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BLOW-UP OF SOLUTIONS OF CRITICAL ELLIPTIC EQUATIONS
IN THREE DIMENSIONS

RUPERT L. FRANK, TOBIAS KONIG AND HYNEK KOVARIK

We describe the asymptotic behavior of positive solutions u, of the equation —Au + au = 3u>~¢ in
Q C R? with a homogeneous Dirichlet boundary condition. The function « is assumed to be critical in
the sense of Hebey and Vaugon, and the functions u, are assumed to be an optimizing sequence for the
Sobolev inequality. Under a natural nondegeneracy assumption we derive the exact rate of the blow-up
and the location of the concentration point, thereby proving a conjecture of Brezis and Peletier (1989).
Similar results are also obtained for solutions of the equation —Au + (a + ¢V )u = 3u° in Q.

1. Introduction and main results

We are interested in the behavior of solutions to certain semilinear elliptic equations that are perturbations
of the critical equation
—AU =3U° inR.
It is well known that all positive solutions to the latter equation are given by
Al /2
L+ 22y —x)172

U (y) = (1-1)

with parameters x € R® and A > 0. This equation arises as the Euler-Lagrange equation of the optimization
problem related to the Sobolev inequality
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with sharp constant [Aubin 1976; Rodemich 1966; Rosen 1971; Talenti 1976]

s=a(3)!

The perturbed equations that we are interested in are posed in a bounded open set @ C R? and involve
a function a on €2 such that the operator —A + a with Dirichlet boundary conditions is coercive. (Later,
we will be more precise concerning regularity assumptions on €2 and a.) One of the two families of
equations also involves another rather arbitrary function V' on €2. The case where @ and V are constants
is also of interest.
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We consider solutions # = u,, parametrized by ¢ > 0, to the following two families of equations:

—Au+au=3u""%t inQ,

u=>0 in 2, (1-2)
u=20 on 092,
and
—Au+(a+eV)u=3u’> inQ,
u>0 in 2, (1-3)
u=20 on 092.

While there are certain differences between the problems (1-2) and (1-3), the methods used to study them
are similar, and we will treat both in this paper. We are interested in the behavior of the solutions u,
as ¢ — 0, and we assume that in this limit the solutions form a minimizing sequence for the Sobolev
inequality. More precisely, for (1-3) we assume

Viug|?
lim f9|—81|/3 = (1-4)
=0 (f Q ”g)
and for (1-2) we assume
Vug|?
lim —Ja Vel (1-5)
O (Jug)
For example, when €2 is the unit ball, a = —%7‘[2, and V = —1, then (1-3) has a solution if and only if

O<ex< %nz; see [Brezis and Nirenberg 1983, Section 1.2]. Note that in this case 72 is the first eigenvalue

of the operator —A with Dirichlet boundary conditions on €2.

Returning to the general situation, the existence of solutions to (1-2) and (1-3) satisfying (1-4) and (1-5)
can be proved via minimization under certain assumptions on @ and V’; see, e.g., [Frank et al. 2021]
for (1-3). Moreover, it is not hard to prove, based on the characterization of optimizers in Sobolev’s
inequality, that these functions converge weakly to zero in H(} (£2) and that ug converges weakly in the
sense of measures to a multiple of a delta function; see Proposition 2.2. In this sense, the functions u,
blow up.

The problem of interest is to describe this blow-up behavior more precisely. This question was
advertised in an influential paper by Brezis and Peletier [1989], who presented a detailed study of the
case where 2 is a ball and a and V are constants. For earlier results on (1-2) with a = 0, see [Atkinson
and Peletier 1987; Budd 1987]. Concerning the case of general open sets 2 C R3, the Brezis—Peletier
paper contains three conjectures, the first two of which concern the blow-up behavior of solutions to the
analogues of (1-2) and (1-3) in dimensions N > 3 (N > 4 for (1-3)) with @ = 0. These conjectures were
proved independently in seminal works of Han [1991] and Rey [1989; 1990].

In the present paper, under a natural nondegeneracy condition, we prove the third Brezis—Peletier
conjecture, which has remained open so far. It concerns the blow-up behavior of solutions of (1-2) for
certain nonzero a in the three-dimensional case. We also prove the corresponding result for (1-3). This
latter result is not stated explicitly as a conjecture in [Brezis and Peletier 1989], but it is contained there
in spirit and could have been formulated using the same heuristics. Indeed, it is the version with a % 0 of
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the second Brezis—Peletier conjecture in the same way as, concerning (1-2), the third conjecture is the
a # 0 version of the first one.

A characteristic feature of the three-dimensional case is the notion of criticality for the function a. To
motivate this concept, let

Vz|2 2
S@i= i J20V J:/ZZ)
0#zeH; () ([q z)

One of the findings of [Brezis and Nirenberg 1983] is that if @ is small (for instance, in L°°(£2)) but
possibly nonzero, then S(a) = S. This is in stark contrast to the case of dimensions N > 4, where the
corresponding analogue of S(a) (with the exponent 6 replaced by 2N /(N — 2)) is always strictly below
the corresponding Sobolev constant, whenever a is negative somewhere.

This phenomenon leads naturally to the following definition due to [Hebey and Vaugon 2001]. A
continuous function a on  is said to be critical in Q if S(a) = S and if for any continuous function &
on Q with @ < a and @ # a one has S(@) < S(a). Throughout this paper we assume that « is critical in §2.

A key role in our analysis is played by the regular part of the Green’s function and its zero set. To
introduce these, we follow the sign and normalization convention of [Rey 1990]. Since the operator
—A + a in Q with Dirichlet boundary conditions is assumed to be coercive, it has a Green’s function G,
satisfying, for each fixed y € ,

{—AxGa(x, ) +a(x)Gqe(x,y) =4ns, inQ, (1-6)
Ga(-,y) =0 on Q2.
The regular part H, of G, is defined by
1
Ha(X,J/) 3:——Ga(x,y)- (1_7)

|x — I

It is well known that for each y € Q the function H,( -, y), which is originally defined in Q2 \ {y}, extends
to a continuous function in €2, and we abbreviate

¢a(y) := Ha(y. ).

It was proved by Brezis [1986] that inf) cq ¢4 (y) < 0 implies S(a) < S. The reverse implication, which
was stated in [Brezis 1986] as an open problem, was proved by Druet [2002]. Hence, as a consequence of
criticality we have

nf $a(y) =0: (1-8)

see also [Esposito 2004] and [Frank et al. 2021, Proposition 5.1] for alternative proofs. Note that (1-8)
implies, in particular, that each point x with ¢,(x) = 0 is a critical point of ¢,.
Let us summarize the setting in this paper. In the sequel we set
Ng:={x € Q:¢s(x) =0}
Assumptions 1.1. (a) Q C R? is a bounded, open set with C? boundary.
(b) a e CO(Q)N Ckz)(’:”(Q) for some o > 0.
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(c) a is critical in 2.

(d) Any point in AV is a nondegenerate critical point of ¢, that is, for any xo € Nz, the Hessian D? ¢, (x)
does not have a zero eigenvalue.

Let us briefly comment on these items. Assumptions (a) and (b) are modest regularity assumptions,
which can probably be further relaxed with more effort. Concerning assumption (d) we first note that
$a € C*(R) by Lemma 4.1, and therefore any point in N is a critical point of ¢,; see (1-8). We believe
that assumption (d) is “generically” true. (For results in this spirit, but in the noncritical case a = 0,
see [Micheletti and Pistoia 2014].) The corresponding assumption for a = 0 appears frequently in the
literature, for instance, in [Rey 1990; del Pino et al. 2004]. Assumption (d) holds, in particular, if €2 is a
ball and a is a constant, as can be verified by explicit computation.

To leading order, the blow-up behavior of solutions of (1-3) will be given by the projection of a
solution (1-1) of the unperturbed whole space equation to HO1 (). For parameters x € R* and A > 0 we
introduce PUy € H(} (£2) as the unique function satisfying

APU, ) =AUy, inQ, PU, ), =0 onoQ. (1-9)
Moreover, let

Tx,k = span{PUx,A, 8KPUX’A, axlPUx,kaxZPUx,k8x3PUx,k},

and let TJ- be the orthogonal complement of 7 ) in H, 1(Q) with respect to the inner product fQ Vu-Vo.
By I, and nt X we denote the orthogonal projections in H (2) onto Ty 3 and T+ Prg respectively.

Here are our main results. We begin with those pertaining to (1 2), and we first pr0V1de an asymptotic
expansion of u#, with a remainder in H(} ().

Theorem 1.2 (asymptotic expansion of u.). Let (ug) be a family of solutions to (1-2) satisfying (1-5).
Then there are sequences (xg) C 2, (Ag) C (0,00), (ag) C Rand (rg) C T)ﬁ; A such that

ue = ae(PUx, 3, — A7 '2TI , (Ha(xe.+) — Ho(xe. ")) + re) (1-10)

and a point xg € Q with V,(x¢) = 0 such that, along a subsequence,

|xe — x0| = o(1), (1-11)
lim ks = 2 g (xo), (1-12)
4= _ 1 4 £ logi oz if pa(x0) #0, 13
o T iTplombew {%%(xo)x;l 1005 if dalro) =0, (19

OGS if ¢alxo) #0,
Vel = {O(A;” %) if falxo) = 0. (o

Moreover, if ¢pq(xg) =0, then

lim eA2 = —32a(xo). (1-15)

e—>0
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Our second main result concerns the pointwise blow-up behavior, both at the blow-up point and away
from it, and, in the special case of constant a, verifies the conjecture from [Brezis and Peletier 1989]
under the natural nondegeneracy assumption (d).

Theorem 1.3 (Brezis—Peletier conjecture). Let (uz) be a family of solutions to (1-2) satisfying (1-5).

(a) The asymptotics close to the concentration point xq are given by

. . 32
lim el|ug |2, = lim elug(xe)|* = 2=¢a(x0).
e—0 e—0 T

If ¢a(xg) =0, then
lim el|ue||2, = lim elug(xe)]* = —32a(xo). (1-16)
e—0 e—>0

(b) The asymptotics away from the concentration point xg are given by
ue(x) = A7 2Ga(x, x0) + 0(A;1/?)
for every fixed x € Q \ {x¢}. The convergence is uniform for x away from xy.

Strictly speaking, the Brezis—Peletier conjecture [1989] is stated without the criticality assumption (c)
on a, but rather under the assumption ¢, > 0 on 2. (Note that [Brezis and Peletier 1989] uses the opposite
sign convention for the regular part of the Green’s function. Also, their Green’s function is normalized
to be ﬁ times ours.) The remaining case, however, is much simpler and can be proved with existing
methods. Indeed, by Druet’s theorem [2002], the inequality ¢, > 0 on 2 is equivalent to S(a) = S,
and the assumption that a is critical is equivalent to min ¢, = 0. Thus, the case of the Brezis—Peletier
conjecture that is not covered by our Theorem 1.3 is when min ¢, > 0. This case can be treated in the
same way as the case a = 0 in [Han 1991; Rey 1989] (or as we treat the case ¢,(xg) > 0). Note that in
this case the nondegeneracy assumption (d) is not needed. Whether this assumption can be removed in
the case where ¢4 (xg) = 0 is an open problem.

We note that Theorems 1.2 and 1.3 and, in particular, the asymptotics (1-15) and (1-16) hold inde-
pendently of whether a(xg) = 0 or not. We note that a(xg) < 0 if ¢4(x¢) = 0, as shown in [Frank
et al. 2021, Corollary 2.2]. We are grateful to H. Brezis (personal communication) for raising the
question of whether a(xg) = 0 can happen and what the asymptotics of A, and | u¢| co Would be in
this case, or whether one can show that ¢,(x¢) = 0 implies a(xy) < 0. Deciding which alternative
holds does not appear to be easy, in particular due to the nonlocal nature of ¢,4(xg). Here is a simple
observation that may illustrate the expected level of difficulty: In the spirit of [Frank et al. 2021,
Theorem 2.1 and Corollary 2.2], a(xg) < 0 would follow if one could exhibit a family of very refined
test functions 7y, » such that when infg ¢q = ¢a(xo) = 0, the Sobolev quotient defining S(a) satisfies
SalNxe ] =S — cra(xo)A ™2 —caA7F 4 0(A77) for some ¢, ¢, > 0 and 7 > 2, say. However, extracting
such an explicit term ¢, A" is beyond the precision of both [Frank et al. 2021] and the present paper.

We also point out that the conjecture in [Brezis and Peletier 1989] is formulated with assumption (1-4)
rather than (1-5). However, the latter assumption is typically used in the posterior literature dealing with
problem (1-2), see, e.g., [Grossi and Pacella 2005; Han 1991], and we follow this convention.
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We now turn our attention to the results for the second family of equations, namely (1-3). Whenever
we deal with that problem, we impose the following additional assumptions:

Assumptions 1.4. (¢) a < 0in Nj.
(f) Ve (Q).

Again, assumption (f) is a modest regularity assumption, which can probably be further relaxed with
more effort. Assumption (e) is not severe, as we know from [Frank et al. 2021, Corollary 2.2] that any
critical a satisfies @ < 0 on Np; see also the above discussion of the question by Brezis of whether or not

this assumption is automatically satisfied. In particular, it is fulfilled if @ is a negative constant.
Let

0y (x) = /Q V()Ga(r. )% xe. (1-17)

. . . . . . . 1
Again, we first provide an asymptotic expansion of u, with a remainder in H,, (£2).

Theorem 1.5 (asymptotic expansion of u.). Let (u.) be a family of solutions to (1-3) satisfying (1-4).
Then there are sequences (xg) C 2, (Ag) C (0,00), (atg) C R and (rs) C T;; he such that

ue = ae(PUx, 5, — g PTI 5 (Ha(xe,-) — Ho(xe,-)) + re) (1-18)
and a point xog € Ny with Qy (x¢) < 0 such that, along a subsequence,

|xe — xo| = o(e'/?), (1-19)
Pa(xe) = 0(e), (1-20)
lim ek, = 4n2m, (1-21)

£—>0 1Oy (x0)|
g =14 43 ¢0(X0)|QV(XO)|8+O(8)’ (122)

RE la(xo)]

|Vrell2 = 0(¥). (1-23)

If Qp(xo) =0, the right side of (1-21) is to be interpreted as oo.

The following result concerns the pointwise blow-up behavior.
Theorem 1.6. Let (u;) be a family of solutions to (1-3) satisfying (1-4).
(a) The asymptotics close to the concentration point X are given by

|a(xo)|

1Oy (xo0)|

lim 8||ng||§0 = lim &|ug(xs)|? = 42
e—0 e—>0

If Qp(xg) =0, the right side is to be interpreted as oo.

(b) The asymptotics away from the concentration point X are given by
ue(x) = 172 Galx. x0) + 0k /%)

for every fixed x € Q \ {x¢}. The convergence is uniform for x away from x.
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Theorems 1.2 and 1.5 state that, to leading order, the solution is given by a projected bubble PU,, ;..
One of the main points of these theorems, which enters crucially in the proof of Theorems 1.3 and 1.6, is
the identification of the localization length A; ! of the projected bubble as an explicit constant times &
(for (1-2) if ¢p4(x9) # 0 and for (1-3) if Qp (x¢) < 0) or e!/2 (for (1-2) if Pa(x0) = 0 and a(xg) # 0).

The fact that the solutions are given to leading order by a projected bubble is a rather general
phenomenon, which is shared, for instance, also by the higher-dimensional generalizations of (1-2)
and (1-3). In contrast to the higher-dimensional case, however, in order to compute the asymptotics of the
localization length A7 !, we need to extract the leading order correction to the bubble. Remarkably, for
VPIL L (Ha(xe.) = Ho(xe. ).

In this relation it is natural to wonder whether the above projected bubble PUy ¢ can be replaced by

both problems (1-2) and (1-3) this correction is given by A,

a different projected bubble PU x,»» namely where the projection is defined with respect to the scalar
product coming from the operator —A 4 a, leading to

(—A+a)PU, 5 = (~A+a)Uy;, PUzlaq=0.

Such a choice is probably possible and would even simplify some computations, but it would lead to
additional difficulties elsewhere (for instance, in the proofs of Propositions 2.2 and 5.1 our choice allows
us to apply the classical results by Bahri and Coron).

Moreover, for both problems the concentration point xg is shown to satisfy V¢, (xg) = 0. Here,
however, we see an interesting difference between the two problems. Namely, for (1-3) we also know that
da(xg) = 0, whereas we know from [del Pino et al. 2004, Theorem 2(b)] that there are solutions of (1-2)
concentrating at any critical point of ¢, which is not necessarily in N,. (These solutions also satisfy (1-4).)

An asymptotic expansion very similar to that in Theorem 1.5 is proved in [Frank et al. 2021] for
energy-minimizing solutions of (1-3); see also [Frank et al. 2020] for the simpler higher-dimensional
case. There, we did not assume the nondegeneracy of D¢, (x¢), but we did assume that Oy < 0 in A,.
Moreover, in the energy minimizing setting we showed that x satisfies

Oy (x0)? Qy(x)*
_— = sup _—,
la(xo)l  xenu, @v0<o [a(x)]
but this cannot be expected in the more general setting of the present paper.

Before describing the technical challenges that we overcome in our proofs, let us put our work into
perspective. In the past three decades there has been an enormous literature on blow-up phenomena of
solutions to semilinear equations with critical exponent, which is impossible to summarize. We mention
here only a few recent works from which, we hope, a more complete bibliography can be reconstructed. In
some sense, the situation in the present paper is the simplest blow-up situation, as it concerns single bubble
blow-up of positive solutions in the interior. Much more refined blow-up scenarios have been studied,
including, for instance, multibubbling, sign-changing solutions or concentration on the boundary under
Neumann boundary conditions. For an introduction we refer to [Druet et al. 2004; Hebey 2014]. In this
paper we are interested in the description of the behavior of a given family of solutions. For the converse
problem of constructing blow-up solutions in our setting, see [Musso and Salazar 2018; del Pino et al. 2004],
and for a survey of related results, see [Pistoia 2013] and references therein. Obstructions to the existence
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of solutions in three dimensions were studied in [Druet and Laurain 2010]. The spectrum near zero of
the linearization of solutions was studied in [Choi et al. 2016; Grossi and Pacella 2005]. There are also
connections to the question of compactness of solutions; see [Brendle and Marques 2009; Khuri et al. 2009].

What makes the critical case in three dimensions significantly harder than the higher-dimensional
analogues solved by Han [1991] and Rey [1989; 1990] is a certain cancellation, which is related to the
fact that inf ¢, = 0. Thus, the term that in higher dimensions completely determines the blow-up vanishes
in our case. Our way around this impasse is to iteratively improve our knowledge about the functions u,.
The mechanism behind this iteration is a certain coercivity inequality, due to Esposito [2004], which we
state in Lemma 2.3, and a crucial feature of our proof is to apply this inequality repeatedly, at different
orders of precision. To arrive at the level of precision stated in Theorems 1.2 and 1.5, two iterations are
necessary (plus a zeroth one, hidden in the proof of Proposition 2.2).

The first iteration, contained in Sections 2 and 5, is relatively standard and follows Rey’s ideas [1990]
with some adaptions due to Esposito [2004] to the critical case in three dimensions. The two main
outcomes of the first iteration are that concentration occurs in the interior, and an order-sharp bound
in Ho1 on the remainder a;lug — PUy, 3.

The second iteration, contained in Sections 3 and 6, is more specific to the problem at hand. Its main
outcome is the extraction of the subleading correction

AP (Ha(xe.w) — Ho(xe.-)).

Using the nondegeneracy of D?¢,(xo) we will be able to show in the proofs of Theorems 1.2 and 1.5
that A, is proportional to £~ ! (for (1-2) if ¢a(xo) # 0 and for (1-3) if Oy (xg) < 0) or £~ /2 (for (1-2) if
$a(xo) = 0 and a(xo) # 0).

The arguments described so far are, for the most part, carried out in Ho1 norm. Once one has completed
the two iterations, we apply in Sections 4C and 7B a Moser iteration argument in order to show that
the remainder o 'u, — PU,, ». is negligible also in L* norm. This will then allow us to deduce
Theorems 1.3 and 1.6.

As we mentioned before, Theorem 1.5 is the generalization of the corresponding theorem in [Frank
et al. 2021] for energy-minimizing solutions. In that previous paper, we also used a similar iteration
technique. Within each iteration step, however, minimality played an important role, and we used the
iterative knowledge to further expand the energy functional evaluated at a minimizer. There is no analogue
of this procedure in the current paper. Instead, as in most other works in this area, starting with [Brezis
and Peletier 1989], Pohozaev identities now play an important role. These identities were not used in
[Frank et al. 2021]. In fact, in that paper we did not use (1-3) at all and our results there are valid as well
for a certain class of “almost minimizers”.

There are five types of Pohozaev-type identities corresponding, in some sense, to the five linearly
independent functions in the kernel of the Hessian at an optimizer of the Sobolev inequality on R3
(resulting from its invariance under multiplication by constants, by dilations and by translations). All five
identities will be used to control the five parameters oz, A, and x,. in (1-10) and (1-18), which precisely
correspond to the five asymptotic invariances. In fact, all five of these identities are used in the first
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iteration and then again in the second iteration. (To be more precise, in the first iteration in the proof
of Theorem 1.5 it is more economical to only use four identities, since the information from the fifth
identity is not particularly useful at this stage, due to the above mentioned cancellation ¢,(xg) = 0.)

Thinking of the five Pohozaev-type identities as coming from the asymptotic invariances is useful, but
it is an oversimplification. Indeed, there are several possible choices for the multipliers in each category,
for instance, u, PUy j, ¥y ) corresponding to multiplication by constants, y - Vu, 0 PUy 5, 0¥y 5
corresponding to dilations, and dx;u, Vx; PUy ), Vx; PUy ; corresponding to translations. (Here ¥ 3
is a modified bubble defined below in (3-1).) The choice of the multiplier is subtle and depends on the
available knowledge at the moment of applying the identity and the desired precision of the outcome. In any
case, the upshot is that these identities can be brought together in such a way that they give the final result
of Theorems 1.2 and 1.5 concerning the expansion in HO1 (2). As mentioned before, the desired pointwise
bounds in Theorems 1.3 and 1.6 then follow in a relatively straightforward way using a Moser iteration.

We believe that our techniques are robust enough to derive blow-up asymptotics for (1-2) and (1-3) in
more general situations containing a nonzero weak limit and/or multiple concentration points. Since our
main motivation was to solve the Brezis—Peletier conjecture stated for single blow-up [1989] and to limit
the amount of calculations needed, we do not attempt to pursue this further here.

Let us also mention that a problem similar to, but different from, (1-2) has been studied in the recent
article [Malchiodi and Mayer 2021] using a similar approach. While the analysis there, carried out on a
Riemannian manifold M of dimension n > 5, is rather comprehensive and also treats the case of multiple
blow-up points, it does not seem to contain an analogue of the vanishing phenomenon for ¢, (x) nor, as
a consequence, of our refined iteration step described above.

The structure of this paper is as follows. The first part of the paper, consisting of Sections 2, 3 and 4,
is devoted to problem (1-3), while the second part, consisting of Sections 5, 6 and 7, is devoted to (1-2).
The two parts are presented in a parallel manner, but the emphasis in the second part is on the necessary
changes compared to the first part. The preliminary Sections 2 and 5 contain an initial expansion, the
subsequent Sections 3 and 6 contain its refinement and, finally, in Sections 4 and 7 the main theorems
presented in this introduction are proved. Some technical results are deferred to two appendices.

2. Additive case: a first expansion

In this and the following section we will prepare for the proof of Theorems 1.5 and 1.6.
The main result from this section is the following preliminary asymptotic expansion of the family of
solutions (u,).

Proposition 2.1. Let (1) be a family of solutions to (1-3) satisfying (1-4). Then, up to extraction of a
subsequence, there are sequences (xz) C 2, (Ag) C (0,00), (ag) C R and (we) C T;; A such that

Ug = Ofe(Png,)u8 + we) (2-1)

and a point xy € Q such that

Ixe —xol =o0(1), az=1+0(l), As—>o00, [Vwe|r=0R1?). (2-2)
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This proposition follows to a large extent by an adaptation of existing results in the literature. We
include the proof since we have not found the precise statement and since related arguments will appear
in the following section in a more complicated setting.

An initial qualitative expansion follows from works of Struwe [1984] and Bahri and Coron [1988]. In
order to obtain the statement of Proposition 2.1, we then need to show two things, namely, the bound
on ||[Vw]| and the fact that xo € 2. The proof of the bound on || Vw|| that we give is rather close to that
of Esposito [2004]. The setting in [Esposito 2004] is slightly different (there, V' is equal to a negative
constant and, more importantly, the solutions are assumed to be energy minimizing), but this part of the
proof extends to our setting. On the other hand, the proof in [Esposito 2004] of the fact that xoq € 2
relies on the energy-minimizing property and does not work for us. Instead, we adapt some ideas from
Rey [1990]. The proof in [Rey 1990] is only carried out in dimensions > 4 and without the background a,
but, as we will see, it extends with some effort to our situation.

We subdivide the proof of Proposition 2.1 into a sequence of subsections. The main result of each
subsection is stated as a proposition at the beginning and summarizes the content of the corresponding
subsection.

2A. A qualitative initial expansion. As a first important step, we derive the following expansion, which
is already of the form of that in Proposition 2.1 except that all remainder bounds are nonquantitative and
the limit point xo may a priori be on the boundary 0€2.

Proposition 2.2. Let (ug) be a family of solutions to (1-3) satisfying (1-4). Then, up to extraction of a
subsequence, there are sequences (xg) C 2, (Ag) C (0,00), (o) C R and (we) C T)ﬁ; R such that (2-1)
holds and a point x¢ € Q such that

|xe —=xol =0(1), ag=1+0(1), dehe— 00, |Vwelz=o0(l), (2-3)
where we write dg 1= d(x¢, 0Q2).

Proof. We shall only prove that u; — 0 in HO1 (£2). Once this is shown, we can use standard arguments,
due to Lions [1985], Struwe [1984] and Bahri and Coron [1988], to complete the proof of the proposition;
see, for instance, [Rey 1990, Proof of Proposition 2].

Step 1: We begin by showing that (1) is bounded in HO1 (R2) and that ||us||¢ = 1. Integrating the equation
for u, against u,, we obtain

/;2(|Vug|2 + (a —SV)ug) =3 /Q ug, (2-4)
and therefore
2
WY = Ja |Viug|? Jola + eV )u?

(L) = e oy

&€ &€

On the right side, the first quotient converges by (1-4) and the second quotient is bounded by Holder’s
inequality. Thus, (u,) is bounded in L°(R2). By (1-4) we obtain boundedness in HO1 (£2). By coercivity
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of —A 4+ ain HO1 (£2) and Sobolev’s inequality, for all sufficiently small ¢ > 0, the left side in (2-4) is
bounded from below by a constant times ||z, ||§. This yields the lower bound on ||u.|¢ = 1.

Step 2: According to Step 1, (u#.) has a weak limit point in HO1 (2) and we denote by uo one of those.
Our goal is to show that uy = 0. Throughout this step, we restrict ourselves to a subsequence of ¢’s along
which u; — ug in HO1 (€2). By Rellich’s lemma, after passing to a subsequence, we may also assume
that u, — u( almost everywhere. Moreover, passing to a further subsequence, we may also assume that
||Vugl|| has a limit. Then, by (1-4), ||u¢||¢ has a limit as well and, by Step 1, none of these limits is zero.

We now argue as in the proof of [Frank et al. 2021, Proposition 3.1] and note that, by weak convergence,

T = lim/ |V (ug —uo)|? exists and satisfies lim |Vu€|2=/ |Vuol®> +T
e—>0JQ Q Q

£—>0

and, by the Brezis—Lieb lemma [Brezis and Lieb 1983],

e—0 —

1
3
S(/z£+ww)==/WVuM?+T.
Q Q

We bound the left side from above with the help of the elementary inequality

1 1
3 3
Q Q

and, by the Sobolev inequality for u; —u(, we bound the right side from below using

M =1lim | (ug—up)® exists and satisfies lim/ uS:/ u8+/\/l.
Q e—~>0JQ Q

Thus, (1-4) gives

T>SMV3,

1
3
S(/ ug) Z/ |Vugl?.
Q Q

Thus, either uy = 0 or ug is an optimizer for the Sobolev inequality. Since 1 has support in Q < R3, the

Thus,

latter is impossible and we conclude that uy = 0, as claimed. O

Convention. Throughout the rest of the paper, we assume that the sequence (i) satisfies the assumptions
and conclusions from Proposition 2.2. We will make no explicit mention of subsequences. Moreover, we
typically drop the index e from ug, ®g, Xg, Ag, de and we.

2B. Coercivity. The following coercivity inequality from [Esposito 2004, Lemma 2.2] is a crucial tool
for us in subsequently refining the expansion of u.. It states, roughly speaking, that the subleading
error terms coming from the expansion of u#, can be absorbed into the leading term, at least under some
orthogonality condition.
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Lemma 2.3. There are constants Ty < oo and p > 0 such that, for all x € Q, all . > 0 with d) > Ty
and all v € T;_)a

/Q(|Vv|2+av2—15U;’kv2) zp/Q |Vvl2. (2-5)

The proof proceeds by compactness, using the inequality [Rey 1990, (D.1)]

/Q(Wvlz—lSU;’sz)Z%/QWvlz for all v e T,

For details of the proof, we refer to [Esposito 2004].

In the following subsection, we use Lemma 2.3 to deduce a refined bound on ||Vw||,. We will use it
again in Section 3B below to obtain improved bounds on the refined error term ||Vr| 5, withr € T )i)»
defined in (3-4).

2C. The bound on ||[Vw||;. The goal of this subsection is to prove:

Proposition 2.4. As ¢ — 0,
IVwll, = 02 + O((hd) ™). (2-6)

Using this bound, in Section 2D we prove that  ~! = (1) and therefore the bound in Proposition 2.4
becomes ||Vw]||, = O(A~1/2), as claimed in Proposition 2.1.

Proof. The starting point is the equation satisfied by w. Since

—APUy ) = —AUyy =3U7,,
from (2-1) and (1-3) we obtain

(—A+a)w=-3U, +3a*(PUxp +w)’ —(a+eV)PUy  —eVw. (2-7)
Integrating this equation against w and using

1
U’ wz—/VPU 5 -Vw =0,
[sz T3 g x’

we get

/(|Vw|2+aw2)=3a4/ (PUx,A+w)5w—/ (a+8V)PUx,Aw—[ Vw2 (2-8)
Q Q Q Q

We estimate the three terms on the right-hand side separately.
The second and third terms are easy: We have by Lemma A.1

‘/Q<a+eV>PUx,xw‘ < NwllelUerlless < A=YV,

e

Moreover,

2 2
S elwlls = o(IVwl2).
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The first term on the right side of (2-8) needs a bit more care. We write PUy 3 = Uy ) — @ ) as in
Lemma A.2 and expand

/ (PUy ) +w)’w
Q

— [ wzaw s [ vt + o [0 pmstul+ U0l +luled,) + o2l +0)

=5 [ utyw?+0( [ Ulspmalul +1Vulaloeal} + 10l ).

where we again used |, U;kw = 0. By Lemmas A.1 and A.2, we have ||<.0x,k||§ < (dA)~! and

[QU;‘,WX,AIIUI SlwlslexillosllUxall3es < IVwla(@n) ™"
Putting all the estimates together, we deduce from (2-8) that
/ (IVw]? +aw? —15¢*U*w?) = O(d) " | Vwllz + 272 [ Vwll2) + o[Vl ]3).
Q

Due to the coercivity inequality from Lemma 2.3, the left side is bounded from below by a positive
constant times ||[Vw ||§. Thus, (2-6) follows. O

2D. Excluding boundary concentration. The goal of this subsection is to prove:
Proposition 2.5. d=1=0().

By integrating the equation for u against Vu, one obtains the Pohozaev-type identity

—A(V(a +eV)u? = /m n(g—Z)z. (2-9)

Inserting the decomposition u = a(PU + w), we get

IPU, 5 \ dPUy 5 d dw )
/ n A =_/ ] PRt e ke —/(V(a+8V))(PUXA+w)2. (2-10)
30 on 30 on dn on Q ’

Since a, V € C1(Q), the volume integral is bounded by

SIPUIS + w3 2471+ (d) 2, (2-1D)

/ (V(a+eV)(PUyy + w)?
Q

where we used (2-6) and Lemmas A.1 and A.2.
The function dPU j /dn on the boundary is discussed in Lemma A.3. We now control the function
odw/dn on the boundary.

ow\? _ 501 -1 —1 -2
Lemma 2.6. /39(811) =0M"d )+o(A"d™).

Proof. The following proof is analogous to [Rey 1990, Appendix C]. It relies on the inequality

for all z € H*(Q) N Hy (Q). (2-12)

2
H on ‘ £209) ~ Szl
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This inequality is well known and is contained in [Rey 1990, Appendix C]. A proof can be found, for
instance, in [Hang et al. 2009].
We write (2-7) for w as —Aw = F with

F:=3a*(PUyy +w)’ =307, —(a+eV)(PUx +w). (2-13)

We fix a smooth 0 < y <1 with xy =0 on {|y| } and x =1 on {|y| > 1} and define the cut-off function

((y) = x(%). (2-14)
Then (w € H*(R) N H(} (2) and
—AQQw) =CF—-2V{-Vw — (Adw.
The function F satisfies the simple pointwise bound
|FIS UL, 4wl + Ui+ |wl, (2-15)
which, when combined with inequality (2-12), yields
‘ d(gw) |2

because 5 - % = 1—25 > 6, and we shall come back to it later. The other terms can all be estimated using

Jw
on

SIEF=2VE-Vu—(ADw]3),
L2(3Q) . , ,
SN +lwlP +Us a4 w3/, +IVENVwIIZ )+ AW,

L2(R) H

It remains to bound the norms on the right side. The term most difficult to estimate is ||Cw? |3 /25

bounds on ||U||Lr(@\B,/»(x)) from Lemma A.1, as well as the bound [[w]¢ < A~Y2 £ A7 1g7 from
Proposition 2.4. Indeed, we have

||§ )»”3/2 ”UX)‘”L”/Z(Q\B,;/Z(x))"’)‘ Sd_ —0()‘ ld 2)
18U X||3/2 <l X)“”L3/2(Q\Bd) SAT : =0}~ td~ 1)
Igwll3), S lwlg AT +A72d2 =00 7"d™) +0(7'd ),
IVEIVwIIE, < IVwIZIVEE < 7! +472d7)d ™ =0 1d™ ) +o(A1d™?)

and

IAOW3,, S [wlElAsl3 £ AT +A72d72)d ™ =007 d™ ) +o(71d7?),
In order to estimate the difficult term ||Cw? |5 /2> we multiply the equation —Aw = F by ¢ 12|V 2y

and integrate over €2 to obtain
/V(z”zlwl”zw)-wf/ |FIE 2 w32, (2-16)
Q Q
We now note that there are universal constants ¢ > 0 and C < oo such that, pointwise a.e.,

VE Pl Pw) - Vw = e VE 4 w] 4 w) P = Clwl 2V 4P (2-17)



BLOW-UP OF SOLUTIONS OF CRITICAL ELLIPTIC EQUATIONS IN THREE DIMENSIONS 1647

Indeed, by repeated use of the product rule and chain rule for Sobolev functions, one finds
2 2
VE 2wl Pw) - Ve = 3(3)71VE ) + (3(3)" - 32wV ET)?

—(3(4)* 2= £ ) wv - VE A w]w),

The claimed inequality (2-17) follows by applying Schwarz’s inequality vy - vy > —¢|v{|? — |v2]|?/(4€) to
the cross term on the right side with ¢ > 0 small enough.
As a consequence of (2-17), we can bound the left side in (2-16) from below by

/V(é‘/2|w|1/2w)-vwicf |V<c‘/4|w|l/4w>|2—cf lw|* 2|V (42
Q Q Q

Thus, by the Sobolev inequality for the function ¢/4|w|!/4w and (2-16), we get

4

3 4
lew i = ([ 4t ul) < ([ 96 4w
4 4
5/2 1/442 1/2,,13/2 R
([ rewemr) « ([ ireewee). e

For the first term on the right side, we have

: :
(/ |w|5/2|V(§‘1/4)|2) < ”w”éO(/ |v(§1/4)|24/7)‘ < ()\—5 +)\_10d_10)d_1
Q Q
=0 'd Y +or1d7?).

To control the second term on the right side of (2-18), we use again the pointwise estimate (2-15). The
contribution of the |w|> term to the second term on the right side of (2-18) is

4 4
(/Q|w|5+3/2c1/2) - (/Q(;”zw”)w“) < 6w 12 5 Il 26 = o(lcw’ 12, ),

which can be absorbed into the left side of (2-18).
For the remaining terms, we have

4
(10 202,87 ) < Il s,y iy = 5+ @G04,
4
(] 102024872 < 10005y = 5 @72

4
(f |w|5/2z”2) < w10 = A5 4 (@r),
Q

all of which is O(A~'d =) + o(A=1d~?). This concludes the proof of the bound

||§w5||§/2 =0\t d Y +or"1d™?)
and thus of Lemma 2.6. O
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It is now easy to complete the proof of the main result of this section.

Proof of Proposition 2.5. The identity (2-10), together with the bound (2-11) and Lemma A.3(a), yields

2
Lz(aﬂ))

for some C > 0. By Lemmas A.3(c) and 2.6, the last term on the right-hand side is bounded by
A"1d3/2 4 o(A"1d72), so we get

8_w
on

aPUm
n

CA 'WVeo(x) =0 +o(A1d™2) + o(” 3

H ow
+ -
L2(39) L2 |l on

Voo (x) = 0d™2) +0(d™?).
On the other hand, according to [Rey 1990, (2.9)], we have |V¢o(x)| = d 2. Hence
d™2 = 0d™3?) +0(d™?),
which yields d=! = O(1), as claimed. O

2E. Proof of Proposition 2.1. Existence of the expansion follows from Proposition 2.2. Proposition 2.5
implies that d~! = O(1), which implies that xo € . Moreover, inserting the bound d~! = O(1) into
Proposition 2.4, we obtain || Vw||, = @(A~'/2), as claimed in Proposition 2.1. This completes the proof
of the proposition. O

3. Additive case: refining the expansion

Our goal in this section is to improve the decomposition given in Proposition 2.1. As in [Frank et al.
2021], our goal is to discover that a better approximation to u, is given by the function

Vo o= PUx = A7V 2 (Hy(x,+) = Ho(x.-)). (3-1)
Let us set
Ge = e + A7 2 (Ha(xe. ) — Ho(xe. ")), (3-2)
so that
ue = e (Vx, 1, 1 9e)-

As in [Frank et al. 2021], we further decompose

Ge =S¢+ Fg, (3-3)
with s, € Ty_ 3, and r¢ € T;; e given by

Fe .= Hi_é?y)\rsq and Sg 1= HXSs)"Sq' (3_4)

We note that the notation ¢ is consistent with that used in Theorem 1.5 since, using w, € TXl 5, Where
_ es/ve
we write wWe = ¢ + Ag 1/Z(Ha(x,s, -)— Hy(xe,)), we have

se =g 2Ty, p, (Ha(xe, ) = Ho(Xe, ). (3-5)

The following proposition summarizes the results of this section.
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Proposition 3.1. Let (u,) be a family of solutions to (1-3) satisfying (1-4). Then, up to extraction of a
subsequence, there are sequences (xg) C 2, (Ag) C (0,00), (ag) CR, (sg) C T, 2, and (r¢) C T;; A
such that

e = ole(Yx, 1, + 56 +7¢) (3-6)
and a point xy € Q such that, in addition to Proposition 2.1,
IVrell2 = Oedg /2. (3-7)
$alxe) = alxe)mhy! — =0y (xe) +0( ") +o(e),
Véa(xs) = O(e") forany u <1,
Agl =00,
ot =1+ %%(xg)xgl o).
The expansion of ¢, (x) will be of great importance also in the final step of the proof of Theorem 1.5.
Indeed, by using the bound on |V¢,(x)| we will show that in fact ¢4 (x) = 0(A~1) 4 o(e). This allows
us to determine limg_, ¢ sA;.

We prove Proposition 3.1 in the following subsections. Again the strategy is to expand suitable energy
functionals.

3A. Bounds on s. In this section we record bounds on the function s introduced in (3-4) and on the
coefficients 8, y and §; defined by the decomposition

3
s =T q =:2""BPUyx ) +y0) PUxj + 17 Y 80y, PUy . (3-8)
i=1
Since PU 3, 0, PUy ; and dx; PUy ., i = 1,2, 3, are linearly independent for sufficiently small ¢, the
numbers B, y and §;, i = 1,2, 3, (depending on &, of course) are uniquely determined. The choice of the
different powers of A multiplying these coefficients is motivated by the following proposition.

Proposition 3.2. The coefficients appearing in (3-8) satisfy

B.v. i =0(0). (3-9)
Moreover, we have the bounds
Islloo = G723 [ Vsll2=0G") and 5]z =007, (3-10)
as well as
IVsliL2@\By,»(x) = OM?). (3-11)

Proof. Because of (3-5), s, depends on u, only through the parameters A and x. Since these parameters
satisfy the same properties A — oo and d ! = O(1) as in [Frank et al. 2021], the results on s, there are
applicable. In particular, the bound (3-9) follows from [Frank et al. 2021, Lemma 6.1].
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The bounds stated in (3-10) follow readily from (3-8) and (3-9), together with the corresponding
bounds on the basis functions PUy », 03 PUy 3 and dx; PUy 3, i = 1,2, 3, which come from

1Uxilloo SAY2 VU2 S 10 Ul S22,
and similar bounds on 0, Uy ; and dy, Uy j, compare Lemma A.1, as well as
1 Ho(x.)ll2 + [Vx Ho(x, )2 + [Vx Vy Ho(x, y)[2 S 1.
It remains to prove (3-11). Again by (3-8) and (3-9), it suffices to show that

At IVPUx wlL2@\By 2 (x)) T IIVOLPUx A L2(@\ By 2 (x))
+ A7V, PUx Nl 2@\ By jax)) S A2 (3-12)
(In fact, there is a better bound on Vdy, PUy , but we do not need this.) Since the three bounds in (3-12)

are all proved similarly, we only prove the second one.
By integration by parts, we have

3(9, PU
/ IV PU . |% = 15/ U;‘kaka,AakPUx,x+/ 90, PUx)
Q\By/a(x) Q\Bajn(x) 0Ba,2(x) an

By the bounds from Lemmas A.1 and A.2, the volume integral is estimated by

/ Ug 500.Ux 000 PUsx
Q\Bg/2(x)

= / U;,)\(aka,)»)z + ”aMOx,A”oo U;,)Ja}»Ux’ﬂ < A7
R3\Bg/2(x) R3\Bg/2(x)

93 PU, .

Since
A2 (=54 302y —x|?)(y —x)

2 ARy —xP)

ViU (y) =

’

we find [V0, Uy 5| < 173/2 on 0Bg/>(x). By the mean value formula for the harmonic function ) ¢, 3
and the bound from Lemma A.2,

IV0r0x 0 (D] = 1900 loc SAT2 forall y € 3B yy2(x).
This implies that [V (3) PUy )| < A=3/2 on 8B, /2(x). Thus, the boundary integral is estimated by

3(9, PU
/ (9 X’A)akPUx,A
9By ,2(x) on

= IV @ PUx )| L0 @By,20) (192 Us | Lo @\ By 5 () T 192050 ll00) S 472,
since [0, Ux alLoo(@\By 2 (x) S 173/2 by Lemma A.1. Collecting these estimates, we find that

IVor PUx pll 222\ By sy S A7

which is the second bound in (3-12). O

Later we will also need the leading order behavior of the zero-mode coefficients § and y in (3-8).
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Proposition 3.3. As ¢ — 0,
16 - 8 -
B =32 @a(x) = do(x) + 00T, y==3p+007"). (3-13)
Proof. According to (3-5), we have

/Vs-VPUx,k=k_l/2/ V(Ha(x,+)— Ho(x,+)) - VPUy , (3-14)
Q Q

/ Vs -V PUy =x—1/2/ V(Hg(x, ) — Ho(x,-))Vd; PUy . (3-15)
Q Q
By (3-8), the left side of (3-14) is
A / |VPUM|2+V/ V33 PUy ;. -VPUy  + A~ 325 / Viy, PUy ;. -VPUy
i=1
= 38171 HT + 00,
where we used the facts that, by [Rey 1990, Appendix B],

[ 1VPUGE =200, [ V8PULVPUG =007,
¢ ¢ (3-16)
/ Viy; PUy 3 -VPUy ) = O™ ).

Q

On the other hand, the right side of (3-14) is
r1/2/ V(Hg(x,-) — Ho(x,-))-VPU = 3r‘/2/ (Ha(x,-)— Ho(x,-))U3,
Q Q

= 47 (¢a(x) — po(X))A ™' + O(L7?) (3-17)

by Lemma B.3. Comparing both sides yields the expansion of 8 stated in (3-13).

Similarly, by (3-8), the left side of (3-15) is ;

é VPU, - VakPka+y/ VO, PUA >+ 172 ) 6 / Vx; PUy 3 -V, PUy
Q
i=1
1572y _3
= oM™,
6z "o

where, besides (3-16), we used [o Vix; PUy 3 - V0, PUy ) = O(L™2) by [Rey 1990, Appendix B] and

157r

/|V8XPUXJ|2:/ |vaka,A|2+0(r3)_ =2 A2 0073,
Q Q

(The numerical value comes from an explicit evaluation of the integral in terms of beta functions, which
we omit.) On the other hand, the right side of (3-15) is

A~ 1“/vuqa(x )= Ho(x.-)) -V PUy 5, = 154" 1/2/<Ha(x )= Holx, DU, 03U s

= —270($a(x) = Po(x))A > + 0. 7)
by Lemma B.3. Comparing both sides yields the expansion of y stated in (3-13). O
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3B. The bound on |Vr| 2. The goal of this subsection is to prove:

Proposition 3.4. As ¢ — 0,
1Vr 2 = O@a()A™H) + O T3/2) + O(er™12). (3-18)

Using A(Hg(x,-)— Hp(x,-)) = —aGq(x,-) and introducing the function g, ; from (A-4), we see
that (2-7) for w implies

(A +a)yr = _3U;,A + 3a4(1ﬂx,k +s5+ r)5 +a(fxr+8gxn)—as—eV(Yxr+s+r)+ As. (3-19)

Integrating against » and using the orthogonality conditions

/Q(As)r:—/gvs.wzo and 3/QU§’M:/QVPUM-W:0,
we obtain

L avrirarty =3t [ ks 4= [ a6 fa=gear= [ eVliatstnn G20
Q Q Q Q

The terms appearing in (3-20) satisfy the following bounds.
Lemma 3.5. As ¢ — 0, the following hold:

(a) SO0 ga () + Ir 1D 6-

30l4/(¢x,k +s+r)5r—15a4/ U;:)‘r2
Q Q ’

(b) ‘ /Q @5 = fop—x) + 6V (WUxn+5+ )| < A2 4 A7) 6.

Proof. (a) We write ¥y 3 = Uy A V2H(x,) - Jx.» and bound pointwise
Wxp+s+1)° =UJ, +5UL, (s+1)+OUL, WV Ho(x )|+ fien) + UL, (72 +5%)
+ O Hy(x, )P + | il 1P + 5. (3-21)

When integrated against r, the first term vanishes by orthogonality. Let us bound the contribution coming
from the second term, that is, from SU;‘ ;8- We write

s =2 BUL s + v Uy +5,

so § consists of the zero-mode contributions involving the §;, plus contributions from the difference
between PU, j and Uy  in the terms involving B and y. By orthogonality, we have

4 4 = 4=
/QUX,A” =/9Ux,)uw = O(|Ux  lgllsl6ll7ll6)s

and, by Lemmas A.1 and A.2 as well as Proposition 3.2,
3
156 < (B + 1y DA exalls + 1020xall6) + 272 Y 18:l18x; PUxalle S22
i=1
This proves

/ Ut sr=00732r ). (3-22)
QX
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It remains to bound the remainder terms in (3-21). We write H,(x, y) = ¢q(x) + O(]x — y|) and
bound

[ Uz a1 5 a6 [ U2+ [ U= p190 £ 00

Hence

/QU,?J(?»_l/lea(x,-)l + 1 feaDlrl| = QTV2NUL Ha(x,)llegs + 10 sl fealloo) 716

<O o (x) F AT 6 (3-23)

Finally, using Proposition 3.2,

/QU;?,A(VZ+S2)|V|+/Q(?»_5/2|Ha(x,-)|5+Ifx,x|5+|r|5+|S|5)|V|
S Al + s + 272+ 1 feallZo + 111 + UsIDIrlls < Arlig + A7) rlls.

(b) We have

‘/Q(a(s — faer—8x 1) FeV(Wxp+s+r)r
S UIslleys + 11 fxalless + 1 gxalless +el¥xalless +ellrlless)lrlle-

By Proposition 3.2, [islles < llsl2 < A7%/% By Lemma A2, || fxalless < Il fxalloo S A7Y% By
Lemma A4, |lgxalle/s < A72. By Lemmas A.1 and A2, [Vxalless < A~1/2. Finally, I71l6/s < Il ll6-
This proves the claimed bound. O

Proof of Proposition 3.4. We deduce from identity (3-20) together with Lemma 3.5 that
/Quw2 tar? —15a*U},r?) S W a(x) + 472+ e 72| Ve[S + e[ Vr ()] Vr .

Since a* — 1 and r € T;-)\, the coercivity inequality (2-5) implies that for all sufficiently small ¢ > 0 the
left side is bounded from below by ¢||Vr ||§ with a universal constant ¢ > 0. Thus,

IVrlla S A7 galx) + 4732 + 6272 4 | Vr |3 + 6| Vr .

For all sufficiently small & > 0, the last two terms on the right side can be absorbed into the left side and
we obtain the claimed inequality (3-18). O

Proposition 3.4 is a first step to prove the bound (3-7) in Proposition 3.1. In Section 3D we will show
that ¢y (x) = O(A~! + &) and A~! = O(e). Combining these with Proposition 3.4 we will obtain (3-7).

3C. Expanding a®. In this subsection, we will prove:
Proposition 3.6. As ¢ — 0,
at =1-4BL" 1+ O(pa ()AL + A2 4 ed™h), (3-24)

where B is the zero-mode coefficient from (3-8).
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To prove (3-24), we expand the energy identity obtained by integrating the equation for u against u.
Writing u = a (Y 5, + ¢), this yields

X,A X,A = XA ’

QIV(w +q)* + Q(a+eV)(w +q)* = 3a* Q(w +q)°

which we write as

AP areVIvd; =3t vE)+2 | (VT atreV b9yl ) =Ro. G-29
with

-/ (|Vq|2+<a+av>q2>+3a4i(,ﬁ)/ viid".
Q 2 Q

The following lemma provides the expansions of the terms in (3-25).
Lemma 3.7. As ¢ — 0, the following hold:

(@) / (IVYaal? +@+eV)yl; =3ayl ;) = (-« )3;’ +O@a(IA 272 4 er 7,
Q

O [ (T4 Voot @t eViguen —9a'qy3,) = (1=3aH 2 + 0672 447,
] ,
(©) Ro=0R"2+e207h.

Proof. (a) In [Frank et al. 2021, Theorem 2.1], we have shown the expansions

/<|vwxx|2+<a+sV>ka) I Oa(A T 272 e,

/ka— + OaA™ +272),

which immediately imply the bound in (a).

(b) Since A(Hgu(x,-)— Ho(x,-)) = —aGu(x,-), we have —Ay, ; = 3U5 —2"Y24G4(x,-). Since
Vi = AV2G,(x, ) — Jx.0 — &x.a With g 5 from (A-4), we can rewrite thls as

_AWx,)L +alpx,k = 3U5x_a(ka+gx 1) (3-26)
Thus,

/Q (Vq- Vs + (@ + V) s — 90 qy3 )
=30 =30 [ qUE = [ a0t 3, = U2+ aon+ €ra) +V V).
By orthogonality and the computations in the proof of Proposition 3.3,

2
3/ qU?3 =[ Vs-VPU,; = 2 gi~l + 0(72).
Q Q ’ 4
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Moreover,

‘/Q ‘](9‘3‘4(1#)?’)L - U;,k) + a(fx,l + gx,A) + EVWx,k)

Slglelvs 5 = U3 slless + I fenlless + lgxnlless + el v alless)-
By Propositions 3.2 and 3.4 we have
lglle < IVqlla SA™ +er™"2, (3-27)

by Lemma A.2 we have || fx alloo < A73/2 and, by Lemma A.4 we have lexalle/s < A~2. More-
over, writing ¥ 3 = Uy — AV H (x, ) — Jx,1 and using Lemmas A.1 and A.2 and (B-1), we get
[Vxalless < A~1/2. Also, bounding

Wi — U St T V2 Ha (o) + 1 feaD A A7 2 Ha(x. ) + | fren ]
we obtain from Lemmas A.1 and A.2 and (B-1)
15— Udalless S ATV 2 1Waallsy s + 4772 s a70

Collecting all the terms, we obtain the claimed bound.

(c) Because of the second inequality in (3-27), the first integral in the definition of Rq is O(A~2 +&21~1).
The second integral is bounded, in absolute value, by a constant times

/Q W07 +4% < Il dlal? + g8 $ 272 + 623,

This completes the proof. O
Proof of Proposition 3.6. The claim follows from (3-25) and Lemma 3.7. O

3D. Expanding ¢4(x). In this subsection we prove the following important expansion.

Proposition 3.8. As ¢ — 0,
$a(x) = ma()A™ = =0y (x) +o(l7") +o(e) (3-28)
Before proving it, let us note the following consequence.
Corollary 3.9. We have ¢4(x¢) =0, Qp(xo) <0and
A =00, (3-29)
as € — 0. Moreover, |Vr|, = O(eA~"2) and a* = 1 + %¢o(x)k_l + O(eA™h).
Proof. The fact that ¢, (xo) = 0 follows immediately from (3-28). Since ¢,(x) > 0 by criticality and

since a(xg) < 0 by assumption, we deduce from (3-28) that Oy (xg) < 0 and that

51 < | Qv (x0)| +o(1)
" 4n2|a(xo)| 4+ o(1)

e = 0(g).



1656 RUPERT L. FRANK, TOBIAS KONIG AND HYNEK KOVARI{K

Reinserting this into (3-28), we find ¢4 (x) = O(¢). Inserting this into Proposition 3.4, we obtain the
claimed bound on ||Vr||,, and inserting it into (3-24) and (3-13), we obtain the claimed expansion
of a*. O

The proof of (3-28) is based on the Pohozaev identity obtained by integrating the equation for u against
0x V. We write the resulting equality in the form

/Q(wa,x Vs + @+ V)V ndVen — 304V ;0¥ 0)
=— /Q (Vg -V ¥xp +aqdrxp —15a gy, 09 0) + 30a” /Q Yl Yxa + R, (3-30)
with

5
5 _
R = —8/ V48AWx,k+3Ol4 Z(k)/ W;’Aquak‘ﬂx,k-
g k=3 §2

The involved terms can be expanded as follows.

Lemma 3.10. As ¢ — 0, the following hold:

(a) /Q(Vllfx,x VO, Uy +(@+eV)Pxn0r¥x i — 30641#)56,13M/fx,x)
= =27 (X)L 2 = L0y (x)ed? + (1 —at)dmwda (x)A ™ + 27 2a(x) + 1572 ¢a(x)*)A 73
+ oA} +o(sr7?).
(b) /Q(Vq VO Ya +aqdyPxn —15a gyl 0xvx )
= —(1 —a*)27(¢a(x) = Po(X)A™> + O(Ba(¥)A ") + 0(eA72) + 0(A 7).
© 300t [ 203000 = By 4 OGuA) 06k ) 007,
o :
d) R=0(@a(x)A7)+0(er™?) +0o(7).

We emphasize that the proof of Lemma 3.10 is independent of the expansion of a* in (3-24). We only
use the fact that « = 14 o(1).

Proof. (a) Because of (3-26), the quantity of interest can be written as
/Q(wa,x VO Yas + @+ V)V ndVen — 3043 ;010 0)
=3 /Q (U35 — a3 ;)0 Ve — /Q a(frp + 2x )0 Vxn +¢ /Q Ve p0¥xar.  (3-31)

We discuss the three integrals on the right side separately. As a general rule, terms involving f 5 will
be negligible as a consequence of the bounds || fy 1 llec = O 7>/2) and |33 fy1llc = O(77/2) in
Lemma A.2. This will not always be carried out in detail.
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We have
/ (U35 —a* Y2 )0 ¥xn = (1 —a“)/ AW +a / U= Vi)0en.  (332)
The first integral is, since ¥, 5 = Uy 3 A V2, (x, ) — Jxo
/Q US, 0¥ = /Q U3, 00Usp + 33732 /Q US , Ha(x, ) + 007, (3-33)

Since [ U? 202Ux = 10, fs U A =0, we have
5 5 [
U.,0)Ux | = / U2, 00U | SA™ /
'/;2 X, X, R\Q X,A X, i

Next, by Lemma B.3,
1 - 2 - -
3 3/2/S2U;’AHa(x,-)=Tn¢a(x))» 2+ 007,

V2—V4

T dr = O\ ™%). (3-34)

This completes our discussion of the first term on the right side of (3-32). For the second term we have
similarly,

/ (U35 = V)0 ¥xn

[ (U2, = Uy g =AYV Hy(x,))%) 03Uy p — 272 Ha(x.)) + 0(A7?)

=5r1/2/ S Ha(x, )0 Uxp + 5 k [ & Ha(x,-)? = 1017 f 3 W Ha(x. )20, Ux s

5
5 ky—k —k k
2 (p)ent 2 [ U5 a0, U
=3
5

_% Z(i>(_l)k)‘_(k+3)/2/ U;;kHa(x, _)k+1 +0()»_3). (3_35)
Q )

Again, by Lemma B.3,

50~ 1/2/U4 Ha(x, )33 Uy s + x / 4 Ha(x, ) = 1017 / 33 Ha(x,)?0,Ux
:—T%(x)r + Qra(x) + 572 pa()HA 3 +o(A 7). (3-36)

Finally, the two sums are bounded, in absolute value, by

J U232 P 52 Hae )P0Vl + [ U202 HaC ) 27 o)1)

S 102 Uxalls(1Ux i 13552722 A7) + U a 13272 4+ 474 =00 73).

This completes our discussion of the second term on the right side of (3-32) and therefore of the first
term on the right side of (3-31).
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For the second term on the right side of (3-31) we get, using ¥y ) = Uy ) — AV2H, (x, ) — Jx b

. 1.,_ _
/Qa(fx,x +gx,x)3xwx,xZ/Qagx,Aaxe,ri-Ek 3/2/Qagx,xHa(x,-)+0()» ).

The second integral is negligible since, by Lemma A .4,

‘%A—W / agy 5 Ha(x. ")
Q

5)\_3/2/;2gx,k Sk_4logk.

Since «a is differentiable, we can expand the first integral as

/Qagx,xaxe,x =a(x) /Q gx2 00 Ux + O(/Q |x _Y|gx,A|8ka,A|)-
We have

/;zgx,kaka,A =177 20.103Up,1 = A73 /2 20.10,Uo.1 +0o(A7%)
R»

AMQ2—x)
and
1 1 1—r2

o0
3, Uo.1 =4 - — 2dr =2n(3—m).
/[R@ 80,1950, n/o (V 1+r2)2(1+r2)3/2r r=2n(=a)

Using similar bounds one verifies that

f ¥ = ylgrn dn Uil < r“/ 121g0.1 192 Vo1 | S A4
Q AMR2—x)

This completes our discussion of the second term on the right side of (3-31).
For the third term on the right side of (3-31), we write

Vaa =27"2Ga(x.) = fra—gxp
and get

/ VWx,)» 8)\ Wx,)»
Q

= / VAT 2Ga(x,)~gx )0 (A2 Galx, ) —gx 1) +0(A?)
Q

=—%>»‘2Qy(x)+o(r3/2 fg Galx.)gus+1"1/2 fg Ga(x,)9h g |+ /Q gx,uaxgx,u)w(ﬂ)

=—32720p ()+O( T2 Galx. )2 llgxnl2
AT Ga () 1201028 2+ [ 22 a 2192 8.0 12) +0 (A7)
=320y () +0(a72).

In the last equality we used the bounds from Lemma A.4 and the fact that G4(x,-) € L?(2). This
completes our discussion of the third term on the right side of (3-31) and concludes the proof of (a).
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(b) We note that (3-26) yields
—A0 Yy +ad Yy = 15U;,A3xe,A —a(@) fx +0r8x0)-

Because of this equation, the quantity of interest can be written as

/Q(Vq VoY +aqdi¥x s —15a*qyd  03xn)

=15 [ U0 Uxa =0 V00— [ 0@ S+ Orgnn). (3

We discuss the two integrals on the right side separately.
We have

/QQ(U;,Aaka,A_a4w;,xaA¢x,k)
:(1_a4)/s24U;’x3ka,x +0€4/Qq(U;,A3AUx,x—w;‘,xamﬂx,x)- (3-38)

The first integral is, by the orthogonality condition 0 = fQ Vw- Vo, PU,, =15 fQ wU;ABX Ux 2

[ U800 =372 [ (Hatr.) = Hoe DUR, 02U
= =T (ga(x) — g ()22 + OG.7). (3-39)
For the second integral on the right side of (3-38), we have
/Q qU 500 Us g — Ve 3 02¥x0)
= [Q qU 500U — (Usp = 272 Ho(x,))* 03, (U p = A2 Ha(x.))) + 0(A7)

= O(¢a(X)A ") +0(eA ™) + 0(A 7). (3-40)

Let us justify the claimed bound here for a typical term. We write H,(x, y) = ¢q(x) + O(]x — y|) and
get

[ QU A2 Hy(x, ) = k‘3/2¢a(x)/ qUy _|_(9(;\—3/2/ qU;‘,AIx—yI).
Q Q Q
Using the bound (3-27) on ¢ and Lemma A.1 we get

‘/ qU;,x
Q

The remainder term is better because of the additional factor of |x — y|. We gain a factor of A~! since

< lgllslUxalldss <252 +er.

lx = 14U al34 )5 S A2
Another typical term,
[ U272 Hatr. )1
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can be treated in the same way, since the bounds for 9, Uy j are the same as for A1 Ux »: see Lemma A.1.
The remaining terms are easier. This completes our discussion of the first term on the right side of (3-37).
The second term on the right side of (3-37) is negligible. Indeed,

/Q ag@y frep +018x2) = OUlgll69rgxlle/s) + o) =01 7?), (3-41)

where we used Lemma A.4 and the same bound on ¢ as before. This completes our discussion of the
second term on the right side of (3-37) and concludes the proof of (b).

(c) We use the form (3-8) of the zero modes s, as well as the bounds on ||Vs||, and ||Vr ||, from (3-10)
and (3-18), to find

[Q G20 = /Q Y3 0t + O@a(A) +0(i7%) +0(eA )

=537 [ ULl 2807 [ U800+ [ U2 @007
+ O(Pa()A ) +o(A ™) +0(er™2).  (3-42)

A direct calculation using (B-15) gives

= /g2 US 03Uy s = 0072, /Q U2, (03.Ux2)° = 0(1)

and

1. _ |x — y|? Ix —y|*
U*. (9, U 2———k2/l]6 —)ﬁ/ +A5/
/sz xp(0Uxd)”= Q@ o (1+A2[x —y|?)* o (1+A2|x = y[?)?

%, s /°° 14 dt _2/°° 15 dt _2
=T 32 _ag) LAY ALY
T AT TR ST RS

i 2
=721 007).

Inserting this into (3-42) gives the claimed expansion (c).
The proof of (d) uses similar bounds as in the rest of the proof and is omitted. O

Proof of Proposition 3.8. Combining (3-30) with Lemma 3.10 yields
0=—47¢,(X)A 2= Qp(x)eA 2 +412a(X)A 2 + A3 R+ O(a ()L 3) +0o(A ™) +0(eX72), (3-43)

with
R = A(1—a*)4m(¢a(x) + ¢o(x)) + 3072 ¢a(x)* — L2 By 7.

We now make use of the expansion (3-24) of a* — 1 and obtain
R =16B7¢o(x) — L Byn® + O(ga(x) + 17" +o).
Inserting the expansions (3-13) of 8 and y, we find the cancellation

R=0(pa(x)+ 171 +¢). (3-44)
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In particular, R = O(1) and, inserting this into (3-43), we obtain

da(x) = O +¢).
In particular, for the error term in (3-43), we have ¢, (x)A~3 = o(A~3) and, moreover, by (3-44), we
have R = O(A~ ! +¢). Inserting this bound into (3-43), we obtain the claimed expansion (3-28). o

3E. Bounding V¢ ,(x). In this subsection we prove the bound on V¢, (x) in Proposition 3.1.
Proposition 3.11. For every u < 1, as ¢ — 0,
[Voa(x)| < e (3-45)
The proof of this proposition is a refined version of the proof of Proposition 2.5. It is also based on
expanding the Pohozaev identity (2-9). Abbreviating, for v,z € H!(Q),

v 0z

I, z] = o 390" +/;Z(Va)vz (3-46)

and writing u = a (Y ) + ¢), we can write identity (2-9) as

0= IYns] + 2 [Wnsq] + Ilg] + e /Q (VV) W+ 0)% (3-47)

The following lemma extracts the leading contribution from the main term /[y 3 ].
Lemma 3.12. [V, ;] = 47 Vpa(x)A~1 + OAT17H) for every p < 1.
On the other hand, the next lemma allows us to control the error terms involving g.

<er"1/2,

Lemma 3.13. H 9q <
anllL2(9)

n

Before proving these two lemmas, let us use them to give the proof of Proposition 3.11. In that proof,
and later in this subsection, we will use the inequality

gl < er™1/2. (3-48)
This follows from the bound (3-10) on s and the bounds in Corollary 3.9 on A~! and r. Note that (3-48)
is better than the bound (3-27) in the L° norm.
Proof of Proposition 3.11. We shall make use of the bounds

<A1, (3-49)
L2(0Q)

81//x,k
on

1Y ll2 +

The first bound follows by writing ¥ 3 = Uy — AV2H, (x, ) + Jx,» and using the bounds in
Lemmas A.1 and A.2 and in (B-1). We write ¥ ) = PUy —A"Y2(H,(x, ) — Hy(x,)) and use the
bounds in Lemmas A.3 and B.1 for the second bound.
Combining the bounds (3-49) with the corresponding bounds for ¢ from Lemma 3.13 and (3-48), we
obtain
Vapqll Seh™" and T[] <e*h™".
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Moreover, by (3-48) and (3-49),

&

/ (VV) W+ 9)2| < eh",
Q

In view of these bounds, Lemma 3.12 and (3-47) imply |V¢,(x)| < & + A7, Because of (3-29), this
implies (3-45). O

It remains to prove Lemmas 3.12 and 3.13.

Proof of Lemma 3.12. We integrate (3-26) for v/ ) against Vi, ; and obtain
U] =3 /Q US Vs — /Q a(frer+ 2 ) Vs (3-50)

For the first integral on the right side we write ¥, 3 = Uy 3 — AV2HL(x, ) + Jx.». and integrate by
parts to obtain

3 /Q US, Vs =3 /a U (U =2 P H )+ fua)n

15 /Q U3 (VU ) O 2 Ha(x, ) = frp):

By Lemma B.3 (see also Remark B.4) we have
2 - —1/2—
/Q Ud (VU ) Ha(x,) = — /Q U5 (VU p) Ha(x.-) = =75 Va(02™2 + 00270,

Finally, since Uy ) < A~1/2 on 92 and by the bounds on Uxa> fx and Hg(x,-) from Lemmas A.1
and A.2 and from (B-1), we have

3 UL (U =2 P HaC )+ fuan 15 [ UL (VU frs = 067

This shows that the first term on the right side of (3-50) gives the claimed contribution.
On the other hand, for the second term on the right side of (3-50) we have

_ 1
| et )V a= [l + 22 VUsa =27 Hatro) =5 [ (Vo f2,
1
_/ (anx,A +gx,kva)fx,k + 5/ afoJ +/ afx,kgx,k
Q 0Q 0Q

_ /Q ag 2 VU p + 007,

Here we used bounds from Lemmas A.2 and A.4 and from the proof of the latter. Finally, we write
a(y) = a(x)+ O(|x — y|) and use the oddness of g, , VU, to obtain

/Q 48 VU5 = 0( /Q = Ylgen VU |) — o).

This proves the claimed bound on the second term on the right side of (3-50). O



BLOW-UP OF SOLUTIONS OF CRITICAL ELLIPTIC EQUATIONS IN THREE DIMENSIONS 1663

Proof of Lemma 3.13. The proof is analogous to that of Lemma 2.6. By combining (2-7) for w with
A(Hy(x,-)— Hy(x,-)) = —aG,(x,-), we obtain —Ag = F with

Fi==3U2; +3a* (Ve p +9)° —aq +a(fep + gxp) — €V p +9)-

(We use the same notation as in the proof of Lemma 2.6 for analogous but different objects.)
We define the cut-off function ¢ as before, but now in our bounds we do not make the dependence
on d explicit, since we know already d ! = O(1) by Proposition 2.5. Then (g € H*(Q) N HO1 (2) and

—A(q) =§F —2V{-Vg —(AQ)gq.
We claim that
CIFI S tlgl® +etUsp + gl +en712 (3-51)

Indeed, on Q \ By/2(x), we have Uy, < A~/2 and g, 5 < A~>/2. By Corollary 3.9, we have A=%/2 =
O(er~1/2). Moreover, we write Y = Uxa —AV2H, (x, ) + Jx,». and use the bounds on fy , and
H,(x,-) from Lemma A.2 and (B-1).

Combining (3-51) with inequality (2-12), we obtain

I(¢q)

SINAGP 372 = IEF =2VE-Vg = (Aqll3/2
L2(39)

S1Eq N3y2 + ellcUxpll2 + Igllsgz + &A™ 2+ [1VE]1Vagll372 + 1 (A 32

It remains to bound the norms on the right side. All terms, except for the first one, are easily bounded.
Indeed, by (3-48),

8n

L2(3S) “

lgliss2+1(ADgl3/2 5 llgla S er™"/?

and

IVEIVallls2 S IVallL2@\Ba»0) = IVSliLz@\By ) + I1VFIl2 S er=1/2,
where we used ||VS||L2(Q\Bd/2(x)) < A73/2 by Equation (3-10) and || Vr||» < eA~/2 by Corollary 3.9.
(Notice that for the estimate on s it is crucial that the integral avoids B/, (x).) Moreover, by Lemma A.1,

1Ux 1372 < ”Ux,)»”L3/2(Q\Bd/2(X)) < ATz,

To bound the remaining term |[|{q° || /2 we argue as in Lemma 2.6 above and get

2 2
5 _ 1/4) (1/4 16 v (£1/4) 411/ 2)
16q% 12 (fgm " q|) s(fg| 41q1 )]
2 2 2
5/2 /44,2 1/2,.13/2 5 1/21.13/2
s(/gm v )|)+(/Q|F|z 1l )s||q||6+(/9|F|; 4l )

We use the pointwise estimate (3-51) on ¢ F, which is equally valid for ¢!/2 F. The term coming from |¢|°
is bounded by

2 2
( / |q|5+3/2§“2) _ ( / (§|q|5)1/2q4) <1eq* 1329118 = o(12¢® 13/2).
Q Q
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which can be absorbed into the left side. The contributions from the remaining terms in the pointwise
bound on ¢!/2| F| can by easily controlled, and we obtain

184° 1372 S lgllg +A7° + (ex™1/2)° s ed™ V2,

Collecting all the estimates, we obtain the claimed bound. O

4. Proof of Theorems 1.5 and 1.6

4A. The behavior of ¢, near x¢. We are now in a position to complete the proof of Theorem 1.5. Our
main remaining goal is to prove

Pa(x) = o(e). (4-1)

Once this is shown, we will be able to find a relation between A and &. The proof of (4-1) (and only this
proof) relies on the nondegeneracy of critical points of ¢,.

We already know that ¢, (x¢) = 0 and that ¢,(y) > 0 for all y € 2, hence X is a critical point of ¢,.
In this subsection we collect the necessary ingredients which exploit this fact.

Lemma 4.1. The function ¢ is of class C* on Q.

Since we were unable to find a proof for this fact in the literature, we provide one in Section B2.
Thus, the following general lemma applies to ¢,.

Lemma 4.2. Let u be C? near the origin and suppose that u(0) = 0, Vu(0) = 0 and that Hess u(0) is
invertible. Then, as x — 0,

u(x) = $Vu(x) - (Hess u(0)) ' Vu(x) + o(|x[?). (4-2)

Suppose additionally that Hess u(0) > ¢ for some ¢ > 0 in the sense of quadratic forms, i.e., the origin is
a nondegenerate minimum of u. Then, as x — 0,

u(x) < [Vu()*. (4-3)
Proof. We abbreviate H(x) = Hess u(x) and make a Taylor expansion around x to get

Ozu(O):u(x)—Vu(x)-x+%x-H(x)x+o(|x|2) (4-4)
and
0 = Vu(0) = Vu(x) — H(x)x + o(|x|?). (4-5)

We infer from (4-5) and the invertibility of H(0) that

x = Hx)"'Vu(x) +o(|x|?).
Inserting this into (4-4) gives

0=u(x)— %Vu(x) CH(x) ' 'WVu(x) + o(|x]?).

Since H(x)~™! = H(0)™! + o(|x|), this yields (4-2).
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To prove (4-3), if zero is a nondegenerate minimum, then a Taylor expansion around zero shows
u(x) = 3x- H0)x +o(|x|?) = felx|? (4-6)
for small enough |x|. Thus the o(]x|?) in (4-2) can be absorbed in the left side, and thus (4-3) holds. [J

4B. Proof of Theorem 1.5. Equation (1-18) follows from Proposition 2.1, together with (3-2), (3-3)
and (3-5). The facts that xo € NV and Qp (x¢) < 0 follow from Corollary 3.9.

By Lemma 4.1 and the assumption that x¢ is a nondegenerate minimum of ¢,, we can apply Lemma 4.2
to the function u(x) := ¢, (x + x¢) to get

Pa(x) < |Véa(x)|.

Therefore, by the bound on V¢, (x) in Proposition 3.1 with some fixed p € (%, 1), we get

$a(x) < |Va(x)|* = 0(e). 4-7)

This proves (1-20) and, by nondegeneracy of xg, also (1-19). Moreover, inserting (4-7) into the expansion
of ¢4(x) from Proposition 3.1, we find

0=a()mr™! = -0y (x) +0(7") +o(e).

that is,
2 la(xo)| +o(1)
1Oy (x0)| +o(1)

with the understanding that this means eA — oo if Oy (x) = 0. This proves (1-21).

el =4n

The remaining claims in Theorem 1.5 follow from Proposition 3.1.

4C. A bound on ||w| . In this subsection, we prove a crude bound on the L°° norm of the first-order
remainder w appearing in the decomposition u = a(PU, 3 + w), and also on some of its L norms
which cannot be controlled through Sobolev inequalities, i.e., p > 6. This bound was not needed in the
proof of Theorem 1.5, but will be in that of Theorem 1.6.

Proposition 4.3. As ¢ — 0,
lwl, A3 forall p € (6,00). (4-8)

Moreover, for every 1 > 0,
[wlleo = o(A%). (4-9)

Our proof follows [Rey 1989, Proof of (25)], which concerns the case N > 4 and a = 0. Since some
of the required modifications are rather complicated to state, we give details for the convenience of the
reader.

Proof. We begin by proving the first bound in the proposition, which we write as

lwlhyy AT forallr e (1,00).
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To prove this, we define F by (2-13), multiply (2-7) with |w|”~!w and integrate by parts to obtain

4r r
—2/ ‘V|w|§l‘2:/ Flw|" 'w
(r+1%Jo Q

Thus, by Sobolev’s inequality applied to v = |w|"+1D/2,

ol 5 [ 1Fll” (4-10)
In order to estimate the right side of (4-10), we make use of the bound
|FI Sl =1U, + Ud w4+ [w’ + U, @ p + Uxp +¢xa + w). (4-11)

This is a refinement of (3-51), which is obtained by writing PU, ) = Uy ) — ¢y, and using Lemma A.2
to bound wi’l < Px-

We estimate the resulting terms separately. Using Holder’s inequality, Lemma A.1, Proposition 3.6
and the fact that for any 7, p,¢ > 0 with p~! + ¢!
has ab < na? 4 C, b4, we obtain

= 1 there is C;; > 0 such that for any a, b > 0 one
1. r—1
o —1|/ U0l <37 0y IU1S s S 37 Nl 2250

__r+3 1 _r£3
= Nl )220 <l )+ G

4 1
5 5 1
4 1 5 5 r+s -4 1 —1.
/QUX,AlwIH 5(/9 Ux,klwlr) (/Q|w|r+) <l s 275050 < plwlfEl ) + G

5 1 4 1 -2,
/ wl¥* < wlEh wlid < Twlsgh )

—_r+3
||w||g(r+1) = )\. 2(r+1) ||u)||g(r+1)
_r+3

| R e T A RS

’

< nlwll}El ) +Cy

Uralwl” < 1wl 4110l 3s3 < 1wl nh ™2 < nllwlsgh ) + G E
q XM W3+ lVxallzgs S AWz A 2 =MW E 1)+ Cn ;
<Az r+1 C )\—%
‘ka|w| ||w||3(r+1) —77||w||3(r+1)+ n ;

5 (G VY r+1
1 5 — 1 _r+l
[l <(/ Jul +’) < Jwlly 3 2 <l ot

By choosing 1 small enough (but independent of A), we can absorb the term n||w||§E;1+1), as well as the

term A 72 ||w ||g?;1+1), into the left-hand side of inequality (4-10) to get
lwlisglyy $27F b

3(r+1)

This is the claimed bound.
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We now turn to the bound of the L° norm of w. We write (2-7) for w as
1
w) = 3 [ Gotx. 1) F . (@-12)
T Jg

By Holder’s inequality and the fact that 0 < Go(x, y) < |x — y|~!, we have for every § € (0,2)

lwlloo = sup |GoCx, )ll3—sl Fll3=s < Fll3=s- (4-13)
X€Q - -
Hence it suffices to estimate || F||; with some g := (3—6)/(2—§) > %
We use again the bound (4-11). The L4 norms of the resulting terms are easy to estimate. Indeed,
since |a* — 1| < A~! by Proposition 3.6, we have by Lemma A.1

Q|

4 5 -1 5 3—
lo® =1 UZ 3 llg S AT U5, S A2

Next, by Lemma A.1 and A.2,

[S1[%}
Q|

_1
U 0xallg SA 72U NS, =<2
Using additionally the bound on ||Vw|| from Proposition 2.1, we can estimate, for every ¢ < 3,

1
1Ux 4 @xp + [Wlllg = 1Uxallg + [ @xalloo + [Vwlle <272

Finally, using the bound (4-8),

1

4 4 2—12 2_3
1U; awllg = 1Uxallsgllwllsg A7 50 lwllsqg <A™«
and
5 5 -3
[wllg = w5, <A 4.

Inserting these estimates into (4-13) yields
|wlloo < ATa for every g € (3.3).
As § (0 in (4-13), we have g \| % and hence 2 — % N\ 0. Thus (4-9) is proved. |

4D. Proof of Theorem 1.6. By Proposition 2.1, we have u = a(P Uy  +w) with o = 1+0(1). Moreover,
by Proposition 4.3, |w]|eo = 0(A!/2). On the other hand, by Lemma A.2 we have

1 _1
[PUxplloo = 1Ux alloo + Ollpxplloo) = A2 + O(A72).

Putting these estimates together, we obtain

elluelZ, = eF +000))? = e1(1 4 0(1) = d? S9EOL o)
| Qv (xo0)
by the relationship between & and A proved in Theorem 1.5. Moreover, Uy 3 (x) = A2 = 1Ux .l 0o-
This finishes the proof of part (a) in Theorem 1.6.
The proof of part (b) necessitates significantly fewer prerequisites. It only relies on the crude expansion
of u given in Proposition 2.1 and the rough bounds on w from Proposition 4.3.
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By applying (—A +a)~!, we write (1-3) as
3 s_ _
uG) = 3= [ Gacym() =5 [ Gate VO, (4-14)

We fix a sequence § = §; = o(1) with A~! = 0(8,). This condition, together with the bounds from
Proposition 2.1, easily implies % st(x) u(y)® =1"Y2 4 o(A=1/2). Hence

3
47 JBy(x)

Gql(z, y)u(y)5 = 4i (Gal(z, xg) —|—0(1))u(y)5 - )»_l/zGa(z,xo) _{_0()\—1/2)'
7 JBs(x)

On the complement of Bg(x), using Proposition 4.3 and Lemma A.1, we bound

/ Galz. V)u(»)’
Q\Bs(x)

Choosing, e.g., § = A1~2/7 the last bound is 0(1_1/2).
The second term on the right side of (4-14) is easily bounded by

< Ga(z, ')”2(”UX’)\”;,“’(Q\BS(x)) + ||w||fo) < AT2§7T2 )32,

¢ SelGa(z ) 21Ul + [wll2) S er™'/?

/Q Galz. )V (Du(y)

using the bounds from Proposition 2.1 and from Lemma A.1. Collecting the above estimates, part (b) of
Theorem 1.6 follows.

5. Subcritical case: a first expansion

In the remainder of the paper we will deal with the proof of Theorems 1.2 and 1.3. The structure of our

argument is very similar to that leading to Theorems 1.5 and 1.6. Namely, in the present section we derive

a preliminary asymptotic expansion of u#, and the involved parameters, which is refined subsequently in

Section 6 below. Because of the similarities to the above argument, we will not always give full details.
The following proposition summarizes the results of this section.

Proposition 5.1. Let (u.) be a family of solutions to (1-2) satisfying (1-5). Then, up to the extraction of a
subsequence, there are sequences (x;) C 2, (A¢) C (0,00), (o) C R and (wg) C T;; he such that

Ug = Ofe(Png,)u8 + we) (5-1)
and a point xy € Q such that

lxe—xo| =o(1). s =1+0(l), As—>o0, [[Vuwe|a=00;"2). e=00;"H. (2

5A. A qualitative initial expansion. As a first step towards Proposition 5.1, we observe that the qualitative
expansion from Proposition 2.2 still holds true, that is, there are sequences (xg) C 2, (A¢) C (0, 00),
(¢g) CRand (wg) C T ;; he such that (5-1) holds and a point xo € € such that, along a subsequence,

lxe —xo| = 0(1), ag=140(1), dere—00, |[Vwela=o0(l),

where, as before, d, := d(x., 0R2).
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Indeed, as explained in the proof of Proposition 2.2, it suffices to prove u; — 0 in HO1 () uptoa
subsequence. To achieve this, we first integrate (1-2) against u#, to obtain

e\ ol Vuel? Jo au?
3 /Q”s = o2/ 612/ (6—2)
(fsz Ug ) (fsz Ug )

By (1-5) and Holder’s inequality, the right side is bounded, hence ||us||¢—s < 1. By (1-5) again, | Vu.|» <1.
On the other hand, the right side is bounded from below by a positive constant by coercivity of —A + a,

which is a consequence of criticality, and by Holder’s inequality. This gives |[us|¢—e = 1, and hence
|[Vuell2 Z 1 by the inequalities of Sobolev and Holder. This completes the analogue of Step 1 in the
proof of Proposition 2.2.

Let us now turn to Step 2 in that proof. We denote by u( a weak limit point of u«, in HO1 (£2), which
exists by Step 1. Still by Step 1, we may assume that the quantities ||u.|¢— and ||Vu.|, have nonzero
limits. The only difference to Proposition 2.2 is now that we modify the definition of M to

M= 1lim | (ug—uo)®,
e—0JQ

where the exponent is 6 — ¢ instead of 6. Thanks to the uniform bound ||u.|l¢—s < 1 by Step 1, it can be
easily checked that the proof of the Brezis—Lieb lemma (see, e.g., [Lieb and Loss 1997]) still yields
lim [ wS%=1lim [ u§™*+ M =/ u§ + M.
e—>0JO e—>0JO Q

Then the modified assumption (1-5) can be used to conclude

1

3
S(/ ug+M) =/ |Vuol? +T.
Q Q

The rest of the proof is identical to Proposition 2.2.

We again adopt the convention in the remainder of the proof that we only consider the above subsequence
and we will drop the subscript ¢.

In order to prove Proposition 5.1, we will prove in the following subsections that xg € Q, ||[Vw], =

O~ Y2y and e = O(L7Y).
5B. The bound on ||[Vw]|3. The goal of this subsection is to prove:

Proposition 5.2. As ¢ — 0,
Vw2 = 0072 + O((Ad)™) + OCe). (5-3)

Note that, in contrast to Proposition 2.4, there appears an additional error O(g). We will prove in an
extra step (Proposition 5.5) that ¢ = O((Ad)™ '), so this extra term will disappear later.

The proof of Proposition 5.2 is somewhat lengthy, and we precede it by an auxiliary result, which is a
simple consequence of the fact that o« — 1.

Lemma 5.3. As & — 0,
elogA = o(1).
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A useful consequence of this lemma is that

U551 inQ. (5-4)

X,
Indeed, this follows from the lemma together with the fact that Uy 5 2 A~ Y2 in Q.

Proof. We integrate (1-2) against # and use the decomposition (5-1). This gives

/ V(PUL s +w) + / a(PUsp + w)? = 30" f (PUy +w)~. (5-5)
Q Q Q

By orthogonality
/ |V(PUX,A+w)|2=/ |VPUx,;L|2+/ |Vw| 3Z +o(1).
Moreover, using Lemmas A.1 and A.2 we find [, a(PUy ) + w)? = o(1). On the other hand,

/Q(PUx,Hw)H:/ UL +o(l).

Hence (5-5) combined with the fact that « — 1 implies

2
/ USe = HT +o(1). (5-6)
Q
Since s
f Uge =723 [ (14 22— y) >+ =272 (1 4 0(1)),
Q Q
we have A ~¢/2 — 1 and hence the claim. O

The next result quantifies the difference between (o, U A fvand [ U? eV =0forveT J-

‘/QU)SEU
Proof. By orthogonality,
/ USA v _)\—8/2/ U; Xeslog«/1+kz|x—y|2v =)\,_8/2/ ng(eslog«/1+k2|x—y|2__ o,
Q Q ’ Q ’

elog /1 +A2|x —y|? =o(1) (5-8)
uniformly in x and y. Hence
< eflogV/1HRIx—y2 _ | < glogy/1+A2|x —y|? <eA|lx—y|, (5-9)

where we have used the inequality log v/1 + 72 < |¢|. Since

Lemma 5.4. For every v € Tx 0

S ellvlle- (5-7)

By Lemma 5.3,

lx = y|U2 5 llers = O™,

the result follows from the Holder inequality. O
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We are now in position to give the following:

Proof of Proposition 5.2. From (1-2) for u we obtain the following equation for w:
—Aw +aw = =3U7 , —aPUy +3a* " (PUy ) +w)* ™. (5-10)
Integrating this equation against w gives
fQ(|Vw|2 +aw?) = —anPUMw + 30‘4_6/9 w(PUy ;5 +w)’ "% (5-11)

As before, the first term on the right-hand side is controlled easily by Holder’s inequality,

‘/ aPU, w
Q

In order to control the second term we use the fact that PUy 3 = Uy ) — ¢y 5. Moreover, by a Taylor
expansion and (5-4),

SIPU2lwl2 S ATV Vw],.

(PUx,k + w)S—e = (Ux,k —@xat w)S—a
= U+ G—U w+ O oxp + UL w? +[w] ™ + 97350, (5-12)

Hence,

‘/Q(PUX,A+w)5_8w—(5—8)(x4_8/9U;;\swz

5—¢
/ UX’}L w
Q

We estimate the first term on the right side using Lemma 5.4. For the second term on the right side we

=

+<9( [ U;‘,wx,um) T+ OV + 1902l 3.

argue as in the proof of Proposition 2.4 and obtain
| Utspnalul = 0Gay IV wl)
For the last term on the right side we use ||y 3 ||§ = O((Ad)™1). Moreover, in view of (5-9),
/ U;fwz < k_8/2/ U)‘:’Aw2 + Csk/ U;:’)‘|x—y|w2
Q Q Q
< —i—o(l))/ U, w? +0@r™2 | Vuw|3). (5-13)
Q bl

Altogether we obtain, from (5-11),

AVl +aw? = 150420 0%) 5 Gy 42712 4 o)Vl + ol Tl

Q ;

An application of the coercivity inequality of Lemma 2.3 now implies (5-3). O
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S5C. The bound on e. The goal of this subsection is to prove:

Proposition 5.5. As ¢ — 0,
e=0(Ad)™). (5-14)

We note that the analogue of this proposition is not needed in Section 2 when studying (1-3).
The proof of Proposition 5.5 is based on the Pohozaev-type identity

/ VPUx,k.vaAPUx,H/ a(PUX,A+w)8APUx’A=a4_83/ (PUyp +w) 789, PUy 5, (5-15)
Q Q Q

which arises from integrating (4-4) against d) PUy ; and inserting the following bounds.

Lemma 5.6. As ¢ — 0, we have

/QVPUM-vaAPUx,A +/Qa(PUx,k +w)d) PUyp = OA"2d™ + 171 Vu|3) (5-16)
and

3 /Q(PUM +w)’ TP PUyp = —F (L +0()ed ™ + 0 72d™" + 171 Vw|3). (5-17)

Before proving Lemma 5.6, let us use it to deduce the main result of this subsection.

Proof of Proposition 5.5. Inserting (5-16) and (5-17) into (5-15) and applying the bound (5-3) on || Vw||
we obtain
(I+o(1)e < (Ad)™ +|Vw|5 < (d) ™" + &

Since ¢ = 0(1), (5-14) follows. O
In the proof of Lemma 5.6 we need the following auxiliary bound.

Lemma 5.7. For every v € TJ‘A,
X,

< ed Vol (5-18)

‘/Q U;‘;EBAUX,AU
The proof of this lemma is analogous to that of Lemma 5.4 and is omitted.

Proof of Lemma 5.6. We begin with proving (5-16). First, by [Rey 1990, (B.5)],
/ VPU, -V, PUyy =OMA"2d™ ).
Q

Writing PUy ) = Uy ) — @x,. the second term in (5-16) is bounded by

' /Q a(PUsr + )03 PUs 3| S (10 r s+ [wl12) (132 Ustlla + 19200 2112)

SAT2dT2 4 aT32aT 2 V|, A2+ AT Ve,

by Lemma A.1 and (A-3), followed by Young’s inequality.
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Next, we prove (5-17). Using (5-12) and (5-4) we bound pointwise
(PUx . +w) 03 PUy . = U5 03U + (5= ) U5 02U pw
+O(U kwxx+Lﬁkw + w7 + 9239102 Ux i)
+OU, + 1wl + 03 50)1010x.0D)- (5-19)
The integral over €2 of the two remainder terms is bounded by a constant times
92 1 lloo | Ux 4 131195, Ux i lls + (N0 A lIGNwIE + w13~ + e alle 192 Uxills
U 1319200 lloo + (w1 ™ + lexalle™ ) 9r0xnlls SA72d ™" + 27 wlg,

where in the last inequality we used the bounds from Lemmas A.1 and A.2.

By Lemma 5.7, the integral over €2 of the second term on the right side of (5-19) is bounded by a
constant times A~ ||Vw|, = o(eA™1).

Finally, by an explicit calculation,

Uy a A32|x — y|?
U760, U =[ Ul ( ak
/Q x4 CATxA 2k (14 A2x—y[2)3/2

re)rE) 2r(3)re
:7_[)\—1—8/2|: (2) (82 ) ( ) (82 ):|+O()\_4d_3)
ri-3) r4-3)
7'[3/2 1—¢/2 F(%) 4 3
=- +OMA"d™)
4 r@-3)
2
= —Tg e (I+o(1) + 0047, (5-20)
where, in the last step, we used Lemma 5.3. This completes the proof of (5-17). O

5D. Excluding boundary concentration. The goal of this subsection is to prove:
Proposition 5.8. d~1 = O(1).

Proof. The proof is very similar to that of Proposition 2.5 and we will be brief. Integrating the first
equation in (1-2) against Vu implies the Pohozaev-type identity

- /Q (Vayu? = /3 ] n(2)” (5-21)

The volume integral on the left side can be estimated as before, since by Propositions 5.2 and 5.5 we
have the same bound

[Vw]? A1 4 (Ad) ™2

as before. To bound the surface integral, we use the fact that

fm(%—’]‘;)z =00 d Y +o("1d7?).
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This is the analogue of Lemma 2.6. We only note that by (5-10) we have
Fi=—Aw =3a*"*(PUy ) +w)’ " =3U} ; —a(PUy +w) (5-22)

and that this function satisfies (2-15). Therefore, using the above bound on |Vw||, we can proceed
exactly in the same way as in the proof of Lemma 2.6.
Thus, as before, we obtain

CA 'Weo(x) =00~ d3 ) oA ™'d™?)
and then from |V¢o(x)| = d~2 we conclude that d~! = O(1), as claimed. O

SE. Proof of Proposition 5.1. The existence of the expansion is discussed in Section SA. Proposition 5.8
implies that d~! = O(1), which implies that xo € Q. Moreover, inserting the bound d~! = O(1) into
Propositions 5.2 and 5.5, we obtain e = O(A™!) and | Vw||, = O(A~1/2), as claimed in Proposition 5.1.
This completes the proof of the proposition. O

6. Subcritical case: refining the expansion

As in the additive case, we refine the analysis of the remainder term w, in Proposition 5.1, which we
write as wg = )\gl/z(Ho(xg, <) — Hy(xe,)) + 8¢ + re with s and r as in (3-4).

The following proposition summarizes the main results of this section.

Proposition 6.1. Let (1) be a family of solutions to (1-2) satisfying (1-5). Then, up to the extraction of a
subsequence, there are sequences (xg) C 2, (Ag) C (0, 00), (atg) C R, (s¢) C T, 2, and (rg) C T;; he
such that

Ug = ae(er,Xg + 5S¢ +1g) (6-1)

and a point xy € Q such that, in addition to Proposition 5.1,

IVrells = O(e + 4% + a(xe)2; ), (6-2)
da(xe) = maxe)ry ! + Tehe(l+o(D) +0(h; ), (6-3)
Vea(x) = OEAY? + 077 + ga(xe)A;?) forany p <1, (6-4)

0f 7 =1+ Jloghe —4BA;" + Oe + pa(xe)h ") +0G ). (6-5)

We will prove Proposition 6.1 through a series of propositions in the following subsections.
6A. The bound on ||Vr| ;. The following proposition contains the bound on || V7 ||, from Proposition 6.1.
Proposition 6.2. As ¢ — 0,

IVrll2 = O(e + 1732 4 ga(x)A71). (6-6)
Proof. Notice that

—Ar = =302, +30 " (Yup +5+1)° 7" +a(@ep + fen) —als +7)+ As,
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with g, as in (A-4). Hence

—1/2

/(|Vr|2+ar2) :3054_8/ (Y +s+r)5_8r—/ a(Ux,k— +s—j;c,k)r. (6-7)
Q Q Q |x — |

By Lemma 3.5(b)

—3/2
<A r .

‘/Q a(gx,k + fx,k —s)r

Now,
/(Wx,A+S+V)5_€V:/ U;;€r+(5—s)/ U;;€r2+(5—s)/ U;;frs
Q Q Q Q

—(5—¢) /Q U E AT 2 Hy(x ) + frp)r + Tae. (6-8)
where similarly as in the proof Lemma 3.5 we find that
3,6l 472 rlls + 17115
Moreover, similarly as in (5-13) we obtain
3a*74(5—¢) / Uiyer? < 15/ Udyr? +o(lr]g).
Q Q
Next, we write

oot = ([ tars [ utae s IR )

The prefactor A~¢/2 on the right side tends to 1 by Lemma 5.3. The first integral in the parentheses is
bounded in (3-22). For the second integral we proceed again as in (5-13) and obtain

/ 2(x—v|2
’/ U;k(eslog 1+A2|x—y| —I)VS
Q bl

4 —1
S AU x = yllls2lrllelslle < &A™ e,

where we used (3-10) in the last inequality. Thus, recalling the bound on ¢ in (5-2),

4—¢
/QUx,A rs

The fourth term on the right side of (6-8) is bounded, in absolute value, by a constant times

<SAT32|r 6.

[ UG Ha O+ LA DIF S G a) 2Dl

where we used (3-23).
Using Lemma 5.4 to control the first term on the right-hand side of (6-8) and putting all the estimates
into (6-7) we finally get

/Q (V2 +ar? —15U%,72) S (e 4+ 27 ga(x) + A2 rll6 + ol 1.

This, in combination with the coercivity inequality of Lemma 2.3, implies the claim. O
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€

6B. Expanding a*~¢. In this subsection, we prove the expansion of *~¢ in Proposition 6.1.

Proposition 6.3. As ¢ — 0,
¥ = 14 Slogh — 487" + O(e + ga(x)A™") + 017, (6-9)

Proof. As in the proof of Lemma 5.3 we will integrate (1-2) against . However, this time we write
u = a(¥x, +¢) and obtain

/ V(s + )P + / (s + ) = 30" / W+ ).
Q Q Q

which we write as

L ATal a5 =304l

3(6—¢)
2

+ 2/9(%1 V¥ +aqyy — 054_861|1ﬂx,x|4_81ﬂx,x) =R, (6-10)

with
Ro:=— /Q (IVql? +ag®) + 3a*~¢ /Q (Wen 4+ D — [V n ] — (6= &) [Vl Vx10).

We discuss separately the three terms that are involved in (6-10).
First, we claim that

2 2
/ (VP +ay? =304l a 59 = (1= ) T+ 0t Selog A+ (e + g (A +172).
i ,

Indeed, this follows in the same way as in the proof of Lemma 3.7(a) together with the fact that
[ sl =080 = =7 log i+ Ofe + a0 +47512),
To prove the latter expansion, we write ¥, ) = Uy 3 — AV2H (x, ) — Jx.» and expand, recalling (5-4),
WO 8 =S, = USE—US, + O, W2 Ha(x . ) + | fea) + A7 2 Ha(x )P + | fenl).
Using the bounds from Lemma A.2, (B-1) and proceeding as in the proof of Lemma B.3, we obtain
L(Ui,m—”zma(x, A+ feaD) + 272 Ha(x. )1 + | feal®) = O(ga()h ™" +17%/%).

On the other hand, by an explicit computation,

3— 3
[(U6_8_U6 )=/ (USE-UL )+ 0073 =32 (12 () —F(z) +0(07?)
QX x,A g ok x,h re-%) TrO)
2
=—%810gk+(9(8+)»_3),

proving the claimed expansion of the first term on the left side of (6-10).
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We turn now to the second term on the left side of (6-10) and claim that

3(6 —8)a4_6
2

To show this, we proceed as in the proof of Lemma 3.7(b) and use the equation for ¥/ , to write

6
/;Z(VCI'wa,A‘FaQWx,A_ (2 8) 4 ¢ W’x |4 ewx)»)

6—¢ 4, 3(6- .
3(6—
—/;24( ( (|ka|4 wak_ 518)+a(fx,k +gx,k))-

The first term on the right side was already computed in the proof of Lemma 3.7(b), and the last term on
the right side can be bounded in the same way as there, except that now, instead of (3-27), we use the
bound

- e 3?4 -
[ (9090 + aq - Al = (1=304 2171 4 062

IVglla <A1 6-11)

which follows from the bounds on s and r in Propositions 3.2 and (6-6). For the second term on the right
side we proceed as in the proof of Lemma 5.4 and obtain

/Qq(U ~U3,)

By Proposition 5.5, this is O(A72).
Finally, we bound R, the term on the right side of (6-10). Because of (6-11), the first integral in the
definition of R is O(A~2). The second integral is bounded, in absolute value, by a constant times

/(waxl4 0> +1q1°7°) < I alg e llalls +llglg < 472

Inserting all the bounds in (6-10), we obtain the claimed bound. o

Sel” 6/2/|q| Sl =yl <eA2 U x = plllgssllglls Sellglle S er

6C. Expanding ¢,(x). In this subsection we prove the following important expansion.
Proposition 6.4. As ¢ — 0,
ba(x) = wa(x)A~1 + —sk(l +o(1)) +o(x7h. (6-12)

The proof of this proposition, which is the analogue of Proposition 3.8, is a refined version of the proof
of Proposition 5.5. We integrate (1-2) for u against d; ¥ ;, and we write the resulting equality in the
form

/Q(wa,x VW +a¥e 10 Vx s — 3¢ Y 2| T VR 202 Vx )

- fQ (V- Vs p 4+ aqdiie s — 35 — gl i |* 03 020)

36—¢)d—¢) ,_ B
# g S/QqZWx,xV VesaVwa TR (6-13)
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with

R=3a*"¢ /Q ((z/fx,x + ) = [P al T Yen — 5= 9)Ynl* g

_(-9@-9)

3 |Wx,xl2_8wx,xq2) NV -

Lemma 6.5. As ¢ — 0, the following hold:
(a) /Q(wa,x Vo Wxn +a¥n 2 0¥ — 30 T Y a1 T Y 100 ¥ )

= —27ha (X)X 731 + 0(1)) + ’1’—28):1 (1+o0() +27%a(x)A73 +0o(173).

(b) /Q (Vg -V +aqdrx s —3G—e)a* Cqlyy 1 [* 00 ¥x0)
= —(1 —a* )27 (¢a(x) — Po(x))A ™2 + O(er "2 log A + o (X)L ™3) + 0 (A 73).
2
© [ sV adi b = T3 B 4 O 4 a0 4 007,
Q

(d) R=o0(R73).

The proof of Lemma 6.5 is independent of the expansion of &*~¢ in Proposition 6.3. We only use the
fact that @ = 1 4+ o(1).

Proof. (a) As in the proof of Lemma 3.10(a), see (3-31), we have
/Q(Vllfx,x VU a¥x )00 Vxn — 30 Y Al T U 202 Yk 1)

=3 /Q(Uix — Y T T Y )00 Y —/Qa(fx,x + 8x, )0 Vx1-

The second integral on the right side was shown in the proof of Lemma 3.10(a) to satisfy

/Q a(fos + g vnn = 20— Ma()A" + 0 (7).

We write the first integral on the right side as
/Q (U3, = Y a5 ) = (1 —a*®) /Q US 0 —a*® [Q (US35—U3 )0vre

—a [l = U 10
As shown in the proof of Lemma 3.10(a),
2 - _
| U000 = F uh 7 067

Next, by Lemma A.2,

_ _ 1,_ _ _
S =V = [ W5 =UL 00U+ 337 [ UZ° = UL ) Halx,) 406720
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For the first term, we use (5-20) and the bounds from the proof of Lemma 3.10(a) to get
/Q(U)f’f —UJ3)00.Uxp = —Z—;grl (1+0(1)+00™.
For the second term, we use the bound || Ux_i — 1|loo = O(glog A) and compute

)\—3/2

/Q (U35~ U2, Ha(x, )

<er73/2 logk/ U;AHa(x, ) <ed?logh =o(er Y.
o %
Concerning the last term on the right-hand side of (6-14), we will prove

Wil s = U0
= 27”%(96)%‘2(1 +o(1)) = 2ma(x)A " + O(da(x)*A73) + o(A73).  (6-15)

This will complete our discussion of the right-hand side of (6-14) and hence the proof of (a).
The proof of (6-15) is similar to the corresponding argument in the proof of Lemma 3.10(a), but we
include some details. We bound pointwise

W) Vn — U3 === A 2USF Hy(x, ) + (5 — &) (4 — &)A 7 U35 Ha(x. )
+OWTPUZ, [HaCx )P + A7 2 Ha (e )1 + U feal + 1 fenl).

Using the bounds from Lemmas A.1 and A.2, we easily find that the remainder term, when integrated
against |3, ¥x 1|, is 0(A~3). Using expansion (B-5) we obtain, by an explicit calculation similar to (B-11)
and (B-13),

/Q U458 Hax, )0
- / U550, Un s Ha(x.-) + O 2pa()) + 052
Ul

= (32 + 0@)pa(x)2 T2 4 2L a2 =2 £ 00 24,(0%) +00.7%/%)

2 - 2 — — _
= — a2+ 0(1) + T a()AT 2+ 007 29a(x)) +00.72),
where we used Lemma 5.3. In the same way, we get
| U a0 = OG220 +072),

This proves (6-15).
(b) As in the proof of Lemma 3.10(b) we have

/Q(Vq VoY +aqd¥xn —3G =)o Y al* 00 ¥x )

=3 /Q q(5UL, 0.Uxp = (5= &) W a[* 019 ) — /Q aq (. fxp + 03.8x.1)-
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According to (3-41), the second term on the right side is 0(A~%). (Note that we now use the bound (6-11)
instead of (3-27).) We write the first integral as

| 46U 03U = 5= sl 0)
= (=0 w2 [ UL DU+ G=0a*™ [ qUL 00—V 300000)

+ (-t /Q Wi =1Vl )0 Vxn-
According to (3-39),
(-0t +eat™) [ qUE U = ((1-0*) +eat™)(~TE@ulx)= o)1+ 067)

o ;
2 - — - -
= —T”(l—a“ *)(@a(x) =P (X)A 2 +0(e72) +0(A7?),
and according to (3-40), using (6-11) instead of (3-27),
[ 00U = 500000 = OG22 ™) 07,

Finally, for any fixed 6 € (0, d(x)) and for any p > 1 we have, by Lemma A.2,

V25 0 ¥xallLoo(Bs)ene) = OGP/, (6-16)

On the other hand, taking § sufficiently small (but independent of ¢) we obtain Uy 3 < ¥xa < Ux
on Bs(x). The latter implies ¥, 5 = U_7 (14 O(¢)) on Bs(x), and therefore

1T =¥ 5o (Bs(x)) = Olelogh).

Consequently, using (6-11) and (6-16),

< lglls(elog Al vy, 0nvxalless +A77/%) S e logh + A%,

fQ G0, — 1+ )

Collecting all the bounds, we arrive at the claimed expansion in (b).

(c) The relevant term with exponent 2 — ¢ replaced by 2 was computed in Lemma 3.10(c). The same
computation, but with Proposition 6.2 instead of Proposition 3.4, gives

2
[ Va0 = T3 By + 0EA 4 g0 00,

(The O(eA~2) term comes from bounding Ja rsw; 30 Vx )
We bound the difference similarly as at the end of the previous part (b), namely,

‘/Q P (Vxa P Vxn =V )0 Vx| S lglleelog vy ; 0 ¥xallsz +27)

<edPlogh+ A7 =0(A 7).

The proof of (d) uses similar bounds as in the rest of the proof and is omitted. O
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Proof of Proposition 6.4. Inserting the bounds from Lemma 6.5 into (6-13), we obtain

$al)(1+0(1)) = Zed(1 +0(1)) = wa(o ™" = (1 =a*=*)go(x) + 12 pyi ™! =0(.7").

Inserting the expansion of «*~¢ from Proposition 6.3, this becomes

Pal)(1 +0(1)) = T er(1 + (1)) = wa(0)h ™" —4Bpo(0i ! + X yat = 0(7).

Using the expansions (3-13) of 8 and y, this can be simplified to
pa(x)(1 +0(1)) — 3”—251(1 +o(1)) —ma(x)A~' =o(A7"),
which is the assertion. U

6D. Bounding V¢,. In this subsection we prove the bound on V¢, (x) in Proposition 6.1.

Proposition 6.6. For every u <1, as e — 0,
V()] S eAV/2 4+ 071 + g (x)A 712, (6-17)

Note that together with (5-2) it follows from Proposition 6.6 that x is a critical point of ¢,.
The proof of Proposition 6.6 is a refined version of the proof of Proposition 5.8 and is again based on
the Pohozaev identity (5-21). The latter reads, in the notation of (3-46),

0=1I[Yxal+2IVxi.q)+ I[gq] (6-18)

To control the boundary integrals involving ¢ in this identity, we need the following lemma, which is the
analogue of Lemma 3.13.

9
il <e+ A2 4 a0
on

Lemma 6.7. ‘
L2(0Q)

Before proving this lemma, let us use it to complete the proof of Proposition 6.6. In that proof, and
later in this subsection, we will use the inequality

gl S e+ 1732+ ga(x)r~ 1 (6-19)

This follows from the bound (3-10) on s and the bound in Proposition 6.2 on r.

Proof of Proposition 6.6. It follows from Lemma 6.7 and the bounds (6-19) and (3-49) that

1T qll S €A™ 4072 4 902720 [1[gll S €+ 377 + da(0)*272
The claim thus follows from Lemma 3.12 and (6-18). O
Proof of Lemma 6.7. Note that —Ag = F, with

Fi==3U2; 43" (Yun +9)° 7 —ag +a(fer + €x0)-
With the cut-off function ¢ defined as in the proof of Lemma 2.6, we have

—A(8q) = F =2VE-Vq—(ADyg.
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Arguing as in (3-51) we deduce that
SIF| < Elgl>™* + g + 272, (6-20)
Now we follow the line of arguments in the proof of Lemma 3.13. The only difference is that instead of

(3-48) we have the bound
lglla S &+A7% + a(x)2 7", (6-21)

which follows from (3-10) and Proposition 6.2. Using this estimate we find
IAGD 13/2 S &+ 272 + ga()2 ",

In combination with (2-12), this proves the claim. O

7. Proof of Theorems 1.2 and 1.3

TA. Proof of Theorem 1.2. Equation (1-10) follows from Proposition 5.1, together with (3-2), (3-3)
and (3-5). Proposition 5.1 gives also |x. — xo| = o(1). Moreover, the bound on A in (5-2) together
with (6-4) gives Vs (xo) = 0, and (6-2) gives || Vr |2 = O(e + A73/2 4 ¢4 (x)A~"). By the bound on A
in (5-2), this proves the claimed bound on ||Vr||; if ¢g(xg) # 0. In the case ¢,(xg) = 0, we will see
below that ¢ (x) = o(A~!) and £ = O(A72), so we again obtain the claimed bound.
Next, (6-3) shows that
lim eA = 2¢a(x0), (7-1)
£—>0 v
which is (1-12).
Equation (1-13) follows from (6-5). In the case ¢4 (xo) 7 0 this is immediate, and in the case ¢ (xg) =0
we use, in addition, the expansion of 8 from Proposition 3.3 and the fact that ¢ = o(A~!) by (7-1).
Finally, let us assume ¢,(x¢) = 0 and prove (1-15). We apply Lemma 4.2 to the function u(x) :=
$a(x 4+ xo) and get ¢a(x) < |V (x)|?. From (6-4), together with the fact that ¢ = o(A~1) by (7-1), we
then get

$a(x) = 0(A7). (7-2)
Inserting this into (6-3), we obtain
ra(x)A "' + ;T—zsk(l +o(1)) = oA,

which is (1-15). This completes the proof of Theorem 1.2. O
7B. A bound on ||w|co. To complete the proof of Theorem 1.3 it remains to establish a suitable bound on
|w]loo, as well as on |[w]|, for p > 6. This is provided by the following modification of Proposition 4.3.
Proposition 7.1. As ¢ — 0,

lwlp < AT3/p for every p € (6,00). (7-3)

Moreover, for every > 0,
[wlloo = 0(A*). (7-4)
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Proof. To prove the bound (7-3), let r > 1 and F be given by (5-22). As in the proof of Proposition 4.3,
we obtain the same bound (4-10), where, similarly to (4-11), F satisfies

|FI S U™ =1+ U= U |+ Ul (lwl + @xp) + 1w + 90 + Uep + lwl. (7-5)
Using the bounds ¢ < A~! from Proposition 5.1 and |a*~¢ — 1| < elog A by Proposition 6.3, we can
estimate, for every r > 1,
a1l UE, U Dl

S 10l (NS5 gy o = 1+ 1025 = UE3% ) S 10151108 AU a1 g

1. r—1 _rt3 —
S 1wl e log T < w3 )+ Cyllog ) T <yl ) + G

Hence the right side of (4-10) fulfills the same estimate as in the proof of Proposition 4.3, and we conclude
(7-3) as we did there.
We now turn to the bound (7-4). From (5-10) we deduce that

wi) = 3 [ Golx. ). (-6)

As in Proposition 4.3, we need to estimate || F||, for some ¢ > % using (7-5). We bound
1023517 = 1llg < (elogh + A7) [ Uxall5, S 4327 log
for every g > % Similarly,
IUS5E=U2 ;5 llg S elogh[Uxall3, < 432734 10g )

for every g > % The other terms resulting from (7-5) are identical to those already estimated in

Proposition 4.3. As there, we thus obtain || F||4 < A273/4 Jog A Letting g \ % yields (7-4). |

7C. Proof of Theorem 1.3. At this point, the proof of Theorem 1.3 is almost identical to the proof of
Theorem 1.6. We provide some details nevertheless.

By the bound |w||eo = 0(A!/2) from Proposition 7.1 and Proposition 2.1, we have [Ju¢]lco = A1/ +
o(kl/ 2). Thus part (a) of Theorem 1.3 follows from (1-12) and (1-15), respectively.

To prove part (b), we rewrite (1-3) as

uE) = 1 [ G yyu(n)™,

Fix again § = 8 = o(1) with A~! = 0(8;), so that ﬁ st . u(y)> = 1+o0(1). Then

3

= Galz. Yu(y)’ = - (Gal(z, x0) +o()u(»)® = A7 V282G,(2, x0) +o(A71/278/2),
47T B&(X) 47'[

Bs(x)
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On the other hand, by Lemmas 7.1 and A.1,

[Q gy GO S 1Ga(eNUa y + 015 S 47267772 407502
5 (x

Choosing § = A~¢ with ¢ > 0 small enough and observing that A~¢/2 = 1 4 o(1) by Lemma 5.3, the

proof of part (b) of Theorem 1.3 is complete.

Appendix A: Some useful bounds

In this section, we collect some bounds which will be of frequent use in our estimates.

Lemma A.1. Let x € Q and let 1 < g < 00. As A — 00, we have

A2, 1<g¢g<3,
1UxallLa) S 3A7Y21ogM)/3, ¢ =3,
Al/2=3/a, q>3.
Moreover, we have
Yi—Xi

0%, U =132 :

with
A2, 1<q<3,
19x; UxpllLa) S 34712 (logh)?/3, g =3,
i Yx, (2) g q=3
k3/2—3/q’ q> %’
and 5 5
_ 1—A%x—y|
HU = 42712 :
with

19, Ullg =AU llg forany1 =g = co.
Moreover, for any p = p) with pA — 00,

A2 1<q<3,
1U | La@\B, ) S {271 21ogM)/3, ¢ =3,

and
1732 1<q<3,
102U llLa\B, ) S 3 A7/ 2(logh)!/3, ¢ =3,
AT32pG-Dla 453,
and

A—I/Z

105 UllLa@\B, G S {472 (log 1)*7,
A—112,p3=20)/4,

A

KO =
Il
NIW pjw R

\

|

(A-1)
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Proof. Taking R > 0 such that Q2 C Bg(x), we have

—q/2
AR r2 AR AT, I=¢<3
/ Ul s r3+q/2/ o gr“‘l/zf r?1 < AT 2(log M)13, ¢ =3,
Q o (1+7r?) 1 A4/2-3, q>3.

This proves (A-1). The remaining bounds follow by analogous explicit computations, which we omit. [
Lemma A.2. We have
Uxjp = PUxp + 272 Ho(x, ) + fip,
with
| fealloo SAT2d73 0 frealloo SAT2d73, (0 frallo SAT2dTH (A2)
The function ¢y ) := AV2Hy(x, )+ Jx.a satisfies 0 < @y 3 < Uy as well as
loxalle <2727 gl SAT2a7N (A-3)

Moreover,
185@xalle SAT2d7V2 185 0xalloo S AT3/2d7!

and
18x; 00 lle SATV2d7V20 0y, 0xalloo S ATV2d 72

Proof. Everything, except for the L°° bounds on ¢, ), dx;@x,x and 3¢y », is taken from [Rey 1990,
Proposition 1]. Since these functions are harmonic, the remaining bounds follow from the maximum
principle. O
Lemma A.3. We have
IPU, 5V
n(a—“) = CA Vo (x) + oA~ d™2)  for some constant C > 0,
n

(b) / (aPU“) — o012,

(c) (8PU“) =0M"1d7?).
1Q

an

(a)

For the proof of Lemma A.3 we refer to [Rey 1990] Equations (2.7), (2.10), and (B.25), respectively.

We define the function 2

|x— |

gx ()= —Ux (). (A-4)

Lemma A.4. As A — oo,
lgxally SAYZP and |0y g5, S ATH2T3P

hold if 1 < p < 3. Moreover, Vg, € LP(R?) forall 1 < p < %
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Proof. We have g, 5 (») = A'/2g0 1 (M(x — »)) with go,1(z) = |z] 7" — (1 + |2]}) 72 As |z] — oo,
201(2) =z M1 = A+ z7H7V2) < |27

Hence go,; € LP(R?) forall 1 < p < 3, which yields || gy, <AY273/?| g0 | Lr ®3)-
Next, by direct calculation,

z z
\Y ) =———+——-—= 5 ™ as|z| = oo.

Hence Vgo,1 € LP(R®) forall 1 < p < % and since Vg, 3 (x,y) = 13/2(Vg0,1)(k(x —)), we conclude
that Vg, 5 € LP(R?) forall 1 < p < 3.
Finally, we observe
00gx,2 (1) = 27 g + A2 (x =) - (Vgo,1) (h(x = 1))
By the above, we have z-Vgg 1 € L?(R?) forall 1 < p < 3 and thus

19xgxllp <A lgxnllp + 2727322 Vo 1l Lo@s)
forall 1 < p <3. O

Appendix B: Properties of the functions H,(x, y)

In this appendix, we prove some properties of H,(x, y) needed in the proofs of the main results. Since
these properties hold independently of the criticality of a, we state them for a generic function b which
satisfies the same regularity conditions as a, namely,

beC(Q)NCET(Q) forsome0 <o < 1.

C

(In fact, in Section B1 we only use b € C(22) N Cl(lj’ca (2) for some 0 < ¢ < 1.) In addition, we assume

that —A + b is coercive in 2 with Dirichlet boundary conditions. Note that the choice b = 0 is allowed.
B1. Estimates on Hp(x,-). We start by recalling the bound

| Hp(x,)|loo <d(x)~! forall x € Q, (B-1)
see [Frank et al. 2021, Equation (2.6)]. We next prove a similar bound for the derivatives of Hj(x,-).

Lemma B.1. Let x,y € Q with x # y. Then Vx Hp(x,y) and Vy, Hy(x, y) exist and satisfy

sup |VxHp(x,y)[=C, (B-2)
yeQ\{x}

sup |VyHp(x,y)| =C, (B-3)
yeQ\{x}

with C uniform for x in compact subsets of 2.

Proof. Step 1: We first prove the bounds for the special case » = 0, which we shall need as an ingredient
for the general proof. Since Hy(x,-) is harmonic, we have A, V), Hy(x, y) = 0. Moreover, we have the
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bound V,Go(x,y) < |x — ¥|~2 uniformly for x, y € Q [Widman 1967, Theorem 2.3]. This implies that
for x in a compact subset of 2 and for y € 992,

IVy Ho(x, »)| = [Vy(Ix = y[71) =V, Go(x, y)| = C.

We now conclude by the maximum principle.
The proof for the bound on V. Hy(x, ) is analogous, but simpler, because VG (x, y) =0 for y € 0L2.

Step 2: For general b, we first prove the bounds for both x and y lying in a compact subset of 2. By
[Frank et al. 2021, Proof of Lemma 2.5] we have

Hp(x, ) = ¢p(x) + Wx(y) = 350y = x],

with [|[Wx|[c1.u gy < C forevery 0 < i < 1 and every compact subset K of €2, and with C uniform for x
in compact subsets. This shows that |V, Hy(x, y)| < C uniformly for x, y in compact subsets of Q2. By
symmetry of Hp, this also implies |Vy Hp(x, y)| < C uniformly for x, y in compact subsets of 2.

Step 3: We complete the proof of the lemma by treating the case when x remains in a compact subset but
y is close to the boundary. In particular, for what follows we may assume

Ix—yl7' s 1. (B-4)

By the resolvent formula, we write

Hy(x,3) = Ho(x )+ 3= [ Golx,20b(:)Gp(z. ) .

By Step 1, the derivatives of Hy(x, ) are uniformly bounded.
We thus only need to consider the integral term. Its 0, -derivative equals

[ 0s (1 )p@1Gote 0 e [ ot 200Gz ) d
Q Q

|x —z|
1 1 1
S| ——5—dz+1s ——+151,
Qlx—z]*|z—y| lx =yl

where we again used the fact that (B-2) holds for b = 0, together with (B-4). This completes the proof
of (B-2).
The proof of (B-3) can be completed analogously. It suffices to write the resolvent formula as

Hy(x,3) = Ho(x. )+ 3= [ Go(x,20b()Go(z. )

in order to ensure that the 0, -derivative falls on Go and we can use (B-3) for b = 0. O

We now prove an expansion of Hp(x, y) on the diagonal which improves upon [Frank et al. 2021,
Lemma 2.5].

Lemma B.2. Let 0 < u < 1. If y — x, then uniformly for x in compact subsets of €2,

Hp(x, ) = ¢p(x) + 3 VPp(x) - (v = x) = 36(x) |y = x| + Oy — x| T#). (B-5)
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Proof. In [Frank et al. 2021, Lemma 2.5], it is proved that

Wi (y) i= Hp(x, p) = ¢p(x) + 36(x)|y — x| (B-6)
is in Cli;“ (£2) (as a function of y) for any p < 1. Thus, by expanding W, (y) near y = x,
Hy(x, ) = ¢p(x) + VU (x) - (y = x) = 35(0) [y — x|+ O(|y —x['TH). (B-7)

This gives (B-5) provided we can show that, for each fixed x € €2,
V¥ (x) = 3V (). (B-8)

Indeed, by using (B-7) twice with the roles of x and y exchanged, subtracting and recalling Hp(x, y) =
Hy(y, x), we get

Op(1) — b (x) = (VU () + VW () (y — x) + 2(B(») = b(x))|x — y| + O(|x — y|'T#)
= (V&) (3) + VW, (x))(y —x) + O(|x — y|' TH), (B-9)

because b € Clg’C“(Q). We now argue that W), — Wy in Ckl)c(Q), which implies VW¥y,(y) — VW (x).
Together with this, (B-8) follows from (B-9).
To justify the convergence of Wy, we argue similarly as in [Frank et al. 2021, Lemma 2.5]. We note
that —A, W, = F)(z), with
b(z)—b(y)
1z =yl

) for any p < oo. Indeed, the first term in the definition of F,, converges
( yp y g

Fy(z) = —b(2)Hp(y. 2).

We claim that Fy, — Fy in LY

loc

pointwise to Fy in 2\ {x} and is locally bounded, independently of y, since b € Clg’cl (€2). Thus, by

{(’)C(Q) for any p < oo. Convergence in L} (£2) of the second

term in the definition of F) follows from the bound on the gradient of Hj in Lemma B.1. This proves

dominated convergence it converges in L

the claim.

By elliptic regularity, the convergence F), — Fx in Lf)c(Q) implies the convergence W, — Wy in
Ckl);l_3/ 7 (). This completes the proof. O
Lemma B.3. For any x € Q we have, as A — 00,

4 — 4 - -
fQ US s Hy(x.) = 5 dp (A2 = b (0)A ™2 10 73/2), (B-10)
| U0V o5, = =35 (0724 bR 4067, et
4 _2n —-1/2 -1/2
o Uy aOx Us a Hp(x,) = 75 Vp (A7 +0(A717), (B-12)
/Q Ud Hy(x,-)? = m2p(x)* A7 + 017, (B-13)
2
b4 - -
/Q Uz 20 UsxaHp(x.)* = =7y (x)*A72 +0072). (B-14)

The implied constants can be chosen uniformly for x in compact subsets of 2.
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Proof. Equalities (B-10) and (B-13) are proved in [Frank et al. 2021, Lemmas 2.5 and 2.6]. To prove
(B-11), we write

Ux,a. x —y|?
DU , = —5r _)3/2 , B-15
AR TN (1+A2|x — y[2)3/2 B-1>)
and therefore, using (B-10),
H (X ) 9 U _(p ( ))\ 3/2 b( ))\ 5/2 )\7/2 |)C y|2 +o(k_5/2)
e Ul = o T2y ) |

With the help of (B-5) and the bound (B-1) we get

x —yI? s [ ttdr t5dt e
/;sz (1 +)\,2|X—y|2)7/2 :47T¢b(x))\ / W Zﬂb(X))L / w 0()\ )
= 4 gy (9275 = 2 (02 40007,

Combining the last two equations gives (B-11).
For the proof of (B-14) we again use (B-15), but now we use (B-13) instead of (B-10). The constant

comes from
o 4t _3n
/0 (1+12)3 16
We omit the details.
For the proof of (B-12) we use the explicit formula for dx; U, j in Lemma A.1. We split the integral
into By (x) and Q\ B;(x). In the first one, we used the bound (B-1) and the expansion (B-5). By oddness,

the contribution coming from ¢, (x) cancels, as does the contribution from ) ki Op(X) (Vi — xg ). For
the remaining term we use

/ U2, ()5 Ut (0D —xp) = 27 I/Z/ML— A, -112 4 o(m512)
By (x) A el ! ! 0 (1—|—12)7/2 15 )

A similar computation shows that the contribution from the error |x — y|*T# on By (x) is O(A~1/27H).
Finally, the bounds from Lemma A.1 show that the contribution from Q \ Bz (x) is O(A~5/2). This
completes the proof. O

Remark B.4. The proof just given shows that (B-12) holds with the error bound OA~Y/2=H) for any
0 < u < 1 instead of o(A~1/2).

B2. C?2 differentiability of ¢,. In this subsection, we prove Lemma 4.1. The argument is independent
of the criticality of @, and we give the proof for a general function b € C%1(Q) N Clié” (R2) for some
0 < o < 1. The following argument is similar to [Frank et al. 2021, Lemma 2.5], where a first-order
differentiability result is proved, and to [del Pino et al. 2004, Lemma A.1], where it is shown that
¢p € C°°(Q2) for constant b.
Let
W(x,p) = Hy(x,y) + 1(b(x) +b(M)|x—yl. (x.y) €eQxQ. (B-16)

Then ¢p(x) = W(x, x), so it suffices to show that ¥ € C2(Q x Q).
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Using —Ay|x —y| = =2|x — y|~! and —A, Hp(x, ) = b(»)Gp(x, ), we have

b —-b — Vb (x —
—AyW(x,y) =—b(y)Hp(x,y) _% (x) (J/)|x _y|(y) (x—y) 3

LB — 3.

Since b € C2;°(2) and since Hp, is Lipschitz by Lemma B.1, the right side is in 2.7 (2) as a function
of y. By elliptic regularity, ¥(x, y) is in Cl(z);a (R2) as a function of y. Since ¥(x, y) is symmetric in x
and y, we infer that W(x, y) is in Clgf (€2) as a function of x.
It remains to justify the existence of mixed derivatives 9, dx, ¥(x, y). For this, we carry out a similar
elliptic regularity argument for the function d, W(x, y). We have
xi—yi 10ib(x)—09ib(y)

1
— Ay 0 W6, 9) = —b ()0 Hy (6, 7) = g AP0 T — = 5= —

LTI bx) ~ ()~ VB () - (x — ).
2|1x—y|

+

Since b € Cl(l)él (€2) and since dx,; Hj, is bounded by Lemma B.1, the right side is in L{° (€2) as a function
of y. By elliptic regularity, dx, ¥(x, y) € C1*#(Q) for every 1 < 1 as a function of y. In particular, the
mixed derivative 9y, dx, ¥(x, y) is in Clg’cu (€2) as a function of y. By symmetry, the same argument
shows that the mixed derivative dx; dy, ¥(x, y) is in Clg’c’“'“ (£2) as a function of x.

The proof of Lemma 4.1 is therefore complete. O
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Added in proof

The topic of this paper has been further pursued in [K6nig and Laurain 2022; Konig and Laurain 2023],
where the case of several blow-up points is analyzed.
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