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NONCOMMUTATIVE MAXIMAL OPERATORS WITH ROUGH KERNELS

XUDONG LAI

This paper is devoted to the study of noncommutative maximal operators with rough kernels. More
precisely, we prove the weak-type (1, 1) boundedness for noncommutative maximal operators with rough
kernels. The proof of the weak-type (1, 1) estimate is based on the noncommutative Calderén—-Zygmund
decomposition. To deal with the rough kernel, we use the microlocal decomposition in the proofs of both
the bad and good functions.

1. Introduction and state of main result

In recent years, there has been extensive research on noncommutative harmonic analysis, especially on
noncommutative Calderén—Zygmund theory; see, e.g., [Parcet 2009; Mei and Parcet 2009; Cadilhac
2018; Chen et al. 2013]. The main content of this topic is focused on investigating the boundedness
property of various operators in harmonic analysis on the noncommutative L, space. Due to the lack of
commutativity (i.e., ab = ba may not hold in general case), many problems in the study of noncommutative
Calder6n—Zygmund theory seem to be more difficult, for instance the weak-type (1, 1) bound of integral
operators.

It is well known that the real-variable theory of classical harmonic analysis was initiated by
A. P. Calderén and A. Zygmund [1952]. One of the remarkable techniques in [Calderén and Zygmund
1952] is the so-called Calderén—Zygmund decomposition, which is now a widely used method in harmonic
analysis. This technique not only gives a real-variable method to show weak-type (1, 1) bounds of
singular integrals, but also provides a basic idea of stopping-time arguments for many topics in harmonic
analysis, such as the theory of Hardy and BMO spaces; see, e.g., [Grafakos 2014a; 2014b; Stein 1993].
The noncommutative Calderén—Zygmund decomposition was recently established in [Parcet 2009] via
the theory of noncommutative martingales. With this tool, the weak-type (1, 1) bound theory of the
standard Calderén—Zygmund operator was developed there. It was pointed out in [Parcet 2009] that the
noncommutative Calder6n—Zygmund decomposition and the related method should open a door to work
for a more general class of operators. For the subsequent works related to weak-type (1, 1) problem and
noncommutative Calder6n—Zygmund decomposition, see [Mei and Parcet 2009; Cadilhac 2018; Caspers
et al. 2018; 2019; Hong and Xu 2021; Hong et al. 2023; Cadilhac et al. 2022].
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On the other hand, the classical theory of singular integral operators tells us that to ensure the weak-type
(1, 1) bound of the Calderén—Zygmund operator, the regularity condition of kernel can be relaxed to the
so-called Hormander condition; see, e.g., [Hormander 1960; Grafakos 2014a]. Moreover, Calderén and
Zygmund [1956] further studied the singular integral operator with a rough homogeneous kernel defined by

Q _
pv [ 2D 0y (1-1)
R |x — Yl

and established its L, boundedness for all 1 < p < oo. For its weak-type (1, 1) boundedness, it was quite
later showed by S. Hofmann [1988] (and independently by M. Christ and Rubio de Francia [1988]) in two
dimensions and by A. Seeger [1996] in higher dimensions (see further results in [Tao 1999]). Therefore
a natural question inspired by [Parcet 2009] is whether can we weaken the Lipschitz regularity of kernel
to the Hérmander condition or even rough homogeneous kernel. This problem has been open since then.
The purpose of this paper is to develop some theory in this aspect for a class of rough operators. We
consider the most fundamental operator: the maximal operator with a rough kernel which is defined by
(in the sense of classical harmonic analysis)

1
Mg f(x)=sup M, f(x)], M, f(x)=——"— Qx—yfydy, (1-2)
r>0 |B(x, }")l B(x,r)

where B(x, r) is a ball in R¢ with center x and radius r, the kernel € is a homogeneous function defined
on R?\ {0} with degree zero, that is,

Qrx")=Q(x’) foranyr>0andx’ € §97". (1-3)

Notice that the maximal operator M, is a generalization of the Hardy-Littlewood maximal operator
(by setting €2 as a constant, M, is exactly the Hardy-Littlewood maximal operator). Mg, is very important
in the theory of rough singular integrals since it could be used to control many operators with rough
kernels, just like the Hardy—Littlewood maximal operator plays an important role in analysis. By the
method of rotation, it is easy to see that Mg is bounded on L ,(R¢) forall 1 < p < oo if Q € L;(S97!);
see, e.g., [Grafakos 2014a]. However, the weak-type (1, 1) boundedness of Mg, is quite challenging.
It was proved by Christ [1988] that Mg, is of weak-type (1,1) if Q2 € Lq(Sl) with 1 < g < oo in two
dimensions. Later Christ and Rubio de Francia [1988] showed in higher dimensions Mg, is weak-type
(1, 1) bounded if Q € Llog™ L(S?~!) by a depth investigation of the geometry in Euclidean space. For
more topics, including open problems related to the maximal operator Mg, we refer to the reader to [Stein
1998; Grafakos and Stefanov 1999; Grafakos et al. 2017].

The noncommutative version of Mg should be important in the theory of noncommutative rough
singular integral operators as expected. For instance, the noncommutative Mg will play a crucial role
in the study of the noncommutative maximal operator of truncated operator in (1-1). In this paper, we
will study the boundedness of Mg on the noncommutative L, space for 1 < p < co. In a special case
Q is a constant (i.e., Mg is the Hardy-Littlewood maximal operator), T. Mei [2007] investigated its
noncommutative L,, 1 < p < 0o, and weak-type (1, 1) boundedness. For general kernel €2, there is no
proper theory for the noncommutative M. To illustrate our noncommutative result of Mg, we should
first give some basic notation.
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Let us first introduce the noncommutative L, space. Let M be a semifinite von Neumann algebra
equipped with a normal semifinite faithful (n.s.f. for short) trace . We consider the algebra Ap of
essentially bounded M-valued functions

Ap = {f ‘R > M | f is strong measurable such that ess sup || f(x)||am < oo}.
xeR4

equipped with the n.s.f. trace ¢(f) = fRd 7(f(x))dx. Let A be the weak-operator closure of Ap. Then
A is a von Neumann algebra. For 1 < p < oo, define L ,(M) as the noncommutative L, space associated
to the pairs (M, ) with the L, norm given by [|x[|z, 1 = (t(1x]?))"/7. The space L, (A) is defined as
the closure of Ap with respect to the norm

1/p
I fllz,ca = (fRd f(lf(X)I”)dx> , (1-4)

which means that L , (A) is the noncommutative L, space associated to the pairs (A, ¢). On the other hand,
from (1-4) we see that L ,(A) is isometric to the Bochner L , space with values in L ,(M). For convenience,
we set Loo(M) = M and Ly (A) = A equipped with the operator norm. The lattices of projections are
written as M, and A, while 1,4 and 1 4 stand for the unit elements. Let L;(.A) be the positive part of
L ,(A). Alotof basic properties of classical L, spaces, such as Minkowski’s inequality, Holder’s inequality,
the dual property, real and complex interpolation, etc., have been transferred to this noncommutative
setting. We refer to the very detailed introduction in [Parcet 2009] or the survey article [Pisier and Xu
2003] for more about the noncommutative L, space, the noncommutative L », space and related topics.

We next define a noncommutative analogue of Mq. For two general elements belong to a von Neumann
algebra, they may not be comparable (i.e., neither a < b nor a > b holds for a, b € A). Hence it is
difficult to define the noncommutative maximal function directly. This obstacle could be overcome by
straightforwardly defining the maximal weak-type (1, 1) norm or L, norm. We adopt the definition of
the noncommutative maximal norm introduced by G. Pisier [1998] and M. Junge [2002].

Definition 1.1. For any index set /, we define L ,(M; £ (1)), the space of all sequences x = {x, }nes
in L ,(M) which admit a factorization of the following form: there exist a, b € L;,(M) and a bounded
sequence y = {yn}ner in Loo(M) such that x, = ay,b for all n € I. The norm of x in L, (M; € (1)) is
given by
otk deer Il L, Moy = Inf{llall £, (A0 Sl;]? Iyl Loor) 1811, 00}
n

where the infimum is taken over all factorizations of x as above. We define a sequence x = {x; }xe; in
L1 o0 (M) with quasinorm given by

1ok beer I As o Msba(ry) = sUp A inf {z(e™) : llexcelloo < A for all k € I},
A>0 €EMy
If x = {x,},es 1s a sequence of positive elements, then x € L ,(M; £ (1)) if and only if there exists a
positive element a € L ,(M) such that 0 < x,, < a, and
XNz, M;ery =nf{llallL, ) : 0 < x, <aforalln e}, (1-5)

|k ker 1A oo (M;too(ry) = SUP A inf {r(eL) texye < A for all n}. (1-6)
A>0

eeMy
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Now we can state our main result as follows.

Theorem 1.2. Suppose that Q satisfies (1-3) and Q € L(log™ L)*(84~"). Then the operator sequence
{M,},~0 is of maximal weak-type (1, 1), i.e.,

M, fr=0llA) s (A b00,000) S Call fllLca)s
where Cg, is a constant depending only on the dimension d and Q2. Equivalently, for every f € Li(A) and
A > 0, there exists a projection e € Ay, such that

sup leM; fellL ) <A and rp(la—e) SCal fllL, (-

r>0

It is very easy to show that {M,},~¢ is of maximal strong type (p, p) for 1 < p < oo by the method of
rotation. For completeness, we give a proof in the Appendix for this result.

The strategy in the proof of Theorem 1.2 is as follows. Firstly we convert the study of the maximal
operator to a linearized singular integral operator T with a rough kernel (see Section 2). Secondly,
to prove the weak-type (1, 1) bound of this singular integral operator T, we use the noncommutative
Calder6n—Zygmund decomposition to split the function f into two parts: good functions and bad functions
(see Section 3A). Roughly speaking, the proof is reduced to obtain some decay estimates for the good
and bad functions separately. For the proof related to the bad functions, since the kernel €2 is rough, we
will use a further decomposition, the so-called microlocal decomposition, to the operator 7;. Then we
apply the L, norm and the L norm to control the weak-type estimate (see Lemmas 3.4 and 3.5), where
vector-valued Plancherel’s theorem and an orthogonal geometric argument are involved in the proof of the
L, estimate and the stationary phase method is used in the L estimate (see Section 3B and the proofs in
Section 4). For the proof of good functions we use the so-called pseudolocalization arguments to obtain
some decay estimate for the L, norm of the singular integral operator 7' outside the support of functions
on which it acts. To get such decay estimates, we adopt a similar method (the microlocal decomposition)
from the proof of bad functions (see Section 3C).

In the classical Calderén—Zygmund decomposition, one can easily deal with the good function by the
L, estimate. However, the proof of good functions from the noncommutative Calderén—Zygmund is
much elaborated as showed in the case of smooth kernel by J. Parcet [2009]. In this paper, to overcome
the nonsmoothness of kernel, we use the microlocal decomposition in the proofs of both bad and good
functions. To the best knowledge of the author, this method seems to be new in the noncommutative
Calder6n—Zygmund theory. We should point out that the proof of bad functions is quite different from
that in the classical case of[Christ and Rubio de Francia 1988], where they used the TT* argument
to obtain some regularity of the kernel T]T]* by some depth geometry but without using the Fourier
transform. However, our method presented in this paper heavily depends on the Fourier transform where
Plancherel’s theorem and the stationary phase method are involved. These ideas are mainly inspired by
[Seeger 1996]. Recall the following important pointwise property is crucial in the classical 77* argument:
|0|~! / 0 |bo(y)|dy S X, where by is a bad function from the Calderén—Zygmund decomposition which
is supported in a cube Q. Since in the noncommutative setting such kind of inequality may not hold for the
off-diagonal terms of bad functions, our noncommutative 77* argument is more complicated than that of
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the classical case. In fact only one pointwise property holds in the noncommutative Calder6n—Zygmund
decomposition: gx fiqr < C{Zlqu (see Lemma 3.1) and all pointwise estimates in the proof should finally
be transferred to this property (see Section 4B for the details in the proof of the L, estimate).

This paper is organized as follows. First the study for maximal operator of M, is reduced to a linearized
singular integral operator in Section 2. In Section 3, by the noncommutative Calderén—Zygmund
decomposition and microlocal decomposition, we finish the proof of our main theorem based on the
estimates of bad and good functions. The proofs of lemmas related to the bad functions are all presented
in Section 4. In Section 5, we give all proofs of lemmas related to the good functions. Finally in the
Appendix, we give a proof of strong type (p, p), 1 < p < oo, for {M,},~¢.

Further remark. After we finished this manuscript, L. Cadilhac [2022] found a more efficient noncom-
mutative Calderén—Zygmund decomposition (see also [Hong et al. 2023]) so that the off-diagonal terms
of the good functions vanish and the argument for the pseudolocalization can be avoided. Of course
using this new Calderén—Zygmund decomposition, we only need to apply the L, estimate to deal with
the good function and the proof related to the good functions in this paper can be greatly shortened.
However, we point out that using this new method, the proof for the bad functions will be significantly
more complicated than our arguments presented in this paper. So our proof in this paper still has its own
interest. Nevertheless, we hope to show this in the study of weak-type (1, 1) boundedness for singular
integral operators with rough kernels (1-1) which is our ongoing work.

Notation. Throughout this paper, we only consider the dimension d > 2 and the letter C stands for a
positive finite constant which is independent of the essential variables, not necessarily the same one in
each occurrence. A < B means A < CB for some constant C. By the notation C, we mean that the
constant depends on the parameter &, A ~ B means that A < B and B < A, Z, denotes the set of all
nonnegative integers and
78 =74 x - xZs.
I —
d

o] 00

For o € Zi and x € RY, we define x* = X Xy e -xg"and |x| denotes the £, norm. For all s € Ry, [s]

denotes the integer part of 5. For any set A with finite elements, we define card(A) or #(A) as the number
of elements in A. Let s > 0, we define

€21 Laogry = fsd_l 1$2(0)|[log(2 + 1Q@) D] do (6),

where do (0) denotes the sphere measure of S9-1. When s = 0, we use the standard notation ||2||; :=

||Q||L(10g+L)°'
Define F f (or f yand F~' f (or f ) the Fourier transform and the inverse Fourier transform of f by

/ ei<x’g>f(x) dx.
Rd

FrE) = / 0 Fydx,  FUR(E) =

R (2m)4

Let Q be the set of all dyadic cubes in R%. For any Q € Q, denote by £(Q) the side length of the
cube Q. Let s Q be the cube with the same center of Q such that £(s Q) = s¢(Q). Given an integer k € Z,
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9y will be defined as the set of dyadic cubes of side length 27k Let | Q| be the volume of the cube Q. If
Q € Qand f: R? — M is integrable on Q, we define its average as fp = |Q|™! Jo FMdy.

For k € Z, set o as the k-th dyadic o-algebra, i.e., o is generated by the dyadic cubes with side
lengths equal to 27X Let E; be the conditional expectation which is associated to the classical dyadic
filtration oy on R We also use Ey for the tensor product E; ® id acting on A. Then for 1 < p < oo
and f € L,(A), we get

Ec(f)= ) foxo

Qe
where ¢ is the characteristic function of Q. Similarly, {4 }xcz Wwill stand for the corresponding filtration,

1.e., Ar = Ex(A). For simplicity, we will define the conditional expectation fj := E;(f) and the martingale
difference A (f) := fix — fr—1 =: dfx.

2. Reduction to singular integral operator

In this section, we reduce the study of maximal operator of M, to a singular integral operator with a
rough kernel. This will be done by several steps as follows.

Step 1: By decomposing the functions €2 and f into four parts (i.e., real positive part, real negative part,
imaginary positive part, imaginary negative part), together with the quasitriangle inequality for the quasi-
norm |||l A, . (A,£4(0,00)), We only consider the case that €2 is a positive function and f is positive in A. Then
by (1-6), it is enough to show that for any f € LT(A) and A > 0 there exists a projection e € A, such that

eM,fe<h forallr>0 and  Ap(li—e) <CallfllL, . 2-1)

Step 2: Next we show that the study of M, can be reduced to a dyadic smooth operator. More precisely, let
¢ be a Cfo([R{d), radial, positive function which is supported in {x eR?: % <|x| < 2} and ), ,¢;(x)=1
for all x € R\ {0}, where ;i (x) = ¢ (277 x). Define an operator M; by

Q —
M, £ (x) = jr; R e r o dy.

X —vld
We will prove that the maximal operator of sm|, is o)gweak—type (1, 1) below and (2-1) follows from it.
Theorem 2.1. Let Q be a positive function satisfying (1-3) and Q € L(log* L)*(84~Y). Forany f €
LT(A), A > 0, there exists a projection e € Ay such that
ilelg leM; fellLoay SA, rp(la—e) SCall fllL, s
where the constant Cq only depends on Q2 and the dimension.

The proof of Theorem 2.1 will be given later. We apply Theorem 2.1 to show (2-1). Let €2 be a positive
function and f be positive in LT(A). Then by our choice of ¢;, for any r > 0, we have

1
M, f(x) = m B Qx—y)f(ydy

C 1 .
=r—j > / 6 =R —NfMdyS = Y 2 f).

j<llogri+1 7 x=yI=r j<llogri+1
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Notice that €2 is positive and f € LT(A); thus the inequality e01; fe < A is equivalent to |[eIN; fe|l4 =
leIMN; fellL..ca) < A. By Theorem 2.1, there exists a projection e € A, such that

emjfef/)u foralljeZ, )\.(p(l_A—e)SCQ”f”LI(A).
Then it is easy to see that, for any r > 0,

eM, fe S rid Z Zjdei)ﬁjfe SA.
j<[ogr]+1
Step 3: We will reduce the study of the maximal operator of 91; to a class of square functions. Notice that
the kernel € of 91; has no cancellation. Formally we cannot study the operator (Z i |90; |2)1/ 2 directly
since it may not even be L, bounded. To avoid such case, we define a new operator 7; which is a modified
version of the operator 91,

Six —
1= [ e -0 TR 0 dy, (22)
Rd |x — ¥
where 1
Q) =Qx)— — Q) do (9)
Od—1 Jsa-1

and o, is measure of the unit sphere. Then it is easy to see that €2 has mean value zero over S9!,
Then formally the study of the maximal operator of 91; may follow from that of the square function
(Z i 1Tj |2)1/ * and the maximal operator. In the following we use rigorous noncommutative language to
explain how to do it. To define a noncommutative square function, we should first introduce the so-called
column and row function space. Let { f;}; be a finite sequence in L,(A), 1 < p < oo. Define

1/2 1/2
4L, ) = H (Z |f}“|2> D ey = H (Z |f,-|2>
L,(A)

This procedure is also used to define the spaces Li oo (A; £5) and L1 o (A; £5); i.e.,

1/2 1/2
1 L oaig) = H (Z |f}‘|2> ML e = H (Z |f,~|2)
Ll,oo(A)

Let L1, (A, £5°) space be the weak-type square function of {7}}; defined as

Ly(A)

L1,00(A)

iJ=8j

I{T3 3l oty = inf  {l{gi}illL, wcaes) + 1ALy wcasen}
Tf +hj

We have the following weak-type (1, 1) estimate of square function of {7}};.
Theorem 2.2. Suppose that Q2 satisfies (1-3) and Q € L(log™ L)2(S9 Y. Let T; be defined in (2-2). Then
we have
I{T3} Ly o5y S Call fllLya)s
where the constant Cq only depends on 2 and the dimension.

In the following we use Theorem 2.2 to prove Theorem 2.1. Our goal is to find a projection e € A,
such that

sup [[eM; fellL o SA, Ap(la—e) SCall fllr -
Jjez
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We first decompose 91; f* into two parts

f<x>+—f Q(9>do<9)/ i df(y)dy— T, £ )+ B £ (o).

Notice that (1/04-1) fsdfl Q@) do(P) is a harmless constant which is bounded by ||€2||;. By using the
fact that the noncommutative Hardy-Littlewood maximal operator is of weak-type (1, 1) (see, e.g., [Mei
2007]), it is not difficult to see that the maximal operator of M ; is of weak-type (1, 1). Thus we can find
a projection e| € A, such that

sup lle1 M feillLy <A and Ap(la—er) SIQULIFIL -

jez

Next we utilize Theorem 2.2 to construct other projection. By the definition of infimum, there exists a

decomposition T f = g; + h satisfying

{8 ML) soases) + A HIL, oasey) < 1Call fllL, -

We now take e, = X(O,A]((Zjez |gj|2)1/2) and e3 = X(O,/\]((Zjez |h7|2)1/2). Then

12
‘<<Z|gj|2> )62 <A and Ap(lx—e2) S CallfllL, -

jez Loo(A)
Also for e3, we have

1/2
<<Zlh§|2) )e3 < and Ae(la—e3) S Call fll -

jEZ Lo (A)

Let e = e; A ey Aes. Then it is easy to see that

sup lleM; fellya <%, hp(la—e) S Cal fll, -
jez
Hence to finish the proof of Theorem 2.1, it is sufficient to show
sup [leTj fell Lo, a S A
jez
Recall the definition of Lo (A), || fllLc4) = Il fll.4. Then we get

leTj fellLoa < llegjella+ llehjella = llegjella+ llehell a.

Now using polar decomposition g; = u;|g;| and h;‘f =, |h;'f |, we continue to estimate the above term as
follows:

1/2 1/2
lewjgjlella+ llevs hlela < lgjlela+ lk5lella = lelg;Pell{* + lleln* el 4
1/2 1/2
e lgjl%e e |hile
jez jez
1/2 1/2
:‘(ng) e (Zm |) ee| <.
jez jez A

Hence we finish the proof of Theorem 2.1.
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Step 4: We reduce the study of the square function to a linear operator. To simplify the notation, we still
use 2 1in (2-2), i.e.,

T f(x) = /Rd Kij(x = y)Qx—y) f(y)dy, with Kj(x) = ¢;(x)|x| 7, (2-3)

but we suppose that Q satisfies the cancellation property |, gi—1 $2(8) do(0) = 0. To linearize the square
function, we use the following noncommutative Khintchine’s inequality in L o (A, £5°) which was
recently established in [Cadilhac 2019].

Lemma 2.3. Let {¢;}; be a Rademacher sequence on a probability space (m, P). Suppose that f = {f;};
is a finite sequence in L »(A). Then we have

> figi

jez

~ A Ly s a6y
L1 00(Loo(m)@.A)

Now by the preceding lemma, Theorem 2.2 immediately follows from the result below.

Theorem 2.4. Suppose that Q satisfies (1-3), Q € L(log™ L)>(S") and the cancellation property
fs,H Q(O)do(0) = 0. Let T; be defined in (2-3). Assume {s;}; is the Rademacher sequence on a
probability space (m, P). Define T f(x,z) = Zj T; f (x)&j(z) and the tensor trace ¢ = fm ®@. Then T
maps L1(A) to Li so(Loo(m) ® A), i.e., forany A >0, f € Li(A),

AMATSI > 2} S Call fllzya,

where the constant Cq only depends on 2 and the dimension.
At present our main result Theorem 1.2 is reduced to Theorem 2.4. In the rest of this paper, we give

effort to the proof of Theorem 2.4.

3. Proof of Theorem 2.4

In this section we give the proof of Theorem 2.4 based on some lemmas; their proofs will be given in
Sections 4 and 5. We first introduce the noncommutative Calderén—Zygmund decomposition.

3A. Noncommutative Calderon—-Zygmund decomposition. By the standard density argument, we only
need to consider the following dense class of L;(A):

Acy ={f:RY— M| f e Ay, suppf is compact}.

Here su—pfa f represents the support of f as an operator-valued function in R?, which means that su—pf) f=
(x e R || F(xX)|ag #0}. Let Q € L(log™ L)2(84~1). Set a constant

QO T?
Ca = IR Laog™ 12 +/sd—l IQ(@)I(l + [10g+ <ﬁ)} )dG(G), (3-1)

where logta =0if 0 <a < 1 and logt @ =loga if a > 1. Since 12| 2 qog+ )2 < +00, one can easily
check that Cg is a finite constant. Now we fix f € A, 4+, and set f; = E; f for all k € Z. Then the
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sequence { fx }xez 1S a positive dyadic martingale in L (A). Applying the so-called Cuculescu construction
introduced in [Parcet 2009, Lemma 3.1] at level ACq !, we get the following result.

Lemma 3.1. There exists a decreasing sequence {qi}rez depending on f and MCq™', where qy is a
projection in A, satisfying the following conditions:

(1) gqx commutes with qi_1 frqx—1 for every k € Z.
(i) gx belongs to Ay for every k € Z and qy frgx < *Cq ™~ 'qi.
(iii) Set q = /\ycz qk- We have the inequality

o(la—q) <27 'Call fliL, -

(iv) The expression of qx can be written as follows: for some negative integer m € Z
14 if k <m,
g = { X021 (o) if k=m,
X(O,)Lca]](Qk—lkak—l) if k>m.

Below we introduce another expression of the projection g given in the previous lemma as done
in [Parcet 2009]. We point out that such kind of expression will be quite helpful when we give some
estimates to the terms related to gx. In fact we can write g; = ZQ o Eoxo forall k € Z, where &g is a
projection in M which satisfies the following conditions:

(i) &p has the following explicit expression: Q below is the father dyadic cube of Q,
1 m if k <m,
Eo = 1 Xoacn(f0) itk=m,
X(O,}\Célj(é’Q\fQS’Q\) if k >m.
(i) §p € My and &g < §&p.
(iii) §p commutes with SQfQSQ and ¢ foép < CS;IXSQ.
Define the projection py = gx—1 — gx- By applying the above more explicit expression, we see that py

equals ZQer (o —%0)xo = ZQer moXxg, where mg = £5 —&g. Then it is easy to see that all py’s
are pairwise disjointand ), ., px =14 —¢q.
Now we define the associated good functions and bad functions related to f as follows:

f=g+b, g=Y_ pifiri b= pi(f—fiv)pj,
i,jeZ i,jeZ
where we set poo =4, z:zu{w} and i vV j =max(i, j). If i or j is infinite, i V j is just co and foo = f
by definition. We further decompose g as the diagonal terms and the off-diagonal terms:

ga=aqfq+ Y pefebk:  Gort= Y pifivipi+af(da—q)+1a—q)fq.
kez i£j

The proofs for diagonal terms g; and off-diagonal terms g.¢ will be different as we shall see below. For
the bad function b, we can deal with the diagonal and off-diagonal terms uniformly. So it is unnecessary
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for us to decompose it as we did for the good functions. By the linearity of T, we get

271> 2 =3(1T8l > 5) +5(17b1 = %),

In the following we give estimates for the good and bad functions, respectively. Before that we state a
lemma to construct a projection in .4 such that the proof can be reduced to the case that the operators are
restricted on this projection.

Lemma 3.2. There exists a projection { € A, which satisfies the following conditions:

@) 2p(1a—15) S Call fllzyw-
(i) If Qo € Q and x € ' + 1) Qo, then { (x) < 1y — &5, + &, and £ (x) < &g,

The proof of this lemma can be easily modified from that of [Parcet 2009, Lemma 4.2]. Here the exact

2101

value of + 1 above is not essential and the reason we choose this value is just for convenience in a

later calculation (see (3-3)). Now let us consider the bad functions first since our method presented here
is also needed for the good functions.

3B. Estimates for the bad functions. We first use Lemma 3.2 to reduce the study of the operator T to
that of ¢ T¢. Split TH into four terms as follows:

Aa=Tb(Aa =) +LTb(1 =)+ (A =5)Tbs +Th.
By the property (i) in Lemma 3.2, we get

(1m61 > 2) Soa—0 +6(1cThe1 = §) S 37 Call Flyn +6(IeThel = ).

Therefore it is enough to show that the term ¢(|¢ Th¢| > 1 /4) satisfies our desired estimate. Recall the
bad function

b= Z pe(f = fi)pk + Z Z Pi(f = Jits) Pits & Prws (f = firs) Pre = Z Z br.s.

keZ s>1 keZ s=0 keZ
where

bro=pr(f — f)Pks  brs = pi(f = feas) Piws + Pras (f — fits) Pk (3-2)

By the definition of T, we further rewrite 7b as follows: for any x € R? and 7 € m,

Th(x.2)=) T; [Z > ba- j,s]<x>ej @ =YY Tiby s (1) ().

jez s>0 neZ s>0 neZ jeZ

Forany Q € Q,_ 4y, set Q,_; € Q,_; as the s-th ancestor of Q. Consider x in the support of ¢ (i.e.,
¢(x) #0) and let n < 100. Then we get that, for all s, ¢(x)7;b,—; s(x)¢(x) equals

> / K (x—y)bu_ s () dyE (x)
0€Qn—j+s Q

= Z C(x)x((2101+1)gn_,.)c(x)fQKj(x—y)[ngn_,(f(y)—fQ)nQ+nQ(f(y)—fQ)nQn_,-]dyC(x)
Qegnfj%s'
=0, (3-3)
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where in the first equality we apply ¢ (x)7g, ; =0if x € QY+ 1O, ;j by the property (ii) of ¢ in
Lemma 3.2 and the second inequality follows from the fact x € ((2'%' +1)Q,_;)¢ and y € Q implies
that |[x — y| > 2'99+/=" which is a contradiction with the support of K ; and n < 100. Therefore we get

(The=¢ Y DY Tibujs&il.

n>100 s>0 jezZ

Hence, to finish the proof related to the bad functions, it suffices to verify the following estimate:

i(je & X T 1itnsas

n>100 s>0 jezZ
Some important decompositions play key roles in the proof of (3-4). We present them by some lemmas,

A -
4> Sa7'Call Fllaa. (3-4)

which will be proved in Section 4. It should be pointed out that the methods used here also work for the
good functions, which will be clear in the next subsection.

The first lemma shows that (3-4) holds if € is restricted in some subset of $¢~!. More precisely, for
fixed n > 100 and s > 0, define

={0 S 1) = 2|},

where ¢ > 0 will be chosen later. Let 7}, be defined by

X =y

T he) = / Qo (—) Kj(x =y)-h(y)dy. (3-5)
R lx —yl

Lemma 3.3. Suppose Q € L(log™ L)?(S4~1). With all the notation above, we get

(| & S

n>100 s>0 jezZ

A -
8) SACall fllLia-

Thus, by Lemma 3.3, to finish the proof for bad functions, it suffices to verify (3-4) under the condition
that for fixed n > 100 and s > 0 the kernel function  satisfies [|Q2]lco <2:"*9||2]|; in each T;

In the following, we introduce the microlocal decomposition of kernel. To do this, we give a partition
of unity on the unit surface S4=1 Let k > 100. Choose {elg }veo, be a collection of unit vectors on §d-1
which satisfies the following two conditions:

(@) lek —ek | >27Fr=*if vy £ 0.

(b) If 6 € S97!, there exists an ek such that |k — ] <27%7=3,
The constant 0 < y < 1 in (a) and (b) will be chosen later. To choose such an {eﬁ Jveo,, we simply take a
maximal collection {eﬁ}v for which (a) holds and then (b) holds automatically by the maximality. Notice
that there are C2%7@=D elements in the collection {e{j}v. For every 6 € §9~1, there only exist finite e’; such

that |e’,§ — 0] <27*=% Now we can construct an associated partition of unity on the unit surface ¢,
Let n be a smooth, nonnegative, radial function with n(u) = 1 for |u| < % and n(u) =0 for |u| > 1. Define

-1
Tk u) = n(z"? (ﬁ — ek>>, ) = F’;(u)(z F’;(u))

vE®)
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Then it is easy to see that T'¥ is homogeneous of degree 0 with Y <Oy I'%(u) =1 for all u # 0 and all k.
Now we define the operator 7" by

17 = [ Q0= I =) Ky =) () dy. (3-6)
' R
Thenitiseasy toseethat T; =3 o j"’”

In the sequel, we will use the Fourier transform since we need to separate the phase in frequency space
into different directions. Hence we define a Fourier multiplier operator by
= §
Groh(§) = @ (2’W<ev, £ he®),
where /1 is the Fourier transform of 4 and ® is a smooth, nonnegative, radial function such that 0 <
®(x) <1land ®(x) =1 on |x|] <2, ®(x) =0 on |x| > 4. Now we can split T“”
T]nsv—Gn-i-s,v jnsv+(1 Gn—i—s,v)T]nsv
The following lemma gives the L? estimate involving G, . »T;""", which will be proved in Section 4.

into two parts:

Lemma 3.4. Let n > 100 and s > 0. Suppose |Qlco < 2" Q|1 in each T;. With all the notation
above, we get the estimate

2 : 2 : n,s,v
Gn-‘rs,vTj bn—j,s

J e

2
S_, 2—(n+x)}/+2(n+s)L)LCs2 ” f ” LiA)-
Ly (A)

The terms involving (I — Gnﬂ,v)Tj"’s’” are more complicated. For convenience, we set L" AU —

(I — Gpys. l))T." *>'¥ In Section 4, we shall prove the following lemma.

Lemma 3.5. Let n > 100 and s > 0. Suppose |Q2lco < 2| Q|1 in each T;. With all the notation
above, then there exists a positive constant « such that

Z DML b sl S 27 Call £l Ly -

VEO, 4

We now complete the proof of (3-4). It is sufficient to prove (3-4) under the condition that for all
fixed n > 100 and s > 0 we have ||Q2]|oc <2:7F9 Q] in T;. By Chebyshev’s inequality and the triangle

inequality, we get
S A
~3

(z 2 22 Tibujuest
-2 ¢ Z ZZ Z Gn—i—s,vTjn,S’vb"—j’ngg

n>100 s>0 jeZ
n>100 s>0 j ve®,

2

Ly(Loom®.A)

_1 .8,
+A Z ZZ Z ||§L;lsvbnfj,sgjé‘”L,(Loo(m)@A)
n>100 s>0 j veE®,
=:1+1I.

First we consider the term /. Recall that {¢;}; is a Rademacher sequence on a probability space (m, P).
So we have the orthogonal equality

E :SJaJ

jez

= lajl7 - (3-7)
J

La(Loo(m)®.A)
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Choose 0 <t < % < % By the triangle inequality, the above orthogonal equality, using Holder’s inequality
to remove ¢ since ¢ is a projection in .4, and finally by Lemma 3.4, we get

zs“(Z D[ 2oe¢ Do GuwsaT} " bunyt

n>100 s>0" j VEO, 4

(L DS T o tn

n>100 s>0 j VEO, 4

)2
Ly(Loo(m)®.A)

2 >1/2>2
Ly(A)

2
— — 1 _
S 2( 2 D@ f IlLlo>2> <A Call fllLica-

n>100 s>0

For the term 11, by the fact that {¢;} jcz is a bounded sequence, using Holder’s inequality to remove ¢
and by Lemma 3.5, we get

IS Y3 Y L bl

n>100 s>0 j ve®,

SATEY D Y 2 fllnw S Car T Il -
n>100 s>0

Hence we complete the proof of (3-4) based on Lemmas 3.3-3.5. Their proofs will be given in Section 4.

3C. Estimates for the good functions. Now we turn to the estimates for good functions. The proofs
of diagonal terms and off-diagonal terms will be quite different. We first consider the diagonal terms,
which are simpler since they behave similar to those in the classical Calder6n—Zygmund decomposition.
Following the classical strategy, we should first establish the L, boundedness of 7. In this situation, the
condition for the kernel  in fact can be relaxed to € L(log™ L)72(§4-1y,

Lemma 3.6. Suppose that Q satisfy (1-3), Q € L(log™ L)/>(8¢~") and the cancellation property
fsdfl Q(O)do(0) =0. Then we have

ITf Ly omaay S 1Ly,
where the implicit constant above depends only on the dimension and 2.

Remark. It should be pointed out that the cancellation condition f gi—1 $2(0) d0 =0 in Theorem 2.4 is
only used in this lemma to guarantee the L, boundedness of 7.

The proof of Lemma 3.6 will be given in Section 5. Based on this lemma, we could prove required
bound for the diagonal term g, of good functions as follows. By using the property of ¢;’s in Lemma 3.1,
Parcet [2009] obtained the following basic property of g;:

lgallL, o SN,  lgallia S ACq" (3-8)

By Lemma 3.6, it is not difficult to see that the L norm of T is bounded by Cq (see the details in
Section 5A for its proof). Therefore we get the estimate for g; as follows:

~ A _ _
(ITal > %) 37208l 1 wymay S+ 2CRllgall}

2.0 -1
SATClIgallLillgall Loy SAT Call fllLcas
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where in the first inequality we use Chebyshev’s inequality, the second inequality follows from Lemma 3.6,
the third and fourth inequalities just follow from (3-8).

In the remaining parts of this subsection, we give effort to the estimate of gog. We first use Lemma 3.2
to reduce the proof to the case ¢ T gosr¢. In fact

Tgott=1a—80)Tgott(1a— &)+ T gor(1 — ) + (1 = )T gofs + ¢ T 8ot -

By Lemma 3.2 and the same argument as used for the bad functions, it is sufficient to consider the last
term ¢ T gor¢ above. Thus our goal is to prove

~ A -
#(I¢Tgont| > 5) S 27'Call FllLicar- (3-9)

Next we introduce another expression of the off-diagonal terms go¢ and related estimates which were
proved in [Parcet 2009].

Lemma 3.7. Let df; be martingale difference. We can rewrite gog as

8off = Z Z pkdfk—i-SQk—i-s—l + Qk-i-s—ldfk-i-spk = Z Z 8k,s = Z 8(s)-

s>1 keZ s>1 keZ s>1

The martingale difference sequence of gs) satisfies dg(s), ., = 8k.s and supp* gk s < px < 14 — qx, where
supp* is weak support projection defined by supp* a = 1 4 — q, with q is the greatest projection satisfying
qgaq = 0. Meanwhile, we have the estimates

sup g 17, = Sup Y _ l8ks 17,00 S AC I F Lyay-

s>1 s>1 keZ

The strategy to deal with the off-diagonal terms g is similar to that we use in the proof for the bad

functions, although the technical proofs may be different. By the expression of g.g in Lemma 3.7 and the
formula f =), _,df,, we can write

§TgottE =& ZzejTjg(s)é“ =¢ ZZZEjTJd(g(s))nfjJrs{

s>1 jeZ s>1 jeZ neZ
=0 D D eiTign st =23 3 > eTignssl.
s>1 jeZ neZ s>1n>100 jeZ

where the last equality follows from the factif ¢ (x) #0 and n < 100, we get Tj g, s(x) =0forall s > 1 by
property in (ii) of Lemma 3.2, supp* gx.s < px < 14 —qi in Lemma 3.7 and the similar arguments in (3-3).
By Chebyshev’s inequality, the triangle inequality, ¢ is a projection in .4 and the orthogonal equality
(3-7), we then get
G T 8ot | > 1) SATNET 8ot 17, 1 s

17212
<72 T (Simsesti) )

s>1n>100 ~ j
Hence to finish the proof for the off-diagonal terms g, it is sufficient to show that

1/2
> (Z ||Tjgn_j,s||i2<A)> < Carll ', (3-10)

s>1n>100 ~ j
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As done in the proof for the bad functions, we first show that (3-10) holds if Q2 is restricted in
D'=1{0 € 8?1 1Q0)| = 29| Q|1 }, where ¢ € (0, 1). Recall the definition of T} in (3-5). Then we
have the following lemma.

Lemma 3.8. Suppose Q € L(log™ L)2(8=1Y). With all the notation above, we get

1/2
> (Z ||T;f;‘?gn_,-,s||iz(,4>) S Carll f L)'

s>1n>100 N j
The proof of Lemma 3.8 will be given in Section 5. By Lemma 3.8, to prove (3-10), we only need to
show (3-10) under the condition that the kernel function Q satisfies || Q|o < 2:®+*|Q]|; in each T;. For
each fixed s > 1 and n > 100, we make a microlocal decomposition of 7; as follows:

Tj — Z Tjn,s,v’ Tjn,s,v — Gn—i—s,UY}n’S’v + (1 _ Gn—i—s,v)Tjn’S’v-
VEBOy 45
Here the notation Tj"’s’”, G s,y 18 the same as those in the proof of the bad functions.

Lemma 3.9. Let n > 100 and s > 1. Suppose that ||Ql|ec < 2:"|(Q]l1 in each T;. Then we get the

estimate )

— -2 2 2
<2720 gn—ss 12, -

Z Gn—i—s,v Tjnys’vgn—j,s
Ly(A)

VE®, 4

Lemma 3.10. Let n > 100 and s > 1. Suppose ||Q||oo < 2'"9 Q2|1 in each T;. There exists a constant
k > 0 such that
T = Gus )T g sl S 27NN 180 josll Lo -

VEB, 15

The proofs of Lemmas 3.9 and 3.10 will be given in Section 5. Now we use Lemmas 3.9 and 3.10 to
prove (3-10) as follows:

1/2 2\ 1/2
> (Z ||Tjgn_,~,s||%2(,4)) >y (Z( > ||<1—Gm,v)T,-”“‘“”gn-j,s||L2<A>) )

s>1n>100 ~ j s>1 n>100 J VEO, 4 5 12
LZ(A)>
1/2
< Carll fllyan'?,

53D 3103 D BRI
where in the second inequality we use Lemmas 3.9 and 3.10, with the fact that 3, ||g,— j,s”%2( S

s>1n>100  j "ve®,4y

AC§1 Il fllz,ca forall s > 1 in Lemma 3.7. Thus to finish the proof for good functions, it remains to show
Lemmas 3.6, 3.8, 3.9 and 3.10, which are all given in Section 5.

Remark 3.11. At present, it is easy to see that the proofs for off-diagonal terms of good functions are
similar to that of bad functions. Notice that for the bad functions, we can deal with the diagonal terms
(i.e., s = 0) and the off-diagonals terms (i.e., s > 1) in a unified way. However this cannot be done for
the good functions; thus we prove the diagonal terms g; and the off-diagonal terms g.¢ using different
methods. The main reason comes from the fact that go¢ has the following property: forall Q € Q,— 1,1,
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/, 0 &n—j.s (y) dy = 0. Such kind of cancellation property is crucial in the proof of Lemma 3.10. But the
diagonal terms g; do not have this cancellation property.
4. Proofs of lemmas related to the bad functions

In this section, we begin to prove all the lemmas for the bad functions in Section 3B. Before that we
introduce some lemmas needed in our proof. We first state Schur’s Lemma which will be used later.

Lemma 4.1 (Schur’s lemma). Suppose that T is an operator with the kernel K (x, y). Thus

riw= [ Keonfordy,
Then T is bounded on L,(A) with bound ./cic,, where

co=sup | [K(x,y)ldy, cx=sup | |K(x,y)|dx.
xeRd JRA yeRd J Rd
The proof of this lemma could be found in [Parcet 2009; Grafakos 2014a]. We also need the following
convexity inequality (or the Cauchy—Schwarz-type inequality) for the operator-valued function; see [Mei
2007, page 9]. Let (m, i) be a measure space. Suppose that f : m — M is a weak-* integrable function
and g : m — C is an integrable function. Then

2
sf |f(x)|2du<x>/ 1g(x)[* dpu(x). (4-1)

/ F0)g(x) dp(x)

Below we introduce some basic properties of the bad functions that we will use in our proof.

Lemma 4.2. Let by s be defined in (3-2). Fix any s > 0. Then we have the following properties for the
bad functions by s:

(1) The L, estimate ZkeZ ||bk,s||L|(A) g ”f”L.(A) holds.

(ii) Forallk € Z and Q € Qy, the cancellation property fQ by s(y)dy =0 holds.

The proof of Lemma 4.2 can be found in [Cadilhac 2018; Parcet 2009]. Now we start to prove
Lemmas 3.3, 3.4 and 3.5.

4A. Proof of Lemma 3.3. Denote the kernel of the operator Tj’ff by

xX—y
lx —yl

Kit(x—y) = QXDL< )Kj(x—}’)- (4-2)

By the support of K, it is easy to see that

2j+1
||K;~’:f||L1<Rd>5/D/2,I |sz<e)|rd—‘2—”’drdo<e)5fD|9(9>|do<9>.
L J— L
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Therefore by Chebyshev’s inequality and the triangle inequality, using Holder’s inequality to remove the

projection ¢, we get
TV EZSD D0 2) ML/ IR

(PIDW W,
n>100 s>0 jeZ

n>100 s>0 jeZ
Since {¢;}; is the Rademacher sequence, {¢;}; is a bounded sequence. Then from above we have

Y T Bl SAT YD DO K @y 1Ba sl

n>100 s>0 jeZ n>100 s>0 jeZ
Sty Zf |sz(e>|da(e>2||bn jusllLycay.

n>100 s>0

Now applying the property (i) in Lemma 4.2, the above estimate is bounded by
Qo

)»_1||f||L1(A)/ {(n s):n>100,s > 0,20+ < |€2( )|}|Q(9)|d ©)
. I
. L 120)Y <ot
A i | 182@)1 {log T do(0) S A~ Cal fliLy - O
i

4B. Proof of Lemma 3.4. The proof of Lemma 3.4 is based on the following observation of some
orthogonality of the support of F(Gy,,): For a fixed k > 100, we have

sup » <D2(2ky< ek, i)‘ pkyd=2), (4-3)

540 0o, 3

In fact, by the homogeneity of O2 (2K (ev, £/1&1)), it suffices to take the supremum over the surface S§é-1,
For || = 1 and & € supp ®>(2"Y (e’lj ,£/|€])), denote by £+ the hyperplane perpendicular to &£. Then it

is easy to see that
dist(ek, 1) <27%7, (4-4)

Since the mutual distance of e’;’s is bounded by 2774 there are at most 257 (¢=2) vectors satisfying (4-4).
We hence get (4-3).
Notice that L, (M) is a Hilbert space; then the following vector-valued Plancherel’s theorem holds:
17 f Iz = @O f 2w = @ONF fllz .-

By applying this Plancherel’s theorem, the convex inequality for the operator-valued function (4-1), the
fact (4-3) and finally Plancherel’s theorem again, we get

2
} : n,s,v
Gn+s,vTj bn—j,s

UE(“),H,J

Ly (A)
n4s n-+s g n,s,v
2 GD(Z( +)y<e”+ ’ |§|>)“T (T3 bn—j.)8)

2
= (2n)_d/2/ r( )ds
R? SO

<[> q>2(z<n+s>v< o ))e (X 0@

VE®, VEB®, 4

Sameoma D T b sl ) (4-5)

VEB, 45
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n—+s

Once it is showed that, for a fixed e} ™,

5, —2(n+s)y (d— .
S T by jsl12, ) S 2720 EDR2EEG Q| £l s (4-6)
J

by card(®,, ;) < 2097(@=D and applying (4-5) and (4-6) we get

n,s,v
E ‘ } Gn—t—s,vTj bn—j,s

j U€®n+s

2
5 2—(n+x))/+2(n+s)t)\CQ “ f || LiA)»
Ly(A)

which is the asserted bound of Lemma 3.4. Thus, to finish the proof of Lemma 3.4, it is sufficient to
show (4-6).

Recall the definition of b,_; s in (3-2). By using triangle inequality, to prove (4-6), it is enough to
prove the four terms

.S, 2 .8, 2
Z ”TJn ' Upn—jfpn—j—i-s”LZ(A)’ Z ||T]n ' Upn—jfn—j-i-spn—j—o—s”Lz(A)a

J J
,S, 2 ), 2
ST puc s o iliocy D NI P js s Pl )
J J

satisfy the desired bound in (4-6). In the following we will only give the detailed proofs of the first and
the second terms above, since the proofs of the third and the fourth terms are similar.
We first consider the second term, which involves p,—_; fu—j+s Pn—j+s. Set the kernel of TJ.”’S’” as

KP' () = TP ()¢ (x|~
By Young’s inequality, we get
NT"™" P Fu s Pt oy S KT UL, oy | P fm s Py - @7

Below we give some estimates for the bound in (4-7). Recall that [Q(9)| < 2¢+94||Q||; and the
definition of ' in Section 3B. Then by some elementary calculation, we get

1Kl ey S 270 EDHEE Q. (4-8)
Notice that f is positive in .A. By some basic properties of trace ¢, we write

2 2
||Pn—jfn—j+spn—j+s||L2(A) = §0(|Pn—jfn—j+spn—j+s| )

= ‘p(lpn—j-i-sfn—j-i-spn—jlz) = (p(pn—jfn—j+spn—j+s fn—j+spn—j)

1/2 1/2 1/2 1/2
< @Pni 1,2 P ) WP s ol (4-9)

By the trace invariance and modularity of conditional expectations, the first term in the last line above
has the trace-preserving property

go(pnfjfnfjJrspnfj) = ‘/’(pnfjfpn—j) = (p(pnfjf) (4-10)
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Applying the basic property of C* algebra, ||aa™|| 4 = |la*all 4, we get

1,2 s P s £y ld = P jits S s P sl
= || Pn—j+sGn—j+s—1Jn—j+sGn—j+s—1Pn—j+slla
<2 Py s G jts—1 e jrs—1Gn—j+s—1 Pr—jtsll 4
<ACg', (4-11)

where the second equality follows from the identity py = prqx—1 by the definition of p; and the last
inequality follows from gy, frgr <ACq, Yk, property (ii) in Lemma 3.1. Now combining (4-7)—(4-11), we get

S, —14 H—2(n+s)y (d— :
D T puj famjrs P jis Ty a) S Cq A2 EDREENQIRS "o (p,j f)
J J
< AT QY | fll Ly ),
which is the required estimate in (4-6).

Next we give an estimate of the term corresponding to p,_; fp,— j+s. Notice that there is no average
of f in this case and the crucial property g frqr < Acglqk cannot be applied in the estimate (4-11). Our
strategy here is to add an average of f. In the following we first reduce the proof to the case that the
kernel is positive. To do that, we first take the decomposition

K;@s,v _ (K;z,s,v)+ _ (K}l,s,v)—’

where (K "")* and (K;"*")~ are positive functions. Then by using triangle inequality, we get

2
Z”Tnsvpn jfPn—j+s Y y)) Pn—j fPn—j+s(y) dy
Ly(A) 2
/(Knsv =) Pn- prn ]+s()’)dy
Ly (A)

Therefore we need to consider the terms related to (K j" U+ and (K ]" ")~ respectively. We only consider

the term related to (K 15

part of this section we still use the abused notation K" to represent (K
Denote the support of K" by £;""". Then it is not difficult to see

)t since the proof of the other term is similar. For convenience, in the remaining
n,s,v n,s, v)+

X
EMUcixeRY | = —et
! x|

<297 i1 < x| < 2j+1}
d. +s j+1 + + i+1—(n+
Cx e R (x, )| <2770 — (x, el 5l T | < 274 1= (ntoyy
Forany Q € Q,_ 4, let Q,_; € Q,_; be the s-th ancestor of Q. By the definition of py, we may write

T (o Fom- ,+s><x>=/w K06 =) (P [P ) () dy

= ) 7o (/Q K}l’s’v(x—y)f(y)dy)ﬂg

QE anjﬁ»s
Qm{x—Ej’?*“’};ﬁ@
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/ [pn— ](Kns v - ')f('))n—j-‘rspn—j-i-s](z) dz
QEQn j+s
ONx—E" )22
:/ [pnfj(K;l’s,v(x - ')f('))n7j+spn7j+s](z) dz,
En,s,v(x)

j
where we use the notation

E'm = |J o

QEanj#v
ON(x—E!* "}

, we see that E”>*" is contained in a rectangle with one sidelength at most 2/*! and
d —1 sidelength at most 21+1 ()7 Since for any Q € Q,_js, the sidelength satisfies /(Q) = 2/=(nts) <
2/HI=019Y S0 we get E}""(x) is contained in a rectangle with one sidelength at most 2/ +2andd — 1
sidelength at most 2/+2~("+9)¥ Therefore we have the estimate

n,s,v n,s,v

By the support of E;

|EV.Z,S,U(x)| < 2jd—(n+s))/(d—1)
J ~ ’

Next by using the convexity inequality for the operator-valued function (4-1) and the preceding
inequality, we get

T (puj [ Pn ) ()P S 2747 H9r (@D / 1P (K = ) f(nm s P s (D) dz

B

Combining the above estimates, we get

)5, 2
[ Tjn ’ vpnfj fpnfj+s ”LZ(A)

Sy [ / (P K= D pre s ) dzdx. (@-12)

Since K ;”S’” is a positive function and f is a positive operator-valued function in .4, we see that
K(x— -)f(-) is positive in .A. Therefore

n,s,v 1 n,s,v
Kj*" = 0 e = Y o [ KPS 6= f0)dveo
Q€Qu—jts 101 0

1 s )
S Y | roamer i
QEQn—_H—s Q

=27 OTNQ f s
Now applying the above estimate and using the same idea in the estimates of (4-9) and (4-11), we get
T(|pn—j (K] = ) f (e jrs Pu s (DI)
= (puj (K} = ) [ C D jors Prjors (K (0 = ) f (D s Paj (2)
< t(pn—j (K] = ) f C D jrs Paj @) | P s (K] (6 = ) f (D jbs P jrts (D) i
S 2RI QN (P j fam s Paj | Pujs Famjts P js |l 4
S 2 HEREN QAT (Puej fu js Puj (2).- (4-13)
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By the definition of E}"*"(x), for any fixed z € R?, we have the estimate

‘f dx
{x: "V (x)32)

Plugging (4-13) into (4-12), then applying Fubini’s theorem with (4-14), and finally using the trace-
preserving property (4-10), we get

D T P fpn—jasliy oy S 272U " 0 (Paj famjrsPa-))
J jez

-2 s —1)+2
<22y E=DF2ED N QI | £l L, -

szjdf(}’H“S))/(dfl)‘ (4_14)

Hence, we complete the proof of Lemma 3.4. O

4C. Proof of Lemma 3.5. To prove Lemma 3.5, we have to face some oscillatory integrals which come
from L; ¥ Before stating the proof of Lemma 3.5, let us first give some notation. We introduce the
Littlewood—Paley decomposition. Let i be a radial C*° function such that (§) =1 for || <1, ¥ (§) =0
for |§|>2and 0 <y (&) <1forall& e R?. Define Br() = w(Zké) — W(2k+1"§). Then By is supported
in {£ : 2771 < || <27%*1}. Choose B be a radial C* function such that f(§) = 1 for § < [£| <2, B is
supported in {E : ‘—11 <& < 4} and 0 < B(¢) < 1 for all £ € R% Set Br(€) = B(2F€). Then it is easy
to see Br = BrBr. Define the convolution operators Ay and Ay with the Fourier multipliers §; and Br,
respectively. That is,

S ® =& F©).  AcfE) =P &)

Then by the construction of B and ,gk, we have A, = 1~\kAk, I = ZkeZ Ag.
Write

Ly =) (I = Guas ) AT
k
Then triangle inequality gives us

LY byl Lacay < DN = Gngs ) AT b sl ).
keZ

In the remaining part of this subsection, we show that two different estimates can be established for
(I — Gn+s,v)AkT;1’s’vb,,_j,s |z, 4y, which will give Lemma 3.5 by taking a sum over k € Z with these
two different estimates.

Lemma 4.3. With all the notation above. Then there exists N > 0 such that the following estimate holds:
I =G, ) ART by sl S27 07 @D E= DO T2 Qb s ey )0 (4-15)

Proof. Applying Fubini’s theorem, we may write

(l - Gn—i—s,v)AkT}l’s’vbn—j,x(x) = /[Rd DZ’S’U(X - y)bn—j,s(y) dy, (4‘16)
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where D;"*" (x) is defined as the kernel of the operator (1 —G .45,,) Ak Tj” ¥, More precisely, D;*" can be
written as
1 . .
DI (x) = / g s 0 (E) / Q)T @)K (@) dodE,  (@-17)
(27T)d R4 ”7 Rd

where Ay 5 (E) = (1 — ®QRUTIY (45 £/|£]))) B (£). Using Young’s inequality, we get

(I — Gn+s,v)Aijn’S’vbnfj,s||L1(A) <ID* N, ey 1on—j sl 2y a)-

Hence in the following we only need to give an L; estimate of D;"*". In order to separate the rough

n,s,v

kernel, we make a change of variable w = r6. By Fubini’s theorem, D, " (x) can be written as

1

—/ Q(@)Fﬁ*s(e){f fooe"<x—f9f>hk,,,,s,v(s)1(j(r)rd—ldrds}da(e). (4-18)
Qm)d J g1 R Jo

Concerning the support of K, we have 2/~! <r <2/+1, Integrating by parts with r, the integral involving r
can be rewritten as

f e 080, €))7 0, K, (r)r? N dr.
0

Since 6 € supp I'"**, we have |0 — e/ ™| < 2=+ By the support of ®, we see |{e"*, £/|&])| >

21=(+9)Y  Thus,
3 n+s § >' ‘< n+s § >‘ —(nt+s)y
0, = | —6, > \|=2 . 4-19
|< |§|> <e” elf] I\ als @19

After integrating by parts with r, integrating by parts N times with &, the integral in (4-18) can be rewritten

>

as

1 o
W/s 2O 6) /R fo S0 5 1K (ryrd 1]
I — 22k Aé)N

A2 K —ro )N

(hkns 0§10, E) ") dr dE do(6).  (4-20)

In the following, we give explicit estimates of all terms in (4-20). We show that the following estimate
holds:

(=27 AN 0. &) s, (8)]] S 2097 RV, (4-21)
Firstly we prove (4-21) when N = 0. By (4-19), we have

(=i (0, ENT  hpnsoE)] SO, E) 71 S 2047k,

Next we consider N =1 in (4-21). By using product rule and some elementary calculation, we get

19,50 )] = | [cb (2<”+W<e’$“, %m -ﬂk@)‘ + 10, B 6) - (1 - <1>(z<"+s>y<ez+ﬁ é_|>)) ‘

S 2(n+s)y+k'
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Therefore by induction, we have |3 hig n,5,0(6)] < 2ty +hlel for any multi-indices o € Z.. By using
product rule again and (4-19), we have

102 (6. ) k.0 G| < 12060, ) 707 5,0 (E)|[H12(0.6) 7200, P 5,0 )|+ 100, &) ™ 0 5,0 (6)]
5 23((n+s)y+k)'

Hence we conclude that 27| A¢[((0, &) " hg ps.0 (8)]] S 2097 HhF20145)Y | Proceeding by induction,
we get (4-21).
By the definition of K; and using product rule, it is not difficult to get

18, (K; (ryri=h S 272, (4-22)

Now we choose N = [d/2] + 1. Since we need to get the L' estimate of (4-20), by the support of
hk,n,s,v’ |§| ~ Zik,

/ / A4+27%x —roH)Ndxde < C.
gl~2k JRd
Now combine (4-22), (4-21) and above estimates. Next integrating with r, we get a bound 2/. Note that

we suppose that ||Q2]|oo < 27F9)4||Q2||1. Then integrating with 6, we get a bound 2~ +9)v@=D++s) G
So we finally get

|| D]l;l,S,U ”Ll(Rd) S 2—2j+(n+3)}/+k+2(l’l+S)}/N+j—(I’l-i-S)]/(d—1)+(I’l+S)t ” Q ”1

— 27(n+x)y(d71)+(n+s)tfj+k+(n+s)y(1+2N) || Q || 1. (4_23)

Hence we complete the proof of Lemma 4.3 with N =[d /2] + 1. O
p p
Lemma 4.4. With all the notation above, the following estimate holds:
|| (I _ Gn-l,-x,u)Ak Tjn,s,vbn_j’s ||L| A) S 2_('l+S)V(d—])_(n+S)+j—k+('l+S)L ” Q” ] ||bn—j,s ||L1(A)
Proof. Using Ay = A Ay, we write
(1 — Gn+s,u)1\k7}"’s’vbn—j,s||L1(A) =l — Gn+s,v)]\kAk7}n’s’vbn—j,s||L1(A)
ST = Grs ) Aiclly () Ly W IART by sl )
Then it is easy to see that the proof of this lemma follows from the two estimates
(I = G, ) Akl Ly )Ly S 1 (4-24)

and
IART by j sl S 27 OO @D = O Qb s 2 ) (4-25)

We first consider the estimate (4-24). The kernel of (I — G+ M)[\ « is the inverse Fourier transform of

hicn.s.(E) = [1 = @R (et £/|E[)]Bi(E). So

(I = G ) My ) 1ty S IF Bens) |1ty = IF Tkon,s,0 (AL N 2, e
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where A}"*"" is an invertible linear transform such that A} *""e!+s = 2= (1+)y —ken+s and A7Vy =27ky
if (y, e"“) 0. For all « € Zi, it is straightforward to check that

1% Ak 5,0 (ALY I L@ty S Ca

uniformly with k, n, s, v; see [Seeger 1996, page 100]. Therefore splitting the following integral into two
parts and using Plancherel’s theorem, we get

IF Ut 5,0 (AL T L1 ety

:U +/ >|f[ﬁk,,,,s,v(AZ’s’”-)](S)Idé
[E1>1 |§1<1

dt 1/2 172 - ,
( [ s /M) ( / 6% F it g o (AL 16| dé‘) FIF Urtns.o (AL 0yt
=1 151 lol=ld/21+1

SO 18w (AL O ety ks o (A ) ey S 1
loe|=[d/2]+1

AN

which completes the proof of (4-24).
Now we turn to another estimate (4-25). Write

AkY}n’&vbn—j,s = ,ék * K}LS’U * bn—j,s = K;l’S’v * ,ék * bn—j,s-
Then by the estimate (4-8) of K ]" S we get
IART " bajs iy < 11K ||L1(Rd)||/3k *bp—jsllL
S 270D 1B b sl () (4-26)

Note that B (&) = B(2F&); we get Bi(x) =27* g(2-*x). Therefore we see

fR VIR dx = 274D fR VB o de =27 /R VAl @)

Using the cancellation property (ii) in Lemma 4.2, we see that, forall Q € Q,,_j 4, [, 0 by—js(y)dy=0.
Let yg be the center of Q. Notice that, forall y € Q, |y —yo| < 2/7"75. Using this cancellation property,

we then get
||Bk*bnj,s||Ll(A)=Ad ( Z /[,Bk(x—Y)—,Bk(x—yQ)]bn ,s(y)ddex
0€Q,-

/R Z /V (y =y, VIB(x — py — (1 = p)yg))dp

0€Q,-
s—k
<2/ ”bnfj,s”Ll(A)»

T(|bn-j.s(Y)) dy dx

where in the second inequality we just use the mean value formula. Combining this inequality with (4-26)
yields the estimate (4-25). Hence we finish the proof of this lemma. Il
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Now we conclude the proof of Lemma 3.5 as follows. Let ¢y € (0, 1) be a constant which will be
chosen later. Notice that card(®,, ;) <2¢+97@=D Then by Lemma 4.3 with N = [d/2] + 1, Lemma 4.4
and the property Zj 16n—jslea) SN fllz ) in Lemma 4.2, we get

Z > L b sl
j V€O,
) <Z Z ( Z + Z >||(I_Gn-i—s,v)AkT}'nJ’Ubn—j,s||L|(A)

J vEOus “k=j—[(n+s)e0]  k=j—[(n+s)eo]
< Z(2—(n+s)(80—)/(3+2[d/2])—t) +2—("+S)(1—€0—t))”b
J
where we choose the constants 0 < 1 < y « &9 < 1 such that the constant « is defined by

Ol=min{80—y<3+2[%l])—t,1—80—L}>O. Il

< 2= (n+s)x

n—jslli S Il fllz a4,

5. Proofs of lemmas related to the good functions

In this section, we begin to prove all lemmas for the good functions in Section 3C. The proofs for
off-diagonal terms are similar to those for bad functions in Section 4, so we shall be brief and only indicate
necessary changes in the proofs of off-diagonal terms. We first consider the proofs of diagonal terms.

SA. Proof of Lemma 3.6. Recall the definition of 7. Let K; be the kernel of the operator Tj, i.e.,
K;(x) =Q(x)¢; (x)]x|~¢. Notice that {¢j}; 1s a Rademacher sequence on a probability space (m, P);
then applying the equality (3-7), we can write

ITAIT 0 iy = 2N f 1T = @m) ™2 / Y IK P f @) dE,

jez jez
where the second equality follows from Plancherel’s theorem since L,(M) is a Hilbert space. In the
following we show that
Y IK@©F < oo (5-1)
jez
holds for almost every & € R?. Once we prove the inequality (5-1), Lemma 3.6 follows from Plancherel’s
theorem. Now we fix § # 0. By the cancellation property of Q, |, gi-1 $2(0) do () =0, we get

1K (£)| = S22IENR.

/ Kj(x)(e ™" — 1) dx
Rd

Therefore the sum over all j’s satisfying 2/|£| < 1 is convergent.
Now we turn to the case 2/|£| > 1. We split the kernel () into two parts:

Q1(0) = Q@) Xpesi-1100)<2 ey and 1 —21(0)

for some constant v € (0, %) We first consider 2;. By making a change of variable x = r6, we get

K ()] < /S |s21<9>|‘ /R e "8 i (ryr~t dr| do 6). (5-2)
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Itis easy to see that |fR e_i’<9’5>¢j (r)r~! dr| is finite. By integrating by parts with the variable r, we get

/e_”eéqb(r)r Ldr| =
R

/e""(e’é)(éﬁ$>_13r[¢j(r)r_1]dr S @EDTNe, €N
R
where &’ = £/|&|. Interpolating these two estimates we get, that, for any § € (%’ 1)’

/ e 08 g dr| < (718D 6, &)
R

Plugging the above estimate into (5-2) with the fact |, ga-1 (0, £')|7%do () < oo, we hence get
K &)1 S @ 1EDH IR,

which is sufficient for us taking a sum over all j’s satisfying 2/|£| > 1. Consider the other term 1 — Q.
Then we get

Y IK®F

J27El>1 2
<Y (f | |sz<9)|do<e>>
iy {0€S4=11(0)|1= (27 1E )7 1Rl11}

ji271E1>1

. - _[/1ON 1@\
=/ #{]31<2’|5|Smln{< ) ( ) }}m(enm(aﬂdo(e)do(a)
Si-1 51 120 12201

1/2 2
([ oo B0 o)

where the last inequality just follows from © € L(log™ L)!/?($¢~"). Hence we complete the proof. [J

5B. Proof of Lemma 3.8. Recall the definition of the kernel K ;.Z”f in (4-2). By Young’s inequality, it is
easy to see that

||T 8n— JS”Lz(A)_”K][”Ll(IRd)”gn il S / 120) | do(0)Ign—j,sllL,ca)-

Now applying Z llgn—j,s ||L2(A) < )LCQ | fllL,(4) in Lemma 3.7 and the above estimate, we get

1/2
Yoy (Z 1T g jsan(A))

s>1 n>100 Jj
<y Z/ 190) do @) GCS 1 f I, an) >

s>1 n>100
S / H#(s,m) s = 1,n =100, [Q(0)] = 2" QU HR2O) do () Lo 1)
§d-

< Call fllzyan '

which is our desired estimate. Hence we complete the proof. O
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5C. Proof of Lemma 3.9. By applying Plancherel’s theorem, the convex inequality for the operator-valued
function (4-1), the fact (4-3) and finally Plancherel’s theorem again, we get
2

E : n,s,v
Gn-i—s,vTj 8n—j,s

VEB, 45

Ly (A)
n+s n+s s n,s,v
> <I><2<+)V<eu+ ,—|S|>)f(Tj 2 7))

2
= (2n)_d/2f r( )dé
R VE®, 4

5/ Z (I)2<2(n+s)}/<eg+s’é_|>) Z T(If(@"’s’vgn—j,s)(éﬂz)df;'
R4

VE®, 4 VEB) 4

d—2 )8, 2
S0 N T e - (5-3)

VEO, 45

n,s,v

Using Young’s inequality and (4-8), we get that [|7;"" g, j ||%2( 4 1s bounded by
K17, ey I8n—sis 1750y S 22D g0 s 1 - (5-4)

Now plugging (5-4) into (5-3) and using the fact card(®, ;) < 20F9)7@=D we get

2
85 —y+2 2 2
Z Gn—i—s,vTjn s Ugn—j,s < 9 (n+s)(—=y+ L)”Q”l”gn_jJ ”LZ(A)’
VEB, 4 La(A)
which is just our desired estimate. U

5D. Proof of Lemma 3.10. Using I =), Ay and the triangle inequality, we get

1T = Grs )T g jus oty £ YN = Gugs) Ak T g sl Lay-
k

Let g9 € (0, 1) be a constant which will be chosen later. Separating the above sum into two parts, we will
prove that

YU = Gure) Ak T g sl Loy
k<j—[(n+s)eol < 2—(n+s)(y(d—l)+60—y(3+2[d/2])—z) || Q || ! ”gn—j ] ”LZ(A) (5_5)

and
DM = G ) AT g slliay S 270V EDT0 010 gy sl (5-6)
k> j—[(n+s)eo]

Based on (5-5), (5-6) and the fact card(©,,1,) < 2 +9)yd=1) e finish the proof of this lemma by
choosing the constants 0 < ¢ < y < &9 < 1 such that the constant « is defined by

K=IHiIl{80—)/<3+2|:%:|)—L,1—80—L} > 0.

Now we give the proof of (5-5) and (5-6). Consider (5-5) first. Recall that DZ ¥ (x) is defined as the
kernel of the operator (I — G45.,) Ak T]f”’v in (4-17). Applying Young’s inequality and the estimate
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of D;"*" in (4-23), we get

(I — Gn+s,v)Aijn’s’vgnfj,s||L2(A) < 1D My ety 18n—jis Il Laca)
A o T Fr P

Taking a sum over k < j — [(n + s)¢&o] yields (5-5).
Next we turn to the proof of (5-6). By Plancherel’s theorem, we see that

”(I - Gn-‘,—s,v)Ak’Z}nys‘vgn—j,s ||L2(A) S_, ||Ak7}n"yyvgn—j,s ”Lz(.A)- (5'7)
Write
Aijn’s’vgnfj,s = ﬂk * K]"Ls’v *8n—js = K;I’S’U * ,Bk *8n—j,s-

Then by Young’s inequality and (4-8), we get
IART gnjsllLacay < WKVl Ly @y Il Bi % gn—js o)
S 27ETE@EDZNQ | B * gn— sl Loy (5-8)

Recall the definition of g,_; ; we have the following cancellation property: for all s > 1 and Q €
Qu—jts—1, we have |, 0 8n—j. s(y)dy = 0. Let yp be the center of Q. Using this cancellation property,
we get

fosgio= [ 3 tht— 0= A= y0)lot)g i) dy

R QEanjﬁyfl

=: f K (x, )’)gn—j,s(y) dy’
Rd

with Ky (x, y) = ZQEanjﬂfl [ﬁk x—y)— Ek(x —yo)lxo(y). Below we will apply Schur’s lemma to
give an estimate of || Bk * gn—jsllL,a). We first consider Ky (x, y) as follows: For any y, there exists a
unique cube Q € Q,,_ ;1,1 such that y € Q. Then by (4-27),

1
fn%dmk(x,yndxsfw |y—yQ|/0 VA = py — (1= p)yo)l dpdx <275 (5:9)

For any x € R, we have the estimate

1
/ |Ki(x, Mldy < ) /Iy—yQI/ IVIBl(x — py — (1 = p)yo)ldp dy
R 0€Qn—jts-1 Q 0

1
Szj_n_‘g—k/ Z 2—1«1/ IVIB1I2 ™ (x — py — (1 — p)yo))| dy dp
0 0e0, 1 0
n—j+s—1

Safmnmstk (5-10)

once we can show that the estimate below holds uniformly in x, p, k

3 2’“1/ IVIBIQ ™ (x — py — (1= p)yo))ldy S 1. (5-11)
0€Qy—j+s-1 0
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In the following we prove (5-11). Making a change of variables y = 27Xy, the integral now integrates
over all cubes Q € Q,,_ ;114 With yo = 2k yo the center of this cube Q, which is rewritten as

> f IVIBIC™ x = p§ — (1= p)Fo)| dF

0€Qn—jts—1+k 0 00
=( Y 4y ¥ )/Qw[,é](z—kx—p&—(l—p)&gﬂd&

dist(Q,27%x)<2 =1 2l <dist(Q,27kx)<2!+!
=:1+1I,
where in the second line we split the sum ZQ €O jisotik into two parts. Notice that the sidelength of Q €
Qn—js—14k 18 2~ n+i=s+1=k \which is less than 1 since we only consider the sum over k > j —[(n+s)&o]
and 0 < g9 < 1. For I, note that the cubes belonging in Q,,_ j 151y« are disjoint with interior; therefore the
SUM ) i1 0.2-kx)<2 OVer these cubes is supported in B(27kx,2+44/d), a ball with center 2% x and radius
2+ +/d. Thus we get
s ). 10I=IB@*x.24+Vd)| = C.
dist(Q,27%x)<2

Consider I1. Since y liesinacube Q € Q,,_ ;1,144 and y is the center of this cube, we get py+(1—p)yo
lies in a line segment which is started at yo and ended at y. So we have py + (1 — p)yo € Q for any
p € [0, 1]. Because of 2! < dist(Q, 27*x) < 2/*1 and 1(Q) < 1, we get [27%x — py — (1 — p)yo| ~ 2.
Combining the above estimates, we get

o.¢] o
sy, > Q2SN " <,
I=1 2! <dist(Q,2 *x)<2/+1 =1

where in the first inequality we also use the fact V[,é] is a Schwartz function which decays fast away
from the origin, while the second inequality follows from the fact that the sum over all cubes 2/ <
dist(Q, 27¥x) < 2/*! is supported in a ball with center 27¥x and approximate radius 2. Hence we finish
the proof of (5-11).

Now utilizing Schur’s lemma in Lemma 4.1 with (5-9) and (5-10), we get

1B * gn— sl Loy S 277" gnejsllLaca)-
Plugging this inequality into (5-8) and later (5-7) , we get
I = Ggs ) AR T sl oy S 27770001090 g sl Loy

Taking a sum of the above estimate over k > j —[(n +s5)¢&o] yields (5-6). Hence we complete the proof. [J

Appendix: Strong (p, p) bound for {M,},.

Theorem A.1. Suppose that Q satisfies (1-3) and Q € L1(S?~"). Then the operator sequence {M,},~q is
of maximal strong type (p, p) for 1 < p < o0, i.e.,

M fr>0llL, (A0 0.000) S IS NI L, )
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Proof. By decomposing the functions 2 and f into four parts (i.e., real positive part, real negative
part, imaginary positive part, imaginary negative part), together with triangle inequality for the norm
-l (A, Lo (0,00))> WE only consider the case that Q2 is a positive function and f is positive in .A. Then by
(1-5), it is enough to show that for any f € LIJ;(A) there exists a positive function F € L;(A) such that

M, f<F forallr>0 and  |FllL,c0 S IS2000f1L, - (A-1)

We will use the method of rotation. Let f € L;;(A), by making a change of variables x —y =r6, we get

1
M, f(x)= m B Qx—y)f(y)dy
_ 1t gz(e)id / F(x —s0)s9" ds do (6)
Uy §d—1 r 0

1 r
,S/ 9(9)(—/ f(x—s0) ds) do (0).
§d-1 rJo

For a fixed # € §97!, we define the directional Hardy—Littlewood average operator as

MY f(x) = % /0 f(x —s6)ds.
We will prove at the end of this section the result
O fhr=0ll L, t0.00) S 1l (A-2)
Assuming (A-2) and using (1-5), there exists a positive function Fy € L;(A) such that
M f<Fy forallr >0 and  [|FollL,c SIFlL, -

Now if set F(x) = fsdfl QO)Fy(x)do (), then M, f(x) < F(x) and

IFlL,wm S /d 1 QN FollL,ado@) SN, -
i

Thus F is the desired function satisfying (A-1).
It remains to show (A-2). Let e; = (1,0, ..., 0) be the unit vector. Now, for any orthogonal matrix A,
we have

MAC £ (x) =M (f 0 A)(A™ ), (A-3)

which implies that the L, boundedness of {Sﬁf},>0 can be reduced to that of {9M?'},.o. Let f €
L p(Loo([Rd ) ® M). Without loss of generality, we may assume that f is positive. Fixing x,, ..., x4 € R,
we consider f(-, x2,...,xg) as afunctionin L, (L (R) ® M) .. By the strong-type (p, p) boundedness
of noncommutative Hardy—Littlewood maximal operator (see [Mei 2007]), we know that, for 1 < p < oo,

O f (-, X2, .., xd)}r>0”LP(LOO([RE)@M,ZOO(O,QO)) SHFCG, x2,..0, xd)”L,,(Loo(R)@M)-
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By (1-5), there exists a positive function F (-, x2, ..., xs) € L,(Loo(R) ® M) such that, for any r > 0,
M f(x) < F(x) and

IFCox2, e X)L emany S NG x2, o x) L, ®arn-

Then it is easy to see that

1Nz, o@d@rn S NI, L@dar-

Therefore, we conclude that {901}, is of strong-type (p, p). (|
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