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We study the problem of scattering by several strictly convex obstacles, with smooth boundary and
satisfying a noneclipse condition. We show, in dimension 2 only, the existence of a spectral gap for
the meromorphic continuation of the Laplace operator outside the obstacles. The proof of this result
relies on a reduction to an open hyperbolic quantum map, achieved by Nonnenmacher et al. (Ann. of
Math. (2) 179:1 (2014), 179-251). In fact, we obtain a spectral gap for this type of object, which also
has applications in potential scattering. The second main ingredient of this article is a fractal uncertainty
principle. We adapt the techniques of Dyatlov et al. (J. Amer. Math. Soc. 35:2 (2022), 361-465) to apply
this fractal uncertainty principle in our context.
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1. Introduction

Scattering by convex obstacles and spectral gap. We are interested by the problem of scattering by
strictly convex obstacles in the plane; see Figure 1. Assume

J
O:UO,
j=1

where O; are open, strictly convex connected obstacles in R? having smooth boundary and satisfying the
Ikawa condition: for i # j # k, O; does not intersect the convex hull of O; U Oy. Let
Q=R>\0.

It is known that the resolvent of the Dirichlet Laplacian in € continues meromorphically to the
logarithmic cover of C; see for instance [Dyatlov and Zworski 2019]. More precisely, suppose that
x eC¥ (R?) is equal to 1 in a neighborhood of O@. The map

X(=A =27y LA(Q) — LA(Q)
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Figure 1. Scattering by three obstacles in the plane.

is holomorphic in the region {Im A > 0} and it continues meromorphically to the logarithmic cover of C.
Its poles are the scattering resonances. We are interested in the problem of the existence of a spectral gap
in the first sheet of the logarithmic cover (i.e., C\ iR™). We prove the following theorem:

Theorem A. There exist y > 0 and Ao > 0 such that there is no resonance in the region

This problem has a long history in the physics and mathematics literature. The spectral gap was for
instance studied by [Ikawa 1988] in dimension 3. It was experimentally investigated in [Barkhofen et al.
2013] for three- and five-disk systems. In this study, the author brings experimental evidence of the
presence of a spectral gap, no matter how thin the trapped set is. For related problems concerning the
distribution of scattering resonances for such systems, here is a nonexhaustive list of papers in which the
reader can find pointers to a larger literature: [Gaspard and Rice 1989] for the three-disk problem, [Gérard
1988; Ikawa 1982] for the two-obstacle problem, [Petkov and Stoyanov 2010] for a link with dynamical
zeta functions, [Bardos et al. 1987; Hargé and Lebeau 1994] for the diffraction by one convex obstacle,
[Sjostrand and Zworski 1999] among others papers of the two authors concerning the distribution of the
scattering resonances. We will also widely use the presentation and the arguments of [Nonnenmacher
et al. 2014].

The spectral gap problem is a high-frequency problem and justifies the introduction of a small parame-
ter i1, where 1/h corresponds to a large frequency scale. Under this rescaling, we are interested in the
semiclassical operator

P(h)=—h*A—1, h<hy,

and spectral parameter z € D(0, Ch) for some C > 0.

In the semiclassical limit, the classical dynamics associated to this quantum problem is the billiard flow
in Q x S, that is to say, the free motion outside the obstacles with normal reflection on their boundaries.
A relevant dynamical object is the trapped set corresponding to the points (x, £) € 2 x S' that do not
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escape to infinity in the backward and forward direction of the flow. In the case of two obstacles, it is a
single closed geodesic. As soon as more obstacles are involved, the structure of the trapped set becomes
complex and exhibits a fractal structure. This is a consequence of the hyperbolicity of the billiard flow. It
is known that the structure of the trapped set plays a crucial role in the spectral gap problem.

A good dynamical object to study this structure is the topological pressure associated to the unstable
Jacobian ¢,. This dynamical quantity is a strictly decreasing function s — P(s) which measures the
instability of the flow (see Section 2 for definitions and references given there). In dimension 2, Bowen’s
formula shows that the Hausdorff and upper-box dimensions of the trapped set are 2sg, where sg is the
unique root of the equation P (s) = 0. In [Nonnenmacher and Zworski 2009], the existence of a spectral
gap for such systems has been proved under the pressure condition

P(%) < 0.

Their result holds in any dimension, with a quantitative spectral gap. Our result doesn’t need this
assumption anymore. In fact, it relies on the weaker pressure condition

P(1) <O0.

It is known that this condition is always satisfied in the scattering problem we consider since the trapped
set is not an attractor [Bowen and Ruelle 1975]. Due to Bowen’s formula, this condition can be interpreted
as a fractal condition. This is this fractal property that will be crucial in the analysis.

Open hyperbolic systems and spectral gaps. The problem of scattering by obstacles falls into the wider
class of spectral problems for open hyperbolic systems; see [Nonnenmacher 2011]. In these open systems,
the spectral problems concern the resonances; these are generalized eigenvalues which exhibit some
resonant states. Among the problems which widely interest mathematicians and physicists, resonance
counting and spectral gaps are on the top of the list. Spectral gaps are known to be important to give
resonance expansion (see for instance [Dyatlov and Zworski 2019]) and local energy decay (see for
instance [Ikawa 1982; 1988] concerning local energy decay in the exterior of two or more obstacles
in R3). It was conjectured in [Zworski 2017, Conjecture 3] that such systems might exhibit a spectral gap
as soon as the trapped set has a fractal structure.

Potential scattering. Scattering by a compactly supported potential falls in the class of open systems. It
consists of studying the semiclassical operator P(h) = —h*A + V (x), where V € CSO(RZ); see Figure 2.
In this framework, the spectral gap problem consists of exhibiting bands in the complex plane of the form

la, b] —i x [0, hy],

where P (h) has no resonance for # small enough. In the semiclassical limit, the behavior of P (%) is linked
to the classical flow of the system, that is, the Hamiltonian flow generated by p(x, &) = |& |24+ V (x). Note
that in potential scattering, one has to focus on some energy shell {p = E}, where E € R is independent
of h, with Re z sufficiently close to E. This specification is not necessary in obstacle scattering (implicitly,
we have already decided to work with E = 1). The properties of the resonant states u;, which are
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Figure 2. Scattering by a smooth compactly supported potential V.

generalized solutions of the equation (P (h) — z)u, = 0, are linked to the trapped set of the flow at
energy E. This trapped set K corresponds to all the trajectories which stay bounded for the backward
and forward evolution of the flow on the energy shell {p = E}. When the flow is hyperbolic on the
trapped set, this trapped set is known to exhibit a fractal structure.

In fact, a by-product of our method is that we can obtain a spectral gap in potential scattering, under
the dynamical assumptions of [Nonnenmacher et al. 2011], recalled in Section 2B:

Theorem B. Assume that the Hamiltonian flow is hyperbolic on K and that K is topologically one-
dimensional. Then, there exists § > 0 such that for any C > 0, there exists hg > 0 such that, for 0 < h < hy,
P(h) = —h?>A +V — E has no resonance in

D, Ch)N{Imz € [-éh, O]}.

It is possible to obtain a spectral gap for the more general quantum Hamiltonian presented in [Nonnen-
macher et al. 2011, Section 2.1] for manifolds with Euclidean ends.

Convex cocompact hyperbolic surfaces. Another class of open hyperbolic systems exhibiting a fractal
trapped set consists of the convex cocompact hyperbolic surfaces, which can be obtained as the quotient
of the hyperbolic plane H? by Schottky groups I'. The spectral problem concerns the Laplacian on these
surfaces and its classical counterpart is the geodesic flow on the cosphere bundle, which is known to
be hyperbolic due to the negative curvature of these surfaces. In this context, it is common to write the
energy variable 1> = s(1 —s) and study

(—A—s(1—s)"L

The trapped set is linked to the limit set of I" and the dimension § of this limit set influences the spectrum.
The Patterson—Sullivan theory (see for instance [Borthwick 2007]) tells that there is a resonance at s = §
and that the other resonances are located in {Re(s) < §}. In particular, it gives an essential spectral gap of
size maX(O, % — 8). This is consistent with the pressure condition P(s) < % since in that situation, P (s)
is simply given by P(s) = § — 5. Results where obtained by Naud [2005], where he improves the gap
given by Patterson—Sullivan theory in the case § < % Recent results, initiated by [Dyatlov and Zahl 2016],

have improved this gap. In [Bourgain and Dyatlov 2018], the authors show that there exists an essential
1

spectral gap for any convex cocompact hyperbolic surface. In particular, the pressure condition § < 5
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is no longer a necessary assumption. The new idea in these papers is the use of a fractal uncertainty
principle. It will be a crucial tool of our analysis.

Reduction to open hyperbolic quantum maps. An important aspect of our analysis to prove Theorem A
relies on previous results of [Nonnenmacher et al. 2014]. Their Theorem 5 (found in Section 6 of that
work) reduces the study of the scattering poles to the study of the cancellation of

7> det(I— M(2)),
where
M(z): L*(00) — L*(30) (1-1)

is a family of hyperbolic open quantum maps (see below Section 2A). The family z — M (z) depends
holomorphically on z € D(0, Ch) for some C > 0 and is sometimes called a hyperbolic quantum
monodromy operator. The construction of this operator relies on the study of the operators My(z) defined
as follows: For 1 < j < J, let H;(z) : C*(00;) — C®(R?\ O;) be the resolvent of the problem
(=h*A —1—2)(Hj(2)v) =0,
H;(z)v is outgoing,
H;(z)v=von d0;.
Let y; be the restriction of a smooth function u € C®(R?) to C>(00;) and define My(z) by
0 ifi =j,
—viH;(z) otherwise.

My(z) = {

Due to results of [Gérard 1988, Appendix II], this matrix is a Fourier integral operator associated with
a Lagrangian relation related to the billiard flow. A priori, it excludes neither the glancing rays nor the
shadow region. Ikawa’s condition ensures that they do not play a role when considering the trapped set and
allows the author to neglect the effects of these regions; see Section 6 in [Nonnenmacher et al. 2014]. A
consequence of their analysis is that M (z) is associated with a simpler Lagrangian relation B, which is the
restriction of the billiard map to a domain excluding the glancing rays. To be more precise, let us introduce

Sio, ={(x,&) e T*R* : x € 90y, |&] = 1),
B*30; = {(y, ) € T*30; : In| < 1},
7Tt Sgoj — B*30; the orthogonal projection on each fiber.

B is then the union of the relations B;; corresponding to the reflection on two obstacles: for (p;, p;) €
B*00; x B*00;,
(pi, pj) € Bijj <= there exists t > 0 such that & € Sl xe 00;,
Ti(x, &) =pj, wx+tE,E)=p;, vjx)-E>0, vi(x+1£)-£<O.
See Figure 3. It is a standard fact in the study of chaotic billiards (see for instance [Chernov and Markarian

2006]) that the billiard map is hyperbolic due to the strict convexity assumption. Ikawa’s condition ensures
that the restriction of the dynamical system to the trapped set has a symbolic representation [Morita 1991].



1024 LUCAS VACOSSIN

Figure 3. Description of the Lagrangian relation 3;;.

Spectral gap for hyperbolic open quantum maps. Using this reduction, Theorem A will be proved
once we are able to show that the spectral radius of M (z) is strictly smaller than 1 for z € D(0, Ch) N
{Im z € [—6h, 0]} for some & > 0. This will be a consequence of the following statement, which will be
demonstrated in this paper (see Section 2 below for a more precise version).

Theorem C. Let (M (z)); be the family introduced in (1-1), that is, a hyperbolic quantum monodromy
operator associated with the open Lagrangian relation B. Then, there exist hg > 0, y > 0 and tyux > 0
such that the spectral radius of M(z), pspec(2), satisfies, for all h < hy and all z € D(0, Ch),

Pspec(z) < eV Tmax tmz,

When z € R, the operator M(z) is microlocally unitary near the trapped set and its L? norm is
essentially 1. Then, we have the trivial bound

pspec(z) <L

The bound given by the theorem is a spectral gap since we obtain
Iospec(z) <eV <1

The dependence of the bound with the parameter z is related to the symbol of the open quantum map M (z).

The link between open quantum maps and the resonances of open quantum systems has also been
established in [Nonnenmacher et al. 2011] for the case of potential scattering and this is why we will also
obtain a spectral gap in this context. We review this reduction both in obstacle and potential scattering
in Section 2 and show how it implies the spectral gap. This correspondence between open quantum
maps and open quantum systems leads to a heuristic: to a resonance z for the open quantum systems, it

—itz/h

corresponds an eigenvalue e of an open quantum map. Here, 7 is a return time associated with the
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Figure 4. The fractal uncertainty principle asserts that no state can be microlocalized
both in frequencies (in blue) and positions (in red) near fractal sets.

classical dynamics of the open system. In particular, the spectral gap for open quantum maps given by
the theorem heuristically implies that the resonances of the open systems might satisfy Imz < —hy /7.

Resolvent estimates. In this paper, we use the results of [Nonnenmacher et al. 2011; 2014] as a black
box. In particular, we apply directly their main theorem establishing a correspondence between scattering
resonances and eigenvalues of open quantum maps. This allows us to get information on the locations of
the resonances, but cannot transfer resolvent estimates from open quantum maps to the scattering resolvent
directly. The main estimate of this paper (see Proposition 4.2) can be used to obtain resolvent estimates
for open quantum maps. In an ongoing work, we analyze precisely the proofs in [Nonnenmacher et al.
2011; 2014] so as to explain how to deduce polynomial estimates for the cut-off resolvent both in obstacle
and potential scattering. It seems to us that it should be possible to use the gluing method of [Datchev and
Vasy 2012] to obtain the same kind of results (spectral gap and polynomial resolvent estimates) with other
types of infinite ends, when the trapped set is hyperbolic for the flow and topologically one-dimensional.

On the fractal uncertainty principle. The fractal uncertainty principle is a recent tool in harmonic
analysis in one dimension developed by Dyatlov and several collaborators. For a large survey on this topic,
we refer the reader to [Dyatlov 2018]. We do not enter into the details in this introduction and give the
precise definitions and statements in Section 6. We rather explain here the general idea of this principle
in the spirit of our use; see Figure 4. Roughly speaking, it says that no function can be concentrated both
in frequencies and positions near a fractal set. Suppose that X, Y C R are fractal sets. To fix the ideas,
let’s say that X and Y have upper-box dimensions dx and 8y strictly smaller than 1. For ¢ > 0, we write
X (c¢) = X +[—c, +c] and the same for Y. Also denote by 7}, the h-Fourier transform

Fru(§) = e e My (x) dx.

1
Q2 h)!/? /R
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The fractal uncertainty principle then states that there exists 8> 0 depending on X and Y (see Proposition 6.5
for the precise dependence) such that, for 2 small enough,

I11xmFrlyimllr2my— 2@ < hP.

Actually, one can change the scales and look for the sets X (h“¥) and Y (h*"), where ay and ay are
positive exponents. The result will stay true when these exponents satisfy the saturation condition

oy +ay > 1.

It will be a key ingredient in the proof of the main theorem of this paper. It has been successfully
used to show spectral gaps for convex cocompact hyperbolic surfaces [Dyatlov and Zahl 2016; Bourgain
and Dyatlov 2017; Dyatlov and Jin 2018; Dyatlov and Zworski 2020]. A discrete version of the fractal
uncertainty principle is also the main ingredient of [Dyatlov and Jin 2017], where the author proved a
spectral gap for open quantum maps in a toy model case. Their results concerning the open baker’s map
on the torus T2 partly motivates our theorem on open quantum maps.

The fractal uncertainty principle has also given new results in quantum chaos on negatively curved
compact surfaces. It was first successfully used for compact hyperbolic surfaces in [Dyatlov and Jin 2017],
where the authors proved that semiclassical measures have full support. The hyperbolic case was treated
using quantization procedures developed in [Dyatlov and Zahl 2016], which allow one to have a good
semiclassical calculus for symbols very irregular in the stable direction, but smooth in the unstable one (or
conversely). In [Schwartz 2021], the same ideas lead to a full delocalization of eigenstates for quantum
cat maps. The quantization procedures used in these papers rely on the smoothness of the unstable and
stable distributions. This smoothness is not possible for general negatively curved surfaces. However,
in [Dyatlov et al. 2022], the authors bypassed this obstacle and succeeded in extending these results to
the case of negatively curved surfaces. It is mainly from this paper that we borrow techniques and we
adapt them in our setting.

A model example. To explain the main ideas of the proof of Theorem C, let us show how it works in
an example where the trapped set is the smallest possible, a single point. In this context, we only need
a simpler uncertainty principle. We focus on the case z = 0 in Theorem C and focus on a single open
quantum map.

We consider the hyperbolic map

F:(x,6) eR*—> 27 'x,28) e R%.

It has a unique hyperbolic fixed point pp = 0 and the stable (resp. unstable) manifold at O is given by
{& = 0} (resp. {x = 0}). The scaling operator

U:veL3R) —~ v2v(2x)

is a quantum map quantizing F. To open it, consider a cut-off function x € CSO(RZ) such that x =1 in
B(O, %) and supp x € B(0, 1) and we consider the open quantum map

M = M(h) = Op,()U,
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where Op,, is in this example (and only in this example) the left quantization

0Py GO = g | (e 06 My dy .

One easily checks that Egorov’s property for U is true without remainder term:
U*Op,(X)U =Op,(x o F),  UOp,()U* =Op;(x o F7).

To show a spectral gap for M, we study M" with

3logh
n=n(h)~ _Zloi2

This time is longer than the Ehrenfest time — log /1/log 2. We write
M" =U"Op,(x o F")---Op,(x o F").

The formula [Op,(a), Op,(b)] = O (h'=%) is valid for a, b symbols in S5 (we recall the definitions of
symbol classes in Section 3) and § < % The problem here is that, for 1 <k <n, xoF kK are uniformly
in §3/4; this is not a good symbol class. To bypass this difficulty, we observe that the symbols x o F k are
uniformly in S3/8 for k € {—n/2,...,n/2}. As a consequence, for j € {1, ..., n}, we write
[Op;,(x © F"), Opy (x © F/)] = U~""2[Op;,(x o F"'*), Op;,(x o F/~"/%)]U"?

— U—n/ZO(h]/4)Un/2

= 0(h'"%),
where the constants in O are uniform in j and depend only on x. Applying this formula recursively to
move the term Op, (x o F") to the right, we get

M" =U"Op,(x o F" 1) ---0p,(x o F)Op,(x o F")+ O(h'/*1logh).

Similarly, we can write

M" ' = 0p,,(x o F7") Op, (x) - - Op, (x o F"THU" ™ + 0 (h'*log h).
Hence, we have
MP+ = AOp, (x o F")Op,(x o F"™)B+ O(h"/*logh),

with
A=Ah)=U"Op,(x o F"™ ... 0p,(x o Fy=0(1),
B = B(h) = Op,(x)---Op,(x o F"THhu" = 0(1).

We have the following properties on the supports:

supp x o F" C {|§] <27"}, suppyxoF" C{lx|<27"}.
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Assuming n(h) > —%(log h/log?2), we observe that

Oph()( oF") = Oph()( o F")l[_h3/4’h3/4](th),

Opj,(x o F7") = L34 paay (x) Opy (x 0 F77).
Finally, we have

M1 = AOp, (x 0 F")L sy (hD) L3843y (x) Opy (x © F~")B + O (h'* log h).
This is where we need an uncertainty principle:

”1[_]13/47}13/4] (hDX)l[h’3/4,h3/4] (X)HLZ—)LZ - ”1[_}13/4’],[3/4]}'}, 1[—h3/4,h3/4]”L2—>L2
< MLz pall oo 12 X N Fnllpio poo X N L3 pgll 2 00
< CI*® x k=12 x h¥3/8 = cn'/*,

Here, the bound can be understood as a volume estimate; the box in phase space of size #3/4 is smaller
than a “quantum box”. Gathering all the computations together, we see that

1M 22 = O * log h).
Elevating this to the power 1/(2n + 1), we see that, for every ¢ > 0, we can find 4, such that, for & < h,,
p(M) < (1+¢)27Y6,

Remark. What matters in this example is the strategy we use, and not particularly the bound, which is in
fact not optimal.

Sketch of proof. The strategy presented in this simple model case is the guideline, but its direct application
will encounter major pitfalls that we’ll have to bypass.

« Since the trapped set is a more complex fractal set, we’ll need the general fractal uncertainty principle
developed by Dyatlov and his collaborators.

« Even in small coordinate charts, the trapped set cannot be written has a product of fractal sets in
the unstable and stable directions. To tackle this difficulty, we build adapted coordinate charts (see
Section 3E) in which we straighten the unstable manifolds. The existence of such coordinate charts
is made possible by Theorem 5, in which we prove that the unstable (and stable) distribution can be
extended in a neighborhood of the trapped set to a C'*# vector field.

« In the model case, there is only one point and hence one unstable Jacobian to consider which gives the
Lyapouvov exponent of the map log J! (0) = log 2. Generally, the growth rate of the unstable Jacobian
differs from one point to another (see Section 4C) and the choice of the integer n(h) is not as simple.
In fact, we prefer to break the symmetry 2n(h) = n(h) + n(h) and split 2n(h) into a small logarithmic
time Ny(h) and a long logarithmic time Nj(h) (see Section 4A). The first one is supposed to be smaller
than the Ehrenfest time and allows us to use semiclassical calculus to handle M. As a matter of fact,
the major technical difficulties concern the study of MM
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o The study of MM requires fine microlocal techniques. The trick used in the model case to have the
commutator estimate is not possible and we have to use propagation results up to twice the Ehrenfest
time. This is what we do in Section 4D but this study has to be made locally and we need to split MM
into a sum of many terms Uy.

o We could use the fractal uncertainty principle to get the decay for single terms M ™o U,. However, a
simple triangle inequality to handle their sum will not give a decay for MY since the number of terms
in the sum grows like a negative power of /. To bypass this problem, we need a more careful analysis and
we gather them into clouds (see Section 4G). These clouds are supposed to interact with a few other ones,
so that a Cotlar—Stein-type estimate reduces the study of the norm of the sum to the norm of each cloud.
The elements of a single cloud are supposed to be close to each other, so that the fractal uncertainty
principle can be applied to all of them in the same time and gives the required decay for a single cloud.

Our strategy follows the main lines of the proof of [Dyatlov et al. 2022]. In particular, their strategy
allows us to apply the fractal uncertainty principle of [Bourgain and Dyatlov 2018] in a case where the
unstable foliation is not smooth (and in fact, a priori defined only in a fractal set). Their strategy relies on
the existence of adapted charts based on C?~ regularity of the unstable foliations in negatively curved
surfaces. It is based on results of [Katok and Hasselblatt 1995] for Anosov flows. We needed to prove the
existence of such adapted charts in this different context. To do so, we prove that the unstable lamination
can be extended into a C'*# foliation (see Section 3E). Another aspect which changes from [Dyatlov
et al. 2022] is the proof of porosity. In their study, the porous sets arise as iterations of artifical “holes”,
and they had to control the evolution of such holes. In our context, this study is easier since we already
know that the trapped set has a fractal structure, characterized by its Hausdorff dimension. In this paper,
we will rather use the upper-box dimension (but these two dimensions are equal in this context).

Restrictions. The main restriction of our theorem is that it only applies to quantum maps with two-
dimensional phase space. In terms of open systems, it only concerns problems with physical space of
dimension 2. Several points explain this restriction:

» The fractal uncertainty principle works in dimension 1. In higher dimensions, the result is currently not
well understood and the only known cases require strong assumptions on the fractal sets; see [Dyatlov
2018, Section 6].

« Our proof strongly relies on the regularity of the stable and unstable laminations.

» The growth of the unstable Jacobian controls the contraction (resp. expansion) rate in the unique stable
(resp. unstable) direction.

Plan of the paper. The paper is organized as follows:

« In Section 2, we present the main theorem of this paper and show how it gives a spectral gap in some
open quantum systems.

« In Section 3, we give some background material in semiclassical analysis (pseudodifferential operators
and Fourier integral operators). We also recall some standard facts about hyperbolic dynamical systems
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and give further results. In particular, in Theorem 5, we show that the unstable and stable distribution
have C'*# regularity.

o The proof of Theorem 1 starts in Section 4, where we introduce the main ingredients needed for the
proof and give several technical results.

 In Section 5, we use fine microlocal methods to microlocalize the operators we work with in small
regions where the dynamic is well understood and we reduce the proof of Theorem 1 to a fractal uncertainty
principle with the techniques of [Dyatlov et al. 2022].

 In Section 6, we conclude the proof of this theorem by applying the fractal uncertainty principle of
[Bourgain and Dyatlov 2018], and more precisely, the version stated in [Dyatlov et al. 2022].

2. Main theorem and applications

2A. Hpyperbolic open quantum maps. We introduce the main tools needed to state the main theorem
of this paper. The following long definition is based on the definitions in the works of Nonnenmacher,
Sjostrand and Zworski [Nonnenmacher et al. 2011; 2014] specialized to the two-dimensional phase space.
Consider open intervals Y, ..., Y; of R and set

J J
y=||yc|r
j=1 j=1
and consider

J J
v=||ucl]rr!. uery,;
j=1 j=1

The Hilbert space L?(Y) is the orthogonal sum @ijzl L2(Y;).
Then, we introduce a smooth Lagrangian relation F C U x U. It is a disjoint union of symplecto-

morphisms. For j =1, ..., J, consider open disjoint subsets 5:‘ i € U;, 1 <i < J, and similarly, for
i=1,...,J, consider open disjoint subsets A,- i €U;, 1 < j < J. We consider a family of smooth
symplectomorphisms

Fyj: Dij — Fyj(Dyj) = Ay (2-1

and define the relation F' as the disjoint union of the relation F;;, namely,
(o/,p)e F < thereexist 1 <i, j < J suchthat p’ = F;;(p).

In particular, F and F~! are single-valued. We will identify F with a smooth map and write by abuse of
notation p’ = F(p) or p = F~!(p’) instead of (p’, p) € F.
We let
J
Aij? nR(F)Zﬁ:I—IUBij'

1 j=li=1

m(F)=A=| |

J
i=1j=
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We define the outgoing (resp. incoming) tail by 71 := {p € U : F7"(p) € U for all n € N} (resp.
T_:={pelU: F"(p) e Uforall n € N}). We assume that they are closed subsets of U and that the
trapped set

T=T:N7T_ 2-2)
is compact. We denote by f : 7 — T the restriction of F to 7. Fori, j €{l,..., J}, wewrite T, =T NU;,
Dij={peT;: f(p) €T} C Dy,
Aij=1{peTi: f(p)eTj}C Ay

Remark. F is an open canonical transformation since F (resp. F~!) is defined only in D (resp. A). The
sets U \ D (resp. U \ A) can be seen as holes in which a point p can fall in the future (resp. in the past).

We then make the following hyperbolic assumption:
7T is a hyperbolic set for F. (Hyp)

Namely, for every p € 7, we assume that there exist stable and unstable tangent spaces E°(p) and E*(p)
such that:

e dim E5(p) = dim E*(p) = 1.
- T,U = E*(p) ® E(p).

e There exist A > 0, C > 0 such that, for every v € E*(p) (x stands for u or s) and any n € N,

veE'(p) = ld, F" ()| < Ce™"*|lv]], (2-3)
vEE(p) = |d,F"()l < Ce ™ vl (2-4)
where || - || is a fixed Riemannian metric on U.

The decomposition of 7, U into stable and unstable spaces is assumed to be continuous.

Remark. ¢ The definition is valid for any Riemannian metric and we can of course suppose that is it the
standard Euclidean metric on R,

e It is a standard fact (see [Mather 1968]) that there exists a smooth Riemannian metric on U, which is
said to be adapted to the dynamics, such that (2-3) and (2-4) hold with C = 1.

e It is known that the map p — E, /;(p) is in fact B-Holder for some 8 > 0 [Katok and Hasselblatt 1995].
We will show further an improved regularity. This will be an essential property for the proof of the main
theorem.

The last assumption we’ll make on 7 is a fractal assumption. To state it, we introduce the map
Gu:peT— —loglld,F|E,p)ll associated with the bijection f. We suppose that

—va :=—P(=log|ld,Flg,pll, f) > 0. (Fractal)
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Here, in terms of thermodynamics formalism, P denotes the topological pressure of the map ¢,. The
norm || - || is associated with any Riemannian metric on U. For instance, a possible formula for the
definition of the pressure is
n—1
P(¢) = lim lim sup 1 log sup Z explizo 9/0),
n E

>0 p— 400 peE

where the supremum ranges over all the (n, €)-separated subsets £ C 7 (E is said to be (n, )-separated
if, for every p, p’ € E, there exists k € {0, ..., n — 1} such that d(f*(p), f*(p")) > ¢).

Remark. « y is the classical decay rate of the dynamical system. It has the following physical interpre-
tation: Fix a point pp € 7 and consider the set B, (pg, €) of points p € U such that | F k(p) — F*(po)| < ¢
for 0 < k <m — 1. Then, its Lebesgue measure if of order e """,

e In Section A4, we recall arguments showing that 7 is indeed “fractal”. More precisely, the trace of T
along the unstable and stable manifolds (see Lemma 3.11 for the definitions of these manifolds) have
upper-box dimension strictly smaller than 1. In fact, Bowen’s formula (see for instance [Barreira 2008])
gives that this upper-box dimension corresponds to the Hausdorff dimension dy and it is the unique
solution of the equation

P(so,, f) =0, seR.
The Hausdorff dimension of the trapped set is then 2dy.

 This condition has to be compared with the pressure condition P (%qﬁu) < 0 in [Nonnenmacher and
Zworski 2009], which ensured a spectral gap for chaotic systems. This condition required that 7 was
sufficiently “thin”, i.e., with Hausdorff dimension strictly smaller than 1. Our condition allows to go up
to the limit dimy 7 = 2.

We then associate to F hyperbolic open quantum maps, which are its quantum counterpart.
Definition 2.1. Fix § € [0, %[ We say that 7 = T (h) is a semiclassical Fourier integral operator
associated with F, and we let T = T (h) € I5(Y x Y, F’) if, for each couple (i, j) € {1, ..., J)2, there
exists a semiclassical Fourier integral operator 7;; = T;;(h) € Is(Y; x Y;, Fi’j) associated with F;; in the
sense of Definition 3.9, such that

J J
T =(Tip=ij<s - P L)) > @ L* (V).
i=1 i=1

In particular WE,(T) C A x D. We define Ip+ (Y x Y, F') = Ms=o (Y XY, F').
We will say that T is microlocally unitary near T if the two following conditions hold:

e ITT*|| <14 O(h?®) for some ¢ > 0.
e There exists a neighborhood €2 C U of 7 such that, for every u = (uy,...,uy) € EBJJ.:l LZ(Yj),

forall je{l,...,J}, WRy(u)CQNU; = TT*u=u+0h®)ullz, T*Tu=u+0H®)|ull ..
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Let us now briefly see what the second condition implies for the components of 7*T. First focus on
the off-diagonal entries
J J
(T*T)ij =Y (Tl =Y _(Tui) Tyj.
k=1 k=1

Ifkefl,...,J}andi # j, (Ti)*Ti; = O (h™) since
WFh(T,;-) C Bki X Aki, WFh(Tkj) C Akj X Bkj and A~kj N A~ki = .

As a consequence, the off-diagonal terms are always O (h°°). For the diagonal entries,

J
(T*T)i; = Z(Tki)*Tki~
=1

Each term of this sum is a pseudodifferential operator with wavefront set
WF, (T} Tii) C Dy;.

Since the Dy; are pairwise disjoint, T*T = Id;2(yy +O (h*°) microlocally near 7 if and only if, for
all k, i, T Ty = 1d 2y, +0O(h™) microlocally near Dy;. The same computations apply to TT*. As
a consequence, T is microlocally unitary near 7 if and only if, for all (k, i), Tj; is a Fourier integral
operator associated with Fy;, microlocally unitary near Dy; x Ag; (see the paragraph below Definition 3.9).

Notation. An element of Sgomp(U ) is a J-tuple a = («y, ..., ay), where each «; is an element of
Sﬁomp(ﬂ%z) such that ess supp «; C U; (this notation is recalled in the next section).

We fix a smooth function Wy = (Wy, ..., W) such that, for 1 < j < J, ¥; € C°(Y;, [0, 1]) satisfies
WV; =1 on 7 (U;) (recall that U; € T*Y)).

For « € Sgomp (U), we also denote by Op,,(«) the diagonal operator-valued matrix

J J
Op;, (@) = Diag(W Op;, (@)W1, ..., ¥, Op,(a)¥,) : @D L*(¥Y)) > P L*(¥)).
j=1 j=1

Note that as operators on L*(R), Op,, (aj) and W; Op,, (aj)¥; are equal modulo O (h™).

We can now state the main theorem of this paper, namely a spectral gap for hyperbolic open quantum
maps. We denote by pgpec(A) the spectral radius of a bounded operator A : L3(Y) — L%(Y).

Theorem 1. Suppose that the above assumptions on F, (Hyp) and (Fractal) are satisfied. Then, there
exists y > 0 such that the following holds:

Let T =T (h) € Ip+(Y x Y, F') be a semiclassical Fourier integral operator associated with F in the
sense of Definition 2.1 and o € Sgomp (U). Assume that T is microlocally unitary in a neighborhood of T.
Then, there exists hg > 0 such that,

forall 0 < h < hy, ,Ospec(T(h) OPh(Ol)) = e_ylla”oo,

where hg depends on (U, F), T and seminorms of « in S;.
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For applications, we will need the following corollary (it is in fact rather a corollary of the method
used to prove Theorem 1):

Corollary 1. With the same notations and assumptions as in Theorem 1, if R(h) is a family of bounded
operators on L>(Y) satisfying | R(h)|| = O(h") for some n > 0, then the there exists y' depending only
on y and n such that, for 0 < h < hy,

pspec(T () Op, (@) + R(h)) < e e[| oo

Remark. « If the value &g depends on T and «, this is not the case of y which depends on (U, F).

 This is a spectral gap; it has to be compared with the easy bound we could have

Pspec(T Opy (@) = lalloe +o(1).
In particular, if o = 1 in a neighborhood of 7 and || < 1 everywhere, pspec(T'(h)) <e™7 < 1.

e T Op, () is the way we’ve chosen to write our Fourier integral operator with “gain” (or absorption
depending on the modulus of «) factor «. T Opj, () transforms a wave packet u¢ microlocalized near pg
lying in a small neighborhood of 7 into a wave packet microlocalized near F'(pp), with norm essentially
changed by a factor |« (p0g)]|.

 The proof will actually show that if 7 is strictly bigger than some threshold, then y’' = y.

Notation. Throughout the paper, the meaning of the constants C can change from line to line but these con-
stants will only depend on our dynamical system (U, F). If there is another dependence, it will be specified.

2B. Applications of the theorem. This theorem has applications in the study of open quantum systems.
We refer the reader to [Nonnenmacher 2011] for a survey on this topic. The spectral gap given by
Theorem 1 will actually give a spectral gap for the resonances of semiclassical operators P (k) in R?, or
for the resonances of the Dirichlet Laplacian in the exterior of strictly convex obstacles satisfying the Ikawa
noneclipse condition. We refer the reader to the review [Zworski 2017] for more background on scattering
resonances or to the book [Dyatlov and Zworski 2019]. The results we will obtain from Theorem 1 give
a positive answer (in dimension 2) to Conjecture 3 in [Zworski 2017], under a fractal assumption.

Scattering by strictly convex obstacles in the plane. As already explained in the Introduction the main
problem motivating Theorem 1 is the problem of scattering by obstacles in the plane R2. It leads to:

Theorem 2. Assume that O = Ui]:1 Oj, where O; are open, strictly convex connected obstacles in R2
having smooth boundary and satisfying the Ikawa condition: for i # j # k, O; does not intersect the
convex hull of (’_)j U Ox. Let

Q=R>\0.

There exist y > 0 and ho > 1 such that the Dirichlet Laplacian — A on L*(Q2) has no scattering resonance
in the region

[A0, +oo[+i[—y, O].
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Let us give the arguments to see why Theorem 1 implies this theorem. After a semiclassical
reparametrization, it is enough to show that there exist 8 > 0 and & > 0 such that P (h) := —h>A — 1 has
no resonance in D(0, Ch) N {Im z € [—6h, 0]} for any h < hg. As already explained, the implication relies
on [Nonnenmacher et al. 2014, Theorem 5, Section 6]. There they prove the existence of a family of

(M(2))zep0,ch) = (M(z, h)) (2-5)
such that:

e M(z) =TI, M (z)T1;, + O (h), where I, is a finite-rank projector, of rank comparable to h~!, L > 0
is a fixed constant (which can in fact be chosen as big as we want) and M (z) is described below and
satisfies [T, M (2)I1;, = M (z) + O (k).

» M(0) is an open quantum map associated with a Lagrangian relation B presented in the Introduction,
which is microlocally unitary near 7. B and M (0) play the roles of F and T in Theorem 1 and satisfy its
assumptions.

e M(z) = M(0) Op, (€**/") + O (h'~#) uniformly in D(0, Ch), where & > 0 can be chosen arbitrarily
close to zero and T € C2°(U) is a smooth function (which has to be seen as a return time).

o The resonances of P (k) in D(0, Ch) are the roots, with multiplicities, of the equation
det(l — M(z)) =0.

Hence, to prove the theorem, it is enough to show that the spectral radius of M(z) is strictly smaller
than 1 for z € D(0, Ch) N{Im z € [k, 0]} for some § > 0 and for & small enough. To see that, we write

M(z) = M(0) Op, (e'*"/") + R(h),
with R(h) = O (h") for any n < min(1, L). We apply Theorem 1 and find some y’ such that
Pepec(M(2)) < eV |¢ /M |og <77, z € DO, Ch) N {Imz € [—8h, O]},
where Tymax = || T|leo- This ensures a spectral gap of size

/

v

Tmax

<

Schrodinger operators. Actually, the obstacles, seen as infinite potential barriers, can be smoothened
with a potential V € C SO(RZ) and we can consider the Schrodinger operators Py(h) = —h2A 4V (x).

Unlike the obstacle problem, a simple rescaling does not allow to pass from energy 1 to any energy E
and the behavior of the classical flow can drastically change from an energy shell to another. To study the
problem at energy E > 0, independent of 4, we rather consider

P(h) = Py(h) — E.

The resolvent (P(h) — z)~! continues meromorphically from Imz > 0 to D(0, Ch) (as previously in
the sense that x (P (h) —z)' x extends meromorphically with y € C é’o([F\Rz)) and we are interested in the
existence of a spectral gap.
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The classical Hamiltonian flow associated with P (%) is the Hamiltonian flow &’ generated by po(x, £) =
|€]%> + V (x) on the energy shell Po Y(E). The trapped set is defined as above by

Ki:={(x,&) e T*R*: po(x, &) = E, ®'(x, £) stays bounded as t — +00}.

We assume that the flow is hyperbolic on K¢ and that the trapped set is topologically one-dimensional.
Equivalently, we assume that transversely to the flow, K g is zero-dimensional. Under these assumptions,
the authors proved (see Theorem 1 in [Nonnenmacher et al. 2011]) the existence of a family of monodromy
operators associated with a Lagrangian relation Fg which is a Poincaré map of the flow on different
Poincaré sections X1, ..., X5 C py Y(E). The assumption on the dimension of Kg implies that the
assumption (Fractal) is satisfied since Kg cannot be an attractor [Bowen and Ruelle 1975]. Hence,
Theorem 1 applies and we can prove as done in the case of obstacles:

Theorem 3. Under the above assumptions, there exists 6 > 0 such that P (h) has no resonances in

D0, Ch)N{Imz € [-éh, O]}.

3. Preliminaries

3A. Pseudodifferential operators and Weyl quantization. We recall some basic notions and properties
of the Weyl quantization on R". We refer the reader to [Zworski 2012] for the proofs of the statements
and further considerations on semiclassical analysis and quantizations. We start by defining classes of
h-dependent symbols.

Definition 3.1. Let 0 <§ < % We say that an /-dependent family a := (a(-; h))o<n<1 1s in the class
Ss(T*R™) (or simply S if there is no ambiguity) if, for every o € N?", there exists C,, > 0 such that,
forall0<h <1, sup |0%(x,&;h)| <Cuh™0l,
(x,6)eR"
In this paper, we will mostly be concerned with § < % We will also use the notation So+ = (). Ss-
We write a = O (h") s; to mean that, for every o € N?", there exists Cqy.n such that,
forall0<h <1, sup [0%(x,&;h)| < Cenh AN,
(x,6)eR”

Ifa = O(hN)Sa for all N € N, we’ll write a = O (h*°)g,. A priori, the constants C, y depend on the
symbol a. However, in this paper, we will often make them depend on different parameters but not
directly on a. This will be specified when needed.

For a given symbol a € S5(T*R"), we say that a has a compact essential support if there exists a
compact set K such that,

forall x e C(Q), suppxNK =2 = xa=O0Mh>P)swnwrm

(here S stands for the Schwartz space). We let esssuppa C K and say that a belongs to the class
S;Omp(T*[R”). The essential support of a is then the intersection of all such compact K’s. In particular,
the class Sgomp contains all the symbols supported in an i#-independent compact set and these symbols
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correspond, modulo O (h*°)s(r+R). to all symbols of Sgomp. For this reason, we will adopt the notation
ae Sy "P(Q) < esssuppa € Q.

For a symbol a € Ss(T*R"), we’ll quantize it using Weyl’s quantization procedure. It is informally
written as

Opy(@u)(x) = (@™ (x, hDy)u)(x) = m%) /R a(m

= g)u(y)ei((x}’)f)/h dy dt.

We will denote by Ws(R") the corresponding classes of pseudodifferential operators. By definition, the
wavefront set of A = Op,,(a) is WF;,(A) =esssuppa.

We say that a family u = u(h) € D'(R") is h-tempered if, for every x € C2°(R"), there exist C > 0
and N € N such that ”XM”Hh—N < Ch™V. For a h-tempered family u, we say that a point p € T*R"
does not belong to the wavefront set of u if there exists a € S®™P(T*R") such that a(p) # 0 and
Opj,(a)u = O(h*™)s. We denote by WF;, (1) the wavefront set of u.

We say that a family of operators B = B(h) : C°(R"2) — D'(R") is h-tempered if its Schwartz kernel
Kp € D'(R" x R"™) is h-tempered. We define

WF,(B) = {(x,&,y, —n) € T*"R" x T*"R™: (x, &, y, n) € WF;(Kp))}.

Let us now recall standard results in semiclassical analysis concerning the L?-boundedness of pseudo-
differential operators and their composition. We’ll use the following version of the Calder6n—Vaillancourt
theorem [Zworski 2012, Theorem 4.23].

Theorem 4. There exists C,, > 0 such that the following holds. For every 0 < 4§ < % and a € Ss(T*R"),
Op,, (a) is a bounded operator on L* and

10p, (@)l 2@ny 2y < Cu Y R [[0%]| 1.

ler] <8n

As a consequence of the sharp Garding inequality (see [Zworski 2012, Theorem 4.32]), we also have
the precise estimate of L? norms of pseudodifferential operator,

Proposition 3.2. Assume that a € S5(R*"). Then, there exists C, depending on a finite number of
seminorms of a such that

1 0Py (@212 < llalloo + Ca'/7.

We recall that the Weyl quantizations of real symbols are self-adjoint in L2. The composition of two
pseudodifferential operators in W; is still a pseudodifferential operator. More precisely (see [Zworski
2012, Theorems 4.11 and 4.18]), if a, b € Ss, then Op,, (a) o Op, () is given by Op,, (a #b), where a #b is
the Moyal product of a and b. It is given by

a#b(p) =" P (a@Db)| p=p,=p,»

where a @ b(p1, p2) = a(p1)b(p2), 4P is a Fourier multiplier acting on functions on R* and, writing
pi = (xi, §i),
1
A(D) = 3(Dg, 0 Dy, — Dy, 0 Dg,).
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We can estimate the Moyal product by a quadratic stationary phase and get the following expansion: for

all N e N,
N—1 .r,k

i“h
a#b(p) =) — - AD @B D) p=p=p; + 7.
k=0 ’

where, for all @ € N%*, there exists C,, independent of @ and b, such that

10%r N lloo < CahN lla @ bl cav+antitial.

As a consequence of this asymptotic expansion, we have the precise product formula:

Lemma 3.3. For every N € N, there exists Cy > 0 such that, for every a, b € Ss(R"),

N—=1 .k, k
i*h
Opy,(a) o Op,,(b) = Op, ( Z 7A(D)k(a ® b)|p=pl=p2> + Ry, (3-1)
k=0 )
where
||RN ”LZ(R)—)Lz(R) S CNhN ||a ® bllc2N+12n+1 . (3-2)

Remark. It will be important in the sequel to understand the derivatives of a and b involved in the k-th
term of the previous expansion. A quick recurrence using the precise form of the operator A(D) shows
that A(D)*(a @ b)(p1, p2) is of the form

D rapd“a(p)d’bpy).

la|=k, | Bl=k

This can be rewritten Iy (d*a(p1), db(p2)), where I is a bilinear form on the spaces of k-symmetric
forms on R?". Of course, we make use of the identifications T, T*R" =~ T, T*R" ~ R*".

As a simple corollary, we get an expression for the commutator of pseudodifferential operators.

Corollary 3.4. For every N € N, there exists Cy > 0 such that, for every a, b € Ss(R"),
h N-1
[Opj, (@), Op, (b)] = Op, (7{a, by+ ) h*Li(d*a, d"b)) + Ry,
k=2

where

”RNllLZ(R)—)LZ(IR) < CNhN”a ® b||c2N+12n+1 ,

where the Ly, are bilinear forms on the spaces of k-symmetric forms on R*".

3B. Fourier Integral operators. We now review some aspects of the theory of Fourier integral operators.
We follow [Zworski 2012, Chapter 11] and [Nonnenmacher et al. 2014]. We refer the reader to [Guillemin
and Sternberg 2013] for further details. Finally, we will give the precise definition needed to understand
Definition 2.1.

3B1. Local symplectomorphisms and their quantization. We momentarily work in dimension n. Let us
denote by K the set of symplectomorphisms « : T*R" — T*R”" such that the following holds: there exist
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continuous and piecewise smooth families of smooth functions (k;);c[0.17, (g:):<[0,1] such that:
e Forallf € [0, 1], «; : T*R" — T*R" is a symplectomorphism.
o ko =Idprgn, k] =k.
e Forallr € [0, 1], «,(0) =0.
o There exists K € T*R" compact such that, for all ¢ € [0, 1], g, : T*R" — R and suppg; C K.
o (d/dt)k; = (k¢)" Hy,.

If « € K, we denote by C = Gr' (k) = {(x, &, y, —n) : (x, ) =« (y, )} the twisted graph of «. We recall
[Zworski 2012, Lemma 11.4], which asserts that local symplectomorphisms can be seen as elements of /C,
as soon as we have some geometric freedom.

Lemma 3.5. Let Uy, Uy be open and precompact subsets of T*R". Assume that k : Uy — U\ is a local
symplectomorphism fixing 0 and which extends to Vo 2 Uy an open star-shaped neighborhood of 0. Then,

there exists k € K such that k |y, = k.
If k € K and if (g;) denotes the family of smooth functions associated with « in its definition, we let
Q(t) = Op,(gy). It is a continuous and piecewise smooth family of operators. Then the Cauchy problem
{hD[U(t) +U@)Q(@) =0,

U@©0)=1d (3-3)

is globally well-posed.
Following [Nonnenmacher et al. 2014, Definition 3.9], we adopt the definition:

Definition 3.6. Fix § € [0, 1[. We say that U € I5(R" x R"; C) if there exist a € S5(T*R") and a path (x;)
from Id to « satisfying the above assumptions such that U = Op;, (@)U (1), where ¢ — U (¢) is the solution
of the Cauchy problem (3-3).

The class Ip+ (R x R, C) is by definition (). Is(R x R, C).

It is a standard result, known as Egorov’s theorem (see [Zworski 2012, Theorem 11.1]) that if U (¢)
solves the Cauchy problem (3-3) and if a € S5, then U~! Op,,(a)U is a pseudodifferential operator in W
and if b =a ok, then U~! Op, (a)U — Op,, (b) € h' =23 W,

Remark. Applying Egorov’s theorem and Beal’s theorem, it is possible to show that if (k;) is a closed path
from 1d to Id, and U (¢) solves (3-3), then U (1) € Wy (R"). In other words, I5(R x R, Gr'(Id)) C Ws(R").
But the other inclusion is trivial. Hence, this in an equality:

I5(R" x R", Gr'(Id)) = Ws(R").

The notation I (R” x R", C) comes from the fact that the Schwartz kernel of such operators are Lagrangian
distributions associated with C, and in particular have wavefront set included in C. As a consequence, if
T € Is(R" x R", C), then WF, (T') C Gr(T).

Let us state a simple proposition concerning the composition of Fourier integral operators:

Proposition 3.7. Let k1, k» € K and Uy € I5(R x R, Gr'(«1)), U € Is(R x R, Gr'(k1)). Then,
Ujol, € IS(R x R, GI‘/(Kl OIQ)).
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Proof. Let’s write Uy = Opy,(a1)U; (1), U = Op,,(a2) U2(1) with the obvious notation associated with the
Cauchy problems (3-3) for «; and «3. Egorov’s theorem asserts that U; (1) Op, (a)U; (1)~ = Op,, (b2)
for some by € S5 and Op,, (a1) Op,,(b2) = Op,,(a; #b,). It is then enough to focus on the case a; =az = 1.
We set

Ui(2t) for0 <t

=
Ui(D)oUp(2t —1) for i<t <1.

Us(t) .= i
It solves the Cauchy problem
hD,Us(t) + U3 (1) Q3(1) = 0,
{U<0> =1d,
with
201(21) forO <t

<4
20,2t—1) fori<r<l

03(1) == {
To conclude the proof, it is enough to notice that this Cauchy problem is associated with the path «3(¢)
between « (0) = Id and «3(1) = k o k», where

k1(2t) for0 <t

<1
_2’
K1oky(2t — 1) for%ftf 1.

K3(t) =

3(1) { 0
3B2. Precise version of Egorov’s theorem. We will need a more quantitative version of Egorov’s theorem,
similar to the one in [Dyatlov et al. 2022, Lemma A.7]. The result does not show that U (1)~! Op,, (@)U (1)
is a pseudodifferential operator (one would need Beal’s theorem to say that) but it gives a precise estimate
on the remainder, depending on the seminorms of a. We now specialize to the case of dimension n =1 but

the following result holds in any dimension but changing the constant 15 to something of the form Mn.

Proposition 3.8. Consider k € KC and denote by U (t) the solution of (3-3). There exists a family of
differential operators (Dj);en of order j such that, for all a € Ss and all N € N,

N-1

U(1)~'Op,(a)U(1) = Op, (a ok + Z h!(Dj41a) olc) + O (W |||l cov+1s). (3-4)
j=1

Proof. We keep the notation introduced previously. Let us first define

Ao(t) = U(t) Op,aok)U ()™

and compute
U@®~'8 Ao (1)

= —-10(1). Op, (@01 1+Op, (1. asi,))
. N N
=Op,, ({4, ao/q})—% (Oph (l—.{ﬂh, aoK;H‘Z h'Lj(d’g;,d’ (CIOKz))>)+0(hN||61z®(a°"t)||c2<”+”+'3)

j=2
N-1

=O0p, ( Z —ih L@, ai™! (ao;c,)))+0K, (W ||a|| can+1s).
j=1
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We now define by induction a family of functions a;(r), j=0,..., N —1, by
a@)=a, @@=y f iLiy1-m (@77 g5, M @ (s) 0 1)) ok s,
0
m=0

and set Ax(t) = U () Op, (Z’;ZO hia;(t) o k;)U(1)~". We first remark by an easy induction on k, that
ay(t) is of the form Dy (t)a, where Dy, 1(¢) is a differential operator of order at most k£ + 1, with
coefficients depending continuously on # and on («;);. We now check the following by induction:
N-1 &
U9 AU <f>=—iOPh( 22 Lj+1_m(df“—'"qt,df'+1—m(am(z)ok,>>)+ok(hN||a||cz~+ls).
Jj=k+1m=0

We’ve already done it for K = 0. Let’s assume that the equality holds for k — 1 and let’s prove it for k > 1:
U '3 AU = U @) '8, Akmi (U @) +h*U (1) '8, Opy, (ax (t) o k) U (2).

Let’s compute the second part of the right-hand side:

U(t)~'8, Opy (ax (t)ok ) U (t)

= _%[Q(t)» Opy, (ak (t)ok:)1+Op;, ({4:, ar () ok })+Op;, (3;ax (t) ok;)
N—1—k
=—i0ph( > hf'Lm(dl“qt,d’“(aka)oxf)))+0K<hN—"||ak<z)||czw+u-k>+m)+0ph(atak(woxt).
=1

We can estimate the remainder by
O (WM lax () || c2vs1-v+13) = O (BN ¥la || coovsr-n131401) = O (BN ||a|| cons15).

‘We now combine this with the value of
N—1k—1

U(t)_latAk—l(t)U(t):_iOph(z > W Ljpi-m(d gy, de_m(am(t)ox,)))+OK(hN||a||C2N+15).
Jj=k m=0

By the definition of a (¢), the term hk Op;, (3:ax (t) ok;) cancels the term corresponding to j = k in the sum.
Moreover, for every j >k, writing j=k+1, [€{1, ..., N—1—k}, the term h* L, 1(d"'q,, d" " (ar (t)ok,))
gives the missing term 2/ L; 41, (d/ ' 7% q,, d7H1 % (ay (t) ok;)). This gives the required equality for Ay (7).

In particular, 0; Ay_1(¢) = Oy (hV||a ||c2v+15). We now use the fact that at + =0, ap(0) =a, ax(0) =0,
k=1,...,N—1, U(0)=1Id, ko =1d, and hence A y_;(0) =Op,,(a). Integrating between 0 and 1, we have

An—1(t) —Opj (@) = O (WY ||a]| cavs).

Conjugating by U (1), we finally have
N-1

U(1)~'0p,(a)U(1) = Op, <a ok + Z hra (1) o/c) + O (BN |all con1s),
k=1

which is what we wanted, since ax (1) = Dy41(1)a. U
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3B3. An important example. Let us focus on a particular case of canonical transformations. Suppose
that k : T*R" — T*R" is a canonical transformation such that

(x,&,y,n) €Gr(k) = (x,n)

is a local diffeomorphism near (xg, &, yo, 10). Then, there exists a phase function ¢ € C*°(R" x R"),
2,, 2, open sets of R" and €2 a neighborhood of (xo, &0, yo, no) such that

Gr'(k) N2 = {(x, 3y (x, m), dy ¥ (x, ), —1) 1 X € 2y, 1 € Q.

One says that ¥ generates Gr' (k). Suppose that a € Sgomp(Qx x €2,). Then, modulo a smoothing operator
O (h®), the following operator T is an element of / BC oM (R % R", Gr'(k)):

/2 e(i/h)(lﬁ(x,n)—yﬂ)a(x’ mu(y)dydn,
R n

and if 7*T = Id microlocally near (yo, 7o) then |a(x, n)|*> = |det D)%UW(X, n)| + O(h'=?)s, near
(x0, €0, Yo, no). The converse statement holds: microlocally near (xg, &, Yo, 10) and modulo O (h*°), the
elements of I5(R" x R", Gr'(x)) can be written under this form.

3B4. Lagrangian relations. Recall that the Lagrangian relation F we consider is the union of local
Lagrangian relations F;; C U; x U;. We fix a compact set W C 7 (F) containing some neighborhood
of 7. Our definition will depend on W. Following [Nonnenmacher et al. 2014, Section 3.4.2], we now focus
on the definition of the elements of I5(Y x Y; F’). Anelement T € I5(Y x Y; F’) is a matrix of operators

J J
T =Tij<ij<s: @ L*(v)) — @ L*(Y)).
j=1 i=1

Each T;; is an element of Is(Y; x Y}, FI/J) Let’s now describe the recipe to construct elements of

I5(Y; x Yj, Fl’]) We fixi, je{l, ..., J}.

e Fix some small ¢ > 0 and two open covers of U;, U; C U1L=1 Q, QcE ﬁl, with fZl star-shaped and
having diameter smaller than . We denote by L the sets of indices / such that ; C mr(F;;) = 5,- i CUj
and we require (this is possible if ¢ is small enough)

F='wynu; | J .
lel

« Introduce a smooth partition of unity associated with the cover (£2;), (x)1<i<r € CZ°(L, [0, 1]),
supp x; C €, y_; x = 1 in a neighborhood of Uj.

e For each / € £, we denote by F; the restriction to Q of F; ;, seen as a symplectomorphism F;; : D; i C
U — V. By Lemma 3.5, there exists k; € K which coincides with F; on ;.

» We consider 7; = Op,, («;)U; (1), where U (¢) is the solution of the Cauchy problem (3-3) associated
with k; and o; € Sy (T*R).
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*« We set

T =) "1,0p,(x) : L*(R) > L*(R). (3-5)

lel

TR is a globally degned Fourier integral operator. We will write T € I5(R x R, FI/J) Its wavefront set is
included in A;; x D;;.
o Finally, we fix cut-off functions (¥;, ¥;) € C°(Y;, [0, 1]) x CZ°(Y;}, [0, 1]) such that ¥; = 1 on 7 (U;)
and ¥; = 1 on n(U;) (here, 7 : (x,&) € T*Y. — x € Y. is the natural projection) and we adopt the
following definitions:

Definition 3.9. We say that 7 : D'(Y;) — C*(Y,;) is a Fourier integral operator in the class I5(Y; x Yj, Fl.’j)
if there exists TR € I5(R x R, F’) as constructed above such that

o U, TV, =W, TR,
For U]f CUjand U] = F(U]() C U;, we say that T (or T®) is microlocally unitary in U/ x Uj’ if
TT* =1d microlocally in U] and T*T = Id microlocally in U]f.

Remark. The definition of this class is not canonical since it depends in fact on the compact set W
through the partition of unity.

Another version of Egorov’s theorem. The precise version of Egorov’s theorem in Proposition 3.8 is only
stated for globally unitary Fourier integral operator defined using the Cauchy equation (3-3). We extend
it here to microlocally unitary and globally defined Fourier integral operators. We fix i, j € {1, ..., J}.

Lemma 3.10. Let T € I5(R x R, Fi’j). Suppose that B(p, 4¢) C U; and that T is microlocally unitary
in Fij(B(p,4¢)) x B(p,4¢). Then, there exists a family (Dy)ren of differential operators of order k,
compactly supported in B(p, 3¢e) such that the following holds: For every N € N and for all b €
C(B(p, 2¢)),

N—1

T Op, (b) = Op, (box‘l + Y h*(Des1b) oK—I)T + O bl c2v+13) 128y L2)-
k=1

The constants in O depend on T and F.

Proof. First, introduce some cut-off function x such that x = 1 in a neighborhood of B(p, 2¢) and
supp x C B(p, 3¢). Due to these properties and Lemma 3.3, we have

Opj,(b) = Op,, (x) Op, (b) Op;, (x) Opy, (x) + O (WM [1bll c2v+13) L2 gy L2 (R -
Moreover, Op, (x)T*T = Op,,(x) + O (h*°), and hence
T Opj,(b) =T Op;, (x) Op, (b) Op;, (x) Op, GOT*T + O (W™ [[bl| c2vs13) 2, 12 + O (h)]| Op, (D) |l 12 12

The term O (h*°)|| Op,,(b)||z2— 2 can be absorbed in oV 16|l cev+13) 1 2_, 2. Consider k¥ € K extending
Kk |B(p,3¢) and construct U = U (1) by solving the Cauchy problem (3-3) associated with k. Due to the
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properties on composition of Fourier integral operators (Proposition 3.7), T Op, (x)U ! and U Op,,(x)T*
are pseudodifferential operators, and we denote them by Op,, (a1), Op;, (a2). Now write

T Op,,(b) = [T Op, (x)U '1U Op, (b) Op, x)U ' [U Op, G)T*IT + O (h" ||b|| con+13) 2, 12
= Op,,(a1)[U Op, (b) Op,,(x)U '10p,(a)T + O (N ||b||covs13) 12 12

By using the precise version in Proposition 3.8, one can write
N—1
U Opj,(b) Op, (X)U ™" = Op, (b ok '+ (Lis1b) oxl) + O (W |1bllcavis) 2 2.
k=1
Applying Lemma 3.3, we see that we can write
N-1

T Op, (b) = Op, <b0 ok '+ Z(Dk-l-lb) OK_1>T + O(hN||b||C2N+15)L2_)L2,
k=1

1

where by = a; x bok™" X ay. Since T is microlocally unitary in B(p, 4¢), the product a;a; is equal to 1

in B(p, 2¢), and hence, the lemma is proved. |

3C. Hpyperbolic dynamics. We assumed that F' is hyperbolic on the trapped set 7. As already mentioned,
we can fix an adapted Riemannian metric on U such that the following stronger version of the hyperbolic
estimates are satisfied for some 1y > 0: forevery p € T, n € N,

veEE,(p) = |ld,F"()| <e v, (3-6)
veEy(p) = ld,F")ll <e ™ |v]. (3-7)

Notation. We now use the induced Riemannian distance on U and denote it by d.
We also use the same notation || - || to denote the subordinate norm on the space of linear maps between
tangent spaces of U; namely, if F(p;) = po2,
ldo, Fll = sup dp, F' ()l p, -
veT,, U, [|vll,, =1
If p € T, n € Z, we use this Riemannian metric to define the unstable Jacobian J (o) and stable
Jacobian J; (p) at p by
veE,(p) = ld,F")ll =/ (p)lvl, (3-8)
vEE(p) = ldF"=J (vl (3-9)

These Jacobians quantify the local hyperbolicity of the map.

Notation. Suppose that f and g are some real-valued functions depending on the same family of
parameters P. For instance, for J}(p), P = {n, p}. We will write f ~ g to mean that there exists a
constant C > 1 depending only on (U, F), but not on P, such that C~'g < f < Cg.

For instance, if we define unstable and stable Jacobians J* and J* using another Riemannian metric,
then, for every n € Z and p € T,

T4 (p) ~ (), Ti(p) ~ T3 (p).
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From the compactness of T, there exist A; > Ao which satisfy
Mo < J)(p) < &M and e ™ < Jr(p) < e neN, peT, (3-10)
e < J5 (p)<e™ and e ™ <J" (p)<e ™, neN, peT. (3-11)

We cite here standard facts about the stable and unstable manifolds; see for instance [Katok and Hasselblatt
1995, Chapter 6].

Lemma 3.11. Forany p € T, there exist local stable and unstable manifolds Wy (p), W, (p) C U satisfying,
for some €1 > 0 (only depending on F) (x will denote a letter in {u, s} and the use of = with x has to be
read with the convention u — —, s — +):

(1) Ws(p), W,(p) are C°°-embedded curves, with the C* norms of the embedding uniformly bounded
in p.

(2) The boundary of W,(p) do not intersect B(p, €1).'

(3) Wi(p) "Wy (p) ={p} and T, W.(p) = E.(p).

4) F=(Wi(p)) C Wu(F(p)).

(5) For each p’ € W,(p), we have d(F*"(p), F*(p’)) — 0.

(6) Let 0 > 0 satisfying e ™0 <0 < 1. If p’ € U satisfies d(F* (p), F¥(p')) <ei foralli =0, ..., n
then d(p’, W.(p)) < CO" ¢y for some C > 0.

(D) If p, p' € T satisfy d(p, p') < &1, then W, (p) N Wy (p') consists of exactly one point in T.

Since we work with the local unstable and stable manifolds, we may assume that W, (p) C B(p, 2¢1).
For our purpose, we will need a more precise version of these results. The following lemmas are an
adaptation of Lemma 2.1 in [Dyatlov et al. 2022] to our setting.

Lemma 3.12. There exists a constant C > 0 depending only on (U, F), such that, forall p, p' € U:
(1) If p € T and p' € Wy(p) then

d(F"(p), F"(p")) < CJ,(p)d(p, p") foralln eN. (3-12)
Q) If p €T and p' € W, (p) then
d(F™"(p), F"(p")) <CJ", (p)d(p,p") forallneN. (3-13)

Proof. We prove (1). Part (2) is proved in a similar way by inverting the time direction. Let p € T,
p’' € Ws(p). Since T,(W,(p)) = Es(p) and d, F(E;(p)) = E;(F(p)), the Taylor development of F along
Wi (p) gives

d(F(p), F(p")) < J; (p)d(p, p')+ Cd(p, p')* < J{(p)d(p, p)(1 4+ Cd(p, p")) (3-14)

n other words, there exists a smooth curve y : [—8, 8] — U such that B(p, 1) N Wi (p) = Im y, with y (0) = p; it means
that the size of the (un-)stable manifolds is bounded from below uniformly.
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Figure 5. Framework for the proof of Lemma 3.13.

since J; > C ~1. Applying this inequality with F¥(p) and F*(p’) instead of p and p/, and recalling that,
by Lemma 3.11, d(F¥(p), F¥(p")) < C6*d(p, p'), we can write
d(F (p), F* (o) < JF(FX(0)) d(F*(p), F* (") (1 + CO5). (3-15)

By this last inequality and the chain rule, we have

n—1
d(F"(p). F"(p") < I3 ()d(p. p) [](1 +C6%) < CI3(p)d (. o). (3-16)
k=0
completing the proof. U

The following lemma gives a stronger version of (6) in Lemma 3.11.

Lemma 3.13. There exist C > 0 and &1 > 0, depending only on (U, F), such that, for all p, p' € U and
neN:

() Ifp e T and d(F'(p), F'(0')) <&, foralli €10, ..., n} then

d(p’, Ws(p)) < , 3-17
(o', Ws(p)) < T4(p) (3-17)
ldy F" || < CJ (p). (3-18)
) IfpeT andd(F~(p), F~'(p")) <& foralli €{0,...,n) then
C
dp', W, < 3-19
(. Walp)) = 7 (3-19)
ldy F7" | < CJZ,(p). (3-20)

Proof. We prove (1). Part (2) is proved in a similar way by inverting the time direction. Let p € 7 and
o’ € U be such that d(F'(p), F(p’)) < &; for 0 <i <n with &; to be determined. Define p; = F¥(p).
The first condition on &1 is that it is smaller than the one of Lemma 3.11 so that we ensure the following
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estimates: for k € {0, ..., n},
d(F (p"), W (FX(p))) < CO" ey, (3-21)
d(F*(p"), Ws(F*(p))) < CO¢1. (3-22)
We will use coordinates charts ki : p € Uy — (uX, s5) € V adapted to the dynamical system; see, in

[Katok and Hasselblatt 1995], Theorem 6.2.3, the explanations below and Theorem 6.2.8 for the existence
of this chart. More precisely, we want these charts to satisfy:

ik (px) = (0, 0).

o ki (Ws(oi) NUK) ={(0, s) : s e RN Vg

o kk(Wu (o) NUR) ={(u,0) :u € R}N V.

« For jp € Uy, we have [u¥| ~d(p, Ws(p)), Is*| ~d(p, Wu(pr)) and |12 + |uF > ~ d (o, p)*.

e (k1)o<k<n are uniformly bounded in the C" topology for all N, with constant independent of py and 7.
In particular, we may assume that &; is chosen small enough so that B(px, ;) C Uy forall 0 < k <n.

« Up to changing the metric we work with (which is not problematic), we may assume that the restrictions
of dk(p) to Ey(p) and E,(p) are isometries for the metrics |- |y and | - |,.

If we write Fy = ko F o "/;—11’ we can check that in this pair of coordinates charts, the action of F~! is
given by
F7N Wb, b = 2 (pout + an @, 1), £72 1 (p0)s™ + B, s)), (3-23)

where ay, B¢ are smooth functions, uniformly bounded in k for the C? topology and such that a (0, s¥) =0,
Br(u*, 0) =0, da(0,0) = 0, di(0,0) = 0.
With these properties, one can check that

ar(u’, s5) < Clu| 1@, s (3-24)
Let’s now define p;, = F¥(p’) and (u*, s*) = kr(p}). By (3-21), (3-22), (3-23), (3-24), we can write

) < T (o) [ |+ C b (u*, s5) )
< J* (FF(o)|uk|(1+ Cer (0F +6775))
< J* (F¥(o))|u¥|(1 + Ce ominkn=hyy

Then, using the chain rule, one has
n—1 '
d(p', Wy(p)) < Clu®| < CJ*, (F"(p)) | [(1 + Cer0™E"=0), (3-25)
k=0
Finally, we can estimate
n . [n/2]
[+ ceiomn®n=0y < TT 1+ Ce16*)* < C,
k=0 k=0
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which gives

/ u n C
d(p’, Ws(p)) =CJZ,(F"(p)) = T4 0)" (3-26)
This proves (3-17).

To prove (3-18), we first construct a metric which simplifies the computations. If p € 7, we pick
v,(p) € E,(p)? such that |Jv,(p)|| = 1. There exists a Riemannian metric | - | on 7 such that, for every
p €T, (vu(p), vs(p)) is an orthonormal basis of 7,U. This metric is y-Holder in p € T since stable and
unstable distributions are y-Holder for some y € (0, 1).

If p € T and n € Z, we denote by f,il/ *(p) € R the numbers such that

dp(F") (u(0)) = J} (p)0u(F" (), dp(F")(vs(p)) = J, (p)vs (F" ().

As already observed, |J~,;‘ (p)| ~ J¥(p) for all n (with constants independent of n). We can also assume
that |f1"(p)| > |ff(,0)| for all p. In the orthonormal basis (v,(p), vs(p)) and (v, (F"(p), vs(F"(p))),

d, F" has the form
(J,z%p) 0 )
0 Ji(p)

Due to the orthonormality of these basis, we have that for the subordinate norms, ||d, F"|| = |J~,'f ()]
Hence, the chain rule implies the following equality for this particular Riemannian metric defined on 7

n—1 n—1
forall p e T, ld,(F")| =7 (o)l = [ 17\ F (o)l =[] ldpiFlI. (3-27)
i=0 i=0

We now claim that we can extend |- | to a relatively compact neighborhood V of 7 such that p € V = ||,
is still y-Holder. To do so, it is enough to extend the coefficients of the metric in a coordinate chart in a
y-Holder way, which is possible (for instance, by virtue of Corollary 1 in [McShane 1934]), which still
defines a nondegenerate 2-form in a sufficiently small neighborhood of 7.

We now aim at proving (3-18) for this particular metric. (3-18) will hold in the general case since two
continuous metric are always uniformly equivalent in a compact neighborhood of 7.

In the following, we assume that & is small enough so that p belongs to the neighborhood of T
in which | - | is defined. Since p > ||d, F|l1,u—1s, v 1s y-Holder (in the following, we will drop the

subscript in the norm) we have, for all i € {0, ..., n},
IdFicon Fll = ldpiqp) FIl| < CA(F (p"), F'(p))” < Ce167 ™10, (3-28)
Using the chain rule and the submultiplicativity of | - ||, we have
n n
ldy F™ | < [ [ ldpigon Fll < ldrio FII(1+ Cer67 ™0Cn=0), (3-29)
i=0 i=0
Eventually, by (3-27) and the fact that ]_[l'-’:o(l + Cg Y minGin=i)y jq convergent, (3-18) holds. O

As an immediate consequence of this lemma, we get:

2Here, we are not concerned by the orientation. It is simply a matter of direction.
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Corollary 3.14. There exist C > 0 and €, > 0 (depending only on (U, F)) such that, for all p, p' € T
andn € N:

(1) Ifd(F'(p), Fi(p")) <& foralli €{0,...,n)}then
C™ T () < T (") < CT¥(p). (3-30)
(2) Ifd(F~(p), F7(p")) <&, foralli €{0, ..., n}then
C™'J5 (p) < T2, (p)) < CJ°,(p). (3-31)
Proof. This is a consequence of the previous lemma and of the fact that, uniformly in p and n € N,

Idp F™ Il ~ J, (p),
ldp F~" 1 ~ JZ,(p). O

3D. Regularity of the invariant splitting. It is known for Anosov diffeomorphisms that stable and
unstable distributions are in fact C>~¢ in dimension 2; see [Hurder and Katok 1990]. For our purpose, we
need to extend this result to our setting, where the hyperbolic invariant set 7 is not the full phase space,
but a fractal subset of it. In fact, we will show that one can extend the stable and unstable distributions
to an open neighborhood of 7~ and that these extensions are C'# for some B > 0. Actually, since what
happens outside a fixed neighborhood of T is irrelevant (one can always use cut-offs), we will prove the
following theorem which might be of independent interest.

Theorem 5. Let us denote by G, (U) the Grassmannian bundle of 1-plane in TU. There exists B > 0 and
sections E,, E, : U — G1(U) such that:

o Forevery p € T, E,(p) (resp. E;(p)) is the unstable (resp. stable) distribution at p.
e E, and E; have regularity C1-P.

Remark. Our proof relies on the techniques of [Hirsch and Pugh 1969]. In fact, in [Katok and Hasselblatt
1995, Chapter 19, Section 1.d] the authors show how one can obtain C' regularity of the map p € T >
E,(p) and explain how to prove C!-# regularity. Their notion of differentiability on the set 7" (which
is clearly not open in our case) relies on the existence of linear approximations. Here, we choose to
show a slightly different version of this regularity by proving that p € 7 +— E,(p) can be obtained as the
restriction of a C'# map defined in an open neighborhood of 7.

3D1. Proof of the C'P regularity.

Preliminaries. We recall that 7 is an invariant hyperbolic set for F. Hence, there exists a continuous
splitting of 77U into stable and unstable spaces p € T +— Es(p), p € T — E,(p). We use a continuous
Riemannian metric on 77U such that d, F is a contraction from E(p) — E(F(p)) and expanding from
E,(p) — E,(F(p)), and making E,(p) and E;(p) orthogonal.
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Let peT e, (p)eTU and p € T — e5(p) € TU be two continuous sections® such that, for every
peT,

* ¢,(p) spans E,(p),
« e5(p) spans E,(p),
o llea(@)l =1, [les(p) ]| = 1.

The matrix representation of d, F’ 4 in these basis is

_ (9w 0
%F_< 0 ﬁw)’

with v := sup .- max[(|J"(p)) 7L, |75 (p)[] < L.

We can extend e, and e, to U to continuous functions, still denoted by e, and e;. Let us consider smooth
vector fields v, and vy on U approximating e, and e; and a smooth Riemannian metric approximating the
one considered above. By slightly modifying this vector field, we can assume that, for this new metric,
(v, (p), vs(p)) is an orthonormal basis for all p € U. In these new basis, we now write

a(p) b(p))
d,F = .
P <C(p) d(p)
We assume that v, and v, are sufficiently close to e, and e, to ensure that, for some 7 > 0 small enough,
sup max(|b(p)|, [c(p)]) <n,

peT

sup [d(p)| <v+n<1—4np,
peT

inf |a(p)| = v~ —n = 1+4.
peT
We consider an open neighborhood €2 of 7 such that the following hold:

sup max(|b(p)l, lc(p)]) < 2n,
PER

sup |[d(p)| <v+2n<1-3n,
PER

inf |a(p)] > v~ —2n>1+3n.
PER

Our method relies on different uses of the contraction map theorem. We state the fiber contraction
theorem of [Hirsch and Pugh 1969, Section 1], which will be used further. We recall that a fixed point xg
of a continuous map f : X — X is said to be attractive if, for every x € X, f"(x) — xp.

3Note that there is no problem of orientation in constructing such global sections. Indeed, 7 is totally disconnected and hence,
one can cover 7 by a disjoint union of open sets small enough so that it is possible to construct local sections in each such sets.
Since these open sets are disjoint, these local sections allow us to build a global continuous section.

4The definition of J*/$ may differ from the one of J {4 /S above since we don’t work a priori with the same metric.
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Theorem 6 (fiber contraction theorem). Let (X, d) be a metric space and h : X — X be a map having an
attractive fixed point xo. Let us consider Y another metric space and a family of maps (gx : Y — Y)xex
and denote by H the map

H:(x,y)eXxYr> (h(x),g:(y) e X xY.
Assume that:
e H is continuous.
e Forall x € X, limsup,_, , o, L(gn(x)) < 1, where L(gn(x)) denotes the best Lipschitz constant for gpn (x).
* Yo is an attractive fixed point for g,.
Then (xg, yo) is an attractive fixed point for H.
In the following, we study the regularity of the unstable distribution. The same holds for the stable

distribution by changing the roles of F~! and F.

E, is a fixed point of a contraction. By our assumption on v, and vy, there exists a continuous function
AU — R such that

Rey(p) = R(vu(p) +1(p)vs(p)).

Hence, we will represent the extension of the unstable distribution by a continuous map A : 2 — R. Our
aim is to show that we can find A regular enough such that, for p € 7,

E.(p) =R, (p) + A1(p)vs(p)).

To do so, we will start by constructing A as a fixed point of a contraction in a nice space. This contraction
will be related to invariance properties of the unstable distribution.
First of all, if p’ = F(p) € QN F(), and if v = v,(p) + Avs(p), then d, F maps v to

w = (a(p) +1b(p)v,(p") + (c(p) + Ad(p))vs (p).
Hence, the line of T,U represented by A is sent to the line represented by #(p, A) in 7,,U, where

_Ad(p)+c(p)
"~ a(p) +rb(p)
Set 21 = QN F(2) and let us consider a cut-off function y € C°(21) suchthat0 < x <land x =1in
a neighborhood of 7. Let us introduce the complete metric space

t(p, 1) (3-32)

X=(1eCQ:R): Ao <1}

and consider the map T : X — X defined, for A € X and p’ € 2,

(TR () = x(Ht(F 1)), M(F~1(p))). (3-33)

To see that this is well-defined, first note that F~! is well-defined on supp x and F~!(supp x) C Q. It
is clear that if A € X, then T A is continuous. To see that |TA||s < 1, it is enough to note that if p € Q2
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and M| <1,
Dl < Id(p)|+IC(p)| 1—377+277 l1—n
" la (p)l—lb(p)|_1+3n 2n 1+7n

Let us now prove the following.

< 1.

|t(p

Proposition 3.15. < T is a contraction.
o If A, denotes its unique fixed point, then, for every p € T, we have E,(p) = R(v,(p) + A, (p)vs(p)).

Proof. Let A, uw € X. If p’ € Q\ supp x, we have T u(p’) = TA(p") = 0. Now assume that p’ € supp x
and write p' = F(p) with p € Q. Then

ITA(p") = Tl =1x (POt (p, M(p) —t(p, k(P)] = 1t(p, 1(p)) —t(p, 1L(P))].

The map A € [—1, 1] — £(p, A) is smooth, so we can write

ITA—=Tpllo = sup |TA(p) =Tu() = sup [3ut] X 1A — ft]loo-
p’esupp x Qx[—1,1]

It is then enough to show that supg, (_; ) 19:¢] < 1. For (p, 1) € € x [—1, 1], we have

d rd
81 (p.3) = (p) — b(p) (p)+c(p)

. 3-34
a(p) +1b(p) (a(p) +rb(p))? (3%

Hence, we can control

Ot oy )] < =20 L2
AV =140 77(1+n)2

if n is small enough. This demonstrates that T is a contraction.

=K, <1

As a consequence, T has a unique fixed point, 1,. We let v(p) = v,(p) + A, (p)vs(p). We want to
show that v(p) € Re, (p) for p € T (recall that e, : U — T U is continuous and that e, (p) spans E,(p) if
p €T). Since x =1 on T, we see by the definition of T that, for every p € T,

dyF(v(p)) € Ru(F(p)). (3-35)
If v, is sufficiently close to e,, we can find a continuous and bounded function x such that
Ru(x) = R(ey (x) + pn(x)es(x)).
From (3-35),if p' = F(p) € T,
s

~ J
dpF(eu(p) + 1(ples(p)) = Ji'(p) (eu (0) + 1(p) jlu(f); es (/O’)) € R(eu(p") + 1(pes(0).
1

This implies the equality
Ji(p)
Ji'(p)

This equality implies that 4 =0 on 7, and hence v = ¢, on 7, as expected. ]

n(p') = p(p) (3-36)
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Remark. Aslong as p’ € {x = 1}, the vector field v(p") = v, (") + A(p")vs(p’) is invariant by d F. When
p € W,(p)N{x = 1} for some p € T, we will see below that the direction given by v(p’) coincides with
the tangent space to W, (p), namely 7, W,(p) = Rv(p’). When p’ ¢ UpeT W.(p), there exists n € N
such that F~"(p’) & supp x. Hence, 1, (p’) is given by an explicit expression obtained by iterating the
fixed-point formula.

Differentiability of L,. We go on by showing that A is C' by adapting the method of [Hirsch and Pugh
1969]. We now introduce the Banach space Y of bounded continuous sections « : 2 — T*Q. We will
use the norm on 7*Q2 adapted to the metric on 7T 2; namely, if @ € Y,

la(p)(v)]
lally =sup  sup ————.
pe veT,2vz0 VI,

For A € X, let us introduce the map G, : Y — Y, defined as follows. For « € Y and p’ € 2,
(Ga)(p) = x (P)dpt (0, M(p)) + .t (p, A(p)e(p) 0 (d, F) ' +1(p, M(p)) dy X, (3-37)

with p = F~(p’), which is well-defined since p € Q if p’ € supp(x). G, is constructed to satisfy, for
r € X, if A is C!, then the following relation holds:

G (d)) =d(T)). (3-38)
Let us first state the key tool to show the differentiability of A,,.
Proposition 3.16. For every A € X, G, is a contraction with Lipschitz constant L, satisfying

supL; < 1.
reX

Before proving it, let us show how it leads us to:
Proposition 3.17. We know A, is C.
Proof. We use the contraction fiber theorem. Let o, be the unique fixed point of G, . The map
H:AMa)eXxY— (TAr, Ga)e X xY

is continuous and the previous proposition shows that, for every A € X, sup,, L(Gr»;) < 1. The contraction
fiber theorem implies that (A,, o) is an attractive fixed point for H.
Let A € X be C'. Hence, H" (A, dA) — (Ay, o). But H* (%, d)) = (T" A, ), with

o, = GT”_IA O:--0 G)\d)\..

It is clear that if A € C!, so is TA and an iterative use of (3-38) implies that o, = d(T"1). This shows
that A, is C' and dA, = . a

Let us now prove Proposition 3.16.
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Proof. Let A € X and fix «, B € Y. It is of course enough to control |G a(p’) — G B(p")| for p’ € supp(x)
since both G« and G, B vanish outside. Let us fix o' = F(p) € supp(x).

G a(p') — G, B(p") is given by
x (Pt (p, A(p)a(p) — B(p)] o (dy F) ",

so it is enough to control 9,7 (p, A(p))y (p) o (d, F)~! for y = o — B. With the precise expression of
9t (p, A(p)) given by (3-34), we can estimate

|d(p) |d(p)I
Wt (p, Mp))| = 0,(n) = ———~+ 0,(n).
922 (0, 2(p))] (o) L Abo)] (1) ao) T ()

(By the notation O, (n), we mean that this term is bounded by Cn where C is a constant depending only
onv and (F, U)).
Moreover, we have

1 1 1
d,F)7 ! = <—,—> v 0,
Iy ) = max( o s ) 0D = s+ 0ut.

Hence,
1
195 (0, 2(0))y (p) 0 (d, F) ™| < (ﬁ +0 (n))lly(p)ll =@+ 0,mlyly.
Hence, if 1 is small enough, the proposition is proved. (]

Holder regularity of a,,. In fact, as explained at the end of [Katok and Hasselblatt 1995, Chapter 19,
Section 1.d], we can improve the C'! regularity.

To deal with Holder regularity of sections « : Q2 — T*<2, we will simply evaluate the distance between
a(p1) and a(py) for p1, pp € 2 using the natural identification 7*Q = Q x (R?)*, where we see a(p)) as
an element of (R?)* This allows us to write «(p;) — a(p2) and compute || (p1) —a(p2)]l, where || - || is
a norm on (R?)* There exists C > 0 such that, for every o € Y, sup,eq lla(p)ll < Clle|ly.

Let us introduce 4 a Lipschitz constant for F~! on  and an exponent 8 > 0 such that

vuf < 1. (3-39)

This condition is called a bunching condition in [Katok and Hasselblatt 1995, Chapter 19, Sectionl.d].
Such a g exists. We will then show the following, which finally concludes the proof of Theorem 5.

Proposition 3.18. o, is B-Holder, that is to say, A, is C1P.

Proof. Let us introduce
={ox €Y :«ais f-Holder}.

Let us consider some & > 0 to be determined later and we equip Y# with the norm

lla(p1) —a(p2)ll
lallys = lleelly +ellellp,  llellp = sup
P P P1F#P2 d(ph 102)}8
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The map T : X — X defined by (3-33) actually maps X N C'(Q2, R) to X N C'(Q, R). Moreover, our
previous results have proved that A, is an attractive fixed point for 7 in XNC' (2, R), where XNC' (2, R)
is now equipped with the C! norm. For A € X and o € Y, we can write

Gy =y + 5,\05,
where, for p’ = F(p) € supp x,

Y (p) = x(p"d,t (p, 1(p)) +1(p, AM(0))dy X,
Gra(p') = x(p))st(p, M(p))a(p) o d,F)".

We state here some obvious facts on y; and G A

C1:=sup,x [[Vallo < +00.

If »e XNCYHQ, R), y, is also C.

According to Proposition 3.16; G, : Y — Y is a contraction with Lipschitz constant L, and

vi:i=sup,.x Ly < 1.

If A€ XNCY(, R) and « is B-Holder, then G is B-Holder.

IftM>Ci/(1—v)andA e XN ClY(2, R), then ||dAlly < M implies ||d(T)A)|ly < M. Indeed, we have
ATy = 1G@W)lly = llys+ GadArlly < Ci+viM < M.
Hence, we introduce the complete metric space
X' ={heXNCYQ,R): |drlly < M}, (3-40)

T(X') C X’ and A, is an attractive fixed point for (X', T).
We now wish to apply the fiber contraction theorem to

Hg:(h,a)e X' xYP s (T, Gra) e X' x YP.

To do so, we need to show that, for every A € X, G, : Y# — YP# is a contraction and find a uniform
estimate for the Lipschitz constants.

Let’s consider a1, ap € Y# and set y = o —op. We want to estimate the Y A norm of G 2y - We already
know that |G,y |ly < villylly. Take p}, p} € 2 and let’s estimate |G,y (0]) — Gy (0}) . We distinguish
three cases:

* py1, p5 & supp x. There is nothing to write.
e py ESupp x, py & QN F(K). In this case, d(p], p}) = & > 0, where § is the distance between supp x
and (2N F(2))°. Hence,

1Gy (o)) — Gr(p)l
d(p}, p5)P

<5 PIGy (oDl <87PCIGiylly <wis™PClylly.



1056 LUCAS VACOSSIN

e p1, Py € QN F(RQ). Let’s write p; = F(p1), p5, = F(p2) and note that d(p1, p2) < nd(p], p5). Then

Gy (0}) — Gry (p5) = x ()t (o1, M)y (p1) — ¥ (p2)] 0 (dy, F) ™! (%)
+[x (o))t (o1, (1)) — x (05) 3t (02, M2 1Y (p2) 0 (dp )™ (3%)
+ X (05351 (02, M(02))y (p2) 0 [(dy, F) ™ — (d,, )7 1. (s % %)

To handle the last two terms (x*) and (x * %), we notice that p’ € QN F(R) — x(p0)dt(p, A(p)) is
Lipschitz since A is C!, with Lipschitz constant which can be chosen uniform for A € X’. The same is
true for p > d, F~!. Hence, there exists a uniform constant C > 0 such that

[(xx) 4 (x % %)|| < Cd(p, )P Iy ly.

To deal with the first term (), we recall that by previous computations,

1% (0)dxt (o, AM(E)| - I1(d, ) < v+ Ou().

As consequence, we have

[N < v+ Oy ligdpr, p2)P < W+ 0Py s d (o], py)P.

Henceforth, if n is small enough, so that v, := (v + O, P <1,

lHyllg <va2llyllig+Cliyly.
Eventually,
1G.7llys < villylly +e2llylig+Cliviy)

=W +eO)|ylly +vaeliylip = vallylys,

where v3 = max(v; 4+ eC, 1) < 1 if ¢ is small enough.

The fiber contraction theorem applies and says that (4,, «,) is an attractive fixed point for Hg. We
conclude as previously: Consider A € CP(Q,R)N X’ so that (A, dA) € X’ x YA. Then Hg (A, dA) =
(T"A,dT")) — (Ay, o) in X' x YP, which ensures that o, is B-Holder. O

3D2. Regularity of the stable and unstable leaves. Once we’ve extended the unstable distribution to an
open neighborhood of 7, we take advantage of the fact that these distributions are one-dimensional to
integrate the vector field defined by their unit vector.

We set E,(p) = R(v,(p) + A, (p)vs(0)). Recall that in a compact neighborhood of 7, the relation
d,F(E,(p)) = E,(F(p)) is valid due to the definition of A, as the fixed point of T" defined in (3-33).
T*U is equipped with a smooth Riemannian metric such that d F~! is a contraction on E, (p) for p € T
and hence, in a compact neighborhood of 7, this is also true. We can consider the vector field

p € U = eu(p),

where e, (p) is a unit vector spanning E, (p). By our previous result, this vector field is C LB and if p lies in
a sufficiently small neighborhood of 7, then dp(F_l)(eu (p)) = J~”(/o)eu(F_1 (p)), where |f” (p|<v<l.
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We denote by ¢! (p) the flow generated by e, (p) and we will show that one can identify the unstable
manifolds and the flow lines of e, in a small neighborhood of 7.

Proposition 3.19. There exists ty such that, for every p € T, we have {¢!,(p) : |t| < to} C W,(p).

Proof. Consider ¢y sufficiently small that |j“ (@l(p)|<v<lforpeT,tel[—t,t)]. For (t,p) eRx U,
set w(t, p) = fot f“((pj (p)) ds and we claim that for 7y small enough, if |z]| < f,

F~ gl (p)) = P (F~ 1 (p)).

Indeed, in t = 0, both are equal to F~!(p) and a quick computation shows that both satisfy the ODE

d
EY(I) = J" (¢, (p))e, (Y (1)).
As a consequence, by induction, we see that one can write, for n € N,

F7" (¢l () = @l P (F~"(p)),

where w, is defined by induction by w,41(t, p) = u(u,(t, p), F~"(p)). Hence, if |t| <ty and p € T, we
see that u, (¢, p) stays in [—tg, fo] and moreover |u, (¢, p)| < v"|t|. We then see that if |¢| <ty and p € T,

d(F™"(@,(p), F"(p)) = d(@}f" P (F"(p)), F"(p)) = Clpa(t, p)| < CV".
This shows that ¢! (p) belongs to the global unstable manifold at p, and hence, if #; is small enough,

@l (p) belongs to the local manifold W, (p) and #, can be chosen uniformly with respectto p € 7. [

Since the regularity of the unstable distributions implies the same regularity for the flow ¢/ (see
Lemma A.1 in the Appendix), we deduce that, up to reducing the size of the local unstable manifolds, these
local unstable manifolds W, (p) depend C!-# on the base point p € 7. We’ll also use this proposition to
show the same regularity for holonomy maps. Suppose that g is small enough. We know that if p1, po € T
satisfy d(p1, p2) < &g, then W, (p2) N W, (p1) consists of exactly one point. Let’s denote it by H ;j] (p2).

Finally, we define the holonomy map

Hy 03 € W(02) NT = Hp (p3) € Ws(p) N T.

Lemma 3.20. If g is small enough, for every p, € T, the map
H, TN B(p1,e0) > Ws(p) N'T

is the restriction of a map ﬁgl : B(p1, €9) = Wi(p1) which is C1P.

Proof. Let p; € T. As in the proof of Lemma 3.13, consider a smooth chart ¥ : U; — V; C R?,
p1 € Uy, 0 € V; such that:

e k(p1) =(0,0).

e k(Ws(p1) NU) ={(0,5):s € RIN V.
s k(Wyu(p)NUY) ={(u,0) :u e R}N V.
o dyk(eu(p1)) = (1,0).
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Wu (03)

Ws(pl)

Hp, p,(p3)

Figure 6. The holonomy map.

We now work in this chart V; and denote by &' =k o ¢/, o «~! the flow in this chart, well-defined for ¢
small enough. Consider the map
V(u,s)=>"0,s);

¥ is C''# and dyyy = I,. By the inverse function theorem, ¥ is a local diffeomorphism between
neighborhoods of 0:
V:Va—> V.

Since d(u’s)(l/f_l) = (dw—l(u’s)w')_l, we know w_l is C1"#. We now consider
kKo=V ok ik ' (Vo) i=Uy =V,
and observe that:
o ko(Ws(p1) NU2) ={(0,s),s e R}N V.
e kKool o Ko ! (u,s)) = (u+t,s). In other words k¢ rectifies the unstable manifolds.

Armed with these facts, we define
5 > -1
Hgl Uy, — Wi (p1), Hgl =K, ©OIs 0Ky,

where 7, (u, s) = (0, s). ﬁ;‘l is C1'A. We assume that B(0, &) C U;. Let us check that ﬁgl extends
the holonomy map in B(p1, &0) (if &g is small enough). Let p» € T N B(p1, €9) and let ,oé = ﬁgl (02).
By the definition of H 5> P3 can be written p; = ¢, (o1) and hence, if & is small enough, p; € W, (p1).

Since, p) € W,(p2), we see that p), = Hp (p2). O
Note that by compactness, €y can be chosen uniformly in p; € 7 and the C'# norms of H o, are
uniform. As a corollary, we get the following:
Corollary 3.21. Suppose that gq is small enough. Then, the holonomy maps, defined for py, p» € T with
d(p1, p2) < &o,
HY W0 NT = Wy (o) NT

are the restrictions of C1-P ﬁgl,pz : Wy (p1) = Wi (p2), with CYP norms uniform in py, p>. See Figure 6.
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3E. Adapted charts. We construct charts in which the unstable manifolds are close to horizontal lines.
These charts will be used at different places and their existence relies on the C'# regularity of the
unstable distribution.

Weak version. We start with a weak version of these charts.

Lemma 3.22. Suppose that C > 0 is a fixed global constant and & is chosen small enough. For every
po € T, there exists a canonical transformation

ko: U, — V) CR?
satisfying (we denote by (y, n) the variable in R?):
(1) B(po, Ceo) C U,

(2) k0(p0) =0, dpyko(Ey(p0)) = R x {0}, dpyro(Es(x)) = {0} x R.
(3) The image of the unstable manifold W, (o) N U;O is exactly {(y,0) : y e R} N Vf;o'

Moreover, for every N, the CN norms of ko are bounded uniformly with respect to py € T.

Remark. The difference with the charts used in the proof of Lemma 3.13 is that we require kg to be a
smooth canonical transformation.

Proof. W, (pp) is a C* manifold; hence there exists a C*° defining function » defined in a neighborhood pg;
namely, d,,n # 0 and W, (pg) = {n = 0} locally near py. Darboux’s theorem gives a function y defined in
a neighborhood of py such that (y, n) forms a system of symplectic coordinates. We can assume that
y(po) = 0. If k(p) = (y, n), the third point is satisfied by assumption on 7 and we need to ensure that
dp,k (Es(po)) = {0} x R by modifying n in a symplectic way.

Assume that d, k (Es(po)) = R'(a, 1). The symplectic matrix

=0 7)

maps the basis (‘(1, 0), ‘(a, 1)) to the canonical basis of R? and we can set kg := A o k, which is the
required canonical transformation, defined in a small neighborhood U [/)0 of po.

We can ensure that B(pg, Ceg) C U ;)0 for &y small enough and the uniformity of the C"N norms of k
thanks to the compactness of 7 and the fact that the unstable distribution depends continuously on
po€T. O

Straightened version. We now straighten the unstable manifolds in a stronger version of the previous
charts. The construction and the use of these charts is similar to [Dyatlov et al. 2022, Lemma 2.3].

Lemma 3.23. Suppose that eg is chosen small enough. For every pg € T there exists a canonical
transformation
. 2
K==Kpy:Upy CU—Vp CR

satisfying (we denote by (y, n) the variable in R?):
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(1) B(po,2g0) C Up,.
(2) k(po) =0, dpyk (Eu(po)) =R x {0}, dp,k (Es(po)) = {0} x R.
(3) The images of the unstable manifolds W, (p), p € Uy, N'T, are described by

k(Wu(p)NUy) ={(y, g(y,¢(p))) : y € 2}, (3-41)

where Q C Ris an open set, ¢ : Uy, — Ris C'*P, g:Qx I — Ris C'*P (where I is a neighborhood
of ¢(U,,)) and they satisfy:

(a) ¢ is constant on the unstable manifolds.

(®) ¢(po) =0, g(y,0) =0.

(c) (0, 8)=¢.

(d) 9:8(y,0) =1

The derivatives of k ,, and the C'* norms of g, ¢ are bounded uniformly in py.

Remark. The most important condition, which will be used later on, is the last one: it makes the unstable
manifolds very close to horizontal lines. The model situation we expect is when the unstable distribution
is constant and horizontal.

Proof. Around a point pg € T, we work in the charts given by Lemma 3.22: ko : U, — V, . We recall

that the unstable distribution is given by the restriction of a C'™# vector field e,. If U /’)0 is a sufficiently

small neighborhood of pg, we can write, for p € U /’)0,

dpko(ea(p)) € Reu(p),  with &,(p) ="(1, fo(p)), (3-42)

where fo: U /’)0 — Ris a C'*# function which is nothing but the slope of the unstable direction in the
chart xo. In the (y, n)-variable, we still write fo(p) = fo(y, n) and we observe that due to the assumption
on kg, we have

fo&.0=0, (y,0)€V,.
We consider @' (y, 1), the flow generated by the vector field ¢,. Due to the form of ¢,, we can write
' (y,m) =+t Z'(y. n).

The reparametrization made in (3-42) does not change the flow lines of the vector field («xg).e,. In
particular, by virtue of Proposition 3.19, they coincide locally with the unstable manifolds. More precisely,
if we set

go(y, ) =20, n)
(see Figure 7) then, for (0, n) = ko(p) € ko(T N Ws(p0)),
ko(Wu(0)) N {1yl < yo} ={(y, go(y, M) : [yl < yo}

for some yy small enough (which can be chosen uniformly in pg). To define ¢, we go back up the flow:
Suppose that p € U;)O and write ko(p) = (v, n) and assume |y| < yg. We set

¢(p):=2""(y,m.
To say it differently, xo(W, (p) intersects the axis {y = 0} at (0, £(p)).
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ko(Ws(00))

5”()7, ) K()(Wu(lol))

0o KO(Wu (100))

Figure 7. The definitions of g and ¢ use the flow generated by ¢,.

We know ¢ and go are C!*#, their C!*# norms depend uniformly on pg and they satisfy:

» By definition, ¢ is constant on the flow lines, and hence, on the unstable manifolds W, (p) if
peTNU, N{lyl <o}

* £(po) =0.

e Since fy(y, 0) =0, we have Z7(0, 0) = 0 and hence go(y, 0) =0.

« Since Z°(0, ) = n, we have 200, n) =n.

However, at this stage, the last condition (9, go(y, 0) = 1) is not satisfied by go and we need to modify the
chart. To do so, we’ll make use of the following lemma, which is proved in Section A2 in the Appendix.

Lemma 3.24. The map y € {|y| < yo} > 9, fo(y, 0) is smooth, with C N norms bounded uniformly in py.
We first show that this lemma implies that y € {|y| < yo} —> 9,80(y, 0) is smooth. Indeed, due to the
C'*+P regularity of E,, (t,y,n) — Z'(y, n) is C! and satisfies

d
T Z (o) = By fo(y +1. Z' (v, ).

Setting (v, n) = (0, 0), we have

d
T20Z'(0,0) = 3, fo(1, 0).

This exactly says that y > d,g0(y, 0) is C! and has 9y fo(y, 0) as derivative with respect to y and hence
y = 9,80(y, 0) is smooth, as required.

Due to the relation go(0, n) = n, we have d,g0(0, 0) = 1. As a consequence, if yq is small enough, we
can assume that 9, go(y, 0) > 0 for |y| < yo and consider the smooth diffeomorphism defined in {|y| < yo}

y
w:y|—>f 0,80(s, 0)ds.
0
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‘We then use the canonical transformation

Ul
W (y, ,—— ).
v, m) (vf(y) W(y))

We finally consider the chart «,, = W oxq defined in U, = U ;)0 NA{ly| < yo} and if &g is small enough, we
can ensure that B(po, 2e9) C Up,. In this chart, the graph of go( -, ¢) is sent to the graph of the function

W' M, ¢)
g:y € :=v((—yo, y)) — W
We eventually check that:

e g(y,0) =0 since go(y, 0) =0.

* 2(0,¢) =¢ since y(0) =0, ¥'(0) =1 and g(0, ¢) =¢.
° 0;8(y,0)=1.

o The C'*# norm of g is bounded uniformly in po.

o The C" norms of «,, are bounded uniformly in pp. |

4. Construction of a refined quantum partition

We start the proof of Theorem 1. We consider T = T (h) € Ip+(Y x Y, F’) a semiclassical Fourier integral
operator associated with F, microlocally unitary in a neighborhood of 7, and a symbol « € Sy+(U). We
want to show a bound for the spectral radius of M (k) = T (h) Op, (o), independent of A.

4A. Numerology. We’ll use the standard fact
IM 22 <p = Pspec(M) < Pl/n-

The trivial lemma which follows reduces the theorem to the study of ||M"| with n = n(h) ~ §|log h|.

Lemma 4.1. Let § > 0 and N (h) € N satisfy N (h) ~ §|log h|. Suppose that there exists ho > 0 and y >0
such that,
forall0 <h <hg, [MMENP| <h? [l XM (4-1)

Then, for every ¢ > 0, there exists h, such that, for h < hy,

Pspec(M (1)) < €77/°% ||| o
Proof. 1t suffices to observe that under the assumption (4-1), we have pspec(M (h)) < e? 108M/NM|g|| o
and use the equivalence for N (h). O

Remark. If we use the bound [M| < |alle + O(h'/>7%), one get the obvious bound |MY| <
||a||évo(1 4+ o0(1)). Hence, (4-1) is a decay bound.

The proof of Theorem 1 is then reduced to the proof of the following proposition.

Proposition 4.2. There exists 5 > 0, a family of integer N (h) ~ §|log(h)| and y > O such that, for h
small enough, (4-1) holds.
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Actually, this proposition is enough to show Corollary 1 concerning perturbed operators, by virtue of:
Corollary 4.3. Suppose that R(h) : L>(Y) — L*(Y) is a family of bounded operators such that R(h) =
O (h") for some 1 > 0. Then, there exists y' = y'(y, n) such that, for h small enough,

I(M () + RODN PN < b7 el 357
Proof. We write

M+RY=M"+ > (eM+(1—e)R) - (enM+(1—ex)R).

ee{0, 1}V
e£(1,...,1)

Using this, we can estimate
1M + RN < 1Y e S+ M1+ IRIDY = 1M]1™)
< W |l + NIRIAMI +IRIDY
< W llal| %, + Cllog hh"[lee|I 35" (1 + O (™)
= O((W +h")llll).
This gives the desired bound for any Y’ < min(y, ). O
Actually, the precise value of N (h) we’ll use is rather explicit and we now describe it. We set

1
=155

where B is the one appearing in Theorem 5 concerning the regularity of the unstable distribution. We

now choose §y € (0, %) such that

(4-2)

b+8 < 1. 4-3)

For instance, let us set
1—0 B

2 2004 8)

Recalling the definitions of the exponent Ay < A; in (3-10) and (3-11), we introduce the notation

8o =

) 1
N(h) = No(h) + Ni(h), No(h) = h—?llog(h)l—‘, Ni(h) = h—ollog(h)l—‘, (4-4)

where Ny(h) (resp. Ni(h)) corresponds to a short (resp. long) logarithmic time. We will omit the
dependence on / in the following.
To be complete with the numerology, we introduce another number 7 < 1 such that

A
b<z<1 and 50/\—°+r>1. (4-5)
1

The meaning of these conditions will be clear in the core of the proof and we will indicate where they are
used. For instance, we set

T=1-2 (4-6)
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An important remark. 1f two operators M (h) and M;(h) are equal modulo O (h°°), this is also the case
for My (h)N™ and M, (h)N™ as long as

e N(h) = O(logh).

o My(h), My(h) = O(h~%) for some K.
This will be widely used in the following. In particular, recall that we work with operators acting on
L?(Y) but these operators take the form M;(h) = Wy M, (h)Wy, where Wy € C°(Y, [0, 1]) and M>(h)
is a bounded operator on @jj.zl L?(R) such that M, (h) = Wy My (h) Wy + O (h®°)2. As a consequence,
modulo O (h™), it is enough to focus on M, (k)Y ™. For this reason, from now on and even if we keep
the same notation, we work with

J J
M(h) =T (h) Op, () : P L*(R) > P L W),
j=1 j=1
where T'(h) = (T;;(h)), with T;; € Ip; (R x R, Fl’]) and

Op,, (o) = Diag(Op,,(a1), . .., Op,(ay)).

4B. Microlocal partition of unity and notations. We consider some &y > 0, which is supposed small
enough to satisfy all the assumptions which will appear in the following.
We consider a cover of 7 by a finite number of balls of radius &,

0
Tc|JBlog 80, pgeT,
q=1
and we assume that for all ¢ € {1, ..., O}, there exist j,,[,,m,; € {1, ..., J} such that

B(,Oq, 2g0) C qulq N 5mqjq C qu.
We also assume that 7 is microlocally unitary in B(p,, 4¢9). We then let

V, = B(pg. 2€0). @7)
See Figure 8.

Remark. In the case of obstacle scattering, with obstacles satisfying the noneclipse condition, it is possible
to choose a simple partition of unity, related to the coding of the trapped set according to the sequence
of obstacles hit by a trajectory. Indeed, due to a result of [Morita 1991], there is a homeomorphism
between the trapped set and the admissible — that is, two consecutive obstacles are different — sequences
of obstacles. As a consequence, if the obstacles are numbered from 1 to J, we can partition the trapped
set by open subsets Uz indexed by

(@=(a_n,...,an)e{l, ..., "N iy £ o).

The diameter of such partition goes to 0 as N goes to +o0 and we could get the required partition (1),
with the additional property of being disjoint open subsets of U. This would simplify the study in this
particular setting.



SPECTRAL GAP FOR OBSTACLE SCATTERING IN DIMENSION 2 1065

Figure 8. The partition (V;)4c 4., is made by small neighborhoods of 7 (small purple
disks) and a big open set included in U".

We complete this cover with
Qo

Vo = U\ Blog. 20). (4-8)
g=1
U’ @ U is an open set such that WF, (M) € U’ x U'. We denote by U ]/ the component of U’ inside U;.
Welet A={1,..., Q}and Ay = AU {c0}.
We then consider a partition of unity associated with the cover Vi, ..., Vo, Vo, namely a family of
smooth functions y, € CX°(U) for g € A such that:

* supp xqg C Vy-

'OSXqSI-

e 1= quAoo Xq in quAoo Vq'
More precisely, if ¢ € A, x, € C*(U;,) and, for every j € {1, ..., J}, there exists b; € C°(U;) such
that on Ujf, then 1 =b; + quA,jq:j Xg- Thus, xo0 = Z]J.ZI b;.

We can then quantize these symbols so as to get a pseudodifferential partition of unity. More precisely,
to respect the matrix structure, we may write this quantization in a diagonal operator-valued matrix, still

denoted by Op,,:
e Forqg € A, A; =Op,,(xg) 1s the diagonal matrix Diag(0, ..., Op,(x4), 0, ..., 0), where the block
Op,,(xg) 1s in the j,-th position.
* Op;,(Xoo) = Diag(Opy,(b1), ..., Opy,(b))).
The family (A,)qe4., satisfies the properties

>~ Ay =1d microlocally in U’ forall g € A, [[Agll <14 0R'?). (4-9)
geAS
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Since M = quAw MA, + O(h*™), we may write

M"= 3" Uy+0(h™),
geAy,
where, forq =qo - - - gn—1 € AL,
Ug:=MA,, ,---MAy,. (4-10)

Forq =qo- - qu—1 € A, we also define a family of refined neighborhoods, forming a refined cover

of 7,

n—1 n—1
V, =(\F V). Vi=F')=)F"0. (4-11)
i=0 i=0
This definition implies that a point p € V" lies in V, at time i (i.e., F i(p) e Vy)forO<i<n-—1landa
point p € V; lies in V,, , at time —i for 1 <i < n. Roughly speaking, we expect that each operator U,
acts from V, to V; and is negligible (in some sense to be specified later on) elsewhere. Combining (4-9)
and the bound on M, the following bound is valid (for any & > 0):

1Ugll 212 < (letlloo + O (RYZE))", (4-12)

As soon as |n| < Collog h|, we have ||Uyllp2— 2 < Clla||?, for some C depending on Cy and a finite
number of seminorms of «.

Reduction to words in A. We can find a uniform 7y € N such that if p € Vo, there exists k € {—Ty, . .., Ty}
such that F*(p) “falls” in the hole. By standard properties of the Fourier integral operators, each component
(M™);; of M™ is a Fourier integral operator associated with the component (F0);; of F'. In particular,
WF, (M) C Gr'(F).

Let us study M2T0tNW If g =go---gn_; € Ajovo and if there exists an index i € {0, ..., N — 1} such
that g; = oo, one can isolate this index i and trap A, between two Fourier integral operators My, M,
belonging to a finite family of FIO associated with F70, so that we can write

MPU,M™ = ByM  Ax M Bs,
where B1, B, satisfy the L?-bound
1Bl x B2l < (lelloo + O ()N~ = 0(h™F)
for some integer K. Since

WE), (M) AosoM2) C{(FT(p), F~(p)) : p € WF;(Aco)} = 2,

we have M| Ao M, = O (h*°), with constants that can be chosen independent of ¢. Hence, the same is
true for M0 UM o, | AN| is bounded by a negative power of 4. So, we can write

MNP = XN My, M = Y MO UM+ 0(h™) = MTO( > Uq>MT° +0(0™).
geAl. geAV geA”
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We can then replace M by

M= MA;=M(1d—Ax)+ O(h™) 2, 2. (4-13)

geA
The decay bound

1MV < B ||| NP (4-14)

will imply the required decay bound (4-1) for M with N (h) replaced by N (h) 4+ 2Ty. We are hence
reduced to proving the decay bound (4-14).

4C. Local Jacobian.

A first definition. Following [Dyatlov et al. 2022], we introduce local unstable and stable Jacobians and
we then state several properties. For n € N* and g € A", let us define its local stable and unstable Jacobian:
Jg = inf  J/(p), J[;r = inf J? (p). (4-15)
peTNY, peTNVS

By the chain rule, we have, for p € 7N Vq_ ,

n—1

)= F ().

i=0

A similar formula is true for p € TN V; :

n—1 n—1
I =TTUTE ™ =721 (F (o))
Hence, we’ve got the basic estimatesl - =
TNV, #0 = <] <, (4-16)
TNV #0 = &"<Jf<e (4-17)

Ifg=qo---gu—1and gq_=qo---gn_2, then Vq_ C Vq__ and thus
Jy=e, . (4-18)
Similarly, if g1 = ¢ - - - gn—1, then V; C V;:r and
Jf =t (4-19)
As a consequence of Corollary 3.14, if ¢ is small enough, the local stable and unstable Jacobians give
the expansion rate of the flow at every point of 7 N V;t. If7n V;'E # O,
forallpe TNV, , J'p)~ Jg s (4-20)
forall pe TNV, J2,(0)~J . (4-21)
This definition is slightly unsatisfactory since qu = 400 as soon as ti N7T = . However, when
V;'E # o, this set can still stay relevant. For this purpose, we will give a definition of local stable

and unstable Jacobian for such words with help of the shadowing lemma [Katok and Hasselblatt 1995,
Section 18.1].
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Enlarged definition. Letn e N and ¢ =qo---gn—1 € A". We focus on V', with the case of V; handled
similarly by considering F~! instead of F.

If Vq_ NT # @, we keep the definition given in (4-15). Assume now that Vq_ # & but Vq_ NT =0g.
Fix p € Vq_. By definition of V,,, fori € {0, ..., n — 1}, we have d(p;, F'(p)) < 2¢9. Hence,

d(F(p), pi+1) <d(F(p;), F"t(0)) +d(F(p), pis1) < Ceg

for a constant C only depending on F. That is to say, (oo, - - ., on—1) is a Ceg pseudo-orbit. Assume
that 8 > 0 is a small fixed parameter. By virtue of the shadowing lemma, if & is sufficiently small and
(00, - - - » Pu—1) is 8o shadowed by an orbit of F, then there exists p’ € 7 such that, fori € {0, ...,n — 1},
d(p;, F(p')) < 8. Consequently, d(F'(p), F'(p')) < 8y + Ceo. If p, is another point in Vg for
i=0,...,n—1, d(F'(p2), F'(p')) <29+ Cg + 8. For convenience, set &5 = 2¢¢ + 8¢ + C&g and
note that &, can be arbitrarily small depending on &p. As a consequence, we have proven the following:

Lemma 4.4. If V, # &, then there exists p' € T such that, foralli € {0,...,n— 1} and p € Vi
d(F'(p), F'(p") < &2.

Fix any p’ satisfying the conclusions of this lemma and we arbitrarily set
Jy =0, (4-22)

If p; is another point satisfying this conclusion, we have d(F'(p’), F'(p})) <2&, fori €{0,...,n—1}
and by virtue of Corollary 3.14,
Ji (0" ~ Ty (pp).

Hence, up to global multiplicative constants, the definition of this unstable Jacobian is independent of the
choice of p’. Notice that if Vq_ NT £, any p' € TN Vq_ satisfies the conclusions of Lemma 4.4 and
Jg ~ I (). . '

To define Jqu , we can argue similarly and show that there exists p’ satisfying d(F' ("), F'(p)) < &, for
ie{-n,...,—1}and p € V;. We can assume that this is the same ¢; as before and we set Jq+ =J%,(p)
for any p'.

Behavior of the local Jacobian. See Figure 9. The following three lemmas are crucial to understand the
behavior of the evolution of points in the sets V;E. The first one gives estimates to handle these quantities.

Lemma 4.5. Letn e Nand q, p in A". If gy is chosen small enough, then the following hold:
() V] #9 <=V, # D and in that case J; ~ J .
(2) If two propagated neighborhoods intersect, the local Jacobians are comparable:
+ ~oE + g%
Ve NV #0 = I~ J,. (4-23)

(3) If q can be written as the concatenation of q and q» of lengths n| and n, such that ny +n, = n and
if V;t %+ O, then
JE~JEJE (4-24)
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W, (p")

Wi (F"~'(p"))

W)

Figure 9. Evolution of the set Vq_ (the red hatched set) at time 0 and n — 1. The points p;,

Fi(p') are represented at these times, so as the balls B(F'(p’), &2) and B(F'(p’), 8o)
(their boundaries are the blue dotted lines). We’ve also represented the stable (resp.
unstable) manifold at F?(p’) to show the directions in which F contracts (resp. expands).

Notation. The constants in ~ are independent of p and n. They depend on F but also on the partition (V).
In the following, we’ll be lead to use constants with the same kind of dependence. These constants will
be allowed to depend also on the partition of unity (x,), and on M. Constants with such dependence will
be called global constants.

Proof. (1) The equivalence is obvious. From the fact that F is a volume-preserving canonical transforma-
tion, we have, for some C > 0,

forall p e T, forallneN, C™'<J"(p)J5(p) <C,

and we write J' (o) ~ J; (p)~. From F "o F"(p) = p, we also get J? (p) ' = JE, (F"(p)). Eventually,
if p' € T satisfies d(Fi(p), Fi(p') <& fori €{0,...,n—1}and p € V. F'(p') = p* satisfies
d(Fi(p), Fi(pT)) <eyforie{—n,...,—1}and p € V. Hence

I~ 50T ~ i) ~ Ty
Thanks to this first point, it is enough to show the remaining point only for —.

(2) Pick p; € T (resp. pp) satisfying the conclusions of Lemma 4.4 for Vq_ (resp. V;). We have
d(F'(pg), F'(pp)) < 2¢ and hence, by virtue of Corollary 3.14, J!(p4) ~ J,! (pp). This gives (2).
(3) Pick p € T satisfying the conclusions of Lemma 4.4 for V,- By the chain rule, we have J!(p) =
o, (F"1(p))J,) (p). Note that

Vo =V N F~™ V)
Hence, p satisfies the conclusions of Lemma 4.4 for g¢; with e, and the same is true for F"*'(p) and q,. It

follows that Jq_I ~ J,;‘l (p) and Jq_2 ~ J¥ (F"(p)). This gives (3). U

2
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Remark. The first point of the previous lemma shows that we could consider only one of the two
quantities. Nevertheless, we prefer keeping track of it. The reason is that a priori J ™ and J~ support
two different kind of information: J;r controls the growth of F", whereas J,~ controls the growth of F™".
The fact that the two dynamics (in the past and in the future) have similar behaviors is a consequence of
the fact that F is volume-preserving.

The next lemmas relate the local Jacobian to the expansion rates of the flow in the V‘;t. It will be
important in our semiclassical study of operators microlocally supported in V;t.

Lemma 4.6 (control of expansion rate by unstable Jacobian). If &g is small enough, there exists a global
constant C > 0 satisfying the following inequalities:
For everyn € N* and q € A" such that V; # & we have

sup ||d,F"|| <CJ, (4-25)
PEVy
sup ||d, F~"| <CJ, . (4-26)
peVS

Proof. This is a consequence of (3-18). Indeed, if V, # & and if p' € T satisfies the conclusions of
Lemma 4.4, then for every p € V', ||d, F"|| < CJ}(p) with C a global constant depending only on &,. [

This third lemma emphasizes that 1V~ lies in a small neighborhood of a stable manifold and V; lies in
a small neighborhood of an unstable manifold, with the size of this neighborhood controlled by the local
Jacobian. It is a direct consequence of Lemma 3.13.

Lemma 4.7 (localization of the V;t). There exists a global constant C > 0 such that for all n € N
and q € A™:
) If v, # < and o' € T satisfies the conclusion of Lemma 4.4, then, for all p € Ve s
, C
d(p, Ws(p)) < = (4-27)
q

Q) If V; + & and p'€ T satisfies the conclusion of Lemma 4.4 in the future (namely, d(F! (), F! (PN <e
forall p e Vi andi € {—n,...,—1}), then, forall p € V],

C
d(p, Wu(p") < (4-28)

I
4D. Propagation up to local Ehrenfest time. In this section, we show that under some control of the

local Jacobian defined above, one can handle the operators U, and prove the existence of symbols a;t (in
exotic classes Ss) such that

Uy = Op,(aHT"' + 0(n™), (4-29)
Uy =T"' Op,(a;) + O (h™), (4-30)

with symbols a;t supported in V‘;t. We recall that Uy = MA,,_,---MA,,, with M =T Op, (). Let us
state the precise statement we will prove.
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Proposition 4.8. Fix0 <8 <8 < 3 and Co > 0.

(1) Forevery n € N and for all q € A" satisfying

IS < Coh™, (4-31)

there exists a; € ||« ||goS§1°mp such that
Uy = Opy,(a)T" + O (h*™) 2, 2, (4-32)
supp a; C V;. (4-33)

(2) Foreveryn € N and for all ¢ € A" satisfying

I < Coh™, (4-34)

there exists a, € ||oz||goS§l°mp such that
U, =T" Op, (a,)+ Oh™) 2,2, (4-35)
suppa, CV, . (4-36)

Remark. ¢ The implied constants appearing in the O (h°°) are quasiglobal; they have the same dependence
as global constants but depend also on Cy, 8, §;. What is important is that they are independent of n
and g as soon as the assumption (4-31) is satisfied.

e (4-31) implies that V; # . In particular, if ¢ satisfies this assumption, there exists a sequence
(io, - -, in) such that, forall p € {0,...,n—1}, V,, C D; ,,:, C U;

iP+|1i]7 p*

« In fact, supp a; Cc F(V,,_,) C U;,. Hence, the operator Op, (a;) acting on EB,J: 1 L%(R) is the diagonal
matrix Diag(0, ..., Op,(a;), ..., 0).

e The symbol a; has an asymptotic expansion in power of /4. The principal symbol is given by

n
@o=]]ag_,oF", (4-37)
p=1

where a; = x, X «. Note that if the functions a,,_, o F~7 are not necessarily well-defined, the product
is well-defined thanks to the assumptions on the supports of x,, namely supp x, € V,. Indeed, such a
symbol can be constructed inductively as the n-th term b, of the sequence of functions by =ay, o F -1
and b; 1 is obtained from a; by

bit1=(ay xa;)o F~ L

If we assume that supp b; € V- then supp(ay, x b;) € F v+ ). This property allows us to

qO.“qi*l b qO...qi
define b; 41 and supp b1 €V, ..
* The same holds for a, with principal symbol
n—1
(a,)o = ]‘[ ag, o F”. (4-38)
p=0

o Qur proof follows the sketch of proof of [Dyatlov et al. 2022, Section 5] and [Riviere 2010, Section 7].
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In the end of this section, we focus on proving this proposition. We only prove the first point. The
second point can be proved similarly by using the same techniques.

4D1. [terative construction of the symbols. Let us start by a lemma combining the precise versions of
the expansion of the Moyal product (Lemma 3.3) and of Egorov theorem (Proposition 3.8). This lemma
is the key ingredient for the iterative formulas below.

Lemma 4.9. Let g € Aand let a € Sg)mp such that suppa € U; for some j € {1, ..., J}. Then, there
exists a family of differential operators Ly 4 of order 2k, with smooth coefficients compactly supported
inV,, such that, for every N € N, we have the expansion

N-1

M A, Op,(a) = Op, < > h(Liga)o F—1> T+ O(llallcaviish™) 2, g2, (4-39)
k=0

Moreover, one has Lo 4 = x4 X o :=ay.
Remark. « Again, since suppa C U}, Op,(a) is a diagonal matrix with only one nonzero block equal
to Op,,(a).

* Recall that we’ve supposed that V, C 5mq j,- As a consequence, the symbols
Clik) = Lk,qa o F_l
are equal to Ly 4a o (Fy, jq)*l and are supported in Uy, ; Opy, (afk)) is still a diagonal matrix.

Proof. Let us first work at the order of operators LZ(R) — L?(R) and let us study

My, j, Opy(Xxq) Opy(a) = Tn,j, Opy(ej,) Opy(Xxq) Opy(a).

Using Lemma 3.3, we write

N—1 .k, k

i“h % N
Op; (Xq) Opy(@) = Opy ( Y~ ADY (Xg ® ) p=pr=ps | + O WVl xg @ allc2vers).
k=0
the principal term of the expansion being xqa. Set aq x(p) = A(D)k(xq ®a)|p=p,=p, and use Lemma 3.3
to write
jkitka pkitke

i O A @), ®ag k)l p=pi=) + OGN lallcav).

Opy, (@j,) Op,,(xq) Opy(a) =
ki+ko<N

The principal term in the expansion is «;, x,a. We note that
k
ars ) AD*(, ®agr)p=p=p
ki+ko=k

is a differential operator of order 2k. Using the precise version of Egorov theorem in Lemma 3.10, we
see that, for any b with supp(b) C V,,

N-—1
Tn, j, Opj(b) = Op, (b o (Fu,j) '+ Z h*(Dyb) o (qu,-q)—‘) + O (WY ||b]| can+1s),
k=1
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where D are differential of order 2k compactly supported in V. Applying this to the previous expansion,

we see that we can write
N—1

T, j, OPp (@) OP, (xq) Op,(a) = Op,, ((ajq xq@)o F~' 4 Z KE(Ly 4a) 0 F—1> + O (W ||a|| cav+1s).
k=1

We now come to the entire matrix operator. Note that the matrix M Op,,(x,) Opj,(a) is of the form

0 ... Mqu Oph(Xq) ... 0
Do : Opy,(a).
0... M-]jq Oph(Xq) ... 0

Recall that WF;, (Op,, (x4)) C 5mqjq and WF), (M, j,) C Gr/(qujq). Hence, form #m,, M, Op,(xg) =
O (h®) and the previous matrix can be written

0 --- O (h™) ) 0 --- 0 e 0
0 -+ Mpu,j,Opy(xg) - 0]|Opy@=1|0 -+ My, j,Op;(xq)Op;(a) --- 0 +O ™) Op,(@)ll2.
0 --- 0 (h™) e 0 0 --- 0 e 0
With constant in O (h*°) depending on x,, M and || Op,(a)ll;2— 2 = O(llal|cs). Let’s write
agk) = Lk,qaoF_1

and observe that supp(a%k)) C F(supp xq4) € Amq j,- Consider a cut-off function X, such that x, =1ina
neighborhood of F(supp x,) and supp x, C Amq j,- Using Lemma 3.3 and the support properties of x;,
one has

Op;,(a}"”) = Op,, (@) Op; () + O W Hllaf" l|cav-s113) = Opy (@) Op;, (Kg) + OBV [l covns).
Then, one can write Op,, (agk))T on the form
0 ... 0
Opy(@{") Op;,(Xg) Tt -+ Op; (@) Op, () Ty s | + O Hllalicavi)
0 - 0
and, for j # j;, Op,(Xg)Tm,;j = O (h>°). We can conclude that
0 ... )

Op, (@) T =10 --- 0p,@)Op,(Z) T, j, -+ O |+OB)NOp, @)l 12y 24O BN F[lal cavsna)

0 --- .. 0
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0 --- e 0

0 |+om" " a| caves).

=10 ... Oph(aik))qujq

Combining this with the version obtained with M,, ; , we get (4-39).

aJq>

O

Let us now start the iterative construction of the symbols. Fix N € N which can be taken arbitrarily

large. Recall that we want to write
Uy = Op, (@) T + 0(h™) 2, 12
Note U, = Uy,...4,_,- We want to write

N-1
U, = Op, (Z hkafk)) "+ R™M.
k=0

N—1
Ui :op,,(z hka§k>)r+RgN>,

k=0

We start by writing

which is possible by virtue of (4-39). To pass from U, to U, |, we have the relation
N—1
Urp1 = MA, U, = h*MA,, Op,@®)T"+ MA,R™.
k=0
So, we will construct inductively our symbols by setting

k —_
i*lfl - Z(Lp qr ﬁk p))O(Fir-Hsir) 1’

N—-1
N
R =MAL RN+ 0(la®| caov-o415).
k=0

(4-40)

(4-41)

(4-42)

(4-43)

(4-44)

The O encompasses the remainder terms in (4-39). The constants in the O only depend on M and the

Xg-q € A, butnoton q.

To make this construction work, we will have to prove that the symbols a;, % lie in a good symbol

Ccomy
class S P

Before reaching this step, let us just note that by induction one sees that:
N—1r—1

. IRM]| < Cyh (1 +> 3 ||a,<">||C2<N_k)+ls),

k=0 1=0
with Cy depending on N, M and the a,, but neither on r nor q.

e Since L, 4 has coefficient supported in V, , we see by induction that supp a® cvr

(0) _ r+1 -p
* 4y _Hp 19 41- pOF .

r+1 q0°-qr

(4-45)

as announced.
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4D2. Control of the symbols. We aim at estimating the seminorms ||a§k) lcm fork < N, 1 <r <mn and
m € N. We will show the following:

Proposition 4.10. Foreveryr €{1,...,n}, k€ {0,..., N — 1} and m € N, there exists C(k, m), such
that, with Ty y = (k+ 1)(m + k + 1),

la®len < C(k, m)rTen (J

) e (4-46)

Remark. « What is important in this result is the way in which the bound depends on r and q. Up to the
term %7 which is supposed to behave like O([log i|"*m), the significant part of the estimate is that we
can control the symbols by the local Jacobian.

we need to focus on points p € V

« Since supp a® cvt 401"

qo-qr-1°
» Our method is very close to the ones developed in [Riviere 2010; Dyatlov et al. 2022]. However, we’ve
changed a few things at the cost of being less precise on the exponent I'y ,,. Our aim was to treat our
problem as if we wanted to control the product of r triangular matrices.

Letus pick p € V;g“_qr_l . With (4-43), one sees thatif k, m € N, then d’"afljzl depends on d’”/a,(k,)(F_l(,o))

for several m’, k. Before going deeper in the analysis of this dependence, let us note two obvious facts:

« This dependence is linear, with coefficients smoothly depending on p.

o If d’"aﬁl_?l depends effectively on d”’/aﬁk/)(F_] (p)), then k' < k and 2k' +m’ < 2k +m.

Precise analysis of the dependence. That being said, let us pick mg, ko € N. Set Ng = 2ky 4+ mgo and
consider the (column) vector

Ar(p) =" (P 2eim=no € €D S"TU. (4-47)
k<ko,2k+m <N,

Here S"T U is the space of m-linear symmetric forms on 7,U. To define a norm on the fibers S" T U,
we can use, for f € S"T7U,

fr, ..., o)
”f”m,p = sup

- (4-48)
V1, U €T,U [lvy ||p o lum ”p

where ||v]|, for v € T,U is the norm induced by the Riemannian metric used to define J; in (3-8). Note
that, for any fixed neighborhood of 7, there exists a global constant C > 0 such that, for each a € C°(U)
supported in this neighborhood, one has

C'alicn < sup sup |d" allw., < Cllallcn.
m'<m peU
We will denote by y1, y», etc. elements of 7 :=Z(kg, mo) ={(k, m) € N?:k <kg, 2k+m < Ny}. We equip

Z with the lexicographic order < and write #7 := I'y, ,n, (see Figure 10). We order the indices of A, (p)
with <. A,(p) depends linearly on A,_;(F ~1(p)) and this dependence can be made explicit by a matrix

PO ()= (P (0))yy. oz, Where PY), (p) e L(S™ T

V1y2 Y1Y2 U, SmT;U) if Vi =(k,m), )/2=(k/,m/),

(o)
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\
k=ky\
¢ - -0- —Q\(ko, mo)

0
",
.
o,
.
.

o o o o—>

Figure 10. The starting point (ko, m) is represented by a diamond. The set Z corresponds
to the couple (k, m) € N? in the region under the dotted lines k = ko and 2k +m = Nj.
We’ve represented a family of arrows starting from a point y; € Z. The dotted arrows
poir)lts toward B such that y» < y;. The big red arrows points toward points y» such that
P )Elr » =0.

so that
Ar(p) =P (p) A,—1(F (). (4-49)

Notation. If y| = (k, m), y» = (m', k"), p,p’ € U and if A : sm’ T*U — S’”T*U is a linear operator,
we will denote by

I Nyt .20
its subordinate norm for the norms defined by (4-48).
Analyzing (4-43), it turns out that if y; = (k, m), y» = (k',m’) € Z, then:
o If k' > k, then P)I),(p) =

o If k =k, the contribution to d’"ar(k) (p) of aﬁk_)l comes from

d" ((ag,_,a,")oF~")(p)
=ay (F~ (p)) xd™ (a(k)loF )(p)+(derivatives of order strictly less than m for a,
=a, (F Y (o) x(dF 1 (p)®"d"a (k)l(F (p))+(derivatives of order strictly less than m for a(k) D-

(k) o)

In particular, if y; = (k, m) < y» = (k, m’) doesn’t hold, we see that P}fl n(p) =
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Figure 11. We’ve represented the reduction of an element y € &, (kg, mg), i.€., the arrows
between y; and y;+; when y; # y;41. During the descent, the value of m can only increase
when k decreases strictly.

o If k' <k, we can have P}Slr;,z (p) # 0 with m’ > m. But, the use of the lexicographic order ensures that
y1 < > in that case.

Hence, P (p) is a lower triangular matrix and the diagonal coefficients for the index y; = (k, m) are
given by

Pl (p): f € S"TE o, U ag,_,(F~'(p)) x (dF " (p))®" f € S"T}U. (4-50)
Iterating (4-49), we have
Ar(p) =P ()P V(F (o)) - POFTD(p)AI(F' T (p)).

For y € Z, we define, see Figure 11,

EWM=r=0,....v) €T 1y, =V, ¥i <Vit1}
The triangular property of P allows us to write
A0y = > PV (p)-- PO (F~ "2 (0)(A1(F' ™ (0))y-
veE(Y)

Control of individual terms. Let us fix y = (k, m) and pick y € &,(y). We wish to analyze the operator

Py(p):= P (p)--- PS) (F~"2(p)).
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Firstof all, #{i € {1, ..., r — 1} : vit1 # ¥i} < Tkgumo- S0 let us write
iell,....r=1} iy #Fyl={n < <tal,

with d < Ty, .. We can set 541 =r, tp =0 and we can rewrite

Y=t BB B Bas oo Bas Basts - - s Bat1)-

3 h—1 ta—td—1 ta41—1q

For p € {1, ...,d + 1}, we introduce the operator

(tp) | e (r— (tp—142) , p—(r—t, 1 —
Dp(p) = Py s (F~"(p)) -+ Pyly "7 (F =070 (p)),

and for p e {1,...,d}
1 At —
Tp(0) = Py 5 (F~ 77"V (p))
so that we can write

Py (p) = Da1(p)Ta(p)Da(p) - - - T1(p) D1(p).

For p e {l,...,d + 1}, if B, = (k, m), we can see that
tp—1
Dyp)=| [] a4e F‘“‘”(p)} [(dF (F~ " ()" 0+ o (dF~ (F~™r=172 (p)))®"]

j:tp—l+1
tp—1

= [ [T ayo F(’f“(p)}(de“W”(F“fv)(p)))@m.
j=tp_1+1
We introduce the word
dp =41, " qr,-1,
and set p, = F~=)(p), Ly = F~=&=-1=D(p ). To estimate the subordinate norm of D,(p), we use
Lemma 4.6. Since p € Vy+, p) € V;; and we have
tp—1

[T agoF "7

j=l‘p_1+1

sup ||dF~Ur= =170 (p )|

+
ppevqp

IDp (0N 8p.0, =

tp—1

[] ag0 F‘“‘”(p)‘ < Cromo (I3 )N
j=tp,1+1

tp—1

1_[ ag; o F~=D(p)|.

Jj=tp_1+1

<(CIH"

To estimate the norms of 7, (p), we simply note that they depend smoothly on p,, which lies in a
compact set, so we can bound them by a uniform constant C;. This is not a problem since they appear d
times in P; with d < T’y m,. Consequently, we can estimate || P; (0} 5.y, F-¢-1(p)s

1P (D)l o0, F--0(0) < Choumo (Ugh -+ I, ) lag 5 (0)| < Crymy () 1ag 5 (0)1, (4-51)
where
d+1  1p—1
a7 =11 T[] agoF " (4-52)

p=1 j=tp71+l
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Here, the last inequality holds by applying d times (4-24), with d < I'y, m,, Once we’ve noted that

q9=4q1" qdi+1.

Finally, if y; = (k1, m), to estimate || (A (F'-r (PN, F1-r () We simply note that it depends smoothly
on F'~"(p), so that we can bound it by a uniform constant. Hence, we have

1P; (0) AL (F' " (o) llm.o < Choumo (T ¥lag 5 (0). (4-53)

Cardinality of £, (y). The bound we will provide is far from optimal but it will turn out to be enough for
our purpose. To count the number of elements in &, (y ), we remark that it is similar to counting the number
of decreasing sequences of length r starting from y. This number is smaller than the number of increasing

sequences of length r in {1, ..., 'y, m,} . Recalling that the number of sequences u; <upy <--- <u,
satisfying #u; = 1 and u, = b is equal to (btgz), one can estimate
rko.mo
b+r—-2 r
#,(y) < ; ( oy ) < Thymy (r — D Fomo. (4-54)

Finally, we can compute explicitly 'y, n, and we find Iy, m, = (ko + 1) (mo + 1 + ko).
Conclusion. We finally combine (4-54) and (4-53) to prove Proposition 4.10 (recall |a, | = ||y, < o[l o0):

k
sup  [[d™a% e o= sup (A (0)) tkomo) llmo.p
PEVgg4, 1 PEVgg4, 1

< > P AFE () llmg.p

v €& (ko,mo)
Iy N
S Fko,mor ko-mo Cko,mo(J;) Olaq,]j(p”

r N
< Cromor om0 (Il

Finally, we get as expected
k Thym N
lal® llemo < Crymor ™o (JHN [l |7,

4D3. End of proof of Proposition 4.8. Armed with these estimates, we are now able to conclude the proof
of Proposition 4.8 under the assumptions (4-31). Assume that this assumption is satisfied and construct
inductively the symbols afk) with the formula (4-43). Since Jq+ < Ch~4, it implies that n = O (log h).
Hence, we have, for r <n,

la®llen < Crmh ™" h= 28 log h|™em |||y < Crmh ™2™ R a7

The symbol #21%a* lies in ||ot IS5, " (T*R). Using Borel’s theorem with the parameter A’ = h'~2",
we can construct a symbol

o0 o0
+ .y kg 281k (k) _ k. (k) rocomp
Ago.g E (h)*h="a" = E h*a,” € |lallogSs,
k=0 k=0
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that is, for every N € N,

af o Zh" B = 0n"TPN |l

By construction of the a®, for every N € N, we have
U —0p,(a)HT" = R + 0" V||l

Fix some K > 0 such that min(1, ||«||%,) = O (h=%), so that lxlls = O (k—%). With (4-45) and our
estimates, we can control

||R(N) ” < CN]’ZN(I + |10ghlrk_pyl+1h—5(2N+15)h—K) < CNh—1581+N(1—231)—K
n — —= .
Since we can choose N as large as we want, we have finally proved that
—Op;, @) T = 0(h™). O

4D4. Norm of sums over many words. We’ll make use of the tools and notation developed in this
subsection to prove the following proposition. To state it, we introduce the notation

Qn, 7, Co) :={gq € A" : JF < Coh™"}. (4-55)

Proposition 4.11. There exists C = C(Cy, t) such that, for every Q C Q(n, t, Cy), the following bound

holds:
> U
qeQ

< Cllee||"[log h]. (4-56)

L2112

Proof. Throughout the proof, we’ll denote by C quasiglobal constants, i.e., constants depending on Cy, T
and the same other parameters as global constants. We will also be led to use a constant Cj: it has the
same dependence.

Step 1: First note that, since JqJr < Coh™", n satisfies the bound n = O (log h).
Step 2: If ¢ € Q(n, 7, Cyp), denote by /(q) = the largest integer such that

J+ < hf‘[/Z.

q0--q1-1 —
Since Jyy..q >h~"% JF > Ch™"/* and hence
-7
Jfg =C <Ch"2

qr-qn-1 —
q0---qi—1

We can then write ¢ = sr with s € Q(l, t/2,1),r € Q(n —1, t/2, Cy). It follows that we can write

Y u :2’1: Y. E.nUUs

qeQ =1 seQ(,t/2,1)
reQ(n-I,t/2,Cy)
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with Fj(s, r) = 1sco. It is then enough to show the bound

F < n . 4-57
1n§za§n § : 1(s, 1)U, Ug| < Clla|l% (4-57)
s€Q(l,t/2,1)
reQ(n—1,7/2,Cy)

In the following, we fix some 1 </ < n and we’ll simply write ) _( . to alleviate the notation. Note that
the number of terms in the sum is bounded by

10U, /2, 1) x Q(n —1,7/2, C)| < |Al' x |A]" ! < A" <h~ 9,

where Q = Clog|A|.
Step 3: We fix some large N € N and 8; € (7/2, 1/2). Recall that we can write

N-1

Us = (Oph ( > h"aé“) +Opa, 2 (ROTPONE ||a||i,o)) T,
k=0
N-1
U, =1"" (Oph(z h"aﬁ"’) + 02, 2 (RIT2ONTI ||a||gg’>),

k=0

with bounds on as(k) and aﬁk) given by Proposition 4.8.
We then use the formula for the composition of operators in lllglomp (T*R) (Lemma 3.3) and for simplicity,
we write Ly (a, b)(p) = (i*/k")(A(D)*(a ® b)(p, p). For 0 <k < N — 1, we set

asri= Y, L@’ al)).
]+k-+k+:k
Note that if j +k_ +ky > N,
ko k ko k
laf ) @ afPllcases <€ sup (el flon- lalH [l ons
my+m_=2j+13
—(Qk_+m_)8, 3, —(2k_ s
< Cj,k_,k+h (k—tm_)é1 p—(2k—+my) 1||a||go
—281(j+k_ -1
< Cj,k,,k+h 81 (j+k—+ky)—135; ”a”go
—28;N—138
< Cjx_ g b ells
and henceforth,
j+k_+k k- k 1-28,)N—158
O (W4 1a%) @ al*) || c2j113) = O (RI7BON=I g1 ).

As a consequence, we can write
N—1

Uy U =T"" (Oph ( > hkas,,,k)) T+ Opay 2 (120N 0 1),
k=0

It follows that

N-—1
Y v U =1"" (Oph(z hka(k))) T+ 02, 2 (R IT2ON=I8=0 ) 1
s,r k=0
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where

a® =" F(s, r)agr. (4-58)
s,r

Suppose that N has been chosen such that
(1—=28)N > 1561+ Q.

The remainder term is thus controlled by the desired bound since it is of order O (J|«||%,).

Step 4: C 0 norm of a©. We have
a©® = Z F(s, r)a(o) (0)

where, by virtue of (4-37) and (4-38),
n—Il—1

l
as(o)zl_[aslfpoF_p, aV = l_[ a,, o FP.
p=1 p=0

As a consequence, we can estimate
n—Il—1

ja®) <Z|a<°>||a(°>|<1_[(2 |aq|)oF P x H (Z |aq|>oFf’< letI2%

qgeA = geA
Step 5: C™ norms of a® . We will show there exist constants Ck.m (depending only on Co, 81, T and
m, k) such that, forall 0 <k <N —1andm e N,

la®|len < Crh™ @)1 (4-59)

k k_ k
||a”||cm<Z||asrk||cm<Z > L@t al)lien

. jky+k_=k

52 Y 116 @ al )l caiim

.7tk +k =k

k— k
<> > @ e al e

s, r o jtky+k_=k
my—+m_<m+2j

Let’s compute

and hence

la®len < Com — sup DNl flen-llad flome (4-60)
Jtkytk o=k T
my+m_<m+2j

Let us fix j, k4, k—, my, m_ satisfying j+ky +k_ =k, m_+my <m+2j and let us estimate

k k_
D @ ene x Y llal D fen-
s r

We estimate the sum over s. The same kind of estimates will hold for r with the same methods. We reuse
the tools developed in the last subsections. Namely, we set Ny =2k +my, yy = (ky, m4), Z=Z(y4+) and

(As(p) = (d"a i<k, 2km=n, -
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We have shown that there exists a global constant C > 0 such that

lal flene <suplAs (@) <C Y 1P < Y Cnok, (O las 5(0)]

? Ve&(v4) Ve&i(ve)
<Cny i NN a5 (o),
)7651(V+)

where Cy, . depends on Co, 7, N4, ki and global parameters. We hence have to estimate

Y ) lasso)l

s ye&(ys)
Fix y € &(ay) and write it

)_/':(/317--~’181’132’---vﬂZ»---aﬁd’---713(17/361-‘1-17--"56]-‘1-1)’ Wheredirk+,M+9

3] Hh—1 ta—tig—1 tiv1—ta
and recall that
d+1  tp—1
as=T] T1 aor .
pzl.i:[p71+l

When one sums over s € A, the values of s at the indices #;, 1 <i < d, do not play a role and we write

;mmﬂ: Z Zdﬁl tﬁ (ZI%I)oF_U_D

sy €A sty €A p=1 j=t,_1+1 “s€A

!

d Iy l !

<|A] SuP(E |ag I) <K o < Crpmy g
P Nsed

As a consequence,

DY lasil < #EG)Chpm, Nl < Chpm, = D [l
s ye&i(ys)
which gives

k —TN./2 I ) —§1N. )
> lalens < Cpm iU = Dl < Crpm B0 el
N

where the last inequality (with a different value of Cy, ,,,) follows from the fact that / = O (log h) and
81 > /2. The same kind of estimates holds for the sum over r:

k_ —81N_ -l
S e en < o b el
r

Eventually, using (4-60), we get (4-59) since
Ny+N_=2ki+my+2k_+m_ <2ky+k_+j)+m=2k+m.

Step 6: Conclusion. We can conclude the proof of the Proposition 4.11. The bound (4-59) shows that, for
0<k<N-—1,a® eh o] S5 and thus SN hka® e S5, lleel%,. From the L>-boundedness
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of pseudodifferential operators with symbol in Ss,,

N-1 N-1 N—1
HOPh(Z h"a“‘)) H <Y HEa®en <3N Cenh P T < Cllerll
k=0

k=0 m<M k=0 m<M
where C depends only on Cy, 7, 8;. Since ||T]| < 1, we get

= Cllellg,

> F(s.r)U,Us

s,r

which concludes the proof of Proposition 4.11. ]

4E. Manipulations of the U,.

4E1. First consequences. We now make use of Proposition 4.8 to deduce several important facts. We
go on following [Dyatlov et al. 2022]. In the whole subsection, we fix 0 < 4§ < §; < % and Cy > 0. We
define A7 =,y A"

Remark. The constants in O (h*°) depend on p and ¢ only through Cy, §, §1, not on the precise values
of p and ¢q. It will always be the case in the following and we won’t mention it anymore. As already
done, all the quasiglobal constants (i.e., depending on global parameters and Cy, §, 7, §1) will be noted
by the letter C.

Lemma 4.12. Let q, p € A™ satisfying V; NV, = @ and max(J,f, J,;) < Coh™%. Then
UpUg = O(h™) 2, 2.
Proof. By virtue of Proposition 4.8, we can write
Up =T Op,(a,) + O(h™).

Uy =Opy(a)T""' + O (h*).
With a} € [l ES5°™, a; € )2 S;™ and suppa, C V. suppa} C Vi. Since VS NV, = 2,
Op,, (a;) Op,, (a;) = O (h®) as a consequence of the composition of two symbols of Ss,. The constants
in O (h*) depend on seminorms of these symbols, themselves depending on Cy, , §;. Since 7" = O(1),

the result is proved. O

Lemma 4.12 will have interesting consequences, starting with the following lemma which enables us
to get rid (that is to say to control by O (h°°)) of words g where V;E = &, under some assumptions. In
particular, it can be applied without trouble to words of “small” lengths N < |log #|/(2A1), which could
also be deduced from applying Egorov’s theorem up to the global Ehrenfest time [log /|/(2A1).

Lemma 4.13. Let ¢ € A such that n = |q| < Collog h| and assume that V; = &. We suppose that one
of the following assumptions is satisfied:

(1) If m=max{ke{l,...,n}: Vq—()'“(]k—l
@) If m=min{k €{0,...,n—1}:
Then, Uy = O (h™).

< Coh_za.

—26
» < Cph .

# O}, then Jq_

0" "gm—1

| # O}, then J .

qu Gn— 4qn
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Proof. We prove this lemma under assumption (i). This is similar under (ii). We letm =max{ke{l, ..., n}:
Vaogm 7D} and assume J, ' < Coh™?. Due to (4-12), it is enough to show that Uy,...,,, = O (h™).
Let us define / = max{k € {1,...,m}: Jq‘om%l < h™%} and notice that [ < m (if 4 is small enough). By
maximality of /, it is clear that J, g = h=e. According to the third point of Lemma 4.5,
J-
J117+1'"qm—| ~ ?q—oql;_l = Ch_a‘

Set p=¢q; - - - qm. We distinguish now between two cases:

. V; +J: Wesetr =gqq---q;—;. It follows that

max(Jp_, Jo) < Ch=°.

Moreover,

- AVt — Floy- —

V, W =F (V) =9

By Lemma 4.12, U, U, = Uy,..q,, = O(h™).
. V; = @: This time, we have maX(qu,,,qul, Jq;) < Ch™% and Vq_m N V(;I_"'(Im—l = @. According to
Lemma 4.12, Uy,..q,, = Uy, Uyy..q,,_, = O (h™). It follows that Uy,..4, = O (h™). O
4E2. Orthogonality of the Uy. We now focus on terms U, U and U;U, when V| and V" are disjoint,
under growth conditions of the Jacobian. The following result shows that the operators U, and U, are (up
to O (h™)) orthogonal. These estimates will turn out to be important to apply Cotlar—Stein-type estimates.

Proposition 4.14. Assume that q, p € A~ are two words of same length |q| = |p| = n satisfying
VNV =@ and max(J;, J.F) < Coh™. Then,
Uy U; = 0(h®™),
U Up= O(h™).
Before proving it, we need the following lemma, whose proof relies on the iterative construction of the
symbols a,}t.

Lemma 4.15. Assume q, p € A~ are two words of same length |q| = |p| = n satisfying max(J,, J;) <
Coh ™. Then,

UyUy = Opy(a)) Op,(a))* + O (h™),

U,Up =Opy(a, )" Op,la,) + O(h™).
Proof of Lemma 4.15. We prove the first equality. The second one could be treated similarly. Recall
the construction procedure of Section 4D. We adopt the same notation. We will show by induction on
ref{0,...,n— 1} that

Vi = Ugyeegr Upgep, -y = OPn(@gg.cq, ) OP (@, )"+ OH).

The case r = 1 follows from

M Ay Ay M* = Op,(a )TT* Opy(a, ) + O(h*) = Opy(a,) Op,(a, ) + O (h*),



1086 LUCAS VACOSSIN

where we use the fact that T7* = I 4+ O (h*°) microlocally in V+0, Assume that the assumption is satisfied
for r, namely
V, =O0p, (@}, ) Opyat,.., )+ OH®),
and let’s prove it for r + 1:
Vis1 = MA, VA, M*
= MA,, Op,(a, . ) Op(ay, ., VA M*r40(Hh™)

= Op, (@}, )TT*Opy (@, )" + O(h™)

=Opy(a; ) Opylay, ., )"+ Oh>).
The last equality follows from 7T7T* = I 4+ O (h*°) microlocally in V; and the one before is due to the

recursive construction of the symbols a;g__ 4 1n the Section 4D. (I

Proof of Proposition 4.14. Let us begin with the first equality. Consider the largest integer [/ such that

+ + -4
maX(JfIO"'fﬂfl’ JPO“'PFI) = h™.

Wesetq. =qo---q—1 and g, =¢q; - - - q,—1, and define similar notation for p. We obviously have
Uy U; =U, U;_ U;e U;ﬁ .
We then consider two cases:
« V, NV, =2 we may write
Uy Us_ =T'Opy(a, )Op,(a, )T+ O(h™).
Since, V, NV, =, we can use the composition formula in S;lomp to conclude Opy,(a,_) Op,(a, )" =
O (h*), which gives the desired result, recalling that U, = O(1).

. V;e N V;; # &: In this case, we use the previous lemma and we can write

Uy U, _=Op,(a;_)Opylay )+ O ™).

By virtue of the second point of Lemma 4.5, th ~J ;l. Moreover, by maximality of /, either th o> ht

+ )
or ‘]pepl > h~°. But

+ o gt
‘]q<—qz Jq<—'
Hence, th ~ h~%. Using now the third point of Lemma 4.5, we conclude that
oo gt b
Jo ~J, ~h.
This estimate allows us to write
UyU; =T""' Op,(a, ) Op,(a;_ ) Op,(a}_)* Op,(a, ) (T +0h™),

with all the symbols in A= Sglomp for some M > 0. To conclude, we use the composition formula in this
symbol class, noting that

+ - + - _rloyv-Av-) —
V. NV, NV v, =Fy,nY,)=2.



SPECTRAL GAP FOR OBSTACLE SCATTERING IN DIMENSION 2 1087

To deal with the second equality, we consider the smallest integer / such that

+ + -5
<
max(Jy..q, > Ipp,) S

As before, we write g.. = qgo---¢q;—1 and ¢, = ¢q;---¢gn—1, and define similar notation for p. We
obviously have
U;‘Up = U;(_U;_} Up_ Up_.

We distinguish the cases V7 NV} =@ and V NV, # @ and argue similarly. O

4F. Reduction to subwords with precise growth of their Jacobian. Recall that we are interested in a
decay bound for ||9tMoFN1|| where 9 = M(Id —Ay) = quA MA,. For this purpose, we take the
decomposition MM =3~ _ v, Uy.

If g € AN, either V; = &, and in this case JqJr = 400, or V; # &, which implies that Jq+ > MM >
h~' > h~7. In both cases, the following integer is well-defined:

n(q) = max{k € {1, N} : <h7T). (4-61)

+
J‘INl—k“'QNl—l —

We then set ¢ = gn,—n(g)—1 - - - gn,—1. The case V,, = & is irrelevant. Indeed, if ¢ € AN and if V,, = &,
then U, = O(h*), as an obvious consequence of Lemma 4.13. Then, we set

0={geAV v, +0) (4-62)
so that, due to the fact that |AN I = O (h—™), for some M > 0, we have

MmN =" Uy + 0(h™).
q€Q
We partition Q in function of the length of ¢, and the value of gy,—;. Namely, we set

Qo(n,a)={q € Q:lq:| =n, qn,—1 = a}.
We finally set Q(n, a) = {q: : ¢ € Qo(n, a)}, which is simply the set of words g € A" such thatg,_; =a

and J)F  <h7" < J. Note that every word ¢ € Qo(n, a) can be written in the form g = rp, with

peQ@n,a)and r e AN~ We deduce that, modulo O (h™),

SUES 3 M IS 3 3ib JEASS 35 3 () A TEd

n=1acAqeQy(n,a) n=1acA peQn,a) n=1acA “qeQ(n,a)
reAN1—
As a consequence, we get
NN < CNyJA] sup [I9YU gy llleellos)™ ", (4-63)
1<n<N;
acA
where
Uotay= Y Uy (4-64)
qgeQ(n,a)

Since N1 = O(log h), the proof of (4-14) is reduced to proving:
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Figure 12. Two words ¢, p € Q(n, a) are close to each other if V; and VI‘," lie in the
h®-neighborhood of the same unstable leaves, as stated in Definition 4.17.

Proposition 4.16. There exists y > 0 such that, for h small enough, we have

N
IM™Ugn,all <

n+No (4-65)
oo

1<n<n lle]|
acA

4G. Partition into clouds. We fix 1 <n < Ny and a € A. We aim at gathering pieces of mioy 0(n,a)
into clouds and we want these clouds to interact (with a meaning we will define further) with only a finite
and uniform number of other clouds, so that the global norm of [uddy 0(n,q) |l can be deduced from a
uniform bound for each cloud.

Recall that §y and 7 (see (4-2), (4-3) and (4-5)) have be chosen such that

b+do<1, b<r.

We start by defining a notion of closeness between two words q, p € Q(n, a). We choose ¢; as in
Lemma 4.4.

Definition 4.17. Let g, p € Q(n, a). We say that these two words are close to each other if there exists
po € T NF(V,(g3)) such that,

forall p €V UVS,  d(p, Wu(po)) < h°.

Otherwise, we say that ¢ and p are far from each other. See Figure 12.

Remark. By the definition of VI, if ¢ € Q(n, a) and if p € VI, then p does not lie in V,, but F_l(,o)
does. Hence, we work with F(V,) instead of V,. Moreover, the set F'(V,(e,)) is chosen to fit well in
the computations below and in particular in the proof of Lemma 4.19. We could replace it by V. (Ce»),
where C is any Lipschitz constant for F.

The important fact on words p, ¢ far from each other is that the associated operators MM U, MMy,
are almost orthogonal:

Proposition 4.18. Assume that q, p € Q(n, a) are far from each other. Then,
MM UH* MU, = 0(h™), (4-66)
MMM UM U)* = 0 (h™). (4-67)



SPECTRAL GAP FOR OBSTACLE SCATTERING IN DIMENSION 2 1089

We will need the following lemma.
Lemma 4.19. If q, p € Q(n, a) are far from each other, there exist words p1, q1, p2, q> such that

* [pil=lq1l, |p2l = Iq2l.

* 9=4192, P = pi1p2.

VLNV, =2

e max(J}, J;) < Ch=" (for some global constant C > 0).
In particular, V; NV} = @.

Let’s momentarily admit it and prove the proposition.
Proof of Proposition 4.18. Fix q, p € Q(n, a) far from each other. Since V; N V;," = &, we have
Uy U; = 0(h™) by virtue of Proposition 4.14. Hence, using the polynomial bounds ||| = O (h=M)
(for some M > 0), we have

MMMy (OMNU ) = 0(h™).
To prove the first point, we write
MU U, = Y UpURURUU,Up,.
s,te ANo

Hence, it is enough to show that U;Z USU:Up, = O(h*) uniformly in s, ¢. To do so, we note that
+ +
Vl]zs n szt
Jre<CItIr < CetNop=b < cp=Cott)
—_— s q2 p— J— 9

q28
+
JPzt

c FMwinvi) =2,

2

< Ch—(50+b)

and apply Proposition 4.14, with § = (5o +b)/2 < % (here we use condition (4-3)). [l
We now prove the lemma.

Proof of Lemma 4.19. Consider q, p € Q(n, a) far from each other. Consider the smallest integer m

such that V‘};'“Qn—l N V;rm,__pnfl # &. We will show that m > 0 and set p» = ppu_1-- Pn_t1, @2 =
gm—1-"qn_1. Pick p € Vc};quq N V;:n"'Pnfl' By choice of &, after Lemma 4.4, there exists pp € T

such that d(F~(p), F~"(pg)) < &5 fori € {1, ..., n —m}. In particular, d(F~'(p), F~'(py)) < &> and
F~1(p) € V,, so that py € F(V,(g2)). Since, g, p are far from each other, there exists p; € V; UVIJ,r such
that d(p1, Wy (po)) > h® (otherwise, it would contradict Definition 4.17).

Suppose for instance that p; € V; c Vv Hence, d(F~ (pg), F~(p1)) < 2e0+ &, for i €

qm*qn—1"
(1,...,n—m). From (3-17), d(p1, Wa(p0)) < C(J2 " (pp))~" and hence, J2 " (pp) < Ch™".

n—m ~ Jt ~ Jt : :
But, J"7"(po) me_,.pn_l qu_,.qn_], which gives
+ + —b
<
maX(me"'pn—l’ qu'“qll*l) - Ch *

Since min(J", J p+ ) > h~" > h~° (here we use (4-5)), we cannot have m = 0 (if 4 small enough). Thus,
we can set pr = pm—1-+* Pn—1> 92 = qm—1" - qn—1, Which satisfy the required properties by minimality
of m. U
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We now decompose Ugn,q) into a sum of operators, each of them corresponding to a cloud of words.
In the following, we’ll use the term cloud to mean a subset Q C Q(n, a) and we’ll adopt the notation

+ _ +
ve=UW
qeQ
and the definition:

Definition 4.20. We say that two clouds Q;, Q> do not interact if, for all pairs (q1, ¢2) € Q1 X Q»,
q1 and ¢ are far from each other.

The existence of such a decomposition follows from the key proposition (see Figure 13):

Proposition 4.21. Suppose gy is small enough. There exists a partition of Q(n, a) into clouds Qy, ..., Q,
and a global constant C > 0 such that, fori =1,...,r:

(i) There exists p; € T such that, for all p € Vgi, d(p, Wu(pi)) < Ch®.

(1) If Q; interacts with exactly c; clouds, then ¢; < C.

Remark. Actually, » and the clouds Q; depend on n and a. We do not write this dependence explicitly
here to make the notation lighter. The second point is relevant since a priori, the only obvious bound on
r=r(n,a)is |r| <|A|", where n = O(logh).

Proof. Keeping in mind that, for all ¢ € Q(n, a), we have V" C V7, we fix p, € Vf. If g9 is small enough,
VT does not intersect the boundaries of W, (p,) and W, (p,).

For ¢ € Q(n, a), there exists p; € T such that d(F~i(p), F~! (pg)) < & for all p € V; and for
i=1,...,n, according to Lemma 4.4 and since J‘;r ~ht,

d(p» Wu(pq)) 5 Chit,

d(pa, pg) < C(e2+&p) and hence, if &9 is small enough, z4 := Hj, (pg) (here, Hj : B(pa, &) = Ws(pa))
is the unstable holonomy map defined before Lemma 3.20) is well-defined, and depends Lipschitz-
continuously on p, (with global Lipschitz constant).

Next, consider a maximal subset {z1, ..., z,} C{zq, g € Q(n, a)} which s h"® separated. By maximality,
for every g € Q(n, a), there exists i € {1, ..., r} such that [z; —z4| < h® and we use these z; to partition
Q(n, a) into clouds Q;, where fori € {1,...,r}, |z; —z4| < h® for all q € Q;. We now show that this

partition satisfies the required properties.
Letie{l,...,r}, g€ Q;and p € V; . By local uniqueness of the unstable leaves, we may assume
that g is small enough so that W, (pg4) N Vj = Wu(zg) N Va+ . Hence,

d(p, Wu(zg)) <Ch™".
Since the unstable leaves depend Lipschitz-continuously on p € T, we have
d(p, Wau(z) < Clzi — 24| + Cd(p, Wu(zg)) < Ch® + Ch™ < Ch".

This gives (i).
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Wi (0a)

Figure 13. We gather the six small sets V, into three clouds corresponding to z1, 22

and z3. Here, Q1 = {q1}, Q2 = {q2, ¢3, q4} and Q3 = {gs, gs}. The clouds Q; and Q,
interact. The dotted lines draw tubes of width Ch® around the unstable leaves W, (z;).
The sets V, have width of order h*.

To show (ii), suppose that Q; and Q; interact. Then, there exist (¢, p) € Q; x Q; and pg € T such
that, for all p € VUV, d(p, Wu(po)) < h®. Tt follows that d(z4, W, (po)) < Ch™ +h® < Ch® and if
we denote by zo = H ;)‘a (po) the unique point in W, (og) N Ws(p4) then [zg —z4] < C h®. The same is true
for p and we have |74 —zp| < Ch® and eventually, |z; —z;| < Ch®. Since zi, ..., z, are hb—separated, we
see after rescaling that the number of j such that Q; and Q; interact is smaller than the maximal number
of points in B(0, C) which are 1-separated (one can for instance bound it by (2C + 1)2, but what matters
is that it is a global constant). O

This partition into clouds allows us to decompose MM U, 4) into a sum of operators

B =MMUg =Y MU, MMUgua =) Bi. (4-68)
qeQ; i=1

The use of Cotlar—Stein theorem [Zworski 2012, Theorem C.5] reduces the control of the sum by the
control of individual clouds:

Lemma 4.22. With the above notation, there exists a global constant C > 0 such that

MM Ugall < C sup [Bi]l + O ™). (4-69)

1<i<r

Proof. Cotlar—Stein theorem reduces to control
1/2 1/2
mIaXZIIBEkBJII 2, mf‘XZ”BjBfll 2.
J J

Fixiefl,...,rh
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If Q; and Q; do not interact, then ||B;“Bj||1/2 (resp. ||BjBl.*||1/2) is a sum of terms of the form
(MM UH*(MNU,) (resp. (MNUL)(OMMU)*), where p and ¢ are far from each other. By virtue
of Proposition 4.14, these terms are uniformly O (4*°) and since the number of terms in the sum grows at
most polynomially with £, we can gather all these terms in a single uniform O (h*°). As a consequence,

we have
STUBBIIT < > BB+ 0(h™)
J Q; and Q; interact
< ) max|Bill+ O™ < Cmax || Bl + O(h),
Q; and Q; interact k k
and the same holds for the second sum. This gives the desired inequalities. (I

The proof of (4-14) and, as a consequence, of Proposition 4.2 is then reduced to the proof of:

Proposition 4.23. There exists y > 0 such that the following holds for h small enough. Assume that
Q C Q(n, a) satisfies, for some global constant C > 0,

there exists pg € T such that for all p € VJQF, d(p, Wy(po)) < Ch®,
where b = 1/(1 + B) is defined in (4-2). Then,

No
1Mol _
loeflog™
5. Reduction to a fractal uncertainty principle via microlocalization properties

In this section, we reduce the proof of Proposition 4.23 to a fractal uncertainty principle. To do so, we aim
at showing microlocalization properties of the operators involved. The dissymmetry between Ny and N
in the decomposition N = Ny + N will appear clearly in this section. Since Ny is below the Ehrenfest
time, we can actually use semiclassical tools. By contrast, things are more complicated for operators Uy,
with g € Q(n, a), and we’ll use methods of propagation of Lagrangian leaves. These methods are inspired
by [Anantharaman and Nonnenmacher 2007a; 2007b; Nonnenmacher and Zworski 2009] and are also
used in [Dyatlov et al. 2022].

5A. Microlocalization of ™. We first state a microlocalization result for 910, This is the easiest one
to obtain since Ny is below the Ehrenfest time. We recall the definition of 7_, the set of the future trapped
points
T =()F"W)
neN

and focus on 71°° := 7_ N T (4gg). The set 7_ is laminated by the weak global stable leaves. Hence, if
€o 1s small enough, ensuring that the boundaries of the local stable leaves W;(p), p € 7T, do not intersect
T (dgp), we have

7 [ Wi (o).
peT



SPECTRAL GAP FOR OBSTACLE SCATTERING IN DIMENSION 2 1093

When g € AM and V, #9, V; liesin an O (h%*/1) neighborhood of a stable leaves, as stated in the
following lemma. In the following, we write

5y = 8y (5-1)
2 =00 e
We recall that we have defined b in (4-2) and t in (4-6) such that < 7 < 1 and 6, + 7 > 1 (see (4-5)).
Moreover, No = [(8o/11)|log h]].

Lemma 5.1. There exists a global constant Cy > 0 such that, for all ¢ € AN satisfying V, #9,
d(V; . T2) < Ch™.

Remark. In the end of this section, the use of C, will always refer to the constant appearing in this
lemma. On other places, we keep our convention on global constants, denoting them always by C.

Proof. We already know by Lemma 4.7 that there exists C > 0 such that if V~ # &, there exists po € T
such that

_ C
J‘I

But J, > eMoNo > c=1p=%r/*1 Finally, d(V;, TI°°) < Ch®, as required. O

The following lemma allows us to construct symbols in nice symbol classes with supports in /°
neighborhood. Its proof can be found in [Dyatlov and Zahl 2016, Lemma 3.3].

Lemma 5.2. Lete > 0and S € [O, %[ Let Vo(h) C Vi(h) C R? be sets depending on h and assume that,
for0<h <1, d(Vo(h), Vi(h)) > eh®. Then, there exists a family x;, € Cfo(Rd) such that, for all h < 1:
e xn=1o0n Vy(h).
e supp x C Vi(h).

o For every a € N9, there exists Co, depending only on ¢ such that, for all x € R? and for all 0 < h < 1,
18% x4 ()] < Cah ™2

Applying this lemma with Vo (h) = T1°°(2C,h%), Vi (h) = TI°¢(4C,h®) with &€ = 2C5, we consider a
family of smooth cut-offs x, € ngomp and we can consider it as an element of S;zomp(U ) since (at least
for i small enough) the support of y; is included in U. We are now ready to state the microlocalization
property of 9N,

Proposition 5.3. MmN = MmN Op,, (xn) + O (h™) 12v)— 12()- (5-2)
Proof. We need to show that EDINO(Oph(l — xn)) = O(h*). To do so, we take the decomposition
MmN =3~ geAto Uq. Since the number of terms in this sum grows polynomially with 7, it is enough to
show that,

forall g € AN, U, (Op,(1— xn)) = O(h™),

with bounds uniform in ¢. We then consider two cases:
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» V, =@ Lemma 4.13 applies. Indeed, if m < No and V,

20 Gmt # J, we have

Joggmy €™ <M < Ch™,

Hence, U, = O (h*), with global constants in the O (h*).

« V, #@: We apply Proposition 4.8. Since J,~ < Ce*1"0 < Ch™%, we take some 8; € |89, 5[ (in particular,
8y < &) and we can write U, = TNo Op,, (aq_) + O (h®°), with a, € Sglomp(U) and supp agz C Vq_. Noticing
that x, =1onV, C T1¢(2C,h%), the composition formula in S;lomp implies that Opj,(a, ) Op;, (1 — xn) =
O (h™). Since the seminorms of a, are uniformly bounded in ¢, the constants appearing in O (h*) are

uniform in q. ]

SB. Propagation of Lagrangian leaves and Lagrangian states. To study the microlocalization of Uy,
we’ll use the same strategy as in [Dyatlov et al. 2022], the authors themselves inspired by [Anantharaman
and Nonnenmacher 2007a; 2007b; Nonnenmacher and Zworski 2009]. We cannot show that U, is a
Fourier integral operator since the propagation goes behind the Ehrenfest time. Instead, we show a
weaker result which will be enough for our purpose. The idea is to decompose a state # in a sum of
Lagrangian states associated with Lagrangian leaves almost parallel to unstable leaves, what we will
call horizontal leaves (because we will consider them in charts where the unstable leaves are close
to be horizontal). Studying the precise behavior of these states, we can get fine information on the
microlocalization of Uju. Roughly speaking, we’ll show that if u is a Lagrangian state associated with
an original horizontal Lagrangian £, ¢ C V,,, then Uju is a Lagrangian state associated with the piece
of the evolved Lagrangian F" (L, ¢) inside V; .

To define “horizontal” Lagrangian leaves, we need to work in adapted coordinate charts in which the
notion of horizontality (thinking W, (p) as the reference) makes sense. For this purpose, for g € A, we
consider charts centered around the points p,, associated with the fixed macroscopic partition of 7 by the
Vy = B(py, 2¢0). First, we consider symplectic maps

kg : Wy C Uy, - V, CR?
satisfying (we denote by (x, &) the variable in U and (y, 1) in R2):
(1) B(pq, Ceg) C W, for some global constant C > 2.
@) k(pg) =0, dic(pg)(Eu(py)) =R x {0} : dic(pg) (Ey(py)) = {0} x R.
(3) The image of the unstable leave W, (p,) is exactly {(y,0) : y € R} N Vq.

Theses charts are for instance given by Lemma 3.22 (at this stage, the strong straightening property is
not necessary). In these adapted charts where W, (p,) coincides with R x {0}, the horizontal Lagrangian
leaves will be the of the form

Co:=1{(,0):y eR}. (5-3)

Finally, we fix unit vectors on E, (p,) and Es(p,), e,(pq) and es(p,), used to defined the unstable and
stable Jacobians in Section 3C. Let’s write

qu(eu(pq)) = ()Mq,u, 0), qu(es(pq)) = (0, )\q,s)-
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_(*qu O
p= (5 )

Ry p €Wy Dyicy(p) € Vy := Dy(V,).

Note

We dilate the chart k, and define

5B1. Horizontal Lagrangian and their evolution. Let us fix a word ¢ € A" and let us define
Lo =g (Co N Vi) N Vy,. (5-4)
Then, let’s define inductively
Lgyg.0 = F(Lgyq;1,0) N Vg5 (5-5)
which allows us to define £, . One can check that
Lgog=F ' WVHNF" Ly (5-6)
The term F~! comes from the definition of V; :

/oeV,;|r < foralll <i <n, F_i(p)quH.

Finally, let’s define
Cq.0 =Kg,_,(Lq.0) (5-7)

We first focus on one step of the iterative process.
InV, C R2, we use the notation B, (0, r) for the cube]—r, r[ x |—r, r[. We keep the subscript g to
keep track of the chart in which this cube is supposed to live. Finally, we set

B4(0,r) =D, (B,(0,r)) C V.

B, (0, r) is simply a rectangle centered at zero with size only depending on g (this is also a ball for some
norm in R?). The advantage of Eq and i, compared with B, and «, will appear below. However, &, is
not symplectic, and for further use, it is not possible to use i, as a symplectic change of coordinates.

Let g, p € A and suppose that V, N F - (Vp) # . As a consequence there exists a global constant
C’ > 0 such that d(F(pg), pp) < C’gp and if C in (1) of Lemma 3.22 is large enough, we can assume
that, for some global constant C; > 0,

kg(Vg) C By(0,Cie0) C Vg, kp0Fok, ' (By(0, Cigg)) C V. (5-8)
The following map is hence well-defined:
Tpq :=kpo F oy : By(0, Cieg) — 7, 4(By (0, Ci£0)) C Vp:

Tp,4 1s nothing but the writing of F between the charts V,, and V),. Note that since the number of possible
transitions is finite, we can assume that C; is uniform for all ¢, p € A such that V, N F -1 Vp) #9.
We also adopt the following definitions and notation:
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Definition 5.4. Let G, : |-Ci&9, Ci59[ — [—Ci&9, C1&0[ be a smooth map. It represents the horizontal
Lagrangian
Le, = D7 ({(y. G4(y)) : y € 1=Cie0. Ci&ol}) C B, (0, Ci20) C V.

We say that such a Lagrangian lies in the y-unstable cone if

IG, lloe < 7,

and we write G, € CZ(C180, y).

Remark. This is where the use of i, and Eq turns out to be useful; to represent horizontal Lagrangian
in V,, we use the cube B, (0, C1&9) C V, of fixed size.

With this definition, we show in the following lemma an invariance property of the y -unstable cones:

Lemma 5.5. There exist global constants C > 0, C; > 0 such that if e is sufficiently small, then the
following holds:
For every G, € CZ (Cr&0, Cep), there exists G, € C;‘)(Cleo, Ceg) such that:
(i) Tpq(L6,) N By (O, Cre0) = Lo,

(i1) For some global constants C;, | > 2, we have |G4|lct < C = |Gllcr < C.

Moreover, let’s define ¢y : 1—C1&9, C1e0[ — R by

Yq =¢qp(yp) — (yp’ Gp(yp)):DpoquoD;l(¢qp(yp)’ Gq°¢qp(yp))-

Then, ¢,q is smooth contracting diffeomorphism onto its image. In particular, there exists a global
constant v < 1 such that ||<]§;,q||c><> <.

Proof. Take C; large but fixed (with conditions further imposed) and assume that gy is small enough
so that (5-8) holds. Let us define A, = J{'(p,) > 1 and 4 = Ji(py) < 1 and let us fix some global v
satisfying,

forall g € A, max(kq_l, Mg) <v <1
Recall that e, and e, are C'¢ in p. We write dy and 0, to denote the unit vector of R x {0} and {0} x R
respectively. We fix a constant C > 0 with conditions imposed further and we assume that || G’p loo < Ceo.

Welett=D,o1,40 Dq_1 (we drop the subscript for T to alleviate the notation). In the computations
below, the implied constants in the O are global constants (depending also on the choices on «):

e 7(0) =k, o0 F(p,) = O(gp).
o d7(0) = dR p(F(pg)) 0 d F(p) o [dig(p)] ™"

* dT(0)(9y) = dicp(F(pg))(Aqeu(F(pg))) = Aq(dkp(pp) + O(e0))(eu(pp) + O(£0)) = Aq0y + O (£0),
where we use the Lipschitz regularity of p — ¢,(p) in the second equality.

e Similarly, d7(0)(d,) = 149, + O(eo).
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(It is here that we use the renormalization of «, into k). Eventually, we use the fact that 7 —7(0) —d7 (0) =
0] (C] SO)C] (B(0,C150)) and we get

T, ) = gy +3r (o), gn+0-(v. ), (3, m) € By (0, Creg), (5-9)
where y,(y, n) and n,(y, n) are O(Ci&p) 1. Before going further, let us show that we can fix C such that
(y.1) € B0, Creo) = |ugn+n-(y. M)l < Crg. (5-10)

To do so, let us note that in fact T — 7(0) — d7(0) = 0((C180)2)C0(B(0’C180)) and hence if (y,n) €
Eq (0, C1&p), we have

n-(y, M| = 0(20) + O((C10)*) 00,1000 < C'e0(1 4 Cieo).
Assume that C; is large enough such that vC; +C’ < C1(v+1)/2. If (y, n) € Eq(O, Cigp), we have

v+1
2

g+ (v, | < vCrag+ Cleg(1 + Cleg) = (€132 + Chg ) eo.

This fixes Cj. Since C; is now a global fixed parameter, we can remove it from the O in the estimates.
If &9 is small enough, depending on our choice of Cy, (5-10) holds.

To write the image of the leaf as a graph, we observe that, if ¢y is small enough (depending only on
global parameters) the map

Yy el=Cieo, Creol = Agy + ¥, (v, G4(y))

is expanding and we can impose |1/'| > v~ In particular, Im ¥ contains an interval of size 2v~'Cjey.
Moreover, ¥ (0) = y,(0, G4(0)) < [y llc1 1G4 (¥)| = 0(83). We claim that if &g is small enough, Im
contains |—Cj &g, Ci&ol. Indeed, it suffices to have
v Creg — ¥ (0)] = Ciep.
But we have
Cieo+ ¥ (0)] < Creg(1+ O(ep)) < Creqv™

if 14+ 0 (g9) < v~ a condition that can be satisfied if &q is small enough. Hence, ¢ := Dpg = 1//|]__1Cl c0.Creol
is well-defined and we set

Gp(y) =1gGq( @) +n-(@ (), Gg(d(y)), yel-Cieo, Creol. (5-11)

By definition, it is clear that 7, ,(Lg,) N Bp(0, C169) = L, and (y, Gp(y)) = (¢ (), G4(¢(y))). The
map ¢ is obviously a smooth contracting diffeomorphism and ||¢’|| < 1/inf |¢/'(y)| < v. Moreover, due
to (5-10), |G, (y)| < Ci&p. To prove that G, € CZ(CH?O, Cegp), we compute

G,(y) = 1g Gy (@ () x ¢'(y) + By + 3yny x G ()P (¥),
|G, ()| < v*Cep+ O(eo(1+ Cep))v < [V?C +vC'(1 4 Ceo)leg
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for some global C’ > 0. If we assume v> +&oC’v < 1, which is possible if ¢ is small enough, then we
can choose C large enough satisfying

Cx (V2 +vCe)+vC <C.

This ensures that ||G’p loo < Cey.

Finally, we prove (ii) by induction on /: The case [ = 1 is done. Assume that there exists a constant C;
such that [|Gyllcr < C; = |Gpllcr < C;. We want to find a constant Cy fitting for the C'*! norm.
Using (5-11), we see by induction that the (/ + 1)-th derivative of G, has the form

Gy () = @' O X G0 X (148, (7, §ON) + PGy (). G ),

where Py (7o, ..., 1) is a polynomial with smooth coefficients in y. Hence, there exists a constant M (C;)
such that for y € ]=C9, Cigol, |Py(Gy(), ..., GY ()| < M(Cy). Since

1o’ A+ 3,m, (v, pOIN] < V(1 +69C") 1=y

if &g is small enough ensuring that v; < 1, we can take

M(C
Cl+1 =max(Cl, ( l))

1-— V1
Indeed, with such a constant, assuming that |G ||ci+1 < Ci41, we have

GSFV )| < Crvi + M(C) = Cra. .

Armed with this lemma, we can now iterate the process and get the following proposition describing
the evolution of the Lagrangian Cy ¢.

Proposition 5.6. Assume that &g is small enough. Then, for everyn e N*, g € A", and 0 € R, there exists
an open subset 1y ¢ C R and a smooth map Gg4 ¢ such that.

* Cao =1{(y.Ggo(y) 1y € lgp}

. ||G:1’9||OO < Ceg for some global constant C.

o Foreveryl > 2, |Gy llct < C; for some global C;.
o If ¢q.0: 140 — Ris defined by

Kgus 0 F" " ory (8g.0(),0) = (v, Ggo(y).
Then, for some global constants C > 0and 0 <v < 1, ”¢t/179 | <Cv

Proof. Assume that L, ¢ # J; otherwise, there is nothing to prove. In particular, we can restrict our
attention to small 6, [0| < Cy&o. As a consequence, for every i € {1, ...,n}, F(V,;_,) NV, # . Hence,
we can consider the maps 7; := 1, 4,_, and since we assume that «,, (V,,) C By, (0, Cy&9),

Cyogi.0 = Ti(Copgi_1.0) Mg Vy;)-
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We start with a constant function Go € C(C1, 0) such that Lg, = Cy (it suffices to take Go = Ay s0)
and we inductively apply the previous lemma to show the existence of a family G; € ng (Cr80, Ceyp),
0 <j <n—1, such that:

(1) i (Lg,) N By (0, Crep) = L
i) Giller = Cr.
(iii) If we define ¢; : |—C1&9, C180[ — 1—C10, C180[ by
(. Gi(») =Dy, 0t 0 D' (¢i(»). Gi—10$i ()

then there exists v < 1 such that ||¢;[loc < V.

i+l

(iv) Cyy-..q;,0 1s an open subset of L, .

We have
Ls,, =D, (. Gu1(») : y €1=Cieo, Creol}).
This can be also written

L6, =10 2" GuiOhg ) : Iyl < A", Cieo).
It suffices to consider
Gao( =25" Gn1(Orgyud),
Ijg={yel-r" ,Cigo. 1, ,Cieol: (v, Ggo(y)) €Cyp}.
Gg.6(3) =2y 10 0 1(hg,_,uy)- O

5B2. Evolution of Lagrangian states. Once we’ve studied the evolution of the Lagrangian leaves starting
from Cy, we can study the evolution of the corresponding Lagrangian states. In our case, since the leaves
stay rather horizontal, the form of the Lagrangian states we’ll consider is the simplest:

a(x)eillf(X)/h’
where a is an amplitude and i a generating phase function. It is associated with the Lagrangian,
L={(.¥'():yesuppa}.

For g € A, we quantize ;. Remind that we denote by k, the integer such that V,;, € Uy, . There exist
. . comy com; —
Fourier integral operators B, B; €l p(Kq) x 1y P (Kq b,

B,:L*(%) — L*(R), B, :L*(R) — L*(Y},)

such that they quantize k, in a neighborhood of «, (17[1) X ]7[1. Moreover, we impose that WF, (B, B;) is
a compact subset of R2. We will still denote by B, and Bé the operators

B;=(..... B .....00: L*(Y) > L*(R), B, ='(0..... B, ,....0): L*(R) > L*(Y).
— —
kq k,,

If supp(c,) C V, and if C denotes the operator-valued matrix with only one nonzero entry Op,(c,) in
position (ky, k), then as operators L2(Y) — L%(Y),

B,B,C=C+O(h™), CB,B,=C+0h™).
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The proposition we aim at proving is the following:

Proposition 5.7. Fix Co > 0. Foreveryn € N, g € A" and 0 € R satisfying
n < Collogh|, 101 =Co (5-12)
and, for every N € N, there exists a symbol ag g n € CX°(14,0) such that
(i) Uy(B; @'y =MA,,_ B, (eV4/"agon)+OHY)p2,
(i) llago.nllc, < Cryh~C0leB,

(iii) there exists § > O such that d(supp(aq.o,n), R\ Iy ne) =9,
where V4 ¢ is a primitive of G4 9 and B > 0 is a global constant.

Remark. ¢ Asusual, 8, C; y and Cy depend only on F, A, B, B(;, k4 and the indices indicated in their
notation.

o In other words, the Lagrangian state e/®)/" is changed to a Lagrangian state associated with Cq.0-

The end of this subsection is devoted to the proof of Proposition 5.7. In the rest of this section, we fix a
constant Cp > 0 and we work with a fixed word g € A" with length n < Cy|log /| and a fixed momentum
|6] < Cp. From now on and until the end of the proof, the constants below will always be uniform in ¢, 6
satisfying the previous assumption. They will depend on global parameters and on Cy. If they depend
on other parameters, we will specify it with subscripts. This is also the case for implicit constants in O
(such as in O (h*)).

Preparatory work. We first note the following fact: if V, N F~1(V,) = 3, A,MA, = O(h*™). As a
consequence, if V, |, N F‘l(Vql.) = @& for some i, then U; = O(h*). In the sequel, it is enough to
consider words ¢ for which V,, ,\ NF~'(V,)# @ for1 <i <n-—1.

We consider symbols g, such that supp(a,) CV, and a, =1 on supp(x,). We denote by Aq =Op,,(aq)
(as usual thought of as a diagonal operator-valued matrix). The following computations holds since
n= 0O(logh) and [MA,]|l < |la|lec + o(1) uniformly in g:

UqBé,0 =MA,,_,

Ay MAy Ay - MAy Ay MA,B, + O(h™)
=MA,, B,

a1 By, Bg, 1 Ag M- MAy, Bt;lB(IIAQI MAqOB{;0 + O(h™).
We set T, , = B,A,MA, B, and M, = M A, B, which allows us to write
U‘IBZIO = qu—l TfIn—lvfIn—Z e quJIo + O(hoo)'

For p,qg €e AwithV,NF -1 Vp) #9,wehave T, , € Igomp(tp,q). Moreover, the previous computations
have shown that 7, , has the form

Tpg(Vom) = Qp gy +y-(Vom)s tpgn+n-(y,m), (v, n) € By(0, C10),

where y,(y, n) and n,(y, n) are O(&p)c1. This time, A, 4, i, 4 are simply constants uniformly bounded
from below and from above for p, g € A (recall that B, (0, C;&¢) is a rectangle in R2, built from the
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cube Eq (0, C1&p) adapted to the definition of the unstable Jacobian). If &y small enough, the projection
iy, nx,8)eLly > (y,8) € R? is a diffeomorphism onto its image, where

Lgp=1{(tq,px,8),x,=8): (x,§) € B4(0, Cy20)}

is the twisted graph of 7, ,. As a consequence, there exists a smooth phase function S, , defined in an
open set 2, , of R?, generating L, 4 locally, ie.,

Lp.qN7Tpq(Bg(0, Creo)) x By (0, Creg) = {(y, 9y Sp.q (¥, §), 0:Sp.q (v, §), =) : (v, &) € Qg p}.
Hence, T, , can be written in the following form, up to a O(h*°) remainder and for some symbol
apg(-1h) € CE(2)4):

Ty u(y) = 27% /Rz eW/MEra0H= g (y, &5 h)u(x) dx dE. (5-13)
Moreover, due to the operators A p and A, in the definition of 7, ,, we can assume that

(v, §) € Supp(ap,q) = (assp,q(y7$>’$) EKq(Suppaq)’ (v, aySp,q(y’S)) er(Supp&p)-

In the sequel, we write

Ci =Cqoq:.0

and we change the subscripts (g;_1, ¢;) to i in all the objects T, «, S, t. Due to the previous results, we
can write C; = {(y, G;(y)) : y € I;}, with I; := 1., 0 and G; := Gy...;,0. We also have projection maps
@, : I; — R defined by

tio- o1 (Di(y), 0) = (y, Gi(y))
satisfying || ®}]loc < C vl < 1. Moreover, if we define the intermediate corresponding projection ¢; :=
®; o CIDI._J1 : I; = I;_1, we observe that ¢; is constructed using the properties of F and G;_; (see the proof

of Proposition 5.6) and hence, for every [, ||¢;||c: < C; for some C; not depending on ¢, 6 nor i.
For 0 <i <n — 1, we consider a primitive ¥; of G; so that C; is generated by ¥, i.e.,

Ci={(y.¥j(y):y e}

The following lemma can be found in [Nonnenmacher and Zworski 2009, Lemma 4.1]. We state it without
proof, since it is the reference but it is a direct application of the stationary phase theorem.

Lemma 5.8. Picki €{l,...,n—1}. Foranya € CX°(I;_1), the application of T; to the Lagrangian state
ae'Vi-'/" associated with C;_y gives a Lagrangian state associated with C; and satisfies
N—-1
T;(ae V=" (y) = ¢!Pil bl Vi) < > bR + 1Yy (y; h)), (5-14)
j=0

where, if we let x = ¢;(y), then bj(y) = (L; i (x, Dy)a)(x) for some differential operator L; ; of order 2 j
with smooth coefficients supported in I;_| and B; € R. Moreover, one has:

o bo(y) = ]I 2a(x)ei(y, §)/|det D3 . Si(y, §)I2 with & = y]_, (x).
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o 1bjllciayy < Crjllallcraig,_), L€N, 0<j<N-—1
o Irnllciay < Cnllallgrivan, ).
The constants Cy and C;; depend on t;, o;, ||1//l.(m) oo, 1;-

Remark. ¢ In particular, by virtue of Proposition 5.6, the constants C; ; and Cy can be chosen uniform
in g, 6 as soon as they satisfy the required assumptions: |g| < Co|logh|, 6 < Cy.
» Without loss of generality, we can replace ; by B; + ¥; (this actually corresponds to fixing an
antiderivative on C;4) and hence we can assume that g; = 0.
o The properties on the support of «; imply the following ones on the support of the differential opera-
tors L ;:

yesuppL;; = (¥, ¥/(y)) € kg (suppdy,) NTi—1 0 kg, (SUPPay, ). (5-15)
Iteration formulas and analysis of the symbols. Then, we iterate this lemma starting from ¥(x) = x - 9,
in the spirit of Proposition 4.1 in [Nonnenmacher and Zworski 2009]. In the sequel, we adopt the

following convention: we denote by x; the variable in I; and we naturally define (xg, x¢—1, ..., X1, X0),
the sequence defined by x;_; = ¢; (x;). We also let

a;(x;, &)
|det D2 . S; (xi, £)]'/2

fi(x) = Bx) o) (xi) | V2.

We fix a constant B > 0 (depending only on F, A, B, B(’I, Cy) satisfying, forall 1 <i <n —1,

Bi(x;) = =1 (xi—1),

sup |Bi(xi)| < B, ||Ti|| < B.

x;€l;
Roughly speaking, B is of order ||« ||, but in this part, the precise value of B is not relevant. Finally,
note that there exists v < 1 (again depending only on F, A,, B, B;) such that |¢;(x;)| < v for x; € ;.
Fix N € N and define
N =1+[N +Colog B]. (5-16)
We iteratively define a sequence of symbols @; ;, 0 <i <n—1,0<j < N-1 by apo=1, ap,; =0 and
for0<j < N—1

j
ai j(xi) =Y Lj—pi@io1 p)(xi-1), (5-17)
p=0
The following lemma controls the growth of the symbols. The proof is a precise analysis of the iteration
formula (5-17) and is rather technical. We write the detailed proof in the Appendix (see Section A3) and
refer the reader to [Nonnenmacher and Zworski 2009, Proposition 4.1], where the author carried out the
same analysis (but in the case B = 1).

Lemma 5.9. Forall j €{0,..., N — 1}, I € N, there exists C;; > 0 such that, for alli € {0, ..., n — 1},
one has
laijllcty < Cra(Bv'?) (i + 1) (5-18)
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Remark. Again, what is important is the fact that C;; does not depend on ¢, n, 6 nor i: it depends on
Cy and global parameters.

Control of the remainder. Let us call r; y(a) the remainder appearing in Lemma 5.8. Define inductively
(R; %) by Ry 5 =0 and
N-1
Ripy = e 0T @R, )+ 3 i s a ). (5-19)
j=0
This definition ensures that, forall 1 <i <n,

N-1
T Ty(eVo/hy = eii//,-(y)/h(z hia;;+ hﬁRi’ﬁ)- (5-20)
j=0
Lemma 5.10. There exists Cy depending only on N, Co and global parameters such that, for all
1<i<n-—-1,
1R §lle2m) < CyB'.
Proof. Recalling that ||T;||;2_,;2 < B and the bound on the remainder in Lemma 5.8, the recursive
definition of R; 5 gives the bound
N—-1
IR 72 < BIR,_y gll2+ Y Crjllaioijllcrod-p-
j=0
By induction and using the previous bounds on ||a; ;|[|c, we get

i—1 N-1
-
IRy M2 <Y B'"P Y " Cx_jllap.jllcrai-n
p=0 Jj=0
i—1 Ni—1 _
i —1— 1/2 142N +j
<Y BTITP Y CR_iCRojo(BY AP (p 4 1)
p=0 J=0

i—1
< CﬁBl Z vp/z(p + 1)1+3N1 < CﬁBi,
p=0
using that the sum is absolutely convergent. (Il

End of proof of Proposition 5.7. We’ve got now all the elements to conclude the proof. We set

N—-1
ag.0,N = E h]an_l,j.
—0

‘We know that
Uy B;o (ele/h) =M, (elwq'/haqﬂ,N) + My, (hNRn—l,ﬁ)-

Since M, are uniformly bounded in ¢ and R,_; 5 < CyB" ' < Cy h= 1088 we have

1My, (WY R,y )2 < CyhN =0l B < N,
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Concerning the bounds on a4 ¢, n, We have

N-1 N-1
j 1/2\n—1_14+3j1 j
lagonlic <) W llanrjller < Cia(Bu'?y a3 pd
j=0 j=0
1

5 Cl’an+3N(Bvl/2)n7 S ClyNhfcbIOanl+3NU(n71)/2 5 Cl,Nh7C010gBa

where we use the fact that n < Co|log | and bound nl+38 (=172 by some C; 5 since v < 1.
Finally, we need to prove the property on the support of a4 ¢ y. To do so, let us introduce, for g € A,
an open set W, satisfying
suppay €W, C V.

This allows us to define new objects replacing V, by W, in the definitions
n—1
W= F" W) eV,
i=0
Dy.o = kg, (F W NF" 1 (Lyy0)) € Cyo
and the associated subinterval J, g € I; ¢ built thanks to Proposition 5.6 such that
Dgo ={(y, Gqo(y):y € Jgo}.

Let us fix § > 0 small (with further conditions imposed). We will show the stronger statement

d(supp(ag.e,n), R\ Jg.9) > 6.

Suppose this is not the case. We can find x,,_1 € suppag.o,n, Yn—1 € Ig.0\ Jq,¢ such that [x,_1 —y,_1| < 4.
As already done, we denote by x; (resp. y;) the points defined by x;_; = ¢; (x;) (resp. yi—1 = ¢;i (yi))-
Since ¢; are contractions, we have |x; — y;| <8 for 1 <i <n — 1. If we define

pi =1y (i Wl (i), &=k i W ()
we have, for some C > 0, d(p;, ;) < Cé. By definition, one also has
F_i(pn—l) = Pn—1—i> F_i(é‘n—l) = {n—l—i-

By the support property (5-15) of the operators L;;, p; € suppa,, for 0 <i <n — 1. Let’s assume that §
is small enough so that, for all g € A,

d(supp ag, W,)) = 2C8.
Hence,
pi €suppay, and d(p;, ;) <Cs§ = G eW,,.

As a consequence, forall0 <i <n —1, Fitl-n (&n—1) € Wy, or equivalently ¢, € F~! (W;). Hence,
On—1: Y1 (1)) € Cqo Mg, (F~ W) CDyoo

showing that y, | € Jg9, and giving a contradiction with y, 1 € I 9 \ Jg 6.
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Figure 14. The definition of the sets F;. They are represented by the blue segments on
the n-axis and are the projections on the n variable of the sets V; (the shaded sets). They
are of width of order A°.

5C. Microlocalization of Ug. We now fix a cloud Q C Q(n, a), centered at a point pg € 7, namely
satisfying the condition of Proposition 4.23:

for all p € U v, d(p, W.(po)) < Ch®.

Let us define q€Q
Ug=Y U, (5-21)
and q€Q
vi=Jv (5-22)
qeQ

We fix an adapted chart « :=«,, : Uy — Vp around py as permitted by the Lemma 3.23. We can assume
that Vj € Uy (if g9 is small enough and since the local unstable leaf W, (pp) is close to points in V; ).
We consider a cut-off function x, € C2°(Up) such that x, = 1 on F(supp x,) and supp x, C Vj . Let us
write E, = Op,(X4). Since E,MA, = M A, + O(h™), |Q| = O(h~X) and |U,|| = O(h=X) for some
K > 0, we have

MmNy = MmN E, Ug + 0(h™).

Let us introduce Fourier integral operators B, B’ quantizing « in supp(x):

B'B = I + O(h*™) microlocally in supp(x.).
Hence
Moy =MNE,B'BUg + O(h™).
We introduce the sets
M=), QF=r*n"), (5-23)
and, for g € Q,
I} =nk(V)). (5-24)

We will prove in the following lemma that the pieces U, are microlocalized in thin horizontal rectangles
(see Figure 14).
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Lemma 5.11. For every q € O,
1F;(hf)(hDy)BUq =BUg+ O(h®™) 2,2, (5-25)
with uniform bounds in the O (h®°).
Using the polynomial bounds |Q| = O(h=°) and lUqll = O(h=©), we immediately deduce:
Proposition 5.12. lo+(hDy)BUg=BUg+ O(h*™) 2, 2. (5-26)
SC1. Proof of Lemma 5.11. We fix a word ¢ =qq - - - g,—2a € Q. Since WF;,(A,,) is compact, we can

find x € C2°(R) such that

Ay = A%B;OX(hDy)BqO + O (h™).

Since there is a finite number of symbols in .4, we can choose one single x for all the possible symbols gg.
We are hence reduced to proving that

T
If u € L>(R), writing
1 .
_ i©y)/h

(x (hDy)u)(y) = e /Rx(é’)fhu(@)e do,
we have

T (x (hDy)u) = ;/ X (O) Fru(0)(Te' )My dg.

Y (271}1)1/2

Hence,

IT(x (WD)l 2 < 75 / X @) Fru@)||Te' "2 do

Q2 h)

/ XO)Fu®)] sup [T,

(2 h)1/2 Hesupp x

I Fpullz sup [ Te @A
O esupp x

sup ||Tei(9')/h||Lz.
fesupp x
As a consequence, we are lead to estimate supycgpp | Te! @)/ R, .. We fix @ € supp x. Writing that
supp x C [—Co, Co] and recalling |q| = n < Cy|log k| for some global Cy, we are in the framework of

Cy
= hl/z

X
= WHMHLZ

Proposition 5.7.
We fix N € N and we aim at proving that Te'?/™ = O(h"). By Proposition 5.7, there exists
ag,n.0 € C°(14,9) such that

UqB;O(ei(&)/h) — MAaB;(aq,N,GeiCDq'H/h) + O(I’ZN)

Set S := BM A, B,,. Then S is a Fourier integral operator associated with s := k o F ok !. Recall that the
definitions and the description of the Lagrangian

Cqo=ka F' VDN (Lgp0) = {(y. @, () 1y € I0),
with @4 9 € C®(Ig0), 1Pgollct < Ceo, |Pgollcr < Ci.



SPECTRAL GAP FOR OBSTACLE SCATTERING IN DIMENSION 2 1107

If ¢ is small enough, we can assume that:

« s is well-defined on B, (0, C1&p) and satisfies the conclusion of Lemma 5.5. As a consequence, the
Lagrangian line
5(Cq0) =k (V) Nico F"(Lyy0)

can be written {(y, ¥'(y)) : y € I} for some open I C R and some function ¥ € C*°(I) satisfying
[Wlcr < Ceo,  Wller =Gy

with global constants C and C;.

o S has the form (5-13) with a phase function and a symbol having C’ norms bounded by global constants
(depending on /).

Hence, we can apply Lemma 5.8 to see that there exists b € C°(I) such that
S(ag nge' Py = be + OV >,
and b satisfies the same type of bounds as a4, y ¢; namely,
Ibllcr < Cryh™es.

Moreover, since d(suppag n.6, R\ I;9) > 8, there exists 8’ > 0 such that d(suppb, R\ I) > §. The
constants C; v and 8’ are global constants. Since N is arbitrary, to conclude the proof of Lemma 5.11, it
remains to show that

1R\rq+(hf)(hDy)(beN/h) =0m"). (5-28)
To do so, we make use of the fine Fourier localization statement from Proposition 2.7 in [Dyatlov et al.

2022]. We state it for convenience but refer the reader to the quoted paper for the proof.

Proposition 5.13. Let U C R" open, K C U compact, ® € C*°(U) and a € C°(U) with suppa C K.
Assume that there is a constant Cy and constants Cy, N € N* such that

vol(K) < Cy, (5-29)

d(K,R"\U) > Cy', (5-30)

max sup|d“®P| <Cy, N=>1, (5-31)
O<le|<N

max sup|d“a| <Cy, N=>1. (5-32)
0<la|<N ¢/

Finally, assume that the projection of the Lagrangian {(x, ®'(x)) : x € U} on the momentum variable has
a diameter of order h*; namely,

diam(Qg) < Coh®, where Q¢ = {®'(x):x € U}. (5-33)
Define the Lagrangian state

u(x) =a(x)e'®W'" e CXWU) c CEM).
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Then, for every N > 1, there exists C ;\, such that
11 Qqanyull < CyhY, (5-34)
where C}, depends on t,n, N, Cy, Cy' for some N'(n, N, 7).

When U = I, K =suppb, a =h“01°2Bp & = W, the assumptions (5-29) to (5-32) are satisfied for
some global constants Cy, Cy. In this case,

Qu={V' () :yel}=n(k(V)Nico F"(Ly0)).

Since Qg C F;, to prove (5-28), it is enough to prove it with F; replaced by Qy and to apply the last
proposition, it remains to check that the last point (5-33) is satisfied. Since who can do more, can do less,
we will show that

diam(r;;) < Coh®.

This is where the strong assumption on the adapted charts will play a role. To insist on this role, we state
the following lemma:

Lemma 5.14. Let Cy > 0. Assume that p1 € T NU,, satisfies d(p1, W,(po)) < Coh® If p» € W, (p1),
then, for some global constant C > 0,

In(k (p1)) — NG (p2))] < CCy . (5-35)

Proof. Recall that the chart (k, U,,) is the one centered at pg, given by Lemma 3.23. In this chart,
k (W, (p1)) is almost horizontal; we have

k(Wu(p) ={y: 8. ¢(p1), y € 2},

where 2 is some open bounded set of R, with g and ¢ satisfying the properties of Lemma 3.23. Hence,
to prove the lemma, it is enough to estimate |g(y, {(p1)) — g(0, (p1))], ¥y € 2. Since ¢(pp) =0 and ¢ is
Lipschitz, [¢(p1)] < Coh®. Indeed, if p) € W, (po) satisfies d(p}, p1) < 2Coh",

2o =12(p1) — £ (pp)| < Cd(p1, p) < CCoh®.

Then, we have

lg(y, ¢(p1) — g0, (o) =1g(y, ¢(p1)) —g(y,0) — 9 g(y, 0)¢(p1)]

¢(p1)
- '/O (0:8(y,¢) —03:8(y,0))d¢

¢(p1) p 148 148, b(148)
< CePde| =Ct(p1) ™" =CCy " h :
0
In the first equality, we’ve used the facts that g(0, ¢) = ¢, 9:g(y,0) =1 and g(y, 0) = 0. This concludes
the proof since, by definition (see (4-2)), b(1 + 8) = 1. U

Remark. This lemma explains our definition of b.
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From this lemma, we can deduce (5-33). Indeed, recall that there exists p, € 7 such that V; C
W (pg)(ChY). If p1, pr € V], there exists p|, p5 € W, (pg) such that

d(pi, p)) <Ch", i=1,2.

Hence, one can estimate

In(k (1)) =k (P2))| < [n(k(p1)) — 0l (P + 1k (p1)) — n(k (P3| + [n(k (02)) — 1k (P))] -
<Ch? <Ch <Ch?

The inequality in the middle is a consequence of the previous lemma. Indeed, o}, p; € W, (p}), where
(recall that T > b)

d(p}, Wu(po)) <d(p1, p}) +d(p1, Wu(po)) < Ch* +Ch® < 2Ch".

5D. Reduction to a fractal uncertainty principle. We go on the work started in the last subsection and
we keep the same notation. By Propositions 5.3 and 5.12, we can write

oo Uog = omNoB’'B Op;, (xn) B.B 1o+ (hDy)BUg + O(h®) 212, (5-36)
where

« xn € S5 " xn=10nTY(2C,h*) and supp x; € T2*(4C,h™) (see Proposition 5.3 and before).

e B, =0p;,(Xa), where x, € CZ°(Uy) is a cut-off function such that x, =1 on F (supp x,) and supp x, C
VF (see the beginning of Section 5C).

e QT =n(k (Vg))(h’) (see (5-23) and Proposition 5.12).

In V,,, Ug is microlocalized in a region {|n| < C h®}. To work with symbols in usual symbol classes, we
will rather consider a bigger region {|n| < h%}. For this purpose, let us define

I~ =y NTEC:R) N {Inl < k™)), Q=T (). (5-37)

Since Vg C W, (po)(Ch®), we have 4 C [—Coh®, Coh®] C [—h®, h*] for h small enough. By
Lemma 5.2, there exists x4 (1) := x+(n; h) € C°(R) such that

e xy=1o0nQT,

e supp x4+ C [—h%, h%],

e forall k e N and n € R, |X§_k)(n)| < Cyh~%k for some global constants Cy,

and x; satisfies
1o+ (hDy) = x4+ (hDy)1g+(hDy).

Let’s now consider the following subset of I'™:
T~ = (e NT°(4C2h™)) N {n € supp x1}).

The inclusion '~ € I'~ comes from the support property of ..
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Figure 15. The set Q1 is represented on the n-axis, with the support of the function x..
On the y-axis, we project the gray set k (V" N T1o¢(4C, k%)) to obtain both '™ and '~
depending on the size of the n-window. The larger set 2~ is also represented in red.

Using again Lemma 5.2, we construct a family x_(y) := x—(y; h) € C2°(R) such that

e x—=1on ’IV‘*,

e supp x— C Q™ =T~ (1),

e forallkeNand y € R, |x® ()| < Cxh=%*,

and y_ allows us to write
x-Mla-(y) = x-O).

We encourage the reader to use Figure 15 to fix the ideas. We now claim that
MM UG = MY Op,, (x4) Ba B x— () 1a- () 1a+ (hDy)BUg + O(h™) 2, 2. (5-38)
Due to the polynomial bounds on [|90tV0|| and ||U oll, it is then enough to show that
Op;, (xn) EaB'(1 — x-(3)) x+(hDy) = O (h™).

Using Egorov’s theorem in Ws, (R), we see that Eg := B Op;, (xn) E,B’ is in Vs, (R) and WF;,(Ep) C
Kk (supp xq Nsupp xn). We now observe that

(v, m) € WE,(Ep) NWEF, (1 — x—(y)) NWF,(x4(hDy))
= (y,1) €K(SUPp Xa NSUPP xi), 1N ESUPpP X4, ¥y €1,
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Figure 16. Example of a porous set. Its construction is based on a Cantor-like set. Red
intervals correspond to choices of /, blue ones correspond to J.

But the first two conditions imply that y € '~ Hence,
WE,,(E0) "WE, (1 — x-(y)) "WE, (x4 (hDy)) = @.

By the composition formulas in W (R), we have Eo(1 — x—(y))x+(hDy) = O(h*). Note that the
constants in O (h°°) depend on the seminorms of x4, x, and x,. Due to their construction, the seminorms
of x4+ and yx; are bounded by global constants. As a consequence, the constants O (h°°) are global
constants.

This proves (5-38). Recalling the bound

19N 2, 2 < a1 40(1)),  Ugllz2- 2 < Cllogh| ||},

we see that the proof of Proposition 4.23 and hence of Proposition 4.2, has been reduced to proving the
following proposition.

Proposition 5.15. With the above notation, There exist y > 0 and hg > 0 such that,
forallh <hy, |1lo-(Y)1lg+(hD))|l22 <hY. (5-39)

Remark. Note y and hg are global; they do not depend on the particular @ C Q(n, a) satisfying the
conditions of Proposition 4.23, nor on .

The proof of this proposition is the aim of the next section and relies on a fractal uncertainty principle.

6. Application of the fractal uncertainty principle

The fractal uncertainty principle, first introduced in [Dyatlov and Zahl 2016] and further proved in full
generality in [Bourgain and Dyatlov 2018], is the key tool for our decay estimate. We’ll use the slightly
more general version proved and used in [Dyatlov et al. 2022].

6A. Porous sets. See for instance Figure 16 for an example. We start by recalling the definition of porous
sets and then we state the version of the fractal uncertainty principle we’ll use.

Definition 6.1. Let v € (0, 1) and 0 < g < o¢;. We say that a subset €2 C R is v-porous on a scale from «y
to « if, for every interval I C R of size |I| € [«g, o1], there exists a subinterval J C I of size |J| = v|I]|
such that JNQ = .

The following simple lemma shows that when one fattens a porous set, one gets another porous set.
For its (very elementary) proof, see [Dyatlov et al. 2022, Lemma 2.12].
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Lemma 6.2. Letv € (0, 1) and 0 < oy < 1. Assume that oy € 10, va /3] and Q C R is v-porous on a
scale from ag to 1. Then, the neighborhood Q2 (oy) = Q2+ [—an, az] is (v/3)-porous on a scale from
max(ag, 30 /V) to ay.

The notion of porosity can be related to the different notions of fractal dimensions. Let us recall the
definition of the upper-box dimension of a metric space (X, d). We denote by Nx (&) the minimal number
of open balls of radius ¢ needed to cover X. Then, the upper-box dimension of X is defined by

S log Nx (e
dim X = lim sup 22 VX (). (6-1)
e—0 - log €

In particular, if § > dimy, there exists gy > 0 such that for every ¢ < g9, Nx (&) < &%, This observation

motivates the following lemma:

Lemma 6.3. Let Q C R. Suppose that there exist 0 < § < 1, C > 0 and gy > 0 such that,
foralle <eg, Ng(e) < Ce?.
Then, there exists v =v(8, &g, C) such that Q2 is v-porous on a scale from 0 to 1.

Remark. The proof will give an explicit value of v. This quantitative statement will be important in the
sequel to ensure the same porosity for all the sets W,,/s(p9) N T.

Proof. Letusset T = |max((6g9) =1, (6°C)/1=9) |+ 1 and v = (3T)~ L. We will show that Q is V-porous
on a scale from O to 1. Let I/ C R be an interval of size || € ]0, 1]. Cut [ into 3T consecutive closed
intervals of size v: Jy, ..., J37—;. We argue by contradiction and assume that each of these intervals
does intersect 2. Let us show that

No(v/2)=T. (6-2)
Assume that Uy, ..., Uy is a family of open intervals of size v covering Q2. Fori =0, ..., T — 1, there
exists x; € J3;41 and j; € {1, ..., k} such that x; € Uj;. It follows that U;, C J3; U J3;41 U J3;42 and hence

i#l=U;NU; =2. Themapi €{0,...,T -1} j; €{l,..., k} is one-to-one, and it gives (6-2).
Since T > 1/(6¢&g), we have v/2 < gy. As a consequence,

T <N(v/2) <C(6T)’,
which implies 7!~% < C6°. This contradicts the definition of T. O

In Section A5 of the Appendix, we give a result in the other way, namely, porous sets down to scale 0
have an upper-box dimension strictly smaller than 1.
For further use, we also record the easy lemma:

Lemma 6.4. Assume (X, d), (Y, d') are metric spaces and f : X — Y is C-Lipschitz. Then, for every & > 0,

Nyrx)(e) < Nx(e/C).

In particular, if Nx(e) < Cfs‘sfors < &o, then, for e < Cep, we have Ny x)(g) < (ClC)‘Ss_‘S.
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6B. Fractal uncertainty principle. We state here the version of the fractal uncertainty principle we’ll
use. This version is stated in Proposition 2.11 in [Dyatlov et al. 2022]. The difference with the original
version in [Bourgain and Dyatlov 2018] is that it relaxes the assumption regarding the scales on which the
sets are porous. We refer the reader to [Dyatlov 2019] to an overview on the fractal uncertainty principle
with other references and applications.

Proposition 6.5 (fractal uncertainty principle). Fix numbers yoi, yli such that

O<yi <y <L vi+w <l<v+w
and define
y = min(y()*, I—y)— max(ny, I=v).

Then, for each v > 0, there exists B = B(v) > 0 and C = C(v) such that the estimate
Ile_Fale, 2@ - 2@ < Ch?P (6-3)

holds for all 0 < h <1 and all h-dependent sets Q2+ C R which are v-porous on a scale from R to b7

Remark. In the sequel, we will use this result with yli = 0. In this case, the condition on )/OlL becomes
Yo + y0+ > 1 and the exponent y is y, + y0+ — 1. This condition can be interpreted as a condition of
saturation of the standard uncertainty principle: a rectangle of size h% x h% will be subplanckian.

6C. Porosity of % and ™. Since we want to apply Proposition 6.5 to prove Proposition 5.15, we
need to show the porosity of the sets QF defined in (5-23) and (5-37). The main tool is the following
proposition.

Proposition 6.6. There exist § € [0, 1[, C > 0 and g9 > 0 such that, for every pg € T, if X =
Wu/x (IOO) NTN U,ooy
Nx(e) < Cce™? forall ¢ < ¢g.

Remark. Recall that W, /(o) is a local unstable (resp. stable) manifold at pg, and in particular a single
smooth curve. Uy, is the domain of the chart adapted «,, (see Lemma 3.23).

Roughly speaking, this proposition says that the upper-box dimension of the sets W, /;(p) N7, the trace
of 7 along the stable and unstable manifolds, is strictly smaller than 1. This condition on the upper-box
dimension is a fractal condition. In our case, we need uniform estimates on the numbers Ny (¢) for
X = W, s(p) N'T. This uniformity is a consequence of the fact that the holonomy maps are C ! with
uniform C! bounds (and thus Lipschitz, which is enough to conclude). This result is clearly linked with
Bowen’s formula, which has been proved in different contexts and links the dimension of X with the
topological pressure of the map ¢, = —log [J!|. This is where the assumption (Fractal) is used. This
proposition is proved in Section A4 of the Appendix where we borrow the arguments of [Barreira 2008,
Section 4.3] to get the required bounds.

From the Proposition 6.6, we get:

Corollary 6.7. There exists v > 0 such that, for every py € T, the sets y o k (W, (po) N'T NU,,) and
¢ (Ws(po) N'T NU,,) are v-porous on a scale from 0 to 1.
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Proof. The maps y ok and ¢ are C-Lipschitz for a global constant C. As a consequence, the previous
lemma and Lemma 6.4 give,

forall e <g9/C, Nq(e) <C’e™, where Q=yok(W,(po)NT NU,) or {(Wy(po) NT NU,,).
Applying Lemma 6.3, the v-porosity is proved for some v =v(§, C, &9). O
To conclude, we use this corollary to show the porosity of Q*. We start by studying Q.
Lemma 6.8. There exists a global constant C > 0 such that
QT Ct(Ws(po) N T NUp)(ChY).

Proof. Since QT =T*(h"), it is enough to show the same statement for '™ = o, (VJQ“).
Letpe VJQF. By assumption on Q and pg, d(p, W, (po)) < Ch®. Since p € V, for some g € Q, there exists
p1 € T such that d(p, W, (p1)) < C/Jq+(,01) < Ch". Fix p; € W, (p1) such that d(p, p2) < Ch". Then

[nox(p) —¢(p)|=1Inok(p)—L(p2)| < Inok(p) —nok(p2)|+I[nok(p2) — (02l

Since n o k is Lipschitz, we can control the first term by

Inok(p) —nok(px)| <Cd(p, p2) <Ch".

To estimate the second term, the same arguments used after Lemma 5.14 show that

[nok(p2) —¢(p2)| < diam[n ok (W, (02) NUp))] < Ch.

It gives [nok (p) — ¢ (p1)| < Ch'. To conclude, note that there exists a unique point p; € W (o) N W, (p1)
and ¢ (p1) = ¢(py)- 0

As a simple corollary of this lemma and of Lemma 6.2, we get:
Corollary 6.9. Q7 is v/3-porous on a scale from (3/v)Ch" to 1.

We now turn to the study of 2. We can state and prove similar results with different scales of porosity.
Recall that §, = (Ao/11)dp.

Lemma 6.10. There exists a global constant C > 0 such that
Q™ C yok(Wu(po) NT NU,)(ChY).
Proof. Since Q~ = I'"(h%) with §y > &, it is enough to prove it for
I~ =yor(V NTM@Ch™) N {In| < h™}).
Recall that 71°¢ ¢ U peT Ws(p). Since in Vj all the local stable leaves intersect W, (pg), we have

VinT@or o | Wip) (™).
PeW, (po)NT

Fix p € W, (po)NT. Since dk (Es(po)) = R0y, if &g is small enough, we can write k (W (0)) ={(G,(n), n):
n € O}, where O is some open subset of Rand G, : O — Ris C*. In particular, it is Lipschitz with a global
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Lipschitz constant C. If || < A%, then |G ,(7) — G ,,(0)| < Ch®. Recall that « (W, (p9) NU,,) C R x {0}
and hence, G,(0) =y ok (p). As a consequence, if p; € W(p) N {|n| < hoy, writing k (p1) = (G, (1), 1),
we have

lyok(p1) —yor(p)| =G, —G,(0)] < Ch™.
Then, if p» € W, (p)(4C,h%), since « is Lipschitz with global Lipschitz constant,
|y ok (p2) —yok(p)| < Ch™ + Ch® < Ch™.
This shows that y ok (02) € y o k (W, (po) N'T)(Ch®) and concludes the proof. O
As a corollary, using Lemma 6.2, we get:
Corollary 6.11. Q is v/3-porous on a scale from (3/v)Ch® to 1.

We can now prove the last Proposition 5.15 needed to end the proof of Proposition 4.2. This is a
consequence of the porosity of QT and the fractal uncertainty principle. To apply Proposition 6.5, we
need to ensure that the scale condition is satisfied, that is to say

Hh+1>1,
which has been supposed when defining t in (4-5) and (4-6). Proposition 4.2 then comes with any
O<y <@+t -1DBW/3).

Appendix
Al. Holder regularity for flows.

Lemma A.1. Let U C R" be open and Y : U — R" be a complete C'*P vector field. We denote by ¢'(x)
the flow generated by Y. Then, forany T € R and K C U compact, the map

(t,x) [T, T1x K > ¢'(x)
is C'*8.
Proof. We fix T, K as in the statement. We’ll use the same constants C, C’ at different places, with
different meaning. In addition to Y, they will depend on 7, K.

Since Y is C!, Cauchy-Lipschitz theorem gives the local existence and uniqueness of the flow. It is
standard that the flow is also C! and satisfies

dd¢' (x) = dY (¢’ (x)) 0od¢' (x). (A-1)

Let’s define A’(x) = d¢'(x) and E(z, x) = dY (¢'(x)). The assumption on Y implies that E is B-Holder.
Fix (to, x0), (t1, x1) € [T, T] x K and let’s estimate || A" (x;) — A" (x¢)||. We split it into two pieces
and control it with the triangle inequality:

A" (x1) — AP (xo) || < IA" (x1) — AP (x) || + 1A (x1) — A (x0) I
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It is not hard to control the first term of the right-hand side using (A-1) since

141
IIA”(X1)—At°(X1)II=f E(s, x1) 0o A'(x1) ds| < Clt; —to].

fo

To estimate the second term, we estimate

18: (A" (x1) — A"(xo)) | < [(E (2, x1) — E(Z, x0)) 0 A" (x1) + E(Z, x0) 0 (A" (x1) — A" (x0)) |
< Cd(xo, x1)f + C'[| A" (x1) — A" (x0) .
By Gronwall’s lemma,

A% (x1) — A% (x0) || < Cd(x0, x1)PeC™ < Cd(xo, x1)P. 0

A2. Proof of Lemma 3.24. We give the missing proof of Lemma 3.24 and widely use the notation
of the Section 3E. Its proof uses the construction of e, in the proof of Theorem 5. It is inspired by
techniques usually used to show the unstable manifold theorem; see for instance [Dyatlov 2018]. In
fact, the smoothness of y — fy(y, 0) is a direct consequence of the smoothness of the unstable manifold
W, (po). It was not clear for us if it was possible to easily deduce from this the required smoothness of
y > 9, fo(y, 0). This is why we decided to give a proof of this proposition. It uses the fact that e, has been
constructed to satisfy Rd, F'(e,(p)) =Re, (F(p)) for p in a small neighborhood of 7. To show the lemma,
we need information along all the orbit of py. For this purpose, we introduce the following, for m € Z:

o om = F"(po).

e Ky Uy — V,, C R? the chart given by Lemma 3.22 centered at p,, and we assume that the relation
Rd, F(e.(p)) = Re, (F(p)) holds for p € U,,. We will denote by (y,,, n,,) the variable in V,,.

—1.
e Gy = Km+10 F oK, - Vin — Vm—H-

o A reparametrization of the vector field (k) xey,: R(in) sy = Rep,, where e, (Yo, 1m) ="(1, S Vs 1)),
where s,,, is a slope function which is known to be C'*5,

Note that s,, (y,», 0) = 0 due to the fact that «,, (W, (0,)) C R x {0}. The hyperbolicity assumption on F
and the properties of «,, allow us to write

G (Ym> m) = AmYm ~+ & Y M) > KTl + B (Y 1))
where
e Forsome v <1, 0 <|um| <V, |An|=>v~! forall m e N.
a,,(0,0) = B,,(0,0) =0.
¢ Bu(Ym,0) =0 for (y,, 0) € V,,.
do, (0,0) =dp,0,0)=0.

» We can assume that U,, are sufficiently small neighborhoods of p,, so that B, &, = O (30)c1(y,,) for
some small §g > 0.
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The property d,oF(eu (p)) € Re, (F(p)) implies that d(ym,nm)Gm(em Oms m)) € Rem+1 (G (Yms nm))-
As a consequence, the transformation of the slopes gives an equation satisfied by the family of slopes

(Sm)mel:
Smt1(Gn Yms 1m)) = QmYms Mms Sm Yms M), (A-2)

where Q,, is the smooth function

s X (fm + anm B Ym> M) + aym B Yms M)
Am + 3ymam(ym’ Nm) +8 X anmam(yms Nm) ‘

OnYms M, 8) =

Writing G, (Vims 1m) = Om+1, Tm+1), we deduce by differentiation of (A-2) with respect to 7,,+1 (we
omit the point of evaluation of the maps involved in the right-hand side to alleviate the line)

a77,,,_,_|Sm—i-1 Yms1s M) = aym Om X anm+1ym + 87},,, Om X anm+1 Nm
+ 0 Qm X (8ymsm X 877m+1ym + anmsm X 817,,,“ nm)- (A'3)

This last equation gives the transformation of vertical derivative of the slope. We now evaluate this identity
at the point (y;,+1, 0). In the following lines, when the variables y,, and y,, 1 appear in the same equation,
we implicitly assume that they are related by (y,+1, 0) = G (Y, 0), namely v, +1 = Ay Y + & (Y, 0).
We remark that due to the fact that 8,,(y,,, 0) = 0, we have Q,, (¥, 0, 0) = 0 and the first term of the
right-hand side vanishes. The term 9, s,, also vanishes at (y,,, 0). We will write

Om(Ym) = anmsm(yma 0),
B (ym) = 87)m Qm (ymv 0,0) x ar]m_H Nm (ym—i-l ,0),
i (Ym) = 05 Qm (Ym, 0,0) x anmﬂ N (Ym+1, 0).

This notation allows us to rewrite (A-3) at (y,,+1, 0):

Omt+1(Ym+1) = hm(ym) +Cm(Ym) X o (Ym)- (A-4)

We observe that (9, ., 1, (Ym, 0)| = |MZ1 + O(80) 0| and after some computations, we see that

Hm
05 Om(ym,0,0) = )L— + O () co-

m
Asa consequence,

lem V)| = 14,14 O (80) co < vy, (A-5)

where, if §g is small enough, we can fix v; < 1. Moreover, c,, and h,, are smooth functions and their C N
norms are bounded uniformly in m, and actually by global constants depending only on F. Furthermore,
Ym > Ym+1 18 given by y, = Ay + 0 (Y, 0) and is an expanding diffeomorphism provided &g is small
enough.

We fix some small ¢ such that (—¢, ) x {0} C U,, for all m. Let’s define I = (—¢, ). We will make
use of the fiber contraction theorem to show that y,, € I — 0,,(y,,) is smooth for every m, with uniform
C" norms. For this purpose, let us introduce the following notation:

e Cp<C;<.---<Cy <--- afamily of constants which will be specified in the sequel.
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The complete metric space Xy = {y € CN(I) : |y|lcx < Cx, 0 <k < N} equipped with the C" norm.

o The auxiliary metric space X§{* ={y € C O 17 llse < Cw} equipped with the C 9 norm.

The complete metric space Ey = (Xn)? equipped with the metric

d(y1, v2) = sup [(¥Dm — (¥2)Imllen.

meZ

Its auxiliary counterpart E3* = (X%*)Z equipped with the metric
d(y1, v2) = sup |(¥1)m — (Y2)mlco.
meZ

For y € Ey, let’s define Ty with the formula (A-4):

(TY)ms1Oms+1) = (hm +cm¥Ym) (Ym)-

Since y,, — Y41 1S expanding, we see that y,,+1 € I = y,, € I. Hence, (T y);,+1 is well-defined on 1.
Our aim is to show by induction on N that for every N € N, 0 := (0,;)mez is in Ey and is an attractive
fixed pointof T : Exy — Ep.

We start with the case N = 0. We need to check that T (Ey) C Ey. It will be the case as soon as

Covi +sup ||y ]|oo < Co.
m

For instance, take Co = 2 sup,, [|mllco/(1 —v1). Due to the fact that |lc,u || oy < vi, T is a contraction
with contraction rate v; and hence T : Eg — E( has a unique attractive fixed point. This fixed point is
necessarily o since o satisfies (A-4).

Arguing by induction, we assume that o € Ey, T(Ey) C Ey and o is an attractive fixed point for T
and we want to show that the same is true for N 4 1. For this purpose, suppose that y € Ey is of
class CV*!. Analyzing the formula defining 7, we see that can write, for m € Z,

OYm+1 —N-l
(Ty),;“”(ymﬂ)=h§7+‘>(ym)+cm(ym)x( a:* (ym>> x YN (3,
m
+ RN s Vi Om)s s vV (), (A-6)

where Ry, : I X [—Cp, Cp] x -+ x [-Cy, Cy] — R is a polynomial in the last N 4 1 variables with
smooth coefficients in y,,, uniformly bounded in m. As a consequence, there exists a global constant C)y

such that

’
sup sup |RN,m(ym, TO,---,TN)| SCN-H'
m  Ix[—Cp,Colx--x[-Cn,CyN]

We can then choose Cp 1 > Cy such that
sup [[amllcvet 4+ Cy g +v1Cns1 < Cnyts
m

which ensures that 7 : Exy1 — En+1. We now wish to use the fiber contraction theorem (Theorem 6).
If y € Ey, we define the map S, : E{Y, — EVY, by

aym-‘rl
O Ym

—N-1
(Sye>m+1(ymm=h;N+‘>(ym)+cm<ym>><( (ym)) XOm Ym) RN Oty Vi ) -+ Vo ).
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Due to the choice of Cy1, we see that S, is well-defined and since we have

aym-i—l
dYm

and |lcmllcocry < vi, we know S, is a contraction with contraction rate vy for every y € Ey. In particular,

>1

(Ym)

the map S, has a unique fixed point oy 1 € EYY .
The fiber contraction theorem (Theorem 6) applies to the continuous map

Tn:(y,0)e Ex x E;’v”jil = (Ty, S,0) € Ey X E;’v”jil

aux
N+1°
aux

In particular, if y € Eyy1, then 7 := (y, yV 1)) € Ey x EyY, and

and (o, oy41) is an attractive fixed point of Ty in Ey X E

: P __ : aux
pgr}rloo Tyy =(o,0on41) 1n Ey X EyLy.

However, by the definition of §,,,

TSy = (TPy, (TPy)N D),

Hence, for every fixed m, we know (T”y),, converges to g, in Xy and (T” y),(,ﬁv +D) converges uniformly
on I to oy 1. This proves that o is CN*! and 0 VD = oy, 1. We conclude that o € Ey 41 is then an attrac-

tive fixed point of 7' : Ex4+1 — En+1, Which proves the induction and concludes the proof of Lemma 3.24.

A3. Proof of Lemma 5.9. We give the missing proof of Lemma 5.9. The proof is a precise analysis of
the iteration formula (5-17). We adopt the notation introduced for Lemma 5.9. We argue by induction on
J to show the property P;: the bound (5-18) is valid for all j < J and, forall 1 <i <n—1, [ € N, with
some constants C; ;.

1. Base case. Let us start with Py. The iteration formula (5-17) implies

aioCe) =] | fitxr).

I=1
Hence, the bound ||a; |0 < (Bv'/?)! is obvious and we can set Co.0 = 1. We now argue by induction
on i and prove the property Py ;: the bound (5-18) is valid for j = 0, i and for all / € N, for some
constants C; ;. These bounds are trivially true for i = 0 and are direct consequences of Lemma 5.8 for
i = 1. Suppose that the property holds for i — 1 for some i > 1 and let’s show it for i.

1.1. Case l = 1. Let us first deal with / = 1 and compute the derivative of g; ¢, using the formula
ai,0(xi) = fi(x;))ai—1,0(xi-1):

0x;_
a} o (i) = f'(xi)ai1,0(xi-1) + ﬁ(xi>a;_1,0(xi_1)< gx,‘).

We use the (weak) bound |dx;_1/dx;| <1 and the property Py ;_; to show that
laiollcr < C(BVY/3) ™!+ Co1(Bv!?) x (B! li < Co 1 (BV!/2) (i + 1),

assuming that Cp | > C(Bv'/»~1,
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1.2. General case for | > 0. We now come back to the general case / > 0. By using the formula

aio(x;) = fi(xi)ai—1,0(x;i—1), one sees that we can write al.(l(; in the form

O\ ) axi—1 )
a; o(xi) = fi(xi)a; o (xi—1) on + O(llai-10llci-1)-
4
The constants appearing in the O depend on C’ norms of f; and ¢;, which, by assumption are controlled
by some uniform C;. Hence, using the assumption Py ;_,

I 0x;—1
la (i)l < <Bv1/2)||ai1,o||cz< o
4

< Co (BV'/?) (B2 =Y 4. C/Co 1 (BV/?) 71!
< Co (B i+ 1),

/
) +Clllai—10llci-1

assuming that Cp; is chosen bigger than (l/l)Cl’Co,l_l(Bvl/z)_l. As a consequence, we can build
constants satisfying these conditions by defining inductively
1

Co; = maX(Co,z—l, ]

CiCou1(Bv'/H7).
This ends the proof of Py ; and hence of Py.

2. Induction step. We now assume that P;_ is true for some j > 1 and aim at proving P;. Again, we do
it by induction on i by proving the properties P; ;: the bound (5-18) is true for j, i and all / € N. These
bounds are trivially true for i = 0 and are direct consequences of Lemma 5.8 for i = 1. Suppose that the
property holds for i — 1 for some i > 2 and let’s show it for i.

2.1 Casel = 0. Let’s start with / = 0. The iteration formula shows that
j-1
a; j(x;) = fi(xi)ai—1,j(xi—1) + Z Li_piai—1p)(xi—1).
p=0

By Lemma 5.8, there exist constants C), ,, > 0 such that
ILp.iallcny < C, pllalicarm, -

Hence, assuming that (5-18) holds for a;_; ; with [ =0,

j—1
lai. jlloo < Cjo(BYYA (BTN 13" Cr ollais pllcao-r
. p=0
j—1
S Cj’O(BUI/Z)ll':‘ﬁ] + Z C]/'_p’ocp,Z(jfp)(Bvl/z)l_liZ(j_p)+3p
p=0 o1
) 1/2Ni:3j | :2j 1/2yi—1 / . p
< Cio(Bv' )3T +i% (BTN Cl L 0Cpaiopi
p=0
1/2Ni :3j 27 1/2Ni—1 / ij_l
< Cjo(Bv'?)' ¥ +i% (B2 sup Ci_, 0Cpoi—p | ——
0<p<j-—1 ’ i—1



SPECTRAL GAP FOR OBSTACLE SCATTERING IN DIMENSION 2 1121

. . . ~ i1 o~ .
< Cjo(Bv'/?i% +i3f—1<3u1/2)’—1[0<sup 1c]’._p,ocp,z(j,,,)]cj, where —- =< Ciil™1,
<p<ij-
< Cjo(Bv/) (i + DY,
assuming that C; o is chosen bigger than
1 _ ~
Kj = —.(Bvlﬂ) 1[ sup Cj/-_p OCp,z(j,p)]Cj.
3j 0<p<j-1 ’
As a consequence, the bounds hold for / = 0 and i, j if we set C; o = max(1, K;).
2.2. Case l > 0. Consider now [ > 0. As already done, one can write
1 ! axi—1 ) =
i
a)(x;) = ﬁ(x,->a,.(_)1,j(x,~_1)< S ) + OUlai—r jller) + 3 (Lipitaim D™ iz,
i =0

/

As usual, the constants in O depend on [, j but not on i and we denote by C;’ i the constant in this O.

Hence, we can control

j—1
/ i—1. i i—1. i—
e} lloo < Cji BV BV 2Y T4 ) Cjmy BTN ML @iy p) e
i1 p=0
i
<GBV il i (B YTl llai pllerg-p
p=0
j—1
<GBV ] Cr (B THITITILY "L Cp gy BV TR
=0
R | B p ~
< CuBY ) @ T o BV THC Gt sup Gy Cpivai-p C)
il 0<p<j-—1
<Cj BV (i41)*3 Cia

ifCj ;> Ej,l. Eventually, we define by induction on / the constants C; ; by setting C;; = max(Cj 1, 51-,1),
achieving the proof of P;. This concludes the proof of the lemma.

Ad. Upper box dimension for hyperbolic set. This subsection is devoted to the proof of Proposition 6.6.
We will simply recall some arguments which lead to give an upper bound to the upper-box dimension.
We borrow these arguments from [Barreira 2008, Section 4.3] and refer the reader to this book for the
definitions and properties of topological pressure (Definition 2.3.1), Markov partition (Definition 4.2.6)
and other references on this theory.

We’ll show that the pressure condition (Fractal) implies Proposition 6.6. We prove it for the unstable
manifolds. The proof is similar in the case of stable manifolds by changing F into F~!. We first begin by
fixing a Markov partition for 7 with diameter at most 7¢. This is possible by virtue of Theorem 18.7.3
in [Katok and Hasselblatt 1995]. We denote by Ry, ..., R, C T this Markov partition. Here, ng is
smaller than the diameter of the local stable and unstable manifolds and the holonomy maps HZ/;, are
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well-defined for d(p, p') < no:

H:/;/ : Ws/u(p) - Ws/u (,0/), = the unique pOint in W, (f) N Ws(,O/)-

Due to our results on the regularity of the stable and unstable distributions, these maps are Lipschitz with
global Lipschitz constants. In particular, if an inequality of the kind

Nw, (7€) < Ce™®

holds for some p, it holds for p’ if d(p, p’) < no with C replaced by K°C where K is a Lipschitz constant
for the holonomy maps. We fix (p1, ..., pp) in (Ry, ..., R,) and we set V = Uf’zl W, (pi) N R;. Itis
then enough to show that

dimV < 1.

Indeed, if dim V < 1 for 8 € (dim V, 1), there exists gy > 0 such that,
foralle <gy, Ny(e)<e ®,

and we conclude the proof of Section A4 with the above considerations on the holonomy maps.

Note 8§ := dim V satisfies the equation P (§¢,) = 0. We will actually show that P(5¢,) > 0. Since
s — P(s¢,) is strictly decreasing and has a unique root, the assumption P(¢,) < 0 will give § < 1. We
will denote by

the elements of the refined partition at time ». Similarly to the definitions of Jq+ , we will write

Jio,...in =1Inf{J} (), p € Riy,.i,}

and write
n—1
cn(s) = E lgs L= E exp max (s E ¢quk)
00y.eein 00yeeesin 10tn k=0

(the last equality follows from the chain rule). Properties of Markov partitions ensure that
P(s¢,) = lim llog cn(s).
n—>oo n

Fix s > §. Hence, there exists &1 such that, for all ¢ < g1, Ny(¢g) <¢e~ %

Fix n € N*. By writing V = U,-O ..... i Vi,...i, We have
Ny(e) < Y Ny, ().
i0sensin
Note that
F"(Vig,...i) C Wy (F"(0iy)) N R;,
and
H;"(ﬂio)’/’in (Fn(vio,...,i,,)) C Vin-
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Hence, if we cover V; by N sets of diameter at most ¢, Uy, ..., Uy, the sets F™" o H;, Fr (o, )(U,-),
in» IO
1 <i <N, cover V;,,..;, and have diameters at most K le.;{_ ;- Hence,
NVin (8) Z NV!() ----- ln( 8Jl.()7,%..,l'n)’

which gives

----- In

By iterating this process, we see that, for all m e N, if ¢ < g1 (K Jn_l)m,

Ny(e) <e*K™c,(s)™.

Hence,
N N
log Ny (¢) <si mlog(K cn(s)) <sim log(K*cy (S)1) '
—loge —loge —log(e1(K Jy )™)
We then take the lim sup as & — 0 first and then pass to the limit as m — 400 and find that
— log K*
dim v < 5+ e Kan(s)

—log KJ7"
Then, we pass to the limit s — § and find that log(K‘Scn (8)) = 0. Hence,

—SlogK
- =

1
P(8¢,) = lim - logc,(8) = lim 0.

This ends the proof of the required inequality and gives that dim V < 1.

AS. From porosity to upper-box dimension. We have shown that sets with upper-box dimension strictly
smaller than 1 are porous. In this appendix, we show a result in the other way, namely, porous sets down
to scale 0 have an upper-box dimension strictly smaller than 1. The following lemma gives a quantitative
version of this statement. This is not useful for our use (we only needed the first implication) but we
found that it could be of independent interest. Our proof is based on the proof of Lemma 5.4 in [Dyatlov
and Jin 2018]. We adopt the same notation as in Section 6A.

Lemma A.2. Let M e N, v >0, a1 > 0. Let X C[—M, M] be a closed set and assume that X is v-porous
on a scale from 0 to ay. Then, there exists C = C(v, a1, M) >0, g9 = eo(v, a1, M) and § =5(v) € [0, 1]
such that,

foralle <gy, Nx(g)<Ce°.
In particular,
dim X < 6.
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’ I3 ky12 ‘ ‘ 14 o12 ‘ ’ Is iy12 ‘ ’ 16 kg2 ‘ ’ 17 ky42 ‘ ‘ I3 ko42 ‘

i} ¥ ¥ .

Figure 17. It illustrates the tree structure of the family of intervals I ,, with L = 3. The
porosity allows us to withdraw at least one child to any parent. The missing children are
shaded in gray.

Proof. We define L = [2/v] and denote by k¢ the unique integer such that
L% < o) < Lot

We will let 1, ; = [mL~*, (m+1)L=* ] fork e N, m e Z.
We now show by induction on k > kg that there exists Y; C Z such that

#Y <2MLO(L— 1P @ | s (A-7)
meYy

namely, at each level k > ko, one new interval I, x does not intersect 2. See Figure 17.

The case k = kg is trivial since we simply cover 2 by the intervals I, i, for M Lo <m < MLk,

We now assume that the result is proved for k > ko and we prove it for k + 1. Fix m € Y. We write
I = UJL.;S I+ jk+1. We claim that among the intervals 1,74 k41, at least one does not intersect 2.
Indeed, since |I| < L% < «, the porosity of € implies the existence of an interval J C I of size v|I| =
vL=% > 21 7%=1 guch that J N Q = &. Since |J| > 2L%=1 J contains at least one of the intervals
I+ jk+1. We denote this index by j,,. We now set

YVier=(JtmL+j:j€f0,.... L)\ jn).

meYy

By the property of j,,, we have Q C UmeYk+l Lyxr1and #Yp < (L-1D#Y, < (L — 1kt1=kop pp o,
We now consider ¢ < %L‘ko and write k the unique integer such that

—log(2
L% <2 <L e, k= {MW
log L

Since we can cover © by 2M LK (L — 1)¥% closed intervals of size L™% we can also cover Q by
4M L% (L — 1)*=% open intervals of size 2¢. Hence,

ko
No(e) < 4MLA(L — 1)k~ §4M(LL 1) (L — 1)~ 0g@e)/log L1 _ o=,

with § =log(L —1)/log L € [0, 1[ and C =4M (L /(L — 1))*0(L — 1)!~log2/log L O
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