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1. Introduction

The focus of this paper is the study of a class of two-phase free boundary problems for harmonic measure.
Forn >3, let @t C R" and @~ = Q*° be unbounded nontangentially accessible (NTA) domains (see
Definition 2.1), let o* be their associated harmonic measures, and let u* be the associated Green’s
functions with poles at infinity. Let o~ < ot < ™, and let h = dw~/dw™ satisfy In(h) € C** for some
0 < o < 1. We obtain new results on the structure of the geometric singular set of the boundary dQ*.
This problem was introduced without the regularity assumption on w® by Kenig, Preiss, and Toro
[Kenig et al. 2009], with other work under the assumption that In(h) € VMO(d Qt) by Kenig and Toro
[2006], Badger [2011; 2013], and Badger, Engelstein, and Toro [Badger et al. 2017]. Questions about the
structure of the free boundary and the singular set when In(h) € C%* for 0 < « < 1 have been addressed
by Engelstein [2016] and Badger, Engelstein, Toro [Badger et al. 2020], respectively. Engelstein [2016]
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shows that under the additional assumption that the boundary is sufficiently flat in the sense of Reifenberg,
the boundary is locally C!-%. In [Badger et al. 2020], the authors remove the assumption of flatness and
prove that the geometric singular set is contained in countably many C'-# submanifolds of the appropriate
dimension. See [Kenig et al. 2009] for an overview of this problem in lower dimensions and [Badger
et al. 2017; 2020] for further background.

Until recently, almost all work on the two-sided free boundary problem for harmonic measure in higher
dimensions has operated under the assumption that Q% are NTA domains because the NTA conditions
allow for scale-invariant estimates of harmonic measure. However, Azzam, Mourgoglou, Tolsa, and
Volberg [Azzam et al. 2019] proved, among other things, that if we relax the assumption that the domains
are NTA, then ™~ < 0wt < @™ on G C 3Q7 implies that G can be decomposed into G = RU B, where R
is (n—1)-rectifiable and w*(B) = 0. However, we shall work under the assumption that Q* are NTA
domains.

Based upon [Badger et al. 2020], we know that when In(h) € C%¢, the singular set of dQ* is countably
C!-Prectifiable where B depends on but is not equal to . This leaves open the question of whether or not
the singular set is dense, or more generally how it sits in space. In this paper, we answer the question of
how the singular set “sits in space”. In particular, we provide upper Minkowski content bounds upon the
quantitative strata of the singular set (see Theorem 2.15). The main approach will be to follow [Engelstein
2016] and consider jump functions v = u™ — u~ which are almost harmonic, and employ the Almgren
frequency function and geometric techniques as in [Cheeger et al. 2015; Han and Lin 1994] in conjunction
with the powerful quantitative differentiation techniques of [De Lellis et al. 2018; Naber and Valtorta
2017]. While these tools are common for problems in calculus of variations, it is important to note that
the jump functions v are not minimizers of any energy, nor do they satisfy any global PDE.

2. Definitions and statement of main results

2A. Domains and their Green’s functions. Nontangentially accessible (NTA) domains were formally
introduced by Jerison and Kenig [1982] to study the boundary behavior of PDEs on nonsmooth domains.

Definition 2.1. A domain 2 C R" is a nontangentially accessible (NTA) domain if there exist constants
M > 1 and Rp > 0 such that the following holds:

(1) 2 satisfies the corkscrew condition. That is, for any Q € 02 and 0 < r < Ry, there exists a point
A, (Q) € Q2 with the following two properties:

|A-(Q)—Ql <r and B,u(A/(Q)) C €.

(2) Q€ also satisfies the corkscrew condition.

(3) 2 satisfies the Harnack chain condition. That is, for any € > 0 and Q € 0€2, if
X1, %2 € QN Brya(Q)\ Be(3RQ) and  |x; —xa| <2,

then there exists a “Harnack chain” of balls {B,, (y,-)}lN: | satisfying:
(@) x1 € By, (y1) and x; € By (yn).
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(b) B, (yi)CQforalli=1,...,N.

© B,(y)NB,, (yiy1) #D foralli=1,...,N—1.
(d) N < Mk.

(e) Foralli=1,...,N,

1 . . )
M i=1,r%{?,1v{d18t(xi’ 02)} < r; <dist(y;, 0K2).

Note that by increasing the radii if necessary, we may assume that r; ~ s dist(y;, 9€2).
We say that Q7 is a two-sided NTA domain if both Q* and Q@ := Q¢ are NTA domains. We shall

refer to the complementary pair Q& of domains as complementary two-sided NTA domains and denote
their mutual boundary by dQ*.

In this paper, we shall only deal with unbounded two-sided NTA domains. That is, we shall assume
that Ry = oo. However, the results are essentially local.

Definition 2.2 (Green’s functions). For Q% C R”" a pair of complementary two-sided NTA domains, we
shall use u* to denote the Green’s function with pole at infinity corresponding to Q¥, respectively.

Recall that u* are unique up to scalar multiplication and that to each u™ is associated the harmonic
measure w*, defined by the property that, for all ¢ € C2°(R"),

qusuidV:qudwi.

See [Garnett and Marshall 2005] for more details about harmonic measures.

Observe that if wT is the harmonic measure associated to u™, then cw™ is the harmonic measure
associated to cu™ for any ¢ > 0.
If feC%(R"), we shall use Il fll« to denote the local norm:

iz sup [Fl+ sup LOZSON

B2 (0) x£yeB©0) X —y*

Definition 2.3. We define the class D(n, «, M) to be the collection of domains Q* c R” such that
Q¥ are complementary unbounded two-sided NTA domains for which M < My, o~ < ot < o™, the
Radon-Nikodym derivative h = dw™/dw™ satisfies In(h) € Co*(9R), and 0 € IQT.

Note that if QF € D(n, a, Mp) and Q € 9QF, then QT — Q € D(n, a, My).

2B. A class of functions and their rescalings.

Definition 2.4. Let Q* C R” be a pair of complementary two-sided NTA domains with mutual bound-
ary dQ*. For any Q € QT and any Green’s functions u™ we define the jump function

v2(x) 1= h(Q)ut (x) — u~ (x). 2-1)

The scaling 2(Q)u™ normalizes the Radon-Nikodym derivative of the harmonic measure associated
to h(Q)u™ and u~ at Q € IQE.
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Definition 2.5. Let Q* € D(n, o, M) and Q € 9Q*. For scales 0 < r, we define the rescaling of the
function v€ at scale r at the point Q' € QT by

n—2
0 — 0 !
vy (X)) i=vvx+ Q) ——————
e w0~ (B, (Q))
and the corresponding rescaled measure as
+ E /
wr, (E):= M (2-2)
Qv w®(B,(Q"))

The rescalings vg’r were first introduced by Kenig and Toro [2006]. In this paper, we shall employ the
following results by Kenig, Toro, Badger, and Engelstein.
Theorem 2.6 [Badger 2011; Engelstein 2016; Kenig and Toro 2006]. For v g o anIE . as in Definition 2.5:

(1) Subsequential limits as r — 0 of the functions vg , converge to harmonic polynomials. Furthermore,

the degree of these polynomials is bounded and depends only upon the NTA constant, My. [Kenig and
Toro 2006]

(2) Subsequential limits as r — 0 of the functions vg’r converge to homogeneous harmonic polynomials.
Furthermore, the degree of homogeneity is unique along blow-ups. [Badger 2011]

(3) The rescalings vg’r are uniformly locally Lipschitz with Lipschitz constant that only depends upon M.
[Engelstein 2016]

(4) The measures “’E,r are locally uniformly bounded. [Engelstein 2016]

In addition to the vg,’r rescalings, we shall also use a different kind of rescaling.

Definition 2.7 [Cheeger et al. 2015]. Let f : B;(0) — R be a function in C(R"). We define the rescaled
function T , f of f ata point x € B;_,(0) atscale 0 <r < 1 by

f&x+ry)—fx)
1/2°
(faBl(O)(f(x +rz) = f(x)*do(2)) /
In the case that the denominator is zero, we define 7 , f = co. We denote the limit as » — 0 by

T f(y) = rlg;% Tx,rf(y)~

Definition 2.8. Let A(n, o, M) be the set of functions v : R” — R such that

Tx,rf(y) = (2'3)

vi=1"=hOut —u",

+

where u® are the Green’s functions with poles at infinity associated to a two-sided NTA domain Q%

D(n, a, M) and h = dw~/dw*, where w™ are the harmonic measures associated to u*.

Remark 2.9. For any fixed domain Q¥ € D(n, a, My) there is a one-parameter family of associated
functions v € A(n, a, My) with {v = 0} = 9Q*. Indeed, cvg’1 € A(n, o, My) for all ¢ > 0. To avoid
degeneracy because of this degree of freedom within the family A(n, «, My), we shall make extensive
use of the normalizations in Definitions 2.5 and 2.7 in the arguments to come.

Finally, note that in general the functions vg,’r will not belong to A(n, a, My) if Q # 0 and/or Q' # Q.



THE SINGULAR STRATA OF A FREE-BOUNDARY PROBLEM FOR HARMONIC MEASURE 1131

2C. Quantitative symmetry. The geometry we wish to capture with the blow-ups T, f is encoded in
their translational symmetries.

Definition 2.10. Let f : R” — R be a continuous function. We say f is O-symmetric if
f@):=cPt(x)— P (x) (2-4)

for some ¢ > 0, where P¥ are the positive and negative parts of a homogeneous harmonic polynomial P.
We will say that f is k-symmetric if f is O-symmetric and there exists a k-dimensional subspace V such
that f(x +y)= f(x) forallx e R" and all y € V.

The constant ¢ > 0 is there to allow for the function to “hinge” along its zero set. We must allow this
kind of “hinging” to accommodate for the “nonalignment” issue in the blow-ups at Q € QT \ {0}. See
Remark 3.2.

We now define a quantitative version of symmetry.

Definition 2.11. For any f € C(R"), f will be called (k, €, r, p)-symmetric if there exists a k-symmetric
function P such that
(D) fiyp,0 1PIPdV =1,
) £5,0) 1 Tpr f = P|?dV <e.
Sometimes, we shall refer to a function f as being (k, €)-symmetric in the ball B,(p) to mean f is
(k, €, r, p)-symmetric.

This quantitative control allows us to define a quantitative stratification following [Cheeger and Naber
2013].

Definition 2.12 (quantitative singular strata). Let v € A(n, o, My) and 0 < r < 1. We denote the
(k, €, r)-singular stratum of v by Sé"r(v), and we define it by

Sf,r(v) ={x € QT :visnot (k+ 1, €, s, x)-symmetric for all r <s < 1}. (2-5)
We shall also use the notation Sé‘ (v) for Sf’o(v). It is immediate from the definitions that Sé",(v) C Sf//,,, (v)
ifk<k,e<e r<r.
We can recover the qualitative stratification
Sk(v) ={x e QT : T v is not (k+1)-symmetric} = U ﬂS,’;’,(v).
n r

The set S*(v) is the k-th stratum of S"~2(v) = sing(a Q7). Furthermore, if x € S*(v), then there exists
an € > 0 such that x € Sf(v).

Remark 2.13. Note that the singular set and its strata are all stable under the operations
Sfw) =8k (cv) and S*(v) =S (vt —v)

for all ¢ # 0. The former is a trivial consequence of the fact that 7, , f =T, ,(cf). The latter follows
from Definition 2.10 and Theorem 2.6. In particular, for all v € A(n, a, My), we have Sk() = SFw9)
for all Q € Q™.
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Previous results on the singular set are summed up in the following theorem.
Theorem 2.14 [Badger et al. 2017; 2020; Engelstein 2016]. For v € A(n, «, My), the following hold:
(1) (8" 2(v)\ 8" 3(v)) NIQ*E = @. [Badger et al. 2020, Remark 7.2]

(2) There exists an € > 0 such that sing(3QF) = S"3(v) N I C S"~2(v). [Engelstein 2016, Theo-
rem 1.1]

3) di_mM(sing(BQi)) <n — 3. [Badger et al. 2017, Theorem 7.5]
2D. Main results and outline of the proof. In this paper, we prove volume bounds on tubular neighbor-
hoods around the Sf,r(v). We are able to show the following estimates.
Theorem 2.15. Let v € A(n, o, My) with ||In(h)|lq <T. Forevery 0 < e and 0 <k <n —?2 there is an
ro(n, a, My, I, €) > O such that, forall0 <r <ryandanyr < R <1,

Vol(Br(B1/4(0) NSE, (v))) < C(n, o, My, T, €)R" ¥, (2-6)

We have the following immediate corollary.
Corollary 2.16. Let v € A(n, o, My) and 0 <k <n —2. For every 0 < ¢,
dim((S7 (v) <k, (2-7)

and there exists a constant such that
MAK(SE@) N B14(0) < C(n, a, Mo, T, €). (2-8)

Thanks to an e-regularity result due to [Engelstein 2016] we are able to strengthen the conclusion of
Theorem 2.15 when we consider the full singular set.

Corollary 2.17. Let v € A(n, o, My) with ||In(h)| < T'. Recall that

sing(0QF) = 8" 2 NIQ*.

There exists 0 < € = e (Mo, I', o) such that sing(d Q*) c 82_3; see Lemma 12.1. Thus, there is a constant
C=Cn,a, My, ") < oo such that

M*"73 (sing(9Q) N B1/4(0)) < C(n, o, Mo, T). (2-9)
Proof. This follows immediately from Lemma 12.1 and Theorem 2.15. U

2E. Outline of the proof of Theorem 2.15. In order to prove a theorem of this kind, we must build a
cover of Sf’ ~(v), and we must count how many balls we use. Therefore two things are critical: getting
geometric information about Sf, ~(v) and keeping track of how the balls pack.

The overall strategy of proof is similar to that of [De Lellis et al. 2018; Edelen and Engelstein 2019].
However, there are several major differences. First, the functions v € A(n, o, My) considered here
are not harmonic functions or minimizers of an energy. Sections 3—-5 are devoted to showing that the
relevant analogs of harmonic results (e.g., compactness, almost monotonicity of the Almgren frequency,
local uniform boundedness of the Almgren frequency, quantitative rigidity for the Almgren frequency,
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cone-splitting, etc.) hold for v € A(n, o, Mp). In particular, we prove an estimate on the nondegeneracy
of the almost monotonicity for Almgren frequency in Lemma 4.9. Local geometric control on Sé‘ (v) is
obtained in Section 6.

However, geometric control is not enough to obtain Theorem 2.15. To obtain finite upper Minkowski
content bounds we need the discrete Reifenberg theorem from [Naber and Valtorta 2017]; see Theorem 9.1.
This requires that we prove a “frequency pinching” result (Lemma 8.2) in which we connect the drop in
the Almgren frequency over small scales with the S-numbers. The main challenge is to connect the lower
bound on the derivative of the Almgren frequency (Lemma 4.9) and employ the techniques of [De Lellis
et al. 2018] to obtain the necessary estimates on N(Q, r, v) — N(Q’, r, v); see Section 7.

In Section 9, we obtain the necessary packing estimates, following the framework of [Naber and
Valtorta 2017] to accommodate the estimates of Section 8. Sections 10 and 11 construct the covering
which proves the theorem according to the program laid out by [Naber and Valtorta 2017]. These are
included for completeness.

3. Compactness

The main goal of this section is to show that A(n, o, M) enjoys sufficient compactness to allow for
limit-compactness arguments. Namely, we wish to establish that, for any sequence v; € A(n, o, Myp), we
can extract a subsequence which converges to a function vy, and that N(p, r, v;) = N(p, 1, Vso); S€€
Corollary 4.3. This requires strong convergence in WIL’CZ([R{"); see Lemmas 3.10 and 3.6.

On a technical level, we must extend the compactness implied by Theorem 2.6 for vg’ , to vg,’r
and Ty’ ,v. Throughout, we shall make essential use of “standard NTA results” such as the doubling of
harmonic measure and various comparability results, all of which may be found in [Jerison and Kenig

1982].

Remark 3.1. Recall that for E C 9Q*
wt(E) = / xedot and o (E)= f xehdo™.
Furthermore, if In(h) € C%% with ||In(h)|, < T, then for all Q, Q' € IQ*

e_rlQ_Q/‘ah(Q/) <h(Q) < eF‘Q_Q/lah(Q/). 3-1

Using (3-1) in the above integral equations implies that in any compact set K, if v € A(n, o, M) with
lIn(h)|l¢ < T, there is a constant C(K, I, &) > 1 such that forany £ C K N In*

Remark 3.2. By Theorem 2.6, we know that subsequential limits as » — 0 of the functions vg’r converge

to homogeneous harmonic polynomials. However, for Q, Q' € 3Q* and Q # @/, it is not true in general
that vg, . converges to a homogeneous harmonic polynomial. As r — 0, the function v g, . will converge
to a O-symmetric function (see Definition 2.10) where ¢ = h(Q).
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Definition 3.3. We shall abuse the notation T , from Definition 2.7 to denote translated and scaled
versions of various objects. For example, for sets this is the usual push-forward
Qt—0 IRt -0

T, QF = . T, 00T =
0.r " 0.r r

£, we will denote by Ty ,w* the harmonic measures associated to the

However, for the measures w
positive and negative parts of Ty ,v. The corkscrew points Aﬁ( Q) will always denote the corkscrew
point associated to Q at scale R in the appropriate domain Q*. We shall use To, ,Af(Q/ ) to denote the

corkscrew point associated to Tp Q' = (Q' — Q)/r € T ,dQ* at the scale r'/r.

Lemma 3.4 (local Lipschitz bounds). Let v € A(n, a, My) with ||In(h)|, < T. Forall Q € Q¥ N B,(0)
and all radii 0 < r < 2, the function Tg v is locally Lipschitz with uniform constants depending only
upon My, T, a.

Proof. Recall that by Definition 2.5,

n—2

0 —_ "
Vo =Vg, = a)_(Br(Q))U(rx + 0).

By NTA estimates, for all 0 < r, we have [v(A, (Q))| ~ v~ (B, (Q))/r"2 by constants which only
depend upon My. Thus, vg (T A, (Q)) is bounded above and below by constants which only depend
upon M. By constructing Harnack chains from Ty A (Q) to TQ,rA;,,Or(Q) we can find a point
y € 3B1(0) such that y € B,,(y;) C To,Q" and dist(y;, Tp ,dQ%) > (2M3)~!. Applying Harnack’s
inequality to the function —v in a chain of balls which connect Ty A, (Q) and y in Q~, we have
oW ~m, lvo,r(Tg, A (Q))|. Thatis, |vg (y)| is bounded above and below by constants that only
depend upon M. Thus, by the uniform Lipschitz property of vy , guaranteed by Theorem 2.6, we can
find a ball of radius 0 < ¢ such that |vg | > c¢(Mp) on d B1(0)N B.(y). Thus, H(0, 1, vg ) > c(Mp). Now,
recalling Definition 2.7 and the fact that T v = Tp,1 (cv) for any constant ¢ > 0, we have Tp ,v =T 1vg, .
Since we assumed |[[In(h)|lo < T, Q € B2(0), and 0 < r < 2, the vp , are locally uniformly Lipschitz by
Theorem 2.6. Thus H(0, 1, vp ;) > c(My) implies Ty 1vg, » = Tp v is also locally uniformly Lipschitz. []
Lemma 3.5 (local nondegeneracy). Let Q € 3QT and 0 < r < co. Let v € A(n, a, My) be such that
IIn(h) |l < T. The rescaling Tg v satisfies the following minimum growth conditions. For all 0 < €,
there is a constant C = C(My, a, T, €, R) such that, if p € Bg(0) with dist(p, {TQ,rSQi} N Bgr(0)) > €,

[To,rv(p)| > C.

Proof. As in Lemma 3.4, Tg ,v(Tg A, (Q)) is bounded above and below by constants that only
depend upon the NTA constant My, I', and R. Thus, by Harnack chains between Ty A, (Q) and
p € To 2~ N Br(0) such that dist(p, TQ,,BQjE N Br(0)) > €, Harnack’s inequality applied to —T¢ ,v
implies that [T ,v(p)| > C. Note that C only depends upon R, My, and €.

To get the same inequality for p € Tp Q1 N Bg(0), we recall that standard NTA results compare
T v(To,Af(Q)) to Ty o (B1(0)). By Remark 3.1, Ty ,o™ (B1(0)) ~ Ty o (B1(0)) by constants
which only depend upon R, I', «, and the NTA constants in the definition of the class A(n, o, M).
Applying the same Harnack chain and Harnack inequality argument as above gives the lemma. O
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Lemma 3.6 (compactness). Let {v;} be a sequence of functions in A(n, o, M) such that ||In(h)||, <T.
Let {Q;} C 852?: N B1(0) and 0 < r; < 1. There is a subsequence {v;} and a Lipschitz function v, € w2

loc
such that Tg, »,vj — Voo in the following senses:

(1) Tg; rvj = veo in Cioc (R™).
(2) T, r,vj = Voo in L} (R).

loc

(3) VTg,,vj = Ve in L, (R"; R").

loc
Proof. To see (1), we recall Lemma 3.4 and the fact that Ty, ,,v;(0) = 0. By the Arzela—Ascoli
theorem there exists a subsequence such that Ty, ,,v; = Voo in Cioc(R"). This implies convergence
ln leOC
{To,.,;vi} are bounded in Wl})’CZ(R”). By Rellich compactness, there exists a further subsequence such

that VT, ,,v; = Vuy in L§ (R"; R"). O

loc

(R™). Being uniformly locally Lipschitz and uniformly bounded also implies that the functions

Before we can prove the strong convergence Ty, »,Vj — Vo In Wllo’cz([RR"), we need to control the upper
Minkowski dimension of {ve, = 0}.

Lemma 3.7. Under the assumptions of Lemma 3.6, if Tg, Vi = Voo in Cioc(R"), then TQI.J[.SSZjE —
{veo = 0} locally in the Hausdorff metric on compact subsets.

Proof. We argue by contradiction. Suppose that there exists an € > 0, a radius 0 < R, and a sequence
of functions T, ,v; for which we can find a sequence of points x; € Br(0) N {Tp, ,,v; = 0} such
that dist(x;, {veo = 0}) > €. Taking a subsequence which converges in Cjo.(R"), we may assume that
X; = Xoo € Br(0) \ B¢ ({veo = 0}). Now, convergence in Cioc(R") implies that T, Vi (Xoo) = Voo (Xoo)-
Furthermore, since the Ty, ,,v; are uniformly locally Lipschitz, x; — xo, and x; € {Tp, ,,v; = 0}, we have

To, rvi(x0) — 0.

This implies xo € {voo = 0}, which contradicts our previous assertion that xo, € Bg(0) \ Be ({veo = 0}).
The other direction goes the same way. Suppose that we could find a subsequence of Ty, ,, Vi = Vo
such that there was a point, x € {voo = 0} N Bg(0), for which

dist(x, {TQiJ’i v; =0}N Bgr(0)) > ¢

foralli =1,2,.... By Lemma 3.5, we know that Ty, , v;(x) > C. This contradicts convergence in
Cioc (R™), however, since voo(x) = 0. O

Theorem 3.8 [Kenig and Toro 2006, Theorem 4.1]. In general, if BQ?E € D(n, o, My) converge to a

closed set A locally in the Hausdorff metric on compact subsets, then A divides R" into two unbounded,
two-sided NTA domains with NTA constant bounded by 2 M.

We must now bound the upper Minkowski dimension of A = {v,, = 0}. We do so crudely, using only
that A is the mutual boundary of a pair of two-sided NTA domains. That is, using the machinery of
porous sets we are able to prove the following lemma.

Lemma 3.9. Let ¥ C R" be the mutual boundary of a pair of unbounded two-sided NTA domains with
NTA constant 1 < M. Then, there exists 0 < € = € (Mg, n) such that di_mM(E) <n-—e.
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This is an elementary fact which seems to be omitted in the literature. We defer the proof to the
Appendix. We now prove strong convergence.

Lemma 3.10 (strong compactness). Let {v;} be a sequence of functions in A(n, o, My) such that
In(h)|lqe <T. Let {Q;} C angc N B1(0) and 0 < r; < 1. There is a subsequence {v;} and a Lipschitz
Sfunction v, € WIL’CZ such that Ty, »,vj — Voo in the following senses:

(1) Tg,.r,vj = Voo in Cioc(R").
(2) Tg;.r,0j — Voo in Wit (R).

loc

Proof. The only new claim is that VTg,.rv > Vi in LIZOC(R"; R"). By Lemma 3.7, Theorem 3.8, and
Lemma 3.9, we have that dimy({vec = 0}) < n — €. In particular, then, H" (B, ({veoc =0} N Bg(0))) — 0
as r — 0 (see [Mattila 1995] for fundamental facts about Minkowski content, dimension and Hausdorff
measure). Thus, for any 6 > 0 we can find an r(6) > 0 such that H" (B, ({veo = 0} N Bg(0))) < 0O. This

allows us to estimate

limsup”VTQj,rjvj||%2(BR(O))
]—)OO
zlimsup(f IVTg, ,viI*dV +f |VTQj,,jvj|2dV)
Jj—>00 Br(0)NB; ({voo=0}) Br(0)\B; ({voo=0})
< lim |VTg, . vil*dV +C6

Jj—>o0 Br(0)\ B, ({veo=0})

E ”VUOO ”iz(BR(O)) + C07

where the penultimate inequality uses the fact that v; are uniformly Lipschitz, and the last equality follows
from convergence in C(Bg,(0) \ B,/2({ve = 0})) implying C*(Bg(0) \ B, ({vec = 0})) convergence

because the Tg, v; are harmonic functions in this region. Since 6 > 0 was arbitrary, we have that
2

Al L2(Br(0))° .
from lower semicontinuity. Therefore, we have the equality

lim sup 00 VT, . v ||ZBR(O) < Vvl The other inequality follows from the same trick or

: n2 _ 2
jll)n;o”VTQj,rj Uj ||L2(BR(O)) = ||VUOO||L2(BR(O))'

Thus, by weak convergence and norm convergence we have

m||VTg, ;v = Vool 72540

= lim IVTo, ., vj — Vo> dV
J JBg(0)

. 2 2 .
= 11}n||VTQj,rj V; ||L2(BR(0)) + ”vaO”LZ(BR(O)) -2 h]l:n<VTQj,rj Vj, VUOO>L2(BR(()))

=2 Vusoll3> — 2| Vsoll7> =0. 0

(Br(0)) (Br(0))

Because the functions vgr are merely Lipschitz, we will often need to work with a mollified version of
them. We will use the convention that ve = v * ¢, for ¢ € C*° a mollifying function (meaning spt(¢) C B
and [¢dV =1).



THE SINGULAR STRATA OF A FREE-BOUNDARY PROBLEM FOR HARMONIC MEASURE 1137

Corollary 3.11. Let v € A(n, o, My) and ve = v x ¢ be a mollification of v. By standard mollification
results,

ve = v in WEZ(R"), Cioc(R") as € — 0.
4. Almost monotonicity of the Almgren frequency function
One of the key tools of this paper will be the Almgren frequency function (introduced in [Almgren 1979]).

Definition 4.1 (Almgren frequency function). For any Lipschitz function v : R* — R, radius r > 0, and
point Q € dQE, the Almgren frequency function is defined as

D '
N(p,r,v) = r 201 1), 4-1)
H(p,r,v)
where
H<p,r,v)=f P do, D(p,r,v>=/ VoPav. 4-2)
9B, (p) B:(p)

Remark 4.2. The Almgren frequency function is invariant in the following senses. For a, b € R with
a,b #0,if w(x) =av(bx), then N0, r, v) = N(0, b~ 'r, w).

If u is harmonic then N(p, r, u) is monotonically nondecreasing. If additionally one assumes that
u(p) =0 then lim, o N(p,r,u) = N(p, 0, u) > 1 is the degree of the leading homogeneous harmonic
polynomial in the Taylor expansion of u at the point p.

4A. Consequences of Section 3 for the Almgren frequency function. Before turning to the main results
of this section, we note that the results of Section 3 immediately imply the following corollaries.

Corollary 4.3. Under the hypotheses of Lemma 3.6, there exists a subsequence such that, for all r € (0, 2],
N, r, Tg; rvj) = N(O, 7, Vo).
Moreover, if ve =v*¢ for a mollifier ¢ as in Corollary 3.11 then, forall Q € B{(0)NdQ*T and 0 <r <1,

liII(l) N(Q,r,ve) =N(Q,r,v).

Proof. This follows from the convergence of the numerator and the denominator; the former follows from
Lemma 3.6 (2) and the latter from Lemma 3.6 (1). For the convolution, both follow from Corollary 3.11. [J

Corollary 4.4. Let v € A(n, o, My) as above. There is a function C (o, I', My) such that, if ||In(h)||, <T°
then for all Q € B1(0)N AT and all r € (0, 1],

N(Q,r,v) <CT, o, My). (4-3)

Proof. We recall that the Almgren frequency function is invariant under rescalings of the function v.
Therefore, N(0, 1, vp,,) = D(0, 1, Tp ,v) is bounded by Lemma 3.4 and the constant only depends upon
My, T, and «. O
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4B. Quantitative almost monotonicity. This section is dedicated to providing a quantitative version of
the following result of Engelstein [2016].

Lemma 4.5 [Engelstein 2016]. Let v € A(n, a, Mg) and Q € K € dQ*. There exists a constant C < 00
(which can be taken uniformly over K and r € (0, 1]) such that

liminf N'(Q, r, v2) -~ N(Q,0,v2) > —Cr“.
€—

The quantitative version of this result which we prove below in Lemma 4.9 is essential for connecting
the Almgren frequency to Jones’ beta numbers in the “frequency pinching” result later in Lemma 8.2. It
comes from examining the derivative of the Almgren frequency function in the r variable.

Throughout this section, we shall use the notation (v¢),(y) = Vve(y) - v(y), where v(y) is the unit
normal to d B, (Q) at y. By differentiation (see [Engelstein 2016, Section 5.1] for details of the derivation),

2
H(Q.r. v LN (Q.r, ve)=2r</ (vaidaf |ve|2da—[/ ve<ve>vda} )
dr 3B,(0) 3B, (0) 3B, (Q)

+2r(/ véAvédv> (/ ve(ve)vdo>
B-(Q) 0B,-(Q)

—2H(Q,r, ve) (x — Q,Vuv)Av.dV. (4-4)
B, (Q)

We write the decomposition %N(Q, r,ve) = N{(Q,r,ve) + Ni(Q, 1, ve) with

2
N{(Q.r,v)==H(Q,r, ve)zzr(f <ve>3da/ |ve|2da—[/ ve(vauda] )
9B, (Q) 9B, (Q) 9B,(Q)

We call what remains N;(Q, 7, ve):

Ny (Q,r,ve):=H(Q,r, ve) 2 |:2r (/ Ve Ave dV) (/ Ve (Ve)y do)
B, (0) 3aB,(Q)

—2H(Q,r, ve) (x — Q, Vve) Ave dV(x):|.
B, (Q)

Note that by the Cauchy—Schwarz inequality, N{(Q, r, v¢) > 0.
Lemma 4.6. Let v € A(n, o, My), Q € QTN B1(0) and 0 <r < 1. Then, if C = Lip(v| 8,(0))»

, IVu-(y — Q) — N(Q, r,v)v|?
N ,rv)=2 d
1. v) /33,<Q) HO Iy =0l wy—o]
. . . 2
2 Vo 0= Q) NP ws)

~ C JyBo) ly — Q|"+2

Proof. Recall that for the Cauchy—Schwarz inequality, we have, for A = (u, v)/||v 12,

2 2 2 2 2
[oll* Ml = Avl|” = Qlul“[lv]]” — [, v)]~.
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Choosing

u=VvE-<ﬂ) and v = v,
ly — Ol

using the divergence theorem on A, and letting € — 0, we have

NI(Q,r,v) = H(Q, 1, v)_IZr(/ ‘(v),, “Iyeo.r v)vrdo*).
3B,(Q) F

This proves the equality. To prove the lower bound, we let C = Lip(7o,1v|5,(0)) and observe that
H(Q,r, To.1ve) < Cr"*!. Plugging this into the above equation, we get the desired inequality

) 2 VT 1v(y) - (y — Q) — N(Q, r, v)To 1v(y)?
N b 9 Z_
I(Q r,v) /B (0) ly — Q|n+2

In order to bound the parts of N, 2(Q, r, ve), we recall some estimates from [Engelstein 2016].

do(y). 0

Lemma 4.7 [Engelstein 2016, Lemmata 5.4, 5.5, and 5.6]. Let v € A(n, a, My) with ||In(h) |, <T, and
let Q € B1(0) NAQE. Forany 0 < s and € K s,

2
[ o = com 22 (4-6)
IB,(Q)
— 2
/ veAvedV | < Clin(h) se 22O 4-7)
By(Q) $
- 2
/ (Ve ¥ — 0) Ave dV ()] < Cllin(h) s 222 ED" (4-8)
B,(Q) $
- 2
ve(wo)ydo| < ¢ B (4-9)
9B5(Q) s

where C = C(a, My, I).

Proof. Let v € A(n, o, My) be given. Recall that v = Y. Engelstein [2016, Lemmata 5.4, 5.5, and 5.6]
proves the claim for the functions vg’ |- Hence, for any such v and any such Q, the integral estimates
hold for u(x) = v (x + Q) as well. However, in general, such v0(- + Q) are not in A(n, o, My) because
h(0) may not be 0. But,

Vax+0)=cu™(x+0)—u"(x+ Q)

is an element of A(n, a, M) for some constant e 1121 < ¢ < ¢"'2" a5 in (3-1). Using this identity and
following the proofs of [Engelstein 2016, Lemmata 5.4, 5.5, and 5.6] gives the claim. O

Remark 4.8. Recalling our expansion of N (r, p, v¢) in (4-4) and the bounds contained in Lemma 4.7
we have that, for v € A(n, a, My) with ||ln(h)||0, <T, ekr,and Q € B|(0) NIQT,

IN3(Q. 7, v)| < Cyl|In(h) ||~ ", (4-10)
where C; = C(a, My, I').

We now state the main result of this section.
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Lemma 4.9. Let v € A(n, o, Mo) with ||[In(h)|l¢ < T, and let Q € B1(0) NIQ*E. Forany0<s < S <1,

2/ IVTo,1v(y) - (y — Q) — N(Q, |y — Ol To,1v) To,1v(y)|?
C Ja, 50 ly —Q|+2
<2/ IVo(y) - (y — Q) = N(Q, Iy — Ol wyv(») |
— Jas0 H(Q,|y—Ql,v)ly— 0]

< N(Q,S,v) = N(Q,s,v) + CiIn() oS, (4-11)

dv(y)

dv(y)

where C] = C] (Ol, M(), F) and C(M(), F, O[) = Lip(T0’1v|32(o)).

Proof. We begin by normalizing v. Since N (r, p, v) = N (r, p, cv) for any ¢ # 0, we may work with 7p jv.
Note that by Remark 4.8 and (4-5), N(Q, r, v) is continuous in » and hence we may find an 0 < s < s
such that

IN(Q,s,v) = N(Q, 51, v)| < [[In(h)[loS*.

By Corollaries 3.11 and 4.3 we can find an € < s small enough that
IN(Q, 51, v0) = N(Q, 51, V)] < [In(M) [l S* and  [N(Q, S, ve) = N(Q, S, v)| < [[In(h)]|oS*.
Thus, we reduce to estimating N(Q, S, Tp,1ve) — N(Q, s1, Tp.1v¢):

d

N
N(Q’ S’ TO,IUG) _N(Q7 s17 TO,IUe) :/ EN(Qv rv TO,lve)dr

s
N N

=/ N{(Q’r7 TO,lvé)dr-"_f Né(Q’r’ TO,lvé)dr‘
S1 S1

Recalling Remark 4.8, Lemma 4.6, and letting € — 0 gives the lemma. U
Using these estimates it is possible to control the drop across scales from the total drop.
Lemma 4.10. Ifv e A(n, a, My) with ||In(h)||¢ <T and Q € B{(0)NdQE, then forany0<r <s <S <R
N(Q,S,v) —N(Q,s,v) <2Ci|lIn(h) [« R* +IN(Q, R, v) = N(Q, r, v)|.

Proof. This is essentially a “rays of the sun” argument. To wit,

s

N(Q, S, v)—N(Q,s,v)=/ Ni(Q, p,v) + Ny (Q, p,v)dp
)
s

< [ M@ p 0+ 1N Q. .0 dp
S
R

< [ NiQ. .0+ IN3(Q. o 01 dp

R
< 2/ NSO, p, 0)ldp+ IN(Q, R, v) — N(O, r, v)].

The bounds in Remark 4.8 give the desired statement. O
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We now turn our attention to proving a “doubling” property for H(p, r, v). This is an analog of
classical harmonic results for the Almgren frequency function, modified for our almost harmonic functions
ve A, o, Myp).

Lemma 4.11 (H(r, p, v¢) is almost doubling). Let v € A(n, o, My) with ||In(h)|lqo < T, and let Q €
B12(0)N aQ*E. For any 0 <s < § <1, if € K s is sufficiently small,

G\ (= DH2N(Q,S,00+CS)  9C
H(Q. 500 = () exp( 2[5 = s“1) H(Q, 5, vo), (4-12)

where C = |In(h)||oC1(Myp, a, ") and C| is as in Remark 4.8.

Proof. First, observe that

d -1
TTH(Q.rv) ="

/ |Ue|2d0+2/ IVvelde—i—Z/ veAve dV.
9B,(Q) B, (Q) B, (Q)

Next, we consider the identity

<H(Q, S, ve)
In{ ———

H(O. s, Ue)) =In(H(Q, S,v.)) —In(H(Q, s, ve))

SH/(Q,r, Ve) /Sn—l
_ dr —
N

fBr(Q) Ve AvedV
s H(Q,rve) r

faBr(Q>(”€)2d"

We bound N(r, Q, ve) by Lemma 4.9. We bound the last term using Lemma 4.7. Plugging in these
bounds, we have, for € < s,

+ %N(Q, r, U¢) +2(

H(Q, S, S
(225 V) i, 1) 12N (@, 8, ve) + €5 G S + 2C
H(Q, s, ve) a s
Evaluating and exponentiating gives the desired result. O

Remark 4.12. Because H(Q,r,ve) > H(Q,r,v) ase — 0and N(Q,r,ve) > N(Q,r,v) ase — 0
(a consequence of Corollary 3.11), we have the following inequality. For all v € A(n, o, Mp) with
IIn(h)|le <T, Q€ Bip0)N3INE, and 0 <s < S <1,

S\ (1= D+2(N(Q.5.0)+C5%) 2C
H(Q. 5.0 = (%) exp( S8 —571) H(Q. 5, ). (413)

5. Quantitative rigidity

Throughout the rest of the paper, we shall need to use limit-compactness arguments. The key will be that
v — u for some harmonic function u as ||In(h)|l — 0. We make this rigorous in the following lemma.

Lemma 5.1 (convergence to harmonic functions). Let v; € A(n, a, My) with ||In(h;)||o — 0. Assume
that Q; € B1(0)N BQii and {r;} C (0, 1]. Then there exists a function v, and a subsequence v; such that
Tg; rvj = Voo in the sense of Lemma 3.10 and v, is harmonic.
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Proof. Lemma 3.10 gives a subsequence T, , v; which converges strongly in WIL’CZ(IR”) to a function ve.
We claim that v is harmonic. To see this, we investigate the behavior of its mollifications veg ¢ = Voo * Pe.
Observe that by Young’s inequality,

1T0;.r;Vj.e — Vool L2(Br0)) = Pell L1001 T0; .1V — Vool L2(B, (0)) -

Thus, for any € > 0 we have T, ,;vj.e = Voo,e as j — 00 strongly in L%(B,(0)). By a similar argument
applied to VTg, Ve, We also have that VTg;.rVj.e = Ve in L2(B>(0); R") as Jj — oo. Furthermore,
by our uniform Lipschitz bounds, Tg; r;vj.e = Voo, as j — 00 in C(B2(0)) as well.

We will show that for € < 1 the function v  is harmonic. First, for any test function & € C2°(B»(0)),
we have

f E(ATQj,rj Vje — Avooe) dV‘ = / AS(TQj,rj Vje — Voo,e) dv
B>(0) B>(0)

< A&l 2By 0 1 T0; .7, Vj.e — Voo.ellL2(By(0)) -

Since T, r;Vj.e = Voo, Strongly in L?(B,(0)), we have ATg; rVje = AV in L?(B5(0)).
However, by assumption, we also have

h;(0)
EAT, .,r.v‘,edv‘ sf & |
/Bz<0) Cirtid B, (0) hj(x)

where To; ., w* are the interior and exterior harmonic measures associated to Tg; r;vj. Note that
T, 0~ # wéj,r_/-’ but, by Definitions 2.4 and 2.7 and Lemma 3.4, there is a constant ¢’ = ¢/(M)
such that To, 0 = ca)éj’ rj and ¢ < ¢’. Since a); 0, (B3(0)) are uniformly bounded by Theorem 2.6, the
TQj’,ja)_(Bg(O)) are, too. Thus, as j — oo, we have that ATg; rvj.e = 0 in L?(B,(0)) as well. Thus,
Avso.e =0 weakly in L?(B»(0)). Since Voo.e € C*(B2(0)), we have that v ¢ is harmonic.

Since v 1s Lipschitz continuous, Ve, — Voo in C(Bg(0)) as € — 0. Thus, for all x € Bg(0) we have
both that vy ¢ (x) = Voo (x) as € — 0 and that

- 1' dTg, " < Cmax [&]-[Inhp)llaTo, r,” (B3(O)),
2

f voo,€<y>dV<y>—>f vee (1) AV ()
B, (x) By (x)

as € — 0. Thus, v must satisfy the mean value property and is therefore harmonic. U

Now that we have Lemma 5.1, we can prove a quantitative rigidity result. Loosely speaking, it says
that if a function v € A(n, a, My) behaves like a homogeneous harmonic polynomial with respect to the
Almgren frequency (in the sense that it has small drop across scales), then it must be close to being a
homogeneous harmonic polynomial. This will connect the behavior of the Almgren frequency to our
quantitative stratification.

Lemma 5.2 (quantitative rigidity). Let v € A(n, o, My), as above. Let Q € B1(0)N dQE. Forevery § > 0,
there isany =y n, a, My, §) > 0 such that if ||In(h)|o <y and

N(Qa 1sU)—N(Q,V,U)§)/,
then v is (0, §, 1, Q)-symmetric.
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Proof. We argue by contradiction. Assume that there exists a § > 0 such that there is a sequence of
functions v; € A(n, a, My) with ||In(h;) |l <277 for which there exists a point Q; € B1(0) N E)Qii with

N(Qi, 1,v) — N(Q;, 27" v) <27,

but where no v; is (0, §, 1, Q;)-symmetric.

By Lemma 5.1 there exists a subsequence Ty, 1v; which converges strongly in Wli)’cz to a harmonic
function v,. Therefore N(Q, r, vo) is monotone increasing. Further, by Corollary 4.3 we know that
lim;_, o N(O, r, TQJ.’lv‘,-) = N(0,r,vy) for all 0 < r < 1. By Lemma 4.10 and the aforementioned
convergence, we have that

N0, 1,v5) —N(0,0, vy) =0.

This implies that v, is a homogeneous harmonic polynomial (see, for example, the proof of [Han and
Lin 1994, Theorem 2.2.3]). Thus, we arrive at our contradiction, since the TQj,lv ; were assumed to stay
away from all such functions in L>(B;(0)). O

Remark 5.3. Since N(Q, r, v) is scale-invariant, Lemma 5.2 is also scale-invariant in the sense that if
N(Q,r,v) —N(Q,yr,v) <y and ||In(h)|y <y, then v is (0, §, r, Q)-symmetric.

6. A dichotomy

The proof technique in the rest of the paper is an adaptation of techniques developed by Naber and
Valtorta [2017].

This section is dedicated to proving a lemma that gives us geometric information on the quantitative
strata. Roughly, it says that if we can find (k+1) points that are well-separated and the Almgren frequency
has very small drop at these points, then the quantitative strata is contained in a neighborhood of the
affine k-plane which contains them and we have control on the Almgren frequency for all points in that
neighborhood. This is a quantitative analog of the following classical result.

Proposition 6.1. Let P : R" — R be a homogeneous harmonic polynomial. Let 0 <k <n—2. If P is
translation-invariant with respect to some k-dimensional subspace V and P is homogeneous with respect
to some point x ¢ V, then P is (k+1)-symmetric with respect to span{x, V}.

See [Cheeger et al. 2015, Proposition 2.11] or [Han and Lin 1994, proof of Theorem 4.1.3].

We shall use the notation (yp, ..., yx) to denote the k-dimensional affine linear subspace which passes
through yo, ..., yx.
Lemma 6.2. Let v € A(n, a, My) and 0 < € be fixed. Let y, ', p > 0 be fixed, then there exist constants
0<no(n,a, Eg, 6,7, v, p) L pand0 < B(n,a, Ey, €, 1, p) < 1 such that, if
(1) E =supyep, onan+ N(Q,2,v) €0, Eol,
(2) there exist points {yg, y1, ..., Y} C B1(0)N IO+ satisfying yi & By ({y0, - -+ » Yi—1, Yit1s -+ -» Yk))
and

N©i,yp,v) = E—no

foralli =0,1,...,k,and
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(3) () lle < no,
then, writing (yo, ..., yx) = L, for all Q € Bg(L) N B1(0) N IQ*,

N(Q,yp,v)>E—n
and
Sk N B(0) C Bg(L).

€,10

Proof. There are two conclusions. We argue by contradiction for both. Suppose that the first claim fails.
That is, assume that there exist constants y, p, n’ > 0 for which there exists a sequence v; € A(n, o, Mg)
with SUPpeB, (0) N(Q,2,v;) = E; €0, Eo] and points {y; ;}; satisfying (2) above, with |[In(h;) | < 271
no <27', and a sequence f; < 2~% such that, for each i, there exists a point x; € Bg,(L;) N B1(0) N 89?E
for which N (x;, yp,v;) < E —7n'.

By Lemma 5.1, there exists a subsequence v; such that 7p jv; converges to a harmonic function vy in
the senses outlined in the lemma. Further, by the compactness of [0, Eq], m, and the Grassmannian,
we may assume that

E,— E, Yi,j = Yj» L, — L, Xi%XmEB](O)maﬂi,

where BQfO = {ve = 0} is a two-sided NTA domain with constant 2M( by Theorem 3.8. Note that the
convergence given by Lemma 5.1 implies

sup N(Q’Z’ vOO) =< Ea N(-xoo, Ype, UOO) < E—n/,
Q€B(0)
and

N(ij Vp, UOO)ZE

forall j =0,1,...,k. Because vy is harmonic, N(p, r, vo) is nondecreasing in r for all p € B,(0).
Therefore, N(y;,r, voo) = E for all y; and all r € [yp, 2]. Thus, v is a O-symmetric function in
B>(y;) \ By, (y;) for each y;. By unique continuation, v is 0-symmetric with respect to y; for each ;.

Because the y; € B1(0) are in general position, by Proposition 6.1, vy, is translation-invariant along L in
B»(0). Since xo € LN B;(0), this implies that N (xs, 0, Vo) = E. But this contradicts N (xeo, Y0, Vso) <
E — 7', since N (X0, I, Voo) must be nondecreasing in r. This proves the first claim.

Now assume that the second claim fails. That is, fix 8 > 0 and assume that there is a sequence
v; € A(n, o, M) with SUpgeg, ) N(Q,2,v;) = E; €0, Eo] and points {y; ;}; satisfying (2) above, with
In(h)|le <2 and a sequence 1; — 0 such that for each i there exists a point x; € Sf,m— (vi) N B1(0) \
Bg(L;).

Again, we extract a subsequence as above. The function vy, will be harmonic and k-symmetric
in Bi45(0), as above, and x; — x € B;(0) \ Bg(L). Note that by our definition of Sf’m(vi) and the
convergence in Lemma 5.1, x € Sf/z(voo).

Since v is k-symmetric and L is its k-dimensional spine, every blow-up at a point in B;(0) \ Bg(L)
will be (k+1)-symmetric. Thus, there must exist a radius r for which v is (k +1, }‘e, 7, x)—symmetric.
This contradicts the conclusion that x € Sé‘ /z(voo). O
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Consider the following dichotomy: either we can find (k+1) well-separated points y;; with very small
drop in frequency or we cannot. In the former case, Lemma 6.2 implies that the Almgren frequency has
small drop on all of Sf,n(v) (and we also get good geometric control). In the latter case, the set on which
the Almgren frequency has small drop is close to a (k—1)-plane. In this case, even though we have no
geometric control on Sf’n(v), we have very good packing control on the part with small drop in frequency.
We make this formal in the following corollary.

Corollary 6.3 (key dichotomy). Let v, p,n’ € (0, 1) and 0 < € be fixed. There exist
0<p(n,a, Eoge,n,p) <1 and 0<no=mnon, a, Eo,€,1,y,p) KLp

such that the following holds. For all v € A(n, o, My) with SUPeB, (0) N(Q,2,v)<E€]0, Egl,if n<no
and ||In(h) | < n, then one of the following possibilities must occur:

(1) N(Q.yp.v) = E—n"on S¢, (v) N B1(0) and

Sk N B1(0) C Bg(L).

€,10

(2) There exists a (k—1)-dimensional affine plane L*=1 such that
{Q €0Q™ : N(Q,2n,v) = E =19} N Bi(0) C B,(L* ™).

Remark 6.4. The former case is simply the conclusion of Lemma 6.2. In the latter case of the dichotomy,
we know that all points in Q2 N B;(0) \ Bp(Lk_l) must have N(Q, 2n, v) < E —ngp. Since N(Q, r, v)
is almost monotonic and uniformly bounded, this can happen for each Q only finitely many times.

7. Spatial derivatives of the Almgren frequency

The main result of this section is Corollary 7.7, in which we estimate the difference between the Almgren
frequency at nearby points. First, we need a preliminary estimate which extends one of the results of
Lemma 4.7 to points p € B;(0) \ dQ*.

Lemma 7.1. Let v € A(n, a, My), and let0 <s <1, Q € QT N B;(0), and p € Bs/3(Q). Then we have
the estimate

»” (B;(Q))? ‘

H(P,S,ve)zc(n» MO) Sn73

Furthermore, forall0 < s < % and all %s <r<2s,

H(pv r’ vé) %n,a,Mo,l" H(Qv 2S7 UG) %n,a,Mo,F H(Qv %S7 UG)-

Proof. Let xmax(p, s)* denote the point in 3 B, (p) N Q* which maximizes |v| on 8 By(p) N Q.
If we can show that, for all p and all 0 < s < l,

w” (Bs(Q))

[v(Xmax (@, ) )| ~m, 12
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and that dist(xpax (p, 5), 3QF) > 8§(Mp) > 0, then
o™ (Bs(Q))*

/ vldo > / [v[*do > C (M) [v(max(p. ) *(85)" ™" = C(n, Mp) ———
9B,(p) 0 Bs(p)NBss (Xmax (P,5)) s

If this can be shown, then recalling the doubling of harmonic measure on NTA domains, the above string

of inequalities proves that H(p, s, v¢), H(Q, s, v¢), and H (Q, %s, ve) share a common lower bound.
The common upper bound follows from a similar argument using Remark 3.1. That is, if we can show,

forall pandall 0 <s < % that dist(xpax (P, 5), 9Q%) > 8(a, My, ') > 0, then by Harnack chains we

know that
0T (Bs(Q))

|U(xmax(Qs S)+)| ~a,My,T' G2

and that
/ W do < [v(Xmax (@, )7 12" 4 [0 (Xmax (Q, ) T2 !
dB;(Q)

—_ BY 2
< C(Mo)([0(As(Q) ) 2" 4 [u(A (@) 2™ < Cn, &, Mo, T) L2 (B,(Q)”

sn—=3
Recalling the doubling of harmonic measure on NTA domains, the above string of inequalities proves that
H(p,s,ve), H(Q, s, ve), and H(Q, %s, ve) share a common lower bound. This would prove the lemma.
Let Q, p, and s be given. By the maximum principle for harmonic functions applied to v~ in 27, we
have [v(Xmax(p, $)%)| > |v(xmax(Q, %s)i) | By NTA estimates [Engelstein 2016, Lemma 5.4], we have

w®(By125(0Q)) N
(35)"

Therefore, by the uniform Lipschitz estimates of Theorem 2.6 and Remark 3.1 we infer that

o 19(AT, (D)) = [0(xmax (©. 35)™) | < [max(p. )1,

diSt(xmax(pv S)i, agi) 2M0,F,a S.

Therefore, we may use Harnack chains and estimate

™ (B (Q))
[V Cmax (P2 )5 < [0(AS (O] ~pty — s
(2s)"
Thus, by the doubling of harmonic measure on NTA domains (see [Jerison and Kenig 1982]), we infer
that [v(Xmax (P, $)5)| ~ a1, [v(A2;(Q)F)]. This proves the lemma. O

Remark 7.2. As a consequence of Lemma 7.1 and Corollary 4.4, we observe that if v € A(n, o, My)
then, for every 0 < r < % and every point p € B;(0) such that dist(p, IQF) < %r and forany 0 < e < r,

N(p,r,v) <C(n,a, My,I') and N(p,r,ve) <C(n,a, My, I').

Lemma 7.3. Let v € A(n, o, My) with ||In(h)||¢ < T, and let Q € Bi(0)NINT, 0 <5 <1, and € K s.

Forall p € By/3(Q)N Q™ and all vectors v <r,
™ (B;(Q))?

Sn72

|0l (7-1)

/ (Ve ) Ave dV ()| < CllIn(h) as®
Bs(p)
where C = C(M).
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Proof. Let p, O, and s be as above. For sufficiently small 0 < €,

f (Vve, V) Ave dV (x)
Bs(p)

- -\ (| RO - -\ (|70 -
= (Vve, v)eAv(x)| < [((Vve, V))el|— — 1| do™ < |((Vve, V))el| 77— — 1| dw
By(p) By(p) h(x) Ba(Q) h(x)
< ||1n(h)||a(2S)°‘/ |((Vve, ))el dow™ < [[In(h) [l (25)* |3 [Vvele do™.
B»(0Q) By (Q)
Chasing through the change of variables x = ry + Q, we see that
1 o™ (B, (0Q))
Viv(x) = ;Vyv(”y +0)= rn—_lvyvr(y)-

Thus, we calculate that for the change of variables x = 2sy + Q,

o (Bay(0))? )
W/B.(O) Vv 25 *Pe)25) | % Pe/(25) de,Zs
(s)n—l

sn—2

< () [l (25)* D]

f (Vve, 0)Ave dV (x)
Bs(p)

< (k) [l Cs* 7] @4 2,(B2(0))

< In(A)[l«Cs* |0l

where the last two inequalities are because the vy , are uniformly locally Lipschitz, 1 +¢€/r < 2, the
a)é ,(B2(0)) are uniformly bounded for Q € B;(0) and r < 2, and the doubling of harmonic measure on
NTA domains. Il
Lemma 7.4. Let v € A(n, o, Mp), Q € 3Q* N B1(0), and 0 < r. Then for p € B,;3(Q) and v € R” such
that |v| < r, we calculate the spatial directional derivatives as follows:

0 -
_->H(p7 r, UG):Z/ ve Ve - vdo, (7_2)
dv 3B, (p)

0 - 0

—=D(p.r,ve) =2 (Ve - 9)(Vve - ) do — —=VeAvedV, (7-3)
v 9B, (p) B, (p) OV

0 2 N

—=Np,r,ve)=——"-— (rVue -n—=N(p, r,ve)ve)(Vue -v) do

v H(p,r,ve) \JoB, ()

d
o fB,-(p) J=VcAvedV

H ( P ’ r ’ Ue)
Proof. Equation (7-4) follows immediately from the preceding equations. The spatial derivative for

. (74

H(Q, r, u) follows from differentiating inside the integral. To obtain the spatial derivative for D(Q, r, v),
we recall the divergence theorem:

d d
—=D(p,r,v) = 1(/ vVv~nda(x)—/ veAvedV)
v 30 \Ja,(p) B (p)

- 0
= / (Vve -v)(Vue - n)do +/ ve— (Vve - n) do.
9B, (p) 9B,(p) OV
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Now, we focus upon the last term. Recalling Green’s theorem and the fact that partial derivatives of
harmonic functions are themselves harmonic,

0 0 0 0
/ UGT(va-n)dazf U€V<TU€)-ndU=/ Vv€~ntveda—/ — v Ave dV
2B,(p) OV 9B, (p) v 9B, (p) dv B (p) OV

- 0
= / (Vve-v)(Vue - n)do —/ — v Av. dV. O
9B, (p) B,(p) OV

Definition 7.5. For the sake of concision, we define the following notation for v € A(n, o, My), y € Q,
andradiiO <r, R <2.

Ey(2) :=Vve(2) - (z—y) = Ny, |z — yl, ve)ve (2), (7-5)

W, r(Y):=N(, R, ve) = N(y, 7, ve). (7-6)

Lemma 7.6. Let v € A(n, a, My) with |In(h)||lq <T. Let Q € 3QENB(0) and 0 <r < 1. Let p€[Q, Q']

with Q' € Q% N B,/3(Q). Then, forv = Q' — Qand0 < e K r,

2 1
i IVl do ) o)

S 2(Wy 2.0 W22, (0 crr®
S o.r 2Wr220(Q) + Wrp22r (@) + CT7 )(r( H(p,r, ve)

2 3 $
b Eo@+ |Eo 2d>(/ V(D) (2 — zd)
H(p.rv0) </aB,(p)| o@I"+Eg )| do BB,(p)( ve(2) - (z—p))°do

1

Eo@)2 +|Eg ) do)z

fB,.(p) Ve Ave dV) e
H(pa r5 vE)

ad
‘_—.N(pvrv UG)
av

1
+C(n, A)(—f
H(p,r,ve) Jom.(p)

+2(N(Q’ r, ve) _N(Q/’ r, vé))(

Proof. We begin by noting that Lemmas 7.3 and 7.1 give

rfBr(p) %veAvE dv
H(pa ra vE)
Now, we write the decomposition
Ve (0= Q) =Vve- (2= Q)= Vve - (2= Q)
= (N(Q, lz— Ql,ve) = N(Q', |z — Q'l, v))ve + (Eg(2) — Egr(2)).

<C(n,a, My, D)r°r.

Therefore, plugging this into (7-4), we obtain for v = Q' — Q,

2 -
—</ <ere’77—N(P,r, ve)”e)(vve'v) d0>
H(p,r,ve) \JaB,(p)

2 / /
~Hp,r,v) (/Z;B,(p) E,()(IN(Q, |z— 0Ol ve) = N(Q', |2 — Q'[, vo)lve + (Eg(2) — Eg(2))) dg)

=A+B-C,
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where for the purposes of this lemma

2 / /
A w0 /aw Ep()(N(Q. |z = Ql,ve) = N(Q', | = Q'], ve))ve do,

2
Bi=_—— Vue(z) - (z— p)(Eo(z) — Egi(2)) do,
H(p,r, ve) /BB,@) ve(2)- (2= P)Eg(@) ¢ (@) do

2
Ci=—— N(p, |z — pl, ve)ve E —Eop do.
H(p,r, ve) /aBr(p) (p- 2= Pl ve)ve(2)(Eo 2) 0 @) do

We begin by estimating A. We rewrite

N(Q,lz=0Ql,ve) = N(Q', 1z = Q' ve) = N(Q, 1, ve) = N(Q', 1, ve) = Wiz, (@) + Wiz— 0, (Q).

Note that if [Q — Q'| < 1r and p € [Q, Q'] then 1r < |z —x;| < 2r for x; € {Q, Q'} and all z € 3B, (p).
Therefore, by Lemma 4.10, for all z € 4B, (p),
[Wi.—01,- (@) < W,22,(Q) +2C1T(2r)°,
W= 01.- (O] < Wy /22-(Q") +2C T (2r)%.

Furthermore, we estimate by the divergence theorem
[ E@W@rv0 - N @ r v do
9B, (p)

=(N(Q,r,ve) —N(Q',r, ve)) /33( )vere(z)‘(z—y)—N(p, |z — pl, ve)vZdo
r p

:(N(Q7r7ve)_N(Q/’r’U€))'(/ UeAvedV>-
B,

+(P)

Thus, we may give the following preliminary estimate on A:

|Al < (Wry2,2:(Q) + Wip22,(Q) + CTr®) |Ep(2)|veldo

)
H(p,r, ve) Jag,(p)

+2(N(Q9r7 UE) _N(Q/a r, vé))(

fBr(p) Ve Ave dV)
H(p,r,ve) )’
Focusing upon the term

: /
— |E,(2)]|ve| do,
Hp,r,v) Jon, iy * ‘

using Remark 7.2 and Cauchy—Schwartz we estimate

|E,(2)]|ve| do < rlveVue - |+ N(p, r, ve)|ve|* do

2 / 2 /
H(p,r,ve) Jas,(p) ~ H(p,r,ve) Jos, ()

|Vve |2 do \2
§2C<r<f88'(p) ‘ ) +1).
H(p,r, ve)
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Now we estimate B using Cauchy—Schwartz:

2 2
i » 1) Ve = E —E d
(H(Pv I, Ve) /BBr(p) ve@)- (2= p)Ee(@) — Eg(2) G)

(Eg() — Eg(2)do / (Voe(@) - (z = p))*do
3B, (p)

8 f 2 2
<5 Eo@)P +1Eg @) do(/
H(p,r,ve)? Jop,(p) © . 3B, (p)

For |C|, the same Cauchy—Schwartz argument plus Corollary 4.4 shows that

)
< Tt
H(p,r,ve)* JaB,(p)

(Voe(2) - (z — p))? do>.

1
2
1C| SpaMo.T ( |Eo(2)]* + |EQ/(z>|2do) :

ol
H(p,r, ve) JaB,(p)

This proves the pointwise estimate

2 1
faB,(p) V| dO')z N 1)

0
—N(p, 1, ve) Snamo.r Wr2,2-(Q) + Wi 22 (Q') + CFF“)2(F(
H(p,r, ve)

ov

2 > }
+ Eo@|*+|Eg zd)(/ Vue(2) - (z— Zd)
Hp.r ve)</33,(p)| @I+ 1Eg(2)|"do aB,(p)( Ve(z) - (z—p))“do

1

1 / 2 2>V

+|—- |[Eo(@)|"+ Eo(2)] da)
(H(P, T, Ve) JaB, (p) © ©

B, UGAUde) 4yer
H(P» ra vé)

We prove the lemma by reversing the roles of Q and Q' O

+2(N(Q9ra Ué) _N(Q/a r, vé))(

Corollary 7.7. Let v € A(n, a, M) with |[In(h)|lq <T, let Q € 3QT N B;(0) and 0 < r < 1, and let
Q' € 9Q* N B,/3(Q). Then

IN(Q', 7, v) = N(Q, 7, V)| Snastyr Wrj2.2:(Q) + Wy 2.2,(Q") + CTr® 1477172,

Proof. First, since for any 0 # ¢ we have N(Q, r, v) = N(Q, r, cv), we shall assume for the purposes
of this lemma that v = Ty jv. We shall show that |[N(Q’, r, ve) — N(Q, r, v¢)| satisfies a corresponding
inequality, and let € — 0. Since N(Q’, r, ve) = N(Q’, r, v) as € — 0, this will prove the claim.

Let v = Q' — Q and p, := Q +tv. Then we calculate

1
IN(Q'. 7, v) = N(Q. 7, vo)| < / 2N i rvo|dt Sueyr A+B+C+D+E,
0

where

1 /. IVoe|? do \z
A= / (Wr/2,2r<Q>+Wr/z,2r<Q’)+crr“)2(r< 05 p) ) + 1) dt,
0 H(plv r, vé)

1

B= g0 E *+|Ey 2d>(/ Vue(z) - _zzd)d,
/0 H(pio 7, ve) </33,(p,)| 0"+ |Eg ()| do aB,(p,)( Ve(2) - (z—pr))°do | dt
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1 1 %
c;:/ (—/ |Eg(2)|*+|E /<z>|2da) dr,
o \H(ps,r,ve) Job,(p) © ¢

fBr(p,) ngvedV) .
H(plvr’ UG) '

1
D:ZZ(N(Q,I",UE)—N(Q/,I",Ug))/ <
0
E:=CTr"
We estimate each term separately.

Bounding A. We begin by rewriting A:

) |Vue|?do\z
A=2(W, /22 (Q) + Wr/22,(Q) + CTr%) / (r( 9B (p) ~ © ) + l)dt.
0 H(Pt» r, Ue)

Observe that by Lemma 7.1 and Remark 4.12 we may using Holder’s inequality to estimate
Ut oo | VVelPdo\z U Sam o | VVel?do\z
r dt ,Sn,oz,Mo,l" r dt
0 H(pl’r’vé) 0 H(Q9r9ve)

S e (A
SnaMy T ' 175 Vel a0 '
PR HQ, v 2\ o Jaspy

Now, divide the spheres as follows: B, (p,;) = 0B, (p,)" UdB,(p, ), where

B, ()" ={x € 3B (p)): (x—p;)-U<0} and 3B, (p)" ={x €dB,(p1): (x—p;)-v>0}.

Notice that

max #1re€[0,11:2€3B,(p)  orz€dB,(p,)} =2
z2€U, 0.1 9Br (1)

Then, use the coarea formula for the function ¢ : Urero.17 8B( p)E — R defined by ¢lyp, (p)+ =1. Note
that if we write L := Q + span{v} and dist(z, L) = §, then

1
JoT(z) = |V = d = ,
¢~ (2) =V (2)] 10— 0] (252 |0 — Q0’| cos(0(2))
where .
0()=—L1. 2 forzedB,(p)*.
|z—pel [V

Thus, we obtain

/1r<f33,.<p,>|Vvel2d0)5 G ( [ 21Vo dv>5
0 H(p;,r, ve) T H(Q, 1 v) 2N, 08, (o 1@ — Q'11c0s(0(2))] '

Note that a simple calculation gives, for any 1 < p < 2,

/ 10— 0’| cos(B(z)|?dV =// 10— Q' M| cos(B(2)| 7P dH" "' ds
Ureto.1 9B (pr) 0 J%Es

rpn=2 c(n) 4
<c(n )/ T ds < 1_%pr . (7-7)
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Since Ty rve is uniformly locally Lipschitz by Lemma 3.4, recalling Definition 2.7 and choosing p = 1
above, we see

2 |Voe|? :
r 7 2/ p dv
H(Qv r, vé) UtE[OYl] aB,(p[) |Q - Q I |COS(0(Z))|

1
VT, 2 2
:2«/5(1”]_”[ | /Q,rve| dV)
Urero.19B1(To.r p1) |Q — Q'||cos(0(z))]
1

=2«/§C<r1"/ |0 — Q/|1|cos(9(z))|1dV>2
UteOl]aB (P

<C,a, My, T').
Thus

|A| <n o, My, T’ (Wr/Z 2r(Q) + Wr/2 Zr(Q ) + Crra)

Bounding C. By Holder’s inequality (or Jensen’s inequality for concave functions) and Lemma 7.1, we
may reduce to considering

1 1
/—/ V0e(2) - (2 = Q) = N(Q, |2 — O, v)ve ()2 dor (2) di
o H(pi,r,ve) Jag,py

! 1
SnoaMo.T / — f IVUe(@) - (z— Q) = N(Q, |z — Ql. vo)ve (2)|* do () dt.
o H( 0B, (pr)

Q. 51 ve)

Now, we change variables using Definition 2.7 and Lemma 7.1, and use Young’s inequality to get
/ / VU @)+ (2= Q) = N(Q. |2 = QL. v)ve (D) do (2) i
H(Q, 37, ve) Job,(p)

<2/ [Vve(z) - (z— Q) = N(Q, |z— 0], ve)ve(Z)|2
" U 98- () H(Q, 3r,ve)10 — Q'|[cos(0(2))]

VT, ve(z) -z — N(O, |z|, To.rve) To.rve (2)]?
~n,a, My, T 2r T0—0 dv
Ureo.1; 981 (To.rpr) =222 cos(0(2))]
<4/ IVT0,rve(@ 21 +IN(O, [2], T, v To, v I )
" U 9B1(To. p) |22 ||cos(0(2))]

Now, by Corollary 4.4 and Lemma 3.4, the numerator is bounded by a constant. Whence, by a calculation
similar to (7-7), we obtain

/ f IVue(2) - (z— Q) — N(Q, |z — Ol, ve)ve (2)|* do (2) dt Spamtor 1.
H r Ue By (pr)

An identical argument holds for Q' in the place of Q. Thus, we have that |C| <m0 1.
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Bounding B. Using Cauchy—Schwartz, Lemma 7.1, and the estimates of the term |C| above, we obtain

b2 : :
B= H(p,.r ve) E ? +1Eg 2 d ) (/ Ve = Dt 2d ) d
/o H(p;,r, ve) (/33,(170 Eo@I+IEe @ do aB,(p,)( ve(@) (2= p))ido | di

2 ) 1
Sna, Mo, T (r— IVv/e(z)I dV)
H(Q. 1, v) JU, 0,081 ((pi—00/r) |Q — QI |cos(65)]

1

- IVTg,ve@F |\

Snamor (/ Q_Q/Qr—6 dv).
Ureto, 9B1((pi—Qi)/11) ‘ {|COS(9§)|

7

Thus, by Lemma 3.4 and a calculation identical to that of (7-7), we obtain |B| Sp.¢.m.1 ro172,

= / |(Ve)el
B, (p)

< (k) [l 2r)* /

Bounding D. Note that

/ veAv. dV (x) ——1
Br(Pl)

h(x)

h(0) ’

@—l'da)

d h €Je
o S/B%(Q)I(v) i

|(ve)eldw™ < ||1n(h)||a(2r)°‘C/ |(ve)eldew™.

By (Q) By (Q)
Chasing through the change of variables x =ry + Q, we see that
1 w (B-(Q))
va(x) = _Vyv(ry + Q) = #vyvr(y)
r r

Thus, we calculate that, for the change of variables x = 2ry + Q,

@ (B2 (0))? _
/ veAve dV ()| < [ln(h) o 2r)* =25 / V0.2 * bejan | * bejar) Aoy,
B, (p) (2r) By (0)

~(By,(0))?
< ||1n(h)||aCr“w(r,,#C (E)wé,zr(Bzm))
@™ (B,(0))?

yn—2 ’

< Il crec(<)

where the last two inequalities are because the vg , are uniformly locally Lipschitz, 1 +¢€/r < 2, the
a)é +(B2(0)) are uniformly bounded for Q € B;(0) and r < 2, and the doubling of harmonic measure on
NTA domains.

Thus, by Lemma 7.1 we have

S8, (py VA VAV
H(plv r, vé)

) dt < C(n, &, My, T)[7%~! (;)

1
2(N(Q,r,v) = N(Q', 1, Ue))fo (

Letting € — 0, we see that D vanishes.
Thus, putting together the estimates for A, B, C, D we have
IN(Q',r,v) = N(Q,r,v)| < lirr(l) IN(Q', r,ve) = N(Q, 1, ve)
€—>

Sn,a,MO,F Wr/Z,Zr(Q) + Wr/2,2r(Q/) + rr® +1+ r—1/2'
This proves the lemma. 0
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8. Frequency pinching

In this section, we prove a “frequency pinching” result (Lemma 8.2) in the style of [De Lellis et al. 2018].
This kind of result relates Jones’ beta numbers to the drop in Almgren frequency.

Definition 8.1 (Jones’ beta numbers). For i a Borel measure, we define ﬁ,]i,z(Q’ r)? as follows:

| dist(x, L)?

Bl 5(Q. ) =inf — ———du(x),
’ LY 1% JB,(p) r

where the infimum is taken over all affine k-planes.

Taking the infimum here — as opposed to the minimum —is a convention. The space of admissible
planes is compact, so a minimizing plane exists. Let V/f(Q, r) denote a k-plane which minimizes the
infimum in the definition of ,Bl’j(Q, r)%. Note that this k-plane is not a priori unique.

Lemma 8.2 (frequency pinching). There exists a constant 59 = 8o(n, o, My, I') > 0 such that, for any
0 <68 <éy,if ve Aln, a, My) with ||In(h)||y <T then, forany Q € 02N B1(0) and 0 <r < 1—16, if vis
(0, 8, 8r, Q)-symmetric but not (k+1, €, 8r, Q)-symmetric, then, for any finite Borel measure (i supported
in B,(Q)NJL,

k 2< r W, d r W, 2d
Bu2(Q. 1) SnaMo,Te r216r (V) dp(y) | + — r2,16r (V)7 du(y)
r B, (Q) r~ JB.(0)

w(B:(Q))
rk '

+ 1 (W 216r(Q) 4+ T2 14771 (8-1)

Before proving Lemma 8.2, we prove a few preliminary lemmas. We begin by noting that for any
finite Borel measure n and any B,(Q) we can define the p center of mass by X = fBr( o0 du(x) and
define the covariance matrix of the mass distribution in B,(Q) by

b) =f O —X)(y—X)tdu(y).
B (Q)

With this matrix, we may naturally define a symmetric, nonnegative bilinear form

O, w)=v'Zw= f (- (y=X)w-(y—X))du(y).
B (Q)
Let vy, ..., U, be an orthonormal eigenbasis and A > - - - > A, > 0 their associated eigenvalues. These

objects enjoy the relationships

B, ) (B, (Q))
Vi 2(Q,r) =X +span{vy, ..., %} and ﬁ,’;,2<x,r>2=r—k<xk+1+---+xn>.

See [Hochman 2015, Section 4.2] or [Naber and Valtorta 2017, Section 7.2].

Lemma 8.3. Letv e A(n, o, My), and let Q € 02N B1(0) and 0 < r < zlt' Let w, Q, A;, v; be defined as
above. For any i and any scalar ¢ € R,

i f (@i - Vu(2))* dz < f (/ lev(z) — V() - (z - y)|2dZ> du(y).  (8-2)
Asrar(Q) B (0) \J 34 (»)
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Proof. Observe that by the definition of center of mass,
f w-(y—X)du(y)=0
B (Q)
for any w € R". Therefore, for any z for which Vv(z) is defined,
2i (0 - Vo(2)) = Q(1;, Vu(2))

_ f @ (= X))V - (v = X)) dp(y)
B, (Q)

_ f @i (= XNV - (v — X)) dp(y) + f o ()@ - (v = X)) die(y)
B.(Q) B.(Q)

= fB (Q)(ﬁi (Y =X)D(cv(@) = V(@) - (X —z+z2—y)du(y)

= f W - (v = X)) (cv(2) = Vu(2) - (z — y) dn(y)
B.(Q)

<’ (f lev(z) = Vo(2) - (2 — y>|2du<y>>2.
B.(Q)

Squaring both sides and integrating over A, g(Q) = Br(Q) \ B,(Q) gives the result. (|

Lemma 8.4. Let v € A(n, o, Mg) with ||In(h)|l¢ <T and 0 <k <n—2. Let Q € QT N B1,4(0) and

O<r< 3% Then, for any Q' € B,(Q) N 3QT,
/ IN(Q, 7r, v)v(z) — Vu(z2) - (z — Q") ? dz
Asrar(Q) H(Q', |z = 0’|, v)

< IN(Q', 12— Q' v)v(z) — Vv(z) - (z — O)|?
~n,a,Mo,T ; ; dz
A7:(Q) H(Q', |z— 0’|, v)
+ (W, 2,160 (@) + Wiy 16- (@) + T2 + 1477 r

Proof. First, we observe that
N(Q,7r,v) =N(Q', [z = Q'], v) + Wi:—017-(Q) + [N(Q, |z — Q'|, v) = N(Q', |z — Q'|, v)].

Therefore, by the triangle inequality,

IN(Q. 7r, v)v(z) — V() - (z — Q")
< (1(Wi—01 77 (@) + N(Q. lz— Q. v) = N(Q'. |z — Q'] v)v(2)|
HNQ |z = Q' )v() — Vo) - (z— 0))°
<2|(We—g1.7-(Q) + N(Q. |2 — Q'|.v) = N(Q'. |z = Q' )v(@) |
+2/(N(Q', 12— Q' v)v(@) — V(@) - (z — Q).
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Now, using Corollary 7.7 at scale r = |z — Q| and the almost monotonicity of the Almgren frequency,
we estimate

/ |(W:—0.7,(Q) + N(Q, |z— Q'|,v) = N(Q', |z — 0|, v))v(z)|2
Ao 77 (Q') H(Q', |z—0'|,v)

Sn,a,M(),F Cgr(Qa Q/)

lv(z)?
Ay H(Q' 2= Q'] v)

’

where the term %, (Q, Q') is defined by
6(0, Q) =W, 216-(Q)* + Wy 2.16- (@) + T2 14771

We finish the proof by observing that

2
/ /|U(Z)| - dz <Tr. 0
Axrr(oy H(Q's |z — Q'] v)

Lemma 8.5. Let v e A(n, a, Mo) with |In(h)||q <T and 0 <k <n—2. Let Q € B;(0)NIN*, 0<r<ﬁ

Let 0 < € be fixed. There exists a constant § = §y(n, o, My, I', €) > 0 and a constant 0 < C(n, a, My, T, €)
such that if v is (0, 8, 8r, Q)-symmetric but not (k + 1, €, 8r, Q)-symmetric, then, for any orthonormal

vectors Uy, . .., Ugyls
k+1

: > u(e)*

</ o
C ™ Jayu0 H(Q r,v) “

Proof. We argue by contradiction. Assume that there is a sequence of functions v; € A(n, o, M),
Qe Bl/16(0)089f, and0<r; < 1—16 such that v; is (0, 27/, 8r;, Q;)-symmetric but not (k+1, €, 8r;, Q;)-
symmetric. And, for each i, there exists an orthonormal collection of vectors {v; 7} such that

k+1

/ Z(v,] VTo, vi(2)*dz <27
A340) ;

By Lemma 3.6, we may extract a subsequence T, ,, v; for which Ty, »,v; converges to a nondegenerate
function v. Similarly, {v; i} converges to an orthonormal collection {v;}. Given the assumptions above,
Voo 18 also O-symmetric in Bg(0) and Vvso-v; =0foralli =1, ..., k+1. Thus, vy is (k+1, 0)-symmetric
in Bg(0). But, this is a contradiction, since the Ty, , v; were supposed to stay away from (k-+1)-symmetric
functions in L?(B;(0)). O

8A. The proof of Lemma 8.2. By Lemma 8.5 and properties of the Jones’ beta numbers, we have,
for {;} the orthonormal basis and A; the associated eigenvalues of the quadratic form in Lemma 8.3,

1(B,(Q)) 1(B,(Q)) ro )
Bun(Q: 1) = —— =g < r—kncmlm Z /A ) M(Q)(vl- - Vu(2))* dz

k+1

w(B,(Q)) r
rk nCH(Q r,v) “ Z wa,(Q)(vl V() dz
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By choosing ¢ = N(Q, 7r, v) in Lemma 8.3 and recalling Lemma 8.4, we have

r

LAY (¥ - Vu(2))* dz
H(Q,r,v) /A3r,4r(Q)

_ ~ o
"H(Q.rv) BV(Q)</;%W)IN(Q,7r,v)v(z) Vu(z) - (z = y)| dz)d,u(y)

IN(y, |z =], v)v(z) — Vu(z) - (z =y )
Snoa, Mo, dz\d
e to-E rfBr(Q) </Amr(y) H(Q, |z —yl,v) DA

+r? f (W16 () + Wy16- (0D + T2 + 147N du(y).
B.(Q)

S,n,a,Mo,

Therefore, collecting constants and using Lemmas 4.9 and 7.1, we have

r2
Bl 2(Q. 1) Snamy.r r_k</ N(y,8r,v) =N(y,r,v) dpc(y))
B, (Q)

u(B,(Q) , 1 /

+ 12 (W16 (Q)? +T2r% 14771 W, 206r ()2 dp(y). O

rk rk

9. Packing

The following theorem of Naber and Valtorta [2017] is a powerful tool which links the sum of the
B1(Q,r)* over all points and scales to packing estimates.

Theorem 9.1 [Naber and Valtorta 2017, discrete Reifenberg]. Let { B, (x;)}; be a collection of disjoint
balls such that, foralli =1,2,...,we have t; < 1. Let €, > 0 be fixed. Define a measure

W= Z ‘L’ik3x,.,
i

and suppose that, for any x € B>(0) and any scalel €{0, 1,2, ...}, if B, (x) C B2(0) and (B, (x)) > ekrlk

then
Zf Bl (2, 16r)* dpu(z) < rfs™.
B

i1 Y B
Then there exists a 5o = do(n, €;) > 0 such that if § < 8,
pwBO)= > tf<Ch).
is.t. x;€eB1(0)

Now we are ready to prove the crucial packing lemma.

Lemma 9.2. Fix0 <€, and let v € A(n, a, Mo) satisfy ||[In(h)|l¢ <n and supycp, oynanx N(Q,2,v) =E.
There is an n1(n, o, Mo, €) > 0 such that if 1 < n1, then for any r > 0 if {Bo,, (Q")} is a collection of
disjoint balls satisfying
N(p.grg.v)>=E—n., Q€S ., r<rg=<l, (9-1)
we have the packing estimate
> b < Caln o, My, €). (9-2)
0
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Proof. Choose &g(n, o, My, €) as in Lemma 8.2, and y (n, o, My, §p) as in Lemma 5.2. Note that we may
assume without loss of generality that n; < 1, and so for C;(«, My, 1) the constant in Lemma 4.9, let

min{dy, y}

< .
=50 F1

We will employ the convention that r; = 27", For each i € N, define the truncated measure

i = Z I"g/éQ/.

rQ/Sr,-

We will write B;(x,r) = ,Bl’il_‘z(x, r). Observe that the 8; enjoy the following properties. First, because
the balls are disjoint, for all j > i,

Bj(x,rj) if x € supp(u;),
0 otherwise.

5i(x,rj)={

Furthermore, for r; < 274, recalling Lemma 4.10 our assumption of the Almgren frequency gives that
N(16r;, Q,v) — N(rg, Q,v) < (2C; + 1)n <max{dp, y} < 1 and

|Wr 2,16 (@) < 1+ C(r, Mo, m)n(167;)~.

Thus, for 0 < » small enough depending only upon & and My, we have |W,, /2,16¢i(Q’ )| < 1. Therefore

2 /
Wy 2,16, (@) < |W,, /2.16r, (Q))].
In particular, by Lemmas 5.2 and 8.2 and our choice of n < n1,

B,
W, 2160 )] du(y)) +<|Wr/z,16V<Q>|+r2r2“+2+r2+r>w.

1
k 2
ﬁ,ui,Z(Q» ri) S,n,a,Mo,F,e r_k(/l;
The claim of the lemma is that po(B1(0)) < C(n, o, My, €). We prove the claim inductively. That is,
we shall argue that there is a fixed scale 0 < R = 2~¢ (depending only upon n, a, My, €) such that, for
ri < R and all x € B{(0),

-(Q)

1i (B, (x)) < Cpr(nyrf.

Observe that since ro > r > 0, for r; < r the claim is trivially satisfied because u; = 0. Assume, then,
that the inductive hypothesis holds for all j >i 4 1. Let x € B;(0). We consider u; (B4, (x)). Observe
that we can get a course bound

14j (B, (x)) <T(n)r{  forall j >i—2 forall x € By(0)

by writing u;(Bay; (x)) = pj+2(Bay; (X)) + Zr’é,, where the sum is taken over all Q' € Bay; (x) with

rjiy2 <rg <r;. Since the balls B, ,(Q’) are disjoint, there is a dimensional constant c(n) which bounds

I’Q/
the number of such points. Thus, we may take I"(n) = c(n)Cpg.
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Now, we calculate

> / Bi(z. ) dui(2)
BZrl (x)

r_,~<2r,
= Z/ Bz, r)? duj(z)
rj <2 Bay, (x)
1
=C Z "3 |Wi 2.06r DI () ) dj (2)
ri<2ri 'J By (x) \J By, (2)
(B, (2))
+C Z <(|Wr/2 165, @+ 7 + )= ) dp (2)
ri<2r BZri(x) I
j i
wi (B (y))
=¢ Zf Wy () it ()
rj<2r; BZr’+, ()C) rj
| ,U,( r(Z))
+C Z/ <(|Wr/216rJ(Z)|+nl’2a+2+ +r) ) (o)
rj <2 Bay; () j
= (Z |W,,/2,16,,<y)|) dpy () +CT@) 3 (7™ 41} 4 rp i (Bar, ().
Byy; (x) 1 <2r; ri<2r;

Therefore, recalling r; =2~ we see that

> Wi 216, (Q)] < 6Vareelry ) N(r, Q' v) < 12C (o, Mo)n(rf'y — ry) + 61,
j=i—1

Therefore

Bi(z.1)*dpi () < CT () 4; (Bay, (x)) (617+ 1zclr;”m) +CF2<n)( > e +r,~2+r,~)r,-"

rj<2r;

<Crm)(1+C@)nrf+CT*myrf Y ri+r;.

rj<2r;

rj<2r Bar; (x)

Thus, for n < ny(n, o, My, €) sufficiently small and r; < R(n, o, My, €) = 2t sufficiently small,

CT(m)*(1+C@)y < 38pr and  CT%(m) Y r?+r; < Lopr.
rj<2r;

For such i and u; satisfying the hypotheses of Theorem 9.1,

Z / ﬁi(z,rj)2dﬂi(Z)S(SDRrik.

rj<2r;i Bor; (x)

The discreet Reifenberg theorem therefore implies that p; (B, (x)) < Cp Rr Thus, by induction, the
claim holds for ; < R =27¢. We may use a packing argument using balls of radius 2¢ to obtain estimates
at larger scales. That is, wo(B1(0)) < CprC(n, ?). O
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10. Tree construction

In this section, we detail two procedures for inductively refined covering schemes. We will use these
covering schemes in the next section to generate the actual cover which proves Theorem 2.15. First, we
fix our constants.

10A. Fixing constants and a definition. In this section, we fix our constants as follows. Fix 0 < €, and
let v € A(n, o, Mo). Let E = sup g, o)nae+ N(Q, 2, v), and fix the scale of the covering we wish to
construct as R € (0, 1].

We will let p denote the inductive scale at which we will refine our cover. For convenience, we will
use the convention r; = p . Let p < % be small enough that

2C(n, a, My, €)c2(n)p < 3,

where Co(n, o, My, €) is as in Lemma 9.2 and c,(n) is a dimensional constant which will be given in the
following lemmas.

Let§(n, o, My, €) be as in Lemma 8.2 and y (n, o, My, §) as in Lemma 5.2. We also let n;(n, «, My, €)
be as in Lemma 9.2, and let

r_ 1
Yw=mn =3mMm-:

Note that while yp < y, Lemma 5.2 still holds with y; in place of y. As in Corollary 6.3, we then let
n=non, o, E+1,¢,1, 1, p). We shall assume that v satisfies

In(h)|la < :
[ln( )Ila_2C1+1n

The sorting principle for our covering comes from Corollary 6.3. To formalize this, we make the
following definition.

Definition 10.1. For Q' € B,(0) NdQ* and 0 < R < r < 2, the ball B,(Q) will be called “good” if
N(Q,ypr,v)= E—n' forall Q € S{, () NB(Q).
We will say that B,(Q’) is “bad” if it is not good.

Remark 10.2. By Corollary 6.3, with E + %770 in place of E — which is admissible by monotonicity and
our choice of ||In(h)|l, < n/(Q2C; + 1)—in any bad ball B,(Q’) there exists a (k—1)-dimensional affine
plane L*~! such that

{N(Q. ypr.,v) = E—3no} N B,(Q) C By (L),

10B. Good trees. Let x € B{(0)N3QT and B, L, (x) be a good ball for A > 0. We will detail the inductive
construction of a good tree based at B,, (x). The induction will build a successively refined covering
B,,(x)N Sﬁ,n & (v). We will terminate the process and have a cover which consists of a collection of bad
balls with packing estimates and a collection of stop balls whose radii are comparable to R. We shall
use the notation G; to denote the collection of centers of good balls of scale r;, and B; shall denote the
collection of centers of bad balls of scale r;.
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Because B,,(x) is a good ball, at scale i = A, we set G4 = x. We let B4 = &. Now the inductive
step. Suppose that we have constructed our collections of good and bad balls down to scale j — 1 > A.
Let {z}, be a maximal %rj—net in

j—1
B (x)NSE e N B, G-\ ] B, (By).
i=A
We then sort these points into G; and B; depending on whether B;,;(z) is a good ball or a bad ball. If
rj > R, we proceed inductively. If r; < R, then we stop the procedure. In this case, we let S = G; U B;
and we call this the collection of “stop” balls.

The covering at which we arrive at the end of this process shall be called the “good tree at B, (x)”.
We shall follow [Edelen and Engelstein 2019] and denote this by 7g = 7g(B;,(x)). We shall call the
collection of “bad” ball centers (_J; B; the “leaves of the tree” and denote this collection by F(7g). We
shall denote the collection of “stop” ball centers by S(7g) = S.

For b € F(Tg) we let r, = r; for i such that b € B;. Similarly, if s € S(7g), we let ry = r; for the
terminal j.

Theorem 10.3. A good tree Tg(B,,(x)) enjoys the following properties:

(A) Tree-leaf packing:

Y rf <Caln, @, Mo, €)r.
beF(Tg)
(B) Stop ball packing:

Z rk < Cy(n, a, My, €)rk.
seS(Tg)
(C) Covering control:

st rnB,mc |J B.o)u |J B,®).

seS(Tg) beF(Tg)
(D) Size control: for any s € S(Tg), we have pR <ry < R.

Proof. First, observe that by construction
{Br,/5(D) : b€ F(Tg)}U{Bys5(s) : s € S(Tg)}

is pairwise disjoint and centered in the set Sf,n z(v). Next, all bad balls and stop balls are centered in a

good ball of the previous scale. By our definition of good balls, then, we have for all i
N(b,yri,v)=N(b,ypri1,v) > E—n' forall €B;

and

N(s,yrg,v) > E—n' foralls e S(Tg).

Since by monotonicity we have that sup By, (x) N(Q,2ra,v) < E+n', we can apply Lemma 9.2 to
B,, (x) and get the packing estimates (A) and (B).
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Covering control (C) follows from our choice of a maximal %ri -net at each scale i. If i is the first scale
at which a point x € Sf,n & (V) was not contained in our inductively refined cover, it would violate the
maximality assumption.

The last condition (D) follows because we stop only if j is the first scale for which r; < R. Since we
decrease by a factor of p at each scale, (D) follows. Il

10C. Bad trees. Let B,,(x) be a bad ball. Note that for every bad ball, there is a (k—1)-dimensional affine
plane L*~! associated to it which satisfies the properties elaborated in Corollary 6.3. Our construction of
bad trees will differ in several respects from our construction of good trees. The idea is still to define an
inductively refined cover at decreasing scales of B, (x) N ‘Sf,n z(v). We shall again sort balls at each step
into “good”, “bad”, and “stop” balls. But these balls will play slightly different roles and the “stop” balls
will have different radii.

We reuse the notation G; to denote the collection of centers of good balls of scale r;, 5; to denote the col-
lection of centers of bad balls of scale r;, and S; to denote the collection of centers of stop balls of scale r;.

Atscale i = A, we set B4 = x, since B, (x) is a bad ball, and set Sy =G4 = . Suppose, now that we
have constructed good, bad, and stop balls for scale i — 1 > A. If r; > R, then define S; to be a maximal
%nr,-_l—net in

B, ()NSE c@)N | Brl, (0)\ Bapr,, (L.
beB;_

Note that n < p, so nri_1 < r;. We then let {z} be a maximal %r,- -net in
B, ()NSE, c@)N ) Brl, (0) N Bapr_ (L.
bEBi,1

We then sort {z} into the disjoint union G; U B; depending on whether B,,(z) is a good ball or a bad ball.
If r; < R, we terminate the process by defining G; = I5; = & and letting S; be a maximal %nri_l—net in

B, (x) NSt x () N By, (Bi1).

The covering at which we arrive at the end of this process shall be called the “bad tree at B, (x)”.
We shall follow [Edelen and Engelstein 2019] and denote this by 73 = T5(B,,(x)). We shall call the
collection of “good” ball centers, | J; G;, the “leaves of the tree” and denote this collection by F(73). We
shall denote the collection of “stop” ball centers by S(7g) = |, Si.

As before, we shall use the convention that for g € 7(73) we let ry =r; for i such that g € G;. However,
note that now, if s € §; C S(73), we let ry = nri_y.

Theorem 10.4. A bad tree T(B,,(x)) enjoys the following properties:

(A) Tree-leaf packing:

Z r;‘ < 2c2(n),0r1§.
8eF(Tn)

Z rf <c(n, r])r}lf\.

seS(TB)

(B) Stop ball packing:
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(C) Covering control:

S rNB,c | B.ou (] B(9).

seS(Tp) 8EF(TB)
(D) Size control: for any s € S(Tg), at least one of the following holds:

nR=<ry <R or sup  N(Q.2rs,v) <E—3n.
Q€Byy, (s)NINE

Proof. Conclusion (C) follows identically as in Theorem 10.3. Next we consider the packing estimates.
Let r; > R. Then, by construction, for any b € B;_;, we have

GiUBiUB,,_ (b) C Bapy, , (LK)

Thus, since the points G; U B; are %ri disjoint, we calculate

1-k

1
G UB; UB,,_, (b)| < wp—10p—t+1(3p)"FT! W <cm)p
n\3

P)
We can push this estimate up the scales as follows:
G UBilrf < ca(m)p'|Bi-alrfy
<c2(m)p'Bi-1 UG,

< (c2p) k.
Summing over all i > A, then, we have that
o0 o0
Z 1Bi—1UGi_1lrf < Z (c2p) A1k
i=A+1 i=A+1
Since we chose cyp < %, we have that the sum converges and
[e.e]
B: . k <2 k
| i—1 Ug171|ri = 20T .

i=A+1

This proves (A).
To see (B), we observe that for any given scale i > A + 1, the collection of stop balls {B,,_, (s)}ses;

form a Vitali collection centered in By, , (B;_1). Thus, we have
10"
{SiH < — - {Bi-1}l.
n

Since by construction there are no stop balls at the initial scale A, we compute that

o o.¢]
D USHOr-F <1055 > [{Br < c(n, .
i=A+1 i=A

This is (B).
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We now argue (D). For s € S; where r; > R, by construction s € B,,_,(b) \ Bapy,_, (L*~1) for some
b € B;_;. By Corollary 6.3, the construction, and our choice of n < % 0, we have

sup N(Q,2r,,v) < sup  N(Q,2nri_1,v) <E—1In.
PEBoy (s) PEByy; | (5)

On the other hand, if r; < R, then r;_; > R. Thus

R>pri_y =nri-y=ry 2 nR.
This proves (D). Il

11. The covering

Assuming that ||[In(h)|lo <n/QRC;+1),for0<n <no(n,a, E+1,¢€, 1, yy, p) as in Section 10, we now
wish to build the covering of Sé" IR N B1(0) using the tree constructions above. Note that By (0) is either a
good ball or a bad ball. Therefore, we can construct a tree with B1(0) as the root. Then in each of the
leaves, we construct either good trees or bad trees, depending upon the type of the leaf. Since in each
construction we decrease the size of the leaves by a factor of p < %, we can continue alternating tree
types until the process terminates in finite time.

Explicitly, we let Fop = {0} and let B;(0) be the only leaf. We set So = &. Now, assume that we have
defined the leaves and stop balls up to stage i — 1. Since by hypothesis, the leaves in F; are all good balls

or bad balls, if they are good, we define for each f € F;_; the good tree T (B, ; (f)). We then set
Fi= |J FTaB, () and =80 | STa(B, ().
feFia feFim

Since all the leaves of good trees are bad balls, all the leaves of F; are bad.
If, on the other hand, leaves of F;_; are bad, then for each f € F;_; we construct a bad tree T5(B;, (f)).
In this case, we set

Fi= |J FasB, () and S=SU | STsB, ().
feFi_ feFim

Since all the leaves of bad trees are good balls, all the leaves of F; are good.
This construction gives the following estimates.

Lemma 11.1. For the construction described above, there is an N € N such that Fy = O with the
following properties:

(A) Leaf packing:

(B) Stop ball packing:
Yk <cma My, €.

SESN
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(C) Covering control:
SE,rNBIO) C | B ().

SESN

(D) Size control: for any s € Sy, at least one of the following holds:

nR<rs <R or sup N(Q,2ry,v) <E—1n.
Q€By, (5)NIQ*

Proof. By construction, each of the leaves of a good or bad tree satisfy ry < r;. Thus, there is an i
sufficiently large such that ; < R. Thus, N is finite.

To see (A), we use the previous theorems. That is, if the leaves F; are good, then they are the leaves of
bad trees rooted in F;_;. Thus, we calculate by Theorem 10.4

Z rji <2c(n)p Z r.l;”"
feF freFio

On the other hand, if the leaves F; are bad, then they are the leaves of good trees rooted in F;_. Thus,

Z r?sz(n,a, My, €) Z rﬁ,.

fEFi freFia

we calculate by Theorem 10.3

Concatenating the estimates, since we alternate between good and bad leaves, we have

Y <e(mQCaln, @, My, €)ea(n)p) 2.
feFi

By our choice of p,
Z r;? < c(n)2_i/2.
feFi
The estimate (A) follows immediately.
We now turn our attention to (B). Each stop ball s € Sy is a stop ball coming from a good or a bad
tree rooted in one of the leaves of a bad tree or good tree. We have the estimates from Theorems 10.3
and 10.4, which give bounds packing both leaves and stop balls. Combining these, we get

N N—1
2on=2 2 =) ) ey = Clnm).
SESN i=0 se§; i=0 f€.7:,
Recalling the dependencies of n gives the desired result.
Property (C) follows inductively from the analogous covering control in Theorems 10.3 and 10.4
applied to each tree constructed. Property (D) is immediate from these theorems as well. O

Corollary 11.2. Fix 0 < €. Let v € A(n, o, My) satisfy SUP ¢ 5, (0) N(Q,2,v) <E. Fix0<e€. There is
an no(n, a, My, €, E) > 0 such that if 0 < n <ng and ||[In(h)|q <n/Q2C{+ 1) then givenany 0 < R <1
there is a collection of balls { By (x)}xcy with centers x € Sé"nR(v) N B1(0). Further, R <ry < 11—0 and the
collection has the following properties:
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(A) Packing:

Y ri<cm, o Mo, E, ).
xel
(B) Covering control:

St r@)NB1(O0) C ] By, (x).
xel
(C) Energy drop: for every x € U, either

re =R or sup N(Q,2rs,v)5E—%no.
QE€By,, (5)NINE

This follows immediately from Lemma 11.1 with n <, Sy = U, and setting r, = max{R, r,}.

11A. Proof of Theorem 2.15.

Lemma 11.3. Let v € A(n, a, My) with |In(h)||o < T. There exists a scale k (n, o, My, I', €) > 0 such
that, for all balls B.(Q) with0 <r <k and Q € By;4(0)N AQE, the function v(x) = v(rx 4+ Q) on B;(0)
satisfies the following properties:

- ~ no
sup N(Q',2,0) < C(a, My, T) and |In(h)|lcoa(p, 0y < ,
Q'€B(0)NTg I+ BiO) =90, +1

where

no = no(n, @, C(n, o, Mo, T) + 1,1, €, yo, p) = no(n, @, Mo, T, €)
is as in Corollary 6.3 and C(n, o, My, I') is as in Corollary 4.4.
Proof. First, note that if In(h) € C%%(B;(0)), then In(h(x)) = In(h(rx + Q)) satisfies
IIn(a(x)) —In(h(2))| = |In(h(rx + Q)) — In(h(rz 4+ Q))| < T|rx —rz|* = ['r¥|x —z|*

Since r* — 0 as r — 0, there exists a «k (n, o, My, I', €) > 0 such that ||1n(fz)||co,a <Tk* <ny/RC1+1).
By a similar calculation, we see that Lip(v) < r Lip(v). Thus, the fact that H(Q, R, v) = H(0, R/r, v)
for any Q € By4(0) N9Q* and 0 < r < 2«, Lemma 3.4, and Q' € B,(Q) N 9Q* yields

N(To.,Q',2, ) =r’N(Q,2r,v) <r’C(a, M, T). 0

Theorem 11.4. Letve A(n, o, My) with ||In(h) ||, <T. Forall € > 0 there exists an no(n, ¢, My, I', €) >0
such that, forall0 < R <landk=1,2,...,n—1,we can find a collection of balls { Br(x;)}; with the
following properties:

(1) St x )N B1a(0) C U; Br(xi).

2) l{xitil <c(n, o, My, T, )R-

Proof. Cover Sf’n,(v) N Bj/4(0) by balls B, (Q;), with Q; € B1,4(0) N 9%, such that

B14(0)N32* c | Be(Q))
j
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for 0 < k(n, a, My, I', €) the constant in Lemma 11.3. Note that we need at most c(n, o, My, I, €) such
balls.

We now wish to apply Corollary 11.2 to the rescaled functions v; (x) = v(kx + Q;) in B{(0). However,
a careful reader may object that v; is not in A(n, o, My), since it is possible that E(O) # 1. However,
v;(x) = cﬁ(O)u*(xK + Q) —u~ (xx + Q), where by Remark 3.1 we can control 0 < ¢ < 0o by constants
that only depend upon « and «. Thus, by multiplying the positive part by a constant controlled by I, «,
and M, we obtain a new function (which we also label v;) which is in A(n, a, My).

We now construct the desired covering in B;(0) for each v;. Ensuring that c(n, o, My, I, €) is suffi-
ciently large, we may reduce to arguing for r < . We now use Corollary 11.2 to build a covering U;. If
every r, equals R, then the packing and covering estimates give the claim directly, since

R¥"Vol(Bg(SE, g (@) N B1(0)) < 0, R¥" Y "2R)" = w,2" Y _rk <c(n.a, Mo, T, €).
U U
If there exists an r, # R, we use Corollary 11.2 to build a finite sequence of refined covers Uy, Ua, U3, . ..
such that, for each for each i, the covering satisfies the following properties:
(A;) Packing:
Z ri‘ <cn,a, My, T',e)(1+ Z ri‘).

XEU; xeli—
(B;) Covering control:

Sf,noR(ﬁi)mBl(O) C U B, (x).

xel;
(Ci) Energy drop: for every x € U;, either
rX:R or Sup N(Q9 2rS9ﬁI.)§C(nvaa MO# F)_l(%no)
Q€By,, (s)NIQE
(D;) Radius control:
sup ry < 107",

XeU;

If we can construct such a sequence of covers, then we claim that this process will terminate in finite
time, independent of R. Recall that blow-ups of v; are homogeneous harmonic polynomials. Therefore

N(Q.0.5) = lim N(Q.r, %) = 1
for all Q € 3Q*. By Remark 4.8 we have that, forall 0 < r < 1,
N@Q,r,v;)>1—-C(n,a, My, T, €)
for all p € B;(0). Therefore, we know that, for i large enough that
i>(Cm,a My, T',e)+Cn,a, My, T, €) — 1)%,
it must be the case that r, = R for all x € U4;. In this case, we will have the claim with a bound of the form

R*™" Vol(Bg(S*

e (@) NBI0)) < c(n, a, My, T, )Mol
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Thus, we reduce to inductively constructing the required covers. Suppose we have already constructed
U;_1 as desired. For each x € U;_; with r, > R, we apply Corollary 11.2 at scale B, _(x) to obtain a new
collection of balls ;.. From the assumption that r, < 11—0 and the way that Holder norms scale, it is clear
that v; satisfies the hypotheses of Corollary 11.2 in B, (x) with the same constants. To check packing
control, we have that

Z r;‘ <c(n,a, My, T, e)rf.
YEUi x
Covering control follows immediately from the statement of Corollary 11.2. Similarly, from hypothesis
(C;_1), we have that SUP e By, (x) N(Q,2r,,v) <Cn,a, My, T, €) — %(i — 1)ng. Thus, the statement of
Corollary 11.2 at scale B, (x) gives SUP pe By, (y) N(Q,2ry,v;)) <C(n,a, My, I, €) — %ino forall y e U; »
with r, > R. Radius control follows immediately from the fact that SUPyeyy Ty = ll—Orx <107,

Thus, if we let

U={xel|re=RU ] U,
xeli_1,rx>R
then U; satisfies the inductive claim.

To obtain the cover which proves the theorem, we simply scale each covering of Sfﬁ "R /K(Gi) N B1(0)
to a covering of Sf’noR(v) N B, (y;) and sum over the c(n, o, My, I', €) such balls which cover Sf,noR(v) N
B1,4(0). This completes the proof. O

Proof of Theorem 2.15. By Theorem 11.4, we have
Vol(Br(SE ,,r () N B1/4(0))) < C(n, o, Mo, T, €)R" %,
Thus, let ro = ng and r = noR’ for 0 < R’ < 1. For any r < R < R’, by containment, we have

Br(SE,(v) N B14(0) C Br(SE, (v) N B4 (0) C | Bar (xi),

1

where {x;} are the centers of the balls in the covering constructed in Theorem 11.4. Therefore, the
estimates in Theorem 11.4 give

Vol(Bg(SE,(v) N B174(0)) < C(n, o, My, T, €)2"(R')"*

n—k
<C(n,a My, T, e)z"(nﬂ) < C(n,a My, T, )R"*
0

by increasing our constant C(n, o, My, I, €).
For any R’ < R, by containment, we have

Br(SE,(v) N B14(0) C | Bar(xi),

1

where {x;} are the centers of the balls in the covering constructed in Theorem 11.4. In this case
Vol(BR (S, (v) N B1/4(0))) < C(n, a, Mo, T, €)2"(R)" ™ < C(n, &, My, T, €)R"*

by increasing our constant C(n, o, My, I', €). This concludes the proof of Theorem 2.15. O
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12. Proof of Corollary 2.17

In this section, we prove that sing(9Q¥*) C Sf_3 (v) for € small enough.

Lemma 12.1. Let v € A(n, a, My) with ||In(h)||, < T'. Then there exists 0 < € = e(My, a, I') such that
sing(0Q*) N B1/4(0) € S" 3 (v).

Proof. We must argue that there is an € > 0 such that, for all Q € sing(dQ¥) N B (0) and all radii 0 < r,

/ |Tg,v—P*dV > ¢
B (0)

for all (n—2)-symmetric functions P.

If P is (n—2)-symmetric, P only depends upon two variables. By complex analysis all homogeneous
harmonic polynomials in two dimensions are of the form ¢(z) = c(x +i y)k. By Theorem 2.14 (2), we
need only consider k > 2. Hence, the zero set X, of any Re(g) is the union of an even number of infinite
rays equidistributed in angle. If we label the connected components of R? \ X, as {U;}, we see that by
the maximum principle, the sign of ¢ must change from one U; to another contiguous U;.

Thus, the zero setof P is Xp =%, x R"=2 for some homogeneous harmonic polynomial Re(g) : R* — R
of degree > 2. We label the connected components of R" \ X, x R"=2 as {W;}.

Now, we claim that there is a constant, 0 < c(Mjy, I, @) < 1, such that one of the following estimates
must hold:

H" <TQ,,Q_ N U{Wi :P>0o0nW;}N Bl(O)) >c, (estimate 1)
H" <TQ,,S2Jr N U{Wi :P <0on W;}N Bl(0)> > c. (estimate 2)

Note that by Theorem 2.6 (2), we need only consider P with degree < d(M) < oo. Reducing to R?,
since the rays of X, are equidistributed, for g of degree k, the connected components occupy a sector of
aperture 7 /k. Thus, if By, (A?(O)) C TQ,,SZjE is the ball guaranteed by the corkscrew condition, then,
forc = (4M6’)_1, there exists an integer k(My) such that

H" (Biymy (AT (0) N{P - Ty v <0}) > c

for all P with degree > k(M)).

For P with degree < k(Mj), we argue by contradiction. Suppose that no such constant exists. Then
there would be a sequence of functions v; € A(n, a, My) with points Q; € B1/4(0) and radii 0 < r; < %
and zero sets X P; for P; satisfying 2 < degree(P;) < k(My) such that the scaled and translated mutual

boundaries Ty, ,; BQ?E satisfy the properties
H" <TQJ,,,1. Q nJwi,: P >00n w10 Bl(0)> — 0,
i

H" (TQJ.,,J.QJ.+ N(Jtwi;: P <0on W ;30 Bl(O)) — 0.
i
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By Lemma 3.6 there exists a subsequence for which Ty, , BQ;.—L converge locally in the Hausdorff metric
to a limit set A C R". By Theorem 3.8, A must be the mutual boundary of a pair of two-sided NTA
domains Q< with constant 2M,. Furthermore, up to scaling and rotation, the space of homogeneous
harmonic functions of two variables in R" with 2 < degree(P) < k(My) is finite-dimensional. Since the
space of rotations is compact, we may find a subsequence X p, which converges to X p, locally in the
Hausdorff metric for some (n—2)-symmetric P,,. This implies that

" (ng NJWino : Po > 0 00 Wioo} N 31(0)) =0, (12-1)

H" (Qjo N JWioo : Poo <0 0n Wioo} N BI(O)) =0. (12-2)

Indeed, if there were p € |, {Wi oo : Pooc >0 0on W; oo} N B1(0) such that p € Q7 , since W; o, and Q7 are
open, there would exist a ball Bs(p) C Q2™ N W; «. Therefore, since X P, —> Xp, and TQI,,,_,.BQ?E — A
locally in the Hausdorff metric, for all j sufficiently large, Bs,(p) C W;; N TQJ.JJ.BQ]._. This is a
contradiction. The other equation follows identically.

Now we claim that A N B1(0) = Xp,_ N B1(0). Suppose not, then there exists a point p € Xp  with
p ¢ A or there exists a point Q € A such that O ¢ ¥p_. In the former case, suppose dist(Q, A) > §.
Then B;s(p) must intersect at least two contiguous connected components, W; o, and W; .. Since they
are contiguous, the sign of P, must be positive on one and negative on the other. This contradicts (12-1).
Similarly, if there exists a point Q € A such that Q ¢ X p_ then there exists a ball Bs(Q) which intersects
both Q?fo but which is contained in a single W; . This also contradicts (12-1).

However, if Py, is (n—2)-symmetric with degree > 2, then X p_ does not divide R" into two connected
components. This contradicts our assumption that A = Xp_ was the mutual boundary of a pair of
two-sided NTA domains with constant 2M(y. Therefore, such a constant 0 < ¢ = ¢(My, I', &) must exist.

Without loss of generality, we assume (estimate 1) holds. By Lemma A.2 we may find a radius
0<r=r(My, T, a) such that H”(B,(TQ,,E)Qi)) < 2—100(01, My, I'). Now, consider

pelJWi: P>00n Wi} Bi(0)\ B, (T, 02).

By Lemma 3.5, |Tp ,v(p)| = ¢’ for a constant ¢’ = ¢'(My, T, «). Thus

/ |TQ,,U—P|2de/ |Tg.,v— P[*dV
B (0) B](O)QTQJBQ_WU[{W,‘:P>O on W;}

> %C(a, Mo, T)c (o, M, T)2.
If (estimate 2) holds, an identical argument with signs switched proves the claim. ]

Remark 12.2. The argument above can be modified to show that there is an €’ > 0 such that if Q € 92 but
Q¢8> then Q & SZ,’_rg. Indeed, if Q ¢ S"~3, then there exists a radius ro < r and an (n—2)-symmetric

€'.ro’ €'.ro’

function P such that ||Tp ;v — P”%Z(BI(O)) < €’. However, by taking €’ < €(a, My, I') in Lemma 12.1,

we see that P must be (n—1)-symmetric.
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Appendix

The purpose of this section is to justify Lemma 3.9. We use the language of porous sets. For a nonempty
set E C R", x € E, and radius 0 < r, we write

P(E,x,r)=sup{0,h:h >0, B,(y) C B-(x)\ E for some y € B,(x)}. (A-1)

For o > 0, we say that E is a-porous if

P E’ 9
iminf 2 &% (A-2)
r—0 r
forall x € E.
We shall say that E is a-porous down to scale ry if
P(E,x,r)
— >« (A-3)
,

forall x € E and for all ro <r.

Remark A.l. By definition, for Q% € D(n, a, My), the boundary Q< is 1/My-porous. Similarly,
B, (3Q%) is 1/(2My)-porous down to scale ro = 2r M.

Lemma A.2. Let E C R" be a nonempty, bounded set, E C [0, 11" with 0 € E. If E is a-porous down to
scale ro K 1, then there are k = k(a), k' =k'(n), and N < —1log,(ro)/(k + k') such that

1 N

Moreover, there exists 0 < € = €(a, n) and a constant c(n, «) such that
n—e N
MET(E) < (1 —0o)".

Proof. Let {Q;i }; be the collection of dyadic subcubes Qj. C [0, 11" with z(Qj.) =27 Let k € N be the
smallest number such that 2% < . Note that, for any y € [0, 1]" with By /»2(y) C [0, 1]", there exists
a dyadlc cube Qk+k @ - By ja(y) where k'(x) is the smallest integer such that k'(n) > 2 + é log, (n).
Let 1 Q’ denote an axis-parallel cube with the same center as Q' but side length half that of Q’

Now we apply the standard argument. Tile [0, 1]" by Qk+k ), By our porosity assumption, there

exists a Qk+k ™) which does not intersect E. Thus

VOI(E) < Z VOI(Q;C'HC/(H)) < (2(k+k’(n))n _ 1)2(7](7](/(}1))11 < (1 _ ;) .

2k +K ()
J#J

k+k' (n) k+k'(n)

Now, within each of the Q which intersects E, either E intersects 5 Q or it doesn’t. If

ENj Qk+k ™ — &, then we tlle Qk+k ™ by cubes {Qz(kJrk ("))} and overestimate

g:Q%(k-%—k/(n))m(EmQ;H—k’(n))#@

< (22(k+k/(n))n _ 1)2—2(k+k’(n))n VOI(Q;C-FIC/(V!)) < <1 _ 2k+t/(n)) VOI(Q;C'HC/(H)).
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If EN %Q;‘H‘/(") # &, then there exists a ball B, v -1(x) C Qerk/(") centered on x € E. By our

k+k' (n) by Q%(k-i-k/("))

porosity assumption and choice of k’(n), we can still tile Q j and be guaranteed that

at least one such subcube does not intersect £ N Q§+k/("). Thus, we overestimate in the same manner as
above.

We can continue, inductively, only stopping at the first N such that 2~ NV+DEFKm) 0 This gives
the desired bound

1 N

Taking a bit more care, we can actually improve these estimates. Let 0 < € = €(«, n) be such that

1 c(ktk! 1
- tki)) _ =
(1 2k+k’(n)) = (2 2(k+k’(n))(n—e)> <l

Then we bound M7 "¢ (E) as follows:

MES(E) = inf{z rmCixieE, ro<rEcC( B,(x,-)}

i i

’ 4 1 N
N (k+k'(n))\n—e ektk'(n))y _ -
< E (o )= <2 2(k+k’(n>)(n—e)) ‘ -
J

As immediate corollaries, we have the following statements.
Corollary A.3. If E C R" is a-porous, then there exists 0 < € = €(a, n) such that dimy(E) <n —e.
Proof. Recall that dim(E) = inf{s : M**(E) =0} and that M**(E) = limsup, o M2 “(E).

By taking O < € to be as in Lemma A.2, we have

: 1 ¥
n—e e(k+k'(n)) _ _3\N

where ¢ = c(«, n, €) and N = N(«, n, rp), as in the previous lemma. Thus, letting ro — 0 and N — oo
we have that M"~€(E) = 0. O

Recalling Remark A.1, Corollary A.3 gives Lemma 3.9.
Corollary A4. Let ¥ C R”" be the mutual boundary of a pair of unbounded two-sided NTA domains with
NTA constant 1 < M. Then, there exists 0 < € = €e(My, n) such that (EnM(E) <n-—=e.
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