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A SEMICLASSICAL BIRKHOFF NORMAL FORM
FOR CONSTANT-RANK MAGNETIC FIELDS

LEO MORIN

This paper deals with classical and semiclassical nonvanishing magnetic fields on a Riemannian manifold
of arbitrary dimension. We assume that the magnetic field B = d A has constant rank and admits a discrete
well. On the classical part, we exhibit a harmonic oscillator for the Hamiltonian H = |p — A(g)|? near
the zero-energy surface: the cyclotron motion. On the semiclassical part, we describe the semiexcited
spectrum of the magnetic Laplacian £, = (iid + A)*(ihd + A). We construct a semiclassical Birkhoff
normal form for £; and deduce new asymptotic expansions of the smallest eigenvalues in powers of /i'/?
in the limit # — 0. In particular we see the influence of the kernel of B on the spectrum: it raises the
energies at order /i¥/2.

1. Introduction

1A. Context. We consider the semiclassical magnetic Laplacian with Dirichlet boundary conditions
Ly = (ihd+ A)*(ihd+ A)

on a d-dimensional oriented Riemannian manifold (M, g), which is either compact with boundary, or the
Euclidean R? A denotes a smooth 1-form on M, the magnetic potential. The magnetic field is the 2-form
B =dA.

The spectral theory of the magnetic Laplacian has given rise to many investigations, and appeared
to have very various behaviors according to the variations of B and the geometry of M. We refer to
the books and review [Helffer and Kordyukov 2014; Fournais and Helffer 2010; Raymond 2017] for a
description of these works. Here we focus on the Dirichlet realization of £, and we give a description of
semiexcited states, eigenvalues of order O (1) in the semiclassical limit i — 0. As explained in the above
references, the magnetic intensity has a great influence on these eigenvalues, and one can define it in the
following way.

Using the isomorphism 7, M ~ T, M* given by the metric, one can define the following skew-symmetric
operator B(q) : T,M — T,M by

B,(X,Y) =g, (X, B(q)Y) forall X,Y e T,M, forallg € M. (1-1)
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Since the operator B(g) is skew-symmetric with respect to the scalar product g, its eigenvalues are
purely imaginary and symmetric with respect to the real axis. We denote these repeated eigenvalues by

:l:lIBI(Q)’ cees ilﬂs(Q), Oa

with B;(g) > 0. In particular, the rank of B(g) is 2s and may depend on g. However, we will focus on
the constant-rank case. We denote by k the dimension of the kernel of B(g), so that d = 2s + k. The
magnetic intensity (or “trace+”) is the scalar-valued function

)
b(g) =) Bi(q).
Jj=1
The function b is continuous on M, but nonsmooth in general. We are interested in discrete magnetic
wells and nonvanishing magnetic fields.

Assumption 1. We assume that:
» The magnetic intensity is nonvanishing and admits a unique global minimum by > 0 at g9 € M \ IM.
e The rank of B(q) is constant equal to 2s > 0 on a neighborhood €2 of g.
* Bi(qo) # Bj(qo) forevery 1 <i < j <, and the minimum of b is nondegenerate.
« In the noncompact case M = R,
boo := I}Iiginog b(q) > by

and there exists a C > 0 such that

[0¢Bij(q)| < C(1+|B(g)|) forallt,i,j, forallg e RY.

Remark 1.1. Since the nonzero eigenvalues of B are simple at go, the function b is smooth on a
neighborhood of g. In particular, it is meaningful to say that the minimum of b is nondegenerate.

Under Assumption 1, the following useful inequality was proven in [Helffer and Mohamed 1996].
There is a Cp > 0 such that, for z small enough,

(1+h1/4Co)(£hu,u)2/ n(b(q) —h'*Co)lu(g)|*dg for all u € Dom(Ly). (1-2)
M

Remark 1.2. Actually, one has the better inequality obtained replacing #'/# by . This was proved in
[Guillemin and Uribe 1988] in the case of a nondegenerate B, in [Borthwick and Uribe 1996] in the
constant rank case, and in [Ma and Marinescu 2002] in a more general setting.

Remark 1.3. Using this inequality, one can prove Agmon-like estimates for the eigenfunctions of L.
Namely, the eigenfunctions associated to an eigenvalue < b1/ are exponentially small outside K, =
{q : b(q) < b1}. We will use this result to localize our analysis to the neighborhood €2 of g¢. In particular,
the greater by is, the larger 2 must be.

Under Assumption 1, estimates on the ground states of £ in the semiclassical limit # — O were proven
in several works, especially in dimensions d = 2, 3.
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On M = R?, asymptotics for the j-th eigenvalue of £j

kj(Eh):boh—l—(a(Zj—1)+c1)h2+0(h2) (1-3)
with explicit ¢, ¢; € R were proven in [Helffer and Morame 2001] (for j = 1) and [Helffer and Kordyukov
2011] (j = 1). Actually, this second paper contains a description of some higher eigenvalues. They proved
that, for any integers n, j € N, there exist 71;, > 0 and for € (0, 1,) an eigenvalue A, ; (%) € sp(Ly)
such that

b, (1) = (20 = 1) (boh + (2] = Dt + e)i®) + 0(h?)

for another explicit constant ¢,. In particular, it gives a description of some semiexcited states (of order
(2n — 1)boh). Finally, [Raymond and Vii Ngoc 2015] (and [Helffer and Kordyukov 2015]) gives a
description of the whole spectrum below b/, for any fixed b; € (by, boo). More precisely, they proved
that this part of the spectrum is given by a family of effective operators /\/'h["] (n € N) modulo O(%*).
These effective operators are 7i-pseudodifferential operators with principal symbol given by the function
fi(2n — 1)b. More interestingly, they explained why the two quantum oscillators

(2n—1boh and (2j — Dah?

appearing in the eigenvalue asymptotics correspond to two oscillatory motions in classical dynamics:
the cyclotron motion and a rotation around the minimum point of ». The results of Raymond and Vi
Ngoc were generalized to an arbitrary d-dimensional Riemannian manifold in [Morin 2022b], under the
assumption £ = 0 (B(q) has full rank), proving in particular similar estimates (1-3) in a general setting.
Actually, these eigenvalue estimates were proven simultaneously in [Kordyukov 2019] in the context of
the Bochner Laplacian.

We are interested on the influence of the kernel of B (k > 0). Since the rank of B is even, this kernel
always exists in odd dimensions: if d = 3, the kernel directions correspond to the usual field lines. On
M = R3, Helffer and Kordyukov [2013] proved the existence of A, (1) € sp(Ly) such that

honmj () = (20 = Dol + (2n — D'?@m — Dwoh™? + (2n — 1)(2j = D+ cam)i® + O

for some vy > 0 and «, ¢, € R. Motivated by this result and the 2-dimensional case, Helffer, Kordyukov,
Raymond and Vii Ngoc [Helffer et al. 2016] gave a description of the whole spectrum below b1/, proving
in particular the eigenvalue estimates

2 (Ln) = boh +voh™* +a(2j — DI + OK). (1-4)

Their results exhibit a new classical oscillatory motion in the directions of the field lines, corresponding
to the quantum oscillator (2m — 1)voh3/2.

The aim of this paper is to generalize the results of [Helffer et al. 2016] to an arbitrary Riemannian
manifold M, under Assumption 1. In particular we describe the influence of the kernel of B in a general
geometric and dimensional setting. Their approach, which we adapt, is based on a semiclassical Birkhoff
normal form. The classical Birkhoff normal form has a long story in physics and goes back to [Delaunay
1860; Lindstedt 1883]. This formal normal form was the starting point of a lot of studies on stability near
equilibrium, and KAM theory (after [Kolmogorov 1954; Arnold 1963; Moser 1962]). The name of this
normal form comes from [Birkhoff 1927; Gustavson 1966]. We refer to the books [Moser 1968; Hofer and
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Zehnder 1994] for precise statements. Our approach here relies on a quantization. Physicists and quantum
chemists already noticed in the 1980s that a quantum analogue of the Birkhoff normal form could be used
to compute energies of molecules [Delos et al. 1983; Jaffé and Reinhardt 1982; Marcus 1985; Shirts and
Reinhardt 1982]. Joyeux and Sugny [2002] also used such techniques to describe the dynamics of excited
states. Sjostrand [1992] constructed a semiclassical Birkhoff normal form for a Schrodinger operator
—h%A + V using the Weyl quantization, to make a mathematical study of semiexcited states. Raymond
and Vii Ngoc [2015] had the idea to adapt this method for £; on R?, and with Helffer and Kordyukov
on R3 [Helffer et al. 2016]. This method is reminiscent of Ivrii’s approach [2019].

1B. Main results. The first idea is to link the classical dynamics of a particle in the magnetic field B
with the spectrum of £; using pseudodifferential calculus. Indeed, £ is an fi-pseudodifferential operator
with principal symbol

H(q,p)=|p—A,* forall peT,M* forallqeM,
and H is the classical Hamiltonian associated to the magnetic field B. One can use this property to

prove that, in the phase space T*M, the eigenfunctions (with eigenvalue < b1#) are microlocalized on an
arbitrarily small neighborhood of

Y=H'0)NT*Q={(q, p) eT*Q: p=A,}.

Hence, the second main idea is to find a normal form for H on a neighborhood of ¥. Namely, we find
canonical coordinates near ¥ in which H has a “simple” form. The symplectic structure of ¥ as a
submanifold of 7*M is thus of great interest. One can see that the restriction of the canonical symplectic
form dp Adg on T*M to X is given by B (Lemma 2.1), and when B has constant rank, one can find

Darboux coordinates ¢ : Q' C IR?;;”‘[) — 2 such that
©*B =dn Ady,

up to shrinking 2. We will start from these coordinates to get the following normal form for H.

Theorem 1.4. Under Assumption 1, there exists a diffeomorphism
¢ :U cR** S U cT*M
between neighborhoods U; of 0 and Uy of X such that
ﬁ(x, Ey,nt,t1):=Ho®|(x,& y,n,t,7)
satisfies (with the notation /§ i = Bj o)
s
H= M@y, n.0t. 1)+ Y B0 0E +x7)+0((x. & 1))
j=1

uniformly with respect to (y, n, t) for some (y, n, t)-dependent positive definite matrix M(y, n, t). More-
over,

®T(dp Adg) =dé Adx +dnp Ady +dr Ade.
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Remark 1.5. We will use the following notation for our canonical coordinates:
=@ R, w=(.meR? =01 eR"

This theorem gives the Taylor expansion of H on a neighborhood of ¥. In particular (x, &, 7) € R?
measures the distance to X, whereas (y, n,t) € R4 are canonical coordinates on X.

Remark 1.6. This theorem exhibits the harmonic oscillator & 1.2 —l—xj2 in the expansion of H. This oscillator,
which is due to the nonvanishing magnetic field, corresponds to the well-known cyclotron motion.

Actually, one can use the Birkhoff normal form algorithm to improve the remainder. Using this
algorithm, we can change the O((x, & )3) remainder into an explicit function of & jz +xj2, plus some smaller
remainders O((x, §)"). This remainder power r is restricted by resonances between the coefficients j;.
Thus, we take an integer r; € N such that,

N
foralla eZ', O<lal<ri = Y a;Bi(qo) #0. (1-5)
j=1
Here, |¢|=)_ j latj|. Moreover, we can use the pseudodifferential calculus to apply the Birkhoff algorithm
to Ly, changing the classical oscillator é}jz + sz into the quantum harmonic oscillator

) _ 2q2 2

whose spectrum consists of the simple eigenvalues (2n — 1)%, n € N. Following this idea we construct a
normal form for £; in Theorem 3.4. We also deduce a description of its spectrum.

Theorem 1.7. Let ¢ > 0. Under Assumption 1, there exist by € (b, boo), an integer Nmax > 0 and a
compactly supported function f} € C® Rk x RS x [0, 1)) such that

|t LS (TR + 12l +h) + 7))

satisfying the following properties. For n € N°, denote by /\/h["] the hi-pseudodifferential operator in (y,t)
with symbol

N
N = (M(y.n. 07, 1)+ Y By n. HQ@nj — D+ £ (v, 0.1, T, 2n — Dh, h).
j=1
For h < 1, there exists a bijection
A :sp(Lp) N (=00, bih) > | ) spN;™) M (=00, bih)
[7]< Nmax

such that Ay (A) = A+ OH"/?>~) uniformly with respect to .

Remark 1.8. In this theorem sp(.A) denotes the repeated eigenvalues of an operator .4, so that there
might be some multiple eigenvalues, but A preserves this multiplicity. We only consider self-adjoint
operators with discrete spectrum.

Remark 1.9. One should care of how large b; can be. As mentioned above, the eigenfunctions of
energy < bihi are exponentially small outside K, ={q € M : b(q) < b1}. Thus, we will chose b; such that
Ky, C Q, where € is some neighborhood of go. Hence the larger 2 is, the greater 5 can be. However,
there are three restrictions on the size of €2:
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e The rank of B(g) is constant on £2.
 There exist canonical coordinates ¢ on €2 (i.e., such that ¢*B = dn A dy).

e There is no resonance in 2:

5
forallg € Q, foralle € Z°, O<|a|<rg = Zozjﬁj(q) # 0.
j=1
Of course the last condition is the most restrictive. However, if we forget the second condition, which is
of global geometric nature, given a magnetic field and an r; one can estimate an associated b satisfying
the third condition. In particular we can construct simple examples on R? such that the threshold b/
includes several Landau levels.

Remark 1.10. If £ = 0 we recover the result of [Morin 2022b]. Here we want to study the influence
of a nonzero kernel k > 0. This result generalizes the result of [Helffer et al. 2016], which corresponds
tod =3, s =k = 1 on the Euclidean R3. However, this generalization is not straightforward since the
magnetic geometry is much more complicated in higher dimensions, in particular if k > 1. Moreover, there
is a new phenomena in higher dimensions: resonances between the functions g; (as in [Morin 2022b]).

The spectrum of £ in (—oo, bifi) is given by the operators ./\/h["]. Actually if we choose b small
enough, it is only given by the first operator /\/}im (here we denote the multi-integer 1 = (1, ..., 1) € N¥).
Hence in the second part of this paper, we study the spectrum J\/h[l] using a second Birkhoff normal form.
Indeed, the symbol of /\/h[l] is

N (w, 1, 7) = (M(w, )T, T) +hb(w, 1) + O(h?) + O(th) + O(73),

so if we denote by s(w) the minimum point of ¢ — l;(w, t) (which is unique on a neighborhood of 0), we
get the expansion

n0%b
HE S s@) - = sy, =s@)+-. (1-6)

where we will show that the remaining terms are only perturbations. As explained in Section 5, in (1-6)

N w, 1, 7) = (M(w, s(w))T, T) +

we can recognize a harmonic oscillator with frequencies Vi vi(w) (1 < j <k), where (vjz(w))lf j<k are
the eigenvalues of the symmetric matrix

M(w, s 132b(w, s(w)) - M(w, s(w))"/.

These frequencies are smooth nonvanishing functions of w on a neighborhood of 0, as soon as we assume
that they are simple.

Assumption 2. For indices 1 <i < j <k, we have v;(0) # v;(0).

We fix an integer r, € N such that,
k

foralla €Z', O<lal<r = Y a;jv;(0) #0,
j=1

and we construct a normal form for ./\/h[l] in Theorem 5.4. Again, we deduce a description of its spectrum.
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Theorem 1.11. Letc > 0and é € (0, %) Under Assumptions 1 and 2, with k > 0, there exists a compactly
supported function f5 € C®(R* x R x [0, 1)) such that

3o TV S (] + V)
satisfying the following properties. For n € N¥, denote by ./\/l;n] the h-pseudodifferential operator in y

with symbol

k
MMy, ) = by, n, s M)+~ Y vy, m)@nj— D+ f5 (v, m, @n— DVh, V).
j=1

For i <« 1, there exists a bijection

A spNE) N (=00, (bo +ch®)n) — | sp(rMy) N (=00, (bo + ch®)h)

neNk
such that Ay (A) = A 4+ OHT2/2) uniformly with respect to .

Remark 1.12. The threshold by + ¢/ is needed to get microlocalization of the eigenfunctions of ./\/h“] in
an arbitrarily small neighborhood of T = 0.

Remark 1.13. This second harmonic oscillator (in variables (¢, T)) corresponds to a classical oscillation
in the directions of the field lines. We see that this new motion, due to the kernel of B, induces powers of
Vi in the spectrum.

As a corollary, we get a description of the low-lying eigenvalues of £ by the effective operator i M E].

Corollary 1.14. Let ¢ > 0 and c¢ € (0, min; v;(0)). Define v(0) = Zj v;(0) and r = min(2ry, r, +4).
Under Assumptions 1 and 2, with k > 0, there exists a bijection

A s sp(Lp) N (=00, ibg + 13/ (0(0) 4 2¢)) — sp(rMET) N (=00, hibg + 13/ (1(0) +2¢))
such that Ay (A) = A 4+ OH478) uniformly with respect to .
We deduce the following eigenvalue asymptotics.

Corollary 1.15. Under the assumptions of Corollary 1.14, for j € N, the j-th eigenvalue of Ly admits an

expansion
lr/2]-2
MLy =h Y ajh?+O@"),
=0
with coefficients aj, € R such that
k
aj0=bo, aj1= Z vi(0), «aj2=Ej+co,
j=1

where ¢y € R and hE; is the j-th eigenvalue of an s-dimensional harmonic oscillator.



1600 LEO MORIN

Remark 1.16. Note 2 E; is the j-th eigenvalue of a harmonic oscillator whose symbol is given by the
Hessian at w = 0 of I;(w, s(w)). Hence, it corresponds to a third classical oscillatory motion: a rotation
in the space of field lines.

Remark 1.17. The asymptotics
A (Ly) = bohi + v(0)R*% + (E; + co)h* + o(h?)

were unknown before, except in the special 3-dimensional case M = R? in [Helffer et al. 2016].

1C. Related questions and perspectives. In this paper, we are restricted to energies A < bi#i, and as men-
tioned in Remark 1.9, the threshold b > by is limited by three conditions, including the nonresonance one:

s
forallg € Q, foralle € Z7°, O<lo|l<r = Z(xjﬁj(q) #0.
j=1

It would be interesting to study the influence of resonances between the functions B; on the spectrum of £j,.
Maybe the Grushin techniques could help, as in [Helffer and Kordyukov 2015] for instance. A Birkhoff nor-
mal form was given in [Charles and Vii Ngoc 2008] for a Schrodinger operator —/> A+ V with resonances,
but the situation is somehow simpler, since the analogues of B;(q) are independent of ¢ in this context.

We are also restricted by the existence of Darboux coordinates ¢ on (X, B) such that ¢*B =dn Ady.
Indeed, the coordinates (y, ) on X are necessary to use the Weyl quantization. To study the influence
of the global geometry of B, one should consider another quantization method for the presymplectic
manifold (¥, B). In the symplectic case, for instance in dimension d = 2, a Toeplitz quantization may be
useful. This quantization is linked to the complex structure induced by B on X, and the operator £; can
be linked with this structure in the following way:

L =42(5 4+ A) (5+ 2 4) +hB = 42555, + 1B,
with
A=A1+iA;, B=04A,—0A,, 25=31+i32.

In [Tejero Prieto 2006], this is used to compute the spectrum of £; on a bidimensional Riemann surface M
with constant curvature and constant magnetic field. See also [Charles 2020; Kordyukov 2022], where
semiexcited states for constant magnetic fields in higher dimensions are considered.

If the 2-form B is not exact, we usually consider a Bochner Laplacian on the p-th tensor product
of a complex line bundle L over M, with curvature B. This Bochner Laplacian A, depends on p € N,
and the limit p — +o0 is interpreted as the semiclassical limit. The Bochner Laplacian A, is a good
generalization of the magnetic Laplacian because locally it can be written (1/42)(ihV + A)?, where
the potential A is a local primitive of B, and # = p~!. For details, we refer to [Kordyukov 2019;
2020; Marinescu and Savale 2018]. Kordyukov [2019] constructed quasimodes for A, in the case of a
symplectic B and discrete wells. He proved expansions

Aj (Ap) ~ Z aj[pfz/z.
€20
Our work also gives such expansions for A, as explained in [Morin 2022a].
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In this paper, we only mention the study of the eigenvalues of £;: what about the eigenfunctions?
WKB expansions for the j-th eigenfunction were constructed on R? in [Bonthonneau and Raymond
2020] and on a 2-dimensional Riemannian manifold in [Bonthonneau et al. 2021a]. We do not know
how to construct magnetic WKB solutions in higher dimensions. This article suggests that the directions
corresponding to the kernel of B could play a specific role.

Another related question is the decreasing of the real eigenfunctions. Agmon estimates only give a
O(ec/ “/%) decay outside any neighborhood of ¢, but the 2-dimensional WKB suggests a O(e~/") decay.
Recently Bonthonneau, Raymond and Vii Ngoc [Bonthonneau et al. 2021b] proved this on R? using the
FBI transform to work on the phase space T*R?. This kind of question is motivated by the study of the
tunneling effect: the exponentially small interaction between two magnetic wells for example.

Finally, we only have investigated the spectral theory of the stationary Schrédinger equation with a
pure magnetic field; it would be interesting to describe the long-time dynamics of the full Schrodinger
evolution, as was done in the Euclidean 2-dimensional case in [Boil and Vi Ngoc 2021].

1D. Structure of the paper. In Section 2 we prove Theorem 1.4, describing the symbol H of £ on a
neighborhood of ¥ = H~!(0). In Section 3 we construct the normal form, first in a space of formal series
(Section 3B) and then the quantized version A (Section 3C). In Section 4 we prove Theorem 1.7. For
this we describe the spectrum of A} (Section 4A), then we prove microlocalization properties on the
eigenfunctions of £; and A (Section 4B), and finally we compare the spectra of £; and Nj; (Section 4C).
In Section 5 we focus on Theorem 1.11 which describes the spectrum of the effective operator /\fh“]. In
Section SA we study its symbol, in Section 5B we construct a second formal Birkhoff normal form, and
in Section 5C the quantized version Mj,. In Section SD we compare the spectra of th and M.
Finally, Sections 6 and 7 are dedicated to the proofs of Corollaries 1.14 and 1.15 respectively.

2. Geometry of the classical Hamiltonian
2A. Notation. L; is an h-pseudodifferential operator on M with principal symbol H:
H(q.p)=Ip—Aqly. peT;M. geM.

Here, T*M denotes the cotangent bundle of M, and p € TM is a linear form on 7, M. The scalar
product g4 on 7; M induces a scalar product g; on T°M, and | - | g denotes the associated norm. In this
section we prove Theorem 1.4, thus describing H on a neighborhood of its minimum:

Y=g, p)eT*M:qeQ, p=A,}.

Recall that 2 is a small neighborhood of g9 € M \ dM. We will construct canonical coordinates
(z, w,v) € R* on Q, with

z=(x,&eR”, w=(@,neR® v=(r1)eR*
R?¢ is endowed with the canonical symplectic form

wy =dé Adx +dnp Ady +dt Adr.
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We will identify ¥ with

Y ={x, &y, 1) eR? ix=£=0, T=0} =R, x {0}

We will use several lemmas to prove Theorem 1.4. Before constructing the diffeomorphism <I>1_1 on
a neighborhood Uj of X, we will first define it on X. Thus we need to understand the structure of X
induced by the symplectic structure on 7*M (Section 2B). Then we will construct ®; and finally prove
Theorem 1.4 (Section 2C).

2B. Structure of X. Recall that on T*M we have the Liouville 1-form « defined by
a(q,p)(V) = p((dﬂ)(q’p)]}) for all (q, p) € T*M, Ve T(qyp)(T*M),

where 7w : T*M — M is the canonical projection: (g, p) = ¢, and do is its differential. 7*M is endowed
with the symplectic form w = do. ¥ is a d-dimensional submanifold of 7*M which can be identified
with © using

J:igeR—> (g, A) €X

and its inverse, which is 7.
Lemma 2.1. The restriction of w to X is wy = w*B.

Proof. Fix q € Q and Q € T; M. Then
(J )q(Q) = ej)((dj) Q) = Ag((dmr) o (dj) Q) = A4(Q),
because 7 o j =1d. Thus j*o¢ = A and ay = 7* j*a = w*A. Taking the exterior derivative we get
oy =day =7*(dA) =7*B. O

Since B is a closed 2-form with constant rank equal to 2s, (X, 7*B) is a presymplectic manifold. It is
equivalent to (€2, B), using j. We recall the Darboux lemma, which states that such a manifold is locally
equivalent to (R>+X dn A dy).

+k

Lemma 2.2. Up to shrinking 2, there exists an open subset ¥ of [RE(Z; n1)

such that ¢* B = dn A dy.

and a diffeomorphism ¢ : ¥’ — Q

One can always take any coordinate system on 2. Up to working in these coordinates, it is enough to
consider the case M = R? with

d
H(g, p)= Y & — A@)(pe — A(@)), (g, p) € T*R! ~R¥,
k=1

to prove Theorem 1.4. This is what we will do. In coordinates, w is given by

d
w=dp Adg =dej/\dqj
j=1
and X is the submanifold
¥ ={(q. A(g)) :q € Q) C R¥,
and jog: X — X.
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In order to extend j o ¢ to a neighborhood of ¥’ in R?? in a symplectic way, it is convenient to split
the tangent space Tj(q)([R{Zd ) according to tangent and normal directions to X. This is the purpose of the
following two lemmas.

Lemma 2.3. Fix j(q) = (q, A(q)) € X. Then the tangent space to X is
TipZ ={(Q,P)eR*: P=V,A- Q).
Moreover, the w-orthogonal Tj ) == is
TSt ={(0, P)eR* . P=(v,A)T- Q).
Finally,
Ti= NTjq =" = Ker(7*B).

Proof. Since X is the graph of g — A(q), its tangent space is the graph of the differential O — (V,A4)- Q.
In order to characterize T X+, note that the symplectic form @ = dp A dg is defined by

w(q,p)((Q1, P1), (Q2, P2)) = (P2, Q1) — (P1, O2), (2-1
where (-, -) denotes the Euclidean scalar product on R% Thus,
(Q,P)eTj(p=+ = wj(y((Qo, V,A-Q0), (Q, P)) =0 forall Qp € R
= (P, Qo) — ((V4A) - Qo, @) =0 forall Qg € R?
= (P—(V,A)" - Q,00)=0 forall Qe R
= P=,A)". Q.

Finally, with Lemma 2.1 we know that the restriction of @ to T ¥ is given by 7* B. Hence, Tj(4) ZNTj )
is the set of (Q, P) € Tj(,) X such that

7*B((Q, P), (Qo, Py)) =0 forall (Qo, Py) € Tj()Z.
It is the kernel of 7*B. O

Now we define specific basis of T;(,) X and its orthogonal. Since B(q) is skew-symmetric with respect
to g, there exist orthonormal vectors

ui1(q), v1(q), ... us(q), vs(q), wi(q), ..., wi(g) € R
such that
Buj =—pBjv;,, 1=<j=<s,
Bv; = Bju;, 1<j=<s, (2-2)
BWjZO, lfj <k.

These vectors are smooth functions of g because the nonzero eigenvalues +if;(g) are simple. They
define a basis of R?. Define the following w-orthogonal vectors to 7' X:

{fj(q) = (1//Bi @) wj(q), (VoA -uj(q), 1<j<s,

2-3
F1@) = /B @), (VA o),  1<)=<s. 9
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These vectors are linearly independent and
Tip= =K ®F,
with
K =Ker(7*B), F =span(fi, f{,..., fs, [])-
Similarly, the tangent space Tj(,) ¥ admits a decomposition
TipE=E®K

defined as follows. The map jog : ¥’ — X from Lemma 2.2 satisfies (j o ¢)*(w*B) = dn Ady. Thus its
differential d(j o ¢) maps the kernel of dn A dy on the kernel of 7*B:

K={d(jop),0,T): T € R}. (2-4)
A complementary space of K in 7% is given by
E:={d(jog),(W,0): W e R¥}. (2-5)
From all these considerations we deduce:

Lemma 2.4. Fix j(q) = (q, A(q)) € X. Then we have the decomposition
Tt
TR =E®K ®F ®L
i@ cya )
TS

where L is any Lagrangian complement of K in (E @ F)*.

Proof. We have TY +TX+ = E @ K @ F, and the restriction of @ = dp A dg to this space has kernel
K =TXNTXL Hence, the restriction @ EqoF Oof w to E@® F is nondegenerate and its orthogonal (E @ F )L
as well. Moreover (E @ F)* has dimension 2d — 4s = 2k, and we have

TjR¥ = (E® F)® (E® F)*.

K is a Lagrangian subspace of (E @ F)*. Therefore it admits a complementary Lagrangian: a subspace L
of (E @ F)* with dimension k such that w; =0 and (E® F)' =K & L. O

Remark 2.5. From now on, we fix any choice of Lagrangian complement L. With this choice, we define
a basis (€;) of L as follows. First note that the decomposition (E & F )t = K @ L yields a bijection
between L and the dual K* which is £ — w (£, - ). We emphasize that this bijection depends on the choice
of L. Using this bijection, we define £; to be the unique vector in L satisfying

w(®;,d(jog)©0,T)=T; forall T e R*. (2-6)
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peR? (z,7) € Rk

[\
7

d
‘ q € R ! 3 = {(w’ 1) e R2s+k}

Figure 1. Using the canonical coordinates (w, t, 7, z), we identify X with X',

2C. Construction of ®1 and proof of Theorem 1.4. We identified the “curved” manifold ¥ with an
open subset ¥’ of R**¥ using j o ¢. Moreover, we did this in such a way that (j o ¢)*7*B = dn A dy.
In this section we prove that we can identify a whole neighborhood of ¥ in [RZd , With a neighborhood

of ¥’ in [R{?ZSTUZ’;), via a symplectomorphism ®;. See Figure 1.

Lemma 2.6. There exists a diffeomorphism

@)U CRETAT > Uy cRY

(q.p)
between neighborhoods U, of ¥ and Ul’ of X’ such that dlw = wy and ®1(w,1,0,0) = joe(w,1).

Moreover its differential at (w,t, T =0,z=0) € X' is

k K
Aoy (W, T. T, Z) =dwnjoeW.T)+ Y Tiljw.0)+ Y _ X, fi(w. 1)+ E; f](w. 1).
j=1 j=1

Remark 2.7. In this lemma we used the notation Z = (X, E) and 2]- ={joq, f] = fjop, and fj/ = fj’oq).

Proof. We will first construct ® such that ®*w|z' = wp |z’ only on X' = &~ 1(2). Then, we will use the
Theorem B.2 to slightly change @ into ®; such that ®jw = wo on a neighborhood of %'.
We define ® by

k K
Q(w, 1, 7,2)=jopw, N+ Y Tliw, 0+ x;fj(w, ) +&fw,1). 2-7)
j=1 j=1
Its differential at (w, t, 0, 0) has the desired form. Let us fix a point (w, ¢, 0, 0) € ¥’ and compute ®*w
at this point. By definition,
D W,1,0,00( -, ) = Wj(y((ADP) -, (dD) ),

where ¢ = ¢(w, t). Computing this 2-form in the canonical basis of R**2¢
the vectors ¢;, f;, fj/ and d(j op)(W, T). By (2-3) and (2-1) we have

1

amounts to computing » on

o(fi, fi) =

(Vg A)" - uj ) = (VgAY - ui wy)

=

Bj
1

- ﬂlﬂj (VgAY = (Vg A)) - uj, w;)

\/ /3, Bj

7

————B(uj,u;j) = ——=g(u;, Bu;) =

\/ﬂl Bi
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because Bu; = —p;v; is orthogonal to u;. Similarly we find

o(fi, f)) =28, o(f, f))=0.
Moreover, £; € L C F* so
o, [i) =w{,;, fj/) =0.
Since L is Lagrangian we also have w({;, £;) = 0. The vector d(j o ¢)(W, T) is tangent to X and
fi fi € T so
w(fj, d(jo@)(W,T)) = o(f],d(j o) (W, T)) =0.

Since ¢; € L ¢ E+ and using (2-6), we have
o, d(jop)(W,T)) =w({;,d(jop)0,T)) =Tj.
Finally, (j o ¢)*w = ¢*B = dn A dy so that
w(d(jop)(W,T),d(j o)W, T") =dn Ady(W, T), (W, T").

All these computations show that (®*w).1,0,0) coincide with wg = d& A dx +dn Ady +dr Adt. Thus
®*w = wy on X. With Theorem B.2, we can change ® into &;(w, t,7,z) = ®(w, 1, 7, 2) + O((z, 7)%)
such that ®jw = wy on a neighborhood U 1’ of ¥'. In particular, the differential of ®; at (w, ¢, 0, 0)
coincides with the differential of ®. O

Finally, the following lemma concludes the proof of Theorem 1.4.
Lemma 2.8. The Hamiltonian H = H o ®| has the Taylor expansion
S
Hw.t,1.x,8)=307Hw.t,0)r. 1)+ Y _ Bi(w. 0 +x1)+O((x, x, §)).
j=1
Proof. Let us compute the differential and Hessian of

d
H(g,p)= Y ¢“(@)(px — A@)(pe — Ac(9))
k,t=1

at a point (g, A(q)) € X. First,

d
Vig.nH(Q, P)= > 2¢"(q)(pe— A(@)) (Pe— Vg Ar- Q)+ (pi— Ak(@)) (pe— Ae (@) Vg8 Q. (2-8)
k=1

and at p = A(q) the Hessian is

d
(Vi H (0. P).(Q. P =2 ¢ @) (P = VyAr- Q)(P[ =V A Q). (2-9)
k,t=1

We can deduce a Taylor expansion of H (w, t, T, 7) with respect to (z, z) (with fixed ¢ = p(w, t)). First,

H(w,,0,0)=H(q, A(q)) = 0.
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Then we can compute the partial differential using Lemma 2.6,
BTZH(w t,0,0)- (W, T)=V;jyH -0, ;D1 (w,1,0,0)- (W, T)=V; () H-d(jop)(W,T)=0
because d(j o )(W, T) € Tj,)X. The Taylor expansion of H is thus
Hw,t,7,2) =32 Hw,1,0)- (1, 2), (r,2) + O((z, 2)*),
where 83’ Zﬁ is the partial Hessian with respect to (7, z). We have

0 H = (3z.)®1)" - V] H - (3.0 P1),

J(q

1607

and computing the Hessian matrix amounts to computing ij( q)H on the vectors g;, fj, and fj’ If

(Q, P) € Tj(y T+, then P = (V,A)* - Q so that, with (2-9),

d

SVIHWQ. P).(Q P = > g"q)(A;Q; — 9;AcQ)) (3 A; Q) — i A Q)

ki, j=1

= > ") B QiBuQ;.

k,C,i,j
But Y, g¥“By; = By; (by (1-1)) so
SVigH(Q, P),(Q', P =) Bu(B;j0)Q;=B(B-Q, 0.
i,j,t

In the special case (Q, P) = fJ we have

IV2  H(fi, f}) = —=——=B(Buj, u)) =

1
V ,Bz Bj VBiBi /SJ

and similarly

W2 OHfL )= BiBsy, IV H(f £ =0.
Finally, it remains to prove
VigHW&. f) =V Hti. f))=0
to conclude that the Hessian of H is

182H (w,1,0,0)
B
102 H(w,1,0,0) = P

Bs
Actually, (2-10) follows from the identity

Lc Ft=TxzH*H,

g(Bu;, Bu] ﬁlﬂ]g(vl’v])_ ﬂiﬁj&jy

(2-10)

2-11)
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where | H denotes the orthogonal with respect to the quadratic form V2H (which is different from the
symplectic orthogonal ). Indeed, to prove (2-11) note that

(Q,P)e(TEH = VIH((Q,P),(Q, (V,A)T - Q) =0 forall Q' eR?

= > (P = VA Q)B; Q=0 forall Q' e R
k., j
= > (Pc—VyAr- Q)B; Q=0 forall Q' e R
k?j
= (P—V,A-Q,BQ')=0 forall Q' e R?
= (P,BQ)—(0,(V,A)"-BQ)=0 forall 0’ e R’
= w(Q,P),(BQ,(V,A)T-BQ)=0 forall 0'eR’,
and we have
F={V: (VqA)TV), V espan(uy, vy, ..., Ug, v5)}
={(BQ:(V,A)"BQ), Q R},

because the vectors u;, v; span the range of B. Hence we find

(0, P)e(TsH = (0, P eF- 0

3. Construction of the normal form N},

3A. Formal series. Define U =U;NY’ C [F\R%;thﬁ x {0}. We construct the Birkhoff normal form in the
space

& =C®W)x, &, T, h].

It is a space of formal series in (x, &, T, i) with coefficients smoothly depending on (w, ¢). We see these
formal series as Taylor series of symbols, which we quantize using the Weyl quantization. Given an
h-pseudodifferential operator A; = Op;’ a; (with symbol a; admitting an expansion in powers of /i in
some standard class), we denote by [a;] or o7 (A) the Taylor series of a; with respect to (x, &, 7) at
(x, &, ) =0. Conversely, given a formal series p € £, we can find a bounded symbol ay; such that [a;] = p.
This symbol is not uniquely defined, but any two such symbols differ by O((x, &, %)), uniformly with
respect to (w, t) € U.

Remark 3.1. We prove below that the eigenfunctions of £; are microlocalized, where (w, ¢t) € U and
|(x, &) <h'/2, so that the remainders O((x, &, 7)) are negligible.

« In order to make operations on Taylor series compatible with the Weyl quantization, we endow £; with
the Weyl-Moyal product #, defined by Op;’(a) Op;’ (b) = Op;’ (a » b). This product satisfies

N

1 \F

ajxay = ] (ED) ar(w, 1,7, Dar (W', ', T, ) wrmw, =t v1=1, 0= + OB,
k=0 "

where

s s k
D= (3 8y — 3,9y + Y (30 — 0, 0) + Y (35,9 — 3,91
Jj=1 j=I1 j=1
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Note that to define such a product it is necessary to assume that our formal series depend smoothly
on (w, t).

 The degree of a monomial is
deg(x“6¥ 1 h) = |a| + || + || + 2¢. (3-1)
We denote by Dy the C*°(U)-module spanned by monomials of degree N, and
On = P D, (3-2)

n>N

which satisfies

ON[ *ONZ C ON1+N2'
If p1, p2 € &1, we denote their commutator by

(o1, p2] = ady, p2 = p1 % p2 — P2 % p1,
and we have the formula
(o1, p2] = 2 sinh(5:0) o1 2. (3-3)
In particular,

for all py € O, forall py € On,. 2101, 021 € O 2,

and (i/h)[p1, p2] = {p1, P2} + O(#?). The Birkhoff normal form algorithm is based on the following
lemma. We recall the definition (1-5) of r;.

Lemma 3.2. For 1 < j <s, define z; = x; + i&; and |z;|* =xj2+§,-2.
(1) Every series p € & satisfies
% ad,p p = {|z;I*, p}.
(2) Let 0 < N < ry. For every Ry € Dy, there exist pn, Ky € Dy such that
s .
Ry =Ky + ZBj(W, t)fl_i adp 2 pn
j=1
and [Ky, |Zj|2] =0 forl1 <j<s.

3) If K € &, then [K, |zj|2] =0 forall 1 < j <s if and only if there exists a formal series F €
cCO), ..., I, T, k]l such that

K=F(zl* ..., lz% ©.h).

Proof. The first statement is a simple computation. For the second and the third, it suffices to consider
monomials Ry = c(w, 1)z%Z% t* ht. Note that

-y " . "
ady,;p(c(w, 1)z T h') = () —aj)e(w, )27 ° nt,
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so that Ry commutes with every |z; |> (1 < j <s) if and only if & = o', which amounts to saying that Ry

is a function of |z; |2 and proves (3). Moreover,

Z ’éf adlZfP(ZazalTaNﬁg) = (&' —a, B)z27% ",
J
where (7, ) — 21 ¥iBj(w, t). Under the assumption |et| + |o'| +|o”| +2€ < r1, we have | —a/| <7y

and by the definition of ry the function (¢’ — «, B (w, 1)) cannot vanish for (w, t) € U, unless a = o’. If
a =o', we choose py =0 and Ry = Ky commutes with |zj|2. If @ # «’, we choose Ky =0 and

c(w,t) o
ON = Zaza .L,a hﬁ,

(o —a, B(w, 1))
and this proves (2). U

3B. Formal Birkhoff normal form. In this section we construct the Birkhoff normal form at a formal
level. We will work with the Taylor series of the symbol H of L, in the new coordinates ®;. According
to Theorem 1.4, H=Ho @, defines a formal series

[H] = H, + Z Hy,
k>3
where H; € Dy and

Hy=(Mw.nr.7)+ Y Bi(w. 0z (3-4)
j=1

At a formal level, the normal form can be stated as follows.

Theorem 3.3. For every y € O3, there are k, p € O3 such that
/M (Hy +y) = Hy 4k + Oy,
where k is a function of harmonic oscillators:
K=F(z11% ..., |z% ©,h),  withsome F e C°(U)[, ..., I, T, Al.
Moreover, if y has real-valued coefficients, then so do p, k and the remainder O,,.

Proof. We prove this by induction on an integer N > 3. Assume that we found py_1, K3, ..., Ky—_1 € O3,
with [K;, |zj|2] =0 for every (i, j) and K; € D; such that

Mot (Hy+y) = Hy+ K3+ -+ Ky_1 4 Oy.
Rewriting the remainder as Ry 4+ Oy, with Ry € Dy, we have
Mo (Hy+y) = Hy+ K3+ -+ Kn_1 + Ry + Oy 1.
We are looking for a p’ € Oy. For such a p’ we apply ¢/,

e(i/h)ad/’Nle,(Hz—ky):e(i/h)ad"/(Hz-i-K:;+"'+KN,1+RN+ON+1).
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Since (i /) ad, : Oy — Oryn—2 we have

¥y (Hy +y) = Hy+ K3+ -+ Ky_1 + Ry + ;—i ad, (Hy) + On 1. (3-5)

The new term (i /i) ad, (Hp) = —(i /h) ad g, (p”) can still be simplified. Indeed by (3-4),

i A
L adp,(p)) = LUM(w, D, 7) +Z(ﬂ, iz 1+ 1551 1), (3-6)
with
s R A

;A 9B; 9p’  9B; 3p’ 8;3

l / j j j

1B, 0= (————— B Gy =0,

n ; dy; dm;  Om; Ay ; on o TN
because a derivation with respect to (y, n, t) does not decrease the degree. Similarly,

. k ,
%“M(w»”f»f%p?=Z<<a,_,.M(w,t)f,f>§i UM, 01, 7) 3pf

+Ont1=Ony1,
= Tj a‘L'j 8l] )

and thus (3-6) becomes

. S .
Lad(p) = YAy adi 2 (0) + O,
j=1
Using this formula in (3-5) we get

S .
Mt (Hy 4 y) = Hy 4 Ks -+ K1+ Ry = ) B ad (o) + Ot

j=1
Thus, we are looking for Ky, p’ € Dy such that

s .

Hl
Ry =Ky + ZIBJE ad‘zj‘z(p/),
j=1

with [Ky, |z; |*1 = 0. By Lemma 3.2, we can solve this equation provided N < ry, and this concludes the
proof. Moreover, (i /1) ad| 2 is a real endomorphism, so we can solve this equation on R. (I

3C. Quantizing the normal form. We now construct the normal form A/, quantizing Theorems 1.4
and 3.3. We denote by Ih(J ) the harmonic oscillator with respect to x;, defined by

@) 2,2 2 07 2
7,” = Opy (] +x7) = —h PYCRUETE
J
We prove the following theorem.
Theorem 3.4. There exist

(1) a microlocally unitary operator Uy, : LZ(RiN) — L2(M) quantizing a symplectomorphism ®, =
&1+ O((x, &, )%, microlocally on Ul x Uy,

(2) afunction f} : Rib;f ?k, x R} x [0, 1] which is C*° with compact support such that

fiontn L) < C(A+m)? + [t( 1] +h) +[z]),
(3) an h-pseudodifferential operator Ry, whose symbol is O((x, &, T, h'/?)""y on U/,
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such that
U;;ChUh = Nh + Rh,

with

S
Ny =Opy(M(w, )T, 7) + Y 2,7 Op}! B;(w. ) +Opy fi(y.n.t.0.2,7. ... T h).
j=1
Remark 3.5. Uy, is a Fourier integral operator quantizing the symplectomorphism ®1; see [Martinez 2002;
Zworski 2012]. In particular, if Aj; is a pseudodifferential operator on M with symbol a; = ag + Oh?),
then Uy A, Uj is a pseudodifferential operator on R? with symbol

on=ago ®;+OH*) onUj.

Remark 3.6. Due to the parameters (y, 1, ¢, T) in the formal normal form, an additional quantization is
needed, hence the Op,’ f]-term. It is a quantization with respect to (y, n, ¢, ) of an operator-valued
symbol f*(y, n,t, r,Ih(l), .
it explicitly. Denoting by h{;j (xj) the n;-th eigenfunction of Iffj ), associated to the eigenvalue (2n; — 1)A,

s Iffs)). Actually, this operator symbol is simple since one can diagonalize

we have for all n € N*

oo, o T, IO Wb (x) = £ (v, n, T, Q= D, )R, (x),

where h,(x) =h! (x))-- 'hf;s (xs). Thus the operator Op,’ f}* satisfies, for u € LZ(REIII‘)),

ny
Opy [ u®h, = (Opy fi(y.n.t, T, 20— Dit, R)u) @ hy.

Proof. In order to prove Theorem 3.4, we first quantize Theorem 1.4. Using the Egorov theorem,
there exists a microlocally unitary operator V;, : L>(R?) — L?(M) quantizing the symplectomorphism
®; : Uy — U,. Thus,
V) Ly Viy = Opy, (o7)
for some symbol g such that
on=H~+0®0* onU].

Then we use the following lemma to quantize the formal normal form and conclude. ([

Lemma 3.7. There exists a bounded pseudodifferential operator Qi with compactly supported symbol
such that

e 1M OpyY (on)e ™M = Njy + Ry,
where Ny and Ry, satisfy the properties stated in Theorem 3.4.

Remark 3.8. As explained below, the principal symbol Q of 9y is O((x, &, 7)3). Thus, the symplectic
flow ¢, associated to the Hamiltonian Q is ¢;(x, &, 7) = (x, &, 1) + O((x, &, 7)%). Moreover, the Egorov
theorem implies that e~ (/P2 quantizes the symplectomorphism ¢;. Hence, Vze =/ < quantizes the
symplectomorphism o, =P, opr =D +0O((x, &, 7)%).
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Proof. The proof of this lemma follows the exact same lines as in the case k = 0 [Morin 2022b,
Theorem 4.1]. Let us recall the main arguments. The symbol oy, is equal to H+ O on U { Thus, its
associated formal series is [07] = H, + y for some y € Osz. Using the Birkhoff normal form algorithm
(Theorem 3.3), we get k, p € O3 such that

e(i/h)adp(Hz —+ y) = H2 + kK +Or1'

If Qy is a smooth compactly supported symbol with Taylor series [Qy] = p, then by the Egorov theorem
the operator

5—1 w x—1 w
elh Oph Qﬁ op;;)(o_h)eflh Oph Qﬁ (3_7)
has a symbol with Taylor series H 4+« + O,,. Since k¥ commutes with the oscillator |zj|2, it can be
written as
al o
k= Y cowelw, DIz [z Pt
2la|+o’|+20>3
We can reorder this formal series using the monomials (|z; |2y = |z R |z |2:
) 2 . o o
k= Z ORITCTIIN D 1(F21 0 MR (P Wk MUBRRE Y A8
2]a|+]a’[+2¢=3
If f7 is a smooth compactly supported function with Taylor series
o a)
1= Y Chwew DI 10T R
2]a|+]a’[+2€=3
then the operator (3-7) is equal to
(1) (s)
Ny =O0p; Hy+Opy, fi(yv,n.t, 0,7, ",...., 7,7, h)
modulo Oy,. O

4. Comparing the spectra of £; and N,

4A. Spectrum of N;. In this section we describe the spectral properties of ;. We can use the properties
of harmonic oscillators to diagonalize it in the following way. For 1 < j <s and n; > 1, we recall that
the n;-th Hermite function h‘,ﬁj (xj) is an eigenfunction of Ih(" ),

7" h =h@2n; — Dh] .
and the functions (4,),ens defined by

ha()=h) ®- - @hS (x)=h} (x1) -k (x;)

form a Hilbertian basis of L2(|Rfc). Thus, we can use this basis to decompose the space Lz(Ri‘f;flf) on
which N acts:
LXR> ™) = P LPR) @ ha).

neNs
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N preserves this decomposition and

Nh — @ Nh[n]’

neNs

where Nh["] is the pseudodifferential operator with symbol

N = (M. 0T, 1)+ > Bi(w, H)Q2nj + Dh + fi(w. 1,7, 2n — Dh, h). (4-1)
j=1

In particular, the spectrum of Aj; is given by

spNi) = | spa;™.

neNs

Moreover, as in the k = 0O case, for any b; > 0 there is an Npyax > 0 (independent of %) such that

spNa) N (=00, bimy = ) sp(\;"™) N (=00, bi).

[7] < Nmax

The reason is that the symbol N;E"] is greater than b % for n large enough. Finally, to prove our main
result, Theorem 1.7, it remains to compare the spectra of £; and Nj.

4B. Microlocalization of the eigenfunctions. Here we prove microlocalization results for the eigenfunc-
tions of £; and Aj. These results are needed to show that the remainders O((x, &, 7)"") we got are small.
More precisely, for each operator we need to prove that the eigenfunctions are microlocalized

« inside €2 (space localization),
« where |(x, &, 7)| Sh° for 6 € (0, ) (ie., close to X).
Fix l;l such that
K; ={geM:b(g) <bh}eQ.

Lemma 4.1 (space localization for £y). Let by € (b, by) and xo € C5° (M) be a cutoff function such that
xo =1 on Kj; . Then every normalized eigenfunction Y, of Ly associated with an eigenvalue A < bih
satisfies

VUi = xo¥n + OHh),
where the O(h) is independent of (A, ¥p).
Proof. This follows from the Agmon estimates,
d K h71/4
e @ER" ) < Clly)?, 4-2)
as in the kK = 0 case (in [Morin 2022b]). Indeed, from (4-2) we deduce

_op—l/4
(1= xo)¥ |l < Ce " "yl

as soon as xo = 1 on an ¢-neighborhood of Kj; . U
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Lemma 4.2 (microlocalization near ¥ for £y). Let § € (0, 1), by € (bo, b1) and x1 € C®(T*M) be a
cutoff function equal to 1 on a neighborhood of X. Then every eigenfunction \ry;, of Ly associated with an
eigenvalue )y < bih satisfies

¥i = Op; x1(h~*(q, P)Yn + O ™) Y,
where the O(h®) is in the space of bounded operators L(L?, L?) and independent of (A4, V).

Proof. Let g, € Cj°(R) be such that
1 if X <bih,
A) = - .
&) {o if 3 > byh.

Then the eigenfunction v, satisfies
VUn = & (An)¥n = 8n(Ln)¥n-

With the notation x =1 — x;, we will prove that

I0pY x (h™°(q, P& (L)l pz.12) = OB™), (4-3)

from which will follow ¥, = Op;’ x1 (h%(q, p))y¥n + OFH™) Yy, uniformly with respect to (Aj, ¥p).
To lighten the notation, we define x" := Op,’ x(~%(q, p)). For every ¥ € L>(M) we define ¢ =
81 (Ly) Y. Then,
(Lnx"e. x"0) = (x"Lnp, x" @)+ ([Ln, x "1, x " ). (4-4)
We will bound from above the right-hand side, and from below the left-hand side. First, since g (1) is
supported where A < l;lh, we have

(X" Lng, x" o) < b1l x o> (4-5)

Moreover, the commutator [L;;, x "] is a pseudodifferential operator of order #, with symbol supported
on supp x. Hence, if x is a cutoff function having the same general properties of x, such that x =1 on
supp x, we have

(L, x "1, x"0) = Chllx "ol I x“ol. (4-6)

Finally, the symbol of x* is equal to 0 on an #°-neighborhood of ¥, and thus the symbol |p — A(g)|?
of L, is > chi?® on the support of x*. Hence the Gérding inequality yields

(Lax"p, x"¢) = ch®|Ix"ol*. (4-7)
Using this last inequality in (4-4), and bounding the right-hand side with (4-5) and (4-6) we find
ch® | ol* < bikllx"ol” + Chll x "ol 1 x " oll,
and we deduce that
Ix el < Ch'" 2| x" o]l
Iterating with x instead of x, we finally get, for arbitrarily large N > 0,
Ix el < Cxa" [l

This is true for every v, with ¢ = g (L), and thus || x ¥ gr (Ly)]| = OH™). [l
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Lemma 4.3 (microlocalization near X for N;). Let 8 € (0, })., by € (bo. by) and x1 € CP(RIFY) be a

cutoff function equal to 1 on a neighborhood of 0. Then every eigenfunction vy, of Ny associated with an
eigenvalue )y < bih satisfies

Y =Opy 1 (h°(x, &, 1) + O™ Y,
where the O(h*°) is in L(L?, L?) and independent of (A, ¥p,).

Proof. Just as in the previous lemma, it is enough to show that

X" gn NIl = O*),

where x* = Op,;’(1 — w1 %(x, &, 7))). We prove this using the same method. If ¢ € L?(R?) and
¢ = gnNV,
Nax"@, x" @) = (X" Na@, x" @) + ((Na, x“o, xV¢). (4-8)

The right-hand side can be bounded from above as before. On the left-hand side we find ¢ > 0 such that

Nax"e, x" @) = (1 —e)(Hax" o, x"¢), (4-9)
with H, = Opy (M (w, )7, T) + ) Bi(w, 1)z |?). The symbol of x* vanishes on an /°-neighborhood
of x =& = 7 =0. Thus we can bound from below the symbol of H, and use the Garding inequality:

(Hax"o. x"9) = ch®lx"pl*.
We conclude the proof as in Lemma 4.2. O

Lemma 4.4 (space localization for \}). Let by € (bo, by) and o € C° (R

to 1 on a neighborhood of {l;(y, n,t) < by}. Then every eigenfunction i, of Ny associated with an

) be a cutoff function equal

eigenvalue 1 < b\ satisfies
Y = Opy, xo(w, )Y + OB Yy,

where the O(h*®°) is in £(L?, L?) and independent of (\y, Yy).

Proof. Every eigenfunction of Aj; is given by ¥, (x, y, ) = uy (v, t)h, (x) for some Hermite function 4,
with |n] < Npax and some eigenfunction uj of J\/h["]. Thus, it is enough to prove the lemma for the
eigenfunctions of /\/h["]. If u;, is such an eigenfunction, associated with an eigenvalue A; < b/, then

un = gn (N .

We will prove that || x* g» (Nh["])ll = O(h*), with x* = Op;’(1 — xo), which is enough to conclude. If
u € L2(REE) and ¢ = g4 (W;")u, then

N 0, xMe) = (X "N, x @) + (N, X" 10, x P 0). (4-10)

We first have the bound
"N, x Vo) < bkl x ol (4-11)
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The commutator [V, [=] x "] is a pseudodifferential operator of order z with symbol supported on supp x.
Moreover, its principal symbol is {N,g"], x}. From the definition of N,g"] we deduce

(N X1, x ") < Ch(xX " IT]" 0, x"9),

where x has the same general properties as x, and is equal to 1 on supp x. By Lemma 4.3, we can find a
cutoff where |7| < 4% and we get

(N, X1, x M 0) < CH Pl ol X P pll. (4-12)
Finally for ¢ > 0 small enough we have the lower bound
NG X0 X 0) = h b+ )l x el

because Né"](w, t) > hl;(w, t) and yx vanishes on a neighborhood of {l;(w, 1) < l;l}. Using this lower
bound in (4-10), and bounding the right-hand side with (4-11) and (4-12) we get

hbr+ )l x"el> < kbl x"ell* + CH' ™l x "ol x ¢l (4-13)
Thus
elx"ol < Chllx"ol,
and we can iterate with x instead of x to conclude. O

4C. Proof of Theorem 1.7. To conclude the proof of Theorem 1.7, it remains to show that
don(Lp) = hn(Nj) + O@R"/27%)
uniformly with respect to n € [1, N;"*] with
N™ =max{n € N: 1, (L) < bih}.
Here A, (A) denotes the n-th eigenvalue of the self-adjoint operator .4, repeated with multiplicities.

Lemma 4.5. One has
An(Lr) = A (Np) + OH279)

uniformly with respect ton € [1, N"*].

Proof. Let us focus on the “<” inequality. For n € [1, N;"**], denote by ¥ the normalized eigenfunction
of N associated with A, (N3), and

on =Uny,
where Uy, is given by Theorem 3.4. We will use ¢! as quasimode for £j. Let N € [1, N,"] and
Vi =span{g!' : 1 <n < N}.
For ¢ € V]@ we use the notation ¥ = U, 1(,0. By Theorem 3.4, we have

(Lnp, @) = N, ¥) + (Rt ) < An WD IV I + (Ravs, ¥). (4-14)
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According to Lemmas 4.3 and 4.4, ¥ is microlocalized, where (w,t) € {l;(w, 1) < 151} C U and
|(x, &, 7)| < K°. But the symbol of Ry, is such that R, = O((x, &, 7, B'/?)") for (w, 1) € U, so

(Rur, ¥) = O(™") = O(W"/*7) (4-15)
for suitable § € (0, §). By (4-14) and (4-15) we have
(Lhg, ) < On(NG) + CRV2 ) gl for all € V.
Since Vf, is N-dimensional, the minimax principle implies that
AN(Lr) < An(NG) + CR1/27E, (4-16)

The reversed inequality is proved in the same way: we take the eigenfunctions of £; as quasimodes
for Ny, and we use the microlocalization lemma, Lemma 4.2. O

5. A second normal form in the case k > 0

In the previous sections, we compared the spectrum of £; and the spectrum of the normal form Nj.

Moreover, if by > by is sufficiently close to by the spectrum of N in (—oo, b1#) is given by the spectrum

RS +k

of J\/h[l], an fi-pseudodifferential operator on )

with symbol
N =My, n, 07, T) +Bb(y, 0, 0) + £ (v, 0, 1, T, ). G-

In this section, we will construct a Birkhoff normal form again, to describe the spectrum of th by an
effective operator Mj; on RY. For that purpose, in Section 5A we will find new canonical variables (£, 7)
in which NFE” is the perturbation of a harmonic oscillator. In Sections 5B and 5C we will construct the
semiclassical Birkhoff normal form Mj,. In Section 5D we will prove that the spectrum of ./\/h[l] is given
by the spectrum of Mj,.

Under Assumption 1 we know that ¢ — l;(w, t) admits a nondegenerate minimum at s(w) for w in a
neighborhood of 0, and we denote by (vlz(w), ceey v,f(w)) the eigenvalues of the positive symmetric matrix

M(w, s(w)'?- 307b(w, s(w)) - M(w, s(w))">.
The maps vy, ..., v; are smooth nonvanishing functions in a neighborhood of w = 0.

5A. Geometry of the symbol ./\/'h[ll. We prove the following lemma.

Lemma 5.1. There exists a canonical (symplectic) transformation ®, : Uy — V5 between neighborhoods
252k
Uy, Voof 0 e R(;;’t’r) such that
k

Ny = NiTo @y =nhb(w, s(w)) + Y " vjw)(z} +ht}) + Ot P> +[tPh+h* + Al + 7P+ [t |2 ).
j=1

Proof. We want to expand th near its minimum with respect to the variables v = (¢, 7). First, from the

Taylor expansion of f}* we deduce

N = (M (w, t)t, ©) +hb(w, 1) + Oh> + th + 7).
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We will Taylor-expand ¢ +— b(w, ) ona neighborhood of its minimum point s(w). For that purpose, we
define new variables (3, 7,1, T) = @(y, n, t, ) by

y=y-— Zl;:l i Vpsi(y, m),

f=n+35 Vs, m),

t=t—s(y,n,

T=r1.
Then ¢*wy = wo + O(t). Using Theorem B.2, we can make ¢ symplectic on a neighborhood of 0, up to

a change of order O(z?). In these new variables, the symbol Nh =N, RS ¢ lis

Ny = (M[b +O(%), 7+ 5@ + O@)E, T) +hb[§ + OF), i1 + OF), s(F, i) +1 + O(F)]
. ) 3 ) X + O +ht+73)
= (M, T+ s(B)T, T) +hb[F, 7, s (5, 7) + 71+ Oh® + hT + ).
Then we remove the tildes and expand this symbol in powers of ¢, t, . We find

Ny = (M(w, s(w))T, ) +hb(w, s(w)) + ;1(835(11;, s(w)t, 1)+ O(|tPPh +h2 +at|+ |t + 1t 7).

Now, we want to diagonalize the positive quadratic forms M (w, s(w)) and %afﬁ[w, s(w)]. The diagonal-
ization of quadratic forms in orthonormal coordinates implies that there exists a matrix P (w) such that

'PM'P=1 and 'P13%b P =diag(v},...,v}.

We define the new coordinates (¥, 7, £, T) = ¢(y, 1, ¢, T) by

{=Pw)'t,

T ="P(w)t,

¥=y+ [Vy(P'0D]-"Pr,

n=n—"[Vy(P'n] -"Pt,
so that ¢*wy—wo = O(|t|>+|7)). Again, we can make it symplectic up to a change of order O(tP+|71?)
by Theorem B.2. In these new variables, the symbol becomes (after removing the “checks”)

k
Ny =hb(w, s(w)) + Y (1] +hv;w)?7) + O([tP|t1> + [t Ph + B> + hlr| + [T P + |r] [7]?).
j=1
The last change of coordinates (3, 7, 7, T) = ¢(y, n, t, T), defined by

I = Uj(w)l/ztj,

T = UJ(w)_l/zrj,
—1/2
B =y + kv Py,

PR /2 1/2
n=n—i_1v Ty, v Tty
is such that ¢*wy = wo + O(7), so it can be corrected modulo O(|7|?) to be symplectic, and we get the
new symbol

k
Ny = hb(w, s(w)) + Z vi(W)(1} + A1) + O(1tP[t)> + [t P+ > + Alr] + T + 1] 1),
j=1
which concludes the proof. U
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5B. Second formal normal form. The harmonic oscillators appearing in N are
J =0pr i +1h), 1<) <k
If we define
h=+n,
the symbol of jh(j ) for the h-quantization is sz + tjz. This is why we use the mixed quantization

1
Qrh)—*Q2rVh)k

It is related to the 7i-quantization by the relation

Op¥ (@)u(yo, o) = / MO0y D12 oV, y, . 1, %) dy dndr dE. (5-2)

t=hi, h=+h.
In other words, if a is a symbol in some standard class S(m), and if we define

a(h, y,n,t,T) =a(h® y,n,t, ht),

then we have
Op? (a) = Op}’ ().

However, if we take a € S(m), then Opg” (a) is not necessarily an 7i-pseudodifferential operator, since the
associated @ may not be bounded with respect to 7, and thus it does not belong to any standard class. For
instance, we have

But still Opy’(a) is an h-pseudodifferential operator, with symbol

ath,y,n,t,7)=a(h, y, hn,t, 7).
With this notation
Op;’(a) = Opy, ().

Thus, in this sense, we can use the properties of 7zi-pseudodifferential and /-pseudodifferential operators
to deal with our mixed quantization.

Remark 5.2. Operators of the form (5-2) are just special cases of the usual /-pseudodifferential operators
for which the reader can refer to [Martinez 2002; Zworski 2012]. Moreover, our mixed quantization
could be interpreted as a ~/A-quantization with operator-valued symbols for which we refer to [Keraval
2018; Martinez 2007]. Indeed we can write

Op;'(a) = Opj, (Opy, a), (5-3)

where we first quantize with respect to (y, ) so that Op;’ a is an operator-valued symbol which depends
on (¢, 7). In the following we could have used this formalism, thus dealing with operator-valued symbols
in (¢, 7) instead of real-valued symbols and mixed quantization.
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In our case, we have
OpY (Ni) = Opj; (Ny),
with
k
Ny = h>b(w, s(w)) +h* > " viw)(F +11) + Ot +h* + 1717 + 1|e] 1517).
j=1

Let us construct a semiclassical Birkhoff normal form with respect to this quantization. We will work

in the space of formal series

& =C*WU)t, T, h], (5-4)

where U = U, N [R%f x {0}. This space is endowed with the star product » adapted to our mixed quantization.
In other words

Op;’(axb) = Op;'(a) Op;’(b).

The change of variable T = AT between the usual 7i-quantization and our mixed quantization yields the
following formula for the star product:

asb= 3" L(AY 40@) @l . mi i, 20D 2.2 120 B 1 (5:5)
. Ok! 2i > J A H » Y25 125 825 [z, 7, y1,m)=(12,72,¥2,12) >

with

k K
a 0 a 0 o 0 a 0
Ap(0) = — — — +h — .
n( ) ;atu al'zj 31‘2]' al']j j;aylj 37]2j ayzj 81’]1]'
The degree function on &, is defined by
deg(r*' T%2h") = || + |2 | + 2¢.

We denote by Dy the C*°(U)-module spanned by monomials of degree N, and

Oy = @Dn.

n>N
For 11, ©p € &, we define
ady () = [, ]l =T1*xT2 — T2 x Ty,
and if 71 € Oy, and 1 € Oy,
I
E ad‘L’] (TZ) € ON1+N2—2'
We define
k
A _ ~ 12
No=b(w,sw)) €Dy and Ny=» v;(w)|f|* €Dy,
j=1
with the notation v; =t; +i7;, so that

1
ﬁNh = No+ N+ Os.
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Now we construct the following normal form. Recall that r, is an integer chosen such that,
)
foralla e 7, 0< || < 1o, Zozjvj(O) #0.
j=1
Moreover, this nonresonance relation at w = 0 can be extended to a small neighborhood of 0.

Lemma 5.3. For any y € O3, there exist k, T € Oz and p € O,, such that
eU/Made (NG - Ny +y) = Nog+ Na+k + p, (5-6)
and [k, |9;1*] =0 for1 < j <k.
Proof. We prove this result by induction. Assume that we have, for some N > 0, a T € O3 such that
WM (Ng+ Ny +y) = No+ No+ K3+ -+ Ky_1 + Ry + On1,

with Ry € Dy and K; € D; such that [K;, |17j|2] = 0. We are looking for a 7y € Dy. For such a 7y,
(i/h)ade, : O — Onyj2 80

i

e/ (N + Ny +y) = No+ Na+ K3 + -+ K1 + Ry + 7

ad;, (No + N2) + On41.

Moreover Ny does not depend on (¢, T) so the expansion (5-5) yields
8‘[1\/ 3N() 81’1\/ 3N()
dy; dn;  dn; dy;

N

% ad,, (No) = h (
j:]

) +On+6 =On+2,
and thus

e/ ety (No + Ny +y) = No+ No+ K3 +-- -+ Ky—1 + Ry + % adyy (N2) + On+1.
So we are looking for 7y, Ky € Dy solving the equation

Ry=Kny+ % ady, Tv + On1. (5-7)

To solve this equation, we study the operator (i/ /) ady, : Oy — O,
k . .
ady, (o) = Y (i (w) - adyg p (o) + - ady, (2015 2))
j=1

i

h

and since v only depends on w, expansion (5-5) yields

N

j dv; 0T dv; 0T
lﬁadvi(TN) = Zh(_l_N - _I_N> +ON+6 = ON+2.
j=1

Hence,

i

k .
1
7 ady, (tn) = E v (w)z adjz, 2 (tv) + On2,

j=1
and (5-7) becomes

k .
l
Ry =Kn + E Vj(w)g adg;;2(tn) + On1. (5-8)
j=1



A SEMICLASSICAL BIRKHOFF NORMAL FORM FOR CONSTANT-RANK MAGNETIC FIELDS 1623

Moreover, (i/ h) adlﬁﬂz acts as

k .
Z v (w)% ad; 0 (v 9°2h") = (v(w), @ — oy ) v T2h".
j=1
The definition of r, ensures that (v(w), @y — 1) does not vanish on a neighborhood of w = 0 if
N = |oy| + |aa| +2¢ < rp and ) # «p. Hence we can decompose every Ry as in (5-8), where Ky
contains the terms with o; = a. These terms are exactly the ones commuting with |v; |>forl1<j<k. O

5C. Second quantized normal form. Now we can quantize Lemmas 5.1 and 5.3 to prove the following
theorem.

Theorem 5.4. There exist

(1) aunitary operator Uy, : Lz(R‘Z;:]t‘)) — LZ(IR‘E;F,];)) quantizing a symplectomorphism &) =D 4+0((t,7)%)

microlocally near 0,

(2) a function f5 : IR%)S X [R’} x [0, 1) — R which is C*° with compact support such that
15, Jis s Ji VDL CAT T+ VR,

A3) a \/Ig-pseudodiﬁ‘erential operator Ry j with symbol O((t, T, 1'/*2) on a neighborhood of 0

such that
U;,h/\/h-[l]Uz,h =AMy +hRop,

where My, is the hi-pseudodifferential operator

k
My =Opy bw, sw) + Y 7 0py v +0py frw, 7", ... 70 Vh).
j=1
Proof. Lemma 5.1 provides us with a symplectomorphism @, such that
k
N o @ = hb(w, sw)) + ) vj)(T] +41)) + Ot |t + 1t Ph 417 +hie| + 1 + el <)
j=1

We can apply the Egorov theorem to get a Fourier integral operator V5 5 such that
Vi OPZ)(N,LEI])Vz,h = Opy’ (N,
with ﬁh = N,El] o ®y + OH?) on a neighborhood of w = 0. We define

Nu(y, 0, 1, %) = Ny (y, 0, 1, hi),

and following the notation of Section 5B, we have the associated formal series
1
ﬁNh =No+Nr+y, yeOs.

We apply Lemma 5.3 and we get formal series «, p such that

e(i/h)adp(N0+N2+')/) =N0+N2+K+Or2-
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We take a compactly supported symbol a(k, w, ¢, T) with Taylor series p. Then the operator
eih_] Op:w(a) Op]IjU (h—2Nh)e—ih_l Opé”(a) (5_9)
has a symbol with Taylor series No + N> +« + O,,. Since k¥ € O3 commutes with |v; |2, it can be written

K= Z Cée(w)(|51|2)*a1 - (lﬁk|2)*akhg.

2la|+26>3
If we take f(h, w, Ji, ..., Ji) a smooth compactly supported function with Taylor series
1= > ch)it - Jht,
2Jal+2¢>3

then the operator (5-9) is equal to
OpY No+OpY N, +0pp f5(h, w, 7", ..., 7"
modulo O,,. Multiplying by /2, and getting back to the /i-quantization, we get
/17 0D @ O (F =i OV _ g, iRy,
with
k

My =Op} b(w, s(w)) + > _ Opy’ v )7 +0pY f3hw, 70, T,
j=1

and R a «/i_i—pseudodifferential operator with symbol O,,. Note that Mj is an 7-pseudodifferential
operator whose symbol admits an expansion in powers of /7. U

5D. Proof of Theorem 1.11. In order to prove Theorem 1.11, we need the following microlocalization
lemma.

Lemma 5.5. Let § € (0,3) and ¢ > 0. Let o € CSO(Rg;n)) and x| € ch(R(Z{ff)) both equal to 1

on a neighborhood of 0. Then every eigenfunction Y, of Ny or h My, associated to an eigenvalue
An < Hi(by + ch®) satisfies

Y = 0p'z xo(Wh (1, 9)) Op} x1 (v s + O ).
Proof. Using the mixed quantization and h = /i1, we have ./\fh[l] = Opy’ NE], with
N, n, 1, %) = R (M (y, 0, 1), £) + h2b(w, 1) + £} (y, 0, t, h%, h?).
The principal part of NL” is of order 42, and implies a microlocalization of the eigenfunctions, where
R (M (w, )T, T) + h2b(w, 1) < Ay < h(bo + ch®).

Since b admits a unique and nondegenerate minimum by at 0, this implies that w lies in an arbitrarily
small neighborhood of 0, and that

t> < Ch®, |F|* < Ch*,
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The technical details follow the same ideas of Lemmas 4.2, 4.3 and 4.4. Now we can focus on M}, whose
principal symbol with respect to the Op,’-quantization is

k
Mo(y, 0, £, £) = b(y, n, sy, M)+ D _ v (v, ME +1]).
j=l1

Hence its eigenfunctions are microlocalized where
k
b(y.n s )+ Y _ vy ME +17) < bo+ch®,
j=1
which implies again that w lies in an arbitrarily small neighborhood of 0 and that
11> < Ch®, |7]> < Ch?. O

Using the same method as before, we deduce from Theorem 5.4 and Lemma 5.5 a comparison of the
spectra of j\/'h[l] and Mj;. With the notation

NP (c, 8) = max{n € N : b, (N1 < h(bo + ch®)),
the following lemma concludes the proof of Theorem 1.11.
Lemma 5.6. Let § € (0, %) and ¢ > 0. We have
Jn N = By (M) + OB/,
uniformly with respect to n € [1, N;"*(c, 8)].

Proof. We use the same method as before (see Lemma 4.5). The remainder R, 5 is O((t, T, Vh)?) and
the eigenfunctions are microlocalized where |¢| 4 |T| < Ch%?. Hence the hR,  term yields an error
in hl+5r2/2‘ O

6. Proof of Corollary 1.14

In this section we prove that the spectrum of £ below fibg + /#3/?(v(0) 4 2c¢) is given by the spectrum
of AMM, up to OR"/4*). We recall that ¢ € (0, min; v;(0)) and r = min(2ry, > +4).

We can apply Theorem 1.7 for b; > b arbitrarily close to by. Thus the spectrum of £ in (—oo, bi#)
is given by the spectrum of €, s /\fh["] modulo O(h"1/27¢) = O(h"/4~¢). Moreover, the symbol of J\/h["]
forn # (1, ..., 1) satisfies

Ny, n,1,T) > (b +2min B; — Ch),
and we deduce from the Garding inequality that
N ¥) 2 by [y )P for all € LA(R),

if by is close enough to by. Hence the spectrum of £ below b1 is given by the spectrum of /\/'h“]. Then,
we apply Theorem 1.11 for § close enough to %, and we see that the spectrum of /\/}1[1] below (b + 1)k
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is given by the spectrum of €D, k/\/l,[i"] modulo O(h'*72/4=#) = O(H'/*~¢). The symbol of M}[{’] for
n # 1 satisfies .
MU yom) = bo+12Y v (v, m)@n; — 1) — Ch,
j=1
and the eigenfunctions of ./\/l%"] are microlocalized in an arbitrarily small neighborhood of (y, n) =0
(Lemma 5.5), and Mrgn] satisfies in this neighborhood

k
MM (. = bo+h"2Y v (0)@2nj — 1) — ke — Ch
j=1
> by +h'2(v(0) + 2 min v; (0) — &) — Ch.
i
Using the Garding inequality, the spectrum of M,[;’] (n # 1) is thus > by + 1'/?(v(0) 4 2¢) for & and A

small enough. It follows that the spectrum of /\/}1[1] below %iby + 13/?(v(0) + 2¢) is given by the spectrum
of AMM.

7. Proof of Corollary 1.15

We explain here where the asymptotics for A;(L;) come from. First we use Corollary 1.14 so that the
spectrum of £y below fiby 4 13/2(v(0) 4 2c¢) is given by MM modulo O(H'/4=¢). The symbol of ./\/l;l]
has the expansion

M w) = b(w, s(w)) +1"2v(0) +h2Vv(0) - w +héo + Ohw + 1Y + 1 *w?),

with v(w) = Z’]‘.Zl v;(w). The principal part admits a unique minimum at 0, which is nondegenerate.
The asymptotics of the first eigenvalues of such an operator are well known. First one can make a linear
change of canonical coordinates diagonalizing the Hessian of b and get a symbol of the form

M) =bo+ Y (7 +yH) +120(0) + 82V (0) - w + hég + O(w? +hw + 1Y + ' w?).
j=1

One can factor the Vv(0) - w term to get

_ > 3y, v(0 2 3y, v(0 2
M w) =bo+ Y 1y ((nj +""—(.)h”2> + (yj +”—()h”2) >+h‘/2v<0)+hco

2 2 +OW? +hw + 132 + ' Pw?),

j=1

with a new ¢y € R. Conjugating Op;’ 1@” by the unitary operator Uy,

Uhv(x)zexp<%zan'/V(O)yJ')U(x—ZMhl/Z),

o 2 =l

amounts to making a phase-space translation and changes the symbol into

MM w) =bo+ > i} + ) +1"20(0) + g + Ow? + hw + 132 + 7' Pw?).
j=1
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For an operator with such symbol (i.e., harmonic oscillator + remainders) one can apply the results of
[Charles and Vit Ngoc 2008, Theorem 4.7] or [Helffer and Sjostrand 1984] and deduce that the j-th
eigenvalue A; (ML) admits an asymptotic expansion in powers of /1'/? such that

o0
(M) = bo+ 1 20(0) + Ao + Ej) + 1Y aj ™,

m=0

where A E; is the j-th repeated eigenvalue of the harmonic oscillator with symbol Z§'=1 M (’7,2 + yjz).

Appendix A: Local coordinates

If we choose local coordinates g = (q1, ..., q4) on M, we get the corresponding vector field basis
(3gy» - - -» 0g,) on T, M, and the dual basis (dg, ..., dgq) on T, M*. In these bases, g, can be identified
with a symmetric matrix (g;;(g)) with determinant |g|, and g; is associated with the inverse matrix
(g (g)). We can write the 1-form A and the 2-form B in the coordinates:

A=Aydg +---+Agdgq. B=)_ Bijdg; Adg;,

i<j
with A = (A})1<j<q € C° R, R?) and
Bij =0;Aj —9;A; = ('dA — dA);;. (A-1)
Let us denote by (B;;(q))1<i, j<a the matrix of the operator B(q) : TyM — T, M in the basis (9, ..., g,)-

With this notation, (1-1) relating B to B can be rewritten,

forall 0, 0 eRY,  &;jBiiQiQ; =Y Bi;0:0;.
ijk ij
which means that,
for all i, j, Bij = ngjBki- (A—Z)
k

Finally, in the coordinates, H is given by

H(g.p)=Y_ 8" (q)(pi — Ai(@)(p; — Aj(q)). (A-3)
ij
and Ly acts as the differential operator:
d
L =" g7V 2 (ihk + Ar)gM 8] (ihdy + A)). (A-4)
k=1

Appendix B: Darboux-Weinstein lemmas

We used the following presymplectic Darboux lemma.

Theorem B.1. Let M be a d-dimensional manifold endowed with a closed constant-rank-2 form w.
We denote by 2s the rank of w and by k the dimension of its kernel. For every qo € M, there exist a
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neighborhood V of qo, a neighborhood U of 0 € R%;ﬂ‘t), and a diffeomorphism

o:U—->YV
such that
¢ w=dnAdy.

We also used the following Weinstein result; see [Weinstein 1971]. We follow the proof given in
[Raymond and Vi Ngoc 2015].

Theorem B.2. Let wy and w; be two 2-forms on RY which are closed and nondegenerate. Let us split R?
into [R{fc X [R{‘y’_k. We assume that wy = w1 + O(|x|%) for some a > 1. Then there exists a neighborhood of
0 € R? and a change of coordinates \r on this neighborhood such that

Vior=wy and ¥ =I1d+O(x|*Th).
Proof. First we recall how to find a 1-form o on a neighborhood of x = 0 such that
T:=w—wy=do and o =0O(x|*".

We define the family (¢;)o<;<1 by
¢i(x, y) = (tx, y).
We have
¢t =0 and ¢jT=r1. (B-1)

Let us denote by X, the vector field associated with ¢y,

_d
T dr
The Lie derivative of T along X; is given by ¢ Ly, = (d/dt)¢; . From the Cartan formula we have

X o ' =17"(x,0).

Lx,7=u1(X;)dt +d((X;)).
Since 7 is closed, dt =0, and

d
Edh*f = d(¢;(X)7). (B-2)
We choose the following 1-form (where (e;) denotes the canonical basis of R4):
k
or = ¢ L(X)T = ijqu,(x,y)(ej, V() = O(x|*h.
j=1

Equation (B-2) shows that ¢ — ¢; 7 is smooth on [0, 1]. Thus, we can define o = fol o; dt. From (B-2)
and (B-1) we deduce

d
aq&fr =do; and t=do.

Then we use the Moser deformation argument. For ¢ € [0, 1], we let w; = wo +1(w; — wp). The 2-form w;,
is closed and nondegenerate on a small neighborhood of x = 0. We look for ¥, such that

v wr = wy.
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For that purpose, let us determine the associated vector field Y7,
d

a‘ﬂz = Yt(Wt)-

The Cartan formula yields
0= Syro =7 (o +e()do; +d@)o).
So
wo — w1 =d(Y)awy),
and we are led to solve
t(Y)w, = —o.

By the nondegeneracy of wy, this determines Y,. We know i, exists until time ¢ = 1 on a small enough
neighborhood of x =0, and ¥ @w; = wg. Thus ¥ = is the desired diffeomorphism. Since o = O(|x |+,
we get ¥ =Id + O(|x|*T1). O

Appendix C: Pseudodifferential operators
We refer to [Zworski 2012; Martinez 2002] for the general theory of 7-pseudodifferential operators. If
m € Z, we denote by
S"™(R*) = {a € C®°(R*) : |a;fa§a| < Cop (€)™ P! for all @, B € N¥}
the class of Kohn—Nirenberg symbols. If a depends on the semiclassical parameter 7, we require that the

coefficients Cyg are uniform with respect to 2 € (0, fip]. For a;, € §™ (R%4), we define its associated Weyl
quantization Op,’(a;) by the oscillatory integral

O _ /M-y, (XY
Ap(x) = Op} () = - fR e aﬁ( : ,s)u(wdyds,

and we define
ap = op(Ap).

If M is a compact manifold, a pseudodifferential operator .A; on L>(M) is an operator acting as a
pseudodifferential operator in coordinates. Then the principal symbol of A4; (and its Kohn—Nirenberg
class) does not depend on the coordinates, and we denote it by oo(.4;). The subprincipal symbol o7 (Az)
is also well-defined, up to imposing that the charts be volume-preserving (in other words, if we see Ay,
as acting on half-densities, its subprincipal symbol is well-defined). In the case where M is a compact
manifold, £ is a pseudodifferential operator, and its principal and subprincipal symbols are

oo(Ly) =H, o1(Ly) =0.
If M =R and m is an order function on R%¢, we denote by
S(m) = {a € C°R*) 119200 a| < Cupm(x, £) for all o, f € N}

the class of standard symbols, and we similarly define the operator Op;’(a) for such symbols. In this
case, we assume that B belongs to some standard class. This is equivalent to assuming that H belongs to
some (other) standard class. Then, £ is a pseudodifferential operator with total symbol H.
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Appendix D: Egorov theorem

In this paper, we used several versions of the Egorov theorem. See for example [Robert 1987; Zworski
2012; Helffer et al. 2016].

Theorem D.1. Let P and Q be hi-pseudodifferential operators on RY, with symbols p € S(m), q € S(m’),
where m and m' are order functions such that

m' =0(), mm'=0'(1).

Then the operator /M2 Pe=(/MQ js q pseudodifferential operator whose symbol is in S(m), and its
symbol is
pok +hS(1),

where the canonical transformation k is the time-1 Hamiltonian flow associated with q.
We can use this result with the v/7 -quantization to get an Egorov theorem for our mixed quantization Op;.
Theorem D.2. Let P be an h-pseudodifferential operator on R%, and a e Ce° (R>). Then

oI/ OpY @ p ,—(i/h) OpY @)

is an h-pseudodifferential operator on R?.

Proof. Opy (a) is an h-pseudodifferential operator. Thus, we can apply the Egorov theorem, and we
deduce that ¢/ OP: @ p=/MOP; @ ¢ an j_pseudodifferential operator on RY. O
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