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ON A SPATIALLY INHOMOGENEOUS NONLINEAR FOKKER-PLANCK
EQUATION: CAUCHY PROBLEM AND DIFFUSION ASYMPTOTICS

FRANCESCA ANCESCHI AND YUZHE ZHU

We investigate the Cauchy problem and the diffusion asymptotics for a spatially inhomogeneous kinetic
model associated to a nonlinear Fokker—Planck operator. We derive the global well-posedness result with
instantaneous smoothness effect, when the initial data lies below a Maxwellian. The proof relies on the
hypoelliptic analog of classical parabolic theory, as well as a positivity-spreading result based on the
Harnack inequality and barrier function methods. Moreover, the scaled equation leads to the fast diffusion
flow under the low field limit. The relative phi-entropy method enables us to see the connection between
the overdamped dynamics of the nonlinearly coupled kinetic model and the correlated fast diffusion. The
global-in-time quantitative diffusion asymptotics is then derived by combining entropic hypocoercivity,
relative phi-entropy, and barrier function methods.
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1. Introduction

We consider the kinetic Fokker—Planck operator Zrp := V,, - (V, + v) and the spatially inhomogeneous
nonlinear drift-diffusion model

i(& +v- V) £t x, v) = pf(t, x) L £ (2, x, v),
f(O,X, U) = fin(X, U),

for an unknown f (¢, x,v) >0 withr € Ry, x € T4 or R?, v € R?, where T¢ denotes the d-dimensional
torus with unit volume, the constant 8 € [0, 1], and

(1-1)

pr(t, x) = / f(t, x,v)dv.
Rd
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380 FRANCESCA ANCESCHI AND YUZHE ZHU

Given a constant € € (0, 1), the equation under the low field scaling ¢ — €2t, x > ex reads

{(eat +v- V) felt, x,0) = Lo} (8, %) L fet, x, v),
fé(ov x9 U) = fé,il’l(x9 U).

Our aim is to show the global well-posedness and the trend to equilibrium with smoothness a priori

(1-2)

estimates for (1-1), and the quantitative asymptotic dynamics of (1-2) as € tends to zero.

1A. Main results. Let us recall that a classical solution of an evolution equation is a nonnegative function
satisfying the equation pointwise everywhere and matching the initial data continuously. Unless otherwise
specified, any solution we consider below is intended in the classical sense. For k € N, define CK(R2) to
be the set of functions having all derivatives of order less than or equal to k continuous in the domain 2.
For o € (0, 1), we note that C*(£2) is the classical Holder space on 2 with exponent «. In addition, we
define the measure dm := dx du, where

() = 2m) e M2 and  dp = pdv

denote the Gaussian function and the Gaussian measure, respectively. A function that takes the form
of Cu(v) for some constant C > 0 is called a Maxwellian.

Theorem 1.1. Let the space domain Q. be equal to T or R? and the constants 0 < A < A be given.
@A) If fin € COU2 x RY) satisfies 0 < fin < A in Q2 x RY, then there exists a solution f to the Cauchy
problem (1-1) such that 0 < f < Apin Ry x Q) X RY. Moreover, foranyv € (0,1), k e N, and any

compact subset K C (0, T] x Qy, there is some constant Cr , i ¢ > 0 depending only ond, B, A, A, T,
v, k, K, and the initial data such that

I fllekk xray < Cr vk k-

Additionally, if fi, is Holder continuous and pyr, > A in Q,, then the solution that lies below any
Maxwellian is unique.

(i) For Q, =T¢, if the initial data satisfies AL < fin < A in T x RY, then, for any k € N, there exists
some constant ¢ > 0 depending only on d, B, A, A and some constant Cy > 0 depending additionally
on k such that, foranyt > 1,

< Cke_Ct.

Hf—uffindxdv
128 Ck(Td xRY)

f
For Q. = RY, if the initial data satisfies At < fin < Ap in RY x R? and fin — M € LY(R? x RY) for
some constant My > 0, then there is some constant C' > 0 depending only on d, B, A, A, My such that

“ f=Mp
NG
Remark 1.2. If the general measurable initial data fj, satisfies fi, < Au and an extra locally uniform
lower bound assumption (see (4-14) below for a precise description), the existence of solutions still holds

< C' A+ || fin — Miall g1 eyt~
L2(RY xR4)

in some weak sense, as pointed out in Remark 4.9 below.
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In order to describe the diffusion asymptotics of (1-2), we introduce the (Bregman) distance character-
ized by the relative phi-entropy functional Hg.

Definition 1.3. Let 8 € [0, 1]. For any measurable functions #; > 0 and %, > 0 defined in T4 x R4, the
relative phi-entropy of hy with respect to h; is defined by

Ha (| o) = /

(pp(h1) — @p(h2) — g (ha) (A1 — ha)) dm,
Tdx R4
where ¢g : Ry — R is defined by

1
1-p

for $ €10, 1) and ¢;(z) :=zlogz —z+ 1.

P -2-Bz+1-p)

vp(2) ==

Theorem 1.4. Let the constants ag € (0, 1) and 0 < A < A be given, and consider a sequence of functions
{feintec0,1) C Co(T4 x RY) satisfying 0 < fein < Ap in T4 x R and Pfin = Ain T4, Let fe be the
solution to (1-2) associated with the initial data f .

(1) If there exists some constant €' € (0, 1) and some function p;, € C* (T4) valued in [1, A] such that

He( ™" feinl pin) < €,

then there exist constants M, m > 0 depending only ond, B, A, A, ao, ||pinllceo(ra), and || fe inllceo (rd xray
such that, for any T > 0,

-1 MT
116" fe = pllLooo, 71 L2 (TexRe, dmyy < Me™ " (e + €)™,
where p(t, x) for (t,x) € Ry x T¢ is the solution to the fast diffusion equation

{&p(t, x) =V (p7P(t, x)Vyp(t, x)),

1-3
p(0, x) = pin(x). (-9

(i1) If we additionally assume that fein > Al in T4 x RY, then there exist some constants M', m’ > 0 with
the same dependence as M and m such that

™ fe = pll Lo @ 2T xre, amy) < M/ (€ +€)™.
1B. Strategy and background.

1B1. Cauchy problem of the nonlinear model. The well-posedness of the nonlinear model (1-1) was
first studied in [Imbert and Mouhot 2021] mixing Holder and Sobolev spaces in the torus, and in [Liao
et al. 2018] under the regime of perturbation to the global equilibrium in the whole space. We develop
well-posedness with rough initial data by means of the combination of the hypoelliptic analog of the
parabolic theory with a positivity-spreading result; in particular, the technique we employ allows us to
drop the smallness and lower bound assumptions asserted in Theorem 1.1. In addition, the global behavior
of solutions to (1-1) is derived under the assumption of upper and lower bounds on the initial data only.
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When the drift-diffusion coefficient p? in (1-1) is proportional to the local mass of the solution — that

is when 8 =1—(1-1) and (1-2) have the same quadratic homogeneity as the Landau equation, but simpler
global bounds and conservation laws. Due to the complex structure of the Landau equation, most of the
existing results for its classical solutions are about the global theory under the near Maxwellian equilibrium
regime [Guo 2002; Kim et al. 2020] and about the local well-posedness associated with low regularity
and nonperturbative initial data [Henderson et al. 2019; 2020a]. By contrast, the boundedness from above
and from below by Maxwellians of the initial data will be preserved along time for the solutions to (1-1)
and (1-2), and the lack of conservation of momentum and energy of (1-2) reduces its hydrodynamic limit
to the fast diffusion flow (1-3) rather than the Navier—Stokes dynamics of the scaling limit of the Landau
equation, which makes its Cauchy problem and global behavior more tractable in a very general setting.
To address the nonlinear Cauchy problem subject to only one requirement that the initial data lies
below a Maxwellian, we propose a method that involves several ingredients. First, in Section 3 we carry
out a preliminary study on the linear counterpart of (1-1) — that is the Cauchy problem associated to the

Kolmogorov operator
L =8 4v-V, —tr(A(t, x,v)D?-) + B(t, x, v) - V,, (1-4)

where the coefficients including the entries of the positive definite d x d real symmetric matrix A and
the d-dimensional vector B are Holder continuous (B is not necessarily bounded over v € RY). Even if
the well-posedness theory for the Cauchy problem associated to the linear operator (1-4) was already
well developed in some sense in the existing literature (see [Anceschi and Polidoro 2020; Manfredini
1997]), the Holder spaces (see Definition 2.3) considered in those works are different from those studied
in [Imbert and Mouhot 2021; Imbert and Silvestre 2021] (see Definition 2.1), which are the ones we
study. Indeed, in contrast to [Imbert and Mouhot 2021], the (Schauder-type) a priori estimates proved in
the previous literature are weaker and not appropriate for bootstrap arguments proving higher regularity
for nonlinear problems (see Section 4C).

Secondly, the treatment of the existence issue for (1-1) in Holder spaces is based on a fixed-point
argument, where the compactness is provided by hypoelliptic regularization results; see Section 4B. A
breakthrough on such a priori estimates for spatially inhomogeneous kinetic equations with a quasilinear
diffusive structure in velocity was obtained in [Golse et al. 2019] and [Henderson and Snelson 2020;
Imbert and Mouhot 2021], where the authors prove the kinetic (hypoelliptic) counterparts of the De Giorgi—
Nash—Moser theory and the Schauder theory for classical elliptic equations (see for instance [Gilbarg and
Trudinger 2001]), respectively. One may refer to [Mouhot 2018] for a summary. Armed with the Schauder
estimate developed in [Imbert and Mouhot 2021] in kinetic Holder spaces and the bootstrap procedure
developed in [Imbert and Silvestre 2022] adapted to this case, we are then able to derive instantaneous
C® regularization for the solutions to (1-1) in Section 4C, provided that the solution is bounded from
above and bounded away from vacuum, which guarantees the ellipticity in the velocity variable for (1-1).

Thirdly, in order to remove the lower bound assumption on the initial data, in Section 4A we
establish a self-generating lower bound result showing that the positivity of solutions spreads ev-
erywhere instantaneously. Its proof is based on repeated applications of the spreading of positivity
forward in time (see Lemma 4.5) and the spreading for all velocities (see Lemma 4.6), as proposed in
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[Henderson et al. 2020b]. On the one hand, the barrier function argument will be used in the same spirit
as [Henderson et al. 2020b] to show Lemma 4.5. Indeed, a lower (resp. upper) barrier for a certain
equation is a subsolution (resp. supersolution) of the equation which bounds its solution from below (resp.
above) on the boundary; it then follows from the maximum principle that the barrier function performs as
a lower (resp. upper) bound of the solution. On the other hand, combining the local Harnack inequality
obtained in [Golse et al. 2019] with the construction of a Harnack chain yields Lemma 4.6. We remark
that the idea of the Harnack chain was first used in [Moser 1964], and an example of its application to
Kolmogorov equations can be found in [Anceschi et al. 2019]. Essentially, the spreading of positivity
can be seen as a lower bound estimate of the fundamental solution, which is thus related to the result in
[Henderson et al. 2019], where the authors applied a probabilistic method.

A subtle point of the lower bound result lies in the possibilities of the degeneracy of solutions as
t — 01 or t — oo, which leads to two delicate issues. First, with the same difficulty as mentioned in
[Henderson et al. 2020a], in order to prove the uniqueness of the Cauchy problem (1-1), the nondegeneracy
of diffusion up to the initial time is required so that the a priori estimates can be still applicable. We
remark that, generally speaking, deriving uniqueness of solutions to nonlinear equations in rough spaces
is always a classical difficulty, and the presence of a vacuum sometimes gives rise to nonuniqueness
phenomenon even for the limiting equation (1-3); see for instance [Daskalopoulos and Kenig 2007].
Under the additional assumptions of Holder continuity and absence of vacuum on the initial data, we
achieve the uniqueness by using the scaling argument and Gronwall’s lemma, since the Holder estimate
around the initial time implies that the integrand in the inequality of Grénwall’s type is improved to be
integrable with respect to the time variable; see the proof of Proposition 4.11 for more details. Second,
we are only able to show the convergence to equilibrium if the drift-diffusion coefficient ,0? decays slower
than +~! as t — oo in Proposition 5.1. Therefore, an additional lower Maxwellian bound on the initial
data is imposed in Theorem 1.1(ii) and Theorem 1.4(ii) to ensure the solutions will be away from the
vacuum uniformly along time. It would be expected that such additional lower bound assumption could
be removed, especially when § is small.

1B2. Long time behavior. The drift-diffusion operator -Zrp acts only on the velocity variable and ceases
to be dissipative on its unique steady state p, which also ensures that the null space of ZFp is spanned
by u and the conservation law of mass is satisfied. Consequently, the convergence to equilibrium is
to be expected. With the help of the global smoothness a priori estimates, we are able to pass from
the exponential convergence to equilibrium in the L2-framework to the uniform convergence in C*
in Section 5A, when the spatial domain is compact— that is the periodic box T¢. Therein, the L>-
convergence is obtained by the L?-hypocoercivity under a macro-micro (fluid-kinetic) decomposition
scheme, which suggests the construction of some proper entropy (Lyapunov) functional that would
provide an equivalent L?-norm for solutions. The key ingredient is to control the macroscopic part by
means of the microscopic part in view of the decomposition. This hypocoercive theory was studied in
[Esposito et al. 2013; Dolbeault et al. 2015; Hérau 2018] via different approaches, while their ideas are
essentially the same. In [Esposito et al. 2013], the authors intended to develop the nonlinear energy
estimate in an L2-to-L® framework. In [Dolbeault et al. 2015] and [Hérau 2018], the authors studied
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the L2-hypocoercivity theory in an abstract setting and in the framework of pseudodifferential calculus,
respectively. In addition, if the spatial domain is RY — meaning that it is not confined to a compact
region — then the convergence rate slows down to an algebraic decay, for which the hypocoercive theory
was captured in [Bouin et al. 2020]. We remark that the L?-framework allows us to avoid some difficulties
from the nonlinearity of the operator pﬁ Zp f, in contrast with H'-entropic hypocoercivity methods
(see for instance [Villani 2009]).

1B3. Diffusion asymptotics. The diffusion approximation serves as a simplification of collisional kinetic
equations when the mean-free path is much smaller than the typical length of observation in a long time
scale. This approximation for linear Fokker—Planck models can be traced back to [Degond and Mas-Gallic
1987], where the authors applied the Hilbert expansion method. One is also able to achieve the diffusion
limit for (1-2) in some weak sense by applying a similar strategy to the one given in [El Ghani and
Masmoudi 2010]. However, weak convergence is sometimes not appropriate for application, as a precise
description of the convergence is not given. Still, the nonlinearity of the term pi Zrp fe in (1-2) associated
with nonperturbative initial data reveals some difficulties when deriving a quantitative convergence.

In order to overcome this difficulty, in Section 5B we will rely on the phi-entropy of solutions relative
to their limit to see the finite-time asymptotics on the torus. The relative entropy method, which heavily
relies on the regularity of solutions to the target equation, has become an effective tool in the study of
hydrodynamic limits since [Bardos et al. 1993; Yau 1991] (see also [Saint-Raymond 2009]). The method
applied to the diffusion asymptotics of the kinetic Fokker—Planck equation of the type with linear diffusion
can be found in [Markou 2017]. The so-called phi-entropy (relative to the global equilibrium) was used to
study the convergence of certain kinds of Fokker—Planck equations; see for instance [Arnold et al. 2001;
Dolbeault and Li 2018]. Finally, combining the barrier function method with a careful treatment of the
regularity estimate of the target equation enables us to deal with the asymptotic dynamics for the cases
associated with general Holder continuous initial data.

1C. Physical motivation. The spatially inhomogeneous Fokker—Planck equation (1-1) arises from model-
ing the evolution of some system of a large number of interacting particles from the statistical mechanical
point of view. These models appear for instance in the study of plasma physics and biological dynamics;
see [Chavanis 2008; Villani 2002]. Its solution can be interpreted as the probability density of the particles
lying at the position x at time ¢ with velocity v. The scaled model (1-2) for small € describes the evolution
of the particle density in the small mean-free path and long-time regime, where the nondimensional
parameter € € (0, 1) designates the ratio between the mean-free path (microscopic scale) and the typical
macroscopic length. The limiting equation (1-3) characterizes its macroscopic dynamics.

From the perspective of a stochastic process {(X;, V;) : ¢t > 0} driven by a Brownian motion {5, : ¢ > 0}

dXt - Vl‘ dt,

AV, = plp (1, X))V di +/2p7 (¢, X) dB,,

the dual equation describing the dynamics of {(X;, V;) : t > 0} is given by (1-1); see the review paper
[Chandrasekhar 1943]. Indeed, the nonlinear term p? Zrp f models the collisional interaction of the
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particles, where the mobility of these particles is hampered by their aggregation. More precisely, the
nonlinear dependence on the drift-diffusion coefficient pjﬁ translates the fact that the effect of friction in
the interaction is positively correlated to the local mass of particles occupying the position x at time ¢.
Moreover, the low field scaling 7 > €%, x > ex of (1-1) formally implies (1-2). As € tends to zero, its
spatial diffusion phenomena are characterized by (1-3).

Regarding its physical interpretation, we point out that the factor multiplying the time derivative
in (1-2) takes into account the long time scale. The inverse of the factor multiplying ,0?6 ZLrp fe stands
for the scaled average distance traveled by particles between each collision, and it is usually referred to
as mean-free path. In the small mean-free path regime, it was noticed in [Chandrasekhar 1943] that the
spatial variation occurs significantly only under the long time scale that is consistent with the particle
motion. In such an overdamped process, also called a low field limit or diffusion limit, the statistics of
the particle motion translates into the macroscopic behavior of the particle system.

Finally, we recall that the associated phi-entropy introduced in Definition 1.3 is also known as Tsallis
entropy in the physics community, which generalizes the Boltzmann—Gibbs entropy (the phi-entropy with
B = 1) in nonextensive statistical mechanics [Tsallis 1988]. It gives some hints for the formulation of
the correlated diffusion, where the index 8 measures the degree of nonextensivity and nonlocality of the
system; see [Tsallis 2009].

1D. Organization of the paper. The article is organized as follows. In Section 2, we recall some basic
notions related to kinetic Holder spaces that are adapted to the Fokker—Planck equations. Section 3 is
devoted to the study of the linear Fokker—Planck equation with Holder continuous coefficients. The
well-posedness result Theorem 1.1(i) is proved in Section 4. The asymptotic behaviors, including
Theorem 1.1(ii) and Theorem 1.4, are proved in Section 5.

2. Preliminaries

This section is devoted to basic notation, including the invariant structure and the kinetic Holder space for
the equations we are concerned with. Instead of the usual parabolic scaling and translations, the invariant
scaling and transformation associated with the Kolmogorov operator .#; (see (1-4)) is replaced by kinetic
scaling and Galilean transformations, respectively. It then turns out that the appropriate Holder space as
well as its norm should be adapted to the new scaling and transformation.

2A. The geometry associated to Kolmogorov operators. Let 7 := (t, x, v) € R x R? x R?. We define the
kinetic scaling

Sy (t,x,v) = (r2t, r3x, rv) forr>0
and the Galilean transformation

(tg, x0, vo) o (t, x,v) :=(typ + ¢, xo+x +tvg, vo+v) for (fy, xg, vg) € R x R x RY.

1

With respect to the product o, we are able to define the inverse of z as z7' := (—¢, —x +fv, —v). In view

of this structure of scaling and transformation, it is natural to define the cylinder centered at the origin of
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radius r > 0 as
0, :=(—r?,0] x B,3(0) x B,(0).

More generally, the cylinder centered at zo = (o, xo, v9) with radius r is defined by
0:(z0) :=1{2008,(2) 1z € Q1) = {(t, x, v) 119 — 1 <1 <o, [x —x0 — (t —to)vo| <7r°, [v—wo| <r).

Roughly speaking, for fixed zg € R'*%¢, the Kolmogorov operator .} is invariant under the kinetic scaling
and left-invariant under the Galilean transformation. It means that if f is a solution to the equation
2 f =01in Q,(z0), then f(zpo S,(-)) solves an equation of the same ellipticity class in Q.

In addition, the associated quasinorm || - || is defined by

. 1/2 1/3
llzll := max{|¢|"/?, |x|'/3, jv]},

and we notice that ||S,(z)|| = r|lz|| and ||zo o z|| < 3(||lzoll + lIz]|). For further information on the non-
Euclidean geometry associated to Kolmogorov operators, one may refer to [Anceschi and Polidoro 2020;
Imbert and Silvestre 2021].

2B. Kinetic Holder spaces and differential operators. The proper kinetic Holder space and kinetic degree
of basic differential operators should be adapted to the above definitions such that they are homogeneous
under these transformations. Their definitions were introduced in [Imbert and Silvestre 2021] (see also
[Imbert and Mouhot 2021]), and we recall them below.

. . k. . o e
Given a monomial m (¢, x, v) = tk"xi<1 . -xf‘;"v1 LI vsz’, we define its kinetic degree
d 2d
degyin(m) =2ko+3> kj+ > kj.
j=1 j=d+1

Any polynomial p € R[¢, x, v] can be uniquely written as a linear combination of monomials, and its
kinetic degree degy;,(p) is defined by the maximal kinetic degree of the monomials appearing in p. This
definition is justified by the fact that p(S,(z)) = r%&un(P) p(z).

Definition 2.1. Let the constant & > 0 and the open subset Q C R x R? x R? be given. We say a
function f : 2 — R is C{-continuous at a point 7 € €2 if there exists a polynomial py € R[z, x, v] with
degi,(po) < o and a constant C > 0 such that, for any z € Q with zpoz € €,

|f(z002) — po(2)] = Cliz|*. 2-1)

If this property holds for any zo, z on each compact subset of €2, then we say f € C;*(€2). If the constant C
in (2-1) is uniformly bounded for any zg, z € €2, we define the smallest value of C as the seminorm
[flee(w) and the norm || flee (@) = [f]C?(Q) + [flex (@), where we additionally define CIO(Q) =C%Q),
the space of continuous functions on €2, with the norm ||f||c,°(sz) = [f]C,"(Q) =1 flleoy = 1 ()

Remark 2.2. For « € [0, 1), this Cj*-continuity is equivalent to the standard definition of C%-continuity
with respect to the distance || - ||. The subscript “I” of C; stems from the definition of Holder continuity
above, which is given in terms of a left-invariant distance with respect to the group structure of o.



ON A SPATIALLY INHOMOGENEOUS NONLINEAR KINETIC FOKKER-PLANCK EQUATION 387

We also mention another kind of Holder space suitable for the study of Kolmogorov operators that was
first used in [Manfredini 1997].

Definition 2.3. Let o € [0, 1) and 2 C R x R? x R? be given. The space C%’;“(SZ) consists of functions
f € CZO(SZ) such that Dgf, (0 +v-Vy) f €C(£2), and is equipped with the norm
[ llgzte () = I lleo @) + 1D fllce @ + 1@+ v+ Vi) fller -

The consistency between these two definitions is given by [Imbert and Silvestre 2021, Lemma 2.7]
(see also [Imbert and Mouhot 2021, Lemma 2.4]), a result that we state here.

Lemma 24. Leta € (0,1) and f € Clz+“(Q2). Then there exists some constant C > 0 depending only on

the dimension d such that

IVoFlleson < Cllfllgacg,  and 1D flicecon + 1@ +v- Vo) Flleson < Cll ez,

Remark 2.5. For o > 2, one can easily check that the polynomial pg in (2-1) has the form

pot, x,v) = f(20) + (3 + vo- V) f(20)t + Vi f(20) - v+ 3 D) f(z0)v- v+ - - .
In particular, if o € (2, 3), the polynomial expansion is independent of the x-variable.
Remark 2.6. A subtle difference between Cl2 and Cﬁin comes from the fact that, for f € C,2, we have Dg f
and (3; + v - V) f lying in L* rather than C°.
We will also employ the following notions of weighted Holder norms in Section 3.
Definition 2.7. Let z = (¢, x,v) € Q:= (0, T] x R x R? with T € R;. For f € C*(Q) with « > 0 and
o € R, we define

[F1) = sup £ Lep g, o 1 = sup ™ [ fleroien IS =111 +[F1,
Z€

[ 419

where ¢ := min{1, '/} measures the distance between z and the (parabolic) boundary of 2.

2C. Other notation. Throughout the article, Bg denotes the Euclidean ball in R< centered at the origin
with radius R > 0. We employ the Japanese bracket defined as (- ) := (1 + |- |?)!/2. By abuse of notation,
(-) will also denote the velocity mean in Section 5.

Moreover, we assume 0 < A < A. We denote by C a universal constant— that is to say a constant
depending only on 8, d, A, A, «, o, aq specified in context. Finally, we write X < Y to mean that
X < CY for some universal constant C > 0, and X Sq Y to mean that X < C,Y for some C; > 0
depending only on universal constants and the quantity g.

3. Kolmogorov-Fokker-Planck equation

This section is devoted to the study of the Cauchy problem associated to the operator (1-4),

{.,iﬂlf:z(8t+v-Vx)f—tr(AD5f)—B-va=s in (0, T] x R? x R,

£(0, x,v) = fin(x, v) in RY x R, (3-1)
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where the d x d symmetric matrix A(¢, x, v) and the d-dimensional vector B(, x, v) satisfy the condition

{Ag £ > AlE|> forany & e RY,

(3-2)
[Allcy + I Bllcy < A,

where o € (0, 1) and the norm || - [[ce(g) of matrix denotes the summation of the norm of each entry. The
boundedness condition at infinity means that the solution shall be bounded, which is intended for the
validity of maximum principle; see the proof of Lemma A.1 below.

The aim of this section is to solve the Cauchy problem (3-1) by virtue of the weighted Holder norm
(Definition 2.7) and by means of the standard continuity method combined with Schauder-type estimates.
One may refer to [Gilbarg and Trudinger 2001, Subsection 6.5] for the corresponding treatment in classical
elliptic theory.

Throughout this section we work with the domain Q := (0, 7] x R? x R?, with T € R... We shed light
on the fact that all of the results below can be restricted to (0, 7] x T¢ x R? whenever required.

3A. Schauder estimates. In order to apply the continuity method, first of all one needs to prove a global
a priori estimate for solutions to (3-1) with respect to the weighted Holder norm. In the kinetic setting, we
have at our disposal the interior Schauder estimates proved in [Imbert and Mouhot 2021, Theorem 3.9].

Proposition 3.1 (interior Schauder estimate). Let the constant o € (0, 1) be given and the cylinder Q;,(z0)
be a subset of Q withr € (0, 1]. If f satisfies (1-4) with condition (3-2) in Q2,(20) and s € C}'(Q2,(20)),
then we have

2 2
r L ez, oy S I (Qar Gopy + 77 [8Teg (02 o) - (3-3)
In particular, the right-hand side controls r*||(3; +v - V) f | L0, o)) + 721D £ 1l 10, z0))-

First of all, we enhance this result to a global estimate for the Cauchy problem (3-1) under a vanishing
condition for the initial data.

Proposition 3.2 (global Schauder estimate). Let 2 = (0, T'] x R¢ x R? and the constants a € (0, 1) and
o € (0,2) be universal, s € Cj' (2) such that ||s||¢(),270) < 00, and f be a bounded solution to the Cauchy
problem (3-1) under condition (3-2) in Q. If the initial data fi, equals 0, then we have

1A < s,

+o ~

Proof. In view of Proposition 3.1, it suffices to deal with the estimates around the initial time. Without
loss of generality, we assume 7 < 1.
Let zo = (%, x0, vo) € Q and 2r = té/ 2, Applying the interior Schauder estimate (3-3) yields

2+
P v, o S I o + 17 51es (0 o)
It then follows from the arbitrariness of zg that, for any o < 2 such that [ f ](()7“) < 00,

[F1552) LA + 15137 (3-4)
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With o € (0, 2), observing that
gl(é[s]ff‘”)t”/z + f) =[s1y 717 5 >0 in
%[s]((f“’)t“/z +f=0 on {t =0},

we apply the maximum principle (Lemma A.1) to the function (2/0)[s](()27”)t”/ 2+ f to deduce that
+1792 f < (2/0)[s1 "), which means

L1y S sl
Combining this estimate with (3-4), we get the desired result. O

3B. Cauchy problem for the linear equation. The goal of this subsection is to prove the well-posedness
of the Cauchy problem (3-1) with Holder continuous coefficients.

Proposition 3.3. Ler Q@ = (0, T] x R? x R? and the constants « € (0, 1) and o € (0, 2) be universal.
Assume that
{As EZ AP forany £ € R, 45

1Al @) + 1) "' Blles ) < A.

Then, for any s € C;'(2) such that ||s||((12_0) < 0o and fin € COR? x RY), there exists a unique bounded
solution f € Clz+“ (2) to the Cauchy problem (3-1).

Remark 3.4. In contrast with (3-2), condition (3-5) is weaker, which allows the coefficients of B to
not necessarily be bounded globally. This fact will be applied to the Ornstein—Uhlenbeck operator
“ou = (V, —v) -V, in Section 4B.

The simplest possible setting of (3-1) under condition (3-5) is recovered by choosing A = I and B =0,
which turns out to be the classical Kolmogorov operator %y := 9; + v - V, — A,. This operator was first
studied in [Kolmogoroff 1934], where its fundamental solution was calculated explicitly as

2

ﬁ dex _M_E fort>0
r, x,v)=3\2z2) &P 3 41 ’
0 fort <0.

(3-6)

One can easily see that I' is smooth outside of its pole (the origin). In fact, in this latter case the following
result holds.

Lemma 3.5. Let @ = (0, T] x R¢ x RY and « € (0, 1). For any s € C* () such that |s||$ " < oo, the
function

Fltoxv) = /R P& o s ) de de dy (3-7)

is the unique bounded solution in C12+°‘(§2) to (3-1) with 4 replaced by £ and fi, = 0.
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Remark 3.6. When the spatial domain is T¢, one can apply Green’s function

G(t,x,v):= Z Tt x+n,v),
nez4¢

which is well defined due to the decay of I'.
We are now in a position to apply the standard continuity method to derive Proposition 3.3.

Proof of Proposition 3.3. We split the proof into three steps. In the first step, we establish the case
for vanishing initial data under the stronger assumption (3-2). We point out that the assumption on the
coefficient B can be weakened in the second step. Finally, we deal with general continuous initial data.

Step 1. Assume fi, = 0 and condition (3-2) holds. Let the constant o € (0, 2) be fixed and consider the
Banach space ) := (C12+°‘(Q), Il - ||§:;) ). In particular, every function lying in ) vanishes at r = 0.

For 7 € [0, 1], we define the operator .%; := (1 — 1).% + 141, which can be written in the form
L =8 +v-V,—tr(A,D?-)—TB-V,,

where its coefficients A; := (1 — )] + 7 A and 7 B still satisfy condition (3-2) (with A and A replaced by
min{l, A} and max{1, A}, respectively). For any w € ), we have

12wl < A+ 1AAP) w52 + IBIPNwD < lwll$?). (3-8)

Let the set Z be the collection of t € [0, 1] such that the Cauchy problem (3-9) is solvable for any
s € C/'(2) with ||s||((,2_0) < oo: there is a unique bounded solution f € Y satisfying

{f,f:s in Q,

3-9
f@O,x,v)=0 in R x R4, (3-9)

By Lemma 3.5, we see that O € Z; in particular, Z is not empty.
It now suffices to show that 1 € Z. Pick 7y € Z. Then the global Schauder estimate provided by

Proposition 3.2 implies that, for any s € Cj*(£2) with ||s||&2_0) <00, f= .ngls satisfies

12 51557 S sl (3-10)
For any w € ), since 1o € Z and (3-8) holds, the following Cauchy problem is solvable for any s € C;*(£2)
with [|s[|7 < oo

ZLnf =5+ @ —10)(LH—ZL)w inQ,

£(0,x,v)=0 in RY x RY.
Thus, we can define the mapping F : Y — ) by setting F(w) = f. Armed with (3-10) and (3-8), there
exists a universal constant C > 0 such that, for any u, w € ),

IF @) — Fw) |15, < Clt = wl1(% — L) — w)|$ < Clt — wollu — w5, 2.

Hence F is a contraction mapping, provided that |t — 79| < § := (2C)~!. Then, F gives a unique fixed
point f € ), which is the unique bounded solution to the Cauchy problem (3-9) in }. By dividing the
interval [0, 1] into subintervals of length less than &, we conclude that 1 € 7.
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Step 2. If fi, = 0 and condition (3-5) holds, we approximate the coefficient B by B, := Bo,, where
0n,(v) :==01(v/n) forv € R, ne N4, and o1 € C2°(B,) is valued in [0, 1] such that o; = 1 in By. Then,
for each n € N, the result obtained in the previous step provides a bounded solution f;, to (3-1) with B
replaced by B,. Indeed, applying the maximum principle (Lemma A.1) to the function £ f — ¢ supg, |s|
implies supg | fu| < el supg |s|. Thanks to the interior Schauder estimate (Proposition 3.1), for any
compact subset K C €2, we have that { f,;},>n is precompact in C]%in(K ), provided that N (depending
on K) is large enough. Sending n — oo in the equation satisfied by f, yields that the limit function
fe CZZJ“” (£2) is a bounded solution to (3-1), which satisfies supg | f| < el supg |s|.

Step 3. For general fi, € C°(RY x R?), we approximate fi, uniformly as ¢ — 0 by a sequence of smooth
functions { £} on R? x R?. Thus, the function f — fiy s a solution to (3-1), with the source term equal
to s —.2 f;:, and associated with the vanishing initial data. The procedure presented in the previous steps
ensures a unique bounded solution f* to (3-1) for each f;;.

The uniform convergence of {f;’} and the maximum principle (Lemma A.1) implies the uniform
convergence of { f¢}. We may denote its limit by f € C%(2), which satisfies (0, x, v) = fin(x, v)
on R? x RY. The interior Schauder estimate again implies that { f¢} is precompact in lein(K ) for any
compact subset K C €2; then sending & — 0 gives the solution f € CZZJ”’ (£2) to (3-1). Its uniqueness is
again given by the maximum principle. This concludes the proof. U

4. Well-posedness of the nonlinear model

This section is devoted to the proof of Theorem 1.1(i), including a self-generating lower bound given in
Section 4A, the existence and uniqueness given in Section 4B, and a smoothness a priori estimate given
in Section 4C.

First, we recast the Cauchy problem (1-1) in terms of g(z, x, v) := u(v)*l/zf(t, X, v), an unknown
function, with gi,(x, v) := () "2 fin(x, v) as follows:

{(8; +v-Vy)g =RIglUlgl,
g(Oa -xa v) = gin(-xa v)’
where R[g] and U[g] on the right-hand side are defined by

(@-1)

8
Rlgl:= (/d gu'’? dv) and  Ulgl:=pn PV, (uV,(n™ %) = Ayg + (3d — 1vI?)s.
R

The main advantage of this formulation is that it allows us to get rid of the first-order term in v, and the
zeroth-order term is bounded, since g is bounded from above by a Maxwellian.

For convenience, we are also concerned with the substitution A (¢, x, v) := u(v)~' f(¢, x, v) and the
Ornstein—Uhlenbeck operator %oy := (Vy, —v) - V,,. Equation (1-1) is then equivalent to

B
0 +v-Vh(t, x,v) =Z(t, x) Lou h(t, x,v), Z(t,x):= </ h(t,x,v)d/t)- (4-2)
Rd

In contrast with (1-1), the zeroth-order term disappears. Let us begin by exhibiting the global bounds of
solutions to (4-2) in (0, T) x T¢ x R?, which is a variant of [Imbert and Mouhot 2021, Lemma 4.1].
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Lemma 4.1 (global bounds). Let a(t,x) € L*°((0,T) x T9) be nonnegative. Assume that, in the
sense of distributions, h(t, x,v) € L*°((0, T); HY(T? x R?, dm)) satisfies (0; +v - Vo)h = a %ouh
in(0,T)xT¢xRL IFh©, -, ) <AinT¢ xR then h < A in (0,T) x T¢ x R%; if h(0,-,-) > A
inT¢ xR thenh > X in (0, T) x T¢ x R4

Proof. Integrating the equation (0; +v - Vy)(h — A) = a Lou(h — A) against (h — A) yields

1/ [(h(r,-,»—A)i—(h(o,-,-)—A)i]dmz—/ alVy(h— A)4*dtdm <0
2 Td x R4 [0,£]1x T4 x R4

for any ¢ € [0, T']. This means that the upper bound is preserved along time. Similarly, the lower bound
can be obtained by integrating the equation (0, +v - V,)(A — h) = a Lou(A — h) against (A —h);. U

In particular, the above result preserving global bounds holds for solutions to (4-2) and (5-1) in
(0, T) x T x RY. We will also apply such result to the substitution g = ;'/2h appearing in Section 4B.
Unless otherwise specified, throughout this section we set the domain € := (0, T]1x T¢ x R? with T € R,.
Nevertheless, as specified in Remark 4.4, Corollary 4.10, and Proposition 4.11 below, the results of this
section also hold if the spatial domain is R?.

4A. Self-generating lower bound. Throughout this subsection, we assume that the bounded solution &
of (1-1) lies below the universal constant A, which is guaranteed by Lemma 4.1 if the initial data lies
below A. The aim of this subsection is to show the following positivity-spreading result. We remark that
this proposition only relies on the mixing structure of the classical parabolic-type maximum principle and
the transport operator, but not on the structure of the mass conservation.

Proposition 4.2 (lower bound). Letd >0, T € (0, T'), and h be a bounded solution to (4-2) in 2 satisfying
h(0, x, v) = 81{jx—xo|<r,jv—vo|<r} (4-3)

for some (xg, vgy) € T4 x RY. Then, there exist two positive continuous functions n1(t) and nx(t) on (0, T']
depending only on universal constants, T, §, r, and vy such that, for any (¢, x, v) € €,

h(t, x,v) > 0y ()e PO (4-4)

Remark 4.3. In particular, the functions 7;(¢) and n,(¢) are positive and bounded on any compact subset
of (0, T'], but n; might degenerate to zero and 7, may go to infinity as ¢ tends to zero or infinity.

Remark 4.4. If one is concerned with the problem in the whole space — that is 2 = (0, 7] x R x R —
we can proceed along the same lines as the proof in Appendix B to see that (4-3) implies the lower bound

h(t, x,v) > i (t, x) " e mEORE (4-5)

where the functions 7, (¢, x) and (¢, x) on (0, T] x R? are positive, continuous and only depend on
universal constants, T, &, r, and vg. Compared with (4-4), n;(¢, x) and n(¢, x) lose the uniformity
in x as R? is not compact (see Step 3 of the proof of the proposition in Appendix B). In addition, the
exponential tail with respect to v cannot be improved to a Gaussian type, since there is no uniform-in-x
lower bound on the local mass | & du such that Step 4 in Appendix B fails.
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We note that the proof of the proposition is composed mainly of two lemmas. On the one hand,
Lemma 4.5 extends the lower bounds forward a short time from a neighborhood of any given point in
T x R? and at any given time. On the other hand, Lemma 4.6 is used to spread the lower bound for all
velocities. The spreading of the lower bound in space is given by selecting the proper velocity to transport
the positivity which is guaranteed by Lemma 4.5. By applying these lemmas repeatedly, as proposed in
[Henderson et al. 2020b], we are able to control the solution from below for any finite time. We postpone
the full proof of Proposition 4.2, obtained by combining these two lemmas, until Appendix B.

Lemma 4.5 (lower bound forward in time). Let 8, t,r € (0, 1] and h be a bounded solution to (4-2) in Q
with
h(0, x,v) > 81{|x—x0|<r,|v—v0|<r/r}

for some (xq, vg) € T4 x R9. Then there exists some universal constant ¢y > 0 such that
h > %8173, Pi= {t <min{T, t, colrr ") 2(vo) 2}, |x —x0 —tv] < %r, v —vg| < %”71}‘

Proof. Let us consider the barrier function

2 — 272

h(t, x,v) = —Cot+%8(1—r_2|x—x0—tv T°r v—volz),

with the constant C¢ > 0 to be determined. The region Q :={r <min{T, 7}, |x—xo—tv|>*+12|v—vo|> <r?}
contains P. A direct computation yields
| Zou bl < |Avhl+|v-Vuh| S 8(r™)(w)? in Q.
By choosing Cy := (1/(8c0))8(rr*1)2(vo)2 for some (small) universal constant ¢y > 0, we have
@ +v- Vo =% Zov)h < —Co+ AP| Louh| <0 in Q. (4-6)

In addition, A(t, x, v) > éS in {t < coltr N2 (v) 2, |x —x0 — tv]> + 72 |v — vo|? < %rz} O P.

Applying the classical maximum principle to 2 — A in Q after observing that 4 — A < 0 on the parabolic
boundary {t =0} N Q and {t < min{T, 7}, |x —xo — tv|* + T%|v — vo|> = r?} yields the result. O

The spreading of lower bound to all velocities relies on the construction of a Harnack chain through
iterative application of the local Harnack inequality [Golse et al. 2019, Theorem 1.6]. Although some
coefficients of (4-2) are unbounded globally over v € R, we remark that their local boundedness is
sufficient for us to achieve the result through a careful study on the rescaling during the construction of
the Harnack chain.

Lemma 4.6 (Iower bound for all velocities). Leté >0, T,Re€ (0,1], T € (0, T), and h be a bounded
solution to (4-2) in 2 such that, for any t € [0, T,

h(t,x,v) > 81{\x—xo—tvo\<R,|v—vo\<R} (4-7)

for some (xg, vo) € T¢ x RY. Then there exists some (large) constant C > 0 depending only on universal
constants, T, 8, R, and vy such that, for any t € [T, T], we have

_ _ 4
h(t,x,v) > C e S oo rugi<r/2)- (4-8)
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Proof. For any z := (t,x,v) € {t eT, T],|x —xo—tv| < %R, v E [RR"}, we will construct a finite
sequence of points to reach z from the region {r < T, |x —xo—tvg| < R, |[v—vg| < R}, where the solution
is positive by assumption. In particular, x does not exit this region. The nonlocality of the coefficient %,
with assumption (4-7), implies the nondegeneracy of the diffusion in velocity so that the positivity of the
solution 4 propagates over v € R? in a localized space region.

Step 1. Iterate the Harnack inequality. For i € {1,2,..., N 4+ 1} with N € N, we define z54 := z and

zi := (t;, x;, v;) by the relation
V— 1
Zi :Zl—‘,-] OS}’ —T1, 07 —T2 )
v — ol

where the parameters N, r, 71, T, > 0 will be determined next. Consider the function for 7 := (7, X, 7) € Q1:
hi(Z) = h(z; 0 8,(2) = h(t; +r*, x; + 3% + r’tv;, v +rd).
We observe that, if the following is true for any z € Q;:
tiy1 +r2 €0, T], Nro <|v—uol, 4-9)
xir1+ %+ rP v — xo — (i1 +r°T)vol < R, (4-10)
then, for 1 <i < N, the function ;4 () satisfies the equation
(07 + V- Ve)h; = Zp(z; 0 $;(2)) (Aghi —r(v; +r0) - Vsh;) in Oy,
where the coefficients satisfy
PR <, <1 and  |r(v +r0)| <r(1+|vol + v —1wol) <1,

provided that 7 < (14 |vo|+|v—1wo|)~". Applying the Harnack inequality [Golse et al. 2019, Theorem 1.6]
to h; implies that there exist constants cg, 71 € (0, 1) depending only on universal constants, §, and R
such that, forany 7, € [0, 1 — ;] and 1 <i < N, we have

vV —1

h(zit1) =hi+1(0,0,0) > cohjt1 <—Tl, 0, -1 ) = coh(z;). (4-11)

lv — vo
Hence it remains to determine the chain {z;}1<;<ny+1 such that conditions (4-9) and (4-10) hold and the
point z; stays in the region {(¢, x,v) :t < T, |x —xo —tvo| < R, |[v —vo| < R}.

Step 2. Determine the Harnack chain (including N, r, and ;) from a proper starting time ¢;. For M > 0,
we set
._ 1 1 -1 ._ R -2
ti:=max{3T,t—gR(1+|vol +[v—wo))~'} and r:= M(l + |vol + v — vo) =

Recalling that 7', R € (0, 1], by choosing

M>24 T (g2

we have
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To determine the parameter M > 0, we point out that there exists some constant C depending only on
universal constants, 7', §, R, and vg such that M < C and

t—n

r2r1

N = e NT.

Thus, Nrt, = |v — vgl|. This setting then guarantees condition (4-9).
It also follows from the iteration relation that v{ = vg, and, for 1 <i < N +1,

. 2 . vV — 1o
t=h+G—Dr°t, vi=vy+G—1Dro

N
2
e N=E Ty vt (4-12)
0 =i

Step 3. Determine the starting point x;. For any 1 <i < N, we estimate the departure distance from the
expression (4-12)
_ 1 3 2.3 _ 1
|Xit1 —x1 — (i1 —t)vo| = 31 + Drinn < N riqn = (¢ —h)|v—v| < gR.

Therefore, for any x € Bg/2(xo +tvp), there exists some x| € Bsg/g(xo + f1vo) such that xy;1 =x. In
this setting, for any 1 <i < N, we also have
Xig1 + 1% + 17 Tvig — X0 — (tie1 + 72D vol

< |xi41 —x1 = (g1 — 1) vol + |x1 — X0 — tyvo| + 2|7 & + Fvi41 — Fol

R, 5R 3R | R?
§8+8+r(1—|—|v Vo) < 4+M2<R‘

Thus, condition (4-10) ensures the inequality (4-11) is satisfied for 1 <i < N, which yields

h(t,x,v) > cl h(t1, x1, vo) > se~Nlogl/c,
Recalling that co € (0, 1) appears in (4-11) and N < TC?(1 + |vo| + |v — vo|)*/(t1 R?), we obtain the
desired result (4-8). [l

4B. Existence and uniqueness. Let us begin by summarizing some basic a priori estimates for solutions
to (4-1).
Lemma 4.7 (Holder estimates). Let Q, = T¢ or RY, and let g be a solution to (4-1) in [0, T] x 2, x R4

satisfying
Rlgl=A in [0, T] x Q4 and 0<gn< A,ul/2 in Qy x RY.

(i) Let T € (0,T) and § € (0, %) There exists some universal constant o € (0, 1) such that, for any
02,(20) CIT, T]x Qu x R, we have

lgll 2w (g, apyy S8 1 (V0)- (4-13)

(i) If gin € CY (2 x RY) with (universal) o € (0, 1), then, for any 8 € (0, %), there exists some universal
constant o € (0, 1) such that

)
8llee (0. 71x 2 x By (wo)) Se (1 + [&inlewo (@, xrey) 1° (Vo).
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We remark that, armed with Lemma 4.1, the assertions (i) and (ii) in the above lemma directly follow
from [Imbert and Mouhot 2021, Proposition 4.4] and [Zhu 2021, Corollary 4.6], respectively.

Proposition 4.8 (existence). For any gi, € CO(T? x RY) such that 0 < gin <A w'’? in T4 x RY, there exists
a (classical) solution g to the Cauchy problem (4-1) satisfying 0 < g < Au'/? in Q.

Remark 4.9. For any given nonnegative continuous function gj, that is not identically zero, there is some
point (xo, vg) € T4 x R? and some constants 8, r > 0 such that

gin(x, V) = 81y —xo<r|v—vo|<r} 1IN T¢ x RY, (4-14)

We will see that the upper bound gi, < Au'/? and the lower bound (4-14) assumptions on the initial
data gi, (which could be discontinuous) are sufficient to ensure the existence of a solution g € C]%m(SZ) in
the weak sense such that, for any ¢ € C2°([0, T') x T4 x RY),

/T b Gin®li=0 = /Q {88 +v- V) +RIgIVog - Vod — RIgI(3d — 1IvI*) g0} (4-15)

As solutions become regular instantaneously, the difference between the weak solution and the classical
one lies only in the continuity around the initial time.

Proof. Let us assume that gj, satisfies (4-14) for some point (xg, v9) € T x R? and some constants
8, r > 0. By Proposition 4.2, for any solution g to (4-1) and for any T € (0, T'), there is some A, > 0
depending only on universal constants, 7', T, §, r, and vy such that

R[gl(t,x) > A, in [T, T]x T< (4-16)

Step 1. We first approximate the initial data gi, by g, := gin * 0 + en'/?, where € € (0, 1], 0:(x, v) :=
2‘1@] (x/e,v/e) with (x,v) € T x R4, and 01 € CX°(By x By) is a nonnegative bump function such
that [0 01 = 1. Then
en'? <gf <1+ M)u'? in T xRY

Let us fix € € (0, 1]. In order to establish the existence of a solution to (4-1) associated with the initial
data g , we find a fixed point of the mapping F : w > g defined by solving the Cauchy problem

(0 +v-Vy)g=R[w]U[g] 1n€,
. d d (4_17)
g@0,-,-) =g inT? xR
on the closed convex subset X of the Banach space Cly (Q),
={w el @ :llwlerg =N, en'? <w =1+ M)p'?inQ),
where the constants y € (0, 1) and N > 0 are to be determined. We remark that (4-17) is equivalent to
@ +v- Vo) =Rlwl Lou(u'?g).

By Lemma 4.1 and the fact that R[w] > ¢, we have eu'/? < g < (1 4+ A)u!/? in Q. In particular, for any
w € K, we have the following for the lower-order term: |R[w] (%d - le |v|2)g| < 1. Thus, the global Holder
estimate [Zhu 2021, Corollary 4.6] implies that there exist some constants y € (0, 1) and A/ > 0 depending
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only on universal constants and & such that ||g||clzy(g) < N, which also implies that the lower-order
term |R[w](3d — $|v|*)g| is bounded in Clzy(Q). It then follows from Proposition 3.3 with the interior
Schauder estimate (Proposition 3.1) that the mapping F : K — KN Clzy Q)N CZZH” () is well defined.
In addition, with the help of the Arzela—Ascoli theorem, we know that F'(K) is precompact in Cly Q).

As far as the continuity of F is concerned, we take a sequence {w,} converging to w, in Cly (Q). Since
{F(w,)} is precompact in Cly (), there exists a converging subsequence whose limit is go, € Cly ()
which satisfies goo (0, -, -) = g;, in T4 x R4, In view of the interior Schauder estimate (Proposition 3.1),
{F(w,)} is precompact in Cﬁin(K ) for any compact subset K C 2 and g € Cﬁin(Q) Nco(Q). Sending
n — oo in (4-17) satisfied by (w, g) = (w,, F(w,)), we see that (4-17) also holds for the pair of limits
(w, ) = (Woo, 8oo)- Then, applying the maximum principle (Lemma A.1) to

:(at + 0 V) (2 (g00 — F (Weo))) = RlWwool Zou(w™*(g00 — F(weo))) in Q,
(800 — F(we))(0,-,-) =0 in T4 x R,

we arrive at goo = F(Weo).

Then, for every ¢ € (0, 1], we are allowed to apply the Schauder fixed-point theorem (see for instance
[Gilbarg and Trudinger 2001, Corollary 11.2]) to get g° € CZ () NC%() such that F(g°) = g°, which
is a (classical) solution to (4-1) associated with the initial data g .

Step 2. Passage to the limit. Recalling the lower bound (4-16) on the coefficient and the higher-order
Holder estimate given by Lemma 4.7(i), for any T € (0, T'), we point out that {g®} is uniformly bounded
in Cf“‘*([l", T] x T x R?) for some constant o € (0, 1) with the same dependence as X,. Hence g°
converges uniformly to g in C]fin([f, T] x T¢ x R?), up to a subsequence.

Write the equation satisfied by g° in the weak formulation: that is, for any ¢ € C2°(Q),

‘[U'r' Rd[gS(T’ X, U)¢(T9 X, U) - gign(x’ U)¢(Ov X, U)]

= f {83 +v- V) —RIgIV,g® - Vg + RI(2d — v[*)gfp).  (4-18)
Q

Combining the energy estimate derived by choosing ¢ = g® above with the upper bound of g provided
by Lemma 4.1, we have

1
/ RIg“IVug* < / RIg NV )* < 5 / g5l + / RIg"N(3d — 311" S 1.
Q Q TdxR4 Q

Therefore, after passing to a subsequence, R[g°]V,g° converges weakly in L?(£2). On account of its

local uniform convergence, we know that its weak limit is R[g]V,g. In addition, since ;fl/ 2

g°is
uniformly bounded, by their local uniform convergence, we can also derive that the sequences g° and
R[gg](%d — A—Itlvlz)gg converge to g and R[g](%d — %lvlz)g, respectively, weakly in L*(Q), up to a
subsequence. Then, for any ¢ € C°([0, T) x T x R?), sending ¢ — 0 in (4-18) gives (4-15).
Furthermore, if the initial data gj, is continuous, then the barrier function method shows that the
continuity around the initial time depends only on the upper bound of the solution and the continuity

of gin; see the derivation of the estimate (5-30) of a general type in Section 5B. Indeed, by (5-30)
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(withe =1, R = |vy|, he = n~/?g, and hein = w=2gi), we see that, for any fixed § € (0, 1) and
(x1,v1) € TY x R? and for any (, x, v) € [0, 8/(4(1 + [vi])] x Bs(x1, v1),

lg(t, x, v) — gin(x1, V)| <8 222 ()t + 872 2 (W) (Ix —x1 — tv]? + v — v ?)

+u'2@1) sup  |gin(x, v) — gin(x1, V1)
Bs(x1,v1)

<824 |x —x1 P+ P )v — i %)

+ sup [gin(x, v) — gin(x1, v1)]. (4-19)
Bs(x1,v1)

This implies the continuity of the solution g around ¢t = 0 and finishes the proof. (]
One may extend the above existence result to the case where the spacial domain T¢ is replaced by R.

Corollary 4.10. For any gin € CO(R? x R?) such that 0 < gin < Au'/? in R? x RY, there exists a solution g
to the Cauchy problem (4-1) satisfying 0 < g < Au'/? in (0, T1 x R? x R% If additionally hiy = n="?gin
satisfies hin > X and hj, — M| € Ll([F\Rd x R4, dm) for some constant M| > 0, then h = pc_l/zg satisfies
h>xin(0,T] x R x R and

Ilh — Millpeqo,79; L1 (RIxRe, dmyy < I1in — Ml L1 (R xR, dm)- (4-20)

Proof. For R > 1, we set giﬁ = ginl[_gir1 r—g-1y¢ for x € [—R, R1? with periodic extension to R
In the light of Proposition 4.8, we take a solution g® to (4-1) associated with the initial data gX in
(0, T1 x [—R, R]? x R?, where [—R, R]? is considered as a periodic box. After extracting a subsequence,
we define the function g :=limp_, o, gR in (0, T]x RY x R4 pointwise; furthermore, since 0 < u_l/ 2gR <A
in (0, T]x[—R, R1¢ xR?, we know that the limiting function satisfies 0 < /JL*I/Zg <Ain (0, T]x RY x R,
Similarly, ,u_l/2gin > ) in R x R4 implies that ,u_l/zg > A in (0, T] x RY x R4,

Since the initial data is continuous unless it is identically zero, we assume that gin > 8 1{jx—x|<r, [v—vo|<r}
for some point (xg, vo) € R? x R? and some constants §, » > 0. Consider R > |xo| + r. Applying the
lower bound of the solution given by (4-5) yields that, for any compact subset K C (0, T'] x R? x R?, the
coefficient R[gR] is greater than or equal to A,, where the constant A, > 0 only depends on universal
constants, 8, r, vg, and K. In view of the higher-order Holder estimate given by Lemma 4.7(i), we know
that g® uniformly converges to g in Cﬁin(K ), up to a subsequence. Additionally, due to the estimate
derived in (4-19), the limiting function g is a solution to (4-1) that matches the initial data g;, continuously.

As for (4-20), we notice that the function (A% — M)y with A% .= u=/ 2gR satisfies

B 4 v- V)R = M) < Br Louh® — M)+ in (0, T]x [-R, R]? x RY.

Integrating the equation against the function f[_ R.R] (h® — M)+ dx yields

/ (hR<r,-,->—M1>idm—/ R, -,-) = Mp)Ldm <0.
[—R,R]d><IR€d [—R,R]dled

Sending R — oo, we acquire

I(h =MD 2l qo0,77: L ®RIxRE, dmyy = I1(hin — M1l L1 (R xR, dm)»

which implies the estimate (4-20) as asserted. [l
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The following proposition concerned with the uniqueness of the Cauchy problem (4-1) is derived from a
Gronwall-type argument. The standard scaling technique and the Holder estimate up to the initial time given
by Lemma 4.7(ii) can improve the integrability with respect to ¢ in the energy estimate so that Gronwall’s
inequality becomes admissible; see (4-25) for the precise expression. This kind of phenomena was also
noticed in [Henderson et al. 2020a] (see the remarks in §1.4.2). The global energy estimate of (4-1) is not
available when the spatial domain is unbounded, since there is no decay of the solution as |x| — co. To
work it out, we take advantage of the idea originated from the uniformly local space used in [Henderson et al.
2019; Kato 1975]. We note that such a technique is not necessary when working with the periodic box T¢.

Proposition 4.11 (uniqueness). Let the domain Q2 be T¢ or R%, the constant ag € (0, 1), and the functions
0 < g1, 8 S 1'% be two solutions to (4-1) in (0, T] x Q; x R? associated with the same initial data
gin € C* (2, x RY) such that

/ ginul/z dv>X1 in Q, and 0<gin< w'? in @, x RY
Rd

Then g1 = g in [0, T x Q, x R4
Proof. In view of the lower bound given by Lemma 4.5 and Proposition 4.2, we know that there is some
constant A, € (0, 1) depending only on universal constants, 7', and the initial data such that
/ gin'Pdv=h, in [0,TIx Q, i=1,2. (4-21)
Rd
Therefore, we may assume T = A~! with A > 1. Let us set the difference

g =exp (—glv’r) (g1 — ).
We have to show that g is identically zero.
In view of (4-1), a direct computation yields that the function g satisfies
@ +v- Vg + gl
= exp (—§lv/1) (RIg1] — RIg2D U] + RIg1(UIZT + 31v- Vod + (3d1 + 5 IvI*7)Z),  (4-22)
with the initial condition (0, x, v) = 0 in 2, x R%.
Letye R“. We introduce a cut-off function ¢y (x) :=¢(x —y), where ¢ € C2° (R?) is valued in [0, 1]

such that ¢|g, =1, ¢|p; =0, and [V| < 1 in R?. For any ¢ € (0, T], integrating (4-22) against ¢§§
in , x R and applying integration by parts yields

t
s ero=[ [ [0:98)8,8 - PEF + e (~4Pr) (Rler] - RigahUle’s
Q, xRd 0JQ, xRd

—RIgI(1Vo (™ 28) Prucp; + 1dtd3g* — (Sdt + 1—16|v|2r2)¢§§2)}.
Since R[g2] € [0, A], for any ¢ € (0, T'], we have

t
> /Q BP0 = /0 / (0119610, = J1oPg3e + 1~ RIa) = Rigall it 10311}
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Due to the elementary inequality |z? —1| < |z — 1] (with z € RT) and the lower bound estimate in (4-21),
as well as the boundedness assumption on g; and g,, we have

i 1 i .
IRIg1] — Rlgall < RIgi 1P~V IR[g1| < — / 8@t x, )|p'? < 1 in [0, 1] x Q.
* JR

It then follows that, for any ¢ € (0, T'],

1 . ! . s
Vo eros [ (0lveed - fileid)
Q. xR 0JQ, xRd

1 re - -
o [, [ odaex ot [ g ol dg
x JO " J Q. xRd R¢

3

t t
S [ weres [ e, [ 68 (423)
0JQ, xRd 0 ' Q, xRd

where we used the Cauchy—Schwarz inequality and Holder’s inequality in the last line. Recalling that
$y(x) =p(x —y) € C°(R?) and |Vap| < 1in RY, we have

2~2 2~2
w[ weiwce| o
yeRd Q, xR yeR4 Q, xRd

By the definition of U/[g;] and the upper bound g; < /Ll/ 2

=B ulglie, ST+ I Avgile, -

Hence, for any ¢ € (0, T, taking supremum over y € R? in (4-23), we obtain
t
sup f $28°(1) Sa, / (1+ [l *Aygillze,) sup / $28". (4-24)
yeRd J Q xR¢ 0 " yeRd JQ, xR

Now we have to consider the pointwise estimate on Dl%gl. Let zo = (fo, x0, vo) € (0, T] x 2, x R4
and 2r = té/ 2 In view of (4-21), Lemma 4.7(ii) implies that there exists some constant o, € (0, 1) with
the same dependence as A, such that

g1 llee (10.71% 2, x By (o)) S 1+ [inlceo (@, xRy

Then, applying the interior Schauder estimate (Proposition 3.1) and the upper bound g; < u!/? yields

2 -2 * 1 1 2
I DZ81ll200, oy S, 7281 = 81O (0s o+ [RIg1) (54 = §101) 1]t g, e

<. . —2ta./4, 38 1/4 3/8 1/4
A r ’LL (UO) [gl]c;]*(QZr(ZO)) + M (UO)[gl]C;I*(Qb(ZO))

—I+a,/8 1/4
Sty P 0) (1 + [ginl g, ey

By the arbitrariness of zgp, we know that, for any s € (0, T'],

_ 1/4 _
1B A 1 () o, ity S (1 F [8inlih g eay)S 7/,
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Dragging this estimate into (4-24) yields that for any # € (0, T'],

t
sup f $:8°(t) < C. / ds(1+s~"%/8) sup / $78°(s), (4-25)
yeRd Q, xRd 0 yERd Q. xR4

where the constant C, > 0 depends only on universal constants and the initial data. The desired result is
then given by Gronwall’s inequality. U

4C. Global regularity. The instantaneous smoothness a priori estimate in Theorem 1.1(i) is made up of
the lower bound given by Proposition 4.2 and the following proposition.

Proposition 4.12. Let Q, = T4 or RY, let T € (0, T), and let the function g be a solution to (4-1) in
0, T) x T¢ x RY such that

Rigl>x in[T/4,T1xQy and 0<g<Ap'? in[0, T]x Q x R% (4-26)
Then, forany v € (0, %) and k € N, we have

I gllex 1. 11x 2, xRty < CT vk
for some constant Cr , ;. > 0 depending only on universal constants, T', v, and k.

Generally speaking, if g is a solution to (4-1) in (0, 7] x Q, x R? constructed by Proposition 4.8 (with
Q, =T9 or Corollary 4.10 (with 2, = R4), then the uniform positivity assumption (4-26) should be
replaced by

Rlgl>Xy in (0,TIxQ, and 0<g<Aup'? in Q, xR,

where A; , > 0 may degenerate to zero as t — 0 or ¢ 4 |x| — 00; see Proposition 4.2 and Remark 4.4.
As an immediate consequence of the above proposition, for any v € (O, %), k € N, and for any compact
subset K C (0, T'] x €2y, there exists some constant C, x ¢ > 0 depending only on universal constants,
v, k, and K such that

" gllckk xmey < Cok.k»

which is exactly the assertion in Theorem 1.1(i).

In order to show the higher regularity, we will apply the bootstrap procedure developed in [Imbert
and Silvestre 2022] which was intended for the non-cut-off Boltzmann equation. The classical bootstrap
iteration proceeds by differentiating the equation, using a priori estimates to the new equation to improve
the regularity of solutions, and repeating the procedure. Nevertheless, since C12+°‘ Z C} forany a € (0, 1)
by their definitions, the hypoelliptic structure of (4-1) does not gain enough regularity in the x-variable
which disables the x-differentiation at each iteration. Indeed, the Schauder-type estimate provided by
Lemma 4.7(i) only shows that the solution to (4-1) belongs to C>*®/3 with respect to the x-variable. In
order to overcome it, we have to apply estimates to increments of the solution to recover a full derivative.
From now on, for y € R? and w € R x R? x R, we denote the spatial increment by

8y8(z) :=gwo (0,y,0)) —g(w).

Let us proceed with the proof of the regularity estimate.
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Proof of Proposition 4.12. We are going to show that, for any multi-index k := (k;, ky, k,) € N x N¥ x N¢
and v € (O, %) there exists some constant o € (0, 1) depending only on |k| such that, for any Q,(z¢) C
[%_T, T] X 2y X R4,
ki aky aky
105 0% 05 gl 2o g, ) STk " (0)- (4-27)
For simplicity, we will omit the domain in estimates below, since the estimates can be always localized
around the center zg.
Step 0. The case of k = (0, 0, 0) in (4-27) is a direct consequence of Lemma 4.7().

Step 1. We will establish that (4-27) holds for any differential operators of the type 8)]5*. It suffices to
show that, for any n € N, k, € N with [k,| =n, v € (0, 5),and y € B34,

18,8 8l gasen 1w Y1 (w0). (4-28)

Indeed, sending y — 0 in (4-28) will complete this step.
Based on an induction on |k,| = n, we suppose that (4-28) holds for any |k,| < n — 1, which implies,
for any k, € N with |k,| <n,
18" gl g2ran S1.0m 1 (v0). (4-29)

We remark that the induction here begins with (4-29) for |k, | = 0, which holds due to the previous step.
Let g := Syafxg with |ky| = n. Lemma C.2 and (4-29) gives

Iglicen <18 8llzran 10, 3, I Sz [y 1" (v0). (4-30)

Therefore, we have to enhance the exponent % on the right-hand side to 1; as a sacrifice, the Holder
exponent on the left-hand side will decrease.

Set 7,g(w) :=g(wo (0, y,0)) forye R? and w € R x R? x R?. A direct computation shows that ¢
satisfies

0 +v- Vg =RIgiUqI+ Y 8,D;RIgUIT,Digl+ > DiRIgIUIS,Digl, (4-31)
lil<n li|<n—1

where the multi-indices i < k, mean each component of i is less than or equal to the corresponding
component of k, and D; denotes the differential operator satisfying 8,k ‘D = D; o D;.

In view of (4-29), (4-30), and the induction hypothesis, each term in the summations on the right-hand
side of (4-31) is bounded in Cf‘” by C, (0, y, 0)||2/LU/(U()) for any v' € (0, v). Then, by the interior
Schauder estimate (Proposition 3.1),

Il gzren St 100, 3. OV (w0)- (4-32)
Combining Lemma C.1 with (4-30) and (4-32), we obtain (4-28).

Step 2. For the case k, = 0 in (4-27), we proceed with a bidimensional induction on (m, n) = (k;, |ky|)
such that, for any v € (0, %),

”81{([ D];Xg||612+umn Sz’wm’n /,Lv(vo) (4‘33)
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Based on the previous step (m = 0), we have to show that (4-33) holds for k, =m > 1 and |k,| = n under
the induction hypothesis that (4-33) holds for any k, <m — 1 and |k,| <n + 1.
With k, =m > 0 and |k,| = n, set ¢ := 9} D¥*g. Then,

@ +v-Vog=RIgIUgl+ Y D/RIGUID:gl, (4-34)
i<(ky ky,0)
i #(ky ey ,0)
where we use the notation D; for the differential operator satisfying af ! D];* =D;oD;.

By the induction hypothesis, each term in the remainder (the summation on the right-hand side of (4-34))
with i # (0, 0, 0) can be controlled in C;x'""'. It now suffices to deal with the exceptional term a," ! DI;"’R[g]
so that the whole remainder can be controlled in Cla”""; then (4-33) follows from the interior Schauder
estimate (Proposition 3.1). To this end, using Lemma 2.4 and the induction hypothesis with the pair
(m — 1, n) yields

13 +v - V3" ™ D gllgenn Srovaman 1" (v0)- (4-35)
Due to the induction hypothesis with the pair (m — 1, n 4 1), for any v’ € (0, v),
M—U/ (vo) ” (‘U . Vx)atm_l D];\’g ||Cl2+a,,,,,, Sv,v’ M_U (U()) ” a;”_l Vx D)]?‘g ||C12+a,,,‘,1 Sz,v,m,n 1. (4-36)

Then, (4-35) and (4-36) produce the bound on w" (vo)llg ||C;Ym,n.

Step 3. Similarly, to show (4-27) for any differential operator B,k ! D];"' Dl’jv , we proceed with a bidimensional
induction on (m, n) = (k, + |k«|, ky) such that, for any v € (0, 3),

k
1, DY Dy gll s S0 14 (v0). (4-37)

The case n =0 is treated in the previous step. By Lemma 2.4 and the induction hypothesis (4-37) with
ki +|ky| =m and |k,| =n—1, n > 1, we have

ki aky aky ki aky ak
190970, 0,7 gl g 107" 959y &l preaman ST,0,mm 14" (V0).

Computing the equation satisfied by 9, a[‘ ! a,’fx 9"~!g and proceeding as in the previous step, we conclude
the proof. U

5. Diffusion asymptotics

This section is devoted to the study of the global-in-time quantitative diffusion asymptotics which
consists of the (uniform-in-€) convergence towards the equilibrium over long times and of the finite-time
asymptotics, including the results of Theorem 1.1(ii) and Theorem 1.4.

We first introduce the required notation. For any scalar or vector-valued function W € L'(R?, du), we
denote its velocity mean by

(W) :=/ W(v)du.
Rd
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For any pair of functions (scalars, vectors, or d x d matrices) Wy, W, € LZ(Td x R4, dm), we denote their
L? inner product with respect to the measure dm by

(W, W) :=/ Wi (x, v)Wa(x, v) dm,
Td x R4

where the multiplication between the pair in the integrand is replaced by the scalar contraction product
if ¥; and W, are a pair of vectors or matrices.

Recalling our notation for the Ornstein—Uhlenbeck operator Zoy = (V, — v) - V,,, we apply the
substitutions f. = phe and fe in = phe in in (1-2) and obtain

{(ea, +v-Vohe(t, x,v) = 2he)P (2, x) Lou he(t, x, v),

hé(ov X, U) == hgin(x, U). (5_1)

In this setting, by applying integration by parts, for any hy, hy € C° (T? x R?), we get
(h1, Zou h2) = —(Vyhi, Vyhy).

We will use this identity repeatedly in the computation below. Then, the operator %oy is self-adjoint
with respect to the inner product (-, - ), and the bracket (-) is a projection on the null space of Zoy.
Moreover, as the total mass is conserved, we define

My :=/ he dm:/ (he) dx. (5-2)
T4 xRd T4

Proceeding with the macro-micro (fluid-kinetic) decomposition, we define the orthogonal complement of
the projection (- ) of A, as
he (1%, 0) i= he(t, x, ) = (he) (1, ).

In this framework, the local mass () is the macroscopic (fluid) part and the complement i is the
microscopic (kinetic) part. In addition, taking the bracket (-) after multiplying the equation in (5-1)
with 1 and v leads to the macroscopic equations

€9 (he) + Vy - (vhe) =0, (5-3)
1
€0y (vhe) + V- (V%2he) = = (he)’ (vhe), (5-4)
where (vh.) and (v®?h,) represent the local momentum and the stress tensor, respectively.

5A. Long time behavior. Our aim is to establish the (uniform-in-€) exponential decay towards the
equilibrium My for (5-1). In particular, when € = 1, it sets up the exponential convergence in each order
derivative based on the smoothness a priori estimates given in Section 4C.

We note that the classical coercive method is not applicable in our case to obtain the convergence to
equilibrium due to the degeneracy of the ellipticity of the spatially inhomogeneous equation. Indeed, the
Poincaré inequality only produces a spectral gap on the orthogonal complement of the projection (- );
see (5-7). As mentioned in Section 1B, there are several ways to achieve the long-time asymptotics. We
mainly follow the argument in [Esposito et al. 2013] (see also [Kim et al. 2020]) in a simpler scenario.
It also allows us to see some similarity among [Dolbeault et al. 2015; Esposito et al. 2013; Hérau 2018].
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Proposition 5.1. Let the function A, : — [0, A] satisfy A, <0 on Ry. If he is a solution to (5-1)
in Ry x T x R? associated with the zmttal data 0 < he¢in < A and satisfying

(he)P(t,x)> 2, in Ry x T¢ and (A + Ap) df = o0, (5-5)
Ry

then the solution h. converges to the state My in L>(dm) as t — 0o. More precisely, there exists some
universal constant ¢ > 0 such that, for any t > 0, we have

t
e (@, - ) = Mol 7o gy S e in = Mol 72,y €XP (—c /0 (A +25) ds). (5-6)
Proof. Since the velocity mean of the microscopic part vanishes, (h; 1) =0, using (5-1) and the Poincaré

inequality yields

1d

2
55”}16 — Moll;.

1 1
am = 23 (the)’ Louhe, he = Mo) = = (he) Vohe, Vuhy)

< ——||v ht ||hL (5-7)

||L2(dm) ~ ||L2(dm)

Now we have to recover a new entropy that would give some bound on the projection (h¢) — My.
For every test function v - W (¢, x)u, with a vector-valued function ¥ € Ht{ )C([RJr x T4, R?), we write
the weak formulation of (5-1) as

d 1 o2, ! B
E(U "W, he) = E(U VW, he) + (v 0, W, he) + 6_2(<h€> Zouv- Y, he).
Taking the macro-micro decomposition into account, from the above expression we obtain
@) = LuPevw), (h) - Mo + L0 V.0, D)
i ! 8 i
+ -,V h) — ;((he) v-W, ho). (5-8)

Let us now introduce an auxiliary function u(¢, x): for any fixed ¢t € R, defined u(z, x) as the solution
of the following elliptic equation under the compatibility condition (5-2):

—Acu={(h)— My in T (5-9)
whose elliptic estimate states
IVaullz2 + 1V3ull g2 S i (he) = Moll 2. (5-10)

In addition, observing that (vhg):(vhﬁ), from (5-3) we get
€0 (he) + Vi - (vhY) =0.

Combining this macroscopic relation with (5-9), we have

1 1
/|vx(atu>|2=/ afuat<he>=——/ a,uvx-<vhi>=—/ Ve (du) - (vh).
Td Td € Jya € Jya
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It then follows from Hélder’s inequality that

1 1
V2@ llzz = 1WAz S Z 1A T2 (5-11)

Choosing ¥ = V,u in (5-8) yields

| ) d 1\ < 2 1
— (il Agu, {he) — Mo) + (v - Viu, h) S | IIV ullr2 + 11V (3zu)||L2+ IVl 2 ) 1B E N 22am -
Applying (5-9)—(5-11), we have

1 d 1 1
clthe) = MollZ, + 3 - Ve, h2) < 5 lthe) = Moll 21 2y + ¢ 1172 -
By the Cauchy—Schwarz inequality, we arrive at

[ {he) — Mo||L2+6 (vwhi) ||hl (5-12)

||L2(dm)

Then, (5-12) combined with (5-7) implies

d 1—
e S —— ||hL||Lz<dm) Shellthe) — Mol 7, +8€h (v Vxu, hy)

< =8hillhe = Moll3 g,y — 821 - Vut, ),
where the constant § € (O, %) will be determined and the modified entropy &, is defined by
Ec(t) := Ilhe — Mol|7 2 gy + 0624 (v - Vo, hY).
We note that (5-10) also implies
|- Vet OIS he) = Moll .2 1Al 2 amy < e = Moll7 g, (5-13)

It means that the modified entropy &, is equivalent (independent of €) to the square of the L2(dm)-distance
between h. and My, when the constant § > 0 is sufficiently small.
Hence we have

d )
3 & S = FADE).

The conclusion (5-6) then follows from Gronwall’s inequality and the equivalence between (1)

and ”he(t’ T ) MO||L2(dm) O

We pointed out that the elliptic estimate (5-10) for the Poisson equation (5-9) used in the above proof
resulting from a Poincaré-type inequality essentially relies on the compactness of the spatial domain.
It was shown in [Bouin et al. 2020] that the related elliptic estimate can be recovered by applying the
Nash inequality [1958] when the spatial domain is the whole space RY, whose argument is under an
abstract setting. Inspired by the proof of Proposition 5.1 above, we are also able to make the construction
of [Bouin et al. 2020] precise to see that the argument still works for the nonlinear equation (5-1). We
remark that the following algebraic decay rate is optimal in the sense that it is the same as in the linear
case; see Appendix A of [Bouin et al. 2020].
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Proposition 5.2. Assume the initial data he i, is valued in [A, A] and satisfies he jn — M| € L'(R?*?, dm)
for some universal constant M| > 0. Let the function h¢ valued in [, A] be a solution to (5-1) in Ry x R24
associated with he|;—o = he in. Then, for any t > 0,

lhe = Mill 2@, amy S (U Iein = Mol Lo, amy)t~ 4%,

Proof. By the same derivation of (5-7) and (5-8) as in the proof of Proposition 5.1, we have the microscopic

coercivity
d
dr

and the identity from the macro-micro decomposition

1
113,

2
”he - M1||L2([R2d,dm) 5 _E_2|

R, dm) (5-14)
d
—(1PAxw, (he) = Mo)w +€ (v Vw, b )w
= (®: Vi, h w4+ €@ -8, Vow, h:)w — é((he)ﬂv Vew, hD)w,  (5-15)

where (-, - )w denotes the LZ(R?“, dm) inner product, and the function w(z, x) € L°([0, T']; L)lc ﬂLi (RY))
is chosen to be the solution of the following elliptic equation associated with the constant ® := (|v; 12)
and the macroscopic source (h¢) — My:

w—0OAw=(h)—M; in R (5-16)
The elliptic estimate is derived by integrating (5-16) against —® A, w, so that
OfIVawl|72 oy + O I VW72 oy = (=OAw, (he) — Mi)w
= ((he) = M1 —w, (he) = MDw =: A. (5-17)

It also follows from the same derivation as (5-11) that
<Lyt
IV (@w)ll 2 ey S E”he Il 22 m2e, dm)-
Combining the above two estimates with (5-15), we obtain
d 1
A+ eq - Veaw, hw S AP IR ger, amy + IAZ T2 o, gy
which implies from the Cauchy—Schwarz inequality that
A+ e L. vow kb < L atp

+ ea(v VW, ng )W ~ 6_2” € ”Lz(de,dm)'

Denoting the modified entropy by
Ee(t) = |lhe = Ml gaa, gy €0 - Vaw, B w

with a sufficiently small constant § > 0 and using (5-14), we conclude that

d 12
5ge(t) 5 —A- ||hg ”LZ(RZ‘I,dm)' (5'18)
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Recalling the similar estimate (5-13), we see that & is equivalent to the square of the L*(R*, dm)-
distance between h and M. It thus suffices to recover (h.) — M| by means of .A. By (5-16) and the
convexity of | - |, we know that |w| is a subsolution in the sense that

[w| = OAJw| < |(he) = M| in R,
and hence ||UJ||L)1((Rd) < |[{he) — M, ”LL(W)' With the aid of Corollary 4.10,
lwlizigey < I1h — Millpy e, amy < I1ein — Mill L@, dm)-

Applying (5-17) and the Nash inequality |w[{12, < llwl|?,

LZ(R") |V w”

we then acquire

(Rd) | LZ(R‘I)’

4/(d+2 2d/(d+2
I(he) = Mill72 oy S A+ 10175 gy S A+ hein = il ta g I Vw5l

LR, dm) LZ(RY)
2/(d+2 4/(d+2 d/(d+2
S A i — MDA,

Since ||he — My ||L2(Rd) < (A + Mp)l|lhein — M1l 1 (m2d, 4my» 10 both cases

12 2
A+ ”he ”Lz(de,dm) § ”he - Ml ”LZ(RZ‘I,dm)’

we conclude that

4/(d+2
Ve = Ml g, gy S (1 Whein = Milr R ) A+ IAE T2 e, )47

L' (R, dm)
Combining this with (5-18) and the equivalence between & and ||he — M, |2 2@ gy WE have
d 4/d _
GO S = llhein = Ml g g,) 6T
Since 6¢(0) S llhein — M1l L1 g2, am)> We arrive at
_ 4/d 14— _
Ee(t) STEO) M 4+ (Ut Ihein = Mill g )™ 1172 S (U lein = MiS s gt~ OO

As far as the case € = 1 is concerned, we conclude the result of convergence to equilibrium.

Proof of Theorem 1.1(ii). Consider g := !/?h. In view of Proposition 4.8 and Corollary 4.10 with the
assumption on initial data, we know that A < u_l/zg < Ain Ry x @, x R for Q, = T¢ or R By
applying Proposition 5.1 to & = u~'/2g with A, = A and €, = T, we have an universal constant ¢ > 0
such that

lg(t) = Mon' /21 2 (raxmay S >
Combining this with the Sobolev embedding and the interpolation, we derive the following for any k € N
with k > d:

llg () — Mop |l ek cra ey S 118 (1) — Mo/ || g (e ey

1/2“ 1/2

1/2
Si () = Mo Pl e 18) = Mop 1 5t -

Since the H*-norm on the right-hand side is bounded due to the global regularity estimate given by
Proposition 4.12, we obtain the exponential convergence to equilibrium in each order derivative.
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The asserted result in the case €2, = R? is a direct consequence of Proposition 5.2. As a side remark,
one is also able to upgrade the long-time convergence to higher-order derivatives of solutions by means
of the global regularity estimate and interpolation as above; it yet gives the algebraic decay rate that is
not optimal. O

5B. Finite-time asymptotics. The study of macroscopic dynamics for the nonlinear kinetic model (5-1)
in this subsection relies on the regularity of the target equation (1-3). On account of this, let us begin
with mentioning some standard results for (1-3) without proof. If the initial data satisfies A < pj, < A,
then such bounds are preserved along times, A < p < A, in the same spirit as Lemma 4.1. Combining the
parabolic De Giorgi—Nash—Moser theory with Schauder theory, we know that the solution p is smooth for
any positive time. We state the a priori estimate precisely as follows, where its behavior near the initial
time is taken into account in view of the standard scaling technique.

Lemma 5.3. Let pin € C*(T%) be valued in [1, A] with ag € (0, 1), and let p be the solution to (1-3)
in Ry x T9. Then there is some universal constant o € (0, 1) such that

lollcem, x1y S 1+ llpinllceo ray- (5-19)

Moreover, there exists some constant C, > 0 depending only on universal constants and || pin||ceo 4y such
that, foranyt € (0, 1] and x € T4, we have

tIO2Y, o, )|+t FO2 (3, p(t, x) |+ 152V p(t, x)| + 107928,V p(t, x)| < Cp,  (5-20)
and, foranyt > 1, we have

VoGt ey + 100 )l Loy + UVE0E M pooqray + 18 Vep @ Hlpeqa ST (5-21)

We measure the distance between solutions to the scaled nonlinear kinetic model (1-2) and solutions
to the fast diffusion equation (1-3) by the relative phi-entropy functional Hg (see Definition 1.3). The
following lemma shows the effectiveness of the relative phi-entropy for measuring L2-distance by virtue
of the uniform convexity of ¢g. It can be seen as a simple version of the Csiszar—Kullback inequality
on the relative entropy. We give its statement below with a proof taken from [Dolbeault and Li 2018,
Proposition 2.1] for the sake of completeness.

Lemma 5.4. Let hy and hy be two functions valued in [0, A]. Then we have

Hp(hi 1ha) = (1= 38) AP llht = hall}ag,,)- (5-22)
If we additionally assume the lower bound h, hy > A, then

Hp(h[ha) < (1= 3B8)A b1 = hall o,

Proof. Since ¢g(1) = (pl’g(l) =0 and 8 € [0, 1], for any z € R4, there exists &, € R, lying between 1
and z such that

0p(2) = 30Nz — 1) =32 - BE Tz — D™
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Since min{z, 1} < &, < max{z, 1}, we have

_ _ 2
/ maX{hlﬁ,hgﬂth—hzlzde—Hﬁ(h1|h2)§/
Td % Rd 2—-B

min{h?, b, Py k) — ha)? dm,
T4 xRd
which implies the desired results by using the boundedness of .| and 4;. ]
Let us consider the finite-time diffusion asymptotics.

Proposition 5.5. Let pi, € C*° (T4 be valued in [\, A] with o € (0, 1), and let the sequence of functions
{heintee.1) C CO(T x RY) satisfy

(heimy=A inTY  and  O0<hejn<A in T xRY.

Let h be the solutions of (5-1) associated with this initial data. Then there exist some universal constants
a € (0, 1) and C > 0, and some constant C, > 0 depending only on universal constants and || pin | ceo (74
such that, for any € € (0, 1) and forany t € [T, 1] with T € (0, 1), the following estimate holds:

Hp(he | p) (1) < CpHp(he | p)(T) + Cpe“ V2 4 et @72, (5-23)
where p(t, x) is the solution to (1-3) associated with the initial data pi,, and, for any t > 1, we have
Hp(he | p) (1) < [Hp(he | p)(A)(1) + Ce(1+1'7%)]e. (5-24)

Proof. For B € [0, 1), the phi-entropy of /. relative to p reads

2-p _
Myl p) = Hyphe| D) = Hp(p 1) = T=p () = p. o' = D).
As far as the entropy Hg(he | 1) is concerned, the entropy dissipation is derived by (5-1), integration by
parts, and using Holder’s inequality (Vyhe)? < <he)ﬁ(h;ﬁ|vvhe|2):

S Hphel 1) = f:—ﬁ(hl—ﬂ, he) = —2;’3 (hePVohe, he)’ Vuhe)
< - ;ﬁ {Vuhe)ll72 = _2€_ﬁ I{vhe) 175 (5-25)
In view of the limiting equation (1-3), we have
Aoy = 22018 8,0y = —2— py(p* -8 i
3 e 2Ry 1_ﬂ(p , 0rp) Q=B "Vyp, p " V,p). (5-26)

A direct computation with the macroscopic equation (5-3) and (1-3) leads to

d 1B
dt(<he> P, P 1)

=(p"P, 9 he)) + (1= B)p P lhe) — 2= B)p' P, 8,p)

1_
= Tﬂ(p*ﬁw, (Whe)) — (1= B)Vi(p P (he)) — 2= B)p PVep, pPVyip). (5-27)
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The evolution of Hg(he | p) is then estimated by combining (5-25), (5-26), and (5-27):

d

—Hp(he| ><——||<vh>|| —1<<vh> V) + (Vilp P he) — 0P, p PV p)
7 _ ﬂdl B P 27 ¢ €l P xP x(p € 1Y > P xP

=~ lle™ {vhe) + o™ Vupllz: + (e vhe), p~FVip)
+ (Valhe) + B — o~ (he))Vep, p~ V,p)

We remark that the above inequality also holds for 8 = 1 by a similar computation. Abbreviate
Qci=€"(vhe) +p"Vop and Re:=—Vi- (v® Vohe) = €d,(vhe),

and write the macroscopic equation (5-4) in the form V, (h.) = —e Y (he)P(vhe) + Re. We then have

ﬁdrHﬁ(h e1p) = =11Qellfz + (1 = p™Phe)") Qe. p™PVip) + (Re. p™V,p)
+ (0P the)’ — Bp~ he) = 14 B, p~ | Vipl?)
<2lp™ PIVaplligz the) = pligz + (Re, p ™2 Vi), (5-28)

where, for the second inequality, we used the Cauchy—Schwarz inequality
2(1=p~P(he)P) Qe, p7PVep) < 1Qellfz + (L= p 7P (h)P P, 107 Vipl?)
and the following two elementary inequalities with 8 € [0, 1]:
2P —1l<|z—1] and [P —Bz—1+B|<|z—1* forany zeR;.
In view of Holder’s inequality and inequality (5-22) given in Lemma 5.4, we know that
1626) = pII2> < Whe = Pl < 20PHg (e | ).
Combining this with (5-28) and (5-20), we derive that, for any ¢ € (0, 1],
d _ _
q; elhelp) = Cpt“ "Hy(he | p) +2(Re. p~P V), (5-29)

where the constants o € (0, 1) and C,, > 0 are provided by Lemma 5.3.
We point out that, after integrating in time, the remainder term in (5-29) involving R, is of order O (¢)
due to the control of the entropy production and the regularity of the limiting equation. Indeed,

f (Re, p~2PV,p) = / (v ® Vyhe), Vi(p 2V, ) + € / ((vhe), 3 (V)
0 0 0
—e((vhe), p~ 2PV, p) (1) + €((Vhe), PV, p)(0)
S UV P Vep)lLx +€lld: (0" Vep)liLx) / [{vhe) I 12

+ello P VepllLs 10he)ll 10,71 12)-
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It then follows from (5-20), (5-25), and the global upper bound of /. (Lemma 4.1) that, for any ¢ € (0, 1],

1 ¢ 12
/ <R€,p—2ﬂvxp)scp<r<“—1>/2+er<“—2)/2)( / ||<vhe>||iz) +Cper@ D2
0 0 x

< Cp(et(“*l)m +€2t(0572)/2) sup Hﬂ(he | 1)(5) + Cpet(afl)/Z

s€[0,1]
< Cp(et("‘*l)n +62t((x72)/2) + Cpet(“*lm_

Combining this estimate with (5-29) as well as Gronwall’s inequality, we conclude (5-23). Additionally,
we arrive at (5-24) if we apply Lemma 5.3 with (5-21) instead of (5-20) in the above argument. ]

We are now in a position to conclude the global-in-time diffusion asymptotics.

Proof of Theorem 1.4. We are going to combine Propositions 5.1 and 5.5 with a delicate analysis on the
relative entropy around the initial time to get Theorem 1.4. The analysis is based on the barrier function
method. Let us assume the constant « € (0, 1) provided by Proposition 5.5.

Step 1. Pointwise estimate. Let us fix § € (0, 1) and (x1, vy) € T4 x Bg with R > 0 and consider the
function

h(t, x,v):=Cit + Cr(lx —x1 — -sflz‘vl2 +|v—v; |2),
where the constants Ci, C, > 0 are to be determined. For any < €5/(4(1 4+ R)), we have
h=Cylx —xi]> + v —vi > =2 tlx —x1||v]) = 5C28> = A on 9Bs(x1, v1),
where we chose C, := 28 2A. For any (x, v) € Bs(x1, v1),
(h)P Zou bl S 1A+ v - Vo] S872(1+ RH(1+€7%12).
Therefore, for any ¢ <€§/(4(1 + R)) and (x, v) € Bs(x1, v1),
(B +e -V —e 2 h)P Lou)h > C1 — Coe 267 2(1+ R*)(1 +€e 1% >0,

where the constant Cy > 0 is universal and we chose C; := 2Cpe 2872(1 + R?). Then, the maximum
principle implies that, for any t < €d/(4(1 + R)) and (x, v) € Bs(x1, v1),

|h€ (ta X, U) - he,in(xls U1)| S ]:l(t7 X, U) + Sup |h€,in(x7 U) - he,in(xl, vl)l' (5_30)
Bs(x1,v1)

In particular, for any t <€§/(4(1 + R)) and (x1, v1) € T¢ x Bg,
[he(t, x1, v1) = hein(x1, VD1 S €282 (14 R+ lheinll oo (ra ey 8% (5-31)

As far as the solution p to the limiting equation (1-3) is concerned, using the Holder estimate (5-19) in
Lemma 5.3, we derive that, for any ¢ € R,

l0(t) = pinll oo ray S (1 + [l Pinllceo (ra))2®. (5-32)
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Step 2. Estimate of the relative entropy around the initial time. Let us restrict our attention to the time
interval [0, T'] with T € (0, 1) to be determined. Compute the relative entropy Hg(he|p) in terms of
initial data as

H(he| p) = Hp re.n]| pin) + /

Td x

Rd[((pﬁ(he) —@p(hein)) — (0p(0) —@p(oin))] dm

- /T . Rd[(w,’g(p)—<0’ﬂ(/oin))(he,m—/Oin)+<0,§(/0)(he—he,in)—<p,’3(p)(/o—pin)] dm. (5-33)

Consider a truncation in v for the integrals on the right-hand side. Since k., h¢in, p, and pj, are all
bounded from above (Lemma 4.1), we have

[t = gpthean + 105 o) = gptomilam < [ du R (5-34)
x B By

Observe that for any a, b € (0, A], there exists £ € R, lying between a and b such that
pp(a*) — pp(b*) = 2£ @ (E*)(a —b).
Meanwhile, |$¢);/9 (£2)] <1 for any & € (0, A]. Thus,

0p(he) — @p(hein)| S lhe —heinl?  and  |og(p) — @p(oin)| S 10 — pinl /2.

Set R :=¢ "4, §:=€"*, and T := %62”'7 for some constant 1 € (0, 1) to be determined. In this setting,
T < €b8/(4(R)). It then follows from (5-31), (5-32), and (5-34) that, forany t < T,

/W W[I(pﬂ(hs) — @(hein)| 4 lpp () — p(pin) |1 dm

SR +/ [he — heinl >+ 1p — pinl"/*1dm
WT"xBR

1/2

2
5 67’ + 677/ + ||h€,in||ca0(‘ﬂ'd

1/2
€S+ (L 1 pinll e () )€ 77 (5-35)

In addition,

lhe = hejinllLi(raxBs, amy S R
and |<pl/3| <1on[A, A]. Therefore, combining (5-31) and (5-32) with inequality (5-22) given in Lemma 5.4
yields, forany ¢t < T,
fd M@s(0) = 9p(pin)) (hein — pin) |+ 195 () (he = hein) | 419 (P) (P — pin)[] dm
Te xR
S hein — Pinll L2rd e, dmy + 1he = Peinll L1 (1 xre, amy + 110 — Pinll L1 (Te)
1/2 _
< Hﬁ/ (he,in] Pin) + R™ 4 he — heinll L1 (1 x By, amy + 10 — Pinll L1 (4
S €24+ lheinlleon g €™ + (14 | pinllceo cray )+ (5-36)

Plugging (5-35) and (5-36) into expression (5-33), we derive, for any ¢t < T,

Hp (he | p)(0) < (1+ he inll oo (ra xey + | Pinll ceo ray) (€ 4+ €)* /5, (5-37)
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Step 3. Conclusion. Recall that we have chosen 7' = %62”’7. In view of (5-37) and the estimate (5-23)

given in Proposition 5.5, one may optimize in n to get the result. For simplicity, we pick n := /(4 — 2)

so that T = §e“=9/@=® and ¢(T@~D/2 4+ T@=2/2) < €/2. 1t turns out that, for any ¢ € [0, 1],
Hp(he|p)(1) < CpHp(he | p)(T) +Cpe(T V2 4-eT@7272) < Cue + €)™, (5-38)

where the constant C,, > 0 is provided in Proposition 5.5 and the constant C, > 0 depends only on universal
constants, || oinllceo(tdy, and || e inllceo (r¢ xrey- Then, using the estimate (5-24) given in Proposition 5.5
with (5-22), we arrive at point (i) of Theorem 1.4.

As for point (i1) of Theorem 1.4, applying (5-24) together with (5-22) and (5-38), for any ¢ € [1, T1,
we have

e (2) = PO 2 gy S [Hp el p)(1) +€(1+TY2)1eT
SICu(e + €N MP +e(1+ (—tlog(e +€)/)I(e +€) M0 < Cu(e + €)',

where we picked T := —tlog(e 4€’) with ¢ :=an/(16C). Finally, using Proposition 5.1 with the additional
assumption that /. j; > A, we know from the long-time behavior that there is some universal constant ¢ > 0
such that, for any t > T,

1he @) = POl 2@m) < e (@) = Moll L2iamy + 10() = Moll 2 S e™T = (e +€)°. u

Appendix A: Maximum principle

The following maximum principle (on a not necessarily bounded domain) is repeatedly applied throughout
the article. We state it in a more suitable fashion for the Fokker—Planck equations of our concern, whose
proof is in the same spirit as [Cameron et al. 2018, Lemma A.2].

Lemma A.l. Let the domain w be a subset of R? x R¢ and the parabolic cylinder wr = (0, T] X w.
If fe Cén (w7) NCY(@7) is a bounded subsolution in the sense that

.Zlf:=(8,+v-Vx)f—tr(AD12)f)—B-Vuf50 in wr, (A-1)
with the coefficients A(t, x, v), B(t,x,v) € C%wr) satisfying
MEP <A, x,v)E-E < A5 and |B(t,x,v)-§| < A@)I§|  forany £ €RY, (1,x,0) € o,

then sup,, f < SUPy, oy [, where the parabolic boundary 0,wr is defined to be [0, T] x @ — (0, T] x w.

Proof. 1If the domain w is bounded, then the result is classical. For general (unbounded) w, we consider
the auxiliary functions
H1(1,v) := e (v)? and  ¢(t, x) := ¥ (x)?

with Cy, C> > 0. Since f is bounded, for any ¢, &, > 0, there exists R(g;), R(¢3) > 0 (independent of C;
and C,) such that f —e1¢| — ¢ < SUP oy finwrN{lx| > R(ey) or |[v]| = R(g1)}.
By choosing C; = (d +2) A, we have

L1 = (CL{v)2 —tr(A) = 2B -v) > (C; — (d+2)A)(v)> =0 in wr.
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For any R; > R(¢}), there exists C, > 0 depending only on R; such that
Ligr = (Co{x)* +v-2) = (C2 = D) = > =0 in or N{Jv] < Ri}.

Therefore, for any R, > R(e,), we have that f — e1¢p; — €2¢, is a subsolution to (3-1) in the bounded
domain (0, T] x (wN(Bg, x Bg,)) with the data smaller than SUP oy f on the boundary portion contained
in {|x| = Ry or |v| = Ry}. Then, applying the classical maximum principle yields

f—epr—epr<sup f in (0,T]x (@wN(Bg, X Bg,)).

opowr

Sending R, — 0, &0 — 0, Ry — 0, and ¢; — 0 in order, we get the conclusion. ([

Appendix B: Spreading of positivity

This appendix is devoted to the proof of Proposition 4.2. The argument follows the one presented in
[Henderson et al. 2020b], and it is based on the combination of Lemmas 4.5 and 4.6.

Proof of Proposition 4.2. The proof is split into four steps.
Step 1. Spreading positivity for all velocities for short times. Applying Lemma 4.5 (with T = 1) yields
that there is some universal constant ¢y > 0 such that, for any 0 < < min{l, T, co(r ') ~2(vo) 2},
h(t,x,v) > %51{|x—x0—tv\<r/2, lv—vol<r/2} = %31{\x—xo—zvo\<r/4, lu—vo|<r/4}-
Let r := min{1, {cr} and ¢ := JT. Then, Lemma 4.6 implies that there exists Co > 0 depending only on
universal constants, 7', §, r, and vg such that, for any 0 < ¢t <t < Ty with
Ty :=min{1, T, co{r™")~*(vo) 72, grofvo) '}

and v € R, we have
1 ! o !
h(t, x,v) > Qo te=Colv—ml l{lexoftv0|<2ro} > QO le=Colv—ml 1{|x7x0|<r0}- (B-1)

Step 2. Spreading positivity in space for short times. For any fixed 7 € [t, Ty] and X € T%, we set
v:= (X —x0)/( —t). In view of (B-1), by Lemma 4.5 (with T = 2(f — ), vo = v), we deduce that, if
f—1<co(2(f—t)ry ')~2(v) "2 and in particular if

_ _ _ C
F<ttiy with 7g:= —0 (¥ —xo) % (B-2)

4+r§

then there exists 8y > 0 with the same dependence as Cy such that, for any ¢ € [z, 7],

h(t, x,v) = 8011 —xy—(t—t)l<ro/2, 2G—1)lv—i| <ro/2} = S0L{lx—xo—(t—1)5| <ro/4. [v—0|<ro/4}-
Then, Lemma 4.6 (with vy = ©) implies that, for any 0 <2t <t <t +1g and v € R?,

_ _ 4
h(t,x,v) > Cle M o —pit<rs) (B-3)
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for some constant C| > 0 depending only on universal constants, T, 8, r, vy, and |Xx — xg|. In particular,
forany 0 <2t <7 <t+foand v € RY,

h(i, %, v) = Cle G, (B-4)
Step 3. Spreading positivity for any finite time. We observe that the time interval above is restricted
(see (B-2)), but it can be removed by applying the lemmas again. Based on the previous step, it suffices
to deal with the case 7 > t(. By a similar proof to (B-3), we derive
h(to. x,v) Z 811{1x—z|<ro/8. jvl<ro/8)

for some constant §; > 0 with the same dependence as C;. In view of this data, applying Lemma 4.5 to
h(to+ -, -,-) (with T =1, vy = 0), we see that, for any ¢ € [fo, min{Tp, 7o+ T;}] with T} := co(8/r0) 2,

h(t,x,v) > %511{|x—il<r0/16, vl <ro/16}-
It then follows from Lemma 4.6 that, for any ¢ € [to + ¢, min{Tp, fo + T1}] and v € R4,

h(t,x,v) > Qz_le_g2|"|41{|x—ﬂ<ro/32}

for some constant C, > 0 with the same dependence as C.

Combining this with (B-4) as well as recalling that T = 2¢ and the space domain T¢ is compact, we
know that there exists C3 > 0 depending only on universal constants, T, 8, r, and vy such that, for any
(t,x,v) € [T, min{Tp, T1}] x T¢ x R,

—1,—Cslvl*
h(t,x,v)>C5e .

Since Ty and T depend only on universal constants, r, and vg, by applying the above arguments iteratively,
we obtain the result for any finite time.

Step 4. Improving the exponential tail. We remark that this step is not necessary for the applications of
the lower bound result, but it shows a more precise decay rate as |[v| — oo.

By the previous step, there is some ¢ > 0 depending only on universal constants, 7', T, §, r, and vg
such that h > cin [T, T] x T4 x B;. Consider the barrier function

h(t,x,v) = ge_CO(’_I)q'”'z in [T,T]xT?x B¢,

where the constant Cy > 1 is to be determined. By recalling (4-2) and performing a direct computation,

we have
CoZnh
B +v-V)h — %y ZLou h = m%l“(‘“ 01t = T) — 4Colv])
CO<%_h£l - .
S(I_—T)z(g ’B+2dT—4C0) in (T, T]X_H_dXBlc.

In particular, by choosing Cy sufficiently large (with the same dependence as ¢), we have

@ +v-V)(h—h) =% Lou(h—h) <0 in (T,T]x T x Bf.



ON A SPATIALLY INHOMOGENEOUS NONLINEAR KINETIC FOKKER-PLANCK EQUATION 417

In addition, by its definition, 4 > h on the boundary {t € [T, T], |v| = 1} U {¢t = 2¢, |v| > 1}. The
maximum principle (Lemma A.1) then implies that 2 > h in [T, T] x T¢ x B{. Therefore, we achieve
the Gaussian-type lower bound for any (¢, x, v) € [2T, T] x T¢ x R, O

Appendix C: Gaining regularity of spatial increment

This appendix is devoted to the proof of two technical lemmas for spatial increments involved in the
bootstrapping of higher regularity for solutions to (4-1) presented in Section 4C. For the convenience of
the reader, we report a brief proof following the lines of [Imbert and Silvestre 2022, Lemma 8.1] with
s=land o) =8 =2.

Lemma C.1. Let o € (0, 1), and let a bounded continuous function g be defined in Qq. If there exists
some constant M > 0 such that, for any y € By,

[8y81c00,y =M and  [8,8]c2rag,, < MO0, y, 0)],
then there exists some universal constant n € (0, 1) such that, for any y € By,
18y8llcrco) S MO, y, O],

Proof. Keeping in mind the assumption and Remark 2.5, for fixed y € By, we consider the polynomial
expansion pg of 8,g at zo € QO with degy;, (po) = 2:

Po(z) = 6y8(z0) + (3; +vo - Vi)8yg(z0)t + Vydyg(z0) - v+ %D35yg(zo)v v
for z := (¢, x, v) € R x R? x R%. For any z such that zy oz € Q4, we have
18y8(z002) = po(2)| < MII(O, y, O) | z[|*+*. (C-1)
In particular, po(0, y, 0) = 8,g(z0), so that, for any y € By,

162,8(20) — 28,8(20)| = 18,8 (z0 0 (0, ¥, 0)) — 8,8(z0)| = 18,8(z0 © (0, ¥, 0)) — po(0, y, 0)]
< M||(0, y, 0)||*T.

It then follows that, for any zg € O, and for any k € N such that zp o (0, 2k v,0) € Q4,

k
18y8(20) =2 83,8 (z0)| < D 277 1821,8(20) — 285-1,8(20))
j=1

k
< M|, y, 0)[[*T* Y 2043 <apm (0, y, 0| 2R3 (C-2)
j=1

Picking k € N such that [|21(0, y, 0)]| < 1 < ||2%(0, y, 0)| and using the assumption yields

16y8(z0)| < 2_k|52kyg(Z0)| +2M (0, y, 0) || e IHek/3
= 12,8l o) 10, . OIF +4MII (0, y, 0)* < SMI|0, y, ). (C-3)
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It remains to show that there exists some constant n > 0 depending only on « such that
18y8(z002) — 8,8(z0)| < MIIO, y, 0) I 1z]|". (C-4)
By (C-1) and Lemma 2.4, we know that, for any zg € O and zgo z € Qu,
1878 (20 02) — 8,8(z0)| < (1(3; +vo - Vi)3yg (20)| + D38y 8 zo) D |21
+1Vu8yg @o)lllzll + M0, y, O[> 12>

172
13y8100.0,)

1/2

S ([Syg](j[er“(Qz)HZ” + [Syg]CIZM(Qz)

+ [3yg]C]0(Q2))||Z||
+ M| (0, y, 0)[1*lIz)|* .

If ||z]| <110, y, 0)]], then combining the above expression with the assumption and (C-3) implies (C-4)
with n = % In particular, if £ € N such that ||z|| < 12€(0, y, 0], then we have

27K185,8(20 02) — 2¢,82(20)| S 27 M)(0, 2%y, 0) P [1zII” = MI|(0, y, 0)[1*[|z]|". (C-5)

Now, if [|z] = [1(0, y, 0)|, applying (C-2) at points zo and zo o z, with k € N such that ||2¢71(0, y, 0)|| <
Izl < 1250, y, 0)[, yields

18,8(20) — 27 %821, 8(20)| <4M1(0, y, 0|1 [Iz]I"+, (C-6)
18y8(2002) =2 ¥ 8y,8(z0 0 2)| <4M |10, y, )|z . (C-7)
Summing up (C-5), (C-6), and (C-7), we arrive at (C-4). U

Following the lines of the above proof and taking into account that || g|| e (Qy) < M, one is also able
to prove the following result.

Lemma C.2. If g € Clz+°‘(Q2) with o € (0, 1), then, for any y € By, we have

18y€licron S Igllcaa o 10, ¥, 0)I1%
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STRICHARTZ INEQUALITIES
WITH WHITE NOISE POTENTIAL ON COMPACT SURFACES

ANTOINE MOUZARD AND IMMANUEL ZACHHUBER

We prove Strichartz inequalities for the Schrodinger equation and the wave equation with multiplicative
noise on a two-dimensional manifold. This relies on the Anderson Hamiltonian described using high-order
paracontrolled calculus. As an application, it gives a low-regularity solution theory for the associated
nonlinear equations.

Introduction

Enormous progress has been made in the last decade after Hairer [21] introduced his theory of regularity
structures and the theory of paracontrolled distributions due to Gubinelli, Imkeller, and Perkowski [17] in
the study of singular stochastic PDEs. A particular approach developed recently is the construction of a
random stochastic operator to investigate associated PDEs. The first paper on this, by Allez and Chouk [1],
dealt with the continuum Anderson Hamiltonian, hereafter simply called the Anderson Hamiltonian. They
used the latter theory to make sense of the operator on the two-dimensional torus, formally

H=_A+$9

where £ is spatial white noise whose spatial regularity is just below —1, that is, the centered random field
with formal covariance

E[E(x)E(y)] = 8o(x — y).

In the particular case of the torus, it can be constructed as the random Fourier series

E(x) = e,
nez?

with (&,),cz2 independent and identically distributed standard Gaussian random variables. In general,
the white noise is an isometry from L*(M) to L*(S2) the space of random variable with finite variance.
Afterwards this approach was extended to the three-dimensional torus and somewhat reformulated by
Gubinelli, Ugurcan and Zachhuber [19] and by Labbé [23] who used regularity structures and dealt with
both periodic and Dirichlet boundary conditions. Finally, the construction was extended by Mouzard [27]
to the case of two-dimensional manifold using high-order paracontrolled calculus.

Naturally, substantial progress was also made in the field of singular dispersive SPDEs following the
paper [15] by Debussche and Weber on the cubic multiplicative stochastic Schrodinger equation and
[18] by Gubinelli, Koch and Oh on the cubic additive stochastic wave equation. Since the powerful
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tools from singular SPDEs are only directly applicable to parabolic and elliptic SPDEs, these initial
papers were in a not-so-singular regime, the former using an exponential transform to remove the most
singular term and the latter using a “Da Prato—Debussche trick” to do the same. Gubinelli, Ugurcan and
Zachhuber [19] proved some sharpened results on the multiplicative Schrodinger equation and its wave
analogue by reframing it in relation to the Anderson Hamiltonian, as well as extending the results to
dimension 3. Moreover, Tzvetkov and Visciglia [33] extended the results of [15] to a larger range of power
nonlinearities; see also [32]. For the nonlinear wave equation with additive noise, let us mention here the
follow-up paper by Gubinelli, Koch and Oh [20] in three dimensions with quadratic nonlinearity and the
paper [28] by Oh, Robert and Tzvetkov which extends the results of [18] to the case of two-dimensional
surfaces and is thus salient for the current paper.

Let us also mention a related area of research whose aim is to solve deterministic dispersive PDEs
with random initial conditions with low regularity. The study of this, which is intimately related to the
analysis of invariant measures for dispersive PDEs, goes back to the seminal work of Lebowitz, Rose and
Speer [24]. A series of works by Bourgain followed; let us mention here [10] where a renormalisation
procedure similar to the current case appears but for a different reason. See also the work [11] by Burq
and Tzvetkov, which deals with singular random initial condition for which they obtain well-posedness
results for the cubic nonlinear wave equation on a compact manifold.

In this paper, we prove Strichartz inequalities for the Schrodinger and wave equations with white noise
potential on compact surfaces. In a nutshell, Strichartz inequalities leverage dispersion in order to allow
us to trade integrability in time for integrability in space; see Section 2 for a more detailed introduction
and [34] where this kind of approach appeared for the Anderson Hamiltonian. Moreover, we show how
this provides local well-posedness for the associated nonlinear equations in a low-regularity regimes. As
for the deterministic case, the Strichartz estimates obtained depend whether the manifold has a boundary
or not and are improved in the flat case of the torus. By Strichartz inequalities, we generally refer to
space-time bounds on the propagators of Schrodinger and wave equations where the results on integrability
are strictly better than what one gets from the Sobolev embedding so— for definiteness we consider the
Schrodinger case — a bound like

le" P ullLorray S Nullpge.

with p € [1, 00], ¢ > 2d/(d — 2«), where d denotes the dimension and I C R is an interval. The overall
approach to the Schrodinger group associated to H we follow is similar to the one in [34], where such
Strichartz estimates were shown for the Anderson Hamiltonian on the two and three-dimensional torus.
However, one gets sharper results in the particular case of flat geometry due to the fact that one has
stronger classical Strichartz inequalities available. In the more general setting of a Riemannian compact
manifold, we work with a result due to Burq, Gerard and Tzvetkov [12], which has been extended to
the case with boundary by Blair, Smith and Sogge [8]. These results can be thought of as quantifying the
statement “finite frequencies travel at finite speeds —in (frequency-dependent) short time the evolution
is morally on flat space”. Let us also mention at this point the recent work by Huang and Sogge [22]
which deals with a similar setting; however, their notion of singular potential refers to low integrability
while in our case singular refers rather to potentials with low regularity.
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For the case of Strichartz estimates for the wave equation related to H, we follow the approach introduced
by Burq, Lebeau and Planchon [13] on domains with boundary. The main idea, which is why this approach
is applicable, is that all that is required is that the operator driving the wave equation satisfies some growth
condition on the L9 bounds on its eigenfunctions and one knows about the asymptotics of the eigenvalues,
in their case the Laplace with boundary conditions. Since a Weyl law for H was obtained by Mouzard [27]
and our result for the Schrodinger equation gives us a suitable L7 bound on the eigenfunctions of H, their
approach turns out to be enough to prove Strichartz estimates that beat the Sobolev embedding. Overall
this approach seems somewhat crude and we assume there to be sharper bounds possible, whereas in the
Schrodinger case, our result is the same as the one without noise obtained in [12] worsened only by an
arbitrarily small regularity loss. The state of the art of Strichartz estimates for wave equations on manifolds
with boundary is the paper [7], the case of manifolds without boundary being comparable to the Strichartz
estimates on Euclidean space because of the finite speed of propagation. In particular, the bounds obtained
on the spectral projectors of the Anderson Hamiltonian are new and of interest themselves.

The second objective of this paper is to use the Strichartz inequalities obtained to prove local well-
posedness for the associated defocussing nonlinear equations, also known as cubic multiplicative stochastic
Schrodinger and wave equations. This will be done using fairly straightforward contraction arguments for
which the Strichartz estimates will be crucial.

We conclude the introduction by a brief outline of the construction of the Anderson Hamiltonian; see
[27] for the details. It is formally given by

H:_A—i_S’

where £ is the space white noise and belongs to C*~2 for any a < 1, where C# denotes the Holder-Besov
spaces recalled in Section 1A. The noise is only a distribution, rough almost surely everywhere as opposed
to potential with a localised singularity; hence Hu is well-defined for u € C* but does not belong to L2.
The nature of the noise makes the naive candidate for the domain of H, that is, the closure of

{ueC>®: Hue L%,

with respect to the domain norm, unviable. This is precisely where the paracontrolled calculus comes
into play, one can construct a random space Dz C L? such that almost surely

ueDg = Huel?

Here E = (£, A~'£-£) refers to the enhanced noise; see [27] for its construction. The domain Dg consists
of functions u € L? paracontrolled by noise-dependent functions X1, X» of the form

u= FquI +5L¢X2 +Mﬁ»

with a remainder u” € 72 and the P, X; are terms which are dominated by X; in terms of regularity. In
particular, smooth functions do not belong to the domain in this peculiar setting. The singularity of the
product is dealt with through a renormalisation procedure which corresponds to the construction of the
singular term X - &, where AX = &. Given a regularisation &, of the noise, the product X, - &, diverges
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but one gets a well-defined function after the subtraction of the diverging quantity
ce = E[ X, -&].
The analysis of the operator is then done with
ATIE g = Tim(ATE & — o),
the Wick product, and the Anderson Hamiltonian corresponds to the limit of the family of operators
He=—-A+& —ce

as ¢ goes to 0. In the case of the torus, c, is a constant due to the invariance by translation of the noise
and diverges as |log ¢|; for details, see Section 2.1 of [27]. Note that the operator A is not invertible and
A~! has to be interpreted as a parametrix, that is, an inverse up to a smooth term.

While the Anderson Hamiltonian can be interpreted as the electric Laplacian —A + V with electric
field V = &, one can consider as an analogy the magnetic Laplacian with magnetic field B = £ space
white noise. This is the content of [26], where Morin and Mouzard construct

H=(0+A)>+ (0, + A2)?

on the two-dimensional torus with magnetic potential A = (A, A;) the Lorentz gauge associated to the
white noise magnetic field. Its study is also motivated by supraconductivity where H plays a specific role
in the third critical field of Ginzburg—Landau theory. In particular, the first results, such as self-adjointness,
discrete spectrum and the Weyl law, hold as for the Anderson Hamiltonian, while differences are expected
to appear when one looks at finer properties. Our proof for the Strichartz inequalities for the Schrodinger
group associated to the Anderson Hamiltonian, which is perturbative in nature, can directly be adapted to
obtain a similar result for the random magnetic Laplacian with white noise magnetic field. For Strichartz
estimates for the magnetic Schrodinger equation in the deterministic case, see for example [14].

Organisation of the paper. In Section 1, we give the context for the Strichartz inequalities on manifolds
in the case of the Schrédinger equations and the heat semigroup paracontrolled calculus on manifolds;
see respectively [12] and [27]. We conclude by recalling the construction of the Anderson Hamiltonian
and provide new results needed in the following. In Section 2, we provide Strichartz inequalities for the
Schrodinger group associated to the Anderson Hamiltonian and show how this gives local well-posedness
for the stochastic cubic nonlinear Schrodinger equation with multiplicative white noise. In Section 3, we
use the result on the Schrodinger group to get new bounds on the eigenvalues of the Anderson Hamiltonian
and use it to prove Strichartz inequalities for the wave propagator together with the Weyl-type law. Finally,
we also show how this gives local well-posedness for the stochastic cubic nonlinear wave equation with mul-
tiplicative white noise and give details for the particular case of the torus where one gets improved bounds.

1. Preliminaries

1A. Strichartz inequalities on manifolds. On the torus, regularity of distributions can be measured
using the Littlewood—Paley decomposition. On a manifold, one has an analogue decomposition using
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the eigenfunctions of the Laplace—Beltrami operator A as a generalisation of Fourier theory; see for
example Section 2 in [29] by Oh, Robert, Tzvetkov and Wang. Let (M, g) be a two-dimensional compact
Riemannian manifold without boundary or with boundary and Dirichlet boundary conditions. In this
framework, the Laplace—Beltrami operator — A is a self-adjoint positive operator with discrete spectrum

O<M<i=<Az=<---,
with the associated normalised eigenfunctions (¢,),>1 belonging to C*°(M). In the case where M has no

boundary, we have A; =0 and ¢; = Vol(M)~!/? constant. Furthermore, the Weyl law gives the asymptotics

. Ay Yol(M)
Iim — = .
n—oo p 47

The basis (¢,)n>1 of L2 gives the decomposition
W=y (i, u)pn
n>1
for any distribution u € D’(M). On the torus, this gives the Littlewood—Paley decomposition of u, where the
regularity is measured by the asymptotics behaviour of ) _, ~2n (U, @). On a manifold M, this is done with
Dy =Y (=272 D A) =y (277D
for n > 0 and

A=Y (=4A),

with ¥ € C§°(R) a nonnegative function with supp(y/) C [—1, 1] and ¢ =1 on [—
any function ¥ € L*°(R), the operator ¥ (A) is defined as

%, %] Recall that for

Y (A=Y P n){tt, 9n) s

n>1
and this yields a bounded operator from L?(M) to itself. In this setting, Besov spaces are defined for
a€Rand p,q €[1, 0] as
By g = {u e D'(M): ullsy, < oo},

where
1

q
lullgy = (uA_luu‘{,)(M) +> 2°‘Q||Anu||‘z,,(M)> :

n>0

In the particular case p = g = oo, these spaces are called Holder—Besov spaces and we write
B3, oo =C%.
The case p = g =2 corresponds to Sobolev spaces and we have

el = 1A 2l 200y + D 2" 0@ Al 7 2y,

n>0
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where ¢(x) := ¥ (—x2) — ¥ (—x). Burq, Gérard and Tzvetkov [12] proved, in the case where M has no
boundary, the bound

1

1 fllzoon S W (=) f Lo + (Z ||¢<2—2"A>f||Lq(M)>2,

n>0
using that for A € R we have
YN+ e =1
n>0
Applying this to the Schrodinger group, they obtain

1

. 2
le" 2 vllLoqo. 11,20y S 1Y (= A)vll oy + H (Z ||e”A¢,(2—2kA)v||Lq(M))

k>0

’

Lr([0,1])

hence one only needs a bound for spectrally localised data. This is proved using semiclassical analysis
with the use of the WKB expansion; see Proposition 2.9 from [12] which gives

( / €2 @(h2 A)V[12 4 d ) < vl zn (1)

for J an interval of small enough length proportional to /& € (0, 1). Moreover, a well-known trick is
to slice up the time interval into small pieces; this will be useful later. The previous bounds with the
Minkowski inequality lead to

1
it A —2k
||€lt v”L”([O 1LLY) S ||v||L2(M) + <22p o2~ A)v”LZ(M)) < “v”Hl/P
k>0

This yields the following theorem.

Theorem 1.1. Let p > 2 and g < oo such that

Then

itA
e ullrqo,ir,Le) S Nullpgse-

While this result is optimal on general surfaces in the case p = 2, this can be improved in the flat case
of the torus. In fact, the first result concerning Strichartz inequalities for the Schrédinger equation on a
compact manifold was obtain by Bourgain [10] on the flat torus. In the case of the Anderson Hamiltonian
on a compact surface without boundary, we obtain the same result as Theorem 1.1 with an arbitrarily
small loss of regularity; this is the content of Section 2. In the case of a surface with boundary, the
following result was obtained by Blair, Smith and Sogge [8].

Theorem 1.2. Let M be a surface with boundary. Let p € (3, 0o] and g € [2, 00) such that

E-i-z:l.
P q
Then

itA
e 2 ull Lo, 11,20y S llutllere
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and
1
itA (1.2 p r —1L 2
( ff e A (h2 Aol 2 ap, dr) Sh7 o2 A)vll 2 ) @)

for J an interval of small enough length proportional to h € (0, 1).

We end this section with two classical results that will be needed in this paper. First, one still has the
Bernstein lemma with the Littlewood—Paley decomposition associated to the Laplace—Beltrami operator.

Lemma 1.3. Let g : M — R be a function which has spectral support in an interval [a, b] with 0 <
a < b < o0o. Then for any a, B € R we have the following bounds which are the analogue of Bernstein’s
inequality on Euclidean space:

gl S max(®* . a*=P)lg e,

gl 2 min®*~*, a*#) gl
The former estimate still holds in the case where a = 0 and a > 3. We will chiefly apply these bounds to

Littlewood—Paley projectors where b = 2a =2/ for j € N.

Proof. The condition on g means that

g= Y (&)

Ai€la,bl
and we have

gl = D (8. 022"

Ak€la,b]

The upper bounds follow directly with
Ai‘)‘ = kiﬁki(afﬂ) < A% max(p* @B q>@=P))

and analogously for the lower bounds. (Il

The space H? is an algebra only for ¢ large enough depending on the dimension; this can be seen
with the following proposition and the Sobolev embedding. These types of estimates are important for
the dispersive equations with cubic nonlinearity considered here.

Lemma 1.4. Let o > 0. The space H° N L™ is an algebra and one has the bound

1S - gllwe S IUFNneliglieee 4+ glae ILf llLes.

1B. Basics on paracontrolled calculus. On the torus, the Littlewood—Paley decomposition can also be
used to study ill-defined products. Recall that for u € D'(T?), it is given by

U= Z Aqu,
n>0

where each A,u is smooth and localised in frequency in an annulus of radius 2" for n > 1, while the
Fourier transform of Agu is contained in a ball around the origin. Given two distributions u, v € D’ (T?),
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the product is formally given by

u-v= Z Ayu-Ayv

n,m>0
= Z Aju-Ayv+ Z Aju-Ayv+ Z Aju - Ayv
n<m n~m msn

=: P,v+TII(u, v) + Pyu.

The term P, v is called the paraproduct of v by u and is always well-defined, while the potential singularity
is encoded in the resonant term I1(x, v). Using this decomposition, Gubinelli, Imkeller and Perkowski
introduced the notion of paracontrolled calculus to develop a solution theory for singular stochastic PDEs
in their seminal work [17]; this correspond to Bony’s paraproduct from [9] in this flat case. On a manifold,
an alternative paracontrolled calculus was developed by Bailleul and Bernicot [4] based on the heat
semigroup. Instead of Littlewood—Paley, which is discrete decomposition, they used the Calderén formula

1
u:lirnPtuz/ Qtu%—i-Plu
0

t—0

for u € D'(M), with P, the heat semigroup and Q, = —t9, P,. Using Gaussian upper bounds for the heat
kernel and its derivatives, this defines a continuous analogue of the Littlewood—Paley decomposition where
V/t ~ 27" and yields descriptions of Besov—Holder and Sobolev spaces for scalar fields on manifolds.
This can be used to construct a paraproduct P and a resonant product IT, such that

u-v="~r,v+TIl(u, v)+Pyu,

that verify the same important properties of their Fourier analogue P and I1. It was later extended to a
higher-order paracontrolled calculus by Bailleul, Bernicot and Frey [6] to deal with rougher noise than
the initial work of Gubinelli, Imkeller and Perkowski, again in a general geometric framework. While
these different works dealt with parabolic PDEs, the paracontrolled calculus can be used to study singular
random operators. It was first used by Allez and Chouk [1] to study the Anderson Hamiltonian

H=-A+¢&

on the two-dimensional torus. The same operator was constructed on the torus by Gubinelli, Ugurcan and
Zachhuber [19] on T¢ with d € {2, 3} to solve associated evolution PDEs. Labbé [23] also constructed
the operator in two and three dimensions with different boundary conditions using regularity structures.
Finally, Mouzard [27] used the heat semigroup paracontrolled calculus to construct the operator on a
two-dimensional manifold and obtained an almost sure Weyl-type law. Note that [27] is self-contained
and is a gentle introduction to the paracontrolled calculus on manifolds in the spatial framework. For
another example of singular random operators, see [26], where Morin and Mouzard construct the magnetic
Laplacian with white noise magnetic field on T2. With this work, we show that this approach is also
well-suited for the study of dispersive PDEs.

The heat semigroup paracontrolled calculus is a theory to study PDEs with singular products on
manifolds. Given a suitable family (V;)<;j<4 of first-order differential operators, one can construct a
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paraproduct P and a resonant term [T based on the heat semigroup associated to

d
_Z ViZ.
i=1

We briefly outline this construction here; see [5; 6] in the parabolic space-time setting and [27] in the
space setting for the details. In particular, the Laplace—Beltrami operator on a manifold can be written in
this form; see for example Stroock’s book [31]. For any distribution u € D'(M), the heat semigroup

Pu = ety

provides a smooth approximation as ¢ goes to 0. Introducing its derivative
Q= —10, Py,

one gets an analogue of the Littlewood—Paley decomposition as explained before. While the A,’s enjoy
proper orthogonal relation in the sense that A, A,, is equal to zero for |[n —m| > 1, we only have in this
continuous framework

0/0s = ——((t+5)L)’e ',

ts
(t +5)?
which is indeed small if s < ¢ or t < s. For a given integer b € N* let

,(b) = (tL)Pe 't

(b) ) _ ) .
< ((z+s>2> Oria

hence the parameter b encodes a cancellation property between different scales ¢ and s. Furthermore,

Then

we have
/ Q(b) hm P( )u_u

where Péb) =1Id and
—10; Pt(b) = ;b).

In particular, we have Pt(b) = pp(tL)e™ 'L, with p;, a polynomial of degree b — 1 such that p,(0) = 1.

Denote by StGC? the family of operators (Q;);[o0,1] of the form
0, = (t2 VLY e 't

with a = |I|+2j and GC“ the operator with kernel satisfying Gaussian upper bounds with cancellation
of order a; see Section 1.2 [27] for the definitions. We have

u-v=Ilim P,(b) (Pt(b)u-P,(b)v)
t—0

1 1 1
_ / 0® (pOy. P,(b)v)% . / PO (0. Pt(b)v)% n / PO (PO (b)v) +PO (PP Py,
0 0 0
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After a number of integrations by parts, we get
u-v="~r,v+TIl(u,v)+Pyu,

where P, v is a linear combination of terms of the form

1
| otugind
0
and IT(u, v) of
1
| rrotu-gin
0

where Ql, Q2 € StGCh2 and P € StGCOP, In general, the operator V;’s do not commute, hence the
need for the notation

Q1= (2 V(LY e ) == (L)l e (17 V),

which comes from the integration by parts. For simplicity we state most of the results of this section
in Besov—Holder spaces. The following proposition gives the continuity estimates of the paraproduct
and the resonant term between Sobolev and Holder—Besov functions, but they hold in the same way by
replacing all the Sobolev spaces by Besov—Holder spaces.

Proposition 1.5. Let «, B € (—2b, 2b) be regularity exponents.

o If a >0, then (f, g) — Pyg is continuous from H% x CP 1o HP.

o If a <0, then (f, g) — P g is continuous from H* x CP to HOP,

o If a+ B >0, then (f, g) — T1(f, g) is continuous from H* x CP to H**P.

While P and IT are tools to describe products, the intertwined paraproduct 3 naturally appears when
formulating solutions to PDEs. The intertwining relation is

LoP=PolL:

hence P,v is given as a linear combination of
. 1 le dt
[ 7o ra @ro @~ [Can o giunm
0
~1. ~> . dt
~ [ G0 ©.
0

with él € StGC?/?~% and éz € StGCP/?+2_ The operator L is not invertible and everything here is done
up to a smooth error term; see [27]. In particular, P has the same structure as P for large b and satisfies
the same continuity estimates as P. Intuitively, the intertwined operator P describes solutions to elliptic
PDEs of the form
Lu=ué =P, +Peu+TI(u, &),
which can be rewritten
u=P(L7'E) +u’;
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hence this is the operator used to described the domain Dg of the Anderson Hamiltonian. The final
ingredient of paracontrolled calculus is a toolbox of correctors and commutators made to express the
singular product between a paracontrolled functions # and the noise £ in a form involving only ill-defined
expressions of the noise independent of u. The first one introduced by [17] is in this framework the corrector

Clu, X, &) :=TI(P,X, &) —ull(X, &),

which translates the rough paths philosophy: the multiplication of a function that locally looks like X
with & is possible if one is given the multiplication of X itself with &. This is the content of the following
proposition.

Proposition 1.6. Letx € (0,1) and B,y e R. If
a+B<0 and a+B+y >0,
then C extends in a unique continuous operator from C* x CP x C? to C*TA+Y,

While we do not give the proof, one has the following heuristic. For any x € M, we have

C(f, 8. M) =T1(Prg, h)(x) — f(x)-TI(g, f)(x)
=TNPsg— f(x)-g h)x)
~ TP/ & M)(x),

where =~ is equal up to a smooth term since g =~ 51g. Since f € C¥ with @ € (0, 1), the term f — f(x)
allows us to gain regularity in the paraproduct using that « + 8 < 0 ending up with a term of better
regularity o + 8 +y > 0. Continuity results on a number of correctors and commutators and their iterated
version are also available; we refer to [27] for further details. For example, one needs the swap operator

S(f,g,h) =P,Prg—PPrg

for the study of the Anderson Hamiltonian which is continuous from H% x C# x C? to H*TA*Y for
a,BeRand y <O.

1C. Construction of the Anderson Hamiltonian. In this section, we recall the ideas behind the con-
struction of the Anderson Hamiltonian with the heat semigroup paracontrolled calculus as done in [27]
and state the important results we shall use without proofs. We also provide new straightforward results
from the construction needed for our proof of Strichartz inequalities. The Anderson Hamiltonian on a
two-dimensional manifold M is formally given by

H=L+E&,

where —L is the Laplace—Beltrami operator and £ is a spatial white noise. The noise belongs almost
surely to C*~2 for any a < 1; hence the product of & with a generic L?-function is not defined almost
surely. As explained, it was first constructed by Allez and Chouk [1] on T2. We work here with the
construction on a two-dimensional manifolds from [27], using the high-order paracontrolled calculus since
this is the setting in which we want to prove Strichartz inequalities. Following the recent development in
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singular stochastic PDEs, the idea is to construct a random almost surely dense subspace Dg of L? such
that the operator makes sense for u € Dg C L?, with E an enhancement of the noise that depends only
measurably on the noise £. One can then prove that H is self-adjoint with discrete spectrum

ME)SMWLE)S---=E)<---

and compare it to the eigenvalues of the Laplace—Beltrami operator (A,),>1. While the construction
of the domain Dg relied on the notion of strongly paracontrolled functions in [1; 19], the high-order
paracontrolled calculus gives a finer description of the domain. In particular, it yields sharp bounds on
the eigenvalues of the form

An —my(E) < Ay (B) < (1 +8)A, +m3(E)

for any 6 € (0, 1) and m;(E), m%(E) > 0 random constants depending on the enhanced noise E; see [27]
for a precise construction. In particular, it implies the almost sure Weyl-type law

. -1 VOI(M)
lim A~ {n>0:A,(E) <A} = :
A—00 4

We briefly present the construction of H and refer to [27] for the details.

Coming from Lyons’ rough paths [25] and Gubinelli’s controlled paths [16], which were developed
as a pathwise approach to stochastic integration, the method used over the last decade to solve singular
stochastic PDE:s is to work in random subspaces of classical function spaces built from the noise tailor-
made for the problem under consideration. In the context of singular random operators, this corresponds
to the construction of a random dense domain Dg C L? on which the operator almost surely makes sense.
In the framework of paracontrolled calculus, one considers functions u paracontrolled by noise-dependent
reference functions of the form

U= 5M/X +uﬂ,

where the new unknown is (u’, u*). The function «’ has to be thought as the “derivative” of u with respect
to X, while the error u* is a smoother remainder. The goal is to find a paracontrolled expression for
u € L? such that Hu € L?. Let us first assume that u is smooth. Then we formally get

Lu=Hu—ué =—P,&+ Hu—Peu—Tl(u, &) € H* ¢

for any k > 0. Indeed, the term of lowest regularity is the paraproduct P,& € H% 2 since u € L? and
£ € C%2. Then elliptic regularity theory gives u € H% and suggests for u the paracontrolled form

u =’|5L,X—|—uu,
with X = —L~'& and u* € H?* Given such a function, the resonance between u and & can be described by
M(u, &) = P,X, &)+ M’ &) =ull(X, ) + Cu, X, &) + Tw", §)

using the corrector C since I1 (5MX , &) is not defined due to lack of regularity; see Propositions 1.5 and 1.6.
Since 3« 4+ 2 > 0, the only term on the right-hand side which is potentially undefined is I1(X, &) and
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its definition is independent of the study of H; see [27] for more details including the renormalisation.
Given the enhanced data
E:= (&, TI(X, &) eC* 2 x 2 = x°,

one can define the Anderson Hamiltonian H on
Di={uel*u—P,X eH* CH",
with
Hu = Lu+Psu+ull(X, &) +C(u, X, &) + 1%, &).

However, this gives only an unbounded operator (H, D) from H* C L? to %?*~2, which is not a subspace
of L? and thus H will not takes value in L? a priori. A finer description of the domain with a second-order
paracontrolled expansion allows us to construct a dense subspace Dg C L? such that (H, Dg) is an
unbounded operator on L?. Using the classical theory for unbounded operators, it is possible to prove
that H is self-adjoint with pure point spectrum. In the expression for H, the roughest term is

Peu+P,TI(X, &) € H 2.
To cancel it with a paracontrolled expansion, we use the commutator S to get
Peu = PeP, X + Peu’ = P,P: X 4+ S(u, X, £) + Peu’;
hence the roughest term is
PuPeX +P,TI(X, &) € H* 72,
In the end, it is cancelled with the paracontrolled expansion
U= qul + ﬁqu + uﬁ,

where
Xi:=—L7'¢ and X,:= —L_I(PgX1 + (X1, §)).

Definition 1.7. We define the space Dz of functions paracontrolled by E as
Dgi={uel?: u’=u—P,X; —P,X» e H}.

A powerful tool to investigate the domain Dg and H is the I' map defined as follows. The domain is
given as
Dz =@~ \(H?),
with
O ) = u—Pu(X1 + X2).
The map @ is not necessarily invertible so we introduce a parameter s > 0 and consider the map

O (u) :=u— P’ (X| + X2),

where P* is a truncated paraproduct. In particular, ps goes to 0 as s goes to 0 and the difference P—P
is smooth for any s > 0. This has to be thought as a frequency cut-off where one gets rid of a number
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of low frequencies in order to make a term small. Thus ®° is a perturbation of the identity of H? for
any B € [0, @) and thus is invertible for s = s(E) small enough. We define I" to be its inverse, which is
implicitly defined by

Tu? =P (X1 + Xo) +u?

for any u* € HP. It will be a crucial tool to describe the operator H since
Dz =0~ (1) = ()" (H) =T (H).

where the equality holds because the difference P — P* is smooth. Of course the map I" depends on the
choice of s; however, the above reasoning tells us that the image of I' does not change by changing s, so
we omit this dependence in the sequel. The maps ®° and I' satisfy a number of continuity estimates that
we shall use throughout this work; this is the content of the following proposition. Let

@ (i)
Sgla) =
P = a1+ 1)

for any 0 < 8 < «. Note that the bounds in Sobolev and Holder spaces are proved directly, while the

bounds in L? follow by interpolation as in [34].
Proposition 1.8. Ler 8 € [0, ) and s € (0, 1). We have

ab o -
s ENxe (14N E N xe) el 12

m
[ (u) —ullyys <
a —

If moreover s < sg(E), this implies
1

b -
1= 255 T || Ellaxe (14| Ellxe)

as well as the same bounds in CP. The map ® is also continuous from LP to itself for p € [1, oo] and H°

ITu |5 < N[ (| 3465

to itself for o € [0, 1), while the same holds for I" provided s is small enough.

Let us insist that the norm H# of ug := ®°(u) is always controlled by ||« ||+, while s needs to be small
depending on the noise for ||u]|4s to be controlled by ||u§i l4s. We also define the map I'; associated to
the regularised noise E; as

Feu? =Py, X174+ Py X5 +u?,
with
—Lx® =g and —LXP =X\, &) —c.+P: X"

It satisfies the same bounds as I with constants which depend in an increasing way on || E; || xe < 14| E|| xe
and the following approximation lemma holds. Thus we may choose s independently of ¢.

Lemma 1.9. Forany 0 < B <a and 0 <s < sg(E), we have
I1d =TT e Sesp I8 = Bl
In particular, this implies the norm convergence of ' to " with the bound

IT = Tellpsms Sesp 18— Bellae.
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In particular, this allows us to prove density of the domain.
Corollary. The domain Dg is dense in HP for any B € [0, a).

For any u € Dg, the operator H is given by
Hu = Lu* 4 Peu® + T1(u%, &) + R(u),

with u® = ®(u) € H? and R an explicit operator depending on E which is continuous from H* to H3*~2.
For each s > 0, we have a different representation of H, namely

Hu = HTu? = Lu? + Peu? + T1(u%, &) + R(Tub) + W* (Tu?),

with uE = ®*(u) € #* and W* an explicit operator depending on E and s continuous from L2 to C°°, which
we henceforth include in the operator R. The operator HT" is thus a perturbation of L; the following proposi-
tion shows that it is a continuous operator from H> to L2. In Section 2, we show that it is even a lower-order
perturbation of the Laplace—Beltrami operator; this will be crucial to obtain Strichartz inequalities.

Proposition 1.10. For any y € (—a, 3o — 2) and s as above, we have

| Hullgr = IHTuller < Nl
with u = Fu§ € Dz. In particular, the result holds for y € (—1, 1) since the noise belongs to C*~ for any
o<l
Proof. We have

HTu? = Lu? + Peu? + 1, €) + R(u),
with u = Fuf. Assume first that 0 < y < 3« — 2; hence
IHT Uy S NLullger + IPgus + TS, €) oy + IR ey
S N llzpz 4 18 a2 lluf llgpr2-a + [ R () [l30-2,

where the condition y > 0 is needed for the resonant term and y < 3« — 2 for R(u). The result follows
for this case since

IR @) llgpe-2 S Nullage S Nl S e llpgr2-
Assume now that —a < y < 0. For any § > 0, we have
IHT Ul 1y S LU llggr + 1Peu® + TLWE, )l + | R ) |20
S UL g + IPeuef + THw, )l + 1R @) |7
S Mg + 118 a2 Ul pgsr2-e + | RGO llg0-2
using that y <0 < 4. The proof is complete since y > —« and § small enough implies y +2 > §4+2—«. [

As the parameter s > 0 yields different representation of H, the domain Dg is naturally equipped with
the norms

2. 2 2
lulpy = llull7z + b l15,0,
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which are equivalent to the graph norm
leelly 2= laell 7 + || Hull 7.

In particular, this shows that the operator H is closed on its domain Dg.
Proposition 1.11. Let u € Dg and s > 0. For any § > 0, we have

(=& uillae < I Hull 2 +mF(E, 9)llull 2
and

1Hul 2 < (148l gz +mg (B, ) llull 2,
with u? = &% (u) and mg(E, s) > 0 an explicit constant.

In addition to this comparison between H and L in norm, one has a similar statement in the quadratic
form setting.

Proposition 1.12. Let u € Dg and s > 0. For any § > 0, we have
(1= 8)(Vuf, Vul) < (u, Hu) +mi(E, 5)[ul
and
(u, Hu) < (148)(Vul, Vul) +my(E, s)ul7.,
where ug = ®°(u) and mé(E, s) > 0 an explicit constant.
One can show that HT is the limit in norm of H.I'. as operators from H? to L%, where
H; =L +§& —ce,

with ¢, a diverging function as ¢ goes to 0, again; see Section 2.1 of [27]. In particular, one can take
shift ¢, by a large enough constant to ensure that H is positive. Thus the previous proposition implies
that ||vHu| 12 and IIuE |21 are equivalent. The diverging quantity is needed to take care of the singularity
as explained in the Introduction; this is the renormalisation procedure with

M(X;.§) := lim nx'®, &) —c.

in C?*~2. In the case of the torus, the noise is invariant by translation and the function ¢, is actually a
constant that diverges as |log ¢|; see [1]. This allows us to prove that H is a symmetric operator as the
weak limit of the symmetric operators H,. Being closed and symmetric, it is enough to prove that

(H+ku=v

admits a solution for some k € R to get self-adjointness for H; see Theorem X.1 in [30]. This is done
using the Babuska—Lax—Milgram theorem; see [3] and Proposition 1.12, which implies that H is almost
surely bounded below. This implies self-adjointness and since the resolvent is a compact operator from
L? to itself since Dg C H? for any B € [0, ).
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Corollary 1.13. The operator H is self-adjoint with discrete spectrum (A, (E)),>1 which is a nondecreas-
ing diverging sequence without accumulation points. Moreover, we have

L* = @ Ker(H — 1,(E)).
n>1

with each kernel being of finite dimension. We finally have the min-max principle

M (E) = inf sup (Hu, u),
D ueD:||ull,2=1

where D is any n-dimensional subspace of Dg; this can also be written as

A (B) = sup inf (Hu, u).
V1, Vg1 €L2 lull,2=1
ueVect(vy,...,vp—1)*

While the regularity of a function can be measured by its coefficients in the basis of the eigenfunction
of the Laplacian, the same is true for the Anderson Hamiltonian and the spaces agree if the regularity one
considers is below the form domain.

Proposition 1.14. For 8 € (—«, a), there exist two constants cg, Cg > 0 such that
B B
cellH>ullp2 < |lullye < CellH ull 2.

Proof. Observe first that the statement is clear for 8 = 0; we consider only the case 8 € (0, o) since
the case of negative 8 follows by duality. Again we take (¢,),>1 and (e,),>1 to denote the basis of
eigenfunctions of —A and H respectively. We have for any v € Dg

1H )2 = (Z v, e,,)z)z = (Z M, en)? (v, en>2—2ﬂ)2

n>1 p n>1 1-p
2 - 1 -
S (anw,en)z) (Z<v,en>2> SIHIE oll,5"
n>1 n>1

1/2

using Holder’s inequality. Thus the equivalence of || H'/“v|| ;2 and ||v§||7_[1 from Proposition 1.12, together

with the continuity of ®* from L? to itself, yields
B 1—
1H vl 2 S 25 %027
Applying this with v = F((u?, ©n)Pn) gives

8 -
|HET G, )iz S 14 ondnlls 1% @)l 2
S 1 on) lignllae -
Thus , ; )
|H2ulfe = IH>T @7 < Y IHT(ul, guden)ll7s

n>1

2 2 2
S 1wk o) P llonlls S Nl

n>1
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Since B € [0, o), we get
]
IH > ullz2 S llullge-
from the boundedness of I'; see Proposition 1.8. The other inequality follows from the same reasoning with

1- 1 1-
Wller S M0 S N2 02,7 S IH w1, 7
and applying this bound to u = an 1{u, e,)e, and proceeding as above we get the other direction. [J

The operator H and its spectrum do not depend on s > 0 but the different representation of H as
Hu = Lo (u) + P ®° (u) + IT(P* (), £) + R(u) + ¥ (u)

yields different bounds on the eigenvalues. We state the simpler form for the bounds; see [27] for
the general result. It is sharp enough to obtain an almost sure Weyl-type law from the one for the
Laplace—Beltrami operator.

Proposition 1.15. Let § € (0, 1). Then there exist two constants mé (8), m%(E) such that
don = m3(E) < An(B) < (14 8) Ay +m3(E)

for any n € N. This implies the almost sure Weyl-type law

Vol(M
lim A" |{n = 0 A (8) < 4] = M),
A—00 4

2. Strichartz inequalities for the stochastic Schrodinger equation

For the rest of the work, we fix a parameter s > 0 small enough in order to have all the needed continuity
estimates. Every constant may implicitly depend on s and on the norm of the enhanced noise; we do not
explicate the dependence since it is not relevant at this stage. From now on, we will also use that o can
be taken arbitrarily close to 1 since it is given by the regularity of the spatial white noise. We consider
the Schrédinger operator

H*:=T"'HT,

which appears naturally when transforming the Schrodinger equation and the wave equation with multi-

plicative noise. In fact, if u solves
io;u+ Hu=0,
u(0) = uo,
then u® := I'"'u solves the transformed equation
idu+ H'u? =0,
u(0) =T luy.
In this section, we show Strichartz inequalities for the associated Schrodinger equation with an arbitrarily
small loss of regularity with respect to the deterministic case. Afterwards, in Section 2B, we detail how

these can be used to get a low-regularity solution theory for the nonlinear Schrédinger equation with
multiplicative noise.
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2A. Strichartz inequalities for the Schridinger group. As was hinted at in Proposition 1.11, the trans-
formed operator H* it is a lower-order perturbation of the Laplace—Beltrami operator. We obtain the
following result which is somewhat similar to Theorem 6 in [12] by Burq, Gérard and Tzvetkov, where
they proved that the Strichartz inequalities are stable for some lower-order perturbations. This does not
cover the case of the Anderson Hamiltonian; however, our proof is very similar; see also [34].

Proposition 2.1. Let 0 < 8 < 1. For any k > 0, we have
ICH? = L)vllgs < 0]l
Proof. For u = I'u* € Dg, recall that

Hu = Lu® + Pzu* + I, ) + R(u),
where
R(”) = H(M, H(Xh g)) + Pl_[(Xl,E)u + C(l/t, Xl’ 5) + PMH(XZs S) + D(I/t, XZ’ 5)
+5@u, X2,6) +PePuXa — e~  (PuX1 +PuX2).
Thus H*v is given by
H* = Lv+Pgv+T1(v, &) + R(Tv) — Pyry (X1 + X2)
and for any ¥ > 0 and § € [0, ] we have
ICHF = LYvllags S IPev+ T, &) llgge + RT3 + [P rru (X1 4 X2) 1345

S g lle-1=c lvllgp+ron + Tl + THT V[l 310008 | X1 4 X2 ll341-x

S lvllggesee + [0llge + [0llp04es
using Proposition 1.10, and the proof is complete since o < 1. ]

Since the unitary group associated to H is bounded on L? and on the domain Dg of H, this implies a
similar result for the “sharpened” group associated with H* in terms of classical Sobolev spaces. Recall
that H* = I ~'HT, with " an isomorphism from L2 to itself; thus e/'** := I'"1¢!"T is well-defined
on L. We now state some of its properties.

Proposition 2.2. Forany 0 < 8 <2 andt € R, we have

it H®
e vl S vl

H

HY ; .
Moreover, ¢ is a nonunitary strongly continuous group of L* bounded operators, namely

; # HE o HE
et(t+s)H v:eltH etsH v
foralls,t e Rand v € L2

Proof. For B = 0, this follows from the continuity of I" and I' ! from L? to itself. For 8 = 2, we have

e vl = IT ™ o)l S IHE T o) 2 S €™ HT || 2 S ITHT ]2 < vl
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having used Proposition 1.11. The result for any 8 € (0, 2) is obtained by interpolation and the group
property follows simply from the group property of ¢/’ by observing

; ) tt _ ; . _ ; _ P o ; P 4 414
el(t-i-s)H v=T lel(t—i-A)Hl—wU:l—w leltHFF lelsHl—wU:eltH el.&H v 0

Strichartz inequalities are refinements of the estimates from the previous proposition. The following
statement is such a result, which has an arbitrarily small loss of derivative coming from the irregularity of
the noise in addition to the % loss from the manifold setting without boundary which one sees in [12].
We refer to a pair (p, q) satisfying

as a Strichartz pair from now on.
Theorem 2.3. Let M be a two-dimensional compact manifold without boundary and let (p, q) be a
Strichartz pair. Then for any € > 0
e ™ vl oo, 17,10y S N0llggrrse.
This implies the bound
lle™ ulloqo.n.Ley ST atllggrivee S lliellggrimee.

First, we need to prove the following lemma. It gives the difference between the Schrédinger groups
associated to H* and L from the difference between H* and L itself. Moreover it quantifies that their
difference is small in a short time interval if one gives up some regularity.

Lemma 2.4. Given v € H2, we have

(e"(’_"’)Hﬁ — Tl — ift e TIL Y L)l ST, g
foranyt, ty e R N
Proof. The “sharpened” group yields the solution of the Schrédinger equation
(0, + HY) ('~ ) =0,
which is equal to v at time ¢ = #y; thus

(19, 4+ L)(e!CWH ) = (L — HP)(e! (-0 H ),

Using the unitary group representation of the solution to the Schrédinger equation associated to L, we
deduce that
(l at + L)(ei(f—to)Lv _ ei(l—to)H:v) — (HI:I _ L)(ei(t_t())HﬁU),

Since the solution is equal to 0 at time ¢ = fg, the mild formulation of this last equation yields

t
(ei(t—to)m _ ei(t—to)L)v _ if ei(z—s)L(HtI _ L)ei(s—to)vadsl 0

fo
Proof of Theorem 2.3. For N € N* to be chosen, we have

N

itH% P _ itHY P

e 0l 0,110 = D 1€ N n .20y
=0
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where t, := £/N. For t € [ty, ty41), the previous lemma gives

t
eizHﬁv _ ei(tftg)HﬁeitgH:v _ ei(tftg)LeitgHﬁv —i—i/ ei(tfs)L(Hﬁ _ L)eisH:vds‘
1
Applying this with v = Azu gives
N
itH* i(t—te)L jitgH*
1A Al o1y, 10y < D 118670 Al

=0 N
2
=0

Assume N > 2/ such that |, — t,| <27/. For the first term, we have

([, te+11,L9)

p

t
A; / ¢ COLHY — L)e" ™ Agu ds
Le

LP([te,te+1],L9)

L — L -
||Aje'(t 1L iteH it lg)LAjeltgH

p
Ak Lo i 10,11,10)
SNAje M A, 270 Aje ™ Agullf

—jdépn—k&'p p
PRLCR L TN

p —
Ak””Lp([n,tm],L‘f) = lle

for any 8,8’ € R using Proposition 2.2, the Strichartz inequality for spectrally localised data from
Section 1A and Bernstein’s lemma; see Lemma 1.3. For the second term, we have

r ‘ p
H A.i/ ez(z—s)L(Hu_L)estﬁ Aguds
Iy

to41 p
. _ . ﬁ
S (/ le' "t A (HP—L)e™" Akullem,w,Lq)dS)
ty

LP([te,te+1],L9)
P

t =
/el“”LAJ-(Hﬁ—L)e”H‘Akuds
t

LP([tg,t¢41],L9)

Tot1 - p . et _— p
< (/ |A;(HF=L)e ™" Agul| 2 ds> 52‘!”!’(/ | A;(H —LYe" ™" Agullpo ds>
17 Iy

} feg - r . ferr g
<27/9p (/ I(H*=L)e" ™" Agu||yo ds) <27/9P (/ e Agull ggos14c ds)
ty Iy

o o
SN2 A1 SNTP2TIPLTEOP At

for any o € (0, 1), 0’ € Rand 0 < ¥ < 1 — «, where again the dyadic factors come from Bernstein’s
lemma and we have used the bounds from Propositions 2.1 and 2.2 with the Strichartz inequality for
spectrally localised data. Summing over the subintervals gives

itH! < NEo—jsn—ks Lo ioch—ke'
IA;e"™ ™ AgullLrqo,ay,Le) S NP277°27%° | Agullyses + N 7 2777275 (| Al pprvotor e -
Let n > 0 small and take

N=2, 5:”+é’ S —o =0 =1
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which satisfies in particular N > 2/ and o € [0, @) to sum over k < j. We get

Z Aje”H’Aku
k<j

.
S22 A Al oo
oLy G s

4o i(L4n)H- ilep
< 252 Y A 277 22 Al

Jj=0k<j
) .1—p .
SY 2N A jullgpiren + 277 2T A ]|y
j=0
Cinnjl -l
Sllullgguen + 32777275 27T B A julggr-virrpsans

j=0
S e llggrmean + |31 /o+204¢
having used Bernstein’s inequality, Lemma 1.3, for the projector A< ;. For the sum over j < k, we choose
instead
N=2 s§=§=0=0"=n,

with > 0 small as before. Since j < k, we have N > 2J and thus get the bound for the other part of the

double sum
- T
DA Agu <202 A Avullego.n.o)
= LP(0,11,L9)  j=0 j<k

k(1=p)
P

k . i A—
SY Y 202 2T Aullgan +2 7 272 A g

k>0 j<k
S luellag/p+2n 4 N llgg1a=pyp+anc
S ||u||'Hl/p+2n+K,
having used Bernstein’s inequality again. This completes the proof since n and « can be taken arbitrarily
small. This implies the bound
e T ullro, 1,0y S T ullpgrmse S Nullggumse
using that % + & < 1 and Proposition 1.8. (I

Remark. We proved that Strichartz inequalities are stable under suitable perturbation, that is, lower-order
perturbation in the sense of Proposition 2.1. This is similar in spirit to Theorem 6 in [12]. One can show
that the magnetic Laplacian with white noise magnetic field constructed in [26] is also a lower-order
perturbation of the Laplacian on the two-dimensional torus in this sense. Thus Theorem 2.3 also gives
Strichartz inequalities for the associated Schrodinger group.

As a corollary, we state the inhomogeneous inequalities needed to solve the nonlinear equation. This
is straightforward; see [34].

Corollary 2.5. In the setting of Theorem 2.3, we have in addition the bound

¢ 1

[ e ras S [ 1Ol as
0 Lr(o,1,.L9) /O

forall f e L'([0, 1], H'/P*¢).
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The only ingredient in the proof of the theorem where the boundary appears is when we apply the
result for the Laplacian. By using Theorem 1.2 and in particular (2) instead of (1), we immediately get
the following analogous result which is of course weaker.

Theorem 2.6. Let M be a compact surface with boundary. Let p € (3, 0o] and q € [2, 00) such that
3,2

24421

P 4q
Then for any ¢ > 0

. Hn
e ullLe o119y S Nllagrmve

and

t
/ e =9OH £y 4

0

1
5/ I ()| 3270+ ds
0

forall f € L'([0, 1], H¥PT¢).

Lr([0,1],L9)

2B. Local well-posedness for multiplicative stochastic cubic NLS. We now apply our results to the
local-in-time well-posedness of the cubic multiplicative stochastic NLS

idu+ Hu=—|ul*u,
u(0) = uo,

with ug € H® where o € (% 1) and in the energy space, that is, uo € D(v/ H) = 'H!. The latter hypothesis
is natural to assume, since solutions starting in the energy space, usually called energy solutions, are
intimately related to the conserved energy

B0 = 50, Huo)+ [ ol = Eww) G)

introduced in [19] on the torus and [27] on general surfaces. Thus we refer to D(\/ﬁ ) =T'H! as the
energy space for the Anderson Hamiltonian; see Proposition 1.12. Note that, as is usual in these types of
fixed-point arguments, the sign of the nonlinearity does not play a role for local well-posedness, but for the
sake of definiteness we take the defocussing nonlinearity. We remark also that one can prove similar results
for more general nonlinearities, we considered only the cubic equation in this work. See for example
[33; 32], where they considered generic polynomial nonlinearity and obtained global well-posedness. As
explained in Section 3.2.2 of [19], their result for the equation with white noise potential is weaker than
the one for the deterministic equation since Strichartz inequalities were not known in this singular case.
This was a motivation for the study of Strichartz estimates for the operator H. The well-posedness itself
follows from a fairly straightforward contraction argument, similar to, e.g., Proposition 3.1 in [12]. Finally,
we only consider a surface without boundary; the case with boundary is analogous using Theorem 2.6
instead of Theorem 2.3. The mild formulation is

t
u() =eMyy— i/ I (uPu)(s) ds
0
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and applying the I'"! map introduced in Section 1C yields the mild formulation for the transformed
quantity u® = T'~lu. We get

“ t .
ut (1) = "M —i/ O L (T U PT U ) (s) ds,
0

where ug := I'"luy; this is where the transformed operator H* = I'"! HT" appears naturally. Despite the
seemingly complicated nonlinear expression, this new mild formulation is easier to deal with since H* is
a perturbation of the Laplacian and has domain 7£%; hence it is not as outlandish as H and its domain
which contains no nonzero smooth functions. Now, we have to find a bound for the map
t
W) () := e”H'vo—i/ e COH LDy 2T w) (s) ds

0
in a suitable space which allows us to get a unique fixed point. One then recovers a solution to the original

equation with u := I'v and choosing vg := I''ug. Since I' is an isomorphism on L? for p € [2, oo] and
both I and ¢/'H* are isomorphisms on H? to itself for o € [0, 1), it is natural to consider initial datum vy,
and thus also ug, in H? for 0 < o < 1. Therefore we bound W (v) in H° with

t
W @)Dl S llvolle +f ITv(s) [l94- dis
0
t
S lvollwe +/ ITv(s) [l T0(5) 17 dis
0

t
S lvollwe +f ()l [[0(s) |7 ds
0

2
S lvollze + Tvll oo o,y 10172 0.7, Loy

where in the first and third lines we have used the continuity of '/ “and I' and Lemma 1.4 in the
second line. For o < 1, the space H? is not an algebra and one cannot simply use its norm to bound the
nonlinearity. However, one may bound it using the L°°-norm in space by observing that one needs less
integrability in time and this is precisely the point where the Strichartz estimates turn out to be useful. As
for the deterministic equation, we work with the function spaces

WHEI(M) = {u e D'(M); (1 — A)2u e L),
with associated norm

letllypsa = (1= &) 2ulza.
For B8 € [0, 1) and g = 2, one recovers the Sobolev spaces and the norm is equivalent to
el = 11+ H) 2l 2
by Proposition 1.14. Within this framework, Strichartz inequalities from Theorem 2.3 give us the bound
e w1y o S Nwlgmisse

for any Strichartz pair (p, ¢) and « > 0. Furthermore, the space W% is continuously embedded in L>

for 8 > %. Let 0 € R such that

l+2—i-2/<§o*.
P q
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Thus for 0 < ¢ < 1, we get the bound
t
||\IJ(U)”LP([O,Z‘],WZ/‘IJrK'q) 5 ||U0||Hl/p+2/q+2k +f ||F_1(|FU|2FU)(S)||7_[1/p+2/q+2x ds
0
t
3
< vl + / IT0(s)° e ds
0
S Ivollae + 10l o qo.0.19) 1017 20,01, 1)
S vollae + 10l o qo.0,140) 10117 2 g0, 1. wsa-eay

p—2
= 2
S lvollwe + 17 vl Leoqo,n o) IV L 0.7 w2saeay
using Corollary 2.5 in the first line, Holder inequality in the last line and bicontinuity of I" from H? to
itself. For 0 < ¢’ <t, we also have

/

t
2
W () (@) I3 S llvollae +/ lv()lI#e ()7 ds
0
2
S ||U0”’Hff + ||v”LOO([OJ,],/HG)”v”LZ([O’t/]’Loo)v

p—2
= 2
S lollaer + 177 Il o) 101 oo i waratea):

This gives us the combined bound

p—2
= 2
I )l Le 0.0, w2a+cay + T @) Lo, 1) S Tvollae +1 7 Ivllzeqo,0,x0) 10175 g0 g wzateay @

that will be the main tool for the fixed point. Note that the restrictions

l+%—|—2K§O' and %4_2:1
) P 9 P q
give
l—l—|—2K§O'.
p

Since p > 2 and k > 0 can be taken arbitrary small, this gives

1
O'>2

and leads to the following local-in-time well-posedness result. Without Strichartz estimates, even in the
classical case, one could not go beyond the threshold o > 1.

Theorem 2.7. Let M be a compact surface without boundary, o > % and initial data vy € H°. Let k >0

and (p, q) a Strichartz pair such that

1i2 <o
P q

There exists a time T > 0 until which there exists a unique solution
v e C(0, T1, H) N LP (0, T], W)
to the mild formulation of the transformed PDE
i+ Hfv=—T"1(|JTv[*Tv),
v(0) = vyg.

Moreover, the solution depends continuously on the initial data vy € H°.
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Proof. This is a straightforward contraction argument where the main ingredient is the bound proved in
the preceding arguments. By choosing the radius R of the ball and the final time appropriately, we can
prove that

W B(0, R)cqo. 11,17 nLr (0.1, wa+eay = B(O, R)c(j0, 71,10 )nLr ([0, 71 W/a+a)

is in fact a contraction. Using the previously established bound (4) and an analogous bound for the
difference, one finds that this can be achieved if one chooses

- 1 \r=
R=2C|lv|lge and T = =
lvolls (3ch>

for some constant C which depends on the norm of the enhanced noise E and the parameters appearing. [

Finally we give the analogous result for surfaces with boundary, which is of course weaker; however,
we still get a better result than one gets simply from using the algebra property of Sobolev spaces.

Theorem 2.8. Let M be a compact surface with boundary, o > % and p, q, k such that

E—1—2:1 and %4—%—{-21650.
P q P q

For any initial datum vy € H° there exists a unique solution
o 24k,q
ve C([0, T, H7)NLP(0, T], Wa™%)

to the mild formulation of the transformed PDE up to a time T > 0 depending on the data which depends
continuously on the initial condition.

3. Strichartz inequalities for the stochastic wave equation
Again, we consider the “sharpened” operator
H*:=T"'HT
which appears naturally when transforming the wave equation with multiplicative noise. If u solves
d?u+ Hu =0,
:(u, 0 u)li=0 = (uo, u1),
then u® := I'"'u solves the transformed equation
{afuﬁ + H*u* =0,
W?, 8u?)| =0 = (I tug, I luy).

In this section, we show Strichartz inequalities for the associated wave equation. We will further detail
how these can be used to get a low-regularity solution theory for the nonlinear wave equation with
multiplicative noise. This equation was also considered by Zachhuber [35] on the full space in two and
three dimensions where global well-posedness is obtained using finite speed of propagation.
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3A. Strichartz inequalities for the wave propagator. The propagator associated to the wave equation is

stJﬁz
—\/ﬁ 1,

with initial conditions (u, 0,u)|;—0 = (ug, u1). As for the Schrodinger equation, the following Strichartz

(ug, up) — cos(t\/ﬁ)uo +

inequalities hold on a two-dimensional compact Riemannian manifold without boundary; see [7]. We
state the result in the homogeneous case for simplicity; however, one directly obtains inhomogeneous
bounds as in Corollary 2.5. We cite the following Strichartz estimates, which hold on compact surfaces
respectively without and with boundary; see [7].

Theorem 3.1. Let (M, g) be a compact two-dimensional Riemannian manifold without boundary. Let
P, q € [2, oo] such that

+
| —

1o
q

<o

and consider

+=:=1-o0.

ESEE S

1
p
(u, du)|r=0 = (uo, uy) € H° x H°~!

Then the solution to

satisfies the bound

lullLeqo, L) S Nluollae + llutllpe-1-
In the case where the surface M has a boundary, there is this slightly weaker result.

Theorem 3.2. Let (M, g) be a compact two-dimensional Riemannian manifold with boundary. Let
p € (2,00] and q € [2, 0) such that

and consider o given by

Then the solution to
{@f—AQuzQ
(M, alu)|l=0 = (u()v ul) € HO_ X HU'—I
satisfies the bound

lullrqo,r,L0) S Nuollze + Il llyo-1-

3B. Strichartz inequalities for wave equations with rough potentials. While our proof of the Strichartz
inequalities for the Schrédinger equation with white noise potential strongly relies on the deterministic
result, this is not the case for the wave equation. In this case, we follow the approach from [13] for
which one has two mains ingredients, firstly a Weyl law for the Laplace—Beltrami operator and secondly
L7 bounds on its eigenfunctions. In particular, we treat at the same time the case with and without
boundary here, the only difference being that one has weaker L? bounds on the eigenfunctions.

An analogous Weyl law for the Anderson Hamiltonian was obtained in [27]; see Proposition 1.15 in
Section 1C, and the analogue of the second part follows from the Strichartz inequalities for the Schrodinger
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group obtained in Section 2. Let (e,),>1 be an orthonormal family of eigenfunctions of H associated to
(Xn(E))n>1- Since the eigenfunctions belong to the domain Dg, they belong in particular to L and we
have the following bounds on its L7-norm for g € (2, 00). Recall that (1,),> are the eigenvalues of the
Laplacian.

Proposition 3.3. Let g € (2, 00) and M a compact surface without boundary. We have

1-Lie
lenllze S o

~

An(E)
for any k > 0. In particular, this implies
1_1 1_1
lenllze S (1+~/a)2 70 ™ S (14 Vm)2 ™™,
Proof. We have

- am
leallLe = lle'™ enllLrqo.n,Ley = ll€" " enllLr 0,17, L9)

with (p, q) a Strichartz pair. For any « > 0, this gives

%-Hc p— %—H(
lenllza S llenllagrree SUVH" enll2 S v/ An(E)

using Proposition 1.14 and

1
.

S e

1

p

Finally, Proposition 1.15 gives the bound
M(B) S 1+A,

and completes the proof. (Il

Another important operator is the projection onto the eigenspaces of H. Let

Iu:= Z (u, en)en

A (E)E[AA+])
for any A > 0. These spectral projectors satisfy the following bounds.

Proposition 3.4. Let A > 0 and g € (2, 00). We have
IMatle SVAFT )
for any ¢ > 0.
Proof. Consider | H ] the “integer part” of H, which is the self-adjoint operator defined by
LH |en == [An(E)]en
for n > 1. Then we have for any ¢ > 0 the bound

it|H|

lle' ™ vllLr o1y, Le) S NVllggirp+e,

which follows from the one for H, namely Theorem 2.3. Indeed, we have

t
eztl_HJv _ethv — —i/ ez(tfs)H(H o LH_])elSLHJvdS,
0
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and using Theorem 2.3 and Corollary 2.5, this gives

!
e ol Loqo.11.0) S e vl o qo.17, 10y +[ e O H — | H e | Lo 0,17, 10y ds
0
|

S Nvllzgpse + / I(H — LH e ™y, ds
0

S vllggirpee
for any ¢ > O using that |H — | H]||ys_ s is bounded by 1 for 8 < 1, which is true basically by
construction together with Proposition 1.14; see also the proof of Proposition 3.6. Assuming that A € N,
however, the result follows directly in the same way by shifting | H |. For any A > 0, we have

e Y| Lo o.13,20) = lle"* Thaue|l Lo go.17,20) = | Tt 1o

since the Weyl law guarantees that the number of eigenvalues in [A, A 4 1) is finite. Thus we get using
the Strichartz inequalities from Theorem 2.3

< < %—&-s < %—é—i—s
Tl Le S Tl gg1/0+e A+L7 ull SVA+T [leell 2

~

using again Proposition 1.14. U

As mentioned before, this is the point where there are slightly weaker results in the case of a surface
with boundary. We use Theorem 2.6 instead.

Proposition 3.5. Let g € (2, 0c0) and M be a compact surface with boundary. We have

2_4
§—§+K

”en”L‘l < )\n(E)

~

for any k > 0. In particular, this implies

2_4 2_4
”en”L‘lS(l‘*’\/k»n)3 34+K§(1+ﬁ)3 34+K,

Moreover, for the operator 1, we have

2 4 4
IMhullee S VA+LT 2 ulle

~

for any k > 0.
Let B be the operator defined by
Be, == [V (8)]e,

for any n > 1. The following proposition gives continuity estimates for the unitary groups associated to
V/H and B and bound the difference between the two operators.
Proposition 3.6. For any p € [0, 1) andt € R, we have

I ullpgr S Nulls,
e Pullyes < Nellzer-
Moreover, the difference B — ~/H is bounded on 1P for any p € [0, 1) and the difference between the
groups is given by

eitBy — oVH — —i/t ¢ =98 (/H - B)eis*/ﬁ ds.
0
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Proof. We have

t
le™ vz < vl 2.

Thus
IH Yol = YT H )2 S I H o2
for any 8 € (0, «). Using Proposition 1.14, this gives
e vl < vl
and the result for e/'? follows from this. For the difference, || B—~/H || 2_, ;> is bounded by 1 and we have
|5 (B~ Hull 2 = (B —VE)Hull 2 < | Hull 2

and hence the boundedness of B — +/H on HP. The result on the difference of the groups
eitBy — oitVH — —i/t OB (JH — B)esVH g
0

follows with the same reasoning as in Lemma 2.4. ]

We now have all the ingredients to prove the Strichartz inequalities for the wave propagator associated
to the Anderson Hamiltonian.

Theorem 3.7. Let M be a compact surface without boundary (p, q) € [2, 00)*> and 0 < o < « such that

p=<qand
3 2 1
c=>—-=4-.
2 p g
Then, for any k > 0, we have the bound
sin(t~/ H )
cos(tvVH)ug+ ——— S I (uo, I/ll)“HU‘H(XHO'fl#»K.
vH Lr([0.1],L9)

Proof. We start by proving the bound for /' using the spectral decomposition

tBu — § :eltnnnu

n>0
and then bound the difference of the two groups. First, the condition p < g implies
itB itB
e ullLro.11.zeany < ll€"Zull Laqar, Lo qo.11)3

hence it is enough to bound the right-hand side. Using the Sobolev embedding in the time variable and
the L9 bound on the eigenvalues from Proposition 3.4, we have

itB 12 itB_ 2 itB 2
le™ P uliZoqar.Loqo.any = e wliLoqo.p | carany S M€ P ulizpnvngo,im | Larcuy
it 2 itn) 2 2

S Z” e’ nnl’lu”’Hl/Z—l/p([O’lJ)\ L9/2(M) N Z [l n”Hl/Z*l/p([O’lJ)“I—[l’lu”L‘l(M)

n>0 n>0
1-2 1-242

S+ DT+ DT M,

n>0

2 1
/72 v T2 2
S I H*> "7 u”Lz 5 ||u||7_[3/272/p71/q+;<,
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which gives the result for B. To obtain the proof for + H, we use

eitBy — oiVH — —i/t 9B (JH — B)esVH ds.
0
Indeed, this gives

|
lle ”fullu([o .oy S e BullLeqo.ay.o +/ lle' =98 (VH — B)E”“/ﬁllu([o,u,m ds
0

1
Sl + [ NH = B3 Pl ds S e
0
for any k > 0. The proof is directly completed from

itvH —itvH : H itvH __ —itvH
cos(t\/ﬁ) = et T and sin(VH) =¢ ¢ .
2 vH 2ivH

Again, the inhomogeneous inequalities follow directly and we omit the proof.

Corollary 3.8. Let p, q, o be as in Theorem 3.7. Then we have the bound

‘ /f sin((r — s)v'H)
0

VH
for f e L'([0, 1], HO~1+%).

f(s)

1
5/0 1S () llpgo—ree ds

Lr([0,1],L9)

Moreover, we have the analogous result for surfaces with boundary, which is proved analogously by
using Proposition 3.5 instead of Proposition 3.4.

Theorem 3.9. Let M be a compact surface with boundary and p, g € [2, 00) such that p < q and
5 2 4

Then for any k > 0, we have the bound

cos(t«/_) O+sm$«é_) 1+/0 wv

Lr([0,1],L9)

S o, wi) lggote oo -1+ 101 L1 g0, 17,300 -1+

for initial data (ug, uy) € H° x H° ! and inhomogeneity v € L' ([0, 1], 1o ~11%),

3C. Local well-posedness for the multiplicative cubic stochastic wave equation. Now we use the results

from the previous section to prove local well-posedness of stochastic multiplicative wave equations of
the form

{Btzu + Hu = —ulul?,
(uv alu)|f=0 = (uO, ul)

in a low-regularity regime on general two-dimensional surfaces with or without boundary. While we have
the classical Sobolev embedding

v =
HY — LT-v
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for v € [0, 1), we also make use of the dual Sobolev bound,
2 o—1
forallo € (0,1], Lz < H

which is true on general manifolds, see for example the book by Aubin [2]. Using this, we make a
preliminary computation meant to show how far we get by using only the Sobolev embedding result. Then
we will see how the bounds in Theorem 3.7 give better results on general manifolds. We first rewrite the
equation under the mild formulation

u(s)3 ds.

u(t) = COS(Z‘«/ﬁ)uO + Mul . /t M
0

VH VH
Then apply the dual Sobolev bound for o € (0, 1] and p = % € (1,2] to get

—0

3
lu@)llne Sluollze + Nl llgo— + Nl Lo, 201
3
Sluollne + Nlutllge-1 + 1wl L1 o,0,00)

2
5””0”7‘[‘7 + ”I/tl ”7—[‘7_1 + ||l/l ”LOO([O,t],Lz/(l_‘T)) ||l/t ||L2([O,t],L4)’
having applied Holder with % + 1_7" = 2—70 Finally, the Sobolev embedding gives
2
lu@llpe S Nuollge + Nutllage—r 4 Nl Lo qo,n. 2o 1l 7240, 11.20172) -

This can then lead to a solution by fixed point by choosing o > % Clearly this is can be improved by
using more subtle bounds than the Sobolev embedding. The Strichartz inequalities from the previous
section allow us to get local well-posedness below; this is the content of the following theorems. As
before we separately state the cases of surfaces without boundary and with boundary, which are proved in
precisely the same way, just using Theorems 3.7 and 3.9 respectively.

Theorem 3.10. Let M be a compact surface without boundary and o € (% %) and § > 0 sufficiently small.
Then for any initial data (g, u1) € H° x H° ! there exists a time T > 0 depending on the data such that

there exists a unique solution
2
ueC(0,T1, H)NLT ([0, T1, LY
to the mild formulation of the multiplicative cubic stochastic wave equation. Moreover, the solution

depends continuously on the initial data (uo, uy).

Proof. As usual, this is proved in a standard way using the Banach fixed-point theorem. Define the map

sin(t«/ﬁ)ul N /’ sin((f — s)vH)
0

Vi i u(s)3 ds.

W (u)(1) := cos(tv H)ug +

For t > 0, we have as above

2
Nl < ol + Nt e + Nl zowqo.n 2 1122, 1,1

8 2
S ”MOHH" + ”I/ll ”’H"’*l +1 ”M”Lo"([o,t],'f{“)”u||L2/(1—6)([0,t],L4)
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using Holder inequality in the last line for § € (0, 1). We then apply Theorem 3.7 with p = % and g =4

and obtain
||\I-'(u) ||L2/<1*5)([0,T],L4) ,S ”M()||H3/2—(l—8)—1/4+x + ||I/t1 ||Hl/2—(1—6)—1/4+/c + ||l/t3 ”L1([O’T]’HI/Z—(I—B)—I/AHK)
< Nuollzee + lullye—r + 1l o, 7,201

using that o > % and 6 <o — % gives % —(1-=98)— % + k <o for k > 0 small enough. Finally, we get

I @)l 205 q0,71,4 S Nuolle + ez + T ull Lo, 1,00 117 210 0,714
as above. Thus we can get a fixed point in
C([0, T1, H°)N LT3 ([0, T1, L*)
in the usual way for 7 > 0 small enough. ]

In a completely analogous way we get the following result for the case of surfaces with boundary using
the Strichartz estimates from Theorem 3.9.

Theorem 3.11. Let M be a compact surface with boundary and o € (%, %) and § > 0 sufficiently small.
Then for any initial data (ug, uy) € H® x H° ™! there exists a time T > 0 depending on the data such that
there exists a unique solution

ueC(0,T],H)N LT3 ([0, T], L*

to the mild formulation of the multiplicative cubic stochastic wave equation. Moreover, the solution
depends continuously on the initial data (ug, up).
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CURVEWISE CHARACTERIZATIONS OF MINIMAL UPPER GRADIENTS
AND THE CONSTRUCTION OF A SOBOLEV DIFFERENTIAL

SYLVESTER ERIKSSON-BIQUE AND ELEFTERIOS SOULTANIS

We represent minimal upper gradients of Newtonian functions, in the range 1 < p < 0o, by maximal
directional derivatives along “generic” curves passing through a given point, using plan-modulus duality
and disintegration techniques. As an application we introduce the notion of p-weak charts and prove that
every Newtonian function admits a differential with respect to such charts, yielding a linear approximation
along p-almost every curve. The differential can be computed curvewise, is linear, and satisfies the usual
Leibniz and chain rules.

The arising p-weak differentiable structure exists for spaces with finite Hausdorff dimension and agrees
with Cheeger’s structure in the presence of a Poincaré inequality. In particular, it exists whenever the space
is metrically doubling. It is moreover compatible with, and gives a geometric interpretation of, Gigli’s
abstract differentiable structure, whenever it exists. The p-weak charts give rise to a finite-dimensional
p-weak cotangent bundle and pointwise norm, which recovers the minimal upper gradient of Newtonian
functions and can be computed by a maximization process over generic curves. As a result we obtain new
proofs of reflexivity and density of Lipschitz functions in Newtonian spaces, as well as a characterization
of infinitesimal Hilbertianity in terms of the pointwise norm.
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1. Introduction

1A. Overview. Minimal weak upper gradients of Sobolev-type functions on metric measure spaces were
first introduced by Cheeger [1999], building on the notion of upper gradients from [Heinonen and Koskela
1998]. Shanmugalingam [2000] developed Newtonian spaces N7 (X) using the modulus perspective of
[Heinonen and Koskela 1998] and proved that they coincide with the Sobolev space defined by Cheeger
up to modification of its elements on a set of measure zero. Further notions of Sobolev spaces, based on
test plans, were developed by Ambrosio, Gigli and Savaré [Ambrosio et al. 2014], with a corresponding
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notion of minimal gradient. Earlier, Hajtasz [1996] had introduced a Sobolev space whose associated
minimal gradient, however, lacks suitable locality properties. While the various Sobolev spaces (with
the exception of Hajtasz’s definition) are equivalent for generic metric measure spaces, Newtonian spaces
consist of representatives which are absolutely continuous along generic curves, a property central to
the results in this paper.

The minimal p-weak upper gradient gy € L?(X) of a Newtonian function f € N 1.P(X) on a metric
measure space X is a Borel function characterized (up to a null-set) as the minimal function satisfying

[(foy)l <gr(y)ly/| forae.trel, (1-1)

for all absolutely continuous y : I — X outside a curve family of zero p-modulus. Here |y,/| denotes
the metric derivative of y for a.e. ¢; see Section 2. When X = R" and f € C°(R"), g is given by
g7 = IV fI; in this case, for each x € X, there exists a (smooth) gradient curve y : (—¢, &) — X, with
Yo = X, satisfying

(foy)o=gr@®lyl (1-2)

In general, however, despite the minimality of g, the equality in (1-2) is not always attained. For
example the fat Sierpinski carpet (with the Hausdorff 2-measure and Euclidean metric) constructed in
[Mackay et al. 2013] with a sequence in £% \ £!, as pointed out in the introduction of that work, gives
zero p-modulus (p > 1) to the family of curves parallel to the x-axis, and thus to the family of gradient
curves of the function f(x, y) = x. We remark that the example above is measure doubling and supports
a Poincaré inequality; in this context an approximate form of (1-2) for Lipschitz functions was proven in
[Cheeger and Kleiner 2009, Theorem 4.2].

Towards a positive answer for generic spaces, an “integral formulation” of (1-2) given by [Gigli 2015,
Theorem 3.14] states that, when p > 1 and f € N'"?(X), there exist probability measures § on C(I; X)
(known as test plans representing the gradient of f) such that

S-S /1/, | /
zlg%f p dg = lim f - ; gr(ys)lyldsdy.

In this paper we obtain a “pointwise” variant of (1-2) for general metric measure spaces using a
combination of plan-modulus duality, developed in [Ambrosio et al. 2015b; Durand-Cartagena et al. 2021;
Honzlova Exnerova et al. 2021], and disintegration techniques. (For p > 1, a pointwise variant also
follows from Gigli’s integral formulation; see Section 3C.) Theorem 1.1 below expresses the minimal
weak upper gradient of a Newtonian function as the supremum of directional derivatives along generic
curves passing through a given point. Here, it is crucial to use Newtonian functions, which are absolutely
continuous along almost every curve.

This curvewise characterization of minimal upper gradients yields the existence of an abundance
of curves in a given region of the space, provided the region supports nontrivial Newtonian functions.
The idea of constructing an abundance of curves goes back to [Semmes 1996] in the presence of a
Poincar€ inequality. Under this assumption Cheeger showed that g = Lip f, where Lip f denotes the
pointwise Lipschitz constant of a Lipschitz function f. Note that inequality Lip f < g for continuous
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upper gradients g of a Lipschitz function f on a geodesic space is a direct, but central, observation made
in [Cheeger 1999, pp. 432-433].

The work of Cheeger lead to many developments, including [Cheeger and Kleiner 2009] pioneering
the idea of using directional derivatives along curves (and the early version of Theorem 1.1, appearing as
Theorem 4.2 in that work) as well as the development and detailed analysis of Lipschitz differentiability
spaces; see [Keith 2004a; Bate 2015; Bate and Speight 2013; Cheeger et al. 2016; Schioppa 2016a;
2016b]. In the latter, curves are replaced by curve fragments whose abundance is expressed using Alberti
representations. Alberti representations are similar to plans used in this paper. The connection between
such representations and the ideas in [Cheeger and Kleiner 2009] was first observed by Preiss, see [Bate
2015, p. 2], and can be used to prove the self-improvement of the Lip-lip inequality to the Lip-lip equality,
see [Bate 2015; Schioppa 2016a; Cheeger et al. 2016].

Similarly the abundance of curves, obtained here using duality, yields geometric information on Sobolev
functions on general metric measure spaces. (Indeed, duality, in the disguise of a minimax principle,
was previously used to find Alberti representations in Lipschitz differentiability spaces; see [Bate 2015,
Theorem 5.1] which uses [Rudin 1980, Lemma 9.4.3].) As an important first application, we use curvewise
directional derivatives to define p-weak charts and a differential for Newtonian functions with respect
to such charts. The arising p-weak differentiable structure, i.e., a covering by p-weak charts, exists far
more generally than for Lipschitz differentiability spaces —indeed metric doubling and finite Hausdorff
measure suffice; see Proposition 5.4. This existence result involves a new and crucial dimension bound
for the charts and the induced differential structure; see Theorem 1.11(c) or Proposition 4.13. With the aid
of Theorem 1.1 we adapt Cheeger’s construction to produce a measurable L°°-bundle, called the p-weak
cotangent bundle, over spaces admitting a p-weak differentiable structure; differentials of Newtonian
functions are sections over this bundle. While the Cheeger differential d¢ f yields a linearization of a
Lipschitz function f, our p-weak differential d f is given by a linearization along p-almost every curve,
and the pointwise norm of d f recovers the minimal weak upper gradient; see Theorem 1.7.

This definition of a weak differentiable structure seems to be the natural extension of the seminal work
[Cheeger 1999] to settings without a Poincaré inequality and yields a “partial differentiable structure”,
which has been the aim of many authors previously; see [Luci¢ et al. 2021; Alberti and Marchese 2016;
Schioppa 2016a; Cheeger et al. 2016]. Namely, the p-weak cotangent bundle measures and makes precise
the set of accessible directions (for positive modulus) in the space. By constructing the differential using
directional derivatives along curves, we give it a concrete geometric meaning. A sequence of recent work
has sought such concrete descriptions; see, e.g., [Ikonen et al. 2022; Lucic et al. 2021]. Our approach
yields a new unification of the concrete and abstract cotangent modules of [Cheeger 1999] and [Gigli
2018], respectively; the p-weak cotangent bundle is compatible with Gigli’s cotangent module when
the latter is locally finitely generated, and with Cheeger’s cotangent bundle when the space satisfies a
Poincaré inequality; see Theorems 1.11 and 1.8.

The geometric approach in this paper has many natural applications. We mention here the tensorization
of Cheeger energy, pursued in [Ambrosio et al. 2014; 2015c; Luci¢ et al. 2021], and the identification
of abstract tangent bundles with geometric tangent cones; see [Alberti and Marchese 2016; Lucic et al.
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2021]. Our methods give tools to generalize and refine the results mentioned above, and moreover enable
a blow-up analysis to study analogues of generalized linearity considered for example in [Cheeger 1999;
Cheeger et al. 2016]. Indeed, blow-ups of plans that define the pointwise norm on a p-weak chart (see
Lemmas 4.1, 4.3 and 4.2) along a sequence of rescaled spaces yield curves in the limiting space along
which limiting maps of rescaled Newtonian maps behave linearly. In this context we highlight [Schioppa
2016a], which gives a similar geometric and blow-up analysis in the context of abstract Weaver derivations.
We leave the detailed exploration and development of these ideas for future work.

1B. Curvewise characterization of minimal upper gradients. Throughout the paper, we fix a metric
measure space X = (X, d, i), that is, a complete separable metric space (X, d) together with a Radon
measure ¢ which is finite on bounded sets. A plan is a finite measure § on C(/; X) that is concentrated
on the set AC(/; X) of absolutely continuous curves. The natural evaluation map e : C(I; X) x [ — X,
(v, 1) = 1, gives tise to the barycenter dn* := e, (|y/| dt dn) of 5. If dy* = p du for some p € L9 (n),
we say that » is a g-plan (not to be confused with g-test plans, see, e.g., Section 2 or [Ambrosio et al.
2015b]). Every finite measure 7w on C(/; X) x I admits a disintegration with respect to e: for e, mr-almost
every x € X, there exists a (unique) measure , € P(C(I; X) x I), concentrated on e~ (x), such that
the collection {m,} satisfies

7 (B) = / 7.1 (B) d(es)(x)

for all Borel sets B C C(I; X) x I. We refer to [Ambrosio et al. 2008; Bogachev 2007] for more details.
We use these notions to define a “generic curve”: if y is a g-plan on X and {x,} the disintegration
of dm := |y/| dt dy with respect to e, then x-a.e.-curve passes through x, for e,w-a.e. x € X. In the
forthcoming discussion, we omit the reference to e in the disintegration. We now formulate our first result,
in which the equality in (1-2) is obtained as an essential supremum with respect to the disintegration for
almost every point. In the statement below we write
Diff(f) ={(y,1) e AC(I; X) x I : foy € AC(I; R), (foy); and |y,| > 0 exist}
for a p-measurable function f : X — [—o0, o0].
Theorem 1.1. Let 1 < p < 00, and let 1 < q < oo satisfy 1/p +1/q = 1. Suppose f € N'P(X),
gr is a Borel representative of the minimal p-weak upper gradient of f, and D := {gy > 0}. There
exists a g-plan n with j|p < 4" so that the disintegration {m .} of dm := ly/|dt dny is concentrated on
e~ (x) NDiff(f) and
(foy)
VAl

(1-3)

o~
L®(m,
for w-almost every x € D. o)

Remark 1.2. The statement also holds when f € Nllo’Cp(X), that is, f|pw.r € N'P(B(x,r)) for each
ball B(x, r) C X. Indeed, a localization argument, replacing f by fn, with n, a sequence of Lipschitz
functions with bounded support and 7, |(x, n—1) = 1 for some x¢, reduces the statement for f € N]IO’CP (X)
to Theorem 1.1. Similarly, other notions in this paper, such as charts, could use a local Sobolev space,
but to avoid technicalities we do not discuss this point further. A reader can see Lemma 4.5 and its proof

for a prototypical form of such a localization argument.
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In particular, we have the following corollary.

Corollary 1.3. Let p,q and f, gr, D be as in Theorem 1.1. There exists a q-plan 3 and, for every
¢ > 0, a Borel set B = B, C Diff(f) with the following property: if {n .} denotes the disintegration of
dm := |y/| dt dy, then w(B) > 0 and

(1—)gr (Y| < (foy), <gr@ly/|l forevery(y,t) e ' (x)NB,

for p-a.e. x € D.

Theorem 1.1 notably covers the case p = 1. In Section 3C we also prove a variant (Theorem 3.6) when
p > 1, using test plans representing a gradient instead of plan-modulus duality.

1C. Application: p-weak differentiable structure. Cheeger [1999] showed that PI-spaces (metric mea-
sure spaces with a doubling measure supporting some Poincaré inequality) admit a countable cover by
Cheeger charts, also called a Lipschitz differentiable structure (see [Keith 2004b]). Let LIP(X) denote the
collection of Lipschitz functions on X, and let LIP,(X) consist those Lipschitz functions with bounded
support. A Cheeger chart (U, ¢) of dimension n consists of a Borel set U with u(U) > 0, and a Lipschitz
function ¢ : X — R” such that, for every f € LIP(X) and u-a.e. x € U, there exists a unique linear map
dc.x f : R" — R, called the Cheeger differential of f, such that

SO = fx)=dcx f(p(y) —@x)) +o(d(x,y)) asy— x. (1-4)

Not every space admits Lipschitz differentiable structure, as shown by the so called Rickman’s rug
X :=[0, 1]? equipped with the metric d((x1, y1), (x2, y2)) = |x1 — x2| + |y1 — y2|%, where « € (0, 1)
and u = £2|x. Indeed, a Weierstrass-type function in the y-variable combined with [Schioppa 2016a,
Theorem 1.14] would yield nonhorizontal rectifiable curves if the space were a differentiability space,
contradicting the fact that all rectifiable curves in X are horizontal.

Here, we introduce p-weak differentiable structures, which exist in much more generality (including
Rickman’s rug, see the discussion after Definition 1.4), adapting Cheeger’s construction by substituting
(1-4) for a weaker curvewise control. To accomplish this, we replace the pointwise Lipschitz constant
by the minimal p-weak upper gradient in the definition of “infinitesimal linear independence” (1-5) and
use Theorem 1.1 to circumvent the difficulties arising from the fact that the latter is defined only up to a
null-set.

In the remainder of the introduction, we use the notation |Df |, for the minimal p-weak upper gradient
of f e NIL’CP (X) and refer to Section 2 for more discussion on this notation. Given p > 1 and N € N, we
say that a Sobolev map ¢ € N,o” (X; RY) is p-independent in U C X if

ess inf [D(v-¢)[, >0 wp-ae.inU, (1-5)
veSN-1

and p-maximal in U if no Lipschitz map into a higher-dimensional target is p-independent in a positive
measure subset of U. Here, we use the essential infimum of an uncountable collection, which agrees
u-a.e. with the pointwise infimum over any countable dense collection of SV ~!; see Section A2. Note
that p-maximality does not depend on the particular map ¢ but rather the dimension of its target space.
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Definition 1.4. An N-dimensional p-weak chart (U, ¢) of X consists of a Borel set U C X with positive
measure and a Lipschitz function ¢ : X — R" which is p-independent and p-maximal in U. We say
that X admits a p-weak differentiable structure if it can be covered up to a null set by countably many
p-weak charts.

By convention, zero-dimensional p-weak charts satisfy ¢ = 0 and (1-5) is a vacuous condition, while
maximality means that [Df|, = 0 u-a.e. on U for every f € LIP,(X) (see also Proposition 4.4). In
Section 4F we briefly discuss a lower-regularity requirement in Definition 1.4 and the fact the resulting
notion yields essentially the same p-weak differentiable structure. We also show that an N-dimensional
p-weak chart (U, ¢) satisfies N < dimgy U, where dimyg U denotes the Hausdorff dimension of U; see
Proposition 4.13. In particular, we have the following theorem.

Theorem 1.5. A metric measure space of finite Hausdorff dimension admits a p-weak differentiable
structure for any p > 1. In particular, this holds if the space is metrically doubling.

We refer to Proposition 5.4 for a more technical statement, which immediately implies the theorem.
Next, we give an analogue of the Cheeger differential (1-4) using p-weak charts.

Definition 1.6. Given an N-dimensional p-weak chart (U, ¢) of X, a p-weak differential of a Newtonian
function f € NP (X) with respect to ¢ is amap df : U — (RV)* (whose value at x € U is denoted
by d, f) which satisfies

Fs) = f) =dy, fleys) —o()) +o(lt —s|) forae.tey ' (U), ass —t, (1-6)

for p-a.e. absolutely continuous curve y in X. We say that a function f € N''7(X) has a p-weak
differential with respect to ¢, if such a d f exists.

If the curve y does not enter U, or only spends zero length in the set, then condition (1-6) becomes
vacuously satisfied with both sides vanishing. The p-weak differential is uniquely determined up to
almost everywhere equivalence by (1-6); see Lemma 4.3. Further, it is also local, i.e., if g € N Lr(X)
and f|4 = g|a on a positive measure subset A C U, then d f|4 = dg|4. The differential satisfies various
natural computation rules; see Propositions 4.10 and 5.7 for the most important ones.

Theorem 1.7. Suppose p > 1,and ¢ : X — RY is a p-weak chart on U. Then any f € NP (X) has a
p-weak differential d f : U — (RN)* with respect to ¢, which is u-a.e. unique, and the map f > df is
linear.
Moreover, for ji-a.e. x € U, there is a norm | - |y on (RN)* such that x — |&|y is Borel for every
£ e (RM)* and
dfls = Df|,(x) for p-a.e. x € X,
for every f € N'P(X).

Whereas Lipschitz functions are differentiable with respect to Cheeger charts, (1-5) yields only the
curvewise control (1-6). Indeed, if there are very few or no rectifiable curves, or if the curves only
point into certain directions, then the p-weak differential vanishes, or measures only these directions,
respectively. For example, given a fat Cantor set K C R” with £"(K) > 0, X := (K, dguc1, L"|k) 1S a
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Lipschitz differentiability space but the minimal weak upper gradient of every Lipschitz function is zero.
On the other hand, Rickman’s rug admits nontrivial p-weak charts ¢(x, y) = x. The p-weak differential
in this case can be identified with the x-derivative, d f = d f, and the only curves with positive p-modulus
are those which are horizontal. These examples demonstrate that p-weak differentiable structures might
exist for spaces not admitting a Cheeger structure, but the two need not coincide even if both exist.
However, if a Poincaré inequality is present, the two structures coincide.

Theorem 1.8. Suppose X is a p-Pl space for p > 1. Then any p-weak chart (U, ¢) of X is a Cheeger chart.

It follows from the discussion after Definition 1.4 that a p-PI space admits p-weak charts. In Section 1D,
we obtain a precise statement on the relationship between the p-weak and Lipschitz differentiable
structure, as well as a characterization of the existence of p-weak differentiable structures in terms of
Gigli’s cotangent module [2018]. Here we mention a noteworthy corollary of the existence of a p-weak
differentiable structure.

Theorem 1.9. Let p > 1. If X admits a p-weak differential structure, then LIP,(X) is norm-dense
in N-P(X).

Theorem 1.9 has been obtained by other methods for p > 1 in [Ambrosio et al. 2013] but is new in the
case p = 1. In particular, we highlight that the density holds if X has finite Hausdorff dimension.

1D. Connections to Cheeger’s and Gigli’s differentiable structures. Together with the pointwise norm
from Theorem 1.7, a p-weak differentiable structure gives rise to a p-weak cotangent bundle T;‘X over X,
analogous to the measurable L*°-cotangent bundle 7 X arising from the Lipschitz differentiable structure
[Cheeger 1999; Keith 2004b], which is equipped with the pointwise norm

§lcx:=Lipop)(x), &€ ®RY)",

for u-a.e. x € U, where (U, ¢) is an N-dimensional Cheeger chart. For any f € LIP,(X), the differentials
df and dc f are sections of the cotangent bundles 7y X and 77 X, respectively. We refer to Section 5 for
the precise definition of measurable L°°-bundles and their sections.

In the next theorem we show that there is a submetric bundle map 7+ X — 77X and give a condition
under which the bundle map is an isometric isomorphism. See Section 5 for the definition of bundle maps.
In the statement, a modulus of continuity is an increasing continuous function w : [0, c0) — [0, 00), with
w(0) =0, and a linear submetry between normed spaces V and W is a surjective linear map L : V — W,
with L(By (r)) = Bw (r).

Theorem 1.10. Suppose X admits a Cheeger structure and let p > 1. There is a bundle map w = ¢ p :
TEX — TI;“X which is a linear submetry p-a.e. and satisfies

wy(dexf)=dif forp-ae xeX, (1-7)

for every f € LIP,(X). If there exists a collection {w,}xcx of moduli of continuity satisfying

Lip f(x) < o, (IDf1,(x)  for p-a.e. on X,

forevery f € LIP,(X), then mc ) is an isometric bijection ji-a.e.
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Theorem 1.10 follows from [Ikonen et al. 2022, Theorem 1.1] and the following theorem, which
identifies the space I', (T, X) of p-integrable sections of the p-weak cotangent bundle 7, X with Gigli’s
cotangent module L”(T*X). We refer to Section 6 for the relevant definitions, and remark here that
Gigli’s construction is the most general in the sense that L? (T*X) can be defined for any metric measure
space. It is a priori defined only as an abstract L”-normed L°°-module in the sense of [Gigli 2015; 2018].

We say that L?(T*X) is locally finitely generated if X has a countable Borel partition 2 so that each
B € % admits a finite generating set in B. Here, a collection ¥ C L”(T*X) is a generating set in B (or
generates L (T*X) in B) if xgL? (T*X) is the smallest closed submodule of L?(7T*X) containing xpv
for every v € 7. Gigli’s cotangent modules admit a dimensional decomposition, i.e., a Borel partition
{AN}NeNUfoo) Of X so that LP(T*X) admits a generating set of cardinality N (and no smaller) in Ay for
each N. For N = oo, no finite set generates L (T*X) in Ay. The dimensional decomposition is uniquely
determined up to u-negligible sets.

Below we denote by dg f and | - | the abstract differential and pointwise norm in the sense of Gigli; see
Theorem 6.1. A morphism between L”-normed L*°-modules (i.e., a continuous L°°-linear map) is said
to be an isometric isomorphism if it preserves the pointwise norm and has an inverse that is a morphism.

Theorem 1.11. Let X be a metric measure space and p > 1. Then X admits a p-weak differentiable
structure if and only if LP (T*X) is locally finitely generated. In this case,

(a) there exists an isometric isomorphism 1 : FP(T;X ) = LP(T*X) of normed modules satisfying
1(df) =dg f for every f € N“P(X) and uniquely determined by this property,

(b) each set Ay in the dimensional decomposition of X can be covered up to a null-set by N -dimensional
p-weak charts,

(c) N <dimg(Ay) foreach N € N.

Theorem 1.11 gives a concrete interpretation of Gigli’s cotangent module, and bounds the Hausdorff
dimension of the sets in the dimensional decomposition. As corollaries we obtain the reflexivity of
NUP(X) when p > 1, and a characterization of infinitesimal Hilbertianity in terms of the pointwise norm
of Theorem 1.7 when p = 2, for spaces admitting a p-weak differentiable structure; see Corollary 6.7.
Reflexivity could also be obtained directly from Theorem 1.7 following the argument in [Cheeger 1999,
Section 4].

2. Preliminaries

Throughout this paper X = (X, d, ) will be a complete separable metric measure space equipped with
a Radon measure p finite on balls. We denote by C(/; X) the space of continuous curves y: [ — X
equipped with the metric of uniform convergence and by AC(/; X) the subset of absolutely continuous
curves in X, where I C R is an interval. Mostly, we will be concerned with statements independent of
parametrization; thus the choice of the interval / is immaterial. However, when we need to refer to the
end points of the curve, then we will take / = [0, 1].

If y is a curve, its value at ¢ € I is denoted by y, := y (¢). If f : X — R is a function, we also use this
notation as (f o y); = f (). The derivative of f in the direction of y at y;, when it exists, is denoted
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by (foy); =(f oy) (t). The metric derivative of the curve, in the sense of say [Ambrosio et al. 2008,
Section I.1], is defined as |y, | = lim,_0 d (V4. ¥:)/ h, when it exists. The metric derivative is defined
almost everywhere on [ for y € AC(I; X).

2A. Plans and modulus. A finite measure § on C(/; X) is called a plan if it is concentrated on AC(/; X),
and a g-plan if the barycenter dy* := es(|y/| dr dy) satisfies dy* = p du for some p € L9(u). We denote
by AC,(I; X) the space of curves y € AC(/; X) satisfying fol ly/|?7dt < oo, and say that a g-plan
n € P(C(I; X)) is a g-test plan, if it is concentrated on AC,(I; X) and

1
e <Cu foreverytel, and // ly/|9dt dy < oo
0
for some constant C > 0. Here ¢, : C(I; X) — X is the map e,;(y) = v;.

Remark 2.1. Every g-test plan is also a ¢g-plan. However, the converse can fail for two reasons. A g-test
plan fixes a given parametrization for curves (with an integrability condition on the speed) and insists
on a compression bound e;, () < Cu. However, for each g-plan supported on I' C AC(/; X), one can
construct associated g-test plans supported on reparametrized curves, which are subcurves of curves in I'.

The argument for this is a combination of two observations in [Ambrosio et al. 2015b]. First, for
each g-plan one can reparametrize curves to get a plan with a good “parametric barycenter” [loc. cit.,
Definition 8.1 and Theorem 8.3]. The parametric barycenter depends on the parametrization, while the
barycenter % does not. The second point concerns the compression bound, where given the previous
plan, one can take subsegments of curves and average these over shifts to get a compression bound, which
is explained as part of the proof of [loc. cit., Theorem 9.4].

This remark would allow, for example, to phrase Theorem 1.1 with test plans instead of plans, if one
were so inclined.

If I' € C(I; X) is a family of curves, then a Borel function p: X — [0, oo] is called admissible if
fy p ds > 1 for each rectifiable y € I'. In particular, if there are no rectifiable curves, then this condition
is vacuous. We define, for p € [1, 00),

Mod,(T") = inff oP du,
P Jx

where the infimum is over all admissible p. We remark, that due to Vitali—-Carathéodory, such an infimum
can always be taken with respect to lower semicontinuous functions. Notice that the modulus is supported
on rectifiable curves and is independent of the parametrization of such curves. We say that a property
holds for p-almost every curve if there is a family of curves I'g so that Mod, (I'g) = 0 and the property
holds for all y € C(I; X) \ I's. Modulus is invariant of the parametrization of curves, but some of our
statements depend on a parametrization. In those cases, we will say that the property holds for p-almost
every absolutely continuous curve in X (or p-a.e. y € AC(I; X)) to emphasize that the property holds for
each y € AC(/; X)\I'p with Mod, (I'g) =0. The reader may consult [Heinonen et al. 2015, Sections 4-7]
for a more in-depth treatment of modulus, upper gradients and Vitali—Carathéodory.

Remark 2.2. A crucial fact we will use is that if I" satisfies Mod,(I"') = 0, then for any g-plan 5 we have
(") = 0 (which holds for p € [1, 0co) and ¢ its dual exponent). The converse is also true for p € (1, 00).
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See the arguments and discussion in [Ambrosio et al. 2015b, Sections 4 and 9]. One point here is that if
we used g-test plans, this relationship would be more complex, and we would need to consider “stable”
families of curves; see [loc. cit., Theorem 9.4]. The case of p = 1 is also somewhat subtle, and we
will deal with a special case of this issue in Section 3. The argument of Proposition 2.3 would give the
converse for compact families of curves and p = 1. See also, [Honzlov4 Exnerova et al. 2021] for a much
more detailed exploration of this borderline case.

The previous remark concerns an inequality relating modulus and g-plans. However, there is a closer
connection, and in a sense these are dual to each other. Previously, this has been explored in [Ambrosio
et al. 2015b, Theorem 5.1] for p > 1, and in [Honzlova Exnerova et al. 2021, Theorem 6.3] for p = 1. Due
to its importance for us, we summarize one main consequence of these results. We further briefly describe
the main steps of a direct proof from [David and Eriksson-Bique 2020, Proposition 4.5]. A similar
argument appeared previously in a more specific context in [Durand-Cartagena et al. 2021, Theorem 3.7].

Proposition 2.3. Let p € [1, 00) and q its dual exponent with p~' +q¢ ' =1. IfFK Cc C(I;X) is a
compact family of curves, and Mod, (K') € (0, 00), then there exists a q-plan n with spt(n) C K.

Proof. A power of the modulus Mod, (K )!/P arises from a convex optimization problem on p with a
constraint for every curve y € K. A dual formulation of this corresponds to a variable for each constraint,
i.e., a measure v supported on K. Thus, it is reasonable to consider a modified Lagrangian defined by

®(0.) = lpllr ~Mody ()7 [ [ pasay,.
K Jy

where p : X — [0, oo] is a function and v is a probability measure supported on K. Let P(K) be the
collection of these probability measures supported on K equipped with the topology of weak* convergence.
In order to obtain the required continuity, we will restrict to p € G, with

G :={p:X — [0, 1]: p compactly supported and continuous in X}.

The set G is equipped with the topology of uniform convergence. Then @ : G x P(K) — R is a functional
with two properties: @ (-, v) is convex and continuous for each v € P(K), and ®(p, -) is concave
and upper semicontinuous for each p : X — [0, 1]. Further P(K) is compact and convex in the weak*
topology and G is a convex subset.

By Sion’s minimax theorem, see, e.g., statement in [David and Eriksson-Bique 2020, Theorem 4.7],
we have

sup inf ®(p,v)=inf sup D(p,v).
veP(K) PEC PEG yepP(K)

We can compute inf,e sup,cpx) (0, v) = 0. Indeed, given any p € G, we can use the definition
of modulus to find a y € K with fy pds < ||g||p/M0dp(K)_1/p. If we choose v = §,, a Dirac measure
on y, the bound immediately follows.

Therefore, we have also sup,cp g, infyeg @(p, v) > 0. But, up to showing that this supremum is
attained, there must be some n € P(K) for which we getinf,cc ®(p, ) > 0. After unwinding the definition
of a g-plan, and an application of Radon—Nikodym on X, the measure 5 is our desired g-plan. U
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2B. Sobolev spaces and functions. A function f : (X, dx) — (Y, dy) between two metric spaces is
called Lipschitz if LIP(f) := SUP, yeX xty dy(f(x), f(y))/dx(x,y) < oco. A bijection f : X — Y is
called bi-Lipschitz if f and f~' are Lipschitz. Further, if x € X, we define the local Lipschitz constant as

Lip f(x) := limsup —dY(CJ;(x)’ f(y)).
V—>X,VFEX X(x’ y)

Let LIP,(X) be the collection of Lipschitz maps f : X — R with bounded support.

Definition 2.4. Let f : X — RU {00} be measurable, g : X — [0, oo] a Borel function, and y : [ — X
a rectifiable path. We say that g is an upper gradient of f along y, if | /8 ds < oo and

o) = Fl < / g

Yl
for each s <t with s, t € I with the convention co — co = 0o. We say that g is an upper gradient of f if
it is an upper gradient along every rectifiable curve, and a p-weak upper gradient if g is an upper gradient
of f along p-a.e. rectifiable curve.

The space N7 (X) is defined as all i-measurable functions f € L?(X) which have an upper gradient g
in L?(X). The (semi-)norm on this space is defined as

£ lvee = (LAY, +infliglly )P,

where the infimum is taken over all L”-integrable upper gradients g of f. The theory of these spaces was
largely developed in [Shanmugalingam 2000]; see also [Heinonen et al. 2015] for most of the classical
theory. By the results there combined with an observation of [Hajtasz 2003] in the case of p = 1, one can
show that there always exists a unique minimal gy, which is an upper gradient along p-almost every path,
and for which || f||y1.»r = (||f||z,, + ||gf||£,,)1/P. We call g the minimal p-upper gradient. Similarly, we
can define f € NIL’CP (X)if fneN 1.7 whenever n € LIP,(X). In these cases we also can define a minimal
p-upper gradient g, so that ngs € L?(X) for every n € LIP,(X). In other words, g € Lf:)C(X).

We denote by N Lox: RNy ~ N-P(X)N the space of functions ¢: X — RV so that each component
isin NP, Similarly, we define LIP,(X; RV) ~ LIP,(X)".

Another notion of Sobolev space can be defined using g-test plans and we denote it by W7 (X), with
|Df|, denoting the minimal gradient of f € WP (X). Namely, a function f € L” (1) belongs to the
Sobolev space WP (X) if there exists g € L?(u) such that

1
/If(yl)—f(yo)ldnS//O g(roly!1 dr dn

for every g-test plan » on X. The space has a norm || f||w1., = (||f||z,, + inf, ||g||ip)1/p, where the
infimum is over all such functions g. We refer to [Di Marino and Squassina 2019] for details.

Note that any representative of an element of W!-?(X) still belongs to W7 (X), whilst a representative
of an element in N”(X) belongs to N7 (X) if and only if they agree outside a p-exceptional set. The
next theorem says that up to this ambiguity of representatives, the two approaches produce the same
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object. The measurability conclusion is also a corollary of [Eriksson-Bique 2023]. We refer to [Ambrosio
et al. 2015a] for a proof.

Theorem 2.5. Let p € (1, 00). If f € N'P(X), then f € WhP(X) and gr =1|Df|, n-a.e. Conversely, if
f € WhP(X), then f has a Borel representative f € N7 (X) with 87 =IDf|p n-ae.

3. Curvewise (almost) optimality of minimal upper gradients

3A. Upper gradients with respect to plans. Given a plan 5, we can speak of a gradient along its curves.

Definition 3.1. If 5 is a g-plan and f € N'"7(X), then a Borel function g is an y-upper gradient if g is
an upper gradient of f along y for p-almost every y.

The following lemma gives a notion of a minimal y-upper gradient and shows how to compute it by
using derivatives along curves.

Lemma 3.2. Suppose gy is a minimal upper gradient and 3 is any g-plan and dm = dy|y/|dt, with
disintegration 1 . Then:

(D) gn = o) /¥/llL=r,) is a n-upper gradient.

(2) gy < g for any other n-upper gradient for almost every x € X.
(3) gy < gy for almost every x € X.

(4) Suppose n' is another q-plan and n <K 1. Then g, < gy.

Proof. Let g y be the minimal p-upper gradient for f. By Lemma A.2 there is a Borel family I'o C C(I; X),
so that f is absolutely continuous on each curve y ¢ I'g with upper gradient gy and so that y(I'g) = 0.
By Corollary A.3 and Lemma A.1 there is a set N C C(/; X) x I so that for x(N) = 0, and for each
(y,t) &€ N, both (foy)'(¢) and |y/| are defined and measurable. Let My =19 x I UN. We get = (M) = 0.
For each curve y ¢ Iy the function f is absolutely continuous with upper gradient (f oy);/|y/|. Since
gy (v1) = (f oy);/ly/| for m-almost every (y, t) € My, we have that g, is an y upper gradient.

If g is any other Borel n-upper gradient, then the set of (y, 1) € Diff(f)\ My with (foy);/1v/| > g(v:)
must have null measure, and thus the claim follows by Fubini and the definition in (1).

The function g is an upper gradient for f on curves in I'j, and thus the claim follows again from
curvewise absolute continuity and by showing that the set of (y, t) with (foy);/|¥/| > g7 (y,) must have
null 7-measure. The final claim follows since g, must be a y-upper gradient for f. ]

3B. Proof of Theorem 1.1. In this subsection we prove Theorem 1.1. The idea is that for each g-plan n we
can associate a gradient “along” the curves of such a plan. Each such gradient must be less than the minimal
upper gradient, and thus the task is to show that by varying over different plans 5 we can obtain the minimal
upper gradient through maximization. In order to show equality of the result of this maximization, we argue
by contradiction, that if it were not a minimal upper gradient, then we could witness this by a given plan.
This is the core of the following result. It should be compared to [Ambrosio et al. 2015b, Sections 9-11],
where a similar analysis is done, but with different terminology and only for p > 1. In the following
statement we will need to refer to end points of curves, and thus choose the domain of curves as I = [0, 1].
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Lemma 3.3. Let p € [1, 00), and q be its dual exponent. Let f € NP (X). Suppose g is any nonnegative
Borel function so that A = {g < gy} has positive measure. Then there exists a q-plan n, so that for
n-almost every curve y : [0, 1] = X we have

o = Fowl > [ g, (3-1)
¥

Proof. By Vitali-Carathéodory we may find a lower semicontinuous g > g which is integrable and so that
A={g<g 7} has positive measure. We will suppress the tildes below to simplify notation and thus only
consider the case of g lower semicontinuous. Since ¢ < gy on a positive measure subset, g cannot be a
minimal upper gradient, and thus there must exist a family I' C C(I; X) of curves with Mod, (I") > 0, so
that (3-1) holds for each y € I'. Modulus is invariant under reparametrization of curves and so we may
consider the subset of those y € I" which are Lipschitz. We want to find a plan supported on I". However,
the issue with this is that since p =1 is allowed the family I' may not be compact, the duality of modulus
and g-plans may fail. So, we seek to “cover” I, up to a null modulus family by compact families. This
covering is done in an iterative way.

Fix an R so that the modulus of I"g of those curves in I', which are contained in a ball B(xgy, R) for
some fixed xo € X, is positive. Since f is measurable and X is complete and separable, Egorov’s theorem
implies the existence of an increasing sequence of compact sets K, satisfying u(B(xo, R) \ | K,) =0
for which f|g, is continuous for each n. Define u(B(xo, R) \ K,,) = €,. By passing to a subsequence
of n, we may assume that ), /e, < 1.

Define I as the collection of y € I'g so that f is absolutely continuous on y and 7! (y \ (Uzoz 1 K n)) =0.
This holds for Mod,-almost every curve, since f € N I.P(X) and since p-almost every curve spends
measure zero in the null set X \ [ J°2; K,. Thus, Mod (") > 0.

Next, let I'* be those curves y : I — X, which are m-Lipschitz, so that Len(y) < m|b — a|,
diam(y) > 1/m, yp, y1 € K, and (3-1) holds. We will show that every y € T contains a subcurve, up
to reparametrization, in [ J7_, I'"". From this, and [Bjorn and Bjorn 2011, Lemma 1.34], it follows that
Mod,, (U T'™) > 0, and thus there is some M > 0 so that Mod,(I'™) > 0. It is easy to show that I""
is a closed family of curves in C(/; X) with respect to uniform convergence, since g is taken to be lower
semicontinuous (see, e.g., [Keith 2003, Proposition 4]).

To obtain the previous fact, consider a nonconstant curve y € I'. We have

lf ) — frol > f gds.
¥
We may also parametrize y by constant speed as the claim is invariant under reparametrizations.
Since y has constant speed, we know |I \ U2, yfl(Kn)| = 0 and f o y is continuous. Since
fy gds <ooand foy is continuous, we can find (for all » > N for some N € N) sequences a,,, b, € [0, 1]
so that lim,, 0 a, = a, V4, € Ky, Y, € K, and lim,,_, o, b, = b. Then, for sufficiently large n

) — f(a)| > f o ds.

¥ ltan.bn
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For n large enough we also have Len(yq, »,1) < nlb —al, diam(y(q, »,1)) = 1/n. Since the curves are
parametrized by constant speed, they are n-Lipschitz. So y’ = Y4, .5,] IS, Up to a reparametrization, in I'”
for n large enough, and the claim follows.

Fix M > 0 so that Mod (FM) > 0. Next, choose § < min(Mod,, (T'™), 1). Define 8, = 8,,/ P Choose N
so that Zn N A En < 61+”/2 Let FM be the family of curves y € '™ 5o that f Ix\k, ds < 84, for each
n > N. Since (Zn>N(1X\K /(88, ))1’) Y7 i5 a function admissible for '™ \ F , we have

Mod,, (" \ M) < Z <48/2.

P

orerd P8,

Thus, by subadditivity of modulus, see, e.g., [Fuglede 1957, Theorem 1],
Mod, (') > Mod,,(T"™) — Mod,, (T \ M) > §/2.

By Lemma 3.4, since I'™ is closed, the family I'M c T'™ is a compact family of curves in a complete
space. Then, by Proposition 2.3 there exists a g-plan 7 supported on I'M. Each curve y € ' satisfies
(3-1), and thus the claim follows. O

For the following proof, recall that if A, B C X, then d(A, B) := inf,c4 infyecp d(a, b), and N.(A) :=
U4ea Bla, €) for e > 0.

Lemma 3.4. Suppose that K, are compact sets, n,, > 0 constants with lim,_, .o 0, =0, L > 0 and let
I' C C(I; X) be a closed family of curves in a complete space X. Let "L be the family of curves y € I’
for which Len(y) < L, diam(y) > 1/L and which are L-Lipschitz, with fy Ix\k, ds <n, foreachn € N.

Then T™L is compact.

Proof. Let I = [a, b]. Since I" and 'L are closed, it suffices to show precompactness.
Let y € 'L, We may suppose that 1, < 1/(2L) by restricting to large enough n. Then, we have for

/1K,,ds=/lds—fIX\Kndszdiam(y)—nn>l—n,,.
14 y y L

Thus y N K, # &. Moreover, if t € I, and d(y;, K,;) = s, then there will be a subsegment of length at
least min(s, diam(y)/2) in X \ K,,. This gives min(s, diam(y)/2) <n, < 1/(2L). This is only possible
if s < ny, since diam(y)/2 > 1/L. Indeed, we have d(y, K;) < nj.

To run the usual proof of Arzela—Ascoli, since we have equicontinuity with the Lipschitz bound, we
only need to show that for each fixed 7 € I the set A, = {y; : y € ['"»!} is precompact. However, since X
is complete, it suffices to show that A; is totally bounded. Fix ¢ > 0. We concluded that d(y, K,,) < n,
for all n € N. Thus, we have for some large n that n, < ¢/4 and that A; C N, (K,) C N¢/4(K,). Since
K, is compact, it is totally bounded, and the claim follows by covering K, by finitely many ¢ /4 balls and

each n

noting that & > 0 is arbitrary. ]

Proof of Theorem 1.1. Let I1, be the set of all g-plans, and for each € I1,, with its disintegration being
given by m,, define

(for)
|Vt

gn( X)= H

Loo(my)
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Finally, define

| D f| = ess sup gx (x).
ne€llso

Claim 1. There is a q-plan 3 so that | Dy f| = g5.
By Lemma A.5, we can find a sequence 7, so that
g, = | Dx f|

almost everywhere. Consider the measures dn” := |y/| dn, df on AC(I; X) x I. Set

dn#
ap=1+n,(C; X))+ E

+rx"(AC(I; X) x I),
L4

where 5" is the barycenter of 5, which is absolutely continuous with respect to . Let 7 = Yoo ay 12=my,.
This will be a plan with g5 > g, for each n by Lemma 3.2. For w-almost every x, we have gz > [Dy f1.

Then, by Lemma 3.3 we have ||(f o ¥);/1¥/IllL@,) = |Dx f1, as stated.
Claim 2. We have | D, f| = g almost everywhere.

Since g is a p-weak upper gradient, Lemma 3.2 gives |D, f| < gy. Suppose for the sake of
contradiction then that | D, f| < gy on a positive measure subset. Then, by Lemma 3.2, there exists a
plan ' so that

o) = Fa)l > / Dy 1 ds
Y

for y’-almost every y.
However, by the definition of a plan upper gradient, we have for #’ almost every curve that

0= o0l < / g ds.

¥
Now, as g, < | Dy f| almost everywhere and as 5’ is a g-plan, we have for 5’-almost every curve y that

/gnfdss/ D, f1ds,
Y Y

which contradicts the above inequalities.

Finally, since | Dy f| = gz = g, we must have u|p < 77#. Indeed, otherwise there would be a non-null
Borel set E C D for which u(E) > 0 and f]#(E ) = 0. However, then g;z|g = 0, contradicting the equality
w-almost everywhere. ([

We now prove Corollary 1.3.

Proof. Let f € NP and consider the plan 5’ obtained from Theorem 1.1. Let y” = r.(y'), where
r:C(; X) - C(; X) is the reversal-map which reverses the orientation of every path. Define
n=1"+7" Fix ¢ > 0, and define B = {(y, 1) € Diff(f) : gs(x) = (f o y)i/l¥/l = (1 — &)gs(x)}.
Since [|(f o y¥);/I¥/||L=@.) = &5 (x) for p-almost every x € D, where r’; is the disintegration for »’, we
have x,(B) > 0 for w-almost every x € D where x, is the disintegration corresponding to . Note that,
we can remove the absolute values from the supremum norm since for each path y in the support of »’
we include also its reversal, and r preserves 7. U
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3C. Alternative curvewise characterizations of upper gradients when p > 1. In this subsection we
assume that p,q € (1, o0) satisfy 1/p + 1/g = 1 and prove a variant Theorem 1.1 using test plans
representing gradients, introduced by Gigli.

Given f € N''P(X), a g-test plan y represents grif

oe,— foe ~
ft~—]f()—>gfoeo and Etl/p—>gfoeo in L?(n),
tEt/q ’

where .
E(y)= %/ ly/|9ds, y € AC(I; X), E;(y) =00 otherwise.
0

A test plan 5 representing the gradient of a Sobolev map f € N':?(X) is concentrated on “gradient curves”
of f in an asymptotic and integrated sense. We refer to [Gigli 2015; Pasqualetto 2022] for discussion
of the definition we are using here. The following result of Gigli states that Sobolev functions always
possess test plans representing their gradient. In the statement, P, (X) denotes probability measures v
on X with fd(xo, x)? dv(x) < oo for some and thus any xp € X.

Theorem 3.5 [Gigli 2015, Theorem 3.14]. If f € N'"P(X) and v € P, (X) satisfies v < Cu for some
C > 0, there exists a q-test plan 1 representing g r, with e, = v.

We now state the main result of this subsection.

Theorem 3.6. Let f € N'“7(X) and gy be a Borel representative of the minimal p-weak upper gradient
of f, with D := {gy > 0} of positive p-measure. Let 1) be a q-test plan representing gy with u|p <
€0« <K i|p.

For every ¢ > 0 there exists a Borel set B C Diff(f) such that dm := xg|y/| dt dy is a positive (finite)
measure with | p <K et K W|p, whose disintegration {1} with respect to e satisfies

(foy);
|Vt/|

for w-almost every x € D.

(1—e)gr(x) < <gr(x) and (1—e)gr()?1<|y/l <1 +e)gr(x)P/4 formy-ace. (y,1),

For the proof, we present the following three elementary lemmas. Define

Dz(y)=w and Gt<y>=%/0 gy ()P ds. v € ACL: X),

and +oo otherwise. The following observation is essentially made in [Pasqualetto 2022, Lemma 1.19]
(we are using different notation for our purposes). See Lemma A.1(3) for the Borel measurability of the
functionals in the claim.

Lemma 3.7. Suppose f € NP (X) and suppose  is a q-test plan representing g f- Then
Dy, Gy E,— ghoey inL'().

Proof. Since E,/? — g?oeo in LP(n), it follows that E; — g?oeo in L' (). The convergence D; — g?oeo
is proven in [Pasqualetto 2022, Lemma 1.19], while G, — g? oegin L! (n) follows from [Gigli 2015,
Proposition 2.11]. U
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Lemma 3.8. For every ¢ > 0 there exists § > Q with the following property: if a, b>0and a? /p+b?/q <
ab/(1 —8), then |aP/1/b— 1| < ¢.

Proof. The function 4 : (0, o) — (0, 00), given by h(t) =t/p +1t~9/P /g, has a global minimum at t = 1,
with 2(1) = 1. Thus &|,1] and |1, have continuous inverses and it follows that for every ¢ > 0 there
exists § > 0 such thatif |1 —A(¢)| < § then |1 —¢| < ¢ (expressing the fact that both inverses are continuous
at 1). The claim follows from this by noting that if a?/p +b9/q < ab/(1 —6) then 0 < h(t) — 1 < §,
where t := a?/1/b. ([l

Lemma 3.9. Let h < g be two integrable functions on an interval I = [0, T'], with

n—>00 n—oo Ty,

1 7—;1 1 Tn
liminf—[ gds=:A>0 and lim —f [g—h]ds =0
T, Jo 0

for some sequence T, — 0. Then, for every ¢ > 0 and n, the set {(1 —¢e)g < h} N[0, T,] has positive
L'-measure.

Proof. For large enough n we have 0 < A/2 < (1/T;) [" gds and 0 < (1/T;,) [;"[g — h]1ds < £A/2.
Thus, we may find some ng for which (1/7},) fOT" [g—h]lds < (¢/Ty) fOT” g ds for each n > ng. It follows
that fOT" [(1—¢&)g —h]ds <O for n > ng, and the claim follows from this. (|

We will also need the following technical result; compare Lemma 3.7.

Lemma 3.10. Let E C X be a Borel set, t > 0, and let
D) =1 /O XE()(foy)ids. v €T (/).
Then D, — (x£g)) oeq in L' ().
Proof. Define
Fi(y) = %/;gf(ys)w;ms.

Since D, < F, < (1/p)G,; + (1/q)f’5vt n-almost everywhere, Lemma 3.7 implies F; — g? o ¢p and thus
(xgoeyFy — (XEgﬁ) oeq in L'(y). We show that (xz oeo) F; — Dg;— 0Oin L'(p).
For p-almost every y we have

IxE(Y0) F1(y) — D ()]

! /0 (02 s 1y = xs(r)(f o p)1ds

5%/ (Ixe8 ) ) = (XE& D YOI Y ] + XEDO) 8 £ () — 81 (YO) 14
: +xeW)gr()ly | — (foy)il) ds

1 ! 1/p 1 t 1/p ] / 1/q
S[(;/(; |(Xng)(Vs)—(Xng)(VO)|pds) +(;/0 |gf()/s)—gf(y0)|pds> :|(?/0 |J’S/|qu)

+ Fi(y) — Di(y).
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This estimate, together with the Holder inequality and Lemma 3.7, yields

limsup/ |(xg oeo)Fy — Dg (| dy

t—0

' 1 t 1/p
fllmsgp[(/;/o Igf(ys)—gf(yo)l”dsdn)
t—

1 (! 1/p 1/q
+<f;/0 |(Xng)(J/s)—(Xng)(V0)|pde’7> ]X (/ gﬁoeodﬂ>

‘ L ) 1/p
:11msup[<?/ ||gfoes—gfoeolle(,,)ds)
0

t—0

1 [ 1/p 1/q
+ (;/ I(xegr) 0 es — (xEgr) 0 €oll sy dS) :| X (/ ghoeo dﬂ) :
0

Since s > h o es is continuous in L?(n) whenever i € L?(u) (see [Gigli and Pasqualetto 2020, Proposi-

tion 2.1.4]) all terms above tend to zero, proving the claimed convergence.

Proof of Theorem 3.6. Let N be the negligible set is as in Corollary A.3. The function

1 1
A(y, t)=;gf(yt)”+5|1//|", (y,t) ¢ N, A(y,t) =+o0, (y,1) €N,

O

is Borel. Let n represent g and satisfy u|p < eps) < p|p. Fix € > 0, let § > 0 be as in Lemma 3.8,

and set 8o = min{e, §}. We define the Borel function
Hy,t)=(0-8)A(y,t)—(foy);,, (y.t)¢ N, H=+o0 otherwise;
see Corollary A.3. The set B := {H < 0} is Borel and, for (y, t) ¢ N, we have

(foy) <grly/I <Ay, 1).
Note that

RO
|Vt/|

H(y,1) <0 implies (1—&)gs(y)ly/| <(foy); and <&

see (3-2) and Lemma 3.8. Once we show that dr := xp|y/| dr dy satisfies
ulp K e K plp,
it follows from (3-2) and (3-3) that n’ ;== /& (C(I; X) x I) € P(C(I; X) x I) satisfies
(I—&)gr(ly/Il < (foy) <gr(y) and

for &’-almost every (y, t), which readily implies the inequalities in the theorem.
To prove e, < ju|p observe that (3-3) implies xp|y/| dt dy < (1 +¢)g(y,)?/4 dt dy and thus

1 1
// J 162 t)XE(y,)|yt’|dtdn§(1+8)// xggﬁ/qe,*(dn)dt§C/ g?/q du
0 0JX E ~

for any Borel set E C X.

(3-2)

(3-3)
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It remains to prove that u|p < e . Let E C D be a Borel set with u(E) > 0. Then epn(E) =
n({y : vo € E}) > 0. Since

0<1 /Ol XEGROAG.5)ds = D (v) < - Go(y) + 2 Er(y) = Dity) = 0.
D, =% XE&Y 0 e
in L'(y), see Lemmas 3.7 and 3.10 respectively, there exists a sequence T, — 0 such that for y-almost
every y € ¢, Y(E) the functions
hy(s) == xe(r)(foy)s, & ()= xe(¥)Ay,s)
satisfy the hypotheses of Lemma 3.9. It follows that for y-almost every y € e, Y(E) the sets
Iy :={s €10, T,]: (1 =80)gy(s) <hy()}={s €10, T,]: ys € E, H(y,s) <0}

have positive measure for all n. Notice that, for y-almost every y, if s € I} then y; € E and ly!| >0,
gr(ys) >0 (since 0 < (foy); < gr(¥)ly/l). Consequently

1
/ X8y ) xe(r)lyslds > [ ly/lds >0
0 I
for p-almost every y € ¢, Y(E), which in turn implies e, (E) > 0. Since E C D is an arbitrary Borel set
with positive p-measure, this completes the proof. ]

4. Charts and differentials

4A. Notational remarks. In what follows, define for any set U C X the set of curves which spend
positive length in U:

FZ:{yeAC(I;X):/XUds>O}.
Y

Having positive length in U is more restrictive than assuming that y ~'(U) has positive measure. We will
also discuss p-weak differentials and covector fields of the formdf : U — (RV)* or & : U — (RY)* for
measurable subsets U C X. The values of such a map at x € U are denoted by d, f, &,, respectively.

4B. Canonical minimal gradients. Let p > 1 and N > 0 be given. For the next three lemmas we fix
Qe NIL’CP(X; RNY) ~ Nlt’cp (X)V, with the convention le)’cp(X; RV) = Nli)’cp (X)N = {0} when N = 0. Our
aim is to construct a “canonical” representative of the minimal weak upper gradients |D(§ o ¢)|, of the

functions & o ¢. We will use a plan to represent it.

Lemma 4.1. There exists a q-plan n and a Borel set D with |p < 3" such that

E((@oy)))
|Vz/|

Q¢ (x) := xp(x) (4-1)

Loo(my)
is a representative of |D(§ o@)|, forevery§ € (RNY*. Here {1} is the disintegration of dm := ly/|dn dt
with respect to the evaluation map e.
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Proof. Let {&, &, ...} C (RV)* be a countable dense set and, for each n € N, choose Borel represen-
tatives p, of |D(§, o )|, and define D, := {p, > 0}. By Theorem 1.1 and the Borel regularity of u,
for each n € N there exists a g-plan »,, and a Borel set B, C D, with u(D, \ B,) = 0 such that the
disintegration {z} of dx” := |y/|dy,, dt satisfies

E.((poy)))

7 = pn(x)
[y |

Lo(xn)

for every x € B.

Define D := |J,.n Bn and 1 = Y., 27"a; 'y, where a, = 1+ 3,(C(I; X)) + |ldn?/dp| s +
x"(AC(I; X) x I). Then u|p < n*. Define ®:(x) as in (4-1). By Lemma 3.2 we have p, = ®g,
p-a.e. on X and thus the claim holds for every &, € A.

We prove the claim in the statement for arbitrary & € (RV)* Let (£,); C A be a sequence with
&, — E| < 27! and denote by ¢1,..., 0N € NP (X) the component functions of ¢. Since

N
1D 0 @)lp = 1DE 09)|pl < ID((En — &) 09y < |60 — &1 D Dol
k

p-a.e., we have |D(§ o ¢)|, =lim;_, d)gnl p-a.e. on X. In particular, |[D(§ o )|, =0 p-a.e. on X \ D.
On the other hand, for p-a.e. curve y, we have

N
En (00 1)) —E(@ o ID| < & — €1 D IDpelp(v)ly/| forae. t.
k

Since 7 is a g-plan with u|p < n% this implies

/ / N
fim sup| > {¥ ° A °,”)f) <limsup &, — 1Y 1Dl () =0 for me-ace. (. 1),
[—o00 |Vt| |Vt| [—o00 «

for p-a.e. x € D. Thus ®¢(x) =lim;_, o Pg, (x) for p-a.e. x € D. Since @z =0=|D(§ o¢)|, n-a.c. on
X\ D, the proof is completed. (Il

In the next two lemmas we collect the properties of the Borel function constructed above.
Lemma 4.2. The map ® : (RV)* x X — R given by (4-1) is Borel and satisfies the following:
(1) For every & € (RV)*, D; =D (&, -) is a representative of |D(& o @)|p.
(2) Forevery x € X, & := ®(-, x) is a seminorm in (RV)*.

Moreover, there exists a path family I'g with Mod,(I'g) = 0 and for each y € AC(I; X) \ I'p a null-set
E, C I so that, for every & € (RN)*, we have:

(3) ¢ is an upper gradient of § o ¢ along y.
@) [Eopoy)l < Pe(y)ly/| fort ¢ E,.

Proof of Lemma 4.2. Borel measurability follows from Lemma A.1 and Corollary A.3, and property (1)
follows from Lemma 4.1, while (2) follows from (4-1).
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Fix a countable dense set A C (RV)* and one & € A. We have that ® (&, x) is a weak upper gradient
for & o ¢, so there is family of curves I's so that & o ¢ is absolutely continuous with upper gradient
|D(& o @)|, on each y € I';, and so that Mod,(I' \T';) = 0. Let I = ﬂSEA I"s, whose complement
I'g = AC(I; X)\I'" has null p-modulus.

Since ¢ o ¢ has as upper gradient ®,(x) on y for each ¢ € A, by considering a sequence & in A
converging to £ ¢ A we obtain the same conclusion.

Finally, fixing an absolutely continuous curve y ¢ I'p there is a full measure set F!, where the
components of ¢ o y, are differentiable at ¢ € F)}. Both sides of (4) are continuous and defined in & on
the set F)}. Since ®¢(x) is an upper gradient for & o ¢ along y, there is a full measure subset F, C F)},
where the inequality holds for & € A. Continuity then extends it for all £ € (RV)* and € F, and the
claim follows by setting E, =1\ F),. (Il

Next, we collect some basic properties of the canonical minimal gradient. Let ® be the map given
by (4-1).

Lemma 4.3. Set I (¢)(x) :=infjg,=1 ®*(§) for p-a.e. x € X. Then:

(1) I((p) = €SS inf”g”*:] |D(‘§ o(p)|p u-a.e. in X.

(@) If UC X and & : U — (RN)* are Borel, then ®*(&,) =0 p-a.e. x e U ifand only if’;‘yt((gooy);) =0
a.e.t € y~Y(U) for p-a.e. absolutely continuous y in X.

(3) If  is p-independent on U and f € NP (X), then the p-weak differential d f with respect to (U, @),
if it exists, must be unique.

Proof of Lemma 4.3. First, we show (1). For any £ in the unit sphere of (RV)*, we have D (x)=|D(Eop)l,
almost everywhere by Lemma 4.1. Taking an infimum on the left then gives

Jnf @c(x) <IDE o)y,

ie., infy;),=1 P (x) < ess infjg), =1 |[D( o )|, almost everywhere by the definition of an essential
infimum; see Definition A.4.

On the other hand, if &,, for n € N, is a countably dense collection in the unit sphere of (R")*, then we
have ®¢ (x) =|D(&,0¢)|, > ess infjg|,=1 |D(§ 0p)|, almost everywhere. By intersecting the sets where
this holds for different &, and since the collection is countable, we have that these hold simultaneously on
a full-measure set. Specifically, inf,cn P, (x) > ess infg), =1 [D(§ o¢)|,. By Lemma 4.2, we have that
& — ®g(x) is Lipschitz. Thus, almost everywhere,

inf ®(&, x) = inf ®(§,,x) >ess inf|D( o ;
lEll=1 (8, %) = Inf $(5n, ) o8 f|D(E 0y

which gives the claim.

Next fix & : U — (RV)* asin (2). Assume first that ®* (& ) =0 for pu-a.e. x € U. Set C = {x : d* (&,,)#0}
with u(C) =0. Since 1 (C) =0, we have Modp(Fé“) =0. Let I'p be the family of curves from Lemma 4.2.
We will show the claim for y € AC(Z; X)\ (I's U FZ). By Lemma 4.2(4), we obtain a null set E,, so that
for any & € (RV)* we have [(§ opoy),| < Pe(y)|y/l and t ¢ E,. Let F, be the set of ¢ E,, so that



476 SYLVESTER ERIKSSON-BIQUE AND ELEFTERIOS SOULTANIS

ly/| > 0 and ¥ (Eyt) £ (. Since 0 = fy lcds > ny |y/| dt, we have that the measure of F), is null. Now,
if 1 ¢ E,, UF,, then either |y/| = 0 (and the condition is vacuously satisfied), or the claim follows from
() =0.

On the other hand, suppose that §,, ((¢ o y);) =0forae.t e ¥y~ (U) and p-a.e. absolutely continuous
curve y. Let n be the g-plan from Lemma 4.1 and {m,} the disintegration given there. The equality
13%((@ oy);) =0 holds then for y-a.e. curve and a.e. t € yfl(U), since 7 is a g-plan (recall Remark 2.2).
Then for p-a.e. x we have ®¢(x) =0 or we have ®¢ (x) = [|§,((¢p o VIV L(x,)- In the latter case,
since 7 is a g-plan, we have for p-a.e. such x and w -a.e. (y, t) € Diff(f) Ne~!(x) that & .((poy);) =0.
Thus, the claim follows together with the properties of disintegrations and Corollary A.3, since the
essential supremum then vanishes.

The final claim about uniqueness follows since, if d; f were two p-weak differentials for i =1, 2,
then we could define &, = (d; f —d2f)/|ldi f —da|lx,« Wwhen d; f # dy f and otherwise &, = 0. We then
get immediately from the definition and the second part that ®* (&) = O for u-a.e. x € U. This would
contradict independence. O

4C. Charts. The presentation here should be compared to [Cheeger 1999, Section 4], and specifically to
the proof of Theorem 4.38 there, where similar arguments are employed. We first consider O-dimensional
p-weak charts. These correspond to regions of the space where no curve spends positive time.

Proposition 4.4. Suppose (U, @) is a O-dimensional p-weak chart. Then
Mod,(T'}}) = 0. (4-2)

Conversely, if U C X is Borel and satisfies (4-2), then (U, 0) is a O-dimensional p-weak chart of X.
Proof. Since (U, ¢) is a O-dimensional p-weak chart, we have

IDf|, =0 for p-a.e.in U, (4-3)
for every f € LIP,(X). Let {x,} C X be a countable dense subset, and f;, := max{l —d(x,, - ), 0}. By
[Ambrosio et al. 2008, Theorem 1.1.2] (see also its proof) and (4-3) we have

v/l = sup [(fu © V)il < sup IDfulp(v)ly/| =0 forae.tey ' (U),

for p-a.e. y € AC(I; X). It follows that fy xu ds =0 for p-a.e. y € AC(I; X), proving (4-2).
In the converse direction, (4-2) implies, for any f € LIP,(X), that

1 1
/0 xoI(f oyl di < LIP(f) /0 xorly,1di =0

for p-a.e. y € AC(I; X). Thus |(f oy);| =0 for p-a.e. y € AC(I; X) and a.e. 1 € y‘l(U). Then, by
Theorem 1.1, together with measurability considerations from Corollary A.3, this gives |[Df|, =0 pu-a.e.
on U for every f € LIP,(X), showing that (U, 0) is a O-dimensional p-weak chart. O

For the remainder of this subsection we assume that N > 1 and that (U, ¢) is an N-dimensional chart
of X. Denote by ® the canonical minimal gradient of ¢ (see Lemma 4.1).
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Lemma 4.5. The function & — ®*(£) is a norm on (RV)* for u-a.e. x € U. Moreover, for every
f € LIP(X) there exists a p-weak differential d f. That is, a Borel measurable map df : U — (RV)*
satisfying

(foy);=dyf(lpoy)) foraetey  (U),

for p-a.e. absolutely continuous curves y in X. The map d f is uniquely determined a.e. in U and satisfies
IDf|,(x) = ®*(df) p-a.e. inU.

Remark 4.6. The equation in the statement is an equivalent formulation of the definition of the p-weak
differential in Definition 1.6. Indeed, the latter follows by integration of the first, and conversely, the first
follows by Lebesgue differentiation. Further, it would be enough to consider only p-a.e. curve y € FZ}.
Indeed, if a curve y does not spend positive length in the set U, then |y/| =0 for a.e. t € y ' (U) and
both sides of the equation vanish.

Proof. First, consider f € LIP,(X). Since ®* is a norm if and only if 7 (¢)(x) > 0, Lemma 4.3(1) and
(1-5) imply that ®* is a norm for p-a.e. x € U.

Next, let f € LIP,(X) and consider the map ¥ = (¢, f) : X — R¥*!. Let W be the canonical minimal
gradient of /. Given £ € (R")* and a € R, we use the notation

E,a)e RYTH* v =, uy1) = EQ) +avyyg.

For p-a.e. x € U, we have W*(§,0) = ®*(§) and ¥*(0, a) = |a||Df|,(x) for every & € RMY*, a eR
(see Lemma 4.2(3) and (4)). Since ¢ is a chart, we have I (¢) = 0 almost everywhere. Thus, given that
I(p) >0, ker ¢* is a 1-dimensional subspace of (RV*T1y* Thus for u-a.e. x € U there exists a unique
E:=d,fe (RM)* such that U* (dy f, —1) =0, and the map x +— d, f is Borel; see, e.g., [Bogachev 2007,
Lemma 6.7.1]. By Lemma 4.3(2), df : U — (RV)* satisfies

0=(dy, f, —D((WF o)) =dy, fpoy))—(foy), forae.tey ' (U),
for p-a.e. y. Moreover, we have
1Dfp(x) — @ (de )| < W0, =1) =W (d, £, 0)| = W' (d f, —1) =0

for p-a.e. x € U, completing the proof in the case f € LIP,(X).

The case of f € LIP(X) follows through localization. Indeed, let xo € X be arbitrary, and consider the
functions 7, (x) := min{max{n — d(xo, d), 0}, 1} for n € N. Then, define f,, =n, f so that f,,|puy,n—1) =
f|B(xo,n—1)- For each fn we can define a differential dfn, and dfn |B(xo,min(m,n)—l) = dfmlB(x(,,min(m,n)—l)
(a.e.) for each n, m € N. Thus, we can define d f (x) =d f,,(x) for x € B(xp, n —1) with only an ambiguity
on a null set. It is easy to check that d f is a differential. U

4D. Differential and pointwise norm. Let |- |, := ®* and define
1/p
I,(T*U) ={§: U — (RY)* Borel : |€]lr, vy < o0}, €N, rwu) = </ 1§17 dM)
U

(with the usual identification of elements that agree p-a.e.). Then (I',(T*U), || - lr,(r+v)) is a normed
space. Observe that, if V; := U N{I(p) > 1/j}, the sets U; :=V; \ Ui<j V; partition U up to a null-set



478 SYLVESTER ERIKSSON-BIQUE AND ELEFTERIOS SOULTANIS

and we have an isometric identification
L (T*U) ~ @ T, (T*U)),  where T, (T*Uj) ~ LP (U;: (RM)"). (4-4)
r
Thus (I',(T*U), || - lIr,(r*v)) is a Banach space. Recall, that an £ ,-direct sum of Banach spaces B; with
norms || - ||, with countable index set / is defined by

P B == (iicr : l@iesll = (il 57, v € By).
o

Lemma 4.7. Suppose ( f,,) CLIP,(X) is a sequence such that f,, — f in LP(X) anddf, — & inT ,(T*U)
for some f € N'"P(X) and § € L p(T*U). Then & is the (uniquely defined) differential of f in U, and

lim [ [D(f, — NIfdu=0.
n—oo U

In particular, (&, -) = |Df|, p-a.e. in U.

Proof. By Lemma 4.5 and Fuglede’s theorem [1957, Theorem 3(f)] (applied to the sequence of functions
hn = xu(Yoldy, fu — 13% l,, and f,,) we can pass to a subsequence so that

1 1
lim/ xuI(faoy)i =&, (poy)pldr < lim/ xu ()l dy, fo =&, 1y, v/ dt =

1
nlg’go-/(; | fn(ve) — f(vo)] |)/,/|dt =

for p-a.e. y € AC(I; X). Fix a curve y where (4-5) holds and f,, oy, f oy are absolutely continuous.
We may assume that y is constant-speed parametrized. By (4-5), f, oy — f oy in L'([0, 1]) and
(fuoy) — gin L'(y~1(U)), where g (1) := xu (1§, (¢ o ¥)}). It follows that

(foy),=§,(poy)) aetey '(U).

This shows that & is the differential of f, and uniqueness follows from Lemma 4.3(3). The identity
((f = fa)oy); = (E)/t dfy)((poy);) forae.t € y~L(U), for p-ae. y € AC(I; X), together with
Lemma 3.2(3), implies ®*(§ —d f,) < |D(f — fu)l, for p-a.e. x € U. By the convergence d( f,, — f,) —
§ —df, (asm — o0o) we have |D(f, — fn)lp —>m—soo ®(§ —df,) in LP(U), and thus [D(f — fn)|p =
®*(§ —df,) n-ae.in U. Thus [D(f — f,)|, = ®*(§ — d f,) converges to zero in L”(U). The equality
&g =|Df|, follows, completing the proof. U

We say that a sequence (§,), C I',(T*U) is equi-integrable if the sequence {|§,[.}, C L?(U) is
equi-integrable. Recall, that a collection of integrable functions F is called equi-integrable, if there is a M
so that |’ x |f1Pdu < M for every f € F and if for every ¢ > 0, there is an § > 0 and a positive measure
subset 2., so that for any measurable set £ with u(E) < §, we have fg( ug | f17du < ¢ foreach f € F.
By the Dunford—Pettis theorem a set of L' functions is equi- 1ntegrable if and only if it is sequentially
compact; see for example [Dunford and Schwartz 1958, Theorem IV.8.9].

Remark 4.8. It follows from (4-4) that, if (§,), C I',(T*U) is equi-integrable, then there exists § €
I'p(T*U) such that §, — & weakly in I ,(T*U) up to a subsequence and, by Mazur’s lemma, that a
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convex combination of §,’s converges to § in I',(T*U). Indeed, the p > 1 case is direct and the p =1
case uses the Dunford—Pettis argument above.

Next, we show that any Sobolev function f € N7 has a uniquely defined differential with respect to
a chart. Note, however, that here we still postulate the existence of charts.

Proof of Theorem 1.7. The measurable norm |- |, is given by Lemma 4.5. Let f € N L.r(X). Lemma 4.3(3)
implies that d f, if it exists, is a.e. uniquely determined on U. Let (f;;) C LIP;(X) be such that f, — f
and |Df,|, — |Df], in LP (1) as n — oo, which exists by [Eriksson-Bique 2023, Theorem 1.1]. By
Lemma 4.5, (df,), C I',(T*U) is equi-integrable. It follows that there exists § € I',(T*U) such that
df, — & weakly in L?(T*U); see Remark 4.8. By Mazur’s lemma, a sequence (g,) C LIP,(X) of
convex combinations of the f,’s converges to f in L”(u) and dg, — & in I",(T*U). By Lemma 4.7,
& =:df is the differential of f. The linearity of f + df follows from the uniqueness of differentials;
see Lemma 4.3(3). U

The proof above also yields the following corollary. Note that, while the claim initially holds only
after passing to a subsequence, since the limit is unique, the convergence holds along the full sequence.

Corollary 4.9. Let (U, ¢) be a p-weak chart of X. Suppose that f € NP (X) and (f,) C LIP,(X)
converges to f in energy, thatis, f, —r» f and |Df,|, — prr |Df|,. Then we have that d f, — d f weakly
inT,(T*U).

Using Lemma 4.3 we prove that the differential satisfies natural rules of calculation. The following
properties are stated for f, g € N'"7(X), but they would equivalently hold if we assumed only we have
the local assumption f, g € N7 (X).

For the following, recall that if A C R is a measurable set, then ¢ is a density point of A if

. JAN[t—=h,t+h]|
lim
h—0 2h

Here | - | denotes the Lebesgue measure of the set.

=1.

Proposition 4.10. Let (U, ¢) be an N-dimensional p-weak chart of X, f, g € N"?(X),and F: X — Y
be a Lipschitz map into a metric measure space (Y, d, v) with Fypu < Cv for some C > 0:

(1) If (V, ) is a p-weak chart with ¢|ynv = ¥|unv then the p-weak differentials of f with respect to
both charts agree p-a.e.on UNV.

) If fla = gla for some A, thendf =dg u-a.e. on ANU.
) If f,g e L°(X)NN'P(X), then d(fg) = fdg + gdf p-a.e. on U.
@ If he C'\(R)yand ifho f € NVP(X), thend(ho f) =h'(f(x))df(x) holds u-a.e. on U.

(5) Let (V, ) be an M-dimensional p-weak chart of Y with w(UNF~1(V)) > 0. For pui-a.e. UNF~1(V)
there exists a unique linear map D, F : RN — RM satisfying the following: if h € NP (Y) and E is
the set of y € V where the differential d,h does not exist, then (U N F~YE))=0and

di(hoF)y=dpuho D F for p-a.e.x e UNF~ YV \ E).
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Proof. Claim (1) follows from Lemma 4.3(2) and the fact that (poy); = (Y oy); forae. t € y~Lunv),
for p-a.e. y € AC(I; X). Indeed, for p-a.e. curve and a.e. r € y ' (U N V) both derivatives agree since a
generic such ¢ will satisfy either |y/| = 0 or that ¢ is a density point of y ~1(U N V). In both cases the
equality follows.

Claim (2) is similar. Define d' f = df if x € U \ A (when defined) and d’' f = dg for x € A. Now,
suppose for p-almost every absolutely continuous y we have (f oy); =df,,(poy); forae.r e y )
and (goy), =dg,, (poy),. We will verify for almost every t € y ~1(U) that (foy), =d'f,, (¢ oy), so that
d’f is a differential. Then, by uniqueness it agrees with d f. Now, almost every t € y ~!(U) will satisfy
that (f oy), and (goy), exist and one (or more) of the following: |y/| =0,  is a density point of y ~' (A),
or ¢ is a density point of y "' (U \ A). In the first and last cases the equality (f oy), =d’ fy(poy),is
obvious. In the second case (f oy); = (goy); because ¢ is a density point.

To prove (3) note that, since we have (fgoy); =g(y)(foy),+ f(y)(goy); for a.e. t for p-a.e. curve
y € AC(I; X), it follows from (1-6) that

dy, (f&)(@oy)) =) dfy, (o y))+ f(v)dg,((poy)) forae.tey ' (U),

for p-a.e. y € AC({; X). By Lemma 4.3(2) and (3) the claimed equality holds.

The argument is similar to before. Indeed, for p-a.e. absolutely continuous y we have that f oy is
absolutely continuous and (f oy); =df),(poy);. Then ho f oy is differentiable whenever f oy is,
with derivative (ho f oy), =h'(f(y:))(f oy);. Therefore, h'(f(x))d fy is a p-weak differential, and by
uniqueness it is the p-weak differential.

Finally, for (5), let G = (G, ..., Gy) = ¥ o F € LIP(X; RM) and define the expression D, F :=
(dyGy,...,dGp) : RN — RM for p-a.e. x € UN F~1(V). We have that

(WoFoy),=D,F((poy),) forae.tey '(U),

for p-a.e. y € AC(I; X). Note that if # and E are as in the claim, then (U N F~'(E)) < Cv(E) = 0.
To show the claimed identity, let I'o C C(I; Y) be a path family with Mod, I'g = 0 such that

(hoa), =dy,h((Y o)) forae.tea ' (V),

for every absolutely continuous « ¢ I'g, and set I'} = F~ITy := {y e C(; X): Foy €TIp}. Since
Mod, I'y < C LIP(F)? Mod,(I'g) = 0 it follows from the two identities above that

(hoFoy);=dpu)h((Y o Foy),) =dpy,)h(D,,((9poy);)) forae.te y HUNFY(V)),
for p-a.e. y € AC(I; X). Lemma 4.3(2) and (3) imply the claim. O

4E. Dimension bound. In this section we give a geometric condition which guarantees that finite
dimensional weak p-charts exist. This involves a bound on the size of p-independent Lipschitz maps.
As a technical tool we need the notion of a decomposability bundle V (v) of a Radon measure v on R";
see [Alberti and Marchese 2016]. We will not fully define this here, as we only need some of its properties.
Firstly, let Gr(m) be the set of linear subspaces of R” equipped with a metric d(V, V') defined as the
Hausdorff distance of V N B(0, 1) to V' N B(0, 1). The linear dimension of a subspace V is denoted
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by dim(V). The decomposability bundle is then a certain Borel measurable map R™ — Gr(m), which
associates to every x € R™ a subspace V (v), € Gr(m). In a sense, this bundle measures the directions
in which a Lipschitz function must be differentiable in (at almost every point). We collect the main
properties we need for this bundle and briefly cite where the proofs of these claims can be found.

Theorem 4.11. Suppose that v is a Radon measure on R™. Then there exists a decomposability bundle
V (v) with the following properties:

(1) If dim(V (v),) =m for v-a.e. x € R™, then v < A.

(2) There is a Lipschitz function f : R" — R so that for v-a.e. x € R™ we have that the directional
derivative of f does not exist in the direction v for any v € V (v),.

B) If vV < v, then V(V)y =V (V) forv'-a.e. x € R™

Proof. The first follows from [De Philippis and Rindler 2016, Theorem 1.14] when combined with
[Alberti and Marchese 2016, Theorem 1.1(i)]. The second claim follows from [loc. cit., Theorem 1.1(i1)].
Note that the second claim is vacuous for those points x € R where the decomposability bundle has
dimension m. The third claim is [loc. cit., Proposition 2.9(i)]. U

The following lemma gives a modulus perspective to the decomposability bundle.

Lemma 4.12. Assume N > 1, ¢ : X — RV is Lipschitz, U C X is a Borel set of bounded measure and
v = @.(|y). Then, for p-a.e. curve y and almost every t € y*I(U) we have that (¢ o y); exists and
(po V); € V(V)(p(yl)-

Proof. By part (ii) of Theorem 4.11, there is a Lipschitz function f : RN — R, so that for v-almost every
x € RY and any v ¢ V (v), we have that the directional derivative D, ( f) = limy,_.o(f (x +hv) — f(x))/h
does not exist. Let A C RY be a full v-measure Borel set so that this claim holds.

Let B = ¢~ '(RY \ A)NU, which is p-null. The family FZ{ has null p-modulus. We will show that
the claim holds for p-a.e. y € AC(I; X) \ Fg. The derivatives (¢ o y); and (f o ¢ o y); exist for almost
every t € y1(U). Also, for a.e. t € I we can either take |y/| =0 or y, ¢ B and so (poy), € A, since
y & F;. If |y/| =0, then (poy); =0 € V(v)y(,). In the other case, when y; ¢ B, the function f does
not have a directional derivative for v & V (V) (40y),. The only way for both (¢ o y); and (f opoy); to
exist then is if (¢ 0 y); € V(V)y(y,), Which gives the claim. [l

The following should be compared to [Cheeger 1999, Lemma 4.37].
Proposition 4.13. Suppose ¢ € LIP(X; R") is p-independent on U. Then N < dimy U.

Proof. By restriction to a subset of the form U N B(xg, R) for xg € X, R > 0, of positive measure, it
suffices to assume that U has finite measure. The claim is automatic, if dimg U = 0o. Thus, assume that
the Hausdorff dimension is finite. Set v = ¢, (u|y) and let V (v) be the decomposability bundle of v. If
V (v)x has dimension N for almost every x with respect to v, then v << A by Theorem 4.11(1) and thus
HN (p(U)) > 0, since v is concentrated on ¢(U). Then N < dimy (¢(U)) < dimpy (U).

Suppose then to the contrary, that there exists a subset A C U with positive v-measure where V (v), has
dimension less than dimg (U) for each x € A. We can take A to be Borel. Consider ' = Mlp-1(4)> Which has
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push-forward v = v|4 = ¢, (u’). By the third part in Theorem 4.11 we have that V (V') = V (v), for v'-a.e.
x € A. Further ¢! (A) C U, so ¢ is still p-independent on ¢ ~'(A) = U’. Now, by considering U’ instead
of U and v instead of v, we have that V (1"),(r) has dimension less than N for v’-almost every x € U. In the
following, we simplify notation by dropping the primes, and restricting to the positive measure subset U’ so
constructed. For v-almost every x € U, we have that V () () is a strict subspace of RY, and thus there are
vectors perpendicular to these. Since x — V (V) (x) is Borel, we can choose a Borel map x — &, € (RV)*
so that §, is a unit vector that vanishes on V (v),(y) for u-a.e. x € U (see, e.g., [Bogachev 2007,
Theorem 6.9.1], which is an instance of a Borel selection theorem). Let U C U be the full measure subset
where these properties hold for every x € U. Now, by Lemma 4.12 we have for p-a.e. curve y that (poy), €
V (V) (y,) for almost every ¢ € y ~1(U). The set U \ U has null measure, and thus F; ¢ has null modulus.

Thus, for p-a.e. curve y € AC(I; X) and a.e. t € y~!(U) we can further assume y; € U or ly/|=0.
Therefore, & " ((poy);) =0 for almost every 7 € y ~1(U) and such curves y. By part (2) of Lemma 4.3, we
have that I (¢) < ®*(&,) =0 for u-a.e. x € U. This contradicts p-independence and proves the claim. [J

4F. Sobolev charts. By definition, a p-weak chart is a Lipschitz map which has target of maximal
dimension with respect to Lipschitz maps. The notions of p-independence and maximality, however,
are well-defined for any Sobolev map, and in fact p-weak charts could be required to have Sobolev
(instead of Lipschitz) regularity. Despite the apparent difference of the alternative definition, the existence
of maximal p-independent Sobolev maps also guarantees the existence of p-weak chart of the same
dimension. This follows from the energy density of Lipschitz functions, see [Eriksson-Bique 2023],
together with results of the previous subsection.

Proposition 4.14. Suppose p > 1, and ¢ € N“P(X; RN) is p-independent and p-maximal in a bounded
Borel set U C X. For any ¢ > 0 there exists V C U with u(U \ V) < ¢, and a Lipschitz function
Y : X — RN such that (V, ) is an N-dimensional p-weak chart.

Proof. For any V C U with u(V) > 0, let ny be the supremum of numbers n so that there exists
Y € LIP,(X; R") which is p-independent on a positive measure subset of V. By the maximality of N we
have that ny < N. Thus ny is attained for every such V and, by [Keith 2004a, Proposition 3.1], there
is a partition of U up to a null-set by p-weak charts V;, i € N, of dimension < N. By [Eriksson-Bique
2023, Theorem 1.1], Corollary 4.9 (with a diagonal argument) and Mazur’s lemma we have that, for
each component ¢; € N7 (X) of ¢, there exists a sequence (W) C LIP,(X) with [ D(gx — ¥)|p — 0
in LP(V;). Thus, |D(¢x — ¥;))|, — 0in LP(U). Here, we use that |D(gr — )|, < |Doilp + DY
and the L?-convergence of the right-hand side from [Eriksson-Bique 2023].

If ® and W, denote the canonical minimal gradients associated to ¢ and ¥" := (Y, ..., ¥y), we have
N
sup D (€, ) — W, (&, )| <ess sup| D(E o (9 — Y™, < D ID(x —¥{)l, p-ae.inU.
lEl=1 €l =1 P

It follows that
lim w(U\{I") > 0}) =0,
n—oo

completing the proof, since ¥" is p-independent and maximal on the set {/ (") > 0}. ]
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Another condition in this context is strong maximality: a map ¢ € N'7(X; RV) is strongly maximal
in U C X if no positive measure subset V C U admits a p-independent Sobolev map into a higher-
dimensional Euclidean space. This condition excludes not only Lipschitz, but also Sobolev functions
into higher-dimensional targets, and is thus a priori stronger than maximality. However, it follows from
Proposition 4.14 that a maximal p-independent Sobolev map is also strongly maximal. Conversely, if one
has a Lipschitz chart, then the Lipschitz chart is also strongly maximal.

4G. p-weak charts in Poincaré spaces. Recall that a metric measure space X = (X, d, u) is said
to be a p-PI space if u is doubling, and X supports a weak (1, p)-Poincaré inequality: there exist
constants C, o > 0 so that, for any f € L!(X) with upper gradient g, we have

1/p
][ |f — fBldu §Cr<][ gpdu)
B oB

for all balls B C X of radius . Here i =fB hdu=0/u(B)) fB hdpforaball BC X andhe L' (B). The
celebrated result from [Cheeger 1999] states that a PI-space admits a Lipschitz differentiable structure. We
will return to this structure in Section 6B, but here recall the constructions from [Cheeger 1999, Section 4].
Cheeger’s paper does not employ the following terminology, but it simplifies and clarifies our presentation.
Given a Lipschitz map ¢ : X — R" and a positive measure subset U C X the pair (U, ¢) is called a
Cheeger chart if for every Lipschitz map f: X — R and a.e. x € U there is a unique element d¢ , f € (RV)*

satisfying
Lip(dc.x fop — f)(x) =0. (4-6)

This equality is equivalent to (1-4).

Proof of Theorem 1.8. Let (U, ¢) be a p-weak chart of dimension N and let f € LIP(X). Denote by &
the canonical minimal gradient of (¢, f) : X — R¥T!; see Lemma 4.1. Since X is a p-PI space, it follows
that Liph = |Dh|, p-a.e. for any h € LIP(X); see [Cheeger 1999, Theorem 6.1]. (In fact, the slightly
easier comparability from Lemma 4.35 of that work suffices for the following.) Then, for any & € (RV)*
and for p-a.e. x € U, we have

Lip(6op — f)(x) = ®* (5, —1), §e ®RY)"

Arguing using in the proof of Lemmas 4.1 and 4.5 we obtain this equality, simultaneously, for a.e. x € U
and for any £ € A for a dense subset of A C (RV)*. From this, and the continuity of both sides in &, we
obtain that for u-a.e. x € U, the equality holds simultaneously for all £ € (RV)*.

Since the p-weak differential d f is characterized by the property ®*(d f, —1) =0 for u-a.e. x € U,
it follows that, for u-a.e. x € U, d, f € (RV)* satisfies (4-6). Thus (U, ¢) is a Cheeger chart. The
uniqueness follows from the equality in a similar way. ([l

Remark 4.15. The proof of Theorem 1.8 also yields the claim under the weaker assumption Lip f <
w(|Df],) for some collection of moduli of continuity @ (compare Theorem 1.10) since the equality
Lip f = |Df|, follows from this by [Ikonen et al. 2022, Theorem 1.1].
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5. The p-weak differentiable structure

5A. The p-weak cotangent bundle. A measurable L*°-bundle T over X consists of a collection
({Ui, Vi xDier together with a collection ({¢; ; }) of transformations with a countable index set I, where:

(1) U; C X are Borel sets for each i € I, and cover X up to a pu-null set.

(2) Forany i € I and p-a.e. x € U;, Vi = (V;, | - |ix) is a finite-dimensional normed space so that
X > |vl|; x is Borel for any v € V;.

(3) Forany i, j €l and u-a.e. x e U;NUj, ¢; j«: Vix— V] is anisometric bijective linear map satisfy-
ing the cocycle condition: for any i, j, k € I and p-a.e. x € U;NU;NUy, we have @; i x o P; j x =ik x-

For each i € I and p-a.e. x € U;, we denote by 7, the equivalence class of the normed vector space V;
under identification by isometric isomorphisms. By (3), 7 is well-defined for p-a.e. x € X.
We now show that a p-weak differentiable structure </ on X gives rise to a measurable bundle.

Proposition 5.1. Let p > 1, and let {(U;, ¢;)} be an atlas of p-weak charts on X. The collection
{((U;, (RN |- lix)} forms a measurable bundle over X, the transformations given by the collection
{D®; ; .} constructed in Lemma 5.2.

First, we construct the transformation maps.

Lemma 5.2. Let (U;, ¢') be N;-dimensional p-weak charts on X, with corresponding differentials d'
and norms |- |; x fori =1,2. If n(UyNUy) > 0, then Ny = N := N and, for p-a.e. x € Uy N Uy, there
exists a unique bijective isometric isomorphism D®1 : (RMY*, |- l1.x) — (RMY*, |- |2.x) such that
d! f= dzf o D®y o . Further D®| 5 . satisfies the measurability constraint (2).

In the proof, we denote by <pi, ey goﬁ\,l_ the components of ¢'.
Proof. For pu-a.e. x € Uy N U,, define
D,=D=('g],...,d%¢y ) : R - RM.
D is a linear map satisfying, for all £ € (RV)*,

EoD((¢?oy))) =E((p' oy))) forae.tey ' (UiNU), (5-1)

for p-ae. y € FZMWUz' Note that, by the uniqueness of differentials, D is the unique linear map satisfying
(5-1) for p-a.e. curve. By Lemma 4.3(2) it follows that

€0 Doy =1y, &€ RV,

for p-a.e. x € Uy NU,. Thus D* is an isometric embedding and in particular Ni < N;. Reversing the roles
of ¢! and ¢? we obtain that N; = N; and consequently D®; 5 , := D*: (RN)*, |- 1) = (RM)*, | - |2.x)
is an isometric isomorphism for p-a.e. x € U; N U;.

For any f € NP (X), the identity d)lcf = d)ch o D® 5, for p-a.e. x € Uy N U, follows from (5-1)
and (1-6). [l
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Proof of Proposition 5.1. Conditions (1) and (2) are satisfied by Lemma 4.2. The cocycle condition
follows from Lemma 5.2. O

Definition 5.3. We call the measurable bundle given by Proposition 5.1 the p-weak cotangent bundle
and denote it by T;,"X. We define T;"XX = ((RM*,]-]y) and T, X = (RN, |- |4.) for almost every
x € U, where (U, ¢) is an N-dimensional p-weak chart and |- |, the norm given by the canonical minimal
gradient ®; see Lemmas 4.1 and 4.5. The spaces T, , are here defined pointwise almost everywhere. By
considering the adjoints of transition maps in the definition above, one can patch these together to form a
measurable L°° tangent bundle, which is dual to TP*X , whose fibers are T),  X.

The next proposition establishes the existence of a p-weak differentiable structure under a mild finite
dimensionality condition.

Proposition 5.4. Suppose X is a metric measure space and {X;};en a covering of X with dimyg X; < oo.
Then, for any p > 1, X admits a p-weak differentiable structure. Moreover, N < dimy X; whenever
(U, @) is an N-dimensional p-weak chart with u(U N X;) > 0.

Proof. For any Borel set U C X with u(U) > O there exists i € N such that u(U N X;) > 0. By
Proposition 4.13 we have that N < dimg (U N X;) whenever ¢ € LIP,(X; RY) is p-independent in a
positive measure subset of U N X;. Using [Keith 2004b, Proposition 3.1] we can cover X up to a null-set
by Borel sets U for which there exist ¢, € LIP,(X; RV¥) that are p-independent and p-maximal on Uy.
The collection {(Uk, ¢r)}ren is a p-weak differentiable structure on X. The last claim follows by the
argument above. (]

5B. Sections of measurable bundles. A measurable bundle 7 over X comes with a projection map
w:T — X, (x,v) — x, and a section of T is a collection w = {w;: U; — V;} of Borel measurable
maps satisfying 7 o w; = idy, p-a.e. and ¢; j ,(w;) = w; for each i, j € I and almost every x € U; N U;.
Observe that the map x — |w(x)|, given by

lw(x)]y = |wi(x)|;x foru-a.e. x eU; (5-2)
is well-defined up to negligible sets by the cocycle condition and the fact that ¢; ; . is isometric.
Definition 5.5. For p € [1, oo], let I",(T) be the space of sections w of 7 with

lollp = llx = [0 @)l llrge) < 00

We call I', () the space of p-integrable sections of 7. The space I';, (7, X) is called the p-weak cotangent
module.

Note that I',(7"), equipped with the pointwise norm (5-2) and the natural addition and multiplication
operations, is a normed module in the sense of [Gigli 2015]. Recall that an L”-normed L°°-module over X
is a Banach module (.7, || - ||) over L*°(X), equipped with a pointwise norm |- | : X — R that satisfies

1/p
lgm|=|g|Im| and ||m||=(/ Imlfdu(X))
X
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forall m € .# and g € L*(X). We refer to [Gigli 2015; 2018] for a detailed account of the theory of
normed modules.

Next we consider the p-weak cotangent module I' p(T;X ). For a p-weak chart (U, ¢) of X and
f € NLP(X), denote by d,) f the differential of f with respect to (U, ¢). Lemma 5.2 implies that the
collection of differentials with respect to different charts satisfies the compatibility condition above.

Definition 5.6. Let p > 1, and suppose < is a p-weak differentiable atlas of X. For any f € N7 (X),
the differential d f € I',(T); X) is the element in the p-weak cotangent module defined by the collection
{dwp f:U = RN} w.pew-

We record the following properties of the differential.

Proposition 5.7. Let A C X be a Borel set and F : X — Y a Lipschitz map to a metric measure space
(Y, d, v) admitting a p-weak differentiable structure, with F,u < Cv.

(1) If f, g € N"P(X) agree on A C X, then df = dg u-a.e. on A.

() If f,g e N"P(X)NL>®(X), then d(fg) = gdf + fdg p-a.e.

(3) If E is the set of y € Y for which T[;"’yY does not exist, then W(F~'(E)) = 0 and, for p-a.e.
x € X\ F~Y(E) there exists a unique linear map D, F : TpxX — Ty )Y such that

dy(ho F) =dpxyho D F for p-a.e. x,
for every h € NP (Y).
@ Ifhe C'(R)and if ho f € N'"P(X), thend(ho f)=h'(f(x))df.
b)) If fi € NY“P(X) and there is a function f € L? and a w € F,,(T;X) so that lim;_, ~ fi = f(x)
converges in L (X) and d f; — w converges in Fp(T;X), then, there is a function f e NP (X) so
that f = f almost everywhere with d f = w.

Proof. The proofs of the first four claims follow directly from Proposition 4.10 together with the
compatibility condition of sections. Indeed, one can verify the identities for each chart (U, ¢), from
which the identities follows for everywhere.

Consider now f; € N'7(X) which converge in L?(X) to f € LP(X) and so that d f; converge in
F,,(T;X) tow € F,,(T;X). We have therefore that g; = |Df;|, = |d f;| converges in LP~to g =|wl|.
By Fuglede’s theorem [1957, Theorem 3(f)] we can pass to a subsequence so that f; — f converges
pointwise and so that

fIfi—];|dS—>0 and /|g,~—g|ds—>0
14 14

for p-a.e. absolutely continuous curves y : [0, 1] — X. Then, for all such curves, we have that
| fi(y (0) — fi(y (D)| < [, gids, which converges to
) = For () s/gds.
y

Thus f € NP, Finally, one only needs to show that w =d f. This follows by another diagonal argument
and computing df in charts using the argument from Lemma 4.7. U
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We finish the subsection with a proof of the density of Lipschitz functions in Newtonian spaces.

Proof of Theorem 1.9. Let f € NP (X). By [Eriksson-Bique 2023], there exists a sequence ( f;,) C LIP,(X)
with f, — f and |Df,|, — |Df|, in LP(w). It follows that (df,) C I',(T*X) is equi-integrable,
and Remark 4.8 and Lemma 4.7, together with a diagonalization argument over a union of charts
covering X, show thatd f, > d f in T’ »(T*X) for convex combinations fu €LIP,(X) of f,’s. Consequently
ID(fu— )l = 0in LP (). O

5C. Dependence of the p-weak differentiable structures on p. Suppose 1 < p < g. We have that
|IDf|, < |Dfl,; mn-a.e. for every f € LIP,(X), and the inequality may be strict; see [Di Marino and
Speight 2015]. As a consequence, if ¢ € LIP,(X; R") is g-maximal in U C X, then it is p-maximal.
It follows (using this dimension upper bound and [Keith 2004b, Proposition 3.1]) that if X admits a
g-weak differentiable structure then X also admits a p-weak differentiable structure. We remark that the
structures may be different.

For the following statement we say that a bundle map 7 : T — T’ between two measurable bundles
T = (Ui, Viy}, {di1x)ier and T' = (U, Vj/’x}, {Vjkx}jes over X is a collection of linear maps
{7ijx:Vi—> Vj’} for p-a.e. x e U; N U/’ such that

(a) foreachi €1, j e Jthemap x — m; j(v) : U;N Uj/ — Vj’ is Borel for any v € V;,

(b) foreachi,l €1, j,ke Jand u-ae. x cU;NU; N Ujf N U;, we have the compatibility condition

Vikx O jx =1 jx O/

When the underlying index sets agree and U; = V; for all i € [, it is sufficient to consider the family
{mix ;=i x}, since these determine a unique bundle map.

Proposition 5.8. Suppose g > p > 1 and X admits a g-weak differentiable structure. Then X admits
p-weak differentiable structure and there is a bundle map 7, , : Tq*X — T X which is a linear 1-Lipschitz
surjection -a.e. Moreover, this map satisfies 7w, 4 =m,s0ms 4 forq>s > p,andmw, ,(d, f) =d, f
forany f € LIPy(X), where d, f,d, f are the p- and q-weak differentials respectively.

Proof. Since X admits a g-differential structure, we can find g-charts (U;, ¢;,.;) so that X =, en Ui UN,
with u(N) =0, and ¢, ; € N Lp(X; R™) is Lipschitz. Assume that U; are chosen to be pairwise disjoint.
As |Df|, < |Df|, (a.e.) for any f € LIP,(X), any p-independent map is also g-independent. Any map
@ € N“P(X; R") which is p-independent on some positive-measure subset of U; must have n < m;; see
Proposition 4.14. By [Keith 2004b, Proposition 3.1] and this dimension bound we can cover X by maximal
p-independent maps, i.e., charts, (V;, ¢, ;). By considering the countable collection of sets V; N U;, and
reindexing, we may assume that (U;, ¢, ;) and (U;, ¢, ;) are g- and p- charts, respectively.

We define the matrix A, for x € U; by taking as rows the vectors d;. pgo(';’i for each component
k=1,...,m;. We define the bundle map 7, , by setting n;’q(S) =& o0 A, for p-a.e. x € U;. For each &
we getd,(§ 0@, ;) =& o Ay. Thus, for p-a.e. curve y € AC(I; X) and a.e. t € y ~1(U) we have

g(goq,i © V); =¢o Ax)(‘/)p,i ° V);
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By the definition of the differential, we get immediately that 7, ,(d, f) =d,, f for every f € LIP,(X).
Thus, the 1-Lipschitz property follows immediately from the definition of norms combined with |[Df], <
|Df|,. The map is clearly a surjective bundle map as well, and by uniqueness of the p-differential, we
automatically get 7w, s o 75 4, = 7)) 4. g

6. Relationship with Cheeger’s and Gigli’s differentiable structures

6A. Gigli’s cotangent module. Fix p > 1. Gigli’s cotangent module is the L?”-normed L°°-module given
by the following theorem.

Theorem 6.1. There exists an LP-normed L>*-module LP(T*X), with pointwise norm denoted by | - |,
and a bounded linear map dg : NP (X) — LP(T*X) satisfying

ld6 fl = IDflp,  feN"P(X), (6-1)
such that the subspace V defined by
M
V= :Z xa,dc fj : (A;); Borel partition of X, f; € Nl’p(X)}
J

is dense in LP(T*X). The module LP(T*X) is uniquely determined up to isometric isomorphism of
normed modules by these properties.

Following [Gigli 2018, Definition 1.4.1] we say that a collection {vy, ..., vy} C LP(T*X) is linearly
independent in a Borel set U C X if, whenever g, ..., gy € L°°(X) satisty |Zjv g,-vj‘G =0 p-ae.
on U, we have gy = --- = gy = 0 p-a.e. in U. A linearly independent collection {vy, ..., vy} in U

is a basis of LP(T*X) in U if, for any v € L?(T*X), there exists a Borel partition {U;};cn of U and
g’i, ces gfv € L*(X) such that |v — Zjv gj’:vjic =0 p-a.e. on U;, for every i € N.

Definition 6.2. Let p > 1. The cotangent module L? (T*X) is locally finitely generated if there exists a
Borel partition such that L?(7*X) has a finite basis in each set of the partition.

By [Gigli 2018, Proposition 1.4.5], there exists a Borel partition {Ax } yenu{oo) Of X such that L? (T*X)
has a basis of N elements on Ay for each N € NU {oo}. We call the partition {Ay} the dimensional
decomposition of X. Notice that LP(T*X) is locally finitely generated if and only if ©(As) = 0.

In the forthcoming discussion we identify vectors (and vector fields) & € RY with their dual element
v — v - & where necessary.

Lemma 6.3. Let p>1,N>0,¢0=(¢1,...,0N) € Nl’p(X)N, and © be the canonical minimal gradient
associated to ¢. If g = (g1, ..., gn) € L®(X; (RV)*), then

N
Z gkdG gk
k=1

In particular, ¢ is p-independent on U C X if and only if dg¢y, ...,dgen € LP(T*X) are linearly

=®"(g) forp-ae x €X.
G,x

independent on U.
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Proof. If g1, ..., gy are simple functions, then g = Z;VI X 4,&; for disjoint Borel A; and some &; € (RN)y*,
It follows that Z,ivzl grdgor = Z;” xa; dg (§j o @) as elements of L”(T*X). Thus
N M M
D adoor| =D xa;dEop)| =) xalDE o), =D (g)
k=1 * J * J

for u-a.e. x € X.

The estimate N

N 1/ 1/ N
@< (let) (Y 1bal) <clgl YD
g < gl?) (D IDelh) < Clgl )Y 1Dglp,
k k k

valid for all simple vector-valued g, implies that the equality in the claim is stable under local L*°-
convergence of g. Since simple functions are dense in L°, the claim follows. The remaining claim
follows in a straightforward way from the equality. (I
Remark 6.4. If ¢ € LIP(X; RN) is a chart in U, and feN L. (X)), then for the canonical minimal upper
gradient ®*(a, &)) of (f, ¢) € Nlt’cp(X; RN*1) we have by Lemma 4.3(2) that ®*(1, —d f) = 0. Thus,
by the previous lemma, we get dg f — Z,Ic\’:] g“dger = 0, where g* are the components of df and
@y are the components of ¢. Indeed, this follows by considering this first on the sets Uy = {x € U :
Ig¥(x)| <M, k=1,...,N}and sending M — oo combined with locality.

Lemma 6.5. If (U, ¢) is an N-dimensional p-weak chart in X, then the differentials of the component
Sfunctions dg¢y, . .., dgon form a basis of LP(T*X) in U.

Proof. By Lemma 6.3, dg oy, . ..,dgen € LP(T*X) are linearly independent on U. To see that they span
LP(T*X)in U, let f € N'P(X), and set g :=d f(ex) for each k =1, ..., N, where ¢ is the standard
basis of RV. Then, since dg; = e, where e* is the dual basis of (RY)*, we get df = Y_p_, gx dgx. Thus,
by Remark 6.4 we have dg f = Z,ivzl gr dgr. Since the abstract differentials dg f span L?(T*X), this
completes the proof. O

Lemma 6.6. Suppose p > 1 and X admits a p-weak differentiable structure. There exists an isometric
isomorphism v : T, (T;X) — LP(T*X) of normed modules satisfying

(df)=dgf. feN""X). (6-2)

The map t is uniquely determined by (6-2).
Uniqueness here means that if A: T’ p(TIj‘X ) — LP(T*X) is L°°-linear and satisfies (6-2) then A = .
Proof. The set

M

W= {Z xa,df;j : (A;); Borel partition of X, f; € Nl’P(X)}
J

is dense in Fp(T[;k X), since it contains all the simple Borel sections of T;‘X . We set

M M
t(v) ::ZXA].dej, U:ZXAjdfj ew.
‘We have that Mj M ’
L)l =Y xa|Dfjlp =Y xaldfil =Iv| p-ae.
J J
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for v € W. This implies that ¢ is well-defined and preserves the pointwise norm on the dense set WW. By
Remark 6.4 we have that ¢ is linear. Since ¢(WW) =/, it follows that ¢ extends to an isometric isomorphism
L FP(T;‘X) — LP(T*X). Note that ((d f) = dg f for every f € NL:P(X), establishing (6-2).

To prove uniqueness, note that if A : F,,(TI;“X) — L, (T*X) is linear and satisfies (6-2), then A(v) =t(v)
for all v € W which implies that A = by the density of W. U

Proof of Theorem 1.11. If X admits a p-weak differentiable structure, Lemma 6.5 implies that L? (T*X)
is locally finitely generated. To prove the converse implication, suppose {Ay}veNu(oo} 1S the dimensional
decomposition of X and ©(As) =0.

Let N € N be such that u(Ay) > u(V) > 0 for some Borel set V, and vy, ...,vy € LP(T*X) is a
basis of L”(T*X) on V. By possibly passing to a smaller subset of V, we may assume that there exists

C > 0 for which
N
[ |3 s
VITk

For each k =1, ..., N there are sequences

p

duzi/wau forall g = (g1, .., gn) € L. 6-3)
G Cly

Mk
n n
vk = § XAnAde:] ko
Js ’
J

with {A?,k}j a Borel partition of X and (fj") c N'P(X) such that v — v in LP(T*X) as n — oo, by
the definition of LP(T*X). We set J" = {1, ..., M} x--- x {1,..., My} and define new partitions

A;i = A;.’l’l ﬂ---ﬂA}’N’N indexed by j = (ji, ..., jn) € J" Then

v = Z xarde (fil ), w(V)= Z wAznwv),

jeJn jeJn

N (6-4)
. n p 1 n,j _ P —
i [ o = uidu=fim 3 [ dagt” —ulf du=0
jeJn J
foralln and k =1, ..., N. We claim that there exists »n so that (p”’/_ = ( ﬁ,l’ R fj’h’/’N) e NLr(x; RM)

is p-independent on a positive measure subset of A’} NV for some j € J".
By (6-3) we have the inequality

N p
1
e teraus [ 3 s
Ay annv g
N N
< fp ’ n,j P
< D adeg!| du+C Y adewy’ —v)| du
ANV G ANV G

N
|g|P<Z doe’ — mé) dp
k

forall g =(g1,...,gn) € L™, where ®, ; is the canonical minimal gradient of (p”’/_ (see Lemma 6.3).
By (6-4) there exists n € N, j € J" and a Borel set U C A;i NV with0 < u(U) < ;L(A;i N V) such that

SC’/ <I>n,,-(g(x),x)du+C”/
A’}ﬁV A_']lﬁV
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Z,ICV |ng0,'(l’]_ —v|% < & on U, where C"¢ < 1/(2C). Thus
1 1
= [ lglPdp<C" | @, ;(g(x), x)dpu+5~ [ |gI”du
CJy U 2C Jy

for all g = (g1,...,gn) € L®(U; R") by extending g by zero to V \ U. This readily implies that
I(¢™7) > 0 a.e. in U, proving the p-independence of ¢"/ in U. Note that ¢"/ is also maximal, since the
existence of a Lipschitz map on a positive measure subset of U with a higher-dimensional target would
imply that the local dimension of L?(T*X) in V would be > N; see Lemma 6.3. By Proposition 4.14, U
contains an N-dimensional p-weak chart, and [Keith 2004b, Proposition 3.1] implies that X admits a
differentiable structure.

The argument above shows that each Ay with u(Ay) > 0 can be covered up to a null-set by
N-dimensional p-weak charts, proving (b), while (a) follows directly from Lemma 6.6. Finally, (c)
is implied by Proposition 4.13. ]

Theorem 1.11 and [Gigli 2018, Chapter 2] immediately yield the following corollary.
Corollary 6.7. Let p > 1 and suppose X admits a p-weak differentiable structure.
() If p > 1, then NP (X) is reflexive.

(i) If p =2, then N'“2(X) is infinitesimally Hilbertian if and only if, for ji-a.e. x € X, the pointwise
norm | - | (see Theorem 1.7) is induced by an inner product. O

6B. Lipschitz differentiability spaces. A space X is said to be a Lipschitz differentiability space if
it admits a Cheeger structure. Recall that a Cheeger structure is a countable collection of Cheeger
charts (U;, ¢;), see Section 4G, so that ,u(X \ Ui U,-) = 0. Following [Cheeger 1999, Section 4, p. 458],
we note that the differentials d¢ ; f of a Lipschitz function f with respect to overlapping charts satisfy a
cocycle condition almost everywhere and the transition maps preserve the pointwise norm. Thus, they
define a measurable L*°-bundle 72X called the measurable cotangent bundle.

Suppose now that X admits a Cheeger structure. Denote by 77X the associated measurable cotangent
bundle, and by

[€lcx :=LipE op)(x), &€ (RY)",

the pointwise norm for u-a.e. x € U, where (U, ¢) is an N-dimensional Cheeger chart of X.

Fix p > 1. Any Lipschitz differentiability space X admits a p-weak differentiable structure. Indeed,
the asymptotic doubling property of the measure (see [Bate and Speight 2013]) implies, by [Bate 2015,
Lemma 8.3], that X decomposes into finite-dimensional pieces. The existence of the p-weak differentiable
structure now follows from Proposition 5.4, and the associated measurable cotangent bundle is denoted
by T, X. We have the following result from [Ikonen et al. 2022, Theorem 3.4]:

Theorem 6.8. Let p > 1. There exists a morphism P :T ,(TX) — L?(T*X) of normed modules such that
(@) P(dcf)=dgf forevery f € LIP(X),
(b) |P(w)lg < lw|c for every w € T ,(T:X), and

(c) for every w € LP(T*X) there exists w € P~ (w) with |w|g = |o|..
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Remark 6.9. The proof of [Ikonen et al. 2022, Theorem 3.4] can be modified to cover the case p = 1:
the energy density of Lipschitz functions holds for p = 1 by [Eriksson-Bique 2023], and equicontinuity
can be used instead of L?-boundedness to obtain the weakly convergent subsequence in the proof.

Proof of Theorem 1.10. Arguing as in the proof of Proposition 5.8 we may assume that X has a Borel
partition {U;} and Lipschitz maps <p; = ((p;’l, ey (p;’Ni), (pic = (‘/’ic,l’ ceey <pé’Mi) such that (U;, (pj,) is
a p-weak chart and (U;, @) is a Cheeger chart on X (of possibly different dimensions N; and M;) for
each i € N. For each i and p-a.e. x € U; define

Oix = (dp,x‘PiC,l’ R dp,xgoé"Mi) ‘RN — RM:
It is easy to see that the collection {7r; x = o/, } defines a bundle map 77X — 77X satisfying
dpxf=dcxfoo, forpu-ae xelX,

for every f € N'7(X). This proves (1-7). In particular, for each i € N and £ € (R™)* we have
mix(§)=&Eoc0; =d,,(0 (pic), and consequently

|75 (E)]x = |D(€ 0 () (x) < Lip(€ 0 o) (x) = €|

for p-a.e. x € U;. Moreover, for any ¢ € (RVi)* setting & := dex(Co goi)), we have

ni,x(g) = dC,x(g O‘Pi,) 00y = dp,x(é‘ O(Pi,) =g,

proving that 7; . is surjective for p-a.e. x € U;.

To prove that 7; , is a submetry for p-a.e. x € U;, suppose to the contrary that there exists a Borel set
B C U;, with 0 < u(B) < oo, such that 7; , is not a submetry for x € B. Then there exists a Borel map
¢:B— (RN)* with |¢,|, =1 and

[y =1 and inf |&|cx>1 foru-ae xeB. (6-5)
e (5

We derive a contradiction using Theorem 6.8 and the isometric isomorphism ¢ : I" p(TIj‘X ) — LP(T*X)
from Theorem 1.11(a). We may view ¢ as an element of I',(T; X) by extending it by zero outside B.
Set w :=1(¢) € LP(T*X). Then |w|c = xp. By Theorem 6.8(c) there exists w € I',(TZX) with
P(w) = w and |w|c = |w|g = xp n-a.e. However, since w, € ni’_xl (¢,) for p-a.e. x € B, we have
lwlcx = inf&”’_j ) |&|c.x > 1 for p-a.e. x € B by (6-5), which is a contradiction. This completes the
proof that 7; , is a submetry for p-a.e. x € U;.

If Lip f < w(|Df]|,) holds for every f € LIP,(X), then by [Ikonen et al. 2022, Theorem 1.1] we
have |[Df|, =Lip f u-a.e. for every f € LIP,(X). It follows that p-weak charts are Cheeger charts (see
Theorem 1.8 and Remark 4.15) and that the pointwise norms agree p-almost everywhere. This implies
that the maps m; , are isometric bijections for u-a.e. x. |

Appendix: General measure theory

Al. Measurability questions. Here we record a host of measurability statements that are needed through-
out the paper. See [Gigli and Pasqualetto 2020; Ambrosio et al. 2008; Bogachev 2007] for more details.
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Given f € N''P(X) and a Borel representative g of p-weak upper gradient of f, we define
L(f):={y e ACU; X): foy e AC(I; R)},

I'(f, g) :={y € AC(I; X) : g upper gradient of f along y} C I'(f)

and
MD = {(y,t) € AC(I; X) x I : |y/| exists},

Diff(f) ={(y,t) e AC(I; X) x I : y € '(f), (foy); and Iy,/l > 0 exist},
Diff(f, g) = {(y, 1) € Diff(f) : y € T(f, &), |(f o)l < gr(wl¥/}.

Also, let Len(y) be the length of a curve y, if the curve is rectifiable, and otherwise infinity. The
function der is defined by der(y, 1) := |y/| =1limy—.0 d (Y144, y:)/|h|, when the limit exists, and otherwise

is infinity.
Lemma A.1. (1) The functions Len : C(I; X) — [0, oo] and der : AC(I; X) x I — [0, oo] are Borel
measurable.

(2) If g : X — [0, o] is a Borel function, then I : AC(I; X) — R, given by y > fy gds or oo if the
curve is not rectifiable, is Borel.

3) If H: AC(I; X) x I — [0, o] is Borel, then Ig(y) := fol H(y,s)ds: AC(I; X) — [0, oo] is Borel.

(4) The set M D is Borel, and the map M D — R defined by (y,t) — |y/| is Borel.

Proof. (1) The length function is a lower semicontinuous function with respect to uniform convergence,
and thus is Borel. Fix r, p € Q positive. Then define

Apr=J () (@0 :1dGig v) —apl <rlgl},
neN geQN(—1/n,1/n)
which is Borel. The set M where the metric derivative exists is of the form ("), cgn(0.00) U pean(o.00) Ap.r-

On this set we have M N A, , = der‘l(B(p, r)) and thus der(y, t) is Borel.

(2) The claims for the integral function being Borel follow from a monotone family argument, and
considering g first a characteristic function of an open set and using lower semicontinuity of the integral
in that case.

(3) If H is a characteristic function of a product set A x B, where A and B are open sets such that
A C C(I; X), B C I, then the claim follows just as in statement (2). Again, by a monotone family

<},

We note that |y,/| exists if and only if (y, 1) € ﬂjeN qu@ B(27/,q) = MD. On the set M D, where the
limit exists, we can write |y,| = lim,_, o n(d (¥, 4,1, V1)), Which shows measurability. [l

argument, we obtain the claim for all Borel measurable functions.

(4) Define for every g € Q and ¢, h > 0 the sets A(e, g, h) and B(g, q) by

Ale, g, h) = {(V, HeC; X)x1I: ‘M_q

|hl
Be.q):=]) () Ateq.h.

seQ, he(0,8)NQ
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Lemma A.2. Let g be a Borel p-weak upper gradient of f € NP (X). There exists a Borel set Ty C
AC(I; X) with Mod,(T'0) = 0 such that AC\T'o CT'(f, g).

Suppose moreover that f is Borel. Then the set A :=T'j x I N Diff(f, g) is Borel, and m(A°) =0
whenever m = L' x 5 and  is a g-test plan.

If f is Lipschitz, and g = Lip| f], then we can choose 'y = @, and Diff(f, g) = Diff(f) is Borel.

Note that we make no claims about the Borel measurability of the set I'(f, g).

Proof. We model the argument after [Pasqualetto 2022, Lemma 1.9]. Since Mod,(I'(f, g)) = 0, there

exists an LP-integrable Borel function p : X — [0, co] with fy pds = oo for every y ¢ I'y,. Then

Iy := {y e AC(I; X) : fy pds = oo} ) Fj",g is a Borel set, by Lemma A.1 and 5(I'g) = O for every

g-plan 5 (see Remark 2.2). If f is Lipschitz, then I'( f, g) = AC(I; X). Thus, we can choose 'y = @.
For the second part assume f € N 1. (X) is Borel, and set

I ‘f(%Hi)‘f(Vt) ‘ }
: h —q|<e

k]

A(e, q. h) = {(V, 1) € I x
Be.p)= ] [ At.q.h
3€Qy he(0,0)NQ
for each ¢ € @ and ¢, h > 0. It is easy to see that for each y ¢ I'g, (f o y); exists if and only if
v.0e(UBQ 7. 9= A.
jeN ge

Note that A is a Borel set with AN M D C Diff(f). Moreover, (y, t) — (f oy), is Borel when restricted
to ANMD.

Define the Borel function H(y,t) = (f oy); if (y,t) € ANMD and H = 400 otherwise, and
G(y,t)=|H|—g()ly/| (here we use the convention oo — 0o = 00). Then the set

{G <0} =T x I NDiff(f, g)
is Borel.
Set N :={G > 0}, suppose 3 is a g-test plan and  := £' x 5. Note that
NCToxIU{(y,t)eTyx1:G(y,t)>0].

But, for all y ¢ I'g, we have G(y, t) <0 for Ll ae. t €I Thus

1
T (N) < 7(To) + / /0 X(Gpro0y (1) di dn(y) = O,
rg

finishing the proof of the second part. U

Corollary A.3. Every pointwise defined function f € N“P(X) has a Borel representative f € N'P(X).
Moreover, if f € N“P(X) and g is a Borel p-weak upper gradient of f, there exists a Borel set N C
C(I; X) x I, with N¢ C Diff(f, g) and m(N) = 0 whenever 1 = L' x 5, n a g-test plan. The map
(y,t) = (foy), if (y,t) ¢ N and +00 otherwise is Borel. If f is Lipschitz the representative can be
chosen as the same function.
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Proof. The first claim follows directly from [Eriksson-Bique 2023, Theorem 1.1]. To see the second, let
f € N“P(X) be a Borel representative of f. The set E := {f # f} is p-exceptional, i.e., ' := {y :
vy ~Y(E) # @) has zero p-modulus. Note that, if f is Lipschitz, then f is automatically Borel and we do
not need to change representatives, and we can set ' = &.

If A is the set in Lemma A.2 for f, g, then A := A\ (I'g x I) C Diff(f, g) and N := A€ satisfies the
claim since it is Borel and N ¢ T'g x I U A“.

The last claim follows since N€¢ is Borel and, if (y, t) ¢ N, we have

(foy)y= lim n(f (Visi/n) = f (7). O

A2. Essential supremum.

Definition A.4. Let X be a o-finite measure space and F a collection of measurable functions on X, then
there exists a function g : X — R U {oo, —oo} which is measurable, and:

(A) Foreach f € F,
f=g
almost everywhere.

(B) For each g’ that satisfies (A), will satisfy g < g’ almost everywhere.

We call g =ess sup ;. f. Similarly, we define g =ess infser f, by switching the directions of the
inequalities and assuming g : X — R U {oco, —o0}.

We will need the following standard lemma. While its proof is standard, we provide it for the sake of
completeness.

Lemma A.S. If X is any o-finite measure space and F is any collection of measurable functions, then
ess supscr f and ess infycr f exists and is unique, and further, there are sequences f,, &, € F so that
ess sup e r f =sup, fn and ess infrer f =inf, g, almost everywhere.

Proof. The uniqueness follows from (B) in Definition A.4. Indeed, if g and g’ are essential suprema, they
both satisfy A, and thus ¢ < ¢’ and g’ < g.

By considering {arctan(f) : f € F}, we can assume that the collection is bounded. Further, by
o-finiteness, and after exhausting the space by finite measure sets, it suffices to consider a bounded
measure. Define G to be the collection of all functions of the form max(fi, ..., fi) for some f; € F. By
construction, if g, ¢’ € G, then max(g, g’) € G'.

Consider U = sup,g [ g du. There is a sequence g, so that lim, . [ g, du = U. By modifying the
sequence if necessary, we may take it increasing in n, and define g = lim,,_, oo g5.

We claim that g is an essential supremum for F. First, if f € F, and f > g on a positive measure
set, then lim,_, o f max( f, g,) du > U, contradicting the definition of U. Thus the condition A in the
definition is satisfied.

Now, if & is any other function satisfying A, then & > g,, and thus 4 > g almost everywhere, by
construction. Thus B is also satisfied. Finally, the construction gives a countable collection g, formed
each from finitely many f; € F, and thus gives the final claim in the statement. U
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SMOOTH EXTENSIONS FOR INERTIAL MANIFOLDS
OF SEMILINEAR PARABOLIC EQUATIONS

ANNA KOSTIANKO AND SERGEY ZELIK

The paper is devoted to a comprehensive study of smoothness of inertial manifolds (IMs) for abstract
semilinear parabolic problems. It is well known that in general we cannot expect more than C'#-regularity
for such manifolds (for some positive, but small ). Nevertheless, as shown in the paper, under natural
assumptions, the obstacles to the existence of a C"-smooth inertial manifold (where n € N is any given
number) can be removed by increasing the dimension and by modifying properly the nonlinearity outside
of the global attractor (or even outside the C'-*-smooth IM of a minimal dimension). The proof is strongly
based on the Whitney extension theorem.
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1. Introduction

It is believed that in many cases the long-time behaviour of infinite-dimensional dissipative dynamical
systems generated by evolutionary PDEs (at least in bounded domains) can be effectively described by
finitely many parameters (the so-called order parameters in the terminology of 1. Prigogine) which obey
a system of ODEs. This system of ODEs (if it exists) is usually referred as an inertial form (IF) of the
considered PDE; see [Hale 1988; Robinson 2001; 2011; Temam 1988; Zelik 2014] and references therein
for more details. However, despite the fundamental significance of this reduction from both theoretical
and applied points of view and big interest during the last 50 years, the nature of such a reduction and its
rigorous justification remains a mystery.

Indeed, it is well understood now that the key question of the theory is how smooth the desired IF
can/should be. For instance, in the case of Holder continuous IFs, there is a highly developed machinery
for constructing them based on the theory of global attractors and the Maiié projection theorem. We recall
that, by definition, a global attractor is a compact invariant set in the phase space of the dissipative system
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considered which attracts as time goes to infinity the images of bounded sets under the evolutionary
semigroup related to the considered problem. Thus, on the one hand, a global attractor (if it exists) contains
all of the nontrivial dynamics and, on the other hand, it is usually essentially “smaller” than the initial
phase space and this second property allows us to speak about the reduction of degrees of freedom in the
limit dynamics. In particular, one of the main results of the attractors theory tells us that, under relatively
weak assumptions on a dissipative PDE (in a bounded domain), the global attractor exists and has finite
Hausdorff and fractal dimensions. In turn, due to the Maiié projection theorem, this finite-dimensionality
guarantees that this attractor can be projected one-to-one to a generic finite-dimensional plane of the phase
space and that the inverse map is Holder continuous. Finally, this scheme gives us an IF with Holder
continuous vector field defined on some compact set of RY which is treated as a rigorous justification of
the above-mentioned finite-dimensional reduction. This approach works, for instance, for 2-dimensional
Navier—Stokes equations, reaction-diffusion systems, pattern formation equations, damped wave equations,
etc.; see [Babin and Vishik 1992; Ben-Artzi et al. 1993; Chepyzhov and Vishik 2002; Hale 1988; Henry
1981; Hunt and Kaloshin 1999; Miranville and Zelik 2008; Robinson 2011; Sell and You 2002; Temam
1988].

However, the above-described scheme has a very essential intrinsic drawback which prevents us from
treating it as a satisfactory solution of the finite-dimensional reduction problem. Namely, the vector
field in the IF thus constructed is Holder continuous only and there is no way in general to get even its
Lipschitz continuity. As a result, we may lose the uniqueness of solutions for the obtained IF and have to
use the initial infinite-dimensional system at least in order to select the correct solution of the reduced IF.
Another drawback is that the Mafé projection theorem is not constructive, so it is not clear how to choose
this “generic” plane for projection in applications; in addition, the IF constructed in such a way is defined
only on a complicated compact set (the image of the attractor under the projection) and it is not clear how
to extend it on the whole RY preserving the dynamics (surprisingly, this is also a deep open problem; a
partial solution of it is given in [Robinson 1999]).

It is also worth noting that the restriction for IF to be only Holder continuous is far from being
just a technical problem here. As relatively simple counterexamples show (see [Eden et al. 2013;
Kostianko and Zelik 2018; Mallet-Paret et al. 1993; Romanov 2000; Zelik 2014]) the fractal dimension
of the global attractor may be finite and not big, but the attractor cannot be embedded into any finite-
dimensional Lipschitz (or even log-Lipschitz) finite-dimensional submanifold of the phase space. Even
more importantly, the dynamics on this attractor does not look finite-dimensional at all (despite the
existence of a Holder continuous (with the Holder exponent arbitrarily close to 1) IF provided by the
Mafié projection theorem). For instance, it may contain limit cycles with superexponential rate of attraction,
decaying travelling waves in Fourier space and other phenomena which are impossible in the classical
dynamics generated by smooth ODEs. These examples suggest that, in contradiction to the widespread
paradigm, Holder continuous IF is probably not an appropriate tool for distinguishing between finite and
infinite-dimensional limit behaviour and, as a result, fractal-dimension is not so good for estimating the
number of degrees of freedom for the reduced dynamics; see [Eden et al. 2013; Kostianko and Zelik
2018; Zelik 2014] for more details.
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An alternative, probably more transparent approach to the finite-dimensional reduction problem which
has been suggested in [Foias et al. 1988] is related to the concept of an inertial manifold (IM). By
definition, an IM is a finite-dimensional smooth (at least Lipschitz) invariant submanifold of the phase
space which is globally exponentially stable and possesses the so-called exponential tracking property
(that is, existence of asymptotic phase). Usually this manifold is C!-¢-smooth for some positive ¢ and is
normally hyperbolic, so the exponential tracking is an immediate corollary of normal hyperbolicity. Then
the corresponding IF is just a restriction of the initial PDE to IM and is also C'-¢-smooth. However, being
a sort of centre manifold, an IM requires a separation of the dependent variable to the “slow” and “fast”
components and this, in turn, leads to extra rather restrictive assumptions which are usually formulated
in terms of spectral gap conditions. Namely, let us consider the following abstract semilinear parabolic
equation in a real Hilbert space H:

du~+ Au=F(u), uli—o=uo, (1-1)

where A : D(A) — H is a self-adjoint positive operator such that A~! is compact and F : H — H is a given
nonlinearity which is globally Lipschitz in H with Lipschitz constant L. Let also 0 <A; <A <--- be the
eigenvalues of A enumerated in the nondecreasing order and {e,};° ; be the corresponding eigenvectors.
Then, the sufficient condition for the existence of an N-dimensional IM reads

)"N—i-l_)‘N > 2L. (1-2)

If this condition is satisfied, the desired IM My is actually a graph of a Lipschitz function My :
Hy — (Hy)*, where Hy = span{ey, ..., ey} is a spectral subspace spanned by the first N eigenvectors,
and the corresponding IF has the form

%”N +Auy = PyF(uy + My(uy)), uy € Hy ~RY, (1-3)

where Py is the orthoprojector to Hy; see [Chow et al. 1992; Constantin et al. 1989; Foias et al. 1988;
Koksch 1998; Miklavcic 1991; Romanov 1993; Rosa and Temam 1996; Zelik 2014] and also Section 2
below.

We see that, in contrast to the IF constructed via the Maiié projection theorem, the IF which corresponds
to the IM is explicit (uses the spectral projections) and is as smooth as the functions F and My are. We
mention that although the spectral gap condition (1-2) is rather restrictive (e.g., in the case where A is a
Laplacian in a bounded domain, it is satisfied in 1-dimensional case only) and is known to be sharp in
the class of abstract semilinear parabolic equations (see [Eden et al. 2013; Miklav¢i¢ 1991; Romanov
1993; Zelik 2014] for more details), it can be relaxed for some concrete classes of PDEs. For instance,
for scalar 3-dimensional reaction-diffusion equations (using the so-called spatial averaging principle, see
[Mallet-Paret and Sell 1988]), for 1-dimensional reaction-diffusion-advection systems (using the proper
integral transforms, see [Kostianko and Zelik 2017; 2018]), for 3-dimensional Cahn—Hilliard equations
and various modifications of 3-dimensional Navier—Stokes equations (using various modifications of
spatial-averaging, see [Gal and Guo 2018; Kostianko 2018; Kostianko and Zelik 2015; Li and Sun
2020]), for the 3-dimensional complex Ginzburg—Landau equation (using the so-called spatiotemporal
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averaging, see [Kostianko 2020]), etc. Note also that the global Lipschitz continuity assumption for
the nonlinearity F is not an essential extra restriction since usually one proves the well-posedness and
dissipativity of the PDE under consideration before constructing the IM. Cutting off the nonlinearity
outside the absorbing ball does not affect the limit dynamics, but reduces the case of locally Lipschitz
continuous nonlinearity (satisfying the proper dissipativity restrictions) to the model case where the
nonlinearity is globally Lipschitz continuous. Of course, this cut-off procedure is not unique and, as we
will see below, choosing it correctly is extremely important in the theory of IMs.

The main aim of the present paper is to study the smoothness of the IFs for semilinear parabolic
equations (1-1) in the ideal situation where the nonlinearity F is smooth and the spectral gap condition (1-2)
is satisfied. As we have already mentioned, in this case we have a C!:*-smooth IM My for some & > 0
and the associated IF (1-3) which is also C"¢-smooth; see [Zelik 2014]. But, unfortunately, the exponent
€ > 0 here is usually very small (depending on the spectral gap) and in a more or less general situation,
we cannot expect even the C2-regularity of the IM. The spectral gap condition for C2-regular IM is

)‘N-H —2)\.1\] > 3L (1'4)

and such exponentially big spectral gaps are not available if A is a finite-order elliptic operator in a bounded
domain. The corresponding counterexamples were given in [Chow et al. 1992]; see also Example 3.11
below. Thus, the existing IM theory does not allow us, even in the ideal situation, to construct more regular
than C!-¢ IFs (where ¢ > 0 is small). This looks to be an essential drawback for at least two reasons:

(1) The lack of regularity prevents us from using higher-order methods for numerical simulations of the
reduced IF (as a result, direct simulations for the initial smooth PDE using the standard methods may be
more effective than simulations based on the reduced nonsmooth ODEs).

(2) C'“*-regularity is not enough to build up normal forms and/or study the bifurcations properly (for
instance, the simplest saddle-node bifurcation requires C?-smoothness, the Hopf bifurcation needs C3,
etc.; see [Katok and Hasselblatt 1995; Kielhofer 2004] for more details) and, therefore, we need to return
back to the initial PDE to study these bifurcations.

Thus, the natural question,

“Is it possible to construct a smooth (C*-smooth for any finite k) or to extend the existing
CY¢-smooth IF to a more regular one?”

becomes crucial for the theory of inertial manifolds.
Here we give an affirmative answer to this question under the slightly stronger spectral gap assumption

limsup(Ay+1 — Ay) = 00. (1-5)

N—o0

In contrast to (1-4), this assumption does not require exponentially big spectral gaps (and is satisfied for
most of the examples where the IMs exist), but guarantees the existence of infinitely many spectral gaps
of size larger than 2L and, consequently, the existence of an infinite tower of the embedded IMs

My, CMpy, C---C My, C--- (1-6)
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and the corresponding IFs

%UN,L +Auy, = Py, F(un, +Mn,(uy,)), un, € Hy,. (1-7)

Let n € N be given. We say that a C™*-smooth submanifold /\7an of the phase space H (which is a graph
of C"*-smooth MNH : Hy, — (Hy,)1) is a C™¢-smooth extension of the initial IM M y, for some & > 0 if

(1) My, C My,
(2) the manifold My, is C ) -close to the IM My, .

Then, the first condition guarantees that the C"™¢-smooth system of ODEs
%um + Auy, = Py, F(un, + My, (uy,)), un, € Hy,, (1-8)
will possess the initial IM Py, My, as an invariant submanifold. The second condition together with
the robustness theorem for normally hyperbolic manifolds ensures that this manifold will be globally
exponentially stable and normally hyperbolic (in particular, it will possess an exponential tracking property
in Hy,). In this case we refer to the system (1-8) as a C"-*-smooth extension of the corresponding IF (1-3);
see Section 3 for more details. Thus, the extended IF is C"-smooth on the one hand and, on the other
hand, its limit dynamics coincides with the dynamics of the IF which corresponds to the IM My, and,
in turn, coincides with the limit dynamics of the initial abstract parabolic problem (1-1). Note that the
manifold M N, 1S not necessarily invariant under the solution semigroup S(¢) generated by the initial
equation (1-1) and this allows us to overcome the standard obstacles to the smoothness of an invariant
manifold (e.g., such as resonances, see Examples 3.11 and 5.6 below).

The main result of the paper is the following theorem which suggests a solution of the smoothness
problem for IMs.

Theorem 1.1. Let the nonlinearity F € C,°(H, H) and let the operator A satisfy the spectral gap
condition (1-5). Let also N1 € N be the smallest number for which the spectral gap condition (1-2) is
satisfied and My, be the corresponding IM. Then, for every n € N, one can find € =&, > 0 for which there
exists a C™*-smooth extension of the IM My, as well as the C™*-smooth extension of the corresponding
IF in the sense described above.

The proof of this theorem is given in Section 4 and the Appendix. To construct the desired extension M N,
we first define it on the manifold Py, My, only in a natural way M N, (p) = (1 — Py, )My, (Pn, p). Then,
we present an explicit construction of Taylor jets of order n for this function via an inductive procedure;
see Section 4. Finally, we check (in the Appendix) the compatibility conditions for the constructed Taylor
jets and get the desired extension by the Whitney extension theorem.

Our main result can be reformulated in the following way.

Corollary 1.2. Let the assumptions of Theorem 1.1 hold. Then, for every n € N, there exists e =&, > 0
and a C"V¢-smooth “correction” F,(u) of the initial nonlinearity F such that:

(D) fn (u) = F(u) for all u € My, and My, is an IM for the modified equation
du+ Au = F,(), uli—o = uo, (1-9)
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as well. In particular, the dynamics of (1-9) on My, coincides with the initial dynamics (generated by
(1-1)) and My, possesses an exponential tracking property for solutions of (1-9).

(2) The extended manifold M N, constructed in Theorem 1.1 is an IM (of smoothness C™) for the modified
equation (1-9); see Corollary 5.4 below.

In this interpretation, the modified nonlinearity Fn can be considered as a “cut-off” version of the
initial function F and the main result claims that all obstacles for the existence of C"-smooth IM can be
removed by increasing the dimension of the IM and using a properly chosen cut-off procedure.

To conclude, we note that the main aim of this paper is to verify the principal possibility to get smooth
extensions of an IM rather than to obtain the optimal bounds for the dimensions N,, of the constructed
extensions. For this reason, the obtained bounds look far from being optimal, but we believe that they can
be essentially improved; see Remark 5.7 for the discussion of this problem.

The paper is organized as follows. In Section 2 we recall the standard facts about smooth functions
in Banach spaces, their Taylor jets, direct and converse Taylor theorems and the Whitney extension
theorem, which is the main technical tool for what follows. In Section 3 we collect basic facts about the
construction of IMs for semilinear parabolic equations via the Perron method and discuss known facts
about the smoothness of these IMs. The main result (Theorem 1.1) is presented in Section 4. The proof
of it is also given there by modulo of compatibility conditions for Whitney extension theorem which are
verified in the Appendix. Finally, the applications of the proved theorem as well as a discussion of open
problems and related topics are given in Section 5.

2. Preliminaries, I: Taylor expansions and the Whitney extension theorem

In this section we briefly recall the standard results on Taylor expansions of smooth functions in Banach
spaces and the related Whitney extension theorem, as well as prepare some technical tools which will be
used later. We start with some basic facts from multilinear algebra; see, e.g., [Hdjek and Johanis 2014] for
a more detailed exposition. Let X and Y be two normed spaces. For any n € N, we denote by L,(X", Y)
the space of multilinear continuous symmetric maps from X" to Y endowed by the standard norm

{IIM(&,---,&)II}
ELI- -~ gl |

IMllz,(xnyy:= sup
£eX, §#0

Every element M € £;(X", Y) defines a homogeneous continuous polynomial Py of order n on X with
values in Y via

Py (&) :==M({§}"), where {§}":=§,....§.

n-times

Vice versa, the multilinear symmetric map M = M p can be restored in a unique way if the corresponding
homogeneous polynomial is known via the polarization equality:

1 n
MP(gla"'vén):Znn‘ Z 81"'811P(a+28j§j>
: =1
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forall a, &y, ..., &, € X; see, e.g., [Hijek and Johanis 2014]. Thus, there is a one-to-one correspondence
between homogeneous polynomials and multilinear symmetric maps. Moreover, if we introduce the norm

P
1P gy cxy) = SuP{ [Pl }
exol &l

on the space P, (X, Y) of n-homogeneous polynomials, this correspondence becomes an isometry. For

this reason, we will identify below multilinear forms and the corresponding homogeneous polynomials
where this does not lead to misunderstandings. We also mention here the generalization of the Newton
binomial formula; namely, for any P € P, (X, Y) and &, n € X, we have

PE+n) = CIP{EY, )"). Cfi=——

T = )
pars JHn =t

see, e.g., [Hdjek and Johanis 2014]. Finally, we denote by P"(X, Y) the space of all continuous polyno-

2-1)

mials of order less than or equal to n on X with values in Y, i.e., P(§) € P*(X, Y) if

n

1
PE =Y 7P, PEePX. D).

j=07"

The following standard result is crucial for our purposes.

Lemma 2.1. For every n € N there exist real numbers axj € R, k, j € {0, ..., n}, such that for every
P=3"_ %Pk, P, € Pv(X,Y) and every k € {0, ..., n}, we have
n .
J
P = Pl = 2-2
% (&) jE—oak] (n§> (2-2)

and, therefore,

() @
n

For the proof of this lemma, see [Hajek and Johanis 2014].

----- n

for some constants K, j which are independent of P.

Corollary 2.2. Let P(&,65) € P*(X,Y) be a family of polynomials of &€ depending on a parameter § € B,
where B is a set in X containing zero. Assume that

IPE, &I <CUEN+ SN, &€X, §€B, (2-4)
for some o > 0. Then, foranyk € {0, ..., n},
IPcC-, ) llpcx.yy < Crlls)™ (2-5)

for some constants Cy, depending on C, n and k.

Proof. Indeed, according to (2-3) and (2-4), we have

IPe(E, I < C'UEN+NI8ID".
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Assuming that § # O (there is nothing to prove otherwise), replacing & by ||6]|§ and using that Py is
homogeneous of order k, we get

| Pe(E, &) < C'(1+ |EIN" T8+,
Using once more that Py is homogeneous of order k in &, we finally arrive at
1P, I < CIEIFC + E/IE NI IsI"— < g s+,
which gives (2-5) and finishes the proof. 0

Let now U C X be an open set and let F : U — Y be a map. As usual, for any u € U, we denote by
F'(u) € L(X,Y) the Fréchet derivative of F at u (if it exists). Analogously, for any n € N, we denote by
F®™(u) € L,(X",Y) its n-th Fréchet derivative. The space of all functions F : U — Y such that F ) (u)
exists and is continuous as a function from U to L;(X", Y) is denoted by C" (U, Y). For any « € (0, 1],
we denote by C™*(U, Y) the space of functions F € C"(U, Y) such that F ™ is Holder continuous with
exponent  on U. The action of F (u) to vectors &, ..., &, € X is denoted by F™ (u)[£, ..., &,]. The
Taylor jet of length n + 1 of the function F at the point u and vector § € X will be denoted by J{' F (u):

JEF@) = F) + 1 F 6 + 5 F @[, €1+ -+ - FO )] 26)

Obviously, the function £ — JE”F (u) is in P*(X, Y) for every u € U. We will also systematically use the
truncated Taylor jets

JEF@) 1= S F @k + 3 F @8, €14+ - PO @)€)"], 2-7)
which do not contain zero-order terms.
Theorem 2.3 (direct Taylor theorem). Let F € C"(U,Y) and take uy, uy € U such that u, := tu; +
(1 —=8tuy e U forallt €0, 1]. Let also & :=uy —uy. Then
F(u2) = J{ F(u) + % /0 1<1 — )" N F () +58) — F (1)) ds[{E}"]. (2-8)
In particular, if F € C"*(U, Y), then

IF(u2) — JEF(un)|| < Cl&|I"" (2-9)

for some positive C.

For the proof of this classical result; see, e.g., [H4jek and Johanis 2014]. We also mention that in terms
of truncated jets formula (2-9) reads

F(uz) = F(u1) = jEF ) + OEN"™), & :=us—u. (2-10)

The above theorem can be inverted as follows.
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Theorem 2.4 (converse Taylor theorem). Let F be a function such that, for any u € U, there exists a
polynomial € — P(&,u) € P"(X,Y) such that, forall uy,u; € U,

IF(u2) — P&, upll < CIEN"T, & :=us—uy, (2-11)
for some C > 0and o € (0, 1]. Then, F € C"(U, Y),
P&, u)=J;F(u)

forall u € U and F™ (u) is locally Holder continuous in U with exponent «. If, in addition, U is convex,
then F € C"(U,Y) and
IF® (u2) = F (upll < C'lluz —uy ]|,

where C’' depends only on n, a and the constant C from (2-11).

For the proof of this theorem, see [H4jek and Johanis 2014].

Keeping in mind the Whitney extension problem, we recall that an arbitrarily chosen set of polynomials
P(&,u), u € U, does not define in general a C"™“- smooth function, but some compatibility conditions
must be satisfied for that. Indeed, let u; € U and let §, & € X be such that up := u; +6 € U and
u3:=u1+86+£& =uy+£& € X. Then, from (2-9), we have

| F(u3) — P(E+8,up)|| <ClE+8|"",
| F(u3) — P&, uy + 8|l < ClI&)"F.
Therefore,
[PE+8,u1)—PE ur+8)I < Cr(IEN+ 181" . (2-12)

These are the desired compatibility conditions. In other words, if we are given a set V C X and a family
of polynomials
{P(,u):ueV}CP"(X,Y)

and want to find a function F € C™%(X, Y) such that Jg‘F (u)= P (&, u) for all u € V, then the compatibility
condition (2-12) must be satisfied for all u;,u; +6 € V and all £ € X.

Inequality (2-12) can be rewritten in a more standard form, which usually appears in the statement of
the Whitney extension theorem. Namely, using (2-1), we see that

Ll 1
PE+b,un=3 5> (k_l)!Pkms}l, {8, u),
=0 k=l

where P(§, up) = Z;’:o(l/l!)PI([{S}l], uy), Pi(-,u;)ePi(X,Y). Applying now Corollary 2.2 to (2-12),
we get the desired alternative form of the compatibility conditions:

for [ = {0, ..., n}. The compatibility condition (2-13) has a natural interpretation: if Pr({§}, u;) =
F® u)[{£}] as we expect, then (2-13) is nothing more than Taylor expansions of FOu+8)[{E} ] at u;.

n—l

1
PEY w1 +8) = D Pra (Y, (81, un)
k=0

< Cl&| 8" (2-13)
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The next theorem shows that the introduced compatibility conditions are sufficient for the existence of
F in the case when X is finite-dimensional.

Theorem 2.5 (Whitney extension theorem). Let dim X < oo and let V be an arbitrary subset of X.
Assume also that we are given a family of polynomials {P(&,u) :u € V} C P"(X, Y) which satisfies the
compatibility condition (2-12) with some a € (0, 1]. Then, there exists a function F € C"*(X,Y) such
that JSHF(M) = P&, u) forallueV.

For the proof of this theorem, see [Stein 1970; Fefferman 2005]. Note that the theorem fails if the
dimension of X is infinite, but there are no restrictions on the dimension of the space Y; see [Wells 1973].

3. Preliminaries, II: Spectral gaps and the construction of an inertial manifold

In this section we briefly discuss the classical theory of inertial manifolds for semilinear parabolic
equations; see, e.g., [Zelik 2014] for a more detailed exposition.
Let H be an infinite-dimensional real Hilbert space. Let us consider an abstract parabolic equation in H:

atu+Au:F(u)7 u|t=O:MOa (3_1)

where A : D(A) — H is a linear self-adjoint positive operator in H with compact inverse and F €
C,°(H, H) is a smooth bounded function on H such that all its derivatives are also bounded on H.

It is well known that under the above assumptions (3-1) is globally well-posed for any uy € H in the
class of solutions u € C([0, T'], H) for all T > 0 and, therefore, generates a semigroup in H:

St):H—>H, t>0, S@)ug:=ul(t). (3-2)

Moreover, the solution operators S(¢) are in C*°(H, H) for every fixed ¢ > 0; see [Henry 1981; Zelik
2014] for the details.

Let 0 < A <Ay <--- be the eigenvalues of the operator A enumerated in the nondecreasing order and
let {e,}°2, be the corresponding orthonormal system of eigenvectors. Then, by the Parseval equality, for
every u € H, we have

oo oo
2 2
lullfy =) (e, u=Yy (u, enen,
n=1 n=1

where (-, -) is an inner product in H. For a given N € N, we denote by Py and Qy the orthoprojectors
on the first N and the rest of eigenvectors of A respectively:

N 00
P;w::Z(u,en)en, Onu = Z (u, ey)e,.

n=1 n=N+1
We are now ready to introduce the main object of study in this paper — an inertial manifold (IM).

Definition 3.1. A set M = My is an inertial manifold of dimension N for problem (3-1) (with the base
HN = PN H) if

(1) M is invariant with respect to the semigroup S(¢): S(t)M = M.



SMOOTH EXTENSIONS FOR INERTIAL MANIFOLDS OF SEMILINEAR PARABOLIC EQUATIONS 509

(2) M is a graph of a Lipschitz continuous function M : Hy — QnyH:
M={p+M(p):pe Hy}

(3) M possesses an exponential tracking property, namely, for every trajectory u(¢) of (3-1) there exists
a trace solution u(¢) € M such that

lu@) —a@)| < Ce™®, =0, (3-3)
for some 6 > Ay and constant C = C,, which depends on u.

Note that, although only Lipschitz continuity is traditionally required in the definition, usually IMs
are C!*-smooth for some ¢ > 0 (see the discussion below) and are normally hyperbolic. Then the
exponential tracking property (that is, existence of an asymptotic phase), as well as robustness with
respect to perturbations, are the standard corollaries of this normal hyperbolicity; see [Bates et al. 1999;
Fenichel 1972; Katok and Hasselblatt 1995; Rosa and Temam 1996] for the details. We also mention that
these results can be obtained without formally referring to normal hyperbolicity; see, e.g., [Foias et al.
1988], as well as Theorem 3.2 and Corollary 4.4 below.

Note also the dynamics of (3-1) restricted to the IM M is governed by the system of ODEs
%MN-FAMN:PNF(MN-FM(MN)), uy ;= Pyu e RY, (3-4)
which is called an inertial form (IF) associated with (3-1). In the case where the spectral subspace Hy is
used as a base for IM (like in Definition 3.1), the regularity of the corresponding vector field in the IF is
determined by the regularity of the IM only.

The following theorem is the key result in the theory of IMs.

Theorem 3.2. Let the function F in (3-1) be globally Lipschitz continuous with Lipschitz constant L and
let, for some N € N, the spectral gap condition

ANt1— Ay > 2L (3-5)
be satisfied. Then (3-1) possesses an IM My of dimension N.

Proof. Although this statement is classical, see, e.g., [Foias et al. 1988; Miklavc¢i¢ 1991; Romanov 1993;
Zelik 2014], the elements of its proof will be crucially used in what follows, so we sketch them below.
To construct the IM, we will use the so-called Perron method; namely, we will prove that, for every
p € Hy, the problem
oou+Au=Fu), t<0, Pyulj—=p (3-6)

possesses a unique backward solution u(t) = V(p, t), t < 0, belonging to an appropriately weighted
space, and then define the desired map M : Hy — QnH via

M(p):= QnV(p.0). (3-7)

To solve (3-6) we use the Banach contraction theorem treating the nonlinearity F as a perturbation. To
this end we need the following two lemmas.
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Lemma 3.3. Let 6 € (Ay, An+1) and let us consider the equation
dv+Av=h@t), teR, hel (R, H), (3-8)

where the space Lfe, (R, H) is defined via the weighted norm
2 o 201t 2 )
||h||L§m(R’H) = /IERe |A(t)||” dt < oo. 3-9)

Then, problem (3-8) possesses a unique solution u € Lim (R, H) and the solution operator T : Lge, — Lzé,,,

T : h +— u satisfies
1

T = '
I Hﬁ(LiewLier) min{f — Ay, An41 — 0}

(3-10)

The proof of this identity is just a straightforward calculation based on decomposition of the solution
u(t) with respect to the base {e,},- | and solving the corresponding ODEs; see [Zelik 2014].

The second lemma gives the analogue of this formula for the linear equation on a negative semiaxis.

Lemma 3.4. Let 6 € (Ay, An+1). Then, forany p € Hy and any h € L?e, (R_, H), the problem
hv+Av="h(t), t<0, Pyvlj=o=p (3-11)
possesses a unique solution v € Li‘” (R_, H). This solution can be written in the form
v=Th+Hp,

where T is exactly the solution operator constructed in Lemma 3.3 applied to the extension of the
function h(t) by zero fort > 0and H : Hy — Lim (R_, H) is a solution operator for the problem with
zero right-hand side:

N
Hp, 1) =) (p,en)e ™.

n=1
Indeed, this lemma is an easy corollary of Lemma 3.3; see [Zelik 2014].
We are now ready to prove the theorem. To this end, we fix the optimal value 6 = (Ay4+1 4+ An)/2 and
write (3-6) as a fixed-point problem
u="7ToF)+H(p) (3-12)

in the space Lfe, (R_, H). Since the norm of the operator 7 is equal to 2/(Ay+1 — Ax) and the Lipschitz
constant of F is L, the spectral gap condition (3-5) guarantees that the right-hand side of (3-12) is a
contraction for every p € Hy. Thus, by the Banach contraction theorem, for every p € Hy, there exists a
unique solution u(t) = V(p, t) of problem (3-6) belonging to Lze,([R_, H) and the map p — V(p, -) is
Lipschitz continuous. Due to the parabolic smoothing property, we know that

luO)| = CA+llullp2q-1,005)) and |Ju(0) —wO) || < Cllullz2q-1,01, 1)

for any two backward solutions u, w of (3-1); see, e.g., [Zelik 2014]. In particular, these formulas show
that the solution V (p, t) is continuous in time (V (p, -) € C.o: (R_, H), where the weighted space of
continuous functions is defined analogously to (3-9)) and the map p — V (p, -) is Lipschitz continuous as
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amap from Hy to C.e:(R_, H). Thus, formula (3-7), defines indeed a Lipschitz manifold of dimension N
over the base Hy as graph of Lipschitz continuous function M : Hy — QyH.

The invariance of this manifold follows by the construction, so we only need to verify the exponential
tracking property.

Let u(t) = S(t)ug be an arbitrary solution of problem (3-1) and let ¢ (1) € C*°(R) be a cut-off function
such that ¢ () =0 for t <0 and ¢(z) =1 for t > 1. Then the function ¢ (¢#)u(t) is defined for all r € R.
We seek for the desired solution u(¢) € M (by the construction of M such solutions are defined for all
t € R) in the form

u(t) =¢@ut) +v@). (3-13)
Inserting this anzatz to (3-1), we end up with the following equation for v(¢):
v+Av=F(pu+v)—oFu)—¢'u. (3-14)

Letv e Lge, (R, H) be a solution of this equation. Then, since # = v for t <0, we necessarily have u € M
by the construction of the IM. On the other hand, for t > 1, we have v=1u —u € Lge, ([1, 00), H) and
using the parabolic smoothing again, we get the desired estimate (3-3). Thus, we only need to find such a
solution v(¢). To this end, we invert the linear part of (3-14) to get the fixed-point equation

v="T(F(pu+v)—¢Fu)—¢u). (3-15)

It is straightforward to verify using Lemma 3.3 that the right-hand side of (3-15) is a contraction on the
space Lg(,, (R, H) if the spectral gap condition holds; see [Zelik 2014]. Thus, the Banach contraction
theorem finishes the proof of exponential tracking. ([

Remark 3.5. It is well known that the spectral gap condition (3-5) is sharp in the sense that if it is violated
for some N and L, one can find a nonlinearity F such that (3-1) does not possess an IM of dimension N
with base Hy; see [Romanov 1993].
More recent examples show that if the condition

sup{An+1 —An} <2L

NeN
is violated for all N, one can construct a smooth nonlinearity F such that (3-1) does not possess any
Lipschitz or even log-Lipschitz finite-dimensional manifold (not necessarily invariant) which contains the
global attractor; see [Eden et al. 2013; Zelik 2014].

Remark 3.6. Theorem 3.2 guarantees the existence of an IM My for every N such that the spectral gap
condition (3-5) is satisfied. Typically, this N is not unique, instead, we have a whole sequence {N}72,
of N’s satisfying the spectral gap condition. Therefore, according to the theorem, we will have a sequence
of IMs {My, };2, of increasing dimensions: N; < Ny < N3 <---. Moreover, from the explicit description
of an IM using backward solutions of (3-6), we see that

My, CMp, CMp, C--+; (3-16)

see [Foias et al. 1988] for more details. In this case it can be also proved that My, , is a normally
hyperbolic submanifold of My, .
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Let us now discuss the further regularity of the IM M. To this end, we need one more auxiliary
statement.

Proposition 3.7. Let the spectral gap condition (3-5) hold and let u(t) € C(R_, H) be an arbitrary
function. Let also the exponent 6 € (A, Ayy1) satisfy

O_:=L+iy<0<Aiyy1—L:=06,. (3-17)
Then, for any h € L?H, (R_, H) and every p € Hy, the corresponding equation of variations
v+ Av—F'(ut))v=nh@), t<0, Pyvl—=p (3-18)
possesses a unique solution v € Lie, (R_, H)NC,o:(R_, H) and the following estimate holds:
Il < Clolz, @ < Crolihll, g m + 1P, (3-19)
where the constant Cy, g is independent of u, h and p.

Indeed, (3-18) can be solved via the Banach contraction theorem treating the term F’(u)v as a
perturbation analogously to the nonlinear case. Inequalities (3-17) guarantee that the map 7 F’(u)v is a
contraction on Lgﬁ, (R_, H), due to (3-10).

Corollary 3.8. Let the assumptions of Theorem 3.2 hold and let, in addition, the exponent ¢ € (0, 1] be
such that

Ayl — (A +e)Ay > 2+¢)L. (3-20)

Assume also that F € CY¢(H, H). Then the associated IM My is C'¢-smooth, for any p, & € Hy, the
derivative M'(p)& can be found as the value of the Q y projection of V'(t) = V'(p, 1)& att =0, where
the function V' solves the equation of variations

a[V/+AV/—F/(M(t))V/:0, t§0$ PNV/|I=0:$7 u(t) = V(p’ t)a (3_21)
and
1M’ (p1) — M (pD)|l ety 1y < Cllp1 — p2ll

for some constant C independent of py, pa € Hy.

Proof. Let py, p» € Hy and u;(t) := V(p;, t) be the corresponding trajectories belonging to the IM. Let
also v(t) :=u(t) —u(t) and & := p; — p>. Then v solves

dv+Av—Lyu,(Hv=0, =<0, Pyvj—=§, (3-22)

where L, ,, () = /01 F'(sui(t) + (1 — s)ua(t))ds. Since the norm of L, ,,(t) does not exceed L,
Proposition 3.7 is applicable to (3-22) and, therefore, for every 6 satisfying (3-17), we have the estimate

Illc@.in < Cllvllz @ m < Collpr = pall. (3-23)

Note also that the function V'(p, t)& is well-defined for all p, & € Hy due to Proposition 3.7 and satisfies
the analogue of (3-23). Let w(t) :=v(¢t) — V/(p1, t)&, with &€ := p; — p». Then, this function solves

Bw + Aw — F'(uy)w = F(uy) — Fu2) — F'(u)v := huyuy (1), Pywli—g = 0. (3-24)
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Since F € C1# (H, H), by the Taylor theorem, we have

172y O < Cll@ [,
which, due to (3-23), gives

||hu1,uz||L2

< e < (' 1+¢
2ty R H) = C”v”Lzet(R,,H)”U”ch,(R,,H) <C|&] .

Fixing now 6 in such a way that 6 > 6_ and (1 + €)6 < 6, (this is possible to do due to assumption
(3-20)) and applying Proposition 3.7 to (3-24), we finally arrive at

1M (p2) = M(p1) = M (P& = [wO)| < Clllwll 2 @y < CallEN"™

and the converse Taylor theorem finishes the proof of the corollary. ]

The next corollary claims that the constructed manifold M actually lives in a more regular space
H?:= D(A).

Corollary 3.9. Let the assumptions of Corollary 3.8 hold. Then the manifold M is simultaneously a
Cl¢-smooth IM for (3-1) in the phase space H*> = D(A).

Proof. This is an almost immediate corollary of the parabolic smoothing property. Indeed, let us first
check that M € H?. To this end, it is enough to check that the backward solution (3-6) actually belongs to
C,o(R_, H?). First, using the L*>(H?)-maximal regularity for the solutions of a linear parabolic equation

ov+Av="h(), t=<0, (3-25)
namely, that
lvllco(—1.00m) + 100l 221,01y + 1AV 221,01y < CallllL2(=2,0, 1) + 1V 22(=2,0, 1)) (3-26)

where o € (O, %), we end up with the estimate
lullco—1.0:m) < Ca(lF @l 22,0, ) F Nl L2(=2,0,1)) < Cao A Null 2 1)) = CAFpID, (3-27)

where o € (0, %) Second, using the C*(H)-maximal regularity for solutions of (3-25) and the obvious
estimate

I F @) llce—2.0:) < I1F e, my (1 + 1ullEa 2.0, 1))
we arrive at
10:ullco(=1,0: 1) + |Aullce(=1,0: 51y < CUIF (W) || ce(=2,0. 1) + Nl co(=2.0: 1))
<Ci(d+lullca—2,0,m)) < C2(1+Ipl) (3-28)

and the fact that M (p) belongs to H? is proved. The fact that M is C'*-smooth as a map from Hy to
H? can be verified analogously and the corollary is proved. O

Remark 3.10. The analogue of Corollary 3.8 holds for higher derivatives as well. For instance, if we
want to have a C"-®-smooth IM, we need to require that

ANyl —(m+e)Ay > m+1+¢)L. (3-29)
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To verify this, we just need to define the higher-order Taylor jets for the IM M using second, third,
etc., equations of variations for (3-6) and use again Proposition 3.7. For instance, the second derivative
V" =V"(p, 1§, &] solves

WV"+AV'—F' )V =F"w@)V'(p.0E, V' (p,0El, PyV'li==0, u(®):=V(p,1). (3-30)

According to Proposition 3.7, in order to be able to solve this equation, we need 6, > 26_ (since V' € ng,
with 6 > 6_ and the right-hand side F”(u)[V', V'] € Liw,), which gives (3-29) for n = 2.

We believe that sufficient condition (3-29) for the existence of a C*-smooth IM is sharp for any n
and ¢, but we restrict ourselves by recalling below the classical counterexample of G. Sell to the existence
of C%-smooth IM which demonstrates the sharpness of (3-29) for n = 2; see [Chow et al. 1992].

Example 3.11. Let H :=[? (the space of square summable sequences with the standard inner product)

and let us consider the following particular case of (3-1):

d d _ 2
P +u; =0, a7l +20 1y, =u,_

Here A, = 2"~ ! and we have a set of resonances 2, = An+1 Which prevent the existence of any finite-

, h=23.... (3-31)

dimensional invariant local manifold of dimension greater than zero which is C2-smooth and contains
zero. Note that the nonlinearity here is locally smooth near zero and since we are interested in local
invariant manifolds near zero, the behaviour of it outside the small neighbourhood of zero is not important
(we may always cut-off it outside of the neighbourhood to get global Lipschitz continuity). Moreover,
since F’(0) = 0, decreasing the size of the neighbourhood we may make the Lipschitz constant L as small
as we want. Thus, according to Corollary 3.8, for any N € N, there exists a local invariant manifold My
of dimension N with the base Hy which is C'-¢-smooth for any ¢ < 1.

Let us check that a C%-smooth invariant local manifold does not exist. Indeed, let My be such a
manifold of dimension N. Then, since the tangent plane 7. My (0) to this manifold at zero is invariant
with respect to A (due to the fact that F’(0) = 0), we must have

Hy, := T My (0) =spanfey,, ..., ey}

for some n| < ny < --- < ny. Thus, the manifold My can be presented locally near zero as a graph of
a C*-function M : Hy, — (H )+ such that M(0) = M’(0) = 0. In particular, expanding M in Taylor
series near zero, we have

2
Upy+1 = (M(an R unN)7 enN—H) = CunN +---

Let us try to compute the constant c. Inserting this in the (ny+1)-th equation and using the invariance,

we get
Oty +1+ 2" Uy 1 = 2¢0unytny + Z”Ncu;‘;N + ..
=—2c2""uy +2"eup A= 04-=uj (3-32)

which gives 0 = 1. Thus, the manifold My cannot be C2-smooth.

Remark 3.12. Note that in the case where A is an elliptic operator of order 2k in a bounded domain €2
of RY, we have A, ~ Cn?*/¢ due to the Weyl asymptotic. Thus, one may expect in general only gaps of
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the size
ANg1— Ay ~ CNHA=T 0y m4C0), (3-33)

which is much weaker than (3-29) with n > 1. Sometimes the exponent in the right-hand side of (3-33)
may be improved due to multiplicity of eigenvalues (e.g., for the Laplace—Beltrami operator on a sphere S,
we have A]l\{z instead of Allvfd/ @5 in the right-hand side of (3-33) for infinitely many values of N, no matter
how big the dimension d is), but this exponent is always less than one in all more or less realistic examples.
Thus, the existence of C"*-smooth IMs with n > 1 looks unrealistic and could be obtained in general, but
only for bifurcation problems where, e.g., A1, ..., Ay are close to zero, Ay is of order 1 and L is small.

In contrast to this, if the spectral gap condition (3-5) is satisfied for some N, i.e., Ayy1 — Ay > 2L,
we always can find a small positive ¢ = ey such that Ay — (1 +&)Ay > (24 ¢)N and, therefore, (3-20)
will be also satisfied. Thus, if the nonlinearity F is smooth enough, we automatically get a C'!:*-smooth

IM for some small ¢ depending on N and L.

Remark 3.13. Let u(z) be a trajectory of (3-1) belonging to the IM, i.e.,

Oni(t) =My (Pyu(r))

and let iy := Pyu(t). Then, we may write a linearization near the trajectory #(¢) in two natural ways.
First, we may just linearize (3-1) without using the fact that u € M. This gives the equation

v+ Av— F'(i)v=h(), (3-34)

which we have used above to get the existence of the IM, its smoothness and exponential tracking.
Alternatively, we may linearize the reduced ODEs (3-4):

don + Avy — F'(i) (vy + My (@)vy) = hy(t). (3-35)
Of course, these two equations are closely related. Namely, if vy (¢) solves (3-35), then the function

v(t) := vy () + My (1)) (7) (3-36)
solves (3-34) with
h(t) :=hy @)+ My @@@)hy (7). (3-37)

Vice versa, if i () satisfies (3-37) and the solution v(¢) of (3-34) satisfies (3-36) for some #, then it satisfies
(3-36) for all r and vy (1) := Pyv(¢) solves (3-35).

This equivalence is a straightforward corollary of the invariance of the manifold My and we leave its
rigorous proof to the reader.

4. Main result

In this section we develop an alternative approach for constructing C”-smooth IFs which does not require
huge spectral gaps. The key idea is to require instead the existence of many spectral gaps and to use the
second spectral gap in order to solve (3-30) for the second derivative, the third gap to solve the appropriate
equation for the third derivative, etc. Of course, this will not allow us to construct a C"-smooth IM (we
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know that it may not exist for n > 1, see Example 3.11). Instead, for every p € My, and the corresponding
trajectory u = V (p, t), we construct the corresponding Taylor jet Jé’ V(p,t) of length n 4+ 1 belonging
to the space P"(Hy,, H) for all t <0, where N is the dimension of the IM My, built up on the k-th
spectral gap. These jets must be constructed in such a way that the compatibility conditions are satisfied.
Then, the Whitney embedding theorem will give us the desired smooth extension of the initial IM. To be
more precise, we give the following definition of such a smooth extension.

Definition 4.1. Let (3-1) possess at least two spectral gaps which correspond to the dimensions K and K,
and let ¢ > O be a small number. Denote the corresponding IMs by Mg, and Mg, respectively; the
corresponding C!--functions generating these manifolds are denoted by Mg, and M, respectively. A
C"¢-smooth submanifold /M K, (not necessarily invariant) of dimension K> is called a C"-extension of
the IM Mk, if the following conditions hold:

(1) /\7le is a graph of a C"-®-smooth function ]\71(2 : Px,H — Qk,H.
(2) I\A/szllu,(z,\/lKl = Qk, Mk, and therefore Mg, C Mk,.
(3) M K, 1s pn-close in the C[l -norm to M, for a sufficiently small pu.

Remark 4.2. The C"* dynamics on the extended IM /\711(2 is naturally defined via
duuk, + Aug, = P, Fuk, + My, (ux,)),  ux, € Hg,, 1)

and u(t) :=ug,(t)+ M K, (U g, (t)). Obviously, the manifold M K, 1s invariant with respect to the dynamical
system thus defined. Moreover, due to the second condition of Definition 4.1, the C!-*-submanifold
Py, Mg, C Hg, is invariant with respect to (4-1) and the restriction of (4-1) coincides with the initial IF
(3-4) generated by the IM Mk, . Thus, system of ODEs (4-1) is indeed a smooth extension of the IF (3-4).

Finally, the third condition of Definition 4.1 guarantees that Px, Mg, is a normally hyperbolic stable
invariant manifold for (4-1) (since it is so for the IF generated by the function Mk,). This means that
Py, M, also possesses an exponential tracking property. Thus, the limit dynamics generated by the
extended IF coincides with the one generated by the initial abstract parabolic equation (3-1).

We are now ready to state the main result of the paper.

Theorem 4.3. Let the nonlinearity F : H — H in (3-1) be smooth and all its derivatives be globally
bounded. Let also the following form of spectral gap conditions be satisfied.:
lim sup(Ay41 — Ay) = 00. 4-2)
N—o0
Then, for any n € N and any u > 0, equation (3-1) possesses a C"*-smooth extension M N, of the initial
IM My, (where Ny is the first N which satisfies the spectral gap condition (3-5) and ¢ > 0 is small
enough) such that M N, is ju-close to the IM My, in the C}\-norm.

Proof for n = 2. Let N; be the first N for which the spectral gap condition (3-5) is satisfied with L :=
| F'llc,(x, e, my) and let the corresponding M be the C L._smooth IM which exists due to Theorem 3.2
and Corollary 3.8. Recall that for any p € H, we have a solution V (p, t) of problem (3-6) (where p is
replaced by Py, p) and its Fréchet derivative VE/ (t) := V'(p, 1)& in p satisfies the equation of variations



SMOOTH EXTENSIONS FOR INERTIAL MANIFOLDS OF SEMILINEAR PARABOLIC EQUATIONS 517

(3-21), such that both functions V(p, -) and VS/( -) and belong to the space Li(,l,([R,, H) for any 6,
satisfying (3-17), i.e., Ay, + L < 0; < Ay, — L. Moreover, for any other p; € H, we have the estimate

VPO = V() = V{Dl2, e = CIPw (P = p0I™, (4-3)

where ¢ > 0, £ := p; — p and C is independent of p and p;.
Let now N> > N; be the first N which satisfies

)\‘N2+] - )"Nz - )"N1 > 3L (4-4)

(such N exists due to condition (4-2)). Then, we have the corresponding C¢-smooth IM M N, Let us
denote by W(p, t), p € H, the corresponding solution of (3-6) (where N is replaced by N, and p is
replaced by Py, p). This solution belongs to Liez, (R_, H) with 6, satisfying (3-17) (with N replaced
by N,). Moreover, analogously to (4-3), we have

IW(p1, 1) = W(p, 1) = WD) 12
where WS/ (t) = W/(p, t)& solves (3-21) with N replaced by N,. We also know that V (p, 1) = W(p, t) if
p € My, and, therefore, due to (4-3) and (4-5),

IV (=W (P )l |y SCIPREN E=pi—p. popreMy.  (@46)

L@ = ClIPy,(p = po)II'™*, (4-5)

0y (1+¢

Let us define for every p € My, and every & € H the “second derivative” W/ = W"(p, 1)[§, §] of the
trajectory u(t) = W(p, t) = V(p, t) as a solution of the problem

8 WL+AW!—F'(V(p,0)W] =2F"(V (p, 0)IVL, W= F"(V(p,DIVL VA, Py W{limo=0. (4-7)

Note that the right-hand side of this equation belongs to the weighted space Li(91+92)’ (R—, H), where the
exponents 01 and 6, satisfy assumption (3-17) with N = Ny and N = N, respectively, i.e.,

)\,NI+L<91<)\.N1—L, )»N2+L<92<)\.N2—L.

Moreover, due to assumption (4-4), it is possible to fix 6 and 6, in such a way that the exponent 6 + 6,
still satisfies (3-17) with N = N,. Thus, by Proposition 3.7, there exists a unique solution of (4-7)
belonging to the space Li(gl 1o, (R—, H) and the function Wé’ is well-defined and satisfies

/" /" 2 2
IWE e oo < CIWE 2,y < CIENR,

where C is independent of p.
Let us define the desired quadratic polynomial & — JgW( p,t), pe My, as

BEW(p,0):=V(p, )+ W (p,DE+3W'(p, 0§ El, E€H. (4-8)

We need to verify the compatibility conditions for these “Taylor jets” on p € My,. It is straightforward
to check using F € C%?, V, W € C!¢ and Proposition 3.7 that

IW"(p1, -)IE E1=W"(p, )IE, &1l ®& m < CIEIPIp—pill°

L6163 +e)
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for p, p1 € Mpy,. This gives us the desired compatibility condition for the second derivative; see (2-13)
forn=1=2.

Let us now verify the compatibility conditions for the first derivative (/ = 1, n = 2 in (2-13)). To
this end, we need to expand the difference w(r) := W' (py, t)§ — W(p, t)&, p, p1 € My, in terms of
8 = p — p1. By the definition of W', this function satisfies the equation

dhw+Aw — F'(V(p,)w = (F'(V(p1,0) = F'(V(p, ) W'(p1, )&
=F'(V(p,)IV'(p, )8, W(p,HE1+h(t), Pnwli=0=0,  (4-9)

where the reminder £ satisfies

171l 2 @& m < ClISI*e &l

e(ol +0r+e)t

for sufficiently small positive & (this also follows from the fact that F is smooth and V, W € C!+#). Thus,
the remainder 4 in the right-hand side of (4-9) is of higher order in § and, for this reason, is not essential,
so we need to study the bilinear form (with respect to 4, £) in the right-hand side. Note that, in contrast
to the case where the IM is C2, this form is even not symmetric, so it should be corrected. Namely, we
write the identity

F'(V(p, )V (p, )8, W'(p, 1)§]
= {F"(V(p.O)IV'(p. 08, W' (p, NE]+ F"(V(p, D)V (p, §, W' (p, 1)3]
—F"(V(p,)IV'(p, 08, V'(p, )€1}
—F'"(V(p,)IV'(p.)E, W (p,1)6 = V'(p,1)8]  (4-10)

and note that the first term in the right-hand side is nothing more than the symmetric bilinear form which
corresponds to the quadratic form

2F"(V(p,NIV'(p, ), W' (p, )& = F"(V(p, )V (p, )&, V'(p, 1)§]

used in (4-7) to define W” and the second term is of order [|§]|'*¢||&|| due to estimate (4-6) (where &
is replaced by &) and the growth rate of this term does not exceed e~@+%2%9) a5 t — —o0. Thus, by
Proposition 3.7, we have

lw — W (p, )18, €1l 2 wm < CISIe ]

01 +0+e)t
and the compatibility condition for / =1 is verified.
Finally, let us check the zero-order compatibility condition (/ =0, n =2 in (2-13)). Let

R(t):=V(p1,t) = V(p,1) = W(p,1)é — ZL!W"(P, nls, 8l.
Then, as elementary computations show, this function satisfies the equation
%R+AR—F'(V(p,))R
={F(V(p1,0) = F(V(p, 1)) = F'(V(p,))(V(p1,1) = V(p, 1))}

— 5 CF V(p, D)IV'(p, 108, W'(p, )3]
— F'V(p. )V (p. 08, V'(p.18]).  Pr,licoR=0. (4-11)
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Since F € C%¢ and V € C'*¢, the first term in the right-hand side equals
1
EF”(V(P, NIV (p, D8, V' (p, 1)s] (4-12)

up to the controllable in Li@l 16,00 (R, H)-norm remainder of order ||§ |>*¢. The second term can be
simplified using (4-6) and also equals (4-12) up to higher-order terms. Thus, the right-hand side of (4-11)

|2+s

vanishes up to terms of order ||4] and Proposition 3.7 gives us that

2+¢
IRz, e m = IS (4-13)

for some positive ¢. This finishes the verification of the compatibility conditions.

We are now ready to use the Whitney extension theorem. To this end, we first recall that the IM My,
is a graph of the C'-*-function My, : Py,H — Qn, H, which is defined via My, (p) := Qn, W(p, 0),
p € Py, H = Hy, (all functions V, W, W', W” defined above depend only on Py,-component of p € H,
so without loss of generality we may assume that p, &, € Hy, (we took them from H in order to
simplify the notation only). Thus, projecting the constructed Taylor jets to t =0 and Qy, H, we get the
C'*-function My, (p) restricted to the invariant set p € Py, My, and a family of quadratic polynomials

JEMy,(p) = QN JEW (p, 0),

which satisfy the compatibility conditions on p € Py, My,. Therefore, since Hy, is finite-dimensional,
the Whitney extension theorem gives the existence of a C%*-function My, : Py, H — Qn, H such that

JEMy,(p) = JZMn,(p), p € Py,Muy,.

Thus, the desired C*>™*-extension of the IM My, is “almost” constructed. It only remains to take care
of the closeness in the C'-norm. To this end, for any small v > 0, we introduce a cut-off function
Py € C*°(Hy,, R) such that p(p) =0 if p belongs to the v-neighbourhood O, of Py, My, and p(p) =1
if p ¢ Oy,. Moreover, since Py, My, is C L.e_smooth, we may require also that

IVpp(p)l < Cv7, (4-14)
where the constant C is independent of v. Finally, we define
My, (p) := (1= pu(p)) My, (p) + pu(P)(S,2 Mp,) (p), (4-15)

where S, is a standard mollifying operator,

SuhHp) = fRNZ Bu(p—q)f(q)dq,

and the kernel B, (p) satisfies B, (p) = (1/uN)B1(p/w) and B (p) is a smooth, nonnegative function
with compact support satisfying fRNz Bi(p)dp =1.

We claim that M N, 1s a desired extension. Indeed, M N (p) = M N, (p) in O, and therefore M N, and
My, coincide on Py, My, . Obviously, M N, is C*¢-smooth. To verify closeness, we note that

My, (p) — My, (p) = (1 — py(P)) (M, (p) — My, (9) + 00 (P)(S1o My, (p) — My, (p)).  (4-16)
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Using the fact that My, € C'¢ together with the standard estimates for the mollifying operator, we get
1(Sy2Mn,)(p) = My, (p) | < CV2, [IV,(S,2My,)(p) — VM, (p) || < Cv*,

which together with (4-14) shows that the C'-norm of the second term in the right-hand side of (4-16)
is of order v?. To estimate the first term, we use that both functions M N,(p) and My, (p) are at least
C'¢-smooth and

MNz(p)zMNz(P)a VpMNz(p):VpMNz(p)v p € Py, My;.
For this reason,
1My, (p) — My, (p)|| < Cv'™, IV, M, (p) — V, My, (p)ll < Cv®

for all p € ©O,,. Thus, using (4-14) again, we see that
1M, () = My (D ey, i) < CV°
This finishes the proof of the theorem for the case n = 2. U

Proof for general n € N. We will proceed by induction with respect to n. Assume that, for some
n € N, we have already constructed the C!*-smooth inertial manifold My, which is a graph of a
map My, : Py,H — Qn,H and this map is constructed via the solution V(p, t), t <0, p € H, of the
backward problem (3-6), where N is replaced by N,. Recall that this manifold is constructed using the
n-th spectral gap. Assume also that, for every p € Py, Mpy,, we have already constructed the n-th Taylor
jet J§” V(p, t) such that the compatibility conditions up to order n are satisfied. In contrast to the proof
for the case n = 2, it is convenient for us to write these conditions in the form of (2-12):

IEV (p1. ) = T sV (P, 2

e

®_.m = CUBI+ 151D (4-17)

On+(n—1)0,_+ex

Here & € H is arbitrary, § := p; — p, € > 0and ) <60, - - - < 6, are the exponents which satisfy condition
(3-17) for N = Ny, ..., N,. In order to simplify the notation, we will write below

JEV(p1) =I5V (D) = Og,u—1)g, -+ (U811 +IE D) (4-18)

instead of (4-17) and likewise in similar situations. Rewriting (4-18) in terms of truncated jets with the
help of (2-10) (where £ is replaced by §), we have

V(PO +i5V(P) = jissV (D) = Ong, e (IISI + 1EID"T), (4-19)

where we have used that 6,_; < 6,,. We also need the induction assumption that (4-19) holds for every
m < n, namely,

JEV (1) — I sV (P) = O, 4 ((ISI+ 151D ). (4-20)
Let us now consider the (n+1)-th spectral gap at N = N,4; which is the first N satisfying

)\'Nn+1 + L +n(an+1 —L) < )\.Nn+1+1 — L. 4-21)
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Let My, ., be the corresponding IM which is generated by the backward solution W (p, 1) of problem (3-6)
with N replaced by N,+1. We need to define the (n-+1)-th Taylor jet Jg’“ W (p, t) for the function W (p, 1),
n+1
1
FEEWp, 0 =Wp, 0+ WO 0lEN, (4-22)
k=1"

& € H and p € Py, , My, and to verify the compatibility conditions of order n + 1. Keeping in mind the
already-considered cases n = 1 and n = 2, we introduce the required jet (4-22) as a backward solution
of the equation

I W (p)+ AT W (p) = F" Np, &), Py, I (im0 = Py, (P +6), (4-23)
where
FU"(p, &, 1) := F(W(p, 1)) + F'(W(p, ) ji ' W(p,0)
n+1
+3 L  (KFOW (. UIEV (. OY L JEW (p. 1]
k=2 —(k=DFOWp. o)V (p. 0}]). (424

The symbol “[n 4+ 1]” means that we have dropped out all terms of order greater than n + 1 from the
right-hand side, so FI"*!l is a polynomial of order n 4+ 1 in & € H. Alternatively, the dropping out
procedure means that we use the substitution

VY = >0 Buwdil'VD). . 08V, (4-25)

nyt-tng<n+l
niGN

where the numbers B, .., € R are chosen in such a way that polynomials in the left- and right-hand sides
of (4-25) coincide up to order gyl inclusively and the term [{J V(p, t)}k L J YW (p,t)] is treated
analogously. The explicit expressions for these coefficients can be found using the formulas for the
higher-order chain rule (Faa di Bruno-type formulas; see, e.g., [Roman 1980; Hijek and Johanis 2014]),
but these expressions are lengthy and not essential for what follows, so we omit them.

Note also that the truncated jets j;V( p, t) are taken from the induction assumption. We seek the
solution of (4-23) belonging to Li,wn 10,,, (R, H) for some 6, satisfying (3-17) with N replaced by Ny 1.

Expanding (4-24) in series with respect to &, we get the recurrent equations for finding the “derivatives”
W (p, 1) = WO (p, DI{E:

awl +Aaw® —Fwppwl® = oG w, i), Py, WPl =0, (4-26)

for k > 2, Where ® is polynomial of order k£ in & which does not contain W(l) with [ > k. Thus, the
functions Wg can be, indeed, found recursively. Moreover, the spectral gap assurnpt10n (4-21) guarantees
that we can find 6,4 satisfying (3-17) with N = N,,;; such that 6, + n8, also satisfies this condition.
Therefore, Proposition 3.7 guarantees the existence and uniqueness of the homogeneous polynomials
Ws(k)( p) satisfying "
k

WSO, e < CIEN (4-27)

fork=1,...,n+1.
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To complete the proof of the theorem, we only need to verify that the jet J: W(p, 1) satisfies the
compatibility conditions of order n + 1. If this is verified, the rest of the proof coincides with the one
given above for the case n = 2. We postpone this verification till the next section. Thus, the theorem is
proved by modulo of compatibility conditions. O

Corollary 4.4. Let the assumptions of Theorem 4.3 hold with . > 0 being small enough. Then the
invariant manifold Py, My, of the extended IF (4-1) possesses an exponential tracking property in Hy, ;
i.e., for every solution uy, (t) of (4-1) there exists the corresponding solution uy, belonging to this
manifold such that

lun, (0) — iy, (0] < Ce™™ (4-28)

for some positive C and 6.

Proof. As we have already mentioned, this is the standard corollary of the fact that My, is normally
hyperbolic and, therefore, persists under small C!-perturbations; see [Bates et al. 1999; Fenichel 1972;
Hirsch et al. 1977; Katok and Hasselblatt 1995]. Nevertheless, for the convenience of the reader, we now
sketch a direct proof that does not use the normal hyperbolicity explicitly.

We first construct an invariant manifold M ~, with the base Hy, in Hy, for the extended IF. We do
this exactly as in the proof of Theorem 3.2 by solving the backward problem

duy, + Au, — Py, F(uy, + My, (uy,)) =0,  Pyuy, =p (4-29)
in the space Lim([RL, Hy,) with 8 = (An, + An,+1)/2. This equation is (Cu)-closed to
orun, + Auy, — Py, F(un, + My, (un,)) =0, Pyun,=p (4-30)

in the C'-norm (since M N, 1s p-closed to My, due to Theorem 4.3). Thus, using Remark 3.13 and
the Banach contraction theorem, we can construct a unique solution uy, (¢) of (4-29) in the (Cpu)-
neighbourhood of the corresponding solution uy, of problem (4-30) and vice versa. This gives us the
existence of the manifold My, which is generated by all backward solutions of (4-30) belonging to the
space ng, (R_, Hy,). Since the solutions belonging to the invariant manifold Py, My, satisfy exactly
the same property, we conclude that My, = Py, My;,.

It remains to verify that the manifold My, possesses an exponential tracking property. This can be
done as in the proof of Theorem 3.2 by considering the analogue of (3-14) for system (4-1) and using
again that M v, is close to My, in the C'-norm. This finishes the proof of the corollary. ]

Corollary 4.5. Arguing as in Corollary 3.9, we check that the extended IM M N, is also a C™*-submanifold
of H? := D(A).
5. Examples and concluding remarks

We now give several examples of our main theorem, as well as its reinterpretations, and state some
interesting problems for further study. We start with the application to the 1-dimensional reaction-
diffusion equation.
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Example 5.1. Let us consider the following reaction-diffusion system in a 1-dimensional domain 2 =
(—m,m):
du=adiu—f(u), ule=0, wuli—o=uo. (5-1)

where u is an unknown function, a > 0 is a given viscosity parameter, and f (u) is a given smooth function
satisfying f(0) = 0 and some dissipativity conditions, for instance,

fu>—-C+alul®>, ueR.

for some C and @ > 0 (e.g., f(u) = u® —u as in the case of real Ginzburg-Landau equation). Then, due
to the maximum principle, we have the following dissipative estimate for the solutions of (5-1):

lu@®llzee < luollLee™ + Cs, (5-2)

where the constant C, is independent of ug; see, e.g., [Babin and Vishik 1992; Chepyzhov and Vishik
2002; Temam 1988]. Thus, the associated solution semigroup S(¢) acting in the phase space H := HO1 (2)
possesses an absorbing set in C(£2), and cutting-off the nonlinearity outside of this ball, we may assume
without loss of generality that f € Cj°(R).

After this transformation, (5-1) can be considered as an abstract parabolic equation (3-1) in the Sobolev
space H = HO1 (£2). Since this space is an algebra with respect to pointwise multiplication (since we have
only one spatial variable), the corresponding nonlinearity F(u)(x) := f(u(x)) is C*°-smooth and all its
derivatives are globally bounded.

Finally, the linear operator A in this example is A = —ad? endowed with the Dirichlet boundary
conditions. Obviously, this operator is self-adjoint, positive definite and its inverse is compact. Moreover,
its eigenvalues

Mmo=ak?, keN,

satisfy (4-2). Thus, our main Theorem 4.3 is applicable here and, therefore, problem (5-1) possesses
an IM My, of smoothness C'¢ for some & > 0 and, for every n € N, this IM can be extended to a
manifold MM ~, of regularity C"**, g, > 0, in the sense of Definition 4.1.

Remark 5.2. Our general theorem is applicable not only for a scalar reaction-diffusion equation (5-1), but
also for systems where the analogue of (5-2) is known, for instance, for the case of 1-dimensional complex
Ginzburg-Landau equation. However, one should be careful in the case where the diffusion matrix is not
self-adjoint and especially when it contains nontrivial Jordan cells. In this case, even Lipschitz IM may
not exist; see [Kostianko and Zelik 2022] for more details.

A bit unusual choice of the phase space H = HO1 () (instead of the natural one H = L%(Q2)) is related
to the fact that we need H to be an algebra in order to define Taylor jets for the nonlinearity F' and to
verify that it is C*°. This, however, may be relaxed in applications since backward solutions of (3-4) and
(3-18) are usually smooth in space and time if the nonlinearity f is smooth, so the Taylor jets for V (p, 1)
will be well-defined even if we consider L2(Q2) as a phase space and the theory works with minimal
changes. This observation may be useful if we want to remove the assumption f(0) =0 in (5-1), but in
order to avoid technicalities, we prefer not to go further in this direction here.
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The restriction to the 1-dimensional case is motivated by the fact that the spectral gap condition (4-2)
is naturally satisfied by the Laplacian in 1-dimensional case only (it is an open problem already in the
2-dimensional case).

If we consider higher-order operators, say bi-Laplacian then the analogous result holds also in three
dimensions. The typical example here is given by the Swift-Hohenberg equation in a bounded domain
QCR*:

du=—(A+D%u4u—u®, ulyo=Aulso =0,

where the spectral gap condition (4-2) is also satisfied; see [Zelik 2014]. We also note that although
our main theorem is stated and proved for the case where F maps H to H, it can be generalized in
a very straightforward way to the case where the operator F decreases smoothness and maps H to
H™* := D(A™*/?) for some s € (0, 2). The spectral gap assumption (4-2) should be replaced by

1i { )\n-i-l _)Vn }
imsupy ——~ = o0.

n—00 )»; /+ ] + )\;/
After this extension, our theorem becomes applicable to equations which contain spatial derivatives in the
nonlinearity. A typical example of such applications is the 1-dimensional Kuramoto—Sivashinsky equation

o +a8§u + Bfu +ud,u=0, Q=(—mn,nm), a>0,
endowed with Dirichlet or periodic boundary conditions; see [Zelik 2014] for more details.

Remark 5.3. As we mentioned in the Introduction, there is some significant recent progress in constructing
IMs for concrete classes of parabolic equations which do not satisfy the spectral gap conditions (such
as scalar reaction-diffusion equations in higher dimensions, 3-dimensional Cahn—Hilliard or complex
Ginzburg-Landau equations, various modifications of Navier—Stokes systems, 1-dimensional reaction-
diffusion-advection systems, etc.). The techniques developed in the present paper are not directly
applicable to such problems (in particular, our technique is strongly based on the Perron method of
constructing the IMs and it is not clear how to use the Perron method here since we do not have the
so-called absolute normal hyperbolicity in the most part of equations mentioned above; see [Kostianko
2018; Kostianko and Zelik 2015] for more details). However, we believe that the proper modification of
our method would allow us to cover these cases as well. We return to this problem elsewhere.

We now give an alternative (probably more transparent and more elegant) formulation of Theorem 4.3.
We recall that in Theorem 4.3, we have directly constructed a smooth extended IF (4-1) for the initial
equation (3-1). This extended IF captures all nontrivial dynamics of (3-1), but the associated smooth
extended IM M, is not associated with the “true” IM of any system of the form (3-1). This drawback
can be easily corrected in a more or less standard way which leads to the following reformulation of our
main result.

Corollary 5.4. Let the assumptions of Theorem 4.3 be satisfied and let My, be the C'-¢'-smooth IM of
(3-1) which corresponds to the first spectral gap. Then, for everyn € N, n > 1, there exists a modified

n—1,e,

nonlinearity F: H — H which belongs to C), (H, H) for some &, > 0 such that:
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(1) The initial IM My, is simultaneously an IM for the modified equation
du+ Au = F,(u). (5-3)

(2) Equation (5-3) possesses a C™ % -smooth IM M N, of dimension N, such that the initial IM M is a
normally hyperbolic globally stable submanifold of M N, -

(3) The nonlinearity I?,l (#) depends on the variable uy, == Py, u only and the IF associated with the IM
/\7an is given by (4-1) where K, is replaced by N,,.

Proof. Indeed, we take the manifold M n, constructed in Theorem 4.3 and define the desired function ﬁn as

Py, Fy(u) := Py, F(uy, + My, (un,)) (5-4)
and
O, Fu(u) = My (un,)[—AMy, (un,) + Py, F(uy, + My, (uy,)1+ AMy, (uy,).  (5-5)

Then, due to the choice of Py, -component of Fn (u), the equation for u y, is decoupled from the equation for
the Q y,-component and coincides with the extended IF for (5-3) constructed in Theorem 4.3. On the other
hand, the Qy,-component of fn is chosen in a form which guarantees that M N, 1s an invariant manifold
for (5-3). Moreover, if u(¢) solves (5-3) with such a nonlinearity and v(f) :=u(t) — Py, u(t)— M N, (un, (1)),
then this function satisfies

hv+Av=0, Pyv()=0,
and, therefore,

lv@®lla < lv(0) ||He7}‘Nn+1’.

Thus, M w, 1s indeed an IM for problem (5-3) and we only need to check the regularity of the modified
function Fn

The Py, component (5-4) is clearly C™®*-smooth, but the situation with the Q, is a bit more delicate
due to the presence of terms AM N, (uy,) and M I/Vn (un,). The first term is not dangerous since we know
that M N, i1s C™*-smooth as the map from Hy, to H 2. The second term is worse and decreases the
smoothness of the f,, till C"~ 1% Thus, the corollary is proved. O

Remark 5.5. The modified nonlinearity F,, (u) can be interpreted as a “clever” cut-off of the initial
nonlinearity F(u) outside of the global attractor (even outside of the IM of minimal dimension). In this
sense we may say that all obstacles for the existence of C"*-smooth IMs can be removed by appropriately
cutting off the nonlinearity outside of the global attractor, which does not affect the dynamics of the initial
problem. This demonstrates the importance of finding the proper cut off procedure in the theory of IMs.

Example 5.6. We now return to the model example of G. Sell introduced in Example 3.11 and show
how the problem of smoothness of an invariant manifold can be resolved. Since the nonlinearity for this
system is not globally Lipschitz continuous, the above-developed theory is formally not applicable and
we need to cut-off the nonlinearity first. We overcome this problem by considering only local manifolds
in a small neighbourhood of the origin.
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Indeed, it is not difficult to see that system (3-31) has an explicit particular solution
ui () =+e™, up1(t) =Cre ¥, n>1,

where the coefficients C,, satisfy the recurrence relation

C:, Co=1.

Cn+1 = m_ 1

This solution determines a 1-dimensional local invariant manifold
My={p+M(p):peH =R, |p| <B},
where M : R — H is defined by M = (0, M{(p), M2(p), ...) and

2n 1
M,41(p) = Cpp* (ln ﬁ) , neN,
P

which is a 1-dimensional IM for system (3-31) and 8 is a sufficiently small positive number. Indeed,
since C,, < 272" for some positive «, this manifold is well-defined as a local submanifold of H =1,
@if B > 0 is small enough) and is C 1¢_smooth for any ¢ € (0, 1). Moreover, we see that M>(p) is only
C'*-smooth and higher components are more regular; in particular, M, (p) is C?"'~1¢_smooth. This
shows us how to define the extended manifolds of an arbitrary finite smoothness. Namely, let us fix some
n € N and consider the manifold

M ={p+M,(p):p€Hy, Ip11<B),  Mu(p):=({0)", Mur1(p1), Musa(p1), Muy3(p1), ...). (5-6)

Clearly /\71n is C%"~1-¢.smooth and M is a submanifold of /\71,1. Moreover, if we define the modified
nonlinearity ﬁn (u) as

Fn(”) = (0’ u%v u%v DI u%_lv Mn+1(u1)v Mn-i-z(ul)a . )7 (5_7)

then it will be C2'~!*-smooth and the extended manifold A, will be an IM for the corresponding
modified equation (5-3). Finally, the normal hyperbolicity of M in M, follows from the fact that any
solution on M decays to zero no faster than e~ due to the nonzero first component, if we look to the
transversal directions, the smallest decay rate is determined by the second component and this decay is at
least as t3e~%. Since our model system is explicitly solvable, we leave verifying this normal hyperbolicity
to the reader. We also note that the extended IF in this case reads

%ul +u; =0, %uk—l-Zk_luk :u,%_l, k=2,...,n,

which is nothing more than the Galerkin approximation system to (3-31).

Remark 5.7. We see that, in the toy example of (3-31), we can find the desired extension of the initial
IM explicitly without using the Whitney extension theorem (and even without assuming the global
boundedness of F' and its derivatives). Moreover, the dependence of smoothness of the extended IM on its
dimension is very nice; namely, if we want to have a C"-smooth IM, it is enough to take dim M ~ log, n.
Of course, this is partially related to good exponentially growing spectral gaps, but the main reason is
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that we have an extra regularity property for the initial IM, namely, that the smoothness of projections
O M (p) grows with k. Unfortunately, this is not true in a more or less general case, which makes the
extension construction much more involved. In particular, we do not know how to gain more than one unit
of smoothness from one spectral gap and have to use n different spectral gaps to get n units of smoothness.
This, in turn, leads to extremely fast growth of the dimension of the manifold with respect to the regularity
(as not difficult to see, in Example 5.1, the dimension of M N, grows as a double exponent with respect to n).

We believe that this problem is technical and the estimates for the dimension can be essentially improved.
Indeed, if we would be able to get n units of extra regularity using one extra (sufficiently large) gap the
above-mentioned growth of the dimension would become linear in #» in Example 5.1. We expect that
this linear growth is optimal, and we are even able to construct the corresponding Taylor jets. But these
jets do not satisfy the compatibility conditions and we do not know how to correct them properly.

Appendix: Verifying the compatibility conditions

The aim of this appendix is to show that the jets J;H W(p,t), p € Py, H, constructed via (4-23), satisfy
the compatibility conditions up to order n + 1 and, thus, to complete the proof of Theorem 4.3. We will
proceed by induction with respect to the order m <n + 1.

Indeed, the first-order compatibility conditions are trivially satisfied since the functions W (p, t) are
C1¢-smooth. Assume that the m-th order conditions are satisfied for some m < n + 1, and for all m; <m

J"W(p1) = I W(p) = Op, 4 om—nya, (18I +IED™ ) (A-1)

forall§ € H, py, p€ Py, , Mpy,, € >0, § := p; — p and some constant C which is independent of p, p;.
Using the fact that V(p, 1) = W(p, 1) for all p € Py, , My, together with the analogue of (A-1) for the
already constructed jets Jéi" V(p,t), we end up with
V(p) =WpD) =V(P)+Js" V(D) + Ome, 4 (I181™ )
=W(p)+Jjs" W(p) + 06,1+ —1y6,+¢ (I81I™F) (A-2)

for all p1, p € Py,,,Mn,, 8 := p1 — p and, therefore v(¢) := V(p1,1t) — V(p, t) satisfies

n+1
v=j5" V(D) + Omyg, 4+ (181" ) = ji"' W(P) + Op, 1 +my— 16,4 N8N, (A3)
J3"V(p) = 5" W(p) = 06,1 +m g +e (I181I™F).

We now turn to the (m+1)-th jets and start with the following lemma which gives the compatibility
conditions in the particular case £ = 0.

Lemma A.1. Let the above assumptions hold. Then
v=W(pD) —W(p) = ji™ ' Wp) + 06, tmo,+ (181" (A-4)
forall py, p € Py, ., Mn, and § := py — p. Moreover,

F(V(p) = F" M (p, 8)+ 0p, , 1mo,+: (18] T1F) (A-5)

for some ¢ > Q0.
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Proof. Let R :==v — jg"“ W (p). Then, by the definition (4-23), this function solves
OR+AR=F(V(p))—F"(p,8), Py, Rli==0. (A-6)

Let us study the term FI"+1(p, §) at the right-hand side (which is defined by (4-24)). Using (A-3) and
the trick (4-25), we may replace j§"V (p) and j"W(p) by v in all terms in (4-24) which contain the
second and higher derivatives of F (the error will be of order ||§]|T!*#). Actually, we cannot do this in
the term with the first derivative at the moment since this requires (A-3) for W of order m + 1, which we
are now verifying. This, gives

FImtl(p, 8) = F(V(p)) + F'(V(p) i ' W(p)
m—+1

1
+ 2 0 POV DU T+ Op,pmo 4 (18171, (AD)
k=2

Indeed, let us consider the terms in (A-7) containing j§" W only (the terms without it are analogous, but
simpler). Using the analogue of (4-25),

GEVEY i wmel— Y By V) BTV W)Y, (AX8)

ni+-+ng<m+1
n,-eN

the growth exponent of the remainder does not exceed
(n1 4+ nk—1)0n + Op1 + (g — )6, + & < 041 + mb, + ¢,

where we have implicitly used our induction assumptions (A-3) and decreased the exponent ¢ if necessary.
Using now the Taylor theorem for F € C"*!:¢ together with estimate (3-23) for v, we infer that

F(V(p1) = F"(p,8) = F'(V(P)R + Oty s+ (181" 9)
and, therefore, the function R solves
3R+ AR~ F'(V(p)R = Og,., 1mo,+: (181" T1+%), Py, Rli—o =0. (A-9)

Since by the induction assumption 8, < Ay,+1 — L, assumption (4-21) guarantees the existence of 6,4
and ¢ > 0 such that 6,1 +m6, + ¢ satisfies (3-17) with N replaced by N, 1. Thus, Proposition 3.7 gives
the estimate

m+1+e
” R || L§(9n+|+m0n+£>t R_,H) < C ”5 ||

and (A-4) is proved. Estimate (A-5) is now a straightforward corollary of (A-7) and the Taylor theorem
(since we are now allowed to replace jé"“ W by v). Thus, the lemma is proved. O

We now turn to the general case & # 0. To this end we need the following key lemma.
Lemma A.2. Let the above assumptions hold. Then, the following formula is satisfied:
F"(py, &) — FU N (p, & +8) = F'(V(p) (ji ' W (p) + j& T W (p1) — jI5 W (p))
+ 0, -4me, e (181 + 1D ), (A-10)

where § € H, py, p € Py,,, My, and § = p; — p.



SMOOTH EXTENSIONS FOR INERTIAL MANIFOLDS OF SEMILINEAR PARABOLIC EQUATIONS 529

Proof. Indeed, according to the definition (4-24) and formula (A-5), we have

F"(py, &) = F"(p, 8) + F'(V(p) i W(p1)

m—H
+Z (FOWV LW (D), 8V (Y 1= A= DFO WV () V (p)}])
+ Op,..,-tmo, +e (NE N H 1S F1F9). (A-11)

We recall that, according to our agreement and formula (4-25), the right-hand side does not contain the
terms of order larger than m + 1. Expanding now the derivatives F Dv( p1)) into Taylor series around
V(p) and using (A-3), we get

F"(py, &) = FUH(p, 8) + F'(V(p) GE' W (p1) — jE' W (p1))
m+1m+1

1
222 i (PO VDLV YW . GV (o)
e —(=DFOW ULV P GV (i)
+ Oty e (CIE N+ 181 F19). (A-12)

Finally, changing the order of summation, we arrive at

FU"(py &) = FU"H(p, 8) + F'(V (p)j&' W (p1)
m+1 k

1
+ 2 1 2 CLUF OV IV (Y W (o). 8V (pn)' ]

k= 2 Tl=1 k) .m k—I1
— (= DFOW (VY G v ent)
+ O, mo,+e (IE] + 81D 1), (A-13)

Let us now look to the term FI"+(p, £ +68). According to (4-24), we have

Fimtl(p & +6)

= F(V(p))+ F'(V(p)jl5' W (p)
m+1

1
+y 1 KEO VOIS WP, UV (Y= (= DFOV ()L V (YD) (A-14)
k=2 "

From the induction assumption, the compatibility assumptions (A-1) hold for JS sW and give

JesWp) = Ji"W(p) + ji" W(p1) + Oa,. 1+ 1y, +e (N8I + 1E1D™ )

for all m; < m and the analogous identities hold also for jé" sV

JEsV(p) = Ji"V(p) + 3" V(1) 4 Oyg,+e (U811 1E D™ ).

Moreover, using (A-3), we may also get

JEsWp) = J5" V(P + 7 W(pD) + 06y~ +e (IS 4 15 D™F)
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for all m; < m. Inserting these formulas to (A-14), we arrive at

F[m+1](p’%-+5) F(V(p))—l—F (V(P))ngﬁlw(p)
m—+1

— (k- 1>F(k)<V<p>>[{j§1V(p> + jg"vum} “)
+ O,y 4moy e (U811 4+ 15D H1F5). (A-15)
Using the binomial formula (2-1), we arrive at

FU(p & +8) = F(V(p) + F'(V(p)) jI"5 W (p)
m—+1

+D % <ch VFOWVEILGEW P, U5V YL G v oy

k=2

+ ZkCi_lF“‘)(V(p))Ug" V). UVl v ey
=0 k

= 2 (k= DCFOV )Y (Y (e V(m)}l])

1=0
+ O,y +mo, - (18] 4 D" F9),
(A-16)
We need to compare (A-13) and (A-16). To this end, we first note that
l -1

and, therefore, the terms containing the jets of W in these two formulas coincide. Thus, we only need to
look at the terms without jets of W. In the case / = k, we have only one term in the right-hand side of
(A-16), which obviously coincides with the analogous term in (A-13). Let us now look at the terms with
[=1,...,k—1. Due to the obvious identity

—( = D)C =kCy_; — (k= DC,

these terms again coincide. Thus, it remains to look at the extra terms which correspond to / =0 in (A-16)
and which are absent in the sums of (A-13). Finally, using (A-3) and (A-5), we get the following identity
involving these extra terms:

m+1

1
F(V(p)+ Z G POV V(P

= F"tU(p, 8) — F'(V(p) j{ ' W(p) + Op,, 1mey+e (ST +IED™ T, (A-17)
This gives the identity

FU" W (py, &) = F'(V(p)ji ™' W (p1)
= FU" N (p & +8) = F'(V(p) GEE W) — ' W) + O, rmo,+e (A1 + IED™ 1) (A-18)

and finishes the proof of the lemma. U
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We are now ready to finish the check of the compatibility conditions. Note that, due to (A-4), we have
JIW () = T W (p)
=y W)+ W (1) = J WD) + Op, i eme, 1o (U811 + IED™ ). (A-19)

Let finally U (1) := J{"*'W(p)) — J/'-5' W (p). Then, according to definition (4-22), Lemma A.2 and the

fact that § = p; — p, this function solves the equation
U+ AU — F'(V(p)U = Op,, 1mo, I8+ 1E)" ), Py, Uli=o =0, (A-20)
and by Proposition 3.7, we arrive at
JEHW (p1) — IS W () = 6,y tmo, ve (US4 €)™ F1F9). (A-21)

Thus, the (m+-1)-th order compatibility conditions for Jg”“ W (p) are verified. The induction with respect
to m gives us that J;’“ W (p) also satisfies the compatibility conditions (of course, we cannot take m > n
since we need the compatibility conditions of order m for JE’” V (p) to proceed). This completes the proof
of our main Theorem 4.3.
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SEMICLASSICAL EIGENVALUE ESTIMATES UNDER MAGNETIC STEPS

WAFAA ASSAAD, BERNARD HELFFER AND AYMAN KACHMAR

We establish accurate eigenvalue asymptotics and, as a by-product, sharp estimates of the splitting between
two consecutive eigenvalues for the Dirichlet magnetic Laplacian with a nonuniform magnetic field having
a jump discontinuity along a smooth curve. The asymptotics hold in the semiclassical limit, which also
corresponds to a large magnetic field limit and is valid under a geometric assumption on the curvature of
the discontinuity curve.

1. Introduction

The paper studies a semiclassical Schrodinger operator with a step magnetic field and Dirichlet boundary
conditions, in a smooth bounded domain. The aim is to give accurate estimates of the lower eigenvalues
in the semiclassical limit.

Let Q be an open, bounded, and simply connected subset of R? with smooth C! boundary. We consider
a simple smooth curve I' C R? that splits R? into two disjoint unbounded open sets, P; and P», and such
that I" is a semistraight line when |x| tends to +oc0. We assume that I decomposes €2 into two sets €2
and €2, as follows (see Figure 1):

(1) T intersects d€2 transversally at two distinct points.
2) Q:=Q2NP#Tand Q2 :=QN P, £ Q.
Leth >0and F = (I, I») € Hltc([l%z) be a magnetic potential whose associated magnetic field is
curl F=ajlp +arlp,, a:=(a;,ar) €R?, a #as. (1-1)
When restricted to €2, the vector field F satisfies
curl F =ajlg, +arlg,, a:=(aj,a)€R? a; #arand F € L*(Q). (1-2)

Note that the curve I' separates the two regions €21 and €2, which are assigned with different values of
the magnetic field. For this reason, we refer to I" as the magnetic edge. We consider the quadratic form
on H}(Q)

U Qh(u):/ |(hV — i F)u|*dx. (1-3)
Q
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Figure 1. The curve I" transversally cuts d<2 at two points and splits €2 into two regions,
Q] and Qz.

This quadratic form is closed on the form domain HOl (€2). By the Friedrichs extension procedure, we can
associate its Dirichlet realization in €2

2
P i=—(hV —iF)? = =) (hdy, —i F})%, (1-4)
j=1
whose domain is
Dom(P;) = {u € L*(Q) : (hV —iF) u e L*(Q), j € {1,2}, ulsq =0} 1-5)

The operator Py, is self-adjoint, has compact resolvent, and its spectrum is an increasing sequence,
(A (h))nen, of real eigenvalues listed with multiplicities.

In this contribution, we aim at giving the asymptotic expansion of the low-lying eigenvalues of P}, in
the semiclassical limit, i.e., when 4 tends to O.

Schrodinger operators with a discontinuous magnetic field, like P,, appear in many models in
nanophysics such as in quantum transport while studying the transport properties of a bidimensional
electron gas [Reijniers and Peeters 2000; Peeters and Matulis 1993]. In that context, the magnetic edge is
straight and bound states interestingly feature currents flowing along the magnetic edge.

The present contribution addresses another appealing question on the influence of the shape of the
magnetic edge on the energy of the bound states. We give an affirmative answer by providing sharp
semiclassical eigenvalue asymptotics under a single “well”” hypothesis on the curvature of the magnetic
edge (see Assumption 1.1 and Theorem 1.2 below). Loosely speaking, our hypothesis says that we perform
a local deformation of the magnetic edge so that its curvature has a unique nondegenerate maximum.

Another important occurrence of magnetic Laplace operators is in the Ginzburg—Landau model of
superconductivity [Saint-James and de Gennes 1963]. In bounded domains, the spectral properties of
these operators can describe interesting physical situations. In the context of superconductivity, accurate
information about the lowest eigenvalues is important for giving a precise description of the concentration
of superconductivity in a type-II superconductor. Moreover, it improves the estimates of the third critical
field, Hc,, that marks the onset of superconductivity in the domain. We refer the reader to [Assaad and
Kachmar 2022; Assaad 2021] for discontinuous field cases, and to [Fournais and Helffer 2006; Helffer
and Pan 2003; Lu and Pan 1999a; 1999b; 2000; Bonnaillie-Noé&l and Fournais 2007; Bonnaillie-No&l
and Dauge 2006; Bernoff and Sternberg 1998; Tilley and Tilley 1990] for a further discussion in smooth
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fields cases. In the present paper, the Dirichlet realization of P, in the bounded domain €2 can physically
correspond to a superconductor which is set in the normal (nonsuperconducting) state at its boundary.

Using symmetry and scaling arguments, one can reduce the problem to the study of cases of @ = (ay, a»),
where a; = 1 and ap = a € [—1, 1). Moreover, we will soon make a more restrictive choice of cases of a
(see (1-11) below). Towards justifying the upcoming choice of a, we introduce the effective operator
h.[£] with a discontinuous field, defined on R and parametrized by & € R:

2
hals] = —dd? 4 (& +ba(D)T), (1-6)
where
ba(1) = 1g, (1) +alg_(2). (1-7)

This operator arises from the approximation by the case where Q = R? and I = {x; =0}, T corresponding
to the variable x; and & being the dual variable of x;. The known spectral properties of §,[£], obtained
earlier in [Hislop et al. 2016; Assaad et al. 2019; Assaad and Kachmar 2022], are recalled in Section 2A.
Here, we only present some features of this operator that are useful to this introduction. The bottom
of the spectrum of §,[£], denoted by u,(£), is a simple eigenvalue for a # 0, usually called the band
function in the literature. Minimizing the band function leads us to introduce

B = Inf 1a(©). (1-8)

We list the following properties of §,, depending on the values of a:

Case a = —1: In the case where 2 = R? and I" = {x, =0}, this case is called the “symmetric trapping
magnetic steps” and is well-understood in the literature (see, e.g., [Hislop et al. 2016]). In this case, the
study of h,[£] can be reduced to that of the de Gennes operator (a harmonic oscillator on the half-axis
with Neumann condition at the origin). We refer the reader to [Fournais and Helffer 2010] for the spectral
properties of this operator. Here,
) := -1 =0.59 1-9)
is attained by p_;(-) at a unique and nondegenerate minimum &y = —+/®¢. Moreover, f_; = u—_1(&y)
is a simple eigenvalue of h_;[&p].
Case —1 < a < 0: This case is called the “asymmetric trapping magnetic steps” and is studied in many
works (see [Assaad and Kachmar 2022; Assaad et al. 2019; Hislop et al. 2016]). We have |a|®¢ < B, <
min(|a|, ®¢) and g, is attained by u,(-) at a unique ¢, < 0 [Assaad and Kachmar 2022]
/’La(;a) =:3a- (1-10)

Moreover, the minimum is nondegenerate, i.e., i, ({;) > 0.

Case a = 0: This corresponds to the “magnetic wall” case studied for instance in [Reijniers and Peeters
2000; Hislop et al. 2016]. We refer to [Hislop et al. 2016, Section 2] for this case.
For £ <0, we have

0 (halE]) = Oess(halE]) = [£%, +00),

where o and o, respectively denote the spectrum and essential spectrum.
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For & > 0,
Oess(MalE]) = [£2, +00)

and h,[£] may have positive eigenvalues A < &2. Consequently, Bg = j10(0) = inf oessho[0] = 0, and By
is not an eigenvalue of h,[£] for all £ € R.

Case 0 < a < 1: This corresponds with the “nontrapping magnetic steps” case; see [Assaad et al. 2019;
Hislop and Soccorsi 2015; Iwatsuka 1985]. Here, 8, = a and u,(-) doesn’t achieve a minimum; the
infimum is attained at 4-o0.

A key ingredient in establishing the asymptotics of the eigenvalues A, () is that B, is an eigenvalue
of h,[€] for some & € R. We will use the corresponding eigenfunction in constructing quasimodes of
the operator P;,. The above discussion shows that 8, is an eigenvalue only when a € [—1, 0). The case
a = —1 is excluded from our study, despite the fact that B_; is an eigenvalue of h_;[&p]. Except when I
is an axis of symmetry of €2 as in [Hislop et al. 2016], the situation is more difficult and the curvature
will play a more important role. We hope to treat this case in a future work. This explains our choice to
work under the following assumption on a (thus on the magnetic field curl F) throughout the paper:

a=(l,a), with —1<a <0. (1-11)

Under assumption (1-11), we introduce two spectral invariants

1

@) = 2ulE) =0 and My(@) =1 (3 1)2.6,0);0) <0, (1-12)

where (1, and ¢, are introduced in (1-8) and (1-10), and ¢, is the positive L?-normalized eigenfunction
of h,[¢,] corresponding to S,.
Furthermore, we work under the following assumption:

Assumption 1.1. The curvature I' 5 s — k(s) at the magnetic edge has a unique maximum
k(s) < k(so) =: kmax for s # sp.
This maximum is attained in I' N 2 and is nondegenerate:
ky :=k"(s9) <O.
The goal of this paper is to prove the following theorem:

Theorem 1.2. Let n € N* and a = (1, a), with —1 < a < 0. Under Assumption 1.1, the n-th eigen-
value A, (h) of Py, defined in (1-4), satisfies, as h — 0,

ko M
han(h) = hBa + I Pk M3 (a) + h7/*Q2n — 1), w + OB,

where B,, co(a) and Ms(a) are the spectral quantities introduced in (1-8) and (1-12).

Remark 1.3. This theorem extends [Assaad and Kachmar 2022, Theorem 4.5], where the first two terms
in the expansion of the first eigenvalue were determined with a remainder in O(h>/3). The proof of
Theorem 1.2 partially relies on decay estimates of the eigenfunctions with the right scale; see Section 6
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and [Assaad and Kachmar 2022]. In fact, away from the edge I, the eigenfunctions decay exponentially
at the scale 2 ~!/? of the distance to T', while, along I, they decay exponentially with a scale of 2~!/8 of
the tangential distance on I' to the point with maximum curvature.

Comparison with earlier situations. It is useful to compare the asymptotics of A, (#) in Theorem 1.2 with
those obtained in the literature for regular domains submitted to uniform magnetic fields. In bounded
planar domains with smooth boundary, subject to unit magnetic fields and when the Neumann boundary
condition is imposed, the low-lying eigenvalues of the linear operator, analogous to Py, admit the following
asymptotics as & tends to O (see, e.g., [Fournais and Helffer 2006]):

Jn(h) = h®g — h* ki 1 + 174 C10)* 20 — 1)/ 3ka + O3,

where ®g is as in (1-9), C; > 0 is some spectral value, and lzmax and 122 are positive constants introduced
in what follows. In this uniform field/Neumann condition situation, the eigenstates localize near the
boundary of the domain. More precisely, they localize near the point § with maximum curvature k(5)
of this boundary, assuming the uniqueness and nondegeneracy of this point. We define kmax = k(5) and
k» = —k”(5) > 0. In [Fournais and Helffer 2006], the foregoing localization of eigenstates restricted the
study to the boundary, involving a family of one-dimensional effective operators which act in the normal
direction to the boundary. These are the de Gennes operators

2
~ L e+,
defined on R with Neumann boundary condition at T = 0, and parametrized by & € R. We recover the
value O as an effective energy associated to (hV [£ De,

O = inf uV (&),
0 ngRM )

HV[E] =

where N (£) is the bottom of the spectrum o (hV[£]) of hV[£], for & € R.

Back to our discontinuous field case with Dirichlet boundary condition, we prove that our eigenstates
are localized near the magnetic edge I', and more particularly, near the point with maximum curvature of
this edge (see Section 6). Analogously to the aforementioned uniform field/Neumann condition situation,
our study near I" involves the family of one-dimensional effective operators (h,[£])zcr Which act in the
normal direction to the edge I', along with the associated effective energy f,,.

At this stage, it is natural to discuss our problem when the Dirichlet boundary conditions are replaced
by Neumann boundary ones. In this situation, one can prove the concentration of the eigenstates of the
operator Py, near the points of intersection between the edge I" and the boundary 2. This was shown in
[Assaad 2021, Theorem 6.1] at least for the lowest eigenstate. In such settings, a geometric condition is
usually imposed related to the angles formed at the intersection I'M9<2; see [Assaad 2021, Assumption 1.3
and Remark 1.4]. The localization of the eigenstates near I' N €2 will involve effective models that are
genuinely two-dimensional, i.e., they cannot be fibered to one-dimensional operators; see [Assaad 2021,
Section 3]. Studying this case may show similarity features with the case of piecewise smooth bounded
domains with corners submitted to uniform magnetic fields, treated in [Bonnaillie-Noél and Dauge 2006];
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see also [Bonnaillie-Noél et al. 2007; Bonnaillie-Noé&l 2005; Bonnaillie-Noél 2003; 2007] for studies
on corner domains. Such similarities were first revealed in [Assaad 2021, Section 1.3]. More precisely,
one expects the result in the discontinuous field/Neumann condition situation to be similar to that in
[Bonnaillie-Noél and Dauge 2006, Theorem 7.1]. Such a result is worth establishing in a future work.

Theorem 1.2 permits us to deduce the splitting between the ground-state energy (lowest eigenvalue)
and the energy of the first excited state of P;,. More precisely, introducing the spectral gap

A(h) := Az (h) — A1(h),
we get by Theorem 1.2:

Corollary 1.4. Under the conditions in Theorem 1.2, we have as h — 0

A(l’l):h7/4 2k2M3(a)C2(a)+O(h15/8).

Apart from its own interest, estimating the foregoing spectral gap has potential applications in nonlinear
bifurcation problems, for instance, in the context of the Ginzburg—Landau model of superconductivity
(see [Fournais and Helffer 2010, Section 13.5.1]).

Remark 1.5. Altering the regularity/geometry of the edge I' may lead to radical changes in Theorem 1.2.

o If I' is a piecewise smooth curve (a broken edge) then we have to analyze a new model in the full plane
(reminiscent of a model in [Assaad 2021]). We expect analogies with domains with corners in a uniform
magnetic field [Bonnaillie-Noé&l 2003].

« If we relax Assumption 1.1 by allowing the curvature k to have two symmetric maxima, then a tunnel
effect may occur and the splitting in Theorem 1.2 becomes of exponential order. This was recently
analyzed in [Fournais et al. 2022] based on the analysis of this paper and [Bonnaillie-Noél et al. 2022].

o If the curvature along I" or a part of I' is constant, then we expect that the magnitude of the splitting
in Theorem 1.2 will change too, probably leading to multiple eigenvalues. It would be desirable to get
accurate estimates in this setting. We expect analogies with disc domains in a nonuniform magnetic field
[Fournais and Persson-Sundqvist 2015].

Heuristics of the proofs. Our proof of Theorem 1.2 is purely variational. The derivation of the eigenvalue
upper bound is rather standard. It is obtained by computing the energy of a well-chosen trial state, vZf’f: ,
constructed by expressing the operator in a Frenet frame near the point of maximum curvature and doing
WKB like expansions (for the operator and the trial state).

Proving the eigenvalue lower bound is more involved. The idea is to project the actual bound state, vy, ,,
on the trial state vff 5 , and to prove that this provides us with a well-chosen trial state for a one-dimensional
effective operator, H;‘arm =—0C (a)ag — %kQMg (a)o?. To validate this method, we need sharp estimates
of the tangential derivative of the actual bound state, which we derive via a simple, but lengthy and quite
technical method involving Agmon estimates and other implementations from one-dimensional model
operators. At this stage, one advantage of our approach seems its applicability with weaker regularity
assumptions on the magnetic edge or the magnetic field, which could be useful in other situations as well,
like the study of the three-dimensional problem in [Helffer and Morame 2004].
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Outline of the paper. The paper is organized as follows. Sections 2 and 3 contain the necessary material
on the model one-dimensional problems for flat and curved magnetic edges, respectively. Section 4 is
devoted to the eigenvalue upper bounds matching with the asymptotics of Theorem 1.2. Here, we give
the construction of the aforementioned trial state vZf’f .

In Sections 5 and 6, we estimate the tangential derivative of the actual bound states, after being
truncated and properly expressed in rescaled variables. The tangential derivative estimate of the L norm
will follow straightforwardly from the main result of Section 5. However, a higher-regularity estimate
will require additional work in Section 6.

In Section 7, using the actual bound states, we construct trial states for the effective one-dimensional
operator, and eventually prove the eigenvalue lower bounds of Theorem 1.2. Finally, we give two
appendices, Appendix A on the Frenet coordinates near the magnetic edge, and Appendix B on the control
of a remainder term that we meet in Section 7.

2. Fiber operators

2A. Band functions. Leta € [—1,0). We first introduce some constants whose definition involves the
following family of fiber operators in L?(R):

d2
dt?

bal§]= +Va(&, 1), (2-1)

where & € R is a parameter,
Va6, 1) = E+ba(D)T)?, ba(r) =g, (1) +alg_(7), (2-2)
and the domain of h,[£] is given by
Dom(h,[£]) = B*(R).

Here the space B" (1) is defined for a positive integer n and an open interval / C R as
n 2 idu 2 . S
B'"(I)=3uelL(I):t 7 e L“(I) foralli, j eNsuchthati+j <n;. (2-3)
T

The operator h,[£] is essentially self-adjoint and has compact resolvent. Actually, it can also be defined
as the Friedrichs realization starting from the closed quadratic form

U galE1u) = fR (' (D) + V&, Dlu()|?) dt (2-4)

defined on B'(R).
For (a, &) € [—1,0) x R, the ground-state energy (bottom of the spectrum) u,(£) of h,[£] can be
characterized by

po©) = inr Sl 2-5)
ueB (R),uz0 ||u||L2(R)

and & — u, (&) will be called the band function.



542 WAFAA ASSAAD, BERNARD HELFFER AND AYMAN KACHMAR

We then introduce the step constant at a by
Ba = Inf p,(§). (2-6)
£eR

For a = —1, it is easy to identify by symmetrization @ —_1 (&) with the ground-state energy of the Neumann
realization of —(d?/dt?) + (t +&)? in Ry and therefore

B, = Oy, 2-7)

where ® is the celebrated de Gennes constant.
By the general theory for the Schrodinger operator, (., (§) is, for each & € R, a simple eigenvalue, that
we associate with a unique positive L>-normalized eigenfunction denoted by @a,e, 1.€., satisfying

Gus =0 (O8] = 1@ =0 and [ lpueoP dr=1. 2-8)
R
By Kato’s theory, the band function p, is an analytic function on R. Its derivative was computed in
[Hislop and Soccorsi 2015] (see also [Assaad et al. 2019, Proposition A.4]),
1

1) = (1= 2 ) (04O + (0 ®) = 9005 0)%), 2-9)

which results from the following Feynman—Hellmann formula (see [Assaad et al. 2019, equation (A.9);
Bolley and Helffer 1993; Dauge and Helffer 1993]):

WL(6) =2 /R (& + ba(D) D) gae (D) dr. (2-10)

2B. Properties of band functions/states. For a € (—1, 0), the following results were recently established
in [Assaad and Kachmar 2022; Assaad et al. 2019; Hislop et al. 2016]:

(1) lal®g < B, < min(lal, Op).
(2) There exists a unique ¢, € R such that 8, = 1, (&,).
(3) ¢a <0, (&) > 0 and the ground state ¢, := ¢, ¢, satisfies

$,(0) <0 and & = —V B+ ($.2(0)/$2(0)).
In particular, using (2-10) for & = ¢,, we observe that the functions ¢, and (£, +b,(t)t)¢, are orthogonal
/({a+ba(f)f)|¢u(t)l2df=0- (2-11)
R

Moreover, the ground-state ¢, satisfies the following decay estimates:

Proposition 2.1. Leta € [—1,0). For any y > 0, there exists a positive constant C,, such that

/ e’ lga(OI* + g, (D)) dr < C,.
R



SEMICLASSICAL EIGENVALUE ESTIMATES UNDER MAGNETIC STEPS 543
Consequently, for all n € N* there exists C,, > 0 such that

/ 17]"|¢a(D)|* dT < Cy. (2-12)
R

The proof is classical by using Agmon’s approach for proving decay estimates. We omit it and refer the
reader to [Fournais and Helffer 2010, Theorem 7.2.2] or to the proof of Lemma 2.4 below.

2C. Moments. Later in the paper, we will encounter the moments

+o00 1
Mn(a):/ b (T)(Ca+ba(f)f)"|¢a(f)|2df, (2-13)

which are finite according to (2-12).
For n € {1, 2, 3}, they were computed in [Assaad and Kachmar 2022] and we have

Mi(@) =0, (2-14)
S Y R 2 1/1 ,

M@ =3 [ P+ (= 1) 0 09,0, (2-15)

M@ =3 (3= 1)06. 08, 0. (2-16)

Remark 2.2. From the properties of the band function recalled in Section 2B, we get that M3(a) is
negative for —1 < a < 0 and vanishes for a = —1.

Remark 2.3. The next identities follow in a straightforward manner from the foregoing formulas of the
moments:

—+00
f T(%a +ba(1)T)|¢a(T) > dT = My (a),

—o0

+00
/ T(%a +ba (D)) ¢a (D) dT = M3(a) — L Ma(a),

o0

+00
/ ba ()T (L + ba (1)) |¢a (T)I” dT = M3(a) — 20, M2 (a),

o]

+00 too 1
/ Tlpa(T)? dt = —2, / ¢ ()% d,

—o0 —0 ba(7)

“+00 400 1
/ T80 d = Bata f (b (D)12 d +2M3(a) — 200 Ma (@),

—o0 —o0 Da(7)

‘We will also encounter the moment
L(a) := /R(éa + by (T)T)PaRal(Ca + ba(T)T)Pa] dT, (2-17)

involving the resolvent 93, which is an operator defined on L?(R) by means of the following lemma:

Lemma 24. Ifu € L*(R) is orthogonal to ¢,, we define (h,[¢,] — B)"'u in L*(R) as the unique
solution v orthogonal to ¢, to

(ha[é‘a] - ,Ba)v =u.
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We introduce the regularized resolvent R, in L(L*(R)) by
0 if ull a,
(hallad = Ba) " 'u if u L gg

(extended by linearity). Then, for any y > 0, R, and (d/dt) o R, are two bounded operators on
L*(R, exp(y|z]) d).

Ra(u) = { (2-18)

Proof. We follow Agmon’s approach. Consider v € Dom(h,[¢,]) and u € L*(R, exp(y|t|) dt) such that
(BalCal — Ba)v =u.
For all y > 0 and N > 1, consider the continuous function on R

@y~ () = min(y|z], N).
Observe that ®,, y € H, (R) and

y ifyl|t] <N,

o’ -
Py n (O {0 if y|7| > N.

Integration by parts yields
(u, €7V v) = ((halal = Bu)v, €*F7Vv)

= [l(e® M v)'|I” + f (Ga+b7)* = Bo)e®r Vv dT — || @), ye® |
R

> [[(e®r ¥ u)'|* + / ((Ga+b7) = Ba =y )PV v dr.
R
Choose A, > 1 so that, for |[t]| > A,,, we have (¢, + bt)? — Ba — y2 > 1; consequently, for N > y A,

(u, 2PrVv) > ||(ePrVv) || + / e®rVu|2dt — (B, +yDe? A v
{It|=A,}

Using the Cauchy—Schwarz inequality, we get further

@ @ @ 2 @ 2 2y 2y A 2
le®r¥ullle®Vvll = [|(e® ¥ v)|l +/ le™ N7 dT — (Ba + y e vll”
{Irl1=Ay}

Rearranging the terms in (2-19) and using Cauchy’s inequality

le®rVul lle®r V|| <2[le®Vul? + Lle®rVvll?,

we get

I o3 [ IR = (B4 D I+ 2
T|>A,
We end up with the estimate

/|€¢V'NU/|2dt+/|€®V‘NU|2dtSCy(||U||2+||€®Vu||2),

where we note that the right-hand side is independent of N.
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Since ®,, y is nonnegative and monotone increasing with respect to N, we get by monotone convergence
that e®vv and ¢® v’ belong to L(R) and satisfy

/|e¢yv/|2dr+/ le®rv)*dT < Cy (0] + lle® ul?), (2-19)
where
) = 1l O = .
y (T) yim y.N(T) =YIT]

To finish the proof, we note that, since the regularized resolvent is bounded and ®, > 0,
ol? = 19aul® < [1Rall* ) < 19Ral® e ull®. O
Proposition 2.5. For any a € (—1,0), it holds
1y (&) =2(1 =4 (a)) > 0. (2-20)

Proof. First we notice ({,+b,(t)T)¢, is orthogonal to ¢, in L?(R) (see (2-10)). Thus R, [(Za+b (T)T)Pa]
is well-defined as (§4[Za] — Ba) ™" (Ca + ba(T)T)¢a. Let z € R, and E,(z) be the lowest eigenvalue of the
operator H,(z), defined on L%(R) as

dZ
Ha(2) 1= Balta + 2] = =75 + (Ga + 2 +ba(1) 7).
We adopt the same proof of [Fournais and Helffer 2006, Proposition A.3] (replacing Py by H,(0) — B,
there) to get the identity in (2-20). Finally, by [Assaad and Kachmar 2022], u”(¢,) > 0. O

3. One-dimensional model involving the curvature

We consider a new family of fiber operators which are obtained by adding to the fiber operators in Section 2
new terms that will be related to the geometry of the magnetic edge. This family was introduced earlier
in [Assaad and Kachmar 2022] and their definition is reminiscent of the weighted operators introduced in
the context of the Neumann Laplacian with a uniform magnetic field [Helffer and Morame 2001].

We introduce the parameters

ae(=1,0, 8§€(0,5), M>0, hy>0 and «e[-M,M],
which satisfy
MRy < L
and will be fixed throughout this section.
Consider on (—7 7% h~%) the positive function a, ,(t)=1—«h 1/21), the Hilbert space L*((—=h% h™%);
a,n dt) with the inner product

/’lﬂS
(u,v) = / u(t)v(t) (1 —xh'?7)dr,

—h—
and, for £ € R, the operator
2

2\2
—W+(ba(r)r+§)2+xhl/2(l—/chl/zf)_lat—i-ZKhl/zr(ba(r)t—i—é—lchl/zba(t)%)

Ha,S,K,h =

—kh' by (1) 1% (ba ()T +6) + KZhba(T)ZT%, G-D
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where b, is the function in (2-2) and
Dom(Hy e cn) = {u € H*(=h™°, h™°) 1 u(£h~%) = 0}. (3-2)

The operator H, ¢ .5 is a self-adjoint operator in L2((—=h~%, h=%); a,., dt) with compact resolvent. We
denote by (A, (Ha,g,«,n))n>1 its sequence of min-max eigenvalues. The first eigenvalue can be expressed as

M (Magpen) =inf{qaecnw) :u € Hy(=h™° h™°) and |lull ;2 —ps p-5yap pary = 1}, (3-3)

where

h=s
dusen= [ (10 (0 P (142020 (B0 =120, (1) 5 ) 120 ) (1= V) de. (-4

h—s

By Cauchy’s inequality, we write, for any ¢ € (0, 1),

(bu e +& = h 25,05 ) = (1 = e)bu(r) +8)" — e~ b, (02

Noticing that ht* <h'=% for r € (h =%, h%) and optimizing with respect to &, we choose & =h'/>~2% and get
(b +¢ - /chl/zba(t)%z)z > (1= B2 ) (by(r)T +8)% — kb (x)h>2 . (3-5)
We plug (3-5) in (3-4) to get, for some Cy > 0,
Gagen (@) = (1= Coh'>72)q,[§1u) — Coh' > ull o s sy, (3-6)
where ¢g,[£] is the quadratic form in (2-4). The min-max principle ensures that
qalE1W) = Ballull oy sy forallu € Hy(=h=°, h~%). (3-7)
Since B, > 0, (3-6) and (3-7) imply
Gagen(@) = (1= ChY22)q,[€](w), (3-8)

with C = (1+ 8, 1Cy. From (3-8) and the min-max principle we deduce the lower bounds in Lemma 3.1
below (see [Assaad and Kachmar 2022, Section 4.2] for details).

Lemma 3.1. Given a € (—1,0), there exist positive constants y(a), €1(a), e2(a), co(a), ho(a), Co(a)
such that, for all h € (0, ho(a)),

e For |§ —¢,| = go(a), we have
MHaeen) = Ba + cola).

o For ex(a)h'*7% < |& — ¢4| < &9(a), we have
M Hagen) > Ba+e1(a)(E — o)™
e For |€ — 4| < &2(a)h'/*7%, we have

MHagien) > Ba+c2@)E — al* + 1k Ms(a)h'/? — Cola) max(h'/?|E — &4, 1€ — Cal?, ),
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where
c2(a) = 314(8a) > 0. (3-9)
We can now state the following:

Proposition 3.2. There exists ¢o(a) > 0 and, forall ¢ € (0, 1), there exist C,, h, > 0 such that, for all
h e (0, h,) and & € R, the following inequality holds:

M (Hagen) = Ba+ Co@) min((€ — 8%, &) +kMa(@h'/? = Ceh.
Proof. In the third item of Lemma 3.1, we estimate the remainder term

max(h'?|& — ¢ul, 1€ — Cal* 1) < 77+ DR+ nlE — Cal* + 1€ — &l

for all n € (0, 1). Choosing n = c;(a)/(4Cqy(a)), where Cy(a) is the constant in Lemma 3.1, we deduce
from Lemma 3.1 the lower bound for the eigenvalue A;(Hy £ 1), With

2ola) = %min(el(a), <ol@) co(a)). O

go(@)?’
4. Upper bound

We establish an upper bound of the n-th eigenvalue X, (k) of Py, which was defined in (1-4). This
will involve the spectral value 8, introduced in (2-6), the moment M3(a) < O introduced in (2-16), and
cy(a) > 0 the value defined in (3-9). In this section, we consider two parameters 1 € (0, %) and § € (0, %)

Theorem 4.1. Let n € N* and a = (1, a), with —1 < a < 0. Under Assumption 1.1, there exist hg > 0
and Co > 0 such that, for all h € (0, hy), the n-th eigenvalue A, (h) of the operator Py, defined in (1-4)

satisfies
koM
) = 4 B i M (@) 714 20— 1), [ cpiss 4-1)

where ¢ (a) and M3(a) were introduced in (1-12).

Proof. The approach is similar to the one used in the literature in establishing upper bounds for the
low-lying eigenvalues of operators defined on smooth bounded domains, like Schrddinger operators with
uniform magnetic fields (and Neumann boundary conditions) or the Laplacian (with Robin boundary
conditions). For instance, one can see [Bernoff and Sternberg 1998; Fournais and Helffer 2006; Helffer
and Kachmar 2017]. The proof relies on the construction of quasimodes localized near the point of
maximal curvature on I'.

Let i € (0, 1). Working near I', we start by expressing the operator P, in the adapted (s, #)-coordinates
there (see Appendix A):

Py =—a ' (hdy —iF)a (hdy —i Fy) —a ' (hd, — i F)a(hd, —i F»). (4-2)

Recall that we assume that the maximum is attained for s = 0, hence kn,x = k(0), and having Lemma A.1,
we perform a global change of gauge w such that the magnetic potential F satisfies in €2 near the edge T,
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when expressed in the (s, ¢)-coordinates,

1.2
Fs.o) = (—ba(t)(t 8 5t k(s))) ’ 4-3)

where t — b, (t) is defined by
by(t) =1 (1) +algr (1), teR.

Performing the change of variables
o=h""8 and t= h_l/zt,
the operator 7~3h becomes in the (o, T)-coordinates
Pr=—a LW80, +ih" b, (v)T8)a \ (30, +ih'/ b, (1) 1) — ha '8, dd,, (4-4)
with
(o, ;) =1—h'"tk(h'Po) and a0, 7;h) =1—3h'rk(h' o). 4-5)

It is convenient to introduce the operator

h3/8

= Ba (4-6)

Pgew _ e—iagu/h3/8h—173heia;a/
where ¢, is introduced in Section 2B and we get
PRV = 818,80, — Bu — 0 (177235 +i (Lo + ba(T)T) — iba(T)T(1 — &2))
x & (B33, +i (L +ba(D)T) — iba(D)T(1 — B2)).
Using the boundedness and the smoothness of k, and the fact that k'(0) = 0 and k”(0) < 0, we write

5 k// (0)

d(o, T; h) = 1 — h'?tk(0) — h*/*1o — +h"Be (0, 1),

k(0 k"0
dr(o,t;h)=1-— hl/zr% — h3/4r02# + 1"y (0, 1),

kK" (O
a Yo, t; h) = 1 +h'21k(0) +h3/4r02% +h"8e3 (0, ),

a7 2(0, T h) = 1 4+ 20" 21k (0) + B¥* 16k (0) + ' /Beq 1, (0, T),

where (e; ;)i1....4 are functions of ¢ and T having the property that there exist C and hg such that,' for
he,hy),oce(—h ", h T and t € (—h~ ", h~") we have

lern(o, T)| +lean(o, T)| < Clta?], lesn(t, o)+ lean(t,0)| <CO@C+*+1),  47)

and
4 2

Z(Z(wiei,h(a, Ol +10)ein(o, D) + 192, €i.1 (0, r>|) <CoP+ItP+1). (4-8)

i=1 Nj=I

IThe following conditions on the length scales of 7 and ¢ (namely that o € (—hf‘s, hf‘s) and T € (=h™ P, h™P)), as well
as (4-7) and (4-8) below, are set for a later use in the paper.
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Hence,
PiY = Po+ WP+ 1 PPy AP+ hTR Q) (4-9)
where
Py =—0; + ({a+ba(1)T)* = Ba,
P = —2i( +ba () 1)y,
Py = k(0)[27 (§4 + ba(T)T)* = ba(T)T*(4a + ba(T)T)] + k(0) s, (10
Py= =2+ 2 2y 4 (10 — ba (072 + b+ D2,
and
On=%¢& (o, r)8§ +E.5(0, 1) +E3 p(0, T)0r +E4.1 (0, T). 4-11)

Here the terms (&; p)i=1.... 4 are functions in o and t having the property that there exist C and kg such
that, for & € (0, hg), 0 € (—h™",h™") and T € (—h™ ", h~"), we have
€1 (0, D + 105 E1 (0, D+ [0:E00, T < C (lo]° + [7|°+ 1), (4-12)

In what follows, we will construct, for each n € N*, a trial function ¢, € Dom P,V satisfying

‘ P}I,lew¢n _ (hl/zkmaXM3(a) +h3/4(2n o 1) /k2M3(;)C2(a))¢n

(recall k, = k”(0)).
The result in (4-13), once established, will imply by the spectral theorem the existence of an eigenvalue
A (h) of P% such that

AN (h) = b kax M3 (@) + B3 (20 — 1),/ ]w +OHh'%). (4-14)

Furthermore, by the definition of P;*" in (4-6) we have

L2(R2,115/Sad(r dr)
= O™ pull 2@ 55540 ary  (4-13)

o (Pn) =ho(PyY).

Thus, (4-14) will yield the result in (4-1). Hence, the discussion above shows that establishing (4-13) is
sufficient to complete the proof of the theorem.
We construct the trial functions in the form

on(o, T) =h ™ Ox (h"o) x (h*1)g (o, T), (4-15)

where x is a smooth cut-off function supported in (—1, 1) and g = g[h] will be determined in L*(R?)
with rapid decay at infinity. First we set

glhl=go+hBg1+h'2gy + 1, (4-16)
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with g; € L2(R?) fori =0, ..., 3, and
= plh) = po+h> i+ 2+ 0% s, (4-17)
with u; € Rfori =0, ..., 3. We will search for 11 and g satisfying on R?
(P — g = O(h'"). (4-18)

More precisely, using the expansion of P, in (4-9), we will search for 11; and g; satisfying the system

of equations
(e0): (Po— 1o)go =0,
(en): (Po— po)g1 + (Pr —p1)go =0,
(e2): (Po— po)g2+ (P2 — p2)80 =0,
(e3): (Po— po)g3+ (P1— p1)g1 + (P3 — p13)go = 0.
Let ug = ¢, be the positive normalized eigenfunction of the operator h,[¢,] (in (2-1)) corresponding
to the lowest eigenvalue B,.
Obviously, the pair
(1o, o) = (0, uo f) (4-19)

is a solution of (eg) for any f € S(R,).
We implement this choice of (ug, go) in (e1) and write

Pog1 = —(P1 — 1) go = [2i (s + ba(T)T) 05 + o1 Juo f.

Noticing that (¢, +b,(t)T)ug is orthogonal to ug in L*(R), Ra[(Ca+ba(r)T)ug] is well-defined with R,
in (2-18) (see (2-11) and Remark 2.2), and the pair

(i1, 81) = (0, 2iRal(Za + ba (1) T)u0105 f) (4-20)
is a solution of (e;).
Similarly,

Pogr = — (P2 — 12)80 = [—kmax (2T (84 + ba(1)T)* = ba (1) T*(La + ba(D)T)) + 12 ]u0 f — kmax f 3z 0.

From Remark 2.3, we observe that [27 (¢, + b, (T)T)% — by (T)T?(Lq + ba (T)T) — M3(a)]ug is orthogonal
to uo in L2(R). Moreover, the normalization of uq in L*(R) yields d;ug L ug. Hence, the pair

(12, &2) = (kmaxMB(a),
—kmaxRa (2T (Lq + ba (1)T)? = ba (1) T* (La + ba(1)T) — M3(@)lug + d:u0) f)  (4-21)

is a solution of equation (ey).
Finally, we consider equation (e3):

Pogz = —P1g1 — (P3 — u3)go.
We will search for p3 and f satisfying

(Pig1(o, ) + (Ps — 3)go(0, -)) Luo(-) (4-22)
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for every fixed o. This orthogonality result will allow us to choose
g3(o, ) = —NRa[P1gi(o, -) + (P3 — u3)go(o, - )] (4-23)
in order to satisfy (e3). To that end, the aforementioned choice of gg, g; and g, gives for any fixed o
(P1g1(o,-) + (P3 — 13)80(0, ), uo(+)) 12w

—432f(0) / (Ca+ ba (D)D) U0Ral (Lo + ba (£)T)ut0] d + %azf«r) / wodritg d
R R

2 ky 2 2 2
+/R(—80f(0)+30 S@)2t(a+ba(T)T)” —Da()T (§a+ba(r)f)]—u3f(0))uodr

. 2 koM3(a) , . _
= (= 4b@2 @)+ 22D 1(0) —us (o) (using ol = 1
= o@D f (o) + 2D 2y s f (o), (4-24)

2

where I»(a) is introduced in (2-17) and (2-20), and ¢, (a) is introduced in (1-12).
We consider the harmonic oscillator on R

2
Hglarm — —Cz(a)d_2 + lk2M3(a)02. (4-25)
do? 2

For each n € N*, let f, € S(R) be the n-th normalized eigenfunction of H'™™ corresponding to the
eigenvalue (2n — 1)v/kaM3(a)c2(a)/2. The choice

f=i and s =n- /2RO (@26)

makes the expression in (4-24) equal to zero, hence realizing the orthogonality result in (4-22).

We can now gather the above results. For each n € N*, we choose p in (4-17) and g = g(,) in (4-16)
such that u;, g; and f are as in (4-19)—(4-21), (4-23) and (4-26).

For h sufficiently small, using the properties of Qj, in (4-11) and (4-12), the fact that f € S(R), the
decay properties of ¢, in Proposition 2.1 and those of the resolvent R, in (2-18), the foregoing choice of
g and u implies (4-18).

Now, we consider the trial function (see (4-15)) associated with g(,). Using again the decay properties
of up and f, and Lemma 2.4 for getting the same properties for the g;, one can neglect the effect of the
cut-off functions in the computation while concluding from (4-18) the desired result in (4-13). We omit
further details of the computation, and refer the reader to [Fournais and Helffer 2006, Sections 2-3]. [

Remark 4.2. The formal construction of the pairs (u;, gi)i=o,....3 in the proof of Theorem 4.1 can be
pushed to any order, assuming that the curve I' is C*° smooth. Using the same approach we can construct
pairs (u;, g )ien+ for defining quasimodes yielding an accurate upper bound of the eigenvalue X, (1), which
is an infinite expansion of powers of 4!/8 This upper bound will agree with the one in Theorem 4.1 up to
the order h7/#; see [Bernoff and Sternberg 1998; Fournais and Helffer 2006; Helffer and Kachmar 2017].
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Remark 4.3. In the derivation of the lower bound in Section 7, the operator H'™™ introduced in (4-25)
plays the role of an effective operator in the tangential variable. In light of (4-16), (4-19), (4-20), (4-21)
and (4-26), the quasimode

V= o (T) fu(0) + 2i PRy ((Ga + ba(1)T)$a (1)) 36 fu(0) + 1 g2 (0, T)

is a candidate for the profile of an actual eigenfunction of the operator Py, after rescaling and a gauge
transformation.

5. Functions localized near the magnetic edge

In this section, we consider functions satisfying the energy bound? in (5-1), which are consequently
localized near the maximum of the curvature of the magnetic edge I". We will be able to estimate the
tangential derivative of such functions.

As we shall see in Section 5A, bound states and their first-order tangential derivatives are examples of
the functions we discuss in this section.

5A. Localization hypotheses. We fix ty > 0 so that the Frenet coordinates recalled in Appendix A are
valid in {d(x, I') < #9}. We recall our assumption that the curvature of I" attains its maximum at a unique
point defined by the tangential coordinate s = 0.

Let 6 € (0, %) be a fixed constant. Consider a family of functions (gx)re( 0,1, In H 1(Q) for which
there exist positive constants Cy, C» such that, for & € (0, ho],

Qi (gn) < (hBa +h*> M3(@kmax + C1h" )81 17 2, + C2l* 7, (5-1)

where Qj, is the quadratic form introduced in (1-3).
Suppose also that there exist constants «, C > 0 and a family (r,)e(0,1,) C R+ such that

limsupr, < 400, (5-2)
h—04
and the following two estimates hold:
/ (I8l + 11 (hY — i F)gy[?) explach™"d(x. TY) dx < Cry, (53)
Q
/ (Ien@) P +h~" (Y — i F)gp|*) explah™"®|s(x)]) dx < Cry. (5-4)
d(x,I')<ty

We can derive from the decay estimates in (5-3) and (5-4) four estimates.
The two first estimates follow from the inequality e* > N /N! for z > 0 and read: for N > 1, there
exist Cp, hny > 0 such that, for all & € (0, hy], we have

An(gn) == f @, TYY (Ign () 1> + A (hV — i F)gy(x)*) dx < Cyh™'*ry, (5-5)
Q

2This is coherent with (4-1) if we consider the function a normalized bound state.
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and, for p € (O, %), there exist Cy ,, hn,, > 0 such that, for all 4 € (0, hy ],
By (gn) := / s (1gn ) > + 7~ |(AY =i F)gn(x)*) dx < CyhVPry. (5-6)
d(x,)<hr

The two last estimates imply that, for a fixed p € (0, %) and N > 1, there exist Cy ,, hy,, > 0 such
that, for all 2 € (0, Ay ,], we have

[ (P + 6 = i) dx < Cyp i (57
d(x,1)=h*
and for n € (O, %), there exist Cy 5.5, hn, p,y > 0 such that, for all 7 € (0, hy , 51, we have

ey (188 OP + RNV — i F) gy ) dx < Civ,p.y WV 1. (5-8)
ls () [Zh"

In fact, (5-7) and (5-8) follow in a straightforward manner from (5-3) and (5-4) after noticing that
/ (Ign()1> +h~' (WY — i F)gn|?) dx < Cry exp(—ah?~'/?),
d(x,I")>hr

oy e (180 ATV =i F)gy|?) dx < Cryexp(—ah”™ /%),
[s (o =h"

5B. Rescaled functions and tangential estimates. Let § € (0, 11—2) and n € (0, %) be two fixed constants.

Consider the function wy, defined as
wi (0, 7) = h> Oy (W) x (K T)gy(h'Po, h' 1), (5-9)
where gj, is the function assigned to g by the Frenet coordinates as in (A-3), namely
gn(s, 1) = gn(x),

and x € C®(R), suppx C[—1,11, 0<x <land x =1on[—3, 5]
Note that, due to our conditions on § and 1, wy, can be seen as a function on R2, and its L2-norm can
be estimated by using (A-7) and (5-5) as follows:

lwallZ gy = (1+ 0GR ?)llgnll} q- (5-10)

Under our hypotheses on the function g, (particularly (5-1) for 6 € (0, %) and (5-3)—(5-4)), we can
estimate the tangential derivative of the function wy,.

Proposition 5.1. For all 6 € (0, %), there exist constants Cg, hg > 0 such that, if h € (0, hg], and gy,
satisfies (5-1)g, (5-3) and (5-4), then the function wy, introduced in (5-9) satisfies the estimate

(783 — ic)wnll 2@y < CRY3 2w |l 2 ey + /i +BY37374). (5-11)

Proof. The proof is split into four steps.



554 WAFAA ASSAAD, BERNARD HELFFER AND AYMAN KACHMAR

Step 1: We localize the integrals defining the L?-norm and the quadratic form of g, to the neighborhood,
Ny={xeQ:dx,T)<h'/278 |s(x)| <h"), of the point of maximal curvature, s = 0. In fact, by the
decay estimates in (5-7) and (5-8),

lgnllys ) = / lgn(¥)[*dx +O(h™) and  Qu(gn) = / |(hY —iF)gu|* dx + O(h™).
N N
We refine the localization of these integrals by using the decay estimates in (5-5) and (5-6), the change of
variable formulas in (A-7) and the expansions

k() =k + 0@, als,1)=1—tk+0(s%), a2=1+2«k+0O(%1),

where we set Kk = kyx. More precisely,

p1/2-8 Bl/2—s
el = [ [ @Pa-masas [ [ ownigPdsaron).
(€2) R J_pi/2-s R J—_pi/2-s
To estimate the second term in the right-hand side we use the Cauchy—Schwarz inequality to obtain

pl/2-o p1/2-8 pl/2-b

1/2 1/2
/f s2|t||§h|2dsdt§(// t2|gh|2dsdz) (// s4|§h|2dsdt) .
R J—hl/2-8 R J—pl/2-8 R J—pl/2-8

Hence by (5-5) (with N =2) and (5-6) (with N = 4) we get

p1/2-8

/ / s?111gn (s, DI ds dit = O )ry.
R _h1/2—6
Implementing the above, we have
]175
||gh||iz(m < / / ) lwy|>(1 — h'2ti) do dt + O *)r, + O(h™) (5-12)
RJ—h-
and
1/2—8

Qh(gh)://h (|ha,g,,|2+(1+2m)‘(has+iba(t)(r—%ﬂ))gh‘z)(l—m)dsdt
B FO®) +ORy), (5-13)

where

Ry = /RZ s2|t|<|h3,§h|2 n ‘(has +iba(t)(t _ k(sz)ﬂ))gh‘z) ds d

12
+ / s4t4|gh|2dsdt+( / s4r4|gh|2dsdr> 1Y i F)gull 20
R2 R2

Proceeding as above for the treatment of fRZ s4t4|§h |> ds dt, we infer from (5-1), (5-5) and (5-6) that

Ry < C((A2(gn)Ba(gn)'*h + (As(gn) Bs(gn) /> + (As(gn) Bs(gn))/*h'/?) = O(h"*ry).
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Now, coming back to (5-1), we get after performing a change of variable and dividing by & that?

h 2 2
/ / (|arwh|2+ a +2Kh1/2t)|(h3/880 +i<ba(t)r —Khl/zba(r)%))wh) )(1 —xh'?t)do dt
RJ—p-s

< (Ba +h'"PMs(a)k + OW* Y )my, + O 4 ry) + O+, (5-14)

where e
my = f / wnP( = kh' 1) do dT = (1 + o(D) l[wn 75 gy (5-15)
RJ—h—

In the sequel, we set
My =my +ry. (5-16)

Next we perform a Fourier transform with respect to o and denote the transform of w,, by

wh(s,nzﬁfR

Then it is immediate from (5-14) and (5-15) that we have

wy (o, e ¢ do.

h=3 2 2
// <|8ru§h|2+(1+2/<h1/2t)‘<h3/85 +ba(r)r—xh1/2ba(r)%)wh| )(1—Kh1/2r)dg dt
RJ—h=?
< (Ba+ 1P M3(@))my + O * M) + O(h*>7%),  (5-17)
and m, introduced in (5-15) now satisfies
h—5
mh:// |Wn (1 — kh'/?7) de dx. (5-18)
RJ—h=3

Step 2: We introduce
(&) ZQa,g,K,h(wh)|§=h3/ssa (5-19)

where g, ¢ . 18 the quadratic form introduced in (3-4). We rewrite (5-17) as
f [i(€) dE < (Ba+h'>Mz(@)k)my + O*/*My) + O(*>79). (5-20)
R

Fix a positive constant ¢ < 1. Then by Proposition 3.2,

h—a
Jn(§) zf , (Ba + Co(@) min((B*/*¢ — £,)%, &) +h'>M3(@)k — Ceh) |y |*(1 — h'*kt)dT. (5-21)

Inserting this into (5-20) we get

/’l76
/ / éo(a) min((h3/3 — £,)%, &) |y |*(1 — h'Pk ) dE dv = OB/ My) + O(W3/*77),
RJ—h—3

from which we infer the two estimates

h76
/3/8 ) / s |h3/8$—§a|2|ﬁ}h|2(1_h1/2k’f)d§ dT:O(h3/4Mh)+O(h3/2—9), (5_22)
|h/88 —Lq|*<e J —h™
h—é
/z/s : / NP1 = ' Piery dg dT = O My) + ORI, (523)
[h2I88 —Cq)*>e J —h~

3Replacing the cut-off functions in (5-9) by 1 in the integrals produces O(h°°) errors by (5-7) and (5-8).



556 WAFAA ASSAAD, BERNARD HELFFER AND AYMAN KACHMAR

Step 3: Noticing the simple decomposition

h—(s
/f ln|>(1 = h'%k1) dE dt
RJ—h—8

h78 h75
:/ / |12)h|2(1—h1/2/cr)d$dr+/ / al*(1 —h'?kT) dE dT,  (5-24)
W33~z P <e J—h (W335 —gaPze J b

we get from (5-23) and (5-18)

h—ﬁ
f f |Wn|>(1 = h'%kt) dE dt = my, + OB * M) + O(13/*79). (5-25)
|h3/88—¢42<e J —h=8

Similarly, we decompose the integral in (5-20) as

fth(S)dé = fh(é)dSJr/ fn(§) d§. (5-26)

W38 —¢q |2 <e |h3/8&—¢q 22

We write a lower bound of the integral on {|4%/3¢ — ¢,|? > ¢} by using (5-21). Noting that ¢y(a) > 0, we
get, by (5-25),

/’ Fu @) dE = (Ba+ 1> M3 (@) + OU)my + O * My) + Oh>>77).
[h3/8g—¢, 2 <e
Inserting this into (5-26) and using (5-20), we get
/ fu(§)dg = O My) + 077, (5-27)
|h3/8& —tq|*>e
Step 4: We write a lower bound for f,,(§) by gathering (5-19) and (3-8), thereby obtaining
/) fu(§)dg = (1—Ch'/>72) /UmmF+WMﬂrwﬂ%mm%&du
|n3/8g—¢, 2> |h38E—¢, 2> JR

Using (5-27) and the inequality (note that |b,| < 1 since |a| < 1)

(ba ()T +h¥38)* = L(/38)? — 202,
we get

%/ /|h3/8gwh|2dgdr52/ fr2|111h|2dédr+(’)(h3/4Mh)+O(h3/2_9). (5-28)
|R3/3&—,12>¢ JR |R3/8& -, 12>¢ JR

Let p=1/6 and g = 1/(1 — 0). By the Holder inequality, (5-5) and (5-23), we write

/ / 2, ? dedr
|h3/8—¢412>¢ JR —

=72|y |2 [t |22

1/p 1/q
< </ /r2l’|ﬁ)h|21’9 dsdr> (/ /|1I)h|‘1(2_29)d$dr)
len—tal?=e JR len—tal?=e JR
1/p 1/q
5(/ r2p|wh|2drds> (/ /|w,,|2dgdr)
R? & —Ca?=e /R

— OOy (’)(Mff R(-6)3/2-0))
— OOy 4 ORI/,
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where, in the last step, we used Young’s inequality,

M,‘f RO=0G/2-6) _ pg. 06 G/4=0)fy (1-6)(3/2-6)~6(3/4-6)
< OMRYA0 4 (1 — 0)R3/20 = (/4=026/(1-6)

<OMuh* 0+ (1= 0)R¥>2 for0 <6 < 3.

Inserting this estimate into (5-28), we get
/3/3 5 / |h3/8.§1f)h|2 dédt = (’)(h3/479Mh) 4 O(hs/zfse/z)‘
|R?/%6 —tal">e VR

Collecting the foregoing estimate and those in (5-22) and (5-23), we deduce that

h75
[0, ~icowPoar= [ [~ e P de de = 00 ) + 00,
R RJ—h—

With (5-15) and (5-16) in mind, this implies (5-11) as stated in the proposition. [l

6. Localization of bound states

In this section, we fix a labeling #n > 1 and denote by ¥, , a normalized eigenfunction of the operator P,
with eigenvalue A, (k). By Theorem 4.1, it holds

Qn (W) < (hBa + 1> M3(@)kimax + CLh7 ) W10} (6-1)

where Qj, is the quadratic form introduced in (1-3).

The decay estimates in Sections 6A and 6B follow by standard semiclassical Agmon estimates. We
refer to [Helffer and Morame 2001; Fournais and Helffer 2006] for details in the case of the Laplacian
with a smooth magnetic field, and to [Assaad and Kachmar 2022] for adaptations in the piecewise constant
field discussed here.

Using the aforementioned decay estimates, the bound state v, ,, satisfies the hypotheses in Section 5.
Namely the estimates in (5-1)g, (5-3) and (5-4) hold with g5 = V¥, »,, r, = 1 and for any 0 € (O, %)
Consequently, we will be able to estimate its tangential derivative (see Proposition 6.2). Estimating the
second-order tangential derivative of v, , (as in Proposition 6.3) requires the analysis of the decay of its

first-order tangential derivative in order to verify the hypotheses of Section 5.

6A. Decay away from the edge. The derivation of an Agmon decay estimate relies on the following
useful lower bound of the quadratic form [Assaad and Kachmar 2022, Section 4.3]. For every Ry > 1,
there exists a positive constant Cy and A > O such that, for 4 € (0, h¢],

On(u) > f (Una(x) — CoRy*M)|u(x)*dx  (u € H}(Q)), (6-2)
Q

where @y, is introduced in (1-3) and

lalh if dist(x, ) > Roh!'/?,

U —
a (%) {ﬂah if dist(x, T') < Roh!/2.
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Note that the decay property is a consequence of 8, < |a|. Following [Fournais and Helffer 2010,
Theorem 8.2.4], it results from the foregoing lower bound that the eigenfunction v, , decays roughly like
exp(—agh~2d(x, I")) for some constant oy > 0. More precisely, the following holds:

f (IWnal? + (WY — i F)Yy0|*) expatoh™/* d(x, T)) dx < C. (6-3)
Q

6B. Decay along the edge. Here we discuss tangential estimates along the edge I'. Recall that s =0
corresponds to the (unique) point of maximal curvature.

The starting point is the following refined lower bound of the quadratic form [Assaad and Kachmar
2022, Section 4.3]:

O (u) > / (Up o (x) — Coh"™uldx  (u € Hy(Q)), (6-4)
Q

where, with x = ®(s, 1), k(s) = kmax — €05° and &g a positive constant,

lalh if dist(x, ") > 2h1/6,

Uy ,(x) =
) !ﬂah+M3(a)K(S)h3/2 if dist(x, ) <24/,

Here we recall that M3(a) is negative so the potential in the second zone is minimal at the point of
maximal curvature. The lower bound (6-4) can be derived along the same arguments in [Fournais and
Helffer 2010, Proposition 8.3.3, Remark 8.3.6] and by using Proposition 3.2.

The eigenfunction v, ;, decays exponentially roughly like exp(—ah~!/8

s(x)) for some constant o > 0.
More precisely, picking fg sufficiently small so that the Frenet coordinates recalled in Appendix A are

valid in {d(x, ") < 1y}, we have
f (1WnaG)I? + 07 (WY — i F)Y 4)*) expaih ™ /3|5 (x)]) dx < C. (6-5)
dx,I)<t

Remark 6.1. We observe, by collecting (6-1), (6-3) and (6-5), that the eigenfunction g, = ¥, ,, satisfies
the hypotheses of Proposition 5.1, namely

e (5-1) holds for any 6 € (0, 3),
« (5-3) and (5-4) hold with 0 < & < min(2ay, 202) and rj, = 1.

6C. Estimating tangential frequency. The localization of the eigenfunction v, , is to be measured by

two parameters p € (O, %) andn € (O, %) We will choose p = % —d&withéd e (0 !

, E); i.e., we are assuming

5 1
5<p<j.

We introduce the function
upn(o, v) =h"Cx (W0) x (W T) P (B, h'?T), (6-6)

where &h, » 1s the function assigned to ¥, , by the Frenet coordinates as in (A-3), x € C°(R), supp x C

[-1,1],0<x<land xy =1o0n [—%, %] Note that uj, ,, can be seen as a function on R?, and by (5-10)
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(applied with g, = Yy, ), its L?-norm satisfies
G2 gy = 1Wnn 20y (1 + OB =14+ 0", (6-7)

since Yy, , is normalized in L3(Q).

Using Proposition 5.1, we can estimate the tangential derivative of u, ,. More precisely, we apply
this proposition with g, =¥, rp,=1and any 0 <6 < % (see Remark 6.1). In this case, the function
introduced in (5-9) is given by wy = uy .

Proposition 6.2. Forall 6 € (0, %), there exist constants Cg, hg > 0 such that, for all h € (0, hy],
I1(h**8; — ita)unnll 22 < Co /7.
We can estimate higher-order tangential derivatives of uy, ;.
Proposition 6.3. Forall 6 € (0, 43_1)’ there exist constants Cy, hg > 0 such that, for all h € (0, hy],
1h™®05 —i8a)*unnll 22y < Co h¥*7°, (6-8)
where uy, ,, is introduced in (6-6).

Before proceeding with the proof of Proposition 6.3, we introduce the notation, r, = O(h?) for a
positive number y, to mean

for all 8 € (0, y), there exists Cy, hy > O such that, for all & € (0, hy), |ry| < Cgh}’*g. (6-9)

Proof of Proposition 6.3. We will apply Proposition 5.1 with an adequate choice of the function g
defining the function wy, in (5-9).
We introduce the function ¢y on €2 as

@n(x) = f )Y n(x), (6-10)

where f(x) = (1 — x(dist(x, 0€2)/#1)) x (dist(x, I')/1p), t; and ty are constants so that the set {x € Q :

dist(x, d2) > #;} contains the point of maximum curvature and the transformation in (A-1) is a diffeo-

morphism, x € C2°(R), supp x C [-1,1],0 < x <1and x =1 on [—3, 5]. Then we define

gn(s, 1) = (W23, —it)@n(s, 1), (6-11)

where ¢y, is the function assigned to ¢; by (A-3). Notice that, using the notation in (6-9), the conclusion
of Proposition 6.2 can be written as

lgnll 2@y = OR®). (6-12)
We will show that g;, satisfies (5-1)g for any 6 € (0, %), and that (5-3) and (5-4) hold with
rn=lgnll 72 + 1" (6-13)

This will be done in several steps outlined below.
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 In Step 1, we establish rough decay estimates for g, in the normal and tangential directions (see (6-20)).
These estimates are nevertheless weaker than the estimates in (5-3) and (5-4) that we wish to prove.

o In Step 2, we show that g, is in the domain of the operator P;, introduced in (1-4).

 In Step 3, using the rough estimates obtained in Steps 1 and 2, we can verify that (5-1) holds for any
0€(0,3).

« In Step 4, using the estimates obtained in Steps 1 and 3, and the Agmon method, we derive the decay
estimates for g, as in (5-3) and (5-4) with rj, given in (6-13).

» In Step 5, we can apply the conclusion of Proposition 5.1 and conclude the proof of Proposition 6.3.

Step 1: We show that the function g, decays exponentially in the normal and tangential directions. We
select the constant 7y so that the two functions

x> dist(x,I") and x> s(x)

are smooth in the neighborhood, I'y;,, of the edge I". Consequently, the transformation in (A-1) is valid
in I'y;,. Since we encounter integrals of the function g;, which is supported in I, N €2, we select the
gauge given in Lemma A.1. In particular, by (A-4), we have

|F(x)| = O(dist(x,I")) onQNT. (6-14)

Letay € (0, % min(cg, o 1)), where o, o) are the positive constants in (6-3) and (6-5). We introduce on 2
the weight functions

oy dist(x, IN) ar s(x)
®porm (x) = exp iz and Py, (x) =exp s ) (6-15)

By Remark 6.1, we can use (5-5) for ¥, ,,. It results from (6-5), (6-14), the Holder inequality, and our
choice of «y, that, for j € {1, 2},
/ \F 1> [ | D, dx = / |F 1 [y n|* @p, dx + O(h™)
Q QNI
< Agj W) P19 Vnnll 120y + O™) = O(hY), (6-16)

where A4 () is defined in (5-5) and

/|F-(hV—iF)¢h,n|2q>$andx=f |F - (hV — i F)Yy, ,|*®2 dx + O(h™)
Q Q

nr,

< AsWnn) I ®LL (MY — i F)Ypull 20 + O (™) = O(h?).

Similarly, we estimate the L?(2)-norms of Fvrp 5 @onorms (F - F)Yi. Pnorm and @pom F - (B —i F)yry,
using (6-3). Eventually, we get the estimates

”FWh,nchorm||L2(QﬂF2,O;R2) + ”F‘/fh,ncbtan”Lz(QﬂFz,O;Rz)
< Ch'2IF -V 0 Puorm) | 2@y :82) F 1 F - VWi Pran) | 2001y < €. (6-17)
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Furthermore, the following two estimates hold:

”Wh,n q)norm”L?(QﬂFz,O) + ”wh,nthan”Lz(QﬂFZ,O) <C,

B (6-18)
||Wh,nq)norm”H1(Qﬂl"2,0) + ”wh,nq)tan”Hl(QﬂFZ,O) <Ch 1/2-

Notice that for wy := vy, , P#, (# € {norm, tan}), we have, with P, the operator introduced in (1-4),
Prwy = hp(h)wy — 2hV Dy - (hV — i F)Y  — > ADy Y .
Hence, noting that P, = —h?>A +2ihF -V +ih divF + |F|?, we find by (4-1), (6-16) and (6-17),
h2||Aw#||L2(mr2,0) < (I1Prwell 12y + 1 (RV — iF)wgll 1201y, + AV F well 2@nry, )
+ 20| F - Vwgl 2 @nry) + IF Pwsll 2 @0ry,)) = O).

By the L>-elliptic estimates for the Dirichlet problem in I'5;, N €2, and noting that wy satisfies the Dirichlet
condition,

||w#||H2(QmF,O) < C(1o, Q)(”Aw#”Lz(QﬁFZ,O) + ||w#||L2(QmF2,O))-

Consequently, we get the estimate

1,0 Promll 2@ ) + V00 Pranl 2@r, ) < Ch (6-19)

Now we can derive decay estimates of the function g, introduced in (6-11). Controlling the decay of the
magnetic gradient of g, requires a decay estimate of ¥, , in the H> norm. Actually, collecting (6-18)
and (6-19), we observe that

||ghq>norm||L2(F,0) + }1_1/2”((hV - iF)gh)q)norm||L2(l'}0;R2) <C,
8 Pranll L2 ) + h=' 2 ((hV — iF)gn) Puanll 2 ;w2 = C. (6-20)
Step 2: By the definition of g in (6-11), this function is compactly supported in 2 N I},. Hence, there
exists a regular open set w such that, for 4 € (0, hol, suppgr C w C v C QN Ty,. Consequently g

satisfies the Dirichlet boundary condition on dw. To prove that g is in the domain of the operator Py, it
suffices to establish that

05 nn € H(@! (). (6-21)

To that end, we consider the spectral equation satisfied by the eigenfunction ¥, ,
~(hV =i F)* Y0 = dn (W) Y- (6-22)

Using (A-5) with the potential Fin (4-3), (6-22) reads in the (s, t)-coordinates as

—(a7"(hds — i Fr)a™ (hds — i F1) + h2a™" 8,08, ) i n = don (W) Y s (6-23)
that is,
B2 (@232 0 + 8 Unn) = f1(5, DsYnn + 205, D Wnn + f5(5, OWnn, (6-24)
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where
2
fi(s, 1) = —h2a=31k' () — 2ia"2b, (1) (x _ %k(s)),
fals. 1) =h*a”k(s),
3 ot 2t 2,2 PN

f3(s, 1) = —iha 3tk (s)ba(t)(t : k(s)) +ha DK () +a ba(t)<t : k(s)) o (h).
We differentiate with respect to s in (6-24), and get
h*(a™297 + 0 (35 Vrn.n)

= (/i = 200V + f2 050 Unn + s f1 + 13) 0 Wnn + 05 f2 0Wnn + 05 f3 Wnon.  (6-25)

Having s — k(s) smooth, a = 1 — tk(s) for t € (=21, 2ty), and ¥, , € Dom P}, ensures that the function
in the right-hand side of (6-25) is in L2(®~' (2N Ty,,)). Hence ;. € H' (2N Ty,) and satisfies

(@202 + 0235 € L2 (@71 (2N Tyy)). (6-26)

Hence (6-21) follows from (6-26) using the interior elliptic estimates associated with the differential
operator L := (a=232 +3?).

Step 3: We prove that
Qi (gn) = ()8l 72, + OR), (6-27)

where 9y, is the quadratic form introduced in (1-3).
With the notation introduced in (6-9), the estimates in (4-1) and (6-27) yield (5-1) for any 6 € (O, %)
We start by noticing that

(Pugns Gu)r2(@) = A (W) {@n, Gr) 2y + {(Pn — 2 (W) @n, Gin) 120 (6-28)

where ¢y, is defined in (6-10) and
Gi(s, 1) =—(h"d; —ita)gn.

Recall that ¢, and G, are compactly supported in €2 N I}, so that we can use the Frenet coordinates valid
near the edge I'. By (6-19) we have

1P = An (M) @nll L2 = O ™) (6-29)
and by (6-20)
1GhllL2@) = O(). (6-30)

By Holder’s inequality, we infer from (6-29) and (6-30)
((Ph = A (M) @n, Gi) 12(q) = O(h™). (6-31)
Furthermore, computing the integrals in the Frenet coordinates and integrating by parts, we find

{@ns Ga) 12y = (k28 = i8)Pn + 12 @s@)@n, &) 2y = 1811172 +OR gl 2 ) (6-32)
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Here we get the O(h°/%) remainder by using that d;a = O(ts), the Holder inequality and Remark 6.1 on
the decay estimates in (5-5) and (5-6) for v, , as follows:

(a@s®)@n En) 2@y < CCAZWn) Ba@Wnn)) gl 22y = OB *) 1 gnll 2wy
By (4-1) and (6-12), we infer from (6-32)
D (W) (@1, Gi) 2y = An (M) gnll 72 g + O, (6-33)
Therefore, inserting the estimates in (6-33) and (6-31) into (6-28), we find
(Pugn G2y = ka1 gnll3 g, + OB, (6-34)
Now, by Lemma A.2 (used with ¢ = 0), we get
Re(Pugn. Gi) = Qn(gn) —h'> Re(Ru, gn)12()- (6-35)
where the function Ry, is defined via (A-3) as
Ri(s, 1) = (hdy — i F) (50" —ia 19, F1) (hds — i F1)@n — ia~ (05 F1) @) + h28,(3;,0)8, . (6-36)

Our choice of gauge in Lemma A.1 ensures that fg =0and F 1 = O(t). By Remark 6.1 and (A-7), we
have

/f N1l + o~ | hdy — i FD@n 2+ hla,gnl)ads di = OGN,
72‘0
/f N(1gnl* + a= BN (hds — i F)@nl* + h18:@nl?)ads dt = ORN/®).
—1p
Furthermore, by (6-19),
// 11NV (192@n1> + 18200 1%) ds dt = O(hN/*72),
—lo
f/ IsIN (1920 |* + 187 gn ) ds dt = O(RV/32).
710

Now we can estimate R, in (6-36), by expressing it as

Ry = my(hds — i F1)2@p + (ma + hdsmy) (hds — i Fy) @ + h(dsma) @, + h>m302 @y, + h>(8,m3)d, @

where -
my =00 —ia"l0,Fy = O(ts), dym; = O@),
my = —ia ', F) = O(t2s), dyma = O(352),
m3 = dya= O(ts), aymsz = O(s).

We get then that the norm of Rj, satisfies

IRkl 2y = O(R"/®). (6-37)
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By Holder’s inequality, we infer from (6-37) and (6-12) the estimate
h'2IRe(Ry. gn) 12| < B Rull 2 lgnll 2y = OB?).

Consequently, (6-34) and (6-35) yield (6-27).

Step 4: We refine the exponential decay of g,. To that end, consider a fixed constant 0 < o < %az, where
a, is the constant in (6-15), and a real-valued Lipschitz function ¢y, o > 0, which will be either

Pna(x) =)o (x) == ah™ 2 dist(x,T)  or pa(x) = (x) :=ah™Bs(x).
We introduce the function G, , defined via (A-3) as
Gha(s, 1) = —(h'28; —i2) (¥ (s, 1))

Since < Jaz, we infer from (6-18) and (6-20)

/ (distCr, ) e (6 dx = O(h),
Q
/ (s(x))* ey (x)|* dx = O(h'/*),
Q

1Gn.allr2@ = O(),
and also

(P Ghadr22) = 2n (W) €7 g1 1172 + OR'®),

which results similarly to (6-34).
Now, we write by Lemma A.2,

Re(Pign, Gia) = Qu(e®gn) — h*[[|Vnale® gl 720, — 1'/* Re(Ry, €% g1) 12,
where Ry, is introduced in (6-36). Since o < }Taz, we get from (6-18) and (6-19),
le?« Rull 2@y = Oh'®) and  (Ry, "= gn) 120) = Oh”®) | gnll 2.
Collecting the foregoing estimates, we get
Qp (e ) = hn(M)lle? gu |75 g + Oh*). (6-38)

Now we can select « > 0 small enough so that the following two estimates hold. The first estimate is
fg (1gn* + 17" 1(AY — i F)gu|?) exp(ah ™ d(x, T)) dx < Clignll} g, + O?), (6-39)

and it follows after choosing ¢y, o = ah~ 12 dist(x, I') and using (6-2). The second estimate follows by

1/8

choosing ¢y = ah™ ' /°s(x) and using (5-4); it reads as

/ (Ienl* +h 1Y =i F)gul?) explah™Ps(x)) dx < Clignll7 2, + Oh). (6-40)
Q
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Step 5: Let6 e (O, %) Collecting the estimates in (6-27), (6-39) and (6-40), we observe that the function g,
satisfies (5-1), (5-3) and (5-4) with r, = O(h3/4~?). We can then apply Proposition 5.1 and get (recall
that [|wp |l 2 ~ lIgnllL2(@) < &/Tn by (5-10))

1723 — ic)wnll 2 < Coh™* ™ (llgnll L2y + v/Tr + /73074 = ORY/4=397%),

Since this holds for any 6 € (0, %), we get that (B33, — ity wy, 2 = 5(h3/4), thereby finishing the
proof of Proposition 6.3. 0

7. Lower bound

We fix a labeling n > 1 corresponding to the eigenvalue A, (k) of the operator P, introduced in (1-4).
The purpose of this section is to obtain an accurate lower bound for A, (7). This will be done by doing a
spectral reduction via various auxiliary operators.

7A. Useful operators. We introduce operators, on the real line and in the plane, which will be useful to
carry out a spectral reduction for the operator P, and deduce the eigenvalue lower bounds that match
with the established eigenvalue asymptotics in Theorem 1.2.

These new operators are defined via the spectral characteristics of the model operator introduced in
Section 2B, namely, the spectral constants 8, > 0 and ¢, < 0 introduced in (1-10) and (1-12), and the
positive normalized eigenfunction ¢, € L?(R) corresponding to 8,. We introduce the two operators

Ry ¢ e L*(R) f a (DY (-, T)dT € LA(R), (7-1)
R

Rf: fel* R+ f®p, € L*RY), (7-2)

where (f ® ¢4)(0, T) 1= f(0)¢a (7).
Note that RS“ R, is an orthogonal projector on L?(R?) whose image is L*(R) ® span(¢,). It is easy to
check that the operator norms of R(jf are equal to 1; hence, for any f € L*(R) and ¥ € L*(R?), we have

IRS fllzwy < W fll2wys IRy Vllrew < W llzwey. RS Ry ¥ ll2mey < W 2oy (7-3)
If we denote by 7, the projector in L?(R;) on the vector space generated by ¢,, we notice that
Iy := R(J{R(; =1IQ®mn,. (7-4)

7B. Structure of bound states. Our aim is to determine a rough approximation of the bound state vy, ,
of Py, satisfying

,Phwh,n = )\n(h)wh,nv (7'5)

this approximation being valid near the point of maximum curvature and reading as follows in the Frenet
coordinates:

7 - e pl)2 B
Wh,n(sst)%h 5/1661411‘3/]’1 d)a(h 1/21‘).
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Associated with v, ,, we introduced in (6-6) the function u;, , which can be seen as a function on R?
with L2-norm satisfying (6-7). We recall that

(o, ) = KX (0) X (W T) P (B0, n' ),

where 1/7;,,,1 is the function assigned to ¥, , by (A-3), x € C°(R), suppx C [—1,1], 0 < x <1 and
_ 11

x=1on[-1.1]
‘We consider the function defined as

—itgo/ B33

vpn(o,T)=e upn(o, 7). (7-6)

Approximating the function v, , ~ x (h"0)x (h%T)¢,(7) is the aim of the next proposition, which also
yields an approximation of the bound state v, , by the previous considerations.

Proposition 7.1. Let P, be the operator in (4-6). The following hold:
(D) 1P vpn — (A 2 (B) — Ba)Vnnll 22y = O(A™).
@) lvnnl2@ =1+00).
3) [lvan — Movanll 22y = OB,
(4) 110z vp,0 — 0: ovnnll 22y + 11T W n — Movan) llL2wey = OR).

Proof. Proof of item (1). Let z;, be the function supported near I' and defined in the Frenet coordinates
by means of (A-3) as
Zn(s, 1) = x (W™ ¥s) (™12 H00), (7-7)

We introduce the function involving the commutator of Pj, and z; acting on ¥y, 5,
Jn =1Pn, z0l¥nn = Prnzn — 20 Pu)¥nn- (7-8)

By Remark 6.1, we may use the localization estimates in (5-7) and (5-8) with g, = Y3, and r;, = 1.
Consequently,

[ opdsa < [ 1P =00
R Q
where fj, which is assigned to the function fj in (7-8) is supported in the set
{Ist = 3n" Y0 i = 3721 0 lls) < 775y 0 e < R0
We infer from (7-5), (4-2), (4-4) and (6-6),

7VDhl/‘h,n — An (h)uh,n = h5/16fvh»
where
falo,7) = fuh'Bo, h' 1)

Consequently, after performing the change of variable (0 = h~/3s, t = h=1/%¢),

1 Pattinn = ko ()1t |3 oy = I Fill 72 gy = OH). (7-9)
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By (4-6) and (7-6), we observe that
Prithn = hei%o /" (Pp + Ba) Vi,
which after being inserted into (7-9), yields the estimate in item (1).

Remark 7.2. By (6-21), dyvp,, € H 2(R?). Furthermore, by (6-19), the function fj in (7-8) satisfies
| 0s fh 22y = O(h™). A slight adjustment of the proof of item (1) then yields

10 PA vp 0 — (A Ay () = Ba) o Vnnll 122y = O(B™).

Proof of item (2). By the normalization of v, , and Remark 6.1, we have

I =/ Wl dx =/ Wil dx + O(h),
Q {Is )| <h=1F1/8 |1 (x)|<h—8+1/2}

f (1 =z l* dx = O(h™),

Q

/1mmugrnwhﬂ2dx:cxh”%.
Q

We notice that the function z, introduced above in (7-7) equals 1 in {|s(x)| < 3A="H1/8 |1 (x)| < Sh=0+1/2},
Now we infer from (A-7)

/ |&h,n(s, t)|2|t|ds dt < C/ dist(x, F)|Wh,n|2 dx — O(hl/z)
{Is|<h=1F1/8 |t|<h—5+1/8} o

and

|Unn(s, 0> ds dt = /

{\s|<h"7+1/8, |t|<h76+1/8

+/ [Vhn (s, 0|2 tk(s) ds dt
(Is]<h=n+1/8, |t| <h—5+1/8}

/ [Wnn(s, DI (1 = tk(s)) ds dt
{Is|<h=+1/8 |t <h—3+1/8} }

=1400h"?).

Similarly we get

/ (1 =2 [nn(s, D> ds dt = O(h'/?).
{Isl<Xn=n+1/8, |1] < Lp—o+1/8}

Consequently, returning to (7-6), doing a change of variables and noticing that Zj is supported in
{Is| < =118 1] < h=5+1/8) we get

lonl e = | o dsdr— | (1= )\l ds di
{|s\<h_’7+1/8, |t\<h—5+]/8}

{\s|<h—'7+]/8, |t|<h—5+1/8}

=1+00'?).
Proof of items (3) and (4).
Step 1: We recall that the O notation was introduced in (6-9). Note that Proposition 6.2 yields

153385 vpnll 2 @2y = O3, (7-10)
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By Remark 6.1, we can use (5-13) and (5-14) with g, = ¥, rn = 1 (and wy, =ity ). In the same vein,
we can use (5-5) and (5-6) too. Since uj , = eitac/W® Up.n, WE get

/R (19cvnnl + 115000 +1(ba(D)T + L) vnal?) dT do < (Ba+ OB ) Ionnllpagey- (T-11)
By Cauchy’s inequality and (7-10), we obtain, for any ¢ > 0,
fR S50 (b (DT un P do dt > /R (=N Ga Oz vl 1 00030 ) do dt
> (1-¢) /R T+ P do de-B(e W)
We choose ¢ = h%/® and insert the resulting inequality into (7-11) to get
fR (19080l +1(ba (DT + L) i n*) dT do < pu+ ORF). (7-12)
Step 2: In light of (7-4), let us introduce

r:=Tovp, and ri:={U T vp,=U QU — 7)) Vpn- (7-13)

Using the last relation, and since the orthogonal projection 7, commutes with the operator §,[¢,], we
have the following two identities for almost every o € R:

/|vh,n(o, r)lzdt:/ Ir (o, r)lzdr+f Ir (o, 7)|>dt
R R R
and
qz, Wnn(0, ) == fR (1800 (0, )+ [(ba (DT + L) Vi a0, T)F) dT

— 40, (0, ) + 45, (L (0, )
> B, / (@, D)2 dt + 12(20) / rL (o, )P d, (7-14)
R R

by the min-max principle, where u,(¢,) is the second eigenvalue of the operator h,[¢,], satisfying
U2(&s) > By (see Section 2A). Integrating with respect to o, we get

f (10,050 (0 DO + | (Ba (D)7 + L)vpn (0. D) do i
RZ
> B, / o )P do dr 4+ ua(c) / ri(o, D) Pdodr. (T-15)
R2 R2

We deduce from (7-12) and the first item in Proposition 7.1
(12(¢a) — Ba) f r1 (0, 0)[*do dt < O(*'®) / Ir (o, )* do d, (7-16)
R2 R2
/ Ir(o, T)>do dt = 1 + O(h/®), (7-17)
RZ

2 2 (1,3/8 2
tr1\0, a a s = P .
f (10:r1(0, D7+ 1(ba(T)T + L)ri(o, D)) do dt < O(h )/ Ir(o, T)|°do dt (7-18)
R? R?
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Step 3: Coming back to the definition of r; in (7-13), we still have to improve the error term in (7-16) to
get the estimate of the third item in Proposition 7.1.

To that end, we will estimate the terms involving 9, vy, , in (7-11). By (7-4) and dominated convergence,
it is clear that ITp commutes with 3, when acting on compactly supported functions of H'(R?):

[Tpds = 95 Ip. (7-19)
By (2-11), ¢, is orthogonal to (b, (7)T + {;)¢P, in L*(R), so
7a(ba(T)T + Ea)wa =0,
which implies, by taking the tensor product,
o(ba(T)T + £2) 1o = 0. (7-20)
By (7-13), (7-19) and (7-20), we get

(r(o, 1), i(ba(v)T +8a) 361 (0, T)) 122y = 0.
Now, we inspect the term
(05 Vs 1 (ba (T)T + L)1) 12 (R2)
= —(Vnn, 1(Da(T)T + L) 06T) L2w2)
= —(r, i(ba(T)T +8a)067) L2w2) — (r 1, I(Da(T)T 4+ 8a) 00T ) 122
=0
= —(rL, i(ba(T)T +8a)067) 22y = —((ba(T)T +L)r L, i00T) 22y (7-21)

Since
18205 r |l 22y = BY* [ Todo vl 22y (by (7-19))

< h¥¥ B vhall 2@y (by (7-3)
= Oh*/®) (by (7-10)),
we get by the Cauchy—Schwarz inequality, (7-21) and (7-18)
W (35 vhns i (ba (DT +£7) 122y | < N Ba (DT + LDl 2@ 13067 [l 22y = O (7-22)
Now, we can estimate the following inner product term by using (7-13) and (7-22):
(R85 vp 0, i (ba (DT + L) V) L2w2)
= (1%, vh,n, 1 (ba(D)T +E)r L) 2@y + (B30 Up s 1 (Ba (DT +E)P) 22
= (120 Op i, (b (D) T+ EIr 1) 22y + OB0). (7-23)
By the Cauchy—Schwarz inequality, (7-10), (7-18) and (7-23), we get

(R B35vp s 1 (Ba(T)T + E) Vi) 2@y | < N 23 vp | | (ba (DT + )71 | + O (/1)
= OhY'%) = o(h'/?). (7-24)
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Consequently,

17339 v+ i (ba (DT + Ea) V12 g2

= 15" v 72 g2y + 1B (DT + L) vnnll7 2 ey + 2R 05 v, i (b (DT + L) vnnd 122

> [|(ba ()T + L)Vl T2 gy +0(h'72).
Inserting the previous inequality into (7-11) we get the following improvement of (7-12):

[ 0r0naP 4 1Bu0)e + CunaP) de do =+ OB, (7-25)
R
Step 4: Now we are ready to finish the proof of items (3) and (4). By (7-15) and (7-14), we infer from
(7-25) and (7-13),
(26~ ) [ @ 0P dodr =00 [ re ol dodr.
R? R?

/ (18:r1(0, DF +1(a(®)T + L)ri(o, D) do dv < O'?) / Ir(0, D)’ do dr.
R2 R2
With (7-17) in hand, we get the estimates of items (3) and (4) of Proposition 7.1. O

7C. Projection on a refined quasimode. We wish to improve the approximation vy, ,~ x (h"c) x (W’ )¢, (7)
obtained in Proposition 7.1 by two ways which eventually are correlated: displaying the curvature effects
in v, , and getting better estimates of the errors. Along the proof of Proposition 7.1, curvature effects
were neglected and absorbed in the error terms. Not neglecting the curvature, we get the approximation
vpn ~ x(h"o)x (h‘sr)qba’h(r), where ¢, 5 (t) corrects ¢,(t) via curvature-dependent terms (see (7-31)).
This is precisely stated in Proposition 7.3 after introducing the necessary preliminaries.

7C1. Preliminaries. In this subsection, we write ¥ = k(0) = kpnax and ky = k”(0). We consider the
weighted L? space
Xps=L*((=h™°, h™%); (1 — h'*k7) d7) (7-26)

endowed with the Hilbertian norm
hs 1/2
||f||th(S = (/ ) |f(-1:)|2(1 —h1/2K‘L’) dt) .
—h—
This norm is equivalent to the usual norm of L2(—h~%, h=?) provided h is sufficiently small.

With domain H*(—h =%, h=%) N HOI(—h_‘S, h=?), consider the operator in (3-1) for & = ¢,:

2 2\2
1 (ba(T)T + )+ (1 — kh' ey o, + 2Kh1/2t<ba(r)t .- Khl/zba(t)%)

Ha,/(,h = _dT

4
—ich' by (1) T (ba(0)T + ) + b (1) T, (7-27)
which is self-adjoint on the space X s. This operator can be decomposed as follows:

Ha e = bla] +xh 2oV + hLy, (7-28)
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where §[¢,] is introduced in (2-1) and

D [2a] = 8; + 21 (ba(T)T + £0)? — ba (1) T2 (ba(T)T + £4) (7-29)
and
Ly =q1.1(0)d: +qan(t), with |g14(0)] < CilT], |q2n ()| < Co(1 + 7)), (7-30)

where C, C; are positive constants independent of 7, 7.
We introduce the following quasimode in the space X s:

Gan(T) = x (B°T)(¢a(T) + 1k 5 (D)), (7-31)

where x € C°(R; [0, 1]), suppx C[—1.1], x =1o0n [—%, %] The function ¢, is the positive ground
state of h[¢,] with corresponding ground state energy B,:

(h[ga] - ,Ba)¢a =0.
We now explain the construction of ¢S°". By (7-28), starting from some ¢:°" to be determined,
(Hasen = Ba — Bk M3(@)) ($a + 1 i 95

=kh' (01215 + (hP[L] — M3(@)pa) + hRap,  (7-32)
where
Ran = Li(¢a +h"k ¢ + 12 (602,11 — M3 ()"

Note that, by Remark 2.3, hV[¢,]¢p, — M3(a)¢, is orthogonal to ¢, in L?(R). Hence we can choose
¢ = =R (0D [alba — M3(a)g0), (7-33)

so that the coefficient of 4'/2 in (7-32) vanishes. In this way, we infer from (7-32),
(Haweh = Ba = h' Pk M3(0)) (¢a + 1"k dS™) = ARy .

Notice that ¢, j, is constructed so that it has compact support in (—2~%, h~%) and hence satisfies the
Dirichlet conditions at T = 4h~°. Since, ¢, and ¢ decay exponentially at infinity by Lemma 2.4, we
deduce

1 HaenPan — (Ba +h' 2k M3 (@) Banllx, , = Oh). (7-34)

We denote by ¢ff’h the normalized ground state of the Dirichlet realization of H, ., in the weighted
space X 5 (i.e.,in L*>((—h~?%, h=%); 1—h'?k1)d7)). By (3-8), the min-max principle and Proposition 3.2,
we have

M (Hauen) =Ba+h'"PcMs@)+Oh) and  2a(Haen) = pa(Za) +o(1), (7-35)

so we infer from (7-34) and the Holder inequality

((Haenbah =21 Ha )@y = Pai)s by — Pa)y, , = OS5y — Panllxis-

Thus, by the spectral theorem,

165 — Ganllxys + 1T@, — Gam)lx,s + 10 (D5, — bai)llx,s = Oh). (7-36)
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7C2. New projections. We fix hg > 0 so that 1 — h(l)/ e s % In the sequel, the parameter & varies in
the interval (0, hg). Consider the space

Xps=L*Rx (=h7°,1); (1 —h' k1) do dT) (7-37)

endowed with the weighted norm

h=8 172
llvllxg3=<// 5|U(U,T)|2(1—h1/2/<t)dodr) ,
, 0l i

which is equivalent to the usual norm of L*(R x (=h~%, h%)).
We introduce the two operators

R, :veXjs > / ban(v(-, YA —h'?kt)dr € LA(R), (7-38)
R

Rf:feLl* R — f®¢un € Xjy Where f®pyn(0,7) = f(0)han(r). (7-39)

The image of R; R, is L%(R) ® span(¢,.;,). Furthermore, for all v € Xﬁ, 5» the functions R;[Rh_v and
v — R; R, v are orthogonal in X,%’ s» since the operator R;[ R, can be expressed as

M, :=R'R, =1Qmap, (7-40)

where 7, 5 is the orthogonal projection, in the weighted Hilbert space X}, 5, on the space span ¢, ;. With
this projection in hand, we can approximate the truncated bound state vy ,, introduced in (7-6), with
better error terms, thereby improving Proposition 7.1.

Proposition 7.3. The following holds:
10nn = TaVhallxz , + 19 Whn — Mhva) lx2, + 1 hn = M) llyz, = OG),
where T1j, is the projection in (7-40).
Remark 7.4. By (7-31) and (7-32), we observe that
(T = To) vl 22y + 119 TTh = 3 To)vhnll z2m2) + 11T (T — T van [l 22y = OB/,

where Il is the projection introduced in (7-4). Since the norm of le’ s 1s equivalent to the usual norm
of L2, Proposition 7.3 yields the following improvement of Proposition 7.1:

1vn,n = Tovnnll L2y + 18x a0 = o Wl 2@y + 1T W — Tovin) 22y = OG0),  (7-41)
where Iy is the projection in (7-4). This remark will be useful in the next subsection.

Proof of Proposition 7.3. Step 1: We give here preliminary estimates that we will use in Step 3 below.
Firstly, by Remark 6.1,

/ topa(o, 0> do dt = O(1). (7-42)
IRZ
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Secondly, we will prove that
(135 V1,05 (b ()T + LU0} 122y = OR®). (7-43)
By (7-10) and Proposition 7.1,
|20 v, (B (DT + ) W — Movhn)) 22|
< 110535 vl 22y | (B (DT + ) @i = Tovn) 22y = O).
Similarly, using (7-19) and Holder’s inequality, we write

{(ba ()T + )h™* 9 TV, Vi — ToVin) 12 w2)|
< 18** M08 vh il 22 1| (b (D) T + ) Whn = Town, )l 2 @2y = OR'®).
Now, writing vy , = Iovp,, + (vp,n — Iovs,,) and collecting the foregoing estimates, we get
(h> 28 vp s (ba (DT + Ea)Vhn) 2e2)
= (105 Vs (ba ()T + E)Tovh ) 122y + OB/®)
= —((ba(v)T+Ca)vnn, }13/88(I Movp,n) 22y + (5(h5/8) (by integration by parts).

Again, decomposing vy, , by the projection Iy and observing that (7-20) yields

((ba(D)T + £) o s BB Tova ) 122y = O,

we get

<h3/8aavh,n’ (ba ()T + L) Vnn) L2w2)
= —((ba(T)T + E)** 06 TIgVh 1 Vin — Tovhn) 22y + OR®) = O®),

thereby obtaining (7-43).
Step 2: We introduce operators involving the ground state ¢>§fh as follows. First we introduce the operators
R, veXi;r /Rgbffh(r)v( (1 =h"%kr)dt € LA(R), (7-44)
Ri:fel’>®) > f@®¢L, € X1, where (f ®92,)(0. 1) = f(0)pS,(1).  (7-45)
Denoting by 7, , the orthogonal projection, in X s, on the space span q}f’sh, we introduce
O, =R R, =17 (7-46)
By (7-36) and (7-40), we observe that, for all g € X;, s and f € X}Zl”s, we have
IR, = R8N, = OMIglx,ss  1(Th =TI fllyz, = OMIIfllxz -
So if we prove that
om0 = Tavnnllxz , + 10 @nn = Thvn) x| + 1T a = T a)llyz, = OG0, (7-47)

then we deduce the estimate in Proposition 7.3.
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Step 3: Adapting the proof of Proposition 7.1, we prove now (7-47). By Remark 6.1, we can use (5-14)
with wy =, =1, mp = lupall3, =1+ 0O(h"?) and 6 = }. Thus
h,8

hd 2
/ f (|a,uh,n|2+ a —|—2Kh1/21’)‘ (h3/gag +i (bat —Kh1/2ba%))uh,n
R J—p-s

< (Ba+h M3 (@) + OW ) upnllys - (7-48)

2
)(I—Khl/zf)da dr

Since uy, , = €%/, (by (7-6)), we get
h—6
/ / 10 vp.0)?(1 —kh'?1) do dt
R —/’175 h78 2
+/ f a+ 2Kh1/2r)‘<h3/880 +i<bar o, — Khl/zba%))vh,n
RJ—h—

< (Ba+ 1P M3(@) + 00 N vpull3z - (7-49)

2
(1 —kh'*t)do dt

Using (7-10), (7-43) and (7-42), we deduce the following estimate from (7-49):

h? 2
// 5(|arvh,n|2+<1+2Kh1/2r)‘(bar+;a—Khl/zba%)vh,,,
RJ—h—

< (Ba + "> M3(a)c + OB ) vpal? (7-50)

2
)(1 —kh'?7) do dt

X250
where we used also that ||vj, , ”%,s =1+ 0h"?), by (6-7) and (7-6).
Now we get (7-47) by decomposing v, , in X ,21 s in the form
Vhn =FnF L, = Tpopn, For = — ) vp,
and by using the spectral asymptotics for the operator Hy, 4 «, recalled in (7-35). O

7D. Quasimodes for the effective operator. Letus start with some heuristic considerations. The derivation
of the eigenvalue upper bound of Theorem 4.1 suggested in the tangent variable the following one-
dimensional effective operator (see (4-25)):

M3 (@)k"(0) ,
——O0

Hy"™ = —ex(@)d; — —— ,

(7-51)

where ¢;(a) > 0 is introduced in (1-12).
Moreover, by Remark 4.3, it is natural to consider the quasimode

Ve = (¢a (1) + 24 (L + ba (D) T)Pa)i Y205 + kmaxh' 5% (1)) fu(0),

where R, is the regularized resolvent introduced in (2-18), ¢S is the function in (7-33), and f, is
the normalized n-th eigenfunction of the operator H™™, Denoting by 1'[2?5 the orthogonal projection,
in L?(R?), on the space generated by UZ?S , we observe formally, by neglecting the terms with coefficients
having order lower than h3/4,

(@I PR ~ h'2 (M3(a)kimax + h'* H ™ I,
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where TT"Y is the projection, in L?(R?), on the space generated by the function ¢, (7) f, (o), and

©a(1) := Pa(T) —4(ba(T)T + ) Ra ((ba (T)T + La)Pu(T)). (7-52)

Guided by these heuristic observations, we will use the truncated bound state v, , in (7-6) to construct
quasimodes of the operator H;““m by projecting v, , on the vector space generated by the function ¢,
introduced in (7-52). To that end, we introduce the operator

R :ve L*(R*) / ga(D)V(-, T)dT € L (R). (7-53)
R

We will prove the following proposition.
Proposition 7.5. Let n € N be fixed. The following hold:

(D) IRG™vp — (1 =4 (@) Ry vpnll 2wy = OhY*), where R is the operator in (7-1) and I>(a) is
introduced in (2-17).

) IRG™M vl 2wy =1 =41 (a) + Oh'/¥).
(3) For every n € N, there exists h,, > 0 such that, for all h € (0, h;,),
(RO v ser RE™Vh ) 2wy = (1 — 41 (@)) 850 +0(1) (1 <k, k' <n), (7-54)

and
M, =span(Rg™vpx, 1 <k <n) satisfies dim(M,) =n. (7-55)

(4) We have as h — 04
Hharm _ h—3/4A 1)) Rhew Rnew = o(1)|| RPeW 2
(CH! w (D) RE™ U, RE 0 ) 12 gy = 0D REN 0122

where
An(h) =h™ "2, (h) — By — M3(@)kmaxh'/?,

and HM™ js the operator introduced in (7-51).

Proof. Proof of item (1). Consider [Ty = R(J)r R, the projection introduced in (7-4). By (2-17), R(r)‘ewR+ =
(I —41I>(a))ld; hence, composing by R, on the right gives

RSCWHO = (1—-4hL(a)R,.
Writing vy, , = Hovp pn + (Vi — Hova,,), we get

new new new
R() Un,n = R() Movp,, + R() (Uh,n - 1_IOUh,n)

= (1 _412(a))R0_vh,n + R(r)lew(vh,n - 1_[Ovh,n)-
Then we observe that

IRE™™ (Wn.n — Tovn,m) Il 2y < 19all L2 1V — Tovanll 2@y = O(RY*)

by Hélder’s inequality and Proposition 7.1. This yields the conclusion of item (1).
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Proof of item (2). By (2-20), 1 —41,(a) > 0. By (7-1) and Proposition 7.1, we have
IR Vanll 2@y = ITlovhnll 22y = 1+ O,
Now item (2) follows from item (1).
Proof of item (3). If 1 <k, k'’ <n and k # k', we have as h — 0,
(Unkes Vh) 22y = 0(1) + Sk e

By Proposition 7.1, we get further

(Ry i ks Ry i i) 2wy = (Hovp ks ovpr) 22y = o(1) + 8k k-

Thus, by item (1),
(Ro™ v, Ry vnie) 12y = 0(1) + Sk -

With item (2) in hand, we get the conclusion of item (3).
Proof of item (4).
Step 1: We introduce the operator

R :ve H(R?) — f P2 (t,i0,)v( -, T) dt € L*(R),
R
where ¢2’e,‘1”(7:, idy) is the first-order differential operator

Baih (T, 105) 1= pa(T) + 20 R (ba ()T + £a)pa(1)ide +xh' 295 (1),
k = kmax and ¢:°" is the function introduced in (7-33).
By Holder’s inequality, there exists a constant C; such that, for all v € H'(R?),
IRE™ Il 2y < Crlllvl 2@ + 186Vl 2@2)-
Thus, by Proposition 7.1 and Remark 7.2,
IR Pr vn — (A~ An(h) = B) RE™vn il 2y = O (™),

where P,°" is the operator in (4-6).

Step 2: We prove the estimate

~

<(Cz(d)RZeW ;llew — M; (a)kmaxhl/ZR(r)lew _ h3/4H;1armR(r)16W) Vhons R(r)lewvh,n)LZ(R)
We first observe that it results from (7-1), (7-10), (7-56), and (7-57),
IRE™ v — Ry vnnll 2y = Oh'/?).

For the sake of simplicity, we write k = k(0) = kpax. We introduce the functions in L*(R):

J1 =2R4((ba(D)T + 8a)Pa)

=o(h).

(7-56)

(7-57)

(7-58)

(7-59)

(7-60)

(7-61)

(7-62)
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and (see (7-29) and (7-33))

=0 =R (M3(0)pa — Bl — 27 (b ()T + 0) P + ba(T) T (ba(T) T + L) ba). (7-63)

Recall the operators Py, Pi, P>, P3, Q) introduced in (4-10) and (4-11). Noticing the decomposition
in (4-9), we write, for any function v with compact support in R?,

Ry ﬁewv=/¢a(r)Pov(0, T)d'f+h3/8/(ifl(f)aaP0+¢a(T)Pl)v(0’ T)dt
R R
+h1/2/(¢a(T)P2+Kf2(T)P0)U(U’ T)dt
R

1 3/ / (¢a(T)P3 +if1(1)35 P)v(0, T) dT + Ry n0, (7-64)
R

where

R =R Qo+ 7S [ (03008, Pr-+kr) Povton vy de e [ o) oot e
R R

+h5/4/</ f2(1) P3v(o, t)dr+h9/8/c/ if1(1)dy P3v(o, T) dt. (7-65)
R R

We now compute the first three terms on the right side of (7-64):
For the first term, since Py is self-adjoint in L%(R), we have

/ ¢a(t)Pyv(o, 1)dt = / Pyp,(t)v(o, T)dt =0.
R R

For the second term, we have

/ ifi(t)d, Pyv(o, 7)dt = / iPyfi(t)o,v(o, T)dT
R R

= f 2iq(T)(ba(T)T + ) (0, T) dT.
Hence we find, by (4-10), ;

/ (if1(0)3s Py + ¢a(t) P1)v(0, T) dT = 0.
R
For the third term, noticing that

Pofo = M3(@)py — B, — 2T (ba(T)T + £0) b + ba (D) T* (o (T)T + C0)
and

/ 60 () Pov(0, 7) dT = f (—6L(0) + 22 (Ba (0T + £2)200(¥) — ba(D) T2 (Ba(D)T + L)a (D)) v dT.
R R
we get

(Wyv)(0) = fR (60(0) Py + 1 f2(x) Po) (o, 7)
_ /R (60(0) Py + k(Po fo(1))) (0, ) d

— [ (Ma(@u0) = 20,00t vy d,
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By the forgoing computations, (7-64) becomes

RIevprevy = ' 2Wav + b3/ W + Ry, o, (7-66)
with
(Wsv)(0) := / (¢a(®) P +if1()35 P1)v(o, T) T, (7-67)
R

We estimate Whvy, , by writing vy, , = ovp., + (v, — ovp ), with I the projection introduced in
(7-4), and by using (7-41). Eventually, since PyITp =0 and (¢,, ¢,);2r) = 0, we get by Remark 2.3,

IWavp n — M3(a)k Ry il 2y = 0(h'%). (7-68)

We still have to estimate the terms involving W3 and Ry, , in (7-66) when v = vy ,. By choosing n small
enough, the error term
r,(0, h) == Rh,nvh,n, (7-69)

with R, , introduced in (7-65), satisfies
(0 (- 1), RE™V0n0) 2y = 0 (). (7-70)
The technical proof of (7-70) is given in Appendix B. So we are left (see (7-67)) with estimating
W3 n = w1 + wo, (7-71)
where
wi(o) 1= /Raﬁa(f)PWh,n(G, T)dt,
wy(o) = /Rifl(r)ag Pivp (o, 1) dr.

In light of the definition of P; in (4-10) and R, in (7-1), we write
k// (O)O’Z

w1(0) = =2 Ry vpa(0) + w(o),

where
w(o) = / (32 + 2T (Ba(T)T +£0)* — ba (V)T (b (V)T + £4)) a(T) Vp.n (0, T) d.
R

Using Proposition 7.1 and that vy, , is supported in {|o| < h™"}, we get

Furthermore, by (4-10) and (7-62), the term w; can be expressed as

llo?(w— M3(a) Ry vpw)ll 2wy = O(hV/4=21y,

k" (0O)M
wy — <—8§ + —( )2 3(a)0'2>RO_Uh,n

Hence

= O(h/42m). (7-72)
L2(R)

Wi (o) = 202 /R FUD G+ ba(0)T)0pn(0, T) dT

=40, /R(ba(f)f + La)Ra ((ba (DT + 80)ba(T) )i (0, T) d. (7-73)
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Collecting (7-72) and (7-73), along with the definition of Rj®™ in (7-53), we infer from (7-71)

K OMs@) 5 - ) — O(h!/42y, (7-74)

LA(R)

H Wiy —< 3 Rnew+ Uh,n

By Holder’s inequality, we infer from (7-68) and (7-74)

B2 (W — M3(@)k Ry )i ny RO Vi) 12y

k" (0)M3(a) o2R~

+h3/4<W3vh,n — ( AZREY + 5

) Uhons Rgerh,n> = o(*M IR Vil L2y -
L2(R)

By (7-66) and (7-70), we get from the above estimate

(R PRy — V2 Ms(a)k Ry — W H)vp s REVhn) 2 = 0 ) IRE hn [l 12y

LA(R)

where
k" (0)M3(a) 2R‘

82 Rnew
+ 2
Finally, by item (1) and Proposition 2.5, we get (7-60).

Step 3: Using Steps 1 and 2, we are now able to finish the proof of item (4). By (1-12) and (2-20),
cy(a) =1—415(a); hence (7-61) and item (1) yield that

le2(@) Ry vpn — RE™ Vi nll 2y = O(h). (7-75)
Collecting (7-59), (7-60) and (7-75), we get
(W4 H ™ RE™ 00— A () RE™ Vs RE™ V) 2y = OUAR (IR 0 (R,
where, by (6-4) and Theorem 4.1,

|An(h)] = [h™ " (h) — By — M3(@)kmaxh'?| = o(h'/?).

Thus, we obtain
<h3/4HharmRnewU hon — A (h)R(r)lewvh . R(I)lewvh,n)LZ(R) — 0(h3/4),

Dividing by #%/* and using item (2), we get item (4). O
With Proposition 7.5 in hand, we can now finish the proof of Theorem 1.2.

Proof of Theorem 1.2. The upper bound of A, (h) follows from Theorem 4.1. For the lower bound
of A,(h), consider u = Y ;_; ax R vy x such that |ju]| 2@ = 1, where Rj®" is introduced in (7-53).
From Proposition 7.5 we have

(1 =4h@)* +o(1) ) lal* =1
k=1
and

((HP™ = R A (h)u, ) 2y < 0(1) Y lag]”.
k=1
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Consequently,

h —3/4
sy (™ = B () ) 2y = o(D),

where M, is the space defined in (7-55). By the min-max principle
\/M3 (@)k"(0)c2(a)
2

@n—1) <h A, (h) 4 o(1),

thereby leading to

h3/2+\/M3(a)k”2(0)cz(a)

An(h) = Bah + M3(a)kmax 2n — 1)]’17/4 + O(h7/4). O

Appendix A: Frenet coordinates near the magnetic edge

We introduce the Frenet coordinates near I". We refer the reader to [Fournais and Helffer 2010, Appendix F]
and [Assaad et al. 2019] for a similar setup.
Let s — M (s) € I" be the arc length parametrization of I" such that

e v(s) is the unit normal of I at the point M (s) pointing towards P;,

o T(s) is the unit tangent vector of I at the point M (s), such that (T'(s), v(s)) is a direct frame, i.e.,
det(T (s), v(s)) = 1.

We define the curvature k of I" as T'(s) = k(s)v(s). Working under Assumption 1.1, we assume without
loss of generality that so = 0, where sg is the unique maximum of the curvature at I' (k(0) = kpax)-
For tp > 0, we define the transformation ® = &, as

D:Rx (=1, 10) > I}, : ={x € R?: dist(x, ") < tp}, (s,1)—> M(s)+1tv(s). (A-1)

We pick ¢y sufficiently small so that ® is a diffeomorphism, whose Jacobian is
a(s, 1) ;= Jo(s, 1) =1 —1k(s). (A-2)
We consider the following correspondence between functions « in Hléc(l“to) and those & in HIL (Rx(=10,10)):

ﬁ(s,t):l/t(q)(s,t)), (A_3)
and vice versa.
Moreover, we assign to the potential F in (1-1) a vector field Fe Hlf)c([R X (—tp, tp)) as

F(x) = (F1(x), Fa(x)) > F(s,1) = (Fi(s, 1), Fa(s, 1)),

where
Fl (s,t)=a(s, ) F(®(s,1))-T(s) and fz(s, t)=F(®(s, 1)) -v(s). (A-4)
Consequently,
(hV —iF)? =a ' (hd; —i F))a ' (hdy —i F)) + a~ ' (hd, — i F)a(hd, — i F»). (A-5)
Note that
curl ﬁ(s, t) =1 —tk(s))curl F(P(s, 1)) = (1 —tk(s))(Ay=0; +alp<oy), (A-6)

where curl F = asfz — 8,1::1 and curl F = 9y, F, — 0y, F1 is as in (1-2).
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Furthermore, we present the change of variable formulas (for functions compactly supported in I7,):

to
Iulzdx:f/ li|* adt ds,
F’O R J -1

(A-7)
to ~ ~
|(hV—iF)u|2dx:f/ (a72|(hds — i F)il* + |(hd, — i Fy)i|*)adt ds.

F,O R J -1

Now, we make a global change of gauge w as follows:

Lemma A.1. There exists a function w € H*(®~! (I, N 2)) such that

—ba(1)(t — 11%k(s))

ﬁ—vs,ta)=( 0

) in ® (I, NQ),

where t +— b, (t) is defined by b, (t) = 1y~0) +aly<o).

Proof. For (s, 1) € ™' ([,,NQ), let (s, 1) = [y Fa(s, 1) dt'+ [y Fi(s', 0) ds’. This choice of » and (A-6)
establish the lemma. ]

The gauge of Lemma A.1 is adequate when working with functions localized near the edge I". With
this choice of gauge, we have the following identity which is useful to analyze the decay of functions
localized near T'.

Lemma A.2. Assume that ¢ € H*(Q) with compact support in QN I3, Let g and G be the functions
defined (by means of (A-3)) as

g6, 0= (' —it)@(s, 1) and  G(s,1) = —(h'?d; — L) (€9,
where ¢, is the constant in Section 2B and ¢ is a Lipschitz real-valued function on Q. If g € H*(R2), then
Re(Ph, G) o) = Qi(e?g) — h2[[|Vgle? 91172 q) — h'/> Re(T).

Here Qy, is the quadratic form introduced in (4-11) and

T = ((hdy — i F) (050~ —ia™ 9 Fy) (hdy — i F)@ —ia™ (9, F1)@) + h*8,(3,0)8, @, ez‘f’g)Lz(R).
Proof. We assume that Fg =0 and get from (A-5) and (A-2)

(Pho. G2 = ((hds —i F)a™" (hds —i F)p + h*diadep, (078, —i8) (€ 9)) 12eys (A-8)

where we dropped the tildes from the notation for the sake of simplicity. Notice that

(h'285 — i) 808,0 = 3, (/285 — i L) ad,p)
= 3, (ad, (h"?85 — i) @) +h'/?9,(3,0) 8,00
= 9,00, + h'/%8,(3;0)9,¢,
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and
(W95 — it (hdy — i F)a~ " (hds — i F)g
= (hds — i F1)((h"/?0y — i) —ih' (0, F1))a™" (hds — i F1)g
= (hds — i F)) (0™ (hds — i F) (W' 05 — i) — ih' @ Frya™" (hdy — i F1)g)
+h' 2 (hds — i F1) (@5~ ") (hdy — i F)p —ia™" (3, F1)g)
= (hds —i Fy)a™ (hds — i F)g +h"2(hdy — i F1) (050~ —ia '8, F1) (hds — i F))p —ia™ (3, F1)g).
By integration by parts, we infer from (A-8)
(Phe. G)r2i) = (Prg. €°%8) 12y — h'/*Th. (A-9)

Finally, by integration by parts, we get

Re(Prg, € 8)12@) = Qn(e?®) = 21Vl 72q). O

Appendix B: Control of a remainder term

The aim of this appendix is to prove the estimate in (7-70). We fix a positive integer n > 1 and two
positive constants € (0, 1) and § € (0, 75).

For all > 0, let vy, , be the function introduced in (7-6) which is supported in {|o| < h~", |t| < h~°}.
Moreover, by (7-6) and Propositions 6.2 and 6.3, we observe that,

forall 6 € (0, 2), there exists Cy > 0 such that 3] vy ll 2@ < Coh™® (0<j<2).  (B-1)
Consider two functions f € L>(R) and p € LIIOC(IRZ) so that,
foralla > 1, t%f(1r) e L*(R),
and there exist £k > 1 and C such that
Ip(o, DI <Clol* +Izl" +1) (0,7 eR).

For j € {0, 1, 2}, we introduce the function
wj(0) = /R f@p(o, )30, ) d, (B-2)
whose support is included in {|o| < 27"}, by the considerations on the support of vy ;.
Lemma B.1. Givenn e (0, %) there exist two positive constants hy, C > 0 such that
lwjll 2@ < Ch™EH/Dm

forall h € (0, hg) and j € {0, 1, 2}.
Proof. By Holder’s inequality

lwj(0)* < ( /R |f (@ Plp(o, r>|2dr>< /R 199 v (0, r>|2dr). (B-3)
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For o in the support of w;, we have

| @PIp@ o dr<c [ @R+ ek + oy dr < Et+ 7,
Inserting this into (B-3) then integrating with respect to o, we get
/R|wj(o)|2do— < Cr(1+h=%m) /Rz 18 vp.0 (0, T)|* do dr.
Finally, we use (B-1) with 6 = 7. ]
We will encounter functions of the form
1 (o) Z/Rg(f)q(ff)agvh,n(d, )dr (je{l,2}, 0 €R), (B-4)

where g € H/(R) and ¢ € HILC(R) satisfy,
foralla > 1, t%gVD(r)e L’ (R) (1<i <),
and
there exists k > 1 such that there exists Cr > 0 such that |g(0)| < Cr(1+ |o*|k) (o0 €R).

Lemma B.2. Givenn € (0, %), there exist two positive constants hy and C such that

[0 1| 2y < Ch~*+D7
forall h € (0, hol and j € {1, 2}.

Proof. Using integration by parts and that vy, ,, is with compact support, we get
w0, () = (1)’ / gV (1)q(@)vn(o, 1) dr.
R

This function has the form of functions in Lemma B.1, with f(r) = g’ (¢) and p(o, 7) = q(0). O

The inner product of the remainder, r, (o, ) in (7-69), and the function, Ry*"vj, , in (7-53), can be
expressed as the inner product of a linear combination of functions having the forms in Lemmas B.1
and B.2. The polynomials we encounter are of degree 6 at most. More precisely,

(r (- ), RENvnn) g2y = h B AL+ B Ay + h A3+ hO8 Ay + 1 As,

where
Ar= (a1, b)) g + 1Y@, b)) 2y + a3, b1 2wy,
Ay = (a1, b2) 2wy + (42,2, D1) 12 ()
Az = (a3, b1) 12wy, As= (a4, b)2w), As=(as,b1)2w)
and

al,1=/g1(T)thh,ndT, a1,2=f82(f)thh,ndT, al,3=/83(T)thh,ndf,
R R R

az,1=/f1(T)P2Uh,ndT, a2,2=Kff2(T)Povh,ndT,
R R
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a3=/</f2(t)P2vh,ndt, a4=K/f1(T)P3Uh,ndf, a5=K/f2(f)P3vh,ndT,
R R R

b =fg(f)vh,ndf’ b2=i/g(f)aavh,ndf-
R R

Here, Qj, is the operator introduced in (4-11), Py, Py, P>, P3 are the operators introduced in (4-10), f1, f>
are the functions introduced in (7-62)-(7-63), the functions g, g2, g3 and g are defined as follows (see
(7-57) and (7-53))

g1=0¢u, &= fi =2R((ba(D)T +L)Pa),
83 = kfo = kR (M3(@)pa — ¢}, — 27 (ba ()T + £0) ¢a + b (DT> (Ba(T)T + L) Pa),
8 = ¢ — 4(ba (V)T + L) Ra (o (DT + L) o).
So, we get
(ta (-, 1)y RS Opn) 2y = O(R/78).

By choosing 1 < 6i4, we get (7-70).
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NECESSARY DENSITY CONDITIONS FOR SAMPLING AND INTERPOLATION
IN SPECTRAL SUBSPACES OF ELLIPTIC DIFFERENTIAL OPERATORS

KARLHEINZ GROCHENIG AND ANDREAS KLOTZ

We prove necessary density conditions for sampling in spectral subspaces of a second-order uniformly
elliptic differential operator on R? with slowly oscillating symbol. For constant-coefficient operators, these
are precisely Landau’s necessary density conditions for bandlimited functions, but for more general elliptic
differential operators it has been unknown whether such a critical density even exists. Our results prove
the existence of a suitable critical sampling density and compute it in terms of the geometry defined by the
elliptic operator. In dimension d = 1, functions in a spectral subspace can be interpreted as functions with
variable bandwidth, and we obtain a new critical density for variable bandwidth. The methods are a combi-
nation of the spectral theory and the regularity theory of elliptic partial differential operators, some elements
of limit operators, certain compactifications of R¢, and the theory of reproducing kernel Hilbert spaces.

1. Introduction

The classical Paley—Wiener space is the subspace PWq ={ f € L*(R) : supp f C[-Q, Q]} of L*(R). Using
Fourier inversion, one sees that the point evaluation f +— f(x) is bounded on PW¢,. The fundamental
questions about PWg, are originally motivated by problems in signal processing and information theory:
when is f € PWgq completely and stably determined by its samples {f(s) : s € S} on aset § € R? On
which sets § € R can every sequence (d;)ses € 22(S) be interpolated by a function f in PWg, so that
f(s) =a, for all s € S? These questions were answered by Beurling [1989] and Landau [1967].

Theorem A. (i) Assume that S is uniformly separated and

AlFIZ <D IO < BIfI forall f € PWo. (1-1)
ses
Then

#SN[x —r,

D~(8) = liminf inf 7O =rx+rh @ (1-2)
r—oo xeR 2r b4
(i) If for all a € €*(S) there exists f € PWgq such that f(s) =ay, s € S, then

#SN[x—r,

D (S) = lim sup sup SOk —rxtr) < 2 (1-3)

r—o0 xeR 2r T
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In the established terminology, a set that satisfies a sampling inequality of the form (1-1) is called a
sampling set for the underlying space PWg, or a set of stable sampling. A set on which arbitrary £2-data
can be interpolated is called a set of interpolation. The expressions D~ (S) and D™ (S) are called the
lower and the upper Beurling density.

The number 2 /7 in (1-2) and (1-3) is an important invariant of the space PW g, and has an interpretation
in information theory. Since, roughly speaking, the densities D*(S) measure the average number of
samples in S per unit length, the necessary density conditions of Theorem A say that at least 2/ samples
per unit length are required to recover a function in PWgq from f|g, whereas at most €2 /7 values per unit
length are permitted to solve the interpolation problem in PW¢,. Thus the density €2/m represents a critical
value below which (stable) sampling is impossible, and above which interpolation is impossible. Indeed,
these questions about sampling and interpolation were at the origin of Shannon’s information theory [1948],
and the uniform sampling theorem with S = «Z is still considered the basis of analog-digital conversion in
modern signal processing. The ratio D*(S)/ 2 is a measure for the redundancy, thus for the performance
quality, of the sampling set S. The theory of Beurling, Kahane, and Landau provides a rigorous mathemati-
cal formulation for the existence of a critical density for arbitrary sets S (in place of «Z). Although we will
not touch this question here, we mention that the conditions of Theorem A yield almost a characterization of
sets of sampling and of interpolation: in dimension d =1, if S is uniformly separated and D~ (S) > 1, then
S is a sampling set for PWq, and if DT (S) < 1, then S is a set of interpolation for PWgq. See [Kahane 1962;
Beurling 1989; Seip 2004] for an exposition of the sampling theory in the classical Paley—Wiener space.

The connection with partial differential operators comes from the observation that PWg, is a spectral
subspace of the differential operator H = —d?/dx?*. Using the Fourier transform .%, this differential
operator is unitarily equivalent to the multiplication operator .Z(—d*f/dx*)(£) = &> f (¢). In this
representation of —d?/dx? the spectral projection on the interval [0, Q] is given by xjo.q)(H)f =
Z  x0.9] (£2) f). This implies

PWo = xpo,.02 (H)L*(R).

This observation is the starting point for many generalizations of Paley—Wiener spaces and sampling
theorems. In this work we study the question of necessary density conditions for sampling and interpolation
in the spectral subspaces of a self-adjoint uniformly elliptic differential operator

d
Hy=— )" daj(x)d
jok=1
acting on L?(R?) with a smooth positive definite (matrix) symbol a = (a;x(x)); k=1,...4- The Paley—Wiener
space associated to H, is the spectral subspace

PWq(H,) = xj0.01(Ha) L*(RY),

where, as usual, xj0,qj(H,) is the orthogonal projection corresponding to the spectrum [0, €2].

If the symbol a(x) = a is constant, then H, is similar to the Laplace operator, and the corresponding
spectral subspace can be described with Fourier techniques. For this case necessary density conditions
for sampling and interpolation are already contained in [Landau 1967]. Optimal sufficient conditions
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for sampling in R in terms of a covering density were obtained in [Beurling 1966]. However, if H, is
a uniformly elliptic differential operator with variable coefficients, then the standard techniques break
down, and it was an open question whether a critical density exists for sampling and interpolation in the
spectral subspaces of H,, and how to compute this critical density.

We will answer this question for a class uniformly elliptic operators. We say a smooth symbol with all
derivatives bounded, a € C,‘,’O(Rd, Cxdy is slowly oscillating if lim|y| o [dka(x)| =0fork=1,...,d.

Theorem B. If a is slowly oscillating, then there exists a critical density for sampling and interpolation
for PWq(H,).

Adapting the measure to the geometry associated to the differential operator H,, the critical density
can be determined explicitly. This is our main result.

Theorem C. Assume H, = — Z?’kﬂ 0;ja;ji 0k is a self-adjoint uniformly elliptic operator with slowly
oscillating symbol a € C° (R4, C4*%). Let dv(x) = (deta(x))~'/? dx be the associated measure.

() If S € RY is a set of stable sampling for PN (H,) then

#(SNB B
D (S) =liminf inf ( rx)) > | lld d/2
r—>00 xeRd V(B (x)) (2n)

(i) If S € R? is a set of interpolation for PWq(H,), then

#SNB B
D (S) = lim sup sup ( r(*)) < Bil qar
rooo xerd V(Br(x)) (2m)4

Except for the modified definition of the density, the formulation of the theorem is identical to Landau’s
theorem [1967]. By contrast, the method of proof is vastly different as Fourier methods are not available
for the proof of Theorem C. In addition we draw the new insight that the appropriate notion of density
must be linked to the geometry defined by a. For compact manifolds the link between density and
geometry was already observed in [Ortega-Cerda and Pridhnani 2012].

For the special case of a symbol that is asymptotically constant at infinity we can use the standard
Beurling densities in R4 from (1-2) and (1-3) (with intervals replaced by Euclidean balls B, (x)) and
obtain the following consequence.

Corollary D. Assume that a € C go([R{d, Caxdy js asymptotically constant, i.e., lim,_, - a(x) = b. Let
Yh={teR: bt £ <Q}

() If S € R? is a set of sampling for the Paley—Wiener space PN o (H,), then

|ZL|

B
52y = (dett) il
T

D(8) > i

(i) If S € R? is a set of interpolation for the Paley—Wiener space PWq(H,), then

N |ZL|
D7 (S) < —(Zn)d'
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We note that the same critical density holds for the Paley—Wiener space of the constant-coefficient
differential operator H,. Since H, may be considered a perturbation of H, and since the Beurling
density D*(S) is an asymptotic quantity, it is to be expected that the necessary density for PWq(H,)
coincides with the necessary density for PWq (Hp).

Let us put these statements into context.

Sampling in spectral subspaces. Several researchers have created an extensive qualitative theory of
sampling in spectral subspaces of a general unbounded, positive, self-adjoint operator H on a Hilbert
space 4. In this case the abstract Paley—Wiener space is defined as PW(o o1(H) = x0,0)(H ). Usually
A =L*(X, ) and PWjo.q(H) is a reproducing kernel Hilbert space. In this situation many authors have
proved the existence of sampling sets [Coulhon et al. 2012; Feichtinger et al. 2016; Filbir and Mhaskar
2011; Feichtinger and Pesenson 2004; Pesenson 2000; 2001; Pesenson and Zayed 2009]. In particular the
set-up of [Coulhon et al. 2012; Pesenson 1999; Pesenson and Zayed 2009] covers the case of H being
a self-adjoint uniformly elliptic differential operator on L?(R¢). The construction of sampling sets in
these abstract Paley—Wiener spaces requires some smoothness properties of functions in PWq(H) and a
Bernstein-type inequality (see (2-1) below). The result then is that a “sufficiently dense” subset in X is a
sampling set and a “sufficiently sparse” subset of X is a set of interpolation. What remained unknown
is the existence of a critical density against which one could compare the quality of the construction.
Theorems B, C, and Corollary D address this gap for uniformly elliptic differential operators. Once a
critical sampling density is established, one may aim for sampling sets near the critical density. The
question of optimal sampling sets in spectral subspaces is wide open; in fact, it has become meaningful
only after the critical density is known explicitly. This problem is already difficult for multivariate
bandlimited functions PWg = { f € L>(R?) : supp f C K} for compact spectrum K € R¢ and was solved
only recently in [Matei and Meyer 2010; Olevskii and Ulanovskii 2008]. A possible general approach is
via the construction of Fekete sets and weak limits, as was carried out in [Grochenig et al. 2019] for Fock
spaces with a general weight.

Insight for partial differential operators. Although the spectral subspaces of a partial differential operator
are natural objects, they seem to have received little attention. To the best of our knowledge, nothing
is known about the nature of the corresponding reproducing kernel and the behavior of functions in the
spectral subspaces PWg. Our investigation reveals several properties of the reproducing kernel, such as
the behavior of its diagonal and some form of off-diagonal decay. These are key properties for the proofs
of Theorems B and C, and we hope that these also hold some interest for partial differential operators.

Variable bandwidth. Our original motivation comes from a new concept of variable bandwidth. In
[Grochenig and Klotz 2017] we argued that the spectral subspaces of the Sturm—Liouville operator
—(d/dx)a(d/dx) on L*(R) for some function a > 0 can be taken as spaces with variable bandwidth. We
proved that a(x)~1/?
The function a thus parametrizes the local bandwidth. For @ = const., the spectral subspace is just

is a measure for the bandwidth near x (the largest active frequency at position x).

the classical Paley—Wiener space PW¢,. For the special case of an eventually constant parametrizing
function a, i.e., a is constant outside an interval [— R, R], we computed the critical density for sampling in
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PWq(—(d/dx)a(d/dx)). The proof required intricate details of the scattering theory of one-dimensional
Schrédinger operators. Theorem C, formulated for dimension d = 1, yields a significant extension of the
density theorem for the sampling of functions of variable bandwidth.

Corollary E. Assume that a € C;°(R) is bounded, a > 0, and lim, _, 1o a’(x) = 0. Let PWq(H,) be the
Paley—Wiener space associated to H,.
If S is a sampling set for PWq(H,), then

/
D;(S) > —.
b

Similarly, if S is a set of interpolation for PWq(H,), then

Methods. The proofs of Theorems B and C combine ideas and techniques from several areas of analysis.

Critical density in reproducing kernel Hilbert spaces. Originally, density theorems in the style of Landau —
and there are dozens in analysis — were proved from scratch. In our approach we apply the results on
sampling and interpolation in general reproducing kernel Hilbert spaces from [Fiihr et al. 2017]. The
main insight was that it suffices to verify some geometric conditions on the measure space, such as a
doubling condition of the underlying measure, and of the reproducing kernel, such as some form of
off-diagonal decay. Once these conditions are satisfied, one obtains the existence of a critical density and
can calculate it in terms of the averaged trace of the reproducing kernel. Since the geometric conditions
are trivially satisfied for R¢, our main technical difficulty is to understand the reproducing kernel of the
spectral subspaces of a self-adjoint uniformly elliptic differential operator.

Regularity theory and heat kernel estimates. To study this reproducing kernel, we use the fundamental
results of the regularity theory of elliptic differential operators. With these tools we investigate the
smoothness of the reproducing kernel and compare various Sobolev norms on PWq(H,;). See Lemma 2.1
and Proposition 2.2. For an important technical detail (Proposition 2.2) we will need Gaussian estimates
for the heat kernel, which we expect to play a key role in extensions of our theory.

Limit operators and slowly varying symbols. To connect asymptotic properties of the symbol a of a partial
differential operator H, to the spectral theory of H,, we use the notion of limit operators. Although we
do not use any elaborate results from this theory (see [Georgescu 2011; Rabinovich et al. 2004a; Spakula
and Willett 2017]), limit operators are central to our arguments.

Higson compactification of R%. An important structure underlying the proof of Theorem C is a compacti-
fication of RY, the so-called Higson compactification. This is the compactification arising as the maximal
ideal space of the C*-algebra of slowly oscillating functions on R?%. By Gelfand theory every slowly
oscillating function can be identified with a continuous function on the Higson compactification h1R%;
see, e.g., [Rabinovich et al. 2004a; Roe 2003; Shteinberg 2000]. On a technical level we will show that
for slowly oscillating symbols the mapping x — T_,k, of centered reproducing kernels can be extended
continuously to the compactification #R? (Proposition 6.3).
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The underlying philosophy is summarized in the following diagram; we write T f(z) = f(z — x) for
the translation operator and k, for the reproducing kernel of PWq(H,):

{(T_ya:xe IR{d} compact = (T H,T,:x¢€ IRd} compact = {T_,k,:x¢€ [Rid} compact.

Thus, if Ty, a — b in a suitable topology, then 7__, H,T, — H), and the sequence of centered reproducing
kernels 7_, k, converges to the reproducing kernel of PWq(H}p). In the considered examples the limit
operator Hp, is simpler than the original operator H,, and this facilitates information about the reproducing
kernel of PWq(H,).

The paper is organized as follows. Section 2 prepares the background material on regularity theory,
symbol classes for partial differential operators, and reproducing kernel Hilbert spaces. We prove the
basic properties of the Paley—Wiener space PWq(H,). Section 3 gives the precise formulation of the
general density theorem for PWq(H,). Its proof is given in Sections 4 and 5. In Section 6 we calculate
the critical density for sampling in PWq (H,) for the class of slowly varying symbols (Theorem C and
Corollary D). We conclude with an outlook and collect additional material in Appendices A and B.

2. Preliminaries

2A. Notation. For a function f on R? and x, z € R? we define the translation operator T f (z) = f(z —x).
The open Euclidean ball of radius r at x is B,(x), and B, = B,(0).

We use standard multi-index notation; thus the differential operator D¢ is alely (ax'f“ e axf;" ) and the
d

multivariate binomial symbol is (%) = [}, (‘;’ ) for multi-indices o, y € Ng.

We will denote the space of u};liformly cor{tinuous and bounded functions on R? with values in a
Banach space X by C; (R, X). The indices ¢, oo, and 0 refer to the subspaces of compactly supported,
smooth, and vanishing-at-infinity functions in C (RY). Thus C go([R{d, X) consists of all smooth X-valued
functions with bounded derivatives of all orders. The space C*®°(R¢, X) has the Fréchet space topology
induced by the seminorms | f|r.o = Sup,cp, o) 1% f ()| x. If X =C, we write C,fo(Rd), etc.

The Fourier transform of f € L'(R?) is
7 f(@) = f(@) =)™ / f)e ™ dx,
R4

and .% extends to a unitary operator on L?(R¢) as usual. For every s > 0 the Sobolev space W3 is defined by

. 1/2
w; = {f e L*(RY) : || fllw; = [(2n>—d/2/ |f (@) P+l dw} < oo}.
Rd

If s e N, then ||f||Wév = ZMSSlID"‘sz. By the Sobolev embedding theorem, W, <> Co(RY) for s > d /2.

Recall that a reproducing kernel Hilbert space .7 is a Hilbert space of functions defined on a set X
such that f(x) = (f, ky)» forall f € # and x € X. We write k(x, y) = k. (y) for the reproducing kernel
of /. See, e.g., [Aronszajn 1950]. In particular, the Sobolev space W; is a reproducing kernel Hilbert
space with reproducing kernel Tyx, x € R4, where & (0) = ks (@) = (1 +|w|?) 7, by direct computation
or by [Wendland 2005].
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2B. The generalized Paley—Wiener space and its basic properties. Pesenson’s idea [1998; 2001] (see
also [Pesenson and Zayed 2009]) was to define an abstract Paley—Wiener space as a spectral subspace
associated to an arbitrary positive, self-adjoint operator H > 0 with domain 2(H) on a Hilbert space ¢
and a spectral interval [0, 2]. Let x[o0,q)({) be the spectral projection of H. Then the generalized
Paley—Wiener space is defined as

PWa(H) = xj0.01(H) A .

Equivalently, for a positive, self-adjoint operator, one can define the Paley—Wiener space PWq(H) by a
Bernstein-type inequality: f € PWq(H), if and only if f € 2(H*) for all k € N, and

IH* flla < Q|| fll2 forall k e N. @2-1)

This is an easy consequence of the spectral theorem; see [Grochenig and Klotz 2010; Pesenson 2001;
Pesenson and Zayed 2009].
If H= —d?/dx?* on L*(R), then

PWq(H) = {f € L*(R) : supp f C [~V 2, V1)

is precisely the classical Paley—Wiener space, or in engineering language the space of band-limited
functions with bandwidth 2v/<.

Convention. In this work we consider positive, formally self-adjoint differential expressions H = H,, of
the form

d
Hyf == djaudef. feW;. (2-2)
Jok=1
Here the matrix symbol a € C;° (R4, C4*4) is positive definite; i.e., ajx = ayj € C,fo([R{d ) and there exists
6 > 0 such that a(x)& - & > 0|£|* for all £, x € R%. Then H,, is a positive, uniformly elliptic self-adjoint
operator on R with domain Z2(H,) = Wf. In particular C éx’(IRd) is a core for H,; i.e., H, is the operator
closure of Hy|cxgdy. The regularity theory of elliptic differential operators asserts that for every k € No
there is a ¢, € R such that
HY 4o W = L2(RY)

is a Hilbert space isomorphism. See [Zimmer 1990, Theorem 6.3.12] or the standard references [Agmon
1965; Shubin 1992]. For further use we record the fact that a uniformly elliptic operator is one-to-one on
its domain and thus

0 is not an eigenvalue of H,,. (2-3)

To see this, we use the ellipticity and f € W22. Then the identity
(Haf. £) = [ 3 a0 70 dx =0
ok
implies that 0; f = 0; thus f =0.

Remark. We regard the mapping a — H, as a mapping from functions to operators (a symbolic
calculus) and refer to a as the (matrix) symbol of the operator. This terminology differs slightly from
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the usage in PDE, where the (principal) symbol of the differential operator ZI a|<m da D 1s the function
px, &) = Z|a\:m a.E% on R??. For the second-order differential operator H, in (2-2) the principal
symbol is p(x, &) = a(x)& - &. Since H, is self-adjoint, the coefficients a, are all real for || = 2.

First we verify that PWq (H,) embeds in every Sobolev space.

Lemma 2.1. The Paley—Wiener space PW g (H,) is continuously embedded in all Sobolev spaces W, s >0,
and in C§° (RY). As a consequence, on PWq(H,), the L>-norm and the Sobolev norms are equivalent.

Proof. Let f € PWq(H,) and k € N. By elliptic regularity and Bernstein’s inequality (2-1), || f ||W22k =
ICH* +cx) fll2 =< (@ +leD 112 Consequently, f € Mgy W3 =20 W3 S C5°(R?) via the Sobolev
embedding. U

Embeddings of Paley—Wiener spaces different from Lemma 2.1 can be found in [Feichtinger and
Pesenson 2004].
Next we show that PWq (H,) is a reproducing kernel Hilbert space in L*(R%).

Proposition 2.2. There exists a reproducing kernel k, € PWq(H,) such that x0,01(Ha) f (x) = (f, kx)
forall f € L>(R?) and all x € R% In addition, there are positive constants c, C such that

0<c<lkello <C forall x € R%. (2-4)

Proof. Let f € PWq(H,) and s > d/2. By Lemma 2.1, f € Wy and || fl2 < || fllw;. Since W5 is a
reproducing kernel Hilbert space, we obtain
Lf = Ter)ws | < 1 Tercllws I f llwg < ClLf L.

Thus PWq(H,) is a reproducing kernel Hilbert space with kernel k, € PWq(H,).

For the lower bound in (2-4) we do not have a proof based exclusively on regularity theory. Instead
we refer to [Coulhon et al. 2012, Lemma 3.19], where the lower bound for the reproducing kernel was
derived by means of heat kernel estimates. As some details and notation differ, we reproduce the proof in
Appendix B. ]

Proposition 2.3. The mapping x +— k, is continuous from R? to W3, s >0.

Proof. Since k, € PWq(H,) and | k||» is bounded by (2-4), Lemma 2.1 and the Sobolev embedding
theorem imply that Cy = sup,. yeR |Vk, (y)] is finite; therefore

s = kyllfyy < Clike =y 13 = € (ke () = kx (9) = ky () +ky ()
<2C sup |k (w)||x — y| < C'Jx — yl.
Z,w

Consequently x — k, is continuous. (I

2C. Sampling and interpolation in PWq(H,) and the Beurling densities. Let ;1 be a Borel measure
on R? that is equivalent to Lebesgue measure in the sense that dju = h dx for a measurable function h
with 0 < ¢ < h(x) < C for all x € R%
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The lower Beurling density of S with respect to w is defined as

e SN B()
D# (S) = hrIElolgfxlen[Rfd m, (2-5)

and the upper Beurling density of S is

D, (S) =limsup sup #EN B x) (x))'
r—>00 xeRd u(By(x))
If diu = dx we omit the subscript and write D*(S).
For sampling in reproducing kernel Hilbert spaces the relevant measure is du(x) = k(x, x) dx. We call
the Beurling density with respect to this measure the dimension-free density and write D(:)t(S) for D/f(S).
We say that the reproducing kernel & of a reproducing kernel Hilbert space .7 C L?(R?, dx) satisfies
the weak localization property (WL) if for every € > O there is a constant r = r(¢g) such that

sup / lk(x, y)|>dy < €% (WL)
Rd\Br()C)

xeRd

The discrete analog of the weak localization is the so-called homogeneous approximation property (HAP)
of the reproducing kernel: Assume that S is such that {k; : s € S} is a Bessel sequence for J¢; i.e., S
satisfies the upper sampling inequality ) | f(s) ?<C|f ||§ for all f € s#. Then for every & > 0 there
is a constant » = r (&) such that
sup Y [k(x, 9P <€ (HAP)
xeR? s\ B, (x)
Under the assumptions of weak localization (WL) and (2-4), an upper sampling inequality implies that
for some (and hence all) p > 0
max #(S N B,(x)) < oo.

xeRd

We call such a set S relatively separated. See also [Fihr et al. 2017, Lemma 3.7].

The two localization properties (WL) and (HAP) are the key properties of the reproducing kernel
required for an abstract density theorem to hold. For reproducing kernel Hilbert spaces embedded in
L?(R?) this can be stated as follows [Fiihr et al. 2017, Corollary 4.1].

Theorem 2.4. Let 52 C L*(R% dx) be a reproducing kernel Hilbert space with kernel k. Assume that k
satisfies the boundedness property (2-4) on the diagonal, the weak localization (WL) and the homogeneous
approximation property (HAP).

(1) If S is a sampling set for 7, then Dy (S) > 1.
(i) If S is an interpolating set for ¢, then D(J)F(S) <1
This result holds under a set of natural assumptions on metric measure spaces and conditions on the
reproducing kernel. We will not dwell on the geometric conditions, e.g., doubling measure, as these

are clearly satisfied for R¢ with p equivalent to Lebesgue measure. We want to verify Theorem 2.4 for
2 =PWq(H,) for a suitable class of symbols a. The boundedness of the diagonal of the kernel was
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already established in Proposition 2.2, (2-4). To prove Theorems B and C we therefore need to verify the
properties (WL) and (HAP) for the reproducing kernel Hilbert space PWq(H,).
Observe that (WL) is equivalent to the condition

sup / |T_ ke ()]* dy < & (2-6)
R4\ B, (0)

xeRd

for the centered reproducing kernels. We will show the stronger statement that the set {T_.k, : x € R}
is relatively compact in L*>(R¢). The Riesz—Kolmogorov compactness theorem then implies (2-6) and
thus (WL).

The proof of (HAP) requires some additional local regularity of k.. We will use prominently elliptic
regularity theory to show that {T_,k, : x € R?} is relatively compact in all Sobolev spaces W;. For the
proof of (HAP) it is fundamental that the point evaluation on PWq (H,) can be expressed two-fold as

F)=(fike)p2 =(f, Txc)wy forall f € PWq(H,). (27
2D. Classes of symbols, limit operators. First we define the relevant symbol classes. Let
Ty (Ha) = T—x Ha Tx = HT,xa (2'8)

be the conjugation of H, by the translation 7. If a € Cboo([R{d, C4*4), observe that 7, (H,) is again a
self-adjoint, uniformly elliptic operator with domain sz and core C2°(R?). In this section we describe
symbol classes that ensure that {r,(H,) f : x € R4 } 1s relatively compact in L?(R?) for all fecr (RY).
Equivalently, every sequence ty, (H,) f has a norm-convergent subsequence. If (x;) is bounded, this
follows from the continuity of x — T f. To treat unbounded sequences we need some terminology.

Since in Section 6 we will deal with a nonmetrizable compactification of R, we formulate most results
for nets (x;),ea instead of sequences. (Here A is a directed set with a partial order > and we write
lim, x; for the limit of a net when it exists.)

Definition 2.5. Assume a € C;’O(Rd, C4*4)_ If the net (x;)rep C R? diverges to infinity and there is an
operator H € (W2, L*(R?)) such that lim; 7., (H,) f = Hf for all f € C®(RY), then H is called a
limit operator of H,.

Remark 2.6. (i) Existence and uniqueness of the limit operator follow from the Banach—Steinhaus
theorem.

(i) We do not even scratch the surface of the method of limit operators: see, amongst many others,
[Rabinovich et al. 2004a; 2004b; Spakula and Willett 2017], and in the C*-algebra setting [Davies
and Georgescu 2013; Georgescu 2011; 2018].

(ili) Limit operators are related to compactifications of R% An example can be found in Section 6B.
2D1. Compact orbits. Identity (2-8) suggests that compactness properties of {7, (H,) : x € R?} are related

to compactness properties of {T_,a : x € R?}, so we investigate these first.

Lemma2.7. (i) Iff e CZO(IR‘J), then {T, f : x € R%) is relatively compact in the Fréchet space C*°(R?)
with respect to its topology of uniform convergence of all derivatives on compact sets.
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(i) In particular, if lim, T, f = g pointwise, then lim, Ty, f = g in C>®(RY). The limit function g is
again in Cg° (RY).

Proof. (i) The space C*°(R?) has the Heine—Borel property [Rudin 1973, 1.46], so it suffices to verify

that {7, f : x € R?} is bounded in C*°(R?), which means that

ID“Ty fll LB, 0)) < Ca,r forallxe RYand all r > 0, o € Ng.

But this is trivial for f € Cgo([R{d ), since all derivatives are globally bounded.

(i) We apply the following observation: A net converges to a limit g if and only if every subnet has
a subnet that converges to g. By (i) every subnet of (T}, f)ren has a subnet (77, f)ren that converges
in C*®(R?) (to the limit function g). We conclude that (7}, f)ken converges to g in C ©(R%). As all
functions and their derivatives of all orders are bounded and continuous, this is true for the limit as well. [

Proposition 2.8. Lera € leo([Rd, C4*d), k., m € Ny, and assume lim, T_,.a = b pointwise. Then, for

every f € W22m+2k

lim|| (zy, (Hy) = Hy) fllyn = 0.

Proof. We treat the case k = 1 first and assume for the moment that f € C°(RY). Set a™ = T_,,a. We
can express H, in the form H, = ZI pl<2 98 DP, with coefficients ag € C;° (R?), and estimate, for every
multindex o with |a| < 2m,

|D*(H,0) — Hp) f| =

D > (a —bﬁ)Dﬂf‘ = ‘ > (5)prag —eppe g,

1B1=2 1BI1=2|y|<|e|
By Lemma 2.7 we have lim; D?a"’) = D? b uniformly on compact sets, so the convergence is actually
uniform on supp f, and thus

li{nllD“(Ham — Hp) flloo = 0.
Consequently

I(Hyer — Hp) f |z < C max | D*(Hyo) — Hp) f |12
|| <2m
< Clsupp f|"/? max | D*(Hyo — Hp) flloc — 0.
|| <2m

As C®(R?) is dense in W™ and the operators H,c, are uniformly bounded from W} % to W2", a
standard density argument (see, e.g., [Teschl 2009, Lemma 1.14]) implies ||(H,» — Hp) f ||W22m — 0 for
all f e w;" "2
For k > 1 observe that
Hyf — Hy f = H;™ (Hof — Hy f) + (Hy™' = Hy ") Hy f.

As limy ||(H,o» — Hp) f ||W22m =0for f € W22m+2, the result follows by induction on k. [l
Remark. The statement of the proposition and its proof are valid under the following more general
conditions: a,, b € C(RY), a, <> b, and (H,,) is uniformly bounded from W2 to L2(R%).

Though not needed in the sequel, we state an interesting corollary that shows how compactness
properties of the orbit {Tya : x € R?} are transferred to compactness properties of {t,(H,;) : x € R4},
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Corollary 2.9. Ifa € C°(RY,C?*%) and f € C(RY) the set {t.(H,) f : x € R} is relatively compact
in every Sobolev space W3, s > 0.

Proof. The set {T,a : x € R} is relatively compact in C*°(R¢) by Lemma 2.7, and Proposition 2.8 says
that the mapping a — H, f is continuous from {T,a : x € R4 }Cw(Rd) to Wy. O

2D2. Slowly oscillating symbols. In the next step we single out a subclass of operators for which the
spectral theory is sufficiently simple. In our approach it is essential that the limit operators do not have the
endpoint 0 and 2 of the spectrum as eigenvalues. The limits of translates of slowly oscillating symbols
are constant, if they exist (Lemma 2.13 below), so the limit operators are similar to the Laplacian. This
will be used in Section 6 to compute the critical density.

Definition 2.10. An X-valued function f € C,’j([RRd , X) is slowly oscillating! if for all compact subsets
M C R?
lim sup || f(x) — f(x+m)|x =0.
I¥[—~>00 mem

In fact, it suffices to use the closed unit ball B; instead of an arbitrary compact set M.

We denote the space of all slowly oscillating functions on R4 by C »(R4, X) and define C ZO([Rd , X) =
Cr(RY, X)NCP(RY, X).

The space Cj,(RY) with the ||-||oo-norm and pointwise multiplication is a commutative C*-subalgebra
of C¥(R?).

We will need the following characterization of C ;O([Rd , X). The statement is folklore, but we do not
know a formal reference. For completeness we sketch the simple proof.

Lemma 2.11. A function f isin C;°(R?, X) if and only if f € C°(RY, X) and limy|— 0 % f(x) =0 for
all1 <k <d.

Proof. Assume that f € C,‘;"([R{d, X) and lim|y|— o0 0k f(x) =0 for all 1 <k <d and choose M =[—h, h1e.
Writing m € M as m = Zi:l hier with |hy| < h, the difference in Definition 2.10 is
d d-1 X+ < e
f(x+zhk€k>_f(x)22/ 1S
k=1 k=0 Y X+ i<k uer

This implies that sup,, ¢/ |l f(x +m) — f(x)||x — O for |x| — oo.

Conversely, assume that f € C;O([R{d, X). Fixe>0andletn e Cfo([R{d) with suppn C By, n >0,
fRd n(x)dx = 1. Then n.(x) = t~4n(z"'x), ¢ > 0, is an approximate unit. This implies that for
fecC 5 (R?, X) bounded and uniformly continuous

lim sup |l f(x) — f xn- ()] x = 0. (2-9)

xeRd

To estimate the partial derivative of f € C;fo([Rid, X) we introduce the approximate unit:

9k f COlx < 110k f(x) = 1 % O f ()l x + 172 % 0 f () | x =L +1Le.

!n the literature f is also called “of vanishing oscillation at infinity” or a Higson function.
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Since all derivatives of f € C ZO([R{d, X)) are bounded and uniformly continuous, by (2-9) there exists 1
such thatI; < ¢/2 for t < 7y. Fix T < 79 and observe that n, xd f = dxn* f and that fRd on-(y)dy=0. So

e = |Ine * 0 f(X)llx = HfRd(f(X) — fON KN (x —y)dy

X

< sup ||f(X)—f()’)||x/Rd|3k77r(X—)’)|dy

Y€B (x)

=Cr sup [[f(x)— fx+yllx.
y€B(0)

As f e C;lx’([R{d, X), there is R > 0 such that II; < &/(2C;) for |[x| > R, and thus ||[n; *  f(x)||x <€
for |x| > R. (I

Example 2.12. A typical example of a genuinely slowly oscillating function is a(x) = sin |x|/2(1 —¢(x))
for some ¢ € C é’O(Rd ) with ¢(x) = 1 near 0. (The cut-off of the singularity at O serves to make all
derivatives of a bounded, but, of course, it is immaterial for the asymptotic behavior.)

Our interest in C;, (R4, X) stems from the following fact (see [Rabinovich et al. 2004a, Proposi-
tion 2.4.1]):

Lemma 2.13. Assume that [ € Crh(R4, X) and (x3)en C RY diverges to infinity, |x,| — oo. If
limy, Ty, f(x) = g(x) exists for all x € R then g is constant.

Proof. Let x, x’ € R Definition 2.10 with M = {x, x’} shows that for all & > 0 there exists an index
Ae =Ag(x, x") suchthat || f(x+x3)— f(x)llx <e/2and || f(x'+x3)— f(x)|lx <&/2forall A > A.. So
| fCe4x)— f(x'+x)llx <eforall A=A, If g=1lim, T_,, f exists, it follows that ||g(x) —g(x")||x <e.
As ¢ > 0 was arbitrary, g must be constant. (I

3. Statement of the density theorem

We state our main theorems. A first version describes a general setup for symbols in the class C;° (R9, Cxd)y
under additional assumptions on the spectra of the limit operators. We then formulate a corollary for
slowly oscillating symbols, where the assumptions on the limit operators are automatically satisfied. We
discuss possible applications of the general version in Section 7.

Theorem 3.1. Assume that H, = _Z;{,kzl djaji Ok is uniformly elliptic with symbol a € C;O(Rd, Céxd)y,
Let PWq(H,) be the Paley—Wiener space as defined in Section 2B. Assume that 2 is not an eigenvalue of
any limit operator Hp,.

o If S is a set of stable sampling for PWq(H,), then
D, (S) > 1.
e If S is a set of interpolation for PWq(H,), then

Df(S) <1.
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The following consequence is a more explicit version of Theorem B of the Introduction, where we
have used the equivalence of Lemma 2.11 to avoid the formal definition of C,Cf’([RRd ).

Corollary 3.2. Assume that H, = — Z‘j «—1 0;ajk Ok is uniformly elliptic with symbol a € C,fo([Rd , Cdxd)y,
o If S is a set of stable sampling for PWq(H,), then Dy (S) > 1.
o If S is a set of interpolation for PWq(H,), then Dar S <1

Proof of Corollary 3.2. If a € C}° (R, C4*?), then by Lemma 2.7 every net (x;)rea C R? that diverges
to infinity has a subnet (x,),epm such that lim, T_, a = b in the topology of C > (R?) for a symbol b.
This symbol b is constant by Lemma 2.13 and positive definite; so Hj is similar to the Laplacian and has
no point spectrum. U

4. Proof of weak localization of the kernel

To prove Theorem 3.1 we invoke Theorem 2.4 and verify its main hypotheses (WL) and (HAP) on the
reproducing kernel.

Let Qj, = [—h/2, h/2]? be the cube of side-length &, and let ¢! (y) = h~ x0, ((y —x)/h) = Tl ()
be the usual approximate unit.

Lemma 4.1. We have limh_)oll)([o,g](Ha)(pf — kyll2 = O uniformly in x € R%.

Proof. Let f € PWq(H,). Then

1, x0.21(H)@" — k) = [{f, o) — F)| =h™?

/ (F () — f(X))dy‘
On(x)

Sh_d/ |f(y>—f<x)|dyssuprf<z)lh“’f v =xldy
On(x) On(x)

zeR4

< ClIVfllech.

Since f € W, (RY) for all s > 0, we apply first the Sobolev embedding (with s > d/2 + 1) and then
Lemma 2.1 and obtain

IV flloo = Cill fllwg = Clifll2,

since f € PWq(H,). Consequently,

(fs xi0.21(H) @ — k)| < Chll f 2.

Taking the supremum over f € PWq(H,), we obtain

I x10.21(H) @l — kyll2 = sup (s xo.0y(Ha)e! — ki) < Ch.
fePWq(Hy), |l flla=1

As this estimate is independent of x, we have shown that x[0. o) (H,)¢" — k, in L?(R?) uniformly in x. O

The following result relates the reproducing kernel of a limit operator of H, to the original kernel. It
expresses a form of continuous dependence of the reproducing kernel of the matrix symbol of H,. We
will denote the point spectrum of an operator H by o,(H).
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Theorem 4.2. Let H, with symbol a € C;° (R4, C¥*%), and let (x3)ren CR? be an unbounded net such that
lim; T_,,a = b pointwise. Assume that Q ¢ o,(Hp). Let k be the reproducing kernel of PWq(Hp). Then

lim 7y, ky, = ko,

with convergence in Wj for every s > 0.

Before the proof we remind the reader of the following standard facts of spectral theory; see, e.g.,
[Teschl 2009, Chapter 6.6]. Although in the literature these results are formulated for sequences of
operators, the statements and proofs are equally valid for nets.”

Let H,, A € A, and H, be self-adjoint operators with a common core 2. If H, f — H, f for all f € 2,
then, for every F € Cp(R),

F(H))f — F(Hy) f forall fe L*(RY). (4-1)
Furthermore, if (o) (Hp) = x(gy(Hp) =0, i.e., a, B € 0,(H}), then

Xtep)(H) f = Xiap1(Hp) [ forall f € L*(R). 4-2)
Proof of Theorem 4.2. We split the difference T_,, k,, — IEO into three terms and then estimate their
W3 -norms separately:
17—, ke, —koll w
<N T, ke, = T, xp0.20 (H) @} Nlws +1T—x, x10.20(Ha) @2, —x10.20(Hp) @ lws + 1| xp0.21 (Hp) 0 —koll ws
=(D)+UD+U1D).
Choose ¢ > 0.

Step 1: Expression (/) can be estimated by

1T, ks, — T, X10.20 (H) @Y llws = Iz, — Xj0.21(H) @t llws < Csllkx, — x10.20(H)@L 2.

The first equality holds by the translation invariance of the Sobolev norm; the second inequality is a
consequence of Lemma 2.1. By Lemma 4.1 there exists #, > 0 such that, for every 0 < h < h,,

e
3C;

for all x € R%. So for h < h,, we obtain (1) < &/3. Similarly, we achieve (III) < &/3 for every h < h.

llkx — xj0.20(Ha) @™ 12 <

Step 2: To bound the decisive term (/I), we bring in limit operators and elliptic regularity theory. Set
ay,. = T_y, a. First note that

T, xp0.0(H) 9! = T_y, x10.21(Ha) T, 0 = x10,21(Te, Ha) 9 = x10,21(Ha,) @4 -
We have to verify that
lim|| xj0.1(Ha, )¢5 — X10.01 (Hp) gl ws = 0. (4-3)

2The cited results use the strong operator topology. As this topology is metrizable on bounded sets, the convergence of nets is
equivalent to the convergence of sequences.
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For L?-convergence (s = 0) we argue as follows. By Lemma 2.7 the translates T_,, a converge to the
matrix b uniformly on compact sets. Proposition 2.8 implies that Hy . f — H f for f € W3, s > 0.
To apply (4-2), we note that C2° (R?) is a common core for all H,, and for Hj, and that O ¢ o, (H,) by
(2-3) and 2 ¢ 0,(Hp) by assumption. Therefore (4-3) follows from (4-2).

For the convergence of (4-3) in general Sobolev spaces W, it suffices to treat the case s = 2k for every
integer k. Recall that by the results on elliptic regularity in Section 2B the operator (Hak + c¢) defines an
isomorphism from W22k (R?) to L2(R?), and since Ty, (Htf +cp) = Hé‘A + ¢, we obtain

IS, + cullwa, 2 = 1Hg + crllyae, 12 < 00
The Sobolev norm can be estimated by the L2-norm
1l = T fllar < Coll(HE + ) T fll2 = Col| Tox (Hy + e T f1l2
independently of x € R?. Thus (II) can be estimated by the L?-norm, namely

I x10.21(Ha )04 — x10.20(H)@g lws < Csl|(Hy + ) xi0.21(Ha, )0y — (Hy, + ci) xpo.21(Hp) 0 |12
< CslI(Hy, + cx) X10,.21(Ha, )95 — CHE + ) Xi0,.21(Hp) 5 12
+ Gyl CH + ex) xp0.21(Hp) gl — (H[Z +cu) xp0.21(Hp) o |12
= A, + B;.

By Proposition 2.8 we have (fo +c)f — (H}f +¢x) f in L?-norm for all f € W22k. In particular, this
holds for f = xjo,o)(Hp)¢{; thus lim, B = 0.

For the first term we use spectral theory again. Define F € C.(R) such that its restriction to [0, £2]
satisfies

Fit)=t"+¢; forrel0,L].

Then F (1) xj0.21(t) = (t* + cx) x10.21(t), and lim;, F(ty, (H,)) f = F(H,) f for all f € L*(R?) by (4-1).
Since the product of bounded operators is continuous in the strong operator topology, it follows that

11111(1‘1;1 + o) x10.01(Ha, gl = li{n F(Hy,) (1211 x10,21(Ha, el

= F(Hy) xj0.01(Hp)9g = (Hf + ci) x10.21(Hp) @},
and so lim, A; =0.
We can finish the proof as follows. We have already chosen 4 < min{A,, h} so that the terms (/) and
(IIl) are < ¢/3 for all > € A. For this fixed # > 0 we can find an index A such that

2

(1) = Cs | (Hy, +ci) xi0.01(Ha )@ — (Hy, + ) xio.01(Hp)gg ll2 < 3

for all A > A¢. Altogether we obtain ||7T_,, k,, — kol < (D) + (1) + (III) < e. [l

Theorem 4.3. Assume that H, is uniformly elliptic with symbol a € CZO(R‘I, C?*%) and that no limit
operator has the eigenvalue Q. Then the set {T_ ky : x € R?)} is relatively compact in W for every s > 0.
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Proof. This follows directly from Theorem 4.2. Let (x,,),eny € R? be an arbitrary sequence. By Lemma 2.7
the sequence 7_, a has a C*°-convergent subsequence T_xnla. If (xp,)1en is bounded, we can assume
without loss of generality that x,, - x € R4, and T—xnl kxn, — T_,k; in W5 by the continuity of the
translations and Proposition 2.3. If (x,,);en is unbounded, we can assume |x,,| — oo. This case is settled

by Theorem 4.2 and yields the convergence of 7_,, kx, . U

Xn,
A combination of the above arguments yields the weak localization (WL) .
Theorem 4.4. Assume that H, is uniformly elliptic with symbol a € C}° (R4, 4> and that no limit
operator has the eigenvalue Q2. Let k be the reproducing kernel of PWq(H,). Then k satisfies the weak
localization property (WL), i.e.,
lim lk(x, y)|>dy = 0.

R—00 |y—x|>R

Proof. By Theorem 4.3 (for s = 0) the set {T_,k, : x € R7} is relatively compact in L*(R%). The
Riesz—Kolmogorov theorem implies that for all & > 0 there is R > 0 such that for all x € R?

f Toke ) dy < 2.
R4\ B (0)

By a change of variable this expression reads as

/ lk(x, y)I>dy < €,
|y—x|>R
and this is (WL). O

5. Proof of the homogeneous approximation property (HAP)

Next we prove the homogeneous approximation property. Recall that 7« is the reproducing kernel for
W5 with £ (@) = (1 + |w]?) ™%

Lemma 5.1. If S is a relatively separated set in R%, then {Tik : x € S} is a Bessel sequence for W5,
s >d/2.

Proof. By standard facts of frame theory (see, e.g., [Heil 2011, Theorem 7.6]) the Bessel property
is equivalent to the boundedness of the Gramian G = ((Tx«, Tyk)ws)x,yes On 22(S). To deduce the
boundedness of G we first show that G possesses exponential off-diagonal decay and then apply Schur’s
test. The off-diagonal decay follows from a (well-known) calculation. Let _#, denote the Bessel function
of the first kind and 7, the modified Bessel function of the second kind. Then by [Wendland 2005,
Theorem 6.13] or [Grafakos 2004, Appendix B]

(T Ty = @m 2 [

Tox (@) Tyk (@) (1 + ) do
Rd

— (27r)_d/2/ e_i(x_y)‘“(l + Ia)lz)_s dw
Rd

o
=Clx — y|_(d_2)/2/ A+ Fa—nyplrlx —yDr?dr
0

=C'lx —y[* 2 A pa(Ix — y)).
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Using the asymptotic decay 7, (x) ~ /7 /(2x)e™" for x — 00, see, e.g., [DLMF 2020, equation 10.25.3],
the off-diagonal decay of G is

[Tk, Ty hws] < C"a — y =271 2720 (jx — ) — 00). (5-1)

The off-diagonal decay of the Gramian implies the boundedness of the Gramian as follows. By (5-1)
there exists No € N such that |G, | < Ce PFyif |x — y| > Np. Obviously, |G,y| < ||K||2g is bounded
for all x, y.

Forx e Sand k e Ng set Ay (x) ={y e S:k <|y—x| <k+1}. Since § C R? is relatively separated,
there exists > 0 such that

max #(S N B, (x)) < oo.

A covering argument (of a large ball Bg(z) by balls B,(x)) implies that #(S N Br(z)) = O(RY) for
arbitrary R > 0. Consequently we also obtain #4; (x) < Ck? independent of x. Then

Z|ny|=i > |ny|=§ DGyl + DY D Gyl

yeSs k=0 yeAx(x) k=0 yeAx(x) k>Ny yeAr(x)
< Co#(Bne1 () NS +C D e F#Ak(x)
k> Ny
<Ci(Ng+ D+, Z e kpd,
k> Ny

This expression is bounded independently of x. Now Schur’s test implies that the Gramian is bounded
on £%(S). O

Theorem 5.2 (HAP). Assume that H, is uniformly elliptic with symbol a € C go(Rd, C4*4y and that
Q ¢ 0,(Hp) for every limit operator Hy,. Let {ky : x € S} be a Bessel sequence in PWq(H,). Then for
every & > 0 there exists an R > 0 such that for all y € R¢

> k(0P <&

x€S\Br(y)

Proof. If {k, : x € S} is a Bessel sequence of reproducing kernels, then S is relatively separated in R? (see
[Fiihr et al. 2017, Lemma 3.7]). Lemma 5.1 implies that {T,« : x € S} is also a Bessel sequence in W,
for s > d/2.

Choose ¢ > 0. Since {T_k, : x € R} is relatively compact in W3 for s > 0 by Theorem 4.3, the
Riesz—Kolmogorov theorem for translation-invariant Banach spaces [Feichtinger 1984] asserts that there
exists a R = R, > 0 and a function ¢ € CX°(R?) satisfying y/|p, 0 =1, supp ¥ € Bg(0) such that

T xke(1=)llw; <& forall x € R

We now use the fundamental observation (2-7) that the point evaluation in PWq(H,) can be expressed in
two ways. For f =k, we have

k(y, x) = (ky, ke) 2 = (ky, Teic)w;. (5-2)
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Since {7k : x € S} is a Bessel sequence in W3 with bound B, the set {7,k : x € S} is a Bessel sequence
with the same bound. Observe that for |u| > R we obtain

(wT—yky’ TuK>WéT = T—yky(u)w(u) =0.
This implies
D7 My Te)ws P = Y UToyky, Teoyic)ws |

xeS\Br(y) xeS\Br(y)
= > N =T yky, Teoyihws
xeS\BR(y)
< BII(1 = ¥)T_yky Iy < Be?,
and this is the homogeneous approximation property, (HAP). (Il

Proof of Theorem 3.1. After the verification of the properties (WL) and (HAP) of the reproducing kernel,
the version for the dimension-free density of Theorem 2.4 is applicable and yields Theorem 3.1. The
statement asserts the existence of a critical density for sampling and interpolation with the dimension-free
Beurling density DSE(S). ]

6. Geometric Beurling densities

In this section we derive results for the geometric densities (2-5). According to Theorem 2.4 this step
requires the computation of the averaged trace | (B, (x))| ™" / B, (x) k(x, x) du(x) of the reproducing kernel.
This version of the density theorems is of interest because it relates the critical density in PWq (H,) to the
geometry defined by the differential operator H,. The explicit computation of the averaged trace becomes
possible by introducing a suitable compactification of R? and then extending the centered kernels 7_k,
to this compactification.

6A. The basic computation: constant coefficients. For reference we mention the case when H, =
-y ik jbjdy=—>_ ik bji0; 0 1s a differential operator with constant coefficients b;;. Define

Yo ={teR:bt-£ < Q) =b"1?Bgin(0),
with volume
|25 = det(h™'/?)| Bg12(0)| = det(b~ /%) Q92| By|. (6-1)
Since ﬁb\f(é) = Zj’k bjkéjékf(é) = (b& -é)f(é), the spectral subspace is
PWo(Hp) = xjo.01(Hy) LA (RY) = { f € L*R) : supp f € Th}.
The kernel of PWq (Hp) is
k(x, y) = Qu) (T ) (x =), (6-2)

whence ,
=5l Byl

@m)yd  Q2n)
By Landau’s theorem [1967] a sampling set S for PWq(Hjp) has Beurling density at least D™ (S) >
1Zg1/ 2"

k(x,x) = (2n)*d/2(9*1;<2?2)(0) = det(b~ /%) Q42
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6B. The Higson compactification. We recall how a compactification arises in Gelfand theory. Let
c, (R?) be a unital C* algebra of functions on R4 satisfying the embeddings Co(RY) c, (RY) C Cp(RY).
The maximal ideal space M,, of C,, (R9) is the space of all multiplicative homomorphisms ¢ : c, (R — C.
Equipped with the weak-star topology M, is a compact Hausdorff space. The point evaluations
3x(f) = f(x) constitute an embedding y of R? into M, via y(x) = §,, and ¥ (R?) is dense in M,
and homeomorphic to RY. Thus, the pair (y, M,) is a compactification of R? which we will call yR% The
corona of yR? is 0y R? = yR?\ y (R?). By abuse of notation we will identify a point x € R? with its point
evaluation §,. Then C,, (RY) is isometrically isomorphic to C(y R?). We denote the image of f € C,, (RY)
in C(yR?) by f. See, e.g., [Engelking 1977] for the basics of compactifications, and [Gamelin 1969] for
compactifications of function algebras.

As noted in Section 2D2 the space Cj,(R?) of slowly oscillating functions with supremum norm is a
commutative unital C*-algebra. Thus there is a compactification hR¢ of R?, the Higson compactification,
such that C,(R?) is isometrically isomorphic to C (h R4). It is known that AR? is nonmetrizable, and even
more, points of the corona ~AR? \ R? can only be reached by nets; see, e.g., [Rabinovich et al. 2004a,
2.4.10]. Therefore we need to work with nets instead of sequences.

The relevance of the Higson compactification and the algebra of slowly oscillating functions in our
context is given by the fact that translations act trivially on the corona 3, R

Lemma 6.1. Ifx; — n e RY, then x + x; — n forall x € R4,

Proof. By definition, x; — 1 € 9,R? if f(x;) = f () = n(f) for every f € Cj,(R?). From the definition
of C;,(R?) we obtain
lim| f (x2) = f(x +x)1 =0

for every x € R? so f(x, +x) — f() for every f € Cj,(R?) as well. [l

One can show that AR? is the maximal compactification of R? with this property: every c, (RY) as
above with translations acting trivially on 0, R? is a subalgebra of Cj,(RY).
We need the following fact [Roe 2003].

Proposition 6.2. Let C,, (RY) be a C*-algebra of functions on RY as above with corresponding compacti-
fication yRY of RL If f € c, (RY) satisfies

fla,re =0
then f € Co(R?).

Proof. Let (x;)ea C R be an unbounded net, limy |x; | = 00. As de is compact, every subnet of (x;)
has a convergent subnet (x,),epm, and lim, x, =n € 9, R? by the assumption of unboundedness. So
lim, f(x,) = f (n) = 0 for a subnet of a given subnet, and therefore lim, f(x;) = 0. This means
f € Co(RY). O
We next study uniformly elliptic operators H, with a symbol in a € C}fo(lR{d, C4*dy, By definition a
has a continuous extension to #R?. Thus for € 8,R? the symbol a(n) =lim,_,, a(x) is well-defined, and
by Lemma 2.13 Hj,) is a differential operator with constant coefficients. Let k" denote the reproducing
kernel of PWq(Hz(;)). We show that the mapping x — T_,k, has a continuous extension to hR4,
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Proposition 6.3. Let the symbol a € C;° (R4, C?*?) be the symbol of the operator H, and let k be the
reproducing kernel of PWq(H,). Set K (x) = T_xk, € L*(R?). Then K extends to a continuous function
from hR? to L2(R?) by setting K (n) = kg forn e hRe In particular, the diagonal k(x, x) = ||k, ||% isa
slowly oscillating function.

Proof. By Proposition 2.3 the centered reproducing kernel K is continuous from R? to L?(R?). To show
that K € C,(R¢, L?), we need to extend K to the Higson corona dj, R4,

This is accomplished by means of Theorem 4.2. Let (x;) € RY be an unbounded net such that
x, — n € R4 Since a € C,(R?, C?*9), there is a continuous function @ € C(hR?, C?*4) such that
limy, a(x;) = a(n). Furthermore, for x € R4 arbitrary, x + x, — n by Lemma 6.1, and this fact implies
the pointwise convergence

likrn T_y,a(x)=a(n).

Clearly, the spectrum of the (constant-coefficient) operator Hz(;) is continuous and does not contain any
eigenvalues. The assumptions of Theorem 4.2 are thus satisfied.
To formulate its conclusion, denote the reproducing kernel of PWq (Hj(,;)) by k. Then by Theorem 4.2

lim 7y, ke, = kg

in the L?-norm, and this holds for every net (x;) with x, — 1. Thus we must take the limiting function
to be

K () = kg = Qm)~ 27 (xgam).
with the explicit formula for the kernel given by (6-2).

It remains to be shown that the limiting kernel K is continuous on 9,R% Let ,, — n € 8,R?. Then
with the definition of Zlg’z and (6-1) we obtain

R np2 —d 2
lky" —kollz = (2m) ||X2§Z<W — Xzawll3
— (2n)—d(|2g(77k)| + |Esa2(77)| _ 2|Eg(7h) ) E?z(n)D

AsaeCy ([F\Rd , C4xdy g is continuous on 9, RY, and this expression tends to 0, whence K is also continuous
on the corona 9;,R?. U

6C. Geometric densities for slowly oscillating symbols. In order to obtain values for the critical densities
fo (S) we need the averaged traces

1
tr, (k) = hrrglorgfxlenﬂ_‘fd m 5o k(z,z)dz
and tr;r (k). For the comparison of averaged traces we will need the following well-known fact, whose
proof is supplied in Appendix A for completeness.
For f € Cp(RY) set

tr- (f) =liminf inf
r—=co yeR? |Br(¥)| JB,(y)

and define tr* () similarly with sup instead of inf.

fx)dx,
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Lemma 6.4. Assume that f, g € Cp(RY) and lim,_, o | f (x) — g(x)| = 0. Then

tu(f)=tu"(g) and uT(f)=t"(g).

Proposition 6.5. If the symbol a is in C;° (R4, C¥*4), then the trace of the reproducing kernel satisfies

I TS R /N (6-3)
im sup X, X)— x| =0. -
r=00 | |1 Br (V) JB,(y) (27)? deta(x)!/?
Equivalently, using the Borel measure v(B) = fB deta(x)~V?dx,
B
lim sup|——— [ ke, vy dy — DA gir| g (6-4)
r=00 cpa| V(Br(¥)) JB,(y) (2m)
Consequently, the averaged trace is
B
oy e— o B1l Sap ]
try (k) =tr, (k) = 20 QY- (6-5)

Proof. We apply Lemma 6.4 to the functions f(x) = k(x, x) and g(x) = (|B|R2%/?/2m)?) deta(x)~"/%.
Then k(x, x) is bounded by Proposition 2.2 and continuous by Proposition 2.3. Likewise deta(x)~!/? is
bounded and continuous by elliptic regularity. By assumption on a and Proposition 6.3 both functions are
in C;(R?) and thus possess the limits a(n) and || K (n) ||§; in particular for @ this means that

lim deta(x;)~"/% = deta(n)~"/2,

Xa—=n
Using the notation of Section 6A and Proposition 6.3, we obtain

|B1|Q¢/?

W detd(n)_]/z.

fim kg I3 = lim [T ke, 15 = k5115 = 156" =
XG> =1
We conclude that both f and g have the same limit function, and therefore f — g € Co(R?) by
means of Proposition 6.2. Lemma 6.4 now yields (6-3). Equation (6-4) follows after multiplying
with | B, (y)|/v(B,(y)) and taking limits. Finally, (6-5) is a direct consequence of (6-4). O

Equation (6-4) allows us to state our main result on geometric Beurling densities for operators with
slowly oscillating symbols in a simple form. In order to do so we need an elementary result on the relation
between density and a change of measure.

Lemma 6.6. Let dju = hdx for a positive, continuous function h on R%, bounded above and below,
O<c=<h(@)<Cforallze R, Then the dimension-free density condition

#(SN B,
Dy (S) = liminf inf _HENBO)
r—>o0 xerd [p o k(y,y)dy

holds, if and only if
D, (8) > tr,, (k).
Similarly
Dy (S) <1 ifandonlyif D} (S)<tr, (k).
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Proof. The inequality D, (§) > 1 means that for all ¢ > 0 there is an r. > 0 such that for all r > r,

#SN B (x)) = (1 —e¢) " )k(y,y)dy,
or equivalently, ’
#(S N By (x)) 1
— T s>(l-&)— k(y,y)dy.
w(By(x)) = 8)M(Br(x)) B, (x) o7y

Written in terms of the Beurling density, this is

Jo, k. dy

D (S) > liminf inf =tr, (k).
w(3) 2 Bt e, (B (x)) w®
The converse is obtained by reading the argument backwards. U

As a direct consequence we obtain the main result on geometric Beurling densities for uniformly
elliptic operators with slowly oscillating symbols. This is Theorem C of the Introduction.

Theorem 6.7. Assume that H, = — Z?,k:l dja;ji 0 is uniformly elliptic with symbol a € C}° (R, C¥x4),
Let PWq(H,) = X[O’Q](HQ)LZ(R‘Z) be the corresponding Paley—Wiener space and set dv(x) =
det(a(x))~'/? dx.

o If S € R? is a set of stable sampling for PNq(H,) then

_ |Bl| d/?
D; (S) > ——Q4/2,
v )_(ZJT)d

o If S C R is a set of interpolation for PNq(H,), then
|Bi|

+ d/2
DI(S) = 5o

Proof. We only verify the first assertion. By Corollary 3.2, if § is a set of stable sampling, then D, (§) > 1.

By Lemma 6.6 this is equivalent to
D (S) > tr, (k).

The averaged trace tr; (k) was computed in (6-5) to be (| B[/ Qm)HQ4/2, [l
Example 6.8. We consider some special cases of Theorem 6.7.

(i) Asymptotically constant symbols. Assume that a € Cgo([R{d, C4*4y and limy_, o a(x) = b. Then it is
straightforward to verify that a € C;° (R4, C4*4y and Df(S) = (detb)'/2D*(S). Thus we may use the
original Beurling density, and Theorem 6.7 implies that a sampling set S € R? for PWq(H,) must have
density
D™ (S) = (deth)"'/>D; (S) > (detb)_l/zﬂﬁd/z = %,
(2m)? @2m)d

and a set of interpolation S in PWq (H,) must satisfy DT (S) < |Zé’2|/(2n)d. This is Corollary D of the
Introduction. As was to be expected, this coincides with the critical density for the classical Paley—Wiener
space PWq(Hp); see [Landau 1967].
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(ii) Symbols with radial limits. Let us consider the class of symbols that possess radial limits at co. We
say thata € C,‘jo([R?d, C4*4) is spherically continuous, if it possesses radial limits in the following sense.
There exists a continuous matrix function b € C(§¢~!, C?*4) such that

lim sup [la(rn) —b(m)llx =0.

r—00 pesd-1
A 3e-argument shows that these symbols are slowly oscillating. Consequently Theorem 6.7 holds for
spherically continuous symbols in C go([Rd, C?*4), Spherically continuous symbols are related to another

compactification, the spherical compactification with corona S9!, In contrast to the Higson compactifica-
tion, it is metrizable, but it is much smaller. See [Cordes 1979] for its use in partial differential equations.

6D. Variable bandwidth in dimension d = 1. Let H, be the differential operator
d d
Hof == (a5 1)

on L%(R). This is a Sturm-Liouville operator on R, and the ellipticity assumption amounts to the conditions
infycga(x) >0anda € C go([R{d). In [Grochenig and Klotz 2017] we argued that the spectral subspaces

“12isa

of H, can be interpreted as spaces of locally variable bandwidth. Intuitively, the quantity a(x)
measure for the bandwidth in a neighborhood of x. We apply Theorem 6.7 to H,. The relevant measure
is dv(x) = a~?(x)dx, and v(I) = f[ a(x)~'/2dx for I C R. Then we have the following necessary

density condition for functions of variable bandwidth (Corollary E of the Introduction).

Corollary 6.9. Assume that a € C;°(R) and lim,_, 1o a’(x) = 0. Let PWq(H,) be the Paley—Wiener
space associated to H,.

(i) If S is a sampling set for PWq(H,), then

#HSN[x—r, Q12
D7 (S) = liminf inf T X Z R XD QT
r—-o00 xeR v(x—r,x+r)) T

(6-6)

(i) If S is a set of interpolation for PN q(H,), then D (S) < Q'/?/x.

Arguing as in Lemma 6.6, equation (6-6) says that for ¢ > 0 and r large enough we have

QL2 x+r
#SN[x—rx+r]) = (T_ >/ a(y)”"?dy.

—r

172 which is in line with

Thus the number of samples in an interval [x — r, x + r] is determined by a(x)~
our interpretation of a~!/? as the local bandwidth.

Corollary 6.9 is precisely the formulation of the necessary density conditions in [Grochenig and
Klotz 2017]. However, the main result of that work was proved under the restrictive assumption that
a is constant outside an interval [—R, R]. The proof there dwelt heavily on the scattering theory of
one-dimensional Schrodinger operators. The method of this paper yields a significantly more general

result with a completely different method of proof. Corollary 6.9 was our dream that motivated this work.
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Finally we remark that the density conditions of Theorem 6.7 suggest that the Paley—Wiener spaces
PWq(H,) associated to a uniformly elliptic differential operator may be taken as an appropriate general-
ization of variable bandwidth to higher dimensions.

7. Outlook

We have proved necessary density conditions for sampling and interpolation in spectral subspaces
of uniformly elliptic partial differential operators with slowly oscillating coefficients. These spectral
subspaces may be taken as a suitable generalization of the notion of variable bandwidth to higher
dimensions. The emphasis has been on a new method that combines elements from limit operators,
regularity theory and heat kernel estimates, and the use of compactifications.

Clearly one can envision manifold extensions of our results and methods. Theorem 3.1 is stated for
a significantly larger class of operators and symbols. For instance, it could be applied to higher-order
partial differential operators or to Schrodinger operators and to symbols with less smoothness or to almost
periodic symbols. However, the spectral theory of such operators is more involved and one needs to find
conditions that prevent their limit operators from having a point spectrum at the ends of the spectral
interval. As these questions belong to spectral theory rather than sampling theory, we plan to pursue them
in a separate publication.

In a different direction one may consider the graph Laplacian on an infinite graph or even a metric
measure space endowed with a kernel that satisfies Gaussian estimates [Coulhon et al. 2012]. While many
steps of our proofs remain in place, this set-up opens numerous new questions.

Finally several hidden connections beg to be explored. The identity (6-3) resembles the famous
Weyl formula for the asymptotic density of eigenvalues in a spectral interval [Hormander 1968]. This
observation invites the comparison of the Beurling density with the density of states in spectral theory.
We plan to investigate some of these issues in future work.

Appendix A: Averaged traces

For completeness we provide the proof of Lemma 6.4. Recall that

tr” (f) =liminf inf
r—>o0 yeRd | B ()| JB,(y)

f(x)dx.

If f. 8 € Co(RY) and limy| o0 | £ (x) — g(x)| = 0, then
u(f)=t"(g) and ' (f)=tT(g).

Proof. Set h = f — g, then lim,_, , h(x) = 0. We split the relevant averages as

1 1
|h(x)|dx = |:/ —i—/ :||h(x)|dx:(1)+(ll).
[B-(V| JB,(y) | B LB, ()nBS©0)  JB()nBR(0)
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Given & > 0, there exists an R, > 0 such that sup, > g [2(x)| < /2. So,

|B,(y))NBr O)] e &
) < 2 - < =,
| B ()] 2 2
independent of y. For the second term observe that
|Br(y) N Bg, (0)] |Br.| ¢
(1) < [|h]loo— — < |Ihlleo i)
| B (V)| |B- ()|
forr > (%||h||oo)l/ng. Consequently,
lim sup |f—gl=0.
r—0o0 yeRd |Br (}’)| B, (y)
It follows that
tr- (f) <liminf inf g+ lim sup |f—gl=tr (g).

r=>00 yeRd | B, (V)| Jp,y) "0 yepa |BrW| JB.(y)

Interchanging f and g yields equality. The equality tr™( f) = tr (g) is proved in the same way.

Appendix B: The lower bound for the reproducing kernel

O

We verify the lower bound for ||k, || in the proof of Proposition 2.2. This fact is proved in [Coulhon et al.

2012, Lemma 3.19(a)]. For completeness we reproduce that proof with some necessary modifications

and adjustments. The idea is to relate the reproducing kernel to the heat kernel of e~ #«

calculus.

via functional

We write k* for the reproducing kernel of PWq (H,). For a bounded, nonnegative Borel function
F > 0 with support in [0, Q] we define k' = F (Ha)kff and the corresponding integral kernel k' (x, y) :=
F(Hy)(x,y):= kf (y). The last expression is well-defined, as kxF € PWq(H,). The kernel k' (x, y) is

symmetric, because F(H,) is self-adjoint:

kf () = (FH)KS, k) = (kS F(HoS) = (F (Ho)k$, k2) =k (x).

x 0y y o x
Consequently, F(H,) is an integral operator. For f € L?(R?)
F(Hy) f(x) = (F(Ha) f. k) = (f. F(HKY) = (f k) = fR KL f () dy.

If0 <G < F, then

0 <k, x) <k’ (x,x)
for all x € R?. For the proof observe that F — G > 0 implies that

kE(x, x) = (F(H)KE, k) > (G(HHKE K = kO (x, x).

XX XX

(B-1)
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tH,

The heat operator e~""« is bounded and has a kernel p,(x, y) that satisfies on diagonal estimates.

There are positive constants c, C such that for all x € R and ¢ > 0

—d/

ct™4/? < pi(x,x) < ct42,

This is well known; see, e.g., [Ouhabaz 2006].
Claim. We have 0 < ¢ < k%(x,x) < C forall x € R4,
Proof. As xq(u) < e-e 2 x10.00)(u) and x[o.00)(H,) = Id, we obtain
K2 (x, ) = X0, (Ha) (v, x) < ee™® o, x) < €QI12, (B-2)

which gives an explicit upper bound for ||k, ||§ in Proposition 2.2.
For the proof of the lower bound, we use a dyadic decomposition:

X10.7) @)e™"™ < x10.00) (W)™ = xpo. e+ xrq g e
k>0

ok
< X0+ Y Xopng@e > 1>0.
k>0

One can verify that this inequality remains true as an operator inequality

— __ 0k
xi0.71(Ha)e ™M < x10.01(Hy) + Z Xjo.2+101(Ha)e > %,
k=0
with strong convergence of the sum, and every term is an integral operator. By (B-1) and (B-2) the
operator inequality can be transferred to a corresponding inequality of the diagonals of the integral kernel
as follows:

— __ 0k
(xio.71(Ha)e ™ M) (x, x) < 0.1 (Ha) (x, ) + > Xjo, 60107 (Ha) (x, x)e €
k>0

ok
< xpo.21(Ha) (x, x) + CQIZ Y "ot Did/2 =122,
k>0
In [Coulhon et al. 2012, equation (3.46)] it is shown that p,(x, y) = limT_mo(X[O,T](Ha)e_’H”)(x, y),
consequently
_ __k
ct™!? < pi(x, x) < xpo.0)(Ha) (x, x) +CQUZ Y 20H D2 o728,
k>0
We choose ¢ = 2"/ for r € N to be specified later. Then

CQd/szrd/2 < X[O,Q](Ha)(-xa .X) + CQd/2 Zefzkzrz(]H»l)d/z
k>0
= xpo.e1(Ha) (x, x) + C2/2Q/22774/2 %~ o2 o rd /2
k>0

< xp0.91(Ha) (x, x) 4+ C29/2Qd/2p7rd/2 Z o2 okd/2.

k>r



614 KARLHEINZ GROCHENIG AND ANDREAS KLOTZ

Hence,
Qd/szrd/Z (C _ Clzd/z Z€2k2kd/2) < X[O,Q](Ha)(-xa x) — kQ(.x, x)‘
k>r
For r € N sufficiently large, this implies the lower bound for k% (x, x). ]

References

[Agmon 1965] S. Agmon, Lectures on elliptic boundary value problems, Van Nostrand Math. Stud. 2, Van Nostrand, Princeton,
NJ, 1965. MR Zbl

[Aronszajn 1950] N. Aronszajn, “Theory of reproducing kernels”, Trans. Amer. Math. Soc. 68 (1950), 337-404. MR Zbl

[Beurling 1966] A. Beurling, “Local harmonic analysis with some applications to differential operators”, pp. 109-125 in Some
recent advances in the basic sciences, [ (New York, 1962—-1964), edited by A. Gelbart, Yeshiva Univ., New York, 1966. MR

[Beurling 1989] A. Beurling, The collected works of Arne Beurling, II: Harmonic analysis, Birkhduser, Boston, 1989. MR Zbl

[Cordes 1979] H. O. Cordes, Elliptic pseudo-differential operators: an abstract theory, Lecture Notes in Math. 756, Springer,
1979. MR Zbl

[Coulhon et al. 2012] T. Coulhon, G. Kerkyacharian, and P. Petrushev, “Heat kernel generated frames in the setting of Dirichlet
spaces”, J. Fourier Anal. Appl. 18:5 (2012), 995-1066. MR Zbl

[Davies and Georgescu 2013] E. B. Davies and V. Georgescu, “C*-algebras associated with some second order differential
operators”, J. Operator Theory 70:2 (2013), 437-450. MR Zbl

[DLMEF 2020] E. W. J. Olver, A. B. Olde Daalhuis, D. W. Lozier, B. 1. Schneider, R. F. Boisvert, C. W. Clark, B. R. Miller, B. V.
Saunders, H. S. Cohl, and M. A. McClain (editors), “NIST digital library of mathematical functions”, electronic reference, Nat.
Inst. Standards Tech., 2020, available at http://dlmf.nist.gov. Release 1.0.28.

[Engelking 1977] R. Engelking, General topology, Monografie Mat. 60, PWN, Warsaw, 1977. MR Zbl

[Feichtinger 1984] H. G. Feichtinger, “Compactness in translation invariant Banach spaces of distributions and compact
multipliers”, J. Math. Anal. Appl. 102:2 (1984), 289-327. MR Zbl

[Feichtinger and Pesenson 2004] H. Feichtinger and I. Pesenson, “Recovery of band-limited functions on manifolds by an
iterative algorithm”, pp. 137-152 in Wavelets, frames and operator theory (College Park, MD, 2003), edited by C. Heil et al.,
Contemp. Math. 345, Amer. Math. Soc., Providence, RI, 2004. MR Zbl

[Feichtinger et al. 2016] H. G. Feichtinger, H. Fiihr, and 1. Z. Pesenson, “Geometric space-frequency analysis on manifolds”,
J. Fourier Anal. Appl. 22:6 (2016), 1294-1355. MR Zbl

[Filbir and Mhaskar 2011] F. Filbir and H. N. Mhaskar, “Marcinkiewicz—Zygmund measures on manifolds”, J. Complexity 27:6
(2011), 568-596. MR Zbl

[Fihr et al. 2017] H. Fiihr, K. Grochenig, A. Haimi, A. Klotz, and J. L. Romero, “Density of sampling and interpolation in
reproducing kernel Hilbert spaces”, J. Lond. Math. Soc. (2) 96:3 (2017), 663-686. MR Zbl

[Gamelin 1969] T. W. Gamelin, Uniform algebras, Prentice-Hall, Englewood Cliffs, NJ, 1969. MR Zbl

[Georgescu 2011] V. Georgescu, “On the structure of the essential spectrum of elliptic operators on metric spaces”, J. Funct.
Anal. 260:6 (2011), 1734-1765. MR Zbl

[Georgescu 2018] V. Georgescu, “On the essential spectrum of elliptic differential operators”, J. Math. Anal. Appl. 468:2 (2018),
839-864. MR Zbl

[Grafakos 2004] L. Grafakos, Classical and modern Fourier analysis, Pearson, Upper Saddle River, NJ, 2004. MR Zbl

[Grochenig and Klotz 2010] K. Grochenig and A. Klotz, “Noncommutative approximation: inverse-closed subalgebras and
off-diagonal decay of matrices”, Constr. Approx. 32:3 (2010), 429-466. MR Zbl

[Grochenig and Klotz 2017] K. Grochenig and A. Klotz, “What is variable bandwidth?”, Comm. Pure Appl. Math. 70:11 (2017),
2039-2083. MR Zbl

[Grochenig et al. 2019] K. Grochenig, A. Haimi, J. Ortega-Cerda, and J. L. Romero, “Strict density inequalities for sampling
and interpolation in weighted spaces of holomorphic functions”, J. Funct. Anal. 277:12 (2019), art. id. 108282. MR Zbl


http://dx.doi.org/10.1090/chel/369
http://msp.org/idx/mr/0178246
http://msp.org/idx/zbl/0142.37401
http://dx.doi.org/10.2307/1990404
http://msp.org/idx/mr/51437
http://msp.org/idx/zbl/0037.20701
http://msp.org/idx/mr/0427956
http://msp.org/idx/mr/1057614
http://msp.org/idx/zbl/0732.01042
http://dx.doi.org/10.1007/BFb0069813
http://msp.org/idx/mr/551619
http://msp.org/idx/zbl/0417.35004
http://dx.doi.org/10.1007/s00041-012-9232-7
http://dx.doi.org/10.1007/s00041-012-9232-7
http://msp.org/idx/mr/2970038
http://msp.org/idx/zbl/1270.58015
http://dx.doi.org/10.7900/jot.2011sep09.1931
http://dx.doi.org/10.7900/jot.2011sep09.1931
http://msp.org/idx/mr/3138364
http://msp.org/idx/zbl/1299.46075
http://dlmf.nist.gov
http://msp.org/idx/mr/0500780
http://msp.org/idx/zbl/0373.54002
http://dx.doi.org/10.1016/0022-247X(84)90173-2
http://dx.doi.org/10.1016/0022-247X(84)90173-2
http://msp.org/idx/mr/755964
http://msp.org/idx/zbl/0515.46044
http://dx.doi.org/10.1090/conm/345/06244
http://dx.doi.org/10.1090/conm/345/06244
http://msp.org/idx/mr/2066825
http://msp.org/idx/zbl/1077.42021
http://dx.doi.org/10.1007/s00041-015-9457-3
http://msp.org/idx/mr/3572904
http://msp.org/idx/zbl/1367.42014
http://dx.doi.org/10.1016/j.jco.2011.03.002
http://msp.org/idx/mr/2846706
http://msp.org/idx/zbl/1235.58007
http://dx.doi.org/10.1112/jlms.12083
http://dx.doi.org/10.1112/jlms.12083
http://msp.org/idx/mr/3742438
http://msp.org/idx/zbl/1383.42028
http://msp.org/idx/mr/0410387
http://msp.org/idx/zbl/0213.40401
http://dx.doi.org/10.1016/j.jfa.2010.12.025
http://msp.org/idx/mr/2754891
http://msp.org/idx/zbl/1242.47052
http://dx.doi.org/10.1016/j.jmaa.2018.08.042
http://msp.org/idx/mr/3852555
http://msp.org/idx/zbl/1400.35191
http://msp.org/idx/mr/2449250
http://msp.org/idx/zbl/1148.42001
http://dx.doi.org/10.1007/s00365-010-9101-z
http://dx.doi.org/10.1007/s00365-010-9101-z
http://msp.org/idx/mr/2726441
http://msp.org/idx/zbl/1210.41010
http://dx.doi.org/10.1002/cpa.21694
http://msp.org/idx/mr/3707488
http://msp.org/idx/zbl/1404.94025
http://dx.doi.org/10.1016/j.jfa.2019.108282
http://dx.doi.org/10.1016/j.jfa.2019.108282
http://msp.org/idx/mr/4019089
http://msp.org/idx/zbl/1444.32002

NECESSARY DENSITY CONDITIONS IN SPECTRAL SUBSPACES OF ELLIPTIC DIFFERENTIAL OPERATORS 615

[Heil 2011] C. Heil, A basis theory primer, expanded ed., Birkhduser, New York, 2011. MR Zbl
[Hormander 1968] L. Hormander, “The spectral function of an elliptic operator”, Acta Math. 121 (1968), 193-218. MR Zbl

[Kahane 1962] J.-P. Kahane, “Pseudo-périodicité et séries de Fourier lacunaires”, Ann. Sci. Ecole Norm. Sup. (3) 79 (1962),
93-150. MR Zbl

[Landau 1967] H. J. Landau, “Necessary density conditions for sampling and interpolation of certain entire functions”, Acta
Math. 117 (1967), 37-52. MR

[Matei and Meyer 2010] B. Matei and Y. Meyer, “Simple quasicrystals are sets of stable sampling”, Complex Var. Elliptic Equ.
55:8-10 (2010), 947-964. MR Zbl

[Olevskit and Ulanovskii 2008] A. Olevskii and A. Ulanovskii, “Universal sampling and interpolation of band-limited signals”,
Geom. Funct. Anal. 18:3 (2008), 1029-1052. MR Zbl

[Ortega-Cerda and Pridhnani 2012] J. Ortega-Cerda and B. Pridhnani, “Beurling—Landau’s density on compact manifolds”,
J. Funct. Anal. 263:7 (2012), 2102-2140. MR Zbl

[Ouhabaz 2006] E. M. Ouhabaz, “Sharp Gaussian bounds and L”-growth of semigroups associated with elliptic and Schrodinger
operators”, Proc. Amer. Math. Soc. 134:12 (2006), 3567-3575. MR Zbl

[Pesenson 1998] I. Pesenson, “Sampling of Paley—Wiener functions on stratified groups”, J. Fourier Anal. Appl. 4:3 (1998),
271-281. MR Zbl

[Pesenson 1999] I. Pesenson, “A reconstruction formula for band limited functions in Lz(Rd )", Proc. Amer. Math. Soc. 127:12
(1999), 3593-3600. MR Zbl

[Pesenson 2000] I. Pesenson, “A sampling theorem on homogeneous manifolds”, Trans. Amer. Math. Soc. 352:9 (2000),
4257-4269. MR Zbl

[Pesenson 2001] I. Pesenson, “Sampling of band-limited vectors”, J. Fourier Anal. Appl. 7:1 (2001), 93-100. MR Zbl

[Pesenson and Zayed 2009] I. Pesenson and A. I. Zayed, “Paley—Wiener subspace of vectors in a Hilbert space with applications
to integral transforms”, J. Math. Anal. Appl. 353:2 (2009), 566-582. MR Zbl

[Rabinovich et al. 2004a] V. Rabinovich, S. Roch, and B. Silbermann, Limit operators and their applications in operator theory,
Oper. Theory Adv. Appl. 150, Birkhduser, Basel, 2004. MR Zbl

[Rabinovich et al. 2004b] V. S. Rabinovich, S. Roch, and J. Roe, “Fredholm indices of band-dominated operators”, Integral
Equations Operator Theory 49:2 (2004), 221-238. MR Zbl

[Roe 2003] J. Roe, Lectures on coarse geometry, Univ. Lect. Ser. 31, Amer. Math. Soc., Providence, RI, 2003. MR Zbl
[Rudin 1973] W. Rudin, Functional analysis, McGraw-Hill, New York, 1973. MR Zbl

[Seip 2004] K. Seip, Interpolation and sampling in spaces of analytic functions, Univ. Lect. Ser. 33, Amer. Math. Soc.,
Providence, RI, 2004. MR Zbl

[Shannon 1948] C. E. Shannon, “A mathematical theory of communication”, Bell System Tech. J. 27 (1948), 379-423, 623-656.
MR Zbl

[Shteinberg 2000] B. Y. Shteinberg, “Compactification of a locally compact group and the Noethericity of convolution operators
with coefficients on quotient groups”, pp. 209-223 in Proceedings of the St. Petersburg Mathematical Society, VI, edited by
N. N. Uraltseva, Amer. Math. Soc. Transl. Ser. 2 199, Amer. Math. Soc., Providence, RI, 2000. MR Zbl

[Shubin 1992] M. A. Shubin, “Spectral theory of elliptic operators on noncompact manifolds”, pp. 35-108 in Méthodes
semi-classiques, I (Nantes, France, 1991), Astérisque 207, Soc. Math. France, Paris, 1992. MR Zbl

[Spakula and Willett 2017] J. Spakula and R. Willett, “A metric approach to limit operators™, Trans. Amer. Math. Soc. 369:1
(2017), 263-308. MR Zbl

[Teschl 2009] G. Teschl, Mathematical methods in quantum mechanics: with applications to Schrodinger operators, Grad. Stud.
Math. 99, Amer. Math. Soc., Providence, RI, 2009. MR Zbl

[Wendland 2005] H. Wendland, Scattered data approximation, Cambridge Monogr. Appl. Computat. Math. 17, Cambridge Univ.
Press, 2005. MR Zbl

[Zimmer 1990] R.J. Zimmer, Essential results of functional analysis, Univ. Chicago Press, 1990. MR Zbl


http://dx.doi.org/10.1007/978-0-8176-4687-5
http://msp.org/idx/mr/2744776
http://msp.org/idx/zbl/1227.46001
http://dx.doi.org/10.1007/BF02391913
http://msp.org/idx/mr/609014
http://msp.org/idx/zbl/0164.13201
http://dx.doi.org/10.24033/asens.1108
http://msp.org/idx/mr/0154060
http://msp.org/idx/zbl/0105.28601
http://dx.doi.org/10.1007/BF02395039
http://msp.org/idx/mr/222554
http://dx.doi.org/10.1080/17476930903394689
http://msp.org/idx/mr/2674875
http://msp.org/idx/zbl/1207.94043
http://dx.doi.org/10.1007/s00039-008-0674-7
http://msp.org/idx/mr/2439002
http://msp.org/idx/zbl/1169.42014
http://dx.doi.org/10.1016/j.jfa.2012.07.004
http://msp.org/idx/mr/2956935
http://msp.org/idx/zbl/1277.58015
http://dx.doi.org/10.1090/S0002-9939-06-08430-9
http://dx.doi.org/10.1090/S0002-9939-06-08430-9
http://msp.org/idx/mr/2240669
http://msp.org/idx/zbl/1113.47032
http://dx.doi.org/10.1007/BF02476027
http://msp.org/idx/mr/1650917
http://msp.org/idx/zbl/0930.43009
http://dx.doi.org/10.1090/S0002-9939-99-04938-2
http://msp.org/idx/mr/1610773
http://msp.org/idx/zbl/0998.42024
http://dx.doi.org/10.1090/S0002-9947-00-02592-7
http://msp.org/idx/mr/1707201
http://msp.org/idx/zbl/0976.43004
http://dx.doi.org/10.1007/s00041-001-0007-9
http://msp.org/idx/mr/1812998
http://msp.org/idx/zbl/0998.42025
http://dx.doi.org/10.1016/j.jmaa.2008.12.035
http://dx.doi.org/10.1016/j.jmaa.2008.12.035
http://msp.org/idx/mr/2508959
http://msp.org/idx/zbl/1183.42033
http://dx.doi.org/10.1007/978-3-0348-7911-8
http://msp.org/idx/mr/2075882
http://msp.org/idx/zbl/1077.47002
http://dx.doi.org/10.1007/s00020-003-1285-1
http://msp.org/idx/mr/2060373
http://msp.org/idx/zbl/1068.47016
http://dx.doi.org/10.1090/ulect/031
http://msp.org/idx/mr/2007488
http://msp.org/idx/zbl/1042.53027
http://msp.org/idx/mr/0365062
http://msp.org/idx/zbl/0253.46001
http://dx.doi.org/10.1090/ulect/033
http://msp.org/idx/mr/2040080
http://msp.org/idx/zbl/1057.30036
http://dx.doi.org/10.1002/j.1538-7305.1948.tb01338.x
http://msp.org/idx/mr/26286
http://msp.org/idx/zbl/1154.94303
http://dx.doi.org/10.1090/trans2/199/07
http://dx.doi.org/10.1090/trans2/199/07
http://msp.org/idx/mr/1766024
http://msp.org/idx/zbl/1229.22005
http://www.numdam.org/item/AST_1992__207__35_0/
http://msp.org/idx/mr/1205177
http://msp.org/idx/zbl/0793.58039
http://dx.doi.org/10.1090/tran/6660
http://msp.org/idx/mr/3557774
http://msp.org/idx/zbl/1380.47024
http://dx.doi.org/10.1090/gsm/099
http://msp.org/idx/mr/2499016
http://msp.org/idx/zbl/1166.81004
http://dx.doi.org/10.1017/CBO9780511617539
http://msp.org/idx/mr/2131724
http://msp.org/idx/zbl/1075.65021
http://msp.org/idx/mr/1045444
http://msp.org/idx/zbl/0708.46001

616 KARLHEINZ GROCHENIG AND ANDREAS KLOTZ

Received 20 Sep 2021. Revised 7 Jun 2022. Accepted 11 Jul 2022.

KARLHEINZ GROCHENIG: karlheinz.groechenigQunivie.ac.at
Faculty of Mathematics, University of Vienna, Vienna, Austria

ANDREAS KLOTZ: andreas.klotz@Qunivie.ac.at
Faculty of Mathematics, University of Vienna, Vienna, Austria

mathematical sciences publishers

:'msp


mailto:karlheinz.groechenig@univie.ac.at
mailto:andreas.klotz@univie.ac.at
http://msp.org

ANALYSIS AND PDE
Vol. 17 (2024), No. 2, pp. 617-680

DOI: 10.2140/apde.2024.17.617
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We study singularity formation for the quadratic wave equation in the energy supercritical case, i.e.,
for d > 7. We find in closed form a new, nontrivial, radial, self-similar blow-up solution u* which
exists for all d > 7. For d = 9, we study the stability of u* without any symmetry assumptions on the
initial data and show that there is a family of perturbations which lead to blowup via u*. In similarity
coordinates, this family represents a codimension-1 Lipschitz manifold modulo translation symmetries.
The stability analysis relies on delicate spectral analysis for a non-self-adjoint operator. In addition,
ind =7 and d = 9, we prove nonradial stability of the well-known ODE blow-up solution. Also, for
the first time we establish persistence of regularity for the wave equation in similarity coordinates.

1. Introduction 617
2. The stability problem in similarity coordinates 625
3. The free wave evolution in similarity variables 629
4. Linearization around a self-similar solution 635
5. Spectral analysis for perturbations around U, 639
6. Perturbations around U, 651
7. Nonlinear theory 654
8. Proof of Theorem 1.6 670
Appendix. Proof of Lemma 3.4 674
References 678

1. Introduction
In this paper, we are concerned with the quadratic wave equation
(02 — Ax)u(t, x) = u(t, x)?, (1-1)

where (7, x) € I x R?, for some interval / C R containing zero.

It is well known that in all space dimensions (1-1) admits solutions that blow up in finite time, starting
from smooth and compactly supported initial data. This follows from a classical result by Levine [1974],
which provides an open set of such initial data. However, Levine’s argument is indirect, and therefore
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does not give insight into the blow-up profile. A more concrete example can be produced using the

well-known ODE solution 6

ODE
t , T>0. 1-2
9= G (1-2)
By truncating the initial data (uODE(O, -), 0 tuODE (0,-)) outside a ball of radius larger than 7" and using
finite speed of propagation, one constructs smooth and compactly supported initial data that lead to
blowup at # = 7'. What is more, invariance of (1-1) under the rescaling

u(t,x)»—)uk(t,x):=/\_2u(%,;), A >0, (1-3)

allows one to look for self-similar blow-up solutions of the form

) = 0 (75)

Note that (1-2) is a self-similar solution with trivial profile ¢ = 6. We note that the rescaling (1-3)
leaves invariant the energy norm H ! (R%) x L2(R%) of (u(t,-), d,u(t,-)) precisely when d = 6, in which

case (1-1) is referred to as energy critical. In this case, it can be easily shown that in addition to (1-2) no
other radial and smooth self-similar solutions to (1-1) exist; see [Kavian and Weissler 1990]. However,
in the energy supercritical case, i.e., for d > 7, numerics [Kycia 2011] indicate that in addition to (1-2)
there are nontrivial, radial, globally defined, smooth, and decaying similarity profiles. In fact, for d =7,
there are infinitely many of them, all of which are positive, as proven by Dai and Duyckaerts [2021]. A
similar result is expected to hold for all 7 < d < 15; see [Kycia 2011].

From the point of view of the Cauchy problem for (1-1), the relevant similarity profiles appear to be
the trivial one (1-2) and its first nontrivial “excitation”. Namely, numerical work on supercritical power
nonlinearity wave equations in the radial case [Bizon et al. 2004; Glogic¢ et al. 2020] yields evidence that
generic blowup is described by the ODE profile, while the threshold separating generic blowup from
global existence is given by the stable manifold of the first excited profile; see also [Bizon 2001]. The
first step in showing such genericity results would be to establish stability of the ODE profile and show
that its first excitation is codimension-1 stable (which indicates that the stable manifold splits the phase
space locally into two connected components). The only result so far for (1-1) in this direction is by
Donninger and the third author [Donninger and Schorkhuber 2017], who proved radial stability of u7 for
all odd d > 7. In this paper, we exhibit in closed form what appears to be the first excitation of (1-2) for
every d > 7. Namely, we have the following self-similar solution to (1-1):

u*(t,x) = U('xl) (1-4)
where 5
C1—C2p
Up)=——F"— 1-5
(p) 1) (1-5)
with

= 2;45((3(,1 —8)do +8d% —56d +48), ¢ = %do, c3 = %(Sd —18+dy),
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and dy = /6(d —1)(d —6). We note that ¢c3 > 0 when d > 7, and thus U € C*°[0, c0). To the best
of our knowledge, this solution has not been known before, and with the intent of studying threshold
behavior, the main object of this paper is to show a variant of codimension-1 stability of u*.

Note that U has precisely one zero at p* = p*(d) > 2. In particular, this profile is not positive and
therefore not a member of the family of self-similar profiles constructed in [Dai and Duyckaerts 2021].
However, it is strictly positive inside the backward light cone of the blow-up point (0, 0). Hence, in this
local sense u* provides a solution to the more frequently studied focusing equation

(Bf—Ax)u(t,x) = |u(t, x)|u(t, x). (1-6)

What is more, as an outcome of our stability analysis we get that small perturbations of both the ODE
profile and u™ stay positive under the evolution of (1-1) and therefore yield solutions to (1-6) as well.

1A. Main results.

Preliminaries. By action of symmetries, the solution (1-4) gives rise to a (2d +1)-parameter family of
(in general nonradial) blow-up solutions. Namely, (1-1) is invariant under spacetime translations

ST xo(t,x) =t —T,x—xo)
for T >0, x¢o € Rd, time reflections
R(t,x) = (—t, x),
as well as Lorentz boosts, which we write in terms of hyperbolic rotations as
Aa) = Ad(ad) ) Ad_l(ad_l) o---0Al(al),
where a € R? and A/ (a’) for j =1,...,d are given by
t +— t cosh(a’) + x/ sinh(a’),
x/ + tsinh(a’) + x/ cosh(a’),
xk s xk (k£ ).
We then let
AT,x()(a) = ROA(a)OST,xoa (1'7)
and thereby obtain the following (2d +1)-parameter family of solutions to (1-1):
u"T"XO’a(t,x) ‘=u* o AT x,(a)(t, x).
We note that, for
(t/v x/) = AT,xo(a)(t’ .X),

we have
x')? =1 = |x — xo|> = (T —1)%. (1-8)

Furthermore, for &, a € R?, we set!
y(§.a) = Ao(a) — 4;(@§, (1-9)

IFor simplicity, we use Einstein’s summation convention throughout the paper.
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where
Ao(a) := cosh(a') cosh(a?) - - - cosh(ad),
A1 (a) := sinh(a') cosh(a?) - --cosh(ad),
Az (a) := sinh(a?) cosh(a?) - --cosh(ad),

Ag(a) = sinh(ad).

Then, it is easy to check that

¢ = (T—t)y(xT__x[",a) and x" = (1 —T)aa,-y(xT__xtO,a)Bj(a) (1-10)
for j =1,...,d, where d
Bj(a) = ]_[ cosh(a’) .
i=j+1
Now, by using relations (1-8) and (1-10) we find more explicitly that
1 X — X0
* —
UT, xg,a(ls X) = (T—t)zUa(T—t)’ (1-11)
with U, : R? — R given by
(c1 —c2)y(§,0)* +ca(1 — [§%)
Ualt) = ne i (1-12)

(1 +c3)yE a)? +EP-1)2
Note that for @ = 0, we have Uy (§) = U(|€|) with U being the radial profile in (1-5). Also, since ¢1 > ¢2
for all d > 7, there exists a positive constant ¢y = co(d) such that

U, >co>0 on B (1-13)

foralla € IRd, where B? denotes the open unit ball in RY. In summary, we have that, fora € R4 , X0 € R4 ,
and 7 > 0, (1-1) admits an explicit solution (1-11), which starts off smooth, blows up at x = x¢ as
t — T, and is strictly positive on the backward light cone

Crxo = |J {1} xBf_;(x0)
t€l[0,T)

of the blow-up point (7', xg) — see Section 1C for the notation — which makes it a solution inside Cr, x,
to (1-6) as well. Furthermore, simply by scaling we have that, for k € Ny,

-—xO
U,
joe(7=)

147 x0.a @ i @d_ gy = (T —1)

~ (T —1)%7%, (1-14)

‘ H*(B._, (x0))
and hence
42—k

which implies that the solution blows up in local homogeneous Sobolev seminorms of order k > s, = %d —2.
Here, s. denotes the critical regularity, i.e., H*(R?) is left-invariant under the rescaling (1-3).
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Conditional stability of blowup via u*. The main goal of this paper is to investigate stability of blowup
governed by u*. For T =1, xo =0, and a = 0, the blow-up initial data are given by

u7,0,0(0.x) =U(lx]) and 9:u7 ¢ (0.x) =2U(|x|) + [x|U"(|x]).
We can now formulate the following stability result, where we restrict ourselves to the case d = 9.
Theorem 1.1. Let d = 9. Define functions h; : R =R, j =1,2,by
35—5|x|?

(7+5]x]2)? (7 +51x[H)*
There exist constants M > 0, § > 0, and w > 0 such that, for all real-valued (f, g) € Coo(@g) X Cw(@g)
satisfying

hi(x) = and hy(x) = (1-15)

)
(/. &) ”H"(Bg)xHS(Bg) = M

the following holds: There are parameters a € @]9‘,18/0), X0 € @g, T e[l1-6,144], and x € [-6, 6]
depending Lipschitz-continuously on (f, g) such that, for initial data

u(©,)=U(-)+ f +ahy and 3,u(0,-) =2U(-)+|-|U'(|-]) + g + aha, (1-16)

there exists a unique solution u € C*°(Cr x,) to (1-1). Furthermore, this solution blows up at (T, xo) and

1 X — X0
.0 = | Va2 ot |
where |o(t, -)||LOO(B9T_[(XO)) < (T —1t)® and

can be written as

_9
(T =0* 200 a s ey < (T —1)°

fork =0,...,5. In particular,
_s
(T =) 2 |u(r, ) — UT x0.a > ')”Hk(B%_t(xo)) < (T —1)?,

k—35 % ® (1-17)
(T —t)""2||0su(t,-) — 8l‘uT,xo,a(l‘, ')“Hk_l(Bg-_t(xo)) S(T-1)

fork =1,...,5. Moreover, u is strictly positive on Ct,x,, and hence the statement above applies to (1-6)
as well.

We note that the normalizing factor on the left-hand side of (1-17) appears naturally and corresponds
to the behavior of the blow-up solution we perturbed around; see (1-14).
Some further remarks on the result are in order.

Remark 1.2. The proof of Theorem 1.1 relies on stability analysis in similarity coordinates, in which the
above set of perturbations has a codimension-1 interpretation. More precisely, we construct a Lipschitz
manifold which is of codimension 11, where ten codimensions are related to instabilities caused by
translation symmetries of the equation and the remaining codimension is characterized by (1, h2). This
is elaborated on in Section 2; see in particular Propositions 2.1 and 2.4. We believe that this manifold
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gives rise to a proper codimension-1 manifold in a suitable physical data space. However, by the local
nature of our approach and the presence of translation symmetries, this is not entirely clear.

Remark 1.3 (Regularity of the initial data). It is only the transformation from similarity coordinates to
physical coordinates that induces the higher-regularity assumption on the data, from which we can easily
deduce the Lipschitz-dependence on the blow-up parameters. We nonetheless believe that this can be
optimized by a more refined analysis.

Remark 1.4 (Persistence of regularity). While persistence of regularity is standard for the wave equation
in physical coordinates, it has not yet been considered for the local problem in similarity coordinates. In
fact, all of the related works so far, such as [Chatzikaleas and Donninger 2019; Donninger and Schorkhuber
2016; Glogi¢ and Schorkhuber 2021], are based on a notion of strong solutions in similarity coordinates.
In this paper, we close this gap and rigorously prove regularity of solutions for smooth initial data. Our
proof relies on estimates for the free wave evolution in similarity coordinates in arbitrarily high Sobolev
spaces; see Proposition 3.1 on page 629.

Remark 1.5 (Generalization to other space dimensions). Large parts of the proof of Theorem 1.1 can be
generalized to other odd space dimensions. However, the analysis of the underlying spectral problem
is quite delicate and only for d = 9 we are able to solve it rigorously. Nevertheless, from numerical
computations, we have strong evidence that the situation is analogous in other space dimensions in the
sense that the linearization has exactly one genuine unstable eigenvalue.

Stable ODE blowup without symmetry. For both (1-1) and (1-6), stability of the ODE blow-up solution
under small radial perturbations has been proven by Donninger and the third author [Donninger and
Schorkhuber 2017] in all odd space dimensions d > 7. By exploiting the framework of the proof of
Theorem 1.1, we generalize the result from that paper to nonradial perturbations in dimensions d = 7
andd = 9.

Before we state the result, we apply the symmetry transformations (1-7) to the ODE profile (1-2) to
obtain the following family of blow-up solutions to both (1-1) and (1-6):

1 X — Xo
u?&%,a(t,x) = _t)zKa( T—; ) (1-18)

where
ka(€) = 6y(§,a)~. (1-19)
To shorten the notation, we write Ct := Cr,o for the backward light cone with vertex (7, 0).

Theorem 1.6. Let d € {7, 9}. There are constants C >0, § > 0, and w > 0 such that, for any real-valued
(f.g) € Coo(@g) X COO(BEZ) satisfying

(S, g)||H(d+3)/2(Bg)XH(d+1)/2(B:21) = ok (1-20)

the following holds: There exist parameters a € @dc 8/ and T € [1 — 6,1 + 8] depending Lipschitz
continuously on ( f, g) such that, for initial data

u,-)=6+ f and 0J:u(0,-)=12+g,



ON BLOWUP FOR THE SUPERCRITICAL QUADRATIC WAVE EQUATION 623

there exists a unique solution u € C°°(Ct) to (1-1). This solution blows up at (T, 0) and can be written as

1
) = () o |

; . < (T =1)®
where @ satisfies ||@(t, )||L°°(B§-_I) < (T —1)? and

d

(T =0 2o ) gre_y < (T =1
fork =0,..., %(d + 1). In particular,
_d
(T =0 2 2 (e ) — w0 ) g,y S (T =0,

(T —F 842 3u(t,-) — Qo 1) <(T—1)° =
ul(t,-) tuT’()’a(ts')HHk—l(B(T{_z)N( 1)

fork=1,..., %(d + 1). Furthermore, u is strictly positive and the statement above therefore applies
to (1-6) as well.

ODE

We note that due to the invariance of uj o

under spatial translations the blow-up location xo = 0 does
not change under small perturbations.

Remark 1.7. Stability of the ODE blow-up solution for energy supercritical wave equations outside radial
symmetry was established in d = 3 by Donninger and the third author [Donninger and Schorkhuber 2016].
For the cubic wave equation, the corresponding result was obtained by Chatzikaleas and Donninger [2019]
ind =5,7. Compared to these works, one important improvement in Theorem 1.6 is the regularity of
the solution which allows for the classical interpretation. Furthermore, we prove Lipschitz dependence
of the blow-up time and the blow-up point on the initial data. Finally, from a technical perspective, the
adapted inner product defined in Section 3 is simpler than the corresponding expressions in [Chatzikaleas
and Donninger 2019] and can easily be generalized.

1B. Related results. Wave equations with focusing power nonlinearities provide the simplest possible
models for the study of nonlinear wave dynamics and have been investigated intensively in the past
decades. Consequently, local well-posedness and the behavior of solutions for small initial data are
by now well understood; see, e.g., [Lindblad and Sogge 1995]. Concerning global dynamics for large
initial data, substantial progress has been made more recently for energy critical problems. This includes
fundamental works on the characterization of the threshold between finite-time blowup and dispersion in
terms of the well-known stationary ground state solution; see [Kenig and Merle 2008; Krieger et al. 2015].

In contrast, large data results for energy supercritical equations are rare. For various models, the ODE
blowup is known to provide a stable blow-up mechanism and Theorem 1.6 further extends these results;
see Remark 1.7. In [Bizon et al. 2007], nontrivial self-similar solutions are constructed for odd supercritical
nonlinearities in dimension 3, and [Dai and Duyckaerts 2021] provides a generalization to d > 4. Also,
in the three-dimensional case, large global solutions were obtained for a supercritical nonlinearity in
[Krieger and Schlag 2017]. Finally, for d > 11 and large enough nonlinearities, manifolds of codimension
greater than or equal to two have been constructed in [Collot 2018] that lead to non-self-similar blowup
in finite time.
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In the description of threshold dynamics for energy supercritical wave equations, self-similar solutions
appear to play the key role. This has been observed numerically for power-type nonlinearities [Bizox et al.
2004; Glogi¢ et al. 2020], but also for more physically relevant models such as wave maps [Biernat et al.
2017; Bizon et al. 2000] or the Yang—Mills equation in equivariant symmetry [Bizon and Tabor 2001;
Bizon 2002]. We note that the latter reduces essentially to a radial quadratic wave equation in d > 7,
hence (1-1) provides a toy model. From an analytic point of view, threshold phenomena for energy
supercritical wave equations are entirely unexplored. Moreover, results analogous to the energy critical
case seem completely out of reach.

However, very recently, the first explicit candidate for a self-similar threshold solution has been found
by the second and third authors in [Glogi¢ and Schorkhuber 2021] for the focusing cubic wave equation in
all supercritical space dimensions d > 5. In d = 7, by the conformal symmetry of the linearized equation,
the genuine unstable direction could be given in closed form, see also [Glogic¢ et al. 2020], which allowed
for a rigorous stability analysis. Interestingly, the same effect occurs for the quadratic wave equation and
the new self-similar solution (1-4) in d = 9, which explains the specific choice of the space dimension in
Theorem 1.1. In view of our results, we conjecture that the self-similar profile U given in (1-5) plays an
important role in the threshold dynamics for (1-1) and (1-6).

In the proofs of Theorems 1.1 and 1.6 we build on methods developed in earlier works, in particular,
[Donninger and Schorkhuber 2016; Glogi¢ and Schorkhuber 2021]. However, several aspects, in particular
the spectral analysis, are specific to the problem and rather delicate. Furthermore, we add important
generalizations such as the preservation of regularity, which improves the statements of these earlier
works. The presentation of our results is completely self-contained and all necessary details are provided
in the proofs.

1C. Notation. Throughout the whole paper the Einstein summation convention is in force, i.e., we
sum over repeated upper and lower indices, where latin indices run from 1 to d. We write N for the
natural numbers {1,2,3,...} and Ng := {0} UN. Furthermore, RT := {x € R: x > 0}. Also, H stands
for the closed complex right half-plane. By [B‘IlQ (x0) we denote the open ball of radius R > 0 in R4
centered at xq € R9. The unit ball is abbreviated by BY := Bf (0), and S9-1:= 9B9. The notation a <b
means a < Cb for an absolute constant C > 0, and we write a >~ b ifa <band b < a. If a < Cgb for a
constant Cg > 0 depending on some parameter &, we write a S b.

By L2([EB‘IIe (x0)) and H¥ ([B?le (x0)), k € Np, we denote the Lebesgue and Sobolev spaces, respectively,
obtained from the completion of C C><>([B‘Iiz (x0)) with respect to the usual norm

01 oy = 2 10 250
la|<k
with @ € Ng denoting a multi-index and 9%u = 97" - -- 83‘1 u, where d;u(x) = dx,;u(x). For vector-valued
functions, we use boldface letters, e.g., f = (f1, f2) and we sometime write [ f]; := f1 to extract a single
component. Throughout the paper, W( f. g) denotes the Wronskian of two functions f, g € C1(I), I CR,
where we use the convention W(f, g) = fg' — f'g, with f’ denoting the first derivative. On a Hilbert
space H we denote by B(#) the set of bounded linear operators. For a closed linear operator (L, D(L))
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on H, we define the resolvent set p(L) as the set of all A € C such that Ry (1) := (A — L)~! exists
as a bounded operator on the whole underlying space. Furthermore, the spectrum of L is defined as
o(L):=C\ p(L) and the point spectrum is denoted by o, (L) C o(L).

Spherical harmonics. Fix a dimension d > 3. For £ € Ny, an eigenfunction for the Laplace—Beltrami
operator on S¢~! with eigenvalue £(£ 4+ d — 2) is called a spherical harmonic function of degree £. For
each £ € N, we denote by M, 4 the number of linearly independent spherical harmonics of degree £, and
for Qg :={1,..., My ¢} we designate by {Y; ,, : m € Q} a set of orthonormal spherical harmonics, i.e.,

[, Yem @i @) do@) = b

Obviously, one has Q¢ ={1} and Q; ={1,...,d}, and we can take Yo, 1 (w) = c1 and Y1 ;u (w) = Cpwm, for
suitable normalization constants ¢y, &, € R. For g € C®(S9~1), we define Py : L2(S4~1) — L2(S471)
by
Peg(@) =Y (1Yem)r2sd-1)Yem(®).
mey

It is well known, see, e.g., [Atkinson and Han 2012], that P, defines a self-adjoint projection on Lz(Sd_l)
and that lim;,, oo H g—> 1—oPig H L2(sd—1) = 0. This can be extended to Sobolev spaces, in particular,
limy, 00 Hg — Y=o PngHk(Sd—l) =0 for all g € C®(S%~1), see, e.g., [Donninger and Schorkhuber
2016], Lemma A.1. Furthermore, given f € C C>o(@?’2), by setting

P = 3 (£ ~>|Ye,m)Lz(gd-1)Ye,m( X ) (1-22)

mey |X|

we have that (see for example Lemma A.2 in [Donninger and Schérkhuber 2016])

=0. (1-23)

n—00 HHk([B;g)

lim Hf—i P f
£=0

2. The stability problem in similarity coordinates

In this section we formulate (1-1) in similarity variables. The advantage of the new setting is the fact that
self-similar solutions become time-independent and stability of finite-time blowup turns into asymptotic
stability of static solutions. Then we state the main results in the new coordinate system.

Given T > 0 and xo € R?, we define similarity coordinates

7:=—log(T —t)+logT and §:= XT_ Xto'
Note that in (7, §), the backward light cone Cr, , corresponds to the infinite cylinder
Z:= U {t} x BY.
>0

Furthermore, by setting

U(t, €)= T?e 2*u(T —Te %, Te “£ + xo),
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(1-1) transforms into
(02 +50; +26- Vo + (§-V)) = A+56-V+6)y(r.£) = ¥(1,6)% -1
To get a first-order formulation we define
Y1(r.8) = v(r.§) and Ya(r.§) 1= 0¥ (0. §) +§- VY (r.6) +2¥ (7. §). (2-2)
and let W(7) = (Y1(z,-), ¥2(z,-)), by means of which (2-1) can be written as
3;W(t) = LY(7) + F (¥(1)), (2-3)

7 _ (& Vui(§) —2ui(§) +u2(8) (0
Lu(§) = (Aul(é) _E- Vi (®) —3u2(§)) and F(u)= (u%)

for u = (u1, uz). Note that in the new variables, the solutions u*T xo.a and u

where

ODE

T.x0.a become static. Namely,

every a € R4 yields smooth, positive, and t-independent solutions
Us=U1,4.Uz,q) and k4= (K1,4.K2,a)
of (2-3) given by
Ur,a(§) =Ua(§), Uza(§) =§-VUa(§) +2Ua(5),
K1,a(§) =ka(§), K2,a(§) =& Vka(§) +2ka(§).

We study (2-3) for small perturbations of U, and k in the Hilbert space

d—1
2

1= H5 B x HZ (BY)
equipped with the standard norm

2. 2 2
l[a]|* := [Jur ||H(d+1)/2(Bd) + ||u2||H(d—1)/2(Bd)-

Also, write Bg := {u € H : |u|| < R}.
In Proposition 3.1 on page 629 we show that, for d € {7, 9}, the operator

L:C®BY)xC®BY) cH—H,

which describes the free wave evolution in similarity coordinates, is closable and its closure, which we
denote by

L:D(L)CH—>MH,

generates a strongly continuous one-parameter semigroup (S (7))c>0 C B(#). By using the Sobolev
embedding, it is easy to see that the nonlinearity satisfies

2 2 2 2
IF @ = luillga-vr2@a) < [uilpatvzea S il a2 ga < Ul

for all u € H; hence F is well defined on H.
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2A. Stability of U,. The key to proving Theorem 1.1 is the following result, which establishes, for d =9,
conditional orbital asymptotic stability of the family of static solutions {U, : a € R°}.

Proposition 2.1. Let d = 9. There are constants C > 0 and w > 0 such that the following holds. For all
sufficiently small § > O there exists a codimension-11 Lipschitz manifold M = Mg ¢ C Bs;c with 0 € M
such that, for any ®¢ € M, there are ¥ € C([0, 00),H) and a € Bg/w such that

V(r) =S(t)(Up + Do) + /t S(t—o)F(¥(o))do 2-4)
0
and
[W(7) — Uq|l < Se™*"
forall T > 0.

The number of codimensions in Proposition 2.1 is related to the number of unstable eigenvalues of the
linearization around U, and the dimension of the corresponding eigenspaces; see Section 5. In fact, ten
of these instabilities are caused by the translation symmetries of the problem, and can be controlled by
choosing appropriately the blow-up parameters (7, xo). There is, therefore, only one genuine unstable
direction. Next, we state a persistence of regularity result for solutions to (2-4).

Proposition 2.2. If the initial data ®o from Proposition 2.1 is in C®(B%) x C®(B®) then the corre-
sponding solution V of (2-3) belongs to C*°(2) x C*°(Z2). In particular, V satisfies (2-3) in the classical
sense.

Remark 2.3. That this proposition is not vacuous, i.e., that there exists &g € M N (C*®(B%) x C*(B?)),
follows from Proposition 2.4.

The proofs of Propositions 2.1 and 2.2 are provided in Section 7D.
In order to derive Theorem 1.1 from the above results we prescribe in physical variables initial data of
the form

u(0,-) =u7 90(0,-)+ f and 9,u(0,-) = d,u7 40(0,")+g (2-5)

for free functions ( f, g) defined on a suitably large ball centered at the origin. In similarity variables, this
transforms into initial data W(0) = Uy + ®¢ for (2-3), with

CDO = T\((J(’ g)’ Tv .X'()), (2'6)
where
Y((f.g). T.x0) :=R((f. &).T.x0) + R(Up., T. x9) — R(Up, 1,0) 2-7)

and

2 .
R(fr f2). T, x0) = (T AT - xo)) |

T3 f>(T - +x0)

The next statement asserts that, for all small ( £, g), there is a choice of parameters x¢, T, and « for
which Y ((f +ah1, g +ahs), T, xo) belongs to the manifold M from Proposition 2.1.
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Proposition 2.4. Let (hy, hy) be defined as in (1-15). There exists M > 0 such that, for all sufficiently
small § > 0, the following holds. For any (f, g) € H6(Bg) X HS(Bg) satisfying
8
I(f. g)”HG(Bg)xHS(Bg) = w2
there are xo € B?/M’ Tel[l-6/M,1+6/M],and a € [-§/ M, 5/ M] depending Lipschitz continuously
on (f, g) such that
Y((f +ahi,g+ahz), T, xo) € Ms ¢,

where M c is the manifold from Proposition 2.1.

Theorem 1.1 is then obtained by transforming the results of Propositions 2.1, 2.2, and 2.4 back to
coordinates (z, x).

Remark 2.5. We note that when proving stability of the ODE blow-up solution for d € {7, 9} similar
results are obtained. In fact, the proof implies the existence of a Lipschitz manifold N of codimension d +1
in the Hilbert space #, according to d +1 directions of instability induced by translation invariance. A
result similar to Proposition 2.4 guarantees that for any small enough data ( f, g) one can suitably adjust
the blow-up time 7" and the blow-up point xo such that Y ((f, g), T, xo) € N, which gives Theorem 1.6
on stable blowup. This point of view further justifies using codimension-1 terminology to describe the
stability of u*.
Time-evolution for small perturbations: modulation ansatz. In the following, we assume that a = a(t),
a(0) =0, and lim;_, s a(7) = dco. Inserting the ansatz

V(1) = Uy(r) + O(7) (2-8)
into (2-3) we obtain

0:P(r) = (L + L;(r))cb(r) + F(®(1)) — 0:Uy(r)»
with
L= (Va(?)ul) and  V,(8) = 2U, ().

In the following, we define
Ga(e)(®(D) = [Lyy — L, 1®(1) + F (B(1))
and study the evolution equation
0:®(0) = [L + L;, ]®(1) + Ga(r) (1)) = 0 Ua(o). (2-9)

with initial data ®(0) = u € H. This naturally splits into three parts: First, in Section 3, we study
the time evolution governed by L using semigroup theory. In Section 4, we analyze the linearized
problem, where we consider L+ Lﬁloo as a (compact) perturbation of the free evolution and investigate
the underlying spectral problem, restricting to d = 9. Resolvent bounds allow us to transfer the spectral
information to suitable growth estimates for the linearized time evolution. The nonlinear problem will be
analyzed in integral form in Section 7, using modulation theory and fixed-point arguments. Also, we
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prove Propositions 2.1-2.4 and, based on this, Theorem 1.1. In Section 8 we give the main arguments to
prove Theorem 1.6.
3. The free wave evolution in similarity variables

In this section we prove well-posedness of the linear version of (2-3) in . In other words, we show that

the (closure of the) operator L generates a strongly continuous one-parameter semigroup of bounded

operators on H. What is more, in view of the regularity result Proposition 2.2, we consider the evolution

in Sobolev spaces of arbitrarily high integer order. In Section 4 we then restrict the problem again to H.
For k > 1, let

Hy := H*B) x H*1(BY)
be equipped with the standard norm denoted by | - || g« ayx -1 (a)- We set
D(L) := C®(B?) x C*(BY)
and consider the densely defined operator
L :D(i) C Hyp — Hy.
We now state the central result of this section.

Proposition 3.1. Let d € {7, 9} and k > 3. The operator L: D(Z) C Hy — Hy is closable and its closure
Ly :D(Ly) CHy — Hy generates a strongly continuous semigroup Sy, : [0, 00) — B(Hy ) which satisfies

_1
ISk (Dull gx @ayx pe—1@ay < Mre™ 27 |ull gr @ayx ge—1(sa) (3-1)
forallu € Hy, all T > 0, and some My, > 1. Furthermore, the following holds for the spectrum of Ly:
o(Ly)C{zeC:Rez <1}, (3-2)

and the resolvent has the bound

k
TN ek @ayx mx—1 (e)

IRL DS ke o0 = g 37T

for A € CwithRe A > —% and f € Hy.

Remark 3.2. We prove Proposition 3.1 via the Lumer—Phillips Theorem. By using the standard inner
product on Hy, one can easily prove existence of the semigroup (S (7)):>0, but in order to show that
it decays exponentially and to prove the growth bound (3-1) in particular, we need to introduce an
appropriate equivalent inner product. The necessity for such an approach will become apparent in the
proof of Lemma 3.4 in the Appendix. We note that, for d = 9, the restriction on k is optimal within the
class of integer Sobolev spaces. In particular, for scaling reasons exponential decay cannot be expected at
lower integer regularities. For d = 7, a similar statement can be obtained for k = 2.
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For d € {7,9} and k > 3 we define the sesquilinear form
k
(] gy 1 (CPBYxC®B)*> > C. (v, = Y _(u]v);.
j=1
where

oy = [ @@ do@) + [ n@in@ o)+ [ ne)n dae),

sd— s9-
(u|v)2:/ aiAul(S)a—iAvl(S)d$+/ aiajuz(g)aiajuz(s)der/ diuz ()9 va (o) do (),
Bd Bd gd—1
(u|v)s = 4 / 0;0; 011 ()37 07 v (§) d§ + 4 / %0u2(§)0'97v2(8) &
B4 B _—
+4/ 3;9ju1(w)d' 9/ v1(w) do (o),
gd—1

and for j > 4 we use the standard H/(B%) x H/~Y(B?) inner product

(@|v); = (u1lv1) g gay + W@2|v2) g1 (gay- (3-3)
We then set
lullyy =V (u]u)y,.
For brevity, we will use the notation (- |-); = | - ||12-, J =1,... k, for different parts of (- | -),.

Lemma 3.3. Letd € {7,9} and k > 3. We have

el > llull gx @ayx mE—1 B4)
for all u € C®(B?) x C®(B?). In particular, || - 21, defines an equivalent norm on Hy.

Proof. Note that it suffices to prove
3

||u||i13(Bd)XH2(Bd) < Z ||"||]2 < ||u||12113(Bd)XH2(Bd)' (3-4)
j=1

The first estimate in (3-4) follows from the fact that
112 gy S 1Vul22 0y + 022 60-1,

for all u € C°°(B?), which is a simple consequence of the identity

f (@) do (@) = / div(Eu(®)]?) d
§d71 Bd

= | @ @P +u@In® + Eu@on@nds. G

Using this, it is easy to see that

Il < [ b @@ ds+ [ du@du@do@)+ [ ) dotw)
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forallu e C oo(@d). Similar bounds imply the first inequality in (3-4). Another consequence of (3-5) is
the trace theorem, which asserts that

L, w@P do(@) % iy,

for all u € C°(B?); using this, it is straightforward to obtain the second inequality in (3-4). Hence we
obtain the claimed estimates in Lemma 3.3 for all u € C®°(B%) x C*°(B¢) and, by density, we extend
this to all of H. O

Now we turn to proving Proposition 3.1. As the first auxiliary result, we have the following dissipation
property of L.

Lemma 3.4. Letd € {7,9} and k > 3. Then
Re(Lu|u)y, <—3lul3,
forallu € D(L).

The proof is provided in the Appendix. To apply the Lumer—Phillips theorem, we also need the
following density property of L.

Lemma 3.5. Let d € {7,9} and k > 3. There exists A > —% such that ran(A — i) is dense in Hy,.

Proof. Let d € {7,9} and k > 3. We prove the statement by showing that there exists a A such
that, given f € Hy and ¢ > 0, there is some f; in the e-neighborhood of f for which the equation
(A— i)u = f, admits a solution in D(Z ). First, by density, there is f € C°°(B?) x C*°(B?) for which
If - S ek @ays qh—1 @ay < 1. Then, for n € N, we define f, := (f1,n, f2,n) with

n n
fin=2Y Pcfi and forn=3" Pif,
=0 =0

where the P, are the projection operators defined in (1-22). Furthermore, according to (1-23) there exists
an index N € N for which || fx — f || gk @a)x mrr—1(@ma) < %8. It is therefore sufficient to consider

A—Lyu= fy (3-6)
and produce a solution u € D(Z ). First, we rewrite (3-6) as a system of equations in ¥ and us:

—(87 —E'8)8;0;u1(8) + 2+ 3E du1(§) + A +3) (A +2u1 (§) = gn (§), (3-7)
u2(€) = £ 0iu1 (§) + (A + Dur () — f1,n (8), (3-8)

where

gnE) =09 finE)+ A +3) finE) + fon ().

We now treat the case d = 9, for which we choose A = % With this choice, (3-7) reads as

—(8 —€'£7)0;0ju1 (§) + 11§ 1 (€) + Fu1(§) = gn (§). (3-9)
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Note that g is a finite linear combination of spherical harmonics, and this allows us to decompose
the PDE (3-9) which is posed on B? into a finite number of ODEs posed on the interval (0, 1). To this
end, we switch to spherical coordinates p = |§] and w = &/|&|. In particular, the relevant differential
expressions transform in the following way:

£10;u(6) = pd,u(pw).
§7670:0,u(§) = p*3zu(pw),
O du(E) = (af, + %ap + p—leis)u(pw).
Consequently, (3-9) becomes

8 99 1
(—(1 — a2 + (—; + llp) 0p+ = — ;Aig)u(,ow) = gn (pw). (3-10)

Now we take the decomposition of the right-hand side of (3-10) into spherical harmonics:

N
gn () =" > gem(P)Ye,m(®)

L=0me2y

for some gy ,, € C*°[0, 1]. Then by inserting the ansatz

N
ur(p®) =Y > g m(p)Yem(@) (3-11)

L=0mey

into (3-10), we obtain the system of ODEs
8 LL+7 | 99
(—(1 —p?)02 + (—; + 11/0) dp + 2 Sy ug,m(P) = ge,m(p) (3-12)

for £ =0,...,N and m € Q. For later convenience, we first set vy ,,(p) = p3ug,m(p) and thereby
transform (3-12) into

2 L+ +3
(—(1 — )35+ (—; + 5P) dp + H;# + %)W,m(ﬂ) = 0°ge,m(p)- (3-13)

Then, by means of a further change of variables vy ,(p) = p£+3wg’ m(p?), we turn the homogeneous

version of (3-13) into a hypergeometric equation in its canonical form:

z(1 —z)wg’m(z) +(c—(a+b+ 1)z)w2’m(z) —abwy ,(z) =0, (3-14)
where
a=109+4+20), b=a+1=%111+20., and c=2a=31(09+20).

Equation (3-14) admits the two solutions

¢0,g(z):2F1(a,a+%,2a,z) and ¢1,g(z):2F1(a,a+%,%,1—z),
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which are analytic around z = 0 and z = 1, respectively; see [DLMF 2010]. In fact, the functions ¢ ¢
and ¢; ¢ can be expressed in closed form as

1 2\t
Po.tle) = m(1+m) ’

1 S+ 1 2+t
no-v=((=) (=) )

see [DLMF 2010, pp. 386-387]. Now by undoing the change of variables from above, we get solutions

Yeo = p£+3¢0,g(p2) and Yy ; = p£+3¢>1,g(p2) to the homogeneous version of (3-13). Furthermore,
the Wronskian is W (v ¢, ¥1.¢)(p) = C¢(1 — 0%)~3/2p=2 for some nonzero constant Cy. Then, by the
variation of constants formula we obtain a solution to (3-13) on (0, 1):

B ! Vie,1(s) 5284, m(s) P Vie,0(s) 5284,m(s)
) = —Veal0) [ e a0 [ e

1 p
= —Yeop) / Vet ()T =Shem(s)ds — Vg1 () /0 VeoOVI=shem(s)ds.  (3-15)
0

where hy ,, € C*°[0, 1]. Obviously vy , € C*°(0,1). We claim that vy ,, € C*°(0, 1]. To see this, we
note that, at p = 1, the set of Frobenius indices of (3-13) is {—% O}. Hence near p = 1, there is another
solution, linearly independent of v/ 1, which has the form (1 — p)_l/ 2104,2 (p), where ¥y , is analytic
at p = 1. Hence

Vieo(p) =ce1Ve1(p) +cg 2% (3-16)

for some constants ¢y 1 and ¢y 5. Now, by letting
1
ni= [ VoGV T=shem() ds
and inserting (3-16) into (3-15), we get
W (p)
Veum(p) = —c a2 / VeIV T=she,m(s) ds
1
e Vea(9) +eeavea ) [ Voo hen(s)ds

0

The second and the third term above are obviously smooth up to p = 1; for the first term, the square root
factors in fact cancel out, as can easily be seen via the substitution s = p + (1 — p)¢, and smoothness of
Vg, m up to p = 1 follows. Consequently, the function u; defined in (3-11) belongs to C (B \ {0}), and
it solves (3-9) in the classical sense away from zero. Furthermore, from (3-15) one can check that uy ,,
and ui,’m are bounded near zero, and hence u; € H'(B?). In particular, u; solves (3-9) in the weak sense
on B°, and since the right-hand side is a smooth function, we conclude that u; € C°(B°) by elliptic
regularity. Consequently, 1 € C°(B®), and therefore u, € C*°(B°) according to (3-8). In conclusion,
= (U1,uUp) € D(Z) solves (3-6).
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For d =7, the same proof can be repeated by choosing A = % Namely, by taking the decomposition
of the functions into spherical harmonics and by introducing the new variable

Oe,m(p) = P*Ug,m(p),
the problem is reduced to

2 L+3)(L+2)  15)-
(=24 (<2 4 502+ 22 1 i) = e
which is the same as (3-13) up to a shift in £ and the weight on the right-hand side. Hence the same
reasoning applies. O

Proof of Proposition 3.1. Based on Lemmas 3.4 and 3.5, the Lumer—Phillips theorem (see [Engel and
Nagel 2000, p. 83, Theorem 3.15]) together with Lemma 3.3 implies that L is closable in ‘Hpy, and that its
closure Lj generates a semigroup (S (7))r>o for which (3-1) holds. The rest of the proposition follows
from standard semigroup theory results; see, e.g., [Engel and Nagel 2000, p. 55, Theorem 1.10]. O

We conclude this section by proving certain restriction properties of the semigroups (Sg(7))¢>0. This
will be crucial in showing persistence of regularity for the nonlinear equation.
Lemma 3.6. Let d € {7,9} and k > 3. For any j € N, the semigroup (S ;(t))r>0 is the restriction of
(Sk(7))e=0 to Hiy ., Le.,
Sk+j (‘E) = Sk(T)|Hk+j

for all T = 0. In particular, we have the growth bound

_1
ISk (@ ull gi+s @ayxr+i-1@ay Sj e 2" Ul grrs @ayx i +i-1 @)
forallu € Hyy j and all T = 0.

Proof. Let d € {7,9} and k > 3. We prove the claim only for j = 1, as the general case follows from the
arbitrariness of k. The crucial ingredients of the proof are continuity of the embedding H 1 — Hx
and the fact that D(Z ) is a core for both L and Ly . First, we prove that Ly is a restriction of L;
more precisely we show

D(Lr+1)CD(Ly) and Lyyu=Lyu (3-17)

forallu € D(Ly41). Foru e D(i), from the definition of Lz, and Ly it follows that
ueD(Liy)ND(Ly) and Lypiju=Liu=Lu.

Letnow u € D(Lg1). Since (Lg41,D(Lk41)) is closed, there exists a sequence (#,),en C D(Z) such

that

Hi+1 ~ Hi+1
up ——u and Lu, —— Ly qu.

From the embedding Hy 41 — Hj we infer

Hi ~ Hi
u, —u and Lu, — Liiu,
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and by the closedness of Ly it follows that u € D(Ly) and Ly ju = Lzu. Now let A € p(Lg4+1)Np(Ly).
From (3-17) we get that Ry, ,(A) = Rp, ()3 - Now, given u € Hy 1, we get by the Post-Widder
inversion formula (see [Engel and Nagel 2000, p. 223, Corollary 5.5]) and the embedding Hj 41 — Hi
that, for every t > 0,

S =t [, (2)] 0=t [0, (2= s

T n—00

This proves that (Sg+1(7))r>o0 is the restriction of (Sk (7))r>0 to Hg 1. As aresult, from Proposition 3.1
we have

_1
ISk (Dl gr+1@aysmr @y = 1Sk+1(@ull git1@ayxmk @ay S € 2 lull grt1 @ayx ok @a)

forall u € Hy4q1 and all T > 0. O

4. Linearization around a self-similar solution: preliminaries on the structure of the spectrum

From now on, for fixed d € {7, 9}, we work solely in the Sobolev space H¢+1/2(B4) x H@-D/2(Bd),
which we earlier denoted by H(441)/2. To abbreviate the notation, we write

Hi=H@+v/2

We also denote by (S(7))r>0 and L : D(L) C H — H the corresponding semigroup (Sk(7))r>0 and
its generator Ly, respectively, for k = %(d +1).

With an eye towards studying the flow near the orbit {U, : a € R?} — see the section on page 628 —
in this section we describe some general properties of the underlying linear operator

T / /A 0
L+L, L,u:= (Vaul ,
where
Va(§) :=2Uq(8), (41
with U, given in (1-12).
Remark 4.1. We emphasize that the results of this section apply to any smooth V : BY — R that

depends smoothly on the parameter a. Obviously, such potentials arise in the linearization around smooth
self-similar profiles.

Proposition 4.2. Fix d € {7,9}. For every a € R?, the operator L 7. H — H is compact, and the operator
a:=L+L),, DWLy):=D(L)CH—>H,

generates a strongly continuous semigroup S, : [0, 00) — B(H). Furthermore, given § > 0, there is K > 0
such that

[La— Lpll < Kla—b|
foralla,b e @g
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Proof. The compactness of L/, follows from the smoothness of ¥, and the compactness of the embedding
H@+D/2gdy s g@-1/2(Bd) The fact that L, generates a semigroup is a consequence of the
bounded perturbation theorem; see, e.g., [Engel and Nagel 2000, p. 158]. For the Lipschitz dependence
on the parameter a, we first note that by the fundamental theorem of calculus we have

1
Val®©)=Vol®) = @ =) [ 0, Ve @) ds (42)
for a(s) = b + s(a —b). This implies that, given § > 0, we have

1Va = Vol g gay <k la =Dl (4-3)
foralla,b € BY. In particular,
1Va = Vpllw@-1/2.00gay < |la—b,
and we thus have
|(Va = Vo)ullga-nr2@ay < la—blllull ga-nr2@gay < la —blllull ga+n/2@ay
for all u € C°°(B?) and all a, b € B¢, which implies the claim. O

Next, we show that the unstable spectrum of L, : D(L,) C H — H consists of isolated eigenvalues
and is confined to a compact region. This is achieved by proving bounds on the resolvent and using
compactness of the perturbation.

Proposition 4.3. Fix d € {7,9}. Let ¢ > 0 and § > 0. Then there are constants k > 0 and ¢ > 0 such that
[RL, M) =c (4-4)

foralla € @g and for all A € C satisfying Re A > —% + e and |A| > k. Furthermore, if A € 0(Lg) with
Re A > —%, then A is an isolated eigenvalue.

Proof. Let A € C with Re A > —%. Then Proposition 3.1 implies that A € p(L), and we therefore have the
identity
A—Lg=[1—L,Rp(AM)](A—L). (4-5)

In what follows we prove that, for suitably chosen A, the Neumann series Y po oL, RL (M)]F converges.
According to (4-5), this yields

RL, () =Rr() Y [L,RL W],
k=0

and then (4-4) follows from Proposition 3.1. First, observe that, given § > 0, we have
ILeRL ) [N = IVa[RL Q) flillga—vr2@e S NRLA) flillga-v2@as (4-6)

foralla € @g and all f € H. Now, given f € H,letu = Ry (1) f. Since (A — L)u = f, from the first
component of this equation, we get

E19ju1(8) + (A +2u1 (§) —ua(§) = f1(§)
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in the weak sense on the ball BY. Consequently,

a1 ”H(d*‘)/Z([Bd) < M—(||“1||H(d+1>/2([3d) + ||M2||H(d*”/2(Bd) + 1A ||H(d*1>/2([a;d))-

+2|

Then Proposition 3.1 implies that, given ¢ > 0,

IR ) fhillga-vr2@ay S AT ARLA) S+ 1LD S IATHA
for all A € C with Re A > —% + ¢ and all f € H. Together with (4-6), this gives

ILGRL ) SIS AL,

and the uniform bound (4-4) holds for some ¢ > 0 when we restrict to |A| > « for suitably large «.
The second statement follows from the compactness of L/,. Indeed, if Re A > —% then A € p(L), and
according to (4-5) we have that A € 0(L,) only if 1 — L/ Ry (1) is not a bounded invertible operator,
which is equivalent to 1 being an eigenvalue of the compact operator L/, R (1), which according to (4-5)
implies that A is an eigenvalue of L,. The fact that A is isolated follows from the analytic Fredholm
theorem (see [Simon 2015, Theorem 3.14.3, p. 194]) applied to the mapping A — L/, Ry (1) defined on
H_1p={A€C:Red>—1}. O

Remark 4.4. The previous proposition implies that there are finitely many unstable spectral points of L,
i.e., the ones belonging to H := {A € C:Re A > 0}, all of which are eigenvalues. This can actually be
abstractly shown just by using the compactness of L/ ; see [Glogi¢ 2022, Theorem B.1]. We nonetheless
need Proposition 4.3 as it allows us later on to reduce the spectral analysis of L, for all small @ to the
case a = 0; see Section 5C.

Note that the eventual presence of unstable spectral points of L, prevents decay of the associated
semigroup (S, (7))r>0 on the whole space . What is more, since L/, is compact, a spectral mapping
theorem for the unstable spectrum holds (see [Glogi¢ 2022, Theorem B.1]), and hence eventual growing
modes of (S;(7))r>0 are completely determined by the unstable spectrum of L, and the associated
eigenspaces. Therefore, in what follows we turn to spectral analysis of L. First, we show an important
result which relates solvability of the spectral equation (A — L,)u = 0 for a = 0, A € H, to the existence
of smooth solutions to a certain ordinary differential equation. We note that, for a = 0, the potential V, is
radial; more precisely,

Vo(§) = 2Uo(§) = 2U(|§]) =: V(I§D.
with U given in (1-5).

Proposition 4.5. Fixd € {7,9}. Let A € CwithRe A > 0. Then A € 6(Ly) if and only if there are £ € Ny
and f € C®°[0, 1] such that

d—1
TGS ()i= (1= 1)+ (2 =20+ 39) 0

—Qx+m@+a+f@%§1§—vwﬁﬂm=o 4-7)

forall p € (0,1).
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Proof. Let A € HN o(Ly). By Proposition 4.3, A is an eigenvalue, and hence there is a nontrivial
u € D(Ly) satisfying (A — Lo)u = 0. By a straightforward calculation, we get that the components
and u» satisfy the equations

—(7 —£'€)00,u1 () + 20+ 3 ur(§) + A+ DA+ D1 (§) —Vo®ui®) =0 (@-8)
and

ur(£) = £ 0;u1(8) + (A +2)u1 (£) (4-9)

weakly on BZ. Since u; € H@+TD/2(B4), we get by elliptic regularity that u; € C°(B%). Furthermore,
we may take the decomposition of 1 into spherical harmonics:

w© =33 (u1<|s|-)|Ye,m)Lz(§d-1>Ye,m(é—|) = Y wem Ve, @10)

L=0mey {=0me2y

where p = |&| and w = &/|€|. To be precise, the expansion above holds in Hk(B‘li_é) for any k € N
and € > 0; see (1-22) and (1-23). Since the potential Vy is radially symmetric, (4-8) decouples by means
of (4-10) into a system of infinitely many ODEs:

T Mg m(p) =0, (4-11)

posed on the interval (0, 1), where the operator 72(‘{)()\) is given by (4-7). Since u; is nontrivial,
there are indices £ € No and m € 4 such that uy_,, is nonzero and satisfies (4-11). Furthermore,
since u; € C®(B4) N H@+D/2(B4), we have that ugm € C*[0,1) N H(d+1)/2(%, 1). Now we
prove that uy ,, is smooth up to p = 1. Note that p = 1 is a regular singular point of (4-11), and the
corresponding set of Frobenius indices is {0,2 — A} when d = 9, and {0, 1 — A} when d = 7. In the first
case, if A ¢ {0, 1,2}, then uy_, is either analytic or behaves like (1 — p)2*near p=1.1f A € {0, 1,2},
then the nonanalytic behavior can be described by (1 —p)? log(1—p), (1—p)log(1—p), or log(1—p). In
each case, singularity can be excluded by the requirement that uy ,, € H 5 (% 1). This implies that uy _,,
belongs to C*°[0, 1] and solves (4-7) on (0, 1). The same reasoning applies to the case d = 7. Implication
in the other direction is now obvious. O

Remark 4.6. Note that Frobenius theory implies that smooth solutions f from Proposition 4.5 are in fact
analytic on [0, 1], in the sense that they can be extended to an analytic function on an open interval that
contains [0, 1]. Consequently, determining the unstable spectrum of Ly amounts to solving the connection
problem for a family of ODEs. We note that the connection problem is so far completely resolved only for
hypergeometric equations, i.e., the ones with three regular singular points, while the ODE (4-7) has six of
them. In fact, their number can, by a suitable change of variables, be reduced to four, but this nonetheless
renders the standard ODE theory useless. Nevertheless, by building on the techniques developed recently
to treat such problems (see [Costin et al. 2016; 2017; Glogi¢ 2018; Glogi¢ and Schérkhuber 2021]),
for d =9, we are able to solve the connection problem for (4-7) and we thereby provide in the following
section a complete characterization of the unstable spectrum of L.
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5. Spectral analysis for perturbations around U, : the case d =9

From now on we restrict ourselves to d = 9.

5A. Analysis of the spectral ODE. In this section we investigate the ODE (4-7) for d = 9, and for
convenience we shorten the notation by letting 7;(4) := 7'6(9) (A), i.e., we have

8 L(L
Te)f(p) = (1= p*) f"(p) + (; a0+ 3)p) (o) ((A )0 +3)+ 8 pﬁ D_ V(p)) £(0).

where the potential is given by
_480(7—p?)
C (4507

Now, in view of Proposition 4.5, given £ € Ny, we define the set

V(p)

Yo = {1 € H: there exists f7(-; 1) € C*°|0, 1] satisfying Tz(1) fe(-;4) =0 on (0,1)}.
The central result of our spectral analysis is the following proposition.
Proposition 5.1. The structure of 3 is as follows:
(1) For £ =0, we have %o = {1, 3}, with corresponding solutions
_ 1=p
(745023

which are unique up to a constant multiple.

Jo(p: 1) and  fo(p;3)

1
(T4 5p2)3

(2) For £ =1, we have X1 = {0, 1}, and the corresponding solutions are

_ p(7-3p?) _ p(77—5p%)
(74 5p%)3 (74 50%)3 "

(3) Foralll > 2, we have %y = @.

JS1(p;0) and  fi(p; 1)

To prove this proposition, we use an adaptation of the ODE techniques devised in [Costin et al. 2016;
2017; Glogi¢ 2018; Glogi¢ and Schorkhuber 2021]. We will therefore occasionally refer to these works
throughout the proof. Also, we found it convenient to split the proof into two cases: £ € {0, 1} and £ > 2.

Proof of Proposition 5.1 for £ € {0, 1}. For a detailed heuristic discussion of our approach we refer the
reader to [Glogi¢ and Schorkhuber 2021, Section 4.1]. Namely, the first step is to transform 7y (1) f(p) =0
to an “isospectral” equation with four regular singular points. For this, we let x = p2, and we define the
new dependent variable y via

-3
f0)=p"(Z+0%) "y
This yields the following equation in its canonical Heun form (see [DLMF 2010]):

v ) 6 a(l, MBE, M)x —q(t, 1)
X

x—1 x_u)y’(X)"i‘ Y= 1) (x— 1) y(x) =0, (5-1)

y"'(x) + (
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. . o, 7 1
with singularities at x € {0, 1, u, 0o}, where u = —z, y(f) = 5(9+2¢), §(A) =1 —1,

a, M) =1 -3+0, BU.A)=i0-4+0),
g 1) = —35(T(A —3) (X + 8) + 70> + (141 + 95)¢).

By Frobenius’ theory, any y € C*°[0, 1] that solves (5-1) on (0, 1) is in fact analytic on the closed
interval [0, 1]. Furthermore, the Frobenius indices of (5-1) at x = 0 are s; = 0 and s, = —%(7 + 2¢4).
Therefore, for every A € C there is a unique solution (up to a constant multiple) to (5-1), which is analytic
at x = 0. Furthermore, this solution has a power series expansion of the form

Yeax) =Y an(,)x", ao(t,A)=1. (5-2)
n=0

To determine the coefficients a,, we insert the ansatz (5-2) into (5-1) and obtain the recurrence relation

any2(l,A)=A,(8, Nay+1(L,A) + By,(£, May (L, 1), (5-3)
where
TAA +9) + 742 + £(8n + 144 4+ 103) + 8n2 + 4(7A + 34)n — 40
Al = (A+9)+ 76~ +£(8n + +103) +8n* + 4(7A + 34)n (5-4)
14(n+2)2¢+2n+11)
and
5(A4+€4+2n—4)(A+L+2n-3)
B,(L, ) = , 5-5
n(t.4) 14(n +2)(2¢ +2n + 11) (5-5)
with the initial condition
a—1(L,A)=0 and ao(l,1)=1. (5-6)

Now, note that A € Xy precisely when the radius of convergence of the series (5-2) is larger than 1. To
analyze this radius, we resort to results from the theory of difference equations with variable coefficients.
Namely, since

lim A,(¢,A)=2 and lim B,({,A) =2,
=0 n—00

the so-called characteristic equation of (5-3) is

and according to Poincaré’s theorem (see, for example, [Elaydi 2005, p. 343], or [Glogi¢ and Schorkhuber
2021, Appendix A]) we have that either a, (£, A) = 0 eventually in n or
ani1(C.A) anr1(C.A)

e T e

[n

To explore this further, we treat cases £ = 0 and £ = 1 separately.

The case £ = 0. First, we observe that in this case there are explicit polynomial solutions for A = 1
and A = 3, given by

Yo,1(x)=1—=x and yo3(x)=1, (5-7)
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respectively. These in turn correspond to fo(-;1) and fo(-;3), stated in Proposition 5.1. So we have
that {I,3} C Xy. We now show the reverse inclusion. Let A € H\ {1, 3}. Since £ = 0, from (5-4) and
(5-5) we have

TAA 4+ 9) + 812 + 4(7A + 34)n — 40 5A+2n—4)A+2n-3
A,(0.0) = A4+9)+8n*+4(7TA + 34)n and Bn(O,)L):(+n YA +2n—3)

14(n+2)2n +11) 14(n+2)2n +11)

Now, note that the assumption that a, (0, A) = 0 eventually in n contradicts the initial condition (5-6), as

follows by backward substitution. Consequently, we have that either

an+1(0v A')
MDA | 5-8
nLHC}o an (O’ k) ’ (5-8)
or ( A)
an+1(0, 5
G104 _ s, 5-9
n—oo a,(0,1) 7 (5-9)

We prove that (5-8) holds, from which it follows that the radius of convergence of the series (5-2) (that is
when £ = 0) is 1, and therefore A ¢ (. To that end, we first compute

a2(0,1) = =L (A —3)(A — 1)(7A% + 1261 + 680)

5544
and
a3(0, 1) = sgomo5z (A —3) (A — 1) (492 + 151913 + 1849422 4 842242 + 46080).
Then we define
az(0, 1)
0,1) 1= ——2,

where the common factor (A — 3)(A — 1) (which is an artifact of the existence of the polynomial solu-
tions (5-7)) is canceled, and consequently, according to (5-3), for n > 2, we let

B,(0,1)
rn(0,1)

To show (5-8), our strategy is the following. For (5-10) we construct an approximate solution 7, (which

rn+1(0’ A) = An (0’ A) + (5'10)

we also call a quasi-solution) for which lim,_,~, 7, (0, A) = 1 and which is provably close enough to r,
so as to rule out (5-9). The quasi-solution we use is
A2 A(4n +9) 2n+2

O = e m D) 2@t m D) Tt -1

We have elaborated on constructing such expressions in [Glogi¢ and Schorkhuber 2021, Section 4.2.2]
and in [Costin et al. 2016, Section 4.1]; one can also check [Glogi¢ 2018, Sections 2.6.3 and 2.7.2].
Concerning (5-11), suffice it to say here that we chose a quadratic polynomial in A with rational coefficients
in n so as to emulate the behavior of r,, (0, A) for both large and small values of the participating parameters.
To show that the quasi-solution indeed resembles 75, (0, 1), we define the relative difference function

m©.A)
Fn(0,0)

84(0, 1) 1=

(5-12)
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and show that it is small uniformly in A and n. To this end we substitute (5-12) into (5-10) and thereby
derive the recurrence relation for §j:

8n(0,4)

8 0,1) =,(0,1) — Cp (0, ) —————, 5-13
n+1(0,4) = €,(0, 1) n( )l+5n(0,)k) ( )
where
Ap(0, )7, (0, 1) + B, (0, 1) B,(0,1)
en(0,0) = — — —1 and C,(0,1) = = ~ . (5-14)
n(0.4) 7 (0, A)Fn41(0, X) n(0.4) 7 (0, A)Fn41(0, X)
We have the following result.
Lemma 5.2. Foralln > 6 and A € H, the following estimates hold:
1 23 5 23

Note that from (5-15) and (5-13), by a simple induction we infer that |5,(0, 1)| < % for all n > 6.
This then via (5-12) and the fact that lim;,— o 7, (0, A) = 1 excludes (5-9), and we are done. It therefore
remains to prove the preceding lemma.

Proof. First we show that for n > 6 the functions 8¢(0, - ), &,(0,-), and C,(0,-) are analytic in H. This,
based on (5-12) and (5-14), follows from the fact that the zeros of 7, (0, - ) and the poles of rg(0, -) are
all contained in the (open) left half-plane. This is immediate for 7, (0, -) as it is a quadratic polynomial
with two negative zeros. As for the zeros of the denominator of r¢(0, A), which is a polynomial of
degree 10, this, although it can be proven by elementary means, can be straightforwardly checked by the
Routh—-Hurwitz stability criterion; see [Glogi¢ and Schorkhuber 2021, Section A.2]. Furthermore, being
rational functions, 86(0, - ), €,(0,-), and Cy (0, - ) are all polynomially bounded in H. Therefore, to prove
the lemma, it is enough to establish the estimates (5-15) on the imaginary axis only as they can be then
extended to all of H by the Phragmen—Lindelof principle (in its sectorial form); see, e.g., [Titchmarsh
1939, p. 177].

In the following we prove only the third estimate in (5-15), as the first two are shown similarly. We
proceed with writing Cy,+6(0, A) (note the shift in the index) as the ratio of two polynomials Py (n, 1)
and P,(n, A), both of which belong to Z[n, A]. Then, for ¢t € R, we have the following representation on
the imaginary line:

P (n.it)? = Q;(n.1?)

for j € {1,2}, where Q1(n,t?) € Z[n,t?] and Qz(n,t?) € Ng[n,t?]. Now the desired estimate is
equivalent to

01(n.1?) 23 \?

02(n.12) ~ (7 10(n+ 6))
which is in turn equivalent to

(50n +139)205(n, t2) — (70(n + 6))>Q1(n, %) > 0.

Finally, the last inequality trivially holds as the polynomial on the left (when expanded) has manifestly
positive coefficients. O
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The case £ = 1. We proceed similarly to the previous case, and we therefore only provide the relevant
expressions. For A = 0 and A = 1, we have explicit polynomial solutions

yl,o(x) = 1—%)6 and J’l,l(x) = 1—7_57x’

respectively, which correspond to f1(-;0) and fi(-; 1) from the statement of the proposition. Therefore
{0,1} C X1, and we proceed by showing that there are no additional elements in X;. Let A € H\ {0, 1}.
For £ = 1, the series (5-2) yields a solution to (5-1), which is analytic at x = 0. According to (5-3),

we have
an+2(1,1) = An(1, Man+1(1, 1) + By (1, )an(1, 1), (5-16)
where
T(A + 1)(A +10) + 812 + 4(7A + 36)n
14(n +2)(2n 4+ 13)
and
A+2n—=3)A+2n-2
Bn(l,)t)zs( +2n—3)(A +2n ).
14(n+2)(2n + 13)
Since
az(1,1) = gaogA(A — 1)(7A% + 1331 + 786)
and
az(1,2) = = A(A — 1)(TA* + 23817 + 32631% + 17828 + 22476),
we define
asz(1,1)
1,A) = ,
A=

where the common linear factors are canceled, and according to (5-16) we define r, for n > 2 by the

recurrence
LA) =An(1,A) + ———.
i (1) = An(12)
As a quasi-solution, we let
A2 (4n+11)A n+1

Fa(1,A) = ,

LA = e IDm s D 2+ DD nta

and analogously to the previous case we define 8,(1,1), e,(1,1), and C,(1,1). Also, by the same
method as above, we establish the following result.

Lemma 5.3. Forn =5, we have |65(1,1)| < % Furthermore, for everyn > 5,

3 5

5
len(1,1)] < 140 + m

5
and |Cyn(1,1)| < 7 _2(n——|—1)

(5-17)

uniformly for all A € H. Consequently, |8,(1,1)] < % for all n > 5 and A € H. This implies
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Proof of Proposition 5.1 for £ > 2. Since the parameter £ is now free, the analysis is more complicated.
Namely, in addition to having to emulate the global behavior in £ as well, a quasi-solution also has to
approximate the actual solution well enough so as to, with an additional parameter £, obey the estimates
analogous to (5-17). We note that a similar problem was treated by the second and the third authors in
[Glogi¢ and Schorkhuber 2021, Sections 4.2.1 and 4.2.2], and we closely follow their approach. First,
we introduce the change of variable x = 12p%/(5p% 4+ 7), by means of which the singular points p = 0
and p = 1 remain fixed, while the remaining finite singularity (which corresponds to p = 00) is now
further away from the unit disk at x = 15—2 Furthermore, by applying also the transformation

A+3

¢ -
f(p)=x2(F-x) % §(x)
to T¢(A) f(p) = 0, we arrive at a Heun equation for y:

y~//(x)+(37(5) n §(A) L€ d(ﬁ,l)ﬁ(f,/\)x—é(f»l)ﬂx)ZO’
X x—1 x—-f x(x—=1D(x—p)

(5-18)

)y”(x) +

where i =12, 5(0) = 1(9+20), M) =A-1, e=3, a) =1(A-3+0), BAO) =LA +11+0),
and
Gl A) = 55 (1762 +2£(55 + 124) — 7A% + 804 — 303).

The Frobenius indices of (5-18) at x =0 are s;1 =0 and s, = —%(7 + 2£). Therefore, we consider the
(normalized) analytic solution at x = O:

o0
F) =) an(. )x", ao(t.)=1. (5-19)
n=0
Inserting (5-19) into (5-18) yields
dnta(l,A) = Ap (€, N)ans1(€, M) + B (£, M)an (L, 1), (5-20)
with
A6 = 68n2 + (481 + 68 + 356)n 4+ TA% + 1742 4 2424 + 1281 4+ 1784 — 15
e 24(n +2)(2n + 20 + 11)
and

—5Qn+A+L+11D)Q2n+A+£—3)

By(L, M) = :
n(6.4) 24(n+2)2n + 20+ 11)
supplied with the initial condition @—; (¢, 1) = 0 and do(£, ) = 1. Now, lim,_e0 An(£, 1) = % and
limy, o0 En 1) = —%, and consequently the characteristic equation of (5-3) is 12— %t + 15—2 =0,
with solutions 71 = % and 1, = 1. Hence, for
. an+1(€,1)
E’ A’ = T~ ) AN 0

either a, (£, A) = 0 eventually in n or
lim 7,(€,A) =1 (5-21)
n—>oo
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or

lim 7,(€,2) = 3. (5-22)

Now, for A € H, similarly to the previous cases, we exclude the first option by backward substitution.
Then, from (5-20), we derive the recurrence relation for 7,

N e En (69 k)
LA)=A4,, )+ —— 5-23
rn-i—l( ) ) n( s )+ fn(ﬁ,k)’ ( )
along with the initial condition ro(£, 1) = A_1 (£, A). For a quasi-solution to (5-23) we use
TA? A(6n + 3£+ 10) 174 n—1

R,(£, Q) := .
A = T D 126+9) T3t )@n 12019 Bt Tntl

Again, for the exact way of constructing such quasi-solutions we refer the reader to [Glogi¢ and Schorkhu-
ber 2021, Section 4.2.2] or [Glogi¢ 2018, Section 2.7.2]. Thereupon we set

~ Fn(l, Q)
Sp(l,2) = 222 5-24
w6 A= @ 624
to obtain N
~ - ~ Sn(€, 1)
8 L,AD)=,,A)—-Crh(l,\)————,
n+1( ) n( ) n( )1+5n(£,/\)
where
AL, )Ry (L, ) + By (L, A ~ Bn (L, A
5,,([,1): I’l( ) ) I’l( ) )+ I’l( ’ )_1 and Cn(g,k): n( )

Ry(L,M)Rp1(L,A)

Now, similarly to the previous cases, we establish the following lemma.

Ry(L, M) Rp1(L, 1)

Lemma 5.4. Forall{>2, n >3, and A € H, the following estimates hold:

53,01 < @@ <L and |Gt )] < S

As a consequence, |§n €, 1)) < % foralln > 3.
From this lemma, (5-24), and the fact that lim,, oo R, (£, A) = 1, we exclude (5-22) and we therefore

have lim, o0 74 (£, 1) = 1. Hence, given A € H, there are no solutions to (5-18) which are analytic
on [0, 1], and consequently X, = @.

5B. The spectrum of L. With the results from above at hand, we can provide a complete description
of the unstable spectrum of L.

Proposition 5.5. There exists wg € (O, %] such that

o(Lo)N{A e C:Red > —wp} ={Ao,A1,A2}, (5-25)

where Ao = 0, A1 = 1, and Ay = 3 are eigenvalues. The geometric eigenspace of A, is spanned by
ho = (ho,1,ho,2), where

ho,1(§) = and  hoo(§) = &£ d;ho,1(8) + Sho,1(£). (5-26)

1
(7 +5[€17)°



646 ELEK CSOBO, IRFAN GLOGIC aND BIRGIT SCHORKHUBER

Moreover, the geometric eigenspaces of A1 and Ay are spanned by {g(k)}k=0 = {(g(()kl), g(()kz))}]9€=0 and
{qOJ )}]9.=1 = {(q((,] 1) , q(()Jz))}g.’:l, respectively, where we have in closed form
1—§?
g1 (&) = T 2o (&) = E10i g1 () + 3851 (£).
& (77 5[¢P) 20
861©) =5 gy 026 = £ 0} ©) + 3¢5 ©)
for j=1,...,9aswell as
T(1-31EP)
4516 = % nd qg5(6) = &' 01457} (6) + 241 ©). (5-28)

Remark 5.6. Recall that U, solves the stationary equation LU, + F (U,) = 0. By the chain rule we get,
foranyk =1,...,d,
(L+ F'(Uy))3,4U; = Lgd,kU, = 0.

This implies that d « U, is an eigenvector of L, with eigenvalue A = 0. In particular, a direct calculation
shows that g5/) (§) = 94 Ua(§)la=o-

Proof. From Propositions 4.3, 4.5, and 5.1 we deduce the existence of wg € (0, %] for which (5-25) holds.
To determine the eigenspaces, we do the following. First, in view of Proposition 5.1, if A = 3 then £ =0,
and setting uo,1(0) = (7 + 5p%) 2 in the expansion (4-10) yields (5-26). If A = 1, then either £ = 0 and

uo,m = fo(-;1),ord=landuy n = fi1(-;1),form=1,...,9. Since we can choose Y1, (®) = Cnwm
form=1,...,9, these yield (5-27). For A =0, we have { = 1 with 1, = f1(-,0), which similarly
leads to (5-28). O

In what follows, we prove that for each unstable eigenvalue the geometric and the algebraic eigenspaces
are the same. To this end, we define the associated Riesz projections. Namely, we set

1 1 1
Hy:=— Rp,(A)dA, PO::T Rp,(A)dA, and Qo:=-— Rp,(A)dA,

2ri Jy, i Jy, 21i Jy,
where y;(s) = A; + %woezms fors€[0,1] and j =0,1,2.
Lemma 5.7. We have
dimran Hy =1, dimran Py =10, and dimran Qo =29.

Proof. We start with the observation that the ranges of the projections are finite-dimensional. Indeed,
A; would otherwise belong to the essential spectrum of Lg (see [Kato 1976, Theorems 5.28 and 5.33])
which coincides with the essential spectrum of L (since L is a compact perturbation of L), but this is in
contradiction with (3-2). Now we show that dimran Py = 10. We know from properties of the Riesz
integral that ker(Log — A1) C ran Py. We therefore only need to prove the reverse inclusion. First, note
that the space ran Py reduces the operator L, and we have

U(L0|ran Po) = {1};
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see, e.g., [Hislop and Sigal 1996, Proposition 6.9]. Consequently, since Py is finite-rank, the operator
1 — Lo|an P, is nilpotent; i.e., there is m € N such that (1 — Lo|an p,)™ = 0. Note that it suffices to show
that m = 1. We argue by contradiction, and hence assume that m > 2. Then there is u € D(L) such that

(1—=Lolu=v
for a nontrivial v € ker(1 — Lg). This yields for u; the elliptic equation

—(87 —&'61)0;0;11(§) + 20 + 3)E 911 () + (A +3) A+ 2Jur (§) = Vo)1 (§) = F(§). (5-29)
where A = 1 and

F(§) =& 8;v1(6) + (A +3)v1 () + v2(8).

(0) (k

.. ,gOQ)) we have that v = Zk 02 &0 ) for some ao,...,09 € C,
not all of which are zero. To avoid cumbersome notation we let g = g(()kl) . In the new notation, based on
(5-27), we have

Since v € ker(1 — Lo) = span(g,

9

FE) =) (28 0gi g + 7x)-
k=0

Furthermore, according to Proposition 5.1 we can rewrite F in polar coordinates as

9
F(pw) = a0 (2pf3(p) + Tfo(p)Yo,1(@) + Y _ i (2pf{(p) + Tf1(p) Y1, (),
i=1
where we write fo = fo(-;1) and f1 = f1(-;1). By taking the decomposition of u; into spherical
harmonics as in (4-10), (5-29) can be written as a system of ODEs:

To(Dug,1 = —apGo. Ti(Duyj =—a;Gy, j=1,...,9, (5-30)

posed on the interval (0, 1), where G; (p) = 2pf/(p) + 7fi(p) for i =0, 1. Moreover, from the properties
of uy, we infer that uy_,, € C*°[0,1)N HS(%, 1), and by the Sobolev embedding we have uy _, € C2[0, 1].
To obtain a contradiction, we show that if some o is nonzero then the corresponding ODE in (5-30) does
not admit a C2[0, 1] solution. To start, we assume that g # 0. For convenience, we can without loss of

generality assume that g = —1. Then ug,; solves the ODE
8
(1= P () + (5 =80)'(p) ~ (12— V(p))u(p) = Gop). (5-31)
where 4 )
50" —102p~ + 49
G =
O(IO) (7 + 5p2)4
Note that
_ ,02
ui(p) = fo(p) = 13527
is a solution to the homogeneous version of (5-31), and by reduction of order we find a second solution:
1—p? P (74 552)8
_ — ds.
v2(p) = (p) / /25 7 = 5 /1/2 =52
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Furthermore, a simple calculation yields

uz(p) > p~7 as p—>07F
and
uz(p) =864 —3456(1—p)In(1—p)+ O(1—p) as p—1". (5-32)

With the fundamental system {u 1, u»} at hand, we can solve (5-31) by the variation of parameters formula.
Namely, we have

u(p)_clul(p)+c2u2(p)_ul()/ Md ny ()/ ul(s)G(;gs)s "

for some constants ¢y, ¢, € C. If u € C 2[O, 1], then ¢, must be equal to zero in the above expression,
owing to the singular behavior of u,(p) near p = 0. Then by differentiation we obtain, for p € (0, 1),

8 8
() = cut )=o) [ ZIE sy [T DD g

1—s2

Now we inspect the asymptotic behavior of u’ as p — 17. We first note that »/ is bounded near p = 1.
Furthermore, note that

L1 (5)Go(s)s® L2 d[s7(1—5%)? 1 s8(1—52)
/ —ds:/ < ds=—2/ sU=s) ¢
0 1—s2 o 1—s2ds| (7+552%)° o (7+5s2)6

for some C > 0, which can be calculated explicitly, and C < 4 x 10~8. Hence, based on (5-32), we have

0
uy(p )/ MI(S)GO(S)S ds ~—3456 CIn(1—p) as p— 1"

Moreover,

G 1
—u’(p )/ MZ(S) O(S)S ds ~ @ln(l—p) as p— 1.

Finally, we infer that the two integral terms cannot cancel, and thus

u'(p) ~In(l—p) as p—1".

In conclusion, there is no choice of ¢; and ¢, for which u belongs to C2[0, 1].
We similarly treat o; for j € {1,...,9}. It is enough to consider just o1, and without loss of generality
assume that oy = —1. Then (5-30) yields the ODE

8 8
(= )" (p) + (; - 8p)u/(p) - (12 + - V(p))u(p) — G1(o). (5:33)
where 5 .
_ p(4851 —1610p~ —25p")
Gl(p) - (7 + 5p2)4
Note that
p(77—5p?)

ui(p) = f1(p) = 4527
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is a solution for the homogeneous problem. Similarly as above, we obtain another solution by the reduction

formula
_p(77=5p) (P (T+ 552)6

s ul(s)2 (T+5p2)3 )y s10(77 —55)2

us(p) = 1 (p) f ds,

and by inspection of the integral we get u5(p) ~ p~® near the origin and u5(p) ~ 1 — p near p = 1. Now,
the general solution of (5-33) on (0, 1) is given by

uz(S)Gl(S)S ds +u2(p) /Op Ml(S)fl(ZS)SS

u(p) = cru1(p) + caus () — 1 (o) / ds.  (5-34)

Assumption that u belongs to C2[0, 1] forces ¢, = 0 above, due to the singular behavior of u, at p = 0.
Furthermore, from the last term in (5-34) we see that u’(p) ~ In(1 — p) as p — 17. In conclusion, (5-33)
admits no C?20, 1] solutions, and this finishes the proof for Py.
The remaining two projections are treated similarly, so we omit some details. For Hy we obtain the
analogue of (5-29) with
F(§) = 28" 0;ho,1(§) + 11h0,1(£).
This leads to the ODE

(1= 0" (p) + (% —12p)u'(p) = (30— V(p))u(p) = H(p) (5-35)
for 5
715
Hp) = 75

The argument, similarly as above, reduces to showing that (5-35) does not admit C2[0, 1] solutions. By
Proposition 5.1, we have that u1(p) = (7 + 5p%) 3 solves the homogeneous variant of (5-35), with the
reduction formula yielding another solution

ds 1 /P (7 + 55%)°
SA—s22u1(5)2  (7+50%)° 1/2 s8(1—s2)2

Note that u, is singular at both p = 0 and p = 1; more precisely

uz(p) = u1(p) / ds. (5-36)

ur(p) ~p~’ as p—0* and ur(p)~(1—p) ' as p—>1-.

With %, and u; at hand, the general solution of (5-35) on the interval (0, 1) can be written as

u(p) = c1ur (p) + catiz(p) 1 (o) /O " (1= 525" H(s)us(s) ds + (o) /0 (1= 5258 H(s)ur (5) ds.

where the parameters ¢y, cp € C are free. The assumption that u is bounded near p = 0 forces ¢; to
equal 0. Note that the first and the third term in (5-36) are bounded near p = 1. However, due to the
singular behavior of u,, the last term is unbounded near p = 1, owing to the integrand being strictly
positive on (0, 1). In conclusion, the general solution u in (5-36) is unbounded on (0, 1).

Finally, for Q¢, we have

9
FE) =) ;26 8iq5 1 (6) + 505 ,(5)),

Jj=1
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and the accompanying analogue of (5-31) is

8 8
(1—p*)u"(p) + (; — 6p)u’(p) — (6 T V(p)) = 0(p).

where s s
15p°> — 4060~ 4 343p
Q(p) = Na
(7+5p?%)
A fundamental solution set to the homogeneous version of the above ODE is given by
p(7—3p?) / 1—s?
= "° - d = ——ds,

and therefore any solution to it on (0, 1) can be written as

Puz(s)Q(s)s 8d s )/"ul(S)Q(S)S

u(p) = v (o) + caun(p) = () [ *HUEY s

for a choice of ¢, ¢, € C. Again, by similar asymptotic considerations as above, we infer that u”
necessarily unbounded on (0, 1), and this concludes the proof. O

5C. The spectrum of L, for a # 0. We now investigate the spectrum of L,. In particular, by a
perturbative argument we show that, for small a, an analogue of Proposition 5.5 holds for L, as well.

Lemma 5.8. There exists §* > 0 such that, for all a € B}, the following holds:
o(Lg)N {)L €C:ReA>—3 } = {Ao, A1, A2},

where wq is the constant from Proposition 5.5 and Ay = 0, A1 = 1, and A, = 3 are eigenvalues. The
geometric eigenspace of Ay is spanned by hg = (ha,1,hqa,2), where

v, a)
(12y(§.a)* + 5> - 5)°

ha,1(€) = and  ha2(E) = & 0jha1(€) + 5ha1(§).

Moreover, the geometric eigenspaces of Ao and A are spanned by { g(k) }k=0 = {(gt(lki g((lkg)}?(_o and

{qa])}jg-=1 = {(qc(ljl), qc(zjg)}9~=l, respectively, where
21
B0 = (e e £ 0©) = 3,800 +3:0©).
72y(E,a)? +5—5|E|%)0q, v (£,
e = IO ORI ED e = 060 + 3616
and

4)(6) = 0, Ua(®) and q)() =£8;4%)(&) +245) ().

Additionally, the eigenfunctions depend Lipschitz continuously on the parameter a, i.e.,

ha —holl + 1 — P+ 145 =) S la—b]
foralla,be@%.
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Proof. Let ¢ = —%a)o + % and 6 > 0. Then take « defined by Proposition 4.3, and introduce the sets

QZ{ZGCIRCZE—%Q)O and |Z|§K}
and
Q={Z€C:Rezz—%a)o}\§2.

Note that Proposition 4.3 implies that QC p(Lg) foralla € @g. Hence we only need to investigate the
spectrum in the compact set €2. First, note that by Proposition 4.3, the set €2 contains a finite number
of eigenvalues. By a direct calculation it can be checked that qc(,j ), gc(lk), and h, are eigenfunctions that
correspond to Ag =0, A1 =1, and A, = 3, respectively. Note that we get the explicit expression above
simply by Lorentz transforming the corresponding eigenfunctions for ¢ = 0. We now show that there are
no other eigenvalues in €2. For this, we utilize the Riesz projection onto the spectrum contained in €2;
see (5-39). This, however, necessitates that 02 C p(L,), and we now show that this holds for small

enough a. First, note that for A € Q2 we have the identity
A=La=[1-(Lg=Lo)Rr,(MIA ~Lo). (5-37)
Then, from Proposition 4.2, we have

IL, = Lol RL, M| < la| max [|[Rp,(A)]|
A€

foralla € Bg. Therefore, there is small enough §* > 0 such that
ILe = Lol RL, (M1l < 1 (5-38)

for all 1 € 9Q and all a € BY,. Now from (5-38) and (5-37) we infer that Q2 C p(L) for all a € B,
Thereupon we define the projection

T,= L Ry (M) dA. (5-39)

21wi Jayq “
For a = 0, by Lemma 5.7 the rank of the operator T, is 20. Furthermore, continuity of a — Rp (L)
(which follows from (5-37)) implies continuity of a — T, 2 on @g*. Thus, we conclude that dim ran T, a =20
forall a € @g*; see, e.g., [Kato 1976, p. 34, Lemma 4.10]. By this, we exclude any further eigenvalues.
Lipschitz continuity for the eigenfunctions follows from the fact that they depend smoothly on a; see
(4-2) and (4-3). O

6. Perturbations around U,: bounds for the linearized time-evolution
We fix §* > 0 as in Lemma 5.8 for the rest of this paper. In this section we propagate Lemma 5.7 to L.
For that, given a € @2*, we define the Riesz projections
1

1 1
Hy:=-— | Rp,(M)dA, Py:=-— | Rp,(MdA, and Qu:=-— | Rp,(V)dAr,
27i J,, 2wi Jy, 271 Jy,

where y;(s) = A; + %woezﬂis for s € [0, 1].
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Lemma 6.1. We have

ran H, = span(h,), ran P, = span(gt(lo), . ,gtgg)), and ran Q, = span(q(l) ...,qég))

a
for all a € BY,.. Moreover, the projections are mutually transversal,
H,Py=PHs =HyQa=QaHy=QaPa=PiQa=0,
and depend Lipschitz continuously on the parameter a, i.e.,
|Hy — Hp|| + | Pa — Pyl + [|Qa — @bl < la — b
foralla,b e B2,.

Proof. The Riesz projections depend continuously on a, hence the dimensions of the ranges remain the
same. Transversality follows from the definition of Riesz projections. The Lipschitz bounds follow from
the second resolvent identity and Proposition 4.2. O

Since P, and Q, are finite-rank, for every f € H, there are a¥ € C and 8/ € C such that

9 9
P,f = Z okg® and Q.f = Z Bl g
k=0 j=1
We thereby define the projections
PO fi=ake and 01 :=p/qY.

Clearly, the projections satisfy the identities

9 9
=Y PE. Q=Y 0 wd  BOPY =90 ol =0
k=0 j=1

We also define
T,.=1-H,—P,—Q,.

By Lemma 6.1, we have that T, is Lipschitz continuous with respect to a and the projections T,, H,,
Pa(k), and QE/ ) are mutually transversal. Moreover, the Lipschitz continuity of Q, and P, with respect
to a implies

109 -0V <la=bl. j=1....9, and [P®—P®|<la—b|. k=0....0,
foralla,b e @g*. We now describe the interaction of the semigroup (S,(7)):>0 with these projections.
Proposition 6.2. The projection operators H, Pék), and Q f,j ) commute with the semigroup S, (1), i.e.,

[Sa(2). Ha] = [Sa(0). P{OT = [Sa(r). 01 = 0 (6-1)
forj=1,...,9, k=0,...,9,and t > 0. Furthermore,

Sa()H, = > H,, Sy(0)PP =e™P® . and  S,(1)QY) = @), (6-2)
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and there exists w > 0 such that
[Sa(0)Tau|| S e || Toull (6-3)

forallueH, a e B2., and T > 0. Moreover, we have
18a(0) T — Sp ()Tl S e “Fla—b] (6-4)
foralla,b e @§* and T > 0.

Proof. Equation (6-1) follows from the properties of the Riesz projections H,, P,, and Q. In particular,
they commute with S,(7), and this yields, for example, that

PPS, (=P, PPS,(t)u=PPS,Py(t)u=e"PPPu=S,1)PFu.

Equation (6-2) follows from the correspondence between point spectra of a semigroup and its generator.
Equation (6-3) follows from Gearhart—Priiss theorem. More precisely, we have that ran T, reduces
both L, and S,(7), and furthermore

Ry, .1, (A) exists in {z €eC:Rez> —%a)o}
and is uniformly bounded there, i.e., according to Proposition 4.3 there exists ¢ > 0 such that

||RLa|ranTa ()L)” S ¢

for all Re A > —%a)o and all a € B}, . Hence, by the Gearhart—Priiss theorem (see [Engel and Nagel 2000,

p- 302, Theorem 1.11]), for every € > 0, we have
(%0 _
1Sa () leant, || Se e (F70) (6-5)

forall a € Bg* and 7 > 0. From here (6-3) holds for any @ < %wo. We remark in passing that (6-3) also
follows from purely abstract considerations; see [Glogi¢ 2022, Theorem B.1]. Finally, to obtain (6-4) we
do the following. First, for u € D(L,) we define the function

Sa(D)Tau — Sp(0)Tpu

P, () =
a,b( ) |a — b|
Note that this function satisfies the evolution equation
L,T,— LT,
0:Pg,p(7) = LaTa®Pq,p(7) + %Sb (D) Tpu
with the initial condition
Tou—Thu
D p(0) = ———,
|a — bl

and therefore by Duhamel’s principle we have

Tou—Thu L,T,— LT,
cDa,b("l'):Sa("/')Ta z %

e Sy(t)Tpu dt'.
@] p(T)Tpu dt

T
+/ Sa(t—1)T,
0
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Now, from Proposition 4.2 and Lemma 6.1, we get

|LaTq — LpTy| < la—Db|,

and from this and (6-5) we obtain
[ _(%0 _
10450 S e 271 + 1) ul s e (272 |ul).

By choosing ¢ > 0 such that w = %a)o —2¢ > 0, we conclude the proof. O

7. Nonlinear theory

With the linear theory at hand, we turn to studying the Cauchy problem for the nonlinear equation (2-9).
Following the usual approach of first constructing strong solutions, we recast (2-9) in an integral form
a la Duhamel,

(1) = Sao (1) P(0) +/0 Sa0e (1 =0)(Ga(0) (P(0)) = do Us(s)) do (7-1)

(where (Sq.,(7))c>o0 is the semigroup generated by L,__), and resort to fixed-point arguments. Our aim
is to construct global and decaying solutions to (7-1). An obvious obstruction to that is the presence of
growing modes of S,__ (), see (6-2), and we deal with them in the following way. First, we note that the
instabilities coming from Q. and P, are not genuine, as they arise from the Lorentz and space-time
translation symmetries of (1-1).

We take care of the Lorentz instability by modulation. Namely, the presence of the unstable space
ran Q,__ is related to the freedom of choice of the function a : [0, 00) > R? in the ansatz (2-8), and,
roughly speaking, we prove that given small enough initial data ®(0), there is a way to choose a such
that it leads to a solution ® of (7-1) which eventually (in t) gets stripped of any remnant of the unstable
space ran Q,__ brought about by initial data.

With the rest of the instabilities, which cause exponential growth, we deal differently. Namely, we
introduce to the initial data suitable correction terms which serve to suppress the growth. Also, as
mentioned, the unstable space ran P,__ is another apparent instability as it is an artifact of the spacetime
translation symmetries, and we use it to prove that the corrections corresponding to P,__ can be annihilated
by a proper choice of the parameters xo and 7', which appear in the initial data ®(0); see (2-6). The
remaining instability, coming from H,__, is the only genuine one, and the correction corresponding to it
is reflected in the modification of the initial data in the main result; see (1-16).

To formalize the process described above, we first make some technical preparations. For the rest of
this paper, we fix w > 0 from Proposition 6.2. Then, we introduce the function spaces

X:={®eC(0,00),H):||®||x <oo}, where ||®|r:=supe®?||P(7)],
>0
and

X :={aeC'([0,00),R%) :a(0) =0, ||a|x <oo}, where |al|x :=sup[e®*|a(x)|+ |a()]].

>0
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For a € X, we define
doo := lim a(7).
T—>00

Furthermore, for § > 0, we set

Xy = {DeX:|D|r<8 and Xj:= {a € X : sup[e®Tla(z)|] < 5}.

>0

To ensure that all terms in (7-1) are defined, we must impose some size restriction on the function a.
Note that it is enough to consider a € X for § < §*w, as then |a(7)| <§/w < §* for all T > 0. We will
also frequently make use of the inequality

o0

laoo —a(z)| < / la(o)|do < ge_m. (7-2)

Furthermore, note that, for a, b € Xg and T > 0, we have |a(t) —b(7)| < ||la —b||x; in particular, we have
|@oo —bool < la —b|x.

7A. Estimates of the nonlinear terms. With an eye toward setting up a fixed-point scheme for (7-1), we
now establish necessary bounds for the nonlinear terms. Namely, we treat

Gu)(P(1) = [Lyyy — Ly JO(0) + F (2(1)).
Lemma 7.1. Given § € (0,5*w), we have

IGa(e)(P(7)| S 82727, 13
1Ga(2)(®(1) — Gp(oy (W (D) || < 8e 27 (| D — ¥ x + lla —bllx)
forall ®,V € Xs, a,b € Xg, and T > 0, where the implicit constants in the above estimates are absolute.
Proof. First, since H>(B?) is a Banach algebra, we have that
luf = v}l gragey < lux +villgsllur —villgs.
and hence

IF (u) = F ()| < ([l + lo]D)]lu— vl (7-4)

for all u,v € H. Next, we prove the second estimate in Lemma 7.1, as the first one follows from it.
From (7-4), Proposition 4.2, and inequality (7-2), we obtain

IF (®(2)) = F (¥(2)]| < 8727 — W,

, : o (7-5)
L}y — Lo J(@(@) =W ()| S 87270 — W2

for &, ¥ € X5 and a € X. Furthermore, using the fact that

Voo (€) — Vo) () = / 05 Va(sy () ds = / i* (5)Patsy 1 &) ds. (7-6)
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with ¢, 1 (§) = 0,4« Va(§), together with the smoothness of ¢, i, we infer

1L,y —Lo -y =Ly Dull S lurllgamo / 16 (5)@a(s) i €)—BX () @b (5),k (€) | ws.00 o) ds
< Ml / | (s)—b(s)| ds+|ul| / la(s)]a(s)—b(s)| ds
Slull [ e la-blx ds.

Hence
||([La(r) acol — [Lb(t) L;,OO])‘I’(T)” S8 la—b|x
fora,b € Xg and ¥ € X, and this together with (7-5) concludes the proof. O

7B. Suppressing the instabilities. In this section we formalize the process of taming the instabilities. In
particular, by introducing correction terms to the initial data we arrive at a modified equation, to which
we prove existence of global and decaying solutions.

We first derive the so-called modulation equation for the parameter a. Recall that

9
0:Uary = (gl = Y al (1)g )
j=1

see Remark 5.6. We introduce a smooth cut-off function y : [0, c0) — [0, 1] satisfying y(z) = 1 for
1 €[0,1], x(r) =0 for t > 4, and |y/(r)| < 1 for all T € (0, 00). The aim is to construct a function
a : [0, 00) — R such that it yields a solution ® to (7-1) for which

09 o(r) = (1) QY ®(0) (7-7)

for all T > 0. In that case, although Qc(,] ) ®(0) # 0 in general, we have that Q(j ) ®(7) = 0 eventually
in t. According to (7-1) and Proposition 6.2, (7-7) adopts the form

(1= 1 0Lu+ [ (@4 Guto) (@)~ 0L @) 5y dr =0

() @) )]

where for convenience we write u instead of ®(0). Using Q4 qa.. = s 94, we get the modulation

equation
T . T X
a (1)g$)) = - /0 1 (©)0 ) udo + fo (0% Gu(o)(@(0) — 0 i (o)), —a8))) do
for j =1,...,9. By introducing the notation

Aj(a. ©.u)(0) = 1 (0) QL) u+(QY) Gao) (@(0) — 0 i (0) (g, —a{))).

the modulation equation can be written succinctly as

aj(t)=A;(-, ®,u):= ||q<”||—f(A (a.@.u)(0)|gi))do, j=1,....9. (7-8)

In the following we prove that, for small enough ® and u, the system (7-8) admits a global (in t) solution.
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Lemma 7.2. For all sufficiently small § > 0 and all sufficiently large C > 0, the following holds: For every
u € H satisfying |\u|| < 8/C and every ® € Xy, there exists a unique a = a(®, u) € Xg such that (7-8)
holds for t > 0. Moreover,

la(®,u)—a(P,v)|x SIP—Vx+ u—v] (7-9)

forall ®,V € X5 andu,v € By c.

Proof. We use a fixed-point argument. Using the bounds from Lemma 7.1, one can show that, given u
and & that satisfy the above assumptions, the following estimates hold:

||Aj(a,<I>,u)(r)||5(%+82)e_2“’f and || A4;(a, @, u)(t)—A;(b, d,u)(r)| <S¢ |la—b|x

for all a, b € Xg. From here, according to the definition in (7-8), we have that, for all small enough § > 0
and all large enough C > 0, given ® € X5 and u € Bs,c, the ball Xg is invariant under the action of the
operator A(-, ®, u), which is furthermore a contraction on Xs. Hence (7-8) has a unique solution in Xj.
The Lipschitz continuity of the solution map follows from the estimate

”a _b”X = ”A(Cl, CI)’ ll) - A(b7 CD’ u)”X + ”A(b7 (I), u) - A(b’ CD? I))HX + ||A(b’ q)v v) - A(bv lIJ’ v)”X
Solla=0blx + llu—v| +[|P—V]x
by taking small enough § > 0. O

For the remaining instabilities, we introduce the correction terms

Ci(P,a,u):= P, (u —i—/
0

o0

e ? (Ga(o) (@(0)) — 0o Ua(o)) dO) ’

(o,]
C2(P,a,u) ;= Hy,, (u + / ¢ (Ga(e)(P(0)) — 05 Ua (o)) dcr),
0

and set C := C1 + C5. Consequently, we investigate the modified integral equation

P(7) = Sao. (1) (u — C(P,a,u)) +/0 Sace (T =0)(Gg(0)(P(0)) =06 Uq(o)) do
=:K(®,a,u)(1). (7-10)

Proposition 7.3. For all sufficiently small § > 0 and all sufficiently large C > 0, the following holds: For
every u € H with ||u|| < 8/C there exist functions ® € X5 and a € Xg such that (7-10) holds for T > 0.
Furthermore, the solution map u — (®(u), a(u)) is Lipschitz continuous, i.e.,

|®(u) — @)||lx + lla(@) —a@)lx < [lu—v] (7-11)
forallu,v € Bs/c.

Proof. We choose C > 0 and § > 0 such that Lemma 7.2 holds. Then, for fixed € Bs, ¢, there is a unique
a = a(®,u) € X associated to every ® € X5 such that the modulation equation (7-8) is satisfied. Hence
we can define K, (®) := K(®, a, u). We intend to show that for small enough § > 0 the operator K, is a
contraction on Xs. To show the necessary bounds, we first split K, (®P) according to projections P,__,
Ou.., Hy,.and T,__, and then estimate each part separately.
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First, note that the transversality of the projections implies

P Ku(®)(z) = - / 7 Py (Ga(o)(®(0)) — do Ua(e) do

and o
Hyoo Ky(®)(0) = / ) Hy (Ga(o) (®(0)) — 05 Uney) o
Now, since '
0cUa(ry = 4 (1)g ) +a;(D)lg () — 957)]
and
lasiy — a1 s seme,
we have

1Haoo 0 Uao) | + 1 Pase dxUaoy | + (1= Qane):Ua(ry || < 827247 (7-12)
for all a € X§. This, together with Lemma 7.1 and the fact that
Qoo Ku(®)(7) = x() Qao u (7-13)
(see (7-7)), yields the bounds
1 Haoo Ku(@)(D)| + || Pa Ku(@)(1)]| S 82727,

1 Qan Ku@) ()] 5 o2 T
for all ® € A5. On the other hand, for the stable subspace we have
T Ka(®)0) = S (Tt + [ S0 =0 Tas (Guto)(®(0) =80 Uy do
and by Lemma 7.1, Proposition 6.2, and (7-12), we get
I Tars Ku@) (D) 5 (& +82)ee (7-15)

for all ® € X5. Now, from (7-14) and (7-15) we see that K, maps X} into itself for all § > 0 sufficiently
small and all C > 0 sufficiently large. The contraction property of K, is established similarly. Namely,
there is the analogue of (7-12):
[Haoo0cUa(c) — Hp o, 0z Up (o) | + | Paoe 0t Us(r) — P 0z Up (o) |
(1= Qa3 Us(ey = (1= Qo ) Up(y | < 82727

for all a, b € Xg. Furthermore, by Lemma 7.1, (7-13), and Lemma 7.2, we get the analogous estimates
to (7-14); namely, we have
| Haoo Ku(®)(7) — Hp  Ku(¥)(7)|| + || Paoo Ku(P)(v) — Pp Ku(V)(7) ||

+ 1 Quoe Ku (P)(1) — Qo Ku (W) (D) || S 87| D — W2



ON BLOWUP FOR THE SUPERCRITICAL QUADRATIC WAVE EQUATION 659

for all &, ¥ € X5, where a = a(®, u) and b = a(¥, u). Also, in line with (7-15), we have
1700 Ku(P)(7) — T Ku (W) ()| S 8e™F||D— Wlx
for all , ¥ € X5. By combining these estimates we get
[ Ku(®) — Ku (V)| < 8[| — V|x (7-16)

for all ®, ¥ € Xs, and contractivity follows by taking small enough § > 0.

For the Lipschitz continuity, similarly to proving (7-9), we use the integral equation (7-10) to show
that, given sufficiently small § > 0,

1D () — @(v)[|lx < [lu—vl

for all u € Bs,c, and then (7-9) implies (7-11). O
7C. Conditional stability in similarity variables. According to Proposition 7.3 and (2-8) there exists
a family of initial data close to Uy which lead to global (strong) solutions to (2-3), which furthermore
converge to U, for some ao close to a = 0; with minimal modifications, the same argument can
be carried out for U, for any a # 0. In conclusion, we have conditional asymptotic orbital stability
of the family {U, : a € R®}, the condition being that the initial data belong to the set which ensures
global existence and convergence. In this section we show that this set represents a Lipschitz manifold of

codimension 11.
Let § > 0 and C > 0 be as in Proposition 7.3, and let u € Bs,c. Also, let us write

Cu)=C(®u),a(u),u),

where the mapping u — (®(u), a(u)) is defined in Proposition 7.3. Moreover, we denote the projection
corresponding to all unstable directions by

Jg:=P,+ H,.
Note that by definition J,_ C (#) = C (u), and we have the Lipschitz estimate

IJa = JIpll < la—b]
forall a,b € Xg.

Proposition 7.4. There exists C > 0 such that, for all sufficiently small § > 0, there exists a codimension-11
Lipschitz manifold M = Mg ¢ C H with 0 € M, defined as the graph of a Lipschitz continuous function
M :ker Jo N Bs/>c — ran Jo,

M:= {v + M(v):vekerdy, |v| < %} Clu€Bs/c:C(u)=0;}.
Furthermore, for every u € M, there exists (®,a) = (®y, ay) € X5 x X; satisfying
T
O0) = San (D + [ Sun(1=0)(Gato) (@) ~ 06 Uyo)) do 3-17
0

for all T > 0. Moreover, there exists K > C such that {u € Bg/g : C(u) =0} C Ms c.
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Proof. First, we show that, for small enough § > 0, we have C (#) = 0 if and only if JoC (u) = 0. Assume
that JoC (u) = 0. Then we obtain the estimate

IC @) < [[JoC @) + (Ja, oo = J0)C @) < |au,coll|C (w)]].

Since ay, 00 = O(8), we get C (u) = 0. The other direction is obvious. Now we construct the mapping M.
Let u € H and take the decomposition # = v + w € ker Jo @ ran Jy. Fix v € ker Jy and define

6,, :ran Jo — ran Jy, év(w) =JoC (v +w).

We establish that this mapping is invertible at zero, provided v is small enough, and we obtain w = C - L0).
This defines a mapping
M :kerJo > ranJy, M(v):= 6,,_1(0).
To show this, we use a fixed-point argument. Recall the definition of the correction terms C = C; + C»,
Cr =Y 7o Ck with
cf(@.a.u)=PFu+ PP 1 (0, a)

and
C2(®’ a, u) = Haoou + HaooIZ(q), Cl),

where ~

I1(®,a):= /0 e 7 [Gu0)(¥(0)) — 05Uy (o)l do
and .

1(®,a) = /0 €3 (G (¥(0) — D Uso)] do
We write

9 9
Fi(u) = Z FF@u) = Z Péﬁgll(@u,au)
k=0 k=0

and

F>(u) := Hy  I2( Py, au).
By Lemma 7.1 and (7-12) we infer
|Ff@] 8 and |F2@)] <8 (7-18)
Now, for v € ker Jy, we get
Co(w) = JoC (v +w) = JoJao, (v + w) + Jo(F1 (v + w) + F2(v + w))

= J¢w+ Jo(Ja, — JO)w + JoJg v + Jo(F1(v + w) + F2(v + w))

=w+ Jo(Jao, —Jo)(v +w) + Jo(F1(v +w) + F2(v + w)).
Introducing the notation

Qy(w) :=Jo(Jo— Ja,) (v +w) — Jo(Fi1(v +w) + Fa(v + w)),

we rewrite equation C, (w)=0as
w = Qy(w). (7-19)
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Now, for § > 0 and C > 0 from Proposition 7.3, we set

B ]
Bs/c(v) := {w eranJy : v + w| < E}

We show that Q2 : §5 Jc(v) = Eg /c (v) is a contraction mapping for sufficiently small v. Let v € H with
lvl| <6/(2C), and let w € Eg/c(v). Using (7-18), we estimate

52
120 @)l = 1Jo = Jass [lllv + wi[ + | F1 (v + w) [ + [ F1(v + w)]| £ = +82

Hence, by fixing C > 0, we have ||v + Qy(w)|| <§/C for all small enough § > 0. So the ball Eg/c(v) is
invariant under the action of €2,. To prove contractivity, first, for w, w € Eg /c (v), we associate to v + w
and v 4+ w the functions (®, @) and (W, b) in X5 x X5 by Proposition 7.3, respectively. Then we obtain

2o (w) — Q)| < | Jo(Jo — Ja,) (v +w) — Jo(Jo — Jp ) (v + )|
+Fi(v+w)—Fi(v+w)|| + ||[F2(v +w) — F2(v +w)],
and writing
Jo(Jo— Jas,) (v +w)—Jo(Jo— Ip ) (v +w) = Jo(Jo — Jg ) (w—w) — Jo(Ja,, — Ip, ) (v + W)
we get by Proposition 7.3 the estimate
| Jo(Jo — Jao)(w—w)|| + (| Jo(Jay, — Jboo)(v + )| < lacol|w — W] + @0 — bool||v + w|
<l =l + & lla—bllx
< Sflw —w].
On the other hand, by Lemma 7.1 and (7-12), we obtain, for k =0, ..., 9, that
(k) _pk < _ _
[Pgo  I1(P.a) = Py I (W.D)|| S|P —¥x + [la—bllx)
and
|Haoo 12(®, a) — Hp  12(Y, D) || 8| —V][x + la—Dlx).
Thus we get the Lipschitz estimate
[Fi(v+w)—Fi(v+w)|+[|[F2(v+w)— F(v+w)|| <5||lw—wl,

and we conclude that, for all small enough § > 0, the operator 2, : Eg /c(v) — Eg /c (v) is contractive,
with the contraction constant % Consequently, by the contraction map principle we get that, for every
v € ker Jo N Bs /¢, there exists a unique w € Bg,c (v) that solves (7-19); hence C (v +w) = Cy(w) = 0.

Next, we establish the Lipschitz-continuity of the mapping v — M (v). Let v, v € ker Jo N Bs/>¢ and
w,w e Eg /¢ be the corresponding solutions to (7-19). We get

1M (v) — M @) = [|w—w| < [|Qy(w) — Qy(@)[| + [[$20 () — 25 ()|
< g llw—®| + 12 (@) — 25(@)].
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The second term we estimate with
190 (@) — QW) | = | Jo(Jo— Jay, 5 ...) @ + W) — Jo(F1 (v + W) + F2(v + w))
—Jo(Jo = Jag 5.00) + Jo(F1(3 4+ @) + F2(5 + w)) |
S Moz 45.00 = Jay .00 W+ 1 J0(Jay .06 = Jag .00 Wl
+ [ Jo(F1(v + w) + F2(v) + w)||
S @5 4+w,00 = vt [W] 4 [0 = vl + @54 @00 |V]] + 5llv — 0]
< Slp—vll+ 5o — vl + 815 -]
< [lo—v.
Thereby we obtain the claimed Lipschitz estimate

1M (v) — M ()| <22y () — Q(w)] < [lv—2].

We note that, for u = 0, the associated (®, a) is trivial, i.e., ® = 0 and a = 0. Thus, we have
C(0) = F1(0) + F»(0) = 0. Moreover, u = v + w = 0 if and only if v = w = 0. Since in this case v
satisfies the smallness condition, w solving C (0 + w) = 0 is unique; hence M (0) = 0.

Finally, let u € H satisfy C (#) = 0. Then, since 1 — Jy is a bounded operator on #,

11 = Jo)ul| < [lul].

We obtain vy, := (1 — Jo)u € ker Jy and ||v,|| < §/Q2C) for |u|| < §/K for K > C large enough.
Uniqueness yields wy := Jou = M (vy), and hence u € M; c. O

Remark 7.5. For each correction term, the same argument yields the existence of Lipschitz manifolds
M1, My CH of codimensions 10 and 1, respectively, characterized by the vanishing of C; and C». In
particular, M can be characterized as a subset of the intersection M N M, in a small neighborhood
around zero.

7D. Proofs of Propositions 2.1 and 2.2.

Proof of Proposition 2.1. Let ®g € Mg ¢, where M ¢ is the manifold defined in Proposition 7.4. In
particular, | ®g|| <§/C and C (Dg) = 0. By Proposition 7.4 there is a pair (D, a) € X5 x Xg which solves
(7-17) with initial data u = ®¢. Furthermore, after substituting the variation of constants formula

S (1) =S+ /OT S(t —a)L;ooSaoo(a) do
into (7-17), a straightforward calculation yields that W(z) := Uy ;) + ®(7) satisfies
Y(r) =S (r)(Up + Po) + /Ot S(t—o)F(Y(0))do (7-20)
for all T > 0. Then, based on (4-3) and (7-2) we infer that
IW(7) = Uago Il = @0 + 1Ua(z) = Vago | < 8e™F

for all T > 0, as claimed. O
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Proof of Proposition 2.2. Let ®g € M N (C%®(B%) x C*(B®)), and let ¥ € C([0, o), H) be the solution
of (7-20) associated to ®¢ via Proposition 2.1. To prove smoothness of W(7) (for fixed t) we use the
representation (7-20). Recall that we defined S (7) := Si () for k = %(d + 1) = 5 with (Sk(7))r>0
denoting the free wave evolution of Proposition 3.1. Now, using Lemma 3.6, we infer from (7-20) that

T
V(O o @oyx 5 @) S € 2 ||Uo+®o||H6(B9)xH5(B9)+/O e 2 |F(Y0) | me@oyxs@o) 4o

T
Se 2 ||UO+CDO||H6(B9)XH5([EB9)+/(; e 2z ||\IJ(0)||§15(B9)XH4(B9) do <1
for all ¢ > 0. Then inductively, for k > 5, we get

¥ ()| e @y x Hx—1 @) < 1

for all > 0. Consequently, by the Sobolev embedding we have W (1) € C*°(B°) x C*°(B?) for all r > 0.

To get regularity in t we do the following. First, by local Lipschitz continuity of F : H; — Hj, for
every k > 5 and Gronwall’s lemma we get from (7-20) that W : [0, 7] — Hy, is Lipschitz continuous for
every 7 > 0 and k > 5. Consequently, F (W(-)), LF(¥(-)):[0, 7]+ Hy are Lipschitz continuous. The
latter is immediate from interpreting L as a map from #Hy to Hy 4, and using the Lipschitz continuity
of W. Therefore, ¥ € C ([0, 00), Hy), with

d:¥(r) = LY(7) + F (¥(1))
= S(t)L(Uy + ®o) + /r S(t—0)LF (¥(0))do + F (¥(r)) (7-21)
0

for every T > 0; see, e.g., [Pazy 1983, p. 108, Corollary 2.6]. Consequently, by regularity of F,
F(U(-)),L™F(¥(-)) e CY([0,00),Hy) forall m > 0 and k > 5. Therefore, from the second equality
of (7-21), we get that 3, W € C ([0, 00), Hy ), with

2W(r) = S (r)L* Uy + Po) + /r S(t—0)L*F(¥(0))do + LF (¥(1)) + 3. F (¥(r)) (7-22)
0

for all T > 0. Inductively, we get that ¥ € C™ ([0, 00), Hy) for all m > 0 and k > 5. In particular,
by the Sobolev embedding, 3" ¥(r) € C*®(B%) x C*®(B%). Additionally, by the Sobolev embedding
HK(B®) — L>°(B®) for k > 5, we get that the derivatives in t hold pointwise. As a consequence, by
(a strong version of) the Schwarz theorem (see, e.g., [Rudin 1976, p. 235, Theorem 9.41]), we get that
mixed derivatives of all orders in 7 and £ exist, so ¥ € C*°(2) x C*°(Z2), and the first equality of (7-21)
holds classically. O

7E. Variation of blow-up parameters and proof of Proposition 2.4. In this section we prove boundedness
and continuity properties of the initial data operator Y (see (2-6)) which are necessary to establish
Proposition 2.4. We assume that x¢ € B? /2 and T € [%, %] =: 1. We also introduce the notation

Yi=H (B2 x H’(B3),
and denote by By the unit ball in V.
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9
1/2

[T (v, T1,x0) — Y (w, T2, yo)ll < lv—w(y + |T1 — T2| + [x0 — yol

Lemma 7.6. The initial data operator Y : By x I x BY,, — H is Lipschitz continuous, i.e.,

forallv,we By,all T\, T, € I, and all xg, yo € @?/2. Furthermore, for § > 0 sufficiently small, we have
[T (v, T, x0)|l <6
forallve Y with|v||y <6,all T €[1-8,14+8]C I, andall xg € @g.

Proof. Letv e C C>o(@g). LetT € [% %] and xg, yo € B? /2 Then we get by the fundamental theorem of
calculus that

) . 1
V(T + x0) — v(TE + y0) = (xh) — v)) /0 8;u(TE + yo + (o — y0)) ds.

This implies that [[v(T - +x0) — v(T - +yo)llL2@9) < vl 71 (Bg)|xo — yo|. The same argument yields,
for all k € N, that

(T 4-x0) = v(T - +yo)ll gx @o) < 101l gric+1 @) 1X0 — Yol. (7-23)
Similarly, we get, for all 77, 7> € [% %] and all x¢ € @? /20 that

lo(T1 - +x0) = v(T2 - +x0) | gr @9y < vl ga+1 @11 — T2, (7-24)

where k € N. The estimates (7-23) and (7-24) can be extended to v € H k‘H([Bg) by density. Now let
v,we), T1,T, € [%, %], and xg, yo € @?/2. Inequalities (7-23) and (7-24) imply

[R(v, T1, x0) = R(w, T2, yo) | < [vlly(IT1 — T2| + [x0 — yol) + [[v — w][y. (7-25)
Moreover, since Uy is smooth, we have
[R(Uo, T1, x0) — R(Uo, T2, yo) | < |T1 — T2| + |x0 — yol (7-26)

forall 71, T, € [% %] and xg, yo € @? /2 Now the inequalities (7-25) and (7-26) imply the first part of

the statement. The same inequalities imply
1T (. T, xo) || S llvlly + [T — 1] + [xol.
which proves the second part of the statement. O

We have the following result, which has Proposition 2.4 as a direct consequence. To shorten the
notation, we write k := hy.

Lemma 7.7. There exists M > 0 such that, for all sufficiently small § > 0, the following holds: For
every real-valued v € Y that satisfies ||v|y < 8§/M?, there exist ® € X3, a € Xg, and parameters
a€[-8/M /M|, Te[l-8/M1+8/M|C[3. 3] andxo € @g/M C @?/2 such that

C(®,a, T(v+aho,T,x0)) =0. (7-27)



ON BLOWUP FOR THE SUPERCRITICAL QUADRATIC WAVE EQUATION 665

Moreover, the parameters depend Lipschitz continuously on the data, i.e.,
a(v) —a(w)| + [T (v) = T'(w)[ + |xo(v) — xo(w)| < [[v—wl|y
forall v, w € ) satisfying the above assumptions. In particular, Y (v +ah, T, xo) € M;s c.

Proof. Fix constants C > 0 and K > 0 from Proposition 7.4. By Lemma 7.6, we have that, for all M > 0
large enough and all § > 0 small enough, the inequality

IT(v+ah, T, xo)| < (7-28)

x| o

holds for every ||v|y <6/M, a € [-6/M,§/M], T €[1-5/M,1+6/M], and x¢ € @(?/M. Furthermore,
in view of (7-28) and Proposition 7.3, we get that, given ||v|y < §/M?, for every a € [-8/ M, §/M],
Te[l-6/M,1+6/M], and x¢ € B?/M’ there are functions
d=0(v+ah,T,xg) and a=a(v+ah,T, xg)
which solve the modified integral equation
D(7) = Saoe (O)(T (v, T, x0) = C(P,a, T (v, T, x0)))
T
+ / Stoo (T —0)(Gy()(P(0)) — agUa(U)) do (7-29)
0

for all T > 0. For such ® and a, we show that one can associate to any ||v||y <8/ M ? suitable parameters 7,
X0, and & such that (7-27) holds. From this, via Proposition 7.4, we conclude that Y (v+ah, T, xo) € M5 .
Recall that the correction terms can be written as C = C1 + C; = 22:0 C 1k + C,, where

CH(@.a.u)=PPu+ PP 1 (®.a) and Cr(P.a.u) = Hyou + Ha I>(®. ),

and where the integrals are denoted by
o0
1@.0)= [ €7 (Guio)(®0) 00 Usio)) do,

o0
I>(®,a) = /0 ¢ (G (o) (®(0)) — 0o Ua(o) do
and we have
PO (@) <8 and | Ha Io(®,a)] <6 (7-30)

see (7-18). We will show that there are parameters 7', «, and x¢ such that, fork =0,...,9,
(CH(®,a, T(v +ah,T.x0))|g))=0 and (Co(®,a, Y(w+ah,T,x0))|hay) =0, (7-31)
which implies (7-27). To this end we expand the initial data operator. First, by Taylor expansion we get,

forT €e[1—6/M,1+8/M] and x¢ € B?/M’

9
R(Up. T, x0) ~R(Up. 1.0) = co(T — g’ + Y ¢;x4 g8 + r(T. xo).
=1

where the remainder satisfies

17(T, x0) — (T, %o)|| £ 8(T —T'| + |x0 — Zol).
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Hence we obtain

Y(w+ah,T,x0)=Rw+ah,T,xo)+ co(T — l)g(o) + Zc xog(J) + 14 (T, x0),

where

Fae (T2 X0) = co(T — 1)(g§” —g50) + Z cjxg (g8 —g5) +r(T. x0).
It is straightforward to check that
Ira(T. x0) = ro(T, Zo) | S 8(la —b| +|T — T| + |x0 — Xol) (7-32)

foralla,be[Bg T.T €[1—8/M,1+68/M], and x¢, %o € B2 We now write

§/M-

R(w+ah, T, x0) =R, T,x0) +aR(h T,x0)+aRh—hg T, x0).

Aoo

The last term can be estimated by
IR(h —=hay,, T, x0)|| < lacol-

By taking the Taylor expansion of R(h,, ., T, xo) at (T, xo) = (1,0), we obtain
R +ah,T,x0) =R, T, xo) +ahg, +aiq(T, xo),
where the remainder satisfies
IFa(T. x0) = (T . Zo)ll < la —b| +|T = T| + |xo — Tol- (7-33)

Hence we obtain the expansion
Y(w+ah,T,xo) =R, T, xo)+ahg, +co(T— l)g(o) + Z cj xjg(/) + 700, (T, x0) +argq (T, xo).

By applying the projections to the initial data operator we get
POY@+ah, T.xo) = PR, T.x0) +co(T — g + P ra (T, x0) + P Far, (T, x0).
POY(w+ah, T, xo) = PR, T, x0) +¢;xi g + P ra (T, x0) +a PP Fa (T, x0),
H, Y(w+ah,T,x0)=H; RW,T,x0)+ahg,+ Hy ra. (T, x0) +aHy, 7a.. (T, x0).
Hence, by introducing the notation § = T — 1, we define, for k =0,...,9,
T, B, x0) = PEOR®, B+ 1.x0) + P racy (B.x0) + ¢ P& ey (B.x0) + PE 11 (. B.x0),
T3 (@, B, %0) = Hapo R(v, B+ 1,%0) + Hacyaos (B X0) + @ HuoFae (B, %0) + Hao I>(, B, X0).
Using this notation we can rewrite (7-31) as
ﬂ I (@. B, x0) 1= G0(T3” (@, B, x0) | g2).
= 1@ B.x0) 1= & (T (@, B. x0) | 1)) (7-34)
o =T{'7(@, B, x0) := E10(T5' (@, B, x0) | hay)
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for j = 1,...,9 and some constants ¢o,¢;,c10 € R. We will show that I'y, = (F(O) ...,F,(,lo)) is a
contraction on Bé M for sufficiently small § > 0 and for sufficiently large M > 0. Thereby the first part
of the statement follows by Banach’s fixed-point theorem.

First we observe that I';, maps @é/l ) into itself. Indeed, by the proof of Lemma 7.6, we know that
IR(v, 14+ B, x0)|| < |lv|ly. Now estimates (7-32)—(7-33), and the integral estimates (7-30) imply

M o) = 0 375) + 06"

for all j =0,...,10. Thus, there is a choice of large enough M > 0 such that, for all sufficiently small
8 > 0, the inequality

)
ITo(@, B, x0)l = 77

holds for all (e, B, xo) € B}! §/M Next we show that by restricting, if necessary, to even smaller § > 0, the
operator I'y is a contraction on [Eié/1 - Let (@, a) € X5 x Xg be the functions solving (7-29) corresponding
to parameters v+ah, T =148, and xo. Furthermore, let (¥, b) € X5 x X be the functions corresponding
to v+ ah, T=1+ /§, and Xo. Then, we obtain

|®—Wx+lla—blx ST (+ah,T,x0)—Y(v+ah, T,%)| < la—al+|8— B +|xo— ol
Hence, by Lemma 7.1, we get, for k =0,...,9, that
k ~ ~ -
1P 11 (®.a) — PO 1 (.5) | S 8(1@ —Wl|x + lla —bllx) < 8(jo — @] + B — Bl + |x0 — o)
and
| Haoo I2(®, a) — Hp  I2(V,D)|| < 8(lo —al + |B— Bl + [xo — Xol).
Furthermore, by (7-25) and the Lipschitz continuity of the Riesz projections P,gk) and H,, we obtain
IPEIR@. T.x0) — PLOR@. T. %) | + || Haoo R(v. T. x0) — Hp ,R(v. T %0) |
< lolly(la—blx + T = T| + |xo — Fol) < 8l —&| + |8 — Bl + |0 — Fol).
Moreover, for k =0, ..., 9, we have
k ~ -
1P oo (T x0) = P01 (T 20) | + lle P Py (T x0) — & PO 7y (T 50) |
< 8(la—&| +18 — Bl + |xo — %ol)
and

| Haooraoe (T, X0) — Hp 1o (T, %o)|| + lloe Haoo P (T x0) — @ Hp (T, o)
SO(la—al+|B =Bl + |xo —Xol)-

From these estimates we infer that

It (@, B, x0) = T (@, B, Zo)|| S 8l — @l + 18 — Bl + |x0 — Fol) (7-35)
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for j =0,...,10. Therefore, 'y is a contraction for all small enough § > 0, and this concludes the proof
of the first part of the statement.

It remains to establish the Lipschitz continuity of the parameters with respect to the initial data. Let
v, w € ) satisfy the smallness condition and let (e, 8, xo) and (&, 5 , Xo) be the corresponding set of
parameters. The first line in (7-34) implies

18— Bl = T (a, B, x0) — TS (@, B, %o)|
< ITS (@, B, x0) = TS (@, B, x0)| + TS (e, B, x0) = T (@, B, %o).

The second term can be estimated with (7-35). To estimate the first term, we use the Lipschitz continuity
of the Riesz projections to get

0 0

1P gy R+ B x0) = P o R(w, 14 B, x0)|
< [vlyllace (v, B, x0) — doo(w. B, x0)lx + v —wly < lv—w]y.
Similar estimates using (7-32)—(7-33) and Lemma 7.1 yield
0 0
5% @, B, x0) = T§ (@, B. x0)| S [|v — wy.
In summary, we obtain
1B =Bl < 8(la—a| + 1B — Bl + |xo = Tol) + [0 —w]y,
and similar estimates for the remaining components yield
jor =G| + |8 — Bl + |x0 — Tol < 8(le —&| + |8 — BI + |xo — o) + [[o — w]ly,

which concludes the proof. O

7F. Proof of Theorem 1.1. Let M > 0 be from Proposition 2.4. For § > 0 define §’' := §/M. Then
consider (f, g) € Coo(@g) X CW(@g) satisfying
8 )
(S, g)”HG(Bg)xHS(Bg) = o

By Propositions 2.4 and 2.1, we have that, for all § > 0 sufficiently small, there exist a € @19‘4 § o

Tel[l—6§,14+8, xoeBj, and a € [-§,§'], depending Lipschitz continuously on ( f, g) with respect
to the norm on ), as well a function ¥ € C ([0, 0o0), H) that solves

V() =S[00+ Y((f.g) +ah, T, xo)] + /Or S(t—o0)F (¥ (0))do, (7-36)

and obeys the estimate
W () — Uall < ™" (7-37)

for all T > 0. By standard arguments, W is the unique solution to (7-36) in C([0, co), H). Now, from
the smoothness of f and g, we have that the initial data W(0) = Uy + Y ((f, g) + ah, T, xo) belongs
to C oo(@g) xC oo(@g), and therefore from Proposition 2.2 we infer that W is smooth and solves (2-3)
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classically. More precisely, by writing W(t) = (Y1 (t, ), ¥2(z,-)), we have that ; e C*°(Z) for j =1,2
and

dry1(7,§) = =€ -V (r, &) =291 (7, §) + ¥2(7, §),
0:Y2(T.§) = Ay (1. §) —§ - Va(,§) — 3ya (7. §), +¥1 (7, £)?
for (1,&) € Z, with
Y1(0.) = T*[Uo]1(T - +x0) + T2 f(T - +x0) +aT*h1(T - +xo).
Y2(0,+) = T [Uola(T - +x0) + T2g(T - +x0) + aT>ho(T - +x0).
Furthermore, by writing ®(t) = ¥(r) — U,, where ®(t) = (¢1(z, ), ¢2(z,-)), from (7-37) we have

—wT

le1(z, s oy < de and  [lg2(. )| gawo) S de™" (7-38)

for all T > 0. Furthermore, by the Sobolev embedding we have, for the first component, that
lo1(z, )l poo@oy S Se™ (7-39)

for all T > 0. Now, we translate these results back to physical coordinates and let

u(t,x) = ﬁwl( log(T —t)+1logT, T_xo)

Based on the smoothness properties of ¥1, we conclude that u € C°°(Cr,x,). Furthermore, u solves
(07 — Ax)u(r. x) = u(t.x)?
on Cr,x, and satisfies

u(©,-) =U(|-|)+ f +ah1, 0u(0,-)=2U(-))+|-|U(|-]) +g +ahs

on @% (x0). Uniqueness of u follows from uniqueness of W, though it also follows by standard results
concerning wave equations in physical coordinates. Furthermore,

1 _
u(t,x) = 712 [Ua (XT _X[o) + o, x)],

with ¢(t, x) := @1(—log(T —t) +1log T, (x — x0)/(T —1t)). The bound (7-39) yields

[0 oo @9 royy = 191 (—10&(T = 1) +log . )| oo asy < 8(T —1)° (7-40)
for all ¢t € [0, T'). Furthermore, by (7-38),
(T =" 2ot ) s, eoyy = 01 (= 108(T —1) +10g T, )| i oy S (T —=1)°

for k =0,...,5, which implies the first line in (1-17). The second line follows also from (7-38) and the
fact that

deu(t,x) = T t)3 WZ( log(T —t) +1ogT, XT__XZO).
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Relabelling §’ with § concludes the proof of Theorem 1.1 for (1-1). Now, let ¢ be the constant from (1-13).
Recall that the above conclusions hold for all sufficiently small 6 > 0. Therefore, from (7-40) we see that
we can choose small enough § > 0 so as to ensure

1
||(p([")||L°°(B9T—z(x0)) = 3¢Co
for all t € [0, T). As a consequence, u is strictly positive on Cr, x, and therefore provides a solution
to (1-6) as well. O
8. Proof of Theorem 1.6: stable ODE blowup

The proof of Theorem 1.6 follows mutatis mutandis the proof of Theorem 1.1. However, for the
convenience of the reader we outline the most important steps and stick to the notation introduced above.
Starting with (2-3), we consider solutions of the form W(z) = k4(;) + ®(7), which yields

0:®(v) = [L + Ly, 19(1) + Gar) (P(r) — dekea(r). (8-1)

/ ~ 0
L, u®) = (2Ka(g)u1(§))

Gu0)(®(z)) = [L]

Ka(t)

where

and
— L;Caoo]q)(t) + F (®(1)).

In this equation, L : D(L) C ‘H — H denotes, as usual, the operator describing the free wave evolution.
This is fully characterized for both d = 7 and d = 9 in Section 3; recall that H := Hy, for k = %(d +1).
For the perturbation theory, the spectral analysis is crucial. Once this is obtained, most results are purely
abstract and the proofs can be adapted from previous sections.

Since Lfca is compact and depends Lipschitz continuously on a, the results of Section 4 apply. In
particular, for small enough a, the spectrum of L + L;a in the right half-plane consists of isolated
eigenvalues confined to a compact region. Furthermore, an analogous result to Proposition 4.5 holds
with V replaced by a constant. This substantially simplifies the spectral analysis and with the above
prerequisites it is easy to derive the following statement. For all of the ensuing statements, d € {7, 9}.

Proposition 8.1. There are constants §* > 0 and w > 0 such that the following holds: For any a € @g*,
the operator L + cha : D(L) C H — H generates a strongly continuous semigroup (Sk,(7))z>0
on H. Furthermore, there exist projections P, ~§1k) e B(H), k=1,...,d, of rank 1 that are mutually
transversal and depend Lipschitz continuously on a. Furthermore, they commute with Sy, (t) and, for all
ucHandt >0,
Se, (D)Pau=e"u and S, (1) Q((lk)u =u,
as well as
Sk, (D[1 - ﬁa - Qa]u” Se T - ﬁa - Qa]u”

with Qg = Zz=1 ng). Moreover,

ISk, ()1 = Pa— Qal — S, ([1 — Py — O]l S e la—b| (8-2)



ON BLOWUP FOR THE SUPERCRITICAL QUADRATIC WAVE EQUATION 671

foralla,b e Bg* and © > 0. Also,

ran P, = span(g,) and ran ng) = span(cjék)), (8-3)
where -
N Ao(a)[Ao(a) — A;E7]™ -~ (k)
a = i = OgxKa -4
ga() <3A0(a)2[A0(a)—Aj§/]_4) and g, 0a, ke (8-4)
fork=1,...,d.

Proof. We only sketch the main steps of the proof, since many parts are abstract operator theory and can
be copied verbatim from previous sections.

The results of Section 3 together with the bounded perturbation theorem immediately imply that
L+ Lfcu generates a strongly continuous semigroup, which we denote by (S, (7))r>0. Furthermore,
the results of Propositions 4.3 and 4.5 hold in particular for our case at hand, and we infer that, for
ReA > —%, the spectrum of L + LfCa consists of isolated eigenvalues confined to a compact region.
For a = 0, Proposition 4.5 holds mutatis mutandis with V' replaced by the constant potential 2k = 12.
In this case, in the spectral ODE the number of regular singular points can be reduced to three, and we
can therefore resolve the connection problem by using the standard theory of hypergeometric equations.
This is outlined in the following, where we show that there exists 0 < o < % such that

o(L + LLO) C{AeC:Red <—uotU{o,1}.
In fact, we convince ourselves that
{Ae(D:Re)LZO}\{O,I}C,O(L—I-L;O). (8-5)

We argue by contradiction. Let us assume that A € o (L + Lfm) \ {0,1} and Re A > 0. Then, for
some ¢ € Ny, (4-7) with potential 2k must have an analytic solution on [0, 1]. We show that this cannot
be the case. By changing variables and setting f(p) = p‘v(p?), (4-7) transforms into the standard
hypergeometric form

z(1—=2)" @)+ (c—(a+b+1)2)V'(z) +abv(z) =0,

with

a=31A+L-1), b=2A+L+6), and c=1d+¢.
Fundamental systems around the regular singular points p = 0 and p = 1 are given by {vg, ¥} and
{v1, U1}, respectively, where

vo(z) =2F1(a,b;c;z),

To(z) =z "3 Fi(a+1—c,b+1—c;2—c;2),

vi(z) =2F1(a,b;a+b+1—c;1—12),

51(2)=(1—2)"*bFi(c—a,c—b;1+c—a—b;1—2).
In fact, this holds if @ + b — ¢ # 0, and, for a + b — ¢ = 0, the function v; behaves logarithmically.
In either case, the solutions v and ¥ are not admissible since they are not analytic for Re A > 0. We
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therefore look for A which connect vg and v1, i.e., for which vy and v; are constant multiples of each
other. For the hypergeometric equation, the connection coefficients are known explicitly and we have

I'c)I'(c—a _b)v )+ I'e)l'(a+5b —c)ﬁ

T(c—a)T(c—b) ' T'(a)T(b)
see [DLMF 2010]. So the condition that quantifies our eigenvalues is
L)la+b—-c)
NONOEEE
This can only be the case if a or b is a pole of the gamma function, i.e., —a € Ny or —b € Ny. In particular,
this implies that A € R. Since Re A > 0, we can exclude —b € Ng. On the other hand, —a € N is possible
only if A € {0, 1}, which contradicts our assumption and proves (8-5). For A =1 and A = 0, one can easily

check that explicit solutions to the eigenvalue equation are given by go and q((,k), respectively, where

~ (1 ~(k) _ Y R
gO—(3) and ¢, —aak’ca|a=0—6(3sk

for k = 1,...,d. Similar to the above reasoning one shows that these functions indeed span the

1(2);

vo(z) =

eigenspaces for the corresponding eigenvalues, i.e., the geometric multiplicities of A =1 and A = 0 are 1
and d, respectively. The algebraic multiplicities are determined by the dimension of the ranges of the
corresponding Riesz projections

~ 1 ~ 1
Pop=— [ R r (A)dA d =— | R s (A)dA,
0= 5 5 L+L,,(A) and Qo 2 ), L+, (V)
where, for j € {0, 1}, we have y;(s) = A; + %woez’”s for s € [0, 1]. An ODE argument analogous to the

proof of Lemma 5.7 yields

ran Po = span(go) and ran Qo = span(tj(()l), e ,tj(()d)).
The perturbative characterization of the spectrum of L + L;a fora € Bg* is purely abstract. Along the
lines of the proof of Lemma 5.8, one shows that

o(L+L,)C{AeC:Red <—3wo}U{0,1},

where for A = 0 and A = 1, the eigenfunctions are Lorentz boosted versions of g¢ and ﬁ(()k). In fact, one
can check by direct calculations that the functions g, and tit(,k) stated in (8-4) solve the corresponding

eigenvalue equations. Equation (8-3) for the spectral projections

Pa=% " RL—}-L;QZ(A)dA and Qa=ﬁ yoRL+Lka(/\)d/\
follows from the abstract arguments provided in the proof of Lemma 6.1. The same holds for the Lipschitz
dependence of the projections on the parameter a. The growth bounds for the semigroup follow from the
structure of the spectrum, resolvent bounds and the Gearhart—Priiss theorem analogous to the proof of

Proposition 6.2. Finally, the proof for the Lipschitz continuity (8-2) can be copied verbatim. O
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The analysis of the integral equation

O(1) = Se, (D + [0 Ses. (v —0)(Gao)(@(@)) — dokae)) do

is completely analogous to Section 7. In particular, to derive the modulation equation for a, one uses the
fact that 0ck 4(r) = dag (r)q(()k). By introducing the correction

o,¢]
C(®,a,u)= P, u+ P, / e (Ga(0)(P(0)) — Vo k 4(5)) do,
0

it is straightforward to prove the following result.

Proposition 8.2. There exists w > 0 such that, for all sufficiently large C > 0 and all sufficiently small
8 > 0, the following holds: For every ||v||y <8/C,every T € [1 —6/C, 1+ 8/C], and every x¢ € @g/c,
there exist functions ® € X5 and a € Xg such that the integral equation

®(7) = Sy, ()T (0, T, x0) — C (®,a, Y (v, T, x0))) + /0 Skaee (t=0)(G o) (P(0)) = o fKa(o)) do

holds for t > 0, and also | D (7)|| < §e™®T for all t = 0. Moreover, the solution map is Lipschitz
continuous, i.e.,

[®(v, T1, x0) — ®(w, T2, yo)[x + lla(v, T1, x0) —a(w, T2, yo)lx < llv—wlly +[T1 — 12| + [xo0 — yol
forall v, w € ) satisfying the smallness assumption, all Ty, T € [1-6/C, 146/ C], and all xg, yg € B?/C'

We note that similarly to the manifold M one can construct a manifold ' C ker ﬁo @ ran 130 of
codimension (1 + d) characterized by the vanishing of the correction term C. However, in the context
of stable blowup this is not of much interest, since the existence of this manifold is solely caused by
the translation instability. In particular, no correction of the physical initial data is necessary, if blow-up
time and point are chosen appropriately, i.e., for suitably small ( f, g), there are T and xo such that
Y (v, T, xo) € N. This is contained in the following result, where Y = H@+3/2(Bd) x g@+1/2(gd)

Lemma 8.3. There exists C > 0 such that, for all sufficiently small § > 0, the following holds: For every
v € Y satisfying ||v|y < 8/C?, there is a choice of parameters T € [l —§/C,1+8/C] and xq € @g/c in
Proposition 8.2 such that

C(®,a, (v, T, xo)) = 0.

Moreover, the parameters depend Lipschitz continuously on the data, i.e.,
[T (v) = T(w)] + |x0(v) — xo(w)| < [|lv —wlly
forall v, w € Y satisfying the above smallness assumption.

The proof is along the lines of the proof of Lemma 7.7 on page 668 with obvious simplifications. With
these results, in combination with persistence of regularity that is completely analogous to Proposition 2.2,
Theorem 1.6 is obtained by the same arguments as in Section 7F.
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Appendix: Proof of Lemma 3.4

We will frequently use the identities

2Re[E/3; f(6) f(E)] = ;€71 f©P1—d| f(§) (A-1)
and

0iy iy -+ 04 [67 07 f1 = ki, 0y +++ iy f() + 79501, 0iy -+ iy f(£), (A-2)

which hold for all k € N and f € C*°(B¢). Furthermore, by the divergence theorem, we have

| vdu@i@ae=- [ su@m@ds+ [

sd—

Au(w)w; ' v(w) do(w) (A-3)
1
for smooth u and v, and similarly
/ 0 Au(§)dT v () d = — / 0;9,u(6)37 070 (E) d€ + / ;9 8iu(©)F v (@) do (). (A-4)
B4 B4 gd—1
We first prove the result for d = 9, starting with those parts of (- | - )y, that correspond to the standard
H* x H*=1! inner product.
For the sake of concreteness, we consider the case k = 5, which corresponds to the space we are going
to use later on. Using the above identities, we infer

Re/ 0;0; 050, 0m[Luly (€)' 070K 0! 0™ uy (§) d €
B

=Re/ a,-a,-akalamuz(g)aiafakalamul(g)dg—g/ 3;0; 0k 07 Omu1 ()97 07 0K 0l 0muy (8) d £
B B

- % /58 0; ajakal am“l(w)ai 3/ 3kalamu1(w) do ().

Similarly,

Re/ 0;0; 0k 0; [Lul ()97 07 0k dlu (€) d &
B

__s /[5;9 0;0; 0 0yu(£)3 ) 9% us (§) dE —Re /B9 019039 dmtt1 (£)31 09 9K 9™ (€) d &
-2 [gg 00 01D u2(@) 8 9% 8T ua (@) do (@)

—I—Re/ @™ 3;9; 010 0mu 1 (@)D 87 9Kl uy(w) do(w).  (A-5)
S8

Hence

Re(Lu|u)s < —2|lul3 - %/ 0; 00k 0 Oput1 ()07 37 0% 9wy () do (w)
S8
—1 /58 3; 00k 0y un ()0 87 0% 3 uy (w) do(w)

+Re/ @™0;0; 001 Omu1 (0)3 3/ 9k us(w) do(w) 5—%||u||§, (A-6)
S8
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where we used Re(ab) < %(|a|2 +|b|?) as well as the bound

2
D wpdpu(@)] <D (@)? ) [dku@)? = 1du(@)).
k k k k
A similar calculation yields

Re(L [u)s < —3ul.

In view of the logic of these estimates, it is clear that we cannot use the standard homogeneous inner
products for integer regularities lower than j = 3, since the bound shifts to the right and will be positive
eventually. For this reason, we use tailor-made expressions for the remaining H3(B°) x H?(B?) part. In

the following, we prove that
3

3
Y Re(Lulu); <=3 |ull?, (A7)
j=1

Jj=1
which in combination with the above bounds implies the first claim in Lemma 3.4 for d =9 and k = 5 (and
in fact for any 3 < k < 5.) For higher regularities, we add again the corresponding standard homogeneous
parts. Analogous to the above calculations, one shows that

Re fBg Oiy iy [Lu] 1 (€)1 Tk (£) dE
= (%—k)/ ail"'l'kul(g)ailmikul(g)ds_%/ 0iy iz U1 (@)1 uy (0) do (w)
BO S8

4 Re /B i1 OF T (E) d

and

Re / By [l (§) T 1) d

B®
=(-k) /B  Bireig u2(§)07Ti—1u () d§ —Re /B  Direig 1 ()07 Tk ux (§) d
+Re /8 @0'* 3, i w1 (@)1 k=1up (0) do () — % /8 iy ip_ U2 (@)1 k=1uy (w) do (w).
s S
As in (A-6), we thus obtain for j > 6 the bound
Re(Lulu); < (3 —j)lul?.

It is left to prove (A-7). We first consider Re(iu |u)3. Using (A-2), (A-1), and the divergence theorem,
we calculate

Re /B 0300k Ly (63707 0F1 () d
=-1 /Bg 010, u1 (£)9°0J 0Fuy (8) dE — L fgs 8:9; 1 ()3 8 3Fuy (0) do (o)

4 Re / 0,0, 0k ()09 0w () d.
B‘)
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An application of (A-4) shows
Re/Bg 0;0; [Lulo(£)d 87 uy(£) d&
:Re/98i8j8k8ku1(é)md§—%/gaiajuz(é)Mds
’ ’ —%fgs 3; 012 () 3/ us () do ()
=Re/SS wkaka,-ajul(w)aiaTz(w)do(w)—Re/Bg 0;0; 01 (€)1 3 us(€) dE

4 [ e @n@ ds -4 [ 801007100 do)
B S
and finally

/Biaj[iu]l(w)aiajul(w)da(a))
S8

= —Re/ *9;.0;0;u1 ()07 uy (w) do(w)
S8

_4/58 0;0ju1(w)d d/uy(w) do(w) +Re/88 0;0juz(w)d' 3/ uy (w) do ().
In summary, we infer that
Re(iu|u)3 = —%||u||§ —12 /SS 8i8ju1(a))8"8T1(a)) do(w) + 4/;‘ A(w) do(w),
where
A(w) = —10;0; 011 ()97 87 Fuy (@) — 29;8,12(0)d 87 ua ()
— 20;0ju1 ()97 0/ u1 () + Re(*0;0; 051 (0) 3 3 uz (o))

—Re(0X0;0; 011 ()31 0711 (@) + Re(9;0;1u2(w)d 3/ up (w)).
By using the inequality

Re(ab) + Re(ac) —Re(h¢) < L(la|* + |b)* +|c[?). a,b,ceC,
we get A(w) < 0. Analogously, to estimate Re(z ulu)r, we get
Re [ 0,00, 1Luly €070, 51(8)
B‘)
= —%Re/Bg 8i3j3ju1(5)3i3181u1(§)d5—%/Sg 9;07 dju1 (0)d19;0uy (w) do ()

+Re / 807 0y (£)97 9,001 (8) d§
B9

and

Re / 3i [Lula(w)d us(w) do(w)
§8

= Re[ 9;07 dju1 (0)d uz(w) do(w)
S8

—Re/ wjaiajuz(w)aiuz(w)do(a))—4Re/ diusr(w)dusr(w) do(w).
S8 s8
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For the remaining term, we do a similar calculation as in (A-5), but we use instead (A-3) in order to
cancel the mixed term. In summary, we obtain

Re(Lulu)z = —lu]3 -3 /S Biua(@)uz(0) do (@) + L B do(o),
where
B(w) = —40;97 8ju1 () ;0" u1 () — 380 u2(0) 097 12 () — $0;12(0) 912 ()
+Re(Fd;07 011 (0)0 dguz()) + Re(d:97 011 ()3 u2(0)) — Re(w! ;0j12(0) 7 uz(0)).

and we observe that B(w) < 0. Now, we consider Re(Lu |u)1, which consists only of boundary integrals.
For the first term, we get

Re / 0;[Lu]y(0)d uy(w) do(w)
S8

=—3Re/ diur(w)duq(w) do(a))—Re/ ! 3;dju1 () uy(w) do(w)
S8 S8

+ Re/ diuz(w)duy(w)do(w).
S8
By the Cauchy—Schwarz inequality,

Re/ (Biuz(w)—wjaiajul(a)))aiul(w)da(w)
S8
5%/ Biu1(w)3iu1(w)d0(w)+/ 8iuz(w)3iu2(w)da(w)+/ 0;0ju1 ()0 9) uq(w) do(w),
S8 S8 S8
which implies
Re/ 0;[Lu]y(0)dui(w) do(w)
S8

5—%Re/ 8iu1(a))8iu1(a))d0(a))+/ aiuz(w)aiuz(a))da(a))+/ 0;0ju1 ()3 d/uy(w) do(w).
S8 S8 S8

Analogously,
Re f (Ll (@)i2(@) do (@)
§8
=—3/ |u2(a))|2d0(a))+Re/ afaiul(w)mczo(w)—lzef ' diuz(w)uz(w) do(w)
S S8 s8
<=3 [ @Pdo@+ [ 1an@Pdo@ + [ da@iin dw)
Re [ [Lul@)in@) do(o)
58
-2 [ @) do@) ~Re [ o/ @)in(e) do@) +Re [ ()i @) do)
s8 S8 S8

<=3 [ m@Pdo@ + [ dan(@in@ do) + [ ua@P o),
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and hence
Re(Lulur < =3ulf +2 [ B02(@)0u2(0) do (@)
S

+/ 8i8ju1(a))8i8ju1(a))d0(w)+/ |Au1(w)]? do(w).
s8 s8
In conclusion,

3 3

> Re(Lulu); <=3 |ul?—11 /§8 3;0ju1 ()3 3/ uy (0) do(w) + /§8 |Auy(w)|? do (o).

Jj=1 Jj=1
By the Cauchy—Schwarz inequality,

9
> 0tu(w)

i=1

2 9 9
<9 Fu(@)> <9 Y 19;0u(@)]*

i=1 i,j=1

|Au(w)]? <

which proves (A-7).
Analogous calculations for d = 7 and k > 3 yield an even better bound, namely,

Re(Lulu)y, <—3|ul?, (A-8)

forall u € D(Z), from which we obtain in particular the claimed estimate. Another way to see that (A-8)
holds is by Lemma 3.2 of [Glogi¢ and Schoérkhuber 2021], which is formulated in terms of the above
inner product for the specific case d = 7 and k = 3. The operator considered there corresponds to L
shifted by a constant, which immediately gives the inequality (A-8). O
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ARNOLD’S VARIATIONAL PRINCIPLE AND
ITS APPLICATION TO THE STABILITY OF PLANAR VORTICES

THIERRY GALLAY AND VLADIMIR SVERAK

We consider variational principles related to V. I. Arnold’s stability criteria for steady-state solutions of
the two-dimensional incompressible Euler equation. Our goal is to investigate under which conditions the
quadratic forms defined by the second variation of the associated functionals can be used in the stability
analysis, both for the Euler evolution and for the Navier—Stokes equation at low viscosity. In particular,
we revisit the classical example of Oseen’s vortex, providing a new stability proof with stronger geometric
flavor. Our analysis involves a fairly detailed functional-analytic study of the inviscid case, which may be
of independent interest, and a careful investigation of the influence of the viscous term in the particular
example of the Gaussian vortex.

1. Introduction

We investigate the applicability of V. I. Arnold’s geometric methods to certain stability problems related
to Navier—Stokes vortices at high Reynolds number. Our main goal is a “proof of concept” that such
applications are possible, at least in simple cases, even though much of the geometric structure behind the
inviscid stability analysis does not survive the addition of the viscosity term. In particular, we give a new
proof of a known result concerning the stability of Oseen’s vortex as a steady state of the Navier—Stokes
equation in self-similar variables. We expect that the approach we advertise here will be useful to tackle
stability problems involving solutions that are less symmetric and less explicit than the classical Oseen
vortex. In such cases one may not have good alternative methods for proving stability in the presence of
viscosity. Our investigation leads to a detailed study of the quadratic forms naturally arising in Arnold’s
approach. Some of their functional-analytic properties, which are established in the course of our analysis,
may be of independent interest.

1A. A finite-dimensional model. Following the seminal paper [Arnold 1965], we first illustrate the issues
we want to address in a model situation where the “phase space” is finite-dimensional. We consider the
ordinary differential equation

x=b(kx), xeR" (1-1)

where b is a smooth vector field in R". Let us assume that f, g1,..., g» : R" — R are (sufficiently
smooth) conserved quantities for the evolution (1-1), with m < n. This means

f/)b(x)=0 and gi(x)b(x)=0, xeR", j=1,...,m, (1-2)
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where we adopt the standard notation f”(x) for the linear form given by the first derivative of f at x. The
situation we have ultimately in mind is somewhat more specific: it corresponds to the case where the
phase space R” is equipped with a Poisson bracket { -, - }, where system (1-1) is of the form

X':{f’x}a (1'3)

and where g1, ..., g, are Casimir functions. The Poisson structure is of course important in many
respects, but for our arguments here it does not play a big role. We can therefore proceed in the general
context of (1-1) and (1-2).

For any c = (cy,...,cn) € R™ letus define X, ={x e R": g1 (x) =c1, ..., gn(x) =cn}. We assume
that, for some ¢ € R, the function f attains a nondegenerate local maximum on X, at some point x € X,

and that the derivatives g (X), ..., g,,(x) are linearly independent. The stationarity condition at X gives
the linear relation
m
f1® =) hgi@) =0 (1-4)
j=1
for some Lagrange multipliers Ay, ..., A,, €R. Moreover, the second-order differential! of the function flx.

(the restriction of f to X.) at x is given by the restriction to the tangent space T3 X, of the quadratic form

m
Q= f"(%) - rg®), (1-5)
j=1

where we denote by f”(x) the quadratic form given by the Hessian of f at X, and similarly for
g{ (%), ..., gn(x). Our nondegeneracy assumption means that the restriction of the form Q to T3 X, is
strictly negative definite. Now, let B = b'(x) be the n x n matrix corresponding to the linearization
of (1-1) at the point x, which is a steady state by construction [Arnold 1965]. If we differentiate twice the
relations (1-2) and use (1-4) together with b(x) = 0, we see that the evolution defined by the linearized
equation £ = BE leaves the form Q invariant. In other words,

%Q(S,S):Q(Bf,f)-i-Q(E,Bé):0 for all £ € R". (1-6)

The above structure” gives various options for the stability analysis of the equilibrium X of (1-1),
depending on the index of the quadratic form Q in (1-5). Our assumptions readily imply that x is stable
in the sense of Lyapunov with respect to perturbations on the invariant submanifold X .. Moreover, since
a neighborhood of x in R” is foliated by submanifolds of this form for nearby values of the parameter
¢ = (cy,...,cm), one can show that x is in fact Lyapunov stable with respect to small unconstrained
perturbations [Arnold 1965]. The perspective changes qualitatively if we add to the vector field b in
(1-1) a small “dissipative” term, with the effect that the quantities f and g1, ..., g, are no longer exactly

I'We recall that the second-order differential of a function on a manifold is intrinsically defined at the points where the
first-order differential vanishes.

Zpointed out in [Arnold 1965] in the form we use here, although in the finite-dimensional case these ideas go back to the
founders of the analytical mechanics.
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conserved under the modified evolution. This is in the spirit of what we intend to do in the infinite-
dimensional case, when we consider the Navier—Stokes equation as a perturbation of the Euler equation.
Since the evolution no longer takes place on the manifolds X, the argument above leading to unconstrained
Lyapunov stability is not applicable anymore. However, in good situations, stability can still be obtained
if the quadratic form Q in (1-5) happens to be negative definite not just on 73 X, but on larger subspaces
as well, for instance on the whole space R". This is, roughly speaking, the idea we shall pursue in the
infinite-dimensional case, to study the stability of vortex-like solutions of the Navier—Stokes equation.

To conclude with the (unmodified) evolution (1-1), we emphasize that the problem of determining
the index of the form (1-5) is also very natural from the viewpoint of the usual constrained optimization
theory. Clearly, the “Lagrange function”

m
LE)=f@) =Y 1gix), xeR, (1-7)

j=1
when considered on the whole space R”, has a critical point at x (and a local maximum at x when
restricted to X,.). The form Q will be strictly negative definite® in the whole space R” if and only if £
has a nondegenerate unconstrained maximum at x. As is explained in Section 2D, this is related to the

concavity of the function

(c1y.eosem)—> M(cy, ..., cpn) = sup f(x). (1-8)

xeX,

1B. Arnold’s geometric view of the two-dimensional incompressible Euler equation. V. 1. Arnold
[1966b; 19664a] (see also [Arnold and Khesin 1998]) carried out the analogue of the above calculations in
an infinite-dimensional setting to handle in particular the two-dimensional incompressible Euler equation
drw~+u - Vo = 0, where u denotes the velocity of the fluid and @ = curl u is the associated vorticity. In
this case the evolution is generated by the Hamiltonian function, which represents the kinetic energy of
the fluid, and the constraints are given by the Casimir functionals

Gq>(a)):/ D (w(x))dx, (1-9)
Q

where  C R? is the fluid domain and ® is an “arbitrary” function on R. The idea of maximizing or
minimizing the energy on the set of vorticities satisfying suitable constraints has been widely used since
then to study the stability of steady-state solutions of the two-dimensional Euler equations and related
fluid models; see [Arnold and Khesin 1998; Burton 2005; Cao et al. 2019].

Let us briefly recall the setup relevant for our goals here, making the similarities with the finite-
dimensional case as transparent as possible. Our main objects will be the following:

(1) The phase space P = {w: R* — (0, 00) : w is smooth and decays “sufficiently fast” at co}. This is
our infinite-dimensional replacement for the manifold R" in the finite-dimensional model. We restrict
ourselves to positive vorticity distributions defined on © = R?, because this is the appropriate framework
to study the stability of radially symmetric vortices in the whole plane. Admittedly, the definition above

30ur use of the terms “positive definite” and “negative definite” allows for vanishing along some directions. When this is not
the case, we speak of strictly positive definite or strictly negative definite forms.
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is somewhat vague, but it serves only as a motivation and our results will be independent of the vague
parts of the definitions. There is a natural Poisson structure on { that is relevant for the Euler equation,
see Section A5, but here we only need some of its Casimir functionals (to be specified now).

(2) The Casimir functionals, which play the role of the constraints g; in the finite-dimensional example.
These are linear combinations of elementary functionals of the form

hMJ®=Hw>aH=f

Xx(wx)—a)dx, a=>0, (1-10)
R2

where x = 1(0,00) is the indicator function of (0, co). Here and in what follows, we denote by |S| the
Lebesgue measure of any (Borel) set S C R2. Due to our assumptions on the vorticities in , the functions
a — h(a, w) are finite and nonincreasing on (0, co). In general, they do not have to be continuous in a
but they will have this property in the examples considered later. Similarly, the functionals w — h(a, w)
may in general not be differentiable in every direction, but they will be in our examples. It is useful to
single out the quantity

Moy(w) :f w(x)dx:fwh(a,w) da, (1-11)
R2 0

which will be referred to as the “mass” of the vorticity distribution w € .
(3) The orbits defined for any @ € P by
Op={we P h(a, w)=h(a,w) for all a € (0, 00)}. (1-12)

These subsets of the phase space are the analogues of the manifolds X. defined by the constraints and
can be considered as a measure-theoretical replacement for the symplectic leaves

@;?Piff ={weP:w=wo¢ for some ¢ € SDiff} C O,

where SDiff denotes the group of area-preserving diffeomorphisms in R?. In contrast to @gDiff, the orbit O
does not carry any topological information about @, since w € Oy as soon as  is a measure-preserving
rearrangement of @.

(4) The Hamiltonian (or energy functional) E: # — R, given by
1 1
E(w) = —5/ V(o (x)dx = —4—/ / log |x — ylw(x) @(y) dx dy, (1-13)
R2 T Jr2 JR2
where ¢ = A~ !w is the stream function defined by

wm=%4yw—WMmeﬂ- (1-14)

This is an analogue of the function f in the finite-dimensional example. Note that the usual kinetic energy
defined by % fR2 |u|2 dx, where u = Vlw, is infinite for w € . However, both definitions of the energy
coincide when fRz w dx = 0, which is the case for instance if w is the difference of two vorticities in &
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with the same mass. It is also worth observing that the functional E is not invariant under the scaling
transformation @ (x) — o™ (x) := A2w (Ax) when My = fRZ wdx # 0. In fact, one can easily check that

@ M}
E(w ):E(a))—|—4—logk for all A > 0.
4

(5) The conserved quantities induced by Euclidean symmetries. These are the first-order moments My, M,
and the symmetric second-order moment / defined by

M;j(w) = /RZ xjo(x)dx, j=1,2, I (w) = .A;@ Ix]2w(x) dx. (1-15)

Note that M, M, are associated to the translational symmetry, via Noether’s theorem, and I to the
rotational symmetry.

With these definitions, the Euler equation can be written in the form d,w = { E (w), w}, where {-, - }
denotes the Poisson bracket on &; see Section AS. Any steady state @ € P is a critical point of the
Hamiltonian E on the orbit ©. Stability can be inferred when the restriction of the energy E to O has a
strict local extremum at @. In what follows, we focus on the maximizers of the energy, which correspond
to radially symmetric vortices.

1C. The constrained maximization of the energy in . Under our assumptions, it is easy to determine
the maximizers of the Hamiltonian £ under the constraints given by the functions /(a, w) for a € (0, 00).
Indeed, for any w € &, the orbit O, contains a unique element w* that is radially symmetric and
nonincreasing in the radial direction; this is the symmetric decreasing rearrangement of w [Lieb and
Loss 1997]. The Riesz’s rearrangement inequality then shows that E(w) < E(w*) for all w € O+, with
equality if and only if w is a translate of w*; see [Carlen and Loss 1992, Lemma 2]. Of course w* is a
stationary solution of the Euler equation, which represents a radially symmetric vortex with nonincreasing
vorticity profile. Our main focus here will be on the analogue of the quadratic form (1-5) for the steady
state @ = w™.
First, the analogue of the Lagrange function (1-7) is

E(w) — /OOA(a)h(a, w)da = E(w) — fwA(a) (/ x(w(x)—a) dx) da,
0 0 R2

where the quantities A(a) for a € (0, o0) can be thought of as the Lagrange multipliers. The role of the
discrete index j in (1-7) is now played by the continuous parameter a > 0. Defining*

oo N
<I>(s)=—/ A(a)x(s—a)da:—/ A(a)da, s>0, (1-16)
0 0
we see that the Lagrange function can also be expressed as

F(a))ZE(a))—i-/ P(w(x))dx, wel. (1-17)
RZ

4The reason for the minus sign in (1-16) will become clear later.
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This quantity will be referred to later as the “free energy” of the vorticity distribution w, a terminology
that will be discussed in Section 1D below.

Next, the analogue of the stationarity condition (1-4) at @ = w* is F'(®) = 0, where the linear form
n+> F'(®)n is defined for all n € TP by

Fl(@)n = /R (@@, F0) = /R log|x —yl@(y)dy.

Stationarity is thus equivalent to the relation V(x) = &' (&(x)) for all x € R, Finally the analogue of
(1-5) is the quadratic form n — F”(®)[n, n], where

F”(d))[n,n]zf (—pn+ @ (@)n?) dx, ¢(x):2lf log |x — y| n(y) dy.
R2 T R2

Using the relation Vlﬁ(x) = ®"(w(x))Vw(x), the second variation can be rewritten in the form
_ vV Vi
F'(@)n, n]=/ <—<0n+—_nz>dx=2E(n)+/ ——n*dx, (1-18)
R2 Vo R2 Vo

which is well known from Arnold’s work. Note that the ratio Vi//Vé is meaningful only when the
vector Va(x) is nonzero and colinear with Vi (x) for almost all x € R%. This condition is obviously
satisfied for all radially symmetric vortices with strictly decreasing vorticity profile.

1D. Overview of our results. We are now able to describe more precisely the results of this paper.
We consider a general family of radially symmetric vortices @ € % with vorticity profile satisfying
Hypotheses 2.1 below. Typical examples are the “algebraic vortex” @(x) = (1 4 |x|>) ™, where k > 1 is a
parameter, and the Oseen vortex for which w(x) = e P/,

1D1. Arnold’s quadratic forms with and without constraints. In Section 2, we study in detail the quadratic
form (1-18) associated with the second variation of the Lagrange function (1-17) at the steady state ® € P,
paying some attention to the functional-analytic questions. First of all, while we know from the constrained
maximization result that the restriction of that form to the tangent space T3 ©j; is negative, it is not clear
if this restriction is strictly negative definite, and if so in which function space. Our first main result is
Theorem 2.5, where we show that, if two neutral directions corresponding to translational symmetry
are disregarded, the restriction to 7;O; of the quadratic form (1-18) is indeed strictly negative in an
appropriate weighted L? space. The proof ultimately relies on a variant of the Krein—Rutman theorem.

We next investigate the index of the quadratic form (1-18) on a much larger subspace, corresponding
to perturbations n € T; P satisfying fRZ n(x) dx = 0. In other words, we relax all constraints given by the
Casimir functions (1-10), except for the mass My defined in (1-11), which is still supposed to be constant.
A priori there is no reason why the form (1-18) should be negative definite in this larger sense, and indeed
Theorem 2.8 shows that this is not always the case. More precisely, we show that negativity holds in
the large sense if and only if the optimal constant in some weighted Hardy inequality (where the weight
function depends on the vorticity profile @) is smaller than 1. While that condition is not easy to check in
general, we deduce from Corollary 2.11 that it is fulfilled at least for the Oseen vortex, as well as for the
algebraic vortex o(x) = (1 + x|« if & > 2.
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Although the mass constraint is rather natural, one may wonder if, for some vorticity profiles, the
quadratic form (1-18) can be negative definite for all perturbations n € T;%; this question is briefly
discussed in Section 2C. Finally, in Section 2D, we give a fairly explicit expression of the energy E (@)
in terms of the constraints h(a, ®) for all a > 0; see Proposition 2.18. One obtains in this way an
infinite-dimensional analogue of the quantity M(cy, ..., c¢;) defined in (1-8). Among other things, we
justify our claim that the index of the quadratic form (1-5) is related to the concavity of the function (1-8)
(which is a well-known fact), and we discuss a similar link in the infinite-dimensional case.

As an aside, we mention here that the stability of radially symmetric vortices for the two-dimensional
Euler equations can also be studied using other conserved quantities, such as the second-order symmetric
moment / defined in (1-15); see, e.g., [Marchioro and Pulvirenti 1994, Chapter 3].

1D2. The global maximizers of the free energy. Let ¥ be the stream function associated with the radially
symmetric vortex . We have seen that the analogue of the Lagrange function (1-7) is given by the “free
energy”’ (1-17), where the function ® is defined, up to an additive constant, by the relation VU (x) =P (o(x)).
The appellation “free energy” is partially justified by a (loose) analogy of formula (1-17) with the classical
thermodynamical expression for the free energy

F=U-TS. (1-19)

Here U is the internal energy (of a suitable system), T is the temperature, and S is the entropy. In (1-17),
the energy E is analogous to U, the integral eraZ ® (w(x)) dx is analogous to S, and one can argue that it is
reasonable to take 7 = —1. Of course, T has nothing to do with the real temperature of the fluid, but should
roughly be thought of as the statistical mechanics temperature of our system in the sense of [Onsager 1949].
We have not attempted to make this connection rigorous, which would take us in a different direction.

In Section 3, we consider vortices @ which are global maximizers of the free energy F(w) for all w €
satisfying || g2 @dx = ! g2 @ dx. Such equilibria can be expected to have strong stability properties, and
may be useful for other purposes too. Using a direct approach, in the sense of the calculus of variations,
we prove the existence of global maximizers under fairly general assumptions on the function ®; see
Theorem 3.4. However, we do not have any efficient method to determine if a given vortex  is a global
maximizer or not. A necessary condition is of course that the quadratic form (1-18) be negative on
perturbations n with zero mean, see Theorem 2.8, but there is no reason to believe that this is sufficient.
Numerical evidence indicates that the Oseen vortex is a global maximizer, and so are the algebraic
vortices @(x) = (1 + |x|?) ™ for k > 2. In the particular case x = 2, maximality can be deduced from the
logarithmic Hardy-Littlewood—Sobolev inequality

//log ! w(x)w(y)dxdygl/ a)(x)log(a)(x))%—m, (1-20)
rRJr2 o |x — Yl 2 Jre 2

which holds for all w € # with My(w) = 1; see [Carlen and Loss 1992]. We mention that (1-20) is related
to Onofri’s sharp version [1982] of the Moser—Trudinger inequality.

1D3. The effect of viscosity: application to Oseen vortices. In Section 4, we consider the stability of the
Gaussian vortex under the evolution defined by the Navier—Stokes equation d;®w + u - Vo = vAw, where
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v > 0 is the viscosity parameter. More precisely, we show that the quadratic form (1-18) can be used to
give an alternative proof of the local stability results established in [Gallay and Wayne 2005]. We believe
that a proof relying on the second variation of the energy is of some interest, because the analogue of the
form (1-18) can be defined for more complicated vortex structures as well, whereas the simpler approach
in [Gallay and Wayne 2005] may be more difficult to adapt.

The addition of the viscous term results in important new issues: the radial vortices are no longer steady
states and the orbits (1-12) are no longer invariant under the evolution, so that much of the geometric
picture underlying the Euler equation is destroyed. The first problem is settled by introducing self-similar
variables and restricting ourselves to Oseen’s vortex, which is a stationary solution of the Navier—Stokes
equation in these new coordinates. Thanks to Theorem 2.8 and Corollary 2.11, the quadratic form (1-18)
is positive definite for all perturbations with zero mean. This form is invariant under the evolution defined
by the linearized Euler equation at the vortex, but not under the Navier—Stokes evolution due to the
viscous term and the nonlinearity. The effect of viscosity is measured by a second quadratic form, which
happens to have a favorable sign; see Theorem 4.2. We do not know if this is just a lucky coincidence, or
if there are deeper reasons behind that. In any event, this nice structure allows us to recover the local
stability result of [Gallay and Wayne 2005], except for a slight difference in the choice of the function
space; see Theorem 4.5. Again, we emphasize that the functional setting used in that work relies in an
essential way on the radial symmetry of Oseen’s vortex, through the existence of conserved quantities
such as the moment / in (1-15), whereas our new approach can, at least in principle, be adapted to more
general situations, where other methods do not work.

2. The second variation of the energy

In this section we study the coercivity, on various subspaces, of the quadratic form (1-18) which represents
the second variation of the free energy (1-17) at a radially symmetric vortex @ € . We assume that
@(x) = wy(|x]) for all x € R? and that the vorticity profile w, : [0, +00) - Ris a C? function with the
following properties:

Hypotheses 2.1. The vorticity profile w, € C*([0, +00)) satisfies
(1) w4(0) >0, w,(0)=0, and »}(0) <O,
(2) W (r) <0 forallr > 0, and w.(r) — 0 as r - +00,
(3) there exist C > 0 and B > 2 such that |, (r)| < C(1 + r)*ﬁflfor allr > 0.
It follows in particular from (2) and (3) that w,(r) = — f roo w/ (s)ds, so that

C 0.¢]
O<wy(r)<—— forallr >0 and 0< / rwy(r)dr < oo. 2-1)
(14r)P 0

Let 1} be the stream function associated with o as in (1-14). We have lﬁ(x) = ¥« (|x|), where the stream
profile v, : [0, +00) — R satisfies

Wl (r) + %1//;(;’) = w(1); hence VY. (r) = %fr swy(s)ds forall r > 0. (2-2)
0
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We introduce the weight function A : [0, +00) — R defined by A(0) = —w,(0)/(2w](0)) and
V. (r)

A(r)= Y "

— ! /f swy(s)ds, r>0. 2-3)
ro,(r) Jo

Hypotheses 2.1 ensure that A € C ([0, 4+00)) N C'((0, +00)). Moreover, there exists a constant C > 0
such that A(r) > C(1+r)f for all r > 0.

Let A : R — (0, oo) be the radially symmetric extension of A to R?, namely A (x) = A(|x|) for all
x € R%. We introduce the weighted L? space X defined by

X = {a) e L’R%) : o] = fRz Ax)|w(x)|* dx < oo}, (2-4)

so that w € X if and only if A0 e L*(R?). Our assumptions ensure that A~ e LY(R?), and using
Holder’s inequality we easily deduce that X < L'(R?). We also consider the closed subspaces X; C
Xo C X defined by

on{weX:/ w(x)dx:O},
R2

(2-5)

X

X1={a)eX0:/ —’w(x)dx:()forjzl,z}.
r2 |x]

We observe that, for any w € X, the energy E (w) introduced in (1-13) is well-defined. This a consequence
of the following classical estimate, whose proof is reproduced in Section A1l for the reader’s convenience.

Proposition 2.2. Assume that w € L' (R?) satisfies

[ lw(x)| log(1+|x])dx < oo and / |w(x)] log(l + |a)(x)|) dx < o0. (2-6)
R2 R2
Then the last member in (1-13) is well-defined, and the energy E (w) satisfies the bound
o (x)]
|E(w)| = Cllwllp lo(x)] log(2+ [x[)dx+ [ |w(x)| logy ——dx]), (27
R2 R2 ol L

where log, (a) = max(log(a), 0). If, moreover, fRZ w(x)dx =0, then E(w) = % fRZ |u|? dx, where

1 (x—yt

27 L T o o(y)dy, xeR>. (2-8)

u(x) = Vi (x) =

Since any w € X obviously satisfies (2-6), we can consider the quadratic form J on X defined by
J(@) = }ol} — E(w), or explicitly

J(co):%A;EZL/?(x)a)(x)zdx—l—%/{Rg2 /[W log|x —ylo(x)w(y)dxdy, welX. 2-9)

In the particular case where w € X, namely when o has zero average over R?, Proposition 2.2 gives the
alternative expression

J(w) = %fw(ﬂ(x)w(x)z —lux) P dx, o e Xo, (2-10)
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where u is the velocity field associated with w via the Biot—Savart formula (2-8). In view of (1-18)
and (2-3), we have J = —%F "(@), where F” () is the second variation of the free energy (1-17) at the
equilibrium @. It is clear that X is the largest function space on which this second variation is well-defined.

Our main goal in this section is to study the positivity and coercivity properties of the quadratic form J
on the spaces X, X, and X defined in (2-4), (2-5). To formulate our results, it is useful to take the

decomposition X = X, @ X, where

X ={w € X : w is radially symmetric}, (2-11)

and X is the orthogonal complement of X, in the Hilbert space X. Referring to the geometric picture
of Section 1B, we consider XrLS as the rangent space to the orbit O at @. This interpretation can be
formally justified as follows: if @ € X is smooth, the tangent space 75O, is spanned by vorticities
of the form v - Vw, where v is a (smooth and localized) divergence-free vector field, and using polar
coordinates as in Section 2A below one verifies that such vorticities are indeed orthogonal in X to all
radially symmetric functions. A contrario, since there is a one-to-one correspondence in  between
orbits and symmetric decreasing rearrangements, it is clear that any radially symmetric perturbation of

the equilibrium o is transverse to the orbit O;.

1

s> 50 that the restrictions

1
I

It is easy to verify that J (w; +w;) = J(w1) + J (w2) when w1 € X5 and wp € X
of J to Xy and X:- can be studied separately. We first consider the tangent space X:- in Section 2A, and

postpone the study of radially symmetric perturbations (with zero or nonzero mass) to Sections 2B and 2C.
Remark 2.3. Differentiating the first equality in (2-2), we see that the function ¢ = ;. satisfies

1

A(r)¢(r), r >0, (2-12)

(Lod) () i= =9 () = 19/ (1) + 501 =

where A(r) > C(14r)?. Since ¢ > 0, Sturm—Liouville theory asserts that i = 1 is the lowest eigenvalue of
the (generalized) eigenvalue problem L¢ = uA~'¢ on R,., with boundary conditions ¢ (0) = ¢ (+00) =0;
see [Coddington and Levinson 1955; Hartman 1964]. This observation will be used later.

Remark 2.4. Hypotheses 2.1 are sufficient for our results to hold, but can be relaxed in several ways. In
particular, we can consider vortices that are not smooth at the origin, but the assumption that w/,(r) <0
for all » > 0 seems essential. This excludes vortices with compact support from our considerations, but
as our motivation comes from applications to the Navier—Stokes equations, Hypotheses 2.1 are good
enough for our purposes here. Of course, extensions of the theory that would include compactly supported
vortices might be relevant in other situations and can probably be constructed, although they may require
additional work.

2A. Positivity of the quadratic form J on X .

Theorem 2.5. Under Hypotheses 2.1, the quadratic form J defined by (2-10) is nonnegative on the
space XrLS C Xo. Moreover, there exists a constant y > 0 such that

J(w) > g/ AX)w(x)*dx  forallwe X:NX;. (2-13)
R2
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Proof. We introduce polar coordinates (r, 6) in R?, and given any w € X we use the Fourier decomposition

w(r cos(9), rsin(d)) = Zwk(r)eike, r>0, 0 eR/2n7), (2-14)
k#£0

where the sum runs over all nonzero integers k € Z \ {0}. By Parseval’s relation we have

ﬂ(x)a)(x) dx_znZ/ A lor () rdr,

k0

(2-15)
/ lu(x)]? dx = / (—A'w)(x) w(x)dx =27 Z/ Bilwr](r) or(r) r dr,
k70

where By, is the integral operator on the half-line R, defined by the formula
B L in(2, ) ) sd 0 2-16
( k[f]xr)—mfo min(£,2)" f(s)sds, r>o0. 2-16)

Note that g = B[ f] is the unique solution of the ODE
" 1, k?

—8 () =28+ 58(r)=f(r)., r=>0, (2-17)

which is regular at the origin and converges to zero at infinity.
In view of (2-15), the proof of Theorem 2.5 reduces to the study of the one-dimensional inequality

/0 (Be[fD(r) f_(r)rdFSCk/0 AW f )P rdr, (2-18)

which depends on the angular Fourier parameter k € Z \ {0}. More precisely, the quadratic form J is
nonnegative on Xr% if and only if, for all k # 0, inequality (2-18) holds with some constant C; < 1. In
addition, we have the lower bound (2-13) on the subspace X;. N X if and only if inequality (2-18) holds
with a better constant Cy < 1—y forall k A0, assuming when |k| =1 that f satisfies the additional condition

/Oof(r)rdrzo. (2-19)
0

It remains to establish inequality (2-18) for all k € Z \ {0}. We obviously have the pointwise bound
[(Br[fD ()| < (Bell f11)(r), so that we can restrict ourselves to nonnegative functions f. Moreover the op-
erator By, preserves positivity, and an inspection of the formula (2-16) reveals that 0 < Bi[ f] < k|~ By[ f]

if £ > 0. As a consequence, to show that J is nonnegative on X, it is sufficient to prove inequality

rs?

(2-18) in the particular case where |k| = 1 and f > 0. Setting h = A'/? f, we write that inequality in the
equivalent form

/Oo(§1 [AD) () h(r)rdr < Cy /ooh(r)2 rdr, (2-20)
0 0

where B[h] = A~'/2B;[A~"/2h]. The following assertions play a crucial role in our argument:

Claim 1: The operator B | is self-adjoint and compact in the (real) space Y = L>(R_, r dr).
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Indeed, take i € Y with |||y <1, and define f = A~'/2h, g = B,[ f]1= AY2B,[h]. Applying (2-16)
with |k| = 1, we see that

g(r)= 2—1,, /O AG) V2 h(s)s?ds+ =

2/ A) "V h(s)ds, r>0,

r

and using Holder’s inequality we deduce

- 1/2 0 172
lg(r)| < {%(f A(s)"!s? ds) +%(/ A(s)_ls_lds) }Hh”y. (2-21)
0 r

As A(r) > C(1+r)? with B > 2, the right-hand side of (2-21) is uniformly bounded, so that ||g|| .~ < C
for some universal constant C. It also follows from (2-21) that g(r) - 0 as r — 0 and r — 400. On
the other hand, since g satisfies the ODE (2-17) with k = 1 and f = A~!/2h, a standard energy estimate
yields the bound

9] 2 9]
fo (g’(r)2+g(r) )rdrzfo g(r) A2y rdr < |lglle APy lklly < €. (222)

2
’
In view of (2-21) and (2-22), the Fréchet—Kolmogorov theorem [Reed and Simon 1978, Theorem XIII.66]

implies that the function Bi[h]=A"Y 2g lies in a compact set of Y, so that the operator B, is compact.
To prove that B is self-adjoint, we take /1, h; € Y and observe that

/0 (Bilh D) ha(r) r dr = /0 (gﬁ(r)gé(r)—kw)rdr’

where g; = Bi[A~V2) ;1 for j =1, 2. This expression is clearly a symmetric function of (A1, h7).

Claim 2: The spectral radius of §1 is equal to 1, and A =1 is a simple eigenvalue of El.

To see that, we first observe that A =1 is an eigenvalue of B, with a positive eigenfunction. Indeed,
using (2-2), it is straightforward to verify that the function g =/, satisfies the ODE (2-17) with k = 1
and f = —w/. This shows that Bj[—w/] = v.; hence defining h = A~!/2yy/ = —A!'/2w we conclude
that §1 [A] = h. On the other hand, assume that A > 0 is an eigenvalue of §1, with eigenfunction & € Y.
Defining f = A~Y2p, we see that B[ f1=AAf, so that the function g = B[ f] satisfies the generalized
eigenvalue problem
g(r)
A(r)’

&g+ e =S s, 2-23)
with the boundary conditions g(0) = g(400) = 0, where u = 1/A, We already observed that © =1 is
the lowest eigenvalue of (2-23); see Remark 2.3. It follows that A = 1 is the largest eigenvalue of the
integral operator B, whose spectral radius is therefore equal to 1. The argument above also shows that
all positive eigenvalues of B, are simple, because (2-23) is a second-order differential equation.

It is now a simple task to conclude the proof of Theorem 2.5. Claims 1 and 2 imply the validity
of inequality (2-20) with C; = 1. We deduce that (2-18) holds for |k|] = 1 with C; = 1, and (since
By < |k|~'By) for |k| > 2 with C < 1/|k|. This shows that the quadratic form J is nonnegative on Xrls.
On the other hand, if we assume that w € Xé N X1, the function f = w4 satisfies condition (2-19), which
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means that 7 = A'/? f is orthogonal in Y to the one-dimensional subspace Y, spanned by the positive
function y = A~!/2. Tt is clear that YOl does not contain any positive function, and in particular does
not include the principal eigenfunction 7o = —A'/?w/, of the operator Bi. So, applying Lemma 4.7 and
Remark 4.8 below, we deduce that 1 — By > 0 on Y, L, which means that inequality (2-20) holds on YOl
with some constant C| + < 1. Taking into account the other values of k, for which C; < 1/]k| < l, we
conclude that estimate (2-13) holds with y = min (3, 1-C7). O

Remark 2.6. The Krein—Rutman theorem [Deimling 1985, Theorem 19.2] asserts that the spectral
radius of the compact and positivity-preserving operator B, is an eigenvalue with positive eigenfunction.
However, since the cone of positive functions has empty interior in ¥, we cannot apply Theorem 19.3 in
[Deimling 1985] to conclude that By has a unique eigenvalue with positive eigenfunction, which is thus
equal to the spectral radius. For this reason, we prefer invoking Sturm-Liouville theory to prove that 1 is
the largest eigenvalue of Bi.

Remark 2.7. If § > 4 in Hypotheses 2.1, the conclusion of Theorem 2.5 remains valid, with the same
proof, if the subspace X is replaced by

Ilz{a)eXo:/ xja)(x)dszforjzl,Z}. (2-24)
R2
This possibility will be used in Section 4.

2B. Positivity of the quadratic form J on Xs N Xy. The quadratic form J is not necessarily positive
when considered on the subspace X;s N X, which consists of radially symmetric functions with zero
mean. This question is related to the optimal constant in the weighted Hardy inequality

f rer Y <cy / A (2-25)
0

where f : [0, +00) — R is an absolutely continuous function with f(0) = f(4+o00) = 0. Weighted Hardy
inequalities are extensively studied in the literature; see, e.g., [Mazya 2011, Section 1.3.2]. In particular,
it is known that (2-25) holds for some constant C > 0 if and only if the positive function A satisfies

1 r oo
lim sup (log —) / > ds <oco and limsuplog(r) > ds < oo. (2-26)
r—0 r 0 A(S) r—+00 r A(S)

Both conditions in (2-26) are fulfilled in our case, since A(r) > C(1 +r)? for some g > 2.

Theorem 2.8. Under Hypotheses 2.1, the quadratic form J defined by (2-10) is coercive on X s N X if
and only if Hardy’s inequality (2-25) holds for some Cy < 1. In that case we have

J(w) > % / AX)w(x)*dx  forall w € XN Xo, (2-27)
R2
where y =1—Cgy.

Proof. Given w € X5 N X, we write w(x) = wp(]x]) and we consider the stream function ¥y defined (up
to an irrelevant additive constant) by

Yo (r) = %/ swo(s)ds = —%/ swo(s)ds, r>0.
0 r
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Defining f(r) = ri/f(’) (r), we see that f is absolutely continuous on Ry with f(0) = f(+00) =0. Moreover
we have wo(r) = f'(r)/r and uy(r) := 1//6(1*) = f(r)/r by construction. Finally the assumption that

172

wg € X5 N X ensures that A'/“wg and ug belong to the space ¥ = L2(R+, r dr). We thus have

J()=n / (A —uor)) rdr = f (A7 - F@?) & (2-28)
0 0

and using (2-25) we conclude that (2-27) holds with y =1 — Cy. This proves that the quadratic form J
is coercive on X 3N X if Cy < 1. Conversely, if (2-27) holds for some y > 0, it follows from (2-28) that
inequality (2-25) is valid with Cy =1 —y. Il

As is well known, the optimal constant in Hardy’s inequality (2-25) is related to the lowest eigenvalue
of a self-adjoint operator. A convenient way of seeing this is to apply the change of variables r = e*,
h(x) = f(e*), B(x)= e~ 2* A(e*), which transforms (2-25) into the equivalent inequality

/ h(x)*dx < Cy / B(x)H (x)? dx. (2-29)
R R
The integral in the right-hand side of (2-29) defines a closed quadratic form on the Hilbert space H = L%(R),
with dense domain D = {h € H : B'/?h’ € H}. Let

B:DB) — H, hr+— —09,(B(x)d.h),

be the self-adjoint operator in H associated with the quadratic form (2-29) by Friedrich’s representation
theorem [Kato 1966]. Since B(x) > 0 for all x € R we know that B is positive, and using the fact that
x2B(x)~!' — 0as |x| — oo it is easy to verify that B has compact resolvent in H, and hence purely discrete
spectrum. The optimal constant in Cy in (2-29) is precisely the inverse of the lowest eigenvalue of B:

Cy=max{A"': 1 ¢ spec(B)}. (2-30)

By Sturm-Liouville theory, if u =C ,}1 is the lowest eigenvalue of B, there exists a positive eigenfunction
h € D(B) such that B2 = ph. Setting h(x) = f(e*), we see that f is a positive solution of the ODE

_a,<A(")arf(r)> =10 s, 231

r

satisfying the boundary conditions f(0) = f(+00) = 0. Moreover [;° A(r) f'(r)*dr/r < oo by con-
struction. It is not easy to guess from (2-31) whether w is smaller or larger than 1, but under additional
assumptions on the vortex profile it is possible to make another change of variables which puts (2-31)
into a form that allows for a comparison with (2-12).

Lemma 2.9. If the function A in (2-3) satisfies
A(ry  A(*\ [
2
A e C~([0, +00)) and Sllp(r—2 + m) /;

r>1

ds < o0, (2-32)
A(s)

then the function g : [0, +00) — R defined by g(r) = A(r)'/* f(r)/r is a solution of the ODE

1 1
—g"(r) = g ("N + 58" + V(Ng(r) = ——g(r), (2-33)
r r A(r)
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with boundary conditions g(0) = g(+00) =0, where
1 1 / 1
Vir)=x"(r)— ;X/(I”) +x'(? and x(r)= 5 log(A(r)). (2-34)

Proof. Since f satisfies (2-31), a direct calculation shows that g(r) := A(r)'/? f(r)/r is a solution
of (2-33), where the potential V is defined by (2-34). As for the boundary conditions, we recall that
JoZ A(r) f/(r)*dr/r < oo; hence [;° | f'(r)| dr < 0o. As f(r) = [y f'(s)ds, we have

lf)] L/ (" s V2o sop s\ 2
TS?(/O A(S)ds) (/O AG)£(s) ;) =5~ 0.

which shows that g(r) — 0 as r — 0. Similarly, since f(r) = — froo f'(s) ds, we have

lg(r)] < A" (/OO il ds)l/z(/oo A@) f(s)? §>1/2 —0
- r . A(S) p s ro>+oo "

thanks to (2-32). O

Remark 2.10. The same arguments show that r?g'(ry -~ 0asr — 0and g'(r) — 0 as r — 400, at least
along appropriate sequences.

Let L be the differential operator defined by
1 1
L=Lo+V==0}—-0+—=+V(), (2-35)
r r

where Lo was introduced in (2-12). We know from (2-33) that Lg = uA~'g, where u = C,}l and g is the
positive function defined in Lemma 2.9. On the other hand, we observed in Remark 2.3 that Lo¢ = A~ lg,
where ¢ = v, is also a positive function vanishing at the origin and at infinity. Using Sturm-Liouville
theory, we easily deduce the following useful criterion:

Corollary 2.11. Under assumptions (2-32), if the function V defined by (2-34) does not change sign, the
optimal constant in Hardy’s inequality (2-25) satisfies Cy < 1if V > 0,and Cyg > 1if V <0; moreover,
Cy =1onlyif V is identically zero.

Proof. With the notation above, we have Lop — A~ !¢ =0 and
Lig—A'g=Lg—(A""+V)g=R, where R=(u—1)A""g—Vg. (2-36)
Since rRp =r(¢p(Log) — g(Lop)) = (d/dr)(r(¢'g — g'®)), we have for r; > ry > 0 the identity

/ RS Ir dr = r(¢/(Ng(r) — &' (H())]

T (2-37)

r=ro’

Now, we let rg tend to 0 and | to 400 along appropriate sequences, in such a way that the right-hand
side of (2-37) converges to zero. This possible, because we know that ¢ (r) = O(r) and ¢'(r) = O(1) as
r — 0, while ¢(r) = O(1/r) and ¢'(r) = O(1/r?) as r — +o00; moreover, the behavior of g in these
limits is given in Lemma 2.9 and Remark 2.10. We thus deduce from (2-37) that fooo Rer dr =0, which
is impossible if the function R has a constant sign and is not identically zero. So, if V does not change
sign, we must have © > 1if V >0 and u <1 if V <0; moreover, u = 1 is possible only if V = 0. Since
u==C 1_11, this gives the desired conclusion. U
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Remark 2.12. As is easily verified, the optimal constant Cy in Hardy’s inequality (2-25) is unchanged if
the function A(r) is replaced by A~2A(rr) for some A > 0. This corresponds to a rescaling of the vortex
profile w,.

We now give two important examples where the sign of Cy — 1 can be determined.

Example 2.13 (algebraic vortex). Given « > 1, we define

1 L 1
= e ‘”*(’")_zw—l)r(l_<1+r2>K—1)' 3%

We have
vi(r) 1
w,(r)  dk(k—1)r?

A(r)=— (A +rH T — (14772,

When « =2 (Kaufmann—Scully vortex), inequality (2-25) holds with optimal constant Cy = 1, and is
saturated for f(r) = r2/(1 +r2)2. Indeed, it is easy to verify that A(r) = (1 —|—r2)2/8 and V (r) =0 in that
particular case. Taking g(r) = r/(1 +r?), a direct calculation shows that Lg = A~!g, so that Cpy = 1.

If « > 2, we prove in Section A2 that the potential V is positive, so that Cy < 1 by Corollary 2.11.
Finally, if 1 < k < 2, the potential V is negative, implying that Cy > 1. Summarizing, for the family of
algebraic vortices (2-38), the quadratic form J is coercive on X3 N X if and only if « > 2.

Example 2.14 (Gaussian vortex). We next consider the Oseen vortex given by
2 4
o) =y =" =eT, A = @ -, (2-39)
r

In that case too, the potential V defined in (2-34) is positive; see Section A2. By Corollary 2.11, we
conclude that Cy < 1, so that the quadratic form J is coercive on X3 N Xo. A numerical calculation
gives the approximate value Cy =~ 0.57, so that y ~ 0.43.

Remark 2.15. In a finite-dimensional situation, one can use statements such as Theorems 2.5 and 2.8 for
showing the nonlinear Lyapunov stability of the corresponding steady solution, at least if the smoothness
class of the relevant objects is C2. More precisely, if a flow % = b(x) on a finite-dimensional manifold
preserves a C 2 function f which attains a nondegenerate local maximum at x, then the sets { f(x) >
f(x) — €} are invariant under the flow and for small € are well-approximated by the small balls given by
the quadratic form —% f"()[x —x, x — x]. A standard way to see this is to write f(x) > f(X) —€ as

——f”(x)x—x xX—x]— /(1 D(f"(1=0x+1x) — f"(X))[x — %, x —x]dr <e.

When f” is continuous at X and x is close to X, the integral in this inequality is dominated by a small
multiple of —% f"(x)[x — X, x — x] and the usual Lyapunov stability statements follow. In our situation
here the set ©j is not a C? submanifold and the free energy functional w — E(w) + fRZ D (w(x))dx is
not of class C2. It is not hard to see directly that the expression

1
—f /(1—t)CD”((l—t)d)(x)—l-ta)(x))(a)(x)—cb(x))zdtdx
R% JO
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cannot be dominated by —% fRz d"(®)(w(x) — @(x))>dx in a suitable way. One may still use the
invariance of the sets U;  :={w € O3 N X, : E(w) > E(®) — €} under the Euler evolution, and possibly
also the conservation of the second-order moment / (w) defined in (1-15), to obtain Lyapunov-type
stability statements. For results in this spirit when the domain occupied by the fluid is compact, the reader
can consult [Burton 2005] and [Arnold and Khesin 1998, Section I1.4]. Our situation here is somewhat
complicated by the noncompactness of our flow domain R?, but under our assumptions one still has
(Me=o Us,e = {®} (by using the uniqueness of the maximizers discussed in [Carlen and Loss 1992], for
example). This could be turned into Lyapunov-type stability statements, although not quite of the same
form as in the C? case. The important point is that there are estimates for the proximity of “almost
maximizers” to the exact maximizers, an issue that also appears in other problems, such as the stability of
the isoperimetric inequality [Fusco et al. 2008], and of the Sobolev inequality [Bianchi and Egnell 1991].

In the present work our focus is on quadratic forms, due to their applicability to the viscous case. Of
course, at the level of the linearized inviscid equation w; + u - Vo + u - Vo = 0, the quadratic form J
does provide Lyapunov stability in the space X if inequality (2-25) holds with Cy < 1. We note that the
linearized analysis in other topologies can be more complicated; see for example [Bedrossian et al. 2019].

2C. The quadratic form J without mass constraint. In this short section we make a few remarks on
the index of the quadratic form (2-9) when considered on the whole space X defined by (2-4), and not
only on the subspace X given by (2-5). Our first observation is that, due to lack of scale invariance in
this context, the form J cannot be positive on X if the underlying steady state @ is sharply concentrated
near the origin. To see this, we consider the rescaled vortex w, (x) = A2 (Ax) and the associated weight
function A (x) = A~ 24 (Ax); see Remark 2.12. We denote by J, the quadratic form on X corresponding
to the steady state w;, , namely the form (2-9) where A is replaced by A,. If w € X and w;, (x) = 1o(hx),
a simple calculation shows that

M2
Ji (@) = J (@) — —2log(r), where My = / w(x)dx.
47'[ R2

If My # 0, it is clear that J; (w,) < 0 when A > 0 is sufficiently large, so that the quadratic form J, cannot
be positive in this regime.

Remark 2.16. The negative direction arising by such a rescaling is related to a particular choice of the unit
of length implicitly involved in the kernel % log |x|. In writing log |x|, we imply that x is dimensionless.
When x is measured in some units of length, we should write the kernel as % log(|x|/rg), where rg is a
reference length. The choice of ry does not affect the behavior of the system, and in the stability analysis
based on J it can be compensated for by adding to the quadratic form J a suitable multiple of the quantity
( fR2 w(x,t) dx)z, which is preserved by the evolution. Hence, as one can expect, the stability analysis is
independent of the choice of the reference length rg, or, equivalently, of the scaling parameter A above.

We next argue that, for any vortex @ satisfying Hypotheses 2.1, the index of the quadratic form is well-
defined in the sense that J has (at most) a finite number of negative directions. In view of Theorem 2.5, it is
sufficient to evaluate J on radially symmetric functions @ € X,5. The following expression will be useful:
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Lemma 2.17. For any w € X5, we have

J(w) = ﬂ/ooA(r)a)(r)zr dr + n/oo/oo log(max(r, s))r w(r) s w(s)drds. (2-40)
0 0 0

Proof. Here and below, with a slight abuse of notation, we consider any w € X, as a function of the
one-dimensional variable r = |x|. For such vorticities, the first integral in (2-9) obviously gives the first
term in (2-40), so it remains to establish the following expression of the energy:

E(w) = —ﬂ/oofoo log(max(r, s))r w(r)sw(s)drds, € Xis. (2-41)
o Jo

To this end, we introduce polar coordinates x = re’?, y = se’¢ to compute the right-hand side of (1-13),
and we use the identity

2w p2m ) ) 27 )
/ / log |re'? — se'|df d; = 271/ log |re'? — 5| do = 472 log(max(r, s)). (2-42)
0o Jo 0

The formula (2-42) is well known and can be derived in many ways. For example, assuming that r is a
fixed positive number, we interpret the last integral as a function of s € C. This expression obviously
depends only on |s|, is continuous everywhere, and is analytic both inside and outside of the circle |s| =r.
Inside the circle it has to be constant and outside the circle it coincides with the potential of a point
particle of mass 27 located at the origin, which is 27 log |s|. This gives (2-42), and (2-41) follows. [

Applying the change of variables w(r) = w(r)Ar)'/?, sothat w e Y = LZ(IRJr, rdr) when w € X,
the formula (2-40) becomes

lJ(w) = /oow(r)zr dr — /00/00 A(r, )w(r)w(s)rs dr ds, (2-43)
T 0 o Jo

where £(r, s) = — log(max(r, SNA®)~2A(s)"1/2. Under Hypotheses 2.1, we have the lower bound
A(r) = C(1 +r)P for some B > 2, which implies that

o0 o0
/ / A(r, s)2 rsdrds < oo.
o Jo

This means that the right-hand side of (2-43) is the quadratic form in Y associated with a self-adjoint
operator of the form 1 — K, where 1 is the identity and K is a Hilbert—-Schmidt perturbation. By
compactness, this operator has (at most) a finite number of negative eigenvalues, which means that the
index of the quadratic form J on X is well-defined.

The eigenvalues of K can also be thought of as eigenvalues of the quadratic form (2-41) with respect
to the reference form w — fooo A(r)w(r)’rdr. As is easily verified, if A is such an eigenvalue, the
corresponding eigenfunction w satisfies

—(r)=AA(r)w(r), where ¥ (r)= /OO log(max(r, s)) s w(s) ds. (2-44)
0

Since w (r) = ¥"(r) + (1/r)y’(r), the first relation in (2-44) is an ordinary differential equation for the
stream function ¥ : R4 — R, to be solved with the boundary conditions

PO=0 and lim (y()log(2r) =y (2r) log(r)) =0,
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which can be deduced from the expression of ¥ in (2-44). For the Lamb—Oseen vortex (2-39) a numerical
computation gives the largest eigenvalue A ~ 0.7127, thus suggesting that the form J is strictly positive
definite on the whole space X5 in that case. In contrast, the largest eigenvalue for the algebraic vor-
tices (2-38) seems to exceed the threshold value 1, indicating that for those vortices the form J is not
positive definite without additional constraints on w.

2D. The maximal energy as a function of the constraints. In Section 1A we considered the classical prob-
lem of maximizing a function f : R” — R under a family of constraints of the form g1 =cy, ..., gn = Cm,
where g1,...,8n : R > R. Given ¢ = (cy, ..., cn) € R", we recall the notation X, = {x € R" :
gix)=c1, ..., 8mn(x) =cp}. Assuming that f reaches a nondegenerate maximum on X, at some point
X € X. where the first-order derivatives gj(X), ..., g,,(X) are linearly independent, we introduced the
quadratic form Q defined by (1-5), which is the second-order differential of the Lagrange function (1-7) at x.
In the present section, we are interested in the index of the form Q on larger subspaces than 73 X .. As was
already mentioned, this question is closely related to concavity properties of the function M defined by (1-8)
or, almost equivalently, to convexity properties of the set S = {(g{(x), ..., gn(x), f(x)) : x e R"} C R"™+!
near its “upper boundary”.

The situation becomes particularly transparent if we use adapted coordinates which, as it turns out,
have a fairly complete analogy in the two-dimensional Euler case. Let us assume that we can introduce
new coordinates (cy, ..., Cu, Y1, -, Yu—m) in R" such that, as before, cy, ..., c, are the values of
the constraints gy, ..., g», and the additional coordinates yi, ..., y,—, are chosen so that the points
having coordinates (ci, ..., ¢y, 0,...,0) are those where f attains its maximum on X, Writing
M(cy,...,cm) = f(c1y...,Cm,0,...,0) as in (1-8), one verifies that

oM _
—(1, . em) =4, j=1,...,m, (2-45)
8Cj
where Ap, ..., A, are the Lagrange multipliers introduced in (1-4). Moreover the extremality condition
on X, implies that

0
—f(cl,...,cm,O,...,0)=0, k=1,...,n—m.

Yk
‘We infer that

(0% f/(@cidey)}! 0
D>f(cly . vy Cmy0,...,0)= Jj=1 ), (2-46)
/ " 0 @ f /@y ",
where all derivatives are evaluated at the point (cy, ..., ¢, 0, ..., 0). The first submatrix in the right-hand
side of (2-46) is precisely the Hessian of M, and the second submatrix is always negative definite, due
to our assumption that f reaches a maximum at (yi, ..., yp—m) = (0, ..., 0) for any fixed value of
Cls - .., Cy. So we conclude that the quadratic form Q defined in (1-5) is negative definite at x if and only

if the Hessian of M is negative definite at (cy, ..., ¢;,), Where ¢; = g;(x) for j=1,...,m.

SIna nondegenerate situation, the local existence of such a coordinate system is clear by standard arguments, but globally the
situation can, of course, be more complicated.



700 THIERRY GALLAY AND VLADIMIR SVERAK

Another interesting object is the function

Nty ooy Am) = sup (f(x) —A181(X) — - — A gm (X))
xeR”
= sup (M(ct,...,cm) —Aict— - — ApCm), (2-47)
ceRm

which is the Legendre transform of M. Under appropriate assumptions, the main one being the concavity
of M, this quantity is well-defined and the relation (2-45) can be inverted (at least locally) via the formula
cj:—a—)v(kl,...,km), j=1,...,m. (2-48)
We now return to the infinite-dimensional framework of the two-dimensional Euler equation, with
the manifold R" replaced by the phase space & introduced in Section 1B, the function f replaced by
the energy E in (1-13), the constraints g; replaced by the Casimir functionals /(a, w) in (1-10), and the
submanifolds X, replaced by the orbits ©,, in (1-12). In that case we have
max E(w) = E(@"), (2-49)
weO;
where, as before, @* denotes the symmetric decreasing rearrangement of an element w € #. As O is
characterized in terms of the functionals A (a, w) defined in (1-10), the energy of the maximizer @* in O
can also be expressed in terms of the constraint function a — h(a, ). It turns out that the representation
formula is quite explicit.

Proposition 2.18. Given & € @, we define fi(a) =~ 'h(a, ®) =7~ |{@ > a}| for any a > 0. Then

&) = max E(w)= 1/ f L(fi(a), fi(b)) da db+ - M2, (2-50)
weP 8 o Jo 8
h(-,w)=mh
where m = max &, My = [ ddx =7 fom fi(a) da, and
L(R,S)=—RSlogmax(R, S) — %min(R, S)z. (2-51)

Proof. Replacing @ with ™ (an operation that does not affect the function /1), we can assume that o is
radially symmetric and nonincreasing in the radial direction. In view of (2-49), we then have §() = E(®),
and if we consider @ as a function of the radius r = |x|, we observe that /i (a) = (@' (a))? wherever @ is
strictly decreasing. To compute E (@), we start from the expression (2-41), and we introduce the functions

k(r,s) = —rslogmax(r,s), K(R,S)=L(R,S)+ RS.

Clearly K(R,0) =0, K(0,S) =0 for R, S > 0, and one can verify by direct calculation that K (R, §)
is twice continuously differentiable on (0, oo) x (0, co), with

aZK(R S) 1 (R,S), R,§5>0

,8) = —logmax(R, S), , S > 0.

9RDS g

So the function (r, s) — K (r2, s?) is twice continuously differentiable on [0, co) x [0, co) and

1 92 2 2y
88F8SK(r,s)—k(r,s).
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Integrating by parts in (2-41) and recalling that m = max @, we can thus write
_ T o0 o 82 _ B T o0 o0 _ _
E(®) = —f / LK@, sH o) o(s)drds = —/ / K (r?, %) da(r) da(s)
8 Jo Jo Ords 8Jo Jo
m m m m
— %f / K (@ '(@)?, (@' (b)?) dadb = %/ / K (h(a), (b)) da db
0 JO 0 Jo

=1// L(k(a), (b)) dadb+ = M2, (2-52)
8 Jo Jo 8

87
where we have formally used the substitutions w(r) = a, @(s) = b. This is straightforward when ® is
strictly decreasing, and the general case where @ is nonincreasing can be treated by integrating only over

the intervals where @ is strictly decreasing. (I

We now make a more precise comparison with the finite-dimensional situation above. Let us assume
that @ € P is radially symmetric with 3,@(r) < O for all » > 0 and 3>®(0) < 0. To eliminate the
translational symmetries, we work with the manifold

P={weP: My(w) = My(@), Mj(w) =0, j=1,2}, (2-53)

where My, M; are as in (1-11), (1-15). If n € X (see (2-24)) is smooth and compactly supported with
sufficiently small C? norm, then & + 1 € P. Denoting by 7, the projection of 1 onto the subspace X
defined in (2-11), we can take the quantities 4 (a, v+ 1) and nrls =1 — 1)y as the (approximate) analogues
of the coordinates c¢; and yy, respectively. The analogy is not perfect, due to the stronger-than-ideal
assumptions on 7, but it is sufficient for concluding that, when @ = @, the negative-definiteness of Arnold’s
form (1-18) on the tangent space T(;)@ is strongly related to the concavity of the energy E in the variable®
h at the function fi(a) = 7w ~'h(a, &). In some sense the expression (2-50) is “trying to be concave”,
although not quite achieving this: the function L(R, S) is separately concave, but not concave. The second
variation on the space Xy is given by the quadratic form which takes a function & (a) with fom &E(a)da=0to

% / / (DIL((a), k(b))E(a)® +2D1 D2 L(K(a), fi(b)E(a)&(b) + D3 L(k(a), fi(b))E(b)?) da db.
0J0

Due to the separate concavity of L the first term and the third term are negative, but the second one can lead
to the form being indefinite. In view of our previous considerations, the negativity of the form is equivalent
to the validity of the Hardy inequality (2-25) with Cy < 1, and it is not hard to verify directly that this is in-
deed the case. As an analogue of (2-45), we also note that the variational derivative of & with respect to £ is

166 ,
——(a)=A(a)=—d(a). (2-54)
T Sh

We will not go into the details as we will not work with this expression. The reader can also derive the
analogue of (2-48) (under appropriate assumptions).

Ot is perhaps worth recalling that E is convex in w on the subspace given by fRz w dx = 0. However, in some regions it may
be concave in /i, at least on the subspace given by fooo fi(a)da =0.
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3. Global maximization of the free energy

In the previous section we observed that some radially symmetric vortices @, including the Gaussian
vortex (2-39) and the algebraic vortex (2-38) with « > 2, are nondegenerate local maxima of the associated
free energy functional (1-17) once restricted to the manifold P defined in (2-53). This was established by
showing that the second-order differential F” (@) is strictly negative definite on the tangent space TP,
We now follow a different approach, which relies on the direct method in the calculus of variations:
under appropriate assumptions on the function ® in (1-17), we show that the free energy F(w) has a
global maximum on the set of all vorticity distributions with a fixed mass M. By construction, if @
is any maximizer obtained in this way, the conclusion of Theorem 2.8 applies with y > 0, so that
Hardy’s inequality (2-25) holds with Cy < 1. Note also that, according to the discussion in Section 2D,
prescribing ® amounts to fixing the “Lagrange multipliers” in our constrained maximization problem.

We start with a preliminary result, which is probably well known. For the reader’s convenience, the
proof is reproduced in Section Al.

Proposition 3.1. Assume that f € L' (R") is nonnegative and that M = fRn f(x)dx > 0. Then
f (x)
M+ | (log_|x|) f(x)dx <M+ log f(x)dx, (3-1)
R~ R»

M—l—/ (10g+|x|)f(x)dx2M—|—/ (log f( ))f( ) dx, (3-2)
R R
where the implicit constants only depend on the space dimension n. Moreover, if f is radially symmetric
and nonincreasing in the radial direction, then the reverse inequalities also hold.

We next specify the function space in which we shall solve our maximization problem.

Definition 3.2. Given any M > 0, we denote by X, the set of all w € L'(R?) such that w(x) > 0 for
almost all x € R? and

/ w(x)dx =M, / w(x)log(l+ |x])dx < oo, / w(x)log(l 4+ w(x))dx < oo. (3-3)
R2 R2 R2

For later use we observe that, if w € X, and if ®* denotes the symmetric nonincreasing rearrangement
of w, then [ *(x) dx = [ w(x) dx = M and

/ w*(x) log(1 + |x|) dx 5/ o () log(1 + |x]) dx < oo,
R2 R2

/ o*(x)log(1 + w*(x))dx = / w(x)log(1+ w(x))dx < oc.
R2 R2

This shows that the set X;; C L'(R?) is invariant under the action of the symmetric nonincreasing
rearrangement.
For w € X, we consider the free energy defined by F(w) = E(w) + S(w), where

E(w) = A /Rz/

a)(x)a)(y)dxdy, S(w):/ O (w(x))dx.
R2
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We have shown in Proposition 2.2 that the energy E(w) is finite for any w € Xjs. Unlike in Section 2, the
function @ in the entropy term is not related here to any radially symmetric vortex, but is an arbitrary
function satisfying the following properties:

Hypotheses 3.3. The function ® : [0, +00) — R is continuous with ®(0) = 0. Moreover, there exist
constants C1 e R, C, < M /(8r), and C3 > M /(8m) such that

CD(a))fClw-i-Cza)logM, whenw < M,
@ (3-4)
D (w) < Crw — C3wlog u when w > M.

Under Hypotheses 3.3, the positive part of ® satisfies @ (w) < Cw(1+|log(w/M)]|) for some constant

C > 0, and this implies in particular that the entropy S(w) is well-defined in R U {—oo} for any w € X ;.
We are now in a position to state the main result of this section.

Theorem 3.4. Fix any M > 0. Under Hypotheses 3.3, there exists @ € X p; such that

F(w) = E()+ S(w) = sup (E(w)+ S(w)).

weXy
Moreover @ can be chosen to be radially symmetric and nonincreasing in the radial direction.

The proof of Theorem 3.4 is divided into two parts. The first one consists in showing that the free
energy F' is bounded from above on X, and that there exists a maximizing sequence which is convergent
in L'(R?). We formulate this in a separate statement:

Proposition 3.5. Under Hypotheses 3.3, the free energy F = E+S is bounded from above on the space X y:

Fy = sup (E(w) + S(w)) < oo.
weXy
Moreover, there exists a maximizing sequence (w;) jeN in Xy which converges in LY(R?) to some limiting
profile ® = w* € Xy as j — +00, and we have S(w) > —o0.

Proof. Our starting point is the logarithmic Hardy-Littlewood—Sobolev inequality

M M M?
E(w)+ — wlog—dx < —(1+logm), (3-5)
87 Jm2 w 8

which holds for all w € Xj;; see [Carlen and Loss 1992]. In view of (3-4), we deduce from (3-5) that

M M M w
Ew+Sw+——-0C / wlog —dx+(C3 — — / wlog — dx
87T w<M w 87T w>M M

2

M M M
§E(a))+C1M—i——/ wlog—dx <CiM+ — (1 +1logm). (3-6)
8 w 8

R2
Since C, < M /(8m) and C3 > M /(8x), this proves that Fy; < CiM + M?3(1 +logm)/(8m).

Now, let (w;) jen be a sequence in Xy, such that E(w;) + S(w;) — Fy as j — +oo. If we denote
by (w;)* € Xy the symmetric nonincreasing rearrangement of w;, we know that E((w;)*) > E(w;) and
S((wj)*) = S(wj) for all j € N, so that ((w;)*) jen is a fortiori a maximizing sequence. So we assume
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henceforth that w; = (w;)*; i.e., w; is radially symmetric and nonincreasing in the radial direction. In that
case, there exists a constant Cy > 0 such that

/ w;j(x)
RZ

for all j € N. Indeed, the first inequality in (3-7) follows directly from (3-6), and the second one is a
consequence of the first inequality and of Proposition 3.1, since w; = (w;)*.

o ’ dr <Co and / w; (x)[log x| dx < Co ©-7)
M R

log

It remains to verify that one can extract from (w;) jen a convergent subsequence in LY(R?). We recall
that w;(x) is a nonincreasing function of the radial variable |x|, which satisfies the uniform pointwise
estimate 0 < w;(x) < M/(w |x|%); see (A-3) below. By Helly’s selection theorem [Rudin 1953], there
exists a subsequence, still denoted by (w;) jen, which converges pointwise to some limit @ : R? — R, as
Jj — +oo. Itis clear that o is radially symmetric and nonincreasing, so that @ = ®*, and Fatou’s lemma
implies that fRz w(x)dx < M. Using in addition (3-7), we obtain similarly

[ o(x)
R2

To prove the convergence in L'(R?) we take the decomposition, for any € € (0, 1),

log %’ dr <Co and /R @(x)llog [x|| dx < Co. (3-8)

[ e -aiar= [ o0 -amidc [ oy -awlar (3-9)
R2 Ae R*\ A

where A, = {x € R?: € < |x| <€~ !}. The integral over A, converges to zero as j — +oc by the dominated
convergence theorem, and in view of (3-7), (3-8) the integral over R? \ A, is bounded by 2Cp/|log €|
uniformly in j. It thus follows from (3-9) that

’

2C
limsup/ |wj (x) — @(x)] dx < —2
IRZ

=< —_—
e oc loge] <=0

which shows that w; — @ in LY (R?). In particular fRZ w(x)dx = M, so that w € X .
Finally, if we take the decomposition ® = &, — ®_, where &, ®_ denote the positive and negative
parts of @, we have the lower bound

S(w) > —/ d_(w(x))dx > —liminf/ ®_(wj(x))dx, (3-10)
R2 j—>+0o JR2
where the second inequality is again obtained by Fatou’s lemma. But we have the identity
/2 ®_(wj(x))dx = /2 Dy (wj(x))dx — S(wj) = f2 O, (wj(x))dx + E(w)) — F(w)),
R R R

where the first two terms in the right-hand side are bounded uniformly in j by (3-7), in view of
Hypotheses 3.3 and Proposition 2.2, whereas F(w;) is bounded from below since (w;) is a maximizing
sequence for F. We conclude that the right-hand side of (3-10) is finite, so that S(@) > —oo. [l
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To conclude the proof of Theorem 3.4, it remains to show that the free energy is upper semicontinuous
along the maximizing sequence constructed in Proposition 3.5, namely

E(®) + S(w) = limsup(E(w;) + S(wj)) = Fuy. (3-11)

J—+0o0
This will imply that E (@) + S(®) = Fy, which is the desired result.

Proof of Theorem 3.4. Let (w;) jen be the maximizing sequence defined in Proposition 3.5, and @ € Xy
be the limiting profile. Given any sufficiently large R > 0, we take the decomposition

wj(x) = w;j (%) Ljxj<ry + @j (x) Ljjx> ry =: w}R(x) + w%;g(x),
B(x) = d(x) Lz <) + D) Ljyj> gy =: DR (x) + Dk (x)
for all x € RZ. We thus have
E(w)) + S(w)) = E(@}g) + S(@}g) + 2E (@}, 05g) + E(@}g) + S(wig),
E(®) + S(@) = E(wk) + S(@)) +2E(0k, %) + E(@%) + S(@%),

where E (w1, ;) is the bilinear form associated with the energy functional:

1
Ew.on =3 [ [ toglr=ylaim exdray.
R* JR

The upper-semicontinuity property (3-11) can be deduced from the following assertions:

limsup(E (0] g) + S(@}g)) < E(@g) + S(@p). (3-12)
Jj—>+o0
;uIN)(zE(w}R, ®7p) + E(@g) + S(@7g)) < 81(R) == 0. (3-13)
je
2E (k. 0x) + E(@F) + S(@%) = 8(R) === 0. (3-14)

Indeed, assuming that (3-12)—(3-14) hold, we obtain
limsup(E(w;) + S(w;)) — (E(®) + S(@)) <81 (R) —8(R) 5—=—=> 0.

: R—+o00
J—+o0

It remains to verify the assertions (3-12)—(3-14) above. We recall that the functions w;, @ are radially
symmetric and nonincreasing in the radial direction. With a slight abuse of notation, we write w; (r)
instead of w;(x) when r = |x|, and similarly for @. Accordingly, using (2-41), we obtain the following
expressions for the energy of w; and w:

E(wj) =— /00 M;(r)log(r)rw;(r)dr, E(w)=— /OO M(r) log(r) r w(r)dr, (3-15)
0 0
where . .
M;(r)= 27'[/ swj(s)ds, M) = 271] sw(s)ds, r>0. (3-16)
0 0

Since w; — @ in L'(R?), we see that M;(r) — M(r) uniformly in r as j — 400. Moreover, since
w;j € Xy satisfies (3-7), the quantity M;(r) converges to M as r — +o0 uniformly in j. In particular, we
can choose R > 1 large enough so that M;(r) > M /2 for all j € N when r > R.
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To prove (3-12), we first take the decomposition

R R
E(a)}R)—E(c?)}e):—/O (Mj(r) — M(r)) log(r) ro;(r) dr—/o M (r)log(r) r(w; (r) — &(r)) dr,

and we deduce that

|E(wjg) — E(@p)| < sup (|M;(r) — M(r)]) / | log(r)| reo;(r) dr

0<r<R
+OsupR(| log(r)| M(r))/ rlwj(r) —a(r)|dr g 0. (3-17)
<r<
Here we used the convergence of w; to @ in L L(R?), the a priori estimates (3-7), and the fact that
10g(r)]l71 (r) is bounded as r — 0, as a consequence of (3-8). On the other hand, since the function —® is
continuous and bounded from below, and since we integrate on the bounded domain {x € R?:|x| <R},
we can apply Fatou’s lemma to obtain

—S(d)}e) = / —d(w(x))dx < hmmf/ —®(wj(x))dx = — limsup S(a)JR) (3-18)
Ix|<R Ix|<R

—>+00 j—+oo
Combining (3-17) and (3-18), we obtain (3-12).
We next prove (3-13). Recalling that R > 1, we first observe that

E(wﬁR) == /ROOMJ' (r)log(r) rw;(r)dr <0,

which means that the contribution of E (a)? r) can be disregarded since we only need an upper bound. The
other terms in (3-13) have the expressions

2E(w}g. wig) = —M;(R) - log(r) ray(r)dr. S(w?R)zzn/R ® (w;(r)) rdr.

Since w; is decreasing, we have w;(r) < M; (r)/(wr?) < M for r > R. So, using Hypotheses 3.3, we
deduce that ®(w;) < Ciw; + Crw; log(M /w;), where Cy € R and C, < M/(8m). It follows that

oo oo

wj(r)rdr + / A;(r)w;(r)rdr, (3-19)

2E(a){}-R,a)§R) +S(a)§R) <2nC /
R

R
where

M
Aj(r) =2nC;log a)—(r) — M;(R)log(r).
J

In view of (3-7), the first term in the right-hand side of (3-19) converges to zero uniformly in j as
R — 400, and can therefore be absorbed in the quantity §; (R). To treat the second term, we fix a positive
number « > 2 such that 47 Cra < M, and we introduce the mutually disjoints sets

I(a,R)={r=R:wj(r)=Mr~*}, I(a,R)={r>=R:wjr)<Mr “}. (3-20)

As M;(R) > M /2, it follows from (3-20) that A;(r) <0 when r € I(a, R), so the last integral in (3-19)
can be restricted to the complement / («r, R)“. But on that set we have the upper bound w; (r) < Mr™¢,
where « > 2, and we easily deduce that || IRy A (r)wj(r)r dr converges to zero as R — +00, uniformly
in j. Altogether we obtain (3-13).
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It remains to establish (3-14), which is an easy task. Indeed o is a fixed function which satisfies the
estimates (3-8), so that 2F (‘D}e’ wp)+E (‘_’)%e) — 0 as R — +o0. In addition, we proved in Proposition 3.5
that the integral defining S(w) is absolutely convergent, and this implies that S(d)fe) — 0as R — +o0.
We thus obtain (3-14), and the proof of Theorem 3.4 is complete. O

Example 3.6. We consider the family of algebraic vortices with parameter « > 1:

w(r) =

M:271/ ra)(r)dr:L.
0 Kk —1

(1472
The associated stream function  satisfies ¥ (r) = ¥ (0) + for ¥'(s) ds, where

pon 1 B 1
V0= / 1°g<”m = (1 (It 2y )
We have ®(w) = fow ¢ (s)ds, where ¢ (w(r)) = ¥ (r). Explicitly, for a few values of «, we find

K = % coY(r) =log(14+V1+7r2), P (w) = 10g<1 + }/3)
Kk=2: w(r):llog(l+r2), (w) = —log—

1 1 1/3
k=3: Y@r)= (log(1+r2)— +r2), P (w) = log ‘”T

In all cases, we observe that

1 1 M 1
¢(w) =P (w) ~ ————log— = —log— as w — 0.
4 (k—1) w 4nk

It follows that Hypotheses 3.3 are satisfied if and only if « > 2.

Example 3.7. We next consider the Gaussian vortex w(r) = e™" 2/ 4 where M = 4. In that case we have

v (0) = 0+°° log(r)e*rz/ 4dr =210g(2) — yE, so that the stream function satisfies

"2 —s2/4 1’2
lﬁ(r)zllf(O)+/ F(—e ) ds =2log(2) —ye +Ein(z),
0

where

] et o0 (_l)k—l Zk
E; = dr = —, e C.
n(2) /0 ‘ ; K kC

We conclude that |
¢ (w) = ' (w) =210g(2) — ye +Ein (10g 5)-

In particular ¢ (w) ~ loglog(1/w) as w — 0, and Hypotheses 3.3 are satisfied in that case.

We do not have much information on the maximizer @ whose existence is established in Theorem 3.4.
We expect that, if ® is as in Example 3.7, the maximizer is indeed the Gaussian vortex (2-39), but except
for numerical evidence we have no proof so far. Similarly, we believe that the algebraic vortices (2-38)
with ¥ > 2 are global maximizers, but this is known only in the particular case ¥ = 2, where maximality
follows from the logarithmic HLS inequality (3-5).
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The examples above also suggest that the decay rate of the maximizer w(x) as |x| — oo strongly depends
on the behavior of the function ®(s) near s =0. Extending the techniques in the proof of Theorem 3.4, one
should be able to prove that, if ® is differentiable to the right at the origin, the corresponding maximizer @
is compactly supported. It is also worth mentioning that the entropy function ® associated with any
radially symmetric decreasing vortex o through the relation V(x) = P (0(x)) is necessarily concave on
the range of @, whereas no concavity assumption is included in Hypotheses 3.3. This suggests that the
maximizer @ corresponding to a nonconcave function ® should be discontinuous, so that its range does
not include the intervals where ® does not coincide with its concave hull.

4. Stability of viscous vortices

In this final section, we give a new proof of the nonlinear stability of the Oseen vortices, which are
self-similar solutions of the Navier—Stokes equations in R?. Our approach relies on the functional-analytic
tools developed in Section 2, in connection with Arnold’s variational principle, although we now consider
a dissipative equation for which the Casimir functions (1-9) are no longer conserved quantities. Let
w = w(y, T) € R denote the vorticity of the fluid at point y € R? and time t > 0, and let ¢ = ¢(y, 7) € R
be the associated stream function. The vorticity formulation of the Navier—Stokes equations is

drw(y, 1) +{p, w(y, 1) =vA(y, 1), Ad(y, 1) =w(y, 1), (4-1)

where {¢, w} = V+¢- Vw is the Poisson bracket, v > 0 is the viscosity parameter, and the Laplace operator
A acts on the space variable y € R>. As in [Gallay and Wayne 2002; 2005], we introduce self-similar
variables x = y//vt and ¢t = log(t/T), where T > 0 is an arbitrary time scale. More precisely, we look
for solutions of (4-1) in the form

R
N

The evolution equation for the rescaled vorticity w is

bg%), ¢@Jﬂ=vw<;izbg%>. (4-2)

1
w(y, )= ?a)< Jor

dox, 1) +{y, olx, 1) =Lo(x, 1), AYx,1)=ow(x,1), (4-3)
where {{, v} = V1 - Vo and L is the Fokker—Planck operator
L=A+3x-V+1. (4-4)

Let @ be the vortex with Gaussian profile (2-39), namely

- U —wis - 17 1 oxt —Ix?/4

B0 = goe ML) = V0 = 5t (- e (4-5)
It is easy to verify that L@ = 0 and { ¥, @) = 0. This implies that w = a@ is a stationary solution of (4-3)
for any o € R. This family of equilibria is known to be stable with respect to perturbations in various
weighted L? spaces; see [Gallay and Wayne 2005; Gallay 2012]. We present here a new stability proof,

which may be easier to adapt to more general situations.
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4A. Nonlinear stability of Oseen vortices. Given any « € R, we consider solutions of (4-3) of the form
w=ad+d, ¥ =ay + . The perturbation & satisfies the modified equation

o+, d + oV, @)+ (¥, &) = L, (4-6)

where it is understood that the stream function @ is expressed in terms of @ via the formula (1-14), so
that Ay = @. We assume henceforth that the perturbation & satisfies the moment conditions

/cbdx:O and /xjcbdx=0 for j=1,2, (4-7)
R2 R2

which are preserved under the evolution defined by (4-6). As is shown at the end of [Gallay and Wayne
2005], this hypothesis does not restrict the generality, in the sense that stability with respect to general
perturbations (with no moment conditions) can then deduced by a simple argument. As for the existence
of solutions to (4-6), we have the following standard result:

Lemma 4.1. The Cauchy problem for (4-6) is globally well-posed in the weighted L* space X defined by
(2-4), where A (x) = 4|x|2(el /4 _ 1), and the subspace Xy C X defined by (2-24) is invariant under
the evolution.

Proof. It is known that the vorticity equation (4-3) or (4-6) is globally well-posed in various weighted
L? spaces; see, e.g., [Gallay and Wayne 2002; Gallay 2012; 2018]. The nearly Gaussian weight A is
not explicitly considered in those references, but the arguments therein can be easily modified to cover
that case too. If A'/2& e L?(R?), then all moments of & are well-defined, and a direct calculation shows
that the conditions (4-7) are preserved under the evolution, so that (4-6) is globally well-posed in the
subspace 7. O

Let & € Xy, and let @ € C°([0, +00), X)) be the solution of (4-6) with initial data @&y. By parabolic
regularization, we have w(-,t) € Zy := ZN X for all t > 0, where Z is the weighted Sobolev space

Z={we H' (R : A'"?w e L*(R?*), A'*Vw e L*(R?)). (4-8)

For later use, we introduce the following quadratic form on Z:

Q(a))=/ (A Vo) > = Bx)o(x)?)dx, weZ, (4-9)
Rz
where i
_q. 1 _Xx, _ _v i
@_1+2(Aﬂ : Vﬂ+ﬂ)_1+ﬂ > (4-10)

We shall verify in Section A3 that A /2 < B < 2.A, so that the form Q is well-defined.
The following coercivity result plays a crucial role in our argument.

Theorem 4.2. The quadratic form Q defined by (4-9) is coercive on the subspace Z = Z N JXy: there
exists a constant § > 0 such that

Q(a))z(S/ AX)w(x)>dx  forallw € Z;. (4-11)
RZ
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The proof of Theorem 4.2 requires a careful analysis, which is postponed to Section 4B below. In
particular, we shall see that the quadratic form Q is not positive on the whole space Z, because it takes
negative values on a one-dimensional subspace made of radially symmetric functions. If we restrict
ourselves to functions with zero mean, the form Q is nonnegative but vanishes on a two-dimensional
subspace due to translation invariance. Therefore, all moment conditions (4-7) are necessary to establish
the coercivity of Q.

Returning to the solution @ € C%([0, +00), X1) of (4-6), we define for all # > 0 the quantities

J(t) = % /Rz (Ao, D7+ (x, Ddx, 1) dx = J(&(1)),

o) = /R 2 (A@)IVa(x, > —B@x)d(x, H)?) dx = Q(@(1)), (4-12)

N@) = % fRz{ﬂ(x), U (x, )}a(x, 1)* dx =: N(@(1)).
The key observation is:
Proposition 4.3. If & € C%([0, +00), X1) is a solution of (4-6), the quantities defined in (4-12) satisfy
J(#)=—=0@)—N@) forallt>O0. (4-13)

Proof. Using the evolution equation (4-6), we find

J(1) = / (A@)@C, 1) + P (x, 1) g0 (x, 1) dx
R2

(4-14)
= /2(](5)-1- V) (Lo—aly, @) — (Y, @) — (¥, @})(x, 1) dx.
R
We first consider the terms involving the diffusion operator £ in (4-14). We observe that
/ wﬁ(x,t)oé’cb(x,t)dxzf (x, 1) dx (4-15)
R2 R2
because L& = Ao+ % div(x®) and
f U Ad dx :/ (AY)é dx :f & dx,
R2 R2 R2
¥ div(x®) dx = —/ (AY)(x - Vi) dx = 1/ div(x|Vy ) dx = 0.
R2 R2 2 R2
On the other hand, integrating by parts we obtain by direct calculation
/ Ax) o(x,t) Lo(x,t)dx =—0(@(t)) — / &(x, )% dx. (4-16)
R2 R2

We next compute the advection terms in (4-14), which are proportional to «. We claim that

1(®) = /RZ(ﬂcb-i-l/})({lﬁ,d)}—l-{tﬁ,cD}) dx =0. (4-17)
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This identity is not surprising, as it means that the quadratic form J is invariant under the evolution
defined by the linearized Euler equation at @; see (1-6) for an analogue in the finite-dimensional case. It
can also be verified by direct calculations:

/ AW, dydx = 1/ A, @) dx = 1/ (A, Y}d*dx =0,
RZ 2 Rz 2 Rz
[t = [ whea=o
R2 R2
/Rz(ﬂcb{&, O} + (v, o) dr = /R DALY, @)+, ¥ dx =0,
Here we used the fact that { A, 1}} =0, because A and 1} are radially symmetric. Moreover,

Ay, @Y+, ¥} = (V) - (AVD+ Vi) =0,

by the very definition of A; see (2-3). This proves (4-17).
Finally, integrating by parts the last term in (4-14), we find

N (@) :=/ (ﬂcb-l—l}){tﬁ,cb}dx:/ ﬂcb{z},cb}dx:l/ {ﬂ,lz}tbzdx. (4-18)
RZ Rz 2 RZ
Combining (4-14)—(4-18), we obtain the desired result. U

To control the nonlinear term N (@), we use the following estimate.

Lemma 4.4. There exists a constant Cy > O such that, for all & € Z, the nonlinear term (4-18) satisfies
IN@)| < Co |20l 7.(1A @l 2 4+ A2V 2). (4-19)

Proof. We have |{ A, /}] < CIVA||VY| < C|x|A|V¥|; hence
IN@)| < C/Rz x| |V A & dx < Cll|x] [Vl |2 2@,

On the other hand, using Proposition B.1 in [Gallay and Wayne 2002], Holder’s inequality and Sobolev’s
embedding theorem, we find

Hx IV lLe < CUlx)@l 32 + [(x)@ll ) < CUA @] 2 4+ 1AV 12),
where (x) = (1 + |x|?)!/2. Combining these estimates we arrive at (4-19). U
We are now able to state our final result:

Theorem 4.5. There exist positive constants C1, €y, and p such that, for any o € R and any o € X
satisfying ||wg|lx < €0, the solution of (4-6) with initial data & satisfies

loI% < Cillaolye™  forall 1 = 0. (4-20)
Proof. If & € C°([0, +00), X}) is the solution of (4-6) with initial data @, we define

mo(t) = a5 = 1A o017, ¢=0),  mi@)=[A2Va@)l;, (¢ >0).
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For the Gaussian vortex, we proved in Section 2 that Hardy’s inequality (2-25) holds for some Cy < 1.
Thus, by Theorems 2.5 and 2.8, there exists a constant y € (0, 1) such that

o) = 7@ = 3mo(o), 120, (4-21)
On the other hand, by Theorem 4.2, there exists § > 0 such that
O(t) > 8mo(t) and Q(t) > m(t) —2mo(t), >0, (4-22)

where the second inequality follows from the definition (4-9) and the inequality B < 2.7. Taking a convex
combination of both estimates in (4-22), we deduce

Q) = u(mo(t) +mi(1)), >0, (4-23)
where u = §/(3 + §). Finally, it follows from Lemma 4.4 and Young’s inequality that
- 172 172y - M 2G5 2
IN(@)] = Como(t)(mo(1)/=+mi(t)'7) < Z(mo(t) +mi(1) + 7mo(t) - (4-24)

Now, as long as mo(t) < €? := pu*/(8C}), we have by (4-13), (4-21), (4-23), (4-24)

Jt)=—0@—N@) < —%(mla) +mo(1)) < —pd (1),
which implies
ymo(t) <2J(t) <2J(0)e ™ < mg(0)e ™.

As a consequence, if we assume that ||c7)0||2 =mp(0) < eg = yez, we have mg (1) < €? for all t > 0 and
estimate (4-20) holds with C; =y L. O

We briefly indicate here the meaning of our result for the Navier—Stokes equations in the original,
unscaled variables. If ® = a@ + @, where @ € C°([0, +00), X}) is as in Theorem 4.5, the vorticity w
defined by (4-2) satisfies, in particular, the estimate

o
/z‘w()’, T) — ﬁe_‘y‘z/(h) dy =O(t™"?) ast— +oo,
R

which means that w( -, 7) converges to a self-similar solution with Gaussian profile as t — +o00. As
is shown in [Gallay 2012, Theorem 1.2], that property holds in fact for all solutions of the vorticity
equation (4-1) in L' (R?), although it is not possible to specify any decay rate in the general case. Note
that the evolution defined by (4-1) in L'(R?) preserves the total mass, so that we necessarily have
Jpe w(y, ) dy =« for all T > 0.

Remark 4.6. Except for a slight difference in the definition of the function space X, Theorem 4.5 coincides
with the well-known stability result [Gallay 2012, Proposition 4.5]. The approach originally developed by
C. E. Wayne and the first author relies on conserved quantities related to symmetries of the problem, such
as the second-order moment / (w) in (1-15). In many respects, it is simpler than ours, and it provides an
estimate of the form (4-20) with explicit constants C and w. Note also that, in the limit of large circulation
numbers || — 00, the enhanced dissipation effect due to fast rotation can be used to improve both the
decay rate of the perturbations and the size of the basin of attraction of the vortex; see [Gallay 2018].
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4B. Coercivity of the diffusive quadratic form. This section is entirely devoted to the proof of Theorem 4.2,
which is a key ingredient in Theorem 4.5. We first observe that the functions A (x), B(x) in (4-9) are
both radially symmetric, with radial profiles A(r), B(r) given by the explicit expressions

A(r) = es—1

2
, B(r)zﬁ(esuﬂ)—l—zswl, s="1 (4-25)

On can also verify that B/A is a decreasing function of r satisfying % <B@[r)/A(@r) < % for all r > 0; see
Section A3.

We next follow an approach similar to that in Section 2. If w € Z is decomposed in Fourier series like
in (2-14), we have

00 2
Q) =21 ) /0 {40 (16 OP + 5 10 )P) = BEY )P fr ar, (4-26)

kez

and we observe that w € Z; if and only if

/ wo(r)rdr=0 and / a)il(r)rzdr:O.
0 0

Introducing the new variables wy = A2 = eXwy, where x = % log(A), we obtain after straightforward
calculations
* k? 2 2
0w =27 Y [P + 5w + WP o, (4-27)
kez ?0
where the potential W is defined by
W) = 1" )+ X'+ X P =B Ly e — Lm0 @428
r A(r)y 2 2

The coercivity estimate (4-11) is thus equivalent to the inequality

00 2 00
f [P + S g ) P+ WO lun () P dr = 5 / |wic(r) [ r dr, (4-29)
0 0
which should hold for all £ € Z under the conditions

o0 00
/ wo(r)e XV rdr=0 and / wii(Pe X 2 dr = 0. (4-30)
0 0
For any k € Z, we denote by L; the self-adjoint operator in ¥ = L>(R., r dr) defined by

1 k2
Lig= —;3r(r8rg)+r—2g+Wg- (4-31)

The domain of L; is exactly the same as for the harmonic oscillator in R?, because the potential W
defined by (4-28) satisfies

% asr — 0,

1.2

W(r) > r?—3 forallr >0, and W(r)~{
T as r — o0;

(4-32)
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see Section A3. Our goal is to prove the lower bound L; > § in the entire space Y when |k| > 2, and in
the subspaces given by conditions (4-30) when £k =0 or k = =1. We consider three cases separately.

Case 1: When |k| > 2, the desired inequality is simply obtained by comparing L with the usual harmonic
operator. Indeed, we know from (4-31), (4-32) that
EPY I P SO R S | i
Le> =02 =0+ 5+ o= 3= Pl (4-33)
where inequalities are between self-adjoint operators on Y. Thus Ly > % when |k| > 3, and there exists
8 > 0 such that L; > § when |k| = 2, because the inequality in (4-32) is strict.

Case 2: When |k| = 1, the lower bound (4-33) is of no use, but it is easy to verify that L; > 0 in that case.

Indeed, we claim that Lyg; = 0, where g (r) = X" re™" */4, Since g1 is a positive function vanishing at
the origin and at infinity, this means that O is the lowest eigenvalue of L in Y when k = %-1. To prove

the above claim, we first observe that, for any (smooth) function f on R, we have the identity

~ 2
Lif = e Lie" f) = —10,(rA8, )+ 5 a7 — By, (4-34)

because this is the property we used to go from (4-26) to (4-27). On the other hand, in view of (2-2) and
(2-3), we have the identity

~10, 0 A0 = 0, (4-35)
which holds in fact for any vorticity profile w,, if A is defined by (2-3). In the case of the Lamb—Oseen
vortex, if we differentiate the equality (4-35) with respect to r, we find that the function f = —2w/ = re=r/4
satisfies the relation

1 1 w2 T
18, (rAd )+ — A —(A —A——A) —f 4-
0-(rAd )+ S Af — (A" A A f=f (4-36)

But A” +2A’/r —rA’/2 = B — 1 by (4-10), so combining (4-34) and (4-36) we conclude that Zkf =0
if |k| = 1, which is the desired result.

To get coercivity, we now restrict ourselves to the subspace Y; C Y of all functions g satisfying
(g, h1) =0, where hy(r) = re *"); see the second relation in (4-30). It is important to observe that /
is not proportional to g;, so that Y; is not the orthogonal complement in Y of the eigenspace spanned
by g1. However, we have (g1, 1) = 8 # 0, which means that the closed hyperplane Y; does not contain
the eigenfunction g;. In view of Remark 4.8 below, we conclude that there exists some § > 0 such that
Ly >65onY; when k| =1.

Case 3: Finally, we consider the radially symmetric case where k = 0. The difficulty here is that the
operator Ly is not positive on the entire space Y. A numerical calculation indicates that L has one negative
eigenvalue pp ~ —0.722, and that the next eigenvalue p; ~ 0.615 is positive. So it is essential to use the
first relation in (4-30), and to restrict our analysis to the subspace Y, of all g € Y such that (g, hg) =0,
where ho(r) = e X"). Our strategy is to apply Lemma 4.7 below with a = —ug, b= w1, ¥ = ho/llholl,
and ¢ = go/llgoll, where go denotes a positive function in the kernel of Ly — wo. Estimate (4-41) can
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be used to prove coercivity of Ly on Yy if we have good lower bounds on the eigenvalues g, (1 and on
the scalar product |(¢, ¥)|, which measures the angle between the linear spaces spanned by g¢ and 4.

We first estimate the lowest eigenvalue 1. We know from the previous step that L;g; = 0. Defining
g=cg1/r =ceX e"2/4, where ¢ = (2 10g(2))_1/2 is a normalization factor chosen so that ||g|| = 1, we
deduce that Log = (2/r)d,g. This gives the relation

3 2 3 3 B-1
(Lo+3)g=R. where R=20,g+3¢= (5" )s. (4-37)

where we used the identity (B —1)/A=1—A"/(rA) =1—2x'/r; see (4-10). In Section A3 below, we
show that B—1 < ?TA’ so that R > 0. This means that the operator Lo+ % admits a positive supersolution,
and using Sturm-Liouville theory we conclude that Ly + % > 0, so that pg > —%. Actually the function g
is a remarkably accurate quasimode, in the sense that the remainder R in (4-37) is small. The norm of R
in Y = L>(R,, r dr) can be computed explicitly; see Section A4. The result is

o
2 dr= L (3_ _ ]
/0 R(r)rdr= T6102(2) (3 —log(2) —2log(m)), (4-38)
so that € := ||R]|ly ~ 0.0396. Since L is a self-adjoint operator, we deduce that Ly has an eigenvalue

in the interval [—%, —% + e]. Anticipating the fact (established below) that Ly has a unique negative

eigenvalue, we conclude that pg € [—%, —% + e].

We next estimate the second eigenvalue 11 of Lg. It is convenient here to observe that, if g = eX f, the
relation Log = g is equivalent to the generalized eigenvalue problem Lo f = nAf, where Ly is defined
in (4-34). The second eigenvalue of that problem is characterized by the inf-sup formula

. . Lof
w1 = inf sup(R[f1)(r) = sup inf (R[f])(r), where R[f]=—:. (4-39)
Fe% r>0 feFr>0 Af
Here F denotes the class of all (smooth) functions f : [0, +00) — R such that f(0) =1, f(r) — 0 as
r — 400, and f has exactly one zero in the interval (0, +00). Our first trial functionis f(r) =e (1 —as),
where s =72 /4 and o =log(2)~!. The value of « is chosen so that the Rayleigh quotient has no singularity:
e (14 Q2—a)s +2as?) — (1 + (1—a)s + as?) )

RU= 25(1—e)(1—as) T

It happens that R[ f] is a decreasing function on R, with R[ f](0) = —% + o and R[ f](+00) = % In
view of (4-39), this implies that % <pup < —% 4+ a 2~ 0.69. A better approximation is obtained using

a(l —2e 1)

fy=e7 (A —as)(l+Bs), where f= 5 e~

If % < a <log(2)~!, then B > 0 and the Rayleigh quotient has no singularity in the interval (0, +00).
Taking for instance o = 1.4 gives the excellent lower bound w1 > 0.6.

Finally, we use the quasimode g in (4-37) and a standard perturbation argument to estimate the true
eigenfunction corresponding to the lowest eigenvalue (9. We first look for a nonnormalized eigenfunction
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of the form gop = g — f, where f L gog. We have

0= (Lo— po)go = (Lo— po)g — (Lo — o) f = R — (10 +32)g — (Lo — wo) f,

sothat f = (Lo— o)~ (R — (MO + %)g), where (Lo — o) ~" denotes the partial inverse of Lo — ug on its
range. The norm of that inverse is bounded by 1/d, where d = 11 — g is the spectral gap. As |R|| =€
and |po + %I < €, we conclude that || || < 2¢/d. The normalized eigenfunction is

b= 50 _ g§—f
gl /1—1£)?
Let Y = ¢hg = ¢e X, where ¢ = +/3/7 is a normalization factor chosen so that ||| = 1. A direct

calculation shows
A o 2 4 ~ 1 6
W,g):cc/ e rrdr =206 = — [ —— ~0.9365;
0 7\ log(2)
hence

) - ) A~ 2
V8= f) a2
VI=IfI? d
We use Lemma 4.7 below with a = —ug < ?T’ d=a+b=u;—pmup>12,and e = ||R]| <0.04. In
view of (4-40), estimate (4-41) shows that there exists some § > 0 such that (Lf, f) > 8| f||? for all

fery= h({. This concludes the proof of Theorem 4.5. (I
Finally, we state an elementary lemma that was used twice in the above proof.

(W, ¢) = (4-40)

Lemma 4.7. Let X be a Hilbert space and L : D(L) — X be a self-adjoint operator in X. We assume
that there exist ¢ € D(L) with ||¢|| =1 and a, b € R with a + b > 0 such that

(1) L =—a¢, and
(i) (Lg,g) = bligl* forall g € D(L) with g L ¢.
Then, for any ¥ € X with ||| = 1, we have the lower bound

(Lf, f) = (@+D)p, v)* =) fI* forall f e D(L)with f L. (4-41)

Proof. Given f € D(L), we take the decomposition f = (f, ¢)¢ + g, so that g L ¢. Since L¢ = —ag,
we find

(Lf, f)=(Lg, g) —al(f.$)I* = bligl* —al(f, ®)I> = bl 1> — (@+Db){f, d) I,

where the inequality follows from (ii). We now assume that f L i and take the decomposition ¢ =
(¢, ¥)¥ + h. By Cauchy—Schwarz, we have

AP = 1A < IFIPIRIZ = 1LFIPA =g, v) ),

and combining both inequalities we arrive at (4-41). (I

Remark 4.8. In the particular case where a = 0 and b > 0, the kernel of L is one-dimensional, and
inequality (4-41) implies that the quadratic form of L is strictly positive on any closed hyperplane that
does not contain the eigenfunction ¢.
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Appendix

Al. Integral inequalities involving logarithmic weights.

Proof of Proposition 3.1. Let By ={x e R" : |x| < 1} and Dy = {x e R" : f(x) < M}. To prove (3-1),
we must verify that

/(ogi)f(x)dngJr/ (1 fx ))f()dx (A-1)
x| R™\ Dy

Let Q) ={x € By : f(x) < M|x|™"/?} and @, = {x € By : f(x) > M|x|™"/?} C R"\ Dy;. We have
= QU and

/<logi)f(x)dx /Ll 1d)C—CM
|x| | x|n? | |
1 2 J(x) 2 f(x)
log — de<2 [ (10 dy < 2 lo dx:
/ <Og| |)f(X) x<n/Qz< >f() = »/l‘%”\DM< )f()

hence (A-1) follows by adding both inequalities. We next consider (3-2), which reads

M
/ ( g—)f(X)dx <M+/ (log |x]) f (x) dx. (A-2)
fx) R™\ By

Let e = exp(1l) and

s
e(1+]x) )’

Since 7 > t log(1/t) is increasing on [0, e~'] and s — log(s) is increasing on [1, +-00), we have

/( i)f( Ydx < / ;10 (e(14+]x)*)dx=CM
R qr e(IHx)2r 2 —=

/ (102 flz/l)>f(x) dx < / log(e(1+]x])*") f (x) dx < CM+2nf (log|x]) f (x) dx,
Q4

R™"\ By

M
Q3Z{X€DM.f(X)§W}, Q4={X€DM.f(X)>

and (A-2) follows in the same way.
From now on, we assume that f is radially symmetric and nonincreasing in the radial direction. In
particular, we have, for all x # 0,

7Tn/2

1 M
(y)dy < , whereaq, = ————. A-3)
il /y|<x.f N = "= T +n/2) (

fx) =
Since t — log, (¢) is increasing, we deduce that

f (1 & )>f(x)dx</(log+ : )f(X)dstM+n/ (bgi)f(x)dx
R\ Dy M R~ n| |n | |

which is the converse of (3-1). Note that, when n < 12, the first term C M in the right-hand side can be
dropped, because «;,, > 1. In a similar way, we find

1 M M
fRn\Bl (log |x[) f (x) dx =< — /R (10g+ anf(x)>f(x) dx < CM+/ (log I ))f(x)dx,
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which is the converse of (3-2). Again, the first term CM in the right-hand side can be dropped when
n<12. O

Proof of Proposition 2.2. Throughout the proof we assume that M := ||w|| ;1 > 0. We take the decomposition
E(w) = Ei(w) + E>(w), where

1 1 .
E;(w) = E/Q log |x_y|a)(x)a)(y) dxdy, i=1,2,

and Q) = {(x, y) e RZx R?: [x —y| < 1}, Q2 ={(x,y) € R x R?: [x — y| > 1}. We have to verify that
the integrals defining the quantities E;, E, are convergent under assumptions (2-6).
First of all, using inequality (A-1) above with n = 2, we obtain for all x € R?

1 lw(y)]
/ log lw(y)dy < C/ (1 +log, —y>|w(y)| dy.
ly—xl<t X =Yl R M

If we multiply both sides by |w(x)| and integrate over x € R%, we thus find

lo(y)]
|Ej(w)| = CM 1+log+7 lo(y)|dy. (A-4)
IRZ

On the other hand, we have log [x — y| <log(|x| + |y]) <log(l + |x|) +log(1 + |y|) when |x — y| > 1.
This gives the bound

|Ex@)] < %/Q o)l ()] (log(1 + lx]) +log(1 +[yD) dx dy

M
= / lw(y)]log(1 + [y[) dy. (A-5)
T JR2?

Combining (A-4) and (A-5), we arrive at (2-7).

Finally, we assume that w € CCZ([R{Z) and fR2 w(x) dx = 0. The associated stream function ¥ € C2(R)
defined by (1-14) satisfies | (x)] = O(|x|™!) and |u(x)| = |V (x)| = O(]x|~?) as |x| — oo, so that
u € L*>(R?). This allows us to integrate by parts in the first expression (1-13) of the energy, using
the relation Ay = w, to obtain the elegant formula E(w) = % fRZ |u|> dx. By a density argument, the
conclusion remains valid for all integrable vorticities with zero average satisfying a assumptions (2-6). [

A2. Positivity of the potential V in some examples. For the algebraic vortex (2-38) withk =14+v > 1,
the potential V defined in (2-34) has the expression

2

V()= 5——503-2w-Dr’+ (v*~1r* —25—5?), where § = "+
r#(14r#) (1+r4)vY—1
If v=1, then § = 1; hence V = 0. Otherwise:
e If v > 1, we have (1472)" > 14+ vr? for all r > 0, so that § < 1. We deduce
Vi > 2l ok ), (A-6)

(14r2)2
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so that V(r) > 0 if 2 > 2/(v+1). In the region where r? <2/(v+1), we use the improved estimate

vr? v—1 , v2—1 4
5‘=—(1+r2)v_1<1——2 rt r>0, (A-7)

which can be established by a direct calculation. This gives the lower bound

_=DE+1? 4>
2z )

(v—"Dr?

V> iy

(Sv +11+ (> =1Dr? (A-8)

which implies that V (r) > 0 if (v4+1)r? < 2.

o If 0 < v < 1, the calculations are entirely similar, except that all inequalities in (A-6)—(A-8) are reversed.
This shows that V (r) < 0 in that case.

For the Gaussian vortex (2-39), a direct calculation shows that

Ve 3 1+s 1/2 s /4 " r?
= — , ere s = —.
4s 24 o1 (e—nz VEESTY

Using the lower bound e® — 1 > s(1 4+ s/2 + 52/6), we obtain

V()>1 : (3—2s+5%) 1+S+s22 21+S+S2 1
’/‘ —_— —_— — — [— — — —
= 45 (145/2452/6) ST 276 276

1 s

= Zm(ls + 125 + 1252 + 45> +5*) > 0.

A3. Properties of the Gaussian vortex. Given the expressions of A, B in (4-25), we first verify that the
ratio B/A is a decreasing function of . We have

B(r)_1—1<1+h(r2)> here hi(s) = + — (A-9)
Tam —a\lt(E)) ek =m0y '
Since

L (¢f=Dr—s%  sinh(s/2)? — (s/2)

YOS T ey T T pe . S Y

we see that 4 is strictly decreasing on (0, +00) with A(0) = % and h(+o00) = 0. We conclude that

(B —1)/A, hence also B/A, is a decreasing function of r, and that % <B/A< ZT'

We next prove the lower bound (4-32) on the potential W. Since x = log(A)/2 with A as in (4-25), a
direct calculation shows that the potential W defined by (4-28) has the expression
s 1 1 s—1/2 s/4 r?

Wr)y=-—=——— — , wheres=—.
4 2 4s  es—1  (es—1)2 4

Inequality (4-32) is thus equivalent to the positivity of the function G defined by

1 s—=1/2 s /4
G@is)=1——— — , 0. A-10
() 4s e —1 (ef—1)2 5= ( )
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Ifs > %, we use the lower bound ¢®* — 1 > s(1 + s/2) and obtain

G(s) > 4(2 ——(7+4s) > 0.

)2
Ifo<s < %, the third term in the right-hand side of (A-10) has the opposite sign. To estimate the
denominator, we use the upper bound ¢* — 1 < s(1 +s/2)(1 + 52 /5), which holds for s < % This gives

(27 +32s + 1552 +4s5%) > 0.

S
)z T G5

Ad. Computing the norm of the quasimode (4-37). In this section we compute the L? norm of the
function R defined by (4-37). We recall that g = cAl/Ze_’2/4, where ¢ = (2 10g(2))_1/2, and using (A-9)

we observe that
3 B—1 1 r? 1
~-———=—(1-2hn—)|, whereh(s)=-— .
4 A 4 4 s e —1
It follows that

2
N 2, _ 2 =2
R} = o ( ( )) §Prdr = g(z)f (1 =20~ (e =) ds.

Expanding (1 —2h (s))2 = 1—4h(s) +4h(s)?, we take the decomposition

o I, — 41, + 41
||R||2YE/ R(r)2rdr = L2215 (A-11)
0 161og(2)
where the integrals I, I, I3 are defined and computed below.
o0
1 )
« Evaluation of I;: I = / —(e™* —e ) ds =1log(2).
0 S

o Evaluation of I5:

12:/ @( S _ e ) ds
0

> 1 1 > —st -5 —2s

= P A e dtp(e —e “)ds
Ooo o /1 1

2/0 {/0 (E_es—l)(eS(Ht)_emm)ds} .

00 241t 1 24 |=F®
= log=—— —— Jdt=(1+1)1
/0 (gl—i-t 2+t) (+)Og1+t

=1—1log(2).
o Evaluation of I5:

t=0

1 I
(— - — 1) {/ tse ! dt}(e_s —e ¥)ds
N e’ — 0
00 (00 / p=s(+1) _ p—s(2+1) $(2+1)
=/ {f ( 2e‘“2+’)+—> ds}tdt
0 0 s es—1

241 2
log=—— — — +yD3+1))ede,
By 2+t+¢' G+
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where /() denotes the trigamma function [Abramowitz and Stegun 1966, Section 6.4]:

00 Se—sz d2
v () = f ds= L 10gT(). Re() > 0.
0 1l—e—s dZ2

It follows that

2 2

2 +4 21 3t ,
L= 5 log(2+1) — 5 10g(1+t)—5+t(logl")(3+t)—(10gF)(3+t)

- 411(7 — 6log(2) — 2log()).

t=+00

t=0

Here we used Stirling’s formula to compute an asymptotic expansion of (log I')(3 4 ¢) and its derivative
as t — +o0. Inserting the values of Iy, I», I3 into (A-11), we arrive at (4-38).

AS5. The Poisson structure on . For two functions ¢, ¥ on R?> we use the familiar notation {¢, ¥} =
0190 — drpd1Y. Now, if F and § are two functionals of P, the standard way of defining their Poisson
bracket is

(7. g}(w):—fww{g ﬁ}dx, (A-12)

S’ Sw

where §F /8w is the usual “variational derivative” of F, namely, the function on R? defined by the relation
d . 3F
(ge7@ren)| = fR o I dx

for all (smooth and compactly supported) increments 5. In particular, the variational derivative of the
energy functional (1-13) is § E /8w = —1, where i is the stream function (1-14). As an application, if
evolves according to the Euler equation d;w + {y, w} = 0, we have for any (smooth) functional F:
8F 3k
dw’ Sw

This is precisely the integrated form of the canonical equation d;w = {E, w}.

d 5F
af}"(cu):—/wg{w, o) dx = Rz{ }wdx:{E, F(w).
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EXPLICIT FORMULA OF RADIATION FIELDS OF FREE WAVES
WITH APPLICATIONS ON CHANNEL OF ENERGY

LIANG L1, RUIPENG SHEN AND LIJUAN WEI

We give a few explicit formulas regarding the radiation fields of linear free waves. We then apply these
formulas on the channel-of-energy theory. We characterize all the radial weakly nonradiative solutions in
all dimensions and give a few new exterior energy estimates.

1. Introduction
1A. Background and topics. The semilinear wave equation
3u—Au==%ulP'u, (x,1)eR! xR,

especially the energy critical case p = 144/(d —2), has been extensively studied by many mathematicians
in the past few decades. Please see, for example, [Kapitanski 1994; Lindblad and Sogge 1995] for local
existence and well-posedness, and [Ginibre, Soffer and Velo 1992; Grillakis 1990; 1992; Kenig and
Merle 2008; Nakanishi 1999a; 1999b; Shatah and Struwe 1993; 1994] for global existence, regularity,
scattering and blow-up. Since the semilinear wave equation can be viewed as a small perturbation of
the homogenous linear wave equation in many situations, especially when we consider the asymptotic
behaviors of solutions as spatial variables or time tends to infinity, it is important to first understand the
asymptotic behaviors of solutions to the homogenous linear wave equation, i.e., free waves. This work
is concerned with two important tools to understand the asymptotic behaviors of free waves: radiation
fields and the channel of energy. We first introduce some necessary notation. Throughout this work we
consider the homogenous linear wave equation with initial data in the energy space

u—Au=0, (x,1)eRIxR,
uli=o =uo € H'(R?), M
Urli=o = ur € L*(RY).
In this work we also use the notation Sy (ug, u1) to represent the free wave u defined above. If it is
necessary to mention the velocity u,, we use the notation

S1.(1) (“0) — (“("’)) cH'x L2
uj Mt('vt)
MSC2020: 35L05.
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It is well known that the linear wave propagation preserves the H' x L2 norm, i.e., the energy conservation
law holds (V, ;u = (Vu, u;)):

[ 9P ax = [ (Vi + i) a
R¢ R¢
Now we make a brief review of radiation fields and the channel-of-energy method.

Radiation fields. The asymptotic behavior of free waves at the energy level can be characterized by the
following theorem.

Theorem 1.1 (radiation field). Assume that d > 3 and let u be a solution to the free wave equation
32u — Au = 0, with initial data (u, u1) € H' x L>(R?). Then

t—+o00 |x|2

D
lim (|Vu(x, D12 = |uy (x, D2 + M) dx =0
Rd

and there exist two functions G+ € L*(R x S*~1) so that

t—=+o00

o0
lim ff 1r9=D28,u(r0, 1) — GL(r F1,0)|*d6 dr =0,
0 Jsd-1

o0
lim /f Ir9=D725.u(r0, 1) £ G (r F1,0)>do dr =0.
0 §d—l

t—+o0
In addition, the maps (ug, uy) — V2G. area bijective isometries from H' x L?(R?) to L*(R x S471).

This has been known for more than 50 years, at least in the 3-dimensional case. Please see [Friedlander
1962; 1980], for example. The version of the radiation field theorem given above and a proof for all
dimensions d > 3 can be found in [Duyckaerts, Kenig and Merle 2019]. In addition, there is also a
2-dimensional version of the radiation field theorem. The statement in dimension 2 can be given in almost
the same way as in the higher-dimensional case, except that the limit

2
Jim / Jule, DI o

R |x|?

no longer holds. A proof by Radon transform for all dimensions d > 2 can be found in [Katayama 2013],
where the statement of the theorem is slightly different. Throughout this work we call the function G 4
radiation profiles and use the notation T4 for the linear map (ug, u;) - G+.

Channel of energy. The second tool is the channel-of-energy method, which plays an important role in
the study of wave equations in the past decade. This method is first introduced in the 3-dimensional case
in [Duyckaerts, Kenig and Merle 2011] and then in the 5-dimensional case in [Kenig, Lawrie and Schlag
2014]. This method was used in the proof of the soliton resolution conjecture of the energy critical wave
equation with radial data in all odd dimensions d > 3 in [Duyckaerts, Kenig and Merle 2013; 2023].
It can also be used to show the nonexistence of minimal blow-up solutions in a compactness-rigidity
argument in the energy super- or subcritical case. Please see, for example, [Duyckaerts, Kenig and Merle
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2014; Shen 2013]. Roughly speaking, the channel-of-energy method discusses the amount of energy
located in an exterior region as time tends to infinity:

lim |V u(x, )] dx.
t—=+00 [x|>|f|+R
Here the constant R is nonnegative. Since the energy travels at a finite speed, the energy in the exterior

region {x : |x| > |f| + R} decays as |f| increases. Thus the limits above are always well-defined. We can
also give the exact value of the limit in terms of the radiation field:

o
lim |V su(x, 0)]? dx = 2f / |G1(s,0)>do ds. )
t—+oo |x|>|t|+R R Jsd-1

We first introduce a few already known results. We start with the odd dimensions.

Proposition 1.2 [Duyckaerts, Kenig and Merle 2012]. Assume that d > 3 is an odd integer. All solutions
to 3*u — Au = 0 satisfy

Zlim/ \Vesu(x, )P dx = | |Vesu(x,0))dx. 3)
+ [x|> 7] R4

t— =00

As a result, we have:

Corollary 1.3. Assume that d > 3 is odd. Then u =0 is the only free wave u satisfying

lim |V su(x, 1)])?dx = 0.

t—+oo lx|> ]

In contrast, if R > 0, the subspace of H' x L*(R?) defined by

P(R) = {(uo,ul) e H' x L*(R%) : lim |V,,XSL(u0,u1)(x,t)|2dx=0} 4)

=500 JIx|> R+l
does contain initial data (u¢, u;) whose support is essentially bigger than {x : |x| < R}. The free waves u
satisfying
lim Vi xu(x, D> dx =0
1=>E0 Sy >Rl
are usually called (R-weakly) nonradiative solutions. If the dimension is odd, these solutions are well-
understood in the radial case:

Theorem 1.4 [Kenig, Lawrie, Liu and Schlag 2015]. In any odd dimension d > 1, every radial solution u
to (1) satisfies

max lim YV, u(r, O)2r¢ dr > 1ms ug, U ; d—1 - 5
i r>\t|+R| x,eu(r, )| = 2” Prad(R)( 0s l)llHlez(rzR.rd Ldr) 5

Here

Paa(R) = Span{ (2174, 0), 0,7~ ki o e Ny 1 < by < E2 1< <41

Hﬁmd(R) is the orthogonal projection from H' x L2(r > R : r?~dr) onto the complement of the finite-
dimensional subspace Pr,q(R).
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Note the proof of Theorem 1.4 in [Kenig, Lawrie, Liu and Schlag 2015] uses the radial Fourier
transform.

The case of even dimensions is much more complicated and subtle. Cote, Kenig and Schlag [2014]
showed that in general the inequality

> lim/ |vx,,u(x,t)|2dxzc/ Vi1 (x, 0)|% dx
T t—=o00 1xI> ] Rd

does not hold for any positive constant C in even dimensions. But a similar inequality holds in the radial
case for either initial data (uq, 0) if d =0 mod 4, or (0, u;) if d =2 mod 4. More precisely we have

lim VerSito. 00 0P dx = 5 [ Vo Pdx, d =k ke, ©)
t—+o00 Ix|> ] 2 Rd

lim V2820, up)(x, )[>dx > 1/ luy(x)|*dx, d=4k+2, keN. @)
t—+o00 Ix|> 1] 2 Rd

In addition, Duyckaerts, Kenig and Merle [2021] showed that the only nonradiative solution is still the
zero solution in even dimensions d > 4; i.e., Corollary 1.3 still holds for even dimensions d > 4, even in the
nonradial case. Much less is known about the exterior energy estimate in the region {x : [x| > R+ |t|} with
R > 0. Duyckaerts, Kenig, Martel and Merle [2022] proves the exterior energy estimate in dimensions 4
and 6 if the initial data are radial:

. 301, 02
1 \Y% 2 > —_||ITI .

I—)lI:ElOO |x|>‘t|+R | )C,tSL(uO’ 0)(x’ t)' dx - 10 ” RMOHHI({XE|R42|X|>R})’
. 2 3 ual, 2

tlliqoo |VX,ISL(0» I/l])(.x,t)| dx = E“nRu]||L2({)CER6:|X|>R})'

[x|>|t|+R
Here H# is the orthogonal projection from H '(fx € R* : |x| > R}) onto the complement space of
Span{lxl_z}. While n,% is the orthogonal projection from L?>({x € R%: |x| > R}) onto the complement
space of Span{|x|™*}.

1B. Main idea. According to (2) we may obtain exterior energy estimates conveniently from the radiation
profiles G. Please note that G_ and G are not independent of each other. In fact the map Ty o T' b
G_ — G is a bijective isometry. If we could find explicit expressions of the maps

T,oT™':G_—> Gy, T7':G_— (up,u1), SpoT~':G_—u,
then we would be able to:

(a) Understand how the asymptotic behavior in one time direction determines the behavior in the other
time direction. This is known in the odd-dimensional case, as shown (although not stated explicitly) in
the proof of Proposition 1.2 in [Duyckaerts, Kenig and Merle 2012]. In this work we will try to figure out
the even-dimensional case.

(b) Characterize (weakly) nonradiative solutions, especially in the radial case. We first determine all the
radiation profiles G_ so that

G_(5,0)=G4(s,0)=0, s>R < lim |Vx’[u(x,t)|2dx=0;

1=>£00 J|x|>|7|+R
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then we may obtain all the nonradiative solutions (as well as their initial data) by applying the formula
of T~!. In particular we prove that radial nonradiative solutions in even dimensions can be characterized
in the same way as in odd dimensions.

(c) Prove exterior energy estimates. We generalize the radial exterior energy estimates in 4 and 6 dimen-
sions to all even dimensions; we also prove a nonradial exterior energy estimate in odd dimensions. In
both applications (b) and (c) we follow the same roadmap:

exterior energy <> radiation profile <« initial data.

1C. Main results. Now we give the statement of our results. The details and proofs can be found in
subsequent sections.

Theorem 1.5. Let u be a finite-energy free wave with an even spatial dimension d > 2 and G, G_
be the radiation profiles associated with u. Then we may give an explicit formula of the operator
T,oT-':G_— G,

G(5,0) = (=D HG-) (s, —0).

Here H is the Hilbert transform in the first variable, i.e.,
1 o G*(rs _0)

HG_)(—s,—0) =p.v. — —drt.

(HG-)(=s,—0)=p ﬂ/_oo s —7
Remark 1.6. A similar but simpler argument shows that if d is odd, then Ty o T~ : G_ — G can be
explicitly given by

G(5.0) = (=D“"V2G_(=s, -6).

This can also be verified by assuming that the initial data is smooth and compactly supported, and
considering the expression of G_ and G in terms of (ug, u1) if d is odd. Please refer to [Duyckaerts,
Kenig and Merle 2012]. Since we have 7> = —1. We may write the odd and even dimensions in a

universal formula
G(5,0) = (1) 'G_)(~s,—0).

Remark 1.7. It has been proved in Section 3.2 of [Duyckaerts, Kenig and Merle 2021] (in the language

of Hankel and Laplace transforms) that the zero function is the only function f € L?(R) satisfying
f(s)=0, s>0, (Hf)s)=0, s<0O.

It immediately follows that:

Corollary 1.8. Assume d > 2. Let Q be a region in S*~\. If a finite-energy solution u to the homogenous
linear wave equation satisfies

t—+o00

o

lim// IV, xu@r®, 0> r=1do dr =0,
HEE=Y

then we have =~

lim// |V, xu(rf, )2 r?=1 do dr = 0.
0 +Q

t— 400

This is an angle-localized version of Corollary 1.3.
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Applications on channel of energy. By following the idea described above, we obtain the following
results about the channel of energy.

Proposition 1.9 (radial weakly nonradiative solutions). Let d > 2 be an integer and R > 0 be a constant.
If the initial data (ug, u) € H' x L? are radial, then the corresponding solution to the homogeneous
linear wave equation u is R-weakly nonradiative, i.e.,

lim IV, cu(x, )>dx =0,
t—*+o00 lx|>|f|+R

if and only if the restriction of (ug, u) in the region {x € R? : |x| > R} is contained in

Paa(R) = Span{ (2174, 0), 0,7~ 1 < by < | DL | 1< < [}
Here the notation | q | is the integer part of q. In particular, all radial R-weakly nonradiative solutions in
dimension 2 are supported in {(x,t) : |x| < |t| + R}.

Remark 1.10. If d is odd, we have |(d +1)/4| = |(d +2)/4]| and |(d — 1)/4] = |d/4]; thus our result
here is the same as the already known result in odd dimension, as given in Theorem 1.4.

Proposition 1.11 (radial exterior estimates in even dimensions). Let d = 4k with k e Nand R > 0. If
initial data uy € H'(R?) are radial, then the corresponding solution u to the homogenous linear wave
equation with initial data (ug, 0) satisfies

2

lim |Vu(x, 1) dx = lim Jue e, 012 dox = ZITTG, ry0 1 gy ry)-

=00 Jix|>R+1r] =00 J|x|> R4t

Here Hék( R) IS the orthogonal projection from H'({x € R? : |x| > R}) onto the complement of the
k-dimensional linear space

1
Qk(R) =Span!w—_2kl 01 fk] Sk}

Similarly if the dimension d satisfies d = 4k +2 > 2, with k € {0} UN and the initial data u; € L*(R%)
are radial, then the corresponding solution u to the homogenous linear wave equation with initial data
(0, uy) satisfies

lim IVu(x, 1)|*dx = lim / lu(x, )2 dx > LTS, oo )12, .
=00 J 1> Ryl =00 Ji x| Rt 4GB T (xelx > RY)
Here T+ is the orthogonal projection from L*({x € R? : |x| > R}) onto the complement of the

Qi (R)
k-dimensional linear space

1

Remark 1.12. Given ug € H'(R*) or u; € L2(R**2), the orthogonal projection of uq or u; onto the
finite-dimensional space Q(R) or Q;C(R) gradually vanishes as R — 0T. Therefore if we make R — 07
in Proposition 1.11, we immediately obtain (6) and (7).
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Remark 1.13. At the same time as this work was done, Kenig et al. proved radial exterior estimates
similar to Proposition 1.11 for even dimensions d > 8 by using the already-known result in dimension 4
and an induction argument.

Proposition 1.14 (nonradial exterior energy estimates). Let d > 3 be an odd integer and R > 0 be a
constant. Then the following identity holds for all (uo, uy) € H' x L*(R%):

lim f |VexSL(0) (o, 1) (x, D) dx = | Ty (0, up) |1, :
Xi: 1>%00 Jlyoriy P HixL2@®)
Here Hﬁ( R 18 the orthogonal projection from H' x L2(R?) onto the complement of the closed linear space

P(R) = {(uo, u)) e H x L*®RY) : lim IV, Sz (o, u))(x, 1)>dx = 0}.
1=£00 J x> Rt

Structure of this work. This work is organized as follows. In Section 2 we deduce an explicit formula
of T~ in all dimensions. Then in Section 3 we prove the explicit formula of T, o7~ ! given in Theorem 1.5.
The rest of the paper is devoted to the applications in the channel of energy. We characterize radial
weakly nonradiative solutions in Section 4, prove radial exterior energy estimate for all even dimensions
in Section 5 and finally give a short proof of nonradial exterior energy estimate in odd-dimensional space
in Section 6. The Appendix is concerned with Hilbert transform of a family of special functions, since
the Hilbert transform is involved in the even dimensions.

Notation. In this work we use the notation C(d) for a nonzero constant determined solely by the
dimension d. It may represent different constants in different places. This avoids the trouble of keeping
track of the constants when unnecessary.

2. From radiation profile to solution

Now we assume that G_(r, 8) is smooth and compactly supported and give an explicit formula of the
operator T~ '. We consider the odd dimensions first.

2A. Odd dimensions.

Lemma 2.1. Assume that d > 3 is odd. Let G_ be a smooth function with supp G_ C [—-R, R] x S¢~1.
Then (ug, uy) = T-'G_ satisfies

1 _
009 = Gy ., 627000 ®
ul(x)—m i - (x-w,0)do. 9

Here the notation G* represents the partial derivative

0¥ G _(s, 0)

(k)
G ,0) =
- (5, 6) ask
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Remark 2.2. This formula in 3-dimensional case was previously known. Please refer to [Friedlander
1973], for example.

Proof. Let (ug, uy) = T-'G_andu= St (1o, ur). Given a large time ¢t > 0, we choose approximated
data (UO,Z‘7 Ul,l‘) ~ (u( ) —t), ut( ) _t)) as

V1, (r0) =r *G_(r —t,0), r>0,0eS!, (10)
+00
Vo (rf) = —x (g) / FRG_(F —1,0)dr, r>0,0eSi!, (11)

Here u =(d —1)/2 and x : R — [0, 1] is a smooth center cut—off function satisfying

1, s> 3,
x(s>={ ?

0, s<.
’ 1
It is clear that the data (vo;, v1,,) are smooth and compactly supported in {x : |x| < R+4t¢}. A straightforward
calculation shows that

o0
// vy, (r0) — G_(r —t,0)[>d6 dr =0,
gd—1

/ / [rHd,v0,,(r0) — G_(r —t, 0)|>d6 dr
gd-1

/R[(IVvoJ(X)I — 18,v0, (X)) dx <

N|»—ﬂN|>—*

Thus by the radiation field we have
1—13?00 ||(UO,Z’ Ul,l‘) - (l/l( T _t)9 ul( T _t))”Hlez(Rd) = 0
Since the linear propagation operator Sy (1) preserves the H' x L2 norm, we have

() -0 ()
ui Ul,t

Next we use the explicit expression of the linear propagation operator (see, for instance, [Evans 1998])

=0. (12)
H'x L2(R4)

lim
t—+400

and write v = Sy (vg, v1) in terms of (vg, v;) when the initial data are sufficiently smooth:

_ d (19 d—2 <1 3) d—2
v(x, 1) =cq- Bt(t 31) (t de lvo(x+ta))da)> +cq- ey t - vx+tw)dw

—Cdt“/ [((w - V) 0) (x +tw) + (w - V)* " v1) (x + )] dw
+ 2 At (s dor Y Bt ueeo)do.
0<k<p - O<k<p—1 st

Here c; =1/ (2Qm)d=b/2y, Adx, Bax (and A/ 4k Bg’i’ « below) are all constants. We may differentiate
and obtain

vi(x, 1) = Cdt“/d [((w - V)" ug) (x + tw) + (w - V) vp) (x +tw)]d

+ YA 1/ (w- V) (x +tw)do+ Y B[’,,ktk/ (- V)*v))(x +tw) do.
Sa-1 sd-1

1<k<p 0<k<p—1
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Now we plug in (v, v1) = (vo,, v1,,) With large time . We observe that
|(a)-V)kvj,,(x+tw)|§t_“, j=0,1, k>0, (13)
and (r =|x+tw|,0=x+tw)/|x+tw|, k=u—1, @)

(@ Vo (x4 10) = (@-0)F G0 —1,0) + 0™,
(@ V1)@ +10) = (@ -0 GO —1,0)+ 0™,

()50
Wi,z U1t

wo.s = Ca / (@-0" (1 +0-0)G" V¢ —1,0)do+ 0(%),
gd-1

Thus

satisfies

Wy, = cd/ (@ O A+w-0GW(r—1,0)dw+ 0(1).
Sd-1 t

Please note that the implicit constants in (13), O (t*~1y and O(1/t) above, may depend on x but remain
uniformly bounded if x is contained in a compact subset of R?. Next we observe the facts

(@) =+ 0(%), r@) —t=x-o+ 0(%),

and further simplify the formulas
- (u—=1) 1
wo,r = 2¢q G "xw,w)do+ O ,
gd—1 t

wl,t=2Cd/ G(_“)(x-a),a))da)—l— O(l)
gd-1 t

Finally we make ¢ — 400, utilize (12) and obtain
ug :2cd/ G(_“_l)(x-a),a)) do,
Sd-1
Ui =2€d/ G(_“)(x-a),a))dw.
Sd-1

We plug in the value of ¢4 and finish the proof. O

Remark 2.3. An explicit formula of the free wave u = S; T~ 'G_ can be given by

u(x, ) = G* Vx-witt,w) do.

1
(27T)(d_1)/2 /;dl

This can be verified by a straightforward calculation. One may check

 The function u above is a smooth solution to the homogenous linear wave equation.

 The initial data of u are exactly those given in Lemma 2.1.
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We may differentiate and obtain

w(x, 1) = GP(x-w+t,0) do,

1
(27)@-D/2 /§

Vu(x,t) = G(_”)(x-a)+t,w)a)da).

1
(2m)d=D/2 /Sd_l
2B. Even dimensions. The formula of T~! in even dimensions is a little more complicated.

Lemma 2.4. Assume that d > 2 is even and G_ € C°(R x S1Y. Then the operator T=" is given
explicitly by
(d/2-1)
G- x-w—p,w)
dodp,
MO(X) (2 )d/z f Ld . \/— 1Y

(4/2)
wompo),
e = )d/z TN wdp.

Proof. Without loss of generality let us assume supp G_ C [— Ry, R;] X S?-1 1t is sufficient to show

that given any R, > 0, the formula above holds for almost every x € B(0, R;). Let us use the notation
(o, uy) = T-! (G-) and u = Sy (up, u1). We consider the approximated data

v1,(r0)=r*G_(r—t,8),

+00
V0 (r0) = —x (;) / FRG_(F —1,0)dr, r>0,60eS.
r

Wo,t Vo, ¢
() =50 ().

Here yx is the center cut-off function as given in the previous subsection. A basic calculation shows

and

t_l)i$oo ||(U0,t» Ul,t) —(u(-, =), u: (-, —f))HHl x L2(Rd) = 0.
Thus

t—1>i+moo | (wo,s, wl,z) — (uo, ul)”)ﬁ]lez(Rd) =0. (14)

Let us first recall the explicit formula of v = Sy (vg, v1) in the even-dimensional case:

d-2)/2 t d-2)/2 p
v(x, 1) =cy- 8<li> -1 Mdy _*_Cd_(li) pd—1 vi(x + y)dy
ot \t ot 11—y t ot 1—y)2

an [ - V20 (x +ty) + (v - VI o) (x + 1y) J

B V1I=1y?
-V)k ¢ - V)k t
n Z Ayt - V) vo(x + y)d n Z Byttt - V) o (x + )’)d

, y d,
0<k<d)2 B V1I=1lyl? O<k<d/2—1 e V1=1lyl?

=cCgq-t
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Here By is the unit ball in R? and ¢; = (2r)~%/? is a constant. The notations Ag.k, Bgr (and AZI o BZI K
below) represent constants. We differentiate and obtain
/2 (- VY o) (x +1y) + (v - VI ?01) (x + 1y)
B VI=1yP

o f - Vrvolx +1y) (v Vv (x +1y)
+ > At 1/Bd dy+ Y Byt ) dy.

I<k=dj2 VI=1Iy)? 0<k<d/2—1 B VI=IyP?

We plug in (v, v1) = (vo, v1,¢) and observe

vi(x,t)=cy- dy

|(y . v)kv0,1| < t*(d*l)/z’ |(y X v)kvl,t| < t*(dfl)/Z‘
This gives the approximation

a2 [ (-0 )(0) + (3 - V)P vy ) ()
e NIE

zwz/'(@-vwﬂ+%u»ue»+«y-vwﬂmenn
e NIE

Here r = |x +ty| and 8 = (x +ty)/|x 4+ ty|. Furthermore, we observe (k =d/2,d/2—1)

dy+ 0@,

wo, (X)) =cq -t

wy(x) =cq- dy+ 0@~ '?%).

(- Vg ) (r0) = (v -0~ @DRGO ¢ —1 ) + 0=V,
(v - Vv )8 = (v -0 r~@D2G0 G —1,0) + 04D/,
and write
ap [ GO -6+ Dr @ DRGYPI g )
> =y
(x) td/Z/ (v-0)42(y -0 + r=@-D2GY92 . _ g)
w]’ X)==¢Cq-

| v 1—yP
Next we observe that if |y| < 1 — (R 4 R,)/1, then we have r <t|y|+|x| <7 — Ry; thus G* (r —1, ) =0.
As a result, we may restrict the domain of the integral to

wo, (X)) =cq -t dy+ 0@,

dy + 0@ 1?).

Ri+R
Bt:{yeBd:le— ‘t 2}.
Because in the region we have

9:l+0(1), y-o=1+0(
|yl i
we can simplify the formulas

1

;), r=t+0(1),

GV —t,y/1yD)

———dy+0u™'),

wo, (x) =2¢q4 - tl/Z/
B, 1 - |J’|

d/2
G =1, y/1yD

: V1=1lyP?

dy+ 0@,

wi,(x) =2cq- ZI/Z/
B
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Next we utilize the change of variables

- (1 - §)w, (p,w) € (0, Ry + Ry) x S,

and the approximations

r—t=xo-pt0(L). Vimpi=(1+0(D)y2 ay=(1+0(L)r " dpdo

to obtain @21
Ri+Ry G_/ (X ‘w—p, w) 1
wo,1 () = v2¢4 - dodp+ 07,
0 sd-1 P
Ri1+R; G(d/2) . _
wl,t(x)=\/§Cd'/ / - (o=po) dodp+ 01 1?).
0 -1 NIg

Finally we recall (14), let t — +o00 and conclude

Ri+R» G(d/z_l) . _
uo(x)=\/§cd-/ / - wo-p o dwdp,
0 Sd—1 \/ﬁ

R|+R> G(d/2) o
ul(x):\/zcd-/ / - xo-po) dwdp. O
0 Sd-1 \/ﬁ

Remark 2.5. If d >4, the convergence (14) implies that (wq ;, w; ;) converges to (uq, 1) in L24/d=2) ] 2
by Sobolev embedding. We may combine this convergence with the local uniform convergence given

above to verify the identities above. This argument breaks down in dimension 2. We given another
argument below in dimension 2. Given any test function ¢ € Cg° (R?), integration by parts gives an identity

/wo,;(X)pr(X)dx =—wao,z(X)<p(X)dX-

We recall the local uniform convergence of wy; given above and the L? convergence of Vwg; — Vug
and then obtain

[ee) G._ ‘w—p,

/(«/Ecz / / xo=p o) dw dp)V(p(x) dx = — / Vug(x)e(x)dx.
0 Jst N

This finishes the proof. Finally we would like to mention that we have

o0 G_ . _ ,
lim ﬁcz-/ f xo=po) dodp =0.
0 Js! N

[x]—+00

Corollary 2.6. If G_ € C°(R x §d—1), thenu =S T~ (G_) is given by

G(d/2 1)(x ‘w— p+1, a))
ulx,t)= wdp.
<2n)d/2 si-1 Nz

//‘ G(d/z)(x - — ,O—H‘ a)) wdp
(2m)d/2 Sd-1 '

Proof. A basic calculation shows that u(x, ) solves the free wave equation with initial data given in
Lemma 2.4. ]

Thus

u;(x,t) =
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2C. Universal formula. Now let us give a universal formula of 7~! for all dimensions. We first define
two convolution operators (1/+/mx is understood as zero if x < 0)

Qf=\/%*f, Q/f=\/_1—m*f-
Their Fourier symbols are
1—i(§/15D and 1+i§/15D
pNEIH 2JmE]

respectively. Let us also use the notation D = d/dx and recall that its Fourier symbol is 27i§. A simple
calculation of symbols shows

’D=1, 9?’D=-1, Q9OD=H. (15)

1/2

As a result, we may understand Q as D~ /< and rewrite u = S T '~!'G_ in the form

u(x,1) = mfgd_]@cf’/“)xx-ww, ©) do
1
= DG _(x- : 1
Iy /Sd—l G_(x-w+t,w)dw (16)

Here u = (d — 1) /2. This formula holds for both odd and even dimensions.

3. Between radiation profiles

In this section we give an explicit expression of the operator Ty o T !in the even-dimensional case,
without the radial assumption.

Theorem 3.1. Assume that d > 2 is an even integer. The operator T, o T~ can be explicitly given by the
Sformula

G(s,0) = (T+TZ'G)(5,0) = (=D(HG_) (=5, =0).
Here H is the Hilbert transform in the first variable, i.e.,

G_(t,-0
G- .
—T—5

1 o0
(HG_)(—s, —0) =p.v. p f_oo

Proof. Since Ty o T~ is a bijective isometry from L?(R x S?~!) to itself. We only need to prove
this formula for smooth and compactly supported data G_. Without loss of generality let us assume
supp G_ C [—Ry, R1] x S?~!. Let us also fix a positive constant R, > 0. If (s, 8) € (—R», Ry) x S¢71,
then we may apply Corollary 2.6 and obtain

GY92((t +5)0-w—p+1, ®)
dwdp.

o0
(t+ ) 9D28u((t + )0, t) = V2cq(t +5) ¢ D/2 /
0 Jsa-t NIg
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Let M > R; + R> + 1 be a large constant. We may split the integral above into two parts:

d/2)
G t 0 -w— t,
Ji = 2cq(t + )4 1)/2// - (A0 ozpt 6())ala)d,o,
0-w<—1+M/t JP
n G ((t+5)0 -w—p+t,w)
Jo =N 2cq(t + )@Y/ / / - dwdp.
9-0>—1+M/t JP

We may find an upper bound of J,. In this region we have
(+5)0-0+t>M—R = G_((t4+5)0-0—p+1)=0 ifp< %

Thus we may integrate by parts and obtain

0 G_((t 0 - t
12=C(d)(t+s)(dl)/2[ f ((t+s)0-w—p+ a)) wdp.
w>—1+M/t

p(d+1)/2

Therefore when ¢ is sufficiently large

(d-1/2 U+90-0+ R\ G_((t +5)0 -0 — p+1, a))|
IS d+n/2 pdw
0-w>—1+M/t J (t+s5)0-w+1t—R; 1Y

<;(d1>/2/ /”””""*’*R‘ G (@+s)0-0—ptro)l
- 0-w>—1+M/t J (t+5)0-0+t—R, [(t +5)0 - w4 t|d+D/2

S 1)/2/ : d+1 2dw§i-
b-wz—14My1 |10 - @+ 1]/ M

In the integral region of J;, we have the approximation w = —6 + O(t~'/2). Thus we have

00 G (t+50-w—p+t,—6
Ji =\/§Cdt(dl)/2/ / C+5)0 - w—p+ )da)dp+0(f1/2).
f.o<—14+M/t JP

Next we utilize the change of variables (please refer to Figure 1 for a geometrical meaning)

(1+ )9+ ( )(2 ) P el0,M], ¢eSI?={pesi ' p10),

dw=[1+0<%)](27/’/)d/2_1d§d2(@.\/% [1+0< )](2 Nd=3)/2~@=D/2 g5d=2( ) 4/

and obtain

d —
7Td/2 Sd-2

We observe that the integrand is independent of ¢ and integrate by parts

(_1)d/2—1 /OO/M G/_(,O/—)O—S, _0) ) n
Ji=—"F"—— dp' dp+ 0@~ ?).
v pp'
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§d72

Figure 1. Change of variables, where r = /(p'/t)(2 — p’/1).

We next change the variables t = p’ — p, n = p’ + p, and write

1)d/2-1 Mt G (7 —
g2 ST ) / / G =570 o ir 001
Izl N

(_1)(1/2 1 "

2—/ G (t—s, —9)[ln(2M—t+\/4M2—4Mr —1n|r|]dr+0(t_ )
4 —00

(_1)(1/2—1 /RH—RZ

g

G (t—s,—0)[In@M — v +vV4M?2 —4M7) —In|z|]dT + Ot~ '/?).

—Ri—R;

The integrals above can be split into two parts:

Ri+R;
/ G' (t—s,—0)[InQM — 7 +v4M? —4M1)] d*

L

R1+R2
/ G _(t—s,—0)[InQM — T 4+ V4M? —4M7) —In(4M)] dt

R]+R2 , 1 1
G (r—s, —9)0(—) dr = 0(—)
/R] Ry M M

and
b =— lim G' (t —s,—0)In|t|dt
e=>0" Jec|r|<Ri+R2
G_(t—s,—0
= lim G870 o (HG_)(—s. —0).
e—>0% e<|t|<R1+R; T

In summary we have
Ji = (=DY2HG ) (—s, —0) + 0(%) Loa,
Now we may combine J; and J>

(t+5)9 V28Ut +5)0,1) = (—DY*HG_)(—s, —0) + 0(%) + 0@
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Because the implicit constants in O’s do not depend on s € [—R,, Ry] or 6 € S we may let t — 400
then M — 400 to conclude

Ry
lim / / 1t + )9 D29,u((t +5)0, 1) — (—DY>(HG_)(—s, —6)|>dO ds = 0. O
—R, Jsd-1

t——+400

4. Radial weakly nonradiative solutions

In this section we prove Proposition 1.9. First of all, we briefly show that any initial data in P.,q(R) leads to
an R-weakly nonradiative solution. By linearity we only need to consider the case (ug, u1) = (r**1=9, 0)
or (ug, u1) = (0, r22=4) . If (ug, u;) = (r*1=9,0), then a basic calculation shows that if we choose
Cy, Ca, ..., Ck,—1 inductively, the solution

1 C1l2 Ck|_1l2kl_2
g (x, 1) = x| 42k T x[d—2k2 T |42

|x

solves the linear wave equation with initial data (|x|*'~<, 0) in the region R? \ {0}. By finite speed of
propagation, we have
Se(uo, ur)(x, 1) =ug, (x, 1), |x| > R+]t].

A simple calculation shows that this is indeed a nonradiative solution. The case (ug, u;) = (0, p2ka—d)

can be dealt with in the same manner by considering the solution

1 C1t3 Ck2_1t2k1—1
U, (x, 1) = |x[d—2ki + |x[d—2k1+2 T |x|d-2

Thus it is sufficient to show initial data of any nonradiative solution are contained in the space P,q(R).
We first consider the odd dimensions.

4A. Odd dimensions. Assume that u = Sy (ug, u1) is a radial R-weakly nonradiative solution. Let
G_ = T_(ug, u1). By radial assumption G _ is independent of the angle w € S?~!. Let us first consider
smooth functions G_. We may calculate (r > R, e; = (1,0,...,0) € R4)

1
uo(rer) = (2m)™* / G Vo) do = 22 / G Vo1 — o) do.
se-1 Q2 J

Here w; is the first variable of R? > S9~! and 0,5 is the area of the sphere S¢~2. We may integrate by
parts and rescale:

1yl 1
wo(ren = 1042 / G_(ron[97 (1 — )P ' doy
—1

Qm)rrr-1

L(n=1/2] Ags (! 12k L@ =3)/4] Agk R (d—3)/2—2k
=0 k=0

Ld+1)/4]

_ Z Ak RG (S)S(d+l)/2—2kds
- pd=2k | 7 :

k=1
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Here the A, are nonzero constants. Similarly we have

ui(rey) = (271)_“/ G(_“)(ra)l) do = a2

» o )M/ G rw)(1 — o) do,

L(n—2)/2]

— Doy B
——((2))5"M2/ G_(ron[d (1 — o) ' dw = Z ‘“‘/ G_(ronwl ™4
)rr _
Ld—1)/4] B R
- ¥ —d"fk/ G_(s)s /2% gy,
- —R

Here the B; ; are nonzero constants. Since smooth functions are dense in L*([-R, R]), we have:

Pl‘OpOSitiOll 4.1. There exist constants {Ad,k}lfka(d+l)/4Ja {Bd,k}lfka(d—l)/élj, so that for any G_ €
L?(R) supported in [—R, R], the initial data (ug, u,) = T-'G_ satisfy (r > R)

L(d+1)/4] R
uo(r) = Z (Ad,k/ G_(s)s\dHD/2-2% ds)r_d+2k,
k=1 —R
L(d—1)/4] R
uy(r)= Z <Bd’k/ G_(s)s¥—D/2—2% ds>r_d+2k.
k=1 —R

This clearly shows that if u = Sy (1o, u1) is a radial R-weakly nonradiative solution, then (ug, u;) €
P, rad(R)-

4B. Even dimensions. The even dimensions involve the Hilbert transform, and thus are much more
difficult to handle. The general idea is the same. If the initial data (ug, #;) are radial, then GL(s) =
Ty (ug, uy) is independent to the angle. We also have G (s) = (—1D)4?HG_(—s). Thus Sy (ug, uy) is
R-weakly nonradiative if and only if G_ is contained in the space

Pra={G_ € LZ(R) :G_(s)=0,s >R, (HG_)(s) =0, s < —R}.
Now recall the operators Q, Q" and D defined in Section 2C. We claim:

Lemma 4.2. Q'Prq = ]/2( R, R). Here H 172 (=R, R) is the completion of C°(—R, R) equipped
with the Hl/z([RE) norm.

Proof. In order to avoid technical difficulties, we use an approximation technique. Given any G _ € Pryq,
we may utilize a local smoothing kernel to generate a sequence Gy, so that:

(@) Gi € Praag(R+1/k).
(b) Gy € H"(R) for all n > 0 and thus G, € C*°(R).
(c) Gy converges to G_ in L*(R).

Let us consider the properties of the function g = Q'G € C*°(R). According to part (a), G (s) = 0 if
s > R+ 1/k. We may use the convolution expression of Q' to obtain that g; vanishes in the interval
(R4 1/k, +00). Similarly g = QHGy vanishes in the interval (—oo, —R — 1/k). We recall that
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Q' : L*(R) —» I-'II/Z(R) is an isometry up to a constant. Thus g — ¢ = Q'G_ in I-'I]/Q(R). This verifies
g€ H()l/z(—R, R). We also need to show that given any g € H()l/z(—R, R), then Q" 'g € Ppq. It is
sufficient to consider g € Cj°(—R, R) by smooth approximation. A simple calculation of Fourier symbols
shows that @'~! = —Q'D and HQ'~! = OD. A combination of these identities with the convolution
expressions of Q and Q' immediately verifies Q' _lg € Prad. O

We also need to use the following explicit formula of T_ for radial data.
Lemma 4.3. Assume G € C*®(R) so that |G (s)| < |s|73/2 for |s| > 1. Then the corresponding radial

free wave u = S; T~'G satisfies

1
u(r, 1) = C(d)- rl_d/Z/ QG (ray + 1) Py(w1)(1 —w) ™ dw,. (17)
~1
Here P; is an even or odd polynomial of degree d/2 — 1 defined by

9 \4/2-1 _ _
() a=wh P = Py —wh 2,

Proof. If G € C§°(R), we use polar coordinates and integrate by parts:

00 G2 _ /
u(r, t):C(d)/ / ro1=p+0 4 ap
0 Sd—l

NG
o0 pl G(d/Zfl)(rwl —p+t)
:C(d)/ / (1—w) I do, dp
o Jo N : :
©rl G —p+t
=C(d) .rl—d/2/ / Mpd(wl)(l _ w%)—l/2 dw dp
o Joi JP

1
=C(d) -rldﬂ/l QG (rwy + 1) Py(w)(1 —w)) " dwy.

This verifies the formula if G € C§°(R). In order to deal with profile G without compact support, we use
standard smooth cut-off techniques. More precisely, we may choose G € C3°(R) so that Gy — G in
L?*(R) and

|Gi(s) — G(s)| =0, s <k, 1Gi(s) — G(s)| S IsI 72, s > k.

Thus we have | QG — QG ||~ < 1/k. This means we have the uniform convergence for all (r, ) in any
compact subset of RT x R:

cw) !
u(r, ”Zrd/(—z_)lfl QG (ro1 + 1) Pa(w)(1 —wi)~ ' de,

cd 1
= rd/(Z—)l / QG (ray + 1) Py(w))(1 —wi) ™ dwy.
-1

Combining this with the convergence uy — u in H' we finish the proof. ]
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Remark 4.4. If d > 4 and G € L*(R), then formula (17) still holds. This follows standard smooth
approximation and/or cut-off techniques. Let G, € C;°(R) so that G — G in L*(R). Thus QG — QG
in H'/2(R). Finally we observe the fact Py(w;)(1 — w?)~1/2 € H~!/2(R), obtain a locally uniform
convergence uy(r, t) — u(r, t) and conclude the proof.

Now we are ready to give an expression of u = S; T~ 'G_ when G_ € Prad(R).

Lemma 4.5. Assume G _ € Pyg(R). Then the following identity holds:

u(r, t) = d/Z/ QG_ ()Wd< )ds

Here Wy (0) is the Hilbert transform (the function below is understood as zero if |wi| > 1)

d/2—1
Wa(o) = H(%) = H[(diwl) (1- wf)<d—3>/2].
.

Proof. By Lemma 4.2, we have Q'G_ € H / 2( R, R). We claim that it is sufficient to consider the case
Q'G_c¢c Cy° (=R, R). In fact, we may choose Gy € Prag(R) so that Q'Gy € Cy° (=R, R) so that

QGy— QG- inHY"?(-R,R) = Gi—G_ inL’R).

Now we observe a few important facts: we have the embedding I{(Ol / 2(—R, R) < LP(—R, R) for all

1 < p <400 and
Pa(wy)

\/l—wf

As a result, if the identity

eL?®R) = Wy0)eL’®), pe(l,?2).

Cc(
uk(r, t): ri/z)/ QGk(S)Wd( )dS kZ 1,

holds, then we may make k — +o0 in the identity above and verify that a similar identity holds for u
and G_. In fact the left-hand side converges in the space H'(R?) for any given time ¢, while the
right-hand side converges uniformly for (r,¢) in any compact subset of Rt x R. Now we assume
g=9G_eC{(—R,R). Then G_ = Qg = —Q'Dyg satisfies the assumption of Lemma 4.3. As a
result we have

1
-1

1
= C(d)-r‘—dﬂ/ He(roy + 1) Py(w)(1 —wd) ™12 dw,
-1

c)

= -1 g(r0+t)Wd(U)d0

Here we use the facts Q9Q'D = H and
/%f Hgdx = / frgdx, HHgro+1)(0) = Hg)(ro +1) =—g(ro +1).

Finally we apply change of variables s = ro + ¢, recall the support of g and finish the proof. U
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Now let us consider the Hilbert transform W,. The key observation is the following technical lemma.
This result has been known for many years; see [Solmon 1987], for instance. But we still give a brief
proof in the Appendix for the purpose of completeness.

Lemma 4.6. Assume that P(x) is a polynomial of degree k. Let W be the Hilbert transform

W—H( Pt )
V1=x2)
Then W (o) is equal to a polynomial of degree k — 1 if 0 € (—1,1). In particular, W>(c) = 0 for

o € (—1,1);if d > 4, then the function Wy (o) is equal to an even or odd polynomial of degree d /2 —2 in
the interval (—1,1).

Proof of Proposition 1.11. According to Lemma 4.5, we have already obtained
Cc(d) (R —t
u@r.y = 9D / QG ()W Z=L) as.
SR r

(=R, R) — LP(—R, R) forall 1 < p < +o0. If we also have r > |t| 4+ R, then

Here Q' G_ € H()l/z

s—1

<1 foralls € (—R, R).
’

If d =2, Lemma 4.6 immediately gives u(r, t) =0 if r > |R| 4t since we always have W ((s —t)/r) =0.
In the higher-dimensional case d > 4, Lemma 4.6 guarantees that
Ld/4]
Wa(s)= > AP —1<s<l1,
=1

is a polynomial. We plug this in the expression of # and obtain
Ld/4] A R
u(r.)=Cd) y_ d—_’ﬂ/ QG_(5)(s—)*2ds, r>R+|t]. (18)
= " —R

This immediately gives (ug, u1) € Prad(R).

5. Exterior energy estimates of even dimensions

In this section we prove Proposition 1.11. It suffices to consider the case d = 4k. The proof of d =4k 42
is almost the same. Again we switch to the space of radiation profiles G_ € L2(R x S?~!). We start with:
Lemma 5.1. The image of radial data in the form of (ug, 0) can be characterized by
(T_(up,0) : up € HL (R} ={G_ € L*(R) : HG_(—s5) = —G _(s))}
_ { G(s) —HG(—s)

. 2
> .GeL(R)}.

Proof. First of all, if ug € I-'Irzd([Rid ), then the free wave u = Sy (1o, u) is radial and satisfies

ulx,t)y=ulx, —t), u;(x,t)=—u;(x,—t).
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Therefore G_, G, are radial, i.e., independent of w and satisfy G (s) = —G_(s). We may apply
Theorem 1.5 and obtain G (s) = HG_(—s). As a result, G_ satisfies the identity HG _(—s) = —G _(s).
Next, let us assume G _ satisfies this identity. Then we have

G_(s) —HG_(-s) c { G(s) —HG(—s)

G-(s) = 2 2

:GeL2(R)}.

Finally, if G_(s) = (G(s) — HG(—s))/2, we show there exists ug € H.,(R), so that G_ = T_(uy, 0).
In fact, we consider radial initial data (ug, u;) = T~'G and free wave u = S 1 (up, u1). We may reverse
the time and obtain u(x, —t) = Sy (ug, —u1)(x, t). Thus

T_(uo, —u1)(s) = =Ty (uo, u1)(s) = —HG(—s).
Therefore we have
T_Quo, 0)(s) = T_(ug, uy) + T_(ug, —u1) = G(s) —HG(—s) =2G_(s),
which completes the proof. (Il
The key observation is the following:

Lemma 5.2. Given g € L>(R™), there exists a function G with Gl 2wy < 211g Il 2w+ SO that

G(s) —HG(—s)
G(s) —HG(—s) =2g(s), s>0, H > < \/§||8||L2(R+)-
L2(R)
Proof. Let us first find a function G with |G|l 2y < 2[gll.2 so that
G HG(—
Gy = EBTHEED o i)

2
We define a linear bounded operator T' from L*(R™") to itself. In the formula below we extend the domain
of G to R by assuming G(s) = 0 if s < 0 before we apply the Hilbert transform:

G(s) +HG(—s) _ G 1 /‘X’ G(7)
0

(o) = 2 2 )y s+t

dr, s>0.

We may further rewrite it as

TG = L°G.

G 1,
2 2n
Here L is the Laplace transform

o
LG(s) =f G(r)e*"dr,
0
which is self-adjoint operator in L>(R*) with an operator norm /7. More details about the Laplace
transform can be found in [Lax 2002]. As a result, we have
||TG||§2<R+) =4G-1L°G,G-1L?G)
=1IGll}. + 5 IL°Gll;. — (G, L*G) — 1-(L*G, G)
<3G + = ILGl7, — 5 (LG, LG) = {IIG 17> — 4 ILG| 7.
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Thus the operator norm of T is less than or equal to % This means that the function

o
G=) Tige’R")
j=0
satisfies the equation G — TG = g and |G| p2(g+) =< 2|8l L2(r+). Finally we naturally extend the domain
of G to R by defining G(s) =0 if s < (0. We have

G(s) —HG(—s) . {g(s), s >0,
2 | -3HG(-s), s<o.

Therefore we may find an upper bound of the L? norm

2

2 1 2 2
< gl 2y + $1HG 172y < 28172 g =

LX(R)

H G(s) —HG(=s)
2

Proof of Proposition 1.11. Let G_ = T_(up, 0) and g(s) be its cut-off version:

) G_(s), s>R,
s) =
§ 0, s <R.
Then radiation field implies that the free wave u = Sy (ug, 0) satisfies
Jim Vu(x, ) dx = lim s (x, O dx = ou 1181y (19)

|x|>R+t| T Ix|> R+1|

Here again o4;_ is the area of the sphere S**~1. According to Lemmas 5.1 and 5.2, there exists a function
gy € Hrgd([R{“k), so that

T_(io, 0)(s) =8(s), s >0, liioll3 ar, < dome—1118172 -

Therefore T_ (1o — iig, 0) vanishes if s > R. A combination of this fact with the time symmetry gives

lim |V, xSt (g — dig, 0)(x, 1)|>dx = 0.

t—+o0 |x|>|t|+R
As a result, we may apply Proposition 1.9 and conclude uo — iip € Qk(R). This means
1 2 ~ 2 2
|| HQk(R)MO ”H'({x|x|>R}) S ”uO”H] ({x:|x|>R}) S 4G4k—1 ||g||L2(R+)
A combination of this inequality and identity (19) immediately verifies the conclusion of Proposition 1.11
in the negative time direction. The positive time direction follows the time symmetry.
6. Nonradial exterior energy estimates
In this section we give a short proof of Proposition 1.14. We start with:

Lemma 6.1. Let d > 3 be an odd integer. Then

t—+oo

Z lim/ |v,,xSL(uo,u1)(x,r)|2dx=2f f IT_ (ug, u1)(s, 0)>d0ds.  (20)
|x|>R+|t| |s|>R JSd4-1
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In particular, we have (see (4) for the definition of P(R))
T (P(R)=P(R)={G_eL*RxS ") :suppG_ C[-R, R] x S '}.

Proof. Let u be the solution of linear wave equation with initial data (g, u1). Then by radiation field
(Theorem 1.1) we have

o0
lim |V,7xu|2dx:2// |G_(s,0)>db ds,
|x|>|t|+R R JSd-1

——00

[——00

-R
lim |V; cul* dx :2/ / |G_(s, 0)|*>do ds.
lx|<|t|—R —o0 JSd-1
In addition, we may apply the energy conservation law, Proposition 1.2 and obtain

lim |vt,xu|2dx=/ (|Vuol® + |u11?) dx — lim |V, cu|* dx
Rd

1= =00 Jix|<|r|-R 1= =00 J|x|>|r|—R

= lim |V, cu|? dx.
t—>+00 Ix|>1+R

Combining these identities we have

Z 1im/ Vi cu(x, 0)>dx =2 / |G_(s,0)|>do ds.
T 17 E0 S x> R4 se-1

|s|>R

Finally (ug, u1) € P(R) is equivalent to saying

/ / IG_(s,0)|>dods =0,
|s]>R JS4-1

namely supp G_ C [-R, R] x §4~ 1. O

Now we are ready to prove Proposition 1.14. Since v/27_ is a bijective isometry from H'! x L2(R%)
to L2(R x S~ 1), we have

gy (o, u1) = T2y gy T=(uo, u1).
We next use the expression of P(R) = T_(P(R)):

€L 2 1 2
||HP(R)(M0, ul)l|H1><L2 = 2||H7;(R)T,(u0, Ml)”Lz(Rngfl)

=2/ / \T_(uo, u)(s, 0)|*> d6 ds.
|s|>R JSd-1

Combining this with (20) we finish the proof.

Appendix

In this section we give a brief proof of Lemma 4.6 for completeness. We first prove this lemma for two
special cases, P(x) =1and P(x)=1-— x%. We start with P(x) = 1. A straightforward calculation gives
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(1 2)71/2
TWi(s) = PV/ ==

§—X
s2)~1/2 X121 = gH~-1/2
_pV/(l )~ d+/ A—xH~7-A-sH" 7"
§—X §—X
(=) 2| LS +/ (1—s%)—(1—x%)
I—s 1(s—x)«/l—szl—sz(«/l—xz—l—\/l—sz)

1+s

=(1-s)""21n
1—ys

1
—s 1
+ / dx
V1I—=52J1 V1 =x2(V1=x2+ V1 —52)
Next we apply the change of variables x = 2z/(1 + z2). We have

1—272 2(1 — 72
Sz, 200,

1+ 22 1+222 %%

Thus

/1 1 J /1 2dz
X =
0V 1T=x2(V1=x24+/1—52) 1 1=224V1=52(1+72)

G )
== + d
/ (1+/1=52)/s—z (1+1—52)/s+z ¢

__1 ‘(l—i-\/l—s 1/1+«/1—s2_1)‘ 1, [1+s
p )

= —In|—
s 1—s

21

This immediately gives W (s) =0 for s € (—1, 1). Next we consider the case P(x) =1— x2. In this case
we calculate the Hilbert transform of 4/1 — x2:

/1_ 2
aW(s) = pV/ al
\/l—s2 VT —x2 =152
=p.v. dx + dx
1 S—x 1 s—X
1 ! 1—x2)—(1—s2
N ESTI E EES,
I—s 1 (s =)W1 —x2+1—52
1+ ! 1
1—s2In +s[ dx
l—s AT =x2 4152
1+ ! 1 1
1—52In +71s+s/ ( — )dx
l—s V1—=x24+JV1—-s52 J1-—x2
1+s 1
1—s2In +7TS—S\/1—S2/ dx =7s.
l—s 1 V1T =x2(V1 —x24+/1—52)

Here we use the integral (21) again.

Induction. Now we are ready to prove Lemma 4.6 by induction. It is clear that we only need to show the
Hilbert transform of f.(x) = x*(1 —x2) "2 isa polynomial of degree k — 1 in the interval (—1, 1). The
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cases of ¥ = 0, 2 have been done. Now let us consider the case of fi(x) = x(1 —x?)~!/2. We observe

that (s € (=1, 1))
Hi=HE (VT == LT =1

This proves the case k = 1. Now let us assume that the cases k =0, 1,2, ..., n are done and consider the
case k =n+ 1. Here n > 2. We have

N1 = x2) 712 = (] Z x2)12 (] — k212,

The Hilbert transform of the second term in the right-hand side is known to be a polynomial of degree n —2.
Thus we only need to consider the first term. We have

iH(xn—l(l _ )2y = /Hi(xn—l(l _ )2y
ds dx

=H{[—nx"+ (n — Dx""2)(1 — x>)~1/?).

This is a polynomial of degree n — 1 by induction hypothesis. A simple integration then finishes the proof
of the case k = n + 1. Generally speaking, the derivative with respect to s as given above is in the weak
sense. But since the derivative is known to be a polynomial in (—1, 1), we can integrate as usual.
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ON L*® ESTIMATES FOR MONGE-AMPERE AND HESSIAN EQUATIONS
ON NEF CLASSES

BIN Guo, DUONG H. PHONG, FREID TONG AND CHUWEN WANG

The PDE approach developed earlier by the first three authors for L* estimates for fully nonlinear
equations on Kihler manifolds is shown to apply as well to Monge—Ampere and Hessian equations on
nef classes. In particular, one obtains a new proof of the estimates of Boucksom, Eyssidieux, Guedj
and Zeriahi (2010) and Fu, Guo and Song (2020) for the Monge—Ampere equation, together with their
generalization to Hessian equations.

1. Introduction

The goal of this short note is to show that the PDE approach introduced in [Guo et al. 2023a; 2023b] for
L and Trudinger-type estimates for general classes of fully nonlinear equations on a compact Kihler
manifold applies as well to Monge—Ampere and Hessian equations on nef classes.

The key to the approach in [Guo et al. 2023a; 2023b] is an estimate of Trudinger-type, obtained by
comparing the solution ¢ of the given equation to the solution of an auxiliary Monge—Ampere equation with
the energy of the sublevel set function —p+s on the right-hand side. We shall see that, in the present case of
nef classes, the argument can still be made to work by replacing ¢ by ¢ —V, where V is the envelope of the
nef class. Applied to the Monge—Ampere equation, this gives a PDE proof of the estimates obtained earlier
for nef classes by Boucksom, Eyssidieux, Guedj and Zeriahi [Boucksom et al. 2010] and Fu, Guo and Song
[Fu et al. 2020]. The estimates which we obtain with this method applied to Hessian equations seem new.

We note that the use of an auxiliary Monge—Ampére equation was instrumental in the recent progress
of Chen and Cheng [2021] on the constant scalar curvature Kédhler metrics problem. There the auxiliary
equation involved the entropy, and not the energy, of sublevel set functions as in our case. More generally,
auxiliary equations have often been used in the theory of partial differential equations, notably by De
Giorgi [1961] and more recently by Dinew and Kotodziej [Demailly et al. 2014; Dinew and Kotodziej
2014] in their approach to Holder estimates for the complex Monge—Ampere equation.

This work was supported in part by the National Science Foundation under grant DMS-1855947. Tong is supported by Harvard’s
Center for Mathematical Sciences and Applications.

MSC2020: primary 53C56; secondary 34G20.

Keywords: Monge—Ampere equations, Hessian equations.

© 2024 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/apde/
https://doi.org/10.2140/apde.2024.17-2
https://doi.org/10.2140/apde.2024.17.749
http://msp.org
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

750 BIN GUO, DUONG H. PHONG, FREID TONG AND CHUWEN WANG

2. The Monge—-Ampere equation

We begin with the Monge—Ampere equation. Let (X, w) be a compact Kéhler manifold, and, without
loss of generality, let us assume that . yx @" = 1. Let x be a closed (1, 1)-form on X. We assume the
cohomology class [x] is nef and let v € {0, 1, ..., n} be the numerical dimension of [x], i.e.,

v =max{k | [x]¥ #0in H*F(X, ©)).

When v = n we say the class [x] is big.
Let &; = x +tw for t € (0, 1]. The form @, may not be positive but its class is Kdhler. We consider
the family of complex Monge—Ampere equations

F

(& +i00¢)" =cre’ ", supg, =0, (2-1
X

where ¢; = [@]'] = O(t"™") is a normalizing constant and F € C*°(X) satisfies fX ef o' = fX o". This
equation admits a unique smooth solution ¢, by Yau’s theorem [1978].

The form x is not assumed to be semipositive, so the usual L estimate of ¢, may not hold [Kotodziej
1998]. As in [Boucksom et al. 2010; Fu et al. 2020], we need to modify the solution ¢, by an envelope V;
of the class [@;], defined as

V; = sup{v | v € PSH(X, @;), v <0}

Then we have:

Theorem 1. Consider (2-1), and assume that the cohomology class of x is nef. For any s > 0, let
Qs = {@r — Vi < —s} be the sublevel set of ¢; — V;.

(a) There are constants C = C(n, w, x) > 0and ag = ag(n, w, x) > 0 such that

o —V (n+1)/n
/ eXP{O‘O (%) }w =< Cexp(CE)), (2-2)
Q.v N

where Ag = fQY(—got +V,—s)efw" and E, = fX(—<p, + VDef o
(b) Fix p > n. There is a constant C(n, p, w, X, ||eF||L1(10g Ly») such that, for all t € (0, 1], we have
0<-¢+Vi<Cn,p,o,x, ||€F||L1(1ogL)P)- (2-3)

We remark that the estimates in Theorem 1 continue to hold for a family of Kéhler metrics (maybe
with distinct complex structures) which satisfy a uniform «-invariant-type estimate.

Proof. We would like to find an auxiliary equation with smooth coefficients, so that its solvability can be
guaranteed by Yau’s theorem. For this, we need a lemma due to Berman [2019] on a smooth approximation
for V;; see also Lemma 4 below. Fix a time ¢ € (0, 1].

Lemma 2. Let ug be the smooth solution to the complex Monge—-Ampére equation
(o + iaéuﬂ)" =P,

Then ug converges uniformly to V; as f — oc.
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We remark that by [Chu et al. 2018], V; isa C L1 function on X, although this fact is not used in this
note. We now return to the proof of Theorem 1(a).

We choose a sequence of smooth positive functions 7 : R — R such that 7 (x) decreases to x - xg, (x)
as k — oo. Fix a smooth function ug as in Lemma 2. The function ug depends on ¢, but for simplicity
we omit the subscript . We solve the following auxiliary Monge—Ampére equation on X,

T (=@ +up — S)er,,
As kB

(& +id0Y; )" = ¢ , supyy k=0, (2-4)
X

where

Ask.p :/ T (—¢r +ug —s)ef o
b's

Since ¥ x < V; and ug converges uniformly to V;, by taking B large enough, we may assume v, y <ug+1.
Define a function

b =—e(—Yp+ug+14+ M"Y — (¢ —ug+5),
with the constants
8n+1 — As,k,ﬂn_n(n 4 1)}17 A= nl’l-‘rl(n + 1)-}1—18}’!-‘1—1‘ (2_5)

As a smooth function on the compact manifold X, we know & must achieve its maximum at some xg € X.
If xo € X\ 27, then
D(xp) < —(pr —ug+s)<—V,+up < eg,

where eg — 0 as B — o0. On the other hand, if x( € 7, we calculate (A, denotes the Laplacian with
respect to the metric w; = &; +i99¢;)

0> A;®(x0)
= n 1 —1/(n+1) 85 85 85 85
_—8n+1(—1ﬂz,k+u5+A+ ) try, (—i D0V, & +i00ug) — try, (100, — i0dup)
ne 7 ' ~
g Y Ut 1A D/ g, i3 (Wyk — up) A D (Wi — up)
ne _ R . R
> n 1 (=Vip+ug+A+1) 1/(”+1)‘[rw,(wm//t,k — O up) — N+, O
ne B (Z)fw 1/n
> _ A 1 1/(n+1) Vi k
_n+1( Ve tug+A+1) n —a);’
- Ad VO ¢ g
—n+ —n+1(—l/fz,k+uﬁ+ +1) Toy, Or,up
n’e —1/(n+1) 1 \1n
> n+1(—wt,k+uﬁ+A+1) (e (= +up — )AL 5)
o (1= A 1
2e n+1
n —
> (—ia+up+ A+ D7D (g tup — )AL —n.

n—+1
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Therefore, at xg € €25,

n+1 n
—(pr —up+s) < (W) As (=Y +ug+ A+ DD = o(—y k +upg + A+ 1),

i.e., ®(xp) <0. Combining the two cases, we conclude that supy ® < eg — 0as B — oo. It then follows
that, on 2,

n n 1 1
(=i +ug — S)( +h/ < CnAS(krfﬂ(—Wt,k +ug+1+Askp) +€én+ )/n.

Letting 8 — oo, we have

(=i + Ve =)D < CAN (i + Vi + 1+ Agp),

where Ay = f x k(=0 + Vi +5)ef w". Observe that V, <0 by definition and, by the a-invariant estimate
[Hormander 1966; Tian 1987], there exists an ag(n, w, x) such that

—o,+V, —s (n+1)/n
/ exp(ao( u ;un ) )a) 5/ exp(@oCr (=Y + 1+ As )" < Cehh (2-6)
s s,k 2

Letting k — o0, we obtain

_ V. — (n+1)/n
/ exp<a0( @+ tl/S) )wn < CeCAs
Q, A"

Theorem 1(a) is proved by noting that Ay < E; for any s > 0.

Once Theorem 1(a) has been proved, part (b) can be proved by following closely the arguments in
[Guo et al. 2023a].

Fix p > n, and define  : R — R4 by n(x) = (log(1 + x))?. Note that 5 is a strictly increasing
function with n(0) = 0, and let n~! be its inverse function. Write

. @ (_Qot 1V, _S>(n+l)/n

=— 2-7
2 Ai/(n+1) (2-7)

Then by the generalized Young’s inequality with respect to n, for any z € €2,

v(z)?

. exp(F(2)) v(2)P | 1/p
o(2)PeF@ < / n () dx + / ™ () dy < exp(F()(1+F @) + / " ~1ydy
0 0 0

v(z)
< eXp(F(z))(1+|F(z)l)”+p/ e’ yP~dy < exp(F(2))(1+]F 2))” +C(p) exp(2v(2)).
0
We integrate both sides in the inequality above over z € 25 and get by Theorem 1(a) that

f v(z)Pel D 5/ ef(1+ |F(z)|)”w"—|—f " Do" < |le" || 11 gog yr + C + CeCF,
Qs Q Q2
where the constant C > 0 depends only on n, wyx and x. In view of the definition of v, this implies

(=g + V; — )P/ F@ oyt < 2P 7P AP/ (e || L1 gog 1y + C + Ce“F). (2-8)
Qg
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From the definition of Ay, it follows from Holder’s inequality that

n/((n+1)p) 1/q
Ay = / (—or +V; —s)efo" < </ (—or +V; —S)(n+1)p/neFa)”> . (/ eFa)”)
QS Qs QS

1/q
< A/ @Pay P (lle” 1 gog 1yr + € + CeCEn)n/ P ( / er") :
Q

where g > 1 satisfies n/(p(n+1))+1/g =1,1ie., g = p(n+1)/(p(n+ 1) —n). The inequality above
yields

(14n)/(gn)
Ay = 2P "€l gog 1y + € + CeTENYP ( / er”) (2-9)
Qs
Observe that the exponent of the integral on the right-hand of (2-9) satisfies
1 _
PP s
qn pn
for §¢g := (p —n)/(pn) > 0. For convenience of notation, set
By = (2 ay " (le" | L1 tog Lyr + C + Ce“EN /P, (2-10)

From (2-9) we then get

14380
AssB()([ er") . (2-11)

If we define ¢ : Ry — Ry by ¢(s) := fQ el ", then (2-11) and the definition of A, implies
r¢(s+r) < Bogp(s)' ™ forall r €[0,1] and s > 0. (2-12)

Since ¢ is clearly nonincreasing and continuous, a De Giorgi-type iteration argument shows that there
is some S such that ¢(s) = 0 for any s > S,. This finishes the proof of the L™ estimate of ¢; — V;,
combining with a bound on E; by |le| L1 (og )! Which follows from Jensen’s inequality; see Lemma 6 in
[Guo et al. 2023a]. |

Finally, we note the recent advances in the theory of envelopes in [Gued]j and Lu 2021; 2023], which
can provide an approach to L™ estimates for Monge—Ampere equations on Hermitian manifolds.

3. Complex Hessian equations

We explain in this section how the proof of Theorem 1 can be modified to give a similar result for a
degenerate family of complex Hessian equations. With the same notations as above, we consider the
ok-equations

k

(& +i33¢9) A" F =cef 0", supg, =0. @3-
X

Define the envelope corresponding to the I'y-cone

Vix = sup{v | v € SHy(X, w, &) NC?, v <0},
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where v € SHy (X, w, &;) N C? indicates that the vector of eigenvalues of the linear transformation
™' (&, +id0v) lies in the [';-cone, which is the convex cone in R" given by

Cy={AeR"|o1(M) >0,...,00(1) >0},

where o (1) denotes the j-th elementary symmetric polynomial of A € R".
Let

Ei(¢) = / (—pi 4+ Vipe" ko
X

be the entropy associated to (3-1) as in [Guo et al. 2023a], and let E, be an upper bound of E,;(¢,). Then
the following L estimate holds for the solution ¢, to (3-1).

Theorem 3. Let ¢, be the solution to (3-1). There exists a constant depending on
Ct

Er, e I ngogryys —o———
% [of ][]

and p>n

such that
0<—¢+V<C.

This theorem can be derived using a similar argument as in Section 2 with suitable modifications for oy
equations — see [Guo et al. 2023a] — so we omit the details. The only novel ingredient is the smooth
approximation of \7, & as in Lemma 2. One can adapt the method in [Berman 2019] to derive this required
approximation. For the convenience of the reader, we present a sketch of the proof.

Lemma 4. Fixt € (0, 1]. There exists a sequence of smooth functions ug € SHy (X, w, &;) converging
uniformly to V; j as f — o0.

Proof. Let ug € SHy (X, w, @) be the solution to the oy-equations

k= cePs0", (3-2)

(& +iddug)t A"
which admits a unique smooth solution by [Dinew and Kotodziej 2017]. We claim that there is a constant
C; > 0 such that

~ C;lo
sup lug — Vikl < d g,B’
X B

from which the lemma follows.
By the maximum principle, at a maximum point of ug we have iddu g <0,s0

~k n—k
AN
Bup < log 2% < ¢,
cro”
thatis, ug — C;/B < 0. By the definition of Vt,k, it follows that

C ~
uﬂ — gt < Vl‘,k~ (3_3)
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On the other hand, we fix a smooth u < 0 such that &, +i99u > 0. Such a u exists because [@,] is a
Kihler class by assumption. For any v € SHy (X, w, @) N C? with v < 0, we consider the barrier function

e

where C; > 0 is a large constant to be determined. By direct calculation, we have
. = PN i
(& +i000) A" F > ﬁ(w, +i00uw)* A" K > Pl

where the last inequality holds if we choose C, large enough such that

/ 1 O +i00u)* Ak
e_cflogﬁf—min( e+ ) .
k X wl’l
Therefore, we get

(& +030)F A" F = P (&, +i00up)* A" E.

At the maximum point of it —ug, we have (&, + 100K A" K < (&, + iaéuﬂ)k A"k, This shows that
u—ug <0 on X. Taking the supremum over all such v in u, it follows that

1\ ~ C: 1
(1__)V,,k§uﬁ+ﬂ,
B B

The lemma follows from this and (3-3). ]
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