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SCHAUDER ESTIMATES FOR EQUATIONS WITH CONE METRICS, I1

BIN GUO AND JIAN SONG

We continue our work on the linear theory for equations with conical singularities. We derive interior
Schauder estimates for linear elliptic and parabolic equations with a background Kéhler metric of conical
singularities along a divisor of simple normal crossings. As an application, we prove the short-time
existence of the conical Kihler—Ricci flow with conical singularities along a divisor with simple normal

crossings.
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1. Introduction

This is a continuation of our paper [20]. Regularity of solutions of complex Monge—Ampere equations is
a central problem in complex geometry. Complex Monge—Ampere equations with singular and degenerate
data can be applied to study compactness and moduli problems of canonical Kéhler metrics in Kédhler
geometry. In [43], Yau considered special cases of complex singular Monge—Ampere equations as
generalizations of his solution to the Calabi conjecture. Conical singularities along complex hypersurfaces
of a Kihler manifold are among the mildest singularities in Kéhler geometry, and they have been
extensively studied, especially in the case of Riemann surfaces [28; 41]. The study of such Kihler metrics
with conical singularities has many geometric applications, for example, the Chern number inequality
in various settings [38; 39]. Recently, Donaldson [14] initiated the program of studying analytic and
geometric properties of Kédhler metrics with conical singularities along a smooth complex hypersurface on
a Kéhler manifold. This is an essential step in the solution of the Yau—Tian—Donaldson conjecture relating
existence of Kéhler-Einstein metrics and algebraic K-stability on Fano manifolds [7; 8; 9; 40]. In [14],
the Schauder estimate for linear Laplace equations with the conical background metric is established using
classical potential theory. This is crucial for the openness of the continuity method to find a desirable
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(conical) Kdhler—Einstein metric. Donaldson’s Schauder estimate is generalized to the parabolic case [5]
with a similar classical approach. There is also an alternative approach for the conical Schauder estimates
using microlocal analysis [23]. Various global and local estimates and regularity are also derived in the
conical setting [1; 6; 11; 12; 13; 15; 19; 24; 29; 32; 44; 45].

The Schauder estimates play an important role in linear PDE theory. Apart from the classical potential
theory, various proofs have been established by different analytic techniques. In fact, the blow-up or
perturbation techniques developed in [36; 42] (also see [2; 3; 33; 34]) are much more flexible and sharper
than the classical method. The authors combined the perturbation method in [20] and geometric gradient
estimates to establish sharp Schauder estimates for Laplace equations and heat equations on C" with a
background flat Kéhler metric of conical singularities along the smooth hyperplane {z; = 0} and derived
explicit and optimal dependence on conical parameters.

In algebraic geometry, one often has to consider pairs (X, D) with X an algebraic variety of complex
dimension n and the boundary divisor D a complex hypersurface of X. After possible log resolution,
one can always assume the divisor D is a union of smooth hypersurfaces with simple normal crossings.
The suitable category of Kéhler metrics associated to (X, D) is the family of Kihler metrics on X with
conical singularities along D. In order to study canonical Kéhler metrics on pairs and related moduli
problems, we are obliged to study regularity and asymptotics for complex Monge—Ampere equation
with prescribed conical singularities of normal crossings. However, the linear theory is still missing
and has been open for a while. The goal of this paper is to extend our result [20] and establish the
sharp Schauder estimates for linear equations with background Kahler metric of conical singularities
along divisors of simple normal crossings. We can apply and extend many techniques developed in [20];
however, new estimates and techniques have to be developed because, in the case of conical singularities
along a single smooth divisor, the difficult estimate in the conical direction can sometimes be bypassed
and reduced to estimates in the regular directions, while such treatment does not work in the case of
simple normal crossings. One is forced to treat regions near high codimensional singularities directly
with new and more delicate estimates beyond the scope of [20]. More crucially, the estimates in the
mixed normal directions (see Section 3D) relies on those in Lemma 3.3, which is new compared to the
case of a smooth divisor [20]. This enables us to compare the difference of mixed normal derivatives
at two different points. Readers who are interested only in the case of smooth divisors are advised to
omit Section 3D.

The standard local models for such conical Kdhler metrics are described below.

Let B =(B1,...,Bp) € (0,1)?, p <n, and let wg (or gg) be the standard cone metric on C” x C"~7
with cone singularity along S = Uf’zl Si, where §; = {z; = 0}, that is,
PV =ldzadz &
_ 2 j J — . = .
o= VB 3 Ve Ta ndiy -1
j=1 J j=p+1
We shall use 53,41, ..., 52, to denote the real coordinates of C" 7 = R2"=27 guch that, for j=p+1,...,n,

Zj =851+~ —1ls2;.
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In this paper we will study the conical Laplacian equation with the background metric gg on C"
Agu=f in Bg(0, )\S, (1-2)

where Bg(0, 1) is the unit ball with respect to gg centered at 0. The Laplacian Ag is defined as

Z A il Xp: Nz 2060 0%u 4 En &
Agu = —_— .
B 8z 0z 4 & 0z;0z; . 0z;0Z;

J-k R LA

We always assume
fec®Bg0,1)) and ue C’Bg(0, 1)) NC*(Bp(0, H\S).
Throughout this paper, given a continuous function f, we write

w(r):=wsr)y=sup |f(z)— f(w)]
Z,weBg(0,1)
dg(z,w)<r

for the oscillation of f* with respect to gg in the ball Bg(0, 1). It is clear that w (2r) < 2w (r) for any r < %
We say a continuous function f is Dini continuous if fol w(r)/rdr < oo.

Definition 1.1. We will write the (weighted) polar coordinates of z; for 1 < j < p as

17,

ri=1\z; 0; =argz;.

We define D’ to be one of the first-order operators {9/ 052p 41, -..,0/0s2,}, and N; to be one of the
operators {3/3r;, (B;r;)~1(3/36;)} which as vector fields are transversal to S;.

Our first main result is the Holder estimates of the solution u to (1-2).

Theorem 1.2. Suppose B € (%, l)p and f € CO(Blg (0, 1)) is Dini continuous with respect to gg. Let
u e CO(B/; O, )N CZ(B,g (0, D\S) be the solution to (1-2). Then there exists C = C (n, B) > 0 such that,
for any two points p, q € Bﬂ( )\S

|Zj|2(1—/31

9%u
2(1-8))
52,07, (p) —lz;] 8Zjazj(q)‘

? w(r) Yo(r)
C(d|lu||L°°(B,g(0,l))+/ . dr—l—df Tdr), (1-3)
0 d

p
(DY u(p) — (DY ulg)|+ )

j=1

forany 1 < j <p,
- w(r) o)
|NID/u(p)_NjD/M(q)| SC(dl/ﬁ] 1||M“L°°(Bﬂ(0,l))+/ Td +dl/ﬁ] 1/ rlT’B]dr , (1_4)
0 d :
and, forany 1 < j, k < p with j £k,

- w(r) o e
|Niju(p)—Niju(q)|EC(dl/ﬁ"‘“ 1”M||L°°(Bﬂ(0,l))+/ — - drd!/e ‘/ g dr ). (15)
0 d max

where d = dg(p, q) > 0 is the gg-distance of p and q and Byax = max{fy, ..., By} € (% 1).
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Remarks 1.3. (1) The number By.x on the right-hand side of (1-5) can be replaced by max{B;, B}.

(2) We assume B € (%, l)p for the purposes of exposition and simplification of the statements of
Theorems 1.2 and 1.7. When some of the angles B; lie in (0, %], the pointwise Holder estimates in
Theorem 1.2 are adjusted as follows: in (1-4), if B; € (0, %], we replace the right-hand side by the
right-hand side of (1-3); in (1-5), if both 8, and x € (0, 1], we also replace the right-hand side by that
of (1-3); if at least one of the B;, B is bigger than %, (1-5) remains unchanged. The inequalities in
Theorem 1.7 can be adjusted similarly. The proofs of these estimates are contained in the proof of the

case when g; € (% 1) by using the corresponding estimates in (2-3).

An immediate corollary of Theorem 1.2 is a precise form of Schauder estimates for (1-2).
Corollary 1.4. Given g € (0, 1)? and f € Cg’a(Bﬂ(O, 1)) for some 0 < o < min{l, 1/Bmax — 1}, if
ue CO(B,g O, 1H))nN Cz(Bﬂ (0, D\S) solves (1-2), then u € Cé’a (Bg(0, 1)). Moreover, for any compact

subset K € Bg(0, 1), there exists a constant C = C(n, B, K) > 0 such that the following estimate holds
(see Definition 2.1 for the notations):

(1-6)

||f||cgv“(3ﬁ(o,1)) )
a(min{z——1,1} —a) /-

Remark 1.5. A scaling-invariant version of the Schauder estimate (1-6) is that, for any 0 < r < 1, there

lutll 2oy = C<||M||c0(3ﬂ(0,1)) +

exists a constant C = C(n, 8, o) > 0 such that (see Definition 2.4 for the notations)

* 2)
||M||C§,a(3ﬂ(0’r)) = Cllullcosgo.ry) + ||f||c2,a(3ﬁ(0’r))), (1-7)

which follows from a standard rescaling argument by scaling r to 1.

Letgbea Cg’“—conical Kihler metric on Bg(0, 1) (see Definition 3.31). By definition g is equivalent
to gg. We consider the equation

Agqu=f inBg(0,1) and u=¢ ondBg(0,1) (1-8)

for some ¢ € C°(9 Bg (0, 1)). The following theorem is the generalization of Corollary 1.4 for nonflat
background conical Kahler metrics, which is useful for applications of global geometric complex Monge—
Ampere equations.

Theorem 1.6. For any given 8 € (0, 1)?, f € Cg’a(Bﬂ 0, 1)) and ¢ € Co(aBﬂ (0, 1)), there is a unique

solution u € Cé’“(Bﬂ O, 1)nN CO(Bﬂ (0, 1)) to (1-8). Moreover, for any compact subset K € Bg(0, 1),
there exists C = C(n, B, «, g, K) > 0 such that

leell 2 gy = Cllellcogsg 0,1 + 1S lcge gy0,1)))-

Theorem 1.6 can immediately be applied to study complex Monge—Ampéere equations with prescribed
conical singularities along divisors of simple normal crossings, and most of the geometric and analytic
results for canonical Kéhler metrics with conical singularities along a smooth divisor can be generalized
to the case of simple normal crossings.
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We now turn to the parabolic Schauder estimates for the solution u € € 0(Q,g) N %Z(Q:;) to the equation

u
m = Agu+ f (1-9)

for a Dini continuous function f in Qg, where for convenience of notation we write
Qp :=Bg(0,1) x (0,1] and Q’; = Bg(0, D\S x (0, 1].
Our second main theorem is the following pointwise estimate.

Theorem 1.7. Suppose B € (%, 1)p and u is the solution to (1-9). Then there exists a computable constant
C=C(n, B) > 0such that, forany Q, = (p,t,), Q4 =(q,t;) € Bg (0, %)\S x (t, 1] (for some fe(0,1)),

I(D)?u(Q,) — (D)u(Q,)|

vy

j=1

0%u

azj'azj
J . d a)(r) d la)(r)
<C|— o0 732
_C<f3/2||u||L (Bp(0,1) T1 /0 r dr+f3/2L r? )
and, forany 1 < j < p,

) ) c dl/Bi—1 - dw(r)d dV/Bi—1 lw(r)d
IN;D'u(Qp) —NjDu(Qq)| < WHMHLOO(B,;(O,U)-H - "+ v

ou ou
(Qg)|+ E(Qp)_E(Qq)

2
10,2070 (9, — ;PO
! 07,07 g !

and, forany 1 < j, k < p with j #k,

1/ Bmax—1 (o) dV/Bnax=1 1 4 (r)
|Niju(Qp>—N,-Nku<Qq)|SC(W||u||Loo<B,,(o,1>)+t [ e / dr),
0 d

r i\3/2 rl/ﬁmax

where d = dp g(Qp, Qq4) > 0 is the parabolic gg-distance of Q, and Q4, PBmax = max{py, ..., By},
and w(r) is the oscillation of f in Qg under the parabolic distance dp g (see Section 2A2).

If fe %; o/ 2(Q,q) for some o € (0, min(1/Bmax — 1, 1)), then we have the following precise estimates
as the parabolic analogue of Corollary 1.4.

Corollary 1.8. Suppose B € (0, 1)? and u € €°( 9g) NeE2( Qj;) satisfies (1-9). Then there exists a constant
C = C(n, B) > 0 such that (see Definition 2.6 for the notations)

—c 1F o2 g
Il et 2ayon ey = C\Ihevon + ZEmim = )

For general nonflat %; “/2_conical Kahler metrics g, we consider the linear parabolic equation

ad
a—j:Agu-kf inQﬂ, u=g Ol’lapQﬂ. (1-10)

We then have the following parabolic Schauder estimates as an analogue of Theorem 1.6.
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Theorem 1.9. Given 8 € (0, 1), f € ‘Ka Ol/z(ng) and ¢ € €°(9p Qg), there exists a unique solution
ue ngw (a+2)/2(33 0,1)x (0,1DnN %O(Q,g) to the Dirichlet boundary value problem (1-10). For any
compact subset K € Bg(0, 1) and gy > 0, there exists C =C(n, B, a, K, &9, g) > 0 such that the following
interior Schauder estimate holds:

”u||<5132+a’(2+a)/2(1(><[80,1]) < Cllullgogp + ||f||<6);,a/z(gﬂ)).

Furthermore, if we assume u|;—g = ug € Cé’“(Bﬂ 0, 1)), thenu € %;+a’(a+2)/2(85 (0,1) x [0, 1], and
there exists a constant C = C(n, 8, «, g, K) > 0 such that

”””%;*"*(“”)/Z(Kx[o,l]) = C(”u”%O(Qﬂ) + ”f”%»;va/z(gﬂ) + ||u0||C§‘a(Bﬁ(O,l)))'

As an application of Theorem 1.9, we derive the short-time existence of the conical Kihler—Ricci flow
with background metric being conical along divisors with simple normal crossings.

Let (X, D) be a compact Kihler manifold, where D = Z D is a finite union of smooth divisors {D;}
and D has only simple normal crossings. Let wg be a co 8 (X )-conical Kdhler metric with cone angle 27 8
along D (see Definition 2.8), let &; be a family of conical metrics with bounded norm ||a)|| a/ « 2, and
let @y = wy. We consider the complex Monge—Ampere flow

3 V=133¢)"
_¢:10g<(w,+ 100¢) )+f and  ¢l—o =0 (1-11)
at ;

for some f € %"‘ @20x % [0, 1]).

Theorem 1.10. Given o € (0, '), there exists T =T (n, @, f, &', @) > 0 such that (1-11) admits a unique
solution ¢ € €5 T (X x [0, T)).

An immediate corollary of Theorem 1.10 is the short-time existence for the conical Kidhler—Ricci flow

w

3 —Rlc(a))—i—Z(l—,B])[D] wli=o = wo, (1-12)

where Ric(w) is the unique extension of the Ricci curvature of @ from X \ D to X, and [D;] denotes the
current of integration over the component D;. In addition we assume wy is a Cg’“ (X, D)-conical Kihler

metric such that
0 2 (1-13)
D0 =TT e 2 \=B,° -
[, (sj12 )=
where s; and & ; are holomorphic sections and hermitian metrics, respectively, of the line bundle associated
to D, and Q2 is a smooth volume form.

Corollary 1.11. For any given a € (0, a'), there exists a constant T = T (n, wy, a, a’) > 0 such that the
conical Kihler—Ricci flow (1-12) admits a unique solution w = w,, where w € ‘5“ a/z(X x [0, T]) and,
foreacht €0, T], w; is still a conical metric with cone angle 2 f8 along D.

Furthermore, w is smooth in X\ D x (0, T] and the (normalized) Ricci potentials of w, by which we

mean log(w" /ay), are still in ‘KEJFQ’(ZM)/Z(X x [0, T]).
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The short-time existence of the conical Kéihler—Ricci flow with singularities along a smooth divisor is
derived in [5] by adapting the elliptic potential techniques of Donaldson [14]. Corollary 1.11 treats the
general case of conical singularities with simple normal crossings. There have been many results in the
analytic aspects of the conical Ricci flow [5; 6; 15; 16; 24; 30; 43]. In [31], the conical Ricci flow on
Riemann surfaces is completely classified with jumping conical structure in the limit. Such phenomena is
also expected in higher dimension, but it requires much deeper and delicate technical advances both in
analysis and geometry.

2. Preliminaries

We explain the notations and give some preliminary tools which will be used later in this section.

2A. Notations. To distinguish the elliptic from parabolic norms, we will use C to denote the norms in
the elliptic case and % to denote the norms in the parabolic case.

We always assume the Holder component o appearing in Cg’“ or %; /2 (or other Holder norms) is in
(0, min{B,L — 1, 1}).

2A1. Elliptic case. We will denote dg(x, y) to be the distance between two points x, y € C" under the
metric gg. Bg(x, r) will be the metric ball under the metric induced by gg with radius r and center x. It
is well known that (C"\S, gg) is geodesically convex, i.e., any two points x, y € C"\S can be joined by
a gg-minimal geodesic y which is disjoint from S.

Definition 2.1. We define the gg-Holder norm of functions u € C O(B/g (0, r)) for some o € (0, 1) as

||u||cg-"‘(3ﬁ(0’r)) = ”u”CO(Bﬂ(O,r)) + [u]Cg’a(Bﬂ(O,r))’

where the seminorm is defined as
lu(x) —u(y)l
sup _—

[u] 0, =
C’g (Bp(0.r)) x#yeBg(0,r) dﬂ(xay)a

We denote by Cg’“(Bﬂ (0, r)) the subspace of all continuous functions u such that ||u|| che < 00.

Definition 2.2. The Cé’“—norm of a function u on Bg(0, r) =: Bg is defined as

o — /
il 2o g,y = Ntllcocay) + 1 Vst llcosg.gn + D IN; D'tll
j=1
9%u

12 20=pp 971
! 9z;0Z) || ¢

DY ullcon g+ D IINNkuIICoa(B)+Z
I<j#k=p

(Bﬁ)
We denote by Cé’“(Blg (0, r)) the subspace of all continuous functions u such that [u|| 2« < oo.
8

Remark 2.3. These spaces are generalizations of those defined in [20] and are slight variations of those
introduced in [14; 23].
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Let us compare the Schauder estimates in [14; 23; 20] in the special case when p = 1, i.e., the conical
singularities are supported on C"~!. The Hélder space of [14] is defined using a collection of differential
operators as components of v/—139. The collection of differential operators in our definition for Cg’“
(see [20]) is given by

28_2 8 D/’r—liD/}’

d 9 o a2 e 0 ()
r —, D, —+4+r —+(pr s T
ar 302 or 30

ar’" 80" ar?
while those defined in [23] for the Holder space D%% gives the collection

28_2 8 D/ —liD/ 82 }'

D', — +r

A ) ) - - 2-1
a0 a2 or T8 -1

d .0 32 0
{ 30 062 or " 30 " aroe
Here the operators D’ are given in Definition 1.1. There seems to a typo in the original definition of (2-1)
in [23, p. 104, (16)], where the factor ! is missing in the operator r ~'3/30 D’ (see [32, p. 57]). It was
pointed out by the referee that this typo does not affect Proposition 3.3 in [23] since the correct operator
was used in the proof. The space D% is introduced in [23] as an alternative definition for the Holder
space of [14] as a consequence of the Schauder estimates in [23, Proposition 3.3]. The Schauder estimates
in [23] are stronger than those established in [14] by Donaldson and later in [20] by the authors because
of the additional operator 92 /0rdé in (2-1). This also implies that the two Holder spaces from [14]
and [20] must coincide. For interested readers, we refer to the survey paper [32] for more details on the
characterization of the Holder space of [14] in terms of the operators in (2-1).

For a given set 2 C Bg(0, 1), we define the following weighted (semi)norms.

Definition 2.4. Suppose o € R is a given real number and « is a Cﬁ’“—function in Q. We will write
dy =dg(x, dL2) for any x € 2. We define the weighted (semi)norms

[«]), = sup min(d, dJ”“‘M
G zyeq ’ dg(x, y)*
lull g = supdy lu()l,  [uld o = sup d?“(ZINjul(x)JrID’ul(x)),
XEQ B xeQ\S j
. |Tu(x) —Tu(y)]
(W% o = sup d7Tu)|, [u]?), = sup min(dy,d,)" ">
GO s U@ yea\s R dg(x, y)*
(o) _ (o) (o) (o) (o)
1 gy = Nl gy + 11 gy + 101 g+ I g
where T is the collection of operators of second-order
82
|2 [P0 ——, NiNi (j #K), N;D', (D)} (2-2)
0z;07;

When o = 0, we write the norms above as [ - ]* or || - ||* for simplicity of notation.

2A2. Parabolic case. We define Qg = Qg(0, 1) = Bg(0, 1) x (0, 1] to be a parabolic cylinder and

dpQp = (Bg(0, 1) x {0}) U (3B (0, 1) x (0, 1])
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to be the parabolic boundary of the cylinder Qg. We write Sp = S x [0, 1] for the singular set and
Q’; = Qp\Sp for the complement of Sp. For any two space-time points Q; = (p;, t;), we define their
parabolic distance dp g(Q1, Q2) as

dp g(Q1, Q2) = max{y/|t; — 12|, dg(p1, p2)}-
Definition 2.5. We define the gg-Holder norm of functions u € ¢ O(Q/g) for some « € (0, 1) as

”M”(gg’a/z(gﬁ) = ”u”(é/o(Qﬂ) + [u]%ﬁ‘:,“/z(gﬁ)a

where the seminorm is
el u(Q1) — u(Q2)|
b9 20,e05 dpp(Q1. 02)°

We denote by ‘@”; o 2(Q,g) the subspace of all continuous functions # such that | || o0.

65 0p =

Definition 2.6. The %ﬂz o (@t2)/ 2—norm of a function u on Qg is defined as
”u||%ﬂ2+a,(a+2)/2(gﬂ) = ||u||(@oo(gﬁ) + ”Vgﬁ””‘é’o(glg,gﬂ) + ||TM||%,’;1,a/2(Qﬂ),

where 7T is the collection of all the second-order operators in (2-2) with the first-order operator 9/0¢.

For a given set Q2 C Qg we define the following weighted (semi)norms.

Definition 2.7. Suppose o € R is a real number and u is a %ﬁz e @+D/2_finction in Q. We will write

dp,o =dp g(Q, 9pR2) for any Q € Q2. We define the weighted (semi)norms

W1 = Sup min(dp,op. dp,o,)7 e IE]
D 012060 dp,g(Q1, 02)*

el = 5P d%fg‘(ZleuKQH|D’u|<Q>>, [l o = sup dp'ITu(Q)l.
J

(o) o
lull oqy = sup dp olu(Q)l,
%) 0co P.0

2,1
0eQ\Sp %€ oca\sp

o . TM — Tl/l
[u]( z)+a,(a+2>/z = sup min(dp, g,, dP,Qz)UJrHa [Tu(Q1) (€Z)|
g @ 0,£0,e0\8p dp (01, 02)

(o) _ (o) (o) (o) (o)
”””Cg;wmu)/z(g) = ”””%0(9) + [u]%’é(ﬁ) + [”](gﬁz,](m + [u]%zwmwz)/z(m-
When o = 0, we write the norms above as [ - ]* or || - ||* for simplicity of notation.

2A3. Compact Kdhler manifolds. Let (X, D) be a compact Kihler manifold with a divisor D =) iDj
with simple normal crossings, i.e., on an open coordinate chart (U, z;) of any x € D, DN U is given by
{zi---zp =0} and D; NU = {z; = 0} for any component D; of D. We fix a finite cover {U,, z4,;} of D.

Definition 2.8. A (singular) Kéhler metric w is called a conical metric with cone angle 2z 8 along D
if w is equivalent to wg locally on any coordinate chart U, under the coordinates {z,, ;}, where wg is the
standard cone metric (1-1) with cone angle 27 8; along {z,, ; = 0}, and w is a smooth Kihler metric in
the usual sense on X\ |, U,.

A conical metric w is in Cg’“(X, D) if wisin Cg’“(Ua) for each a and w is smooth in the usual sense
on X\ |, Uy,. Similarly we can define the %g %/2_onical Kihler metrics on X x [0, 1].
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Definition 2.9. A continuous function u € C°(X) is said to be in C0 *(X, D) ifuisin C0 “(U,) locally on
each U, and u is C%*-continuous in the usual sense on X\ |, U We define the Cg “(X D)-norm of u

WMMMN=WMWMwww+2Nw@W

The CY 8 “(X, D)-norm depends on the choice of finite covers, and another cover yields a different but
equivalent norm. The space cY 8 “(X, D) is clearly independent of the choice of finite covers.

The other spaces and norms like c> 8 “(X, D), %; o/ 2(X x [0, 1], D), etc., can be defined similarly.

2B. A useful lemma. We will frequently use the following elementary estimates from [20]. We write
B¢ (0, r) for the Euclidean ball in C with center 0 and radius r > 0.

Lemma 2.10 (Lemma 2.2 in [20]). Given r € (0, 1], suppose v € C°(Bc(0, r)) N C*(Bc(0, r)\{0})

satisfies

9%y
1220 ﬂu)a 32 =F in Bc(0, r)\{0}

for some F € L*°(Bc¢(0, r)). Then we have the following pointwise estimate for any 7 € B@( , 10 )\{0}
A e ()
<y epye J1PP i e (0.), (2-3)
f hog(21)| i 1=

where the L*°-norms are taken in Bc(0,r) and C > 0 is a uniform constant depending only on the
angle B.

Finally we remark that the idea of the proof of the estimates in Theorems 1.2 and 1.7 is the same for
general 2 < p < n. To explain the argument more clearly, we prove the theorems assuming p =2, i.e.,
the cone metric of wg is singular along the two components Sy and S,.

3. Elliptic estimates

In this section, we will prove Theorems 1.2 and 1.6, the Schauder estimates for the Laplace equation (1-2).
To begin with, we first observe the simple C°-estimate based on the maximum principle.
Suppose u € CZ(B,g O, D\S)N CO(Bﬁ(O, 1)) satisfies the equation

Agu=0 in Bg(0, D\S, 3-1)
U=q on dBg(0, 1)
for some ¢ € C 0@ Bg(0, 1)), then we have the following lemma.
Lemma 3.1. We have the maximum principle
inf < inf u< sup u< sup o. (3-2)

9Bg(0,1) Bg(0,1) Bg(0,1) 3Bg(0,1)

Proof. Consider the functions it = u + €(log |z REE log |z2]?) for any € > 0. By the proof of Lemma 2.1
in [20], (3-2) is established. O
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The next step is to show (3-1) is solvable for suitable boundary values.

3A. Conical harmonic functions.

3A1. Smooth approximating metrics. Let € € (0, 1) be a given small positive number and define a smooth
approximating Kéhler metric g. on Bg(0, 1) as

v =1ldzi ndZy vV —=1dzy NdZp

Dzil24e)1=8 " "2 (|2 4-€) 1P

g =P +5 +Y V=ldzj ndz;. (3-3)
j=3

The g, are product metrics on C x C x C"~2. It is clear that their Ricci curvatures satisfy
Ric(ge) = v/ =183 log((z1 > + €)' " (22> + €)' ) = 0.
Let u. € CZ(B,g (0, 1)) be the solution to the equation
Ague =0 1in Bg(0, 1) and uc=¢ onaBg(0,1) (3-4)

with a given ¢ € C 0(8B,3 (0, 1)). Note that the metric balls Bg(0, 1) and B,, (0, 1) are uniformly close
when € is sufficiently small, so for the following estimates we will work on Bg(0, 1).

Let u. be the harmonic function for A, = A, as in (3-4), which we may assume without loss of
generality is positive by replacing u. by u. — infu, if necessary. We will study the Cheng—Yau-type
gradient estimate of u, and the estimate of Ay cu¢ := (|z1|> +€)'7#1(8%uc/921871). Let us recall Cheng—
Yau’s gradient estimate first.

In Sections 3A2-3AS5, for convenience of notation, we will omit the subscript € in g, and u. in the
proofs of the lemmas.

3A2. Cheng—Yau gradient estimate revisited. We assume u, > 0, as otherwise we could consider the func-
tion u, + 6 for some § > 0 and then let § — 0. We fix a metric ball By (p, R) C Bg(0, 1) centered at some
point p € Bg(0, 1). Since Ric(g.) > 0, the Cheng—Yau gradient estimate holds for A,_-harmonic functions.

Lemma 3.2 [10]. Let u. € C*(B(p, R)) be a positive Ag -harmonic function. There exists a uniform
constant C = C(n) > 0 such that (the metric balls are taken under the metric g.)

0OSC u
sup [Vl (x) < C(n) —220 ¢

(3-5)
xeB(p,3R/4) R

As we mentioned above, we will omit the € in the subscript of u, and g.. The proof of the lemma is

standard [10]. For completeness and to motivate the proofs of Lemmas 3.3 and 3.4, we sketch a proof.

Defining f =logu, it can be calculated that

Au  |Vu|?
Af =— ———=—|Vf]". (3-6)
u u
Then by Bochner’s formula we have
AIVF? = |VVf P+ |VVF* +2Re(Vf, VAF) +Ric(Vf, V)

> |[VVf[> —2Re(Vf, VIV). (3-7)
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Let ¢ : [0, 1] — [0, 1] be a standard cut-off function such that ¢|j03/4) =1, ¢5/6,11=0and 0 < ¢ < 1
otherwise. Let r(x) = d, (p, x) be the distance function to p under the metric g = g.. By abusing
notation, we also write ¢ (x) = ¢ (r(x)/R). It can be calculated by Laplacian comparison and the Bochner
formula (3-7) that, at the (positive) maximum point py,x of H := d%|V fI%,

2

2,0 49 8<¢ 2
n R

——H? ((2 — Do’ + 60"+ (¢)*) <0.

Therefore, for any x € B(p, %R),

|V | _ C(”)
IVf(x)I = H(x) < H(pmax) =<

(3-8)
3A3. Laplacian estimate in singular directions. We will prove the estimates of

Ajette :=(|zj|2+e)1 ﬁfa %
J

for a A, -harmonic function u..

Lemma 3.3. Under the same assumptions as in Lemma 3.2, along the “bad” directions 7, and z,, we
have that A cue and As cue satisfy the estimates

OSCB(p,R) U
sup  (|A]cite](x) + | Ag et |(x)) < C(n) —2 28 7€

(3-9)
xeB(p,R/2) R?

As in the proof of Cheng—Yau gradient estimates, we will work on the function f = f. =logu, and
we only need to prove the estimate for A cue. We write Aj o f := (|z1|> + €)' 7P1(3%f/321071).
As above, we will omit the subscript € in A ¢ f. We first observe that

AAg f=Ng ALf. (3-10)

Equation (3-10) can be checked from the definitions using the property that g, is a product metric. Indeed

3 f 3 f
AAg f =zl +e)' P _(z2+e“ﬁl —+ (2t P —— 1) )
e T T S P Fa F+e 32202 92;0%;
2 1-8 : 2 1-8 9 . 9
= (0P 4+ P —— A f (P A+ A f = AL AL
(21l ) 32197, 1f + (2] ) 37295 1 f 29,0z, 1f = A ALf.

On the other hand, note that A, f = A, f = —|VfI? by (3-6). Choosing a normal frame {ey, ..., e,} at
some point x such that dg(x) =0 and A f = f,7, we calculate

MIVEP = (fifing = Fnfri+ fifn+ Fpifi+ fifai
= finfsi+ fiifn+ fifig + (AT + fn Ry 1)
= ViV P+ IViVI P +2Re(VE, VAL + fu fiR
> (A1 f)* +2Re(VS, VA f). (3-11)
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Then
—A1f) = —AIAf = M|V > (A1f)* +2Re(VS, VAL f).

Let ¢ : [0, 1] — [0, 1] be a standard cut-off function such that ¢|o,1,2) = 1 and ¢|[2/3,1) = 0. We also
define p(x) = ¢(r(x)/R). Then consider the function G := gaz -(—=A1 f). We calculate

AG = A@*(=A1 )
= > A(=A1 f) +2Re(Vp?, V(=A1f)) + (= A1 f) Ap?
> 2 ((AL )2+ 2Re(VS, VAL ) +2Re(Ve?, V(—A; ) + (=A; f)Ag?. (3-12)

We want to estimate the upper bound of G. If the maximum value of G = ¢?(—A f) is negative, we
are done. So we assume the maximum of G on B(p, R) is positive, which is achieved at some point
Pmax € B(p, %R) Hence, at ppnax we have (—A f) > 0. By Laplacian comparison, Ar < 2n —1)/r,
and we get, at pmax,

2 2 / ” N2
Ay ZF((ZH—UW +oe" +(¢)). (3-13)
Thus, at pmax, the last term on the right-hand side of (3-12) is greater than or equal to
2 / /" N2
(—Alf)ﬁ(@n — Do’ + 9"+ (¢)7).

Substituting this into (3-12), it follows that, at ppyax, we have AG <0 and VA f = —2¢*1A1fV(p,
and hence

0> AG
_ _ 2
> 2 (A1) 429" Re(VS, VAL f)+49Re(Vo, V(—A, f)) +<—A1f)—2<(2n—1)w/+w”+(w/)2>

> 2 (A1) =49l AL FIIVIIIVI+8A1 fIVe +(— Alf) 5(2n—Dgpg'+9¢" +(¢)?)

G: |V </>I2

=7 ~40” GIVS1IVpl—8G R2 2((2n—1)<ps0 +e¢"+(¢)?)
G*  1¢'lIVf] l¢'? 26 b (2

> 2T Ry O 8 2Ot g2 (2= Dee g+ ().

(3-14)
Therefore, at ppax € B(p, %R),

'V |2 2G
G2—4¢|('0R e 8|(p| G+~ (2n = Doy’ +99" +(¢)") 0.
and combining (3-8) and the fact that ¢, ¢’, ¢” are all uniformly bounded, we can get, at pmax,

G <CORG = Glpmu) = .

Then, for any x € B(p, %R), where ¢ = 1, we have

C(n)
R2

—Alf(X) =G(x) =< G (pmax) <
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Moreover, recall that f =logu and —A| f = —Au/u+|Vif |2, therefore it follows that

sup (—ﬂ(x)) L CO (3-15)

xeB(p,R/2)

This in particular implies that

0sC u 0SsC u
sup  (—Aju(x)) < C(”)B(;—ER/Z) < cmZeEent

(3-16)
xeB(p,R/2) R?

On the other hand, consider the function &i = maxpp, gy # — u, which is still a positive g.-harmonic
function with Agit = A, i = 0. Applying (3-15) to the function i, we get

Aqu(x) A C(n)
sup = sup ——m)) < > (3-17)
xeB(p,R/2) \MaAXp(p. R) U — u(x) xeB(p.R/2) u R

which yields

sup  Ayu(x) < C(n) 2R (3-18)

xeB(p,R/2) R
Combining (3-18) and (3-16), we get
0sc
sup [ Aqul(x) < C(n) = 2R (3-19)

xeB(p.R/2) R?
3A4. Mixed derivatives estimates. In this subsection we will estimate the mixed derivatives

Pf  2f i» 2 Ff  f i
e and |V;V; = —
07102 azlang § ViVas] 071022 021022 8

ViV f|? =

’

where as before f =logu and u is a positive harmonic function of A, . Here for simplicity, we omit
the subscript € in ue, fe and g.. Observing that since g = g is a product metric with the nonzero
components g,z depending only on zi, it follows that the curvature tensor

B 9%g;; 3 98ig 98p;
0zx0Z; 0z 071

Ri5i=

vanishes unless i = j =k =1[/¢e{l,2} and also R;:>0foralli=1,...,n.

iiii
We fix some notation: we will write fj» = V|V, f (in fact this is just the ordinary derivative of f with
respect to g, since g is a product metric), |f12|§ =V V2f|§,, etc.
Let us first recall that (3-11) implies

A=A f = Az f)
n
= "™ fufir + 8" ¢ fui fix + 872" fu foi + 878 o fi)
k=1 o o
—2Re(VS, V(=ALf — M)+ fifig" ¢ Rijyi + 2138787 Rozzs

=Y VIV P+ VIV f P+ IVaVi f P+ IVaVi /1) = 2Re(Vf, V(=A1 f = Az ). (3-20)
k=1
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Next we calculate A|V;V, f]?. For convenience of notation we will write 12 = fi5 glI gﬁ, and hence
IViVa f12 = fio f'2. We calculate

AIVIVof 1P =g (fraf D = g (faf D (since g is a product metric)
= gk];(fIZkIEflz + f12kf12,1€ + flzlEflz,k + f12f12,k/€ )- (3-21)
The first term on the right-hand side of (3-21) is (by Ricci identities and switching the indices)
8k]zf12(fk1122 + 8" fn1 Rigoi + 8™ from Ry0f)
= 8" 2 (fira + 8" Fua Rigui + 8™ Fon Rigirie + 8™ fnt Rigaoie + 8™ fiom Ry o)
= % F2(fira + 8™ fnx Ririe + 8™ fon Rigaoi)
= gk,zflszlzlz + gligﬁflzfﬂ Riji+ 82282§f12f12R2222’ (3-22)
and the last term on the right-hand side of (3-21) is the conjugate of the first term; hence we get
AIVIV2 P =2Re(f (A ) +2£ 2 fia(g g Rypyi + 87287 Rysns)
+8" froe P + & fraf % (3-23)
Recall from (3-6) that Af = —|Vf|?; hence the first term on the right-hand side of (3-23) is
2Re(f*(Af)12) = 2Re(f*(=IVfP)12)
= —2Re(f 2 (fa fr+ fu fia+ fiafir + fi frnn)
= —2Re(f2g" (fiaw fr + fur fro + fia Sy + fic fiai — fic Fn Ru2kg™™))
= —4Re(V/, VIViVa [ ) = 2Re(f 2" fu for + 28" fia fi)- (3-24)
Combining (3-24) and (3-23), we get

AVIV2f P = —4Re(VL VIViVaf )+ Y (fiae S 2+ fron f1%)
k

—2 Z(|V1V2f| IViVi fIIV2VEFIH IVIV2 F V2V FHIVIVESD. - (3-25)
k

On the other hand, by Kato’s inequality we have
2
AV f P =2|ViVa fIAIVI Vo f |+ 2| VIV V, f]]
<2AViVofIAIVIVaf |4 Y IViVa f 1P + [ ViViVa f P
k

=2ViVafIAIVIVAf I+ Y froef P+ frap 1. (3-26)
k

Combining (3-25) and (3-26), it follows that

AIVIVaf| = =2Re(VE VIVIVaf ) = D ViV fIIVaVi £+ [VaVie F1IVIVi£D). (3-27)
k
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Combining (3-20) and (3-27) and applying the Cauchy—Schwarz inequality, we have

A(IViVaf+2(=A1f = Ay f)) = =2Re(VE, V(IViVaf|+2(=A1 f — Ar )
n
+ ) VIV f P+ VIV f P + V2V f P+ V2V f1P). (3-28)
k=1
Note that the sum on the right-hand side of (3-27) is (recall under our notation |V V; f 1> = (A1)

greater than or equal to

IVIVaf P+ 1= AP+ = A f P = 5(VIVaf |+ 2(—=A1 f — Ar ),
so we get the equation
A(VIVafI+2(=A1f — Az f)) = —2Re(VS, V(IViVa f| +2(—= A1 f — A2 f)))
+ 5AVIV2f I+ 2(=A1f — A2 )P (3-29)
Write
0 =n*(IViVaf|+2(=A1f — A2 ) = n*Q1,

where 1(x) =7(r(x)/R) and 7 is a cut-off function such that 7|jo,1/3; = 1 and 7|1 /2,1) = 0. The following
arguments are similar to the previous two cases. We calculate

AQ =n*AQ;+2Re(Vn?, VQi) + 01An?
> —2n*Re(Vf, VO1) +2Re(Vi*, VO1) + 5n° 0% + 01 An*. (3-30)

Apply the maximum principle to @, and if max Q < 0, we are done. So we may assume that max Q > 0
and that it is attained at pp,x; thus at ppax, we have Q1 >0, AQ <0, VQ| = —217_1 Q01Vn and

2 2 / /" /N2
Q1An" = Q17 (@n—Dmn" + ™+ (1)7).
So, at pmax,

2
_ 2
0> AQ >4n0Re(Vf, Vn) —8Q1|V77I2+772 di >+ Q1 =(@n =Dy + 90"+ )

0? 80 )2 Q
_ 12 = +4Qn Re(V/, V 772 R RZ 3

<Q2 40|V | 800 100n>

(@n—Dnn' +nn" + @)%

—_—0-— 3-31
12 R R2 Q R? ( )

where we choose 1 such that |1'[, |[n”| < 10, for example. Therefore, at pmax € B( D, %R) we have

2 40|V 100n
0 ( | f|+ n

Cn)
¢ TR

RZ "’

) <0 = QO(Pmx) =

since SUPB(p.R/2) |IVF| < C(m)R™" from the previous estimates. Then, for any x € B(p, %R), we have

0100 = P21 () = 0() = Cpmar) < 3.
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Thus it follows that

IViVafl(x) < Qi(x) +2(A1 f(x) + A2 f(x)) < % +2(A1f(x) + Az f(x)).

On the other hand, from |V V, f| = |(ViVou/u) — (Viu/u)(Vou/u)|, we get

IViu(x)| |Vou(x)|
u

IViVau|(x) < [ViVa f(x)|u(x) + u(x)

u
Vv Vv
< C(n)—ul(;;) 20 () + 2800 (x) + () O V2u )l
< Cn =500 (3-32)
Therefore we obtain
OSCB(p,R) u
sup |V Vau| < C(n) LR (3-33)
B(p.R/3) R

By exactly the same argument we get similar estimates for |V Vsu| and |V Viu| + [V Viu| for k # 1.
Hence we have proved the following lemma.

Lemma 3.4. There exists a constant C(n) > 0 such that, for the solution u. to (3-4),

OSCB, (0,R) Ue
sup  (IViVjuelg, +|ViViuelg) < C(n)——5——
Bg, (0.R/2) R

foralli,j=1,2,...,n

3AS5. Convergence of uc. In this subsection, we will show that the Dirichlet problem (3-1) admits a
unique solution for any ¢ € C°(d Bg(0, 1)). Here we will write Bg = Bg(0, 1) for simplicity of notation.

Proposition 3.5. For any ¢ € C O(8Bﬁ), the Dirichlet boundary value problem (3-1) admits a unique
solutionu € C 2(B,g \S)NC O(E;). Moreover, u satisfies the estimates in Lemmas 3.2—3.4 with u. replaced
by u and the metric balls replaced by those under the metric gg, which we will refer to as “derivatives
estimates” throughout this section.

Proof. Given the estimates of u. as in Lemmas 3.2-3.4, we can derive the uniform local C2@ estimates
of u. on any compact subsets of Bg(0, 1)\S.

The C° estimates of u, follow immediately from the maximum principle (see Lemma 3.1).

Take any compact subsets K € K’ € Bg(0, 1). By Lemmas 3.2 and 3.3, we have

_p,|Bu _p|Buc| | du lueloc
1=p1| Z7€ I=p| Z 7€ — ) <cm)—=_, 3-34
sz/p(lml ’8Z1 + |22 Py s, ) < (n)d(K’, 955) (3-34)

0%u *u 2u lucl
I=h < 1=-f2 € <|)<c €0 3-35
S}{JP(lzll ‘askazl + 22| 05,022 0si0s ) - (n)d([(/’ dBp)?’ (3-35)
and the third-order estimates

0u 0u 0u Juc]
1=A € 1=F2 : ¢ <C elo 3-36
S;P<|Zl| ‘Bzﬁ)skas; * |Z2| 3Z28Skasl asjaskas, ) - (n)d(](/’ 83/;)3 ( )
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Moreover, applying the gradient estimate to the Ag -harmonic function Ay cu., we get

sup(lmll’g1

K’

e lloo

1=p>
+ 22| d(K',9Bg)

0 d 0
_Al,eue _Al,eue + ‘_Al,eue ) <C(n)
8Z1 822 8Sj

From (3-34)—(3-36), we see that the functions u. have uniform C3-estimates in the “tangential directions”
on any compact subset of Bg(0, 1). Moreover, for any fixed small constant § > 0, let 75(S) be the tubular
neighborhood of S. We consider the equation

2n

3%u
+2_ 53 =0 onK\Tn(S),
j=5 77

2

0°u 9%u
—+(nl+e) P —

Acute = (21> + )7
cue = (111" +€) 021071 022022

which is strictly elliptic (with ellipticity depending only on é > 0). Hence by standard elliptic Schauder
theory, we also have C>“-estimates of u, in the “transversal directions” (i.e., normal to S) and the mixed
directions on the compact subset K\7;5(S). By taking § — 0 and K — Bg, and using a diagonal argument,
up to a subsequence, the u. converge in Clzog (Bg\S) to a function u € C 2""(3,3 \S). Clearly, u satisfies
the equation Agu = 0 on Bg\S, and the estimates (3-34)—(3-36) hold for u outside S, which implies
that u can be continuously extended through S and defines a continuous function in Bg(0, 1). It remains
to check the boundary value of u.

Claim: u = ¢ on dBg(0, 1). It remains to show the limit function u of u. satisfies the boundary condition
u =@ on dBg(0, 1), which will be proved by constructing suitable barriers as we did in [20].
The metric ball Bg(0, 1) is given by

Bg(0, 1) = {ze@”

2n
dg(0.2)* := |21 + |22+ 57 < 1}.

j=5
Bg(0, 1) C Ben (0, 1), and their boundaries only intersect at S| NS, where z; = z = 0. Fix any point
q € 0Bg(0, 1) and consider the cases ¢ € SN Sy and g € S1 NSy

Case 1: ¢ € §1 NSy, i.e., z1(g) = z2(g) = 0. Consider the point
q'=—q €9Bg(0,1)NIBex (0, 1).

Since ¢ is the unigue farthest point from ¢’ on dBg(0, 1) under the Euclidean distance, the function
Y, (z) :=den (2, q')? — 4 satisfies W, (q) =0and W, (z) <0 for all z € dBg(0, 1)\{g}. By the continuity
of ¢ for any § > 0, there is a small neighborhood V of g such that ¢(q) —§ < ¢(2) < ¢(g) + § for
all z € dBg(0, )NV, and, on dBg(0, 1)\ V, we have that ¥, is bounded above by a negative constant.
Hence we can define

¥q(2) ==(q) =8+ AV, (2) < 9(2)

for all z € 9Bg(0, 1) if A is chosen large enough. The function ¢, is A, -subharmonic; hence by the
maximum principle we have u.(z) > ¢, (z) for all z € Bg(0, 1). Letting € — 0 we get u(z) > ¢, (z), taking
z— q we have liminf,_, , u(z) > ¢(g) — 8, and since § > 0 is arbitrary we have liminf,_,, u(z) > ¢(q).
By considering the barrier function ¢(g) + 8 — AW, (z) and using a similar argument it is not hard to
see that lim sup,_,, u(z) < ¢(q); hence lim,_, ; u(z) = ¢(q) and u is continuous up to g € 9 Bg(0, 1).
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Case 2: g € dBg(0, 1)\S1 N S,. We first consider the case when z1(q) # 0 and z2(q) # 0. The boundary
dBg(0, 1) is smooth near ¢, and hence satisfies the exterior sphere condition. We choose an exterior
Euclidean ball Bcr (g, r,) which is tangential to d Bg(0, 1) (only) at g, i.e., under the Euclidean distance,
q is the unique closest point to g on dBg(0, 1). So the function

1 1

2n—2

G(z) = = -
lz—q|>"2 rg

(3-37)

satisfies G(q) =0 and G(z) < O for all z € 3Bg(0, 1)\{g}. We calculate

392G 92G ", 3%G
Ae.G= (a1 +) P —— 4 (| + o) P —— -
8 (21l ) 321071 (22 ) 0220%2 = 9zkdZk
392G %G
=1z +e P D — + (22 + )P - 1) ——
021071 022022
2 2 —Bi+1 ~ 12
K|+ € —1 nlzr —
= (D (— 1%~ i +1)z—C(q,rq>.
P Iz =4l 1z =4l

The function
W, (z) = Adp(z,0)> — 1)+ G(2)

i8 A, -subharmonic for A >> 1, and ¥, (¢) =0 and ¥, (z) < 0 for all z € dBg(0, 1)\{g}. We are in the
same situation as Case 1, so by the same argument as above, we can show the continuity of « at such a
boundary point q.

In the case when z1(g) # 0 and z2(g) = 0, the boundary 9 Bg(0, 1) is not smooth at g and we cannot
apply the exterior sphere condition to construct the barrier. Instead we use the geometry of the metric
ball Bg(0, 1). Consider the standard cone metric

n

dz1 ®dzy _

_ p2

881 = P |Z1|2(1_ﬁ1) +Zd2k®de
k=2

with cone singularity only along S; = {z; = 0}. We observe that the metric ball Bg(0, 1) is strictly
contained in By, (0, 1), and the boundaries of these balls are tangential at the points with vanishing
z2-coordinate. Thus g € dBg(0, 1)N E)Bgﬂl (0, 1) and E)Bgl31 (0, 1) is smooth at g, so there exists an exterior
sphere for E)Bgﬂ1 (0, 1) at g. We define a similar function G (z) as in (3-37), and, by the strict inclusion of
the metric balls Bg(0, 1) C Bgﬁ1 (0, 1), it follows that G(¢) =0 and G(z) < 0 for all z € 9Bg(0, 1)\{q}.
The remaining argument is the same as before. 0

Remark 3.6. For any constant ¢ € R, the Dirichlet boundary value problem
Aggu=c in Bg(0, D\S and u=¢ ondBg0,1)

admits a solution u € C 2(35\8) ncC O(l?ﬁ) for any given ¢ € C°(d Bg). This follows from the solution u
of (3-1) with boundary value ¢ = ¢ — %c(n —2)~! Z?"zs sjz. Then the function u = + %c(n —2)~! j sjz.
solves the equation above.
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For later application, we prove the existence of solutions for a more general right-hand side of the
Laplace equation with the standard background metric. This result is not needed to prove Theorem 1.2.

Proposition 3.7. For any given ¢ € C 0@ Bg(0, 1)) and f € Cg’“(B/g (0, 1)), the Dirichlet boundary value
problem

{Agﬂv = f in Bg(0, H\S, (3-38)

V=9 on dBg(0, 1)
admits a unique solution v € C*(Bg(0, )\S) NC°(Bg(0, 1)).
By Theorem 1.2, the solution v to (3-38) belongs to C;“"(Blg O, 1))nNn CO(B,g(O, 1)).

Proof. The proof is similar to that of Proposition 3.5. As before, let g, be the approximating metrics (3-3)
of gg which are smooth metrics on Bg(0, 1). By standard elliptic theory we can solve the equations

{Ageve = f inBg(0, 1),

(3-39)
Ve =@ on dBg(0, 1).

For any compact subset K € Bg(0, 1) and small § > 0, we have a uniform C%% -pound of v, on K \T5(S)
for some o’ < «. Thus v converges in the C%% _pnorm to a function v on K\Ts5(S) ase — 0. By a
standard diagonal argument, letting K — Bg(0, 1) and § — 0, we can achieve

C2¥ (Bg(0,)\S) ,
ve =7y e C2¥ (Bg(0, \S) as e — 0.

loc

Clearly v satisfies (3-38) in Bg(0, 1)\S. It only remains to show the boundary value of v coincides with ¢
and v is globally continuous in Bg(0, 1).

Global continuity: v € CO(Bﬁ (0, 1)). It suffices to show v is continuous at any p € SN Bg(0, 1). Fix
such a point p and take Ry > 0 small enough that Bcx(p, 10Ry) N9Bg(0, 1) = &. We observe that
1gcn < ge < gp, soforany r € (0, 1),

B, (p,1r) C By (p, 1) C Ben(p, 2r). (3-40)
In particular, the balls B, (p, SRo) are also disjoint with 9 Bg(0, 1).

Since Ric(ge) > 0, we have the following Sobolev inequality [25]: there exists a constant C = C(n) >0
such that, for any & € Cé (Bg . (p, 1)),

(n—1)/n rzn 1/n
( / h2n/<"—1>w'g) < c( ) / IVh|} o (3-41)
B (pr) Vol (B, (p, r)) By (por) ‘

It can be checked by straightforward calculations that Vol (B, (p, 1)) > co(n) > 0 for some constant ¢

independent of €. Then Bishop’s volume comparison yields, for any r € (0, 1),
C1(n)r®" = Volg, (By, (p. 1)) = c1(m)r™".

Thus the Sobolev inequality (3-41) is reduced to

(n=1)/n
( / hzﬂ/("—l)w:) <C / IVh|; ! forall h € Cy(By, (p.r)). (3-42)
Bee (p1) By (p,r)
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With (3-42) at hand, we can apply the same proof of the standard De Giorgi—-Nash—Moser theory (see the
proof of Corollary 4.18 in [22]) to derive the uniform Holder continuity of ve at p, i.e., there exists a
constant C = C(n, 8, Rg) > 0 such that

OSCB4(p.r) Ve < OSCB,_ (p.r) Ve < cr® forallre (0, Rp)

for some o’ =" (n, B, Ry) € (0, 1), where in the first inequality we use the relation (3-40). Letting € — 0
we see the continuity of v at p.

Boundary value: v = ¢ on dBg(0, 1). The proof is almost identical to that of Proposition 3.5. For
example, the function ¢,(z) = ¢(q) —§ + AV¥,(z) defined in Case 1 in the proof of Proposition 3.5
satisfies A, ¢,(z) > maxy f if A > 0 is taken large enough. Then from A, (¢, —ve) > 0 in Bg and
¢, —¢ <0 on 9 Bg, applying the maximum principle we get ¢, < v in Bg(0, 1). The remaining arguments
are the same as in Proposition 3.5. Case 2 can be dealt with similarly. (|

Remark 3.8. Let H(} (Bg(0, 1), gg) be the completion of the space of C(} (Bg(0, 1))-functions under the

norm
1/2
IVl 2 )=</ Vulg w) :
88 By(O.1) g B

For any & € Cé (Bg(0, 1)), letting € — 0 in (3-42), we get

(n=1)/n
|h|2"/"—1w") < c/ |Vh|? o (3-43)
</Bﬂ<p,r> g By PP

for the same constant C in (3-42). That is, the Sobolev inequality also holds for the conical metric wg.

3B. Tangential and Laplacian estimates. In this section, we will prove the Holder continuity of Azu for
k=1,2 and (D’)?u for the solution u to (1-2). The arguments of [20] can be adopted here. We recall
that we assume 81, > € (% 1). We fix some notations first.

For a given point p ¢ S, we define r, = dq,(p, S), the gg-distance of p to the singular set S. For
simplicity of notation we will fix T = % and an integer k, € Z to be the smallest integer such that thr < ps
and k; , € Z the smallest integer k; , such that thir < dg(p, S;) fori =1,2. So k, = max{ky p, k2 p}.
We write p; € §1 and p; € S; for the projections of p to §; and S, respectively.

For j =1, 2, we will write

2(1—-8/) 8214
Ajl/t: |Zj| S ——
07,07
We will consider a family of conical Laplace equations with different choices of k € Z™.

(i) If k > k,, the geodesic balls Bg(p, %) are disjoint from S and have smooth boundaries. We note
that gg is smooth on such balls. By standard theory we can solve the following Dirichlet problem for
ux € C*®°(Bg(p, T©) N CO%(Bg(p, T9)):

{Aﬁuk = f(p) in Bg(p,t"),

3-44
U = U on dBg(p, 0. ( )
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(i1) Without loss of generality, we assume dg(p, S1) < dg(p, S2), i.e., ki, > kz ,. We now solve the
following Dirichlet problem for uy € C*(Bg(p1, 2tX)\S1) N CO(Bg(p1, 21%)) for ka , +2 <k < ki p:

Aguy = in Bg(p1, 2t)\S1,
pur = f(p) in Bg(py,2t )2 1 (3-45)
Uy =1u on dBg(p1, 2t").
By similar arguments to those in the proof of Proposition 3.5 and Remark 3.6, such u; exists.
(iii) For2 <k <ka ,+ 1, letux € C2(Bg(p1.2, 2t)\S) N CO(Bg(p1.2, 27%)) solve the equation
Agug = in B 27k
pur = f(p) in Bg(pi2,27 );{ (3-46)
Uup=1u on dBg(p1.2,21%),

whose existence follows from Remark 3.6. Here p; 2 = (0; 0; s(p)) € §1 NS, is the projection of p; to Ss.

We remark that we may take f(p) =0 by considering i = u — %f(p)(n —2)7 s —s(p)|*. If the estimate
holds for i, it also holds for . So from now on we assume f(p) = 0.

Lemma 3.9. Let uy be the solutions to (3-44)—(3-46). There exists a constant C = C(n) > 0 such that,
forall k € 7., we have the estimates

itk = 1]l oo 3,y < CMT* (), (3-47)

where we define By( p) as
Bg(p. 7% ifk=kp,
Bi(p):={ Bp(p1,2t)  if ko p+2 <k <kip, (3-48)
Bg(p12,2t%) if2<k<kyp+1
for different choices of k € Z .

We will also define )»f?k (p) to be the ball concentric with ék (p) with radius scaled by A € (0, 1).
This lemma follows straightforwardly from Lemma 3.1 and the definition of w(r), so we omit the
proof. By the triangle inequality, we get the estimates

ik = w11l o 5, 2y < C T 0 (T5). (3-49)

Since uy — uj41 are gg-harmonic functions on %l}k, applying the gradient and Laplacian estimates
(3-5) and (3-9) for harmonic functions, we get the following lemma.

Lemma 3.10. There exists a constant C(n) > 0 such that, forallk € 7,

1D ug — D'ttrsill ooy, 13y < C T (25) (3-50)
and
2
sup <Z|A,-<uk — )|+ (D) uy — (D’)zuk+1|) < Cma(th), (3-51)
(Br/3\S Ni=1
where we recall that D’ denotes the first-order operators 3/9s; fori =5, ...,2n.

The following lemma can be proved by looking at the Taylor expansion of u; at p for k > 1 as in
Lemma 2.8 of [20].
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Lemma 3.11. Fori =1, 2, we have the limits
lim D'ur(p) = D'u(p),  lim (D) ur(p) = (D"Y’u(p), lim Ajur(p) = Aju(p). (3-52)
k— 00 k— 00 k— 00
Combining Lemmas 3.10 and 3.11, we obtain estimates on the second-order (tangential) derivatives.

Proposition 3.12. There exists a constant C = C(n, B) > 0 such that

/ "o(r)
sup  [(D)’ul+|Aju| < C(”””L‘”(Bﬂ(o,l)) +f ——dr+ If(O)I). (3-53)
Bg(0,1/2\S o T

Proof. From the triangle inequality we have, for any given z € Bg (0, %)\S ,

(DY u@)| < D 1IDYur(z) — (D)1 () + (D) ua 2))|

k=2
s 1
w(r)
<Cm) Y (") +Cn) osepy.1) uo < Cn, ﬁ)(llullm +/ —dr |f(0)|>.
0
k=2
The estimates for A;u can be proved similarly. U

For any other given point g € Bg (0, %)\S , we can solve a similar Dirichlet boundary problems as uy
with the metric balls centered at g, and we obtain a family of functions v such that

Agui = f(g) inBi(q), wvi=u ondB(q), (3-54)

where Ek (g) are metrics balls centered at g given by
Bg(q.t%) if k > kg,
Bi(q) = By := { Bp(qi, 2t%)  ifkj,+2 <k <k, (here ki, = max(ki g, ka4) and j # i),
Bg(qij,27%) ifk <k, +1.
Similar estimates as in Lemmas 3.9-3.11 also hold for v; within the balls §k q).
We are now ready to state the main result in this subsection on the continuity of second-order derivatives.

Proposition 3.13. Letd =dg(p, q) < %. There exists a constant C = C(n) > 0 such that if u solves the
conical Laplace equation (1-2), then the following holds fori =1, 2:

"2 "2 ‘o) Lo
|Aju(p) — Aju(g) |+ (D) u(p) — (D) ul(q)| < C<d||u||L°c(Bﬂ(0,1)) +f0 Tdr +d/d dr).

2
Proof. We only prove the estimate for (D’)?u; the estimates for A;u can be dealt with in the same way.
We may assume r, = min(r, r,). We fix £ € Z such that 7 is comparable to d; more precisely, take

i <d <™ or <84 <<t

We calculate by the triangle inequality
(D) ?u(p) — (D)?u(g)| < |(D)u(p) — (DYue(p)| + (D) ue(p) — (D) ?ue(q)|

+1(D')?ue(q) — (D) ?ve(@)] + (D) ?ve(q) — (D) *u(q)]
=hL+hL+5+1.
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We will estimate I;—14 one by one.

11 and I4: By (3-51) and (3-52), we have

x
I = [(D)u(p) — (D'Yue(p)| < C(n) Y o(zh),
k=t
and a similar estimate holds for I, as well:

Iy =1(D"Y’u(q) — (D)Yve(q)| < C(n) Y w(th).
k=t

1I3: By the choice of £, it is not hard to see that %Eg (@) C ég (p). In particular, u, and v, are both defined
on %Eg (g) and satisfy the equations

Agug= f(p) and Agve= f(q),
respectively, on this ball. From (3-47) for u, and from a similar estimate for v,, we get

2t
e = vellpoo 25,3 < CT7 (7).

Consider the function

S =f@

p— 7 2 -
2= S TS@F, (3-55)

U:i=u;,—vy

where ¢ is the center of the ball §g (¢). U is gg-harmonic in %Eg (g) and satisfies the estimate
U o5 3yqy) < CTH 0 (T + CT*°w(d) < Cm)T* 0 ().
The derivatives estimates imply that
(DU (@) < CT Ul o5 3,9y < CM@(TY).
Hence
I =|(D")’us(g) — (D) ve(g)] < C(ma(h).

Io: This is a little more complicated than the previous estimates. We define iy = ux—1 —uy for k < €. We
observe that A is gg-harmonic on ék(p) and by (3-47) satisfies the L°-estimate ||/ ”B’k(p) < Ct*w(th
and the derivatives estimates ||(D’)%h|| L@ (p) /3)60(‘Ck). On the other hand, the function (D’)2hy is
also gg-harmonic on %ék (p), so the gradient estimate implies that

2 —k k
V5 (D)2l e 3,y 2s) < €T 0 (26). (3-56)

Integrating this along the minimal gg-geodesic y connecting p and g and noting that y avoids S since
(C"\S, gp) is strictly geodesically convex, we get

(D) (p) = (DY i@ < d - Vg (DYl o (i pyas) < ACT o (25).

By the triangle inequality, for each k < £,
14
L= [(DYue(p) — (DYue(@)] < 1(D)uz(p) — (DN uz(q)| +dC Y v (7). (3-57)
k=2
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Observe that p, g € I§2( p) and the function (D’)%u; is gp-harmonic on I§2( p). From (3-47) and derivatives
estimates we have

1DV uall ey 3y < Cl2ll By < CUlll L + @0 (7).
Again by the gradient estimate we have
IVes (DYl ooy )2y < C Il L + 0 (2)).
Integrating along the minimal geodesic y we arrive at
(D)2uz(p) = (DYua(g)| < dC(Jull= +w(2?).
Combining this with (3-57), we obtain

L
L<Cd (uunmwﬂm,m +) f"w(rk)).

k=2

Combing the estimates for I,—14, we get

L oo
|(D")?u(p) — (D')u(q)| < C<d (nunmgﬂ(o,])) +> r"w(r’@) +>° w(r")).

k=2 k=t
Proposition 3.13 now follows from this and the fact that w(r) is monotonically increasing. O
3C. Mixed normal-tangential estimates along the directions S. Throughout this section, we fix two

points p, g € Bg (0, %)\S and assume r, < r,. Recall that we defined the weighted “polar coordinates’
(ri, 6;) for (z1, 22):

B

pl:|Zl|’ ri=p£3[» 9i=argZi, i=1,2.
Under these coordinates,
Pu 9w lou 1 0

Au=zPP 0P ——=— +—— + ———.
it = el dz;0z;  dr?  ridr;  pEr}an?

(3-58)

Let u; and vy be the solutions to (3-44)—(3-46) on ék( p) and Ek (g), respectively. Recalling that u; — ug4
satisfies (3-49) and applying gradient estimates to the gg-harmonic function uy — uy1, we get the bound
of ||Vg}g (up — ”k+1)”L°C(1§k(p)/3)’ which in particular implies that, for i =1, 2,

(o
' 0z 9z

Similarly, D'ux — D'uj1 is also gg-harmonic on %ék (p), and applying gradient estimates to this function

e (3D’uk _ aD’uk+1>
l az; 0z

< Cthw(th). (3-59)
L (By(p)/3)

we get, fori =1, 2,

< Cw (). (3-60)
L>(By(p)/3)

The next lemma can be proved in the same way as Lemma 2.10 of [20] since p ¢ S; we omit the proof.
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Lemma 3.14. Fori =1, 2, we have the limits

ou . Oug
hm —(P) —(P), 11111 —(P)

k— 00 8 I’,' 39 l’iael‘
and
5 8D’uk( ) 8D/u( ) I 8D/uk( ) 8D’u( ) (3-61)
1m = , 1m = . -
k— 00 ari p Br,- p k— 00 r,-89,- p r,-89,- p

Similar formulas also hold for vy at the point q.

We are going to estimate the quantities

8D/ dD'u

dD'u
(p) = o, (@)

r; 00;
Note that J, K correspond to |[N;D'u(p) — NjD'u(q)| in Theorem 1.2. We will estimate the case for
i =1 and J, since the other cases are completely the same. By the triangle inequality we have

J = and K :=

(p) — (q)‘ =12

oD'u BD/ug dD'u, 8D/ug
J < 3 (p) — (p)|+ ‘ (p) — (@)
ri
oD'u, aD'v, oD'v, oD'u
+‘ o, (@) - (61)‘ ‘ (@)= ——(9)
l

= Ji+h+ 3+ 4

Lemma 3.15. There exists a constant C(n) > 0 such that Jy, Js and J4 satisfy

o
Ih+J<C) o@h, J<Co.
k=t
Proof. The estimates for J; and J4 can be proved similarly to those of I} and I in Section 3B, using
(3-60) and (3-61). J3 can be estimated in a similar way to I3 in Section 3B, using (3-60). We omit the
details. O

To estimate J5, as in Section 3B we define hy := uy_1 — uy for 2 < k < £ which is gg-harmonic on
Bi(p) and satisfies the L>-estimate ||/ |l Belp) = Ct%*w (%) by (3-60). We rewrite (3-56) as

< Ct*w(th). (3-62)
L>((Bi(p)/2\S)

0
|zi| TP — (D),
0Z;

2
"3
1D il (o) + D
i=1

Lemma 3.16. There exists a constant C = C(n, ) > 0 such that, for any z € %ék (P\S, the following
pointwise estimate holds for all k < min({, k):

/
'aD T OD Tk I < Cry(2) VP11 =kUBI=D g (k).

()‘ ‘ L)

Proof. We define a function F' as

2 / 2 / 2n 2 ’
21— 0" D'hic _ _|Z2|2(1—ﬂ2)8 D'hy B 0°D'hy, _

971071 022072 o 8s]2-

|z1] (3-63)
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The Laplacian estimates (3-9) and derivatives estimates applied to the gg-harmonic function D’k imply
that F' satisfies

1l gy ) < CTF (7). (3-64)

For any k < min({, k,) and x € S N %Bk(p), we have that Bg(x, ™) ¢ %f?k(p). The intersection of
Bg(x, %) with the complex plane C passing through x and orthogonal to the hyperplane S lies in a
metric ball of radius t* under the standard cone metric gp, on C. We view (3-63) as defined on the ball
B:= Be(x, (tF)1/Pry ¢ C. The estimate (2-3) applied to the function D’hy, gives rise to

oD hy
071

”D/hk ”Loc(é)
(O /P

sup
Be(x, (7)) V/P1/2)\(x)

Therefore, on Be(x, 5 (t%)1/A1)\{x},

+ CF [l o ) (T9* /P

aD'hy,
921

‘E)th

8D/hk( ) 1/,31 1
1"189

z )‘ ——( )‘ < /PSR hy . (3-65)

On other hand, since B@(x, %(rk)l/ﬂl) = Bgﬁl (x,27Pighy,

Bpc | Be(x. 3G@H'YP). (3-66)
xe8NBy/4
Equation (3-65) implies the desired estimate on the balls }‘ék (p). O

Remark 3.17. By similar arguments we also get the following estimates for any k < min(¢, k,,) and
z € 1Bu(p)\Si:
d(D")*hy

(z)‘-i— ‘—(z)

2
d(D")"hy, < Cri()/B1e=k/B1 g (25, (3-67)
ri106

ary

Lemma 3.18. There exists a constant C = C (n, B) > 0 such that, for all k <min(k,, £) and z € %ék (p\S,
the following pointwise estimates hold:

32D’ hy 3°D )
@+ L2 | < o) B2k k), (3-68)
r20? r19r196; :
9*D'h
2 L] < Cri@)VA2p B0 (k). (3-69)
1

Proof. Applying the gradient estimate to the gg-harmonic function D'hy, we get

9D hy
1"1891

. =< “vgﬂD hk||L°°(BA(p)/2) CCL)(‘L' )
L®(Bk(p)/2)

The function 3y, D'hy is also a continuous gg-harmonic function, so the derivatives estimates implies, on
A

3Bk(p\S,

3%(0p, D'hy)

2
E)sj

2(1—pz) 07, D'hy)
0220722

|Fi| < ||z2] < Ct*w(th),
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where F) is defined as

2
2(1- /31)8 (99, DI — — |20 ,32)3 (09, D'hy) _Zn 82 (99, D'hy)

021071 922022 — ds?
j=5 J

|z1] =: F}. (3-70)

We apply similar arguments as in the proof of Lemma 3.16. For any x € §; N %ék (p), we view (3-70) as
defined on the C-ball B¢ (x, (t¥)!/A1), and by the estimate (2-3) we have, on Be(x, (tk)l/ﬁl/Z)\{x},

3(d, D'h 1186, D' Pl oo
' (06 D'hi) | _ % LGB 4 CFy ey (52

- (‘L’k)l/}gl

021
Equivalently, this means that, on B¢ (x, (VP )\ (x},

32D’ hy
31’1391

392D’ hk
71007

(39, D'hy)
071

1/p1—1
— "1

Crll/ﬂl—lrk(l—l/ﬂl)w(rk)_

Again by the inclusion (3-66), we get (3-68). The estimate (3-69) follows from Lemma 3.16, (3-68),
(3-64) and the equation (from (3-63))

*D'hy _ 13D'hy 1 3°D'hy

=— O
o r dn BEE 062

Lemma 3.19. There exists a constant C(n, B) > 0 such that, for k <min(ky, p, £), the following pointwise
estimates hold for any z € }Lék (P\S:

i(&D’hk)( ‘ <8th)()
872 8r1 2802 r1 .

Proof. By the Laplacian estimate in (3-9) for the harmonic function D’h; on %ék (p), we have

<C(n ﬂ)rl/ﬁl 1 l/ﬁZ 1 7/(( 1+1/ﬂ1+1/ﬁ2)w(_[k) (3_71)

sup  (|A1D'h|+|A2D'hi]) < C(m)rH oscy, (2 (D'hi) < C(n)t *w (). (3-72)
Bi(p)/2.2

Since A (D’hy) is also gg-harmonic, the Laplacian estimates (3-9) imply

sup (1A AID i + 18281 D'li]) < CmyT = osey ()05 A1D'ly < CtFo(Th). (3-73)
Bu(p)/24

Now from the equation Ag(A1D'hy) =0, we get

3> 32
|24 [20=AD A\D'hy=—MA\D'h—Y  — A D'y =: F,. (3-74)
021023 I ds;

From (3-73) and the Laplacian estlmates (3-9), we see that sup 4 Bu(p)/2.4 |Fh|<Ct™ ko (Th). Using similar

arguments, by considering x € Bk(p) NSy, we obtain from (3-74) that, on B:= Be(x, (9P 2)\{x},

”AID hk”Loo(é)
(-L'k)l/ﬂl

ad
—AlD//’lk <

= + ClI Fall o 3, (7P < CoHIH A (1),
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This implies that, for any z € %ék (p\S,

3 B _
‘a—rlAlD/hk(z) +'WA1D/hk(z) < /Pl kAT B g (4, (3-75)
Now taking d/dr| on both sides of AgD'h; =0, we get
3> (dD'h 9 8% (dD'h
209" e o ZaDn) -5 “) = F. 3-76
|22] 8Z2822< o ) 5y (A1D'ho) ; 32\ on 3 (3-76)

From (3-75), for any z € %ék\S, we have |F3](z) < Crll/ﬂ‘_lr‘k(lH//gl)a)(rk). By a similar argument,
forany y € 55 By (p)NS,, we apply estimate (2-3) to d D'hy./dry and get, on Aj := Be(y, 3 (9)VP2)\(y} —
the punctured ball in the complex plane C of (Euclidean) radius %(rk)l/ P> and orthogonal to S, passing

through y — that
gny 0D hy

0 ath ary HL ®(Ay) kn2—1
— ———————2 + C|Fllr /B2
3Z2< arl )( )‘ k)l/lg + ” 3||L (A])(r )

< Crll/ﬂl ]T_k(l/ﬂl+l/ﬂ2_l)a)(‘[k),

(3-77)

Varying y € %Bk (p) NS, we get, for any z € %ék\S , that the following pointwise estimate holds:

3 (9D, aD'h,
a_r2< o )( )' ‘ 392< o )(Z)

Lemma 3.20. Let d = dg(p, q). There exists a constant C(n, B) such that, for all k < £,

< Crll/ﬂ]_]rzl/ﬂz_lr_k(l/ﬂlﬂ/ﬂz_l)a)(rk), 0O

oD hy dD'hy, 1 _
' o (p) — - (@)| < CdVBI=1e=kU/B=D ) (£hy, (3-78)
oD hy oD'h

< CdVP= =K AB=D g (K, (3-79)

k
(p) — T (@)

r100;
Proof. We will consider the different cases r, = min(r, r;) < 2d and r,, = min(rp, r,) > 2d.

Case 1: r, <2d. In this case, it is clear by the choice of £ that r, ~ ke <2d < 12 50 kp>4€+2.

From our assumption when solving (3-45), r, = dg(p, S1), i.e., ri(p) = rp, < 2d. By the triangle
inequality we have r{(q) < 3d. We also remark that, for k < £, we have t*
geodesics considered below all lie inside the balls }‘Bk (p), and the estimates in Lemmas 3.16-3.19 hold
for points on these geodesics.

> 1% > 8d. In particular, the

Let the coordinates of the points p and g be given by

p=(ri(p), 01(p); r2(p), 2(p); s(p)) and q = (r1(q),01(q): r2(q), 02(q); s(q)).

Let y : [0,d] — Bg(0, g)\S be the unique gg-geodesic connecting p and g. We know the curve y is
disjoint from S, and we write

y (1) = (ri(1), 01(1); ra(1), 02(1); (1))

for the coordinates of y (¢) for ¢ € [0, d]. By definition we have, for all ¢ € [0, d],

Y/ (13, = (1) + Biri ()01 (1)) + (5(1)) + B3r2(1)*6;(1))* + ' (D> = 1.
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So |s(p) —s(g)| <d and |r;(p) —ri(g)| <d fori =1,2. We define

= (r1(9), 01(q); r2(p), 02(p); s(p)) and  p’:= (r1(p), 61(q); r2(p). 02(p): s(p)),  (3-80)

the points with coordinates related to p and g. Let y; be the gg-geodesic connecting ¢ and ¢’, y» be the
gp-geodesic joining ¢ to p’, and y3 be the gg-geodesic joining p’ to p.
By the triangle inequality, we have

D' hy 8D’
5 (p) — “(q )‘
r
8D/hk D’ hy, aD/hk oD’ hk BD/hk oD’ hk
< (p) — (r) - (q") — (q)
ory ory ory ary
= .]1 + Jz + J3.
Integrating along y3, on which the points have fixed rj-coordinate r;(p), we get (by (3-68))
d (dD'h
Ji= —( k) d6r| < C(n, Byri(p)!/P KA Do (1), (3-81)
s 001\ 97
Integrating along y», we get (by (3-69))
9 /oD'h r1(q)
Iy = _< ") dri| < C(n, )t *V/A=Dy (%) / VP12 4y
y2 071 dry ri(p)
= Cln, Bz A D@ n ()P —ri@)P
= Co. Hr P D@ (p) —n@h
< C(n, Byt FF=D g (kg /=1, (3-82)

To deal with J3’, we need to consider different choices of k < £.

Case la: k> , +1 < k < £. In this case, the balls Bk (p) are centered at p; € S; (recall p; is the projection
of p to S1; hence p and p; have the same (r;, 65; s)-coordinates). We have k<8 lg-] by the choice
of £. The balls l§’k (p) are disjoint from S;, so we can introduce the smooth coordinates w; = zgz, and
under the coordinates (r, 61; w2, z3, . . ., Z,), the metric gg becomes the smooth cone metric with conical

singularity only along S; with angle 277 8;. Therefore we can derive the following estimate as in (3-62):
d (0D hy
_|_ JR—
3]’1 8w2

Since ¢ and ¢ have the same (ry, 6;)-coordinates and gg is a product metric, y; is in fact a straight

(D) 2hy
orq

sup < Ct *w(th). (3-83)

(Bi(p)/D\Si

line segment (under the coordinates (w», z3, ..., Z,)) in the hyperplane with fixed (ry, 6;)-coordinates.

d (0D hy
3Sj 8r1

Integrating over y;, we get

0 8D’hk)‘
+
i 8w2< ary ;

Jj < < Ct*w(t")dg(q. ¢") < Ct " w(t)d

<Cn, ﬂ)r_k(l/ﬂl_l)w(rk)dl/ﬂl—1.
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Case 1b: k < k3 p. In this case, the balls ék(p) are centered at p; o € S NS, and * > r2(p). By the
triangle inequality, r2(q) <d +ry(p) < %‘L’k. We choose the points

g =(r1(q),01(q); r2(p), 02(p); s(q)) and ¢ = (r1(q),01(q); r2(q), 02(p); 5(q)). (3-84)

Let y; be the gg-geodesic joining ¢’ to g, y the gg-geodesic joining g to g, and y the gg-geodesic joining
q to g. The curves 7,  and y all lie in the hyperplane with constant (r, 61)-coordinates (r1(g), 61(q)).
Then by the triangle inequality we have

dD hy, oD’ hk

D hy, D’ hy, @

(q) — (@) =0/ + 1+ J5.

(@) —

‘8D hy oD’ hk

N

We will use frequently the inequalities 71 (¢) < 3d and max(r2(q), r2(p)) < 27¥ in the estimates below.
Integrating along y we get (by (3-71))

d (0D'h
_< k) do, SCrl(q)1/131fli,z(q)l/ﬁzTfk(—1+1/;31Jrl/,.csz)w(Tk)
5 06\ 0r

< VB kAIBI=D) g k).

Jy <

Integrating along y we get (again by (3-71))

i(aD/hk) dry| < Cri(g)V/Pr= 1 =kIFUBIH1/B2) o) (25
7 87‘2 37‘1

1"
Jy <

ra(p)
/ RISy
r2(q)

< Cri)!/P B o () max (2 (g), ra(p) 7N
< CdVh—1=kAB=D g (K,

Integrating along y; we get (by (3-67))

0 (0D'h
—( k) dt
71 aSj 8!‘1

Combining the three inequalities above, we get, in the case k < k» ,,

Jl” < < Crl(q)l/ﬂl_l-[_k/ﬂlw(rk)d < Cdl/ﬂl_lT—k(l/ﬁl_l)w(rk)'

J3/ < Cdl/ﬁlfl.L.*k(l/ﬂrl)w(.ck)‘

Combining the estimates on J{, J; and J;, we finish the proof of (3-78) in the case r, < 2d.

kv ~r, > 2d > %+, From the triangle inequality we get

Case 2a: r, > 2d and ¢ < k. In this case T
dg(y(t),S) = d. In particular, the r; and r, coordinates of y(t) are both bigger than d. In this case

k <t <kp, and Lemmas 3.16-3.19 hold for the points in y. So r(y(¢)) <ri(p)+d =< 27K, We calculate
the gradient of d D’hy/dr; along y:
D' > | 8 (dD'h\|? 3 (dD'm\|* | 8 (ID'h\|?
S 9r B_rl( ory > + ,81r1391( ory ) * a_rz( ory )
9 [oaD'h\|*
" ,32r2392< ary )

3 (dD'h\|?
3Sj 81’1

R
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(1) When ky , +1 < k < ¢ we have by (3-83) that
sup

) (BD/hk>
— +
Boons 1972\ 91

Thus by Lemma 3.18, (3-67) and (3-85), along y we have

3D hy
88

0 <8D/hk

—k, ok }
230, \ o, )‘ <Ct "w(t"). (3-85)

Y < Co(t*)(@"Pr=2g=KA/BI=D 4 k)

Integrating along y we get

‘BD hi D’ hy, aD/hk

(p) — < Ca)(-ck)(dl//gl—lf—k(l/ﬂl—l)+d1——k)

(q)‘
< Cw(tk)dl/ﬁl_ll—_k(l/lgl—l)'

(2) When k <k ,, we have rp(y (1)) <r(p)+d =<t kpd< 9r and similar estimates hold for | (y (¢))

too. Then by Lemma 3.18, Lemma 3.19 and (3-67) along y the following estimate holds

dD'h
v 9Pk

% or (¥ (1)) < Co(th)(@"/Pr=2¢=FU/B=D 4 o=k

Integrating along y we get

‘BD i D' hy aD’hk

< Co(zh) (@ P17 KUB=D 4 gr=k)

(p) —

(q)‘
< Co(th)aV/Pr=1y=k1/h=D
This finishes the proof of the lemma in this case.
Case 2b: r, > 2d but £ > k, + 1. When k < k,, the estimate (3-78) follows in the same way as the case
above. Hence it suffices to consider the case when k, +1 < k < £. In this case the balls ék (p) = Bg(p, )
and it can be seen by triangle inequality that the geodesic y C %ék (p)\S. Since the metric balls B( D)

B2

are disjoint with S we can use the smooth coordinates w; = z’f "and wy = 75" as before, and everything

becomes smooth under these coordinates in ék (p).
The estimate (3-79) can be shown by the same argument, so we skip the details. O
Iteratively applying (3-78) for k < ¢, we get

BD/ug( ) aD/ug

L
J = +cdli/p-t Z‘L’_k(l/ﬂl_l)a)(‘ck)

(q)'

¢
<cd'/P (nuuco + r—“l/ﬁ'—“w(r")),
k=2
where the inequality

2 _
(p) — (@)| < Cd"PHul| co

ary ary

can be proved by the same argument as in proving (3-78).
Combining the estimates for Jy, J», J3, J4 we finish the proof of (1-4).

‘8D’u2 0D'u
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We remark that in solving (3-45) we assume r;(p) < ra(p), so we need also to deal with the following
case, whose proof is more or less parallel to that of Lemma 3.20, so we just point out the differences and
sketch the proof.

Lemma 3.21. Let d =dg(p, q) > 0. There exists a constant C(n, B) > 0 such that, for all k < ¢,

oD hy oD hy 1 _
' P (p) — i (q)| < CdVP1g=k1/B= ) (£, (3-86)
oD hy oD hy 1 _ _
1206, (p) — TS (q)| < Cca'/Pr=1e=KUB=D g (k). (3-87)

Proof. We consider the cases when k <k , and ky , +1 <k < L.

Case 1: k1 ,+1 <k <. The balls l§k (p) are disjoint with S;, so we can introduce the complex coordinate

wy = zgz on these balls as before. Let ¢; and 7, be the real and imaginary parts of w,, respectively. The

derivatives estimates imply that
”8w2D/hk”Loo(1§k(p)/2) = Cw(fk) and ”aizD/hk”Lw(ék(p)/z) = Cf_ka)(fk),
where 85)2 denotes the full second-order derivatives in the {t;, f,}-directions. Also

9 (9D 9 (D' o
i <Ct"w(").
ar; \ dws r1060; \ dw;

L>(Bi(p)/2) L>(Bi(p)/2)
Since
d wy 0 vy 0
. . (3-88)
0ry  Porp 0wy Pory 0wn
we have

|lwa|? dD' hy, Wy~ Wy 3D My

5 (aD/hk) 19Dy
oy 0w 2r3  dwy 2r3 0wy

U)2 2 ’
+ —0: D hy,
8w2 r w2 k

arp
and we have, on 1 Bi(p),

C
< ~w@)+Ccr*w(E"

9 (90D hy
8w2 arz

r

and
9 (0D'h 9 [oD'h
_( k) ( k) < Ct_kw(tk).
I\ 0r2 Jlregupy 111901\ 92 Sl 12)

Therefore,
OD'h |* 82Dy |* 9*  [* 192Dk |? 92D’y |? . 1
Vv = <C(t~ 2 C— k2‘
‘ % or, arvirs | F 7o | t|Bwaan| T2 asjory | = G ENHC GO

In this case we know that r;(p) = ke > 27k > ¢t > 8d, so along y

r(y @) =r(p)—d =ri(p)—d = j7*.
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Integrating along y we get

oD’ hk D’ hy,

aD/hk
(p) —

< Ct*w(®d < 7 */B=D gy (kg2

(q)‘

Case 2: k < kl,,,. This case is the same as in the proof of (3-78), replacing r; by r, and 8; by B,. We
omit the details.
We can prove (3-87) similarly. U

3D. Mixed normal directions. In this section, we deal with Holder continuity of the four mixed derivatives
0%u 0%u 0%u 0%u
Or10ry’ r10010r2’  rdri06,  r1r00,06,°

which by our previous notation correspond to N Nou. Since the proof for each of them is more or less

(3-89)

the same, we will only prove Holder continuity for 32u/dr;dr,. The following holds at p and g by the
same reasoning of Lemma 3.11:

tim Uy P i D0y P
k—>o00 Or10rs or10ry k—>o00 dr10ry aryorp
By the triangle inequality,
8%u 8%u
orar P Bran, (Q))S orir P Brrar (p)‘ ‘ (P) orior (q)‘
y | L (q)— (q)‘
ar10r;

= L1+ L+ L3+ Ly.
Lemma 3.22. We have the estimate ~
Li+Li<) o
k=t
Proof. We consider the cases when k >k, +1 and £ <k <k,,.

Case 1: k > k, + 1. In this case the balls ék (p) are disjoint from S and we can introduce the smooth
coordinates w; = zf "and wy, = zz . Under the coordinates {wl, w2, 23, . - -, Zn), the cone metric gg
becomes the standard Euclidean metric gc» and the metric balls Bk( p) become the standard Euclidean
balls with the same radius and center p. Since the gg-harmonic functions u; — uy4 satisfy (3-49), by
standard gradient estimates for Euclidean harmonic functions, we get

sup < Co(th),

Bi(p)/2.1

Dy, Dy, (g — uj—1)

where we use D,,, to denote either d/dw; or d/dw; for simplicity. From (3-88) and a similar formula

for 9/0r, we get
2

sup < Co(th). (3-90)

Bi(p)/2.1

or197s (g —ug—1)
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Case 2a: £ > ky , +1and £ <k, =k ,. For all £ <k, the balls Bi(p) are disjoint from S, and centered
at p;. We can still use wy = zzﬂz as the smooth coordinate. The cone metric gg becomes smooth in the
wy-variable, and we can apply the standard gradient estimate to the gg-harmonic function D, (uy —ui—1)

to get

_sup %Dwz(uk —up—1)|+ %Dwz(uk —up_1)| < Co(th).
Br(p)/2.21 M1 191
Again by (3-88), we get
2 32 .
) 5oy (g —ug—1)| + m(”k—uk—l) <Cow(t"). (3-91)
Bi(p)/221 971972 19V1972

Case 2b: £ <k, and k > ka , + 1. This case can be dealt with similarly as above.

Case 2¢: £ <k < k> p. In this case r2(p) = ther < o < ¢f &~ 8d. Now the balls ék(p) are centered at
P12 € §1 NS,. We can proceed as in the proof of Lemma 3.19, with the harmonic functions uy — ux_1
replacing the D’hy in that lemma to prove that, for any z € %Bk( PI\S,

2 2

r2060,07

(2) + (2)

<Cn, B)r (Z)l/ﬂl—lrz(z)l/ﬂz—l t_k(_2+]/ﬂ]+l/ﬂ2)w(tk).

(g — ug—1) (g — ug—1)

37'131”2

In particular, the estimate in each case holds at p, and from r{(p) < r(p) < ¥ we obtain
82 2

- k ~
12307071 (p) = Ca(r). (3-92)

(ur —ur—1)|(p) + (e — up—1)

al”1 arz
Combining each case above, by (3-90)—(3-92), we get, for all k > ¢,
9%u

8r13r2

(p) < Cn, Bor(z").

(e — up—1)

Therefore, by the triangle inequality,

oo 821,{ oo
Ly< Y. (e —up-)|(p) C(, B) Y w(th).
37131’2
k=0+1 k=t+1
The estimate for L4 can be dealt with similarly by studying the derivatives of vy at g. 0
Lemma 3.23. L3 < C(n, Bo(th).

Proof. As in the proof of Lemma 3.22, we consider the cases £ > ky ,+1,ky , >€>ky p and £ <k , — 1.

Case 1: £ > kjy , + 1. Here the ball ég(p) is equal to Bg(p, %), the function U defined in (3-55) is
gp-harmonic in %éz (p), and SUP 4, (p)/2 |U| < Co**w(t"). Since the ball %ég(p) is disjoint from S, we
have that w; and w, are well defined on %é@( p), and thus we have the derivatives estimates

3’U
dar10rp

<Cn, Po(th).

sup
Be(p)/3

< sup
Be(p)/3

Dy, Dy, U
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In particular, at g € %éz (p),

L2— 3214(3 ( ) 821)@
3= or10r; 9

U
@)| < Cn, Po(h).

82
‘arlarz

(q)‘ =

B or10r;

Case 2: ki, > £ > ky . Here the ball ég (p) is equal to Bg(p1, 27Y), the function U defined in (3-55) is
gp-harmonic and well defined in a ball

By = Bg(q, 157") C 55 Be(p),

andAsupée(p)/2 |U| < Co**w(t?). Since %l}g (p) is disjoint from S,, we have that w; is well defined on
ﬁBz (p), and thus we have the derivatives estimates

32U 9 '
sup <sup|—D,,U| <C(n, Bo(t").
B,/210r10r2| ™ B, /2| 01
In particular, at g € %Bq, we have
3%uy 3%vy 2U ¢
L;= — = < C(n, 7).
3= 199 (q) 91972 (q) 3riors (@) =Cn, Po(r)

Case 3: £ <ky , — 1. Here ra(p) ~ th2r <71 < 84, s0
ra(g) <r(p)+d <3t° and ri(g) <d+ri(p) <d+r(p) <3t

Therefore the ball Eg (g) is centered at either g1, g2 or g1 2 € S NSy, with radius 27¢. Tt follows that the
function U defined in (3-55) is well defined on the ball ﬁée (p).

By the same strategy as in the proof of Lemma 3.19, with the harmonic function D’ in that lemma
replaced by U on the metric ball 1%34 (p), we can prove that, for any z € %Be (PI\S,

(Z) < C(I’l, ﬂ)rll/ﬂl—1’,.21//32—1T—ﬁ(—2+1/.31+1/ﬁ2)w(1,€)‘

o

ar10rp

Applying this inequality at g, we get

3% (ue — vp) _ 1 e
Li=l= 5, @|=C0Bn (@) By () /B gL 2HUBBD 4y () < C(n. BYeo (Y.
In sum, in all cases L3 < C(n, B)w(t?). O

Lemma 3.24. There exists a constant C = C(n, 8) > 0 such that, forallk < { and z € %ék (PI\S,

d [ 9%hy 33 hy
aa (Z) + Yy
891 81’18}’2 r1891 872

e pi/P R B ) (K if k € [ky,p + 1, min(¢, k)],
- rll/ﬂl—lrzl/ﬂz—l.L.—k(—2+1//31+1/ﬂ2)a)(1.k) lfk < k2,p-

(3-93)
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Proof. The proof is parallel to that of Lemma 3.19. The function dh; /36, is gg-harmonic on By( p), and
by the Laplacian estimates (3-9), we have

( dhy
sup
B(p)/1.2

Al— |+ A2
The function A;(0hy/06;) is also glg—harmonic, so the Laplacian estimates (3-9) imply

261

‘ ohy

7, ) < C(n, Bo(h).

O "2 2k E)hk ok
AlAy— D -c ) ¢
ékflil/jl-‘*( e | ‘( "R, ) = Cr T OSCh i Bagy ) S €T T
We consider
32 ohy dhy 9 ohy
e A —A1Ay = — —Ay— = F5, R
|z2] 312822< 391) 1822 30, : 3s]2. 2 20, 5 (3-94)

where the function Fj satisfies SUPg. (p)/1.4 |Fs| < Ct~*w(t5).

Case 1: k> ,+1 <k <min(¢, k). Here we introduce the smooth coordinate w, = 22’32 in the ball ll—sf?k (p)
as before. Since this ball is disjoint from S;, under the coordinates (ry, 61; wo, z3, ..., Z,) We can use
the usual standard gradient estimate to the gg-harmonic function A;(dhy/d6;) to obtain

0 A ohy . 0 A ohy
ara "2 96, A
Case 2: k <k ,. Here the ball ék (p) is centered at p; ». We apply the usual estimate (2-3) to the function
A2(dhi/61), the solution to (3-94), on any C-ball A, := Be(y, (t5)!/#2) for any y € S, N 1% Bi(p),

where A denotes the Euclidean ball in the complex plane orthogonal to S; and passing through y. Then,
for any z € Be(y, (fk)]/ﬂ2/2)\{y}

sup < Ct_ka)(rk). (3-95)

Bi(p)/2

d ohy ael HL *(A) ky2—1 -

2 TR R 4 Y Fally oo T 1B < 7% B20y ().
812( 801>( )‘ s + CIFsllLoay) (T7) < w(Th)

This implies that, on 1 Bx(p)\S,

3 Ihy 3 hy
— (A=) + | —— (A==
ar \" 296, AN

Taking 9/0r, on both sides of Ag(dhy/0601) =0, we get

9 [ 9%h 9 [ ohy 92
2(1-81) _ - ]
|z1] 021021 <8r2801> 8r2< 391> ; ]2 (3-97)

It is not hard to see from (3-95), (3-96) and standard derivatives estimates that, on ﬁék( PI\S,

< Cry/P e kP (25, (3-96)

e in Case 1 when k> , + 1 < k <min(¢, k), we have |Fg| < Ct*w(th),

« in Case 2 when k <k, ,, we have | Fg| < Crzl/ﬂz_lt_k/ﬂzw(rk).
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Then by applying estimate (2-3) to the function 82hk/8r2891 on any C-ball A3 := Be¢(x, (t%)1/B1y for
any x € 12 Bi(p) NS, we get that, on Be(x, (6)!/P1/2)\(x},
8%hy

d [ 8%hy N 3 32hy
31‘1 31’2891 1’18(91 8}’28(91
1/81—1 H drp06, ||L°°(A3)
=Cn kB

1/81—1 _
+C7’1/ﬂ1 || Fll poo(ay TF /A

e ri P e R IH1B g () if k € [ky,p 4+ 1, min(¢, k)],
== rll/ﬂl—lrzl/ﬂ2—1T—k(—2+l//3|+1//32)w(.[k) ifk <k p-

Therefore this estimate holds on %ék( PI\S. O

Lemma 3.25. For any k < £ and any point 7 € %ék(p)\S,

9%y ol<c ri/ P R B g (£F) if k € [ky,p + 1, min(£, k)1,
<
oriar | = pi P TL kC2BL B gy (2K if k < Ky .
(3-98)
92D'hy ol <c. ry/ P kB g () if k € [ky,, + 1, min(¢, k)],
ar10r> - ’,.11//31*1,/‘21//32*1_L,fk(fl+1/.3]+l/ﬂ2)w(rk) lfk < k2,p-

Proof. This follows from almost the same argument as in the proof of Lemma 3.24, by studying the
harmonic functions 4, and D’hy instead of dhy/00;. Il

Lemma 3.26. Forany k <{ and any z € %ék(p)\s,
3 ( 9%hi
dry \dr10r;
LR STC R if k € [ka,p + 1, min(€, k)],
rg(z)l/ﬂ2_lt_k/’32 +r (Z)1//31—2,-2(Z)1//32—1T—k(—2+1//31+1//32) if k <k »-

(2)

< Cw<r’<)-{

Proof. By the Laplacian estimates (3-9) we have

Cosup [Arhl + [Ask| < C(n, Bo(eh). (3-99)
(Bi(p)/1.2\S
Applying again the Laplacian estimates (3-9) to the gg-harmonic function Ak, we have
sup  (IA1 AL+ [A2Athe] + (D) Arhg]) < CmT~* 0 (79,
Bu(p)/14

We consider the equation

82

22777 s e = A1 A — ) j@mhk = F;. (3-100)
2042 X ;
J J

From the estimates above, ”F7”L<><>(1§k(p)/1.8) < Ct g (th).
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Case 1: kp , +1 < k <min({, k). Here we directly apply the gradient estimate to A/ to get

B
— Avhg < Ct*w(t). (3-101)

2

sup
(Be(p)/1.5\S

+

3
A h
02 11k

rn

Case 2: k < k ,. Here the balls By( p) are centered at p; , and we can apply the usual C-ball type
estimate to get that, for any z € %ék (p\S,

1/B2—1 ||A1hk||L°O
tk/B2

< Cry()/P e by (o),

d _ _
‘;Alhk + Cra(2) VP Fy || oo e 1P
2

0
——A1h
(Z)+'r2892 1hk

<Cry(z)

Recall that

9 (82hk) 9 1 9%k 1 33

ar \orar,)  or ¢ randr, B2rY 6o,

from which we derive that, for any z € %l}k (pI\S,
d [ 3%hi
81”1 8}’1 8}’2

T Ky () /P12 —kA/Bi=D if k € [ka, p+1, min(¢, k)],
rz(z)]/ﬁz—l-[—k/ﬁz+rl (Z)l/ﬁ1—2r2(z)1/,32—1 r—k(=241/B1+1/B)  if k < kz,p-

)

wa(r"){

Lemma 3.27. There exists a constant C = C(n, B) > 0 such that, forallk <{ and 7 € %l}k (PI\S,

i )0+ (o)
30, \orom ) 50629

Vb=l —k(=1+1/B1) if k i
T if k elks,+ 1, min(¢, k,)],
< Co(ch) sl G 510
1/ﬂ| 1 1//32 1 7 —k(=2+1/B1+1/B2) if k <k p.
Proof. 1t follows from the Laplacian estimates (3-9) that
oh oh
sup < Ala—ek + ‘Aza—ek ) < C)w(th).
Bu(p)/1:2 2
Again by (3-9), we have
dhy dhy
sup (|AjAa =]+ + (DA — ) < Ct % w ().
A 20 00>
Bu(p)/1.4 2
We look at the equation
3> dh dh 3% (. oh
|21 2P —— (A k) =—AA - —2<A ") =: Fy
021021 06, 06, , 8sj 96>

and note that

sup | Fg| < Ct % w(th).
Bu(p)/14
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As we did before, by estimate (2-3) it follows that, for any z € lék (p)\S (remember here k <min(¢, kp)),

]y | 2, 28] < ot 20 D e ety s
ar, 96, rd6; 96, Th/Bi

< Cri(@)VP- e KPgy(h),

Taking d/dr; on both sides of the equation Ag(dh,/96,) =0, we get

92 9%h 0 oh 9 (9% oh
20-p) _ % L2 UL A i I v N DAL 3-103
122] 322322<3r1392> an( ‘aez) ;Brl <as§. 892) Y (3-103)

Here | Fo(z)| < Cri(z) /A=l =%/Biy(t%) for any z € %ék (p)\S. Therefore, by the usual C-ball argument,

e when k < kj p, forany z € %l}k(p)\S, we have

0 32hk 82hk 1
_ <C /B2—1 1/B1—1_k(2-1/B1—1/B2) k ,
ors (ar1392>( )' 7290 <3I’18(92>(Z) < Cr@ ™ i@ @)
e when ky , +1 <k <min({, k,), we have

d 32/’lk d ath 1
— <C /Br—=1_k(1-1/B1) ky ]
or2 <3r1392>(Z)‘ * 506, (31’1392)(Z) < Cr@ ™ e (™)
Lemma 3.28. Forany k < { and any z € %Ek (P\S,

d [ 9%hy @

dry \ dr10rp ¢

<Ca)(‘[k) r](z)l/ﬂl 1 —k/lsl—}—rl/ﬂl 1 1 —k( 1+1/81) lfke[kz,p—i-l,min(ﬁ,kp)],
F1 (VA1 gk B1 g VB 12}/ﬂz—2T—k<—z+1/ﬂ1+1/ﬁz> ifk <k,

(3-104)

Proof. We first observe that

3 [ 9%hy 9 1 3%hy 1 dhy
— :—Azhk——————
dry \ dr10r; ory rp 0ri0r; ,32]"2 892 81"1

It can be shown by the C-ball argument that, for any z € %ék (p\S,

d
—MAohi(2)| < Crl(z)l/ﬂl_lr_k/ﬁla)(rk).

8r1

From Lemma 3.25, we have, for any z € l]f}k(p)\cS'

1 8%y PP T R I BD gy (1K) if k € [ky,p + 1, min(€, k)],
Earu‘)i’z( D= 1//31 1 1/ﬁ2 2 k(= 2/ Bit1/B2) g (o) itk <k .
From Lemma 3.27, we have, for any z € —Bk (pI\S,
1 33y
3 or 1392

P VB k=11 /) if k € [ka,p + 1, min(¢, kp)],

(@) 1/81—1 1//32 -2 —k(=2+1/B1+1/B2) ifk <k p.

< Co(zh) - {
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Therefore, for any z € %ék( p)\S, we have

3 [ 3%hy
— (2)
31‘2 31‘18}’2
cuty. |7 VBV g kB p Pl k(11 By if k€ ko + 1, min(e, k)L
=Co(t’)- r (Z)l/ﬂ| Le=k/Br 4 rll/ﬁl 1rzl/ﬂz—ZT—k(—2+1/ﬁ1+1/ﬂz) ifk <kap.
It remains to estimate L,. For simplicity, we write hy := —uy + ugx_; as before, where we take k < €.

We will define B.x = max(8, B2).
Lemma 3.29. Let d = dg(p, q). There exists a constant C(n, B) > 0 such that, for all k < £,

9%hy 9%hy
(p) —

(q) <Ca)(1:k)t k(1/B1=1) g1/B1—1
or10r; oryor

Sca)(fk)f k(l/,ﬂmax—])dl/ﬂmaX 1

Proof. Case 1: First we assume that r,, < 2d, so that r, <3d and £+2 < k,. In particular, the balls B( 12
are centered at either p; € Sy or 0, depending on whether k > k , + 1 or k < k> ,. As in the proof of
Lemma 3.20, let y : [0, d] — Bg(0, 1)\ S be the gg-geodesic connecting p and g, let the two points g’
and p’ be defined as in (3-80), and let y;, y», y3 be the gg-geodesics defined in that lemma. By the
triangle inequality we calculate
3%hy

or10r
3% hy 32 hy

< - /
| 9r10r; P) 8r18r2(p)

()—

’ 32 th

9%hy, 8%hy,
o 82( )— ‘

2(qz) = Li+L5+Lj.

Integrating along y3, where the coordinates (ry; 12, 62; z3, . . . , 2,) are the same as p, we get (by (3-93))

d ( 3%hy )d@ r(p) /A=ty —k(=1+1/6D) if k € ko, ,+1, 2],
an 1
vy 001 \0r10r2

r (p)l/ﬁl—lrz(p)l/ﬁz—l.L.—k(—2+1/f31+1/,32) if k < ko ».
Integrating along y», where the coordinates (61; 2, 62; 23, . . . , 2,) are the same as p’ or ¢/, we get by the
estimate in Lemma 3.26 that

d [ 3%h
/ —( k )dl’]
v ory \0r10r;

v kd 4+ RB=D 1 (p) — 1y ()P ifk €lkyp+1,4],
< Co(t") - { ra(p)V/Br-17Kb2g
+ ra(p) VP g KB B 1y (p) — 1 () |VP! ik < ko

tkd 4 ¢ *U/h=Dgl/Bi- ifk €k, + 1, €],
ra(p) VB le=kIBag oy (p) VP =k C2H BB gUB=T if | <Ky .

L=

< au(r")-{

L=

< Co(th)-

To deal with the term L, we consider two cases fork: £ >k >k , +1and k <k; .
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Case la: k> , +1 <k < £. In this case the balls ék(p) are centered at p; € S;. Here t* <t ¢ <87 14~!
and 7F < Rt < %rz(p), sor(q) > —d+ry(p) > 7%, The balls ék(p) are disjoint from S;, and we
can use the smooth coordinate wy = zgz as before. The functions D,,, D'h; are gg-harmonic; hence by
the gradient estimate we have

”Dsz/hk”Loo B 1.1
sup  |Vgs(Dw,D'hy)| < C(n) (B(p)/1.1)

(Bi(p)/1.2\S

< Ct*w(h).

ok

From (3-88), we get )

sup D'hi| < C(n)t*w(th). (3-105)

(Bi(p)/1L2D\Si

orior

Recalling that r(p) =7, <2d < %rk , the triangle inequality implies r1(g) < 3d < %tk. The points in y;
have fixed (rq, 61)-coordinates (r1(g), 61(gq)), so integrating along y; we get (by (3-104) and (3-105))

, d 9%hy d 8%hy , 8%hy
L3 < o + +|D
w1 0r2 \0r1dry 1200, \ 0r 10712 0r10r
< Cdw (@) (r (@) PP 4 1(@) P min(ra(p), ra(q)) T THIPTD 7y
<Ct*w (") -d < Ct7KU/B=D g (kg /hi=1,

Case 1b: k < kp . In this case k> thp > r2(p) and 8 > 7¢ > 84. Thus r(q) <r(p)+d< %‘[k.
We choose points ¢ and g as in (3-84), and let y;, y and y be gg-geodesics defined as in the proof of
Lemma 3.20. Then we have

82hy @) 8%hy
or10r; 9 or10r;

%hy hy
+ ‘ or10r; @~ or10ry @)

hy . h
+ (@) —
31’13?‘2 31’131’2

(@)

/

(@)|=:L{+Lj+Lj.

We will estimate LY, L} and L term by term by integrating appropriate functions along the geodesics i,
y and y as follows: The points in y have fixed (r1, 01; r2; s)-coordinates (r1(q), 01(q); r2(q); s(q)), so
(by (3-102))

9 ( 9%h
/ —( k )d@z
v 892 31‘18}’2

Integrating along y, where the points have constant r;-coordinate r;(g), we get (by (3-104))

/ 9 ( 9%hy >
- drz
7 drp \drjor;

< Co@)(ri@)" PP ry(q) — ra(p)
+r (q)l/ﬂlflffk(*2+1//31+1/ﬂ2) |r2(q)1//32*1 _ rz(p)l/ﬁzfl |)

Lg — < Ca)(rk)rl (q)l/ﬂl—lrz(q)l/ﬂz—l k(241 Bi+1/ )

< Ca)(rk)rl (q)l/ﬁrlrfk(*lﬂ/ﬂl) < Cr—k(l/ﬁl—l)w(rk)dl/ﬁl—l‘

"__
L2—

< Co(@) (@) VP big 4 (q) /P11 ¢ ~KE2H B+ B2) g1/ BTy
< Co(t)ri(g)V/hr— g =kE1+1/BD
< o U/BI=D gy (thyg /BT,
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Integrating along y;, where the points have constant (ry, 61; r», 6>)-coordinates, we have (by (3-71))
L < f
4!

Combining both cases, we conclude that

3%h
D' 225 < Cri(@) /By (p) /Bl gk 1+ B+ B g
or10r

< Cdt*w(z*) < /P =KA/BI=D ) 5y,

L/3 < Ct_k(l/ﬁ'_l)a)(rk)dl/ﬂl_l.
Then by the estimates above for L’1 and L’z, we finally get, for all k < ¢,

3%hi 9%hi k(1 _ - - _
p)— (@)] < Ca)(‘L'k)‘L' kA/p1=1 41/B1—1 Cw(‘rk)t k(1/Bmax—1) 1/ Bmax—1
aryorp oriory - -

where in the last inequality we use the fact that = *d < % < 1 when k < £. Hence we finish the proof of
Lemma 3.29 in the case r, < 2d.

Now we deal with the remaining cases.

Case 2: Here we assume min(r,,r,) =r, > 2d and £ < k,. In this case hr & rp>2d > 63 50
£+ 3 > k,. It follows by the triangle inequality that dg(y (), S) > d, where y is the gg-geodesic joining
p to g as before. In particular, this implies that min(r((y (¢)), r2(y(¢))) > d.

Since ¢ < k,, Lemmas 3.24-3.28 hold for all k < € and r1(p) ~ T < 7%, s0

r(y(®) <d+ri(p) < gt < 37

We calculate the gradient of 9%hy, /dr10r, along the geodesic y as
d [ 3% \ | = 3 \ |* | 32he \ |?
31’1 81’131’2 /311‘1891 31’18}”2 31’2 81’181”2
3 32 \|?
+ +
Borp 36, (Brlarz) Xj:

r(y(t) > r(p)—d >t —d >

2
‘Vgﬂa a

2

3 [ 3%hy
st 8r18r2

Case 2a: k» , +1 <k < £. Here along y we have

oo|\1

Then by Lemmas 3.24-3.28, along y we have

(r ()| < Co(Th)(x7F 4 d/F1=20=+/B=D)y

2
‘gﬁa 8

Integrating this inequality along y we get
3%hy th 2

orior p

hi
g,g 31’137‘2

< Co(th)(dr ™ 4 a'/Pr=1e k7R

(q)‘

< Cdl/ﬂ‘_l‘L'_k(l/ﬂ'_l)a)(rk).



800 BIN GUO AND JIAN SONG

Case 2b: k < k; ,. Here along y we have

T~

[es]N=)

Ry @) <rn(p)+d<t‘+d<
Then by Lemmas 3.24-3.28, along y we have

3%y,
&# 87‘1 3}’2

< Co(th)(x 7% 4 @V/Pr=2¢—*1/Bi=D)y,

Integrating this inequality along y we again get

alhk() ath()<fV
orior p aryor D)= y 88

2
O It | _ e glpri=1=k(IB1=1) gy (k.
r

a

orp

Case 3: Here we assume min(r,, ry) =1, > 2d but £ > k, + 1. The case when k < k,, can be dealt with
by the same argument as in Case 2, so we omit it and only consider the case when k, +1 < k < £. Here
ra(p) = ri(p) > 8 > ¢ > 84, and hence

ry®) =" and @y @) = It

for any point y (¢) in the geodesic y. By the triangle inequality it follows that  C %ék (p) =Bg ( D, %rk).
As before, we can introduce smooth coordinates w; = 2’13 "and wy = zzﬁz, and gg becomes the standard
smooth Euclidean metric gc» under these coordinates. Moreover, /i, is the usual Euclidean harmonic

function A, Ay =0 on ék (p). By the standard derivatives estimates we have

cn

sup (1D3 | +|D' (D2 i) < Ct*w(zh).

. wi,wa wy,wa
Bi(p)/2

From the equation

hy  wiwy 0%hx  wiwy 9%hg | wiwy 0Pk wiby 9%hg

or10r; o rirp owjdws rirp dwidws rirp owidws rirp 0wi0ws
o 8y
or10r

C C
< sup(Ct_ka)(tk) + Zw(Tk) + Ew(t")) < Ct_ka)(rk).
Y

we see that, fori =1, 2,
3 [ 9%hy
8w,- 37’1 87‘2

From this we see that

< Ct*w(h).

C
< —a)(rk) —I—Ct_kw(rk) and sup
i Bi(p)/2

sup
Bi(p)/2

9%hy

\Y
8p 8r18r2

sup
¥
Integrating along y we get

82hk() azhk()</v 9%hy
p DI=) 1 %m0

_ < Cdt %o ("
orior aryorp )

< Ccdl/Pi—1 T_k(l/ﬂ'_l)a)(rk).

Combining the estimates in all three cases, we finish the proof of Lemma 3.29. O
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By Lemma 3.29,

Ly=| Ll P
2= 3?’13}’2 P 81” 8)’
82u2
< Cdl/ﬂm’tx 1 E —k(1/Bmax—1) k 3_106
—|0r10r (p) ario + ’ @ (). ( )

k=3

To finish the proof, it suffices to estimate the first term on the right-hand side of the above equation.
Recall that we assume u; is a gg-harmonic function defined on the ball 32 (p), which is centered at
P12 € §1 NS, and has radius 272. We also know u, satisfies the L>-estimate by the maximum principle:
there exists some C = C(n) > 0 such that

U2l oo (B pyy = CUlellLoe(Bg0,1)) + »(t?)). (3-107)

Recall that the proofs of the estimates in Lemmas 3.24-3.28 in the case when k < k , work for any
gp-harmonic functions defined on suitable balls, and we can repeat the arguments there replacing the
L*>-estimate of Ay, namely ||Ag|p~ < Ct%*w(15), by the L*°-estimate of u; given in (3-107) to get
similar estimates as in those lemmas. We will omit the details. Given these estimates, we can repeat the
proof of Lemma 3.29 to prove the estimates
0%us 9%us
orors P ariors

()| < CdY PVl oo gy 0,1)) + @ (T2).

This inequality, combined with (3-106), gives the final estimate of the L, term, that is

£
Ly < Cdl/ Bmax—1 ||M||L°°(Bﬂ(0,l)) + Cdl/ Bmx—1 Z T*k(l/ﬂmaxfl)w(fk)‘ (3-108)
k=2

By Lemmas 3.22 and 3.23 and the estimate (3-108) for L,, we are ready to prove the following estimate;
see (1-5).
Proposition 3.30. For given p, q € B,g( )\S there is a constant C = C(n, ) > 0 such that

1/ B —1 ‘o) Upmaet [ @)

92u (p) —
arors L ariom

Proof. From Lemmas 3.22 and 3.23 and the estimate (3—108) for L, we have

3%u 3%u
— < C dl/ﬁmax 1 00 +d /lsmax 1 T*k(l/lgmax 1)) Tk _|_ Tk
59 P " s @ ( lut]| By 0,1 Z (") Zw( )
k=2 k=¢
U B —1 @(r) Vot [ 2
< C<d ||M||L°°(Bﬂ(0,1))+/0 dr+d /[; Y7 dr),
where the last inequality follows from the fact that w(r) is monotonically increasing. g

Finally, we remark that the estimates for the other operators in (3-89) follow similarly; we omit the
proofs and state that the estimates are the same as the estimates for 32u/dr;dr» in Proposition 3.30.
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3E. Nonflat conical Kdihler metrics. In this section, we will consider the Schauder estimates for gen-
eral conical Kihler metrics on Bg(0,2) C C" with cone angle 27 8 along the simple normal crossing
hypersurface S. Let w be such a metric. By definition, there exists a constant C > 1 such that

C'wg <w<Cwpg in Bg(0,2)\S, (3-109)

where wg is the standard flat conical metric as before. Since w is closed and Bg(0, 2) is simply connected,
we can write @ = +/—19d¢ for some strictly plurisubharmonic function ¢. By elliptic regularity, ¢ is
Holder continuous under the Euclidean metric on Bg(0, 2).

We fix @ € (0, min{1/Bmax — 1, 1}).

Definition 3.31. We say w = g is a C Kihler metric on Bg(0, 2) if it satisfies (3-109) and the Kihler
potential ¢ of w belongs to C}g (Bg (0 2)).

We are interested in studying the Laplacian equation
Agu= f in Bg(0, 1), (3-110)

where f € Cg’a(Bﬂ (0,1)) and u € Cé‘“. We will prove the following scaling-invariant interior Schauder
estimates. The proof closely follows that of Theorem 6.6 in [18], so we mainly focus on the differences.

Proposition 3.32. There exists a constant C = C(n, f3, ||g||*0a) > 0 such that, if u € Cfg *(Bg(0, 1))
satisfies (3-110), then

10y 0.1, = CNtlcoimyon + 171G g 1) (3-111)

Proof. Given any points xo # yo € Bg(0, 1), assume d,, = min(d,,, dy,); recall d, = dg(x, dBg(0, 1)).
Let u € ( ) be a small number to be determined later. Write d = ud,,, and define B := Bg(x¢, d) and
1B = Byg (xo, 1d).

Case 1: dg(xo, yo) < 3d.

Case la: Bg(xp,d) NS = &. We introduce smooth complex coordinates {w; = z'lg‘, wy = zg 23y ey Zn)

on Bg(xo, d), under which gg becomes the Euclidean metric and the components of g become C* in
the usual sense. Equation (3-110) has C* leading coefficients, and we can apply Theorem 6.6 in [18] to
conclude that (the following inequality is understood in the new coordinates)

[y < Clullcosy + 1 F g0 s)- (3-112)

Recall that T denotes the second-order operators appearing in (2-2). Let D denote the ordinary first-order
operators in {w;, wy, 23, ..., Zn}. We calculate

dp (xo.
M(IDZM(X())I-HDZM(W)I)

4dg(x0, yo)
[u]cz,a(B)'i_T[ ]CZ(B)

dg(xo, y0)*
d2ta

| Tu(xo) — Tu(yo)| < |D*u(xo) — D*u(yo)|+

- 4dg(xo, y0)*
- d2+o

o
- 8dg(x0, yo)

< Jita lullcocpy (by the interpolation inequality).

[u]*cz,a(B) + C
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Then we get

gorel T (0) — Tu(yo)l

c ) C
0 dg(xo, yo)* e ”f”c‘“' M2+_“ lullcocsy- (3-113)

Case 1b: Bg(xg,d) NS # @. Let Xp € S be the nearest possible point xg to S. We consider the ball
B:= Bg (%o, 2d), which is contained in Bg(0, 1) by the triangle inequality. As in [14], we introduce a
(nonholomorphic) basis of Tffo((E” \S)

lej :=drj+~—1Bjr;d0;, dz;}j=12k=3,....n,

and the dual basis of 77 o(C"\S)

{ 0 1 9 0 }
yii=—— .
! ar; ﬁj’f 89 Tz ) o 2:k=3,....n
We can write the (1, 1)-form w in the basis {€; A €, €; AdZy, dzx N€j,dzj NdZy} as
W= 8e;a€j Nek + 8 i€ N2k + gre; dzk NEj+ g jp dzj NdZy, (3-114)

where

— _ - 0
e =V —1009 (v, Vi), ggj;;zv—188¢<yj,8—zk>,
82
gkéj \ 88¢( ’ yj)v gk]_ =

0707
We remark that all the second-order derivatives of ¢ appearing in (3-115) are linear combinations of
|z Rl (82/811 dzp))NjNi (j #k), N; D’ and (D’)2, which are studied in Theorem 1.2. The standard
metric wg becomes the identity matrix under the basis above for (1, 1)-forms. If w is C 0.0 , all the

(3-115)

coefficients in the expression for w in (3-114) are c% 8 “-continuous, and the cross terms 8ejé ( j #k)and
8eik tend to zero when approaching the corresponding singular sets S; or S;. Moreover, the limit of
8k dzj N dZy when approaching §; N - -- NS, defines a Kéhler metric on it. Rescaling or rotating the
coordinates if necessary we may assume at xo € S that 8ejé; x)=1, g ik (Xo) = &« and the cross terms
vanish at Xo. Let wg be the standard cone metric under these new coordinates near xo. We can rewrite
(3-110) as

Agu(z) = Agyu(z) +1(2) i00u(z) = f(z) forallz ¢S

for some hermitian matrix n(z) = (nfk)J k=1 771 = ng(z) — g% It is not hard to see the term n(z)- i00u
can be written as
2 ~ n ~
Y (9@ =8 uce +2Re Y g u p+ Y (M@ —8muz, (3-116)
Jok=1 1<j=2 jk=3
3<k<n

where g with the upper indices denotes the inverse matrix of g. We consider the equivalent form of
(3-110) on B:
Agu=f—n-~/=13du=: f, ueC'B)NC*(B\S).
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Observing that xo, yo € Bg ()20, %d), we can apply the scaled inequality (1-7) of Theorem 1.2 to conclude
that

| Tu(x0) — Tu(y0)| o
d2+0l C
dﬂ(XOv yo)"‘ (”u”CO(B) + ”f”COa )
thus o) (
|Tu(xp) —Tu y0)| C
dy, < e (lelogsy + 171G ) (3-117)

dg(xo, y0)*

Case 2: dg(xo, yo) > 1d.
|Tu(x0)| +Tu(yo)l

d2+a |Tu(xo) — Tu(yo)] < 4d2+a _[ ] (3-118)
R TET 1)) L de P GRS
Combining (3-113), (3-117) and (3-118) we get
24 [T (x0) = Tu(yo)| _ C (2)
dx() “ dﬁ(-xO, yo)“ M [ ]CZ(Bﬂ(O 1)) (”u”CO(B) + ”f”
C
2
e ||f||coa + oo G-119)
By definition it is easy to see that (writing Bg = Bg(0, 1))
(@) (2) 2+a ) (2)
IIfIICOQ(B) cu’ 11l o,y + €1t [f]coty(B y =K IIfIICM By’

We calculate
)] < ) 2) 2)
173 3y = NG g I T G, + 17 e 5

2+a 2 2
CO[g]COa(B )I’L (/“L [u]CZ(B )+lu‘ [u]CZDt(B ))+I’L ||f||C0,a(B )

CO[g]CO" M (C(“)”””CWBM+2“2+a[”]cza Dtu ||f||(c,9 “(Bp)’

8 k o *
F[u]cé(Bﬂ) =M [M]Cz’“(B,s) + C(M)”””C“(B,g)'

If we choose n > 0 small enough that u*(2Cy[g]* +1) < % then we get from (3-119) and the

CO a )
inequalities above that
g2+ [Tu(xo) — Tu(yo)|

10 dg(x0, y0)*

L, 1% ()]
< M+ CO0 Moy + 1A )

Taking the supremum over xo # yo € Bg(0, 1), we conclude from the inequality above that

&)
C(””||C0(Bﬂ)+||f||c()a "

[l/l] Za

(Bg) —
Proposition 3.32 then follows from interpolation inequalities. O

Remark 3.33. It follows easily from the proof of Proposition 3.32 that estimate (3-111) also holds for
metric balls Bg(p, R) C Bg(0, 1) whose center p may not lie in S.
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Remark 3.34. The Schauder estimate was first established by Donaldson [14] for a background cone
metric with singularity along a smooth divisor assuming u € Cé’“; this latter assumption was removed by
Brendle [1] in the case B € (0, %) and by Jeffres, Mazzeo and Rubinstein [23], requiring only a weak
solution. Jeffres, Mazzeo and Rubinstein [23] then extend the results to nonflat background metrics using
a perturbation argument. This is the first time a Schauder estimate for the linear conic equation in the
smooth divisor case appeared in the literature with a full proof.

An immediate corollary to Proposition 3.32 is the following interior Schauder estimate.

Corollary 3.35. Suppose u satisfies (3-110). For any compact subset K € Bg(0, 1), there exists a constant

C=C(n,B, K, ||g||c2.a(33(0’1))) > 0 such that

”u”C;'a(K) = C(””“C°(Bﬂ(0,l)) + ”f”Cg‘m(Bﬂ(O,l)))'

Next we will show that (3-110) admits a unique Cé’“—solution forany f € Cg’“(Bﬂ (0, 1)) and boundary
value ¢ € CO(E)B,g (0, 1)). We will follow the argument in Section 6.5 in [18]. In the following we write
Bg = Bg(0, 1) for simplicity.

(o)

Lemma 3.36. Let o € (0, 1) be a given number. Suppose u € Cﬂ (Bg) solves (3-110), [lul| < 00

C%(Bg)
and ||f||(czo;29 ) < 00. Then there existsa C = C(n, B, «, g, o) > 0 such that
(= (—0) 2-0)
Gy = Clea + 11T, )

Proof. Given the estimates in Proposition 3.32, the proof is identical to that of Lemma 6.20 in [18]. We
omit the details. |

Lemma 3.37. Let u € C;(Bﬂ) N CO(B_ﬂ) solve the equation Agu = f and u = 0 on dBg. For any
o € (0, 1), there exists a constant C = C(n, B, 0, g) > 0 such that

= sup 47 ()| = C sup d2~7 1) = CILFIGE).
XGB )CEB'Q

(o)
”M”CO(Bﬂ)
where d, = dg(x, 0 Bg) as before.
Proof. Consider the function w; = (1 — dé)“, where dg(x) = dg(x, 0). We calculate
Agwi =0 (1 —dg)° >(—(1 —dp) try gg — (1 — 0)|Vdg|3)
<o(1—dg)’ > (—C ' (1 —dg) —4C'dz(1 — 0)) < —coo (1 —dp)° >

Take a large constant A > 1 such that, for w = Awy,

Aqw < —(1—dg)" % < —% in Bg,
where

N = sup dZ°| f(x)] = sup (1 —dg(x))* | f(x)].
xEBﬁ xGBﬁ

Hence Ag(Nw=+u) <0, and from the definition of w we also have w|yp, = 0. By the maximum principle
we obtain [u(x)| < Nw < CN(1 —dg(x))° = CNd{, and hence the lemma is proved. O
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Proposition 3.38. Given any functlon fe C (B_,g) the Dirichlet problem Aqu = f in Bg and u =0 on
0 Bg admits a unique solution u € Cﬂ (Bg) ﬂ cY (Bﬂ)

Proof. The proof of this proposition is almost identical to that of Theorem 6.22 in [18]. For completeness,
we provide the detailed argument. Fix o € (0, 1) and define a family of operators A; = 1A, + (1 —1)Ag,.
It is straightforward to see that A; is associated to some cone metric which also satisfies (3-109). We

study the Dirichlet problem
A,ut=f in Bﬂ, u,EO on aBﬂ (*I)

Equation (x¢) admits a unique solution ug € C;"’ (Bg)yNcC O(Eg) by Proposition 3.7. By Theorem 5.2

in [18], in order to apply the continuity method to solve (1), it suffices to show A; ! defines a bounded
linear operator between some Banach spaces. More precisely, define

(=
= {u € C3" (B | Il 3, < 00).

o 0, (2—0)
Bai={f € Cp B 17157, <o)

By definition any u € B; is continuous on Eg and u =0 on d Bg. By Lemmas 3.36 and 3.37, we have

_ (—o) 2-0) _
lulls, = Nl < AN, = CllAwl,
for some constant C independent of ¢ € [0, 1]. Thus () admits a solution u € B;. Il

Corollary 3.39. For any given ¢ € C°(d Bg) and f € Cg’a(gﬂ), the Dirichlet problem
Agu=f inBg and u=¢ onodBg, (3-120)
admits a unique solution u € Cé’“ (Bg) N CO(I?,g).

Proof. We may extend ¢ continuously to Bg and assume ¢ € C O(Eﬂ). Take a sequence of functions
Ok € C;“(Eg) ncC O(Eg) which converges uniformly to ¢ on Eg The Dirichlet problem

Agup = f — Ay in Bg and v, =0 ondBg

admits a unique solution v € Cﬁ’“(Bﬂ) N Co(l?ﬁ). Thus the function uy := vy + ¢ € C§’°‘ satisfies
Agup = f in Bg and uy = ¢ on BB,g By the maximum principle, u; is uniformly bounded in C O(I?ﬂ)
Corollary 3.35 gives uniformly Cﬂ (K)-bounds on any compact subset K € Bg. Letting k — oo and
K — Bg, by a diagonal argument and up to a subsequence, u; — u € c* 8 *(Bg). On the other hand, from
Ag(uy —uy) =0, we see that {u;} is a Cauchy sequence in CO(B;;) thus u; converges uniformly to u
on I?ﬂ Hence u € CO(I?B), and u satisfies (3-120). Il

Corollary 3.40. Given f € Cg’“(Bﬂ), suppose u is a weak solution to the equation Agu = f in the sense
that

/ (Vu, Vo), = — fow, forallg e HOI(Bﬂ),
Bg Bg

then u € C5* (Bp).
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Proof. We first observe that the Sobolev inequality (3-43) also holds for the metric g, since g is equivalent
to gg. The metric space (Bg, g) also has maximal volume growth/decay, so we can apply the same proof
of De Giorgi-Nash-Moser theory [22] to conclude that u is continuous in Bg. The standard elliptic theory
implies that u € Cloc (Bg\S). For any r € (0, 1), by Corollary 3.39, the Dirichlet problem A,u = f
in Bg(0,7), u = u on dBg(0, r) admits a unique solution % € Cﬂ (Bg(0,r)) N CO(Bﬂ(O, r)). Then
Ag(u —it) =0in Bg(0,r) and u — 1 = 0 on dBg(0, r). By the maximum principle, we get u = u
in Bg(0, r), so we conclude u € C;"’ (Bg(0,r)). Since r € (0, 1) is arbitrary, we get u € Cé’a(Bﬁ). d

Corollary 3.41. Let X be a compact Kéhler manifold and D = j Dj be a divisor with simple normal
crossings. Let g be a conical Kihler metric with cone angle 2 B along D. Suppose u € H'(g) is a weak
solution to the equation Agu = f in the sense that

/(Vu Vo)w / f(pa) forall p € C1(X)
X
for some f € Cg’a (X). Thenu € Cé’a(X) NCO(X) and there exists a constant C = C (n, B, g, &) such that

”u”C;ﬂ(X) = C(||u||CO(X) + ”f”Cg'a(X))’

Proof. We choose finite covers of D, {B,} and {B/}, with B € B, and centers in D. By assumption
u is a weak solution to Agu = f in each B, so by Corollary 3.40 we conclude that u € C *(B,) for
each B,. On X\S, the metric g is smooth so standard elliptic theory implies that u € ClOC (X \S). Since
{B,} covers D, we have u € C;“(X).

We can apply Corollary 3.35 to obtain that, for some constant C > 0,

||M||C123-u(3[;) = C(||”||c0(Ba) =+ ||f||Cg(Bg))-

On X\ J,{B,} the metric g is smooth, so the usual Schauder estimates apply. We finish the proof of the
corollary using the definition of C;“”(X ); see Definition 2.9. O

Remark 3.42. Let (X, D, g) be as in Corollary 3.41. It is easy to see by the variational method that weak
solutions to Agu = f always exist for any f € L2(X, wy) satistying f x fwg =0.

4. Parabolic estimates

In this section, we will study the heat equation with background metric wg and prove the Schauder
estimates for solutions u € C%(Qg) N ‘52*1(@;) to the equation

u
ot

for a function f € € O(Q,g) with some better regularity.

= Aggu+ f (4-1)

4A. Conical heat equations. In this section, we will show that, for any ¢ € €°(p Qp), the Dirichlet
problem (4-2) admits a unique ¥ 2.1 (Qt;) Ne 0(Q_/g)—solution in Qg. We first observe that a maximum
principle argument yields the uniqueness of the solution.
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Suppose u € €>'(Q%) N%4°(Qp) solves the Dirichlet problem

dJu .
E:Agﬂu in Qg, 4-2)
u=q on dpQpg

for some given continuous function ¢ € ¥°(dp Qp). As in Lemma 3.1, it follows from the maximum
principle that
inf u <infu <supu < sup u. 4-3)
apQp Qg o) apQp
So the ¢! (Qﬁ) N %O(Q_p)—solution to (4-2) is unique, if it exists.
We prove the existence of solutions to (4-2). As before, we use an approximation argument. Let g. be
the smooth approximation metrics in Bg from (3-3). Let u, be the ©*!(Qg) N €°(Qp)-solution to

ou,
ot
4A1. Estimates of u.. We first recall the Li—Yau gradient estimates [26; 35] for positive solutions to the

= Ag ue 1in Qg and Ue=¢ onadpQg. 4-4)

heat equations.

Lemma 4.1. Let (M, g) be a complete manifold with Ric(g) > 0 and B(p, R) be the geodesic ball
with center p € M and radius R > 0. Let u be a positive solution to the heat equation d;u — Agu =0
on B(p, R). Then there exists C = C(n) > 0 such that, forallt > 0,

(|W|2 2u,) _C N 2n
sup -—— )<=+ —,
B(p,2R/3) u? u R? t

where u; = du/ot.

By considering the functions u, — infu, and sup u. — u., from Lemma 4.1, we see that there exists a
constant C = C(n) > 0 such that, for any R € (0, 1) and ¢ € (0, R?),

1 1
sup IVuelﬁ < C<—2 + —) (oscg ue)?, (4-5)
B, (0.2R/3) ‘ R= 1
Ue 1 1
sup  |Agucl=  sup =C| 53+ )oscrite, (4-6)
By, (0.2R/3) By (0.2R/3)| 97 R 1

where oscy U, := 0SCp__(0,R)x(0,R?) Ue is the oscillation of u. in the cylinder B, (0, R) x (0, R?). Replac-
ing u. by u —infu., we may assume u, > 0 and define f. =logu.. Then we have

af,
8—; = Ag fe + VS

Let ¢(x) = ¢(r(x)/R), where ¢ is a cut-off function equal to 1 on [0, %] and 0 on [%, oo) satisfying the
inequalities |¢”| < 10 and (¢’)? < 10¢. Let r(x) be the distance function under g, to the center 0.
Lemma 4.2. There exists a constant C = C(n) > 0 such that, for any small € > 0,
1 1
sup  |Ajue| < C(— + —2) oscrue forallt e (0, Rz),
By (0.3R/5) t R

where we write Ajuc = (|z;|*> + €)' =P (a2u€/aziaz;) fori=1,...,p.
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—_A

Proof. We only prove the case when i = 1. We define F :=tp(—Afe —2 f;) and we calculate
0
ot

g€>< Ay fe=2f) = = VaV P = IViVf P —2Re(Vfe, V(= A1 fe = 2f)) — Ryiji fo j fe
< —(—A1f)? —2Re(Vfe, V(=A fe — 2 o)

F achieves its maximum at a point (py, tp), where we may assume F(po, fp) > 0; otherwise we are
already done. In particular, py € B, (0 2

) by the definition of ¢ and 7y > 0. Then at (po, f9), we have
0
0< <— —A )F
ot

0 . F _( F
= — +t0(P<_ - Age) (A1 fe—=2f) — —Ag€¢ — 21 RC<V§0, V(_)>
to ot Q oy
F ) F — F Y
< E‘H‘Ofp —(=A1fo) _2W Re(Vfe, Vo) +C—(<P +¢)+2

R2 59, (4-7)

where we use the Laplacian comparison and the fact that VF = 0 at (pog, #p). The second term on the
right-hand side satisfies (we write F

Ay fe—2 f; for convenience of notation)

F _ ~ ~ .
fog (—(—Alfaz 2 S Re(Vfe, vm) < tog (—F2 —4F fo—4(fe -
0
~9 ~ 2 ~ 2 |§0/|2
Stop| —F" —4F fe + 2F|Vfe|" +

2R2<p2
<t F2+ ﬁl(ﬂz +C—+C F (by Lemma 4.1)
=109 2R22 " 1y R? Y '

’ +2_F|er||go |>

FZ
-——+C
g 2R%p

Inserting this into (4-7), we get, for some constant C = C(n) > 0, at (po, ty)

F F
+C=+C—.
1

) F
—F +CoF + + Cto >0,
from which we obtain F(py, tg) < Cto/R2 + C. By the choice of (py, tp), we can see that
. 1
sup  (=Ajfe—2f) =< C(—2
By (0.R/2) R

which implies that, on By, (0, %R) x (0, R?)

1 1
NT su€+c( R2) (4-8)

Applying (4-8) to the function sup u — ue, we obtain, on By, (O, gR) x (0, R?),

. 1 1 1 1
[Ajue| < el + C(; + ﬁ) OSCR Ue = C<; + ﬁ) OSCR U¢
by (4-6). Thus we finish the proof of the lemma

1
+ ;) for all ¢ € (0, R?),
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Lemma 4.3. There exists a constant C = C(n) > 0 such that
1
sup sup (|V;V; u€|+|VV ue|)<C( z)oscRue
i#j Bg (0,R/2) R
forallt € (0, R?). Recall, here |V,~V.,-u€|2 = V[V.,-MSV;Vquegé’ gﬁj (no summation over i, j is taken).

Proof. We only prove the estimate for |V V,u|. The other estimates are similar, so we omit their proofs.
By calculations similar to those used to derive (3-27), we have

(% - Agf) IViVafel <2Re(Vfe, VIViVafel) + Xk:(IW Vi felIVaVi fel +IVa Vi felIVIVE feD), (4-9)
and similar to (3-20),
(% - Age)(_Alfe — Ao fe) <2Re(Vfe, V(=Ay fe — Ao fe))
=D VIV fe P+ IV Vi fe P+ IVaVife P+ VoV fe D). (4-10)
k
Combining (4-10), (4-9) and the Cauchy—Schwarz inequality, we get

d
(E_Ag5>(|V1v2fe|+2(_A1fe_A2fe))

<RV e, VIVIVafel+2(=A1 fe= Do f)) = D (IViVi [ P+ IVIVEf P4V Vi fe P+ V2 Ve feP)
k

<2Re(Vfe, VIVIVa fe +2(= A1 fe— Ao f)) — 15 (IVi Vo fe +2(— Ay fe— Aa fo)*.

We define a cut-off function n similar to ¢ in the proof of Lemma 4.2 such that n = 1 on By, (O, %R)
and 7 vanishes outside By, (O, %R) We write

G = tn(IViVafel +2(=A1 fe — Ao fo) = 2fo).

Like we did for F in the proof of Lemma 4.2, we argue similarly that at the maximum point (py, #p) of G,
for which we assume G (py, t9) > 0,

0 G G? G G G Gn+n" 2
O0<l——A, |IGE———+C—+C C— C——
_(Eh ge> ) l‘on+ R2 + ()+ + n R2 2( )
1 ) G
<—\|-G to— 1),
Y] R?

so it follows that G(py, fo) < C (1 + 19/ R?). Therefore by the definition of G, on By, (0, %R) x (0, R?),

: 1 1
IViVafel +2(=A1fe = A fo) =2 fe < C(F + ;)»

and thus by Lemmas 4.1 and 4.2, we conclude that, on By, (0, 3R) x (0, R?),

. |Vu|? 1 1 1 1
|vlv2ue|§ue +2|A1Me|+2|A2M€|+ + Cu, 2+_ <C|—-+—= 3 OSCR U,
Ue R t R

as desired. O



SCHAUDER ESTIMATES FOR EQUATIONS WITH CONE METRICS, II 811

4A2. Existence of a solution u to (4-2). We will show the limit function of u, as € — 0 solves (4-2).

Proposition 4.4. Given any R € (0, 1) and any ¢ € €°(9p Qp(0, R)), there exists a unique function
uee>! (Qp(0, RN CO(Qﬂ (0, R)) solving (4-2). Moreover, there exists a constant C = C(n, ) >0
such that, for any t € (0, R%) we have (defining Bg ()= Bg(0,r)\S),

P 2
| ou 1 1
sup (Z|Zj|2_2'BJ — +|D/u|2) 5C(—+—2>(OSCR u)?, (4-11)
B,g(R/Z)# aZ] t R
1 1
sup (D _(IViVjulg, +|ViV; u|gﬁ)+ —|)=<c — ) oscr u, (4-12)
Bﬂ(R/Z)# '7&/ R
1 1\3/2
su Vs Aju| + 1|V D')°u| + —|)=<C|-+—= OSCR U, 4-13
Bﬂ(RE)Z)#<Z| gﬁ [+ Wy rul ‘ 9 D (f R2> . ( )

where by abusing notation we write 0SCg u := 0SCp (0, R)x (0, R?) U-

Proof. Let u, be the ¢>!1-solution to (4-4). The ¢°-norm of u. follows from the maximum principle
4-3).

To prove the higher-order estimates, for any fixed compact subset K € Bg(0, R) and § > 0, standard
parabolic Schauder theory yields uniform ¢ 4ta.(44a)/2_ogtimates of ue on (K \T5S) x (8, R?] for any
a€(0,1). Ase — 0, u. converges in ‘54+""(4+°‘)/2(K\T58 N (8, R?]) to some function u which is also
EAre@+a/2 iy (K\T5S) x (8, R?]. Letting § — 0 and K — Bg(0, R) and using a diagonal argument,

we can assume that a2
Gt @2 (Bg (0, R)* % (0,R?])
Ue u ase— 0.

Letting € — 0, estimate (4-11) follows from (4-5); (4-12) is a consequence of Lemma 4.3; and (4-13)
follows by applying the gradient estimate (4-5) to the A, _-harmonic functions A ju, (D’ Y2u, and du, /dt,
and then letting € — 0.

The gradient estimate (4-11) implies that, for any compact K € Bg(0, R),

_ C@. K, B)(oscgu)’ 21!
t

ou )
sup | — for all r € (0, R7).

K\s; 10251

From this, for any ¢ € (0, Rz), we see that u( -, ¢) can be continuously extended to S, and thus we have
u € CO%(Bg(0, R) x (0, R?)).
It only remains to show u = ¢ on 9pQg(0, R). Fix an arbitrary point (qo, fo) € dp(Qg(0, R)).

Case 1: to =0 and go € Bg(0, R). We define a barrier function ¢ (z, 1) = e =" (2.90°=M _ 1 where A > 0
is to be determined. If A > 4n, we calculate

ad
<_ - Ag€>¢l = _)\‘e—d(tn (Z,LIo)z_M _ (_Aged([z:n + |Vd([2:,1 |§€)e_dﬁ” (Z,(]())z—)nt

Jat
i 2
< (—)» + X:(IZ]‘I2 +e) P+ (n— p))e_dc”(z’q") M (.
j=1
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On the other hand, ¢ (qo, o) =0 and ¢;(z, ) <0 for any (z, t) # (qo, tp). For any & > 0, we can find a small
neighborhood VNap(Qg(0, R)) of (qo, tp) such that, on V, we have ¢(qo, to) +¢& > ¢(z, 1) > ¢(qo, to) — ¢,
since ¢ is continuous. On 9p(Qg(0, R))\V, the function ¢; is bounded above by a negative constant.
Therefore the function ¢, := ¢(qo, fo) — & + Ap1(z, 1) < ¢(z, 1) for any (z, 1) € Ip(Qg(0, R)) if A> 1.
Therefore, by the maximum principle, ¢, (z, ) <uc(z, t) forany (z, 1) € Qg (0, R). Letting € — 0, we have
¢, (z,1) <u(z,t). Letting (z, 1) — (qo, to) yields ¢(qo, to) —& < liminf(; ;) 40,1 U(2, 1). Setting & — 0,
we conclude that ¢(qo, o) < liminf(; ;) 4,.1) (2, ). Considering ¢f“ (z,t) = @(qo, to) + ¢ — Ap1(z, 1)
and using an argument similar to that above, we can get ¢(qo, o) = imsup, ,_, 4 1) #(z, ). Thus u
coincides with ¢ at (qo, ).

Case 2: 1o > 0 and gp € dBg(0, R) N (S1 N Sy). In this case z1(qo) = z2(g0) = 0. We define q(’) =—qp €
0Bg(0, R) to be the (Euclidean) opposite point to gg. For some small § > 0, define

$2(z,1) = den (2, qp)* —4R* = 8(t —10)”.
Then ¢>(qo, z0) = 0 and ¢ (z, 1) < O for any (z, 1) # (qo, o). We calculate 9;¢» — Ay ¢ < 0. By an
argument similar to Case 1, replacing ¢ by ¢, we get lim; 1) (49,1 #(2, 1) = ©(q0, o).
Case 3: 19 > 0 and gp € dBg(0, R)\(S1 NS2). As in Case 2 in the proof of Proposition 3.5, we define a
similar function G. Define ¢5(z, 1) = A(dg(z, 0)* — R?) + G(z) — 8(t — 1p)? for A > 1 and small § > 0.

Then we can calculate that 0,3 < A, ¢3, ¢3(qo, o) =0 and ¢3(z, ) < 0 for any other (z, t) # (qo, to).
Similar arguments to those in Case 1 proves that

lim  u(z,t) = ¢(qo, to).

(z,6)—(qo.10)

Combining the three cases above, we obtain that u coincides with ¢ on dpQg(0, R). Thus the Dirichlet
problem (4-2) admits a unique solution u € ¥°(Qg(0, R)) N€>1(Qg(0, R)¥). O
Corollary 4.5. Given_ any functions f € ‘5; o 2(Q_/;) and ¢ € €°(3p Qg), there exists a unique solution
Ve %Z’I(Q’;) N %O(Q/g) to the Dirichlet problem

av
ot
Proof. Let ve € €274 C2T9/2(Qg) N¥(Qp) be the unique solution to the equations

=Agv+ [ inQp and v=¢ ondpQg. (4-14)

%:Ageve—i—f in Qg and Ve=¢ ondpQg.

For any compact subset K € Bg(0, 1) and é € (0, 1), the standard Schauder estimates for parabolic
equations provide uniform ¢ 2te 240)/2_egtimates for v, on K \TsS x (8%, 1). Then v, — v for some
v e FHOCHIZ(K\T;S x (82, 1)). Taking § — 0 and K — Bg(0, 1) and using a diagonal argument, we
get that v, converges in Cgl(z):a,(zw)/z(Bﬂ \S x (0, 1)) to v and v satisfies the equation dv/dt = Ag v+ f
on Bg\S x (0, 1).

It only remains to show v € %O(Qﬂ) and v = ¢ on dpQg. The same proof as in Cases 1, 2 and 3
in Proposition 4.4 yields that v must coincide with ¢ on dpQg, since we can always choose A > 1

large enough that (for example in Case 1) d¢, /0t — Ay ¢ < infg, [ < dve/dt — Ag v.. To see
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the continuity of v in Qg, because of the Sobolev inequality (3-42) for metric spaces (Bg, g.) and by
the proof of the standard De Giorgi—Nash—Moser theory for parabolic equations, we conclude that,
for any p € S and 1y € (0, 1), there exists a small number Ry = Ro(p, tp) such that, on the cylinder
éRO = Bg(p, Ro) x (to — Rg, 1)), we have oscy ve < Ccr¥ for any r € (0, Ry) and some «’ € (0, 1).
Therefore oscg, v < Cr? and v is continuous at (p, ty), as desired.

The uniqueness of the solution to (4-14) follows from the maximum principle. (|

Remark 4.6. Corollary 4.5 is not needed in the proof of Theorem 1.7. So by Theorem 1.7, the solution u

to (4-14) is in 73722 (Qp) N % 0(Qp).

4B. Sketched proof of Theorem 1.7. With Proposition 4.4, we can prove the Schauder estimates for the
solution u € ¢ O(Q_ﬂ) Nne>! (Q’;) to (4-1) for a Dini-continuous function f by making use of almost the
same arguments as in the proof of Theorem 1.2. We will not provide the full details and only point out
the main differences. For any given points Q, = (p, 1,), Q, = (¢q,1,) € (B,g (0, %)\8) x (f, 1), to define
the approximating functions uy as in (3-44), we define u; in this case as the solution to the heat equation

ou

k .oon ~ ~ A
— =Bt + £(Qp) in Be(p) x (tp —F- 7 1)), we=u on dp(Be(p) x (tp = -7, 1, )),

where l}k (p) is defined in (3-48). We can now apply the estimates in Proposition 4.4 to the functions uy
or uy — uk—_1, instead of those in Lemmas 3.3 and 3.4 as we did in Sections 3B, 3C and 3D, to prove the
Schauder estimates for . Thus we finish the proof of Theorem 1.7. U

4C. Interior Schauder estimate for nonflat conical Kihler metrics. Let g =/ —1g ji(z, 1)dzj Ndzg be
a %; /2 conical Kihler metric on Qg with conical singularity along S; thatis, g(-, 1) is a Cg’o‘ conical

Kihler metric (from Section 3E) for any 7 € [0, 1], and the coefficients of g in the basis {€; A €, ...} are

Ja-Hélder continuous in € [0, 1]. Suppose u € ‘5; +o,(24a)/2

0
=Dt/ inQp (4-15)

(Qp) satisfies the equation

for some f € %“’“/Z(Q_ﬁ).
Proposition 4.7. There exists a constant C = C(n, B, «, g) such that

()] ).

*
IIMIIKK;MM)/z < C(llullgogy) + ||f||(g;.a/z(gﬂ)

(Qp) —

Proof. The proof is parallel to that of Proposition 3.32. Given any two points P, = (x, t), Py =(y, t,) € Qg,
we may assume dp, = min{dp,, dp } > 0, where dp, :=dp g(Px, dpQp) is the parabolic distance of Py to
the parabolic boundary dpQg. Let € (O, :1;) be a positive number to be determined later. Define d := udp,,
Q:=Bg(x,d) x (ty — d?, t,] the “parabolic ball” centered at P,, and %Q = Bg (x, %d) X (tx — %dz, tx].
Case 1: dp g(Py, Py) < %d. In this case we always have Py € %Q.

Case la: Bg(x,d) NS = @. As in the proof of Proposition 3.32, we can introduce smooth complex
coordinates {wy, w2, 23, ..., Z,} on Bg(x, d) under which gg becomes the standard Euclidean metric and
the components of g are 4*%/? in the usual sense on Q. The leading coefficients and constant term f
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in (4-15) are both “%/? in the usual sense, so we apply the standard parabolic Schauder estimates (see
Theorem 4.9 in [27]) to get that there exists some constant C = C(n, 8, «, g) independent of Q such that

2
(152000002 0y < CUltllgoigy + I 0 o)- (4-16)
Let D denote the ordinary first-order operators in the coordinates {w;, ws, 23, ..., 2,}. We calculate

(Py, Py)

|Tu(Py) — Tu(Py)| < |D*u(Py) — D*u(Py)| + MTX(W u(Py)| + |D*u(Py)))
4d73,ﬂ(P . Py)* 4d73’l3(P , P)

E dz_i_ca . [u]:;2+a,(2+a)/2(g) + *[u](gzl(g)

8d73,l3(P ,P )0{ dP,ﬂ(P ,P )0{
= #[u]gzw,(um/z(g) + C# lullgoo)

and 4 v
ou ou p.p(Px, Py
E(Px) - E(Py) =< #[u]:}zw,(ﬂw/z(g)-

Recall T denotes the operators in 7" and 9/dt; then by (4-16) it follows that

g2+ [Tu(Py) — Tu(Py )| C
Py o 2+a
dp,ﬂ(sz Py)

C
11 e g+ 27 ooy (4-17)

Case 1b: Bg(x,d)NS # @. Let X € S be the projection of x onto S and P, = (%, t,) be the corresponding
space-time point. Define Q:= Bg(x,2d) x (t, — 4d?, t]. As in Case 1b in the proof of Proposition 3.32,
we may choose suitable enough complex coordinates that g ¢, (P)=3 jk and, for j, k> p + 1, we have
gj,;(Px) = & and the cross terms in the expansion of g in (3-114) vanish at P,. Thus (4-15) can be
rewritten as

ou

ar
for some (1, 1)-form 7 as in the proof of Proposition 3.32. From the rescaled version of Theorem 1.7 we

=Agu+n-vV=10du+ f = Agu+ f, uee®(Qne>'(Q",

conclude that

|Tu(Py) — Tu(Py)|

d2 C u +
ar y,B(P)m Py)a (” ||%0(Q) ”f| (bpa oc/Z(Q))
+Ol| ( x) ( )|
d2 u < u + 4-18
B dF,,B(Px, Py)“ = 2 (” ”‘bﬂO(Q) ||f| aa/z(@)) ( )

Case 2: dp g(Py, P)) > %d. Here we calculate (recall Qg := Bg(0, 1) x (0, 1])
J2 [ Tu(Pe) = Tu(Py)| _ 42 |Tul(Px) + [ Tul(Py )

— . 4-19
P dp (P Py S n & [ T tan 19
Combining (4-17)—(4-19), we obtain
ria [ TU(P) = Tu(P)| _ 8 s
A s [uJ%g,l(Qﬂﬁ—Ha(uun%o(gﬁ||f||¢_a/2@)
2
2+Ot ”f” aa/Z(Q) +a ”””%’O(Q)
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Observe that, forany P € Qor P € 0, we have dp g(P,0pQg) > (1 —2u)dp,. Then it follows from
the definition that

?2) 2 2+a (2) 2
”f” oto(/Z(Q) = Cl"L ”f”(fo(Qﬂ) [f aa/Z(Q ) E Cl"L ”f” aa/Z(Q )
We calculate
(I e 7P 7 O e
P (o R (o) (e e (®)
24y, 1% )
C][g](gotoz/Z(Q )M (M [u]%z,l(gﬂ) +un [u]%ﬁzw,(zw)/z(g )) +M ||f|| oto(/Z(Q )
* 24ap,, 1% 2)
< Cl[g] ota/Z(Q )M (C(M)[M]%ﬁz,l(gﬂ) +2u [M]%,ﬂzw,(zw)/z(g )) +M £l ota/Z(Q )’

where in the last inequality we use the interpolation inequality, by which we also have

8 k k
E[u]%ﬁz,l(gﬂ) < Ma[u](g;w,(zw)/z(gﬂ) +C) lullgogp)-

If 1 is chosen small enough that u*(2C 1[g ez +1) < %, combining the above inequalities yields

(Qp )
d2+a|TM(P)—TM(P )l
P dP,,B(Px’ Py)a

1
j[ ]%)ﬂZ+ot (2+a)/2(Q )+ C(M)(”“”%’O(Qﬂ) + ”f”(é/a m/Z(Q ))

Taking the supremum over all P, # P, € Qg, we obtain

C(Ilull(gO(gﬂ)+||f|| % )-

[M]*z 2+a)/2
(é)ﬂw,( +a)/ Q)

(Qp) —
The proposition is proved by invoking the interpolation inequalities. O

Remark 4.8. It follows from the proof that the estimates in Proposition 4.7 also hold on Qg(p, R) :=
Bg(p, R) x (0, R?) C Qg, i.e., the cylinder whose spatial center p may not lie in S.

2+4a,(2+a)/2

It is easy to derive the following local Schauder estimate for ‘f -solutions to (4-15) from

Proposition 4.7.

Corollary 4.9. Let K € Bg(0, 1) be a compact subset and ¢ € (0, 1) be a given number. With the same
assumptions as in Proposition 4.7, there exists a constant C = C(n, B, a, g, K, g9) > 0 such that

]l g2acrarr2 (i ey, 1) < CUlullgogq) + ”f”(é);v“/z(gﬂ))'

With the interior Schauder estimates in Proposition 4.7, we can show the existence of %Ha (2t 2(Q )-

solutions to the Dirichlet problem

d
a—’t‘ =Agu+f inQ and u=g¢ ondpQp (4-20)
for any given f € ‘5; o 2(Q_ﬁ) and ¢ € €°(9p Qp). We first show the existence of solutions to (4-20) in
the case ¢ = 0.



816 BIN GUO AND JIAN SONG

Lemma 4.10. Let o € (0, 1) be given and u € &5 *"***/?(Qp) solve (4-20), with ||u| ‘E)Q | <ooand
||f||(2 o) < 00. Then there is a constant C = C(n, o, B, g,0) > 0 such that

5% (Qp)
(= (=0) (2—0)
||M|| 2+a (2+a)/2(Q ) — C(””I|9ﬂ0(g ) + ||f|| aa/Z(Q ))
Proof. The lemma follows from the definitions of the norms and the estimates in Proposition 4.7. 0

Lemma 4.11. Suppose u ‘Kﬂz’l(Qﬂ) ﬂ%O(Q_ﬂ) satisfies 0u /0t = A u+ f and u =0 on dpQp. For any
o € (0, 1), there exists a constant C = C(n, B, g, o) > 0 such that

= sup dplu(P)| = C sup d3If (POl =CIfIST
PeQ PreQp

where dp, = dp g(Py, 0pQg) is the parabolic distance of Py to the parabolic boundary dp Qg.

Proof. We write N := || f ||gi;;) < oo and P, = (x, t,). Define functions

wi(Py) =(1—dg(x)*)” and  wy(Py) =177,

where dg(x) = dg(x, 0) is the gg-distance between x and 0. Observe that dp, = min{1 — dg(x), t;/z} by
definition. By a straightforward calculation there is a constant ¢y > 0 such that

0 d
(5 - Ag)wl > co(1 —dg(x))” % and (5 —-A )wz > co(t)/3)7 2.

By the maximum principle we get
lu(Py)| < Ny ' (wi(Py) +wo(Py))  forall Py € Qp. (4-21)
We take the decomposition of Qg into different regions, Qg = 1 U 5, where
Q:={P. € Qg |1,/* > 1—dg(x)},
Q=P € Qp|t)/? <1—ds(x)}.

Inequality (4-21) implies that, on the parabolic boundaries 9p£2; and 9p€2>, we have |u(Py,)| <2Nc, ldj,’,Y.
On Q; we have (d9/0t — g)(ZNcal wi £ u) >0 and 2Nc(;1 wi £ u >0 on 0p4, so the maximum
pr1n01ple implies that 2Nc0 w)Etu>0in Qp,ie., [u(Py)| < 2Nco_1dp in ;. Similarly we also have
2Nc0 wy £u > 01in 25, and thus [u(Py)| <2N¢, ldj'gx in €2,. In conclusion, we get

lu(P)| <2cy ' Nd§  forall P, € Qp. O

Proposition 4.12. If ¢ = 0, equation (4-20) admits a unique solution u € ‘5”“ QMW(Q )n <50(9,3)
forany f € %a a/z(Q ).

Proof. Uniqueness follows from the maximum principle, so it suffices to show existence. We will use
the continuity method. Define a continuous family of linear operators as follows: for s € [0, 1], let
Ly :=15(0/0t — Ag) + (1 —5)(3/0f — Ag,). It can been seen that Ly = /97 — Az for some conical
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Kéhler metric gy which is uniformly equivalent to gg and has uniform %ﬂa @/2_estimate. So the interior
Schauder estimates holds also for L. Fix ¢ € (0, 1). Define

o 24a,(2+a)/2 (—o)
By:={u¢€ (gﬂ (Qp) | ||M||%}32+a,<2+a>/2(gﬂ) < 00},

L a,0/2 (2—0)
BZ — {f € (gﬂ (Qﬂ) | ”f”(gg,aﬂ(gﬁ) < OO}

Observe that any u € B) is continuous in Qg and vanishes on dpQg. L, defines a continuous family of
linear operators from B; to ;. By Lemmas 4.10 and 4.11 we have

lulls, < CClullzogg,, + I Lsulls,) < CllLsulls, foralls € [0, 1] and for all u € Bi.

By Corollary 4.5 and Remark 4.6, L is invertible, thus by Theorem 5.2 in [18], L; is also invertible. [

Corollary 4.13. For any ¢ € €°(3p Qp)and f € %;’Q/Z(Q_ﬁ), equation (4-20) admits a unique solution
ue %ﬂ2+a,(2+a)/2(gﬂ) Q%O(Q_ﬁ).

Proof. The proof is identical to that of Corollary 3.39 by an approximation argument. We may assume

@ € €°(Qp) and choose a sequence ¢y € %;+“’(2+“)/2(Q_3

equations

) which converges uniformly to ¢ on Qg. The

0
%:Agvk—kf—Ag(pk and =0 ondpQg

(KﬂZJra, 24a)/2

admit a unique -solution by Proposition 4.12. The interior Schauder estimates in Corollary 4.9

imply that u; := vx + @ converges in %;T(?C’(O‘H)/ ? to some function u in %;+a,(2+a)/ 2(Q,g) which

solves (4-20). The ¢°-convergence u; — u is uniform on Q_ﬂ by the maximum principle, so u = ¢
on dpQg, as desired. O

We recall the definition of weak solutions and refer to Section 7.1 in [17] for the notations.
Definition 4.14. We say a function u on Qg is a weak solution to the equation du /9t = Agu + f if:

(1) u € L*(0, 1; H'(Bg)) and du/dt € L*(0, 1; H~'(Bp)).
(2) Forany v € Hj(Bg) and 1 € (0, 1),

/ 8”(x”)v(x>w;=—f <w<x,t),w(x>>gw§+/ f 6, D).
Bg ot Bg Bg

On can use the classical Galerkin approximations to construct a weak solution to du/dt = Au + f
(see Section 7.1.2 in [17]). If f has better regularity, so does the weak solution u.

Lemma 4.15. If f € %;’Q/Z(Qﬂ), then any weak solution to

ou
E:Agu—i-f

belongs to %§+a’(a+2)/2(Q,3).
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Proof. The Sobolev inequality holds for the metric g, so by the proof of the standard De Giorgi—Nash—
Moser theory for parabolic equations we have that u is in fact continuous on Qg. Since the metric g is

smooth on Qﬁ, the weak solution u is also a weak solution in Q’; with the smooth background metric, so
24w, (2+a)/2
ocC

to consider points at S. We choose the worst such point O € S only, since the case when centers are in
other components of S is even simpler. We fix the point Py = (0, tp) € Qg with 7y > 0. Fix r € (0, J1o)-
By Corollary 4.13,

we have that u € ¢ (Q:;) in the usual sense by the classical Schauder estimates. Thus it suffices

v
5= Av+ f in Qp(Po,r) := Bg(0,7) x (to —°, to]

with boundary value v =u on dp Qg(Py, r) admits a unique solution v € ¢ 2o, (@+2)/28(Q4(Po.))  Then by
the maximum principle u = v in Qg(Py, r). Thus u € %EJ““’(HZ)/ Z(Qﬂ(P(), r)) too. Since the argument
also works at other space-time points in Sp, we see that u € ‘5;+“’(2+“)/ *(Qp), as desired. O

Corollary 4.16. Let (X, g, D) be as in Corollary 3.41, and let ugy € C%X) and fe %/;"*“/2()( x (0, 1])

be given functions. The weak solution u to the equation

]
a—btt:Agu+f in X x (0, 1], uli=0 = uo

CgﬂZJrot, 2+a)/2

always exists. Moreover, u € (X x (0, 1]), and there exists a constant C =C(n, g, B,a) >0

such that

“u”(gﬁ*‘I’(ZJr"‘)/Z(XX(1/2,1]) = C(””O”CO(X) + “f”%;"“/z(Xx(O,l]))'

Proof. The weak equation can be constructed using the Galerkin approximations [17]. The uniqueness
is an easy consequence of the maximum principle. The regularity of u follows from the local results in
Lemma 4.15. The estimate follows from the maximum principle, a covering argument as in Corollary 3.41,
and the local estimates in Corollary 4.9. U

The interior estimate in Corollary 4.16 is not good enough to show the existence of solutions to
nonlinear partial differential equations since the estimate becomes worse as ¢ approaches 0. We need
some global estimates in the whole time interval ¢ € [0, 1] if the initial value ug has better regularity.

4D. Schauder estimate near t = (0. In this subsection, we will prove a Schauder estimate in the whole
time interval for the solutions to the heat equation when the initial value is O or has better regularity. We
consider the model case with the background metric gg first, then we generalize the estimate to general
nonflat conical Kihler metrics.

4D1. The model case. In this subsection, we will assume the background metric is gg. Let u be the
solution to the equation

du _
=Agyu+ f 1nQpg, ul—o =0, (4-22)

ot
andu=¢ € %" on d0Bg x (0, 1], where f € %;’a/z(Q_,g). In the calculations below, we should have used

the smooth approximating solutions u., where d;u = A, u + f and u. = u on d9pQg. But by letting
€ — 0, the corresponding estimates also hold for u. So for simplicity, we will work directly on u.
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We fix 0 < p < R <1 and define Bg := Bg(0, R) and Qf := Bg x [0, R?] in this section. Let u be
the solution to (4-22). We first have the following Caccioppoli inequalities.

Lemma 4.17. There exists a constant C = C(n) > 0 such that

2 2 n
sup f u’w' // |Vu| ol dt < < f/ o' dt+(R—p) / fw dt) (4-23)
rel0.07] B g~ B (R — p)? Ox B Ox B

and

sup / Vul2,wf + f (IVVulgﬂ+|VVu|gﬂ)a)ﬂdt

1€[0, %]
EC(W // |V“|§ﬂwgdt+/ QR(f—fR)Zwﬁ dt>, (4-24)

where fr:=|0rl, fo fa) dt is the average of [ over the cylinder Qg.

Proof. We fix a cut-off function 5 such that suppn C Bg, n =1 on By, and |Vnlg, < 2/(R — p).
Multiplying both sides of (4-22) by n’u and integrating by parts, we get

d

— | nu’= / 20°uB gy +20°uf = —2n2|Vu|§ﬂ—4un<Vu,Vn>g,g+2772uf
dt BR BR BR

s/ VUl + 41V, + n? +PR = ) 2.
Bp

(R )2
Equation (4-23) follows by integrating this inequality over ¢ € [0, s%] for all s < p. To see (4-24), observe
that the Bochner formula yields

i|vu|2 < Ay, |Vul> = |VVu|?, —|VVul®, —2(Vu, Vf)
ot — T8&8 8B 88 ’ 88
Multiplying both sides of this inequality by 7> and integrating by parts, we get

d _
— | n?Vul? s/ —20(Vn, VIVul?) gy — *IVVul> = 0*|VVul> = 20*(Vu, V f)
dt Br Bg

sf |Vl V[V [Vul| = 0|V Vul® = *| VVu]?
” anlf — fRIVI Vil +20°1 f = frlAggul
s/B =3P (VY +VVu?) +100%[Vul?| V> +200°(f — fr)*.
R
Then (4-24) follows by integrating this inequality over ¢ € [0, s2] for any s < [0, p]. U
Combining (4-23) and (4-24) we conclude that

sup / |Vu|2+f/ |Agul®
t€[0,R2/4] Y Br2 ORr)2

2n42 2n+2+2a
< //Qu FCR [ g, + CRT ([l gan g )2 (429)

By a standard Moser iteration argument we get the following sub-mean-value inequality.
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Lemma 4.18. If in addition f =0, then there exists a constant C = C(n, B) > 0 such that

1/2
sup|u|_ ((R p)2n+2//;uwﬂ ) .
R

Proof. For any p > 1, multiplying both sides of the equation by nzuﬂ:, where u#, = max{u, 0}, and
integrating by parts, we get

d 772 p+1 /
all SERLIYY —pnu? |Vu+| —2nul (Vuy, Vn).
dt By P+ 1 Br + *

By the Cauchy—Schwarz inequality and integrating over ¢ € [0, R?], we conclude that

2, p+l (p+1/2 p+1
sup / n-uy // IV (nuy )P < // ul U whdt =: A.
s€[0,R?] J Bg (R — /0)2 Or s

By the Sobolev inequality we get
2

1 (n—1
2 p+1 1+1/n K 2 p+1 /n (p+1)/2\2n/(n—1) (b
(n°u < nul (nu 4 )
BR 0 BR BR

R2
SAIMC/ f VO VPP < cat i,
Br

p? 1/p
H(p,p) = (/ / ui) ,
o Ja,

1/(p+1)

H((p+1é&, p) < mH(P+1,R),

If we write

the inequality above implies

where £ = (n+1)/n > 1. Writing py+1=2&" and py = p+(R—p)27%, we then have H (piy1+1, prs1) <
H(pr + 1, pr). Iterating this inequality we get

C 172
H (00, p) =supu 5—(// uz) .
o, R=pT\JJg, "

Similarly we get the same inequality for u_ = max{—u, 0}. O

Corollary 4.19. Ifin addition f = 0, then there is a constant C = C(n, ) > 0 such that

f/ ua)ﬂdt<C m"f/ WPoly di (4-26)

Proof. When p € [%R , R], the inequality is trivial; when p € [O, §R), it follows from Lemma 4.18. [
Lemma 4.20. Ifin addition f =0, then there is a constant C = C(n, ) > 0 such that, for any p € (0, R),

2n+4
//Qua)ﬂdl<C // uwﬂ
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Proof. The inequality is trivial in the case p € [§R, R], so we assume p < 1 R. First we observe that Agu
also satisfies the equations d;(Agu) = Ag(Agu) and (Agu)|;—o = 0, so (4-26) holds with u? replaced

by (Agu)?, ie.,
" Jol 24+2n "
//Q (Aﬂu)Qa)ﬂdth(E) /fQ (Agw)’wly d.
P R

Since u|;—o = 0, we have u(x, t) = fot dsu(x, s)ds, and we calculate

Jl2= 1],

ul? 4/ 5 4 P\21+2 )

—| =p (Agu)” < Cp*( = // (Apu)

ot 0, <R> Or)2
0 2n+6// s

<Cl(— u“ o’ dt (by (4-25)). O
(R) or F

Lemma 4.21. Let u be a solution to (4-22). There exists a constant C = C(n, 8, a) > 0 such that

L[ == ([ aprefar+cir 2
pi2i | B = ponia42a o pU) @ ¢ r)
P

Proof. Let u = uy + uy, where

ouq

W:Aﬂul'f‘fR in Qg, uy=u ondpQg,

and

ouy .
W=Aﬁ“2+f_fR in Qg, up=0 ondpQg.

The function Agu satisfies the assumptions of Lemma 4.20. Thus

2 n ﬁ n+4 2. n
//QP(AM) Wy di < C(R) /fQR(Aﬂul) Wy di.

Multiplying both sides of the equation for u; by 1> = du,/dt and noting that i1 = 0 on dBg x (0, R?),
we get

oy - /B 2 Az +in(f — fr) = /B _2(Vity, Vuz) +i(f — fr)

0
5/ Vil b @) + 207~
Bg t

Integrating over ¢ € [0, R?], we obtain

/ <uz)25—2/ Viis 2
Or Br

,/ (Agua)? < 2/ (it2)? +2/ (f = fr)* < CRZHHZ“([f]%“*“/2<QR))2'
Or Or Or ’

+a / f = fo)
t=R? Or

therefore
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Then for p < R we have

/ (Aﬂu)zssz (Aﬁu1>2+2/ (Apuz)®
o o Qp

2n+4
SC(£> / (Agun)’wh di + CRT T2 f] )
R Or

The estimate is proved by an iteration lemma (see Lemma 3.4 in [22]). O

Lemma 4.22. Suppose u satisfies (4-22). There exists a constant C = C(n, 8, a) > 0 such that, for any
€ (0, 3R),
/ (Apu— (Apu),)whdt < CMpp™ ™+,
Qp
where
Mp = e gy + 52 1 2oy & (L ]z )?
R = "pat2a 1Mlg00r) T R2a 1 lg0(0p) ¢ o) -

Proof. From Lemma 4.21, we get

1
2 2420420 2 2
//Q,,(Aﬂu) <Cp (R2n+2+2a //QzR/s(Aﬂu) +([f](ﬁ;’a/2(Q2R/3)) )

1
< CIO2+211+20! (m f/QR 1,{2 + — RZO! ”f”CO(QR) +( f] aa/Z(Q )) ) (by (4-25))

< Cp2+2n+2aMR‘

On the other hand, by the Holder inequality,

1 > c
(Agu)? = —(/ (Agu)” dt) < —/ (Agu)? < CMgp™®
BY)p |Qp|§ﬂ 0, B B p2+2n 0, B
The lemma is proved by combining the two inequalities above. O
By Campanato’s lemma (see Theorem 3.1 in Chapter 3 of [22]), we get the following.

Corollary 4.23. There is a constant C = C(n, B, o) > 0 such that, for any x € Bg (O ) and R < 15

[Aﬂu] aa/Z(Bﬁ(x R/2)X R2/4])

1
< C(ﬁﬂuﬂ %9(Bp(x.R)x[0,R2]) T _”f”(/U(Bﬁ(x,R)x[O,RZ]) + [f]cg;,a/z(Bﬂ(x’R)X[O,Rz])>- (4-27)

Lemma 4.24. There exists a constant C = C(n, B, o) > 0 such that, for any x € Bg (0 ) and R < -

ou

[Tuliger gy c.ry2pxi0.87/) [E

]%;'“/Z(Bﬂ(x R/2)x[0,R2/4])

1
< C<R2+a llwll 0B (x, R)x10.R2)) + — ”f”%”o(Bﬂ(x,R)x[O,Rz]) + [f]%;va/z(gﬂ(xy,g)x[O,Rz])>- (4-28)
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Proof. 1t follows from (4-27) and the elliptic Schauder estimates in Theorem 1.2 by adjusting R slightly
that, for any ¢ € [0, 1 R?],

[Tu(-, t)]cgwgﬁ(x,ze/m)

1 1
< C(_R2+a lullzoBg(x, RYx10.R2) + ﬁ”f”%o(B,g(x,R)x[O,Rz]) + [f]%‘:'a/z(Bﬂ(x,R)X[O,Rz]))’

that is, in the spatial variables the estimate (4-28) holds. It only remains to show the Hélder continuity of
Tu in the time-variable. For this, we fix any two times 0 <7 <, < iRZ and denote r := %m . For
any xo € Bg(x, 1 R), Bg(xo.r) C Bg(x, 5R). By (4-27) and the equation for u, it is not hard to see that
the inequality (4-27) holds when Agu on the left-hand side is replaced by & = du/dt. In particular,

|t —t]/2

<Agr forallye B,g(x, %R),
where Ag is defined to be the constant on the right-hand side of (4-27). Integrating over ¢ € [t1, ;] we get

lu(y, ) —u(y, t1) —i(y, 1) (ta — t1)| < CAr(ta — 1) T%/2.

Thus, for any y € Bg(xo, ),

lu(y, ) —u(y, t1) —u(xo, t1)(t2 — t1)|
<lu(y,tr) —u(y, t1) —u(y, t1)(t2 — t1)| + [ (xo, t1) — u(y, t1)|(t2 — t1)
< CAR(ty — 1) 4 Apr®(ta — 1y).
Write
u(y) :=u(y, ) —u(y, t1) —u(xo, t1)(tr — 1),

which is a function on Bg(xo, r). We have that the function f i=Agu=Agu(-,t)—Agu(-, ) satisfies

the inequalities || £l cop, () < Ar(t2 —11)* and [ f] 0 Ag by (4-27). It follows from the

“(Bp(xour)) =

. ot 8
rescaled version of Proposition 3.32 that
. ldllcoBsro.ry = < 5
1Tl coBgxg.r/2)) =Cln, B, at) <r—2+ I £ llcoBpxo.ry) +ra[f]c0va(3ﬂ(xo,r))> <C(h—1)**Ag.

Therefore, for any xo € Bg (x, %R),

T ) =T 1
|Tu(xo, 1) u(xo 1)|§CAR.
|ty — 11]%/2

It is then easy to see by the triangle inequality that (adjusting R slightly if necessary)

[T”]%;'“/Z(Bﬂ(x,k/z)x[0,R2/4]) = CAg,
as desired. The estimate for u follows from the equation it = Agu + f. 0

Remark 4.25. By a simple parabolic rescaling of the metric and time, we see from (4-28) that, for any

1
O<r<R<qp

lullgocory . 1 fllgoc0p)
[Tulier g, = C((R “ e TRy T gperon ) (429
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4D2. The nonflat metric case. In this subsection, we will consider the case when the background metrics
are general nonflat “/2_conical Kihler metrics g = g(z, 1). Suppose u € ‘gﬁz FO@TO2 00y satisfies

the equation

d
a_”[‘ =Agu+f inQp  uleo=0, (4-30)

and u € €°(9p Qp).

Proposition 4.26. There exists a constant C = C(n, B, «, g) > 0 such that

”M||56/;+a,(2+a)/2(3ﬂ(0’1/2)><[0’1/4]) S C(”M ”‘(Q”O(Qﬂ) + ”f”%;;‘v"‘/z(gﬂ))'

Proof. Choosing suitable complex coordinates at the origin x = 0, we may assume the components of g
in the basis {€; A €, ...} satisty gee (-, 0) =4 and gj,;( -, 0) = §; at the origin. As in the proof of
Proposition 4.7, we can write (4-30) as

ou - A
§=A5u+n-«/—188u+f:: Agu—+ f,

where 7 is given in the proof of Proposition 3.32. By (4-29) we get

- <C lll40(G ) 1 A 2
[Tulyeer g,y = (R_r)2+a+(R_r)a 170 @p + 1 geer Gy )

where éR = Bg(0, R) x [0, R?]. Observe that

A 1 1
mﬂfﬂw(éw < mﬂf”w(ém + m”n”%(’(éR)”Tu“CO(éR)
~ o
[”]%;*“/Z(QR)R

< R—1) I fllgocGq) + W(S[Tu]%;uﬂ@m +C@)lullzog,)

and
Flggon gy = U lggon g+ 1leo@o Tl gpon g, + 1Tulgo g nlgeer g,
<Lflgpar gy + [77]<5;.a/2(§R)R“[TM]%;.a/z(éR)
+ [U]%;.a/z(ém(S[TM]%;.a/z@R) + C(©)llullzoG,))-

By choosing Ry = Ry(n, B, @, g) > 0 small enough and suitable ¢ > 0, forany 0 <r < R < Ry < 1—10, the

combination of the above inequalities yields

lullgo s 1
I (On) N ~
[TM](K;,Q/Z(@‘r) < E[TM]%&;,ozﬂ(éR) + C((R _ r)2+“ + (R — r)a ||f||<50(QR) + [f]%;,a/Z(QR) .

By Lemma 4.27 below (setting ¢ (r) = [T u] )), we conclude that

%5 (0,

[Tu]%”;’a/z(Bﬂ(O,Ro/2)X[O,R%/4]) 5 C(”””%’O(Qﬂ) + ||f||%);~”/2(gﬂ))'

This is the desired estimate when the center of the ball is the worst possible. For the other balls Bg(x, r)
with center x € Bg/(0, %), we can repeat the above procedures and use the smooth coordinates w; = Z?'i
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in case the ball is disjoint from S;. Finitely many such balls cover Bg (0, %), so we get

[Tulgaor gy 012 x0,17100) = CUtlligogp + 1S gner gp))-
The proposition is proved by combining this inequality, the equation for u, interpolation inequalities, and
the interior Schauder estimates in Corollary 4.9. O
Lemma 4.27 [22, Lemma 4.3]. Let ¢(t) > 0 be bounded in [0, T). Suppose, forany0 <t <s <T,
we have
+B

1
o0 =366+

for some a > 0and A, B > 0. Then it holds that, forany0 <t <s <T,

1) < A B
¢()_C(a)((s—t)“+ )

Corollary 4.28. Suppose u satisfies the equations

ou . 2,a
E:Agu—i—f in Qg ul,:ozuoeCﬁ’ (Bg (0, 1)).

Then
”u||(&§'Bz+a’(a+2)/2(3'9(0,1/2)><[0,1]) E C(”””‘Ko(gﬂ) + ||f||(6);’“/2(gﬁ) + ”uO”Cé“(BB(O’l)))
or some constant C =C(n, f,a, g) > 0.
8

Proof. We set il =u —ug and f = f — Aguyo. i satisfies the conditions in Proposition 4.26, so the corollary
follows from Proposition 4.26 applied to u and triangle inequalities. g

Corollary 4.29. In addition to the assumptions in Corollary 4.16, we also assume that ug € Cz’a(X ).

Then the weak solution to du /0t = Agu + f with ul,—o = ug exists and is in %/32+a’(2+a)/2(X, x[0, 1]).

Moreover, there isa C = C(n, B, o, g) > 0 such that
”M ||zg’qpr""(”o‘vz(XX[07 11 5 C(” f ||‘Io”;’a/2(x><[0,l]) + ||u0 ” Cé“(x))' (4_31)
Proof. Observe that by the maximum principle we have
lullzox <011 = I1f llzox xo.17) + ol cocx)-
Then (4-31) follows from Corollary 4.28 and a covering argument as in the proof of Corollary 3.41. [J
5. Conical Kihler—Ricci flow

Let X be a compact Kéhler manifold and D =) j Dj be a divisor with simple normal crossings. Let wo
be a fixed Cg’“,(X ) conical Kidhler metric with cone angle 2 8 along D and &; be a family of fég /2

conical metrics which are uniformly equivalent to wg, with @y = wy and ||c?)||(faqa/ P xx(0.1]) < Cy. We
consider the complex Monge—Ampere equation g ’

a_¢_10 (& ++/—133¢)" ey

ar 8 ol ’ (5-1)

(p|f:0 == 07
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where f € € @ /2(XxI0.1) i5 a given function. We will use an inverse function theorem argument
from [4] which was outlined in [21] to show the short-time existence of the flow (5-1).

Theorem 5.1. There exists a small T =T (n, B8, wo, f, @, &’) > 0 such that (5-1) admits a unique solution

Q€ <KﬂHO"(HD‘)/z(X x [0, T)) forany o < a'.

Proof. The uniqueness of the solution follows from the maximum principle. We will break the proof of
short-time existence into three steps.

Step 1. Letu € <ff,”o‘l’(”o‘/)/Z(X x [0, 1]) be the solution to

2—?=Agou+f in X x [0, 1],
uli—o =0.

Thanks to Corollary 4.29, such a u exists and satisfies the estimate (4-31). We fix ¢ > 0, so that, as long
as ||¢||C,2;‘“(X) <, we have that &, 4 = &, + V—1980¢ is equivalent to wy, i.e.,

Co_la)o <wpp < Cowy and ||65t,¢||<5;~a/2 < Co.
We claim that, for T} > 0 small enough, ||u ||<g;+°f~<2+a>/2( xx[0,7;]) < €. We first observe by (4-31) that

= <
N: ””||<g§+°‘"("’+2’/2(xx[0,1]) = C”f”%;,’a,/z(Xx[O,l])'

It suffices to show that [u]%ﬁzwﬁ(a#zvz( xx[0,7,7) 1s small, since the lower-order derivatives are small because
ul;—o = 0. We calculate, for any ¢1, t; € [0, T1],
|Tu(x,t) —Tu(x, )| |u(x, 1) —u(x, )] -
[t —1]%/? i —nl*/?2  ~
if NTI(“ —/2 %8. For any x, y € X and 1 € [0, T],

Nty — 0@ 2 < Le

|Tu(x,t) —Tu(y,t)|
dgo(x7 e

The claim then follows from the triangle inequality.

a' /2
< Nmin{ ——— 4, (x, y)“/_“} < g,
{dgo(x’ ) % 2

We define a function

(& + ~/—130u)"
a)n

ou
w(x,t):= E(x, t) —log
0

)(x, t)— f(x,t) forall (x,1) € X x[0, T1].

It is clear that w(x, 0) =0.
Step 2: We consider the small ball
B={peb; X x [0, D | 1§22 <&, ¢(-,0) =0}
in the space ‘6;+“’(2+a)/2(X x [0, T1]). Then u|;cjo.7,] € B by the discussion in Step 1.
Define the differential map ¥ : B — ‘5; o/ 2(X x [0, T1]) by

0 D ++/—103¢)"
W<¢>=8—‘f—log<(w hi = ?) )—f
0
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The map W is well defined and C!, where the differential DV at any ¢ € B is given by

ov A NiT ov
DWy(v) = e (8¢)"v;5 = o Ag, 4V

for any
veTpB={vee, X x[0,T1]) | v(-,0) =0},

where (§¢)ij denotes the inverse of the metric &, + ~/—19d¢. As a linear map,
DV : TyB — €5 (X x [0, Ty])

is injective by the maximum principle and surjective by Corollary 4.29. Thus D Wy is invertible at any ¢ € 5.
In particular, D, is invertible, and by the inverse function theorem, ¥ : B — ‘K; o/ 2(X x [0, T1]) defines
a local diffeomorphism from a small neighborhood of # € 5 to an open neighborhood of w = W (u) in
¢4 "*/*(X x [0, Ty]). This implies that, for any i € 75 */>

for some small § > 0, there exists a unique ¢ € B such that ¥ (¢) = w.

(X x [0, T1]) with |w — llg?x x[0,13)) <8

Step 3. For a small 7, < T} to be determined, we define a function

D) = {o, t €0, T»],
T lwx, =Ty, tell, Tl

Since u € %ﬂzw (22 e see that w € %; 20X % [0, Ty]) with M := lwllg <" xxjo.1i7) < 00. We

claim that if T, is small enough, then ||w — II)”{;"”/Z(XX[(),T]]) < 8. We write n = w — w. It is clear from
the fact that w( -, 0) =0 that ||n]l40 < %8 if 75 is small enough.

Spatial directions: If t < T, then
a' )2

Mmin{ —2—— d, (x, y)* ¢ <2MT® 972,
{dgo(x,y)“ go( ) }_ 2

(.0 =001 _ w0 —w(y. 0l _
dgo(xs ) dgo(x’ e B

If t € [T5, T1] then

In(x, 1) —n(y, Dl _ lw, 1) —w(y, 1) —wx, t =) +w(y, t —1r)|

dg,(x, y)* dgy (x, y)*
a' /2 ,
< 2M min] —2——_ dg, (x, »)* 0} <2M T, "2,
N {dgo(x,y)“ go( ») } N 2

Time direction: If t, t' < T, then

_ / _ / , ,
InGx, ) —n(x, )] _ Jwx, 1) —wx, )] < Mt — )@= < T,
|t_t/|a/2 |t_t/|O[/2

If ¢, ¢t € [T, T1] then

In(x, 1) —n(x,t)] _ w1 —w(x, )y—wkx,t —T)+wx, ' —T)|

(@' —a)/2
<
It — t/|a/2 |t — t/la/z — 2MT2 :
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Ift <T, <t <T then

In(x, 1) —n(x, 1) |wlx, 1) —wx, ) +wlx, 1’ — 1)
|t — t/|°‘/2 - |t — l/|a/2

<2MT 2,

(o' —a)/2
TZ

Therefore, if we choose T, > 0 small enough that 2M < %8, then we have

|77(x»t)_77(x,t/)| |77(x»t)_77(y,f)|
|t —1'|%/2 dgy(x, y)*

<18 forallxeX, ¢ €[0, Ti].

It then follows from the triangle inequality that

NG, 1) =y, ) <In(x,0)=nQ, O+ 0y, 1) —ny, )]
< 38y (x, Y)* + |t — 1|%7%) < J8dp g, ((x, 1), (v, ')

In conclusion, ||w — wllg;-aﬂ(XX[o,Tl]) < 8, so by Step 2 we conclude that there exists a ¢ € B such
that W (¢) = w. Since W0, 7,] = 0 by definition, ¢|;c[0.7,] satisfies (5-1) for ¢ € [0, T'], where T := T>.
This shows the short-time existence of the flow (5-1). O

Proof of Corollary 1.11. Recall that in (1-13) we wrote wj = Q/]_[j(|sj|%j)l—/31, where 2 is a smooth
volume form, s; and & ; are holomorphic sections and hermitian metrics, respectively, of the line bundle
associated to the component D ;. Choose a smooth reference form
X =~—1391logQ— ) (1 - B;)v/~13d logh;.
J

Define the reference metrics @; = wo+ ¢ x which are %; “'/2_conical and Kihler for small £ > 0. Let ¢ be
the %ﬁz e (2He)/2_golution to (1-11) with f =0. Then it is straightforward to check that @; = &, +~/— 193¢
satisfies the conical Kihler—Ricci flow equation (1-12) and @ € ‘5; /2(X % [0, T]) for some small T > 0.

The smoothness of w in X\ D x (0, T'] follows from the general smoothing properties of parabolic
equations; see [37]. Taking d/9¢ on both sides of (1-11) we get

aQ ) .
5 :sz§0+trwt X and (p|l‘=0:0'
By Corollary 4.29, ¢ € <KZJ”X’(ZJ”)‘)/Z(X x [0, T']) since tr,, x € %a’“/Z(X x [0, T]). Therefore the
y y B t B
normalized Ricci potential log(w} /) exists in ‘Kﬂz e @)/ 2(X x [0, T)). Il
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THE STABILITY OF SIMPLE PLANE-SYMMETRIC SHOCK FORMATION
FOR THREE-DIMENSIONAL COMPRESSIBLE EULER FLOW
WITH VORTICITY AND ENTROPY

JONATHAN LUK AND JARED SPECK

Consider a one-dimensional simple small-amplitude solution (0 k) v(lbkg)) to the isentropic compressible
Euler equations which has smooth initial data, coincides with a constant state outside a compact set, and
forms a shock in finite time. Viewing (Q(kg). v(lbkg)) as a plane-symmetric solution to the full compressible
Euler equations in three dimensions, we prove that the shock-formation mechanism for the solution
(0ke)» v(lbkg)) is stable against all sufficiently small and compactly supported perturbations. In particular,
these perturbations are allowed to break the symmetry and have nontrivial vorticity and variable entropy.

Our approach reveals the full structure of the set of blowup-points at the first singular time: within
the constant-time hypersurface of first blowup, the solution’s first-order Cartesian coordinate partial
derivatives blow up precisely on the zero level set of a function that measures the inverse foliation density
of a family of characteristic hypersurfaces. Moreover, relative to a set of geometric coordinates constructed
out of an acoustic eikonal function, the fluid solution and the inverse foliation density function remain
smooth up to the shock; the blowup of the solution’s Cartesian coordinate partial derivatives is caused by
a degeneracy between the geometric and Cartesian coordinates, signified by the vanishing of the inverse
foliation density (i.e., the intersection of the characteristics).
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1. Introduction

It is classically known — going back to the work of Riemann — that the compressible Euler equations
admit solutions for which singularities develop from smooth initial data. Indeed, such examples can
already be found in the plane symmetric isentropic case. In this case, the compressible Euler equations
reduce to a 2 x 2 hyperbolic system in 1+ 1-dimensions, which can be analyzed using Riemann invariants.
In particular, it is easy to show that simple plane-symmetric solutions — solutions with one vanishing
Riemann invariant — obey a Burgers-type equation, and that a shock can form in finite time. By a shock,
we mean that the solution remains bounded but its first-order partial derivative with respect to the standard
spatial coordinate blows up, and that the blowup is tied to the intersection of the characteristics.

In this article, we prove that a class of simple plane-symmetric isentropic small-amplitude shock-
forming solutions to the compressible Euler equations are stable under small perturbations which break the
symmetry and admit variable vorticity and entropy. In particular, the perturbed solutions develop a shock
singularity in finite time. This provides the details of the argument sketched in [37; 52] and completes the
program that we have initiated (partly joint also with Gustav Holzegel and Willie Wai-Yeung Wong) in
[36; 37; 50; 52].

We will consider the spatial domain' £ =R x T? =R x (R/Z)? and a time interval /. Our unknowns
are the density 0 : I x ¥ — R., the velocity v: I x ¥ — R>, and the entropy s : I x ¥ — R. Relative

2

to the standard Cartesian coordinates (z, x!, x2, x3) on I x R x T2, the compressible Euler equations can

be expressed as

(0; + v99,)0 = —p div v, (1-1)
(3 +v0,)v) = —éaf“aap, j=123, (1-2)
(0 +v0,)s =0, (1-3)

where (from now on) 8"/ denotes the Kronecker delta, divv = 9,v¢ is the Euclidean divergence of v,
repeated lowercase Latin indices are summed over i, j = 1, 2, 3, and the pressure p relates to o and s by
a prescribed smooth equation of state p = p(o, s). In other words, the right-hand side of (1-2) can be
expressed as
—éaf” dap = —ép;gaf“ 3.0 — ép;saf'“ das,
where p., denotes? the partial derivative of the equation of state with respect to the density at fixed s, and
analogously for p..
For the remainder of the paper:

(1) We fix a constant ¢ > 0 and a constant solution (p, vl s) = (0,0,0) to (1-1)—(1-3).
(2) We fix an equation of state p = p(p, s) such that® (3p/d0)(0,0) = 1.

It is only for technical convenience that we chose the spatial topology R x T2. Similar results also hold, for instance, on R°.

ZLater in the paper, we will take the partial derivative of various quantities with respect to the logarithmic density p. If fisa
function of the fluid unknowns, then f., will denote the partial derivative of f* with respect to p when the other fluid variables
are held fixed. Similarly, f.; denotes the partial derivative of f with respect to s when the other fluid variables are held fixed.

3This normalization can always be achieved by a change of variables as long as (dp/d0)(0, 0) > 0; see [36, footnote 19].
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For notational convenience, we define the logarithmic density p = log(o/0) and the speed of sound
c(p, s) =+/dp/do(o, s). We will from now on think of ¢ as a function of (p, s).

We will study perturbations of a shock-forming background solution (Q(pkg), vébkg), S(bkg)) arising from
smooth initial data such that the following hold:

(1) The background solution is plane-symmetric and isentropic, i.e., v(zbkg) = vfbkg) = S(bkg) = 0, and
(O(bkg)> v(lbkg)) are functions only of ¢ and xh,

(2) The background solution is simple, i.e., the Riemann invariant Rgb_k)g), satisfies

P(bkg)
(bkg) . 1
R(_) - U(bkg) - /0 C(p/, 0) dp/ - 0

(3) The background solution is initially compactly supported in an x-interval of length < 28, i.e., outside
g y pactly supp g

this interval, (0(bke), vébkg), Sbkg)) [r=0= (0,0, 0).

(4) Attime 0 (and hence throughout the evolution), the Riemann invariant Rgik)g) =v (1bk ot fop(bkg)c(p/ ,0)dp’

has small < & amplitude.

(bkg)

(+) up to the third order* are bounded above pointwise

(5) Attime O, the Cartesian spatial derivatives of R
by < §®k2) (where 5®%2) is not necessarily small).

(6) The quantity’ Sibkg) (where Sibkg) is not necessarily small) that controls the blowup-time satisfies®

2bkg) - 1 [l{l% 1} (ko) ]
5. = 2 sl ¢ op Pokey O+ @R | >0,
7 ko) _ (kabkg))—l‘

and the solution forms a shock at time (sing) =

The analysis for plane-symmetric solutions can be carried out easily using Riemann invariants. It is then
straightforward to check that there exists a large class of plane-symmetric solutions satisfying (1)—(6)
above.

We now provide a rough version of our main theorem; see Section 4B for a more precise statement.

Theorem 1.1 (main theorem, rough version). Consider a plane-symmetric, shock-forming background
solution (0 kg), vébkg), S(bke)) satisfying (1)—(6) above, where the parameter & from point (4) is small.
Consider a small perturbation of the initial data of this background solution satisfying the following
assumptions (see Section 4A for the precise assumptions):

“4In the one-dimensional case, one only needs information about the data’s first derivative to close a proof of blowup for a
simple plane wave. However, when studying perturbations in three dimensions, we need estimates on these derivatives up to third
order in order to close the proof. For example, the proof of the bound (8-23c) relies on having control of up to these third-order
derivatives (as is provided by (8-20b)—(8-20c)), and we use the bound (8-23c¢) in the proof of Lemma 14.2 as well as in the proof
of the energy estimates in the Appendix.

30ne can check that this rules out the Chaplygin gas, whose speed of sound (after normalization) is given by c(p, s) =exp(—p).
One can also check that for any other equation of state, it is possible to choose ¢ appropriately so that 6* &>o.

Here, [ - ]+ denotes the positive part.

"In the plane-symmetric, isentropic, simple case, R(Tg) satisfies the transport equation 8,72?3}()‘%) + (v(lbk ) +c(P(bkg)))
] 1R(bkg)— 0, and the blowup-time of 91 R &) can easily be computed explicitly by commuting this transport gquation with 91

(+) —
to obtain a Riccati-type ODE in 9; R¢ ke) along the integral curves of d; 4 (v (]bk o) +c(P(bkg)))01-

)
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e The perturbation is compactly supported in a region of x'-length < 26.

o The perturbation belongs to a high-order Sobolev space, where the required Sobolev regularity is

independent of the background solution and equation of state.

o The perturbation is small, where the smallness is captured by the small parameter 0 < € <K 1, and
the required smallness depends on the order of the Sobolev space, the equation of state, and the

parameters of the background solution.
Then the corresponding unique perturbed solution satisfies the following:

(1) The solution is initially smooth, but it becomes singular at a time T(sing), which is a small perturbation

of the background blowup-time (Sibkg))_l.

(2) Defining® R4y =v' + fop c(p’, s) dp’, we have the singular behavior

limsup sup [01R4)| = +o00. (1-4)

1> Ty (11X T

(3) Relative to a geometric coordinate system (t, u, x2, x3), where u is an eikonal function, the solution
remains smooth, all the way up to time Tsng). In particular, the partial derivatives of the solution with

respect to the geometric coordinates do not blow up.

(4) The blowup at time T(sing) is characterized by the vanishing of the inverse foliation density | (see
Definition 2.15) of a family of acoustically null hypersurfaces defined to be the level sets of u.

(5) In particular, the set of blowup-points at time Tsing) is characterized by

{(u,xz,x3) ERxT?: lim sup |81R(+)|(f,ﬁ,£2,i3)=oo}

(F.0.52.5%) > (T

Sing),u,xz,X3)

= {(u, x*, %) € Rx T? : W(Tising) u, X%, x°) = 0},

where |1 R |(T, it, X2, %) denotes the absolute value of the Cartesian partial derivative 3R (4, evalu-

ated at the point with geometric coordinates (f, ii, X2, ¥°).

(6) At the same time, as Tsing) is approached from below, the fluid variables o, vi, s all remain bounded,
as do the specific vorticity 2! = (curlv)' /(0/0) and the entropy gradient S = Vs.

The proof of Theorem 1.1 relies on two main ingredients: (i) Christodoulou’s geometric theory of shock
formation for irrotational and isentropic solutions, in which case the dynamics reduces to the study of
quasilinear wave equations and (ii) a (re-)formulation of the compressible Euler equations as a quasilinear
system of wave-transport equations, which was derived in [50], following the earlier works [36; 37] in the
barotropic’ case. This formulation exhibits remarkable null structures and regularity properties, which in
total allow us to perturbatively control the vorticity and entropy gradient all the way up to the singular

8n higher dimensions or in the presence of dynamic entropy, R () is not a Riemann invariant because its dynamics is not
determined purely by a transport equation. Nonetheless, for comparison purposes, we continue to use the symbol R4 to denote
this quantity.

9A barotropic fluid is such that the equation of state for the pressure is a function of the density alone, as opposed to being a
function of the pressure and entropy.
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time — even though generically, their first-order Cartesian partial derivatives blow up at the singularity.
See Section 1A for further discussion of the proof.
Some remarks are in order.

Remark 1.2. Note that even though the rough Theorem 1.1 is formulated in terms of plane-symmetric
background solutions, we do not actually “subtract off a background” in the proof. See Theorem 4.3 for
the precise formulation.

Remark 1.3 (results building up towards Theorem 1.1).

» Concerning stability of simple plane-symmetric shock-forming solutions to the compressible Euler
equations, the first result was our joint work with G. Holzegel and W. Wong [52], which proved the analog'®
of Theorem 1.1 in the case!! where the perturbation is irrotational and isentropic (i.e., 2 =0, S = 0).

 In[36], we proved the first stable shock formation result without symmetry assumptions for the compress-
ible Euler equations for open sets of initial data that can have nontrivial specific vorticity §2. Specifically,
in [36], we treated the two-dimensional barotropic compressible Euler equations (see footnote 9). One
of the key points in [36] was our reformulation of equations into a system of quasilinear wave-transport
equations which has favorable nonlinear null structures. This allowed us to use the full power of the
geometric vectorfield method on the wave part of the system while treating the vorticity perturbatively.

« In [37], we considered three-dimensional barotropic compressible Euler flow and derived a similar
reformulation of the equations that allowed for nonzero vorticity. In contrast to the two-dimensional case,
the transport equation satisfied by the specific vorticity §2 featured vorticity-stretching source terms (of
the schematic form £2 - 9v). In order to handle the vorticity-stretching source terms in the framework
of [36], we also showed in [37] that §2 satisfies a div-curl-transport system with source terms that are
favorable from the point of view of regularity and from the point of view of null structure. We refer to
Section 1A6 for further discussion of this point.

« To incorporate thermodynamic effects into compressible fluid flow, one must look beyond the family of
barotropic equations of state, e.g., consider equations of state in which the pressure depends on the density
and entropy.'? Fortunately, in [50], it was shown that a similar good reformulation of the compressible
Euler equations holds under an arbitrary equation of state (in which the pressure is a function of the
density and the entropy) in the presence of vorticity and variable entropy. In the present paper, we use
this reformulation to prove our main results; we recall it below as Theorem 5.1. The analysis in [50]
is substantially more complicated compared to the barotropic case, and the basic setup requires the

10We remark that while [52] only explicitly stated a theorem in two spatial dimensions, the analogous result in three (or
indeed higher) dimensions can be proved using similar arguments; see [52, Remarks 1.4,1.11].

U The main theorem in [52] is stated for general quasilinear wave equations. Particular applications to the relativistic
compressible Euler equations in the irrotational and isentropic regime can be found in [52, Appendix B]. It applies equally well
to the nonrelativistic case.

12Incorporating entropy into the analysis is expected to be especially important for studying weak solutions after the shock
(see Section 1B4 for further discussion), since formal calculations [16] suggest that the entropy (even if initially zero) should
jump across the shock hypersurface, which in turn should induce a jump in vorticity.
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observation of some new structures tied to elliptic estimates for £2 and S, such as good regularity and
null structures tied to the modified fluid variables from Definition 2.7.

This paper completes the program described above by giving the analytic details already sketched in
[37; 50]. Chief among the analytic novelties in the present paper are the elliptic estimates for £2 and S at
the top-order; see [37, Sections 1.3, 4.2.7], [50, Section 4.3] and Section 1A6. We also point out that
there are other related works, which we discuss in Section 1B.

Remark 1.4 (blowup and boundedness of quantities involving higher derivatives). For generic pertur-
bations, derivatives of fluid variables other than R (whose blowup was highlighted in (1-4)) can also
blow up. In particular, while the d, and 93 derivatives of the fluid variables are identically O for the
plane-symmetric background solutions, for the perturbed solution, d,v’, say, is generically unbounded at
the singularity. This is because the perturbation changes the geometry of the solution, and the regular
directions no longer align with the Cartesian directions.

On the other hand, there are indeed higher derivatives of the fluid variables that remain bounded up to
the singular time. These include the specific vorticity and the entropy gradient that we already mentioned
explicitly in Theorem 1.1. Moreover, any null-hypersurface-tangential geometric derivatives (see further
discussions in Section 1A) of the fluid variables are also bounded up to the singular time. This is not just
a curiosity, but rather is a fundamental aspect of the proof.

Remarkably, there are additionally quantities, denoted by C and D (these variables were identified
in [50], see (2-5a)—(2-5b)), which are special combinations of up-to-second-order Cartesian coordinate
derivatives of the fluid variables, which remain uniformly bounded up to the singularity (as do their
derivatives in directions tangent to a family of null hypersurfaces); C and D are precisely the modified fluid
variables mentioned in Remark 1.3. The existence of such regular higher-order quantities is not only an
interesting fact, but is also quite helpful in controlling the solution up to the first singularity; see Section 1A.

Finally, as a comparison with our two-dimensional work [36], note that in the two-dimensional case,
we proved that the specific vorticity remains Lipschitz (in Cartesian coordinates) up to the first singular
time. This is no longer the case in three dimensions. Indeed, in the language of this paper, the improved
regularity for the specific vorticity in [36] stems from the fact that in two dimensions, the Cartesian
coordinate derivatives of the specific vorticity §2 coincide with C.

Remark 1.5 (additional information on subclasses of solutions). Within the solution regime we study, we
are able to derive additional information about the solution by making further assumptions on the data.
For instance, there are open subsets of data such that the vorticity/entropy gradient are nonvanishing at
the first singularity, and also open subsets of data such that the fluid variables remain Holder'* C'/3 up to
the singularity. See Section 4B for details.

Remark 1.6 (the maximal smooth development). The approach we take here allows us to analyze the
solution up to the first singular time, and our main results yield a complete description of the set of
blowup-points at that time (see, for example, conclusions (4)—(5) of Theorem 1.1). However, since

13The Holder estimates hold only for an open subset of data satisfying certain nondegeneracy assumptions. They were not
announced in [37; 50]. We were instead inspired by [9; 11] to include such estimates.
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the compressible Euler equations are a hyperbolic system, it is desirable to go beyond our results by
deriving a full description of the maximal smooth development of the initial data, in analogy with [15].
Understanding the maximal smooth development is particularly important for the shock development
problem; see Section 1B4 below.

Our methods, at least on their own, are not enough to construct the maximal smooth development.'*
This is in part because our approach here relies on spatially global elliptic estimates on constant-¢
hypersurfaces; the point is that a full description of the smooth maximal development would require
spatially localized estimates. On the other hand, the recent preprint [1] discovered an integral identity
that allows the elliptic estimates to be localized, and thus gives hope that Theorem 1.1 can be extended to
derive the structure of the full maximal smooth development.

Remark 1.7 (no universal blowup-profile). One of the main advantages of our geometric framework is
that it works for many kinds of singular solutions, not just those exhibiting a specific blowup-profile. In
particular, the solutions featured in Theorem 1.1 do not exhibit a universal blowup-profile. Although we do
not rigorously study the full class of blowup-profiles exhibited by the solutions from Theorem 1.1, the full
class is likely quite complicated to describe. This can already be seen in model case of Burgers’ equation,
where there are a continuum of possible blowup-profiles and corresponding blowup-rates [27] (recall that
we work in the near plane-symmetric regime and our work includes, as special cases, plane-symmetric
solutions, which are analogs of Burgers’ equation solutions). A related issue is that at the time of first
singularity formation, the set of blowup-points can be complicated and/or of infinite cardinality (as one
can already see in the special case of plane-symmetric solutions, viewed as solutions in three dimensions
with symmetry).

Remark 1.8 (the relativistic case). While our present work treats only the nonrelativistic case, it is likely
that the relativistic case can also be treated in the same way. This is because the relativistic compressible
Euler equations also admit a similar reformulation as we consider here, and likewise the variables in the
reformulation also exhibit a very similar null structure [25].

In the remainder of the Introduction, we will first discuss the proof in Section 1A and then discuss some
related works in Section 1B. We will end the introduction with an outline of the remainder of the paper.

1A. Ideas of the proof.

1A1. The Christodoulou theory. The starting point of our proof is the work of Christodoulou [15] on
shock formation for quasilinear wave equations.'> Consider the following model quasilinear covariant
wave equation for the scalar function W: Ugg)W = 0, where the Cartesian component functions g,g are
given (nonlinear in general) functions of W, i.e., g4 = gop (V). Our study of compressible Euler flow in

14Notice that in our earlier result [36] for the isentropic Euler equations in two spatial dimensions, we also only solved the
equations up to the first singular time. However, there is an important difference. In the two-dimensional case, there does not
seem to be a philosophical obstruction in extending [36] to provide a complete description of the maximal smooth development.
In contrast, in the three-dimensional case it seems that ideas in [1] would be needed in a fundamental way.

15St1rictly speaking, [15] is only concerned with the irrotational isentropic relativistic Euler equations. However, its methods
apply to much more general quasilinear wave equations; see further discussions in [30; 48].
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this paper essentially amounts to studying a system of similar equations with source terms and showing
that the source terms do not radically distort the dynamics. This is possible only because the source terms
have remarkable null structure, described below.

A key insight for studying the formation of shocks, going back to [15], is that it is advantageous to
study the shock formation via a system of geometric coordinates. The point is that when appropriately
constructed, such coordinates regularize the problem, which allows one to treat the problem of shock
formation as if it were a standard local existence problem. More precisely, one constructs geometric
coordinates, adapted to the flow, such that the solution remains regular relative to them.!® However,
the geometric coordinates degenerate relative to the Cartesian ones, and the blowup of the solution’s
first-order Cartesian coordinate partial derivatives can be derived as a consequence of this degeneracy.

To carry out this strategy, one must use the Lorentzian geometry associated to the acoustical metric g
(see Definition 2.9). The following geometric objects are of central importance in implementing this
program:

« A foliation by constant-u characteristic hypersurfaces F, (where g~ (du, du) = 0; see (2-13)). The
function u is known as an “acoustic eikonal function”.

« The inverse foliation density (= —1/¢~'(dt, du)), where u~! measures the density of F, with respect
to the constant-# hypersurfaces.

o A frame of vectorfields {L, X, Y, Z}, where {L, Y, Z} are tangent to F,, (with L being its null generator)
and X is transversal to F,; see Figure 1, where we have suppressed the Z-direction.

e {L,X,Y,Z}is a frame that is “comparable” to the Cartesian frame {d;, 91, d2, 93}, by which we mean
the coefficients relating the frames to each other are size O(1).

o However, in the analysis, uniform boundedness estimates are generally available for the derivatives of
quantities with respect to only the rescaled frame elements {L, X =uX,Y, Z}.

The analysis simultaneously yields control of the derivatives of W with respect to the rescaled frame
and gives also quantitative estimates on the geometry. In this geometric picture, the blowup is completely
captured by p — 0. The connection between the vanishing of p and the blowup of some Cartesian
coordinate partial derivative of W can be understood as follows: one proves an estimate of the form
|X V| ~ 1 (which is consistent with the uniform boundedness estimates mentioned above). In view of the
relation X = X, this estimate implies that | X \W| blows up like 1/p as p — 0.

We now give a more detailed description of the behavior of the solution, with a focus on how it behaves
at different derivative levels.

» As our discussion above suggested, at the lower derivative levels, derivatives of quantities with respect
to the rescaled frame are regular, e.g., L'V, X v, YV, ZV, ..., L3X Y, etc. are uniformly bounded.

161t should be emphasized that it is only at the low derivative levels that the solution is regular. The high-order geometric
energies can still blow up, even though the low-order energies remain bounded. The possible growth of the high-order energies is
one of the central technical difficulties in the problem, and we will discuss it below in more detail.
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o As we highlighted above, the formation of the shock corresponds to L — 0 in finite time, and moreover,
the nonrescaled first-order derivative XV blows up in finite time, exactly at points where | vanishes.

o The main difficulty in the proof is that the only known approach to the solution’s regularity theory
with respect to the rescaled frame derivatives that is able to avoid a loss of derivatives allows for the
following possible scenario: the energy estimates are such that the high-order geometric energies might
blow up when the shock forms. This leads to severe difficulties in the proof, especially considering that
one needs to show that the low-order derivatives of the solution remain bounded in order to derive the
singular high-order energy estimates.'’

In [15], Christodoulou showed that the maximum possible blowup-rate of the high-order energies is of
the form u:zp (t), where P is a universal positive constant and w,(#) = min{1, miny, u}. To reconcile
this possible high-order energy blowup with the regular behavior at the lower derivative levels, one is

118

forced to derive a hierarchy of energy estimates of the form, where M, is a universal'® positive integer:

Eng, (1) S 124 180), Engyo1 () SER3@1), En,—2() SEW 31, L, (1-5)

* *

where Ex denotes the energy after N commutations and all energies are by assumption initially of small
size &2. In other words, the energy estimates become less singular by two powers of i, for each descent
below the top derivative level. Importantly, despite the possible blowup at higher orders, all the sufficiently
low-order energies are bounded, which, by Sobolev embedding, is what allows one to show the uniform
pointwise boundedness of the solution’s lower-order derivatives:!'°
Neop— M

Y EN() S (1-6)

N=1
1A2. The nearly simple plane-symmetric regime. Christodoulou’s work [15] concerned compactly sup-
ported?” initial data in R>, a regime in which dispersive effects dominate for a long time before the
singularity formation processes eventually take over. In a joint work with Holzegel and Wong [52], we
adapted the Christodoulou theory to the almost simple plane symmetric regime. The important point
is that the commutators {L, Y, Z}, in addition to being regular derivatives near the singularity, also
simultaneously capture the fact that the solution is “almost simple plane symmetric.” Moreover, the
following analytical considerations were fundamental to the philosophy of the proof in [52]:

17The possible high-order energy blowup has its origins in the presence of some difficult factors of 1/ in the top-order
energy identities, where one must work hard to avoid a loss of derivatives. To close the energy estimates, one commutes the
wave equation many times with the 7, -tangent subset {L, Y, Z} of the rescaled frame. The most difficult terms in the commuted
wave equation are top-order terms in which all the derivatives fall onto the components of {L, Y, Z}. It turns out that due to the
way the rescaled frame is constructed, the corresponding difficult error terms depend on the top-order derivatives of the eikonal
function u. In Proposition A.4, we identify these difficult commutator terms. To avoid the loss of derivatives, one must work
with modified quantities and use elliptic estimates. It is in this process that one creates difficult factors of 1/p.

180ur proof of the universality of My in the presence of vorticity and entropy requires some new observations, described
below (1-11).

19The lowest-order energy Ep (¢) is excluded from this estimate because it is not of small size €
of )v( R(+) .

20More precisely, his work addressed compactly supported irrotational perturbations of constant, nonvacuum fluid solutions.

2 owing to the largeness
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o All energy estimates can be closed by commuting only with tangential derivatives {L, Y, Z} (and
without X). This is a slightly different strategy than we used in our paper [36] in the two-dimensional
case, in which we closed the energy estimates by commuting the equations with strings of tangential
derivatives {L, Y, Z}, as well as strings that contain up to one factor of X. In [36], we also could have
closed the energy estimates by commuting only with tangential derivatives {L, Y, Z}, but we would have
had to work with the modified fluid variable C (which, though fundamental in three dimensions, was not
needed in [36] due to the absence of the vorticity-stretching term) or to treat the Cartesian gradients 0y 2
as independent unknowns.

» After being commuted with (at least one of) L, Y, Z, the wave equation solutions are small. In particular,
we can capture the smallness from “nearly simple plane-symmetric” data without explicitly subtracting
the simple plane-symmetric background solution; see also Remark 1.2.

1A3. The reformulation of the equations. In order to extend Christodoulou’s theory so that it can be
applied to the compressible Euler equations, a crucial first step is to reformulate the compressible Euler
equations as a system of quasilinear wave equations and transport equations. Here, the transport part of
the system refers to the vorticity and the entropy, and the intention is to handle them perturbatively.

As we mentioned earlier, the reformulation has been carried out in [36; 37; 50]. Here we highlight the
main features and philosophy of the reformulation, and explain how we derived it.

(1) To the extent possible, formulate compressible Euler flow as a perturbation of a system of quasilinear
wave equations.

(a) We compute ngi , Ugp, and [l,s, where [, is the covariant wave operator associated to the
acoustical metric (see (2-7)). Then using the compressible Euler equations (1-1)—(1-3), we eliminate
and re-express many terms.

(b) We find that v, p, and s do not exactly satisfy wave equations; instead, the right-hand sides contain
second derivatives of the fluid variables, which we will show to be perturbative, despite their
appearance of being principal order in terms of the number of derivatives.

(2) The “perturbative” terms mentioned above are equal to good transport variables that we identify,
specifically (£2, S, C, D). These variables behave better than what one might naively expect, from the
points of view of their regularity and their singularity strength.

(a) While both £2/ = (curlv)/(0/0) and S = Vs are derivatives of the fluid variables, they play a
distinguished role since they satisfy independent transport equations, and obey better bounds than
generic first derivatives of the fluid variables.

(b) We have introduced the modified fluid variables C' and D (see Definition 2.7), which, up to lower-
order correction terms, are equal to (curl £2)' and As = div S respectively. These quantities satisfy
better estimates than generic first derivatives of £2 and S, which is crucial for our proof.

1A4. The remarkable null structure of the reformulation. In the reformulation of compressible Euler
flow, we consider the unknowns to be all of (v, p, s, £2¢, S, C', D). Note that these include not only the
fluid variables, but also higher-order variables which can be derived from the fluid variables.
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The equations satisfied by these variables take the following schematic form (see Theorem 5.1 for the

precise equations):?!
=]

—

Ue(v, p, ) =0(v, p)-9(v, p) +(£2, 5) - d(v, p) + (C, D), (1-7)
B($2,8)=(£2,S5) -0, p), (1-8)
B(C,D)=0(w,p)-0(8£2,5)+(£2,5)-0(v,p)-d(v,p)+S-S-3(v, p). (1-9)

=] =111

Here, [, is the covariant wave operator associated to the acoustical metric (see (2-7)) and B = 9; + v“9,
is the transport operator associated with the material derivative (cf. (1-1)—(1-3)).

Although it is not apparent from the way we have written it, the system of equations (1-7)—(1-9) has a
remarkable null structure! Importantly, the terms /, /I and /I are g-null forms: when decomposed in the
{L, X, Y, Z} frame, we do not have X(vi, p)-X (v', p) in I and III, nor do we have X (v, p)-X (£2, S) in 1.

Because X (v, p) is the only derivative that blows up (while X (v', p) is bounded), it follows that given a
g-null form Q in the fluid variables (see Definition 8.1 concerning g-null forms), such as Q(dv’, dv/), the
quantity nQ(dv’, dv/) remains bounded up to the singularity, while a generic quadratic nonlinearity Qpaq
would be such that 1Qpaq(dv’, dv/) blows up when u vanishes.

As is already observed in [48], a null form 7 on the right-hand side of the wave equation allows all the
wave estimates in Section 1A1 to be proved. As we will discuss below, the null forms I/ and /II in (1-9)
will also be important for estimating the full system.

1AS. Estimates for the transported variables. To control solutions to the system (1-7)—(1-9), we in
particular need to estimate the transport variables (£2, S, C, D) and understand how they interact with
the wave variables (v, p, s) on the left-hand side of (1-7). Here, we will discuss the estimates at the low
derivative levels. We will discuss the difficult technical issues of a potential loss of derivatives and the
blowup of the higher-order energies in Sections 1A6 and 1A7 respectively.

We begin with two basic — but crucial — properties regarding the transport operator for the compressible
Euler system, which were already observed in [36]:

o The transport vectorfield B is transversal to the null hypersurfaces F,; see Figure 1, where some
integral curves of B are depicted. As a result, one gains a power of p by integrating along B; i.e., for
solutions ¢ to B¢ = §, we have ||¢]lr~ < US| L.

e WUB is a regular vectorfield in the (t,u, x?, x3) differential structure. Thus, if B¢ = § and uF has
bounded {L, Y, Z} derivatives, then ¢ also has bounded {L, Y, Z} derivatives.

We now apply these observations to (1-8) and (1-9):

« Even though d(v, p) blows up as the shock forms, nd (v, p) remains regular. This is because po can be
written as a linear combination of the rescaled frame vectorfields {1 X, L, Y, Z} (see Section 1A1) with

21Here, our notation above the brackets is such that d(v, p) - d(v, p) may contain all of vl ov/, 3vi8p and dpdp. A similar
convention applies for other terms.
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Figure 1. The dynamic vectorfield frame at two distinct points on F;, with the Z-direction
suppressed, and the integral curves of the transport operator B for the specific vorticity
and entropy.

coefficients that are O(1) or O(w). Hence, the above observations imply that (§2, S) and their {L, Y, Z}
derivatives are bounded.

o The null structure and the bounds for the wave variables and (£2, S) together imply that the right-hand
side of (1-9) is O(u~1). Thus, C, D and their {L, Y, Z} derivatives are also bounded.

1A6. Elliptic estimates for the vorticity and the entropy gradient. Despite the favorable structure of
(1-7)—(1-9), there is apparently a potential loss of derivatives. To see this, consider the following simple
derivative count. Suppose we bound (v, p, s) with Ny, + 1 derivatives. Equation (1-7) dictates®? that
we should control (C, D) with Ny, derivatives. If we rely only on (1-8), then we can only bound Ny
derivatives of (£2, §). However, this is insufficient: plugging this into (1-9) and using only transport
estimates, we are only able to control Ny, — 1 derivatives of (C, D), which is not enough.

The key to handling this difficulty is the observation that in fact, C and D can be used in conjunction
with elliptic estimates to control one derivative of 2 and S. This is because up to lower-order terms,
C =~ curl 2 and D ~ div S, while at the same time, by the definitions of 2 and S — precisely that £2 is
almost a curl of a vectorfield and S = Vs is an exact gradient—div £2 and curl S are of lower order in
terms of the number of derivatives. It follows that we can control all first-order spatial derivatives of £2
and §, including C and D, using elliptic estimates.

1A7. L? estimates for the transport variables and the high-order blowup-rate. We end this section with
a few comments on the L2 energy estimates for the transport variables (§2, S) (and (C, D)), with a focus
on how to handle the degeneracies tied to the vanishing of p.

First, due to the eventual vanishing of p and the corresponding blowup of the wave variables, we need
to incorporate L weights into our analysis of the transport variables (§2, S) (and (C, D)). In particular, we

22We use here the fact that inverting the wave operator gains one derivative.
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need to incorporate p weights into the transport equations and energies so that the wave terms appearing
as inhomogeneous terms in the energy estimates for the transport variables are regular. Importantly,
despite the need to rely on p weights in some parts of the analysis, the “transport energy” that we
construct controls a nondegenerate energy flux (i.e., an energy flux without p weights) on constant-u
hypersurfaces F,,. That this energy flux is bounded can be thought of as another manifestation of the
transversality of the transport operator and F,,. More precisely, with X, denoting constant-t hypersurfaces,
we have, roughly, L? estimates of the following form, where PV is an order-N differential operator
corresponding to repeated differentiation with respect to the F,-tangent vectorfields {L, Y, Z}:

sup [PV (2, )72, + sup 1PV (2, 9725,
1'€[0,1) u'€[0,u) ‘ ,

u=u
< data terms + regular wave terms —+ /

1PN (2, )32z, du’. (1-10)
u'=0 "

Here, the nondegenerate energy flux (i.e., the energy along F, on the left-hand side of (1-10), which does
not have a p-weight) allows one to absorb the last term on the right-hand side of (1-10) using Gronwall’s
inequality?? in u (as opposed to Gronwall’s inequality in # which has a loss in ). For the lower-order
energies, the “regular wave terms” are indeed bounded (see (1-6)), which in total allows us to prove that
the transport energies on the left-hand side of (1-10) are also bounded at the lower derivative levels.

Second, since the higher-order energies of the wave variables (v, p, s) can blow up as 1, (¢) — 0 (even
in the absence of inhomogeneous terms; see (1-5)), (1-10) allows for the possibility that the higher-order
energies of the transport variables (£2, S) (and (C, D)) might also blow up. Hence, one needs to verify that
there is consistency between the blowup-rates (with respect to powers of u; ') associated to the different
kinds of solution variables. That is, using (1-10) and the wave energy blowup-rates from (1-5), one needs
to compute the expected blowup-rate of the transport variables and then plug these back into the energy
estimates for the wave variables to confirm that the transport terms have an expected singularity strength
that is consistent with wave energy blowup-rates. See, for example, the proof of Proposition 12.7.

Third, due to issues mentioned in Section 1A6, the transport estimates at the top-order are necessarily
coupled with elliptic estimates. By their nature, the elliptic estimates treat derivatives in all spatial
directions on the same footing. This clashes with the philosophy of bounding the solution with respect to
the rescaled frame (which would mean that derivatives in the ¥ and Z frame directions should be more
regular than those in the X-direction), and it leads to estimates that are singular in p!. To illustrate the
difficulties and our approach to overcoming them, we first note that, suppressing many error terms, we
can derive a top-order inequality of the following form, with d denoting Cartesian spatial derivatives and
A denoting a constant depending on the equation of state:

I/mdPY (2, )12,
t'=t
< CEPUTMARE (1) 4 A / w O IVmIPYr (2, )l 2z, di' +--- . (1-11)

t'=0

B0ur analysis takes place in regions of bounded u width, so that factors of € which arise in our Gronwall estimates can be
bounded by a constant.
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To apply Gronwall’s inequality to (1-11), one must quantitatively control the behavior of the crucial
“Gronwall factor” ftt,,:ot A/u. () dt. A fundamental aspect of our analysis is that p,(f) tends to O
linearly?* in ¢ towards the blowup-time. It follows that one can at best prove an estimate of the form
j;t’/::O p:l @ dt' < log(u*_l)(t) (recall that p,(#) = min{1, miny, 1}, and see Proposition 8.11 for related
estimates). Using only this estimate and applying Gronwall’s inequality to (1-11), we find (ignoring the
error terms *“ - - ) that |9PNer (2, S)[I125,) S &3/ %0y max{O(A). 2M.:=2.8) 1y Notice that unless A is small,
the dominant blowup-rate in the problem would be the one corresponding to these elliptic estimates for
(£2, S), which could in principle be much larger than the blowup-rates corresponding to the irrotational
and isentropic case.?

However, we can prove a better result: we can show that the blowup-rates are not dominated by the top-
order elliptic estimates for the transport variables, but rather by the blowup-rates for the wave variables.?¢
The key to showing this is to replace the estimate (1-11) with a related L? estimate that features weights in
the eikonal function u; see Proposition 11.4. Thanks to the u weights, the corresponding constant A in this
analog of (1-11) can be chosen to be arbitrarily small, and thus the main contribution to the blowup-rate
comes from the wave variables error terms, which are present in the “- - - on the right-hand side of (1-11).
That this can be done is related to the fact that we have good flux estimates for top derivatives of C and D

on F,. We refer to Propositions 11.2, 11.10, and 11.11 for the details.

1B. Related works.

1B1. Shock formation in one spatial dimension. One-dimensional shock formation has a long tradition
starting from [45]. See the works of Lax [34], John [31], Liu [35], and Christodoulou and Raoul Perez
[20], as well as the surveys [12; 24] for details.

1B2. Multidimensional shock formation for quasilinear wave equations. Multidimensional shock for-
mation for quasilinear wave equations was first proven in Alinhac’s groundbreaking papers [3; 4; 5].
Alinhac’s methods allowed him to prove the formation of nondegenerate shock singularities which, roughly
speaking, are shock singularities that are isolated within the constant-time hypersurface of first blowup.
The problem was revisited in Christodoulou’s monumental book [15], which concerned the quasilinear
wave equations of irrotational and isentropic relativistic fluid mechanics. In this book, Christodoulou
introduced methods that apply to a more general class of shock singularities than the nondegenerate ones
treated by Alinhac and, for a large open subset of these solutions, are able to yield a complete description
of the maximal smooth development, up to the boundary. This was the starting point of his follow-up
breakthrough monograph [16] on the restricted shock development problem.

24The linear vanishing rate is crucial for the proof of Proposition 8.11 and for the Gronwall-type estimates for the energies
that we carry out in Proposition 12.7 and in the Appendix. See (14-1) for a precise description of how ., goes to 0.

B1n principle, the largeness of A would not be an obstruction to closing the estimates. It would just mean that the number of
derivatives needed to close the problem would increase in the presence of vorticity and entropy. We refer readers to the technical
estimates in Section A9 for clarification on the role that the sizes of various constants play in determining the blowup-rates in the
problem, as well as the number of derivatives needed to close the proof.

261 other words, our approach yields the same maximum possible high-order energy blowup-rates for the wave variables in
the general case as it does for irrotational and isentropic solutions.
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For quasilinear wave equations, there are many extensions, variations, and simplifications of [15],
some of which adapted Christodoulou’s geometric framework to other solution regimes. See, for instance,
[14; 18; 19; 30; 41; 42; 48; 52].
1B3. Multidimensional shock formation for the compressible Euler equations. Multidimensional singu-
larity formation for the compressible Euler equations without symmetry assumptions was first discovered
by Sideris [47] via an indirect argument. A constructive proof of stable shock formation in a symmetry-
reduced regime for which multidimensional phenomena (such as dispersion and vorticity) are present was
given by Alinhac in [2]. See also [10; 11].

All the works in Section 1B2 on quasilinear wave equations can be used to obtain an analogous
result for the compressible Euler equations in the irrotational and isentropic regime, where the dynamics
reduces to a single, scalar quasilinear wave equation for a potential function. The regime of small,
compact, irrotational perturbations of nonvacuum constant fluid states was treated in Christodoulou’s
aforementioned breakthrough work [15] in the relativistic case, and later in [19] in the nonrelativistic case.

Shock formation beyond the irrotational and isentropic regime was first proven in [36; 37; 50]. These
are already discussed above; see Remark 1.3.

In very interesting recent works [10; 11], Buckmaster, Shkoller and Vicol provided a philosophically
new proof of stable singularity formation without symmetry assumptions in three dimensions under
adiabatic equations of state in a solution regime with vorticity and/or dynamic entropy for initial data such
that precisely one singular point forms at the first singular time; these are analogs of the nondegenerate
singularities that Alinhac studied [3; 4; 5] in the case of quasilinear wave equations. Moreover, in their
regime (compare with Remark 1.7), they proved that the singularity is a perturbation of a self-similar
Burgers shock. See also the two-dimensional precursor work [9] in symmetry, and the recent work [7],
which, in two dimensions in azimuthal symmetry, constructed a set of shock-forming solutions whose
cusp-like spatial behavior at the singularity is unstable (nongeneric).

1B4. Shock development problem. In the one-dimensional case, the theory of global solutions of small
bounded variation (BV) norms [6; 28] allows one to study solutions that form shocks, as well as the
subsequent interactions of the shocks in the corresponding weak solutions. In higher dimensions, the
compressible Euler equations are ill-posed in BV spaces [44]. Nonetheless, in two or three dimensions,
one still hopes to develop a theory that allows one to uniquely extend the solution as a piecewise smooth
weak solution beyond the first shock singularity and to prove that the resulting solution has a propagating
shock hypersurface. This is known as the shock development problem.

Even though the shock development problem for the compressible Euler equations in its full generality
is open in higher dimensions, it has been solved under spherical symmetry in three dimensions, or in
azimuthal symmetry in two dimensions. See [18; 55] and, most recently, [8].

In the irrotational and isentropic regime, the restricted shock development problem was solved in
the recent monumental work [16] of Christodoulou without any symmetry assumptions. Here, the word
“restricted” means that the approach of [16] does not exactly construct a weak solution to the compressible
Euler equations, but instead yields a weak solution to a closely related hyperbolic PDE system such
that the solution was “forced” to remain irrotational and isentropic. Nonetheless, this gives hope that
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under an arbitrary equation of state for the compressible Euler equations in three dimensions, one could
construct a unique weak solution with a propagating shock hypersurface, starting from the first singular
time exhibited in Theorem 1.1. To solve this problem would in particular require extending the ideas in
[16] beyond the irrotational and isentropic regime. This is an outstanding open problem.

1BS. Other singularities for the compressible Euler equations. It has been known since [29; 46] that the
compressible Euler equations admit self-similar solutions. Recently, this has been revisited by Merle,
Raphaél, Rodnianski and Szeftel [39] to show that singularities more severe than shocks can arise in three
dimensions starting from smooth initial data. See also [40; 38] for some spectacular applications.

1B6. Singularity formation in related models. For shock formation results concerning some other multi-
speed hyperbolic problems, see [49; 51] by the second author.

Interestingly, there are also nonhyperbolic models with stable self-similar blowup-profiles modeled on
a self-similar Burgers shock. Examples include the Burgers equation with transverse viscosity [23], the
Burgers—Hilbert equations [54], and the fractal Burgers equation [13], as well as general dispersive or
dissipative perturbations of the Burgers equation [43]. See also [21; 22].

1B7. Other works. The framework we introduced in [36; 37; 50] is useful in other low-regularity settings.
See for example results on improved regularity for vorticity/entropy in [25], and results on local existence
with rough data in [26; 53; 56].

1C. Structure of the paper. The remainder of the paper is structured as follows.

Sections 2—4 are introductory sections. We introduce the basic setup in Section 2, and we define the
norms and energies in Section 3. The setup is similar to the setups in [36; 52]. Then in Section 4, we
state our precise assumptions on the initial data and give a precise statement of our main results, which
we split into several theorems and corollaries.

In Section 5, we recall the results of [50] on the reformulation of the equations, which is important for
the remainder of the paper.

The bulk of paper is devoted to proving the main a priori estimates, which we state in Section 6 as
Theorem 6.3. The proof of Theorem 6.3, which we provide in Section 14, relies on a set of bootstrap
assumptions that we also state in Section 6. Next, after an easy (but crucial) finite-speed-of-propagation
argument in Section 7, in Section 8, we cite various straightforward pointwise and L*° estimates for
geometric quantities found in [52], and we complement these results with a few related ones that allow us
to handle the transport variables.

We then turn to the main estimates in this paper. In Section 9, we carry out the transport estimates,
specifically L* estimates and energy estimates, for §2, S and their derivatives. In Section 10, we prove
analogous transport estimates for C, D, and their derivatives, except we delay the proof of the top-order
estimates until the next section. In Section 11, we derive the top-order estimates for C and D, which, as
we described in Section 1A7, requires elliptic estimates in addition to transport estimates. In total, these
estimates for the transport variables can be viewed as the main new contribution of the paper.

Next, in Section 12, we derive energy estimates for the fluid wave variables. For convenience,
we have organized the wave equation estimates so that they rely on an auxiliary proposition, namely
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Proposition 12.1, that provides estimates for solutions to the fluid wave equations in terms of various
norms of their inhomogeneous terms, which for purposes of the proposition, we simply denote by &. To
prove the final a priori energy estimates for the wave equations, which are located in Proposition 12.7,
we must use the bounds for & that we obtained in the previous sections, including the bounds for the
transport variables. Since the auxiliary result Proposition 12.1 does not rely on the precise structure
of &, it can be proved using essentially same arguments that have been used in previous works on shock
formation for wave equations. For this reason, and to aid the flow of the paper, we delay the proof of
Proposition 12.1 until the Appendix.

Next, in Section 13, we use the energy estimates to derive L> estimates for the wave variables. In
particular, these estimates yield improvements of the L bootstrap assumptions that we made in Section 6.

In Section 14, we combine the results of the previous sections to provide the proof of the main a priori
estimates as well as the main theorems and their corollaries.

Finally, in the Appendix, we provide the details behind the proof of the auxiliary result Proposition 12.1.
The proof relies on small modifications to the proofs of [36; 52] that account for the third spatial dimension
(note that three dimensions wave equations were also handled in [15; 48]), as well as the presence of the
inhomogeneous terms & in the wave equations.

2. Geometric setup

In this section, we construct most of the geometric objects that we use to study shock formation and
exhibit their basic properties.

2A. Notational conventions and remarks on constants. The precise definitions of some of the concepts
referred to here are provided later in the article.

» Lowercase Greek spacetime indices «, 8, etc. correspond to the Cartesian spacetime coordinates (see
Section 2C) and vary over 0, 1, 2, 3. Lowercase Latin spatial indices a,b, etc. correspond to the Cartesian
spatial coordinates and vary over 1, 2, 3. Uppercase Latin spatial indices A, B, etc. correspond to the
coordinates on ¢;, and vary over 2, 3. All lowercase Greek indices are lowered and raised with the

1

acoustical metric g and its inverse g~ ', and not with the Minkowski metric. We use Einstein’s summation

convention in that repeated indices are summed.

[T3R1]

« By “-” we denote the natural contraction between two tensors. For example, if & is a spacetime one-form

and V is a spacetime vectorfield, then & -V = &,V

o If £ is an ¢, ,-tangent one-form (as defined in Section 2J), then &% denotes its g-dual vectorfield, where g
is the Riemannian metric induced on ¢, , by g. Similarly, if  is a symmetric type-() ¢ ,-tangent tensor,
then £* denotes the type—(i) £; ,-tangent tensor formed by raising one index with g_l and £* denotes
the type- (é) £, ,-tangent tensor formed by raising both indices with g‘l.

e If V is an ¢, ,-tangent vectorfield, then V, denotes its g-dual one-form.

o If V and W are vectorfields, then Viy = VEW, = g VEWP.



848 JONATHAN LUK AND JARED SPECK

o If & is a one-form and V is a vectorfield, then &y = &,V We use similar notation when contracting
higher-order tensorfields against vectorfields. For example, if & is a type-(g) tensorfield and V and W are
vectorfields, then Eyw = EpV* We.

» Unless otherwise indicated, all quantities in our estimates that are not explicitly under an integral are
viewed as functions of the geometric coordinates (¢, u, x2, x3). Unless otherwise indicated, integrands
have the functional dependence established below in Definition 3.1.

e [Q1, 02]1= 0107 — 0,0 denotes the commutator of the operators O and Q5.

e A < B means that there exists C > 0 such that A < CB. A ~ B means that A < B and B < A.
A = O(B) means that |A| < |B].

o The constants C are free to vary from line to line. These constants, and implicit constants as well, are
allowed to depend on the equation of state, the background 0, the maximum number of times Ny that we
commute the equations, and the parameters &, & and d;' from Section 4A.

o Constants C, are also allowed to vary from line to line, but unlike C, the C, are only allowed to depend
on the equation of state and the background 9.

« In the Appendix, there appear absolute constants M,,s, which can be chosen to be independent of the
equation of state and all other parameters in the problem.

 For our proof to close, the high-order energy blowup-rate parameter M, needs to be chosen to be large
in a manner that depends only on My; hence, M, can also be chosen to be an absolute constant.

o The integer Ny, denotes the maximum number of times we need to commute the equations to close
the estimates. For our proof to close, Ny, needs to be chosen to be large in a manner that depends only
on M,. Nip could be chosen to be an absolute constant, but we choose to think of it as a parameter that
we are free to adjust so that we can study solutions with arbitrary sufficiently large regularity.

« For our proof to close, the data-size parameters & and € must be chosen to be sufficiently small, where
the required smallness is clarified in Theorem 6.3. We always assume that &!/2 < &.

e A <, B means that A < C, B, with C, as above. Similarly, A = O,(B) means that |A| < C,|B]|.
« For example, 5.2 = O(1), 2+ &+ &2 = O,(1), && = O(&), C,&* = O,(&), N!'¢& = O(¢), and
C& = O(1). Some of these examples are nonoptimal; e.g., we actually have &é = O, (€).

e | -] and [ -] respectively denote the standard floor and ceiling functions.

2B. Caveats on citations. Before we introduce our geometric setup, we should say that our setup is
essentially the same as that in [36; 52], except for some small differences. We will therefore cite whenever
possible the computations in [36; 52], except we will need to take into account the following differences:

o The work [52] allows for very general metrics, while in the present paper, we are only concerned with
the acoustical metric for the compressible Euler equations. In citing [52], we sometimes adjust formulas
to take into account the explicit form of the Cartesian metric components g, stated in Definition 2.9.
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o The papers [36; 52] concern two spatial dimensions (with ambient manifold ¥ = R x T), while in the
present paper, we are concerned with three spatial dimensions (with £ = R x T?).

« In [52], the metric components g,g were functions of a scalar function W, as opposed to the array 7
(defined in (2-3)). For this reason, we must make minor adjustments to many of the formulas from [52]
to account for the fact that in the present article, W is an array.

In all cases, our minor adjustments can easily be verified by examining the proof in [52].

2C. Basic setup and ambient manifold. We recall again the setup from the Introduction. We will work
on the spacetime manifold / x ¥ (with I € R a time interval and ¥ = R x T? the spatial domain). We fix
a standard Cartesian coordinate system {x*}y—0.12,3 on I x X, where t = x% € I is the time coordinate
and x = (x', x%, x3) € R x T? are the spatial coordinates.?” We use the notation {0q}a=0,1,2,3 (or 9y = dp)
to denote the Cartesian coordinate partial derivative vectorfields.

In this coordinate system, the plane-symmetric solutions are exactly those whose fluid variables are
independent of (x2, x3).

2D. Fluid variables and new variables useful for the reformulation. As we already discussed in
Section 1A3, at the heart of our approach is a reformulation of the compressible Euler equations in terms
of new variables. We introduce these new variables in this subsection; see Definitions 2.3 and 2.7.

The basic fluid variables are (o, v', s) (see the Introduction). We fix an equation of state p = p(o, )
and a constant ¢ > 0 such that p.,(0,0) = 1.

Definition 2.1. Define the logarithmic density p and the speed of sound c(p, s) by

0
p=log(§), c(p,5) =/ (0, 5).
0 do

Remark 2.2. As is suggested by our notation, we will consider c(p, s) as a function of (p, s). The
normalization of p., that we stated above is equivalent to

c(0,0)=1. 2-1)
Definition 2.3 (the fluid variables arrays).

(1) Define the almost Riemann invariants®® R+, as follows (recall Definition 2.1):

P
Rexy =v' £ F(p,s), F(p,S)i/ c(p’,s)dp’. (2-2)
0

2TWhile the coordinates x2, x3 on T2 are only locally defined, the corresponding partial derivative vectorfields d,, d3 can be

extended so as to form a global smooth frame on T2. Similar remarks apply to the one-forms dx?, dx3 These simple observations
are relevant for this paper because when we derive estimates, the coordinate functions x2, x3 themselves are never directly
relevant; what matters are estimates for the components of various tensorfields with respect to the frame {9;, 1, 9>, 93} and the
basis dual coframe {dt¢, dxl, dxz, dx3}, which are everywhere smooth.

ZSR(i) coincide with the well-known Riemann invariants in the plane-symmetric isentropic case. Even though they are no
longer “invariant” in our case, they are useful in capturing smallness.
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(2) Define the array of wave variables:*
U= (W), Wy, W3, Wy, Ws) = (Rep), Ry, 02, 0%, 5). (2-3)

Remark 2.4. We sometimes use the simpler notation W in place of U when there is no danger of
confusion. At other times, we use the notation W to denote a generic element of W. The precise meaning
of the symbol W will be clear from context.

Remark 2.5 (clarification on our approach to estimating p and v'). Recall that we have introduced R«
to allow us to capture the fact that our solutions are perturbations of simple plane waves (for which
only R4 is nonvanishing). In the one-dimensional isentropic case, {R(4), R(~)} can be taken to be
the unknowns in place of {p, v'}. A similar remark holds in the present three-dimensional case as well,
provided we take into account the entropy. Specifically, from (2-1) and Definition 2.3, it follows that
vl = %(R(H +R()), and that when p, v!, and s are sufficiently small (as is captured by the smallness
parameters & and € described at the beginning of Section 4A), we have (via the implicit function theorem)
P=Rup) —R))- F (Rt —R(~), s), where F is a smooth function. This allows us to control p and v’
in terms of R(4), R(~), and s. Throughout the article, we use this observation without explicitly pointing
it out. In particular, even though many of the equations we cite explicitly involve p and v', it should be
understood that we always estimate these quantities in terms of the wave variables R (), R(~), and s,
which are featured in the array (2-3).

Definition 2.6 (Euclidean divergence and curl). Denote by° div and curl the Euclidean spatial divergence
and curl operator. That is, given a X,;-tangent vectorfield V = V“9,, define

divV =8,V (curl V) = €450, V7, (2-4)
where €;, is the fully antisymmetric symbol normalized by €1o3 = 1.
Definition 2.7 (the higher-order variables).
(1) Define the specific vorticity to be the X,-tangent vectorfield with the Cartesian spatial components
i . (curl )’ (curl )’

0/c  exp(p)
(2) Define the entropy gradient to be the X;-tangent vectorfield with the Cartesian spatial components

St = s,
(3) Define the modified fluid variables by
' = exp(—p)(curl 2)! +exp(=3p)c 22 598, — exp(—3p)c 222 3,0 s!,  (2-5a)
0 0
D =exp(—2p) div S —exp(—2p) S99, p. (2-5b)

We think of C as a X,-tangent vectorfield with Cartesian spatial components given by (2-5a).

29Throughout, we consider U as an array of scalar functions; we will not attribute any tensorial structure to the labeling
index : of W, besides simple contractions, denoted by ¢, corresponding to the chain rule; see Definition 2.13.
30Thjs is in contrast to djv; see Definition 2.33.
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2E. The acoustical metric and related objects in Cartesian coordinates. Hidden within compressible
Euler flow lies a geometric structure captured by the acoustical metric, which governs the dynamics of
the sound waves. We introduce in this subsection the acoustical metric g in Cartesian coordinates.

Definition 2.8 (material derivative vectorfield). We define the material derivative vectorfield as follows
relative to the Cartesian coordinates:

B =3, 4 v°d,. (2-6)

Definition 2.9 (the acoustical metric). Define the acoustical metric g (in Cartesian coordinates) by

3
g=—dit®dt+c 7Y (dx* —v*di) ® (dx* — v dt). (2-7)

a=1

The following lemma follows from straightforward computations.

Lemma 2.10 (the inverse acoustical metric). The inverse of the acoustical metric g from (2-7) can be

expressed as
3

g'=-BR®B+*) 3,®0,. (2-8)

a=1
Remark 2.11 (closeness to the Minkowski metric). In our analysis, v and ¢ — 1 will be small, where
the smallness is captured by the parameters & and € described at the beginning of Section 4A. Recalling
(2-7), we see that g will be L*°-close to the Minkowski metric. It is therefore convenient to introduce the

decomposition

(small)

Zap (W) = mqp +8up (B),  mp = diag(—1,1,1,1), (2-9)

where m is the Minkowski metric and g(sm‘lu)(\ll) is a smooth function of W such that
g (B =0)= (2-10)

Definition 2.12 (\fJ—derivatives of ggp). Fora, $=0,...,3and1=1,...,5, we define

Gly(D) = ?I,ga,s(\m Gap = Gap(B) = (GLy (D), G24(F), Gy (W), GL4(D), G34(9)). (2-11)

For each fixed 1 € {1, ..., 5}, we think of {Gaﬂ}a p=0,...,3» as the Cartesian components of a spacetime

tensorfield. Similarly, we think of {Gaﬂ}a p=0,..,3 as the Cartesian components of an array-valued

.....

spacetime tensorfield.

Definition 2.13 (operators involving \ff). Let Uy, U,, V be vectorfields. We define
5
VU = (VUL VU, VU3, VI, V), Gup,o VI =Y Gl UtUS VY, (2-12)
1=1
We use similar notation with other differential operators in place of vectorfield differentiation. For
example, Gy,y, © A\TI = 2,5:1 GoUY UfA\IJ, (where A is defined in Definition 2.33).
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2F. The acoustic eikonal function and related constructions. To control the solution up to the shock,
we will crucially rely on an eikonal function for the acoustical metric.

Definition 2.14 (acoustic eikonal function). The acoustic eikonal function (eikonal function for short) u
solves the eikonal equation initial value problem

(g H*Pdudgu =0, du>0, ul—o=6—x', (2-13)
where & > 0 is the constant controlling the initial support (recall Theorem 1.1).

Definition 2.15 (inverse foliation density). Define the inverse foliation density p by
) -1
S =

(&P (V)dut dpu

> 0. (2-14)

Note that 1/pL measures the density of the level sets of u relative to the constant-time hypersurfaces %;.
For the data that we will consider, we have p [x,~ 1. When p vanishes, the level sets of u intersect and,
as it turns out, maxy=0,1,2,3 |0 #| and maxy=o.1,2.3 |94 R(+)|, blow up.

The following quantities, tied to W, play an important role in our description of the singular behavior
of our high-order energies.

Definition 2.16. Define y,(z, u) and p,(¢) by’!
e (t, w) = min{1, min u(z, ")}, () ﬁmin{l,n%in w}.
u'<u t

2G. Subsets of spacetimes.

Definition 2.17 (subsets of spacetime). For 0 <¢" and 0 < «/, define

Sy ={t,x) eERx (RxT? |t=1), (2-152)

Y, x) eRx (RxTH) [1=1/, 0<u(t,x) <u'}, (2-15b)

Fuo={t,x) eRx (RxT?) |u(t,x)=u'}, (2-15c¢)

FLo={t,x) eRx RxT?)|0<t<t, ut,x)=u}, (2-15d)

b =F NS4 ={(t,x) eRx RxT?) |t =1, u(t,x)=u}, (2-15¢)

My = U Fin{(t,x) eRx (RxT?)|0<r <t} (2-15f)
uel0,u’]

LR I3

We refer to the ¥; and X as “constant time slices,” the 7, and F! as “null hyperplanes,” “null

<

hypersurfaces,” “characteristics,” or “acoustic characteristics,” and the ¢, ,, as “tori.” Note that M, , is
“open-at-the-top” by construction.

31By definition, p, (¢, #) > p(¢) for all u € R. Note that by the localization lemma (Lemma 7.1) we prove below, we have
W (1) = W (2, Up). In most of the proof, it suffices to consider the function ., (¢) without considering 1, (¢, u). The more refined
definition for . (¢, u) will only be referred to in the Appendix, so that the formulas take the same forms as their counterparts in
[36; 52].
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— >

1
Figure 2. The spacetime :egieorﬂf{ and various subsets. The (unlabeled and uncolored) flat
front and back surfaces should be identified.
2H. Important vectorfields, the rescaled frame, and the nonrescaled frame.
Definition 2.18 (important vectorfields). (1) Define the geodesic null vectorfield by
LiGeoy = —(87")" dqu. (2-16)
(2) Define the rescale null vectorfield (recall the definition of u in (2-14)) by
L = L Geo)- (2-17)
(3) Define X to be the unique vectorfield that is X,-tangent, g-orthogonal to the ¢; ,, and normalized by
gL, X)=-—1. (2-18)
Define the “rescaled” vectorfield X by
X = uX. (2-19)

(4) Define Y and Z respectively to be the g-orthogonal projection’? of the Cartesian partial derivative
vectorfields d, and 93 to the tangent space of ¢; ,, i.e.,

Y=0,—g(0, X)X, Z=03—g(d, X)X. (2-20)

(5) We will use vectorfields in &2 = {L, Y, Z} for commutation, and we therefore refer to them as
commutation vectorfields. An element of &2 will often be denoted schematically by P (see also
Definition 3.4).

We collect some basic properties of these vectorfields; see [52, (2.12), (2.13) and Lemma 2.1] for
proofs.

3270 see that Y and Z are tangent to £, one can use (2-18), (2-23), the fact that B is g-orthogonal to X, and the fact that 9;
is tangent to X;. Alternatively, see (2-30b).
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Lemma 2.19 (basic properties of the vectorfields).
(1) L(Geo) is geodesic and null, i.e.,
8(L(Geo)> L(Geo)) =0, DL geo) L (Geo) = 0,
where 9 is the Levi-Civita connection associated to g.

(2) The following identities hold:

Lu=0, Lt=L"=1, Xu=1, Xr=X"=0, (2-21)

gX.X) =1, ¢X, )= gl X)=-1, gL X)=-n (2-22)

(3) The vectorfield B (see (2-6)) is future-directed, g-orthogonal to %,, and is normalized by g(B,B)=—1.
Moreover,

B=20;,+v'9, =L+ X, (2-23)

B, =52, (2-24)

where 85 is the Kronecker delta.
21. Transformations. Having introduced various vectorfields in Section 2H, we now derive some related
transformation formulas that we will use later on.

Definition 2.20 (coordinate vectorfields in geometric (¢, u, x%, x3)-coordinates). Define (7;, 3., #2, #3)
to be the coordinate partial derivative vectorfields in the geometric (¢, u, x2, x*)-coordinate system.

Definition 2.21 (Cartesian components of geometric vectorfields).

(1) Define L’ and X' to be the Cartesian i-th components of L and X respectively. (Note L' + X' —v' =0;
see (2-23).)

(2) Define®* L (smany and X smany by

1 . 1 2 . 2 3 . 3

Lismany =L" = 1. Ligmany = L% Ligmany = L7, (2-25a)
1 . 1 2 . 2 3 . 3

Xsmay =X + 1, Xinany =X Xigman = X~ (2-25b)

Lemma 2.22 (relations between {0y }o=0,1.2,3 and {L, X, Y, Z}). The following identities hold:

3 =0 =L+X—v'd,, (2-26a)
_ X? X3

h=c ZXIX—FY—FZ, (2-26b)

Hh=Y~+C2XHX, B=Z+(@CX>X. (2-26¢)

Proof. Equation (2-26a) is simply a restatement of (2-23), and (2-26¢) follows from (2-20) and g(d4, X) =
c72XA for A =2, 3 (see (2-7)). Finally, to obtain (2-26b), we write X = X“d, and use (2-26¢) to obtain

1 X? X3
0= 27 [l = () + QO = 7Y = 5 7.
This then implies (2-26b) since Y o _,(X%)? = ¢ by g(X, X) = 1 (see (2-22)) and (2-7). O

33The notation is suggestive of the fact that these quantities are of size O(&) (and hence small).
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Lemma 2.23 (relation between {d,} and {L, X, Y, Z}). The following identities hold, where repeated
capital Latin indices are summed over A =2, 3:

L=+ L%a, X =, +uX49,, (2-27a)

Y =(1—-c (X))t — XX, Z=(1—-cX))I—c?X°X°Fh. (2-27b)
Proof. Equation (2-27a) is an immediate consequence of (2-21) (and (2-19)).

To derive the first equation in (2-27b), simply note that Yx> =1—¢"2(X?)? and Yx3 = —cX?X?> by

(2-26¢), and that Yt = Yu = 0 since Y is ¢, ,-tangent. The second equation in (2-27b) follows from
similar reasoning. U

Lemma 2.24 (relation®* between {9, }4=1.2.3, {#u, #2, 93}, and (X, Y, Z}). The following identities hold:

2 2 3
ue 9 X , X
du =50 =X —uc? ap! T s (2-28a)
x? X2\ x2x3
X3 X2X3 X3 2
&13:83—?81 (X1)2Y+{1+<F) }Z. (2-28c)
Proof. 1t suffices to derive the identities
2 2 3
_ ket X X

it is straightforward to see that the first identities in each of (2-28a)—(2-28c) follow from (2-29); the second
identities in (2-28a)—(2-28c) then follow from the first ones and Lemma 2.22. To prove (2-29), we invert
(2-27b) to obtain (with the help of the identity Zi: 1 (X @)2 = ¢2, which follows from (2-22) and (2-7)):

2 xX3\? xX2x3 xX2x3 2 X2\?
= {<X1>2 - (F) }” il Bt { X2~ (F) }Z

On the other hand, by (2-26¢), Yx! = —c72X2X! and Zx' = —¢72X3X". Hence,

Jox! = —
Plugging back into the second identity in (2-27a), we obtain

. A 3 XA)Z [J.Cz
Fux! =pux! — Z uXAgax! = px' + Z =T
where we again used Z?:l(X’)2 =2 U

34We could also obtain #; = 9, + (L' + (X2L2+ X3 L3) /X1)07. Since this will not be explicitly needed, we will not prove it.
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2J. Projection tensorfields, 6(frame), and projected Lie derivatives.

Definition 2.25 (projection tensorfields). We define the X, projection tensorfield® IT and the ¢, , projec-
tion tensorfield Il relative to Cartesian coordinates as

HVM = CSUM + BVBM = 8UM - BUOLM - (SVOXMa (2-303)
MM =8 +X,LF+L,(L*+X") =8/ —8 L'+ L, X" (2-30b)

In (2-30a)—(2-30b), 8,/ is the standard Kronecker delta. The last equalities in (2-30a) and (2-30b) follow
from (2-23)—(2-24).

Definition 2.26 (projections of tensorfields). Given any type- (’Z ) spacetime tensorfield &, we define its
3, projection I1¢ and its ¢; , projection J1§ as

(A ESTRIES | WARERS 1 Pl s NUPERS o HF i (2-31a)
(PEYLLm = LAt gL g By DBt (2-31b)

We say that a spacetime tensorfield & is X;-tangent (respectively ¢; ,-tangent) if [1& = & (respectively
if 1€ = &). Alternatively, we say that & is a X, tensor (respectively ¢; , tensor).

Definition 2.27 (¢, , projection notation). If & is a spacetime tensor, then ¢ = JI¢.
If & is a symmetric type- ((2)) spacetime tensor and V is a spacetime vectorfield, then &, = JI(Ey),
where &y is the spacetime one-form with Cartesian components &,,V®, (v =0, 1, 2, 3).

Remark 2.28 (clarification of the symbols (,, #,,, @2, #3)). We caution that the coordinate partial deriva-
tive vectorfields (d;, d,, @2, #3) from Definition 2.20 are not ¢, , projections of other vectorfields; i.e., for
(@;, #u, 32, 33), we are not using the “slash conventions” of Definition 2.27.

Throughout, Ly & denotes the Lie derivative of the tensorfield & with respect to the vectorfield V. We
often use the Lie bracket notation [V, W] = Ly W when V and W are vectorfields.

Definition 2.29 (%;- and ¢; ,-projected Lie derivatives). If & is a tensorfield and V is a vectorfield, we
define the X;-projected Lie derivative Ly & and the ¢, ,-projected Lie derivative £y & as

Ly&=NLyE, LyE=TILyE. (2-32)
Definition 2.30 (components of G relative to the nonrescaled frame). We define
Girame) = {GL. Grx. Gxx. G - Gx G (2-33)
where éaﬂ is defined in (2-11).

Our convention is that derivatives of é(ﬁ-ame) form a new array consisting of the differentiated compo-
nents. For example,

¢Lé(frame) = {L(éLL)’ L(éLX)s cees ﬁL@},

351 (2-30a), we have corrected a sign error that occurred in [52, Definition 2.8].
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where .
L(Gr1) ={L(G};),L(G7}), ..., L(G] )},
L1(Gy) = L (G LG, - L (G},
etc.

2K. First and second fundamental forms and covariant differential operators.

Definition 2.31 (first fundamental forms). Let I1 and I1 be as in Definition 2.27. We define the first
fundamental form g of %, and the first fundamental form ¢ of ¢, , as

g=1Hg, g=1"Ng. (2-34)
We define the inverse first fundamental forms by raising the indices with g=!:
@™ =@ " e ) gap. @M =@ g (2-35)

where 8 is the Riemannian metric on %; induced by g, while ¢ is the Riemannian metric on ¢; ,, induced
by g. Simple calculations imply that (g_l)’“"gav =11,/ and (g_l)’“"gw =/

Lemma 2.32 (identities for induced metrics). In the (¢, u, x>, x3)-coordinate system, we have

HZCZ 3 XA B A 3 ) YA xB ) )
EZWM@CZ”_”Z(XUZ(‘” ®dutdu@dx*)+¢, g= ) ¢ @ap+ oy 3 @
A=2 A,B=2
Moreover,

3
gl= ) (M —X"XP) @
A,B=2
Proof. The identities for g and g follow easily from Lemma 2.24 and the fact that g;; = 72, ; in Cartesian
coordinates (see (2-7)). The identity for gfl follows from inverting the matrix_(g Ap)A.B=2,3 and using
the identity 21'3:1 (X")?% = ¢2, which follows from the first identity in (2-22) and (2-7). O

Definition 2.33 (differential operators associated to the metrics).
* 2 denotes the Levi-Civita connection of the acoustical metric g.
o Y denotes the Levi-Civita connection of g

o If f is a scalar function on ¢, ,, then d f =V f = J12 f, where 2 f is the gradient one-form associated
to f.
o If & is an ¢, ,-tangent one-form, then djv¢ is the scalar function dvé = g_l -YE.

o Similarly, if V is an ¢, ,-tangent vectorfield, then dwV = g_l -YV,, where V, is the one-form g-dual
to V.

o If & is a symmetric type- (g) £; ,-tangent tensorfield, then djvé is the £, ;,-tangent one-form djvé = g‘l VE,
where the two contraction indices in Y&, correspond to the operator ¥ and the first index of &..

e A= g‘l - ¥? denotes the covariant Laplacian corresponding to ¢.
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2L. Ricci coefficients.
Definition 2.34 (Ricci coefficients).
(1) Define the second fundamental form k of ¥, and the null second fundamental form x of £, , as
k=3Lpg, X=3LLg- (2-36)
(2) Define C to be the ¢; ,-tangent one-form whose components are given by
) =873, L. X) = 'g(7,L. X), A=2.3. (2-37)
(3) Given any symmetric type- ((2)) ¢, 4-tangent tensorfield &, define its trace by
try &= (¢~ )P Eup.

Lemma 2.35 (useful identities for the Ricci coefficients). The following identities hold:

X = 8L ® (@x") + LG o LY + Lg¥ ® G, — LG, @4V, (2-38a)
tyX = garg (ALY @ @)’} +1¢7" - Go LU, (2-38b)
k=10 GoXT+1Go LY —1G, @d¥ - V&G — 10y 04V -1V @Gy.  (2-380)
C=—1u'G o XU+ LGy o LU — LG x0dV — LGxxodV. (2-38d)

Proof. This is the same as [52, Lemmas 2.13, 2.15] except for small modifications incorporating the third
dimension. U

2M. Pointwise norms. We always measure the magnitude of ¢, ,, tensors®’ using g

Definition 2.36 (pointwise norms). For any type- ('Z) £, tensor ’,fl‘.'.'.}fi”z, we define

8= R+ Ry, @ R 239

2N. Transport equations for the eikonal function quantities. The next lemma provides the transport

equations that, in conjunction with (2-38b), we use to estimate the eikonal function quantities p, Lig, .,
and try X below top order.

Lemma 2.37 ([52, Lemma 2.12] the transport equations satisfied by p and Lésman)). The following
transport equations hold:

LI_,L:%éLLOX\i’—%uéLLOL‘fJ—LLéLXoLE’, (2‘40)
LL =1Gr o (LO)X — G o (L) -de' + 1Grr o (@) - dx'. (2-41)

- <& - <&
36Here, G @4V = 215:1 %} ®d¥,;, and similarly for the other terms involving ®.
3TNote that in contrast, for ¥; tensors, we measure their magnitude using the Euclidean metric or an equivalent norm; see, for
example, Definition 11.1.
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20. Calculations connected to the failure of the null condition. Many important estimates are tied to
the coefficients G rr- In the next two lemmas, we derive expressions for G 11 and %é LL < XU. This
presence of the latter term on the right-hand side (2-40) is tied to the failure of Klainerman’s null condition
[32] and thus one expects that the product must be nonzero for shocks to form; this is explained in more
detail in the survey article [30] in a slightly different context.

Lemma 2.38 (formula for G o XW). Let F be the smooth function of (p, s) from (2-2), and let F.
denote its partial derivative with respect to s at fixed p. For solutions to (1-1)—(1-3), we have
3GLLoXW = —Jc (¢ oo+ DIX R — XR()} = Sue X LR + LR ()

—ue (XL + XPLYY) — pe T e XOS e e T e g H 1) F XS, (2-42)
Proof. This is the same as [36, Lemmas 2.45, 2.46], except for minor modifications incorporating the
third dimension and the entropy (via the c.;-dependent and F: -dependent products). O

3. Volume forms and energies

In this section, we first define geometric integration forms and corresponding integrals. We then define
the energies and null fluxes which we will use in the remainder of the paper to derive a priori L>-type
estimates.

3A. Geometric forms and related integrals. We define our geometric integrals in terms of area and
volume forms that remain nondegenerate relative to the geometric coordinates throughout the evolution
(i.e., all the way up to the shock).

Definition 3.1 (geometric forms and related integrals). Define the area form dAy on ¢;,, the area
form de on X}, the area form dz on F), and the volume form dw on M, , as follows (relative to the
(¢, u, x2, x3)-coordinates):
dx?dx?
dhg=dNg(t,u,x* x°) = AR do =do (t,u',x*,x%) =dAg(t,u',x*, ) du/,
c
dw =dw (1, u,x*, x%) =dNg(t',u,x*, %) dt', do =do (t',u',x*, ) =d (' u', x>, x°)du' dt’.
It is understood that unless we explicitly indicate otherwise, all integrals are defined with respect to
the forms of Definition 3.1. Moreover, in our notation, we often suppress the variables with respect to
which we integrate; i.e., we write ‘/‘Z/‘u fdrg= f(xz,xg)dz F@ou,x?,x3) dhg(t, u, x2, x3), ete.
The following lemma clarifies the geometric and analytic significance of the forms from Definition 3.1.
Lemma 3.2 (identities concerning the forms).
(1) dAy is the volume measure induced by g on ¢; .

(2) wdw is the volume measure induced by g on X;.

(3) Let dx be the standard Euclidean volume measure on ¥}, i.e., dx = dx' dx?dx3 relative to the

Cartesian spatial coordinates. Then

dx = pc’ dw. (3-1)
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Proof. A computation based on Lemma 2.32 and the identity ZSZI(X )2 = ¢2 (which follows from
(2-22) and (2-7)) yields that det ¢ = 1/(c*(X')?). Since dAy = +/det ¢ dx? dx>, we thus obtain (1).
Next, we again use Lemma 2.32 and the identity 22: (X )2 = ¢? to compute that relative to the
(u, x2, x3)-coordinates, we have det g§= (2 / (2(X1H?). Taking the square root, we see that the volume mea-
sure induced by gon X/ is given in the (u, x2, x%)-coordinates by 1/ (c|X'|) du dx? dx>, which gives (2).
Finally, we obtain (3) from (2) via (2-7), which implies that relative to the Cartesian spatial coordinates,
the canonical volume form induced by g on % is c3dx"dx? dx’. U

3B. The definitions of the energies and null fluxes.

3B1. Forms and conventions.

Definition 3.3 (volume forms for L? norms). For p € {1, 2}, we define L” norms with respect to the volume
forms introduced in Definition 3.1. That is, for scalar functions or ¢; ,-tangent tensorfields &, we define

1/p 1/p
“5“”@[.»&(//Z Iﬁl”d%g) , ||a||Lp<fg,>ﬁ(/ |a|"dar) ,
tu ]:Li
1/p 1/p
Ilillmr)ﬁ(f |a|f’dg) , ||z,||u<z,>ﬁ(/ |&|Pdg) ,
Etu 21
1/p
||a||Lp<M,_u>ﬁ(f IE,Ipdw) .
M

Definition 3.4 (conventions with variable arrays and differentiated quantities).
(1) Given the fluid variable array U in Definition 2.3, define
9] = W] = max_|W].

=1,...,
We also set

12| = max |2°],
a=1,2,3

and similarly for the other X;-tangent tensorfields such as § and C that correspond to the transport
variables. For p =2 or p = oo, define also

,,,,,

and similarly for LP (X)), L?(%;), L?(F}), and L?(M,,,). Similarly, we set
Q p = Qa 9
121 r .., max, 182 Lr e, )
and we analogously define L” norms of other ¥;-tangent tensorfields that correspond to the transport

variables, such as S and C.

(2) When estimating multiple solution variables simultaneously, we use the following convention (for
p=2o0r p=00):
(€2, $)lILree, ) = max{|2|lLre,.)> 1SILre,.0}s

and similarly for LP (X)), LP(X;), L?(F}), and L? (M; ).
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(3) Let &2 ={L, Y, Z} be the set of commutation vectorfields and
PN = (PyPy- Py | Pie P forl <i <N}
For any smooth scalar function ¢, define

N .
[P ¢l=  max  |Py---Png|.
Pi,... PnerN)

For p =2 or p = oo, the L? norms are defined similarly, with

N . N
1P bllre,. =P bllLre,.), ete.

Moreover, we let PV §2 denote the X;-tangent vectorfield with Cartesian spatial components PV £2/, and
we define

[PYR2|= max  max |P;---PyR2Y,
Pi-Pyer®™) a=1,2,3

N : N
1P 82Lree,,) = 1P 2lLre,,). etc.,

and similarly for other 3;-tangent tensorfields that correspond to the transport variables, such as S and C.

(4) Similarly, we let # = {Y, Z} be the set of ¢, ,-tangent commutation vectorfields and define

PN = (P\Py- Py | Pie P forl <i<N),

1PVl = . I;axﬂ(m |P1---Pnol, etc.
1,--s PNEY

The importance of distinguishing the subset of ¢; ,-tangent commutation vectorfields from the full set &
will be made clear in the Appendix.’®

(5) We use the following conventions for sums:
N>
[Py = S TPVl [P=Ng| = POV,
N'=N,

P = Y PV gl 1PN gl = PO g).

N'=N;

(6) We will combine the above conventions. For instance,

PY@2 S = max  max([Py---Py&2l [Pi--- Pyl
1 NGU

PV = max max |Py---PyY,|.
1=1,....5P..Pyez™

3B2. Definitions of the energies. We are now ready to introduce the main energies we use to control the
solution.

38 As in the two-dimensional case, the most difficult error terms in the wave equation energy estimates are commutator terms
involving the pure ¢; ,-tangent derivatives of the null mean curvature of the ¢; .
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Wave energies:

En (1, u) = ,Z‘E(F,](”XPN‘I’”@@:‘» +IVEP T ), (3-2a)
. Ny 112 Ny, 112
Fn(t,u)= u/zl[l(})u](llLP ‘I’Ile(F;,) + I/ ud P ‘I‘IILz(f;,)), (3-2b)
. Nigp 12
KN([,M)IHdP \IJ”LZ(Mt,uﬂ{P—Sl/“-})’ (3'2C)
Qn(t,u) =EnE, u) +Fy(t, u), (3-2d)
Wi (t,u) =En(t, u) +Fn(, u) + Ky(, u). (3-2¢)
Specific vorticity energies:
V(e u) = sup [ VUPY 2117550+ sup 1PV 21750 ), (3-3a)
'€[0,1] "7 wel0,u]
Cn(t,w) = sup [ VEPYCIZogu)+ sup [PYCIT2 - (3-3b)
'€l0,1] ! u'€[0,u] "
Entropy gradient energies:
Sn(t,u) = sup || VEPYSI g, + sup IPYSITar ), (3-4a)
1'€[0,1] "7 wel0,u] W
Dyt u) = sup [|/EPYDIIZsguy+ sup IPVDITs . (3-4b)
1'€[0,1] "7 wel0,u]

Definition 3.5 (important conventions for energies).

(1) We define the following convention for sums (cf. Definition 3.4(3)):

N N
En(ow)= Y En(tou), Euw(tu)= Y Eni(t,u),
N'=0 N'=1

and similarly for other energies.

(2) Abusing notation slightly, if we write an energy as a function of only ¢ (instead of a function of (z, u)),
then it is understood that we take supremum in u, e.g.,

Ev(t) = sup Ey (¢, u).

ueR

4. Assumptions on the data and statement of the main theorems
4A. Assumptions on the data of the fluid variables. We now introduce the assumptions on the data for
our main theorem. We have five parameters (see Theorem 1.1), denoted by &, (’03*, (’03, & and é:

« & measures the size of the initial support in x .

. 5, gives a lower bound on the quantity that controls the blowup, and in particular determines the time
interval for which we need to control our solution before a singularity forms.
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o 5, &and & are parameters that control the sizes of various norms of the solution. The parameter § mea-
sures the L size of the transversal derivatives of R (;), and it can be large, while & limits the size of the am-
plitude of the fluid variables, is small depending on the equation of state and the background density ¢ > 0,
and is used to control basic features of the Lorentzian geometry. The parameter € is small depending on the
equation of state and all the other parameters. In particular, € controls the size of solution in “directions that
break the simple plane symmetry,” and it provides the most crucial smallness that we exploit in the analysis.

o We assume that &!/2

<&

Here are the assumptions on the initial data.*®

In what follows, Ny, and M, denote large positive integers that are constrained in particular by
Niop > 2M, +10. In our proof of Proposition 12.1, we will show that our estimates close with M, chosen
to be a universal positive integer. The restriction Nyop > 2M, + 10 is further explained in Remark 6.1.

See also the discussion in Section 2A.

Compact support assumptions:

If |x'| > &, then (p, v, s) = (0, 0, 0). 4-1)

By (2-13), when ¢ = 0, the data are supported on the set where u € [0, 26]. This explains why in some of
the data assumptions stated below, we only consider regions in which u € [0, 25].

Lower bound for the quantity that controls the blowup-time:*°
Se=supiic™ (¢ o+ DXRG)I; > 0. (4-2)
2o

Remark 4.1 (nondegeneracy assumption on the factor c 1! ¢.p+1)). Recall the factor c (! c.o+1)
in (4-2) can be viewed as a function of (p, s). For the solutions under study, we are assuming that
¢! (c_lc;p + 1) is nonvanishing when evaluated at the trivial background solution (p, s) = (0, 0) (recall
that this background corresponds to a state with constant density o = ¢ > 0). One can check that for any
smooth equation of state except that of a Chaplygin gas, there are always open sets of o > 0 such that the
nonvanishing condition holds; see the end of [36, Section 2.16] for further discussion. We also point out
that for the Chaplygin gas, it is not expected that shocks will form.

Assumptions on the amplitude and transversal derivatives of the wave variables:

IR sy < &, (4-3a)
IXU3IR ) e (s < 8, (4-3b)

IX= Ry, v3 08 ) ey < & (4-3¢)
ILXX XV | Loo(s,) < €. (4-3d)

390f course, we are only allowed to prescribe (o, v, ) without explicitly specifying their derivatives transversal to X.
Nevertheless, using (1-1)—(1-3), we can compute the traces of all derivatives on X(. The derivative assumptions that we specify
here are to be understood in this sense. Notice that all the assumptions are satisfied by the data of exactly simple plane-symmetric
solutions with € = 0. Thus, they are also satisfied by small perturbations of them.

40Here, z4+ = max{z, 0}.
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Smallness assumptions for good derivatives of the wave variables:

1,Niop—M,—2 1, Nop—M—4] v 121 v v
|| pLt-Niep W || ooy, [P Nor IXW| sy, I1PHAXXW| ooy,

1, Niop— M. 1, Nop+1 1, Niopl v o
sup [P Mg PNt g s PN X W ) < €0 (4-4)
uel0,26]

Smallness assumptions for the specific vorticity and entropy gradient:

[P=Noe=M=2(2 §)|l 1oz, sup (PN M2, D120,y 1PN, )25, < €2 (4-5)
ue[0,26]

Smallness assumptions for the modified fluid variables:

[P=No=M3C, DYl e(zy.  sup 1PN ™ 7NC, D)l 12y, 1PN (C. D)2y <€/2. (4-6)
uel0,26]
4B. Statement of the main theorem. We are now ready to give a precise statement of Theorem 1.1 (see
Theorems 4.2 and 4.3 below), as well as the corollaries in interesting subregimes of solutions discussed
in Remark 1.5 (see Corollaries 4.4 and 4.5).

We first discuss Theorem 1.1. It will be convenient to think of Theorem 1.1 as two theorems. The first,
which is the much harder theorem, is a regularity statement, stating — with precise estimates — that in
the region under study, the only possible singularity is that of a shock, i.e., one that is associated with the
vanishing of p. This is the content of Theorem 4.2. Once Theorem 4.2 has been proved, the proof that a
shock indeed occurs is much easier. This is the content of Theorem 4.3.

Theorem 4.2 (regularity unless shock occurs). Let &, 8, 8, > 0. There exists a large integer M, that is
absolute in the sense that it is independent of the equation of state, 0, G, 8, and 5;1 such that the following
hold. Assume that:

o The integer Nyop satisfies Niop > 2M, + 10 (see Remark 6.1 regarding the size of Nigp).

o & > 0 is sufficiently small in a manner that depends only on the equation of state and Q.

1 gl/2

o &> 0 satisfies* < & and is sufficiently small in a manner that depends only on the equation of

state, Niop, 0, 0, 0, and 6;1.

e The initial data satisfy the support-size and norm-size assumptions** (4-1)—(4-6).

2

Then the corresponding solution (g, vl 02,03, 8) 1o the compressible Euler equations (1-1)—(1-3) exhibits

the following properties.
Suppose T € (0, 25; 1, and assume that there is a smooth solution such that the following two conditions
hold:

2 2

o The change of variables map (t, u, x~, x3) — (t, x!, x2, x3) from geometric to Cartesian coordinates is

a diffeomorphism from [0, T) x R x T? onto [0, T) x X.
e u>0in[0,T) x Z.
4The assumption &1/2 < & allows us to simplify the presentation of various estimates, for example, by allowing us to write
O(&) instead of O(&1/2) + O(&).

42Note that our plane-symmetric background solutions satisfy these assumptions with é = 0.
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Then the following estimates hold for every t € [0, T'), where the implicit constants in <, depend only on
the equation of state and o, while the implicit constants in S depend only on the equation of state, Niqp, 0
8,8, and S; Y (in particular, all implicit constants are independent of t and T).

(1) The following energy estimates hold (Where the energies are defined in (3-2a)—(3-4b) and W, (t) is as
in Definition 2.16):

Wy (1) < & max{1, w, Vo2V 8 0y for 1 < N < Nigp, (4-7a)
V(1) Sy(0) < & max{l, u, N 2NE28 0y £5r0 < N < Nigp (4-7b)
Cwn (1), Dy () < & max{1, , N2 NH08 0y 510 < N < Nigp. (4-7c)

(2) The following L™ estimates hold:

[ PUNoo =M =21y o 5y | PH N =M || oo 5y S &, (4-8a)
IR ) Ko Ry, 07,07, ) ez S &, (4-8b)
IXR sy <20,  IX Ry, v2, 07, 8) (s, S &, (4-8¢)

|PNee= M2l §) || oo,y 1P Ner™ M3, D) || oo 5y,
PN X (2. 8) 1oy SEV2 (4-8d)

In addition, the solution can be smoothly extended to [0, T x R x T? as a function of the geometric
coordinates (t,u, x%, x3).

Finally, if inf;c0,7y W (t) > 0, then the solution can be smoothly extended to a Cartesian slab
[0, T +€] x X for some € > 0 such that the map (t, u, X2, x3) = (t,x", x%2, xY isa diffeomorphism from
[0,T+€e]lxRxT2onto[0, T +€]x X. In particular, on the extended region, the solution is a smooth
function of the geometric coordinates and the Cartesian coordinates.

Theorem 4.3 (complete description of the shock formation at the first singular time). Under the assump-
tions of Theorem 4.2 — perhaps taking & and € smaller in a manner that depends on the same quantities
stated in the theorem — there exists T(sing) € [0, 28; 1 satisfying the estimate™

Tising) = {1+ 0y (80 + 0(&))5;" (4-9)
such that the following hold:
(1) The solution variables are smooth functions of the Cartesian coordinates (¢, x', x% x3) in [0, Tising)) X 2.

(2) The solution variables extend as smooth functions of the geometric coordinates (t,u, x>, x3) to
[0, Tising) ] X R x T2,

(3) The inverse foliation density tends to zero at T(sing), i.e., lim inf,TT(—_ M () =0.
sing

(4) 01 R+ blowsup ast 1+ T

sing)» I-€-» 1im SUp47,,,, SUPE, |01 R ()| = o0.

43See Section 2A regarding our use of the notation O, (- ), O(-), etc.
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(5) Moreover, let**
Fhrowup = { (@, x%, x*) e Rx T lim sup |1 R )|, i, ¥, ¥7) = oo},

([ 72,83 (T g

Franish = {1, X2, x%) € R x T? 1 (W(Tsing), 4, X, x°) = 0},

u,x2,x3)

and

: 2
Sregular = {(Ms X

,x%) € R x T? : all solution variables extend to be C' functions of
the geometric and Cartesian coordinates in a neighborhood
of the point with geometric coordinates (T sing), U, x2, x3),

intersected with the half-space{t < T(sing)}}.

Then Splowup and Hyanish are nonempty, and
2
yblowup = Lyanish = R x T \XBgulaP

The proofs of both Theorems 4.2 and 4.3 are located in Section 14B.
The next two corollaries concern some refined conclusions one can make with additional assumptions
on the initial data.

Corollary 4.4 (nonvanishing of the vorticity and entropy at the blowup-points). Assume the hypotheses
and conclusions of Theorem 4.2, but perhaps taking & and &€ smaller in a manner that depends on the
same quantities stated in the theorem. Assume in addition that,® forall (x2, x3) e T?,

e e ep + DXRDI(t =0,u, x%, x%) < 1871 when |u—&+8.1 > 3&b; ", (4-10)
and
1@ <120 =0ux*x) <&, 1&<ISC=0,ux*x)<& whenlu—3& <&/ (411)

Then §2 and S are nonvanishing near the singular set; i.e., for any (u, x%,x3%) € Folowup (as in
Theorem 4.3), we have §2(T sing), u, x2, x3) # 0 and S(Tsing), u, x2, x3) #£0.

The proof of Corollary 4.4 is located in Section 14C.

Corollary 4.5 (the spatial Holder regularity of the solution relative to the Cartesian coordinates). Let
(03 > 0 be a constant, and assume that the following hold:

(1) For all u such that |u — &| > &/4 and all (x?, x>) € T?, we have
e e e+ DX R+ =0, u, x%, x%) < 13,
(2) For all* u € [&6/2,36/2] and all (x?, x*) € T2,
IXX{(c o+ DIXRE)IE =0, u, x%, x%) < =388 <0. (4-12)

4For definiteness, in the definition of the subset “tegular» We have made statements only about the boundedness of the
solution’s C! norm. However, our proof shows that on .#jegylar, the solution inherits the full regularity enjoyed by the initial data.

#3Recall the initial condition (2-13) for u, which shows that u [5,= & —x.

40This is a nondegeneracy condition in the sense that it guarantees that for every (xz, x3) € T2, the quantity
(c‘lc;p + 1)()2’R(+)) I'sy. When viewed as a one-variable function of u, has a nondegenerate maximum. (Note also that
(cflc; ot 1)()? R)) {20 is related to the quantity in (4-2), whose reciprocal controls the blowup-time.)
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Also assume the hypotheses and conclusions of Theorems 4.2 and 4.3, but perhaps taking & and &
smaller in a manner that depends on [5 and the same quantities stated in Theorem 4.2. Then the spatial
C'/3 norms (i.e., the standard C'/® Holder norms with respect to the Cartesian spatial coordinates) of all
of the fluid variables and higher-order variables p, v', 2, S', C' and D are uniformly bounded up to the
first singular time.

The proof of Corollary 4.5 is located in Section 14D.

5. Reformulation of the equations and the remarkable null structure

We recall in this section the main result in [50], which is of crucial importance for our analysis.

Theorem 5.1 (the geometric wave-transport-divergence-curl formulation of the compressible Euler
equations). Consider a smooth solution to the compressible Euler equations (1-1)—(1-3) under an equation
of state p = p(o, s) and constant ¢ > 0 such that the normalization condition (2-1) holds. Then the
scalar-valued functions Vi, R+), Qi s, S div$2, C, D, and (curl S),, i = 1,2, 3, (see Definitions 2.3
and 2.7) obey the following system of equations (where the Cartesian component functions v' are treated
as scalar-valued functions under covariant differentiation on the left-hand side of (5-1a)):

Covariant wave equations:

v = —c”exp(2p)C + Qi) + £, (5-1a)
O, R(x) = —c?exp(2p)C! + {F;Sc2 exp(2p) — c exp(p) % }D + Q) + L) (5-1b)
Ogs = c*exp(2p)D + £¢5). (5-1¢)
Transport equations:

B = Q’(Q), (5-2a)
Bs =0, (5-2b)
BS' = £, (5-2¢)

Transport-divergence-curl system for the specific vorticity:
div 2 = S(div 2)s (5-321)
BC' =M, + Qle) + £c)- (5-3b)

Transport-divergence-curl system for the entropy gradient:
BD =My + Qpy, (5-4a)
(curl S)' = 0. (5-4b)

Above, the main terms in the transport equations for the modified fluid variables take the form

Mic) = —28 jkeiab exp(—P) (91’ ) 0p 2" +eqji exp(—p) (9v")0; 2

exp(—3p)c 2 ZE ((BSY) a0 — (Bv)3, 5 Fexp(—3p)c 2 22 (Bu®) 3, S'— (3,0%) BS'}, (5-5a)
0 0
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M) = 2exp(—20){(3,v") 3 S —(3,v?) 8 S} +exp(—p)Sap (curl £2)7 5P, (5-5b)
The terms Qév), Q) Dl@, and Qpy are the null forms relative to g defined by
fy = — 11+ el g™ (ap)0pv' (5-62)
Q) = Q) F 20,087 N8 pdpp £ c{(3av) (9p1") — B,0") 05"}, (5-6b)
) P s

Q’@ =exp(—3p)c S’{(a v2) vt — (8,030}
+exp<—3p)c—2?{(aav”>sbahv — (8“0,0")9p0")
+2exp(—3p)c—2@{(saaap)3vi — (Bp)S“a,v')
+2exp(—3p)c” cp—{(S” 040) Bv' — (Bp)S“ 940"}
+exp(—3p>c—2%{<3p>5“ v — (8“9,0) Bv')
+exp(—3p)c*2%sf{<3v“)aap — (3,v) Bp)
+ 2exp(—3p)c—2%si{(8av“>8p — (Bv*)3,0)
42 exp(—3p)c_3c;p%5i {(3,v")Bp — (Bv")d,4p}, (5-6¢)
Q(p) = 2exp(—20){ (S 041")0pp — (0,v*) Sy p}. (5-6d)
In addition, the terms Siv), L) L) 2’@), 2’@, Ldive), and S’@, which are at most linear in the
derivatives of the unknowns, are defined as
£ = 2exp(p)eian(Bv) 2" — %eiabQ“Sbl exp(—p) é‘)“saa vl

S

—2exp(—p)c cp—<Bp)S’+exp< p)—=L(Bp)S', (5-7a)

e}

Ly = L, £ Fs€) F 3¢ exp(—p)%"saaap +2¢%¢. 89,0
Foexp(—p) P05, 89SP & F . 280,548, (5-Tb)
Qe

E(S)iczSaaap—cc S99, — cC.s8apS° 8P, (5-7¢)
(@) = 20,0" —exp(—2p)c” ?Etab(BU )S?, (5-7d)
g = —S"8,v" + €jap exp(p)2°S5?, (5-7e)
Ldive) = —2°9,0, (5-71)
o = 2exp(—3p)c_3c;s%(Bvi)8abS“Sb - Zexp(—3p)c_3c.v%aabS“(Bvb)S"
Fexp(=3p)c 225 (Bui)5,, 5957 — exp(—3p)c 255 5, (Bu)SP S, (5-T¢)

Proof. The equations are copied from [50, Theorem 1], except we have replaced the wave equations for
p, v! from [50, Theorem 1] with equivalent wave equations for R+, with the help of the identity

DR =0ev £{c Ogp+c.p(g N 8,pdpp +2c%,s 88,0 + F.yi5¢*84pS* S + F.y Oy 51,
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which follows from (2-2), the chain rule, the expression (2-8) for g~!, and the transport equation Bs = 0,

ie., (1-3). O

6. The bootstrap assumptions and statement of the main a priori estimates

We prove our theorem with a bootstrap argument. In this section, we state the precise bootstrap assumptions,
as well as a theorem that features our main a priori estimates. The proof of the theorem occupies
Sections 7-14A.

6A. Bootstrap assumptions. We now introduce our bootstrap assumptions. In the context of Theorem 6.3
below, we assume that the bootstrap assumptions in the next two subsubsections hold for ¢ € [0, T(Boor)),
where T(goor) € [0, 28; Nisa “bootstrap time.”

6A1. Soft bootstrap assumptions.

(1) We assume that the change-of-variables map (¢, u, x2,x3) = (¢, x', x%, x3) from geometric to
Cartesian coordinates is a C! diffeomorphism from [0, T(goo) x R x T2 onto [0, T(Boor) X .

(2) We assume that p > 0 on [0, T(oor) X R x T2.

The first of these “soft bootstrap assumptions” allows us, in particular, to switch back and forth between
viewing tensorfields as a function of the geometric coordinates (which is the dominant view we take
throughout the analysis) and the Cartesian coordinates. The second soft bootstrap assumption guarantees
that there are no shocks present in the bootstrap region (though it allows for the possibility that a shock
will form precisely at time T(Boot)).

6A2. Quantitative bootstrap assumptions. Let M, € N be the absolute constant appearing in the statements
of Theorem 4.2 above and Proposition 12.1 below. Moreover, as we stated already in Section 4A, Ny
denotes any fixed positive integer satisfying Niop > 2M, + 10.

Remark 6.1 (rationale behind our choice Nyop > 2M,+10). Later on, our assumption Nyop > 2M,+10 and
the bootstrap assumptions will allow us to control < Ny, derivatives of nonlinear products by bounding
all terms in L except perhaps the one factor hit by the most derivatives. Roughly,*’ the reason is that
our derivative count will be such that any factor that is hit by < Ny, — M, — 4 or fewer derivatives is
bounded in L*°. We will often avoid explicitly pointing out this aspect of our derivative count.

L? bootstrap assumptions for the wave variables: For Niop =My +1<N < Ntop,48 we assume the fol-

lowing bounds, where the energies Wy are defined in Section 3B2 and w,(¢) is defined in Definition 2.16:

Wy (1) < &y, 2N 20 S (6-1)
For1 <N < Ntop - M,,

Wy () < é. (6-2)

T reality, the different solution variables that we have to track, such as W, Qi, Lt , W, etc., exhibit slightly different amounts
of L™ regularity.

48Equivalently, for0 < K < M, — 1, we have WNmpr (1) < éu*_ZM*+2K+1'8(t).
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L bootstrap assumptions for the wave variables:

IR lILes) < &2 IIXRp (s, < 30, (6-3)
[(R—y, 02,07, )lles)s 1X (R, v2, 0%, ) |1,y < €Y7, (6-4)
||zp[1,Nmp—M*—2]\IJ”LDC(Er) S é]/z’ ||'P[1,Ntop—M*—4]X\IJ”LOO(Zt) S él/?. (6_5)

L bootstrap assumptions for the specific vorticity:

|P=Ner M2 2 sy + PN MR 2 s, < & (6-6)

L bootstrap assumptions for the entropy gradient:

IP=Ner™ M2 | s,y A [ P=Nr MK S ey < € (6-7)

L° bootstrap assumptions for the modified fluid variables:

| P=Neoo=M=3(C D) poo(s,y < €. (6-8)

Remark 6.2 (the main large quantity in the problem). From the discussion of the parameters at the
beginning of Section 4A and (6-3)-(6-8) we see that the main large quantity in the problem is X R+); all
other terms exhibit smallness that is controlled by & and &. This, of course, is tied to the kind of initial
data we treat here.

6B. Statement of the main a priori estimates. We now state the theorem that yields our main a priori
estimates. Its proof will be the content of Sections 7-14A.

Theorem 6.3 (the main a priori estimates). Let T(goor) € [0, 28; 1. Suppose that:

(1) The assumptions on the initial data stated in Section 4A hold. (Note that these assumptions involve
Ntop, M*, (o)-, 6*, 6, (SC, and é)

(2) The bootstrap assumptions (6-1)—(6-8) all hold for all t € [0, Tgoor)) (Where we recall that in the
bootstrap assumptions, Ny is any integer satisfying Nip > 2M, + 10, where M, € N is the absolute
constant appearing in the statements of Theorem 4.2 and Proposition 12.1).

(3) In (6-3), the parameter & is sufficiently small in a manner that depends only on the equation of state
and .

(4) The parameter € > 0 in (6-1)—(6-8) satisfies eV < &andis sufficiently small in a manner that depends
only on the equation of state, Niop, 0, G, 8, and S;l.

(5) The soft bootstrap assumptions stated in Section 6A1 hold (including > 0 in [0, T(goor)) X R X T>).

Then there exists a constant C, > 0 depending only on the equation of state and o, and a constant
C > 0 depending on the equation of state, Niop, 0, G, 8, and S;l such that the following holds for all
t € [0, TBooy)):
(1) (6-1) and (6-2) hold with & replaced by C&>.

(2) The two inequalities in (6-3) hold with &'/? replaced by Cy& and 3% replaced by 26 respectively.
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(3) The inequalities in (6-4) and (6-5) hold with &'/? replaced by Cé.
(4) The inequalities (6-6)—(6-8) all hold with & replaced by C &3/,

Sections 7-13 will be devoted to the proof of Theorem 6.3. See Section 14A for the conclusion of the
proof.
From now on, we will use the conventions for constants stated in Section 2A and Theorem 6.3.

7. A localization lemma via finite speed of propagation
We work under the assumptions of Theorem 6.3.
Lemma 7.1 (a localization lemma). Let Uy =26+ 43;1. Then, forall t € [0, TBoor))>
(p,v,s)=1(0,0,0), wheneveru ¢ (0, Uy).

Proof. Recall that we have normalized (see (2-1)) ¢(0,0) = 1, and (by (4-1)) the data are compactly
supported in the region where |x!'| < &. Hence, by a standard finite speed of propagation argument,
we see that (p, v, s) = (0, 0, 0) whenever |x!| > &+ . More precisely, this can be proved by applying
standard energy methods to the first-order formulation of the compressible Euler equations provided by
[16, equation (1.201)], where the relevant energy identities can be obtained with the help of the “energy
current” vectorfields defined by [16, equations (1.204), (1.205)]. Since t < T®oor) < 25; !

solution is trivial here

{(t.x) €0, Tgooy) x B it —x' > &+45."1} S {(t,x) € [0, Tgoon) x T :x' <=6 —1}.

In particular, this implies

(p,v,5)=(0,0,0) unless —6 <7—x' <&+45,". (7-1)

Observe now that since u [=oj= & — x!, in the set {(¢, x) € [0, TBoot)) X X : |x'| > &+ 1} (where
the solution is trivial), we have u =t 4+ & — x'. In particular, {u =0} = {t —x' = —&} and {u = Uy} =
{t—x'=6+ 48;1}. The conclusion thus follows from (7-1). Il

For the rest of the paper, Uy > 0 denotes the constant appearing in the statement of Lemma 7.1.

8. Estimates for the geometric quantities associated to the acoustical metric

We continue to work under the assumptions of Theorem 6.3.

In this section, we collect some estimates of the geometric quantities L, Lismall) (see Definition 2.21),
under the bootstrap assumptions on the fluid variables. These estimates are the same as those appearing
in [36; 52]. Our analysis will therefore be somewhat brief in some spots, and we will refer the reader to
[36; 52] for details.

We highlight the following point, which is crucial for the subsequent analysis: the bounds for .,
Lismau) and the wave variables W control all the other geometric quantities, including the transformation
coefficients between different sets of vectorfields, as well as the commutators of vectorfields.
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8A. Some preliminary geoanalytic identities. In this section, we provide some geoanalytic identities
that we will use throughout our analysis.

We start by recalling the definition of a null form with respect to the acoustical metric (“g-null form’
for short).

Definition 8.1 (g-null forms). Let ¢ and ¢® be scalar functions. We use the notation Q® (3¢, 9¢?)
to denote any derivative-quadratic term of the form
QW @™, 09 = (L', W) (g™ a9V 3p0?, (8-1)
where f( - ) is a smooth function.
We use the notation Qqs(3¢V, 3¢?) to denote any derivative-quadratic term of the form
Qup(39'", 99 = (L', W){3.9 " 9p0? — 959V 0,0), (8-2)
where f(-) is a smooth function.

Lemma 8.2 (crucial structural properties of null forms). Let Q(d¢V, 3¢®) be a g-null form of type
(8-1) or (8-2). Then there exist smooth functions, all schematically denoted by f (and which are different
from the t in Definition 8.1), such that the following identity holds:

n0@p", 36@) = (L', W)XV - Pp@ + (L', ) Xp@ - PV 4+ uf(L, W)PpD . Po®.  (8-3)

In particular, decomposing all differentiations in the null form with respect to the {L, X, Y, Z} frame
leads to the absence of all X¢V - X terms on the right-hand side of (8-3).

Proof. For null forms of type (8-2), (8-3) follows from Lemma 2.22 and the fact that the Cartesian
component functions X!, X2, X3 are smooth functions of the L’ and ¥ (see (2-23)). For null forms of
type (8-1), (8-3) follows from the basic identity g™' = —LQL — (L@ X+ X QL) + ¢! (see, e.g., [52,
(2.40b)]) and Lemma 2.32. U
Lemma 8.3 (expressions for the transversal derivatives of the transport variables in terms of tangential

derivatives). There exist smooth functions, all schematically denoted by “f”, such that the following
identities hold:

XQ = —pL2' +(2,8) -f(¥, L, p, XW, PW), (8-4)
XS =—uLS +(£2,8)-f(V, L', u, XV, PW), (8-5)
XC'=—uLC 4 (2,5, PR, PS)-f(¥, L, u, X¥, PY), (8-6)
XD = —uLD +(£2,S,PR2,PS)-{(V, L', u, XV, PV). (8-7)

Proof. Equations (8-4) and (8-5) follow from the transport equations (5-2a) and (5-2c), (2-23) (which
implies that pB = X+ puL), and Lemma 2.22.

Equations (8-6) and (8-7) follow from a similar argument based the transport equations (5-3b) and
(5-4a), where we use Lemma 8.2 to decompose the null form source terms and (8-4)—(8-5) to re-express
all X derivatives of (£2, S). g

Lemma 8.4 (identity for X LY. There exist smooth functions, all schematically denoted by £, such that
XL =f(V, LHYX W + pf(¥, LYPW + (¥, L)) Py (8-8)
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Proof. This was proved as [52, (2.71)] (which holds in the present context with obvious modifications
such as replacing G, L XW with G o XU, etc.), where we have used that the Cartesian component
functions X', X2, X3 are smooth functions of the L and W (see (2-23)). O

Lemma 8.5 (simple commutator identities). For each pair Py, P, € {L, Y, Z}, there exist smooth functions,
all schematically denoted by “f”, such that the following identity holds:

[P1, Pl = (L', W, PL}, PW)Y + (L), ¥, PL}, PV)Z. (8-9)

Moreover, for each’P € {L, Y, Z}, there exist smooth functions, all schematically denoted by “f”, such
that the following identity holds:

[P, X]=1f(u, L', ¥, Pu, XU, PW)Y +f(uL, ¥, Pu, XW, PU)Z. (8-10)

Proof. We first prove (8-10). Lemma 2.23 implies that [P, X] is ¢; ,-tangent, i.e., that [P, )?]t =[P, X]u =
0. Hence, (2-28b)—(2-28c) imply that this commutator can be written as a linear combination of Y, Z.
Since the Cartesian component functions X!, X% X3 are smooth functions of the L’ and W (see (2-23)),
the same holds for the component functions PO Pl P2 P3 (this is obvious for P = L, while see
Lemmas 2.23-2.24 for P =Y, Z). Also using that Xi= p)u( i we conclude (8-10) by computing relative
to the Cartesian coordinates, using Lemma 2.22 to express Cartesian coordinate partial derivatives in
terms of derivatives with respect to Y, Z (the X- and L-derivative components of the commutator must
vanish since [P, )?] is £; ,-tangent), and using (8-8) to substitute for XL factors.

The identity (8-9) can be proved through similar but simpler arguments that do not involve factors of p
or X differentiations. U

8B. The easy L estimates.

Proposition 8.6 (L*>° estimates for the acoustical geometry). The following estimates hold for all t €
[0, T(Boo)):

' . 21/2
Iullzocz) + IILuliee) ST Iigman e Se & 1Y) + 1 2ol S €72

P12 Mo =M oo 4 I PE N0 LT e ) S €12,

Proof. These can be proved using the transport equations (2-40) and (2-41) (commuted with ), the initial
data size-assumptions (4-3a)—(4-4), and the bootstrap assumptions (6-3)—(6-5). See [52, Proposition 8.10]
for details of this argument. We note these estimates lose a slight amount of regularity compared to W
because the transport equations (2-40) and (2-41) depend on the derivatives of W. O

Our analysis also relies on the following L* estimates.
Proposition 8.7 (L*>° estimates for other geometric quantities). The following estimates hold for all
t € [0, TBoor)), Where c denotes the speed of sound:

i °1/2 e 1/2
”Xl(small)”L”(E/) 50 &'/ > llc — 1||L°°(21) 50 &'/ )

”’Ij[lthop_M*_ﬂXl ||L°°(2,) S é1/2’ ”'p[LNtop—M*—Z]C”Lw(zr) S (‘_’:1/2.
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Proof. The estimates for X smayy follow from (2-25a)—(2-25b), (2-26a), the bootstrap assumptions (6-3)—
(6-5), and Proposition 8.6.

The estimates for ¢ follow from the bootstrap assumptions (6-3)—(6-5) and the fact that ¢ is a smooth
function of p and s with ¢(0, 0) =1 (see (2-1)). U

The estimates in Propositions 8.6 and 8.7 also imply the following bounds for the commutators.

Proposition 8.8 (pointwise bounds for vectorfield commutators). All the commutators [L, X 1,IL,Y],
(L, Z),[X,Y),[X, Z) and [Y, Z] are £, ,-tangent.
Moreover, if ¢ is a scalar function, then for 0 < N < Ny, iterated commutators can be bounded

pointwise as follows:

L. PVIpl S e PP Mgl Y PN v Pt g,

Ni+Nr<N+1
N a=N (8-11)
X Pl S 1P Mg+ Y 0 PRI L wy PRI S PRI plt g,
Ni{+Nr<N+1 Ni+N><N
N1, N <N Ni<N-1
In particular,
L, PN1g| S &2 PNl if 0 < N < Nigp — My — 3, 1)

11X, PM1p| < [PUNg) if0< N < Nygp— M, —4.

Proof. All the commutators can be read off from Lemma 2.23 (and using that coordinate vectorfields
commute). In particular, since the coefficient of §, in L and the coefficient of 4, in X both are equal to 1,
all the stated commutators are ¢, ,-tangent.

We first prove (8-11) for |[L, PY]¢|. By Lemma 2.23 and the fact L' + X’ — v’ = 0 (by (2-26a)),

N
L. P11y Y PN W P L, )| P g (8-13)
k=2 Ni+--+Ny=N+1 -
1<N <N =)

By (6-3)—(6-5), Propositions 8.6, 8.7 (and N < Nip), either [PV (L', ¥)| < &2 for 1 < j <k—1 (in
which case (x) < &1/2|PLL-N1g)), or else there is exactly one factor |[PYNi (L, W)| with Nj > Niop — M, —3
not bounded by < &!/2 in which case

@< Y PPN, wyplg).

Ni+N><N+1
Ny, N2<N

Hence, (8-13) is bounded above by the right-hand side of the first inequality in (8-11).
To bound [)v( , PN 1o, we note that according to Lemma 2.23, there is, in addition to (8-13), the terms*?

N
Yo > PNl W PN, W) [PNI X (LY, W) [P, (8-14)
k=2 Ni+-+Ny=N
Ni-1=N-1
1<Ny<N

49Irnportantly, one checks from Lemma 2.23 that there are no terms of the form IPN k=1 X u!
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N
> > PV W) PN L, W) [P [P, (8-15)
k=2 Ni+-+Nr=N+1

1<Ny<N

Hence, with the help of (8-8), we can substitute for the terms XL’ on the right-hand side of (8-14), and
thus the right-hand side of (8-14) can be bounded above by the right-hand side of (8-13) plus (8-15) and

N
S PN, ) P L, W) PN X PV, (8-16)
k=2 Ni+-+Ny=N

Ni—1<N—-1

I<Ny<N

both of which, by arguments similar to the ones we used to prove (8-13), can be bounded above by the
right-hand side of the second inequality in (8-11).

To get from (8-11) to (8-12), we use the L bounds in (6-3)—(6-5) and Propositions 8.6 and 8.7, which
are applicable in the sense that they control a sufficient number of derivatives of all relevant quantities
in L*. 0

In the rest of the paper, we will often silently use the following simple lemma.

Lemma 8.9 (the norm of the ¢, ,-tangent commutator vectorfields and simple comparison estimates).
The ¢; y-tangent commutator vectorfields {Y, Z} satisfy the following pointwise bounds on My, uv,:

YIst 1ZIst (8-17)
Moreover, for any {, ,-tangent tensorfield & the following pointwise bounds hold on Mt v,:
IVE|~ VyEl+VZE]. (8-18)

Proof. To prove (8-17), we use Lemmas 2.23 and 2.32 and the fact that the Cartesian component functions
X', X2 X3 are smooth functions of the L’ and W (see (2-23)) to deduce that |Y|? = gABYAYB =f(L", W),
where f is a smooth function. Similar remarks hold for |Z|?. The desired estimates in (8-17) therefore
follow from the bootstrap assumptions (6-3)—(6-4) and Proposition 8.6.

To prove (8-18), we note that the g-Cauchy—Schwarz inequality and (8-17) imply that |[Vy&|+ |V z&| <
|V E|. We will show how to obtain the reverse inequality when & is a scalar function; the case of an
arbitrary ¢, ,-tangent tensorfield can be handled using the same arguments, which will complete the
proof. To proceed, we note that for scalar functions & we have |Y&|*> = (g_l)AB (FJ4E)(5E). We now use
Lemmas 2.24 and 2.32 and the fact that X!, X2 X? are smooth functions of L! and W (as noted above) to
deduce that there exist smooth functions, all schematically denoted by f, such that (g_l)AB (F48)(FgE) =
f(L, W) (YE)>+ (LT, W)(YE)(ZE) + (L, W)(ZE)?. Also using the bootstrap assumptions (6-3)—(6-4),
Young’s inequality, and Proposition 8.6, we conclude that |V&|?> < |YE|> 4 | ZE]? = |VyE)? + |V ZE)? as
desired. O

8C. L estimates involving higher transversal derivatives. Some aspects of our main results rely on
having L°° estimates for the higher transversal derivatives of various solution variables. We provide these
estimates in the next proposition. The proofs are similar to the proofs of related estimates in [52].
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Proposition 8.10 (L™ estimates involving higher transversal derivatives). The following estimates hold™°

forallt € [0, Tgoor)) and u € [0, Uyl, where in (8-22b), P € {Y, Z}:

L estimates involving two or three transversal derivatives of the wave variables:

ILP=2X X W m,,) < CEV2,
1P AX X oo,y < CEV2,
IXXRllzom,) < IXX R Lz + CEY,
XX (R, v', 02, )|, ) < CEV2,
ILXXXW | m,,) < CEV2,
IXXXR Lo, < IXXXR 4l sy + CEV2,
||)2')v()v((72(,), vl 2, S em, ) < cel’?,

L estimates involving one or two transversal derivatives of W:

ILX Wl 2o, < HIX(Grr o X W) || Loy + CEV2,
X 1l ety < IX 1l zoe(zg) + 87X (G rr © X W) |1z + CEV2,
ILXPullzom,,).  ILXP |,y < CE2,
IXPullzom,.  1XPHullem,,) < CEY2,
ILLX X ]| o,y < CEY2,
ILX Xl 1o, < SIXX (G o XW)|l (s + CEV2,
IX X pll oo, ) < IX X pll ooz + 85 IX X (G o X W) |1 (zy) + CEV2

L™ estimates involving one or two transversal derivatives of L':

||'P[Lpr7M*75]XLi Lo,y < Cél/z’
IXL |z (m,,) < C,
ILPXXL | Lo, ) < CE2,
IPXXL 1,y < C&V2,
IXXL | oopg, ) < C.
L estimates involving transversal derivatives of the transported variables:

IP=X=1(82, $) o, + IPZ2XX (2, )z, )+ 1IX=2(82, )l 22 (0, )

(8-19a)
(8-19b)
(8-19¢)
(8-19d)
(8-20a)
(8-20b)
(8-20c)

(8-21a)
(8-21b)
(8-22a)
(8-22b)
(8-23a)
(8-23b)
(8-23c¢)

(8-24a)
(8-24b)
(8-25a)
(8-25b)
(8-25¢)

+IP=2X=1C, DY o, + IXZ2C, D) llzeian,) < CE. (8-26)

50Based on our assumptions on the data (see Section 4A), we could obtain L®° control over additional F;-tangential
derivatives of the quantities stated in the proposition — but not! additional X differentiations. However, for convenience, in the
proposition, we have only derived control of a sufficient number of derivatives so that the estimates close and so that we can use

the results in our proof of Lemma 14.2 and in the Appendix.
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Finally,

we can permute the vectorfield operators on the left-hand sides of (8-19a)—(8-25¢)
up to error terms of L size O(&€'/?), (8-27)

and on the left-hand side of (8-26) up to error terms of L™ size O(€). (8-28)

Proof. To prove the lemma, we make the “new bootstrap assumption” that the estimates in (8-26) hold
for ¢ € [0, T(Boor)) With the Cé-term on the right-hand side replaced by &!/2, and also that (8-28) holds
with O(&) replaced by &'/2. Given this new bootstrap assumption, to obtain (8-19a)—(8-25c) and (8-27),
we can simply repeat’! the proof of [52, Lemma 9.3], which relies on transport-type estimates that
lose derivatives (in particular, one uses the transport equations (2-40)—(2-41) and also treats the wave
equation as a derivative-losing transport equation LXV = by using (13-13)). The only difference
between the estimates derived in [52, Lemma 9.3] and the estimates we need to derive is that our wave
equations (5-1a)—(5-1c), when weighted with a factor of w (so that the decomposition (13-13) of pll, can
be employed), feature some new inhomogeneous terms compared to [52, Lemma 9.3], specifically, some
of the ones depending on (C, D, §2, S) and the first derivatives of (£2, S). The key point is that our new
bootstrap assumption implies that the new inhomogeneous terms are all bounded in L> by < &!/2, which
is compatible with the O(&'/?)-size bounds that one is aiming to prove; i.e., our new O(&'/?)-sized error
terms are harmless in the context of the proof. From this logic, it follows that the estimates (8-19a)—(8-25¢)
and (8-27) hold for all 7 € [0, T(Boor)). We clarify that the estimates (8-23a) and (8-25a) were not explicitly
stated in [52, Lemma 9.3]. However (8-23a) follows from commuting the transport equation (2-40)
with LX X via Lemma 8.5 and bounding the resulting algebraic expression for LLXXp using the fact
that the Cartesian component functions X 1 X2 X3 are smooth functions of the L and W (see (2-23)),
the bootstrap assumptions (6-3)—(6-7), Proposition 8.6, and the estimates in (8-19a)—(8-25c) and (8-27)
besides (8-23a) and (8-25a) . Similarly, (8-25a) follows from commuting the transport equation (2-41)
with PXX.

To complete the proof, it only remains for us to prove (8-26) and (8-28) (with the help of the already
established bounds (8-19a)—(8-25¢) and (8-27)); for if € is sufficiently small, this yields a strict improve-
ment of the new bootstrap assumption mentioned at the beginning of the proof, and the conclusions of the
proposition then follow from a standard continuity argument. We start by noting that the bounds in (8-26)
for the pure F,-tangential derivatives of (£2, S) are included in the bootstrap assumptions (6-6)—(6-7), as
are the bounds

IP=3X (2, )|l Lom, ) S €. (8-29)

Next, we use Lemma 8.5, the bootstrap assumptions (6-3)—(6-7), Proposition 8.6, the estimates (8-19a)—
(8-25c¢) and (8-27), and the bounds (8-29) to deduce that the estimate (8-29) also holds for all permutations
of the vectorfield operators on the left-hand side.

Slwe clarify that the bootstrap parameter “c” from [52] should be identified with the quantity &1/Z in our bootstrap assumptions
(6-4)—(6-8).
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‘We next show that
IP=2X X (82, S)llLom, ) < & (8-30)

This estimate follows from differentiating the identities (8-4)—(8-5) with P=<2X and using the bootstrap
assumptions (6-3)—(6-7), Proposition 8.6, the estimates (8-19a)—(8-25¢) and (8-27), the estimate (8-29),
and the analog of (8-29) for all permutations of the vectorfield operators on the left-hand side. (Notice that
we can indeed prove (8-30) with a strict improvement of our new bootstrap assumptions because the terms
arising from differentiating (8-4)—(8-5) by P=2X contain at least one factor of (£2, S) differentiated with
at most one X derivative, and such factors have already been shown to bounded in the norm || - [ Lo (s, )
by < €.) Again using Lemma 8.5 to commute vectorfield derivatives, we also deduce that the estimate
(8-30) also holds for all permutations of the vectorfield operators on the left-hand side.
We next show that
IXXX (2, )l oo, S & (8-31)
This estimate follows from differentiating the identities (8-4)—(8-5) with XX and using the bootstrap
assumptions (6-3)—(6-7), Proposition 8.6, the estimates (8-19a)—(8-25¢) and (8-27), the estimates (8-29)-
(8-30), and the analogs of (8-29)—(8-30) for all permutations of the vectorfield operators on the left-hand
sides.
Similarly, we can first prove
IP=2X=1(C. D)l S € (8-32)
and then
IX=2(C, D) Lo, S € (8-33)

(and that (8-32) holds for all permutations of the vectorfield operators on the left-hand side all permutations
of the vectorfield operators on the left-hand side) by using the identities (8-6)—(8-7) and arguing as above,
using in addition the bootstrap assumption (6-8) and the already proven estimates for (£2, S).

We have therefore established (8-26) and (8-28), which completes the proof of the proposition. Il

8D. Sharp estimates for p,. Recall the definition of u,(¢) in Definition 2.16. In this subsection, in
Propositions 8.11 and 8.12, we provide some estimates for i, (¢) that were proved in [52]. We will
simply cite the relevant estimates, noting that their proof relies only on the L* bounds for (lower-order
derivatives of) the wave variables and the geometric quantities that we have already established. Moreover,
we remark that these estimates capture that 1, (¢) tends to O linearly, a fact that is crucial for bounding
the maximum possible singularity strength of our high-order geometric energies (i.e., for controlling the
blowup-rate of the energies in, for example, (6-1)).

Thanks to our bootstrap assumptions and the estimates of Proposition 8.6, the following estimates for
1, (t) can be proved exactly as in [52, (10.36), (10.39)]:

Proposition 8.11 (control of integrals of w,). Let M, € N be the absolute constant appearing in the
statements of Theorem 4.2 and Proposition 12.1 below. For 1 < b < 100M,, the quantities | (t, u) and
W (1) from Definition 2.16 obey the following estimates for every (t, u) € [0, Toor) X [0, Upl:

t'=t

t'=t
by I < L —b+1 —b I < 1 —b+1 )
[ wtemars (e et e, [t ena < (145 et o, 63
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Moreover, forall t € [0, Tgoor)),

t'=t t'=t
/ w00 wydr' <1, / u 0@ de S 1 (8-35)
t'=0 t'=0

Thanks to our bootstrap assumptions and the estimates of Proposition 8.6, the following “almost-
monotonicity” of p, can be proved as in [52, (10.23)]:

Proposition 8.12 (the approximate monotonicity of w,). For 0 <s1 < s < T(Boot)»
! (s1) < 205 (52).

8E. L? estimates for the geometric quantities. We start with a simple lemma that provides L? estimates
for solutions to transport equations along the integral curves of L.

Lemma 8.13 (L? estimate for solutions to L-transport equations). Let F and f be smooth scalar
Sfunctions on [0, Tooy)) X% [0, Up] x T2. Assume that LF (t, u, x2, x3) = f(t, u, x2, x3) with initial data
F(O, u, x2, x3)f0r every (t, u, x%, x3) €0, TBoory) % [0, Up] x T2. Then the following estimate holds for
every (t,u) € [0, TBoor)) X [0, Up]:

t'=t
IF | 2czey < (14 CEVAFll gz + (14 CE'/?) / 1f N2 dt'. (8-36)
t'=0

Proof. Thanks to our bootstrap assumptions and the estimates of Proposition 8.6, (8-36) can be proved using
essentially the same arguments used in the proof of [52, Lemmas 12.2, 12.3, 13.2]. The only differences
are that we have to use the bootstrap assumptions (6-3)—(6-8) in place of the similar bootstrap assumptions
from [52], and that different coordinates along ¢; , were used in [52] (this is irrelevant in the sense that
the estimate (8-36) is independent of the coordinates on ¢; ). We clarify that the bootstrap parameter “c”
from [52] should be identified with the quantity &'/2 in our bootstrap assumptions (6-3)—(6-8). U

Proposition 8.14 (easy L? estimates for the acoustical geometry). For 1 < N < Niop, the following
estimates hold for all t € [0, Tgoor)):

2,N 2 I,Nl7ip2 o —2M+2Niop—2N+2.8
PN T gy IPTMILAR, ) S Emax{lL, p, o (1))

Proof. In an identical manner as [52, Lemma 14.3], based on the transport equations (2-40)—(2-41) and
(8-36), we obtain

L ael)2
) s=t W (s)

||77[2’N]H||L2(2t), [Pt L2y S é+[ —[11};\” ds.
s=0 W' (s)

(Recall our notation in Definition 3.4, (3-2e) and Definition 3.5.) Also using our bootstrap assumptions
(6-1) and (6-2) and Proposition 8.11, we arrive at the desired conclusion. Il

In the next proposition, with the help of Proposition 8.14, we derive L? estimates for commutators.
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Proposition 8.15 (L? estimates for commutator terms). Let ¢ be a scalar function. For 1 < N < Niop, the
following estimates hold for all (t, u) € [0, Toor) X [0, Upl:

IEL, PMIBIT 2 sy 1K PYIBIT 2 sy 1B, P15
. —2M,+2Niop—2N+2.8 “M.—

SIPENMGIT, s + Emax(l, " O} PH N M3 T sy (8-37)

Moreover, we also have
5 . —2M,+2Nop—2N+1.8
IPY X WG 50, S €max{l, p, ' ). (8-38)

Proof. Recall the pointwise estimate (8-11). For each of the sums in (8-11), either N, > Ny, in which
case by (6-5) and Proposition 8.6, we have IP[z’N'](u, LI, W), IP[Z’N‘]XW| < 1;orelse N; < Ny, in
which case (since N < Niop) |PMlg| < |pll-Nop=Me=31g| Hence,

L, PMigl, 11X, PV1g|
SPGB+ {|PPN (, L, w)| 4 [P IX W P Nep= M5l
SIPUNg I+ {IP2 M, L, w4 X PN X, PRI i Vo=l (8-39)

We first apply (8-39) to ¢ = . Taking the Lz(E,”) norm and introducing an induction argument in N
which uses (6-1)—(6-5) and Proposition 8.14, we obtain

2M,A+2Nigp—2N+2.8

X, PMIW 7 sy S Emax{l, iy ()} (8-40)

Taking the LZ(E;‘) norm in (8-39), plugging in the estimate (8-40), and using (6-1), (6-2), and
Proposition 8.14, we deduce the desired estimates in (8-37) for [L, PN1¢ and [)? , PNg.
To obtain the [B, PV ]¢ estimate in (8-37), we first note that, by (2-23),

[uB, PV1g = ulL, PVl + 1, PV 1L + X, PV1g.

The first and last terms can be controlled by combining the commutator estimates we just established with
the simple bound ||| .=(x,) S 1 from Proposition 8.6, while the second term can be controlled simply
using the product rule and Propositions 8.6 and 8.14. We have therefore established (8-37).

Finally, we have (8-38) thanks to (6-1), (6-2) and (8-40). Il

9. Transport estimates for the specific vorticity and the entropy gradient

We continue to work under the assumptions of Theorem 6.3.

In this section, we use the transport equations (5-2a) and (5-2¢) to bound PV 2 and PV S for N < Niop-
We clarify that the “true” top-order estimates for the vorticity and entropy are found in Section 11; those
estimates are more involved and rely on the modified fluid variables as well as elliptic estimates.

We will start by deriving energy estimates for general transport equations (which will also be useful in
the next section). In particular, this will reduce the derivation of the energy estimates for PV £2 and PV §
to controlling the inhomogeneous terms in the transport equations and their derivatives, which we will
carry out in Section 9B. The final estimates for PV §2 and PV S are located in Section 9C.
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9A. Estimates for general transport equations.

Proposition 9.1 (L? estimates for solutions to B-transport equations). Let ¢ be a scalar function satisfying
B¢ =3,

with both ¢ and § being compactly supported in [0, Up] x T? forevery t € [0, TBoo))-
Then the following estimate holds for every (t, u) € [0, Tgoor)) X [0, Up]:

sup /i1 7z )+, S ||¢||L2(F, S IVHDII T2 ) + IR Z2 0,

t'€[0,1)

Proof. In an identical manner as [36, Proposition 3.5], we have, for any (¢, u") € [0, 1) x [0, u), the
identity

[ iz [ sam=[ waz+ [ ¢am + [ os+wurpnbetao. o
z Fu 0 T Mt

—_——
0 by support assumptions

Using (2-38c), (2-40), Lemma 2.32, (6-3)—(6-5), and Propositions 8.6 and 8.7, we have |Lp|, |ptrg K| <.
Thus, applying also the Cauchy—Schwarz inequality to the 2¢F§ term, we have

u'=u
2 2 2
U IV sy + S 161, S VRO s+ [ 180y + 151,
t'€[0,1) u’'=0 u ’

The conclusion follows from applying Gronwall’s inequality in u. 0

Proposition 9.2 (higher-order L? estimates for solutions to transport equations). Let ¢ be a scalar function
satisfying
uB¢ =3,

with both ¢ and § being compactly supported in [0, Ug] x T2 forevery t € [0, TBoo))-
Then the following estimate holds for every (t, u) € [0, T(Boor)) X [0, Upl and 0 < N < Nigp:

sup [P @l + sup PNl a5
t’'€[0,1) u'€[0,u)

—2M+2Niop—2N+3.8
SUIP=NN7a 5, + IP=NFl T2y, ) + Emax{l, w, ”’

OHP N T s, -
Proof. Take 0 < N’ < N. We write
uBPY' ¢ = PV'F + [uB, PV
Therefore, by Proposition 9.1,
sup || IPY @la sy + sup 1PV Gl

t'€[0,1) u' €[0,u)
SHPY 15y + 1PV SlTagan, ) + 1B, PV IG5y, ) (9-2)
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Using Proposition 8.15 and then Proposition 8.11, we obtain

ItwB, PY 1172,

t'=t
t'=0

t'=t
LN 12 . 1 Noy— M, —5] ¢ 12 —2My42Nyop—2N'+2.8
SN0y EEPNr g [ a1 ) g
' ' t'=0
uw'=u
o —2M+2Nyop—2N'+3.8 ~M.—
S / IP=N G172z dut’ + & max(l, p, o ONPE MM g,y (9-3)
uw' =0 u N

Plugging (9-3) into (9-2) and summing over all 0 < N’ < N, we obtain

N 412 N 412
Sup ”\/FLPS ¢I|L2(E“,) + SUP ||7)S ¢”L2(]-",)
t'€[0,1) ! u'€l0,u) "
u'=u

2 2 2
SPGBy 1P g+ [ 1P IR

u'=0
. —2M,+2Niop—2N+3.8 M, —
+ &max(l, o PN M1 g, - 9-4)
Applying Gronwall’s inequality in u, we arrive at the desired estimate. |

9B. Controlling the inhomogeneous terms.

Proposition 9.3 (estimates tied to the inhomogeneous terms in the transport equations for £2 and S). For
0 < N < Nyop, the following hold for every (t, u) € [0, T(Boor) X [0, Up]:

IPY (MBS 72p,,,) +IPY (MBS r,,.
u'=u

< Emax(l, NN gy f (Van(t, )+ S, u))du' (9-5)
u'=0

and

1PN 2PN (Bl 11w, + 1PV S)PY (Bl 11 (pm, )

I

u=u
< & max(l, , N N2S ) 4 f (Ven (1) +Sen(t, u))du'. (9-6)
u'=0

Proof. Step 1: basic pointwise estimates. We claim that the derivatives of the p-weighted inhomogeneous
terms uﬂ’@) and uﬁli s)» Which are defined respectively in (5-7d) and (5-7¢), obey the following pointwise
bounds:
1PN (uLig)| + PV (uLis)

SIPEN(2, $)| + e(uPPN Y| 4 pUN X)) 4 PPN, LT W), (9-7)

=] =1l =111

Since this is the first instance of these kind of estimates (and we will derive similar estimates later), we
give some details on how to obtain (9-7).
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(1) By Lemma 2.22 and the fact that the Cartesian component functions X 1 X2, X3 are smooth functions
of the L' and W (see (2-23)), the weighted Cartesian coordinate vectorfield p1d; and the transport vectorfield
1B can be decomposed regularly (i.e., with coefficients being smooth functions of p, L’ and W) in terms
of X, uY, uZ and pL.

(2) Therefore, PV (uﬁim) and PN (uﬂi S)) can be bounded as follows:

1PN (o) +HPN (ueis))l

N
<Y AP WL W) (P L WD X P (82, 8) X [P (WP W, X W)
k=0 Ni+-+Ni+ni+n,=N
N
= ZErroer,ka,nl,nz. (9-8)
k=0
We now bound the right-hand side of (9-8).
(3) If Ny, ..., Ny < Niop — My —5 and ny < Nyop — M, — 5, we bound the terms (1 + |PNi(u, LT, W)))

(forall j =1,...,k)and |P2(LPV, XW)|in L™® by < 1 using (6-3)—(6-5) and Proposition 8.6, which
yields

<|P=N2, s 9-9
Nk,nl,nzN| ( 9 )|' ( )

.....

(4) If N; > Nyop — M, — 5 for some>? j, then all the terms (1 + [PY/'(, LY, ¥)|), when j’ # j, and
|P™2(WPW, XW)| can be bounded in L™ by < 1 using (6-3)—(6-5) and Proposition 8.6. Moreover, since
it must also hold that ny < Nyop — M, — 5, we also have [P"!(£2, §)| S € by the bootstrap assumptions
(6-6) and (6-7). Hence, we have

Errory, . Ny, S (1+ PN, LT, W) |P="1(£2, S)]
SIPEN (2, )|+ PPNy, LT, w)). (©-10)

(5) When ny > Nyop — M, — 5, we can argue as above to see that (1 + |PNi(u, L', ¥)|) <1 forall j, and
|P"1(£2, §)| S €. Notice further that since ny > Niop — My — 5, by (6-5) and Proposition 8.6 we have

[P (WPW)| S P2 |+ [Pl 4 [Py,
Hence, we have

N S EPYTI| 4 PN | 4 PN X | 4 | pl2mdy)y, (9-11)

.....

Finally, it is easy to check that (9-9)—(9-11) are all bounded above by the right-hand side of (9-7).

Step 2: proof of (9-5). To derive (9-5), we control each term in (9-7) in the LZ(M,,M) norm.
We begin with the term / in (9-7), which we estimate using the definition of the V- and S<y energies
(see Section 3B2):

u'=u

IIPSN(Q,S)IIiz(MM)S/ [Vey + Syl u') du’. (9-12)
’ u'=0

52ZNote that there can be at most one such J.
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We control term I in (9-7) by the [ x7 norm, and use the bootstrap assumptions (6-1), (6-2), the
bound (8-38), and Proposition 8.11 to obtain

02 2,N+1 2 02 1,N] v 2
E PN, o+ EIPENIX L,

t'=t

o o —2M4+2Niop—2N+1.8

<é f [E1, v () + &€ max{l, op t)}] dr’
t'=0

. My 42Ny —2N+2.8
< @ max{l,p,

(0} (9-13)

Finally, for the term III, we use the control for I y_17 and Fp; xy—17 provided by the bootstrap
assumptions (6-1) and (6-2), the bounds in Proposition 8.14, and Proposition 8.11 to obtain
PN, LY W) 1720,

uw'=u t'=t

g ézK[l,N—l](ta Lt) + éZ/ ”:[I,N—l](t, u/) du’ + §3/ max{l, p:ZM*+2N10p_2N+2'8(t/)} dt’
w'=0 /=0
< &3 max{l, p, MmNV oy (9-14)

Combining (9-7) with (9-12)—(9-14), we arrive at the desired bound (9-5).

Step 3: proof of (9-6). The estimate (9-6) follows as a simple consequence of the already obtained bound
(9-5) and the Cauchy—Schwarz inequality. O

9C. Putting everything together.

Proposition 9.4 (estimates for the specific vorticity and entropy gradient). For 0 < N < Ny, the following
holds for all t € [0, TBoor) % [0, Upl:

V(. u)+ Sy (t,u) S & max{l, w1 PN gy
Proof. Using Proposition 9.2 for ¢ = 2/, §’, the initial data size assumptions in (4-5), the bootstrap
assumptions (6-6)—(6-7), and the inhomogeneous term estimates in Proposition 9.3 for the terms on
right-hand sides of the transport equations (5-2a) and (5-2c), we deduce

u'=u

Von () + Sen(t, u) < & max{l, g 21 H2Non=2N+28 5y 4 / (Ven (t, ') + Sy (t,u')) du.
u'=0

The desired estimate now follows from applying Gronwall’s inequality in u. O

10. Lower-order transport estimates for the modified fluid variables

We continue to work under the assumptions of Theorem 6.3.

In this section, we derive the energy estimates for the modified fluid variables C and D except for the
top-order. (We will derive the top-order estimates in the next section.) Thanks to Proposition 9.2, to
obtain the desired estimates, it remains only for us to bound the inhomogeneous terms in the transport
equations (5-3b) and (5-4a). Before we estimate the inhomogeneous terms, we will first control the X
derivative of £2 and S in Section 10A, and give general bounds for null forms in Section 10B. (The
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null forms will also be useful later on, in Section 12.) We will combine these results to control the
inhomogeneous terms in Section 10C. We provide the final estimate in Section 10D.

10A. Preliminaries. A priori, the norms Vy and Sy do not control the X derivatives of £2 or S. Nonethe-
less, we can obtain such control in terms of the norms Vy and Sy by using the transport equations (5-2a)
and (5-2c¢).

Proposition 10.1 (L2 control of the transversal derivatives of the §£2 and S). For 1 < N < Ny, the
following holds for all (t, u) € [0, Toor)) X [0, Up]:

—2MA2Niop—2N+2.8

3max{l, Ly (0}

IPNIX (2, )To g, S €
Proof. Recalling (2-23), we have
PV IXQ =PV (uBR2) =PV (uL2), PY'XSs=P N '(uBS)—PN(uULS). (10-1)
The terms PV ~!(wB£2) and PV~ (uBS) can be bounded as follows using (9-5) and Proposition 9.4:

(1} (10-2)

— _ o —2M+2Niop—2N+2.8
IPY " B2 g, )+ IPY T B2y, ) S & max{l, p, ’

By (6-6), (6-7), Propositions 8.6, 8.12, 8.14, and 9.4, we have
IPY UL T2, )+ 1PN T WL T2,

SIPEN @, )72, ) + ENPEY T,

(Mt,u)
u t'=t
S / [Vey +S<nl(t, u) du' + & / max(1, p, 2N Gy gy
0 r'=0
< &3 max(1. PL,(—2/1/1*+2N“,p—21v+2.8(t)}. (10-3)
Therefore, combining (10-1)—(10-3), we obtain the desired conclusion. O

10B. General estimates for null forms.
Lemma 10.2 (pointwise estimates for null forms). Suppose
(1) Q0¢WM, 8@ isa g-null form, as in Definition 8.1; and
(1 2 ; 00 ; (1,1) (1,2) 5(2.1) 2,2) .
bl k) 00! .
(2) ¢V and ') obey the following L™ estimates for some 0" 2> 0 052> forall t € [0, Tgoor))
|P=Noo=M=S X p D oo,y < D,
[P =MD o) <20,
. ) (10-4)
PNt XD oy < 93V,
”’7)[1vap_M*_5]¢(2) I Lo(s,) < 222
Then, for any 0 < N < Niqp, the following pointwise estimate holds on [0, T(gooy)) X X:
IPY[uQ(s™, 89™)]]

S0(2’1)|'P[1’N+1]¢(1)|+D(2’2)|'P[1’N]5(¢(1)|+0(1’1)|'P[1’N+1]¢(2)|+0(1’2)|P[1’N]5f¢(2)|
+max{p- D@2 2@ Dy PN 17 w)|, (10-5)
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and, for any 1 < N < Ny, we have

PN @e ™, 9¢@)]|
§D(2’1)|P[2'N+”¢(1)|+0(2'2)|P[1’N])?¢(1)|+D(1'1)|P[2’N+“¢(2)|+0(1’2)|P[1’N])?¢(2)|
+é1/2(0(2,1)|p¢(1)|+D(1,1)|p¢(2)|)_|_a(2,2)|7)¢(1)|_|_a(1,2)|7)¢(2)|

= =%
+ max {01 D@2 oD@ Dy PNy Li W)l (10-6)

Proof. Throughout this proof, f(-) denotes a smooth function of its arguments that is free to vary from
line to line. By (8-3), we need to control

PNIF(LY, @)wPoD)(Pop®)1,  PNIE(LY, ©)(PoD)(Xp@)],  PNI(L, w)(XpD)(Pp®)].

=] =1l =111

We first prove (10-5). Consider term /I. Arguing as in the proof of (9-7) and then using (10-4), we obtain

IPVIEL!, U, (P ) (X))
< P Nep=M.=S1 (D) PN £ 5@ 4 PN+ D | p=Nin—M=5 D)
+ |’P§Nlop_M*_5¢(l)| |7)§Ntop—M*—5)2'¢(2)| |fp[2,N](u’ L, )|
< 0(1,2)|P[1,N]X¢(2)| +0(2,1)|P[1,N+1]¢(1)| +D(1’2)0(2’1)|P[2’N](H, Li’ ‘-IJ)|,

which is bounded from above by the right-hand side of (10-5).

Next, we observe that the term //I can be handled just like term /I, after we interchange the roles
of ¢V and ¢®. Moreover, the term [ is even easier to handle because 0"'1) > 92 and 0@1) > 92,

We finally turn to the proof of (10-6), in which we need to show an improvement compared to (10-5)
using the fact that on the left-hand side of the estimate, the p-weighted null form is differentiated
by at least one P. More precisely, we need to improve 9D |PLLN+1g@) | apd 912 plLNI X @) to
oD P2 N+ @) | and D(I’Z)IP[Z’N])?qb(z)l, at the expense of incurring terms of the type </ and &
in (10-6).

It is straightforward to use the arguments given in the previous paragraph to confirm that if N > 2,
then o(-D|PLLN+p@ | apd 92| PN X @) on the right-hand side of (10-5) can be replaced by
LD PN+ 62| apd 9U-2) IP[Z’N]X¢(2) |. We are thus only concerned with the following terms in the
case when N = 1:

[PEL, W)WIPe D) (Pp@),  [PHL, W)I(PH V) (Xp@), [PHL, ¥)I(XoD)(Pp?).

= =Ir =1

Next, we observe that for the terms /I’ and III’, when the P derivative falls on f(L!, W), (6-5) and
Proposition 8.6 yield a smallness factor of €'/, Thus, I’ and III’ can be bounded by .«7. Finally, to
handle the term I/, we can control either P¢pD or Pp® in L, which allows us to bound I’ by #. [
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10C. Estimates of the inhomogeneous terms in the transport equations for C and D.

Proposition 10.3 (below-top-order estimates for the main inhomogeneous terms in the transport equations
for the modified fluid variables). For’> 0 < N < Niop — 1, the main terms M € {Dﬁéc), M)} (see
(5-5a)—(5-5b)) can be estimated as follows for every (t, u) € [0, TBoor)) X [0, Up]:

1PN W) 122, ) < & max (1, g, TN g (10-7)

Proof. Note that fm’@ consists of null forms (see Definition 8.1) Q(dW, 9§2), Q(dW, 9S5). Therefore, by
Lemma 10.2 (with ¢V = 27, 81, ¢@ =W, b =12 = ¢ 922 = ¢l/2 and 9@V = O(1) by virtue

of the bootstrap assumptions (6-3)—(6-7)),>* we have

PN (Ui S EPHPN(R2, ) [+HP=NX (82, )]

+e (PRI PN w)) 4 & PN (1, LT W[ (10-8)
=II =111
We recall the expression for 9(py given by (5-5b). The term 2 exp(—2p){(9, v St — (8,07)), 8¢} is
a null form of type Q(0W, dS5). Thus, using the same arguments we gave when handling E)ﬁ’@, we can
pointwise bound its PV (u-) derivatives by the right-hand side of (10-8).
Moreover, using the same arguments given below (9-7), we see that the PV derivatives of the term
pexp(—p)dup(curl £2)¢ S? can be pointwise bounded by the right-hand side of (10-8). From now on, it

therefore suffices to consider the terms on the right-hand side of (10-8).
The term I can be controlled using Propositions 9.4 and 10.1 so that

- o —2M+2Niop—2N+0.8
IP=NHN2, 1720y, ) HIPENX (2, D2, ) S € max(l, " 0} (10:9)

For the term /I in (10-8), we use the bootstrap assumptions (6-1), (6-2), and (6-5) and the estimates of
Propositions 8.12 and 8.15 to obtain

22 pl2N+11, 112 2PN X w2
2| plzN+ ]\Il||L2(MW)+€ P! ]X‘I'”LZ(Mt,n

u'=u t'=t
o o —2My+2Nop—2N+1.8
[F[1,N](t,u/)d”/+€2/ Epvg (2 u)dr'+ & max{1, e TS )

t'=0

S éZK[l,N] (t,u)+ ézf

u'=0

—2M,+2Nop—2N+1.8
My

< & max({1, (1))} (10-10)

The term 11 in (10-8) is the same as the term I/ in (9-7), and can be bounded as in the proof
of Proposition 9.3, which, when combined with Proposition 9.4, implies that it is bounded by
—2M.+2Nipp—2N+1.8 )

< &max{1, u,
Combining the above estimates, we conclude the desired estimate (10-7). Il
53Note that in the case N = Niop, the error terms on the right-hand side involving V<y 41 and S<y 41 have not been

estimated in Section 9A. It is for this reason that we only consider 0 < N < Niop — 1 at this point.
54Note that by Lemma 10.2, there is also a term &|PW|, which we bound by < &3/ using (6-5).
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Proposition 10.4 (L? control of some null forms in the modified fluid variable transport equations).
For 0 < N < Niop, the terms Q € {Qéc), Qp)} (see (5-6¢)—(5-6d)) can be estimated as follows for all
(¢, u) €10, TBooy) X [0, Upl:

—2M,+2Niop—2N+0.8
L,

1PN ()13 2y, ) S & max(l, ). (10-11)

Proof. The 9 terms can all be expressed as S multiplied by a null form Q(aW, 3¥). We control the null
form using (10-5) with 01D, (12 @D 922 < 1 (justified by (6-3)—(6-5)) so that

PYuI S D 1PN, )P 4 PN Y w4 PN, L W)

Ni+N,<N
S P2, )|+ (PN | 4 [PV W) 4 PN, LT, w)), (10-12)
=] =11 =11

where in the last line, we used the L* estimates (6-6), (6-7) for (£2, S) if N| < Nyp — My — 5, and
otherwise, we used the L™ estimates (6-3)—(6-5) and Proposition 8.6 for W, u, and L.
Next, we observe that the terms /1 and /1] are exactly the same as /1 and /11 in (10-8) in Proposition 10.3.

We can therefore argue exactly as in Proposition 10.3 to show that these terms in || - 12, are bounded
.3 —2M,+2Nip—2N+1.8 . ) . L Mia)
above by €° max{1, p, (t)}. Notice in particular that while Proposition 10.3 was only

stated for 0 < N < Ny — 1, the bounds for these two terms in fact also hold (and can be proved in the
same way) for N = Nip.

It thus remains to consider the term / in (10-12). Importantly, notice that term [ in (10-12) is better
than the corresponding term / in (10-8) because it has up to N, as opposed to N + 1 derivatives. We
control this term using the definition of V<, S<y and Proposition 9.4 as follows:

I
w=n —2M+2Nip—2N+2.8

1PN (2, )2 pg, ) S f [Ven +S<nl,u)du’ < & max{l, ®3-
’ 0

u'=

Combining the above estimates, we conclude the proposition. U

Proposition 10.5 (L? control of some easy terms in the transport equation for C). For0 < N < Niop, the
term 2’@ (see (5-7g)) can be estimated as follows for all (¢, u) € [0, T(goor)) X [0, Upl:

_2M* +2Nmp_2N+0.8

1PN (i) 20, ) S € max(l, (1)}

Proof. We begin with the pointwise estimate
1PN (uLie)] S €PN (2, §)+ (PPN 4 PN X)) 4 PN (1, 1Y),

which can be derived by using the same arguments we used to obtain (9-7). Notice that all the above
terms can be bounded above by the right-hand of (10-12). They can therefore be bounded in the norm
I lz2m,,) Via exactly the same arguments we used in the proof of Proposition 10.4. This yields the
desired conclusion. O
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10D. Below top-order estimates for C and D.

Proposition 10.6 (below top-order estimates for the modified fluid variables). For 0 < N < N, — 1, the
following holds for (¢, u) € [0, T(Boor)) X [0, Upl:

—2M,+2Nop—2N+0.8
[

Cn(t,u) +Dy(r, u) < & max{l, ().

Proof. This follows from combining Proposition 9.2 for ¢ =C', D' with the initial data size assumptions in
(4-6), the bootstrap assumptions (6-8), and the inhomogeneous term estimates (in Propositions 10.3-10.5)
for the terms on the right-hand sides of the transport equations (5-3b) and (5-4a). O

11. Top-order transport and elliptic estimates for the specific vorticity and the entropy gradient

We continue to work under the assumptions of Theorem 6.3.

In this section, we derive top-order estimates for the modified fluid variables C and D. The key
difference with the lower-order estimates (which we derived in Proposition 10.6) is that we cannot bound
the top-order derivatives of 2 and S using the V and S norms; that approach would lead to a loss of a
derivative, which is not permissible at the top-order. To avoid losing a derivative, we rely on the following
additional ingredient: weighted elliptic estimates for the specific vorticity and entropy gradient (recall
Sections 1A6, 1A7).

In Section 11A, we derive top-order transport estimates. The estimates are similar to the ones we
derived in Section 10, except there are some top-order inhomogeneous terms. We derive the elliptic
estimates in Sections 11B and 11C. For the final estimate, see Section 11D.

In our analysis, we rely on elliptic estimates relative to the Cartesian spatial coordinates. In deriving
these estimates, we will use the “Cartesian pointwise norms” from the following definition.

Definition 11.1. Denote by 9 the gradient with respect to the Cartesian spatial coordinates. For a scalar
function f and a one-form ¢, define respectively

3 3
DFP=D 10 f1P 19817 =D 19i¢sl.
i=1 i,j=1
11A. Top-order transport estimates for Cy,,, and Dy,

Proposition 11.2 (preliminary top-order L? estimates for the modified fluid variables). Let ¢ € (0, 1].
There exists a constant C > 0 independent of ¢ and a constant ¢ > 0 (depending on ¢) such that whenever
¢ > ¢ the following estimate holds for every (t, u) € [0, T(Boor)) X [0, Ugl (with u’" denoting the u-value of
the integrand):

P, ey’ C —cu’
le™ 2P0 (C. D)2y + lle™ PPN (C. D)2y + 5 le™ PPN (C. D)2y,

t'=t
<&My 4 ¢ / uit’) le™/2 JaPNer (2, $) 13 2y ' (11-1)
t'=0 t

Proof. Let ¢/, ¢ > 0 be constants to be specified later. It is crucial that all explicit constants C > 0 and
implicit constants in this proof are independent of ¢’ and ¢. At the end of the proof, there will be a large
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constant C such that we will choose ¢’ to satisfy ¢ = C¢’, where ¢ > 0 is the constant from the statement
of the proposition.

Step 1: transport estimate in the weighted norms. Since pBu =1 by (2-21), (2-23), we have

wB (e~ /2pNer gy = —%e_‘”/ 2pNen g 4 p=u/2 p(PNn(), (11-2)

wB (e “/2pNov Dy = —%e"“/ZPN“’PD + e~ “2uB(PNo D). (11-3)

Starting with (11-2) and (11-3), we now argue using the identity (9-1) with ¢ = (C', D'), except now,
unlike in the proof of Proposition 9.1, we do not use Gronwall’s inequality but instead take advantage of
the good terms associated with the terms —(c/2)e~“/2PNerC and —(c/2)e~*/>PNo D on the right-hand
sides (11-2)—(11-3). We thus obtain, for any ¢’ > 0 (here, u’ denotes the u-value of the integrand),

a2 |2 —a' /2 Np 12 —a'/2pNep |2
le™ 2 JWPYRC T sy + lle™ PPN Ty oy +clle™ PPNC T,
—al )2 = Nap 2 —al' 2 Nep Ty 12 —a'/2pNep p||2
+lle™ 2 HP DL g+l EPYI DY, oy + clle™ PPYODIL

< Jle='/2 SirpNen(C, D) ||iz(26,) + [l 2PN (C, D)”izwm)
+ ”e—tu//zf})Ntop (C, D) ||L2(Mt.u) ||e_cu//2 HBPNmp (C, D) ||L2(Mt,u)

< llem 2 /uPNen (€, D) [ gy + (L4 () Dlle™2PNon (€. D)2,

+¢lle 2 uBPNer C, D) |12, (11-4)

(Miu)®
Step 2: estimating the easy terms. We now consider the terms on the right-hand side of (11-4). First, the
assumptions (4-6) on the initial data and the simple bound ||| z~(5,) < 1 from Proposition 8.6 give

le™ /2 JiP"er (€. D) 1oy, S €. (11-5)

0

Recalling the transport equations (5-3b), (5-4a), we notice that the terms || /2 uBPNeC|| L2(Mo) and
l|e—c'/2 HBPN‘O"DHLZ(M,,“) have essentially been estimated in Propositions 10.3—10.5 (using e~%/2 < 1).
Crucially, however, unlike in Proposition 10.3, we have not yet bounded the following terms in (10-9):

le=a2pNartl (2, §)12, o= 2PN X (2, ) 720,

Mo T

(since this is one more derivative than Vy,, and Sy, control). In other words, simply repeating the
argument in Propositions 10.3-10.5 and separating the error terms that depend on Ny, + 1 derivatives of
(£2, ), we obtain

||e—fu /zuBPNmpC”%Z(M[.u) + ”e—Cu /ZHBPNmpD“iz(MLu)
SERTO O + e PPN TR, D)0y, + 1T IPIIX R 2y, (A16)

Step 3: controlling the top-order terms. We now consider the terms on the right-hand side of (11-6).
First, using the commutator estimates (8-37), Proposition 9.4, and the bootstrap assumptions (6-6)—(6-7)
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to control [PNer, )v(](.Q, S) (and using e~ /2 < 1), we see that

e /2PNt (2, S)”%z(M,,u) T lle 2PN X (82, S)“iz(/vt,,u)

gu:2M*+2.8(t) + ”67(”//2)?731\/[0‘)(9, S)”iZ(MM) 4 ||€7m//2L'PNt0p (Q’ S)Hiz(./\/[,,u)

+ e Y PN (2, )72y, + e PZPY(R, )20,

S EUT 0 4 e PBPN(R, ) 2y, ) F e PIPY (R D 20, (D)

where we have replaced LPVer (2, §) = BPNor (2, §) — XPNor (82, S) (by (2-23)) and also used Lem-
mas 2.23 and 2.24 to express (X, Y, Z) in terms of the Cartesian coordinate spatial partial derivative
vectorfields, and Propositions 8.6 and 8.7 to bound the coefficients in the expressions by < 1. More-
over, using the commutator identity BPNer (82, §) = u='PNoe[uB(£2, S)] + u~ ' [uB, PNr](£2, S), the
commutator estimates of Proposition 8.15 with ¢ = (£27, S’), the bootstrap assumptions (6-6)—(6-7),
Proposition 9.4, the estimate (9 5), and Proposition 8.11, we deduce (also using e~/2 < 1) that

|[e—< 12 BpNep (82, S)I|L2(M ) < 3p;2M ++0. 8(t). Combining the above results, we deduce

le= PPNt (@, $)I 22y, ) + e PPYT X (82, )20,

t'=t
<& MAO8 (1) 4 / (ﬂ)| e~ 2 fuaPNer (82, S)||L2(2u)dﬂ. (11-8)

Step 4: putting everything together. Using (11-5), (11-6) and (11-8) to control the terms on the right-hand
side of (11-4), we see that there is a C > 0 such that

le™ /2PN Cl T g + lle™ /ZPN‘”’C“iZ(H) +elle™ FPRCI L
e PN DI o+ e PPN DI, L el PPN DI,
< CA+NERMHI D) + U+ () Dlle™PPYew (€, D) 0,

t'=t 1 B
+C¢’ f ot 2SN (2, 8) |2 gy, dr. (11-9)

Finally, relabeling the coefficients C¢’ on the right-hand side of (11 9) by setting ¢ = C¢’, bounding
the data term C(1+ ¢’)é&3 2M+0. 8(t) by a new constant C times &3, ~2M,+0.8
¢ € (0, 1], taking ¢ sufficiently large (depending on ¢) so that

(t) via the assumption

’ c ’
CU+(HDlle™ 2PN (C, D)2y, ) = 5 f e~ [|PNerc)? + PN D d o,
My

now allowing ¢ to be any constant such that ¢ > ¢, and subtracting (¢/2) [ M, e[| PN 2 +
|PNoD|?] deo from both sides of (11-9), we obtain the desired inequality (11-1). O

11B. General elliptic estimates on R x T2. We begin with a standard weighted Euclidean elliptic estimate
on R x T2 in Proposition 11.3. We then apply this in our geometric setting for general one-forms in
Proposition 11.4.
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Proposition 11.3 (weighted Euclidean elliptic estimates). Let w : R x T2 = R. be a smooth, strictly
positive, bounded weight function.
The following inequality holds for all one-forms ¢ = ¢p,dx® € C>(R x T?):
[RVAT L] [ Py——
< 4|Vweurl 172 g gx) +AHIVW AV Bl 2 12 gy + 312102 WIT oo oery VWO 2 72

where 9 is as in Definition 11.1, ”‘E”iZ(RXW ) = foW Iélgdx for tensorfields &, |&|. denotes the

standard Euclidean pointwise norm of &, and dx = dx' dx? dx>

Proof. Integrating by parts and using Holder’s inequality, we find that

2
|| \/EQ¢ “ LZ(RXTZ,dx)

3
- Z/ w(d;¢;)* dx
RxT2

i,j=1
3
—- 2| weeaxs [ @ @e i
ii=l RxT?2 RxT?
3 3 3
= —i’jzzjl /Rxwrz w¢j8i2j¢i dx +i§] /RXW we;0; (3¢ — 9;p;) dx —iJXZ:] /vaz(aiw)gbj(aiqu)dx
3 3
=y / w(d;¢) Qi) dx — ) / w(3:¢) (0 i — 0ih;) dx
i j=1 Y RxT? i j=17RxT?
3 3 3
+ Y f (@w); (i) dx — ) (@w)d; (i — dip) dx — Y (0;w); (3;¢)) dx
ij=17 BT i,j=17RxT? ij—1 Y RxT?

= ”\/w div ¢||12(Rx'ﬂ'2’dx) + ”\/Eggb”Lz(RXTQ,dx)”\/wcurl ¢||L2(R><T2,dx)
+ 13 10g Wl 1o @) VWl L2 @12 ) VW AV Bl 12RT2.0x) + VW curl @l 2wr2.00)}
+ 119 10g Wl oo @12 IV WA 12Ro T2 ) IV W 3D 12 (R T2, - (11-10)
Using |ab| < a®/4 + b?, we find that

VW32 12,y < 31V AP T gty + 20V W AV Bl T2 g2
+2lVweurl @172, 12 gy + 318102 W7 vz IVWOIL 2 g scr2 g0y (111D

The conclusion of the lemma follows from subtracting %llﬂ Q(;‘>||%2(RW2 ) from both sides of

(11-11). O

Proposition 11.4 (Euclidean elliptic estimates with u-weights). Let ¢ = ¢,dx? be a smooth compactly
supported one-form on Z;. Then for each ¢ > 0 and each t € [0, Tgooy)), the following elliptic estimate
holds, where the implicit constants are independent of ¢:

le™/2 /gl 25, < le ™2 /idiv ll 2es,)+lle™ ™2 meurl gl 2z, +Hewy  @Olle™™ 21wl 2(x,)-
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Proof. In this proof, the implicit constants in < are independent of ¢.
We apply Proposition 11.3 with w = ¢~%. By Lemma 2.22, (2-21), and Proposition 8.7, we have
13 10g Wl e@xT2) S chy ' (2). Hence,

—cu/2 —cu/2 g: —cu/2 -1 —cu/2
le™ 23l 125, av) S e div @l 2(x,.ax + lle” ™/ curl @l 2cx,.ax) + ity Olle™ ™ @l 12(5,.ax)-

The conclusion thus follows from the fact that the volume measures wdx and dw are comparable,
which in turn follows from (3-1) and Proposition 8.7. O

11C. Top-order elliptic estimates for $2 and S. In this section, we derive top-order elliptic estimates for
£2 and S.

There are four main steps. Ultimately, our goal is to exploit the preliminary energy inequality for
(PNerC, PN D) that we derived in Proposition 11.2, and to do this, we have to control the integrand term
le=<'/2 /uaPNer (2, S)|1%, (z) On the right-hand side of (11-1) with the help of elliptic estimates. To
achieve this, we first commute the top-order operators PNer through the Euclidean operators div and curl.
To avoid uncontrollable commutator terms, we introduce a L weight into the commutators. In the second
step, we have to control (div PMer§2, div PVer S) and (curl PMer 2, curl PVer S) in terms of the modified
fluid variables (PYerC, PNr D) from (2-5a)—(2-5b) plus simpler error terms. The first and second steps
are carried out in Lemmas 11.6-11.9.

Next, in Proposition 11.10, we use the weighted elliptic estimates on X, provided by Proposition 11.4
and the results of the first two steps to obtain

e /B@PN 2, 0P )2, S e VRPN PR D)y, -

where “- - -7 denotes simpler error terms for which we already have an independent bound. Finally, in
Proposition 11.11, we combine all of these results to obtain our main L? estimate® for (PNerC, PN D).

11C1. Controlling curl PYer 2 and div PNer 2. We start with a simple commutation lemma.

Lemma 11.5 (commuting geometric vectorfields with p-weighted Cartesian vectorfields). Let ¢ be a
smooth function such that

|| P=Niop =M bl < &, (| P=Niop= M- XPllpe(s,) < €

forallt € [0, Toot))-
Then, for 0 < N < Nigp, the following holds in Mt v,:

[dy, PIp| < [P M)+ [P=M1X ) + (1PN, LT, )] + [PV X W),

Proof. We first use Lemma 2.22 to express [Ld; in terms of the geometric vectorfields and then argue as in
Proposition 8.8. g

SSwe clarify that although the estimate for (PNerc, PNor D) and  the aforementioned estimates
lle™ ‘”/szPNmp.Q 873Nl01’S)||2 5 < ||e_“”/2f(PNtopC PNtopD)||2 125) +--- together imply a top-order L2 esti-
mate for (9 LPN top 02, BPN ©p §), we d0 not exphcltly state such an estimate in the paper because we do not need it for our main
results.
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Lemma 11.6 (L? estimates for the Euclidean curl of the derivatives of £2 in terms of the derivatives
of C). Let ¢ > 0 be a real number. The following estimate holds for all t € [0, Tgoor)), where the implicit
constants are independent of c:

—cu /2\/:L curl PNtopQ”LZ(E VS e w; —2M,+0. 8([) + ||e—tu /2\/—PNtopC||L2(E)

Proof. We first compute the commutator [ curl, PVer] using Lemma 11.5 and the bootstrap assump-
tion (6-6):

[ curl, PNer]2| < [PV 2| 4 |[P=No =l X Q| 4 &(|P2 Nl (u, LT, W)| + PRV~ X W), (11-12)

On the other hand, by (2-5a), Lemma 2.22, the bootstrap assumptions (6-3)—(6-8), and Propositions 8.6
and 8.7, we have

—2P;s

|73Nmp(H curl 2)| = Z2899,v + exp(— 2p)c‘2—(8 v“)S} H
0

PN[op { [exp(p)c — exp( 2p)C

S ulzPNtopC| + |'PSNmp—lc| + |rP§prS|
+ &(IP2Nowl (, L] 4 p|PNeethg | 4 | pl2Nephg| 4 LNl X)) (11-13)

We stress that on the right-hand side of (11-13), it is important that the top-order terms P™erC and
PNt are accompanied by a factor of .

We can therefore use (11-12) and (11-13) (to write p curl PVer 2 = curl, PNer]24+PNor (1 curl £2)),
multiply by e=“/2u~1/2  take the L?(X,) norm, and then use e~%/? < 1 to obtain

lle™ /2 /i curl(PNor 2) || 125,

< ||e—”’/2\/‘7>NtvPC||Lz<z,> + 1 OIVIEPEN e 2y 4 1 O IV/EPEN (2, )l 23,
+ i OIVEP=N T X 211 25, + Epg 2O I PNl (u, L[] 2,
+ (I VIPY T W | 2y + PO NP N X W 25 4 1 O IEPEN W 25 )
S e 2wV Cl| s, + € M4 D), (11-14)

where we have used Proposition 10.6 to bound u:l(t)llf p=Na=lc| 12(x,)» Proposition 9.4 to
bound ' (@) [ /rP=Ner(£2, 9)|| Lz(z), Proposition 10.1 to bound p;!'(1)|/RP=Ner™! X 21| 25,
Proposition 8.14 to bound ep*l (| P2Neel (u, LY || 12(x,). and the bootstrap assumptions (6-1),
(6-2), and (8-38) to estimate all the remaining terms. (We remark that the worst terms are
b OIEP=N I sy 1 OINVEP=N (2, Ol 25, 1 OIYAP=N X 2] 125, and

1/ 2(t)||7?[1 Nopl Xy | 12(x,)» Which determine the blowup-exponent — M, + 0.4 for ., on the right-hand
51de of (11-14)). Squaring (11-14), we arrive at the desired result. O

Lemma 11.7 (L? estimates for the Euclidean divergence of the derivatives of £2). Let ¢ > 0 be a real
number. The following estimate holds for all t € [0, T(goor)), where the implicit constant is independent of c:

”e—tu /Zﬁdlv PprQ”LZ(E ) S 3},1:2M*+0'8(t).
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Proof. The commutator [ div, PVer]£2 can be computed exactly as (11-12). Thus, we have
[ div, PVer]$2| < the right-hand side of (11-12). (11-15)

We also use Lemma 2.22, the fact that the Cartesian component functions X!, X2, X3 are smooth functions
of the L' and W (see (2-23)), (5-3a), and the L> bounds in (6-3)—(6-6) and Proposition 8.6 to deduce
[PMer (u div 2)] = [Per (1 299,p))

S 1P=Ner 2| 4 &(|P12Morly| - | PYert | 4 |PENerl ) Pl Nl X)) (11-16)

Notice that every term on the right-hand side of (11-16) has already appeared on the right-hand sides
of (11-12) and (11-13). Hence, with the help of the simple identity

wdiv PNee 2 = PNer (udiv 2) + [ div, PVr]2

and the estimates obtained above, we can argue exactly as in Lemma 11.6 to obtain the same estimate.
(Note that here there are no C terms and so we do not have the term ||e_‘“// 2 Vi 771\’:01)C||i2 (Er)') O
11C2. Controlling curl PYer S and div PNer S,

Lemma 11.8 (L? estimates for the Euclidean curl of the derivatives of S). Let ¢ > 0 be a real number.
The following estimate holds for all t € [0, T(goor)), Where the implicit constant is independent of «¢:

23 2M,+0.8
< & M08,

—au'/2 Nio 2
e Vireurd PYe S |7, 5 ) <

Proof. By (5-4b), curl § = 0. Hence, using Lemma 11.5 and the bootstrap assumption (6-7),

lwcurl PMor S| = |[u curl, PNer] S|
< [P | 4 PNl X S| 4 & (PNl LT, @) + [P N =1 X)) (11-17)
The only new terms here compared to (11-12) and (11-13) are |P="Nw §| and |P=Nip—1 )V(S|, which can

be handled using Propositions 9.4 and 10.1 in the same way that we handled the corresponding terms
e II\/FLPSN‘OP.Qlle(ZI) and p_! IIﬁPSN‘OP_l)?QlILz(Et) in the proof of Lemma 11.6. O

Lemma 11.9 (L? estimates for the Euclidean divergence of the derivatives of S in terms of the derivatives
of D). Let ¢ > 0 be a real number. The following estimate holds for all t € [0, Tgooy)), Where the implicit
constants are independent of c:

2 . op |2 23 —2M.+0.8 —u'/2 @ D2
le™ 2 idivPNer |17, 5 S EuMA0S e 2 upNeeD| 2, o

Proof. Using Lemma 11.5 and the bootstrap assumption (6-7), we find that

[ div, PVer]S| < the right-hand side of (11-17).

Therefore, we can therefore handle |[i div, PVer]S| by using the same arguments we gave in the proof
of Lemma 11.8.
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We then express div S in terms of D using (2-5b) and use Lemma 2.22, the fact that the Cartesian
component functions X 1 X2 X3 are smooth functions of the L’ and W (see (2-23)), and the L>™ bounds
in (6-3)—(6-5), (6-7), (6-8), and Proposition 8.6 to deduce
[PMer (u div $)] < [PYer (exp(2p)D)| + [PNer (exp(20) S99, )|

S WP D] 4 [P D] 4 [Pl )
+ &(PR Nl L) 4 p PVt [P Nl 4 PN X @),
The new terms here compared to (11-12) and (11-13) are |P=Ner §|, which we handled just below (11-17),
and p|PNeeD| and |P=Ne~1D|, which can be treated using the same arguments we used to handle the

terms p|PNerC| and |[P=Ner~1C| in our proof of Lemma 11.6. Hence, the weighted, squared L?*(X;) norms

corresponding to these new terms are bounded above by &3y, M08 l|e—c'/2 JH PprDHiz =) O
t

11C3. Proving the elliptic estimates. We now combine Lemmas 11.6-11.9 and the elliptic estimates in
Proposition 11.4 to obtain the following proposition.

Proposition 11.10 (preliminary top-order elliptic estimates for §2 and S). Lef ¢ > 0 be a real number.
The following estimates hold for all t € [0, TBoor)), Where the implicit constants are independent of c:

le= 2 HaPY 275 s,) S &€ 4+ A 208 @) [l 2 upNene |, 5 (11-18)
le™/ /raPNer S| 7o 5 ) S EA+ A MA03@) + e 2 /PN DY T g - (11-19)

Proof. Applying first Proposition 11.4, and then Lemmas 11.6, 11.7, Proposition 9.4 (and using e~ U2 < 1),
we obtain

le™ /PN 21172,
Slle™ ™2 idiv PYee 2|7, o Hlle™ 2 eurl PN Q7 o+ 2 () lle” 2 /uPNer 2|7,
S é3(1+c2)H:ZM*-FO.S(t)+|Ie—tu/2ﬁPNtopC||%2(Et)’

(2]

which proves (11-18). The proof of (11-19) is similar, except we use Lemmas 11.8, 11.9 instead of
Lemmas 11.6, 11.7. O

11D. Putting everything together.

Proposition 11.11 (the main top-order estimates for the modified fluid variables). The following estimate
holds for every (t, u) € [0, TBoor) X [0, Upl:

Ciy (s 1) + D, (1, u) S Ep M08,

Proof. Step 1: controlling [le~/ zﬁQPN‘OP(Q, S)||%2 =) via Gronwall-type argument. Given ¢ > 0, we

first apply Proposition 11.10 and then use>® Proposition 11.2 (for’” u = Up) to deduce that if ¢ > 0 is

56Here, we again relabeled the ¢ from Proposition 11.2
57Note that in view of the fact that £2, S are compactly supported in u € [0, Up] (by Lemma 7.1), it follows that the integral
on ZIU 0 is the same as the integral on X;.
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sufficiently large (depending on ¢), then the following estimate holds, where the constants C > 0 and
C, > 0 are independent of ¢ and ¢:
le™/2/maPVer (2, )75,

< CEU+ A M08 4 Clle 2 JuPNer (€, D) }a(g,

t'=t 1

< C.E(1 + A M08 () 4 ¢ / :
=0 H(t)

We clarify that it is only for notational convenience for the argument in (11-21)—(11-23) below that we

e~ /2 /uaPNer (82, S) ||iz(2t/) dr’. (11-20)

have used the symbol C, > 0 to denote the fixed constant on the last line of (11-20).
We now argue by a continuity argument to show that, after choosing ¢ smaller and ¢ larger if necessary,
(11-20) implies the estimate

le™ 2PN (82, ) a s, < 2687 (14 2HH08). (11-21)

If it is not the case that (11-21) holds on [0, T(Boor)). then by continuity, there exists T € [0, T(Boot))
such that (11-21) holds for all ¢ € [0, T] and such that

le™ 2 maPY0 (2, 2,y = 2687 (1 + T, (11-22)

However, plugging the estimate (11-21) (which by assumption holds for ¢ € [0, 7,]) into the integral
in (11-20), using Proposition 8.11 (and M, > 1) to integrate away a negative power of ,, and finally

choosing ¢ sufficiently small, we obtain that for ¢ € [0, T, ], we have
le™ 2 JHaPNer (2, )72, < 3CxE A+ 2405 (), (11-23)

which obviously contradicts (11-22) when t = T. It therefore follows that our desired estimate (11-21)
holds for all # € [0, T(Boor))-

Step 2: deducing the estimates for C Niop (t,u)and D Niop (t, u). At this point, we can fix the constants ¢, ¢,
which we will absorb into the ensuring generic constants C. Moreover, since u € [0, Up] on the support
of £2 and S (by Lemma 7.1), we will also absorb the weights e~*/? into the constants. Hence, plugging
(11-21) into the right-hand side of (11-1) and then using Proposition 8.11, we obtain

t'=t

03 1 o
C gy (1, ) + Dy, (1, 1) S E M08 (1) + / —lle™ 2PN (2, )l s, A
r=0 Hx()
t'=t
,S, é3u*2M*+0.8(t)+é3/ l‘L’TZM*f().Z(t/) dt/ 5 é3u:2M*+0.8(t)’ (11_24)
t'=0
as desired. O

12. Wave estimates for the fluid variables

We continue to work under the assumptions of Theorem 6.3.
In this section, we derive a priori energy estimates for the wave variables, which will in particular yield
strict improvements of the bootstrap assumptions (6-1)—(6-2). In Section 12A, we start by providing a
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somewhat general®® «

auxiliary” proposition, which yields energy estimates for solutions to inhomogeneous
quasilinear wave equations in terms of norms of the inhomogeneity. The difficult aspect of the proof is
that we have to close the estimates even though p can be tending towards 0, that is, even though the shock
may be forming. We delay discussing the proof of the auxiliary proposition until the Appendix; as we
will explain, modulo small modifications based on established techniques, the proposition was proved
as [36, Proposition 14.1] (see also [52, Proposition 14.1]). Then, in Section 12B, we bound the specific
inhomogeneous terms that are relevant for our main results, that is, the inhomogeneous terms on the
right-hand sides of the fluid wave equations (5-1a)—(5-1c). Finally, in Section 12C, we prove the final

a priori energy estimates.

12A. The main estimates for inhomogeneous covariant wave equations. In this section, we state the
“auxiliary” Proposition 12.1, which yields energy estimates for solutions to the fluid wave equations.
In this section, we ignore the precise structure of the inhomogeneous terms and simply denote them
by &. That is, we state the estimates of Proposition 12.1 in terms of various norms of &. Later on, in
Proposition 12.7, we will control the relevant norms of & to obtain our final a priori energy estimates for
the wave variables. Proposition 12.1 is of independent interest in the sense that with small modifications,
it could be used to study shock formation for compressible Euler flow with given smooth forcing terms.

Proposition 12.1 (the main estimates for the inhomogeneous geometric wave equations). Let U =
(W1, Vo, W3, Wy, Us) = (R, R(—). vZ, v, s), as in (2-3). Recall that the YV, are solutions to the
inhomogeneous covariant wave system

H’D \yl:®lv

g(¥)
where ® = (&1, B,, B3, By, &s) is the array whose entries are the product of W and the inhomogeneous
terms on the right-hand sides of the five scalar wave equations (5-1a)—(5-1c). Assume that the following
smallness bound holds:>°

||PS[N[OP/2]€5I|L®(M;_M) < él/z‘ (12-1)

Then there exists an absolute constant M, € N, independent of the equation of state and all other
parameters in the problem, such that the following hold. As in Theorem 6.3, let Toor) € [0, 25;1], and
assume that:

(1) The bootstrap assumptions (6-1)—(6-8) all hold for all t € [0, Toor)), where we recall that in the
bootstrap assumptions, Ny is any integer satisfying Nop > 2M, + 10.

(2) In (6-3), the parameter & is sufficiently small in a manner only on the equation of state and 0.

58Using a slight reorganization of the paper, these estimates could be upgraded so that they are “black box™ estimates for
inhomogeneous wave equations. Given the setup of this paper, they are not quite black box estimates because the proofs rely
on the estimates of Section 8, some of which (e.g., some of the estimates in Proposition 8.10) depend on the structure of the
inhomogeneous terms in the wave equations.

OWe clarify that in our main results, in the proof of Proposition 12.7, we will show that the smallness assumption (12-1) is
satisfied for the particular inhomogeneous terms & stated in the hypotheses of the proposition. However, for the purposes of
proving Proposition 12.1, the precise structure of & is not important.
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(3) The parameter & > 0 in (6-1)—(6-8) satisfies &€'/? < & and is sufficiently small in a manner that depends
only on the equation of state, Niop, 0, G, 6 and S;l.

(4) The soft bootstrap assumptions stated in Section 6A1 hold (including i > 0 in [0, Toor)) X R x ).

Then the following estimates hold for every (t,u) € [0, Tgoor)) x [0, Upl, where W, is defined in
Definition 2.16:

(1) The top- and penultimate-order wave energies defined in (3-2e) obey the estimates

sup M IS EOWr n, 1 (FLu) + sup wIM S EOW v, —11(F w)
7€[0,1] i€(0,1]

t'=f s=t' 2
< &%+ sup ufM*_l'S(f)/ u:3/2(t/)!/ PN S 25y ds} dr
7el0,1] 1'=0 $=0

+ sup M@ LPT Nerhw| | X P Mol I Nl 1,
7€[0,1] '

+ sup M@ (LR N | 4 [ X PNy PN G |1y 0 (12-2)
fe[0,1] '

(2) For 1 < N < Nyp — 1, the lower-order wave energies Wy yy defined in (3-2c) obey the estimates

\ —2M,4+2Nyp—2N+1.8 . 2M,—~2Niop+2N+0.2
Wi (f, u) S & + max{1, p, o (1}( sup min{l, p, o (D1 N+11(5))
s€[0,7]

FNALPI N | X PN ) PEMG) ) 1, (12-3)

Remark 12.2. The proof of Proposition 12.1 follows from almost exactly the same arguments used in
the proof of [36, Proposition 14.1]. The only differences are the following two changes:

(1) We have to track the influence of the inhomogeneous terms & on the estimates.

(2) Inthree dimensions, the second fundamental form of the null hypersurfaces of the acoustical metric has
three (as opposed to one) independent components. This necessitates an additional elliptic estimate that was
not needed in the two-dimensional case treated in [36]. This elliptic estimate is standard; see [15; 17; 33].

These differences necessitate minor modifications to the proof of [36, Proposition 14.1]. We will sketch
them in the Appendix.

Remark 12.3 (additional term in the top-order estimate). In Proposition 12.1, the inhomogeneous term &
makes an additional appearance in the top- and penultimate-order estimates as compared to the estimates
of all the lower orders. By “additional appearance,” we are referring to the double time integral, which
comes from a difficult top-order commutator term that depends on the acoustic geometry; this difficult term
has to be controlled by first integrating a transport equation, which explains the double time-integration;
see the Appendix.

12B. Estimates for the inhomogeneous terms. We start by controlling the null forms in the wave
equations.
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Proposition 12.4 (control of wave equation error terms involving null forms). For 9 € {Qév), Q)
(see (5-6a), (5-6b)) and 1 < N =< Nyop, the following hold for all (t, u) € [0, Tgoor) X [0, Up] and for all
¢ € (0, 1], where the implicit constants are independent of ¢:

IGLPEM | 4 X PN PN )1 0,

o —2M+2Nop—2N+1.8
< & max(l, )

u'=u
4 () + (1 +g—1></ Fuu(t. u) du’+f
u'=0 t

t'=t

Eppni (@, w) dt’) (12-4)

and

t'=t s=t' 2
/ u:3/2(t’){ f 1PNl (W) ]2 5 ds} dr’
t N

=0

t'=t s=t’ 2

S EuM e + / ) uﬁ”(r’){ / OB ) ds} di'. (12-5)
= 5=

Proof. Step 1: proof of (12-4). To bound the left-hand side of (12-4), we use the Cauchy—Schwarz and

the Young inequalities to obtain, for any ¢ > 0,

1A LPH M| 4+ | X PN PN (W) 1o,

u'=u t'=t
5(1+g—1)(f Fru v, u') du’ + / [E[l,N](l/,u)dt)+§||7’[1’N](HQ)||iz(Mw)- (12-6)

=0 =0
By inspection, it can be checked that £ is a g-null form (see Definition 8.1) that is quadratic in the
wave variables. Hence, applying (10-6) with ¢V, ¢® =W, 9D @D <1 (1.2 2.2 < &l/2 (which
is justified by the bootstrap assumptions (6-3)—(6-5)), we obtain

PN Q)| < PRV 4 2PN X | 4 [P + PN, L)), (12-7)

To bound (12-7) in L?(M, ), we control | P>V 11| by the energies (3-2a)—(3-2c), control IP[l’N]X\D|
by (8-38), bound |PW¥| by (6-5), and [P (u, LY by Proposition 8.14. We thus obtain the following
bound for any ¢ € (0, 1], where the implicit constants are independent of ¢:

u'=u t'=t

SIPEM W) 720, ) S §{K[1,N](I, u) +/ Friwi (2, u') du'’ +/ E1,w (2, w) df/}
’ t

w'=0 =0
v=t OM,+2Np—2N+1.8
+ &2 / max{1, u, Sy dt + &
t'=0
< & max(l, H:ZM*+2Nmp72N+1.8 )
u'=u t'=t

[F[I,N](ta M/) du’ +/

t'=l

+ §{K[1,N](1, u) +/ Epi n (7', w) df/}, (12-8)
u 0

where in the last line, we have used Proposition 8.12.
Putting (12-6)—(12-8) together, we obtain (12-4).

=0

Step 2: proof of (12-5). We begin with (12-7) when N = Ny,p,. Notice that unlike in Step 1, we now have
to control |P>N+1W| only with the [E (but not F and ) energy (since we need an estimate on a fixed-
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hypersurface). This gives a p, 172 degeneration. The other terms can be controlled by using arguments
similar to the ones we used in Step 1. In total, for 0 <s <¢’ <1, we have

1PN ()12 sy S by POE ]y, 1 () + Emax{L, w00 ()) (12-9)
Finally, integrating with respect to time and using Proposition 8.11, we obtain (12-5). O

Next, we control the easy linear terms in the wave equations.

Proposition 12.5 (control of wave equation error terms involving easy linear inhomogeneous terms).
For £ € {Siv), L), L} (see (5-Ta), (5-7b), (5-7c)) and 1 < N =< Ny, the following holds for all
(¢, u) €10, TBooy) x [0, Upl:

1A LPEN | 4 | X PN PN (W) 10y, o) S the right-hand side of (12-4), (12-10)
and

t'=t s=t’ 2

/ u:3/2(t’){/ || P New] (182 L2z ds} dt’ < the right-hand side of (12-5). (12-11)
=0 s=0 '

Proof. We first pointwise bound ug € {uL{,), uL(x), uL(y} in a similar manner® to (12-7):

PN ey < |PEN(2, S)| + terms already in (12-7). (12-12)

Proof of (12-10). The terms in (12-12) that are already in (12-7) can of course be controlled as in
Proposition 12.4. We therefore focus on |[P="(£2, S)|, for which we have the following estimate using

the Cauchy—Schwarz and Holder inequalities and Proposition 9.4:
1ALP M4 | X PN PN (2, )i,

u
SULPIMN IR B+ [ 1P @,y

5 ° —2M+2Nop+2N+2.8
SILPEMWIT, )+ IXPEYIWIT, )+ & maxdl, ' (O}, (12-13)

which can indeed be bounded above by the right-hand side of (12-4) as claimed.

Proof of (12-11). Again, we only focus on the |P=Nor(£2, §)| term in (12-12). Using the definitions of
the V and S norms and Propositions 8.11 and 9.4, we deduce

t'=t s=t’ 2
/ u;w(z’){ f IP=Ner (2, )1l 250 dS} di’
t S

=0 =0

t'=t s=t' 2
S / uIS/z(t/){ / u:”z(s)[\/;/ﬁmp(n+§;/§mp<s>]ds} dr

t'=0 s=0
t'=t s=t’ 2
<& f uﬁ”(r’){ / uy M09 () ds} dr'
=0 5=0
< & max{l, u M3 (1)) S € max{l, w20}, (12-14)
which can indeed be bounded above by the right-hand side of (12-5) as claimed. (|

60In fact, we can even do better than terms in (12-7) because of the extra smallness in € we have from the bootstrap
assumptions. However, we do not need this improvement for our proof.
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Finally, we consider the linear terms involving C and D.

Proposition 12.6 (control of wave equation error terms involving C and D). For
M e {c2 exp(2p)Ci, c exp(p)@D, c? exp(2p)D, F;Sc2 exp(2p)D}
0

(¢f. main terms in (5-1a)—(5-1¢)) and 1 < N < Nyp, the following hold for all (¢, u) € [0, T(Boor)) X [0, Up]:
IALP NI | | X PN Y PEN W) || 110, ) S the right-hand side of (12-4),  (12-15)

t'=t s=t' 2
/ u;”(z/){ / IIP[I’Nt°P](u9ﬁ)||Lz(Eg)ds} dt’ < the right-hand side of (12-5).  (12-16)
t'=0 s=0 ’

Proof. We first use the bootstrap assumptions (6-3)—(6-5) and (6-8) and Proposition 8.6 to deduce

1PN (u)| < wPN @, D)+ |P=N"1(C, D)| + terms already in (12-7). (12-17)
=] =1l
Step 1: proof of (12-15). The terms already in (12-7) were handled in the proof of (12-4), so we only
have to handle / and I/ in (12-17). We will use slightly different arguments for each of these two terms.
For I, we have®! by the Cauchy-Schwarz inequality, Propositions 10.6, 11.11, the bootstrap assumptions
(6-1), (6-2), and Propositions 8.6 and 8.11 that

I LPE M|+ | X PN PN (e, D) 11, o)

~

=t
< / B2, w(CY2 + D21, wyde’
t'=t
< @l/2g3/2 / max(1, p, N N0 iy a1, g Mt Ve N0 gy gy
t'=0
< &2 max(l, p, NIV 4y (12-18)
For II in (12-17), we use Cauchy—Schwarz and Proposition 10.6 to obtain

I (LR 4  XPENGPN=LE, D)l
SILPENWI, A IXPEME, o+ 1PN HC D)o,

u'=u
1,N 2 v 1 2
SILPUNW Ry, RPN, [ Canot Doy 10 )
u' =
—2M,+2Ngp—2N+2.8

SILPUMWIT, )+ IXPEYWT, 4 & max(l, M} (12-19)

(M)

Finally, we observe that the right-hand side of (12-18) and the right-hand side of (12-19) are less than
or equal to the right-hand side of (12-4). We have therefore proved (12-15).

Step 2: proof of (12-16). Returning to (12-17), we again note that we only have to consider terms not
already controlled in Proposition 12.4. Applying Propositions 8.6, 8.11, 10.6, and 11.11, we have

.. . —My+Nip—N+0.4
6INote that it is only at the top N = Niop level that Cl</ ]%, and ID1</ ]%, is only bounded by 1, HhNop=N+ (t"). For N < Nigp,

we have the stronger estimates in Proposition 10.6, which in principle would allow us to avoid controlling the term I separately.
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!

t'=t s=t 2
f uim(t/){ f [IuP=Ner (€, D)l 2cs,) + 1PN ™HC D)l ] ds} dr’
t'=0 s=0
= = 12 1 12 1/2 2
§/ H*3/2(t/){/ [(IZSMOP—|—[D)§,\,wp](s)+—1/2 [Cstpfl—l—IDSNmpfl](s) ds} dt’
1'=0 5=0 ' (s)
t'=t !

= =t 2
S é3/ HIS/Z(I/){/ u:M*+0.4(S) ds} dt/ 5 é3u:2M*+2.3(t) 5 ézu*—ZM*—Fl.S(Z)’
t'=0 s=0

which is therefore bounded above by the right-hand side of (12-5). O

12C. Putting everything together.

Proposition 12.7 (main L? estimates for the wave variables). For 1 < N < Niop, the following holds for
all (t,u) €10, Toor) x [0, Upl:
—2MA2Neop—2N+1.8

Wiy n(t, u) < &2 max(l, (). (12-20)

Proof. We first use the pointwise bounds (12-7), (12-12), (12-17), the bootstrap assumptions (6-5)—(6-8),
and Proposition 8.6 to deduce that the assumption (12-1) in Proposition 12.1 on the inhomogeneous
terms 55, i.e., the terms on the right-hand sides of (5-1a)-(5-1c), is satisfied. Hence, the results of
Proposition 12.1 are valid, and we will use them throughout the rest of this proof. We will also silently
use the basic fact that p, (¢, u) <1 and p,(¢) < 1; see Definition 2.16.

Step 1: N = Nyop. By the top- and penultimate-order general wave estimates (12-2) in Proposition 12.1,
the initial data assumptions in (4-1), (4-3a)—(4-4), and the bounds for the inhomogeneous terms in
Propositions 12.4-12.6, we obtain the following bound for any ¢ € (0, 1] (with implicit constants that are
independent of ¢):

sup HEM*_LS(ZA)([E[LN[OP](ZA,u)+[F[1,Nmp](lA,u)+K[1,Nmp](lA,u))

fef0,1] Cagon . . .
+ sup 1M @) (B, wgp— 11 () +HF (1 Ny —11(F )+t vy —11(F 1)

7e[0,¢]

e oy 2
S &+ sup MA@ uim(t/){/ ”P“’Nm"]ﬁllu@s)ds} “

7€[0,¢] t'=0 s=0
2M,—1.8 /2 1, Ny v 1, Nio 1, Nop] i
+ sup WM TS @ (LNl 4 X P Vel g ) P Nol &1
fel0,1] '
2M,—3.8 /% 1, Niop—1 v 1, Niop—1 1, Niop—1] 52
+ sup M8 (LT N T XU Noo= gy [P Nen =1 1 .
1€[0,1] '
2 2M,—1.8 r= 3/2 = 1/2 1/2 ?
<& sup 18 / el (rﬂu){ / wl/ (s)[En,pr]@)dS} dr
fel0,1] 1'=0 s=0

+ sup u%M*‘1~8(f){gK[I,Nmp](f,m
fe[O,t]

/

t'=t u'=u

+(1+§_1)</ [E[lleop](t/’ u) dl/+/ [F[LNmp](tA,u/)du/)}
t'=0 u'=0

+ sup H%M*3'8(f){§K[1,Ntop—1](f,u)

i€[0,1] t'=f uw'=u
+(1+§_1)(/ 1, Nigp—11 (¢, M)dt/-i-/ Fii, Nigp—11(, 1) du') } (12-21)
t

=0 u'=0
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We now argue as follows using (12-21):

* We choose ¢ > 0 sufficiently small and absorb the terms
¢ sup WMD) Ky 1 Fow), ¢ osup wM I @)K vgy—11(F 1)
7el0,1] i€(0,1]
appearing on the right-hand side by the terms
sup Wi DKy N ), sup SOy v, - (L )
7e(0,1] i€[0,1]
on the left-hand side.

o We then apply Proposition 8.12 (using that the exponents 2M, — 1.8 and 2M,, — 3.8 are positive) and
Gronwall’s inequality to handle the terms involving the integrals of E and .

This leads to the following estimate (where on the left-hand side, we have dropped the below-top-order
energies):

sup ;M) (1 Niop1 (7 1) 4 Fr1 Ny (7 1) + 111 g1 (7 1))
fel0.1]

’

t'=t = 2
<& 4 sup HEM*_I'S(f)/ w2, u){/ u*—l/z(s)[Egl/me](s)ds} dr'. (12-22)
i€(0,1] 1'=0 s=0 ’

We will now apply a further Gronwall-type argument to (12-22). Define

() = exp( / T 0%s) ds>,
s=0

and, for a large € > 0 to be chosen later,
H(t) = sup 2SO @) Ep Ny ().
e[0,1]

From the definitions of [Eyj, Nigpls bs and H, the fact that ¢ is increasing, and the estimate (12-22), we find
that there exists a constant®? C,, > 0 independent of € > 0 so that

!

t'=t s=t 2
H(r)sc**(é% sup ;M) f u:3/2(t’){ / POy, p]<s>ds} dt’). (12-23)
7el0,1] '=0 5=0 e

Before we proceed, note that for n = 1, 2 an easy change of variables gives

/

s=t y=L5 w0 () dr 1
/ M) (s) ds = / "V dy < —"%(1)). (12-24)
s=0 y:O nQ:

Fix t € [0, T(goor)) and £ €[0, t]. Since . "% is decreasing and (L, is almost decreasing by Proposition 8.12,
we have, using (12-24) and the estimate (12-23) for H, the following bound for the terms under the sup

62We call the constant Cy« so as to make the notation clearer later in the proof.
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on right-hand side of (12-23):

t'=f

=t s=t 2

_ ~ ~ _ — 1/2

WML (7,728 7 uﬁ/z(t’){/ u*‘/z(s)[E[l/,Nmp](s)ds} dr
t'=0 s=0

/

13 . 7

t'=t sS=t
= N O u:3/2(t’){ f M )
N

r=0 =0 € v, —09 _¢ ~0.9,1/2 2
x [t (S)H* ()M (S)PL* - (S)[E[l’Nmp](S)] ds} dt
t'=f s=t 2
< 22M*2.6H2M*1.8(f)t2€(f)/ H*ZM*+1.1(II){/ LQ(S)H:O'Q(S)H1/2(S) ds} dt/
t'=0 s=0

t'=f s=t' 2
< 22Ma=26, 2M= 18 7y, =287y f (1) TR (D! { / EEH ) ds} dr’
t'=0 s=0

< p2M.-26 HEM*1.8(IA)£2Q‘(IA)% l/j[tze(t/)u*o.9(t/)]u*2M*+2(t/) .
t'=
< 24M*—4.6H9.2(;)L—2¢(;)% /:; 209y di’
<pnesoyo2y HO 24M*_;;% | (125
Plugging (12-25) into (12-23), we obtain
H(t) < Cys { &2+ 24M*—5-6%;) } (12-26)

Choosing € > 0 sufficiently large such that 24M==36/¢3 < % we immediately infer from (12-26) that
H(t) < 2C,.&2%. From this estimate, (12-25) the definition of (), and the estimate (8-35), we find that
the right-hand side of (12-22) is at most C &2, where C is allowed to depend on €. From this estimate and
the definition of Wy y)(¢, u), we conclude (12-20) in the case N = Nyp.

Step 2: I <N < Nyop — 1. Let 1 < N < Nyop — 1. Arguing like we did at the beginning of Step 1, except
for using (12-3) instead of (12-2), we obtain

Epr,n (2, w) + Fro, (8, w) + K g (2, w)

o —2M+2Niop—2N+1.8
< & max({l, p, o )}

. 2M,—2Niop+2N+0.2
O}( sup min{l, e T
o, S€l01]

u'=u
+§K[1,N]+(1+§1)(/ Epn (', M)dl/+/ [F[I,N](t,“/)d”/)
1'=0 w'=0

° —2My+2Nop—2N+1.8
< & max{l, p, (1))

—2M,+2Nop—2N+1.8
+max{l, u, -~

—2M,+2Nop—2N+1.8

+max{1, 1, ()}Qpi.n+11(5))

. 2M,—2Niop+2N+0.2
(0)}( sup minfl, p, op2 ¥
s€[0,1]

)YQrv+n(s)),  (12-27)

where to obtain the last inequality, we first took ¢ to be sufficiently small to absorb ¢IK[; n7, and then
used Gronwall’s inequality.
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Using (12-27), we easily obtain (12-20) by induction in decreasing N. Notice in particular that the
base case N = Nyop has already been proven in Step 1. O

13. Proving the L*° estimates

We continue to work under the assumptions of Theorem 6.3.

In this section, we derive L°° estimates that in particular yield an improvement over the bootstrap
assumptions we made in Section 6A. This is the final section in which we derive PDE estimates that are
needed for the proof of Theorem 6.3; aside from the Appendix, the rest of the paper (i.e., Section 14)
entails deriving consequences of the estimates and assembling the logic of the proof.

We first bound (in Propositions 13.2, 13.3) the L*> norm of the fluid variables, specific vorticity,
entropy gradient and modified fluid variables and their P derivatives using the energy estimates we have
already obtained and Sobolev embedding (Lemma 13.1). Then, in Propositions 13.3 and 13.4, we control
derivatives of these variables that involve one factor of X by combining the just-obtained L°°-estimates
for P-derivatives with the (wave or transport) equations.

Lemma 13.1 (Sobolev embedding estimates). Suppose ¢ is a smooth function with u-support in [0, Up].
Then, for everyt € [0, Toor)), we have the estimate

Iplle) S sup IP=@llr2@,)+ sup [ILP=¢llr2cr. (13-1)
uel0,Up] uel0,Up]

Proof. First, using standard Sobolev embedding on T2, using (2-28b)—(2-28c¢) to express #», #3 in terms
of derivatives with respect to {Y, Z}, comparing the volume forms using Definition 3.1, and using the
estimates of Proposition 8.7, we deduce

1 1

. . 2 2

Bl S (f |a’2a§¢|2dx2dx3) s(f |7>fz¢|2dxg) =Pl 2, (13-2)

A l L
l+]§2 tu tu

To complete the proof of (13-1), it remains only for us to control the right-hand side of (13-2) by showing
that for any smooth function ¢ (where the role of ¢ will be played by P=2¢), we have

lollrze,.,) < Cllellrze,,) + CILell 2. (13-3)

To prove (13-3), we start by using the identity d, = L — LA%,4 (see (2-27a)) to deduce that

% *dx*dx® 22/ 0@ dx*dx® =2/ oL dxzdx3—2/ oL J a0 dx? dx*
Et.u et,u Kr,u et,u
:2/ ¢L¢dx2dx3+/ Q> (sl dx?dx?, (13-4)
Et,u er.u

where in the last step, we integrated the geometric coordinate partial derivatives g4 by parts (and we
recall that capital Latin indices vary over 2, 3). Again using (2-28b)—(2-28c¢) to express @,, #3 in terms
of derivatives with respect to {Y, Z}, and using the estimates of Propositions 8.6 and 8.7, we find that
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|#4L4| < C. From this estimate, (13-4), and Young’s inequality, we deduce that

0
—/ > dx*dx?
i Je,,

§C/ |L(p|2dx2dx3+C/ @>dx?dx’. (13-5)
tu et,u

Integrating (13-5) with respect to time, using the fundamental theorem of calculus, and then applying
Gronwall’s inequality, we find that

f P dx*dx® < C/ @? dxzdx3—|—C/ / |Lo|?>dx*>dx?dr. (13-6)
Zt,u Z(),u t'=0 t'u
Again comparing the volume forms using Definition 3.1 and using the estimates of Proposition 8.7, we
arrive at the desired bound (13-3). Il
Proposition 13.2. The following L™ estimates hold for all t € [0, T(oor)):
[P Neoo= M2y | s, S €, (13-7)
IP=Ne= M2, 8) |z, + 1PN~ 73C, D) ez S &2, (13-8)

Proof. These two estimates follow as immediate consequences of the energy estimates (respectively
for (V, S), (C, D) and W) in Propositions 9.4, 10.6, and 12.7, Lemma 13.1, and the initial data size-
assumptions (4-4)—(4-6). O

Proposition 13.3. The following L™ estimates hold for all t € [0, TBoor)):

IR ) Seds 1Ry, 02 0% 9) ez S & (13-9a)
IXRepllze) <28, X (R, v, 0%, 9)llixs,) S & (13-9b)
P Moo= M= XY | s, ) S & (13-9¢)

Proof. Step 1: proof of (13-9a). Since Lt =1, we can apply the fundamental theorem of calculus along
the integral curves of L to deduce that for any scalar function ¢, we have

t

ldllLecs,) < @llLee(=) +/ ILpllrocs,) dt'. (13-10)
=0

t
By Proposition 13.2, we have | LW||z=(x,) S €. From this estimate, the data assumptions (4-3a) and
(4-3c), and (13-10) with ¢ = W, we conclude the desired bounds in (13-9a).

Step 2: an auxiliary estimate for try X. We need an auxiliary estimate before proving (13-9b). To start,
we note that the same arguments used to prove Proposition 8.6, based on the transport equation® (2-41),
but now with the estimate (13-7) in place of the L bootstrap assumptions for ||Pt:Ner=M=21y || oo (5
in (4-4), yield the estimate

PN ML oo,y S & (13-11)

We next use Lemmas 2.23 and 2.32, and the fact that the Cartesian component functions X L x2 X3 are
smooth functions of the L? and W (see (2-23)) to write the identity (2-38b) in the following form, where f

63Note importantly that the right-hand side of (2-41) does not contain an XU term!
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schematically denotes smooth functions: tr, x = f(L, W)PL’ + (L', W)PW. From this equation, the
estimates of Proposition 13.2, (13-9a), and (13-11), we obtain the desired auxiliary estimate:

| P=Ner =¥ty Xl ey S € (13-12)
Step 3: controlling P=Nop=M—4 [ X, By [52, Proposition 2.16], the wave operator is given by®*

WO,y f = —L(uLf +2X )+ upf -ty XX f —wig kLf —2ul’ - 4. (13-13)

Consider now the wave equations (5-1a)—(5-1c). We will now bound the inhomogeneous terms in these
equations. For Q € {Qf,), Q(x), Q(»)}, we first apply (10-5) with ¢, ¢ = w, o@D, o@D <1, 902,
222 < € (which is justified by Proposition 13.2 and the bootstrap assumptions (6-3)—(6-5)), and then
use (6-3)—(6-5) and Propositions 8.6 and 13.2 to obtain

| Pp=Non =M= (1 Q)| S [PUNon =M1y gl Moo= Mamdl x| | I Neop=Ma=dl L)} <. (13-14)

For £ € {£{,), £), £} and
2 i Dss 2
M e {c exp(2p)C', cexp(p)—D, ¢ exp(2p)D},
Q

we use the pointwise bounds (12-12), (12-17) together with (6-3)—(6-8) and Propositions 8.6 and 13.2 to
obtain
[P=Nor =M ug)| + =N =M uoy)| < & (13-15)

Combining (13-14) and (13-15), we thus obtain
|PSNtop_M*_4(u|:|g \Ij)| S é (13—16)

We now use (13-16) together with (13-13) to control P=Ner=M:=4 X\ The key point is that every
term in P=Nor—M:—4(13.13) except for PSN“'P_M*_A'(—ZLXW) is already known to be bounded in L™
by O(€). More precisely, we express the Ricci coefficients on the right-hand side of (13-13) using
(2-38b)—(2-38d) and A using Lemmas 2.24 and 2.32. We also use the transport equation (2-40) to
express® the factor of Lt on the right-hand side of (13-13) as the right-hand side of (2-40). Then using
Propositions 8.6, 8.7, and 13.2, the estimates (13-9a) and (13-11)—(13-12), and the bootstrap assumptions
(6-3)—(6-5) (to control all X W-involving products on the right-hand side of (13-13) except —2LX U), we
obtain |P=Nep—M:—4] XW| < &. Also using the first commutator estimate in (8-12) with ¢ = X W and the
bootstrap assumption (6-5), we further deduce that

[LP=Nop= M8 XY || o,y S PN =Mt L X | 4 ¢1/2pll Nop= M=t Ry < g, (13-17)

Step 4: proof of (13-9b) and (13-9c). We finally conclude (13-9b) and (13-9c) using (13-10) and (13-17),
together with the initial data bounds (4-3b), (4-3c) and (4-4). O

%4Here, A is the Laplace—Beltrami operator on ¢, ,,, which can be expressed as a second order differential operator in ¥ and
Z with regular coefficients.

65This step is needed to avoid having to control Nyop — My — 3 P-derivatives of W in L, since Proposition 8.6 does not
yield L control of that many derivatives of L.
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Proposition 13.4. The following L™ estimates hold for all t € [0, TBoo)):
IP=Ner =M= X (2, )L, S €%

Proof. We apply P=Nor=M:=4 (0 (8-4)—(8-5) and then bound all terms on the right-hand side in L using
Propositions 8.6, 13.2, and 13.3. O

14. Putting everything together

This is the concluding section. First, in Section 14A, we use the estimates derived in Sections 7—13 to
conclude our main a priori estimates, i.e., to prove Theorem 6.3.

With the help of Theorem 6.3, all of the main results stated in Section 4B are quite easy to prove. We
will prove Theorems 4.2 and 4.3 in Section 14B, Corollary 4.4 in Section 14C, and finally, Corollary 4.5
in Section 14D.

14A. Proof of the main a priori estimates.

Proof of Theorem 6.3. We prove each of the four conclusions asserted by Theorem 6.3.

(1) By Proposition 12.7, for 1 < N < Ny, the following wave estimates hold:

(0}
Hence, the inequalities in (6-1)-(6-2) hold with & replaced by C¢&2.
(2) By (13-9a)—(13-9b), the inequalities in (6-3) hold with &1/2 replaced by C,& and 3% replaced by 28.
(3) By (13-7) and (13-92)—(13-9c), the inequalities in (6-4)—(6-5) hold with el/? replaced by Cé.
(4) By (13-8) and Proposition 13.4, the inequalities (6-6)—(6-8) hold with & replaced by C&%/2. O

Wy (t) < & max(l, p:zM*Jerwp—zNH.s

14B. Proof of the main theorems.

Proof of the regularity theorem (Theorem 4.2). By the main a priori estimates (Theorem 6.3) and a
standard continuity argument, all the estimates established in the proof of Theorem 6.3 hold on [0, 7)) x X.
As a consequence, the energy estimates (4-7a), (4-7b) and (4-7c) follow from Propositions 12.7, 9.4, 10.6,
and 11.11. As for the L estimates, (4-8a) holds thanks to (13-7) and (13-9c); (4-8b) and (4-8c) hold
thanks to (13-9a) and (13-9b) respectively; and (4-8d) holds thanks to (13-8) and Proposition 13.4.

Moreover, Lemma 2.24, the identity , = L — LA3, (see (2-27a)), and the L™ estimates mentioned
above, together with those of Propositions 8.6, 8.7, and 8.10, imply that the solution can be smoothly
extended® to [0, T] x R x T2 as a function of the geometric coordinates (t, u, x2, x3).

It remains for us to show that the solution can be extended as a smooth solution of both the geometric and
the Cartesian coordinates as long as inf,¢jo, 1) 14 (f) > 0. Now the estimates (4-8a)—(4-8c), Lemma 2.22, and
the assumed lower bound on 1, together imply that the fluid variables and their first partial derivatives with
respect to the Cartesian coordinates remain bounded. Standard local existence results/continuation criteria

%Note that these estimates imply that the d; derivatives of many geometric coordinate partial derivatives of the solution are
uniformly bounded on [0, T] x R x Tz, which leads to their extendibility to [0, 7] x R x T2
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then imply that the solution can be smoothly extended in the Cartesian coordinates to a Cartesian slab
[0, T +€] x X for some € > 0. Finally, within this Cartesian slab, one can solve the eikonal equation (2-13)

2 2 x%) is a diffeomorphism from [0, T + €] x R x T? onto

such that the map (¢, u, x X3 > (t,x x
[0, T + €] x X; the diffeomorphism property of this map follows easily from the identity #,x! = pc?/X!
(see (2-28a)) and the fact that pc? /X L' <0in [0, T + €] x R x T? whenever € is small enough, thanks to
p > 0, (2-25b), and the estimates of Proposition 8.7 for X ésmall) and ¢ — 1. This implies that the solution

can also be smoothly extended in the geometric coordinates (¢, u, x2, x3). O

Proof of the shock formation theorem (Theorem 4.3). Step 1: vanishing of p,. First, we will show that
(1) = 1+ Oy (&) + O(&) — byt (14-1)

To prove (14-1), we start by using (2-40), (2-42), and the L estimates established in Propositions 8.6
and 8.7 and Theorem 4.2 to deduce that

Lp=—1c"(c e+ DXRG) +O(8) (14-2)
and
L{ic7 e ep+ D =0@), L{ic'(cep+DXRG} =0(8). (14-3)

Moreover, from (2-13), (2-14), and our data assumptions (4-3a) and (4-3c), we have the following initial
condition estimate for p:

B sy=140,(&) + O(é). (14-4)

From (14-2)—(14-4), (4-2), and the fundamental theorem of calculus along the integral curves of L (and
recalling that Lt = 1), we conclude (14-1).

Step 2: proof of (1), (2), and (3). Define
Tising) = sup{T € [0, 25; 1] : a smooth solutions exists with Lt > 0 on [0, T) x X}. (14-5)

From Theorem 4.2, it follows that either T sing) = 25*_1 or lim infth(;ng) (1) =0.

Using (14-2), we infer that i, (¢) first vanishes at a time equal to {1 + O,(&) + (’)(@:)}5;1. From this
fact, the definition of Tising), and the above discussion, it follows that this time of first vanishing of w,(z)
is equal to T(sing), Which implies (4-9). Using Theorem 4.2 again, we have therefore proved parts (1), (2)
and (3) of Theorem 4.3.

Step 3: proof of (4). In the next step, we will show that the vanishing of p, along X7 coincides with
the blowup of |01 R ()| at one or more points in  Tingy > that will show that T sing) is indeed the time of
first singularity formation and in particular yields the conclusion (4) stated in Theorem 4.3.

Step 4: proof of (5). We now prove that #jowup = -#vanish- This in particular also implies the blowup-
claim in conclusion (4) of Theorem 4.3. We first prove Ajowup S Hvanish- If (u, x2, x3) ¢ yanish, then
u has a lower bound away from 0 near (T(sing), u, x2, x3) and thus the estimates in Theorem 4.2 (and
Lemma 2.22) imply that the fluid variables are C'! functions of the geometric coordinates and the Cartesian
coordinates near the point with geometric coordinates (T(sing), U, x2, x3), ie., (u, x2, x3) & Sblowup-
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To show Ajowup =2 -Pvanish, SUppose (u, x2, x3) € Fyanish. Let B(t) denote the ¢-parametrized integral
curve of L emanating from (T (sing), , x2, x3). Note in particular that o 8(T sing)) = (T sing)» U, x% x3)=0,
and recall that Lt = 1. We next use (14-2)—(14-4), (4-2), (4-9), and the fundamental theorem of calculus
along the integral curve B() to deduce that, for 0 <t < T(sing), We have

He e esp+ DIo B(0) x [XR 4l 0 B(1) > 138,

(for otherwise, 1o B(T(sing)) = 0 would not be possible). Also using (2-26b), Propositions 8.6, 8.7, and
the L°° estimates of Theorem 6.3, we find that the following estimate holds for 0 < ¢ < T(sing):

e e e+ Do BO) x [ud1 R4yl 0 B(2) = 3D

In particular, also considering Remark 4.1, we deduce that

8, 1
PO = ST Tey + DI BO) ,TTEupuoﬂ(t) -

limsup [01R ()| o
M (sing)

Hence (u, x2, x3) € Zblowup, Which finishes the proof that .#1owup = -vanish-

Finally, we prove that #nish = R % T? \ Stegular- The direction C holds since -#yanish = Zblowup and
obviously Fjowup S R X T? \ Sregular- We now show the direction 2. Suppose that (u, x2, x3) & Solowups
ie., W(Tsing), U, x2, x3) > 0. Then the estimates with respect to the geometric vectorfields established
in Theorem 4.2 and Lemma 2.22 imply that in a neighborhood of (T sing), u., x2, x3) intersected with
{t < T(sing)}, the fluid variables remain C' functions of the geometric coordinates and Cartesian coordinates.
We have therefore proved part (5) of Theorem 4.3, which completes its proof. U

14C. Nontriviality of 2 and S (Proof of Corollary 4.4).

Proof of Corollary 4.4. Using equations (14-2)—(14-4), we deduce (recalling that &'/> < & by assumption)
that along any 7-parametrized integral curve B(¢) of L emanating from X (i.e., 8°(0) = 0, where ¢
denotes the Cartesian components of ), we have o () =1— %t[c‘1 (c_lc;p + I)J?R(Jr)] 0 B(0)+ O, (&).
From this bound, (4-9) (which implies that 0 < ¢ < Tsng) = {1 + Oy (&) + O(e":)}S; 1), (4-2), and the
assumption (4-10), we see that if |u o §(0) — & + 8;1| > 3&8;1 (where u o 8(0) is the value of the
u-coordinate at $(0)), then o B(¢) > 3 for 0 <t < T(sing) (assuming that & and € are sufficiently small).

Now fix any (s, x*, X ) € Hyanish (that 1S, W(T sing)» Us, x*, X; ) = 0). We will show that under the
assumptions of the corollary, there is a constant C > 1 such that

C71& < |S(Tising)s s, x2, X2)| < C&,  C7'&? < |2(T(sing), Us, X2, x2)| < C&%. (14-6)

Clearly, the bounds (14-6) imply the desired conclusion of the corollary.

To initiate the proof of (14-6), we let Bsing) () denote the z-parametrized integral curve of L pass-
ing through (Tsing) U, X2, x2). Then since (2-21) implies that the coordinate function u is constant
along Bsing) (and thus u o Bsing) (0) = us), the results derived two paragraphs above guarantee that
|, — &+ 5; I < 3&5; I In particular, in view of the initial condition (2-13) for u along Xy, we see that
| /3(lsin 0 0)— 5;1 | < 3&5; I where ,B(lsing) 0)=x'o Bsing) (0) is the x I_coordinate of the point B(sing) (0) € Zo.
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Then, since Proposition 8.6 yields that (d/dt)f' = LB' =L'=1+L]! y =1+ 0,(&), we can integrate

(small
in time and use (4-9) to deduce that

,31 (T(sing)) = ,31 (0) + T(sing) + Oo(oo() T(sing) = _S;l + T(sing) + Oo(&) T(sing) = 00(&)8;1

That is, the x!-coordinate of the singular point (T(sing), tx, X2, x2) is of size O, (&)5 1.

Let now y(sing) be the integral curve of B passing through the singular point (7{sing), U+, xi, xi) as
above. Since (2-23) and (4-8b) imply that B = 9, + O,(&)d, we can integrate with respect to time along
Y(sing) and use (4-9) and the bound on the x!-coordinate of the singular point (T(sing), U+, xf, x;f ) proved
above to deduce that y(sine intersects Xy at a point ¢ with x!'-coordinate ¢' of size ¢! = (’),(&)S; L In
view of the initial condition (2-13) for u along X, we see that the u-coordinate of ¢!, which we denote
by ulg, satisfies |u|, — 6| = O,(&)ggl. From this bound and the assumption (4-11), we see that

102 0?2 103 03
12 <0, 1<& 1 <s),|<&. (14-7)

To complete the proof, we need to use (14-7) to prove (14-6). To this end, we find it convenient
to parametrize y(sing) by the eikonal function. Since (2-23) and (2-21) guarantee that uBu = 1, this
is equivalent to studying integral curves of uB. That is, we slightly abuse notation by denoting the
reparametrized integral curve by the same symbol y(sing); 1.€., ¥(sing) SOlves the integral curve ODE
(d/du)y(sing)(u) = WB o Y(sing) (). To proceed, we multiply the transport equations (5-2a) and (5-2¢)
by u and use (2-23), (2-21), Lemma 2.22, Propositions 8.6, 8.7, and the L estimates of Theorem 6.3
to deduce that along (sing), (5-2a) and (5-2¢) imply the following evolution equations, expressed in
schematic form:

d

EQ 0 Y(sing) ) = O(1) 82 0 Y(sing) () + O(1) S 0 Y(sing) (1), (14-8)
d

ES © V(sing) M)=00)So Y(sing) (u). (14-9)

From the evolution equations (14-8)—(14-9), the initial conditions (14-7), and the fact that 0 <u < Uy
in the support of the solution (see Section 7), we conclude that if € is sufficiently small, then there is a
C > 1 such that (14-6) holds. O

14D. Holder estimates (proof of Corollary 4.5). Throughout this section, we work under the assumptions
of Corollary 4.5.

Lemma 14.1 (a simple calculus lemma). Let J C R be an interval. Suppose f :J — R is a C? function
such that:

(1) f isincreasing, i.e., f' > 0.
(2) There exists b > 0 such that fOy) > b for every y € J, where £ denotes the third derivative of f.

Then for any y1, y» € J, the following estimate holds:

u@o—ﬂWNz%wrwﬁ.
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Proof. First, note that the assumption on £ implies that f” is strictly increasing. In particular, f” can
at most change sign once.

Without loss of generality, assume y; # y,. We consider three cases: the first two are such that f”(y;)
and f”(y) are of the same sign, while the third is such that they have opposite sign.

Case 1: y; <y and f”(y1) < f”(y2) <0. By Taylor’s theorem,
FOD=FO2) = F002 =y + 5 /G202 = n)?
1 o
- %(yz -y’ /O 1= fP 411 —y))dt < f(3n) — %(yz —y)?,

where we have used f7(y2) >0, f”(y2) <0and f®(y) > b.
Therefore,

POV = O] = FO) = FG) = 20 =3,

Case 2: y» <yt and f”(y1) > f”(y2) > 0. This can be treated in the same way as Case 1 so that we have

lfD)—fO)l=fO1)— fO2) = é(y1 — ).

Case 3: y1 < y2, f"(31) <0 < f"(y2). Since f” is strictly increasing, there exists a unique z € (y1, y2)
such that f”(z) = 0. Therefore, using Case 1 (for y; and z) and Case 2 (for y, and z), we have

b b
IFOD = O =F0) = f@+F@=FO) = gy =z +1y =2l = 52—y,
where in the very last inequality we have used y, — y; < 2max{|y; — z|, |y2 —z|}.
Combining all three cases, we conclude the desired inequality. 0

Lemma 14.2 (quantitative negativity of aixl). Under the assumptions of Corollary 4.5, the following
holds at all points such that (t, u) € [3T(sing) /4, T(sing)) X [6/2,36/2]:

3 o
Pxl < —p.

Proof. In this proof, we will silently use the fact that the Cartesian component functions X!, X2, X3 are
smooth functions of the L’ and W (see (2-23)) and the fact that ¢ is a smooth function of W.

By (2-29), to prove the lemma, we need to estimate aixl = ai(ucz /X 1. To proceed, we use (2-28a)
(in particular, the fact that @, — X is £, 4-tangent) and the L estimates of Propositions 8.6, 8.7, and 8.10

and Theorem 6.3 to deduce that
2

5o UC .
Pxl = XX<F> +0O(8). (14-10)

We will now estimate the term X X (nc?/X" on the right-hand side of (14-10). We start by not-
ing that the L* estimates of Propositions 8.6, 8.7, and 8.10 and Theorem 6.3 together imply that
ILLX X (uc?/XY)| = O(8&). Therefore, letting y () be any integral curve of L parametrized by Cartesian
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time ¢ (with y (0) € X¢) and recalling that Lt = 1, we integrate this estimate twice in time to deduce that
for t € [0, T(sing)), We have

2 2 2
Xx(%) oy (1) = [Xx(%)] oy (0) +I[L)?)?(%)] oy(0)+0(&)

2 2
- [XX(%)] oy(0)+t[)?)?L(%>] oy (0) +0O(8), (14-11)

where to deduce the last equality, we used in particular (8-27).
Next, using the transport equation (2-40), (2-42), the fact that X [x,= —c0; (by (2-7), (2-13), (2-26b),

and the normalization condition g(X, X) = 1), and the L™ estimates mentioned above, we deduce that
2

v o (uc? o . o
[XXL<F>] (0= [XX{@MFH oy (0)+0O(&)
= %[i}?{(c—lc;p + 1D)(XR)} oy (0) +O(@). (14-12)

Next, using that X [x,= —cd;, and using that p [5x,= 1/c (this follows from the initial condition in
(2-13) and the fact that (2-21) implies that Xu = 1/u), we deduce

- e .
XX\ xr ) o= — XXM =0. (14-13)
Combining (14-11)~(14-13), we find that
v v C2 t o o 5 ]
XX(%) oy () = Q[XX{(C*IC;D + D(XR)H oy (0) + O@). (14-14)

From (14-14) and our assumption (4-12), we deduce that at any point whose corresponding #-coordinate®’
satisfies u € [6/2, 36/2], we have

v v l,LC2 o o o
XX T oy (t) < =210, 4+ O(é). (14-15)

In particular, for points whose corresponding u- and 7-coordinates satisfy, respectively, u € [6/2, 36/2]
and ¢ € [3T(sing)/4, T(sing))> We have, in view of (4-9), the estimate

5 o
v v 3 o o
XX(%) oy(t) < —TB+O.(&)6*[5+O(@:). (14-16)
Combining (14-10) and (14-16), we conclude the lemma. O

Lemma 14.3 (the main Holder estimate for the eikonal function). Under the assumptions of Corollary 4.5,
the following holds for t € [3T(sing)/4, T(sing)):

lu(p1) — M(P)21)/|3 <5p113,

sup -
p1. €%, pr#p> QistEuc(P1, P2
u(pi)€l8/2,36/21
Above, u(p;) denotes the value of the eikonal function at p;, x(p;) denotes the Cartesian spatial coordi-
nates of p;, and distgyc (p1, p2) denotes the Euclidean distance in ¥, between p and p;.

67Recall that u I2o=06— x! and the u-value is constant along the integral curves of L by virtue of the first equation in (2-21).
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Proof. Step 1: estimating miny,(p,)—y; distguc(p1, p2) by carefully choosing two points. Consider two
distinct values uy, up which obey u; € [6/2,36/2]. By compactness of the constant-u hypersurfaces
in ¥, there exist points py, p> € ¥; with u(p;) = u; and distgyc(p1, p2) = miny(p,)—=u; distguc(p1, p2). In
particular, p; and p, are connected by a Euclidean straight line L, ,, which is Euclidean-perpendicular
to {# = u;} at the point p; fori =1, 2.

Now by Lemma 2.22 and (2-21), the Euclidean gradient of u satisfies

whu=c X, i=1,23. (14-17)

Recalling (by Proposition 8.7 and conclusions (2) and (3) of Theorem 6.3) that X' =—1+ O,(&),
c2X?, ¢72X3? = 0,(&), we deduce from (14-17) that Lp,.p, makes a Euclidean angle of O,(&) with
respect to d;. Therefore, using (14-17) again (which implies that constant-u hypersurfaces in X, make an
angle O(&) with constant-x! planes), we infer that there exist®® p;, p, such that:

(1) ulpi) =u;.
(2) 0; is tangent to the Euclidean line £ connecting p; and p;.
(3) miny(p)—u, distewc(p1, p2) = disteuc(P1, p2) = 3 disteuc(p1, p2) = 313" (1) —x' (p2)1.
We fix such a choice of (p;, po) for any given (u1, up) (with u; # u»).
Step 2: estimating |x'(p;) — x'(p2)]. By (2-29), Proposition 8.7, and conclusions (2) and (3) of
Theorem 6.3, we have
Jux! = W=1+0y(&)).

Hence, for every fixed (xz, x3), xlisa strictly decreasing function in u. Moreover, by Lemma 14.2,
ale < —[03. Hence, we are exactly in the setting to apply Lemma 14.1 (for the one-variable function
fu) = —x"(u), where (x2, x3) is fixed, and b= foi) to obtain

o

B
) = x ()] = el — (14-18)
In view of our choice of p; and p, in Step 1, we conclude from (14-18) that
lu(p1) —u(p2)| luy — usl
sup - 173 = sup . : 1/3
P1,D2€X, P1#D2 distguc(p1, p2) uy#u mfplspzezz,u(m#m distguc(p1, p2)
u(pi)el§/2,36/2] u;€[8/2,36/2]
<23 sup 1 = 12| <9633 <5713 O

P1,P2EX, PIED2 |xl(p1)_xl(p2)|]/3 -
u(pi)el6/2,36/2]

We are now ready to conclude the proof of Corollary 4.5.

Proof of Corollary 4.5. Our starting point is the observation that the estimates in Theorem 4.2 guarantee
that, for at each fixed ¢ with 0 < 7 < T(ing), the fluid variables and higher-order variables p, v', 2, §%, C',

and D are all uniformly Lipschitz when viewed as functions of the (u, x>, x*)-coordinates. Therefore, the

2

key to proving Corollary 4.5 is to understand the regularity of the map (x!, x2, x3) — (u, x2, x?).

68We can, for instance, take p1 = p1 and let p, be the unique point in both the level set {# = u;} and the line passing through
p1 with tangent vector everywhere equal to 9.
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To this end, we first note that by the assumption (1) in Corollary 4.5, the equations (14-2)—(14-4), (4-9),
and the arguments given in the proof of Corollary 4.4, it follows that away from u € [36/4, 56/4], we
have p > % From this lower bound, Lemma 2.22, and the estimates of Proposition 8.7, we see that when
u ¢ [36/4,56/4], the map (xl,xz, x3) — (u, x2, x3) remains uniformly Lipschitz (in fact, we could
prove that it is even more regular). Combined with the aforementioned fact that p, v, 27, §*, C' and D
are uniformly Lipschitz in the (u, x2, x3)-coordinates, we see that at each fixed 7, with 0 <7 < Tising)»
P, vi, 21,8, C', and D are also uniformly Lipschitz in the (x!, x2, x3)-coordinates away from u €
[36/4,56/4]. Moreover, (14-1) guarantees that in the region {0 < t < 37T(ing)/4}, we have p > %.
Thus, for the same reasons given above, the map (x!, x2, x*) — (u, x%, x?) is uniformly Lipschitz in
{0 <t <3T(sing)/4}, and thus p, v/, 27, S, C', and D also remain uniformly Lipschitz in the (x!, x2, x3)-
coordinates in this region.

It remains for us to consider the difficult region in which u € [36/4,56/4] € [6/2,36/2] and ¢ €
[3T sing) /4, T(sing))- Using Lemma 14.3, we see that the map (x!, x2, x3) > (u, x%, x%) is uniformly C!/3
in this difficult region. Hence, p, vi, 21, §1,C, and D all have uniformly bounded Cartesian spatial C 173
norms in this region as well. O

Appendix: Proof of the wave estimates

In this appendix, we sketch the proof of the wave equation estimates, that is, of Proposition 12.1. As we
already discussed in Section 12A, although the wave equation estimates that we need are almost identical
to the ones derived in [36], there are two differences:

(1) The wave equations in Proposition 12.1 feature the inhomogeneous terms &, and we need to track
the influence of these inhomogeneous terms on the estimates. Recall that the precise inhomogeneous
terms are located on the right-hand sides of (5-1a)—(5-1c), but for purposes of proving Proposition 12.1,
we do not need to know their precise structure.

(2) Recall that our commutation vectorfields {L, Y, Z} are constructed out of the acoustic eikonal
function u, and hence the commuted wave equations feature error terms that depend on the acoustic
geometry. In three dimensions, some additional arguments are needed (compared to the two-dimensional
case treated in [36]) to control the top-order derivatives of some of these error terms.

The issue (2) is tied to the fact that the null second fundamental form of null hypersurfaces in 14-3
dimensions has now three independent components, which stands in contrast to the case of 142 dimensions,
where it has only a single component (i.e., it is trace-free in 142 dimensions). This issue is by now
very well-understood, and it can be resolved by using an elliptic estimate. For completeness, we will
nonetheless sketch the main points needed for the argument in this appendix.

We now further discuss the issue (2). In 14-2 dimensions, try X satisfies a transport equation known as
the Raychaudhuri equation69 (see [52, (6.2.5)]):

ML try X = (L) try X — pa(try X)° — uRicr . (A-1)

%Note that this is a purely differential geometric identity that is independent of the compressible Euler equations.
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where Ric is the Ricci curvature of the acoustical metric g and Ricz; =Ricqg LYLP. In contrast, in 143 di-
mensions, the right-hand side of (A-1) features some additional terms. Specifically, in 143 dimensions,
the Raychaudhuri equation takes the following form (see [48, (11.23)]):

ML trg X = (L) g X — Wix|® — wRiczr = (L) g X — w(t )* — nIk|> — pRicr, (A-2)
where ¥ is the traceless part of ¥, i.e., it can be defined by imposing the identity x =X + %(trg x)g- In
other words, (A-2) has an additional —p|%|? term compared to (A-1), and this additional term cannot
be bounded using the only the transport equation (A-2), (since the left-hand side of (A-2) features a
transport operator acting only on the component try X, as opposed to the full second fundamental form ).
The saving grace, however, as already noticed in [15] (see also [17; 33]), is that one can use geometric
identities (specifically, the famous Codazzi equation) and elliptic estimates to control Y in terms of
d try X plus simpler error terms. A top-order version of this kind of argument allows one to control the
difficult top-order derivatives of the term —1|X|? on the right-hand side of (A-2); see Section A5 for the
details. We remark that for the solutions under study, the —u|¥|? term is quadratically small and, as it
turns out, it does not have much effect on the dynamics.

Al. Running assumptions in the appendix and the dependence of constants and parameters. Through-
out the entire appendix, we work in the setting of Proposition 12.1. In particular, we make the same
assumptions as we did in Theorem 6.3 (which provides the main a priori estimates), as well as the
smallness assumption (12-1) for the inhomogeneous terms &.

Our analysis involves various constants and parameters that play distinct roles in the proof. We have
already introduced these quantities earlier in the article. For the reader’s convenience, we again provide a
brief description of these quantities in order to help the reader understand their role in our subsequent
arguments in the appendix.

o

o The background density constant o > 0 was fixed at the beginning of the paper. The parameters G, O,
8, & and & measure the size of the x!-support and various norms of the initial data; see Section 4A.

* As in the rest of the paper, the positive integer Ny, denotes the maximum number of times that we
commute the equations for the purpose of obtaining L>-type energy estimates.

e My denotes an absolute constant, that is, a constant that can be chosen to be independent of Ny, the
equation of state, o, G, 205, and 8; 1 as long as & and € are sufficiently small. The constants My arise as nu-
merical coefficients that multiply the borderline energy error integrals; see in particular the right-hand side
of (A-37). The universality of the My is crucial since, as the next two points clarify, they drive the blowup-
rate of the top-order energies, which in turn controls the size of largeness of Ny, needed to close the proof.

o As in the rest of the paper, the positive integer M, controls the blowup-rate of the high-order energies.
The following point is crucial: for the proof to close we need to choose M, to be sufficiently large in a
manner that depends only on the absolute constants M. In particular, M, does not depend on Nigp.

* Once M, has been chosen to be sufficiently large (as described in the previous point), for the proof
to close we need to choose Ny to be sufficiently large in a manner that depends only on the integer M.,
fixed in the previous step.
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» Once Niop has been chosen to be sufficiently large (as described in the previous point), to close the
proof, we must choose € to be sufficiently small in a manner that is allowed to depend on all other
parameters and constants. We must also choose & to be sufficiently small in a manner that depends only

on the equation of state and o. We always assume that &!/2

<&

« In contrast to M, the constants C” are less delicate and are allowed to depend on the equation of state,
o, 6, 8, and 5;1. We use the notation C’ to emphasize that these constants multiply difficult, borderline
energy estimate error terms, but we could have just as well denoted these constants by C (where C has

the properties described in the next point), and the proof would go through.

 Unless otherwise stated, “general” constants C are allowed to depend on Niop, Maps, the equation
of state, o, G, 5, and S;]. When we write A < B, it means that there exists a C > 0 with the above
dependence properties such that A < C B. Moreover, A &~ B means that A < B and B < A.

A2. An outline of the rest of the appendix. In Sections A3-A8, we will derive the estimates we need to
prove Proposition 12.1. The conclusion of the proof of Proposition 12.1 is located in Section A9.

Proposition 12.1 is an analog of the similar result [36, Proposition 14.1]. In fact, in our proof of the
proposition, we will exactly follow the strategy from [36]. For this reason, we will only focus on terms
which did not already appear in [36]. We begin by identifying the most difficult wave equation error
terms in Section A3. As in [36; 52], these hardest terms are commutator terms involving the top-order
derivatives of try X, which we control using the following steps:

 In Section A4, we write down the transport equations satisfied by the important modified quantities.
The modified quantities are special combinations of solution variables involving try x. With the help of
the Raychaudhuri equation (A-2), the modified quantities will allow us to avoid the loss of a derivative at
the top order and/or allow us to avoid fatal borderline error integrals.

o In Section A5, we use elliptic estimates on ¢, , to control the top-order derivatives of ¥ in terms of the
modified quantities.

 In Section A6, we define partial energies, which are similar to the energies we defined in Section 3B,
but they control all wave variables except for the “difficult” one R (4 (which is such that [d;R 4| blows
up as the shock forms). As in [36], the partial energies play an important role in allowing us to close the
proof using a universal number of derivatives, that is, a number Ny, that is independent of the equation of
state and all parameters in the problem; the role of these partial energies will be made clear in Section A9.

o In Section A7, we use the transport equations in Section A4 and the estimates in Section A5 to obtain
the bounds for the top-order derivatives of try X.

At this point in the proof, we will have obtained all of the main new estimates we need to prove
Proposition 12.1. In Section A8, we use our estimates for the top-order derivatives of try X to derive
preliminary energy integral inequalities for the wave equation solutions. These are the same integral
inequalities that were derived in [36, Proposition 14.3], except they include the new terms generated by
the inhomogeneous terms & featured in the statement of Proposition 12.1. Finally, in Section A9, we
use these integral inequalities and a slightly modified version of the Gronwall-type argument used in the
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proof of [36, Proposition 14.1], carefully tracking the different kinds of constants, thereby obtaining a
priori estimates for the energies and concluding the proof of Proposition 12.1.

We close this section with three remarks to help the reader understand how we use cite/use results that
were proved in [36].

Remark A.1 (implicit reliance on results we have already proved). The estimates in this appendix rely,
in addition to the bootstrap assumptions, on many of the estimates that we independently derived in
Section 8, such as the results of Propositions 8.6, 8.7, 8.10, 8.11, 8.12, and 8.14. Many of the results that
we cite from [36] rely on these propositions, and we will not always explicitly indicate the dependence of
the results of [36] on these propositions.

Remark A.2 (¢ vs. €'/2). The bootstrap smallness parameter & from [36] should be identified with

o1/2

the quantity €'/< in our bootstrap assumptions (6-4)—(6-8). For this reason, various error terms from

[36] reappear in the present paper, but with the factors of ¢ replaced by &!/?

. This minor point has no
substantial effect on our analysis, and we will often avoid explicitly pointing out that the error terms from

[36] need to be modified as such.

Remark A.3 (vorticity terms have been absorbed into (;5). Many error terms in the estimates of [36]
involve vorticity terms that are generated by the vorticity terms on the right-hand side of the wave
equations. However, in this appendix, we have absorbed these error terms into our definition of the
inhomogeneous terms & in Proposition 12.1. For this reason, it is to be understood that many of the
estimates cited from [36] have to be modified so that these vorticity terms are absent and are instead
replaced with analogous error terms that depend on & (where throughout the appendix, we carefully
explain how the term & appears in various estimates).

A3. The top-order commutator terms that require the modified quantities. To begin, we recall that
{Y, Z} denotes the commutation vectorfields tangent to ¢, ,, and that we use the notation P to denote a
generic element of this set. In the following proposition, we identify the most difficult error terms in the
top-order commuted wave equations.

Proposition A.4 (identifying the most difficult commutator terms). Let & denote the inhomogeneous terms
in the wave equations from Proposition 12.1. Then solutions to the wave equations of Proposition 12.1
satisfy the following top-order wave equations (which identify the most difficult commutator terms):

nO, PV L) = (") (ud PV~ try x) + PV LS + Harmless, (A-3)

Oy PV Y W) = XW) P 1130 + XA (ud PV %)

Neo—1 g N —1 + PNy & + Harmless, (A-4)
HDg (7P o Z\IJ) = (X‘I’)(ZD o Ztrg X)

+ 2 X3 () (ud P! try X) + PNl 76 + Harmless. (A-5)

Above, the terms “Harmless” are precisely the Harmless(iwl\gzi) terms defined in [36, Definition 13.1], except

C . . . <N,
here we do not need to allow for the presence of vorticity-involving terms in the definition of Harmless(_wgf,‘;)

because we have absorbed these terms into our definition of the wave equation inhomogeneous term ®.
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Moreover, for any other top-order operator PNer (i.e., a top-order operator featuring at least two
copies of L or featuring only a single L but in an order different from (A-3)), there are no difficult
commutator terms in the sense that the following equation holds:

nd, (PN w) = PNev® + Harmless. (A-6)

Proof. This is exactly the same as [36, Proposition 13.2] with the obvious modifications: we have {L, Y, Z}
(as opposed to just {L, Y}) as commutation vectorfields, and we have accounted for the presence of the
inhomogeneous terms &. We stress that even in three spatial dimensions, the top-order derivatives of x
that appear on the right-hand sides of (A-3)-(A-5) only involve its trace-part try X, as opposed to involving
the full tensor x. Roughly speaking, this follows from three basic facts: all of these top-order terms are
generated when all Ny, + 1 derivatives (including the two coming from [, ) on the left-hand sides fall on
the components P’ (where P € {L, Y, Z}); all P’ can be expressed as functions W and L', L%, L3; and
Lemma 2.19 and (13-13) with f = u together imply that [, u = — try X. Hence, considering also (2-14),
we have, schematically, that ul, du = —9 try X+---, where ““- - -7 denotes terms that involve lower-order
derivatives (i.e., up to second-order derivatives) of the eikonal function u# and/or derivatives of W. Thus,
(2-14), (2-16), (2-17) imply that the scalar functions P’ satisfy, schematically,”® O, P' = d try x +---. O

Remark A.S. Notice that in [36, Proposition 13.2], there is an additional difficult commutator term
coming from (in the language of the present paper) the commutation with X. Since in this paper, we
use only the subset of energy estimates in [36] that avoid commutations with X, an added benefit of our
approach here is that we do not need to handle these additional terms.”!

Ad. The modified quantities and the additional terms in the transport equations. In order to control the
top-order commutator terms from Proposition A.4, the idea from [15] is to introduce modified quantities,
which are corrected versions of try X. The “fully modified quantities™ solve transport equations with
source terms that enjoy improved regularity, thus allowing us to avoid a loss of regularity at the top order.
The “partially modified quantities” lead to cancellations in the energy identities that allow us to avoid
error integrals whose singularity strength would have been too severe for us to control.

Definition A.6 (modified versions of the derivatives of try X). We define, for every’? fixed string of
order-N commutators PV € 2W), the fully modified quantity P2 as

P9 = PNy x + PR, (A-Ta)
.’{i—éLLof{ﬁf—%utrg@OL\IJ——uGLLoL\I’+u$L odV. (A-7b)

700f course, careful geometric decompositions are needed to obtain the precise form of the terms on the right-hand sides of
(A-3)~(A-5); here we are simply emphasizing that the dependence of the top-order terms is through the derivatives of try X.

7LOf course, even if these terms had been present in our work here, we could have handled them in the same way they were
handled in [36].

721n practice, we need these quantities only to handle the difficult terms from Proposition A 4, which involve purely
{; u-tangential derivatives of try x. Put differently, in practice, we only need to use the quantities " e
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We define, for every73 fixed string of order PV ¢ 2N the partially modified quantity PP as
POZ =PV g x+ PR, (A-8a)
PYF =Lty GoLPVT + G o dPV . (A-8b)

Proposition A.7 (transport equations satisfied by the modified quantities). The fully modified quantities
solve the following modified version of equation [36, (6.9)], where & denotes the array of inhomogeneous
terms in the wave equations from Proposition 12.1:

L(PMOP )% _ <2L_LL ) trg X) (PNtoP )%
88

= non-vorticity-involving terms in [36, (6.9)] — PNer (u|%|?) + %PN“’P(GLL 3 (’3). (A-9)
Moreover, the partially modified quantities solve the following modified version of equation [36, (6.10)]:
LP"* N — terms in [36, (6.10)] — PMo=L(1%)2). (A-10)

Remark A.8. We clarify that the vorticity-involving terms in [36, (6.9)] are absent from the right-hand side
of (A-9) because we have absorbed these terms into our definition of the wave equation inhomogeneous
term &.

Proof of Proposition A.7. The key point is that the derivations of both [36, (6.9), (6.10)] used the
Raychaudhuri transport equation satisfied by trg X, and thus we need to take into account the additional
—u|X|* term in (A-2) as compared to (A-1).

The derivation of [36, (6.9)] consists of two steps. First, in [36, Lemma 6.1], one expresses (L Ricy; in
terms of a sum of two terms: one term is a total L derivative, and the other term is of lower order; see [36,
(6.1)]. Step 1 in particular uses the wave equations p [ o(py Ye=---.In the second step, one combines
the result of [36, Lemma 6.1] with the 1+2-dimensional Raychaudhuri equation (A-1) and then commutes
the resulting equation to obtain [36, (6.9)]. In our setting, each step requires a small modification.

o In the first step, instead of ull 2(9) W, =..., we have ull 2(9) W, = &,. Thus, we get an additional term
1PNer (G o ®) on the right-hand side of (A-9).

« In the second step, we need to use the 143-dimensional Raychaudhuri equation (A-2) instead of (A-1)
and get the extra term —pN “’P(u|)2|2) on the right-hand side of (A-9).

We thus obtain (A-9).

The derivation of [36, (6.10)] is simpler because its proof relies only on the 14-2-dimensional Ray-
chaudhuri equation (A-1) (in particular, it does not rely on the wave equations [ 2() Y, =...). Thus,
to obtain (A-10), we simply replace the application of (A-1) from [36, (6.10)] by an application of (A-2).
The additional term in (A-10) is a result of the extra —p|¥|> term in (A-2) compared to (A-1). O

2 N\ ~
73 As in footnote 72, in practice, we only need to use the quantities P 7.
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AS5. Control of the geometry of 4, , and the elliptic estimates for x. The following elliptic estimate is
standard; see [15, Lemma 8.8].

Lemma A.9 (elliptic estimate for symmetric, trace-free tensorfields). Let (M2, ¥) be a closed, orientable
Riemannian manifold, and let . be a nonnegative function on M». Then the following estimate holds for
all trace-free symmetric covariant 2-tensorfields & belonging to W% (M, P):

[ wGmegased)an, <3 [ waveian,+3 [ weBieiaa, @
M M M

where Y, di'Vy, Ry and dAy are respectively the Levi-Civita connection, divergence operator, Gaussian
curvature and induced area measure associated with y.

In order to use Lemma A.9, we need an L™ estimate for the Gaussian curvature of the tori (¢; ., ).
We provide this basic estimate in the following proposition.

Proposition A.10. The Gaussian curvature Ry of (¢, 4, ) satisfies the following estimate for every
(¢, u) € [0, Toor)) X [0, Upl:

2172
IRl om0 S &2

Proof. It is a standard fact that at fixed (¢, u), Rg can be expressed in terms of the components of ¢, g‘l
with respect to the coordinate system (x2, x*) on £, , and their first and second partial derivatives with
respect to the geometric coordinate vectorfields d,, #3. Schematically, we have

Rg=g g Pty g g g Wy

_1- _1.

where § € {#>, 95}.
Recalling the expression for the induced metric ¢ in Lemma 2.32 and the relations between the
vectorfields in Lemma 2.24, we see that the desired estimate for K¢ follows from Proposition 8.7. [

We now apply the elliptic estimate in Lemma A.9 to control the top-order derivatives of ¥ in terms of
the top-order pure ¢, ,-tangential derivatives of try X.

Proposition A.11. The following estimate holds for'* the Niop-th £; ,-tangential derivatives of X for
every (t, u) € [Oa T(BOOt)) X [09 UO]:

/2 _M*+0'9(l).

% Nto 2
L) MKl 2 sy S TP try Xl L2y + &1,

Proof. Step 0: preliminaries. Throughout the proof, we will silently use the following observations, valid
forPe{L,Y,Z}and P € {Y, Z}, where f(-) denotes a generic smooth function of its arguments that is
allowed to vary from line to line.

¢ The component functions X 1 X2, X3 are smooth functions of the L’ and W¥; see (2-23). The same
holds for the component functions PO Pl P2 P3: this is obvious for P = L, while see Lemma 2.23
1\AB
)

for P =Y, Z. Similarly, the geometric coordinate component functions ¢ , . and (g~ are smooth

functions of the L’ and W¥; see Lemma 2.32.

T4Recall that [7;; denotes Lie differentiation with respect to elements P € {Y, Z}, followed by projection onto ¢ .
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o For § € {#>, #3}, we have the following schematic identity: § =f(L’, ¥)Y +f(L, W)Z; see Lemma 2.24.

o For ¢, ,-tangent one-forms &, we have [&] ~ 3, ,31&al & |&y| + [Ez] = [E(V)] + |E(2)]; this
follows from the discussion in the previous two points, the bootstrap assumptions (6-3)—(6-5), and
the L*° estimates for Lismall) from Proposition 8.6. In particular, for scalar functions ¢, we have
V|~ A=23 |dagp| ~ |Y ¢| + | Z¢p|. Analogous estimates hold for ¢, ,-tangent tensorfields of any order.

» For type- (2) tensorfields, we have the following covariant identity, expressed schematically: [V, £p]& =
(VLpg)-&. Itis straightforward to check that £p ¢ is in fact equal to the ¢, ,-projection of the deformation
tensor of P (the deformation tensor itself is equal to Lpg, where g is the acoustical metric).

« Relative to the geometric coordinates (t, u, x2, x3), we have [pg =f(L!, W)(PL!, PW¥) (where the
P’s on the left- and right-hand sides can be different).

« For ¢; ,-tangent tensorfields &, we have the following schematic identity, valid relative to the geometric
coordinates, where § € {#,, #3}: Y& —JE =f(L!, W) - (PL!, PW); this follows from expressing Y in
terms of geometric coordinate partial derivatives and the Christoffel symbols of ¢ and then expressing
# =f(L', ¥)P on the right-hand side.

« For ¢, ,-tangent tensorfields &, we have the following schematic identity, valid relative to the geometric
coordinates, where § € {#y, #3}: £p& = P I &+ (L7, W)E - (PL, PW) (where the P’s on the left-
and right-hand sides can be different); this formula is straightforward to verify relative to the geometric
coordinates.

 For ¢, ,-tangent tensorfields &, we have the following schematic identity, valid relative to the geometric
coordinates, where # € {2, #3): Vp& — Lp& =F(L1, O)E - (PL, PW) (where the 7’s on the left- and
right-hand sides can be different); this formula is straightforward to verify relative to the geometric
coordinates.

o If f is a scalar function, then Lpd f = dP f, where d denotes ¢, ,-gradient of f; this formula is
straightforward to verify relative to the geometric coordinates.

Step 1: Codazzi equation.”” We compute (£p)Ver~! WAXB 4 by differentiating (2-38a) with the operator
(ﬁp)NwP_ld,ivg and treating all capital Latin indices as tensorial indices, while treating all lowercase
Latin indices as corresponding to scalar functions. We clarify that the tensor on the left-hand sides of
(2-38a) is symmetric, while the first, third, and fourth products on the right-hand side of (2-38a) are not.
Hence, for clarity, we emphasize that when we write “differentiating (2-38a) with (Lp)Nep—1 WAXB A
it is to be understood that the corresponding first term on the right-hand side is an ¢; ,-tangent one-
form with index B whose top-order part (in the sense of the number of derivatives that fall on L%)
is (Lp)Vor ™ (gap (gAY cdBLY) @ Fax”)) = (hp)V ™ (ap (gAY BIc L) ® Fax?)), where to
obtain the last equality, we used the commutation identity ¥ cdpL® = ¥ gdcL®, which is a consequence
of the torsion-free property of Y and the fact that we are viewing the Cartesian components L? as scalar
functions. Notice that unless all the Ny, derivatives fall on the factor d L% in the first product on the

T5We use the phrase “Codazzi equation” because the equations we use in this analysis are closely related to the classical
Codazzi equation, which links divy, Y try X, and the curvature components of the acoustical metric.
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right-hand side of (2-38a), the expression involves at most Ny, derivatives on L and W, and we can
control such terms using the bounds we have obtained thus far. In total, using the symmetry property
XBA = XAB, 1solating the terms featuring the top-order derivatives of the components L and estimating
the remaining terms with (6-1)—(6-5) and Propositions 8.6 and 8.14, we obtain

I MoV xas — (L) o {gan (gD VALY Fax" 2y
S NP o sy + [PV (L W) oy S V20 0). (A-12)

We then compute (Kp)Nmp*la B try X in a similar manner using (2-38b) to obtain

()Mo g try X — (L) V™ g (g HAC VY B L) Fax)M 2wy S €207 M400(0). (A-13)

In view of the commutation identity Y @5 L% =Y pdc L* mentioned above (which implies that the second
terms on left-hand sides of (A-12) and (A-13) coincide), we can use (A-12), (A-13), and the triangle
inequality to obtain

L) M Y X an 2z S IRp) Mo~ g try Xl 2 sy + &7, M0 (1)

SIHP™e try Xl 2y + 82000 1), (A-14)

where to obtain the last line, we used the commutation identity (£7;>)N‘°P_1 d5 try X = d B7PN op—1 trg X (in
which we are thinking of both sides as ¢, ,-tangent one-forms with components corresponding to the
index B), the schematic identity § = f(L’, W)Y +f(L, ¥)Z, and Proposition 8.6.

Now since (d,fvg)A() B = (divgx)g — %a BlyX = WAXAB — %a B try X, we deuce from the estimate (A-14)
that

(L) Mo div Kl 2 sy S PN try Xl L2y + 12 M09 (). (A-15)
Step 2: commuting divy with £ derivatives. We now deduce from (A-15) an estimate for div, Lp)Neoo 1%,

For this, we simply note that the commutator [d,fvg, (&p)NwP_l])A( can be controlled by up to Nyop P
derivatives of ¥ and L'. Hence, by (A-15), (6-1)—(6-5), and Propositions 8.6 and 8.14, we have

Iudive (L) Rl 2 S Nntp) ™™ diveRll 2 + TP (W, LD 25
S P try x 2y + 81720 M09 (), (A-16)
Step 3: bounding the trace-part of (£)M~1%. By definition, try X = 0. Note that the commutator

[¢ -1 (fyp)N = 11% can be controlled by up to Nyop — 1 P derivatives of W and L'. Hence, this commutator
can be treated in the same way we treated the commutator term in Step 2, which yields the bound

Ity (L)Y R 2z ST Lp)V ™ R 2y S €20 M40 0). (A-17)

Moreover, we can take a further P-derivative of trg (£7,>)N tOP_l)A(, and the resulting term can be controlled
by up to Niop P derivatives of ¥ and L'. Therefore, using (6-1)—(6-5) and Propositions 8.6 and 8.14, we
obtain

Y (try (L) Vo = 0N L2y S P NP (W, L) || 2y S &2 M09 ). (A-18)
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Step 4: elliptic estimates. Define & to be the g-trace-free part of ([7;>)N10P_1)2, ie.,
Eap = (Lp)M ™ Rap — 34 45ty (Lp) V0 T'% (A-19)

The term (fjp)Nmp_l)A(A g on the right-hand side of (A-19) can be written using (2-38a), (2-38b) as
an expression of up to Ny, P derivatives of W and L. Hence, by (2-38a), (2-38b), (6-1)—(6-5), and
Propositions 8.6 and 8.14, we obtain

1LV~ Rl L2y S IPUNe (W, LY 25y S €120 400 ). (A-20)

Combining (A-20) with (A-17), we find that

2l/2

el 2sey S €72 M%), (A-21)

Moreover, in view of the algebraic relation
divg€ = divy (Lp)Vr 'R = 3V (try (Lp) V')
and the estimates (A-16) and (A-18), we have
Idivy &l 2 sy S WP try Xl 2y + 8120 M09 ). (A-22)

Therefore, applying the elliptic estimates in Lemma A.9 on ¢, , with & as in (A-19) and © =y,
integrating over u € [0, Up], and using (A-18), (A-20), (A-21), and (A-22), as well as the Gauss curvature
estimate in Proposition A.10 and the estimates of Proposition 8.6 (including the bound |V | < &!/? that
it implies), we obtain

”}‘L(Z:'P)Ntop)A(HLZ(Eu) S “}‘LW(Z:’P)N‘Op_l A ”LZ(Z ) + ” u(ﬁﬁ)Ntop—lX”llz(EM
< ”}‘LW({»”LZ (= + € € 1/2 _M*+0.9(t)

S udivgEll 2 sy + (||ﬁg||Loo(>:,) F 1Yl Lo ) IEl 25y + € &1/2 ~M.409 4

< ”H-IP top trg X”LZ(EN) —|— el/zu:M*+09(t),

which is what we wanted to prove. 0

AG6. The partial energies. To derive our top-order energy estimates for the wave equations, we will use
the approach of [36], which relies on distinguishing the “full energies” featured in definitions (3-2a)—(3-2e)
(which control all wave variables) from the “partial energies,” which are captured by the next definition.
The main point is that the partial energies do not control the difficult almost Riemann invariant R4 (it is
difficult in the sense that the shock formation is driven by the relative largeness of | X R ), and it turns
out that this leads to easier error terms in the corresponding energy identities. Importantly, we need to
distinguish the partial energies from the full energies in order to close the proof using a uniform number
of derivatives’® Niop, that is, a number derivatives that does not depend on the equation of state or any
parameters in the problem; see the arguments in Section A9 for clarification on the role played by the

T6We could close the proof without introducing the partial energies, but those simpler, less precise arguments would allow for
the possibility that the number of derivatives needed to close the estimates might depend on the equation of state, 0, §, 6 and 04 L
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partial energies in allowing us to close the proof using a number of derivatives that is independent of the
equation of state and all parameters in the problem.

Definition A.12 (the partial energies). At the top-order, we define the partial energy by

Partial ) “  Niw 5112 Niop+177 112

BV = sup Y (IXPYe T2, )+ IVEPY B2, ).
’ ~ ! 1
1'el0.n) \IIG{R(_),UZ,USJ}

Similarly, we separate the contribution of R, from that of other components of ¥ and define [F;lzzrpﬁal),

Kg::ial), @%:;tia]) in an analogous way, that is, as in Section 3B, but without the R (4)-involving terms.

A7. L? estimates for the top-order derivatives of try X tied to the modified quantities.

Proposition A.13 (L? estimates for the top-order derivatives of try X tied to the fully modified quantities).
There exists an absolute positive constant My, € N, a positive constant C' € N, and a constant C > 0
(each having the properties described in Section Al) such that the following estimates (whose right-hand
sides involve the wave energies (3-2a)—(3-2e) as well as the partial energies of Definition A.12) holds for
every (t,u) € [0, Toor)) X [0, Upl:

X RPN try Xl 25
< non-vorticity-involving terms on the right-hand side of [36, (14.27)]
with the boxed constants replaced by and the constant C, replaced by

t'=t
FCaM T e @) [P gy e (A2
'=0 !

and

Nio
[P try Xl L2 ()

< non-vorticity-involving terms on the right-hand side of [36, (14.28)]
t'=t
+ eu M) + / PNl S| 2 gy di’. (A-24)
t'=0 d

Remark A.14. We clarify that in the proofs of [36, (14.27)] and [36, (14.28)], the vorticity-involving
inhomogeneous terms in the wave equations led to error integrals on the right-hand sides of [36, (14.27)]
and [36, (14.28)] that involved the vorticity energies; in contrast, on the right-hand sides of (A-23)—(A-24),
the vorticity-involving terms are not explicitly indicated because we have absorbed them into our definition
of the wave equation inhomogeneous term &.

Proof. The proofs of both estimates are similar. We first discuss the proof of (A-24) in Steps 1-2. In
Step 3, we describe the changes we need in order to obtain (A-23). Throughout this proof, we freely use
the observations made in Step O of the proof of Proposition A.11.

Following [36; 52], in order to bound u7PN‘°P try X, we first control the fully modified quantity (recall
the definition in (A-7a)), and then bound the difference of uPN “" try X and the fully modified quantity.
See the corresponding estimates in [36, Lemma 13.9, Proposition 13.11, Lemma 14.14].
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Step 1: controlling the inhomogeneous terms in (A-9). We first estimate the two new terms on the
right-hand sides of (A-9) in the following norms (recall that here we are assuming that in (A-9), PNer is
equal to a pure ¢, ,-tangential operator ?N“’P):

=t
Nig, >
f 1P IR 2y dt /
t/

t'=0

'=t

1PV (G Lo &)l acsy dr'. (A-25)
Step 1(a): the PN © (|%|?) term. For the first term in (A-25), the most (and indeed only) difficult
contribution arises when all operators ?N“’P fall on one factor of . For the lower-order terms, we use the
identities (2-38a), (2-38b), and Xap = XaB — % # 4 g X> (6-3)—(6-5), and Proposition 8.6 to obtain the
pointwise estimates

1PVr (LIRID) — 208 (Lp)Verg) < &2 Nl LT ). (A-26)
From (6-1), (6-2) and Proposition 8.14, and the estimate (A-26), we see that
1PN (IR = 2685 L) R 2y S EIPT M W, L W)l S e 0. (A-27)

On the other hand, the top-order derivative (1(£p)¥ can be bounded using Proposition A.11, while
the low-order factor ¥** can be bounded in L by < &!/2 by virtue of the bootstrap assumptions (6-3)—
(6-5) and the estimates of Proposition 8.6. Therefore, combining (A-27) and Proposition A.11, and then
using Proposition 8.11, we bound the first term in (A-25) as

t'=t
Nio 212 01/2
/ PP (x| )”LZ(E[“/)dt/S el/ /
t t'=0

!

t'= =

t
|| H'IPpr trg X”LZ(EIM/) dt/ + é f H:M*+O'9(t/) df/
t'=0

$er / WP trg Xl 2y dt’ + &u M2 0. (A-28)
t'=0

Step 1(b): the 7PN‘°P(é LL© (75) term. To handle the second term in (A-25), we simply use Holder’s
inequality together with (6-1)—(6-5), Propositions 8.6, 8.14, the assumption (12-1), and Proposition 8.11
to obtain the bound

t'=t
-
[P Gr o Bl
t'=0

t'=t
2, No, [ <[Niop/2] 5 1, Niop] 5
< / [P Nl (W, LY || 2 [PV S oo,y + 1PN B 250} d
t/=0 t t

t'=t

o —M,+1.4 1, Niop 32

< [ {eu, M) + PN oy )
t'=0

t'=t

S e MA@ + f PN G || o) dit (A-29)

t'=0
Step 2: bounding the fully modified quantity. The fully modified quantity P"") 9 satisfies the transport
equation (A-9) in the L-direction. We use the arguments given in [36, Proposition 13.11] to integrate the
transport equation to obtain a pointwise estimate for (P")9" On the right-hand side of the pointwise
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estimate there appears, in particular, the time integral of the new terms PN © (1[}|?) and %7PN op (é LLC (75)
on the right-hand side of (A-9). We then take the LZ(Et”) norm of the resulting pointwise inequality, as
in the proof of [36, Lemma 14.14]. This yields an LZ(Et”) estimate for (PNmp)ﬁﬁ” . We next use (A-7a) to
algebraically express MPN “P try X in terms of ®"r)g plus a remainder term, and then use the triangle
inequality to obtain an L2(2,”) estimate for p?N“’P try X. One of the remainder terms is ’PN‘“P%, and it
can be estimated exactly as in [36, Lemma 14.14]. In total, we find that

Nio
[P try XNl L2 ()
Nto Nio,
SUP™ D2 N 2y + 1PV X 25y

< terms on the right-hand side of [36, (14.28)]

t'=t
+ f 1PN WIRID L2 ) dt + f
[/

t'=0

t'=

!
Neop ¢ =
[P (G o )l 2z dt’

< terms on the right-hand side of [36, (14.28)]

'—t t'=t

T 2 O] 1, Niop] &

+éu, M*H'g(l‘)"‘el/z/ P tr, X||L2(2“,>dt/+/ 1PN &) o sy dt?
=0 ! 1'=0 !

< terms on the right-hand side of [36, (14.28)] + &u, M +19(1) + /

1, Niop] 3%
P! l"](’5||L2(2;‘,) dar’,
t'=0

where to obtain the next-to-last line, we used the estimates (A-28) and (A-29), and to obtain the last line,
we used Gronwall’s inequality to eliminate the factor &!/2 f[t,:ot I uPNmP trg X[l 22z dt” on the right-hand
side. We have therefore proved (A-24).

Step 3: proof of (A-23). Estimate (A-23) can be proved using arguments that are very similar to the
ones we used in the proof of (A-24), except that we need to keep track of the constants in the borderline
terms, i.e., the absolute constant M, (Whose precise value we do not bother to estimate here) and the
parameter-dependent constant C’. This can be done exactly as in the proof of [36, (14.27)]. The only
terms which are not already present in [36, (14.27)] are exactly those we encountered already in Steps 1-2.
These new terms can be treated exactly as in the proof of (A-24), since we do not have to keep track of
the sharp constants for these new terms (we instead allow a general constant C). g

Proposition A.15 (L? estimates for the partially modified quantities). There exists an absolute positive
constant My, € N, a positive constant C' € N, and a constant C > 0 (each having the properties described
in Section Al) such that the partially modified quantity @M 7 obeys the following estimates (Whose
right-hand sides involve the wave energies (3-2a)—(3-2e) as well as the partial energies of Definition A.12)
Jorevery (t,u) € [0, Tgoor)) X [0, Up]:

LYz
< terms on the right-hand side of [36, (14.32a)] with the boxed constants replaced by
and the constant C, replaced by +C ép:M*+O'9(t), (A-30)
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1 “ ,F,Nlop—l) —~
— (XR)" 2
H S L2z

< terms on the right-hand side of [36, (14.32b)] with the boxed constants replaced by
and the constant C, replaced by + Céu:M*+] (1), (A-31)

L DT sy S terms in [36, (14.33)] + &, 414 ), (A-32)

1P DZ) 2 sy S terms in [36, (14.33b)] 4 &uy 424 (). (A-33)

Proof. To control L®"”")%", we bound the terms on the right-hand side of the transport equation (A-10).
Note that for this estimate, the only term not already found in [36] is the term —?pr_l (IX]?). Compared
to the estimates for the fully modified quantity that we derived in Proposition A.13, the estimates for the
partially modified quantity is simpler in two ways: the transport equation (A-10) does not feature the
wave equation inhomogeneous term &, and the additional term only has up to Ny, — 1 derivatives of X,
and thus elliptic estimates are not necessary to control this term.

We now estimate —PN“’P’_I (%1%). By (2-38a), (6-1)—(6-5), and Propositions 8.6 and 8.14, we have

1PN Rz S V2IPHNerl (W, LY |2y S e ™40, (A-34)

We now recall (A-10). The terms that are already in terms in [36, (6.10)] can be treated using the same
arguments that were used to prove [36, (14.32a)] and [36, (14.33a)], except here we do not bother to
estimate the absolute constant M,,s that arises in the arguments, and we have renamed the constant C,
as . From this fact, the estimate (A-34), and the bootstrap assumption (6-3) for X R+), we deduce
(A-30) and (A-32).

To obtain (A-33), we use the transport equation estimate provided by Lemma 8.13, the estimate (A-32)
for the source term, Proposition 8.11, and the initial data bound ||(7>N[°p71)§ 0, )2z < € obtained in
the proof of [36, (14.33b)].

Similarly, (A-31) can be proved using the same arguments used in the proof of [36, (14.32b)]. The
estimate is based on integrating the transport equation (A-10) along the integral curves of L and using
Lemma 8.13. The only new term we have to handle comes from the —PNer~1(|%|?) term on the right-
hand side of (A-10), and by Lemma 8.13, this term leads to the following additional term that has to be

controlled:
t'=

=t
y o=l 1012
||XR(+)||LOO(E;«)/ IPYr = (XIP) 2

t'=0

1
W (2)

In view of the bootstrap assumption (6-3), the estimate (A-34), and Proposition 8.11, we bound this addi-
—M,+1.9

tional term by < ., (t), which is less than or equal to the right-hand side of (A-31) as desired. [
A8. The main integral inequalities for the energies. Our main goal in this section is to prove
Proposition A.17, which provides integral inequalities for the various wave energies at various derivative
levels. Most of the analysis is the same as in [36]. In the next definition, we highlight the error terms in
the energy estimates that are new in the present paper compared to [36]. The new terms stem from the
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inhomogeneous term & in the wave equations as well as the —|}|? term on the right-hand side of the

three-dimensional Raychaudhuri equation (A-2).

(TOP)(t u) to denote

Definition A.16 (new energy estimate error terms). We use the notation NewError
any term that obeys the following bound for every (¢, u) € [0, TBoor)) X [0, Up]:

1

t'=t 5=
NewError” p)(t M)<C€2H—2M*+18(t)+C/ HI3/2(/){/
=0 5=0

+ C(LPI Mool | 4 | X PNl ) LN G4 L (A-35)

2
Tz Nmﬂ@an(zu) ds} dr’

where C > 0 is a constant of the type described in Section Al.
Similarly, we use the notation NewErrorg\],aflfW_T()p) (t, u) to denote any term that obeys the following
bound for every (¢, u) € [0, T(Boor)) X [0, Up]:

NewErroryy " "P (¢, u) < C|(ILPN U@ | 4 | XPEN=Ug )y PN IS 11, . (A-36)

Proposition A.17 (the main integral inequalities for the energies). Let Qpy ny(f, u), K1 vy (2, u) be the
wave energies from Section 3B2, and let @f]:?;i]al) (t,u), Kg’a;;al)(t, u) be the partial wave energies from
Section A6. There exist an absolute constant My,s € N and a constant C' € N depending on the equation
of state, 0, G, § and S; U such that the following estimate, which is a modified version of [36, (14.3)], hold

forevery (t,u) € [0, Tgoor) X [0, Upl:

max{Qi, 1 (7, ), K1, N1 (75 1) }
LNz (st)

t
<|M — Q0 t',u)dt
- /z'=0 N 1)

v=t|[[Lp] -l Loz =L = [l oz

+[ Mas | / T O N (1 ) / T O N (5. w) ds df’
'=0 (2, 1) Ha(s, )
Ll oo 50 t'=t
+u1/2—\/@[1 Nigp] (2 1) 1/2 \/@[1 Nl (1, 1) dt’

=0 W/, u

o ILL )=l ooz .
P [ M e o
t'=0

W (t, u)

H=t II[Lu]_IILoo(z> s=t" \[Lw]_|| Lo (s
+/ _— @[1 Nigp] € )/ ILEL (SHLM)(Z ),/ Ffa;\?ali(s u)dsdt

1'=0 u*(t/ u)

+ the error terms Error(TOp )(t u) defined by [36, (14.4)]
+ the error terms NewError' Neo p)(t u) defined by (A-35). (A-37)
The set ™ E;‘; , appearing on the right-hand side of (A-37) is defined in’" [36, Definition 10.4].

7TWe have no need to state its precise definition here; later, we will simply quote the relevant estimates from [36] that are tied
to this set.
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Moreover, the partial wave energies obey the following estimate, which is a modified version of
[36, (14.5)]:
max{@ 'V (¢, w), KN (1, ) < the error terms Errory™ (t, u) defined by [36, (14.4)]
+ the error terms NewError Ne, Top )(t u) defined by (A-35). (A-38)

Finally, we have the following below-top-order estimate, which is a modified version® of [36, (14.6)]:

max{Qp v—n(, u), Kp n—13(¢, M)}

t
SC_/ 1/2 W(I u) 1/2 \/W(s u)dsdt’
t

s=0 Uy
(t, u) defined by [36 (14.7)]

(Below=ToP) (4 1) defined by (A-36). (A-39)

B 1 —T
+ the error terms Error( clow—Top)

+ the error terms NewError ),

Proof. Step 1: proof of (A-39). We begin with (A-39), which is the easier estimate since it is be-
low top-order. Here, we use that [36, (14.6)] is proved by differentiating the wave equation p [ 2()
W =... with PV, computlng the commutator [pl] 2() PN'1, multiplying the commuted equation by
1+ 2u)L77N W + XPN'W, and then integrating (with respect to the volume form dw Definition 3.1) by
parts over the spacetime region M, , (for 1 <N’ < N —1). Hence, to prove (A-39), we repeat the argument
in [36], except that here we simply denote all of the inhomogeneous terms in the wave equations as &.
That is, we start with the wave equations (L] 2 Vi = ®, and commute them to obtain the wave equations
w0, PN, = [uO 2(§) PN 1w, +PN'&,. The main point is that for the below-top-order estimates, all
commutator terms [l 2()> PN ,]\IJ can be handled exactly as in [36]. These commutator terms lead to the
presence of the first term on the right-hand side of (A-39), as well as the error term Error(Below Top) (t,u)
on the right-hand side of (A-39). We clarify that in the proof of [36, (14.6)], the vorticity-involving
inhomogeneous terms in the wave equation led to error integrals on the right-hand side of [36, (14.6)]
that involved the vorticity energies; in contrast, on the right-hand side of (A-39), the vorticity-involving
terms are not explicitly indicated because we have absorbed them into our definition of &,. Thus, to
complete the proof of (A-39), we only have to discuss the contribution of the inhomogeneous term &,.
From the above discussion, it follows that we only have to show that the following energy identity error
integrals are bounded above in magnitude by the right-hand side of (A-39) when 1 < N' < N — 1 and
(7, u) € [0, T(Boot)) X [0, Up]:

{A+ 2w LPY' ¥ + XPV PV 6 dow.
Mt,u

78Note that the lower-order estimate [36, (14.6)] is easier and has fewer additional terms. This is because to obtain the
top-order estimates [36, (14.3), (14.5)], one needs to bound all of the commutator terms, including the difficult ones identified in
Proposition A.4, without losing derivatives. In contrast, to obtain the lower-order estimates [36, (14.6)], one is allowed to lose a
derivative, as is manifested by the double-time-integral term on the right-hand side of (A-39). This double-time-integral will
eventually be responsible for the coupling between the energies of different orders; see in particular the estimates (12-3) in the
statement of Proposition 12.1.
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The desired estimate is simple; in view of the L°° estimates for p provided by Proposition 8.6, we see that
these error integrals are all bounded by C||(|LPUN=1y| 4 | XPUN=Iy )| pIN=UG|| 1\, ), which
are exactly the error terms we have defined in (A-36).

Step 2: proof of (A-37).

Step 2(a): preliminaries. As in our proof of (A-39), to prove (A-37), the only new step compared to [36]
is tracking the contribution of the wave equation inhomogeneous terms &, to the energy estimates. As in
Step 1, one way in which this inhomogeneous term contributes to the energy estimates is through the error
terms C||(|LPU-Neoh@| 4 | X P Nopl g ) PUNerl B[ 1 vy, ., which are found on the right-hand side of
(A-35). However, in the top-order case, there is a second way in which &, contributes to the top-order
energy estimates. To explain this contribution, we first note that, as in the proof of [36, (14.3)], we have
to handle some additional difficult top-order commutator terms involving the top-order derivatives of try X.
Specifically, these difficult top-order commutator terms are explicitly listed on the right-hand sides of
(A-3)—(A-5). Recalling that we multiply the wave equation by (1 +2p)LPY W + XPN'W to derive the
wave equation energy estimates at level N’, we see that up to harmless factors that are O(1) by virtue
of the estimates of Proposition 8.7, these difficult commutator terms lead to the following three error
integrals in the top-order energy estimates:

/ XPNorw) (X W) PV try x doo,
M

tu

{142 LPNor W} (X W) PP try x d oo,
Mr.u

{(1+2p) LPNer @ + X PNy (PO P try x dow.

tu

We will control these three terms, respectively, in Steps 2(b)—(d) below.
Step 2(b): contributions from f My ()u( PN \IJ)(}V( \IJ)PN“’P try x do. We first consider the case ¥ = R4,

which is by far the most difficult case. Using Holder’s inequality and the estimate (A-23) in Proposition A.13,
we deduce that

‘ /M (XPNoR () (XR )P try x doo

t'=t
. . N
S/ ||X73Nm|u7€(-|r)||L2(>:“,)||(XR(+)W5 “Ptrg Xl 25y dr’
[/:O t t

< terms on the right-hand sides of [36, (14.3)] with the boxed constants replaced by
and the constant C, replaced by

t'=t

v Noo, o —M,+0.

e / IXPYOR (4 2z 14 400 e
=0

=1 =II

t'=t s=t’
+C / b OIXPY R 2y { f 1P Nerl@ | 5 ds} dr’. (A-40)
t s

We clarify that Remark A.14 also applies to the terms on the right-hand sides of [36, (14.3)] (some of
which also appear on the right-hand side of (A-40)).
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To handle the term I in (A-40), we use Cauchy—Schwarz inequality in 7’ and Proposition 8.11 to deduce

t'=t
v No o —M,+0.
/ IXPYR 4l 20m) ERT 00 dt
t'=0

t'=t

t'=t
N f u POIXPYOR 172 gy dt + € / W2MA23 1) gy
t'=0 s V=0

t'=t
S [ POIRPYIR g i+ E0 ), (A-41)
t'=0 !
For the term II in (A-40), we apply first the Cauchy—Schwarz inequality in ¢’ and then Young’s
inequality to obtain

t'=t s=t'
/ D O IEP R s { / PNl 2 5 ds} dr'
t'=0 ! s

!

t'=t t'=t s=t' 2
S / W PONXPY R [y dt + f u:”(t/){ / ||P“*NI°PJ®||Lz(zg)ds} dr'. (A-42)
'=0 ! =0 s=0

Notice that the term )
t=t
/ w PONXPYOR ) 172 g, di’
I/:O t
appearing on the right-hand sides of both (A-41) and (A-42) is bounded above by

t'=t
/ w2 W Qu,, (¢, w) dr
t'=0

which is among the error terms Errorg‘jf) (t, u) defined by [36, (14.4)]. Therefore, combining (A-40)-

(A-42) and taking into account (A-35), we obtain that

IXPNPR (1)) (XR )PV try Xl £1(u4, ) < the right-hand side of (A-37) (A-43)
as desired.
We also need to bound the integral

f (XPNow) (X W) PV try x doo
Mt,u

in the remaining cases W € {R(_), v, v?, s}. As we further explain below in Step 3, a similar argument
allows us to bound these error integrals by exploiting one crucial simplifying feature: these error integrals
are bounded by the right-hand side of (A-37), but without the difficult boxed-constant-involving integrals
on the right-hand side. The difference is that we can take advantage of the smallness of the factor
||)v(\IJ||LoO(z,) < &1/2 (valid for ¥ e (R, v2, v3, s} —but not for R!), which is provided by the
bootstrap assumption (6-4); this allows us to avoid the error terms with large boxed constants and thus
allows us to relegate the contribution of these error integrals to the error term Errorg;rtzf) (t, u) on the
right-hand side of (A-37); we refer to [36, pg. 154] for further details.

Step 2(c): contributions from er . {(1+2u)L7?Nmp\IJ}()V(\II)7PN‘°P try X dov. We first consider the case W =
R(+), which is by far the most difficult case. Unlike the error integral we controlled in Step 2(b), as in [36],
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this error integral can be controlled by first using the definition (A-8a) of the partially modified quantities
to algebraically replace the factor P tr, x with a 7 derivative of "™ 77 plus remainder terms (that
one controls separately), and then using integration by parts to swap the L and P derivatives. Notice that by
Proposition A.15, the partially modified quantity obeys the same bounds as in [36, Lemma 14.19], except
the estimates of Proposition A.15 feature é-multiplied terms such as Cép, M*+1‘4(t) on the right-hand sides,
which can be handled using arguments of the type we used to control the error term (A-41). In particular,
the right-hand sides of the estimates in Proposition A.15 do not involve the wave equation inhomogeneity &.
Hence, the error integral f M, {(14+2w) LPprR(H}()V( RH))?N “? try X doo can be bounded using exactly
the same arguments given in [36, Lemma 14.17] and [52, Lemma 14.12], except with the boxed constants
from [36] replaced by and the constant C, from [36] replaced by . As a consequence, the error
integral under consideration is bounded above in magnitude by the right-hand side of (A-37).
To bound the integral

{1+ 2 LPNor W} (X W) PV try x d oo
Mr,u

in the remaining cases ¥ € {R(_), v?, v3, s}, we can again (as in Step 2(b)) take advantage of the
smallness ||)v(\IJ Loz, < &1/2 (valid for W e (R, v2, v, s} — but not for R+ !), which is provided
by the bootstrap assumption (6-4). This again allows us to relegate the contribution of these integrals

to the error term Errorg‘(::) (t, u) on the right-hand side of (A-37); see [36, p. 154] for further details.
Step 2(d): contributions from fo {(1 + 2 LPNor W + )?PNrop\D}(P\D)uZDN‘°P try xdow. This error

integral is similar to the one we treated in Step 2(b), but easier. Here are the differences:

e There is an additional p factor.

e There is a LPNeo W term, in addition to a XPNoo W term.

e There is a factor of PV instead of XW.
Notice that due to the additional factor of , we can control the LZ(E[”) norm of ﬁLPNtOPW by the
Q Ny, €nergy (recall the definition (3-2a) for the energy). Moreover, comparing (6-5) with (6-3), we see
that the factor PW gives an additional &'/ L>°-smallness factor compared to X R(4). Therefore, we can

use Holder’s inequality, (6-5), the L bound for p in Proposition 8.6, (A-24) in Proposition A.13, and
Proposition 8.11 and argue as in Step 2(b) (taking into account (A-35)) to obtain

‘/ (1 + 20 LPNorw  XPNen W} )P0 tr, x der

’

t'=t
° — % Ny,
N €1/2/ w2 M)(||X73N‘°p‘lj||L2(2;’,) + ||x/rLL7)N‘°p‘IJ||L2(2;§))||H7P P try X”LZ(E;‘/) dr’
t'=0

=t
g él/Z/ H*—l/z(t/’ M)QN‘(,p(t/7 I/l) dt/+é5/2u:2M*+4.3(l,)
t

=0 t'=t s=t' 2
+é1/2f w2 M){/ ||7’[1’N‘°"]Q5||L2(23)ds} dr’
t'=0 s=0

< non-boxed-constant-involving terms on the right-hand side of (A-37).

Combining Steps 2(a)-2(d), we arrive at the desired bound (A-37).
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Step 3: proof of (A-38). In this step, we only have to derive top-order energy estimates for R(_), v, v, .
This is in contrast to Step 2, in which we also had to derive energy estimates for R4. The proof of (A-38)
is the same as the proof of [36, (14.5)], except we have to account for the contribution of the inhomogeneous
terms &, in the wave equations satisfied by Ue (R, vZ, v, s}. For the same reason as in Step 2, these in-
homogeneous terms lead to error integrals that are controlled by the terms NewErrorgi’:) (t, u) on the right-
hand side of (A-38). We clarify that the proof of (A-38) requires that we control the difficult error integrals

(XPNor @) (X T) PV tr, X deo,
M

{142 LPNer B} (X TPV try x d oo,
M

(A + 2w LPYer T + XPNor G} PU) P try x oo,
Mf,u
as in Step 2. In Step 2, the first two of these error integrals led to error terms that are controlled by the boxed-
constant-involving terms on the right-hand side of (A-37). However, in Step 3, we can take advantage
of the smallness of the factors XU in these integrals. That is, we can exploit the smallness estimate
||)?\3||Lw(g[) < &1/2 (valid for U e (R, v2, v, s} — but not for R)!), which is provided by the boot-
strap assumption (6-4); this allows us to avoid the error terms with large boxed constants (which are found
on the right-hand of (A-37)), and allow us to relegate the contribution of the corresponding error integrals
to the error term Errorgl::) (t, u) on the right-hand side of (A-38). See [36, p. 154] for further details. [

A9. Sketch of the proof of Proposition 12.1. The argument here is the same as in the proof of [36,
Proposition 14.1], except we have to handle the additional terms in Proposition A.17.

Sketch of proof of Proposition 12.1. Step 1: the top- and penultimate- orders (proof of (12-2)). It turns out
that the top-order energies are heavily coupled to the penultimate-order energies. In turn, this forces us
to perform a Gronwall-type argument that simultaneously handles the top- and penultimate-order energy
estimates at the same time. For these reasons, we follow the notation of [36, Proposition 14.1] and define”®

F,w = sup o (@) max{Qpiney (7, 1), K1, vy (o D)), (A-44)
(f,0)€[0,£]%[0,u]

Girwy=  sup (@) mad{ @R @ @), KNS ), (A-45)
(f,ft)e[O,t]x[O,u]

Ht,w) = sup o (G ) max{Qpy, y,—1y(F ), Kpy oy, —11(F D)}, (A-46)

(7,0)€[0,11x[0,u]
where

t'=t 1
() = f ', (t,u) =16t ) = IO (O (e e,
t'=0 T(Boot) —1

t'=t
() = / w2 dr, ca (8, ) = MBS @) (05 (e e
t/_

79For easy comparisons with the proof of [36, Proposition 14.1], we are using the notation F, G, and H here. The reader
should be careful to distinguish these functions from the different functions F and G in Definitions 2.3 and 2.12.
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t8! used in the proof of [36, Proposition 14.1] (see in particular

Following exactly the same® argumen
[36, (14.64)—(14.66)]), but taking into account the additional terms in Proposition A.17, we can choose
M, € N and ¢ > 0 sufficiently large depending on the absolute constant My in Proposition A.17 so that

the following hold® for every (t, 1) € [0, ] x [0, u]:
F(i,01) < C&+ o F(t,u) + <o H(t, u) + o3 G(t, u)

t'=t
+ Cepl i, ) / [ (LPHNerl | 4 | XPHNen by PHNerl G |1 )
t'=0
- =t

t'=t s
+CE i) u:3/2(t’){ /

2
1PN & 2 5 ds} dr’, (A-47)
t'=0 =0

G(i, i) < CE+B1F(t,u) + B2 H (1, u)
t'=t
+Ci5'(f, @) I(LPMNoohy| 4 | x Pt Mool |y pU-Novd @ |y ) i’
=0 !

t'=t s=t' 2
+Cig' (@, ﬁ)/ u:m(t/){/ ||P“’pr]e5||Lz(E§,)ds} dr, (A-48)
t'=0 s=0

H(f, i) < C& 4y 1 F(t,u) +y2H(t, u)

t'=t
+ Cuyft G, ) / (LA N~ 4 | X I Ner = P Nen =1 | 1) ', (A-49)
t'=0 t

where C > 0 is a constant, while o[, &2, &3, B1, B2, Y1 and y; are constants that obey the following
smallness conditions (as long as M, € N and ¢ > 0 are sufficiently large):

o +4ooyr + o3P +4osBryr < 1,
Y2 < 3. (A-50)

At this point we fix ¢ > 0 and M, € N. From now on, we allow the general constants C > 0 to depend
on these particular fixed choices of ¢ and M,.

For each of the three integrals on the right-hand sides of (A-47)—(A-49), we absorb ¢ (1)i5(f Yell gcil
into the general constant C, and then take the supremum with respect to 7. For instance, for the first

80Here we note one minor difference compared to [36, Proposition 14.1]: that proposition was more precise with respect
to u in the sense that it yielded a priori estimates in terms of powers of (¢, u), rather than p, (¢) (see Definition 2.16). For this
reason, in the proof [36, Proposition 14.1], the definition of the analog of ¢, involved 1, (¢, u), and similarly for the 1, -dependent
factors on the right-hand sides of the analogs of ¢, ¢, and ¢ 7. The change we have made in this paper has no substantial effect
on the analysis; at the relevant points in the proof of [36, Proposition 14.1], all of the needed estimates hold true with 1, (¢) in
place of . (¢, u).

81The detailed argument relies on some extensions and sharpened versions of the estimates of Proposition 8.11. Given the
estimates of Section 8, such as Propositions 8.6, 8.7, and 8.10, the needed estimates can be proved using the same arguments
given in [36].

82The inequality [36, (14.64)] featured a term C F' 12 (t, u)G]/ 2 (t, u) on the right-hand side. We used Young’s inequality to
bound this term by < aF (¢, u) + x3G (¢, u), where a3 = C2/a and we have chosen a to be small, which allows us to absorb
aF(t, u) into the term o) F (¢, u).
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integral on the right-hand side of (A-47), we deduce that for (7, 1) € [0, t] x [0, u], we have
t'=t
' (E i) / I LP N g 4 | XPU Mooy LN G 1 ) it
'=0 . '
1=
< sup @) / (LI Nerh @] 4 | XL Mool gy PN S )y 5 dit
7 1'=0 ‘

We perform the same operation on the other integrals. Since we have taken a supremum, the right-hand
sides are independent of (7, #1). We then take supremum over (7, 1) € [0, t] x [0, u] on the left-hand sides
of (A-47)-(A-49) to obtain, with the same constants o, &3, &3, B1, B2, Y1 and y,, but with a different
constant C, the inequalities

F(t,u) < C& oy F(t,u)+ooH(t, u)+03G (1, u)

l":l?
+C sup M8 (F) f 1L P Nerl ) 4 X P Nerl g ypUNer G|y )
7e0,1] t'=0

t'=f s=t’ 2
+C sup 1A (@) uiw(t/){ / ||7>["Nmp]eﬁ||Lz(zg)ds} dr, (A-51)
fe[0,t] t'=0 s=0

G(t,u) <C&+P\F(t,u)+PrH(t,u)

t'=t
+C sup M 18(F) / 1AL Nerl | X PU-Nerd @ y UG | 1 50, !
€[0,1] t'=0

I/ZIA s=t’ 2
+C sup T8 (@) u:m(t/){ / ||7>“’NWJ®||Lz<zg«>ds} dr, (A-52)
fel0,z] t'=0 s=0 )

H(t,u) < CE+y 1 F(t,u)+y2H(t, u)

*

t'=t
+C sup uM38(7) / (LN =ty | XU Neo gy PU-New =G |y dt. (A-53)
r€[0,1] t'=0 t

The main point is the smallness conditions (A-50) on the constants «, ..., Y2 allow us to solve the
inequalities (A-51)—(A-53) using a reductive approach. More precisely, using that y, < %, we absorb
the v, H(¢, u) term on the right-hand side of (A-53) back into the left-hand side to isolate H (¢, u), at
the expense of enlarging C and replacing y; with 4y;. We then insert this estimate for H (¢, u) into the
right-hand side of (A-52) to obtain an estimate for G (¢, #), and then insert these estimates for H (¢, u)

and G(t, u) into the right-hand side of (A-51) to obtain the inequality
F(t,u)
< C&+{o+4onyi+osBi+4osBay i} F(t, u)

Z/Zf
+C sup M8 () / [P Nerl || P Mool [y PLNenl B
fef0,1] '=0 !

t'=t

s=t' 2
+C sup M (D) u:”(t/){ / IIP[I’N‘°"]Q5I|L2(2_?)dS} dr’
7e[0,1] t'=0 s=0

t'=f
+C sup p2M33(h) / 1L Noo =g || x Pt N =g [y pUh- N~ UG ||y 50y dt'. (A-54)
7el0,1] =0 !
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From the smallness condition o¢; + 40y + 331 +4a3B2y1 < 1 featured in (A-50), it follows that we
can absorb the terms {o; +40y1 + 31 +4a3B2y1}F (¢, u) on the right-hand side of (A-54) back into
the left-hand side of (A-54) to isolate F'(¢, u), at the expense of increasing the constant C. We therefore
deduce the inequality
t'=t
F(e) SE+ sup 18 [ (L Ner o XU Neol g PUNrl B ) !
Fel0.1] 1'=0 !
t'=t

s=t’ 2
+ sup p2M () uﬁ/z(z’){ f ||7>“’N‘°P]®||Lz<z;ods} dr’
s=0

7€[0,1] 1'=0
t'=t
+ sup M@ [ (LR N g X P Nee= gy Moo= g | 4 ) di'. (A-55)
7€l0,t] t'=0 t

Then from (A-55) and the arguments given above, we deduce that G (¢, u) and H (¢, u) are also bounded
above by the right-hand side of (A-55) (where we enlarge C if necessary).

Recalling the definitions of F,G, and H in (A-44)-(A-46), we see that (A-55) and the similar bounds
for G(¢, u) and H(z, u) collectively imply (12-2).

Step 2: the lower orders (proof of (12-3)). To prove the lower-order energy estimates, we start by
considering the energy inequality given by the below-top-order estimate from Proposition A.17, i.e., the
estimate (A-39), which features the additional term (A-36) compared to [36, (14.6)].

Observe that on the right-hand side of (A-39), except for
Q2

_ 12
ft = QW) {/H Qi ny (s, 1) ds} dr’
1 /2 , 1/2 ’
=0 (', u) s=0 W/ (s, u)
every other term can be treated dlrectly by Gronwall’s inequality (using Proposition 8.11), as in [36]. It

thus follows that

sup max{Qp y—1j(t", u), Ky n—17(t', u)}
t'€[0,1]

1/2 ’ 1/2
=t Q @ u)( =" Q (s, u)
scesc [ “5—1{/ %ds}dt’
1'=0 (t',u) s=0 (s, u)
+ LNy 4 X PN PN US| . (A-56)

To proceed, we analyze the double time-integral term on the right-hand side of (A-56). For any ¢ > 0,

we have
1/2 12

'=t @[1 N 1]([/, 1) s=t' @[1 N](S’ u) )
N e ds ¢ dt
'=0 (t',u) 5=0 (s, u)
M~ Ny +N—0.9
5( sup @[I/ZN 1 )) X ( sup min{1, u, ot (s )}@El/zN](s))
t'€[0,1] s€[0,7]
— My +Nop—N+0.9
T ()

t'=t 1 s=t' 1
x/ - {/ max{l, i NG a ds}dt/
=0 W' (") Us=0 (s)

—2M,+2Nop—2N+3.8

<g¢ sup Qpun—1)
t'€[0,¢]

+Cc max{1, )} (sup min{1, g 2NV (oM G)), (A-ST)

s€[0,1]
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where to obtain the last inequality, we have used Young’s inequality and the following estimate, which
follows from Proposition 8.11:
~M+Nop—N+0.9 —M+Nigp—N+1.4

/r’=r 1 { /= max{1, ()} ds} gy < /= max{1, "
) 172 o pl/Z(s) ~ Ju—o Hl/z(t/)

=0 W/ (1)
< max(1, H*—M*-i—Nlop—N-i—lQ

(0}
Inserting (A-57) into (A-56) and fixing ¢ > O to be sufficiently small, we can absorb the term
Cs(supycpo. Qui.n-1 (#')) back into the left-hand side of (A-56). Thus, for this fixed value of ¢, we obtain

sup max{Qp y_1(¢", u), K v, u)}

t'€[0,¢]
. —2M+2Nop—2N+3.8 . 2M,—2Niop+2N—1.8
SE+max(l T @) (sup mingL T (9@ ()
s€[0,¢]
HIALPY I 4 X PN NI 1y, .
After changing the index N to N + 1, we conclude the estimate (12-3). g
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FAMILIES OF FUNCTIONALS REPRESENTING SOBOLEV NORMS

HAiM BREZIS, ANDREAS SEEGER, JEAN VAN SCHAFTINGEN AND PO-LAM YUNG

We obtain new characterizations of the Sobolev spaces wlr (R") and the bounded variation space BV(RN ).
The characterizations are in terms of the functionals v, (Ej ,,,[u]), where

lu(x) —u(y)l k}

Ey yplul = {(x, y) € RY x RV : x #Y, m

and the measure v, is given by dv, (x,y) = |x — y|?~¥ dx dy. We provide characterizations which
involve the LP**-quasinorms sup, _, Av, (E;.,/,[u])!/? and also exact formulas via corresponding limit
functionals, with the limit for A — oo when y > 0 and the limit for A — 0" when y < 0. The results
unify and substantially extend previous work by Nguyen and by Brezis, Van Schaftingen and Yung. For
p > 1 the characterizations hold for all y # 0. For p = 1 the upper bounds for the L'-> quasinorms fail in
the range y € [—1, 0); moreover, in this case the limit functionals represent the L! norm of the gradient
for C°-functions but not for generic W'!-functions. For this situation we provide new counterexamples
which are built on self-similar sets of dimension y + 1. For y = 0 the characterizations of Sobolev spaces
fail; however, we obtain a new formula for the Lipschitz norm via the expressions vo(E; o[u]).

1. Introduction

We are concerned with various ways in which we can recover the Sobolev seminorm || Vul| 1,y via
positive nonconvex functionals involving differences u(x) — u(y).

We begin by mentioning two relevant results already in the literature. A theorem of H.-M. Nguyen
[2006] (see also [Brezis and Nguyen 2018; 2020]) states that, for 1 < p < oo and u in the inhomogeneous
Sobolev space W7 (RY),

i —p— k(p, N)
llm)\,p//‘ |x—y| p Ndxdy:—HVqu ’ (1_1)
ANO i (x)—u(y)|>Ar p LP(RN)
with o
2T 1)/2 -
k(p, N) :=/ le-o|? do = (p+D/2)m ’ (12)
sh-t (N +p)/2)

and e is any unit vector in RN. As shown in [Brezis and Nguyen 2018], (1-1) still holds for all u € C Cl (RM)
when p = 1 but fails for general u € W!(R"). The limit formula (1-1) may be compared to a theorem
of [Brezis et al. 2021b], which states that, for all u € CSO(IR{N )and 1 < p < oo, one has

KNGy (1-3)

: p 2N N N . _ I +N/pyy
Tim 2722V ((r, y) € RY xRV ¢ fu(x) —u(y)] = Ax =y = S .
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where £2V denotes the Lebesgue measure on RV x RV, Our first result, namely Theorem 1.1 below,
provides an extension of (1-1) and (1-3) that unifies the two statements. Before we state the theorem, we
introduce some notation that will be used throughout the paper.

First, for Lebesgue measurable subsets E of R2N = RN x RN and y € R, we define

vy (E):= /[x’y)eE Ix — y|” N dx dy. (1-4)
x#y

In particular, when y = N, vy is just the Lebesgue measure on R?V. If i is a measurable function on RV
and b € R, we define, for (x, y) € RY x RY with x # y, a difference quotient

u(x) —u(y)
moreover, we define, for A > 0, the superlevel set of Q,u at height A by
Ejplul :={(x,y) € RY x RV :x # y, |Qpu(x, y)| > A}. (1-6)

We will denote by W7 (RY), p > 1, the homogeneous Sobolev space, i.e., the space of LIIOC(RN ) functions
for which the distributional gradient Vu belongs to L” (RV), with the seminorm |u lyirre == 1IVull Lrwn)-
The inhomogeneous Sobolev space W7 is the subspace of W!-?-functions u for which u € L?, and we set
lullwrp := llullLr + 1| Vil Lr. For p =1 we will also consider the space BV(RY) of functions of bounded
variations, i.e., locally integrable functions u for which the gradient Vu € M belongs to the space M
of R" -valued bounded Borel measures and we put ||u gy := IVul| a5 furthermore, let BV := BVNLL

In the dual formulation, with CLI. denoting the space of C! functions with compact support,

llullgy = sup{’/w udiv(qs)’ 10 e CLRY,RY), [|§lloo < 1}.

For general background material on Sobolev spaces, see [Brezis 2011; Stein 1970].
Theorem 1.1. Suppose N >1, 1 < p <oo, y e R\ {0}.
(@) If y > 0, then, forallu € Wl”’([F\RN),

: k(p, N)
i 30vy (B plul) = IV (1-7)
(b) If eithery <0, p>lory <—1, p=1then, forallu € W"P(RV),
, k(p, N)
a2, Byl = =021y (1-8)

(c) If p=1and —1 <y <0 then (1-8) remains true for all u € C:, (RN) but fails for generic u € WH1(RM).
However, we still have, for all u € WLLRN),
(1, N)
¥

1i1}:n\iélf)‘vvy(Ek,y[u]) > Vil 1 wwy- (1-9)
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Formula (1-1) is the special case of (1-8) with y = —p, and formula (1-3) is the special case of (1-7)
with ¥ = N. Note that our result concerns functions in the homogeneous Sobolev space W'?; we do not
require u to be in L7,

Remarks. (i) The reader will note the resemblance of (1-8) and (1-7) and may wonder why in (1-8), for
y < 0, one is concerned with the limit as A N\ 0 and in (1-7), for y > 0, one takes the limit as A — oo.
In the proofs of these formulas one relates limits involving Av, (E; p[u])l/ ? to (the absolute value of)
limits of directional difference quotients 8™ (u(x +80) — u(x)) with increment 8§ = A~?/?, and in order
to recover the directional derivative (6, Vu(x)) we need to let § — 0, which suggests that we need to
take A — oo or A N\ 0 depending on the sign of y. For the calculations see the proofs of Lemmas 3.2
and 3.3 below.

(i1) The failure of (1-8) for p=1,y €[—1,0) and u € Wi (RM) is generic in the sense of Baire category.
It may happen that lim;~ o Av, (E; ,[u]) = co. This phenomenon was originally revealed when y = —1
by A. Ponce and is presented in [Nguyen 2006]; see also [Brezis and Nguyen 2018, Pathology 1]. For
stronger statements and more information, see Theorem 1.8. For y € (—1, 0) we provide new examples
based on self-similarity considerations. For discussion of failure in the case y =0, see Theorem 1.5 below.
The special case of (1-9) for y = —1 was already established in [Brezis and Nguyen 2018, Proposition 1].

When p = 1 we can also consider what happens if one allows functions in BV(IRN ) in (1-7) and
(1-8). For y = N in particular Poliakovsky [2022] asked whether the limit formulas remain valid in this
generality (with | Vu| ;1 replaced by ||Vu| o). We provide a negative answer:

Proposition 1.2. (i) The analogues of the limiting formulas (1-7) fory >0, p =1 and (1-8) fory <0,
p = 1, with ||Vu|| s on the right-hand side, fail for suitable u € BV.
(ii) Specifically, let @ C RN be a bounded convex domain with smooth boundary and let u be the

characteristic function of . The limits lim; __, oo Av), (Ej , [u]) for y > 0 and lim,_.o4 Av, (E;, ,[u])
fory < —1 exist, but they are not equal to |y|_1lc(1, N)|Vul|m.

For a more detailed discussion we refer to Section 3F. See also Section 7B for a discussion about some
related open problems.

Motivated by [Brezis et al. 2021b], we will also be interested in what happens to the larger quantity
obtained by replacing the limits on the left-hand sides of (1-7) and (1-8) by sup, . . This will be formulated
in terms of the Marcinkiewicz space L7 (R?V, v, ) (ak.a. weak-type L”) defined by the condition

[F]Z,,‘DO(RZNM) = ig%xpvy({(x, y) € RV xRV 1 |F(x, y)| > A}) < 0. (1-10)

As an immediate consequence of Theorem 1.1 we have, for N > 1, 1 <p <oo, y #0and allu € CSO(RN ),

[Q}//pu]{p.oo(RZN’vy) Z C(N’ P, V)”V““Z(RN)’ (1_] 1)

where C(N, p, y) is a positive constant depending only on &, p and y. Moreover, the same conclusion
holds for all u € W'?(RY) when p > 1, with any y # 0, and when p =1, with any y ¢ [—1, 0]. We
shall show that the conditions in the last statement can in fact be relaxed; see the inequalities (1-14) and
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(1-16) below. In addition we have the important upper bounds for Q,,,u, extending the case y = N
already dealt with in [Brezis et al. 2021b] for u € CCOO(RN ). The result in [Brezis et al. 2021b] states that,
for every N > 1, there exists a constant C (N ) such that

[QN/pu]ip.oo(RZN’vN) S C(N)”vullip(RN) (1_12)

forallu € C2°(RY) and all 1 < p < co. In light of Theorem 1.1, it is natural to ask whether one can replace
the limits on the left-hand sides of (1-7) and (1-8) by sup, . ( and still obtain a quantity that is comparable to
Vu ||€ (R As suggested by Theorem 1.1 the answer to our question is sensitive to the values of y and p.

Theorem 1.3. Suppose that N > 1, 1 < p < oo and y € R. Then the following hold:
(1) The inequality
[Qy/pM]LPvOO(RZN,Uy) <C(N, p, V)”V””LP(RN) (1-13)

holds for all u € C*(RN) if and only if y # 0. In this case (1-13) extends to all u € WP (RV).

(ii) Suppose that u € L} _(RV) and Q,;pu € LP®°(R?N,v,). Then u € W"P(RV) and we have the
inequality
IVullo@yy < Cnpy [Qyyputlrco@en v,y (1-14)

There is a new phenomenon for p = 1, namely the upper bounds for Q, u only hold for the more
restrictive range y € (—oo, —1) U (0, co). Here it is also natural to replace Wi with BV.

Theorem 1.4. Suppose that N > 1 and y € R. Then the following hold:
(1) The inequality
[Qyulpic@en,,) < C(N, YIVullpigy) (1-15)

holds for all u CSO(RN) ifand only if y & [—1, 0]. In this case (1-15) extends to all u € WI’I(IRN),
and, if |Vull L1 gv) is replaced by ||Vul| pm, to all u € BV(RM).

(i) Suppose thatu € L1 (RN) and Qyue LRV, vy). Thenu € BV(RY) and we have the inequality

loc
Vullam = Cny[Qyulpioomen ). (1-16)

We note that the quantitative bounds (1-13) and (1-15) in Theorems 1.3 and 1.4 are crucial tools for

establishing the limiting relations for all W'-? functions in Theorem 1.1. Note that there is no restriction
on y in (1-14) and (1-16). The constants in the inequalities will be quantified further later in the paper. In
particular, C(N, p, y) in (1-13) remains bounded as p N\ 1 only in the range y € (0, co) U (—o0, —1)
(see Theorem 2.2 and Proposition 6.1).
Historical comments. Some special cases of the above quantitative estimates have been known. Estimate
(1-13) for y =—p and 1 < p < oo was discovered independently by H.-M. Nguyen [2006], and by A. Ponce
and J. Van Schaftingen (unpublished communication to H. Brezis and H.-M. Nguyen), both relying on the
Hardy-Littlewood maximal inequality. A. Poliakovsky [2022] recently proved generalizations of results
in [Brezis et al. 2021b] to Sobolev spaces on domains; moreover, he obtained Theorems 1.3 and 1.4 in
the special case y = N under the additional assumption that u € L?. Other far-reaching generalizations to
one-parameter families of operators were obtained by O. Dominguez and M. Milman [2022].
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The case y =0. We shall now return to the necessity of the assumption y ¢ [—1, 0] in parts of Theorems 1.1,
1.3 and 1.4. When y =0, the bounds for [Q,,/pu]r.oogev ) fail in a striking way. We begin by formulating
a result illustrating this failure, which also gives a characterization of the seminorm in the Lipschitz
space W1,

Theorem 1.5. Suppose N > 1, u is locally integrable on RN and Vu € L (RN). Then

loc

IVull ooy = inf{A > 0 : vo(Ej o[u]) < oo} (1-17)

Indeed in Proposition 5.1 we shall prove the stronger statement that vo(Ej o[u]) =0 for A > || V| s,
and vo(E; o[u]) = oo for A < || Vu| . As an immediate consequence of Theorem 1.5 we get:

Corollary 1.6. Let u be locally integrable on RN. If Vu € L\ (RN) and if vo(E; olu]) is finite for all

loc
A > 0, then u is almost everywhere equal to a constant function.

In view of other known results [Brezis 2002; Brezis et al. 2021a] on how to recognize constant functions,
a natural question arises whether the hypothesis on the local integrability of Vu in the corollary could be
relaxed; one can ask whether the constancy conclusion holds for all locally integrable functions satisfying
Vo(E) olu]) < oo for all A > 0. However, the following example shows that such an extension fails (for
details, see Lemma 5.2).

Example 1.7. Let Q C RY be a bounded Lipschitz domain and let u be the characteristic function of €.
Then u € BV(RY)\ WHH(RY) and sup,_ o A vo(Ej_o[u]) < o0.

More on counterexamples. We now make more explicit the exclusion of the parameters y € [—1, 0) in
part (c) of Theorem 1.1 and in (1-15). We shall show in Section 6B that for y € (—1, 0) these negative
results can be related to self-similar Cantor subsets of R, of dimension 1+ y.

Theorem 1.8. Suppose N > 1. Then the following hold:

(i) Let —1 <y < 0. There exists a C* function u € W“(RN), rapidly decreasing as |x| — oo and such
that

)lti\r‘r(l))wy(E,\,y[u]) = 00. (1-18)
(i) Let —1 <y < 0. There exists a compactly supported u € WH1(RN) for which (1-18) holds. The set

{u € Wl’l([R{N) limsup Avy, (E;, ,[u]) < oo}
ANO

is meager in WH(RN), i.e., of first category in the sense of Baire.

(iii) Let =1 <y <0, N>2o0r —1 <y <0, N = 1. There exists a compactly supported u € W' (R")
such that v, (E) , [u]) = 0o for all & > 0; moreover, the set

{ue WI’I(RN) 1y (Ey y[u]) < oo for some A € (0, 00)}

is meager in WH1(RN).
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The case N = 1 = —y plays a special role and is excluded in the strongest statement (iii) since for
all compactly supported u € Wl'l([R{) one has v_1(E; _1[u]) < oo for all A > 0 (see Lemma 6.5 below).
The proofs of existence of counterexamples are constructive and the Baire category statements will be
obtained as rather straightforward consequences of the constructions.

Outline of the paper. In Section 2 we provide the upper bounds for [Qy /pulpreerey ), i.€., the proof
of inequalities (1-13) and (1-15) in Theorems 1.3 and 1.4. We first derive these for a dense subclass,
relying on covering lemmas, and then extend in Sections 2C and 2D to general W'-? and BV-functions.
In Section 3 we derive the limit formulas of Theorem 1.1; specifically in Section 3B we prove the sharp
lower bounds involving a liminf A?v,, (E;, ,/,[u]) for general functions in W7 and in Section 3C we
obtain the sharp upper bounds for lim sup A”v,, (E;, ,,/,[u]), under the assumption that u € C !is compactly
supported. Then in Section 3D we extend these limits to general W'-? functions. In Section 3F we show
that the limit formulas for W'! do not extend to general BV functions and prove Proposition 1.2. In
Section 4 we prove the reverse inequalities (1-14) and (1-16) in Theorems 1.3 and 1.4. In Section 5 we
prove Theorem 1.5 on a characterization of the Lipschitz norm and also discuss Example 1.7. In Section 6
we provide various constructions of counterexamples and in particular prove Theorem 1.8. We discuss
some further perspectives and open problems in Section 7.

2. Bounding [Qy/pulpr.ow2v,y,) by the Sobolev norm
In this section we prove inequalities (1-13) and (1-15) in Theorems 1.3 and 1.4.

2A. The bound (1-13) via the Hardy-Littlewood maximal operator. Following [Brezis et al. 2021b], one
can prove the result of Theorem 1.3 for p > 1 by an elementary argument involving the Hardy-Littlewood
maximal function M|Vu| of |Vul|; however, the behavior of the constants as p N\ 1 will only be sharp in
the range —1 <y < 0.

Proposition 2.1. Let N > 1 and 1 < p < 0o. There exists a constant Cy such that, for all y # 0 and all
ue WhrP(RV),

CN p r p
sup APvy, (Ej yplul) < —<—> IVull - (2-1)
o TSy \p 1) @

Proof. We assume first that ¥ € C! and that Vu is compactly supported. As in [Brezis et al. 2021b,
Remark 2.3], one uses the Lusin—Lipschitz inequality

lu(x) —u(y)|
|x — |
and observes that (2-2) implies

< CIM(IVul)(x) + M(|Vul)(y)] (2-2)

Ejy/plul C{lx — y|"/? < 2CA'M(IVul)(x)} U {|x — y["/P < 2CA~"M(|Vul)(y)}.

Asa consequence

vy(EA,y/p[u])szf/ |h|Y =N dh dx.
x J|h|Y <2CA~ M (|Vul)(x)]?
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Direct computation of the inner integral (distinguishing the cases y > 0 and y < 0) yields
0y Enypoliah S €173 [ MV )
R

Inequality (2-1) follows then from the standard maximal inequality || M f ||ﬁ <[CIN)P°IS ||§ for p > 1;
see [Stein 1970] (here p’ = p/(p — 1)). The extension to general WP functions will be taken up in
Section 2C. Il

2B. The case y € R\[—1, 0]. We shall prove the following more precise versions of the estimates (1-13)
and (1-15) when y ¢ [—1, 0], with constants that stay bounded as p N\ 1; indeed we cover all p € [1, 00).
We denote by oy_; the surface area of the sphere S¥~!. In the proof of the following theorem we
will first establish the estimates for functions u € C'(R") whose gradient is compactly supported. The
extension to W7 and BV will be taken up in Sections 2C and 2D.

Theorem 2.2. There exists an absolute constant C > 0 such that, for every N > 1, every 1 < p < 00, and
every u € Wl’p(RN):

1) If y > 0, then
¥

5
SUp 7y (s i) < Conr I Vul] g, (2-3)
>0
@Gi) If y < —1, then
CO'N_1 1 p
sup APy, (Ey y/plu]) < (l + )IIVuII . (2-4)
o ¥ vy +1] Lr@®Y)

When p =1 the above assertions hold for all u € BV(IRN ) provided that || Vu| ;1 gny is replaced by || Vu || am.

The proof of Theorem 2.2 relies on the following proposition, in which [x, y] C R" denotes the closed
line segment connecting two points x, y € RY.

Proposition 2.3. Let
E(f,y):= {(x, M EeRY xRV 1 x £y, / | flds > |x —yW} (2-5)
[x,y]

for f € C.(RN). There exists an absolute constant C > 0 such that, for every N > 1 and every f € C.(RV):
1) If y >0, then
_ 5Y
[ ey avdy < onn i, 2-6)
E(fy) 14
@{i) If y < —1, then

_ C(TN_1 1
// lx—y" Ndxdy < (1 + )||f||L1(RN)- (2-7)
E(f.y) Iy ly +1]

Indeed, to deduce Theorem 2.2 from Proposition 2.3 one argues as in the proof of (1-12) in [Brezis
et al. 2021b]; for u € C'(RV) and 1 < p < o0, one has

P
lu(x) —u(y)|? < |:/ |Vu|dsi| 5/ [Vul? ds |x—y|”_1
[x,y] [x,y]
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for all x, y € R", which implies
Ejy/plul S EQ?|Vul?, y).

Hence for u € C'(R") whose gradient is compactly supported, one establishes Theorem 2.2 by applying
Proposition 2.3 with f := A~?|Vu|?. The extension to u € W'-? will be taken up in Section 2C.

Proof of Proposition 2.3. As in the proof of [Brezis et al. 2021b, Proposition 2.2], using the method of
rotation, we only need to prove Proposition 2.3 for N = 1. Indeed,

// |X—y|y_NdXdy=l/ / f/ Ir —s|” "1 drds dx’ do,
E(f.y) 2 Jsv-1Jot JJECr, o)

where for every w € S¥~! and every x’ € wt, f,, . is a function of one real variable defined by

fa),x/(t) = f(-x/ +fw)

The innermost double integral can be estimated by the case N = 1 of Proposition 2.3, and

/ / /|fw,xf<t)|dtdx’dw=aN_1||f||u(RN>.
SN-1JwtJR

Thus from now on, we assume N =1 and f € C.(R).

If y > 0, the desired estimate (2-6) is the content of [Brezis et al. 2021b, Proposition 2.1]. On the other
hand, suppose now y < —1. Without loss of generality, assume f > 0 on R. In addition, we may assume
that f is not identically zero, for otherwise there is nothing to prove.

Let

E (f,y)={x,y) € E(f.y):y <x}.

f/ |x—y|y—1dxdy=2// =y~ dxdy,
E(fy) E. (fy)

and it suffices to estimate the latter integral.

Then by symmetry,

In what follows we will need to always keep in mind that in view of our assumption y < —1 we have
—(y+1)=|y|—1> 0. We will now use a simple stopping-time argument based on the fact that for all
¢ € R the continuous function

x— (x —c)_(VH)/ f(s)ds, x>c,

increases from 0 to oo on [c, 00).

Assume that supp f < [a, b]. We construct a finite sequence of intervals Iy, ..., Ik, that are disjoint
up to endpoints, that cover supp f = [a, b], and that satisfy
|1,-|<V+1)/ f:% forl <i<K. (2-8)
I;
Indeed, we may take a| := a, and a, > a; to be the unique number for which

a

_ 1

(a2 —ay) WH)/ f=§,
a
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and set I} :=[a1, ap]. If ap < b, we may now repeat, and take I, := [ay, as], where a3z > a5 is the unique

number for which (a3 — ap)~ ¥+ faaj f = 1. Note that the a;’s chosen as such satisfy

—(y+l 1 —1
(ai-‘rl —Cli) +D = _”f”Ll(R)’

so that a; 41 —a; > (2||f||L1(R))1/(V+1). This shows that in finitely many steps, we would reach ag1 > b
for some K > 1, with ax < b if 1 < K. Then we have our sequence of disjoint (up to endpoints) intervals

Iy, ..., Ix that cover [a, b] and satisfy (2-8). We also write Iy := (—00, a1] and Ix 1| := [ag41, +00).
We now claim that I; x I; N E(f, y) = @ for every 0 <i < K + 1. This being trivially the case when
i €{0, K 4 1}, we consider the case i € {1, ..., K}: any x, y € I; satisfy

v =y~

7

< |1,-|—<V+1>/ f= % <1
I;

It follows thus that

K+1
Ei(f,y)= U E(f,y)N((ai, +00) X (=00, a;)). (2-9)
i=1
Furthermore, fori € {2,..., K},if y <a; <x and x — y < min{|[;|, |I;—1|}, then

v =y~

o7

<min{|1i|,|1i—1|}(y+l)(/ f+/f>
Iiq I

- _ 11
< il (Hl)/ [+l WH)/ f=7+5=1
iy I;

(again we used y < —1 so that —(y +1) > 0 here), from which it follows that (x, y) € E, (f, y). Combining
this with a similar argument for i € {1, K + 1}, we get that if (x, y) € EL(f, y) N (a;, +00) X (—00, a;),
then |x — y| > min{|/;|, |I;—1|}, and thus

oo pmin{a;,x—min{|L;|,|l;—1|}}
Ix—yly_ldxdyS/ / lx —y” " dydx
a; —o0

1 o0
_ ﬁ/ (max{x —az, min{| ], [li_1]}})7 d
V a;

1 1
=—|1+ )mm{|1-|, I=ias
|y|< ly + 1| S

<55 [
- |V| |V+1| I;i_1UI;

(The computation of these integrals uses our assumption y 4+ 1 < 0.) Summing the estimates, we get in

view of (2-9)
B 4 1
lx —y|" " dxdy < — |1+ f
EL(f.y) 171 ly +11/ Jr

We have thus completed the proof of (2-7) under the assumption y < —1 and N = 1. O

/E+(f,y)ﬂ(ai,+oo)X(oo,ai)
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2C. Proof of Proposition 2.1 and Theorem 2.2 for general whrp functions. We use a limiting argument,
together with the following fact: if u € wtp (RM), N>1,and 1 < p < o0, then there exists a Lebesgue
measurable set X ¢ RZV, with £2V (X) =0, so that, for every (x, h) € R2N \ X, we have

1
u(x +h)—u(x) =/ (h, Vu(x +th)) dr. (2-10)
0

Indeed, both sides are measurable functions of (x, 4) € R?, and if X is the set of all (x, h) where the
two sides are not equal, then X is a measurable subset of R2V, and the assertion will follow from Fubini’s
theorem if, for every fixed 7 € R", we have £V ({x € RV : (x, h) € X}) =0, i.e., (2-10) holds for £V

almost every x. This follows since for every ¢ € C>°(RY), one has
1
f [M(X+h)—u(X)]¢(X)dX=f M(X)[¢(x—h)—¢(X)]dX=—/ M(X)/ (h, V¢ (x—th))drdx
RN RN RN 0

1 1
:/ f (h,Vu(x))d)(x—th)dtdx:/ / (h, Vu(x+th))dt ¢ (x)dx.
rY Jo RN Jo

Now given u € WP (RY), there exists a sequence u, € C®°(RY) such that Vu, are compactly
supported, and
IV (@n —w)llpr@yy — 0. (2-11)

Indeedif N > 1and p>1,orif N =1 and p > 1, then this follows from the density of Cfo([R{N) in
WLP(RY) as asserted in [Hajtasz and Katamajska 1995] (in this case one may choose u, € C2°(RV)).
The density of C2° (RM) in wlp fails when N = p =1 (again see [Hajtasz and Katamajska 1995]); the
issue is that if Vu is supported in a convex set in RY, N > 2, then u is constant in the complement of the
set, but this fails for N = 1 since the complement of a bounded interval has two connected components.
On the other hand, in the anomalous case N = 1 and p = 1, one can choose an approximation of the
identity to get a sequence v, of CZ° functions on R such that ||v, — || ;1) — 0. One can then take
Up(x) := f(f v, (1) dt, and (2-11) follows with u,, = v, being compactly supported (even though u, may
not be compactly supported).
Let, for R > 1,

Kr={(x,y) eR*™ :|x| <R, |y|<Rand R! < |x —yl|}.

By monotone convergence it suffices to prove

IVull?, v,

T (2-12)

Vy (Ek,y/p[u] NKg)<C

with C independent of R.
Under the assumptions of Proposition 2.1 and Theorem 2.2 on p and y, since u, € C>°(R"), we
already know

”Vul’l ||ip(RN)

Vy(EA,y/p[”n]) <C 3P
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Moreover, the sequence Q,,/,u, converges to Q,,/,u in LP(Kg) as n — o0o. Indeed, using (2-10) we
may write

1 Wx—y
0, ux, y) = /< ,W(<1—r>y+rx>>dr
vip e — /7 Jo \Ix =yl

for £2V ae. (x, y) € R*", and similarly for u,, in place of u, which allows us to estimate

1/p
( f /K 10, it (5, ¥) = Oy pit(x, y>|dedy)

] l/p
< Ry/pf <f f IV (u, —u)((1 —s)x +sy)|P dx dy) ds
0 [x|<R J|y|<R

< 2N/p(2R)N/PRJ//P||V(un — Ltn+1)||p — 0.

By passing to a subsequence if necessary, we may assume that Q,,/,u, converges LN ae. to Q,/pu on
Kgr as n — oo. Thus

KRN Ejy/plul € KgN (U N Ex,y/p[u@])

neN{>n

which implies

v}/(KR N Eh,y/p[u]) = nli>n<;lo Vy (KR N ﬂ Ek,y/p[”@]) =< hnggéf‘)y (KrN Ek,y/p[”n])

>n
p p
< Chmlnf ||Vun||Lp(|RN) < C”VM“LP(RN)
- n—00 AP - AP )

2D. Proof of Theorem 2.2 for BV-functions. We choose a sequence p, € C°(RY), with p, =2"N p(2" -)
and [y pdx =1, and set u, :=u* p,. Then u,, € WL1(RN) and u,, — u almost everywhere. This means
if G, :={(x,h) eRY xRN :|x| <L, L™' <|h| < L) then

nllflgo Vy (Ek,y[un] NGL) = Vy (E)L,y[u] NGpr),

by dominated convergence. Also

[Vunllprwyy = sup /un(X) dive(x)dx| = sup /M(X) div(p, @) (x) dx| < [ Vel ag;
zZeCC"O $EC§°
llloc=<1 lPlloo=<1

here we used || p,, * (leoo < ||<]_b)||<>o for the last inequality. Combining these two limiting identities with

Theorem 2.2 we get the desired inequalities with E; , [u] replaced by Ej ,[u] N G,. By monotone
convergence we may finish the proof letting L — oo. (]

3. Proof of Theorem 1.1

We extend and refine arguments from [Brezis and Nguyen 2018; Brezis et al. 2021b], which are partially
inspired by techniques developed in [Bourgain et al. 2001].
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3A. A Lebesgue differentiation lemma. Our argument uses the following standard variant of the Lebesgue
differentiation theorem. For lack of a proper reference, a proof is provided for the convenience of the reader.

Lemma 3.1. Leru € W!! (RN) and let {8, be a sequence of positive numbers with 1lim,_, o 8, = 0. Then

lim WO T Gl

n— 00 Sn

for almost every (x, h) € RN x RV,

Proof. If u € C! with compact support the limit relation clearly holds for all (x, h). We shall below
consider for each § € S¥~! the maximal function

t
Mo F(x) = sup%/ |F(x +r6)|dr,
0

t>0

which is well-defined for all , a measurable function on RY x SV~!, and satisfies a weak-type (1, 1)
inequality
LY ((x e RN : My F(x) > a}) < 5a || F||1.

Letu € WHY(RN) and Ay = {h € RN : 27M < |h| < 2M}. Tt suffices to prove the limit relation for
almost every (x, h) € RN x Ay. From (2-10) we get that, for every n > 1,

u(x +8,h) —u(x) 1 fsnlhl< ( h)>
= h,Vulx+r— | )dr
8n Snlhl Jo |h]

for almost every (x, h) € RN x Ay as a result, there exist representatives of u, Vu and a null set
N € RN x Ay such that the identity holds for all (x, k) € N C and all n > 1. It suffices to show that, for

every o >0, ¢ >0,
> a}) <e. (3-1

Letv e Ccl sothat [|[V(v—u)|; < ozs/(lZﬁN (Apr)). Let g = u —v. Since the asserted limiting relation
holds for v, we see that the expression on the left-hand side of (3-1) is dominated by
1 S lh
£2N<{(x,h) e RN x Ay : |Vg(x)| + sup /
0

h
Vg(x +r—> dr > a})
n>0 Onlh| |h]

o
< 2LV (Ap)a Vel +/ EN({X s My IV EN(x) > 5}) dh

An

<122V (A Vel <e
since |Vgll1 < as/(12LN (Au)). O

EZN

1
Snlhl

EZN({(X, h) e RN x Ay : lim sup

n—oo

Snlhl
/ (h, Vu(x +rh))dr — (h, Vu(x))
0

3B. The lower bounds for liminfAPv, (E, , ,[u]). We use Lemma 3.1 to establish lower bounds,
relying on an idea in [Brezis and Nguyen 2018], where the case y = —1 was considered.
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Lemma3.2. letl <p<ooandu € Wl’p([R{N). Then:

(i) Fory >0,
. k(p, N)
11kn_1)1013f)»pvy (Exy/plul) = TIIVullfp(RN)-
(i) Fory <0,
. k(p,N)
P p
llin\l(glf)\ vy (Exy/plul) > ™ “vu”LP(RN)'

Proof. We write, for A > 0 and § > 0,

APvy (Ey .y plul) = AP /f |h|Y =N dh dx
lu(x+h)—u(x)|/|h|1r/P >

= APV // |h|Y =N dh dx;
| (x+8h)—u(x))/(8|h])|” >1P8Y |k

here we have changed variables replacing & by 6. Hence

APy (Esy plul) = // 1<hv,oo)(

We now take a sequence {1, } of positive numbers, set &, = A, /Y and note that

u(x +6h) —u(x)
Slh|

p
)IhIV_Ndhdx, with s =A7P/Y.  (3-2)

lim §, =0

n—oo

" {limn_)OO Ap=o00and y > 0, (3-3)

lim, ;00 A, =0 and y <O.
Also observe that

liminfl(\h\y,oo)(sn) > 1(|h|fy,oo)(t) if lim s, =1.
n—00 n— 00

Now assume that A, — oo if ¥y > 0 and A, — 01 if ¥ < 0 and stay with 8, = A,,” / ¥, a sequence which
converges to 0 in both cases. Use Fatou’s lemma in (3-2) and combine it with Lemma 3.1 to get

. . u(x +8,h) —u(x) | _
liminf A7vy (B, /plul) = f / lggggfluhv,oo)( SZW |k~ dh dx
Suh) — P
3// 1<|h|y,oo>(1im ux +0uh) —ulx) )|h|V_Ndhdx

=/f \h|Y =N dhdx =: J,.
[hY <|(h/1h], Vu(x))|?

We use polar coordinates # = r@ and write the last expression as

J, :// / r¥~1dr d6 dx
RN xSN=1 Jrv <|(0,Vu(x))|P

1 k(p,N)
= 6, v pd@d = v )4 ,
ly| //RNstl 10, Vuto) g 54 IVullyp g

with the calculation valid in both cases y > 0 and y < 0. Il
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3C. Upper bounds for limsup APv, (Ey ,,,[ul), for Cc1 functions. We assume that u € C! is com-
pactly supported and obtain the sharp upper bounds for lim sup, _, ., APv, (E;. ,/p[u]) when y > 0 and
limsup, _,qAPv, (Ey ,/p[u]l) when y < 0.

Lemma 3.3. Suppose u € CL(RV) and 1 < p < oo. Then the following hold:

(1) If y > O then

k(p, N)
]/| ||vu||€p(RN)'

limsup APv, (Ey ,/plul) <
A—00 |

(i) If y <O then
k(p,N) p

]/| ”vu”Lp(RN)'

limsup APv, (Ej ,/plul) <
A0 |

(iii) The statement in part (i) continues to hold for u € C'(RN) whose gradient is compactly supported.

Remark 3.4. The subtlety in part (iii) above is only relevant in dimension N = 1, since if N > 2, then
any function in C!'(R") with a compactly supported gradient is constant outside a compact set.

Proof of Lemma 3.3. We distinguish the cases y > 0 and y < 0.

The case y > 0. We assume that Vu is compactly supported. To prove part (iii) (and thus part (i)) assume

N 1/2
A2 L= H (Z |8,-u|2) | (3-4)
i=1 L>(RN)
Then
) €Eyplul = Ax—y"P<L = |x-y <l (3-5)
Furthermore, if (x, y) € E;, ,,/p[ul, then writing y =x +rw withr > 0 and w € SM~1 we have
AP < |Vu(x)-o|+p(r), with p(r) := sup sup |Vu(x +h) — Vu(x)|; (3-6)

x€RN |h|<r

since Vu is uniformly continuous on R", we have p(r) \ 0 as r \, 0. This, together with the first

L ply
ArY/P <|Vux) - w| —i—,o((—) ) (3-7)

implication of (3-5), shows

A

Let B be a ball centered at the origin containing supp(Vu), and let B be the expanded ball with radius
1 4+rad(B). Then for x ¢ B, we have Q,/pu(x,y) =0 for every y with [x — y| < 1, and (3-5) shows
(x,y) & E;. ,/plu] for every y with [x — y| > 1, s0 Ej ,,/plu] C B x RN, Define, for x € E, we SNV

and A >0
_ LN\ ply
R(x,w, 1) = (xl(wu(x) o —i—,o((x) ))) .
R(x,w,))
Ay, (Ey ) plu]) < )J’/N/ / r’~1dr dwdx
B JSN-1.Jo

LA\P/Y\\?
=y_1/f <|Vu(x)-a)|—|—,0((—) )) dwdx.
3 Jen-1 A

Then by (3-7),
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Letting A — oo we get

limsup)xpvy(Ex,y/p[u])fy1K(p,N)[V|Vu(x)|p dx
B

A—00
and hence the assertion.

The case y < 0. We first note that if (x, y) € E; ,/,[u], then writing y = x + rw, we have again (3-6).
Now let ¢ > 0, and let §(¢) > 0 be such that p(r) < e for0 <r <§(¢e). Let

| ]y -prly
r(x, o, 8):1’1’111’1{8(8)5 (W) }

Note that r (x, w, &) > 0 for A > 0. Also if (x, x +rw) € Ej ,/p[u] then r > ry(x, w, ¢); indeed, either
ri(x, w, €) > §(e) already, or else 7, (x, w, €) < §(¢), in which case (3-6) shows

A -ply
> ———MMM .
N o, €) 2 (|Vu(x).w| +e)

Finally let B be any ball in RV containing the support of u, and let B be the double ball. Then

oo
lim sup A”v,, (Ej,/p[u] N (B x RY)) glimsup,\l’f/ / r¥~tdr dwdx
ANO ANO B JSN-1 Jr, (x,0,8)

1
zlimsupk”// —[r(x, w, &)]Y dwdx
ANO B Jsv-1 |y

_hmsup // max{Af8(e)”, (|Vu(x) -w|+ &)’} dwdx
ANO 4 SN-1

=i// (IVu(x) - o] + €)? dw dx.
Iyl Jg Jsn-1

Since ¢ > 0 was arbitrary we obtain

1
limsup AP vy, (E; .y /plu] N (B x RY)) < —«(p, N)||Vu||L1,(RN) (3-8)
N0 ly|
Since u =0in RV \ B, if (x, y) € Ey .y /pluln (RV\ E) x RN) then y € B. Therefore
1imsup)»pv},(Ek,y/p[ 1N (RN B) x IRN) < hmsupk”f / Ix —y|” N dxdy=0.
ANO RN\ B
This finishes the proof of part (ii). U

In dimension N = 1, when ¥ < —1, one can also weaken the hypothesis u € C!(R) in Lemma 3.3 to
u € C'(R) and u’ is compactly supported:

Lemma 3.5. Suppose u € C'(R), u’ is compactly supported, and 1 < p < oo. If y < —1 then

. k(p, N)
hmsup)‘pvy(Ek,y/p[”]) = ””/”€p([@)-
N0 ly|
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Proof. Let supp(u’) C B := (—p8, B). By (3-8) we have

. 1
limsup vy (Es./p[u] 01 (=26, 26) x B) < 1 2k (p, DI 1 p gy -
AN0

Moreover, since u is constant on (8, 00) and constant on (—oo, —B), if (x, y) € E; ,/p[u] and x < -2
then y > —B, and if (x, y) € Ej ,/p[u] and x > 28 then y < B. Since y < —1,

o prB —28 poo
vy (Ez.pyp[u] 0 (R (—28, 28)) x R) < /2 5 /_ (x— )7 dy dx + / (v —x)? " dy dx < oo.

—o0 J—p
We conclude
lim sup A% vy, (Ej /[l 0 (R\ (=28, 28)) x R) = 0. 0
ANO
3D. Upper bounds for limsup APv, (Ey ,,p[ul), for general WP functions. Let N >1, 1 < p <00
and u € W-P(RY). In light of Lemma 3.2, to prove the limiting relations (1-7) and (1-8) in Theorem 1.1,
we need only show that

. k(p, N)
lim sup 27 v, () = =0 =219l (3-9)
A—00

if y >0 and
. k(p, N)
lim sup APv, (Es/plul) < 22 Vull?, ) (3-10)
ANO ly|

ify <Oand p>1,0r y < —1and p = 1. Lemma 3.3(i)—(ii) asserts that these desired inequalities hold
for functions in C 61 (RM). When N >2 or p > 1, a general wlp (R") function can be approximated in
W7 (RN) by functions in CL(RYM); by [Hajtasz and Katamajska 1995], there exists a sequence {u,} in
Cé’o(RN) such that lim,, . o0 ||V (uy — t) || . yy = 0. If further y > 0,0r y <Oand p > 1,0r y <—1 and
p =1, then by parts (i) of Theorems 1.3 and 1.4 (proved in Section 2), we have

sup )\pvy(E)»,y/p[un —u]) < N Py IV (u, — u)”ip(RN)' (3-11)
A>0

It follows that, for every n and every § € (0, 1),

limsup A?vy, (Ej ,/plul) < hmsup)J’vy(E(l )y /plin )+sup)\1’vy(E5;L v/ pln —ul)
A—00 A—> A>
K(p, N) N p, y”V(un M)HL/’(RN)
<——|Vu 3-12
= i =g Vil * 57 G-12)

if y > 0, and a similar inequality holds with limsup,_, ., replaced by limsup,\ o if y <0, p > 1 or
y < —1, p=1. Letting first » — oo and then § — 0, we get the desired conclusions (3-9) and (3-10)
under the corresponding conditions on y and p.

It remains to tackle the case N = p = 1, in which case we only need to prove (3-9) when y > 0 and
(3-10) when y < —1. Using (2-11), we approximate u by finding a sequence {u,} in C*°(R) so that u/,
are compactly supported for each n, and lim,, _, o ||u;, — u'|| .1 ) = 0. Since the desired inequalities hold
for u, in place of u by Lemma 3.3(iii) and Lemma 3.5, and since part (i) of Theorem 1.4 applies to give
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(3-11) when y > 0 or y < —1, our earlier argument in (3-12) can be repeated to yield (3-9) when y > 0
and (3-10) when y < —1. This completes our proof of parts (a) and (b) of Theorem 1.1.

3E. Conclusion of the proof of Theorem 1.1. In Section 3D we proved parts (a) and (b) of Theorem 1.1.
The lower bound for the lim inf in part (c) has been established in Lemma 3.2(ii), and the limiting equality
foru e C},(RN ) when p =1 and —1 <y < 0 follows by combining that with the upper bound for the
lim sup in part (ii) of Lemma 3.3. The proof of the negative result in part (c) of the theorem (generic
failure for p =1, —1 < y < 0) will be given in Proposition 6.6 below. g

3F. On limit formulas for BV([R{)-functions: the proof of Proposition 1.2. When p = 1, Poliakovsky
[2022] asked whether (1-7) still holds for u € BV(RY) instead of W' (RV) if y = N. More generally,
one may wonder whether it is possible that, for all u € BV(RN ), one has

. k(1,N)
lim Av, (E; ,[u]) = IVullage when y >0, (3-13)
A—00 ’ |)/|
1,N
lim Av, (Ey,y ) = K(| | )\ Vila when y <0. (3-14)
A—> V4

We show that this is not the case.

First, when —1 < y < 0, Theorem 1.8(i) (proved in Proposition 6.3 below) shows that even if
u e WHL(RN), it may happen that limy .+ Av, (E;_, [u]) = 0. So (3-14) cannot hold for all u € BV(RV)
for such y.

The following lemma provides examples of failure of (3-13) and (3-14) when y € R\ [—1, 0], since
|y + 11 # ly| unless y = —3:
Lemma 3.6. Suppose N > 1 and u = 1q, where Q is any bounded convex domain in RN with smooth
boundary. Then u € BV(RN) and

lim Av, By [u]) =~ Gl forally > —1
im Av u]) = ——||Vu orally > —1,
soo Y Ay Iy + 1] M Y
while (1. N)

. K 9

Jim 2, (Bl = SVl forally <1

Proof. First consider the case N = 1. If u = 1 o) (s0 that ||u’|| pqr) = 1), then, for every y € R\ {—1}
and A > 0, one has

2
ly +11A°

which follows from a change of variables s =x —y, t =x + y: when y > —1, one has

vy (s [ul) =2v,({(x,y) eR: x>0,y <0, |x —y|" YTV >} = (3-15)

—1+D g A+ )1

dtsy_lds:Z/ sV ds = ———,
0

A
Vy(EA,y[u])Z/O S

while when y < —1, one has

o0 s o0 2 1
vy (Ej. y[ul) = / / drs”ds = 2/ sV ds = -
a1/ J g A=/ ly +1] A

—S
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A similar calculation shows that if # = 1; is a characteristic function of a bounded open interval (so that
'l mw) = 2), then

. o / _ -
All)rgoAvy(EM,[u]) = ] lu'l| mry forall y > —1, (3-16)
while
. _ / _1- -
Jim Ay (Epylud) = -l forall y < =1 (3-17)
we also have
sup Avy (E; ,[u]) < ||u’||M(R) for all y e R\ {—1}. (3-18)
A>0 |)/ + 1|

Now consider the case N > 2. Let Q be a bounded convex domain in R¥ with smooth boundary and
u = 1g. Then u € BV(RY) with || Vu| r = £Y~1(8Q). The method of rotation shows

oy Exlud =5 [

v /wL vy (Eyy[Ue ]) dx' do,
where i, (1) := u(x' +tw) for € S¥~" and x’ € ™. Note that ||, ., || mw) <2 forall € S¥~! and
all x’ € w™, since Q is convex and every line only meets 0€2 at at most two points. Thus (3-16), (3-18)
and the dominated convergence theorem allow one to show that

1
ly +1]

and using (3-17) in place of (3-16) we obtain the same conclusion with lim, _, », replaced by lim; _, o+ if

lim Av, (E, ,[u]) = / / lu,, o llmm dx’do  forall y > —1,
A—00 SN-1J b ’

y < —1. It remains to observe that

Lo [ s 8 do = et w9 (3-19)
SV=1Jw

This holds by Fubini’s theorem if u = 1g is replaced by u, := u * p., where p, is a suitable family of
mollifiers, because the left-hand side is then just

/ / /)ius(x/—l—ta))‘dtdx/dw:/ / lw - Ve (x)| dx do,
sv-1Jpl JR d[ SN-1 JRN

which equals « (1, N) || Vug | ,1(gy). One then just needs to let ¢ — 0 to obtain (3-19): in fact, a standard
argument shows that

lim IVuellprwyy = IVull pwny-
e—0F

S0 it remains to prove that

lim/ / /‘iue(x'—i-tw)‘dtdx/da):/ / ), 1l My dx’ deo. (3-20)
e—0t Jsnv-1J,t JR dt sN-1J L ’

But for every w € SV, and almost every x’ € w (as long as ¢ — x’ 4 tw parametrizes a line L,, - that
is either disjoint from €2, or intersects d€2 transversely at two different points), we have

e—0t

. d
lim /|Eug(x/+tw)‘ dr = ||u;),x,||M(R). (3-21)
R
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The validity of (3-21) is clear if L, does not intersect €2, while if L, , intersects d<2 transversely at
two different points, then we can choose a coordinate system so that w = (0, ..., 0, 1), and assume that
for some open neighborhood U of x” in w™, the intersection of U x L, with  takes the form

(O yn) Y €U, 1Y) < ynv < g2V}

for some smooth functions ¢; and ¢, of y’ € U. Then, for ¢ > 0 sufficiently small,

f\—u.g(x +rw))dr=/R /R To(0)dype(x' — ¥t — yy) dy| dr

=/ —/ 1¢1()’)<)’N<¢2(y/)a loe (" =y, 1 = yn)1dy| dr
R RN

=/R /RNI pe(x" =yt —p1(y) — pe (X" =¥ t — o (y)) dy'| dr

=f(/ P =yt =1 () & */RNI ps<x’—y’,r—¢z<y’>>dy’> dt
—2f /pg(x -y, t)ydtdy’
RN-1

= 2 = “ua)’x/”M(R)'

This proves (3-21), and then the dominated convergence theorem allows one to conclude the proof
of (3-20). O

Remark. The identity (3-19) for u = 1 can be derived from Crofton’s formula for rather general (not
necessarily convex) domains Q2. See [Federer 1969, Chapter 3.2.26], which showed that when 02 is
rectifiable, then its (N —1)-dimensional Hausdorff measure " ~!(3Q) is equal to JIN _1(852), where
JlN_l (0€2) is given by [Federer 1969, Chapter 2.10.15] as
1 /
Bi(N, N —1) J,cor(n,Nn=1) Jyern-1
here O*(N, N — 1) is the space of all orthogonal projections p from R" onto R¥~!, dp is the right-O(N)-
invariant measure on O*(N, N — 1) normalized so that fo*(N,N—l) dp =1, N(plsg, y) is the number of

N(plaq, y)dydp;

points x € 9€2 so that px =y, and
I'(N/2)
Bi(N,N—1)=
C((N+1)/2)'(1/2)
according to [Federer 1969, Chapter 3.2.13]. It follows that, for u = 1¢,

fg . / Ny ol dx' do = HY SN
- @

_ 2 NN — DRV
_F(N/2)'Bl( ,N—1) (0€2)

2 (N=1)/2

“T(N+1)/2)

f N(plae, y)dydp
peO*(N,N—1) J yeRN-1

Vullpm =1, N)[[Vullm,
as asserted in (3-19).
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4. From weak-type bounds on quotients to WP and BV

In this section we complete the proofs of Theorems 1.3 and 1.4 proving part (ii) of these theorems. We
use as a key tool the BBM formula discovered in [Bourgain et al. 2001] (see also [Déavila 2002] for
additional information for the BV case), in a way that is reminiscent of the proof of [Nguyen 2006,
Theorem 2], and we apply duality for Lorentz spaces to control the double integral arising in the BBM
formula. The BBM formula stated in [Bourgain et al. 2001] is quite flexible, involving a bounded
smooth domain €2 and a sequence of nonnegative radial mollifiers p,(|x|), with fooo pn(MrN=1dr =1
and lim,,_, o faoo on(PrN=1dr =0 for every § > 0; we will apply it in the case when Q2 = Bg, the ball of
radius R centered at 0, and p, (r) = s, p(2R) 5Py N*sup 1i0.2r1(r), where {s,} is a sequence of positive
numbers tending to 0. As a result, we conclude thatif R >0, 1 < p < o0, u € L?(Bg) and

_ p
liminfs// helx) N”(y)| dxdy < o0,
s—>0F BrxBpr |x _yl tp=sp

then for p =1 we have u € BV(BR) with || Vu|| p(Bg) being bounded by « (1, N) times the above liminf,
and, for 1 < p < oo we have u € W7 (Bg) and Vul LrBg) being bounded by «(p, N)/p times the
above liminf. The assumption u € L”(Bg) can easily be relaxed to u € L'(Bg), via an observation of
Stein as explained in [Brezis 2002, proof of Theorem 2]: if u € L'(Bg) and the above liminf is finite
for some 1 < p < oo, then, for any § > 0 and any ¢ € (0, §), we may consider u, := u * ¢.(x), where
¢ (x) = Np(e™'x)and ¢ € C2°(By) is nonnegative and has integral 1. Then u, is C* on the closure
of the ball Bg_s, so the above formulation of BBM applies, and ||Vu,| 1»B;_;) 1s uniformly bounded
independent of ¢ € (0, §); indeed Jensen’s inequality implies

— p _ p
// |ue(x) Nus(y)l dx dy </f |u(x) Nu(y)l dx dy
Br_sxBgr_;s |x - )’| trsp BrxBpr |x - )’| tpr=sp

for every ¢. This shows that a subsequence of {Vu.} converges weakly in L? (Bgr_s) to the distributional

gradient Vu on Bg_s, and a desired bound on ||VM||L17(BR78) follows for every § > 0.

Suppose now N > 1, 1 <p <oo, y €R, ue Ll (RV) and Q,,,u € LP*°(R*,v,). Let

loc

_ p
A _suphmlnfsf/ lux) Nu(y)l dx dy. (4-1)
R>0 $s—0F BrxBg |X — y|N PP

Suppose A is finite. If p = 1, then the BBM formula above implies u € BV(Bg) for every R > 0,
with [|Vul| p(sr) < k (1, N)A independent of R; as a result, u € BV(RN) with [|Vu|| pymyy <k (1, N)A.
Similarly, if 1 < p < oo, the above BBM formula (applicable for u € L} (R")) implies u € Wir(RN),
with [|Vulr ) < k(1 N)A/ )7,

It remains to prove that A < co. By considering truncations of # we may assume additionally that

loc

u € L°°(RN); the reduction is based on the pointwise bound

u(x) if lu(x)| <n,

Q)//pun(xv y) < Q},/pu(x, y), where u,(x) = {nu(x)/|u(x)| if 1 (x)| > n.
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Using the definition of weak derivative we see by a limiting argument that the conclusion sup,, [|Vu, ||, <C
implies ||Vu|, < Cif p > 1and sup, [|[Vu, || pm < C implies || Vullp < C.

In order to establish our estimate for bounded functions we will use Lorentz duality in the following
form: if F, G are measurable functions on RV, then, for any 1 < g < oo, we have

// F(x,y)G(x,y)dv, < q/[F]Lq,oc(RZN’vy)[G]qu(RzN’Uy), (4-2)
RN xRN

where 1/g +1/q' =1,

[Flroco@n v, = = sup A, ({|F| > ANV = supt!/1 F*(1),

t>0
o0
(Gl gen ) = / v, (1G] > AV dr =L / (/4 Gy 4L
Y 0 q Jo t

here F*(t) :=inf{s > 0 : v, ({|F| > A}) < s} is the nonincreasing rearrangement of F, and similarly
for G*(¢); see [Hunt 1966; Stein and Weiss 1971]. Indeed, (4-2) follows by noticing that

// F(x,y>G(x,y>dvys/ F*(r)G*(r)dr=f (119 P19 6+ (0] 4L,
RN xRN 0 0 t

which is clearly < q/[F]Lq,OC(R2N’UV)[G]Lq/yl(RZN’vy).
First we consider the case y > 0. For sufficiently small s > 0, define

B s
I+y/p
sothat6 € (0,1) and p —sp = p(1 —60)(1+y/p) — y. Then, for every R > 0,

— p
//B B e dy://m RN(QV/pM(x’y))p(]_e)(lu(x)_u(y)|1BRXBR(x,y))p9dUV

|x _ |N+p sp

1 _
< 5 10Qy /)" - o [l () = w110 sy

by (4-2). But

1-6 p(1—6)

[(Qypu)" )]L'/“—"*OC(R”,vy) =1Qy/pttlp oo, )
and
[lu(x) — M(Y)|p9]L'/9v1(BR><BR,vy) < (2””||L°°(|R§N))p9[1BR><BR]L1/(“(RNXRN,VV)
= 2l|ullp®v))"" v, (Bg x Br)",

from which it follows that

lu(x) —uy)|” s 1-6
f/l; 5 |x —y|N+P sp dxdy < 5[Qy/pu]ifz,m(ﬂiZN’vy)(2”u”LOO(RN))pGV)/(BR X BR)Q-
RXBR

Furthermore, since y > 0, we have

1
VV(BRXBR)SlBR| WT_}’dh<oo



964 HAIM BREZIS, ANDREAS SEEGER, JEAN VAN SCHAFTINGEN AND PO-LAM YUNG

Recall  =s/(1+y/p). Thus as s — 07, we have
. |lu(x) —u(y)|? Y )
1 dxdy <1+ = 0.
lsrif)lips /./I;RXBR |x — |N+P sp Y= + P [Qy/pu]me(RZN"’V) =

Since this upper bound holds uniformly over all R > 0, this concludes the argument for the case y > 0.
Next we turn to the case y < (0. We then observe that, for 0 <s < 1 and every R > 0,

— p
// | (x) Nu(y)| irdy
BexBg |X — y|NtP=sp
://RN RN(Qy/pu(x,y))ﬂ<1_s/z>(|u(x)—u(y)||x_y|1-y/plBRxBR)ps/zdvy

2 _ _

< SLQyp) " P T paramspce e 0, [ G) = w1 x = 31 0P e (g g, -

Again
p(1—s/2) _ p(l—s/2)
[(Qy/pu) Teva-smo@en y,) = [Qy/pu]proo(RZN’Uy)
and
[(Qu(x) = u)lx — y|'"77P)P 2] o
Y Y L2/5\(Bg x Bg,v,)
< Qllull o) P1x = Y1P7 2] st e,y (4-3)

We will show that

lim sup[|x — y|(p vis/2 102151 (B x Bg, v) = <1-% (4-4)
s—0t p

when y < 0. We then see that
- ) —u(y)|” y ,
lim sup s dedv <2(1-% " ’
sﬁO*’p //I;RXBR |lx — y|N+l’ sp Y= p [QV/P ]Lp.oo(RZN’vy)

which concludes the argument in this case since this bound is uniform in R > 0.
It remains to prove (4-4) when y <0. Note that in this case p—y > 0, so |x —y|(P=1IS/2 < (2R)(P—V)s/2
on Bg x Bg. Thus

(2R)(P=7)s/2
[ = 31772 s (o) = f vp{(x, y) € Br x Bp : [x — y| P72 > 32 di,
0

If y <0, then

1
dh < on_1|Bg|—A2/6P=r)

v, {(x,y) € Bg x Bg: |x — y|P77/2 = \} < |Bg|
Y Y Y || > 22/ (s(p=7)) |h|N—Y V]

where oy_ is the surface area of SV~!. Hence in this case,

) 1 s/2 (ZR)(P*V)S/Z
[lx — y|P=1/ lr2s1(Brx B.vy) = <0'N—1|BR||V_|> / A=Y gy,
0

= (1 — ;) (aN_1 |Bk|m) Q2R)"*/2,
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(Here weused y/(p —y)=—1/(1 —y/p) € (—1, 0) whenever y < 0.) This proves (4-4) when y < 0.
Next, suppose y = 0. Then

(2R)Ps/?
[ = 31272 o Bpx o,y = /0 vo{(x,y) € Bg x Bg : |[x — y[P*/* > A}*/% dx

QR)Ps/% 1 5/2
< B ——dh dx
_-/(; <| ¢l /AZ/(SP)§|h|§2R |h |V )

QR)P$/2 2 (2R)ps/2 s/2
Z/ (|BR|wN—1—10g<—)) da

0 ps A

o ! 2 1\\*/?
= (2R)P“/2f |Bgloy_1— log| — dx,
0 ps A

which shows (4-4) remains valid when ¥ = 0 by the dominated convergence theorem. O

S. Finiteness of vy (E) o[u]) and the Lipschitz norm

In this section we prove Theorem 1.5, which we put in the following more precise form.
Proposition 5.1. Let u be locally integrable on RN and Vu € L}OC(RN ). Then

vo(Ej olul) = {oo if A< | Vit]lso-

Proof. First assume Vi € L™ and A > || Vu||s. Then for every 1 € R we have |u(x +h) —u(x)|/|h] < A
for almost every x € RN. This immediately implies vo(E; o[u]) = 0.

For the more substantial part assume A < || Vu| ~, Where || V|~ may be finite or infinite. We need to
show that vo(E} o[u]) = co. We pick A1, A2 such that

A <A <A <||Villso-

Let Bg = {x € R" : |x| < R} and assume that R > 1 is so large that ||Vu|| (g > A2. Let x € C°
such that x (x) =1 in a neighborhood of Bk and set u, = xu. Then Vu, = Vu as integrable functions
on B;g. There is a measurable set Fy C By of positive measure such that |Vu(x)| > A, for all x € Fy.

Fix 0 < & < 1 — A1/X,. We now consider the set S, of all spherical balls § ¢ S¥~! with positive
radius and the property that (01, 6,) > 1 — ¢ for all 61, 8, € S. By pigeonholing there exists a spherical
ball § € G, and a Lebesgue measurable subset F' C Fy such that LN(F) >0 and Vu(x)/|Vu(x)| € S for
all x € F. For the remainder of the argument we fix this spherical ball §; we denote by o () its spherical
measure.

We first note that, for |#] < 1 and for almost every |x| < R,

_ . 1
u(x+}|12| M(X):uo(x+}|2| ”o(x):<ﬁ / Vuo(x+sh)ds>. G-D
0

|h|’
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Secondly since the translation operator is continuous in the strong operator topology of L' we see that
there exists §p < 1 such that
LY(F) (k1= 1)

[Vuo (- +w) — Vuoll 1@y < BT — for |w| < . (5-2)

In what follows we let § << 8¢ and set

h
5(8,80):{heRN:6§|h|§80, Vz_les}'

Let

& = {(x,h):x €F, heS@,d), u(x +h) —ux)| >A}

A
so that (x, h) € & implies (x, x +h) € E, olu]. We then have by (5-1)

1
vo(Ey olul) > vo(&) = v()({(x, hy:xeF, heS(, ), '<%, / Vuo(x +sh) ds> > A})
0

> vp(&1) — vo(&2), (5-3)

<i Vu (x)> > A }
|h|, o 1(>

1
& = {(x,h) xeF,heS(e,6b, / [Vuo(x +sh) — Vuo(x)|ds > A —A}.
0

where

&= {(x,h) :xeF, heS@,d),

Indeed, if (x, h) ¢ &y U &, then

‘<i, Vuo(x)>‘ < ‘<i, /1 Vuo(x +sh) ds>
I — N\l Jo

which is then < Ay, so (x, h) ¢ &, establishing & C & U &, and thus (5-3).
The set £; does not change if we replace u, by u in its definition. Since

1
+/ |Vuo(x +sh) — Vu,(x)|ds,
0

h h
<m, Vu(x)> > —&)|Vux)|>0—-¢e)ly > forxekF, m €S,

we get

Moreover, using (5-2) and Chebyshev’s inequality we see that

V9(&2) </ fo1 [Vuo(- +sh) — Vuollpiwyyds dh
0(&2) =
S(8,80) Al —A ||V

LN(FY(v —A)/10 dh LN(F )
Ef (Fy—2)/ L ( )U(S)log(—0>,
S(8,50) Al —A |h] 10 S
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and hence putting pieces together we obtain for § < g

LN(F b
vo(Ex olu]) = vo(€1) —vo(&2) > 2( )G(S)l ( 50)

Here § < §p was arbitrary and by letting § — 0 we conclude that vo(E) o[u]) = oo. Il
We now give a more precise version of Example 1.7.

Lemma 5.2. Let @ C RY be a bounded domain with Lipschitz boundary and let u = 1q. Then u €
BV(RN)\ WLY(RN), with
log(2/2) if A <1,

vo(E <Cq
o(Exolul) {kl i1

in particular we have sup, .y A vo(Ey o[u]) < oo.

Proof. Let
E(r,A) ={(x,y) € Es olul :r < |x — y| <2r}.

We begin with the observation that rA < 2 if vo(E(r, A)) > 0. Furthermore, if (x,y) € E(r, A) for
some y € R", then x belongs to the 2r-neighborhood of d2. The Lebesgue measure of such a neighborhood
is O(r) if r <rg, where rg is some positive constant depending on €2 (because the boundary of a bounded
Lipschitz domain can be covered by finitely many Lipschitz graphs, and the 2r-neighborhood of such
graphs can be approximated by a union of O (r) neighborhoods of suitable hyperplanes). Hence for r <ry
we have vo(E(r,A)) < Crifr <2/r and vo(E(r, 1)) =0if r > 2/A. As aresult, if 2/1 < rg we get

w(Erolu) = Y w(E@, 1)) $r7!
JEZ:2I <2/A
and if 2/A > rg we get

d
vo(Exolu) = 3, wo(E@, m“// — 2 e S 1410g 7, 0
JEZ:2) <ry ro<|x—y|<2/x |x — vl

6. When the upper bound (1-15) fails

In this section we make various constructions demonstrating the failure of (1-15) in the range —1 <y <0,
and give the proof of Theorem 1.8. We first establish:

Proposition 6.1. Suppose N > 1and —1 <y <.
(1) For every m > 0, there exists u € CLC.’O([RRN) such that
vy (Evy[ul) > m|[Vull g gv). (6-1)
(i) There exists C = C(N, y) > 0 and pg = po(N, y) > 1 such that, forall 1 < p < po,

sup Vy(El,y/p[ ]) > C—l (6—2)
ueC®RN) p
VullLp <1
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6A. Proof of Proposition 6.1: the case y = —1. Here we may choose, for m > 1,
U =21 * 1p, € CP(RY), (6-3)

where 71,,(x) := 2™V y(2"x) for some nonnegative, radially decreasing n € C >°(B1), with fRN n=1.
Then when 1 < p < oo and m < p’ = p/(p — 1) (which is no restriction on m if p = 1), we have
IVunll, 52’"/”/ S1,while Eq _yp[vm] 2 {1x] <1-27", 1427 <|y| <2} (because for (x, y) in the latter
set, [V (x) — vy (y)| =2 and |x —y|' =1/ <2171/P which means |Q 1/, vm (x, y)| >2/2171/P =21/ > 1)

Hence
1)71(E1,*1/p[vm]) Z/ / |x —yl_l_Ndxdy
lj<t-27m Ji427m<|y|<2
ZCN/ (1+2_’n_|x|)_1_(2_|x|)—1dxzc;vm.
x|<1—2-m
This proves both (i) and (ii) of Proposition 6.1 in the case y = —1. 0

6B. The case —1 < y < 0: examples of Cantor-Lebesgue-type on the real line. We now discuss some
examples related to self-similar Cantor sets of dimension 8 = 1+ y. Recall the definition of v, Q, in
(1-4), (1-5) and observe the behavior under dilations:

v, (tE) =t v, (E). (6-4)
We have:

Lemma 6.2. Let —1 < y < 0. There exist constants ¢, > 0, C,, > 0, and a sequence of functions
gm € C®(R), with g,,(x) =0 forx <0and g, (x) =1 forx > 1, such that, forall 1 < p < o0,

||g;n||p < CyzleI/(lJrV)(l*l/P) (6-5)
and if
1
vl p—1
then .
m
v ([ e0.17:10, pentx 0 > 3}) 2 % (6-6)
4 Cy
Proof. For —1 <y <0 let
p =210+ (6-7)

sothat0 < p < % We construct g, such that its derivative is supported on the m-th step of the construction
of symmetric Cantor sets of dimension 8 =1+ y =log2/log(1/p), with an equal variation on each of
its 2" components [Mattila 2015, Chapter 8.1].

Let go € C*°(R) be such that 0 < gg < 1, go(x) =0 for x < p and go(x) =1 for x > 1 — p. Set, for

meN,
1 X 1 1—x
ngrl(x) = Egm <_> + Egm<1 - )
1Y 1Y

Since p < % we have, for p € [1, 00), ||g;,,+1||£p(R) =2x (2p)_Pp||g;n||£p(R), and thus

lgmllLr@ = )P~ D™ gl |l Loy = 20 1/PmYVGHD ol ).
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Fix now 1 < p < o0, and for m € N, A > 0 define

A= vy ({0, ) €10, 12110y /pgm (x, Y)| > A)).
Our goal is to estimate A, 1,4, which we do by deriving a recursive estimate for A,, ;. We have the
decomposition
A1z vy (0, ) €10, o1 1 1Qy /pgm+1 (6, Y)| > A))
+ v, (e, y) € 1= 0, 12 :1Qy /pgm+1(x, Y) > A))
+v, ({(x, y) €10, pI X [1 = p, 11:1Qy/p&m+1(x, y)| > A}). (6-8)
Using the definition of g,,11, (6-7) and (6-4), we compute the first term in the right-hand side of (6-8) as

vy ({(x, ¥) €10, p1* 1 1Qy g1 (x, )| > A}
= v, ({(pw, p2) : (w, 2) € [0, 112, 1Qygm(w, D > 20" 7/72)

=", (((w, 2) €10, 117 1Qy gm(w, 2)| > 2PV FDpy = LA, G (6-9)
where s := 2p!17/P = 2VI/(P"¥+1) "and similarly the second term as
vy ({Cey) €1 = p, 1171 1Qy gt (6, M| > 3}) = 3 Am.sa- (6-10)

Thus
Am+13 = Amsn+vy,({(x, y) €10, o] X [1 = p, 11:1Qy/p&m+1(x, Y)| > A}),

which iterates to give
Anm, 1/4>Aosm/4+2vy {0, ) €10, p1 x[1=p, 11:1Qypgj(x, 1| > 35" }).

j=1
We drop the first term, and note that as long as

1
lyl p—1
we have s”’ i<l for all j —1 , m. Moreover, for everyx € [0, p?] x [1 — p2, 1] and every j > 1,

we have g;(x) < ; and gi(y) = 4, S0 IQ,,/ng (x, ¥)| > 5. Thus we obtain the de31red conclusion

m
Am,1/a = mvy ([0, p*] x [1 — p? ’1])=E : O
14

6C. Conclusion of the proof of Proposition 6.1. We continue with the case —1 <y <0. Let n; € C°(R)
supported in (—1, 2) such that n;(s) = 1 on (—3, %) and 0 < n;(s) <1 forall s € R.
We split x = (x1, x") with x” € RV~!, where the variable x’ should simply be dropped in the case N = 1.

Set n(x) = [T, m(x;) and define
U (x1, x') = 16gm (x)n(x), (6-11)

where g,, is as in Lemma 6.2. Then u,, € C>°(R"), and if 1 < p < oo and

y+1 p

m—1< S
lyl p—1
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we have ||[Vu,,||, S 1. Both parts of Proposition 6.1 will follow, if we can prove that under the same
hypotheses on p and m, we have

Vy(El,y/p[Mm]) >c(N,y)m—C(N, )/)p- (6-12)
We aim to reduce to the one-dimensional situation in Lemma 6.2 and split Q,,/,u,, (x, y) as

gm(x1) — &m(y1) n(x) —ny)

e T 10800 T T = I )+ I (X, ),

Qy/putm(x,y) =16n(x)
so that

vy (Evy/pluml) = lx —y[" "N dxdy

x1,y1€[0,1]
[ (x, )+ 1 (x,y)|>1

= //XE[O,l]N,yle[O,l] |x—y|y_N dxdy_// |X—y|V_N dx dY- (6_13)
[T (x,y)|>1

[xp—y1|=[x"=y’|
[ (x,¥)|>2

Clearly if B, is the ball in RV of radius 2 centered at the origin then

[y (x, y)| < enlx =y 777 (Lp,(x) + 15,(y)),

and it follows immediately (since —y > 0) that

f/ Ix —yl" Ndxdy < |y|T'C(N)P.
[ 1L (x,y)|>1

For the first term in (6-13), we prove a lower bound and estimate by integrating in y’

N -N
//xe[o,uN,yle[o,u lx =y " dxdy = /f xel0,11¥, y1€0,1] lx —y[""" dxdy

lx1—=y1|=|x"=y'| lx1—=y1=]x"=y'|
[ (x,3)>2 1168 (x1)—16gm (y)I/|x1—y1|1T7/P >4

—1
> cy lxp — y117™" dxy dyy,

x1,y1€[0,1]
[Qy/pgm(x1,yD|>1/4
but by Lemma 6.2 the last expression is bounded below for large m by cym/C,, under our hypothesis
on m. This concludes the proof of (6-12). Il
For later purposes, note the inequality (6-13) (with p = 1) and the argument that follows proved also

that for all sufficiently large m > m(N, y), we have
vy (E1y lum] 0 ([0, 1] x RY™H2) = (N, y)m. (6-14)

6D. Examples related to Theorems 1.1 and 1.8. We now consider the limit (1-8) in the range —1 <y <0
and provide counterexamples for cases where u is no longer required to be a C2° function. The following
proposition covers part (i) of Theorem 1.8.

Proposition 6.3. Let —1 <y < 0. Let s — w(s) be any decreasing function on [0, 00), with w(0) < 1
and w(s) > 0 for all s > 0. Then there exists a C* function u € WY (RN) such that
lu(x)| < Cw(|x|) forallx e RY (6-15)

and
lim Av, (Ej , [u]) = oo. (6-16)
ANO
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Proof. We consider the case —1 <y < 0. Letu,, € CSO(RN) be as in (6-11) and define
Jmn(X) =t (x1 =2, x)

so that f,,(x) =0if x; ¢ [1,4]. Let, forn e N,

o(Ryy1) 0.

A
Ry =2". Ju=R;YMw(Ryy1), mn)=4-—"
)\n—H

We also assume m(n) > m(N, y) so that by (6-14) in Section 6C,
vy ({(x, y) 1 x1, 1 €12, 31 [Qy fnemy (. )| > 1}) = ¢(N, y)m(n)

for all n € N. Finally let

Ry,
u(x) = ZCZ(N ;rlz)fm(n)( )

n=2

971

(6-17)

(6-18)

(6-19)

(6-20)

Since || finllyy11 < C, and w is bounded, it is easy to see that the sum converges in W'!(R"), and that u
is in WI’I(RN). Also, the supports of fm(n)(Rn_l -), namely [R,,4R,] X [—4R,, 4R,V are disjoint as

n varies, so clearly u € C®(R"). Since || f;u ||z~ < C, we have
()| < @Ry )R, NP2 for [x| = Ry,

so [u(x)] < C'|x|"V*lw(|x|) for |x| > 2. In particular |u(x)| < Cw(|x]).
For A € ((n + 1)*2An+1, n—2),] we estimate

)Mn—i-l
4rn

)\Vy (E)L,y[u]) > (n+ 1)_2)‘n+lvy(En—2An,y[u]) > n_z)\n‘)y (&),

where &, 1= E,-2;, , [ul N ([2R,, 3R, ] x R¥N )2 Moreover, for (x, y) € ([2R,, 3R,] x R¥~!)?, we have

u(x) —u(y) = Ry n 20 (R 1) Fnny (R, X) = iy (R, 1)),
SO
| iy (RT'X) = fuy(RTIW] Ry

1Q,u(x,y)| >n%r, > An =

IRy 'x — Ry Ly|1+Y @ (Ry41)

where the last equality follows from (6-18). Hence rescaling using (6-4) yields

n_z)‘n‘)y(gn) = n_zknRZ+NVy({(xv y):x1, y1 €[2,3], |nym(n)(xv »I>1})

> ¢(N, y)m(n)o(Rys1)n2,

with ¢(N, y) > 0, by (6-19). Thus we have shown

) -
inf v, (Ey , [u]) = c(N,
re((+1) "2 Ay 1,07 20,] y( )"V[ D =c(N,y) an,

la)(RnJrl)m(n)n_2 >c(N, y)n,

(6-21)

where for the last inequality we have used our assumption (6-18) on m(n). The assertion follows for

1<y <.
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Finally consider the case y = —1. We now choose v, as in (6-3) and
R,=2", A\, = Rf(Nfl)a)(R ), mn) =>4 b —n3 (6-22)
" o " e T g1 @(Rug1)
In analogy to (6-20) we now use
w(Ry11) X
n—+ "
u(x) = —,I,V_lnz U (n) (—n) (6-23)

n=2

Since w is bounded it is immediate that u € W1 (R™) and also that |u(x)]| < w(]x]). We need to check
that Av_1(Ey._1[u]) — oo as A — OF. If [x| < R, (1 —2™™) and |y| > R, (1 +2"™), then

@ (Ryy1) ( X ) _20)(Rn+1) .
— T V) —p Tl

-2 -2
v — =2n" A, >n" Ay,
RN=1p2 Ry RY~1n2

u(x) —u(y) =
so (x,y) € E,-2;, _1[u]. Hence we get

n 2 hvo1(Ey-2y, _1lul) = n %A lx =y~ N dx dy

" Jix <R (1-2m00)
[y|= R, (14+2m)

zn_z)»nR,iV_l — vy~ Ndx dy

ei=1—znon ¥
ly|=1+2m®

> enm(mo(Ryw)n™
(using (6-22) in the last inequality). This, together with our assumption on m(n), implies that

inf A_1(Ex —1[ul) = ecyn — o0
(D) 21,0 20]

when n — 00, as desired. O

The next proposition is relevant for part (ii) of Theorem 1.8.

Proposition 6.4. Suppose —1 <y < 0. Then there exists a compactly supported u € W' (RN) such that
u is C*® for x #0,

C
ux)| < 6-24
el = |x[V=1[log(2 + |x|~1)]? (024
and
lim Av, (Ej , [u]) = oo. (6-25)
ANO
If in addition N > 2 or —1 < y < 0 there exists u with the above properties and
vy (Ey y[u]) =00 forall A > 0. (6-26)

Proof. Consider first the case —1 < y < 0. We choose forn e N

R,=272", m(n) >2%, (6-27)
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and with these choices of R, and m(n) and f,, as in (6-17) and (6-11) we define again

(o.¢]

M(X):Z 2RN lfm(n)(x)

n=2
The sum converges in W1 to a function supported in [—4, 4]V. We have |u(x)| < C27"W=Dp=2 for
0 < x1 <272"; moreover, |x’| < |x;| on the support of u. This implies |u(x)| < C'[|x|'~N log(1/|x[)] 2
for small x. Also, because of the choices of R;, we see that u is smooth away from 0.

N
+)’n2

Fix A > 0. Since lim,,_, o R, =0, we may choose ng such that

ARNTY»2 <1 forall n > no. (6-28)

Now vy, (E; , [u]) > vy (Es , [u] N (2R, 3R, 1 x RN 1)), and again f,,(x) (R, -) is supported in R(n) =
[R,,4R,] x [—4R,, 4R,V . Hence by the same rescaling argument as in (6-21), we obtain

vy (Es o [ul) = RN v, ({(x, y) : x1, y1 €12, 31, 1Qy frniy (x5 )| > AR TV 12},
If n > ng then this gives

vy (Exp[ul) = RN v, ({(x, y) : x1, y1 €12, 30, 1Qy fnimy (x, ¥)| > 1})
> (N, y)m(n)RNTY

by (6-19). Since lim,,_, oo m(n)R,I,VJ”’ = 00, by (6-27) we conclude v, (E;, ,[u]) = o0

For the case y = —1 and N > 2, define u as in (6-23) but with the choice of the parameters R,,, m(n) as
in (6-27) to obtain a compactly supported u € W'! satisfying (6-24). We now fix A > 0 and note that when
N >2 we have ARY~!'n? — 0 as n — oco. The above calculation gives v_(Es _1[u]) > c(N)m(n)RN~!
provided that XR,]:’_lnz < 1 and thus the conclusion v_;(E; _1[u]) = o0

Finally, clearly (6-25) follows from (6-26), and the latter was proved if —1 <y <0 or N > 2. It remains
to consider the case N =1, y = —1. We define u as in the previous paragraph. The above calculation
shows that v_; (E, _1[u]) > cm(n) provided that A < 1/ n? which establishes (6-25) in this last case. [J

The case N =1, y = —1 plays a special role. The following lemma shows that the conclusion (6-26)
in Proposition 6.4 fails in this case.

Lemma 6.5. Leru € W'! (R) be compactly supported. Then v_1(E) _1[u]) < oo forall » > 0.

Proof. Let u € W' (R) be compactly supported in [—R, R]. Then given any A € (0, 1), there exists
8(A) > 0 such that f I |u'| < A/2 for every interval I C R with length < §()). As a result, u is uniformly
continuous on R, with sup, .p [u(x +h) —u(x)| < 1/2 for |h| < 5(X). Thus

dh
v_1(Ey —1[u]) = / / W dx

\u(erh) u(x)|>A

< dn o R dh
< —de
50 2 R\[—2R,2R] J|x|-R T

54R(3(,\))— +4. O



974 HAIM BREZIS, ANDREAS SEEGER, JEAN VAN SCHAFTINGEN AND PO-LAM YUNG
6E. Generic failure in W for the case —1 <y <.
Proposition 6.6. Let —1 <y <0, N>2o0r—1 <y <0, N> 1. Let
V=|{fe Wl’]([RQN) D vy (Epy[f]D < oo for some > 0.} (6-29)

Then 'V is of first category in W1 (RN), in the sense of Baire.

Let
U ={(x,y) e RN : 21 < |x —y| <2k},
Va
(6-30)
Q= U Uy
k=1—¢

For the proof of Proposition 6.6 we use an elementary estimate for the intersections Ej_, [u] N €2,.

Lemma 6.7. Forally € R, u € WHIY(RYN), € > 0 and Q; as in (6-30),

sup Avy (Ey , [u] N €2) < C(N, y)€|[Vully.
A>0

Proof. For u € C! we use the Lusin—Lipschitz inequality (2-2) to see that
x/f Ix —yI" Ndxdy <o) LV {x e RN - M(|Vu]) (x) > 27 1}
Ey y [ulNUy
=C(N, Y)IIVullx

by the Hardy—Littlewood maximal inequality. Now sum in 1 — ¢ < k < £. The extension to general
u € Wb is obtained as in the limiting argument of Section 2C. O

Proof of Proposition 6.6. Let, form e N and j € Z,
V(m, j) ={ue W RN v, (Es,[u]) <m forall A > 2/}.

Since A — v, (Ej , [u]) is decreasing, we see that V is contained in Umzl UjeZ V(m, j). To show that V
is of first category in WLHRYN), we need to show that for everym €N, j € Z,the set V(m, j) is nowhere
dense.

We first show that V(m, j) is closed in WHI(RY). Let u, € V(m, j) and u € WHI(RY) such that
limy, s o0 [l — || w1.1 @y = 0. It suffices to show that given ¢ > 0, we have v, (Ej, ,[u]) < m + ¢ for all
A > 2/. By the monotone convergence theorem, we have

lim v, (E; 5 [u] N €2) = vy, (Ex y[ul),
{— 00
and it suffices to verify that
v, (Ep,[ulNQe) <m-+e forr>2, (6-31)
for all £ € N. Now let § > O such that (1 — 8§)A > 2/. Then

vy (Ej y [u]l N Q) < vy (Eq—s)r,y [unl N 2¢) + vy, (Esj. p [u — uy ] N €20)
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and using that u,, € V(m, j) together with (1 — §)A > 2/, and Lemma 6.7, we see that for A > 2/
1456
vy (E; y[ulN ) <m+C(N, V)ZW IV (un — )l

Since § > 0 was arbitrary and since ||V (4, —u)| L1@vy — 0 by assumption, we obtain (6-31).

To show that the closed set V(m, j) is nowhere dense when —1 <y <0, we need to verify that for every
u €V(m, j) and &; > 0 there exists f € W(R") such that || f — ully11@yy < &1 and f ¢ V(m, j). To
see this we use Proposition 6.4, according to which there exists a compactly supported W' ! function fq
for which v, (Ej , [ fo]) = oo for all A > 0. It is then clear that

€1 fo
fmut o —
2 | follwr.
satisfies || f — u||y11 < &1/2 and also,
&1 Jo
vy (EsyLfD) Z vy By | 57— | | = v (Enylul) =00
2 | follw
for every A > 2/, for all j € Z. The proposition is proved. 0
To include a result of generic failure of the limiting relation in the case N =1, y = —1 we give

Proposition 6.8. Let —1 <y < 0. Let
w={fe WEL(R) @ limsup sup Rv, (E; [ f]) < 0o}.
R—0 A>R

Then W is of first category in Wb\, in the sense of Baire.

Proof. Clearly W C V, where V is defined in (6-29). We define
W(m, j) = {u e Wl (R : sup  sup Rv, (E) ,[u]) < m}
0<R<2-J A>R

and note that

W C Uzt | wom, j). (6-32)

m>1
The arguments in the proof of Proposition 6.6 that were used to show that the sets V(m, j) are closed in
WLL(RN) also show that the sets W(m, j) are closed in W1 (R).
Let u € W(m, j), and let &; > 0. By Proposition 6.4 there is fj € WLH(R) such that

lim 3y (B y Lfo]) = 00,

We may normalize so that || follw1.1@® = 1. Pick R € (0, 2771 so that Ay (Ey [ fo]) > 16m/e; for
A <8R/ey. Let f =u+(e1/2) fo so that || f — u|ly1.1 gy < €1/2. Moreover if A = 2R, then A > R and

RV}/ (E)»,y[f]) > RVy (EZ)»,)/ [%fo]) - RUV(E)\,),[M])

1 8R g1 16m
=5 Vy (ESR/el,y[fO]) - RVy (E)L,y[u]) > o —m=m,
8 ¢ & &
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and we see that f ¢ W(m, j). Thus we have shown that W(m, j) is nowhere dense in W!!(R). By
(6-32) the proof is concluded. Il

7. Perspectives and open problems

7A. Subspaces of Wt and BV and related spaces. The failure of the upper bounds for [Qy u] 1.0 )
for y € [—1, 0) raises a number of interesting questions. Consider the space BV(y) consisting of all BV
functions satisfying

lullgy () == IVullm +sup vy (Ej y[u]) < o0 (7-1)
1>0

and the corresponding subspace W'-!(y) of W',

Embeddings. We proved in this paper that for y ¢ [—1, 0] we have BV(y) = BV and W!!(y) = WhL
It is natural to ask how in the range —1 < y < 0 the proper subspaces BV(y) and W' ! (y) relate to other
families of function spaces, in particular to the Hardy—Sobolev space F 11’2, another subspace of W1,

Triangle inequalities. The spaces W'-!(y) and BV (y) are defined via L'->-quasinorms, and the space L">
is not normable (unlike L?”*° for 1 < p < 0o, which is normable [Hunt 1966]). However Theorem 1.4
tells us that W“(y) and BV()/) are normable for y ¢ [—1,0]. Are these spaces normable in the
range y € [—1,0)?

Related quasinorms. Consider for 0 <s <1

u(x) —u(y)

lullp.s.y) = [—] :
SRUN PSS P

It is an obvious consequence of Theorem 1.3 that for s = 1 and fixed p > 1, these expressions define
equivalent (semi/quasi)-norms on CZ° as y varies over R\ {0}. It would be interesting to find a more direct
proof of this observation which does not involve the relation with W7, We note that the equivalence for
varying y breaks down for O < s < 1. This result, and more about the spaces for which |lu||(, ,,) < 00
with 0 < s < 1, such as their connection to Besov spaces and interpolation, can be found in [Dominguez
et al. 2023].

7B. Other limit functionals. Our results, combined with the various developments presented in [Brezis
and Nguyen 2018; 2020; Nguyen 2007; 2011], suggest several possible directions of research.

Can one prove a generalization of (1-14), (1-16) where the supremum is replaced by the lim inf; _, o
when y > 0 and by a liminf,_, o+ when y < 0? More precisely, for 1 < p < 00, is there a positive constant
C(N, y, p) such that, for all u € L} (RV),

loc

IVull], < CN, v, p)Hmine v, (Exy plul) - if y >0, (7-22)
—00
IVl}s < COV. . p)imint A7, (s yplul) iy <0, (7-2b)

in the sense that ||Vul|,r = oo ifu € L\ wlpr9
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For p =1 we can also ask: is there a positive constant C (N, y) such that, for all u € LIIOC(RN ),

IVuljpg < C(N, y) lixminf)\vy (Eyylul) if y >0, (7-3a)
—00
IVullp < C(N, y) liin\i(glf)»vy(Ex,y[u]) ify <0, (7-3b)

in the sense that || Vullp = oo if u € LI\ BV?

Theorem 1.1 gives (7-2a) and (7-2b) if we additionally assume u € Wl”’([R{N ). It also gives (7-3a) and
(7-3b) if we additionally assume that u € W' (RY). It would already be interesting to establish (7-3a),
(7-3b) for all BV functions.

When y = —1, p =1, (7-3b) holds for all u € LIIOC(RN ) as established in [Nguyen 2008, Theorem 2]
and [Brezis and Nguyen 2018, Section 3.4]. For y = —p, 1 < p < oo, inequality (7-2b) was proved in
[Bourgain and Nguyen 2006]. For y = N, Poliakovsky [2022] proved weaker versions of (7-2a) and

(7-3a) where the lim inf is replaced by a lim sup.

7C. T-convergence. This is a far-reaching generalization of the questions raised in Section 7B. For fixed
p >1and y € R\ {0} consider the functionals

Oy [u] :==1"v, (E; ,/plul), X e (0, 00),

defined for all u € LIIOC(RN ). It would be very interesting to study the I'-limit of &, in LIIOC(RN ), in the
sense of De Giorgi, as A — oo when y > 0 and as A \{ 0 when y < 0. More specifically, if p > 1, define
on L] (RY)
. (4] :cnwn{p ifue W ®Y),
’ 00 otherwise,
and for p = 1 define
cllVullp  if u € BV(RY),

00 otherwise.

q)*,c[”] = !

A challenging question is whether there exists a constant ¢ = c(p, y, N) > 0 such that &, — P, . in the
sense of I'-convergence, meaning

1

(1) whenever uy — uin L

then liminf @, [u;] > &, .[u], and

(2) foreachu e Llloc([RN) there exist (v; ) with v, € Llloc([RN), vy — uin LllOC and lim sup @, [vy] < Py [u].

This question is especially meaningful in the case p = 1 where the pointwise limit behaves somewhat
pathologically. Indeed, recall that for p = 1, —1 < y < 0 there is no universal upper bound for ®; [u]
in terms of ||Vu||;1. Also when p =1 and y € R\ [—1, 0] the examples in Section 3F show that the
pointwise limit in W' ! and on BV \ W' ! may differ (by a multiplicative constant). A remarkable result
of Nguyen [2007; 2011] states that ®; — P, . as L — 0, in the sense of I'—convergence, when p > 1, and
y = —p for some appropriate constant ¢ = c(p, N); see also [Brezis and Nguyen 2020] (note, however,
that W'? and BV are replaced in these papers by W'? and BV).
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7D. More general families of functionals. Consider a monotone nondecreasing function ¢ : [0, c0) —
[0, co) and set (inspired by [Brezis and Nguyen 2018; 2020])

u(x) —u(y)l N
v = )\'p A VT . v .
A //[RNXRN¢(A|X—)/|1+V/P)|X yI" " dxdy

The family ®; in Section 7C corresponds to ¢ = 1(1 o). It is an interesting generalization of the above
problems to study the limit of ¥, as A \( 0 when y < 0 and the limit of W, as A — oo when y > 0, both
in the sense of pointwise convergence or in the sense of I'-convergence. A formal computation suggests
that our Theorem 1.1 should go over modulo a factor fooo @(s)/sP*1ds; see [Brezis and Nguyen 2020].
We refer to [Brezis and Nguyen 2018] for a further discussion of applications.
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SCHWARZ-PICK LEMMA FOR HARMONIC MAPS
WHICH ARE CONFORMAL AT A POINT

FRANC FORSTNERIC AND DAVID KALAJ

We obtain a sharp estimate on the norm of the differential of a harmonic map from the unit disc D in C
into the unit ball B"” of R"”, n > 2, at any point where the map is conformal. For n = 2 this generalizes the
classical Schwarz—Pick lemma, and for n > 3 it gives the optimal Schwarz—Pick lemma for conformal
minimal discs D — B”. This implies that conformal harmonic maps M — B" from any hyperbolic
conformal surface are distance decreasing in the Poincaré metric on M and the Cayley—Klein metric
on the ball B”, and the extremal maps are the conformal embeddings of the disc D onto affine discs
in B". Motivated by these results, we introduce an intrinsic pseudometric on any Riemannian manifold of
dimension at least three by using conformal minimal discs, and we lay foundations of the corresponding
hyperbolicity theory.

1. Introduction

In this paper, we establish precise estimates of derivatives and the rate of growth of conformal harmonic
maps from hyperbolic conformal surfaces into the unit ball B" of R" for any n > 3; see Theorem 2.6.
Such maps parametrize minimal surfaces, objects of high interest in geometry. To motivate the discussion,
we begin with the following special case of one of our main results, Theorem 2.1. This generalizes
the classical Schwarz—Pick lemma, due to H. A. Schwarz [1890, Band II, p. 108], H. Poincaré [1884],
C. Carathéodory [1912], and G. A. Pick [1915], to a substantially larger class of maps.

Theorem 1.1. Let D = {z € C: |z| < 1} denote the unit disc. If f : D — D is a harmonic map which is
conformal at a point 7 € D, then at this point we have

1-f@P

d <
ldfll < ==

: (1-1)

with equality if and only if f is a conformal diffeomorphism of the disc D.

The classical Schwarz—Pick lemma gives the same conclusion under the much stronger hypothesis
that the map f is holomorphic or antiholomorphic, which means that it is conformal at every noncritical
point; see, e.g., [Dineen 1989; Kobayashi 2005; Royden 1988]. This fundamental rigidity result in
complex analysis leads to the notion of Kobayashi hyperbolic manifolds [1967; 1976; 2005] and
provides a connection to complex differential geometry via the Ahlfors lemma (see [Ahlfors 1938;
Kobayashi 2005, Theorem 2.1; Royden 1988]) and its generalizations by S.-T. Yau [1978] and others.

MSC2020: primary 53A10; secondary 30C80, 31A05, 32Q45.
Keywords: harmonic map, minimal surface, Schwarz—Pick lemma, Cayley—Klein metric.
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The conditions in Theorem 1.1 are invariant under precompositions by holomorphic automorphisms
of D, so the proof reduces to the case z = 0. On the other hand, postcompositions of harmonic maps
into D by holomorphic automorphisms of D need not be harmonic, so we cannot exchange f(0) and 0.
Hence, the standard proof of the classical Schwarz—Pick lemma breaks down. The estimate (1-1) fails
for some nonconformal harmonic diffeomorphisms of D (see Example 4.1), as well as for harmonic
maps D — D to more general domains which are conformal at a point (see Example 4.2 and Problem 4.3).

Our main results are precise estimates of the differential and the rate of growth of conformal harmonic
maps M — B" from an open conformal surface M to the unit ball B" of R" for any n > 3. It is classical
that such maps parametrize minimal surfaces. Indeed, a smooth conformal map f : M — R" from an
open conformal surface M into R" with the Euclidean metric parametrizes a minimal surface in R" if and
only if f is a harmonic map; see [Alarcén et al. 2021, Chapter 2; Duren 2004; Osserman 1969], among
many other sources. Note that an oriented conformal surface is a Riemann surface.

The focal point of the paper is Theorem 2.1, which gives a precise upper bound on the norm ||df;| of
the differential df, of a harmonic map f : D — B” at any point z € D where the map is conformal. The
estimate is similar to the one in Theorem 1.1, except that, for n > 3, it also involves the angle 8 between
the position vector f(z) € B" and the 2-plane df, (R?) c R™. A related result (see Theorem 2.2) shows
that the worst case estimate, which occurs for & = % (i.e., when the vector f(z) is orthogonal to the
plane df, (R?)), holds for all harmonic maps f :[D — B” provided that ||d .|| is replaced by «/571 IV(@I;
these quantities coincide if f is conformal at z.

We then give a differential geometric formulation and an extension of Theorem 2.1. Let CK denote
the Cayley—Klein metric on the ball B" (n > 2), also called the Beltrami—Klein metric; see (2-6) and the
footnote on page 985. This metric is one of the classical models of hyperbolic geometry. It coincides with
the restriction of the Kobayashi metric on the complex ball B¢, C C" (2-5) (which is the same as 1/ Jn+1
times the Bergman metric on B) to points of the real ball B" and real tangent vectors. Theorem 2.1
implies that any conformal harmonic map f : M — B", n > 3, from a hyperbolic conformal surface is
metric and distance decreasing in the Poincaré metric on M and the Cayley—Klein metric on B"; see
Theorem 2.6. Furthermore, if the differential df,, has the operator norm equal to 1 at some point p € M
in this pair of metrics, or if f preserves the distance between a pair of distinct points in M, then M is
necessarily the disc D and f is a conformal diffeomorphism of D onto a proper affine disc in B". In
particular, a conformal harmonic disc f : D — B" with f(0) = O satisfies | f(z)| < |z| for all z € D
(see Corollary 2.7).

In Section 2 we give precise statements of the mentioned results. Theorem 2.1 is proved in Section 3.
We introduce a new idea into the subject, connecting it to Lempert’s seminal work [1981] on complex
geodesics of the Kobayashi metric on bounded convex domains in C". Theorem 2.2 is proven in Section 4.
In Section 5 we apply Theorem 1.1 to estimate the gradient of a quasiconformal harmonic self-map of
the disc in terms of its second Beltrami coefficient at the reference point; see Theorem 5.1.

Motivated by these result, we introduce in Section 6 an intrinsic pseudometric on any domain in R",
n > 3 (and more generally on any Riemannian manifold of dimension at least three) in terms of conformal
minimal discs, in analogy to Kobayashi’s definition of his pseudometric on complex manifolds in terms
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of holomorphic discs. This provides the basis for a new hyperbolicity theory of such domains and of
Riemannian manifolds.

2. The main results

Given a differentiable map f : D — R", we denote by f, and f, its partial derivatives with respect to x
and y, where z =x+1iy € D. The gradient Vf = (fy, f,) is an nx2 matrix representing the differential df.
The map f is said to be conformal at z € D if

[fx@I=1fy@)] and fi(2)- f,(2) =0. (2-1)

Here, the dot stands for the Euclidean inner product on R”, and |x| is the Euclidean norm of x € R". If f
is an immersion at z then (2-1) holds if and only if df, preserves angles. It follows from (2-1) that f has
rank zero at any branch point. We denote by |V f| the Euclidean norm of the gradient:

IVF@QP =@+ 1@ zeDb.

If f is conformal at z then clearly ||df; | = \/571|Vf(z)| =|fx@|=I1fy(@)I|. Themap f=(f1,..., fu):
D — R" is harmonic if and only if every component f} is a harmonic function on D, meaning that the
Laplacian A f; = 82 f;,/dx? + 82 f/9y?* vanishes identically.

We denote by B" the unit ball of R”":

n
B”:{x:(xl,...,xn)ewz|x|2=Zx,3<1}. (2-2)
k=1

Our first main result is the following; it is proved in Section 3.

Theorem 2.1. Let f : D — B" for n > 2 be a harmonic map. If f is conformal at a point z € D and
0 e [0, %] denotes the angle between the vector f(z) and the plane A = df.(R*) C R, then

1 1-1f@P !
dZ =_v ( S )
M= A O T e A orate

with equality if and only if f is a conformal diffeomorphism of D onto the affine disc ¥ = (f(z)+ A) NB"
(When f(z) =0ordf, =0, the angle 6 does not matter.)

(2-3)

Note that the number R = \/ 1—|f@@)? sin® @ is the radius of the affine disc ¥. In dimension n =2
we have 8 = 0, so Theorem 1.1 is a special case of Theorem 2.1. Without assuming that f is conformal
at z or that f(z) = 0, inequality (2-3) fails for some harmonic diffeomorphisms of the disc as shown by
Example 4.1.

For a fixed value of | f(z)| € [0, 1), the maximum of the right-hand side of (2-3) over angles 6 € [O, %]
equals /1 — | f(z)|2/(1 —|z|*) and is attained precisely at 6 = 7. 1.e., when the vector f(z) is orthogonal
to A =df,(R?), unless f(z) =0 when it is independent of 6. It turns out that this weaker estimate holds
for all harmonic maps D — B" without any conformality assumption. The following result is proved in
Section 4.
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Theorem 2.2. For every harmonic map f : D — B" (n > 2) we have that

VI-1f@P
—F—, z€D.

L=z

1
V2

Equality holds for some z € D if f(2) is orthogonal to the two-plane A = df.(R?) and f is a conformal
diffeomorphism onto the affine disc (f(z) + A) NB". In particular, if f(z) = 0 then

V2
V(@) < 1——|Z|2’

with equality if and only if f is a conformal diffeomorphism onto the linear disc A NB".

VI < (2-4)

The proof of estimate (2-4) relies on Parseval’s inequality, using the hypothesis that the L!-norm of
| f1? = Y et sz on the circles {|z| =r} for 0 <r < 1 is bounded by 1. We find it surprising that this
simple approach gives an optimal estimate in certain cases indicated in the theorem. Except in these
cases, we do not know whether there exist harmonic maps D — B" reaching (near) equality in (2-4).

The precise upper bound on the size of the gradient ||dfy|| of a nonconformal harmonic map f : D — B"
with a given center f(0) =x € B" \ {0} for n > 2 in terms of the distortion of f at 0 is unknown; see
[Brevig et al. 2021; Kovalev and Yang 2020] for n =2. On the other hand, for n = 1 the harmonic Schwarz
lemma (see [Axler et al. 2001, Theorem 6.26]) says that any harmonic function f : B" — (—1, +1) for
m > 2 satisfies the sharp estimate
2 Vol(B" 1)

Vol(B™)

For m = 2 the inequality reads |Vf(0)| < %, and a simple proof in this case was given by Kalaj and
Vuorinen [2012, Theorem 1.8].
Let us mention a consequence of Theorem 2.1 related to the Schwarz lemma for holomorphic discs in

IVFO) =

the ball of the complex Euclidean space,

n

B%Z{ZZ(Zl,---,Zn)ECHZ|Z|2=Z|Zk|2<1} (2-5)
k=1
(see [Rudin 1980, Section 8.1]). The following corollary to Theorem 2.1 shows that the extremal
holomorphic discs in By, are precisely those extremal orientation-preserving conformal harmonic discs
D — Bg which parametrize affine complex discs.

Corollary 2.3. Let f : D — B be a harmonic map which is conformal at a point z € D. If A =d .(R?)
is a complex line in C", then equality holds in (2-3) for this z if and only if f is a biholomorphic or
antibiholomorphic map onto the affine complex disc (f(z) + A) NBE.

The Cayley—Klein metric. A differential geometric interpretation of the classical Schwarz—Pick lemma
is that holomorphic maps D — D are distance decreasing in the Poincaré metric on D, and isometries
coincide with holomorphic and antiholomorphic automorphisms of D (see [Kobayashi 2005]). The
analogous conclusion holds for holomorphic maps [ — B¢, with the Kobayashi metric on the complex
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ball B{, (2-5), where orientation-preserving isometric embeddings are precisely holomorphic embeddings
onto affine complex discs in B..

In the same spirit, we shall now interpret Theorem 2.1 as the distance-decreasing property of conformal
harmonic maps D — B" with respect to the Cayley—Klein metric' on B":

V1 —|x|*sin® ¢

CK(x,v)= =]

v, xeB" veR" (2-6)

where ¢ € [0, %] is the angle between the vector x and the line Rv. Equivalently,

2
_A=xP) P +lx-vf o |x -]

2
CK(x, v) 1 —xP)2 Cl—x2 (- (x)?

(2-7)

Let G,(R") denote the Grassmann manifold of two-planes in R*. We define a Finsler pseudometric
M :B" x Go(R") — R, by

V1—|x|?sin’6

Mex A= ¥

x eB", A € Go(RY), (2-8)

where 6 € [0, %] is the angle between x and A. At x = 0 we have M(0, A) = 1 for all A € G>(R").
Assume now that x # 0. Let v € R" \ {0} be a vector having angle ¢ € [O, %] with the line Rx. The
angle 6 between x and any 2-plane A containing v satisfies 0 <6 < ¢, and the maximum of 6 over all
such A equals ¢. Hence, (2-6) gives

W —minfM(x, A): A € Go(R"), v e A, (2-9)
M(x,A):max{wzveA}. (2-10)
Inequality (2-3) in Theorem 2.1 is obviously equivalent to
V1—1f(@)?sin*6 H
2 — d 2-11
M(f (2), df-(R*)\df.(&)] o YOI (2-11)

where 6 € [0, %] is the angle between f(z) and the 2-plane A = df.(R?). By (2-9) the left-hand side
of (2-11) is bigger than or equal to CK(f(z), df,(£€)). Equality holds if and only if the angle ¢ between
the line f(z)R and the vector df,(§) € A equals 9; clearly this holds if and only if df,(§) is tangent to the
diameter of the affine disc £ = (f(z) + A) NB" through the point f(z). This and the addition concerning
equality in (2-3) give the following corollary to Theorem 2.1. Note that Pp(z, £) := |£]/(1 — |z|?) is the
Poincaré metric on the disc.

IThe Beltrami—Calvin—Klein model of hyperbolic geometry was introduced by Arthur Cayley [1859] and Eugenio Beltrami
[1868], and it was developed by Felix Klein [1871; 1873]. The underlying space is the n-dimensional unit ball, geodesics are
straight line segments with ideal endpoints on the boundary sphere, and the distance between points on a geodesic is given by a
cross ratio. This is a special case of the Hilbert metric on convex domains in R” and RP”, introduced by David Hilbert [1895].
These are examples of projectively invariant metrics discussed by many authors; see the surveys by S. Kobayashi [1977; 1984],
W. M. Goldman [2019], and J. G. Ratcliffe [1994].
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Corollary 2.4. If f : D — B" is a conformal harmonic map then for every point z € D and tangent vector
£ € R? we have

(3

1—|z|?

CR(f(2),df(§)) =

="Po(z, §). (2-12)

Equality holds for some 7z € D and & € R*\ {0} if and only if f is a conformal diffeomorphism onto the
affine disc
= (f@+df(R))NB"

and the vector df,(§) is tangent to the diameter of X through the point f(z).

This shows in particular that every linear conformal embedding f : D — X onto a proper affine disc
in B" is geodesic on each diameter (—1, +1)>r+— f (rei") € X for every fixed ¢t € R. However, distances
between points of different rays strictly decrease from the Poincaré metric on D to the Cayley—Klein
metric on the disc ¥ C B".

Remark 2.5. The Cayley—Klein metric (2-7) is the restriction of the Kobayashi metric on the unit ball
B¢ C C" to points x € B" = B NR" of the real ball and tangent vectors in 7, R" =R". A direct geometric
argument was given by Lempert [1993, proof of Theorem 3.1]. The Cayley—Klein metric also equals
1/+/n + 1 times the Bergman metric on B restricted to B" and real tangent vectors; see [Krantz 1992,
Proposition 1.4.22]. (On the ball of C”, most holomorphically invariant metrics coincide up to scalar
factors.) The Cayley—Klein metric equals the Poincaré metric |v|/(1 — |x|?) on B" on vectors v parallel
to the base point x € B", but is strictly smaller on other vectors. While the Poincaré metric on B" is
conformally equivalent to the Euclidean metric, the Cayley—Klein metric is not.

We now extend Corollary 2.4 to more general minimal surfaces. A conformal surface is a topological
surface M together with a conformal atlas, i.e., an atlas whose transition maps between charts are conformal
diffeomorphisms between plane domains. Every surface admits a conformal structure. Indeed, every
topological surface admits a smoothing, and a conformal structure on a smooth surface is determined by
the choice of a Riemannian metric in view of the existence of local isothermal coordinates (see [Osserman
1969] or [Alarcon et al. 2021, Theorem 1.8.6]). Oriented conformal surfaces are Riemann surfaces. There
is a well-defined notion of a harmonic function on a conformal surface. Indeed, a Riemannian metric g
defines the metric Laplacian A, and hence g-harmonic functions satisfying Agh = 0. The Laplacians
associated to any two Riemannian metrics in the same conformal class on a surface differ by a positive
multiplicative function (see [Alarcén et al. 2021, Corollary 1.8.2]), and hence the notion of a harmonic
function is independent of the choice of metric in a given conformal class.

A conformal surface M 1is said to be hyperbolic if its universal conformal covering space is the disc D.
Let 4 : D — M be a universal conformal covering map. Since conformal automorphisms of D are
isometries of the Poincaré metric Pp = |dz|/(1 — |z|?), there is a unique Riemannian metric Py; on M (a
Kéhler metric if M is a Riemann surface) such that /4 is a local isometry. This Poincaré metric Py, is a
complete metric of constant Gaussian curvature —4 (see [Kobayashi 2005, p. 48, Example 2]), which
agrees with the Kobayashi metric if M is a Riemann surface. This leads to the following generalization
of Corollary 2.4.
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Theorem 2.6 (metric and distance decreasing property of conformal harmonic maps). Let M be a
connected hyperbolic conformal surface endowed with the Poincaré metric Pyy. Every conformal harmonic
map f: M — B" (n > 3) satisfies the estimate

CR(f(p).dfp(§) =Pu(p.§), peM, EcT,M. (2-13)

If equality holds in (2-13) for some point p € M and vector 0 #& € T,M, or if f preserves the distance on
a pair of distinct points in M, then M = D and f is a conformal diffeomorphism onto an affine disc in B".

Proof. Assume first that M is orientable and hence a Riemann surface. Choose a holomorphic covering
map & : D — M and a point z € D with z(z) = p. The conformal harmonic map f = foh : D — B" then
satisfies f(z) = f(p) and a’fZ =dfy,odh;. Letne R2 be such that dh,(n)=E&. Then Py (p, &) =Ppl(z, n)
by the definition of the metric Py, and d fz(n) =df,(§). From (2-12) it follows that

il 1dfp(®)]
I=1f@P 1=1f(P

CK(f (p), dfy(€)) = CK(f(2), df,(n)) <

which gives (2-13). If £ # 0 and equality holds, then by Corollary 2.4 the map f=foh:D—>B"isa
conformal diffeomorphism onto an affine disc in B", and hence 4 : D — M is a biholomorphism.

For a nonorientable hyperbolic conformal surface M we obtain the same conclusion by passing to its
orientable two-sheeted conformal cover. The statement concerning distances is an immediate consequence.
Note that if the distances agree for a pair of distinct points in M and their images in B", then the differential
df, has operator norm 1 at some point p € M in the given pair of metrics. O

On the disc with the Poincaré metric Pp = |dz|/(1 — |z|%), the Poincaré distance equals

distp (2, w)=llog(|l_mf|+|z_w|), ZweD. (2-14)
2 [1—zw|— |z —w|

The Cayley—Klein distance function on the ball B" coincides up to a scalar factor /7 + 1 with the

restriction to B" of the Bergman distance function on the complex ball B, or, equivalently, with the

restriction to B” of the Kobayashi distance function on B¢. The following explicit formula for the

Kobayashi distance between a pair of points z, w € Bf. can be found in [Krantz 1992, p. 437]; here,

W= ZZ:] kaki

(2-15)

1 (Il—z-wl-i-\/lz—wlz-l—lz'i)lz—IZIZIWI2>
11—z @ —|z— w2+ |z ]2 — |z |w[?

dist(z, w) = 5 log

As said before, the same formula applied to points in B" gives the Cayley—Klein distance. Taking w =0
and w = 0 in the above formulas, we obtain

1+ |z]
1 —|z|

|
distp(z, 0) = %log( ) (zeD), dist(z,0) = %log( + 'z') (z € B").

1—|z|

Together with Theorem 2.6 this implies the following corollary.
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Corollary 2.7. If f : D — B", n > 3, is a conformal harmonic map with f(0) =0, then | f(z)| < |z| for
all z € D. Equality at one point z € D\ {0} implies that f is a conformal parametrization of a linear disc
obtained by intersecting B" with a plane through the origin, and hence equality holds at all points.

3. Proof of Theorem 2.1

It suffices to prove Theorem 2.1 for z = 0. Indeed, with f and z as in the theorem, let ¢, € Aut(D) be
such that ¢,(0) = z. The harmonic map g = f o ¢, : D — B”" is then conformal at the origin. Since
|¢; O =1-]z/% inequality (2-3) follows from the same estimate for g at z = 0. On the image side, the
hypotheses and the statement of the theorem are invariant under postcomposition of maps D — B” by
elements of the orthogonal group O,,.

We begin with an explicit description of conformal parametrizations of proper affine discs in B". Fix a
point ¢ € B" and a linear two-plane 0 € A C R", and consider the affine disc £ = (¢ + A) NB". Let us
identify conformal parametrizations D — X sending O to ¢. Let p € X be the closest point to the origin.
If n =2 then p =0 and ¥ = D. Suppose now that n > 3. Up to an orthogonal rotation, we may assume

p=0(0,0,p,0,...,00 and = ={(x,y,p,0,...,0):x>+y> <1—p3}. (3-1)

Letqg = (b1, b2, p,0,...,0) € £, and let 6 denote the angle between ¢ and X. Set

_bi+iby |g| cos b

c=v1-p2=v1—|q*sin*0, a eD, |al= . (3-2)
C

We orient ¥ by the tangent vectors d,, d, in the parametrization (3-1). Every orientation-preserving

conformal parametrization f : D — X with f(0) = q is then of the form

eil‘z + a N eil‘z + a
—, 3 —

1+ae'z 1+ae'z

f@)= (c?)’t ,p.0, ..., 0), zeD, (3-3)

for some ¢ € R. (Here, )i and J stand for the real and imaginary parts of a complex number. If n =2 then
p =0 and c =1, and the same holds if we drop all coordinates except the first two. Orientation-reversing
conformal parametrizations are obtained by replacing z = x 4+ iy with Z = x —iy. By a rotation in the
(x, y)-plane, we may further assume that b, = 0 and f(0) = (b1, 0, p,0, ..., 0); in this case a € [0, 1).
By also allowing rotations on the disc D, we can take t = 0 in (3-3).) Using the complex coordinate
x +1iy in the plane d fo(R?) = R? x {0})"2, the map (3-3) can be written in the form

e'z+a

—p,0,...,0) =(h(2), p,0,...,0).
e P ) (h(2). p )

f) = (c

From (3-2) it follows that

2 2 2 2 -2 2 2
c”—c7lal 1 —|q|°sin“ 0 — |q|“cos” O
Ih(0)| = c(1—|al?) = =

C
__1-lgP  _ 1-1fOP
V1—1q1%sin 6 1= [f0)sin’6
Since ||dfy|| = |h'(0)], this gives equality in (2-3) at z = 0.
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Theorem 2.1 now follows immediately from the following lemma.

Lemma 3.1. Let f: D — B" (n > 2) be the disc (3-3). If g : D — B" is a harmonic disc such that
2(0) = £(0), g is conformal at 0, and dgo(R?) = dfo(R?), then ||dgoll < |ldfoll, with equality if and only
if 8(z) = f(e¥2) or g(z) = f(e“7) for some s € R and all z € D.

The proof of Lemma 3.1 uses ideas from Lempert’s seminal paper [1981] concerning complex geodesics
of the Kobayashi metric in convex domains in C"; see Remark 3.2.

Proof. Let p, ¢ and a be as in (3-2) related to the map f in (3-3), where ¢ = f(0). Precomposing f by a

rotation in C, we may assume that = 0 in (3-3). For simplicity of notation we assume that n = 3; the

proof for n # 3 is exactly the same. If n = 2, we delete the remaining components and take ¢ = 1.
Consider the holomorphic disc F : D — Q = B> x iR? given by

Z+a i Z+a
l1+az’ l1+az

F(2)= (c , p), zeD. (3-4)
Then, f = M F. Suppose that g : D — B is as in the lemma. Up to replacing g(z) by g(e*z) or g(e*?)
for a suitable s € R, we may assume that

dgo=rdfy forsomer > 0. (3-5)

We must prove that r <1, and that r = 1 if and only if g = f.
Let G : D — € be the unique holomorphic map with RG = g and G(0) = F(0). In view of the
Cauchy—Riemann equations, condition (3-5) implies

G'(0) =rF'(0), (3-6)

where the prime denotes the complex derivative. It follows that the map (F(z) — G(z))/z is holomorphic
on D, and its value at z = 0 equals

. F2) -G
lim —
Z

z—0

= F'(0) — G'(0) = (1 —r)F'(0). 3-7

The bounded harmonic map g : D — B has a nontangential boundary value at almost every point of
the circle T = bD. Since the Hilbert transform is an isometry on the Hilbert space L?(T), the same is
true for its holomorphic extension G; see [Garnett 1981].

Denote by (-, -) the complex bilinear form on C" given by (z, w) = > +_, z;w; for z, w € C". Note
that on vectors in R” this is the Euclidean inner product. For each z = e' € bD the vector f(z) € bB>
is the unit normal vector to the sphere hB> at the point f(z). Since B> is strongly convex and f is
real-valued, we have

N(F(2) =G, f(2))=(f(2) —g(@), f(z)) 20 a.e. zebD, (3-8)

and the value is positive for almost every z € bD if and only if g # f. It is at this point that strong
convexity of the ball B3 is used in an essential way.
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We now consider the map f on the circle bD given by
f@=z1+azlf@. |d=1. (3-9)
An explicit calculation, taking into account zz = 1, shows that
te(l+a®+4Ma)z+ (14+a»)z?)
f@) =] 3c(1—a®) +4Ra)z +i@* -z | . (3-10)
pz+a)1+az)

We extend f to all z € C by letting it equal the quadratic holomorphic polynomial map on the right-hand
side above. Since |1 4+ az|> > 0 for z € D, (3-8) implies

h(z):=R(F()—G@), |1+azl*f@) = (f(z) —g@), |1 +azl*f(z)) =0 a.e. z€bD,

and & > 0 almost everywhere on bD if and only if g # f. From (3-9) we see that

F(z) —G(2)
z

h(z) = m< ,f(z)> a.e. z €bD. (3-11)

Since the maps (F(z) — G(z))/z and f (z) are holomorphic on D, formula (3-11) provides an extension
of h from bD to a nonnegative harmonic function on D) which is positive on D unless f = g. Inserting
the value (3-7) into (3-11) gives

h(0) = R(F'(0) — G'(0), £(0)) = (1 —r)R(F'(0), £(0)) >0,

with equality if and only if f = g. Applying this argument to the linear map g(z) = f(0) + rdfo(z)
(z € D) for a small r > 0 we get R(F’(0), f (0)) > 0. It follows that r < 1, with equality if and only
ifg=f. g
Remark 3.2. The main point in the above proof is that the complexification of a conformal proper affine
disc in B" is a stationary disc in the tube Tg» = B" x iR". In Lempert’s terminology [1981], a proper
holomorphic disc F : D — € in a smoothly bounded convex domain £ C C”, extending continuously to D,
is a stationary disc if, denoting by v : bD — C” the unit normal vector field to b2 along the boundary
circle F(bD) C bS2, there is a positive continuous function ¢ > 0 on D such that the function zg (z)v(z)
extends from the circle |z| =1 to a holomorphic function f(z) on D. Lempert [1981] showed that every
stationary disc F in a bounded strongly convex domain is the unique Kobayashi extremal disc through the
point F'(a) in the tangent direction F’(a) for every a € . In our case, a suitable holomorphic function f
is given by (3-9) and (3-10). Lempert’s theory also works on tubes over bounded strongly convex domains
(see [Jarnicki and Pflug 2013, Section 11.1]); however, our proof of Theorem 2.1 does not depend on this
information.

4. Proof of Theorem 2.2

Precomposing the given harmonic map f : D — B" in Theorem 2.2 by a holomorphic automorphism of
the disc D, we see that it suffices to prove estimate (2-4) for z = 0.
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Assume first that f : D — R is a harmonic function on D. Let F(z) = ag+ajz + arz*>+-- - be the
holomorphic function on D with RF = f and F(0) = f(0) € R. Writing z =re" withO<r <1landzeR,

we have
2 — it 202 = =it =20 2
fre)? =1 +aire” +r2® +- - +ag+ayre ™ +arte ™ +-.)

oo
1
=ag+5 ) a4

k=1
where each of the remaining terms in the series contains a power " for some m € Z \ {0}. Integrating
around the circle |z] =r for 0 < r < 1 annihilates all such terms and yields

2 dt o
i 1
f(”elt)2 oy a% + = Zr2k|ak|2.

2
0 k=1

Clearly, ap = f(0). Writing z = x + iy, we have that a; = F'(0) = F,(0) = f:(0) —if,(0) by the
Cauchy—Riemann equations. Therefore,

ag=f(0 and |ai]> = £ (0)*+ f,(0) = [V (0)]*,
and hence
o in2 dt 2, 1 22 1oozk 2
[ = =1fOP + S IVFOPr? + 23 rH¥la (4-1)
0 27'[ 2 2 —
Suppose now that f = (fi,..., fu) : D — B" is a harmonic map. Then, Z'}Zl fi(re")? < 1 for

all 0 <r <1 and ¢ € R. Integrating this inequality and taking into account the identity (4-1) for each
component f; of f gives

2 oo
/ |f re)? ;l—t =1 FOP+ VO P2+ 2 3 ¥l < 1.
0 T 2 25
Letting r increase to 1 gives | f 02 + %lV f (0)]? < 1, with equality if and only if all higher-order
coefficients in the Fourier expansion of f vanish. The latter holds if and only if f is a linear disc. This
gives the estimate (2-4).

Note that (2-4) holds if the L?-Hardy norm of f is at most 1. This does not necessarily imply that there
is a harmonic disc in B” reaching equality in (2-4). However, equality is attained if f(0) is orthogonal to
the two-plane dfO(IRz). In this case we may assume that f(0) = (0,0, p,0,...,0) forsome 0 < p <1
and dfy(R?) = R? x {0}*~2. The affine disc

S ={(x,y.p.0,....0): x4 y* < 1—p?}

of radius ¢ = /1 — p? is then orthogonal to f (0), proper in B", and its conformal linear parametrization f
has gradient of size c+/2 at the origin, so |f(0)|2 + %lVf(O)|2 = p2 +c2=1. (Compare with (3-1)
and (3-3).) This completes the proof of Theorem 2.2. O

We now show by examples that the inequality (2-3) fails in general for some nonconformal harmonic
maps, and even for harmonic diffeomorphisms of the disc.
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Example 4.1. Let U be the harmonic function on the disc D given by

~2 I+z 2 2y
U(z) = S log .= arctan Tz_yz (4-2)

This is the extremal harmonic function whose boundary value equals 41 on the upper unit semicircle
and —1 on the lower semicircle, and we have that VU (0) = %(O, 1) and |[VU(0)| = %. For every c € R
the harmonic map

f)= (c+iU(z)), ze€D,

1
V1+]c?

clearly takes the unit disc into itself. For ¢ = 1 we have

1 2v2 (0 0 2V2

0)=—, Vf(0)="C . IVAO) = ==%09, V20 -1f0)*) =~——=0.7.
f(0) 7 £(0) n(Ol) IVF ()] - A—=1fO) >

Hence, inequality (2-3) fails in this example. On the other hand, V21— f(0)]* =1, so inequality (2-4)
holds, as it should by Theorem 2.2.

With some more effort we can show that inequality (2-3) fails for harmonic diffeomorphisms of the

V2

unit disc onto itself. Consider the sequence ¢,, n € N, of orientation-preserving homeomorphisms of the
interval [0, 27r] onto itself, defined by

b4 . 1
T f o — 1

o) — 2n—1/nt ift €[0,27 — 1],
20t —nn?)+nmt ifte [27[ — %, 27'[].

Let ¢, : T — T be the associated sequence of homeomorphisms of the circle T = bD given by ¢, (e") =
e for t € [0, 27r]. Denote by
1 (7 1—|z? i
fn(Z)=P[¢n](Z)=E/ m%(e )dt, zeD,
0

the Poisson extension of ¢,. By the Rad6—Kneser—Choquet theorem (see [Duren 2004, Section 3.1]),
f» 1s a harmonic diffeomorphism of D for every n € N. As n — oo, the sequence f,, converges uniformly
on compacts in D to the harmonic map f = P[¢g], where ¢g (e¥) =1lim,,_ o0 ¢ (e) =ei/? for t € [0, 271).
Further, we have

VO] VO
1im — .
oo 1= | f (O~ 1= [f(O)]?

A calculation shows that

VO VIAP+ B
V21—=1f(0)]? 1—|cP?
where
L[ 4 L[ 8 [ 2i
A=—/ e"/zcostdt=——1, B=—/ e ?sintdt = —, C=— e‘t/zdt=—1.
T Jo 3 7 Jo 37 27 Jo b4
Hence,
1 |V _ 24/10

1.1.

RI1fOF  3n(—4jad)

This shows that (2-3) fails for harmonic diffeomorphisms of the unit disc onto itself.




SCHWARZ-PICK LEMMA FOR HARMONIC MAPS WHICH ARE CONFORMAL AT A POINT 993

Example 4.2. Let U (x, y) be the function (4-2). The harmonic map f(x,y) = (U(y, x), U(x, y)) takes
the disc D onto the square P = {(x,y) € R?: x| < 1, |y| < 1} and dfy(0,0) = %Id. In particular,
f is conformal at (0, 0) and ||dfy] = % ~ 1.27. On the other hand, a conformal diffeomorphism of D
onto P mapping the origin to itself has the derivative at the origin of absolute value ~ 1.08. Hence, the
Schwarz—Pick lemma in Theorem 1.1 fails for maps from the disc to more general domains in C. In
particular, while the domain C\ {0, 1} is Kobayashi hyperbolic, one can find nonconstant harmonic maps
C — C\ {0, 1} whose differential is nonvanishing and conformal at the origin.

Problem 4.3. Assume that D C R? is a simply connected domain such that, for some point p € D, the
supremum of the norm ||dfy|| of the differential of f at 0 € D over all harmonic maps f : D — D with
f(0) = p which are conformal at O is attained by a conformal diffeomorphism of D onto D. Does it
follow that D is a disc?

5. A Schwarz-Pick lemma for quasiconformal harmonic maps

In this section we apply the Schwarz—Pick lemma for harmonic self-maps of the disc, given by Theorem 1.1,
to provide an estimate of the gradient of an orientation-preserving harmonic map f : D — D in terms of
its second Beltrami coefficient

_ (A
O
Here, f, = %( fx—1ify) and f; = %( fx+1ify). If the map f is harmonic then w is a holomorphic function;
see (5-2). This is not the case for the Beltrami coefficient ; from the Beltrami equation f; = u(z) f;. The
number |1 (z)| = |w(z)| measures the dilatation of df;; in particular, u(z) = w(z) = 0 if and only if f
is conformal at z. We refer to [Ahlfors 1966; Duren 2004; Lehto and Virtanen 1973; Hengartner and
Schober 1986] for background on the theory of quasiconformal maps.

w(2) e D. (5-1)

The main question is to find the optimal estimate on |dfy| for a harmonic map f : D — D with
f(0) = 0 and with a given value of |w(0)| = [«(0)|. A related problem was studied by Kovalev and
Yang [2020] and Brevig et al. [2021], where the reader can find references to earlier works. Here we
prove the following result.

Theorem 5.1. Assume that f is an orientation-preserving harmonic map of the unit disc into itself, and
let w(z) denote its second Beltrami coefficient (5-1). Then we have the inequality

2(j0 @) f @+ M@ @) | 1+lo@|1-1fE)F
(1 —lo @1 —|z*) l—lo@| -]z

If f is conformal at a point z, i.e., w(z) = 0, this estimate coincides with the Schwarz—Pick inequal-
ity (1-1) in Theorem 1.1.

ldf-Il < , zeD.

Proof. It suffices to prove the inequality in the theorem for z = 0. For other points, we obtain it replacing f
by f o ¢, for ¢, € Aut(D). However, we cannot reduce to the case f(0) = 0 since postcompositions by
automorphisms of D are not allowed. The main idea is to construct from f a new harmonic map f:D->D
which is conformal at 0, to which we then apply the Schwarz—Pick lemma given by Theorem 1.1.
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Let us write f = g+ h, where g and h are holomorphic functions on D. Then,

/ TN h'(z)
@)=8@), f@="N2, o@@=——. (5-2)
8'(@)
Recall that the second Beltrami coefficient w (5-1) is holomorphic. It follows that
ldfll = 1g'l(1+ |wl). (5-3)
Since f is orientation preserving, we have that |g’(z)| > |h'(z)| for all z € D. Let
a=g¢g'(0) and b=h(0). (5-4)

We may assume that |a| 4 |b| > 0, for otherwise the estimate is trivial. Since | f(z)| < 1 for all z € D, the
complex harmonic function L
_af-bf

J@ =

D, (5-5)

clearly maps the unit disc into itself. We have f =g + li where

. ag—bh ~ ah—bg
g= an = (5-6)
lal+1b] lal 45|
are holomorphic functions on . Since
~ h'(0) —bg' (0
7' (0) = ah’(0) —bg'(0) =0, (5-7)

la| + 15|

the second Beltrami coefficient @ of f vanishes at z =0, and hence f is conformal at 0. Our Schwarz—Pick
lemma (see Theorem 1.1) gives

ldfol <1 =170 (5-8)
Taking into account (5-3), (5-4), (5-6), and (5-7), we have
ldfoll =128'(0)] = Ig'(0)| — K/ (0)].
Together with (5-5), (5-4), and (5-8) this gives the estimate

g/ ©)f(©) =0 fO)
(Ig' O] + [ (0)])?
_ 218" O 1K' O)] - |f O)F +2%(g (04 (0) £ (0)*)

1g"(O) =17 ()] <1

1—1£ )%
(g O] + W (O)? Fiool

In view of (5-2), this inequality can be written in the form

/ 2(|w )£ (0)* + %(@(0) £ (0)*)) 2

1— 1— .

(1= lw0)DIg"O) = EONE + 1170
From (5-3) we see that

lldfoll

FAOIES m
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Inserting this into the expression on the left-hand side of the previous inequality gives
- O] _ 2|w(0) f(0)*] + 2R (w(0) £ (0)?)
1+ ]w©)] — (1+ |w(0)])?

which is clearly equivalent to

2|w(0) £ (0)*] + 2R (w(0) £ (0)?) n 1+ [w(0)]
1 —lw(0)? 1 —|w0)]

ldfoll +1—=1f O

ldfoll < (1=1£O). O

6. An intrinsic pseudometric defined by conformal harmonic discs

In this section we introduce an intrinsic Finsler pseudometric gp on any domain D in R”, n > 3, and
more generally on any Riemannian manifold of dimension at least three, in terms of conformal minimal
discs D — D. The definition is modeled on Kobayashi’s definition of his pseudometric on complex
manifolds, which uses holomorphic discs. The pseudometric gp and the associated pseudodistance
pp : D x D — R, are the largest ones having the property that any conformal harmonic map M — D
from a hyperbolic conformal surface with the Poincaré metric is metric and distance decreasing. On the
ball B", we have that gg» coincides with the Cayley—Klein metric; see Theorem 6.2. The same definition
of gp applies in any Riemannian manifold of dimension at least three; see Remark 6.6. This provides
the basis for hyperbolicity theory of domains in Euclidean spaces and, more generally, of Riemannian
manifolds, in terms of minimal surfaces.

We begin by introducing a Finsler pseudometric on the bundle of two-planes over a domain D C R",
analogous to the metric M on the ball; see (2-8). A conformal frame in R" is a pair (u, v) € R” x R" such
that || = |v| and u - v = 0. We denote by CF,, the space of all conformal frames on R”, including (0, 0).
Given a domain D C R", let CH(D, D) denote the space of conformal harmonic maps D — D (i.e., such
that (2-1) holds at every point of D). Define the function Mp : D x CF,, — R, by

MD(x,(u,v)):inf{%:EIfeCH(lD, D), f(0)=x, fc(0)=ru, fy(O):rv}. (6-1)

Clearly, Mp is homogeneous and rotation-invariant, in the sense that for any ¢ € R and orthogonal
rotation R in the two-plane A = span{u, v} we have for every x € D that

Mp(x, (cu, cv)) = |c|IMp(x, (u,v)), Mp(x,(Ru, Rv)) = Mp(x, (u,v)). (6-2)

Thus, M p is determined by its values on unitary conformal frames (#, v) with || = |v| = 1 and hence on
D x G,(R™), where G,(R") is the Grassmann manifold of two-planes in R". Precisely, for a two-plane
A eGr(R") weset Mp(x, A)=Mp(x, (u, v)), where (u, v) is any unitary conformal frame spanning A.
Note that

MD(x,A):inf{ . f e CH(D, D), f(0)=x, dfo([RRz):A}. (6-3)

1
lidfoll
By shrinking the disc D and using rotations and translations on R”, we see that the function M p is upper
semicontinuous on D x CF,,. Obviously, Mg« = 0. On the ball B", we have that Mg (x, A) is given
by (2-8) according to Theorem 2.1.
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We also introduce a Finsler pseudometric gp : D x R* — R, called the minimal metric on D, whose
value at a point x € D on a tangent vector u € T, D = R" is given by

gp(x,u)= inf{% >0:3f e CH(D, D), f(0)=x, f(0)= ru}
= lu|-inf{Mp(x, A): A € Go(R"), u € A}. (6-4)

It follows that every conformal harmonic map f : D — D satisfies

gD(f(Z),dfz(E))SP(Z,$)=1_|L||Z|2, zeD, § eR?, (6-5)

and gp is the biggest pseudometric on D with this property. For z = 0 this follows directly from the

definition, and for any other point z € D we precompose f by a conformal automorphism of D mapping 0

to z. The same holds if D is replaced by any hyperbolic conformal surface; see the proof of Theorem 2.6.
By integrating gp we get the minimal pseudodistance pp : 2 x Q — R.:

1
pD(x,y>=iry1ffo e (), 7O dr, % yeQ. (6-6)

The infimum is over all piecewise smooth paths y : [0, 1] — @ with y(0) = x and y (1) = y. Obviously,
pq satisfies the triangle inequality, but it need not be a distance function. In particular, pgr» vanishes
identically.

There is another natural procedure to obtain the pseudodistance pp in (6-6), which is motivated by
Kobayashi’s definition of his pseudodistance on complex manifolds [1967]. Fix a pair of points x, y € D.
To any finite chain of conformal harmonic discs f; : D — D and points aq; e D (i =1, ..., k) such that

[0 =x,  fir1(0) = fi(@) fori=1,.... k=1, filax) =y, (6-7)

we associate the number

The i-th term in the sum is the Poincaré distance from O to g; in D. The pseudodistance pp(x, y) is
defined to be the infimum of the numbers obtained in this way. The proof that the two definitions yield the
same result is similar to the one given for the Kobayashi pseudodistance by Royden [1971, Theorem 1];
see [Drinovec Drnovsek and Forstneri¢ 2023, Theorem 3.1] for the details.

The following proposition says that the minimal pseudodistance pp gives an upper bound for growth
of conformal minimal surfaces in the domain D.

Proposition 6.1. Every conformal harmonic map M — D from a hyperbolic conformal surface is
distance decreasing in the Poincaré distance on M and the pseudodistance pp, and pp is the biggest
pseudodistance on D for which this holds.

Proof. Let M be a hyperbolic conformal surface and # : D — M be a conformal universal covering.
Choose a conformal harmonic map f : M — D and a pair of points p, g € M. Let a, b € D be such that
h(a) = p and h(b) = q. Precomposing & by an automorphism of the disc, we may assume that a = 0.
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Then, g := foh:D — D is a conformal harmonic disc with g(0) = f(p) and g(b) = f(g), and it follows
from the definition of pp that

1+b
pp(f(p), f(q)) = pp(g(0), b)) < %bg 1 i_:b:

The infimum of the right-hand side over all points b € D with 4(b) = g equals the Poincaré distance
between p and g in M, so we see that f is distance decreasing.

Suppose now that t is a pseudodistance on D such that every conformal harmonic map D — D is
distance decreasing with the Poincaré metric on D. Let f; : D — D anda; e Dfori =1,...,kbea
chain as in (6-7) connecting the points x, y € D. Then,

k k
1,  l+lal
T, y) = ) T(£i0), fila) = Y | S log— |af|.
i=1 i=1 !
Taking the infimum over all such chains gives t(x, y) < pp(x, y). O

We have already observed that, on the ball B" (n > 3), the Finsler metric Mpx is given by (2-8). From
(2-9) and (6-4) it follows that gg» equals the Cayley—Klein metric CK (2-6):

Theorem 6.2. On the ball B", n > 3, we have
g =CK, ppr =distex .

Hilbert [1895] defined a metric on any convex domain in RP" that generalizes the Cayley—Klein metric
on the ball. Hilbert metrics are examples of projectively invariant metrics which have been studied by many
authors; see the surveys by Kobayashi [1977; 1984] and Goldman [2019]. Kobayashi [1977] discussed
the analogy between his metric and Hilbert’s metric. Lempert [1987] established an explicit connection,
and then in [Lempert 1993, Theorem 3.1] proved that the Hilbert metric #p on any bounded convex
domain D C R” is the restriction to D of the Kobayashi metric on the elliptic tube D* C D x iR" C C"
obtained as follows; see [Lempert 1993, p. 441]. Every affine line segment L C D with endpoints on bD
is the diameter of a unique complex disc in D x iR", and D* is the union of all such discs. The elliptic
tube over the ball B” is the complex ball B, and the metric gg» agrees with the Hilbert metric Hp» = CK
according to Theorem 6.2.

While Hilbert’s metric is invariant under projective linear transformations, the minimal metric is
invariant (at least in an obvious way) only under the conformal group (see Proposition 6.5); hence it is
expected that the two metrics differ on most convex domains. We give an explicit example on ellipsoids.

Example 6.3. Let (x, y, z) be coordinates on R3. Consider the ellipsoid
1
D, = {(x,y,z) eR:x*+ (P +77) < 1}, a>0.
a

Note that D, c B if and onlyif 0 <a <1, and D; = B3. We will show that for 0 < a < 1 the
Hilbert metric on D, does not agree with the minimal metric at the origin 0 € R>. Since the x-axis
intersects D, in the interval (—1, 1), the Hilbert length of the vector e; = (1, 0, 0) equals 1. Pick a
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two-plane A C R? containing the vector e;. Due to rotational symmetry of D, in the (y, z)-coordinates
the value of Mp, (0, A) (6-3) does not depend on the choice of A, so we may take A = {z = 0}. Let
f=(f1, f2, f3) :D— D, be a conformal harmonic disc with f(0) =0 and dfo([Rz) = {z =0}. Replacing
f by f(e""z) for a suitable t € R gives f(0) =rej and f,(0) = Lre, with r = ||dfy|| > 0. The projection
h=(f1, fo):D— R? maps D into the ellipse E, = {x2 —I—yZ/at2 < 1}, h(0) =0, and £ is conformal at 0.
For 0 <a < 1 we have E, C D. Theorem 1.1 implies that r = ||[dh¢|| < 1; equality is excluded since in
that case we would have A (D) = D. By a normal families argument we also have that sup ¥ ldfoll < 1. It
follows that Mp, (0, A) > 1 for every such A, and hence

gp,(0,e1) =Mp,(0,A)>1=Hp,(0,e;) if0<a<]l.

Problem 6.4. On which bounded convex domains D C R", n > 3 (besides the ball) does the Hilbert
metric coincide with the minimal metric gp? Is the ball the only such domain?

Denote by R, the Lie group of transformations R” — R" generated by the orthogonal group O,,
translations, and dilations by positive numbers. Elements of R, are called rigid transformations of R".
Postcomposition of any conformal harmonic map f : M — R” by a rigid transformation of R” is again a
conformal harmonic map, and it is well known that R, is the largest group of diffeomorphisms of R"
having this property. This gives the following.

Proposition 6.5. Given a domain D CR", n >3, and a map R € R,,, the restriction R|p: D — D' = R(D)
is an isometry of pseudometric spaces (D, pp) — (D', pp’).

Remark 6.6. The intrinsic pseudometric gp and the associated pseudodistance pp can be defined in the
very same way on an arbitrary Riemannian manifold (D, g) of dimension at least three. The Riemannian
metric g determines the class of conformal harmonic maps D — D, which coincide with conformal
minimal discs in D.

Hyperbolic domains in R". We now introduce the notion of (complete) hyperbolic domains in R”, in
analogy with Kobayashi hyperbolic complex manifolds.

Definition 6.7. A domain D C R" (n > 3) is hyperbolic if the pseudodistance pp is a distance function
on D, and is complete hyperbolic if (D, pp) is a complete metric space.

Example 6.8. (a) The ball B" C R" (n > 3) is complete hyperbolic. Indeed, the Cayley—Klein metric
(2-6) is complete, so the conclusion follows from Theorem 6.2.

(b) Every bounded domain D C R" is hyperbolic. Indeed, if B is a ball containing D then pp(x, y) >
pp(x, y) for any pair x, y € D, and B is complete hyperbolic by (a). However, a bounded domain need
not be complete hyperbolic. For example, if bD is strongly concave at p € bD, there is a conformal
linear disc ¥ C D U {p} containing p, and it is easily seen that p is at finite p-distance from D.

(c) The half-space H" = {x = (x1, ..., x,) € R" : x, > 0} is not hyperbolic, and the pseudodistance oy
vanishes on all planes x,, = const. However, every point on bH" = {x,, = 0} is at infinite minimal distance
from points in H"” [Drinovec Drnovsek and Forstneri¢ 2023, Lemma 5.2].
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By using the expression for the metric (2-8) on the ball we can determine the asymptotic rate of growth
of the Finsler metric M p, and hence of the distance function pp, on any bounded strongly convex domain
D C R" with €2 boundary. Let § = §(x) = 1 — |x| denote the distance from a point x € B" \ {0} to the
sphere bB", and let A C R”" be a 2-plane forming an angle 8 with x. As x approaches the sphere radially,

we have
Vcos? 6 + 28 sin® 0
M (x,0) := Mg (x, A) ~ 25 ,
in the sense that the quotient of the two sides converges to 1 as § — 0. In particular,
Mer (x, 7)) ! 4 Mpx.0)~ 20 forg [0.7)
n(x, ) — an n(x, 0) ~ or , =)
B\ 2) 7T /s e 26 2

Assume now that D C R" is a bounded strongly convex domain with ¥ boundary. There is a collar
U C R" around b D such that every point x € U N D has a unique closest point 7 (x) € bD. Comparison
with inscribed and circumscribed balls to D passing through the point 7 (x) shows that there are constants
0 < ¢ < C such that

2 02 2 02
C\/cos 6 + 26 sin“ 6 SMD(x,A)SC\/COS 6 + 26 sin“ 6 6-8)
268 26
for x € U N D, where § = |x — w(x)| = dist(x, D) and 6 is the angle between the 2-plane A and

the normal vector Ny =8~ ((x) —x) to bD at w(x) € bD. The upper bound uses comparison with

inscribed balls, so it holds on any domain with 42 boundary, while the lower bound uses comparison
with circumscribed ball, and hence it depends on strong convexity of D. These estimates are analogous to
the asymptotic boundary estimates of the Kobayashi metric in bounded strongly pseudoconvex domains
in C" and are due to Graham [1975]. (There is a large subsequent literature on this subject.) These
estimates show in particular that the distance function pp induced by Mp is complete, thereby giving
the following.

Theorem 6.9. Every bounded strongly convex domain in R", n > 3, with ©? boundary is complete
hyperbolic in the minimal metric.

Remark 6.10. Since the first version of this paper was posted on arXiv in February 2021, progress on
the subject of minimal hyperbolicity was made by Drinovec Drnovsek and Forstneri¢ [2023], whose
paper we will henceforth abbreviate as [DDF 2023]. Besides establishing basic characterizations of
(complete) hyperbolicity, they proved that a convex domain in R” is hyperbolic if and only if it is complete
hyperbolic if and only if it does not contain any affine 2-plane [DDF 2023, Theorem 5.1]. They also
showed that every bounded strongly minimally convex domain in R”, n > 3, is complete hyperbolic
[DDF 2023, Theorem 9.2]. This is a considerable generalization of Theorem 6.9, whose proof relies on
the lower bound for Mg, (and hence gg) given by another Finsler pseudometric Fq : 2 x G2(R") — R4
defined in terms of minimal plurisubharmonic functions; see [DDF 2023, Section 7]. A discussion of
this class of domains and functions can be found in [Alarcén et al. 2019; 2021, Chapter 8]. Finally,
they established a localization theorem for the minimal pseudometric analogous to the results for the
Kobayashi pseudometric; see [DDF 2023, Section 8].
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The following problem remains open; an affirmative answer is known for the case when M is a plane;
see [DDF 2023, Lemma 5.2].

Problem 6.11. Let M be an embedded minimal surface in R>. Is the minimal distance from R\ M to M
infinite? Is the complement of a catenoid in R3 complete hyperbolic?

Extremal minimal discs. Another important and natural question is the following.

Problem 6.12. Let D C R" be a bounded strongly convex domain with smooth boundary. Is there a
unique (up to a conformal reparametrization) extremal conformal harmonic disc through any given point
x € D tangent to a given two-plane A € G,(R") at x?

Theorem 2.1 gives an affirmative answer on the ball, and this is the only domain for which the answer
seems to be known. By the seminal result of Lempert [1981; 1987], the analogous result holds for the
extremal holomorphic discs for the Kobayashi metric in any smoothly bounded strongly convex domain
D ccC".

We now describe a condition which implies an affirmative answer to this problem. It explores a
comparison between the Finsler pseudometric Mp (6-1) on a domain D C R" and a Kobayashi-type
pseudometric on the tube 7p =D x iR" C C". To this end, we recall a few basic facts from the theory of
minimal surfaces; see [Alarcén et al. 2021, Chapter 2] or [Osserman 1969].

A holomorphic map F = (Fy, ..., F,) : D — C" satisfying

Z Fl(z)>=0 forall zeD

i=1
is called a holomorphic null map. The analogous definition applies with the disc replaced by any open
Riemann surface, considering the above equation in local holomorphic coordinates. (The map F need not
be an immersion.) The complex cone

n
A”_l:{z=(zl,...,zn)€C":Zz,-2=0} (6-9)

i=1
is called the null cone, and its elements are null vectors. Hence, a holomorphic map F is null if and only
if the complex derivative F’(z) lies in A"~! for every z. It is a basic fact that the real and imaginary
parts of a holomorphic null map M — C" are conformal harmonic maps M — R"; conversely, every
conformal harmonic map D — R" from the disc is the real part of a holomorphic null map D — C"; see
[Alarcén et al. 2021, Theorem 2.3.4]. Given a domain D C R", we denote by HN(DD, 7p) the space of all
holomorphic null maps F = (Fy, ..., F,) : D — Tp. Define a pseudometric on (z, w) € Tp X Al by

1

Np(z, w) = inf{ﬁ :3F e HN(D, Tp), F(0) =z, F'(0) = aw}. (6-10)
a

Here, a may be a complex number. Clearly, Np(z, w) is bigger than or equal to the Kobayashi pseudonorm

of the vector w € T;(7p), since in the definition of the latter one uses all holomorphic discs as opposed to

just null discs. Note that for each conformal frame (u, v) € CF, the vectors u £iv € C" are null vectors;

conversely, the real and imaginary component of a null vector w € A"~! form a conformal frame. The
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aforementioned correspondence between conformal harmonic discs in D and holomorphic null discs
in Tp shows that for all x € D, y € R", and (u, v) € CF, we have

Np(x +iy, u +iv) = Mp(x, (u, v)). (6-11)

This shows in particular that every extremal conformal harmonic disc in D is the real part of an extremal
holomorphic null disc in the tube Tp. Therefore, the correspondence between the extremal conformal
minimal discs in the ball B” C R" and the Kobayashi geodesics in the tube 7g-, used in the proof of
Lemma 3.1, extends to any bounded strongly convex domain D C R" with ¢ boundary satisfying the
following condition. The notion of a stationary holomorphic disc was explained in Remark 3.2.

Definition 6.13. A domain D C R" satisfies Condition N if for every point x € D and null vector
0 # w € A" ! there is a stationary holomorphic null disc in the tube 7p through the point x +1i0 in the
direction w.

Our proof of Theorem 2.1 implies the following.

Theorem 6.14. If D is a bounded strongly convex domain in R", n > 3, with smooth boundary and
satisfying Condition N, then for every point x € D and two-plane A € G,(R") there exists an extremal
conformal harmonic disc f : D — D with f(0) = x and dfo(R*) = A. Such an f is unique up to a
rotation of D.

Proof. Let 0 # w =u —iv € A"~! be such that A = span{u, v}. By Condition N there is a stationary
holomorphic null disc F : D — Tp with F(0) =x 410 and F’(0) = aw for « € C, and F is unique up
to rotations of D by Lempert’s theorem [1981, Theorem 2]. The real part f =RF : D — D is then a
conformal harmonic disc as in the theorem. O

Problem 6.15. Which bounded strongly convex domains in R", besides the ball, satisfy Condition N?

Complex geodesics of the Kobayashi metric in tubes over convex domains D C R" were studied by
Zajac [2015; 2016], Pflug and Zwonek [2018], and Zwonek [2022]. It would be of interest to see whether
these works can be used to give information on the validity of Condition N. The fact that Condition N
holds on the ball B" may simply be a lucky coincidence which makes our analysis work on this most
symmetric domain.
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AN IMPROVED REGULARITY CRITERION AND ABSENCE
OF SPLASH-LIKE SINGULARITIES FOR G-SQG PATCHES

JUNEKEY JEON AND ANDREJ ZLATOS

We prove that splash-like singularities cannot occur for sufficiently regular patch solutions to the generalized
surface quasi-geostrophic equation on the plane or half-plane with parameter o < i. This includes potential
touches of more than two patch boundary segments in the same location, an eventuality that has not been
excluded previously and presents nontrivial complications (in fact, if we do a priori exclude it, then our
results extend to all @ € (0, 1)). As a corollary, we obtain an improved global regularity criterion for

H? patch solutions when @ < %, namely that finite time singularities cannot occur while the H3 norms of

patch boundaries remain bounded.

1. Introduction
The g-SQG (generalized surface quasi-geostrophic) equation is the active scalar PDE
orw+u-Vo =0, (1-1)
where the scalar : R? x (0, 00) — R is advected by the velocity field
u:=Vi(—A) ", (1-2)

Here V1 := (—0x,, dy,) and @ € (0, 1) is a given parameter. Note that (1-1) is the vorticity form of the
(incompressible) two-dimensional Euler equation when o = 0, which models the motion of ideal fluids,
with u the fluid velocity and @ := V+ - u its vorticity. When o = %, it is the SQG equation, which is
used in atmospheric science models [Pedlosky 1979] and was first analyzed rigorously by Constantin,
Majda, and Tabak [Constantin et al. 1994]. The g-SQG equation with « € (0, 1) is its generalization and
has also been studied in both geophysical and mathematical literature, including in [Chae et al. 2012;
Constantin et al. 2008; Cérdoba et al. 2005; Gancedo 2008; Kiselev and Luo 2023; Kiselev et al. 2016;
2017; Pierrehumbert et al. 1994; Smith et al. 2002].

Global regularity for (smooth or bounded) solutions has been known in the Euler case o = 0 since
the works of Holder [1933], Wolibner [1933], and Yudovich [1963], but it is still an open problem in
the g-SQG case with any « € (0, 1). In this work we consider so-called patch solutions to (1-1), that
is, weak solutions that are linear combinations of characteristic functions of some time-dependent sets
Q, (1) € R? (often only a single such set/patch is considered but the extension to multiple sets is typically
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straightforward). The main question now is that of global well-posedness for these solutions: if the
boundary of each initial patch €2,,(0) is a simple closed curve of some prescribed regularity (H* or C*7)
and these curves are pairwise disjoint, does this setup persist forever or may it cease existing in finite
time? This of course involves not only the required regularity of each d€2,(#), but also that they all remain
pairwise disjoint simple closed curves.

Chemin [1993] showed the answer to be in the affirmative when o = 0, but the question remains
open for any o € (0, 1). Local existence for these models was proved for o € (O, %] and H? patches
by Gancedo [2008], who also obtained uniqueness for o € (0, l) and those solutions that satisfy a
related contour equation (well-posedness for o = % in a special class of patches was earlier proved by
Rodrigo [2005]). Local existence was also proved for o € [%, 1) and H* patches by Chae, Constantin,
Cérdoba, Gancedo, and Wu [Chae et al. 2012]. Kiselev, Yao, and Zlato$ [Kiselev et al. 2017] later proved
full local well-posedness for @ € (0, %) and H3 patches (they also considered the related half-plane case, in
which global well-posedness was proved to fail by Kiselev, Yao, Ryzhik, and Zlato$ [Kiselev et al. 2016]).
In addition, Cérdoba, Cérdoba, and Gancedo achieved this for o = % and H3 patches [Cérdoba et al. 2018],
Gancedo and Patel for o € (O, %) and H? patches as well as for o € (%, 1) and H? patches [Gancedo
and Patel 2021], and Gancedo, Nguyen, and Patel for o = % and H**" patches [Gancedo et al. 2022].

The singularity-formation mechanism on the half-plane from [Kiselev et al. 2016], which was motivated
by numerical simulations for the three-dimensional Euler equation due to Luo and Hou [2014a; 2014b] and
by the related proof of double exponential growth of gradients for smooth solutions to the two-dimensional
Euler equation on a bounded domain by Kiselev and Sverdk [2014], does not seem to extend to the whole
plane case. It is therefore still unknown whether global well-posedness holds on R? for any « € (0, 1).
Nevertheless, the local well-posedness result in [Kiselev et al. 2017] does show that, at least for o € (0, %)
and H? patches, finite time singularity can only occur if either a patch boundary loses H? regularity or a
touch happens. The latter might involve two or more patch boundary segments, which might belong to
different patches or to a single patch.

The main result of this paper is that, for « € (0, }‘], a touch cannot occur without the loss of C1-2¢/(1-20)
(and hence also H?) regularity of a patch boundary at the same time (this is also suggested by numerical
simulations of Cérdoba, Fontelos, Mancho, and Rodrigo [Cérdoba et al. 2005]). If it did occur and
the C7 norm of the patch boundary would stay uniformly bounded for some y > 0, the resulting
singularity would be called a splash. One might think that its existence for the free boundary Euler
equation, demonstrated by Castro, Cérdoba, Fefferman, Gancedo, and Gémez-Serrano [Castro et al. 2013]
and Coutand and Shkoller [2014], would suggest its possibility for g-SQG patches as well. But these two
cases are very different: the converging boundary segments are separated by vacuum in the free boundary
case, while for (1-1) they are separated by the (incompressible) fluid medium, which must be “squeezed
out” of the region between them before a touch can occur.

One might also think that impossibility of general splash singularities was already proved by Gancedo
and Strain [2014] for the SQG case o = % and smooth patches, who showed that a touch of two patch
boundary segments (which we call a simple splash) is indeed impossible at any specific location without
a loss of boundary smoothness; their argument extends to all o € (0, %) However, they proved this
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assuming that no singularity occurs elsewhere, and the result also does not exclude simultaneous touches
of three or more boundary segments. Crucially, their proof does not extend to this case either. In it, they
place the two segments in a coordinate system in which both are close to horizontal, and use the fact
that normal vectors at two points that minimize the vertical distance of the two boundary segments (at
any given time) are automatically parallel. This causes important cancellations in the integral evaluating
the approach velocity of the two points, which bound this velocity by a multiple of the product of the
distance of the two points and the log of this distance. Gronwall’s inequality then yields at most double
exponential in time approach rate of the two segments.

We can even obtain a simple exponential bound for C>? patches with y > 0 by instead minimizing
the distance (rather than vertical distance) of the two boundary segments, in which case the normals at
the closest points both lie on the line connecting these points. The resulting computation then bounds the
approach velocity by only a multiple of the distance, and it even extends to all « € (0, 1) with appropriate y
(see Section 2E).

However, when a third boundary segment is present nearby, its normal vector at the point where it
intersects the above line need not lie on that line, which significantly compromises the cancellations
involved. One then needs to obtain very precise bounds on the resulting errors in this case, which we will
achieve by using the uniform C!2%/(1=2® bound on the patch boundary to estimate the angle between
this normal vector and the line, in terms of the distance of the third segment from the two closest points
on the first two segments. When this distance is small, the error will be controlled because the angle must
be small; this control worsens when the distance is larger, but then the effect of the third segment on the
two points decreases as well. This will yield the needed bound on the approach velocity of the closest
points, and this estimate will even extend to the case of arbitrarily many boundary segments folded on
top of each other and attempting to create a complex splash singularity.

As a result, we will obtain an improved regularity criterion for H3 patch solutions to (1-1), requiring
only a uniform bound on the C!-2%/(1=2%) norm of the patch boundaries. Nevertheless, this approach only
works when o € (O, %], and the obtained estimates are insufficient for larger o (specifically, Lemma 2.5).
The reason for this is not just technical, and simply assuming higher boundary regularity will not suffice
to overcome the new complications involved. We believe that a different (dynamical) approach will be
needed for o > % (if the result extends to this range at all), which likely makes it a very difficult problem.

Let us now state rigorously the definition of patch solutions to (1-1) from [Kiselev et al. 2017] (which
even allows patches to be nested) and our main result. Below we let T := R/2nZ.

Definition 1.1. Let Q C R? be a bounded open set whose boundary 3<2 is a simple closed C' curve with
arc-length |02|. We call a constant-speed parametrization of 2 any counterclockwise parametrization
z: T — R? of 9Q with |Z/| = |0Q|/(27) on T (these are all translations of each other), and we define
120l crr = llzllcry (ry and |82]| e := ||zl gx for (k, y) € No x [0, 1].

Next we note that, when o € (O, %), the velocity u from (1-2) satisfies the explicit formula

N
u(x, 1) :=ca/R %a)(y,t)dy (1-3)

2 |x —
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for bounded w, with v := (—v,, v1) and ¢, > 0 an appropriate constant; see Section 2E for the necessary
adjustments when « € [1, 1). For any I' € R vector field v: I' — R? and i € R, we let the set to
which T is advected by v in time /& be

X"[T]:={x +hv(x)|x eT}.

Definition 1.2. Let 0, ...,60y € R\ {0}, and for each t € [0, T'), let Q2;(¢), ..., Qn(t) C R? be bounded
open sets whose boundaries are pairwise disjoint simple closed curves such that each 92, (¢) is also
continuous in ¢ € [0, T') with respect to Hausdorff distance dy of sets. Define 0€2(¢) := Urllv:1 082, (1)
and |Q@) ||y := Y0112, (0)ly for Y € {CH7, HY}, and let

N
o( 1) = Ouxa,w- (1-4)
n=1

If for each r € (0, T') we have

_ dp(@Q@+h), X} 020
lim =0

u(-,t
h—0 h ’

(1-5)

with u from (1-3), then w is a a patch solution to (1-1)—(1-2) on the time interval [0, T'). If we also have
sup,cpo,7 112 (1) |ly < oo for some ¥ € {Ck7 H*} and each T’ € (0, T), then w is a Y patch solution to
(1-1)—(1-2) on [0, T').

While (1-5) is stated for each single time ¢ (akin to the definition of strong or classical solutions to
a PDE), it agrees with the usual flow-map based definition of solutions to the two-dimensional Euler
equation; see the remarks after Definition 1.2 in [Kiselev et al. 2017]. Since u is only Holder continuous
at the patch boundaries when « > 0 (and hence the flow map may not be unique), this definition is more
appropriate in the g-SQG case.

Theorem 1.5 in [Kiselev et al. 2017] shows that for any 6y, ..., 0y € R\ {0} and any bounded open
sets 21(0), ..., Qn(0) C R? whose boundaries are pairwise disjoint simple closed H 3 curves, there is a
time T € (0, oo] such that a unique H? patch solution @ = Z,]f:l On X2, () to (1-1)—(1-2) exists on [0, T).
And if the maximal such 7 is finite, then either sup, . 712 (¢)[| g3 = 00 or

n—jl+1&—nml
sup sup = 00, (1-6)
1€l0,T) (1,8),Gomyetl,.. NyxT 120 (&, 1) — 2 (n, 1)]
(n,8)#(j,n)

where z,,( -, t) is a constant-speed parametrization of 9€2,,(¢) and |£ —n| is distance on T. Note that if (1-6)
holds with n = j — which means that the arc-chord ratio for some €2,,( - ) becomes unbounded as t — T —
then this must be realized by a touch of “distinct” segments (which we call folds) of 9€2,(-) whenever
sup,cpo,7)1€2(®) [l c1.» < oo for some y > 0. Indeed, since [9sz, (£, )| is then bounded below by a positive
constant uniformly in (n, &, t) (see (2-4)), it follows that the fraction in (1-6) is uniformly bounded
above when n = j and |& — n| is small enough. Therefore (1-6) is the correct definition of a splash-like
singularity at time T (i.e., a touch of either boundaries of distinct patches or folds of the same patch
boundary, including both simple and complex splashes) when sup, ¢y )[[€2(#)[[¢c1.» < oo for some y > 0.
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The following theorem is now our main result.

Theorem 1.3. If o € (O, zlt] and a C12/(1=20) patch solution to (1-1)—(1-2) on the time interval [0, T)
with T < 00 satisfies sup, o )12 ()|l ¢1.20/0-200 < 00, then (1-6) fails (so no splash-like singularity can
occur). In particular, if the maximal time T of existence of an H> patch solution from [Kiselev et al. 2017,
Theorem 1.5] is finite and o € (0, %], then SUP;e[0.7) 12(®) ] g3 = oo.

Remark. (1) Our proof shows that the left-hand side of (1-6) with sup, ., 7y removed can grow at most
exponentially in time (up to time T') if sup, (o 7 [1€2(1) || ¢1.20/0-200 < 00. Hence boundaries of distinct
patches, as well as folds of the same patch boundary, can only approach each other exponentially quickly
in this case.

(2) While we do not know whether this result extends to some o > zlt’ in Section 2E we provide an

extension to all & € (0, 1) when one a priori requires that only simple splashes can occur (i.e., no more
than two segments of 9€2 are allowed to touch in the same location) and sup, g 7112 ()]l cx.» < 00 holds
, %], or for k =2 and some y > 2o — 1, when o € [%, 1). The
obtained bound on the approach rate of two patches/folds is now double exponential when y is equal

for k =1 and some y > 2«, when o € (O

to the minimal value above (2« or 2o — 1), and exponential otherwise. We note that when the potential
simple splash is assumed to have a predetermined location and development of singularities elsewhere is
a priori excluded, then this was also proved for o = % in [Gancedo and Strain 2014] (for smooth patches
and with a double exponential bound on the approach rate), and for all & € (0, 1) in [Kiselev and Luo
2023] (this work was done contemporaneously with and independently of ours).

Finally, here is an extension to the half-plane; see Section 3 for the relevant adjustments.

Theorem 1.4. Theorem 1.3 extends to patch solutions on the half-plane, with the second claim involving

H?3 patch solutions from [Kiselev et al. 2017, Theorem 1.4] and « € (O, 2]—4), or H? patch solutions from

[Gancedo and Patel 2021, Theorem 1.1] and « € (0, %)

1
> 24
half-plane that become singular in finite time. For « € (O, %) and H? patch solutions this was proved in

It was proved in [Kiselev et al. 2016] that, for any o € (0 ) there are H> patch solutions on the

[Gancedo and Patel 2021]. Theorem 1.4 shows that this cannot happen only via a splash-like singularity
and always involves blow-up of their H> and H? norms, respectively.

2. Proof of Theorem 1.3

2A. The single patch case. For the sake of simplicity of notation, let us first consider the case of a single
patch on which w = 1; that is, w( -, t) = xq(). Then (1-3) becomes

(x—y)*
u(x. 1) :=/ Ty -1
Q@) lx — y|?H Y

after rescaling (1-1) in time by ¢, (which we do in order to remove the constant).
We will not assume o < }‘ until it is needed, so that it is clear where this hypothesis enters into our
argument. We will therefore consider a C¥ patch solution with any y € (0, 1] below. If now z( -, t) is
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any constant-speed parametrization of 0€2(¢) for t € [0, T'), we assume that

M := sup ||z(-, )| c1y < 00. (2-2)
tel0,T)

We now want to show that this implies

sup sup 1§ =l < 0. (2-3)
1el0,7) &.5eT 12(85, 1) — 2(n, 1)
3ol

Since a C! patch solution is also a weak solution to (1-1)—(1-2) with |€2(¢)| being conserved (see
Remark 3 after Definition 1.2 in [Kiselev et al. 2017]), the isoperimetric inequality shows that

M= inf  |9z(€,1)|>0. (2-4)
(&,0)eTx[0,T)

Now forany ¢ € [0, T) and &, n € T, there are &1, & € T between & and n such that
12§, 1) —z(n, D] = 1§ =B z1(E1, 1), I z2(52, 1)) = |E — nl(|9g2(&, )| —2M |E —n[”).
Hence if we let § := (M’/4M)'/7, then
2. 1) —z(n. )] = sM'|E — 7] (2-5)

whenever |§ — n| < §. To conclude (2-3), it now suffices to show

inf i 1) — 1 0. 2-6
tel[g’T) 5,1372% |z(§, 1) —z(n, 1) > (2-6)
|—nl>d
We therefore let
m(t) := min |z(§,7) —z(n, )] >0, (2-7)
&.nel
|E—n|=4

and let &, n, € T be such that |z(&, t) — z(n, t)| = m(¢). If (2-6) fails, then clearly for all + < T close
enough to 7" we have m(t) < %M ’§, which shows that |& — ;| > & for these ¢ because (2-5) holds. It
suffices to consider only such ¢. Then, following an argument in [Constantin and Escher 1998], one can
easily see that m(¢) is locally Lipschitz (and so differentiable at almost all such #) and we have

' () = t?n_(;("” Dz ). 1) — uz e, 1), 1) (2-8)

for almost every such 7. Hence Gronwall’s inequality shows that it suffices to prove

—(u(z(&, 1), 1) —u(z(n;, 1), 1)) -ny < Cm(1) (2-9)

for some ¢-independent C < oo and all ¢ such that m(z) € (O, %M/S), where n, := (z(&,t)—z(n, 1)) /m(t)
is the unit vector in the direction z(&, t) — z(1;, t). Of course, the definition of &;, n, shows that n; is
also normal to d€2(¢) at both z(&;, t) and z(n;, t).

Since (2-9) only involves quantities at a single time, we will now assume that ¢ is close to 7 and drop

the dependence of €2, z, u, and m on ¢ from our notation. The above also shows that after a translation
and rotation we can assume:
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(1) z(n;) = (0, 0) and z(&) = (0, m), with m € (0, ; M'8).
(2) 9¢z(&), 9z (n) L (0, 1.
We will do so, and then (2-9) becomes just
u2(0,0) —uz(0, m) < Cm. (2-10)

We will prove this in the next three subsections. We note that all constants below may depend on
a, ¥y, M, M’ (recall that § also depends on these), but will be independent of m and ¢.

2B. Some geometric lemmas. We first state some geometric lemmas that will be used throughout. The
first of these is a trivial consequence of C!¥-regularity of 32, which says that near any z(£), the curve z
is the graph of some function f : R — R defined with respect to the coordinate system centered at z(§)
and with the horizontal axis not too far from 0gz(§).

Lemma 2.1. There are A > 1 and Ry > 0 such that, for any £ € T and any v € S! with |0gz(§) - v| >
%lagz(éﬂ, there is f: [—Ro, Rol > Rwith || fllc1y < A such that

{z&)+hv+ f(Wv' |he[—Ry, Ril} =z(& — &, & +&])
for each Ry € [0, Ry] and some &1, & € [Ri/M,3R/M’]. Then

6952(5)-1)L
9e2(8) v

The next lemma shows that when two folds of 92 are close to each other, the angles between their

fO=0 and f'(0)=

tangent lines are controlled by their distance.

Lemma 2.2. There are B, R > 0 such that, for any &, n € T with |z(§) — z(n)| < R we have

ltan 6] < Bz(€) — z(m) /7, (2-11)
where 0 is the angle between 0:z(§) and 9gz(n).
Proof. Let A, Ry be from Lemma 2.1. First note that it suffices to prove

|sin6] < Blz(€) —z (/7 (2-12)

instead of (2-11). Indeed, we then only need to replace R by min{R, (2B)~(*7)/¥} which yields
|cosO| > 1 and then double B.

Take C :=9A, and let R := min{%C_(ZHV)/V, (RO/(3C))2} and B := 3C?. Without loss assume that
z(n) =0and 9:z(n)/|9:z(n)| = (1, 0), and then let r :=|z(§)| < R and r’:= Cr!/(+7) < CR'? < {Ry.
Then Lemma 2.1 with v := (1, 0) shows that z near the origin is a curve connecting the vertical sides of
the rectangle Q :=[—3r’, 3r'] x [—C3r, C3r] because

AQGrY 3r') <9AC*r < C3r

(note that the definition of R shows that C3r < r/, so the vertical sides are the shorter ones).
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Figure 1. The curve z inside the rectangles Q and Q’.

Apply the same argument with v := 9:2(§)/|9¢z(£)| and the rectangle Q' centered at z(§) whose
longer axis connects the points z(£) & vr’ and whose shorter sides have again length 2C3r. It shows
that z near z(&) is a curve connecting the shorter sides of Q’. If (2-12) is violated, then one of these sides
lies fully in (—=3r/, 3r") x (C3r, 00) and the other in (=37/, 3r") x (—oo, —C3r) (see Figure 1) because
r+r' +C3 < 3r and

¥'sinf > BCr >3C3 > 2C3% +r.

But this means that the two curves must intersect, a contradiction with our assumption that no touch has
occurred before time 7. g

We can now combine Lemmas 2.1 and 2.2 to obtain the following constraint on the geometry of 9<2
near the origin.

Lemma 2.3. In the setting of (1) and (2), there are A, B, R > 0 with

BGBRY/M) <1 and M@RY < M)

1

2

such that, for any § € T with z(§) € [-R, R] x [-2R, 2R], there is f: [—R, R] — R with
I fllcty <A and |f'(z1(€))| < Blz(&)]"/HP)

such that the graph of f is a segment of the curve z around z(€). In particular,
|f(h) = 22(8) — f' @1 EN(h —z1(E))| < Alh — 2 (&)
forallh € [—R, R). And if | f(h)| > 2R for some h’ € [—R, R], then |f(h)| > R forall h € [—R, R].

Proof. The first statement is an immediate consequence of Lemmas 2.1 and 2.2, with A from Lemma 2.1,
B from Lemma 2.2, and R being the minimum of one third of R from Lemma 2.2 and

min{%(ZB)_(H'V)/V, %(M/)(l-i-}’)/)’M—l/V}

(Lemma 2.1 is applied with v := (1, 0) and z,(§) is added to the obtained f). The second statement is its
immediate consequence, while the third holds by B(3R)?/(+7) < 1. O
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The third claim shows that any connected component of 02N ([—R, R] x [—2R, 2R]) that intersects
[—R,R)?is a graph of a function f : [—R, R] — [—2R, 2R] that satisfies the lemma. Note also that
since the arc-length of any such component is at least 2R and the arc-length of d€2 is uniformly bounded
above because so is |02 1, it follows that the number of such components is bounded above by some

constant K. That is, if we assume (2-2), only a finite number of folds of 92 might potentially create a

1

single touch (splash) at time 7'; we will show below that this is in fact not possible when o < 7.

2C. Reduction to regions near individual boundary segments. Take A, B, R from Lemma 2.3, and K
from the above discussion. From (2-1) we see that the left-hand side of (2-10) is the sum of the terms

I / ( oo yi ) dy
ani—r.RP \YI?T2¢ |y — (0, m)|>*+2

I ,=/ ( oo yi )dy
=R R\ YT |y — (0, m)|*+2

To prove (2-10), it clearly suffices to assume that m < %R, in which case clearly |I’| < Cm for some

and

constant C. Hence we only need to show that I < Cm.

Assume that fi,..., fi: [—R, R] — [—2R, 2R] are distinct functions whose graphs are all the
connected components of d€2 from the paragraph after Lemma 2.3 (so k£ < K), and order them so that
f10) < --- < fr(0). Let

gi »= sgn(f;) min{|f;|, R},

so that
k+1

gi(h) h h
2 /—R fg,._,<h)<(h2 +u)le (W2 (v — m)2)1+a) av dh" (2-13)

i=1

I <

where go = —R and gx4+1 = R. Since the integrand is odd in #, its integral on any region symmetric
with respect to the vertical axis is zero. Since [—R, R] x [g;—1(0), g;(0)] is such a region we can replace
the integral f sih (h) in (2- 13) by the sum of integrals f 8i- ‘(510)) and g,(E)h)) (with the same integrand). We

therefore obtam 1| <2 Z 1 [1;], where

gi(h) h
I; .= — dv)dh.
/ /, ) <(h2 + U2)1+a (hz + (v _ m)2)l+ot U)

Hence, we are left with showing |/;| < Cm for each i. When doing this, we can just assume that g; = f;

because the error we incur by this involves only integration over  \ [—R, R]? and therefore is no more
than Cm (similarly to I").

2D. Estimating the individual integrals. We thus consider any f: [—R, R] — [-2R, 2R] whose graph
is a segment of the curve z passing through a point in [— R, R]?, let

S A
! _/ ff«» <(h2+v2>1+a - (h2+(v_m)2)1+a)d”dh’ (2-14)
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and need to show that |J| < Cm. We further divide this integral into two pieces:

R F0)+hf'(0) h h
Ji = — dvdh,
1 ./;R /;(0) ((h2+v2)l+a (h2+(v—m)2)1+a> v

R f) 5 N
Jy = / f ( — >dv dh,
—r @ 4npro) \ (B2 H v (B2 4 (v —m)?) e

and estimate J, first.

Lemma 2.4. We have |J;| < Cm when y > 2a, and |J3| < Cm(1 4+ In_m) when y = 2«, for some
constant C.

Proof. By Lemma 2.3, we have

R p fO)+hf O)+AlR|'TY
|2 < / /
—R J f(0O)+hf (0)—Aln|1+Y

The mean value theorem yields

h h
— dvdh.
(h2+v2)1+°‘ (h2+(v _m)2)1+a v

h

h B 2+ 2a)|h|(h? + 22)%|v]
(hz + v2)l+a (hz + (v _ m)2)l+a

= (hz + v2)1+a(h2 + (v _ m)2)1+am

for some v € [v — m, v]. Hence

h h - 3m
(h2 + U2)1+oz (hz + (v _ m)2)l+cx - |h|2+2cx’
and if V := max{|v|, |[v —m|)} > |h|, then we also have
h 3m|h|2% V12« 6m

h
'(h2+U2)l+a - (h2+(v—m)2)1+°‘ = |h|2+2avz+2a = |h|l+2av‘

Since V > %m and we assume that m < %R (see the start of Section 2C), we obtain

m/2 12 L4y R 6m 14y
|J2] 52/ ———2A|h| dh+2/ ——2A|h| dh.
0 |h|1+2a )2 |h|2+2a

This is less than Cm if y > 2« and less than Cm (1 + In_ m) if y = 2« (for some C). U

To estimate J, it suffices to assume that f(0) ¢ [0, m]. Indeed, if f(0) € {0, m}, then the graph of f
contains either (0, 0) or (0, m), so (1) and (2) above (2-10) imply f’(0) = 0 and therefore J; = 0. And
if f(0) € (0, m), then the definition of m shows that there must be n € T with | — 1,| < § such that
z(n) = (0, f(0)). Here (2-5) yields |[n — n;| < 4R/M’, and hence for all £ between n and 1, we have

4R\Y
|0:2(8) — 0ez(n)| < M(ﬁ) =M = [3:z(n)|

by Lemma 2.3. This shows that d:z(§) - 9sz(n;) > O for all these &, which clearly contradicts

(z(m) —z(ns)) - % z(n;) = 0.
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So f(0) ¢ [0, m], and we define a := — f(0) > 0 when f(0) <0, and a := f(0) —m > 0 when f(0) > m.
In both cases Lemma 2.3 yields

|f'(0)] < Ba?/"*") < BRY/UHY) < 1. (2-15)
Lemma 2.5. We have |J;| < Ca?/ %) (a 4+m)~>*m for some constant C.

Proof. Note that the definition of m shows that a > m, so we could replace a + m by a. We will not use
this so that this result also applies in Section 3. We will assume f(0) < O since the proof for the other
case is virtually identical. We can then rewrite J; as

R ,hf'(0) h h
Ji = — dvdh.
: /_R/o <<h2+<v—a)2>l+a <h2+<v—a—m>2>l+a> 0

We split the integral into two parts:

hf'(0) h h
J3 = — dvdh,
’ [h|<a+m /0 ((h2 + (v - a)2)1+a (h2 + (v —a— m)2)1+a> Y

W) h h
Jy = — dvdh.
) /a+m§|h|5R/o <(h2+(v—a)2)l+“ (h’+@w—a —m)2)1+“>

For J3, note that for any v in the domain of integration, we have

v—a—-m=|(a+m)f (0 —a—m=<—1(a+m).

This also shows that v —a < %(m —a), so |v —a| < |v—a—m|. The mean value theorem then gives, for

some v E€[v—a—m,v—al,

h _ h B (24 20)|h|(h* 4+ 5%)*|D|
W+ w—a)) ™ B+ @w—a—mD| " (2t @—ad) e f+v—a—mP)re
6m
<
- |h|1+2“(a+m)

because max{|9], 5(a+m)} < |v —a —m|. This and (2-15) yield

a+m /
5] < f o poan< 22 SO 2B gy m
—a—m |12 (a 4+ m) 1 —2a(a+m)?® ~ 1 -2« (a+m)2
As for Jy, the mean value theorem yields
h h 3m

— < A
‘<h2+<v—a>2)1+a (R + (v —a—m)5e| = [pee

From this and (2-15) we obtain

k3 3 20 3B
[J4] < 2/ —m|hf/(o)| dh < _mM < 2 g/ m ‘ 0
a+m |h|2+2a o (a+ m)2a o (a+ m)Za
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The last two lemmas, together with the estimate |/'| < Cm above and k < K, show that (2-10) holds
when y > 2« and y /(1 4+ y) > 2a. Since y = 2a/(1 — 2w) satisfies this (and (2-2) holds for it by the
hypothesis), the proof of the single-patch case of Theorem 1.3 (and of Remark (1) after it) is finished.

2E. Absence of simple splashes for all o € (0, 1). Let us now assume that only simple splashes can
happen for a C'” patch and « € (0, %) That is, there is R > 0 such that, for all ¢ close enough to T and
any &, n, € T satisfying |z(&;, t) —z(n;, t)| = m(t), there is no & € T such that min{|§ — &|, |E —n,|} =6
and also |z(£,t) — z(n:, )] < R. This essentially means that any potential splash only involves two folds
of 0€2, although this requirement is in fact weaker than that: multiple folds are allowed but not near
minimizers of (2-7). Then in Lemma 2.5 we have f/(0) =0 and so J; = 0. Hence Lemma 2.4 shows that
a simple splash cannot occur by time 7" if sup, o 1) [1€2()[|c1.» < 00 for some y € [2a, 1], and m () can
decrease at most exponentially when y > 2« and at most double exponentially when y = 2¢.

In fact, one can extend this result to all o € [%, 1). In this case one must replace u in (1-5) (which
becomes infinite on 9€2(¢)) by its normal “component”

x—y)tn
u,(x,t) := p.v./ﬂ(t) CQW dyny;
(which is finite), with n ; the unit outer normal vector to €2(¢) at x € d€2(¢); see also [Kiselev et al. 2017,
Remark 2 after Definition 1.2] or [Kiselev and Luo 2023]. If we now assume sup, g 7 [1€2 ()l c2» < 00,
one can use (2) above (2-10) to show that ’f(h) — f(0) — %f”(O)hzy < A|h|**” in (2-14). Then the
oddness of the integrand in 2 will yield the estimate

m2 16 R 8m
| /5| 52/ 1—+22A|h|2+y dh+2/ szm”y dh
o |h|tT my2 |h|7H5

in the proof of Lemma 2.4 whenever y € [2« — 1, 1]. Hence no finite time simple splash can happen
by time T in this case either, and we again obtain an exponential (resp. double exponential) lower bound
on m(t) when y > 2o — 1 (resp. y = 2a — 1). Note also that for ¢ = % it even suffices to assume
sup,cro,7) €2 (1) [l c1.1 < 0o, with 2+ y replaced by 2 and with a double exponential lower bound on m(z).

2F. The multiple patches case. In the general multiple patches case, (2-3) becomes

In—jl+ 1§ —nl
sup sup < 00,
1€l0,T) (1,8),Gomezy xT 1Zn (&, 1) — z2;(n, 1)|
(n.8)#(.m)
where Zy :={1,..., N} and z,(-, t) is a constant-speed parametrization of 92, (). We choose the

same § (with all z,, included in the definitions of M and M’), and then

m(r) = min lzn (5, 1) —zj(m, )| = 0. (2-106)
(n,8),(jmeZnxT
[(n.8)—=(j.m)|=8
The points & and 1, may now be on the boundaries of distinct patches, but that does not change our
analysis, which only deals with the individual patch segments in a small rectangle centered at n;. The

geometric lemmas are unchanged; the estimates on integrals I’ and /; in Section 2C only change by the
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factor |61| 4+ - - - +|0n| and hence so does the rest of the argument. This finishes the proof of Theorem 1.3
(and of Remark (1) after it) as stated. The claim in Remark (2) after Theorem 1.3 also extends to this case.

3. Proof of Theorem 1.4

Let us now turn to the half-plane case D := R x R, when the proof is essentially identical to Theorem 1.3
(and the H? and H? local well- -posedness results from [Gancedo and Patel 2021; Kiselev et al. 2017]
require « € (0, 24) and o € (O ) respectively).

Let us first recall the definition of patch solutions in this setting from [Kiselev et al. 2017]. Equation (1-1)
is unchanged, and A in (1-2) is the Dirichlet Laplacian on D. If we assume that @ € (0, %), this means
that for an appropriate constant ¢, > 0 we have

N N
u(x,t>=ca/D( S |y2)+2a)w<y,t>dy (-1

|x—y|2+2°‘ |

for each x € D, where 7 := (y;, —y»). Definition 1.2 is as before, but with the patches Q1 (?), ..., Qy(¢)
now contained in D instead of R?, and with u from (3-1) instead of (1-3).

We define M, M’, and § as before and m(t) via (2-16). We also consider the reflected patches
Qu(t):={y e R*\ D | y € Q,(t)}, which allows us to write (after dropping ¢, via rescaling)

-»* o C
ulx,t) = 9/ —dy— 9/ ———dy
Z Q, () lx — |2+2a ; n G, (1) |x—y|2+2“
Theorem 1.4 will now follow once we show (2-9) with this «. This is proved in the same way as on R?,
but now the boundary segments defining functions f; in Section 2C can belong to both the original
and the reflected patches. Note that the distance of 0€2,(¢) and 92, (1) can be less than m (1) —even 0
because they can touch at d D, in which case their normal vectors coincide at any point of touch. But they
obviously cannot cross — this is why we did not assume a > m in Lemma 2.5 — which allows us to use
the same estimates as in Section 2, modulo a factor of 2 due to the number of patches now being doubled.
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