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ON GAGLIARDO-NIRENBERG INEQUALITIES WITH VANISHING SYMBOLS

RAINER MANDEL

We prove interpolation inequalities of Gagliardo—Nirenberg type involving Fourier symbols that vanish
on hypersurfaces in R?.

1. Introduction

In a recent paper by Ferndndez, Jeanjean, Maris and the author the following inequality of Gagliardo—
Nirenberg-type was proved:

hellg S NADE = Dull3™ [ulls,  u e S®RY). (D
Here, (|D|* — Du = F~1((] - |* — D)1), the symbol < stands for < C for some positive number C
independent of u and the parameters are supposed to satisfy

20-x) _1_1_(d=w)s
d+1 —2 q¢— d

see [Fernandez et al. 2022, Theorem 2.6]. In this paper we investigate such inequalities in greater generality

, 2<g<oo, deN, d=2 and — 2)

N —

s>0, k>

both by extending the analysis to a larger class of exponents, but also by allowing for more general
Fourier symbols. We expect applications in the context of normalized solutions of elliptic PDEs and
orbital stability [Cazenave and Lions 1982; Bartsch et al. 2016; Noris et al. 2014] or long-time behaviour
[Weinstein 1982/1983] of time-dependent PDEs just as in the case of the classical Gagliardo—Nirenberg
inequality [Nirenberg 1959]. In [Ferndndez et al. 2022; Lenzmann and Weth 2024] applications of (1) to
variational existence results and symmetry-breaking phenomena for biharmonic nonlinear Schrodinger
equations are given. For the existence and qualitative properties of maximizers in classical Gagliardo—
Nirenberg inequalities we refer to [Weinstein 1982/1983; Del Pino and Dolbeault 2002; Bellazzini et al.
2014; Lenzmann and Sok 2021; Zhang 2021]. Interpolation inequalities in different spaces like Lorentz
spaces, Besov spaces, BMO or weighted Lebesgue spaces can be found in [Brezis et al. 2021; Hajaiej
et al. 2011; Brezis and Mironescu 2019; Dao et al. 2022; Caffarelli et al. 1984; McCormick et al. 2013].
We shall be concerned with inequalities of the form

lullg < I P1(D)ully; | P2(D)ully 3)

r’
where ¢, 71,72 € [1,00], k €[0,1] and Py, P, : R? — R are Fourier symbols that may vanish on a given
smooth compact hypersurface S C R?, d > 2, with at least k € {1,...,d — 1} nonvanishing principal
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curvatures in each point. In the case d = 1 the symbols are allowed to have a finite set of zeros S C R. We
will assume that P; vanishes of order ; on S and behaves like |-|% at infinity; see assumptions (A1), (A2)
below for a precise statement. This covers (1) as a special case, where d > 2, (o1, «z,51,52) = (1,0,s,0)
and S is the unit sphere in RY sok=d —1. As an application of our results for (3) we obtain the
following generalization of [Ferndndez et al. 2022, Theorem 2.6].

Theorem 1. Assume d €N, d >2, k €[0,1], s > 0. Then
lellg S NADE = Dully ™ Jully,  u e S®?),
holds provided that the exponents r € [1,2], g € [2, o0] satisfy

20 =) <l L_({=wns and min{l l} {2% if k>0,

= __S )
d+1 roq d roq’ >% if Kk =0.

So our result from [Ferndndez et al. 2022] is recovered, as (2) is nothing but the special case r =2 in the
above theorem. We even obtain sufficient conditions for general ¢, 71, 5 € [1, 00]. In the one-dimensional
case we obtain the following generalization of [Fernandez et al. 2022, Theorem 2.3].

Theorem 2. Assume k € [0, 1], s > 0. Then
lullg S NADIE = Dul; ™ lluly,, ueS®),

holds provided that q, 1,12 € [1, 00] satisfy

11— 1
LSALIE
ri rp

1—k <

Both our main results arise as special cases of Theorems 18 and 19 where interpolation inequalities of
the form (3) are proved for symbols Py, P : R? — R that satisfy the following abstract conditions:

(A1) There is a compact hypersurface S = {&§ e R? : F(§) =0}, with F € C®°(R?), |[VF|+0on S and at
least k € {1,...,d —1} nonvanishing principal curvatures at each point such that {€ € R? : P; (§) =0} C S.
For £ near S we have P; (§) = ai+($)F(E)°_f_i +a;—(§)F(§)% for smooth nonvanishing functions a; 4+, a; —
and o; > —1. In the case o; = 1, additionally assume a;— = —a;_, and in the case «; = 0, additionally
assume da;— = d; +.
(A2) There are 51,52 € R, § > 0 such that for dist(¢, ) > § > 0 the functions Q; (§) := (£)% / P; (§)
satisfy for some ¢ > 0

7 0i®I< " ifyeNg 0<lyl<ld/2],

97 0i®)1 < (€)1 ity eNg. Iyl =1d/2] + 1.
Here and in the following we set (£) := (1 + |£[2)Y/2 and |y| :== |(y1.....7a)| i= y1 + -+ + V4

for multi-indices y € NZ, F(£)4 := max{F(£),0} and F(§)_ =: —min{F(§),0}. In the case d = 1
assumption (A1) is supposed to mean S = {£ € R: F(§) = 0} = {&7,....&/}, with F, P;,a;+,a;—
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as above. Given the importance of the fractional Laplacian (—A)%/2 = | D|* we mention that one may
generalize this further by allowing the symbols Py, P5 to vanish at some finite set of points in R4 \S;
see Remark 10. The choice Py = P, or k € {0, 1} leads to Sobolev inequalities. In the elliptic case
—A —1=|D|? —1 such results are due to Kenig, Ruiz and Sogge [Kenig et al. 1987, Theorem 2.3],
Gutiérrez [2004, Theorem 6] and Evequoz [2017]. Our most general result from Theorem 19 contains
these results as a special case (k, s1,a1,x) = (d —1,2, 1,0). Sharp results for special nonelliptic symbols
with unbounded characteristic set S are due to Kenig, Ruiz and Sogge [Kenig et al. 1987, Theorem 2.1],
Koch and Tataru [2005] and Jeong, Kwon and Lee [Jeong et al. 2016, Theorem 1.1].

Remark 3. (a) In the case S = @ the main results of this paper hold without any assumptions on «1, 2.
Similarly, if the Fourier support of the given functions is contained in a fixed compact subset of R¥, then
all conditions involving s1, s> can be ignored.

(b) Theorems 1 and 2 equally hold for symbols P;(|D|), where P; are polynomials of degree s with
simple zeros only or no zeros at all.

(¢) Our analysis may be extended to vectorial differential operators with constant coefficients P; (D),
P>(D), where, according to Cramer’s rule, the characteristic set S is then supposed to satisfy
{det(P;(§)) = 0} C S for i = 1,2. Such a situation occurs in the context of Maxwell’s equations,
Dirac equations or Lamé equations with constant coefficients.

(d) The Gagliardo—Nirenberg inequalities from this paper hold for functions with Fourier support in
bounded smooth pieces of more general sets S C R4, In this way, unbounded characteristic sets S or
characteristic sets with singularities as in [Mandel and Schippa 2022, Section 3] may be partially analyzed,
but a full analysis remains to be done. In the special case of the wave and Schrodinger operator one
may nevertheless implement the strategy from [Ferndndez et al. 2022] to get such inequalities at least for
r = 2; see Section 7.

(e) The admissible set of exponents for Gagliardo—Nirenberg inequalities may become larger by imposing
symmetries. For instance, the Stein—Tomas theorem for O(d — k) x O(k)-symmetric functions from
[Mandel and Oliveira e Silva 2023] may substitute the classical Stein—Tomas theorem in Lemma 13 to
prove better dyadic estimates. The latter yield larger values for A.(p, ¢g) in (17), which allows one to
deduce Gagliardo—Nirenberg inequalities for a wider range of exponents.

Our strategy is as follows. We decompose the pseudodifferential operators Py (D), P>(D) dyadically,
both for frequencies close to the critical surface S and at infinity. Assumption (A1) allows us to analyze
the first-mentioned part with the aid of Bochner—Riesz estimates from [Mandel and Schippa 2022; Cho
et al. 2005]. Here, only the parameters o1, o> will play a role. Assumption (A2) will be used to estimate
the second-mentioned part that only involves s1, s2. Interpolating the bounds for the dyadic operators in
both frequency regimes then allows us to conclude. We stress that the proof from [Fernandez et al. 2022]
does not carry over from the L2(R4 )-setting since Plancherel’s theorem does not have a counterpart in
L"(R%) with r # 2.
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2. Preliminaries

In the following we decompose a given Schwartz function u € S(R?) in frequency space. We start by
separating the frequencies close to the critical surface from the others by defining

uyi=F Yh), uz:=F YA -1)0), wherete C(S’O(Rd), 7 =1 near S. ()]

More precisely, t is chosen in such a way that S admits local parametrizations in Euclidean coordinates
within supp(z), that a;+, a;— from (A1) are uniformly positive near S and that the functions Q; from
(A2) behave as required for £ € R? \ supp(z). The function 7 is considered as fixed from now on. For
both u1 and u, we will introduce a dyadic decomposition into infinitely many annular regions in order
to prove our estimates mostly via Bourgain’s summation argument [1985]. We will need the following
abstract version of this result from [Carbery et al. 1999, p. 604].

Lemmad. Let 81,2 €R, 0 €(0,1), and let (X1, X2) and (Y1, Y2) be real interpolation pairs of Banach
spaces. For j € N let T; be linear operators satisfying

175 flly, <M1 2P Flix,. 175 fllvs < M22P27 || fIxs.

Then we have

< CB1. BIM O MEN £l x1 X004 (%)
Y1.Y2)6.00

Y TS
JjEN
provided that (1 —0)B1 + 6B, = 0, with 81, B2 # 0. In the case (1 —0)B1 + 682 < 0 we have for all
re[l,o00]

< CM11_0M29”f”(X1,X2)0.r' (6)

i
X1,Y2)6,r

JEN

The whole point of this result is (5); the estimate (6) is a rather trivial consequence of the summability
of the interpolated bounds

175 v 200, 27 C-OPHD| £, x5, forall r €1, o],
Here, (Y1,Y2)q,r, (X1, X2)g,, denote real interpolation spaces [Bergh and Lofstrom 1976]. The choice
Y = L1 (RY), Y, = L92(R?), with

1 1-6 6
= +_v C]l #QZ»
q q1 q2

yields the Lorentz space (Y1, Y2)g,, = L97 (RY), whereas q; = ¢» = ¢ leads to (Y7, Y2)o, = L9(R%).
In our context, the spaces X; are defined as the completion of {u € S (R%): P;(D)u € L" (R? )} with
respect to the norm ||u||x; := || P; (D)ul|,. Exploiting assumptions (A1), (A2) we find that for any given
u € S(R?) the function P;(D)u is a priori well-defined as a function in L°°(R?) because £ > P; (€)1i(£)
is integrable due to o; > —1. (Choosing the completion of a smaller set one may extend the analysis to
o; < —1.) The link to Gagliardo—Nirenberg-type inequalities is provided by the general interpolation
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property [Bergh and Lofstrdom 1976, Theorem 3.1.2], namely

1Ay X, < 11NN, 0<k <1, 1<r<oo.
In fact, choosing X1, X» as above we obtain for u € S(R?)

ullx1, %00, < IPLDUNTF I P2(Du]s,. 0<k<1,1<r<oo. (7

ry?

The same estimate holds for (X1, X2),,r replaced by the complex interpolation space [X1, X2]. This
can be deduced from (7) and [ X1, X2]k C (X1, X2)«,00; see [Bergh and Lofstrom 1976, Theorem 4.7.1].

3. Large frequency analysis

We start with our analysis for large frequencies or, more precisely, for those frequencies with uniformly
positive distance to the critical surface S given by our assumption (A1). To this end we first choose a
function 7 such that

neCg(R), supp(n) C [-2.—1]U[3.2]. Z n(2’ -) = 1 almost everywhere on R;

jez
see [Bergh and Lofstrom 1976, Lemma 6.1.7]. For &y € RY define

Tif = F (0@~ 6o /) = Kj = /. where
Kj(x) 1= F (@716 — b)) = 2794 F 71 - D@ el o,
Later on, we will choose &y € S in order to have Tju, = 0 for j > jo, where jo € Z only depends

on £y and 7. Indeed, (4) implies that #,(§) = (1 — 7(§))u(&) vanishes for frequencies £ close to S. As a
consequence, only the bounds for j \ —oo will be of importance.

()

Lemma 5. Assume d € N and let n € C§°(R), & € RZ. Then we have for j € Z
ITjllpsq 5274670 for1=p=q=oc.

Proof. For all r € [1, 00] we have || K|, = 2/4|F Y (n(- )27l
q < oo and % =14+ % - % we get from Young’s convolution inequality

<27J4/"" Hence, for 1 < p=

~

_;d —id 1_1
0T fllg SUK I £l S 27771 f Nl < 274G £, O

In the following, we will need a multiplier theorem in L (R%) for arbitrary u € [, 0o]. The natural
candidate — Mikhlin’s multiplier theorem [Bergh and Lofstrom 1976, Theorem 6.1.6] —is only available
for u € (1,00). In order to avoid tiresome separate discussions we first provide a simple sufficient
condition for a given function m : R — R to be an L*-multiplier for all € [1, 00]. The following result
essentially says that a function m serves our purpose provided that its derivatives grow a bit slower near
zero and decay a bit faster near infinity compared to the requirements of Mikhlin’s multiplier theorem.
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Proposition 6. Let d €N, k := |d/2] + 1 and m € C*¥(R? \ {0}). Then m is an L* multiplier for all
W € [1, 00| provided that there is € > 0 such that

10%m(€)| < (€)72%|E17% ¢ for all a € N& such that |«| = k.

Proof. We show that the assumptions imply that p := F ~!m is integrable. Once this is shown, the result
follows from Young’s convolution inequality because of

1F Xl =lo* £l < ol f Il

We may without loss of generality assume 0 <& <2k —d. Forall & € Ng, || = k we have

[ F((=ix)*p)(§)] = [0°p(§)] = [0“m(&)] < (€)7>°|6] 7 F*.
Hence, F(x%p) belongs to the space L°! (R?) N Lo2(RY), where
d d

T kT2 T kg2

Our choice for € implies 1 < 07 < 03 < 2, so the Hausdorff—Young inequality gives
Ix[¥p e L1 (RY) N Lo2(RY).

To conclude p € L! (R?) with Holder’s inequality it remains to check
Ix|7% € LoV (RY) + Lo (RY).

But this follows from x| ™% 1|,<; € Lo (R?) and |x| %1y~ € L°2(R?) due to koy < d < ko, which
finishes the proof. O

Next we provide our estimates in the large-frequency regime. To this end we analyze the mapping
properties of 7;u := T;(uz), where T; and u = F ~1((1 — 7)ii) were defined in (8), (4), respectively.

Proposition 7. Assume d € N and (A2) with 51,52 € R. Then, fori =1, 2,
ITully <27 C4G= | PyDyull, forl<p<g<co. el

Proof. In order to use Lemma 5 for §o € S we set 1;(z) := n(z)|z|™* for z € R. Then n € C5°(R),
0 ¢ supp(n) implies n; € C5°(R) for i = 1,2. Moreover, we have fori = 1,2and j € Z

Tiu=F 1 (n2’ € — Eo)i2(€))
= F (i 27 1€ — £ol) (27 |& — &)™ 112(£))
= 275 F=1 (i (2718 — Eolymi (§) P; (€)1 (£)),

where m; (§) := (1—1(§))|E —&0|% / P; (£). Since 7 is smooth and identically 1 near &y € S, a calculation
shows that our assumptions on P; from (A2) imply that m; satisfies the assumptions of Proposition 6. In
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fact, for |¢| =k :=[d/2] + 1 and Q;, e > 0 as in assumption (A2),

0mi@1 s Y ()07 (=T @)~ 6ol (6)) 197 Qs 6]

O<y=«a

SL0YQi®)1+ Y (&)Y 08)

0<y<a
< (g)e Wl (gy~la—vI=1 gy=lrl < (g)=min{le}—la]

Here we used the Leibniz rule. So, by Proposition 6, m; is an L*-multiplier for all u € [1, co]. Hence,
Lemma 5 yields for all g € [p, o0]

I Tully S 275 | F~1(ni (2716 - éol)mi(f)m@))”q
<2762 G=i) | F =1 my (&) P (DY),
< 276G Py (D -

Next we use these dyadic estimates to prove estimates of Gagliardo—Nirenberg type. We deduce our
results from a detailed analysis of the special case P;(D) = (D)* for 51, s2 € R. This is possible due to

(D) uzllp < 1P (D)ullp. 1= p=oc, ©)

for symbols Pp, P, as in (A2) thanks to Proposition 6. So we collect some mapping properties of the
Bessel potential operators (D)%, where s > 0.

Proposition 8. Assume d €N, s > 0and p,q.r € [1,00], u € S(R?).

@) If 0< 5 — 2 <5 then |[ullq S 1(D) ullp.

(i) If 0 < %— é = g and 1< p,q < oo then |lullqr < (D) ullp,r and |lulg < (D) ullp.
(i) If 0< 3 —2 =5 ands =d =1 then ||ulloo < [|(D)ul]1.
@iv) If 0 < %— é =g and 1 = p <q <oo then |[ullg,00 < [(D)*ull1.

Proof. The parts (i), (iv) and the second part of (ii) are given in [Grafakos 2014, Corollary 1.2.6]; the
Lorentz space mapping properties from (ii) follow from real interpolation. The estimate (iii) follows from

[ulloo < 111 = lm(DY(D)w) 1 < I{D)ull1, ueSR).
Here we used that m(£) := &(1 4 |£|2)~1/2 satisfies the assumptions of Proposition 6. O

We finally use these estimates to prove Gagliardo—Nirenberg inequalities for large frequencies.

Proposition 9. Assume d € N, « € [0, 1] and (A2) for s1, 52 € R. Then

luallg S IPLDY)T* [ PoDYus,,  ue SR, (10)

r’

holds provided that the exponents q,ry,r2 € 1, 00] satisfy 0 < 1r;1" + % — é < 5., as well as the following
conditions in the endpoint case lr;l" + rK—z - é = %:
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@) Ifq:oothen%—il—‘;éo#%—%orrl:rzzoo, s1:szzoord:l,(rl,rz):(%,é),
S1,52€{0,1}.

(ii)Ifl<q<ooand%—%1=éz%—%andadditionally,ifrl=1,K<1,then1<r2<q,/(2%2
= o<1

orry =00, ; <K=

(iii)Ifl<q<ooand%—%1=é=%—%andadditionally,ifQ:1,K>O,then1<r1<q,

> = o<l

1 K= orn oo,q_l K= g

Proof. As mentioned before, it is sufficient to prove the estimates in the prototypical case P; (D) = (D)%i.
The case x € {0, 1} is covered by Proposition 8(i), (ii), (iii). So we may concentrate on x € (0, 1)
in the following. We combine Proposition 7 and Lemma 4 for the Bessel potential spaces X; :=
P;(D)" L7 (R%) = (D)™ L™ (R%) and i = 1,2. Here we use the identity
Jo )
=Y Tju. where |Tiulg, $2/¢
j=—00

see Proposition 7. Our strategy is as follows. We first prove apply Lemma 4 to get strong bounds. This

. . 1— 1 . . .
will cover all nonendpoint cases 0 < TK + % 7= %, as well as the endpoint cases involving ¢ € {1, co}.

The remaining discussion for 1 < g < oo and 1 < ry, r, < 0o can be taken from the literature, but the
analysis for {ry, 2} N {1, 0o} # & is more delicate. We will first address the case % - % = 21222, where
we prove our claim using complex and real interpolation theory. Finally, in the case % — % # %
we will first deduce restricted weak-type bounds from Lemma 4 and upgrade them to strong bounds by
interpolating the restricted weak-type bounds with each other. We will need in the following that our

assumptions imply s > 0.

—d(L-—L .
G=aullx, (eZ 1<r<g <o)

Step 1: We start the interpolation procedure with (nonendpoint) exponents satisfying

1—« K 1 K}
0< +———< —. (11)
r rn q d

In that case the interpolation estimate (6) with (Y1, Y2, 6, r) := (L' (R?), L72(R?), k, q) gives the bound

Jo

> 7

j==00

(©) )]
1—
luzllq = S el x2)e.q < KDYl (D) 2ully,-

q

Here, (6) applies because (11) allows us to find g; € [r;, 0o] such that

1 1 1 1 1 1—
(I—K)(Sl—d(———))+K(S2—d(———))>0, - = K.,.ﬁ.
n q r2 g2 q q1 q2

So the claim is proved for all nonendpoint exponents given by (11).

= % Using S)forY1 =Y, = LQ(Rd) we

X _

It remains to discuss the endpoint case 0 < 1r;1x + 5 é

get the claim for all exponents satisfying

1 s

1— 1 1 1
FLX and ¢ > max{ry,rp}, ———175—75——5—2. (12)
rin d’" q  rn d

r1 n g

|
Q|
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Here the latter two inequalities correspond to 1, B2 # 0 in Lemma 4. From this we infer that the claimed
endpoint estimates hold for ¢ € {1, co} via the following cases:

e Caseq=1: r1 =rp =1, s1 =85, =0is trivial.

e Caseq=1:. ri=rp=1, §=0, 51 # 0 # s is covered by (12).

e Case g =00: rp =rp =00, 51 =52 =0 is trivial.

e Case g =00: ;-— 7 5L £ ;é 22 is covered by (12).

, %, é), 51,82 € {0, 1} is covered by Proposition 8(iii).

e Case g = 00: (d,rl,rz) = (
These are all cases involving g € {1, oo} and in particular claim (i) is proved. So we are left with those

endpoint estimates for 1 < g < oo that are not covered by (12).

Step 2: The claim holds for 1 < ry, r, < 0o due to

lellg S I(DY ullz S ICD) 1 ully 7 1{D)2ully,

where % = lr;l" + % This is a consequence of Sobolev’s embedding theorem [Bergh and Lofstrom
1976, Theorem 6.5.1] and the complex interpolation result from [loc. cit., Theorem 6.4.5(7)]. So we may
in the following assume {rq, 2} N {1, 00} # &. As announced earlier, we first deal with % - % = 222,
Step 3: Assume we are in the endpoint case with 1 < q <o, + -1 = %, r1 <rp (without loss of

Pri_ 12
generality) and {ry, 72} N {1, o0} # &. Then 1—" + == l = 5 implies - i — % = é = % — 7. We

distinguish the following cases:

e Casery; =1, rp = 1: This case is excluded, so there is nothing to prove.

e Case r; = 1, 1 <rp <gq: By Proposition 8(ii), (iv), we have [[u]lg,00 < [[(D)*'ull1, as well as
lullg,r» S I1{D)*?>ul|,. Applying the interpolation identity [loc. cit., Theorem 5.3.1]

LYR?Y) = (LT®°[RY), L% (RY))q, & € (0,1], (13)
we infer for all k¥ € [rz 1]

1_
q -~ q.kq ~ q,ra ~ 1 ‘ * Ircz
lllg < Nuell g el g < Nl g lllf -, S I(DY | {7 I{D)*>u

o Case ri=1,rp, =o00: We have to prove (10) for = <k < . It is sufficient to prove the claim first for
K= E and then for k = 2. We use [[u]lg,00 < (D )s‘u||1 and

b= [ 01w D) Fuar <Dl DY . (14

M\&
Q &.

lull7 2 < I(D)2"

In (14) we subsequently used Proposition 8(ii) and the L.2-isometry property of the Fourier transform, as well
ass; = %, Sy = —%. Real interpolation of these two estimates and 14 ([R{d) = (Lq’w([R{d), L9? ([Rd))z/q,q,
which is (13) for x = %, gives

1 1
llullg < IIMIIqoollullqz S DY ull{ (D)2 ullg. (15)
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1
q/
[1956] in a more general setting [Voigt 1992, Theorem 2.1] for the family of linear operators 75u :=
esz(D)s/z_d/qu, with s € C, 0 < Re(s) < 1. We have

So the claim holds for k¥ = é and we now consider k = —;. Here we use Stein’s interpolation theorem

Tit _ —£2 D it D —d < D —4d

[ u”BMO(Rd)—e (D) ({D) qu)”BMO(Rd)N”( )9 ulloo,
d_d 4
2 g 7

(14) 1 B
ullz2 < KDY« ullf (D)

d
q

8 D=

1 42
1T ully = &' (D) ul|

Here we used the validity of Mikhlin’s multiplier theorem in BMO(R?) to deduce that the operator norm

(D)t : L®(R4) — BMO(R?) is polynomially bounded with respect to ¢ and thus compensated for by

12

the mitigating factor e’ as |t| — oo. We refer to Proposition 3.4, Theorem 4.4 and the comments on

pages 20-21 in Tao’s lecture notes [2018], where such an application in the context of Stein’s interpolation

theorem is explicitly mentioned. In view of [BMO([Rd ), LZ([Rd )Mo = LZ/G(Rd ) for 0 < 6 < 1 we may
plug in § = 2 and get in view of 5; = %,Sz = —%

d 1 d 1 1
7

el = [ T7ully < (DY 7u 50 (DY ul)? (D)7 ul|2)? = |(D)* u|| 1{D)*2ul|&.

e Case 1 <ry <rp, =o00: We have to prove (10) for 1 < g < ry, ¥k > rq—‘.
esz(D)s2+s(Sl_52)u and obtain as before

We consider T u :=

i 14it
17" ullgmomay S D)2 ulloo. 1T ullr, S (D) 2l -
T __ S
So we conclude for k := T =55

1_
lullg = 1T ulln < I{DY2ullos“I(D) M ully,

This proves the claim for k = 7. Since the desired bound for k = 1 follows from Proposition 8(ii), we
get the claim for k € [r—l, 1].

e Case 1 <r; =ry = oo: This case does not occur because 1 g % - %1 = —% <0.
Step 4: To prove the remaining estimates we first prove restricted weak-type estimates [|u2]/g,00 <
[|lu ||( X1,X2) 1 for all exponents satisfying
-« « 1 § 1 1, s1—s52
0< +———-=> and l<g<oo and ——— (16)
ri rn q d o2 d

For s1 = s, = 0 this is implied by Holder’s inequality, so we may assume 5§ >0 or s =0, (s1,52) # (0, 0).
For 5 =0, (s1,52) # (0,0), ¢ = r; = rp this is implied by the strong estimates in the case (12), so we
may even assume § > 0 or 5§ =0, (s1,52) # (0,0), (r1,72) # (¢, q). For the remaining exponents the
weak estimate is a consequence of (6) because one can find g; € [r;, oo] such that

(1—K)(S1—d(i—i)) +K(S2—d(i—i)) =0,
. qi 2. q2

1 11—« K 1
— = +—, Si—d(———)750 q1 # 4.
q q1 q2 ri
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. .o, . . . 1_ 1 g .
Indeed, this condition is equivalent to “-* + = — = 7 and finding g> such that

1 1—« K K 1 K}
—— =—=—. @#q ——(l—fc)(———)sf'é 7 K (———2),
q r q2 " r2 q r o d

and such a choice is possible due to our assumptions. (In the case s =0, (s1,52) # (0,0), (r1,72) # (¢, 9q)

choose g2 =2, g1 =r1.) In this way we obtain [|u2| 4,00 < [l (x,,x,),, for all exponents satisfying (16).
We finally interpolate these restricted weak-type estimates with each other to prove strong estimates for
exponents as in (16). To this end let § > O be sufficiently small (but fixed) and & :=§ (sl 52 _ + %) #0

and define ¢, g™, K, k Vlaé—é‘— =q* +eand K —8 =« =k*+6. Then (§,r1,r2,%), (¢* ,rl,rz,/(*)

1
q
satisfies (16) and the reiteration property of real interpolation [Bergh and Lofstrom 1976, Theorem 3.5.3]
gives

luillg < “Ml”(Lq*([Rd) Lq(Rd))l v

S ”u”((Xl X2) e, la(XhXZ)K 1)1 P

< ||M||(X1,X2)M < ”PI(D)M”rl “N P2(D)ully,

Here the first bound uses é = %(ql* + %) and the third uses k = %(/2 +Kk¥). O

We have thus proved that the Gagliardo—Nirenberg inequality (3) holds for noncritical frequencies
whenever the exponents belong to the set

B(k) :={(q.71.72) € [1,00]> : (q.r1.72) as in Proposition 9}.

Remark 10. (a) The original Gagliardo—Nirenberg inequality |V/ vllg < ||va||}l_"||v||’,‘2 from

[Nirenberg 1959, p. 125] holds for j, m € N provided that Sk =(1- /()(———) and L<l-k<l.
Our result shows that “in most cases” the large frequency part of this estimate holds provided that
n% <1—«k < 1 holds and 1 7= 0= - — ) + £ The exceptions are due to the fact that, in

LY(®R?) or L®(R?), the term (D)/ u does not control Df u, i.e., not every single partial derivative of
order j. This is a consequence of the unboundedness of the Riesz transform on these spaces.

(b) Our proof indicates which function spaces to choose in order to get some endpoint estimates in the
exceptional cases as well. Roughly speaking, one may replace L7(R¢) by L4" (R?) for suitable r > ¢
and L (R?) by BMO(R?) on the left-hand side. On the right-hand side the Hardy space ! (R?) may
replace L!(R?).

(c) One may as well consider symbols P; (D) that vanish at some finite set of points in R4\ S. If for
instance one has P; (§) = b; (§)|€ —&* |/ near £* e R\ S for t1, t, > —d and nonvanishing b; € C*®(R?),
then one ﬁnds as in Proposition 9 that the interpolation estimate holds in this frequency regime whenever

I—K + P d , where 7 := (1 — )ty + k1. Under suitable extra conditions similar to the ones above,
thls may be extended to the endpoint case 1—" + = % = é.

(d) The proof in the important special case 1 < r1, 2, g < oo is much shorter than the complete analysis;
see the beginning of Step 2.
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4. Critical frequency analysis

We introduce a real number A¢(p, g) such that || T} lp—sq < 2~ /4:(P-9) holds for suitably defined dyadic
operators T“J that play the role of the 7} in the previous section. Unfortunately, the definition of A¢(p, q)
is rather complicated for d > 2. It involves the number

A(p,q) = min{Ag, A1, A2, Ay, A3, A5, Aq, A},
where A; = A;(p,q) and A} = A;(q’, p') are given by

k+2/1 1 k+2 k+1
A():l’ Alzi(___)’ AZZL_ + ,
2 \p ¢ 2 q
as well as

A3

2d —k 2d—k—1 k+2(1 1) 2d —k—2 2d—k-2
= - s=—|——— |+ — )
P q 2 q

2 q ' 2
The values Ag, A1, A’1 , Az, A’2 will be important for 1 < p <2 < g < 0o, whereas all other exponents
satisfying 1 < p < ¢ < oo come with A3, A%, A4, A}. Then we define for ¢ > 0

11 .
Ae(p,q):;—g ifd=1 Agp.q):=A(p.q)—e-Lpges ifd=>2. 17)

Here, £ denotes a set of exceptional points where we do not have strong bounds, but only weak bounds
or restricted weak-type bounds. It is given by

s={paenoopi itz 1K awlo k1, K46k+d
VPO Ty g T2k Dk +2) T g 20+ 1) p 20+ D(k+2)

and coincides with the red points in Figure 1.

We first prove dyadic estimates in the frequency regime close to the critical surface S. The latter
can be locally parametrized as a graph £; = ¥ (£’) after some permutation of coordinates, where
E=(§.&) € RI~1 x R ~ R, In view of (A1) we study operators of the form

T f = F ' (0@ €a—vEME) (&) =Kj* f, where

2 . (18)
Kj:=F '@/ Ga—vENXE))

and
Yy e CRMRY™, e Cé’o(Rd_l) and at least k € {1,...,d — 1} eigenvalues of

the Hessian D21 are nonzero on supp(y). (19)
In the degenerate case d = 1 we interpret (27 (£; — v (£'))) x(£) as n(2/ (£ —c)) for some constant ¢ € R.
Our analysis of the mapping properties of T“] follows [Mandel and Schippa 2022, Section 4]. Contrary

to the situation for 7}, only the bounds for j , 4-oo will be of importance. Repeating the proof of
Lemma 5 gives the following result in the one-dimensional case.

Lemma 11. Assume d =1 and n € C3°(R). Then we have

1T pog <2770 fori<p<g<co jel
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1
q
1
As
Ay
1
2
Ay A
_k A4
2(k+2)
k2
EFDEFD) Ao
A/
, 2
A5 |
k+2 _k+4 1 7

D=

2(k+1) 2(k+2)

Figure 1. Riesz diagram with the bounds for the mapping constant of f,— from Lemma 13.
The exceptional points from £ are in bold.

The bounds in higher dimensions are more complicated and depend on the number k € {1,...,d — 1}
of nonvanishing principal curvatures of S. We first analyze the kernel function K ; following [Mandel and
Schippa 2022, Lemma 4.4].

Proposition 12. Assume d € N, d > 2, let y, ¥, k be as in (19) and n € C§°(R). Then the kernel function
Ej satisfies for j € Z, j > jo

2d—k _2d—k—1 )
2 r

1K |l <27 fl<r<2. Koo <27. (20)

Proof. The bound || K 2 <27/ /2 follows from Plancherel’s identity and (18). Indeed,

IR)13= [ @ €= @)1 P ' 6a)

= [, 17 ( [ neiorar) ag
[Rdfl R
=277 131113

To prove (20) it thus suffices to show ||Ej |1 <27/ ((k+2)/2=d) a5 well as ||Ej loo <277, and to apply
the Riesz—Thorin interpolation theorem. These two norm bounds for the kernel function are consequences
of the pointwise bounds for arbitrary N, M € Ny

1K) Svm 277 (A +27 ea DM A+ DTN ] = elxal,

- . . X (21)
1K) Sp 277 0427 g DM A+ |xa)72 if X)) < clxal,
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where ¢ > 0 is suitably chosen. Indeed, choosing M, N sufficiently large we get

~ . . _ _k
||Kj||lsN,Mf(/ 2 (1427 g )M (1 + [xa) 2dx/) dxg
R\J|x'|<cxq

+ ( 2 (127 e M (1 4 3N dx’) dxg
R\J|x'|=cxy
<un 2 / (14277 1xg) Mg 111 + [ )5 dog
R
Lo / (U277 g™ (1 + x4 dcg
R
2]

o0
g4 (1 + g™ divg 4+ 21 / T R

<mn2’ /
0 27

_jkE2_
Smun 2770D,

Here we used 2/ > 2/0 > 0. So it remains to prove the pointwise bounds by adapting the arguments from
[Mandel and Schippa 2022]. We have

Kj()=cq 277 (F '@ xq) /R IR ED Yy ag!

for some dimensional constant ¢; > 0. We choose ¢ > 0 so large that the smooth phase function
D(E') = x' - 4+ xgy (£) satisfies [VO(E")| > ¢~ 1|x/| for all £ € R4~! whenever |x’| > ¢|xz|. In view
of y e Cg° (R?~1) the method of nonstationary phase gives

1K) S 27 [(F '@ x)l(+ XDV
v 277 (27 xg DM A+ X )TN for x> elxgl.

In the second estimate we used that 7 ~! is a Schwartz function. On the other hand, the theory of
oscillatory integrals gives (see [Stein 1993, p. 361])

~ . . k
1K)l Sm 277 (0 +277 g DM (1 + [xg )72 for [x'] < elxgl. U

Next we use Proposition 12 to find upper bounds for the operator norms of 7} as maps from L2 (R%)
to L9 (Rd), where 1 < p < g < oo. The latter condition is mandatory since T"J is a translation-invariant
operator covered by Hérmander’s result from [Hérmander 1960, Theorem 1.1].

Lemma 13. Assume d €N,d >2andlet y, ¥, k be as in (19) and n € C§°(R). Then, for any fixed & > 0,
1T lpsq 2749 forl<p<q=oo. jez.j=jo.
Proof. We first analyze the range 1 < p <2 < ¢ < oco. Plancherel’s theorem gives

1) fll2 = InQ7 Ea — v EMXEVFll2 S U ll2 = 1 f ]l
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due to 7, y € L%°(R?). The Stein-Tomas theorem for surfaces with k nonvanishing principal curvatures
[Stein 1993, p. 365] yields as in [Mandel and Schippa 2022, Lemma 4.3]

~ J = J 1 k

T; <272 . T <272 roif - < —.
175 1 llq A1l W75 1 12 1/ llg 72012
The Restriction-Extension operator f > F ~1( f doypy) for compact pieces M of hypersurfaces with k
nonvanishing principal curvatures has the mapping properties from [Mandel and Schippa 2022, Corol-
lary 5.1], so it is bounded for (p, g) belonging to the pentagonal region

1 k+2 1 k I 1 2
_> —7 - <—7 - - = Z T A~
p 2k+1) g 2k+1) p q k+2

So for these exponents and M; := {&§ = (§/,&;) € supp(x) x R: &g — ¥ (§') = t} with induced surface
measure doyy, = (1+ [V ()[?) /2 d&" we have for §(£) := x(&) f (E)(1 + |V (§)[>)~1/2

(22)

17 fllg < /R n@IONIF (& do,)lq dt < /R @701 glp dr <2771 f 1.

Moreover, [Mandel and Schippa 2022, Corollary 5.1] yields restricted weak-type bounds from L?!(R%)
to L9:°°(R?) for all (p, q) belonging to the closure of the above-mentioned pentagon, which implies
||TJ fllg.oo S2771 f |p.1 in the same manner. Interpolating all these bounds gives

||T lposg S 27 J(min{Ao,A1,42,45}—e1(p.q)ce) — 9~ JAe(P:q) forl<p<2<g<oo,e>0.

This finishes the analysis inthecase ]| < p<2<g<oo.For2<p<g<ooorl <p<qg<2weget
from Proposition 12

~ ~ ~ (k2
1T 151 + 1T loomoo S 1K 111 S 277 (574D,

Interpolating the estimates for (p, g) = (o0, o0) with the ones for p =2, g > 2 from above yields the
estimates in the region A5, A);; the dual ones follow analogously. So we get

||T lposg S 27 Jjmin{A3,45,44,44} _ >—JjAc(p, 11)

which proves the claim. O

The optimality of our constants is open. It would be interesting to see whether recent results and
techniques for oscillatory integral operators by Guth, Hickman and Iliopolou [Guth et al. 2019] or Kwon
and Lee [2020] (Proposition 2.4, Proposition 2.5) can be adapted to prove better bounds, especially
intherange | < p <g <2or2 < p < g < oo. Any theorem leading to a larger value of A.(p,q)
will automatically provide a larger range of exponents g, r1, 72 for which our Gagliardo—Nirenberg
inequalities hold. Candidates for such values > A.(p, ¢q) are given in [Cho et al. 2005, Lemma 2.2] and
[Mandel and Schippa 2022, Lemma 4.4], but it seems nontrivial to make use of those in our setting. Next
we use the estimates for T] to discuss the relevant operators at distance 2~/ from the critical surface
where j /' +o0.
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Proposition 14. Assume d € N and (A1) with a1,y > —1. Then there are bounded linear operators
T; : LP(RY) — L1(R?) and jo € 7 with Z/
we have, for all u € S(R?),

—jo Tju = u1 such that, fori = 1,2 and any given & > 0,

| Tjullq < 2/@= 4P| P, (Dyu|, forl<p<qg=<oc, jeZ j= jo

Proof. Recall u; = F ~!(t1i), where t was chosen in (4); we first consider the case d > 2. According to
assumption (Al) there are 11,..., 17 € C§° (R%) such that 7 4 ---+ 17 = 7 holds and S Nsupp(1;) =
{& e supp(1y) : éd = (5’ ), where § = T1;&}. Here, I1; denotes some permutation of coordinates in R<.
Since P; vanishes of order ¢; near the surface in the sense of assumption (A1), we may write

Pi(&) ') = [u+ (&) Eq — v ENIY +1u—©)Ea —viENZ* 1€,
with 774, 77— € CP(RY), y; € CR(RYTY), E:= 1€, (23)

for suitable functions y;, v; that satisfy (19). In view of this we define
= T, where Tui=F ! (©a) n@’ Ea —viEMu@)) =108

Since 0 does not belong to the support of 7, there is jo € Z such that u; = Z;’i jo Tju in the sense of
distributions. We introduce the smooth function n; (z) := n(z)|z|~% . Then Lemma 13 yields

1
1T7ullq sZnT ullg

=1
L
= |77 @ G~ EMuE)u®a®)],

L
=Y 20| F 02 Ga — i ED) o E) @i (§) + i () P (D)

L
< Y2/ | T (g4 (8) + i (E)) Py (D)“(é))H

2/ AP D P (D)u .

In the last inequality we used that 7j;4, 7;;— are L”-multipliers since their Fourier transforms are
integrable. O

In the forthcoming analysis we shall need the following auxiliary result. The proof mainly follows
Stein’s analysis of oscillatory integrals [1993, p. 380-386].

Proposition 15. Assume 0 < a < % and that y,y are as in (19), t € C§° (R9); set
Lou:=F (g =¥ ENT 2 EN(E)u).

Then Ly : L2(R?) — L9(R?) is a bounded linear operator for q := kzigtilg'
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Proof. Define the family of distributions y; as in [Stein 1993, p. 381] (called o in this book) via

52

e
I'(s)

where ¢ is smooth with compact support and {(y) = 1 for |y| < yo, where yg is chosen so large that
C(Eg— ¥ (&) = 1 holds whenever y(§")7(€) # 0. The family (y;) is extended to all s € C via analytic
continuation. Then introduce the family of linear operators

My f = F () ys(Ea — Y (EN ).

ys(9) = ==y "1t ()1ys0 if R(s) >0,

Plancherel’s identity gives

[Msfll2 <N fll2 if R(s) =1.
On the other hand

Myf =@ f ()= fs(—zq)- / (2 EVED g5
Rd—l

From equation (15) in [Stein 1993] and equation (32) in [Mandel and Schippa 2022] we infer

k
2

k
12(2)| < A+ |za) O+ |z4)72 <1 if R(s) = .

We conclude

- k
IMs flloo S SN iE 9 (s) = ==

Furthermore, for any given Schwartz functions f, g the function s fRd (My f)g is holomorphic in the
open strip —% < J(s) < 1 with continuous extension to the boundary. So the family Mj is admissible for
Stein’s interpolation theorem [1956, Theorem 1] and we obtain

IM120f 1y S 17l 0 €01 1-20==0)- (<3 ) 4001, = =4 D,
This leads to 6 = % and g = kZJ(rkztiL. In view of 0 < 2« < 1 this implies
|7 (&) G =y ENFUE—vENS), S Nl
Now we consider functions f = 722. By choice of ¢ and of y, we then have
|77 (D Ga = v ENF©28) ], S IF @Dl < lgllyr
This implies the claim given that this operator coincides with L, L. O

We now use the dyadic estimates from Proposition 14 to prove Gagliardo—Nirenberg inequalities in the
special case P1(D) = P»(D) where the exponents satisty A¢(p,q) = « € [0, 1]. This result plays the
same role in the critical frequency regime as Proposition 8 does in the noncritical regime. For d > 2 we
concentrate on exponents with 1 < p <2 <g < oo.

Lemma 16. Assume d € N and let P := Py = P satisfy (Al) for @ := a1 = ap € [0,1]. Then
luilly S | P(D)ullp holds for all u € S(R?) provided that
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(i) d =land 1 < p,q < ocosatisfy - — L =aand,if 0<a <1, (p.q) ¢ {(1, t25). (§.00)},

(ii)d22and1§[7§2§q§oosatisfy%— ;ql}>2k(]ﬁ<f)

é = k+2 and mln{

The estimate ||u1]lg,00 < || P(D)ul|p holds for exponents as in (i), (ii) or
(i) d=1, p=1,g= 1 ifa €(0,1),

. k k :
vy d=>2,1<p< 2154:5;)7 q= sz(rztgx ifae (% 1]'

Proof. With the same notation as before we have

PE) ) = [u+©)Es — v ENTE + 1§ (Ea — v EN 0@,
with 774, 7 € CPRY), g, € CEPRITY), & :=TIE,

for functions y;, v; that satisfy (19). Sou; = Zj —jo Tju. Assuming 1 < p <2 < ¢ < oo are chosen as
above we obtain (ii), (iv) as follows:

e Case d > 2, a = 0. Our assumptions give that A;(p, q) = o = 0 only occurs for p = g = 2. Here the
estimate ||u1|l2 < || P(D)ull2 follows from Plancherel’s theorem.

e Cased > 2, a € (0,1). We first consider the case a < % By assumption, (1 l) lies on the green

P’ q
diagonal line in Figure 2. By Proposition 15, the claimed inequality holds for the endpoints of that line
givenby p =2, g = k2+(kz—:212x and its dual p = kzi];ii)a’
each other provides the desired inequality for all tuples on the green line in Figure 2 and thus proves the

claim for o < %

q = 2. Interpolating these two estimates with

Now consider the case o > 1 . Our assumptions imply that (— —) lies on the blue line in Figure 2 with
endpoints excluded. In partlcular (; é) is in the 1nter10r of the A1 reglon so A(p.§) =42 (p ) for
all (5, ) close to (p. ¢). For small § > 0 we choose - = 1 +8 = 1_§. Interpolating the estlmates for

(p,q1) and (p, g2) with interpolation parameter 6 _q glves due to (ql —0)A:(p,q1) +04:(p,q2) = «,
the weak estimate ||u| 4,00 < ||P(D)ul|,. Here we used Uy = Z/—lo Tju, the dyadic estimates from
Proposition 14 and the interpolation lemma, Lemma 4. These weak estimates hold for all (;, é) on the blue
line with endpoints excluded. Interpolating these inequalities with each other gives |ully < || P(D)ul|p
for the same set of exponents, which proves (ii) for « € (0, 1).

To prove the weak estimate from (iv) assume o € (3, 1). For any given (% é) on the dashed horizontal

blue line in Figure 2 with left endpoint excluded we can choose ¢q1, g as above and the same argument
2(k+1) 2(k+1)

gives [ullg,00 < [[P(D)ullp. Since these exponents are given by 1 < p < 7527 Tto5a’

and g = we

are done.

e Case d > 2, o = 1. It was shown in [Mandel and Schippa 2022, Section 5] that the linear operators
(P(D)+i8)~L: LP(RY) — L7(R?) are uniformly bounded with respect to small |§| > 0 given that
our additional regularity assumptions on P from (A1) imply that S = {& € R? : P(§) = 0} is a smooth
compact manifold with |V P| # 0 on S. This implies |[u1]4 S || P(D)u||, and analogous arguments yield
the weak bounds claimed in (iv).
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1
q
1
A
Ay
el (AR
(@+1-200)k+2—4ap | .
2d(k+2)
1 , AO
'A
’ 1972
A5 : )
k420 17
2(k+1)

Figure 2. Riesz diagram showing the exponents 1 < p <2 <g < oo satisfying A;(p,q) =«
in the case ¢ = g € (%, 1) (blue) and for ¢ = ap € (O, %) (green). For the green resp.
nondashed blue, exponent pairs Lemma 16 (i), (ii) give |u|l4 < || P(D)u||,. In the case
o = ay the corresponding estimates from [Mandel and Schippa 2022, Theorem 1.4(ii)]
only hold for exponents on the magenta line. The picture was produced with parameter
values (d,k, a1, 02) = (4,2, %, %)

Next we turn to the one-dimensional case d = 1. The representation formula then reads

L
1 =3 F N ([us @)E - )7 + u_(©)E—E)="1P(Du), (24)
=1

where {P(§) = 0} = {£]..... &, }. Using our assumption
the following arguments:

é = o we obtain the claims (i), (iii) from

SIS

e Case d =1, « = 0. We then have p = ¢g and we first analyze 1 < p = g < oco. In this case the
Hilbert transform f +—> F ! (sign(S)f) is bounded on L?(R), and so is f > F ~!(sign(§ — Sl*)f) for
[ =1,..., L. So the representation formula (24) implies ||u1 ||, < || P(D)u||p. In the case p =¢q € {1, oo}
we make use of our additional regularity assumption 7; := 774 = 77— from (Al), so

L L
el < Y IF NG Py £ 3 IF @) * (PDYW)llp < | P(D)ullp.

Here we used that F ~!(z;) is a Schwartz function for / = 1,..., L.

e Cased =1, € (0,1). If 1 < p <g < oo we deduce the claimed estimate from the boundedness of
the Hilbert transform on L4(R) and the Riesz potential estimate || F~1(|- 7% f)|lg < || fllp- For p = 1,
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0 < a < 1 we have a weak estimate || F ~1(]- |_"‘fA)||q,oo < ||/ ll1; see [Grafakos 2014, Theorem 1.2.3].
Note that the Hilbert transform is bounded on L4:°°(R) as well by real interpolation.

e Cased =1, «a =1. We now have %—% =1,s0 p =1, q = co. We exploit the additional smoothness
assumption 7; 4 = —71;_ from (A1). Then P € C*°(R) is a smooth function with simple zeros &7, ....&;.
To prove the claimed inequality we start with the trivial estimate ||v]|oo < [|V’||1 = | F ~1(i£D)]|; for all
v € S(R). Translation in Fourier space gives ||V | oo < ||.7-'_1(i($—$l*)ﬁ)||1 foralu e SR),/=1,...,L.

So (24) implies as above

L

L
lutlloo < D IFHE—E) T HPDW)loe £ Y IF @ POl S I1P(D)uly. O

As remarked in Figure 2, claim (ii) of the previous lemma improves upon the corresponding bounds
from [Mandel and Schippa 2022, Theorem 1.4] in the case 0 < o < % We finally combine all these
estimates to prove Gagliardo—Nirenberg inequalities in the critical frequency regime. Given the rather
complicated definition of A¢(p, g), an explicit characterization of the admissible exponents is possible in
principle, but extremely laborious. We prefer to avoid most of the computations. Instead, we describe the
set of admissible exponents in an abstract way and provide the required computations in the reasonably
simple special case 1 < p <2 < g < oo that allows us to prove our main results. Proceeding in this way it
becomes clear how eventual improvements of Lemma 13 affect the final range of exponents. Once more
we exploit Bourgain’s summation argument, which allows us to argue almost as in the large-frequency
regime. On a formal level, comparing Lemma 5 (large frequencies) with Lemma 13 (critical frequencies),
we essentially have to replace s; —d (% — %) by Ae(7i,q;)—«; because the summation index now ranges
from some j = jo to 400 and not from j = jj to —oo. It will be convenient to formulate our sufficient
conditions in terms of & := (1 —k)a; + ko,

We provide a definition of the set A(k) of exponents (g, r1, r2) that are admissible for

lutllg < 1 PUDYlr7 | P2AD)ully,.  u € SERY). (25)

ry’
Lemma 16 provides the definition for k € {0, 1}, namely

A0) :={(g,r1,m2) €1, c>o]3 :(q,r1,01) as in Lemma 16(1),(ii)},

(26)
A1) :={(q.r1,72) € [1,00]° : (¢, r2,a2) as in Lemma 16(i),(ii)}.

In the case 0 < k < 1 the definition is more involved and relies on the interpolation lemma (Lemma 4)
and the dyadic estimates for critical frequencies from Proposition 14. Combining the latter with (6) we
obtain [u1llg < lull(x,,x,)., and deduce (25) for exponents (g, r1,2) belonging to the set

A1) :=1(q.r1,1m2) €[1,00)> : there are & > 0, g1 € [r1,00], g2 € [r2, 00] such that
1 1—-x « _
—= + —and (1 —k)Ag(r1,q1) + kAe(r2,q2) > a .
q q1 q2
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This result covers all nonendpoint cases in our considerations further below. Using (5) with Y1 =Y, =
L9(R?) we obtain [|u; lg < ||P1(D)u|| ¥l P2(D)ully, for exponents in

Aa (k) := {(q, r1.r2) € [1,00]% : ¢ > max{ry, r»} and there is & > 0 such that

(1—K)Ag(r1.q) + kAg(r2,q) = &, Ag(ri.q) # o, i =1,2}.

Next we use |[u|lg = |lu| ;_" ]| to deduce further estimates from Lemma 16 for exponents in

Az(k) :={(q.r1.12) € [1,00]° : (¢, r1,@1), (¢, 72, &2) as in Lemma 16(i), (ii)}.
Using (5) with Y, = L9 (R9), Y, = L92(R?), we get the weak bound lu1llg.00 < Il (x1,x2)c., for

exponents belonging to

Ay (k) :=1{(q,r1,m2) €[1, o0]? : there are € > 0, gy € [r1, 00|, g2 € [r2, 00] such that

1 1—« K
(1—K)Ae(r1,q1) + kAe(r2, q2) = @, i + P o # Ae(ri qi), q1 #q2 -
1 2

Interpolating the (weak or strong) endpoint estimates for A3 (k) U.A3 (k) UAY (k) with each other exactly as
in the final step of the proof of Proposition 9 we deduce [[u1llg < llul(x,,x5),., SN P1(D)u || Tl P2D)ully,
for exponents from

Ag(k) = {(q,rl,rz) €[1,00]3 :there are £ £ 0,8 >0, §,¢* €[1,00], ©,k* € (0,1) with

1 1 1
——e=—=—+¢ k0=« =k*+§ and
q q (4

(G.r1.12) € A (R)UA3(K)UA2(K). (g%.71.72) € AY (K*)UAz(K*)UAz(K*)}-

Summarizing these interpolation results we obtain the following interpolation inequality in the critical
frequency regime.

Proposition 17. Assume d € N, k € [0, 1] and (A1) for a1,z > —1. Then
lutllg < IPY (DYl I P2(Duls,, u e S®RY),

holds provided that (q,r1,12) € A(k) := A1 (k) U Az (k) U Az (k) U Ag ().

5. Gagliardo-Nirenberg inequalities and proofs of Theorems 1 and 2
We first discuss the one-dimensional case. As before, we use the notation
a:=1—k)a; +xay and §:=(1—«)sy+ks2.

Theorem 18. Assume d =1, k € [0, 1] and that (A1), (A2) hold for 51, 52 € R and a1, o > —1 such that
O<a<s. Then
lullg S IPL(DYuly I P2(D)ullk,. ueSMR),

holds provided that q,ry, 15 € [1, 00] satisfy & < I;IK + K- % <5, as well as the conditions (i), (ii), (iii)
and (iv), (v), (vi) in the endpoint cases lr;l" + rK_z - é =Sanda = _]K + rk_z — (—}, respectively:
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() If q :oothen%—sl £ 0 # %—sz or (r1,r) = (%é), 51,52 €10, 1},

i 1_s1_1_1_ s = r = 1 1
() If 1 < g < o0, HTd T g1 dandrl—lthen1<r2<q,/(>qorrz—oo,q</c<q,.
1 S1 1 1 52 r =
(111)If1<q<ooand—r1——d =7 d andry =1thenl <ri<gq, 1 —k > 7 07T =00,

1 1
<l < L
q—l K—Q"

(iv) If g = oo then %—al £ 0 # %—cxz or (ri,ry) = (%é) ap, o €40, 1}

V) If 1 <q < o0, %—m:é:%—azthenal,azem, andri =1,k <lonlyifl <r <gq, Kzrq—z.
i) If 1 <g < o0, %—cxl =é=%—o¢2 then ay, 0 € [0, 1] andrp = 1,6 >0o0nlyifl <r; <gq,
l—Kqu—l.

Proof. Proposition 9 shows that the large-frequency part of the inequality (involving s1, 52 and thus (i), (ii)

and (iii)) holds. In view of Proposition 17 it remains to show that all exponents satisfying & < lr;l" + r"—z -1

q
with (iv), (v) and (vi) in the endpoint case & = lr;l" + % — é are covered by A(x). In the case k = 0
this holds by definition of .A(0) from (26) because the requirement (71, q) ¢ {1, ﬁ, é, oo} if0<a <1

from Lemma 16 (i) is met by (iv), (v) and (vi). The discussion for ¥ = 1 is analogous. So from now on
consider the case 0 < k < 1.

We now retrieve some information about A(k) by exploiting the formula A.(p,q) = % — é for
1 < p <g < o0;see (17). Going back to the definition of the sets A; (k) we find
-« « 1 _
Al(K)=§(q,r1,r2)e[1,oo]3: +———>a%,
r r2 4
1— 1 1 1
@wﬁ%@m“@euwﬁz K+£——:@05———¢mmn:L4,
r2 g ri g
-« « 1 1 1
AAMD{@meMﬂLwP: +———-=@ ———=0; €[0,1] and
r2 g ri 1 q !
(ri,q)gé{ 1, )(—oo)% ifaie(O,l)forizl,Z}.
1—o; o

Since the interpolation inequality holds for these exponents, our claim is proved in the following cases:

1—«k K 1 vl

-ty — g > see Ap().

. 1?‘;1K + r"—z — é =a and ¢ = 1: we necessarily have @ = 0, r; = r, = 1, which is covered by A5 (k) for
a1,ap # 0 or Az (k) for o1 = ap = 0, respectively.

1—k K 1 __ = R 1 : 1 —0=1_
et = and g = 00: - —ay #0# 7y 02 is covered by A5 (k) and a1 =0=7—w
with a1, ap € {0, 1} is covered by A3 (k).

So it remains to show the remaining endpoint estimates dealing with 1 < g < co. By the definition of
AY (k) we have restricted weak-type estimates for exponents from

1— 1
Af(K):{(q,rl,rz)e[l,ooP: K+£——=5landthereareq1E[rl,oo],qze[rz,oo]
r2
1 1 1— 1
suchthat g1 # ¢2, —— — # a; (i = 1,2), K_,_i:_
Fi  gi q1 92 4
1— 1
={%mmﬂ€UwP: K+£——:m1<q<m.
ry q
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(Indeed, thanks to @ > 0 we may choose qil = % —& and S = é
1 <r; < 00, analogously for r, < 00.) This implies

— 1‘1;]" for small & > 0 provided that

3 11—« K 1 _ 1 1
: +———=a,1<g<o00, —— — F o —0y.
r1 2 q rr nrn

As(k) D {(q.r1.12) €1, 00]

This yields the claim for the following exponents:

rz % =a, | <g <ooand % — % # a1 —ap, which is covered by A4 (x),
. 5—1K+f—2—§=&, I <g<ooand - — 1 =a; €[0,1] with (r;,¢) # (1, =) if @ € (0, 1), which
is covered by A3 (k).

So it remains to prove the claim for

1 1 1
l<g<oo, ——a;=—-—=——0wop and
r q r2
) ri
[r1=1<r2<q, 1>k>—= or rmn=1<r <gq, 1>1—/<z—:|.
q q

By symmetry we may concentrateonr; =1 <r, <gq, 1 >« > %2, where the estimate follows from

(13
lullg < Nuellgroo g cq < Nl gos el -, < I PY(DYu ;™ || P2(D)ully,
Here we used Proposition 8(iv) and (ii) (for r = r»). o

Proof of Theorem 2. We apply Theorem 18 to the symbols P1(D) = |D|*—1,s >0 and P»(D) = I that
satisfy the hypotheses of the theorem for (o1, a2, 51,52) = (1,0,5,0). Then@ =1—«, 5§ = (1 —k)s, so

Theorem 18 implies that the Gagliardo—Nirenberg inequality holds provided that 1 —« < 1r1K + ;‘2 é <
(1 —k)s. The latter restriction comes from Theorem 18(i) and one checks that (ii)—(vi) are not restrictive
for our choice of parameters (a1, a2, s1,52) = (1,0,s,0), s > 0. O

We continue with the higher-dimensional case where a computation of A(x) N B(«x) is rather cumber-
some. To simplify the discussion we concentrate on the special case r{y =7, =r €[1,2] and g € [2, ]
and only consider the special ansatz ¢; = ¢» = ¢ in the definition of the sets A; (k).

Theorem 19. Assume d € N, d > 2,k € [0, 1] and that (A1), (A2) hold for s1,s2 € Rand a1, 02 > —1
such that 0 <a < 1. Then

lullg < I PL(DYu| S Pa(DYu]S, ueSRY),

holds provided that @ < 1, a1 # a2, 0 < k < 1 and the exponents r € [1,2], q € [2, 0] satisfy
l 1 k +2a
> N1 A0
rq) T 20k+1)

27)

as well as (q,r);é( é) ifs1 =82 =5€(0,d]. Inthe case @ =1 or a1 = a3 or k € {0, 1} the same is

true provided that the last condition in (27) is replaced by mln{% qi} > Zk(,j_’z_‘i‘).




3470 RAINER MANDEL

Proof. The conditions for large frequencies (involving s1, s2) were shown to be sufficient in Proposition 9.
So we concentrate on the critical frequency part involving o1, a». The following computations are based
on the formula A.(r,q) = A(r.q) — &+ 1(pq)ce. Where

2(1 1 2 1 1
Avﬂ%ﬁm%Lg;_( )k+ K+l k k4

roq
for 1 <r <2 <¢g <o0; see (17) and Figure 1. Our definitions of A; (k), Az (k), A3(k) yield in the case
O0<k<1

2 g = 2 r

A1() D{(q.r,r) €[2,00] x[1,2]? : Ae(r,q) > @ for some & > 0},
Ar() D{(q.r.r) €2, 00] x [1,2]? : Ag(r,q) = & for some & > 0, o # @ # a2},

As(k) D {(q, r.r) € (2,00 x[1,2]%: Ag(r.q) = @ for some ¢ > 0, a1 =@ = a5 € [0, 1]

(11 k +2a
and min{ —, —; > ——— .
rq’ 2(k+1)
From A(k) D A1(k) U Az (k) U Asz(k) we thus get

A(k) D %(q, r,r) €[2,00] x[1,2]*: Ag(r, q) > & for some & > 0 and

11 k +2a
if Ag(r,q) =& =a; = ap €0, 1] then min{—,—} + }
r

717 20+

Since Ag(r,q) > a for some ¢ > 0 is equivalent to

_ k+2& i =
1 1 2 1 1 > =2 ffa<1and o o,
L min{—,—} 2k(/:£1) o 1 # o
roq k42 roq >2(k—4:1[) ifa=1ora; =as.

This proves the claim for 0 <k < 1. When « € {0, 1} the claim follows from (26) and Lemma 16(i), (ii)). O

Proof of Theorem 1. We apply Theorem 19 to Py(D) = |D|* — 1, P»(D) = I. Again, the hypotheses
of the theorem hold for («1, a2, 51,52,k) = (1,0,5,0,d — 1) because S is the unit sphere with d — 1
nonvanishing principal curvatures. O

6. Local Gagliardo-Nirenberg inequalities

In [Fernandez et al. 2022] it was shown that a “local” version of Gagliardo—Nirenberg inequalities
is of interest, too. Here one looks for a larger set of exponents where (3) holds under the additional
hypothesis || P1(D)ull;, < R||P2(D)u|,,, where R > 0 is fixed; see Corollary 2.10 in that paper. A

simple consequence of our estimates above is the following.
Corollary 20. Assume d € N, k € [0, 1] and (Al), (A2) for s1,52 € R and ay,az > —1. Then the
inequality

lllg < (R0 + R || (DY, | P2(D)ul,

holds for all u € S(R?) and satisfying || P1(D)u I, < R||P2(D)ulr, provided that for some k1, k2 € [0, k]
we have (q,r1,r2) € A(k1) N B(ka).
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Proof. Choose k1, k2 as required. Then Proposition 17 gives
l1llg < 1 Pr(DYully 7 | Pa (D))
= (IPL(DYullyy | P2(DYull )T - [ Pr(Dyully 7| P2 (D)ully,
< RV Pr(D)ully; || P2D)ully,.
Similarly, Proposition 9 implies
luzllq <R[ Pr(D)ull; || P2(D)ully,.
Summing up these inequalities gives the claim. O

In the context of our particular example P1(D) = |D|* —1, s > 0, and P>(D) = I this gives the
following generalization of [Ferndndez et al. 2022, Corollary 2.10].

Corollary 21. Assumed €N, d > 2, k € (0,1), s > 0. Then
lellg < R+ DD = Duly [l

holds for all u € S(R?) satisfying ||(|D|* — Dul|, < R|ul|, provided that (q.,r) # (o0, %) if0<s<d
and

(i)d=1,lfr,qfooandl—/cf%—éfsor
- 2(1—k) 1 1 - 411 k+2-2
(i) d =2, 1<sr=<2=<q=ocand 57—555,mm{;,7}2 2(k+1;<'

Proof. This corresponds to the special case
(k1,62) = (k,0) and (op,02,51,82.k,r1,72)=(1,0,5,0,d —1,r,r)

in Corollary 20. The computation of A(k) and B(0) can be done as in the proof of Theorem 19. Note
that the assumptions imply ¢ =1 —k € (0, 1), o1 # oz and 0 <k < 1. O

7. Gagliardo-Nirenberg inequalities with unbounded characteristic sets

In the previous sections we provided a systematic study of Gagliardo—Nirenberg inequalities, where the
characteristic set S of the symbols is smooth and compact. In the case of unbounded characteristic sets
our analysis works for Schwartz functions whose Fourier transform is supported in a given bounded set,
but an argument for general Schwartz functions is lacking so far, even in the case of simple differentiable
operators with suitable scaling behaviour like the wave operator or the Schrodinger operator. In the
L2-setting, a less technical approach based on Plancherel’s identity can be used. We follow the ideas
presented in [Ferndndez et al. 2022] to prove Gagliardo—Nirenberg inequalities of the form

lullg < 119 — Aul 7 ulls, u e SR, (28)
lvllg S llidew— Av| 1 |lv]k, v eSRY), (29)

where r = 2. We denote the space-time variable by z = (x, 1) € RI-IxR=RA.
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Theorem 22. Let d € N. Then (28) holds provided that r =2, q = #‘i‘“{, where % <k<lifd=>3
and Y <k <1ifd =2.

Proof. We first consider the case d > 3, and define C; := {£ = (§/,&;) e R¢ : 55 —|€’|> =t} and the
induced surface measure o;. Then we have the representation formula

u(z)=cd/ At de =4 // A(E)E 7 doy (€) dt

where ¢y = (27)~%/2. Strichartz’ inequality [1977, Theorem I, case III(b)] implies that we have for

2(d+1) 2d
a1 S4=43

1, =1
lully < | IF @] doy)llg dt
R
d—1_d . _4
N IR|f| a7 2y, doy) 1

d—2_d . _1
< Rlll ¥ 24 lul - "2 2, doy) 41

Here, the factor |¢|@—1)/4=4/24) i obtained via scaling and in the last estimate we used |£| > /|¢| for
& € C¢. On the other hand, Plancherel’s theorem gives

o=l = [ 1651 PRI g

—l 215 2 1e1—1
[ et doe

N Y N0 SIS B )
_E/Rt 1l 172 172, doyy 4

2 1 A -1
||U||2=§/R”“|'| 2||L2(Ct9dgt)d[

Writing ¢(¢) := ||i] - |_1/2||L2(Ct,da,) it remains to prove that the quotient

d=2__d_
fR|t| 4 2q(p([)d[

1=k ©

(2002 dr) =" (002 dr)?
is bounded independently of ¢. According to [Fernandez et al. 2022, Lemma 2.1], with w(z) =
|¢|(@=2)/4=d/ Q) ), () = 1 and wa(r) = ¢, this is the case if and only if the following quantity is finite:

and

11—k w 1—k |t| 2 ~q 5
Sups 2 |1 =sups 2 - dt
5§>0 (w? +sw2)2 L2(R) >0 r 1+st
d=2_d 1
—1(4-4 lp| 2 "4 2
=sups =N —2d:0 )
s>0 R 1+ P
This leads to g = 734 In view of 241 < ¢ < 24 this requires § < k < 52, but the upper

bound for ¥ may be removed just as in [Fernandez et al. 2022, p. 20-21] by combining the already
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established inequality for % with
2(d +1) 1 1-6 0
1—-60 0 —
lullg < Il [Juell 2441 2=q= d—1 5 ) + 2(;74—11)'
In the case d = 2 the analogous reasoning based on [Strichartz 1977, Theorem I, case III(c)]. It is

also shown in that work that the above estimates are valid for 6 = % <g< dz__dz = oo and thus

1 d+2 : : . : 1
2 <K=3505D The same interpolation trick then allows to extend this to the whole range k > 7. [

We now apply this method to the Schrodinger operator.

Theorem 23. Let d € N,d > 2. Then (29) holds provided that r = 2,q = 290 and L <« < 1.

Proof. Define Py := {§ = (¢, &4) € R? : £5 —|&'|> =t} and the induced surface measure o;. Plancherel’s
identity gives

o= [ [ 106l PR g

= [ W[ B € PR g d
R Rd—1

= [ [ eV ag P a ar
R R4—

-1,
= [ W 18002y
where 0 (£) := 0(/1€',1E7)(1 + 4|€')>)~1/4. Similarly,

d—1
Jidw = avl = [ >+
R

A2
”vt”Lz(P],dU]) dt.

Strichartz’ inequality from [Strichartz 1977, Theorem I, case I] implies for ¢ = %
ca [ [, o€ 0+ g PP ag ay
R JRA—1
s / / BE 1+ 8 2)el=E D g
R R4—1
dt

d—1
s/mz
R q

$ [ 10| G ) (1 4P don) (W ez di

lvllg =

q

dt
q

‘/ D(VIE 11 4[5/ P))e= VEAIHET) g/
Rd—1

d—1_d+1 —1/A _1

= [T e ) (4l don)
d—1_d+1 1

< [ 10T S 6 1+ HEPY 2,0

d—1_d+1
5 [R|t| 2 24 ”vt”Lz(P],dU])d['
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We set (1) = |t]@—D/4|5, l22(p,, do,) @nd it remains to show that the quotient

I |z|%—‘%‘¢(z) dt

(o202 dt) = (g2 )
is bounded independently of ¢. We apply [Ferndndez et al. 2022, Lemma 2.1] once more:

d—1

1
[ ) = (- )— /|p A )
sup s =N dt] =sups 2 — d
s>18 (/ 1+ 512 s>€ Vs 1+ p? P

D=

ol T \2
—x_d+1 , d+1 q
—supsT 8 T ag ( p—zdp) .
§>0 R 1+p
This term is indeed finite for g = % and k¥ = %, which proves the claim in this special case. The
claim for general x > % follows as above by interpolation. O

We conjecture that at least for 1 <r <2 <¢g < oo and 0 < k¥ < 1 the inequality (28) actually holds for
exponents

11 2(1—«) min%li}> d — 2 G0)

r g Ty
whereas the corresponding inequality involving the Schrodinger operator holds whenever
I 1 2(1-«k) (11 d+1—2/<
—-——=——", min _—
r’q 2d

rog d+17
Note that the Sobolev inequalities [Jeong et al. 2016, Theorem 1.1] then take the form of the endpoint
estimate x = 0 in (30).

roqg d
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