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PROJECTIVE EMBEDDING OF STABLY DEGENERATING SEQUENCES
OF HYPERBOLIC RIEMANN SURFACES

JINGZHOU SUN

Given a sequence of genus g > 2 curves converging to a punctured Riemann surface with complete metric
of constant Gaussian curvature —1, we prove that the Kodaira embedding using an orthonormal basis of
the Bergman space of sections of a pluricanonical bundle also converges to the embedding of the limit
space together with extra complex projective lines.

1. Introduction

Let M, be the moduli of a smooth compact Riemann surfaces of genus g. When g > 2, the compactifi-
cation M ¢» due to [Deligne and Mumford 1969], is the moduli of stable curves. Each smooth curve of
genus g carries a unique Poincaré metric with constant Gaussian curvature —1. If C € M ¢ 1s a singular
stable curve, then by removing the nodes, the smooth part carries a unique complete hyperbolic metric
with constant Gaussian curvature —1. And if a holomorphic family 7 : C — D of compact smooth
curves C; degenerates to C = Cy, then the hyperbolic metrics are continuous on the vertical line bundle
[Wolpert 1990].

In this article, from the point view of the quantization framework in [Donaldson 2001; Donaldson
and Sun 2014], we are interested in the convergence of the pluricanonical Bergman embeddings of
the family of hyperbolic surfaces in the complex projective spaces. More precisely, let (C;, g;) be a
sequence of genus g > 2 Riemann surfaces with Riemannian metric g; of constant Gaussian curvature — 1
that converges, in the pointed Gromov—Hausdorff topology, to a punctured Riemann surface (Co, go) —
not necessarily connected — with a complete Riemannian metric gy of constant Gaussian curvature —1.
Let K¢, denote the canonical bundle of C;; then K¢, is endowed with a Hermitian metric &; defined by
the Kihler form w; associated to g;. We consider the Bergman space H; x consisting of L’-integrable
holomorphic sections of K éj. Then H; x is a finite-dimensional Hermitian space with the Hermitian
product defined by

<s9t>=f (S,t)hjwj,
G

where, by abuse of notation, we still use /; to denote the induced Hermitian metric on K éf. For k large
enough, a basis of H;; will induce a Kodaira embedding of C; to CPMe, where Ny = dim Hjx—11is
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Figure 1. Degeneration of hyperbolic metrics.

independent of j > 1. For j = 0, the dimension of H; ; is smaller than that of j > 0. It is natural to
consider the embedding induced by an orthonormal basis for H; , which can be considered as a bridge
from Kéhler geometry to algebraic geometry [Donaldson and Sun 2017; Sun and Sun 2021]. It is worth
mentioning that after this article was finished, the author learned that Dong [2023] recently proved that
if a smooth family of hyperelliptic curves degenerate to a nodal curve, then their Bergman kernels also
converge to the Bergman kernel of the nodal curve.

As the Gaussian curvature is —1, the degeneration of metrics can only be “pinching a nontrivial
loop”, namely a sequence of surfaces with increasingly thinner and longer handles, with the central loops
degenerating to points. So Cy has d pairs of punctures, which will be called ends. And for & large enough,
the dimension of Hg x equals Ny + 1 —d. Now we can state our main theorem.

Theorem 1.1. For k large enough, we can choose an orthonormal basis for H; i for all j > 0, so that, as
Jj — 00, the image of the embedding

®; 4 : C; — CPM
induced by the orthonormal basis converges to the image of Co under the embedding
CD(),/{ :Cop— CPNk_d C CPN]‘,

attached with d pairs of complex projective lines. To each pair of the ends (py, Pa+a) @ pair of complex
projective lines is associated, forming a connected chain between the images of these two points.

It is interesting to mention that during the process of taking the limit, the pair of complex projective lines
are developed as a pair of bubbles. We illustrate this process in Figures 1 and 2. Also, we should mention
that £ depends only on the geometry of Cp and does not need to be too big by the results in [Sun 2017].
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Figure 2. Degeneration in CP™,

The proof of this theorem makes heavy use of the methods we developed from [Sun and Sun 2021] to
[Sun 2017]. Just as in [Donaldson and Sun 2014], the main point is basically proving the convergence
of the Bergman kernels. We hope this result may shine a light on the study of the degeneration of
higher-dimensional projective manifolds [Honda et al. 2019; Song 2017; Sun 2019].

The structure of this article is as follows. We will first quickly recall the necessary background for this
article. Then we will calculate in the model for the thin handles, or “the collar”, of the Riemann surfaces
close to the limit. And in the end, we will finish the proof of the convergence of the pluricanonical

Bergman embeddings.

2. Punctured model

On the punctured disk D*, the Poincaré metric is
2idzNndz
ERCIERR
Taking the local section of the canonical bundle e = dz/z, the local potential is
(log 1/1z*)?
ST

We use the notation T = — log |z|, which yields pp = — 10g(2r2). We are interested in the L?-norm of
the sections z%¢**! of K&, a € Z*. So we have the integrals

Y, = / Q12 22X 0.

wp

Qp = —log|e|2 =—1lo
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Further, we have
[e.¢]
Y, = 2k+27-[ / e—2af+2k logt dr.
0

Writing g,(t) = —2at 42k log T, we have g/, (1) = —2k/7?. So g,(7) is a concave function which attains
its only maximum at t, = k/a. We will use the following basic result from [Sun 2017, Lemma 2.6].

Lemma 2.1. Let f(x) be a concave function. Suppose f'(xo) < 0, then we have
oo ef x0)
/ el dx < —.
X0 _f ()C())

We can use Laplace’s method and the lemma above to estimate

Y, A ok+25y o= 2kt 2k log(k/a) /k_‘
2a?

Of course, we can directly calculate the integral to get

(2k)!

__ k42
Yo=2"n (2a)2k+1 ’

but the idea of mass concentration is key to our arguments. The Bergman kernel of D* is then

Z(a)2k+l |Z|2a.

Let Cp be a punctured Riemann surface obtained by removing 2d points {py}1<a<24 from a compact
Riemann surface. Cy is endowed with a complete Poincaré metric w with constant Gaussian curvature —1.
The metric @ defines a Hermitian metric 4 on the canonical bundle K¢,. Then, for any positive integer k,
we denote by H; the space of holomorphic sections of K éo that are L?-integrable, namely

22k.[2k+2

POk+1 = W

IsI?= [ Isliew < oo.
Co

For each p,, there is a neighborhood U, with local coordinate z such that w = wp on U, \ p,. We can
assume that U, contains the points satisfying |z| < R,. We note that the injective radius at the points
|z| = Ry is about 7 /(4(log Ry)?). For simplicity, we let R be the minimum of the R,, 1 <« < 2d.
Clearly, for the complement of | J,_,.,; Uy in Co, there is a positive lower bound A, for the injective
radius. o

Let pr+1 denote the Bergman kernel of Cy for the Bergman space H; 1. The basic conclusion of [Sun
2017] (which is also an implication of [Sun 2013], although not explicitly stated there) is that, for k large
enough, in the “inside” of U,, where T = —log |z| > +/k + 1, the Bergman kernel p;; is very much
like po k+1, meaning that |pxy1/00x+1 — 1] is o(1/k") for all N. We have shown in [Sun 2013; 2017]
that pg t+1 is dominated by the terms ¢,|z|** for a < k3/4, meaning that

Pkt O(L)
> calzf? kN
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for all N. In particular, pg sy is dominated by c¢;|z|> when 7 > k. The sections for Cy corresponding
to z% in the model D* is constructed as follows. We let z, denote the local coordinate z on U,. Let
eq = dzy /74 be the local frame of K¢,. Then z%ek*t!, a > 1, are local sections of K g)” We choose and
fix a cut-off function y () that equals 1 for r < %R and O for r > %R. Then we denote by x, the function

X (|z¢|) defined on Cg. Then )(O[z(‘)’[elo‘ﬁrl is a global smooth Lz—integrable section of K é;rl We then take

the orthogonal projection of this section into the space Hj.1, and then normalize the holomorphic section
to be of norm 1, obtaining a section sy 4, € Hi+1. We write

Vo={Sea:l<a<2d, 1<a<Kk*.

For k large enough, within r < %R, the sections s, , are approximately equal to ,/c,z¢ with relative error
less than 1/k2.
We choose and fix an orthonormal basis Wy = {s;} for the orthogonal complement VOJ‘ C Hi+1-

To obtain global sections of L* from local ones, we will need to use Hsrmander’s L? estimate. The
following lemma is well known; see for example [Tian 1990].

Lemma 2.2. Suppose (M, g) is a complete Kihler manifold of complex dimension n and L is a line
bundle on M with hermitian metric h. If

(—27i®) +Ric(g), v A D), = Cll;

for any tangent vector v of type (1,0) at any point of M, where C > 0 is a constant and ®y, is the
curvature form of h, then, for any smooth L-valued (0, 1)-form o on M with da = 0 and fM la|? dv,
finite, there exists a smooth L-valued function B on M such that 3 = « and

2 1 2
BV = = [ lal”dVy,
M

where dVy is the volume form of g and the norms are induced by h and g.

In our setting, for a curve C;, j > 0, with line bundle K grl, the constant k is independent of ;.

3. The collar model

Let f, be a function depending only on |z| satisfying the conditions

e fo >0,
o fo(1)=¢%,
o fi(1)=0,

o Alog fe(lz) =2f:/lz|.
Clearly, such an f; exists and is unique in a neighborhood U of |z| = 1. Let

feidzndz
Wy =""—"—-"
¢ 2|z|?
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be the Kéhler metric defined on U. Then our choice of f, makes the metric have constant Gaussian

curvature —1. Writing # = log |z| and abusing notation, we consider f; as a function of . Then we have

dzlogfg 1
A | =———.

For simplicity, we will use f(¢) to denote f.. Therefore, we have
(log f(1))" =2f ().
The first fundamental form of the metric is
I = f@t)dr> + f(r)do>.

We use the arc-length parameter u for the z-curves. Then by the curvature condition, we have

— 2 cosh? = a_
f@)=¢e"cosh®u, u(0)=0, and du ~ ecoshu’

Therefore, we have
t= % tan_l[sinh ul.

One can see that f can be extended to the annulus {z : —7/(2¢) <t < w/(2¢)}. It is worth noticing that
|u| — oo when t goes to the boundary |t| = 7 /(2¢), meaning f, — oo. It is natural to use the notation

g

Te = — —1I.
£ 2

From now on, we will always assume that ¢ is very small compared to k. So the region where f is
defined is a large annulus. We will write

and we have our model C} = (C}, w;).
We also use the frame e = dz/z for the canonical bundle K¢+, so we have

2
el ==

3

So for a section of s = ge®*+D of Kéjl, the L2-norm squared is

2 k+1
s |12 =f (?) g *w.
C

We are interested in the L?-norm of the sections z%¢**! of K| qk:f[l, a € Z. So we have the integrals

2 k+1
low = / (?) 2w,
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Further, we have

7/(2¢)
l,= k+2 / e2at—klog f 1
—/(2¢)

Writing g, (¢t) = 2at — klog f, we have g//(t) = —2kf (t). So g,(t) is a concave function which attains
its only maximum at 7, satisfying f'(z,)/f (t,) = 2a/k. Write u, = u(t,). Since f'(t)/f(t) = 2¢ sinhu,

we have
. a
gsinhu, = —.
k

So sinhu, = a/(ke) is very large when a > 1, and f(¢;) = a2/k2 +e2> a2/k2. When a is large, say
a > k, we have that g//(z,) is also large. The third derivative is

g®(t) = —4ke sinh u.

So g®(t,) = —8a, and, for |t —t,| < (\/zlog k)/a, we have that g (¢) is also O(a). Therefore, for
It —t,] < (Vklogk)/a,
"t log k
£ () =1+0<—g )
g/ (ta) Vk
We can use Lemma 2.1 to estimate

i —(i+o0 log k k2 2aty—klog [ (1a) / 2642 2T a
o JE 2kf(ta 2k (e coshug)?k+1~

We have that the mass of I, , is concentrated within the neighborhood {|r —#,| < (Wk logk)/a} with
logk+3/2

relative error less than k™ , namely

Is’a = (1 4+ O(k*logk+3/2))2k+2n / eZatfk log f dr.
lt—ta|<(Vklogk)/a

When a < k, we use the variable u to estimate the integral

w/(2¢) 00 du
/ eZatfk log f di = / 2at log f
—1/(2¢) —c0 scoshu’

Let —G(u) = klog f —2at — log cosh u be the exponent function. Then

, sinh u 2a sinh u
G'(u) =2k — ,
coshu ecoshu coshu
G (u) = 2k 2a sinhu 1
" cosh®’u  ecosh’u  cosh®u
GO = - H A Dsinhu 2a(d —sinh® ).

cosh? u g cosh®u
So G(u) is a convex function of u which attains its only minimum at u/, satisfying

2a

sinhu/ = — 2
“aT C0k+ 1)
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and
2k + 1)3e? 4+ 4a*2k + 1)

_ 2
1?1 2kt 1) =2k+14 0(e7),

G"(ul) =

which is large. Further,

2k+1
[(2k + 1)?/(4a?) + 11/

GO =— + 0(e?).

So again, we can estimate

fow = (14 0 2 257wy [T
“ Vk )] ecoshu 2k +1

logk T 252 ,
— 1+ 0 ezata’
Vk 2k 41 (e coshu!/,)?k+1

where 7, =1 (u)).
So for a > k,

Lea (1 + 0 (—log k)) o2atat1—la ( coshug >2k+l
Ieq vk coshuyyg

o logk 2ek/a a2k+l 140 Ing a2k+l
—_— e —_— .
\/z (a—|- 1)2k+1 ﬁ (a—|- 1)2k+1

esinhu/, 1

esinhu, 2k’

Since

this approximation for I 441/, works for all a > 0.
Since sinh u,, is very large, we can use the Taylor expansion of tan~! around infinity to estimate

k K\
o= o (%))
2 a a
2
T , e2k+1) ek
——et,=——+0(| — .
2 #la 2a + a
Therefore, fork >a > 1,

|Z|2a _(i+0 logk /2k2k—1 e 2k+1a2k+le_za-[£
Lo i )) w7 \2k+1 '

and also

Notice that the term

mzk—l e 2k+1
()
is independent of a.

Recall that the power series in the expression of pg k1 is also

ZaZk—H |Z|2a — Za2k+le—2ar



PROJECTIVE EMBEDDING OF STABLY DEGENERATING SEQUENCES OF HYPERBOLIC RIEMANN SURFACES 1879

By the same argument as in [Sun 2017, Theorem 1.1] and [Sun 2013, p. 5535, Case II], for ¢ € [0, #,], the

| IE,] 18,0 )

The idea of the argument is very simple: by the mass concentration property of the integral I ,, the
contribution of |z|%¢/I,, to the Bergman kernel gets smaller and smaller when ¢ moves further away
from 7,. When a < +/k/log k, we have that (a/(a + 1))*! is very small, meaning that 7, is already far
enough from ¢, for the integral I, ,1, so that the contribution of |z|2(“+1)/ I; 4+1 to the Bergman kernel
at ¢, is negligible.

By symmetry, for ¢ € [¢_;, 0], the Bergman kernel is dominated by

o))
Is,—l 18,0 f .
Lemma 3.1. For any holomorphic section s of K Qk:;fl satisfying ||s|| = 1, we have

2k
Is|)? < &2 <—ﬁlogs)
k

In particular, we have the following:

when

—1 —1
coshu € , .
(Zeloge elogs)

Proof. By symmetry, we can assume ¢ > (. For the right end of the interval, we only need to estimate the

norms of
Sk and okl
Ie,l IS,O
at t, where coshu = —1/(e log¢). For the first one, we have
2 ka1 : log k\\ v/2ke? (loge 2k k41,2
—e =140 e .
Vk J) 2km32\ k

Is,l

For the second one, notice that u/, =0 =1/ and

Lo—f(i+o log k T 2K2x
207 N AR TS

So we have
1 ? logk\\ v2k 54 2%
— =14+0|—))—— 1 ,
Io TO\E ) ot og®)

which is much smaller than the first one. For the left end of the interval, we have a smaller norm for the
section zeft! /1.1, and a still very small norm for the section ekl /I¢0. Combining these estimates, we
have proved the lemma. U
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Assume C; converges to Cy in the pointed Gromov—Hausdorff topology. For j big enough, C; has
exactly d closed geodesics whose arc length is less than %ko. We denote these circles by yj 4, 1 <a <d,
and the arc length of y; , by ¢; . Rearranging the points p,, we can assume that 27 ¢; , converges to the
pair (py, pata) as j — 00. Also, for j large enough, there is a neighborhood Uj , usually referred to as
a collar, of each y; , which is homeomorphic to an annulus. We define a map

LT7. *
hj,a . UJ,D[ — CS,

with & = ¢; 4, as follows. Fix an isometry A of y; o to the circle |z| =1 in C}. Then, passing through each
point g on y; 4, there is an unique geodesic /, orthogonal to y; ,. We define 4, to be the map that sends
each such geodesic [, to the geodesic passing through A(g), orthogonal to the unit circle, and preserving A
and the orientation. Since both surfaces have constant Gaussian curvature —1, h; 4 is an isometry so long
as the geodesics /, do not intersect each other. But since the curvature is negative, by the Gauss—Bonnet
theorem, these geodesics cannot intersect within U; . Therefore, h; , is also holomorphic, and we can use
the coordinate z from C} as the holomorphic coordinate of U; ,. By switching p, and pg44 if necessary,
we can assume that the part [z| > 1 of U;, converges to a neighborhood of p, and the part [z] < 1
converges to that of py44. We can assume that U; = {1/M < |z| < M}, and, for j large enough, we can
assume that the injective radius at |z| = M is larger than

i
4(log3R/4)%"
We denote by U ;fa the part of Uj o with |z| > 1 and similarly U; , the part of Uj o with |z] < 1. We then
define a map
Qi Uy = Uy
by sending ¢ cosh u to 1/(27) while preserving the circles {# = constant}. Clearly, we are only preserving
the length of the circles. By symmetry, we also have

Gjatd 1 U; g = Uga-

By our assumption on the injective radius, the image of ¢; , contains the circle |z, | = %R. On U,, the

first fundamental form is

1
Iy = —(dt* +db*).
T
The pullback
9} o Io = tanh® u du® + (e coshu)* do*

18 almost isometric to the metric
I; = du* + (e cosh u)? d6?

when u is large. In particular, for the part where ¢ coshu > —1/log ¢, we have that ¢; , converges to an
isometry when j — oo.
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Let U, (r) denote the subset of U, consisting of the points |z4| < 7. Let F = Cp\ Ulsaﬁd Ua(%R),
and let ¥; : F — C; be the diffeomorphism with its image. Since v; converges to an isometry as j — 00,
we can glue wj_l with the ¢; , —rotating ¢;  if necessary —for j large enough, to get a map

G;: CA\|Jvie — Co
with the following properties:

« G;j is a diffeomorphism of C;\ | yj,« with its image.
«Gi=gj.forpeg;, 'U, (3R), l <a<2d.
G, is almost an isometry on C; \U1<a<2d P o U, ( ) and converges to an isometry when j — oo.

For any conformal metric, the compatible complex structure J is just a counterclockwise rotation
by 7. We see that almost isometric implies almost holomorphic. Therefore G;l*K c; converges to K¢, as
subbundles of T¢, ® C. More precisely, let J; be the complex structure compatible with the Riemannian
metric g;. If the pointwise norm

sup  gi(v,v) —g(v, V)| <4,

veTp,|vlg=1
then we have
sup  |[Jj(v) = J(v)|g < Ad
veT)y,|vlg=1

for some constant A independent of p and g. We call the supremum above the pointwise distance from J;
to J. Moreover, if g; converges to g in C 2_norm, then J; converges to J in C 2_norm also. If we denote
by T the holomorphic tangent space with respect to J, then the orthogonal projection of 7, to T} is close
to an isometry if J; is close to J. We identify 7, with 7; via this orthogonal projection, and similarly
K; = Tj*j with K = T, which we will also call an orthogonal projection for simplicity. Since the metric
on the canonical bundle is defined by the Kéhler form w and w; converges to w, we have that the Chern
connection V; on K; converges to the Chern connection V on K.

4. Convergence of projective embedding

By assigning value 1 on y; 4, we glue together the pullbacks G* Xo and G* Xa+d to get a function denoted
by X« for 1 <a <d. On each ¢; ,, we also consider the x,z“ as global smooth sections of K k+1 Then
we repeat the construction of V) by normalizing the orthogonal projection of ¥,z onto H; 41 and denote
the resulting section by s; 4.4, |a| < k¥/*. Then we define

Vi={sj0a:1<a<d, |a| <k’

We should remark here that the choice of the upper bound k3 is not necessary, it is purely a habit from
[Sun and Sun 2021]. Notice that the number of sections of V; is larger than that of Vj by the number d.
I*ng_rl on image(G)).

which equals the orthogonal projection of §; ¢ 4

Those extra sections are {s; 4,0} 1<o<a- We consider s; 4 , as a smooth section of G~

We then define a piecewise smooth section §; 4 4 of K, k“

oK é:;l on image(G;), and equals O in the complement. For simplicity, we will say that s; 4 , converges

in some topology if §; 4, converges in that topology.
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Proposition 4.1. The smooth section s;j 4 4 converges to sq o for a > 0 and to Sy1q,—a for a <0, in
Lz—norm, as j — oo.

Proof. By symmetry, we only have to prove the result for a > 0. By taking j large enough, we can assume
that p € Co\ |J Uy (e(j, @)). When e coshu > —1/log ¢, we observe that tanh?u = 1 — (elog )% is very
close to 1. So ¢; 4 is very close to an isometry. For simplicity, we still use the notation ¢ for &(j, o).
Then we look at the integral

1
I — 2k+27_[/ ~2 eZat dt = 2k+2nena/£f ~2
oo Xa (& cosh )% Xa

1

—2art,
———¢ drt,.
(g coshu)Z ¢

On Cy, we have
Joa= pARES S / X(ftzkefzm dr.

For I; 4 4, by Lemma 2.1, we can truncate the part 7, > —log ¢ by introducing a relative error < €. Also
for J, 4, we can truncate the part T > —loge by introducing a relative error < ¢. Then for the part
7. < —loge,

~2 1 e—2arg

“ (g coshu)?

2at

converges to x, 272k p—2a " uniformly. Therefore /; 4, ge TalE converges to Jy 4 as j — o0, and therefore

I; a/a zg, converges to Jg, u/ z% as j — oo. Also for this part, the 1-form dz,/z, converges uniformly
to dz/z. The way to get orthogonal projection onto holomorphic sections is to find the solutions of the

_ _ d k+1 B d k+1
avzaJ}/zz“<—Z) and dv; =9,1 %7 ( Z“) :

J Ly
Jj.a,a Za

equations

where we denote by 5 the 9 operator on C; ', with minimal L?-norms. Here the L*>-norms of v; and v
are defined with v; and v considered as sections of K- k“ and K. k+ , respectively. In order to prove the
conclusion of the lemma, it suffices to prove that v; converges to v. Notice that dv is supported within
the annulus §R <|z|] < ZR C U,. By the mass concentration property of z¢, the mass satisfies

130l < .

/|v| ‘”<k3’

and v is holomorphic outside the support of dv. Since the Bergman kernel is dominated by |v/ Y. 2|2 and

| e <e,
lz]<e
/ |v|2a) <e
lz|<e

Therefore

we have
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in every U,. We pull back the restriction v to Co\ | Uy (¢(j, @)) by G;, and use cut-off functions «, near
the edges to get a global smooth section of G;.‘(K grl), which is then projected to a smooth section of K éj“
called v;. More explicitly, we define the k. as a smooth function of 7, that equals 1 for 7, < —loge, and
equals O for t, > —2loge. We can also assume that || < 2/(—loge). We have

V*Vv =28%v + (k + 1)v.

_ 3
/|Vv|2w=/2|8v|2w+(k+1)f|v|2a)< -

_ 4 -
/ |Vjvj|2a>j < p and /; |8jvj — 8jvj|2a)j = 8j,
J

So

Therefore,

where §; — 0 as j — o0o. Then we can solve the equation

5ju = 5j1~)j — E_)jvj

2 1
. |u| wj < %5]'.

J

~ 2 2
flvj—ul ij/|Uj| w;.
.
~ 2 2 [ 9j
/Ivj| wjzflvj| wj — k_5

Conversely, for each v;, we first use the cut-off functions «, to make it vanish near the edges, then we

with minimal L2-norm, so that

Since v; is a minimal solution,

So

pull it back by Gj_1 to Co. By orthogonal projection and extension by 0, we obtain a smooth section v/
of K&t Similar to 9, by Lemma 3.1, we have

189/ — dv|*w; =6,
Co
where 81’. — 0 as j — oo. Then by solving a d-equation again, we get
/

) 5"
/|6J|2wz/|v|2w— <

Since the L2-norm of v; is close to that of v and

~ji2 a2, "

/Iv | wi/lU,l wj +3;,
~ 12 2

/|vj| a)j—/lvj| a)j—>0

where (SJ/. — 0 as j — oo, we get
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as j — oo. Then by the uniqueness of the minimal solution of the d-equation, we get
~ 2
/|Uj—l)j| a)j—>0

as j — oo. Finally, since the L2-norm of Sj.a,a On the area where

1 -1
<
ecoshu 2loge

also goes to 0 as j — oo, we have proved the theorem. (I

The same ideas can be used for the sections in Wy. For each s € W, we have

f |s|2w <e
|z]<e

in every U,. We pull back the restriction s to Co\ | Uy ((j, @)) by G j» and use cut-off functions «,
near the edges to get a global smooth section of G;‘(K é:l), which is then projected to a smooth section
of K é/“ called §;. Then we have

/ |5j§j|2a)j -0
G
as j — oo. So we can solve the equation
0ju;j = 0;5;
with minimal Z?-norm to get a holomorphic section s j=uj+5; € H;j 4 satisfying

/|s,j|2a)j—1—>0 and s ;—s
Cj

in L?-norm as j — oco. We have proved the following:

Lemma 4.2. For each s € Wy, we can find s ; € H; y41 such that s_j converges to s in the L*>-norm and
lsjll = 1as j— oc.

We will denote by W; the set of sections {s ; : s € Wy}. Notice that W; is not an orthonormal set, but
gets closer as j gets larger. We fix an order on Wy, then we order each W; accordingly. We give each
V; the dictionary order. Recall that s; o , corresponds to sy , for a > 0 and sy14,—, for a < 0. Then we
add 0 d times to Vp, and order the obtained set V, according to the correspondence to V;, where each 0
corresponds to a section s; 4,0, 1 <o < d. Then we define the embedding

®;: C; — CPM,

where Ny =dim H; jy1—1,by ®; =[V;, W], where [ - - - | means the homogeneous coordinates. Similarly
we define the embedding
&y : Cy — CPN

by ®o = [Vo, Wol.
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Let [Zo, ..., Zy] be the homogeneous coordinates of CPVN. Uy ={[1l, w], w € CV} is a coordinate
patch with w; = Z;/Zy. The Z; can be identified as generating sections in H 0PN, O(1)). In particular,
Zy is a local frame in Up. Then on Uy, the Fubini-Study form o = 3i99 log(1 4 |w|?) has the explicit
form
i (1+w?) Y dw' Adw; — (3 w; dw;) (3 wi dw;)
2 (1 +w[?)?

On each Uj 4, within the area 0 <t < 1y = 7 /(2¢) + log ¢, the image under ®; is dominated by the two
sections s; 4.0 and s; 4 1, since the contribution of other sections is of relative size < k?¢. We can estimate
the map [s; 4,0, 8j,a,1, 0, . .. ] by the local sections [bg, b1z, 0, ... ], with relative error < 1/k2, where
ok+2..3/2
bgz == — 21 and bl_2 =

V2k

Pk+2..3/2

V2k

en/aka-H )

So the map is simplified to
[1, e/ ek)™ 22,0, .1,

and we can estimate the length of the image of y; , — which is approximately 2 e /(2 (ek) ~*=1/2 —
which goes to 0 as j — o0o. So the image of y;, converges to [1,0,...] in the current ordering of
coordinates. Similarly, we can estimate the length of the image of the circle 7o = 7/(2¢) + loge —
which is approximately (27 /¢)(ek)**!/2—which goes to 0 as j — oo. Therefore, the image of the
circle tp = w/(2¢) + log ¢ converges to [0, 1, ...] in the current ordering of coordinates. Notice that
e /29 (gk)~F=1/2|z] goes to oo at 1, so the image of the area 0 < ¢ < fo = 7r/(2¢) + log & converges to
the complex projective line connecting the points [1, 0,0, ...] and [0, 1,0, ...] in the current ordering of
coordinates. This area is the bubble mentioned in the introduction. By symmetry, the image of the area
0>t > —tj also converges to a complex projective line.

For the part Gj_1 (Co\ U U (e, a))), the sections {s; 4,0}1<a<a are negligible. So the convergence of
the remaining sections in V; and W; in the L? sense implies that the image of Gj_l (Co\U Uq(e(j, @)
under ®; converges to the image of ®(. To conclude the proof of the main theorem, we only have to
notice that although V; U W; is not orthonormal, we can modify them. The sections in W; are almost
orthonormal, so we can transform them to be orthonormal with a matrix A; whose difference from the
identity matrix goes to 0 as j — oo in L*°-norm. And the modified sections still converge to sections
in Wy in L2. We first apply a Gram—Schmidt process to the set Vj, then we apply a Gram—Schmidt
process following the order of Vj to the set V;\{s; «.0}1<a<q. Finally, since the sections {s; 4,0}1<q¢<a are
almost orthonormal and almost orthogonal to the other section in V;, we can modify the new V; again
with a matrix B; whose difference from the identity matrix goes to 0 as j — oo in L°°-norm to get an
orthonormal set. And we have proved the main theorem.
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