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SMALL CAP DECOUPLING FOR THE MOMENT CURVE IN R?

LARRY GUTH AND DOMINIQUE MALDAGUE

We prove sharp small cap decoupling estimates for the moment curve in R3. Our formulation of the small
caps is motivated by a conjecture of Demeter, Guth, and Wang about L? estimates for exponential sums.

1. Introduction

We use high-/low-frequency methods to prove small cap decoupling inequalities for the moment curve
M3 ={(t,12,1%) : t € [0, 1]} in R%. We begin by describing the problem and our results in terms of

exponential sums. The motivation for this paper is to prove Conjecture 2.5 with n = 3 from [Demeter
et al. 2020], which we state now. We use the standard notation e(r) = 27",

Conjecture 1. Foreach N > 1, 0<o <2,and s > 1,

N 2
[O,I]ZX[O,I/NUJ

A
Ze(kxl +k2x2 +k3X3) dx < C.NE[N*™° + N2S—6].
The s = 1 and s = oo versions of this conjecture are easily verified using L?-orthogonality and the

k=1

triangle inequality, respectively. When o = 0, this is Vinogradov’s mean value theorem, solved in three
dimensions by Wooley [2016] and using decoupling for the moment curve by Bourgain, Demeter, and
Guth [Bourgain et al. 2016]. The case of 0 = 2 was proven by Bombieri and Iwaniec [1986] and by
Bourgain [2017b] using a different argument. In [Demeter et al. 2020], they prove a slightly more general
statement which implies Conjecture 1 in the range 0 <o < % We prove the following general exponential
sum estimate which implies Conjecture 1 for the full range of o.

Theorem 2. For each N > 1, 0 <o <2, interval H of length 1/N°, and s > 1,

N 2s

/ > arelkx) +kxy +Kx3)| dx < CoN[N° ™7 + N>
[0.12xH| =

for any ay, € C satisfying |ax| < 1.

The terms in the upper bound come from two examples. The upper bound N°~¢ follows from taking
random a; € {1}, by Khintchine’s inequality. The upper bound N 256 follows from the example ag =1
and noting that the integrand is = N2 on roughly the box [0, 1/N] x [0, 1/N2] x [0, 1/N3]. Theorem 2 is
an estimate for the moments of exponential sums over subsets smaller than the full domain of periodicity
(i.e., N3 in the x3-variable). Bourgain [2017a; 2017b] investigated examples of this type of inequality.
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Theorem 2 is a corollary of a small cap decoupling problem for M?, which we now describe. For
R > 1, and small cap parameter 8 € [% 1], consider the anisotropic small cap neighborhood

M3 (RP,R) ={(51,62,8) : &1 €10, 11, |6 —&7| < R, |5 — 3615 + 28] < R7'}.

This is the anisotropic neighborhood of M? at scale R? (for which canonical decoupling for the moment
curve applies) plus a vertical interval of length R~!. Next we define small caps y, which form a partition
of M3(RP, R) and are defined precisely in Section 2.3. Each y has the form

y =11 6,6) IRP <& <(U+DRP, |6} <R, |5 -3616+28 <R}y (1)

for some integer [, 0 <[ < RP. If /8 =1, then y coincides with canonical R™'/3 x R™%/3 x R!
moment curve blocks. In the range < ,B < 5, y is essentially equlvalent to the R~'-neighborhood
of a canonical R~# x R2f x R_3/3 moment curve block. In the range 5 < B <1, y looks like a
canonical R~# x R™2# x R~3# moment curve block plus a vertical R~'-interval. In each case, y has
dimensions R™# x R=2# x R~!. Our definition of small caps using the vertical R~! neighborhood is
motivated by Theorem 2, which we explain further in Section 1.1. See the paragraph following (2) for
some remarks about the decoupling problem associated to small caps which are the (3-dimensional)
R~ !-neighborhood of canonical R~# x R=2# x R~3F blocks.
The small cap decoupling theorem we obtain is:

Theorem 3. Let % <B<landp=>2 Then

1F17 ) gy < CeRE(RPWITD 4 R 1>Z||fy||mw

for any Schwartz function f : R®> — C with Fourier transform supported in M>(RP, R).

The only other result of this form that we are aware of is in [Jung 2023], which essentially proves the
B= % case of Theorem 3. The proof of Theorem 3 uses the same framework as the high-low argument
from [Guth et al. 2024]. We require a crucial new ingredient, which is small cap decoupling for the cone
established in [Guth and Maldague 2022]. See Section 1.2 for some discussion of the role of small cap
decoupling for the cone in the proof of Theorem 3. Modulo some minor adaptations, our high-low proof
of Theorem 3 with g = 3 actually yields the stronger (¢£2, L”)-decoupling estimates from [Bourgain
et al. 2016] rather than the (P, L?) inequalities stated in Theorem 3. See Section 1.3 for a sketch of
the necessary adaptations. The powers of R in the upper bound of Theorem 3 come from considering
two natural sharp examples for the ratio || f ||1,§ / (Zy Il fy ||(§,)p /4 The first is the square root cancellation
example, where | f [ ~ XB s forall y and f = Zy ey, fy, where e, are 1 signs chosen (using
Khintchine’s inequality) so that || £ || ~ RPP/2 R3max(28.1) and

||f||§ S RA(/2) R3max(28,1)

~ RB(p/2-1)
> N f Ny~ RER3m@AD R :

The second example is the constructive interference example. Let f, = RA+2B+1 11y, Where 1, is a smooth
bump function approximating y,. Since |f| = |Zy fy| is approximately constant on unit balls and
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| £(0)] ~ R?, we have

115 o R

~ pB(p—H—-1
>, Ifylly = RERF+26H R . .

We remark that the arguments in this paper could also be used to analyze small cap decoupling
problem with R~! neighborhoods of canonical blocks. These are different from taking the vertical R~
neighborhood in the range % < B < 1. For example, if we consider the constructive interference example
for the R~'-neighborhood small caps, then each fy is equal to ~ 1 on a dual set of size R? x R x R,
which leads to the lower bound

115 . R

~ RB(P—2)-2
AT G

If p>6+4+2/8 and % < B <1, this is larger than the factors of R in the upper bound from Theorem 3,
so optimal small cap estimates for the R~ neighborhood would not have the same upper bound as
in Theorem 3. In the R~! set-up, there is also a third type of example which dominates for certain
parameters 8 and p: the block example f = 1}y, with 6 a canonical R~!/3 x R=2/3 x R~! block. This
leads to extra cases and a more complicated proof that we do not present here.

An immediate corollary of Theorem 3 is the following general exponential sum estimate.

Corollary 4. Foreach 3 < <1,2<p <6+2/B,and r > R™*A.D,

|Q,|—1f
0,

for any r-cube Q. and any collection E C [0, 1] with |E| ~ RP consisting of ~ R™P-separated points
and a; € C with |ag] S 1.

p
3 acelx - (€,82.6Y)| dx S RV

Ee€E

Note that the corresponding corollary of canonical decoupling M? only holds in the range » > R3%.

For a, b > 0, the notation a < b means that a < Cb, where C > 0 is a universal constant whose
definition varies from line to line, but which only depends on fixed parameters of the problem. Also,
a ~ b means C~'b < a < Cb for a universal constant C, and a <. b means that the implicit constant
depends on ¢ > 0.

The paper is organized as follows. We explain the implications of Theorem 3 in Section 1.1 and give
some intuition for the proof of Theorem 3 in Section 1.2. Then in Section 2, we develop multiscale
high-/low-frequency tools and lemmas. Some of these tools are very similar to those developed in [Guth
et al. 2024], but the high-frequency analysis uses the geometry of the moment curve and relies on small cap
decoupling estimates for the cone recently established in [Guth and Maldague 2022]. We use these tools
in Section 3 to prove a weak (superlevel set) version of Theorem 3 for the critical exponent p. =64 2/8.
Then in Section 3.2, we perform a sequence of pigeonholing steps analogous to those in Section 5 of [Guth
et al. 2024] to show that Theorem 3 follows from the superlevel set version with the critical exponent.
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1.1. Implications of Theorem 3.

Corollary 4 follows from Theorem 3. Let ¢, be a nonnegative Schwartz function satisfying ¢, 2 1
on Q,, supp g, C B,-1,and [ |$o,|” ~, |Q,|. Then the function

f) =) ace(x- (€&, &), (x)
EcE

satisfies the hypotheses of Theorem 3. Using the triangle inequality, we may split the indexing set E into
O (1) many subsets &’ so that each & € E' is identified with a unique small cap y which completely contains
the r~!-neighborhood of (&, &2, £%). This is possible because r > R™*(A.D, 5o a ball of radius »~! can
be completely contained in an R~# x R=2# x R~! small cap y, whose geometry is described in detail in
Section 2.3. Applying Theorem 3 in the range 2 < p < 6+2/8 gives

|FIP Se REPPZDFEN "lace(- (€, 82, 89))o,llh ~ RPPIPH|Q, ). O
O

IS0

Theorem 2 follows from Theorem 3. Begin with the integral on the left-hand side of Theorem 2. Perform

the change of variables (x1, X2, x3) = (y1/N, y2/N?2, y3/N?3):
i k kK
age|y-| =5 =3
AN VAN B E

N
Using the periodicity of the exponential sum in the first two variables,

«KO,I]ZXH Z
i kKK
ae ° _7 _7_
k=1 IV NS N
- Z kK kK K
are|ly-| = —5: 3
i Y\N NN

k=1
Let ¢ be a bump function which satisfies ¢y = 1 on [0, N3 x N3H, supp (2;H c [0, N3 x [0, N° 73],
and [ |¢y|? ~, N°7°. Then
N 2s
dy S f
R3

ko k2 k3)) N ( (k k2 k3>)
are\y- -\ —> 75 T2 ae\y- -\ —> =5 7= ¢H()’)
»/[O,NS]ZXN3Hk2:1: ( (N N2 N3 k; N N2 ]\/3

Then apply Theorem 3 with p =25, R = N37%, and B defined by R? = N, which means that g =
1/3—0) €[3.1] (since o €0, 2]), giving

ol k k2K
/;@3 de€<y‘ (ﬁ N2’ F))(f)H(y)
k=1

Incorporate the extra factors from the substitution and the periodicity steps, and use the assumption
lax] < 1 and the property ||¢H||%§ ~s N°77 to get the bound

2 2s

)
dx=N"°
[0, N1x[0,N2]x N3 H

are(x - (k, k%, k%))

2s
dy

/[O,N]x[o,Nz]me 2s
=N} dy.

[0,N32xN3H

2s
dy.

2s N
dy Se REIRPO™D 4 RED-113" 0 g 1.
k=1

N

~/[O,1]2><H Z

k=1

2

are(x - (k, k>, k*))| dx <, N"ORE[RPGU—D 4 RACs=D-1 1y NO=7,
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Finally, using the relationship between R, N, 8, and o, the upper bound simplifies to

NS[N(sfl) +N(2374)7(370)]N170 — NS[N370 +N2s76]’

as desired. O

1.2. Some intuition behind the proof of Theorem 3. Here we describe one of the cases from the proof
of Theorem 3 which illustrates the role of small cap decoupling for the cone. After a series of standard
reductions which are also used in [Guth et al. 2024], to prove Theorem 3 it suffices to show that

a®/P){x € Browep 1o < [ e RERFPFD N£ 115, 3)
Y

where o > 0, Bgmaxcs is a ball of radius R™*#:Dand we have the extra assumption that || frllo S1
for all y. The spatial localization to a ball of radius R™*2#:1) is natural since this is the smallest size of
ball that contains an R? x R*® x R wave packet dual to each y* Consider the special case of maximal o,
so o ~#y ~ RP and call {x € Bgmucp. : R ~ | f(x)|} the high set H. Using a local trilinear restriction

estimate for the moment curve, recorded below in Proposition 27, we show roughly that
(RH°|H| sf PFARE))
N, RB (H) y

Suppose that on most of NVgs (H), we have > | f, I>(x) < |Zy | fy 12 % 07s g5 2 () where 7. g-5/; is
smooth approximation of the characteristic function of the set %R*ﬂ <|€| <2R~P. Each | fﬂz\is supported

3
dx.

in y — y. Writing m(t) = (¢, ¢, t?) and using the definition (1), the support of each |fy|2ﬂ>R—ﬂ/2 is
approximately contained in

{AM'(IR™P)+ Bm"(IRP)+Cm"(RP): JRP<A<RP |Bl<R ™, |CI<R'}.

In Section 2.3, we show that these sets are disjoint for distinct/ € {1, ..., RP}, and each of the above sets is
contained in the R ~#-dilation of a conical small cap. Note that this is not exactly true when g = 1, which is
why we use cylinders instead of balls to cut out the low set in the actual argument. Ignoring this technicality,
this means that we may apply a small cap decoupling theorem for the cone to bound the integral

/./\/R,s(H)

Finally, the functions Zy | fy|* and |Zy | £ |7 % 112 gs /2| are roughly constant on R” balls, which implies
that for any p > 0, we have

3

D P iiagerp

14

3+p

1
(RP)°IH| < — dx.

RBP N s (H)

D U P gepp(x)
Y

This is an important observation since we have more factors of R? in the denominator on the right-hand
side and we may choose p so that 3 + p is the critical exponent for the scale of conical small caps that
we have, thus using the full strength of the small cap decoupling theorem for the cone. Our argument
shows that each of these steps can be sharp, which leads to the upper bound (3).
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1.3. Canonical (¢*, L?) decoupling in the case B = % In this section, we sketch a small variation of
our argument which recovers the sharp (£2, L?)-decoupling estimates for M3 of [Bourgain et al. 2016].

As in [Guth et al. 2024] for the parabola, pigeonholing arguments combined with a version of
interpolation with L? and L estimates may be used to show that proving the critical (¢, L'?)-decoupling
inequality implies sharp (£, L?)-decoupling inequalities for all other p > 2. It further suffices to prove
the following level-set version of the inequality:

6
Ol12|Ua| 58 R8 (Z ”fV”iIZ(WBR)) ) (4)
Y

where Br C R? is any ball of radius R, U, := {x € Bg : |f(x)| ~ a}, and wp, 1s a weight function
adapted to Bg. Via pigeonholing steps similar to those in [Guth et al. 2024], we may assume that each f,
is either identically equal to 1 or has a wave packet decomposition f, = ZTV Vr,, where the T, are a
subset of a tiling of R by disjoint translates of the dual set y* (which has dimensions R'/? x R?/3 x R),
each function V7, approximately satisfies |1, | ~ xr, (xr, the characteristic function of T,), each T),
intersects B, and the number of 7, which appear in the sum f,, = ZTV WTV 1s ~ A for some constant A that
is independent of y. Notice then that each L'? norm appearing on the right-hand side of (4) is essentially
- 1/342/341
”fV”le(wB ) AR/ / )
and so is uniform in the nonzero f,. We also have || f, ||€1,(w3 ) ~p A - R? for any 2 < p < oo. Since
R
each f, is made up of wave packets which all have height 1, || f, ||OO S
In the proof of Theorem 3, we bound |U,| by dividing U, into O(e~') many subsets and bounding
each subset separately. Those subsets are H, €2, and L and are defined in Definition 13 below (there are
no Ay when g = %) We replace the R? factor which appears in each set by #{y : fy #0} =:#y. The
only further modification needed is to replace R” in the pruning process by #y. Then each FI’; satisfies
| kak loo Se RE(#y /). Considering the bound for | Ag|, for example, the argument then yields

a6|A |< Rg( J/) <Z ||fy||lL/63(BR)>

The right-hand side (without the C, R® factor) is essentially

6
a OHy AR ~ a0 (Z 17y ”i”(w)) ’
Y

so we have the desired L!? estimate.

2. Tools for the high/low approach to M?

We perform a high/low frequency analysis of square functions at various scales, incorporating the pruning
process for wave packets analogous to [Guth et al. 2024]. We develop language to discuss canonical
caps and small caps of various scales, associated wave packets, and averaged versions of functions which
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satisfy useful locally constant properties. Then we write a series of key lemmas to analyze the high/low
frequency portions of averaged, pruned square functions at various scales.

Begin by fixing some notation. Fix a ball B gmacs.1) of radius R™*?A: D, The parameter o > 0 describes
the superlevel set
Uy = {x € Brmaxapny 1 | f(x)] > a}.

Fix 8 € [%, 1] and R > 2. Let ¢ > 0 be given and consider scales Ry € 8N closest to R¥¢ for R™1/3 <
Rk_l/3 < 1, and scales r € 2N closest to R'/31%¢ for R=F < rk_1 <R3 LetN distinguish the index so
that Ry is closest to R. Since R and Ry differ at most by a factor of R?, we will ignore the distinction
between Ry and R in the rest of the argument. Similarly, assume that ry; = R? for some index M e N.
The relationship between the parameters is

1/3

1=Ry <R/ <R’

k+1

13
SRN :rOSmerrrH»lSrM:Rﬂ-

Next we fix notation for moment curve blocks and small caps of various sizes. For the explicit
definitions, see Section 2.3 below.

(1) {y} are small caps associated to RP and R, meaning ~ R~ x R~ x R—3f moment curve blocks
plus the set {(0,0,2): |z| < R™!}.

(2) {yx} are small caps associated to r;y and R, meaning ~ rk_1 X rk_2 X rk_3

the set {(0,0,z) : |z] < R™'}.
—1/3

moment curve blocks plus

(3) {6} are canonical ~ R x R™2/3 x R~! moment curve blocks.

(4) {rx} are canonical R, 173 & Rk_2/ 3% R, " moment curve blocks.

The specific definitions of y, y, 6, tx in Section 2.3 provide the additional property that if yx N yk4m # &,
then y4+m C yi (and similarly for the ty).

We assume throughout this section (actually until Section 3.2) that the f), satisfy the extra condition
that

5 <yl <2 or Nfyllpems) =0 )

2.1. A pruning step. Here we define wave packets for blocks y%, 7¢, and prune the wave packets associated
to fy,, fr according to their amplitudes.
For each y, fix a dual block y;* with dimensions 7, I'x e 2 x R which is comparable to the convex set

(xeR®:|x-&|<1forall &€ € y — ).
For each 7, fix a dual block 7;° of dimensions R,i/ 3 % R,f/ 3% Ry which is comparable to the convex set
(xeR®:|x-&| <1forall &£ € 7 — ¢}

The main difference between dual small caps y;" and dual canonical caps 7;° is that for each k we have
Ve =i if vk, Yk C 0, whereas the 7/ are all distinct.

We will describe wave packet decompositions for small caps {yx} and for canonical caps {tx} in parallel.
Let T,,, T, be the collection of tubes T},

«» T, which are dual to y, ¢, contain y;*, 7", and which tile R,
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respectlvely Next, define associated partitions of unity ¥, , ¥r, . Let ¢(§) be a bump function supported

in [—1, —] For each m € Z3, let

Y () =c/ P12 — y —m) dy,
[—1/2,1/23

where c is chosen so that ), /3 ¥ (x) =c fR3 |¢|> = 1. Since || is a rapidly decaying function, for
any n € N, there exists C,, > 0 such that

C C
lﬁm(X)fc/ - 2y 4 = e
(—1/2,172p (L+[x —y —m[5)" (14 |x —m[?)n

Define the partitions of unity ¥z, , " WTT associated to %, T to be WT =YnoA,, WTT (x) = lﬁmOArk, where
Ay,, Ax, are linear transformations taking ;.7 to [—1, 2] and Ayk( D =m+[—1 ] Ay (Ty) =
m+ [—— —] The important properties of /7, , Yz, are rapid decay off of 7),,, Tr, and Fourier support
contained in Y4, tx translated to the origin.

To prove upper bounds for the size of U,, we will actually bound the sizes of ~ ¢~! many subsets
which will be denoted by U, N H, Uy, N Ay, Uy N, and U, N L. The pruning process sorts between
important and unimportant wave packets on each of these subsets, as described in Lemma 16 below.

In the following definition, A, >> 1 is a large enough (determined by Lemma 16) constant depending
on ¢ which also satisfies A, > D,, where D, is given by Lemma 14. We partition the wave packets
T, =T5uU Tﬁk and T,, = T%, U TT’T’k into “good” and “bad” sets, and define corresponding versions of f,
as follows.

Remark. In the following definitions, let K > 1 be a large parameter which will be used to define the
broad set in Proposition 28.

Definition 5 (pruning with respect to y;). Let f)f‘/[ = f, and f% _, = fyu_,- Foreach 1 <k < M, let

o

k+1 k _ k
Z wTVk and f}’k—l_ Z ka'

Ty, eTs Ve Yk CVik—1

RP
Tg = :T}’k € —I]—Vk . ||¢’Tyk fyk ||L0<>(R3) <K AM ket }

Recall that Y9 = 6 = . Once the wave packets corresponding to all of the small caps have been
pruned, we have f'=3"

Definition 6 (pruning with respect to 7;). Let F¥N*! = f1, Fr},VVH — fel- For each 1 <k < N, let
+ M+N—k+1 RP
_H_gk = {Tfk € _H_T/\ ”ll’Trk ||L°°(R3) < K As _},

o
k k41 k
Fr= Z v, F fk+ and  F | = Z

8 i
Ty, €T3, Tk CTh—1

For each k, define the k-th versions of f, F to be f* = =21y k and Fk = Zrk
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Lemma 7 (properties of f* and F¥). (1) | f} ()| < /AT ()| S#y C oy and |FE (0| < [FET (0] S
#y C o

) 1f5 | zomsy < K3AY R RP Jor and || F) || poosy < KPAYTNHHIR¥RE /.

— o

! Csupp f C Ceyi and supp

(3) There is some constant C, <&~ so that supp I FT];H

Csupp}:"kcggrk.

'Proof. For‘the ﬁrsF Property, recall that ZTV,( €T, v, ZTfk €T, Y, are partitions of unity so we may
iterate the inequalities

k k+1 k+1 N 1
IFRI <P < Y0 IR < < YT RN < Y AL

Tk+1CTx TN CTg Y1Ctk
1 2 2 N
AR A D DRV AETIREE R VA E Y VA PR
2Cyi YNCYI Yyn

Then use the assumption that each || f) || @3y S 1. Now consider the L bound in the second property.
We write
fa@y= 3 un T+ D v A

T, €T}, Ty €T3,

XER'Ty, XER*Ty,
The first sum has at most R terms, and each term has norm bounded by K3AY ~*RP /a, by the definition
of T5,. By the first property, we may trivially bound f,’;“ by #y Cimax, || fylloo SR. Butifx ¢ R°T,,,
then yrr, (x) < R™1990 Thus

k+1 —500,,.1/2 k+1 —250
2o vn A s 2 RPN o = R max £yl
TVk eTFﬁk TVk eﬂ}k
X¢RETy, X¢R°Ty,

Since o S| f(x)| < Zy I fylloo S R#, we certainly have R~>° < R /a. The argument for ||Frkk | oo w3
is analogous.

The third property depends on the Fourier supports of ¥, , ¥, , which are contained in yx, 7 shifted
to the origin. If each f}’,‘;rl has Fourier support in Cyy (that is, a dilated copy of yx by a factor of C, taken
with respect to its centroid), then supp f}’,‘k is contained in (1 + C)y,. The same type of argument is true
for the claims about F¥ and FA+!. O

]3. Define

Definition 8. Let ¢ : R — R be a smooth function supported in [—}L, ‘—11

1 v
wo(t) = Zm(wz(r —k)).

keZ

Let w(ty, 1, t3) = wo(t1)wo(t2)wo(t3) and let QO = [—% %]3 denote the unit cube centered at the origin.

For any set U = T'(B), where T is an affine transformation 7 : R®> — R3, define

wy (x) = U7 w(T ' (x)).
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For yi, ., let A,,, A, be affine transformations taking y,*, ;" to [—%, %]3 and define w,,, @, by

@y () =y w4y () and - g (0) = |71 w(Ag (x).
Let the capital-W version of weight functions denote the L°°-normalized (as opposed to L'-normalized)
versions, so for example, for any cube Q; of sidelength s, Wo (x) = |Qs|wg, (x). If a weight function

has subscript which is only a scale, say s, then the functions w,, Wy are weight function localized to the
s-cube centered at the origin. We will ignore the distinction between an s-ball and an s-cube.

Remark. Note the additional property that w(&;, &, &) is supported in [—%, %]3, so wy is Fourier
supported in an s ~!-cube at the origin. Similarly, wy, and w, are Fourier supported in y; and 7 translated
to the origin, respectively. The same is true for the Wp,, Wy, Wz« weight functions. Finally, note that if
S1 =T1(Q) and S, = T»(Q), where T; are anisotropic dilations with respect to the standard basis and
S1 C S, then wg, x ws, S wy,.

The weights w-,, wg = wr,, and w, are useful when we invoke the locally constant property. By locally
constant property, we mean generally that if a function f has Fourier transform supported in a convex
set A, then, for a bump function 4 = 1 on A, f = f % @4. Since |@4| is an L'-normalized function
which is positive on a set dual to A, |f|*|@4] is an averaged version of | f| over a dual set A*. We record
some of the specific locally constant properties we need in the following lemma.

Lemma 9 (locally constant property). For each yy, 7y and T), € T,,, Ty, € T respectively,

2 2
”fy"”Lm(Tm) Sl @y, (x)  forany x € Ty,

2 2
| oo,y S 1ok 0n () foranyx €Ty,

Also, for any ry-ball By, or R,i/3-ball BR1/3,
k

D Il
Yk
D oIfal

Because the pruned versions of f, f,, and f7, have Fourier supports similar to those of the unpruned

2
= E | fy "% wg, (x) foranyx € By,
L>(By,) Vi

§|ftk|2>ka s (%) Jorany x € Byis.

LOO(BR1/3) Ry k
k

versions (see Lemma 7), the locally constant lemma applies to the pruned versions as well.

Proof of Lemma 9. For the first claim, we write the argument for f;, in detail (the argument for the f,,
is analogous). Let p;, be a bump function equal to 1 on 7; and supported in 27;. Then using Fourier
inversion and Holder’s inequality,

| fae OV = | fo % Bre O < 150 11| fo I 5 152 | (30

Since p;, may be taken to be an affine transformation of a standard bump function adapted to the unit ball,
|6z, ll1 is a constant. The function g, decays rapidly off of 7%, so |0, | S wy,. Since for any Ty, € T,
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wy, (y) is comparable for all y € T;,, we have

Sup | fo |* * wq, (x) < / | foel*(3) sup wg, (x —y)dy

xeT,k Xe Trk

~ f | fo PNy (x — y)dy forall x € Ty,

For the second part of the lemma, repeat analogous steps as above, except begin with p,,, which is
identically 1 on a ball of radius 2r, ! containing yx — yx (which is the Fourier support of | f,, ). Then

Y I =
Yk

The rest of the argument is analogous to the first part. The argument for Zrk | fo|? is the same. O

> |fyk|2*ﬁrk<y>‘ S 1P 151,
Yk Yk

For ease of future reference, we record the following standard local and global L2?-orthogonality lemma.
ForU cR3letU*={§eR3:|g-x|<1forall x e U —U}.

Lemma 10 (local and global L? orthogonality). Let U = T(Q), where Q is the unit ball centered at the
origin and T : R> — R is an affine transformation. Let h : R®> — C be a Schwartz function with Fourier
transform supported in a disjoint union X = |_|, X, where X; C B are Lebesgue measurable. If the
maximum overlap of the sets U* + Xy is L, then

/|hx|2wU5LZf|hxk|2wU,
Xk

where hx, = [y h(&)e*™ x5 dE. The corresponding global statement is

[ =3 [ i
Xk

Proof. The global statement is just Plancherel’s theorem. For the local statement, we have

|hX|2wU=/hXthU=[ﬁXﬁX*ﬁ)U

by Plancherel’s theorem again. Next we used the definition of /1y and & x, to write
[ o =35 [ .
Xe X

The function /iy, is supported in X, and the function A x; * Wy is supported in X; + U™ Write X} ~ X
to denote the property that (X, + U*) N (X} + U*) # @. By hypothesis, for each X, there are at most
L many X, such that X; ~ X;. Since X; N (X, +U™*) C (Xx +U*) N (X, + U*), this leads to the bound

S5 [inhnrio=3 3 [axiuo Y 3 [h by Pu

Xk X;( Xk X]/‘,NXk X X]/(’VX](

>3 /(|hxk|2+|hx,;|2)wu szLZf |, Pwy. O
Xk

Xk X]:,’\*Xk
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Definition 11 (auxiliary functions). Fori =1, 2, let ¢; : R — [0, oo) be a radial, smooth bump function
satisfying ¢; (x) = 1 on the unit ball in R’ and supported in the ball of radius 2. Then for each s > 0, let
Pes1 R3 — [0, c0) be defined by

p<s-1(81, 62, §3) = @a(s&1, s&2) p1(83).
Write C-1 for the set where p—1 = 1.

We will sometimes abuse the notation from the previous definition by writing 4% p.—1 =h —h% p_g-1.

Definition 12. Let gy (x) =), |fy > %@, (x). For | <k <M —1,let
g )= 1T Proy. gl =gexb, . and g =gi— g
Yk

For 1 <k <N, let
Gr(x) =Y IFF P oy, Gix) =Gyx Pogipe  and Gl (x) = Gy — Gf.
T
In the following definition, A, >> 1 is the same e-dependent constant from the pruning definition of f*
and F*,
Definition 13. Define the high set by
H = {x € Brnwes : A RP < gyr_1(x)}.

Foreachk=1,...,M —2,let H = Ay _; and let
M—1

Ay = {x € Bgmaxesn \ U Agc: (Ag)(M_k)Rﬁ < gk(x)}.
I=k+1

Foreachk=1,..., N, let Qyy = U{‘iﬂ A; and let

N+1
Q= {x € Brmwcs \ U Q: (A MIN-PRB < Gk(x)}.
I=k+1

N+1 M—1
L = Bpuwsn \ [(U szN> U (U Ak)].
k=1

=1

Define the low set to be

2.2. Lemmas related to the pruning process for wave packets.

Lemma 14 (low lemma). There is a constant D = D, > 0 depending on ¢ so that, for each x, we have
|84 (V)| < Degrr1(x) and |GL(x0)] < DGt (x).

Proof. Prove the claim in detail for g,f since the argument for Gi is analogous. We perform a pointwise

k+1
Yk

version of the argument in the proof of local/global L?-orthogonality (Lemma 10). For each , using
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Plancherel’s theorem,
k112 v _ k+1)2
57 Py 0= [ 1FEF P =305 00 dy
_ k—H k+1 Zﬂtxé
= [ AT @ P €1

= > f e Cpkl f";j E)po1 (§)dE.
Vi1 Vi1 CVk

The integrand is supported in (Coyx+1 — Ce yk/ LN, - ) where C. comes from (3) of Lemma 7 and
2C, - ol contains the support of p <rc) . The set C, ol is contalned in a cylinder with a vertical axis, centered at
the origin and of radius Zrk e The distance between the sets C.yx+1 and C gyk 4 is controlled by the
distance of their projections to the (£, &)-plane. This means that the final integral displayed above
vanishes unless yx is within ~ C,r,_ +11 of y;,,, in which case we write yx 1 ~ ¥/, ;. Then

> / TS f R B @) @) dE = Y] / I ) % f’;jj )0, (6) d.

/ R3 ; 3
Yi+1 Vi1 SV Yi+1 Vi1 SV

Vit 1 ~Viy1

Use Plancherel’s theorem again to return to a convolution in x and conclude that

k+1 pk+1 k 1 v
|8k * B, (x)|—' DDA R SN ol By er) B B A eV SR [CoF
Vi1 Vip1 CVk Yk Vi1 CVk
V1™~V

By the locally constant property (Lemma 9) and (1) of Lemma 7,
Yoo I P reg s lpo IS Y0 Y AT R wy kg ¢ 1o () S g (1)
Vi Yk+1CVk Y Vi+1CVk

It remains to note that

Wypyy * Wy * |'5§rk“] |(X) S Wy, ()

since y; is comparable to a dilation of y*, ; and p_ il is an L'-normalized function that is rapidly
k+

decaying away from B, (actually, it decays rapidly away from the small set Br(k2 11 0) x B(l)(O)) O

Corollary 15 (high-dominance on A,2;). For R large enough depending on ¢,
gr(x) < 2|g,’§(x)| forall x € Ay and Gr(x) < 2|G,]Z(x)| forall x € Q4.

Proof. This follows directly from Lemma 14. Indeed, since gi(x) = g,f(x) + g,i’ (x), the inequality
gr(x) > 2|g,i‘ (x)| implies that g (x) < 2|g,f(x)|. Then by Lemma 14, |gx (x)| < 2D gi+1(x). Since x € Ay,
Srr1(x) < Aé”_k_lRﬂ, orin the case that k = M — 1,

gM(X)=Z|fy|2*a)y(x)§’ < RF
y

o0
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using the assumption that || f,, |« S 1 for all y. Altogether gives the upper bound
gk(x) <2DAYIRP.

The contradicts the property that on Ay we have AY “kRP < gi(x) for A, sufficiently larger than D,,
which finishes the proof. The argument for G, on €2 is analogous. (]

Lemma 16 (pruning lemma). If A, is a large enough constant depending on &, then, for any t,

Z I — Z k+l(x) < i Jforalxe g
YCT Y CT A/°K
o
Z Ju — Z Fitl| < —; Jforallx ey,
7w CT wCT Ag K‘
o
fol_ZFrll(x) SW forall x € L.
TICt T1Ct As K-

Proof. Begin by proving the claim about A,. By the definition of the pruning process, we have

fe= v (= h = = o+ Z("’“ I, 6)

m=k+1

where here, the subscript T means f; = Zycf fyand f]" = Zymcr fyn- We will show that each difference
in the sum is much smaller than «. For each M —1 > m > k+1 and y,,, use the notation T =T,,\T5,

and write

Yo WP ol ()

r@ =t @l= | Y Y, 0t )| =

Ty €15, Ty, €T),
-3 1 1/2
< Y KA e ey 1 e W ()
Ty €18,
< 3 4—(M-m+1) & 1/2 rm+1 1/2
KA; =5 2 W E ey ¥z, )
TymeT
-3 M— 1 1 1/2
SK3A; Mo 2 27 2 2 1 Pl v, 0
T, ET Tym
SKPA;MD S g e I Pl e, ¥ (0
~ & Rﬁ £ ym I L (T ) L (Tym) TVm .
TVm s TVm eTVm

Let 7, denote the center of fym and note the pointwise inequality

1/2
Y oW, i, Vr () S Iy, (= cF, ),

T,

Ym
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which means that

00— [ o S KAy M 2 —5 17l Y op =g T Pl )

)/mET)/m
< 3 (M— m+1) o~ m+12 ~
K~ A Rﬂ |ym| _ Z a)ym ('x CTym)lfm | *a)ym (CTJ/m)
Vme-ﬂ—)/m
Se KA M m*” =5l it P xay, (1),

where we used the locally constant property in the second-to-last inequality. The last inequality is

justified by the fact that w,,, (x — nym) ~ wy, (x —y) forany y € Ty and we have the pointwise relation

wy,, ¥ oy, S oy, . The last two inequalities incorporate a dependence on C, from Lemma 7 since the
locally constant property uses that | f;;“ |? is supported in the C,-dilation of y,, — y,,. It is important to

note that C, is a combinatorial factor that does not depend on A.. Then

o
3A (M— m+1) Z |fm+1| *wym(x) ~ K™ 3A M-m+1) ¢

VmCT

D@ =W S K

YmCT

RAEm m (X).

At this point, choose A, large enough so that if g, (x) < AY ~" RP, then the above inequality implies that

Z fm(x) m+1(x) <8K 3A 1/2

YmCT

This finishes the proof since M + N < &7, so the number of steps from (6) is controlled. The argument
for the pruning on €2; and on L is analogous. O

2.3. Geometry related to the high-frequency parts of square functions. We have seen in Corollary 15
that on Ay and €2, gr and Gy are high-dominated. In this subsection, we describe the geometry of the
Fourier supports of g,’: and GZ, which will allow us to apply certain decoupling theorems for the cone in
Section 2.4. We begin with the precise definitions of canonical blocks and small cap blocks (which we
also call “small caps™) of the moment curve.

Definition 17 (canonical moment curve blocks). For § €2V, §> 10, consider the anisotropic neighborhood

M (S) = {(£1, &, &) 1 £ €10, 1], 16 — & < S7%, |63 — 3816 + 28| < S77).

Define canonical moment curve blocks at scale S which partition M3(S) as follows:
§—1
L€ 6.8): 157 <& <0+ DS 16— £ <572, |6 - 366+ 26| < 57°).

1=0

Definition 18 (“small caps” of the moment curve). Let R > 10 and let S € 2N satisfy Rl<§ 1<R3
Consider the anisotropic small cap neighborhood

M3(S,R) = (&1, 82, &) : & €10, 1], |2 — & < S72, |65 — 3616+ 26| < R7').
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Define small caps y associated to the parameters S and R by
5—1
| |y =] te&.6: 15 <1 <+ DS [ —£]1 <572 & - 366 +28) <R (D)
1=0
Note that the small caps y are essentially canonical moment curve blocks at scale S plus a vertical
(&3-direction) R_1 -neighborhood.
To analyze g we need to understand the Fourier support of Z
radius rk+1 By (3) of Lemma 7, the support of |f"Jrl 1 is Coyk — Coyi. Suppose that y4 is the [-th piece,
meaning that

e =11, 6, 8) I, <& <A+ Dl |-l <12, 165 — 3815+ 28| <R7'Y,

where [ € {0, ..., rp — 1}. The small cap y, is comparable to the set

k+1 | outside of a cylinder of

= {mlr, )+ AW 7Y + Bw U7 FCm”(Arg Y 0< A< Bl < ICI<RTY

in the sense that 557% C yx C 20yx (where the dilations are taken with respect to the centroid of y;). Then
Yk — Yk 1s contained in

(A’ (tr, Y + B Arg Y+ em” (e A St IBI S ICLS R

Recall that 1 — P<rol, is supported outside C ol D{E1,8,8) (6,5 < rkH, & < 1}. Intersecting
C.vk — C.y with the support of 1 — Peri) forces the relation A% + (A2(lr, ) +2B)?> > rkJrl Using
the upper bounds |A| < C.r "and |B | < C Srk , it follows that for R large enough depending on ¢, the
support of the high—frequency part of |f/kJW2 is contained in

Vo= { A U7+ B Ar7 Y+ Cm” (Y rk+l<|A|<C ri' IBISCor 2 ICISCRT') (8)

Our “high lemmas” will require geometric properties that are recorded in the following propositions.
Proposition 19. The sets yi, varying over yi, are < C R®-overlapping.
Proof. Suppose that a point corresponding to parameters A, B, C, 1l and A’, B’, C’, I’ respectively is in the

intersection of two sets as in (8). By analyzing the first coordinate, we must have A = A’. By analyzing
the second coordinate, we must have

|A2Lr, !t — A20r Y S Cor 2.

Therefore, since A 2 rkjrll, we have || —1I'| < C.R" O

Next we describe the geometry of a small cap partition for the cone. Let 8 € [% 1] and p > 1. Let
S € 2V a dyadic number closest to pf'. For the (truncated) cone I' = {S : 512 + 52‘7’ = 532, % <& < 1},
divide [0, 277) into S many intervals Is of length 277/S and define the small cap partition

N1 (D) =|_[Ng1 (D) N {(pcost, psing, 2): ¢ € Is))

Is
corresponding to parameters 81 and 8, = 0, as in Theorem 3 from [Guth and Maldague 2022]. After a
linear transformation, we will identify the high parts of sets yx — yx as subsets of conical small caps.



SMALL CAP DECOUPLING FOR THE MOMENT CURVE IN R3 3567

Proposition 20. Let r~! € [r|, 20C.r; "] be a dyadic value and write {& ~ r='} := {(£1, &, &) e R3:

%r‘l <& <r! } There is an affine transformation T : R> — R> so that the following hold:

) If rk_l < R™Y2, then the collection of y; may be partitioned into <, R* many subsets S; which
satisfy the following. For each S;, there is a conical small cap partition of ~1 x C.r/R x C.r/R blocks
so that, for each y; € Si, r[T (%) N{& ~ r~'}] is completely contained in one of the conical small caps.
Collections of r,? R~ many neighboring yy are identified with the same conical small cap.

() If R71/2 < rk_1 and (Rrk_l)_’s1 = rk_1 for some By € [%, 1], then the collection of y, may be
partitioned into <, R* many subsets ‘S:[l which satisfy the following. For each S;, there is a conical small
cap partition of ~ 1 x C.(r/R)?1 x C' r/R blocks so that each r[T (yx) N{&3 ~ r~'}], where y, C S;, is
completely contained in one of the conical small caps. Each yy € S; is assigned to its own conical small cap.

Proof. Let T : R — R? be the affine transformation

y x—2z/6 x+z/6)
27 V2 V2 )

T(x,y,z):= (

The image of the set (8) under T is

i L L= 1+ B2 —trgt ! ~1 1
B O B U Ak A )

1 -1 -1 -2 -1
3T SHAIS Cer s IBI S Cor 7, ICI S CeR }

~

Defining w € [%, %] by

_ 220t 2= 1P
(cosw, sinw) = 7 5 |
24027 24121,

the set T (%) is contained in
{A(cosa), sinw, 1) + B(sinw, —cosw, 0) + C(cos w, sinw, —1) :
re SIALS Cerd L IBIS Cetr P+ R, ICI S CRT') (9
Suppose that rk_1 < R~/2. Then

T N{E~r 1) c {A(cosw, sinw, 1) + B(sinw, — cosw, 0) + C(cos w, sinw, —1) :
bl <jAl=r7 IBIS CRTL ICI S CRTY)L (10)

The w = w(y) in (9) form an ~ rk_l-separated subset of [%, %] For a dyadic S closest to C.R/r, we
may sort the w(y) into different intervals Is C [0, 2) of length S ~1 and note that the r dilation of
T (%) N {& ~ r~1} for w(yy) € I is contained in a single ~ 1 x ™! x S~! conical small cap. If y; and
¥¢ are within ~ r; /R of one another, then w(yx) and w(y;) are assigned to the same /5.

Now suppose that R~1/% < rk_1 < R™'/3 Then

T(7) N ~r') C {A(cosw, sinw, 1) + B(sinw, — cosw, 0) + C(eos o, sinw, —1) ;
Ll <Al < IBIS Gt ICIS CRTY). (1)
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Let S €2V be chosen so S~#1 is the smallest dyadic number satisfying C ¢ IR"3 e <5 (recalling that B is
defined by (Rr; h=p1 = e Uin the proposition statement). Then C f' RePY lrk R~! < 57! and so each
r-dilation of T (¥;)N{&; ~r~'} is contained in a single approximate 1 x S~#1 x S~! conical small cap. If y;
and y, are conical small caps which are a distance Cr,~ ! from one another, then their corresponding angles
o (yx) and w(yy) are also a distance 2 Cry ! and make the sets on the right-hand side of (11) distinct. [J

To analyze G, we need to understand the Fourier support of }_ F,";rl ? outside of a low set C R-1/3

| K+l

By (3) of Lemma 7, the support of |F)’fk+1 |2 is contained in C. 1y — C1%.

Proposition 21. Let r be a dyadic value, R, :{3 <rl<c, R, 3 There is an affine transformation
T : R?® — R3 so that the following holds. We may partition the 1y into <, R® many sets S; which satisfy:
there is a canonical partition of the cone into approximate 1 x Cor R, 23 C grsz_ *3 blocks so that, for
each ty € S;, the r-dilation of the sets T[(C.t — Cox) \ BRkj{}] N{& ~ r~ '} is contained in one of the

canonical cone blocks.

Proof. Suppose that 7 is the [-th piece, meaning that

n={(61,6,8): IR <& <A+ DR’ |62 — € <R, |6 — 3816+ 280 < R},

where l € {0, ..., R,i/ - 1}. Let T be the affine transformation from the proof of Proposition 20. Then

TI(Cetp — Ceti) \ B-151N {& ~ r~!} is contained in the set
k+1

{A(cosa), sinw, 1) 4+ B(sinw, —cosw, 0) + C(cos w, sinw, —1) :
bl <1Al =7 IBIS R ICI S Cer

where w € [%, %] is defined by

—2/3° —2/3

2V2IR; 2—12R,;2/3>
24+ 2R 24 2R )

(cosw, sinw) = (

Since the w = w () form an ~ R

n 1 3-separated set, the r-dilation of each displayed set above is contained

in a canonical cone block of approximate dimensions 1 x C grRk_z/ 3 x C grsz_M 3, (]

2.4. Lemmas related to the high-frequency parts of square functions. First we recall the small cap
decoupling theorem for the cone from [Guth and Maldague 2022]. Subdivide the R~! neighborhood of
the truncated cone T = { (&1, &, &) : €] + &7 = &7, 3 <& <1} into R x R™P1 x R™! small caps y,
where B, € [%, 1] and B, € [0, 1]. Here, R~ corresponds to the flat direction of the cone and R~

corresponds to the angular direction. The (¢7, L?) small cap theorem for I' is the following.

Theorem 22 [Guth and Maldague 2022, Theorem 3]. Let B € [3, 1] and B, € [0, 1]. For p > 2,

/ |f1P < CSRS(R(ﬂl-i-,Bz)(P/Z—l) + RB1+B2)(p—2)—1 + R(ﬁ|+52—1/2)(p—2)) Z ”fV”[Ljﬂ(n@)
R3

14

for any Schwartz function f : R> — C with Fourier transform supported in Ng—1 ().
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Lemma 23 (high lemma I). Suppose that R% <r;' < R™V/2. Then

-1 v
fistt s 2 T 1oy

YC¢
where the § are disjoint collections of rj; 2R~ many adjacent yy.

4

’

L4(R3)

Proof. Let T be the affine transformation from Proposition 20 and write 7Tx = Ax + b for a 3 x 3 invertible
matrix A and b € R>. Then

gl (x) = |det A|"te2mix b hoT LA H*x). (12)

Perform the change of variables x — A*x to get

/|g,’g(x)|4dx:|detA|—3/|Q,goT—‘(x)|4dx.

Let r be a dyadic parameter in the range r, +11 <rl< Cery ' Let Ny : R3 — [0, 0o) be a smooth function
with compact support in the set {(51, &, &) : %r‘l <& <r! } =:{& ~ r~!} and satisfying the property
that the sum of 5, over dyadic r is identically 1 on the support of g,i’ o T~!. By dyadic pigeonholing,
there is an r so that

|detA|—3/|gA,§oT—1(x)|4dxgcg(logR)4|detA|—3f|(57,gor—l)nr(x)|4dx.

Finally, perform the change of variables x — rx to get

|det A| 33 / (gl o T ", (ro)|* dx.
Now, note that

(g} o T, (rx) =Z Q7 Pl (1 =y )07, 1 ()

—Z S LS Py, (1 — Pt N T ] (),
i %ES
where S; is one of the <, R® many sets partitioning the y; from (1) of Proposition 20. Apply the triangle
inequality in the first sum over i and then apply Theorem 22 with parameters C; '(R/r), B = 1, and
B> = 0 to obtain
4
[ 16kt 5. tog IR G Rt AI Y [ | Po, (1= ooy Do T nd 00)
¢ Y C¢
where ¢ are disjoint collections of ~ rsz_l many neighboring yx. This number comes about since one

has rx many y;’s and they get sorted into ~ R/r; many conical small caps, so each conical small cap
contains ~ ri/(R/ry) =rj ZR~! many y;’s. It remains to undo the initial steps which allowed us to apply

small cap decoupling for the cone. First do the change of variables x — r~!x:

32/ *

S LA a1 =y )0 T 1 ()
Yk C¢& 1 5
= | S Ran - pop e 0
¢

YeCe

4
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By Young’s convolution inequality (since multiplication on the Fourier side by 5, is equivalent to
convolution on the spatial side by 7,., which is Ll-normalized),

4
> [| S Rau - oy ot Zf S 1AL Pon (1 = py 1 Do T

¢ Ve C& Y C&
Perform the change of variables x — (A~!1)*x and use (12) to get

4
|det AP’ Zf S LA Pay (1= 0T ’ S Zf i Py (= poy T
YeC¢ Yk CE

which finishes the proof. O]

Lemma 24 (high lemma II). Suppose that max(R~#, R='/2) <r;' < R™'/3. Then

242 14 —1 k+1 4+4//3
[ 1she < corte REAE

where B € [% 1] satisfies (rekR™1) Pt = ry.

Proof. Repeat the argument from the proof of Lemma 23, using (2) in place of (1) from Proposition 20
and applying Theorem 22 with §; as in the hypothesis of the lemma and 8, = 0. The result is

/ g 1P < R“"E(r‘”?)Z / 10l £ ’<“|2wyk(1—p<,—u )P

The R'# factor is to account for the fact that the Fourier support of g,i‘ may only be identified up to some

R? factors with small caps of the cone. Since 1 — Perrl = P=Cc — P,1 0N the support of |fk+1 2, by
=Tk+1 - =Tk+1

Young’s convolution inequality, we have

/|[| k+1|2’\yk(1 10<r71 )] |2+2//31 </|(|fk+1 2) |2+2//31 fl k+l 4+4/ﬁ1 0

Lemma 25. Foreachm, 1 <m < N,

3
/ G, 1° < chs(Z [P ||‘;12(R3)> .
Ty

Proof. Repeat the argument from the proof of Lemma 23, using Proposition 21 in place of Proposition 20
and applying canonical L°® cone decoupling [Bourgain and Demeter 2015] instead of small cap decoupling.

/ |Gonl® Se Rf‘sz / FE a1 - pog] I

o —

113 on the support of |F}Z+l |2, by Young’s convolution inequality, we

m+1

The result is

Since 1 — i3 =
pSRm+1 pSCg '0<R

have

[uETraa- ot s [T e = [ iEe w
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Theorem 26 (cylindrical decoupling over PY. Let P' = {(t,1%): 0 <t < 1} and for § > 0, let N5(P")
denote the 8-neighborhood of P' in R%. If h : R — C is a Schwartz function with Fourier transform
supported in Ns(P') x R, then, for each 4 < p <6,

p/2
AP e 87 (Z /2 ||i,,(R3>> :
¢

where the ¢ are products of ~ 8'/% x § rectangles that partition Ns(P') with R.

R3

Proof. Begin by using Fourier inversion to write
htov = [ [ e g e ag ag
Ns(Ph) JR
For each x3, the function

o / f h(g', )¢5 dg3e™ ¢ ag!
Ns(Ph) JR
satisfies the hypotheses of the decoupling theorem for P!. Use Fubini’s theorem to apply the £>-decoupling
theorem for P! from [Bourgain and Demeter 2015] to the inner integral
P 2/p\ p/2
[ [neravans. [(2( [ av) )
R JR2 R —\/R2

where {v} form a partition of NVs(P') into ~ §'/% x § blocks. By the triangle inequality, the right-hand
side above (omitting C,5~°) is bounded by

(L avan) )

The sets v x R are the ¢ in the statement of the lemma. g

/ / h(E', &)e¥m 6 26N g3 dE!
vJR

/ / h(g', &)™ T8 dgs g’
v JR

Remark. The implicit upper bound in the statement of Theorem 26 is uniform in 4 < p < 6. For the
specific exponent p = 4, the implicit C,5~¢ upper bound may be replaced by an absolute constant B
which does not depend on §.

2.5. Local trilinear restriction for M?>. The weight function Wp_ in the following theorem decays by a
factor of 10 off of the ball B,. It is specifically defined in Definition 8.

Proposition 27. Let s > 10r > 10 and let f : R*> — C be a Schwartz function with Fourier transform

supported in N,.-1 (M?). Suppose that rll, 712, 113 are canonical moment curve blocks at scale R 11 3 \which
satisfy (tf, tlJ) >s~! fori # j. Then

/ r|f,;f,lsz;|25s3|3r|2( / |f,;|2WB,) ( / |f,g|zws,) ( / |ffg|2WB,).

The weight function Wp_ is the generic ball weight defined in Definition 8.
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Proof. Let m(t) = (¢, 2, t3) and let B,-1 be the ball of radius r~1in R3 centered at the origin. Then

W, (x) fi (x) = / Wi, # fog (E1)e™™ 4" ag!

Tf+B)"l
~ ~ i ei ein 2mix-(ELElE
= [ W el et agleled
T]+Br_|
-/ [ W ¢ e + 0.0 DO g
[{w; eR2:|w; |<2r—1} JI;
where B, +supp f; C (m(&))+ (0, ) : £] € I, || <r~'}. Let {w; € R? : ;] < 2r~'} = B?). Then
for w = (w1, wy, w3), we have

/ W, () f1 COWi, () f2 ()W, (x) fr () x

2
dx

3
I1 / o / Wa,  fri m(E]) + (0, w)e™ ™ ME O di do
B2 JI;

- /Br i=1
I1 / Wa, % g (&) + (0, @)e™™ ™ ™E) dg] ’ do
I;

<J,
B 1JB?)* ;]
2 1/2 2
dx) dw). (13)

3
W, * fr (m(] Vyp2rixm(E) ggi
= </(B(2)1)3 (/B llj!/, Wa, * fri(m(&)) + (0, wi))e D deg|

Foreachw € (Br(%)l)?” analyze the inner integral in x. Use the abbreviation WB, * frli (- +0,0))= fAj” ()
and further manipulate the innermost integral as a function of x: 1

3 2

dx

3
[1 f W, # fr, (M(E]) + (0, w;)e™ ™ ™ED gg]
=171

= / £ mED) F2 (mED) F2 (m(gd) P mEmED @Dl g,
Lixhxl; i b

where &) = (511, 512, 513). Perform the change of variables E= m(éll) + m(élz) + m(§13). The Jacobian

factor is 1/|det J|, where det J is defined explicitly in terms of &; by

1 1 1
det| 28 28 2§ | =6(8—E)E )& —&),
3(EH? 3(EH? 3(&)?
using the formula for the determinant of a Vandermonde matrix. Note that since (/;, I;) > s—l—2r=1>0,
|det J| is nonzero. The change of variables yields

1

—dE, 14
det J(&1)] : (1

FimED) F2 mED) £ mEh)e

~/1;1(11)+m(12)+m(13)
where we interpret & in the integrand as implicitly depending on &. Define F©(£) by

Ky +miay 6) £ (MED) £ (mED) £17 (m(&?))m
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so that we may view the integral in (14) as the inverse Fourier transform of F“. The summary of the
inequality so far, picking up from (13) and using the change of variables and the definition of F¢, is

. 12 \2
/ Iffll(X)ffg(X)ffls(X)lzdx5(/ ) (/ |F“<x>|2dx> dw).
B, (B~

By Plancherel’s theorem, the right-hand side above equals

12 \2
@) dE) dw).
(/<B;2g>z</'F @) s) w)

By Cauchy—Schwarz, this is bounded above by

(B2 f / |F@)I* dé do ~ r—ﬁf / |Fe@)I dé do.
’ (B, (B))3
Undo the change of variables, again writing f;: =m(& 11) + m(&f) +m(& 13 ) to get
O e ) £ P et 60 de do

(35?1)3 Lixhxl; ' 1 I

Note that |det J(£1)| = s, so the previous line is bounded by
3
o [ 1 e F2 e F P derdo~ S TT [ (s fg@F ds,
B2 i i im1 IN @) :

By Plancherel’s theorem, this is bounded by

3
—-6.3 . 2
r s E/qu|f,f(x)| Wp, dx. O

3. A weak version of Theorem 3 for the critical exponent

1/3 2/3

3.1. The broad part of U,. For three canonical blocks 7/, 72, 77 (with dimensions ~ R, /> x R, “/" xR "")
which are pairwise > 10C; R~#/3-separated, where C, is from Lemma 7, define the broad part of U, to be

Bry = {x € Us:a < K1/ () 2 () 3 (oI, max | fy (0] < .
1
We bound the broad part of U, in the following proposition.
Proposition 28. Let R, K > 1. Suppose that || f, || w3y <2 for all y. Then

a6+2/’3|Brf | <, KSO0R10e A100M+N) p2p+1 Z 17,
¥

2
”LZ(R3) .

Proof of Proposition 28. Begin by observing that we may assume that R? < . Indeed, if > < R”, then

we have
Ul < R f 2y < RT3
%

using L2-orthogonality. Assume for the remainder of the argument that R? < a2,
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We bound each of the sets Br¥ NAy, Br¥ NQ,,, and Br¥ NL in separate cases. It suffices to consider
the case that R is at least some constant depending on ¢ since if R < C,, we may prove the proposition
using trivial inequalities.

Case 1: bounding |BrK NAg|. By Lemma 16,

Bry NAl < Ifx € Ua N A S KIF 057 0 5T I, max | £y (0] < e}
T

k+1 k+1 k+1
b

By Lemma 7, the Fourier supports of f - are contained in the C.r 1—neighborhood of

8/3

C rl ,C rl ,C ‘El respectively, which are > C, R separated blocks of the moment curve. Let {B,, }

be a finitely overlapping cover of Brf NAy by ri-balls. For R large enough depending on ¢, apply
Proposition 27 to get

/ |fk+l ket k+1|2< R|B,, |2 (/|fk+1| WBrk) (/lfk+l| WBrk) (/|fk+1 )

Using local L?-orthogonality (Lemma 10), each integral on the right-hand side above is bounded by

/Z' 1

Ifx e Brf NAx N By, then the above integral is bounded by

k+1,2 k+1,2
/2 :| A *a)VkWBrk NC5|B"k|§ | + |7 5 @y, (x)
Yk

by the locally constant property (Lemma 9) and properties of the weight functions. The summary of the
inequalities so far is that

oO|BrX NA N B, | <. K6/ |f"+1 o ’f+12< R°K°|B,, |gk(x)°,

where x € Br® nA, N B,,.
Recall that since x € Ay, we have the lower bound AQ’I —kRA < gr(x) (where A is from Definition 13),
which leads to the inequality

oS|BrX NALN B, | <. K°R® |By, | (x)>*P

(A ~FRB)P
for any p > 0. By Corollary 15, we also have the upper bound |g¢(x)| < 2|g,’(’ (x)], so that

«®BrX NAL N B, | <. KOR® |Brellg (07

(A"~ RE)P

for any p > 0. By the locally constant property applied to g,i’, |g,i’ PP <, | g,i’ *kWp, |3*? and by Cauchy—
Schwarz, |g} * w B, PP < gl PP s w 5,- Combine this with the previous displayed inequality to get

1
6 K 6 pe h|3+
o’ |B AyNB,| <, K°R® ——F—— PW
| rOt k rk|N€ ( éw kR,B)P_/|gk| Brk
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Summing over the balls B,, in our finitely overlapping cover of Brf NAy, we conclude that

af|Brf NAy| <. KOR® 3+, (15)

(AM=*RB)P _/R3
We are done using the properties of the set Brf NAg, which is why we now integrate over all of R? on
the right-hand side. We will choose different p > 0 and analyze the high part g,i‘ in two subcases which
depend on the size of ry.

Subcase la: R~ < r, <R /2. This case only appears if % < B. Choose p =1 in (15) and use
Lemma 23 to obtain
4

§ k+1 ~
| | * Wy, * p>r1:+11
e C¢

’

1
a®Brf NAy| < KOR®———C.Rr 'R Z
A L4(R3)

where ¢ are collections of r; 2R~ many adjacent y;.
The Fourier supports of the terms in the L* norm are still approximately disjoint (actually Ci-
overlapping, see Proposition 19), so by Plancherel’s theorem and L2-orthogonality, we have

4
k+1
Do Proyx b,
Y C& LY®Y
2
k+12 ~ k+1 ~ 2
Se R DU Proypo | Y N Py b gy (16)
¥ Ce L=®Y yce

for each ¢. First bound the L* norm by

k412
Z'fyk | >|<6l))/1<>klo>r_*_I
Yk C¢

2

k k
< 0 C O max I ey S GFRD? max A e s
L>®(R3)

where we used that ||wy * '5>r[11 [l1 ~ 1. To bound each of the L* norms in (16), we use cylindrical L*-
+
decoupling the parabola (Theorem 26) and unravel the pruning process using properties from Lemma 7:

k+1,2 v 2
” |f | * Wy, * p>r711 ||L2(R3)

SIS LA (by Young’s inequality)
2
( Z [Winn ”24([&3)) (by cylindrical L*-decoupling for P')
Vi+1CVk
2
( Z IIf }],1112||L4(R3)> (by (1) from Lemma 7)
Viet1 CVk
2 2
S ( Z [ ”%4([}&3)) S ( Z FA (R3)) (by iterating the previous two inequalities).
YN CVk Y Vi

Note that each application of L*-decoupling involves an explicit constant B in the upper bound, so it does
not depend on a scale R. The accumulated constant in the unwinding-the-pruning process above is BCe
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-1

since there are fewer than ~ ¢~ many different scales of y, until we arrive at y. Use Cauchy—Schwarz

to bound the expression in the final upper bound above by

#y Cve Y Il s S 0 RE D 1A 1 age)-

Y CVk Y CVk

Using the assumption || f, [|oc < 1 for each y, we have || f,, ||

~

Ly < Ny 1%, @) The summary of the

argument in this case so far is that

a®[Brf NAk| Se KSR*R™Pr 'R Z(rzR”)zmax LA GG REY D A 15
YeCe
Se KOR¥riR™! max IIf"“II anyn2

For the remainder of the proof, we use the notation < to mean <, R¥. Tt now suffices to verify that
re R~ max,, || AL, £ R a™?/P. We will use the upper bounds

RP
1A oo S min(r,:lRﬂ, K3A£”7)

(from (1) and (2) in Lemma 7). Suppose that ry < «. Use ”f)lka loo < K3Aé”_kRﬂ/a and 8 > % to check

()P 2<(RPYP2 = p2RTVHB<REHIIUP

RPN?
== i”lgR_l (7) = R 2P

= rkR max I|fk+1 ”4 <A4(M k)R2,3+1 72/}3

as desired. Now suppose that r; > «. Then use || f]f‘k“ oo <7y ' RP and check

P2 <RI = R RO < R ()P
= R max £ s S R e

which finishes this subcase.

Subcase 1b: max(R~#, R™1/?) < rk_1 < R~!/3. In this case, let B; € [% 1] satisfy (rk_lR)_ﬁl = rk_1 and
take p =2/B1 — 1 in (15). Then by Lemma 24

1

6 K < 6 pe
a®IBry NAl e KOR o0y

-1 k+1 4+4/ﬁ1
R R IR G

Majorize each L***/#1 norm by a combination of L> and L°® norms to get

61K 6 p2e —1 k+1 4/ k41
a®[Brf NAx| Se KOR Rm/ﬂ_l)rk RZmaxu 122 0 o -
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Repeat the unwinding-the-pruning argument from Subcase 1a to obtain

3
4
L5 6 sy S Bes R < > ||fy||iﬁ(R3)) SBsR (R sy
Y Yk Y CVk
where we used Cauchy—Schwarz and the assumption || f, |loc < 1 in the final inequality. Note that we

-1

have the additional constant Bs ¢* due the accumulation of < & many factors of the upper bound

B,s R®’ for L°- -decoupling of the parabola with small parameter &3, In summary,

@Bl AN S KORY e R Y max LA P20 RO 1 oy
Vk Y CVk
It suffices to check that
e e ~1p max ||fk+1 ||4/ﬁ‘_2(r,;1R’3)2 < R+ 218,
which simplifies to
Rﬂ(l—Z/ﬂl)rk—3 n},ix I fe ||i</)51 -2 é a 2B,

Using || £ oo < K3AMP R Ja, it further suffices to verify the inequality r,> REG/A=1 < o4/B1=2-2/8
Suppose that the exponent 4/8; —2 —2/8 > 0. Use r; ' < R™'/3 and R? < o? to verify

(Rﬂ)Z/ﬂl—l—l/ﬂ < (aZ)Z/ﬁl—l—l/ﬂ = rk—3R5(2/,31—1) < otB—2-2/B

Now suppose that the exponent 4/8; —2—2/8 < 0. Using Cauchy—Schwarz, the locally constant property,
and the definition of Ay, for x € U, N Ay, we have
o Sty YA S Roregrgn (0) S RO AMF D RE,

Vk+1
Vk+1

1/B1

Alsouse ' = rk_lR to verify

R—l S r];l/ﬂ r]:3R S (rkflR)zrkflfl/ﬂ
r3R < 2BV
rT3R(REAM—K=D REYUB=1-1/B < (o 2)2Pi=1-1/p

rk—3Rl3(2/ﬂ1—1) < (RSAgM_k_]))Sa“/ﬂl_2_2//3’

Lol

as desired.

Case 2: bounding |Br§ NL2,,|. Repeat the reasoning at the beginning of Case 1. By Lemma 16,

Br¥ Q| <|{x e UsNQy:a S K|F:lf+1(x)Fr"léH(x)F:%H(x)llB, max | f; ()| < al.
T

Let {B 13} be a finitely overlapping cover of Brf N, by R,%/ 3 balls. Then by Proposition 27, for R
large enough depending on ¢,

/ e s R ([ 1y ey ) ([ 1r ) (1,

Ry
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The integrals on the right-hand side are bounded by

CS / Z |F-Z1n+l|2WBR|/3

Tm

using local L2-orthogonality (Lemma 10). If x € Brf N2, N BR1/3, then the above integral is bounded by

/ DF’"*H # 0, W,y S Co ) IFIT P x g, (1) = CoGin ()

Tm

by the locally constant property. Recall that since x € £2,,, we have the lower bound AY+N-"RF < G, (x).

Also, by Corollary 15, G, (x) < 2|G" (x)]. Combining the information so far yields

m

o®IBrf NQy N Byis| e KOR | Bl |Gl (0)]°.

(AéW-HV—mRﬁ)3

Use the locally constant property for Gh and sum over all B3 to get

1
a®|BrX nQ,, | <. KOR® 3ﬂf IG" 1.

Note that we dropped the unnecessary factors of AM +N=m > 1 and that we are done using the properties
of the set BrR'" (r, v/, "), which is why we now integrate over all of R* on the right-hand side.
By Lemma 25,

3
h 6 14
/W G110 Se Rs(E E ||L12(R3)) .
T

Use Cauchy—Schwarz and then (2) (with FT";JIII) of Lemma 7 to bound the L'> norm by a combination
of L™ and L% norms:

3 3
(Z‘ ||F;Z+1||‘212(R3)) §R€K6(K AMAN=m ) (Z [ ,’f’nj,‘llie(Rs)) :
Tm

Tm+1

Next, we use cylindrical L°-decoupling over the parabola to unwind the pruning process. For each 7,1,

we have
||1'7,’,'f:,1 ||L6(R3) < ||FT’ZI, ||L6(R3) (by (1) of Lemma 7)
3
< B,s RSS( Z ||fT'ijZ||Ls(R3)> (by cylindrical L®-decoupling for P!)

Tm+2CTm+1
3
5 . . . . ...
. < (BsREHN ( Z | f,/x +1 ||iﬁ (R3)) (by iterating the previous two inequalities).
TNCTm-H

Note that {ry} are canonical blocks of the moment curve. Our goal is to have an expression involving the
small caps y. We defined the y so that they lie in the cylindrical region over canonical R~# x R~%# blocks
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of P!, Therefore, we may continue unwinding the pruning process using Theorem 26, ultimately obtaining

3 3
5
<§ I ,"j:,‘niﬁ(m)) < (BsR° >M+N(§ j||fy||’iﬁ(R3)).
4

Timn+1

By Cauchy—Schwarz and using the assumption || f, [loc < 1, we have

~

3
(Z ILfy ||26(R3)) <# Y 1 WGy S R D I 1w
14 14 Y

The summary in this case is that

1 (RF
o |BrK ﬂQ | < K30R3€A10(M+N) R ( ) RZﬂ) Z ”f]/”LZ(R3)

It suffices to verify that R*?a =% < R?#*1q =2/, This follows immediately from the relation R? < o?.

Case 3: bounding |U, N L|. Begin by using Lemma 16 to bound

a6+2/ﬂ|Br§ ﬂL|§K12/ |f|2|F1|4+2/'B-
U,NL

Then use Cauchy—Schwarz and the locally constant property for G; to get

2+1
f FRIFHE <, RSf IfFPGTHYP
U,NL «NL

Using the definition of L, we bound the factors of G| by
/ |f|2(A£4+NRﬁ)2+1/'B.
UyNL

Finally, use L? orthogonality to conclude

||L2(IR3)' |:|

14

3.2. Wave packet decomposition and pigeonholing. To prove Theorem 3, it suffices to prove a local
version presented in the next lemma.

Lemma 29. Let % < B <1land p=>2. Then, forany R™ 8D _pall Bpmncs.n C R3, suppose that

2-1 —4)—-1 p
”f”L”(BRmaxaﬁ 1) <C; Rg(Rﬂ(p/ ) + RA(P—4 ) Z ”fy ”LP(R3)
14

for any Schwartz function f : R> — C with Fourier transform supported in M3(RP, R). Then Theorem 3
is true.

Proof. Write
1F17 gy S Z/ 1f17,

BRmax(Z/i‘l) BRmaX(Zﬂ,l)



3580 LARRY GUTH AND DOMINIQUE MALDAGUE

where the sum is over a finitely overlapping cover of R? by R™*28:D_balls. Let ¢ be a weight function
decaying by order 100 away from B gmaxcs.1), satisfying ¢pp = 1 on Bgmacs.n, and with Fourier transform
supported in an R~ ™A1 peighborhood of the origin. The Fourier support of each fy @B is contained
ina 2R # x 4R7%$ x 21/PR~! small cap. By the triangle inequality, there is a subset S of the small
caps y so that for each y € S, the Fourier support of f),¢p is contained in a unique small cap and

ny¢B

yeS

p

p <
IFNLo (B pmarcapi) =
LP(BRmax(Zﬁ,l))

Then by applying the hypothesized local version of small cap decoupling,

P
Z fy¢B < CgRs(Rﬁ(p/Z_l) + R,B(P—4)—l) Z ||fV¢B”€p(R3)'
yes LP(Bgmax28.1) y€S

It remains to note that ZBRmax(Zﬂ,l) (117058 < [ 117, O

It further suffices to prove a weak, level-set version of Theorem 3.

Lemma 30. Let p > 2. For each B> and Schwartz function f : R> — C with Fourier transform supported
in M3(RP, R), there exists o > 0 such that

1A 08 sy v (108 R)P {6 € Bmwcs 1ot < | FODBI+ RO Y 1 fy 17 05,
Y
Proof. Split the integral as

[ = | | 17
B pmax(28,1) {0 €B gmax@p.1) M N L0 (B pnanap, 1) SIS ON=2ZMS L0 (8 s 210}

R_IOOOS)»SI

+ | | 117,
{XEBRmaxQﬂ.l) |f (-x)lfRilOOO”f ”LOC(Rmax(Zﬂ,l))}

in which A varies over dyadic values in the range [R~1°%, 1]. If one of the < log R many terms in the
first sum dominates, then we are done. Suppose instead that the second expression dominates:

P < p3p—1000p) £1P
I f1? <R’R ||f||L°°(BRmax(zﬂ,1))'

)
B pmax(28,1) {(x€B gmax2. 1) 1| f =R £ o pmaxc2p,1), )

Then by Holder’s inequality, we have

p < p3 p—1000p+(p—1) Z P
/B 1P <RR 1 120 (B o)
Rrmax(28,1) Y

Finally, by the locally constant property and Holder’s inequality,

p P
||fy||LOC(BRmax(2ﬂ,l)) S, |||fy| *a)y*”LOO(BRmax(Zﬁ,l)) Sp I||fy|p *wy*”LOO(BRmax(zﬂ,])) ,S A;} |fy|p- O]

Use the notation
Uy = {x € Bpmxcpn : o0 < [ f(x)]}.
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We will show that to estimate the size of U,, it suffices to replace f with a version whose wave packets

have been pigeonholed. Write
F=Y20 vk, (17)
y TeT,

where, for each y, {{/r}rer, is the partition of unity from a partition of unity from Section 2.1. If
o < Ce(log YR max || fy oo,
¥

then by an argument analogous to the one dealing with the low integral over {x : | f(x)| < R —1000 flloo}
in the proof of Lemma 30, bounding «”|U,| by the right-hand side of the small cap decoupling theorem
is trivial. Let ¢pp be the weight function from Lemma 29.

Proposition 31 (wave packet decomposition). Let o > C.(log R)R_loomaxy Il fy | Loo(m3). There exist
subsets S C {y} and TT}, C T, as well as a constant A > 0 with the following properties:

Ual S (log R) {x eUp:a S| D Yr(x)gp) fy(x) H (18)
yes TeT,
Z Yrés fy ~A forally €S, (19)
TeTTy LR
#T,APRII S S gty | SRVHT,APRP forally €. 20)
i Lr(®)
TeT,

Proof. Split the sum (17) into

¢f =) Yrésfy+) D Vrosfy 21)

v TeT; Y TeT)
where the close set is
T; ={T € T}, TN RIOBRmax(Z/S,l) # o}
and the far set is

—ﬂ—)j/c = {T € —l]—y . TleOBRmax(Zﬁ.l) = Q}

Using decay properties of the partition of unity, for each x € Bgmaxcs.n),

Y3 wr)esx) fy (x)

Vo TeT)

—1000
rs R m}?x ”d)BfVHLOO(BRmax(Zﬁ,I))‘

Therefore, using the assumption that « is at least R~1% max,, || ; [l 200 Bpmax(p.1)?

I

o . 2
m]leITnE?% 1YrdB fyll Lo ws (22)

|Uel =2

{era:oc§2

DD Yr0)$sx) £y (x)

4 TEeT,

The close set has cardinality HT}C,l <R3, Let
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Split the remaining wave packets into

oD Wresfy=_ Y, Y. Vrésfy+Y, Y vrésfy (23)

y TeTy, Y R-18< < TeT); y TeTy,
where X is a dyadic number in the range [R_103, 1],
T, =T €Ty Yo fyll Lo ~ AM},
T =T € TS : [¥rdp fyll~ms) < R™'M}.
Again using the lower bound for o, the small wave packets cannot dominate and we have

{era:agzt\Z > ZI//T(XWB(X)fy(X)H-

Y R-108 << TETy;

Finally, we analyze the L?” norm for each p > 2 and each y. Note that we have the pointwise inequality

Uo| <4

By dyadic pigeonholing, for some A € [R~19%, 1],

|Ual S (log R) D> Yres) £, ()

vy TeT,,

{era ca < (logR)

D Ures) £, =] Y Yr)s@) f, 0|+ | Y Yr)esx) f, (x)
TeTS, TET; 3 TET;.A
" X€RT xgRT
<| D vr®es@) fy ()| + CeR™Plpp(x) £, (x)].
it
Let S’ be the subset of {y} for which
Z Vrds fy > C. R max g5 f; | Lo ws)-
L (R3) Y

TET;Y 2

Using the lower bound for «, we then have

|Ua| < (log R)

I

{x €Uy :a < (logR) ‘ Z Z Yr(x)ep(x) f (x)

yeS’ TGT;,)L

It follows from the pointwise inequality above that, for each y € &,

> vrosfy

Te?]';’A

AM < < R¥*\M.

Lo (R3)

Perform one more dyadic pigeonholing step to obtain a dyadic u € [1, R®] for which

|Uy| < (log R)?

I

{x €Uy :a < (log R)? | Z Z Yr(x)pp(x) fy (x)

yeS TE-U—;J&

where S is the set of y satisfying | > e Vrosfy |~ M,
Vs

H Lo(R3
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It remains to check the property about the L? norms. For each y € S, using the locally constant
property, we have

> 1/’T¢ny

T eT‘

AR S N |

TeT‘
Tely ,

< /
~Y
XER'T

< RIPEHTS , RAVPTL (UM)P + C.R™P |1 f, 1|7

14
dx + CR™ g3 f, 117, g

> Yr) fy(x)

LP(R3)"
By construction, we have M > C.R™! maxy, || fy [l Lo rs)- It follows that

CER_IOOOP||¢ny < R—]OO#‘H'L Rﬂ+2/3+1 (MM)p

” LP(R3)

which concludes the proof. O

3.3. Trilinear reduction. We will present a broad/narrow analysis to show that Proposition 28 implies
the following level set version of Theorem 3 for the critical p =6+2/8.

Theorem 32. Forany R>2, s < <1,and a > 0,
a2 B\U, | Se ROORPHN £, 113
4

for any Schwartz function f : R®> — C with Fourier transform supported in M>(RP, R) and satisfying
I fylloo <2 forall y.

Proposition 28 implies Theorem 32. We present an algorithm incorporating a broad-narrow argument. For
-1/3 -2/3
A X R,

moment curve block.

each k, 1 <k < N, recall that {t;} is a collection of canonical ~ R X Rk_1 moment curve

blocks. Write £(7) = r~! to denote that 7 is a canonical r~! x r=2 x r—3
Step 1 of the algorithm is as follows. Let E, be a constant we choose to be larger than 10C,, where

C. is from Lemma 7. We have the broad/narrow inequality

O] < 4B max | fry )]+ R*  max ] f100) fra(0) f (01, (24)
d(‘L’l r, )=E:R,
where the second term is the maximum over 3-tuples of 7; which are pairwise > EgRl_l/ 3—separated. In-
deed, suppose that the set {7 : | fr, (x)| > R, 173 max,/ | ff.’ (x)|} has at least 3E, elements. Then we can find
three tll, 112, 713 which are pairwise > E€R1_1/3—separated and satisfy | f(x)| < R28|frlu (x)ftlz (x)frf ()|'/3.
If there are fewer than 3E, elements, then | f(x)| < 3E, max,/ | ff{ ()| +max, | ff{ x)].
Suppose that

Uel =2|{x € Uy :max | £, (0)] < @}].
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If this does not hold, then proceed to Step 2 of the algorithm. Further suppose that there are blocks rf
which satisfy d(t!, {) > Engl/3 and

Ual S R¥*[{x € Us r ot < 2R £y () fr2.(0) frp (12, max | f, (0)] < . (25)

If (25) does not hold, then proceed to Step 2 of the algorithm. Assuming (25), apply Proposition 28 to
get the inequality
P UL S ROORPHS ) £, 13,

¥
which terminates the algorithm.

Next, we describe step k of the algorithm for £ > 2 and Rz/ ¥

< R'~P. The input for step & is
|Ual e (log ) |{x € Uy 00 S (log R) ™" max | fr,_, (1)} (26)
For each t;,_;, we have the broad-narrow inequality

o @ S 2B max [fo I+ R max £y () fa(0 fp @',

‘L’,LCkal

d(tl,t)>E.R; '

Either proceed to Step k + 1 or assume that
|Ual S (log RY[{x € Uy s S (log B max | foy_, ()], max | fo,(0)] <} |-

Again, either proceed to Step k + 1 or assume further that there are T]i C tx—1 which are pairwise
> E.R, Y 3—separated and satisfy

|Ual = (log RYR™ ) [{x € Un s S (log RYT'R| £y () 2 () fp (I, max | o (0] < e}
Tk—1
By rescahng for the moment curve there exists a linear transformation 7" so that | f, i o T| =] 8 |, where

the 7} are pairwise 2 E. R, —separated blocks and g is Fourier supported in the amsotroplc neighborhood
M (Rk_lf3 RP, Rk_lR). Indeed, suppose that 7;_; is the [-th piece

T ={(1,6,8) IR P <& < U+ DR, 16— €21 < R, |6 — 3616 + 28] < R7L,).

Since the Fourier support of f is in M3(R?, R) by hypothesis, the Fourier support of f;,_, is in 71 N
M3(RP, R). Define the affine transformation L (&, &, &3) by

£ R & — IR,

£ R (& — PR = 2R (&5 — IR,
£ Ri_1(5— PR ) =3IR (82— PR + 3R, (61 — IR,

1/3

This affine map satisfies L(t_; N M3(RP, R)) = /\/13(R,;1{3R’3, Rk_le). If we write L~1(&, &, &) =

A(&1, &2, &) + b, where A is a linear map, then the rescaling map 7 above is equal to (A~H* In

1/3

this step, we have assumed that Ry R~ I < R, R™ B, One may then verify that L(y) = y are
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13 2/3 13

~R" R PxR,;
to the rescaled functrons to obtain the inequality

1 R™ 28 % Ry_1 R~! small caps partitioning M3(R RP, R, lR) Apply Proposition 28

P {x € Up e S (log BT RY g (08 (08 (I, max e, (0)] <

Se RFFORI RPN gy 13,
Y

where B’ € [ ] is defined by (Rx_1 R~ e = Rl/3

and summing over t_1, this implies

o |Uy) e R R RPHS ) £ 13,

R~P. By undoing the rescaling change of variables

It suffices to verify that (R, ', R)*# ™! < Rzﬂ“/az/ﬂ_z/ﬂ/ Use the upper bound @ < R, 1/3R‘3 from

the step we are considering so that it suffices to verify (R, " RPHNR Y 3R/S)z/ p-2/p < RZﬂJrl which
srmphﬁes to R, 2’3 —1=2/3p42/36 < R2P-26' 2428/ Using the definition of 8’ this further simplifies to

Rk_ 2{3 —1=2/3p +2/ 3'3 / < R( ﬂ +1/3+2/8) , which is true since 8 < 2. In this case, the algorithm terminates.

2/3

Next, we descrrbe step k with k > 2 and R}, > R'=P. The input for step k is

|Uq| < (log R)*|{x € Uy : e < (log R)*! max | fr O} 27)

Let {¢} be a partition of M?(R?, R) into ~ R, R~ x R,

we may assume that there are versions f;, , of the f;, , whose wave packets corresponding to ¢ have
been localized and pigeonholed and which satisfy

R™2 x R~! small caps. By Proposition 31,

|Ual S (log R)[{x € Uy S (log B) max | fr,_, (1)}
As in the previous case, either we proceed to Step k + 1 or we have

|Ual < (log R)*R* > "|{x € Uy 10 < (log R fry (0) fr2 () fo3 (017, max. | fo ()] <all.
Tk—1
By the same rescaling argument as above, let 7' be the linear transformation so that | f ioT|=| 8 | and the
T, are pairwise 2 E.R| —separated blocks and g is Fourier supported in the anlsotroplc neighborhood
M3(R,:_1{3Rﬂ, Rk—lR)‘ Note that each |f; oT|= |g£|, where ¢ is an Ri_ 1R~ x R,%_IR_2 X Rg_1R™!
small cap. Apply Proposition 28 to the rescaled functions (max£ ||g£ lloo) ™! (gzllc + 82 + gzz) to obtain
the inequality

oF|{x € Uy : o < (log R)f g (¥)g 2 ()8 (0)]'/%, max|gr, (x)] < ]

Se RUORE RO max g% ) lse I
- ¢

By undoing the rescaling change of variables and summing over t;_1, this implies

o Ual e R (R R max | fe o) Y11 13-
¢
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By properties of the pigeonholing lemma, for each ¢, (max, ||f; ||oo)6||f¢ ||% <e R3£(R££31R_1R’3)2||f; ||g.

By cylindrical L®-decoupling (Theorem 26), for each ¢,

3
2/3 H—
1fe 11§ Se RS<Z ||fy||%) Se RRRERTRE2D CNI£, 13
yC¢ yC¢

The summary of step k in this case is that

— 2/3 5— 7
o8 |Ual Se R R RPRERTRD S f 13
Y

It remains to verify that R,:{3R4/3_1 é R2’3+1/a2/’3_2. This is true since R,i/fl > 1 and @ < RP. The
algorithm terminates in this case.
The final step, if the algorithm has not terminated yet, gives the case

|Uq| < (log RN |[{x € Uy : o < (log B)Y max | fz, (0)1}].

Write ty = 6 and use trivial inequalities:

o*"P|{x € Unra < (log RYY max | £y () }] e (log RN ) / | falo+?P
0
Se (log R)™ Y max || fy [ 53*/7 f | fol?
0

S Qog RV Y maxty <O [ 17,
0

yCo
Se (log R)NRETIDERID N 13,
¥
where we used Lemma 7 for the L* bound. Technically, our algorithm could give us a version of f whose
wave packets have been pigeonholed at a few scales. In that case, we incorporate a process analogous to
that of “unwinding the pruning” from the proof of Proposition 28 into the trivial argument above. Noting
that N ~ ¢~1, and (log R)N (log R)V <¢ R?, we are done since (8 — 1/2)(4+2/8) <28+ 1, which is
equivalent to 8 < 1. 0

3.4. Proof that Theorem 32 implies Theorem 3. We divide the work into two propositions. First, in
Proposition 33, we show that Theorem 32 implies the critical exponent p = 6+-2/8 version of Theorem 3.
Then, we show that the general Theorem 3 follows from the critical exponent case.

Proposition 33. Theorem 3 holds for the critical exponent p =6+ 2/8.

Proof. Fix p=6+2/8. By Lemma 29, it suffices to bound the L? norm of f on a fixed ball Bgmaxes.1).
By Lemma 30, there is a constant & > 0 (which we may assume is > C,(log R)R~'% max, || fy lloc) SO
that it suffices to bound a” |Uy | for Uy = {x € Bpmuxs.y : @ < | f(x)|}. Finally, by Proposition 31, we may
replace f by a pigeonholed and localized version f. One of the properties of the pigeonholed version is
that, for all y, either || fy loo ~ A or || f,, lloo = O for some constant A.
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Apply Theorem 32 to the function f/A to obtain the inequality

(@/A)|Uql Se RORPFY N f /Al 2oy
¥
It remains to note that by (20) from the pigeonholing proposition,

AP fy 2 gmmcnny S REAPHT, REFZPFLS RN F 1T, s

Since | f,,l < | fy | for each y, this concludes the proof. O

Next, we show that Theorem 3 for general p follows from Theorem 3 at the critical exponent p =642/
via an interpolation argument with L? and L estimates.

Proof of Theorem 3. Let p > 2. Repeat the initial steps in the proof of Proposition 33 so that it suffices to
prove

o |Uy| S RE(RPPPD 4 REP=D-H) N 12 o,
Y

where f has been pigeonholed and localized as in Proposition 31. First suppose that 2 < p < 6+42/8.
By Proposition 33, we have

6+2
VU, So RERPEY A0

Y
Write A ~ max, || f; llco- We would be done if R AS+2/A=r < RA(P/2=D6+2/B=r which simplifies
to RA/2A < . If this does not hold, then using L? orthogonality,
af|Uq| S RPPPDAP2N £ 5
¥
By (20), AP72| 113 < R*|| £, II5, which finishes this case.
Next, assume that 6 +2/8 < p. Then by Proposition 33,

P |Uq| Se RERPHDD " aP=0=2/8) £, 1 02/F

642/
y
We would be done if R?PH1qP=6-2/8 < RB=H=1Ar=6-2/B \yhich simplifies to & < RPA. Since
aSfx)]= |Zy fy(x)| and #y < RP, this is true. 0
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