )ztk |
JaJ’ JaJ’
Ak/\k Akkk

+£+AJA & &l 12+ — k 4-1
Y A A o0 ask — o0 4-1)
k

k
such that, for every 1 < j < J, we have a decomposition
J

1 oei iy (y=y]
uk(y,X)=Z—.€ly.$]é(€”]éAR2¢])(y :yk )+rk (y X)
o g
In addition,
J .
lim. (||uk||§% - 310 = ||§§H;) —o, (42)
ATy (e i+ 6 i Oy +y].x) =0 in L2HL, ask — oo, for j < J, (4-3)
lim sup ||e”(AIR3_x )rkJ|| 4 - =0 asJ—J*. (4-4)
k—o0 LiyHx

Furthermore, if {uy }x>1 is a bounded sequence in % (R?), then in the above conclusion, we can further
take Aé — 1 oroo,ask — oo, |EI£ | <C;j, forevery 1< j <J. And we have a slight different decomposition
J

J .
L e/ it A P y—yk
w3 = 3 600+ (o) = 3 e Rszjgbf)( = )+rk (%),
=1 J=1"k k
where . .
¢’ (y,x) if limg 00 Ay = 1,

Pl (y.x) =

P;(Ai)ﬁﬁbj (y,x)  if limg 00 kljc =00,

and 0 is some fixed positive sufficiently small number. In addition, we also have a slight different decoupling

Jim (5(uk)—25(¢k) E(r )) =0, (4-5)
j=1
Jim (M(uk) ZM(¢k) M} )) =0, (4-6)
j=1

where £ and M are given in (ME). Other conclusions (4-1)—(4-4) hold as before.

To prove the above theorem, we need to establish the inverse Strichartz estimate in Proposition 4.6
below. We first recall the following refined Strichartz estimate which is essentially established in [Cheng
et al. 2020a; 2020b].

Proposition 4.2 (refined Strichartz estimate [Cheng et al. 2020a; 2020b]). Forany f € L%’H,lc_ﬂ)/ 2 we

have
1

3
itA,» < 4 ( —% itA,» )4
1€8% fllLs | xmexi) < ||f||L§H;—€0/2 (s;él;IQl le™ % foll nsa )
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where
D= J{[27 k1.2 (k1 + 1) x [27 k2. 2/ (k2 + 1)) : (k1. ko) € 7%}
Jj€Z
is the collection of all dyadic cubes, and fg is defined by F,(fo) = xo Fy f.

To prove the inverse Strichartz estimate, we shall need the following two facts:

Proposition 4.3 (local smoothing estimate [Constantin and Saut 1988; Vega 1988]). For any given € > 0,
we have

L itA 2, \—1—€ 2
L 0% ) 0P ) dy ardr e 1R gy

Furthermore, if € > 1, then we have

L itA 2/, \—1—¢ 2
[ 2 P 0) 7 dy vt S A1 gy
Lemma 4.4. For each f € HL(R) and any R > 0, we have

£ lz20si=m S RSz + IOl 1L ).

Proof. For any f € HL(R), we have

X X
xf2(x) = / (2f(2)) dz = / F2(2) + 22/ (2) f1(2) dz.
0 0
Then by Holder’s inequality, we get for any R > 0,

152z qrizr) S I 172 + IXf L2 11 ()2

Therefore,
1 1 1
IF ) Lgeaxizr) S B2 NIz + I/ N 1L G F2)- 0
We also have the following estimate.

Lemma 4.5. By interpolation, the Holder inequality, (2-2), and Proposition 3.2, we have

™ s I FIE e TR <l R 11SE . @
Li w0 Lt ! Lo wl S v, Mz

X

We can now prove the inverse Strichartz estimate.

Proposition 4.6 (inverse Strichartz estimate). For { fx}x>1 C Li?—l 1(R? x R) satisfying
. _ . itA — -
Jim | fell 90 = A and - lm e kaIL?,yH;—EO =e, (4-8)

there exist ¢ € L%’H}C and Ak, ty, &k, vk) € Ry x R x R? x R?, so that passing to a further subsequence
if necessary, we have

/\ke—iSk(AkY‘FYk)(eitkAu@ fi)Aky + ve. x) =~ p(y,x) in Liq.[)lc, as k — oo,
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48

. 0

i (il = 1= 0l = 18125, 2 42( ) @-9)
28

. itA 8 4—i 25 € €0

limsup [|e"" %> (f — ¢k)|| ) <e€0Ad” “o|l—cA 1 , (4-10)

k—00 ty Hx

where ¢ and B are small positive constants, and

dr(y.x) = ’ygk(e ’(’k“k)%w)(y Yk x)
A )

Moreover, if { fi }k>1 is bounded in E([R?3), and also

lim | fxls=A4 and lim |e!'2% f|| I—eg = €, (4-11)
k—o00 k—o00

L} yHx

then we can take Ay > 1, |&x| S 1and ¢ € LiH}C(RZ X R) such that

kke—ifk'(lky'Fyk)(eitkAnﬂ Fi) Ay + vk, x) = ¢(y,x) in Liﬂ}c’ as k — 0o, (4-12)
and
48
. ) € \<0
im (I fell3 =1 fk = xll3) = lim el 2 4% <) (4-13)
k—o00 k—o00 A

Proof. Case 1: { fx }x>1 is bounded in Lg’}-[)lc By Proposition 4.2, (4-7) and (4-8), there exists { Qg }x>1 C
D so that
8

_8 .
€0 A" %0 < liminf| Qx| 72 2% (fi) oy ll 1172 (4-14)
k—o00 1.y.x

Let Ay be the inverse of the side length and &; be the center of the cube Q. By Holder’s inequality and
(4-8), we have

s 3 2 .2 g . oy
.. —55 ltARz < Tlim | 11 (<o 1 )11 ltARz 11
lllcnl)glf'QH lle (fk)Qk”L,"ly/ﬁ Nl]lcn_l)lollf)tk (€0 A )T |le (fk)Qk”Lf?y’x-

Together with (4-14), this implies

24 _24

hmmka||e”%2(fk>gk||Loo (xRe) S €O0A 0.

1.y.x

Then by Lemma 4.4 and Bernstein’s inequality, we have

hrn 1nf)Lk ||eltAR2 () o llLee

1.y.x

1 1
<R llicnigflk(ll(fk)gk Izos 2 + xSk o, (O 200 12 ||ax((fk)Qk)||2??yL)2()

(RxR2x{|x|>R})

[ 1
S RS minf A (10kH 1 el ze ., + 10k 1Al o 10 fileyo )

~ R (| oz, + el e 100kl foeys ) =0 as R— o0,
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Therefore, we can take R large enough such that

24 24

liminf Az [e"2% (fi) og Lo (x|=R) S he0 A4’ 5.
k—o0 Lyx =

As a consequence, there exists (%, i, Xx) € R x R? x R with |x| < R, so that
lllcmlnfkkl(e’ “OR2 (fi) o) ks xk)| Z €0 AT <o, (4-15)
—>00

Since |xx| < R, we may assume, up to a subsequence, x; — x* as k — oo, with [x*| < 1.
By the weak compactness of Li?—l )lc, we have

A S AT (B2 i) Ay + yie x) = p(y.x) in LAy, as k — oo.
By the very basic fact in Hilbert space H that

ge—g inH = |glf—lec—glz — llglF.
we have

: 2 2 = ||p]?
i (20 = L= 9l22,00 = 19122,

We now turn to the remaining part (4-9). Define / so that Fyh is the characteristic function of the cube
[—%, %]2 By Lemma 2.1, (x, y) = h(y)do(x) € L%H;I(Rz X R). From (4-15), we obtain
[{(h(3)80(x). p (¥, x +x%))y x|

= tim {30600, [ )i 8OO fi) Gy i ) 0)
—>00 R2

X
24

. 24 _
= lim Ag|(e™ 2% (fi) o) k. xk)| 2 €0 A" <0, (4-16)
k—o0

from which it follows X

* 574 1-2
I x +x*) 25 Ze0 A 5.
At the same time, since
oy Dl 290 Z 6. x + X2 g1 + MxI@.x + 32 = MxT|@(r.x +x¥) 2

= ¢ (o + 2201 — NP0 2
we get

* * <
160 x 42 2001 < 19022001 + X7 1013 . S 19122001-

Therefore || || L2} > ¢24/€0 g1=24/<0 apd (4-9) follows. We turn to (4-10), by Proposition 4.3 and the
Rellich—-Kondrachov theorem, we have

!t (e TR (B2 ) ey + i x4 xp)) = B2 (y. ) ask oo,
for almost every (¢, y, x) € R x R? x R. By the refined Fatou’s lemma [Lieb and Loss 1997], we obtain

oithg2 £ 114 L lefthe2 £, — 4 o —leitBr2 g, |14 —ey — 0 ask — oo.
62 Felly g =12 =gl ey IRl
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Thus, by the invariance of Galilean transform, we have

lim sup || 2%2 (f5 — ¢p)[|*, = nkm sup([le’* =2 fi ||*

_ I eitA[R{2 4 B
k—o0 L# 1y 0 o L4 ko I ¢k||L?ng)1€ eo)

2 -2 .
= (€04 T e BRg|t, g
We now take c(¢) € C*°, which has compact support on [—1, 1], such that

le()e " 2h] 43 = 1.
L.y
Then by (4-16), we have

24

24 4
Z€0A o,

/R (DRG0, (7. x + 3™}y x dr

On the other hand, by Holder’s inequality, Sobolev’s inequality and Lemma 2.1,

'A(C(f)h(y)So(X)»¢(y,x +x%))y,x dt

- / (€57 (c()h(7)80 (X)), €87 $ (3. x + X))y di
R
S 1™ e@hON a7 lle™ S ¢ (D)l -0
SU 2902 g gi-co-
Therefore, by the above two estimates and (4-17), we get (4-10).

Case 2: { fx }k>1 is bounded in £ (R?). In this case, we have

limsup || P Rfk||L2 1—co S (R) " “limsup || fllgw3s) =0 as R — oo.

k—00 k—00
For R € 27 large enough depending on A and e, by (4-11), Sobolev embedding, and the Strichartz estimate,
P2y fi satisfies

lim e” RzPy > lim e” R2 —eg — hm e” RzPy —
K || Rfk”lzt 1 €0 = || fk”l?‘y%l €0 || Rfk”l4 €0
> lim el hp2 (I hm P
= || fk”lj"y?i || Rfknlz I—€g

> ;650 Al_%

So we can replace f; by P z g Jk in the above case, and for R = R(A, €) > 0 large enough, we may take
{Or}k>1 €D and |Qk| < R? such that 4 2 R~ and |€;| < R. As in the proof of Case 1, we still have
(4-12) and also (4-9), (4-10). Furthermore, if lim supy _, ., Ax < 00, then

Ape B ARy (o182 £y (A y + yg, x) = $(y, X)

holds for some ¢ € ¥ (R? x R). To show (4-13), we just need to consider the case when A3 — oo because
the situation when lim supy _, o, A < 00 is as in Case 1. We note

48

0

Jim 4613 = tim 172,012, 2 4%(5)

Then the decoupling of the ¥-norm comes from P <2l = Id in L27-[1 and (4-12). O
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Proof of Theorem 4.1. The conclusion follows by applying Proposition 4.6 repeatedly until the asymptoti-
cally linear evolution of the remainder is trivial in L} y’H}C_EO. The decoupling (4-5) and (4-6) follow
from (4-13) and the orthogonality (4-1). O

Remark 4.7. For a linear profile decomposition for the Schrédinger propagator of the Schrodinger
operator —A + |x|2 in L2, we refer to the work of C. Jao, R. Killip, and M. Visan [Jao et al. 2019] and
C. Jao [2020]; we believe that some part of their argument can be applied in our equation. We also refer
to the linear profile decomposition proved by A. Ardila and R. Carles [2021].

4.2. Approximation of the nonlinear profile: the case of concentrated initial data. In this section, we
will show that the nonlinear profile u given in (1-4)

{i druy + Agsuy —qux = |74)L|2uk,
(0, y. x) = 1¢(5.x).

can be approximated by 1, given in (1-6)

: 1 t
uyt,y,x)= el (Ba—x?) Z(XU”( y x)) (t,y.x) e RxR* xR,

A2
neN

when A is sufficiently large. Here v, is the solution of the (DCR) system (1-5)

ni—nx+n3=n

vn(O, y,X) = ¢n(y’x) = Hn‘ﬁ()’vx)

The following corollary can be proven from Theorem 1.2 by following the argument in [Colliander et al.
2008; Killip and Visan 2013]. In particular, we refer to [Colliander et al. 2004, Lemma 3.12].

{(l 8t + Ay)vn(tvy’x) = Z ni,nz,n3eN Hn(vnlﬁnzvn3)(t7 y,X),

Corollary 4.8 (corollary of Theorem 1.2: preservation of higher regularity). Suppose ¢ € L§ HL(R?2xR)
and v is the global solution of (DCR) given as in Theorem 1.2. For any s1 > 0 and s, > 1, if we assume
further v|;—g € Hy' H3? (R? X R), then the solution v € CY Hy' Hy? (R x R? x R) and satisfies

|| % ||L?OH;1 H;ZQL?W;I ,47'[5(2 (RXszR) E C(||¢”H;1 ng (R2XR))

Relying on Corollary 4.8, we can now prove the following general result on approximation of the
nonlinear profile in the large-scale case. We will prove it with the help of Theorem 3.6.

Theorem 4.9. Forany ¢ € L2H),0<0 < 1, (A, 1k, Vi k) € Ry xRxR2 xR, |&| < 1 and A — 0o
when k — oo. There exists a global solution uy € CPL%H}C of

iatuk + Ayuk + Axuk —quk = |”k|2uk,
uk(0,y,x) = Acte B (el A Py ) (M),

for k large enough, satisfying

<
licllLgo39knLs 2k ocrxmy SHsl 5,0 1
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Furthermore, assume that €4 = €4(||¢ | ;24,1) is a sufficiently small positive constant and { € HJ}OH}CO
yTix
such that

Ip =V llL251 < ea.
Then there exists a solution v € CtOHyzH,lC (R x R? x R) of (DCR), with
v(0,y.x) =¥ (y,x) if =0,
hg lv(t, y,x)— ”AyW||L§H1 =0 if ty — Foo,
t— X

such that for k large enough we have

“uk”L?OL%H)ICOL‘,‘JH}C(RX[RQXR) SRR
with
e (1) = wa, Ol Lo r21incs , nl @xrexw) 0 ask — oo,

where

018 iy i) 1 it (Ax—x?) ( g, YT 26—t x)
PP )

wy, (T, y,x)=e
k Ak

Proof of Theorem 4.9. By translation invariance, we may take y; = 0. By Galilean transformation and
|éx | is bounded, we may take & = 0. Then

_ y
Wi, (1,7, x) = ALl (B=x?) (Az it )

When ¢ = 0, we will show w), is an approximate solution to (1-2). After a simple computation, we see
ey, =0 + Ay + Ay —xz)w;tk —wj, |2wkk

- - t
_ _)%3 Z e it@n+1) Z e_ZZt(n'_n2+n3_n)(Hn(Un1ﬁn2Un3)) (A_2’ Ay_k’ x)_ 4-17)
k

neN ni,no,n3eN
ni—na+n3#n

We will show this error term is small in the dual Strichartz space. Divide the right-hand side of (4-17)
into three terms:

elk(t’y’x)
— —i _ _ _ _ t y
:_Ak3 Ze it(2n+1) Z e 2it(ni—n2+n3 n)Pi’2 10(Hn(vnl1),,21),,3)(—2 )L—,x))
neN ni,n2,n3eN k
_ _j _ _ _ t y
3 2n+1 2 +
+A’k Ze lt( " ) Z lt(nl 2T n)Pijz 10 (Hn(vnlvnzvn3)(k_2 A_,X))
neN ni,n2,n3€N k

ni—n2+n3=n

_ _ _ _ r oy
_kksze it(2n+1) Z 2lt(n1 —ny+n3 n)Py2 10(1—[ (vnlvnzvns)(_lzc ﬁ’x))

neN ni,n2,n3eN
ni—nz+n3#n

_. 1 2 3
=: elk +exk +ekk.
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We first consider eik and shall use Bernstein’s inequality, Leibniz’s rule, Plancherel’s identity and Holder’s
inequality to estimate as follows:

1
”ekk (Z? y’ X)”L?,/J?H;c

_ _i2 _2i)2 _ _ _

< )Lkl Ze iAgt(2n+1) Z e 2iAgt(n1—n2+n3 ”)Hn(vyvnl “Upy *Uns)(t, Y, X) s
neN ni,n>,n3eN Lt,y HJIC

_ 12 2 212 _ 2 212 2 ')th(A _x2)
~ A 1 ez/lkt(Ax x?) ezkkt(Ax X )V v_elkkl(Ax x )vez % x v)(¢, v, x

k ” ( y )@,y )”L‘}/jﬂ;
<71 2 :
~)‘k ||Vyv||L;1ng)1c||v||L?.yH;c —0 ask — oo, (4-18)

where - - - are the missing two terms with V), acting on vy, and vp;.
We now turn to the estimate of eik. Using Bernstein’s inequality and Leibniz’s rule as above, we have

—iA2 v
3 e At N 1, (Vo - Oy Uny) (2, 9. X)

2 —1
€2, 872,00 S 2%

4/3
nenN ni,na,n3€eN Lt,y H}c
ni—nz+n3=n 1
1 2\2
_1 S -
~ Ay ( E (n)2 E I,,(Vyvn, - UnyUns)(t, ¥, X) ) s doeen, (4-19)
neN ni,na>,n3eN Lt.y Lx

ni—nz+n3=n
where - - - are the missing two terms with V), acting on vy, and vp;.
We observe the following elementary inequality: forn =n; —n, +ns3
1 _ -
(n)2 < (n)"Hn)? < ()7 (m1)? (n2)(n3)?.
Using the fact {(n)~1},en € 12, the Minkowski inequality and boundedness of IT,, we have
(l’l) Z Hn(vyvnl '1_)nzvn3)(l’ y,X)

ni,na2,n3€N
ni—n2+n3=n

D=

4/3
LML

—1 2 2 2 -
< ||{n) > (n1)”(n2)"(n3)" [T (Vyvn, - Unyvns) (2, ¥, X)|
L{JL317
ny,nz,n3€N t.y Lxtn
ni—n2+n3=n
<

Y (n1)*(n2)*(13)2 (| (Vy vy - BnyVny) (2. 9, 0| 2

ni,n2,n3€eN

By Holder’s inequality and the embedding 7! (R) € L*°(R), we find

473
L?/;

1V a0 ) (2 30 2y S 150, (s 322y 0ma ( 32 ) gt oy 10ma 0 9 ) it oy

Similar arguments can be applied to the other two terms on the right-hand side of (4-19). All together
this leads to the estimate
2 -1 2, \2 2 =
”ekk ||L;1,/y37'ﬂ)lc < kk H (n1)"(n2)"(n3)" | (Vyvn, Un,yvns)(t, yax)”L% HL;"/ﬁlAll}%Zl}g

—1 2 2 2 < ..
+Ak H(nl> (I’lz) (I’l3) H(v”l.Vyv”2v”3)(t’y’x)“lo2cHL;‘g/fl,l,ll,%zl,lB

-1 2 2 2 =
+/\k [(n1)7(n2)"(ns) ||(Un1'Unzvyvm)(t»y’x)”l,)%||L;1’/y31’%11,;21,%3
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SA 00 (02 (02)2 19y v (3 22 [0 (07 Noma 3D [ 212
A Iols g I012s
SAF CUP ) CUW N 25) >0 sk — o, (4-20)

Now, we only need to deal with eik. We will use the normal form transform to exploit additional decay
of Ay, since it possesses time nonresonance property. Integrating by parts and direct computation imply

t
/0 ez(t—r)(Ay—i-Ax—xz)eik (1)dr

— ! i _ _ i A _ T y
:_kk3 Z [O pit(Ay—2n—1), eryPéz_m(l'[,,(vnlvnzv@)(g,E,x))dr

ni,nz,n3,neN
ni—nz+n3#n

. Y ~ t y
__1-3 t(Ay—2n—1) ,—itA : —1py =
=—A; E pit(Ay—2n—1) ,—i Y(—iAy) Psz—lonn(v”lv"zv“)(AZ’A ,X)
ny,nz,n3,neN r Mk
ni—nx+n3#n

— ; - _ R _ _ y
+kk3 Z plt(Ay—2n 1)(—1Ay) 1P§y2IOHn(vnlvnzvm)(O,A—,x)
ni,np,n3,neN k

ni—nx+n3#n

_ t . _ _ s Y L _ _ ‘[

+Ak3 Z / ell‘(Ay 2n 1)e l‘CAy(—lAy) 181(P<y2IOH,,(vnlvnzvm)(k—z,%,x)) dr
ni,np,n3,neN 0 - k 7k
ni—nx+n3#n

-3 it(Ay+Ax—x2) % \—1 - y
:Ak Z el (Ay+Ax—x )(—1 Ay) Péz_lol'[n(vnlvnzvm)(o,A—,X)
ni,n2,n3,neN k

ni—nz+n3#n

. . ~ t y
-3 —2it(n1— —it, : -1 _
_Ak Z e (n=natna)= (—sz) sz—lonn(vnlvnzvns)(k%,\ ,x)
ni,no,n3,neN r Mk
ni—nz+n3#n

t ~

-3 it(Ay—2n—1 —itA, % -1 - Ty

+/\k E it (By=2n )/ e TRy (—i Ay) arpgz—lonn(vnlvnzvn3)(k_2,A_,x) dr,
ni,n2,n3,neN 0 k Tk
ni—ny+n3#n

where the operator Ay is defined to be
Ay =2(n1—nz2+n3—n)+A,.

This is a perturbation of the Laplacian operator and we suppress the parameters n, 12, n3, n. The inverse
operator (—A,)~! is defined by the Fourier transform

i((Fy )&, x)

(ny—nz+n3z—n)— €%

Fyo((=idy)T ) x) = 7

This operator is invertible when 7y —ny +n3 —n # 0 and |£] < 271°. We will use this expression in the
remaining of the proof.
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Define

3,1._|[,-3 t(Ay+Ax—x2) py 1 y

ekk = k Z 1( y x—X )P <— 10((—1Ay) (H (vnlvnzvn3)( A X 4 1,
ni,n,n3,neN k Ly yHx
ni—na+n3#n

32._|l4-3 —2it(n1—na+n3)—it ;- x \=1( p» - Iy

e i=|Ag Z e 2it(mi—na+n3)—i (—iAy) (sz—lonn(”nlvnzvns)(ﬁ’T’x e
ni,n,n3,neN K Mk L} Hx
ni—nx+n3#n

and

3,3 -3 it(Ay—2n—1)

elk Ax Z e

ni,nz,n3,neN

ni—ns+n3#n t _ T
/ tAy( ZA ) ( 2 IOH (vnlvnzvrm)(_zsL’x)) dr
0 Ak )Lk

Then, we have

First, we consider the term ei;}. By the boundedness of the operator P2,—10(—i A y) Y whenni—ny+nz #n
and Minkowski’s inequality, we may estimate as follows:

4 41
L} Hx

31, 32, 33
L4 4l ~ e Tl T (4-21)
t,y’'tx

/ (=D +Ax=x7) 3 () de
0

3,1 1
e <[ (n)z2 Z kk3P <o— 10(— lAy) ', (Vn1 UnyUn3) | O
K ),k 12 L2
ny,n2,n3eN n WLy x
ny—nz+n3#n
_ 1 - y
Skk:‘} <l’l>2 Z n((vnlvnzvn3)(07r,x))
ni,n2,n3EN k L33z
ni—na+n3#n
— 1 _
Sl (DL D LA (O S ((USZE0)] Y I
xln

ni,n2,n3€N

_ 1 _ _ _
S Y0 ) T (ny Oy vn) 0.7, 2 12 SA7 Y 10y By vm) (0,9, 0) 2501

ni,n2,n3€eN ni,n2,n3€eN
-2
A2 D om0, ) pga 10ms (0, 0 pgat 10ms (0.3, ) g1
ni,n2,n3eN

SALZC(0,y. )l gr153)° =0 as k — oo, (4-22)

2 As in the estimate of ei;{l, by the boundedness of the operator

Next, we consider the term ei
P2y—10(—i Ay) when n1 —ny 4+ n3 # n, Minkowski’s inequality, the fractional Leibniz rule, Sobolev’s

inequality and Holder’s inequality, we have
(I’l)% Z €_2it(nl_n2+n3)_it(—iAy)_1

ni,nz,n3eN ¥ _ t Yy
ny—nz+n3#n -P (v Uy, U ) —,—, X
1 2 3 <2— 10 n( nyYnovns A,Izc Ak

3,2 -3
’ <
ey S Ak

L} L317
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OLEEDY ||nn(<vn,5n2vn3>(;—2,ﬁ’X))”Lﬁ
k

ni,n>,n3eN
nij—ny+n3#n

51;7 Z ||Un117nzvn3||Hy1/2H)1c .
ni,n2,n3eN Ly

<A

L4L%17

|98

_3
5 Ak ? H ||U(I, Vs x)“?;[/;/4,47_[)56 HL‘;

_3
<A 2||v(t y. )3 k2C(||U(0’y’x)||H‘3/‘2H§)3_’0 as k — oo. (4-23)

L12W%/4 4H5 5

Finally, we are left to consider the term e I Applylng the Strichartz estimate, we obtain

‘A]:3 Z eit(Ay—Zn—l) t
,n2,n3,neN —itA ST N— _ Ty
:111]_71”2213’1:!;” / e ltAy(—sz) 1(8 Pzz 1oHn(Un1Un2Un3)()L—2’/\_vx))df
0 r Mk

Lf Hi
(i0:+Ay+Ax—x?) Z it (By—2n=1)
ni,n2,n3,neN
ni—nx+n3#n
t ~
/ Pi/ZIO(e—l‘EAy (—iAy)_l
0 - -
— T Yy Ty Ty
9,00, (A3 —, —.x)v —,—.,x)v —, X dt 4-24
R CRRC SR ¢ SrLE v Sve)) L IS

We observe, after some computation, that

t
(0 + Ay +Ax—x?) > e”(Ay—Z"—l)/O ey (iR TP,

ni,n2,n3,neN

ni—nz+n3#n X Tty ‘C—y Ty
<0y A v | =, —, X v | =, —, x|n | —, —,x]]d
M (38m (5025 o) (G o))
— Z —21t(n1—n2+n3) zl( lA )—

ny,nz,n3,neN ¢ t t
ni—nay+n3#n 9,11, A}:?’vnl —, l’x T r X s | = Ea , X))
/\lzc Ak /\i Ak )Li Ak

Therefore, by the above observation, Plancherel’s theorem and Leibniz’s rule, we have

<2 10

t
(4_24)5 (Z( Z e—2zt(n1—n2+n3 n)— lt( ZA ) IPy2 1081‘ (AI:?’UYH(A_z’%’X)
neN > ni,np,n3eN
ni—na+n3#n —_—
tr y t
v —,—,Xx|v,
nz(li Ak ) (12 ))) ) L1212
_ t
Sz Jrma( (5 500)
neN > ny,ny,n3eN k k

ny—nx+n3#n t—y t y 2 %
(r r)(r ) Lg,x) )

L;
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-2 — -2 T
ST 2 10 Bnvnslippzan A A7 D0 o 00w sl a0
ni,nz,n3eN ni,nz,n3eN

+A2 Y vn Tnadevmsllpr o (4-25)
ni,n>,n3eN
We shall only show how to estimate the first term on the right-hand side of (4-25), as the other two terms
can be estimated similarly. By Holder’s inequality, and the fact that v satisfies (DCR), we have

Z 192vn, UnyUnsll Lt 12941
ni,nz,n3eN

2
ol g 1003 Lgns

Z [y, (Vny Onsvng)

n4,ns,ne,n1 €N
ng—ns+ne=ni

< Ilv|I? 2

Applying Holder’s inequality and the Sobolev embedding, we have

Z Hnl (vn4l_)nsvn6)

n4,ns,ne,n1 €N
ng—ns+ne=ni

L3LSH3

3 _
5 (nl)z Z Hnl(vn4vn5Un6)
n4q,ns,ng€EN L?LSL%Z,%I
n4—ns+ne=ni
—1 3 3 3 -
S| )T ) ns) (06 Ty (nyBmsvmg)l |
n4,ns,ne€N L;LyLxlq,
n4g—ns+ne=ni
3 3 3 —
s Z (na)”(ns)”(ne) ||Un4vn5vn6”L)2C e
n4,ns5,neEN fLy
< (n4)*(n5)>(n6)>1vny 131 [Vns ll 31 v | Sl =C(lyl )?
< na)”(ns)”{n6) " 1onallygl vns g Ivnellget | S vllzo 1850 = CUIW I 2/3,9)7
nq4,ns5,n6EN L :

1~y
where in the last inequality we use the fact that by Corollary 4.8, we have

lollszsms < CAVIL250).

[Ayvlisrsss = CUIAY Y L2452)-
Combining all these estimates together, we finally obtain
3,3 -
e3? S A(CUV 22 CU A 1 1272)
+CUIVIIL233)° CUIY Il g2r359)%) >0 ask —o0.  (4-26)

To apply Theorem 3.6, we see

1 — = —_ <
kli)rgollka((),y,x) Uae (0,3, )29 = 16 =¥ lip241 < e€as
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= ol g0 250

1 t
w 24,1 rom = [|—V| =, —, x
” Ak”L?oLy’H,x([RXR xXR) H Ak (Ai Ak ) L?OLf,H}C

1 Y
lwaclizs s xnzmy = HE”(E g»X) = Iollz st

These together with the estimates (4-18), (4-20), (4-21), (4-22), (4-23), (4-26) and Theorem 1.2 yields
Theorem 4.9 when #;, = 0.
If t, — 00 as k — oo, then v is the solution of (DCR) with

4 441
Ly yHx

lim ||v(¢, y,x —elthy 2,1 =0.
im ot y.x) = e Ay 0
By the argument in the case 7z = 0, we can also obtain Theorem 4.9 in this case. ([

4.3. Existence of an almost-periodic solution. Define

ALY = sup [l s <o oy

where the supremum is taken over all global solutions u € C2(R, (R?)) of (1-2) with
Eu()) + M(u(t)) < L.
The proof of Theorem 3.4 implies A(L) < oo for sufficiently small L. Let
Limax = sup{L >0:A(L) < oco}. (4-27)

If Lax < 00, then following the arguments in [Cheng et al. 2020a; 2020b], one can show the existence
of an almost periodic solution with the help of Theorems 4.1 and 4.9. The proof is rather standard, we
refer to [Cheng et al. 2020a; Cheng et al. 2020b; Killip and Visan 2013; Kenig and Merle 2006; 2008;
Tao et al. 2008] and omit the proof here.

Theorem 4.10 (existence of an almost-periodic solution). Assume that Ly, < 0o. Then there exists a
solution u, € C to (R, Z(R3)) of the defocusing cubic NLS with partial harmonic potential (1-2) satisfying

E(ue) + Mue) = Limax  and Q. (4-28)

”uc”L?’y?{;_SO(RXRZXR) -
Furthermore, u. is almost periodic in the sense that for any n > 0 there is a Lipschitz function t — y(t)

and a sufficiently large positive number C(n) such that

/| e )||uc(z,y,x)||i1 dy <n forallt eR. (4-29)
y+y(01=C(n *

5. Rigidity theorem

In this section, we will exclude the almost-periodic solution in Theorem 4.10 by the interaction Morawetz
estimate with an appropriately chosen weight function. Once the almost-periodic solution is excluded, we
can finish the proof of Theorem 1.1.
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Proposition 5.1 (nonexistence of the almost-periodic solution). The almost-periodic solution u. as in
Theorem 4.10 does not exist.

Proof. For each ro > 0, we define the interaction Morawetz action

My (1) = / / SGie Gy ) Vytte(t. y.3)) - Vg (1 — FDluc (. 5. )2 dy dx 45 d5,
R2xR JRZ2xR

where 3 = Im denotes the imaginary part of a complex number and v¥,: R — R is a radial function
defined as in [Colliander et al. 2009; Planchon and Vega 2009], with

A, (r) = /OoSlOg(;)wro(s) ds,

where .

er(S) = {F

0 ifs<ry.

if s > ry,

It is straightforward to verify that ¥, is convex and |V, | is uniformly bounded (independent of rg), with

A%y (1) = 2 80(r) ~ wpy 1),
0

Using the above properties of the weight function ¥,, one can show (see [Colliander et al. 2009,
Section 3.3]) for all 79 > 0

To |
4 2 2 < 3 < ]
/;TO /{Rz“VﬂZ(Huc(I,y,x)||L)2C(R))| dydr < ”uC”L?OL%'x”Vyuc”L?oL}%’X <1. (5-1)
By (4-29) and the conservation of mass, we have
2, 2
2 ) 5/ . ”“c(t»y’x)”Lz dy, 5-2)
ly+y®)I=C (%% x

where m. := M(u.) > 0 by (4-28).
Therefore, for each Ty > 0, by (5-2), Sobolev’s inequality, and (5-1), we deduce

m2T0 To g
~To \J|y+y(@)|<C (s *

me To 2 \4 2
e [ (o) o

To
me L 2 (2 me
<C Vy |2 Ly, dydr <C .
sc(fos) [, Lot iz ava < o (55)

Letting Tp — oo, we obtain a contradiction, and this concludes the proof. O

Finally, we can now prove Theorem 1.1.

Proof of Theorem 1.1. By Theorem 3.4, to prove the scattering of solutions to (1-2), it suffices to show
the finiteness of the L?, yH,lc_eo -norm of the solution of (1-2).
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To this end, let Ly, be given as in (4-27). Then, equivalently, we need show that L,x = co. Suppose
for a contradiction that L,x < co. Then Theorem 4.10 would yield an almost-periodic solution of (1-2),
which is impossible in view of Proposition 5.1. O

6. Scattering of equation (DCR)

We will now prove Theorem 1.2, that is, the global well-posedness and scattering of the (DCR) system

{iatv+AR2v=F(v),
v(0,y,x) =¢(y,x),
where

F):= Y Ty(Iy,vIL,,vI,,v)

ni,nz,n3,neN
ni—n2+n3=n

and I1,, is the orthogonal projector on the n-th eigenspace E, of —A, + x2.

We will mainly follow the approach to the global well-posedness and scattering of the two-dimensional
mass-critical nonlinear Schrodinger equation as in [Dodson 2016b]. The main ingredient is to establish an
infinite-dimensional vector-valued version of the two-dimensional long-time Strichartz estimate, which
helps us to preclude certain almost periodic solutions.

The (DCR) system is Hamiltonian with an energy functional

1 1 — _
g(v)ZEZ/szR|Vyvn|2dydx+Z Z /RzXRvnlvnzvng,vi’Mdydx’

neN n,ni,ny,n3,n4€N
n1—n2+n3—n4=n

under the symplectic structure on Li,x (R? x R) given by w(f. g) := S Jrexr S (7, X)g(y, x)dy dx. It
also conserves the following mass M and kinetic energy £p:

M(v) = / v (e, v, 0P dy dx,
R2xR

1
Eo(v) = /R , NCAe X200y )P dydy = > _Cn 4 Dlvalzs oy = 101724102

neN
We shall divide this section into three subsections. In Section 6.1, we establish the local well-posedness
theory for (DCR) and reduce the scattering to the exclusion of almost periodic solutions. In Section 6.2,
we derive the long-time Strichartz estimate and in Section 6.3, we exclude the almost periodic solution.

6.1. Local well-posedness and reduction to the almost periodic solution. In this subsection, we will
present the well-posedness theory of the (DCR). Then following ideas similar to those in [Tao et al. 2008;
Cheng et al. 2020a; 2020b; Yang and Zhao 2018], we shall prove that there is an almost periodic solution
of (DCR) if the system is not global well-posed and if the solution does not scatter in Li?—[}c That is, we
reduce the global well-posedness and scattering of (DCR) to the exclusion of this almost periodic solution.

6.1.1. Local well-posedness theory and the existence of an almost periodic solution. The local well-
posedness theory of the (DCR) system follows from a more or less standard argument: the Strichartz
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estimate in Proposition 3.2 and the nonlinear estimate in Lemma 6.2. The proof of the nonlinear estimate
relies on the following Strichartz estimate for the harmonic oscillator.

Lemma 6.1 (Strichartz estimate for the harmonic oscillator [Carles 2002b; Keel and Tao 1998]). For

2 <gq,r < oo with % + % = %, we have the estimate

e = fllayer qory.msmy < 1S e
holds for any T1 > 0 and s > 0.
We can now give the nonlinear estimate.
Lemma 6.2. For functions Fi, F>, F3 defined on R2 x R, we have

Y (T, FiTl,, Py, F3)

ni,na>,n3,neN
ni—n2+n3=n

< -
Lassge | F1 ||L§L§||F2||L§L)2€||F3||L§L)2€, 6-1)
y X

and consequently, for any § > 0,

> MMy, FiTl,, P2, Fs)

ni,nz,n3,neN
ni—nz2+n3=n

< mi -
L™ min [[Fryllpaqp8 1 Fe gz 1 Fe@ gz 6-2)

where 03 is a permutation of the set {1, 2, 3}.

Proof. Let Fy € L;Li, by Hoélder’s inequality and Lemma 6.1, we have

> Hn(nanlnnzenn3F3),Fo>

ni,nz,n3,neN
ni—n2+n3=n

w _ [
_ l j : / eth(nl—nz+n3—n)/ HanlnnzFZHn3F3HnF0 dy dx dt
T 0 RZxR

ny,nz,n3,nEN

b1
_ %/ /2 ezt(—Ax—l—xz) Fi (y,x)eit(_AX+x2)F2(y,x)
0 JRZxR AT By et (CAHX?) Fy(y, x) dy dx di

s /Rz AT oy 0l e 2 g0 mpean 1T Fr (002 14 0. m1
e A By (50 s 18 o, e AT Fa (0 0 13 o,y 9
< /Rz | Fol. )C)||L§(R)”eit(_Ax+XZ)F1 (O, x)||L§L§([O,n]XR)||e”(‘Ax+x2)Fz(y, 16318 (o,x1xm)
et AT Fy gy 16318 (0, 71xm) 9
< /R NFoG 0z 1 (5 0l 2 1 P2 (v )2 130 0) .2 -

Therefore,

> (T, Fill,, FoTl,, F3)

ni,na2,n3,nEN
ni—nx+nz=n

which is (6-1). One can similarly prove (6-2) using the fractional Leibniz rule. O

<
L4732 ~ ”Fl||L§L§||F2||L§L)2(”F3”L§L)2(s
y X
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Lemma 6.2 provides the following estimate for the nonlinearity F(v).

Lemma 6.3. For each solution v of (DCR), we have
3 _
||F(v)||L;1'/y3H% < ||v||L?,yH%, where a =0, 1.
Thus by Proposition 3.2, the solution v of (DCR) satisfies the Strichartz estimate
3
vl L7 Lgme (1 xm2xm) < [Voll 292 @oxm) + ||U||L;{yﬂg(1xu@2xu@) Jora=0.1, (6-3)
where I C R, and (p, q) is a Strichartz admissible pair.

As a consequence of Lemma 6.3 and (6-2), we obtain the following well-posedness theory. Since the
proof is well known (see for instance [Cheng et al. 2020a; 2020b; Tao 2006; Killip and Visan 2013]), we
omit it.

Theorem 6.4 (well-posedness and scattering of (DCR)).

(1) (local well-posedness) Assume ||vo || 129 <00 The (DCR) admits a unique solution
ve(CPLZH N LT H)((—T. T) x R* x R)

for some T > 0.

(2) (small-data scattering) There is a sufficient small constant § > 0, such that when ||vg|| 2nl = g,
(DCR) admits a unique global solution v with v(0) = v, which scatters in L% HL in the sense that there
exist vE € Li?—l,lc (R? x R) such that

lv(t) —e"’AyviuLM —0 ast— +oo.

(3) (scattering norm) Suppose v is a maximal lifespan solution on I with |[v| ;4 L2(Ixr2xr) < 00 Then
. . 2 1 Ly=x
v globally exists and scatters in LyH .

We also have the stability theorem by Lemmas 6.2 and 6.3. The argument is similar to the proof of
Theorem 3.6, and we also refer to [Colliander et al. 2008; Killip and Visan 2013].

Theorem 6.5 (stability). Let [ €{0, 1}, I be a compact interval and v € (CPL2HLNL? HL)(I xR*xR)
be an approximate solution of (DCR) with the error term e =10,V + Ay0 — F(V). Then, for any € > 0,
there is § > 0 such that if

el 47354t (1 iy + 15(0) = voll 391, < 6.
then (DCR) admits a solution v € (L?°L§H)1€ N L?,ych)(I « B2 x R) with v(t) = vo and

10— v”L?’yﬂﬁcﬂL,"oL%H}c(IxRZXR) <é€.

To prove (DCR) is globally well-posed and scatters for large data, by Theorem 6.4, we need to prove

v ||L?’yL)2C(RX|R2XR) < 0,
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where v is a solution to (DCR) with initial data vg € Li %;(RZ X R). For the solution v of (DCR) with
maximal lifespan interval 7, let

S(m) = sup{||v||L?,yL§(IszxR) : ||v(0)||L§H}C(R2xR) <mj,
and
mo = sup{m : S(m) < oo for all m <m} > 0.

If we have mo = oo, then the global well-posedness and scattering in Li?—l}c of (DCR) hold. Following
the argument in [Tao et al. 2008; Killip and Visan 2013], and using Theorems 6.5 and 4.1 during the
proof, we have:

Theorem 6.6 (existence of an almost periodic solution to (DCR)). Assume mqo < oo. Then there
exists an nonzero almost periodic solution v € C? L%’H}C N L‘t"yL%(I x R% x R) to (DCR) with I the
maximal lifespan interval such that M(v) = my. In addition, for any n > 0, there exists C(n) > 0 and

(y(1),E(), N(t)) € R? x R? x Ry such that

[ eyl | IFED2 & <y foralliel. (64)
ly=y®OI=Fd x [E—=E@OI=CN (@) ¥

N @)
Furthermore, we can take [0,00) C I, and N(0) =1, £(0) = y(0) = 0, with
N <1, [N'OI+IEOISN@)? forallt €0, 00).
As in [Dodson 2012; 2016a; 2016b; Killip and Visan 2013; Rosenzweig 2018], we see the almost
periodic solution in Theorem 6.6 has the following property:

Theorem 6.7. (1) If J C I is an interval which is partitioned into small intervals Ji, in the sense that
||U||L;t,yL)2((Jk XR2XR) = 1, then we have

N(Jg) ~ / N(t)3dt ~ inf N(t) and Z N(Jg) ~ / N(1)3de, (6-5)
Ji teJx = J
where N(Ji) = sup;cy, N(7).
(2) For any interval J C [0, 00), we have
/JN(I)Zdts||v||2?‘yL%(JxR2X[R)§1+[JN(t)2dt. (6-6)

Proof of Theorems 6.6 and 6.7. With Theorems 4.1 and 6.5 at hand, one can follow the arguments in
[Cheng et al. 2020a; 2020b; Dodson 2012; 2016a; 2016b; Rosenzweig 2018; Tao et al. 2008; Killip and
Visan 2013]. O

6.1.2. Some functional spaces and bilinear Strichartz estimates. As in [Dodson 2016b], due to the failure
of the endpoint Strichartz estimate in two dimensions, we need to utilize the function spaces U K and VAp
introduced originally in the seminal work [Koch and Tataru 2005a]; see also [Hadac et al. 2009; Koch

and Tataru 2007; Koch et al. 2014] for more detailed study on these spaces. The structure of our (DCR)

2

%) as follows.

system motivates us to introduce the Banach spaces U f (L)zc) and VAp (L
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Definition 6.8 (U g (LJZC) space). For 1 < p < oo, let U f (Lfc) be an atomic space, where an atom v? is
defined to be

N
itAy Y : Y p
Uy(t7 ysx) = ZX[tkstk-i-l)(t)el yvk(y’x)v Wlth Z ||Uk(y7x)”LJ2/x = l
k=0 k=0 ’
In the expansion of v¥, N may be finite or infinite, 7o = —o0, and ty+1 = oo if N is finite. We impose a

norm on || - ||U£(L§) as

||v||U£(L§) = inf{ Z eyl v = Zc,,v”, where v? are Uﬁ(Li) atoms}.
y y

For a time interval I C R, we define

||v||U£(L§,I) = ||v11||U§(L§)‘
Let DU f (L2) be the space

DUR(L2) ={(i0; + Ay)v:v e UL(L2)},

endowed with the norm

t .
1(i0; + Ay)v(z, y,x)||DU£(L)2€) = “/0 P =5)Ay (ids + Ay)v(s, y, x)ds

UR(L3)
For each time interval / € R, we can similarly define the restriction space DU f (L2,1).
Definition 6.9 (VAp (L2) space). For 1 < p < oo, VAP (L2) is defined to be the space of right continuous

functions v € L;’OLi,x such that

A A
|| ||V17(L2 _||v”LooL2 + Sup Z”e ltk+l yv(tk+1)_e i yv(tk)” <OO
{3/ g

When the time is restricted to / € R, We can similarly define the function space Vf (L2, 1). Then we have
(DUR (L))" =V (LY. (6-7)

The following basic properties are straightforward to verify. For the proofs, see [Hadac et al. 2009;
Koch et al. 2014].

Remark 6.10 (basic properties of Uf (L2) and Vf (L2)). Forany l < p<qg<ooanda <bh <c, we

have
UR(LY) SVX(LY) CUL(LY). (6-8)
||v||UK(L)2(’[a’b]) = ”v”Ug(L%C’[a’c]) and ”v”Up(L Ja,eD) — || ”Ug(L [a,b])+”v”Up(L ,[b,C‘])’ (6_9)
||U||U£(L§) < ||U|t=0||L§.x+||(lat‘i‘Ay)U”DUg(L)ZC)- (6-10)
Moreover,

Lp Lr LZCDU (L ), and U? (L )CLerLZ, where (p, r) is Strichartz admissible. (6-11)
A A yix P
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Following the argument in [Dodson 2016b], we also have:

Lemma 6.11. Suppose I = U71=1 I/, where I/ = laj,bjl,aj41=0b;. If f € L}Li,x(l x R? x R), then,
foralltyel,

where

1

m m >
2
= Z 12 + (Z ”f”DUi(L)%,If)) ’
V.x j=1

VRN 5

t
[ D8y £y x)de
t

0

/ eI f(r)dr
IJ

lovzazin=_ s [ [ feyouermedar
Ilelvi(L%,,j)=1 17 JR2xR
By the bilinear Strichartz estimate in [Bourgain 1998], Minkowski’s inequality, Holder’s inequality,
and interpolation, we have the following two propositions. The proofs are similar to the bilinear Strichartz
estimates in [Dodson 2016a; 2016b].

Proposition 6.12 (bilinear Strichartz estimate, 1). Ler (p, q) satisfy 1 < p,q < oo, %-i—é = 1. For
M < N, assume supp Fyug € {§ : |§| ~ N} and supp Fyvo C {§ : |§| ~ M }. Then we have

1

. . M\»r
‘A tA
e ®ruoli g2l voll 12 HL;)Lg(RXRz) S (_N) luollzz Mvollzz - (6-12)

Furthermore, suppose that g(t, y—¥) and h(t, y—3) are convolution kernels with respect to the y-variable
and

Isup g6 3+ sup e gy < 1

Then we also have

N =

. . M
A A
H llg *y et y“0”L,% |7y 't yU0||L)2C ”L{’Lz(RxRZ) < (ﬁ) ””0”L§,x ||UO||L§_X'
Similar to the argument in the proof of Lemma 3.5 in [Dodson 2016b], we can transfer the estimate

(6-12) to the U g space. Therefore, we have:

Proposition 6.13 (bilinear Strichartz estimate, I1). Let (p, q) satisfy 1 < p,q < oo, % + é = 1. For

M < N, assume supp Fyu C{§ : || ~ N} and supp Fyv C{§ : || ~ M }. Then we have

M\r
Ml ozl < (57 ) Telozan vlogasy

6.2. Long time Strichartz estimate. From now on, we shall take our following setting as standard
assumptions. Fix
0<ez3Kea<Kep<1 and €3 <6’ (6-13)

By Theorem 6.6, we can take

IN'(@0)] + 18] <272, 2 N(1)? (6-14)
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and

lv(t, y, %)%, dy+ |(Fyv) (.6 x)||%, d& <€3. (6-15)
Hx Hx

/|y—y<t)|zz—2°e;” 4/N@) lE—£@0)=2-20¢5 N (1)

If [0, T'] is an interval with

T
10175 22 to,rixmesey = 2 and /O N(t)*dr = €325 for some ko = 0, (6-16)

then we can partition [0, T'] = Ug[:_ol J¥ where J¢ are intervals that satisfy
| VO + Q0O ) 80 = 260 (6-17)

‘We can define the interval G,i now.

Definition 6.14. For any nonnegative integer j < ko, and nonnegative integer k < 2K0=/, we can define
_ (k+1)2/ -1
Gl= | J= (6-18)
a=k2/
For j > ko, we simply define Gl = [0, T]. We let é(G,{;) = S(t,{), where t,{ is the left endpoint of G,{.
On the time interval G,{ defined above, we have:

Lemma 6.15. (1) Let J; be the small intervals contained in G,g. By (6-5) and (6-17), the following
estimate holds:

(k+1)2/ -1

> N(J,)</ No?*des /N(z)3dz<zfe3 (6-19)

11SG] a=k2J

(2) By (6-14) and Definition 6.14, we have, for eacht € Gj,

£() —£(GL)] <27 Vese; 2. (6-20)
Thus, foranyt € Gj,andi > 7,
g <je—E@) <2 e 2 < g —£(G) <22 e 2 B < g £ ()] <2773 (6-21)
and also
g lE—E@)| <2t {1 |E-E(GY DI <22y c e g —£()] <23 (6-22)

Lemma 6.16. For the almost periodic solution v(t) to (DCR), and assume |v ||th1 L2 xrexR) = L on
yhx
J CR, then we have

< y <
||v||Ui(L)2“J) <1 and ”P>2—4€3—1/4N(J)v“Ui(L%,J) S €2

where N(J) = sup,;cy N(2).
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Proof. Let J = [to, t1], by (6-10), (6-8), (6-7), and (6-11), we have

[0luz @z, < 1022, + 10124 12y < 1
By (6-15), we have

y
”P>2‘2063‘”4N(J)v”L?"L%,x(JXRzXR) =P >2 20714 N(r) Vlirgors  (rxmexm) =

Therefore, by the Strichartz estimate, we have

¥y
I P>2—4e;‘/4N(J)v ”Uﬁ(L%,J)

< y
|| 2 20 *1/4N(J)v(t0)”L2 x (J xXR2xR) + ”P ~o—4¢ 71/4N(])F(v)”L?/ng/SL%(.’XRzXR)
< €2 + “ 2 20 —1/4N(J) ”LOOLJ% - ||v||L3L6L2 (JXRZXR)
2
Sertea(lv0) g2 urzsey + I03s 12 rmemy) S €2 O

We also have the following fact as a consequence of the above lemma.

Remark 6.17. If N(J) < 2/=5¢}/?, we have

y
1P iy 22 zmzaira F (”)||L?/2L§/5L2(JszxR)

<
” 2 —20 —1/4N(J) ”LOOLJZJx(JXszR)||v||L3L6L2(JXIR2X|R)

where the operator PS (GL) 2i~2<mznit2 is given in Definition 6.18 below. Thus, for 0 <i < 11, and

N(GL) <2/= e;/ 2 by the fact that G/, is a union of at most 2!! small intervals, we have

y
I 5(gé),2i—25...52i+2F(v)”L?/ng/SLi(G&xRZXR) S e

We can now define the long-time Strichartz estimate norm as in [Dodson 2012; 2016a; 2016b]; see
also [Cheng et al. 2020a; 2020b].

Definition 6.18 (long-time Strichartz estimate norm). For any G,i c0,7T], let

i—J 2 )

1ol 6y= 22 277 20 1PiGsy a2 N3 2,60 +Z” cehai2 et iz 2,60y
0<i<j GicG/
=Y

where
P‘s”y(t) 2i—2<.. <2l+2v_ely SO)P; 2. <2:+2(€ ly'g(t)v).
We define the X ko horm to be
2 —_—
W%, qo.ry = S0P, SuP IIvIIX(Gk)

0<j<ko G-lé' cl0,T]
For any nonnegative integer ks < ko, we take
sup sup (6-23)

lvli%
Xk ([0 T]) OSJSk* G,ég[O,T]

0
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To close our bootstrap argument in the proof of the long-time Strichartz estimate, we also need to
introduce the following norm to measure Xy, norm of v at scales much higher than N(7).

Definition 6.19. Let

i—j ¥ 2
”””y(cf Z 2 2. , 1Pe6)2i-2<ai2 02 02,60
0<i<) GLcGi

N(Gi)=25€)/? + > P vl

E(G,ﬁ),2'—25~521+2 UZ(L3.G{)

izj, i>0
N(G])<2'—%¢;/?

We can define the norm ||v|| 7 (0.7]) similar to (6-23) in Definition 6.18.

For i < j, and the solution v on the time interval Gl , we can define the Littlewood—Paley projector
around £(¢) of v as
ng(t) V= el E(t)py (e EDy), ng(t) V= el E(t)py (e yEO )
Then, as a consequence of (6-7), (6-8), (6-11), the Littlewood—Paley theorem and Proposition 3.2, we
have the following estimates which reveal the relationship between the Strichartz norm L7 L‘yI L2 of the
Littlewood—Paley projector around £(7) of v and the long-time Strichartz norm of v. We still refer to
[Dodson 2016a; 2016b] for the argument, without presenting the proof here.

Lemma 6.20. Fori < j, we have

J=i
1P E(t) 2Vlr L 267 xrenmy) ©2 7 Vg, 67y (6-24)

I E(t) >2/ v”L”L“LZ(GJxRZXR) ~ ”v”X(G /s (6-25)
where (p, q) is Strichartz admissible pair.

Our aim is to prove the long-time Strichartz estimate.

Theorem 6.21 (long-time Strichartz estimate). For the almost periodic solution v in Theorem 6.6, which
satisfies (6-13), (6-14) and (6-15), there exists a positive constant C = C(v) such that, for any nonnegative
integer ko, v and N (t) satisfy (6-16), we have

il %, qo.rp = €-

To prove Theorem 6.21, it suffices to show, for any 0 < j < ko and G,i clo, 1],

i—j
22 Z g(Gz)zz 2<g2it2 ||U2(L2 Gi) +Z|| £(G]), 212 <<2i+2 ||U2(L G}{)EC.

o<i<j Gl CGk

To reach the above estimate, we will perform an induction argument on 0 < k.. < k¢ and then a bootstrap
argument in Sections 6.2.1 and 6.2.2, respectively.
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6.2.1. Basic inductive estimates. First we show the basic estimates to start up our induction.

Lemma 6.22 (basic inductive estimate).

3
Il g, qo.rp =€ and vllg,qo,rpy = C€3-
For 0 <k, <kg, we have

<2|v||% and

%, (0.T]) vz, L 11(0,T]) =2|lvl;

v ”Xk +1([0,7]) — Y, (10,7

Proof. By Lemma 6.16, we have
||U||U§(L§,Ja) <1 forany J% in the decomposition of G,{ in (6-18).

Therefore, by Strichartz estimate, (6-10), (6-11), (6-8), we have, for ty € J¢,

< 3
(j{jnz)(,a)z, cemair2Vlg2 g2, ,a)) Sz, + 10173 16 2 exprnm)

=0 <otz + vl <.
~ IPJILS o U2(L2,Jo) ~

Thus, ||v||X .17 = C.
At the same time, by (6-15), the conservation of mass, and (6-28), we infer that

1

2
( Z ”P (J()t) 21 2< <21+2v||U2(L2 th))

3407

(6-26)

(6-27)

(6-28)

i>0
N(Ja)5€3l/22i—5
<P S(J“) sses 12 et g  +IP S(J“) sse2ne T DLz oxmexm
< ”Psy(t),z‘k;l/zN(t)v||L°°L§_X(J“><R2X[R) + [|P (1)2463—1/21\,([)}7(”)”LIL%’X(J"‘X[R@XR)
3
S ||P§‘y(l),>e3_l/2N(t) ”L°°L2 (J“xR2xR)(”v”L°°L2 cexmexm) T ||v||U2(L2 o) T

Thus, by Definition 6.19, we have ||v ”Y (0,77 = Ce;/4.

By Definition 6.14, we see GH'1 G, Y G2k+1’ with GJ N Gék+1 =¢. Thenfor0<i <j,if
GL, € G "', we have Gl, € Gfk or G, C ngﬂ Thus
i—(j+1)
Z 2 Z ”P £(GL),2i—2<<2it2 ”Ug(L;,G};,)
o<i<j+1 G,’;gG,{H
i—j y 2
Z .2 ( Z A ”PS(Gé),zf—Zs-sziHv”UZ(LZ,Gé;)
0<i<j GlngGék )
+ | P 6ip2i-2<- <2Vl 12,61
Gl CG2k+1
-1 y
+2 (||P$(Gék),2j—25...52j+2 ”Ug(L2 G/ +P E(G k+1) 2/ 2<..<2/+2 ||Ui(L2 ij-i-l))

<1
2(||v||X(G, + vl ).

X(G4i1)

(6-29)
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At the same time, by (6-21) and (6-9), we see

Yy 2
Z ” PS(G]{+1),2i—2§...§2i+2v ”UK(L%,G{H)

i>j+1
< , PY A . 2 .
mX;l S(G’“) 2i72<.. <2042 ||UZ(L :Gay) I E(G] T 22 z2i 42 ”UA(L £k+1))
< -+ P _ _ 6-30)
lg;,_l (Gj ),2i =3 <e<2i+3 ”U2(L2 ék) ” S(sz_,_ ),2i=3<..<2i+3 ”U2(L2 ij-i—l)) (
Therefore, by (6-29) and (6-30), and Definition 6.18, we get
lvll% <2|vll%
Xis+1([0,TD — Xi, ([0,T])
By a similar argument, we can deduce
v ”Yk +1([0, T]) =2 ”Yk*([O Ty =

6.2.2. The bootstrap estimate. In the following, we will establish the bootstrap estimate, which is
necessary for the proof of Theorem 6.21. For 0 < j < kg and G,i C [0, T]. By Duhamel’s formula, we
have, for 0 <i < j,

. y i
P E(G’ ), 21‘—25...521‘+2v”Ug(L)%,G&) = ||PS(G[) 2i—2<.. <2i+2”(loe)”L§,x

+‘ (6-31)

it—7)A y
/zg; ¢ "B G2 mgita (D)) AT

UR(L%.G{)
Here we take ti to satisfy

1nf ||

i —
|| E(Gl ) 2i—2§.,,52i+2v(ta)”lz§/‘x - S(Gl ) 21 2< <21+2v(t)||L%’x.

We now consider the first term on the right-hand side of (6-31). By (6-17) and Lemma 6.15, we have
o s
Z Zl ’ Z ” %‘(Gl ) 21 2< <2;+2v(t¢lx)”L§
0<i<j G(’;gGk

<2 ie;! /G SN + e vON 4 2 o) Do 1Pi) 2132 cpits?@ll7, dr S
k

0<i<j

Fori > j, we can just take t]g to be the left endpoint of G,{. Then we have

y Jy2 Jy2
2B piaci VOIS IWEDIZ ST
=]
Thus
i—j )2 I\ 2 _
Z 2 Z ” E(G’)2l —2<. <2'+2U(ta)”L§ +Z” S(G])Zl 2<.. <2z+2v(tk)||L§.x <L (6 32)
o<i<j G&gGk

We next consider the second term on the right-hand side of (6-31). Observe that there are at most two
small intervals, called for instance J; and J», which intersect Gj but are not contained in Gj Then by
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Lemma 6.16 and (6-11), we have

i—j 2
227y IFIL L2 (6hnumpyxresm

0<i</ GiLcG] .
= - 2
S Z 2 J”F(v)”L;L;X((Jlqu)szxR)
0<i<j

+ [vll

< [l (16 6
~ ||U”L?L§L§(J1x[ke2xme) L3LSL2(JaxR2xR) ~

Then by (6-9), (6-11), (6-33), (6-14), (6-19) and Definition 6.14, we obtain

t 2
i—j it—0Ay py
2. 27 ) ‘ /tl- ¢ P ai-2ggira V@) AT U3 (12.GL)
0<i<jy Gfng/i o AL XxsYa
N(GL)>21=5¢}/?
< i—j y 2 )
~ Z .2 Z . Z HPg(Gg),zi—25.-.5zi+2F(v)”DUg(Li,Gg,nJl)
0<i<j GLCGY JiNG{#2
N(Gi)=215¢}/?
< i—j 2 .
~ Z _2 Z . Z ”F(v)”L}Lﬁ'x((G&ﬂJl)szxR)
Osi</ GLSG{  IINGl#o

N(GL)>21=5¢}/?

Si+ ). 21'—/‘( 3 ||F(v)||i}L%,x(JlszxR))§1+Z 3y o2s

0<i<j Gl 5cGl  0<i<j,
1 =Y 1 =Y . —1/2
N(J)=2i =€}/ 21203 1PN WD)

On the interval G} with N(G]) > 2/%€}/? by (6-14) and (6-17), we have

/ CN(@)?dr < 1.
G{
Thus, by Minkowski’s inequality, (6-3), (6-19), (6-6), and (6-35), we have

y 2 . < 2 .
2 1Ppamrencan FONL 1 (omey SIFON 15 61y

i)
N(G}é)22i_5€;/2 5 ||v||6

A <1.
L3LS L% (G{ xR2xR) ~
Thus, by (6-31), (6-32), (6-34), and (6-36), we infer
2

t
/ e/ t=0Ay pY F(v(r))dr

t,{ E(G,{),Zi_zs"'52i+2

2 <
LR SED

iz
N(G])<2/—%¢;/?

+ 2 )
0<i<j Gfllng
N(Gl)<2i=5¢}/?

UZ(L3,G})

2

t
it—10)A y
/n- T PGy aimr gz TN AT

o

< 1.

UZ(L%,Gh)

3409

(6-33)

(6-34)

(6-35)

(6-36)

(6-37)
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We can further get

Il S+ 2o ]

S
N(G{)<2/—10¢}/?

+2 27 )
0<i<j G(lthGli’
N(Gé)ﬁZi_loel/z

2

l(t )A,
/zf Fech oz PO U(L3.G))

2
., (6-38)
UX(L3.Gl)

A
/t, G yP;’(Gl 21_25_._§2I.+2F(v(r))dr

because the contribution of those terms for i satisfying 2/ ~10¢ 1/ Z<N (1) <273 1/ in the right-hand
side of (6-37) is small by similar argument as in the proof of (6 37).

By a similar argument as above for (6-38), we also refer to [Dodson 2016b] for more explanation.
Then, we have

3
2
ol Se+ 2 ‘

izj
N(G])=2!~10¢/2

2

l(t Ay
/tf Feoparrzman PO U(L3.G))

2
i—j it—1)A y -
+ Z.z > | /ti e PPl a2 aaiaa FO(D) dT b (6-39)
0<i<jy G(t){gGlé a ALx,Ua
N(Gé)SZi_loeé/z
Remark 6.23. By Lemma 6.22, Remark 6.17, and (6-11), we have
@-7) :
¢! t=0Ay pY F(v())dt
izzj /fzf §G 2252t UR(L3.G])
0=<i<l11
NGH= —j (=D Ay pY 2
20 W=tay p F d <I.
2. 2. / Gt s FOENIE] S

0<i<ll1 G& c G/i ,
N(GL)<2i=5¢}/?
So we can further reduce the summation over i on the right-hand side of (6-38) and (6-39) to i > 11.

Therefore, we have reduced to the proof of the following estimate.

2

Z J £(G]),2i 2 <<2i+2

i Kk
N(G{)=2/=10¢}/? .
DD
O=i<j GLCG]
N(Gi)<2i—10€1/2

Theorem 6.24 (reduced estimate).
/ /DAy pY F(v(z))dt
t

UZ(L3.G])
2

l(t 'E)AyP F d
/té} £(Gh),21"2<<2i+2 (v(7)) dr U2(12,61)

1
S vl vl +e3lvl} +vlg (1 +vl% (6-40)

5
3
X;qo,rn" " "Y; ([0,7]) ¥;([0,7]) ¥;(0,7]) X; ([, T]))
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Once this theorem is proved, we can close the proof of Theorem 6.21 by a bootstrap argument. In the
proof given below, we shall assume Theorem 6.24 holds, while leaving its proof to Section 7.1.

Proof of Theorem 6.21. Suppose

3
2 < 2 < (Ce2 <
V1%, qo.rp = Co and IVl5 g ry) =Cez =€2
and from (6-27), we have
2 2
”v”fk*-ﬂ([(),T]) =2Co and ”U”ﬁ(*_,_l([o,T]) =2e.

Then, by (6-38), (6-39), and (6-40), we can further get
2 5 3
g, . qory < CU+e (2C0)s + €5 +ea(l +2Co)),

3 2 s 3
0lg,. . qorp < Cles +€5 (2C0)¢ +e5 +ea(1+2C0)°).
If we choose Co = 2°C, and €, small enough, then we may deduce
1 1
1%, iqorp =€ and iy, qory =€2-
Theorem 6.21 now follows from this and (6-26) by performing an induction on k. O

6.2.3. The low-frequency localized interaction Morawetz estimate. As an application of the long-time
Strichartz estimate, we can obtain the low-frequency localized interaction Morawetz estimate of the
(DCR). The Morawetz estimate is a very important tool to prove the scattering of the nonlinear dispersive
equations for the radial case [Lin and Strauss 1978; Morawetz 1968]. In the nonradial case, J. Colliander,
M. Keel, G. Staffilani, H. Takaoka, and T. Tao [Colliander et al. 2004] developed the interaction Morawetz
estimate, which is used to prove the scattering of the nonlinear Schrédinger equation [Colliander et al.
2008; Tao et al. 2007a; 2007b; Dodson 2012; 2016a; 2016b] in the nonradial case. The low-frequency
localized interaction Morawetz estimate will be used to preclude the soliton-like solution in Theorem 6.26.

Theorem 6.25 (low-frequency localized interaction Morawetz estimate). Let v(t, y, x) be the almost
periodic solution in Theorem 6.6 on [0, T| with fOT N(t)3dt = K. Then we have

2
1
[ 19015022, s ot )

< o(K). (6-41)
L7 ,([0,T1xR2)
The proof of this theorem follows from similar arguments in [Dodson 2012; 2016a; 2016b] and relies
on Theorem 6.24 (and also some part of the proof). In our (DCR) system, the interaction Morawetz
quantity is

Mo(r)=//f [ (. 7. 5P 2= 3@V,0) (¢, y.x) dy d dx dF,
RJR JR2 JR2 |y—y|

which is invariant under the Galilean transform in the R?-component. Following the argument in
[Colliander et al. 2009; Planchon and Vega 2009], we can get

2
< [Mo(T) — Mo(0)].
L7 ,([0,TIxR2)

“A|Vy|5<|v<z,y,x>|2)dx
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Replacing v by its low-frequency cut-off P2, ey 1KV, We then get the low-frequency localized interaction
Morawetz quantity

y=y 5 ~ -
M(z)—/[[RZ/I;Z <10€,lKv(t ¥, x)|2| T (Pi}me*‘K vV P;IOGTIKU)(Z,y,x)dydydxdx.

Because for any 1 > 0 independent of €1, by Theorem 6.6 and Bernstein’s inequality, we have

|M(T)| + [M(0)| < nkK,

we then obtain
2

<nK+¢&,
L7 ,([0,TIxR2)

H/R|Vy|5<|v<z,y,x)|2)dx

where & are the error terms coming from the low-frequency cut-off of the solution of the (DCR). These
error terms can be proven to be 0(K), using Theorem 6.24 and also some estimates from the proof of it.
We shall leave the detailed proof of this theorem to Section 7.2.

6.3. Exclusion of the almost periodic solution.
Theorem 6.26. The almost periodic solution to (DCR) in Theorem 6.6 does not exist.

Proof. We will preclude two scenarios in the following.

Case I: fooo N(t)3 dt < co. By the proof of Theorem 6.21, as in [Dodson 2016a; 2016b], we have

00 3
o635 e 3 g ey S ([ VP ar) (6-42)
By (6-42) and (6-4), we have
1€ EDv] 12 S NEC() + n(t)2 — 0 ast — oo.

Thus, for any € > 0, we can take a sufficiently large positive constant 7o such that ||’ £y (zo) || A2 =€
In the following, we can assume ¢y = 0 because of the Galilean invariance. By Minkowski’s inequality,
the Gagliardo—Nirenberg inequality, and Holder’s inequality, we have

E(1) = E@O) S VO, , <€
Because we can take € as small as we wish, this scenario does not exist.

Case 1II: fooo N(t)3 dt = co. By Holder’s inequality and Sobolev’s inequality, we have

|PY vty x)Pdydx
/ly—yO)ISC(]&)IIv(onﬁz )/N(t)/R <107 'K
y.x

C sl OIZ )3
(o) LB as

L3
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By Theorem 6.6, we have for K > C (1lﬁ ||v||i2 ),
y.X

o2,
y’XS// |PY (. y,x)*dydx.
Z R |y—J’(’)|SC(%.ollvlli§x)/N(z) <10¢7'K

By the above two estimates, together with Theorem 6.25 and the conservation of mass, we have the
following contradiction when K is sufficiently large:

T 2
o)l * KS/ N(t)3(/ /|Py _ v(t,y,x)|2dxdy) dr
L 0 by @I=C(dolvl?, )/vew Jr 10K
y.x

2
< o(K).

1
<[ 1vy20P”. | (. y.x)) dx
M' T i PP

This completes the proof of Theorem 6.26.

Proof of Theorem 1.2. This is an immediate consequence of Theorems 6.6 and 6.26.

7. Proof of Theorems 6.24 and 6.25

7.1. Proof of Theorem 6.24. In this section, we complete the proof of Theorem 6.24. To prove this
theorem, we degompose the nonlinear 'term P;;-y(c'.;é )2i2<<nit2 F (v) and also use the fact that on the
time interval G, £(t) can replace £(G,) up to 2/ =29 by (6-20). Then, we can see it is enough to prove

the estimate the left-hand side of (6-40) with Péy( Giyi—2 < +» F(v) being replaced by
y y y
@(Gé),zi—zs-s?“o( Z Hn (I)E(Gé),zzi—s v PS(t),ZZi“Ovnzvm)) b

ni,n2,n3,neN
ni—n2+n3=n

y y y y
+}§(t),2"25~-~525+20( Z Iy ([é(t),szf*mv”' [;%(Gg),gzi—lov”z[;(Gg),zi—55~~52i+5 v"3))’ (7-2)

ni,ny,n3,neN

ni—n2+n3=n
we also have a similar fact for the nonlinear term Psy(G,{ ),2i 2 <.<2it2 F(v), where the symbol O represents
the different frequencies that will be located in different v,,, [ = 1,2, 3. Since their estimates are almost
identical, we denote them as a single O. The estimate of the Duhamel propagator of the term (7-1) is very
short and easy, and mainly relies on the bilinear Strichartz estimate in Proposition 6.13. The estimate
of the Duhamel propagator of the term (7-2) is lengthy. This is because to prove the estimate of the
Duhamel propagator of the term (7-2), we need to prove the bilinear Strichartz estimates on the union of
the small intervals. It turns out these bilinear Strichartz estimates cannot be proven just by the harmonic
analysis but also rely heavily on the structure of the (DCR) system or more precisely the corresponding
interaction Morawetz estimate of (DCR). During the proof of this part, some terms can be estimated by
the following bilinear Strichartz estimate established recently [Candy 2019] instead of the interaction
Morawetz estimate as in [Dodson 2016b]. This new bilinear Strichartz estimate is very useful in [Shen
and Wu 2020].
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Lemma 7.1 (bilinear Strichartz estimate [Candy 2019]). Ler 1 < ¢,r <2, 1+ 5- < 3, and suppose

M, N €27 satisfy M < N. Then, for any ¢, ¥ € L>(R?),

3_2_3

q r
il PNl 22y | PM Y || L2 m2)-

7

itA it A
le'™® Py e’ PM1/f||L‘t1L§(RxR2) <

7.1.1. Estimate of (7-1). We first deal with (7-1).
Theorem 7.2. For any fixed G,{; C[0,T], j >0, we have

2. 27 )
N(Gé)szifl()eé/Z

+

i>],

N(G{)<2/10¢}/2

2

t
l(t r)AyP hlgh d
/l‘a £(GL),2i—2 <. <2i+2 oe i (7)) dr U2(L2.GL)

2

/ it=1)Ay p¥ hlgh(v(t))dr
t

S(GJ)Z’ 2< <21+2 kj
k

<oli 2
€2 X;(qo,n" " "Y;([0,7])

where

hlgh(v(t)) _ Z Hn(Py ) ) Py—._vnzvn3)(t),

£(G]),>2i—5 "7 (1), =210
ni,no,n3,nEN
ni—n2+n3=n

rhigh 5y
LS (1) = Z H”(P;(G&),zzi—S Un, P,;y(,),zzifmvnzvn3)(t)-

ni,na,n3,nEN
ni—n2+n3=n

UZ (L%

.G{)

Proof. On the time interval G(’;l with N (G(’;l) < 2i_10€;/ % we take w € VA2 (L)ZC, Gé) be normalized so that

(Fyw)(t, &, x) is supported on
£ <6 -8(Gy) =272

for any (¢, x) € R x R. By the Cauchy—Schwarz inequality, (6-1), Proposition 6.13, the conservation of

mass, (6-8), (6-11), Lemma 6.20, and (6-15), we infer

/ (w(©), FI¥ (v (2))) de
Gl

1
§ 2 y
< HHIU”LZ || S(G’) 211)”[,)2( HLf/ZLJS,B(GéXRZ)”PS(G&),ZIUHLS/ZLWLZ(GZ szR)

[>i—5
2 y .
’ ”w”L?/zL;‘)L%(GaszxR) 1P5 ) 20i-100 15721012 (6 xmoxey IV Lo 13 (Gl
< =4 ) y ) 6 .
lesz || fg-(G’)zlv”Ui(L,%aG(lx)”PS(I),ZZ‘_IOU”LtooLf,,x(G&XRZXR) 5
>i— I
> P2 . o .
1 % I S(t),zz'*‘ov”L%S/”L;OLi(GaxWxR)
< 3 i—l

1>i—5

1
<e 6 6 = 2 ]

>i—5

(7-3)
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As in [Dodson 2016b], we see, for any 0 </ < j, G,{; overlaps 2/ intervals G% and, for 0 <i <1,
G,lg overlaps 2!~ intervals G.. In addition, every G is contained in one Gllg. Thus, we can divide the
summation in the left-hand side of the following (7-4) and (7-5) into different groups according to [ > j
and 0 </ < j. Then by some easy calculation and reordering the summation of i and /, we have

Z 2 Z ( Z 2 s(G')zl ”Ug(L;,Gg))’ (7-4)

0<i<j G(’;,CG,{ I>i—5
1 j — 1/2
N(Gi)<2i 1063/

Z ( Z 2 E(G/) 2! ”UZ (L2 G/)) ~ ||v||Y (o, T]) (7_5)

' i>], [>i—5
N(G%)Szi—IOE;/Z
Theorem 7.2 follows from (6-7), (7-3) and (7-4). O

7.1.2. Estimate of (7-2). Now we turn to the estimate of (7-2). Let

low _ y y

Fk,j (@) = Z H”( £(),<2i—10Un1 PS(t),fZi*IOU’QPE(G/)’zi—S<...<2i+5 vn3)’
ni,nz,n3, neN K T
ni—n2+n3=n

1 y y y
F, OW(U(I)) Z I, (Pg(t) <oi— lOvnlPi:(t),szi—lovnzPE(G&),zi—SS...SzH-Sv”3)'

ni,n2,n3,neN
ni—n2+n3=n

Then, we have:

Theorem 7.3. For any 0 <i < j, on the time interval G, C G,{, with N(GL) < 2i_10€:,1’/2, we have

In addition, fori > j, N(G,i) < 21'—106;/2’ we have

it—7)A low
‘/ﬂ yPS(Gf)zt it T V(D)) dT

k
P
Proof of Theorem 7.3. We will only prove (7-6), as (7-7) follows by a similar argument. Fix Gé with

A 1
/n' !0 yPEy(G’)zf —2<- <21+2Fa°;”(v(r)) dz

U2 (L%,Gh)

4
< ||P;G&)’2;_5§._,52,~+5v||U§(L}C,Gé)(€2 + ”v”fi([o,T])(l + ”v”j('l ([O,T])) ). (7-6)

U2(L3,G}))
3(/ —i)

4
e ai—semza+sUluzazep €+ Iy oy A+ 1Vlg o)) 7D

N (Gé) < 2i_1°e;/ 2 We can see there are no more than two small intervals J 1 and J, which overlap Gé
but are not contained in G.,. Let G, = GL\(J1 U J3), by (6-8), (6-7), (6-9), and (6-11), we have

A 1
/n' !0 yPEy(Gl)zf —2<- <21+2Fa°;”(v(r)) dz

U2 (L%,Gh)

A 1
/;i !t yP%'y(G’)Z’ —2<. <2’+2F“0:v(v(f)) dz

UZ(L%,GL)

+ ||F10W(U(Z))||L4/3L2 ((J1NGL)XR2ZXR) + ”F]OW(U(I))”L4/3L2 ((JaNGL)XR2ZXR) (7-8)
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Here, we may assume t/, € G(lx, because if t}, ¢ G(’x, we may move ., into G(’x with the errors being
absorbed by the last two terms on the right-hand side of the above inequality. We can show the last two
terms on the right-hand side of (7-8) are small in the following.

On the intervals J; for [ = 1,2, by Propositions 6.12 and 6.13, (6-11), the fact N(¢) < 2i_56;/2 on G,
(6-14), (6-15), Lemma 6.16, and (6-11), we can get

” Flow(v([)) ||L4/3L2 ((J;NGL)XR2XR)

< H || S(J ),< —1/4N(J ) ||L2 ” (Gl) 2i—5<.. <2l+5v”L)2¢ HL%J,((JIQG&)XRZXR)
y R
: ”Pi_-(t),szi—lov”L?JL%((J[DG&)XRZXR)
y , Y /
TP 2wy Ul B ncixmes | Py pi-s c.cairs UL L 12 inGl <y
-|IP f;‘(t) <2i- 10”||L§/3L§L§((JlﬂGé)xR2xR)
i y
= Z || S(Gz 2,'—55...521'+5v”Uﬁ(L;zc,G&)”Ps(J;),zkv”Uﬁ(L%ch)
2k563_'/4N(J/)
+ 62”PE(GI 21 5<. <21+5v”UA(L)2caG¢lx)

S el Py ai-s<.cairsVlvzaz.cly (7-9)

Thus, we can simplify the estimate of (7-8) to the case that Gé is the union of finite many small intervals Jj.
(If not, we just need to add the right-hand side of (7-9)). Let

low,l _
2( (t)) Z H”(Pg(t) 20 U”IP;;(t) <212 Unz E(G’ ),2i =5 <..<2i+5 n3)

ni,nz,n3,neN
ni—n2+n3=n

Then by Lemma 6.11, we have

LHS of (7-8) S A1 + Ay + A3 + Ay,

where
1

plow]
Ar= ) ( ) 1P, iy pi2<cnita Fai 2(v(t))||DU§(L§’Jl)) , (7-10)
0<l><i—10 J1CGL

N(J))=ey/ 2225

= 2 / e_llAyPsy(Gwzz ~2<eg2it2 F 2 (u(0) dr o (7-11)
0<1><i—10 Ji L2,
J1SG,

N(J))=ey/ 22025
1
plowl .
As= ) ( Yo PG aiaapisaFai PO s )) (7-12)
0<l><i—10 G2cgi
B =Ya

N(G1132)SE;/2212—5
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E - 1 N
A= /lze ”Aypsy(Ga) 2i—2<.<i 2 Fi"(v()) dt (7-13)
0<lr<i—10 Gg 2,

GGy

N(GZ)<e}/?212~5
The proof of the first two terms are easy. We first prove the following auxiliary estimate.
Lemma 7.4. Let (po, qo) be Strichartz admissible with qog > 20. Suppose that
w(t, y,x) € L{PLPOLY(J; x R? x R)

satisfies that Fw(t, -, x) is supported on {€ : 2072 < |§ —£(GL)| <2' 2L IFN(J)) > 631,/22[2_5, then we
have

/,l /Rz/ w(t,y. ) Fy 2 (e, y, x)) dy dx de

20
<2 ¢

w 4;\.—

qoz 2||w||Lp0Lq0L2(J;xR2xR)” £(GL)2i—5 <. <21+s”(l Y x)||U2(G’ 12 (-14)

Proof. By (6-14), we see |§ —£(1)| < 2272 implies |§ —£(J})] < €, S N(J;) for t € J;. By the argument
in the proof of Lemma 6.2 and Holder’s inequality, we have

///w(t,y,x)F;Or”lzv((t,y,x))dydxdt
J; JR2 JR ’

iT(—Ax —Ay 2
< ||€”( +x? )wPéy(t) 2126”( +x7)
X it(—Ax+x2)

12 e 128a0)°

; 2
Py ) _ it(—Ax+x°) B B ]
V(G 2i-5<2i+5 v“Li’g/(”O D 7o/ P01 12 [0, n]xRx J; xR2)

v ||Lf&Lf°L§([o,n]xRxJI xR2)

(7-15)

By Minkowski’s inequality, Holder’s inequality, Lemma 6.1, Bernstein’s inequality and the conservation
of mass, we have

”ezr( Ax+x2 )wa it(—Ax+x2)

£(1),22
< H ”eir(—AX-i—xz)

e U||LfgLf0L§([o,n]xRxJIxRZ)

y it(—Ax+x2)

Wl 270 (0, w1y | Py 212€ 011270 10, mpcy 220 L3 2
20y

S lwliprop90 2 g wmexiy 1P g(;) 2Vl oo 2012 (g xm2xm) S 2% lwlipro 902, xmaxmy:  (7-16)
Next, we use the vector-valued version of transference principle to estimate

y it(—Ax+x2 ) y it(—Ax+x2)
I PE(J[),SE;I/ZN(J/)e PE(G’ ),2i 5 <. <21+Se v ”L?%LfoLf([O,n]xRleXIRZ)'
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Then using the similar argument of Corollary 1.6 in [Candy 2019], we are reduced to considering

2072
S(Jz) ”zN(J,)v and P ";‘(G’ ) 2i~5<..zpi+s¥ A€ U, (Ly)-atoms. Let

y A it A
PS(JI),~E31/2N(J) Z)(Ie” Yfi(y,x), P g(GZ)zz 5<i<nits? ZXJe” vgy(y,x),
Jeg

where 7 and J are partitions as in the definition of Uﬁ (L)zc). We see by Lemma 7.1, Holder’s inequality
and Lemma 6.1,

itA, it(—Ax+x2) itAy, it(—Ax+x2)
e Ye Ry e Ve X _ _
I J1 871l Lpo/ o= L 20/20=1 13 (0 x1ui s xi2)

i =1 1_2 . 5
—L —A
S22 (63 2N(Jl))2 70 ||e”( x X )fI ||L2L3f;0/(P0_1)(R2X[0,ﬂ]XR)

: '||eir(_Ax+x2)gJ|| 2pg/(po—1)
<27 H G NI T N Sl ez L3127 @exfo )
Then, we have
2
”Py 1/2 elf(—Ax‘HC ) 5
J N(J; y —Ax+
§UD.% VD UPE(GI)ZI —5<. <21+Selr( * )v||Lf(}/(p0_l)Lpo/(po_l)Lz([O,H]XRXJIXRZ)
L. -1/2
52 2(63 N(J ))2 qO || S(J)< —I/ZN(J) ||U2(J13L)26)|| (Gl)zl 5< <21+5 ”U (_]1 L2) (7_17)
Therefore, (7-14) follows from (7-15), (7-16) and (7-17). O

We first consider (7-10). By duality, we have

1= Y ( )3 /J/Rz/w(t PP G e it
0<lr<i—10 J,SGl, ||w||V2(J L2y=17 2\ 1
N(J)=zey/?212=5 IOW lz(v(t y,x))dy dxdz ) )

By ”w”LfOLgoL%(thHR) < ||w||V§(J;,L2) <1, and (7-14), we get

1
4l 1_2 \2
o 2 40 A—i y .
(7-10) < E ( E 290e5 72 ) ”PE(Gé),zifsf...SziJrSU(t’y’x)“Ui(Gzlx,L)zc)
0<lr<i—10 JICGL,
N(J)>e‘/2 125

2 ‘1() .
<(€3 N(Jl))63 ” S(Gl 2i75§...§2i+5v||U§(Gé‘,L)2€

62” S(Gl)zl —5<. <2l+5v||U§(L%C9G(I;t).

We now consider (7-11). By duality and Lemma 7.4, we have
—itA y low,lz
/Jle yPS(G 5),2i "2 < <2i+2 Fo.i (. y,x))dt 12
V.X
2l 1_1

A 1 _L
S sup et yw0||Lf’°L§°L%(JlxR2xR)2063 el

E(G’ 2i_5§-~-§2f+5v”Ui(Gé,L})’ (7-18)
||w0||L§x=1
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where J,w is supported on {£ : 217> < |£ —£(Gl)| < 2/75} in the above estimate. For fixed i, we take
qo =20+ 2i; then 2i/90 < 1. For the right-hand side of (7-18), by Holder’s inequality, Young’s inequality,
(6-14), (6-5), (6-19), and the conservation of mass, we have

20 l_

q0 itA
7-1ns > sup 270 €5 0275 e M woll ro 4012 (1 o)
I 1P ||
1€Gg : iy 2i—5<..<0i+5 U2 (GE,L2)
N(J))=ey/ 22025 §(Ge).2 1 =2 AT
2 o itA Po »o
0 1
< Z 240 €5 ( Z et 2y wo |29 L2 (J[XRZXR))
0<lr<i—10 JiCGl,
Nzl 2 roct
po—1 R
( > @ £yt ) I s(Gz)zl s<caitsVlU2(GLL2)
J1SGl
20, 1_ 1 1
= 4740 itA +
S 2 20e e ywo||LfoLgoLg(ngszR)(2%”>2
0<lr<i—10 .
2-5<e7V2N(I)) e g(Gl)zz 5<...<2i+sv”U§(G&,L%)
I> l q
< a0 0945 i
N Z 240 e 2 | P g(G’)zl Sozpits ”Ui(G&,L%)
0<l<i—10

212—5<e—1/ 2NWJ)

” E(Gl 2i—55...52i+5v”Ug(L)%,Gé)'
For the estimates of (7-12) and (7-13), we separate the proofs in the next section using two bilinear
Strichartz estimates. O

7.1.3. Two bilinear Strichartz estimates. We have the following:

Theorem 7.5 (first bilinear Strichartz estimate). Let wg € Lg’ x (R? x R) with supp Fywo is supported on
{£:2075 < |E—£(GL)| <2!T3). Then, for any 0 <l <i — 10, we have on Géz C G,

" 5
H”elt w0||L2 ”P £@), <212v”L)2€ HL%QJ,(G‘ISZXR2) 5 ||w0||2 (1 + ||v||X (Gl (7_19)
Theorem 7.6 (second bilinear Strichartz estimate). Let wg € L;} x ([R2 x R) with supp Fy wo supported
on{E: 275 <|E— $(G&)| < 2+5) Then we have

itA 2 . < 2 _
IZ e woll 2122, v lizliz gineny S w0l22 (101G o) (720)
0</><i—10

With the above two bilinear Strichartz estimates, we can now estimate (7-12) and (7-13).

Estimate of (7-12). For any 0 < [, < i — 10, by the fact that G’ consists of 210 subintervals G/l.‘l

Proposition 6.12 and Theorem 7.5 on the subintervals G/’g , we get

P

H“ £(GL) 2i—55...§2i+5v”L2 I (t),<22 L xR2)

< || g(G')zt secaitsVllvzz.i (1 + ||U||X Giy): (72D
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For any G c G choose w € VA (L2,

z G?), with supp Fywg C {£:2772 < | — £(G)| <22} and
lwg|

V22,6 6 = = 1. Then by Holder’s 1nequahty, (6-1), and (7 21), we have

(2 | X me

y y
£(n),2"2 v'“}g(t),5212 U"ZPS(G&),Z"*SS"SZHS Uns)
Glﬁchi ni,nz,n3,neN
-

nij—nx+n3=n
N(G22)§e§/2212—5

2

=

L}’y.x(Gézx[sz[R))

I
< S w v )
S s IRl Bl vzl e
GF <Gl

y 2
N(G22)§€;/2212_5 -”[;(G&)’2[_55".52i+5vH Ui(L)zc,Gzlx)(l—i_”v”le(G&)) (7-22)
By Proposition 6.13, (6-8), (6-11), and N (fo) < e;/ 2212_5, we can estimate the term in the first bracket
on the right-hand side of (7-22) as follows:

2

H ”w ||L2 ” f(t) 20 v”L)z( HL%’y(GQZXRZ)
I 3 w2 3 pY 3
N wg

H || ||L2 || g(t) 212 ”L)zc HL?L;;,/Z(GIIS2X|R2)” ||L3L6L2 (Glszsz)” E(t),212 ||L’;L6L2(G12XR2XR)
=i
<26 ||v||)7[(G&)-
Thus, by the above inequalities, we obtain

TSNP o ivs e cginsPluz o 17,6 0+ 1013 60 0

Estimate of (7-13). Let wg € Li,x have unit norm with F, wo supported on {§ : 2172 < |E—£(GL)| <2i+2),
By the Holder inequality and Proposition 6.12, we have

—itAy low 2
\/\Glﬁz e PE(G’)ZZ 2< <2l+2 (xl (v(t y x))dt

L,
j low,!/
< sup ||e”Aywo-F e OI(329) ] ¢ b s
lwoll,2 =1 @ Ly (G5 xXR2xR)
y.X
itA y
5 ”w "SUP 1” ”e yu)()“L2 || 5(1) 212U||L2 || 5(1) <212v||L)2c ”[;(Gé),Zi_Ssmszi‘i‘Sv”L)zc HL} y(GfgleRz)
ol 2 .= .
In—
27 |p?

§(G12) 22222 F? Vlyz s, ’Z)HH b2 V121 Ry i3 cais¥ iz HL%,y<G22XRZ>'
Then by the Cauchy—Schwarz inequality and (7-20), we have

1

(7-13) < v ”)71. (GL)

y 2 .
Z H 1P g(t) <22 ”L% ”PE(Gé)’zi—Ss...szH-Sv”L)ZC HL%‘y(G,Qlez))
0<12<i—10

3
~ || ”Y (GL) ” E(Gz ), 2i—55...§2i+sv”Ui(L,%,G{;,)(l + ”v”fi(G&))' O
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Therefore, this completes the proof of Theorem 7.3. Then we can prove Theorem 6.24 by summation
with respect to i in the same way as (7-6) and (7-7) in Theorems 7.3 and 7.2.

7.1.4. Proofs of the bilinear Strichartz estimates. It remains to prove the two bilinear Strichartz estimates,
that is Theorems 7.5 and 7.6. The proofs of these results are basically the same and rely on the interaction
Morawetz estimates of the (DCR) system; the argument here follows from that in [Dodson 2016b]. We
shall only present the proof of Theorem 7.5 here, because argument of the proof of Theorem 7.6 is similar
and also relies on the result of Theorem 7.5 as the proof of the corresponding bilinear Strichartz estimate
in [Dodson 2016b].

— pitA
Proof of Theorem 7.5. Let w = e''2vwg and 0 = P’ £(1), <212

i9,0 + Ayl = F() + Ny + N» = F(®) + N,

v. Then w and w satisfy i d; w+ A, w =0, and

where
Ny = ng(t)é i, F(0) = F (i),
and Ny = ( PS o), <2,2)1) with 4 ng(t) <ol being given by the Fourier multiplier
§-§0\§0
—V¢( b o

We define the interaction Morawetz action

M(t)—/ f (1. 5. 5)2 2 yo(wvyw)(t,y,xmydy”dxdx
R2xR JRZxR | |

/ / |lw(t, y, x)|2 — J(waw)(t y,x)dydydxdx.
R2xR JRZxR ly =l

After some tedious calculation, we get

/, / //Itb(t,y,fé)w(z,y,x)|2dxd)zdydz
G7 IR2JRJR

<2072 sup | M(1)|
teGl2

I,—2i 2 V— y N . ~ ~ ~ )
+2 /12 /Rz /R{J/Iw(t y, x)l Ts(N(Vy iE(t))W)(t,y,x)dxdxdydyde (7-23)
I,—2i 2 Y— y _ )
+2 /,2 /RZ/R2//|WU y, x)| ~|\s(w(V iE(t))N)(t,y,x)dxdxdydydt (7-24)
Ir—2i _ ]
+2 /,2 /RZ /R2//\s(w(v iE@)w)(,y, x)| ~|J(wN)(t ,y.x)dxdxdydyde|. (7-25)

By the invariance of the Galilean transformation of M(z), Holder’s inequality, and the conservation of
mass, we infer that 22272/ Sup, ;12 |M(t)| can be bounded by the right-hand side of (7-19).
B
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Estimate of (7-23). By (6-14), (6-17), Bernstein’s inequality, the conservation of mass and the Strichartz
estimate, we have

I,—2i . ~ 2
- < )t2 —
3230 £ 252 IN s 2 a0~ TIP3 12 i1 o

+2_21 || ||LOOLJ2,X(612 R2x R)// |$ (t)||| S(t) 20— 3< <212+2U(t’yax)||L%
Ty~ £V P vt 7.0l 2 dxdr

1,—2i . ~ 2l,—2i 2
< 2 _ 2
SN 412 2wy IO TE DB 2 ey 100l 42272 ol

e, 6) — s—sa>¢(s—5(r))

Let

24 24
By Minkowski’s inequality, Young’s inequality, sup, ||(]-'$_ Um) (@, y)l L} < 1 and (6-24), we get

VY =E8EDD s 12 Gl2wpoxmy

5 Z ”(Vy ZS(t)) £(), 201 v”L‘t‘!yL)%(ngszxR)

o<l <l

< X2 [1E me = DIIeg, e 5 zdf‘

~ é 2[1 ) ’ LX

0<11<12 50, L?,y(G/lgszz)
I

< Z 2 g(;)211v||L;‘_yL§(G;2xR2xR)

o<li<l

< Y 2t ””“x (G2 , S 22001, 61)-

o<h =l

Thus, it implies

) < 2020 2 - 20>—2i 2
(23] £ 22572 oy 1olg, i IVt 07212y 2222 0l

Let
_ pY h _ pYy
vt Pg(t) <5155V and v Pg(z),>2lz—5v‘
We can then decompose N; as
Ny =
y [T _ y vl pY [

Pg(,),lez( Z er\l‘_ln(vnlvnzvn:’))) Z er\}l_l ( E(t) <212vn1[;-(t) <212 nzfg;(t) <212 n3)

ni,n2,n3,n ni,n2,n3,n

nll—r$2+3n3=n nll—r$2+3n3=n

(7-26)

y l y y l h
2(@(:) <zlz( 2 H"(”"1”"2”"3)) 2 MRy contm By, <on Vi By, <2lz”ns))

ni,n2,n3,neN ni,n2,n3,neN
ni—n2+n3=n ni—n2+n3=n

(7-27)
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y h Yy h y 1
+P§(l‘),512( > Malop,vhy, )— 2o Ty VB <on Vi By <o ¥s)

ni,na,n3,neN ni,na,n3,neN
ni—n2+n3=n ni—n2+n3=n

(7-28)

y hon y h vh pY
+O(IEU)’52’2( 2 H"(v"‘vnzv"3))_ 2 TRy <V By <oV By <2 ”3))

ni,nz,n3,neN ni,nz,n3,neN
ni—nz2+n3=n ni—nz2+n3=n
(7-29)
where the O in (7-29) means there are two high-frequency factors in it. Observe that
(7-26) =

We next consider (7-27) and (7-28). Because their estimates are very similar, we only prove (7-27). Since
(Fy v ,)(t,0,x) is supported on {o : |0 —&(1)| < 202+10Y e have

y I 7 . h _ y | pY h

Py <otz ( Z Iy (v, Uy Vg ) Z I (P £(1), <212 vn] Pey.<at2Vna Piry <on Vs
ni,na,n3,nEN ni,n2,n3,neN,
ni—n2+n3=n ni—n2+n3=n

(7-30)

Z Z /[/ _lyg(t)]'[ (P £(),21 vnl)(y x)e” IZS(t)(P £(r),<21 nz)(Z x)vn3(9 x))

li<l,ni,n2,n3,neN
ni—nz+n3=n

/// i EG—P)Fin(G—2) +io(z—0) ((¢(€ —21520)) _¢(o—21$2(t)))

.¢(0212§1(2))W11 - 7])‘15( )) do dndédzdydé (7-31)
v L /// (77FOPL ) o on) T2 HEOPL o) 1) G2, (6,)

li<lyni,n2,n3,neN
ni—n2+n3=n

i —M+in(y—z)+io(z— E E([) G_S(t) 0_§(Z)
.f//eé(y F)+in(G—2)+ia( 9)((( = ) ¢( > ))(/)( =t ))

Ay, (n— 0)¢(§ ”)dadndgdydzde (7-32)

We shall only prove estimate (7-31), as the proof of (7-32) is similar.

3=y 3 // K(t:3.2.0)Ty (e O™ 5OP) | v )y =7.%)

li<lyni,n,n3,neN
MTANIEN (-5 2EW) (pY

s(t) <2l1 v,y =5 =z, x)vng(y y—z—0,x))dydzdo,

where

K(t;y'*,z’e)=///eii"f-i-iﬂz-i-iae((d)(g;i(t))_¢(U;i(l)))
-¢(“ E(t))xlle(é n)¢( )) ds dn do.
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By the estimates |§ — 5| ~ 21, |5 —o| < 2%, and the fundamental theorem of calculus, we obtain

0(5520) -o(522) | s 2t - ol s 2 (733
This implies
sup/ |K(t; 7,z,0)|dj dz do <2l (7-34)
t

Thus, by Minkowski’s inequality, Holder’s inequality, (7-34), Lemma 6.20 and the conservation of mass,
we infer

y I T .h
H Ps(t),gzlz H”( Z vnlvnzvn3)

ni,no,n3,neN
ny—n2+n3z=n

— y l h
Z I, ( £(1),<22 vn1P§(z) <202 Vns Pg(z) <202 ns)
ni,na2,n3,nEN
ni—n2+n3=n

LY3L3(GR xR xR)

K@ 5. 2. 0I[1(Py) 50 VD0 =T 0| 2 1Py VDO =T =202

h . y
Ay =5 =z =022l 4/3d7 dz dO )
11 h 2
< > avkyp 5(,) <on v ||Lg><>L2 P E(t) U ”L§/3L§L,2C”v Ipsapsza S MG iy
hi<h

We now consider (7-29). Since

HO( Z Hn( S(t) <212(vn1 l’lzvn:’,)

ni,n2,n3,neN y S ——
ni—n2+n3=n
~Pry.<an v P b0, <2'2 Y Py, <o U ))

L3 L3 (G xR2xR)
hy2
Slvllipeeza M0 18812 S ||v||X (GL)’

it follows that

[ V1] (7-35)

LYPL3(G 2 xR2xR) ~ <l ”X (Gh)’

and therefore, we have

(1-23) S 2227 wol 75 oy 1+ 101 61)-

Estimate of (7-24). Applying integration by parts, we have

///G //'w(t V. x)|2—|‘“(wN)(t y.x)dy dj dx d¥ de|.
5

(7-24) < (7-23) + 2272
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By the Strichartz estimate, (7-35), (6-14), (6-17), Bernstein’s inequality, and the conservation of mass,

we have
. 1 _

222 lw(t, 7, %)|>——=R@N)(¢, y, x) dy dj dx dX dr

G2 ly =l

8
< 28272 |l |2 2‘172 IE (t)IIIP g2 [I(Vy —i&(0)2 P g2 dr
~ Wo L3, £(1),227 3 <. <212+*v L3« y E(t) <212v L3.x

Ir—2i ~
+2 ||w|| Lz(Glz R2x R)” 1||L?’/},3L%C(G;32XR2XR)”w”LioyL%(G;}zXRZXR)

S22 w2, (140l i)
Thus

(7-24) S 2227 lwo |7, (1 + vl 1)

Estimate of (7-25): By Bernstein’s inequality and the conservation of mass, we have

212 —2i

[ fszsz/“(w(V —iE@)w)(. y, x)| ~rs(wfvz)(z 7. %)dy dj dx d¥ dt
< ”wO”iJz/,x(Z_i—lz/ |§ o1nr E(t) 22 —3<.. <212+3U||L§,X 1(Vy —i&())P E(t) <2/2v”L§,x dt)

+llwoll2, (2—'—7 /G L EONPL s yes¥lig Iy =6 PY vl dr)
B
5||w0||i§x~

We now turn to the estimate of

2k~ 2’/ / / //J(w(v —i&())w)(t, y, x)| ~|J(U)N1)(l ,¥,X)dydy dx dx dt|.
R2 JR2
Since
/ ‘”S( > @nn(wnlmwm))()z)di:o, (7-36)
R ni,no,n3,neN
ni—n2+n3=n
we see

/ Z As(wan n)(X)dx = / «9(2 wn P E(l) <22 Z Hn(vmvnzvm)) (%) dx.

neN ni,no2,n3€eN
ni—n2+n3=n

Using the decomposition v = v 4!, where v/ = P

;/ (1), <212—5 V> together with the above equality, we have

| X0 @M@ = [ S Font Fra+ Fant Fant Fend@ds. (0:37)

neN neN
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where Fj , consists of j vf,’-terms and 4 — j vfl -terms, for j =0,1,2,3,4, in

%(ﬁTnPSy(t),§212 Z H,,(vnlmvn3)).

ni,na,n3€eN
ni—nz+n3=n

We now consider the estimate of the F; terms, j =0, 1,2, 3,4, as follows.

By (7-36), we have
/ > Fon(t,7.%)d% =0.
R

nenN

By Bernstein’s inequality, (6-1) and Lemma 6.20, we have
Lo [ ] ]S, =igemeyn =2+ Foe. 5.0 dy ai dx diar
GIB2 RJRJR2 JR2 ly =7l

< Ih—i 2 hy3
<2 ”w0||L§.x Hv ”L?LgLi(Gj;szxR)”v”L?OL%,x(GgZxWxR)

212—2i

Ir—i 2 3
S22 w2, Jol% o

By a direct calculation, we have

— y y hpY I o1 1
Z Fin= Z S(Pg(t),szlz PS(t),zzlz—2 Un Pg(t),szfz Z Tl (v, U, Vs

neN neN ni,n>,n3eN
ni—n2+n3=n

1 pY 1 py Bl
+ vn P{-‘(l‘),§212 ( Z Hn (Unl PS(t),ZZIZ_z Unzvng,)

ni,na2,n3€eN
ni—n2+n3=n

2 ) Ty, vh, Pl ooty )) (7-38)

ni,nz,n3eN
ni—n2+n3=n

Since the support of the partial Fourier transform with respect to y of ), . F1,2(¢, ¥, X) is contained in
{& : |€] = 22274}, we can apply the integration by parts with respect to ¥, the Hardy—Littlewood—Sobolev
inequality, Bernstein’s inequality, the Strichartz estimate, (6-25), and (6-24) to give the following estimate:

Z/G?/R/R/Rz /RzS(m(vy_ig(f))wn)(f»y,x)|;:;(ZFLn/)(t,ﬁ,i)dyd)?dxdicdt

neN n’eN

62 Jr2 Jr2 Jr

212—2i

> (@a(Vy —iE@)wa)(t, y, X)

neN
_1 ~ o~ ~ ~
=95 (—Ay)_‘/(z Fl,n’)(t,y,x)dx dy dj dx dt
ly =7l ~
l—2i .
< )k2 _
<2 ”w||L§L§L§(Gl’32xR2XR)||(Vy lS(f))w||L?oL%’x(ngszxR)
' 3~(—A~)_1/( F /)di
y y N/
R n;N L}2LY5 (G2 xm2)
<2—i w 2 vl 3 vh <212—i w 2 . 4 .
<27 wollp, I ”L?Lz/zLi(G;ZXRZxR)” IIL?LSL%(GEXWX@N lwollza IvII%, i)
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‘We are now left to show

P> Joo L L s igommern =5 len(fyX)dydydxdxdz

n’eN

212 —2i

< ||wo||2 il (7-39)

Similar to the estimate on the term involved F; above, from integration by parts, Bernstein’s inequality
and (6-25), we conclude

2221y / . /R 2 /R 2 / (@ (Vy — 1) wa) (1, . %)
neN
y—Jy (Z Pl P ,,/)(z 7, %) dx di dy dj de
Ny =5l Ja\ & 2
S 212_2i ||w ”L?LEL%C(G[BZXRZXR) ”(vy - l(t))w”LooLZ (GIZX[RzXR)
5 (—Aj5)~ ( / Pl F2 rdx)
y n% —10 SN L3/2L6/5(G;2XR2)
<27 wol?, [v'I? [ S22 woll7, vl
~ 0L M Vpeers 12 (@2xmexm)!” "LILSL2 (G2 xR2xR) 0 X (Gl

We now turn to the estimate of the low-frequency part of F>. First of all, we can decompose F> ;- as

Fop(t,y,%) = \5(21) ng(z) <2,2( Z I, (vh, v v ))

n,n%,n5€eN
’ ’ [
ni—n5+n3=n

vl P} hoT
+ Un/ Ps(l);<212 ( Z Hn/(vn/l Unlzvng))

ny,n%,ns€eN
n—n,~+ns=n’
2P vl p?Y O,y (v, ol o
T2 ot P 2 Tl vn)
ny,n%,nseN
n—n,~+ns=n’

P ok e
TPy ot P e 2 Hn'(vnq”ng”ng))' (7-40)

7 ’ ’
mions N
ny—n5+n3=n

Since

~ § E Yy y h
\S( PE([) <212 /Hn/(l) / 1) Ps(t) <212 vn )) 0,
n’eN n},n},n%5eN
’ / [
ny—ny+n3=n

(X X @ L) <o

n’eN n’,n},n5eN
/ 7 [
ny—n5+n3=n



3428 XING CHENG, CHANG-YU GUO, ZIHUA GUO, XIAN LIAO AND JIA SHEN

we obtain
Rkl
(D IETRA G D MERTER)
n’eN ny,n%,n5eN

n'|—n,+nl=n’ I 1 .h
b + Z P £(1),<22 n’Pg(t) <22 Z H”'(Un’1 ”n;”ng))

’ / /
n’eN ny,n5,n3eN

n—n)+ns=n’
=23 Py o, I T . h
- 26( 2 2 (PS 0),<2"2" v P £y, <22 1 Wy Uy Uyt )

n'eN n',n}, neN
/7 ’/ A
ny—n5+n3=n

y
z(r) b vl T, (v ,v Pg(t) o2 Vn ))) (7-41)

~ y h oh ol h ok,
+2J(Z > (], Py <o T (0 00 07 ) = v vl T (P BN Ui vn,z)vn,s))). (7-42)
n’eN n!,n},n}eN
ny—n5+ns=n’

For (7-41), by (7-30), (7-34), Lemma 6.20 and the conservation of mass, we have

b / (7-41)(x) dx
R L! (G xr?)
L—i |k Loyl b
< 2b= |y IIL?.yL%(ngszxR) > 1, S(t) <212 (Un, Yy Vs

ni,na,n3,neN
ni—n2+n3z=n

1 h
_ Z Hn(v vl PS(t)<2’2 Ups)

ni,n2,n3,neN
ni—nz2+n3=n

L}/PL3 (G2 xR2xR)

L—i LI l h
Sz ||v”X(G’ Z 2 e E(t) <2’1U”L%’°L2 e E(t) 2 Y ||L§/3L§L%”v ”L§/3L§L§
h=<h

Ih—i -
Sl (7-43)

To estimate (7-42). We note similar to (7-33), we have

‘(ﬁ(%_l +522_$(t)) (gl ) <2 12|§_- S(l‘)|

Then by Lemma 6.20 and the conservation of mass, we have

2l / (7-42) dx
R L}, (GFxRr2)
Ip—iy,.1 y h oh ol
< nl2
<2 v ||L?°L32;,X(G22XR2XR) Z Pg(t) <2l2 Hn(vnlvnzvnS
ni,n2,n3,neN
ni—n2+n3=n
_ o
Z I ( £(), <2/2(vnlvn2)vn3) 112 I
ni,n>,n3,neN LzLy.x(Gﬁ XR2XR)
ni—n2+n3=n
< 9—i|,,h)2 11 1 12 i
S ”LngLg(G;szsz)lZl 120V Maggnaaipmneney S 277 10, o1
1=02
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Now we turn to the remaining terms in (7-40). Observe that

~ 1 pY h 1 . h
) ( 2 2 Py o T v v)
n’eN n),n},n5eN

n|—nh+ny=n’ —h 1 h .l

4 / 7 7
n’eN 71 ,n/2,n3;eN
J——
ny—n,+ny;=n

= ~ y h py I “ho1
a Z:N , Z/ ‘S(PS(t),szlzvn’Ps(t),szlzHn/(vn; Un/zvng)
n’eN n,n5,n5€eN

R — P v (v, P vl vy)) (7-44)
ny 3

£(r),<22'n’ E(t) <22
1 pYy hoT ol
+ Z Z ( n’Pg(t) <2/2 H”/(vn/l “n;”ng)
n’eN n),n},n%eN -
L 7 y
ny—nj+ny=n + Pl <an vh T, (u, s(r) <22V, )) (7-45)
Similar to the arguments for (7-43), we have
2l / (7-44) dx <2273
" Ll @) Xi(6l’

Thus, to show (7-39), we just need to consider the term that contains (7-45). By direct calculation, we get

a2 / /i Z\s(wn(v —EE)wa)(E, . )

nenN

’ ol hoT o h
Z Z Pew,zan- 030 "/Pé(t) <o T (U Un’zvn%)
n’eN n/lsnz,n3€N
n’l—n’2+n’3=n’

Iy yl

+ P

£(1),<22 n’H (v f

(t) <212v : vl/ ))(t, y.X)dydydxdxde

B

neN n’eN n’l,nz,n eN
nl—n2+n3—n

~ ~ ) ~ ~ ~
-;s(vi, vl, (v,}l’,vh, ng(t) <ob> U;}:’ ng(t),gzlz vg,z)) (t,y+ 2$(Gﬂ2)t, X)dxdxdydyd:. (7-46)

We may take & (Gf[f) = 0 in the right-hand side of the above equality by the invariance of the Galilean
transformation. By the inverse Fourier transform, we have

> ¥ /////(w(v —HE w1y 3

n,n’eN n],nz,n eN |y y|

n1 n2+n3—n

-Pi’z,z 1Oo((v,,/v /)(vn/v ; P;l) b n/PE(t) <202V k), 7, %) dy dj dx d¥ dr
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=2 X fG,Z/f/fo(wnW —PE)wn) (1, y. %)

n,n’eN n1 2, 3eN

ny—n5+ns=n’ (/// (771 +n2+n3+ 774)ei)7(n1+nz+773+714)
Iy 5 212710

M (Fyvpy, (003 ) (Fyuhy )0 s, D)F5 o) 0 ) (Fyoly )0, 12. )
- (1 —¢("1 ;,f(t))qb(”z ;lf(t))) dipy dijz dn dn4) dy dj dx dF dr.

a() = Im?+ 2> = ns? = nal?,

Let

as in [Dodson 2016b], we have 1/g(n) is a convergent sum of terms with operator norm being dominated
by 1/(Im|*> + [121*) ~ 1/(In1||n2]) on the support of

m —&(1) n2—&(1) n n
(1_¢( 1212 )¢( 22’2 ))"5(2123—4)"5(2’;4)‘

Let Gl2 = [to, t1]. Applying integration by parts (with respect to time), we have

i itq(n))m— . y—y (770+771+772+7]3)
/fo M == iq(n) (dre Sy = OR8] 5O\ T n
. ! Y (i+n2+n3+10) (l _¢(7]0 _lé(t))¢(n2 —IS(Z)))
22 262

S e T L o T P e ES R T M

: (fiv,,g)(l, N3, X)dny dnzdns d’?o) dydydxdxdr
= B1+ By + B3 + By, (7-47)

where

B, = /////.///lq(n) e 11D (W, (Vy—i £ (1)) wn) (2, Y, x)l _~|¢(771+7;?2+7173+n0) 5 (r1 4273 m0)

_(1_¢(770;i( ))¢(772;li(t))) (e—itlnol (}-JN)U’}:/)(I’no’f)e—it|n2|2(]:iv”;/2)(t’7’2,)})

5]
, (7-48)

o

/ ////////.lq(n) elta(m 9 KS(wn(vy PE@)wn)(t,y, x)| |¢(771+7;?:;173+;70)

el Ym+mn2+n3+mno) (1_¢(770_15( ))¢(’72—l§(1)))
22 20

(7P (Fgvl ) 1m0, e (vl )0 ma By P (Fgul 1y e

. 2 ~ . 2 ~ ~ ~
P (Fgo ) (o D) (Fyuy, ) (.03, %) dio diy dnz dns) dy dF dx d

(]-"yv ,)(t n3,X)dn; dnzdn3dn0) dydydxdxdt, (7-49)
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IO e mssemmareso=

% (¢ ( m +752-|:)3+770 )eii(m +n2+n3+n0) (1_(]5(’70;;520) )¢ ( 7]2;52(1) )))

—i 2 ~y —] 2 ~ ] 2 ~
(e (Fy v ) @m0 H)e T (Fpvl, ). H)e M (Fyug ) (m ©)

,eitlﬂslz(fﬂ)l, )(t,m3,X)dn1dnadns dr}o) dydydxdxdz, (7-50)

o [T s oo (2552

T n2+n3+10) (1_¢(no—l§( ))¢(nz—lé(t)))
22 20>

(«?t( it (Fpuh) (1,70, £)e 2P (Fyol, )(E.72.5)

eitimP? (F;vn,l)(t, nl,x)e”"”l (F;vng)(t, n3,X)dny dnadn; dno) dydydxdxdz. (7-51)

For (7-48), set

1 m+n+n+n no—&(1) n2—§&(1)
m(t;no,m,nz,na)=q(n)¢( 1 22,2_103 0)(l—¢( 02,2 )¢( 2212 ))

Then we have

a481=—i [[[[J[[] s =reepne 0 I Kz m 20

~vr}:, (t,y — z2, i)vfl,l (t,y —21,)?)1)111% (t, 7 —z3,X)dzy dzpdzzdzodx dx dy dy
2 3

5]

’

to

where

K(f;Zo,21,Zz,23)=////m(t;no,m,nz,773)6’"2”“ei22”2ei23"3ei20”° dnidnadnadne,  (7-52)
which satisfies

SUP/ |K(t; 20, 21, 22, 23)| dz1 dz2 dz3 dzg S 2722, (7-53)
t

by the Coifman—Meyer theorem [Germain et al. 2012]. Thus, by Bernstein’s inequality, (7-53) and the
conservation of mass, we have

> > @ 48)‘

n,n’€N nl,n2,n eN
n1 n2+n3—n

I,—2i 1
<27 ||w||L§>oL§!x”(Vy_lé(t))w“LtooL%,x

[ 1K@z 21z ) 05 = 20 Dl 5 - 22 P
ot - 2192 Wi, 7 —z3, %)ll2 dz1dz2dz3dzod7

212 —2i

Ir—i 2 —21 h 12 2
$257 w2, 2R n 10120 1 S o2,
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Next, we turn to the estimate of (7-49). By a direct computation, we have

o [ @ =80, s
=& wn(t.y. 072 + Z Dy R / (wn(ayk i€(1)) Dy, wn)(t, y, x) dx
k'=1
Z Ay, N / (Dyyer W (D, — & ()W) (2, ¥, X) dox.

k/_
Thus, we get

(7-49) =

[sz //////// ﬁf/(’)”“’"“’ ¥ 03 K (20, 21,22, 23) 0 (1, F = 20, 9)0), (1.5 = 22.%)
B

I ¢ = N e . Y
. vn/ (t,y— Zl,x)vn,3 (t,y —z3,X)dz1dzp dzzdzo dy dy dxdx dt (7-54)

5> | ; M (fy yy)l"ayk,mou—n(ayk—z'&(x))ayk/wn)(z,y,x)

k,k'=1

- K(t:20.21. 22, 23)00, (1. § — 0. X", (1. 5 — 22, %)
2
: v;, (t.5 —z1, %)}, (¢, 7 — 23, %) dz1 dzo dz3 dzo dy dj dx d¥ dr (7-55)
3

> | ; WS @, 0@, = im0

k.k'=1

- K(1:20. 21, 22, 23)V/%, (2. § — 2o, i)v,',’,z(t, y—22,%)
vl (05 —z1. %)), (¢, § — 23, %) dzy dzp dz3 dzo dy dF dx dX dr, (7-56)
1 3

where K(¢; zg, 21, 22, z3) is given in (7-52).
By (7-53), (6-14), (6-19), Bernstein’s inequality and the conservation of mass, we have

Ir—2i~—21 h2 12 /
Y Y @ s4>'<22 I N N I EA ( i i <z>|dr)

n,n’eN n1 n2 n eN
n n2+n3—n s ”wOHL%x’

212 —2i

Integrating (7-55) by parts in space, we derive

e 3 [ M+ i

k.k’'=1

- K(1:20.21. 22, 23)0/%, (2. § —Zo,i)vzé(t, y—2z2,%)

-v,ll/l (t,y —Zl,i)vié (t, 9 —z4,X)dz1 dzp dzzdzodx dx dy dy dt.
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Therefore, by the Hardy-Littlewood—Sobolev inequality, (7-53), Lemma 6.20, the Sobolev embedding
theorem, the fact Gfgz - Gf;l, |£(1)| < 2%2 and I, < i, we have

> > (159

n,n’€N n',n,nseN ) 2
n—n,+ns=n’ < ”wOHfo”v”fi(Gé)'

212—2i

lo—2i ~2i n—21 2 2 2
< 2 2
<2 2712 ||w||L?L§L% lv “L?LﬁL%”v ”Li’oLﬁL%

By a similar argument, we infer

212 —2i

> > (756)'<||w0|| Mvl% 61y

n,n’€N nl,nz,ngeN
n1 n2+n3—n

Now we turn to (7-50). As (7-48), we have the corresponding integral kernel

K(t:20.21,22,23) = //// 7 (t; o, N1, N2, n3)e’ 1M 17211211323 612010 dpy dp, diz dno,

where

N 272 i+ 3+ 10
m(t;no, M1, M2, M3) = — </>( )

q(n) 22—10

((V¢>)( E(t)) (riz;lf(t))Jr ( E(t))(v¢)( S(t)))

The kernel function K (t;zo, 21, 22, z3) satisfies

sup/|K(t 20,21,22,23)| dz1dzp dz3dzg S 27 3z,
Thus

2[2—2i

) D 1)

—21 h2 12
e UL I L R M ( [, |s'(t>|dr)
’ i i ’ t VX Ly™=x GZ
n.n'eN n',n5,n5eN A

ni—nj+ns=n' Sllwol?, .
y.X

Finally, we consider the term (7-51). Following the argument for the estimates (7-48) and (7-50), by the
Bernstein inequality, the conservation of mass and Lemma 6.20, we deduce

DS <751>' 2 o2, (140l )

n,n’eN nl,nz,n eN
nl—n2+n3—n

2[2—21

Therefore, we eventually arrive at

(7-25) < IIWOII LA+ ||v||X Gy

The proof of Theorem 7.5 is complete. O
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7.2. Proof of Theorem 6.25. By Theorem 6.21, we have

”v)L”jka([O,Asz]) S 1 (7-57)
where
vy(t,y,x) = Av(A°t, Ay, x), with A = . (7-58)
Letw = Pézko v;. Then  satisfies
i0;W+ Ayw =F(w)+ N,
where
N = PsyzkoF(m).
Let
Mm_/[/ /mmymﬁ ~ﬁmvmgym@@mm
Then a direct calculation similar to [Dodson 2012; 2016a; 2016b; 2009] gives
I o] < s M)+,
L? ,([0,A72T]xR2)  t€[0,A~2T]
where
AT2T
J(w(Vy—lé(t))w)(t V, x)| ~|As(wN)(t ,9,X)dydydxdxdet| (7-59)
R2
AT 2T
|lw(t,y, x)|2| ~|J(N(Vy—z§(t))w)(t ,y,x)dydy dx dx de (7-60)
rR2 JR2 -
A72T
lw(t, 7, %) | ~|J(w(V y—iE@))N)(t,y,x)dydydxdxdt|. (7-61)
rR2 JR2 -

Since N (t) < 1, we have N, (¢) < €32%0 /K. By Theorem 6.6 and the Bernstein inequality, for any 7 > 0,
if K > C(n), we have

1(Vy — ié([))w||L?OL52;JC([O,A,_2T]XR2XR) < 772k0- (7-62)
Therefore, by the Galilean transformation and the conservation of mass, we get

sup | M(r)| < n2ko.
t€[0,A72T)

We now consider (7-59). As in (7-37), let v)L =P’
decomposition

v; and v = P” _.V;. Then we have the
2k0 3 A AT >2k() 3 A

[i‘s(uz)N)(t,)?,)E)dfc:/Fo(t,f,fc)+F1(t,)7,)E)+Fz(t,)?,fc)+F3(t,)7,)2)+F4(t,)7,fc)dfc.
R R

We can see
/ Fo(t,y,x)dx =0.
R
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Following the same argument as the proof of (7-25), we may obtain

\[IA% ”FZ(t, jjy 56’) + F3(t, _)77 )E) + F4(t, jj, X)I|L}j([0,x—2T]XR2) d)z' S 1

Then by (7-62) and the conservation of mass, we have

AT2T

S (Vy—i E()B) (1, y, x) 2L (Fy+ Fy+ Fa)(t. 5. %) dy d7 dx d de | < n2ko.
2

[y =7
To estimate the contribution of the term with F; in (7-59), we see the support of the spatial Fourier
transform of [, Fi(r, 7, X)dX isin {& : €] = 2K0=43 as in (7-38). Therefore, by integration by parts, the
Hardy-Littlewood—Sobolev inequality, the Bernstein inequality, Lemma 6.20 and (7-57), we have

R JR? JR

A2T ) -
R CAHODICERY y—Jy (/ Fl(t,f,)?)d)?) dy dj dx dr
R2 ly =7l
A~ 2T
/(w(Vy—lg(t))w)(t y,x)dx|- 3)7(—AJ~,)_1/F1(I,)7,)~C) dx|dydy dr
R2 Iy =7l R

< ||w ||L$°L§,X([0,A—ZT]xR2xR) I(Vy =8O WIlLs | 12 (0. 2-2T]xm2xR)

Nos—ay / Fi(, 5. %) di
R

L3 ([0,A72T|xR2)
—k : ~ 13
S 270(Vy —i§ (@) w4 LJZC([O,A—2T]><R2><[R)||UA||L6 L2(10.A—2TTxR2XR)"
Ly t.y X([O’ ] )

By the Bernstein inequality, Lemma 6.20, and (7-57), we have

1 kO ! 70
”vA”L?,yLZ([OA 2T]XR2xR) ~ Z 252 23
0<l<kg
Note that
Iy =Bl 5721012 o a2rpmoy S 0 225%™ <25, (7-63)
0<l<kg

Interpolating (7-63) and (7-62), we obtain

. ~ 3
1(Vy _lE(Z))w||Lj“yL)2C([O,)L—2T]xR2XR) < 7]32k0. (7-64)

Thus, by the above estimates, we have

(7-59) < 3 2ko.
Now, we turn to (7-60). By (7-35) and (7-57), we have

(7-60) < ||1b|| L®L2 ([0, 2T]><[F£2><[R)“N||L4/3L2([0,)L—2T]><R2><R)”(Vy _ié(l))w”L?,yL)%([O,AﬂT]xWxR)

< pioko,
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Finally, we consider (7-61). Applying integration by parts, we have

-2
(7-61) < (7-60) + T e 1w(t, 7. x)|2| |‘h(wN)(t ,V,x)dydydxdxdt|. (7-65)
R R -
By (6-1) and (7-36), we see
A2T
- 65></ L, 15 ol = 1,5z 10y 01 dy d (7-66)
22T
/ [, [ ves. o, . |||w<t yo )2 105 3 )12 A y.0) 2 dy dF .

(7-67)

By the Hardy-Littlewood—Sobolev inequality, (7-62), (7-64), Lemma 6.20, the Sobolev embedding
theorem, the conservation of mass, and interpolation, we have

(7-66) < |lv/1)13 < p2ko

L?,yL)zc ([0,A72T]XR2XR) ” w ”

yL3([0,A72T]xR2xR) ~
and

h ~ 113
67) <
(767 S 1allz s r2q0.a-2Tierexm 1D 0 190729 2 10 3 -2 712y
12 Lok
Al < n62"0,
1als Lo0m 2 qoa271xm2umy =7
Thus, by the above estimates, we have
2 1
< no2ko.
L? ,([0,A"2T]xR2)

H/RWyﬁ(m(r,y,x)F)dx

Undoing the scaling in (7-58), we finally reach the desired estimate (6-41). O

Appendix: Well-posedness theory for (1-2)
In this appendix, we present the proofs of the recorded results in Section 3. Let
X1(¢t) = xsin(t) —icos(t) 0, and Xo(¢) = xcos(z)+1i sin() dy. (A-1)

We have the pointwise identity: for any f € S(R?),

X1 S ) + X2 (1) f (3. )P = [xf (. ) + 10 f (. 0) [ forallr€R. (A-2)
The next result follows by direct calculation. We refer to [Carles 2002b] for more explanation.
Lemma A.1. The operators X1(t) and X, (t) satisfy the following properties:

(1) They correspond to the conjugation of gradient and momentum by the free flow,
Xi(t) = PUIGEE —xz)(—iax)e—“(% —xz),

Xz(l) — eit(AR3_x2)xe_it(AlR3_x2).
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(2) They act on the nonlinearity like derivatives, that is, for j = 1,2, we have
X5 @) (ulPu)] < Jul X (2)ul.
As a consequence, for any u4 € X, we have
— _x2 ; 2
le™ a3 = Du ()~ |5 = llu()—e" A Dup| 12 g
; 32 P 32
HIX1 O @O =" ™ )| X @)= ETDus)

We now show the local well-posedness part of Theorem 3.4 in the following formulation. This is essentially
following the argument in [Cazenave 2003; Tao 2006].

Theorem A.2 (local well-posedness). For any E > 0 and ug with ||ug]| L2l @ xr) = E, there exists
80 = 80(E) > 0 such that if

it(A 2
”ezt( R3™X )UOHL?JL)ZC(IXRZXR)

s o
FIX O ATl 2 gy 1 X200 G

uollLs | 12 (rxm2xm) = %o
where I is the time interval, there exists a unique solution u € Ct0 L%H}C (I x R? x R) of (1-2) satisfying

it(A,3—x2)
”u”L‘,"yH)lC(IX[RZXR) <2|e'* w3 ”0||L;{y7-z;(1xuqa2xuqz) and ““”L?OL%H}((IX[szR) = C||”0||L§H_lx-

Proof. Let

t
D) = e Dig =i [N E T ) ds
0

and set the space X to be
X={ueClL M} : Il oo 21 < 2E. Ul 50 <2C8o}
or
X={ueC)LiN): Il peor2  <2E. Julls g2 <2C.
1Xj Oullpeorz < 2E. 11X Oulls 12 <2Co. j =1.2}.

For any u € X, by Proposition 3.2, Holder’s inequality, Sobolev’s inequality, Lemma A.1, and (A-1), we
have

< 2
19l orz , < Mol +lellzs 2 llzs gy
and
X1 ()P peorz  + 1 X2(0)P) ooy 2
2
S Vxuollzy +lbewollzg 4 ulzs pry (X Oullz g2+ 1X2Oullzy 1),

Thus

1P ooz  +IX1(O)PWIpeor2  + 1 X2()PW) oo r2 < E+(2C80)° <2E.  (A-3)
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Similarly, we can obtain
I10@)lLs 12 +IX1OPILs 12 + [ X2(O)PWIILs 12 <80+ (2C80)° <2C8. (A4
In the same time, for any u, v € X, by the Strichartz estimate, Holder’s inequality, and Sobolev’s inequality,
we have
190 = @@)Is 2 < [lulPu—ToPv] 2,
< u— U”L;‘.yL% (”u”i‘,‘!yH} + v ”i‘},yH}) < (2C80) |lu—v ”L‘},yL%' (A-5)

Combining (A-3), (A-4), and (A-5), we have for §p small enough ® : X — X is a contractive map.
Therefore, the theorem follows from the fixed point theorem. O

We now turn to the proof of the scattering norm in Theorem 3.4.
Proof of the scattering norm part of Theorem 3.4. We need to show

hellzs 2inrsw) L2 @xmexr) = C(M). (A-6)

Then by the scattering theory of the nonlinear Schrédinger equations [Antonelli et al. 2015; Carles 2011;
Tao 2006], we have scattering in (3-1). By the well-posedness part of Theorem 3.4, it suffices to prove
(A-6) as an a priori bound.

Divide the time interval R into N ~ (1 + %)4 subintervals I; = [t;, ;1] such that

”“”L‘,‘,yﬂi_eo(lj XR2XR) = s, (A7)

where § > 0 will be chosen later.
On each I}, by (A-1), the Strichartz estimate, the Sobolev embedding and (A-7), we have

”u”L?WyIAL%ﬂL‘,‘.y?‘l}c(liXRZXR)

< C(llu@)ls + |||u|2u||L;t’/y3L; + ||X1(t)(|u|2u)||L;t’/y3L§ + ||X2(f)(|u|2u)||L;t’/y3L§)

< Cls+ Iy (g g + X0 Ol s
| FIXOul g )+ el gz 02, 1)
< QM+ Iy g Ol oz + 19l g + el e+ el gy 2)

) 2
EC(HM(IJ)”E +é ”uHL?WyI"‘L%ﬂL?’y?{})'
Choosing § < (%) 174 leads to the estimate

[ ”L;‘Wyl ~4L)2CQL;1JH)IC (I, xR2XR) <2C “u(tj) | Zyx-
The desired bound (A-6) now follows by adding up the bounds on each subintervals /;. O

Proof of Theorem 3.5. We only give a sketch for the proof of Theorem 3.5, since it follows essentially by
the same argument as in the proof of Theorem 3.4.
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For u_ € X, let § > 0 be a small absolute constant to be taken later. Taking 7— = T_(u_) large enough
and then applying the monotone convergence theorem, we obtain

it(A—x?)

e 5.

U_ <
”L;‘Wyl~4L,%mL;{yH}C((—oo,—T_]szxR) =

Solving the integral equation
t
u(t) = e A=y / e/ 9B (20 () ds
—00

in LL2HL N LHILE 0 LW, L2 0 L} HL((—00, —T-] x R? x R) and keeping u small in
L?Wyl’4L)26 N L‘t"yH)lc ((—o0, —T-] x R? x R), the argument in the proof of Theorem A.2 implies that
there exists a solution of (1-2) on (—oo, —T—] x R? x R, which furthermore satisfies (3-2). This completes
the proof for first part of Theorem 3.5. The proof for the second part of Theorem 3.5 is similar and thus
we omit it here. O

We now turn to the proof of Theorem 3.6. First, we show the following short-time version.

Lemma A.3 (short-time stability theorem). Let I be a compact interval and let Ui be an approximate

2

solution to (1-2) in the sense that i 3,1l + Agsii — x21 = |ii|?ii + e for some function e. Assume that

I oo 12341 (1 xm2xm) = M (A-8)
for some positive constant M. Let to € I and u(to) be such that
l[(20) — (o)l 291 = M’ (A-9)

for some M’ > 0.

Assume also the smallness conditions hold:
il 43301 (1 xmexm) < € (A-10)
||el(t tO)(ARS X )(M(Z‘O) — M(tO))”L?L;H}( + ||e||L;1/3L§1}/3,H)16 <e€ (A-ll)

for some 0 < € < €1, where €1 = €;(M, M’) > 0 is a small constant. Then, there exists a solution u to
(1-2) on I x R? x R with initial data u(to) at time t = to satisfying

—Uu < -
lu—tllpa 41 Se (A-12)
e —ill oo 200 S M, (A-13)
ullpoop 250 S M + M, (A-14)

1 SeE. (A-15)

2 <12~
o = ] 375 47
Proof. By symmetry, we may assume to = inf /. Let w = u — . Then w satisfies
i 0w 4 Agaw — x2w = | + w|? (@ + w) — |i]) % —e.
For t € I, we define

T 2/~ L2~
D(e) = 1+ w2 +w) = 2] 373,01 (10 1oy
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By (A-10), we have
~12 2
D) < llwlizs g (s o +1wlza 50

3 2
SHwlzs 0t qrougwresy T ELIWILE 2t o, 1xm2xR): (A-16)

On the other hand, by the Strichartz estimate and (A-11), we get
[ (t—10) (Agz —x?)

< Jlef 10X (Ags —x w(to)||L§.yy}c([z0,,]xﬁzxﬂ) + D)+ ||e||L?/y3H;([to,t]szxR)

<D(t) +e. (A-17)

||w||L;{yH}C([¢0,z]xR2xR)

Combining (A-16) and (A-17), we obtain
D(t) S (D(t) +€)> + e1(D() + ).
A standard continuity argument then shows that if €; is taken sufficiently small, then

D(t)<e foralltel,
which implies (A-15).
Using (A-15) and (A-17), one easily derives (A-12). Moreover, by the Strichartz estimate, (A-9) and
(A-15),

~ 2/~ S~ ’
101 270t 1y S 10G0) 2y + M+ 0 2GE+ w) = 7250 /3,0 + el a0 S M+ e,

which establishes (A-13) for €; = €1 (M) sufficiently small.
To prove (A-14), we use the Strichartz estimate, (A-8), (A-9), (A-15) and (A-10),

<17 - 2. =125 <12~
Il 20 L3 ity S 1C0) 38+ 0Ct0) =00} 31+ =1 /3,0 + 111200 372,0

SM+M e+ SMAM +e+é.

3

L7 Hy

The proof is complete by choosing €; = €1 (M, M) sufficiently small. O
We now show the proof of Theorem 3.6.

Proof of Theorem 3.6. We divide the interval I into N ~ (1 + é)“ subintervals /; = [t;,1;41], 0 < j <
N — 1, such that

Il s 31, xmexm) = €1,

where €1 = €1(M,2M’) is given by Lemma A.3.
By choosing € sufficiently small depending on J, M and M’, we can apply Lemma A.3 to obtain, for
each j and all 0 < € < €7,

e =il a0y xmexmy = C(e, I =l o 12301 (1, <y < CUHM,
Il 30t 1y ey < CONM M, Pt~ 5P 372,01 1 gy < CUe

provided we can prove that analogues of (3-3) and (3-4) hold with 7o replaced by ;.
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In order to verify this, we use an inductive argument. By the Strichartz estimate, (3-3), and the inductive
hypothesis,

Il () — ()1l 12901

~ 2 ~12 ~
< llu(zo) _u(IO)”L}%'H}( + [ *u — |u] u”L?,/;H;lc([IOJj]XRZXR) + ”e”L?./y’%?‘-[)lc([to,tj]XRzXR)
j—1
SM'+3  Clk)e+e.
k=0
Similarly, by the Strichartz estimate, (3-4), and the inductive hypothesis,

. ot _ 2 ~
”el(t ti)(Agz—x )(u(zj)—u(tj))IIL?.yH;(Iijsz)
. _ _ 2 -
< ”ez(t 10)(Apz—x )(u(to) — u(to))”thtng)lC(Iijsz) + ||€||L?./J,3H}(([t0,tj]XR2XR)

j-1 + Py = (@ ars,,0 2
x ([to,t; 1xXR%xR)
Se+ Y Clhe. oy 0
k=0
It is clear now we may choose €7 sufficiently small, depending on N, M and M’, such that the hypotheses

of Lemma A.3 continue to hold as j varies. This completes the proof of Theorem 3.6. O
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