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STRONG COSMIC CENSORSHIP IN THE PRESENCE OF MATTER:
THE DECISIVE EFFECT OF HORIZON OSCILLATIONS ON
THE BLACK HOLE INTERIOR GEOMETRY

CHRISTOPH KEHLE AND MAXIME VAN DE MOORTEL

Motivated by the strong cosmic censorship conjecture in the presence of matter, we study the Einstein
equations coupled with a charged/massive scalar field with spherically symmetric characteristic data
relaxing to a Reissner—Nordstrom event horizon. Contrary to the vacuum case, the relaxation rate is
conjectured to be slow (nonintegrable), opening the possibility that the matter fields and the metric
coefficients blow up in amplitude at the Cauchy horizon, not just in energy. We show that whether this
blow-up in amplitude occurs or not depends on a novel oscillation condition on the event horizon which
determines whether or not a resonance is excited dynamically:

o If the oscillation condition is satisfied, then the resonance is not excited and we show boundedness
and continuous extendibility of the matter fields and the metric across the Cauchy horizon.

« If the oscillation condition is violated, then by the combined effect of slow decay and the resonance
being excited, we show that the massive uncharged scalar field blows up in amplitude.
In a companion paper, we will show that in that case a novel null contraction singularity forms at the
Cauchy horizon, across which the metric is not continuously extendible in the usual sense.

Heuristic arguments in the physics literature indicate that the oscillation condition should be satisfied
generically on the event horizon. If these heuristics are true, then our result falsifies the CO-formulation of
strong cosmic censorship by means of oscillation.

1. Introduction

Is general relativity a deterministic theory? This fundamental question can only be addressed in the
context of the initial value problem for the Einstein equations (see (1-1)), which govern the dynamics of
spacetime in general relativity. Well-posedness for the initial value problem was established in [Choquet-
Bruhat and Geroch 1969] (see also [Foures-Bruhat 1952]), proving that any suitably regular Cauchy data
admit a unique maximal future development, the so-called maximal globally hyperbolic development
(MGHD). With this dynamical formulation at hand, general relativity can be considered deterministic if
the MGHD of generic Cauchy data for the Einstein equations is inextendible. The genericity stipulation is
clearly necessary because the MGHD of Kerr Cauchy data [1963] (rotating black holes) and of Reissner—
Nordstrom Cauchy data [Reissner 1916; Nordstrom 1918] (their charged analogs) admit a future boundary,
the Cauchy horizon, across which the metric is smoothly extendible. Heuristics of Penrose [1968] however
suggest the instability of the Kerr/Reissner—Nordstrom Cauchy horizons and these led him to his famous

MSC2020: 35Q75, 35Q76, 83C05, 83C57, 83C75.
Keywords: strong cosmic censorship, black hole, Einstein equations, scattering, charged scalar field.
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strong cosmic censorship conjecture [Penrose 1974] supporting the idea of determinism in general relativity.
The most definitive and perhaps most desirable formulation of Penrose’s strong cosmic censorship is the
conjecture that the metric coefficients cannot be extended as continuous functions, namely:

Conjecture 1 (C°-formulation of strong cosmic censorship). The MGHD of generic asymptotically flat

Cauchy data is inextendible as a continuous Lorentzian metric (we say the metric is C°-inextendible).

Conjecture 1 is related to the expectation that physical observers approaching the boundary of the
MGHD of generic Cauchy data are destroyed. If Conjecture 1 is false, then one may still be able to prove
a weaker version of inextendibility, but this would correspond to a weaker version of determinism.

Conjecture 1 is false in the absence of matter. In the celebrated work [Dafermos and Luk 2017], it is
proved that, in vacuum, small perturbations of Kerr still admit a Cauchy horizon across which the spacetime
is C0-extendible — thus falsifying Conjecture 1 in the absence of matter. The key ingredient to their proof
is an integrable inverse polynomial rate assumption for the decay of perturbations along the event horizon.
Note, however, that a weaker H!-formulation is still expected to hold [Christodoulou 2009; Dafermos
and Luk 2017; Van de Moortel 2021]. If true, this would restore determinism at least in a weaker sense.

Can Conjecture 1 be salvaged in the presence of matter? In the present paper, we consider a nonvacuum
model: the Einstein-Maxwell-Klein—Gordon (1-1)—(1-5) system in spherical symmetry governing the
dynamics of gravitation coupled to a charged/massive scalar field. Arguments in the physics literature
[Hod and Piran 1998; Koyama and Tomimatsu 2001; Konoplya and Zhidenko 2013; Burko and Khanna
2004; Oren and Piran 2003] suggest that perturbations of the exterior of Reissner—Nordstrom in this
model settle down merely at a slow, nonintegrable rate (at least for massive and/or strongly charged
perturbations), which is in stark contrast to the perturbations of Kerr in the vacuum case. As such, the
methods of [Dafermos and Luk 2017] manifestly do not apply and the slow decay of perturbations may
even raise hopes that for generic Cauchy data the metric is C°-inextendible and thus, Conjecture 1 would
be true after all for this matter model.

The question of C'-extendibility across a future null boundary C?H;+. At first, it may appear that the
slow decay in the above matter model in fact opens the possibility of a more drastic scenario where the
singularity is everywhere spacelike inside the black hole. Notwithstanding, it was proven in [Van de
Moortel 2018] that for this model black holes are bound to the future by a null boundary CH;+ # & as
depicted in Figure 1. We will continue using the term “Cauchy horizon” for CH;+ by analogy with the
Cauchy horizon of Reissner—Nordstrém, although the spacetime may or may not be C°-extendible across
the null boundary CH;+. Therefore, although the future boundary is null and in particular not spacelike,
the question of C%-extendibility of the spacetime across CH;-, i.e., Conjecture 1, remains open. This is
the question that we shall now address.

Summary of our results. As we will show, the question of Conjecture 1 becomes unexpectedly subtle: In
addition to the decay rates of perturbations on the exterior, it turns out that the validity of Conjecture 1
depends crucially on Fourier support properties of late-time perturbations due to a scattering resonance
associated to the Cauchy horizon CH;+. In our main Theorem I (i) we identify an oscillation condition
on perturbations along the event horizon H™: If the oscillation condition is satisfied by the perturbation,
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Figure 1. A Cauchy horizon CH;+ exists for slowly decaying perturbations ¢+ as
proven in [Van de Moortel 2018]; see Theorem A.

we show boundedness and continuous extendibility of the matter fields and the metric across the Cauchy
horizon CH;+ despite the obstruction created by slow decay. On the other hand, in Theorem I (i1) we
show that if the oscillation condition is violated on the event horizon H™, the resonance is excited and the
uncharged scalar field blows up in amplitude, namely |¢| — +oo at the Cauchy horizon CH,;+.

Heuristic and numerical arguments in the physics literature [Hod and Piran 1998; Koyama and
Tomimatsu 2001; Konoplya and Zhidenko 2013; Burko and Khanna 2004; Oren and Piran 2003] suggest
that the oscillation condition is indeed satisfied on H* for generic perturbations of the black hole exterior.
Assuming this, our result Theorem II falsifies the CO-formulation of strong cosmic censorship by means
of oscillation.

In Theorem III, we show that for both oscillating and nonoscillating perturbations,' the scalar field blows
up in the Wli)’cl—norm at the Cauchy horizon CH;+, i.e., [ |Dy¢|dv = 400 schematically. This Wh1 blow-
up is in contrast to the vacuum case where the analogous statement is false [Dafermos and Luk 2017]. This
shows that for both oscillating and nonoscillating perturbations, the Cauchy horizon CH;+ is more singular
in the presence of matter than in vacuum. Moreover, the blow-up of the scalar field in W' ! indicates
that our result cannot be captured using only physical space techniques which have been used previously.

Finally, in our companion paper [Kehle and Van de Moortel > 2024] we will prove Theorem IV, which
shows that blow-up in amplitude of the scalar field indeed gives rise to a C°-inextendibility statement on
the metric within a spherically symmetric class. Theorem IV, in conjunction with Theorem I (ii), provides
the first example of a dynamically formed singularity leading to a C-inextendibility statement of the
metric across a null spacetime boundary (albeit within a restricted spherically symmetric class). Whether

this statement can be upgraded to the full C%-inextendibility of the spacetime remains open.?

Similarities with the A < 0 case. In the asymptotically AdS case (A < 0), solutions to the linear wave
equation on AdS black holes also decay at a slow, nonintegrable rate [Holzegel and Smulevici 2014].
It turns out that in this context, oscillations also play a crucial role [Kehle 2020b; 2022] in addressing

1Up to a genericity condition in the charged scalar field case, which we can get rid of in the uncharged case; see Theorem III.
2Unrestricted C O-inextendibility results (even for spacelike singularities) are known to be notoriously difficult to show; see,
e.g., [Sbierski 2018] for the proof of C O-inextendibility of the Schwarzschild solution across the spacelike singularity {r = 0}.
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the question of the validity of the linear analog of Conjecture 1. The slow inverse logarithmic decay in
the A < 0 case however arises from the superposition of infinitely many high ¢ angular modes. This is
different from the present problem for A =0, where the slow decay is inverse-polynomial (see Section 1A)
and already occurs in spherical symmetry.

Outline of the Introduction. In Section 1A we introduce the Einstein—-Maxwell-Klein—Gordon system
and give a more detailed overview of our new results addressing the issue of strong cosmic censorship
within this matter model in spherical symmetry. Further, we present a first version of our main theorems.
In Section 1B we outline the important differences between the EMKG model and other models regarding
the existence of a Cauchy horizon and the continuous extendibility of the metric. In Section 1C we
mention previous results on the dynamical formation of weak null singularities at the Cauchy horizon,
which we compare to the new singularities that dynamically form in our setting. In Section 1D we present
previous results on scattering inside Reissner—Nordstrom black holes which are important for our proof.
In Section 1E we elaborate on the interior of black holes with A < 0, in which oscillations turn out to
play an important role as well. In Section 1F we briefly discuss the strategy of the proof.

1A. Main results: first versions.

1A1. The EMKG system and existence of a Cauchy horizon for slowly decaying scalar fields.

The EMKG model in spherical symmetry. We study the Einstein equations coupled to a charged massive
scalar field: the Einstein—-Maxwell-Klein—Gordon (EMKG) model in spherical symmetry

Ric,,(8) = 3R(Q)gu =Th) + TS, (1-1)

Ty =2(8% Fuv Fpp — 1 F*° Fapgun) (1-2)

T/ =2(N(DupDyp) — 3(8* Dap D +m*|p]*)gpuv). (1-3)
V' Fu = Ti@D$—¢Dig). F=da. (1-4)
¢"'D,Dyp =m>¢p, D, =V, +iqA, (1-5)

for a quintuplet (M, g, F, A, ¢), where (M, g) is a (3+1)-dimensional Lorentzian manifold, ¢ is a
complex-valued scalar field, A is a real-valued 1-form, and F is a real-valued 2-form. Here g € R and
m > 0 are fixed constants representing respectively the charge and the mass of the scalar field. The EMKG
model describes self-gravitating matter and provides a setting for studying spherical gravitational collapse
of charged and massive matter if go # 0 and m? # 0 (see the discussion in Section 1C3). This model
has attracted much attention in the literature [An and Lim 2022; Bizon and Wasserman 2000; Dias et al.
2019; Kommemi 2013; Gajic and Luk 2019; Van de Moortel 2018; 2019; 2021; 2022]; see also [Yang
and Yu 2019; Lindblad and Sterbenz 2006; Klainerman and Machedon 1994; Krieger et al. 2015; Oh and
Tataru 2016; Rodnianski and Tao 2004] for work on the flat Minkowski background.

Setting of the problem. Consider the maximal globally hyperbolic development of suitably regular
spherically symmetric Cauchy data prescribed on an asymptotically flat initial hypersurface X as depicted
in Figure 1. General results for the EMKG model in spherical symmetry [Kommemi 2013] allow us to
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define null infinity Z* — a conformal boundary where idealized far away observers live, and the black
hole interior region as the complement of the causal past of ZT. If the black hole interior is nonempty, we
also define the event horizon H ™ as the past boundary of the black hole interior which separates the black
hole interior from the black hole exterior.

In the current paper we will only be interested in the dynamics of the black hole interior. In particular,
instead of studying the Cauchy problem with data on X, we will prescribe the scalar field ¢ and the metric
on an ingoing cone Cj, and on an outgoing cone H " emulating the event horizon of an already-formed
black hole. This setting corresponds to a characteristic initial value problem with data imposed on HtUC/y,;
see Figure 1. Our study of this characteristic initial value problem will be entirely self-contained. We will
however continue to depict ¥ on Figure 1 and subsequent figures for completeness. Our assumptions on
the characteristic initial data on H+UCj, will be made in accordance with the conjectured late-time tails on
the event horizon H* arising from generic Cauchy data on asymptotically flat 3; see the discussion below.

Conjectured late-time asymptotics on the event horizon H* and contrast with the vacuum case. Heuris-
tic arguments regarding the black hole exterior in the physics literature (see [Hod and Piran 1998; Koyama
and Tomimatsu 2001; Konoplya and Zhidenko 2013; Burko and Khanna 2004; Oren and Piran 2003])
indicate that (spherically symmetric) dynamical black holes arising from Cauchy data on X for the
EMKG model relax to Reissner—Nordstrom along the event horizon H* at a slow,? nonintegrable rate
v, s € (%, 1] for large v, in a standard Eddington—Finkelstein coordinate v. This is in contrast to the
faster and integrable rate s > 1 proved in the uncharged massless case m?> = gy = 0 [Dafermos and
Rodnianski 2005], or assumed in vacuum in [Dafermos and Luk 2017] (see (1-21)). This fast, integrable

rate v

, § > 1 in vacuum is indeed sufficient to prove the existence of a Cauchy horizon CH,;+, across
which the spacetime is continuously extendible: this led to a falsification of Conjecture 1 in vacuum
without symmetry assumptions [Dafermos and Luk 2017] (or for spherically symmetric models as in

[Dafermos 2003; Van de Moortel 2018]); see Section 1B2.

Existence of a Cauchy horizon CH,;+ for slowly decaying scalar fields. Returning to the EMKG model,
the first step in addressing Conjecture 1 is to understand whether, for slowly decaying characteristic data
on the event horizon H*, the future boundary inside the black hole is null (a Cauchy horizon) or spacelike.
In view of the slow decay on the event horizon H ™, the spacelike singularity scenario is plausible and
indeed desirable (if it were true, then Conjecture 1 would likely be valid). Despite the obstruction created
by the slow decay of event horizon perturbations, it turns out however that the black hole future boundary
has a nonempty null component CH;+ # & emanating from i ™, see Figure 1, and is not everywhere
spacelike as one might have hoped:

Theorem A ([Van de Moortel 2018], rough version; precise version recalled in Section 4A). Consider
spherically symmetric characteristic initial data for (1-1)—(1-5) on the event horizon H* (and on an
ingoing cone). Assume the following slow decay upper bound on the scalar field ¢+ on the event horizon
HT = [vg, +00) as

|3+ (W] < Cov™", [ Dygpy+]| < Cov™ (1-6)

3Plrecisely, these slow rates hold conjecturally for a massive (m? # 0) scalar field and/or strongly charged (|qoe| > %) one.
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for all v > vy in a standard Eddington—Finkelstein-type v-coordinate on H* = [vg, +00) for some Coy > 0
1
3
Then the spacetime is bound to the future by an ingoing null boundary CH;+ # & (the Cauchy horizon)

and some decay rate s >

foliated by spheres of positive radius and emanating from i, and the Penrose diagram is given by the
dark gray region in Figure 1.

Since by Theorem A the black hole future boundary is not everywhere spacelike and has a null
component CH;+ # &, one may at first expect continuous extendibility across C#H,;+. It turns out however
that the spacetime of Theorem A may or may not be continuously extendible across C?H;+. This is perhaps
unexpected, since all previous instances of black hole spacetimes with a null future boundary component
are at least continuously extendible across that component [Dafermos and Luk 2017; Dafermos 2003;
Luk and Oh 2019a]. Thus, Theorem A is not sufficient to fully address Conjecture 1 and the question of
continuous extendibility across the null boundary C#,+ has remained open.

The slow rate s > % assumed in Theorem A is indeed too slow to prove the C°-extendibility of spacetime
across the Cauchy horizon CH;+ using the same method as [Dafermos and Luk 2017] in vacuum. The
method of [Dafermos and Luk 2017] requires the faster integrable decay assumption s > 1 and does
not extend to the nonintegrable case s < 1, a failure that may even raise the attractive possibility that
Conjecture 1 is true after all for the EMKG matter model. This could mean that determinism is in better
shape in the presence of matter!

1A2. Theorem I: event horizon oscillations are decisive for the C° extendibility of the metric. Our main
result however shows that the situation is more subtle than one may first think: assuming that the scalar
field ¢ oscillates sufficiently on the event horizon H*, we show in Theorem I (i) that ¢ is uniformly
bounded in the black hole interior and the metric is continuously extendible. The event horizon oscillation
assumption is sharp in the following sense: conversely assuming that the scalar field ¢ does not oscillate
sufficiently on the event horizon H*, we show in Theorem 1 (ii) that ¢ blows up in amplitude at the
Cauchy horizon CH;+. It turns out that the oscillation condition on the event horizon H™, i.e., the main
assumption of Theorem I (i), is conjecturally satisfied for generic Cauchy data on an asymptotically flat 3,
and thus, the hope that determinism is in better shape in the presence of matter in the end does not come
true! (See Section 1A3.)

Theorems I (i) and I (ii) show that uniform boundedness or blow-up of the matter fields unexpectedly
relies on fine properties of the scalar field ¢ on the event horizon H* in both physical and Fourier space.
At the heart of our novel oscillation condition lies the resonant frequency

wres(M, ev qo) = C()_(M, e? qO) _C()+(M, ev qo)v (1-7)
where

qoe qoe
oy =wiy(M,e, qo) =

- = —M’ ) =, VRN
o-=o-(M.e.qo):= "m0 (M, e)

for asymptotic black hole parameters 0 < |e| < M.
In what follows we will give rough versions of Theorems I (i) and I (ii). For the precise versions we
refer the reader to Sections 4B and 4C.
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Theorem I (i) (boundedness (rough version; precise version in Section 4B)). Consider spherically symmet-
ric characteristic initial data for (1-1)—(1-5) on the event horizon H™ (and on an ingoing cone). Assume
the following slow decay upper bound on the scalar field ¢3,+ on the event horizon Ht = [vg, +00) as

g+ (V| = Cv™°,  [Dygyr| <Cv™* (1-8)

for all v > vq in a standard Eddington—Finkelstein-type v-coordinate on H™ = [vg, +00), for vg > 1
sufficiently large and for some C > 0 and some (nonintegrable) decay rate

3os<l. (1-9)

IN

By Theorem A, the spacetime, i.e., the dark gray region in Figure 1, is bound to the future by a null
boundary CH;+ # & (the Cauchy horizon). Then, in the gauge A, = 0, the following hold true:

o If o3+ satisfies the qualitative oscillation condition on H = [vg, +00), i.e., if for all O (v'~2*) functions

lim sup < +00, (1-10)

V—>+00

v
/ ¢H+ (v)eiwrcsv(1+0(vl—2s)) o
Vo

then the scalar field ¢ is uniformly bounded in amplitude up to and including the Cauchy horizon CH;+.

o If ¢y+ satisfies the strong qualitative oscillation condition on H* = [vg, +00), i.e., if for all O(v'~2%)
functions
v
hHl‘/ b+ (V) e ITOCTEN Gl ovicrs and is finite, (1-11)
v—+00 vo

then additionally the metric g and the scalar field ¢ are continuously extendible across the Cauchy horizon
CHi+.

o If ¢y+ satisfies the quantitative oscillation condition on H™ = [vg, +00), i.e., if there exist E > 0,
€ > 1 —s such that for all O(v'=2%) functions

5
lim / ¢H+(v)ei“”esv(lJ“O(“l_z“)) dv| < Ev® forall vi > vy, (1-12)
v—>+o0|Jy,
then, additionally the Maxwell field contraction F,,, F"" is uniformly bounded in amplitude and contin-
uously extendible across the Cauchy horizon CH,;+.

We refer to Figure 2 for an illustration of Theorem I (i).
In the uncharged case gy = 0, where ws = 0, we show that the qualitative oscillation condition (1-10)
is sharp to obtain boundedness.

Theorem I (ii) (blow-up (rough version; precise version in Section 4C)). Consider spherically symmetric
characteristic initial data for (1-1)=(1-5) on the event horizon H™ (and on an ingoing cone). Assume the
following slow decay upper bound on the scalar field on the event horizon H™ (i.e., ¢p3+ satisfies (1-8)
where s satisfies (1-9)). Assume additionally qo = 0 and let m*> > 0 be generic.
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spacetime is (highly nonuniquely)
C-extendible across Cauchy horizon CH,+

slowly decaying data ¢,,+ with
oscillation condition satisfied

Figure 2. Theorem I (i): if the strong qualitative oscillation condition is satisfied, then
the spacetime is C%-extendible across the Cauchy horizon CH;-.

Then, ¢ blows up in amplitude at every point on the Cauchy horizon CH;+

limsup |¢(u,v)| =400 (1-13)
(u,v)—>CH;+
if and only if
v
lim sup / ¢y+(v) dv| = +o00, (1-14)
v—4o00 [Jug

i.e., if and only if ¢4+ violates the qualitative oscillation condition (1-10).

Further, in the case where the scalar field ¢ blows up at the Cauchy horizon CH;+ as in (1-13), a null
contraction singularity forms at the Cauchy horizon CH;+ as stated in Theorem IV and proved in [Kehle
and Van de Moortel > 2024].

We refer to Figure 3 for an illustration of Theorem I (ii).

null contraction singularity at
Cauchy horizon CH,+: metric is C-singular

m

slowly decaying uncharged data ¢4+
with oscillation condition violated

~.

Figure 3. Theorem I (ii): If the oscillation condition is violated in the uncharged case,
then a novel null contraction singularity forms at the Cauchy horizon CH,;+ and the metric
is CY-singular at CH,-.
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Theorem I (ii) also shows that it is impossible to prove boundedness of the scalar field ¢ only under
the assumptions of Theorem A. This motivates a posteriori the introduction of the oscillation condi-
tions (1-10), (1-11), (1-12), which are thus necessary to obtain boundedness and C 0 extendibility as
claimed in Theorem I(i). Anticipating Section 1AS5, we note that it is also impossible to prove the
continuous extendibility of the metric in the usual sense only under the assumptions of Theorem A, by
Theorem IV.

For concreteness, we will now give explicit examples of profiles ¢+ which satisfy (respectively
violate) the oscillation condition (1-10), (1-11), (1-12) from above.

Example. For any fixed @ # wres the profile g+ := e “Vv~* satisfies the quantitative oscillation
condition (1-12).

Nonexample. The profile ¢+ := eV~ violates the oscillation condition (1-10).

1A3. Theorem II: the C°-formulation of strong cosmic censorship is false.

Slow decay on ‘H™ for generic Cauchy data on . We now return to Conjecture 1, which is formulated
in terms of generic Cauchy data on an asymptotically flat 3. First, the scalar field ¢ on the event
horizon H* is indeed expected to decay slowly for generic Cauchy data on X; i.e., ¢+ satisfies (1-8)
only for s < 1, at least for almost every pair of parameters (m?, o) (see Conjecture 2). This slow decay
makes Theorems I (i) and I (ii) decisive to the study of Cauchy data on X as above, since the validity
of Conjecture 1 now crucially depends on whether generic Cauchy data on X give rise to solutions for
which the (slowly decaying) scalar field ¢ on the event horizon 1™ satisfies or violates the oscillation
condition (1-10) (or (1-11), its stronger analog).

Oscillations on ‘H™ for generic Cauchy data on X. As it turns out, ¢+ is expected to satisfy the (even
stronger) quantitative oscillation condition (1-12) for generic regular Cauchy data on X. This expectation
is based on works in the physics literature relying on heuristic analysis [Hod and Piran 1998; Konoplya
and Zhidenko 2013; Koyama and Tomimatsu 2001; 2002] or numerics [Burko and Khanna 2004; Oren and
Piran 2003] giving precise asymptotic tails on the event horizon H*. We formulate this as the following
conjecture, where ¢4+ is the scalar field ¢ restricted to the event horizon H* = [vg, +00), v is an
Eddington—Finkelstein-type coordinate (see the gauge choice later defined in (3-6)), and electromagnetic
gauge A, = 0 (see (2-26)):

Conjecture 2. Let (M, g, F, A, ¢) be a black hole solution of the system (1-1)—(1-5) arising from generic,
spherically symmetric smooth Cauchy data on an asymptotically flat 3. Then, the black hole exterior
settles down to a Reissner—Nordstrom exterior with asymptotic mass M and asymptotic charge e satisfying
0 < |e|] < M. Moreover, the scalar field has the following late-time asymptotics on the event horizon
HT = [vg, +00):

(1) In the massive uncharged case, i.e., m? >0, q0 =0,

b3+ (V) = C(m - M, D) sin(mv + werr(v)) - V0 + Pery (1-15)
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for fast decaying ¢err (i.e., Qe satisfies (1-8) for s > 1), a constant C(m - M, D) # 0 depending on m - M
and the initial data D, and a sublinear growing phase

Werr(V) = —37m(271M)2/3v1/3 +w(m-M).
(2) In the massless charged case, i.e., m?=0, qo # 0,
3+ (v) = Crr(qoe, D) - "0V .y~ 170 e, (1-16)

where Cy (qoe, D) #0 is a constant depending on qoe and the initial data D, §(qoe) :=+/1 — 4(qoe)? € C,
and ¢ery is fast decaying (i.e., Qe satisfies (1-8) for s > 1).

(3) In the massive charged case, i.e., m? >0, qo # 0,
P2+ (V) = C(M -m, D) - eV - sin(mv + werr(v)) - V/® + err, (1-17)

where all the quantities are as above and generically |qoe| # r—|m]|.

Falsification of Conjecture 1 assuming Conjecture 2. We will show that the conjectured profiles in
(1-15), (1-16) and (1-17) indeed satisfy the quantitative oscillation (1-12). Thus, as a corollary of our
main result Theorem I (i) we obtain a conditional, but otherwise definitive resolution of Conjecture 1:

Theorem II (rough version; precise version in Section 4D). If ¢+ is as in Conjecture 2, then the metric g
and the scalar field ¢ are continuously extendible across the Cauchy horizon CH;+.

In particular, if Conjecture 2 is true, then Conjecture 1 is false for the Einstein-Maxwell-Klein—Gordon
system in spherical symmetry.

We refer to Section 4D for the precise statement of Theorem II.

The conjectured decay rates for ¢;+ in Conjecture 2 are nonintegrable; i.e., ¢4+ satisfies (1-8) with s
in the range (1-9), except for the massless charged case with |gge| < % We also recall that nonintegrable
decay of ¢+ is insufficient to prove continuous extendibility for g and ¢ by means of decay and indeed
even leads to the blow-up of |¢| as shown in Theorem I (ii) in the case where the oscillation condition
(1-10) is violated. In that sense, under the assumption of Conjecture 2, Theorem II shows that C-strong
cosmic censorship for the EMKG model is false only by virtue of the oscillations of the scalar field ¢ on
the event horizon H*.

Lack of oscillations for nongeneric Cauchy data on X. Having addressed the generic case in Conjecture 2,
there remains still the possibility that there exist (nongeneric) Cauchy data for which the scalar field ¢+
on the event horizon # " does not satisfy the (qualitative) oscillation condition (1-10). Indeed, on the
basis of certain scattering arguments [Angelopoulos et al. 2020; Dafermos et al. 2018; Masaood 2022]

we conjecture.*

Conjecture 3. For any suitable finite-energy profile ¢4+ there exist sufficiently regular Cauchy data on X
for the EMKG system in spherical symmetry giving rise to a dynamical black hole for which the scalar
field along the event horizon is given by ¢y+.

4We also note that Conjecture 3 is not specific to the EMKG system in spherical symmetry: similar conjectures can be made
for a rather general class of models; see for instance [Angelopoulos et al. 2020; Dafermos et al. 2018].
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In particular, if Conjecture 3 is true, this means that there exist Cauchy data on ¥ for which the scalar
field ¢+ on the event horizon H ™' obeys (1-8) for s > %, but violates the oscillation condition (1-10); thus
by Theorem I (ii), the scalar field ¢ blows up in amplitude at the Cauchy horizon CH,;+ (if gg = 0). Such
(nongeneric) Cauchy data will be important in Section 1AS5 as they will constitute examples of null contrac-
tion singularities at CH;+; see Theorem IV. Finding the precise regularity (see [Dafermos and Shlapentokh-
Rothman 2018; Dias et al. 2018b]) of such Cauchy data on X is also part of the resolution of Conjecture 3.

1A4. Theorem IIT: W' -blow-up along outgoing cones — a complete contrast with the vacuum case. We
remarked before that the falsification of the C°-formulation of strong cosmic censorship in vacuum [Dafer-
mos and Luk 2017] —the vacuum analog of Theorem II outside spherical symmetry — crucially relies on
integrable decay along the event horizon H ™ for perturbations and their derivatives (see (1-21)). Indeed, in
their work, Dafermos and Luk propagate this integrable decay towards i ™ with suitable weighted energy
estimates into the black hole interior. This integrable decay for outgoing derivatives is then used to show
that the metric is actually W !-!-extendible along outgoing null cones, i.e., with locally integrable Christoffel
symbols. Note that this W' !-extendibility result of the metric is strictly stronger than the C%-extendibility
which subsequently follows by integrating. Mutatis mutandis, this robust physical space method of
showing the stronger W !-extendibility result as an intermediate step has been applied in various previous
contexts to show Co—extendibility; see, e.g., [Dafermos 2003; 2005a; Luk and Oh 2019a; Dafermos and
Luk 2017], exploiting the null structure of the Einstein equations: in fact, this was the only known method

2=0, |qel < 3

to prove C-extendibility so far. For the EMKG model, however, only in the case m
do perturbations along the event horizon H* decay at an integrable rate. For such integrable rates, the
analog of Theorem II was shown already [Van de Moortel 2018] using the aforementioned physical space

method and proving W!-!-extendibility as an intermediate step (schematically [ 19,81 dv < 00):

Theorem [Van de Moortel 2018]. Consider spherically symmetric characteristic initial data for (1-1)—
(1-5) on the event horizon H* (and on an ingoing cone). Let the scalar field ¢+ decay fast on the
event horizon H (i.e., ¢y~ satisfies (1-8) for s > 1). Then ¢ is uniformly bounded in amplitude and
in Whi ie.,
+00

sup |¢|(u, v) < 400, supf |Dy|(u, v) dv < +o0. (1-18)

(u,v) u Vo
Moreover the metric g admits a W1 extension g across the Cauchy horizon CH;+ and g is C°-admissible
(Definition 2.1). In particular, g is C°-extendible.

Note that the W!-!-extendibility method provides a so-called C°-admissible extension, which is a con-
tinuous extension also admitting null coordinates (a slightly stronger result than general C°-extendibility).

Apart from the massless case m? = 0 with |goe| < %, the scalar field ¢ on the event horizon H™ is
expected to be nonintegrable along the event horizon H* (Conjecture 2) and as such, the robust physical
space methods of [Dafermos and Luk 2017; Luk and Oh 2019a; Dafermos 2003; Van de Moortel 2018]
showing the intermediate and stronger WIL’Cl -extendibility fail.

We show in Theorem III below that indeed for a generic nonintegrable scalar field ¢4+ on the event
horizon H, the scalar field ¢ blows up in Wh! (i.e., f | Dy¢| dv = 00) at the Cauchy horizon CH,;+.
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This is yet another manifestation of the fact that the C%-extendibility result for the nonintegrable
perturbations is unexpectedly subtle and crucially relies on the precise oscillations of the perturbation on
the event horizon H ™. In this sense, our result cannot be captured solely in physical space — making our
mixed physical space-Fourier space approach seemingly necessary.

We now give a rough version of Theorem III and refer to Section 4E for the precise formulation.

Theorem III (W!!'-blow-up along outgoing cones (rough version; precise version in Section 4E)).
Consider spherically symmetric characteristic initial data for (1-1)—(1-5) on the event horizon H' =
[vo, +00) (and on an ingoing cone). Then the following hold true:

e Consider arbitrary qo € R, m* > 0.
Then, for generic ¢+ satisfying (1-8) and (1-9), the scalar field ¢ blows up in WIL’CI at the Cauchy
horizon CH;+; i.e., for all u
+00
f |Dy| (1, v) dv = 400. (1-19)
v
o Consider either the small charge case (i.e., 0 < |goe| < €(M, e, m?) fore(M, e, m?) >0 sufficiently
small, m*> > 0) or the uncharged case gy =0 for almost every mass m* € R~.
Then, for all nonintegrable ¢+ ¢ L' satisfying (1-8) and (1-9), the scalar field ¢ blows up in wl!

loc
along outgoing cones at the Cauchy horizon CH;+: i.e., for all u

+00
f |Dy¢|(u, v) dv = +o0. (1-20)

v

Theorem III shows that the Cauchy horizon CH;+ is already more singular in the slowly decaying case
(i.e., ¢x+ obeys (1-8) for s < 1) than in the fast decaying case (i.e., ¢+ obeys (1-8) for s > 1) as the
comparison with (1-18) illustrates.

Assuming that Conjecture 2 is true, as part of our novel Theorem III, we also show that the W' ! blow-up
of ¢ given by (1-19) also occurs for generic and regular Cauchy data (for almost all parameters (qo, m2)).

Further Theorem III strongly suggests that generically the metric itself is also W!:!-inextendible, i.e.,
does not admit locally integrable Christoffel symbols in any coordinate system. If true, this statement would
be in dramatic contrast with the vacuum perturbations of Kerr considered in [Dafermos and Luk 2017] and
the weak null singularities from [Luk 2018] (both enjoying the analog of fast decay on the event horizon H;
see Section 1B2) in which the metric is shown to be W!-!-extendible across the Cauchy horizon CH,;+.
Extending Theorem III to a full W' !-inextendibility result on the metric is however a difficult (albeit
very interesting) open problem due to the geometric nature of such a statement; see [Dafermos and Luk
2017; Luk 2018; Sbierski 2018; 2022; Kehle and Van de Moortel > 2024] for related discussions.

1AS. Theorem 1V: the null contraction singularity at the Cauchy horizon CH;+ for perturbations violating
the oscillation condition. By Theorem 1 (ii), if g9 = 0, then any scalar field ¢+ that violates on oscillation
condition (1-10) on the event horizon H* gives rise to ¢ that blows up in amplitude at the Cauchy
horizon CH;+. A natural question then emerges: how does this blow up of the matter field translate
geometrically, i.e., does the metric admit a singularity?
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This question is answered in the affirmative in our companion paper [Kehle and Van de Moortel
> 2024]: We show that the metric admits a novel type of C°-singularity at the Cauchy horizon CH,+
that we call a null contraction singularity. The main result of [Kehle and Van de Moortel > 2024] is
conditional: we show that the metric admits a null contraction singularity if |¢| blows up at the Cauchy
horizon. Combining this result with Theorem I (ii) (if go = 0) shows that a null contraction singularity is
formed dynamically for a scalar field ¢4+ violating the oscillation condition (1-10) on H*.

We emphasize that the null contraction singularity is a C°-singularity and different (in particular
stronger) from the usual blue-shift instability [Dafermos and Shlapentokh-Rothman 2018] for derivatives,
which additionally occurs at the Cauchy horizon of dynamical EMKG black holes and triggers the blow up
of curvature and of the Hawking mass (mass inflation); see [Van de Moortel 2018; 2021] and the discussion
in Section 1C. Specifically, the null contraction singularity has the following novel characteristics.

Theorem IV [Kehle and Van de Moortel > 2024]. Consider spherically symmetric characteristic initial
data for (1-1)—(1-5) on the event horizon H* (and on an ingoing cone). Let the scalar field ¢+ decay
slowly on the event horizon H™ (i.e., ¢+ satisfies (1-8), (1-9)). Assume additionally that ¢ blows up in
amplitude at the Cauchy horizon CH;+, i.e., assume that lim SUP (4, v) > CH, + |p|(u, v) = +o00.

Then the metric g admits a null contraction singularity in the following sense:

(a) The metric does not admit any C°-admissible extension (as defined in Definition 2.1) across the
Cauchy horizon CH,;+.

(b) The affine parameter time on ingoing null geodesics (with uniform but otherwise arbitrary normaliza-
tion) between two radial causal curves with distinct endpoint at the Cauchy horizon CH;+ tends to
zero as the Cauchy horizon CH;+ is approached.

(c) The angular tidal deformations of radial ingoing null geodesics (with uniform but otherwise arbitrary
normalization) become arbitrarily large near the Cauchy horizon CH,;+.

For the precise definitions of the terms employed in the statement of Theorem IV we refer the reader
to [Kehle and Van de Moortel > 2024]. Note that the null contraction singularity is named in reference to
statement (b), the most emblematic: physically, it means that the (suitably renormalized) affine parameter
time in the ingoing null direction between two observers tends to zero as both observers approach the
Cauchy horizon CH,;+.

Theorem IV is the first instance of a null contraction singularity: statements (a)—(c) have only been
shown to occur in the context of matter fields blowing up at the Cauchy horizon CH;+, as we prove
in [Kehle and Van de Moortel > 2024]. In particular, statements (a)—(c) are all false on the exact
Reissner—Nordstrom interior or on the spacetimes of Theorem I (i) for which ¢ is bounded.

In view of Theorem I (ii), we note that there exists a large class of characteristic data on H* U Cjy,
giving rise to a null contraction singularity at C#,;+; see Figure 3. Moreover, assuming Conjecture 3,
we also note that there exist Cauchy data on asymptotically flat ¥ which give rise to a null contraction
singularity at C?H;+.

Finally, we note that statement (a) of Theorem IV is, to the best of the authors’ knowledge, the first
C-inextendibility result across a null boundary (in our case the Cauchy horizon C#;+). The geometric
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statement (a) strongly suggests that the oscillation condition (1-10) is indeed crucial to falsify Conjecture 1.
Note however that Theorem IV only proves the impossibility to extend the metric in a spherically symmetric
CP-class (also used in [Moschidis 2017]), where C° double null coordinates exist. It would be interesting
to investigate whether statement (a) can be promoted to a full C%-inextendibility statement. However
such statements are notoriously difficult to obtain: even in the more singular case where the black hole
boundary is spacelike,’ the C-extendibility of the metric has only been proved for the Schwarzschild
black hole [Sbierski 2018].

1B. Cauchy horizons in other models: a comparison with our results. Having introduced our main
results on the EMKG model (1-1)—(1-5) in Section 1A, we will now mention selected results on the
existence/regularity of Cauchy horizons and Conjecture 1 for different models, which will appear to be
in dramatic contrast with the previous Theorem A and our new results given in Theorems I (i), I (i1), III
and IV on the EMKG model in spherical symmetry.

1B1. Spherically symmetric models with no Maxwell field: absence of a Cauchy horizon. Before turning
to models admitting Cauchy horizons emanating from i, it is useful to recall that there exist models for
which such Cauchy horizons do not form. An example of such a model is given by the Einstein-scalar-field
system (i.e., (1-1)—(1-5) with F =0, m? = 0) in spherical symmetry. This model was studied in the
seminal series [Christodoulou 1991; 1993; 1999] where it is shown that the MGHD of generic spherically
symmetric data is bound to the future by a spacelike boundary S = {r=0} (in particular, there exists no null
component of the boundary) and observers approaching S = {r=0} experience infinite tidal deformations.
From [Christodoulou 1991], it follows that Conjecture 1 is true for the Einstein-scalar-field system in
spherical symmetry in the sense that there exists no spherically symmetric C°-extension of the metric.

1B2. Stability of the Cauchy horizon and the downfall of Conjecture 1 for massless fields and in vacuum.

The Einstein-Maxwell-uncharged-scalar-field in spherical symmetry. Christodoulou’s spherically
symmetric spacetimes however fail to capture the repulsive effect that angular momentum exerts on the
geometry in nonspherical collapse. One way to model this repulsive effect while remaining in the realm of
spherical symmetry is to add a Maxwell field to the Einstein-scalar-field equations: The electromagnetic
force then plays the role of angular momentum in nonspherical collapse [Dafermos 2004]. The resulting
Einstein—-Maxwell-uncharged-scalar-field system, i.e., (1-1)—(1-5) with m? = qo = 0, admits a (spherically
symmetric) stationary charged black hole, the Reissner—Nordstrom metric (for which ¢ = 0) whose
MGHD is bound to the future by a smooth Cauchy horizon CH,;+; see Figure 4.

Falsification of Conjecture 1 for the Einstein—-Maxwell-uncharged-scalar-field model in spherical

6 near it for the Einstein-Maxwell-uncharged-scalar-field model were

symmetry. The interior dynamics
studied in the pioneering work [Dafermos 2003; 2005a], which proved that the interior of the black hole

admits a Cauchy horizon CH,;+ across which the metric is continuously extendible, under the crucial

SA spacelike singularity is indeed widely associated to C O-inextendibility, and viewed as a stronger singularity than a Cauchy
horizon, notably because of the blow-up of tidal deformations experienced on timelike geodesics [Dafermos and Luk 2017,
Sbierski 2018; 2022].

6For a discussion of the dynamics far away from i T in the context of gravitational collapse, see Section 1C3.
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Figure 4. Penrose diagram of the subextremal Reissner—Nordstrom spacetime.

assumption of integrable decay of the scalar field on the event horizon H ™. Integrable decay for the
scalar field on the event horizon H* (i.e., ¢+ satisfies (1-8) for s > 1) was later proved for sufficiently
regular Cauchy data of [Dafermos and Rodnianski 2005]; therefore Conjecture 1 is false for the Einstein—
Maxwell-uncharged-scalar-field model in spherical symmetry [Dafermos 2003; 2005a; Dafermos and
Rodnianski 2005] by means of fast decay s > 1.

Moreover, for this spherically symmetric model, Dafermos [2014] characterized entirely the black hole
future boundary for any small, two-ended perturbation of Reissner—Nordstrom. He indeed showed that the
resulting dynamical black hole has no spacelike singularity: its maximal globally hyperbolic development
is bound to the future by a null bifurcate Cauchy horizon C?H;+, and has the Penrose diagram of Figure 4.

Falsification of Conjecture 1 for the vacuum Einstein equations without symmetry. As we already
mentioned in Section 1A, Conjecture 1 was also falsified in vacuum with no symmetry assumption in the
celebrated work [Dafermos and Luk 2017]. In this case as well, the crucial assumption in [Dafermos
and Luk 2017] is the fast decay of metric perturbations along the event horizon, i.e., schematically in a
standard choice of v-coordinate

||vs_1/2(g—gK)||Lz(H+) <e¢ forsomes > 1, (1-21)

where gk is the Kerr metric and € > 0 is small. Note that (1-21) shows |g — gk |(v) < v™* (at least along
a sequence) and in that sense (1-21) is indeed the analog for g — gk of fast decay of the scalar field, i.e.,
(1-8) for s > 1.

The linear analog of (1-21) for the black hole exterior stability problem around Kerr has been established
in [Dafermos et al. 2016; Shlapentokh-Rothman and Teixeira da Costa 2023]; see also the recent nonlinear
work [Dafermos et al. 2021]. If (1-21) (and related estimates) are shown for the full Einstein equations in
a neighborhood of Kerr, then the result of [Dafermos and Luk 2017] unconditionally falsifies Conjecture 1
in vacuum, by means of fast decay s > 1.

1C. Weak null singularities at the Cauchy horizon and a weaker formulation of strong cosmic censor-
ship. In this section, we mention briefly other types of singularities at the Cauchy horizon CH;+, and
how they compare with the new singularities at the Cauchy horizon CH;+ from Theorems III and IV.

1C1. Weak null singularities and blue-shift instability. As discussed earlier, our new results exhibit
the first examples of Cauchy horizons CH;+ singular at the C° level (for nonoscillating scalar fields
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at #*) and the W'! level (for all slowly decaying scalar fields at ). This new singularity at the
Cauchy horizon CH;+ is very different from the well-known weak null singularity at CH;+ [Luk 2018;
Van de Moortel 2023; Ori and Flanagan 1996; Brady et al. 1998; Burko and Ori 1998; Ori 1999],
which corresponds to blow-up in the energy class (i.e., H! norm) at CH,+ due to the celebrated blue-
shift instability [Penrose 1968; McNamara 1978]. Blow-up in energy (i.e., H! norm in nondegenerate
coordinate) at the Cauchy horizon of Kerr and Reissner—Nordstrom has indeed been proven to occur for
the linear wave equation in [Dafermos and Shlapentokh-Rothman 2018; Luk and Sbierski 2016; Luk
and Oh 2017]. Based on the blue-shift instability, Christodoulou suggested an alternative formulation of
strong cosmic censorship that is weaker than Conjecture 1. Specifically, he conjectured in [Christodoulou
2009] that for generic asymptotically flat Cauchy data, the metric is H'-inextendible i.e., admits no
extension with square-integrable Christoftel symbols; see also [Chrusciel 1991; Dafermos and Luk 2017].
More generally, we say that the Cauchy horizon C#;+ is a weak null singularity if already the metric is
C?-inextendible across C?#;+, a property which is generally obtained from the blow-up of some curvature
component in an appropriate frame [Van de Moortel 2021; Luk and Oh 2019a; Kommemi 2013].

1C2. Dynamical formation of weak null singularities and known inextendibility results. While examples
of weak null singularities have been constructed in vacuum [Luk 2018], their dynamical formation from
an “open set” of data with no symmetry assumption is still an open problem. Nevertheless, for the EMKG
model in spherical symmetry, it was proven [Van de Moortel 2018; 2021] that the Cauchy horizon CH;+ of
Theorem A is weakly singular, i.e., the metric is C>-inextendible across the Cauchy horizon C?#,;+, under
the assumptions of Theorem A and additional lower bounds on the scalar field consistent with Conjecture 2.
In the uncharged massless model go = m? = 0 of Section 1B2, the same result was previously proven
unconditionally in [Luk and Oh 2019a; 2019b] for generic asymptotically flat two-ended Cauchy data.
Both for the EMKG and the gy = m?* = 0 model, the above C?-inextendibility result was improved to a
C"-inextendibility statement in [Sbierski 2022].

1C3. Weak null singularities in gravitational collapse. We conclude this section by a brief discussion
of the influence of a weak null singularity on the black hole geometry away from i*. To study this
question in the framework of gravitational collapse (i.e., one-ended spacetimes with a center I as in
Figure 5), we cannot study the Einstein-Maxwell-uncharged-scalar-field model of Section 1B2 because
of a well-known [Kommemi 2013; Van de Moortel 2023] topological obstruction caused by the scalar
field being uncharged, i.e., go = 0, forcing the initial data ¥ to be two-ended [Dafermos 2014]. However
in the EMKG model, where go # 0, there is no such obstruction and one can study the one-ended global
geometry of the black hole interior with a weak null singularity, even in spherical symmetry [Kommemi
2013]. The main known result in this context is that the weak null singularity CH;+ breaks down [Van de
Moortel 2023] before reaching the center: Consequently a so-called first singularity br is formed at the
center I', as depicted in Figure 5. This is in complete contrast with the two-ended case where the future
boundary is entirely null [Dafermos 2014] for a large class of spacetimes as we discussed in Section 1B2.
In the conjecturally generic case where br is not a so-called locally naked singularity [Van de Moortel
2023; Kommemi 2013; Dafermos 2005b; Christodoulou 1999], then the breakdown of the weak null
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Figure 5. Conjectured Penrose diagram of a generic EMKG black hole with weakly
singular CH;+ [Van de Moortel 2023].

singularity CH;+ proven [Van de Moortel 2023] implies that a stronger singularity S = {r=0} takes over
and connects the weak null singularity CH;+ to the center I' as depicted in Figure 5.

1D. Scattering resonances associated to the Reissner—Nordstrom Cauchy horizon. We now turn to
another result which is not directly concerned with the stability/instability of the Cauchy horizon but turns
out to be important for the proofs of our main theorems: the finite-energy scattering theory for the linear
wave equation on the interior of Reissner—Nordstrdom developed in [Kehle and Shlapentokh-Rothman
2019]. A key insight to the result in that work was the absence of scattering resonances associated to the
Killing generator of the Cauchy horizon, which is an exceptional feature of the massless and uncharged
wave equation on exact Reissner—Nordstrom. Indeed, for the massive wave equation with generic masses
m? € R.og — D(M, e) or for the charged equation, the scattering resonances are present and there does
not exist an analogous scattering theory [Kehle and Shlapentokh-Rothman 2019]. As we will show, these
scattering resonances are also the key sources of blow-up in amplitude of ¢ at the Cauchy horizon if the
scalar field along the event horizon is nonoscillating and slowly decaying and thus, sufficiently resonant. In
view of this, for the blow-up statement of Theorem I (ii) these exceptional masses for which the scattering
resonances are absent have to be excluded. Refer also to [Mokdad 2022; Hifner et al. 2021] for a scattering
theory of the Dirac equation on the interior of Reissner—Nordstrom and to [Bachelot 1994; Dimock and
Kay 1987; Dafermos et al. 2018; Masaood 2022; Alford 2020] for scattering theories on the exterior.

1E. Connection to the linear analog of Conjecture 1 for negative cosmological constant A < 0. In the
discussion above we have studied the Einstein equations with cosmological constant A = 0. Analogously,
for A # 0, the Reissner—Nordstrom—(anti-)de Sitter and Kerr—(anti-)de Sitter spacetimes admit a smooth
Cauchy horizon and the issue of strong cosmic censorship analogously arises in this setting. In particular,
the case A < 0 has some similarities with our case in the sense that linear perturbations also only
decay at a nonintegrable (inverse logarithmic for A < 0) rate due to a stable trapping phenomenon
[Holzegel and Smulevici 2013; 2014; Holzegel et al. 2020]. A difference to our result is however that
only perturbations consisting of a superposition of infinitely many high £ angular modes decay slowly
and thus, the problem for A < 0 cannot be reasonably studied in spherical symmetry. Nevertheless, as in
our case, this nonintegrable rate of decay might raise hopes that, in the case of negative cosmological
constant A < 0, Conjecture 1 holds true.
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On the one hand, for Reissner—Nordstrom—AdS, since stable trapping is a high-frequency phenomenon
and uniform boundedness (on the linear level) is associated to zero-frequency scattering resonances of the
Cauchy horizon, it was shown in [Kehle 2020b] that these difficulties decouple on Reissner—Nordstrém—
AdS. (This decoupling can be seen as the analog of the fact that the oscillation condition of (1-10) is
satisfied.) As a consequence of this frequency decoupling, it is shown in [Kehle 2020b] that, despite
slow nonintegrable decay on the exterior, linear perturbations remain uniformly bounded and extend
continuously across the Reissner—Nordstrom—AdS Cauchy horizon. This falsifies the linear analog of
Conjecture 1 for Reissner—Nordstrom—AdS.

On the other hand, for Kerr—AdS, in view of the rotation of the black hole, frequency mixing occurs
and trapped high-frequency perturbations on the exterior can at the same time be low-frequency when
frequency is measured with respect to the Killing generator of the Cauchy horizon. In [Kehle 2020a;
2022] it is shown that this frequency mixing gives rise to a resonance phenomenon and an associated
small divisors problem. In particular, for a set of Baire-generic Kerr—AdS black hole parameters, which
are associated to a Diophantine condition, it is shown that linear perturbations ¢ blow up in amplitude
at the Cauchy horizon. This shows that the linear analog of Conjecture 1 holds true for Baire-generic
Kerr—AdS black holes.

There is yet another possible scenario in which the exteriors of AdS black holes are nonlinearly unstable
(see [Moschidis 2017; 2020; 2023; Bizon and Rostworowski 2011]) and the question of strong cosmic
censorship would be thrown even more open.

Let us finally also briefly mention the case of positive cosmological constant A > 0, where perturbations
on the exterior of Reissner—Nordstrom/Kerr—de Sitter decay at an exponential rate as proved in [Dyatlov
2011; Mavrogiannis 2023] for the linear wave equation and in [Hintz and Vasy 2018] for the vacuum
Einstein equations. In view of this rapid decay, the theorem of [Dafermos and Luk 2017] manifestly
also applies and thus, Conjecture 1 is false for A > 0. However, in view of this exponential decay, even
weaker formulations such as the H'-formulation of strong cosmic censorship mentioned in Section 1C
may fail. We refer to [Dafermos 2014; Hintz and Vasy 2017; Dias et al. 2018a; 2018b; 2019; Dafermos
and Shlapentokh-Rothman 2018; Costa et al. 2018; Costa and Franzen 2017; Mo et al. 2018; Hollands
et al. 2020; Cardoso et al. 2018] for details.

1F. Summary of the strategy of the proof. We now turn to an outline of our proof and begin with the
obstructions and difficulties encountered when attempting to prove boundedness of the scalar field at the
Cauchy horizon CH,;+ and continuous extendibility of the metric.

» The physical space estimates used to show CH;+ # & in the proof of Theorem A, under the assumption
of a slowly decaying ¢3,+ on H™, i.e., obeying (1-8) and (1-9), are consistent with the blow-up of the
scalar field ¢ at the Cauchy horizon CH,;+ and the failure of d,¢ to be integrable in v. As our new result
shows, these estimates from [Van de Moortel 2018] are sharp by Theorem III and blow-up in amplitude
indeed occurs for some perturbations by Theorem I (ii).

o The estimates of the proof of Theorem A however suggest that, if 9,¢ oscillates infinitely towards
the Cauchy horizon CH;+ then ¢ is bounded (see Section 4F1): the hope would be that, although 9,¢
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is not Lebesgue-integrable (i.e., f |0y¢| dv = 4-00), it has a semiconvergent Riemann integral (i.e.,
limg_, 400 | f 0y dv‘ <400 ex1sts) A natural approach is then to attempt to propagate the event horizon
oscillations (1 10) satisfied by ¢4+ towards the Cauchy horizon CH;+ in a suitable sense and deduce
the boundedness of ¢. However, this is not easy to show in physical space and prompts a Fourier space
approach for the linearized equation.

o A complete understanding of the linearized problem is however insufficient in itself to prove the
boundedness of ¢ since the nonlinear terms cannot be treated purely perturbatively in view of the slow
decay. Consequently the precise structure of these nonlinear terms has to be understood and plays an
important role in the argument (in contrast to the fast decay case s > 1) (see Section 4F3).

« Even once ¢ is proven to be bounded in amplitude, there is no clear mechanism yielding the continuous
extendibility of the metric, contrary to the fast decay case s > 1 in which the mechanism is given by the
integrability of the Christoffel symbols [Dafermos and Luk 2017; Luk and Oh 2019a] in a suitable sense
(see Section 4F4 for a discussion).

Strategy. To address and overcome these difficulties in order to prove our main theorems as stated in
Section 1A, we proceed as follows:

(1) We take advantage on the one hand of the previous result of Theorem A, the future black hole
boundary is null, i.e., CH;+ # & and the Penrose diagram is given by Figure 1, and on the other hand of
the nonlinear estimates (see Section 4F1) that were already proven in [Van de Moortel 2018] for slowly
decaying ¢y+.

(2) We consider the massive/charged linear wave equation gy DRNDRN¢: = m*¢. on a fixed Reissner—
Nordstrom background grn, which we view as the linearization of the EMKG system (1-1)—(1-5). Using
Fourier methods and a scattering approach, we prove uniform boundedness (respectively blow-up in
amplitude) of ¢, at the Cauchy horizon CH;+ for an oscillating scalar field ¢+ obeying (1-10) at H*
(respectively nonoscillating ¢+, i.e., ¢po+ violates (1-10) at H); see Section 4F2.

(3) Independently of step (2), we prove nonlinear difference estimates on g — grn. Although these
estimates are, in a sense, weaker’ than the nonlinear estimates of step (1), they are crucial in our proof
that, for all slowly decaying ¢4+, the linear solution ¢, is bounded if and only if the nonlinear ¢ is
bounded (at least in the go = 0 case). In the charged g # 0 case, we follow a similar logic but additional
difficulties arise from the nonlinear backreaction of the Maxwell field. This step will be discussed in
Section 4F3.

(4) With the boundedness of ¢ at hand from the previous step, we prove the continuous extendibility of
the metric for oscillating perturbations ¢+ satisfying (1-11). For the proof, we introduce a crucial new
quantity T (see (4-38)) exploiting the exact algebraic® structure of the nonlinear terms in the Einstein
equations; see Section 4F4.

TIn the sense that these estimates alone are insufficient to show that CH;+ # 2 as proven in [Van de Moortel 2018] (see
Theorem A).

81n contrast, when the decay is integrable as in vacuum, the null structure of the Einstein equations is sufficient [Dafermos
and Luk 2017; Luk and Oh 2019a].
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The proofs of Theorems 1(i) and I(ii) are finally obtained by combining steps (1), (2), (3), and (4).
Theorem II follows immediately. The proof of Theorem III is also derived from the strategy given by the
same steps (1)—(4); see the last paragraphs in Section 4F4. We refer to Section 4F for a more detailed
outline of the strategy of the proof.

1G. Outline of the paper. In Section 2, we set out notation, definitions and the geometric setting for the
solutions of (1-1)—(1-5) under spherical symmetry. In Section 3, for any arbitrary slowly decaying scalar
field ¢+, we construct and set up spherically symmetric characteristic data on the event horizon H*
and an ingoing cone such that the scalar field is given by ¢+ on H™. In Section 4, we give the precise
formulations of our main results Theorems I (i), I (ii), II, III and their assumptions. We end this section with
a detailed outline of our proof in Section 4F. In Section 5, we develop the linear theory and show our main
linear results in Section SD. In Section 6, we develop the nonlinear theory and show the boundedness of the
scalar field for the coupled (1-1)—(1-5) and the continuous extendibility of the metric. We first outline in
Section 6A the estimates proved in [Van de Moortel 2018], which will be useful for the nonlinear EMKG
system. Then in Section 6B, we establish the main estimates necessary for the continuous extendibility
of the metric. In Section 6C, we prove difference estimates which we combine in Section 6D with the
linear estimates from Section 5 to prove our main results Theorems I (i), 1 (ii), 1I, and III.

2. Preliminaries

2A. The Reissner—Nordstrom interior. Reissner—Nordstrom black holes constitute a 2-parameter family
of spherically symmetric spacetimes, indexed by charge and mass (e, M), which satisfy the Einstein—
Maxwell system ((1-1)—(1-5) with ¢ = 0) in spherical symmetry. We are interested in the interiors of
subextremal Reissner—Nordstrom black holes satisfying 0 < |e| < M. To define these spacetimes, we first set

) 2M  ¢?

QrnrrN) == —(1=—+ ), (2-1)
TRN  IgN

which is nonnegative between the zeros given by

ri(M,e) =M+ M?—e2 >0,
r-(M,e)=M—+/ M?—e2>0.
Now, we define the smooth manifold /\O/IRN as a 4-dimensional smooth manifold diffeomorphic to R2 x S2.

Up to the well-known degeneracy of the spherical coordinates on S?, let (rrn, £, 6, @) € (r—, r) x Rx S?
be a global chart. In that chart we define the smooth Lorentzian metric grny and Maxwell 2-form Fry

SRN 1= — Qs drn + Qay di? + rin (d9? +sin? 6 dg?), (2-2)
Fry = dARN = r% dr Adr. (2-3)
We time-orient the Lorentzian manifold such that vector field —Vrgy is future-directed. Further, we
define the tortoise coordinate r* by dr* = —QEI%I drrn or more explicitly by
1 1
r*=r*(rrn) = RN + o log(ry — rrn) + 7 log(rrny — 7-), (2-4)

4K, 4K_
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where K (M, e), K_(M, e) are the surface gravities associated to the event/Cauchy horizon defined as

1 e? ry—r_ 1 e’ r——ry
K+(M,€)=2— M = >O, K_(M,€)=2—2 M—-— )= < 0. (2-5)

2 T 2
ry ry 4ry r_

We further introduce the null coordinates (i, v, 0, ¢) € R x R x S% on Mg as
v=r*(r+t, u=r*@r)—t, 0=0, ¢=o0¢. (2-6)

In this coordinate system the metric ggrn has the form

QZ
gRN = —%(du ® dv +dv ® du) + rgy[d6* + sin(8)* de?]. (2-7)

Now, we attach the (right) event horizon H ", the past/future bifurcation sphere B_, B, the left event
horizon HF, the (right) Cauchy horizon CH,+, and the left Cauchy horizon CH,-L+ to our manifold,
formally defined as

HY ={u=—00,veR]}, CHiZ:{uz—l—oo,veR}, B_={u=—-00,v=—00},
HHl=(v=—00,ueR}, CHi+ ={v=—4o00,ucR), By ={u=+00,v=-+00}.

A word of caution. In the linear theory of Section 5 we will indeed denote by H* the Reissner-Nordstrom
event horizon {u = —oco, v € R}. However, in the other parts of the paper we denote by H ™' the dynamical
event horizon {# = —o0, v > vy} in the nonlinear part of Section 6 (see also the set-up of the characteristic
data in Section 3 and the main theorems stated in Section 4). We do similarly for the Cauchy horizon CH,;+.
We also note that the left event and the left Cauchy horizon only play a minor role in the linear part of
Section 5 and we often omit “right” when referring to H+ and CH,+.
The metric grn extends smoothly to the boundary and the resulting spacetime is a time-oriented
Lorentzian manifold (MRgy, grn) With corners — the Reissner—Nordstrom interior. We remark that
Qi ~ Come™ =Coy® QR ~ L et = K (28

r—>rq rFr—r_
for some C, py > 0, C ; y > 0. Further, we introduce regular coordinates (U, v) on /\OARN UHT as
dU = 1@k, vo)du, U(—00) =0, v=1v (2-9)

and note that H* = {U = 0}. Here vy = vo(M, e, Dy, s) will be determined in Proposition 3.2 later. In
these coordinates we have obtained a different lapse function (QZRN) H= (QZRN) g (U, v)=—-2grn(0y, 0y)
and the metric reads

()

gRN = — (AU @ dv 4 dv @ dU) + rax[d6? 4 sin(F)? dg?]. (2-10)
Of course we can invert the coordinate change (2-9) and obtain
u=ulU), v=w. (2-11)

We also remark that 7 := 9, in (rrn;, ¢, 6, ¢)-coordinates is a Killing vector field which extends smoothly
to (MRN, &RN)-
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2B. Class of spacetimes, null coordinates, mass, charge.

Spherically symmetric solution to the EMKG system. A smooth spherically symmetric solution of
the EMGK system is described by a quintuplet (M, g, F, A, ¢), where (M, g) is a smooth (3+1)-
dimensional Lorentzian manifold, ¢ is a smooth complex-valued scalar field, A is a smooth real-valued
1-form, and F is a smooth real-valued 2-form satisfying (1-1)-(1-5) and admitting a free SO(3) action on
(M, g) which acts by isometry with spacelike 2-dimensional orbits (homeomorphic to S?) and which
additionally leaves F, A and ¢ invariant.’ In this case, the quotient Q = M/ SO(3) is a 2-dimensional
manifold with projection IT: M — Q taking a point of M into its spherical orbit. As SO(3) acts by
isometry, Q inherits a natural metric, which we call go. The metric on M is then given by the warped
product g = go + r? dog2, where r = \/Area(l'[—l(p))/(47r) for p € Q is the area radius of the orbit
and dog is the standard metric on the sphere. The Lorentzian metric go over the smooth 2-dimensional

manifold Q can be written in null coordinates (u, v) as a conformally flat metric

2
go :z—%(du@dv+dv®du) (2-12)
such that (in mild abuse of notation) we have upstairs
2
g=—%(du@dv+dv®du)+r2da§z. (2-13)
On (Q, go), we now define the Hawking mass as
p =51~ ga(Vr.Vr), (2-14)
as well as k and ¢ as
—Q2
K= € RU {#£o0}, (2-15)
20,r
—Q2 R
L= 0,7 € RU {#£o0}. (2-16)

Electromagnetic fields on Q. In what follows, we will abuse notation and denote by F the 2-form over Q
that is the push-forward by IT of the electromagnetic 2-form originally on M, and similarly for A and ¢.
In view of the SO(3) symmetry of the potential A we have (see [Kommemi 2013]) that F' has the form

F= gszzdmdu, (2-17)
2r?
where Q is a scalar function called the electric charge. From F = dA we also obtain
: iqo 0’
D,, D,] = Fp=—7-F—.
[ U] lqo v 2}"2
Now we introduce the modified Hawking mass @ that involves the charge Q:
2
w :=,0+Q—. (2-18)
2r

9Note that we assume that the SO(3) action is free, i.e., free of fixed points “r = 0” as we are interested in the region near it

i.e., away fromr = 0.
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An elementary computation relating geometric quantities (on the left) to coordinate-dependent ones (on
the right) gives

2p —4drdyr — 20 Q?
r Q2 K r + r2 2-19)
We also define the quantity
1 Q?
2K = — -, (2-20)
r r

and notice that, if o = M and Q = e, then 2K (r1) = 2K 1. Further, we introduce the following notation,
first used by Christodoulou:

A =0y, V=0,r.

Finally, note that (1-4)—(1-5) are invariant under electromagnetic gauge transformations (see Section 2C)
and two solutions (¢, A) which differ by a gauge transformation represent the same physical behavior.
An equivalent formulation to express this gauge freedom is to consider electromagnetism as a U (1)
gauge theory with principal U (1)-bundle 7: P — M: the charged scalar field is a global section of
the associated complex line bundle P x, C through the representation p such that ¢ corresponds to an
equivariant C-valued map on P, i.e., ¢ (pg) = p(g)~'¢. The representation p : U (1) — GL(1, C) models
the coupling of the scalar field and electromagnetic field. We refer to [Kommemi 2013, Section 1.1] and
stick to our equivalent and more concrete formulation of the EMKG system.

C'-admissible spacetimes and extensions. Lastly, we define the notion of a C°-admissible extension of
the metric (inspired from [Moschidis 2017, Definition A.3]). For the sake of brevity and concreteness we
will give neither the most geometric nor the most general formulation and we refer to [Moschidis 2017;
Kehle and Van de Moortel > 2024] for further details.

Definition 2.1. We call (M, g) an admissible C* spherically symmetric spacetime if the following hold:

(1) M is a C'-manifold diffeomorphic to Q@ x S? for an open domain Q C R?.

(2) g is an admissible C spherically symmetric Lorentzian metric in the sense that for a diffeomorphism
®: M — Q x S? there exist C'-coordinates («, v) on Q in which the metric ®*(g) on Q x S? can
be written as

2
q)*(g):—%(du®dv+dv®du)+r2ggz, (2-21)

where gg: is the standard round metric on S? and ©2,r%: Q — (0, +00) are continuous.

(3) If (i1, ) is another C'-coordinate system such that (2-21) holds with 2 in place of Q2, then it = U ()
and 0 = V (v) for some unique and strictly monotonic C'-functions U, V.

Remark 2.2. The pair (u, v) as above is called a null coordinate system. In the case where the metric g
is locally Lipschitz such null coordinates always exist. Since we merely consider C° metrics, in our
definition of admissible C® metric we additionally impose the existence and uniqueness (up to rescaling)
of such null coordinates.
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Definition 2.3. Let (M, g) and (M, §) be time-oriented admissible C° spherically symmetric spacetimes.
We say that (M, g) is an admissible C° spherically symmetric future extension if

(1) there exists a C!' embedding i : M — M which is also a time-orientation-preserving isometry,

(2) there exists p € M—i (M) which is to the future of i (M).

2C. Electromagnetic gauge choices. As remarked above, for a fixed metric g, the Maxwell-Klein—
Gordon system of equations (1-4)—(1-5) is invariant under the gauge transform

p—>p=e"0 g, (2-22)
A—> A=A+df, (2-23)

where f is a smooth real-valued function. Notice that for D :=V + A we have
D¢ =e '/ Dp.

Therefore the quantities |¢| and | D¢| are gauge-invariant. In Section 6, we will use that these gauge-
invariant quantities satisfy the following estimates which are an immediate consequence of the fundamental
theorem of calculus, see, e.g., [Gajic and Luk 2019, Lemma 2.1]. In any (u, v)-coordinate system and for
u>upand v > vy,

)] < 1 f G, v)|+/ |Du f1, v) du (2-24)

1, v)] < |f<u,v1>|+f 1Dy (. ) d (2:25)

V]

for any sufficiently regular function f(u, v).

Although we will mainly estimate gauge-invariant quantities, to set up the characteristic data it is
useful to fix an electromagnetic gauge. For the analysis of the nonlinear system in Section 6 in double
null coordinates (u#, v) we will impose

A, =0. (2-26)

In this gauge, the condition F' = dA from (1-4) can be written (in any (#, v)-coordinate system) as
0’

2r2
To estimate the dynamics of A = A, du in the coupled system it is useful to define a background
electromagnetic field ARN which is governed by the fixed Maxwell form F = Fgy as in (2-3) on a fixed

0yA, = — (2-27)

Reissner—Nordstrom background with mass and charge (M, e¢). Using coordinates (u, v) as defined in
(2-6) we impose the gauge
ARN =0 (2-28)

such that Fry = dArN becomes

Q2 (u,
9, ARN — _ Sl V) (2-29)

2r1%N(u, v)
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Moreover, we choose the normalization for ARN to obtain
e e
ARN = (—— + —) du (2-30)
FRN T4
such that the 1-form ARN extends smoothly to the right event horizon #*+ on Reissner—Nordstrom.
For the linear theory in Section 5 we will work with the ¢-Fourier transform. In that context it is useful

to use a gauge which is different from (2-30) and which is given (see (5-1)) by

A (- o du—dv 231)
RN \rmjw 7y \ry Ry 2

2D. The Einstein—-Maxwell-Klein—Gordon system in null coordinates. We now express the EMKG
system (1-1)—(1-5) in a double-coordinate system (u, v) on Q using the electromagnetic gauge (2-26).

The unknown functions (r, Q2, A,, O, ¢) on Q are subject to the system

—Q? 8ur8vr m?r Q2 mr )
- Q + 27 Qg ——7~2K — ¢, (2-32)

4r r 4
92 28ur8Ur Q2

0y 0y =

0,0, 10g(Q%) = =20 (Dy93$) + = + ——— — — 07, (2-33)
2r r r
the Raychaudhuri equations
Oyt —r )
0 E = §|Du¢| s (2’34)
oyl —r 2
dy )= @Iavqﬁl : (2-35)
the charged and massive Klein—Gordon equation
3 0 dur 0 Q2 m>Q? 3
g = — L0 BENE L I 0g - g —iqoa L —igoAsing,  (236)
and the Maxwell equations
3,0 = —qor*I(@Dud), (2-37)
3,0 = qor’I (¢, ). (2-38)
Finally, F = dA reads
— QQZ
WA, = 2 (2-39)
Note that (2-37) and (2-38) can be equivalently formulated introducing the quantity i := r¢ as
0 Q = —qoS(Y Dy ), (2-40)
9, Q = qoI (Y V). (2-41)
Further, (2-32) is equivalent to
02 2 2r2
dulrdr) = — =+ 5 0%+ =~ QoI (2-42)
We can also rewrite (2-36) to control |9,¢| more easﬂy.
dyr D Qur 0 195 2Q?
Dy dyp = e zqoquAuau( lqof“OAuav(b):— vl u(b_ ul v¢+QO12 Q¢—m é. (2-43)
r

4

r 4r
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We also have (recalling the notation ¥ =r¢)

. u . u
e_lq() f”O Ay 8u (elq() f”() Ay avw)

Q% drds-9 Q¢ ) m2r 2 ) m*Q2r qoi Q?
= D, (0,¥)= — — Q — — 2-44
u(ByYr) ar - o o+ ) odlo] 1 ¢ ar Q¢ (2-44)
and
Q% Brdr-p QLo m2r m*Q%r 0i 22
B,(DY) = e -1 0g. (245
4r r 4r 4 4 4r
3. Setup of the characteristic data and the oscillation condition
We first fix the arbitrary quantities
subextremal charge and mass parameters 0 < |e| < M, (3-1)
a decay rate % <s <1, (3-2)
constants Dy, Dy > 0. (3-3)

These quantities will be kept fixed from now onward.

3A. Characteristic cones Ci,, H' and underlying manifold Q*. Our yet-to-be-constructed spacetime
of study will be the future domain of dependence Q1 of the characteristic set Cip U, HT C R'*1, where
HT :={U =0, vg <v < 400} and Cyi, := {0 < U < Uy, v = vp}, which meet transversely at the
common boundary point p :={U =0, v =vg}. Here, we use the convention that f € C L(#*) means that
feC((vg, 00))NC([vg, 00)) with the property that 3, f extends continuously to vy =dH*. Analogously,
we define C!(Cin). Moreover, we say that f € C!(Cin U, HT) if f is continuous on Ciy U, H' and
flau+ € CYHY), flc,, € CH(Cin). In particular, note that if f; € C'(H") and f» € C'(Ciy) satisfy
f1(p) = f2(p), then they define a function in C'(Cin Up HT). Analogously, we define C* for k > 2. We
define Q1 :={0 < U < Uy, vy < v < +00}. Here vg =vo(M, e, s, D) > 1 only depends on M, e, s, D;
and Uy = U;(M, e, s, D>, D) only depends on M, e, s, D, D1 —both of which will be determined in
Proposition 3.2 below.

A new coordinate u. We will make use of other coordinates («, v) on QT — H* given by u := u(U),
v = v, where u(U) is the function given through the condition (2-9) and (M, e) are as in (3-1). We also
define uy := u(Uy).

An additional electromagnetic gauge freedom. At this point we recall our global electromagnetic gauge
choice A, =0 in Section 2C. An additional electromagnetic gauge freedom we have is the specification
of Ay (or equivalently A,) on Cj,. We impose that Ay on Ci, = {0 < U < Uy, v = vg} satisfies

Au(U >—(— ¢ __4_° )d—”w)—z(— S )9—2<U ) (4)
V= T W v0) e ) )du ) T N\ e U vo) | rp(e, My )R O

where we used (2-9) for the second identity and thus
e e

+ .
ren(u, vg)  ry(e, M)

Ay(u, vo) = — (3-5)
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Here, rry is the r-value on Reissner—Nordstrom with parameters (M, e) as given in (3-1) and r (M, e) =

M*+/M?— 2.

3B. Coordinate gauge conditions on H* and Ci,. On H™ = {U =0, vy < v} we will impose the gauge

condition 30
M __1 (3-6)
Q5 0,v) 2
and on Cij, = {0 < U < Uy, v =y} we will impose
oyr = —1. (3-7)

3C. Freedata ¢ € C'(Cin U p H) with slow decay on H* and construction of r, Q, Slfq Having set
up the gauges we will now — in addition to the free prescription of 0 < |e| < M in (3-1) —freely prescribe
data for ¢ on Cj, U, H*. We recall (3-2) and (3-3) and define the class of slowly decaying data S£ on
the event horizon H™ in the following. In order to highlight that the definition does not depend on the
gauge choice for the electromagnetic potential A, we formulate it in a gauge-invariant form (although we
have already fixed the gauge A, =0 in (2-26) and (3-5)).

Definition 3.1 (set of slowly decaying data S£). We say that ¢+ € C'(H*, C) is slowly decaying,
denoted by ¢y+ € SL, if

|p2+1(V) + [ Do+ |(v) < Dyv™° (3-8)

for all v € Ht, where we recall % < 5 <1 was introduced and fixed in (3-2), and D; > 0 was introduced
and fixed in (3-3).

Similarly, on Cj, we will also impose arbitrary (up to the corner condition) data ¢;, € C ! (Cin) satisfying
| Dy ¢in| < D;. (3-9)

We will now finally conclude the setup of the initial data, where we recall that we freely prescribed
subextremal e, M and the scalar field ¢ on Ciy U, HT. In particular, using standard results about ODEs

(recall that s > %; actually s > % is sufficient to prove Proposition 3.2) we obtain:

Proposition 3.2. There exist vo(M, e, s, D) > 1 sufficiently large and Ug(M , e, s, D, D1) > 0 sufficiently
small such that the following holds true. Let ¢q;+ € SL and ¢y, € C'(Cin) satisfying (3-9) with ¢+ (p) =
®in(p) be arbitrary. Then, there exist unique solutions r € C*(Cin Uy HT), Qu e C'(Cin Uy HY) and
QecCl(CiuU » HT) of the ODE system consisting of the Raychaudhuri equation (2-35), equation (2-38),
the equation (2-32) using (3-6) on H* and the ODE system consisting of (3-7), (2-34) and (2-37) on Ci,
such that

lirll r(0,v)=ry (M,e) =M+ M?+e2, (3-10)
V—>+00

lim Q(0,v)=e. (3-11)
V—>+00

Moreover, H is affine complete, i.e., vaoroo Q%{ (0, v) dv = +o0.
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This shows that our free data (e, M, ¢) and the gauge conditions give rise to a full set of data
(r, Q, 23, ¢) on Ciy U » M satisfying the constraint equations.
Further, note that (3-6) implies that
Kiy+ = 1
in view of (2-15).

Remark 3.3. We also associate to (u, v) a lapse function Q2 through

dUu
Q= — 3-12
" du ( )
such that Q% = —2g(d,, 3,) and 3, = —2g(dy, 9,) once the spacetime is constructed.

Remark 3.4. In Theorem III we will introduce generic properties of functions in S£. We remark that
SL is the ball of size D, in the Banach space
SLo:={f eC'HT;C): sup(|V° |+ [v* Dy f|) < +o0}. (3-13)

V>0

In Theorem III (more precisely in Corollary 5.27) we identify a (exceptional) subspace Hy C SLg of
infinite codimension. We then call functions ¢4+ € SL generic if ¢+ € SL — H, where H := HyNSL.

3D. Definitions of the oscillation spaces O, O', ©”. We now define the subsets O, O', 0" C SL of
slowly decaying data on the event horizon describing the oscillation conditions. In order to highlight that
the definitions do not depend on the gauge choice for the electromagnetic potential A we formulate them
in a gauge-invariant form (although we have already fixed the gauge A, = 0 in (2-26) and (3-5)).

Definition 3.5 (qualitative oscillation condition O). A function ¢;+ € SL is said to satisfy the qualitative

oscillation condition, denoted by ¢4+ € O, if the qualitative condition

lim sup
vV—>+00

v . v " "
/ b+ (v/)ei(wresv/"l‘q()o'br(v/))elqo Jup Av)g+ (@) dv dv'| < +00 (3-14)
v

holds for all Dy, > 0 and all functions oy, € C?([vg, +00), R) satisfying

|obr(V)| < Dpy - (0 121 +log(1 4 v) 1521), (3-15)
o, ()| + lop(v)] < Dprv' ™ (3-16)

for all v > vy, where we recall that vo(M, e, s, Dy) > 1.
We will also denote by NO := SL — O the space of ¢3+ € SL violating (3-14).
Definition 3.6 (strong qualitative oscillation condition O’). A function ¢+ € O is said to satisfy the

strong qualitative oscillation condition, denoted by ¢+ € O, if the limit

lim
v—>+400

v . v ” "
/ g (v )l @t T2 G180 iy (Aodipes OO BT g v (3-17)
v

exists (and is finite) for all Dy, > 0 and all functions oy, € C?([vg, +00), R) satisfying (3-15) and (3-16).
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Definition 3.7 (quantitative oscillation condition O”). A function ¢3+ € O’ is said to satisfy the quantita-
tive oscillation condition, denoted by ¢+ € O”, if for all Dy, > 0 there exist Exr(Dyy) > 0, 1ng(Dypy) > 0
such that

+0o0 . 4 ” "
/ ol (@resV/+000b: (1)) 140 fyy (Av) gt (V) dv Gy (V) dV'| < Egr - 0* 170 (3-18)
v

for all v > v and all functions oy, € C2([vg, +00), R) satisfying (3-15) and (3-16).

Remark 3.8. Note that we have by definition the inclusions O” C O’ C O C SL. Moreover, note that
0" ¢ L'([vg, +00)); more generally, a generic function of O@” is not in L' ([vg, +00)).

Remark 3.9. The condition (3-14) and its stronger versions (3-17), (3-18) guarantee sufficiently robust
nonresonant oscillations. These conditions are sufficient (our proof also suggests that they are necessary
to some extent) to avoid that the backreaction of the Maxwell field (which, as we will show, creates
unbounded but sublinear oscillations oy, obeying (3-15), (3-16)) turns linearly nonresonant profiles into
nonlinearly resonant profiles; see the last paragraph of Section 4F3 for a discussion.

Remark 3.10. In the uncharged case go = 0, the backreaction of the electric field is absent. In this case
note that (3-14) simplifies to a “finite average” condition.

4. Precise statements of the main theorems and outline of their proofs

4A. Existence of a Cauchy horizon CH;+ # & and quantitative estimates in the black hole interior
Jrom [Van de Moortel 2018]. In [Van de Moortel 2018], the second author proved (among other results)
that spherically symmetric EMKG black holes converging to a subextremal Reissner—Nordstrom admit a
null boundary CH;+ # & that we still call a Cauchy horizon. The proof of this main result in [Van de
Moortel 2018] required many quantitative estimates that will be useful in the analysis of the current paper.

Theorem B [Van de Moortel 2018]. Consider the characteristic data on Ci, U, H as described in
Section 3 and fix the electromagnetic gauge (2-26) as in Section 2C. Let ¢+ € SL be arbitrary, and let
din € C1(Cin) satisfying (3-9) with ¢in(p) = ¢y+(p) be arbitrary.

Then, by choosing U;(M, e, s, Dy, D) > 0 potentially smaller, the characteristic data give rise to the
unique C' maximal globally hyperbolic development (r, Q2,, A, Q, ¢) on QT solving the EMKG system
of Section 2D. In addition, an (ingoing) null boundary CH;+ # & (the Cauchy horizon) can be attached
to QT on which r extends as a continuous function rcy which remains bounded away from zero, depicted
in the Penrose diagram in Figure 1. Note that (r, Q2 A, 0, ¢) on Q* defines (M, g, A, F, ¢) which
solves (1-1)—(1-5).

Moreover, all the quantitative estimates stated in Propositions 6.1, 6.2, 6.3, 6.4 and 6.5 are satisfied.

If we additionally assume fast decay (i.e., ¢+ satisfies (3-8) for s > 1), then ¢ is in Wll)’cl N L at the
Cauchy horizon CH;+ and extends as a continuous function across the Cauchy horizon CH;+. Moreover,
in this case, the metric admits a C°-admissible extension g across the Cauchy horizon CH;+ in the sense
of Definition 2.1 and g has locally integrable Christoffel symbols.
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Remark 4.1. We note that the above Theorem B showing CH;+ # &, together with all the quantitative
estimates stated in Propositions 6.1, 6.2, 6.3, 6.4 and 6.5, actually holds under the weaker assumption of
decay rate s > % as opposed to s > %; see [Van de Moortel 2018]. For the purpose of extendibility across
the Cauchy horizon C#H,;+ for oscillating data as stated in our main result below, the decay assumption
s > % is needed and appears to be crucial; see the discussion in Section 4F.

4B. Theorem I(i): scalar field boundedness and continuous extendibility for oscillating data. In this

section we give the precise version of Theorem I (i), which is proved as Corollary 6.18 in Section 6D1.
Theorem I (i) (boundedness). Let the assumptions of Theorem B hold.

(1) If ¢+ satisfies the qualitative oscillation condition ¢+ € O (see Definition 3.5), then
sup | (u, v)| < 4o0. “4-1)
(u,v)eQ+
(2) If ¢py+ satisfies the strong qualitative oscillation condition ¢+ € O’ (see Definition 3.6), then (4-1)

is true and moreover ¢ admits a continuous extension to CH;+ and g admits a C°-admissible extension to
CH;+ in the sense of Definition 2.1. In particular, g is continuously extendible.

(3) If ¢y~ satisfies the quantitative oscillation condition ¢+ € O” (see Definition 3.7), then (4-1) is true,
¢ admits a continuous extension to CH;+ and g admits a C*-admissible extension to CH;+. Moreover, Q
is uniformly bounded on QF and admits a continuous extension to CH;+. Further, there exists a constant
C = G(Dl, D>, Eor, no, e, M, m?, qo, 8) > 0 such that for all (u,v) € LB C Q*

|| (u, v) < C - |u) 170, (4-2)
10 —el(u,v) < C-u|™™, (4-3)

where Eor = Eor(Dypr) >0, no=n9(Dy) >0 are as in (3-18) and Dy, := Dy:(D1, D, e, M,mz,qo,s) >0
is defined in the proof of Proposition 6.17. Here LB denotes the late blue-shift region (see Figure 7), a
neighborhood of the Cauchy horizon which is defined in Section 6A.

4C. Theorem I(ii): blow-up in amplitude of the uncharged scalar field for nonoscillating data. In this
section we give the precise version of Theorem I (ii), which is proved as Corollary 6.20 in Section 6D2.

Theorem I (ii) (blow-up). Let the assumptions of Theorem B hold and let gy =0 and m?eRog—D(M, e),
where D(M, e) is the discrete set of exceptional nonresonant masses as defined in [Kehle and Shlapentokh-
Rothman 2019, Theorem 7). In addition, assume that ¢+ violates the qualitative oscillation condition as
in Definition 3.1, i.e., assume that ¢p3+ € NO :=SL — O.
Then, for all u < uy, the scalar field blows up in amplitude at the Cauchy horizon CH;+:
limsup [¢|(u, v) = +00. (4-4)
v—>+00
4D. Theorem II: falsification of C°-formulation of strong cosmic censorship if Conjecture 2 is true.
We now give the precise version of Theorem II which is proved as Corollary 6.23 in Section 6D3.
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Theorem Il. Let the assumptions of Theorem B hold. Additionally assume that Conjecture 2 is true, i.e.,
G+ is given by (1-15) (if go =0, m? > 0), (1-16) (if go # 0, m?> =0), or (1-17) (if go # 0, m* > 0) in
the v-coordinate defined by (3-6) and that the generic condition |qoe| # r—(M, e)|m| holds.

Then |@|, Q and the metric g admit a continuous extension to CH;+ and the extension of g can be
chosen to be C°-admissible.

In the above sense, assuming that Conjecture 2 is true, then Conjecture 1 is false for the Einstein—

Maxwell-Klein—Gordon system in spherical symmetry.

4E. Theorem III: W' blow-up of the scalar field for nonintegrable data. In this section we give the
precise version of Theorem III, which is proved in Section 6D4. To state the theorem we first define the set

Z(M, e, qo, m*) :={w e R: (w, M, e, gy, m*) =0} C R, (4-5)

which is the zero set of the renormalized transmission coefficient {(w) defined in (5-23). At this point we
note that Z((M, e, qo, m?) is discrete and, depending on the parameters (M, e, gy, m?>), possibly empty.
For small § > 0 we also define the smeared out set Z,f (M, e, qo, m?) C R as the set of all € R with
dist(w, Z(M, e, qo, m?)) < 8. We remark that Z)(M, e, qo, m*) = @ if Z(M, e, qo, m*) = .

Associated to Zf (M, e, o, m*) we now define a family (parametrized by § > 0) of Fourier projection
operators Ps: f € L?([vg, +00)) — J-"*l[xg}"[f]] € L%(R), where f € L%(R) is the extension of f by
the zero function for v < vy. Here, xs(w) is a family (parametrized by é > 0) of smooth functions which
are positive on Zf (M, e, qo, mz) and vanish otherwise. In the case where Zf (M, e, qo, mz) = &, also
xs = 0. Further, for the Fourier transform, we use the convention

1 ~ .
FIfi) = = fR Fv)e® dv.

Finally, we are in the position to state Theorem III which is proved in Section 6D4. The first part is shown
as Corollary 6.25; the second part is shown as Corollary 6.26.

Theorem IIl. Let the assumptions of Theorem B hold.
Part 1. Let ¢+ € SL— L' ([vg, +00)) and let at least one of the following assumptions hold:
(@) Ps¢py+ € LY(R) for some § > 0,
(b) or 0 < |qoe|l <e(M, e, m?) for some e(M, e, m?) >0 sufficiently small or gy = 0, m? ¢ D(M, e).

Then, the scalar field ¢ blows up in W' along outgoing cones at the Cauchy horizon CH;+ in the sense
that for all u < uy

+00
/ [ Dy (u, v) dv = +o00. (4-6)

0
In particular, for any qo € R and m?> > 0, the set H of data ¢4+ € SL for which (4-6) is not satisfied
for all u < uy is exceptional in the sense that H = HyNSL, where Hy C SLy is a subspace of infinite
codimension within SLq (recall the definition of SLq from (3-13)). In the above sense, SL — H is a
generic set and thus W' -blow-up of the scalar field at the Cauchy horizon CH,+ is a generic property of
the data ¢+ € SL.
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Part 2. Assume that ¢+ is given by (1-15) (if go =0, m? > 0), (1-16) (if go # 0, m*> =0), or (1-17) (if
qo # 0, m? > 0) in the v-coordinate defined by (3-6). Assume the conditions

ZNe =2, (4-7)
(m?, Iqoe) ¢ {0} x [0, 3), (4-8)
where Z(M, e, qo, m?) is defined in (4-5) and where
{—m, +m} if go=0,m?#0,
O(M, e, go. m?) == {—qoe/r+) if lgoel = 3, m* =0,

{=m —qoe/ry,m —qoe/ry} if go #0, m*> #0.

Then, the scalar field ¢ blows up in W' along outgoing cones at the Cauchy horizon CH;+, i.e., (4-6)
holds for all u < u.
Moreover, (4-7) is satisfied generically in the sense that for given parameters m*> > 0, qo € R, with
m? # qg, the condition (4-7) is satisfied for
(M,e)e{(M,e)eR*:0<|e|] <M} —E

m2,qo°

where E,> , C R? is the zero set of an analytic function.
In particular, for fixed m? >0, qo € R with m? #~ qg and (m?, lqoel) ¢ {0} x [0, %) and for almost all
parameters
(M,e)e{((M,e) e R*:0 < |e| < M},

assuming ¢+ is as above, then (4-6) holds for all u < u.

Remark 4.2. Note that (4-6) also implies the blow-up of the spacetime W1 norm in (u, v)-coordinates,

Uy L+00
/ / |Dyo|(u, v) dv du = +o0.
up Jug

The precise formulation and the proof of Theorem IV will be given in our companion paper [Kehle
and Van de Moortel > 2024].

1e., forall u; < ur <ug

4F. Outline of the proofs. In this section, we elaborate on steps (1)—(4) originally presented in Section 1F.
The reader may wish to come back to the current section while consulting the proofs given in Sections 5
and 6. For convenience, we will conclude this section with a guide for the reader; see Section 4F5.

4F1. A first approach in physical space and the difficulties associated to slow decay (step (1)).

Physical space estimates for the nonlinear problem. Theorem B proving CH;+ # & also comes with
many quantitative stability estimates (see Section 6A) for the nonlinear problem (1-1)—(1-5) under the
assumption of slowly decaying ¢+ satisfying (1-8) on H* (not only for s > % but also s > %) These
estimates already proven in [Van de Moortel 2018] will be our starting point in Section 6. Although these
estimates are sharp, they are however not sufficient to prove the boundedness of ¢ in amplitude, in view
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of the slow decay obstruction if s < 1 as we shall explain below. To illustrate our point, we start with one
of the main estimates'® obtained by physical space methods in [Van de Moortel 2018]:

Dyl (u, v) Sv°. (4-9)

Boundedness/continuous extendibility in the integrable case. In the integrable case s > 1, integrating
(4-9) gives immediately boundedness

¢l < data+sup | Dy (u, )|z < data+ [[(v) " [l1 < +o00, (4-10)
u

and also gives the W!:!-extendibility of the metric (i.e., locally integrable Christoffel symbols). From
the estimates giving the W!!-extendibility of the metric, one can immediately deduce the continuous
extendibility of the metric (see the discussion in Section 4F4). All the known previous proofs of continuous
extendibility of the metric indeed proceed via this method [Luk and Oh 2019a; Dafermos 2003; Dafermos
and Luk 2017].

Slow decay obstruction in the nonintegrable case. In present paper we however have to deal with the
nonintegrable case s < 1, where we note that the above method fails as |[{(v) ™| ! (the right-hand side
of (4-10)) is infinite, even suggesting that the left-hand side || D¢ (u, -)|| L) could be infinite as well.
Indeed, we prove blow-up of || Dy (u, )|l 1 (the so-called W1 norm on outgoing cones) for generic data
¢+ € SL (Theorem I1I, see Section 4F4 for a description of its proof), which illustrates the obstruction
to proving boundedness by the standard method previously used in the s > 1 case.

Summary of the rate numerology. To summarize, square-integrable decay (i.e., (3-8) with s > %) is
sufficient to show that the black hole boundary admits a null component C#,;+ (the Cauchy horizon) by
Theorem B, but is in general insufficient for W!! extendibility and boundedness of the matter fields
and metric coefficients (for which integrable decay, i.e., (3-8) with s > 1, is sufficient). In the rest of
the section, we explain how to deal with the broader range 43'1 <s<1(s> % is important for the new

nonlinear estimates; see Section 4F4 and Remark 4.3).

An ingoing derivative estimate. Yet another particularity of the nonintegrable case s < 1 is that | D, ¢|

may potentially blow up in amplitude at the Cauchy horizon [Van de Moortel 2018] (there are indeed
3
Z’
we show that D, (r¢) is uniformly bounded (Proposition 6.6), although not integrable, i.e., we prove that

known examples for which |D,¢| blows up; see [Van de Moortel 2021]). Nevertheless, assuming s >

for all ¢9+ satisfying (3-8)
|Dy(ro)|(u, v) S lul ™. (4-11)
Note that, consistently with our result that |¢| blows up for some data, (4-11) cannot be integrated in u.

Compensate the failure of integrability with oscillations. Slow decay of the data, as we explained, leads
to a lack of integrability of the metric and fields derivatives which are roughly of the form, for % <s <1,

|Dygl v, (4-12)

10The main difficulty in obtaining (4-9) is nonlinear in nature: its proof in [Van de Moortel 2018] exploits the structure of the
Einstein equations to address the delicate issue of controlling the metric for a slow rate s < 1. In contrast, the null condition
suffices if s > 1.
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which is not integrable as v — 400 (i.e., towards the Cauchy horizon C?H;+). Nevertheless, boundedness
of ¢ could be obtained by means of the oscillations, i.e., if we could propagate an estimate of the form

Dy ~ e . pS (4-13)

for some w € R — {0}. However, the propagation of such oscillations, if present on the event horizon char-
acteristic data ¢4+, requires further estimates in Fourier space that we introduce in the following section.

4F2. The linear problem (step (2)). In this section, we discuss how to prove boundedness or blow-up
of ¢, solving the linearized equation. This step corresponds to the proof of our main linear result
Theorem V in Section 5.

Representation formula using the Fourier transform. For the linear (charged massive) wave equation
Sen DN DN = m?¢, on a fixed subextremal Reissner—Nordstrom interior metric (2-7), the physical
space estimates of Section 4F1 also apply, but a Fourier approach is also possible, taking advantage
of the Killing vector field 9;. Taking the Fourier transform in #, the wave equation then reduces to the
so-called radial ODE (see (5-13)). Using this, we will view aspects of the interior propagation from the
event horizon to the Cauchy horizon as a scattering problem mapping data on the event horizon to their
evolution restricted to the Cauchy horizon; see [Kehle and Shlapentokh-Rothman 2019; Kehle 2022].
Formally, we have, in a suitable regular electromagnetic gauge at the Cauchy horizon:

bc len,. W) = \/Zr_; - p.v./R wtfcz))res}‘[¢H+](w)ei(w—wres)u do

. Iy tH(w) io—
+ lim .V./ Floy+1(w)e @@ 4oy 4 Error, (4-14)
V=00 /2y P R @ — Wres b

where Error is uniformly bounded by the energy of ¢+ along the event horizon H' and wes(M, e, qo)

is as in (1-7). Here, t(w) and t(w) are the (renormalized) scattering coefficients (see Definition 5.2).
Using that F[p.v(1/x)] = im sgn and t(wpes) = —t(wres) (see (5-25)) we formally obtain

A/ 27Til"+
r_

bc lew () = t(wres) lim / dyy+ (D)e'=¥ di 4 Error. (4-15)
v—oo J_,

Note that t(w) is real-analytic and in the charged case when w5 # 0, then always t(w = wyes) # 0. In
this charged case, the formal scattering operator (4-14) has a resonance at w = ws. However, in the
uncharged case g = wres = 0, there exists a discrete set of nonresonant masses m> € D(M, e) (particularly
0 € D(M, ¢)) such that t(w = wrs = 0) = 0 for m? € D(M, ¢) as shown in [Kehle and Shlapentokh-
Rothman 2019]. In that case, the scattering pole is absent and this can be seen as a key observation
towards the T'-energy scattering theory on the interior of Reissner—Nordstrom for the uncharged massless
wave equation developed in [Kehle and Shlapentokh-Rothman 2019]. However, it is shown in that work
that, for generic masses m? € Rog — D(M, e), the resonance is present and scattering fails.

A sharp condition for boundedness or blow-up at the Cauchy horizon. Restricting to parameters gg % 0
or go =0, m? € Rog — D(M, e), the resonance is present and from the formal computation and (4-15)
we read off that |¢,| < C if the data ¢y + satisfy ¢py+ € L,lj (in addition to having finite energy to control
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the error terms). Thus, in particular for fast decaying data (i.e., ¢4+ satisfies (3-8) for s > 1), we formally
obtain uniform boundedness of ¢, at the Cauchy horizon.

For general ¢+ € SL — L', the above reasoning does not hold, and blow-up in amplitude is possible.
For concreteness, first consider the uncharged and massive case gg = 0, m? ¢ D(M,e). Then, wes =0
and, as we will show, ¢, is uniformly bounded at the Cauchy horizon if and only if ¢4+ satisfies

sup
v€[vg,+00)

< +00. (4-16)

v
/ o+ (V) dv’
vo
For instance, (4-16) gives boundedness of ¢, for data ¢4+ of the form
Pr+ (V) e v, (4-17)

where we recall % < s <1, provided w € R — {0}: in this case, ¢+ obeys the quantitative oscillation
condition ¢+ € O” as defined in Definition 3.7. If, however, @ = 0 then ¢+ violates the oscillation
condition, i.e., ¢py+ € NO = SL — O, and thus, |¢,| blows up at the Cauchy horizon CH;+ in view of
(4-16) (still assuming gg = 0).

In the charged case gy # 0O, the resonance is always present and uniform boundedness of ¢, at the
Cauchy horizon is true for profiles satisfying the oscillation condition ¢+ € O, e.g., profiles of the form

Prr A e @OV TS (4-18)

where % < s <1, provided w € R— {0}. If however w = 0 then |¢.| blows up at the Cauchy horizon CH;+.
We refer to Corollary 5.25 for a precise statement of the results of this paragraph.

Improved decay for ¢+ € O” to obtain the boundedness of the Maxwell field. Note that for the
nonlinear EMKG system (1-1)—(1-5), the charge Q(u, v) from (2-17) is a dynamical quantity (assuming
qo # 0) that is nonlinearly coupled to ¢ and g, and hence the boundedness of Q is not guaranteed.
Proving the boundedness of Q in amplitude indeed requires establishing further decay estimates proved in
Corollary 5.25(3), whose proof we now outline. In the case where ¢4+ satisfies the quantitative oscillation
condition, i.e., ¢+ € O”, the main term in (4-15) enjoys decay in |u| as u — —oo (corresponding to i ™
in Figure 1). In particular, for ¢+ € O” we will show (see Theorem V(B)) the quantitative control

el (u, v) < Ju| =10 (4-19)

for some ng > 0. This (linear) quantitative estimate will be later useful to the boundedness proof of Q in
the coupled case (see Section 4F4).

Towards the W' '-inextendibility. To illustrate the obstruction caused by slow decay explained in
Section 4F1, we show in Theorem III that ¢ does not have locally outgoing integrable derivatives near the
Cauchy horizon, i.e., f |Dy@|(u, v) dv = +o00 for all u, consistently with the expectation given by (4-12).
This blow-up in W!! norm on outgoing cones justifies that, in the case where ¢ remains bounded, the
reason is oscillation and not decay.

To show the W':! blow-up in linear theory (see Corollary 5.27), we prove a representation formula for
Ay, (ug, v) (see (5-115)) and show that 9, (ug, v) ¢ L}, for fixed ugy. Expressed in a regular gauge on
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the Cauchy horizon and neglecting error terms, we formally have

lwres”O

”
(o, 0) & =i~ —

close to the Cauchy horizon. We interpret (4-20) as a formal Fourier multiplication operator with
multiplier t(w), i.e., Ty: ¢+ (V) — 3y, (1o, v). Since our data ¢+ (v) are not integrable (¢y+ ¢ L)
along the event horizon 1™ and we aim to show that 9,¢, (1, v) is not in L}), it is natural to consider to

/ Flou 1) tiw)e @)V dgy (4-20)

inverse operator T,(_1 = T ¢ with Fourier multiplier 1/t(w). Formally, by Young’s convolution inequality
we have

Il = 1T [8uedll o = IFIE T % 8ol < IFTE T Lo [18upell 1 (4-21)

Since our data ¢+ are assumed to be nonintegrable (i.e., ¢o+ ¢ L), the above formal argument shows
W1 blow-up for ¢ (ug, -) if F[t~'] € L'. The above formal computation is made rigorous in the proof
of Theorem V(E). Further, we will prove that the only obstruction to F [t 1elLlis potential zeros
of t(w). In the uncharged case gy = 0, however, the ODE analog of the T -energy identity yields that

(@) |* = [t(w)]* + |of*. (4-22)

Moreover, since we exclude nonresonant masses (i.e., m> € R — D(M, ¢)), we have £(0) # 0 and as
such, t(w) is nowhere zero. As a result, we show F[t~'] € L'. For the uncharged case with resonant
masses, this shows that all characteristic data ¢+ on the event horizon 1" that are not integrable give
rise to solutions which blow up in W!:! along outgoing cones at the Cauchy horizon C#;+.

In the charged case, however, the analog of (4-22) becomes

[t(@)|* = [t(@) > + 0 (® — Ores) (4-23)

such that t(w) may have zeros for w € (0, wyes) Or @ € (wres, 0). For small charges, a perturbation
argument shows that t(w) does not have zeros but for general charges the set of zeros Z;(M, e, qo, m?) =
{weR: t(w, M, e, gy, m*) =0} C {0 < |w| < |wyes|} could be (and in general will be) nonempty. In view
of this, for nonintegrable data (i.e., ¢+ ¢ L") which satisfy Ps¢y+ € L' (recall the definition of Ps from
Section 4E), we show that the arising solution blows up in W' ! along outgoing cones. It follows ¢,
blows up in W!! along outgoing cones for all ¢5+ € SL — H, where H C SL is an exceptional subset
first introduced in the statement of Theorem III.

4F3. The nonlinear problem, I: physical space estimates of the difference (step (3)). As we explained, the
physical space method does not capture the oscillations of the field which are crucial to our proof. On the
other hand, the (global) frequency analysis used for the linear equation Klein—Gordon equation on Reissner—
Nordstrom (see (5-3) and as explained above) relies on two key properties: the existence of the Killing
vector field 9, and the linearity of the equation — none of which extends to the coupled system (1-1)—(1-5).

In the present paper we overcome these limitations by controlling the difference between the nonlinear
evolution and its linear counterpart in physical space (i.e., g — grn and ¢ — ¢, see below). In the
uncharged case go = 0, this is exactly the strategy we adopt; see the first paragraph below. In the case
qo # 0, unbounded backreaction oscillations of the Maxwell field however require a more sophisticated
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Figure 6. Division of a rectangular neighborhood of i T into four spacetime regions.

nonlinear scheme; see Section 4F4 and the second paragraph below. These unbounded backreaction
oscillations motivate the precise definition of the oscillations spaces O, O and O” from Section 3D; see
the third paragraph below.

The proof of the nonlinear differences estimates will be carried out in Section 6C and follows the
splitting of spacetime into four different regions depicted in Figure 7 used already in [Van de Moortel
2018]; see Figure 6 (a similar splitting was first introduced in [Dafermos 2003] and subsequently used in
[Franzen 2016; Dafermos and Luk 2017; Luk and Oh 2019a]). More specifically we refer the reader to
Propositions 6.13-6.16.

It is important to note that the difference estimates described in this section (and proved in Section 6C)
are completely independent of the estimates of Section 5 (whose description was outlined in Section 4F2),
with the notable exception of the final formula (4-32) that uses the linear formula (4-15) “as a black box”.

Difference estimates near it for gy = 0. Near the Cauchy horizon CH;+ and close to i ™ as in Figure 1
(i.e., for u close to —o0) we obtain difference estimates of the schematic form

o — del(u, v) + |ul™ - (g — gral + 18, (g — gr)D (ut, v) < fu]' ™2, (4-24)
|9(@ — ) | (u, v) + 07 - 13, (g — gra) | (u, v) S0, (4-25)

where (g, F, A, ¢) solve (1-1)—(1-5) with data ¢+ € SL and ¢, solves (1-5) with same data ¢+ € SL
on a fixed Reissner—Nordstrom background (2-7) (corresponding to the one g is converging towards i ).
The key point is that ¢ — ¢, unlike ¢, will turn out to be W'! along outgoing cones at C#{;+, namely
(4-25) gives

+oo +o00
supl9 — gel(u.v) Sswp [ @ =gl s [ Y <o
vV

u,v u 0 Vo

as s > % > % Therefore ¢ — ¢ is bounded. In particular, in the uncharged case gy = 0, uniform

boundedness of ¢ in the region of Figure 1 is equivalent to that of ¢,. As we will see below, this is no
longer true if gg # 0.

Difference estimates near i+ for qo # 0. If gy # 0, the metric differences are similar, but the scalar field
difference is now impacted by the Maxwell backreaction. In particular, the first term of (4-25) is replaced
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by an estimate of the schematic form (in the gauge (2-26) where A, = ARN = 0)

|77 8¢ — B, | (u, v) Sv' T, (4-26)
opr(u, v) 1= / ' (AP W) — (ARNYH W) du, (4-27)
”y(v)

where u,, (v) ~ —v and (A W), (AEN)CH(L/) are defined as the extensions of A, (u, v), ASN(u, V)
to CH,;+; see Proposition 6.16 for a precise statement. The difficulty is that oy, is unbounded in general;
nevertheless, we prove sublinear growth estimates (in Proposition 6.16 again)

oo (i, v)] SV 1521 4+ (1 +log(v)) 14—y, (4-28)
19,0 (1, V)| + 820 (u, V)| S 017, (4-29)

Note that this is not a gauge issue: in fact, oy, is a gauge-independent quantity obtained by the expression

Q? Q3
ety v) 1= f f ( °_ §Ne>dudv, (4-30)
[, (v),u]x[vo,+00) \ T RN

assuming (3-5). As a consequence, it is no longer true that ¢ — ¢, is uniformly bounded. Instead, the

consequence of (4-26) is that the following quantity is in W ! along outgoing cones and hence bounded:

v
‘qs(u, v) — f &7 By (u, v dv'| S P (4-31)
v

y(”)

where v, (4) ~ —u. Therefore, boundedness of ¢ is now down to the boundedness of

v
/ o) g b (u, v') dv'.
UJ/(“)

By our representation formula (4-15), this expression becomes, up to error, an explicit integral of the data
v
¢(u,v) = f el Hoe g Ly dv' + O (Jul>7). (4-32)
Uy ()

Thus, the nonlinear representation formula (4-32) gives boundedness of ¢ up to and including the Cauchy
horizon CH,;+ for characteristic event horizon data ¢4+ € O, one of the main goals of Theorem I (i) (see
Section 6D1).

Further, (4-32) will also show blow-up of ¢ in amplitude at the Cauchy horizon CH,;+ for event horizon
characteristic data ¢4+ ¢ O. We postpone the related discussion to the last paragraph of Section 4F4.

The motivation to introduce oy, in the definition of the spaces O, O, ©”. As explained above, the
Maxwell field exerts a nontrivial backreaction with in general unbounded oscillation oy, (recall (4-28)).
Recalling that ¢, is bounded if and only if the right-hand side of (4-15) is finite (where oy, is as in
(4-30)), and that ¢ is bounded if and only if the right-hand side of (4-32) is finite, it becomes clear that
the Maxwell backreaction may turn some linearly nonresonant profiles into nonlinearly resonant ones and
vice versa (a phenomenon which is absent in the uncharged case gy = 0 where the nonlinear estimates
show that ¢ is bounded if and only if ¢, is bounded).
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Therefore, to ensure that our class of oscillating data ¢+ € O (and analogously O, O") gives rise to
a bounded ¢ (and not only bounded ¢,), we must define ¢+ € O (and analogously @', O”) as a stronger
condition than the right-hand side of (4-15) being finite. This stronger condition is to impose sufficiently
robust oscillations that yield finiteness of the right-hand side of (4-32) for all functions o, satisfying (3-15),
(3-16). In particular, for oy, given by the formula (4-30) (which obeys (3-15), (3-16), as we show, see (4-28),
(4-29)), the condition ¢+ € O (and analogously O, O shows that the oscillations in the initial data are
sufficiently robust to not be over-powered by the nonlinear backreaction of the Maxwell field in evolution.

4F4. The nonlinear problem II:. boundedness/blow-up of matter fields and metric extendibility (step (4)).
Earlier we explained how the nonlinear difference estimates, culminating with (4-32), show that qualita-
tively oscillating ¢+ € O on the event horizon H* give rise to uniformly bounded scalar field ¢ up to
and including CH;+. In this section, we outline the proof of the following results that conclude the proof
of our main theorems:

« (C%-extendibility of the metric (within a certain spherically symmetric class) is equivalent to boundedness
of |¢| in amplitude (first paragraph below; see also statements (A) and (B)). From the above equivalence
given by (A) and (B), we deduce the main statement of Theorem I (i): the C O—extendibility of the metric
across CH;+ holds under the strong qualitative oscillation condition ¢+ € O on the event horizon
HT (see the proof in Section 6B). In our companion paper [Kehle and Van de Moortel > 2024], the
implication (B) that “blow-up of ¢ implies C°-inextendibility” will be used to prove Theorem IV.

o The charge Q(u, v) of the Maxwell field is bounded for quantitatively oscillating ¢4+ € O” on the event
horizon H ™" (second paragraph below, proved in Section 6D1): one of the statements of Theorem I (i).

o The scalar field ¢ blows up in Wh! ie., [ |Dy¢|(u, v) dv = oo for generic slowly decaying ¢3,;+ € SL
on the event horizon H ™ (third paragraph below, proved in Section 6D4): this is Theorem III.

* The scalar field ¢ blows up in L, i.e., supy, . |#|(u, v) = oo for nonoscillating ¢4+ € NO=SL—-0Oon
the event horizon, assuming go = O (fourth paragraph below, proved in Section 6D2): this is Theorem I (ii).

Continuous extendibility of the metric as a consequence of scalar field boundedness. We explained
above how to prove boundedness/blow-up of the scalar field depending on the data ¢4+. Now we explain
how to prove that C%-extendibility on the metric is in a sense equivalent to the boundedness of ¢ up to
and including C#H,;+, as it turns out! Combining this novel conditional result with the previously discussed
boundedness theorem for ¢ will give the main result of Theorem I (i), i.e., the C%-extendibility of the metric
for any characteristic data ¢+ € O’. The proof relies on a nonlinear scheme adapted to the slow decay of
the solutions and taking advantage of the algebraic structure of the Einstein equations as explained below.

We begin by recalling from [Van de Moortel 2018] that the following estimates for ¢+ € SL hold
true near the Cauchy horizon C?H;+ and for some « > 0 (see Section 6A for details)

Q%(u, v) <e @, (4-33)
18, log(2H)] < ul' %, (4-34)
19, log(2%)] < v, (4-35)
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10,7 ] < Jul~%, (4-36)
10yr| S v, (4-37)

Since the r estimates (4-36) (4-37) are integrable, it can be shown that r (u,, v,) is a Cauchy sequence for
any u, — u, v, — +00: Therefore, r extends to a continuous function. In contrast, the (conjecturally sharp)
decay for log(Qz) is too weak to adopt the same reasoning since s < 1 ((4-34), (4-35) are nonintegrable).

Nevertheless, 9,0, 10g(£22) + 2R(Dyp Do) enjoys a better decay (see (6-54)), i.e., the weak decay
from (4-34), (4-35) comes from a ER(DTQSDUQS) term in the Einstein equations. It was first noticed by the
second author in [Van de Moortel 2019] that it is useful to write the weakly decaying term as a fotal
derivative, up to error

20Dy Dy) = 3,0 (191°) + - - - .

Exploiting the ideas of [Van de Moortel 2019], we introduce the following new quantity Y, which is
nonlinear and nonlocal:

2 2 Y9, r|(u', V) 2. ,
Y(u, V):=log(Q)(u, V) +o|"(u, V) —i—/ WM&I W', V)du', (4-38)
where Q2 := —2g(9,, dy) for a suitably renormalized (u, V) coordinate system. We then prove that T is

bounded and admits a continuous extension (see Section 6B2 for the proof).

Remark 4.3. To show that the right-hand side of (4-38) is bounded, we need the assumption s > %,
which among other things, explains the numerology in the definition of S£ (Definition 3.1); compare

with Theorem A.

It turns out that the boundedness of Y ultimately makes C°-extendibility equivalent to the boundedness
of ¢ in the following sense (see [Van de Moortel 2019]).

(A) If |¢| is bounded, then there exists a coordinate system (u, V) such that log(2?) is bounded.
(B) Conversely, if |¢| blows up, there exists no coordinate system (u, V') such that log(Qz) is bounded.

Part (A) follows from the definition (4-38) and the (unconditional) boundedness of Y (since d,r/r
is also bounded). Moreover, because T is continuously extendible, if |¢| is continuously extendible,
then log(Qz) is also continuously extendible (hence so is Q?). In particular for data ¢+ € O, since
we previously showed that |¢| is continuously extendible across CH;+, we then obtain the continuous
extendibility of g (see Section 6B3 for the proof), and a slightly improved statement: the existence of
a C%-admissible extension (Definition 2.1), i.e., a continuous extension admitting regular double null
coordinates (u, V) given by the above pair (r, Q?).

Part (B) is more delicate and is proven in [Van de Moortel 2019, Theorem 2.3.5] (and used in [Kehle
and Van de Moortel > 2024] to prove Theorem IV): it implies that if |¢| blows up, then g does not admit
any C°-admissible extension.

Boundedness of the Maxwell field . We now outline the proof of the boundedness of the charge QO (u, v)

for ¢+ € O” given in Section 6D1. To prove boundedness of Q, we will actually need decay as u — —o0
for ¢ (in addition to its uniform boundedness already obtained assuming ¢4+ € O): this motivates the
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introduction of the space ©” C O from Section 3D. We start taking advantage of the structure of the
Maxwell equation:

3,0 =r’I(@Dyp) = I(rg D, (re)).

Moreover, we use (4-11) to obtain the estimate (using also the boundedness of r):

10,01 S 191 - 1 Du(rp)| S |l - ul .

To obtain boundedness, we integrate in u. For this, we take advantage of the quantitative |u| decay of |¢|
which is true if ¢+ satisfies the quantitative oscillation condition ¢4+ € O@”. Combining both the linear
estimate (4-19) on ¢, and the nonlinear estimate (4-24) on ¢ — ¢, we obtain |¢| < |u|*~1="0 and thus

10, Q1 < lue =17,
which is integrable and thus sufficient to conclude the boundedness and continuous extendibility of Q.

WU blow-up of the scalar field. We now turn to the proof of W!! blow-up on outgoing cones of ¢ for
generic ¢py+ € SL — Ll(proof in Section 6D4). One of our nonlinear difference estimates gives near the
Cauchy horizon CH;+ and uniformly in u

1Dyl (u, v) — [ DN | (u, v)| S 077,

which is integrable, since s > % > % Therefore, || Dy¢ (u, - )| ;1 = +o0 if and only if ||DURN¢L(u, N =
~+00. For |gge| small enough, (4-21) gives blow up of || Dy¢ (u, - )||;1 for any ¢+ € SL — L' (and for
any ¢+ € SL — H in the case gg # 0, what we call the generic case, recalling the discussion at the end
of Section 4F2).

Blow-up in amplitude of the scalar field ¢ if ¢+ ¢ O. We now explain how the nonlinear representation
formula (4-32) can be used to prove the blow-up in amplitude of ¢y+ for ¢+ € NO = SL — O (see
Section 6D2 for the proof). Recall indeed that (4-32) formally states that the uniform boundedness of ¢
up to and including the Cauchy horizon CH;+ is equivalent to the finiteness of the characteristic data
integral on the event horizon H™, i.e., for all |u| > vy

=00 (4-39)

v
/ eiabr(usv/)+iwrcsv/¢)7{+(U/) dv/

u

sup |¢|(u,v) =00 <<= sup
v

v
for oy, defined by (4-27) and in the gauge (2-26). If for given characteristic data ¢+ € SL — O on
the event horizon H™, the upper bounds (4-28), (4-29) also hold as lower bounds up to the Cauchy
horizon CH;+, (4-39) shows that ¢ blows up at the Cauchy horizon CH;+: for instance, one can check
that for % <s<l1,

for the choice ¢y+(v) = e 9=y~ lim sup
vV—+00

= +4-ox.

v
/ 0T ()8 gy
Ui

0

Unfortunately, while we conjecture that such lower bounds are true'! for most solutions, it seems that
fine-tuned ones could violate them. When these lower bounds are violated and a{)r or al;’r decay faster, we

UThe identity (4-30) indeed suggests that oy, is comparable schematically to |g — grn| Which is formally of order o vl=2 4
a(vl_zs ) for some o € R. The case « = 0 is presumably nongeneric but leads to faster decay for ab/ . and a{)’r notably.
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have a linearly resonant profile (¢x+ ¢ O) become nonlinearly nonresonant (meaning ¢ is bounded at the
Cauchy horizon) (for instance: if o} decays faster, say o}.(v) = O (v—>*13), then the right-hand side of
(4-39) is finite for the choice ¢+ (v) = e 190V ™5) To sum up: the difficulty to control precisely these
backreaction oscillations explains the absence of blowing-up examples for go 7~ O in the present paper,
but not their plausibility!

In the case go =0, and for m> ¢ D(M, e), we obtain blow-up for all data ¢+ € SL— . As mentioned
before, the restriction of the mass parameter m? is due to “exceptional” so-called nonresonant masses
(see [Kehle and Shlapentokh-Rothman 2019]) for which boundedness of the linearized ¢, (hence of
the EMKG-coupled scalar field ¢, by our result) is true, even though ¢4+ ¢ O. Nevertheless, the set of
nonresonant masses D (M, e) is the zero set of a nontrivial analytic function as proved in [Kehle and
Shlapentokh-Rothman 2019], and as such, it is discrete and of zero Lebesgue measure.

4F5. Guide to the reader. We conclude this section with a short guide to help the reader read through the
proofs of Sections 5 and 6. While the above outline of the proof was organized thematically to highlight
the resolution of various difficulties, for technical reasons the rest of the paper is organized slightly
differently as follows:

(1) In Section 5 we study the solution ¢, of the linear charged and massive Klein—Gordon equation
gﬁﬁl DENfoNqu = m>@, on a fixed Reissner-Nordstrom metric with slowly decaying characteristic data
¢+ € SL on the event horizon H ™. The approach is mostly focused on Fourier analysis, capturing the
oscillations of ¢, towards the Cauchy horizon CH,;+.

(a) In Section 5A, we set up the radial ODE satisfied by the Fourier transform of ¢, associated to the
timelike Killing vector field d, on (2-7).

(b) In Section 5B, we first show the existence of a scattering resonance (i.e., a pole at the resonant
frequency w = wyes). Moreover, we show suitable resolvent estimates associated to the radial ODE.
This allows us to prove properties of the (renormalized) scattering coefficients t(w), t(w).

(c) In Section 5C, we show a first representation formula involving t(w) and t(w) for ¢ in terms of the
event horizon data ¢ +.

(d) In Section 5D, we take the limit of the representation formula to the Cauchy horizon of Reissner—
Nordstrom which eventually yields our main linear result Theorem V.

(2) In Section 6 we estimate the solution (g, F, A, ¢) of the nonlinear Einstein—-Maxwell-Klein—Gordon
system (1-1)—(1-5) with slowly decaying characteristic data ¢3;+ € SL on the event horizon H*. The
approach is mostly focused on physical space estimates, capturing the effect of ¢ on the metric g.

(a) In Section 6A we recall the nonlinear estimates from [Van de Moortel 2018]. They are essential to
the analysis, both to show the continuous extendibility of g and for the nonlinear difference estimates;
see below.

(b) In Section 6B, we show that, assuming ¢ is uniformly bounded, the metric g is continuously
extendible. The proof exploits the special structure of the nonlinearity in the Einstein equations.
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(c) In Section 6C, we estimate together the differences g — grn and ¢ — ¢. If go = O this shows that
boundedness of ¢ is equivalent to boundedness of ¢.. If gy # 0, we have (4-31) as a substitute.

(d) In Section 6D, we combine the results of Sections 5 and 6C to obtain the nonlinear representation
formula (4-32). From (4-32) we can read off boundedness/blow-up of ¢ from the event horizon
data ¢5+. Combining with Section 6B gives the C°-extendibility of g for oscillating event horizon
data ¢3;+ € O (Theorem 1(i)). The other results follow from similar considerations.

5. Linear theory: the charged/massive Klein—-Gordon equation on the Reissner—-Nordstrom interior

We begin by studying the charged and massive scalar fields on the fixed subextremal Reissner—Nordstrom
interior (2-7) with the subextremal parameters 0 < |e| < M from (3-1). In this section, the connection V
and the metric gry are the Reissner—Nordstréom connection and metric, respectively. As mentioned in
Section 2C, we also use the electromagnetic gauge condition

e e 1/e e 1/e 4
Avn=-——)dt==z{-——)dv—=[-——]d 5-1
RN (r V+> 2<r r+) 0 2<V F+) “ G-b

which satisfies Fry = dAgy for
e

52 Q%{N du A dv. (5-2)
,

Fry =

Note that Fry satisfies the homogeneous Maxwell equations d x Fry = 0, dFrn = 0 and that (5-2) is the
corresponding linear version of (2-17).
We now consider solutions ¢, of the charged Klein—-Gordon equation (1-5), which reads

(Vi +iq0(ARn) ) (V* +igo(Arn) )b — m* ¢y =0, (5-3)

where gy € R, m? > 0, are the charge and mass parameters of the field. We also recall

a)r:%, a)+:%, a),zﬂ, Wreg = W— — W (5-4)
r ry r—
Note that in the gauge (5-1), we have
DN = 3, +iqgo(Ajn)y = B + 5 (@, — 05), (5-5)
DN = 8y +iqo( A = i — 5 (@ — ) (5-6)
such that for any C' function we have
e gy (@ f) = 8y f +ilw- — o) @) f = DIV + S @ —wn) f (5-7)

and similarly for DRN. For g = m? = 0, the field is uncharged and massless, and (5-3) reduces to the
well-known wave equation

Oern @z = 0. (5-8)
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For qo # 0, m? = 0, the field is charged and massless and is governed by

(Vi +igo(Agpn) ) (V* +iqo(Agn)") g, = 0. (5-9)

Finally, for go = 0, m? # 0, the field is uncharged and massive and governed by the Klein—-Gordon
equation
Oeen®r —m*¢ = 0. (5-10)

Notation. Throughout Section 5 we will use the following notation. If X and Y are two (typically
nonnegative) quantities, we use X <Y or ¥ < X to denote that X < C(M, e, m?, qo, s)Y for some
constant C(M, e, m?, qo, s) depending on the parameters (M, e, m?, qo, s). If C depends on an additional
parameter p, we also use the notation <,, 2,. We also use X = O(Y) for |X| S Y. Weuse X ~Y
for X <Y < X. We also recall that throughout Section 5 we use the convention that H™ = H}, =
{u = —o00, v € R} as stated in Section 2A.

5A. Separation of variables and radial ODE. Since T = 9; is a Killing field of the Reissner—Nordstrom
spacetime and in view of the specific choice of electromagnetic gauge Apy, (5-3) admits a separation of

variables. Formally, let ¢, = ¢/ (¢, r) be a solution to (5-3). Then, we define the 7-Fourier transform

ﬂ@@@:%:jﬁéﬁmmmm (5-11)
Formally, since ¢ solves (5-3), we have that
u(r®) =u(w, r*) =r")Fo 1(r("), ) (5-12)
solves
—u" — (0 — (0, — ) u+Vu=0, (5-13)
where

2M 2e*
= - (5-14)

_ 2

The radial ODE (5-13) admits the following fundamental pairs of solution associated to the event horizon
(r* — —o0) and the Cauchy horizon (r* — +00).

Definition S.1. Let uy,, uy, , ucw, and ucy, be the unique smooth solutions to (5-13) satisfying

Uy, (r*) = el 4 O(QQRN) as r* — —o0, (5-15)
i, () = €7 + O(Qy) as r* = oo, (5-16)
ey, (r*) = @ L O(QRy)  as rF — o0, (5-17)
Uy, (r*) = e 70T L O(QE)  asr* — +o0 (5-18)

for w € R. The pairs (7, uy, ) and (ucyy,, ucw, ) span the solution space of (5-13) for w € R — {0} and
w € R — {wes}, respectively.
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Using the fact that the Wronskian
W(f. 8)=fs' —['g (5-19)

of two solution of (5-13) is independent of r*, we define transmission and reflection coefficients T (w)
and R(w) as follows.

Definition 5.2. For w € R — {ws}, we define the transmission and reflection coefficients ‘T and R as
W (upg, ucry) Wk, ucyy)

Tw) = =— , (5-20)
QI](MCH,L s uC’HR) 2i(w — wres)
2 , 20 )
R(w) = (e, Ucry) (I.mR uc,) , (521)
Wucygs ucr,)  —2i(@w — tres)
where uy,, sy, , Ucy, and ucy, are defined in Definition 5.1. Indeed, this allows us to write
U, = Tucy, +Rucwy, (5-22)

for w € R — {wyres}. Moreover, we define the normalized transmission and reflection coefficients as
W (g, Ucty)

H(w) = (0 — 0res) T(w) = T : (5-23)
1) = (@ — V) R() = m””_—zl“‘”” (5-24)

which manifestly satisfy
t(wres) = —t(Wres). (5-25)

Remark 5.3. Note that the radial ODE (5-13) depends analytically on w. Thus, wuy,, Uy, , Ucw, and ucy,
are real-analytic functions for w for fixed r*. In particular, this means that the Wronskians Q0(uy,, e ),
W (ucyy,, ucy, ) etc. are real-analytic functions for w € R which can be extended holomorphically to a
neighborhood of the real line.

We will also define the renormalized functions.

Definition 5.4. We define

Up r*, @) == ei“’r*uHR r*, w), (5-26)
g, (r*, ) == e gy, (r*, w), (5-27)
Uons (r*, w) 1= e 1@y o0 (K*, ), (5-28)
Uior, (r, @) == 'O Yoy (rF, w). (5-29)

5B. Analysis for the radial ODE.
Proposition 5.5. Let either of the following two assumptions hold true.
* qo0 #0.

e go =0 but m? ¢ D(M, e), where D(M, e) is the discrete set of [Kehle and Shlapentokh-Rothman
2019, Theorem 7].

Then, the transition and reflection coefficients T(w) and R(w), as defined in Definition 5.2, have
(nonremovable) poles of first order at @ = wres.
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Proof. First, note that (Im(u'iz))’ = 0 holds true for any C' solution of (5-13). Applying this to u3,, and
expanding uy, as uy, = Tucy, + Rucy,, we conclude the ODE energy identity

w

1T — IR = (5-30)

W — Wres
If go # 0 and thus, w5 7 0, we have |T]? > ® /(@ — Wres) for |w| > wres. Sending w — wyes, We conclude
that ¥ blows up and since ¥ is meromorphic in a complex neighborhood of wy.s, the claim follows. In
particular, we have that Q0 (uy,, ucr, ) (@ = Wres) 7 0 and WUy, , ey, ) (@ = wres) 7 0. For go = 0 and
m? ¢ D(M, e), the claim follows from [Kehle and Shlapentokh-Rothman 2019, Theorem 7]. O

—~—

Proposition 5.6. The solutions uz,, ucy, , ucw, and the renormalized functions i3g,, Ucy, » UcH, GS
defined in Definitions 5.1 and 5.4, respectively, satisfy for v € R

Sup |uHR (a)v r*)l Srs‘ 1’ (5‘31)
r*e(—o0,r;]
sup  |uy, (@, 7)) S ol (5-32)
r*e(—o0,r;]
for any fixed r§ € R and
|7z (@, ) = 1] Syt QN )1, (5-33)
|y (@, 7)] S | Qa7 (5-34)

uniformly for r* < r;. Moreover, for v € R and any fixed rj € R

Sup |uC’HL ((U, r*)| Sﬂ’g 17 (5-35)
r*elry,400)

SUp [y, (@, 1) Sz
r*efry,+00)

wl, (5-36)

sup  |ucyy (@, 7)) S 1, (5-37)
r*efry,+00)
sup  ugy, (@, )| Sz ol (5-38)

reelry,+o0)

: * *
and uniformly for r* > rj

ltcr, (@, ) — 1] Spe | ()], (5-39)
gy, (@, 7] Sre 19N (5-40)
ltcrg (@, ) — 1] Spx | (7)1, (5-41)
lpgy, (@, 7] S QRN )] (5-42)

The transition and reflection coefficients as defined in Definition 5.2 satisfy

sup  (IT(w)] + R S 1. (5-43)

|w—wres|>1

Proof. 1t suffices to show the results for us, and it3;, as the other cases follow completely analogously.
We will consider the cases |®| < wg := |wres| + 1 and |w| > wg independently. First, for |o| < wy, we
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note that u4, is the unique solution to the Volterra equation

U, (r*, w) = el 4 /r —sin(a)(r* =) (

—00

20(w, — @4) = (@, —04)* + V() g (v, @) dy. (5-44)

For w =0, we mean sin(w (r* — y))/w = r* — y. Now, since

7
/ sup K (r*, y)|dy < Q&) (5-45)

—00 y<r*<ry
where
sin(w(r* —y))
K(@r*, y) = T(%)(wr — ) — (0 —01)* + V(). (5-46)
we have by standard estimates on Volterra equations (e.g., [Kehle and Shlapentokh-Rothman 2019,
Proposition 2.3] or [Olver 1974, §10]) that, for || < wo,

et 12 (—o0,r) St 1, (5-47)
as well as

|z, — e | S Q)] (5-48)

uniformly for 7* < 0. Similarly, we obtain

g 12 (—o0,r) Srg 1+ 1@l S 1. (5-49)

Note that this also shows that, for |w| < wgy, we have
72 | Lo (—c0.r) Srg 1 (5-50)
i3, — 11 S 12 ()] (5-51)

uniformly for r* < 0.
Now, we consider the case |w| > wg. Note that in this frequency regime, the frequency-dependent

potential
Wi=—(0— (0 — w3))? (5-52)

satisfies
—-W > w?, (5-53)
W/ W| S Qfn/ll, (5-54)
W/ W| < Qin/lol, (5-55)

and the radial potential V satisfies

VLIV IV S Qin (5-56)

uniformly on r* € R.
Now we will use a WKB approximation for u4,,. First, we will estimate the total variation V_s 400
associated to the error-control function

Fy,, (r*, ») = LI w4 Y4 5-57
e, (1", ) 1= woWEl | —W Y. (5-57)
In view of (5-53)—(5-55), we estimate
v Fu, )= ] dzw—l/4 dy < 5-58
—o0,+00(Fuz, ) = . Wﬁl =" = Wi AN ol (5-58)
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Thus, applying [Olver 1974, Theorem 2.2, p. 196] we obtain
|a)| 1/2
(W (r*, w)|!/*

where the error function 7,,,, satisfies

. . r*
Wiy (r*’ ) = —ior*+i [T wr—w+dy(1 + n”HR)

El

|r]M’HR(r*7 w)| S T

o]’

1
r*, o) SIWE*, w)|?— <1

/
My, P

uniformly for 7* € R and |w| > wq as well as

2
QRN

ol

2
|77;HR (r*, )| < %y

|77uHR(r*a )] ,S

uniformly for * < 0 and |w| > wg. This shows that for |w| > wg we have

lurg o ST,
g, llLom S lool.

7

Note also that i3, = €'“" uy, similarly satisfies

i3 Loy S 1.

g, leem S 1
and
—~ 2
|MHR(F*, w) —1| Sr(’)‘ QRN’

—~ 2
|l/t’HR/(l"*, Cl))l reraF S-ZRN

(5-59)

(5-60)

(5-61)

(5-62)

(5-63)

(5-64)
(5-65)

(5-66)
(5-67)

(5-68)
(5-69)

uniformly for r* < r and @ € R. The other results for ucy;, and ucy,, are shown completely analogously.

Now, we will show the bounds on the transmission and reflection coefficients ¥ and 9R. The bound

(5-43) follows from the fact that for |w| sufficiently large, |20 (upy,, ucr)!s 10 Wy, ew, )| S o] in
view of (5-64), (5-65) and computing the Wronskian as r* — 4-00. For |w| small, the bound follows

from the continuity of [0 (uy,, ucw,)| and [W(uyy,, wew, )|-

Lemma 5.7. The bounds
|dwitcrg (@, 1) < Qins

|uitcn, (@, )| < iy
and
|05+ i (@, 1) S Q& (),

|03 licr, (@, 1) < Qe ()

hold uniformly for r* > 0 and w € R. (We recall that (w) := /1 + @?).

O

(5-70)
(5-71)

(5-72)
(5-73)
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Moreover,
|8tz (@, 1) < Qi (5-74)
|9+ oyl (@, 1) < Qi (@) (5-75)

hold uniformly for r* <0 and w € R.
Proof. First, we consider the range |w — wyes| < 1. First, note that u/c\H/R solves the Volterra integral
equation

“+00

— Sin[(© — o) — )] )
uCHR(r*, a)) -1 +/ [( res)( y)]e_’(w—wres)(r -
r* W — Wres

X [V(y) — (- — a)r(y))(zw + 2CU+ —w_ — wr(y))]% (w, Y) dy (5‘76)
Thus, Bw% solves

+o00

— sin[(w — wres) (r* — , .
doitor, (r, ) :/ [( res) ( y)]e*l(w*wres)(r —-y)
r* W — Wreg

X [V () = (@= — () 2 + 204 — 0_ — 0r()] dulicriy (@, y) dy

+ f 9 0, (SInel(@ — wres) (r* — y)Je T )07
r

* _ .\2
) "y " =)

X [V(y) = (0= = wr()) 0 + 204 — 0 — wp () Jucy, (@, y) dy

N /+°° sin[(w — wres) (r* — )1 o (@—0rs) (r* =)
pe W — Wres

X 2[V (y) = (0- — wrgy) ucrg (@, y) dy.  (5-77)

Now, we have the following bounds uniformly for r* > 0:

o .
Sln[(a) wci‘e:‘l)) (r y)] e—i(w—wres)(r*—y) 5 (I’* _ y)’ (5—78)
Ires
B (SINC[(@ — Wres) (r* — y)JeTH@T @) (=00 <1 (5-79)
r¥—y ~
V() = (0 — 0r(y) Qo + 204 — 0_ — 0;)| S Qs (5-80)
IV (y) = (0- — w,p)| < Q- (5-81)

With these bounds, standard results (e.g., [Olver 1974, §10]) on estimates of solutions of Volterra integral
equations show that
|Buttcry (r*, ©)| S Qin (5-82)

uniformly for 7* > 0. Similarly, we have

|0uticH, (r*, ©)| S Dy (5-83)
uniformly for »* > 0.
Differentiation of (5-77) with respect to r* also gives

|9 duitcrn | S Qin (5-84)
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and analogously we obtain

|9+ duitcr, | S Q- (5-85)

Now, we consider the range |w — wres| > 1. Then, for r* > 0, we have the bounds

SIN@ = @) (77 = YN i) "9 | < (g1, (5-86)
W — Wres
Bu(sinel (0 = ) = e ) < (o) T, (5-87)
V() — (@0 — () 0+ 204 — 0 — wr()| S by (0), (5-88)
V) = (@- = o) S Q- (5-89)
Thus, analogously to the above, this gives uniformly for r* > 0
|8ttcre (r*, )| S Qi (5-90)
|Buitcr, (r*, )| S Qs (5-91)
as well as
|8+ Bwttcrn | S Qrn @), (5-92)
|9+ Buticrs, | S Qi (@)- (5-93)
The result on u4, follows completely analogously. U
Corollary 5.8. The normalized transmission and reflection coefficients satisfy
)|+ [t(@) S 1+ o] (5-94)
Proof. This is a consequence of Propositions 5.5 and 5.6. U
Lemma 5.9. We have
|0t (@)] S (@), (5-95)
0o t(@)] S (@). (5-96)

Proof. We estimate
100t S 100 (U, )| S 1W@ultry, tcr) (1™ = 0)| + 12 (usy,, dpicr,) (™ = 0)| < {w)  (5-97)
in view of Lemma 5.7 and Proposition 5.6. Analogously the same holds for t. O

Towards the W!-! inextendibility at the Cauchy horizon we need to analyze the zeros of the transmission
coefficient . To do so, we recall the definition of Z(M, e, g9, m?) from (4-5).

Lemma 5.10. (1) Let gge # 0. Then, Z; C (0, wres) if qoe > 0 or Z¢ C (wyes, 0) if goe < 0.
(2) Let 0 < |qoe| < €(M, e, m?) for some (M, e, m?) sufficiently small. Then t does not have any zeros,
ie,Zi=d.

(3) Let go =0 and let m? ¢ D(M, e), where D(M, e) is the discrete set as in [Kehle and Shlapentokh-
Rothman 2019, Theorem 7]. Then, t(w) does not have any zeros, i.e., Z(M, e, 0, m?) = & if
m?> ¢ D(M, e).
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Proof. The first statement follows from the fact that ||> = |t|? 4@ (® — Wres) = @ (0 — wyes), Proposition 5.5
and the fact that t{(w =0) #0. Indeed, if t(w =0) =0, then t(w =0) =0 and thus T(w =0) =R(w=0) =0.
But this cannot be true, since otherwise uy, = Rucy, + Tucy, would be trivial. The second statement
just follows from continuity of t as a function of the parameters gge. The third statement is shown in
[Kehle and Shlapentokh-Rothman 2019, Theorem 7]. O

Remark 5.11. Note that for go =0 and m? =0, we have that t(w = 0) =0. This is a crucial observation for
the existence of a T-energy scattering theory as established in [Kehle and Shlapentokh-Rothman 2019].
5C. Representation formula. We recall that throughout Section 5 we consider the event horizon ™ as

the set {u = —oo} x {v € R} as in Section 2A.

Definition 5.12. For f € L>(H") we define the Fourier transform along the event horizon as

Frr[f1@) = ry FLf () = Z_n /R F@)e dp (5-98)

in mild abuse of notation.

Lemma 5.13. Let (¢) 3+ € C* (HT) be spherically symmetric smooth data on the event horizon and
assume that (¢}.)+ is supported away from the past bifurcation sphere. Assume vanishing data on the
left event horizon and let ¢, be the arising smooth solution to (5-3) attaining that data. Then, for any
fixed vi and any u € R, v < v, we have

’ 1 l ~ % —iwv
¢p(u,v) = ﬁ/fw[(qﬁg)w)(gu]](w)um(r (u, v), w)e " dw (5-99)
and
3y (répp(u, v)) = \/%—n_/}—%*'[((p};)?{*')(gv]](w) By (i35 (r*(u, v), w)e ") dov, (5-100)
3 (ropp (u, v)) = \/%/fw[(aﬁl)wqu](w) O (g (r* (u, v), w)e ™) do, (5-101)

where x<y, (V) = xo(v —v1) and xo: R — [0, 1] is a smooth cut-off which satisfies xo(x) =1 for x <0
and xo(x) =0 forx > 1.

By a standard density argument, (5-99), (5-100) and (5-101) hold also for spherically symmetric data
(@) €C YH) with (@) 1u+ supported away from the past bifurcation sphere.

Proof. Fix any v; and let (u, v) with v < vy be arbitrary. By the domain of dependence property, we have
that ¢, satisfies ¢, = ¢._, on (u, v) with v < vy, where ¢, _, is the unique solution arising from data
(D7) 1+ X<v, € C (H™) on the right event horizon H™ together with vanishing data on the left event
horizon. Now, since Fy+[(¢,) 1+ X<v, ] is Schwartz, uy, satisfies (5-13), and u3,, obeys the bounds as in
Proposition 5.6, we can differentiate under the integral sign on the right-hand side of (5-99) and conclude
that indeed the right-hand side of (5-99) solves (5-3). Finally, to show that ¢, = d’és o it suffices to show
that the right-hand side assumes the data from which ¢, <y arises. But again, since Fp+[(@) )3+ X<v, ] 1S
Schwartz, we immediately obtain that the right-hand side of (5-99) converges to (¢}) 3+ X<y, towards
the right event horizon, and — after an application of the Riemann-Lebesgue lemma—to O towards
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the left event horizon. Now, (5-99) follows from uniqueness of the characteristic initial value problem.
The formulae (5-100) and (5-101) now follow from differentiating under the integral sign, which can be
applied as Fy+[(¢) 2+ X<v, | is a Schwartz function. O

Note that the above proposition immediately implies:

Corollary 5.14. Let (¢}.) 1+ be as in Lemma 5.13 and assume vanishing data on the left horizon. Let ¢,
be the arising smooth solution attaining that data. Then,

¢2;(u,v)=ﬁ/R]:H+[(¢Z)|H+X§v](w)@,e(r(u,v),w)eiw” dow (5-102)
and
3v(r¢£(u,v))=\/%/R]’w[((bi)mﬂgu](w) 3y (i3, (r (, v), @)e ") do, (5-103)

/ 1 / —~ —lw
0u(ropp(u, v)) = —— / Fr+[(@p) 13+ X<v](@) 3y (i35 (r (u, ), w)e™ ") dw (5-104)
V21 Jr
foru,v € R, where x<, is as in Lemma 5.13.

Proof. Choosing v = v; in Lemma 5.13 yields the result. U

5D. Main results from the linear theory. Before we state the main proposition about the linear theory,
we define the following norms for sufficiently regular functions:

1/2
Eilf]:= (/le(v)l2+|8vf(v)|2dv> , (5-105)
1/2
E’f[f] = (/R(If(v)I% 18, f (0)]%) (v)? dv) , (5-106)
400

FPLf]:=sup(v)? f(@)el =Y dp

v>0

. (5-107)

v
Further, for part (E) of the following proposition, we will use the Fourier projection operator Ps defined
in Section 4E. We will further state estimates in the so-called late blue-shift region £5. This region is

defined as
2s

2|K_|
for some A’ > 0 chosen in Section 6A. (Note that the estimate below involving £B actually holds true

£B={A’+ log(v)fu—l—v}

uniformly for all A" > 0.) For given u, we also define v, (1) to satisfy

2s
2|K_|

Note that the estimate QZRN (u, v) S v~ is satisfied in £B. We refer to Figure 6 for a visualization of the

A+

log(vy, (1)) =u + v, (u).

region LB near i *. In fact, in the region £ all the following estimates apply and £B is also the region in
which we will make use of the linear theory for the nonlinear theory.

Theorem V. Let (¢.) 3+ € C'(H) be spherically symmetric and assume that (¢.) 3+ is supported away
from the past bifurcation sphere. Assume further that (¢) i+ has finite energy along the event horizon,
i.e., that

E\[(¢p)+] < Ho00. (5-108)
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Let ¢, be the arising solution on the black hole interior with no incoming radiation from the left event
horizon.

(A) Then, forv=>0andu € Rwithr* = %(u +v) >0, we have

— N2mir ‘ v, i s
e g (u, v) = p e (0)6"’)“5”( (D) p+ (D)’ dv) + e, v) + Gere(u, v),  (5-109)
where ¢r(u, v) and ¢err(u, V) satisfy the quantitative bounds
pe(u, V)| S E1l( @)1 (5-110)
|ere (1, V)| oo E1[(@)) 134+ 120" (1, V) (5-111)

uniformly forv>0, u € R, 2r* =v+u > 2 and any fixed 0 <« < 2. Further, ¢:(u, v) and ¢er: (1, v) extend
continuously to the right Cauchy horizon. In particular, lim,_, o ¢:(u,, v,) exists for any sequence
(upn, vy) = (4, +00).
(B) If additionally (¢/) 3+ satisfies
EPL(@)per] < 400, (5-112)
FPI(¢) ] < +o0 (5-113)
for some 0 < B <1, then

v

o (0) | (@) ()" db| + EP @)1+ FPL@ ] (5-114)

WP lppl(u, v) < (u)?

uniformly for all v > 2, u € R such that v > v, (u).

(C) Moreover,

. r eiwresu
3y (re' " ¢ (u, v)) = —i —

V2

where P satisfy the quantitative bounds

/ FLU@E) €™ 1) by, (@)e ™" dw + Perror, (5-115)
R

| Derrorl (1, V) o EVL(@7) 120+ 120N (1, 0) (5-116)
for any fixed 0 < a < 2 and every (u, v) such that r*(u, v) > 1.

(D) Additionally to the assumptions in parts (A) and (B), let o = ope(u, v) € C) , with [0yope| S (v)! 7%
be arbitrary. Assume further that

G L@ ] = 1) (@) ae+ Lo + 11{v)* Bu(@p)pet llLoe < +o00. (5-117)

Then, forall v > v, (u)

v
[ e e g )
Vy (u)

<

~

+ )23 (G @) 1+ Erl(@) e+ D). (5-118)

v
/ elo'br(uyv )elwrcsv (¢/L)I"H+ (U/) dv’
vy (1)
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(E) Let u € R be arbitrary and assume that (¢,) 3+ is such that |9, (rei‘”fesr*¢>2(u, v)) ”LL < 4o00.

o Assume in addition that Ps(¢})y+ € L,lj([R) for some § > 0. Then,

1@ e et So 180 (re™ ™ o (u, v) |21 + E1[( @) e 1+ | Ps () e 1.
e If 0 < |goe| <e€(M, e, m?) or (qo, m?) € {0} x R— D(M, e) as in Lemma 5.10, then

1@ e ) S 19w (re™ ™ @ (u, vl 1 + E1l(@2) et 1
Proof of Theorem V. (A) We use the representation formula (5-99) in Lemma 5.13 and have
b (u, )

r+

= P-V-/R |:}_[(¢./c)|’ﬂ+ X<vl(®)

N2mr (@)Ut (@, 1%)e @™ L t(w)ucy, (w, r*)e  @ee)r”
X

W—Wres

e—"w‘] dw. (5-119)

After a change of variables w > w + w5, We obtain

¢y (u,v)
r e—iwresr*eiwresu :
_ +2—p.v./ [f[(¢2;)|7—[+)(§v€lwr“'](a))
N2r R

% Coores (w)uCHR (a)+a)reSa r*)elwu+twres (a))uCHL (0+wres., r*)e—m)v

:|da), (5-120)
w

where v, (@) = t(w + wre) and t,,, (@) = (@ + wres) -
We now expand the numerator and obtain

L7 (a))m (0 + Wres, r*) = Ciopes 0) + (twres (w) — Coopes 0)) + Cores (60)(70\7; (wres + 0, r*) —-1) (5-121)

= Ty, (0) (5-122)
T (Toppe, (@) = T, (0)) (5-123)
+ o, (@) (e (Wres + @, 7%) — UeHy (Ores, 7)) (5-124)

+ Ty, (0) (U (Ores, ) — 1) (5-125)

+ (Caoes (@) = Tares (0)) (U (0res, 7) — 1), (5-126)

as well as

tire, (@) UCH, (@ F Dres, T) = t (0) F (b, (@) = b (0)) +t, (@) (ucryy (@res + @, 7%) = 1) (5-127)

=t,_(0) (5-128)
F (te, (@) — i (0)) (5-129)
+ t, (@) (tier, (Wres + @, %) —Ucr, (Wres, 7)) (5-130)

+ o (0) (g (Wres, ) — 1) (5-131)

F (s (@) = b (0)) (U, (Wres, ™) = 1). (5-132)

We write

twrcs(w) _ twrcs(o) T ().

w w Wres

ton, to,, (0
rcs(a)) _ rcs( ) +t£:res(w)’ (5—133)
w w
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where

Fons (@) ~ T 0 e ©) = Cores (@) — 10 (0) (5-134)

Wres w

re()_

wres

are real-analytic.
In the following we will estimate each term from (5-122)—(5-132) independently. We start with the
main term coming from (5-122).

Lemma 5.15. We have

lwresu
¢ Brin (1, V) 1= PV / FU e o e 222 oo g (5-135)
V2mr
satisfies
S ryel@esiy
€' Prmainr (U, V) =i i wreS( ) /(¢L)|’H+ (U)X<v(v)elwmu sgn(v +u) dv. (5-136)
V2mr
Proof. This follows directly from the fact that F[p.v.(1/x)] = im sgn. O

Lemma 5.16. We have that

r+eiwresu

Perrorr1 (U, V)1 = \/— p-V-/ -F[((p/L)IH*vaeiwres.](w)

twres ((,()) B twres (0)

: ®
L Wregl
e res

e"dow  (5-137)

lwrciu

/ FUPR) i+ X<ve = N (w)e™ s (w)e'® dw (5-138)
extends continuously to the Cauchy horizon and satisfies

| Perrork1 (U, V)| S El[(fplg)\}ﬁ] (5-139)
If additionally, E'f[(¢2:)|7.[+] < 400 for some 0 < B < 1, we further have

() Perrorr1 (u, V)| S EF (@) ] (5-140)
forall r* > 0.

Proof. 1t suffices to show both claims for fR]-' (@) + )(<1,e"“’fe*‘](cz))tre (a))eiw” dw. We begin by
showing (5-140) under the assumption E [(@})2+] < 00. We will use the notation (8,)P to denote the
Fourier multiplier with (1 + |u|?)?/2, where u is the dual variable to w. Using this, we estimate

u)? f FLUOLI e xzve™ ™ @)ty ()¢ dw‘

< || )P (FL@L) s x=ve™ ™ ]t;fm)m
< 1(00)P () FUP L e x=v€ ™ Dl 2 {e0) e 12

@) FLU@L e x=ve = 12 1(00)? ((0) 7€ lIzz
S DL e x<ve = [l 2110 9, (@) e+ x<ve' ™) 12

S EV @] (5-141)
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in view of a Kato—Ponce inequality (see, e.g., [Grafakos and Oh 2014, Theorem 1]) and

)™ e, S 1 (5-142)
190)? () ™" els Ilz2y) S 1 (5-143)

which follow from the definition of v;; , t; as well as Lemma 5.9. Now, note that the previous estimates
for B =0 give (5-139).

For the continuous extendibility across the Cauchy horizon we need to show that for (u,, v,) —
(ug, +00), the limit

Wres

Tim /R FUSD - K@ WS (@) dao (5-144)
exists and that the limiting function is continuous. In view of the triangle inequality we have
VR FUGDm X0, "™ N@)TG (@)™ doo — /R FU@p)pere' = @)ty (@)e! do
< / IF L@ €= N@)ES ()] [ — /] da
) +[R IFUP) pe+ (1= X<, N@)] It (@) dw.  (5-145)

In the first term of (5-145) we apply dominated convergence to interchange the limit with the integral
which is justified as

[ 1@ 1@ (@ = e o
S /R |FL@p) e No)ey ()| do S Eil(@p) ] (5-146)
in view of (5-142). For the second term in (5-145) we have that
/ |FL@p) e (1 — X<, N(@)] [ty ()] do
R 1/2
S (/R 195((¢) e+ (D) (1 = x=o, @I dﬁ) -0 (5-147)

as n — oo since E; [(¢’E)|H+] < 400. That the limit is continuous also follows from (5-146). Il

Lemma 5.17. We have that

i Wre

S roe'@restt .
e’ QPerrorr2 (U, V) = hs P-V-f F[((ﬁ/L)IH*XSvelwm.](a))
R

N2y
] Covres (a))(u/C\H/R(wres +ow,r*)— ”/C\H/R(wres» r*))

w

e dw  (5-148)
converges to zero towards the Cauchy horizon and satisfies the quantitative bound

|perrorr2 (i, V)| < Qin (W, V) E1[(P))20+] (5-149)

forr* > 1.
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Proof. We estimate

Coores (w)(% (Wpes + @, r™) — m(wre& r*))

(5-150)
w
5 sup |awﬁg’}_-;g (Wres +w, r*)| + sup |E_C\7_-[/R (Wres + w, I"*) - E_C?Ze(a)res’ F*)| (5-151)
lw|<1 |w|>1
< Qi (5-152)

in view of Lemma 5.7 and Proposition 5.6. Now, (5-149) follows from a direct application of the Cauchy-
Schwarz inequality. g

Lemma 5.18. We have that

L Wres

X
e : Perrorr3 (U, V)

[ Wreglt

wres (0) (U (Wres, 1) — 1)
w

' dw (5-153)

— r-‘re p‘V'/ f[(¢2)IH+X<Uelwres](a))t
N 2mr R -
i Wreslt

— % rye i Wres- L iou
= Care, (0) (UeHg (@res, 1) — 1) i/ﬁr P-V-/Rf[(¢/g)|ﬂ+)(<v€ “lw)—e™do - (5-154)

converges to zero towards the Cauchy horizon and satisfies the quantitative bound

|Perrorra (4, V)| S Qpn(, VD) e+ X<vull
< QN V) L@ 1+ 1) 2 <o Qi (, v)E1[()) e+ ] (5-155)
forr* > 1and any a > 0.

Proof. Tt suffices to control the principal value integral. A direct computation using that F[p.v.(1/x)] =
i sgn yields

| Wres* 1 i ou
pv. | FUGLp xase ™ ) Le dw‘
R

S fR (@)1 (0 — ) x<o(@ — )| dD < 1D pe+ X<vtull L1y (5-156)

The second inequality in (5-155) is now a consequence of the Cauchy—Schwarz inequality. O
Now, we are in the position to control the last term as follows.

Lemma 5.19. We have that

eiwmr*qberrorR4(ua v)
[ Wreslt . T — O , *) — 1 :
S /R P e Y S = OV W0 =) e, 5157,
= (E_C;I,/R(a)rem r*) — 1)eiwresr*¢err0rR1 (5-158)
converges to zero towards the Cauchy horizon and satisfies the quantitative bound
| errorka (1, )| S Qn (. V) E1[($) ] (5-159)

forr* > 0.
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Proof. This follows immediately from Lemma 5.16. U

Now, we turn to the terms arising from the transmission coefficient. Completely analogous to
Lemma 5.15 we obtain:

Lemma 5.20. We have that

r+elwresu

¢mainT (I/t s U) = \/—

[ Wresh™

¢ PV/]:[(¢£)|H+X<U€”"”*]( ) ——— w‘“( ) e 'V dw (5-160)

satisfies

rpel@sit, (0)

'™ Praint (1, V) = i T Ty / (@) (B) x<o (D)€' =" sgn(D — v) do. (5-161)

Lemma 5.21. We have that

l WresU

Vi

z WresU

= /JT[((Z&;)H+X<ue‘lw‘“](w)fre (@)e™ " dw (5-163)

: *
I Wrest
e Tes

tw —t,..(0) _.
QPerrorT1 (U, V) 1= pV/]-' (¢£)|H+x<ve“"‘“]( ) r“(w)a) s )e "“Vdw (5-162)

extends continuously to zero at the right Cauchy horizon, i.e., for v — +00 and u — uy. If in addition
E ’13 [(¢})1+] < 00, then we have the quantitative decay

| Berrorr1 (u, )| S (0) P EV (@) e 1. (5-164)

Proof. We first show the first claim without assuming that E{g [(¢,)n+] < +o00. Doing the analogous
estimate as in (5-147) it suffices to show that

‘ /R FUPDmre " @)t (@)e " dw (5-165)

tends to zero as v — +o00. Thus, it suffices to show that v — fR (¢L)|H+e”“”s”](a))tre (@)e Y dw is

Wres

an H' function. This again follows from

f(ler )F L@ pere 1) PIEs ()] dw<E1[(¢£)m+]sup|twleb(w)| S Eil(@p)imr]. (5-166)

TeS

We will now proceed to show the quantitative decay assuming E# [(@})+] < 0o. In this case we have

‘/R FI@p e+ x=e = Nty (@) d“"

‘% f FL@L) per x=ve "N (@)ts (@) dpe™ " dw‘

R

S ‘% / JoF (@)t x<ve' = N@)ES (@)™ dw‘
R

+‘% /R FLU@) e+ x=ve 1) Qo tiy, (@))e ™" dw‘
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S ‘% FI0(D)) ppe+ X<v€' = N (@) (w)e " dw‘

res
lw|=<1

1 ; i
S FI@Dme xee TN @) 0L, @)™ "d‘“‘
lo|<1

+

+ ‘1 FIo (@) pe x<oe 1)ty (@)e™ " da))

lw|>1
1
lw|>1

[ WresD ”

1, - i res D 1
S ;||v(¢2)|H+X5u€""‘“”||Lg||3 ol 220-1.17F —II(¢2;)|H+X5ue

Wres

2l toe 22 =11

i Wyes U

1 ~ -
+ 195 (@@ x=ve™ 2™ oty N2z @i-1.1)

1 [ Wres -
+ 105G e x=ve™ 2l G Nz @-t-1.1)
1 o6
S FEN@pp]
since

100t N2t s 165 iz i—1 1y lo™ oty Iz @oi—1.1p: lo™ € Iz @o—11p) S 1.
Analogously to Lemma 5.17 we have:

Lemma 5.22. We have that

eiwmr* Perrort2 (U, V)

r l Wresl

=" by / FIUSL) s <0 1(@)

converges to zero towards the Cauchy horizon and satisfies the quantitative bound

|Perrorr2 (14, V)| < Qin W, V)EL[(@)1+]

w

forr* > 1.
Analogously to Lemma 5.18 we further obtain:

Lemma 5.23. We have that

eia)mr* Qerrort3 (U, V)

r+elwrcs”
= ~Jonr PV/]: @)+ X<ve' ™ 1(@)
lwresu

= JL(Urcs (0)(MCHR (wres’ ) — 1) \/— p- Vf ]:[(¢E)|H+ X<Uelwres ](a)) e*ta)v dow

converges to zero towards the Cauchy horizon and satisfies the quantitative bound

|Perrorms (i, V)| So Qan (4, V) E1[(@)) 3e+]

toe, (0) (et (Wres, 7™) — 1) e~ oy
w

forr* > 1.

wres(w)(uCHL(wres+wa r*)_uCHL(wres» r*)) e_,'wv do

1559

+ ‘ - FUDr) i+ vaeiw'“ﬁ](a)) (8wt£§res (w))e i da)‘

(5-167)

(5-168)

(5-169)

(5-170)

(5-171)
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Finally, completely analogous to Lemma 5.19 we have:

Lemma 5.24. We have that

. " r eiwrcsu . .
€' Perrorta (U, V) 1= _:/2— P-V-f J'—[((,ZS/E)W-HngelwreS 1(w)
r R
(twres ((,()) - twres (O))(MCHL (a)l‘eSa r*) - 1) —iwv
. e dw
w
= (M/C\H/R (Wres, r*) - 1)‘eiwresr*(,berrorTl (5-172)

converges to zero towards the Cauchy horizon and satisfies the quantitative bound
|berrora (1, V)| S Qrn (e, V)LL) jpe+] (5-173)
forr* > 1.

Having estimated each term independently in the integral appearing in (5-120) and noting that

" (Gmaink + Pmaint) (11, V) = ‘/%"” Tones <0>e"‘“fes“( U (@) (D)™ da) (5-174)
u
in view of t,, . (0) = —t,,_ (0), we finally obtain (5-109) with
¢ = " Perrork1 (5-175)
and
Perror = € (PerrorR2 + Perrork3 + Perrorka + PerrorT1 + PerrorT + PerrorTs + Perrorts).- (5-176)

The bounds and continuity statement for ¢, and ¢error now follow from Lemma 5.16 and (5-172).

(B) In view of part (A) and the fact that Qrn decays exponentially in r* = %(u + v) towards the Cauchy
horizon, it suffices to show that

v+1 )
(u)? ' / X<o @) @) (D)€ db| + ()P e (u, V)| < FPL@p et 1+ EP L@ e ] (5-177)

as we consider the region v > |u| + log(v)/(2| K_]) in which QZRN(u, v) < (v)~1. Now, the claim is a
direct consequence of the second parts of Lemmas 5.16 and 5.21 together with the assumptions (5-113)
and (5-112).

(C) We will now consider 9, (re'®es" *qﬁ[’:). We use the second part of Lemma 5.13 and end up with

3, (&' r . (u, v))

r+eiwresu / |: ’ [ Wres*
= V. ]:[(¢ ) + X<v, € e ]((1))
V2r P R Lo A=n

Coores () 8vu/(3\7-t/1e (0+wres, r*)eiwu+twres (@) 0y (% (0+Wres, r*)e—iwv)

w

:| do (5-178)

for v; > v. Since 8vu/EH/R and av@; are bounded uniformly in absolute value by QZRN in view of
Proposition 5.6, the terms of (5-178) which arise thereof are bounded by QZR_N“E 1[(¢})3+] for any o > 0
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as in part (A). Similarly, ¢z, — 1 is bounded by Q& and thus, the main term arises from d,(e~'“¥) and

we obtain
i WresT™ ! — . r+elwresu / [ Wres —iwv V]
dy (e rop(u,v)) = —i FUPL) e+ X< € (@)t (@)e ™" doo + D, (5-179)
V2 JR

where |PJ | So len_\f’E 1 [(¢/£)|H+]. Note that ®g! . depends on v; but the upper bound is uniform in vy.
Since () F[(¢))jp+e =1 € L2 and ()~ 't,,., € L, we can take the limit v; — oo and obtain

[ Wresl

r+e
27
where | @error (i, V)| So Qo (4, V) E1[(P)) 3+

(D) Note that ®¢or as in part (C) decays proportional to Qfg\f‘ for any o > 0 and thus

3y (€= el (u, v)) = —i

/ FLUS e+ 1 (@) b, (@)e ™Y dw + Perror, (5-180)
R

f | Perror] AV Ko (QrN)Z (11, vy () E1[(D) 134+ ] S (1) T C Y EN[(@)) 124+ ]
vy(u) A ,
S W) B E(Q)) ] (5-181)

choosing o > 0 sufficiently small (recall that s < 1 therefore 2s > 3s — 2). Thus, it suffices to show the
result for the main part in (5-115). We further write

toe (@) =10 F ot + 0ty (), (5-182)

where we note that

to (@) —t —ot]
Wres C;res Wres S <w>71
w

I twrcs | =

and |8wiwres| < (w)~! in view of Corollary 5.8 and Lemma 5.9. Hence,

(V) F () (v) € LA(R,) (5-183)

and thus, F(t, ) € L'(R) by the Cauchy—Schwarz inequality.

Tes

Now, using (5-115) we obtain

v
/ elUbr(u;U/) Dy (ezwresr*r¢£:) dv’
Vy (u)

S

v
[ e [ A @, e dodu
vy () R ‘

+

v
/ el / FL@D e = N @)ooty e do dv/
v

y(u)
v
+ / elomnliet) / FU@) €= N (@) b, (@)e Y dwdv'|.  (5-184)
Uy(”)
For the first term we directly take the inverse Fourier transform and estimate
v
/ e”’b‘(“’“)/]-"[(q&/L)|H+e“"f“'](w)t2)rese_’wv dw dv’
vy, (u) R
v
5‘ / e Y () gy (V) AV | (5-185)
vy (1)
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Similarly, for the second term we integrate by parts and obtain

v
f e/t / Fl@p) e Nw)wt, e dodv’
vy, (u) R

v
S / e By (' (P ) (v)) v
v

y ()

S ) ) (D) ek e +

v
/ 1y 0t at, V)] () e (V)] A’
Uy(u)

S )P0 @) e e (5-186)

Using the same method as above, the third term satisfies

v
/ el f FUSD '™ (@) i, (@)e ™ do d’
v

y("‘)
< / ' 3y (e'or ) f Fl05((d) e+ € =) (@) L, (@)e Y dew dv’ (5-187)
vy, (u)
+ / FL35 (@) 3+ € =) (@) T (@) 7Y dw' (5-188)
+ ‘ / FL35((P)) jp+ € =) [ (@) Ty, (0) €Y7 ) dw‘. (5-189)

We will now estimate the three terms individually.
We start with integrand of (5-187) and note that the other terms (5-188) and (5-189) are treated
analogously. We write

‘ f Fl05((d) pe+ € =) (@) Ly, (@)Y dw‘ < ‘[aﬁ((¢>z)|H+e"”res’5>]*f(1wm> "

= M‘Q81;((¢/L)|H+eiwfesﬁ)(5)]:(1wm)(v/—ﬁ) dol.  (5-190)

To estimate the convolution, we note that for v/ > 2R, either || > R or |0 — v'| > R. Thus,

/R 35 (D)) jpr+ €' V) (0) F (R, ) (v — ¥) dD

N f R85((¢2)m+e"”resﬁ><ﬁ)fdwm>(v/—a)da + /| /‘ Ra,;((¢/ﬁ)Wl-wresa)(wdwm)(v/_5) i@
SR /m g (o) 0" = D) AB| (10 (@) e+ 1o + 10° D (B e+l 2)

+R! 105 (P)pe+ e ") @D |0 = B | F () (v — D) d

[0—v'|>R
S W) N (@) 3 loe + 110° 3u(@) i3+ o) 1F R 1 + (D) T E L) 130 1H{0) F (e Il .2
S )T @) et e + 107 80 (D) e+ L) + E1l(@7) e+ D), (5-191)
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where we used (5-183). Now, plugging these estimates in (5-187), (5-188) and (5-189) and using that

3

|13y00e] S (v)!7%, we obtain, since 3 <5 <1

v
/ eiobr(u,v’) Dy (eia),esr*r(p[/:)
vy (u)

This shows (D).

dv’ S () (10 (@) e+ Nl oo =+ 105 3u (@) e+ Il oo + En[( @) 14+ ]).

(E) Assume that (¢,)5+ is such that the arising solution ¢, satisfies 9, (e @res" *rqﬁl’:)(u, -) € L! on some
constant u surface. Then, in view of (5-180), we have that

I
5 Hav(relwmr ¢2(”7 v))”L}) + ||q)error||L5

H fR FLUPL) €™ 1) by, (@)e ™" do
SN0y gpu, V) + E(@p)per]. (5-192)

L,

We will first consider the cases for which t,,_ does not have any zeros (i.e., Z; = &); see Lemma 5.10.
Then 1/t,, . < (w)~! since [t|> = |t|> + @ (@ — wres). For that, also recall ¢, (w) = t(®+ wres). Moreover,

Tes MY Tes

in this case, F~'[1/t,,.] € L} since 1/t,,, € L2, 8,(1/t,,.) € L2. Thus, 1/t

res

multiplier. Hence, using that 1 =t,, (1/t,...) and (5-192), we obtain

Tes Tes

is a L! bounded Fourier

res Wres

”((P/E)\'H'*'”L% S H/I;J’-’[(qsz:)|H+eiwres'](a))twres(w)e—ia)v dw

L
SN0y (re™ ™" g (u, v)) 111 + Er (@) e 1. (5-193)

Now, we consider the case, where t potentially has zeros, all of which have to lie in Z,f. Then, by the
inverse triangle inequality applied to (5-192) we obtain

19y (re" " g (u, V)l 1 + E1[(@p)pper]

2 ” /R FLUPR) 1+ 1 (@) i, (@)e ™Y daw

L)

- “ /R ‘F[(¢/£)|H+eiwrey](w)(l — X3 (w+ a)res))twres (w)e_ia)v dw

L,

,  (5-194)

_ “ /R FU@L) e+ 1(@) X5 (0 + Wres) e (@)™ d
L}

where we recall that ys is supported in Z,f. For the first term we use |1/t <5 (w)~' on R— Zf and obtain

25 | (1=Ps) (@) 3+ Il Lt

H ~/[R f[(¢/£) I eiwres'] () (1= xs (w+wres)) to, (a))e_ia)v dw
Ll / /
o 1@l — I P @ I r. (5-195)

For the second term we use t- x5 € C2° and obtain

S IPs(@p) eIl (5-196)
Ll

v

/R FIUS e+ 1(@) x5 (@ + res) b (@)e ™Y dew
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Putting everything together yields

1@ e Iy, So 180 re ™ g, v)) Iy + E1[@) e 14+ I Ps @) s 1. (5-197)
This shows part (E) and concludes the proof of Theorem V. U

To connect with the nonlinear theory and the various oscillation spaces from Section 3D we state the
following corollaries from Theorem V. We will also introduce a smooth positive cut-off supported only
on v > vg + 2 and such that x>,,4+3 = 1 for v > vo 4 3. We assume that |9, x>y,+3| < 2. We also recall
the notation v/, = r¢;.

Corollary 5.25. Let ¢4+ € SL be arbitrary and define (¢p) 3+ (V) 1= X=v9+3 (V) g+ (v), which we trivially
extend for v < vg. Let ¢ be the unique solution of (5-3) with data (¢,) 3+ on H' and no incoming data
Jfrom the left event horizon. Note that by the definition of SL (recalling s € (?T, 1]) we have that for all
V> 1

U (D) e [(0) + 18y (@) ¢+ [ () < 4Dy (5-198)
(1) If ¢+ € O, then

sup < +00 (5-199)

V=V0, U0 =l
for all oy, satisfying (3-15), (3-16).
(2) If ¢+ € O, then additionally for all uy < uy

v . v ! I ’
iqgoop (') 1490 [, (App)w(u0,v") dv' )5 RN_, / / /
/ £1906:(V) 5190 Sy (ARNIv DX wﬁ(uo,v)dv
m

lim (5-200)
v—>—+00

v . v ’ i /
i / A ,(up,v") d
/ elqubr(U ) gt fvo( R (0, V") dv D}?NI/IZ(MO» U/) dv’
v

exists and is finite for all oy, satisfying (3-15), (3-16).

(3) If ¢+ € O, then additionally for all Dy, > 0 there exists D' = D'(e, M, Dy, s, qo, m*, Dyy) > 0 and
nole, M, D1, s, qo, m?, Dy;) > 0 such that for all o, satisfying (3-15), (3-16) and for all (u, v) € LB

<D ult~ o, (5-201)

v . v ’ / 7
/ 21900 (V) 5190 va(ARN)v(M,v ) dv D,I}NI/IZ:(M, V') dv’
Uy(”)

(4) Assume that go =0, m?> ¢ D(M, e) and that ¢+ € NO =SL — O. Then for all u € R

lim sup |¢7|(u, v) = +00. (5-202)

v—> 400

Remark 5.26. It should be noted that for the nonlinear problem we will impose nonzero data on Cj,. For
the difference estimates it however suffices if the linear data and the nonlinear data agree eventually on H ™.

Proof. We begin by noting that ¢+ € O, 0, 0" if and only if J(#)) 2+ (V) = 5 Xzu+3(V)3+ (V) €
0, O, 0", respectively.'?

12The factor % is just to make sure that %XZUO+3(U)¢>H+ (v) e SLif pgy+ € SL.
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Now, the first statement is a consequence of part (D) of Theorem V, the expression for the gauge
derivative in (5-7) and the fact that for some bounded function f (i)

Y 1" 1
QO/ (AiQN)v’(u, v/) dv' = _E (- —wy) dv' + Ewres (v —p)
Vo Vo
I Y ;1 .
:_E/ (- —wy)dv +§/ (- —awp)dv +§a)res'(2r —u — o)
V0 v

= Wrest™ + f () + O (N (). (5-203)

The second statement follows completely analogously. For the third statement, we use part (D) of
Theorem V, and that, defining 0 < nny = min{no, 1—10(3s — 4)} (where 1 is as in the definition of O"),
we have min(1 —s + 79, 2s —3) =1 — s + 7)o for some 779 > 0 as s > 43'1'

Now, we proceed to the last statement. Indeed, under the assumption gg = 0 and m? ¢ D(M,e), we
have that t(w = 0) # 0. Thus, from Theorem V(A), and the assumption ¢+ € N O, the claim follows. [

Moreover, we also deduce a result of W' blow-up along outgoing cones for the linearized solution in
the following sense. To state the following corollary we recall the definition of Ps as in Section 4E.

Corollary 5.27. Let the assumptions of Corollary 5.25 hold.

(1) Assume that Ps(¢y+) € L' for some 8 > 0. Then, for all u < ug, we have

+00 400
/ a1 (V) dv” s / |DyNY | (u, v) dv+ || Ps(g) [l 1 + Di,s (5-204)
Vo vo

recalling the definition V. = rrney. In particular, if

Py+ € SL — LI(H+) with Ps(¢n+) € Ll(IR) for some § > 0, (5-205)
then for all u < uy,
+00
/ |DXNY (e, v') dv” = 4-o00. (5-206)
vo

Thus, the set of data ¢+ € SL leading to blow-up for each u < uy as in (5-206) is generic in the sense
that its complement H is the set H = HyNSL for some vector space Hy C SLy of infinite codimension
in SLy, where we recall (3-13) for the definition of S L.

(2) Assume 0 < |qoe| < €(M, e, m?) or qo=0and m? ¢ D(M, e). Then, for all u < uy, we have
+o0 +oo
[ weiwra s [ DR vl vy + Do (5-207)
Vo Vo

In particular, if g+ € SL— L' (HY), then

“+0o0
/ |DENY | (u, ') dv' = +o00.

v
Proof. The statements follow from Theorem V(E). The genericity of S£ — H in the first statement is a
direct consequence of (5-205). We have also used that Ps((¢})3+) € L' if and only if Ps(¢y+) € L!. O
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6. Nonlinear estimates for the EMKG system and extendibility properties of the metric
We give a brief outline of Section 6:

(1) In Section 6A we recall the time-decay estimates that were established in the nonlinear setting by the
second author in [Van de Moortel 2018] (see Theorem B). These estimates play a crucial role in the proof
of the Cauchy horizon (in-)stability and will also be essential to the analysis of the present paper. Recall
that the various gauges were defined in Sections 3 and 2C.

(2) In Sections 6B and 6B3, we provide some useful nonlinear estimates, and show how to deduce the
continuous extendibility of the metric from the boundedness of the scalar field. To do so, we will in
particular exploit the algebraic structure of the nonlinear terms in the Einstein equations.

(3) In Section 6C, we estimate the difference of the dynamical metric g with the Reissner—Nordstrom
metric grn and the difference of the scalar field ¢ and its linear counterpart ¢ (¢, differs from ¢, of
Section 5 by a gauge change; see Section 6C). If gg = 0, we show that these differences are bounded, thus
showing the coupled ¢ is bounded if and only if its linear counterpart ¢~ is bounded. If go # 0, the estimates
are more involved and include a backreaction contribution from the Maxwell field; see Section 6C4.

(4) In Section 6D, we combine the results from the linear theory (Section 5) with the results above to
prove Theorems I (i) (Section 6D1), 1(ii) (Section 6D2), II (Section 6D3) and III (Section 6D4).

Throughout Section 6 we will work under the assumptions of Theorem B.

6A. The existence of a Cauchy horizon for the EMKG system and previously proven nonlinear estimates.
We use five different regions which partition the domain [—o0, u;] X [vg, +00]; see Figure 7. To this
effect, we first introduce the function A (v) as in [Van de Moortel 2018, Proposition 4.4]; namely we
define A (v) by the relation

Q% (U =0, v) = 2K Th)=w), (6-1)
Note that i (vg) = 0 by gauges (3-7), (3-6). It is proven in [Van de Moortel 2018] that as v — 400
h() = 0 )i+ 0(ogw) =i, K@) =00'"), K@=0w">). (62
Now we can introduce the five regions partitioning our spacetime {0 < U < Uy, v > vp}:
(1) The event horizon H* = {u = —oo} = {U =0}.
(2) The red-shift region R = {u + v+ h(v) < —A}.
(3) The no-shift region N :={—A <u+v+h() < Ay}
(4) The early blue-shift region

2s
2|K_|

56:={AN§u+v+h(v)§—A’+ log(v)},

assuming that |u|is sufficiently large so that Ay + A’ < (2s/(2|K_])) log(v) in EB.
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4

P N

’ N \CHi+
’
, LB > .

Figure 7. Division of a rectangular neighborhood of it into five spacetime regions.

(5) The late blue-shift!? region

2s
2|K_|

LB = {—A’+ log(v + h(v)) §u+v+h(v)}.

In the proof of Theorem B, it was shown that there exists a large constant Ag(M, e, go, m?, s, D1, D) >0
such that, if A, Ay, A’ > Ay, the following estimates (as enumerated below) are true. In the course of
the proof of the new result, we will implicitly always assume that A, Ay, A’ > Ao and choose when
necessary A, Ay, A’ > A for some A (M, e, qo, m?, s, Dy, D;) > Ay that will be defined later.

Proposition 6.1 (nonlinear estimates on the event horizon H ™ [Van de Moortel 2018]). There exists a
constant Dy = Dy (M, e, qo, m?, s, Dy, D») > 0 such that the following estimates hold true on H* =
{U=0, v>uvy}:

100, v) —e| < Dy -v' ™, (6-3)

|@ (0, v) — M| < Dy -v' ™%, (6-4)

0<A(0,v) <Dy -v >, (6-5)

0<ry—r(0,v) <Dy-v'™%, (6-6)

18, 10g(222)(0, v) — 2K (0, v)| < Dy - v, (6-7)
12K h' (v) + [2K+ —2K (0, v)]| < Dy - v >, (6-8)
|0y 1og(R3)1(0, v) < Dpy - Q5 (0, v), (6-9)

10u$|(0, v) < Dy - 230, v) v, (6-10)

|Ay](0,v) < Dy - 3,0, v). (6-11)

Proposition 6.2 (nonlinear estimates in the red-shift region R [Van de Moortel 2018]). There exists
a constant Dg = Dgr(M, e, qo, m?, s, Di, Dy) > 0 such that the following estimates hold true for all
(u,v) € R:

B3Note that the late blue-shift differs slightly from [Van de Moortel 2018] where it was defined to be LB :=
{—A"+(2s/2|K-]) log(v) < u+v+h(v)}.
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|91(u, v) + Dyl (u, v) < Dg-v™",

|Dy¢|(u, v) < Dp - 2K utvth(v) | —s

llog(Q2(u, v)) — 2K 4 - (u +v+h(v)| < Dg - Q*(u, v),

0<1—x(u,v)<Dg Qu,v) v %,

19, log 2%(u, v)| < Dg - Q*(u, v),
18, 10g(2%) (u, v) — 2K (u, v)| < Dg - v~ %,

0<ry—r(u,v)<Dg-Q*u,v)+v'™%,

|Q(u,v) —e| < Dg-v'™%,

|& (u, v) — M| < Dg-v' ™%,

12K (u, v) —2K 1| < Dg - %(u, v) + v 7.

’

(6-12)
(6-13)
(6-14)
(6-15)
(6-16)
(6-17)
(6-18)
(6-19)
(6-20)
(6-21)

Proposition 6.3 (nonlinear estimates in the no-shift region N [Van de Moortel 2018]). There exists

a constant Dy = Dy(M, e, qo, m?, s, Di, Dy) > 0 such that the following estimates hold true for all

(u,v) EN:

¢ (u, V)| + | Dy (u, v)| < Dy -
|Du¢p(u, v)| < Dy -

log Q% (u, v) —1 (—(1— M + ¢ ))
8 v g r(u,v) r2(u,v)

0<1—«(u,v)<Dy-

11— t(u,v)] < Dy -

|9, log(Q%) (u, v) — 2K (u, v)| < Dy -
|9, 10g(22%) (u, v) — 2K (u, v)| < Dy -
|Q(u,v) —e] < Dy -

| (u,v) — M| < Dy -

log(22%)](u, v) + [log(r)|(, v) < Dy.

Moreover, denoting by yy := {u + v + h(v) = Ay} the future boundary of N', we have on yy

Q%(uy (1), v) < Dy - e*K=2¥,

<Dy

(6-22)
(6-23)

(6-24)

(6-25)
(6-26)
(6-27)
(6-28)
(6-29)
(6-30)
(6-31)

(6-32)

Proposition 6.4 (nonlinear estimates in the early blue-shift region £55 [Van de Moortel 2018]). There

exists a constant Dg = Dg(M, e, g, m?, s, Dy, D») > 0 such that the following estimates hold true for

all (u,v) € EB:
|¢(u, v)| < Dg - v~ " log(v),
| Dy (u, v)| < Dg-v™",
|Dy¢(u,v)| < Dg-v™",

(6-33)
(6-34)
(6-35)
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llog 2%(u, v) —2K_ - (u+v+h())| < Dg-A-e 2K+ <1, (6-36)
0<1—k(u,v)<?i (6-37)

I1—t(u,v)| <1 (6-38)

10, 10g(2%) (1, v) — 2K (u, v)| < Dg - v' 7% log(v)?, (6-39)

10y log(£2%) (1, v) — 2K (u, v)| < Dg - v~ > log(v)?, (6-40)

12K (u, v) —2K_| < 19551 K-, (6-41)

|Q(u,v) —e| < D -v'™%, (6-42)

| (u, v) — M| < Dg - v, (6-43)

Ir(u, v) —r_(M, e)| < Dg - (0! 7% + Q% (u, v)). (6-44)

Moreover, denoting by y :={u+v+h(w) = —A"+ (s/(2|K_|)) log(v)} the future boundary of £B,
we have on y
Q*(u, (v),v) < Dg-v™>. (6-45)

Proposition 6.5 (nonlinear estimates in the late blue-shift region £B [Van de Moortel 2018]). There
exists a constant D; = Dy (M, e, qo, m2, s, Dy, D>) > 0 such that the following estimates hold true: for
all n > 0, there exists C, > 0 such that for all (u, v) € LB

Q¥ (u, v)|@|(u, v) < Cp-v™*, (6-46)
Q¥ (u, v)|Q —e|(u, v) < C,-v' ™%, (6-47)
161>, v) + Q% (u, v) < Dy - v* > 1jop) + Dy - [log(v)* 1 s=1). (6-48)
|Dyo|(u,v) < Dg-v™", (6-49)

13, log (e |, v) < Dy v "> 151y + Dy - log(v) - v~ 15—y, (6-50)
0<%, v) < —Au,v)<Dp-v %, (6-51)
0<—v(u,v) <Dy -|ul~%. (6-52)

6B. Nonlinear estimates exploiting the algebraic structure. We emphasize that we do not necessarily
assume that ¢34+ € O in this section. The specific assumptions of this type are made in Section 6D only. In
fact, we use many of these estimates in our companion paper [Kehle and Van de Moortel > 2024] as well
(where it is assumed that ¢+ ¢ O). Throughout Sections 6B—6D we use the notation | f (u, v)| < |g(u, v)|
if there exists a constant ['(M, e, m?, qo, D1, D3, s) > 0 such that | f (u, v)| <T -|g(u, v)| for all (u, v)
in the spacetime region of interest.

6B1. Boundedness and continuous extendibility of D,ir. To reach the goals of this section, we must first
prove preliminary estimates on D, v, where i := r¢ is (what is called in the black hole exterior) the
radiation field. Since r is upper and lower bounded in our region of interest, it may be very surprising
to consider this quantity in the black hole interior. However, as it turns out, D, is always bounded,
while D, ¢ is bounded if and only if ¢ is (providing liminf,_, {» |V|(#, v) > 0, which is conjecturally a
generic condition; see [Van de Moortel 2021] for a discussion and proof of this result).
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Proposition 6.6. We have the following (gauge-independent) estimate for all (u, v) € LB:
Dyl (u, v) S lul ™. (6-53)

Moreover, in the gauge (2-26), both D, and A, admit a bounded extension to the Cauchy horizon,
denoted by (D, V) cy and (A,)H, respectively.
Proof. Using (2-45) with the estimates of Proposition 6.5, we have

180 (Du¥)| S AL V] - 1]+ 217 - v,
Finally with (6-51) and (6-48) we get

19Dy S 017 a7+ Q107
Now the left-hand side is integrable in v since s > % so D, admits a bounded extension by integrability
and integrating from y we obtain the estimate, in view of the estimate on y from Proposition 6.4. To

conclude, the extendibility of A, follows from (2-39) and the estimates of Proposition 6.5 that show that
|0,A,| is integrable in v. O

6B2. Key estimates for a candidate coordinate system (u, V) for a continuous extension. In this section,
we construct an adequate coordinate system (u, V'), in which the boundedness of the metric coefficient
log(QéH) related to (u, V) by Q%H = —2g(dy, dy) follows from the boundedness of the scalar field ¢.

Proposition 6.7. There exists a coordinate system (u, V) for which V(v) < 1, and limy_ o0 V(v) = 1
and for which, defining the metric coefficient Q%H du dV = Q? du dv, we have for all (u, v) € LB:

Us
vl <02 0 S log(v) ), (6-54)

3y (1og<s2éH><u, V) + 11> (u, v) + / 1612, v) du’)

o
and
o <log<s2%;H><u, 0) + 1612, v) + /

“ |l

r

lp|* @, v) m/)
Slul™ - % 0 log)P) + Ju| ™ -v' . (6-55)

As a consequence, the quantity Y defined as

Ug )
Y (u, v) := log(Q&y) + |¢>|2+f 'r—'|¢|2du/ (6-56)
admits a continuous extension Ycy(u) across CHi+ and
2 2 Sl
0T = 9y | log(Qey) +1o1” + T|¢| du (6-57)

admits a bounded extension across CH;+.

Proof. We first use (2-43) to establish the two formulae

3,9, (r || !
w = 0,0,(191%) + = 0,(1412) + -3, (1117,

—0.0u (1) (auaur B mzszz)w)l;
r r 2

—2R(Dypdup) =
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Now we define 2K, (v) := 2K (uy (), v) and we rewrite (2-33) using the two last formulae
v 1
au(avlog(92>—2Ky(v>+av<|¢|2>>+; av<|¢|2)+; du oD | S w1 +181) + Q21+ Q> +m?|9[%).

First note that the right-hand side is O (Ju | 72502 w7207, using the estimates of Proposition 6.5.
Using (2-32), (6-53) and the other estimates of Proposition 6.5 we get

18 (Ll = 18, (A P S ul 720%™ o fu =01
This gives

S |u|—2s . U—2s + |u|—2sv2—4s + |M|—s . v1—3s' (6—58)

3 (3, log(2%) — 2K, (v) + 3, (Ip1*) + ; 3, (191

Now we want to integrate both sides on [u,, (v), u]. Recall that on y, |9, log(Qz)(uy(v), v) —2K, ()| S
v~ |log(v)|? and |3, (¢?)| < v~%|log(v)], as established in Proposition 6.4. Thus, we obtain

<02 4 |log(v) . (6-59)

~

3, log(22) — 2K, (v) + 3 (1) + / Y o160 P) du’

Uy

Now we write

u V Ug V u_vv Ug U
f —av<|¢|2>du/=f —8v<|¢|2)du/—av(f —|¢>|2du/)+f av(—)|¢|2du/.
Uy (v) r Uy (v) r u T u r

Using (2-32) and the estimates of Proposition 6.5 again, we see that

f av<3) 62 du’
u r

Therefore we actually showed that

Uy
s / (WA + Q21+ Q%+ [P Ip 2 du’ S v> ™.
u

Ug

3, log(Q?%) — 2K, (v) + /

u]/(v)

2o du/+av<|¢|2>—av(/ ‘Y §|¢|2du’)
<7 1 Hlog(w)]’.  (6-60)

Note that the second and the third terms of the left-hand-side only depend on v and not on u.
We define a new coordinate system (u, V) with the equations

dv
R () _
=< (6-61)
f’(v)=2Ky(v)+/A M31;(|¢|2)(M’,v)du’- (6-62)
Uy

By the estimates of Proposition 6.5, note that | f/(v) —2K_| < v'~2* and we recall that K_ < 0; thus
V’(v) is integrable as v — +o00, and V (v) increases towards a limit V, which we can choose to be 1
without loss of generality. Therefore, we also have upon integration, as v — +oc:

1—V@)~e/W.
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We also denote by S22H the metric coefficient in this system defined by QCH = —2g(dy, dy), i.e.,
Q2 dudV = Q%dudv, hence QZy(u,v)=Q*u,v)e /@,

We then have the claimed estimate (6-54)

av(log<sz%H)+|¢|2+/ 2 au )

Clearly, (6-58) is a reformulation of (6-55). Since the right-hand sides of (6-54) and (6-55) are
integrable in v for s >

v v log() P,

4, a standard Cauchy sequence argument shows that Y («, v) admits a continuous

extension, and d, Y (u, v) has a (locally) bounded extension. Il
6B3. Metric extendibility conditional on the boundedness of the scalar field. Now that we have built the
quantity Y and proven its extendibility, we will prove that the continuous extendibility of |¢| implies
the continuous extendibility of the metric (conversely, the blow-up of |¢| implies that there exists no
coordinate system (u, v) in which 10g(§22) is even bounded; see [Kehle and Van de Moortel > 2024; Van
de Moortel 2019]).

Lemma 6.8. Assume that the function (u, v) € LB — |¢|(u, v) extends continuously to CH;+ N{u < uy}
as a continuous function |¢|cy(u). Then fu”x /M) |@|1>W’, V) du' extends continuously to CH;+ N{u < uy}
as a continuous function. Moreover, v(u, v) extends to CH;+ N {u < u,} as a bounded function vcy(u).

Remark 6.9. In fact, we do not prove directly that v extends as continuous function across the Cauchy
horizon, as we do not control d,,v. However, even though vcy might not be continuous in u, it is clearly
in LlloC (and even in L' (CH;+ N{u < uy)), as |vcy] < |u|~%*) which is sufficient for our purpose.

Proof. Using the estimates of Proposition 6.5, we see that for (u, v) € LB
|8,v] (. v) S v,

which shows, by integrability, that for all u < u there exists vcg () such that lim,_ 1 o v(u, v) = veg ().
Now take again u, < us; and two sequences u; — U, V; = 1, V; < 1 and write

U ) . U ( )
/ YlpPa, Vi) du —/ 2 )

+ / ven() oy du!

rea(u’)
/ ( SR, Vi) — ”C“E”;|¢|CH< >)

Now both functions (v/r)|¢|*(u, V) and (UCH(u/)/rCH(u/))|¢|%H(u) are uniformly bounded in # and v
on a set of the form (u, V) € [ueo — €, uy] x [1 — €, 1] and

<

oo 1)
/ Y612, Vi) du’
U r

_l’_

. , )
Jim J1gP ', Vo = S gl W),

so by the dominated convergence theorem, the last term tends to 0 as i tends to +oc0.
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Moreover, the integrands of the first two terms are uniformly bounded, and thus these two terms tend
to 0 as i tends to +o00. This concludes the proof of the lemma. (|

Corollary 6.10. Assume that the function (u, v) € LB — |¢|(u, v) extends continuously to CH;+ N{u < uy}
as a continuous function |¢|cu(u). Then the metric g admits a continuous extension g, which can be
chosen to be C°-admissible (Definition 2.1).

Proof. 1t follows from Proposition 6.7 and Lemma 6.8 that Q%H extends continuously to CH;+ N{u <u,} =
{u <uy;} x{V =1}. We know already that r extends continuously to CH,;+ N{u <uy} ={u <ug} x{V =1};
therefore, in view of the form of the metric (2-13), the corollary is proved. g

6C. Difference-type estimates on the scalar field and metric difference estimates. In this section, we
carry out the nonlinear difference estimates. To do this, we have to introduce a new coordinate involving
h(v) defined in (6-1) (see the difference estimate (6-64), to compare with (6-7)):

v(v) ;= v+ h(v). (6-63)
Recalling (6-2), it is clear that b = v- (14+ O (') and 3; f =3, f - (1 + O (v'!™2%)) for all f. Note also
~ Q%(u, v)
2, ~ _ V) 1-2 2
Q(u,v(v)) = o (1+00@ ™)) -Q%(u,v),
~ . 3, 10g(Q%)(u, v) h"(v) _ o
2 _ % _ 1-2; 2 24
B B ) B TE ) A
where Q2 := —2g(d,, d5). Estimates from Section 6A can be easily translated into (u#, v)-coordinates:

Lemma 6.11. Defining 5%1 := —2g(dy, 33), the estimate (6-7) on H™ is replaced by
Q20,7 23,(0, ~
‘log<#)‘ - ‘m(%)' < 1 log@)(0.5) — 2K, S 5. (6-64)
QRN(O’ V) (QRN)H(07 V)
Moreover, (6-14), (6-17) are replaced by the following estimates valid in the spacetime region R:
AN S QU B ST 95 1og (@) (U, B) — 2K+ ST (6-65)
Finally, (6-28) and (6-40) are replaced by the following (weaker) estimates in the regions N'U EB:
|95 log(R) (U, §) — 2K (U, 9)| S 3" (6-66)
All the others estimates of Section 6A are still valid replacing v by v, Q by Q2 and so on (adjusting the
constants with no loss of generality, i.e., replacing Dy by 2Dy, Dg by 2Dg, % by % etc.).

Proof. This follows from the equation Q2 (0, #) = ¢*5+@=%) /(1 4 h’(v)) (using the identity (6-1)) and
(6-8), (6-2). O

Notation. In view of Lemma 6.11, from now on and until the end of the paper, we make a mild abuse of
notation and redefine v to be this new v given by (6-63) with the necessary adjustments, i.e., A becomes
the notation for d;r, 2 the notation for —2g(d,, 9;), etc. We will not use the old definition of v any
longer in what follows.
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The goal of this section is to take the difference between ¢ (1, v) and ¢, (u, v) and estimate the quantity
Sp(u,v) :=¢u,v) —¢c(u,v), (6-67)

where ¢, solves the linear equation
(Vi +iqo(A™),) (V" +igo(ASN) ") — m*¢z = 0 (6-68)

on the fixed Reissner—Nordstrom background (2-7) in the gauge ARN as in (2-30). More precisely, we
will define data for ¢y on H ™ (data on Cj, is irrelevant) so as to match the data ¢+ € SL for ¢p on H+
(see the paragraph immediately below): Our goal is then to prove that §¢ is bounded and continuously
extendible (for go = 0), and similar estimates featuring nonlinear backreaction if gg # 0.

We now define ¢z on Q7 as the unique solution of (6-68) on the fixed Reissner—Nordstrém metric
(2-7) with parameters (M, e) and with data

¢r(u,v9) =0 for all u € (—o0, uy],
(@) 13+ (V) = Y>3 (V)P3+ (v)  for all v € [vg, +00),

where x,,+>3 is the smooth cut-off supported on v > vyp 42 and x>y,+3 = 1 for v > vy + 3 as defined in
Corollary 5.25.

Remark 6.12. Note that the unique solution ¢, arising from the above data in the gauge (2-31), which is
used in Section 5, agrees with ¢ up to a gauge transformation as the gauges agree for the initial data, in
particular, ARN = (AL\), = 0 on the event horizon by construction.

Recall that ¢ is also a solution of (2-36), (2-43), (2-45), (2-44) where (r, Q?, A, D, ¢) are all replaced
by their Reissner—Nordstrdom analogs (rr, QﬁN, ARN DRN ¢r). Similarly, rrn, QZRN, ARN
the equations of Section 2D with ¢ = 0 (i.e., (2-7) satisfies the Einstein-Maxwell equations in spherical
symmetry), a fact we will repetitively use.

The estimates of [Van de Moortel 2018], that are recalled in Section 6A and stated in Lemma 6.11

in our new coordinate system, are key to our new difference estimates. We will use these estimates

also satisfy

throughout the argument, without necessarily referring to them explicitly.
6C1. Difference estimates in the red-shift region.

Proposition 6.13. There exists D’H (M, e, qo, m?, s, Dy, D) > 0 such that for all (u,v) e R

|r(uv U) - rRN(l/t, U)l + |)\.(M, U) _)\'RN(uv U)|

+10(u, v) —e| + [1og(Q?) (u, v) — log(Qay) (U, V)| < Dy -v' ™%, (6-69)

18, 10g(2%) (u, v) — 3, log(Q&x) (1, V)| + [v(u, v) — VRN (U, V)|
+ 1AL, v) — ARNu, v)| < D}, - K0V 1=, (6-70)
18,8¢| < D}y - e K+tv) 1735 (6-71)

18| +19,8¢] < D}y -v' ™. (6-72)
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Proof. First, recall that rry =7 (M, e), Orn = €, wrN = M, and Agn = 0 on the event horizon H™,
by definition. Lastly, recall that A, = ARN on C;, by the gauge choice (3-5). Recalling that Dy > 0 is
defined in Proposition 6.1, we bootstrap the estimates

Ir(u, v) — ren(u, v)| <4Dp - v' ™%, (6-73)
log(Q?)(u, v) — log(Qay) (U, v)| < 4Bp -v' ™% (6-74)

for By (M, e, qo, m?, Dy, D,) > 0 defined as the constant in (6-64) such that

Q%(0,
‘10g< | ( v) )’ < BH_UI—ZS
Qen(0,v)

in the new coordinate v. Plugging these bootstraps into (2-42) and using (6-10), (6-65), we find that

13, (r 3yr — RN 3u7RN)| = 8 (A — rRvARN) | S 1927 — Q&n] 4+ Q2 - (191 + Ir — rra| +1Q —e])
< 62K+(u+v) . vl—ZS

QZ
log(T> ’ <Q% ol
RN

where we used

192 — Q| S Q%

This is also equivalent (recalling (3-12)) to

|0 (r. — rrnirn)| S €250 0172
Integrating the above using (6-5) we get
Ird —rarn] ST+ Q2 0, (6-75)

Writing now the difference for (2-32), taking advantage of (6-75) and the bootstraps gives
18,9y (r — rRN)| S [ARN] - |9y r — dyrrn| 4 2K +0 072 4 2K ey =25,
Integrating in v using a Gronwall estimate and the boundedness of dyr on Cj, we get
|dyr —durrn] S 1+ 0172,
which, upon integrating in U this time and using (6-6) gives
Ir —rra| < Dy - vV 7% 4 D - 2K+t g2Kev L p 2K k) 125
where D(M, e, qo, m?, Dy, D,) > 0. Choosing A sufficiently large such that

P2t < =2KA _ p-l.p

allows us to retrieve bootstrap (6-73).
Similarly plugging (6-12), (6-13), (6-74) and the previously proven estimates into (2-33) we get

19,0, (102(2%) —10g(QE)| < 1Dud| - 18] + 192 — Q& | + Q%0172 < Q2! 72,
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or equivalently using (6-65)
18,8y (log(Q?) — log(Q&\))| S 2K+ v 7%,

Integrating in v using the boundedness of 9y log(2?) and 9y log(QﬁN) on Cj, we get

18y (Iog(2%) — log(Qa))| S 14 &2K+0 . p1 725 < 2K 1725

—2K+A a5 we did above.

from which we retrieve bootstrap (6-74), using the smallness of e
Now all bootstraps are closed and we continue with the proof of the claimed difference estimates.
Taking the difference between (2-39) and its Reissner—Nordstrom version, and integrating in v using

Ay (u, v0) — ARN (u, vg) = 0, we obtain
| Ay (u, v) — ARN(u, v)| S 2K utv) 125

For §¢, we introduce a new bootstrap assumption (completely independently from the other bootstrap
assumptions that have already been retrieved), which is true on Cj, by assumption:

18.,8¢|(u, v) < By - 2K+ tv) 173 (6-76)

1-3s

for some B; > 0 large enough to be chosen later. Integrating in « and using [8¢| < v on the event

horizon H ™ (since 3¢+ =0 for v > 3) gives

1801(u, v) S (14 By) - K00 I3 S (1 4 By - o728 173, (6-77)
Now we take the difference of (2-36) obeyed by ¢ and the corresponding equation obeyed by ¢,
namely
38 dyr 3,80 dur  qoi Q2 m*Q* 8¢ dyr
0,0y (00) = — 0%, - il +q0 2 0 é¢p— 8¢ —iqoAu i —iqoAy, 0,6¢
r r 4r 4
dyr  dyr dur  Our iQ? qoi %3
— e | L IR | ML ARN VIO o DTRN | g
r RN r RN 4r 4rRN

2[Q%—-Q3 d 9
_ = ey - iqo[Aqu - AENﬂ]cbc — iqol Ay — ARN]3, .
4 r RN
We get, using also (6-76), (6-77) and (6-65) (note that one can write ¢ = ¢ —§¢ and use (6-12), (6-13)
to bound ¢ and (6-76), (6-77) to bound ¢,)
18,008 ] < 2K+ F (14 By) 0! 7P 070 205,59, (6-78)

1-3s

Integrating in u and using Gronwall’s estimate we get (recalling that [3,6¢| < v on HT) we get

18086 < (1+ By - e 2K+2) 13
and using this in (6-78) we get

|avau8¢| 5 62K+(u+v) . (1 + Bl) . v1—3s + B1 X 6_2K+A . U1_4S . eZK+(u+U)'
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—2K. A

Integrating in v this time, choosing B; appropriately and using the smallness of e , retrieves, together

with another integration in u, bootstrap (6-76), gives the claimed estimates on §¢ and concludes the
proof. (|

6C2. Difference estimates in the no-shift region.

Proposition 6.14. There exists Cy = Cn(M, e, go, m?, s, D1, D) > 0 such that the following estimates
are satisfied for all (u, v) € N:
I (1, v) = rrN (@, V)| +1Q (w1, v) — ] + [log(R%) (u, v) — log(rp) (4, V)| < Cy -v' ™%,
18, 10g(Q%) (1, v) — 3y 10g(Qp) (14, V)| + 18, log(R) (u, v) — 3y, 1og (L) (u, V)]
+ A, v) = AR, V)] + [V (u, V) = VRN (U, V)] + Ay (1, v) — ARN(u, v)| < Cy -0,
1861 +10.8¢| +18,8¢] < Cx -v' .
Proof. The proof consists of combination of the proof of Proposition 6.13 with that of in [Van de Moortel
2018, Proposition 4.7]: we partition A into smaller regions Ny :={—A+ (k — 1)e <u+v < —A + ke}
fork € [1, N] and N -€ = A’. We will prove the result by finite induction on k. The induction hypothesis
is that the following estimates hold in A:
| (u, v) = rRN(u, V)| 4 1A, v) = Arn (W, )] + [10g(Q7) (1, v) —1og(Qpp) (4, V)| < Cr - v' ™, (6-79)
v (1, v) — VRN, V)| + Ay (1, V) = ARN (u, v)| < Cr-v' 7>, (6-80)
where C, = 2K . By for a large enough constant By > 0 to be determined later. The estimates of
Proposition 6.13 render the initialization of the induction true for By large enough. So we assume that
(6-79), (6-80) hold for A, and we prove them in A ;. As before we bootstrap
|7 (e, 0) = rrN (1, 0) [+ |4 (1, V) = Arn (1, V)| +]10g (Q%) (1, V) —l0g(Qip) (, V)| <4Ckv' >, (6-81)
v, v) = VRN, V) |+ A (1, 0) = AN, 0)| <4C ' (6-82)

We treat one typical term, to show the specificity of the no-shift region N' compared to R: under the
bootstraps and (6-31), (6-29) we have

180807 < (14 Co) - '™ ~ Cp - Ju) 2.
Upon integration in the u direction, it gives, using (6-79) in the past, for some E(M, e, go, m*, Dy, D2) >0
A= Arn| S G- T+ Ee G T

thus for € > 0 sufficiently small, so that £ -€ < 1, we close the part of bootstrap (6-81) relative to A — Arn.
The other terms are addressed similarly, we omit the details. Such estimates allow us to retrieve bootstraps
(6-81), (6-82) and prove the induction hypothesis. Once this is done, we can prove difference estimates
for §¢ exactly as in Proposition 6.13. O
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6C3. Difference estimates in the early blue-shift region.

Proposition 6.15. There exists a constant Cg = Cg(M, e, qo, m?, s, Dy, D) > 0 such that the following
estimates are satisfied for all (u, v) € EB:

|r(u, v)—rrn(u, v)| < Cpv' ™, (6-83)

v (1, v)—VRN (1, V) |4+ Ay (11, V) — ARN (0, 0) |+, v) —Arn (0, V)| < Cpv' ™%, (6-84)

|3, 10g(22%) (u, v) —d, log(QEN) (1, V)| +13, 10g (%) (u, V) — 3, log(Q&y) (u, V)| < Cp-v' ™%, (6-85)
18,80 +18,8¢| < Cg-v'™>, (6-86)

8] < Cp-v' ™ log(v), (6-87)
[1og(£2%) (u, v)—log(Qay) (, v)| < Cp-v' ™ log(v). (6-88)

Proof. Note that in £B, as in N/, we have v ~ |u| and that the size of the region is logarithmic, i.e.,
U — iy, (v) Slog(v) ~log(Jul) and v — vy, (u) < log(Ju|) ~log(v). As before, we start with bootstraps:

|A(u, v) — Arn(, V)| + [V (u, v) — VRN, V)| <4Cy -0 7%, (6-89)
Q% (u, v) - [log(Q2%) (u, v) — log(Qay) (U, V)| <4Cy -v' ™, (6-90)
Ir(u, v) — ren(ut, V)] < By - v' ™% (6-91)

for some By > Cy to be determined later. The set of (u, v) for which these bootstraps are satisfied is
nonempty by the estimates of Proposition 6.14.

Retrieving the bootstrap on » — rgry is the most delicate. We use (2-19) and write the difference of the
two identities below:

_ —2xnw 1 w02
1_ 1 _
b sV = =T T
Q2 1 M e
VRN = ARN = —— N = = — — 5
2 2 I'RN 2rRN

Thus, we have
(h—ARN) - &7 AR (T = 1)
= (= ARN) KT (o — 0) v - (11— ¢ @Ry
w Q2 M e M—w M Q2—e2 e2-(r+rRN)

=4+ —+— - + -(r—r + — -(r —rgn);
roo2r2 RN 2r3y T r-rRN( RN) 2r? 2r2 gy ( RN)

hence, combined with the (r — rryn) terms, we have

( M &+
- IRN 2r2 gy

)'(”—FRN)

2M -r-rpy — €2 - (r + rrN)
= 3 B '(r_rRN)
2r=-rgn

= (A —ARN) -k (VRN — V) v - (1 — ™ 10E@) @) Hloa@Ry)y 4

M+ . —0%+ ¢
2r2
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To conclude, we have to prove that the prefactor of the left-hand side 2M -7 -rgrnx— e?-(r+rrn))/(r? -rI%N)
is bounded away from zero: for this, notice that, since 0 < |e| < M, we have
ro(M,e)=M — v M?»—¢2 <e*/ M,
which is equivalent to
IM -2 <26*-r_.
By (6-44) and choosing Ay sufficiently large, there exists a small constant o(M, e) > 0 such that in £B

2M~r-rRN—ez-(r+rRN)
> o

2r2. rﬁN
Thus, as a consequence of bootstrap (6-89) and (6-43), (6-42) and (6-37), there exists

CyN(M, e, qo,m*, s, Dy, Dy) > 0
such that
Ir —rrn| < Cy -0 7% 4 Cly - [v] - [log(2%) — log(Qay)| < Cy - v ™2 +2C) -4Cy -0 < By - 075,
where we chose By =2C fv +4C Ev -4Cy for the last inequality to be true. Therefore, bootstrap (6-91) is
retrieved.
Now we turn to bootstrap (6-90), which is equally delicate (because we want to avoid a logarithmic

loss). As in Proposition 6.13, we write the difference between (2-33) satisfied by Q2 and the analogous
equation satisfied by Q%N. Using also (6-42) and bootstrap (6-89), (6-90), (6-91) we obtain

19,8, (1og(£2%) —log(Qgx))!
S Dl - 13,8] + Q% (1Q — el +r — rrnl) + 192 — Q&x| + 121 - v — vra| + |2 — Arn| - [V]
QZ
log<—>
iy

where in the last line we have used (6-38), (6-37) as |A|, |v] < Q? and the usual inequality

ol )

ogl\ —
Qin

1

(which is true because Q%N /Q% > 1o- an estimate which follows directly from (6-36)). Integrating in v
(recall the v-difference is of size log(v)), we get, using Proposition 6.14,

<u Lol gl L% v —oral + 22 A — Arn| S0 4 Q20!

197 - Qpyl S 97

18, 10g(Q%) — 8, log ()| (1, v) S v =%, (6-92)
Instead of integrating (6-92) directly (and incurring a logarithmic loss), we write an identity: for
any n > 0,
n
0,[92"- (10g(2) ~ log (Qpn)) 1= Q"5 -0, log(2) - (log (%) —log () + 2" dullog(2) — log ()],
from which we deduce, using also 9, log(Qz) < 0 (see Proposition 6.4)
3,[2"- (log(22%) —log ()]
= 21-Q%7.9, 10og(22%) - (log(2%) —1og(Qay)) > +227-9,[log(2?) —log(Qay) - (log(2%) —1log(Qy))
< 2Q%"-13,[log(R2%) —log(Qp) 1l [10g(R%) —log ()|
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which in turn implies, using (6-92)
0u[Q7  [1og(R%) — log(Qn) |1 = Q7 - 13, [log(2%) — log(Qpp)11 S Q7+ v' 7.
Integrating the above in u using 3, log(22?) € (3K_, K_) (see Proposition 6.4) and the bounds from
Proposition 6.14, we get for some E' (M, e, gy, m?, s, Dy, D>) > 0
Q"(u, v) - [log(2%)(u, v) — log(Qan) t, V)| < Cy -0 ™ + E -7 Q7 (u,,, (), v) -0 5. (6-93)

Applying (6-93) for n = 2, choosing Ay large enough so that Q"(u,,,. (v), v) ~ e?K-2v < Cyn/(10E)
retrieves bootstrap (6-90).

Retrieving bootstrap (6-89) is done similarly: we integrate the difference between (2-32) satisfied by r
and the analog satisfied by rrn, using Proposition 6.14, and we prove

A, v) — AN (i, V)| + |1, v) — v (i, V)| < 3Cy -1 7%,

which closes all the bootstrap assumptions.
Now we turn to the rest of the differences estimates claimed in the statement of the proposition.
Integrating the differences into (2-39), (2-33) as we did in Proposition 6.13 gives straightforwardly

1AL, v) — ARNu, v)| S o',
13, 1og(Q2%) (u, v) — 8, log(Qip) (1, v)| S v,

where we also used that the size of the region of integration is logarithmic, i.e., ; - v du Sv™ log(v).
v

For 8¢, we proceed as in Proposition 6.13 and make the following bootstrap assumptions for some
B > 0:
Qu, v) - 18¢l(u, v) < B"- 0", (6-94)
18,861 (u, v) < B"-v' ¥, (6-95)
Plugging differences into (2-36) satisfied by ¢ and the analogous equation satisfied by §¢, we get, using
(6-94), (6-95) and the previously proven difference estimates,

18,9,80] S B'- -0 + Q% 19,601, (6-96)
from which we deduce, upon integrating in v and using a Gronwall estimate,
10,80 (u, v) S (14 B - Q(u, vy, (1)) - 13, (6-97)
and plugging (6-97) into (6-96) and integrating in u this time we get
180801 (11, v) S (14 B [Q(U, vy () + Qv (0), V) -0 7, (6-98)

which is sufficient to retrieve bootstrap (6-95) after an appropriate choice of B” and choosing also Ay
large enough (to obtain a small constant from €2 (u,,.(v), v) as we did above).
To retrieve bootstrap (6-94), we proceed as with 9, log(2?) earlier, with the identity

0,(2159) = 3 -3, log(2) - Q-3¢ + 2" 9,56,
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which also implies, using (6-97) and by the same reasoning as for 9, log(2%) above
3M(QU|5¢|) <Q7. [0, (80)| S Q. (1+ B - Q(u, vyN(u))) LT3

Integrating this inequality in u for n = 1, after an appropriate choice of B’ and choosing also Ay large
enough as we did above allows to retrieve bootstrap (6-94) and concludes the proof. U

6C4. Difference estimates in the late blue-shift region. In this section, we will not need to estimate metric
differences anymore (although we will use the difference estimates from past sections); therefore, we do
not require a bootstrap method and proceed directly.

Proposition 6.16. There exists a constant C; = Cp (M, e, qq, m?, s, D1, D) > 0 such that the following
are satisfied for all (u, v) € LB:

|Au(u, v) = AT @) |+ A, v) — (AT W) < CL- QP v) < CF v, (6-99)
| A, v) = ARN (u, v)| + A ) — (AR M @) < Cp - Jul ', (6-100)
d _
| (AT — (AN @) < Cp a7, (6-101)
Dy |(u, v) = | Dy (u, v)|
. u CHy,,’ ’ . u RN\CH,,/ /
< |elq01;1y(v) A (') du 81)1//(1/!, U) _eIQO.[uy(u)(Au )= (u') du av,(//_['(u’ U)| < CL . vlf?)s’ (6-102)
v S CH_ ACH1(,//y dut/ _
'wu,v)— / 0 by WSO G vy | < O P (6-103)
Uy(u)

[1Du Y| (u, v) — IDENY |, v)| < | Dutr(u, v) — DENYp(u, v)| < Cp - Jul' ™ -log lul.  (6-104)

Moreover, for every fixed u < uy, there exists f(u) € C such that

v . u RNNCH _ ACH7/,/ /N )/
lim ¥ (u, v) — / ¢! Ly LADT =AW A 5 o Y du = F ). (6-105)
Uy(u)

v—+00
Proof. We start with estimates on the potentials: By (2-39) and (6-47) we have for n = 0.01

_ 2-2
18y (A, — ARN)| < 18,4, 410, ARN] < Q777+ Q™.

which we can integrate from the curve y; using (6-45) and (6-50) using [Van de Moortel 2018, Lemma 4.1]
as before, we obtain, using also Proposition 6.15, the bound

|Au— AN S Ju]' ™2 (6-106)

Moreover, recall that we proved in Proposition 6.6 that A, («, v) and AEN (u, v) extend to CH;+ as bounded
functions (A,)H(u) and (AEN)CH (u), respectively. Integrating (2-39) towards the past from the Cauchy
horizon CH;+ we also obtain the following estimates for all (u, v) € LB:

|Au(u, v) — ASH )| + | AN (u, v) — (AR M @w)| < Q¥ (u, v) S, (6-107)
/ Ay, v) — AN @) du’ + f |ARNG vy — (ARNCHG)) du/ < v (6-108)
uy (v) uy, (v)
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To obtain (6-101), note the following identity obtained using (2-39) with (3-5) (note that A, (u, vo) =
ARN(u, vo)):

+o0 2 / / 2 /
ASH(u)—(AEN)CH(u)zf _ W v) 0, v) | Sy, v)e (6-109)

v r2(u, v') ran, v)

We now commute (2-39) with 9, to estimate (d/du)(ASH (1) — (ARN)YCH (1)) and we obtain a formula anal-
ogous to (6-109). Using the fact that 9, log(Qz)Qo'1 is bounded (by Proposition 6.5) to estimate the parts
of the integral lying in £, and we obtain an estimate only involving the regions strictly to the past of £1:

vy, (1) 92 / / Q2 , /
/ au(_ (u,v)Q(”,v)+ RN(M v)e>dv/
vo

—2s
+u|™*. (6-110
r2(u, v') ran, v) ] ( )

2 (4G — (AT wy)| <
u

Therefore, it is sufficient to control the above integral in R UN U EB. Note that the differences 92 — lezN’
9,922 -9, SZZRN, Q —e, v—VRN and r —rgrN have been controlled with |u| 1-2s weights in Propositions 6.13,
6.14 and 6.15; this gives (6-101).

Now we turn to the ¢ estimates. We write (2-44) for ug = u, (v) and using the estimates from
Proposition 6.5 (notably (6-47) and (6-46) with n = 0.1) we obtain

. u A /’ d / . u ARN /’ d i
|au(elq0fuy(v) u(W',v) du avw_elq()'[;y(v) u @',v)du avw[,”

. u RN ’
By )|+ 3 ("0 Sy AT DU Ly )

S., |u|—2s.v1—3s+(91.9+911z.1%).v—s'

. u
< (3 (€110 iy Aut' )

Integrating in u and using (6-45) with the usual integration rules (i.e., [ Van de Moortel 2018, Lemma 4.1])
we obtain

. u A /Y du’ . u ARN /’ du’
|e’q0fuy(v) u (', v) du avllf(u,v)—elqofw(”) w (') du avWﬁ(usU)l

S 100 (1, (), V) = DY (uy (v), V)| 4 a7 01 7F 0728 CWITF 0 (6-111)
where we also used (6-86). Then by (6-111), (6-108), we obtain

. u RN\CH,,/y__ ACH,,’ /
|8U,¢_(u’ v)—elqoful/(”)[(A” W) —A (u)]du 81)‘#[:(”,1))'

. u ’ / . u RN,/ /
< e/ MDD g ) — O BTy, )

. u ARN /’ _ ARN CH,,’ _Au /’ ACH N du'
+ |e1q0‘[“V(”)[ u (M U) ( u ) (M) (M U)+ u (Ll )] u _ 1| . |avw£|(u’ U)
R

_ : U AN ’ _ARNCH /_Au /’ ACH / /
. 3S+|el(10/u,/(v)[ N 0)—(ARNYH @) —A, ', 0)+ASH )] du 1) 1], v)

N
Sol=H 7By Sl (6-112)

where in the first line we multiplied by the phase ¢/ Juy 0 A0 4 e the absolute value and we

used (6-49) (applied to ¢,) in the last line. This implies (6-102) (the first inequality is obtained by the
reverse triangular inequality). Integrating in v from y then gives (6-103) and (6-105), using also (6-34)
to control the boundary term [ (u, v, (u)| S [u|™ S |u|?>73% (recall that s < 1).
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For (6-104) we estimate (2-45) using the estimate of Proposition 6.5 (naively, without taking advantage
of a difference structure) and A, = ARN =0, and we get

19, (Dyr — DNy )| < Jul ™ 0" (M + Qp) v

Integrating in v, using the bounds of Proposition 6.15 and (6-106) (to control the difference on y, similarly
to what was done earlier in the proof) allows us to prove (6-104) thus concluding the proof. (|

6D. Combining the linear and the nonlinear estimates. In this section, we combine the nonlinear
difference estimates of Section 6C with the linear estimates on a fixed Reissner—Nordstrom background
obtained in Section 5. This allows us to conclude the proof of the boundedness of ¢ if ¢4+ € O and if
qo = 0, blow up if ¢py+ ¢ O.

6D1. Boundedness and extendibility of the matter fields for oscillating data and proof of Theorem 1(i).

Proposition 6.17. Assume the following gauge-invariant condition: there exists uy < uy such that

v : v/ 4 "
Jgim [ e fo MO0 Dy g, o) v (6-113)
vp

exists and is finite for all oy satisfying (3-15), (3-16). Then ¢ in the gauge (2-26), (3-5) admits a
continuous extension to CH;+. Moreover the gauge-independent quantities |¢| and the metric g also
admit a continuous extension to CH;+ and the extension of g can be chosen to be C°-admissible as in
Definition 2.1.

If we additionally assume the following gauge-invariant condition: for all Dy > 0, there exists
no(Dy;) > 0 such that for all oy, satisfying (3-15), (3-16) and for all (u, v) € LB,

v . v " "
[ et A by, ) | € Dl (6-114)
vy (u)

then Q and ¢ are bounded and the following estimates are true for all (u, v) € LB:
1, v) < Ju 7T (6-115)
|Q —el(u, v) < ul™™, (6-116)
where the implicit constants are allowed to depend on ng > 0. Moreover, Q extends to a continuous
Sfunction Qcyu(u) on CH;+.

Proof. Applying the assumption to o, (v) = f”"(v)[(A}}N)CH — ASH](w) du’ (which satisfies (3-15) and

iy

(3-16) by Proposition 6.16) we get by Proposition 6.16 that for v in the gauge (2-26) (note that A, = 0),

UETOO ¥ (1o, v) := Ycu(uo)

exists and is finite. Recall also from Proposition 6.6 that D, and A, admit (in the gauge (2-26), (3-5))
a bounded extension to CH;+ which we denoted respectively by (D, ¥ )cy and (A )1 Recall also that
one can write for any uo € R the identity

Bu(e 1l DUy )) = 0l MDDy, ),
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which upon integration gives
A d . u A /’ d ’ u . M/A //’ d "
w(u’ v)_e lq()f;,o u(u',v) du w(uo’ v)_"_e lquuO u(u',v) du / elqofuo u(u”,v)du Duw(ul’ v) du/.
ug

Now note by Proposition 6.16, A, € L} ; therefore by dominated convergence, the function (u, v)
fuuo A, (u', v) du’ extends continuously to fuo (A)H(u') du’ at CH;+. Since D,y € LY, as well (by (6-53)),
an other use of dominated convergence, together with the existence of the limit lim,_, ; o ¥ (19, v) shows
that v (u, v) admits a continuous extension to CH;+ denoted by V¢, (u). By Theorem B, r admits a
continuous extension rey., (u) to CH;+ which is bounded away from zero. Therefore, ¢ (u, v) also admits
a continuous extension to CH,;+ denoted by ¢¢y,, (u). The continuous extendibility of the metric g (and
the C%-admissible character of the extension) follows immediately as a consequence of Corollary 6.10.

Now we make the additional assumption (6-114). We define (op;), (v) := fu”y (AR AT ') du’
for each u < uy. It follows from (6-100) and (6-101) that (oy,), satisfies (3-15), (3-16) with a constant
Dy(M, e, qo, m m?, s, Dy, D) > 0 that is independent of u. In view of this, (6-115) follows from (6-114)
combined with (6-103) and the fact that s > 5. Now we plug (6-115), the boundedness of r, and (6-53)
into (2-40) to obtain the estimate in L5:

—1-
10, O S ™7™,

Integrating this estimate from y we obtain (6-116), in view of the estimate on y from Proposition 6.4.
For the continuous extendibility of Q, we start integrating (2-40) to get for all (u, v) € LB

u

Q(u,v) = Q(uy(v),v)+qO/ S DY) (', v) dud.

uy (v)
Note that the function u — i‘s(lﬁ D) (u, v) is dominated by the integrable function |u|~1="0 therefore
by the dominated convergence theorem, f L) (WD, Y) W', v) du’ extends continuously to the function
ff S(Wen(Du¥)cn) (') du’. Therefore, Q admits a continuous extension to CH;+, which concludes
the proof. (|

Corollary 6.18. (1) Assume that ¢+ € O. Then ¢ is uniformly bounded on LB and thus (4-1) holds true.

(2) Assume additionally that ¢+ € O. Then |¢| and g are continuously extendible, and the extension
of g can be chosen to be C%-admissible.

(3) Assume additionally that ¢+ € O". Then (6-115) and (6-116) are true for all (u,v) € LB and
moreover Q admits a continuous extension to CH;+.

Proof. The first statement follows from (6-103) of Proposition 6.16 and Corollary 5.25. The others are
direct applications of Proposition 6.17 and Corollary 5.25 (using that (6-113) and (6-114) are gauge-
invariant conditions). ]

In particular, Corollary 6.18 shows Theorem I (i).
6D2. Blow-up of the scalar field for ¢1;+ ¢ O (nonoscillating data) if go = 0 and proof of Theorem 1(ii).

Lemma 6.19. Assume that there exists ug < u, such that

lim sup |¢|(ug, v) = 400

V—>+00



STRONG COSMIC CENSORSHIP IN THE PRESENCE OF MATTER 1585

Then for all u < ug; we have

lim sup |¢|(u, v) = lim sup | |(u, v) = +00.

v—>+400 V—>+00

Moreover we have the following bounds: for all u < u, there exists f(u) >0 for all v> v, (u) such that

r(up, v)
|| (u, v) — T |p|(uo, v)| < f(u),
’ (6-117)
i |p|(u, v)  rcu(uo)
im inf = > 0.

votoo |l (uo, v)  ren(u)
Proof. This is an immediate consequence of the integrating of (6-53) and the continuous extendibility
of r to a function which is bounded away from zero (by the definition of C?H;+). O

We will not use (6-117) in the present work, but it is an important estimate for our companion paper
[Kehle and Van de Moortel > 2024].

Corollary 6.20. Assume that qo = 0 and that ¢p3+ € SL — O. Then for all u < u; we have the blow-up

lim sup |¢|(u, v) = lim sup [{|(u, v) = 400,

v—>+00 v—>+00

and moreover the asymptotics (6-117) are satisfied.

Proof. The result follows from a combined application of Corollary 5.25 (using that ¢, and ¢ relate by a
gauge transformation; hence |¢/.| = |¢,|), (6-105) in Proposition 6.16 and Lemma 6.19. O

In particular, Corollary 6.20 shows Theorem I (ii).
6D3. Proof of Theorem II. Before turning to the proof of Theorem II, we prove the following.

Lemma 6.21. Let s > % and w1 € R — {wyes} and ¢y+ be given by
Prr (v) = VWY (6-118)

for any ¢err € C'([vg, +00), R) satisfying (1-8) with s > 1 and any wey € C*([vy, +00), R) such that
e (V) = 0 as v — +o00 and such that |} |(v) < D - v~ 2+25=m0 for v > vy and some constants D > 0

and ny > 0. Then ¢+ € O, where we assume without loss of generality that ¢+ € SL (by choosing

U

@ err

Dy > 0 possibly larger).

Proof. Since ¢4+ € SL (by possibly choosing D; > 0 larger) it suffices to check (3-18) independently for
e~ @1Vt @en(V) =S and ¢, First note that ¢ satisfies (3-18) since it satisfies (1-8) with s > 1.

For e~ /@1v+@er()y=5 we can assume with no loss of generality that % <5 <1 (since the case s > 1
follows immediately from integrability). It suffices to prove that there exists n > 0, £ > 0 such that for
all large enough v, v with ¥ < v

v
/ eia)resv’—ia)lv’+iabr(v’)+iweﬁ(v’) (v/)—s Wl <E. ﬁ—l—l—s—n (6-1 19)
]

for all oy, satisfying (3-15) and (3-16). For conciseness, we will introduce the notation @ = wyes — @1 # 0.
We make use of integration by parts:
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v N ' v d o N ’ (U/)is
/ elov Fiop (V)i werr (v )(U/)—s dv/ = —i f _(etwv Fiop (V)i werr (v )) dv/

5 ; dv w+op (V) + (V)

U—seia)v-i-iabr(v)-‘ria)m(v) ﬁ—seiwﬁ—kiabr(ﬁ)—kiwm(f))

= +i _ _
0+ 03 (0) + V) | 0 0 (D) + iy (D)
v (v/)fsfl

—is / eiwv'-‘ri(rbr(v’)-‘riwm(v/) '

5 w+o] (V) + (V)

_; /v POV i (V) Fie (V) W) (o (V) + 07, (V)
b (w+ 0], (V) + &, (V)2
/

Note that, using (3-16) and the decay assumption on w/,,, we have w+ o} (V') + ), (v") is bounded away

from zero for v large enough (since w # 0). The first two terms obviously obey (6-119) since s > %

Similarly, the third term can be integrated to show

v ) . , ) , (U/)7S71 -
ela)U +lO'br(U )+lwcrr(v ) d'U/ 5 U_s.
v

w+o] (V) + (V)

For the last term, we write using |/ (v)| < v=27277 and (3-16)

/v eia)v’+iobr(v/)+iwe"(v’) (U/)is ) (Ul/)/r(v/) +wgrr(v/)) dv’
: @+ 00, (V) + (V)2

v
N—S —242s—n 1-2s 1
,§/:(v) (v " +v ") dv
v
~—1+s—n ~2—3s ~—1+s—n
<0 O+ <o 0

for some 1o > 0, where to obtain this estimate, we used the fact that s < 1 + ng for some 5y > 0 and also

2—3s < —1+4s—1no (since we assumed s > 3). O

Proposition 6.22. Assume that the parameters (M, e, qo, m?) are such that

lqoel #r—(M, e)|m].

Let ¢y+ be given by either the profile of (1-15) (if m* > 0, go = 0) or (1-16) (if m> =0, go # 0) or (1-17)
(f m* >0, qgo #0). Then ¢py+ € O", where we again assume without loss of generality that ¢+ € SL
(by choosing D > 0 possibly larger).

Proof. If m> =0, |qoe| < %, then ¢+ satisfies (3-8) for s > 1 and thus ¢+ € O”. Otherwise, we have
three different cases:

(1) go=0, m?#0: It suffices to prove that e v +@er(®) . y=5/6 ¢ " where wer (V) = —%m(Zn’ M)*/3.
v!/3 +w(m - M). Note that @, (v) — 0 as v — +00 and such that |@/ |(v) < v™/3 v =2+2G/0=M0 for
any 0 <o < %‘. Therefore by Lemma 6.21, X (mvF@e @) . 4=5/6 ¢ 0",

(2) |goel> %, m?>=0. Then§ = +i./4(goe)? — 1 and ¢+ is of the form (6-118) with w| = —qoe/ry # wres,
Werr = —(y/4(qoe)? — 1) log(v) and s = 1. Indeed we have /. (v) =0o(1) and | |(v) Sv~2 Sv =22~
for g > 0 since 2s — 2 = 0. Therefore, ¢+ € O” by Lemma 6.21.

(3) g0 #0, m? # 0: As in the case go = 0, m? # 0, we know ¢4+ is a linear combination of two
profiles of the form (6-118) with w; = £m — gpe/r... Since the parameters (M, e, g, m?) do not satisfy
|qoe| # r— (M, e)|m|, we know that @ 7# wres. The rest of the argument follows as above. O
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Corollary 6.23. Assume that the parameters (M, e, qo, m?) are such that

lqoel #r—(M, e)|m].

Let ¢+ by either the profile of (1-15) (if m* > 0, go = 0) or (1-16) (if m> =0, qo # 0) or (1-17) (if
m? > 0, qo # 0). Then, (6-115) and (6-116) are true for all (u, v) € LB. Moreover, |¢|, Q and the
metric g admit a continuous extension to CH;+ and the extension of g can be chosen to be C°-admissible.

Proof. This is an immediate application of Proposition 6.22 and Corollary 6.18 (using that |¢| = ||

since ¢ and ¢, only differ by gauge transformation). g
In particular, Corollary 6.23 shows Theorem II.

6D4. W'! blow-up of the scalar field on outgoing cones: proof of Theorem III.

loc

Proposition 6.24. Assume that for all u < ug; we have the blow up

“+00
/ IDRNg. | (u, v') dv' = +o0. (6-120)
vo
Then, for all u < uy,
+00 +oo
/ |Dyo|(u, V) dv/=/ | D, Y| (u, v') dv' = +o0. (6-121)
Vo Vo

Conversely, (6-121) implies (6-120).

Proof. Note that DRNvr, = r DRNg. — (Q2/2)¢.. Since r is lower-bounded on £B and in view of (6-46)
(which also applies to ¢.), for all u < u;

+00
/ | DXN 2| (u, v) dv = 400,
vo

Therefore, integrating (6-102) (since s > % > %) we also obtain, for all u < uy,

+00
/ | Dy | (u, v) dv = 4o00.

Vo

Since D, = rDy¢ + A and by (6-48), (6-51),
Apl So' P
is integrable; therefore, for all u < uy,

+00
/ |Dyop|(u, v) dv = +00.
1/

0

The above also shows that (6-121) implies (6-120). O

Corollary 6.25. Assume ¢+ € SL — H (defined in the proof of Corollary 5.27). Then (6-121) holds true.
In the particular case |qoe| < €(M, e, m*) (in particular if go = 0), where € > 0 is defined in the proof
of Corollary 5.27, for all ¢+ € SL — L' (6-121) is satisfied.

Proof. This follows from Corollary 5.27 (using that ¢, are ¢, relate by a gauge transformation; hence
|¢-| = |¢z| and | Dyep| = | Dy¢r|) and Proposition 6.24. O
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Corollary 6.25 thus concludes the proof of Part 1 of Theorem III. Now we turn to the proof of Part 2
of Theorem III.

Corollary 6.26. Let ¢y~ be given by either the profile of (1-15) (if m*> > 0, go = 0) or (1-16) (if
m? =0, qgo #0) or (1-17) (if m? >0, qo # 0). Assume the condition ZiN ® = &. Then, there exists a
8§(M, e, qo, m?) > O sufficiently small such that Ps¢y+ € L' (R).

Moreover, the condition Z(M, e, qq, mz) NO(M, e, qo, mz) = O is generic in the sense that for given
m? >0, go € R with m?> # qg, the set of parameters (M, e) satisfying the conditions is the zero set of a
nontrivial real-analytic function on {0 < |e| < M}. In particular, in view of Part 1 of Theorem III, we
obtain Part 2 of Theorem III.

Proof. We start with the second claim. Fix m? > 0, gy € R with qg # m?. We define Jtm2,g0(M, €) 1=
t(£m — qoe/ry, M, e, o, m?). By analyticity of ¢ (note that t is the Wronskian of solutions to an ODE
with analytic coefficients depending analytically on (w, M, e)), we have that both f, ,> .= {(M,e) €
R?:0 < |e|] < M} — R are analytic. It suffices to show that both f. are nontrivial. From the ODE energy
identity, 12 = |t]2 + 0 (0 — Wres) > @ (@ — wres) We conclude

2
|fi|zz(im_%)<im_%>% (im_%) =0
ry r_ le|

as |e| — M. We used here that m?> # qg.

Now, fix 0 < § < dist(Z, ®). By Plancherel’s theorem and the Cauchy—Schwarz inequality, it suffices
to show that x5 (w)F (¢+) is in H'/>+7 for some t > 0 (recalling the definition of xs(w) from Section 4E).
Further, since xs is smooth and has compact support (Z{S C [—|wres| — 8, |wres| +81), and F(¢py+) € L2, it
suffices (e.g., by the Kato—Ponce inequality) to show that ys(w) (8) /1T F(¢ppy+) is in L2. Thus, we need
to show that F((v)1/>F ¢y +) € L2(Zf) for some 7 > 0. Wenow fix0 <7 <s — % A direct adaption of
the proofs of Lemma 6.21 and Proposition 6.22 then shows F({v) 14 tg,4) e L"O(Z{s ) from which the
claim follows. O
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A SEMICLASSICAL BIRKHOFF NORMAL FORM
FOR CONSTANT-RANK MAGNETIC FIELDS

LEO MORIN

This paper deals with classical and semiclassical nonvanishing magnetic fields on a Riemannian manifold
of arbitrary dimension. We assume that the magnetic field B = d A has constant rank and admits a discrete
well. On the classical part, we exhibit a harmonic oscillator for the Hamiltonian H = |p — A(g)|? near
the zero-energy surface: the cyclotron motion. On the semiclassical part, we describe the semiexcited
spectrum of the magnetic Laplacian £; = (iid + A)*(ihd + A). We construct a semiclassical Birkhoff
normal form for £; and deduce new asymptotic expansions of the smallest eigenvalues in powers of 7'/
in the limit # — 0. In particular we see the influence of the kernel of B on the spectrum: it raises the
energies at order /i¥/2.

1. Introduction

1A. Context. We consider the semiclassical magnetic Laplacian with Dirichlet boundary conditions
Ly = (ihd+ A)*(ihd + A)

on a d-dimensional oriented Riemannian manifold (M, g), which is either compact with boundary, or the
Euclidean R?. A denotes a smooth 1-form on M, the magnetic potential. The magnetic field is the 2-form
B =dA.

The spectral theory of the magnetic Laplacian has given rise to many investigations, and appeared
to have very various behaviors according to the variations of B and the geometry of M. We refer to
the books and review [Helffer and Kordyukov 2014; Fournais and Helffer 2010; Raymond 2017] for a
description of these works. Here we focus on the Dirichlet realization of £;, and we give a description of
semiexcited states, eigenvalues of order O(#) in the semiclassical limit # — 0. As explained in the above
references, the magnetic intensity has a great influence on these eigenvalues, and one can define it in the
following way.

Using the isomorphism T, M >~ T, M* given by the metric, one can define the following skew-symmetric
operator B(q) : T,M — T, M by

B,(X,Y) =g, (X, B(q)Y) forall X,Y e T,M, forallg € M. (1-1)
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Since the operator B(g) is skew-symmetric with respect to the scalar product g, its eigenvalues are
purely imaginary and symmetric with respect to the real axis. We denote these repeated eigenvalues by

+ifi(q), ... FiBs(q), O,

with B;(g) > 0. In particular, the rank of B(q) is 2s and may depend on g. However, we will focus on
the constant-rank case. We denote by k the dimension of the kernel of B(g), so that d = 2s + k. The
magnetic intensity (or “trace+”) is the scalar-valued function

N
bg)=Y_ Bi(q).
j=1
The function b is continuous on M, but nonsmooth in general. We are interested in discrete magnetic
wells and nonvanishing magnetic fields.

Assumption 1. We assume that:
» The magnetic intensity is nonvanishing and admits a unique global minimum by > 0 at go € M \ OM.
o The rank of B(q) is constant equal to 2s > 0 on a neighborhood 2 of ¢.
» Bi(qo) # Bj(qo) forevery 1 <i < j <s, and the minimum of b is nondegenerate.
« In the noncompact case M = R%,
by 1= lgi‘rginog b(q) > by

and there exists a C > 0 such that

[0¢Bij(q)| < C(1+[B(gq)]) forallt,i,j, forallg e RY.

Remark 1.1. Since the nonzero eigenvalues of B are simple at gg, the function b is smooth on a
neighborhood of gg. In particular, it is meaningful to say that the minimum of b is nondegenerate.

Under Assumption 1, the following useful inequality was proven in [Helffer and Mohamed 1996].
There is a Cy > 0 such that, for z small enough,

(1+h1/4CO)(£hu,u)Z/ n(b(q) —h'*Co)|u(q)|*dg for all u € Dom(Ly). (1-2)
M

Remark 1.2. Actually, one has the better inequality obtained replacing 7'/# by . This was proved in
[Guillemin and Uribe 1988] in the case of a nondegenerate B, in [Borthwick and Uribe 1996] in the
constant rank case, and in [Ma and Marinescu 2002] in a more general setting.

Remark 1.3. Using this inequality, one can prove Agmon-like estimates for the eigenfunctions of £j.
Namely, the eigenfunctions associated to an eigenvalue < b1#i are exponentially small outside K, =
{q : b(q) < b1}. We will use this result to localize our analysis to the neighborhood €2 of gg. In particular,
the greater b is, the larger €2 must be.

Under Assumption 1, estimates on the ground states of £ in the semiclassical limit # — O were proven
in several works, especially in dimensions d =2, 3.
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On M = R?, asymptotics for the j-th eigenvalue of £j

A (L) = boli + (@(2j — 1) + e + o(h?) (1-3)
with explicit «, ¢; € R were proven in [Helffer and Morame 2001] (for j = 1) and [Helffer and Kordyukov
2011] (j > 1). Actually, this second paper contains a description of some higher eigenvalues. They proved
that, for any integers n, j € N, there exist ;, > 0 and for & € (0, 1;,) an eigenvalue A, ; (%) € sp(Ly)
such that

A, j(B) = (2n — 1)(bohi + (2] — Do + el 4 o(h?)

for another explicit constant c¢,,. In particular, it gives a description of some semiexcited states (of order
(2n — 1)boh). Finally, [Raymond and Vi Ngoc 2015] (and [Helffer and Kordyukov 2015]) gives a
description of the whole spectrum below b/, for any fixed by € (by, bo). More precisely, they proved
that this part of the spectrum is given by a family of effective operators /\/h["] (n € N) modulo O(/*).
These effective operators are /i-pseudodifferential operators with principal symbol given by the function
fi(2n — 1)b. More interestingly, they explained why the two quantum oscillators

(2n—Dboh and (2j — Dah?

appearing in the eigenvalue asymptotics correspond to two oscillatory motions in classical dynamics:
the cyclotron motion and a rotation around the minimum point of b. The results of Raymond and Vii
Ngoc were generalized to an arbitrary d-dimensional Riemannian manifold in [Morin 2022b], under the
assumption k = 0 (B(g) has full rank), proving in particular similar estimates (1-3) in a general setting.
Actually, these eigenvalue estimates were proven simultaneously in [Kordyukov 2019] in the context of
the Bochner Laplacian.

We are interested on the influence of the kernel of B (k > 0). Since the rank of B is even, this kernel
always exists in odd dimensions: if d = 3, the kernel directions correspond to the usual field lines. On
M = R3, Helffer and Kordyukov [2013] proved the existence of A, (1) € sp(Ly) such that

Aumj (1) = (21 — Dbohi + (2n — D2 2m — Dwoh*? + ((2n — 1)(2) — Dt + com)h* + OH')

for some vy > 0 and «, ¢,,,, € R. Motivated by this result and the 2-dimensional case, Helffer, Kordyukov,
Raymond and Vi Ngoc [Helffer et al. 2016] gave a description of the whole spectrum below b7, proving
in particular the eigenvalue estimates

i (Ln) = boh +voh™* +a(2j — DR + OB). (1-4)

Their results exhibit a new classical oscillatory motion in the directions of the field lines, corresponding
to the quantum oscillator (2m — 1)vohi’/?.

The aim of this paper is to generalize the results of [Helffer et al. 2016] to an arbitrary Riemannian
manifold M, under Assumption 1. In particular we describe the influence of the kernel of B in a general
geometric and dimensional setting. Their approach, which we adapt, is based on a semiclassical Birkhoff
normal form. The classical Birkhoff normal form has a long story in physics and goes back to [Delaunay
1860; Lindstedt 1883]. This formal normal form was the starting point of a lot of studies on stability near
equilibrium, and KAM theory (after [Kolmogorov 1954; Arnold 1963; Moser 1962]). The name of this
normal form comes from [Birkhoff 1927; Gustavson 1966]. We refer to the books [Moser 1968; Hofer and
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Zehnder 1994] for precise statements. Our approach here relies on a quantization. Physicists and quantum
chemists already noticed in the 1980s that a quantum analogue of the Birkhoff normal form could be used
to compute energies of molecules [Delos et al. 1983; Jaffé and Reinhardt 1982; Marcus 1985; Shirts and
Reinhardt 1982]. Joyeux and Sugny [2002] also used such techniques to describe the dynamics of excited
states. Sjostrand [1992] constructed a semiclassical Birkhoff normal form for a Schrodinger operator
—h%A + V using the Weyl quantization, to make a mathematical study of semiexcited states. Raymond
and Vii Ngoc [2015] had the idea to adapt this method for £; on R?, and with Helffer and Kordyukov
on R3 [Helffer et al. 2016]. This method is reminiscent of Ivrii’s approach [2019].

1B. Main results. The first idea is to link the classical dynamics of a particle in the magnetic field B
with the spectrum of £; using pseudodifferential calculus. Indeed, £ is an fi-pseudodifferential operator
with principal symbol
H(q,p)=|p—A,* forall peT,M* forall qeM,
and H is the classical Hamiltonian associated to the magnetic field B. One can use this property to
prove that, in the phase space T*M, the eigenfunctions (with eigenvalue < b /) are microlocalized on an
arbitrarily small neighborhood of
S=H'ONT*Q={(q, p) eT*Q: p=A4,}.

Hence, the second main idea is to find a normal form for H on a neighborhood of ¥. Namely, we find
canonical coordinates near ¥ in which H has a “simple” form. The symplectic structure of ¥ as a
submanifold of 7*M is thus of great interest. One can see that the restriction of the canonical symplectic
form dp Adg on T*M to X is given by B (Lemma 2.1), and when B has constant rank, one can find

Darboux coordinates ¢ : Q' C [R{%;j?]"t) — € such that
©*B =dn Ady,

up to shrinking 2. We will start from these coordinates to get the following normal form for H.

Theorem 1.4. Under Assumption 1, there exists a diffeomorphism
@ : U cR** 5 U cT*M
between neighborhoods U] of 0 and Uy of X such that
H(xe,& y.n.1,0):=Ho®(x, £ y,n,1,7)
satisfies (with the notation ,3,- =pBjop)
s
H=(M@y.n.0t,1)+Y By, n.0E +x7)+0((x, £ 1))
j=1

uniformly with respect to (y, n, t) for some (y, n, t)-dependent positive definite matrix M (y, n, t). More-

over,

®T(dp Adg) =dé Adx +dn Ady +dt Adr.
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Remark 1.5. We will use the following notation for our canonical coordinates:
2=, §eR”, w=(.mNeR?, =(1)eR*

This theorem gives the Taylor expansion of H on a neighborhood of ¥. In particular (x, £, 7) € RY
measures the distance to X, whereas (y, n, 1) € R4 are canonical coordinates on .

Remark 1.6. This theorem exhibits the harmonic oscillator Ejz —|—xj2 in the expansion of H. This oscillator,
which is due to the nonvanishing magnetic field, corresponds to the well-known cyclotron motion.

Actually, one can use the Birkhoff normal form algorithm to improve the remainder. Using this
algorithm, we can change the O((x, £)3) remainder into an explicit function of éjz +xj2, plus some smaller
remainders O((x, §)"). This remainder power r is restricted by resonances between the coefficients f;.
Thus, we take an integer r; € N such that,

S
foralle € 7°, O<la|l<r = Zajﬂj(qo);éo. (1-5)
j=1
Here, |o| =) j letj|. Moreover, we can use the pseudodifferential calculus to apply the Birkhoff algorithm
to L, changing the classical oscillator & 1-2 + sz into the quantum harmonic oscillator

) _ 242 2
Z, =" axj—i-xj,

whose spectrum consists of the simple eigenvalues (2n — 1)%, n € N. Following this idea we construct a
normal form for £;; in Theorem 3.4. We also deduce a description of its spectrum.

Theorem 1.7. Let ¢ > 0. Under Assumption 1, there exist by € (by, bso), an integer Npyax > 0 and a
compactly supported function f € C* (R x R® x [0, 1)) such that

lfrunt, T LS (T + 1)+ [ +h) +|])

satisfying the following properties. For n € N*, denote by /\/'h["] the hi-pseudodifferential operator in (y, t)
with symbol

S
N}gﬂ] = (M(y’ n, t)‘[v T) + Z/éj(y’ n, t)(znj - 1)h + ff()’» 1, t, T, (2n - l)hv h)
j=1
For h < 1, there exists a bijection
Ap:sp(Lp) N (=00, bih) > | ] spNy™) N (=00, bih)
7] < Nmax

such that Ay (A) = A + OHE"/>78) uniformly with respect to M.

Remark 1.8. In this theorem sp(A) denotes the repeated eigenvalues of an operator A, so that there
might be some multiple eigenvalues, but Ay preserves this multiplicity. We only consider self-adjoint
operators with discrete spectrum.

Remark 1.9. One should care of how large b; can be. As mentioned above, the eigenfunctions of
energy < b/ are exponentially small outside K, ={q € M : b(g) < b;}. Thus, we will chose b; such that
Kp, C Q, where Q2 is some neighborhood of go. Hence the larger Q2 is, the greater b; can be. However,
there are three restrictions on the size of :
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o The rank of B(gq) is constant on €.
o There exist canonical coordinates ¢ on €2 (i.e., such that ¢*B = dn A dy).

e There is no resonance in €2:

A
forallg e Q, foralla € Z°, O<|a|l<r = Zajﬂj(q) #0.
j=1
Of course the last condition is the most restrictive. However, if we forget the second condition, which is
of global geometric nature, given a magnetic field and an r; one can estimate an associated b satisfying
the third condition. In particular we can construct simple examples on R? such that the threshold b7
includes several Landau levels.

Remark 1.10. If £ = 0 we recover the result of [Morin 2022b]. Here we want to study the influence
of a nonzero kernel k > 0. This result generalizes the result of [Helffer et al. 2016], which corresponds
tod =3, s =k = 1 on the Euclidean R3. However, this generalization is not straightforward since the
magnetic geometry is much more complicated in higher dimensions, in particular if £ > 1. Moreover, there
is a new phenomena in higher dimensions: resonances between the functions g; (as in [Morin 2022b]).

The spectrum of £ in (—oo, bifi) is given by the operators /\/}1["]. Actually if we choose b; small
enough, it is only given by the first operator /\/h[l] (here we denote the multi-integer 1 = (1, ..., 1) € N¥).
Hence in the second part of this paper, we study the spectrum ./\/h“] using a second Birkhoff normal form.
Indeed, the symbol of ./\/;l[l] is

N w, 1, 7) = (M (w, 1), ) +hb(w, 1) + O(h?) + O(th) + O(TY),

so if we denote by s(w) the minimum point of ¢ — IS(w, t) (which is unique on a neighborhood of 0), we
get the expansion

[ ER)
N, (w1, 1) = (Mw, s(w))7, 7) + 5(@(% s(w)) - (1 —s(w)), 1 — S(w)> +e (1-6)

where we will show that the remaining terms are only perturbations. As explained in Section 5, in (1-6)
we can recognize a harmonic oscillator with frequencies «/ﬁvj (w) (1 <j <k), where (vjz(w))ls j<k are
the eigenvalues of the symmetric matrix

M(w, s(w)?- 182b(w, s(w)) - M(w, s(w)) /.

These frequencies are smooth nonvanishing functions of w on a neighborhood of 0, as soon as we assume
that they are simple.

Assumption 2. For indices 1 <i < j <k, we have v;(0) # v;(0).
We fix an integer r, € N such that,

k
foralla €Z, O<lal<r = Y a;v;(0) #0,
j=1

and we construct a normal form for /\/;ﬁm in Theorem 5.4. Again, we deduce a description of its spectrum.



A SEMICLASSICAL BIRKHOFF NORMAL FORM FOR CONSTANT-RANK MAGNETIC FIELDS 1599

Theorem 1.11. Letc > 0and § € (0, %) Under Assumptions I and 2, with k > 0, there exists a compactly
supported function f5 € C®(R* x R x [0, 1)) such that

|5, VI S (1] +Vh)?

satisfying the following properties. For n € N¥, denote by M;"] the hi-pseudodifferential operator in y
with symbol

k
MMy, m) = by, n, s m)+ VY vy @y — D)+ £ (. . @n— DV, V).

j=1
For h <« 1, there exists a bijection

A 1 spNE) N (=00, (bo +ch®n) — | ) sprMY™) N (=00, (bo + ch)h)

neNk
such that Ap (L) = A + OHF72/2) uniformly with respect to A.

Remark 1.12. The threshold by + c/i® is needed to get microlocalization of the eigenfunctions of Nh[l] in
an arbitrarily small neighborhood of T = 0.

Remark 1.13. This second harmonic oscillator (in variables (¢, 7)) corresponds to a classical oscillation
in the directions of the field lines. We see that this new motion, due to the kernel of B, induces powers of
VI in the spectrum.

As a corollary, we get a description of the low-lying eigenvalues of £ by the effective operator h/\/l,[i”.

Corollary 1.14. Let ¢ > 0 and c¢ € (0, min; v;(0)). Define v(0) = Zj v;(0) and r = min(2ry, r, +4).
Under Assumptions 1 and 2, with k > 0, there exists a bijection

A 2 p(Ly) N (=00, by + 12 (v(0) + 2¢)) — sp(hML) N (=00, by + /2 (v(0) + 2¢))
such that Ap(A) = A + OH478) uniformly with respect to A.
We deduce the following eigenvalue asymptotics.

Corollary 1.15. Under the assumptions of Corollary 1.14, for j € N, the j-th eigenvalue of Ly admits an

expansion
lr/2]-2

ML)y =h Y ajh?+0m 4,
£=0

with coefficients aj, € R such that

k
ajo=by, = Zvj(()), aj2 = E;+co,
Jj=1

where co € R and hE; is the j-th eigenvalue of an s-dimensional harmonic oscillator.
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Remark 1.16. Note # E; is the j-th eigenvalue of a harmonic oscillator whose symbol is given by the
Hessian at w = 0 of l;(w, s(w)). Hence, it corresponds to a third classical oscillatory motion: a rotation
in the space of field lines.

Remark 1.17. The asymptotics
3 (Ln) = boh + v (O + (Ej + co)h® + o(h?)

were unknown before, except in the special 3-dimensional case M = R? in [Helffer et al. 2016].

1C. Related questions and perspectives. In this paper, we are restricted to energies A < b1fi, and as men-
tioned in Remark 1.9, the threshold b; > by is limited by three conditions, including the nonresonance one:

)
forallg € Q, foralla e Z®, O<|a|<r = Zaj,@j(q) #0.
j=1

It would be interesting to study the influence of resonances between the functions 8; on the spectrum of £j.
Maybe the Grushin techniques could help, as in [Helffer and Kordyukov 2015] for instance. A Birkhoff nor-
mal form was given in [Charles and Vii Ngoc 2008] for a Schrodinger operator —%%A + V with resonances,
but the situation is somehow simpler, since the analogues of B;(q) are independent of ¢ in this context.

We are also restricted by the existence of Darboux coordinates ¢ on (X, B) such that ¢*B =dn A dy.
Indeed, the coordinates (y, ) on X are necessary to use the Weyl quantization. To study the influence
of the global geometry of B, one should consider another quantization method for the presymplectic
manifold (¥, B). In the symplectic case, for instance in dimension d = 2, a Toeplitz quantization may be
useful. This quantization is linked to the complex structure induced by B on X, and the operator £;; can
be linked with this structure in the following way:

Ly =425+ 5 A) (34 5 4) +1B = 47530, + 1B,
with
A=A +iAy, B=dAr— A, 20=20+id.

In [Tejero Prieto 2006], this is used to compute the spectrum of £; on a bidimensional Riemann surface M
with constant curvature and constant magnetic field. See also [Charles 2020; Kordyukov 2022], where
semiexcited states for constant magnetic fields in higher dimensions are considered.

If the 2-form B is not exact, we usually consider a Bochner Laplacian on the p-th tensor product
of a complex line bundle L over M, with curvature B. This Bochner Laplacian A, depends on p € N,
and the limit p — +o0 is interpreted as the semiclassical limit. The Bochner Laplacian A, is a good
generalization of the magnetic Laplacian because locally it can be written (1 /hz) (ihV 4+ A)?, where
the potential A is a local primitive of B, and # = p~!. For details, we refer to [Kordyukov 2019;
2020; Marinescu and Savale 2018]. Kordyukov [2019] constructed quasimodes for A, in the case of a
symplectic B and discrete wells. He proved expansions

)»j(Ap) ~ Zoljgpie/z.
€0
Our work also gives such expansions for A, as explained in [Morin 2022a].
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In this paper, we only mention the study of the eigenvalues of £;: what about the eigenfunctions?
WKB expansions for the j-th eigenfunction were constructed on R? in [Bonthonneau and Raymond
2020] and on a 2-dimensional Riemannian manifold in [Bonthonneau et al. 2021a]. We do not know
how to construct magnetic WKB solutions in higher dimensions. This article suggests that the directions
corresponding to the kernel of B could play a specific role.

Another related question is the decreasing of the real eigenfunctions. Agmon estimates only give a
O(e~/ ‘/ﬁ) decay outside any neighborhood of g, but the 2-dimensional WKB suggests a O(e~“/") decay.
Recently Bonthonneau, Raymond and Vii Ngoc [Bonthonneau et al. 2021b] proved this on R? using the
FBI transform to work on the phase space T*R?. This kind of question is motivated by the study of the
tunneling effect: the exponentially small interaction between two magnetic wells for example.

Finally, we only have investigated the spectral theory of the stationary Schrddinger equation with a
pure magnetic field; it would be interesting to describe the long-time dynamics of the full Schrodinger
evolution, as was done in the Euclidean 2-dimensional case in [Boil and Vi Ngoc 2021].

1D. Structure of the paper. In Section 2 we prove Theorem 1.4, describing the symbol H of £ on a
neighborhood of ¥ = H~'(0). In Section 3 we construct the normal form, first in a space of formal series
(Section 3B) and then the quantized version N (Section 3C). In Section 4 we prove Theorem 1.7. For
this we describe the spectrum of Nj; (Section 4A), then we prove microlocalization properties on the
eigenfunctions of £; and N\ (Section 4B), and finally we compare the spectra of £; and A, (Section 4C).
In Section 5 we focus on Theorem 1.11 which describes the spectrum of the effective operator /\/h[l]. In
Section SA we study its symbol, in Section 5B we construct a second formal Birkhoff normal form, and
in Section 5C the quantized version Myp. In Section 5D we compare the spectra of J\/'h[l] and Mj,.
Finally, Sections 6 and 7 are dedicated to the proofs of Corollaries 1.14 and 1.15 respectively.

2. Geometry of the classical Hamiltonian
2A. Notation. Lj is an h-pseudodifferential operator on M with principal symbol H:
H(q.p)=p—Aqlg;. peT;M, qeM.

Here, T*M denotes the cotangent bundle of M, and p € T M is a linear form on 7; M. The scalar
product g4 on T; M induces a scalar product g, on 7,°M, and | - | g denotes the associated norm. In this
section we prove Theorem 1.4, thus describing H on a neighborhood of its minimum:

YX={(¢g.p)eT*™M:qeQ, p=A,}.

Recall that 2 is a small neighborhood of g9 € M \ 0M. We will construct canonical coordinates
(z, w, v) € R* on Q, with

2=, 6)eR®, w=(y,neR” v=(1)ecR*
R? is endowed with the canonical symplectic form

wy=dé Andx +dn Ady +dT Adr.
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We will identify ¥ with

Y ={(x, &y, 0,0, 1) R ix=£=0, T=0} =R}, x{0}.

We will use several lemmas to prove Theorem 1.4. Before constructing the diffeomorphism <I>1_1 on
a neighborhood Uj of ¥, we will first define it on . Thus we need to understand the structure of X
induced by the symplectic structure on 7*M (Section 2B). Then we will construct ®; and finally prove
Theorem 1.4 (Section 2C).

2B. Structure of X. Recall that on T*M we have the Liouville 1-form « defined by
o, pV) = p(dr)g,pnV) forall (g, p)eT*M, VeTy ) (T*M),

where 7w : T*M — M is the canonical projection: (g, p) = ¢, and d is its differential. 7*M is endowed
with the symplectic form w = da. X is a d-dimensional submanifold of 7*M which can be identified
with  using

Jiqe—>(q, Ay €X

and its inverse, which is 7.
Lemma 2.1. The restriction of w to X is wy = n*B.

Proof. Fix q € Q and Q € T; M. Then
(J )g(Q) = aj)((d) Q) = Ay ((dm) o (d) Q) = A4 (Q),
because 7 o j =1d. Thus j*o = A and oy = 7* j*a = w*A. Taking the exterior derivative we get
wy =day =7*(dA) =7"B. O

Since B is a closed 2-form with constant rank equal to 2s, (X, 7*B) is a presymplectic manifold. It is
equivalent to (€2, B), using j. We recall the Darboux lemma, which states that such a manifold is locally
equivalent to (RZ+X dn A dy).

Lemma 2.2. Up ro shrinking 2, there exists an open subset ¥ of R%Hk

y.1,1) and a diffeomorphism ¢ : &' — Q
such that ¢*B = dn A dy.

One can always take any coordinate system on 2. Up to working in these coordinates, it is enough to
consider the case M = R? with

d
H(g.p)= ) @i — A@)(pe — Au(@)). (q.p) € T*R! ~R*,
k,4=1

to prove Theorem 1.4. This is what we will do. In coordinates, w is given by
d

w=dp Adg =dej/\dqj
j=1
and X is the submanifold
% ={(q. A(g)) : q € Q} C R¥,
and jogp: ¥ — X.
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In order to extend j o ¢ to a neighborhood of ¥’ in R?? in a symplectic way, it is convenient to split
the tangent space Tj(q)([RiM ) according to tangent and normal directions to X. This is the purpose of the
following two lemmas.

Lemma 2.3. Fix j(q) = (q, A(q)) € X. Then the tangent space to X is
TipZ=1{(Q,P)eR*:P=V,A-Q}.
Moreover, the w-orthogonal Tj ;) %= is
TigpEt=1{(Q, P)eR¥: P =(V,A)" Q).

Finally,
TS NTj(g) =+ = Ker(x*B).

Proof. Since X is the graph of g — A(qg), its tangent space is the graph of the differential Q — (V,A4)- Q.
In order to characterize T X, note that the symplectic form @ = dp A dg is defined by

W, p((Q1, P1), (Q2, P2)) = (P2, Q1) — (P1, O2), (2-1)

where (-, -) denotes the Euclidean scalar product on R? Thus,
(0. P)eTjp=" = wj(Qo. V4A-Q0).(Q, P))=0 forall Qg€ R’
— (P, Qo) — ((V4A) - Qo, Q) =0 forall Qg € R’
= (P—(V,A)T-Q,00)=0 forall Qpe R’
= P=,A" Q.

Finally, with Lemma 2.1 we know that the restriction of w to 7 X is given by 7 *B. Hence, T} (o) XNTj(y) »t
is the set of (Q, P) € T}, X such that

7*B((Q, P), (Qo, Py)) =0 forall (Qo, Po) € Tj()X.
It is the kernel of 7*B. U

Now we define specific basis of Tj(4) X and its orthogonal. Since B(q) is skew-symmetric with respect
to g, there exist orthonormal vectors

u1(q), vi(q), ..., ug(q), vs(q), wi(@), ..., we(q) € R
such that
Buj=—Bjv;, 1=<j<s,
By =Bju;, 1<j<s, (2-2)
BIDj =0, 1< J <k.

These vectors are smooth functions of g because the nonzero eigenvalues +iB;(g) are simple. They
define a basis of R. Define the following w-orthogonal vectors to T X:

{fj(q) = (1//Bi(@)w;(q), (VaA)T -u;j(q)), 1<j<s,

2-3
@) =/ /Ba@) @), (VA o), 1<j=<s. 9
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These vectors are linearly independent and
TiIt=K&F.
with
K =Ker(z*B), F =span(fi, f{,..., fs, [))-
Similarly, the tangent space 7} (,) X admits a decomposition
TipS=E®K

defined as follows. The map jog : ¥’ — ¥ from Lemma 2.2 satisfies (j o )*(w*B) = dn Ady. Thus its
differential d(j o ¢) maps the kernel of dn A dy on the kernel of 7 *B:

K ={d(jop),0,T): T € R}. (2-4)
A complementary space of K in 7% is given by
E:={d(jog),(W,0): W e R¥}. (2-5)
From all these considerations we deduce:

Lemma 2.4. Fix j(q) = (q, A(q)) € 2. Then we have the decomposition
Tt
2d 2 -
TigR)=E®K®FSL,
>

where L is any Lagrangian complement of K in (E @ F)*.

Proof. We have TY +TX ' = E @ K @ F, and the restriction of @ = dp A dg to this space has kernel
K =TXNT XL Hence, the restriction wggr of  to E@® F is nondegenerate and its orthogonal (E @ F)*
as well. Moreover (E @ F)* has dimension 2d — 4s = 2k, and we have

TR = (E® F)® (E® F)*.

K is a Lagrangian subspace of (E @ F)'. Therefore it admits a complementary Lagrangian: a subspace L
of (E @ F)* with dimension k such that o, =0 and (E® F)1 =K ® L. O

Remark 2.5. From now on, we fix any choice of Lagrangian complement L. With this choice, we define
a basis (£;) of L as follows. First note that the decomposition (E & F Y=KoL yields a bijection
between L and the dual K* which is £ — w (¥, - ). We emphasize that this bijection depends on the choice
of L. Using this bijection, we define ¢; to be the unique vector in L satisfying

w(®;,d(jop)(0,T)) =T, forall T e R*. (2-6)



A SEMICLASSICAL BIRKHOFF NORMAL FORM FOR CONSTANT-RANK MAGNETIC FIELDS 1605

peR? (z,7) € R¥Fk

D

[\

Y = {(w, t) e st-‘rk}

‘ geR?

Figure 1. Using the canonical coordinates (w, t, 7, z), we identify ¥ with X",

2C. Construction of ®1 and proof of Theorem 1.4. We identified the “curved” manifold ¥ with an
open subset %’ of R*** using j o ¢. Moreover, we did this in such a way that (j o ¢)*7*B =dn Ady.
In this section we prove that we can identify a whole neighborhood of X in [R{( 7.7) with a neighborhood

of ¥’ in [R{4ZSJ;2’;), via a symplectomorphism ®;. See Figure 1.

Lemma 2.6. There exists a diffeomorphism

q)l . U]/ C RZS+2/€+2S N U C R

(w,t,7,2) q.p)

between neighborhoods U, of ¥ and Ul’ of &' such that ®Tw = wy and ®1(w,1,0,0) = jop(w,1).

Moreover its differential at (w,t, T =0,z=0) € X' is
k

A
Ao (W, T.T. Z) =dwnjoeW.T)+ Y Tiliw.0)+ Y _ X, fi(w. 1)+ E; fj(w. 1).
j=1 j=1

Remark 2.7. In this lemma we used the notation Z = (X, E) and E ={;o0p, f, fiop,and f’ f’ogo.

Proof. We will first construct ® such that ®*w|z» = wp |z only on X' = ®~!(X). Then, we will use the
Theorem B.2 to slightly change ® into ®; such that ®jw = wy on a neighborhood of X",
We define & by

k s
Qw.t,7.2)=jopw.H+ Y Tliw .+ xifiw. ) +&f(w.1). 2-7)
j=1 j=1
Its differential at (w, t, 0, 0) has the desired form. Let us fix a point (w, ¢, 0, 0) € ¥’ and compute ®*w
at this point. By definition,
D w(1,1,0,0) (-, ) = Wj(g)((AP) -, (dP) -),

where g = ¢(w, t). Computing this 2-form in the canonical basis of R**+2
the vectors ¢;, f;, fj’ and d(j op)(W, T). By (2-3) and (2-1) we have

1

amounts to computing « on

o(fi, fi)= (VoA uj, ui) — (VoA ui, ;)

>

B
1

= 75 (Ve = (V) . )

———Bu;,u;) =

BiBj m

gu;j, Bu;) =

7~7
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because Bu; = —p;v; is orthogonal to u;. Similarly we find

o(fi, ) =38, o(f], f))=0.
Moreover, £; € L C F* so
o, fj) =0, f))=0.

Since L is Lagrangian we also have w({;, £;) = 0. The vector d(j o ¢)(W, T) is tangent to ¥ and
fi- fi € Tt so
o(fj,d(joe)(W,T)) =w(f;,d(jop)(W,T))=0.

Since ¢; € L C E+ and using (2-6), we have
0, d(jop)(W,T)) =w;,d(jop)0,T)) =T;.
Finally, (j o 9)*w = ¢*B = dn A dy so that
wd(jop)(W,T),d(j o) (W', T") =dn Ady(W, T), (W', T").

All these computations show that (®*w)y +,0,0) coincide with wy = dé A dx +dn Ady +dr Adt. Thus
®*w = wy on X. With Theorem B.2, we can change ® into ®;(w, t, 7,z) = ®(w, 1, 7, 2) + O((z, 7)%)
such that ®jw = wy on a neighborhood Ul’ of ¥’ In particular, the differential of ®; at (w, ¢, 0, 0)
coincides with the differential of ®. O

Finally, the following lemma concludes the proof of Theorem 1.4.
Lemma 2.8. The Hamiltonian H = H o @ has the Taylor expansion
N
Hw,t,7,x 8 =30Hw, 1,07, 1)+ Y _ Bi(w, ) +x))+0((x, x, §)).
j=1

Proof. Let us compute the differential and Hessian of

d
H(g,p)= Y @) (p— A@)(pe — Au(@))

at a point (g, A(q)) € X. First, o
Vg.pH-(Q, P)= Xd: 28" (q) (P — Ak (@) (Pe =V Ae- Q)+ (pk— Ak(@) (pe— Ae(@)) V8- O, (2-8)
and at p = A(q) theké:slsian is
(VigpH-(Q.P).(Q, P))=2 i (@) (P — V4 Ar- Q)(P[ =V Ar- Q). (2-9)

k=1

We can deduce a Taylor expansion of H (w, t, T, 7) with respect to (t, z) (with fixed ¢ = ¢(w, t)). First,

Hw,1,0,0)=H(q, A(g)) = 0.
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Then we can compute the partial differential using Lemma 2.6,
or, ZH(w t,0,0)- (W, T)=V;yH -0 ;P1(w,1,0,0)- (W, T) =V () H-d(jop)(W,T) =
because d(j o@)(W, T) € Tj,)X. The Taylor expansion of H is thus
Hw,t,t,2) =382 Hw,1,0)- (1, 2), (r,2) + O((z, 2)*),
where 83’ Zﬁ is the partial Hessian with respect to (7, z). We have

02 H=00®) - V2 H- 30 ®),

J(q
and computing the Hessian matrix amounts to computing ij( oH on the vectors g;, f;, and f/.’ If
(Q, P) € Tj(y T+, then P = (V,A)* - Q so that, with (2-9),

d

WIOHWQ. P, (Q P = D g"“q)0A; Q) —jAcQ))(3cA; Q) — 8;Ac Q)

k.., j=1
= > &"q)BiQiBu Q.
ki,
But Y, g¥“By; = By; (by (1-1)) so
IVipH((Q, P),(Q', P))=) Bu(B;;Q)Q;=B(B-Q,Q).
i,j, 0

In the special case (Q, P) = f; we have

Vi H(fi [;) = —===B(Bu;,u;) = ————g(Bu;, Bu;) = \/BiB;g (v vj) = /Bi ;5.

1
VPBibj \/ﬂlﬂj

and similarly
Vi HUL ) =V BiBidij. 5V H(fi, f) =0

Finally, it remains to prove

Vi H f)) =V HE, [) =0 (2-10)
to conclude that the Hessian of H is
182H (w,1,0,0)
P
192 A(w,1,0,0) = .

Bs
Actually, (2-10) follows from the identity

Lc Ft=(TzhHtH, (2-11)
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where 1. H denotes the orthogonal with respect to the quadratic form V?H (which is different from the
symplectic orthogonal _L). Indeed, to prove (2-11) note that

(Q,P) e (TEH = V2H((Q, P),(Q,(V,A)"-0) =0 forall Q' R’

= > P~V A QB Q) =0 forall Q' e RY
k,l,j
= S (P~ VyAr- QB Q) =0 forall Q' € R?
k’j
= (P-V,A-Q,BQ)=0 forall Q' eR’
=  (P,BQ")—(0Q,(V,A)" -BQ')=0 forall 0'eR?
= w((Q,P),(BQ,(V,A)T-BQ)=0 forall Q' eR’,
and we have
F={(V:(V,A)"V), V espan(u, v, ..., us, )}
={(BQ:(V,A)"BQ), 0 e R,

because the vectors u;, v; span the range of B. Hence we find

(Q.P)e(TsH! —= (0.P)eFt 0

3. Construction of the normal form N},

3A. Formal series. Define U =U;NY’ C R%;;’; x {0}. We construct the Birkhoff normal form in the
space
& =CW)x, &, 7, Al

It is a space of formal series in (x, &, 7, i) with coefficients smoothly depending on (w, t). We see these
formal series as Taylor series of symbols, which we quantize using the Weyl quantization. Given an
h-pseudodifferential operator A = Op;’ a; (with symbol a; admitting an expansion in powers of 7 in
some standard class), we denote by [a;] or o7 (A;) the Taylor series of a, with respect to (x, &, T) at
(x, &, 7)=0. Conversely, given a formal series p € £1, we can find a bounded symbol a; such that [a;] = p.
This symbol is not uniquely defined, but any two such symbols differ by O((x, &, #)*°), uniformly with
respect to (w, t) € U.

Remark 3.1. We prove below that the eigenfunctions of £; are microlocalized, where (w, t) € U and
[(x, &) < 1'/2, so that the remainders O((x, &, 5)>°) are negligible.

« In order to make operations on Taylor series compatible with the Weyl quantization, we endow &; with
the Weyl-Moyal product *, defined by Op;’(a) Op;’ (b) = Op;’ (a » b). This product satisfies

N

1 (h \f

ayxay =y F(ED) ar(w, 1,7, Day (W', ', 7', ) wrmw =t v1=r, 0= + OR"),
k=0 "

where

s s k
0 S =)+ Y, )+ Y =),
j=1 j=1 j=1
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Note that to define such a product it is necessary to assume that our formal series depend smoothly
on (w, 1).

e The degree of a monomial is
deg(x“EY 1% hY) = |a| + |o'| + || + 2¢. (3-1)
We denote by Dy the C°°(U)-module spanned by monomials of degree N, and
On =EP Dy, (3-2)

n>N

which satisfies

ONl *ONZ C ONH‘NZ‘
If p1, p2 € &1, we denote their commutator by

(o1, p2] =ady, p2 = p1*x p2 — p2* p1,
and we have the formula

. (K
(o1, p21 = 2sinh(5:0) o1 2. (3-3)
In particular,

for all Pl € ONl’ for all P2 € Osz ;_[1017 102] € ON1+N2—2,
and (i /M)[p1, p2] = {p1, p2} + OH?). The Birkhoff normal form algorithm is based on the following
lemma. We recall the definition (1-5) of r;.
Lemma 3.2. For 1 < j <s, define zj = x; +i§; and |zj|* = x} +&/.
(1) Every series p € & satisfies

i

7 adep = {1z o}
(2) Let 0 < N < ry. Forevery Ry € Dy, there exist py, Ky € Dy such that

s .
Ry =Ky + Z,B}(w, t);_i ad|zj|2 ON
j=1
and [K y, IZJ-IZ] =0 forl1 <j<s.

3) If K € &, then [K, |zj|2] =0 forall 1 < j <5 if and only if there exists a formal series F €
CxWO)HI, ..., I, T, k] such that

K=F(zul% ..., |z% 1, h).

Proof. The first statement is a simple computation. For the second and the third, it suffices to consider
monomials Ry = c(w, t)z"‘Z"‘/r"‘”h‘. Note that

-/ " . p
ady, p(c(w, NZ*Z¥ T 1" = (&) —aj)c(w, )7 T A",
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so that Ry commutes with every |z; |> (1 < j <) if and only if & = &, which amounts to saying that Ry

is a function of |z; |> and proves (3). Moreover,

A pw; " A —n/ "
> Brad, 277t h") = (@ —a. f)2%Z T R,
j

where (y, ,é) = ijl yj,éj(w, t). Under the assumption ||+ |o’| 4 |o”| +2€ < r1, we have |a —o'| < r;
and by the definition of r; the function (¢’ — «, 8(w, t)) cannot vanish for (w, t) € U, unless o = ’. If
o =o', we choose py =0 and Ry = Ky commutes with |sz2. If @ # o', we choose Ky = 0 and
PN = C(wlt) 227 e nt,
(@ —a, p(w, 1))
and this proves (2). Il

3B. Formal Birkhoff normal form. In this section we construct the Birkhoff normal form at a formal
level. We will work with the Taylor series of the symbol H of Lj, in the new coordinates ®;. According
to Theorem 1.4, H=Ho @, defines a formal series

[H]=Hy+ ) Hy.
k>3
where H; € D; and

Hy = (M(w, 07, 1)+ ) Bi(w, 0z (3-4)
j=1

At a formal level, the normal form can be stated as follows.
Theorem 3.3. For every y € O3, there are k, p € O3 such that
/M (Hy 4 y)y = Hy +k + Oy,
where k is a function of harmonic oscillators:
k=F(zil* ..., lzl% ©, h),  withsome F € C°(U)[, ..., I, T, k.
Moreover, if y has real-valued coefficients, then so do p, k and the remainder O,,.

Proof. We prove this by induction on an integer N > 3. Assume that we found py_1, K3, ..., Ky_1 € O3,
with [K;, |zj|2] =0 for every (i, j) and K; € D; such that

Moy \(Hy+y)=Hy+ K3+ + Ky_1 +Oy.
Rewriting the remainder as Ry + Opy41, with Ry € Dy, we have
UMYy (Hy 4 y)=Hy+ K34+ Ky_1 + Ry + Oy 1.
i/h)ad, .

We are looking for a p’ € Oy. For such a p’ we apply e

WMoy o (4 ) = eW/M 3 (Hy 4 K34+ Ky_1 + Ry + On+1).
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Since (i /i) ad, : O — Opqyn—2 We have

Moy 1o (Hy + )= Hy+ K34+ Ky_1 + Ry + }% ad, (Hy) + Ony1. (3-5)
The new term (i/h) ad, (Hp) = —(i/h) adg, (p’) can still be simplified. Indeed by (3-4),
i
L ad (o) = HUM(w, 07, 7). ']+ Zl(ﬂ,hnz, 1+ Iz P 1), (3-6)
J

with
s A A
v ap; 9p" 9B, dp’ dp; 0
I / j j J
1B, 01 = (————— T R AN N
R ; dyi Omi I Ay ; ot; 0T
because a derivation with respect to (y, 1, ) does not decrease the degree. Similarly,

k
; . 9" HMw, D, 7) 3’
M. 7. 7), p'1= Z(@tjM(w’ nT T 31 3t

. )+(9N+1 On+1,
j=1 !

and thus (3-6) becomes

. s .
i 5 i
i adm (o) =Y 1<5j£ad|z_,~|2(/?/)) + 0N,
J:
Using this formula in (3-5) we get

s .
Mt (Hy - y) = Hy - Ks -+ K1+ Ry = ) B ad p(0) + Ot

j=1
Thus, we are looking for Ky, p’ € Dy such that

S R i
Ry = KN + Zﬁ]% ad|zj|2(,0/),
j=l1
with [Ky, |z; |*] = 0. By Lemma 3.2, we can solve this equation provided N < ry, and this concludes the
proof. Moreover, (i /h) ad, P is a real endomorphism, so we can solve this equation on R. (|

3C. Quantizing the normal form. We now construct the normal form Aj};, quantizing Theorems 1.4
and 3.3. We denote by Ih(] ) the harmonic oscillator with respect to x;, defined by

' 92
Ih(” = Op}f(éjz +xj2) = —hzﬁ +x

We prove the following theorem.
Theorem 3.4. There exist

(1) a microlocally unitary operator Uy, : LZ(Rff’y’,) — L2(M) quantizing a symplectomorphism & =
&+ O((x, &, 1)%), microlocally on U; x Uy,

(2) afunction f} : Ris: ,2]‘, x R} x [0, 1] which is C* with compact support such that

[t Ly <C(UI+1)* + (T +h) +|]),
(3) an h-pseudodifferential operator Ry, whose symbol is O((x, &, T, K'/?)"") on U/,
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such that
U Ly Uy = Ny + R,
with

N
Ni=O0pp(Mw, 07, 7)+ Y " Opp Bj(w. ) +Opy f (v n.t. . L7, ... .
j=1

Remark 3.5. Uy, is a Fourier integral operator quantizing the symplectomorphism @ ; see [Martinez 2002;
Zworski 2012]. In particular, if .4; is a pseudodifferential operator on M with symbol a; = ag + O(h?),
then Uy A, Uy, is a pseudodifferential operator on R? with symbol

on =ago d; +OFH*) onUj.

Remark 3.6. Due to the parameters (y, 1, ¢, ) in the formal normal form, an additional quantization is
needed, hence the Op,’ f]-term. It is a quantization with respect to (y, n, ¢, t) of an operator-valued
symbol f(y,n,1t, 1, Iffl), . ,Ih(s)). Actually, this operator symbol is simple since one can diagonalize
it explicitly. Denoting by hi;j (x;) the n;-th eigenfunction of Irfj ) associated to the eigenvalue (2n; — 1)i,
we have for all n € N*

o6t LTS Wb (x) = £ (v, 0, T, Q= D, )R, (x),

where h,(x) = h}” (x1) - - - hy,_(x5). Thus the operator Op;’ f} satisfies, for u € Lz(Rf;flt‘)),

Opy fHu®h, = (Opy fi'(y, 0,1, T, Qn— D, h)u) @ hy.

Proof. In order to prove Theorem 3.4, we first quantize Theorem 1.4. Using the Egorov theorem,
there exists a microlocally unitary operator Vj, : L>(R?) — L?(M) quantizing the symplectomorphism
®; : Uj — Uj. Thus,
Vi Ly Viy = Opy’ (on)
for some symbol oy such that
on=H+0m* onU.

Then we use the following lemma to quantize the formal normal form and conclude. (|

Lemma 3.7. There exists a bounded pseudodifferential operator Qy with compactly supported symbol
such that

e(i/h)Qh Opg)(o.h)e—(i/h)gh — A/}i _|_ th
where Ny and Ry, satisfy the properties stated in Theorem 3.4.

Remark 3.8. As explained below, the principal symbol Q of Qy, is O((x, &, T)%). Thus, the symplectic
flow ¢, associated to the Hamiltonian Q is ¢; (x, £, 7) = (x, &, T) + O((x, &, )?). Moreover, the Egorov
theorem implies that e~ /"< quantizes the symplectomorphism ¢;. Hence, Vye /"< quantizes the
symplectomorphism & =D 0 o1 =@ +0((x, &, 1)%).
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Proof. The proof of this lemma follows the exact same lines as in the case k = 0 [Morin 2022b,
Theorem 4.1]. Let us recall the main arguments. The symbol oy, is equal to H+ O3 on U { Thus, its
associated formal series is [07] = H» + y for some y € Osz. Using the Birkhoff normal form algorithm
(Theorem 3.3), we get k, p € O3 such that

e(i/h)adp(Hz + y) = H2 +x+ Orl'

If Oy is a smooth compactly supported symbol with Taylor series [Q;] = p, then by the Egorov theorem
the operator

a2 —1 w cr—1 w
elh Oph Qﬁ Op;,lt) (Gh)e_lh Oph Qﬁ (3_7)
has a symbol with Taylor series H + « + O,,. Since x commutes with the oscillator |z; |2, it can be
written as
2 205 %) Uyl
k= Z Caae(W, 1)]21] al"'|Zs|a‘Tll"'Tkkh :
2]ar|+]a’[+2€>3
We can reorder this formal series using the monomials (|z;[*)*% = |z; > - - - % |z;|*:
9 2 : o o
k= Y (P (e e
2]o|+|a’[4+2¢=3
If £ is a smooth compactly supported function with Taylor series
1= Y. e O - IS g R
20|+’ [+2£>3
then the operator (3-7) is equal to
(1 (s)
Ny =Op, Hy+Opy, fi(y,n.t, 7, 7,7, ...,Ih° i)
modulo Oy, . O

4. Comparing the spectra of £; and N;

4A. Spectrum of Nj. In this section we describe the spectral properties of V. We can use the properties
of harmonic oscillators to diagonalize it in the following way. For 1 < j <s and n; > 1, we recall that
the n;-th Hermite function h;, (x;) is an eigenfunction of Iffj )

7, 1), =n@nj — i),
and the functions (%,),ens defined by

ha(X) =hy @+ @) (x)=h, (x1)-h) (x;)

RZS +k

form a Hilbertian basis of LZ(R®). Thus, we can use this basis to decompose the space L?(
X p p X,y,t

which N} acts:

) on

LZ(RZS-HC) — @(LZ(RS-‘H{) ® hn)

.t
neNs
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N preserves this decomposition and

A= N,

neNs

where ./\fh[”] is the pseudodifferential operator with symbol
s
N = (Mw, )T, 7)+ > Bi(w, HQ@nj+ Dh+ f(w, 1,7, 2n — Dh, h). (4-1)
j=1

In particular, the spectrum of A is given by

spWNw) = | spy™).

neNs

Moreover, as in the k = O case, for any b; > 0 there is an Nyx > 0 (independent of %) such that

sp(NG) N (=00, bi) = | ) spW™) M (=00, bih).

[1] < Nmax

The reason is that the symbol N}l"] is greater than b7 for n large enough. Finally, to prove our main
result, Theorem 1.7, it remains to compare the spectra of £; and Nj.

4B. Microlocalization of the eigenfunctions. Here we prove microlocalization results for the eigenfunc-
tions of £; and Aj,. These results are needed to show that the remainders O((x, &, 7)"') we got are small.
More precisely, for each operator we need to prove that the eigenfunctions are microlocalized

« inside €2 (space localization),
« where |(x, &, )| S/ for 8 € (0, 3) (i.e., close to X).
Fix by such that
K; ={geM:b(g) <bh}eQ.

Lemma 4.1 (space localization for £;). Let by € (b, b 1) and xo € Cg°(M) be a cutoff function such that
xo =1 on K . Then every normalized eigenfunction Y, of Ly associated with an eigenvalue rp < bih
satisfies

Un = xo¥n + Oh™),
where the O(h*°) is independent of (\y, ¥p).
Proof. This follows from the Agmon estimates,
d(q.Kj yh= 174
e ER" | < Cllymll?, (4-2)
as in the kK = 0 case (in [Morin 2022b]). Indeed, from (4-2) we deduce

_op—l/4
(1= xo)¥ |l < Ce™" " ||y,

as soon as xo = 1 on an g-neighborhood of K by O
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Lemma 4.2 (microlocalization near ¥ for L;). Let § € (O, %), by € (bo, by) and X1 € C®(T*M) be a
cutoff function equal to 1 on a neighborhood of X. Then every eigenfunction \ry; of Ly associated with an
eigenvalue L, < bh satisfies

i = Opy x1 (0" (g, p)¥i + OG>,
where the O(1i™) is in the space of bounded operators L(L?, L?) and independent of (s, Yp).

Proof. Let g € C;°(R) be such that
0 = 1 if A < bih,
YN0 if A > bk,

Then the eigenfunction vy, satisfies
Vn = 8nAn)¥n = gn(Ln) VY-

With the notation x = 1 — x1, we will prove that

10pY x (i °(q, P& (L)l pz.r2) = OB™), (4-3)

from which will follow ¥, = Op,’ x1 (h~° (g, p)¥r + OH>) Yy, uniformly with respect to (Mg, ¥r).
To lighten the notation, we define x" := Op,’ x(#~%(q, p)). For every ¢ € L?(M) we define ¢ =

gn(Ly)yr. Then,
(Lax" o, x )= (x"Lno, x" @)+ [Ln, x" 10, x"0). (4-4)

We will bound from above the right-hand side, and from below the left-hand side. First, since g5 () is
supported where A < bh, we have

(X" Lng, x"¢) < b1kl x"oll*. (4-5)

Moreover, the commutator [Ly, x "] is a pseudodifferential operator of order 7, with symbol supported
on supp x. Hence, if x is a cutoff function having the same general properties of x, such that x =1 on
supp x, we have

(L. x“1p, x"0) = Chllx“elllIx“el. (4-6)

Finally, the symbol of x* is equal to 0 on an #’-neighborhood of ¥, and thus the symbol |p — A(g)|?
of Ly is > ch? on the support of x“. Hence the Garding inequality yields

(Lnx" o, x"0) = ch® I x oI, (4-7)
Using this last inequality in (4-4), and bounding the right-hand side with (4-5) and (4-6) we find

ch®||x"olI* < bihllx"ol* + Chlx el I x el
and we deduce that
Ix"ell < Ch'" 2| x" gl

Iterating with x instead of x, we finally get, for arbitrarily large N > 0,
Ix"ell < Cyi"ligl.
This is true for every v, with ¢ = g5 (L), and thus || xVgr (Lp) || = OF™). Il



1616 LEO MORIN

Lemma 4.3 (microlocalization near X for N;). Let 8 € (0, 5), by € (bo, by) and x1 € CP(R2FY) be a

cutoff function equal to 1 on a neighborhood of 0. Then every eigenfunction vy, of Ny associated with an
eigenvalue L, < bh satisfies

Y = Op} x1(h " (x, &, 7)) + O™ Yy,
where the O(h*°) is in L(L?, L?) and independent of (Ay, Yp).

Proof. Just as in the previous lemma, it is enough to show that

X" gn NIl = O™),

where x* = Op;/’(1 — a0 (x, €, 7))). We prove this using the same method. If Y € L2(RY) and
¢ =gnNV,
Nax o, x" @) = (X" Nag, x" @) + (INn, x" 10, xV@). (4-8)

The right-hand side can be bounded from above as before. On the left-hand side we find ¢ > 0 such that

Nax¥eo, x"o) = (1 —e)(Hax" o, x" o), (4-9)

with H, = Op} (M (w, )T, T) + ) Bi(w, 1)|zj|%). The symbol of x* vanishes on an /1°-neighborhood
of x =& =t = 0. Thus we can bound from below the symbol of H, and use the Garding inequality:

(Hax ", x"¢) > ch®||x" ol

We conclude the proof as in Lemma 4.2. (|

Lemma 4.4 (space localization for \;). Let by € (bo, b1) and o € C°* (R}

to 1 on a neighborhood of {l;(y, n,t) < bi}. Then every eigenfunction Y, of Ny associated with an
eigenvalue L, < b\h satisfies

) be a cutoff function equal

Vi = Opy, xo(w, ) Yn + OR™) Yy,
where the O(1H®) is in L(L2, L?) and independent of (A, ¥p).

Proof. Every eigenfunction of Nj, is given by ¥ (x, v, t) = u;(y, t)h,(x) for some Hermite function £,
with |n| < Npmax and some eigenfunction uy of J\/h["]. Thus, it is enough to prove the lemma for the
eigenfunctions of /\/'h[”]. If uy, is such an eigenfunction, associated with an eigenvalue A; < b7, then

up = gh(/\/;i[n])uh-

We will prove that || x* g5 (/\/h[”])ll = O(h™), with x" = Op}’(1 — x0), which is enough to conclude. If
u e L2(RT) and ¢ = g5 (W, )u, then

N0, x ) = (N, x )+ (ING X Mo, X M) (4-10)

We first have the bound
("N, x o) < binllx "ol (4-11)
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The commutator [/\/}i["], x "] is a pseudodifferential operator of order z with symbol supported on supp .
Moreover, its principal symbol is {NILE"], x }. From the definition of N,LE"] we deduce

([Nh["], x"1p, x"o) < Ch(x"|z|" ¢, x"¢),

where x has the same general properties as x, and is equal to 1 on supp x. By Lemma 4.3, we can find a
cutoff where |7| < 4% and we get

(N, X1, x o) < CH' Pl ol I P ell. (4-12)
Finally for ¢ > 0 small enough we have the lower bound
NP0, x"0) > h(b1 + &)l x ol

because N,E"](w, t) > hI;(w, t) and yx vanishes on a neighborhood of {l;(w, 1) < 151}. Using this lower
bound in (4-10), and bounding the right-hand side with (4-11) and (4-12) we get

hb1+e)lx"el* <hbillx o> +Ch"™ I x ol I x ¢l (4-13)
Thus
ellx"ell < Cr’lx ol
and we can iterate with x instead of x to conclude. O

4C. Proof of Theorem 1.7. To conclude the proof of Theorem 1.7, it remains to show that
hon(Ln) = M (N3) +OR"27%)
uniformly with respect to n € [1, N;"**] with
N =max{n € N: A, (L) < b1h}.
Here A, (A) denotes the n-th eigenvalue of the self-adjoint operator A, repeated with multiplicities.

Lemma 4.5. One has
An(Lr) = A (N) + OH279)

uniformly with respect to n € [1, N;™].

Proof. Let us focus on the “<” inequality. For n € [1, N;"], denote by ¥ the normalized eigenfunction
of Ny associated with A, (N3), and

o =Un,
where Uy, is given by Theorem 3.4. We will use ¢/ as quasimode for £;. Let N € [1, N"] and
Vi =span{g/ : 1 <n < N}.
For ¢ € Vf, we use the notation ¥ = U, lo. By Theorem 3.4, we have

(Lnp, 9) = Na, ¥) + (Rt ) < v DIV + (Rar, ¥). (4-14)
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According to Lemmas 4.3 and 4.4, ¥ is microlocalized, where (w,?) € {l;(w, 1) < 51} C U and
|(x, &, 7)| < h®. But the symbol of Ry, is such that R, = O((x, &, T, i'/?)™) for (w, 1) € U, so
(Rur, ¥) = O(h”") = OW"/*>7) (4-15)
for suitable § € (0, 5). By (4-14) and (4-15) we have
(Lrp. @) < Gy Ny + CH> ) |lp|? forall g € V.
Since fo, is N-dimensional, the minimax principle implies that
An(Ln) < An(Np) 4 CRV27E, (4-16)

The reversed inequality is proved in the same way: we take the eigenfunctions of £; as quasimodes
for M, and we use the microlocalization lemma, Lemma 4.2. O

5. A second normal form in the case k > 0

In the previous sections, we compared the spectrum of £; and the spectrum of the normal form Nj.
Moreover, if by > by is sufficiently close to by the spectrum of N in (—oo, by#) is given by the spectrum

of /\/hm, an fi-pseudodifferential operator on [R{f;r ];) with symbol

N = (M@, n, 07, Ty +hb(y, 0, 0) + f{ (o0, 1, T, h). -1

In this section, we will construct a Birkhoff normal form again, to describe the spectrum of /\/'h[l] by an
effective operator M, on RS For that purpose, in Section SA we will find new canonical variables (¢, )
in which Nfgl] is the perturbation of a harmonic oscillator. In Sections 5B and 5C we will construct the
semiclassical Birkhoff normal form Mj,. In Section 5D we will prove that the spectrum of /\/hm is given
by the spectrum of M.

Under Assumption 1 we know that ¢ — Z;(w, t) admits a nondegenerate minimum at s(w) for w in a
neighborhood of 0, and we denote by (vlz(w), e v,%(w)) the eigenvalues of the positive symmetric matrix

M(w, s(w)'7?- 182b(w, s(w)) - M(w, s(w))"/2.
The maps vy, ..., v; are smooth nonvanishing functions in a neighborhood of w = 0.

5A. Geometry of the symbol N, h[l]. We prove the following lemma.

Lemma 5.1. There exists a canonical (symplectic) transformation @, : Uy — V, between neighborhoods

Uy, Voof 0 e R%;’;ztkf) such that

k
Ny = No @y =hb(w, sw))+ Y " vjw)(f +he]) + Ot Pl + [t Ph+h> +hlt| + o + |l ).
j=1
Proof. We want to expand ./\/'h[l] near its minimum with respect to the variables v = (¢, 7). First, from the

Taylor expansion of f}* we deduce

N = (M(w, 1), ) +hb(w, 1) + OR? +th + 7).
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We will Taylor-expand ¢ +— b(w, ) ona neighborhood of its minimum point s(w). For that purpose, we
define new variables (¥, 7,7, T) = ¢(y, n,t, T) by

y=y-— Z',‘-zl T Vysi(y, m),

=0+ 1 Vs (v, ),

f=t—s(y,m,

T=rt.
Then ¢*wy = wy + O(t). Using Theorem B.2, we can make ¢ symplectic on a neighborhood of 0, up to
a change of order O(z?). In these new variables, the symbol ﬁh = N;] o~ lis

Ny = (M +O(F), 7+ 5@ + O@)E, T) +hb[§ + OF), i1 + OF), s(F, i) +1 + O(%)]
N R 3 ) X + O +hT + )
= (M, F+s(D))F, T) +hbIF, 7, s (3, i) + 71+ O +hF + 7).
Then we remove the tildes and expand this symbol in powers of ¢, t, . We find

Ny = (M(w, s(w)T, T) +Eb(w, s(w)) + ’%(8,213(10, sw)t, 1) +O(tPh+ R+ hlt|+ 7] + |1l %).

Now, we want to diagonalize the positive quadratic forms M (w, s(w)) and %8?13[10, s(w)]. The diagonal-
ization of quadratic forms in orthonormal coordinates implies that there exists a matrix P (w) such that

PM'P=1 and 'PL13% P =diag(i,...,v}).

We define the new coordinates (¥, 7, £, T) = ¢(y, n, ¢, T) by

i=Pw)'t,

T="P(w)t,

y=y+'[V,(P7'1)]-Pr,

n=n—"[Vy(P~'n]-'Pt,
so that ¢*wy —wo = O(|t|>+|7|). Again, we can make it symplectic up to a change of order O(|¢|* +|7]?)
by Theorem B.2. In these new variables, the symbol becomes (after removing the “checks”)

k
Ny =hb(w, sw)) + Y (t] +hvjw)*)) + Ot Pt > + 1tPh + h* + hir| + TP + [t] |2 ).
Jj=1
The last change of coordinates (3, 7, 7, T) = ¢(y, n, t, T), defined by
By = v (w)' 1,
fj =V (w)_l/zrj,
N —-1/2 1/2
Yi=DJj +Zf=1 Vi / Tianj"i/ lis
n —-1/2 1/2
A=n—iy v oy,
is such that ¢*wy = wo + O(7), so it can be corrected modulo O(|7|?) to be symplectic, and we get the
new symbol

k
Ny =hb(w, s(w)) + Y viw)(x} +ht}) + Ot P[r* + [t Ph+ 1> + hlr| + T + 1] [7]?),
Jj=1
which concludes the proof. O
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5B. Second formal normal form. The harmonic oscillators appearing in N, are
g =opy'+d), 1<j<k
If we define
h=~h,
the symbol of jh(j ) for the h-quantization is sz + tjz. This is why we use the mixed quantization
1
Qrh) =k Qrh)k

It is related to the 7i-quantization by the relation

OpY (@)u(yo, to) = / /MO0y (NIt D (1, 7) dy dndt dE. (5-2)

t=hi, h=vh.
In other words, if a is a symbol in some standard class S(m), and if we define

a(h, y,n,t, ) =a(h®, y,n,t, ht),

then we have
Op;’(a) = Op; (a).

However, if we take a € S(m), then Op’(a) is not necessarily an 7i-pseudodifferential operator, since the
associated @ may not be bounded with respect to 7, and thus it does not belong to any standard class. For

instance, we have

dra = Lafa.

N

But still Opy’'(a) is an h-pseudodifferential operator, with symbol

ath,y,n,t,T)=a(h, y, hn,t, 7).
With this notation
Op; (a) = Opj, (a).

Thus, in this sense, we can use the properties of 7i-pseudodifferential and s-pseudodifferential operators
to deal with our mixed quantization.

Remark 5.2. Operators of the form (5-2) are just special cases of the usual h-pseudodifferential operators
for which the reader can refer to [Martinez 2002; Zworski 2012]. Moreover, our mixed quantization
could be interpreted as a \/E—quantization with operator-valued symbols for which we refer to [Keraval
2018; Martinez 2007]. Indeed we can write

Op;'(a) = Op;, (Op;’ a), (5-3)

where we first quantize with respect to (y, 7) so that Op,’ a is an operator-valued symbol which depends
on (¢, 7). In the following we could have used this formalism, thus dealing with operator-valued symbols
in (¢, T) instead of real-valued symbols and mixed quantization.
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In our case, we have
Opy (N;,) = Opy, (Np),

with
k

Ny = h*b(w, s()) +h* > " viw)(F +17) + Ot +h* + 1717+ K|e] 1717).
j=1

Let us construct a semiclassical Birkhoff normal form with respect to this quantization. We will work
in the space of formal series

& :=CW)It, T, hll, (5-4)

where U = UzﬂlewS x {0}. This space is endowed with the star product » adapted to our mixed quantization.
In other words

OpY (ab) = OpY (a) OpY (b).

The change of variable T = hT between the usual /i-quantization and our mixed quantization yields the
following formula for the star product:

axb= E Lin kA (3)k(a(h t1, T1)b(h Hh, 7)) (5-5)
B k' \2j k Y1 s 1, T » Y25 1125 125 T2)) (11,71, y1,m)=(12, 72, y2.12) »
k>0

with

k K
d 0 d 0 a 0 d 0
h( ) ;Btu 31’2]' 3l2j 31’1]' ;8y1j 37]2]' ayzj amj
The degree function on &, is defined by
deg(r*' T%2h") = || + || + 2¢.

We denote by Dy the C°°(U)-module spanned by monomials of degree N, and

Oy =@Dn.

n>N
For 7, 1) € &, we define
ady () =[t, nl=11*x2 — T2 x 7Y,
and if 71 € Oy, and 13 € Oy,
i

h adf] (T2) € ON1+N2—2~

We define
k

No=b(w,sw)) €Dy and Ny= v;(w)|%|* € Dy,
j=1

with the notation v; =¢; +i7;, so that

1
ﬁNh =No+ N+ Os.
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Now we construct the following normal form. Recall that r, is an integer chosen such that,

S
foralle € Z*, 0<la|<ra Y ov;(0)#0.
j=1

Moreover, this nonresonance relation at w = 0 can be extended to a small neighborhood of 0.

Lemma 5.3. For any y € O3, there exist k, v € Oz and p € O,, such that
/MU (Ng+ Ny +y) = No+ N+ & + p, (5-6)
and [k, |5j|2] =0forl<j<k
Proof. We prove this result by induction. Assume that we have, for some N > 0, a T € O3 such that
VM (N + Ny +y) = No+ Na+ Kz + -+ Kn—1 + Ry + On 41,

with Ry € Dy and K; € D; such that [K;, |f)j|2] = 0. We are looking for a 7y € Dy. For such a 1y,
(i/h)ady, : Of — Onyj_2 80
i

MMy (N + Ny +y) = No+ N2+ Ks++--+ Ky_1 + Ry + 4

adr, (No+ N2) + On41.

Moreover Ny does not depend on (¢, T) so the expansion (5-5) yields

N
i 0T 3N() 0T 8N()
%ad,N(N0)=hE < N S >+ON+6=ON+2,
J

—/\dy; dn;  In; dy;
and thus
]

e(i/h)adr+rN(N0+N2+y) =No+No+K3+---+Ky_1+ Ry + 5

ad;, (N2) + On41.

So we are looking for 7y, K € Dy solving the equation
Ry =Ky+ % ady, v + On1. (5-7)

To solve this equation, we study the operator (i/ /) ady, : Oy — O,

. k . .

i i i -2

w00 = 1:(v,-(w),—lad|,;,.|z<m) + 1 ady, (o) 15,
]:

and since v only depends on w, expansion (5-5) yields

N

1 31)1' 3‘[1\] 31)1' a‘L'N
_ad,-(TN): h(_____>+ON 6 =Ony2.
h" ; dy; om;  9m; y; ' '

Hence,
i

k .
1
A ady, (ty) = E vj(w)z ad“;”z(‘(]v) + On42,

j=l1
and (5-7) becomes

k .
1
Ry :KN—|- E V](UJ)E ad|gj|2(TN)+ON+1. (5-8)
j=1
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Moreover, (i/ h) ad|5,-\2 acts as

k .
Z vj(w)% adz p (v"19°2h") = (v(w), @2 — ap)v* VA"
j=1
The definition of r, ensures that (v(w), ap — «1) does not vanish on a neighborhood of w = 0 if
N = |o1| + |ao| +2¢ < ry and o) # ap. Hence we can decompose every Ry as in (5-8), where Ky
contains the terms with oy = a». These terms are exactly the ones commuting with |v; >forl<j<k. O

5C. Second quantized normal form. Now we can quantize Lemmas 5.1 and 5.3 to prove the following
theorem.

Theorem 5.4. There exist

RS +k

(1) aunitary operator U,  : L*( (.1)

)— LZ(R‘Z;];)) quantizing a symplectomorphism &) =Dy +0((t,7)%)
microlocally near 0,

(2) a function f5 : [R{lzus X [R/} x [0, 1) — R which is C*° with compact support such that
3w, Ji, e Ji VDL < CAT T+ Vi),

(3) a vh-pseudodifferential operator Ro.n with symbol O((t, T, 1'/*2) on a neighborhood of 0
such that
U;hj\/thz,h =hMy +hRop,

where My, is the fi-pseudodifferential operator

k
My = O0py b(w, sw) +Y_ 7 Opy v; +0py fr(w, V. ..., 7P V).
j=1
Proof. Lemma 5.1 provides us with a symplectomorphism &, such that
k
N o @y =hb(w, sw))+ > viw)(t] +ht]) + Ot [t + [t P+ 1> +hlT| + 1] + |t] 7).
j=1

We can apply the Egorov theorem to get a Fourier integral operator V, ; such that
V5 Opy (NS Vo = Opp (N,

with ﬁh = NFE” o®y+O?) ona neighborhood of w = 0. We define
Nu(y,n, 1, 8) = Ny(y,m, 1, h),

and following the notation of Section 5B, we have the associated formal series
1
2

We apply Lemma 5.3 and we get formal series «, o such that

Ny, =No+Nr+y, yeOs.

eI (Ng+ Na+y) = No+ Na+k + O,
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We take a compactly supported symbol a(h, w, ¢, T) with Taylor series p. Then the operator

oh Oy @ OpY (h™2N),)e " OpY' @ (5-9)
has a symbol with Taylor series No + N> +« + O,,. Since «k € O3 commutes with |v; |2, it can be written

K = Z C;({(w)uﬁ] |2)*otl e (|ﬁk|2)*akh[,

2Jal+2>3
If we take f3'(h, w, Ji, ..., Ji) a smooth compactly supported function with Taylor series
(1= D b R,
2Jal+26>3

then the operator (5-9) is equal to
Op¥ No+Op¥ N2 +0py f5(h,w, 7", ..., 7
modulo O,,. Multiplying by 42, and getting back to the /-quantization, we get
e/ OPE@ O (N e 0P W = p My + 1Ry,
with

k
My =Opj b(w. s)) + Y 0p} vi(w) 7" +0py /3 (Vi w, . ),
j=1

and Ry a \/ﬁ—pseudodifferential operator with symbol O,,. Note that My, is an #i-pseudodifferential
operator whose symbol admits an expansion in powers of /7. O

5D. Proof of Theorem 1.11. In order to prove Theorem 1.11, we need the following microlocalization
lemma.

Lemma 5.5. Let § € (0,%) and ¢ > 0. Let xo € ch(Rf;’n)) and x| € ch(th’f 2) both equal 1o 1

on a neighborhood of 0. Then every eigenfunction Y of Nj or hMy, associated to an eigenvalue
An < Hi(by + ch®) satisfies

Ui =0p" xo (WA (6. ) OB} x1 (v )Y+ O™y
Proof. Using the mixed quantization and & = /&1, we have /\/}i[l] = Opy’ NE], with
Ny, 0,1, 7) = KM (y, 0, 0)F, T) +h*b(w, 1) + f{(y, 0, 1, hE, h?).
The principal part of NE] is of order 42, and implies a microlocalization of the eigenfunctions, where
W (M(w, )7, ) +h2b(w, 1) < A, < h>(bo + ch™).

Since b admits a unique and nondegenerate minimum by at 0, this implies that w lies in an arbitrarily
small neighborhood of 0, and that

11> <Ch®, 7> < Ch?.
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The technical details follow the same ideas of Lemmas 4.2, 4.3 and 4.4. Now we can focus on M}, whose
principal symbol with respect to the Op,’-quantization is

k

Mo(y, n. £, 5) =b(y, n, sy, ) + Y _ vy, ME +1)).
j=1

Hence its eigenfunctions are microlocalized where

k

b(y.n.s(y.m)+ > _vi(y. n)(F7 +17) <bo+ch®,
j=1

which implies again that w lies in an arbitrarily small neighborhood of 0 and that
> <Ch®, 7P < Ch®. O

Using the same method as before, we deduce from Theorem 5.4 and Lemma 5.5 a comparison of the
spectra of th and Mj;. With the notation

NP (c, 8) = max{n € N : b, (W) < o + ch®)),
the following lemma concludes the proof of Theorem 1.11.
Lemma 5.6. Let § € (0, %) and ¢ > 0. We have
dn NG = hoy (M) + O('H7212),
uniformly with respect ton € [1, N;"*(c, 8)].

Proof. We use the same method as before (see Lemma 4.5). The remainder R, is O((t, T, Vh)?) and
the eigenfunctions are microlocalized where |t| + |T| < C/%2. Hence the AR, term yields an error
in h1+8r2/2. 0

6. Proof of Corollary 1.14

In this section we prove that the spectrum of £; below 7fibg + 132(v(0) + 2¢) is given by the spectrum
of AMM, up to OR"74). We recall that ¢ € (0, min; v;(0)) and r = min(2ry, 2 + 4).

We can apply Theorem 1.7 for by > bg arbitrarily close to bg. Thus the spectrum of £y in (—oo, bi#i)
is given by the spectrum of €, (s /\/}1[”] modulo O(1"1/27¢) = O(h'/4=¢). Moreover, the symbol of /\/h["]
forn # (1, ..., 1) satisfies

N,ﬁ”](y, n,t,T) > h(bp+2min B; — Ch),
and we deduce from the Garding inequality that
Ny ¥y 2 by [P forall € LAR),

if by is close enough to by. Hence the spectrum of £; below b1#i is given by the spectrum of /\/h[l]. Then,
we apply Theorem 1.11 for é close enough to %, and we see that the spectrum of /\/h[l] below (by +h%)h
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is given by the spectrum of €D, h/\/l,[i"] modulo O(h!*72/4=8) = O(h"/4~¢). The symbol of M}[{’] for
n # 1 satisfies .
My m) = bo+h"2Y v (y, m)(@2n; — 1) = Ch,
j=1
and the eigenfunctions of M}linl are microlocalized in an arbitrarily small neighborhood of (y, n) =0
(Lemma 5.5), and M,g"] satisfies in this neighborhood

k
MM (v, m) = bo+ 1Y v (0) 20 — 1) — ke — Ch
j=1
> by +1'/*(v(0) + 2 min v;(0) — &) — Ch.
J

Using the Garding inequality, the spectrum of M,[;l] (n # 1) is thus > by +4'/2(v(0) 4 2c¢) for & and £
small enough. It follows that the spectrum of /\/h[l] below 7iby + 13/2(v(0) +2¢) is given by the spectrum
of AML!.

7. Proof of Corollary 1.15

We explain here where the asymptotics for A;(£;) come from. First we use Corollary 1.14 so that the
spectrum of £ below fiby 4+ 13/2(v(0) 4 2c¢) is given by MM modulo O(H'/4=¢). The symbol of M,[;]
has the expansion

M (w) = b(w, s(w)) +1"2v(0) +h2V0(0) - w +hié + Othw + 1> + 1 *w?),

with v(w) = Z];: 1 Vi (w). The principal part admits a unique minimum at 0, which is nondegenerate.
The asymptotics of the first eigenvalues of such an operator are well known. First one can make a linear
change of canonical coordinates diagonalizing the Hessian of b and get a symbol of the form

S
M) =bo+ Y i} +y7) +1"20(0) +12Vv(0) - w +hég + Ow? +hw + ¥ + '/ w?).
j=1
One can factor the Vv(0) - w term to get

~ i 9 v(O) 9, v(0) 2
M) =bo+ ) p ((nj+ "éu ‘/2) + (yj+”2Th‘/2) )+h‘/2v(0)+hc0
=1 ! ! +OW? +hw + 132 + 1 Pw?),

with a new ¢g € R. Conjugating Oph by the unitary operator Uy,

8, v(0) v |,
ot =G5 A=),
v (x Xp \/_Z vlx ; 2

amounts to making a phase-space translation and changes the symbol into

M (w) =bo+ Y i (nF +y1) +1720(0) + heg + O(w* +hw + 7Y + 7' w?),
j=1
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For an operator with such symbol (i.e., harmonic oscillator + remainders) one can apply the results of
[Charles and Vii Ngoc 2008, Theorem 4.7] or [Helffer and Sjostrand 1984] and deduce that the j-th
eigenvalue A; (M%l]) admits an asymptotic expansion in powers of 7!/2 such that

oo
(M) = bo +120(0) + h(co + EN + 1Y aj wh™?,

m=0

where A E; is the j-th repeated eigenvalue of the harmonic oscillator with symbol Z‘;:l I (r]]? + yjz).

Appendix A: Local coordinates

If we choose local coordinates g = (g1, ..., qq) on M, we get the corresponding vector field basis
(34,5 - - -» 0g,) on T, M, and the dual basis (dgj, ..., dgs) on T,M*. In these bases, g, can be identified
with a symmetric matrix (g;;(¢)) with determinant |g|, and g is associated with the inverse matrix
(g7 (g)). We can write the 1-form A and the 2-form B in the coordinates:

A=Aydg +---+Agdgq. B=)_ Bijdg; Adg;,

i<j
with A = (A;)1<j<q4 € C®(RY, R?) and
Bij=8iAj—8in:(’dA—dA)ij. (A-1)
Let us denote by (B;;(q))1<i, j<a the matrix of the operator B(q) : TyM — T, M in the basis (9;,, ..., dg,)-

With this notation, (1-1) relating B to B can be rewritten,

forall 0,0 eR?, Y gBuQi0;=) Bi;0:0.
ijk ij
which means that,
for all i, j, B,‘j = ngjBki- (A—2)
k

Finally, in the coordinates, H is given by

H(g.p)=)_g"(q)(pi — Ai(@)(p; — Aj(q)), (A-3)
iJ
and Ly acts as the differential operator:
d
£ =" (oI 2 (ihoy + A g g1 (ihdy + Ar). (A-4)
k=1

Appendix B: Darboux-Weinstein lemmas

We used the following presymplectic Darboux lemma.

Theorem B.1. Let M be a d-dimensional manifold endowed with a closed constant-rank-2 form w.
We denote by 2s the rank of w and by k the dimension of its kernel. For every qyo € M, there exist a
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neighborhood V of qo, a neighborhood U of 0 € R>*K and a diffeomorphism

(y.m.1)°
p:U—=>YV
such that
¢ w=dnAdy.

We also used the following Weinstein result; see [Weinstein 1971]. We follow the proof given in
[Raymond and Vi Ngoc 2015].

Theorem B.2. Let wy and w; be two 2-forms on R which are closed and nondegenerate. Let us split R?
into [RfC X Rj’._k. We assume that wg = w1 + O(|x|%) for some o > 1. Then there exists a neighborhood of
0 € R? and a change of coordinates r on this neighborhood such that

Vieor=wy and ¥ =1d+O(x|*th.
Proof. First we recall how to find a 1-form o on a neighborhood of x = 0 such that
OH-I)‘

T:=w;—wy=do and o = O(x]

We define the family (¢;)o<;<1 by
¢I(-x’ J’) = (t-x7 )’)

We have
¢t =0 and ¢jr=r. (B-1)
Let us denote by X, the vector field associated with ¢,
dpr |
X, = d—t’o¢, =1"1(x,0).

The Lie derivative of 7 along X; is given by ¢;Lx, 7 = (d/dt)¢; 7. From the Cartan formula we have

Lx, T =u1(Xy)dr +d((X,)).
Since 7 is closed, dt =0, and

d
5%*’ = d(¢/1(X))7). (B-2)
We choose the following 1-form (where (e;) denotes the canonical basis of R4):
k
o= ¢ 1(X)T = ijnp,(x,y)(ej, Vi () = O(|x|*™h.
j=1

Equation (B-2) shows that ¢ — ¢/t is smooth on [0, 1]. Thus, we can define o = fol o, dt. From (B-2)
and (B-1) we deduce

d
aq&,’"r =do; and Tt =do.

Then we use the Moser deformation argument. For ¢ € [0, 1], we let @, = wg+1(w; — wp). The 2-form w;,
is closed and nondegenerate on a small neighborhood of x = 0. We look for y; such that

‘ﬁt*a)z = .
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For that purpose, let us determine the associated vector field Y7,

d
awt = Yt(Wt)-

The Cartan formula yields

0= Syro =y (So+ 0o, +dW)0)).
So
wp —w; =d(Yr)w,),
and we are led to solve
t(Y)w; = —o.

By the nondegeneracy of w;, this determines Y;. We know v, exists until time = 1 on a small enough
neighborhood of x =0, and ¥ w; = wy. Thus ¥ = is the desired diffeomorphism. Since o = O(|x |ot+Ty,
we get ¥ =Id + O(|x|*T). O

Appendix C: Pseudodifferential operators
We refer to [Zworski 2012; Martinez 2002] for the general theory of fi-pseudodifferential operators. If
m € Z, we denote by
S™(R*) = {a € C®°(R¥) : |a§a§a| < Cop (€)™ 1Pl for all @, B € N}
the class of Kohn—Nirenberg symbols. If a depends on the semiclassical parameter 7, we require that the

coefficients Cng are uniform with respect to 2 € (0, fig]. For a;, € $™ (R24), we define its associated Weyl
quantization Op,’(a;) by the oscillatory integral

. . X+
Apu(x) = Op} (ap)u(x) = /R y eli/Mb=y8g, (Ty s)u(y) dy d,

2rh)d
and we define
ap = o3 (Ap).

If M is a compact manifold, a pseudodifferential operator A; on L>(M) is an operator acting as a
pseudodifferential operator in coordinates. Then the principal symbol of .4; (and its Kohn—Nirenberg
class) does not depend on the coordinates, and we denote it by oy(.Aj;). The subprincipal symbol o7 (Aj)
is also well-defined, up to imposing that the charts be volume-preserving (in other words, if we see Ay
as acting on half-densities, its subprincipal symbol is well-defined). In the case where M is a compact
manifold, £ is a pseudodifferential operator, and its principal and subprincipal symbols are

oo(Lp) =H, o1(Ly)=0.
If M =R and m is an order function on R*¢, we denote by
S(m) = {a € C°(R*) : |a§a§a| < Copm(x, ) forall a, p € N¥}

the class of standard symbols, and we similarly define the operator Op;’(a) for such symbols. In this
case, we assume that B belongs to some standard class. This is equivalent to assuming that H belongs to
some (other) standard class. Then, £j is a pseudodifferential operator with total symbol H.
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Appendix D: Egorov theorem

In this paper, we used several versions of the Egorov theorem. See for example [Robert 1987; Zworski
2012; Helffer et al. 2016].

Theorem D.1. Let P and Q be h-pseudodifferential operators on RY, with symbols p € S(m), q € S(m'),
where m and m’ are order functions such that

m =0), mm =0().

Then the operator ¢@/M2 Pe=(/MQ js 4 pseudodifferential operator whose symbol is in S(m), and its
symbol is
pok +hS(1),

where the canonical transformation k is the time-1 Hamiltonian flow associated with q.
We can use this result with the x/i_i—quantization to get an Egorov theorem for our mixed quantization Opy’.
Theorem D.2. Let P be an h-pseudodifferential operator on R%, and a € Ce° (R*?). Then

o i/MOPY @) p ,—(i/m) OpY (@)

is an h-pseudodifferential operator on R,

Proof. Opy (a) is an h-pseudodifferential operator. Thus, we can apply the Egorov theorem, and we

deduce that e/ OP; @ po=G/MOP; @ i an p-pseudodifferential operator on RY. O

Acknowledgement

I warmly thank N. Raymond and S. Vii Ngoc for their support and readings of preliminary versions of
this work. I also thank B. Helffer for his useful remarks.

References

[Arnold 1963] V. I. Arnold, “Proof of a theorem of A. N. Kolmogorov on the preservation of conditionally periodic motions
under a small perturbation of the Hamiltonian”, Uspekhi Mat. Nauk 18:5(113) (1963), 13—40. In Russian; translated in Russian
Math. Surv. 18:5 (1963), 9-36. MR

[Birkhoff 1927] G. D. Birkhoff, Dynamical systems, Amer. Math. Soc. Collog. Publ. 9, Amer. Math. Soc., Providence, RI, 1927.
Zbl

[Boil and Vii Ngoc 2021] G. Boil and S. Vii Ngoc, “Long-time dynamics of coherent states in strong magnetic fields”, Amer. J.
Math. 143:6 (2021), 1747-1789. MR Zbl

[Bonthonneau and Raymond 2020] Y. Bonthonneau and N. Raymond, “WKB constructions in bidimensional magnetic wells”,
Math. Res. Lett. 27:3 (2020), 647-663. MR Zbl

[Bonthonneau et al. 2021a] Y. G. Bonthonneau, T. Nguyen Duc, N. Raymond, and S. Vi Ngoc, “Magnetic WKB constructions
on surfaces”, Rev. Math. Phys. 33:7 (2021), art. id. 2150022. MR Zbl

[Bonthonneau et al. 2021b] Y. Guedes Bonthonneau, N. Raymond, and S. Vii Ngoc, “Exponential localization in 2D pure
magnetic wells”, Ark. Mat. 59:1 (2021), 53-85. MR Zbl

[Borthwick and Uribe 1996] D. Borthwick and A. Uribe, “Almost complex structures and geometric quantization”, Math. Res.
Lett. 3:6 (1996), 845-861. Correction in 5:1-2 (1998), 211-212. MR Zbl


https://doi.org/10.1070/RM1963v018n05ABEH004130
https://doi.org/10.1070/RM1963v018n05ABEH004130
http://msp.org/idx/mr/163025
https://archive.org/details/dynamicalsystems00birk/page/n3/mode/2up
http://msp.org/idx/zbl/53.0732.01
http://dx.doi.org/10.1353/ajm.2021.0045
http://msp.org/idx/mr/4349132
http://msp.org/idx/zbl/1484.81026
http://dx.doi.org/10.4310/MRL.2020.v27.n3.a2
http://msp.org/idx/mr/4216562
http://msp.org/idx/zbl/1459.35297
http://dx.doi.org/10.1142/S0129055X21500227
http://dx.doi.org/10.1142/S0129055X21500227
http://msp.org/idx/mr/4298266
http://msp.org/idx/zbl/1476.58009
http://dx.doi.org/10.4310/arkiv.2021.v59.n1.a3
http://dx.doi.org/10.4310/arkiv.2021.v59.n1.a3
http://msp.org/idx/mr/4256007
http://msp.org/idx/zbl/1466.35272
http://dx.doi.org/10.4310/MRL.1996.v3.n6.a12
https://doi.org/10.4310/MRL.1998.v5.n2.a7
http://msp.org/idx/mr/1426541
http://msp.org/idx/zbl/0872.58030

A SEMICLASSICAL BIRKHOFF NORMAL FORM FOR CONSTANT-RANK MAGNETIC FIELDS 1631

[Charles 2020] L. Charles, “Landau levels on a compact manifold”, preprint, 2020. arXiv 2012.14190

[Charles and Vi Ngoc 2008] L. Charles and S. Vi Ngoc, “Spectral asymptotics via the semiclassical Birkhoff normal form”,
Duke Math. J. 143:3 (2008), 463-511. MR Zbl

[Delaunay 1860] C. E. Delaunay, Théorie du mouvement de la lune, Mallet-Bachelier, Paris, 1860. Zbl

[Delos et al. 1983] J. B. Delos, S. K. Knudson, and D. W. Noid, “High Rydberg states of an atom in a strong magnetic field”,
Phys. Rev. Lett. 50:8 (1983), 579-583. Correction in 51:4 (1983), 325.

[Fournais and Helffer 2010] S. Fournais and B. Helffer, Spectral methods in surface superconductivity, Progr. Nonlinear Differ.
Eq. Appl. 77, Birkhéuser, Boston, 2010. MR Zbl

[Guillemin and Uribe 1988] V. Guillemin and A. Uribe, “The Laplace operator on the nth tensor power of a line bundle:
eigenvalues which are uniformly bounded in n”, Asymptotic Anal. 1:2 (1988), 105-113. MR Zbl

[Gustavson 1966] F. G. Gustavson, “On constructing formal integrals of a Hamiltonian system near an equilibrium point”,
Astronom. J. 71:8 (1966), 670-686.

[Helffer and Kordyukov 2011] B. Helffer and Y. A. Kordyukov, “Semiclassical spectral asymptotics for a two-dimensional
magnetic Schrodinger operator: the case of discrete wells”, pp. 55-78 in Spectral theory and geometric analysis (Boston, 2009),
edited by M. Braverman et al., Contemp. Math. 535, Amer. Math. Soc., Providence, RI, 2011. MR Zbl

[Helffer and Kordyukov 2013] B. Helffer and Y. A. Kordyukov, “Eigenvalue estimates for a three-dimensional magnetic
Schrodinger operator”, Asymptot. Anal. 82:1-2 (2013), 65-89. MR Zbl

[Helffer and Kordyukov 2014] B. Helffer and Y. A. Kordyukov, “Semiclassical spectral asymptotics for a magnetic Schrodinger
operator with non-vanishing magnetic field”, pp. 259-278 in Geometric methods in physics (Bialowieza, Poland, 2013), edited
by P. Kielanowski et al., Birkhduser, Cham, 2014. MR Zbl

[Helffer and Kordyukov 2015] B. Helffer and Y. A. Kordyukov, “Accurate semiclassical spectral asymptotics for a two-
dimensional magnetic Schrodinger operator”, Ann. Henri Poincaré 16:7 (2015), 1651-1688. MR Zbl

[Helffer and Mohamed 1996] B. Helffer and A. Mohamed, “Semiclassical analysis for the ground state energy of a Schrédinger
operator with magnetic wells”, J. Funct. Anal. 138:1 (1996), 40-81. MR Zbl

[Helffer and Morame 2001] B. Helffer and A. Morame, “Magnetic bottles in connection with superconductivity”, J. Funct. Anal.
185:2 (2001), 604-680. MR Zbl

[Helffer and Sjostrand 1984] B. Helffer and J. Sjostrand, “Multiple wells in the semiclassical limit, I, Comm. Partial Differential
Equations 9:4 (1984), 337-408. MR Zbl

[Helffer et al. 2016] B. Helffer, Y. Kordyukov, N. Raymond, and S. Vi Ngoc, “Magnetic wells in dimension three”, Anal. PDE
9:7 (2016), 1575-1608. MR Zbl

[Hofer and Zehnder 1994] H. Hofer and E. Zehnder, Symplectic invariants and Hamiltonian dynamics, Birkhduser, Basel, 1994.
MR Zbl

[Ivrii 2019] V. Ivrii, Microlocal analysis, sharp spectral asymptotics and applications, I1I: Magnetic Schréodinger operator 1,
Springer, 2019. MR Zbl

[Jaffé and Reinhardt 1982] C. Jaffé and W. P. Reinhardt, “Uniform semiclassical quantization of regular and chaotic classical
dynamics on the Hénon—Heiles surface”, J. Chem. Phys. 77:10 (1982), 5191-5203. MR

[Joyeux and Sugny 2002] M. Joyeux and D. Sugny, “Canonical perturbation theory for highly excited dynamics”, Canad. J.
Phys. 80:12 (2002), 1459-1480. Zbl

[Keraval 2018] P. Keraval, Formules de Weyl par réduction de dimension: application a des Laplaciens électro-magnétiques,
Ph.D. thesis, Université de Rennes 1, 2018, available at https://www.theses.fr/en/2018REN1S093.

[Kolmogorov 1954] A. N. Kolmogorov, “On conservation of conditionally periodic motions for a small change in Hamilton’s
function”, Dokl. Akad. Nauk SSSR (N.S.) 98 (1954), 527-530. In Russian. MR

[Kordyukov 2019] Y. A. Kordyukov, “Semiclassical eigenvalue asymptotics for the Bochner Laplacian of a positive line bundle
on a symplectic manifold”, preprint, 2019. arXiv 1908.01756

[Kordyukov 2020] Y. A. Kordyukov, “Semiclassical spectral analysis of Toeplitz operators on symplectic manifolds: the case of
discrete wells”, Math. Z. 296:3-4 (2020), 911-943. MR Zbl


http://msp.org/idx/arx/2012.14190
http://dx.doi.org/10.1215/00127094-2008-026
http://msp.org/idx/mr/2423760
http://msp.org/idx/zbl/1154.58015
https://gallica.bnf.fr/ark:/12148/bpt6k5323412s.texteImage
http://msp.org/idx/zbl/01.0395.07
http://dx.doi.org/10.1103/PhysRevLett.50.579
https://doi.org/10.1103/PhysRevLett.51.325
http://dx.doi.org/10.1007/978-0-8176-4797-1
http://msp.org/idx/mr/2662319
http://msp.org/idx/zbl/1256.35001
http://dx.doi.org/10.3233/ASY-1988-1202
http://dx.doi.org/10.3233/ASY-1988-1202
http://msp.org/idx/mr/950009
http://msp.org/idx/zbl/0649.53026
http://dx.doi.org/10.1086/110172
http://dx.doi.org/10.1090/conm/535/10535
http://dx.doi.org/10.1090/conm/535/10535
http://msp.org/idx/mr/2560751
http://msp.org/idx/zbl/1218.58017
http://dx.doi.org/10.3233/ASY-2012-1136
http://dx.doi.org/10.3233/ASY-2012-1136
http://msp.org/idx/mr/3088341
http://msp.org/idx/zbl/1325.35123
http://dx.doi.org/10.1007/978-3-319-06248-8_23
http://dx.doi.org/10.1007/978-3-319-06248-8_23
http://msp.org/idx/mr/3587698
http://msp.org/idx/zbl/1317.81101
http://dx.doi.org/10.1007/s00023-014-0356-y
http://dx.doi.org/10.1007/s00023-014-0356-y
http://msp.org/idx/mr/3356100
http://msp.org/idx/zbl/1338.81187
http://dx.doi.org/10.1006/jfan.1996.0056
http://dx.doi.org/10.1006/jfan.1996.0056
http://msp.org/idx/mr/1391630
http://msp.org/idx/zbl/0851.58046
http://dx.doi.org/10.1006/jfan.2001.3773
http://msp.org/idx/mr/1856278
http://msp.org/idx/zbl/1078.81023
http://dx.doi.org/10.1080/03605308408820335
http://msp.org/idx/mr/740094
http://msp.org/idx/zbl/0546.35053
http://dx.doi.org/10.2140/apde.2016.9.1575
http://msp.org/idx/mr/3570232
http://msp.org/idx/zbl/1351.81053
http://dx.doi.org/10.1007/978-3-0348-8540-9
http://msp.org/idx/mr/1306732
http://msp.org/idx/zbl/0805.58003
http://dx.doi.org/10.1007/978-3-030-30537-6
http://msp.org/idx/mr/3970978
http://msp.org/idx/zbl/1443.35003
http://dx.doi.org/10.1063/1.443696
http://dx.doi.org/10.1063/1.443696
http://msp.org/idx/mr/681223
http://dx.doi.org/10.1139/p02-075
http://msp.org/idx/zbl/1371.81122
https://www.theses.fr/en/2018REN1S093
http://msp.org/idx/mr/68687
http://msp.org/idx/arx/1908.01756
http://dx.doi.org/10.1007/s00209-020-02462-3
http://dx.doi.org/10.1007/s00209-020-02462-3
http://msp.org/idx/mr/4159815
http://msp.org/idx/zbl/1499.58023

1632 LEO MORIN

[Kordyukov 2022] Y. A. Kordyukov, “Berezin—Toeplitz quantization associated with higher Landau levels of the Bochner
Laplacian”, J. Spectr. Theory 12:1 (2022), 143-167. MR Zbl

[Lindstedt 1883] A. Lindstedt, “Beitrag zur Integration der Differentialgleichungen der Storungstheorie”, Mem. Acad. Impér. Sci.
St.-Pétersbourg 31:4 (1883), art.id. 4. Zbl

[Ma and Marinescu 2002] X. Ma and G. Marinescu, “The Spin¢ Dirac operator on high tensor powers of a line bundle”, Math. Z.
240:3 (2002), 651-664. MR Zbl

[Marcus 1985] R. A. Marcus, “Aspects of intramolecular dynamics in chemistry”, pp. 293-298 in Chaotic behavior in quantum
systems: theory and applications (Como, Italy, 1983), edited by G. Casati, NATO Sci. Ser. B: Phys. 120, Springer, 1985.

[Marinescu and Savale 2018] G. Marinescu and N. Savale, “Bochner Laplacian and Bergman kernel expansion of semi-positive
line bundles on a Riemann surface”, preprint, 2018. arXiv 1811.00992

[Martinez 2002] A. Martinez, An introduction to semiclassical and microlocal analysis, Springer, 2002. MR Zbl

[Martinez 2007] A. Martinez, “A general effective Hamiltonian method”, A#ti Accad. Naz. Lincei Rend. Lincei Mat. Appl. 18:3
(2007), 269-277. MR Zbl

[Morin 2022a] L. Morin, “Review on spectral asymptotics for the semiclassical Bochner Laplacian of a line bundle”, Confluentes
Math. 14:1 (2022), 65-79. MR Zbl

[Morin 2022b] L. Morin, “A semiclassical Birkhoff normal form for symplectic magnetic wells”, J. Spectr. Theory 12:2 (2022),
459-496. MR Zbl

[Moser 1962] J. Moser, “On invariant curves of area-preserving mappings of an annulus”, Nachr. Akad. Wiss. Gottingen
Math.-Phys. KI. I1 1962 (1962), 1-20. MR Zbl

[Moser 1968] J. K. Moser, Lectures on Hamiltonian systems, Mem. Amer. Math. Soc. 81, Amer. Math. Soc., Providence, RI,
1968. MR Zbl

[Raymond 2017] N. Raymond, Bound states of the magnetic Schrodinger operator, EMS Tracts in Math. 27, Eur. Math. Soc.,
Ziirich, 2017. MR Zbl

[Raymond and Vi Ngoc 2015] N. Raymond and S. Vii Ngoc, “Geometry and spectrum in 2D magnetic wells”, Ann. Inst. Fourier
(Grenoble) 65:1 (2015), 137-169. MR Zbl

[Robert 1987] D. Robert, Autour de I’approximation semi-classique, Progr. Math. 68, Birkhduser, Boston, 1987. MR Zbl

[Shirts and Reinhardt 1982] R. B. Shirts and W. P. Reinhardt, “Approximate constants of motion for classically chaotic vibrational
dynamics: vague tori, semiclassical quantization, and classical intramolecular energy flow”, J. Chem. Phys. 77:10 (1982),
5204-5217. MR

[Sjostrand 1992] J. Sjostrand, “Semi-excited states in nondegenerate potential wells”, Asymptotic Anal. 6:1 (1992), 29-43. MR
Zbl

[Tejero Prieto 2006] C. Tejero Prieto, “Holomorphic spectral geometry of magnetic Schrodinger operators on Riemann surfaces”,
Differential Geom. Appl. 24:3 (2006), 288-310. MR Zbl

[Weinstein 1971] A. Weinstein, “Symplectic manifolds and their Lagrangian submanifolds”, Adv. Math. 6 (1971), 329-346. MR
Zbl

[Zworski 2012] M. Zworski, Semiclassical analysis, Grad. Stud. in Math. 138, Amer. Math. Soc., Providence, RI, 2012. MR
Zbl

Received 22 Jul 2021. Revised 24 Aug 2022. Accepted 8 Nov 2022.

LEO MORIN: leo.morin@ens-rennes.fr
Department of Mathematics, Aarhus University, Aarhus, Denmark

mathematical sciences publishers :.msp


http://dx.doi.org/10.4171/jst/397
http://dx.doi.org/10.4171/jst/397
http://msp.org/idx/mr/4404810
http://msp.org/idx/zbl/1487.58024
https://books.google.com/books?id=ZfU-AQAAMAAJ&pg=PP11#v=onepage&q&f=false
http://msp.org/idx/zbl/15.0983.02
http://dx.doi.org/10.1007/s002090100393
http://msp.org/idx/mr/1924025
http://msp.org/idx/zbl/1027.58025
http://dx.doi.org/10.1007/978-1-4613-2443-0_19
http://msp.org/idx/arx/1811.00992
http://dx.doi.org/10.1007/978-1-4757-4495-8
http://msp.org/idx/mr/1872698
http://msp.org/idx/zbl/0994.35003
http://dx.doi.org/10.4171/RLM/494
http://msp.org/idx/mr/2318820
http://msp.org/idx/zbl/1139.35383
http://dx.doi.org/10.5802/cml.83
http://msp.org/idx/mr/4520160
http://msp.org/idx/zbl/1503.58014
http://dx.doi.org/10.4171/jst/406
http://msp.org/idx/mr/4487480
http://msp.org/idx/zbl/1513.81064
http://msp.org/idx/mr/147741
http://msp.org/idx/zbl/0107.29301
http://msp.org/idx/mr/230498
http://msp.org/idx/zbl/0172.11401
http://dx.doi.org/10.4171/169
http://msp.org/idx/mr/3616340
http://msp.org/idx/zbl/1370.35004
http://dx.doi.org/10.5802/aif.2927
http://msp.org/idx/mr/3449150
http://msp.org/idx/zbl/1327.81207
http://msp.org/idx/mr/897108
http://msp.org/idx/zbl/0621.35001
http://dx.doi.org/10.1063/1.443697
http://dx.doi.org/10.1063/1.443697
http://msp.org/idx/mr/681224
http://dx.doi.org/10.3233/ASY-1992-6102
http://msp.org/idx/mr/1188076
http://msp.org/idx/zbl/0782.35050
http://dx.doi.org/10.1016/j.difgeo.2005.09.001
http://msp.org/idx/mr/2216942
http://msp.org/idx/zbl/1172.58010
http://dx.doi.org/10.1016/0001-8708(71)90020-X
http://msp.org/idx/mr/286137
http://msp.org/idx/zbl/0213.48203
http://dx.doi.org/10.1090/gsm/138
http://msp.org/idx/mr/2952218
http://msp.org/idx/zbl/1252.58001
mailto:leo.morin@ens-rennes.fr
http://msp.org

ANALYSIS AND PDE
Vol. 17 (2024), No. 5, pp. 1633-1692

DOI: 10.2140/apde.2024.17.1633

BLOW-UP OF SOLUTIONS OF CRITICAL ELLIPTIC EQUATIONS
IN THREE DIMENSIONS

RUPERT L. FRANK, TOBIAS KONIG AND HYNEK KOVARIK

We describe the asymptotic behavior of positive solutions u, of the equation —Au + au = 3u>~¢ in
Q C R? with a homogeneous Dirichlet boundary condition. The function « is assumed to be critical in
the sense of Hebey and Vaugon, and the functions u, are assumed to be an optimizing sequence for the
Sobolev inequality. Under a natural nondegeneracy assumption we derive the exact rate of the blow-up
and the location of the concentration point, thereby proving a conjecture of Brezis and Peletier (1989).
Similar results are also obtained for solutions of the equation —Au + (a + ¢V )u = 3u° in Q.

1. Introduction and main results

We are interested in the behavior of solutions to certain semilinear elliptic equations that are perturbations
of the critical equation
—AU =3U° inR.
It is well known that all positive solutions to the latter equation are given by
Al /2
L+ 22y —x)172

U (y) = (1-1)

with parameters x € R® and A > 0. This equation arises as the Euler-Lagrange equation of the optimization
problem related to the Sobolev inequality

1

3

‘[|Vﬂ225([ ﬁ)
R3 R3

with sharp constant [Aubin 1976; Rodemich 1966; Rosen 1971; Talenti 1976]

s=a(3)!

The perturbed equations that we are interested in are posed in a bounded open set @ C R? and involve
a function a on €2 such that the operator —A + a with Dirichlet boundary conditions is coercive. (Later,
we will be more precise concerning regularity assumptions on €2 and a.) One of the two families of
equations also involves another rather arbitrary function V' on €2. The case where @ and V are constants
is also of interest.
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We consider solutions # = u,, parametrized by ¢ > 0, to the following two families of equations:

—Au+au=3u""%t inQ,

u=>0 in 2, (1-2)
u=20 on 092,
and
—Au+(a+eV)u=3u’> inQ,
u>0 in 2, (1-3)
u=20 on 092.

While there are certain differences between the problems (1-2) and (1-3), the methods used to study them
are similar, and we will treat both in this paper. We are interested in the behavior of the solutions u,
as ¢ — 0, and we assume that in this limit the solutions form a minimizing sequence for the Sobolev
inequality. More precisely, for (1-3) we assume

Viug|?
lim f9|—81|/3 = (1-4)
=0 (f Q ”g)
and for (1-2) we assume
Vug|?
lim —Ja Vel (1-5)
O (Jug)
For example, when €2 is the unit ball, a = —%7‘[2, and V = —1, then (1-3) has a solution if and only if

O<ex< %nz; see [Brezis and Nirenberg 1983, Section 1.2]. Note that in this case 72 is the first eigenvalue

of the operator —A with Dirichlet boundary conditions on €2.

Returning to the general situation, the existence of solutions to (1-2) and (1-3) satisfying (1-4) and (1-5)
can be proved via minimization under certain assumptions on @ and V’; see, e.g., [Frank et al. 2021]
for (1-3). Moreover, it is not hard to prove, based on the characterization of optimizers in Sobolev’s
inequality, that these functions converge weakly to zero in H(} (£2) and that ug converges weakly in the
sense of measures to a multiple of a delta function; see Proposition 2.2. In this sense, the functions u,
blow up.

The problem of interest is to describe this blow-up behavior more precisely. This question was
advertised in an influential paper by Brezis and Peletier [1989], who presented a detailed study of the
case where 2 is a ball and a and V are constants. For earlier results on (1-2) with a = 0, see [Atkinson
and Peletier 1987; Budd 1987]. Concerning the case of general open sets 2 C R3, the Brezis—Peletier
paper contains three conjectures, the first two of which concern the blow-up behavior of solutions to the
analogues of (1-2) and (1-3) in dimensions N > 3 (N > 4 for (1-3)) with @ = 0. These conjectures were
proved independently in seminal works of Han [1991] and Rey [1989; 1990].

In the present paper, under a natural nondegeneracy condition, we prove the third Brezis—Peletier
conjecture, which has remained open so far. It concerns the blow-up behavior of solutions of (1-2) for
certain nonzero a in the three-dimensional case. We also prove the corresponding result for (1-3). This
latter result is not stated explicitly as a conjecture in [Brezis and Peletier 1989], but it is contained there
in spirit and could have been formulated using the same heuristics. Indeed, it is the version with a % 0 of
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the second Brezis—Peletier conjecture in the same way as, concerning (1-2), the third conjecture is the
a # 0 version of the first one.

A characteristic feature of the three-dimensional case is the notion of criticality for the function a. To
motivate this concept, let

Vz|2 2
S@i= i J20V J:/ZZ)
0#zeH; () ([q z)

One of the findings of [Brezis and Nirenberg 1983] is that if @ is small (for instance, in L°°(£2)) but
possibly nonzero, then S(a) = S. This is in stark contrast to the case of dimensions N > 4, where the
corresponding analogue of S(a) (with the exponent 6 replaced by 2N /(N — 2)) is always strictly below
the corresponding Sobolev constant, whenever a is negative somewhere.

This phenomenon leads naturally to the following definition due to [Hebey and Vaugon 2001]. A
continuous function a on  is said to be critical in Q if S(a) = S and if for any continuous function &
on Q with @ < a and @ # a one has S(@) < S(a). Throughout this paper we assume that « is critical in §2.

A key role in our analysis is played by the regular part of the Green’s function and its zero set. To
introduce these, we follow the sign and normalization convention of [Rey 1990]. Since the operator
—A + a in Q with Dirichlet boundary conditions is assumed to be coercive, it has a Green’s function G,
satisfying, for each fixed y € ,

{—AxGa(x, ) +a(x)Gqe(x,y) =4ns, inQ, (1-6)
Ga(-,y) =0 on Q2.
The regular part H, of G, is defined by
1
Ha(X,J/) 3:——Ga(x,y)- (1_7)

|x — I

It is well known that for each y € Q the function H,( -, y), which is originally defined in Q2 \ {y}, extends
to a continuous function in €2, and we abbreviate

¢a(y) := Ha(y. ).

It was proved by Brezis [1986] that inf) cq ¢4 (y) < 0 implies S(a) < S. The reverse implication, which
was stated in [Brezis 1986] as an open problem, was proved by Druet [2002]. Hence, as a consequence of
criticality we have

nf $a(y) =0: (1-8)

see also [Esposito 2004] and [Frank et al. 2021, Proposition 5.1] for alternative proofs. Note that (1-8)
implies, in particular, that each point x with ¢,(x) = 0 is a critical point of ¢,.
Let us summarize the setting in this paper. In the sequel we set
Ng:={x € Q:¢s(x) =0}
Assumptions 1.1. (a) Q C R? is a bounded, open set with C? boundary.
(b) a e CO(Q)N Ckz)(’:”(Q) for some o > 0.
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(c) a is critical in 2.

(d) Any point in AV is a nondegenerate critical point of ¢, that is, for any xo € Nz, the Hessian D? ¢, (x)
does not have a zero eigenvalue.

Let us briefly comment on these items. Assumptions (a) and (b) are modest regularity assumptions,
which can probably be further relaxed with more effort. Concerning assumption (d) we first note that
$a € C*(R) by Lemma 4.1, and therefore any point in N is a critical point of ¢,; see (1-8). We believe
that assumption (d) is “generically” true. (For results in this spirit, but in the noncritical case a = 0,
see [Micheletti and Pistoia 2014].) The corresponding assumption for a = 0 appears frequently in the
literature, for instance, in [Rey 1990; del Pino et al. 2004]. Assumption (d) holds, in particular, if €2 is a
ball and a is a constant, as can be verified by explicit computation.

To leading order, the blow-up behavior of solutions of (1-3) will be given by the projection of a
solution (1-1) of the unperturbed whole space equation to HO1 (). For parameters x € R* and A > 0 we
introduce PUy € H(} (£2) as the unique function satisfying

APU, ) =AUy, inQ, PU, ), =0 onoQ. (1-9)
Moreover, let

Tx,k = span{PUx,A, 8KPUX’A, axlPUx,kaxZPUx,k8x3PUx,k},

and let TJ- be the orthogonal complement of 7 ) in H, 1(Q) with respect to the inner product fQ Vu-Vo.
By I, and nt X we denote the orthogonal projections in H (2) onto Ty 3 and T+ Prg respectively.

Here are our main results. We begin with those pertaining to (1 2), and we first pr0V1de an asymptotic
expansion of u#, with a remainder in H(} ().

Theorem 1.2 (asymptotic expansion of u.). Let (ug) be a family of solutions to (1-2) satisfying (1-5).
Then there are sequences (xg) C 2, (Ag) C (0,00), (ag) C Rand (rg) C T)ﬁ; A such that

ue = ae(PUx, 3, — A7 '2TI , (Ha(xe.+) — Ho(xe. ")) + re) (1-10)

and a point xg € Q with V,(x¢) = 0 such that, along a subsequence,

|xe — x0| = o(1), (1-11)
lim ks = 2 g (xo), (1-12)
4= _ 1 4 £ logi oz if pa(x0) #0, 13
o T iTplombew {%%(xo)x;l 1005 if dalro) =0, (19

OGS if ¢alxo) #0,
Vel = {O(A;” %) if falxo) = 0. (o

Moreover, if ¢pq(xg) =0, then

lim eA2 = —32a(xo). (1-15)

e—>0
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Our second main result concerns the pointwise blow-up behavior, both at the blow-up point and away
from it, and, in the special case of constant a, verifies the conjecture from [Brezis and Peletier 1989]
under the natural nondegeneracy assumption (d).

Theorem 1.3 (Brezis—Peletier conjecture). Let (uz) be a family of solutions to (1-2) satisfying (1-5).

(a) The asymptotics close to the concentration point xq are given by

. . 32
lim el|ug |2, = lim elug(xe)|* = 2=¢a(x0).
e—0 e—0 T

If ¢a(xg) =0, then
lim el|ue||2, = lim elug(xe)]* = —32a(xo). (1-16)
e—0 e—>0

(b) The asymptotics away from the concentration point xg are given by
ue(x) = A7 2Ga(x, x0) + 0(A;1/?)
for every fixed x € Q \ {x¢}. The convergence is uniform for x away from xy.

Strictly speaking, the Brezis—Peletier conjecture [1989] is stated without the criticality assumption (c)
on a, but rather under the assumption ¢, > 0 on 2. (Note that [Brezis and Peletier 1989] uses the opposite
sign convention for the regular part of the Green’s function. Also, their Green’s function is normalized
to be ﬁ times ours.) The remaining case, however, is much simpler and can be proved with existing
methods. Indeed, by Druet’s theorem [2002], the inequality ¢, > 0 on 2 is equivalent to S(a) = S,
and the assumption that a is critical is equivalent to min ¢, = 0. Thus, the case of the Brezis—Peletier
conjecture that is not covered by our Theorem 1.3 is when min ¢, > 0. This case can be treated in the
same way as the case a = 0 in [Han 1991; Rey 1989] (or as we treat the case ¢,(xg) > 0). Note that in
this case the nondegeneracy assumption (d) is not needed. Whether this assumption can be removed in
the case where ¢4 (xg) = 0 is an open problem.

We note that Theorems 1.2 and 1.3 and, in particular, the asymptotics (1-15) and (1-16) hold inde-
pendently of whether a(xg) = 0 or not. We note that a(xg) < 0 if ¢4(x¢) = 0, as shown in [Frank
et al. 2021, Corollary 2.2]. We are grateful to H. Brezis (personal communication) for raising the
question of whether a(xg) = 0 can happen and what the asymptotics of A, and | u¢| co Would be in
this case, or whether one can show that ¢,(x¢) = 0 implies a(xy) < 0. Deciding which alternative
holds does not appear to be easy, in particular due to the nonlocal nature of ¢,4(xg). Here is a simple
observation that may illustrate the expected level of difficulty: In the spirit of [Frank et al. 2021,
Theorem 2.1 and Corollary 2.2], a(xg) < 0 would follow if one could exhibit a family of very refined
test functions 7y, » such that when infg ¢q = ¢a(xo) = 0, the Sobolev quotient defining S(a) satisfies
SalNxe ] =S — cra(xo)A ™2 —caA7F 4 0(A77) for some ¢, ¢, > 0 and 7 > 2, say. However, extracting
such an explicit term ¢, A" is beyond the precision of both [Frank et al. 2021] and the present paper.

We also point out that the conjecture in [Brezis and Peletier 1989] is formulated with assumption (1-4)
rather than (1-5). However, the latter assumption is typically used in the posterior literature dealing with
problem (1-2), see, e.g., [Grossi and Pacella 2005; Han 1991], and we follow this convention.



1638 RUPERT L. FRANK, TOBIAS KONIG AND HYNEK KOVARI{K

We now turn our attention to the results for the second family of equations, namely (1-3). Whenever
we deal with that problem, we impose the following additional assumptions:

Assumptions 1.4. (¢) a < 0in Nj.
(f) Ve (Q).

Again, assumption (f) is a modest regularity assumption, which can probably be further relaxed with
more effort. Assumption (e) is not severe, as we know from [Frank et al. 2021, Corollary 2.2] that any
critical a satisfies @ < 0 on Np; see also the above discussion of the question by Brezis of whether or not

this assumption is automatically satisfied. In particular, it is fulfilled if @ is a negative constant.
Let

0y (x) = /Q V()Ga(r. )% xe. (1-17)

. . . . . . . 1
Again, we first provide an asymptotic expansion of u, with a remainder in H,, (£2).

Theorem 1.5 (asymptotic expansion of u.). Let (u.) be a family of solutions to (1-3) satisfying (1-4).
Then there are sequences (xg) C 2, (Ag) C (0,00), (atg) C R and (rs) C T;; he such that

ue = ae(PUx, 5, — g PTI 5 (Ha(xe,-) — Ho(xe,-)) + re) (1-18)
and a point xog € Ny with Qy (x¢) < 0 such that, along a subsequence,

|xe — xo| = o(e'/?), (1-19)
Pa(xe) = 0(e), (1-20)
lim ek, = 4n2m, (1-21)

£—>0 1Oy (x0)|
g =14 43 ¢0(X0)|QV(XO)|8+O(8)’ (122)

RE la(xo)]

|Vrell2 = 0(¥). (1-23)

If Qp(xo) =0, the right side of (1-21) is to be interpreted as oo.

The following result concerns the pointwise blow-up behavior.
Theorem 1.6. Let (u;) be a family of solutions to (1-3) satisfying (1-4).
(a) The asymptotics close to the concentration point X are given by

|a(xo)|

1Oy (xo0)|

lim 8||ng||§0 = lim &|ug(xs)|? = 42
e—0 e—>0

If Qp(xg) =0, the right side is to be interpreted as oo.

(b) The asymptotics away from the concentration point X are given by
ue(x) = 172 Galx. x0) + 0k /%)

for every fixed x € Q \ {x¢}. The convergence is uniform for x away from x.
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Theorems 1.2 and 1.5 state that, to leading order, the solution is given by a projected bubble PU,, ;..
One of the main points of these theorems, which enters crucially in the proof of Theorems 1.3 and 1.6, is
the identification of the localization length A; ! of the projected bubble as an explicit constant times &
(for (1-2) if ¢p4(x9) # 0 and for (1-3) if Qp (x¢) < 0) or e!/2 (for (1-2) if Pa(x0) = 0 and a(xg) # 0).

The fact that the solutions are given to leading order by a projected bubble is a rather general
phenomenon, which is shared, for instance, also by the higher-dimensional generalizations of (1-2)
and (1-3). In contrast to the higher-dimensional case, however, in order to compute the asymptotics of the
localization length A7 !, we need to extract the leading order correction to the bubble. Remarkably, for
VPIL L (Ha(xe.) = Ho(xe. ).

In this relation it is natural to wonder whether the above projected bubble PUy ¢ can be replaced by

both problems (1-2) and (1-3) this correction is given by A,

a different projected bubble PU x,»» namely where the projection is defined with respect to the scalar
product coming from the operator —A 4 a, leading to

(—A+a)PU, 5 = (~A+a)Uy;, PUzlaq=0.

Such a choice is probably possible and would even simplify some computations, but it would lead to
additional difficulties elsewhere (for instance, in the proofs of Propositions 2.2 and 5.1 our choice allows
us to apply the classical results by Bahri and Coron).

Moreover, for both problems the concentration point xg is shown to satisfy V¢, (xg) = 0. Here,
however, we see an interesting difference between the two problems. Namely, for (1-3) we also know that
da(xg) = 0, whereas we know from [del Pino et al. 2004, Theorem 2(b)] that there are solutions of (1-2)
concentrating at any critical point of ¢, which is not necessarily in N,. (These solutions also satisfy (1-4).)

An asymptotic expansion very similar to that in Theorem 1.5 is proved in [Frank et al. 2021] for
energy-minimizing solutions of (1-3); see also [Frank et al. 2020] for the simpler higher-dimensional
case. There, we did not assume the nondegeneracy of D¢, (x¢), but we did assume that Oy < 0 in A,.
Moreover, in the energy minimizing setting we showed that x satisfies

Oy (x0)? Qy(x)*
_— = sup _—,
la(xo)l  xenu, @v0<o [a(x)]
but this cannot be expected in the more general setting of the present paper.

Before describing the technical challenges that we overcome in our proofs, let us put our work into
perspective. In the past three decades there has been an enormous literature on blow-up phenomena of
solutions to semilinear equations with critical exponent, which is impossible to summarize. We mention
here only a few recent works from which, we hope, a more complete bibliography can be reconstructed. In
some sense, the situation in the present paper is the simplest blow-up situation, as it concerns single bubble
blow-up of positive solutions in the interior. Much more refined blow-up scenarios have been studied,
including, for instance, multibubbling, sign-changing solutions or concentration on the boundary under
Neumann boundary conditions. For an introduction we refer to [Druet et al. 2004; Hebey 2014]. In this
paper we are interested in the description of the behavior of a given family of solutions. For the converse
problem of constructing blow-up solutions in our setting, see [Musso and Salazar 2018; del Pino et al. 2004],
and for a survey of related results, see [Pistoia 2013] and references therein. Obstructions to the existence
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of solutions in three dimensions were studied in [Druet and Laurain 2010]. The spectrum near zero of
the linearization of solutions was studied in [Choi et al. 2016; Grossi and Pacella 2005]. There are also
connections to the question of compactness of solutions; see [Brendle and Marques 2009; Khuri et al. 2009].

What makes the critical case in three dimensions significantly harder than the higher-dimensional
analogues solved by Han [1991] and Rey [1989; 1990] is a certain cancellation, which is related to the
fact that inf ¢, = 0. Thus, the term that in higher dimensions completely determines the blow-up vanishes
in our case. Our way around this impasse is to iteratively improve our knowledge about the functions u,.
The mechanism behind this iteration is a certain coercivity inequality, due to Esposito [2004], which we
state in Lemma 2.3, and a crucial feature of our proof is to apply this inequality repeatedly, at different
orders of precision. To arrive at the level of precision stated in Theorems 1.2 and 1.5, two iterations are
necessary (plus a zeroth one, hidden in the proof of Proposition 2.2).

The first iteration, contained in Sections 2 and 5, is relatively standard and follows Rey’s ideas [1990]
with some adaptions due to Esposito [2004] to the critical case in three dimensions. The two main
outcomes of the first iteration are that concentration occurs in the interior, and an order-sharp bound
in Ho1 on the remainder a;lug — PUy, 3.

The second iteration, contained in Sections 3 and 6, is more specific to the problem at hand. Its main
outcome is the extraction of the subleading correction

AP (Ha(xe.w) — Ho(xe.-)).

Using the nondegeneracy of D?¢,(xo) we will be able to show in the proofs of Theorems 1.2 and 1.5
that A, is proportional to £~ ! (for (1-2) if ¢a(xo) # 0 and for (1-3) if Oy (xg) < 0) or £~ /2 (for (1-2) if
$a(xo) = 0 and a(xo) # 0).

The arguments described so far are, for the most part, carried out in Ho1 norm. Once one has completed
the two iterations, we apply in Sections 4C and 7B a Moser iteration argument in order to show that
the remainder o 'u, — PU,, ». is negligible also in L* norm. This will then allow us to deduce
Theorems 1.3 and 1.6.

As we mentioned before, Theorem 1.5 is the generalization of the corresponding theorem in [Frank
et al. 2021] for energy-minimizing solutions. In that previous paper, we also used a similar iteration
technique. Within each iteration step, however, minimality played an important role, and we used the
iterative knowledge to further expand the energy functional evaluated at a minimizer. There is no analogue
of this procedure in the current paper. Instead, as in most other works in this area, starting with [Brezis
and Peletier 1989], Pohozaev identities now play an important role. These identities were not used in
[Frank et al. 2021]. In fact, in that paper we did not use (1-3) at all and our results there are valid as well
for a certain class of “almost minimizers”.

There are five types of Pohozaev-type identities corresponding, in some sense, to the five linearly
independent functions in the kernel of the Hessian at an optimizer of the Sobolev inequality on R3
(resulting from its invariance under multiplication by constants, by dilations and by translations). All five
identities will be used to control the five parameters oz, A, and x,. in (1-10) and (1-18), which precisely
correspond to the five asymptotic invariances. In fact, all five of these identities are used in the first
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iteration and then again in the second iteration. (To be more precise, in the first iteration in the proof
of Theorem 1.5 it is more economical to only use four identities, since the information from the fifth
identity is not particularly useful at this stage, due to the above mentioned cancellation ¢,(xg) = 0.)

Thinking of the five Pohozaev-type identities as coming from the asymptotic invariances is useful, but
it is an oversimplification. Indeed, there are several possible choices for the multipliers in each category,
for instance, u, PUy j, ¥y ) corresponding to multiplication by constants, y - Vu, 0 PUy 5, 0¥y 5
corresponding to dilations, and dx;u, Vx; PUy ), Vx; PUy ; corresponding to translations. (Here ¥ 3
is a modified bubble defined below in (3-1).) The choice of the multiplier is subtle and depends on the
available knowledge at the moment of applying the identity and the desired precision of the outcome. In any
case, the upshot is that these identities can be brought together in such a way that they give the final result
of Theorems 1.2 and 1.5 concerning the expansion in HO1 (2). As mentioned before, the desired pointwise
bounds in Theorems 1.3 and 1.6 then follow in a relatively straightforward way using a Moser iteration.

We believe that our techniques are robust enough to derive blow-up asymptotics for (1-2) and (1-3) in
more general situations containing a nonzero weak limit and/or multiple concentration points. Since our
main motivation was to solve the Brezis—Peletier conjecture stated for single blow-up [1989] and to limit
the amount of calculations needed, we do not attempt to pursue this further here.

Let us also mention that a problem similar to, but different from, (1-2) has been studied in the recent
article [Malchiodi and Mayer 2021] using a similar approach. While the analysis there, carried out on a
Riemannian manifold M of dimension n > 5, is rather comprehensive and also treats the case of multiple
blow-up points, it does not seem to contain an analogue of the vanishing phenomenon for ¢, (x) nor, as
a consequence, of our refined iteration step described above.

The structure of this paper is as follows. The first part of the paper, consisting of Sections 2, 3 and 4,
is devoted to problem (1-3), while the second part, consisting of Sections 5, 6 and 7, is devoted to (1-2).
The two parts are presented in a parallel manner, but the emphasis in the second part is on the necessary
changes compared to the first part. The preliminary Sections 2 and 5 contain an initial expansion, the
subsequent Sections 3 and 6 contain its refinement and, finally, in Sections 4 and 7 the main theorems
presented in this introduction are proved. Some technical results are deferred to two appendices.

2. Additive case: a first expansion

In this and the following section we will prepare for the proof of Theorems 1.5 and 1.6.
The main result from this section is the following preliminary asymptotic expansion of the family of
solutions (u,).

Proposition 2.1. Let (1) be a family of solutions to (1-3) satisfying (1-4). Then, up to extraction of a
subsequence, there are sequences (xz) C 2, (Ag) C (0,00), (ag) C R and (we) C T;; A such that

Ug = Ofe(Png,)u8 + we) (2-1)

and a point xy € Q such that

Ixe —xol =o0(1), az=1+0(l), As—>o00, [Vwe|r=0R1?). (2-2)
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This proposition follows to a large extent by an adaptation of existing results in the literature. We
include the proof since we have not found the precise statement and since related arguments will appear
in the following section in a more complicated setting.

An initial qualitative expansion follows from works of Struwe [1984] and Bahri and Coron [1988]. In
order to obtain the statement of Proposition 2.1, we then need to show two things, namely, the bound
on ||[Vw]| and the fact that xo € 2. The proof of the bound on || Vw|| that we give is rather close to that
of Esposito [2004]. The setting in [Esposito 2004] is slightly different (there, V' is equal to a negative
constant and, more importantly, the solutions are assumed to be energy minimizing), but this part of the
proof extends to our setting. On the other hand, the proof in [Esposito 2004] of the fact that xoq € 2
relies on the energy-minimizing property and does not work for us. Instead, we adapt some ideas from
Rey [1990]. The proof in [Rey 1990] is only carried out in dimensions > 4 and without the background a,
but, as we will see, it extends with some effort to our situation.

We subdivide the proof of Proposition 2.1 into a sequence of subsections. The main result of each
subsection is stated as a proposition at the beginning and summarizes the content of the corresponding
subsection.

2A. A qualitative initial expansion. As a first important step, we derive the following expansion, which
is already of the form of that in Proposition 2.1 except that all remainder bounds are nonquantitative and
the limit point xo may a priori be on the boundary 0€2.

Proposition 2.2. Let (ug) be a family of solutions to (1-3) satisfying (1-4). Then, up to extraction of a
subsequence, there are sequences (xg) C 2, (Ag) C (0,00), (o) C R and (we) C T)ﬁ; R such that (2-1)
holds and a point x¢ € Q such that

|xe —=xol =0(1), ag=1+0(1), dehe— 00, |Vwelz=o0(l), (2-3)
where we write dg 1= d(x¢, 0Q2).

Proof. We shall only prove that u; — 0 in HO1 (£2). Once this is shown, we can use standard arguments,
due to Lions [1985], Struwe [1984] and Bahri and Coron [1988], to complete the proof of the proposition;
see, for instance, [Rey 1990, Proof of Proposition 2].

Step 1: We begin by showing that (1) is bounded in HO1 (R2) and that ||us||¢ = 1. Integrating the equation
for u, against u,, we obtain

/;2(|Vug|2 + (a —SV)ug) =3 /Q ug, (2-4)
and therefore
2
WY = Ja |Viug|? Jola + eV )u?

(L) = e oy

&€ &€

On the right side, the first quotient converges by (1-4) and the second quotient is bounded by Holder’s
inequality. Thus, (u,) is bounded in L°(R2). By (1-4) we obtain boundedness in HO1 (£2). By coercivity
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of —A 4+ ain HO1 (£2) and Sobolev’s inequality, for all sufficiently small ¢ > 0, the left side in (2-4) is
bounded from below by a constant times ||z, ||§. This yields the lower bound on ||u.|¢ = 1.

Step 2: According to Step 1, (u#.) has a weak limit point in HO1 (2) and we denote by uo one of those.
Our goal is to show that uy = 0. Throughout this step, we restrict ourselves to a subsequence of ¢’s along
which u; — ug in HO1 (€2). By Rellich’s lemma, after passing to a subsequence, we may also assume
that u, — u( almost everywhere. Moreover, passing to a further subsequence, we may also assume that
||Vugl|| has a limit. Then, by (1-4), ||u¢||¢ has a limit as well and, by Step 1, none of these limits is zero.

We now argue as in the proof of [Frank et al. 2021, Proposition 3.1] and note that, by weak convergence,

T = lim/ |V (ug —uo)|? exists and satisfies lim |Vu€|2=/ |Vuol®> +T
e—>0JQ Q Q

£—>0

and, by the Brezis—Lieb lemma [Brezis and Lieb 1983],

e—0 —

1
3
S(/z£+ww)==/WVuM?+T.
Q Q

We bound the left side from above with the help of the elementary inequality

1 1
3 3
Q Q

and, by the Sobolev inequality for u; —u(, we bound the right side from below using

M =1lim | (ug—up)® exists and satisfies lim/ uS:/ u8+/\/l.
Q e—~>0JQ Q

Thus, (1-4) gives

T>SMV3,

1
3
S(/ ug) Z/ |Vugl?.
Q Q

Thus, either uy = 0 or ug is an optimizer for the Sobolev inequality. Since 1 has support in Q < R3, the

Thus,

latter is impossible and we conclude that uy = 0, as claimed. O

Convention. Throughout the rest of the paper, we assume that the sequence (i) satisfies the assumptions
and conclusions from Proposition 2.2. We will make no explicit mention of subsequences. Moreover, we
typically drop the index e from ug, ®g, Xg, Ag, de and we.

2B. Coercivity. The following coercivity inequality from [Esposito 2004, Lemma 2.2] is a crucial tool
for us in subsequently refining the expansion of u.. It states, roughly speaking, that the subleading
error terms coming from the expansion of u#, can be absorbed into the leading term, at least under some
orthogonality condition.
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Lemma 2.3. There are constants Ty < oo and p > 0 such that, for all x € Q, all . > 0 with d) > Ty
and all v € T;_)a

/Q(|Vv|2+av2—15U;’kv2) zp/Q |Vvl2. (2-5)

The proof proceeds by compactness, using the inequality [Rey 1990, (D.1)]

/Q(Wvlz—lSU;’sz)Z%/QWvlz for all v e T,

For details of the proof, we refer to [Esposito 2004].

In the following subsection, we use Lemma 2.3 to deduce a refined bound on ||Vw||,. We will use it
again in Section 3B below to obtain improved bounds on the refined error term ||Vr| 5, withr € T )i)»
defined in (3-4).

2C. The bound on ||[Vw||;. The goal of this subsection is to prove:

Proposition 2.4. As ¢ — 0,
IVwll, = 02 + O((hd) ™). (2-6)

Using this bound, in Section 2D we prove that  ~! = (1) and therefore the bound in Proposition 2.4
becomes ||Vw]||, = O(A~1/2), as claimed in Proposition 2.1.

Proof. The starting point is the equation satisfied by w. Since

—APUy ) = —AUyy =3U7,,
from (2-1) and (1-3) we obtain

(—A+a)w=-3U, +3a*(PUxp +w)’ —(a+eV)PUy  —eVw. (2-7)
Integrating this equation against w and using

1
U’ wz—/VPU 5 -Vw =0,
[sz T3 g x’

we get

/(|Vw|2+aw2)=3a4/ (PUx,A+w)5w—/ (a+8V)PUx,Aw—[ Vw2 (2-8)
Q Q Q Q

We estimate the three terms on the right-hand side separately.
The second and third terms are easy: We have by Lemma A.1

‘/Q<a+eV>PUx,xw‘ < NwllelUerlless < A=YV,

e

Moreover,

2 2
S elwlls = o(IVwl2).
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The first term on the right side of (2-8) needs a bit more care. We write PUy 3 = Uy ) — @ ) as in
Lemma A.2 and expand

/ (PUy ) +w)’w
Q

— [ wzaw s [ vt + o [0 pmstul+ U0l +luled,) + o2l +0)

=5 [ utyw?+0( [ Ulspmalul +1Vulaloeal} + 10l ).

where we again used |, U;kw = 0. By Lemmas A.1 and A.2, we have ||<.0x,k||§ < (dA)~! and

[QU;‘,WX,AIIUI SlwlslexillosllUxall3es < IVwla(@n) ™"
Putting all the estimates together, we deduce from (2-8) that
/ (IVw]? +aw? —15¢*U*w?) = O(d) " | Vwllz + 272 [ Vwll2) + o[Vl ]3).
Q

Due to the coercivity inequality from Lemma 2.3, the left side is bounded from below by a positive
constant times ||[Vw ||§. Thus, (2-6) follows. O

2D. Excluding boundary concentration. The goal of this subsection is to prove:
Proposition 2.5. d=1=0().

By integrating the equation for u against Vu, one obtains the Pohozaev-type identity

—A(V(a +eV)u? = /m n(g—Z)z. (2-9)

Inserting the decomposition u = a(PU + w), we get

IPU, 5 \ dPUy 5 d dw )
/ n A =_/ ] PRt e ke —/(V(a+8V))(PUXA+w)2. (2-10)
30 on 30 on dn on Q ’

Since a, V € C1(Q), the volume integral is bounded by

SIPUIS + w3 2471+ (d) 2, (2-1D)

/ (V(a+eV)(PUyy + w)?
Q

where we used (2-6) and Lemmas A.1 and A.2.
The function dPU j /dn on the boundary is discussed in Lemma A.3. We now control the function
odw/dn on the boundary.

ow\? _ 501 -1 —1 -2
Lemma 2.6. /39(811) =0M"d )+o(A"d™).

Proof. The following proof is analogous to [Rey 1990, Appendix C]. It relies on the inequality

for all z € H*(Q) N Hy (Q). (2-12)

2
H on ‘ £209) ~ Szl
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This inequality is well known and is contained in [Rey 1990, Appendix C]. A proof can be found, for
instance, in [Hang et al. 2009].
We write (2-7) for w as —Aw = F with

F:=3a*(PUyy +w)’ =307, —(a+eV)(PUx +w). (2-13)

We fix a smooth 0 < y <1 with xy =0 on {|y| } and x =1 on {|y| > 1} and define the cut-off function

((y) = x(%). (2-14)
Then (w € H*(R) N H(} (2) and
—AQQw) =CF—-2V{-Vw — (Adw.
The function F satisfies the simple pointwise bound
|FIS UL, 4wl + Ui+ |wl, (2-15)
which, when combined with inequality (2-12), yields
‘ d(gw) |2

because 5 - % = 1—25 > 6, and we shall come back to it later. The other terms can all be estimated using

Jw
on

SIEF=2VE-Vu—(ADw]3),
L2(3Q) . , ,
SN +lwlP +Us a4 w3/, +IVENVwIIZ )+ AW,

L2(R) H

It remains to bound the norms on the right side. The term most difficult to estimate is ||Cw? |3 /25

bounds on ||U||Lr(@\B,/»(x)) from Lemma A.1, as well as the bound [[w]¢ < A~Y2 £ A7 1g7 from
Proposition 2.4. Indeed, we have

||§ )»”3/2 ”UX)‘”L”/Z(Q\B,;/Z(x))"’)‘ Sd_ —0()‘ ld 2)
18U X||3/2 <l X)“”L3/2(Q\Bd) SAT : =0}~ td~ 1)
Igwll3), S lwlg AT +A72d2 =00 7"d™) +0(7'd ),
IVEIVwIIE, < IVwIZIVEE < 7! +472d7)d ™ =0 1d™ ) +o(A1d™?)

and

IAOW3,, S [wlElAsl3 £ AT +A72d72)d ™ =007 d™ ) +o(71d7?),
In order to estimate the difficult term ||Cw? |5 /2> we multiply the equation —Aw = F by ¢ 12|V 2y

and integrate over €2 to obtain
/V(z”zlwl”zw)-wf/ |FIE 2 w32, (2-16)
Q Q
We now note that there are universal constants ¢ > 0 and C < oo such that, pointwise a.e.,

VE Pl Pw) - Vw = e VE 4 w] 4 w) P = Clwl 2V 4P (2-17)
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Indeed, by repeated use of the product rule and chain rule for Sobolev functions, one finds
2 2
VE 2wl Pw) - Ve = 3(3)71VE ) + (3(3)" - 32wV ET)?

—(3(4)* 2= £ ) wv - VE A w]w),

The claimed inequality (2-17) follows by applying Schwarz’s inequality vy - vy > —¢|v{|? — |v2]|?/(4€) to
the cross term on the right side with ¢ > 0 small enough.
As a consequence of (2-17), we can bound the left side in (2-16) from below by

/V(é‘/2|w|1/2w)-vwicf |V<c‘/4|w|l/4w>|2—cf lw|* 2|V (42
Q Q Q

Thus, by the Sobolev inequality for the function ¢/4|w|!/4w and (2-16), we get

4

3 4
lew i = ([ 4t ul) < ([ 96 4w
4 4
5/2 1/442 1/2,,13/2 R
([ rewemr) « ([ ireewee). e

For the first term on the right side, we have

: :
(/ |w|5/2|V(§‘1/4)|2) < ”w”éO(/ |v(§1/4)|24/7)‘ < ()\—5 +)\_10d_10)d_1
Q Q
=0 'd Y +or1d7?).

To control the second term on the right side of (2-18), we use again the pointwise estimate (2-15). The
contribution of the |w|> term to the second term on the right side of (2-18) is

4 4
(/Q|w|5+3/2c1/2) - (/Q(;”zw”)w“) < 6w 12 5 Il 26 = o(lcw’ 12, ),

which can be absorbed into the left side of (2-18).
For the remaining terms, we have

4
(10 202,87 ) < Il s,y iy = 5+ @G04,
4
(] 102024872 < 10005y = 5 @72

4
(f |w|5/2z”2) < w10 = A5 4 (@r),
Q

all of which is O(A~'d =) + o(A=1d~?). This concludes the proof of the bound

||§w5||§/2 =0\t d Y +or"1d™?)
and thus of Lemma 2.6. O
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It is now easy to complete the proof of the main result of this section.

Proof of Proposition 2.5. The identity (2-10), together with the bound (2-11) and Lemma A.3(a), yields

2
Lz(aﬂ))

for some C > 0. By Lemmas A.3(c) and 2.6, the last term on the right-hand side is bounded by
A"1d3/2 4 o(A"1d72), so we get

8_w
on

aPUm
n

CA 'WVeo(x) =0 +o(A1d™2) + o(” 3

H ow
+ -
L2(39) L2 |l on

Voo (x) = 0d™2) +0(d™?).
On the other hand, according to [Rey 1990, (2.9)], we have |V¢o(x)| = d 2. Hence
d™2 = 0d™3?) +0(d™?),
which yields d=! = O(1), as claimed. O

2E. Proof of Proposition 2.1. Existence of the expansion follows from Proposition 2.2. Proposition 2.5
implies that d~! = O(1), which implies that xo € . Moreover, inserting the bound d~! = O(1) into
Proposition 2.4, we obtain || Vw||, = @(A~'/2), as claimed in Proposition 2.1. This completes the proof
of the proposition. O

3. Additive case: refining the expansion

Our goal in this section is to improve the decomposition given in Proposition 2.1. As in [Frank et al.
2021], our goal is to discover that a better approximation to u, is given by the function

Vo o= PUx = A7V 2 (Hy(x,+) = Ho(x.-)). (3-1)
Let us set
Ge = e + A7 2 (Ha(xe. ) — Ho(xe. ")), (3-2)
so that
ue = e (Vx, 1, 1 9e)-

As in [Frank et al. 2021], we further decompose

Ge =S¢+ Fg, (3-3)
with s, € Ty_ 3, and r¢ € T;; e given by

Fe .= Hi_é?y)\rsq and Sg 1= HXSs)"Sq' (3_4)

We note that the notation ¢ is consistent with that used in Theorem 1.5 since, using w, € TXl 5, Where
_ es/ve
we write wWe = ¢ + Ag 1/Z(Ha(x,s, -)— Hy(xe,)), we have

se =g 2Ty, p, (Ha(xe, ) = Ho(Xe, ). (3-5)

The following proposition summarizes the results of this section.
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Proposition 3.1. Let (u,) be a family of solutions to (1-3) satisfying (1-4). Then, up to extraction of a
subsequence, there are sequences (xg) C 2, (Ag) C (0,00), (ag) CR, (sg) C T, 2, and (r¢) C T;; A
such that

e = ole(Yx, 1, + 56 +7¢) (3-6)
and a point xy € Q such that, in addition to Proposition 2.1,
IVrell2 = Oedg /2. (3-7)
$alxe) = alxe)mhy! — =0y (xe) +0( ") +o(e),
Véa(xs) = O(e") forany u <1,
Agl =00,
ot =1+ %%(xg)xgl o).
The expansion of ¢, (x) will be of great importance also in the final step of the proof of Theorem 1.5.
Indeed, by using the bound on |V¢,(x)| we will show that in fact ¢4 (x) = 0(A~1) 4 o(e). This allows
us to determine limg_, ¢ sA;.

We prove Proposition 3.1 in the following subsections. Again the strategy is to expand suitable energy
functionals.

3A. Bounds on s. In this section we record bounds on the function s introduced in (3-4) and on the
coefficients 8, y and §; defined by the decomposition

3
s =T q =:2""BPUyx ) +y0) PUxj + 17 Y 80y, PUy . (3-8)
i=1
Since PU 3, 0, PUy ; and dx; PUy ., i = 1,2, 3, are linearly independent for sufficiently small ¢, the
numbers B, y and §;, i = 1,2, 3, (depending on &, of course) are uniquely determined. The choice of the
different powers of A multiplying these coefficients is motivated by the following proposition.

Proposition 3.2. The coefficients appearing in (3-8) satisfy

B.v. i =0(0). (3-9)
Moreover, we have the bounds
Islloo = G723 [ Vsll2=0G") and 5]z =007, (3-10)
as well as
IVsliL2@\By,»(x) = OM?). (3-11)

Proof. Because of (3-5), s, depends on u, only through the parameters A and x. Since these parameters
satisfy the same properties A — oo and d ! = O(1) as in [Frank et al. 2021], the results on s, there are
applicable. In particular, the bound (3-9) follows from [Frank et al. 2021, Lemma 6.1].
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The bounds stated in (3-10) follow readily from (3-8) and (3-9), together with the corresponding
bounds on the basis functions PUy », 03 PUy 3 and dx; PUy 3, i = 1,2, 3, which come from

1Uxilloo SAY2 VU2 S 10 Ul S22,
and similar bounds on 0, Uy ; and dy, Uy j, compare Lemma A.1, as well as
1 Ho(x.)ll2 + [Vx Ho(x, )2 + [Vx Vy Ho(x, y)[2 S 1.
It remains to prove (3-11). Again by (3-8) and (3-9), it suffices to show that

At IVPUx wlL2@\By 2 (x)) T IIVOLPUx A L2(@\ By 2 (x))
+ A7V, PUx Nl 2@\ By jax)) S A2 (3-12)
(In fact, there is a better bound on Vdy, PUy , but we do not need this.) Since the three bounds in (3-12)

are all proved similarly, we only prove the second one.
By integration by parts, we have

3(9, PU
/ IV PU . |% = 15/ U;‘kaka,AakPUx,x+/ 90, PUx)
Q\By/a(x) Q\Bajn(x) 0Ba,2(x) an

By the bounds from Lemmas A.1 and A.2, the volume integral is estimated by

/ Ug 500.Ux 000 PUsx
Q\Bg/2(x)

= / U;,)\(aka,)»)z + ”aMOx,A”oo U;,)Ja}»Ux’ﬂ < A7
R3\Bg/2(x) R3\Bg/2(x)

93 PU, .

Since
A2 (=54 302y —x|?)(y —x)

2 ARy —xP)

ViU (y) =

’

we find [V0, Uy 5| < 173/2 on 0Bg/>(x). By the mean value formula for the harmonic function ) ¢, 3
and the bound from Lemma A.2,

IV0r0x 0 (D] = 1900 loc SAT2 forall y € 3B yy2(x).
This implies that [V (3) PUy )| < A=3/2 on 8B, /2(x). Thus, the boundary integral is estimated by

3(9, PU
/ (9 X’A)akPUx,A
9By ,2(x) on

= IV @ PUx )| L0 @By,20) (192 Us | Lo @\ By 5 () T 192050 ll00) S 472,
since [0, Ux alLoo(@\By 2 (x) S 173/2 by Lemma A.1. Collecting these estimates, we find that

IVor PUx pll 222\ By sy S A7

which is the second bound in (3-12). O

Later we will also need the leading order behavior of the zero-mode coefficients § and y in (3-8).
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Proposition 3.3. As ¢ — 0,
16 - 8 -
B =32 @a(x) = do(x) + 00T, y==3p+007"). (3-13)
Proof. According to (3-5), we have

/Vs-VPUx,k=k_l/2/ V(Ha(x,+)— Ho(x,+)) - VPUy , (3-14)
Q Q

/ Vs -V PUy =x—1/2/ V(Hg(x, ) — Ho(x,-))Vd; PUy . (3-15)
Q Q
By (3-8), the left side of (3-14) is
A / |VPUM|2+V/ V33 PUy ;. -VPUy  + A~ 325 / Viy, PUy ;. -VPUy
i=1
= 38171 HT + 00,
where we used the facts that, by [Rey 1990, Appendix B],

[ 1VPUGE =200, [ V8PULVPUG =007,
¢ ¢ (3-16)
/ Viy; PUy 3 -VPUy ) = O™ ).

Q

On the other hand, the right side of (3-14) is
r1/2/ V(Hg(x,-) — Ho(x,-))-VPU = 3r‘/2/ (Ha(x,-)— Ho(x,-))U3,
Q Q

= 47 (¢a(x) — po(X))A ™' + O(L7?) (3-17)

by Lemma B.3. Comparing both sides yields the expansion of 8 stated in (3-13).

Similarly, by (3-8), the left side of (3-15) is ;

é VPU, - VakPka+y/ VO, PUA >+ 172 ) 6 / Vx; PUy 3 -V, PUy
Q
i=1
1572y _3
= oM™,
6z "o

where, besides (3-16), we used [o Vix; PUy 3 - V0, PUy ) = O(L™2) by [Rey 1990, Appendix B] and

157r

/|V8XPUXJ|2:/ |vaka,A|2+0(r3)_ =2 A2 0073,
Q Q

(The numerical value comes from an explicit evaluation of the integral in terms of beta functions, which
we omit.) On the other hand, the right side of (3-15) is

A~ 1“/vuqa(x )= Ho(x.-)) -V PUy 5, = 154" 1/2/<Ha(x )= Holx, DU, 03U s

= —270($a(x) = Po(x))A > + 0. 7)
by Lemma B.3. Comparing both sides yields the expansion of y stated in (3-13). O
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3B. The bound on |Vr| 2. The goal of this subsection is to prove:

Proposition 3.4. As ¢ — 0,
1Vr 2 = O@a()A™H) + O T3/2) + O(er™12). (3-18)

Using A(Hg(x,-)— Hp(x,-)) = —aGq(x,-) and introducing the function g, ; from (A-4), we see
that (2-7) for w implies

(A +a)yr = _3U;,A + 3a4(1ﬂx,k +s5+ r)5 +a(fxr+8gxn)—as—eV(Yxr+s+r)+ As. (3-19)

Integrating against » and using the orthogonality conditions

/Q(As)r:—/gvs.wzo and 3/QU§’M:/QVPUM-W:0,
we obtain

L avrirarty =3t [ ks 4= [ a6 fa=gear= [ eVliatstnn G20
Q Q Q Q

The terms appearing in (3-20) satisfy the following bounds.
Lemma 3.5. As ¢ — 0, the following hold:

(a) SO0 ga () + Ir 1D 6-

30l4/(¢x,k +s+r)5r—15a4/ U;:)‘r2
Q Q ’

(b) ‘ /Q @5 = fop—x) + 6V (WUxn+5+ )| < A2 4 A7) 6.

Proof. (a) We write ¥y 3 = Uy A V2H(x,) - Jx.» and bound pointwise
Wxp+s+1)° =UJ, +5UL, (s+1)+OUL, WV Ho(x )|+ fien) + UL, (72 +5%)
+ O Hy(x, )P + | il 1P + 5. (3-21)

When integrated against r, the first term vanishes by orthogonality. Let us bound the contribution coming
from the second term, that is, from SU;‘ ;8- We write

s =2 BUL s + v Uy +5,

so § consists of the zero-mode contributions involving the §;, plus contributions from the difference
between PU, j and Uy  in the terms involving B and y. By orthogonality, we have

4 4 = 4=
/QUX,A” =/9Ux,)uw = O(|Ux  lgllsl6ll7ll6)s

and, by Lemmas A.1 and A.2 as well as Proposition 3.2,
3
156 < (B + 1y DA exalls + 1020xall6) + 272 Y 18:l18x; PUxalle S22
i=1
This proves

/ Ut sr=00732r ). (3-22)
QX
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It remains to bound the remainder terms in (3-21). We write H,(x, y) = ¢q(x) + O(]x — y|) and
bound

[ Uz a1 5 a6 [ U2+ [ U= p190 £ 00

Hence

/QU,?J(?»_l/lea(x,-)l + 1 feaDlrl| = QTV2NUL Ha(x,)llegs + 10 sl fealloo) 716

<O o (x) F AT 6 (3-23)

Finally, using Proposition 3.2,

/QU;?,A(VZ+S2)|V|+/Q(?»_5/2|Ha(x,-)|5+Ifx,x|5+|r|5+|S|5)|V|
S Al + s + 272+ 1 feallZo + 111 + UsIDIrlls < Arlig + A7) rlls.

(b) We have

‘/Q(a(s — faer—8x 1) FeV(Wxp+s+r)r
S UIslleys + 11 fxalless + 1 gxalless +el¥xalless +ellrlless)lrlle-

By Proposition 3.2, [islles < llsl2 < A7%/% By Lemma A2, || fxalless < Il fxalloo S A7Y% By
Lemma A4, |lgxalle/s < A72. By Lemmas A.1 and A2, [Vxalless < A~1/2. Finally, I71l6/s < Il ll6-
This proves the claimed bound. O

Proof of Proposition 3.4. We deduce from identity (3-20) together with Lemma 3.5 that
/Quw2 tar? —15a*U},r?) S W a(x) + 472+ e 72| Ve[S + e[ Vr ()] Vr .

Since a* — 1 and r € T;-)\, the coercivity inequality (2-5) implies that for all sufficiently small ¢ > 0 the
left side is bounded from below by ¢||Vr ||§ with a universal constant ¢ > 0. Thus,

IVrlla S A7 galx) + 4732 + 6272 4 | Vr |3 + 6| Vr .

For all sufficiently small & > 0, the last two terms on the right side can be absorbed into the left side and
we obtain the claimed inequality (3-18). O

Proposition 3.4 is a first step to prove the bound (3-7) in Proposition 3.1. In Section 3D we will show
that ¢y (x) = O(A~! + &) and A~! = O(e). Combining these with Proposition 3.4 we will obtain (3-7).

3C. Expanding a®. In this subsection, we will prove:
Proposition 3.6. As ¢ — 0,
at =1-4BL" 1+ O(pa ()AL + A2 4 ed™h), (3-24)

where B is the zero-mode coefficient from (3-8).
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To prove (3-24), we expand the energy identity obtained by integrating the equation for u against u.
Writing u = a (Y 5, + ¢), this yields

X,A X,A = XA ’

QIV(w +q)* + Q(a+eV)(w +q)* = 3a* Q(w +q)°

which we write as

AP areVIvd; =3t vE)+2 | (VT atreV b9yl ) =Ro. G-29
with

-/ (|Vq|2+<a+av>q2>+3a4i(,ﬁ)/ viid".
Q 2 Q

The following lemma provides the expansions of the terms in (3-25).
Lemma 3.7. As ¢ — 0, the following hold:

(@) / (IVYaal? +@+eV)yl; =3ayl ;) = (-« )3;’ +O@a(IA 272 4 er 7,
Q

O [ (T4 Voot @t eViguen —9a'qy3,) = (1=3aH 2 + 0672 447,
] ,
(©) Ro=0R"2+e207h.

Proof. (a) In [Frank et al. 2021, Theorem 2.1], we have shown the expansions

/<|vwxx|2+<a+sV>ka) I Oa(A T 272 e,

/ka— + OaA™ +272),

which immediately imply the bound in (a).

(b) Since A(Hgu(x,-)— Ho(x,-)) = —aGu(x,-), we have —Ay, ; = 3U5 —2"Y24G4(x,-). Since
Vi = AV2G,(x, ) — Jx.0 — &x.a With g 5 from (A-4), we can rewrite thls as

_AWx,)L +alpx,k = 3U5x_a(ka+gx 1) (3-26)
Thus,

/Q (Vq- Vs + (@ + V) s — 90 qy3 )
=30 =30 [ qUE = [ a0t 3, = U2+ aon+ €ra) +V V).
By orthogonality and the computations in the proof of Proposition 3.3,

2
3/ qU?3 =[ Vs-VPU,; = 2 gi~l + 0(72).
Q Q ’ 4



BLOW-UP OF SOLUTIONS OF CRITICAL ELLIPTIC EQUATIONS IN THREE DIMENSIONS 1655

Moreover,

‘/Q ‘](9‘3‘4(1#)?’)L - U;,k) + a(fx,l + gx,A) + EVWx,k)

Slglelvs 5 = U3 slless + I fenlless + lgxnlless + el v alless)-
By Propositions 3.2 and 3.4 we have
lglle < IVqlla SA™ +er™"2, (3-27)

by Lemma A.2 we have || fx alloo < A73/2 and, by Lemma A.4 we have lexalle/s < A~2. More-
over, writing ¥ 3 = Uy — AV H (x, ) — Jx,1 and using Lemmas A.1 and A.2 and (B-1), we get
[Vxalless < A~1/2. Also, bounding

Wi — U St T V2 Ha (o) + 1 feaD A A7 2 Ha(x. ) + | fren ]
we obtain from Lemmas A.1 and A.2 and (B-1)
15— Udalless S ATV 2 1Waallsy s + 4772 s a70

Collecting all the terms, we obtain the claimed bound.

(c) Because of the second inequality in (3-27), the first integral in the definition of Rq is O(A~2 +&21~1).
The second integral is bounded, in absolute value, by a constant times

/Q W07 +4% < Il dlal? + g8 $ 272 + 623,

This completes the proof. O
Proof of Proposition 3.6. The claim follows from (3-25) and Lemma 3.7. O

3D. Expanding ¢4(x). In this subsection we prove the following important expansion.

Proposition 3.8. As ¢ — 0,
$a(x) = ma()A™ = =0y (x) +o(l7") +o(e) (3-28)
Before proving it, let us note the following consequence.
Corollary 3.9. We have ¢4(x¢) =0, Qp(xo) <0and
A =00, (3-29)
as € — 0. Moreover, |Vr|, = O(eA~"2) and a* = 1 + %¢o(x)k_l + O(eA™h).
Proof. The fact that ¢, (xo) = 0 follows immediately from (3-28). Since ¢,(x) > 0 by criticality and

since a(xg) < 0 by assumption, we deduce from (3-28) that Oy (xg) < 0 and that

51 < | Qv (x0)| +o(1)
" 4n2|a(xo)| 4+ o(1)

e = 0(g).
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Reinserting this into (3-28), we find ¢4 (x) = O(¢). Inserting this into Proposition 3.4, we obtain the
claimed bound on ||Vr||,, and inserting it into (3-24) and (3-13), we obtain the claimed expansion
of a*. O

The proof of (3-28) is based on the Pohozaev identity obtained by integrating the equation for u against
0x V. We write the resulting equality in the form

/Q(wa,x Vs + @+ V)V ndVen — 304V ;0¥ 0)
=— /Q (Vg -V ¥xp +aqdrxp —15a gy, 09 0) + 30a” /Q Yl Yxa + R, (3-30)
with

5
5 _
R = —8/ V48AWx,k+3Ol4 Z(k)/ W;’Aquak‘ﬂx,k-
g k=3 §2

The involved terms can be expanded as follows.

Lemma 3.10. As ¢ — 0, the following hold:

(a) /Q(Vllfx,x VO, Uy +(@+eV)Pxn0r¥x i — 30641#)56,13M/fx,x)
= =27 (X)L 2 = L0y (x)ed? + (1 —at)dmwda (x)A ™ + 27 2a(x) + 1572 ¢a(x)*)A 73
+ oA} +o(sr7?).
(b) /Q(Vq VO Ya +aqdyPxn —15a gyl 0xvx )
= —(1 —a*)27(¢a(x) = Po(X)A™> + O(Ba(¥)A ") + 0(eA72) + 0(A 7).
© 300t [ 203000 = By 4 OGuA) 06k ) 007,
o :
d) R=0(@a(x)A7)+0(er™?) +0o(7).

We emphasize that the proof of Lemma 3.10 is independent of the expansion of a* in (3-24). We only
use the fact that « = 14 o(1).

Proof. (a) Because of (3-26), the quantity of interest can be written as
/Q(wa,x VO Yas + @+ V)V ndVen — 3043 ;010 0)
=3 /Q (U35 — a3 ;)0 Ve — /Q a(frp + 2x )0 Vxn +¢ /Q Ve p0¥xar.  (3-31)

We discuss the three integrals on the right side separately. As a general rule, terms involving f 5 will
be negligible as a consequence of the bounds || fy 1 llec = O 7>/2) and |33 fy1llc = O(77/2) in
Lemma A.2. This will not always be carried out in detail.
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We have
/ (U35 —a* Y2 )0 ¥xn = (1 —a“)/ AW +a / U= Vi)0en.  (332)
The first integral is, since ¥, 5 = Uy 3 A V2, (x, ) — Jxo
/Q US, 0¥ = /Q U3, 00Usp + 33732 /Q US , Ha(x, ) + 007, (3-33)

Since [ U? 202Ux = 10, fs U A =0, we have
5 5 [
U.,0)Ux | = / U2, 00U | SA™ /
'/;2 X, X, R\Q X,A X, i

Next, by Lemma B.3,
1 - 2 - -
3 3/2/S2U;’AHa(x,-)=Tn¢a(x))» 2+ 007,

V2—V4

T dr = O\ ™%). (3-34)

This completes our discussion of the first term on the right side of (3-32). For the second term we have
similarly,

/ (U35 = V)0 ¥xn

[ (U2, = Uy g =AYV Hy(x,))%) 03Uy p — 272 Ha(x.)) + 0(A7?)

=5r1/2/ S Ha(x, )0 Uxp + 5 k [ & Ha(x,-)? = 1017 f 3 W Ha(x. )20, Ux s

5
5 ky—k —k k
2 (p)ent 2 [ U5 a0, U
=3
5

_% Z(i>(_l)k)‘_(k+3)/2/ U;;kHa(x, _)k+1 +0()»_3). (3_35)
Q )

Again, by Lemma B.3,

50~ 1/2/U4 Ha(x, )33 Uy s + x / 4 Ha(x, ) = 1017 / 33 Ha(x,)?0,Ux
:—T%(x)r + Qra(x) + 572 pa()HA 3 +o(A 7). (3-36)

Finally, the two sums are bounded, in absolute value, by

J U232 P 52 Hae )P0Vl + [ U202 HaC ) 27 o)1)

S 102 Uxalls(1Ux i 13552722 A7) + U a 13272 4+ 474 =00 73).

This completes our discussion of the second term on the right side of (3-32) and therefore of the first
term on the right side of (3-31).
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For the second term on the right side of (3-31) we get, using ¥y ) = Uy ) — AV2H, (x, ) — Jx b

. 1.,_ _
/Qa(fx,x +gx,x)3xwx,xZ/Qagx,Aaxe,ri-Ek 3/2/Qagx,xHa(x,-)+0()» ).

The second integral is negligible since, by Lemma A .4,

‘%A—W / agy 5 Ha(x. ")
Q

5)\_3/2/;2gx,k Sk_4logk.

Since «a is differentiable, we can expand the first integral as

/Qagx,xaxe,x =a(x) /Q gx2 00 Ux + O(/Q |x _Y|gx,A|8ka,A|)-
We have

/;zgx,kaka,A =177 20.103Up,1 = A73 /2 20.10,Uo.1 +0o(A7%)
R»

AMQ2—x)
and
1 1 1—r2

o0
3, Uo.1 =4 - — 2dr =2n(3—m).
/[R@ 80,1950, n/o (V 1+r2)2(1+r2)3/2r r=2n(=a)

Using similar bounds one verifies that

f ¥ = ylgrn dn Uil < r“/ 121g0.1 192 Vo1 | S A4
Q AMR2—x)

This completes our discussion of the second term on the right side of (3-31).
For the third term on the right side of (3-31), we write

Vaa =27"2Ga(x.) = fra—gxp
and get

/ VWx,)» 8)\ Wx,)»
Q

= / VAT 2Ga(x,)~gx )0 (A2 Galx, ) —gx 1) +0(A?)
Q

=—%>»‘2Qy(x)+o(r3/2 fg Galx.)gus+1"1/2 fg Ga(x,)9h g |+ /Q gx,uaxgx,u)w(ﬂ)

=—32720p ()+O( T2 Galx. )2 llgxnl2
AT Ga () 1201028 2+ [ 22 a 2192 8.0 12) +0 (A7)
=320y () +0(a72).

In the last equality we used the bounds from Lemma A.4 and the fact that G4(x,-) € L?(2). This
completes our discussion of the third term on the right side of (3-31) and concludes the proof of (a).



BLOW-UP OF SOLUTIONS OF CRITICAL ELLIPTIC EQUATIONS IN THREE DIMENSIONS 1659

(b) We note that (3-26) yields
—A0 Yy +ad Yy = 15U;,A3xe,A —a(@) fx +0r8x0)-

Because of this equation, the quantity of interest can be written as

/Q(Vq VoY +aqdi¥x s —15a*qyd  03xn)

=15 [ U0 Uxa =0 V00— [ 0@ S+ Orgnn). (3

We discuss the two integrals on the right side separately.
We have

/QQ(U;,Aaka,A_a4w;,xaA¢x,k)
:(1_a4)/s24U;’x3ka,x +0€4/Qq(U;,A3AUx,x—w;‘,xamﬂx,x)- (3-38)

The first integral is, by the orthogonality condition 0 = fQ Vw- Vo, PU,, =15 fQ wU;ABX Ux 2

[ U800 =372 [ (Hatr.) = Hoe DUR, 02U
= =T (ga(x) — g ()22 + OG.7). (3-39)
For the second integral on the right side of (3-38), we have
/Q qU 500 Us g — Ve 3 02¥x0)
= [Q qU 500U — (Usp = 272 Ho(x,))* 03, (U p = A2 Ha(x.))) + 0(A7)

= O(¢a(X)A ") +0(eA ™) + 0(A 7). (3-40)

Let us justify the claimed bound here for a typical term. We write H,(x, y) = ¢q(x) + O(]x — y|) and
get

[ QU A2 Hy(x, ) = k‘3/2¢a(x)/ qUy _|_(9(;\—3/2/ qU;‘,AIx—yI).
Q Q Q
Using the bound (3-27) on ¢ and Lemma A.1 we get

‘/ qU;,x
Q

The remainder term is better because of the additional factor of |x — y|. We gain a factor of A~! since

< lgllslUxalldss <252 +er.

lx = 14U al34 )5 S A2
Another typical term,
[ U272 Hatr. )1
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can be treated in the same way, since the bounds for 9, Uy j are the same as for A1 Ux »: see Lemma A.1.
The remaining terms are easier. This completes our discussion of the first term on the right side of (3-37).
The second term on the right side of (3-37) is negligible. Indeed,

/Q ag@y frep +018x2) = OUlgll69rgxlle/s) + o) =01 7?), (3-41)

where we used Lemma A.4 and the same bound on ¢ as before. This completes our discussion of the
second term on the right side of (3-37) and concludes the proof of (b).

(c) We use the form (3-8) of the zero modes s, as well as the bounds on ||Vs||, and ||Vr ||, from (3-10)
and (3-18), to find

[Q G20 = /Q Y3 0t + O@a(A) +0(i7%) +0(eA )

=537 [ ULl 2807 [ U800+ [ U2 @007
+ O(Pa()A ) +o(A ™) +0(er™2).  (3-42)

A direct calculation using (B-15) gives

= /g2 US 03Uy s = 0072, /Q U2, (03.Ux2)° = 0(1)

and

1. _ |x — y|? Ix —y|*
U*. (9, U 2———k2/l]6 —)ﬁ/ +A5/
/sz xp(0Uxd)”= Q@ o (1+A2[x —y|?)* o (1+A2|x = y[?)?

%, s /°° 14 dt _2/°° 15 dt _2
=T 32 _ag) LAY ALY
T AT TR ST RS

i 2
=721 007).

Inserting this into (3-42) gives the claimed expansion (c).
The proof of (d) uses similar bounds as in the rest of the proof and is omitted. O

Proof of Proposition 3.8. Combining (3-30) with Lemma 3.10 yields
0=—47¢,(X)A 2= Qp(x)eA 2 +412a(X)A 2 + A3 R+ O(a ()L 3) +0o(A ™) +0(eX72), (3-43)

with
R = A(1—a*)4m(¢a(x) + ¢o(x)) + 3072 ¢a(x)* — L2 By 7.

We now make use of the expansion (3-24) of a* — 1 and obtain
R =16B7¢o(x) — L Byn® + O(ga(x) + 17" +o).
Inserting the expansions (3-13) of 8 and y, we find the cancellation

R=0(pa(x)+ 171 +¢). (3-44)
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In particular, R = O(1) and, inserting this into (3-43), we obtain

da(x) = O +¢).
In particular, for the error term in (3-43), we have ¢, (x)A~3 = o(A~3) and, moreover, by (3-44), we
have R = O(A~ ! +¢). Inserting this bound into (3-43), we obtain the claimed expansion (3-28). o

3E. Bounding V¢ ,(x). In this subsection we prove the bound on V¢, (x) in Proposition 3.1.
Proposition 3.11. For every u < 1, as ¢ — 0,
[Voa(x)| < e (3-45)
The proof of this proposition is a refined version of the proof of Proposition 2.5. It is also based on
expanding the Pohozaev identity (2-9). Abbreviating, for v,z € H!(Q),

v 0z

I, z] = o 390" +/;Z(Va)vz (3-46)

and writing u = a (Y ) + ¢), we can write identity (2-9) as

0= IYns] + 2 [Wnsq] + Ilg] + e /Q (VV) W+ 0)% (3-47)

The following lemma extracts the leading contribution from the main term /[y 3 ].
Lemma 3.12. [V, ;] = 47 Vpa(x)A~1 + OAT17H) for every p < 1.
On the other hand, the next lemma allows us to control the error terms involving g.

<er"1/2,

Lemma 3.13. H 9q <
anllL2(9)

n

Before proving these two lemmas, let us use them to give the proof of Proposition 3.11. In that proof,
and later in this subsection, we will use the inequality

gl < er™1/2. (3-48)
This follows from the bound (3-10) on s and the bounds in Corollary 3.9 on A~! and r. Note that (3-48)
is better than the bound (3-27) in the L° norm.
Proof of Proposition 3.11. We shall make use of the bounds

<A1, (3-49)
L2(0Q)

81//x,k
on

1Y ll2 +

The first bound follows by writing ¥ 3 = Uy — AV2H, (x, ) + Jx,» and using the bounds in
Lemmas A.1 and A.2 and in (B-1). We write ¥ ) = PUy —A"Y2(H,(x, ) — Hy(x,)) and use the
bounds in Lemmas A.3 and B.1 for the second bound.
Combining the bounds (3-49) with the corresponding bounds for ¢ from Lemma 3.13 and (3-48), we
obtain
Vapqll Seh™" and T[] <e*h™".



1662 RUPERT L. FRANK, TOBIAS KONIG AND HYNEK KOVARIK
Moreover, by (3-48) and (3-49),

&

/ (VV) W+ 9)2| < eh",
Q

In view of these bounds, Lemma 3.12 and (3-47) imply |V¢,(x)| < & + A7, Because of (3-29), this
implies (3-45). O

It remains to prove Lemmas 3.12 and 3.13.

Proof of Lemma 3.12. We integrate (3-26) for v/ ) against Vi, ; and obtain
U] =3 /Q US Vs — /Q a(frer+ 2 ) Vs (3-50)

For the first integral on the right side we write ¥, 3 = Uy 3 — AV2HL(x, ) + Jx.». and integrate by
parts to obtain

3 /Q US, Vs =3 /a U (U =2 P H )+ fua)n

15 /Q U3 (VU ) O 2 Ha(x, ) = frp):

By Lemma B.3 (see also Remark B.4) we have
2 - —1/2—
/Q Ud (VU ) Ha(x,) = — /Q U5 (VU p) Ha(x.-) = =75 Va(02™2 + 00270,

Finally, since Uy ) < A~1/2 on 92 and by the bounds on Uxa> fx and Hg(x,-) from Lemmas A.1
and A.2 and from (B-1), we have

3 UL (U =2 P HaC )+ fuan 15 [ UL (VU frs = 067

This shows that the first term on the right side of (3-50) gives the claimed contribution.
On the other hand, for the second term on the right side of (3-50) we have

_ 1
| et )V a= [l + 22 VUsa =27 Hatro) =5 [ (Vo f2,
1
_/ (anx,A +gx,kva)fx,k + 5/ afoJ +/ afx,kgx,k
Q 0Q 0Q

_ /Q ag 2 VU p + 007,

Here we used bounds from Lemmas A.2 and A.4 and from the proof of the latter. Finally, we write
a(y) = a(x)+ O(|x — y|) and use the oddness of g, , VU, to obtain

/Q 48 VU5 = 0( /Q = Ylgen VU |) — o).

This proves the claimed bound on the second term on the right side of (3-50). O
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Proof of Lemma 3.13. The proof is analogous to that of Lemma 2.6. By combining (2-7) for w with
A(Hy(x,-)— Hy(x,-)) = —aG,(x,-), we obtain —Ag = F with

Fi==3U2; +3a* (Ve p +9)° —aq +a(fep + gxp) — €V p +9)-

(We use the same notation as in the proof of Lemma 2.6 for analogous but different objects.)
We define the cut-off function ¢ as before, but now in our bounds we do not make the dependence
on d explicit, since we know already d ! = O(1) by Proposition 2.5. Then (g € H*(Q) N HO1 (2) and

—A(q) =§F —2V{-Vg —(AQ)gq.
We claim that
CIFI S tlgl® +etUsp + gl +en712 (3-51)

Indeed, on Q \ By/2(x), we have Uy, < A~/2 and g, 5 < A~>/2. By Corollary 3.9, we have A=%/2 =
O(er~1/2). Moreover, we write Y = Uxa —AV2H, (x, ) + Jx,». and use the bounds on fy , and
H,(x,-) from Lemma A.2 and (B-1).

Combining (3-51) with inequality (2-12), we obtain

I(¢q)

SINAGP 372 = IEF =2VE-Vg = (Aqll3/2
L2(39)

S1Eq N3y2 + ellcUxpll2 + Igllsgz + &A™ 2+ [1VE]1Vagll372 + 1 (A 32

It remains to bound the norms on the right side. All terms, except for the first one, are easily bounded.
Indeed, by (3-48),

8n

L2(3S) “

lgliss2+1(ADgl3/2 5 llgla S er™"/?

and

IVEIVallls2 S IVallL2@\Ba»0) = IVSliLz@\By ) + I1VFIl2 S er=1/2,
where we used ||VS||L2(Q\Bd/2(x)) < A73/2 by Equation (3-10) and || Vr||» < eA~/2 by Corollary 3.9.
(Notice that for the estimate on s it is crucial that the integral avoids B/, (x).) Moreover, by Lemma A.1,

1Ux 1372 < ”Ux,)»”L3/2(Q\Bd/2(X)) < ATz,

To bound the remaining term |[|{q° || /2 we argue as in Lemma 2.6 above and get

2 2
5 _ 1/4) (1/4 16 v (£1/4) 411/ 2)
16q% 12 (fgm " q|) s(fg| 41q1 )]
2 2 2
5/2 /44,2 1/2,.13/2 5 1/21.13/2
s(/gm v )|)+(/Q|F|z 1l )s||q||6+(/9|F|; 4l )

We use the pointwise estimate (3-51) on ¢ F, which is equally valid for ¢!/2 F. The term coming from |¢|°
is bounded by

2 2
( / |q|5+3/2§“2) _ ( / (§|q|5)1/2q4) <1eq* 1329118 = o(12¢® 13/2).
Q Q
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which can be absorbed into the left side. The contributions from the remaining terms in the pointwise
bound on ¢!/2| F| can by easily controlled, and we obtain

184° 1372 S lgllg +A7° + (ex™1/2)° s ed™ V2,

Collecting all the estimates, we obtain the claimed bound. O

4. Proof of Theorems 1.5 and 1.6

4A. The behavior of ¢, near x¢. We are now in a position to complete the proof of Theorem 1.5. Our
main remaining goal is to prove

Pa(x) = o(e). (4-1)

Once this is shown, we will be able to find a relation between A and &. The proof of (4-1) (and only this
proof) relies on the nondegeneracy of critical points of ¢,.

We already know that ¢, (x¢) = 0 and that ¢,(y) > 0 for all y € 2, hence X is a critical point of ¢,.
In this subsection we collect the necessary ingredients which exploit this fact.

Lemma 4.1. The function ¢ is of class C* on Q.

Since we were unable to find a proof for this fact in the literature, we provide one in Section B2.
Thus, the following general lemma applies to ¢,.

Lemma 4.2. Let u be C? near the origin and suppose that u(0) = 0, Vu(0) = 0 and that Hess u(0) is
invertible. Then, as x — 0,

u(x) = $Vu(x) - (Hess u(0)) ' Vu(x) + o(|x[?). (4-2)

Suppose additionally that Hess u(0) > ¢ for some ¢ > 0 in the sense of quadratic forms, i.e., the origin is
a nondegenerate minimum of u. Then, as x — 0,

u(x) < [Vu()*. (4-3)
Proof. We abbreviate H(x) = Hess u(x) and make a Taylor expansion around x to get

Ozu(O):u(x)—Vu(x)-x+%x-H(x)x+o(|x|2) (4-4)
and
0 = Vu(0) = Vu(x) — H(x)x + o(|x|?). (4-5)

We infer from (4-5) and the invertibility of H(0) that

x = Hx)"'Vu(x) +o(|x|?).
Inserting this into (4-4) gives

0=u(x)— %Vu(x) CH(x) ' 'WVu(x) + o(|x]?).

Since H(x)~™! = H(0)™! + o(|x|), this yields (4-2).
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To prove (4-3), if zero is a nondegenerate minimum, then a Taylor expansion around zero shows
u(x) = 3x- H0)x +o(|x|?) = felx|? (4-6)
for small enough |x|. Thus the o(]x|?) in (4-2) can be absorbed in the left side, and thus (4-3) holds. [J

4B. Proof of Theorem 1.5. Equation (1-18) follows from Proposition 2.1, together with (3-2), (3-3)
and (3-5). The facts that xo € NV and Qp (x¢) < 0 follow from Corollary 3.9.

By Lemma 4.1 and the assumption that x¢ is a nondegenerate minimum of ¢,, we can apply Lemma 4.2
to the function u(x) := ¢, (x + x¢) to get

Pa(x) < |Véa(x)|.

Therefore, by the bound on V¢, (x) in Proposition 3.1 with some fixed p € (%, 1), we get

$a(x) < |Va(x)|* = 0(e). 4-7)

This proves (1-20) and, by nondegeneracy of xg, also (1-19). Moreover, inserting (4-7) into the expansion
of ¢4(x) from Proposition 3.1, we find

0=a()mr™! = -0y (x) +0(7") +o(e).

that is,
2 la(xo)| +o(1)
1Oy (x0)| +o(1)

with the understanding that this means eA — oo if Oy (x) = 0. This proves (1-21).

el =4n

The remaining claims in Theorem 1.5 follow from Proposition 3.1.

4C. A bound on ||w| . In this subsection, we prove a crude bound on the L°° norm of the first-order
remainder w appearing in the decomposition u = a(PU, 3 + w), and also on some of its L norms
which cannot be controlled through Sobolev inequalities, i.e., p > 6. This bound was not needed in the
proof of Theorem 1.5, but will be in that of Theorem 1.6.

Proposition 4.3. As ¢ — 0,
lwl, A3 forall p € (6,00). (4-8)

Moreover, for every 1 > 0,
[wlleo = o(A%). (4-9)

Our proof follows [Rey 1989, Proof of (25)], which concerns the case N > 4 and a = 0. Since some
of the required modifications are rather complicated to state, we give details for the convenience of the
reader.

Proof. We begin by proving the first bound in the proposition, which we write as

lwlhyy AT forallr e (1,00).
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To prove this, we define F by (2-13), multiply (2-7) with |w|”~!w and integrate by parts to obtain

4r r
—2/ ‘V|w|§l‘2:/ Flw|" 'w
(r+1%Jo Q

Thus, by Sobolev’s inequality applied to v = |w|"+1D/2,

ol 5 [ 1Fll” (4-10)
In order to estimate the right side of (4-10), we make use of the bound
|FI Sl =1U, + Ud w4+ [w’ + U, @ p + Uxp +¢xa + w). (4-11)

This is a refinement of (3-51), which is obtained by writing PU, ) = Uy ) — ¢y, and using Lemma A.2
to bound wi’l < Px-

We estimate the resulting terms separately. Using Holder’s inequality, Lemma A.1, Proposition 3.6
and the fact that for any 7, p,¢ > 0 with p~! + ¢!
has ab < na? 4 C, b4, we obtain

= 1 there is C;; > 0 such that for any a, b > 0 one
1. r—1
o —1|/ U0l <37 0y IU1S s S 37 Nl 2250

__r+3 1 _r£3
= Nl )220 <l )+ G

4 1
5 5 1
4 1 5 5 r+s -4 1 —1.
/QUX,AlwIH 5(/9 Ux,klwlr) (/Q|w|r+) <l s 275050 < plwlfEl ) + G

5 1 4 1 -2,
/ wl¥* < wlEh wlid < Twlsgh )

—_r+3
||w||g(r+1) = )\. 2(r+1) ||u)||g(r+1)
_r+3

| R e T A RS

’

< nlwll}El ) +Cy

Uralwl” < 1wl 4110l 3s3 < 1wl nh ™2 < nllwlsgh ) + G E
q XM W3+ lVxallzgs S AWz A 2 =MW E 1)+ Cn ;
<Az r+1 C )\—%
‘ka|w| ||w||3(r+1) —77||w||3(r+1)+ n ;

5 (G VY r+1
1 5 — 1 _r+l
[l <(/ Jul +’) < Jwlly 3 2 <l ot

By choosing 1 small enough (but independent of A), we can absorb the term n||w||§E;1+1), as well as the

term A 72 ||w ||g?;1+1), into the left-hand side of inequality (4-10) to get
lwlisglyy $27F b

3(r+1)

This is the claimed bound.
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We now turn to the bound of the L° norm of w. We write (2-7) for w as
1
w) = 3 [ Gotx. 1) F . (@-12)
T Jg

By Holder’s inequality and the fact that 0 < Go(x, y) < |x — y|~!, we have for every § € (0,2)

lwlloo = sup |GoCx, )ll3—sl Fll3=s < Fll3=s- (4-13)
X€Q - -
Hence it suffices to estimate || F||; with some g := (3—6)/(2—§) > %
We use again the bound (4-11). The L4 norms of the resulting terms are easy to estimate. Indeed,
since |a* — 1| < A~! by Proposition 3.6, we have by Lemma A.1

Q|

4 5 -1 5 3—
lo® =1 UZ 3 llg S AT U5, S A2

Next, by Lemma A.1 and A.2,

[S1[%}
Q|

_1
U 0xallg SA 72U NS, =<2
Using additionally the bound on ||Vw|| from Proposition 2.1, we can estimate, for every ¢ < 3,

1
1Ux 4 @xp + [Wlllg = 1Uxallg + [ @xalloo + [Vwlle <272

Finally, using the bound (4-8),

1

4 4 2—12 2_3
1U; awllg = 1Uxallsgllwllsg A7 50 lwllsqg <A™«
and
5 5 -3
[wllg = w5, <A 4.

Inserting these estimates into (4-13) yields
|wlloo < ATa for every g € (3.3).
As § (0 in (4-13), we have g \| % and hence 2 — % N\ 0. Thus (4-9) is proved. |

4D. Proof of Theorem 1.6. By Proposition 2.1, we have u = a(P Uy  +w) with o = 1+0(1). Moreover,
by Proposition 4.3, |w]|eo = 0(A!/2). On the other hand, by Lemma A.2 we have

1 _1
[PUxplloo = 1Ux alloo + Ollpxplloo) = A2 + O(A72).

Putting these estimates together, we obtain

elluelZ, = eF +000))? = e1(1 4 0(1) = d? S9EOL o)
| Qv (xo0)
by the relationship between & and A proved in Theorem 1.5. Moreover, Uy 3 (x) = A2 = 1Ux .l 0o-
This finishes the proof of part (a) in Theorem 1.6.
The proof of part (b) necessitates significantly fewer prerequisites. It only relies on the crude expansion
of u given in Proposition 2.1 and the rough bounds on w from Proposition 4.3.
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By applying (—A +a)~!, we write (1-3) as
3 s_ _
uG) = 3= [ Gacym() =5 [ Gate VO, (4-14)

We fix a sequence § = §; = o(1) with A~! = 0(8,). This condition, together with the bounds from
Proposition 2.1, easily implies % st(x) u(y)® =1"Y2 4 o(A=1/2). Hence

3
47 JBy(x)

Gql(z, y)u(y)5 = 4i (Gal(z, xg) —|—0(1))u(y)5 - )»_l/zGa(z,xo) _{_0()\—1/2)'
7 JBs(x)

On the complement of Bg(x), using Proposition 4.3 and Lemma A.1, we bound

/ Galz. V)u(»)’
Q\Bs(x)

Choosing, e.g., § = A1~2/7 the last bound is 0(1_1/2).
The second term on the right side of (4-14) is easily bounded by

< Ga(z, ')”2(”UX’)\”;,“’(Q\BS(x)) + ||w||fo) < AT2§7T2 )32,

¢ SelGa(z ) 21Ul + [wll2) S er™'/?

/Q Galz. )V (Du(y)

using the bounds from Proposition 2.1 and from Lemma A.1. Collecting the above estimates, part (b) of
Theorem 1.6 follows.

5. Subcritical case: a first expansion

In the remainder of the paper we will deal with the proof of Theorems 1.2 and 1.3. The structure of our

argument is very similar to that leading to Theorems 1.5 and 1.6. Namely, in the present section we derive

a preliminary asymptotic expansion of u#, and the involved parameters, which is refined subsequently in

Section 6 below. Because of the similarities to the above argument, we will not always give full details.
The following proposition summarizes the results of this section.

Proposition 5.1. Let (u.) be a family of solutions to (1-2) satisfying (1-5). Then, up to the extraction of a
subsequence, there are sequences (x;) C 2, (A¢) C (0,00), (o) C R and (wg) C T;; he such that

Ug = Ofe(Png,)u8 + we) (5-1)
and a point xy € Q such that

lxe—xo| =o(1). s =1+0(l), As—>o0, [[Vuwe|a=00;"2). e=00;"H. (2

5A. A qualitative initial expansion. As a first step towards Proposition 5.1, we observe that the qualitative
expansion from Proposition 2.2 still holds true, that is, there are sequences (xg) C 2, (A¢) C (0, 00),
(¢g) CRand (wg) C T ;; he such that (5-1) holds and a point xo € € such that, along a subsequence,

lxe —xo| = 0(1), ag=140(1), dere—00, |[Vwela=o0(l),

where, as before, d, := d(x., 0R2).
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Indeed, as explained in the proof of Proposition 2.2, it suffices to prove u; — 0 in HO1 () uptoa
subsequence. To achieve this, we first integrate (1-2) against u#, to obtain

e\ ol Vuel? Jo au?
3 /Q”s = o2/ 612/ (6—2)
(fsz Ug ) (fsz Ug )

By (1-5) and Holder’s inequality, the right side is bounded, hence ||us||¢—s < 1. By (1-5) again, | Vu.|» <1.
On the other hand, the right side is bounded from below by a positive constant by coercivity of —A + a,

which is a consequence of criticality, and by Holder’s inequality. This gives |[us|¢—e = 1, and hence
|[Vuell2 Z 1 by the inequalities of Sobolev and Holder. This completes the analogue of Step 1 in the
proof of Proposition 2.2.

Let us now turn to Step 2 in that proof. We denote by u( a weak limit point of u«, in HO1 (£2), which
exists by Step 1. Still by Step 1, we may assume that the quantities ||u.|¢— and ||Vu.|, have nonzero
limits. The only difference to Proposition 2.2 is now that we modify the definition of M to

M= 1lim | (ug—uo)®,
e—0JQ

where the exponent is 6 — ¢ instead of 6. Thanks to the uniform bound ||u.|l¢—s < 1 by Step 1, it can be
easily checked that the proof of the Brezis—Lieb lemma (see, e.g., [Lieb and Loss 1997]) still yields
lim [ wS%=1lim [ u§™*+ M =/ u§ + M.
e—>0JO e—>0JO Q

Then the modified assumption (1-5) can be used to conclude

1

3
S(/ ug+M) =/ |Vuol? +T.
Q Q

The rest of the proof is identical to Proposition 2.2.

We again adopt the convention in the remainder of the proof that we only consider the above subsequence
and we will drop the subscript ¢.

In order to prove Proposition 5.1, we will prove in the following subsections that xg € Q, ||[Vw], =

O~ Y2y and e = O(L7Y).
5B. The bound on ||[Vw]|3. The goal of this subsection is to prove:

Proposition 5.2. As ¢ — 0,
Vw2 = 0072 + O((Ad)™) + OCe). (5-3)

Note that, in contrast to Proposition 2.4, there appears an additional error O(g). We will prove in an
extra step (Proposition 5.5) that ¢ = O((Ad)™ '), so this extra term will disappear later.

The proof of Proposition 5.2 is somewhat lengthy, and we precede it by an auxiliary result, which is a
simple consequence of the fact that o« — 1.

Lemma 5.3. As & — 0,
elogA = o(1).
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A useful consequence of this lemma is that

U551 inQ. (5-4)

X,
Indeed, this follows from the lemma together with the fact that Uy 5 2 A~ Y2 in Q.

Proof. We integrate (1-2) against # and use the decomposition (5-1). This gives

/ V(PUL s +w) + / a(PUsp + w)? = 30" f (PUy +w)~. (5-5)
Q Q Q

By orthogonality
/ |V(PUX,A+w)|2=/ |VPUx,;L|2+/ |Vw| 3Z +o(1).
Moreover, using Lemmas A.1 and A.2 we find [, a(PUy ) + w)? = o(1). On the other hand,

/Q(PUx,Hw)H:/ UL +o(l).

Hence (5-5) combined with the fact that « — 1 implies

2
/ USe = HT +o(1). (5-6)
Q
Since s
f Uge =723 [ (14 22— y) >+ =272 (1 4 0(1)),
Q Q
we have A ~¢/2 — 1 and hence the claim. O

The next result quantifies the difference between (o, U A fvand [ U? eV =0forveT J-

‘/QU)SEU
Proof. By orthogonality,
/ USA v _)\—8/2/ U; Xeslog«/1+kz|x—y|2v =)\,_8/2/ ng(eslog«/1+k2|x—y|2__ o,
Q Q ’ Q ’

elog /1 +A2|x —y|? =o(1) (5-8)
uniformly in x and y. Hence
< eflogV/1HRIx—y2 _ | < glogy/1+A2|x —y|? <eA|lx—y|, (5-9)

where we have used the inequality log v/1 + 72 < |¢|. Since

Lemma 5.4. For every v € Tx 0

S ellvlle- (5-7)

By Lemma 5.3,

lx = y|U2 5 llers = O™,

the result follows from the Holder inequality. O
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We are now in position to give the following:

Proof of Proposition 5.2. From (1-2) for u we obtain the following equation for w:
—Aw +aw = =3U7 , —aPUy +3a* " (PUy ) +w)* ™. (5-10)
Integrating this equation against w gives
fQ(|Vw|2 +aw?) = —anPUMw + 30‘4_6/9 w(PUy ;5 +w)’ "% (5-11)

As before, the first term on the right-hand side is controlled easily by Holder’s inequality,

‘/ aPU, w
Q

In order to control the second term we use the fact that PUy 3 = Uy ) — ¢y 5. Moreover, by a Taylor
expansion and (5-4),

SIPU2lwl2 S ATV Vw],.

(PUx,k + w)S—e = (Ux,k —@xat w)S—a
= U+ G—U w+ O oxp + UL w? +[w] ™ + 97350, (5-12)

Hence,

‘/Q(PUX,A+w)5_8w—(5—8)(x4_8/9U;;\swz

5—¢
/ UX’}L w
Q

We estimate the first term on the right side using Lemma 5.4. For the second term on the right side we

=

+<9( [ U;‘,wx,um) T+ OV + 1902l 3.

argue as in the proof of Proposition 2.4 and obtain
| Utspnalul = 0Gay IV wl)
For the last term on the right side we use ||y 3 ||§ = O((Ad)™1). Moreover, in view of (5-9),
/ U;fwz < k_8/2/ U)‘:’Aw2 + Csk/ U;:’)‘|x—y|w2
Q Q Q
< —i—o(l))/ U, w? +0@r™2 | Vuw|3). (5-13)
Q bl

Altogether we obtain, from (5-11),

AVl +aw? = 150420 0%) 5 Gy 42712 4 o)Vl + ol Tl

Q ;

An application of the coercivity inequality of Lemma 2.3 now implies (5-3). O
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S5C. The bound on e. The goal of this subsection is to prove:

Proposition 5.5. As ¢ — 0,
e=0(Ad)™). (5-14)

We note that the analogue of this proposition is not needed in Section 2 when studying (1-3).
The proof of Proposition 5.5 is based on the Pohozaev-type identity

/ VPUx,k.vaAPUx,H/ a(PUX,A+w)8APUx’A=a4_83/ (PUyp +w) 789, PUy 5, (5-15)
Q Q Q

which arises from integrating (4-4) against d) PUy ; and inserting the following bounds.

Lemma 5.6. As ¢ — 0, we have

/QVPUM-vaAPUx,A +/Qa(PUx,k +w)d) PUyp = OA"2d™ + 171 Vu|3) (5-16)
and

3 /Q(PUM +w)’ TP PUyp = —F (L +0()ed ™ + 0 72d™" + 171 Vw|3). (5-17)

Before proving Lemma 5.6, let us use it to deduce the main result of this subsection.

Proof of Proposition 5.5. Inserting (5-16) and (5-17) into (5-15) and applying the bound (5-3) on || Vw||
we obtain
(I+o(1)e < (Ad)™ +|Vw|5 < (d) ™" + &

Since ¢ = 0(1), (5-14) follows. O
In the proof of Lemma 5.6 we need the following auxiliary bound.

Lemma 5.7. For every v € TJ‘A,
X,

< ed Vol (5-18)

‘/Q U;‘;EBAUX,AU
The proof of this lemma is analogous to that of Lemma 5.4 and is omitted.

Proof of Lemma 5.6. We begin with proving (5-16). First, by [Rey 1990, (B.5)],
/ VPU, -V, PUyy =OMA"2d™ ).
Q

Writing PUy ) = Uy ) — @x,. the second term in (5-16) is bounded by

' /Q a(PUsr + )03 PUs 3| S (10 r s+ [wl12) (132 Ustlla + 19200 2112)

SAT2dT2 4 aT32aT 2 V|, A2+ AT Ve,

by Lemma A.1 and (A-3), followed by Young’s inequality.
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Next, we prove (5-17). Using (5-12) and (5-4) we bound pointwise
(PUx . +w) 03 PUy . = U5 03U + (5= ) U5 02U pw
+O(U kwxx+Lﬁkw + w7 + 9239102 Ux i)
+OU, + 1wl + 03 50)1010x.0D)- (5-19)
The integral over €2 of the two remainder terms is bounded by a constant times
92 1 lloo | Ux 4 131195, Ux i lls + (N0 A lIGNwIE + w13~ + e alle 192 Uxills
U 1319200 lloo + (w1 ™ + lexalle™ ) 9r0xnlls SA72d ™" + 27 wlg,

where in the last inequality we used the bounds from Lemmas A.1 and A.2.

By Lemma 5.7, the integral over €2 of the second term on the right side of (5-19) is bounded by a
constant times A~ ||Vw|, = o(eA™1).

Finally, by an explicit calculation,

Uy a A32|x — y|?
U760, U =[ Ul ( ak
/Q x4 CATxA 2k (14 A2x—y[2)3/2

re)rE) 2r(3)re
:7_[)\—1—8/2|: (2) (82 ) ( ) (82 ):|+O()\_4d_3)
ri-3) r4-3)
7'[3/2 1—¢/2 F(%) 4 3
=- +OMA"d™)
4 r@-3)
2
= —Tg e (I+o(1) + 0047, (5-20)
where, in the last step, we used Lemma 5.3. This completes the proof of (5-17). O

5D. Excluding boundary concentration. The goal of this subsection is to prove:
Proposition 5.8. d~1 = O(1).

Proof. The proof is very similar to that of Proposition 2.5 and we will be brief. Integrating the first
equation in (1-2) against Vu implies the Pohozaev-type identity

- /Q (Vayu? = /3 ] n(2)” (5-21)

The volume integral on the left side can be estimated as before, since by Propositions 5.2 and 5.5 we
have the same bound

[Vw]? A1 4 (Ad) ™2

as before. To bound the surface integral, we use the fact that

fm(%—’]‘;)z =00 d Y +o("1d7?).
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This is the analogue of Lemma 2.6. We only note that by (5-10) we have
Fi=—Aw =3a*"*(PUy ) +w)’ " =3U} ; —a(PUy +w) (5-22)

and that this function satisfies (2-15). Therefore, using the above bound on |Vw||, we can proceed
exactly in the same way as in the proof of Lemma 2.6.
Thus, as before, we obtain

CA 'Weo(x) =00~ d3 ) oA ™'d™?)
and then from |V¢o(x)| = d~2 we conclude that d~! = O(1), as claimed. O

SE. Proof of Proposition 5.1. The existence of the expansion is discussed in Section SA. Proposition 5.8
implies that d~! = O(1), which implies that xo € Q. Moreover, inserting the bound d~! = O(1) into
Propositions 5.2 and 5.5, we obtain e = O(A™!) and | Vw||, = O(A~1/2), as claimed in Proposition 5.1.
This completes the proof of the proposition. O

6. Subcritical case: refining the expansion

As in the additive case, we refine the analysis of the remainder term w, in Proposition 5.1, which we
write as wg = )\gl/z(Ho(xg, <) — Hy(xe,)) + 8¢ + re with s and r as in (3-4).

The following proposition summarizes the main results of this section.

Proposition 6.1. Let (1) be a family of solutions to (1-2) satisfying (1-5). Then, up to the extraction of a
subsequence, there are sequences (xg) C 2, (Ag) C (0, 00), (atg) C R, (s¢) C T, 2, and (rg) C T;; he
such that

Ug = ae(er,Xg + 5S¢ +1g) (6-1)

and a point xy € Q such that, in addition to Proposition 5.1,

IVrells = O(e + 4% + a(xe)2; ), (6-2)
da(xe) = maxe)ry ! + Tehe(l+o(D) +0(h; ), (6-3)
Vea(x) = OEAY? + 077 + ga(xe)A;?) forany p <1, (6-4)

0f 7 =1+ Jloghe —4BA;" + Oe + pa(xe)h ") +0G ). (6-5)

We will prove Proposition 6.1 through a series of propositions in the following subsections.
6A. The bound on ||Vr| ;. The following proposition contains the bound on || V7 ||, from Proposition 6.1.
Proposition 6.2. As ¢ — 0,

IVrll2 = O(e + 1732 4 ga(x)A71). (6-6)
Proof. Notice that

—Ar = =302, +30 " (Yup +5+1)° 7" +a(@ep + fen) —als +7)+ As,
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with g, as in (A-4). Hence

—1/2

/(|Vr|2+ar2) :3054_8/ (Y +s+r)5_8r—/ a(Ux,k— +s—j;c,k)r. (6-7)
Q Q Q |x — |

By Lemma 3.5(b)

—3/2
<A r .

‘/Q a(gx,k + fx,k —s)r

Now,
/(Wx,A+S+V)5_€V:/ U;;€r+(5—s)/ U;;€r2+(5—s)/ U;;frs
Q Q Q Q

—(5—¢) /Q U E AT 2 Hy(x ) + frp)r + Tae. (6-8)
where similarly as in the proof Lemma 3.5 we find that
3,6l 472 rlls + 17115
Moreover, similarly as in (5-13) we obtain
3a*74(5—¢) / Uiyer? < 15/ Udyr? +o(lr]g).
Q Q
Next, we write

oot = ([ tars [ utae s IR )

The prefactor A~¢/2 on the right side tends to 1 by Lemma 5.3. The first integral in the parentheses is
bounded in (3-22). For the second integral we proceed again as in (5-13) and obtain

/ 2(x—v|2
’/ U;k(eslog 1+A2|x—y| —I)VS
Q bl

4 —1
S AU x = yllls2lrllelslle < &A™ e,

where we used (3-10) in the last inequality. Thus, recalling the bound on ¢ in (5-2),

4—¢
/QUx,A rs

The fourth term on the right side of (6-8) is bounded, in absolute value, by a constant times

<SAT32|r 6.

[ UG Ha O+ LA DIF S G a) 2Dl

where we used (3-23).
Using Lemma 5.4 to control the first term on the right-hand side of (6-8) and putting all the estimates
into (6-7) we finally get

/Q (V2 +ar? —15U%,72) S (e 4+ 27 ga(x) + A2 rll6 + ol 1.

This, in combination with the coercivity inequality of Lemma 2.3, implies the claim. O
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€

6B. Expanding a*~¢. In this subsection, we prove the expansion of *~¢ in Proposition 6.1.

Proposition 6.3. As ¢ — 0,
¥ = 14 Slogh — 487" + O(e + ga(x)A™") + 017, (6-9)

Proof. As in the proof of Lemma 5.3 we will integrate (1-2) against . However, this time we write
u = a(¥x, +¢) and obtain

/ V(s + )P + / (s + ) = 30" / W+ ).
Q Q Q

which we write as

L ATal a5 =304l

3(6—¢)
2

+ 2/9(%1 V¥ +aqyy — 054_861|1ﬂx,x|4_81ﬂx,x) =R, (6-10)

with
Ro:=— /Q (IVql? +ag®) + 3a*~¢ /Q (Wen 4+ D — [V n ] — (6= &) [Vl Vx10).

We discuss separately the three terms that are involved in (6-10).
First, we claim that

2 2
/ (VP +ay? =304l a 59 = (1= ) T+ 0t Selog A+ (e + g (A +172).
i ,

Indeed, this follows in the same way as in the proof of Lemma 3.7(a) together with the fact that
[ sl =080 = =7 log i+ Ofe + a0 +47512),
To prove the latter expansion, we write ¥, ) = Uy 3 — AV2H (x, ) — Jx.» and expand, recalling (5-4),
WO 8 =S, = USE—US, + O, W2 Ha(x . ) + | fea) + A7 2 Ha(x )P + | fenl).
Using the bounds from Lemma A.2, (B-1) and proceeding as in the proof of Lemma B.3, we obtain
L(Ui,m—”zma(x, A+ feaD) + 272 Ha(x. )1 + | feal®) = O(ga()h ™" +17%/%).

On the other hand, by an explicit computation,

3— 3
[(U6_8_U6 )=/ (USE-UL )+ 0073 =32 (12 () —F(z) +0(07?)
QX x,A g ok x,h re-%) TrO)
2
=—%810gk+(9(8+)»_3),

proving the claimed expansion of the first term on the left side of (6-10).
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We turn now to the second term on the left side of (6-10) and claim that

3(6 —8)a4_6
2

To show this, we proceed as in the proof of Lemma 3.7(b) and use the equation for ¥/ , to write

6
/;Z(VCI'wa,A‘FaQWx,A_ (2 8) 4 ¢ W’x |4 ewx)»)

6—¢ 4, 3(6- .
3(6—
—/;24( ( (|ka|4 wak_ 518)+a(fx,k +gx,k))-

The first term on the right side was already computed in the proof of Lemma 3.7(b), and the last term on
the right side can be bounded in the same way as there, except that now, instead of (3-27), we use the
bound

- e 3?4 -
[ (9090 + aq - Al = (1=304 2171 4 062

IVglla <A1 6-11)

which follows from the bounds on s and r in Propositions 3.2 and (6-6). For the second term on the right
side we proceed as in the proof of Lemma 5.4 and obtain

/Qq(U ~U3,)

By Proposition 5.5, this is O(A72).
Finally, we bound R, the term on the right side of (6-10). Because of (6-11), the first integral in the
definition of R is O(A~2). The second integral is bounded, in absolute value, by a constant times

/(waxl4 0> +1q1°7°) < I alg e llalls +llglg < 472

Inserting all the bounds in (6-10), we obtain the claimed bound. o

Sel” 6/2/|q| Sl =yl <eA2 U x = plllgssllglls Sellglle S er

6C. Expanding ¢,(x). In this subsection we prove the following important expansion.
Proposition 6.4. As ¢ — 0,
ba(x) = wa(x)A~1 + —sk(l +o(1)) +o(x7h. (6-12)

The proof of this proposition, which is the analogue of Proposition 3.8, is a refined version of the proof
of Proposition 5.5. We integrate (1-2) for u against d; ¥ ;, and we write the resulting equality in the
form

/Q(wa,x VW +a¥e 10 Vx s — 3¢ Y 2| T VR 202 Vx )

- fQ (V- Vs p 4+ aqdiie s — 35 — gl i |* 03 020)

36—¢)d—¢) ,_ B
# g S/QqZWx,xV VesaVwa TR (6-13)
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with

R=3a*"¢ /Q ((z/fx,x + ) = [P al T Yen — 5= 9)Ynl* g

_(-9@-9)

3 |Wx,xl2_8wx,xq2) NV -

Lemma 6.5. As ¢ — 0, the following hold:
(a) /Q(wa,x Vo Wxn +a¥n 2 0¥ — 30 T Y a1 T Y 100 ¥ )

= —27ha (X)X 731 + 0(1)) + ’1’—28):1 (1+o0() +27%a(x)A73 +0o(173).

(b) /Q (Vg -V +aqdrx s —3G—e)a* Cqlyy 1 [* 00 ¥x0)
= —(1 —a* )27 (¢a(x) — Po(x))A ™2 + O(er "2 log A + o (X)L ™3) + 0 (A 73).
2
© [ sV adi b = T3 B 4 O 4 a0 4 007,
Q

(d) R=o0(R73).

The proof of Lemma 6.5 is independent of the expansion of &*~¢ in Proposition 6.3. We only use the
fact that @ = 1 4+ o(1).

Proof. (a) As in the proof of Lemma 3.10(a), see (3-31), we have
/Q(Vllfx,x VU a¥x )00 Vxn — 30 Y Al T U 202 Yk 1)

=3 /Q(Uix — Y T T Y )00 Y —/Qa(fx,x + 8x, )0 Vx1-

The second integral on the right side was shown in the proof of Lemma 3.10(a) to satisfy

/Q a(fos + g vnn = 20— Ma()A" + 0 (7).

We write the first integral on the right side as
/Q (U3, = Y a5 ) = (1 —a*®) /Q US 0 —a*® [Q (US35—U3 )0vre

—a [l = U 10
As shown in the proof of Lemma 3.10(a),
2 - _
| U000 = F uh 7 067

Next, by Lemma A.2,

_ _ 1,_ _ _
S =V = [ W5 =UL 00U+ 337 [ UZ° = UL ) Halx,) 406720
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For the first term, we use (5-20) and the bounds from the proof of Lemma 3.10(a) to get
/Q(U)f’f —UJ3)00.Uxp = —Z—;grl (1+0(1)+00™.
For the second term, we use the bound || Ux_i — 1|loo = O(glog A) and compute

)\—3/2

/Q (U35~ U2, Ha(x, )

<er73/2 logk/ U;AHa(x, ) <ed?logh =o(er Y.
o %
Concerning the last term on the right-hand side of (6-14), we will prove

Wil s = U0
= 27”%(96)%‘2(1 +o(1)) = 2ma(x)A " + O(da(x)*A73) + o(A73).  (6-15)

This will complete our discussion of the right-hand side of (6-14) and hence the proof of (a).
The proof of (6-15) is similar to the corresponding argument in the proof of Lemma 3.10(a), but we
include some details. We bound pointwise

W) Vn — U3 === A 2USF Hy(x, ) + (5 — &) (4 — &)A 7 U35 Ha(x. )
+OWTPUZ, [HaCx )P + A7 2 Ha (e )1 + U feal + 1 fenl).

Using the bounds from Lemmas A.1 and A.2, we easily find that the remainder term, when integrated
against |3, ¥x 1|, is 0(A~3). Using expansion (B-5) we obtain, by an explicit calculation similar to (B-11)
and (B-13),

/Q U458 Hax, )0
- / U550, Un s Ha(x.-) + O 2pa()) + 052
Ul

= (32 + 0@)pa(x)2 T2 4 2L a2 =2 £ 00 24,(0%) +00.7%/%)

2 - 2 — — _
= — a2+ 0(1) + T a()AT 2+ 007 29a(x)) +00.72),
where we used Lemma 5.3. In the same way, we get
| U a0 = OG220 +072),

This proves (6-15).
(b) As in the proof of Lemma 3.10(b) we have

/Q(Vq VoY +aqd¥xn —3G =)o Y al* 00 ¥x )

=3 /Q q(5UL, 0.Uxp = (5= &) W a[* 019 ) — /Q aq (. fxp + 03.8x.1)-
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According to (3-41), the second term on the right side is 0(A~%). (Note that we now use the bound (6-11)
instead of (3-27).) We write the first integral as

| 46U 03U = 5= sl 0)
= (=0 w2 [ UL DU+ G=0a*™ [ qUL 00—V 300000)

+ (-t /Q Wi =1Vl )0 Vxn-
According to (3-39),
(-0t +eat™) [ qUE U = ((1-0*) +eat™)(~TE@ulx)= o)1+ 067)

o ;
2 - — - -
= —T”(l—a“ *)(@a(x) =P (X)A 2 +0(e72) +0(A7?),
and according to (3-40), using (6-11) instead of (3-27),
[ 00U = 500000 = OG22 ™) 07,

Finally, for any fixed 6 € (0, d(x)) and for any p > 1 we have, by Lemma A.2,

V25 0 ¥xallLoo(Bs)ene) = OGP/, (6-16)

On the other hand, taking § sufficiently small (but independent of ¢) we obtain Uy 3 < ¥xa < Ux
on Bs(x). The latter implies ¥, 5 = U_7 (14 O(¢)) on Bs(x), and therefore

1T =¥ 5o (Bs(x)) = Olelogh).

Consequently, using (6-11) and (6-16),

< lglls(elog Al vy, 0nvxalless +A77/%) S e logh + A%,

fQ G0, — 1+ )

Collecting all the bounds, we arrive at the claimed expansion in (b).

(c) The relevant term with exponent 2 — ¢ replaced by 2 was computed in Lemma 3.10(c). The same
computation, but with Proposition 6.2 instead of Proposition 3.4, gives

2
[ Va0 = T3 By + 0EA 4 g0 00,

(The O(eA~2) term comes from bounding Ja rsw; 30 Vx )
We bound the difference similarly as at the end of the previous part (b), namely,

‘/Q P (Vxa P Vxn =V )0 Vx| S lglleelog vy ; 0 ¥xallsz +27)

<edPlogh+ A7 =0(A 7).

The proof of (d) uses similar bounds as in the rest of the proof and is omitted. O
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Proof of Proposition 6.4. Inserting the bounds from Lemma 6.5 into (6-13), we obtain

$al)(1+0(1)) = Zed(1 +0(1)) = wa(o ™" = (1 =a*=*)go(x) + 12 pyi ™! =0(.7").

Inserting the expansion of «*~¢ from Proposition 6.3, this becomes

Pal)(1 +0(1)) = T er(1 + (1)) = wa(0)h ™" —4Bpo(0i ! + X yat = 0(7).

Using the expansions (3-13) of 8 and y, this can be simplified to
pa(x)(1 +0(1)) — 3”—251(1 +o(1)) —ma(x)A~' =o(A7"),
which is the assertion. U

6D. Bounding V¢,. In this subsection we prove the bound on V¢, (x) in Proposition 6.1.

Proposition 6.6. For every u <1, as e — 0,
V()] S eAV/2 4+ 071 + g (x)A 712, (6-17)

Note that together with (5-2) it follows from Proposition 6.6 that x is a critical point of ¢,.
The proof of Proposition 6.6 is a refined version of the proof of Proposition 5.8 and is again based on
the Pohozaev identity (5-21). The latter reads, in the notation of (3-46),

0=1I[Yxal+2IVxi.q)+ I[gq] (6-18)

To control the boundary integrals involving ¢ in this identity, we need the following lemma, which is the
analogue of Lemma 3.13.

9
il <e+ A2 4 a0
on

Lemma 6.7. ‘
L2(0Q)

Before proving this lemma, let us use it to complete the proof of Proposition 6.6. In that proof, and
later in this subsection, we will use the inequality

gl S e+ 1732+ ga(x)r~ 1 (6-19)

This follows from the bound (3-10) on s and the bound in Proposition 6.2 on r.

Proof of Proposition 6.6. It follows from Lemma 6.7 and the bounds (6-19) and (3-49) that

1T qll S €A™ 4072 4 902720 [1[gll S €+ 377 + da(0)*272
The claim thus follows from Lemma 3.12 and (6-18). O
Proof of Lemma 6.7. Note that —Ag = F, with

Fi==3U2; 43" (Yun +9)° 7 —ag +a(fer + €x0)-
With the cut-off function ¢ defined as in the proof of Lemma 2.6, we have

—A(8q) = F =2VE-Vq—(ADyg.
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Arguing as in (3-51) we deduce that
SIF| < Elgl>™* + g + 272, (6-20)
Now we follow the line of arguments in the proof of Lemma 3.13. The only difference is that instead of

(3-48) we have the bound
lglla S &+A7% + a(x)2 7", (6-21)

which follows from (3-10) and Proposition 6.2. Using this estimate we find
IAGD 13/2 S &+ 272 + ga()2 ",

In combination with (2-12), this proves the claim. O

7. Proof of Theorems 1.2 and 1.3

TA. Proof of Theorem 1.2. Equation (1-10) follows from Proposition 5.1, together with (3-2), (3-3)
and (3-5). Proposition 5.1 gives also |x. — xo| = o(1). Moreover, the bound on A in (5-2) together
with (6-4) gives Vs (xo) = 0, and (6-2) gives || Vr |2 = O(e + A73/2 4 ¢4 (x)A~"). By the bound on A
in (5-2), this proves the claimed bound on ||Vr||; if ¢g(xg) # 0. In the case ¢,(xg) = 0, we will see
below that ¢ (x) = o(A~!) and £ = O(A72), so we again obtain the claimed bound.
Next, (6-3) shows that
lim eA = 2¢a(x0), (7-1)
£—>0 v
which is (1-12).
Equation (1-13) follows from (6-5). In the case ¢4 (xo) 7 0 this is immediate, and in the case ¢ (xg) =0
we use, in addition, the expansion of 8 from Proposition 3.3 and the fact that ¢ = o(A~!) by (7-1).
Finally, let us assume ¢,(x¢) = 0 and prove (1-15). We apply Lemma 4.2 to the function u(x) :=
$a(x 4+ xo) and get ¢a(x) < |V (x)|?. From (6-4), together with the fact that ¢ = o(A~1) by (7-1), we
then get

$a(x) = 0(A7). (7-2)
Inserting this into (6-3), we obtain
ra(x)A "' + ;T—zsk(l +o(1)) = oA,

which is (1-15). This completes the proof of Theorem 1.2. O
7B. A bound on ||w|co. To complete the proof of Theorem 1.3 it remains to establish a suitable bound on
|w]loo, as well as on |[w]|, for p > 6. This is provided by the following modification of Proposition 4.3.
Proposition 7.1. As ¢ — 0,

lwlp < AT3/p for every p € (6,00). (7-3)

Moreover, for every > 0,
[wlloo = 0(A*). (7-4)



BLOW-UP OF SOLUTIONS OF CRITICAL ELLIPTIC EQUATIONS IN THREE DIMENSIONS 1683

Proof. To prove the bound (7-3), let r > 1 and F be given by (5-22). As in the proof of Proposition 4.3,
we obtain the same bound (4-10), where, similarly to (4-11), F satisfies

|FI S U™ =1+ U= U |+ Ul (lwl + @xp) + 1w + 90 + Uep + lwl. (7-5)
Using the bounds ¢ < A~! from Proposition 5.1 and |a*~¢ — 1| < elog A by Proposition 6.3, we can
estimate, for every r > 1,
a1l UE, U Dl

S 10l (NS5 gy o = 1+ 1025 = UE3% ) S 10151108 AU a1 g

1. r—1 _rt3 —
S 1wl e log T < w3 )+ Cyllog ) T <yl ) + G

Hence the right side of (4-10) fulfills the same estimate as in the proof of Proposition 4.3, and we conclude
(7-3) as we did there.
We now turn to the bound (7-4). From (5-10) we deduce that

wi) = 3 [ Golx. ). (-6)

As in Proposition 4.3, we need to estimate || F||, for some ¢ > % using (7-5). We bound
1023517 = 1llg < (elogh + A7) [ Uxall5, S 4327 log
for every g > % Similarly,
IUS5E=U2 ;5 llg S elogh[Uxall3, < 432734 10g )

for every g > % The other terms resulting from (7-5) are identical to those already estimated in

Proposition 4.3. As there, we thus obtain || F||4 < A273/4 Jog A Letting g \ % yields (7-4). |

7C. Proof of Theorem 1.3. At this point, the proof of Theorem 1.3 is almost identical to the proof of
Theorem 1.6. We provide some details nevertheless.

By the bound |w||eo = 0(A!/2) from Proposition 7.1 and Proposition 2.1, we have [Ju¢]lco = A1/ +
o(kl/ 2). Thus part (a) of Theorem 1.3 follows from (1-12) and (1-15), respectively.

To prove part (b), we rewrite (1-3) as

uE) = 1 [ G yyu(n)™,

Fix again § = 8 = o(1) with A~! = 0(8;), so that ﬁ st . u(y)> = 1+o0(1). Then

3

= Galz. Yu(y)’ = - (Gal(z, x0) +o()u(»)® = A7 V282G,(2, x0) +o(A71/278/2),
47T B&(X) 47'[

Bs(x)
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On the other hand, by Lemmas 7.1 and A.1,

[Q gy GO S 1Ga(eNUa y + 015 S 47267772 407502
5 (x

Choosing § = A~¢ with ¢ > 0 small enough and observing that A~¢/2 = 1 4 o(1) by Lemma 5.3, the

proof of part (b) of Theorem 1.3 is complete.

Appendix A: Some useful bounds

In this section, we collect some bounds which will be of frequent use in our estimates.

Lemma A.1. Let x € Q and let 1 < g < 00. As A — 00, we have

A2, 1<g¢g<3,
1UxallLa) S 3A7Y21ogM)/3, ¢ =3,
Al/2=3/a, q>3.
Moreover, we have
Yi—Xi

0%, U =132 :

with
A2, 1<q<3,
19x; UxpllLa) S 34712 (logh)?/3, g =3,
i Yx, (2) g q=3
k3/2—3/q’ q> %’
and 5 5
_ 1—A%x—y|
HU = 42712 :
with

19, Ullg =AU llg forany1 =g = co.
Moreover, for any p = p) with pA — 00,

A2 1<q<3,
1U | La@\B, ) S {271 21ogM)/3, ¢ =3,

and
1732 1<q<3,
102U llLa\B, ) S 3 A7/ 2(logh)!/3, ¢ =3,
AT32pG-Dla 453,
and

A—I/Z

105 UllLa@\B, G S {472 (log 1)*7,
A—112,p3=20)/4,

A

KO =
Il
NIW pjw R

\

|

(A-1)
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Proof. Taking R > 0 such that Q2 C Bg(x), we have

—q/2
AR r2 AR AT, I=¢<3
/ Ul s r3+q/2/ o gr“‘l/zf r?1 < AT 2(log M)13, ¢ =3,
Q o (1+7r?) 1 A4/2-3, q>3.

This proves (A-1). The remaining bounds follow by analogous explicit computations, which we omit. [
Lemma A.2. We have
Uxjp = PUxp + 272 Ho(x, ) + fip,
with
| fealloo SAT2d73 0 frealloo SAT2d73, (0 frallo SAT2dTH (A2)
The function ¢y ) := AV2Hy(x, )+ Jx.a satisfies 0 < @y 3 < Uy as well as
loxalle <2727 gl SAT2a7N (A-3)

Moreover,
185@xalle SAT2d7V2 185 0xalloo S AT3/2d7!

and
18x; 00 lle SATV2d7V20 0y, 0xalloo S ATV2d 72

Proof. Everything, except for the L°° bounds on ¢, ), dx;@x,x and 3¢y », is taken from [Rey 1990,
Proposition 1]. Since these functions are harmonic, the remaining bounds follow from the maximum
principle. O
Lemma A.3. We have
IPU, 5V
n(a—“) = CA Vo (x) + oA~ d™2)  for some constant C > 0,
n

(b) / (aPU“) — o012,

(c) (8PU“) =0M"1d7?).
1Q

an

(a)

For the proof of Lemma A.3 we refer to [Rey 1990] Equations (2.7), (2.10), and (B.25), respectively.

We define the function 2

|x— |

gx ()= —Ux (). (A-4)

Lemma A.4. As A — oo,
lgxally SAYZP and |0y g5, S ATH2T3P

hold if 1 < p < 3. Moreover, Vg, € LP(R?) forall 1 < p < %
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Proof. We have g, 5 (») = A'/2g0 1 (M(x — »)) with go,1(z) = |z] 7" — (1 + |2]}) 72 As |z] — oo,
201(2) =z M1 = A+ z7H7V2) < |27

Hence go,; € LP(R?) forall 1 < p < 3, which yields || gy, <AY273/?| g0 | Lr ®3)-
Next, by direct calculation,

z z
\Y ) =———+——-—= 5 ™ as|z| = oo.

Hence Vgo,1 € LP(R®) forall 1 < p < % and since Vg, 3 (x,y) = 13/2(Vg0,1)(k(x —)), we conclude
that Vg, 5 € LP(R?) forall 1 < p < 3.
Finally, we observe
00gx,2 (1) = 27 g + A2 (x =) - (Vgo,1) (h(x = 1))
By the above, we have z-Vgg 1 € L?(R?) forall 1 < p < 3 and thus

19xgxllp <A lgxnllp + 2727322 Vo 1l Lo@s)
forall 1 < p <3. O

Appendix B: Properties of the functions H,(x, y)

In this appendix, we prove some properties of H,(x, y) needed in the proofs of the main results. Since
these properties hold independently of the criticality of a, we state them for a generic function b which
satisfies the same regularity conditions as a, namely,

beC(Q)NCET(Q) forsome0 <o < 1.

C

(In fact, in Section B1 we only use b € C(22) N Cl(lj’ca (2) for some 0 < ¢ < 1.) In addition, we assume

that —A + b is coercive in 2 with Dirichlet boundary conditions. Note that the choice b = 0 is allowed.
B1. Estimates on Hp(x,-). We start by recalling the bound

| Hp(x,)|loo <d(x)~! forall x € Q, (B-1)
see [Frank et al. 2021, Equation (2.6)]. We next prove a similar bound for the derivatives of Hj(x,-).

Lemma B.1. Let x,y € Q with x # y. Then Vx Hp(x,y) and Vy, Hy(x, y) exist and satisfy

sup |VxHp(x,y)[=C, (B-2)
yeQ\{x}

sup |VyHp(x,y)| =C, (B-3)
yeQ\{x}

with C uniform for x in compact subsets of 2.

Proof. Step 1: We first prove the bounds for the special case » = 0, which we shall need as an ingredient
for the general proof. Since Hy(x,-) is harmonic, we have A, V), Hy(x, y) = 0. Moreover, we have the
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bound V,Go(x,y) < |x — ¥|~2 uniformly for x, y € Q [Widman 1967, Theorem 2.3]. This implies that
for x in a compact subset of 2 and for y € 992,

IVy Ho(x, »)| = [Vy(Ix = y[71) =V, Go(x, y)| = C.

We now conclude by the maximum principle.
The proof for the bound on V. Hy(x, ) is analogous, but simpler, because VG (x, y) =0 for y € 0L2.

Step 2: For general b, we first prove the bounds for both x and y lying in a compact subset of 2. By
[Frank et al. 2021, Proof of Lemma 2.5] we have

Hp(x, ) = ¢p(x) + Wx(y) = 350y = x],

with [|[Wx|[c1.u gy < C forevery 0 < i < 1 and every compact subset K of €2, and with C uniform for x
in compact subsets. This shows that |V, Hy(x, y)| < C uniformly for x, y in compact subsets of Q2. By
symmetry of Hp, this also implies |Vy Hp(x, y)| < C uniformly for x, y in compact subsets of 2.

Step 3: We complete the proof of the lemma by treating the case when x remains in a compact subset but
y is close to the boundary. In particular, for what follows we may assume

Ix—yl7' s 1. (B-4)

By the resolvent formula, we write

Hy(x,3) = Ho(x )+ 3= [ Golx,20b(:)Gp(z. ) .

By Step 1, the derivatives of Hy(x, ) are uniformly bounded.
We thus only need to consider the integral term. Its 0, -derivative equals

[ 0s (1 )p@1Gote 0 e [ ot 200Gz ) d
Q Q

|x —z|
1 1 1
S| ——5—dz+1s ——+151,
Qlx—z]*|z—y| lx =yl

where we again used the fact that (B-2) holds for b = 0, together with (B-4). This completes the proof
of (B-2).
The proof of (B-3) can be completed analogously. It suffices to write the resolvent formula as

Hy(x,3) = Ho(x. )+ 3= [ Go(x,20b()Go(z. )

in order to ensure that the 0, -derivative falls on Go and we can use (B-3) for b = 0. O

We now prove an expansion of Hp(x, y) on the diagonal which improves upon [Frank et al. 2021,
Lemma 2.5].

Lemma B.2. Let 0 < u < 1. If y — x, then uniformly for x in compact subsets of €2,

Hp(x, ) = ¢p(x) + 3 VPp(x) - (v = x) = 36(x) |y = x| + Oy — x| T#). (B-5)
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Proof. In [Frank et al. 2021, Lemma 2.5], it is proved that

Wi (y) i= Hp(x, p) = ¢p(x) + 36(x)|y — x| (B-6)
is in Cli;“ (£2) (as a function of y) for any p < 1. Thus, by expanding W, (y) near y = x,
Hy(x, ) = ¢p(x) + VU (x) - (y = x) = 35(0) [y — x|+ O(|y —x['TH). (B-7)

This gives (B-5) provided we can show that, for each fixed x € €2,
V¥ (x) = 3V (). (B-8)

Indeed, by using (B-7) twice with the roles of x and y exchanged, subtracting and recalling Hp(x, y) =
Hy(y, x), we get

Op(1) — b (x) = (VU () + VW () (y — x) + 2(B(») = b(x))|x — y| + O(|x — y|'T#)
= (V&) (3) + VW, (x))(y —x) + O(|x — y|' TH), (B-9)

because b € Clg’C“(Q). We now argue that W), — Wy in Ckl)c(Q), which implies VW¥y,(y) — VW (x).
Together with this, (B-8) follows from (B-9).
To justify the convergence of Wy, we argue similarly as in [Frank et al. 2021, Lemma 2.5]. We note
that —A, W, = F)(z), with
b(z)—b(y)
1z =yl

) for any p < oo. Indeed, the first term in the definition of F,, converges
( yp y g

Fy(z) = —b(2)Hp(y. 2).

We claim that Fy, — Fy in LY

loc

pointwise to Fy in 2\ {x} and is locally bounded, independently of y, since b € Clg’cl (€2). Thus, by

{(’)C(Q) for any p < oo. Convergence in L} (£2) of the second

term in the definition of F) follows from the bound on the gradient of Hj in Lemma B.1. This proves

dominated convergence it converges in L

the claim.

By elliptic regularity, the convergence F), — Fx in Lf)c(Q) implies the convergence W, — Wy in
Ckl);l_3/ 7 (). This completes the proof. O
Lemma B.3. For any x € Q we have, as A — 00,

4 — 4 - -
fQ US s Hy(x.) = 5 dp (A2 = b (0)A ™2 10 73/2), (B-10)
| U0V o5, = =35 (0724 bR 4067, et
4 _2n —-1/2 -1/2
o Uy aOx Us a Hp(x,) = 75 Vp (A7 +0(A717), (B-12)
/Q Ud Hy(x,-)? = m2p(x)* A7 + 017, (B-13)
2
b4 - -
/Q Uz 20 UsxaHp(x.)* = =7y (x)*A72 +0072). (B-14)

The implied constants can be chosen uniformly for x in compact subsets of 2.
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Proof. Equalities (B-10) and (B-13) are proved in [Frank et al. 2021, Lemmas 2.5 and 2.6]. To prove
(B-11), we write

Ux,a. x —y|?
DU , = —5r _)3/2 , B-15
AR TN (1+A2|x — y[2)3/2 B-1>)
and therefore, using (B-10),
H (X ) 9 U _(p ( ))\ 3/2 b( ))\ 5/2 )\7/2 |)C y|2 +o(k_5/2)
e Ul = o T2y ) |

With the help of (B-5) and the bound (B-1) we get

x —yI? s [ ttdr t5dt e
/;sz (1 +)\,2|X—y|2)7/2 :47T¢b(x))\ / W Zﬂb(X))L / w 0()\ )
= 4 gy (9275 = 2 (02 40007,

Combining the last two equations gives (B-11).
For the proof of (B-14) we again use (B-15), but now we use (B-13) instead of (B-10). The constant

comes from
o 4t _3n
/0 (1+12)3 16
We omit the details.
For the proof of (B-12) we use the explicit formula for dx; U, j in Lemma A.1. We split the integral
into By (x) and Q\ B;(x). In the first one, we used the bound (B-1) and the expansion (B-5). By oddness,

the contribution coming from ¢, (x) cancels, as does the contribution from ) ki Op(X) (Vi — xg ). For
the remaining term we use

/ U2, ()5 Ut (0D —xp) = 27 I/Z/ML— A, -112 4 o(m512)
By (x) A el ! ! 0 (1—|—12)7/2 15 )

A similar computation shows that the contribution from the error |x — y|*T# on By (x) is O(A~1/27H).
Finally, the bounds from Lemma A.1 show that the contribution from Q \ Bz (x) is O(A~5/2). This
completes the proof. O

Remark B.4. The proof just given shows that (B-12) holds with the error bound OA~Y/2=H) for any
0 < u < 1 instead of o(A~1/2).

B2. C?2 differentiability of ¢,. In this subsection, we prove Lemma 4.1. The argument is independent
of the criticality of @, and we give the proof for a general function b € C%1(Q) N Clié” (R2) for some
0 < o < 1. The following argument is similar to [Frank et al. 2021, Lemma 2.5], where a first-order
differentiability result is proved, and to [del Pino et al. 2004, Lemma A.1], where it is shown that
¢p € C°°(Q2) for constant b.
Let
W(x,p) = Hy(x,y) + 1(b(x) +b(M)|x—yl. (x.y) €eQxQ. (B-16)

Then ¢p(x) = W(x, x), so it suffices to show that ¥ € C2(Q x Q).



1690 RUPERT L. FRANK, TOBIAS KONIG AND HYNEK KOVARI{K

Using —Ay|x —y| = =2|x — y|~! and —A, Hp(x, ) = b(»)Gp(x, ), we have

b —-b — Vb (x —
—AyW(x,y) =—b(y)Hp(x,y) _% (x) (J/)|x _y|(y) (x—y) 3

LB — 3.

Since b € C2;°(2) and since Hp, is Lipschitz by Lemma B.1, the right side is in 2.7 (2) as a function
of y. By elliptic regularity, ¥(x, y) is in Cl(z);a (R2) as a function of y. Since ¥(x, y) is symmetric in x
and y, we infer that W(x, y) is in Clgf (€2) as a function of x.
It remains to justify the existence of mixed derivatives 9, dx, ¥(x, y). For this, we carry out a similar
elliptic regularity argument for the function d, W(x, y). We have
xi—yi 10ib(x)—09ib(y)

1
— Ay 0 W6, 9) = —b ()0 Hy (6, 7) = g AP0 T — = 5= —

LTI bx) ~ ()~ VB () - (x — ).
2|1x—y|

+

Since b € Cl(l)él (€2) and since dx,; Hj, is bounded by Lemma B.1, the right side is in L{° (€2) as a function
of y. By elliptic regularity, dx, ¥(x, y) € C1*#(Q) for every 1 < 1 as a function of y. In particular, the
mixed derivative 9y, dx, ¥(x, y) is in Clg’cu (€2) as a function of y. By symmetry, the same argument
shows that the mixed derivative dx; dy, ¥(x, y) is in Clg’c’“'“ (£2) as a function of x.

The proof of Lemma 4.1 is therefore complete. O
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Added in proof

The topic of this paper has been further pursued in [K6nig and Laurain 2022; Konig and Laurain 2023],
where the case of several blow-up points is analyzed.
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We prove the only blowup solutions to the focusing, quintic nonlinear Schrodinger equation with mass equal
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1. Introduction

The one dimensional, focusing, mass-critical nonlinear Schrddinger equation is given by
iy +uxx + ul*u=0, u(0,x)=uo(x) e L*(R). (1-1)
This equation is a special case of the Hamiltonian equation
iy +uxx +uPlu=0, u(0,x)=uo(x), p>1. (1-2)
If u(¢, x) is a solution to (1-2), then
v(t, x) = 2@ Dy 021, ax) (1-3)
is a solution to (1-2) with appropriately rescaled initial data. Furthermore,

272000, 1) | sy = A2/ POTTV2 uo | gy

® = ®)’

so, for s, = %—2 /(p—1), the H*» (R) norm of the initial data is invariant under the scaling symmetry (1-3).
MSC2020: 35Q55.
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1694 BENJAMIN DODSON

The scaling symmetry in (1-3) controls the local well-posedness theory of (1-1). In that case, p =5
and s, = 0.

Theorem 1. The initial value problem (1-1) is locally well-posed for any uy € L2,
(1) For any ug € L2, there exists T (u¢) > 0 such that (1-1) is locally well-posed on the interval (=T, T).
(2) If |luollz2 is small then (1-1) is globally well-posed, and the solution scatters both forward and

backward in time. That is, there exist u_, uy € L*(R) such that

lim |u(t) —e't2u =0 and lim (u(t) —e'Pu_ =0.
i () = a2 Jim ) =

(3) If I is the maximal interval of existence for a solution to (1-1) with initial data ugy, we say u blows up

forward in time if

i ol oy =+

If u does not blow up forward in time, then sup(I) = +o00 and u scatters forward in time.

(4) If sup({) < oo then, for any s > 0,
lim ||u(?)||gs = +o0.
t /'sup(I)
(5) Time reversal symmetry implies that the results corresponding to (3) and (4) also hold going backward
in time.

Remark. It is very important to emphasize that throughout this paper, blow up in positive time may be in
finite time or infinite time, unless specified otherwise. The same is true for blow up in negative time.

Proof. Theorem 4 was proved in [Cazenave and Weissler 1990]. See also [Ginibre and Velo 1979a; 1979b;
1985; Kato 1987]. The proof uses the Strichartz estimates
ol oo 2n s Loearxmy < Muolla@ + 1 E 0 L1 p2 145 11 (1 xmys

where u is the solution to
iuy +uxy =F, u(0,x)=uy,

on the interval 7, where 0 € I. The Strichartz estimates were proved in [Ginibre and Velo 1992; Strichartz
1977; Yajima 1987]. Theorem 4 was proved using Picard iteration, so u is a strong solution to (1-1). For
all t € I, where I is the open interval on which local well-posedness of (1-1) holds,

. t .
u(z)=e”3xm0+i/ e D0 |y (1) *u(r)) d.
0

See [Tao 2006] for different notions of a solution. O

Furthermore, a solution to (1-1) has the conserved quantities mass,

Mwm=/wamﬁu=MW@x
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and energy,
Ewa»=%/hu@dox—%/wmxmdx=Ewm»

For the more general equation (1-2), the Hamiltonian is given by
_1 24, 1 pH1 g
Eu@)) = 3 lux(t, x)|” dx P lu(t, x)| dx = E(u(0)). (1-4)

For p <5, [Ginibre and Velo 1979a] proved global well-posedness of (1-2) with initial data uy € H 1 (R).
Indeed, by a straightforward application of the fundamental theorem of calculus and Holder’s inequality,
ifu(t,x)e L*NH,

o0 [e.¢]
|WJW5[}MWJWM@;[uwmwme@fmwmwwhmy (1-5)
X X

Therefore,
p+1 (p—1/2 (p+3)/2
||u(t)||Lp+l(R) < ||”(t)||H1(R) ””(t)”Lz(R) )

so (1-4) implies the existence of a uniform upper bound on [[u(¢)|| ;1 when p <5.
For p > 5, there exist singular solutions of (1-2), that is, solutions on the finite interval [0, T'), T < oo,
for which

tli_g} ()| 1wy = o0-

See [Glassey 1977; Weinstein 1986].
When p =5, (1-5) implies

6 2 4
[ 1 dx 5 @1y )l 5 (16)
which implies the existence of a threshold mass M| for which, if ||ug| 2 < My,

E@(®) 2y 14013 -

with implicit constant \ 0 as ||ug| ;2 /" M.
From [Weinstein 1982], the optimal constant in (1-6) is given by the Gagliardo—Nirenberg inequality,

6 ”u”iZ 2 2
||u||L6(R) =3 A2 ||ux||L2’ (1'7)
1017 -
where
3 1/4
=— . 1-8
2 (cosh(Zx)z) (1-8)

Therefore, if [|uoll 2 < [| Q| f2, then (1-7) implies

E(®) Zjugl,» 1413, (1-9)
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which implies global well-posedness of (1-1) with initial data ug € H' and ||lug||;2 < || Q|| 2. Furthermore,
the identities

%/‘xz|u(t,x)|2 dx:4Im/xu(t,x)ux(t,x) dx

and

2
% X2Jult, )| dx = 16 E(u(t))

imply scattering for (1-1) with initial data

upe H'R)Nx = {u:/x2|u(x)|2dx <oo}, luollz2 <1102

More recently, [Dodson 2015; 2016a] proved that (1-1) is globally well-posed and scattering for any
initial data ug € L2, |lugllz2 < ||Q|l12. The proof used the concentration compactness result of [Keraani
2006; Tao et al. 2008] which states that if u#(¢) is a blowup solution to (1-1) of minimal mass, if #; is
a sequence of times approaching sup(/), and if u blows up forward in time on the maximal interval of
existence I, then u(%,, x) has a subsequence that converges in L2, up to the symmetries of (1-1). Using
this fact, [Dodson 2015] proved that if # is a minimal mass blowup solution to (1-1), then there exists a
sequence t,, — sup(/), for which E(v,) \ 0, where v, is a good approximation of u(z), x), acted on
by appropriate symmetries. Since (1-9) implies that the only # with mass less than || Q|| iz and zero
energy is u = 0, and the small data scattering result implies that the zero solution is stable under small
perturbations, there cannot exist a minimal mass blowup solution to (1-1) with mass less than ||Q ”22‘

When |u| ;2 = || Q| 12, (1-7) only implies that E(u) > 0. The Q(x) in (1-8) is the unique, positive
solution to

Oxx+0° = 0. (1-10)

See [Berestycki et al. 1981; Berestycki and Lions 1978; Kwong 1989; Strauss 1977] for existence and
uniqueness of a ground state solution in general dimensions. Also observe that by the Pohozaev identity,

E©@ =1} [(0-0u- 0910+ x0.) dx =0,

Up to the scaling (1-3), multiplication by a modulus one constant, and translation in space, Q is the
unique minimizer of the energy functional with mass || Q| ;2. See [Cazenave and Lions 1982; Weinstein
1986].

It is straightforward to verify that (1-8) solves (1-10), and that e’/ Q solves (1-1). Since [|e’’ Q| 16 is
constant for all # € R, we have that ¢’ QO blows up both forward and backward in time. Furthermore, the
pseudoconformal transformation of e’ Q(x),

1 —i  ix? X
U(t,X):meXp |:T+4_li|Q(?)’ f>0, (1—11)

is a solution to (1-1) that blows up as ¢ \ 0 and scatters as ¢ — co. Note that the mass is preserved under
the pseudoconformal transformation of ¢?? Q.
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It has long been conjecture that, up to symmetries of (1-1), the only nonscattering solutions to (1-1)
are the soliton e’/ O and the pseudoconformal transformation of the soliton, (1-11). Partial progress has
been made in this direction.

Theorem 2. If ug € H', ||lugll;2 = || Q|| .2, and the solution u(t) to (1-1) blows up in finite time T > 0,
then u(t, x) is equal to (1-11), up to symmetries of (1-1).

Proof. This result was proved in [Merle 1992; 1993], and was proved for the focusing, mass-critical
nonlinear Schrédinger equation in every dimension. O

For the mass-critical nonlinear Schrédinger equation in higher dimensions with radially symmetric
initial data, [Killip et al. 2009] proved:

Theorem 3. If ||ug||z2 = || Q|12 is radially symmetric, u is the solution to the focusing, mass-critical
nonlinear Schrodinger equation with initial data uy, and u blows up both forward and backward in time,
then u is equal to the soliton, up to symmetries of the mass-critical nonlinear Schrodinger equation.

In this paper we completely resolve this conjecture in one dimension, showing that the only blowup so-
lutions to (1-1) with mass ||uq ”22 = 0] 22 are the soliton and the pseudoconformal transformation of the
soliton. This result should also hold in higher dimensions, which will be addressed in a forthcoming paper.

It is convenient to begin by considering solutions symmetric in x first.

Theorem 4. The only symmetric solutions to (1-1) with mass ||ug||z2 = || Q|12 that blow up forward in
time are the family of soliton solutions

e 12000x), A>0, R, (1-12)

and the pseudoconformal transformation of the soliton solution

1 . Py 2 )\‘2 )\'
—(T—z)1/2eleexP[—4(1”iT)]exp[it—T}Q(sz)’ A>0, 0eR, TeR, t<T. (1-13)

The proof of Theorem 4 will occupy most of the paper. Once we have proved Theorem 4, we will

remove the symmetry assumption on u¢, proving:
Theorem 5. The only solutions to (1-1) with mass ||ug||r2 = || Q| 1.2 that blow up forward in time are the
family of soliton solutions

10118 pid21 pixE0) 1/2 0 (3 (x — 2080) +X0), A >0, O€R, xo€R, & eR, (1-14)
and the pseudoconformal transformation of the family of solitons,

L o [i(x—io)z}ex L 22 Jo(H=0 (T =)
T -2 P\ ac—r) [P T T—¢ ’

where A>0, 0 €R, xgeR, & eR, TeR, t<T. (1-15)

Applying time reversal symmetry to (1-1), this theorem completely settles the question of qualitative
behavior of solutions to (1-1) for initial data satisfying ||uollz2 = || Q|1 2-

The reader should see [Nakanishi and Schlag 2011] for this result for the Klein—Gordon equation.
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Before proceeding to Section 2, the proof of Theorems 4 and 5 will be outlined. The first step (in
Section 2) in the proof of Theorem 4 is to use the sequential convergence result of [Fan 2021] to show
that Theorem 4 reduces to considering a symmetric solution to (1-1) that blows up forward in time with

lluollz2 = 1|Q|lz2 and A(¢) and y (¢) continuous functions of time for which
k(t)_1/2e_iy(’)u(t, i) —0)| <ne. a1, forallz>0. (1-16)
A1) L2

Then, in Section 3, the machinery in [Martel and Merle 2002] is used to choose A(?) and y (¢) satisfying
(1-16) for which

(€, 0x) = (i€, 0x) = (¢, 03) = (ie, 0%) =0, where €(z, x) :A(l)—l/ze—iy<r)u(, X

0

In Sections 4-6, the spectral theory of € is combined with the long-time Strichartz estimates in [Dodson

)—Q@)

2016a], proving
b 1
[ 10072 a1 = 3@, (10 4 ¥0.1)) 2 - 3ea®). 30+ ¥0:) 12+ 0 75
b
when / M) ?dt=T and a>0. (1-17)

In Section 7, we use (1-17) to show that if [0, T") is the maximal interval of existence of (1-1) in the
forward time direction,

T
/ le@)|17,1(1)"* < oo forany p > 1. (1-18)
0

Note that for the pseudoconformal solution (1-11), (1-18) holds, but fails when p = 1. Then in Section 8, we
use the virial identity in [Merle and Raphael 2005] to show that A(¢) is approximately monotone decreasing.
In Section 9, the monotonicity of A(¢) combined with long-time Strichartz estimates and conservation of
energy implies that u is a soliton solution when 7" = co. When 7" < 0o, a pseudoconformal transformation
of the solution must satisfy 7" = o0, so therefore # must be a pseudoconformal transformation of a soliton.
Finally, in Section 10, the above argument is generalized to the nonsymmetric case. We conclude with an
Appendix describing U? and V? spaces, an important tool used in long-time Strichartz estimates.

2. Reductions of a symmetric blowup solution

Let u be a symmetric blowup solution to (1-1) with mass ||u¢g| ;2 = || Q| ;2. Defining the distance to the
two dimensional manifold of symmetries acting on the soliton (1-8) by

inf luo(x) — e A2 Q(hx) | 2. 2-1)
A>0,yER

there exist Ao > 0 and yo € R where this infimum is attained. Indeed:

Lemma 6. There exist Ao > 0 and yy € R such that

li0(0) =262 00 )l 2y = inf o () — ™72 QG ) | 2
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Proof. Since Q, along with all its derivatives, is rapidly decreasing,
luo(x) = e~ A7 2077 (2-2)

is differentiable and hence continuous as a function of A and y.
Next, by the dominated convergence theorem,

i nf —e A1 200 ) |12
eyl 10 =T EOOTONE

= lluoll7>+11QI7. =2 lim sup [(e™7A7V2Q07 ). up(x)) 2] =2 Q)72 (2-3)
A o0 y€[0,27]

Here, (f, g); 2 denotes the L?-inner product

(f.€)12 =Re / F()2@) d.
Meanwhile, rescaling (2-3),
(™ 7AT2Q07x), uo(x)) 2 = (Q(x), € A 2ug(hx)) 2,

and therefore,

li inf —e 12007 )12, = 2|03, 2-4
xI\H})yef&zn]”uO(x) e O )72 =2l0l7- (2-4)

Finally, the polarization identity
luo(x) = A7200.7 %) 125 + uo(x) + A7 V2Q( " x) |12, = 4] 0|2,
implies that
1 2 .
3 /0 luo(x) —e™YA"20(0 7 W)II2, dy = 2] Q| 12,. (2-5)

If, for all A > 0,

inf Jug(x) —e VATV2Q( 012, = 2] 0]2,.
y€[0,27]

then (2-5) implies
luo(x) —e™YAV20(0 T W)|12, =2]|Q[2, forall >0, y €[0,2x]. (2-6)
In this case simply take Ao = 1 and yy = 0.

Remark. Equation (2-6) is not possible, since (2-6) is equivalent to the statement that there exists
luollL2 = I Q|2 satisfying

(o(x), e 2712Q0(A71x));2 =0 forall y €[0,27] and for all A > 0. (2-7)

Since Q and ug are symmetric, let R(y) = e¢”/20Q(y) and v(y) = e*/2u¢(e”). Then (2-7) implies
that v(y) is orthogonal to all translations of R(y). Since R(y) is exponentially decreasing, the Fourier
transform of R(y) is analytic in the strip, and therefore must have isolated zeros. Thus, its zeros are a set
of measure zero, so the translates of R are dense in L2. The author is grateful to an anonymous referee
for pointing this fact out.
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On the other hand, if

inf inf _eivy—1/2 —1 12 > 2
k“;o)}gRHuo(x) VA2 )2, <2]0]2s.

then (2-3) and (2-4) imply that there exist 0 < A1 < A, < 0o such that

inf inf _ —l‘)/)\—l/2 )\'—l 2 — inf inf _ —i)/)\’—l/Z )\‘—l 2 )
A e O A S R T

Since (2-2) is continuous as a function of A > 0, y €[0, 2x], and [A1, A;] X [0, 27r] is a compact set, there

exist Ao > 0 and y € [0, 27] such that

—i —1/2 — . —i — —
luo() = 152005 Dl 2y = inf o) = AT 2Q0 T 0l O

Using the weak sequential convergence result of [Fan 2021], Theorem 4 may be reduced to considering
solutions that blow up in positive time for which (2-1) is small for all # > 0.

Theorem 7. Let 0 < ny < 1 be a small, fixed constant to be defined later. If u is a symmetric solution

to (1-1) on the maximal interval of existence I C R, ||ugl||z2 = || Qll12, u blows up forward in time, and

sup inf [V AV 2u(t, Ax) — Q(x)|l 12 < 1 (2-8)
t€[0,sup(1)) »» ¥

then u is a soliton solution of the form (1-12) or a pseudoconformal transformation of a soliton of the
form (1-13).

Remark. Scaling symmetries imply that (2-1) and the left-hand side of (2-8) at a fixed time are equal.
Proof that Theorem 7 implies Theorem 4. Let u(t) be the solution to (1-1) with symmetric initial data u

that satisfies |ug| ;2 = || Q2. If

l-m .nf )\‘1/2 iy t,)\, N =0’ 2-9
Ay aaeg €T (A0 = Ol 2-9)

then (2-8) holds for all ¢ > ¢, for some ¢y € I. After translating in time so that ¢y = 0, Theorem 7 easily
implies Theorem 4 in this case.

However, the convergence theorem of [Fan 2021] only implies u(¢) must converge to Q along a
subsequence after rescaling and multiplying by a complex number of modulus one.

Theorem 8. Let u be a symmetric solution to (1-1) that satisfies |uo|| ;2 = || Qll ;2 and blows up forward
in time. Let (T_(u), T+(u)) be the maximal lifespan of the solution u. Then there exists a sequence
tn — T4 (u) and a family of parameters Ay, > 0, y, € R such that

e A 2u(ty, hyx) —> O in L% (2-10)
If (2-9) does not hold but there exists some 7, > 0 such that

sup  inf ||eiyk1/2u(t,kx) —0X) |12 <«
telto,sup(1) *»¥

then after translating in time so that ty = 0, (2-8) holds.
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Now suppose (2-9) does not hold and furthermore that there exists a sequence #,” /" sup(/) such that

inf e AV 2u(1; Ax) — Oll2 > 0« 2-11)
yeR,A>0
for every n. After passing to a subsequence, suppose that, for every n, we have 1, <t, <1, ,, where #,

is the sequence in (2-10) and ¢,; is the sequence in (2-11). The fact that

inf || AY2u(r, Ax) — Q|12 (2-12)
yER,A>0

is upper semicontinuous as a function of ¢ and is continuous for every ¢ such that (2-12) is small guarantees

that there exists a small, fixed 0 < 17, < 1 such that the sequence ¢, defined by

t,;" = inf{t €l: sup inf ||k1/2eiyu(r,kx) — Q02 < n*}
teft, ty] 2>V

satisfies 7,7 7 sup(/) and

inf [le” AV 2u(t, Ax) = Q) L2 = 1+ (2-13)
A>0,7€R

Indeed, the fact that (2-12) is upper semicontinuous as a function of ¢ implies that

{0<t<ty: inf [e” A 2u(t,Ax) — Q(x) |2 = s}
A>0,y€ER

is a closed set. Since this set is also contained in a bounded set, it has a maximal element 7,7, and 7, > 7,
The fact that (2-12) is upper semicontinuous in time also implies

inf e A 2u(tt Ax)— OllL2 > 1.
A>0,y7€R

On the other hand, since

inf e A 2u(r, Ax) — Ollp2 <nx forallt <t <ty
A>0,y€ER

and (2-12) is continuous at times ¢ € I where (2-12) is small,

inf AV 2u(t Ax) — Ol 2 = s (2-14)
A>0,y€ER

Remark. The constant 0 < 1, < 1 will be chosen to be a small fixed quantity that is sufficiently small
to satisfy the hypotheses of Theorem 10, sufficiently small such that (2-12) is continuous in time when
(2-12) is bounded by 74, sufficiently small such that ns« < 19, where ng is the constant in the induction
on frequency arguments in Theorem 13, and such that T = 1/ is sufficiently large to satisfy the
hypotheses of Theorem 18.

Theorem 9 (upper semicontinuity of the distance to a soliton). The quantity

inf [l A1 2u(t, 2x) = Q) | 2wy (2-15)
Y

is upper semicontinuous as a function of time for any t € I, where I is the maximal interval of existence
for u. The quantity (2-15) is also continuous in time when (2-15) is small.
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Proof. Choose some ty € I and suppose without loss of generality that

[u(t0. x) — Q(x)|I 2 = ){njf/ le™” A1 2u(to, Ax) — Q ()l .2
For ¢ close to ¢y, let
e(t,x) = u(t,x)— ') O(x). (2-16)
Since ¢!(*=10) O solves (1-1),
i€ +exx + |ul*u—e"|QI* 0 .
— i€+ exx +3|0|*e + 221070 |02 0% 4 0( 2t QS—J') =0. (2-17)
j=2

Equations (2-16), (2-17), and Strichartz estimates imply that, for J C R, ty € J,

< 4 5
||€||L<;OL}CQL;1L§O(J><R) < lle(@o) 2 + ||€||L<;0L§(Jx|]qg)||”||L;LL§<>(JX[R) + HGHL?,X(JxIR)'

Local well-posedness of (1-1) combined with Strichartz estimates implies that ||u|| LALP I xR) = 1 on
some open neighborhood J of #y. Therefore, for ||€(#y)||; 2 small, partitioning J into finitely many pieces,

sup le@ L2 < ll€(to)ll L2 (2-18)
teJ
and
Jim fle(llz2 = e 2. (2-19)
Therefore,

s

lim inf |AY2e™u(t, Ax) — < |lu(ty, x) — = inf  |AY2eu(ty, Ax) — .
zli?oif‘y” eu(t,Ax) — Qllp2 < llu(to,x)— Ol 2 . GRII eu(to, Ax) — Q|2

Furthermore, if

. . 1/2 iy . _
Jim inf 11727 u(1.3:6) = Q2 < o, x) = Q2

then there exists a sequence ¢, — t9, A, > 0, ¥, € R such that

lim ||\ 2einy(t! A x) — < inf [[A Y2 u(ty, A .
Jim |2, 7% enu(s,, Ay x) — Qll 2 MII e u(to, Ax)| g2

For ¢, sufficiently close to #o, repeating the arguments giving (2-18) and (2-19) with 7, as the initial data
gives a contradiction.
When ||e(%) ||z 2 is large, (2-17) implies

d 2 4 2 4 2
€Oz WOl zecllelzz + llullzo ll€llza-

4

Therefore, Gronwall’s inequality and the fact that u € L7 | .

L imply

lim inf [’ AY2u(e, Ax) = Qg2 < inf  [le’” A 2u(te, Ax) — O ;2.
=10 A>0,y€R A>0,y€R

which implies upper semicontinuity. O
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Making a profile decomposition of u(z,}, x), the fact that u is a minimal mass blowup solution that
blows up forward in time and z, 7 sup(/) implies that there exist A(z,) > 0 and y(z,7) € R such that

MEN 2Dy A(1H)x) — i

in L2. Also, ¢,/ sup(I) implies ||iig||z2 = || Q|12 is the initial data for a solution to (1-1) that blows
up forward and backward in time, and by (2-14),
inf  |AY2eiig(Ax) — Oll 12 = 1. (2-20)
A>0,y€ER
Moreover, observe that (2-10), (2-13), and (2-18) directly imply that

A Ly ot gy =00 and - Hm o o gy = 00
so if # is the solution to (1-1) with initial data i,
inf A2 (1, Ax) — Oll2 < 14
A>0,Y€ER
for all ¢ € [0, sup(I~ )), where 1 is the interval of existence of the solution & to (1-1) with initial data i,
and & blows up both forward and backward in time. However, Theorem 7 and (2-20) imply that & must be
of the form (1-13). Such a solution scatters backward in time and is well approximated by a linear solution
12

which contradicts the fact that # blows up both forward and backward in time.

Therefore, Theorem 7 implies that (2-11) cannot hold for any symmetric solution to (1-1) with mass

luoll 2 = 1@l 2, so by Theorem 7, any symmetric solution to (1-1) that blows up forward in time must
be of the form (1-12) or (1-13). O

3. Decomposition of the solution near Q

Turning now to the proof of Theorem 7, make a decomposition of a symmetric solution close to Q, up to
rescaling and multiplication by a modulus one constant. This result is classical; see, e.g., [Martel and Merle
2002], although here there is an additional technical complication due to the fact that u need not lie in H .

Theorem 10. Tuke u € L2. There exists o > 0 sufficiently small such that if there exist Ao > 0, Yo € R

that satisfy
e 2u(hox) — Ol 12 < a,

then there exist unique A > 0, y € R which satisfy

(e.0%)2=(e,iQ%)2=0, (3-1)

where
e(x) = A 2u(x) - Q. (3-2)
Furthermore,
A iyoy 1/2
lellz2 + R_l + 1y —vol S lle"°Ay “u(rox) — Ol 2. (3-3)
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Remark. Since ¢'? is 27-periodic, the y in (3-2) is unique up to translations by 277k for some integer k.
Proof. By Holder’s inequality,
€70h 2u(hox) = Q(x). 0%) 2] £ €70g 2u(hox) = Ol 2.
€70 uhox) = 0.1 Q%) 2] < l€"hgu(hox) = Oll -
First suppose that Ay = 1 and y9 = 0. The inner products
iyq1/2 _ 3 iyy1/2 _ 3
(A u(dx) = Q(x), Q%) 2 and  (e"A 7 u(Ax) — Q(x).iQ%) 2 (3-4)

are C'! as functions of A and y. Indeed,
d , i L
g(ml/zu(kx) — 0(x), 0% 2 = (i A 2u(hx), Q)2 < lull211 Q1136
J , i . . .
@@’W“u(m) —Q(x).i0%) 2 = (i A 2u(hx),i Q%) 2 < ull 21 0136.

Next, integrating by parts,

e

u(Ax)+xe’ A 2u (hx), Q)
oa1/2 12

d  iyy1/2 3 i
A 3G0-000. 0% = (557
eiy 1 j 2
:(mu(XX)—kl FTH0).0°) € ui). 070
1
e

||u||L2||Q||L6+ lull 2% Qxll L2 1 Q117 o

and

(e’yxl/zu@x) 0(x),iQ%) 2=

u(kx)+xe’yk1/2ux(kx) i0 )

2)\1/2 L2

1
(2A1/2 * x)_kl/2 e uh), IQ)Lz 32 177 (€M u(x).i0? Q)2
1

SXIIMIILZIIQIIL# lull L2 11% Oxll L2 Q11 F oo

Similar calculations prove uniform bounds on the Hessians of the inner products given in (3-4).
Next, compute

%(e"m”zu(xx)— 0(x). 0%)12  =(0,0%2 =0,

A=1,y=0,u=Q

%(ei”kl/zu(?»X)— 0(x),i0%) > =(0.i0%) 2 =0l

A=1,y=0,u=0Q

(30 +x0x. 0%) 12 = 4110l }a.

0 iyy1/2 _ 3
3)»(6 A u(hx) — 0(x), Q%) 2 A=1,y=0,u=Q

(30+x0x.i0) ;> =

0 iyy1/2 j
ak(e Au(Ax), 1Q) 2 A=1,y=0,u=Q
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Therefore, by the inverse function theorem, if Ao = 1 and yy = 0, there exist A and y satisfying

=11+ Iyl S lle"Pu(x) — Q(x) .2
such that
@A 2u(t, Ax) — 0(x), 032 = (@AY 2u(t, hx) — O(x),i Q%) 2 = 0.

The inverse function theorem also guarantees that A and y are unique for all A,y € [1 =6, 1 + 8] x[—6, J]
for some § > 0, up to 27-periodicity.
For A outside [1 —§, 1 4+ §], observe that

e’ 21 2u(0.x) — 0|17 2

= lullz, + 11012, — 27 A2Q(Ax). Q)2 — 2(e' 2 ?[u — Ql(Ax). Q)12 2 82— O(@).  (3-5)
Similarly, for y outside [—48, 6], up to 27 -multiplicity,
e’ 21 2u(0.x) — Q|17 5

= [ul}. + 10132 — 2722 Q(hx), Q)2 — 2(e" A1/ *[u — Q](Ax). Q)12 2 6% — O(@).  (3-6)

which implies uniqueness for « > 0 sufficiently small.
For general Ay and yy, after rescaling,

2 .
2 1‘ 1y = y0l S 1A 2u(t, hox) — Q)2 3-7)

Finally, using scaling symmetries, the triangle inequality, and (3-7),

le?” A 2u(e, Ax) — Q(x) || 12

u(x)— e~tr) 12 0 (%)

L2
< _ —iV()k—l/Z (i) —iyok—l/Z (i)_ —iy)h—l/2 (i)
— M(X) e 0 Q )\0 2 + e 0 Q )\‘0 e 0 Q )\0 L
ofrarls)-ervof
. )\0 A L2
< llef"u(x) — Q(x) |l 2
This proves (3-3). O

Therefore, in Theorem 7, there exist functions
A:l—(0,00) and y:I —>R
such that (3-1) holds for all ¢ € [0, sup([/)).

Theorem 11. Under the hypotheses of Theorem 7, the functions A(t) and v (t) are continuous as func-
tions of time on [0, sup(1)). Additionally, A(t) and y(t) are differentiable in time almost everywhere
on [0, sup([)).
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Proof. Suppose J = [a, b] is an interval that satisfies

letll 4 oo (s xmy =1
and J C [0, sup(1)). Suppose without loss of generality that A(a) = 1 and y(a) = 0. Also, suppose for

now that [|u(a)|| 71 < oo. Strichartz estimates and local well-posedness theory imply that

el oo g1y smy S (@l - (3-8)
Since A(a) =1 and y(a) =0,
(u(a, x) — Q(x), Q*)p2 = (u(a, x) — Q(x),i Q%) 2 = 0.

Then, by direct calculation and the fact that Q is smooth and rapidly decreasing,

d . .
7. )= 0. 0N 2 = (ittxx. Q%) g2 + (i |u*u. Q)12
= (i1, 0xx (@) p2 +i(ul*u, Q)2 S llull 2 + Nullg oo ]l -
Therefore, (3-8) implies that (u(z, x)—Q(x), Q3) 2 is Lipschitz in time on J as is (u(¢, x)—Q(x),i Q%) 2
by an identical calculation. Then by the proof of Theorem 10, A(¢) and y(¢) are Lipschitz as a function

of time for ¢ close to @, and by the Lebesgue differentiation theorem, A and y are differentiable almost
everywhere for ¢ near a.

Recall from (3-1) that
et,x) = VO 2u(r, A (1)x) — O(x).

By direct computation, for almost every ¢ near a,

e 21700+ + 2D (10 4 x0y + Le + xex) I 2(Qrx + €xn)

M) 2
+id(0) 2 O (e, M(0)x) | *u(t, A(x))

=i(y@t)+rM0)"2)0 + ig;( 0 +x0x) +iA(t) *(exx + 50* Re(e) +i0* Im(e) —¢)
+i(y@)+ A1)~ 2)6+AE;( €+xex) + A0 T2O0(0Plel* + |e]’).  (3-9)

Since a is arbitrary, A and y are differentiable at almost every ¢ € [0, sup(/)).
Next, define the monotone function s : [0, sup(/)) — R,

t
s(t) = / A1) % dr. (3-10)
0
Making a change of variables €, = e, by (3-9),
— 7 )i 1 . 4 . A4 .
es=i(ys+1)0+ X (2Q+xQx) +i(exx +50Q" Re(e) +i Q" Im(e€) —€)

hy
+i(ys + De+ = (3e +xex) + O(OP[e]* + e *|ul®).  (3-11)

=
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Plugging (3-11) into (3-2) and integrating by parts,

A I
L€, 09 = (. 0%) = 0= Z20l13 — (m(e), £-0%) 2 + Oys + el 2) + O(TMeuLz)

+ O(ll€ll72) + O(llel 72 llull7 )
and

As
%(é» i0%) = (&,i0%) = 0= (ys + DI QlI}s+ (. £O%) 2 + O(ys + llll€]l 2) + O(T”E”L2)

+ O(llell72) + Ol 7 2 llull7.00),
where £_ and £ are the linear operators

L f=—fex—0'F+f and Lf=—fix—50*f+ f. (3-12)
Since £LQ? = —8Q3 and (¢, 03);2 =0,
||Q||44 )\s )\s
VB = (0, £-0%)12 + O + llelz) + O S el
+ O(llell72) + Olel 72 llullz0)  (3-13)
and

A
1QNI74 (s + 1) = O(ys + el 2) + O(TSHEHLZ) +O(lel72) + Ollelallullzo).  (B-14)

Doing some algebra, (3-13), (3-14), and the computations proving (2-18) imply that, for any a € Z>,,

1
/a+ )i
a
a+1

A
a+1
/ lys + 1] ds < / ll€ll 2 ds. (3-16)
a

a

a+1
ds 5/ llell 2 ds (3-15)
a

and

Indeed, the computations proving (2-18) imply that
a+1

sup (el 2 < / ()l 2 ds. (3-17)
s€la,a+1] a
SO
a+1 ) 3 a+1 ) a+1 3
/ lell? 2 luel3 oo ds < [ ()], ds- / 12 ds. (3-18)
a a a

Furthermore, Strichartz estimates and the computations proving (2-18) imply that [ atl

a ||u||100 dss 17

and crucially, the bound is independent of ||u(a)|| 1 -
For a general u(a) € L?, let u™ (a) = P<yu(a). Taking N large enough that

€7@ (@) 2u™ (@, M@)x) = Qll 2 = 21,

Theorem 10 implies that there exist ¥V (s) and AN (s) for any s € [a,a + 1] such that (3-1) holds.
Furthermore, AN (s) and yV (s) satisfy (3-13) and (3-14), and ¥V (s) and A" (s) converge to y(s)
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and A(s) uniformly on [, a + 1], so ¥ (s) and A(s) are continuous as functions of s. Furthermore, €N — ¢

in L2 uniformly in s and ™V — u in L$L.
Therefore, plugging AN (s), ¥V (s), €, and u" into (3-13) and (3-14) and doing some algebra implies,
by the dominated convergence theorem,

1017 4[InA(s) = InA(a)] =/ O((Im(e), L-0%)2) + O(llell72) + OCllel17 2 llull 7 o) ds

a
and

IIQII14[V(S)—V(a)+(S—a)]=/ O(llell2) + O(llelZ 2 lully o) ds.

a

Therefore, by the Lebesgue differentiation theorem, Ag/A and yy exist for almost every s € [a,a + 1] and
satisfy (3-13) and (3-14). O

Following [Merle 2001], the decomposition in Theorem 10 gives a positivity result.

Theorem 12. If €(t, x) is a symmetric function, € 1. 03, € LiQ3, |le(t.x)| 2 < 1, and |Q + €| 2 =
1Qll 2. then
EQ+0) 2 el = [ lesttP dx+ [ lete.x) ax.

Proof. Decomposing the energy and integrating by parts, since Q is a real-valued function,
EQ+a =1 [ Qhdv+re [ Quwerttndx+ St~ § [ 0 dx
5 3 4 2
—Re/ O(x)’e(t,x)dx — 3 / O(x)"|e(t, x)|” dx
—Re/ O(x)*e(t, x)* dx —/ O(le(t. x)]? Q° + [e(t. x)|%) dx.

First observe that, since E(Q) =0,

Yl ozav— 1 [ 064y =
2/Qxdx 6[Q dx =0.

Next, by (1-10) and integrating by parts,
Re/ O (x)ex (t,x)—Re/ 0(x)’e(t,x) = —Re/(Qxx(x)+Q(x)5)e(z,x)dx = —Re/ O(x)e(t,x)dx.
Using the fact that |Q +€l|z2 = | Qll12,

017, =30 +e€l7.+ 3llel;, =—(0.€)2 = —Re/ O(x)e(t, x)dx = S|el7..  (3-19)
Therefore,

1 1 3
EQ+6) = lells + leslZa — 3 [ 000t et 00 d

—Re/ Q()c)“e(t,x)2 dx—/ 0(|e(t,x)|3Q3 +|e(t,x)|6) dx.
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Decomposing the terms of order €2 into real and imaginary parts,
%Hex”iz + %||e||i2 . % / 0(x)*[e(t, x)[? dx —Re/ 0(x)*e(t, x)? dx
_ %/Re(e)i dx + % f Re(e)? dx — %/ 0(x)* Re(e)? dx + % f Im(e) dx + % / Im(e)? dx

— % / O(x)* Im(e)? dx.
Recalling (3-12),

% /Re(e)i dx + % / Re(e)? dx — %/ 0(x)*Re(e)? dx = %(C Re(e),Re(€))2.

It is well known, see, e.g., [Merle 2001], that £ has one negative eigenvector, £(Q3) = —8Q3, and
one zero eigenvector, £(Qx) = 0. Since Re(¢) L O* and Re(e) symmetric guarantees that Re(e) L Qx,

1

%/Re(e)i dx + 3 / Re(e)? dx — g / 0(x)*Re(e)® dx > %/Re(e)2 dx.

Next, doing some algebra,
% / Re(e)2 dx = %(ﬁ Re(e), Re(€)) — % / Re(e)? dx + % f 0(x)* Re(e)? dx < C(LRe(e), Re(e)).

By similar calculations, since Im(e) L Q3 and Im(¢) L Qy,

% / Im(e)> dx+% / Im(e)zdx—% f 0(x)* Im(e)? dx

_ %(ﬁ Im(e), Im(e€)) + 2 / 0(x)* Im(e)?

> %(c Im(e), Im(€)) > % / Im(e)? dx + % / Im(e)2 dx.

Finally, by the Sobolev embedding theorem and ||¢];2 < 1,

6 2 4 2
/ €S dx < llely, lellfz < lely,

and

3/2 3/2 5/2 1/2 5/2 5/2
/ 0 [e(t, ) dx 5 llel}5 el < Nl el )2 S Nell3 + el el < lel2z + el
which completes the proof of Theorem 12. O

4. A long-time Strichartz estimate

Having shown that it is enough to consider solutions to (1-1) that are close to the family of solitons and
that there is a good decomposition of solutions that are close to the family of solitons, the next task is to
obtain a good frequency-localized Morawetz estimate. The proof of the frequency-localized Morawetz
estimate will occupy Sections 4—6.

The proof of scattering in [Dodson 2015] for (1-1) when |ugll;2 < || Q|2 utilized a frequency-
localized Morawetz estimate. There, the Morawetz estimate was used to show that E(P,u(t,)) — 0
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along a subsequence, where P, is a Fourier truncation operator that converges to the identity in the
strong L2-operator topology. Then the Gagliardo—Nirenberg inequality, (1-7), and the stability of the zero
solution to (1-1) implies that # = 0. In the case that ||u¢| ;2 = || Q||;2, [Dodson 2021; Fan 2021] proved
that £(P,u(t,)) — 0 along a subsequence, so the almost periodicity of # implies that u(#,) converges to
a rescaled version of Q.

In fact, [Dodson 2021; Fan 2021] proved more, that £(Pu(¢)) — 0 in an averaged sense on an interval
[0, T] C I. The operator P is fixed on a fixed time interval, but P converges to the identity in the strong
L2-operator topology as T — sup(/). The proof of Theorem 7 will argue that if E(Pu(t)) goes to zero
in a time-averaged sense, then ¥ must be equal to the soliton if the solution is global. If the solution
blows up in finite time, then u must equal a pseudoconformal transformation of the soliton.

An essential ingredient in this proof is an improved version of the long-time Strichartz estimates in
[Dodson 2016a]. The proof will make use of the bilinear estimates of [Planchon and Vega 2009], which
were also used in the two dimensional problem [Dodson 2016b].

Eventually, the proof of Theorem 7 will make use of long-time Strichartz estimates on an interval
J =|a, b] for

1< A(t) < TV100 (4-1)

where T = s(b) — s(a) and s(¢) : [0,sup(/)) — [0, 00) is the function given by (3-10). However, to
avoid obscuring the main idea, it will be convenient to consider the case when A(¢) = 1 first, since the
generalization to the case (4-1) is fairly straightforward.

Suppose without loss of generality that a = 0 and » = T'. Choose

O<nm <Ky Kl
to be small constants, suppose
le(. x) L2 = no (4-2)

for all ¢ € J, and choose n; < 1y small enough that

| 10@P e = 43)
|E1=n;
and therefore
swp [ N de <,
[€1=n

teJ 1

Then rescale from A(¢) = 1 to A(t) = 1/n; and [0, T'| — [0, nl_zT].
When i € Z, i > 0, let P; denote the standard Littlewood—Paley projection operator. When i = 0,
let P; denote the projection operator P<g, and when i < 0, let P; denote the zero operator.

Definition. Suppose nl_zT = 23k for some k € Z>¢. Then define the norm

sup  sup || Pl

0<i<k 1<q<23k—3i

2
[l U2 ([(a—1)23,a23/1xR)

+ 2M|(P=ju)(P<i—3u)|

2 _
X([0,n72TIxR) —

2
L%,x ([(a—1)23i’a23i]xR). (4_4)
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Also, forany 0 < j <k, let

sup sup || Pull

2
0<i<) 1<qe23k—3i U% ([(a—1)237,a237]xR)

+ 2||(P=ju) (P<i—su)||

2 _
lelly, o, nr21xmy) =

2

L? ([(a—1)2%,a23]xR)’
See [Koch and Tataru 2007] for a definition of the U f and VAp norms. See also [Dodson 2016a; 2016b;

2019].

Theorem 13. The long-time Strichartz estimate

leellx o2 7y 1
holds with implicit constant independent of T.

Proof. This estimate is proved by induction on j. Local well-posedness arguments combined with the
fact that A(¢) = r]l_l for any ¢ € [0, 171_2 T'] imply that

”u”Ui([a,a—i-l]x[R) <1
and wheni =0,

(P=ju)(P<j—3u) = 0.
Therefore,

”u”Xo([O,nl_zT]xR) <1 (4-5)
This is the base case.

Remark. The implicit constant in (4-5) does not depend on 7" or 7;.

To prove the inductive step, recall, by Duhamel’s principle, that if J = [(a — 1)23k=3i 4p3k=3i ], then,
for any ty € J,
t
u(t) = H Oy (1) +i [ O (ul*u) dt

o
and

t
/ IR P (lul*u) d
t

0

| P=ittll g2 sy S I1Pi (o)l 2 + ] :
U2 (J xR)

By (4-3) and the fact that (1) = 1/ for all r € [0, n2T], if i >0,

sup || Pxiu(to)llz2 < no- (4-6)
tOG[OJM_ZT]

Next, choose v € VA2 (J x R) such that ||v||V§( Jxm) = 1 and 0(t, &) is supported on the Fourier support
of P;. It is a well-known fact that

t
/ DA P (lu*u) dt
t

0

4
< sup [P (Jul*u)l 1 .
U% (J xR) v '

where sup,, is the supremum over all such v supported on P; satisfying ||v||V§( sxr) = 1. See [Hadac
et al. 2009] for a proof.
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By Holder’s inequality,
| Y . )3 . )3 AY . )4 . . )3
V(uzi-3) (=i-3) Mgy A lvzi-3)"(usi-3) g A+ lv@zi-3) " W@<i-a)lpr  +lv@=i-3)"lL1
5 4
S ”v”L‘tX’L% ||u2"_3”L~?L}(O + ||U||L;‘L§°||“Zi—3||L[16/3L§C ””Si—3”L;’OL§
2
+lvlgs Nwzi—s)(u=i-e)llp2 Nusi-slres luzi-s ”L?.x
3 2 ) _ 3/2 C3/2 1)z
vl usioslfe TusimelZe +Ivlzg Mm@z} Tusi-sl}E luxi-slfy
2 3
vl Muzi-slze luzi-ellys - (4-7)
Since VAZ cU f for any p > 2, again see [Hadac et al. 2009],
ol ooz + Wollzs +lvlpapee S Iollyz S 1. (+-8)
Next, when i > 4, since Ui C U#%, (4-3) and (4-6) imply
lusi—sll3 Sluzi-sl}a, collusi=sl Snollusi-3 |} S nollully (4-9)
When i < 4, the fact that for any a € Z,
o]l 24 .90 (fa, a4 11xm) S 1> (4-10)

the fact that the Fourier inversion formula and Holder’s inequality imply

H/|$|< s X0, €) de
<n

1

< u@)ll 2, (4-11)

Lo°

and the fact that (4-3) implies, after rescaling A(t) = 1 — A(¢) = 1/ny,

1/2
( /|s| ” |ﬁ(r,5)|2dé) <o (4-12)
zn

1
combine to imply that

luzi-3175 10 S Mo- (4-13)
Similar calculations can be made for the terms
[y lusisllpoor2 + luzi—3lle lusi—el?e +luzi=sl3e lluzi—lle . (4-14)
=! L;6/3L§' =t L7 Lx =t L?,x =t L?,x =t L?,x =t L?,x
Therefore,
. 5 , 4 . . 3 . 2 . 2 . 3
>3 ||L§L}C°+”u2’_3 ||L;6/3L§C lu<i—s ||L§>°L§+””Zl—3 ||L?.x ||u2’_6”L?x+”uZ’_3 ||L?»c ||”zz—6||L?!x

< 770”“”3‘(173([0]])(@) + 770”“”;(1.73([0]]@) +1n0. (4-15)
Next, by the definition on page 1710,

2 —i/2 3
Izi—s)w=i-6)lrz lu<i-sllres luzi-slpe <2 Pl o lusi-ellis,.  4-16)
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By (4-11), (4-12), and the Sobolev embedding theorem,

2 usiglLee, S o

SO
—i/2 3 3
272l qo.rpxm 1 <i—s6llzes, < nollully. . qo.r1xm)-
Making a similar calculation,
3/2 3/2 1/2 3/2 2
lezi-s)wsi-e) 1} Nusi-slly luzi-sll s = m el o mixe-
Since

Pzi(lusi-3|*u<i—3) =0,
it only remains to compute, using the definition on page 1710, (4-15), and (4-17),

[((Poi—s) (P51 S I(Poi—su)(P<i—g)ll 2 || P<i—gullzgs, v(Psi—5)* 2

WX

1713

(4-17)

(4-18)

(4-19)

2 2
+ 1 Pzisulips ||P2i—6u||L?',x lo(P<i—3t)"ll 2

< 7]0”””%/,-_3([()’T]x|]qg) ||U(P§i—3”)2||L%’X + 770”“”?(1._3([01])(@) + 7o-

By the Sobolev embedding theorem,

| P<isullpis S D0 IPulps 0 Y0 297308278 ullx, o, rixmy S 272 llullx,_y qo,71xm)-

0<j<i—3 0<j<i—3

Also, by VA2 C Uz/ 4 and the Sobolev embedding theorem,

8/9
L’

itA

i/9
o (Pist)l 78 5 20l 125 gy S0P 1 v0) )]

where sup, is over all [[vg[| 2 = 1 supported in Fourier space on the support of P;. Therefore, we have

finally proved
2 4
||P2i”||U§(JxR) < Mo+ nollullx, . qo.rxmy T Mollllx, o, 71xm)

8/9

it A
i Uo)(usi—3)||Ltz .
WX

+n0llull3; o, r1xmy 247 sup ll(e
vo
To complete the proof of Theorem 13, it only remains to prove

272 sup | ("B vo) (u=i-3)l 2 < 1+ lullx;_so.11xs)-
) :

Indeed, assuming that (4-21) is true, (4-20) becomes
||PZiu||Ui(JX[R) <o+ 770”“”12\/1._3([0,T]><R) + 770”””?\’1._3([0,T]><R)-
Equation (4-21) would also imply
22 (i) (Psi—s)ll 12 sy S I Pittll2 gy (1 + e,y o.7m)

< no + nollullx;,_; (o, 71xw) + 770||””15Y,-_3([0,T]xR)'

(4-20)

(4-21)
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Then taking a supremum over 0 <7 < j,

lullx; o, 71wy < 1+ nollullx; _5(0,1xr) + '70||“||§(,-_3([0,T]><R)’
which by induction on j, starting from the base case (4-5), proves Theorem 13.

The bilinear estimate (4-21) is proved using the interaction Morawetz estimate (see [Dodson 2016b;
Planchon and Vega 2009]). To simplify notation, let

v(t, x) = ¢!"By,,

where ||vg|/z2 = 1 and ¥y is supported on the Fourier support of P; for some j > i. Then take the
Morawetz potential

X —
MO = [ 1) 2 st dy + [ lusis P2 mfoudd .
Let F(u) = |u|*u. Then u<;_3 solves the equation
i0tu<i—3+ Au<j3+ F(u<j—3) = F(u<j—3) — P<j—3 F(u) = —Nj—3. (4-22)

Following [Planchon and Vega 2009],

%M(l)=8/|8 ((t, X)u<;i_3)(t, x)|? dx——/|v(t X)|*|u<i—3(t, x)|® dx

+/|v(z,y)|2( =) Refii<i-a0x Ni—a)(t. ) dx
|x — |

f (. y>|2f yfR NV i—sdxtci_s(t. ) dx

+2/Im[u<, N3, y)f _ﬁ

Then by the fundamental theorem of calculus, Bernstein’s inequality, the Fourier support of vu<;_3,
lvollz2 = 1, and the fact that ||u||;2 = || Q|| 2,

Im[vd,v](¢, x) dx dy.

. . X — _
2 usioally g 2 H P hsi-ally = [ 10000 =2 RV - adsusioal(e ) d
X — _
+ [ 1o P2 Relisioad A al,x) d
+2/Im[u<, s Ni—s](e, y)T i? Im[vd,v](z, x) dx dy. (4-23)

Also note that

Du<isl?, =lvviisisu<islp = |vusi-s| (4-24)
t.x r.x

2

Ly

S0 it is not too important to pay attention to complex conjugates in the proceeding calculations.
First, by (4-17),

o lu<i=s®lLs (rxmy < lvusi- 3||L2 lu<i=sl7ee, < 162% lvu<i- 3|| : (4-25)
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Now consider the term

Ni—3 = P<j—3F(u) — F(u<;—3). (4-26)
Since by Fourier support arguments
P<j3F(usj—¢) — Fu<i—¢) =0, (4-27)
we have
Nics = P<i—33lu<i—¢|*uzi—6 +2lu<i—6|*(<i—6) i zi—c)
— Blu<i—6|*ui—6<.<i—3 +2lu<i—6|*(u<i—6)*li—6<.<i3)
+ P<i_30((uzi—6)*u®) + O((ui—g<.<i—3)"u’)
=N+ N2, (4-28)
Following (4-7)—(4-19),
2
|||/\/}(_g| u<i-sllipr = |||u2i—6|2|u5i—9|4||]4}’x + |||u2i—6|2|”2i—9|4”14}qx
< ”(“Zi—6)(u§i—9)”iz ||”5i—9||ig>f>x + ||”Zi—6||i?x ||uzi—9||2gx
<no(1+ ”””X ([0, T]xu;g)) (4-29)

Therefore, since ||vg| 2 =1,

=[] e RN Byl v i dy

// lu(t, y)|2T y? Relii<i—39x N, (2, x) dx dy dt

+2/// Tmli<;—3 N, 2], y)T ?Im[vaxv](t x)dx dy dt

<$n02 (L4 1l o.r1wm))- (4-30)

Next, observe that

3P<i—3(Ju<i—¢|*uzi—¢) — 3(u<i—¢|*ui—6<.<i—3)
=3P 3(Ju<i—¢|*ui—6<.<i—3) + 3P<i—3(Ju<i—g|*u=i—3). (4-31)
Again following (4-7)—(4-19),
||PSi—3(|“§i—6|4”>i—3)(”i—6§~§i—3)”L}.X + ||P>i—3(|“Si—6|4”i—6§~5i—3)(”i—6§-Si—3)||L}’x
Sno(L+ul§, sqorpxmy):  4-32)

Finally, observe that the Fourier support of

3P 3(lu<i—g|*ui—6<.<i—3)(u=i—6) + 3P<i—3(lu<i—¢|*u>i—3)(u=i—) (4-33)
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is on frequencies |£| > 2/~°. Therefore, integrating by parts,

[ s Poieausicotisz. il ) [ tfiosae, ) dxdy di

_ d _
Z[// Im[vaxv](tvx)'a_;Im[”si—6P>i—3(|u§i—6|4”i—6§-Si—3)](tvx) dx dy dt
X
<27 oy lzapeelivilpsse ||(Mi—65~5:‘—3)(”51‘—9)“@2’)‘ ||“§i—6||2?oL§

— 4
+ 27" Jux ”L‘)L?f’ ”v”L‘}Lgo ui—6<.<i—3 ||Lj‘L§° ui—9<.<i—6 ”L;‘L?ﬁ ||u5i_6”L§’°L§‘C
j 2
< 102/ ||u||X,-,3([0,T]xR)' (4-34)

A similar calculation gives the estimate

[ itsics Peicausicattunieal ) S= 2 i . 0 dx dy ds

S0 ullx_qorixmy: (439

The terms
/ / v (z, y)|2H Re[ N, 8 u<;_3](t, x) dx dy di (4-36)
and
[JJ 1t = Rel <im0, N 0 iy @37)

may be analyzed in a similar manner.

Plugging (4-24)—(4-37) into (4-23) gives
22 ||1_)”§i—3”i%x +2% ||U“§i—3||i%x S22 402/ (14 |lull%,_,)-
Summing up over j > i implies (4-21), which completes the proof of Theorem 13. O
Theorem 13 may be upgraded to take advantage of the fact that u is close to the soliton.

Theorem 14. When A(t) = 1/n and T = 23 for some positive integer k.,

2 en72T 1/2
| Ps gl <(I [ ez, d)  + —.

Proof. Make another induction on frequency argument starting at level %k. Observe that Theorem 13
implies that foranya € Z, 0 <a < 171_1 T2,

”PZk/Zu”Ui([anl_lTl/z,(a-{-l)nl_lT1/2]X[R) S L
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Next, following Theorem 13,

||sz/2+3“||U§([512an1—1T1/2,512(a+1)n1—1T1/2]xR)

< inf | Porejoyau(t)l 2
te[512an7' T1/2,512(a+ 1)y T1/2]

00l P22ty (s12an7 7172, 512@+ D T2 1xmy - (4-38)

Since Q is a smooth function, if y(¢) and A(¢) are given by Theorem 10 and A(¢) = 1/n;,

1 Poi 24 3u @)z < e OA@)2u(t, M(£)x) — Q)2 + | Pskja+30(x) | L2
Sle@p2+T710 (4-39)

Plugging (4-39) back into (4-38),

||sz/2+3”||U§([512anl—‘T1/2,512(a+1)n1—1T1/2]xR)

m 512(a+ D' TV/2 5 1/2
<|— e(t,x dt
(57227 f512an1—1T1/2 Je(t0)13 dr)
512 1/2
—10 2
+ T + No (Z ”sz/zu”Uﬁ([(SlZa—}-(j—l))nl_lT]/Z,(S12a+j)171_1T1/2]><[R)) . (4-40)
j=1

Arguing by induction in k, taking L%kJ steps in all, for ng sufficiently small,

2 7]_2T 1/2
- —k/6 n 1
| Peicully2 o2y < 7710+ 252 +(;1 /0 e 7 df)

772 r]sz 1/2
< 710 4 (71/0 ||e(z,x)||]242 dt) . |

Remark. If C is the implicit constant in (4-40), then for ny < 1 sufficiently small,
(Cno)*/® <7710, (4-41)
The same argument can also be made when A(¢) > 1/n; forall ¢ € J.

Theorem 15. When A(t) > 1/n1 on J =|a, b],

/ M) rdr =T,
J

and nl_zT = 23]‘, we have

| b 1/2
—10 2 -2
”PZku”Ui([a,b]xR) ST 7+ (T/é €@l 2A(2) dt) .

The same argument could also be made for A(z) having a different lower bound, by rescaling A(z) to
A(t) = 1/n1, computing long-time Strichartz estimates, and then rescaling back.
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5. Almost conservation of energy

Since (3-11) implies that ||€(¢)|| ;.2 is continuous as a function of time, the mean value theorem implies
that under the conditions of Theorem 15, there exists #y € [a, b] such that

1

b
letto) 22 = [ le@) 22102 d.

The next step in proving Theorem 7 is to control

sup [le(r)] .2
tela,b]

as a function of ||€(#p)| ;2. Theorem 12 would be a very useful tool for doing so, except that while Q
lies in H*(R) for any s > 0, it is not the case that € must belong to H*(R) for any s > 0. Therefore,
Theorem 12 will be used in conjunction with the Fourier truncation method of [Bourgain 1998]. See also
the I-method, for example, in [Colliander et al. 2002].

Theorem 16. Let J = [a, b] be an interval such that
/ M) 2dt =T,
J

n 2T =23 and A(t) > 1/ forallt € [a,b]. Then,

22k B B
sup E(Psjrou(1)) < f le@) 1727 di + 2247710,
teJ T J;

Proof. By the mean value theorem, there exists 7y € J such that
1 _
le(o)l72 < 7/1 le@)I722(0) 72 dt.

Next, decompose the energy. Let Q refer to a rescaled version of Q, that is, Q =A(t0) 20 (M (to) " 1x),
and let & denote the rescaled € given by € = A(f9)~1/2&(t9, A(tg) ~' x). It is also convenient to split & into
real and imaginary parts:

€E=¢€1 +ier.

As in Theorem 12, by (3-2),
E(P<gtott) = E(P<f490 + P<j9€)

= E(P<t+50) —|—Re/ P49 0x P<jroéx dx —Re/(Psk+9 0)° (P<j49€) dx
1 - 5 ~ - 1 ~
+ §||Psk+9€||ip -3 /(Psk+9 0)*(P<i49€1) dx — 5 /(Psk+9 0)*(P<it9€2)”

—[ O(| P<+901*| P<k +9€*) + O(| P<t19€®) dx. (5-1)
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Since Q is smooth and rapidly decreasing, E (Q) =0, and A(%p) > 1/n;, Bernstein’s inequality implies

that
~ 1 ~ 5 1 <6
E(P<k490) = 3 /(Psk+9 0x) — 3 /(Psk+9 0)¢ <2730k,

Next, integrating by parts and using (3-19), the smoothness of Q, and Bernstein’s inequality,

Re/ P<yoOx P<kroéx dx —Re/(Psk+9 0)° Py 4oé dx

1
= —Re [ (Pocse) (PotssBox + (Poxs90)") dx = 3y

Next, by Holder’s inequality, since A(zy) > 1/n1,
1 ~ 5 ~ ~ 1 ~ -
§||Psk+9€||i'11 -3 /(Psk+9 0)*(P<g49€1)* dx — 5 /(P§k+9 O)*(P<k49€2)* dx

- 1
< | P<kroéllyy, + o)?
By the Sobolev embedding theorem,

/ | P<t+9€)* | P<k+9O® + | P<g49€|® dx

k(t )2 | <k+9€(lo)||Lz ||P<k+9€(lo)|| T+ 1 P<k+9€(t0) 117 2| P<k19€(t0) %,

~ 2 - 4 ~ 2
| P<g+9€(t0)ll72 + ||P§k+9€(lo)||Lz||P§k+9€(lo)||H1-

<
- ?»(to)z

Therefore, since A(tg) > 1/n1,
E(P<4oii(to)) S 2°¥le(to) ]|, + 273,

Next compute the change of energy

d
77 E(P<prott) = —(Pairotts. AP<pyou) 2 — (Pkrolis, | P<iyoul* P<yott) 2
= —(P<k+ous, P<p+9F(u) — F(P<gou))r2
= (i AP<gyou + i P<jeqo(|u|*u). P< 1o F(u) — F(P<gyou))p2.
First compute

| GAP<tsot, Pascss Fw) ~ F(Patpsu) di
o

for some ¢’ € J. Making a Littlewood-Paley decomposition,

I/
(i AP<gyou, P<pyoF(u) — F(P<gyou))p2 dt

o

~ Z Z /zAPk6u Pejo(Pyyu--- Prgu)

0<ks5<k4=<k3<kr<k; 0<ke<k+9

e, + 0(273%).

212 2k 2
| P<k+9€ll72 < 27" [le(z0) Iy 2-

(5-2)

(5-3)

(5-4)

(5-5)

(5-6)

— (P<k49Pr ) -+ (P<jyo Prsu)) - dt
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Remark. For these computations, it is not so important to distinguish between u and u.

Case 1: k1 <k + 6. In this case P<g49 P, = Pr, and P<gyo( Py u--- Py u) = Py u--- Pysu, so the
contribution of these terms is zero. That is, for kq,..., ks <k + 6,

t/
/ (I APyut, P<pio(Pryu-+- Prsut) — (P<gyo Pryu) -+ (P<iyo Prsu))p2di = 0.
fo

Case 2: k1 > k + 6 and k, < k. In this case, Fourier support properties imply that k¢ > k£ + 3. Then by
Theorem 15, Theorem 13, and (4-21),
t/

(i APxi3<. <krolty Pepro((P<gu)* (Pogrott)) — (P<xu)* (Pryo<. <k+out))2 dt
o

< 2% (Pt st) (Pl 2 (Poiertd) (Paicn) 2 [ Psr]2c
< i le@17 ()72 di + 224771,
T J;y L
Case3: ky > k46, ko >k, ks <k. If k¢ <k, then by Fourier support properties, k, > k + 3. Here,
t/
| GAP<t, Pets((Poscsa)(Possi(Pei’)
o

— (Pkg6<- <o) (Pry3<. <k o) (P<u)’) - di

< 20 (Pakrst) (P 12 (Paiersi)(Pg) 2 | P<gullfes

2k

2
S [ I dr + 2%
J

In the case when kg > k,

t/
/ (i APr<. <ktott, P<o((Psieqott)(Pogut)(P<gu)?)
to
— (Pit6<. <k+9U)(Pr<. <ktot) (P<ku)?) dt

< 92k ||(P2k+6u)(P5ku)||L%x | szu”i?l&o ”Pfku”Lto,ox ”u”L?OL)%
22k ~ ~
<2 [ lewian a2k
J

Case 4: ky > 2%+ and k,, k5 > k. In this case,

t/
/ (i AP<gyott, Pepio((Pogtott)(Pogtt)*u®) — (Prto<. <ktott)(Pr<.<kott)>(P<gyott)?) 2 dt
o

2k 2 2k 4 2
S 2 (Pory ) (Pegtd)l gz | Pkt 2y oo | Patttligs il o 12 + 22 1 Pkt ool

22k B B
57fj||e(t)||izx(z) 24t + 22k 10,
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The contribution of the nonlinear terms is similar, using the fact that

(i P<f9F(u), P<gyo F(u) — F(P<g4ou))p2 = (i P<k19F(u), F(P<gyou))p2.
Then make a Littlewood—Paley decomposition
(i P<gt9F(u), F(P<g+9ou))r2
= Z Z (i P<geyoltp, - ups), (P<gq9 P )+ (P<gyo Prsu))p2. (5-7)
0<ks<ky<k3<kr=<k, 0<kl=<k) <k} <k} <k|
Case 1: k. kj <k + 6. Once again, if k1, k] < k + 6, then the right-hand side of (5-7) is zero.
Case 2: ky or k! > k + 6, eight terms are < k. In the case that ky or k| > k + 6 and eight of the

terms in (5-7) are at frequency < k, then by Fourier support properties the final term should be at
frequency > k + 3. The contribution in this case is bounded by

1 _
[(Pskssi)(Pean)l 2 I(Pokssi)(Pean)l 2 | Pegulfos, 2% /J le)]12, dr +224T71°.

Case 3: ky or ki > k + 6, two terms are > k. The contribution of the case that k; or k; >k + 6, two
additional terms in (5-7) are at frequency > k, and the other seven terms are at frequency < k is bounded by

1 _
I(Pokot) (Pegtdll 2 | Pkt 2ol Pttt Nl oo 12 2% /J @2, dr + 22710,

Case 4: k; or ki > k + 6 and at least three additional terms in (5-7) are at frequencies > k. This case
may be reduced to a case where at least four terms in (5-7) are at frequency > k, and at least four terms
are at frequency < k + 9. To see why, notice that all five terms in F(P<g49u) are at frequency < k + 9,
so if four or five of the terms in P<j ¢ F(u) are at frequency > k, then we are fine.

If exactly three terms in P<j 9 F(u) are at frequency > k, then take the two terms in P<g 4o F(u)
that are at frequency < k to be terms at frequency < k + 9. Meanwhile, since at least four terms are at
frequency > £,

F(P<jyou) ~ (Py<. <k +ou) (P<grou)*, (5-8)

so in (5-8) there is one term at frequency > k and two more terms at frequency < k + 9.
If exactly two terms in P<jx 49 F(u) are at frequency > k, then there are three terms that are at
frequency < k. In that case,

F(P<jyott) ~ (P<.<k+ou)*(P<p4ott)’, (5-9)

so0 in (5-9) there are two terms at frequency > k and one term at frequency < k + 9.
If one term in P<j 4 F(u) is at frequency > k, then there are four terms in P<j ¢ F(u) at frequency <k.
Then there must be at least three more in F(P<g49u), SO

F(P<jyout) ~ (P<.<kyou)’u’. (5-10)
If no terms in P<g 9 F(u) are at frequency > k, then there must be four in F(P<gyqu), sO

F(P<gqou) ~ (Px<.<k+ou)*u. (5-11)
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The contribution of all the different subcases of case four, (5-8)—(5-11), may be bounded by
1
4 2 4 2k 2 2k —10
I Poktul s oo Nl o 2 | Pirol s, 2% /J le@I2, di +2% 710,

This proves Theorem 16. O
Corollary 17. If

LSA(I)SLTI/“)O
m M
and
/A(z)‘%fr:
J
then
2
sup| Pt 59— e(z, x) S / le@I25n(t)"2 di + 22K 710
resll =AY TA0) ) | g T Jy L
and
2 TI/SO * -2 /%0 2k =10
sup ()2 5 [0 o a Lo
te

1
Proof. The proof uses Theorem 16, Theorem 12, rescaling, and the fact that Q is smooth and all its
derivatives are rapidly decreasing. O

6. A frequency-localized Morawetz estimate

The next step will be to combine long-time Strichartz estimates with almost conservation of energy to
prove a frequency-localized Morawetz estimate adapted to the case when A(¢) does not vary too much.

Theorem 18. Let J = [a, b] be an interval on which (4-2) holds for all t € J, 1/ny < A(t) < T/100 /p,
forallt € J, and

/ MO 2dt=T. (6-1)
J

Also suppose 23k — nl_zT and that € = €1 + i€y, where € is given by Theorem 10. Then for T sufficiently
large,

b
- 1
[ 10132072 dr = 3@ (04 30) - ea®). 30 +x01) 2+ 0 75)- 62
Remark. The signs on the right-hand side of (6-2) are very important.

Proof. The proof uses a frequency-localized Morawetz estimate. The Morawetz potential is the same as
the Morawetz potential used in [Dodson 2015]. See also [Dodson 2016a].

Let ¥ (x) € C*°(R) be a smooth, even function, satisfying ¥ (x) = 1 on |x| < 1 and supported on
|x| < 2. Then for some large R (R = T''/25 will do), let

$(x) = /O (";y )d - /0 wz(%) dy, 6-3)
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and let
MO = [ 600 Py Pey roul(t. ) d.

Doing some algebra using (3-2), as in (5-1),
al )—e YOO(x)+e "Der, x). (6-4)

—iy(t) 1/2
A())“ M ( 0

Since Im[ P<j 1940 (P<j+ou)] is invariant under the multiplication operator u > e~ vy,

u(t, x)= e_iy(’)k(z)_l/zQ(

M(t) = / ¢ (X) IM[Pf 19 O(X) + Pejy9&(t, X)dx (Pt Q(x) + Pep49€(t, X))] dx.

Since Q is real-valued,

[ $C P 1s D010 (Peiers DxN] dx =
Next, by Corollary 17,

[ 6 WP R0 (Peiepor. x] Rz i [ 1e0IEA0 2 ar + fl 2K,
Next, since A(¢) > 1/n1, Q and dx Q are rapidly decreasing, ¢ (x) = x for |x| < R/nq, and |px(x)| <1,

[ $ P D0 (Pescss BN dx = (2,300 + 0T ). (65)
Indeed, since Q is real, by rescaling,

/ x Im[EGE ) (B dx = —(e2(1). x0x) 2. (6-6)

Next, since A(7) < T1/190/p, and R = T1/23,

/xlm[g(l,X)ax(Q(X))]dx— ¢ (x) Im[E (7, x)9x (O (x))] dxx

= —10 }
/|x>R/m Me)?? Qx(k(t))Hx(z)uz ( G ))‘dx = &

Also, since Q and all its derivatives are rapidly decreasing, A(f) > 1/ny, R = T''/25 and 23% = N 2T,

/ ¢ (x) Im[E(7, X)dx (O (x))] dx — f ¢ (x) Im[E(z, x)dx (P<g 10 O (x))] dx
< Rll€]l 2]l Poi o Ox(X) 2 S TTI0 (6-8)

Next, (6-3) implies that |¢)(x)| < 1 for any j > 1, and since Q is smooth and all its derivatives are
rapidly decreasing, integrating by parts, for j sufficiently large, yields

f () I[P p 92 (7. X)dx (Pt s O(x))] dx

AJ -
- /¢(x)Im[A—;P2k+9€(t,x)ax(PSkJrgQ(x))] dx <T771°  (6-9)
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0 (6-6)—(6-9) imply (6-5). Finally,
/¢(X) Im[ P19 Q(x)dx (P<je49€ (2, X)) dx = (6-5)— [ ( )Im[P<k+9 Q(x) - P<49€(1, x)] dx.

Making an argument similar to (6-6)—(6-9),

_/X(nllz )Im[m P<k+9€(l x)] dx = —(62, Q)L2 + O(T_lo), (6—10)
Therefore,
M(b) — M(a) =2(e2(a), L0+ x0x) ;> —2(e2(b), L0 + x0x) ., + O(T10)

R _ _
+0( 2W/ le@)]I724() 2dt)+0(n 2%k 999)

1
Following (4-22),

10t P<gyou + AP<pyou + F(P<qou) = F(P<qou) — P<pyoF(u) = —N. (6-11)
Plugging in (6-11) and integrating by parts,

d - -
EM(I) = /¢(X) Re[— P<pqottxx P<gyottx + P<pyott P<jioUxxx]

+ / ¢ (x) Re[—| Pt ouu|* P<jyott(Pegrotin) + Pegotds (| P<gyoul* P<giou)]

+/¢(x) Re[P5k+9u8x/\/](t,x)—/¢(x) Re[ N0y P< 1 ou](t, x)

2
mx i mx
_2/w ( )|a P<k+9u|2dx—2R2 X (R )|P<k+9u| dx

-2 / v (””“)|P<k+9u| dx + | ¢(0) Re[ Py youdx N(t, x)

- / ¢ (x) Re[N 3y P<jou](t, X). (6-12)

Next, following (4-28),
N = PejyoGlu<p|*uspre+ 2u<k|*<p) iz +6)
— Glu<i|*uskt6+ 2u<k|*WU<k)* Prto=-<ktot) + P<ky9O((Usg) Usr6)u>)
+ O((Pyt6<- <k+9t)(Pr<. <krou)u’)
= NO N,
As in (4-29), since |¢(x)| < 771_1 R, by Theorems 13 and 14,

b b
/ / ¢ (x) Re[P<roudx NP dx dt — / / ¢ (x) R[NP, Pojyou]dx di

ZkRn_l B 2kR'7_1
s el 2 dis i 61
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Making calculations identical to the estimate (6-13),

b b
| [ oo rel Pz aczsun N Dlax i~ [ [ 600 RAND0, Prsse. <iond d di
a a
< KRk )@=l sk =l lnsilZes

kpo—1 b k-1

Ry _ 2" Rn

kT [ le20(0) 2 di +
a

< -
~oT T10

Finally, using Bernstein’s inequality and the integration by parts argument in (4-34),

T T
/ / ¢ (x) Re[P<j13udx N D] dx dr — / / ¢ (x) R[NV, Poyy3u]dx di
0 0

1
S Popr st () Lo N(Popot) (Pl 2 luskly S =i

Remark. The last estimate follows from the fact that ¢ is smooth and [ 7 A(t)"2dt = T, which by a

local well-posedness argument implies
1/6
”u”L?,x(JXR) T /e,

Plugging this estimate of the error term back into (6-12),

b 2 b
nx n nmx
2L/W2(T)|axpsk+9u|2dxm—ﬁL/X"(T)|Psk+9u|2dxm
b
2 mx
—§L/W2(1T)|Psk+9“|6dxa’l

= 2(62((1)’ %Q +XQX)L2 _2(62(b)’ %Q +xQX)L2

22kT1/20
ro(Z— / 202 d1) +0(35): 610

| Pegyoti]? = (P<pyoO(x))? 4+ 2Pt 19O (X) - P<gyoéy(t, x) + | P<g1oé(t, x)|2.

The support of " (x), the fact that A(r) < T'/190 /n, and (1-8) imply that

2 2
R2 ( )Q(x) dx < R2 T11 N A(7)2 711" (6-15)

Since Q@ is a real-valued function,

Also, since Q and all its derivatives are rapidly decreasing and A(¢) > 1/ny,
| Prress O(0)[172 < 273, (6-16)

Therefore, since R = T'1/25 and A(r) < T1/190 /., (6-15), (6-16), and the Cauchy—Schwarz inequality
imply
1 1

ni mx
T [ (B ) Papsontt 0P dx 5 s i s el
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Next, letting €1 + i€3x = 0x€, write the decomposition

2 02 (1) Patconsl? =3 [0 () Pl
~ 50/ *”Z(M)(%PWQX (i) -&r=s2(555) ) o
AR ST <"+9Q"(A)(Cz)) koot (i) Pf"ng(ﬁ)spf"”i(”%))dx
S Ad e vk “9Q(w>)4( ) )f’“
ol (Patsveas(v x(z))) Petso0(555 ) (Petsses (55
SoAd (<"+9Q(A<z>)) Petroc( A(z))y
5 ) .
#3 (s (igs)) (Pt 1)
(P55 ) (Poteoc (v 1 )))5 1(P<"+96(’%))6)dx‘ ©17

Remark. Due to the presence of derivatives in

nx 2 mx
2/1/[2(?)|P5k+9ux|2dx—5/102(?)|P5k+9u|6dx,

it is convenient to dispense with the Q(x) and €(¢, x) notation and return to the Q and € notation.

We understand that P<x9Q(x/A(t)) denotes the frequency projection after rescaling, not a rescaled
projection. A rescaled projection appears in (6-18).

=
><

=3
=

/—;\ A/—:\/—\
=% ”\;
N— N — ——
TR

wls

For terms of order €3 and higher, it is not too important to pay attention to complex conjugates, since
these terms will be estimated using Holder’s inequality.
First, using the fact that

305 -§0°=30"—30°
combined with the fact that 1/n; <A < T'/190/y, R =T1/25 and Q is smooth and rapidly decreasing,

A(j)3 /‘P (mx)( Qx(%)z_—Q(k(t)Y)d 2 |
A0 [W (771X) (IQ(%) __Q(k(t)) ) s x(i)z %

Also, since 771_2T = 2% and Q and its derivatives are smooth and rapidly decreasing, A(z) > 1/1; and
Bernstein’s inequality implies that

2 2(Mmx x V 2 S Mmx x V | 1
oA (T)Q"(W) A (%) resese (m) IV Tk
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6 6
mx X nx 1 1
3A<z)3 / 4 ( )Q(Tz)) = 3A<z)3 / 4 ( ) <k+9Q(A(t)) DI 50r

MO T
Therefore,
2 [0 Popsansl?dn=3 [ 02 () 1Pou s
_ 4 2 MX X X X J X
= W/W (—) (P<k+9Qx (TZ)) P<k+z€1x(l,m)—Psk:9Q(m) P5k+9€12(f,m)) dx
4
ik ("‘X)( (o) 3o (i) (e ) )
4 nx 2 1 x YV X 2
+)\(Z)3/W 5 P<pyo€rx|t )\([) 5 P<k+9Q 0] P<k49€r f,m dx
4 m 0 3 x O\
e )(_ Petso0(555)) (Petose(555)
X 2 X 4
#3 (e (i ) (Peone(e )
5 6
#(peten0 (5 ) (reveoe (i35 )) 1 (Pose(- %)))dx

1727
and

1 1
+0(ge )
Integrating by parts,
4 2(mx x x x \ x
e | () (Pevs s ) Pavssens 1555 ) - P i5) Pt 5)
4

nx
:_k(t)3 /¢ ( 1 )(P<k+5Qxx+ P<i450 )()»(l)) <k+561(,%) dx
811 nix nx X X
~zat | # (7)Y () Pevess(55g) s 155

4 nx 2
+W[W(T) P§k+561( )\(I))[(P<k+5Q) — P<j450Q ](k(t))
Again using (1-8), 1/n1 < A(t) < T1/190 /5. " and the support of ¥/ (x),

811 nx nix X 1
mor | VR (7)o (g ) revesa (v 555) 5 7

— E [ .
Also, since Q and all its derivatives are rapldly decreasmg, by Bernstein’s inequality

811 mx\ , ,(mx X X 1
RA(1)? /Vf(?)w (?)PZ""'SQX (TZ)) Psk+5€1(f, Tl)) dx < W”E”LZ,

4 n1x 2
)»(t)3/w(T) Psk+5€1( k(t))[(P<k+5Q) — P<450 ]()\(Z))d <

and

L el
— || € .
N Tea@2 !
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Meanwhile, by conservation of mass, (1-8), (1-10), the upper and lower bounds of A(¢), and the fact
that Q and all its derivatives are rapidly decreasing,

_x(j)z /‘” (n;gx)P<k+5(Qxx+Q )(m)) <k+sel(,%) dx
= w)3/‘” (’71 )(Qxx+Q )(X(Z)) Pejeyse 1(%) dx+0(W12T6”€”L2)
- k(t)3/w (mX) (A(Z)) P<k+5el(z m)d +0(W12T6”6”L2)
- >~<t)3 [ o) Pawrsa(i55) +0(ﬁ(1)2neuu)
)

1 1
= )\(03 ( (A()) O(WllellL) A(z)2” ||L2+O(T6A(z)2”€”“)‘

Therefore,

: [ wz(%)wfkwuxﬁdx—% [v (”}Q")|P<k+9u| dx
= sl
+>»(j)3 /v (nT) G(Pfk”e”([’ Lz)) o)) )"
mf)s [ CR) @ (s 575)) ~brassoe (55 ) (revssa( 555)))
S [ (%) (l (P<"+9Q(x(z>))3 (Petsoe(: %))3

#(rasoe(iy)) (eroelioiis)

O [ ) R (e ) N

+0(5m) + 0 g 1)

Next, by Bernstein’s inequality, since 1/n; < A(f) < T71/100 /i,

5 [ () rersvan{r ) =3 555) (e 555)) )
)\([)3 R 2 <k+9€1x 1)\@) 2 <k+9 )\,([) <k+9€1 )\()
_ 4 2fMmx\ (1 x O\ 4 v \\2
=z | V(7)o (v555)) -32(i5) (Pevoons (5 ))))

N | —

+0(agelRs)



BLOWUP SOLUTIONS TO THE FOCUSING, QUINTIC NLS WITH THE MASS OF THE SOLITON 1729

Taking & (¢) € R that satisfies 25 = A(¢) and rescaling,

N R e
)\(l)3 R 2 <k+9€1x | ¢ }\.([) A(t) <k+9 Az, )\‘(t)
A
- )L(j)z / v? (771 Igt)x) (%(P5k+9+k(t)€1x(l»x))2 - %Q(x)4(P§k+9+k(t)€1(Z’x))z) dx

Integrating by parts,

4 A
w2 (P) (Pssskwar(t = 30 Petorier(t.) ) d

2 A 2
= )L(t)z w(nl Igl)x)(PSk+9+k(t)€1(t,x)) .
10 A)xV 4 7?2
~0? / w(’“ ,g )x) Q(;(Cz)) (Petsoskner (t.x))2 dx + o(R_lzneu;z)
- 1 5
)\(t)z( €)= Y7 )2 I€l72 + O(Rk(t)2 IIEIILZ), (6-18)

where £ is given in (3-12) and

A
€= W(m Igt)x) (P<k+9+k@)€1(t,X)).

Remark. This € is not the same as the € in (6-4).

For a function # 1 Q3 and u L Qy, by the spectral properties of L,

(Lu,u)p2—(u,u)r2=0.
For a general u € L2,
u= a1Q3 +a2Qx +MJ_7
where u+ 1 Q3 and ut L Qy, we have
(Lu,u)p2— WU, u)p2 > —O(a%) — O(a%).

Since €; L Q% and €; L Oy, by Bernstein’s inequality and the fact that 1/, < A() < T1/190/,

A A
(E, Q3)L2 = (61’ Q3)L2 - ((1 — w(mlTp))él, Q3) - (w (771 Igt)x) PZk+9+k(t)€1’ Q3)
L2 1.2

< zlellz2

and

A A
(€, Ox)p2 = (€1, O0x)p2— ((1 — K/f(me (Z)))GL Qx) - (W (?71 Igz)x) P>k totk@)€r, Qx)
L2 L2

—||€ .
NR g
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Therefore, for some 0 < § < 1 (§ = 1/100 will do), since |Q(x)|*> <3,

-~ 1 2
3 (e D= el + O el

) nx X
> v (?) (Psk+9€1x (l, m))

~A0)?
Likewise, since € L iQ3 and e LiQy,

5 [ (R (v 55)) - (55 (v 55)) )
OE FAVLGE A Y0 5 F<k+9 ") <k+9€2 Y0

) nix X
e o) )
Therefore,

=0
X 2
2 [0 (P st =5 [ 02 (") 1Pou

S RS w(’“x)P ¢ ( L) i
=202 T a3 R ) =K 00) | e

4 5[ MX 10 X 3 X 3
BYOE Jv (?) (?Pfk”Q (m) Pfkﬂe(” m)
2 4
+ §P§k+9Q(%) P5k+9€(f, %) ) dx
1 5 1 6
A(z)sf ( <k+9Q(>»( )) <k+96( A >) 6f <"+96( " )))d"
0] b 0 LY
- (AmZT“)_ (RA(r)Z”G"LZ)'

Now, by the fundamental theorem of calculus and the product rule, for any x € R,

2
mx X nx X
(%) <k+96(fm) (( ) pacone(555)])

nix X M
P ex|t, —=
o) reeroes(e i)+
Therefore, by Holder’s inequality, the fact that ||€|| ;2 < nx, the fact that 1/n; < A(f) < 71/100 . and

2
1 158
—0o|l——— 2 o 2 )
" (Rk(z)z ||€||Lz) 02 lerlly 2

2
1 1 156
—ol—— 2 o 2 )
L (R )2 ||€||Lz) )2 le2ll72

+

dx

2
Pl

R=T25,
1 n1x 2 x \|® nix 2
)\(t)3/w(?) P5k+9€(l’m) Sk(t)3 W(?)P§k+96x( T, )) lle ||Lz+ || ”L2
771 nx X 2 77* 2
SW W( R )P<k+96x(,m) L2+Rk(t)2”6”L2'
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Next, by Holder’s inequality and the Cauchy—Schwarz inequality, for j = 3,4, 5,

1 nix 2 x O\ x o7/
s | (R [Pl 55)] 2G) e
1 1 nix 2 X
Ok (A(z)S / ‘”(T) Pfk”e(t’ W)
N Nx

< w(mx P x|t il
~ 5 < YN
A(0)2 A1) R )00
Therefore, for n4« < § sufficiently small and T sufficiently large,

2 MX 2 2 2f(Mx 6 1 2 1
2/W (T)|Psk+9ux| dx—gfw (?)|Psk+9“| dxi)\(t)z HEHLZ_O(W) (6-19)

Plugging (6-19) into (6-14), integrating in time, and using the fact that 23k = nl_zT for T'(ny) sufficiently

6 (j—2)/4
6—7j)/2
dx) el

2

2
el +

LZ'

large, the term
22kT1/20 b B
o(2— [ lewao0ar)
a

can be absorbed into the integral of the first term on the right-hand side of (6-19). Since

/ A 2dt =T,
J
the proof of Theorem 18 is complete. O

Since both the left and right-hand sides of (6-2) are scale invariant, the same argument also holds for
an interval J where
A<A1) < ATY/100 (6-20)
for any 4 > 0.

Corollary 19. Let J = [a, b] be an interval where (6-1) holds for some T sufficiently large and (6-20)
also holds. Then (6-2) holds.

7. An L? bound on ||e(s)| 2 when p > 1

Transitioning to s variables, under the change of variables (3-10), Theorem 18 and Corollary 19 imply
that if [@,a + T'] C [0, 00) is an interval on which
S'upse[a,a—i-T] )\'(S) <T 1/100
1nfse[a,a-l—T] A(s)

’

then
a+T ) . ) 1
/a le@)I22 ds < 3(e(@). 10 +x0x) ;2 —3(el@+T). 10 +x04) 2 + o(ﬁ),
Theorem 18 implies good L¥ integrability bounds on |(s) ||, 2 under (2-8), which is equivalent to

sup l€(s)llz2 = nx.
s€[0,00)
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Theorem 20. Let u be a symmetric solution to (1-1) that satisfies ||u| 2 = || Q|| 12, and suppose

sup le(s)[lz2 = n« (7-1)
s€[0,00)
and ||€(0)||z2 = n«. Then
o0
/ L) ds < 7a. (72)
0

with implicit constant independent of N« when n« << 1 is sufficiently small.
Furthermore, for any j € Z>, let

sj = inf{s €[0,00) : |[e(s)|/z2 = 27 4.

By definition, so = 0, and the continuity of ||€(s)|| ;2 combined with Theorem 8 implies that such an s;
exists for any j > 0. Then,

m .
[ le)I2, ds < 27, (7-3)
S

for each j,with implicit constant independent of nx and j > 0.

Proof. Set Ty = 1/n4 and suppose that T is large enough that Theorem 18 holds. Then by (3-15)
and (7-1), for any s’ > 0,

sup  InA(s)— inf InA(s)| S, (7-4)
s€ls’,s"+Tx] SE[s’, 5" +Tx]

with implicit constant independent of s > 0. Let J be the largest dyadic integer that satisfies
J =2J* < —lnni/z.
By (7-4) and the triangle inequality,

sup  InA(s)— inf  InA(s)| S J,
S€[s’, s’ +J T SEls’, "+ Tx]

and therefore
sup /o * )\. S
i sels’, s’ +3JT*] ( ) < T*I/IOO. (7-5)
lnfse[s’,s’-|-3JT*] )"(S)

Therefore, Theorem 18 may be utilized on [s’, s” + J T]. In particular, for any s’ > 0,

s'+J Ty ) 1
[ N ds < 16 + e+ Tl + 0 555 ). (7-6)
y JOT
In fact, if s’ > J T, then by (7-5),
S/+JT* ’ 1
€ ds < inf € + inf e(s +0\——). (-7
/S O leRads s inf e@lat ez ( JQT*Q) 7-7)
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In particular, for a fixed s’ > 0,

s’ +(a+1)J Tx 5 1 s'+(a+1)J Ty 5 1/2 1
su e(s < — | su e(s ds + 0( ) (7-8)
s [ el 5 — /ZT*I/Z(azI()) [ ol ) o

Meanwhile, when a = 0,

s’ +J Ts 5 1 s'+(a+1)J Tx 5 1/2 1
e(s <|le(s’ +—(su / e(s ds) —I—O( ) (7-9)
L e st (e [ el o

Therefore, taking s" = sj,,
SjyH@+1)J T . .
sup [ Ie(s) 32 ds S 27 ne + 01, (7-10
a>0Jsj,+aJ Tk

Then by the triangle inequality,

s'+J T ]
sup / le@)II7 > ds S 277 s,
S

§'=8j, IS8

and by Holder’s inequality,

§'+J Tx
sup / lle(s)||z2ds < 1.
s/

=58,

In fact, arguing by induction, there exists a constant C < oo such that

s’ +J Ty
sup / le(s)||f2ds <C (7-11)
8§ =Spjy 48
for some n > 0 implies that
s'+JntLT,
wp | le()]125 ds < CT=+DT1, (7-12)
§'ZSm+1)jx V5

and by Holder’s inequality,
s/+JnrT,
sup / le(s)p2ds < cl/2,
8'ZS(n41)jx V8

Therefore, (7-11) holds for any integer n > 0.
Now take any j € Z and suppose njx < j < (n+ 1) j«. Then by (7-11),

sup
a=0

sji+(@+1)J T,
/ le(s)ll 2 ds < J.

sj+aJn 1T,
Therefore, as in (7-10),

sup le()I172 ds S 27 s,

a=0

si+(@+nJrtir,
/s

i+aJnt1T,
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and therefore by Holder’s inequality, for any 5" > s;,
42T,

swp [ el ds <1,

s'=s; Js’
with bound independent of j. Then by the triangle inequality, (7-5) holds for the interval [s’, 5"+ 3-27 J T],
and by (7-6)—(7-9),

5;+27 J T, )
/ le(s)]25 <27 .. (-13)
8

and therefore, by the mean value theorem,

inf - Jle@)lze S 277072
s€[sj, 57 +27 JT«]
which implies

sj41 €[sj, 87 +2/ Ty

Therefore, by (7-13) and Holder’s inequality,

Sj+1 ; Si+1
[ et ds <2 and [T el ds <1, (7-14)
S Sj
with constant independent of j. Summing in j gives (7-2) and (7-3). O

Now, by (2-18),
le(s) 2 ~ lles)]l 2
for any s’ € [s, s + 1], so (7-2) implies
lim |le(s)| 2 =0.
§—>00

Next, by definition of s;, (7-14) implies

Sj+1
[ el ds <1,
sj
and, for any 1 < p < o0,

Sj+1 » p—1n—j(p—1)
/ le)Ily . ds S me 277077, (7-15)
S

i
which implies that ||€(s)|| ;2 belongs to LY for any p > 1 but not to L!.
Comparing (7-15) to the pseudoconformal transformation of the soliton, (1-11), for 0 <¢ < 1,

AMo)~t and  |le(@®)] L2 ~1,
SO

1
/0 ()] 22 (0) 2 dt = oo,

but for any p > 1,
1
| 1ela0 2 a < .
0

For the soliton, €(s) = 0 for any s € R, so obviously € € L? for 1 < p < oo.
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8. Monotonicity of A

Next, using a virial identity from [Merle and Raphael 2005], it is possible to show that A(s) is an
approximately monotone decreasing function.

Theorem 21. Forany s > 0, let

A(s) = inf A(2).
7€[0, 5]

Then for any s > 0,

A
1= 2 o3 (8-1)
A(s)
Proof. Suppose there exist 0 < s_ < 54 < oo satisfying
A(s+)
= 8-2
Ao ¢ (8-2)

Then we can show that u is a soliton solution to (1-1), which is a contradiction since A(s) is constant in
that case.

The proof that (8-2) implies that # is a soliton uses a virial identity from [Merle and Raphael 2005].
Using (3-11), compute

d A
5O+ 0l +4(:Q+ 0y, €)1

A
= O(lys + 1lll€llz2) + 0( Ts

||€||L2) +O(lell72) + Olel 2 ll€ll7s).  (8-3)
Indeed, by direct computation,

Oxx(x?Q) + Q*(x?Q) —x?Q =4(3Q +x0x).
Then by (3-15), (3-16), (7-2), and the fundamental theorem of calculus,

S+
17012, +4/ (210 +x0),2 = OG1a).

Therefore, there exists s’ € [s—, s4] such that

(€2.50 4+ x0x) ;2 <0. (8-4)

Since s” > 0, there exists some j > 0 such that s < s+ Ty < Sj+1. Using the proof of Theorem 20, in
particular (7-14),
As

Sj+1+J
/sf A

ds < J. (8-5)

Then by Theorem 18, (8-4) implies

Sji+14+J .
[ le(s)IZ2 ds < 27UF1+y,.
N

’
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and therefore by definition of s 147,

SjH1+J
/ le(s) 2 ds < 1. (8-6)
S/

Then, (8-6) implies that (8-5) holds on the interval [s’, 5j1427], and arguing by induction, for any k& > 1,

Sj+k ’ ik
/ le@)I2 ds <279,
S

4

and

Sj+k
/ le(s)ll 2 ds < 1.
S/

with implicit constant independent of k. Taking kK — oo,

o0
| 1ewizsas=o.

S

which implies that e(s) = 0 for all s > s’. Therefore,
uo = A200x)e’

for some y € R and A > 0, which proves that « is a soliton solution. O

9. Almost monotone A ()

The almost monotonicity of A implies that when sup(/) = oo, u is equal to a soliton solution, and when
sup(/) < oo, u is the pseudoconformal transformation of the soliton solution.

Theorem 22. If u satisfies the conditions of Theorem 7, u blows up forward in time, and

sup(/) = oo,
then u is equal to a soliton solution.
Proof. For any integer k > 0, let
I(k) ={s>0:27%k+2 < }(s) <27k 43y, 9-1)
Then by (8-1),
27k < A(s) <27k H3 (9-2)

for all s € I(k). By (3-10), the fact that sup(/) = oo implies that
> 27 1(k)| = 0.

Therefore, there exists a sequence k;, ' co such that

1
—2k
[ (k)27 = K2

and such that |1 (ky,)| > |I(k)| for all k < k.
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Lemma 23. For n sufficiently large, there exists s, € I(ky) such that
letsn)lz2 < g2 2.

Proof. Let I(ky,) = [an, by]. By Theorem 18, for n sufficiently large,
[ 1 ds S n+ 27 <
I(kp)

Then, using the virial identity in (8-3),
(3an+by)/4
/ (2. 0 +x0.) 12 ds = O(a) + O()).
an

Therefore, by the mean value theorem, there exists s, € [an, %(San + bn)] such that

_ 1
‘(GZ(SI’!)’ %Q+XQX)L2‘ 5 m

By a similar calculation, there exists s,‘," € [%(an + 3by), bn] such that

1

+y 1 < _ -
|(€2(57). 3@ +x0Qx) 2] < T
Plugging (9-3) and (9-4) into Theorem 18,

+

Sn 5
[ 1w s <
Sn

|1 (kn)|’
Then by the mean value theorem there exists s € [s;,, s,;7] such that
leCsnlZ: £ o
T (k)2
Since |1 (k)| = 22kn k;;2, the proof of Lemma 23 is complete.

Returning to the proof of Theorem 22, let m be the smallest integer such that

22kn
0™ > (1),

n

Since |1 (k)| < |1(ky)| for all 0 <k < ky, (9-5) implies that

|Sn| < 22kn+m+1'

Let r;, be the smallest integer that satisfies

2 @hintm1)/3okn L 5
m

1737

(9-3)

(9-4)

(9-5)
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Since A(s) > 27%n for all s € [0, 5,], setting t, = s~ (s,), rescaling so that () > 1/, on [0, 22kn nl_zt,,],
applying Theorem 18, then rescaling back,
”PZrnuuui([()’tn]xR) < M

Arguing by induction on frequency and using (4-41) and the preceding computations,
| Ps sy fatmrattl 2 o.nixmy S ka2 2¥r27. (9-6)
Then using the computations in (5-1)—(5-6),
E(Psp, thy f4+m/at(tn)) < (g2~ 2onammpmnthn$tmiay2 g lo=kn/12=5m/ 12712,
Next, following the computations in the proof of Theorem 16 and using (9-6),

SUp  E(P<p, i, /a-4myatt(1)) < (kg2 ~Fn/ 1273m 122,
t€l0,1,]
Since m > 0 for any n, taking n — oo implies that E(ug) = 0. Then by the Gagliardo—Nirenberg
inequality, u is a soliton. O

It only remains to show that when sup(/) < oo, u is a pseudoconformal transformation of the soliton.
If one could show that the energy of u is finite, then this fact would follow directly from the result of
[Merle 1993]. Similarly, if one could generalize the result of that paper to data that need not have finite
energy, then the proof would also be complete.

We do not quite prove this fact. Instead, suppose without loss of generality that sup(/) = 0 and

sup €@ L2 = nx.
—1<t<0

Then write the decomposition

v e~ x
u(t,X) = )\(t)l/Z Q()\(l‘)) + )\(l)l/ze(t’ )‘(Z))

and apply the pseudoconformal transformation to u(¢, x). For —oo <t < —1, let

1 1 ;
v(t,x) = mu(_ i)elx2/4t

1t
1 /0 X ix2jar | | e/ ix2/41
= e €l —, e .
V2 0(1/0)/2 = \er(1/1) V2 0(1/0)12 N\t ta(1/1)

Since the L? norm is preserved by the pseudoconformal transformation,

iy(1/t) ~ /1 <\
lim || ely(/)el, T ) —
ool t1/2 0(1/)1/2 "\t " tA(1/1) 12
and
1 v/ 1 X ix2
- /4t <
B rl/zxa/z)l/ze(r’zm/t))e Lo
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Since

1 eiv/n X
t1/2 x(1/1)1/2 Q(zk(l/z))

SO
OYE Q(@)

is in the form

it only remains to estimate
1 eiv/n X
112 0(1/1)1/2 Q(zk(l/z)

Once again take (9-1). As in (9-2), for any k > 0, we have A(s) ~ 2% for all s € I(k). Furthermore,
by (3-15), ||e()]|z 2 — 0 as ¢ /' 0 implies that there exists a sequence ¢ " oo such that

)(eix2/4t _ 1)

L2

|[I(k)| > c; forall k> 0.
Then by (3-10), there exists r(z) \, 0 as ¢ ' 0 such that
A1) <tV2r@), soA(1/1) <t7V2r(1)0). (9-7)

Therefore, since Q is rapidly decreasing,

lim 1 Q( X )x2 0 ©-8)
1 — = -
\—oo|| t1/20(1/1)V/2 = \ed(1/1)) 4t |12
as well as
1 X 2
li ix</4t _ 1 =0.
t\fr—noo zl/zk(l/t)l/ZQ(zk(l/z))(e ) 12

Therefore, by time reversal symmetry, v satisfies the conditions of Theorem 7, and v is a solution that
blows up backward in time at inf(/) = —oo, so therefore, by Theorem 22, v must be a soliton. In
particular,

_ A2 ,i041)2 _ U (L xY ixa
v(t,x)=e'""e'A Q(Ax)—tl/zu(t,[)e .

Doing some algebra,
uG ?) — piM1 0 pix?/4141/2)1/2 Q(Ax),
)

_ =i\t _—if ix2/4tL 1/2 A_x
ut,x)=e e Ve tl/z)‘ Q(l .

This is clearly the pseudoconformal transformation of a soliton. This finally completes the proof of
Theorem 7.
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10. A nonsymmetric solution

When there is no symmetry assumption on u, there is no preferred origin, either in space or in frequency.
As a result, two additional group actions on a solution # must be accounted for, translation in space:

u(t,x) —>u(t,x —xg), xp€R, (10-1)
and the Galilean symmetry:
e‘itééei’cé"u(i, x —2t&y), & €R. (10-2)

This gives a four parameter family of soliton solutions to (1-1), given by (1-14). Making the pseudocon-
formal transformation of (1-14) gives a solution in the form of (1-15).

In this section we prove Theorem 5, that the only nonsymmetric blowup solutions to (1-1) with mass
lleeo ||i2 = | 0] iz belong to the family of solitons and pseudoconformal transformation of a soliton. To
prove this, we will go through the proof of Theorem 4 in Sections 2-9, section by section, generalizing
each step to the nonsymmetric case. There are several steps for which the argument in the symmetric case
has an easy generalization to the nonsymmetric case, after accounting for the additional group actions
(10-1) and (10-2). There are other steps for which the nonsymmetric case will require substantially more
work.

10.1. Reductions of a nonsymmetric blowup solution. Using the same arguments showing that Theorem 4
may be reduced to Theorem 7, Theorem 5 may be reduced to:

Theorem 24. Let 0 < 4 < 1 be a small fixed constant to be defined later. If u is a solution to (1-1) on
the maximal interval of existence I C R, ||ugllz2 = |Qll 2, u blows up forward in time, and
sup inf [ e™ %021 2u(t, Ax + x0) — OX) | r2 < nx, (10-3)
t€[0,sup(1)) A,v:€0,%0

then u is a soliton solution of the form (1-14) or the pseudoconformal transformation of a soliton of the
form (1-15).

Reducing Theorem 5 to Theorem 24 requires the following generalization of Theorem 8, which was
proved in [Dodson 2021, Theorem 2].

Theorem 25. Assume that u is a solution to (1-1) with ||ug| ;2 = || Q|12 that does not scatter forward in
time. Let (T~ (u), T (u)) be its lifespan (T~ (u) could be —oo and T+ (1) could be +00). Then there
exists a sequence t, /' T (u) and a family of parameters A, > 0, &, € R, x, € R, and v, € R such that

)\,11/2eix$”e”’”u(zn, AnX +Xx,)— Q in L%

Lemma 6 can be generalized to the nonsymmetric case, proving that || e e?*§0 A 1/2y0 (Ax +x0)— Q| L2
attains its infimum on y € R, & € R, xo € R, and A > 0. Theorem 9 is also easily generalized to the
nonsymmetric case, showing that the left-hand side of (10-3) is upper semicontinuous in time and
continuous in time when small. Therefore, Theorem 5 is easily reduced to Theorem 24 using the same
argument that reduced Theorem 4 to Theorem 7.
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10.2. Decomposition of a nonsymmetric solution near 0. When a nonsymmetric u is close to a soliton,
it is possible to make a decomposition of u, generalizing Theorem 10 to account for the additional group
actions in (10-1) and (10-2).

Theorem 26. Take u € L2. There exists a > 0 sufficiently small such that if there exist Ao > 0, yo € R,
X0 € R, and &y € R that satisfy

le70e™ 0y 2uhox +x0) = 002 < e,
then there exist unique .. >0, y € R, X € R, and & € R that satisfy

(6.0 )2=(€,i0%)2=(e, Ox)p2 = (€,iQx) 12 =0,

where
e(x) = e\ 2y(hx + %) — 0. (10-4)
Furthermore,
A 5 A X — Xg ivo ixgey 1/2
lellz2+ H—l +|y —vo—Eo(X—x0)| + é—nfo + || S e’ 0n ) "u(hox +x0) — Oll 2.

Ao

Remark. Once again, since e’” is 27-periodic, the y in (10-4) is unique up to translations by 27k for
some integer k.

Proof. By Holder’s inequality, if € = ei”oeixéo)»(l)/zu()\ox + x9) — Q(x), then
(e, 072l +1(€. Ox) 2l + (e, i Q) 2] +1(€,i Q) 2] 5 lle0e™ 0y 2u(hox + x0) = O(¥) 2.
As in the proof of Theorem 10,
(e X0 2y (Ax 4+ %) — O(x), f)f2 (10-5)
is C! as a function of ¥, A, X, and &, when
S €4Q%10% 0x.10x}.
Indeed, by Holder’s inequality and the L2-invariance of the scaling symmetry,
%(e"ye"xéx”zu(xx +3) = Q). gz = (7™ 2u(x + %), )2 S lull 211 /1 2.
Next,

%w"ye’*ﬂ“zuouxﬁc)— Q(x). f)p2 = (ixe” ™3 2u(hx + %), )2 S lullg2xf |l 2. (10-6)

Since Q and all its derivatives are rapidly decreasing, x / € L? and (10-6) is well defined.
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Next, integrating by parts,
%(efyeixéxmu(xx F )= 000, )2
1 .. .
= (—e’ye’xékl/zu()\x + %) + xeV XA 2y (hx + X), f)
2\ L2
1 . . 1/ .
= — (V™A 2u(hx + %), g2 —— (e XN 2u(x + %), f
2)\. )\ L2

L |
—%(ie’ye’xgkl/zu()\x—i—fc),xf)Lz—X(e”’elxgkl/zu()»x—i—fc),xfx)Lz

1 1 (3
S lullp2 12 + - lulli2lixfxllz + == llull 2 1%/l L2
A A A

Similarly,

%(eiyeixgkl/zu(kx—i-fc)— 0(x), /)y
= (/XN 2y (Ax + X), )2
1 L 1 . .
= —X(ige'ye'xéxl/zu(xxw),f)Lz—X(elye’xéxlfzu(xx+>z),f;c)Lz

1 &1
S plullezllf ez + 5= lullczll fll e

Similar calculations also prove uniform bounds on the Hessians of (10-5).
Suppose Ag =1, Yo =0, x¢9 =0, and & = 0. Compute

G R0+ D=0 e, = (04504 07) 2 = QI
G UG+ D= 0| =( 0+x0x,i0%),, =0,
%(eiyeixékl/Zu(Xx+)~c)—Q(x), 0%)2 0 50 bt = (30+x0x.0x) ;> =0,
G U0+ =00 e = (1045 0xi04) 2 = 0
Gr e Y O 49 = 0. O, =000 =0,
%(e"ye"xfx”zu(xx =000 02|, = 000D =10l
ar @7 R0 4 =000 Qe = (00002 =0,
%(eiyeixskl/zu(kx +3X)—0(x), 0%);2 ot ttue (i0.i0x)p2 =0;

(2 (0 1+ 5) — 0(x), 0°), = (0x. 0V)p2 =0,

= (0x,i0%) 2 =0,

A=1,y=0,X=0,§=0,u=Q
%(eiyeixskl/zu()»x +X) - 0(x).i0%) 2

}»=1,)/=0:)?=0,§=03u=Q
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(X 200y 1 5) - 0(x), 0%) = (Qx. Qx)12 = 1| Ox 72

:(QmiQxh}==&

)»=1,)’=Oa?~6=0,€=0,u=Q

A=1,y=0,x=0,6=0,u=0Q
%(ei”eixékl/zu(kx +5)—0(x), 0%) 2

%(e"ye”xfx”zuw FD =0 Q| = x0.07) =0,
%(efye"xéxl/zu(xx FD=0ENIQ],_ = (0x0.i0Y) =0,
G @ PO £ = 0. e, | = (050,052 =0,
ST x40 = Q). O, = (050000 = —3101

Therefore, by the inverse function theorem, if Ag = 1, Y9 =0, & = 0, and x¢ = 0, there exists A > 0,
y €R, £ eR, and X € R satisfying

lellzz + k= 1]+ |y | + €] + %] < [le7°e* AL u(hox + x0) — O 2. (10-7)

As in (3-5) and (3-6), A > 0, y € R, and X € R are unique, and y € R is unique in R/2mn.
For general Ag > 0, xg € R, & € R, and yg € R, combining (10-7) with symmetries of (1-1) yields

X—XO
Ao

< e 001 2u(hox + x0) — Qll 2. O

+

A . A
lellz2 + |— =1+ |y —vo—&o (X —x0)| + | — —&0o
Ao Ao

As in Theorem 11, it is possible to show that A(¢), y(¢), x(¢), and £(¢) are continuous functions
on [0, sup(/)) and are differentiable almost everywhere on [0, sup(/)). Let s(¢) be as in (3-10). Since
s :[0,sup(Z)) — [0, 0co) is monotone, the function is invertible: #(s) : [0, c0) — [0, sup([])). Letting

y(s) =y((s), Als)=A(s), x(s) =x(t(s)), &(s)=§@(s)),

and letting

(s, x) = VOO ) ()24 (2 (5), M(x)x + x(5)) — O(x), (10-8)
we can compute

As As
es =i75(Q+€) +i&x(Q+ )+ 3 (3(Q+6) +x(Q +)x) —i =E()X(Q +€)
+ 21+ —i ZEE(Q+ ) (0 +)xx
+2£()(Q +e)x —iE()*(Q + ) +i[Q +e[*(Q+e). (109

Taking £ € {03,i03, 0x.i0x},

e = (e )2 =0.
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Using the fact that £ belongs to the span of {Q3,i 03, Q.iQx} if and only if i f belongs to the span of
{03,103, 0x.i0x} as a real vector space, compute the following:

(75(Q+ ). )z = (150, )2 =0 if f = 0% Qx.i 0.
(vs(Q+€),i0%) = ys ] Qll74;
; —1(E9) = REW) 2112,
(- 5e0) i@+ e = | + 0o~ Rz liel) it s =iox (10-11)
O(|ts(s) = 56 |lellp2)  if £ €403 Qx.iQ%};

(10-10)

(i3eer0ras) =(-iFew0s) =0 iff=0%0ni0x
L2 L2

(10-12)
(—i%é(s), 0, iQ3)L2 = —%S(s)IIQII“M:
(E*Q+€). 2 = (6()*Q. 2 =0 if =07 0x.i0x. 10-13)
()2 0.10%) = £ 0L
L0+ +x(Q 40, 0%)p = 22101 + O | 22 el
3 \2 X 12 — 4L L4 X L2
) : (10-14)
Ts(%(Q—i—e) +x(Q+6)x. f)2= 0( TS IIEIILZ) if /= 0x.10%10x:
Xg Xs 2 Xs
(5 +260) @+ 1 001z = (3 +260)) 10515 + O[3+ 260 Il
(10-15)
(32 +260) (@ + 1 Nz = 0|3 + 2609 el 2) if f = 0%i0% 0.

Finally, taking € = €; + i€,

(i (Q+6e)xx +i|0 +€|4(Q +€), )2
=(Q. N2+ (Ley—Loer, 2+ O(le* (e’ + Q). /)2, (10-16)

where £, £_ are given by (3-12). Since £, £_ are self-adjoint operators, (€1, 03);2 = (€3, 03);2 =0,
LOx =0, and

((Q+6)xx+il0+e*(Q+e6). )2
101134 + O(el*(le® +1QP), )2 if f=i0°
_ JOWeP (el +101). /)12 iff=i0n 000
—(€2.L-0%) 2+ O((lel*(lel® + |Q1?). /)2 if f =03,

—(€2.£L-0x)r2 + O((lel*(le® + Q). f)L> if /= Ox.



Combining (10-10)—(10-17), we have proved

N )\‘S
(4 1- 360 -502) 1015+ 0 j6 - 250
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As

||€||L2) +0( 5 IIEIILz)

" 0( 3 %O ”flle) + O(lell}2(1Q11} o + e} ) =0, (10-18)

h .
(- eo o+ of eliz) + 0 |5 letu2)

+ 0( T2 ||e||Lz) + O(lel22(1 Q13 + €3 = 0. (10-19)

||6||L2)

+ 0( L4 26(6) ||e||Lz) +O(lel22 (121 + el = 0. (10-20)

A
IIEIILz) + 0( IIGIILZ)

s
A

" 0( %O ||e||L2) + O(lell 72 (1 Q13 + llel})) = 0. (10-21)

Using the same analysis as in (3-15)—(3-18), for any a € Z>,

As
Es — TS(S)

As

A

As
- 260 leliz) + o

A
101}~ (e £-0%): + o

N }\'S
(5 +26) 1012~ en.£- 002 + 0 fr = F500

A

a+1 X ) a+1 )
[ r=ew -2 |ass [ 1R as (10-22)
a a
a+1 )\'S a+1 5
[ le=Sewlass [ 1ewizs as (1023)
a a
a+1 A a+1
/ = dssf le()]l 2 ds, (10-24)
a )\’ a
a+1 X a+1
/ Ts+2g dssf le(s)|l 2 ds. (10-25)

10.3. A long-time Strichartz estimate in the nonsymmetric case. The symmetry (10-1) does not impact
the long-time Strichartz estimates in Theorems 13—15 at all. However, the Galilean symmetry (10-2)
does, since it involves a translation in frequency, and therefore will impact estimates of # under frequency
cutoffs. Nevertheless, it is possible to prove a modification of Theorem 15 using virtually the same
arguments.

Theorem 27. Suppose A(t), x(t), £(t), and y(t) are as in (10-4). Also suppose that on the interval
J =la,b],

1
At > —, / AM)T2dt =T, and 02T =23
m J

Furthermore, suppose that
t
% <no foralltela,b].
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Then

3 1 b B 1/2
1Pkl e 770+ (7 [ e ar)
a

Proof. Observe that by (10-4),
Ut x) = o~V O —xEO0 ()12 o (XX
’ A(2)
+e_iy(t)e_ixé(t)/)“(t))\(t)_1/26(t, "__x(’)) (10-26)

A(t)
Then by (4-3), (4-4), and (10-26),

||P>0u||Lc>oL2 [a b]XlR) 47)0
Applying the induction on frequency arguments in Theorems 13—15 gives the same results. O
10.4. Almost conservation of energy for a nonsymmetric solution. It is possible to use the long-time

Strichartz estimates in Theorem 27 to prove an almost conservation of energy for a nonsymmetric solution.

Theorem 28. Let J = [a, b] be an interval such that

Al) = L E@] <no foralltelJ and / M) 2dt =T, ;71—2T — 23k
m A 7
Then,
sup E(P<g4ou(r)) < —/ le@) 3 2A(1) "> dr + (sup s( )) + 22k =10, (10-27)
teJ teJ )\( )

Proof. Decompose the energy as in Theorem 12. Since E(Q) = 0 and (€2, Ox) =0,
Ew)=E (e—iy(t) e~ IED/MD) ()12 Q(X - X(Z)) 4 om0 =ixED/MD)) )71/ E(Z’ X — X(t)))

?»(t) A(t)
EW? 2E(1)
2MI)ZIIQXIILZ 2MI)ZIIQIILZ 6M[)ZIIQIILa 2m)zll 17, — m)z(Qx,ez)Lz
E0? o 1 » &) (1) E()?

(Ver.€)p2+ =5 Ver, e + 70—

— 2)\.(t)2 ||€||L2 + 2A(1)2 [ E“Lz - At )2 20(1)2 |le ”LZ

/ 0(x)*er (1, x)> dx —

()2
/ 0(0)*er(t.x)* dx

2k(r)2 2A(z)2
3 6
+ O(Wllellm + WHGHLG)
_EO? ey L e SO £0) Lo
= 2)\0)2 19172 + A0E lellz2— Y )2(V61, €)r2 + v )2( €2.€1)12 + M—1)2”V€”L2

/ 0(x) ey (1. ) dx — / 000 (1. ) dx

2A(t)2 21(1)2

—_— 3 S 6 -
+0(gralelis + ralelte). (10-28)
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Using the bounds on |£(?)|/A(2), the fact that Q and all its derivatives are rapidly decreasing, Fourier
truncation, and the mean value theorem implies that (10-27) holds for some ¢y € J. Then, using the
long-time Strichartz estimates in Theorem 27 and following the proof of Theorem 16 gives Theorem 28. [

It is also possible to generalize Corollary 17 to the nonsymmetric case.

Corollary 29. If

1 !
— < A1) < T1/1°°, EOI _ <no forallteJ  and / MO 2de=T, 2T =23,
m m ) J

then
o=V () p—ixXE) /A1) x—x(O\) 2
P t,
ey f"”( NORE 6( () )) .
22k 5(1)2
< — et Mt 2a’l+(su )—I—22kT_10
T || BIFY0R ,69 )2
and
T1/50 T1/50 é}() T1/50
sup |le(?)]|2, < f||e(t)|| MO dr + (sup )+z e
teJ L2 L 7]% teJ )\([)2 7)%

Proof. As in the proof of Theorem 12, since € L {Q3, Q,i 03,10y}, there exists some ¢ > 0 such that

(x)*e1 (1, x)* dx— / O(x)*ey(t, x)? dx

1 , 1 , 5 1
S+ 5 Ve e / 0 s

2)\(1‘)2 ” ”L2 )\([)2 ||VE||L2 (10-29)

Next, for ||€]| ;.2 < no sufficiently small, by the Cauchy—Schwarz inequality, taking 6 = |€|;2/[| Q|12 in
the last step,

EO* L2 &0 £() E0* 2 1E@)?
— 2> (Vey, Ve, > —-———= Ve

S SI01: — Ly (Ver e + s (Ven a2 505101 = 55 e el — 7 Vel
> — (x( )2)” €lza (10-30)

Finally, by Holder’s inequality and the Sobolev embedding theorem, since ||€]/;2 < 1,
0 \% 10-31
(w)2 el + 7ol ||L6) el + S I Vel. (10-31)
Plugging (10-29)—(10-31) into (10-28) proves the corollary. O

10.5. A frequency-localized Morawetz estimate for nonsymmetric u. As in Section 6, the long-time
Strichartz estimates of Theorem 27 and the energy estimates of Theorem 28 and Corollary 29 give a
theorem analogous to Theorem 18 in the nonsymmetric case.
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Theorem 30. Let J = [a, b] be an interval on which

t 1 1
ano, — SA(Z)S—TI/IOO forallt € J and / M) 2dt =T, 171_2T=23k.
A1) U U J
Also suppose € = €1 + i€y, where € is given by Theorem 10. Finally, suppose there exists a uniform bound
on x(t),
sup |x(1)] < R=TY?%, (10-32)
teJ

Finally, suppose that £(a) = 0 and x(b) = 0. Then for T sufficiently large,

b
/ le()1222(0)"2 di

<3(e2(a). (3@ +x0x)) ;2 —3(e2(6), 3O +x0x) ;2 + T sup £0)? + O(L).
— 2 L 2 L 77% reJ )\(t)z T

¢(X)=/0 x(%) dy:/O wz(%) dy, (10-33)

M) = [ $00) Iml P Pey roul(t, x) d.

Proof. This time let

and let

Since
() Sn7'R and  [E(0)]/A(1) < no.

Theorem 27 implies that the error terms arising from frequency truncation may be handled in exactly the
same manner as in Theorem 18.

Next, observe that by (10-30) and (10-31), the additional terms in the left-hand side of (6-17) that
arise from the fact that £(7) need not be zero may be handled in exactly the same manner as the terms
involving € and higher powers of €.

Now decompose M (b) — M (a). Since Q is real-valued, symmetric, and rapidly decreasing, (10-33),
the bounds on A(¢), and (10-32) imply

/ o (x) Im|:e_”’(’)e_ixé(t)/k(’)k(t)—l/Zp§k+9 0 (x — X(l))

A(0)
9, (e—iy(t)e—ixE(t)/A(t)k(Z)—1/2P5k+9Q(X ;(?;)(t)))] Jdx
_EO x—x®OY —i0y_ £E@) 2 10
— 0 [omo(*550) dx+ 010 = S0x 01013 + 0T, (1034
Since £(a¢) = 0 and x(b) =0,
(1)

2 b_O
Ol =0
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Next, by Corollary 29,

/¢(x) Im|:P5k+9e_i”(’)e_"xf(t)/)‘(’))\(t)_1/26(t, X —x(t))

A7)
X 0x (P5k+9e_iy(t)e_"xsm/)‘(t))\(t)_1/26(t, %);)(Z)))] dx
R 2 -2 R k999 T3 £(1)?
— t A)“dt+ =2"T™ . 10-35
< omnn [, NEOIEA0™ 4 5227709 4 L S (10-35)
Next, using the computations proving (6-5) combined with the fact that (€5, Qx) =0,
/¢(x) Im[p§k+9e—iy(t)e—ixg(t)/x(z)k([)—l/26(t, x ;(;C)(t))
X (P5k+9€_iy(t)e_ix‘f(t)/)‘(t))n(t)_l/zQ(—x ;();)(t)))] dx
x(r) ()
— (3012 + (€ Q) €1 Qg+ O )
=—(e2.x0x) 12— f&; lell72 +O(T™"%). (10-36)
Finally, integrating by parts,
/ (x) Im[ Pepy g0 ®e=ixE@/0 Mt)—l/zQ(x;(_x)(’))
- t
w8 Pagp o (t) /217 @ ixe 00, X=XOWN] ;o
B A1)
= (10-36) — / ( ) Im|:P<k+9e iy(®)p— sz(t)/A(t)A(Z) 1/2Q(X ;(X)(l))
4
X P g0 17O mIXE@/0) (1)=1/2 E(t’ x ;()tc)(t))} dx. (1037)
As in (6-10),
M x—x(1)
— / X(2R) Im|:P<k+9e iy (0) g=ixE@O/MO) ) (1)~ 1/2Q(—A(Z) )
o P§k+9e—iy(t)e—ixé(t)/k(t)k(t)—l/26(l’ x;(f)(l))] I
= —(e2, Q)2+ O(T™17). (10-38)

Summing up (10-34)—(10-38) and using the fundamental theorem of calculus and the Morawetz estimate
completes the proof of Theorem 30. O

10.6. An Lf bound on | €(s)|| .2 when p > 1 for nonsymmetric u. Combining Theorem 30 with
(10-18)—(10-21), it is possible to prove Theorem 20 for nonsymmetric u.
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Theorem 31. Let u be a nonsymmetric solution to (1-1) that satisfies ||u| 2 = || Q||12, and suppose

sup [le(s)[lz2 = nx« (10-39)
s€[0,00)
and ||€(0)| ;.2 = nx. Then
o0
/ le()[17 2 ds < nx. (10-40)
0

with implicit constant independent of nx when 1« << 1 is sufficiently small.
Furthermore, for any j € Z>, let

sj = inf{s €[0,00) : [e€(s) |12 =277/ na}.

By definition, so = 0, and, as in Theorem 20, such an s; exists for any j > 0. Then,

o0
/ le()117, ds <277 s (10-41)
Sj

for each j, with implicit constant independent of nx and j > 0.

Proof. Set Ty = 1/n4 and suppose that Ty is large enough that Theorem 30 holds. Then by (10-39)
and (10-22),
sup  InA(s)— inf In k(s){ <.
sels’,s'+ Tl s€[s’,s’+Tx]
Let J be the largest dyadic integer that satisfies

J =27 S—lnniM.

By (10-24) and the triangle inequality,
sup InA(s) — inf In )\(s)| < J,
S€[s’,s'+J Tx] sels/,s'+J Tx]
and therefore,
su ’ o As
. Pse[s’,s’+3J Ty] (s) < T*I/IOO‘
1nfsE[s’,s’-i-3JT*] A(s)

Rescale so that infyey, ¢+377,]A(s) = 1/11. Then make a Galilean transformation so that £(s”) = 0 and
a translation in space so that x(s”) = 0 when s” € [s', s’ + 3J T] is the other endpoint of the interval of
integration. Then by (10-23) and (10-25),

S 1
sup £65)] Sn«dn; K no and sup |x(s)|5J2T*1/100+—T*1/100J < T*1/25.
sels,s'+3JTx] M) sels’,s'+3J Ts] M

Therefore, by Theorem 30,

s'+(a+1)J Tx 5 1 s'+(a+1)J Tx 5 1/2 1/50 2
sup [ O —— (sup | ||e<s)||L2ds) #7100
a>0Js'+aJ Ty JI/ZT* a>0Js'+aJ Ty

J9T*9)’
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and when a = 0,

s'+J Ty 5
[ ol
N

S llesNlipz +

1 s+ (a+1)J T , 1/2 /502 1
—— | su e(s ds + T + O( )
J1/2T,,<1/2 (azr()) /s’+aJT,k eIz ) o JoT?

Therefore, taking s’ = sj,,
Sjx Ha+1)J Ty ] _
sup [ I€(5) 22 ds £ 277 ne + 0@ n2).
a>0Jsj,+aJ Tk
By the triangle inequality,

s'+J T ]
sup / le@)II7 > ds <277 s,
s/

§'=Sj,

and by Holder’s inequality,

s'+J T«
sup / le(s)|2ds < 1.
S/

§'=S8j,
It is therefore possible to prove Theorem 31 by induction. Indeed, suppose that for some n > 0,
'+ I Ty §'+J" Ty
sup / le(s)ll2ds <C and  sup / ||e(s)||i2 ds < C?J "y,
' =Spjy IS8 ' Z8pj )8
Then by (10-24),

sup | sup InA(s)— inf lnk(s)‘ < CJ. (10-42)
§'ZSjy s€[s’,s'+JM 1T, SE[s/,s’+J Tx]

Next, rescaling so that infse[y o4 ynt17,]A(s) = 1/n1 and setting £(s”) = 0, (10-23) implies

o O

< n:n1C*J < 1o, (10-43)
sE[s/, s+ I 1T, ] A(s)

and by (10-25), if x(s”) = 0, where s” is the other endpoint of the interval of integration,
1
sup |x(s)] <RI L o100y M2 (10-44)
SE[s/+JI 1T, ] N
Then by Theorem 30, as in (7-12),
s’ +JntIT, )
sup / le()12, ds < J~HDTN L /2372 04 g2 < gD T (10-45)
5" 28+ 1)jx V8

and by Holder’s inequality,

s'+JnHIT,
sup / le(s)||z2ds < 1. (10-46)
N

8 ZS(n+1)jx
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It is important to observe that the implicit constants in (10-45) and (10-46) are independent of C so long
as the final inequalities in (10-43) and (10-44) hold and C < T,}/%.

Now take any j € Z and suppose njx < j < (n + 1) jx. Then by (10-45) and (10-46),

sup ||e(s)||22 ds < 2_j77*’

a=0

le(s)|;2ds <J and sup

sj+(@+1JtiT, si+(@+1)JntiT,
/.;j+aJn+lT* aZO/

sj+aJnt1iT,

and therefore, after appropriate rescaling and Galilean and spatial translation, (10-42)—(10-44) hold.
Therefore, by Theorem 30,

§'4+27 T, s’ +27 T, )
sup / le(s)llz2ds <1 and / ||€(S)||i2 ds <277 n,,
s'=s; Js! s/

with implicit constant independent of j. Furthermore, as in (7-13),

s'+27 J T, ) )
[ e ds <2
s

so by the mean value theorem,
inf Jle()llz2 S 27 et 72
s€[sj, sj+27 T Tx]
which implies
Sj41 €[sj, 85 +27 JTy].

Therefore,
Sj+1 . Sj+1
[ et ds <2 and [T ez ds <1,
S Sj
with constant independent of j. Summing in j gives (10-40) and (10-41). O

Now then, as in Section 7,

Sj+1
| _ <
lim [e(s)ll2 =0. [ le(s)llz2 ds < 1.
and, forany 1 < p < oo

Sj+1 » Pl j(p—1)
[ e, dss gz 2o,
sj
which implies that ||€(s)|| ;2 belongs to LY for any p > 1 but not to L!.

10.7. Monotonicity of A in the nonsymmetric case. It is possible to use the virial identity from [Merle
and Raphael 2005] to show monotonicity in the nonsymmetric case as well.

Theorem 32. Forany s > 0, let

A(s) = inf A(7).
7€[0, 5]

A(s)

1< -—=<3.

S E

Then for any s > 0,
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Proof. Suppose there exist 0 < s_ < s4 < oo satisfying

Mos) _
Ao

Then using (10-9) and the computations in Theorem 21,

d A
%(G,yZQ)m + TSHJ’Q”iz +4(€2» %Q +yQy)L2

S )\’S S
_ 0( pot 1= ) £ ||e||Lz) + 0( b ||e||Lz) ; 0( 42 ||e||Lz)
As
+ 0( & 2e) ||e||Lz) L O(lel22) + OCle s [elioe).  (1047)

Then by Theorem 30 and the fundamental theorem of calculus,

s+
QI +4 [ (24 +x0s) 2 = O
N

Therefore, there exists s” € [s—, s+] such that

(62, %Q+XQX)L2 < 0.

Make a Galilean transformation setting & (s”) = 0 and a translation in space such that x (s”) = 0, where s”
is the other endpoint of the interval of integration. Also rescale so that A(s”) = T*1 / 20O/ n1. Since 5" > 0,

there exists some j > 0 such that s; <’ + T4 < sj4;. By Theorem 31 and (10-23),

Sj+147 | ), 1 1
f Blas<J = — <i@t)<—TM"
s A m m
(10-48)
1€(s)] 1/25
ey Ko and sup x| LT
SE[S/,S]'+1+J] (S) SE[S’,Sj+1+J]

Then by Theorems 30 and 31,
ST+ ; Sj+1+J .
[ ez as 52700 g, [T e s 5270440,
s’ s/

and therefore by definition of s 147,

Sji+14+J
/ le(s) 2 ds < 1.
S/

Then, (10-48) holds on the interval [s’, sj41427], and arguing by induction, for any k > 1,

8j+k

Sj+k 5 ik
/ le@)I2 ds <275, and / le(s)ll 2 ds < 1.
S

’ s/
with implicit constant independent of k. Taking k — oo,
[e.°]
[ 1ewizas=o.
s/

which implies that e(s) = 0 for all s > s’. Therefore, u is a soliton solution to (1-1). O
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10.8. Almost monotone A(t). In the nonsymmetric case, when sup(/) = oo, u is equal to a soliton
solution, and when sup(/) < oo, u is the pseudoconformal transformation of the soliton solution.

Theorem 33. If u satisfies the conditions of Theorem 24, u blows up forward in time, and

sup(/) = oo,
then u is equal to a soliton solution.
Proof. As in Theorem 22, for any integer k > 0, let
Ik)={s>0:27%T2 < j(s) <27k+3

As in the proof of Theorem 22, there exists a sequence k;, /' oo such that

1
—2ky o L
a2
and such that |1 (ky,)| > |1(k)| for all k < k.
Lemma 34. For n sufficiently large, there exists s, € I(ky) such that

le(sn)|lp2 < k227 2n,

Proof. Let I(ky) = [an, by]. By Theorem 31,
[ 1ewlzads <.
I(kn)

Then, using the virial identity in (10-47),
(Ban+by)/4
/ (€. 10 +x04) 2 ds = O(ns) + O(1),
an

Therefore, by the mean value theorem, there exists s, € [an, %(3an + bn)] such that
1

|1 (kn)|

By a similar calculation, there exists s, € [§(an + 3bn). by | such that

B
|1 (kn)]

‘(62(5;)’ %Q“‘XQX)Lz‘ <

|(e2(5:). 30 +X0x) 2]

Therefore, by Theorem 30, (10-49) and (10-50) imply
+

Sn
le(s)]1?, ds < .
/sn— L2 |1(kn)|

(10-49)

(10-50)

(10-51)

Indeed, rescale so that A(s, ) = 1/n;. Then by Galilean transformation, suppose &£(s,,) = 0 and by

translation in space, suppose x(s;7) = 0. For all s € [s;,, 5], by (10-23) and Theorem 31,

G Smne and |x(s)| < To/%.
A(s)

(10-52)
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Therefore, by Theorem 30 and (10-23),

s,'f 1 S;T
e(s)2 ds < +n T1/25/ 6(.5‘)2 ds < .
/sn— e T T R TTA]
Remark. To make these computations completely rigorous, partition [s;,,s;7] into a dyadic integer
number of subintervals of length ~ 1/74, and then following the arguments proving Theorem 31, it is
possible to prove that (10-52) holds on subintervals of length ~ J /74, and then by induction, (10-52)
holds on [s,, Sn+ ], which by Theorem 30 implies that (10-51) holds.

Then by the mean value theorem,

1
2 <
letmlizs S o

Since |I(ky)| > 2%kn k;; 2, the proof of Lemma 34 is complete. |
Make a Galilean transformation so that £(s,) = 0. Then by (10-23), since A(s) = 2% for all s € [0, 5],
EO) o,

) N Nx. (10-53)
Now let m be the smallest integer such that
2ky
2 2" > | I(ky)|. (10-54)

Since |I(k)| < |1(ky)| for all 0 <k < ky, (10-54) implies that
|Sn| < 22kn+m+l.
Let r;, be the smallest integer that satisfies

S Chtm+1)/3 5k L orn
m

Then, as in the proof of Theorem 27, setting #, = s~ (s,), (10-53) and induction on frequency implies

1Pz, 12 (10,6,1xm) < M

and
—2kyA—
”Pzr,,+k,1/4+m/4”||Ui([o,tn]xR) S k32 2np=—m,
Furthermore,
E(Pirn+kn/4+m/4u(tn)) S (k,%2_2k” 2—m2rn+kn/4+m/4)2 ~ (k32_k"/12_5m/127}1_1)2
and

up  E(Per i fa-m s (1)) < (kg2 kn/12=3m 1212,
tel0,t,
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By (10-30), if &,(s) is the £(s) in (10-8) for which &,(s,) = 0,

1€ ()% < (k22 kn/12-5m/12, =12
0zszs, M T P

which implies that & (s) converges to some £, as s — 0o. Making a Galilean transformation that maps £.0
to the origin and taking » — oo, since m > 0, (10-10) implies that E(uo) = 0. Therefore, by the
Gagliardo—Nirenberg inequality, 1 is a soliton. O

When sup(/) < oo, suppose without loss of generality that sup(/) = 0, and

sup |le(@®) L2 < n«.

—1<t<0

Then write the decomposition

e~ i7(® exp [—ix%] Q(X —x(t)) . e—iv(@® exp [—ix%] e(z X —x(z))
A(r)1/2 A2) NORE YO A

and apply the pseudoconformal transformation to u(¢, x). For —oco <t < —1,

u(t,x) =

- i . 1
R B LI WEDVES UM explix§GB] v ixiyn) i
’ 2\t 1172 A(1/0)1/2 ta(1/1)
: i E0/D)
+ 1 ely(l/t)eXpl:lxk(l/t):IE l x—[x(l/t) el'x2/4t
t1/2 A(1/0)1/2 t’ tA(1/1) '

Since the L? norm is preserved by the pseudoconformal transformation,

lim
t\(—00

=0.
L2

. . 1
1 e explixiH/o ] L ox = tx/DN ix2jar
A2 i o/

Next,
e explini ] i1y (/1) (1Y
(2T A1/ Q( tn(1/1) )e"p[’x 2 }e"p[_’?(?)]

is of the form

—i7@) _ 5()])\ 1/2 (x x(t))
e exp[z)\() (I o )

where

D) Eo=¢G)+ (D))
(%) and )?(Z)=tx(%).

<
~
~
N
Il
<
N
~ | —_
N—
|
|

>~
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Also,
j - £U/1)
1 ely(l/t)expl:l.xx(l/t)] x—tx(l/[) iX2/4t
172 A(1/1)1/2 1A(1/1)
iy (1/1) i E4/1)
1 e’ eXp[lxk(l/,)] (x—tx(l/l))ex |:l.xx(l/t):|eitx(1/t)2
(172 A(1/1)1/2 th(1/1) : L2

1 Q(x—lx(l/t))(ex [i (x—tx(l/t))z]_l)
7201/ 072 2\ 1)) P 41

As in (9-7) and (9-8),

1 x—tx(1/t) (x—1x(1/1))? I
zl/zm/z)l/zQ( in(1/1) )(e"p[l M ]_)

Therefore, by time reversal symmetry, v satisfies the conditions of Theorem 24, and v is a solution that

L2‘

=0.
L2

im
t\(—00

blows up backward in time at inf(/) = —o0, so therefore, by Theorem 33, v must be a soliton. Therefore,
u is the pseudoconformal transformation of a soliton, which proves Theorem 5.
Appendix: U? and V' ? spaces

The description here of U? and V' ? spaces comes from Section 5.3 of [Dodson 2019]. See also [Koch
et al. 2014].

Definition (U ? space). Suppose u € UP. We say that u is a U # atom if there exists a sequence {t;} " 00
satisfying

u= Z l[l‘k,l‘k+1)uk’
k

Do luklf ey = 1.

and

Then define the norm
lu@lgr@xray = inf{z lea] ju() = Z cpuy, for almost every ¢ € R, where uy (¢) is a U? atom}.
A A
Then set
lully? @xray = lle " ullyp @xrdy-

Functions with finite U f norm have finite Strichartz norms Lf L% when p < p < oo and (p, q) is an
admissible pair. Bilinear Strichartz estimates also hold for p in the appropriate range.
Theorem 35. If I is an interval with tg € I, forany 1 < p <oo,if 1/p+1/p’ =1,
t
/ UTOAF(T) dT
t

0

< sup (G, F)dr.

UR (IxR4) "G”VK/(IXRd):l I
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The VAp space is defined as follows.

Definition (Vi’ spaces). Suppose I = [0, T'] is a compact interval. Define the partition
Z:{Ozl0<t1 <"'<tn:T}.

Then for 1 < p < oo define the norm

n
1017 5 ey = D 100@) =0 (tk=D1] 2 -
k=1

Then write

Il = [le™ " v

p p
VE(2;IxRD) VE(z;Ixray

and define the norm
Ivllye (1 xray = sup Ivllye zrxmay + 1Vl Lo 2 (7xma):

The V2 space embedding will be extremely useful.

Theorem 36. If p <gq,
VP cU1
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We consider the isoperimetric problem defined on the whole R” by the Allen—Cahn energy functional.
For nondegenerate double-well potentials, we prove sharp quantitative stability inequalities of quadratic
type which are uniform in the length scale of the phase transitions. We also derive a rigidity theorem for
critical points analogous to the classical Alexandrov theorem for constant mean curvature boundaries.
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1. Introduction

1A. Overview. We study the family of “Euclidean isoperimetric problems” on R”, n > 2, given by

\I!(a,m)zinf{ACU(u): V() =m, ueHl(R”;[O,l])}, o,m >0, (1-1)

Rn
associated to the Allen—Cahn energy functionals of a nondegenerate double-well potential W (see (1-11)

and (1-12) below)

ACU(u):cr/ |vu|2+l W), o>0. (1-2)
R o R

We analyze in particular the relation of these problems to the classical Euclidean isoperimetric problem
Wiso(m) = inf{P(E) : E CR", |E| =m} = nw)/"m"~""m >0, (1-3)

in the natural regime where the phase transition length scale o and the volume constraint m satisfy
0<o <eym'" (1-4)
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for some sufficiently small (dimensionless) constant &g = g9(n, W). The volume constraint in W (o, m) is
prescribed by means of the potential V (1) = ( fot VW )n/ @=D This specific choice is natural in light of the
classical estimate obtained by combining Young’s inequality with the BV-Sobolev inequality/Euclidean
isoperimetry, and showing that, if u € H 1 (R™; [0, 1]), then, for ®(¢) = fot VW s

(n—=1)/n
ACo ) =2 | |VulyVWw) =2 | |VOu)| > 2na),1/"</ V(u)) . (1-5)
Rn RV! n
In particular, by our choice of V, W (o, m) is always nontrivial,! with
VY (o, m) > 2Wiso,(m) forall o,m > 0. (1-6)

(The strict sign does not follow from (1-5) alone, but also requires the existence of minimizers in (1-5).)
By combining (1-6) with a standard construction of competitors for W (o, m), one sees immediately that

lin(}+ W(o, m) =2Wio(m) forall m > 0. (1-7)
o—

The relation between the Allen—Cahn energy and the perimeter functional is of course a widely explored
subject (without trying to be exhaustive, see, for example, [Modica and Mortola 1977; Modica 1987a;
Sternberg 1988; Luckhaus and Modica 1989; Hutchinson and Tonegawa 2000; Réger and Tonegawa 2008;
Le 2011; Tonegawa and Wickramasekera 2012; Dal Maso et al. 2015; Le 2015; Gaspar 2020]), and so is
the relation between the “volume-constrained” minimization of AC, and relative isoperimetry/capillarity
theory in bounded or periodic domains (see, e.g., [Modica 1987b; Sternberg and Zumbrun 1998; 1999;
Pacard and Ritoré 2003; Carlen et al. 2006; Bellettini et al. 2006; Leoni and Murray 2016]). The goal of
this paper is exploring in detail the proximity of W (o, m) to the classical Euclidean isoperimetric problem
Wiso(m) in connection with two fundamental properties of the latter:

(i) The validity of the sharp quantitative Euclidean isoperimetric inequality [Fusco et al. 2008]: if E C R”
has finite perimeter P (E) and positive and finite volume (Lebesgue measure) £" (E), then

(1-8)

Wy

n n 1/n
cn) P(E) 1> inf £ (EABr(XO))’ _ <£ (E)) ’
na),lz/nﬁn (E)(n=D/n xoER? LM(E)

where w,, denotes the volume of the unit ball in R”.

(i1) Alexandrov’s theorem [1962] (see [Delgadino and Maggi 2019] for a distributional version): a bounded
open set whose boundary is smooth and has constant mean curvature is a ball; in other words, among
bounded sets, the only volume-constrained critical points of the perimeter functional are its (global)
volume-constrained minimizers.

IObviously, this is not always true with others choices of V. For example, setting V (¢) = ¢ in (1-1), which is the most
common choice in addressing diffuse interface capillarity problems in bounded containers, one has W (o, m) = 0 by a simple
scaling argument. Among the possible choices that make W (o, m) nontrivial, ours has of course the advantage of appearing
naturally in the lower bound (1-5). For this reason, and in the interest of definiteness and simplicity, we have not considered
more general options here.
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Concerning property (i), the natural question in relation to W (o, m) is if a sharp stability estimate

similar to (1-8) holds uniformly with respect to the ratio o/m!/"

1/n

€ (0, &) for ¥ (o, m). Uniformity in
o/m"/" seems indeed a necessary feature for a stability estimate of this kind to be physically meaningful
and interesting.

Concerning property (ii), we notice that the notion of smooth, volume-constrained critical point of

W (o, m) is that of a nonzero function u € C2(R"; [0, 1]) such that the semilinear PDE
—20%2Au=0AV'(u) — W' (u) onR" (1-9)

holds for a Lagrange multiplier A € R. The boundedness assumption in Alexandrov’s theorem is crucial to
avoid examples of nonspherical constant mean curvature boundaries, like cylinders and unduloids. This is
directly translated, for solutions of (1-9), into the requirement that u(x) — 0 as |x| — oo, without which
semilinear PDEs like (1-9) are known to possess nonradial solutions modeled on the aforementioned
examples of unbounded constant mean curvature boundaries; see, e.g., [Pacard and Ritoré 2003].

Under the decay assumption u(x) — 0 as |x| — oo, and without further constraints on o and A,
every solution of (1-9) will be radial symmetric thanks to the moving-planes method [Gidas et al. 1981].
However, even in presence of symmetry, possible solutions to (1-9) will have a geometric meaning (and
thus a chance of being exhausted by the family of global minimizers of W (o, m)) only if the parameters o
and A are taken in the “geometric regime” where o A is small. To explain why we consider such regime
geometrically significant, we notice that the Lagrange multiplier A in (1-9) has the dimension of an
inverse length, which, geometrically, is the dimensionality of curvature. For o to be the length of a phase
transition around an interface of curvature A, it must be that

O<oA<y (1-10)

for some sufficiently small (dimensionless) constant vy = vy(n, W). Notice that since inverse length
is volume™V/" = m~1/" (1-10) is compatible with (1-4). We conclude that a natural generalization of
Alexandrov’s theorem to the Allen—Cahn setting is showing the existence of constants &y and vy, depending
on n and W only, such that, if u € C 2(R"; [0, 1]) vanishes at infinity and solves (1-9) for o and A as in
(1-10), then u is a minimizer of W (o, m) for some value m such that (1-4) holds.

1B. Statement of the main theorem. We start by setting the following notation and conventions:

Assumptions on W. The double-well potential W € C>1[0, 1] satisfies the standard set of nondegeneracy
assumptions
W@O0)=w({d)=0, W=>0 on(0,1), W"0),W’()>0, (1-11)

as well as the normalization 1
/ VW =1. (1-12)
0
Correspondingly to W, we introduce the potential V used in imposing the volume constraint in W (o, m),
by setting
t
V() = &)V "D, <I>(t)=/ VW, telo,1]. (1-13)
0
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Notice that both V and ® are strictly increasing on [0, 1], with V(1) = ®(1) = 1 and ®(¢) ~ ¢> and
V(1) ~ t>*/=D a5 t — 0. All the relevant properties of W, ® and V are collected in Section A3.

Classes of radial decreasing functions. We say that u : R" — R is radial if u(x) = ¢(]x|) for some
¢ : 10, 00) — R, and that u is radial decreasing if, in addition, ¢ is decreasing. We denote by

Ro, Ry,

the family of radial decreasing and radial strictly decreasing functions. For the sake of simplicity, when
u is radial we shall simply write u in place of ¢, that is, we shall use interchangeably u(x) and u(r) to
denote the value of u at x with |x| = r. Similarly, we shall write u’, u”, etc. for the radial derivatives of u.

Universal constants and rates. We say that a real number is a universal constant it is positive and can be
defined in terms of the dimension n and of the double-well potential W only. Following a widely used
convention, we will use the latter C for a generically “large” universal constant, and 1/C for a generically
“small” one. We will use &g, 8¢, vo, Lo, etc. for small universal constants whose value will be typically
“chosen” at the end of an argument to make products like Ceg “sufficiently small”. Finally, given k € N,
we will write “ f(¢) = O(eX) as ¢ — 0 if there exists a universal constant C such that | f (¢)| < Ce* for
every ¢ € (0, 1/C); similar definitions are given for “O(¢) as r — 00”, etc.

Theorem 1.1 (main theorem). If n > 2 and W € C>'[0, 1] satisfies (1-11) and (1-12), then there exists a
universal constant gy such that setting

X(go) = {(o,m):0 <o <egom'/"}
the following hold:

(i) For every (o, m) € X (&9) there exists a minimizer uq,,, of W (o, m) such that us ,, € R NC2(R"; (0, 1)),
every other minimizer of WV (o, m) is obtained from u ,, by translation, and the Euler—Lagrange equation

—20% Attg =0 Ao, m)V (g.m) — W (Ug.m) (1-14)
holds on R" for some A (o, m) > 0.
(i1) W is continuous on X (gy) and
W (o, ) is strictly concave, strictly increasing, and continuously differentiable on ((o/&g)", 00), (1-15)
A(o,-)= g—Z(a, -) is strictly decreasing and continuous on ((o/&p)", 00), (1-16)
(-, m) is strictly increasing on (0, sgm'/™). (1-17)

Moreover, setting e = o/ m'/" we have

(o, m)
m =/

m'/" Ao, m) =2(n — Dw!/" +0(e), (1-19)

= 2nw)/" 4+ 2n(n — Hw? "koe + O(e?), (1-18)
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as € — 07 with (o, m) € X(gg). Here kg is the universal constant defined by

Ko = /R(V’(n)n’ +Wm)s ds, (1-20)

and n is the unique solution to ' = —/W () on R with n(0) = %

(iii) Uniform stability: for every (o, m) € X(g9) and u € H'(R"; [0, 1]) with fR,, V(u) = m we have, for
a universal constant C,

AC
C,/—“(”) —1> inf 1 |® (1) — D (Tt )| "7V, (1-21)
(o, m) xo€R" M Jgn '

where Ty m(X) = Ugm(x —X0), x € R";

(iv) Rigidity of critical points: there exists a universal constant vy such that, if o > 0, u € C*(R"; [0, 1]),
u(x) — 0% as |x| = oo, and u is a solution of

—202Au=02V'(u)—W'(u) onR" (1-22)
for a parameter A such that
0<ok <y, (1-23)

then there exist xo € R" and m > O such that
o <em'™, A=A(o,m), u= Tyoltom-
In particular, u is a minimizer of WV (o, m).

1C. Relation of Theorem 1.1(iii) to Euclidean isoperimetric stability. We start with some remarks
connecting the (o, m)-uniform stability estimate (1-21) to the sharp quantitative Euclidean isoperimetric
inequality (1-8). To this end, it will be convenient to introduce the unit volume problem

() =V, 1) :inf{ACg(u) : V) =1, ue H (R [0, 1])}, e>0,

Rll

and correspondingly set
Me)=AE D =Y 1), ue=u. €0,
am

Notice that all the information about W (o, m), Uy, and A(o, m), is contained in ¥ (¢), u, and A(g),
thanks to the identities

(o, m) o 1/n o .
i =V iy ) A m)y =M S ) e () = tto i Ly )

which are easily proved by a scaling argument (see (A-1) and (A-2)).

With this terminology at hand, we start by noticing that the right-hand side of (1-21) is bounded from
above by C(n) thanks to the volume constraint fRn V (u) = m. Therefore, in proving (1-21) with, say,
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(o, m) = (g, 1), one can directly assume that u is a “low-energy competitor for 1 (¢)” in the sense that,
for a suitably small universal constant £,

AC.(u) < ¥ (e) + Lo. (1-24)

Now, if u is such a low-energy competitor u, then f = ®(u) is ({op+Ce)-close to being an equality case
for the BV-Sobolev inequality

IDfI(R") = nwp/™ if fo |fI®~D =1, (1-25)

where | Df| denotes the total variation measure of f € BV(R"), and |Df| = |V f|dx if f € WHH(R™);
see [Ambrosio et al. 2000]. Indeed, by an elementary comparison argument, we have

Y(e) <2nwl/"+Ce forall & < g, (1-26)
while (1-5) gives

AC,(u) —2na),11/" :/ <\/E|Vu| —
Rn

so that the combination of (1-24), (1-26) and (1-27) gives

W(u)
e

2
>+2{ |V[d><u)]|—nw,1/"}, (1-27)
R/‘l

IVI® )] — nwl/™ < Cty+e),
Rll

while, clearly, [, f"/"D = [o, V) =1.

It is well known that (1-25) boils down to the Euclidean isoperimetric inequality if f = 1g is the
characteristic function of £ C R", and that equality holds in (1-25) if and only if f =a 1p,(y,) for some
r,a > 0. A sharp quantitative version of (1-25) was proved in [Fusco et al. 2008] on sets, and then in
[Fusco et al. 2007, Theorem 1.1] on functions, and takes the following form: if n > 2, f € BV(R"),
f>0,and [, /@1 =1, then there exist xo € R” and r > 0 such that

Cm)V|Df|(R") —new!/" > inf |f —a() 1,7, (1-28)

x0€R",r>0 Jpn

where a(r) is defined by w,r"a(r)"/ =D = 1. The uniform stability estimate (1-21) is thus modeled after
(1-28), where of course one is working with a different “deficit”, namely, AC.(u#) — ¥ (&) rather than
IDfI(R") —n a),l,/ " for f = ®(u), and with a different “asymmetry”, namely, the n/(n—1)-th power of
the distance of ® (1) from ® composed with u, rather than with the multiple of the characteristic function
of a ball.

The key result behind (1-21) is the following Fuglede-type estimate for ¥ (¢) (Theorem 4.1): there
exist universal constants 8o and &g such that if ¢ < g9, u € H'(R"; [0, 1]) is a radial (but not necessarily
radial decreasing) function, fR,, V(u) =1 and

lu—ucl* <Ce, |u—uellpomn < d, (1-29)

Rn
then )
(u—ue)” (130)

n

C(AC:(u) — ¥ (&) zf e|V(u—ug)* +
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Note carefully the restriction here to radial functions. The right-hand side of (1-30) is the natural
e-dependent Hilbert norm associated to AC.. By the usual trick based on Young’s inequality, (1-30)
implies

C(AC,(u) —r(e)) = / IVI(u — ug)z]l for all u radial, fR“ V) =1, (1-31)
Rn
and, then, thanks to the H!-Sobolev inequality,

(n—1)/n
C(AC:(u) — ¥ () = ( |u — u8|2"/(”_1)> for all u radial, [, V(u) = 1. (1-32)

R
The e-independent stability estimate (1-32) (and, a fortiori, the stronger estimate (1-31)) cannot hold
on general u € H ! (R"; [0, 1]) with fR" V (u) = 1: indeed, if this were the case, one could take in (1-32)
u = v, to be a family of smoothings of 1z for any set E C R", and then let ¢ — 0T, to find a version of
(1-8) with linear rather than quadratic rate. However, such linear estimate is well known to be false, since
the rate in (1-8) is saturated, for example, by a family of ellipsoids converging to a ball.

We conclude that, on radial functions, one can get estimates, like (1-30), (1-31) and (1-32), that are
stronger than what is available for generic functions. We notice in this regard that the validity of stronger
stability estimates in presence of symmetries is well-known. For example, in the case of the BV-Sobolev
inequality, it was proved in [Fusco et al. 2007, Theorem 3.1] that if f € BV(R") is radial decreasing,
f =0, and fw f"/(”_l) = 1, then (1-28) can be improved to

C)(IDFIR"Y —nwl/™y > | |f —a@r)ip "D, (1-33)
Rn

i.e., the quadratic rate in (1-28) is refined into a linear rate.

We finally notice that (1-21) implies the sharp quantitative form of the Euclidean isoperimetric inequality
(1-8) by a standard approximation argument. However, since our proof of (1-21) exploits (1-8), we are
not really providing a new proof of (1-8). We approach the proof of (1-21) as follows. Adopting the
general selection principle strategy of [Cicalese and Leonardi 2012] we start by deducing (1-21) on
radial functions from the Fuglede-type inequality (1-30). Then we adapt to our setting the quantitative
symmetrization method from the proof of (1-8) originally devised in [Fusco et al. 2008], and thus reduce
the proof of (1-21) from the general case to the radial decreasing case. (It is in this reduction step, see
in particular Theorem 5.4, that we exploit (1-8).) In principle, one could have tried to approach (1-21) by
working on general functions in both the selection principle and in the Fuglede-type estimate steps. This
approach does not seem convenient, however, since it would not save the work needed to implement the
selection principle and the Fuglede-type estimates on radial functions, while, at the same time, it would
still require the repetition of all the work done in [Cicalese and Leonardi 2012] to prove (1-8). In other
words, an advantage of the approach followed here is that it separates neatly the two stability mechanisms
at work in (1-21), the one related to the relation with the Euclidean isoperimetric problem, and the one
specific to optimal transition profile problem (which is entirely captured by working with radial functions).

1D. Remarks on the Alexandrov-type result. We now make some comments on the proof of Theorem 1.1(iv)
and explain why this result is closely related to the stability problem addressed in Theorem 1.1(iii).
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We start by noticing that any u € C2(R"; [0, 1]), with u(x) — 0 as |x| — oo, and solving (1-22) for
some o > 0 and A € R, will necessarily be a radial function by the moving planes method of [Gidas et al.
1981]; see Theorem 6.2(i) below.

However, as explained in the overview, there is no clear reason to expect these solutions to have a
geometric meaning unless o and A are in a meaningful geometric relation, which, interpreting A as a
curvature and o as a phase transition length, must take the form of 0 < oA < vy for some sufficiently
small vg; see (1-10). In Theorem 6.2(ii) we apply to (1-22) a classical result of [Peletier and Serrin
1983] about the uniqueness of radial solutions of semilinear PDEs on R". Interestingly, the condition
0 < oA < vy, which was introduced because its natural geometric interpretation, plays a crucial role in
checking the validity of one of the assumptions of the Peletier—Serrin uniqueness theorem.?

Once symmetry and uniqueness have been addressed by means of classical results like [Gidas et al.
1981; Peletier and Serrin 1983], proving Theorem 1.1(iv) essentially amounts to answering the following
question: what is the range of values of X in (1-22) corresponding to the minimizers u, ,, of WV (o, m) (with
0 <o < egom!/™)? Can we show that every A satisfying 0 < o A < vq for a sufficiently small universal v,
falls in that range?

Looking back at (1-14) we are thus trying to identify the range of m — A (o, m) = (0¥ /0m)(o, m)
for m > (0/g&p)", and to show that it contains an interval of the form (0, vg/o). Such range is indeed
proved to be an interval in Theorem 1.1(ii), where we show that A (o, -) is decreasing and continuous.
The fact that this interval contains a subinterval of the form (0, vp/0o) is also something that is established

1/n 5 0; see

in Theorem 1.1(ii), specifically when we analyze the asymptotic behavior of A (o, m) as o/m
(1-19). Here we want to stress, however, the role of the continuity of A(o, -), which is of course crucial
in showing that {A (o, m)};n= (o/¢)n covers the interval of values between the end-points A (o, +00) =0
and A(o, (o/&p)"). In turn, the Fuglede-type stability estimate (1-30) plays a crucial role in our proof of
this continuity property: see Step 3 in the proof of Corollary 4.2.

The importance of the Fuglede-type estimate (1-30) in answering both questions of uniform stability and

of Alexandrov-type rigidity is the main reason why both problems have been addressed in a same paper.

1E. Organization of the paper and proof of Theorem 1.1. The existence of minimizers of i (¢) (for
& < gp) and the fact that such minimizers must be radial decreasing (although not necessarily unique up to
translations) is established in Section 2 (see Theorem 2.1) through a careful concentration-compactness
argument, which exploits both the quantitative stability for the BV-Sobolev inequality (in ruling out
vanishing) and the specific properties of the Allen—Cahn energy (in ruling out dichotomy). After deducing
the validity of the Euler—Lagrange equation (which, because of the range constraint 0 < u < 1, holds
initially only as a system of variational inequalities), the radial decreasing rearrangement of a minimizer
is proved to be strictly decreasing, so that the Brothers—Ziemer theorem [1988] can be used to infer that
generic minimizers belong to R;. This existence argument is then adapted to a more general family of
perturbations of ¥ (¢), which later plays a crucial role in obtaining the main stability estimates (1-21) on

2In particular, it is not obvious to us if, outside of the “geometrically natural” regime defined by (1-10), we should expect
uniqueness of radial solutions of (1-22) with decay at infinity.
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radial decreasing functions; see Theorem 2.2. Here the notion of “critical sequence” for v/ (¢;), &; € (0, &o),
which mixes the notion of “low-energy sequence” to that of “Palais—Smale sequence”, is introduced.

In Section 3 we prove a resolution result for minimizers of (&) (and, more generally, for the above-
mentioned notion of critical sequence). In particular, in Theorem 3.1, we show, quantitatively in ¢, that
minimizers u, of {(e) in Ry are close to an ansatz which is well-known in the literature (see, e.g.,
[Niethammer 1995; Leoni and Murray 2016]) and is given by

_ (1xI—Ro 1 ror
Uug(x) A1 — W) Re=—5. Tm= n'Vi(n)sds,
R

where 7 is the unique solution of 7’ = —/W (1) on R with n(0) = % Exponential decay rates against this
ansatz are then obtained in that same theorem. Our analysis is comparably simpler than that of [Leoni
and Murray 2016] because our solutions are monotonic decreasing, and, in particular, cannot exhibit
the oscillatory behavior at infinity also described, for positive solutions of general semilinear PDEs like
(1-22), in [Ni 1983].

Section 4 is devoted to the proof of the Fuglede-type estimate (1-30). This is crucially based on the
resolution theorem and on a careful contradiction argument based on the concentration-compactness
principle. The Fuglede-type estimate is then shown to imply the uniqueness of radial minimizers (in
particular, there is a unique minimizer u, of ¥ (¢) in R, and every other minimizer of ¥ (¢) is obtained
from u, by translation), the continuity of A(¢) on & < &, and the expansions as ¢ — 0" for v/ (¢) and
A(g) (which, by scaling, imply (1-18) and (1-19)).

In Section 5 we prove the uniform stability inequality (1-21). As explained in the remarks above, we
first prove (1-21) on radial decreasing functions by means of the selection principle method of [Cicalese
and Leonardi 2012] (this is where Theorem 2.2 and the above-mentioned notion of critical sequence are
used), and then reduce the proof of (1-21) from the general case to the radial decreasing case by adapting
to our setting the quantitative symmetrization method introduced in [Fusco et al. 2008] for proving (1-8).

In Section 6 we prove the Alexandrov-type result along the lines already illustrated in Section 1D.

Finally, in the Appendix we collect, for ease of reference, some basic facts and results which are
frequently used throughout the paper. Readers are recommended to quickly familiarize themselves with
the basic estimates for the potentials W, ® and V contained therein before entering into the technical
aspects of our proofs.

2. Existence and radial decreasing symmetry of minimizers

We begin by proving the following existence and symmetry result for minimizers of 1 (¢).

Theorem 2.1. Ifn > 2 and W € c>'o, 1] satisfies (1-11) and (1-12), then there exists a universal
constant gy such that  is continuous on (0, g9) and, for every € < &g, there exist minimizers of \(€).
Moreover, if u. is a minimizer of ¥ (&) with € < &g, then, up to a translation, u, € RE‘; N Clzo’g([R{")for
everya € (0,1), 0 <u, <1onR", and, for some ) € R, u, solves

—262Au, = eaV'(u,) — W (ug) onR", (2-1)
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where )\ satisfies

L - (—1)

Ve + { | wa—e [ 1vu } 22)
Finally, ) obeys the bound

A —2(0n—Dol/" < Ce foralle < ¢, (2-3)
so that, in particular, 0 < 1/C < A < C for a universal constant C.

Proof. Step 1: We show the existence of universal constants £9, My, and C such that if ¢ < g9 and
u € H'(R"; [0, 1]) satisfies

ACe(u) < 2nwl/" + ¢, / V) =1, (2-4)
for some £ < £y, then, up to a translation,

f V() >1—Cve. (2-5)
Bu,

Moreover, in the special case when u € Ry, the factor /€ in (2-5) can replaced by £.
Indeed, by applying (1-28) to f = ®(u) and exploiting the identity (1-27), we deduce that, up to a
translation of u«, we have

Un l-ny n/(n—=1) ACe (1) 1/n 2 N/
l |®u) — (w,"r) "1p| <C(n) >~ nw, <CV¢ (2-6)

for suitable r > 0, with £ in place of V1 if u € Ry thanks to (1-33). Clearly, (2-6) implies

/ V() < CVE. (2-7)
Let us now define My by setting

(Dwy" Mol = 1.
Clearly, if r < My, then (2-7) gives

f V(u) < CVE,

Mo

and (2-5) follows. Assuming by contradiction that r > My, by the definition of My we find

o/ "r1 < Lo} bol! = 0(}) < o(3)
so that

/ |<D(%)_[wrll/nr]lfn|ﬂ/(ﬂ*1) 5-/. |q>(u)_[w’i/n r]lfnlBr|n/(n71)'
{u>1/2}NB,

{u=1/2}

In particular, (2-6) and the fact that ®(3) — ®() is a universal constant imply

I
{u=3}nB| <CVe. (2-8)



UNIFORM STABILITY IN THE EUCLIDEAN ISOPERIMETRIC PROBLEM FOR THE ALLEN-CAHN ENERGY 1771
At the same time (A-13) gives
/ Vu) < C/ W) <CeAC.(u) <Ce. (2-9)
{u<1/2} {u<1/2}
By using, in the order, (2-9), the fact that V is increasing with V(1) =1, (2-8) and (2-7), we conclude
1=/ V(u)sf V(u)+Cs§\{uz%}mB,\+f V(u)+Ce
4 {u>1/2} B¢

< C(V/t+e0),
which is a contradiction provided we take £y and gy small enough.

Step 2: We show the existence of a universal constant £ such that, if ¢ < g9 and {u;}; is a sequence in
H'(R"; [0, 1]) with
ACe(uj) < Y (e) + Lo, / V(u;) =1 forall j, (2-10)
then there exists u € H'(R"; [0, 1]) such that, up to extracting subsequences and up to translations,
®(uj) —> ®(u) in L""~D(R") and, in particular, [, V() = 1.
We first notice that, by the elementary upper bound (1-26) and by (2-10), we have AC,(u;) < C for

every j. Next, we apply the concentration-compactness principle (see Section A2) to {V (u;) dx};. By
(2-5) in Step 1, we find that

/ V(uj)>1—-Cyty forall j. 2-11)
BMO

This rules out the vanishing case. We consider the case that the dichotomy case occurs. To that end, it
will be convenient to notice the validity of the Lipschitz estimate

|[AC:(u) — AC)(u)| < C|1 —v|AC.(u) forallv > é u e HY(R"; [0, 17), (2-12)

which is deduced immediately from

ACVE(M)—ACS(M)=(U—1)8f |W|2+(1—1)l Ww).
R® V £ Rn

By (2-11), if we are in the dichotomy case, then there exists
ae(1—Cyt, 1) (2-13)

such that for every 7 € (0, «/2) we can find S(r) > 0 and S;(t) — o0 as j — oo such that

o — / Vi(uj)
Bs(r)

We now pick a cut-off function® ¢ between Bg ;) and B, (1), so that ¢ € C°(Bs;(r)) with 0 < ¢ <1 and
Vol < (Sj(t) — St~ < ZSJ-(r)*1 on R", and with ¢ =1 on Bg(;). We notice that (2-14) and the

<t forall j. (2-14)

< T, '(l—a)—/ V(uj)
B

C
Sj ()

3Notice that ¢ depends on both j and T. We will not stress this dependency in the notation.
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monotonicity of V give

oz—/n V(puj)

We compute that

<21, ‘(1—01)—/ V(I —@u;)

ACq(uj) = ACe(puj) + ACe (1 — @)uj) +aj + bj,

ajzzg/ o1 — )| Vu; | — u7|Vel* — (1 = 2¢)u;Vu; - Vo,
Bs;0)\Bs(r)

b :_/ W () — W (pu) = W((1 = )uj),
€ Bs; 0 \Bs(r)

<2t forall j.

(2-15)

where we have taken into account that ¢ (1 — ¢) and V¢ are supported in Bs;r) \ Bs(c), as well as that

W(0) = 0. Let us now set, for o € (0, 1),

F]L(T, 0) = (Bs;x) \ Bs(r)) N{uj > o}, T;(t,0) = (Bs;x) \ Bsry)) N{u; <o}

By (2-14), we have

V(@)L (T (. 0) = / V) <Cr forall J.
Bs; 1)\ Bs(r)

Taking into account (A-11), if o < §p, then we have

L' (r,0)) <C for all j.

<
V(O’) — CUZn/(nfl)
Provided t < 7, for a suitable small universal constant t, we can thus guarantee that

O'(‘E) — Tl/[l+(2n/(nfl))] — _L_(nfl)/(3nfl) < 5()

and, therefore, that, setting for brevity o = o (t) as in (2-16),
LT (r,0)) < Cct=V/Gr=b — co  forall j.

At the same time, we can apply (A-5) with b =u; and a = 0 to get

2

u-
‘W(uj) = W'(0)5| = Cuj < Couj onT;(r,0),

and identical inequalities with gu; and (1 — ¢)u; in place of u;, thus finding

W”(0) 2 2 » Co > C et
by > ———= u; — (pu;)” — (1 = @u;)” — — u; —=L"I"(r,0))
! 2¢ I/ (t.0) / ! ! & Jri@o e !
14
ZW_(@ ¢(1_¢)MJ2_C_U u?—Cg
€ I/ (t.0) € Jri (o) €
>-C% [ wuy-cZ>-cC,
& Jan : € e

(2-16)

2-17)
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where, in the last line, we have used W”(0) > 0, ¢! fR” W(uj) < AC.(u;) < C, and the fact that (A-6)
and u; <o < on ij(r, o). This gives us

u; <CW(u;) onT;(z,0). (2-18)
Similarly, if we discard the first term in the expression for a; (which is, indeed, nonnegative), we find
G2 [ Vel V1)
Bs;(0)\Bs(n)

2
4

’

= —C8||V‘P||CO(W)/ 8|Vuj|2 +—==-
Bs;)\Bscr) € Sj(T)

where we have used ||Vo|lcogny < 28 (v)~! and that Sj(t) = o0 as j — oo, as well as noticed that

e | |Vujl* <CAC.(u;) <C,
Rn

[ = =anc |

{u; <80}

W(uj) < C/ V(uj)+ CeACes(uj) <C,

{uj >80}

thanks to V(1) > 1/C for t € (69, 1) and to W(¢) > tz/C on for t € (0, §y); see (A-6) and (A-14).
Combining the lower bounds for a; and b;, we have thus proved

o 1
ACe(uj) = ACe(pu;) + AC((1 — p)u;) — C<; + Sj(r))' (2-19)
If we set
mj = /W Vipu;j), nj= /n V(1 —@)u;),
and define
v () = (pu)m;" %), wi(x) = ((1—@u)n;"x), xeR", (2-20)
then by (A-1) and (A-2) we find
/n V=1, AC, 1) =m{' """ AC, (pu;). (2-21)

with analogous identities for w;. By (2-15) and (2-12), and keeping in mind (2-13), we find

) =G, 1)
> (@ = CO)" (1= Clm; " = 1) AC ()
> (a—Ct)" V"1 —Cla—1]=Cr)y(e). (2-22)

Similarly, taking T small enough with respect to 1 — «, since fRn V(w;) =1 we have
AC((1 = @yup) =n" V" AC, v (w)) = (1 =) = CO)" ™V 20/, (2-23)
J

By combining (2-22) and (2-23) with (2-19) we get

ACq (uj) B (n—1jn gy L c(n) N (n—D/n _ C (g 1 )
—lﬁ(b‘) > (a—Cr1) (1-Cla—1] C‘C)—i—w(g)((l a)—C1) 7 8+Sj(‘[)'
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Considering that v/ (¢) < C for & < gy, we let first j — oo and then T — 07 (recall that 0 — 0T as
7 — 07) to find
1> (1 —Cla— 1" D" 4 cm)(1 — o) =D/

>1—Cla—1]+cn)(1 —a)=D/", (2-24)

Since 1 > a > 1 — C+/¥y, by taking £ small enough we can make « arbitrarily close to 1 in terms of n
and W, thus obtaining a contradiction with (2-24). This proves that {V (u;) dx}; is in the compactness
case of the concentration—compactness principle. Since (2-10) implies that {®(u;)}; has bounded total
variation on R" and since V (u;) = ®(u j)”/ =1 does not concentrate mass at infinity, the compactness
statement now follows by standard considerations.

Step 3: Let {uj }j be a minimizing sequence of /(&) for some ¢ < 9. By (1-26) we can assume that for
every j y me that fo
v lcﬁ(“j) = ‘//(8) +Ce < 2na),1l/” + Ce.

We can then apply the compactness statement of Step 2 to deduce the existence of minimizers of v (¢).
To prove the continuity of ¥ on (0, &), let &; — &4 € (0, &9) as j — 00, and, for each ¢;, let u; be a
minimizer of ¥ (¢;). By (1-26) we can apply Step 2 to {u;}; and deduce the existence, up to translations
and up to extracting subsequences, of u, € H'(R"; [0, 1]) such that D(uj) — P(uy) in LV =D(R") as
j— oco. If ve H'(R"; [0, 1]) with g, V(v) =1, then

AC&‘]‘ (uj) S -ACS]' (v)
so that, letting j — oo and using lower semicontinuity,

AC, () < liminf AC; (uj) < lim AC, (v) = ACs, (v).
j—o00 j—o00

Since fRn V (us) =1, we conclude that u, is a minimizer of v (¢,); and by plugging v = u, in the previous
chain of inequalities, we find that v/ (g;) — ¥ (&4) as j — oo.

Step 4: We now notice that, by the Pdlya—Szeg6 inequality [Brothers and Ziemer 1988], once there is a
minimizer of 1 (¢), there is also a minimizer of ¥ (¢) which belongs to Ry, or, in brief, a radial decreasing
minimizer (more precisely, a radial decreasing minimizer with maximum at 0). In this step we prove that
every radial decreasing minimizer u. of { (¢) satisfies 0 < u, <1 on R"” and u, € Clzog‘ (R™), and that in
correspondence of u, one can find A € R such that

—2¢2Au, = erV'(u,) — W (u;) onR". (2-25)

To begin with, since u, is radial decreasing and has finite Dirichlet energy, u, is continuous on R". In
particular, there exist 0 < a < b < 400 such that

{ug >0} =By, {u, <1}=R"\B,={x:|x|>a).
A standard first variation argument shows the existence of A € R such that

—26?Au, = AV (up) — W'(ue) inD'(Q), Q2= B\ B,. (2-26)
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Since (2-26) implies that Au, is bounded in €2, by the Calderon—Zygmund theorem we find that u, €
Lip,,.(€2). As a consequence, (2-26) gives that —2&%Au, = f(uy) for some f € C'(0, 1), and thus, by
Schauder’s theory, u, € Clzog (R2) for every o € (0, 1). We complete this step by showing that Q2 = R".

Proof that 2 = R": Considering functions of the form u + ¢ ¢ with ¢ > 0 and either ¢ € C2°(R" \ B.),
¢ >0,0rp € CX(Bp), ¢ <0, and then adjusting the volume constraint by a suitable variation localized
in By \ B,, we also obtain the validity, in distributional sense, of the inequalities

—282Aup > eAV'(ug) — W (u,) in D' (R"\ By,), (2-27)
—262Au, < eAV'(ug) — W' (ug) in D (Bp). (2-28)

We prove only (2-27) in detail: Pick any ¢ € C°({0 < u, < 1}) with ¢ > 0 and fR” V'(ug)yr =1 (such
choice is possible since {0 < u, < 1} is nonempty and fR” V'(ug) > 0), and notice for future use that,
thanks to (2-26),

g/ vug.vx/,Jré W/(ug)l//:k/ V' (ue)yr = A. (2-29)

n

Rn
Given ¢ € CSO(R”\E“) with ¢ >0, since R"\ B, = {u, < 1}, we can find o, s positive such that u+z¢+sy
takes values in [0, 1] whenever (¢, s) € Ag := [0, to] x [—s0, so]. Setting h(t, s) = fR,, V(e +to+sy),
we see that & € C?(A4g) with
oh oh
h(0,0) =1, 5(0, 0)= / V'(ue)o, 8_(0’ 0) = f Vi) y =1. (2-30)
R» N

n

Moreover, by the strict monotonicity of V, we see that k(0, sg) = fR" V(u+soy) > h(0,0) =1, and
similarly #(0, —sp) < 1, so that, by continuity and up to decreasing #y and so,

h(t,so) > 1> h(t,—sg) foreveryt |0, 1], % > % on Ag. (2-31)
Therefore there is s(¢) : [0, o] = (—so, So) such that a(¢, s(t)) = 1. Differentiating and exploiting (2-30),
we find s'(0) = — [, V' (us)g, so that, by minimality of u, and by (2-29)

d
0< 7 t:mACg(ug +to+st)y)
=¢ Vug-VgD—f—l W’(us)(p—i—s’(O)s/ Vug-Vlﬂ—l—l W' (ug)yr
Rn € Jrn R € Jrn
= 8/ Vu - Vo + 1 W' (ue)p — /\/ V'(ue)e.
n € Jrn R~

By the arbitrariness of ¢ we thus find (2-27).
Having (2-27) and (2-28) at our disposal, we now prove 2 = R". We stress that, in the rest of the
argument, the only property of

f@Oy=ervVi)-=Ww'@), 1e€[0,1],
that will be used is the validity of the bound

[fO <CA+|ADt(1—1¢) forallre]O,1]. (2-32)
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This remark will be useful to avoid repetitions when we come to Step 2 of the proof of Theorem 2.2. Notice

that (2-32) indeed holds true thanks to (A-6) and (A-11), and that in (2-32) we cannot absorb |A| into C

since we do not know yet that |A| admits a universal bound (this will actually be proved in Step 5 below).
By (2-32), (2-27) implies

/

2 " U, : /
—2¢ {”s"‘(”_l)T} >—C(+ |Xue in D'(a, 00). (2-33)
Assuming by contradiction that b < oo, let r € (a, b), s be such that (r —s,r +s) C (a, b), and ¢ be

the Lipschitz function with &, =0o0n (0,7 —s), {g=1o0n (r+s5,00),and ¢, =1/(2s) on (r —s,r + ).
Testing (2-33) with —u.{; > 0 (which is compactly supported in (a, 00)) we find that

/[(u)]é“s () ZC(1+|?»|)/ uelty s,

so that, after integration by parts, we obtain

00 ’\2 r+s 2 2 r+s
(uy) C(1+Ik|)/ u 2
2(n—1)e? £ £ > )2,
(n )8/a ; &+ 2 I (ug)

™

Letting s — 0™ we obtain

o / (up)? s< ¥ 2o
)&’ —— +C(A+A))—— = &"u(r)".
Finally letting r — b~ we conclude that u},(b~) =0. This fact, combined with u,(b) =0 and the uniqueness
theorem for the second-order ODE (2-26), implies that u, = 0 on (a, b), which is in contradiction with
the continuity of u, if @ > 0, and with fR,, V(us) = 1if a =0. This proves that b = +oo (and thus that
ug; > 0on R").

The proof of a = 0 (that is, of u, < 1 on R") is analogous. After the change of variables v =1 — u,,
we have v >0, v' >0, v=0on (0, a), and, thanks to (2-28),

—282{1/’ +(n— 1)”7/} > —C(1+ADv in D'(0, 00). (2-34)

Notice that (2-34) is identical to (2-33), and that an even reflection by r = a maps the boundary conditions
of v into those of u,: the same argument used for proving u,(b~) = 0 will thus show that v'(a™) = 0. For
the sake of clarity we give some details. We pick r > a, introduce a Lipschitz function ¢; with Z; = 1 on
(0,7 —s), & =00n (r +s,00), and ¢/ = —1/(2s) on (r —s, r +5), and test (2-34) with v/, > 0, to get

(v ’)2

_82/ (V)L +2(n—1) —C(1+|A|)/ Vg,
0 0

Integration by parts now gives

S (2,2 r+s
__/ — 20— 1)82/ wYs, z——C(H'M)/ v
a ! 2s r—s
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so that in the limit s — 0T, and then r — a™, we find v'(a™) = 0, that is to say, u,(at) =0. Ifa > 0
and thus u.(a) = 1, this, combined with (2-26), implies u, = 1 on R", a contradiction.

Step 5: Given a radial decreasing minimizer u, of ¥ (&), we prove that the corresponding A € R such that
(2-25) holds satisfies

nh=(n—1)AC:(ue) + é W) — 8/ |Vuel?, (2-35)
R)l RVL
as well as

A —2(n—Dowl/" < Cye. (2-36)

In particular, up to decreasing the value of ¢y, we always have 1/C < A < C for a universal constant C.
To prove (2-35), following [Luckhaus and Modica 1989], we test the distributional form of (2-25) with
¢ = X - Vu, for some X € C°(R"; R"), and get

28/ Vue-VX[Vug]=—/ {28V2u5[Vu8]+(Wiu6) —w/(ug))vue} X
:/ {g|ws|2+ W(:‘?) —kV(ue)}DivX. (2-37)

We now pick n € C°(B) with0 <n <1on By and n =1 in B;. We set ng(x) =n(x/R) and test (2-37)
with X (x) =ng(x) x. We notice that Div X =nnr+(x/R)-(Vn)r, and that, by dominated convergence,

w
lim {8|v”e|2 + (8) —AV(us)}nnR =n(ACs(ue) — 1),
R—o0 R~ I
w
lim {g|wg|2 + (e) _ AV (ue) } x. (Vg =0, (2-38)
R—o0 Rn & R
. X
lim Vu, - (nRId—l— - ® (Vn)R>[Vu8] = | |Vul*.
R—o00 Rn R R

In particular, (2-37) implies

nA =nACs(ug) —2¢ |Vue|?,
Rn

which can be easily rearranged into (2-35). At the same time, by (1-26) we find

2\ /2 2\ 12
[ et - 2 5(/ Vel Vitg W(”S)) (/ VeIVl 4 )
n Rﬂ .,
172 20 172
=(Acs<ua>—2f |V<1><u8)|) (f VEITug] 4 ) )

=< C\/EV ACe(ue) < C«/g,
which can be combined with (2-35) and with (1-26) to deduce (2-36).

Step 6: We are left to prove that every minimizer of i (¢) is radial decreasing. Indeed, let u# be a generic,
possibly nonradial, minimizer of ¥ (¢), and let v € Ry denote its radial decreasing rearrangement. By
standard properties of rearrangements, fR" V() = fw V (v) =1, while by the Pélya—Szegd inequality
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AC:(u) > AC.(v), so that v is a minimizer of ¥ (¢) and equality holds in the Pélya—Szegd inequality
for u, that is,

Vul>= [ |Vv|*. (2-39)
Rn R)l

By Steps 4 and 5, v solves the ODE

282{11” +(n— 1)%} =W'(v) —AeV'(v) on (0, 00), (2-40)

with 0 < 1/C < A < C. Multiplying in (2-40) by v’ and integrating over (0, r) for some r > 0, we obtain
')?

WP 4+2m—1) / =W(@)) —reV (@) +reV(v(0)) forallr >0, (2-41)
where we have used v'(0) =0, v(1) =1, and W(1) =0. If r is such that v(r) < 8y, then by (A-6), (A-11)
and (2-41) we find

v(r)? () Dy(r)?

2V'(r)? > W) —CeV(v) > —C >
ev@r)=W(w) eV() > C & C z—c

which gives, in particular, v'(r) < 0; if r is such that v(r) € (8y, 1 — 8p), then, by the same method and
thanks to inf(s, 1—s,) W > 1/C, we find that

1

(r) >W(v)—C8V(v)>——C8 ok

so that, once again, v'(r) < 0; finally, if the interval {v > 1 — 8y} is nonempty, then it has the form (0, a]
for some a > 0; multiplying (2-40) by r"~!, integrating over (0, r), and taking into account that W’ < 0
on(l1—26p,1), V>00n(0,1) and A > 0, we find

2 (r) = /r[W'(v)—AeV’(v)]r”Idr <0,

that is, once again v'(r) < 0. We have thus proved that v’ < 0 on (0, co). This information, combined
with (2-39), allows us to exploit the Brothers—Ziemer theorem [1988] to conclude that u is a translation
of v. This shows that every minimizer of ¥ () is in R, and concludes the proof of the theorem. g

The compactness argument used in the proof of Theorem 2.1 is relevant also in the implementation
of the selection principle used in the proof of the stability estimate (1-21) in the radial decreasing case.
Specifically, an adaptation of that argument is needed in showing the existence of minimizers in the
variational problems used in the selection principle strategy. In the interest of clarity, it thus seems
convenient to discuss this adaptation in this same section. We thus turn to the proof of Theorem 2.2 below.
In the statement of this theorem we use for the first time the quantity

do(u, v) = / | (u) — D ()|, (2-42)
Rn
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which is finite whenever u, v € H'(R"; [0, 1]) (indeed, u € H'(R"; [0, 1]) and W (z) < Ct* for t € [0, 1]
imply AC,(u) < oo, thus |D(®(u))|(R") < oo, and hence ®(u) € L™ "~D(R") by the BV-Sobolev
inequality).

Theorem 2.2. If n>2and W € C 2110, 1] satisfies (1-11) and (1-12), then there exist universal constants
€0, ao, Lo and C with the following properties:

() If a € (0, ap), € < &9, U is a minimizer of ¥ (g), and v, € H'(R"; [0, 11) is such that

/V(vs)=1, ACe(ve) = ¥ (e) +aby,  do(ve, us) < Lo, (2-43)

then the variational problem

v (e, a, ve) :inf{ACS(w)—l—adq)(w, ve) tw e H' (R [0, 1]),/ V(w) = 1}
Rn

admits minimizers.
(ii) If, in addition, v, € Ry, then y (¢, a, v.) admits a minimizer w, € Ro. Every such minimizer satisfies

w, € RGN CEH D

loc (R, 0 < w, < 1o0nR", and solves

—2e2Aw, = ewp (1 — wo)E, — W (w,) onR", (2-44)
where E, is a continuous radial function on R" with

sup [E¢| < C. (2-45)
RH

Proof. Step 1: Set y = y (¢, a, v) for the sake of brevity, and let {«;}; be a minimizing sequence for y.
Since a > 0, we can assume that

ACe(uj) +ade(uj, vs) <y +aly forall j. (2-46)

In particular, comparing u; by means of (2-46) with v, and u, respectively, we obtain the two basic
bounds

ACe (uj) +ade(uj, ve) = ACe(ve) +aly < ¥ () + 24, (2-47)

ACe(uj) +ade(uj, ve) < ¥ (e) +ade(ue, ve) + aly. (2-48)

Subtracting ¥/ (¢) from (2-48), noticing that AC,(u;) > ¥ (¢), and using (2-43), we also find

do(uj, ve) < do(ue, ve) +£o < 24, (2-49)
and hence, using again (2-43),
do(uj,us) < Cly. (2-50)

Finally, by (2-43), (2-47), and ¥ (¢) < an},/ " + Ce, we can apply Step 1 of the proof of Theorem 2.1 to
uj, ug and v, to find

min{f Vi(u;), Viue), V(vg)} >1—-Cy{yp+¢y forall j, (2-51)
By, B, B,
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where My is a universal constant. Since (2-51) rules out the possibility of the vanishing case for
{V(u;)dx};, we can directly assume that the dichotomy case occurs, and in particular that there exists

ae(l—Cyey+eo 1) (2-52)

such that for every 7 € (0, min{a/2, 7,}) (here 7, is as in (2-16)) we can find S(t) > 0, S;(r) — oo and
a cut-off function ¢ between Bg(r) and Bg; (¢ such that |[Vg| < ZSj(r)*1 on R” and

Ol—CTS/ V(uj),/ V(puj) <a+Cr, (2-53)
B Rﬂ

S(t)
l-a)—Ct< / V(uj),/ V(I -@u;) <(1—-a)+Cr.
BS, o) R
We can now verbatim repeat the argument used in Step 2 of the proof of Theorem 2.1 to deduce (2-19)
and find that, if o = t"~D/G"=D a5 in (2-16), then

o 1
ACe(uj) > ACq(ou;) + AC.((1 — @)uj) — C<; + S,-(r)>; (2-54)

in the same vein, by exactly the same argument used to deduce (2-23), we also have
AC:((1 = @)uj) = c(m)((1 —a) = CO)"= D/, (2-55)

We now need to show that the AC, (¢ u;)-term is larger than y up to O(1 — &) and O(7) errors, but, for
reasons that will become clearer in a moment, we cannot do this by just taking a rescaling of u; as done
in Theorem 2.1. We will rather need to introduce the “localized” family of rescalings which we now
describe.

We let ¢ € C2°(Baumy; [0, 1) N'Ro with £ =1 on By, and [¢'| <2/M,. In particular,

x| |£'| <2 onR". (2-56)
Next, we set f;(x) =x +1¢(|x|) x and X = x/|x| for x € R" and ¢ > 0. By (2-56), if |t| <ty =to(n) < 1,
then f; : R* — R”" is a diffeomorphism with
filx)=x on B3,
fi(x)=(1+0x on By,,
Vix)=14+t)Id+1t|x|¢'x @ %,
Jfi0) = L+ 16)" " (U1 +1x1¢) = 1+ (g +1x]¢)1 +0@?).

We set v;(t) = (¢ u;) o f;, so that v;(0) = ¢ u;, and consider the functions

bj<r>=/ V(vjm):/ Vieu)Jf, 1t <o
Clearly we have

b; (0) :/ V(pu;) € @ — Ct,a +C1l, (2-57)

d*(Jf,)
dr?

< C forall |7| < 10; (2-58)

b/ ()] = f V(puj)
R»
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more crucially, if we choose &y and £ small enough, then by (2-51) and (2-56) we find

b}(O) = /l“«n V(pu;)(ng + |x|¢") Zn/B V(uj)—(n+2) Vi(uj) >

Mo Bamy \Bu

n
X
As a consequence, by (2-58), we can find a universal constant #; such that

bi(t) > for all |¢] < 1. (2-59)

n
3
In particular, b; is strictly increasing on [—11, #1], with

bj(t) 2 bj(0) + 30 za—Cr 450 > 1= Cllo+eo+1) +51 > 1.

bi(—=1) <bj(0) = 3h @+ Cv—5n <1+ Clo+eo+1) =5 <17,

so that, for every j, there exists #; € (—t1, t1) such that b;(¢;) = 1: in other words,

/Rn V() = 1. (2-60)

We now compare the energy of v;(z;) = (¢ u;) o f;; to that of ¢ u;. To this end, we first notice that, by
comparing b;(0) = fRn V(puj) =a+0O(t) to b;(t;) = 1, thanks to (2-59) we conclude that

ltj| < C((1 —a)+7) forall j. (2-61)
Denoting by ||A|| the operator norm of a linear map A, we have
IVfix)—=1d|| <Clt], |Jfi(x)—1] <Clt| forall x € R",

so that

W(pu;)
P

W(pu;)
€

Acs(”f(f))=/Rn{8|(vfzOffl)[V(wu,,-)]lz+ }Jﬁ

< f {8(1 + Clt])?|V (pu;)|* + (1+Clt]) < (14 Clt]) ACe(pu;).

Therefore if we combine (2-54), (2-55), and (2-61) with this last estimate, and take into account that
AC¢(uj), ACs(pu;) < C, then we obtain
AC,(uj) +ado (uj, ve) = AC: (vj(t))) + ade (vj(t)), ve) + a(de(uj, ve) —do(vj (1)), ve))

+en)((1 —a) = Cr)n=Din _ c<(1 Y W

o

+ ;). (2-62)

1
Sj(7)

We notice that for every u, v € H'(R"; [0, 1]), thanks to the triangular inequality in L"/®~D and to
|b1/"/ — al/”/| >c(n)b~Y" (b —a) for 0 < a < b, we have

ldo (u, ve) —do (v, vg)| < do(u, v)" /", (2-63)
max{de (u, ve), do (v, ve)}1/"

c(n)



1782 FRANCESCO MAGGI AND DANIEL RESTREPO
We apply (2-63) with u = u; and v = u; ¢ to find

ldo (u;, ve) — do(puj, ve)| < C | | (u;) — ®(pu;)|" =V
R)l

< f V) < C((1 —a)+1),
R

"\Bs(r)

where we have used (2-53). Similarly, noticing that
d d
P90 = VW@ DIV(pu)) o fil- T fs

= W@;(s)I[V(puj)o fs]- (& (xDx),
with ¢(x) |x| <2M, for every x € R" by (2-56), we find*

ldo (v (1)), ve) — do (@ uj, v5)| < c/w |D (v (1)) — D (pu " < wa D (v (1)) = P (pu;)]
fo’ds f; W GDIV(@u)) o fi1- € (|x]) x)
/0 " ds /R W@V €L £,

< CMolth/R VW ouj)|Vipuj)| < Clt;|ACs (pu;). (2-64)

We finally combine (2-61), (2-62), (2-64), and the fact that v;(¢;) is a competitor for y to conclude that

<C

<C

Ace<u,>+ad¢(u,,vg>zy+c<n><(1—a>—cw<"—“/"—C((l—a>+r+3+ : )
e Si(7)

Letting j — oo and then T — 0T (so that o — 0 thanks to (2-16)), we finally conclude
0=>cn)(1—a) V" _C(l-a),

which gives a contradiction with (2-52) if &y and £ are small enough. Having excluded vanishing and
dichotomy, by a standard argument we deduce the existence of a minimizer of y.

Step 2: We now assume that v, € R¢. Since ® is an increasing function on [0, 1], if #* denotes the radial
decreasing rearrangement of u : R* — [0, 0o), then ®(u*) = ®(u)*. In particular, by a standard property
of rearrangements,

do(u,v) = [ @) ="V = | @@ = d@)* "V =dou”, v7).
R~ R~

This fact, combined with the Pélya—Szeg6 inequality and the fact that v} = v,, implies that the radial
decreasing rearrangement of a minimizer of y is also a minimizer of y (in brief, a radial decreasing
minimizer).

4This is the key step where using f;(x) rather than (1 +¢) x (as done when proving Theorem 2.1) makes a substantial
difference. Indeed, by using a global rescaling to fix the volume constraint of ¢ u;, we end up having to control, in the analogous
estimate to (2-64), the first moment of the energy density of p u;, i.e., fR" |x|(e|V (pu j)l2 + W(gu;j)/¢), rather than the trivially
bounded quantity M.ACe (u;).
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We now show that every radial decreasing minimizer w, of y satisfies 0 < w, < 1 on R", that w, €
C12OCl /=) (R™), and that (2-44) holds for a radial continuous function E,; bounded by a universal constant.

Arguing as in Step 4 of the proof of Theorem 2.1, with 0 <a < b <400 and 2 = B, \ B, = {0 < w, < 1},
we see that w, solves

—2e2Aw, = elV'(w,) — W (we) —aeZe(x, we) inD(Q), (2-65)
where, for x € R” and ¢ € [0, 1], we have set
Ze(x, 1) = Ll@(r) — @ ()| @ (1) — D (ve))V W (1),
n J—

By (2-65), Aw, is bounded in €2, and thus, by the Calderon—Zygmund theorem, w, € Lip,,.(€2). This
implies that Z, (x, 1) € %"~V (Q), and thus, by Schauder’s theory, that w, € C="/ """ (). We now

loc loc
want to prove that 2 = R". By the same variational arguments used in deriving (2-27) and (2-28), we have

—262Aw, > f(x,t) inD(R"\ B,), (2-66)
—2&2Aw, < f(x,t) inD'(Byp), (2-67)

where f(x, t) satisfies
|f(x, )| <Ct(1—1) forall (x,1) € R* x [0, 1], (2-68)

thanks to (A-6) and (A-11) (which, in particular, give | Z.(x, t)| < Ct(1 —¢) for every (x, t) € R" x [0, 1]).
By repeating the same argument used in Step 4 of the proof of Theorem 2.1, we thus see that Q2 = R".
Finally, it is easily seen that (2-65), with Q = R" and w, € C%(R™), takes the form

—2¢?Aw,; = ew. (1 —w,)E. — W (w;) onR", (2-69)

for a radial function E, bounded by a universal constant on R", as claimed. (|

3. Resolution of almost-minimizing sequences

In the main result of this section, Theorem 3.1 below, we provide a sharp description, up to first order as
& — 0T, of the minimizers of v (¢). This resolution result is proved not only for minimizers of v/ (¢), but
also for a general notion of “critical sequence for ¥ (¢;) as &; — 0" modeled after the selection principle
minimizers of Theorem 2.2.

In the following statement,  is the solution of 7’ = —/W(#) on R with n(0) = 1,

fo=/ n'V'(ipsds, 1 =/ W(n)s ds,
R R

and Ry = w, /" Relevant properties of n are collected in Section A4.

Theorem 3.1. If n > 2 and W € C>'[0, 1] satisfies (1-11) and (1-12), then there exist universal constants
&0, 80, and Lo with the following properties:
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Ansatz: For every ¢ < g there exists a unique 1. € R such that if we set

Ze(x) :77<|X|;R0 _Ts>,

/ V(ze) = 1.
Rn

Moreover, we have |1, — 19| < Ce and, in the limit as ¢ — 0™,

then

ACe(ze) = 2nw,i/" +2n(n — l)wi/"(to +11)e +0(e?).

(3-1)

(3-2)

(3-3)

Resolution of critical sequences: If ¢; — 0" as j — oo, {vj}; is a sequence in C2(R™; [0, 1]) N Ry

such that

/ V() =1,
Rn

AC; (v)) < 2nw," + £y,
and {E;}; is a sequence of radial continuous functions on R" with
—28}Avj = 8J'Uj(1 — UJ')EJ' — W/(Uj) on Rn,
sup [|E;j[lcowny = C,
J

then, for j large enough, we have

Vj (x) = z¢;(x) + fj 1 = Ro , xeR",
J e

j
where f; € Cz(—RO/sj, 00), and
|fi()] < Ceje™VC foralls > —Ry/e;.
Moreover, for j large enough, there exist positive constants b; and c; such that
v;j (Ro +¢j) = do,
vj(Ro — bj) = 1—4do,
and b and c; satisfy
% < bj, Cj = CSJ'.
Finally, one has
C o) > - forallr e [Ro—b;. Ry+c;]
— > —v;(r)y>— forallr — b, cil,
&j - J - CSJ' 0 J 0 /

v (r) < Ce~r—Ro)/(Cej)

|U](k>(r)| < ggke—(r—Ro)/(Csj) forallr € [Ry+cj, 00), k=1,2,

J

(3-4)

(3-5)

(3-6)
(3-7)

(3-8)

(3-9)

(3-10)

(3-11)

(3-12)

(3-13)
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1—v;(r) < Ce~(Ro—r)/(Cej)

lv.(r)| < C min{L, l}e—(Ro—r)/(Cs_/)’

J - 812 &j forallr € (0, Ry — b;). (3-14)

PHGIE ge—w—”/@ﬂ
j

Proof. The first two steps of the proof take care of the ansatz-part of the statement, while starting from
Step 3 we address the resolution result. We use the fact that, if we set z; (x) = n([(|x| — Ro)/&] — ), then
f(r)= f[R{” V(z;) is strictly increasing in T with f(—o0) =0 and f(+00) = +o00. For this reason, 7, is
indeed uniquely defined by (3-2).

Step 1: We prove that if {w,}.~ is defined by
—R —R
we(x)=77<|x| O_tg>+f5<|X| O), xeR" >0,
g 3

for some 7, € R and some functions f; € C%(—Ry /€&, 00) such that

/ V(we) =1, (3-15)
| fo(s)| < Cee™8V/C  forall s > —Ry/e, (3-16)

then
|te — 19| < Ce forall € < g. (3-17)

Of course, in the particular case when f, =0, we have w, = z. and t, = 7, thanks to (3-1) and (3-2).
Indeed, setting zo(x) = n([(Jx] — Ro)/e] — 19) for x € R”", and recalling (3-2) and (3-15), we consider
the quantity

KSZ/R v<13R0>—V<zO>=/R V(we) =V (20). (3-18)

We look at the first expression for k., passing first to the radial coordinate » = |x| and then changing
variables into s = (r — Rg)/e. By taking into account the fact that 7 satisfies

/R (oo (5) — V(s — 0))) ds =0,
see (A-19), we find

I 8/ (I—o0.0)(8) = V(n(s = 70))) (Ro + £9)" " ds

n wy Ro/&‘

:SRS_I/R/ (100,00 (8) = V(n(s — 10))) ds

+8/ / (1(—o0.0)(8) = V(n(s = t))[(Ro +£5)" " — Ry "1 ds
7RQ &

—Ro/e
=—eR;” / (1(=o0,00(8) = V(n(s — 1)) ds

o
oo

n—2
+¢ Zak/R ) (1(_00,0)(5‘) — V(n(s — tO)))Rg(SE)n_I_k ds,
k=0 —Ro/e
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with a; = (";'). Since 79 = 7o(W), by the decay properties (A-16) of 1, we have

| 1(—o0.0)(8) = V(n(s —19))| < Ce ¥VE  forall s € R, (3-19)
so that

—Ro/e
< C/ e BI/C gs < Co—RO/(Co),

o0

—Ro/e
‘ / (Lio.0)(s) — V(s — ) ds

and, recalling that w, Rj = 1,

o0

n—1
lice| < Cee™Ro/CO) 1 Ce? 3™ / 11(—00.0)(8) = V(n(s — 1)) |Is|/ ds < Cé?,
j—l —R()/S

where in the last inequality we have used (3-19) again. Taking into account the second formula for «; in
(3-18), we have thus proved

Ce? > . (3-20)

/ V(we) = V(zo)
RYI

With the same change of variables used before we have

’

Ce= '/R/ {(V(n(s — 1) + fe(s)) = V(n(s — 0))}(Ro +e5)" " ds

while the decay properties of f, assumed in (3-16) give

VR / V(s —t) + fo(s)) = V(n(s — 1) }(Ro + &s)" ' ds

o0 1
< / £(5) (Ro+ )" dis / V(s — 1) + rfa(s)) dr < Ce:

—Ro/e 0

by combining the last two inequalities we thus find

Ce= ‘/ V(s — 1)) = V(n(s — o)) }(Ro + £5)" ' ds
—Ry/e

o0

2/ V(s — 1)) — V(n(s — 1) | (Ro + &5)" " ds, (3-21)
—Ro/e

where in the last step we have used that t — V (n(- — 1)) is strictly increasing in t. Since (3-21) implies

t. — 1o as € — 07, we can choose g9 = go(n, W) so that |z, — 9| <1 and Ry + ¢ (to — 1) > Ro/2. Since

V on is strictly decreasing on R, we have |(V on)’| > 1/C on [—2, 2], and noticing that if |s — 79| < 1,

then |s — t;| < 2, we finally conclude

T0+1 —t) — _ —t
Ce 2/ |(s —2:) — (s TO)'(R0+ss)”‘1ds . |70 €|’
fo—l C C

thus proving (3-17).
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Step 2: We compute AC.(z.). Passing to the radial coordinate r = |x|, setting first r = Ry + ¢ s and then
t = s — 1, recalling that n’ = —/W(n), and exploiting the decay property (A-16) of n at —oo, we find
that, as ¢ — 0T,

ACe(z¢) = nw, / (7' (s — Te)2 + W(n(s — 7)) (Ro + &) ds
—R()/S
= 2nw, / W) (Ry+¢e(t +1.))" ' dt
—1.—Ro/¢

= 2nw, / W(n()(Ro+¢e(t +1.))" "L dr +0(e~ /%)

oo
=2nw, f W(n(1))(Ro + &(t +10))" " dt +O(e?), (3-22)
—00
where in the last step we have used 7, = 79 + O(¢). Recalling that, by (1-12),

[ won== [ VW == [ @t = w00~ d(atroon = o) =1
as well as that w, Rj = 1, we find
ACe(ze) = 2nw}/" 4+ 2n(n — Dw?" (1o + 11)e + O(e?)
as ¢ — 07, that is (3-3). This proves the first part of the statement of the theorem.

Step 3: In preparation to the proof of the second part of the statement, we show that if ¢ < gy and
u € H'(R"; [0, 1]) satisfies

ACe (1) < 2nwl/™ + £y, / Vi) =1, (3-23)
then
D) — 1, "7V < C(Veo) ™/ +e). (3-24)
Rn

Moreover, if u € Ry, then 4/ can be replaced by £ in (3-24).
Indeed, by (3-23), as seen in Step 1 of the proof of Theorem 2.1, we have

D) — (/" r () "1, "D < C Vb (3-25)
Rn
for some r(u) € (0, Mo], where My is a universal constant. Setting f(r) = (a),l,/ "P1=n and noticing that
f(Rp) =1, it is enough to prove that
|r () = Rol < C(( )"V e), | frw) —1] < C(Veo) ™ " +e). (3-26)

Since Lip(f, [Ro/2,2Ro]) < C and f(Rg) = 1, it is enough to prove the first estimate in (3-26). To this
end, we start noticing that if (1) < Ry, then f(r(u)) > f(Rp) =1 > ®(u), and (3-25) gives

C\/Fozf D) — £ @)D = wur @) (f (r@)) — )"

Br(u)
= @)"(f(r@)) — f(R)" "D =c(n)(1 — (r(u)/Ro)" ")/ =1
> c(n)(Ro — r(u)™” "=,
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as desired. If, instead r(#) > Ry, then by fR,, W) <eAC.(u) <C, f(r(u)) € (0, 1) and (A-8) (that is,
®(bh) — P(a) > (b—a)?/Cif0<a <b<1), we deduce that

Ce> | Ww > [ W@ '(fir@))—C / lu— @' (f (r(u)))|

Bg, Bg, B,

> [ W@ '(firw))) - C/ |D(u) — f(r))|"?

Bpr, B,

> [ W@ '(fir@w))) —C( /B

B,

(n—1)/(2n)
| (u) — f(r(u))l"/("”) ,

Ro
where in the last inequality we have used the Holder inequality with p = (2n)/(n — 1) > 1 and the fact
that £" (Bg,) is a universal constant. Hence, by Bg, C B, ), (3-25) and w, Rj =1,

W (D L(f(rw)))) < C((v/ )"~ 1),

Now, Ry < r(u) < My implies 1 > f(r(u)) > f(Mp) > &g (provided we further decrease the value of ).
In particular, by W(¢) > (1 — 1)? /C on (&g, 1) (which can be assumed as done with (A-13)), we have

C((/t) "V gy > (1 — D~ (f (r(u)))>.
By (A-7), we have

11— () >

for all s € (0, 1),

thus concluding

C(( €)™V gy >1— f(r(w) = c() (RS —rw)'™)
n—1
e ((—“”) - 1) > )~ Ry,

)"\ Ro n-t

This completes the proof of (3-26), and thus of (3-24).

Step 4: We now consider {g;, v;, E;}; as in the statement, and begin the proof of the resolution result. We
introduce the radius R;(¢) by setting v;(R;(¢)) =t for every ¢ in the range of v;. In this step we prove
that both §y (defined in Section A3) and 1 — ) belong to the range of each v;, that

R
3Ro = R;(80) = R;(1 —=3p) > ?O (3-27)
Y
EJ < R;(80) — R;(1 —&p) < Cg¢y, (3-28)
and that c
—— <V < —— R; (1 —8p), R;(8p)). 3-29
gj_v]_ Ce, on (R;( 0), R;j(50)) (3-29)

In particular, the constants b; and c; introduced in (3-10) are well-defined, they satisfy
Cj :Rj((SQ)—RQ, bj IRo—Rj(l —80), (3-30)

and property (3-12) in the statement boils down to (3-29).



UNIFORM STABILITY IN THE EUCLIDEAN ISOPERIMETRIC PROBLEM FOR THE ALLEN-CAHN ENERGY 1789
By Step 3, for j large enough and considering that v; € Ry, we have

18, — @)D < 0™ 4 ). (3-31)
Rﬂ

By (3-31), if £¢ and ¢&( are small enough, then both §p and 1 — §p must belong to the range of each v;.

Now, if R;(80) < Ry, then
R — R; (80)"
/ 118, — P = w, (R — R;(80)") (1 — D (8))" "~V > Ko = Rl
BRry\BR; 59 C

and R;(80) > Ro/2 follows by (3-31) for £¢ and &y small enough; if, instead, R;(59) > Ry, then
R;(80)" — R]
f 115, — "D = w,(R; (80)" — RGP (80)"/ "~V = KO Ry
BRj(ao)\BRO C
and R;(8p) < 2Ry follows, again, for £( and &y small enough; we have thus proved Ry/2 < R;(809) < 2R,.
Since (3-5) implies AC,; (vj) < C we also have
Ri(8p)" — R (1=50)" Ri(6p)—R;(1-56
ngZ/ W(Uj)Z J( 0) j( 0) > j( O) j( 0)7
R C C
where in the last inequality we have used R;(8p) > Ro/2. Thus, we have so far proved (3-27) and the

upper bound in (3-28). Before proving the lower bound in (3-28), we prove (3-29). To this end, we
multiply (3-6) by vj/., and then integrate over an arbitrary interval (0, r) to get

212 r v (n)? ' ,
g | ()" +2(n—1) " dt ) = W(;) — W(;(0)) —¢; vi (1 —vpE;v;. (3-32)
0 0
By (3-7), the right-hand side of (3-32) is bounded in terms of n and W, so that (3-32) implies esjz(v]/.)2 <C
on (0, c0); the lower bound in (3-29) then follows by vj/. < 0. To obtain the upper bound in (3-29),
we multiply again (3-6) by v;, but this time we integrate over (r, 00) for r € (R;(1 —dp), R;(dp)), thus
obtaining
’ 2
v; (1)

s}(—v}(r)z +2(n — 1)‘/r ; dt) =—W(;(r)) —¢j /r v (1 — vj)EjvJ’.. (3-33)

By W(v;(r)) > infjs),1—5 W = 1/C, (3-7), and the nonnegativity of the integral on the left-hand side of
(3-33), we deduce that

1
2670/(r)* = W(v;(r)) — Cg; > ol for all r € (R; (1 — 80), R;(80)),

which, again by v]’. < 0, implies the upper bound in (3-29). To finally prove the lower bound in (3-28), we
notice that thanks to the lower bound in (3-29) we have

C R; (80)
SR - R -s)= [ (o =1-25.
gj R;(1—80)

We have completed the proofs of (3-27), (3-28) and (3-29).
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Step 5: We obtain sharp estimates for v; as r — oo: precisely, we prove that for every r > R; (o) one has
vj(r) < Ce—(r_Rj(SO))/(CSj)’ (3-34)

C
()] < e CTRBNACD g = 1,2, (3-35)

ent

J

We first transform (3-6) to get rid of the first-order term and capture the polynomial factor of the form
r=m/2 To this end we consider the so-called Emden—Fowler change of variables. More precisely, we
set v; = g w; and notice that (3-6) gives

(n—1Dgq (n—1Dq'w; 1
efiqwj/-/—l—qu”—l-w}(Zq/—i- . + . L= E(W/(Uj)_gj v; (1 —v)) E)).
Thus setting g (r) =r~“ with a = (n — 1) /2 we find the following ODE for w;:

2 Wi 22a(a—1) W’(vj)—ejvj(l—vj)Ej

(3-36)

Recasting (3-6) in spherical coordinates, exploiting (3-7) and (A-6), and taking j large enough to give
gj < 0y, we deduce that

s 4 Wi s2a(a—1) 1 w;

for some C, universal. We now notice that

W (}’) = 806—(V—R]‘ (50))/(mé‘j)

satisfies 8J2w;’ = w,/2C, and
wy(R;(80)) = 8o = w; (R;(d0))-
Therefore, if r > R; (o), then
wj(r) < wy(r) = Soe "TIHONNVEEE), (3-38)

from which we deduce

8o —(r—R;(80))/(+/2Cy¢j
vj(r) < Ry (r=R; oD/ &) forall r > R;(80),

that is, (3-34). By combining (3-36) with (3-38) we first find

C o

lwf ()| < 8_2[«71@-(50»/( 26D for all r > R;(8),

i

and then, by integration,
o C o
|w} (r)] 5/ lw(s)| ds < ;e—“—RﬂSO”/( 2G5 for all r > R;(80);
r J

these last two estimates, combined with v; = r~"=1/2y; and the Leibniz rule, yield (3-35) for k = 1, 2.
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Step 6: We obtain sharp estimates for v; (r) when r — 07; precisely, we prove that for every r < R; (1—8p)

one has
1—v;(r) < Ce” RiI=00)=n/(Ce)) (3-39)
|vJ/. (r)| S C mln{ Lz’ i }e(Rj(ltsO)r)/(CSj)’ (3_40)
o Sj
J
|UJ{/(},)| < Eze*(Rj(lftso)*r)/(CSj). (3-41)
)

J
To this end, it is convenient to recast (3-6) in terms of w; =1 —v;, so that

/

w'.
2e}{w}’ +(n— 1)71} =—W'(1 —wj)+¢&wj(l—w)E,. (3-42)

By (A-6) and (3-7), if r < R;(1 — &), then
—W/(l —wj)—i—sjwj(l —wj)Ej SC(l —U)j), (3-43)

so that (3-42) implies in particular
/

w'
28]2{wj/~/+ (n— 1)—’} <Cw; on (0, R;(1—&)). (3-44)
r

Multiplying by w’, > 0 and integrating on (0, r) C (0, R; (1 — &y)) we deduce
J J

, r(w))?
ef{w,-(r)2 + fo ; } < C(wj(r)* — w;(0)*) < Cw;(r)%,
that is,
gjw; < Cw; on (0, R;(1 —8p)). (3-45)
Combining (3-45) with (3-42), (A-6) and (3-7), we find that
—1
267wl 4 Cejw; > 28]2{11)]/-/ + nij/}

Wi
= —W/(l — UJj) +8jwj'(1 — wj)Ej > F, — Csjwj
on [Ry/4, R;j(1—8))), so that, for j large enough and for a constant C, depending on n and W only, we

have

g.w./z

on [Ro/4, R;j (1 —dp)). (3-46)

Qs

Correspondingly to C,, we introduce the barrier

— 50{6((R0/4)—r)/v Cie} 4+ TR (1=80))/¥ C*ef}’ r>0.

Wi (r)
By the monotonicity of w; and by R;(1 —&y) > Ro/3 (recall (3-27)),
wy(Ro/4) > 8o = w;(R; (1 —80)) > w;(Ro/4),
wx(R; (1 —=30)) = 8o = w;(R; (1 —p)),

ezw* = — on |0, 00).
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We thus find w; < wy on [Ro/4, R;(1 —d)); that is, for every Ry/4 <r < R;(1 — o),

1—v;(r) < 50{6((1?0/4)—0/«/ Cae} 4+ TR (1=80))/+/ C*&‘f}' (3-47)
By testing (3-47) with
Ro/4+ Ro/3
Ty = -5

and exploiting the monotonicity of v;, we find that for r € (0, r,]
1—v;(r) <8pe /%) forall r € (0, r] (3-48)

(thus obtaining the crucial information that, for j large enough and, for every k € N, [|[1—vj||cop .1 = 0(8}‘)
as j — 00). At the same time, for r, <r < R;(1 —§), the second exponential in (3-47) is bounded from
below in terms of a universal constant, while the first exponential is bounded from above by e~!/€%i so
that (3-47) and (3-48) can be combined into

1 —vj(r) < CemRiI=00=n/(Ce) for all r € (0, R; (1 — 80)],

that is, (3-39). By combining (3-39) and (3-45) we also find

C
—vj(r) < —e”RU=0I=DNCED forall r € (0, Rj(1 —80)], (3-49)
&j

which is half of the estimate for |v]’.| in (3-40). Multiplying (3-44) by r"~! we find
26 (r"'w)) < Cr"lw; forall r € (0, Rj(1—8)],

which we integrate over (0, r) C (0, R;(1 —p)) to conclude that
r
7" (=vj(r) < cfo w;(O" 1 dt < C(1—v;(r))r"  forall r € (0, R; (1 —8p)];

in particular, by combining this last inequality with (3-39) we find

—vj(r) < c%e—mf“—ﬁ@—’)/(cg» for all r € (0, R; (1 — &)1,
o
J
that is, the missing half of (3-40). Finally, by (3-42) with (3-43) we find
20, |v1/|
gilvj=C (l—vj)+7 on (0, R; (1 —dp)),
and then (3-41) follows from (3-39) and (3-40).
Step 7: We now improve the first set of inequalities in (3-27), and show that

Ro—CSJ' SRj(1—50)<Rj(5())§R()+C8j. (3-50)

ozjzf V(v)), ﬂj=/ V(v)), Vj:/ V().
BR;(1-5)) Br;30)\Br;(1-59) Br;ore

Let us set
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By (A-11), (3-39) and (3-27) we have

1—V(vj)§C/ (1_Uj)2

BRj(l—SO)

loj — w, Rj (1 —80)"| =/

BRj(l—so)

- C/ o~ (Ri(1=80)=Ix/(Ce)) 4,
BRj(1750)

R;(1—60)
— C/ e—(Rj(l—Bo)—r)/(Csj)rn—l dr
0

0
= Cs; / eC(Ri(1—80) +¢;9)" 1ds < Ce;.
—R;j(1-80)/¢j

Similarly, by (A-11), (3-27) and (3-34) we find

0
il =/ V() < C/ v/ < C/ e "TRIODNCED = gy
By B, (sp)c R; (80)

;éj(so)
o0
=Cs; / e_S/C(Rj(So) -l—e:js)"_1 ds < Ce;.
0
Finally, thanks to (3-27),

1B =/B V(vj) = C(R;(d0) — R;(1 = do)) = Cg;.

R; (6) \BR; (1-8¢)

Combining the estimates for o, B; and y; with the fact that

wnRy =1= / V) =aj+pi+v;

we conclude that
|[Ro— R; (1 —60)|

C ’

Cej = wn|Ry — Rj(1—80)"| <

so that (3-50) follows by (3-27).

Step 8: We conclude the proof of the theorem: (3-29), (3-30) and (3-50) imply (3-10) and (3-12), as
well as

1bjl, |cj| < Ce;, (3-51)
which is a weaker form of (3-11); (3-34) and (3-35) imply (3-13), while (3-39), (3-40), and (3-41) imply
(3-14). We are thus left to prove the full form of (3-11) (which includes a positive lower bound in the

form ¢;/C for both b; and c;), as well as (3-8): that is, we want to show that if v; satisfies (3-4), (3-5),
(3-6) and (3-7), then, for every x € R"” and j large enough, we have

0 () = 20, 00+ |x| — Ro —n |x|_RO__L_j +5 |x| = Ro ’ (3-52)
& Ej

j j €j

with functions f; € C*(I;) such that

|£i(s)] < Ceje ™ VE foralls € I; = (—Ro/ej, 0), (3-53)
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and with t; = 7, for 7, defined by (3-1) and (3-2). In fact, (3-52) and (3-53) imply the full form of (3-11):
for example, combined with (3-12) and (3-17), they give

b: Ro
cL> / (=v}) = v;(Ro — bj) = vj(Ro) = (1 = &) — n(—7;) — f;(0)
€j Ro—b;

>1—3680 —n(—7) — Cgj,

where the latter quantity is positive provided j is large enough and we further decrease the value of &g to
have 89 < 1 — n(—19p).
We can thus focus on (3-52) and (3-53), which we recast by looking at the functions

nj(s) =vj(Ro+e¢js), sel;
in terms of which fj(s) = n;(s) — n(s — 7;). Thus, our goal becomes proving that
Inj(s) —n(s — 7)) < Ceje ¥/C foralls € I;. (3-54)

We start noticing that, by (3-12), (3-13) and (3-14), we have

C>—nl(s) > % for all s € (—b;/ej, cj/e;), (3-55)
n(s) < Ce™/€ for all s € (¢j /g, 00), k =0, 1,2, (3-56)
(1= 1;()) + [0/ (5)| < Ce¥/C,
J

(while the analogous estimates for 1 are found in (A-16) and (A-18)). In order to estimate fj(s) =
n;(s) —n(s — t;), we introduce

gi(s) =m;(s) —n(s —1;)
for #; defined by the identity

n(—(bj/ej) —tj) =1—bo. (3-58)

(Notice that the definition is well-posed by n” < 0 and n(R) = (0, 1).) We claim that the proof of (3-53)
can be reduced to that of
lgj(s)| < Ceje™PVC foralls e I. (3-59)

Indeed, by (3-4), if (3-59) holds, then we are in the position to apply Step 1, and deduce from (3-17) that
|t; — to| < Ce¢;. Having also (by the same argument) |t; — 79| < C¢;, we deduce that

It; — ;| < Cegj,
which we exploit in combination with (3-56) and (3-57) to deduce
1
|fi(s) —gi ) =1Inls —1) —n(s— 1) < Cf In'(s —1j —t(t; — 7)) dt
0

< Ceje™/C foralls eI,
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We are thus left to prove (3-59). To this end, we preliminarily notice that, since n;(—=b;/e;) =v;(Ro—b;) =
1 — 8o, the definition of #; is such that
gi(—=bj/ej) =0. (3-60)
Moreover, by the decay properties (A-16) of n and by |b;| < C¢;, (3-58) implies
It < C. (3-61)
We now divide the proof of (3-59) in three separate arguments:

We prove (3-59) for |s| > Clog(1/e;): This is trivial from the decay properties of 7 and n;. Indeed, by
(A-16), (3-61), (3-56) and (3-57) we find that

lg;(s)| < Kie VKT forall s € 1. (3-62)
for a universal constant K. In particular, we trivially have

18;(9)] < K1g;e VKD forall s € I, |s| > 2K, 1og(8l). (3-63)
J
We will later increase the value of K in (3-62) so that (3-74) below holds too.
We prove (3-59) on arbitrary compact subsets of 1;: More precisely, we show that for every K > 0 we can
find Cx = Cg (n, W) (that is, a constant that depends on n, W and K only) such that
lgi(s)] < Ckej forallsel;, |s| <K. (3-64)
To this end, setting E;‘ (s) =E;(Ro +¢; 5), we deduce from (3-6) that n; satisfies the ODE

n—
fon

217 +2 nj = W'(n;) —en;(1—n)E; onI;. (3-65)

"Ro+e s
Multiplying (3-65) by —n} and integrating over (s, co) we find

o (1)?
R0+8jl‘

1)(5)2 = 26 (n — 1) f dt = W(1;(s)) +é; / 0y (1 —n)n}E;. (3-66)

Since n/(s — tj)2 = W(n(s —1;)) for every s € R, we find that

0 (s)* —n'(s —1))> = Wi (s)) = W(n(s — 1)) +&;L;(s),

o 0} (1) .
where L;(s) = i 2(n—1) Rot et +n;(L—=njn;E; ) dt.  (3-67)
Setting
W(n;j(s))—Wn(s—1t;)) , , £;(s)
Li(s)= » di(s)=m;(s)+n (s—t), Tj(s)= ;
/ n;j(s)—n(s—t;) / / ! ! d;(s)
and noticing that d; < 0 on I}, (3-67) takes the form
, eiLj(s)
gj(s) —Tj(s)gi(s) = forall s € I;. (3-68)

d;i(s)
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Multiplying (3-68) by exp(— f(; I';), integrating over an interval (—b;/¢;, s), and taking into account
(3-60), we find

s LT
S . e
goe itz [ 4
—b;Je; dj(t)

We now notice that by (3-7), (3-56) and (3-57),

Lj(t)dt forallsel,. (3-69)

|L;(s)| < Cmin{l,e™*/€} forallsel. (3-70)

Moreover, by Lip W < C we have |[{;| < C on I;, while r];. <0 and (3-61) give
, 1
dj(s)fn(s—tj)f—c— for all |s]| < K, (3-71)
K

and, in particular, |T";(s)| < Ck for |s| < K. Now, assuming without loss of generality that K is large
enough to give K > |bj|/e; (as we can do since |b;| < Ce; for a universal constant C), we can combine
(3-69), (3-70), (3-71) and |T';| < Ck on [—K, K] to get (3-64).

Finally, we prove (3-59) in the remaining case: Having in mind (3-63) and (3-64), we are left to prove the
existence of a sufficiently large universal constant K, such that (3-59) holds (provided j is large enough)
for every s € I; with K» < |s| < 2K/ log(1/¢;). To this end, we start by subtracting 2" = W () from
(3-65), and obtain

/ 17/
28 —myg; = 8j{,]j(1 — B —2(n — 1)R0ngjs} for all s € ;. (3-72)
where
W' (nj(s)) = W'(n(s —t;
iy = VWO =W oG =)

nj(s) =n(s = 1)

The coefficient m; is uniformly positive: indeed, the decay properties of  and 7; at infinity, combined
with [z;| < C, imply the existence of a universal constant K> such that if [s| > K>, then n;(s) and n(s —1;)
are both at distance at most §y from {0, 1}, and since W” > 1/C on (0, §9) U (1 — &y, 1) by (A-6), we
conclude that, up to further increasing the value of K>,

m;(s) > Ki forall s € I, |s| > K. (3-73)
2

At the same time, the right-hand side of (3-72) has exponential decay: indeed, by (3-7), (3-55), (3-56)
and (3-57), if |s| <log(1/¢;), s € I;, then we get

] _
nj(l—nj)Ej—z(n—l)Rong_s < Kygje /K (3-74)
J

up to further increasing the value of the universal constant K introduced in (3-63). Let us thus consider

g«(s) =Cigje PV s eR,



UNIFORM STABILITY IN THE EUCLIDEAN ISOPERIMETRIC PROBLEM FOR THE ALLEN-CAHN ENERGY 1797

for C; and C; universal constants to be determined. By combining (3-72) with (3-73) and (3-74) we find
that, if s € I; with K, < |s| < 2K log(1/g;), then

2(gj — g)" —mj(g; — 8x) = mjg. — 28, — Kgje /K

o R e
K, (C;

O (L asko-avenns | g, ik
IKi\K, C ’

where the latter quantity is nonnegative for every |s| > K, provided
C1 > 3K Kye XK0/CKD ) > max{2K,, 2K 7). (3-75)

At the same time, by (3-63),
|8j (2K log(1/¢)| < K17,
while C; > 2K12 gives
g+(£2K log(1/g))) = Cigje  K11e0/ENIN2C > €2
Upon further requiring C; > K; we thus have
g:() = Igi(s)] ats = £2K; log(1/e)). (3-76)
Similarly, by (3-64),

18j (£K2)| = Ck,¢j,

while C>2K, gives
gx(£K3) = Clé‘je_KZ/m > Clgje—«/Kiz/Z.

Upon requiring that C; > C Kze“/E/ 2 we find that
g«(s) = |gj(s)] ats ==EK>. (3-77)

In summary, we have proved that if K satisfies (3-62) and (3-74), K, satisfies (3-73), and C; and C;
are taken large enough in terms of K and K>, then (3-76) and (3-77) holds. In particular, h; = g; — g«
is nonpositive on the boundary of the intervals [—-2K log(1/¢;), —K>] and [K3, 2K log(1/¢;)], with
h}/ —mjh >0, mj > 0, on those intervals thanks to (3-75) and (3-73); correspondingly, by the maximum
principle, h; < 0 there, that is,

gj(s) < Creje WV22 forall s € I;, Ka < |s| < 2K log(1/g;).

To get the matching lower bound we notice that, again by (3-74),

(—8«— &))" —mj(—g«— gj) = mjg.— gl — K1gje” PI/K
so that, by the same considerations made before, the maximum principle can be applied to k; = —g,—g; on

[—2K;log(l/gj), —K2]U[K>, 2K log(1/¢;)] to deduce g; > —g,. This completes the proof of (3-59). U
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4. Strict stability among radial functions

In this section we are going to exploit the resolution result in Theorem 3.1 to deduce a stability estimate
for 1 (¢) on radial (not necessarily decreasing) functions. More precisely, we shall prove the following
statement.

Theorem 4.1 (Fuglede-type estimate). Ifn>2and W € czo, 1] satisfies (1-11) and (1-12), then there
exist universal constants 8o and o with the following property: if € < €9, us € Ro is a minimizer of ¥ (¢),
and u € H'(R"; [0, 11) is radial and such that

/ Vo =1, @4-1)
(u—ue)? < Ce, (4-2)

Rn
lu —uell L@y < do, (4-3)

then, setting h = u — u,,
h2

AC.(u) — ¥ (g) > éfwewhlz—i—?. (4-4)

Before entering into the proof of Theorem 4.1, we show how it can be used to improve on the
conclusions of Theorem 2.1. In particular, it gives the uniqueness of minimizers in ¥ (¢) and, together
with the resolution result in Theorem 3.1, allows us to compute the precise asymptotic behavior of ¥ (&)
and A(g) up to second and first order in ¢ — 0T respectively. Notice in particular that (4-7) sharply
improves (2-3).

Corollary 4.2. If n > 2 and W € C 2170, 1] satisfies (1-11) and (1-12), then there exists a universal
constant gy such that, if € < &g, then ¥ (&) admits a unique minimizer (modulo translations). In particular,

for every ¢ < g9, A(e) is unambiguously defined as the Lagrange multiplier of the unique minimizer

us € Ro of W (e) by the identity (2-2), i.e.,

A(s)=(1—l)w<e)+l{1/ W —e [ |m|2}. @5)
n nle Jpn R~

Finally, € € (0, g9) — A(¢) is continuous and the following expansions hold as ¢ — 07:
W(e) = 2nwl" +2n(n — Dw?"koe + 0(e?), (4-6)
Ae) =2(n — Dwl/" +0(e), (4-7)
where kg =10+ 11 = [o[n'V'(n) + W ()]s ds and 1 is the unique solution to n' = —\/W(n) on R with
n(0) = 3.

Proof of Corollary 4.2. Step 1: Let ¢ € (0, &) and let u, and v, be two minimizers of ¥ (&), so that, up to
translations, u,, ve € R thanks to Theorem 2.1. By Theorem 3.1, if we set h, = v — u,, then

he(x) = f£(|X| ; RO>,




UNIFORM STABILITY IN THE EUCLIDEAN ISOPERIMETRIC PROBLEM FOR THE ALLEN-CAHN ENERGY 1799
where f, € Cz(—Ro/s, 00), and
| f2(s)] < Cee™*/C  forall s > —Ry/e. (4-8)

We thus see that u = v, satisfies (4-1) and (4-3). Moreover, by (4-8),

o0
/ hg:na)n/ fg(S)Z(R()-i-SS)n_lSdS ECSZ,
" —Ro/e

so that (4-2) holds too. We can thus apply (4-4) with u = v,, and exploit the minimality of v, to deduce that

1 ,  h?
0=Acg<vg>—w<e>z—/ oV |2+ 2
C R £

that is, 1, = 0 on R”, as claimed.

Step 2: We prove (4-6) and (4-7). If u. is the minimizer of {(¢) in Ry, then by Theorem 3.1 we have
us(x) = z.(x) + fe((Jx] — Rp)/¢) for every x € R”, and with f; satisfying (4-8). Moreover, as proved in
(3-3), we have

ACe(ze) = 2nwl/" 4 2n(n — D" ko +0(?).

Since AC, (us) < AC,(z,), we are left to prove that AC, (u;) > AC,(zs) — Ce2. Setting |x| = Ry + €5, we

have
n'(s — 1) + fi(s) x

us(x) =n(s — 7)) + fe(s), Vue(x)=

€ x|’
while z. satisfies the same identities with f. = 0, so that
o
AC.(ue) — AC, (z0) = f (20 (s = 1) £L() + £1(5)*) (Ro + £8)" " dis
—Ro/e o
+ (Wn(s — o) + fo(s)) — Wn(s — 7)) (Ro +£5)" ' ds.  (4-9)
—Ro/e

Integration by parts and 2n” = W'(n) give

o0

/ 21 (s — 1) fL(s)(Ro+ £5)" ' ds = — / W' (n(s — ) fe(s)(Ro +&5)" ' ds

—Rp/e —Ro/e

—2(n—1e fm n'(s — 7o) fo(s)(Ro + £s)" 2 ds.
—Ro/e

Dropping the nonnegative term with f, (5)? in (4-9), and noticing that, by (A-5) and (4-8), we have
IWn(s — 1)+ fo(5)) = Wn(s — 7o) = W (n(s — 7o) fo ()] < Cfels)?
for every s > —Ry/¢e, we thus find

ACe(ug) — ACe(z¢)

o0

>—2(n—1De foo n'(s — 7o) fe(s)(Ro+e5)" " ds — C/ fe(s)*(Ro+e5)" " ds = —C&?,

—Ry/e —Ry/e
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where in the last inequality we have used (4-8), |t:| < C and the decay estimate for 1’ in (A-18). Coming
to (4-7), rearranging terms in (4-5) we have

ae) = (1 — %)w(e) 1 %% W), (4-10)

By (4-8)
L wuo =1 | weo+oe =22 o).
8 Rn 8 Rn 2
where in the second identity we have used (3-22). Hence A(¢) = (1 — (1/n)) ¥ (¢) + O(e) and (4-7)
follows from (4-6).

Step 3: We prove the continuity of A on (0, &p). Let ¢; — &4 € (0, g9) as j — oo and set hj = Ug; — Ue,.
By the resolution formula (3-8) we have
lx[ — Ro lx| — Ro lx[ — Ro lx[ — Ro
|u£j(x)_us*(x)|f‘77< — T | —1 =T, ||+ fsj — Je.
&j Ex &j Ex

< Ce,e—(WI=R/Ce. | ‘n(“" —Ro ro) N ,](|"| —Ro _ ro)
8j Ex

’

where we have used (3-17), (3-9) and (A-16). Similarly, since &; — &, > 0, for j large enough we see that

‘H(M_Ro—m)—n(m_Ro—To)‘</1 n,( x| = Ro _TO)
g Ex ~Jo ex F1(gj — &)
lej —

&
S | = 1=R)/(Co0) | _ Ryl < Cope—(FI-R/(Cen)

[lx] — Rol
(ex+1(gj —&4))?

lej — &l

<C

k
Setting hj = uy; — u., we see that (4-1), (4-2) and (4-3) hold with ¢ = ¢, and for j large enough, thus
deducing that

1 2 hJZ & &«
E 5*|th| +_SAC€*(u8j)_w(8*)§maX —, — W(Sj)_‘ﬂ(g*)-
R s & &

From the continuity of ¥ on (0, &9) (Theorem 2.1) we conclude that

lim Ve, — Vue > =0, lim [ W)= [ W),
Rn

J—0o0 Jmn j—oo Jgn
and thus A is continuous on (0, gg) thanks to (4-10). Il

We now turn to the proof of Theorem 4.1. This is based on a series of three lemmas, each containing a
different stability estimate, coming increasingly closer to (4-4).

Lemma 4.3 (first stability lemma). Let n be the unique solution to n' = —/W (n) on R with n(0) = %
Letn>2,let W € C*1[0, 1] satisfy (1-11) and (1-12), and let

O(u) = / 2w+ W' u?, ue H'R).
R

Then Q(u) > 0 on H'(R), and Q(u) = 0 if and only if u = tn’ for some t € R.
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Proof. Let us consider the variational problem

y:inf{Q(u):fuzzl}.
R

By (A-18) we have ' € H'(R). Differentiating 2" = W'(n) we find 2(n')"” = W’ (n)n/, and then
integration by parts gives Q(n) = 0. At the same time we clearly have Q(u) > —[|W"[lco0.1) [ u? for
every u € H'(R), so that

—[W”"llco,1y <¥ < 0.

We now prove that y is attained. Let {w;}; be a minimizing sequence for y. By the concentration-
compactness principle, { w]? dx}; is in the vanishing case if

lim [ w;=0 forall R >0, (4-11)

j—o00 Ig

where we have set I = (—R, R). By (A-16) and (A-6) there exists Sp such that

W" () > é on R\ /s, (4-12)
Therefore by applying (4-11) twice with R = Sy we find
lim sup/ wj2 =lim sup/ w]2 < C lim sup W”(n)w]2
j—ooo JR j—oo JR\Ig, j—oo JR\Ig,

= Climsup/ W”(n)w} < lim Q(wj) =y <0,
R Jj—>00

j—00
a contradiction to fR wjz = 1. If, instead, {w} dx}; is in the dichotomy case, then there is a € (0, 1) such
that for every 7 € (0, a/2) there exist R > 0 and R; — 00 as j — oo such that

‘l—a—/ wf‘<r, oz—/ wj2
Ir R\,

where, without loss of generality, we can assume R > Sy for Sy as in (4-12). In particular, if ¢ is a cut-off

<, (4-13)

function between /g and 1 R then we have
O(w;) = 0(p wj) + Q((1 —p)w;) + Ej, (4-14)

where, taking into account that ¢’ and (1 — ¢) ¢ are supported in [ R; \ Ir, we have

E =2 /1 W@ pgu] +4 fl () (1 = )uy). (415)

R;\Ir
The first integral in (4-15) is nonnegative by (4-12), while the second integral contains a nonnegative
term of the form ¢(1 — ¢) (wj/.)z; therefore, by (4-13),

E; 24/ wjwi(1— )¢’ —wjwipe’ —w? (@)
IR\ IR

1/2 1/2
e[ - c</ w}> (/ <w;.>2> SN (4-16)
Ix\Ig Ix\Ig R
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where we have also used Q(w;) — y as j — oo to infer

/(wj’.)2 < Q(wj) + [Wllcopo,1) = C.
R

We can take ¢ supported in /g . In this way, up to extracting a subsequence, we have that ¢ w; admits a
weak limit w in H!(R). By lower semicontinuity, homogeneity of Q and (4-13) we have

liminf Q(pw;) > Q(w) > V/ w?> (1—a)y —Cr. (4-17)
j—00 R

Finally, since (1 — ¢) is supported on R\ Ig,, by (4-12) we have

fQ((l o) = /(1 Yw? > = - Cr
N (p ]/ = C R (p J it C )
so that, combining (4-14), (4-16), and (4-17) we find
o
)/2(1—0!))/+E—C«/?-

Letting T — 0" we find a contradiction with y <0 and « > 0. Having excluded vanishing and dichotomy,
we have proved the existence of minimizers of y.

Let now u be a minimizer of y. Up to replacing u with |u| we can assume u > 0. By a standard
variational argument there exists A € R such that

[ 2u'v' + W (uv = A/ uv forall ve H'(R). (4-18)
R R

Testing with v = 1" and recalling that 2(n’)” = W"” (), we deduce that

k/n/u=0,
R

and, since u > 0, fR u? =1, and n' < 0, we find A = 0. From here, if we test (4-18) with the same
minimizer u, we conclude that Q (u) = 0 and, therefore, that y = 0. We remark that this latter observation
also implies that n’ is a minimizer of y.

We claim now that any minimizer of y has to be either positive or negative on the whole line. Indeed,
let v be any minimizer of y. Therefore, u = |v| is a nonnegative minimizer satisfying (4-18) with A = 0.
Thus, u is a C2-solution of the ODE

2u// — W//(n)u

on R. If 0 = v(rg) = u(ro) for some ro € R, then u’(rg) # 0 (otherwise we would have u =0 on R, against
fR u?=1), and ' (r) # 0 contradicts u > 0 on R. Hence, u > 0 on R, and, therefore, v must have one
sign too.

If u is also minimizer of y, then, again by (4-18),

QW +sn)=0w)+s>0(n')=0 forallseR.
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2
L2(R)
mizer of y, and thus u+s7’ is either positive or negative on the whole R. Let so =inf{s :u + sn’ < 0 on R}.

In particular, if s € R is such that u+sn’ is not identically zero on R, then (u+sn’)/||u-+sn'|| is a mini-
If, say, u is a negative minimizer (like 1’ is), then sy < 0; while, clearly, so > —oo, since, for s negative
enough, we must have u +sn’ > 0 at at least one point, and thus everywhere. Since u + son’ <0 on R
with u 4+ son’ = 0 at at least one point, we deduce that u + son’ =0 on R. O

Lemma 4.4 (second stability lemma). If n >2and W € C 210, 1] satisfies (1-11) and (1-12), then there
exists a universal constant gy with the following property. If us € Ry is a minimizer of ¥ (¢) for & < &
and h € HY(R") is a radial function such that

f V' (us)h =0, (4-19)

then
2

W (u 1 h
/ 2e|Vh|* + <# —)»(&:)V”(ug))h2 > c e|Vh|* + = (4-20)

where \(¢) is the Lagrange multiplier of u. as in (4-5).

[Rn

Proof. Step 1: We show that is enough to prove the lemma with

W// 1 hZ
/ 2¢|Vh|* + ( (o) _ x(g)v”(ug));ﬂ >_— | —
n g C Jpn ¢

(4-21)

in place of (4-20). Indeed, if ¢¢ is small enough, then |A(¢)| < c(n) thanks to (2-3), and thus we can find
a universal constant C, such that
2

h
h2 S C* )
R &€

W (ue) —1(e) V" (ue)

f 1
R~

whenever u, is a minimizer of ¥ (g), € < &9, and h € H'(R"). Let us now fix a radial function 1 € H'(R")
satisfying (4-19). If Cy [ h? /e <[5, €|V h|?, then we trivially have

W// h2
/2s|Vh|2+< WS)—A(e)V”@e))hzz/ 2e|Vh|2—c*/ —z/ 6| VhP:
n 8 IR’I n 8 n

if, instead, Cy [i. h?/e > [n. €|Vh|?, then we deduce from (4-21)

w” 1 h? 1
/28|Vh|2+ W) s eoviun)i= L [ s /8!Vh|2.
n & C R» & CC* n

In both cases, (4-20) is easily deduced.

Step 2: We prove (4-21). We argue by contradiction, and consider &; — 0% as j — 00, u; € R, minimizers
of ¥ (¢;), and radial functions h; € H 1(R™) such that

/ V/(uy)h; =0, (4-22)
W// R 1 h2

/ 28,‘|th|2 + < u]) —)\jvll(uj)>h]2‘ <= _j7 (4-23)
Rr &j ’ J Jrr &



1804 FRANCESCO MAGGI AND DANIEL RESTREPO

where A; are the Lagrange multipliers corresponding to u;. By the homogeneity of (4-22) and (4-23) we

can also assume that
h?
L =1. (4-24)
R~ 8j
Therefore, setting

Ro
nj(s) =uj(Ro+¢;s), PBj(s) =hj(Ro+¢js), s= B
J
we can recast (4-23) and (4-24) as
o
/ - 1
/ (28D + (W' (n)) — i3 V" (1) B} ) (Ro + ;9)" " ds < R (4-25)
—Ro/ej o
/ Bi(s)*(Ro+ejs)" Lds =1. (4-26)
—R()/Sj

By &j — 0" and by (2-3) we know A; — ¢(n) as j — oo, which combined with || V" |09 1; < C and
gj — 0T shows that (4-25) and (4-26) imply

lim sup / 2(8)>+W"(n))B]}(Ro +¢j5)" " ds < 0. (4-27)

Jj—00 —Ro/é‘j

Since W” is bounded on [0, 1], by (4-26) and (4-27) we deduce that {f;}; is bounded in H (=50, s0) for
every so > 0. In particular there exists 8 € Hlf)c([R{) such that, up to extracting subsequences, f is the weak
limit of {B;}; in H'(—s9, so) for every so > 0. By /31’. — B’ in L?(—so, so) for every so > 0 we easily find

lim inf f 2B}()*(Ro+ ;)" ' ds > R}~ / 2(8)2. (4-28)
_ R

j—oo Ro/¢;

We now apply the concentration-compactness principle to the sequence of measures
1 = 1 Rofe.00) () (5)*(Ro +&;5)" " dls,
which satisfy u;(R) =1 thanks to (4-24). We claim that, if the compactness case holds, and thus

Nid

lim_sup 41; (R\ [—s0. s0]) =0, (4-29)
400 j

then we can reach a contradiction, and complete the proof of the lemma. To prove this claim, let us set

no(s) =n(s — 7o)

for 79 as in (A-19), and let us notice that, for every sy > 0 we have

lim sup
j—oo

S0
< limsup f [W" (0;)B;()*(Ro + ;)" — Ry ™' W (no) B
Jj—00 —80
+ W7l cogo,11 SUPM‘/(R\[—SO,SO])+R6’_1||W”||Co[0,1]/ B2, (4-30)
JjeN R\[—s0,50]

f W (;)B;(s)*(Ro+¢;5)" " ds — R} fR W (110)8*

—Ro/g;
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Since B; — B in le0 .(R) and n; — no locally uniformly on R thanks to Theorem 3.1, the first term on
the right-hand side of (4-30) is equal to zero. Letting now s9 — 00, the second term goes to zero thanks

to (4-29), while the third term goes to zero thanks to the fact that (4-29) implies in particular

RS“/R,BZ:I. (4-31)

We can combine this information with (4-28) and finally deduce from (4-27) that
[ 22+ wrawe <o (4-32)
R

By Lemma 4.3 we deduce that, if we set Bo(s) = B(s + 10), then By =t i’ for some 7 # 0 (t = 0 being
ruled out by (4-31)). In particular, 8 = t7, and therefore

/R V'(no)B =1V (no)|T% =1V (1) =1 #0.

However, by (4-22), we see that

oo

0=/ V' (uj)h; =/ V'(;)B;(s)(Ro+s&)" ' ds forall j,
R —Ro/;

and we can thus obtain a contradiction by showing that

o0

lim V' ()i (s)(Ro +se;)" " ds = R}~ /R V' (no)B. (4-33)

j—o00 —Ro/g;

This is proved by noticing that (A-11), (A-16), (3-56) and (3-57) give
0 < max{V'()), V'(no)} < Ce™FV/E

for every s € R (or for every s > —Ry/¢;, in the case of n;). In particular,

—50 o0
lim limsup[/ +/ :|V/(77j)|ﬂj|(RO+S8j)nlds
—Ro/gj k)

Nikxgeel J—)OO

1/2
<C lim lim sup</ e C(Ry + 58! ds) 1 (R\ [=s0, s0]) /> =0,
50700 j—oo {Is|>s0}
so that a similar argument to the one used in (4-30) can be repeated to prove (4-33).
We are thus left to prove that the sequence of probability measures {u;}; cannot be in the vanishing
case nor in the dichotomy case of the concentration-compactness principle.

To exclude that {1} }; is in the vanishing case: Since n; — n locally uniformly on R, up to take j large
enough and for Sy as in (4-12) we have W”(n;(s)) > 1/C for |s| > So, s > —Ro/e;. Since we are in the
vanishing case, it holds
So
lim Bi(s)*(Ro+¢&;5)" ' ds =0, (4-34)
j—o00 o
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so that, by using first the lower bound on W”, and then (4-34), we get

_llmsup[/ / ]ﬁj(s) (Ro+ejs)"~ U ds
Cjso LRy s S o0
§l1msup|:/ / :|W”(nj)/3j(s)2(R0+8js)”1ds
j—oo Ro/gj So

= lim sup/ W (0j)Bj(s)*(Ro+¢&;5)" ' ds <0,
Ro/é‘j

Jj—00
where in the last inequality we have used (4-27). Combining this information with (4-34) we obtain a
contradiction to (4-26), thus excluding the vanishing case.
To exclude that {j1;}; is in the dichotomy case: With Sy as above, if we are in the dichotomy case, then
there exists o € (0, 1) such that for every t € (0, «/2) there exist R > Sy and R; — oo such that

lwi(lg) — (1 —a)| <7, |u;j(R\Ig)—ca| <t forall,. (4-35)

Setting A; = @B, Bj = (1 —¢)B;, where ¢ is a cut-off function between B and Bg 1, and setting for
the sake of brevity

o0
OiA BY = [ AB W )ABY R+ ds Q;(4) = 04, A),
7R0/€j
we can rewrite (4-27) as
limsup Q;i(Aj)+ Q;j(Bj))+20;(A;, Bj) <0. (4-36)
J—> 00

Now, since ¢ and (1 — )¢ are supported in Ig,; \ I, we see that

Q;(Aj, B) =2 / (1—29)¢'BiBj(Ro +¢;5)" " ds + /1 (W (n)) — (@)*}B] (Ro+¢;5)" " ds,

Ir\Ig R+1\IR

where, thanks to (4-27) and the Holder inequality,
/1 y (1—=29)¢'BiBj(Ro+£i5)" " ds < Cpj(Irs1 \ Ir)"/* < CV/T,
R+1\IR
[ = @218+ )" ds = Cay i \ i) = C
Ir+1\ IR

We thus conclude that Q;(A;, Bj) > —C /7 for every j, and thus, by (4-36), that

limsup 0;(A)) + Q;(B)) < C/T. (4-37)

j—o00

Now, since the supports of the A; are uniformly bounded, we easily see that there exists A € H '(R) such
that A; — A weakly in H I(R); in particular,

limint 0;(4)) = [ 247+ W' (r)A” = 0
j—00 R
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where in the last inequality we have used Lemma 4.3. By combining this last inequality with (4-37),
W”(n;) = 1/C on R\ Is,, and R > Sy, we conclude that

o0

C+/T > limsup Q;(B;) > L fim supf (1—)*B} (R +s¢,)" " ds
j—00 C j—00 —Ro/¢j

and thus, by (4-35), that C/T > (a/C) — Ct. Letting T — 0" we obtain a contradiction with o« > 0. [J

Lemma 4.5 (third stability lemma). If n > 2 and W € cZ'0, 1] satisfies (1-11) and (1-12), then

there exist universal constants 8o and &y such that, if u, € R is a minimizer of ¥ (g) for e < &y and
u e H'(R"; [0, 1)) is a radial function with

/ V) =1, (4-38)
A (u—ug)? < Ce, (4-39)
lu —ugll Lo @y < do, (4-40)
then, setting h = u — u,,
/ 2¢|Vh|* + (W”bf”*’) —A(s)v“(ug)>h2 > é ) e|Vh|> + h; (4-41)

where \(¢) is the Lagrange multiplier of u. as in (4-5).
Proof. 1t will be convenient to set
uv
P.(u,v) = f eVu-Vv+ —,
n €

W//(us)
&

Qs(u,v)=/ 8Vu-Vv+( —K(e)V"(us))uv,

as well as P.(u) = P.(u, u) and Q,(u) = Q. (u, u). Let us start noticing that by Theorem 3.1 we have

f VI(we)ve — Ry fR V/(n)n‘ =0,

where v, runs over all radial minimizers of ¥ (¢). Since fR V’(n)n is a positive constant depending on n
and W only, this shows in particular that

lim sup sup
0—>0g<o Ve

é < / V'(ug)u, < C  forall & < g. (4-42)
By (4-42), given h = u — u, as in the statement, we can always find ¢ € R such that

. fRn V/(ué‘)h
fRn Vi(ue)ue ‘
By (A-12), (4-40), and since 0 < u, +h < 1, we have that, on R”,

‘ -

/ V'(ug)(h+tuy) =0, ie., t= (4-43)

V(ug+h)— V) — V'(ug)h — v”(ug)? < C8oh?, (4-44)
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so that, by (4-38),
/’12
/ V/(us)h + VU(”@)?

and thus, thanks to || V"||cofo.1; < C, (4-42), (4-39), and (4-43),

< Céo / h2, (4-45)

lt] < C/ h? < Ce min{P,(h), 1}. (4-46)

By (4-43) we can apply Lemma 4.4 to u, + th and find that

0uh+11,) > M

which can be more conveniently rewritten as

P (h) Pe(h, ug)
Qc(h) > C +2t{T (4-47)

— Q:(h, m} +t2{% - Qs(us)}-

By Theorem 3.1, we see that P, (u;) +|Q(u:)| < C (uniformly on ¢ < g¢), so that (4-47) and (4-46) give

P(h) Pe(h, ug)
C C

Qc(h) > + 2t{ — Q¢(h, Ma)}' (4-48)

By the Holder inequality, ab < (a®> +b%)/2, P.(u;) < C, and (4-46) we see that
1]

2] Ps(h, ue) < ?(Ps(h) + Pe(ug)) < CePe(h), (4-49)

while by |V'| 4+ |W”| < C and |A(e)| < C for ¢ < gy we find, arguing as in (4-49),
[11Qe(h, up) < |t|{8/Rn IVh|[Vue| + g /Rn |h|us} < CeP(h). (4-50)
By combining (4-48), (4-49), and (4-50) we conclude that Q.(h) > P.(h)/C, as desired. Il

We are finally ready to prove Theorem 4.1.

Proof of Theorem 4.1. We are given u, and h as in Lemma 4.5, and now want to prove that

2

ACe(ue +h) —yr(e) = é/ SIVh|2+h? (4-51)

n

holds. By (A-5) and (4-40) we have

2
‘W(us Fh) — W) — W (ug)h — W”(ug)%‘ < Csoh® onR":

therefore

W/ R W// R
ACe(ug-l—h)—ACs(ue)z/ 2eVu, -Vh+ i” )h+/ g|Vh|2+%h2—c50/ h?. (4-52)

By the Euler—Lagrange equation for u., see (2-1), we have
W' (ue)
e

/ 2eVug - Vh+ h=MX\(¢e) [ V' (ug)h. (4-53)
n Rn
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hZ
/V/(us)h+/ VN(“&)?

On combining (4-52), (4-53), and (4-54) with (4-41) we find that

Moreover, by (4-45),

<Cé f h?. (4-54)

ACg(us—Fh)—w(s)z%[ 28|Vh|2+{éW”(uS)—)L(s)V”(ug)}hZ—CcSO/ h?
R~ R~

h2
z/ 5|Vh|2+——C80/ h?,
n 8 n

so that (4-51) follows by taking §p small enough. 0

5. Proof of the uniform stability theorem

In this section we prove Theorem 1.1(iii), i.e., we prove (1-21). We focus directly on the case (o, m) =
(e, 1), from which the general case follows immediately by scaling.

Theorem 5.1. If n>2and W € C 2110, 1] satisfies (1-11) and (1-12), then there exist universal constants
g0 > 0 and C such that if ¢ < g9 and u € H'(R"; [0, 1]) with fR,, V(u) =1, then

CVAC:(u) =y (e) = inf / |D (u) — D (Touue) "D, (5-1)
x0€R" Jpn

where Ty ue(x) = ug(x — x0), x € R, and u, denotes the unique minimizer of  (¢) in Ro.
In order to streamline the exposition of the proof of Theorem 5.1, we introduce the isoperimetric deficit
and asymmetry of u € H'(R"; [0, 1]) with fRn V(u) =1, by setting
8e(u) = ACe(u) — ¥ (e),
a:(u) = inf do(u, Tyue).
xoeR”?
Here, as in Theorem 2.2,
do(u, v) = / |®u) — PV "V forall u,ve H (R [0, 1]).
With this notation, Theorem 5.1 states the existence of universal constants C and &g such that if & < gq, then
C/8:(u) > a,(u) forallue H'(R";[0,1]), [ V@) =1. (5-2)
Rn

In the following subsections we discuss some key steps of the proof of Theorem 5.1, which is then
presented at the end of this section.

S5A. Reduction to the small asymmetry case. Thanks to the volume constraint fR” V(u) =1 and to the
triangular inequality in L™/~ we always have o, (1) < 2"/*=D_1In particular, in proving (5-2), we can
always assume that 5. (#) < §p for a universal constant &g. This is useful because, by the following lemma,
by assuming §. (1) < §y we can take «.(u) as small as needed independent of n and W.
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Lemma 5.2 (s-uniform qualitative stability). If n > 2 and W € C>'[0, 1] satisfies (1-11) and (1-12),
then there exists a universal constant gy with the following property: for every o > 0 there exists § > 0
such that

ue HY(R": [0, 1]), /V(u):l, e <egy, O:(u)<$8

imply
ag(u) <a.

Proof. We pick gq such that Theorem 2.1 and Corollary 4.2 hold. If the lemma is false for such g, then
there exists o, > 0 and a sequence {u;}; in H'(R"; [0, 1]) with fR" V(uj) =1 such that
8¢, (uj) = 07 as j — oo, (5-3)
for some ¢; — ¢, € [0, &9] and with o, (uj) > ay. By (5-3), there is £; — 0" as j — oo such that
ACe; (uj) < Yr(e;) +¢; forall j, (5-4)
We now distinguish two cases:
Case 1: &, > 0. In this case, by the continuity of ¢ (see Theorem 2.1) and since
g €
* &)

we can assume that AC,, (u;) — ¥ (es) < £o for £y as in Step 2 of the proof of Theorem 2.1. We
can thus apply that statement and conclude that, up to translations and up to subsequences, there is
u € HY(R"; [0, 1]) with fRn V(u) =1 such that de(u;, u) — 0 as j — oo. In particular, u is a minimizer
of ¥ (e4), and therefore, up to a translation, we can assume that u = u,_ € Ro. Now, by repeating this
same argument with the minimizers U of ¥ (g;) in Ry in place of u;, we see that

do(ue;, ug,) >0 as j— oo,
so that, thanks to (2-63), we find the contradiction

o <ot (u)) < do(uj, ug)) < do(uj, ug,) + Cdo (g, ue,) "' — 0F
as j — oo.

Case 2: ¢, = 0. In this case, thanks to (5-4),
2|D[@)|(R") < AC,, (u)) < ¥(g)) + £ < 2nw)/" + Cej + ¢},

so that {®(u;)}; is asymptotically optimal for the sharp BV-Sobolev inequality. By the concentration-
compactness principle (see, e.g., [Fusco et al. 2007, Theorem A.1]), up to subsequences and up to
translations, ®(u;) — alp, in L"/@~D(R") as j — oo for some a and r such that a”/*~Dw,r" = 1. The
fact that ACEJ. (vj) is bounded implies that v; — {0, 1} a.e. on R"; therefore, by ®(0) =0 and ®(1) =1, it
must be a =1 and R = Ry for w, R;j = 1. By Theorem 3.1, if U, is a the minimizer of v/ (¢;) in Ry, then

dq;(ugj, lBRO) —0 asj— oo,
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which gives the contradiction

a* S a&‘j (M]) S dcb(”j& ué‘j) E dq)(u]’ IBRO) +qu>(ué‘jv IBRO)(n_l)/n - O+
as j — oo. g

5B. Proof of Theorem 5.1 in the radial decreasing case. We start by noticing that, thanks to the results
proved in the previous sections, we can quickly prove Theorem 5.1 for functions in Ry.

Theorem 5.3. If n>2and W € C 2110, 1] satisfies (1-11) and (1-12), then there exist universal constants C
and &gy such that, for every € < &g, denoting by u. the unique minimizer of ¥ (g) in Ry, one has

C/8c(u) > do(u, u), (5-5)
whenever u € H' (R"; [0, 1]) N R with fR" Vu)=1.
Proof. Arguing by contradiction, we can find &; — 0" and {vi}; in H L(R™; [0, 1]) N Ry with

AC, (vj) — ¥ (g))
V(i) =1, a; = ! —0 asj— oo,
/R" @) ! do (vj, uj)? /

where u; = Ue; and, thanks to Lemma 5.2 and to a; — 0T, we have

im de(vj, u;) =0. (5-6)
— 00

J
Correspondingly we consider the variational problems

vi=v(&,a;,v) = inf{Ang(w) +ajde(w, vj) :w e H'(R"; [0, 1]), V(w)= 1}.

R)‘I
With ao, £o and &g as in Theorem 2.2, we notice that, for j large enough, we have a; € (0, ap), ¢; < &, and

ACe; (vj) < ¥ (gj) +ajly,  do(vj,u;) <o (5-7)

In particular we can apply Theorem 2.2, and deduce the existence of minimizers w; of y;. We claim that,
as j — oo,
. ACe (wj) = (g))
lim
Jj—o0 dq;(wj,uj)z

=0. (5-8)
To show this, we first notice that, by comparing w; to u; we have
ACe; (wj) +aj do(wj, vj) <Y (e;) +a;j do(uj, vj),

so that (5-6) gives d¢; (w;) — 0, and then Lemma 5.2 implies

Jlggo do(wj, u;) =0. (5-9)
Next, comparing w; to v; we find that

ACe; (w)) + aj do(wj, vj) < AC, (v;),

so that ¥ (g;) < AC¢; (w;) and the definition of a; give
ACg; (vj) — ¥ (g))

aj

do(wj, vj) < = de (v}, u))*. (5-10)
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By (2-63), (5-6), (5-9), and (5-10) we find
do (w), u;) — do(vj, u;)| < C max{de(w;, u;), do(vj, u) " do(w;, v)"*~1/"
= o(dg (v}, u;)>" =M,
where 2(n — 1)/n > 1 thanks to n > 2. Thus, de(w;, u;) > do(vj,u;)/C for j large enough, and
ACe; (w)) < ACe; (v)) gives
ACe; (w)) — ¥ (&) - CACE_/(vj) — VY (g))

do(wj,u)> — do(vj, uj)?

-0,
as claimed in (5-8).

We now derive a contradiction to (5-8). By Theorem 2.2, we know that w; € RgN C 21/ (n_l)([R{”),

loc
0<wj <1onR" and

—2e7 Aw; = gjw; (1 — w))E; — W'(w;) onR", (5-11)
where E; is a continuous radial function on R" with
sup [Ej| = C. (5-12)
Rn

We can thus apply Theorem 3.1 to w;. In particular, since both #; and w; obey the resolution formula
(3-8), we have that h; = w; — u; satisfies

Ro

|hj(Ro+&js)| < Ceje VC foralls > ——. (5-13)
: 4 : S
In particular,
lhyllme < Cey [ #2=C,
and we can thus apply Theorem 4.1 to deduce
I 2
ACe, (wj) =¥ (g)) = = | &IVh|"+—
’ C R» Sj
1 2 1 2n/(n—1) (n=h/n
> 1 |V(h->|z—</ 2 "‘) , (5-14)
C / J C\Jp '

where we have also used the BV-Sobolev inequality. By (5-13), and by applying (3-14) to u; in combination
with (A-6), we find that, if A; = B Ro+ej \ B Ro—b;>» then, for every x € R" \ A;, we have

1
| (uj (x)) — @ (w;(x))| < |hj<x)|/ VW (uj(x) +thj(x))dt < Clhj(x)|eFI=Rol/Cep
0

and, therefore,

12
f |q,(uj)_q>(wj)|n/<n—1>§C/ |hj|n/(n—1)e—|x|—Rol/Cs_,-Scﬁ</ |hj|2"/("—1>) . (5-15)
R™\A; RM\A; R

7

If, instead, x € A}, then by |®(u;) — ®(w;)| < C|hj| and L"(A;) < Ceg; we find

1/2
/|<I>(u,~)—c1>(w,-)|”/(”“)§c¢e—j</ |h,~|2"/<"—‘>) . (5-16)
Aj Rn
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By combining (5-14), (5-15) and (5-16), and thanks to ¢; < 1, n/(n — 1) > 1, and &, (w;) < I, we
conclude that

do(uj, wy) < C /&8, (w)"' "D < CV 5, (w)),
in contradiction to (5-8). O

Remark. The argument we have just presented provides further indication that (5-5) should not provide
a sharp rate on radial decreasing functions. The sharp stability estimate on small radial perturbations
of u, is clearly given in Theorem 4.1, but it is not clear what form the sharp stability estimate should take
on Ry (or, more generally, on arbitrary radial functions).

5C. Reduction to radial decreasing functions. We now discuss the reduction of (5-2) to the case of
radial decreasing functions. We do this by adapting to our setting the “quantitative symmetrization”
strategy developed in [Fusco et al. 2007; 2008] in the study of Euclidean isoperimetry.

Given n > 2 and k € {1, ..., n}, we say that u : R* — R is k-symmetric if there exist k mutually
orthogonal hyperplanes such that u is symmetric by reflection through each of these hyperplanes. The
class of n-symmetric functions is particularly convenient when it comes to quantifying sharp inequalities
involving radial decreasing rearrangements. Consider for example the P6lya—Szeg6 inequality

Vul? = [ |V, (5-17)

R R

where u* is the radial decreasing rearrangement of u. A classical result of [Brothers and Ziemer 1988]
shows that equality can hold in (5-17) without u being a translation of u*; in general, the additional
condition that (u*)" < 0 a.e. must be assumed to deduce symmetry from equality in (5-17) (compare with
Step 6 in the proof of Theorem 2.1). However, if u is n-symmetric, then equality in (5-17) automatically
implies that u is radial decreasing. A quantitative version of this statement is proved in [Fusco et al. 2007,
Theorem 2.2] in the BV-case of (5-17), and in [Cianchi et al. 2009, Theorem 3] in the Sobolev case. The
following theorem is an adaptation of those results to our setting.

Theorem 5.4 (reduction from n-symmetric to radial decreasing functions). If n >2 and W € C>'[0, 1]
satisfies (1-11) and (1-12), then there exists a universal constant C with the following property. If u €
H'(R"; [0, 1]) is an n-symmetric function with fRn V(u) =1 and u* is its radial decreasing rearrangement,

then
1/2 172
d¢(u,u*)§C(/ W(u)) ( |Vu|2—f |Vu*|2) . (5-18)
n Rﬂ Rn

Moreover, for every &€ > 0 we have

e (1) < C(oe (U*) + (AC: ()8 (1)) /?). (5-19)
Proof. We first claim that

1
d¢(u,u*)§L1/ L (E)D 1Y /W (@) dt, (5-20)
n—1Jo

1 n 2 2(n—1)/n
R R Cm) Jo \ m() —w ()
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where E; = {u > t}A{u* > t}, u(t) = L"({u > t}), and /(¢) denotes the absolutely continuous part of
the distributional derivative of the decreasing function . To prove (5-20) we recall that, by [Cianchi
et al. 2009, Lemma 5], we have

1
doGu, u*) < —— / £ (Fy)s'/ =D gs,
I’l—l 0

provided Fy = {®(u) > s}A{P(u*) > s}. Since P is strictly increasing, we have Fo () = E;, so that the
change of variables s = ®(¢) gives (5-20). To prove (5-21) we just notice that this is [Cianchi et al. 2009,
equation (3.18)]. Now, by the Holder inequality and (5-20), we find that

1 1 (n—1)/n n1/2
_ L"(Es) p (=) _
n 1/(n—1) /_W s /@n=D /w

1 2 2(n=1)/n\1/2 1 _ 1/2
§ (f (E"(Es)) p2 /") (f w q,2/(n—1>w> .
0 ,U« —i 0 pn

By 1 = [, V() = V(1)u(t) for every ¢ € (0, 1), we have

1 _ ., 1 1
| e tws [ cwwwnw < [Coew s [ wao,
0 uHn 0 0 Rn

where in the last inequality we have used —u’ d£! < — Dy, integration by parts and Fubini’s theorem to

deduce
u(x)

1 1
—/ Wd[DM:/ W/(t),u(t)dtzf dx W'(t)dt = W (u).
0 0 n 0

Rn
By combining (5-20), (5-21) and these estimates we find (5-18). To prove (5-19), we notice that, by
fRn W(u) = fu;e" W (u*) and fR" V(u*) =1, (5-18) gives

do(u, u*) < CAC: (u)'*(ACe(u) — AC: (u*)'/? < CACe ()5, (w)'/? (5-22)
and then (5-19) follows by the triangular inequality in L™/ ¢~D(R"). 0
Next we discuss the reduction from generic functions to n-symmetric ones.

Theorem 5.5 (reduction to n-symmetric functions). If n > 2 and W € C>'[0, 1] satisfies (1-11) and
(1-12), then there exist universal constants gy and 8y with the following property. If u € H 1 (R™; 10, 1]),
fRn V(u) =1and 8,(u) <8y for some & < e, then there exists v e H (R"; [0, 1]) with fRn V() =1 such
that v is n-symmetric and

ae(u) < Cae(v), 8:(v) < Coe(u). (5-23)

Proof. Without loss of generality we can assume that 8. (1) < §g for a universal constant §yp. By Lemma 5.2
we can choose &g so that . (1) < g for g a universal constant of our choice. We divide the proof into a
few steps.

Step 1: We prove that, if u is k-symmetric, {H,»}f.‘:1 are the mutually orthogonal hyperplanes of symmetry
of u,and J = ﬂle H;, then
ag(u; J) = ing do(u, Trug) < C(n)ag(u). (5-24)
xXe
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In other words, in computing the asymmetry of u in the proof of an estimate like (5-2), we can compare u
with a translation of u#, with maximum on J.

Indeed, let xo € R" be such that o, (1) = do(u, Ty u,). Without loss of generality, we can assume
xo € J. In particular, if yg denotes the reflection of x¢ with respect to J, then yg # xo and

do(u, Tyue) =do(u, Tyyue) = ag(u), (5-25)

that is, also yg is an optimal center for computing o, (u). Let zo = (xo + y0)/2, so that zg € J, let
v = (x0 — Y0)/|x0 — yo| (which is well-defined by x¢ #~ yp), and let H be the open half-space orthogonal
to v, containing xo, and such that zo € 0H. By T 11 us(x) = us(x —z0 — tv), we have
d X—2Z0—1tv
ETZ()«H‘UMS(X) =V -

since u,, < 0, and since the fact that v points inside H gives

: u,(lx —xo—tv|) >0 forallx € H,7 <0,
|x —zo —tv]

(z—z0)v>0 forallze H,

z=x—tveH forallxe H, t <O0.
We thus find that, if r < O,

d -
o / | (Tegtt) = (T vt "7V
H n
n—1

_ d
f | (u) — D(Tyygrpute) |/ D W (Tzyavtte) - Teptrvite > 0,
H

so that
fH |D(Tyu) — P (Tyoue) "~ = /H P (Tit) = @ (Tegrr tte) "™Vl ry o2
< fH | (Tyy1t) — D (Topr ytte) "o
< fH |© (Tyg0) — B (Toyue) 0D, (5-26)
Now, since both u and T u, are symmetric by reflection with respect to 0 H, we have
/ D (u) — D (Tyue) |/ =2 /H | (u) — D(Teyue) |V, (5-27)
therefore, by (5-25), (5-26) and (5-27) we conclude that

ag(u; J) <do(u, Toyus) = 2/ |® (1) — q’(Tzous)I"/("*l)
H

< C(n)( / | () = D(Tegue) V70 + / @ (Tytte) — @(TZOMS)WD)
H H

=< C(n)(aa(u) +f | D (Tyyue) — ¢(Tx0ug)|”/(”—1>>
H

< C(n) (ot (u) + do(Tyyue, Teyte))

< C(n)(oe(u) +do(Tygue, u) +do(u, Tyyue)) = C(n)ae(u),
that is, (5-24).
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Step 2: Let H; and H, be two orthogonal hyperplanes through the origin, let Hl.i be the half-spaces
defined by H;, and let xl.i € 0H;. Fori =1, 2, consider the functions

U[ué‘v Hia xl.+’ x;] = 1HJr Tx.Jrué‘ + 1H,7 Tx_*ué‘

obtained by “gluing” the restriction of u, to Hl.+ translated by ler to the restriction of u, to H; translated
by x1+ (notice that translating by xilL brings Hl.Jr and H; into themselves). Setting for brevity

Uei = Ulug, Hy, x;7, x;1,
we claim that, for every a € (0, 1) there is k = «(a, n, W) > 0 such that if
max{ler —x; |, |x;r — x5 |, |ler —xgrl} <k, (5-28)
then, for every ¢ < &g,
max{dq>(Txl+u8, Txfug), dq,(Tx;ug, Txgug)} < %d@(U&h Ugo). (5-29)

Indeed, since H; and H, are hyperplanes through the origin and u, € Ro, we have

1 1
_/I;:t V(Txftug) = E, /;_IZ:E V(szil/lg) = 5

1

It is in general not true that, say, HfL N H;r has measure i for either V(Tx]iug)dx or V(Txliug) dx.
However, provided we choose « sufficiently small, thanks to Theorem 3.1, we can definitely ensure that,
for every ¢ < g9 and B, y € {4+, —}, we have

- 1—
[ 10 = o = o T g, T,
HnH) ! !
Correspondingly,

dd)(Ug,l, Us,l) > / |(D(U£71) _ qD(U&‘,Z)ln/(n_l)
HPnH]

_ 1—
= / ICD(TXﬂuE) - (D(Txgué‘”n/(n D Z TadCD(Txﬁu$9 Tx;”s)’
HPnH] 1 i
and thus
do(Tyrue, To-ue) "™V < do(Torue, Torue) "D+ do (T e, Tymue) "D
8 (n—1)/n
< (12 doUen Vo))

—a

as claimed.

Step 3: Givenu € H ! (R"; 10, 1]) with fR" V(u) = 1, we now consider a hyperplane H such that, if H*
and H~ denote the two open half-spaces defined by H, then

1
V = Vv = .
/I-ﬁ (M) / - (u) 2

Denoting by py the reflection with respect to H, we let

ut =lgru+lg-(wopy), u =lg-u+lg+(uopn), (5-30)
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and notice that u™ € H'(R"; [0, 1]), with
2AC, (u) = ACs(u™) + AC. (u™), / Vut) = / V) =1. (5-31)

We claim that ' '

max {8 (u"), 8 (u7)} < 28:(u), ac(u) < C(n), {oe(uh) + o (™) +do(True, Te-ue)},  (5-32)
provided Ty+u, = and T,-u, = T,-u, are such that x*, x~ € H, with

@e(u™s H) =do™, Terue), o3 H) =do™, Tr-u,).
The first inequality in (5-32) is obvious from (5-31). To prove the second one we notice that
o (u) < do(u, Tyvuy)

=f |CD(M)—CD(TX+MS)|"/("1)+/ | (1) — D(Tprup)|" @D
H+

= f |D(ut) — D (True) D + / |® (™) — D(Tyrue) D
H*

< C){dou™, Trrue) +do(u™, Te-tte) +do(Te-ute, Te+ite)),

that is, the second inequality in (5-32).
With these preliminary considerations in place, we now prove that if u € H'(R"; [0, 1]) with
fR,, V(u) = 1, if H, and H; are orthogonal hyperplanes such that the corresponding half-spaces Hii

1
\% =,
/H =1

and if u" as in (5-30) starting from H;, then there is at least one v € {u}, u], u}, u; } such that (5-23)

satisfy

holds. Given that §,(v) < 2§.(u) for every v € {u}L, up, u;, u, }, we need to show that
there exists v € {uf, uy, uzr u, } such that a; (1) < Ca, (v). (5-33)
Denoting by xl.i the points in H; such that
o (us Hy) = do(uf, Tozue),
we notice that (5-33) follows if we can show that, provided ¢ is small enough,

either dq>(Tx1+ug, Txl—us) < M{ots(u;r; Hy) +ac(u;; Hy)} (5-34)
or  de(Tyue. Ty ue) < Miae(ufs Hy) + e (uys Hp)) (5-35)

for a constant M (as it turns out, any M > 16 works). Indeed, if, for example, (5-34) holds, then (5-24)
and (5-32) with H = H; give

ae(u) < Clog(uf) + o (uy) + e (uis Hy) +oe(uys H)} < Cloe(uf) + e (u])},

and then either Ca, (u;r) > a,(u) or Coy (u;r) > o (u); in particular, (5-33) holds. We now want to prove
that either (5-34) or (5-35) holds. We argue by contradiction. Recalling that ag(ul.i; H;)=dg (uii, T +uy),



1818 FRANCESCO MAGGI AND DANIEL RESTREPO

let us thus assume that both
d<I>(Tx1+u£’ Tx;ue) > M{d.:p(l/t?—, Tx;rue) +d<I>(M]_, Tx;ué‘)}v (5-36)
do(Tyrue, Tose) > M{do (uy, Torue) +do(uy, Tysue)} (5-37)

hold for M to be determined. In particular, if U, ;, i = 1, 2, are defined as in Step 2, and o is small
enough that (5-28) holds, then, by (5-29), we have

l’naX{dd>(Txl+I/£€, Txl—ug), dd)(Tx;'Mg, sz—ug)}(nfl)/n

8 (n=1)/n 8 (n—1)/n 2 1)/
n— n
< <l_ad<1>(Us,1,Ue,2)> < (l—a) ;dd>(Us,i’u)

g \n—h/n 2 5 (n—1)/n
_ _ n/(n—1)
—(1_a> 2:( 3y /Hﬂ@(rxiﬁua o b )
i=1 ,3:—‘,—,— i

3 (n—1)/n 2
< - de(T ,T B (n—1)/n
— (M(l —(,l)) ;( CD( x;rl/lg X; MS))

16 (n—=1)/n .
=< (m) max{dq>(Txl+u8, Txl*us), dd)(Tx;rus’ Tx;ue)}(n_ )/n.

We fix M > 16 and apply the above with a € (0, 1) such that M (1 —a) > 16. We find that either x1+ =x,

(a contradiction to (5-36)) or x; =x, (a contradiction to (5-37)).

Step 4: We now pick a family of n» mutually orthogonal hyperplanes {H;}!_, such that, denoting by HijE
the corresponding half-spaces, we have

/ V(u):l foralli=1,...,n.

HE 2

Considering the hyperplanes in pairs and arguing inductively on Step 3, up to a relabeling we reduce to a
situation where there exists a function v, symmetric by reflection with respect to each H;, i =1, ..., n—1,

and such that
o) < Cae(v),  8e(v) < 2" 8. (v), f V() = 1.
HE 2

We can thus consider the functions v* obtained by reflecting v with respect to H, as in Step 3. By (5-32)
we have

max{8: (v"), 8e (V7)) < 28:(v), e (u) < CM){oe (V) + e (V) +do (Ter e, To-ute)},

where x* and x~ are optimal centers for o (vT; (/_; H;) and o (v™; [/, H;). However, (\'_, H; is

a point; therefore x™ = x~ and we have actually proved
e (u) < Cm){ae (™) +a.(v7)).
Either v or v~ is an n-symmetric function with the required properties. 0

5D. Proof of Theorem 5.1. We finally prove Theorem 5.1. By Theorem 5.5 we can directly assume
that u is n-symmetric. Hence, by Theorem 5.4, we can directly assume that u € Ry. For u € Ry, the
conclusion follows from Theorem 5.3. Theorem 5.1 is proved.
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6. Proof of the Alexandrov-type theorem

In this section we complete the proof of Theorem 1.1, including in particular proof of the Alexandrov-type
result of part (iv) of the statement. We begin by proving some of the properties of W (o, m) stated in
Theorem 1.1(ii) and not yet discussed. We then review, in Section 6B, some classical uniqueness and
symmetry results for semilinear PDEs in relation to our setting. Finally, in Section 6C we review how the
various results of the paper combine into Theorem 1.1.

6A. Some properties of V(o, m). We prove here the properties of W (o, m) stated in Theorem 1.1(ii).
As explained in the Introduction, these properties will be crucial in proving Theorem 1.1(iv).

Theorem 6.1. If n > 2 and W € c'o, 1] satisfies (1-11) and (1-12), then there exists a universal
constant gy such that, setting

X(go) = {(o,m):0 <o <egym'/"},
the following hold:

(1) For every o > 0, Y (o, -) is concave on (0, 00); it is strictly concave on (0, 00) in n > 3 and on
((0/g0)", 00) if n =2.

(2) A(o, m) is continuous on X (gg) and

im'/" Ao, m) —2(n — /" < c% for all (o, m) € X(gp). (6-1)
m n
(3) W(o, -) is differentiable with
ow
a—(a, m) = A(o,m) forall (o,m) € X(g). (6-2)
m

In particular, for every o > 0
W (o, ) is strictly increasing on ((o/&p)", 00),
Al(o, -) is strictly decreasing ((o/g9)", 00).
(4) For everym > 0, W(-, m) is increasing on (0, ggm'/™).

Proof. We recall for convenience the scaling formulas

1
roar=1 [ fw. ©3)
Rl‘l Rll
IV(pu)|* =t |1 Vu)?,
Rn Rn
— 1 AC l/n(u)
_ 2/n)—1 2 - _ et 5
ACe(pru) = et . Vul*+ — y W) = =255 (6-4)
(o, m) = m('l—l)/”w(L)
b ml/n 9y

1/n

where p;u(x) =u(t'/"x) for x € R" and t > 0, and the divide the argument in a few steps.
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Step 1: We prove the concavity of W(o, -). Given my > m; > 0, t € (0, 1), o0 > 0, and a minimizing
sequence {w;}; for W (o, tm + (1 —t)m>), we set
_tmp+(1—=1)my _tmp+ (1 —=1)my

al 3 az ’
mj my

so that /oy + (1 —1)/ax = 1. Since py,w; and py,w; are competitors for W (o, m) and ¥ (o, m>)
respectively, by the concavity of ¢ > =2/ (strict if n > 3), we see that

tW(o,m)+(1-1)W(o,my) <t ACs (o, w;)+(1—1)ACs (0u, w;) (6-5)
W(w; 1— W(w;
_i(/ O-af/”lij|2+$)+_t</ O-Oé/"|ij|2+$)
Rﬂ n

B o1 a3

1 (n—2)/n 1 (n—2)/n
:Acg(wj)+<z(—> +(1—t)(—) —1)0—/ IVw; > (6-6)
o] o) R

< ACy(w)). (6-7)

Letting j — oo we deduce the concavity of W(o, -) on (0, co) (strict, if n > 3). If n =2 and m| > (0 /&g)",
then by Theorem 2.1 we can replace the minimizing sequence {w;}; in the above argument with a
minimizer w of W (o, t m; + (1 —t) my). Since w solves the Euler—Lagrange equation (1-9), there cannot
be a t # 1 such that p,w solves (1-9) with the same o and some ¢ € R. Thus, py, w cannot be a minimizer
of W(o, m;), and therefore we have a strict inequality in (6-5), and no need to take a limit in (6-7) (since
ACys(w) =V (o, tmy + (1 — t)my)).

Step 2: By Theorem 2.1 and Corollary 4.2 for every m > 0 and o < gom!/" there exists a unique u,., € Ro
such that u, ,, is a minimizer of W (o, m) and every other minimizer of W (o, m) is a translation of us .
Moreover, there is A (o, m) > 0 such that

—20% Aty =0 Ao, m)V' (tgm) — W (tg,,) onR".

Hence, if u. denotes as usual the unique minimizer of i (¢) in Ry, then by (6-3) and (6-4) we find

o

Ugm = Uy, &= ———,

o,m pl/m e ml/”

and thus
re) o]
A(o,m):ml/n, 8=ml/n' (6-8)
By combining (6-8) with Corollary 4.2 and with (4-7) we thus find that A is continuous on X (gg), with
1/n
2(n — Dw, o

‘A(O‘, m) — pye < Cm2/"’ (6-9)

Step 3: We prove statement (iii). For (o, m) € X'(gg), we set

a(t) =ACo (1 +Dugm), m(t) :/ V(I +Dugm).
Rn

Then
n

n—1

m'(0) = / D (U m) VW (g )t m > 0
Rn
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and thus there exist ¢, > 0 and an open interval I of m such that m is strictly increasing from (—t¢,, #,)
to I with m(0) = m. From W (o, m(t)) < a(t) for every |t| < t, and from that fact that a is differentiable
on (—t,, t,) we deduce that, if m is such that W (o, -) is differentiable at m, then

a/(O) _ fRn 20 v”a,m : Vua,m + (I/G)W/(ua,m)”a,m
ml(o) fRn V/(ua,m)uo,m

Now, by statement (i), W (o, -) is differentiable a.e. on ((o/g9)", 00), as well as absolutely continuous,

ov
%(o, m) = = A(o, m).

while A (o, -) is continuous on ((o/gg)", 00): by the fundamental theorem of calculus we thus conclude
that (0W/0m) (o, -) exists for every m > (0/gp)" and agrees with A (o, m).

Step 4: We prove statement (iv). Recalling that
V(o, m) = m<"—1>/"w(%) for all o, m > 0, (6-10)
ml/n

we see that, since W (o, - ) is differentiable on ((o/gg)", 00), we know 1 is differentiable on (0, gg). Since
¥ is differentiable on (0, o, by (6-10) we see that W( -, m) is differentiable on (0, ggm!/") for every

m > 0, with
v o
o m=2)/n
ao v <m1/">'

Statement (iv) will thus follow by proving that /" > 0 on (0, &y). To derive a useful formula for ¥ we
differentiate (6-10) in m and use (6-2) and A(o/m'/") = m'/" A(o, m) to find that

n—1 1 o 1 o [ o A(U/ml/")
n ml/nw mi/n _;mZ/nw min ) = gatn

ex//(e)=<n—1)w<s)—nx(s)=e/ |wg|2—1/ W),
Rn & R~

In particular, by (4-5),

By (3-8), if we set n.(s) = n(s — 7.) and change variables according to |x| = Ry + &s we find

ey (e) = / (Gl + £7 = We + £} (Ro+ )" ds. 6-11)

—Ry/e
Multiplying by u/, and then integrating on (r, 0o) the Euler—Lagrange equation
/
—282{14;/ +(n— 1)%} =er(&)V (us) — W' (up),
we obtain as usual
20132 ()’
eu,)" —=2(m—1)e / ——dp=W(u.)—er(e)V(u,)
r P

for every r > 0; by the change of variables r = Ry + &s we thus find

00 2
e+ f1)* —2(n — 1)/ M dt =We + fo) —2(e)eV(ne + fe)
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for every s € (—Ryp/e, 00). We combine this identity into (6-11) to find

[ee) 00 2
ey (e) = / {2(11 — e / ('I’s + fs) dt —r(e)eV (n, + fg)}(Ro +e5)" " ds. (6-12)
R()/é‘ 0 +

We now notice that, by (A-16), (A-18), and (3-9) (that is, by the exponential decay of 1, 7, n” and by
| fo(s)| < Cee™PV/CE for s > —Ry/¢), we have

o] l N2 ()2 o) I
/ e+ fe)" = ()" sz efe
s s

Ry + et Ry + et
/ o0 /
_ o) fe(s) 2/ £.05) ) g —CoebIIC
Ro+es s Ro+et

so that (6-12) gives

’ /oo { /OO (né)zdl‘ } n—1 2
eY'(e) = 2(n—1)e ———— —A(E&)eV(e+ fo) t (Ro+es)" ™ ds —Ce~. (6-13)
s Ro+et

—Ro/é‘

By (4-7), (3-9), Ry = w, /" and (6-13), we have

e8] o0

V() = 2(n — Dawl/" f {/ (nl)*dt — V(ng)}(Ro +es)" ' ds — Ce. (6-14)
—Ro/e K
Since [(n,)* = ®(1:(s)) thanks to 1, = —/W(n,) = — (1), by (6-14) we have
¥'(e) > 2(n — D" / (®(1e) — V(ne))(Ro+£5)" ' ds — Ce
R
>2(n— Do)/ Ry /(cp(n) —V(n)ds —Ce.
R

Since @ takes values in (0, 1), V = ®/@~D < & on (0, 1), and

fR (@) — V() ds

is a universal constant. In particular, ¥'(¢) > 1/C for every & < &. O

6B. General criteria for radial symmetry and uniqueness. In this brief section we exploit two classical
results from [Gidas et al. 1981; Peletier and Serrin 1983] to deduce a symmetry and uniqueness result for
the kind of semilinear PDE arising as the Euler-Lagrange equation of W (o, m).

Theorem 6.2. Letn > 2, let W € C>1[0, 1] satisfy (1-11) and (1-12), and consider £ € R and o > 0.
(1) Ifue C%(R"; [0, 1]) is a nonzero solution to
—20%Au=0tV'(u)—W'(u) onR", (6-15)

withu(x) — 0 as |x| — oo, then 0 <u <1 onR" and u € R,

(2) There exists a universal constant vy such that, if 0 < o £ < vy, then, modulo translation, (6-15) has a
unique solution among functions u € Ry, withu(x) = 0 as |x| > coand 0 <u < 1 on R”".
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Remark. Notice that the smallness of o £ is required only for proving statement (ii).

Proof. Step 1: We prove statement (i). We intend to apply the following particular case of [Gidas et al.
1981, Theorem 2]: if n > 2, u € C*(R*; [0, 1]), u > 0on R", u(x) = 0as |x| = oo, —Au+mu = g(u)
onR", withm >0and g € C'[0, 1] with g(t)= O(tH"") ast — 0T for some o > 0, then, up to translations,
u € Ry

To this end we reformulate (6-15) as

—Au+mu =g(u) onR", (6-16)
where m = W”(0)/(20%) > 0 and
LV'(t) W0 — W)
20 + 202 ’
As noticed in Section A3, V € C?>7[0, 1] for some y € (0, 1], while W € Cc>'10,1]: in particular
g €C'[0,1]. By W € C*>'[0, 1] with W’(0) = 0 we have |W'(z) — W”(0)¢| < Ct?, while (A-11) states
that |V'(r)| < Ct'* for t € [0, 1] for some & > 0, so that

tel0,1].

gt) =

lg()| < Cn, W, £, 0)t'™ forallt [0, 1]. (6-17)

To check that u > 0 on R”, we notice that, by (6-17), for every m’ € (0, m), we can find ) > 0 such that
(6-16) implies that —Au +m’ u > 0 on the open set {u < #o}. Since u > 0 and u is nonzero, we conclude
by the strong maximum principle that u > 0 on {u < g}, and thus, on R". We are thus in the position to
apply the stated particular case of [Gidas et al. 1981, Theorem 2] and conclude that u € R.

We prove that u < 1 on R". Let us set

V@) W)

f@) = o 257

and notice that (6-15) is equivalent to —Au = f (1) on R". Since f is a Lipschitz function on [0, 1] with
f(1) =0, we can find ¢ > 0 such that f(¢) + ct is increasing on [0, 1], and rewrite —Au = f(u) as

t €0, 1], (6-18)

—A(—uw)+c(l—u)=(f@) + )=} > 0.

We thus conclude that v = 1 — u is nonnegative on R" and such that —Av + cv > 0. Since v is nonzero
(thanks to u(x) — 0 as |x| — o0), by the strong maximum principle we conclude that v > 0 on R", i.e.,
u <1onR"

Step 2: We prove statement (ii). We intend to use [Peletier and Serrin 1983, Theorem 2]: if
(a) f locally Lipschitz on (0, 00),
(b) f(t)/t = —mast— 0" where m > 0,
(c) setting F(t) = fol f(s)ds, there exists 6 > 0 such that F(5) > 0,

(d) setting B =inf{t > 0: F(¢) > 0} (so that by (b) and (c), B € (0, 8)), the functiont — f(t)/(t — B) is
decreasing on (B, o0) N{f > 0},

then there is at most one u € C*(R") N Ro, with u > 0 on R" and u(x) — 0 as |x| — oo, solving
—Au = f(u) on R".
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Since, by statement (i), solutions to (6-15) satisfy 0 < u < 1 on R", in checking that f as in (6-18)
satisfies the above assumptions it is only the behavior of f on (0, 1) (and not on (0, 0co)) that matters.
Evidently (a) holds, since f € C L0, 1] for some « € (0, 1). Assumption (b) holds with m = W"(0)/ (202).
Property (c) holds (with § € (0, 1)) since
LV W@

20 202"
and F(1) =V (1)/20) =4£/20 > 0by £ > 0 and W(1) = 0. We finally prove (d). Notice that, clearly,

B € (0, 1) and, by the continuity of F, F(8) =0, so that, taking (A-3) and (A-6) into account, and using
cl<vyvyand V(1) =1,

t €[0,1],

t
F(z):/ f($)ds =
0

min{g°, (1 - $)}

C <W(B)=0tV(B) <. (6-19)
If vy < 1, then by (A-6) and (A-11) we find
2
202F(t) = otV (t) — W(t) < V() — W() < Ct?/ =D — % <0 forallt e (0,8). (6-20)

By (6-20) it must be 8 > §g. Hence, by (6-19), if vy is sufficiently small, then (1 — B)? < Cy. Up to
further decreasing the value of vy, we can finally get that (8, 1) C (1 — g, 1), with §p as in Section A3.
We are now going to check property (d) by showing that

@ —p)< f(@) forallte(B, 1) (6-21)

(recall that 0 < u < 1 on R", so we can use a version of [Peletier and Serrin 1983, Theorem 2] localized
to (0, 1)). Using the explicit formula for f, (6-21) is equivalent to

alV' ()t —B) <oltV't)—W () +W'@t)t—pB) forallze (B, 1). (6-22)

By (A-6), we have W' (t)(t — ) >0 on (B, 1) C (1 — 6, 1), and since V' > 0 on [0, 1], (6-22) is implied
by checking that, for every ¢ € (8, 1),

—W/(t)>c7£\/“(t)—ge{ n W) N n (/tﬁ)l/(n_l) W (t) }
= - (n—1)2 (fém(n—z)/(n—l) n—1\J, a0 .

In turn, since W <0 on (1 —§p, 1) and o £ < vy < 1, it is actually enough to check that

W " W ()
“(n—1)? (fOt \/W)(nd)/(nfl)

But, up to further decreasing the value of §, this is obvious: indeed (A-6) gives —W'(¢r) > (1 —¢)/C and
W(t) < C( —1)* forevery t € (1 — &y, 1). O

forall r € (1 —6p, 1).

6C. Proof of Theorem 1.1. Theorem 2.1, Corollary 4.2, Theorem 6.1 and a scaling argument show the
validity of statements (i) and (ii), while statement (iii) follows similarly by scaling and by Theorem 5.1.
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To prove the Alexandrov-type theorem, that is, statement (iv)> we consider u € C%(R"; [0, 1]), with
u(x) — 0 as |x| = oo, and solving

—202Au=0tV'(u) —W'u) onR", (6-23)
for some o and ¢ with 0 < o€ < vy. By Theorem 6.2(i), u € R}, and by Theorem 6.2, provided vy is
small enough, we know that there is at most one radial solution to (6-23). Since we know that u, ,, is a
radial solution of (6-23) with £ = A (o, m), we are left to prove that for every £ € (0, vg/0’) there exists a
unique m € ((o/&p)", 00) such that A (o, m) = £.

To this end, we first notice that, by (4-7) and by scaling, for every o > 0 we have

1 o "
A(a,m):m)» Y — 0" asm — +oo.

In particular, since, by Theorem 6.1, A (o, -) is continuous and strictly decreasing on ((o/gg)", 00), we

(2o (2)

Now, setting m = (0 /gg)" in (6-1), that is, in

have

m'/" Ao, m) —2(n — Deol/"| < C——,
ml/n
we find that ;
g 1/n 2
O'A(O‘, <—) ) —2(n—Dw,"ey| < Cegy,
0]

which implies

n -1 }l/”
A(a, (1) ) > (n)—a)eo for all o > 0,

€0 o

provided &g is small enough. Up to further decreasing the value of vy so to have vg < (n —1) a),ll/ " g0, we

02)<frmmn-(5)]
0, —)CiA(loc,m):m>|—] i,
o &0

and that for each ¢ € (0, vg/0) there is a unique m > (0/&p)" such that £ = A(o, m), as claimed. This

have proved that

completes the proof of Theorem 1.1.

Appendix: Frequently used auxiliary facts

Al. Scaling identities. If u € H'(R"; [0, 00)), t > 0, we set

pru(x)=u(""x), xeR"
and notice that

f flom =1 / fw), / V(o) = (W70 || Vul?, (A-1)
R R R R

5Notice that we are using £ in (6-23) rather than X (as done in (1-22)) to denote the Lagrange multiplier of u. This is meant to
avoid confusion with the function A(e) = (0W/dm)(e, 1) appearing in the argument.
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/-1 2, 1 _ACyn (u)
AC¢(pru) = et . |Vul” + o o W(u) = ——Din

(A-2)
whenever f : R — R is continuous.

A2. Concentration-compactness principle. Denoting by B, (x) the ball of center x and radius r in R", and
setting B, = B,(0) when x = 0, we provide a reference statement for Lions’ concentration-compactness
criterion, which is repeatedly used in our arguments: if {u;}; is a sequence of probability measures
in R", then, up to extracting subsequences and composing each (; with a translation, one of the following
mutually excluding possibilities holds:

Compactness case: for every T > (0 there exists R > 0 such that

il’_lf,le(BR) >1—r1.
J

Vanishing case: for every R > 0,
lim sup ¢ (Bg(x)) =0

J 700 xeRn

Dichotomy case: there exists a € (0, 1) such that for every T > 0 one can find S > 0 with S; — 00 such that

sup o — pj(Bs)| <7, sup|(l—a)—pu;(R"\ Bg)| <.
J J

Notice that the formulation of the dichotomy case used here is a bit more descriptive than the original one
presented in [Lions 1984, Lemma I]. Its validity is inferred by a quick inspection of the proof presented
in the cited reference.

A3. Estimates for W, ® and V. Throughout the paper we work with a double-well potential W €
C?1[0, 1] satisfying (1-11) and (1-12), that is,

W@O)=w({1)=0, W=>=0o0n(0,1), W"'0),W"'1)=>0, (A-3)

1
/ VW =1. (A-4)
0

Frequently used properties of W are the validity, for a universal constant C, of the expansion

2
W(b) = W(a)— W(a)b—a)— W @) L= < clb—af foralla,be(o, 1], (A-5)
2
and the existence of a universal constant 5y < % such that
!/

S WsC on (0, 5]

1 W _W/ (A-6)

—< T 1or W’ <C on[l—36p,1).

We can use (A-6) to quantlfy the behaviors near the wells of ® and, crucially, of V. We first notice that,
by (A-3), ® € C3 (0, 1), with

w’ w” (W/)Z
i " _ "o __
o = W, q)—m, o} _2\/W_W 011(0,1).

loc
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By (A-6) and (A-4) we thus see that @ satisfies

1 o 9
_S_’_9<D SC On(O’SO]’
C 't (A7)
1= & P’ <C [1—260, 1)
. —7 _7 - — On - 9 b
C=(-0>1—1 0
from which we easily deduce
(b—a)®
|® (D) — P(a)| = C forall a, b € [0, 1]. (A-8)
Moreover, by exploiting (A-7) and setting for brevity a = W”(0), we see that as t — 0T
o 2WW (W2 2a+0)@(r?/2)+0() — (@ +0(%)* _ 0
4W3/2 4(a(r?/2) +O(13))3/? 4a3/263 + o(13)’
and a similar computation holds for t — 17, so that
|®”| < C on (0,8)U(l—5,1). (A-9)

By (A-7) and (A-9) we see that ® € C>![0, 1] with a universal estimate on its C>![0, 1]-norm: in
particular,

() — (@) — D' (a)(b—a)— @’/(a)@‘ <Clb—al® foralla,be(0,1). (A-10)

Since V = &1 for o = 1/(n—1) € (0, 1] (recall that n > 2) and ®(¢) = 0 if and only if r = 0, we easily
see that V € C} (0, 1), with

(@)? «
@ +—+d

; o &/ "__
Vi=(l+a)®*d, V —(l—l-ot){ot 2 T pia

CD/ 3 q)/ (I)”
+q>olq)//}’ |VW|§C(O{){( ) | | |<D///|}.
By (A-10), and keeping track of the sign of ®” and of the fact that negative powers of ®(¢) are large
only near t = 0, but are bounded near r = 1, we find that

1 \% v v "
ESW—M,M,WSC, V7 <
1 1-V %4

Lo =Y Y e wrvr=c 150, 1).
e VLIV < on [1 -8, 1)

12a om0, 8],

(A-11)

In particular, V € czrmio, 1], y(n) =min{l, 2/(n — 1)} € (0, 1], with second-order Taylor expansions
of the form

V(b)—V(a)—V'(a)(b—a)— V”(a)% <Clb—alPt’™ foralla,be (0,1). (A-12)

We finally notice that we can find a universal constant C such that

12
ol <W(@®), V@) < Cr?, V()< CW(@) forallte (0,1—36) (A-13)
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(as it is easily deduced from the bounds on W and V in (A-6) and (A-11) and from the fact that W > 0
on (0, 1)), and that we can also find C so that

1
V) > ol for all ¢ € (6, 1). (A-14)

Ad. Estimates for the optimal transition profile . A crucial object in the analysis of the Allen—Cahn
energy is of course the optimal transition profile n, defined by the first-order ODE

{n/ =—JVW(@n) onR,
n(0) = 3,

which can be seen to satisfy (see, e.g., [Leoni and Murray 2016]) n € C*\(R), n < 0 on R (and
—C <n' <—1/C for|s| < 1), n(—o0) = 1, and n(+o00) = 0, with the exponential decay properties

(A-15)

1—n(s) <Ce*€ foralls <0, n(s) < Ce™/¢ foralls >0, (A-16)

for a universal constant C. Similarly, by combining (A-16) with (A-15), with the second-order ODE
satisfied by 1, namely,
20" =W'(n) onR, (A-17)

and with (A-6) we see that also the first and second derivatives of n decay exponentially
1 ()], 17" (s)| < Ce™*V/C  forall s € R. (A-18)
Combining again (A-16) and (A-6) we also see that
SERM 1(—oo,0)(8) = V(n(s — 1))

belongs to L' (R) for every 7 € R, with

reRw/maPmmw—vm@—w»w

increasing in t and converging to FFoo as T — F00. In particular, there is a unique universal constant 7
such that

/ (L(—00,00(8) = V(s — 70))) ds =0. (A-19)

The constant 7 appears in the computation of the first-order expansion of v (¢) as ¢ — 0" and can be
characterized, equivalently, to be

70 :/ n'V'(n)sds. (A-20)
R
Indeed, (A-19) gives

0=/ (Lioe.0)(s) — V(s — ) ds

0 o0
=/‘u—vm@—m»M—A Vn(s — 1)) ds

—0o0

0 S—To o0 o0
=—f w/' wmwmmm+A w/ 0OV (0(6)) d.
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Both integrands are nonnegative; therefore by Fubini’s theorem

—T70 0 (e%e] t+10
02—/ dl/ n’(t)V’(n(t))ds—/ d[/o n'(OV' (n(1)) ds
—00 t+710 —70

= f _To(t + 1) (OV' (n(1)) dt + oo(t+ro)n/(t)V/(n(t))dt,
that is, - -
/ n'V'(imtdt = —ro/ n'V'(n) =V =1,
as claimed. ’ !
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Inspired by recent work of Mourgoglou and the second author, and earlier work of Hofmann, Mitrea and
Taylor, we consider connections between the local John condition, the Harnack chain condition and weak
boundary Poincaré inequalities in open sets  C R"*!, with codimension-1 Ahlfors—David regular bound-
aries. First, we prove that if €2 satisfies both the local John condition and the exterior corkscrew condition,
then €2 also satisfies the Harnack chain condition (and hence is a chord-arc domain). Second, we show that if
Q is a 2-sided chord-arc domain, then the boundary 92 supports a Heinonen—Koskela-type weak 1-Poincaré
inequality. We also construct an example of a set 2 C R"*! such that the boundary <2 is Ahlfors—David reg-
ular and supports a weak boundary 1-Poincaré inequality but €2 is not a chord-arc domain. Our proofs utilize
significant advances in particularly harmonic measure, uniform rectifiability and metric Poincaré theories.
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1. Introduction

Extending the PDE theory from smooth or otherwise “nice” domains to spaces with rough geometries
has been under intensive research over the previous decades. The new tools and techniques developed
by numerous authors have helped to overcome many difficulties in this field but many questions remain
open. See [Hofmann 2019; Mattila 2023] for recent surveys related to key developments in some parts of
this and related research.

We consider connections between John-type conditions, the Harnack chain condition and Poincaré
inequalities in spaces with rough boundaries, inspired by the recent work [Mourgoglou and Tolsa 2021].
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In their work, they solved a long-standing open problem [Kenig 1994, Problem 3.2.2] (see also [Toro
2010, Question 2.5]) about the solvability of the regularity problem for the Laplacian. More precisely,
they proved the following theorem. We give the exact definitions of the objects and concepts in the
theorem in Sections 2 and 3.

Theorem 1.1 [Mourgoglou and Tolsa 2021, part of Theorems 1.2 and 1.5]. Let Q@ C R"*! be a bounded
open set satisfying the corkscrew condition (see Definition 2.7), with n-dimensional Ahlfors—David regular
boundary 02 (see Definition 2.6). For 1 < p <2 we have:

(a) The regularity problem for the Laplacian is solvable in L? for Q2 (see Definition 2.31) if and only if
the Dirichlet problem is solvable in L (see Definition 2.30), where p' satisfies 1/p+1/p’ = 1.

(b) Suppose that either 02 supports a weak p-Poincaré inequality (see Definition 2.29) or that 2
satisfies the 2-sided local John condition (see Definitions 2.1 and 3.2). If the regularity problem for
the Laplacian is solvable in L? for 2, then the tangential regularity problem for the Laplacian is
also solvable in L? for Q2 (see Definition 2.31).

Remark that, in particular, from (a) in the theorem above it follows that the regularity problem is
solvable in L? for chord-arc domains (see Definition 2.10) for some p > 1; see, e.g., [David and Jerison
1990; Semmes 1990]. This extends previous results of [Jerison and Kenig 1982b] in the plane, and of
[Verchota 1984] in Lipschitz domains.

Our goal is to revisit the assumptions of Theorem 1.1(b) by studying them from the point of view of
2-sided chord-arc domains: we show that a 2-sided local John domain with codimension 1 Ahlfors—David
regular boundary is a 2-sided chord-arc domain, and the boundary of any 2-sided chord-arc domain
supports weak Poincaré inequalities. To be more precise, we prove the following two results:

Theorem 1.2. Suppose that @ C R"*! is an open set with n-dimensional Ahlfors—David regular boundary
that satisfies the local John condition and the exterior corkscrew condition (see Definitions 2.1 and 2.7).
Then Q2 also satisfies the Harnack chain condition (see Definition 2.9). In particular, a 2-sided local John
domain with codimension 1 Ahlfors—David regular boundary is a 2-sided chord-arc domain.

Theorem 1.3. Suppose that Q@ C R"*! is a 2-sided chord-arc domain. Then the following weak 1-Poincaré
inequality for Lipschitz functions on 02 holds: there exist constants C > 1 and A > 1 such that for every
Lipschitz function f on 02 and every A = A(y,r) = B(y, r) NI we have

f | f () = (flaldo(x) < Crf IVif(x)ldo(x), (1.4)
A AA
where Vi f is the tangential gradient of f (see Definition 2.27), o := H"|yq is the surface measure and
1
(ai= s [ F0dae)

is the integral average of f over A.

We note that the conclusion of Theorem 1.2 holds if the local John condition is “good enough” in
the sense that a Dg-local John condition implies the Harnack chain condition but a (Dyg, Rp)-local John
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condition for Ry = ¢ - diam(d€2) and ¢ < 1 small enough does not if diam(d2) < oco. See the definitions
and discussion in Section 3.

Theorem 1.3 and its consequence Corollary 1.6 improve some results in the literature. Earlier, Semmes
proved that a weak 2-Poincaré inequality for the tangential gradient (that is, inequality (1.4) with the right-
hand side replaced by Cr(fA AlVif(x) |2 do (x))'/2) holds for smooth functions on any chord-arc surface
with small constant [Semmes 1991, Lemma 1.1] (see the introduction of that work for the definition of
these surfaces). Theorem 1.3 both provides a stronger inequality and generalizes the class of surfaces
considered by Semmes. A key element in the proof of Theorem 1.3 is the machinery built by Hofmann,
Mitrea and Taylor [Hofmann et al. 2010]. In their paper, they prove a weak (p, p)-Poincaré inequality with
a tail for the Hofmann—Mitrea—Taylor Sobolev space Lf (0€2) with respect to the Hofmann—Mitrea—Taylor
gradient (see Definition 2.28) for any 1 < p < oo on boundaries of 2-sided local John domains [Hofmann
et al. 2010, Proposition 4.13]. Combining Theorem 1.3 with some density results in [Hofmann et al.
2010] and tools in [Mourgoglou and Tolsa 2021] shows us that the tail in their inequality can be removed,
at least when €2 is a bounded 2-sided chord-arc domain (see Corollary 7.13).

Our results have some immediate consequences. First, we note that since chord-arc domains satisfy
the local John condition, Theorem 1.2 gives us the following characterization result:

Corollary 1.5. Let Q C R"*! be an open set satisfying a 2-sided corkscrew condition, with n-dimensional
Ahlfors—David regular boundary 0S2. Then the following conditions are equivalent:

(a) 2 satisfies the local John condition.

(b) Q satisfies the Harnack chain condition.

For recent related results for semiuniform domains and chord-arc domains, see [Azzam 2021b; Azzam
et al. 2017].

Second, Theorem 1.3 combined with a Lipschitz characterization of Poincaré inequalities [Keith 2003,
Theorem 2] gives us the following Heinonen—Koskela-type weak 1-Poincaré inequality:

Corollary 1.6. Let Q2 C R be a 2-sided chord-arc domain. There exist constants C > 1 and A > 1
such that for every A = A(y, r) we have

fAlf(X)—(f)AldG(X)SCrf p(x)do(x) (1.7)

AA

for any f € L\ (3Q) and any upper gradient p of f (see Definition 2.25), where o := H"|yq is the

loc
surface measure.

We note that this weak 1-Poincaré inequality implies a weak p-Poincaré inequality (that is, inequality
(1.7) with the right-hand side replaced by Cr(f, , |0 (x)|” da(x))l/p) for any 1 < p < oo by Holder’s
inequality. Furthermore, by [Heinonen et al. 2015, Corollary 9.14], these weak p-Poincaré inequalities
imply weak (p, p)-Poincaré inequalities of the type

I/p 1/p
<f If(x)—<f>A|”d0(X)) SCr<f Ip(X)I”do(X)> ,
A AA
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where we used the same notation as in Corollary 1.6. See also Corollary 7.13 for an inequality of this
type for the Hofmann—Mitrea—Taylor Sobolev spaces in bounded 2-sided chord-arc domains. We also
note that the conclusion of Corollary 1.6 is the inequality appearing in Theorem 1.1. It is natural to ask if
Corollary 1.6 can be strengthened into a characterization but this is not possible: there exist non-chord-arc
domain open sets Q C R"*! with n-dimensional Ahlfors—David regular boundaries 32 that support
weak Poincaré inequalities. See Section 8 for an example and discussion. However, we point out that a
result for the converse direction was recently proven by Azzam [2021a] who showed that weak Poincaré
inequalities imply uniform rectifiability (see Definition 2.8) for Ahlfors—David regular sets E C R"*!.

Furthermore, Corollary 1.6, combined with [Heinonen and Koskela 1998, Theorem 5.7; Korte 2007,
Theorem 3.3; Cheeger 1999, Theorem 17.1] (see also, e.g., [Merhej 2017; Heinonen et al. 2015]),
immediately gives us the following two new results about the geometric structure of boundaries of 2-sided
chord-arc domains:

Corollary 1.8. Let Q C R"™! be a 2-sided chord-arc domain. Then 3K is a Loewner space (see
Definition 2.24).

Examples of Loewner spaces include the Euclidean space, Carnot groups and Riemannian manifolds of
nonnegative Ricci curvature [Heinonen and Koskela 1998, Section 6]. For other examples, see [Heinonen
et al. 2015, Section 14.2].

Corollary 1.9. Let Q@ C R"*! be a 2-sided chord-arc domain. Then
e if n =1, then dQ2 is quasiconvex (see Definition 2.22),
e if n > 1, then 02 is annularly quasiconvex (see Definition 2.22).

We note that the case n = 1 in Corollary 1.9 cannot be improved to annular quasiconvexity: 2= B(0, 1)
(the unit disc) is a 2-sided chord-arc domain but for any z € 2 and any 0 < r < % there exist points
x,y € B(z,2r)\ B(z, r) such that x and y can be joined in d<2\ {z} only with paths y such that £(y) > 1.

The proofs of Theorems 1.2 and 1.3 and Corollary 1.6 utilize significant advances in geometric analysis
over the past 25 years. For Theorem 1.2, we use harmonic measure theory (particularly the very recent
results of Azzam, Hofmann, Martell, Mourgoglou and the second author [Azzam et al. 2020]) and uniform
rectifiability techniques (particularly the bilateral weak geometric lemma of [David and Semmes 1993]).
For Theorem 1.3 and Corollary 1.6, we combine layer potential techniques of [Hofmann et al. 2010] and
pointwise and Lipschitz characterizations of Poincaré inequalities of [Heinonen and Koskela 1998; Keith
2003] (see also [Heinonen 2001]) with suitable localization and truncation arguments. One of the novelties
in the proof of Theorem 1.3 is the use of a weak type-(1, 1) version of a weak Poincaré inequality with
a tail, analogous to the strong type-(p, p) version proved previously in [Hofmann et al. 2010].

The paper is organized as follows. In Section 2 we fix the basic notation, review the numerous
definitions needed in the paper and consider some auxiliary results from the literature. In Section 3, we
define three different John-type conditions and compare them. In Section 4, we consider the bilateral
weak geometric lemma of David and Semmes and prove some straightforward related results for the proof
of Theorem 1.2, and in Section 5 we prove Theorem 1.2. In Section 6, we consider the Hofmann—Mitrea—
Taylor-type weak p-Poincaré inequality with a tail for 1 < p < oo and use techniques from its proof to
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prove a weak-type estimate for the case p = 1. In Section 7, we use this weak-type estimate together
with some key results from the theory of Poincaré inequalities in metric spaces to prove Theorem 1.3
and Corollary 1.6. In Section 8, we end the paper by constructing an example that shows us that the
assumptions in Corollary 1.6 are not optimal and consider some questions related to this work.

2. Notation, basic definitions and auxiliary results

Definition 2.1. Let  C R"*! be an open set and consider a geometric condition; such as the local John
condition (see Definition 3.2). If the interior of Q€ satisfies the condition, we say that Q2 satisfies the
exterior version of the condition. If both € and the interior of Q€ satisfy the same condition, we say that
Q satisfies the 2-sided version of the same condition.

We use the following basic notation and terminology:

e Q C R™! is an open set with n-dimensional boundary 9$2. We denote the surface measure of 92 by
o :=H"|3q. Unless explicitly mentioned, we assume that d€2 is Ahlfors—David regular (see Definition 2.6)
and that both € and int Q° satisfy the corkscrew condition (that is, 2 satisfies the 2-sided corkscrew
condition; see Definitions 2.1 and 2.7).

« Usually, we use capital letters X, Y, Z, and so on, to denote points in €2, and lowercase letters x, y, z,
and so on, to denote points in 02.
« For every point X € R"*+! we define §(X) := dist(X, ).

e We denote the open (n+1)-dimensional Euclidean ball with radius » > 0 by B(X,r) or B(x,r),
depending on whether the center point lies in €2 or 2. For any x € 92 and any r > 0, we denote the
surface ball centered at x with radius r by A(x,r) := B(x,r) N 3.

e Given a Euclidean ball B := B(X, r) or a surface ball A := A(x, r) and a constant x > 0, we define
kB := B(X,kr) and kA := A(x, kr).

« For a metric measure space (X, d, i), a function f and an open ball B, we denote the average of f

(f)B :=fodu :=ﬁ/3fdu.

e A path is a continuous function y : [0, 1] — X, where X is a metric space. With slight abuse of
terminology, we call a path y : [0, 1] — Q a path in Q if y () € Q for every t € (0, 1]. With slight abuse
of notation, we write Z € y if there exists ¢ € [0, 1] such that y () = Z. We say that a path y is from X
to X5 if y(0) = X1 and y (1) = X».

e The length of a path y : [0, 1] — Q is defined as

over B by

k
y) = sup{Z ly () — y(ri+1)|},

i=0
where the supremum is taken over all finite partitions 0 =1fy < t; < --- <t = 1 of the interval [0, 1]. We
say that a path y is rectifiable if the length of y is finite.
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« Given a rectifiable path y and a function f, we denote the arc-length parametrization of y (that is, the
reparametrization of y with respect to £(y)) by y; : [0, £(y)] — R"*! and the integral of f over y by

L(y)
f f= foye(t)dt.
y 0

o For a path y and points X, X» € y with y(¢) = X and y(s) = X, for ¢, s € [0, 1], ¢ < s, we denote
the piece of y from X; to X, by y (X1, X») and its length by £(y (X1, X»)). Again, with slight abuse of
notation, we write Z € y (X1, X») if there exists u € (s, t) such that y (1) = Z.

 We denote harmonic measure with pole at X € by wX. Usually, we drop the pole from the notation if
we consider properties that hold for every X e Q.

e Let ACR"! f:A— R, «>0and B> 1. We say that f is a-Lipschitz if

| fx) = fD =alx -yl
for all x, y € A. We say that f is locally a-Lipschitz if
b |f ) — fF “u

lim su 2.2)

A3y—Xx lx — yl
yF#EX

for every x € A. We say that f is B-bi-Lipschitz if

%u — Y S If @) = FO] < Blx —

for all x, y € A.

o We denote the measure-theoretic boundary of 2 by 0,2: we have x € 9, if and only if x € 92, and

Bx,r)NQ . |B(x, Q
lim inf M >0 and liminf M >
r—0+ prtl r—0+ prtl

0. (2.3)
« Forany p > 1, we denote the Holder conjugate of p by p’. The numbers p and p’ satisfy 1/p+1/p'=1.
* We denote the nontangential maximal operator by N,: for a function u in 2, N,u is a function 02

defined as

Niu(x) = sup [u(Y)], (2.4)
Yel,(x)

where I'y (x) is the cone at x € 02 with aperture «,
Co(x):={Y e R |x — Y| <a8(Y)}. (2.5)

We say that a function u in Q2 converges nontangentially to a function f on 0Q2if u(¥Y) — f(x)asY — x
inside I'y (x).

o The letters ¢ and C and their obvious variations denote constants that depend only on dimension, ADR
constant (see Definition 2.6), UR constants (see Definition 2.8) and other similar parameters. The values
of ¢ and C may change from one occurrence to another. We do not track how our bounds depend on these
constants and usually just write oy < a0 if o1 < ¢ arp for a constant like this ¢ and o) ~ ap if o S S .
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If the constant ¢, depends only on parameters of the previous type and some other parameter «, we
usually write o) <, o instead of o < ¢, 0.

2A. ADR, UR, NTA, CAD, and the corkscrew condition.

Definition 2.6 (ADR). We say that a closed set E C R"*! is a d-ADR (Ahlfors—David regular) set if
there exists a constant D > 1 such that

%rd < Hd(B(x, rNE)< Dr

for every x € E and every r € (0, diam(E)), where diam(E) may be infinite.

Definition 2.7 (corkscrew condition). We say that 2 satisfies the corkscrew condition if there exists a
constant ¢ € (0, 1) such that for every surface ball A := A(x, r), with x € 92 and 0 < r < diam(9£2),
there exists a point XA € Q2 such that B(Xa, cr) C B(x,r)N €2,

Definition 2.8 (UR). Following [David and Semmes 1991; 1993], we say that an n-ADR set E C R+l
is UR (uniformly rectifiable) if it contains big pieces of Lipschitz images of R", i.e., there exist constants
6, M > 0 such that for every x € E and r € (0, diam(E)) there is a Lipschitz mapping p = p, , : R" — R"*!,
with Lipschitz norm no larger than M, such that

HY(ENBx,r)Np{y eR":|y] <r}h) =0r".
Definition 2.9 (NTA). Following [Jerison and Kenig 1982a], we say that a domain © C R*t! is NTA
(nontangentially accessible) if

o O satisfies the Harnack chain condition: there exists a uniform constant C such that for every p > 0,
A >1and X, X' € ® with §(X),8(X’) > p and |X — X’| < Ap there exists a chain of open balls
Bi,...,ByC®, N<C(A),with X € By, X' € By, BiNBj;1 # 2 and C~! diam(By) < dist(By, 90) <
C diam(By),

e both ® and R"*! \ © satisfy the corkscrew condition.

Definition 2.10 (CAD). An open set 2 C R"*! is a CAD (chord-arc domain) if it is NTA, and 9 is
n-ADR.

The following result originates from [David and Jerison 1990; Semmes 1990] (see also [Hofmann et al.
2010, Definition 3.7 and Corollary 3.9]):

Theorem 2.11. Suppose that Q@ C R"*! is an open set satisfying the two-sided corkscrew condition and
that 02 is ADR. Then 02 is UR and o (02 \ 0,$2) = 0.
2A1. Dyadic cubes.

Theorem 2.12 (see, e.g., [Christ 1990; Sawyer and Wheeden 1992; Hytonen and Kairema 2012]). Suppose
that E is a d-ADR set. Then there exists a countable collection D (that we call a dyadic system),
D= D De={0 e A,

keZ
of Borel sets Q’; (that we call (dyadic) cubes) such that
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(i) the collection D is nested: if Q, P €D, then QNP € {3, O, P},
(i) E= UQeIDk Q for every k € Z and the union is disjoint,

(ii1) there exist constants c; > 0 and Cy > 1 such that
Az, e127%) € 0F C Al €1275), (2.13)

@iv) for every set Qf; there exist at most N cubes QIBI,JFI (called the children of Q{;) such that Qf; =
U; ngl, where the constant N depends only on the ADR constant of E.

Notation 2.14. We shall use the following notational conventions.

(1) For each k, and for every cube Q’& := Q € Dy, we define £(Q) := C127% and X = z’o‘l. We call £(Q)
the side length of Q, and x¢ the center of Q. If the set E is bounded or disconnected, the side length
might not be well-defined, but we can fix this problem easily by, for example, considering the minimum
of the numbers C;2~* such that 0 C A(xg, C127h.

(2) Forevery Q = Q’; and k > 1, we define
kBg = B(zX, k0(Q)).
For k =1, we simply let k Bo = Byp.

Definition 2.15. We say that a collection A C D satisfies a Carleson packing condition if there exists a
constant C > 1 such that

Y 0(Q) < Co(Qo)
0eA,0CQo

for every cube Qg € D. We call the smallest such constant C the Carleson packing norm of A and denote
it by €4.

We need the following straightforward lemma in the proof of Theorem 1.2:

Lemma 2.16. Let A C D be a collection satisfying a Carleson packing condition. Also, let Qg € D be a
cube and A C Q¢ a measurable subset such that o (A) > c o (Qyg) for a constant c € (0, 1). Then there
exists a cube Q € D\ A such that 6 (Q N A) > 0 and £(Q) ~¢,  £(Qo).

Proof. Let us consider the first K > % 4/c generations of subcubes of Q. Each of these generations
covers the set A. For contradiction, suppose that o (Q N A) = 0 for each of these subcubes such that
O ¢ A. Then, forevery m =1, ..., K, we can cover the set A (up to a set of measure 0) by cubes from
the collection {Q € A: £(Q) =27"£(Qp)}. In particular, we get

K

00 K
Yo oo@=) > o@=> Y o(@nA)=> o(A)=Kca(Qo)>ECa0o(Qo),
m=0 QeA

0eA,0CQo = m=1 QcA m=1
£(Q)=2""¢(Qo) £(Q)=2""¢(Qo)

which contradicts the Carleson packing condition. Hence, there exists at least one cube Q from the first
[€4/c] generations of subcubes of Qg such that c(QNA) >0and Q €D\ A. O
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2B. Harmonic measure and the weak- A , condition.

Definition 2.17 (weak A, for harmonic measure). For harmonic measure w, we write w € weak-A (o)
if there exist constants C > 1 and s > 0 such that if B := B(x,r) withx € 9Q and r € (O, %diam(aﬂ))
and A C A := BNJ is a Borel set, then

N
W’ (A) < C(LA)) o’ (2A) (2.18)
o(A)
for every Y € Q\ 4B.

We note that the constant 2 in (2.18) can be replaced with any constant ¢ > 1 without changing the
class weak-A (o) and that the weak-A, property is equivalent with a weak reverse Holder property for
the Radon—Nikodym derivative; see, e.g., [Anderson et al. 2017, Section 8].

We use the following lemma from [Azzam et al. 2020] in the proof of Theorem 1.2. The lemma is
a key ingredient for the proof of the geometric characterization of the weak-A, property of harmonic
measure:

Lemma 2.19 [Azzam et al. 2020, Section 10]. Suppose that 2 has a uniformly rectifiable boundary 02 and
that w € weak-Ao. Suppose also that Ry € D(02) is a dyadic cube and Y € Q2 \ 4Bg, is a point such that
c1€(Ro) < 8(Y) < dist(Y, Ro) < ¢ ' £(Ro)

and o (Ry) > ¢» > 0. Then there exist a constant ¢3 > 0 and a subset A C Ry such that 6 (A) > ¢3 0 (Rp)
and each point x € A can be joined to Y by a D-nontangential path (see Definition 3.1), where c3 and D
depend only on c1, ¢y, n, the weak-A , constants and the uniform rectifiability constants.

We also need the following classical estimate (sometimes referred to as Bourgain’s estimate [1987,
Lemma 1]):

Lemma 2.20. There exist uniform constants co € (0, 1) and Cy > 1, depending only on n and the
ADR constant, such that the following holds: if x € 02, r € (0, diam(0L2)) and Y € B(x, cor), then
w¥ (A(x,r))>1/Co > 0.

2C. Quasiconvexity, annular quasiconvexity and Loewner spaces.

Definition 2.21. Let (X, d) be a metric space. We say that a nonempty set E C X is a continuum if it is
compact and connected. We call a continuum nondegenerate if it contains more than one point. We say
that points x, y € F C X can be joined in F if there exists a continuum E C F such that x, y € E.

Definition 2.22. Let (X, d) be a metric space. We say that X is

(1) quasiconvex if there exists a constant C > 1 such that for any pair of points x, y € X there exists a
path y, , : [0, 1] — X such that y, ,(0) = x, ¥, (1) =y and £(yx,y) < Cd(x,y),

(i1) annularly quasiconvex if there exists a constant C > 1 such thatif x, y € B(z,2r)\ B(z,r) forz€ X
and r < (1/C) diam(X), then x and y can be joined by a path y =y, , in B(z, Cr) \ B(z,r/C)
such that £(y) < Cd(x, y).

(iii) rectifiably connected if for any pair of points x, y € X there exists a rectifiable path y, , from x to y.
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Definition 2.23. Let (X, d, ) be a rectifiably connected metric measure space with a locally finite Borel
measure u. Let E, F C X be two disjoint nondegenerate continua, (£, F) = (E, F; X) be the family of
paths in X connecting E and F and p > 1. We define the p-modulus of (E, F) as

mod, (E, F) :=inf/ o’ du,
e Jx

where the infimum is taken over all nonnegative Borel functions o : X — [0, 0o) satisfying
/ ods>1
¥

Definition 2.24. Let (X, d, 1) be a d-dimensional, rectifiably connected metric measure space with a

for every y in (E, F).

locally finite Borel measure . We say that X is a d-Loewner space if there exists a function ¢ : (0, 0co) —
(0, 00) such that if £ and F are two disjoint, nondegenerate continua in X satisfying
dist(E, F) -
min{diam(E), diam(F)} ~ ’

then ¢ (r) <mod,(E, F).

2D. Upper, Hajtasz, tangential and Hofmann—Mitrea—Taylor gradients, Sobolev spaces, and weak
Poincaré inequalities on d%2.

Definition 2.25. Let f : Q2 — R. We say that a Borel-measurable function p : 92 — [0, oo] is an upper
gradient of f if we have

L(y)
|f(x>—f<y)|s/p=/0 poye(t)dt
Y

for all x, y € 0Q2 and every rectifiable path y from x to y, where y; : [0, £(y)] — R is the arc-length
parametrization of y.

The notion of upper gradients originates from [Heinonen and Koskela 1996; 1998], where they were
called very weak gradients.

Definition 2.26. Let f : 92 — R. We say that a Borel-measurable function g : 92 — R is a Hajtasz
gradient of f if we have
Lf) = fl = (@) +g(y)lx —yl

for almost every x, y € Q2. We denote the class of all Hajtasz gradients of f by D(f). For p > 1,
we denote the space of Borel functions with a Hajtasz gradient in L?(02) by WP(9€) and define a
seminorm || - || yi1.p (5 for this space by setting

1 f oo == inf llgllrroe)-
le(asz) eD(f) 8IILr(3%)

The notion of Hajtasz gradients originates from [Hajtasz 1996]. By [Jiang et al. 2015], if f, g € L}OC(a Q)

and g is a Hajtasz gradient of f, then there exist functions f ,g €Ll (3Q) such that f = f andg=g

loc
almost everywhere and 4g¢ is an upper gradient of f.
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Definition 2.27. Let f : 02 — R be a Lipschitz function and let x € 92 be a point such that the
approximate tangent plane 7, 9S2 exists. Let f : R"*! — R be any Lipschitz extension of f to R"*!. We
say that f is tangentially differentiable at x if f |x+7,00 1s differentiable at x. When it exists, we denote
the corresponding tangential gradient at x by V f (x).

A thorough reference for these types of differentiability results is [Maggi 2012]. In particular, since
0% is uniformly rectifiable by Theorem 2.11 (and therefore 02 is rectifiable; see [Hofmann et al. 2010,
p. 2629] for an explicit proof), we know that the approximate tangent plane exists for almost every point
x € 02 by [Maggi 2012, Theorem 10.2], the tangential gradient exists for o-a.e. point x € dS2 by [loc. cit.,
Theorem 11.4] and the definition of the tangential gradient is independent of the choice of the Lipschitz
extension by [loc. cit., Theorem 10.1, Proposition 10.5, and Lemma 11.5].

By [Hofmann et al. 2010], the next definitions make sense if we know that— on top of the standing
assumptions on 2 and 92 (see the beginning of Section 2) — Q is a set of locally finite perimeter and
o (02\ 0,82) =0 (recall (2.3)). Since we only use the following objects when €2 satisfies the 2-sided local
John condition (or, equivalently by Corollary 1.5, when €2 is a 2-sided chord-arc domain), the assumptions

are automatically satisfied by Theorem 2.11 and [Hofmann et al. 2010, Corollary 3.14].
Definition 2.28. Let v(x) := (v; (x))?;l be the outer unit normal at x € 3. For a function ¢ : R**! — R,
€ Ccl, we define the (Hofmann—Mitrea—Taylor) tangential derivatives of ¢ as

O jkp = (k@) on — vk (39) |se

for 1 < j, k <n+ 1. The Hofmann—Mitrea—Taylor Sobolev space Lf (0€2) is the space of the functions
f € LP(3L2) such that there exists a finite constant Cy such that

> / fokjodo| < Crlolly
1<jk<n+1'7982
for every ¢ € C°(R"t1). By the Riesz representation theorem, for every f € Lf (0R2) and each j, k =
1,2,...,n+1 there exists a function h; ; € L?(9$2) satisfying

/ hj,k§0 do :/ fat’k,j(p do
a0 a0
for every ¢ € C2°(R"!). We set 9, jkf = hj and define the Hofmann—-Mitrea—Taylor gradient Vymr f

by setting
Vamr f = (Z Vkat,j,kf>

k j=1
For the comprehensive theory of Hofmann—Mitrea—Taylor Sobolev spaces, see in particular Section 3
and 4 in [Hofmann et al. 2010].

n+1

Definition 2.29. Let 1 < p < co. We say that 92 supports a weak (Heinonen—Koskela-type) p-Poincaré
inequality if there exist constants C = C, > 1 and A > 1 such that for every A = A(y, r) we have

1/p
f lf(x) = (flaldo(x) < Cr(f p(x)? dG(X))
A AA
}Oc(a 2) and any upper gradient p of f.

forany f e L
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2E. Solvability for the Laplacian.

Definition 2.30. Let 1 < p < co. We say that the Dirichlet problem (for the Laplacian) is solvable in L?
for Q if there exists a constant C such that for any continuous function f € C(3€2) the solution u = uy to
the Dirichlet problem with datum f converges nontangentially to f o-a.e. and

I NeullLro) < CllfliLroe),
where N, is the nontangential maximal operator (recall (2.4)).

Definition 2.31. Let 1 < p < 0o. We say that the regularity problem (for the Laplacian) is solvable in L?
for Q if there exists a constant C such that for any Lipschitz function f : 2 — R the solution u = uy to
the Dirichlet problem with datum f converges nontangentially to f o-a.e. and

IN«(Vi)llLraey = CILf o (2.32)

where || - [lyi1.p(5) 1s the Hajtasz seminorm (see Definition 2.26). For 1 < p < oo, we say that the
tangential regularity problem (for the Laplacian) is solvable in L? if the previous holds after we replace
(2.32) with the estimate

IN.(Vi)llLroe)y < CIIVef llLroo)-

3. John, local John and weak local John conditions

In this section, we define different John-type conditions, compare them by considering some examples
and make some remarks related to literature. We assume that  C R"*! is an open set, with n-dimensional
Ahlfors—David regular boundary. We do not assume that the corkscrew conditions hold in general but we
discuss their role below.

Definition 3.1 (nontangential paths). Let y : [0, 1] — € be a path in Q from X to Y. For D > 1, we say
that y is a D-nontangential path if we have
Uy(X,Z2))=D(2)
forevery Z e y.
Notice that Definition 3.1 is not symmetric with respect to X and Y. The general idea is that we
use nontangential paths to measure how well we can connect boundary points to certain points inside
the space. We use the name nontangential path to emphasize the connection between these paths and

nontangential convergence we discussed in Section 2. Indeed, if there exists a D-nontangential path y
from x € 02 to Y € €, then, by definition, we have

Ix—Z| <t(y(x,2)) =Dé(2)

for every Z € y and therefore we have Z € I'p(x) for every Z € y. Here I'p(x) is the cone at x of
aperture D (see (2.5)).

Definition 3.2 (John, local John and weak local John conditions). Let Dy > 1. We say that Q satisfies

(1) the Dy-John condition if there exists a point Xy € 2 such that for every Y € Q there exists a
Dy-nontangential path in  from Y to Xy,
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(i) the local Dy-John condition if for every x € €2 and every r € (0, diam(9€2)) there exists a point
Y, € B(x, r)NS2 (that we call a local John point) such that B(Y,, r/Dg) C 2 and for every z € A(x, r)
there exists a Dg-nontangential path y, in Q from z to Y, such that £(y;) < Dyr,

(iii) the weak local Dg-John condition if there exist constants 8 € (0, 1] and R > 2 such that for every
X € Q there exists a Borel set F C Ay := B(X, R§(X)) N2 such that o (F) > 0o (Ax) and for
every z € F there exists a Dy-nontangential path y, in 2 from z to X such that £(y;) < DoR §(X).

The John condition was first used in [John 1961] but the terminology originates from [Martio and
Sarvas 1979]. The local John condition was first used in [Hofmann et al. 2010, Definition 3.12] and weak
local John condition originates from [Azzam et al. 2020, Definition 2.11].

Generally, the John condition does not imply the local John condition, the local John condition does
not imply the John condition, and there are domains that satisfy the weak local John condition but not the
local John condition. We can see this by considering some straightforward examples:

Example 3.3. In R? we have the following:

(1) 21:=B(0, 1)\{(x, 0):x €[0, 1]} satisfies the John condition (we can choose, e.g., X = (O, —%) as the
“John point”) but not the local John condition. We can see this by noticing that any ball B((1, 0), r) N €24
contains points (y, t) € Q2 and (z, t) € 9€2; for both # < 0 and ¢t > 0 with arbitrarily small |¢|. Hence, no
matter how we choose the point )N(o € B((1, 0), r) Ny, there are points in B((1, 0), r) N d€2; that can be
connected to X inside only with paths y satisfying £(y) > 1.

(2) Q5 :=R?\dB(0, 1) satisfies the local John condition but not the John condition because we cannot
connect a point in B(0, 1) to a point in R\ B(0, 1) with a path in €2;.

(3) Q3:= B0, D\{(x,0):x € (—1, 1)} satisfies the weak local John condition but not the John condition
or the local John condition. This is because 23 is not connected (and hence cannot satisfy the John
condition) and it cannot satisfy the local John condition for the same reason why €2 in the part (1) of this
example does not satisfy it.

To the best knowledge of the authors, it is not known if the local John condition alone implies the
weak local John condition. We note that if there exists an open set & C R"*! with n-ADR boundary such
that it satisfies the weak local John condition but not the local John condition, then 2 cannot satisfy the
exterior corkscrew condition (see Lemma 3.6).

The John condition can be seen as a stronger form of connectivity of the space, but it does not imply
connectivity for the boundary, not even if the exterior corkscrew condition holds. We can see this by
considering the annulus A := B(0, 2) \ B(0, 1). By the same example and the set 2, in Example 3.3(2),
we see that the local John condition does not generally imply connectivity for the space nor the boundary.
However, by Theorem 1.2, we know that if the exterior corkscrew condition holds and the boundary of
the space is Ahlfors—David regular, the local John condition implies connectivity for the space (but not
the boundary, as we saw from the annulus A). By Corollaries 1.5 and 1.9, we know that the 2-sided local
John condition combined with Ahlfors—David regularity of the boundary implies annular quasiconvexity
(and therefore connectivity) for the boundary.
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Figure 1. The 2-sided local (Dy, Rp)-John condition does not imply the Harnack chain
condition or any kind of connectivity if Ry is not large enough. In Example 3.5, for the
complement of a closed annulus, we can find local John points for small balls centered at
either the inner or the outer boundary. However, if the ball is large enough, then it contains
both inner and outer boundary points, and we cannot find a point in €2 that connects to all
the boundary points inside the ball without passing through the annulus itself.

We note that the local John condition in Definition 3.2 is the “extreme” case in the definition given in
[Hofmann et al. 2010, Definition 3.12]. To be more precise, let us consider the following weaker version
of the local John condition:

Definition 3.4. Let @ c R"*! be an open set, Dy > 1 and 0 < Ry < diam(d€2). We say that 2 satisfies the
local (Dgy, Ry)-John condition if for every x € 02 and every r € (0, Ry) there exists a point Y, € B(x, r)NE2
(that we call a local John point) such that B(Y,,r/Dg) C 2 and for every z € A(x, r) there exists a
Dy-nontangential path y, in 2 from z to Y, such that £(y;) < Dyr.

Thus, the local Dg-John condition and the local (Dg, diam(d€2))-condition are the same thing. The
reason why we consider only the case (D, diam(d€2)) in Theorem 1.2 is simply because the result may
fail if the local John condition is not good enough. We see this by the following simple example (see also
Figure 1):

Example 3.5. Let Q := B(0, 1) U {X € R?: |X| > 2} C R? be the interior of the complement of the
annulus B(0,2)\ B(0, 1). Now 92 is 1-ADR and 2 satisfies the 2-sided local (Do, %)—John condition
for suitable Dy > 1, but €2 is not a chord-arc domain. In addition, the boundary 92 is not connected.

In the proof of Theorem 1.2, we use harmonic measure theory and techniques that require that harmonic
measure belongs to the class weak-Ay (o). By the main result of [Azzam et al. 2020], we know that,
in our context, the weak-A, property is equivalent to uniform rectifiability for €2 and the weak local
John condition for 2. We note that although we do not assume the weak local John condition, it follows
from the assumptions of Theorem 1.2. Indeed, by [David and Jerison 1990, p. 842] (see also [Semmes
1990]), we know that the 2-sided corkscrew condition implies the interior big pieces of Lipschitz graphs
condition (see [Bennewitz and Lewis 2004, p. 572] for the definition). This condition then implies that
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harmonic measure is in weak-A,, by [Bennewitz and Lewis 2004, Theorem 1]. Combining this with
[Azzam et al. 2020, Theorem 1.1] gives us the weak local John condition:

Lemma 3.6. Let Q C R"™! be an open set satisfying the 2-sided corkscrew condition, with n-dimensional
Ahlfors—David regular boundary. Then @ € weak-A,(0) and 2 satisfies the weak local John condition.

4. The bilateral weak geometric lemma and nontangential approach

In this section, we consider some tools that we use in the proof of Theorem 1.2 to connect two pieces of
different paths to each other without going too close to the boundary. Our approach is based on the use
of B-numbers of [Jones 1990] and the bilateral weak geometric lemma of [David and Semmes 1993].
Throughout the section, we assume that  C R"*! is an open set satisfying the 2-sided corkscrew condition,
with uniformly rectifiable boundary 9€2, and D is a dyadic system on 2. Recall that o := H"|3q is the
surface measure and 8(X) := dist(X, 3Q) for X € R"*1.

Given a ball B = B(x, r) C R"*!, a hyperplane L C R"*! and a constant ¢ > 0, we define

dist(y, L) 8(Y)
— + sup

yEBNIR r YeLnB T

UA(L) :={Y e R""! - dist(Y, L) < c}.

bBya(B, L) :=

’

For any ball B C R"*!, we define the bilateral B-number as
bPaq(B) :=infbfya(B, L),

where the infimum is taken over all hyperplanes L C R+,

Recall from Notation 2.14 that for a cube Q € D we write Bp = B(xg, £(Q)), where x is the center
of O and ¢(Q) is its side length. By a straightforward reformulation of [David and Semmes 1993,
Chapter 1.2, Theorem 2.4], the following version of the bilateral weak geometric lemma (BWGL) holds:

Lemma 4.1. For every ¢ > 0, there exists a constant C, > 1 such that

Y 6(Q)<Co(R) (4.2)

0€eD, QCR,
bBye(2Bg)>¢e

forany R € D, i.e., for any ¢ > 0 the collection {Q € D : bBya(2Bg) > ¢} satisfies a Carleson packing
condition with Carleson packing norm depending only on ¢, n and uniform rectifiability constants.

The BWGL actually characterizes the uniform rectifiability property but we only need the part written
in Lemma 4.1.

In the proof of Theorem 1.2, we use the BWGL combined with the following lemmas that help us with
technicalities related to constructing a path from a point to a nearby local John point. Alternatively, we
could use the Whitney region constructions of Hofmann, Martell and Mayboroda [Hofmann et al. 2016,
Section 3] (and their straightforward geometric applications in [Hofmann and Tapiola 2020; 2021]) for the
same purpose, but this alternative approach is slightly less elementary than the one we present in this paper.



1846 OLLI TAPIOLA AND XAVIER TOLSA

Lemma 4.3. There exists g > 0, depending only on the 2-sided corkscrew condition, such that the
following holds: if B= B(x, r) is a ball with x € 0Q and Lp is a hyperplane such that bByq(B, Lg) <
& < &o, then B\ U, (Lp) consists of two convex components, Bt and B, such that

BT CcQ and B~ Cc R\ Q.

Proof. Let B = B(x,r) be a ball with x € 02, ¢ > 0 and L g be a hyperplane such that bB3q (B, Lp) < ¢.
By the definitions of bByq (B, L) and U, (L), we know that

QN B C Uy (Lp),

and B\ U, (L p) has exactly two components if ¢ is small enough, say ¢ < 1—10. Thus, the two connected
components V; and V, of B\ U,,(Lp) are contained in R"*!'\ 9Q = QU (R"*!\ Q). Furthermore, the
components V| and V; are convex by the definition of U, (L g), and each V; is either fully contained in €2
or fully contained in R"*! \ Q. Indeed, if V; intersects both Q and R"*!\ Q, then the line segment from
any point Z; € V; N to any point Z> € V| NR**1\ Q has to contain a point zy € dQ which then has to
belong to V; by convexity. This is impossible because V; C B \ U, (L g) and therefore V; NdQ = &.

Let us then show that if ¢ is small enough, one of the components V; lies in 2 and the other lies in
R\ Q. By the 2-sided corkscrew condition (applied for the surface ball A(x, r) = B(x, r) N9d<2), there
exist balls

Bi:=B(Z",cr)cQNB, By:=B(Z ,cr)c R\ Q)NB,

where ¢ € (0, 1) is independent of A. Let us assume that ¢ < g Now neither B nor B; can be contained
in U, (L g) and therefore both the balls intersect V; U V,. Since each V; is either fully contained in €2
or fully contained in R"*!\ Q, we know that V; N B; # @ implies V; C Q and V; N B, # @ implies
V; c R \ Q. We also notice that if V; N B, # &, then V| N B, = & since otherwise V| intersects
both Q and R*t! \ Q. Thus, since both B; and B, intersect V; U V,, we know that V; N B; # @ implies
Vo N By # &, and similarly Vi N By # @ implies V, N By # &. In particular, B intersects exactly one of
the components V;, say V;, which is then contained in €2, and B, then intersects V;, which is contained
in R"*!'\ Q. Thus, we may set BT = V| and B~ = V; and choose gy = min{%, %} d

Lemma 4.4. Let B = B(xq, r) be a ball with xo € 02, X| € Q a point such that | X| — xo| = 5(X1) = %
and y a D-nontangential path from xg to X1, where D > 1. Let gy > 0 be as in Lemma 4.3 and suppose
that ) < ¢ < min{so, ﬁ} Let Ly be a hyperplane such that bByq(B, L) < &, and let BT and B~ be
the components of B as in Lemma 4.3. Now y intersects B™ \ U, (L ).

Proof. Since |X| — xo| > %, we know that Xo ¢ B(xo, §). Thus, there exists a point Yy € y N9 B(xo, ).
We claim that Yoy € B* \ Uy, (Lp).
We notice that, by the definition of D-nontangential paths, we have
1 1 1
> — > —xp— Yol = —

§(Yo) = 75 E(y (x0, Y0)) = 5 Ix0 — Yol = 5 (4.5)
For any point X € R"*!, let pry be its orthogonal projection onto Lp. Let Z € %B NUer(Lp). Now it
holds that

|pry —xol < |pry —Z|+|Z —xo| <2er +1ir <r,
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and thus, pr, € B. In particular, since pr, € Lp and bByq(B, Lp) < &, we have

8(Z)<|Z—pry|+8(pry) <2er+er =3er < — (4.6)

4D’

since € < 555 . In particular, by (4.5) and (4.6), we know that Y gé 5B N (Lpg). On the other hand,
since Y E y ﬂ BB(xo, 4), we know that Yy € BN and hence Yy € BT by Lemma 4.3. In particular,
Yo € y N B*\ Uy, (L), which proves the claim. O

Lemma 4.7. Let &g > 0 be as in Lemma 4.3 and suppose that 0 < ¢ < %80. Let B = B(xq, r) be a ball with
Xo € 02, Lp be a hyperplane such that bByq(B, Lp) < ¢ and yg € %B N 3d<2. Now we have

« bBya(B(¥0. §). Lp) < 4e < 1eo.
o the set QN B(yo, ) \ U (L p) is convex,
e forany point Y € QN B(yo, ) \ Uper (L) we have 6(Y) > er.

Proof. The second claim follows from the first claim combined with Lemma 4.3, and the first claim
follows from the definition of S-numbers and the facts B(yo, ﬁ) C B and bB3q(B, Lp) <& < %80 ina
straightforward way:

dist(y, Lp) 5(Y)
—F  + sup

bﬂBQ(B’ LB) =
yEBNIN r YeLpnB T
dist(y, L s(Y
> Alf sup —(); 5) + sup ¥ = zl;bﬁm(B(yo’ 451) L>'
yeB(yo,r/4)NIQ 7 YeLpNB(yo.r/4) 4

For the third claim, let Y € QN B(yo, ) \ Uper (L g). Since yg € 952, we know that §(Y) < Z. On the
other hand, for any point Z € R**!\ B we have

r§|xo—2|5|xo—yo|+|yo—Y|+|Y—Z|<5+5+|Y—Z|,

and thus, |Y — Z| > 7. In particular, we have 6(Y) = inf csonp |[¥ —z|. Let zy € 32N B be a point such
that §(Y) =Y — Zy|. Since Y ¢ Uy, (L), we know that dist(Y, L) > 2¢r, and since bByq(B, Lp) < ¢,
we know that dist(zy, L) < er. In particular,

2er < dist(Y, L) <|Y —zy| +dist(zy, L) < |Y —zy|+er =8(Y) +er,

and therefore §(Y) > er, as claimed. O

5. Local John and exterior corkscrews imply Harnack chains

In this section, we prove Theorem 1.2, i.e., that the local John condition together with the exterior
corkscrew condition implies the existence of Harnack chains. Let  C R"*! be an open set with n-ADR
boundary 9€2, and suppose that 2 satisfies the local D;-John condition and exterior corkscrew condition.
Throughout the section, D is a dyadic system on 0£2.

Proof of Theorem 1.2. Let X, Y € Q with §(X),8(Y)>p >0and |X — Y| < Ap for A > 1. We start
by noticing that by Theorem 2.11 we know that d€2 is UR, and by Lemma 3.6 we know that harmonic
measure belongs to the class weak-A(0).
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We will construct a path between X and Y that stays far away from the boundary and use this path
to construct the Harnack chain between X and Y. To ensure that we stay away from the boundary in
a quantitative way, we have to be careful with the construction. This will make the construction quite
technical and therefore we divide the proof into a few different parts.

The argument we present below works as it is in the case diam(9€2) = co. We discuss the other cases
in the end of the proof.

Part 1: choosing suitable cubes for X and Y for Lemma 2.19. Take a point zx € 9$2 such that §(X) =
|X — zx|. Let ¢o and Cy be the constants from Lemma 2.20. Now, by Lemma 2.20, since X € B(zx, ¢o -
28(X)/co), we know that w* (A(zx, 28(X)/co)) = 1/Cy. Let us cover A(zy, 28(X)/co) by dyadic
cubes Q; of the same side length such that £(Q;) ~ 26(X)/co and X ¢ 4By, for any i. There are
at most ¢, of these types of cubes Q;. Since wX (A(zx,28(X)/co)) = 1/Cy and the cubes Q; cover
A(zx, 28(X)/co), we know that there exists a cube Qx € {Q;}; such that X (Qx) > (¢,Co)~". In addition,
the cube Qy satisfies £(Qx) ~ §(X) ~ dist(X, Qx) with uniformly bounded implicit constants since

« one of the cubes Q; contains the point zx and §(X) = | X — zx]|,
« there is only a uniformly bounded number of the cubes Q;, and
o £(Q;) ~25(X)/co for every i.
Similarly, we can choose a cube Qy that has the same properties but with respect to Y instead of X.

Part 2: choosing a local John point. Let us consider the ball B(zx, Dirg), where
ro ;= C, -max{5(X),5(Y), | X —Y|} (5.1

for a large enough dimensional constant C,, such that Qx, Oy C B(zx, D1rg). Let Zg € Q2 be a local
John point for the ball B(zx, D1rg). By the local John condition, we know that B(Zy, Diro/D1) =
B(Zy, ro) C Q2 and there exist Dj-nontangential paths from the points of A(zx, D1rg) to Zy. In particular,
there exist Dj-nontangential paths from the points on Qx and Qy to Zj.

Part 3: choosing starting points for paths. Let us consider the cube Qx. By the choice of Qx and
Lemma 2.19, we know that there exist constants « € (0, 1] and D; > 1 (independent of X and Q) and
a subset Ay C Qx such that

* 0(Ax) Z a0 (Qx), and
« there exist D;-nontangential paths from the points on Ay to X.

Let g9 > 0 be as in Lemma 4.3 and set
1 (1 1 1
T3 mm{ 10° 12D, 121)2}‘ ©-2)
By the bilateral weak geometric lemma (Lemma 4.1) and Lemma 2.16, we know that there exists a cube Ry
such that b8y (2Bgr,) <&, 0 (RxNAx) > 0and £(Rx) = £(Qx), where the implicit constant depends
only on « and the Carleson packing norm of the collection of cubes Q such that bByo(2Bp) > €. Let us
choose any point Zy € Ry N Ax. Similarly, we can choose sets Ay and Ry and a point Zy for the point Y.
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Part 4: constructing paths between the local John point and X and Y. Let us recap:

e Rx C 9 is a dyadic cube such that £(Rx) ~ §(X).
e ¢ > 0 is a number defined in (5.2) and we have b8y (2Br,) < €.
e Zx € Ry is a point such that there exists a D,-nontangential path from Zx to X.

e Zg € Q is the local John point for the ball B(zx, Drg), where |X —zx| = §(X) and rg > O is the
radius defined in (5.1), and Zx € B(zx, Diro).

Let y; be a Dj-nontangential path from zZx to Zy and y» be a D>-nontangential path from Zx to X. Let
Lx be a hyperplane such that b8yq(2Bg,, Lx) < ¢ and consider the ball B(Z X, %E(RX)). Since we know
that Zx € Rx C Br, C 2Bg,, Lemma 4.7 gives us

o 1. 1 1
bﬂm(B(ZX’ EE(RX))’ LX) <de < Emm{ﬁso’ 12D, 12D2}'

By Lemma 4.4 (applied for b,Bag(B(ZX, %E(RX)), LX) < 4¢), we know that both y; and y; intersect

B(Zx, 3¢(Rx)) \Unse-e(ry)2(Lx) = B(Zx, 50(Rx)) \ Uze20(ry) (Lx)-

Let Z| € y; and X € y» be any points such that Z;, X € B(ZX, %E(RX)) \ Ure20(Ry)(Lx), and let
y3 be the line segment connecting Z; to X;. By Lemma 4.7, we know that y3 is fully contained in
B(EX, %E(Rx)) \Uzg.zz(RX)(Lx) and we have

8(X) > &-20(Rx) 2 8(X) (5.3)

for every Xe 3, where the implicit constant depends on gy, D1, D, and the structural constants appearing
in the proof. Since 3 is line segment that is fully contained in B(Zx, %E(RX)) \ Uae20(Ry) (L x), We know

€(y3) = €(Rx) S 8(X). (5.4)

See Figure 2 for an illustration of the situation.

We now build a path yx from Zy to X by gluing together (after rescaling) the reversed part of y;
that travels from Z; to Zy, the whole y3 (from Z; to X) and the part of y, that travels from X; to X.
Similarly, we can choose a hyperplane Ly for Ry and points Z;, Y| € B(Ey, %E(Ry)) \ Ure.20(Ry)(Ly)
and construct a path yy from Zj to Y that passes through Z, and Y.

Part 5: constructing the Harnack chains. Let us consider the path yx. Since y, is a nontangential path
(from Zx to X) and §(X) &~ §(X), we know that £(y») < 8(X) and 8(5(\) ~ §(X) for every X e (X1, X).
By (5.4), we know that £(y3) < 8(X), and by (5.3), 8(5(\) ~ §(X) for every Xe y3. Thus, for a suitable
uniform implicit constant, we may cover yx \ y; by a uniformly bounded number of balls B; with radii
r; & §(X) satisfying dist(B;, 02) &~ diam(B;). As for y;, we notice that since y; is a nontangential path
(from zx to Zy) given by the local John condition and 6(Z) ~ §(X), we have

L (Zx, ZD)) S8(Z) =~ 58(X) and  L£(y1) Sro = Cp-max{5(X),8(Y), |X Y]},
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Figure 2. We construct a path between X and the local John point Z that stays far away
from the boundary the following way. By a careful choice of a point Zx € 9€2, we know
that there exists a nontangential path y; from Zx to Zj (given by the local John condition)
and a nontangential path y, from Zx to X (given by the weak-A, property of harmonic
measure through Lemma 2.19). By the BWGL, there exists a hyperplane Ly such that Lx
approximates B N d2 well for a suitable ¢ > 0 and a ball B =B (Z X, %E(R x)), where Ry
is a dyadic cube containing Zx such that £(Rx) =~ §(X). By applications of the BWGL,
we know that there exist points Z; € yy N BN Q and X € y» N BN that do not lie on
the strip Ue.20(Ry)(Lx), 1.€., they lie reasonably far away from the boundary. Because
QN B\ Uze20(ry)(Lx) is convex, we can connect Z; and X to each other with a line
segment y3. We can now travel from Zj to X by using pieces of the paths y1, y3 and y».

and therefore 8()?) 2 8(X) for all X e v1(Z1, Zp). In particular, we can cover yx \ (y2 U y3) by
No < ro/8(X) balls By of radii r;y &~ §(X) such that dist(By, 92) ~ diam(By) for each k. Recall that
8(X),8(Y)=p>0and |X —Y| < Ap for A > 1. Let us consider different cases:

« Suppose that ry < |X — Y|. Now we have

SNX=Y e

No 5 = <A.
8(X)  8(X)
» Suppose that ro = C,8(X). Then
C,o(X
%g”()zgggA
8(X)

» Suppose that ro = C,8(Y) and §(Y) > | X — Y|. Then, by the triangle inequality, § (X) ~ §(Y) and

C,6(Y C,8(X
B GO
§(X) §(X)

By almost identical arguments, we know that same estimates hold for yy. Thus, we can connect X to Y

by taking the chain of balls B; that covers yx and yy. These balls satisfy dist(B;, 02) ~ diam(B;) for

No S
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every i with possibly different implicit constants. We may choose a constant C > 1 such that
1 diam(B)) < dist(B;, 9Q) < € diam(B))
C

for every i since we used only a finite number of different constants in the construction (six, to be more
precise, since we built yx and yy using three pieces for each path with uniform implicit constants for
each piece). We needed a uniformly bounded number of balls to cover the two out of three pieces of yx
(same for yy) and N < A balls to cover the last piece of yx (same for yy). Thus, the number of balls B;
is bounded by CA, where C is a large enough constant depending only on n and the ADR, UR, local John,
weak-A and corkscrew constants. Hence, (B;); is a Harnack chain between X and Y. This completes
the proof for the case diam(9€2) = oo.

Let us then consider the remaining two cases. Suppose that diam(d€2) < oo and diam(2) < oo.
Now, if max{3(X), 6(Y), |X — Y|} « diam(d€2), things work just as earlier. Thus, we may assume that
max{§(X), (), | X — Y|} ~ diam(9€2). Since diam(9€2) < oo, there exists a point Zy € 2 such that for
any z € 02 there exists a Dj-nontangential path from z to Zy. Now the previous proof works when we
simply choose this “global” local John point instead of the point we chose in Part 2.

Finally, suppose that diam(9€2) < oo and diam(£2) = oco. Let us consider the following three cases:

o If max{§(X),s(Y), |X — Y|} < diam(d€2), we proceed as in the case “diam(d€2) = 00”.

o If §(X) < diam(9R2), §(Y) < diam(92) and | X — Y| ~ diam(92), we proceed as in the case
“diam(0€2) < oo and diam(2) < o0”.

o If §(X) > diam(0€2) and §(Y) > diam(9€2), we can construct a Harnack chain from X to Y in the
simple geometry of R*™T1\ B(Z, s) for Z € Q and s ~ diam(3%2).

Thus, we may assume that §(X) < diam(9€2) and §(Y) > diam(d€2). The previous procedure does not
work directly in this case because we cannot apply Lemmas 2.20 and 2.19 for §(Y) > diam(9€2). Instead,
we connect Y to a point that is close enough to the boundary and then connect this point to X.

Let y € 3Q2 be a point such that § (Y) = |Y —|. Let us consider the line segment L with endpoints y and Y.
Since L is aline segment and § (Y) =|Y —y|, we have § (Z) =|Z—7y| forany Z € L. Let us take a point YelL
such that 6(?) = §(X). Now we can use the earlier procedure to construct a Harnack chain (B;); from X
to?, possibly using a “global” local John point as we did in the case “diam(9€2) < oo and diam(2) < c0”.
Since §(X) = 8(?) < diam(d2) and §(Y) > diam(9<2), the length of the chain (B;); depends only on

(XY _IX=Yl _ p
§(X) T AX) TaX) T

We then continue this chain from ¥ to ¥ by covering the line segment from YtoY using balls By with
radii rp & 8(?) = §(X) such that dist(ﬁk, 0R2) ~ diam(§k). The number of balls §k that we need is
approximately
tL) o) IX-Y _ p
§(X) dX) s(X) T X)) T

9
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where we used that §(X) < diam(32) and §(Y) > diam(3€2) (and therefore we have §(Y) ~ | X — Y|).
Hence, combining the chains (B;); and (§k)k gives us a Harnack chain from X to Y. This completes the
proof of the last case. (|

6. Weak (1,1)-version of the Hofmann-Mitrea—Taylor Poincaré inequality and quasiconvexity

Let Q be a 2-sided chord-arc domain. In this section, we consider some parts of the Hofmann—Mitrea—
Taylor theory that we need for the proof of Theorem 1.3. Recall the definitions of the tangential
gradient V. f, the Hofmann—-Mitrea—Taylor Sobolev space Lf (0L2) and the Hofmann—Mitrea—Taylor
tangential derivatives 9 ; « f and gradient Vymr f in Section 2D. It is straightforward to check that for a
compactly supported Lipschitz function f on d€2 we have f € Lf (082) for every 1 < p < oo and hence
the Hofmann—Mitrea—Taylor gradient Vit f exists.

Remark 6.1. In this section and in Section 7, we mostly consider compactly supported Lipschitz
functions but this is enough for our purposes: by the results of [Keith 2003] (see Theorem 7.12 below)
and [Mourgoglou and Tolsa 2021] (see Lemmas 6.2 and 6.4 below), verifying Theorem 1.3 for compactly
supported Lipschitz functions implies Corollary 1.6, which then allows us to give up the assumption
about compact support for Theorem 1.3. Assuming that our Lipschitz functions are compactly supported
ensures that the Hofmann—Mitrea—Taylor gradients exist and we can use the machinery in [Hofmann et al.
2010; Mourgoglou and Tolsa 2021] without additional considerations.

Let us start by recalling two lemmas from [Mourgoglou and Tolsa 2021]. First, when considering
compactly supported Lipschitz functions, the norm of the Hofmann—Mitrea—Taylor gradient agrees with
the norm of the tangential gradient almost everywhere:

Lemma 6.2 [Mourgoglou and Tolsa 2021, Lemma 6.4]. Let f be a compactly supported Lipschitz function
on 0L2. Then

IVif| = [Vamr f| (6.3)
o -almost everywhere.

In fact, [Mourgoglou and Tolsa 2021, Lemma 6.4] shows us that V, f = —Vpgmt f almost everywhere,
but we only need the comparability of the norms. We note that that lemma is formulated for bounded
domains but a routine inspection of the proof shows us that it holds for compactly supported Lipschitz
functions also in unbounded domains.

Furthermore, for Lipschitz functions, the norm of the tangential gradient (and hence the norm of the
Hofmann-Mitrea—Taylor gradient) agrees almost everywhere with the “local Lipschitz constant” function:

Lemma 6.4 [Mourgoglou and Tolsa 2021, Lemma 2.2]. Let f be a Lipschitz function on 0S2. Then

st =timsup LOZIO g - LOZT0L
A(x,r) lx — I

) (6.5)
IQdy—>x |x - yl r—0

foro-a.e. x € 9.

As a part of their extensive work, Hofmann, Mitrea and Taylor proved the following weak (p, p)-
Poincaré inequality with a tail:
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Theorem 6.6 [Hofmann et al. 2010, Proposition 4.13]. Let 1 < p < oo. There exists a constant C =
C (K2, p) such that for every f € Lf(8§2), x € 02 and r > 0 we have

1/p 1/p e 2—J
(f |f—<f>A|Pda> scr<f |VHMTf|"da) +Cry ——= [ |Vaurfldo, (6.7)
A 5A o] 0 (2/A) Jrinvi-ia

where A == A(x, r).

Some remarks related to the formulation of Theorem 6.6 are in order. In [Hofmann et al. 2010],
Theorem 6.6 is formulated assuming only that d€2 is Ahlfors—David regular and €2 satisfies the 2-sided
local (Dg, Rp)-John condition (recall Definition 3.4), and the result holds for all » € (0, Ry) instead
of all r € (0, diam(0€2)). As we noted in Example 3.5, if Ry is not large enough, the 2-sided local
(Dy, Rp)-John condition is not strong enough to imply that 92 is connected. Since Heinonen—Koskela-
type weak Poincaré inequalities (recall Definition 2.29) imply connectivity (see, e.g., [Cheeger 1999,
Theorem 17.1]), we know that the Hofmann—Mitrea—Taylor Poincaré inequalities may hold even when
Heinonen—Koskela-type weak Poincaré inequalities fail.

This being said, if €2 is a 2-sided chord-arc domain (as we assumed in the beginning of this section),
then the Hofmann—Mitrea—Taylor Poincaré inequalities hold as in Theorem 6.6 and they self-improve to
Heinonen—Koskela-type Poincaré inequalities. The first claim is due to [Hofmann et al. 2010, Lemma 3.13]:
any NTA domain satisfies the local (Dgy, Rp)-John condition where R is the upper bound for the scales of
the corkscrew conditions. Since we assume that the corkscrew conditions hold for any 0 < r < diam(92),
we get the local Dy-John condition. The second claim follows from Corollary 1.6 which we prove using
a Hofmann—Mitrea—Taylor-type Poincaré estimate (see Lemma 6.8 below) in the next section.

For the case p > 1, we can use directly the estimate (6.7) together with the arguments in the next
section to obtain a weak p-Poincaré inequality. However, for the case p = 1, we need to revisit estimate
(6.7) since an inspection of its proof shows us that a simple limiting argument does not work. Because of
this, we prove the following weak (1, 1)-type version of the Hofmann—Mitrea—Taylor Poincaré inequality:

Lemma 6.8. There exists a constant C = C(S2) such that the following holds. For every compactly sup-
ported Lipschitz function f on 02 and every £ € 02, r >0 and A := A(&, r), there exists ap € R such that

o0

supro({y € A:|f(y)—aal>1}) <Cr f Vi fldo+Cr Y 2770+D / Viur f1do. (6.9)
A>0 5A = 21A\2i-1A

The proof of Lemma 6.8 is similar to the proof of estimate (6.7), which uses heavily the machinery
built in [Hofmann et al. 2010]. For the convenience of the reader, we provide the key arguments below.
For the proof, we recall the definitions of the Riesz transform R, the maximal truncation of the Riesz
transform R, and the double layer potential D of a suitable function f on dQ: for ¢ > 0, X € R"*! and
Z € Q, we set

1

— X—y o
Rocf (=g [ T S 0V, R fX) = fim R 00

1 vy -y —2)
Df(Z):= c, /0&2 Wf()’) do(y), Ros f(X) = ililg Ro.e f (X1,
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where v is the measure-theoretic outer unit normal of Q (see (2.2.11) in [Hofmann et al. 2010]) and C,
is the surface area of the unit sphere in R"*!. We extend D f to the whole R"*!\ Q by changing the
direction of the normal v for points X € int Q°.

Proof. Let f be a compactly supported Lipschitz function on 9€2, £ € 92 and 0 < r < diam(d€2). Let
A=A, r) = B(&,r)NoQ. By the theory of layer potentials we know that for o-a.e. x € 9Q2 we have

f)=D" f(x) =D~ f(x),

where DT £ (x) and D~ f (x) are the inner and outer nontangential limits of D f at x, respectively (see, e.g.,
[Hofmann et al. 2010, Section 3.3] and apply the results separately for €2 and int ¢). These nontangential
limits exist o-almost everywhere. For a constant vector /5 to be fixed below, we consider the function

u(X):=Df(X)—X -ha, XeR'\0Q.

Then, by the o-a.e. existence of the limits D* f, the inner and outer nontangential limits u* (x) of u exist
for o-a.e. x € 9€2. Thus, we have

f@)=ut(x)—u"(x) foro-ae. x €.
To prove the estimate (6.9), we choose
ap =u(Xy) —u(Xy),
where X Z and X, are interior and exterior local John points inside B(&,r), respectively. Since

B(Xi, cr) C B(&,r)\ 02, we know that 8(X§) ~ r. Now, for any A > 0, we have
o(fx e A:|f(x) —aal > A})

< a({x €At () —u(X > %}) +a({x €A () —u(X5)| > %}) (6.10)

We only estimate the first term on the right-hand side of (6.10) since the second one is estimated similarly.
For any x € A, let ;" be a nontangential path in Q from x to X Z. Such a nontangential path with a
uniform constant exists for every x € A by the local John condition. Since y" is a nontangential path
with a uniform constant, we know that ;¥ C B(§, Ar) for some fixed A > 1. Then, for any ¥ € y.t N,
the mean value theorem gives us
@) —u(XDI<H' (1) sup [Vu(Z2) S Nu(xpe.an|VuD (),
ZeyinQ

where N, is the nontangential maximal operator for suitable aperture constant & > 1 as defined in (2.4)
(recall that a D-nontangential path from x € 92 to X € 2 travels inside the cone I'p (x), like we discussed
in the beginning of Section 3). Letting ¥ — x then gives us

lut () —u(XD S r Nulxpe,an | Vul) (x).
Thus,

o({x €At (x)—u(XD)| > %}) <o((x € A No(xsean Vu)(x) > cA)). 6.11)
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Let us then estimate the right-hand side of (6.11). We notice that for all X € I, (x) N B(&€, Ar) it holds
that Vu(X) =VD f(X)—ha. By (3.6.29) in [Hofmann et al. 2010], we know that for all X € Q it holds that

VDF(X) = (Z | aecx = airo do(y)) ,

I<j<n+1
where £ is the fundamental solution to the Laplacian in Rt that is,
1 1

— — ifn>2,
£(x) = { Cnl=m) X] 6.12)
o log | X| ifn=1
for X € R"*!\ {0}, where C,, is the surface area of the unit sphere in R"*!. Thus, choosing
ha = (Z / EE =) djif () da(y))
i JON24A 1<j<n+1
gives us
Viu(X) = (Z / BEX =) By f () do(y))
2AA 1<j<n+l
(Z / HEX = y) = HEE — ) 8 f () do(y))
IR\24A l<j<n+1
= (Z Rio(X24n at,j,if)(X)>
i 1<j<n+1
+ (Z Rio (xeany 0j,i X)) —Rios(X2an)y 3t,j,if)(§)|)
i 1<j<n+1
=:1(X)+ 11 (X), (6.13)

where R; , stands for the i-th component of the Riesz transform R,. We then have
s((xeA:rN, <xB@ an| Vi) (x) > i)
A

({x € A:r Nu(xpeE. anll])(x) > 7}) +a({x € A:r No(xBeE anl)(x) > %})

We first estimate the terma({x €A:r No(xBE, anl ) (x) > %c)»}). LetxeAandY eI, (x)NB(&, Ar),
where I', (x) is the cone at x with aperture o (recall (2.5)). Let e = &,y :=2|x — Y| and A, := A(x, ¢).
We then have
T = [ Rio (Xana dji (X))

i,j
<Y Rio(aaana, dji XN+ Y [Rio(aama, i £)Y) = Rio (Xa2aa\a, dj.i f)(X)]
" " + > Rio(xoama, dji @] (6.14)
i,j
Since dist(Y, 0€2) ~ ¢, the first term on the right-hand side of (6.14) satisfies

0.
> IRis(oasna, i NOIS Y / M

i,j

~ Zf | X244 0 ji fldo < M(x2aa|Vamr fD(x),
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where we used Ahlfors—David regularity for the estimate ¢" ~ o (A(x, ¢)) and M stands for the centered
maximal Hardy—Littlewood operator on d€2. For the second term on the right-hand side of (6.14), we get

Z IRi,oc (Xoaa\a, 0. [)Y) —Rio(X2aa\A, O, j,i f)(X)]

" @ Y — x|
S 7 [Vamr fF () do ()
24A\A, X — Y]

&
< / o eaa () Vamr f (W)l do (y)
aQ\A, X — Yl

®) X e
< —_— \Y d
~ 2 /2kAg\2klAg eyt |x244 () Vamr f () do (y)
© X, 2k
N “OF AL |x24aVamr fldo S M(x2aa Vamr ) (x),
= 0 (2FA:) Jora 214,
where we used
(A) the mean value theorem for the Riesz kernel functions X = (X1, X», ..., X,41) — X;/|X|"*! and

the estimate |VX, /| X" < 1/] X"+,
(B) the fact that x is the center point of A, and hence, |x — y| &~ 2k¢ for y € 25N, \2"_1A8,
(C) Ahlfors—David regularity.

In addition, the last term on the right-hand side of (6.14) is bounded above by the sum

> Rioa(taan dji ),

ij
where R; s« stands for the maximal truncation of the Riesz transform defined using only the i-th
component of R,. Thus,

[T (Y)| S M(x24aVamr f)(x) + ZRi,o,*()QAA 0, j,i f)(x),
i,J
and so

o(frear NutumeanliDm > )

2
< a<{x € A MGpanViwrf)(x) > C,T’\}) —l—ZU({x € A Rigs(x2an . ji )(x) > Cl%})
0

Since 92 is uniformly rectifiable, R, is bounded from L?(0) to L?(0) [David and Semmes 1991], and
therefore R, , « is of weak type-(1, 1) with respect to o by classical Calderén—Zygmund-type techniques;
see, e.g., [Grafakos 2014, Section 5]. This and the weak type-(1, 1) of the Hardy-Littlewood maximal
operator, combined with the previous estimates, then give us

A
o({resirNtumeainw > G]) <5 [ innfido (6.15)
2AA
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Let us then consider the term /7 (X) in (6.13). For x € A and X € 'y, (x)N B(§, Ar), the same arguments
as with the middle sum in (6.14) give us

o0

r 2
|H(X)|,§/ ———— [Vamr f ()| do (y) S - |Vamr f|do.
so\24n 1 — y|mt! o o (2/A) Joiai-1a
Therefore,
A\ 7 -
o([vesirNmeanliinw > F]) S Lo Y200 [ Wi sido. 616
A P 2iA\2/1A
Combining (6.15) and (6.16) with (6.11) and other previous estimates gives us
[o.¢]
A r r .
a({x eA:ut () —u(X) > 5}) < —/ Vinar fldo + 5 Y 2790+D / Ve f]do.
A Jaan Ao 20 A2 A

By a straightforward covering argument, the right-hand side of the preceding inequality is comparable to
the right-hand side of (6.9), with the comparability constant depending on A. By similar arguments, one
can check that the same estimate holds replacing u™ by u~ and X JAF by X\. The claim follows then by
applying the inequalities for u* and u™ to (6.10). U

For the proof of the case diam(d€2) < oo in Theorem 1.3, we give a short proof of the fact that
Theorem 6.6 implies quasiconvexity for bounded 2-sided chord-arc domains:

Lemma 6.17. Suppose that Q2 is a 2-sided chord-arc domain such that diam(dQ2) < oo. Then the
boundary 0S2 is quasiconvex.

Notice that Corollary 1.6 implies stronger connectivity properties than the conclusion of Lemma 6.17
(recall Corollary 1.9) but we need Lemma 6.17 to prove Corollary 1.6. Lemma 6.17 follows almost
directly from the results reviewed in this section when we combine them with the following result of
Durand-Cartagena, Jaramillo and Shanmugalingam:

Theorem 6.18 [Durand-Cartagena et al. 2013, Theorem 3.6]. Let (X, d, i) be a complete metric measure
space with a doubling measure . Suppose that for every bounded Lipschitz function f that is locally
1-Lipschitz there exists a functional ay : B — [0, 00) such that

fB |f = (f)sldu <as(B) < Crg,

where B is the collection of all open balls in (X, d), C is a uniform constant and rp is the radius of the
ball B. Then the space (X, d) is quasiconvex.

Proof of Lemma 6.17. Let f be a bounded Lipschitz function on 92 such that f is locally 1-Lipschitz,
and let B={A(x,r):x € 9Q, r <diam(d2)}. Since diam(9€2) < oo, we know that Vvt f exists (recall
Remark 6.1). Let us define the functional ay : B — R by setting

o0

172
ar(A)=Cor V 2do + Cor -
r(A)=Cy <fA| umr f | ) 2 ;a(zlA) AR

2-Jj

|Vawmr f | do
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for every A = A(x, r) € B, where C; is the constant given by Theorem 6.6 for the arbitrary choice p =2.
By part (1) of Lemma 6.2, the functional ay is well-defined, and the fact that a;(A) < oo for each A € B
follows from the argument below. Now, by Lemmas 6.2 and 6.4, and the fact that f is locally 1-Lipschitz,
we know that |Vgmr f| < 1 almost everywhere. In particular, for A = A(x, r) € B we have
o0 _j o0
ar(A) < Cor + Cor ,X; 0(2%)0(2‘% \2/7TA) < Cor + JZ;z ] <20y (6.19)

Thus, we now only need to notice that by Holder’s inequality and the estimate (6.19), we have

172
f |f = (flaldo < (f |f_<f>A|2dU> <af(A) <2Cyr
A A

for any A = A(x, r) € B, and the claim follows from Theorem 6.18. Il

7. Weak 1-Poincaré inequality for boundaries of 2-sided chord-arc domains

Let ©2 be a 2-sided chord-arc domain. In this section, we prove Theorem 1.3 and Corollary 1.6 with
the help of some tools from the literature. As a simple consequence of Theorem 1.3 and some results
in the literature, we also show that the tail in the Hofmann—Mitrea—Taylor weak Poincaré inequality
(Theorem 6.6) can be removed, at least when €2 is a bounded 2-sided chord-arc domain (see Corollary 7.13).

Instead of proving a Poincaré-type inequality directly, we use the following result to reduce the proof
to a pointwise estimate:

Theorem 7.1 [Heinonen et al. 2015, part of Theorem 8.1.7]. Let (X, d, t) be a metric measure space
with a doubling measure (1 and V be a Banach space. Suppose that 1 < p < 00, u: X — V is integrable
on balls and g : X — [0, oo] is measurable. Then the following two conditions are equivalent:

(a) There exist constants C, A > 1 such that

1/p
fB lu(x) — (u)pldu(x) < Cdiam(B)<fB g(x)? dM(X))
A

for every open ball B in X.

(b) There exist constants C, A > 1 such that

|u(x) —u(y)| < Cd(x, y)(Maa(x.y)(87) () + Maax ) (gp)(y))l/p

for almost all x, y € X, where My is the R-truncated centered Hardy—Littlewood maximal operator
on 082,

Mg f(z0) == Supf [f(2)]do(z).
A(zo,r)

r<R

These types of characterizations with respect to pointwise inequalities originate from [Heinonen and
Koskela 1998].
Thus, to prove Theorem 1.3, it is enough for us to prove the following lemma (recall also Remark 6.1):
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Lemma 7.2. Suppose that u is a compactly supported Lipschitz function on 02. There exists a universal
constant C > 1 such that

lu(x) —u()| < Clx = yl(Mcp—y (Ve (x) + Mepe—y (IViu) ()
for all points x, y € 02 for which the tangential gradient Viu exists and (6.5) holds.

Let u be a compactly supported Lipschitz function on 0€2. As we noted in Section 2D, the tangential
gradient Vi u exists for almost every point x € 2. By Lemma 6.4, we know that (6.5) holds for almost
every point x € dS2. Thus, the points in Lemma 7.2 are almost all points in 9€2, as is required in
Theorem 7.1.

In the proof of Lemma 7.2, we use a smooth cutoff function for balls. The construction of the function
uses the usual mollifier technique. For the convenience of the reader — particularly because we need a
quantitative bound for the norm of the gradient— we give the key details below.

Let us start by defining the standard mollifier. We set n : R"T! — R,

cpe VA=IXP)if x| < 1,

X) =
e {0 if [X] > 1,

where the constant ¢, is chosen so that fRnH n(X)dX = 1. For any k > 0, we set

1 X
nK(X)=Kn+1n<;>-

Notice that supp 1, C B(0, k). Using the standard mollifier, we define the smooth cutoff function ¢, for

the ball B(0, k) characteristic function using convolutions: we set @ : R+ R,

e (X) = M * XB(0.6) (X). (7.3)
Thus, we have

e (X) 2/ . e (X =Y) xBo.0)(¥Y)dY
Rn
= / e (Y) xB0,0)(X =Y)dY = f e (Y) xB0,0)(X =Y)dY.
Rr+1 B(0,)

From this representation, we see that ¢, = 1 on B(0, ) and ¢, =0 on R"*!\ B(0, 2«). By the standard
theory of mollifiers (see, e.g., [Evans and Gariepy 1992, p. 123-124]), we know that ¢, is smooth and it

satisfies

Vo, (X) =/ N Vxne (X =Y) xBo.0(Y)dY. (7.4)

R)‘I
In particular, by the construction, the smoothness and compact support of n and (7.4), for X =(X1, ..., Xu+1)
we have
Y| = / o (X = V) xa0.0 () dY
IX, 73 e Nk XB(0,x)
0; 1 0;
< [ nac-mlar=1 [ Sgo-n|ar <€,
Rn+1 8Xl K JRntl 8X, K
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where the constant C does not depend k. Thus, we have |V, (X)| < % We note that this implies that ¢,
is a compactly supported Lipschitz function. Therefore the tangential gradient of ¢, exists for almost
every point x € d€2, and (7.5) and Lemma 6.4 imply that

1

Ve (01 S = (7.5)

By translating and adjusting the constant «, we can construct a smooth cutoff function for any ball B(X, r)
in R,

Proof of Lemma 7.2. Let us fix points x, y € 92 such that the tangential gradient exists at x and y and
(6.5) holds for x and y.

We prove the bound by using truncation and localization arguments which help us to control the values
of the function inside balls A(x, c|x — y|) and A(y, c¢|x — y|) and allow us to deal with the tail in the
right-hand side of inequality (6.9). We first assume that diam(9€2) = co. Without loss of generality, we
may assume that u(x) = 0 < u(y). In particular, we have |u(x) —u(y)| = u(y). We set

u(z) ifulx) <u(z) <u(y),
u(z):=10 if u(z) <0,
u(y) ifu(z) > u(y).

Notice that & is a Lipschitz function since we get it by truncating the Lipschitz function u from above
and below. Thus, by Lemma 6.4, we have

|Viu(zo)| = ]imsllp M and  |Viii(z0)| = lim sup |I/~l(ZO) - ﬁ(Z)|

997>z 120 — 2] 097>z 120 — 2]
for o-a.e. zg € 092. Let zg € 92 be a point such that the above holds. By continuity, we have the following:
(1) If u(zo) < u(x) =0 or u(zo) > u(y), then |Viii(z9)| = 0 < |Viu(zo)|.
(i) If u(x) <u(zo) <u(y), then |Viu(z0)| = [Viu(zo)l.

(iii) If u(zo) = u(x) = 0, then there exists r = r,, > 0 such that if |z9 — z| < r, then u(z) < u(y). For
such z,

o if u(z) > u(x), then |u(zo) — u(z)| = |u(z0) — u(z)|, and
e if u(z) < u(x), then |u(zg) —u(z)| =0 < |u(zp) — u(z)|.

In particular, we have |Vii(z0)| < |Viu(zo)|.
(iv) If u(zp) = u(y), then |Vii(zo)| < |Viu(zo)| by an argument similar to that in (iii).
Thus, for almost every zg € 9€2, the tangential gradients exist for # and & and we have
Vit (zo)| < [Viu(zo)l- (7.6)
Let us then start processing |u(x) —u(y)|. We define

R:i=Ix—yl. Ap:=A(x,R), Ay:=A(.R), A;:=27A¢ and Aj:=277A
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Let ¢ = @« g be a smooth cutoff function for the ball B(x, 2% R) as in (7.3) (after translation, for the
choice k = 2*R) for large o € N to be fixed later, and let v := ¢ u. By Lemma 6.8, there exist numbers
an; € R such that

supro({z € Aj:|v(z) —aAjI > A1) <Crjo(A))S;, (7.7)
A>0
where r; := 27/ R and

o0
S; :=f Viuroldo +
S5A; k=2

]

—k

— |VHMTU| do. (7.8)
U(Zk Aj) ZkA/- \zk—l A_/

An analogous estimate holds when we replace Aj, aa; and S; by A}, an’ and S]’., respectively, where SJ’.
is defined as §; with A} in place of A;. We claim now that '

lim ap; =v(x) =u(x) =u(x) =0. (7.9)

J—>00

Indeed, for any A € (0, |aa; — (v)a,;|) and any z € A;, we have

) < lan; — (W)a;] < [V(2) — an, |+ V(&) — (V)a, .

Hence, by (7.7) and Chebyshev’s inequality, we get

A A
G(Aj)§0<{zeAj:|v(z)—aAj|>§}>+o({zeAj:|v(z)—(v)Aj|>§}>
1 1
S—rjO’(AJ’)Sj-ﬁ-—/ |U—<U>Aj|d0'.
A N
Therefore,
)L,Serj—Ff lv—(v)a,ldo. (7.10)

j
Since v is a compactly supported Lipschitz function, Lemmas 6.2 and 6.4 give |S;| < | VamTV || L (6) < 00,
and thus r; §; — 0 as j — oo. By the continuity of v, we also know that fA/’ lv(z) — (v)a;|do — O as
Jj — o0. Then, choosing A = %laAj — (v)a;| gives us (7.9) by (7.10) and continuity of v.

Analogously to (7.9), we also have

jlingo ay =v(y) =u(y) =u(y).

Thus,
u(y) = ux) —u@)| = @) - ()|
o o0
= (s, —as)+as) — (L, s +ax,)
j=0 j=0
o o0
<Y lan,, —anl+)_lan, —aa ] +lan, —an|
j=0 j=0
=1+ 1+ 1.

Let us consider the sum [ first. We analyze I by applying (7.7) again for |aa;, — aa,,,|. For any
A e (0, |aA_], —aa;,, |) and any z € A;, we have

A <lap; —an;,.,| < |v(@) —ap; |+ v(2) —aa, |,
J J J J
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and therefore (7.7) gives us
, A _ A
capzo(fzeniv@-asl=2])+o({zeamiv@—as.,1>3])

1
rjo(A)) S+ 5 T+ o (Aj+1) S+

Thus, A < r; S;. Since this holds for all A € (0, |aa; —aa,,,|), we have

laa;, —an; | 517 S)- (7.11)
This then gives us
oo
1520‘ Sj
j=0
(A) X jta+l
< Z(z /Rf \Viliig)|do+27TR Y 27 f IVt(ﬁw)lda)
= 2%A;
(B) Jjta+l 1
Zz LD f |Vtu|do+22 R Lo, EOTEOId )

(y)

where we used
(A) the definition of S; (see (7.8)), Lemma 6.2 and the fact that ¢ vanishes outside 20 A,

(B) Ahlfors—David regularity, the product rule for gradients and the properties of the cutoff function ¢:
@ < 1 everywhere and ¢ is constant on 2% Ay and outside 2%+ A,

(C) the fact that 2KA i C 291 A for all the relevant k and j, the definition of the truncated Hardy—
Littlewood maximal operator, the fact that it(z) < i (y) for all z, and (7.5).

Using the same techniques gives us the bound

(y)
20

As for 111, we notice that
HI < lan, — axal + laza, —anyl < ro So.

Indeed, the fact that |aa, — a2a,| S 7o So follows from (7.11), and an analogous estimate holds for the
term |asa, — a A6|‘ Thus, the estimate obtained above for the term [ is also valid for /I1:

u(y)
I <
ZO Tj a
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Note that none of the implicit constants for the bounds for 7, /I and /11 depends on «. Thus, recalling
that u(x) =0 < u(y) = u(y) and R = |x — y|, there exists a constant C such that

u(y) =lux)—u(y)| <I+1+11
C
< CR(Ma+2g (Vi) (x) + Moz g (Vi) () + 7 u(y)

(7.6) C
< 2C|x — y|(Mper2g (Vi) (x) + Mopar2 g (Vi) (y)) + z—au(y)-

By choosing large enough «, we may absorb (C/2%)u(y) to the left-hand side. This completes the proof
for the case diam(0$2) = oo.

Let us then assume that diam(9€2) < co. We have to consider this case separately because in the
bounded case there might not exist cutoff functions with gentle enough gradient slope. However, the proof
is still based on the previous case. The proof works as previously if |x — y| < diam(d€2) and thus, we may
assume that [x —y|~ diam(d€2). Now, by Lemma 6.17, we know that there exists a path y, , from x to y in
0€2 such that £(y, ) < Colx —y| ~ Co-diam(d€2). Using a covering argument for yy y, we find a uniformly

bounded number of points zg, z1, ..., 27 € 9 with zog =x, z; =y and |z; — zj 41| < diam(9€2). We get
J-1
u(x) —u( <Y ulz)) —uzjn)
j=0
J-1
SN 1z = 2t (Mt -z (VD) (2) + Mcpz—p (Vi) (z41))
j=0
fs |x - y|(M5‘x—y|(|vtu|)(x) +M5|x—y|(|vtul)(y))’
which is what we wanted. Il

Corollary 1.6 follows now immediately when we combine Theorem 1.3 and Lemma 6.4 with the
following key result of Keith (which is an improvement of an earlier result of [Heinonen and Koskela
1999, Theorem 1.1]):

Theorem 7.12 [Keith 2003, Theorem 2]. Let (X, d, 1) be a complete metric measure space with a
doubling measure n and 1 < p < oo. Then the following conditions are equivalent:

(a) The space (X, d, n) supports a weak p-Poincaré inequality.

(b) There exist constants C, A > 1 such that

1/p
f lu(x) — (u)pldp(x) < Cdiam(B)( (Lip u(x))? du(X))
B

1B
for every compactly supported Lipschitz function u and every ball B in X, where
Lip u(x) := lim sup M
y—>x d(x’ y)
Y#X

As a consequence of Theorem 1.3, we get the following improvement of Theorem 6.6 in bounded
2-sided chord-arc domains:
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Corollary 7.13. Let 2 C Rt be a bounded 2-sided chord-arc domain, and let 1 < p < oo. There exists
a constant C = C(K2, p) such that for every f € Lf(BQ), x € Q2 and r > 0 we have

1/p 1/p
(f |f—<f>A|Pda) sCr(f |VHMTf|Pda) ,
A AA

where A := A(x, r) and A is the constant from Theorem 1.3.

It is likely that the boundedness assumption is not necessary for Corollary 7.13 but since the density
results in [Hofmann et al. 2010, Section 4.3] are stated in the case where the boundary 9€2 is compact, we
only consider this case. We do not consider the case p = 1 since the theory of the Hofmann-Mitrea—Taylor
Sobolev spaces Lf (0€2) has been developed only for 1 < p < oc.

Proof of Corollary 7.13. Let f € Lf(BQ), x €02, r >0and A := A(x, r). By [Hofmann et al. 2010,
Corollary 4.28], we know that Lipschitz functions form a dense subset of Lf (0€2) when Lf (0Q2) is
equipped with the natural Sobolev-type norm; see [Hofmann et al. 2010, Section 3.6] for details. In
particular, since €2 is a bounded 2-sided chord-arc domain, there exists a sequence of compactly supported
Lipschitz functions ( f) such that fy — f and Vumt fi = Vamrf in LP(d2). By Theorem 1.3, the
functions f satisfy a weak 1-Poincaré inequality with respect to the tangential gradient, which implies a
weak (p, p)-Poincaré inequality with respect to tangential gradient by Holder’s inequality and [Heinonen
et al. 2015, Corollary 9.14]. These observations together with Lemma 6.2 give us

1/p 1/p 1/p
(f |fk—<fk>A|pd0) < Ci’(f IthklpdG> :Cr(f IVHMTfklpd0> .
A AA AA

Letting k — oo then gives us

I/p 1/p
(f f - <f>A|”do) < Cr(f IVHMTflpda)
A AA

by standard L? convergence arguments, which is what we wanted. O

8. A counterexample and questions

By Corollary 1.6, we know that the boundary of any 2-sided chord-arc domain supports weak Heinonen—
Koskela-type Poincaré inequalities. It is natural to ask the following:

(1) Can Corollary 1.6 be reversed, i.e., if 2 C R"*! is an open set with n-dimensional Ahlfors—David
regular boundary such that 9$2 supports weak Poincaré inequalities, is €2 a 2-sided chord-arc domain?

(2) Can the assumptions of Corollary 1.6 be weakened in the obvious way, i.e., if 2 C R"*! is a (1-sided)
chord-arc domain with connected boundary, does €2 support weak Poincaré inequalities?

In the second question, the connectivity assumption for d€2 is necessary since weak Poincaré inequalities
imply connectivity; see, e.g., [Cheeger 1999, Theorem 17.1]. However, the answer to both of these
questions is no. For the first question, this follows from Example 8.4 below. For the second question, this
follows from the example constructed in [Mourgoglou and Tolsa 2021, Section 10]. They construct a
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chord-arc domain with connected boundary such that the tangential regularity problem for the Laplacian
is not solvable in L? for any 1 < p < oo (recall Definition 2.31). The boundary of this chord-arc domain
cannot support weak Poincaré inequalities by [Mourgoglou and Tolsa 2021, Theorem 1.2].

For our example, we need some results in the literature. In particular, we need the following result of
Heinonen and Koskela about how weak Poincaré inequalities survive under unions. We formulate the
result only in our context but we note that the result holds more generally for certain types of unions of
Ahlfors—David regular metric spaces.

Theorem 8.1 [Heinonen and Koskela 1998, special case of Theorem 6.15]. Let Ey, E; C R"*! be two
n-ADR sets such that both E| and E; support a weak p-Poincaré inequality for some 1 < p < 00, and
H'(EiNEy;NB(x,r)) =>cr forall x € E; N Ey and all 0 < r < min{diam(E;), diam(E»)}. Then also
the union E| U E, supports a weak p-Poincaré inequality when we equip E| U E, with the metric d that
equals the usual Euclidean distance individually on E| and E, and

d(x,y):= inf |X—Z|+|Z-Y] (8.2)
ZeE\NE,

fOFXGEl\EzandYGEQ\El.

We will also use repeatedly the fact that bi-Lipschitz mappings preserve weak Poincaré inequalities
(see [Bjorn and Bjorn 2011, Proposition 4.16] for an explicit proof in the context of more general metric
spaces and inequalities):

Proposition 8.3. Let E|, E; C R™! be two n-ADR sets equipped with metrics dy and d», respectively.
Suppose that there exists a bi-Lipschitz mapping ® : (E1, d1) — (E,, d) such that H"(A) =~ H" (P (A))
for every measurable set A C E| and a uniform implicit constant. If E| supports a weak p-Poincaré
inequality for some 1 < p < 00, then also E, supports a weak p-Poincaré inequality.

Let us then construct a disconnected non-chord-arc domain example of a set whose boundary still
supports a weak 1-Poincaré inequality:

Example 8.4. Let us consider a “twice-pinched annulus” in R?> which we construct the following way.
We start by considering the boundary of a usual annulus A := B(0, 4) \ B(0, 3). We remove all the points
that lie on the strip {(x, y) € R?: —1 < y < 1}. This leaves us with four circular arcs: two inner arcs and
two outer arcs. We then connect these arcs to each other with four line segments so that the inner arcs
connect to outer arcs, and vice versa. This leaves us with a shape that looks like an annulus that has been
pinched in two places so that the interior is no longer connected but the boundary is. We let 2 be the
disconnected interior of this pinched annulus (see Figure 3).

The set Q2 satisfies the 2-sided corkscrew condition and the boundary 92 is 1-ADR but since 2 is
not connected, it is not a chord-arc domain (however, we can easily modify the example to make it
connected but still not a chord-arc domain; see Remark 8.6). The boundary of €2 still supports a weak
1-Poincaré inequality. We see this by noticing that we can express d2 as a union of pieces that satisfy
weak 1-Poincaré inequalities and that we can glue together with ample intersections to give back 02
(that is, we can use Theorem 8.1 for these pieces). Indeed, 0€2 consists of a slightly distorted inner circle
and a slightly distorted outer circle. These distorted circles intersect only in two points (the two places
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Figure 3. The set 2 in Example 8.4 is the disconnected interior of a twice-pinched
annulus in R?. Unlike with a usual annulus, the boundary of € is connected (which is
one of the minimum requirements Poincaré inequalities).

X

Figure 4. In Example 8.4, the boundary of 2 consists of a slightly distorted inner circle
(on the left) and a slightly distorted outer circle (on the right) that intersect each other
only at two points. However, the cross-like unions of two line segments (one copy in the
middle) have ample intersections with both of these distorted circles.

where the line segments cross over each other) and therefore they alone are not enough for Theorem 8.1.
Because of this, as two additional pieces, we take the cross-like unions of the pairs of line segments
that cross over each other. These pieces have ample intersections with both of the distorted circles (see
Figure 4).

As a 1-dimensional compact Riemannian manifold, a circle supports a weak 1-Poincaré; see [Heinonen
and Koskela 1998, Section 6.1]. Since both of the distorted circles are bi-Lipschitz equivalent to a regular
circle, both of them support a weak 1-Poincaré inequality by Proposition 8.3. As for the unions of two
line segments, we first notice that a line segment supports a weak 1-Poincaré inequality because it is
bi-Lipschitz equivalent to a piece of the real line (and a connected piece of the real line supports a weak
1-Poincaré inequality by definition and the classical result that the Euclidean space supports a 1-Poincaré
inequality; see [Heinonen et al. 2015, Section 8.1]). The two line segments in the cross-like union meet
only at one point and therefore we cannot use Theorem 8.1 directly for them. Because of this, we take
three line segments and transform them (with bi-Lipschitz mappings) into three V-like shapes which we
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N XX

Figure 5. By Theorem 8.1, we can preserve weak Poincaré inequalities in intersections
if the intersections are ample enough. In Example 8.4, the two intersecting line segments
do not have ample intersection but we can create the cross-like shape by gluing three
V-like shapes one by one into each other, and we get these V-like shapes by using three
line segments and bi-Lipschitz mappings.

can then glue one by one to each other with ample intersections to create the original cross-like piece
(see Figure 5).

We now get the boundary 92 by gluing first two cross-like pieces to either one of the distorted circles
and then gluing the remaining distorted circle to this shape. Gluing sets together using Theorem 8.1
preserves the weak Poincaré inequalities but with a different metric, the one in (8.2). However, for shapes
as simple as the ones we use, it is straightforward to see that the new metrics we get are bi-Lipschitz
equivalent with the Euclidean metric. Thus, by gluing together the two distorted circles with the help
of two cross-like unions of two line segments, we see that Q2 supports a weak 1-Poincaré inequality.
We note that we had to use two cross-like pieces for the gluing process because with just one cross-like
piece the ample intersection requirement of Theorem 8.1 does not hold for the final step for one of the
two intersection points of the distorted circles. By the original, more general form of Theorem 8.1 in
[Heinonen and Koskela 1998], we can leave this type of a problematic isolated point out of the gluing
process, but this would end up giving us a metric space with a different structure than 02.

Remark 8.5. Example 8.4 gives us a 2-dimensional example but we can use the same techniques to
construct higher dimensional examples. These examples are of the type 2 x (0, 1)", where 2 is the
2-dimensional set from Example 8.4. Thus, for example, the 3-dimensional example would be a hollow,
twice-pinched cylinder with a thick boundary.

Remark 8.6. By using a once-pinched annulus instead of the twice-pinched one we used in Example 8.4,
we get a connected set €2 such that it satisfies the 2-sided corkscrew condition, the boundary 9€2 is 1-ADR
and 0€2 supports a weak 1-Poincaré inequality. However, despite connectivity, €2 is still not a chord-arc
domain: there are points arbitrarily close to each other on different sides of the pinched part of the annulus
such that they can be connected inside €2 only by circling around almost the entire annulus.

Thus, Corollary 1.6 cannot be reversed and we cannot weaken its assumptions in the obvious way. It is
natural to formulate the following problem:

Problem 8.7. Let Q C R"*! be an open set with n-dimensional Ahlfors—David regular boundary.
Give a geometric characterization for weak Heinonen—Koskela-type boundary p-Poincaré inequalities
forl <p<n.
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3

‘w €
weak-A (o) if and only if Q2 is UR and 2 satisfies the weak local John condition™ (which is the
main result of [Azzam et al. 2020]). By [Cheeger 1999, Theorem 17.1], we know that 92 has to be
quasiconvex, and by [Azzam 2021a], we know that €2 has to be UR. By Corollary 1.6, Example 8.4
and [Mourgoglou and Tolsa 2021, Section 10], we know that 2-sided chord-arc domains are too strong
for the characterization and (1-sided) chord-arc domains are not strong enough for a characterization.

By a geometric characterization in Problem 8.7, we mean a characterization of the type

However, the answer does not lie somewhere between these two classes of domains: by Example 8.4, the
connectivity properties of 2 itself do not play a big role in this problem.
Concerning John-type conditions, we recall the open problem we mentioned in Section 3:

Problem 8.8. Let Q C R"*! be an open set with n-UR (or just n-ADR) boundary. Suppose that
satisfies the local John condition. Does €2 also satisfy the weak local John condition?

Problem 8.8 is interesting only if €2 does not satisfy the exterior corkscrew condition: the local John
condition implies the corkscrew condition and therefore the answer is trivially true in the presence exterior
corkscrews by Lemma 3.6.
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