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PLATEAU FLOW OR THE HEAT FLOW
FOR HALF-HARMONIC MAPS

MICHAEL STRUWE

Using the interpretation of the half-Laplacian on S' as the Dirichlet-to-Neumann operator for the Laplace
equation on the ball B, we devise a classical approach to the heat flow for half-harmonic maps from S to
a closed target manifold N C R", recently studied by Wettstein, and for arbitrary finite-energy data we
obtain a result fully analogous to the author’s 1985 results for the harmonic map heat flow of surfaces and
in similar generality. When N is a smoothly embedded, oriented closed curve I' C R”, the half-harmonic
map heat flow may be viewed as an alternative gradient flow for a variant of the Plateau problem of
disc-type minimal surfaces.

1. Background and results

Half-harmonic maps and their heat flow. Let N C R" be a closed submanifold, that is, compact and
without boundary. The concept of a half-harmonic map u: S' — N C R" was introduced by Da Lio and
Riviere [2011], who together with Martinazzi [Da Lio et al. 2015, Theorem 2.9] also made the interesting
observation that the harmonic extension of a half-harmonic map yields a free boundary minimal surface
supported by N, a fact which also was noticed by Millot and Sire [2015, Remark 4.28].

In his Ph.D. thesis, Wettstein [2021; 2022; 2023], studied the corresponding heat flow given by

dry W) (u; + (—=A)Y?u)=0 on S' x [0, oo, (1-1

where u; = d;u and where wy : N, — N is the smooth nearest-neighbor projection on a p-neighborhood N,
of the given target manifold to N, and, with the help of a fine analysis of the fractional differential operators
involved, he showed global existence for initial data of small energy.

Moser [2011] and Millot and Sire [2015] contributed important results to the study of half-harmonic
maps by exploiting the fact that for any smooth u: S' — R” we can represent the half-Laplacian classically
in the form

(—M)"2u =150, (1-2)

where U: B — R" is the harmonic extension of u to the unit disc B.! Here, using the identity (1-2), we
are able to remove the smallness assumption in Wettstein’s work and show the existence of a “global”
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weak solution to the heat flow (1-1) for data of arbitrarily large (but finite) energy, which is defined for
all times and smooth away from finitely many “blow-up points” where energy concentrates, and whose
energy is nonincreasing. The solution is unique in this class in exact analogy with the classical result
by the author [Struwe 1985] on the harmonic map heat flow for maps from a closed surface to a closed
target manifold N C R"; see Theorem 1.2 below.

In order to describe our work in more detail, let

HI/Z(SI; N)={uce HI/Z(SI; R™) : u(z) € N for almost every z € Sl}.
Interpreting S! = 3B, where B = B;(0; R?), and tacitly identifying a map u € H'/?(S'; N) with its
harmonic extension U € H!(B; R"), for a given function ug € H 172(S1: N) we then seek to find a family
of harmonic functions u(¢) € H'(B; R") with traces u(t) € H'/2(S'; N) for t > 0, solving the equation
dmy )y + 0,u) = u; +dayW)d,u=0 on S' x [0, oo, (1-3)
with initial data
uli=o = ug € H'*(S'; N). (1-4)
Energy. The half-harmonic heat flow may be regarded as the heat flow for the half-energy
1
B = [ 18 ul s
S1
of amap u € H'/2(S'; N). Note that the half-energy of u equals the standard Dirichlet energy
E(u) = 1/ |Vul|*>dz
2 /B

of its harmonic extension u € H'(B; R"). Indeed, integrating by parts we have

/|Vu|2dz:/ uarudq&:/ u(—A)l/zudqﬁ:/ (=) *u?de, (1-5)
B N S! s1

where we use the identity (1-2) and where the last identity easily follows from the representation of the
operators (—A)!/2 and (—A)!/# in Fourier space with symbols |&| and +/[€], respectively, and Parceval’s
identity.> Therefore, in the following for convenience we may always work with the classically defined
Dirichlet energy. Moreover, we may interpret the half-harmonic heat flow as the heat flow for the Dirichlet
energy in the class of harmonic functions with trace in H'/2(S'; N); see Section 2 below for details.

Results. Identifying R? with C, we denote by M the three dimensional Mobius group of conformal
transformations of the unit disc, given by

M= {Cb(z) :e”ﬂ eC®(B;B):lal<1,60¢ [Ra}.
14+az

Observe that the Dirichlet energy is invariant under conformal transformations, and we have E (1) =
E(uo ®) forany u € H'(B; R") and any ® € M.

2Conversely, via Fourier expansion we also can prove (1-5) directly. Computing the first variations of E and E| 2, respectively,
we then obtain (1-2).
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For smooth data we then have the following result.

Theorem 1.1. Let N C R" be a closed, smooth submanifold of R", and suppose that the normal bundle
TN is parallelizable. Then the following holds:

(i) For any smooth ug € H 1/2(SY; N) there exists a time Ty < 0o and a unique smooth solution u = u(t)
of (1-3), and hence of (1-1), with data (1-4) for 0 <t < Ty.

(i) If Ty < oo, we have concentration in the sense that, for some § > 0 and any R > 0,

su Vu(t)|?dz > 8,
p |
Br(z0)NB

20€B
0<t<Tpy

and for suitable t;, 1 Ty there exist finitely many points z,il), s z,(ciO) and conformal maps <I>,(f) € M with

z]((i) — 79 e B and <I>,({i) — CD(OZ) = z® weakly in H'(B) such that u(t) o CIDI?) — u® weakly in H'(B)
as k — oo, where iV is nonconstant and conformal and satisfies

dry @D o, u” =0, 1<i<ip. (1-6)

Moreover, there exists § = §(N) > 0 such that E(@")) > 8, and ig < E (up)/8. Finally, u(ty) smoothly
converges to a limit u; € H'2(S'; N) on B\ {z(V, ..., 70},

(iii) If To = oo, then, as t — oo suitably, u(t) smoothly converges to a half-harmonic limit map away
from at most finitely many concentration points where nonconstant half-harmonic maps “bubble off” as
in (ii).

By the Da Lio—Riviére interpretation of (1-6), the “bubbles” ") as well as the limit u, of the flow
conformally parametrize minimal surfaces with free boundary on N, meeting N orthogonally along their
free boundaries.

The hypothesis regarding the target manifold N in particular is fulfilled if N is a closed, orientable
hypersurface of codimension 1 in R”, or if N is a smoothly embedded, closed curve I' C R3,

It would be interesting to find examples of initial data for which the flow blows up in finite time, as in
the work of Chang, Ding, and Ye [Chang et al. 1992] on the harmonic map heat flow.

For data in H'/2(S'; N) the following global existence result holds, which is our main result.

Theorem 1.2. For N C R" as in Theorem 1.1 the following holds:

(i) For any ug € H'*(S'; N) there exists a unique global weak solution of (1-3) with data (1-4) as in
Definition 6.3, whose energy is nonincreasing and which is smooth for positive time away from finitely many
points in space-time where nontrivial half-harmonic maps “bubble off " in the sense of Theorem 1.1(ii).

(ii) Ast — oo suitably, u(t) smoothly converges to a half-harmonic limit map away from at most finitely
many concentration points where nonconstant half-harmonic maps “bubble off ” as in Theorem 1.1(ii1).

Note that uniqueness is only asserted within the class of partially regular weak solutions with nonin-
creasing energy, as in the case of the harmonic map heat flow. It would be interesting to find out if the
latter condition suffices, as in the work of Freire [1995], and, conversely, to explore the possibility of
“backward bubbling” in (1-3), as in the examples of Topping [2002] for the latter flow.
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Key features of the proof and related flow equations. In our approach, in a similar vein as [Lenzmann
and Schikorra 2020], we uncover and exploit surprising regularity properties of the normal component
dm 1& (u)0d,u for the harmonic extension of u, likely related to the fractional commutator estimates for the
normal projection in the work of Da Lio and Riviere [2011] or the regularity estimates of Da Lio and
Pigati [2020], Mazowiecka and Schikorra [2018], and others.

The use of the Dirichlet-to-Neumann map for the harmonic extension u: B — R" of u instead of the
half-Laplacian, and the simple identity (3-2) as well as (3-5) allow us to perform the analysis using only
local, classically defined operators, avoiding fractional calculus almost entirely.

Note that (1-3) is similar to the equation governing the (scalar) evolution problem for conformal metrics
e g2 of prescribed geodesic boundary curvature and vanishing Gauss curvature on the unit disc B,
studied for instance by Brendle [2002] or Gehrig [2020]. In contrast to the latter flows, due to the presence
of the projection operator mapping u, to its tangent component, the flow (1-3) at first sight appears to
be degenerate. However, surprisingly, within our framework we are able to obtain similar smoothing
properties as in the case of the harmonic map heat flow of surfaces.

A different heat flow associated with half-harmonic maps, using the half-heat operator (3, — A)!'/2
instead of (1-1), was suggested by Hyder et al. [2022], and they obtained global existence of partially
regular, but possibly nonunique, weak solutions for their flow, with a possibly large singular set of measure
zero.

Applications to the Plateau problem. In the case when N is a smoothly embedded, oriented closed curve
I' C R3, the half-harmonic heat flow (1-3) may furnish an alternative gradient flow for the Plateau problem
of minimal surfaces of the type of the disc, which has a long and famous tradition in geometric analysis.

Posed in the 1890’s, Plateau’s problem was finally solved independently by Douglas [1931] and
Rad6 [1930]. In order to analyze the set of all minimal surfaces solving the Plateau problem, including
saddle points of the Dirichlet integral, thereby building on Douglas’ ideas, Morse and Tompkins [1939]
proposed a critical point theory for Plateau’s problem in the sense of [Morse 1937], attempting to
characterize nonminimizing solutions as “homotopy-critical” points of Dirichlet’s integral. However,
Tromba [1984; 1985] pointed out that it was not even clear that all smooth, nondegenerate minimal
surfaces would be “homotopy-critical” in the sense of [Morse and Tompkins 1939]. To overcome this
problem, Tromba developed a version of degree theory that could be applied in this case and which
yielded at least a proof of the “last” Morse inequality, which is an identity for the total degree.

Finally, this author [Struwe 1984] recast the Plateau problem as a variational problem on a closed
convex set and was able to develop a version of the Palais—Smale type critical point theory for the problem
within this frame-work, which allowed him to obtain all Morse inequalities in a rigorous fashion; see
[Struwe 1988] and [Imbusch and Struwe 1999] for further details. In [Struwe 1986] and [Jost and Struwe
1990], the approach was extended to the case of multiple boundaries and/or higher genus.

A key element of critical point theory for a variational problem is the construction of a pseudogradient
flow for the problem at hand. In [Struwe 1984] this was achieved in an ad-hoc way. However, starting with
the work of Eells and Sampson [1964] on the harmonic map heat flow, it is now an established approach
in geometric analysis to study the (negative) (L-)gradient flow related to a variational problem, similar
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to the standard heat equation. For Plateau’s problem, such a flow was obtained by Chang and Liu [2005]
within the frame-work laid out by Struwe [1984] in the form of a parabolic variational inequality, for
which Chang and Liu obtained a solution of class H> by means of a time-discrete minimization scheme.
Rupflin [2017] and Rupflin and Schrecker [2018] studied the analogous parabolic variational inequality in
the case of an annulus, which again had previously been studied in [Struwe 1986] by means of an ad-hoc
pseudogradient flow.

In view of the much better regularity properties of the flow equation (1-3) it would be tempting to
regard this as the correct definition of the canonical gradient flow for the Plateau problem, but an important
issue still needs to be addressed.

Monotonicity. Recall that in the classical Plateau problem u(¢) is required to induce a (weakly) monotone
parametrization of I" for each ¢ > 0. Even though it may seem likely that— at least for curves I" on the
boundary of a convex body in R? — this Plateau boundary condition will be preserved along the flow (1-3)
whenever it is satisfied initially, at this moment even for a strictly convex planar curve I' C R? it is not
clear whether this actually happens. However, the results that we obtain also seem to be of interest if
we drop the Plateau condition. In particular, our results motivate the study of smooth minimal surfaces
with continuous trace covering only a part of the given boundary curve I'; dropping the monotonicity
condition also brings the parametric approach to the Plateau problem closer to the approach via geometric
measure theory or level sets.

Plateau flow. It should be straightforward to extend our results to the case when the disc B is replaced
by a surface X of higher genus with boundary 8% = §', if for given initial data ug € H'/?(S'; N) we
consider a family u = u(¢) in H'/?(S'; N) solving (1-3), that is,

u;+dmyu)d,u=0

instead of (1-1), where for each time we harmonically extend u#(¢) to ¥ and denote by d,u the outward
normal derivative of u# along 33, as was proposed and analyzed by Da Lio and Pigati [2020] in the
time-independent case. Similarly, one might study the flow (1-3) on a domain ¥ with multiple boundaries.
Of course, in order for the flow to converge to a minimal surface in the case of higher genus or higher
connectivity it will be necessary to couple the flow (1-3) with a corresponding evolution equation for
the conformal structure on X, as in the work of Rupflin and Topping [2019] on minimal immersions.
Note that on a general domain X the flow equations (1-1) and (1-3) no longer agree. In order to clearly
distinguish the flow equation (1-3) from the equation (1-1) defining the half-harmonic map heat flow, we
therefore propose to say that (1-3) defines the “Plateau flow”.

Outline. After a brief discussion of energy estimates in Section 2, in Section 3 we present the analytic
core of the argument for higher regularity in Section 4 and for the blow-up analysis, later presented in
Section 8. These tools are also instrumental in proving uniqueness of partially regular weak solutions in
Section 7. The L2-bounds for higher and higher derivatives which we establish in Section 4, assuming
that energy does not concentrate, may be of particular interest. These bounds either concern estimates
for Vagu on B or on dB, and we view the latter bounds as stronger by an order of % These bounds may
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be iterated interlaced, as we later do in Section 6, to prove uniform smooth estimates, locally in time,
for smooth flows with smooth initial data converging in H'/2(N; S!). Since the latter data are dense in
H'/2(N; S, we thus not only obtain existence of weak solutions for arbitrary data ug € H'/2(N; S")
but also can show their smoothness for positive time and hence are able to derive Theorem 1.2 from
Theorem 1.1. A peculiar feature is that one set of regularity estimates can only be obtained globally,
that is on all of B, whereas the other set of estimates may be localized using cut-off functions. Similar
estimates for a regularized version of (1-3) are employed in Section 5 to prove local existence of smooth
solutions of (1-3) for smooth data (1-4). Finally, in Section 9 the large-time behavior of smooth solutions
to (1-3) is discussed, finishing the proof of Theorem 1.1.

Notation. The letter C is used throughout to denote a generic constant, possibly depending on the
“target” N and the initial energy E (uo).
Moreover, since TN by assumption is parallelizable and compact, there exists p > 0 such that the
representation
m
T:NxB,(0;R")>(p,y) > p+Y_ Yv(p)eN,
i=1
of the tubular neighborhood N, = ,c
smooth orthonormal frame along N and where we let y = (y!, ..., y") € R™. For g € N, then T~!(q) =

B,(p) of N is a diffeomorphism, where vy, ..., v, is a suitable

(p, h) with p = m(q) defines a (vector-valued) signed distance function h = h(g) = (h! @),...,h""(q))
with A (q) = v;(p) - (¢ — mn(q)) for each 1 < i < m. Fixing a smooth function n: R — R such that
n(s) =s for |s| < %,0, and with n(s) =0 for |s| > %p, we then let

disty (q) = (disth (q), ..., dist} (¢)),
with
distl, (¢) = n(h'(q)) forq € N,, otherwise disty (g) =0, 1<i<m.

Then for any smooth u € H 1/2(s': N) with harmonic extension u € H'(B; R") we have
m m
D v, disty () = Y " vi)vi(w) -up =dmy (wu, ondB=S", (1-7)
i=l i=l
where for each p € N we denote by dnﬁ (p)=1—dan(p): R" — TPLN the orthogonal projection. In
the sequel, we abbreviate

m
D v vi ) -y = v@)v ) -, = v(u)d, disty (u);
i=1
moreover, we extend the vector fields v; to the whole ambient space by letting v;(g) = V dist’}\, (q) for
geR", 1<i<m.
Finally, we fix a smooth cut-off function ¢ € C°(B) satisfying 0 < ¢ < 1 with ¢ =1 on Bj,2(0), and
for any zp € B and any 0 < R < 1 we scale

¥, R(2) = cp(

(z —z0)
R

> € C°(Br(20)).
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2. Energy inequality and first consequences

The half-harmonic heat flow may be regarded as the heat flow for the Dirichlet energy in the class
H'Y2(S'; N). Indeed, let u(¢) be a smooth solution of (1-3) and (1-4) for 0 < ¢ < Tp. Then we have the
following result.

Lemma 2.1. Forany0< S < T < Ty,

T
E(u(T))+f/ w2 de di < Eu(S)).
S JoB

Proof. Integrating by parts and using (1-3) we compute

iE(m:/ ww,dzzf u,‘utdd»:—/ |an<u)ur|2d¢=—/ lu,|* dg
dt B 9B 9B

0B

for any 0 < ¢t < Tj. The claim follows by integration. U
Moreover, there holds a localized version of this energy inequality.

Lemma 2.2. There exists a constant C > 0 such that, for any zo € B, any 0 < R < 1, any ¢ > 0, and any
O<to<ti<to+eR < Ty,

1
/|Vu(t1)|2<pZ20’Rdz+4// |u,|2go§0,Rd¢dz§4/ \Vu(t0)]*¢2, g dz + CeE (ug).
B to JOB B

Proof. Writing ¢ = ¢, g for brevity, integrating by parts, and using Young’s inequality, similar to the
proof of Lemma 2.1 for any 0 < ¢ < Ty we have

dt( /qu|2g0 dz) / ut-ur(pquS—/utdiv(Vu(pz)dz
B

:_/ |d7TN(u)ur|2§02d¢_2/ uVupVedz
B B

s—/ |ut|2¢2d¢+<SsR>—1f |VM|2<P2dZ+88R/ lu*|Vol*dz. (2-1)
0B B B

A= sup (%/ |Vu(t)|2<p2dz>,
to<t <t B

Letting

then upon integration we find

A+// |u,|2<p2d¢dt</ |Vu(to)|*¢* dz // lu > dz dt.
to to J Br(z0)NB

But with u = u(¢), then also u; = u,(¢) is harmonic for each . Expanding

u,(rei‘b) = Z akrkeik¢

k>0
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in a Fourier series, we see that the map

r— / |ut|2ds =2r Z Iak|2r2k+l,
0B,(0) =0

with ds denoting the element of length along 9B, (0), is nondecreasing. Thus, for any zo € B, any
O<R<l,andany 1y <t < ti,

/ P dz <2R / P dep, (2-2)
Br(zo)NB 9B

and we may use Lemma 2.1 to conclude. (I

3. A regularity estimate

To illustrate the key ideas that later will allow us to prove higher regularity and analyze blow-up of
solutions of (1-3), we first consider smooth solutions u € H'/2(S'; N) of the equation

daoy(w)du+ f=0 ondB =S, (3-1)

where f € L*(S"). We prove the following a-priori estimate, where we use classical estimates similar
to [Wettstein 2022, Lemma 3.4], which in turn is a fractional version of a result by Riviere [1993,
Chapter 4, pp. 96-104]. Note that with the truncated signed distance function disty : R* — R™ we have
the orthogonal decomposition

et = dry () dput + dr i () dyu = dy () du + v(u)d, (disty () (3-2)

on B = S!, where we recall that we use the shorthand notation

m m

()3, (disty () = D vi ()3, (distly 1)) = Y vi ()i ) - 8,

i=1 i=l
and extend v; (p) =V distﬂv(p), p € R".
Proposition 3.1. There exist constants C and 5y = §o(N) > 0 such that, for any smooth solution

u € H'2(S'; N) of (3-1) with E(u) < §* < 82,

/ 10gul*dg < CIlf 7251 (3-3)
S
Proof. Multiplying (3-2) with d,u, we find the Pythagorean identity

|0pu? = |dmn (w)d,ul® + |dry (w)d,ul” = |dry ) dyul® + |9, (disty (u)) [ (3-4)

Note that disty (1) € HO1 (B); moreover, for each 1 <i < m we have V(dist’}v(u)) =v;(u) - Vu, and
there holds the equation

A(distly (u)) = div(v; () - Vi) = Vu - dv; )V in B. (3-5)



PLATEAU FLOW OR THE HEAT FLOW FOR HALF-HARMONIC MAPS 1405

The divergence theorem now gives
||3r(distN(u))|I%z(Sl) = (V(disty (w)), V(disty (u))r) 2(p) + (A(disty (), (disty (u))r) 2
< Cl[Vull2s) I V2 (disty @) [l 25) < €8I V2 (disty ) [ 2(3),
where the basic L?-theory for the Laplace equation (3-5) yields the bound

V2 (disty (1)) | 28 < C | Adisthy 0)ll 25y < ClIVuel 24,

With Sobolev’s embedding H'/?(B) < L*(B) we then conclude
||3r(diStN(M))||iz(51) < C8||Vu||§11/2(3).
Thus from (3-4) and (3-1) we have

18- 17251y < I 1725y + 10 (disty @D 172 g1y < 1F U251, + COIVUl G p)- (3-6)
But Fourier expansion of the harmonic function u gives
19117251y = N0,utl172 51, = 31Vl 72, (3-7)

as well as the bound

2 2
||Vu||H1/2(B) S C”VullLZ(Sl)’

and from (3-6) we obtain
18- 7251y < W N7 251y + CONVuUll 125 < 1 17251y + CIBuN 7251,
which for sufficiently small § > 0 by (3-7) yields the claim. (I

In particular, from Proposition 3.1 we obtain a positive energy threshold for nonconstant solutions
of (1-6).

Corollary 3.2. Supposeu € H 172(st, N) smoothly solves (1-6). Then, either u is constant or E(u) > 82,
with 8g = 8o(N) > 0 given by Proposition 3.1.

Combining the ideas in the proof of the previous result with ideas from the classical proof of the
Courant-Lebesgue lemma in minimal surface theory, we can obtain the following local version of
Proposition 3.1.

Proposition 3.3. There exists a constant § > 0 with the following property. Given any smooth solution
ue HY*(S'; N) of (3-1) with harmonic extension u € H'(B), any zo € 3B, and any 0 < R < % such that

/ |Vul>dz < 82, (3-8)
Br(zo)NB
with a constant C = C(R) > 0 there holds

2 2
/B st 10gul”dp < Cll fll72py(cpynsty T CE @)
e
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Proof. Fix any zp€ dBand 0 < R < % such that (3-8) holds. For suitable p € [R2, R], with s denoting
arc-length along the curve C, = {zo + pe'? € B : 6 € R} with end-points z; = zo + pe'® = ¢!% € 9B,

j=1,2, we have
,0/ |Vul>ds <2 inf (p’/
c R2<p'<R C

13

|Vu|2ds>.

o
We can bound the latter infimum by the average over p € [R?, R] with respect to the measure with density
p~! to obtain the bound
2 fefe \VulPdsdp 2 [ |Vuldz  4E
p/ Vul?ds < 5 2y lVelde | 4EW
c, Jp2p dp llog(R)| llog(R)|

Let ®y: B — B be the conformal map fixing the circular arc C,, and mapping the point z¢ to the point —z,

(3-9)

obtained as the composition g = 7, Yo Wy 0 7y of a conformal diffeomorphism mg: B — [R{fL mapping
the points zo and —zy to the origin and infinity, respectively, and the reflection Wo: R2 — R2 of the
upper half-plane [R%r in the half-circle 7(C,). Replacing u by the map u o &g in B\ B,(z0) we obtain
a piecewise smooth map v;: B — R" which is harmonic on B\ C, and continuous on all of B. Let
vo € H'(B) be harmonic with w := v — vy € H(} (B). Note that by the variational characterization of
harmonic functions and conformal invariance of the Dirichlet integral we have

E(v) < E(v1) 5/ |Vu|>dz < 82 (3-10)
Br(zo)NB

Moreover, for any smooth ¢ € H(} (B), by (3-9) we can estimate

12 1/2
/wadz /[8vv1]<pds 5(/ |Vu|2ds> (/ |(p|2ds>
B Cp Cy Cp

< C(RYEW)'" |0l 125,

/ Vv Vedz
B

where [0, v1] denotes the difference of the outer and inner normal derivatives of v along C,. Thus we
have Aw € H~'/2(B), and the basic L>-theory for the Laplace equation gives w € H¥? N H}(B) with

lwll g3rpy < sup ( f VwVe dz) <C(REw)'"?,
peH}(B) B
el g2 5 <1
and then also

19 wl72 51y < CllwliFang < CRE ). (3-11)
In view of (3-10), for sufficiently small § > 0, from Proposition 3.1 we obtain the estimate
196011751y < Clldmn (v0)3, Vol 72 g1 (3-12)

Observe that since vg = v; on 3B = S! and since we also have v; =u on BN B, (zp) and vi = u o $¢ on
B\ B,(z0), respectively, we can bound

ldmn (v0)8,voll 7251, = lldmn (D)3, Vol 7251y < 2ldn (1B VI 7551 + 208, w72 g1,
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and
ldrtn (D3 V172 (1) < CRNATN @3, T2 (51 20

Thus from (3-11) we obtain

sty (0)3r ol 7251y < CRNATN @)y 72 510, o) + C IO WI T2 51

2
< CRN 25105, (o + CROE @),

and from (3-12) there results the bound

2 2 2

||8¢M||L2(S1FWBP(Z())) = ”a‘va”Lz(SlﬁBp(zO)) =< ”ad)vO”LZ(Sl)

< C”an(UO)arUO||i2(S1) < C(R)”f”iz(slﬂBR(zo))) + C(R)E(M)v
as claimed. (Il

The local estimate Proposition 3.3 also implies the following global bound.

Proposition 3.4. There exists a constant § > 0 with the following property. Given any smooth solution
u e HY2(S'; N) of 3-1) and any 0 < R < 1 with

sup / |Vu|? dz < 82, (3-13)
z0€B J Bgr(zo)NB
there holds
/. 0pul*dp < C(R)I 17251, + C(R)E (w).
s
Proof. Covering d B with balls Bp2(z;), 1 <i <ig, from Proposition 3.3 we obtain the claim. (I

Remark 3.5. The proofs of the above propositions only require u € H'(S'; N) with harmonic extension
u € H¥*(B).
4. Higher regularity

Again let u(¢) be a smooth solution of the half-harmonic heat flow (1-3) for 0 < ¢ < T with smooth initial
data (1-4). We show that as long as the flow does not concentrate energy in the sense of Theorem 1.1(ii)
the solution remains smooth and can be a-priori bounded in any H¥-norm in terms of the data.

H?-bound. In a first step we show an L2-bound in space-time for the second derivatives of our solution
to the flow (1-3). Recall that by harmonicity, writing u = u(t), dgu = ug, and so on, for any 0 <t < Tj

we have (3-7), that is,
f g dp = / 0,2 do,
0B 0B

as Fourier expansion shows, with similar identities for partial derivatives of u# of higher order. Indeed,
writing

1 1
A = - rir iy 4'1
u r(ru ) +r2u¢¢ 4-1)
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we see that Béu and then also VA—/ Béu is harmonic for any j <k in Ny, where Vu = (u,, u) in Euclidean
coordinates z = x + iy. Thus by induction we obtain

/|Vku|2d¢:2/ |Vk1u¢|2d¢:---:2k/ |Oul* dop (4-2)
dB dB 0B

for any k € N. Similarly, for any }t < r < 1 with uniform constants C > 0 we have

/ |Vku|2dz§C/ IVk_1u¢|2dz§'-'§C/ |0ul® dz.
3B, (0) 3B, (0) 3B, (0)

Integrating and using the mean value property of harmonic functions together with (4-2) to bound
sup |VFu|? < c/ IVEu|? dz < C/ Vo~ ul dz,
B1/4(0) B\B1/4(0) B

in particular, for any k € N, we have the bound
/|v’<u|2dzgcf Vo, ul?dz (4-3)
B B

with an absolute constant C > 0.
The following lemma is strongly reminiscent of analogous results for the harmonic map heat flow in
two space dimensions.

Lemma 4.1. With a constant C > 0 depending only on N,

i(f |u¢|2d¢)+/ |Vu¢|2dz§C/ IVul|ug|* dz.
di\ Jyp B B

Proof. Writing drmry (u) = 1 — dmy (u) with

dry X =v)v@) - X =Y vi@vi) X

i=1

for any X € R", we compute

1d
EE(/ |u¢|2d¢) :/ u¢-u¢,td¢:—[ u¢¢-u,d¢
dB dB B

2/ u¢¢-dmv(u)urd¢=—/ (g -urp —ug - dp(w(w)v(u)-u,))de
B B

:_%/ 8,(|u¢|2)d¢—/ up-dvu)ugv(u) - u,do,
B 3B

where we use orthogonality uy - vi(u) =0 on 0B, 1 <i <m, in the last step. But uy is harmonic. So
with A|u¢|2 = 2|Vu¢|2, from Gauss’ theorem we obtain

1
3| atusydo = [ 1vugP az
JdB B
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On the other hand, by Young’s inequality we can estimate
/ ur-v(uug -dvu)uy dp = / Vu-Vwwug -dv(u)ug) dz
B B

§C/ |Vu¢||Vu||u¢|dz+C/ |Vul?ug|* dz
B B

5%/ |Vu¢|2dz+C/ \Vu|*|ug|? dz,
B B

and our claim follows. (I

Combining the previous result with a quantitative bound for the concentration of energy, we obtain a
space-time bound for the second derivatives of u. Note that since u is smooth by assumption, for any
d > 0 and any T < Tp, there exists a number R = R(T', u) > 0 such that

sup / [Vu@)|>dz < 8. (4-4)
OZ()EBT Br(z0)NB
<I<

Proposition 4.2. There exist constants § = §(N) > 0 and C > 0 such that, for any T < To with R > 0 as
in (4-4),

T
sup/ |u¢(t)|2d¢+//|Vu¢|2dxdt§(]/ luo.¢|* dp + CT R™?E (up). (4-5)
oB 0JB B

0<t<T Jo

Proof. For given T < Ty and § > 0 to be determined, we fix R > 0 such that (4-4) holds. Let Bg/>(z;),
1 <i <ip, be a cover of B such that any point zg € B belongs to at most L of the balls Bg(z;), where
L e N is independent of R > 0. We then use the decomposition

io
/ IVuuy|* dz <Z/ |Vu|4dz§Z/ \Vug,, gl*dz.
Bry2(zi) i=1 VB

Using the multiplicative inequality (A-2) in the Appendix, for each i we can bound
/ |Vug,, r|*dz < caf (IV2ul> + R72|Vul?) dz.
B Br(zi)
Summing over 1 <i < ij, we thus obtain the bound
/ |Vu|*|lug|* dz < CL(Sf IV2u|>dz+ CLSR™2E(u) < cw/ |Vug|*dz 4+ CLSR™E (u),
B B B

and for sufficiently small § > 0 we obtain the claim from Lemma 4.1. (Il

With the help of Proposition 4.2 we can now bound « in H?(B) also uniformly in time. For this, we
first note the following estimate, which also will be useful later for bounding higher-order derivatives.

Lemma 4.3. For any k € N, with a constant C > 0 depending only on k and N, for the solution u = u(t)
to (1-3) and (1-4) forany 0 <t < Ty

d
E(Hvaguniz(m)—l—||8£ur||iz(s1 C Z ||V8¢M||L2(B)”HV11

1<], <k+1
% Ji <k+2

L2(B)’
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Proof. For any k € N we use harmonicity of Béku to compute

4 1Vokul?, ) = (D f Vo2 uVu, dx
Zdt ¢ L2(B) 5 ® t

= (D! @3 ur. ) 251y = (=D O up, dry wyur) 1251,
= —(@ur. dyur) 1251+ Ogtr, B WV () ) 25ty = —l10gur 251+ (4-6)

where we use the decomposition [ = le -0 ( )I with

I; = @ur. 8 W)y T ur) 21y = (Vku, V@, 0u)v@)) -85 1)) 1205
Hence for any 1 < j < k we can bound

1= C > IVakull 20 1V ()3 )3y 123

0<i<j L . ke
+C D IVull 2oy v)dhv) Vo, upll2p,
O<i<j
<c 3 1w |19,
1<j,<k+1
X ji=k+2

as claimed. It remains to bound the term Iy = ||8kur v(u)l? With the signed distance function we

L2(ShH”
can express

v(u) ugr = (W) -up)g —up -dv(uug = (disty (u))g, — uy - dv(u)ug,
so that . ) . .
IO = ”8¢ur : v(u)||L2(Sl) = (8¢ur : V(l/l), 8¢(diStN(u))r)L2(Sl) + 11

= (Vagu, V(v )y (disty )))) 12c) + 11,
where all terms in /I can be dealt with as in the case 1 < j < k. Finally, we have
(Vgu, V(v )3y (disty (1)))) 12(s)
< IVaull 20 (V20 (disty )| 12y + | Vv () O (disty (1)) | 2¢))-

But by the chain rule we can bound

IV )y Wisty @), 12 < CIVaV disty @)l <€ 3 | [TV

sy
I<ji<k+1 i
S ji=k+2
Moreover, by (3-5) and elliptic regularity theory,
IVE2(disty () 172 ) < C Il Adisty 1)) 13¢5,
< CIVu-dv@Vully g <€ 3 [[TV] ., -
1<ji<k+1 i
% ji<k+2
which gives the claim. ]

For k = 1, from Proposition 4.2 we now easily derive a uniform L2?-bound for the second derivatives
of the flow.
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Proposition 4.4. For any smooth ug € H'/>(S'; N) and any T < Ty with R > 0 as in Proposition 4.2
with a constant C; = C (T, R, ug) > 0 depending on the right-hand side of (4-5),

T
sup /qu¢(t)|2dz+// |u¢,|2d¢dt§C1/ |Vug > dz +Cy.
0<t<T JB 0 JoB B

Proof. For k =1, by Lemma 4.3 we need to bound the term

7=y “]‘[vﬁu

1<ji<2 i
% ji<3

< C||V2u||V Vul? J1,
- 1V=ul [Vul 4+ |Vul” |l 2 + i

where J; contains all terms of lower order. By the maximum principle and Sobolev’s embedding
H'(dB) — L>®(3dB) we can estimate

IVallZoe(g) < IVUulTom < ClIVulFpgp < Clug 725 + Crs
where we have also used (3-7) and Proposition 4.2. Also bounding

IVully o gy < IVllGap IVatlloe(sy < CUIVZull 2 I Vaell 2y + E @) Vil 1oy

via (A-2), and again using (3-7) (and with similar, but simpler bounds for J;), we arrive at the estimate
J < ClIV2ul |Vl + 1Vl ll 25y + C1 < CUIVull 125y + E @) | Vil o) + Ci
< C(1+IVugll2py + E@o))(lugrllz2m) + C1)-

With Lemma 4.3 and Young’s inequality we then have

d
L I1Vug 2 5) + g 17251y < CUIVugl 25 (Vg |2y + E o) lugrll s + C1)
< 3lugrli72pp + CA+1Vugl725) (I Vitg 725+ Cr). (47

2 2

Absorbing the term %||u¢r I into the left-hand side of this inequality and dividing by 1+ || Vug||

L2(3B) L%(B)
we obtain J
570021+ Vugliga 5)) < CliVug 72, + C1-
and from Proposition 4.2 we obtain the bound
sup | Vig (D172, < Cr(l+ Vo pll725))-
O<t<T
The claim then follows from (4-7). ]

H3-bounds. The derivation of a-priori L?-bounds for third derivatives of the solution u to the flow (1-3),
(1-4) requires special care, which is why we highlight this case.

Proposition 4.5. For any smooth uy € H'/>(S'; N) and any T < Ty,

T
sup [ Vigg 0P dzt [ [ ugorPdgr = Ca [ 19uogol dzt
O<t<T JB 0 JoB B

where we denote by C, = C(T, R, ug) > 0 a constant bounded by the terms on the right-hand side in the
statements of Propositions 4.2 and 4.4.
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Proof. For k =2, by Lemma 4.3 we need to bound the term

=3 H]_[vﬁu

1<j;<3 i
Tiji=4

L) ClIVul* + [VulPV2ul 4+ |Vul> + |Vu| [Vulll 25,

and corresponding terms involving at most three derivatives in total, which we will omit.
For the first term, by the multiplicative inequality (A-2) and Sobolev’s embedding H>(B) < L*®(B),
we can estimate

IVullFs gy < IVl Fa g IVl 7o) < CUVHl 1) Vil 20 | Vit e )
< C(IV?ull 32 ) + E@) | Vul (s < Call Vit ()
< C(IV3ull 2y + I1Vull 2 [ Vutll oo )

with a constant C, = Co(T, R, ugp) > 0 as in the statement of the proposition. Similarly,

2112 2 2 3 2 2012 3
IV ”||L4(B) <ClIVoullm ) IVoullr2gy < IV ull g2y IV-ull 28+ 11V M||Lz(3) <C(1+1IV7ull2p))-

Hence we can also bound
VUl IV2ulll 2y < IVulgs g + 1Vl 7a gy < Col+ 1V3ull 25 (1+ | Viel| oo ()
Finally, we estimate
VulIV3ulll 25y < 1Vl 205 Vil o s)
to obtain
T < C(1+ 1Vl 25 (1 + [ V]| oo (5)).-
But with the inequality
I f 1l 2B
Il fllLe) < Cll fllaim) (1 +log'/? <1 4B
(NAIF7ET)
for f e H 2(B) due to Brezis and Gallouet [1980] (see also [Brézis and Wainger 1980] for a more general
version), we have
Vull g2(p)

IVull? oo my < ClIVul? (l—Hog(l—l-
L>(B) H'(B) ”VMHHI(B)

)) < Co(1+log(1+ [V3ull 12)),
and Lemma 4.3 yields the differential inequality
DIVl 5) + ltggr 22 g < ColVO2ull 20y (1 + 1930l 20 (1 +log(1 + V3l 12(5,))
dt ¢l 2(B) ¢¢riiL2ap) = “2IV OglllL2(B) Uiz B) g wilLz)))-
Simplifying, and recalling that || V3u]|?, B = ClIVagul7, () bY (4-3), we then find
d
L+ 1VOGull ) < Co(l+ [IVOGul 25) (1 +10g(1+ [ Vul 12(5)):

that is, we have
d
S (L log(L+ [VaZull25))) < Ca(1 +log(1 + [ VOgull 2s)).

Arguing as in the proof of Proposition 4.4 we then obtain the claim. U
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H™-bounds, m > 4. In view of Proposition 4.5 we can now use induction to prove the following result.

Proposition 4.6. For any k > 3, any smooth ug € H]/z(S]; N), and any T < Ty,

T
sup f|vaj;(t)|2dz+// |a§u,|2d¢dz5ck/ Voyuol* dz + Cx,
0<t<T /B 0JoB B

where we denote by Cy, = Cr(T, R, ug) > 0 a constant bounded by the terms on the right-hand side in the
statement of the proposition for k — 1.

Proof. By Proposition 4.5 the claimed result holds true for k = 2. Suppose the claim holds true for some
ko > 2 and let k = ko + 1. Note that by Sobolev’s embedding H?(B) — W'* N C%(B) and (4-3) for
0 <t < T we then have the uniform bounds

ko+1,,112 k 2 N2 ko+1 2
IV ull D ) + IVl o sy + D IV Ul < CiolIV U0l 5y + Cry < Ck <00 (4-8)
1<j<ko—1

with a constant of the type Cy, as defined above.
By Lemma 4.3 again we only need to bound the term

J= Z HHV’"’M

1<ji<k+1 i
X ji<k+2

L2(B)

Clearly we have
T < IVl p2gpy I Vull oo gy + 1 V50l 12y I Vit | Z oo 5y + IV 0 V0 2
+ IV V3 ull 2oy + IV uV2ull 2 ) I Vil ooy + C
< CelIVF ™ ull 23y + IVFuV2ull 205y + IV u V3 ull 12 5) + Cr.

We now distinguish the following cases: If k — 1 = kg > 3, by (4-8) we can bound

k 2 k 2 ko+1,, 112
INAZAY% M||L2(B) <V ”||L2(B)||V ullpegy < Ci IV o M||Lz(3) + Ciy < Ci

as well as
k=1, o3 k—1 3 ko, 112
IV uVull 2y < IIVE T ullpag) IV ull Loy < Cio IV °M||L4(B) + Ciy < Cx

to obtain the estimate
J < GV ull 2y + Cr.

If, on the other hand, ko = k — 1 = 2, by our induction hypothesis (4-8) we have

k=1 o3 2 ok 02 k 2
IV uVull 2y = IVuViull] o g < IViullpa gy IV-ull14p)

(B)
< CellV¥ull g gy + C < CellV¥ ull 12y + Cs
and we find
J < Cell V" ull 1205y + Ci

as before.
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In any case, inequality (4-3) and Lemma 4.3 now may be invoked to obtain

d
- IVogull2s) < CullVagul 2z + Ci

and our claim follows. (I

Local H*-bounds. The bounds established so far all require the initial data to be sufficiently smooth for
the estimate at hand and do not yet allow to show smoothing of the flow. For the latter purpose we next
prove a second set of “intermediate” estimates that in combination with the first set of estimates later
will allow boot-strapping. Moreover, in contrast to the estimates in Lemma 4.3, the following estimates
may be localized. This will be important for showing regularity of the flow at blow-up times away from
concentration points of the energy on 9 B.

For the localized estimates, fix a point zg € 0B and some radius 0 < Ry < % and for k € N set
R, =27FRy and ¢ = ®z0.R,- Set ¢ =1 for each k € N for the analogous global bounds.

We first establish the following localized version of Lemma 4.1.

Lemma 4.7. With a constant C > 0 depending only on N,

d -
S wsbgiao)+ [ 1VugPetaz <c [ 19uPolet az s crEo)
dB B B

Proof. Similar to the proof of Lemma 4.1, we compute

1d
B 9B 9B

= fa dp(upp?) -dmy wyu, dp = — /a (g -ty — g - g (VI () - u,)) 7 dp
B B

1
:_5/ 3r(|u¢|2)¢12d¢’_/ g - dv(ugy(u) uy¢; dg.
dB dB

With Alug|? = 2|Vugy|* we obtain

1
3 / 0 (lug|")gi dp = f Vugl*oi dz + / Viugl*e1Ver dz,
0B B B

where

1
[ vuolovod:| <} [ wusboaz v [ vt
B B B

by Young’s inequality. Finally, we can bound
/ v (@ug-dvu)ugspi dp = / Vu-Vwug-dvu)uset) dz
0B B
scf(|w¢>||Vu||u¢|+|Vu|2|u¢|2>¢%dz+Cf \Vul |V lug g1 dz
B B

s%f |w¢|2¢%dz+6/ |W|2|u¢|2go%dz+c/ IVul? |V | dz,
B B B

and our claim follows. |
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We need a substitute for the global bound (4-3). For this, we note that (4-1) also implies the pointwise
bound
2lupgl* n 2lur]?

’

2
|urr| =<

4 2
hence we have

IV2ul* < C(IVug)* + |Vul*)  in Bg,(z0)

with an absolute constant C > 0, uniformly in zo € 9B and 0 < Ry < %. By induction then, similarly, we

have
k

VU2 < C(VRpul® + [VFul®) < C Y [Vajul® i Bgy(z0) (4-9)
j=0

with an absolute constant C = C (k) > 0, uniformly in zo € 0B and 0 < Ry < % for any k € N.

Likewise, as a substitute for the global nonconcentration condition (4-4) we now suppose that zo € 0 B
is not a concentration point in the sense that for suitably chosen § > 0 to be determined in the sequel and
some 0 < Ry < }‘ as above,

sup / IVu(r)|? dz < 8. (4-10)
Bg,(z0)NB

0<t<Ty

We then obtain the following localized version of Proposition 4.2.

Proposition 4.8. There exist constants 6 > 0 and C > 0 independent of Ry > 0 such that whenever (4-10)
holds then for any T < Ty we have

T
sup / lup(t)>0F dop +/ / \Vuy*pf dzdt < 2/ luo.¢|*¢F dp + CT Ry *E (uy).
0<t<T JOB 0JB 0B
Proof. With the help of inequality (A-1) in the Appendix we can bound
/ |Vul*¢?dz < ca/ IV2ul?p? dz + C8R0_2/ |Vul? dz.
B Bgr(zi) Bgr(zi)
Thus, for sufficiently small § > 0 our claim follows from Lemma 4.7. O

The next lemma again prepares for a proposition that later will allow us to obtain higher-derivative
bounds by induction. Note the differences to Lemma 4.3.

Lemma 4.9. For any k > 2, with a constant C > 0 depending only on k and N, for the solution u = u(t)

to (1-3) and (1-4) for any 0 < t < Ty,

d
S UGl T2 5) + IV Okl 72

<c ¥ anfiu<p,§“w3)+c 3 Hl_[VjiuVjo(pk

1<ji<k i 1<jo,ji<k i>0
% Ji <2k+2 Yiz0Jji<k+1

2 2k
+ CR;HE(uy).
L2(B)
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Proof. Fix k > 2. With A|8ku|2 2|V8ku|2 we compute

1d
5 77 gl 2 p) = (=D / 3 (Opuep) - uy dp = (—=1)**! / 3 (B ugp) - (uy —v()v(u) -uy) dp
B JB

=‘%/ 0, (19l dop+ / ARAUORORBEED
9B B

— /B \Vogul’e; dz — /B V(5u Ve dz+1,
where the term f B V(|8£u|2)(pk Vi dz can be bounded as claimed. We use the decomposition
k
I= / Oku - 05 W (W) - u,)g} dp = Z(l‘.)lj
9B = J
with

= (O8u - 8] (v )R, 8y T ur) 208 = (V(@ku - 0 (@) v@)@}), VI Tu) 2. 0<j <k

For 1 < j <k we bound

151 =C D IVakugrll 2118 v ()3 v () VI, ™ ugill2(s)

0<i<j .
+C Z ||aj,§u -V (3 ’u(u)a¢u(u)¢k) va u||L1(B).
O=<i<j
By the chain rule then for 1 < j <k we have
=c Y ||va¢u¢k||Lz(B>H1_[ Vg
1<J,<k
% ji=k+1
Ji Ji
+c Y Ha(pu ]_[v ugok) i HC H8¢u ]_[v o Vo Hu(m‘
1<Jz<k 1< J_
t/l k+2 ,jl k-‘rl
By Cauchy—Schwarz and Young’s inequalities then we can bound
1 k 2 i
> 11 = Vet +C D0 [TV ugi| o
I<j=<k 1</z<k i
Y ji=k+1
tc 3 |TTviue|,,, +Claguvedisg,
1<], <k i
% ji=2k+2
< HIVOugilap +C Y HH Viugl| | o+ IOVl

1<j; <k
£ ji=2k+2

as claimed. Finally, with
v(u) - ug, = (disty u))gr — u, - dv(u)ug

as in the proof of Lemma 4.3, for j = 0 we can write

v(u) -y = 3y~ (v(u) - uge) + I = Y (disty (), + 111,
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where the terms in /I and /II involve products of at least two derivatives of orders between 1 and k of u.
Thus we have
Io = (u - v()gp, v(w) - Ofur) 1255 = (Ogu - v()gy, 9 (disty (u))r) 1258y + o

with a term /] that can be dealt with in the same way as the terms /;, 1 < j <k.
Using the divergence theorem and integrating by parts we can write the leading term as

Iy := (@u - v}, 08 (disty () 1208
= (V(yu - vw)gp), Vo (disty (1)) 2(p) + (Ogu - v(w)gg, Ady(disty ())) 125
= (V(@pu - v()@p), V (disty ())) 125) — (9 @pu - v)@p), Ady~" (disty ())) 125
to see that this term may be bounded:
[Iol < CIAVSul + 105 uVul) i + 195uVer 20 IV (disty ())@x [l 125)-

But by elliptic regularity we again have

IVEH (disty )l 2y < IV disty @) sy +C Y IV disty (1)) V el 2
1<j<k+1

< CllAdisty )il g1y +C Y IV (disty () VY x [l 2s),
1<j<k+1
where from (3-5) we can bound the first term on the right:

|A@isty @)l = Y 1V (Vu-dv@Vugollpg <€ Y. |[[viuvie
0<j<k 0< jo<k i
1<ji<k
Xi>0Ji <k+1

L2(B)

Moreover, using that disty (#) = 0 on d B, with the help of Poincaré’s inequality we find the bound

< CRy;*E(u).

I disty )V el 5y < CREZIVisty 1) 172, (o)) <

(B) —

The remaining terms for 1 < j < k can be estimated as

IV disty @) Viprlle <€ Y. [TV v

L%(B)
1<ji<k i
Tiji=k+1-j
via the chain rule. Thus, finally, we obtain the bound
2 B
IV st ) oelfag <€ X0 [TV Ve, +CR Ewo.

1<jo.ji<k i>0
Zi>0ji <k+1

By Cauchy—Schwarz and Young’s inequalities thus we can bound
7 1 k 2 k 2 i o |I? —2k
1ol < §IV0§ugil}s )+ ClojuVugil gy + € 30 |[TV0avor] o+ R Ewo).

1<jo,ji<k i>0
Siz0Jji <k+1

and together with our above estimate for the terms /;, j > 1, our claim follows. |
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Proposition 4.10. There exists a constant § > 0 independent of Ry > 0 such that whenever (4-10) holds
then for any T < Ty with a constant Cy = C(T, R, ug) > 0 bounded by the terms on the right-hand side
in the statement of Proposition 4.8 there holds the estimate

T
sup/ |u¢¢(r)|2¢§d¢>+/[|Vu¢¢|2<p§dzdz§c2/ |uo.¢ %03 dp + Cs.
B 0JB 0B

O<t<T

Proof. For k = 2, with the help of Young’s inequality we can bound

Ji= Z Hl—[Vj"ugo,%‘

1<ji<k i
X ji <2k+2

pigy = CHOVZUP V2PVl + | V2ul [Vl + [ Vul® + De3 1 sy

< CIAVZul? +Vul® + D@3l 1)
and

b = Z Hl_[ Vj"uvjo(pz

1<jo,ji<k i>0
Zi>0ji <k+1

2
vy = CHOVZUP 41Vl + DIVl + (1 Vul® + DIV Pl s)-

Observing that ¢; = 1 on the support of ¢,, by (A-2) for the first term in J; we have
VUl @311 sy < 1V2u@2ll7e 5 | V211l 25y < CIVZu@2ll gy IV 22l 25y V2 u1 | L25)
< CUIVugallr2cp) + 1 Vugi 2 | Vg2l 2y | Vg || 12py-

Moreover, arguing as in (A-1) for the function |Vu|6<p§ in place of |v|*¢?, we can bound

2
/|W|6so§dzsC</<|V2u||w2<pz+|Vu|3|wz|)dz>
B B

2/3 N 2
5C</ |v2u|3<p§dz) (/ Ve dz) +c(/ |W|3|V<pz|dz),
B B B

where by Holder’s inequality we have

"™ 1/4 3/4
/ |Vu|3(p2/ dz < </ |Vu|6(p% dz) </ |Vu|2(p% dZ) s
B B B

so that with Young’s inequality we obtain

2/3 1/3 2
/ |Vu|®p3 dz < ca</ |v2u|3<p§dz> (/ |Vu|6<p§dz> +c(f Vul*| V| dz)
B B B B
1 2
< —/ |Vu|6<p§dz+cf |v2u|3<p§dz+c<f |Vu|3|V<p2|dz> .
2 B B B
With Young’s inequality for suitable ¢ > 0, and using (4-9), we then can bound
Ji < CIAV2ul + D@3l sy + CIlIVUl IVl 171 )

< el Vugalja g + CA+ 1Vual 7 5 ) IV u@i 175, + CHIVUlP VORI )
< 3IV3u2ll7s 5+ CA+1VBsu@all72 ) IV Bsue1ll7 5 5, + C,
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where we also have estimated
VUl V@2l 5y < CIVU@L a5 I V@1 172,
< CUIVu@il3a5) + E@)IVugiljaz < ClIVogueilyaz +C.
Similarly, with (A-2) we have
D < ClIV2ugi 1725 + C.

Thus, from Lemma 4.9 we obtain
d 2 2 1 2 2 2 2
03021132y 5) + 31V 2 ) < CU+ VOG22 ) Vg 325 +C. (d-11)

Denote by C; = C((T, R, up) > 0 a constant bounded by the terms on the right-hand side in the
statement of Proposition 4.8. By elliptic regularity, using that |A(u¢;)| <2|VuVe,| + C we can bound

IV2u@211725) < lug2ll3pa g + ClIIVUV @2 T2 ) +C
< Cllugalifp ) + 1A @P) 1725 + CIVuV@2l75 5 +C
< Cllogug2ll7s 5 + CE@) +Ci.

From (4-11) we then obtain the differential inequality

d
L+ 1105ug21 72 5)) < Crl+ 19542172 5) IV Dgtt1 72, + Cr
that is,
4 (log(1 + [192ua]%2., 1)) < C1IVopugr |2, 4+ C
dt g pUP2 L23B))) = *1 PpUP1 L2(B) 1s
and the right-hand side is integrable in time by Proposition 4.8. The claim follows. (I
We continue by induction.

Proposition 4.11. There exists a constant § > 0 independent of Ry > 0 with the following property.
Whenever (4-10) holds, then, for any k > 3, any smooth ug € H'2(SY; N), and any T < Ty,

T
sup/ |af;u(r)|2<p,§d¢+//|va§u|2¢,§dzdt5ck/ |9uol*e de + Cr.,
O0<t<T JOB 0JB B

where we denote by Cy, = Cy (T, R, ug) > 0 a constant bounded by the terms on the right-hand side in the
statement of the proposition for k — 1.

Proof. By Proposition 4.10 the claimed result holds true for £ = 2. Suppose the claim holds true for some
ko > 2 and let k = ko+1. Note that by elliptic regularity, as in the proof of Proposition 4.10, we can bound

IV i1 5y < Nl ey +C Y NIV uV T il )
Jj<k
< Cllugill 3 o3 + CINAWPD 25y +C D IV uV I pl17s
j<k

< ClOfupel}2pp +C Y NVIuV T 0pl72 0 + Ci.
Jj<k
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By the induction hypothesis and Sobolev’s embedding H?(B) < W'*NC%B) for 0 <t < T, we then

have the uniform bounds
ko—2

IV 0@, 172y + IV o Gy + D IV iy () < Cis
j=1
and it follows that

IV @l G2 5y + IV U@k 45y + IV e o ) < CUOGUEN T 55, + Cio

Again let
n= 3 |
! Z H “Ok| 11 m)
1<ji<k i
X ji=2k+2
< (VR ulP(IV2ul + | Vul®) + [VEul [VRoul [Vl + -+ Va2 gl s
and set

J = Z Hl_[ ijuvjo(pk‘

1<jo.ji<k i>0
¥i>0Ji <k+1

2
L2(B)

Suppose ko = 2. Recalling that ¢y = @r¢x,, we can bound the terms
IV2ulP(V2ul + Vul) @3l L1 sy < 11V2u@sll e gy IV 22l 25y + V@214 )
< G3lIVojusll 2 IV ugsll 2 sy + C3 IV ugal 7 5 + C3
< C31IVa3u@sll L2 (1933l L2 o) + 1) + C3IVOZueall 2 5 + C
< el Vaguslls s, + C3l85usll7s 5, + C3lIV G275 5, + C

and
2 2 2
VP @3llL1 sy < 1Vu@3 1170 ) | V021196 5, < C3ll3u@3l 725 + C

from the estimate of J;. Here we also have used (A-1) and (A-2) to bound
IVugall o s < IVUAVUPOD 18y < CIAVZul2 + [Vul Vo2 I Vul P03 [ 15y
< CUIVug2ll25) + 1 Vu V@2l 28) I Vigal 7o )
< C(IVugallr2ep) + 1 VUVl 12() I Vgall 125) < C.
Similarly, we can bound the remaining terms and the terms in J; to obtain
d
1831031725 + 31V U317 25y < C3(L 1105103172 5)) (L + V3272 )) + C
from Lemma 4.9 and then
d
27 0og(1+13u@all7255))) < C3(1+ [IVOGu2l 72 p)).

where the right-hand side is integrable in time by Proposition 4.10. The claim for £k = 3 thus follows.
For k > 4 the analysis is similar (but simpler) and may be left to the reader. U
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5. Local existence
In order to show local existence we approximate the flow equation (1-3) by the equation
u; =—(E+dnmy(u)u, onadB, (5-1)

where ¢ > 0 and where we smoothly extend the nearest-neighbor projection 7, originally defined only
in the p-neighborhood N, of N, to the whole ambient R". Our aim then is to show that for given smooth
initial data ug the evolution problem (5-1), (1-4) admits a smooth solution #, which remains uniformly
smoothly bounded on a uniform time interval as ¢ | 0. Fixing some 0 < ¢ < %, we show existence for the
problem (5-1) with data (1-4) by means of a fixed-point argument.

To set up the argument, fix smooth initial data uq: S I > N with harmonic extension ug € C*°(B; R")

and some k > 2. For suitable T > 0 to be determined let

X =L®(0,T1; H*™'(B;R")NH'(S' x [0, T]; R")
and set
V= {veX:v(O):uo, Av(t)=0inBfor0<r<T,
T
0l = sup 100 g, + [ [ 1P 54R3},
0<t<T 0 JS!

where Ro = |luol| gr+1(5)- We endow the space V with the metric derived from the seminorm

T
= sup IV + [ [ 0P dgar
0JS

0<t<T
Note that this metric is positive definite on V in view of the initial condition that we impose.
Lemma 5.1. V is a complete metric space.

Proof. Let (Vy)men C V with |v; — vy|x — 0 (I, m — 00). By the theorem of Banach—Alaoglu a
subsequence v,, — v weakly-* in L*([0, T]; H*1(B)) with Ut — Uy weakly in L*([0,T] x SY), and
by weak lower semicontinuity of the norm
lvll% < limsup [[v, 1% < 4R5.
m—0oQ
Moreover, we have Av(¢) =0 for all 0 < ¢ < T and v(0) = ug by compactness of the trace operator
HY(S' %[0, T]) > u+> u(0) € L*(S"). Hence v e V.
Moreover, we have

vy —v|x <limsup |y, —v,|x =0 asl— oo. U
m—00

Lemma 5.2. There is T, > 0 such that for any T < T, and any v € V there is a solution u = ®(v) € V of
the equation

ur=—(E+day@)u, ondB x [0, Th[ (5-2)
satisfying (1-4).
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Proof. For v € V we construct a solution u = ®(v) € X of (5-2) via Galerkin approximation. For this let
(¢1)1en, be Steklov eigenfunctions of the Laplacian, satisfying

Agol =0 inB
with boundary condition

o0y =M onadB, [ € Np.

Note that the Steklov eigenvalues are given by A9 = 0 and Ay;—; = Ay =1, [ € N. In fact, we may choose

q)o = 1/\/ 27-[ al’ld
) f P} \/— ’

to obtain an orthonormal basis for L2(S') consisting of these functions. Given m € N then let

u™(t,2) =Y o/ O)pi(2)

=0
solve the system of equations

(m)
1

da™ = (g1, u"™) 1251y = — (@1, (e +dry ()u™) 1251,

m
=—Y a/xj(. (e +dayW)e) 2y, 0<I=<m. (5-4)
j=0
Since for any m € N the coefficients A (g1, (¢ +dmn(v))@;) 251y Of this system are uniformly bounded
for any v € V, for any m € N there exists a unique solution @™ = (a\™)o<<,y of (5-4) on [0, T] with
initial data a,™ (0) = ajo = (uo, ¢1)12(s1)» 0 <1 <m.
Note that for any m € N and any j € Ny we have

8, (rul™) € span{g; : 0 <1 < m),

and the function 3;j u™ is harmonic. In particular, for j = 0 we obtain

1d
EE(IIW("”Iliz(B)) = f Vu™vu™ dz = @™, Mfm))ﬁ(sl) =—@"™, (e +dmy)u™) 21
B

= —eul™ 7251, — ldmn @™ 17251y < =3l 172051, <O, (5-5)
and we find the uniform H'-bound
sup [[V1e™ ()72, + Nty Nz .ot sty + 1™ 13 2 10,00 sty < 2V ™ O,
- <2Vugls < 2R (56)
Moreover, for j =k € N as in the definition of X, upon integrating by parts we find
24 (v agu 2,

) =D / VoZu™mvu™ dz = (—D* @3 ul™, u{™) 251,
B

= (=D @7 ul™, (e +dmy )ul™) 21y
= —el|gu™ 17251y — ldmn @) gu™ 7251 + 1, (5-7)
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where I = Zl;zl (];)Ij with

I =—@5u™ ., 8) (dmy )3y~ ul™) 121,

similar to the proof of Lemma 4.3. However, now we simply bound

-
1=C 37 105 e | [T 04 voh/u™
Xiji=J i

1<j<k

LZ(SI)’

Note that by compactness of Sobolev’s embedding H'(S!) < L>°(S") and Ehrlich’s lemma for any
number 1 < j <k, any § > 0 we can bound

k—j k—j+1 k—j
19 ™ Nl oo sty < 81135~ ul™ 25, +C Oy 1™ Nl 2s1)
k
< 281185 | 2(sty + CO)llu™ Nl 2s1)-
On the other hand, for any v € V by the trace theorem we have
||8£U”L2(S]) < C||3£U||H1(B) < Cllvllgr+1 () = CRo,
and we therefore also can bound
185l oo sty < C||3£U||L2(51) + 1950l 2¢s1y < Cllvll grsr gy < CRo

forany 1 < j <k.
Thus, for sufficiently small § > 0 with a constant C > 0 depending on ¢ > 0 and Ry,

111 < 5el0pul™ 17251, + Cllul™ 17251y,
and from (5-7) with the help of (3-7) we obtain the inequality

d k 2 2 2 2
UV s ) < Cllu™ 1o o1y = Cllug” Waory < Cllueg” 1315,

< CIVagu™ 725 + CIIVU" 755 < CA+IVIGu™ 17,

(B) — (B))’

where we recall (5-6) for the last conclusion.

It follows that for suitably small T > 0 there holds [u™ || < 4R} for all m € N. Thus, there is
a sequence m — oo such that ¥ — u weakly-x in L>°([0, T1; H*1(B)) with ut(m) — u, weakly in
L?([0, T1 x SY), where u =: ®(v) € V solves (5-2). O

Lemma 5.3. There is T > 0 such that, for vi, v, €V,
|®(v1) — PW)lx < 5lv1 —valx.

Proof. Let T, > 0 be as determined in Lemma 5.2 and fix some 0 < T < T5. For vy, v; € V then we have
u; = ®w;)eV,i=1,2. Set w=u; —up and v = v; — vy, and compute

wy = —(e +dmy())w, — (dy(v1) —dry (v2))uz, ondB=S". (5-8)
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Multiplying with w, and integrating we obtain

(||Vw|| ):/ VwVw,dx = (w,, w) 25t
2dt L2(B) 5 t r t $sh

= —¢llw 13251, = ldan @D w, 17251, = Wr, (dn (V1) — d7n (V2))uz, ) sty

where with |luz ;|| poo(s1y < Clluz || g3y < CRo we can bound
|(wy, (dry(v1) —drn(W2)uz )2l < Clwell p2esnllvli sty 1wzl oo sty
1 2 2
= C”wr”LZ(Sl)”v”Lz(Sl) = ESer”LZ(Sl) + C(s)”v”LZ(SI)-

Thus, with a constant C = C(¢) > 0 we find

d

IVl +elwrlfasry < Clluliga. (5-9)
Similarly, from (5-8) we can bound

w3251y < Cllwr 2251y + ClIv Iz 61, (5-10)
Integrating over 0 <t < T and observing that we have
T 2 T )
sup ”v(t)”LZ(Sl) = </ ”vt(t)”Lz(S')dt> ST/ ”vt(t)”LZ(Sl)dts
0<t<T 0 0

from (5-9) we first obtain

21,012
sup va(t)”Lz(B) +8”wr”L2([0 T]xShH — <CT sup ”v(t)”LZ(Sl = cT |U|X7
0<t<T 0<t<T

which we may use together with (5-10) to bound

21,12
|w|X_ Sup ”vw(t)”LZ(B)+||wl‘”L2([0T]><S] <CT |U|X-
0<t<T

For sufficiently small 7 > 0 then our claim follows. ]

Thus, by Banach’s fixed-point theorem, for any ¢ > 0 and any smooth ug € H'/?(S'; N), there
exists 7 > 0 and a solution u = u(¢) € V of the initial value problem (5-1), (1-4). We now show that the
number 7 > 0 may be chosen uniformly as € | 0. Indeed, we have the following result.

Lemma 5.4. There exists a constant C > 0 such that, for any k > 2, any smooth uy € H 12(8Y: N), and
any () <e < % for the solution u to (5-1) with u(0) = uy,

d
V85Ul ) < CU+ Vil T g + 1V g0l 2p) .
Proof. Similar to the proof of Lemma 5.2, for given 2 < k € N we compute
1L (1905l ) = (—DF f Vg uVuy dx = (=) 05 ur. ) 1251y

= (=D u,, (e +dmy W)ur) 251
< —||d7TN(M)8¢Mr||L2(S1)—I, (5'11)
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2

k
where we now drop the term 8||8¢u, ||L2(S1

with

) from (5-7). Again we use the decomposition / = Zl;zl (lj) I;

Ij = @fur, 9 (dry @)y 1) 251y = (VOku, V(@) (dry )y 1)) 125
but now we bound these terms as in the proof of Lemma 4.3 via
|11 < CUIVagull 2y (1 V3 [ )3t | 128y + 19 (den @)V url120m)
<C Y IVOull [TV

i ji=k+2

L2(B)

Using that for any k > 2 by Sobolev’s embedding H>(B) — W'*N C%(B) we can bound

Z Hl_[iju

S CA+|Vullz + IV 2 p)) 2

. , L2(B
1<ji<k+1 i
X ji=k+2
and also using (4-3), we obtain the claim. ]

‘We now are able to conclude.

Proposition 5.5. For any k > 2 and any smooth ug € H'/?(S'; N) there exist T > 0 and a solution u € V
to (1-3) on [0, T] with initial data u(0) = uy.

Proof. In view of Lemma 5.4, there exists a uniform number 7 > 0 such that, with V as defined above,
forany 0 < ¢ < % there exists a solution u, € V to (5-1) on [0, T']. By definition of V, as ¢ | 0 suitably,
we have u, — u weakly-*x in L>([0, T']; H*(B) N H'(S! x [0, T]). But this suffices to pass to the
limit ¢ | 0 in (5-1), and u € V solves (1-3) with u(0) = uy. [l

Proof of Theorem 1.1(i). By Proposition 5.5 for any smooth ug € H'/?(S'; N) and any k > 2 there exists
T > 0 and a solution u € V of (1-3), (1-4) for 0 <t < T. Alternatingly employing Propositions 4.11
and 4.6, we then obtain smoothness of u for 0 < ¢ < T, including the final time 7. (This argument later
appears in more detail in Section 6 after Lemma 6.2.) Iterating, the solution # may be extended smoothly
until some maximal time T where condition (4-4) ceases to hold. Uniqueness (even within a much larger
class of competing functions) is established in Section 7. O

6. Weak solutions

Given ug € HY%(S!; N), there are smooth functions ug, € H/2(S'; N) with uox — uo in H'(B) as
k — oo. Indeed, similar to an argument of Schoen and Uhlenbeck [1982, Theorem 3.1], with a standard
mollifying sequence (pog)ren for the mollified functions vog := ug * pr we have disty (vor) — 0 uniformly,
and ugy := 7y (vox) = ug € H2(S'; N) as k — oo.

Let u; be the corresponding solutions of (1-4) with initial data u;(0) = u, defined on a maximal
time interval [0, Ty [, k € N. We claim that each function u; can be smoothly extended to a uniform time
interval [0, T'[ for some T > 0. To see this, we first establish the following nonconcentration result.
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Lemma 6.1. For any § > 0 there exists a number R > 0 and a time Ty > 0 such that

sup f |Vur()|>dz <8 forall k € N.
Br(zo)NB

z0€B
0<t<Tpy

Proof. Given § > 0, by absolute continuity of the Lebesgue integral and H'-convergence uo; — ug
(k — o0) we can find R > 0 such that

su Vup|>dz <8 forall k e N.
p |
Byr(z0)NB

z0€B

Choosing Ty = 6 R, by Lemma 2.2 then we have

sup f |Vug(1)1> dz < 48 + CSE (uy) < L8
Br(z0)NB

z0€B
0<t<Tpy

with a uniform constant L > O for all k£ € N. The claim follows if we replace § with /L. (Il
In view of Proposition 3.4, from Lemmas 6.1 and 2.1 we obtain the following bound for u; in H'(S").

Lemma 6.2. There exist a time Ty > 0 and constants C > 0, Cy = Co(E (ug)) > 0 such that

To
// |3¢uk(t)|2d¢dt§CE(uko)§Co forall k e N.
0 Js!

From Lemma 6.2 we obtain locally in time uniform smooth bounds for (u;) for # > 0 by iteratively
applying our previous regularity results. More precisely, Fatou’s lemma and Lemma 6.2 first yield the

bound
To
f hmlnf(/ [0gpuy (2)] d¢) dt < Cy.
0

Thus, for almost every 0 < #y < T,
liminf/ |8pux (t0)|* dp < oo.
k—oo Jg1

For any such 0 < 9 < Tp, if § > O is sufficiently small, from Proposition 4.2 with another appeal to
Fatou’s lemma we may conclude

To To
/ liminf/ |V3¢uk|2dzdt §liminf/ / |V8¢,uk|2dzdt <C;
to k— o0 B k—o00 to B
for some C; > 0, so that now we even have

liminf/ |Vagur(t)|* dz < oo
k— 00 B

for almost every ty < t; < Tp. Hence we may next invoke Proposition 4.4 and (4-2) to obtain the bound

hmmf/ / |V8¢uk| dzdt < oo
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for any such 7y < #; < Tp, and Fatou’s lemma gives

liminf/ |Vagur(12)|* dp < o0
B

k— 00

for almost every t; < f, < Tp. Now Proposition 4.10 may be applied with ¢y = 1, and we obtain

hmlnf/ / |V8¢uk| dzdt < oo

for any such #; < #p < Tp. Another application of Fatou’s lemma gives

liminf/ IVogur(t3))* dz < oo
B

k— 00

for almost every t, < t3 < Ty, and Proposition 4.5 yields

hmlnf/ / |V8¢,uk| dpdt < oo

for any such #, < 13 < Tp. We may then iterate, using (3-7) and alternatingly employing Propositions 4.11
and 4.6 for 3 <k € N, to find a subsequence (uy) satisfying uniform smooth bounds on J#y, Tp] for any
top > 0. Passing to the limit as k — oo for this subsequence we obtain a weak solution to (1-3), (1-4) of
energy-class in the following sense.

Definition 6.3. A function u € H' ([0, To] x S'; N)NL>®([0, To]; H'/2(S'; N)) with harmonic extension
u = u(t) for each ¢ is a weak solution of (1-3), (1-4) of energy-class, if (1-3) is satisfied in the weak sense,
that is, if

To To Ty
/ (u, +d7rN(u)ur)-<pd¢dt=/ / u,-(pdqbdt—i-/ /Vu-V(an(u)(p)dzdtzo (6-1)
0 0 JoaB 0o JB

0B

for all ¢ € C?O(E x 10, Ty[), and if there holds the energy inequality

T
E(u(T))—i—f/ lus> d dt < E(u(S)) (6-2)
s JoB

for any 0 < § < T < Tp, with the initial data ug € H 172(st N) being attained in the sense of traces.
We then may summarize our results as follows.

Proposition 6.4. For any ug € H'/?(S'; N) there exists Ty > 0 and a weak solution u to (1-3), (1-4) on
[0, Ty] of energy-class, which is smooth for t > Q.

Proof. For any open U C ]0, Tp[ we have uniform smooth bounds for u; on U; thus a suitable subsequence
uy approaches u smoothly locally as k — oco. Equation (6-1) follows from the corresponding identities
for uy.

Moreover, (6-2) follows from the energy identity, Lemma 2.1, for u;, where we also use H'-convergence
uox — ug as well as weak lower semicontinuity of the energy and of the L?-norm.
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Finally, with error o(1) — 0 as k — oo for 0 < ¢ < Tp we can estimate
t 2
lu(2) = uol7 255 < Neta(8) = okl 725, +0(1) < ( fo 1914k (¢') | 203y dr’) +o(1)

t
<t /O 18105 ()22 5, dt” + 0(1) < 1E () + o(1),

and u(t) — ug weakly in H'2(SY NyNHY(B; R") as t J 0. In fact, by (6-2) we then even have strong
convergence. U

7. Uniqueness

With the help of the tools developed in Section 3 we can show uniqueness of partially regular weak
energy-class solutions as in Proposition 6.4.

Theorem 7.1. Let ugc H'/?>(S!; N). Suppose u and v both are weak energy-class solutions of (1-3), (1-4)
on [0, Ty] for some Ty > 0 with initial data ug, and suppose u and v are smooth fort > 0. Then u = v.

Proof. Using (3-2) for u and v, for the function w = u — v for almost every 0 < ¢t < Ty we have
ow + 9, w = v(u)o, (disty (1)) — v(v)a, (disty (v))
= () —v(v))o,(disty (1)) + v(v) 0, (disty (1) — disty (v)) 7-1)
on dB = S'. From (3-5), moreover, we obtain
|A(disty () — disty (v))] = |Vu - dv(u)Vu — Vv - dv(v) V|

< C(|w||Vul* + (|Vu| +|Vv])|Vw]) in B. (7-2)
Observing that

| disty (u) —disty (v)| < Clw],

upon multiplying (7-2) with the function (disty (1) — disty (v)) € HO1 (B), integrating by parts, and using
Young’s inequality, for any ¢ > 0 we obtain

IV (dist (u) — disty ()72, SC/(|w|2|VM|2+(|Vu|+|VU|)|Vw||w|)dZ
B

< el Vwljagg + C@ONWITs 5 VUl Fag + IVVITa 50 (T-3)

On the other hand, for any 0 < 79 < T < Ty, multiplying (7-1) with w and integrating by parts on
S! x [tg, T1, upon letting #o | 0 we find

sup () + / / Vwl?dz dt
O<t<T

<C// (Oyw + d,w)w de dt
T
:C// w(v(u)—v(v))B,(distN(u))dqbdt—i-C// wv(v)d, (disty (u) — disty (v)) d¢ dt
0 JoB 0 JoB

T
= c/ (I + 1) dt.
0
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We first estimate the term

1=1(t)=/ w(v(u) —v(v))d, (disty (1)) dp
9B

:/ V(w(u(u)—U(v)))V(diStN(u))dz—i-/ wwm) —v))A(disty (1)) dz.
B B
Using
IV(w(u) —v)| < ClVw||w| + [w((dv() —dv(v))Vu +dv(v)Vw)|
< C(IVwl|w| + [w[*|Vul)

we can bound

/ Vwwu) —vw)))V(disty(n))dz
B

< C/(IVwIIwI + [w]?|Vul)| Vul dz
B

2 2 2
S SHVU)”LZ(B) + C(S)||U)||L4(B)||Vu”L4(B)

for each ¢. Also using (3-5), we can moreover estimate

/ wwum) —v))A(disty (1)) dz
B

2 2
= C ”w ||L4(B) ||V1/t ”L4(B)
for almost every 0 < ¢ < T to obtain
111 < el Vwl7zgg + CENWITa g IVul]
= LX(B) L4(B) L4(B)
Similarly, we estimate the term

=1t = / wv(v) 0, (disty (u) — disty (v)) d¢
3B

:/ V(wv(v))V(distN(u)—distN(v))dz+/ wv(v)A(disty (u) — disty (v)) dz.
B B

Noting that with (7-3) we can bound

/ V(wv(v))V(disty (u) —disty (v))dz
B

=CUVwllzg) +lwVoll L) IV (disty () —disty (v)) || L2(s)

<ellVwl 72 +CENWI a0 (V45 FIVVIZ 4 5)
and that with (7-2) we have

f wv(v) A(disty (1) — disty (v)) dz
B

sC/<|w|2|W|2+|w||Vw|(|Vu|+|w|))dz
B

< e Vwl7ag + CONWIT g VUl a5+ 1VVIT5),

we find the estimate
111 < &l Vw72 + C@Nwll e gy (IVulFa g5y + V014 5))

for almostevery 0 <t < T.
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But Sobolev’s embedding H 1/2(B) — L*(B) and Fourier expansion give the bound

||w||L4(B) C”w”Hl/Z(B) C”w”Lz(BB)

and similar bounds for Vu as well as Vv. Moreover, since by the energy inequality (6-2) we have
u(t), v(t) = up strongly in H'(B) as t 4 0, there exist a radius 0 < R < % and a time 0 < T < Ty such
that condition (3-13) in Proposition 3.4 holds true on [0, 7] for both « and v, allowing us to bound

T T T
/0 IVu() |2y di < C /0 VU021 5, =< C /0 185 (0 dt

T
sc// g P dp di + C(R)T Euo) < C(R)(1 + To) Euo)
0 JOB

with the help of (3-7), and similarly for |Vv|. Choosing ¢ = %, for sufficiently small 0 < T' < Ty by
absolute continuity of the integral we thus can estimate

T
sup ||w(t)||L2(aB)+// |Vw|2dzdt
O<t<T

%vallLZ(BX[O T])+C SuP ”w(t)”LZ(aB)/ (||VM||L4(B)+||VU||L4(B))dt

1
=< z( sup ||w(t)”L2(8B)+// |VIU|2dde),
O<t<T B

and it follows that w = 0, as claimed. O

Proof of Theorem 1.2. Existence for short time and uniqueness of a partially regular weak solution to
(1-3), (1-4) for given data ug € H 172(s1: N) follow from Proposition 6.4 and Theorem 7.1, respectively.
Since by Proposition 6.4 our weak solution is smooth for ¢ > 0, the remaining assertions follow from
Theorem 1.1.

Note that at any blow-up time 7;_;, i > 1, of the flow as in Theorem 1.1(ii) there exists a unique weak
limit u; = limyy7,_, u(t) € H 172(S'; N), and we may uniquely continue the flow using Proposition 6.4. [J

8. Blow-up

Preparing for the proof of part (ii) of Theorem 1.1, suppose now that for the solution constructed in
part (i) of that theorem there holds Ty < co. Then, as we shall see in more detail below, by the results in
Section 4 condition (4-4) must be violated for T = Ty and there exist § > 0 and points z; € B as well as
radii r | 0 as k — oo such that, for suitable #; 1 Tp,

/ \Vut)|* dz = sup/ IVu(t)*dz =$6.
By, (z0NB 0B J By (2oNB
=k

We may later choose a smaller constant § > 0, if necessary. Moreover, for later use from now on we
consider local concentrations in the sense that, for some zy € B and some fixed radius ry > O for a
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sequence of points z; € B with z; — zo and radii r¢ | O for suitable #, 1 Ty as k — oo,

/ IVu(t)|*dz=sup / IVu()|>dz =3$.
Brk(zk)mB Z/EBrO(ZO) Brk(z/)mB

1<ty
Scale
up(z, t) = u(zk +riz, ty +rit)
for
ze={z:zx+rnzeB), telh={t:0<tp+trp <Tp).

Note that then

/ IVur(0)*dz= sup / \Vur()|* dz = 8. (8-1)
B (0)N2, By ()N

2+ri7 € By (z0)
—ty /i <t<0
Passing to a subsequence we may assume that the domains €2; exhaust a limit domain Q,, C R?, which
either is the whole space R? or a half-space H.
By the energy inequality Lemma 2.1 for ¢ € I,

/ |Vur(t)>dz = / \Vu(ty +rit)|* dz < 2E (up), (8-2)
Q. B

and for any #yp < 0 and sufficiently large k € N we have

0 0
// Iatuklzdsdt:// ldmy (ur) By ux | ds dt
to J 02 to J A

t To
:/ f |u,|2d¢dt§/ / lu;>d¢ dt — 0 (8-3)
tx+rrto JOB tx+rito Y OB

as k — oo, where ds is the element of length and where v is the outward unit normal along 0€2.
Expressing the harmonic functions d;ux(¢) in Fourier series for each ¢ < 0, it then also follows that
drux — 0 locally in L? on Qu x ]—00, O]. Finally, again using the fact that uy(¢) for each ¢ is harmonic,
by the maximum principle we have the uniform bound |uy| < sup,cy [p| as well as uniform smooth
bounds locally away from the boundary of Q.

Hence we may assume that as k — oo we have u; — uy weakly locally in H' on Qo x ]—00, 0,
where u~(z, 1) = Uso(z) is independent of time, harmonic, and bounded. Moreover, we have smooth
convergence away from 9. Thus, if we assume that Q. = R2, by (8-1) it follows that

/ |Viuoo|>dz = 8.
B1(0)

But any function v: R> — R which is bounded and harmonic must be constant, which rules out this
possibility. Hence 2, can only be a half-space.

After a suitable rotation of the domain B and shift of coordinates in R? = C we may then assume that
2k = (0, —y) with 1 — yr < Mry for some M € N and that Q, = {(x, y) : ¥y > yo} for some yy. Finally,
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replacing ry > 0 with (M + 1)ry and zx with zz = (0, —1), if necessary, we may assume that
Q CRL ={(x.y):y >0}

is the ball of radius 1/r; around the point (0, 1/r) with 0 € 92, while from (8-1) with a uniform number
L € N we have

L/ IVuk(0)|2dz > L35> sup / |Vuk(t)|2dz (8-4)
B (0)NS2% B (z)N&2

|Z'|<ro/rk
—t5/re<t<0

for any k € N. Let ®y: [F\RZ+ — Qi be the conformal maps given by

Dy(z) =

—., zeR:, keN,
1 —irz

with ®; — 2-id locally uniformly on R> = C as k — oo.
Let v = uy o © with k € N. By conformal invariance of the Dirichlet energy, from (8-2) for any ¢

we have
/ IV (1)|* dz = / |Vur())* dz < 2E (uy), (8-5)
RZ Q
and by (8-4) with a uniform number L; € N there holds
Llf IVu(0))*dz > L8> sup / IVue(0)]* dz, (8-6)
B (0) 1Z'|<ro/ri ¥ B (@)
—tx/r<t<0

where
B (z) = B.(x) NR%

for any » > 0 and any z = (x, y) € R?. Moreover, from (8-3) for any fy < 0 and any R > 0 for the integral
over |—R, R[ x {0} C B[Ri we obtain

0 ;R 0 rR
/ / |0, v |> dox dt < cf / dry (vi)dy vk > dx dt — 0 as k — oo, (8-7)
to J—R to J/ —R

and ;v — 0 locally in L?on @%r X ]—00, O[. In addition, from our choice of (i) it follows that vy — v
weakly locally in H' on R2 x ]—00, [ as k — 00, where Uso (2, 1) =: Woo(z) is harmonic and bounded.

For a suitable sequence of times 7y < s; < 0, we also have locally weak convergence wy := vg (sx) = Weo
in H' on @i and, in addition,

dry(w)dywy — 0 in Ly (RY)  ask — oo. (8-8)

Thus, for sufficiently small § > 0, by Proposition 3.3 applied to the functions wy o ¥, where ¥ : B — [Ri%r
is a suitable conformal map, we also have uniform local L?-bounds for 3, w; on dRZ, and we may assume
that wy — wy locally uniformly and weakly locally in H! on BIR%r as k — oo. Since wy is harmonic,
we then also have locally strong H'-convergence wy — wso 0N @i.
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To see that we, is nonconstant, let ¢ = ¢, 4r,, k € N. Integrating the identity (2-1) from the proof of
Lemma 2.2 in time, with error o(1) — 0 and suitable numbers g; | 0 as k — oo in view of (8-3), we find

/ |Vu(ty) >t dz — / \Vu(ty + risi)|*of dz
B B

1
2
Tk

Tk
<[ [ widasarr2 [ [ uvepvaiazar
tx+risgJ OB tc+risgd B

173 173
50(1)+88krkf /|Vu|2|V(pk|2dzdt+(88krk)1/ /|u,|2<p,3dzdt. (8-9)
B ti+riskd B

te+ri Sk

With the help of (2-2) and (8-3) for suitable ¢ | 0 we can bound

174 173
(Sskrk)lf f|u,|2<p,§dzdt5c8;1/ / |lus|? dz dt — 0.
tx+risgY B tx+risyJ OB

Since for any choice 79 < s < 0 we also can estimate

173
88krk/ / \Vu|?|Vor|* dzdt < Ceglto] E(ug) — 0,
tr+risyJ B
from (8-9) and (8-6) it follows that with error o(1) — 0 as k — oo we have

/ |Vwk|2dz+0(1)=/ |Vvk(sk)|2dz+o(1)z/ \Vu(ty 4 resi)|?@? dz + o(1)
B/ (0) B (0) B
> / |Vu(t) > dz > / |Vue(0)|* dz > 8. (8-10)
B B} (0)

Finally, in view of locally uniform convergence wy — Wy, and weak local L2-convergence of the traces
Vw; — Vwe on IRZ , we may pass to the limit k — oo in (8-8) to conclude that wy : B[R{%r — N with

Ay (Weo)dyweo =0  on IR (8-11)
Since ws, is harmonic, the Hopf differential
[ = 10:wool® = [8y ool = 208 Wi - Iy weo

defines a holomorphic function f € L'(R%, C). Moreover, we € leéz (@i) with trace Vw, € LIZOC(B Ri);
thus also the trace of f is well-defined on B[R?%r. By (8-11) now the trace of f is real-valued; thus f =c¢
for some constant ¢ € R. But Vwy, € Lz(lRi); hence f € LI(R%F). It follows that ¢ = 0, and wy 18
conformal.

With a conformal diffeomorphism ®: B — [R{%r mapping a point zo € d B to infinity, define the map
il = we 0 ® € H/?(S'; N). By conformal invariance, i again is harmonic with finite Dirichlet integral
and satisfies (1-6) on 3B \ {zo}; since the point {zo} has vanishing H'-capacity, i then is stationary in the
sense of [Griiter et al. 1981]. Moreover, i is conformal. For such mappings, smooth regularity on B was
shown by Griiter, Hildebrandt, and Nitsche [Griiter et al. 1981]; thus condition (1-6) holds everywhere on
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d B in the pointwise sense, and # parametrizes a minimal surface of finite area supported by N which
meets N orthogonally along its boundary.

Proof of Theorem 1.1(ii). For given smooth data ug € H'/>(S'; N) let u be the unique solution to (1-3),
(1-4) guaranteed by part (i) of the theorem, and suppose that the maximal time of existence Ty is less
than co. Then condition (4-4) must fail as ¢ 1 Tp; else from Propositions 4.11 and 4.6 we obtain smooth
bounds for u(¢) as t 1 Ty and there exists a smooth trace u = lim;y7, u(t). But by the first part of the
theorem there is a smooth solution to the initial value problem for (1-3) with initial data u; at time Ty,
and this solution extends the original solution « to an interval [0, 71[ for some 71 > Ty, contradicting the
maximality of Tp.

Let z) € B, 1 <i <o, such that, for some number § > 0 and suitable t,ii) 1 To, z,(:) — z®, r,ﬁi) -0
as k — oo,

k— 00

liminf/ V)P dz = 8.

Brlgi)(zl((l))ﬂB

By the argument following (8-9), for a suitable sequence of radii 0 < r,fo) — 0 such that r,Ei) / r,fo) —0as
well as (Ty — t,E’))/rIEO) — 0, then with error o(1) — 0 as k — oo,

/ IVu(t)? dz +o0(1) > / V)P dz =5
B 0 (z")NB B (i (z{)NB
k k

for all Ty — r,fo) <t < Ty, uniformly in 1 <i <iy. For sufficiently large k € N such that

0 _ . ' j
r}i ) < .mleﬂz(l) —Z(J)|,
i<j

it follows that iy < E(ug)/8, and we may fix ro > 0 and redefine t(i), r,ﬁi), and z,(j), if necessary, such that,
for each 1 <i <,

/ Vu@)Pdz = sup / IVu(0)|*dz =6.
B ()N <'eBry () /B, (INB

0<t§t,§i)

Moreover, we may assume that § < §y as defined in Proposition 3.1. The characterization of the
concentration points as in Theorem 1.2(ii) via solutions i) of (1-6) then follows from our above analysis.
In addition, Corollary 3.2 yields the uniform lower bound

lim lim inf / \Vu(t)|* dz > 2E (@) > 263
roy0 1T Bro(z(i))mB
for the concentration energy quanta, which gives the claimed upper bound for the total number of
concentration points.
Finally, with the help of Proposition 4.11 we can smoothly extend the solution u to B\ {z(I), ..., 70}
at time t = T. |
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9. Asymptotics

Suppose next that the solution u to (1-3), (1-4) exists for all time 0 < ¢ < co. Then u either concentrates
for suitable #; 1 0o in the sense that condition (4-4) does not hold true uniformly in time, or u satisfies
uniform smooth bounds, as shown in Section 4.

In the latter case, the claim made in Theorem 1.1(iii) easily follows.

Proposition 9.1. Suppose that for any § > 0 there exists R > 0 such that condition (4-4) holds true for
all 0 < t < oo. Then there exists a smooth solution us, € H'/?(S'; N) of (1-6) such that u(t) — uso
smoothly as t — oo suitably, and u., parametrizes a minimal surface of finite area supported by N which
meets N orthogonally along its boundary.

Proof. For sufficiently small § > 0 and for any j € N, by iterative reference to Propositions 4.2, 4.4-4.6,
and 4.10, 4.11 as in Section 6 we can find constants C; > 0 such that ||u(?)||zjp) < C; for all r > 1.
Moreover, by the energy inequality Lemma 2.1 for a suitable sequence #; — oo there holds u;(#) — 0 in
L*(dB) as k — oco. Then for any j € N a subsequence u(f;) approaches i, in H/(B), and a diagonal
subsequence converges smoothly, where u, solves (1-6). By the argument after (8-11) in Section 8, u is
conformal and u, parametrizes a minimal surface with free boundary on N which meets N orthogonally
along its boundary. ]

In the remaining case that for some § > 0 condition (4-4) fails to hold, there exists a sequence #;, 1 00

and points zM, ..., 7200 guch that, for sequences z,(:) — 7z and radii r,ii) — 0as k — oo,

k—00

lim inf/ Vu@)Pdz =8, 1<i<i.
B i (2HNB
"k
By Lemma 2.1 there holds the a-priori bound iy < E(ug)/5 for the number of concentration points. By
the argument leading to (8-10) then, for a suitable number
0 < ro < inf 3]z® — 2|
i<j
with error o(1) — 0 as k — oo and with some constant L € N for all 1 <i < iy,

L/ |Vu@)Pdz4o(1) = sup / \Vu)Pdz > 5.
BZ’/Ei)(Zlil))mB 2By, (z,(f)) Br,ﬁ’”(zomB

te—ro=<t<fty
Fixing any index 1 < i < iy and renaming Z](ci) —: 7; and r}ii) —: r;,, we then scale

ur(z,t) =u(zp +rez, e +rit), z€Q={z:zx+nzeB}, —t/r <t =<0,

as before and observe that, for any 7y < 0,

0 0
ff |8,uk|2dsdt:// \dm () dyux | ds dt
to J O to J 2%

i o0
=/ / |u,|2d¢dt§/ / lu;>d¢ dt — 0 9-1)
te+rrto/ OB te+rrto/ OB
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as k — oo, where vy is the outward unit normal along 0€2¢. Just as in Section 8 for suitable #p < s <0
we then obtain local uniform and H'-convergence of a subsequence of the conformally rescaled maps
wi = ur(sy) o Py € HILC(R%F) to a smooth, nonconstant, harmonic and conformal limit wy, with finite
energy and continuously mapping BIR%r to N, inducing a solution it = we, 0 ® € H/2(S'; N) of (1-6)
corresponding to a minimal surface with free boundary on N. This ends the proof of Theorem 1.1(iii).

Appendix

In this section, for the convenience of the reader we derive two interpolation inequalities that play a
crucial role in our arguments.

Let v e H'(B), and for r > 0 let (zi)1<i<i, be such that the collection of balls B,2(z;), 1 <i <o,
covers B with at most L balls B, (z;) overlapping at any z € B, with L € N independent of r > 0. We
may assume r < % so that for any 1 <i <y there is a pair of orthogonal vectors e; ; and e, ; such that
for any z € B, (z;) there holds z +se; ; +tex; € B for any 0 <s, ¢ <2r. After a rotation of coordinates,
we may assume that e; ; = (1, 0) and e, ; = (0, 1) are the standard basis vectors. Writing ¢ for ¢, ,, by
arguing as Ladyzhenskaya [1963] for any z = (x, y) € B,(z;) and using that

(W) (x +2r,y) = 0= (v’p)(x, y +2r)

then we can estimate
2r 2r
v“(z>=|<v2<p>(z)|2§/ |ax<v2<o)(x+s,y)|ds-/ 13y (V2@)(x, y +1)| dt
0 0
< / 18, (V2) (s, )| ds - / 19y (V) (x, 1)| dt, (A-1)
{s:(s,y)eB} {t:(x,t)eB}

and with the help of Fubini’s theorem we find

o0
/ |v|4dzsf |v|4<p2dz§/ (/ |<v2¢)<x,y)|2dx)dy
B,~/2(Z,‘) B —00 {x:(x,y)eB}
o0 o0
sf / |ax<v2¢><s,y>|dsdy-/ / 19, (v20) (x, )| di dx
—oo J{s:(s,y)eB} —oo J{t:(x,t)EB}

2
< (f IV(v2(P)|dz>
B

2
< (/ (2|Vv||v<p|—|—v2|V<p|)dz)
B

< C(/ |Vv|2dz+r_2/ vzdz)/ v2dz.
By (zi) By (zi) By (zi)

Fixing r = % and summing over 1 <i < iy, with an absolute constant C > 0 we obtain the bound

1Wl124 5, < ClVI gy 0172 (A-2)
for any v € H'(B).
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