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GLOBAL WELL-POSEDNESS FOR A SYSTEM OF
QUASILINEAR WAVE EQUATIONS ON A PRODUCT SPACE

CECILE HUNEAU AND ANNALAURA STINGO

We consider a system of quasilinear wave equations on the product space R'*3 x S!, which we want to see
as a toy model for the Einstein equations with additional compact dimensions. We show global existence of
solutions for small and regular initial data with polynomial decay at infinity. The method combines energy
estimates on hyperboloids inside the light cone and weighted energy estimates outside the light cone.

1. Introduction

We address the problem of global existence of small solutions to a certain class of quasilinear systems of
wave equations on the product space R'*3 x S, Let O, y = —37+ A+ 8y2 denote the d’ Alembertian
operator in the (¢, x, y)-variables, where ¢ € R is the time coordinate, x = (xp, x3, X3) € R3 are the
Cartesian coordinates and y € S' is the periodic coordinate. The system we consider has the form

2
{Dx’yu —+ uayu = Zlfi,jfz N] (wia wj)’
Oy yv+ ua}z,v = Zlg’jfz No(w;, wj),

with initial conditions set at time fo = 2
(u,v)(2,x,y) = (Po, Vo) (x, ), (Byu, 9v)(2, x, y) = (p1, Y1) (x, y). (1-2)
The nonlinearities Ny(-, -), Na(-, -) are linear combinations of the quadratic null forms
Qo(¢, V) =01y — Vi - Vi,
Qij (¢, V) =y ¥ — P b, 1 <i<j<3, (1-3)
Qoi(p, V) =090 —0xp Y, 1=i=3,

and w, wy = {u, v} denote the two-component solutions.

(t,x,y) e R"3 x S, (1-1

The main result we present in this paper asserts the global existence of solutions to (1-1) when the
initial data are small and localized real functions. Our result also extends to semilinear interactions of the
form dw; - dyw; with d being any of the derivatives in the (¢, x, y)-variables.

1A. Notation. Below is a summary of some notation we will use throughout:
e r = |x] is the radial coordinate in the x-variables.
» We use the Einstein summation convention and take the sum over repeated indexes.
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* d; denotes the derivative dy; in the j-th direction for j = 1, 3. Sometimes we may use the notation
dp for 9; and 94 for 9,.

e V, = (0, 02, 03) denotes the gradient in the spatial variable x, V,, = (91, 92, 93, d4) denotes the
gradient in the full set of spatial variables (x, y).

e 0, denotes any of the derivatives in {9, : j = 1,_3}.

e 0y, denotes any of the derivatives in {9, : j = 1,_4}. Analogously for 9;, and 9;,,. We will use 0 and 9,
interchangeably.

e Opy ==+ A 409y and O, = 97 + A,

« Given a multi-index o = («o, 1, . . ., aq) € N>, its length is computed classically as |o| = Z?:o o; and

9% = 9;°9;"0;°95° 9. We use the notation 95 for 9)" 95”35 and it is then clear what 3¢, or 97, stand for.

» More generally, given a family of vector fields {I', ..., I',} and a multi-index o = (y, . .., o) € N,
re= F‘lx' ...Ty". Sometimes we make an abuse of notation and write I'* (resp. =%} instead of

Za:lal:k I'* (resp. Za:lalsk I'%).

1B. Motivation and a brief history. Our interest in studying nonlinear wave equations on product spaces
comes from the theory of supergravity (SUGRA) in physics and more precisely from the Kaluza—Klein
theory, which represents the classical approach to the unification of general relativity with electromagnetism
and more generally with gauge fields; see the original works [Kaluza 1921; Klein 1926]. The Kaluza—Klein
approach considers general relativity in 3 4+ 1 4 d dimensions with space-time factorizing as

D ZRIP3

where K is a compact d-manifold referred to as internal space. In the simplest case d = 1-dimensional
gravity is compactified on a circle (K = S!) to obtain at low energies a coupled Einstein-Maxwell
scalar system in 341 space-time dimensions. Kaluza—Klein space-times R'*3 x S! have been studied the
influential work [Witten 1982], where he proves instability at the semiclassical level but provides heuristic
arguments for classical stability. The first result proving the classical stability of the Kaluza—Klein theory
is obtained in [Wyatt 2018], where only perturbations depending on the noncompact coordinates are
considered, using tools developed in [Lindblad and Rodnianski 2010]. More general space-times with
supersymmetric compactifications .# = R'*" x K have recently been studied by Andersson, Blue, Wyatt,
and Yau [Andersson et al. 2023]. The space-times .# are equipped with the metric

g = NRrl+n +k,

where 1+ is the Minkowski metric in R'*" and  is such that (K, k) is a compact Ricci-flat Riemannian
manifold having a cover that admits a spin structure and a nonzero parallel spinor. A global stability
result is proved in [Andersson et al. 2023] under the assumption n > 9 and for Cauchy data that are
Schwarzschild near infinity, but it is conjectured that these conditions can be relaxed and that space-times
with a supersymmetric compactification and n = 3 are nonlinearly stable. We also briefly mention a
result on the stability of cosmological Kaluza—Klein space-times (where the Minkowski space-time is
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replaced by the four-dimensional Milne universe) under zero-modes perturbations by Branding, Fajman
and Kroncke [Branding et al. 2019] and a stability result for semilinear wave equations on the cosmological
Kaluza—Klein background in [Wang 2021].

In both the aforementioned works [Wyatt 2018; Andersson et al. 2023], as well as in many other
works concerning the global stability problem for Einstein equations, the use of the so-called wave-
coordinates allows one to write the Einstein equations as a system of quasilinear wave equations on the
metric g = (g“ﬂ)aﬂ

P 0,0p80 = Puu(0g, 08) + G .u(8)(0g, 09), (1-4)

where the sum is taken over repeated indexes, P,, are quadratic forms and G,(g)(dg, dg) contain
cubic terms. In the present paper we focus on a toy model for the Einstein equations on R'*3 x S! that
only keeps a selection of terms from (1-4), precisely the semilinear terms with null structure and the
quasilinear term g>” Bf where y is the periodic coordinate on S!. Our goal here is in fact to study the
global well-posedness for quasilinear wave equations on the product space R'*3 x S! without having to
make use of the full structure of the Einstein equations. The unknown u in system (1-1) plays the role of
the coefficient g,, and the unknown v encodes any other metric coefficient g,,,.

We mention here that wave equations on product spaces also appear in other contexts, for instance
when studying the propagation of waves along infinite homogeneous waveguides; see [Lesky and Racke
2003; Metcalfe et al. 2005; Metcalfe and Stewart 2008; Ettinger 2015].

One key observation when studying the small data global well-posedness problem for wave equations
on product spaces of the form R!*3 x T¢ is that they are closely related to infinite systems coupling wave
and Klein—Gordon equations on the flat space R*3, In fact, if W = W (t, x, y) is solution to

O, ,2W=F, (tx,y)eRTxT

for some source term F, its Fourier modes in the periodic direction {W (¢, x)}xcz solve the following
equations on the flat space R'*3:

(=82 + AWy — |k|* Wy = e VREdy, (1, x) e RT3,

Vol(T4) Jya
In particular, the zero-mode Wy is a solution to a wave equation and any other nonzero mode Wj solves a
Klein—Gordon equation of mass |k]|.

The global well-posedness for systems coupling a finite number of wave and Klein—Gordon equations
on the flat 341 space-time with small data have largely been studied. We cite the initial results by
Georgiev [1990] and Katayama [2012], followed by LeFloch and Ma [2014], Wang [2015; 2020] and
Ionescu and Pausader [2019], who study such systems as a model for the full Einstein—Klein—Gordon
equations; the global stability of the full problem is successively proved in [LeFloch and Ma 2016;
Ionescu and Pausader 2022]. In [LeFloch and Ma 2014; Wang 2015] global well-posedness is proved
for compactly supported initial data and quadratic quasilinear nonlinearities that satisfy some suitable
conditions, including the null condition of [Klainerman 1986] for self-interactions between the wave
components of the solution. An idea used in these works is that of employing hyperbolic coordinates in
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the forward light cone; this was first introduced in [Klainerman 1985] for Klein—-Gordon equations and in
[Tataru 2002] in the wave context, and later reintroduced in [LeFloch and Ma 2014] under the name of
hyperboloidal foliation method. In [lonescu and Pausader 2019] global regularity and scattering is proved
in the case of small smooth initial data that decay at a suitable rate at infinity and nonlinearities that do
not verify the null condition but present a particular resonant structure. We also cite [Dong and Wyatt
2020a], which proves global well-posedness for a quadratic semilinear interaction in which there are no
derivatives on the massless wave component. Other related results are [Bachelot 1988; Ozawa et al. 1995;
Tsutaya 1996; Tsutsumi 2003a; 2003b; Klainerman et al. 2020; Dong et al. 2021] and see [Ma 2017a;
2017b; 2017c; 2020; 2021; Stingo 2023; Ifrim and Stingo 2019; Dong and Wyatt 2020b] for results about
wave-Klein—Gordon systems in lower dimensions.

Our goal in this paper is to prove the global stability for (1-1) in the case where the initial data are not
compactly supported but only have a mild polynomial decay at infinity. Our approach makes use of the
vector field method in [Christodoulou and Klainerman 1993] and follows [LeFloch and Ma 2016] in that
a big portion of the estimates recovered for the solution in the interior of the cone {t =7 4 1} x S are
estimates on hyperboloids. The main difference with [LeFloch and Ma 2014] is that the interior estimates
need to be coupled with exterior estimates in the region outside the cone. Those are weighted energy
estimates, also used in [Lindblad and Rodnianski 2010], that we have to propagate in time.

1C. The main result. In order to describe the initial data we consider for our problem we introduce the
energy space . endowed with the norm
I Gule), VD20 = el -+ lucl2: + 0y + o
and the higher-order energy spaces .7#" for n > 1 endowed with the norm
L], VI ==Y 1%, ult], 9%, 01D 130
la|<n
In the above definition, 9y, is a short notation for 97! 97297} d7* given « = (a1, .. ., a4) and we use the

> XYy X2 7Xx3 7y
following notation for the Cauchy data in (1-2) at time ¢:

(ulr], v[e]) == (u(t), u; (1), v(1), v; (2)).
The global well-posedness result that is the object of this paper is proved under some decay assumptions
on the initial data. A preliminary version of our main theorem states the following:

Theorem 1. Assume that the initial data (u[2], v[2]) for (1-1) satisfy

5

D)= 202 2], vi2D) [0 < € K 1

|oe|=0
for some positive fixed k and (x m Then the system (1-1) is globally well-posed in the
space I,

We remark here that our choice to set the initial data at time 7y = 2 over the conventional #y = 0 is

more convenient for our computations and comes at no expense as the system (1-1) is invariant under
time translations.
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1D. The wave-Klein—-Gordon structure. The Cauchy problem (1-1)—(1-2) can be written in a more
compact form as a vector equation for the unknown W = (u, v)”

ey W +ud; W =NW, W), (1-5)
with data
Wi = P9, W= =Py, (1-6)

where ®o = (¢, ¥o)T and ®; = (¢1, ¥1)T and
. Ni(w;, wj)
NW, W)= 1<;<2 (Nz(wi, w,)> .

The projection of W onto the periodic direction y reveals the nature of (1-5) as a system coupling one
(vector) wave equation with an infinite sequence of (vector) Klein—Gordon equations of variable mass
|k|/T+ ug with k € Z*. If we denote by Wy = (uy, vx)! the projection of W onto the k-th frequency

, d
Wk(t,x):/ oW ), kez,
sl 27T

we see that the functions { W}, satisfy the coupled system

. d ‘ d
(—8,2+Ax)Wk—|k|2(1+uo)Wk=/ e Nw, wy 2 —/ e_’ky(u—uo)ByZW—y,
sl 27'[ sl

2
kel.
The zero mode Wj is solution to a wave equation, while any other nonzero mode W; is solution to a

Klein—Gordon equation of variable mass |k|+/1 + ug. This distinction will be fundamental for our analysis
and we will often work throughout the paper with the decomposition of W

W=Wo+W, Wt,xy) =) W, x), (1-7)
k#£0
so that (1-5) is equivalent to the system

2 dy dy
(= +A)Wo= | NW, W)=+ [ dudw
sl 2r sl 2

4 (1-8)
2 2 dy dy
(=0, + AW+ A +u)dW=NW, W) — NW, W) — — Oyu Oy W —.
Y s 2 Jsi 27
Observe that the source term Fjy in the equation of W does not contain mixed interactions:
dy dy
Fo=NWy, Wy) + NW, W) —+ Oyu - Oy W —. (1-9)
sl 2 sl 2

We are now able to state a more precise version of the main theorem.

Theorem 2. Assume that for some positive fixed k the initial data for (1-5) satisfy

5
Z ||-x5|a|+K/28?yW[2]”%0 SE < 1
le|=0
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Then the solution W to (1-5)—(1-6) exists globally in time in > and the two components of the solution,
Wo = fgl W (dy/2m) and W= W — Wy, satisfy the pointwise bounds

102 Wo(t, x)| Set+1x) e —|x)712, ol =1,3,
10 7z, x, )2 gsry S €t + 1x) 72, =01, la| =01,
19795 W@, x, )l 2y Sefe+ 1)~ (= xD7V2 j=0,1, |o| =
1E. Vector fields. In order to describe the global bounds and decay properties of the solution W = (u, )’

to (1-5)—(1-6) we need to introduce the family of Killing vector fields associated to our problem. Those
are the vector fields that exactly commute with [y :

do, 01, 02, 03, 04, (1-10)
Qjj =x;0; —x;0;, 1<i<j<3, (1-11)
(1-12)

QOl:tal+xtat7 l:13

bt

The expressions in (1-10) correspond to the translations in the coordinate directions; (1-11) correspond to
the Euclidean rotations in the x-coordinates; (1-12) are the hyperbolic rotations, also called boosts. We
also introduce the conformal scaling vector field

S =10 +x -V, (1-13)

which is not Killing for (1-5) but will appear later in the analysis of the problem. We refer to (1-11) and
(1-12) as Klainerman vector fields and generally denote them by Z:

Z :={Qjj, Qoi}-
We denote the full set of admissible vector fields for [, , as
Z :={0o, 91, 02, 03, 04, 2;;, L0; } (1-14)
and for any multi-index y = («, B) we define
27 =0"ZF.

For any two nonnegative integers k, n with k < n we say that the multi-index y = («, 8) is of type (n, k)
if |y| = |a|+|B] <n and |B| <k, in other words if there are at most k¥ Klainerman vector fields among
the |y | admissible vector fields in the product Z7.

1F. The null structure. The nonlinearities we consider in this work are linear combinations of the
classical quadratic null forms (1-3). An important feature of the null forms is that they are combinations
of three types of products and can be expressed schematically as

- - t—r
N@.¥)=0¢ -0y +0¢ -0y + ——0¢- 3, (1-15)
where 3 = t71Q0 ; are the rescaled hyperbolic rotations, or also as

N(@.y)=T¢- -0y +0¢- T, (1-16)
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where .7; = 9; + (x;/r)0, for j = 1, 3 are the vector fields tangent to the cones {t —r = const}. The 7
vector fields are related to the boosts in general via the relation

1 t—r
%Z;on-l-( )

X
J
0r.

We will often make use of the two representations (1-15) and (1-16) to recover suitable pointwise and
energy estimates for the solution, as they allow us to recover additional decay for the Wy x W, interactions.

1G. The interior and exterior region. The proof of our main theorem is based on the combination of a
classical local existence result with a bootstrap argument. We will perform such argument separately in
the two regions in which we decompose our space-time:

interior region 2™ :={(t,x):t>2and |x| <t —1} x S,
exterior region 2 :={(t,x):t>2and |x| >1—1} x S'.
In order to describe our bootstrap assumptions we first introduce some notation. Given any hyperboloid J#;

in R'*3 x S! we denote by j‘{;in (resp. JZ) the branch of % contained in the interior region ™ (resp.
in the exterior region 2):

A ={(t,x0) 157 =12 =[x} x S,
AN = {(t,x,y) € At >2and |x| < 1(s* = D},
A = {(t,x,y) € 5t =2 and |x| = $(s* — D}
Moreover we denote by f%f[izr"s] the hyperbolic interior region above %i“ and below 7", and by ARG
the portion of the exterior region below .7Z* for any s > 2 (see Figure 1 and Figure 2, which is displayed

in Section 3):
A=t x,y) € 2" 2 <1 — x| <57,
Ay =t x,y) € 77 2 —|x? < s?).
In the interior region the bootstrap assumptions will be energy bounds on the truncated hyperboloids %’;in
for s > 2 and pointwise bounds on the Z-derivative of the zero mode of the solution. The local wellposed-
ness theory for this problem ensures the existence and smallness of the solution W = (u, v)” to (1-5)—(1-6)

up to the interior hyperboloid %Zi“; hence our goal will be to propagate the bootstrap assumptions in the
hyperbolic interior region above j‘/éi“

Ay =t x,y) €F™ 2 <17 — |x ).

In the exterior region the bootstrap assumptions will instead be weighted energy bounds on the constant
time slices X;* which foliate 2°* for ¢ > 2,

Efx:={xeR3:|x|Zt—1}xSI.

We warn the reader that throughout the paper we will work with functions defined on the product space
R!*+3 x S! as well as with functions not depending on the y-variable and defined on the flat space R'*>,
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l‘—l’+1//, =r

// /

r

Figure 1. Vertical section of the region jﬁ‘z“s] projected onto R!*3.

With the purpose of keeping notation as light as possible, a region in R!*3 x S! and its projection onto
R!*+3 will have the same name.

1H. The energy functionals. In the interior region we aim to propagate a priori energy bounds on trun-
cated hyperboloids. The interior energy functional on %”i“ associated to the linear counterpart of (1-5) is

E™(s, W) = 5 // |8tW| F 1AW +10,W [ dx dy

// |a WEH Lo WP e Y QWP+ 10, W [P dx dy,

1<i<j<3

(1-17)

where [ W |? stands for Z?: | |3; W|?. The above functional hence controls the square of the norms
IGs/DOW ll20eimys NOW I z2mys N0y Wllpagmys 17 1S Wllzagimy, 1 IZW L2ggin)
From Parseval’s identity we have the decomposition
E™t, W) = E™(t, Wo) + E™(t, W),
where E™(¢, W) is defined by replacing W with W in (1-17) and

in — s\ 2 3w,
E7Gs, Wo):= | () [0 Wol” +1dWol"dx
Eysm
2
= / | (;) 0 Wol? + 17217 WolP +172 Y | Wol* dx.

I<i<j<3

We also introduce and work with the conformal energy functional on truncated hyperboloids associated
to the linear flat wave equation on R!*3. This is the functional defined as

ES (s, Wo) ::/

in
s

1 52
SIKWo+20Wol + 3 1920 Wol dx, (1-18)
i=1
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where K = (t* +r?)d, + 2rt9, is the Morawetz multiplier. Since Q;; = (x;/1)Q0; — (x;/1)Qy, this
functional controls the square of the norms

17K Wo +2Wollp20my  and (| (s/1) ZWoll 2.

We point out that conformal energies on hyperboloids have also been used in other works; see for instance
[Ma and Huang 2017; Wong 2017].

In the exterior region we will describe the evolution of (1-5) by means of the weighted energy functional

Wy =5 [[ @rr—o AW W E g widrdy  (-19)
e

ex,k

and of stronger norm X,
0

T
IW [ Sexs := sup E*(t, W) + (+4) / Of/ Q+r—0(TWP+13,W[* dxdydt, (1-20)
o e[2.T] 2 )y J/ s
where |.7 W |? stands for 21'3:1 | 7 W|?. The bootstrap assumptions in this region will be energy bounds
on the X %K norm of the solution for any arbitrarily fixed 7y > 2 and « > 0. This norm not only controls
the weighted energy of the solution but also the weighted L? space-time norm of its good derivatives: the
tangential derivatives .7 to the cones {r — r = const} and the derivative along the periodic direction 9.
As a result of the global energy bounds that will be proved to hold in the exterior region (see Section 4)
we also obtain a control on the energy of W on the exterior hyperboloids

2 _
EN (s, W):%// (;) |8, W|*+[aW|* + 9, W|* dx dy

1 2 _ _
:E//,G) D WP+ 2o WP 72 > QWP+ [0, WP dxdy,  (1-21)

1<i<j<3

as well as on the exterior conformal energy of Wy on constant time slices 2™

3
E®%(t, Wp) = / .9 Wo 4 2Wo|* + Z 1Q20i Wo? dx. (1-22)
= i=I
11. The quasilinear energies. Equation (1-5) is quasilinear and in order to propagate both the afore-
mentioned interior and exterior a priori energy bounds we need to consider a cubic modification of the

energies introduced in the previous subsection. Such quasilinear energies are defined as

E(ilrlll'dsi(s’ W) = Ein(s9 W) + % //: oin ulayW|2dx dy’

Eqi(t, W) i= E™ (1, W) + %/ Q+r—0)uld, W dx dy,
X

quasi

ngl;l]:i(s, W) = E™h (s, W) + % /f uld,W*dx dy.
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We also introduce the quasilinear modification of the stronger norm X eT’;K

(1+«)
Wer := sup EK(r, W)+
Wi o= s By W+ S

To
/ / (2+r—t)"(lﬂle—I—(l+u)|8yW|2)dxdydt.
2 J /e

We immediately observe that under smallness assumptions on u, e.g., |u| < 11—0, our starting energies are

equivalent to their corresponding quasilinear counterparts; i.e., for any E = {E", E®<, E/)
TE(t, W) < Equasi(t, W) < {5E(t, W).

The same holds true for the stronger norms X and X0 .
To quasi, Ty

1J. Higher-order norms. We use the vector fields introduced before to define the higher-order counter-
€X,K

parts of the energy functionals and of the stronger exterior norm X,

Eu(s,W):= Y E(s, 2"W), E={E" E™* E™"),
lyl=n
Wi = D 127 Wil
lyl<n

The higher-order energies of Wy and W are defined analogously. We observe that the above higher-order
energies control the high Sobolev regularity of the solution in the interior and exterior regions respectively
and also keep track of the Z vector fields applied to the solution in addition to usual derivatives. In the
interior region it will be important to keep track of the precise number of Klainerman vector fields acting
on the W-component of the solution and to that purpose we also introduce the energy

EVi(s, W) =) E™(s, 27W),
Ik

where .7, ; denotes the set of indexes of type (n, k). We finally introduce the higher-order counterparts
of the conformal energy functionals (1-18) and (1-22) in order to control the conformal energies of pure
products of Klainerman vector fields acting on Wy

ES™N (s, Wo)i= ) ES(s, ZPWo),  Eg™(t, Wo) := ) E“(s, ZFW).
|Bl=n 1Bl=n

2. Overview of the proof

The proof of our main theorem is based on the combination of a classical local well-posedness result
for (1-5) with a bootstrap argument. We will perform this argument separately in the interior region 2™
and the exterior region 2% in which we divide the space-time R!™3 x S'.

The bootstrap assumptions in the exterior region 2% are uniform-in-time energy bounds on the
higher-order stronger norm X ;OK of the solution W for any arbitrarily fixed 7o > 2 and « > 0:

W25, <2C2e. @2-1)

5,k
XT0

The result we want to prove in the exterior region is the following:
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Proposition 2.1. There exists a constant Cy > 0 sufficiently large and a constant €y > 0 sufficiently small
such that for every 0 < € < € if W = (u, v)7 is a solution to (1-5)—(1-6) in an interval [2, Ty| and satisfies
the energy bounds (2-1) then actually
W25, < C2e>.
Wi = G5
In the above proposition the time 7j is arbitrary; therefore the solution W exists globally in 2%* and
satisfies the energy bound (2-1) for all times T > 2. In particular, we have

| 2= Wilxges = lim [ 2=5W]|geur < 2C5€”. 2-2)
0—>

We also observe that, as a consequence of (2-1), there exists an integrable function / € L'([2, Tp)) and
the following bounds hold true for all # € [2, Tp]:

1247 =D 2L W ()| 1250 < V2C0e, (2-3)
1Q+r =t PTZZW 2oy + 1247 — )29, Z= W[ 1220y < Coey/1(1). (2-4)

The bootstrap assumptions in the interior region '™ are higher-order energy bounds on hyperboloids
for the Wy- and W-components of the solution and pointwise bounds on the Z derivative of Wy. Given an
arbitrarily fixed sg > 2, these are

EY(s, Wo) < 24%¢%, (2-5)
EP (s, W) <2A%s™, k=0,5, (2-6)

for all s € [2, s¢] and
|ZWo(t, x)| <2Bet™'s”, (t,x) € A3 . (2-7)

In the above inequalities the parameters o, §; are fixed small universal constants satisfying 0 < o << 8 << g1
fork=1,4, 5§ =0and A and B are large universal constants which we will improve as a part of the
conclusion of the proof. The result we want to prove in this region requires the global exterior energy
bounds (2-2) and can be stated as follows:

Proposition 2.2. There exist two constants A, B > 0 sufficiently large, 0 < €q, 0, 8; < 1 sufficiently small
with 8 =0 and 0 <K 8¢ <K Spy1 for k =1, 4 such that for every 0 < € < €y if W = (u, v)7 is a solution
to (1-5)—(1-6) in the region jfig‘m] U 2% and satisfies the global exterior energy bounds (2-2) as well as
the interior bounds (2-5)—(2-7) for all s € [2, sol, then it actually satisfies the enhanced interior bounds

ER(s, Wo) < A%,
ER (s,W) < A%, k=0,5,
|ZWo(t, x)| < Bet™'s”
forall s € [2, so) and all (t, x) € A3 ..

In the above proposition the hyperbolic time s is arbitrary, which implies the global existence of the
solution in the interior region Z™.
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The proof of Propositions 2.1 and 2.2 are classical in that they are built around two main steps:
(i) pointwise bounds derived from the a priori energy estimates and (ii) vector field energy estimates.
Some important remarks:

(a) As for wave-Klein—Gordon systems, the fact that (1-1) is not scaling-invariant prevents us from using
Klainerman—Sobolev inequalities on constant time slices, which foliate the entire space-time and would
yield pointwise bounds for the solution without distinguishing between interior and exterior regions. Such
inequalities

At 4 D> A+t = xDIWE x, P < YW@ D agogsy, T €10, Q0. 71,
lor|<3

require, in fact, a good control on the L? norm of . W and its higher-order derivatives, which we do not
have since . does not commute with the linear part of our system. For solutions arising from compactly
supported data and hence supported in the interior of the cone ¢ = r + 1 this problem is overcome by
the fact that Klainerman—Sobolev inequalities on hyperboloids — which entirely foliate this region —do
not involve the scaling vector field and only require a good control of the L? norm of the hyperbolic
derivatives of the solution (see Lemma 5.1). In the case of data that are not compactly supported and only
have a mild decay at infinity, however, one also needs to treat the exterior region. The use of the scaling
vector field in this region is avoided by recurring to weighted Sobolev inequalities in which the weight is a
function of the distance to the cone (see Section 4A). This motivates our decomposition of the space-time
into interior and exterior regions and the fact that the proof is done separately in these two regions.

(b) The second step of our proof, i.e., the propagation of the a priori vector field energy estimates, consists
in writing a higher-order (interior and exterior respectively) energy inequality for the solution and in using
the pointwise bounds previously obtained to perturbatively estimate the source terms (commutator terms
and null terms) appearing in the equation of 2V W for |y| < 5. The quadratic null interactions satisfy
good (i.e., integrable in time) L? estimates thanks to their representation via (1-15) or (1-16). Some
commutator terms, on the contrary, only show a slow decay in time that is at the limit of integrability. Let
us look for instance at the product Z#u - a}%w, which appears in the equation of 2V W from the commutator
[Z7, ua}%]w when y is a multi-index of type (k, k), i.e., when 2V = Z# is a pure product of Klainerman
vector fields, after decomposing u according to (1-7). In the interior region, the L> norm of such a
term can only be controlled in terms of the (square root of the) conformal energy E;fi (s, Wy), but even
assuming the sharp bounds
E;inl (s, Wo) <€%s  and sup |8§W| <e2s32,
Hn

we are not able to recover a better L2 bound than
2 i 1/2192 2.—1
||Zﬁu08yW||L%V(j;prln) < E/:—ml(s’ Wo) / Hayw”Lw(«%’}‘") ,SE s .

These problematic commutator terms — which are absent in the equation of 2 Wy — prevent us from
obtaining uniform-in-time energy bounds for W, which explains why we distinguish between the energies
of Wy and of W in Proposition 2.2 and do not propagate uniform-in-time energy bounds for the latter. In
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the exterior region the commutator terms are treated using a weighted Hardy inequality (see Lemma 4.5)
and do not lead to the same type of issue discussed above thanks to the weights; see step (2b) in the proof
of Proposition 2.1.

(c) As observed in the previous point, it is important to have a sharp decay ||W|| .~ < s~>/? when estimating
some of the commutator terms arising in the equation of 2VW. However, the pointwise bounds that
we obtain from the energy in the interior region by means of Klainerman—Sobolev inequalities are not
optimal due to the slow growth in time assumed in (2-6); see estimates (5-3). Therefore, we need to study
the equation satisfied by W in order to recover more suitable pointwise bounds; see Proposition 5.4. We
also point out that, since Klainerman—Sobolev inequalities only yield pointwise bounds for the usual
derivatives of Wy, we also need to recover L*°-L* estimates for Z W), using the equation it satisfies in
order to propagate (2-7).

(d) The interior and exterior energy inequalities will be obtained from the integration of the relation (3-6)
over the interior and exterior regions respectively, which share a boundary (let us call it here %) along the
cone t =r + 1. From Stokes’ theorem, these inequalities will both involve a boundary term (an integral
over the region ¥ that is controlled given the behavior of the solution in the exterior region) which feeds
information from the exterior to the interior region.

The paper is structured as follows. In Section 3 we derive the energy inequalities for the linearized
equation, both in the exterior and the interior regions. We also derive the conformal energy inequalities.
In Section 4 we prove the global existence of the solution in the exterior region. In Section 5 we recover
the pointwise estimates for W and W) in the interior region. Finally, in Section 6 we improve the energy
estimates in the interior region, concluding the proof of Theorem 1.

3. The linearized equation

The purpose of this section is to write the energy inequality and the conformal energy inequality for the
linearized equation associated to (1-5) in both the interior and exterior regions 2™ and 2°*. This set of
inequalities will repeatedly be used in the following sections when propagating the higher-order energy
assumptions, as the equations satisfied by the differentiated unknown will be cast in the form (3-1).

We will look at the linear inhomogeneous equation

(= + AW+ A+ W=F, (t,x,y)eRxR xS, 3-1)

where u is assumed to be a sufficiently small function, e.g. |u| < %. We start by proving a weighted
energy inequality on the exterior constant time slices X5* for general linear inhomogeneous equations of
the above form. In the following proposition the lifespan Ty > 2 is arbitrary, 27 denotes the portion of
exterior region in the time strip [2, Ty] and %j» 7] is its null boundary

5, ={t,x,y) € 77 :2 <t < Ty},
Gy =, x, ) € I :2<t<Ty, r=t—1}.
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Proposition 3.1. Let W be a solution to (3-1) and I € L'([2, Ty]). Suppose that u is a function satisfying
the following pointwise bounds in the exterior region I :

leellzoe(zgn) < 5 (3-2)
1247 —0"285u(t, x, )l =t S /1), (3-3)
12 +7r —0)dult, x, e S e (3-4)

For any fixed k > 0 the following inequality holds true:

||W||§(;X,K+/f QC+r—0) N (TWP+18,W*)dS
0 2.1y
’ SET QW)+ 1Q+r =0 D2F 2 o) IWilkge,  (3-5)

where d S is the surface element of 612, 1,1

We remark that the result of Proposition 3.1 can be proved for any positive and increasing weight
w = w(r —t) only depending on the distance from the cone {t = r} if the hypotheses on the function u
are changed appropriately.

Proof. From the smallness assumption on u it will be enough to prove the inequality in the statement with
E“(t, W) and ||W|| XS replaced by EZ% (t, W) and |W|| XS respectively. A simple computation
0 uasi, 7(

quasi
shows that for any positive weight w = w(r — t) one has

o =03 W[O, W +ud;W]
= =3l = D(@W)> + |V W+ (1 +u) (3, W)?)]
+divy (@ (r — )3 W VW) + 8y (0 — 1) (1 +u)d, W, W)
— 3 r = TWP+ A+ w) (@ W)*) — @ —1)(dyu d; WO, W — 13,u(d,W)?).  (3-6)

We consider the case w(z) = (24 z)“*! and integrate the above equality over the exterior region .@%’)‘ We
use Stokes’ theorem when integrating in the (¢, x)-variables, with normal vectors

X
nyp =(1,0,0,0), nmyp=-nyp, ng=(1,-7). (3-7)

‘We observe that
@W)E+ |V, W2 +2§ V. Wa,W = |TW|?

and hence recover

2
W s

quasi, Tj

+// Q+r—TITWP+ 1 +u)d,W[*1dS
2,1
— quasi

<ERLC. W+ // Qe4r =0 T (IF Wi+ 10yu 0 WO, W+ 510u] 0, W)?) dx dydt. (3-8)
'.;3

We remark that the above inequality holds actually true for any index ¥ > —1. The smallness of u ensures
that the integral in the above left-hand side is equivalent to the one in the left-hand side of inequality (3-5).
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t (}/{.&:CX
// /

A

0 r r

Figure 2. Vertical section of the region j‘fﬁxs ) and its foliation projected onto R'*3, In
the left picture, s = 4/3; in the right one, s > /3 and the two bullets delimit the later
boundary %{2, 1,;. The dashed lines represent the cones t =r and t =r 4 1.

We also see, from the assumption (3-3) and the Cauchy—Schwarz inequality, that
f ” Q+r—0)No,ud, Wo,W\|dxdydt S||2+r — 1) D25 u O WilLiz2 o) IW llxees
To
SNC+r =0 0ull 2o 147 = 20, Wiia o) IW llxees
SEVIC 2 IW ene S €lW 5
0 0
and from (3-4)

/ (2+r—z)K+1|a,u|(ayW)2dxdydzgef Q+r—0@,W)*dxdydt S €||W||5ens;
75 T

Z
hence the above two integrals can be absorbed in the left-hand side of (3-8) if € <« 1 is sufficiently small.
Finally, from the Cauchy—Schwarz inequality we also have

/ . Q+r—0)TNFo,W|dxdydt <||2+r— t)(’(“)/zF“L,'Liy(ﬂip”WHX%K- O
T

If we assume that the function u satisfies the pointwise bounds (3-2)—(3-4) in the whole exterior
region Z°* we can also recover an inequality for the energy on exterior truncated hyperboloids .7#°* for
any s > 0, that is, on any branch of hyperboloid contained in the exterior region. We observe that c%‘fg’,‘s]
corresponds to the portion of exterior region delimited by .75 and X5* whenever 0 < s < V/3 and by JO,
%o,1,) and XX whenever s > +/3, where T = %(s2 + 1). We remind the definition the stronger norm
[l - Il xex« over the interval [2, 00)

W ex,k (= hm W ex,K ,
IWllxges := Hm [|Wlixe
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Proposition 3.2. Assume that W is solution to the linear inhomogeneous equation (3-1) with u satisfying
the decay properties (3-2)—(3-4) in the whole region 9. For any s > 0

Eh (s, W)+6,_ 1 / f [ TWE 18, W dS S ESOQ W)+l WP Il 112 s ) | W ] yoso,
%Z,TS 00 .8 e

where 8S>\/§ =0ifs< \/§ and is 1 otherwise.

Proof. From the smallness assumption on u it will be enough to prove the statement with E" (¢, W) and
E™002, W) replaced by EZ* h (t, W) and EZ* 0 (2, W) respectively. We integrate the relation (3-6) in the

qua51 qua51
case where w = 1 over the region jf[;" ) and use Stokes’s theorem when integrating in the (7, x)-variables,

with normal vectors given in (3-7) and n e = (1, —x /). We obtain
Bl Wo+o. s [[ 17 WP+l WE ds
2,751

<E*% 02, W)+ — /f 19,1 3, W, W|—|——|8,u|(8 W)+ |F3,W|dx dy dt.

quas1
[2.5]

We foliate c%”[gx ! by the constant time slices X} for ¢ > 2 (see Figure 2), where

={xe[R{3:rzmax(t—l,\/tz—sz)} x S,

and from the Cauchy—Schwarz inequality, the assumptions (3-3), (3-4) and the definition of the norm X
we immediately see

/f |3y 8, W 3y W+ 310,u| (3 W)* dx dy di S €| W3 eno.
712.5]

Furthermore
// |F8,W|dxdydt<||F||L 2, (yfeX)llWHXexo O

31
We now prove the interior energy inequality for (3-1). In the following proposition the hyperbolic
lifespan s > 2 is arbitrary and 4{2 ) will denote the later boundary of the hyperbolic region 4%”[12%], which
is included in 672, 1,1 for Ty = %(s2 +1):
Gos = {0 +1,2): % <r=36*=D}xS!
={(t,t—D:3<r <1+ D} xS* xS

Proposition 3.3. Let W be a solution to (3-1) and suppose that u is a function that satisfies the following
bounds in the hyperbolic region jffz“ 50]

lull s, ) = 160 (3-9)
9o (t, )] Set™ 257, (3-10)
loudt, x, )l e S et/ (3-11)
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for some small § > 0, where ug = fgl u(t,x,y)dy andu=u —ug. Then
S
E™(s, W) S E™Q2, W) + // |ZW*+|8,W[*dS +/ IF N2 e E™ (. W) 2dr (3-12)
%2.5] 2 S

forall s € [2, sol.

Proof. For any fixed s € [2, so], we integrate the equality (3-6) with @ = 1 over the region %E“Y] (see
Figure 1), which we foliate for hyperboloids jfti“ with T €[2, s]. We use Stokes’ theorem when integrating
in the variables (¢, x), with normal vectors given by

mon=(1=3), mgp=—nm g, =(-1.7) (3-13)

and obtain

Ef (s, W) <Eln (2, W)+// | TW A+ (14u)|d,W|*dS
Cl2.s]

+%/f (%)Iayu8tW8yW|+%<%)|8tu|(8yW)2+<§>|F8,W|dxdydt. (3-14)
2 J i

The integral on the null boundary %}, 4 in the above right-hand side is bounded by its counterpart in the
right-hand side of (3-12) thanks to the smallness assumption (3-9). From the assumption (3-11) and the
fact that T <t we derive

N
(%) 10y Wo, W1+ 3 (Z) ol 0, W) dx dy d
2 (yrin t 2 t

N

N
< / [0l oo (imy E™(z, W) dT S € / T 3PHEN (¢ W) dr,
2 2
while from (3-10) we have

// | %(;)Ia,uol(ByW)zdxdydr,Se/l c2EN (2, W) dr.
2 Jin 2

The Cauchy—Schwarz inequality yields

K 5 |
/ f (7)1FaWidxdydr < f IF |2, o E™(z, W)/ d,
2 Jri" ) oy (I

and finally the use of the Gronwall inequality concludes the proof of the statement. U

As detailed in Section 6, it will be important to distinguish between the two components Wy and W
of the solution W to (1-5), in particular to show that the energies associated to the zero mode W are
uniformly bounded in time. We will make use of the following classical result about the energy on interior
truncated hyperboloids of solutions of linear inhomogeneous wave equations on the flat space R'*3.

Proposition 3.4. Let Wy be a solution of the linear inhomogeneous wave equation
(=02 + AWy =Fy, (1,x) eRxR. (3-15)

For all s € [2, so] we have the energy inequality

E™(s, Wo) < E™(2, Wp) + /

N
|9W0|2ds+2/ I Foll .2y E™ (T, Wo)'/? dz.
“2.s) 2
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We also prove below the interior and exterior conformal energy inequalities for linear inhomogeneous
wave equations on RT3, We will, in fact, need to control the higher-order conformal energies of the
zero-mode W of our solution W in order to recover pointwise bounds for Wy and Z W), later in the paper.

Proposition 3.5. Let Wy be a solution to (3-15). Then
S
ES"(s, Wo) < E™(2, Wo)+ f 1T Foll £2(iny ES™ (z, Wo) /2 d
2

+ (247 (3, Wo+8, Wo)+2Wo |+t —r)* (| V., Wo|*— (8, Wo)?) d S.
12,51

Proof. Let K = (t> 4 r?)d, + 2rtd, denote the Morawetz multiplier. We have the equality

—(KWy+2tWy) [, Wy
= 3, [5(> + ) (3, Wol* + |V Wo|») + 213, Wod, Wo + 2t Wod, Wo — Wi |
—divy [(12 + 28, Wy Ve Wy + 2r 10, WV Wo + tx (|0, Wo | — |V Wo |?) + 2t Wo VW1, (3-16)

which we integrate over the interior hyperbolic region %’f‘z“ 1- We apply Stokes’ theorem (recall the normal
vectors listed (3-13)). First, we compute the contribution to the integral on jf;i“. Algebraic computations
show that

L+ (18, Wol* + |V Wo ) + 213, Wod, Wy
12 4 12) 3, Wo V. Wo + 2118, Wo Vi W + tx (|8, Wo|* — [V, Wo )] - =

1
=551K o|+ Z|szo,Wo|

and
2 Wod, Wo — W3 + 2 WV, Wo - & = 2Wo K Wo — 00, (W3) — W,

where Qq, = rd; +td,. The parametrization of Z" by the hyperbolic angle 6, i.e.,
™ = {(s cosh @, s sinh6) : 0 € [0}, 6]}

for some suitable 61, 6», and the change of variables » = s sinh 6 allows us to see that

(s*=1)/2
f ;Qor(Wo) dx—/ f Qor(Wo) rrdrdo
%m

62 sinh 6 23 . 2
dg(Wy)“s” sinh” 6 cosh 8 d6 do
s2 cosh

0=06,
= —3/ W2s3 sinh? @ cosh 6 d@ d0+|: W K smh39da]
SZ 9291
r=ry

=-3 W§dx+[/ W§r3d0} ,
e%ﬁi“ s? r=ri
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where r; = s sinh 6] = % and r, =s sinh 6, = %(s2 —1). Therefore the integral on the boundary {%ﬁi“ equals

=6,
Wis? sinh® 6 da}

1 52 3 2
— | KWo|> + — QoiWol? + =Wy KWy +2W?2 dx —
/)f | K Wo| +212§| 0i Wol +t 0 0o +2Wydx .

T' 2[ =0,

3 0=06
1 2 52 2 2.3 .13 ?
:/w 531K Wo+2Wo +W,Z |Q20: Wol? dx — [/52 W2s? sinh® 0 do -~
s i=1 =Y1
We now compute the contributions to the integral on %2 5. Algebraic computations show that
L@ +r2) (19, Wol* + |V Wo?) + 2rtd, Wod, Wo
+ (2 + 20, Wo Ve Wy + 2r18, WV Wy + tx (18, Wo |* — |V Wo )] - %
= 2t +7)2 @ Wo + 8, Wo)> + 2 (IV. Wo > — (3, Wo)?)

and
20 Wod, Wo — W + 2t WoV, W - f = 20 Wo (8, Wo + 8, Wo) — W
= 2(t 4 r) Wo (3, Wo + 8, Wo) — 2r Wo (8, Wy + 9, Wo) — Wi

In the coordinates (u, v) = (t —r, t +r) we have that 9, + d, = 9, and moreover the lateral boundary can
be expressed as

G5 = {(v_—zklvT—la) 2<v<s’ o 682}.

Using polar coordinates and then the change of coordinates r = %(v — 1), we see that

r S2 B 3
/ 2rWo(8tWo+3rW0)d2s:/ (8t+8r)(W()2)r3drdo:/f aU(WO)Z(” 1) v 4o
C2.s] r JS? 2 Js2 2 2

s 2{v—1\2 dv afv—13)3 =
=3 [T [ () o | [ wi(251) o]

s Jee N2 2 e °\ 2 '
r=rp
=-3 W02d23+[

12,51

wir? dai|
S2

r=ri

Therefore, the integral on the lateral boundary %j» 5] equals to the opposite of

/ %(r +7)2(8, Wo + 8, Wo) +2(t + 1) Wo (8, Wo + 8, Wo) +2W3 d %
12,51

+l/ (|VxW0|2_(arWO)2)d2s+|:/ W021’3d<7:|
%,s1 §?

r=ry

2

r=ry
r=rp

:%/ (£ + 1) (8 Wo + 8, Wo) + 2Wo |2 + (|V, Wol? — (8, Wo)?) d T, + [/ W()2r3da]
§? .

r=ri

Summing everything up proves the result of the statement. U
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Proposition 3.6. Let Wy be a solution to (3-15). Then

ESX(T, Wo) + / (¢ + 1) (3 Wo + 8, Wo) +2Wo|* + (1 — r)>(|VWo|* — (3, Wp)H) dS
€12, 11

T
< ES(2, Wp) + / 1t +r) Foll 2 ey E<* (2, Wo)'/? dt.
2

Proof. The result of the proposition follows from the integration of equality (3-16) over the region 75"
combined with Stokes’ theorem and the equality

KWy +2tWy =t (S Wy +2Wy) + Q0 Wo. ]

In the interior region we will recover pointwise bounds on ZWj from the higher-order conformal
energies of Wy via Klainerman—Sobolev inequalities on hyperboloids (see Lemma 5.1). This will require
a control on the conformal energy of the solution on a portion of the hyperboloid .74 in the exterior
region °* that in turn will be obtained from a control on the conformal energy on the flat hypersurfaces X}
defined below. We hence state the following modification of the conformal energy inequality.

Proposition 3.7. Forany s, T\, T, with2 <s < T, < T, and any t € [Ty, T3], let

Y= {x e R : x| > V12 — 52}

and
3
ES™(t, Wo) ::/ |5/WO+2WO|2+Z |Q20; Wol? dx.
= i=1
Then
1 2 3
E:v:’ex(TZ’ W0)+/ _leWO+2tW0|2+_2Z'QOiWO|2dX
AN, T T 12— )
2
< E{(Ty, W) +/T It +r)Foll 255y EST (2, Wo)!72 dt.
1

Proof. The result of the statement follows by integrating (3-16) over the region bounded by 7., X7, and
7t N[T1, T7], which can be foliated by the hypersurfaces X} for t € [T1, T>]. O

4. Global existence in the exterior region

The main goal of this section is to prove Proposition 2.1, that is, the propagation of the a priori energy
bounds on the weighted higher-order exterior energies of the solution. This in turn will imply the global
existence of the solution to the Cauchy problem (1-1)—(1-2) under the assumptions of Theorem 1.

The proof of Proposition 2.1 unfolds in two main steps:

(1) We recover sharp pointwise bounds from the energy assumptions (2-1).

(2) We compute the equation satisfied by the differentiated variable 2V W and compare it to the inhomo-
geneous linear equation (3-1) in order to use the energy inequality of Proposition 3.1. We use the energy
assumptions and the pointwise bounds obtained in step (1) to perturbatively estimate the source terms.
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The main tools used in steps (1) and (2) are weighted Sobolev and Hardy inequalities, with weights depend-
ing on the distance from the light cone. We mention here that these inequalities already played an important
role in the proof of [Lindblad and Rodnianski 2010] of the global stability of the Minkowski space-time
for the vacuum Einstein equations. We also observe that, as a result of proving global energy bounds in
the exterior region, we obtain bounds for the higher-order conformal energy Eg’ex (t, W) forall t > 2 and
a uniform-in-time control of the higher-order energies £ gx’h (s, W) on exterior hyperboloids, for all s > 2.

This section is organized as follows: in Sections 4A and 4B we prove weighted Sobolev and Hardy
inequalities; in Section 4C we recover the aforementioned pointwise bounds; in Section 4D we finally
propagate the bounds (2-1).

4A. Weighted Sobolev inequalities.

Lemma 4.1. Let 8 € R. For any sufficiently smooth function w we have

sup (2+r—t)’3r2|w(t,x,y)|2§// Q+r -0, 2=2w)? + Q+r -~ (2=2w)? dx dy. (4-1)
EteX ZteX

Proof. Let (r, o) be the spherical coordinates in R3, r=|x|and o = x /x| € S2. We begin by observing
that the Sobolev embedding H*(S? x S') € L*®(S? x S') implies
sup |w(t,r, 0, y)|* < Z / Ivtlra;fw(t, r,o,y)|*do dy.
S?xS! 0<l+k<2
We then remark that for any function v and (¢, x, y) € £7*
WQ4+r—0Privt, x, N1 =2Q+r —0fr*va v+ QR +r -0+ 2Q +r —1)Prv?
>2Q2+r—0frrvd v+ B2 +r—0f1r2?,

so if v is compactly supported in x we can write
o
QC+r—0friui,x,y)}=— f 3,[2+p—1)fp*v(t,x,y)*1dp
o 00
S [ @ro=n st dpt [ @rp—0/ T dp
rOO ' o
<p f Q+p -0 @,0)2 p? do + f Q+p—0f"2p2dp. (4-2)

w(t,r,o,y) for k4+1 < 2 we obtain (4-1) in the case where w is compactly

By replacing v with V(IIE);‘,

supported. In the general case where w is not compactly supported we consider a cut-off function
x € C3°(R) and apply the inequality (4-1) to x (er)w for any € > 0
sup 2+r =P r?|x(erwl> < Y / Q+r =00, Vi w) + 2+ — )P (VEN w) dx dy

e ki<2? Y E
+ > // Q+r— 0Py (er) P (VES w)? dx dy.
kti<2? JE”
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On the intersection of X* with the support of x’(er) we have that (2+r — 1)%e? <1so

/ (2+r—t)ﬂ+lez|x’(er)|2(v§a§,w)2dxdy5/ Q+r—0f"H(Viaw) dx dy.
Pl =

By letting ¢ — 0 we derive (4-1) also in the case of noncompactly supported w. (I
Slight modifications of the above proof yield the following three results.

Lemma 4.2. Let B € R. For a sufficiently regular function w we have

sup(2+r—t)ﬁr2|w(t,x,y)|25/f Q+r—0f (025w +(ZFw))dxdy.  (4-3)
B B

Proof. It follows by estimating v and 9, v in (4-2) with the same weight and using the fact that 2+r —¢ > 1
on X% O

Lemma 4.3. Let 8 € R. For any sufficiently regular function w we have

sup 2 +r — 1)’ r¥ |, r,-)lliz(gzxgl) 5// C+r—0fT@w)?+Q+r—0f " wldxdy. (4-4)
IS e

Proof. The inequality (4-4) follows by replacing v with the L?(S? x S') norm of w in the left- and
right-hand sides of inequality (4-2). (Il

Lemma 4.4. Let 8 € R. For any sufficiently regular function w we have

sup 2 +r — )P r¥|w(r, r, -)||i4(§2><§1) < // Q+r—0f@='z="w)?dx dy. (4-5)
Efx Ztex

Proof. The inequality (4-5) follows by estimating v and 9, v in (4-2) with the same weight, then applying
the inequality with v replaced by the L*(S* x S!) norm of w and finally using the Sobolev injection
H'(S* xS") c L*(S* x S"). O

4B. Weighted Hardy inequality.

Lemma 4.5. Let 8 > —1. For any sufficiently regular function w for which the integral in the following
left-hand side is finite we have

/ (2+r—r)ﬁw2dxdy§/ Q+r— 1) (3,w)* dx dy.
Dh D

Proof. A simple computation shows that for any 8 € R and (¢, x, y) € 7*

Wr*Q+r—0 M =2rQ+r -0 + B+ D Q+r—0)f = B+ Dr’Q+r—nf.



GLOBAL WELL-POSEDNESS FOR A SYSTEM OF QUASILINEAR WAVE EQUATIONS ON A PRODUCT SPACE 2055

Consequently, if 8 > —1 and w is a compactly supported function

00 1 S
/ Q4r—t)fw?dx =/ Q+r—t)Priw?drdo < —/ / 3 (r*+r—0hw?drdo
r>t—1 t—1J82 B+1Ji—1)s

2 1
= ——/ Q+r—) wi,w rzdrda——[/ erZdJ}
p+1 r>t—1 B+1]Js:ks! r=t—1

1/2 1/2
< ( f Q+r—1)f wzdx) ( / (2+r—t)f’+2(a,w)2dx> ,
r>t—1 r>t—1

and the inequality of the statement follows after further integration on S'.

Let now w be any sufficiently regular function, not necessarily compactly supported, and x be any
fixed cut-off function. For any € > 0, we apply the inequality of the statement to the compactly supported
function y (er)w and obtain

/ (2+r—t)ﬂx(er)2w2dxdy§/ Q47— [x(er)*(dw)> + > x/(er)*w? dx dy.
T T
On the support of x’(er) we have €2(2 4 r —t)> < 1. Using that

lim Q+r—0fw?dx =0,

€=>0Jr>1/¢

we obtain the result of the statement by passing to the limit € — 0. (]

4C. Pointwise bounds.

Proposition 4.6. Assume that the solution W = (u, v)T to (1-5)=(1-6) satisfies the a priori energy bounds
(2-1) for some fixed Ty > 2 and k > 0. There exists an integrable function | € L'([2, Ty]) such that the
following pointwise estimates hold true in I7;:

sup [W| S, (4-6)
sl
sup |0 Z=2W| < Coer ' Q4 r — 1)~ €FTD/2, 4-7)
Sl
sup |7 Z=2W |+ (8, Z=*W | + | 2=%W| < Coer ' VIt) 2 +r —1) /2, (4-8)
§1
sup |ZZ=*W| < Coer ' Q41 —1) /2. (4-9)
Sl

Proof. The bounds (4-7) and (4-8) follow immediately from Lemma 4.2 with 8 =k + 1 and =«
respectively, from (2-4), the Poincaré inequality and the energy bounds (2-3), (2-4). The pointwise bound
(4-9) follows instead applying Lemma 4.1 with § = x and Lemma 4.5 with 8 = k — 1 to write that
/ Qtr—0f N ZZ=*W)dxdy < f Q+r -t @Z=W)*dxdy.
nex e

Finally, the bound (4-6) on W is obtained from the integration of (4-7) along the direction 9, = 9, — 9;
until the initial time slice o = 2 and from the smallness assumption on the initial data. U
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A trivial consequence of the decomposition (1-7) and the bounds (4-8)—(4-9), that will be useful later
in Section 5, is the following estimate for the zero-mode W, of the solution:

sup |Z2="Wy| < Coer ' +r —1)™/2. (4-10)
gl

4D. Propagation of the exterior energy bounds. We start by considering any multi-index y with |y| =
n < 5 and compare the system satisfied by the differentiated function W” = (u”, v?)” — which is a
shorthand notation for 7 W = (2Vu, 2V v) — to the inhomogeneous linear equation (3-1). Here the
variable that plays the role of the linear variable W is W7”. We remind the reader that all vector fields 2°
in the family (1-14) are related to the geometry of the problem and are the generators of the Lorentz
transformations of the Minkowski space R'*3. In particular, they preserve the structure of system (1-1)
and equivalently of (1-5).
The equation satisfied by W7 is obtained by commuting 27 to (1-5)

(=37 + AW + (1 +wd W = F7, (4-11)
where the inhomogeneous term FY is given by

FY=—[27 ud2lW+ Y NW", Wn),

yil+ly2<ly|
(27, ud]IW =8, > u}Ww”, (4-12)
[yil+1y2l=1yl
[y2l<lyl

where §, =0 if |[y| =0, and §,, = 1 otherwise. The nonlinear term N (-, -) in the right-hand side of
(4-12) is a two-vector of new linear combinations of the quadratic null forms introduced in (1-3), which
arise from the commutation of the Klainerman vector fields with N; and N5.

We have seen in Proposition 4.6 that under the a priori energy assumption (2-1) the solution W satisfies
the pointwise bounds (4-6) and (4-7). The hypotheses of Proposition 3.1 are then fulfilled and we have

||WV||§(3TX.K+// Q+r—0(TWY P +10,W ) dS
0 %2.19)
° SE®QW) + Q41 =0 HD2EV | s e WY [[ger. (4-13)
t~xy 0 0

Proof of Proposition 2.1. 1t is enough for our purpose to estimate the weighted norm of the source term FV
and prove that for every |y| <5

< Coert =)~ DRI, (4-14)

~

I@+r = DY |13 5

where [ € L'([2, Tp]). In fact, if we plug (4-14) and a priori energy bound (2-1) into (4-13) we obtain
that there exists some universal positive constant C so that

To

W+ 3 // Q7= (I TWY R+ 19, W R dS < CES (2, W) +2CCle.
ESAaEtY
For any fixed constant K > 1 (e.g. K = 2) we then choose C > 0 sufficiently large so that

C2e?
ECX,K 2,W < 0
572 W) s CK




GLOBAL WELL-POSEDNESS FOR A SYSTEM OF QUASILINEAR WAVE EQUATIONS ON A PRODUCT SPACE 2057

and €y > 0 sufficiently small so that 2C Cge < 1/K for € < ¢p to finally obtain

2C€e?

Wi+ Y [[ @er—nriazw e, wrpyas <
Tp ly|<5 12,191

We estimate the different contributions to FV separately. In all the estimates that follow we will use
the a priori energy bound (2-1) and the fact that r > ¢ — 1 in the exterior region.

(1) The null terms: We use here the null form representation via the formula (1-16)
NWY" W)y~ FTW" . gW2 + oW . 7w,

The products in the above right-hand side are equivalent given the range of y; and y, and we only focus
on the analysis of the first one. We distinguish between the different values that y; and y» can take and
remind the reader that |y;| + [y2] < |y| =n <5.

(a) The case |y;1| = 0: Here y» = y and we immediately obtain from (4-8) that
|@+r =) TDRTW AW |2 < I1TW L W [xges
<Ce(r—1)7Wi@).
(b) The case |y>| = 0: Here y; = y and we obtain from (4-7) that

1 +r —=n*FD2TWY - aWll 2 < IQ@+r =02 Wl Q+r =02 TWY | 12
<cer(r—1)7Wi@).

(c) The case |y1|, |y2] > 0: We use spherical polar coordinates and the Cauchy—Schwarz inequality to
bound the weighted Li},(Ef") norm of W . 9W?" as follows:

oo
Q47— D2 gwn gwr|2, :/ // Qtr— 1y FWH P 9w P2 dr do dy
o t—1 S2xsl
[o.¢]
5[_1(2+r—t)K+III§WV1 ”i4(§2xgl)||8Wy2||i4(§2xgl)rzdr.

In the case where |y | <n —2 we apply the inequality (4-5) to W with 8 = k and Sobolev’s injection
H'(S? x SY ¢ L*(S? x S') to 9W?2. We derive that

o0
1 2 2 2
[ =0 T W e W gy 7l

o0

SIQ+r =0T LW, e / QHr=0r2IdZ=" W 2 grysr, dr
Xy t t 1

SU=D2NQ+r =0T LZIWIL, s |@+r = 20T W, ).
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In the remaining case where |y;| =n—1 and |y2| = 1 we apply the inequality (4-5) to dW?? with 8 =k +1
and the injection H'(S? x S') ¢ L*(S? x S!) to ZW"'. We get

o0
/ Q+r =T NITW s e 1BW 174 gr 01, 7> dr
t—1
SIQ+r =029 Z="W7, o /f r 72" W) dx dy

SE=DNQ+r =0 PT LWL e W5
xy t 0

In both scenarios we obtain
1 +r = ED2TWn 3w, < Chet = 1)V,

(2) The commutator terms: Since |y;| > 1, we can write u”! = % u” for some |71l = |y1] — 1. We can also
write 8§WV2 = anyz for some other p, such that |y»| = |y»2| + 1 and observe that then |p;| + |}2| = n.
Depending on y; = (a1, B1) we can distinguish two cases:

(a) The case |a1| > 0: Here we choose 7 so that Zu?" = du"'. The products du”" -8yW772 have the same
behavior of the null terms treated in case 1.

(b) The case |a| =0: Here V' = ZP1 is a pure product of Klainerman vector fields and 2 ul' = Zu".
We choose the exponents (p1, p2) using

(2,00) if|yl=n—1,
(p1, p2) = §(00,2) if [y»| =n,
(4,4)  otherwise
and will place the two factors in L' (S? x S!) and L”2(S? x S!) respectively. We use the Sobolev
injections H2(S? x S') € L>®(S? x S') and H!(S? x S!) ¢ L*(S?* x S!) to derive
o0
1@ +r =0 PEZW oW, < f | @ =0 TNZU I @2 10 W g2en 7 dr

o.¢]
1 4 12 3 2 )
S[_1(2+r—I)K+ ||ZQPS MHLZ(gZXSI)”ayQPS W”L2(§2x§1)r dr.

Applying the inequality (4-4) to Z 2°=*u with 8 = « and successively the weighted Hardy inequality
proved in Lemma 4.5 with 8 =k — 1 we find

sup 2+r — O r|Z2 = u|3,

(S2xSh)
r>r—1

SNQ@+r =020, 25ulf, oy +I1Q@+r -0 V2Z2=
SNQ@+r =)ty =S

2
M“LEy(Etcx)

2
wliiz op-
We can therefore continue the previous chain of inequalities

o0
1)/2 5112 -2 5112 2
S ||(2+ r — I)(K+ )/ 3,3”5 M||L§y(2re><) /t 1(2+I" - t)r ”aygf W”LZ(gzxgl) redr

SE= DT UWIs @47 =020, 22 WL, (5o
: :
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and finally conclude that

D@4 r=n® R W S Ciere — )TV, O
Iy1|+yal=n '
[y11>1

As a byproduct of the above proof we have also obtained that, for any fixed K > 1, there exist Cp > 0
sufficiently large and €y > O sufficiently small such that

2Cpe?
Z/f Q+r—T(TZYW*+ 18,27 W|HdS < Ige. (4-15)
12,1

ly|1<5

An immediate consequence of the global energy bounds (2-2) obtained from Proposition 2.1 is the fol-
lowing estimate on the higher-order energies of the solution W on the truncated exterior hyperboloids ;"
for any s > 0.

Proposition 4.7. Let W = (u, v)T be the global solution of the Cauchy problem (1-5)—(1-6) in the exterior

region 9. There exists a constant C > 0 such that for any s > 0

Eg,x,h(s, W)+8v>\/§ Z //

|\ T XYW+ 8,27 W*dS < CCe?, (4-16)
yl<s e

where 63>J§ =0ifs < V3, 1 otherwise and T, = %(s2 +1).

Proof. The result follows by applying Proposition 3.2 with W = WY and F = F? for any multi-index y
such that |y| <5 and then using the global energy bound (2-2), the estimate (4-14) of the source term F”
and the fact that

oo
2.2
HE" Nz s §/2 IF" N2 s dt S Ce” 0

We conclude this section with the derivation of a bound for the higher-order exterior conformal energy
of Wy as well as for the higher-order conformal energy on portions of the hyperboloid .7 in the exterior
region 2.

Proposition 4.8. Assume the solution W = (u, v)T of the Cauchy problem (1-5)—(1-6) satisfies the a priori
exterior energy bounds (2-1). Then
> / [t + 1)@ W + 8, W) +2W] 12+t =) (Ve W] |? = (3, W))D dS

2,191
lyl=4 R0 + sup EgN(t, Wo) S Cie*InTy, (4-17)
[2,To]

where the implicit constant only depends on C.

Proof. Let us fix |y| < 4. By integrating (4-11) over the sphere S' we obtain that W())/ is solution of the
linear inhomogeneous wave equation

(=02 + AW, =F], (4-18)
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with source term

d d
FOV:/ Pt [f‘f’”,uaz]WV—y
sl 2 Y 2

dy
= fN(W” WVZ)2 Z /gayuﬂ-aywng. (4-19)

T
lyil+lr2l=ly| lyil+ly2l=Iyl

When applying Proposition 3.6 with Wy = WS’ and Fy = Fg , we derive that for all 7" € [2, Tp]

E°*N(T, Woy>+f [+ @ WS+, WE) +2W] P+ =0V WG P = 0 W) dS
C2,11 T

< ESx(2, Woy)+/ 1+ PV FY 2 gme ESS e, WP dt, (4-20)
2 o

where

IC+NE @y < Y, IG+INW WD+ Y @ +rdu? -0, W” s .
vil+lral=lyl vil+ly2l=lyl

We estimate the different contributions to F(;/ separately. We start by observing that since |y;| + |y2| < 4,
at least one of the two multi-indexes has length less than or equal to 2. We call this index y; and will
place the factor carrying it in L™, and the other one in L?.

(1) The commutator terms: We use the pointwise bound (4-8) and the energy bound (2-4)
It +r)oyu” -8},WV2||L2 = S < Coe/1(1) |10y 2= W||L2 (=) S Coe [(t).

(2) The null terms: Here we use the null form representation via the formula (1-15) and the relation
8 =1t"'Z to write

N(W", W) = %ZW’“ AW + %aww ZWP + t%"awyl AW, 4-21)

The first two products in the above right-hand side are equivalent given the range of y; and y, so we will
just analyze the first one. In the case where |y;| < 2 we deduce from the pointwise bound (4-9) that

It +r)e~tzwn. W12, ey S Coell(t +r)r 't —laWV2||Lz s S Coet T ES (2, W)V,

In the case where |y;| > 3, we bound d W2 using (4-7) and decompose W¥' according to (1-7). We apply
the Poincaré inequality to obtain

I+~ ZW - W 12 (se S Coell+rr 1719, 20 |2 () S Coet VES (1, W)1/2
and use Lemma 4.5 with 8 =« — 1 to get

I+ ZWY - W™ 2 L S Coell (1 +rt T Q4 — DRz 2, (zev)
< Coet VES (1, W)'/2.
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The last quadratic term in the right-hand side of (4-21) is estimated using again (4-7),
1 +r) =)/t dW W || 2 (5o S Coet ™ 2 +r =28 2= W | 2 (e
< Coet T ES 1, W12,

which gives
I +P)NW?, W) 12 s S Coet ™ ES™ (e, W'/,

The combination of steps (1) and (2) with the energy bound (2-1) yields
G+ F L2,z S Coe?l @) +Coe’r ™!, (4-22)

which plugged into (4-20) for all |y| < 4 gives

E;(T, Wo) + Zf 1t +1)@W) + 8, W) +2W] 1>+t =) (Ve W] — (3, W])P dS
lyl<4
S EST(, W0)+f (C3e?1(t) + CRe*t Y ES (1, Wo) /2 dt
S ES(Q2, Wo) + Cle? sup ES(t, Wo) +Cie*InT.
[2,T0]
If € « 1 is sufficiently small we get

sup Ey(t, Wo) + Z / [t + )W + 8, W) +2W) P+t —r)* (VW 1P = (3, W) dS
[2,T0] ly|<4 ¥ €210)

<Ecex(2 Wo)+C € lnT(),

so the result of the proposition follows from the smallness of the conformal energy at the initial time,
which in turn follows from the assumptions on the initial data. (]

Lemma 4.9. Let s > 2 and 2 < Ty < T be such that the portion of hyperboloid 7 in the time strip
[T}, T-] is entirely contained in the exterior region 2. Assume W = (u, v)T is the solution to the Cauchy
problem (1-5)—(1-6) in 2% satisfying the global energy bounds (2-1). Then there exists a constant C > 0
such that for all |y| < 4

1
“;KW&”+2W

< CC e2InT.
Lz(ﬂvﬁ[ﬂ 1))

L2(A0N(T,T>]) ,Z ”

Proof. We apply Proposition 3.7 with Wy = W7 and |y | <4. It follows from the hypotheses that X7 C X
and hence that E;*(t, Wy) < E©®*(¢, Wy) for all t € [T1, T>]. Therefore, the result is obtained using
estimates (4-17) and (4-22). O

5. Pointwise estimates in the interior region

The goal of this section is to recover pointwise estimates for solutions W = (u, v)” to (1-5) in the interior
hyperbolic region Jf[i{m] under the a priori assumptions (2-5)—(2-7) and to propagate the a priori pointwise
estimate (2-7) on ZWj.
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5A. Pointwise estimates from Klainerman—Sobolev inequalities. A first subset of pointwise estimates
for Wy and W is immediately obtained from (2-5) and (2-6) via the following Sobolev inequality on
hyperboloids, whose proof can be found in [LeFloch and Ma 2018].

Lemma 5.1. Let W = W (¢, x) be a sufficiently regular function in the cone € = {t >r}. Forall (¢, x) € €,
let s =12 —r? and B(x, %t) be the ball centered at x with radius _%t. Then

Wt 0 < i Z/( WP P e,
ly|<2 B(x,t):

where C is a positive universal constant and Z; = x;j0; +10;, j = 1,3.

We remind the reader that we proved uniform-in-time energy bounds (4-16) for the solution on exterior
truncated hyperboloids 7 as well as the exterior pointwise bound (4-10) on ZWj. We can then think
of the a priori energy bounds (2-5), (2-6) as being valid not only on 7™ for s > 2 but on all (branches of)
hyperboloids contained in the upper half plane ¢ > 2. It is analogous for the pointwise bound (2-7), which
can be thought to hold true for every (¢, x, y) such that r > 2 and 1> —r? < sé. Therefore, the following
lemma provides us with pointwise estimates for the solution on the portion of the interior light cone below
the hyperboloid 7%, which we denote by 7, g1,

.51 =, x) 1t >2 and 2 —r?< sg} x S

Lemma 5.2. Let .7,  denote the set of multi-indexes of type (n, k). Under the a priori energy bounds
(2-5) and (2-6) we have the following pointwise estimates in 2 s):

10 23 Wo(t, x)| et 12571, (5-1)
102 Wot, )| S et ™/, (5-2)
D 2 x, ) lpsgsn + 105270 x, ) e S et 2s%2, k=03, (5-3)
3k
3 10 27U x, )2y S e V2T, (5-4)
ly|1=3
and
D199 27U, x, ey Set A%, k=02, (5-5)
Sk
Y 19205 27, x, ) ey Set s, k=01, (5-6)
Ak _
19700 2W(t, x, )l p2sr) S €t 2571, (5-7)
Moreover
sup |W|<e. (5-8)
’%0[2-A'0]

Proof. The estimates (5-1), (5-2) and (5-4) are immediate consequence of Lemma 5.1, the energy
assumptions (2-5), (2-6) and the fact that [[Z, (s/1)]W| < |W| for any W. The same is for the estimate
of 9,Z7W in (5-3), while the remaining norms of 27W there are obtained using also the Sobolev
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injection on S! (for the L* norm) and the Poincaré inequality (for the L? norm). The estimates on
the 3 derivatives of W are deduced from (5-3) and (5-4) using the fact that a=1"1Z. Finally, if we set
Wo(s, x) = Wo(+/s2+ 72, x), we see that

S A
(s, = T2, = [ oot oldr = [ TawW/s 4 nldr Se
2 2
and hence derive from the smallness of the initial data that
Wolt, 01 S [Wols. x) = Wo(2, )] + [Wo(2, 0)| Se.
The combination of the above estimate with (5-3) yields (5-8). O
5B. Improved pointwise estimates on the nonzero modes. The bounds for the nonzero mode W of the
solution obtained in Lemma 5.2 via Sobolev embeddings are affected by the small growth in s of the
energies and are not sharp. However, they can be improved if one studies more closely the equation
satisfied by W. Enhancing such bounds and particularly (5-3) will be fundamental to propagate the a priori
pointwise bound (2-7) later in Proposition 5.6. We make use of the following result, which is motivated
by [Klainerman 1985] and whose proof is an adaptation of a similar estimate for Klein—-Gordon equations

initially proved in [LeFloch and Ma 2016], later revisited in [Dong and Wyatt 2020a] in the case of
Klein—Gordon equations with variable mass.

Proposition 5.3. Assume W is a solution of the equation
O W+uA,W=F, (t,x,y) eR"T xS, (5-9)

such that fgl W dy =0. For every fixed (t, x) in the region € ={t > r},let s =~/t>* —r>and Y;,, Arx, Bix :
R*\ {0} = R™ be the functions defined as

Y&(A)::/lA|%Wk+(YW)A|2+A3(1+u,\)|8yW,\|2dy, (5-10)
S
1
Apx (M) = sup 5 [(Lu)x| + sup |dyuy|, (5-11)
St 2 St
BZ.() =f§1 ATH(RW), 2 dy, (5-12)

where f,(t,x,y) = f(At/s, Ar/s,y) and
RW(t,x,y) =50 0;W +x'x/0;0, W+ 3W +3x'9; W — s°F .
Then W satisfies the following inequality in the hyperbolic region 7 o0):

S
S P(IW 2ty + 19y Wil 2sn) + 521 Wiz < (sze) + f B (M) dx)efz Ax@)dr,
2

Proof. For every fixed (¢, x, y) € {2 o0) We define w;ry(A) 1= APW (At /s, Ax /s, y) to be the evaluation
of W on the hyperboloid .7 dilated by factor A%/2. We have

Wrey (W) = A2 E Wy 4+ (S W),)
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and
Buey (W) =27 2(PW),
where
PW =3W+3(t0,W +x'0; W) + (t°0] W +2tx" 9,0, W + x'x/ 9,0, W).
Using (5-9) we derive that wy,, satisfies the equation
Brry — (14 up) 05 0pxy = =1 Fy + 072 (290, W 4 x'x/0;0; W 4+ W +3x',; W),
= )1"12(RW);.

We drop the lower indexes in w;yy (1) in order to have lighter notation and simply denote it by w () in
what follows. We multiply the above equation by 3, and integrate over S':

/ B0 @70 — (1 +u;)d;w) dy
Sl
d (1 2
=—| = [Oo|"dy |+ | (1+u))dywdydody+ Ohw dyuy dyw dy
d)\. 2 §] §] g]

d (1 1
= d_)»<§/1 |8,\w|2+(1+m)|3yw|2dy> - 5/1 Uy |8ya)|2dy+/l a)ta)ayu;L Bya)dy,
S s S

‘We obtain

LY2.0) S A2 00+ BuG) Yo ),

with A;y, By, Yy as in the statement and from the Gronwall lemma

N
Yi(s) S (th )+ / B (%) dx)efz‘ A,
2
Finally, from the definition of Y;,, the Poincaré inequality and the fact that s > 2 we get
(\w W 12| 7w <Y, 0
s7EIWl 2ty + 18y Wil 2 sny) +57/7l l22st) S Yix ().

Proposition 5.4. Under the a priori assumptions (2-5)—(2-7) we have

j;up t3/2(||8jW||Lz(§1)+||8y8jW||Lz(§1))+;sfup 25 N7 ey Se, j=0,1, (5-13)
712,501 Z012,50]
sup 721 ZWl| 2¢s1y + 18y ZW]l 12s1y) + sup /257 |7 ZW] 12 1) S €57, (5-14)
2,50 2,501
and
sup st/2([0%W]l 2 sty + 18y 97 Wl 2¢s1)) + sup /2.7 8%W] 2 s1) Se, (5-15)
H2,50] H{2,50]
sup st'2(10ZW| 2(s1y + 118, ZW 2(s1y) + /2SI ZW| 1251y S €57 (5-16)
'%fl,-?o]

Proof. For any fixed j =0, 2 and k =0, 1 we compare the equation satisfied by the differentiated functions
8/W and 3% ZW respectively with (5-9) and apply the result of Proposition 5.3. A simple computation
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shows that ) . .
O,y 0/W+ MB)Z,BJW =F, j
Oy ZW+ud}d* Zu=F}, k=0,1,
with source terms given by
0 dy dy
Ff=NW,W)— [ NW,W)_—=+ [ 0yu-0,W_——,
sl 2 sl 2r
Fl=a/F)— Y ohu-ajo ™, j=1.2,
I<h=j
and
F)=ZF— Zu -0}V,
Fy =0ZF) —0Zu-0;W—0du-0,ZW— Zu - 0;0W.

From Proposition 5.3 we have
s
SPUW 2 + 10y Wil2sn) + 521 W2y S (Ym@) + / B () dx>efz Ax () dh
2

with W ={3/w, 9¥ZW: j =0, 2, k=0, 1} and corresponding source term F = {Fj, Fé‘ :j=0,2, k=0, 1}.
In order to obtain the bounds in the statement we need to estimate the quantities Y, (2), A;(X) and
B, (A) defined in (5-10), (5-11), (5-12) for all the different values of W and F.

(1) The A;x(A) term: This is the same for all values of W. Here we take the decomposition u = ug +u
and rewrite the scaling vector field as

S =—=r)o+ (1 —1)0, + (13, +710,). (5-17)

Using the pointwise bounds (5-1)—(5-3) as well as the assumption (2-7) and the fact that s /¢ < 1 in the
interior of the light cone, we derive that

A() S sup = @)l + A7 (Zul + 1 Byu)s| < en/2
yeS!

and consequently
N
/ A (W)dx Se. (5-18)
1

(2) The Y;,(2) term: The functions appearing here are evaluated on the hyperboloid #%. From the bound
(5-3) on W, the smallness of u given by (5-8) and the decomposition (5-17) it follows that for all values of
W under consideration

Yix DI S IW2ll 21 + 1 Wl 2ty + 1T+ w2l s 1@y W2l sty S € (/D2 (5-19)
(3) The B;,()\) term: These are the only ones for which we need to distinguish between the different
values of W and hence of F. Let us remark here that if G is any linear combination of the products
AZV'W - 0.7, / QZVW-027Wdy, |yl + Il <2,
1 32 ug- 0727, |nl+lnl <1, (5-20)
P07 XN, nl+ vl 2,10l <2,
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then from (5-1) and (5-3)
1A% Gl 2 sty = A2 1Goll p2gsry S €247 4254 (s /1) (5-21)

(a) The case W = 2=1W: From the pointwise bounds (5-3), (5-5) and (5-6) we immediately obtain the
estimate

A7V (s20° 0 W + x'x75;0, W + W 4 3x'5; W) | Lx(Sh
<A +7‘2/52)||(52W)A“L2(§1) + A2l ||(5W)A||L2(§l) +)¥_1/2||W>»”L2(§1)
S e (s /1)’ o

In the case where W = 9=!W, the corresponding F satisfies (5-21), yielding

/ S B (M) dr Se(s/t)), (5-23)
2

and the combination of (5-18), (5-19), (5-23) gives (5-13). In the case where W = ZW, the only quadratic
termin F =ZF 10 that is not in (5-20) is Zuy - 8§W. For this we apply the a priori bound (2-7) and the
enhanced bound (5-13) and get

1Zuo - Wl 2y S €712

Therefore
WRIED N 2sn S €174 (s /02 + 07170 (s /)2 S 271 (s /1),
which combined with (5-22) implies

S
/ B (M) dh < es®(s/1) .
2
The above estimate, together with (5-18) and (5-19), gives (5-14).
(b) The case W = {3W, 9 ZW}: Here the bounds (5-3), (5-5) and (5-7) give
||)\,_1/2(S25i5iw + %W + 3xi5i W)X ||L2(§1)
SN2 W) 2y + A 2rs T HIGW) gy + A2 IWall sty
S eaT2 5 (s /1) (5-24)
and
I 20 0,0, Wil 2y S €47 s/ (5-25)

In the case W = 32w, the corresponding F = F 12 satisfies (5-21), which summed up with the above
estimates yields

/ By dr S e(s/n'
2

and therefore (5-15). In the case W = dZW, the only term in F = le that is not in (5-20) is Zug - agaw.
For this we apply the a priori bound (2-7) and the enhanced bound (5-15)

2 2 2,-3/2 —1
1Zuo - 070l 1251y < [ Zuoll oo (st 105 0W 1251y S €712 717
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Therefore
)\43/2||(F21)X||L2(§1) g EZ)L_3/2+284(S/I)2 _i_ez)\‘—l"rd (s/t)3/2 S EZ)L_1+U(S/t)3/2,

which combined with (5-24), (5-25) implies
N
/ Biy(W) dr Ses®(s/)'V2. a
2

5C. The propagation of the a priori pointwise bound. In order to propagate the a priori bound (2-7) we
use L°°-L*>°-type estimates. For this we give a closer look to the wave equation satisfied by Z W and use
the enhanced pointwise bounds recovered in the previous subsection to estimate the nonlinear terms. We
will make use of the following lemma, due to [Alinhac 2006].

Lemma 5.5. Let Wy be the solution to [, Wy = Fy with zero initial data and suppose that Fy is spatially
compactly supported satisfying the pointwise bound

|Fo(r,x)] < Ct7 27V (1 — |x|) ™1+

for some fixed 1, v > 0 and some positive constant C. Then
C
[Wot, )| S — (@ — [x* 1"
7Y

Proposition 5.6. There exists a constant B > 0 sufficiently large and € sufficiently small such that for any
0<e<eyif W= (u,v) is solution of the Cauchy problem (1-5)—(1-6) and satisfies the a priori bounds
(2-5)—(2-7) in the interior region 2 sy, together with the global energy bounds (2-1) in the exterior
region 9, then in g, it actually satisfies the enhanced pointwise bound

|ZWo(t, x)| < Bet's°.

Proof. We consider a cut-off function x € Cg°(R) such that x (z) =1 for |z| < % and x (z) =0 for |z]| > 1,
and decompose Wy into the sum Wi + W?, where W and Wé’ solve to the Cauchy problems

O W = x((r + 3)/1) Fo, (WG, 3 W) li=2 = (0,0),

OeWs = (1=x((r+3)/1))Fo, (W5, 8 W3)li=2 = (Wo, & Wo)l,=2,
with Fy given by

dy dy
Fo= NW, W) —+ Oyt - Oy W —.
sl 2 sl 2

The scope of such decomposition is to estimate Z W and ZWé’ separately. We aim to apply Lemma 5.5
to ZWy, since it is solution to a wave equation with zero data and source term supported in the interior
of the cone {t =r+ %},

0. ZW = x((r+3)/0)ZFo—[Z, x((r + ) /)| Fo,  (ZW§, 3 ZW) =2 = (0, 0),

and Klainerman—Sobolev embeddings to estimate Z Wob .
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We start by estimating Fy and Z Fy on the support of X((r + %) / t), after observing the uniform
boundedness of the commutator term [Z, x ((r + 3)/¢)] and the fact that Fy does not contain mixed

interactions, i.e.,
dy dy
Fo=NWy, Wo)+ [ NW,W) —+ | 0yu-0,W_——.
sl 2 sl 2
On the one hand, we use the null structure representation (1-15) of N for the quadratic interactions
Wo x Wy and apply (5-1), (5-2) to deduce that

|1Z= N (Wo, Wo)| < 102" Wol [dWo| + [0Z=" Wol |d Wo| + f—jwzslw OWo| S €%
On the other hand, from the improved bounds (5-13), (5-16) we get
fgl 1Z='N, W>|dy+/§1 1Z=1 @yu - 9, W) dy S 102"l 21 10W ] 2sry S €727
Therefore, on the support of x (r/¢) and for t > 2
|Fo(t, x)| S €272t —r)™V2 and | ZFy(t, x)| < €2t7240/2 (4 — py=1/240/2,

Lemma 5.5 yields then
|ZW§(t, x)| < Ce*t™(t —r)°

for some constant C = C(A, B) that depends quadratically on A and B.

The remaining term Z Wé’ to analyze is estimated via the Klainerman—Sobolev inequality of Lemma 5.1.
Observe that for points (¢, x) € ji”si“ close to the boundary of %’gin, the ball B (x, %t) also intersects the
exterior region and we get

P\ ZWE ()| S ES™s, WO+ Y G/ ZZY Wl 2 sy 1y
lyl=2

where s> =12 —r2, T L= %(s2 + 1) is the time the hyperboloid % intersects the cone ¢t = r + 1 and

=+ 52+ €)% with | — x| = %t (the second term in the above right-hand side should be omitted when
T; < T}'). The support of the source term in the equation satisfied by Wé’ is contained in the exterior
region and hence it is that in the equation of 27 W(’)’ for any |y| < 2. From Proposition 3.5 applied to
Wo = 27 W, with |y| <2, the inequality (4-17) (which is valid also for W) with Ty = 3(s*> 4 1), and
the smallness assumption on the initial data, we deduce that

E5™(s, W) < ES™(2, W9) + Cje’ Ins < Cge’ Ins.

Moreover, from Lemma 4.9 with T; = TJ.S for j =1, 2 and the observation that In 75 <Ins, we also
derive that
2 IG/DZZWEll 2oy 13y < Coe? Ins.
lyl<2
This gives
|ZWL(t, x)| < CCoer™"2s71%
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for a universal constant C and therefore
| ZWo(t, x)| < |ZWE(t, )| + |1 ZWE (1, x)| < CCoer V257147 4 Ce?t7 (1 — ) < Ber™'s°

if we choose B sufficiently large so that B > 2CCy and sufficiently small so that 2Ce < B. U

6. Energy estimates in the interior region

The goal of this section is to propagate the interior energy bounds (2-5) and (2-6) on the two components
Wy and W of the solution W to the Cauchy problem (1-5)—(1-6). We remind the reader that for any
multi-index y the differentiated function WY = (u?, v") is a solution to (4-11) with source term (4-12),
while its zero-mode Wg solves the inhomogeneous wave equation (4-18) with source term (4-19).

We first start by recovering an energy bound for the higher-order conformal energies of Wy. Such a
bound follows from (2-5) and (2-6) as well as from the pointwise estimates obtained in Section 5. It will
be necessary for the propagation of (2-6) and the computations that lead to it will be useful in the proof
of Proposition 6.2.

Proposition 6.1. Assume the solution W = (u, v)T to (1-5)—(1-6) satisfies the a priori estimates (2-5)—(2-7)
in the region ;g1 as well as the global exterior energy bounds (2-1) in the exterior region 2*. Then

sup ES™ (s, Wo) < Ces'*24 s € (2,501, k=0, 4, (6-1)
[2,5]

where i =6y if k <3 and j14 = 63 4 84.

Proof. We consider here only multi-indices y of type (k, k), i.e., y = (0, ) with || = k and 27 = Z,
and apply Proposition 3.5 with Wy = Wg and Fy = Fg . We derive

S
sup ES" (7, W) < ES™(2, Wg)+f 1T F [l 2 eimy E< (2, w2 dt
T€[2,s5] 2

+/ |(t4+7) (3 W] +8, W H2W] P+t —r)* (IVW) P= (@3, W[)D) dS.  (6-2)
12,51

The integral over the boundary %72 s equals the integral in the left-hand side of (4-17) when Tp = %(sz—i— 1);
hence

f [t + 1)@ W] + 8, W) +2W) P+ —r)* (VW 12— @, W) dS Se*Ins. (6-3)
12,51

The different contributions to the inhomogeneous term F, which we remind are only pure interactions
Wo x Wy and W x W (see (1-9)), are estimated separately below:

(1) The pure nonzero modes interactions: After a Cauchy—Schwarz inequality in the y-variable, we will
place the factor whose index has length smaller than %k in L%Ljo and the remaining one in Lﬁy. We use
the pointwise bound (5-3) in the case where |y|| = |y2| = 2 (which appears only if k = 4)

,3 1
1" - BW2 | 12 my S €T A8 pin, wyl/2,
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the enhanced pointwise bound (5-13) whenever one of the two multi-indexes has length 0

19W - W™l 112, my S et 32EN(, W)/,
and (5-16) otherwise
19W - W21 11 2 peimy S et 3FOED (z, W)1/2,
We get
D 1AW W 12 iy S €T PLER (T, W) P T P (1, W) ugn ER (r, W),
lyil+y2|<k '

where v4 = 1 if kK =4 and 0 otherwise.

(2) The pure zero modes interactions: We use the representation formula (1-15)
NWE' W3R = WG g + Wy - GWg" + oWy oWy
and estimate all terms in the above right-hand side using (5-1) and (5-2) as follows:
INW,", Wgz)HLg(%;in)
SN/ DL Woll Lo imy (/10 2 Wol 12 iy + 110 2= Woll 2 gimy 1027 => Wo l Lo (m)
< 61_3/2E]i<n(1', w)l/2,

We combine the estimates in step (1) and (2) with the a priori energy bounds (2-5), (2-6) and choose
0, 8;—1 small so that o + §;_1 < & to get
_ . Ok ifk<3
Fl 2 opimy S €203 with py = = 6-4
1o 2 mim S €°T With e =15 s, ifk—4. (6-4)

We finally plug (6-3) and (6-4) into (6-2) and use the smallness assumptions on the initial data to derive

. . s .
sup Eli,m(_[’ WO) 5 E]({:,m(z’ WO) +€2S2Ce Ins +/ GZT_1/2+HkE;’1n(‘[, Wo)l/Z dt
2

[2,s]
< 2512 4 €2 sup E;’i“(r, Wo)
[2,s]
and obtain the result of the proposition by choosing € sufficiently small. ([

As a result of the exterior bound (4-9) and the combination of Lemma 5.1 with the conformal energy
bound (6-1) and Lemma 4.9 with T} = %(s2 + 1) and Tr = /s +|y|? for |y — x| = %t, we have the
following additional pointwise bound for the Z derivatives of Wy in the whole region J{> g:

Ok if k <3,

ZZIWy(t, x)| < et V25~V for j =0,2, wh = 6-5
| o, x)| Se s or j where /44 S0t sy ifk—4 (6-5)

We now have all the ingredients to propagate the a priori energy bounds (2-5) and (2-6).

Proposition 6.2. There exists a constant A > 0 sufficiently large, some small parameters o << & < Si+1
fork =1, 4 and €y > 0 sufficiently small such that, if for any 0 < € < €g the solution W = (u, v)" to the
Cauchy problem (1-5)—(1-6) satisfies the a priori bounds (2-5)—(2-7) in the interior region z%‘ilz“ sol and the
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global exterior energy bounds (2-1) in the exterior region 2°%, then it also satisfies the enhanced energy

bound
ER(s, Wo) < A%, s €[2,50]. (6-6)

Proof. For any |y| <5, equation (4-18) satisfied by Wg’ has the same structure as the inhomogeneous
wave equation (3-15); therefore Proposition 3.4 with Wy = Wé’ and Fy = Fé/ implies

ENs, W)) < EMQ, W)+ /

N
| TW]*dS +f IFY Wl 2 em E™ (T, W)'/? d
©l2.s) 2

for all s € [2, so]. The implicit constant in the above right-hand side is independent of sg.

The fact that the integral over the boundary %4, s is finite and small is a consequence of (4-16) and an
estimate for the source term Fg when |y | <4 has already been obtained in (6-4). When |y | =5 we simply
use the estimate (5-3) on the one hand, and (5-1), (5-2) and the null structure on the other hand, to deduce

> low - own| 2o S er B EN G WH/2)
[y1l+ly2l <5
—3/2 ri 1/2
Y INOW Wiz S et 2 ES (s, W)/
[yil+1y2] <5
and therefore get
D FY Nr2eminy S e PHHER (T, W)/, (6-7)
ly|<5

From the a priori energy bound (2-6) and the exterior energy bound (4-15) we obtain that, for some fixed
K > 1 and some universal constant C > 0,

2.2
Cye

N
EY(s, Wo) < E¥'(2, Wo) + ——— + / APCE TP g
2

2.2
Cye

< ED2, Wo) + + A%CéE,

The desired improved energy bound then follows choosing K = 3, ¢y small such that 3C 63 < 1 and
A > () sufficiently large so that

) A2 2
ERQ, W) < 360 . 0

Proposition 6.3. There exists a constant A > 0 sufficiently large, some small parameters o << 8 < Si+1
fork =1, 4 and €y > O sufficiently small such that, if for any 0 < € < € the solution W = (u, v)” to
the Cauchy problem (1-5)—(1-6) satisfies the a priori bounds (2-5)—(2-7) in the hyperbolic region jffizl?so]
and the global exterior energy bounds (2-1) in the exterior region 2%, then it also satisfies the enhanced

energy bound

EP (s, W) < A%*s*%, 52, 50]. (6-8)
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Proof. We start by considering a multi-index y of type (n, k) with k <n <5 and compare the equation
satisfied by W = (u”, v)7 with the linear inhomogeneous equation (3-1)

Oe W +udjW =F" —F), (t,x,y) eR'""7 xS,

so applying Proposition 3.3 with W =W” and F = F” — Fg we derive the inequality

S
EM(s,w) < EM(2, wV)+/ |9wy|2+|ayw7|2dzs+f IFY = F |12, m E™ (x. W)/ d. (6-9)
<100[2,5] 2 :

The integral over the boundary %i; 4] is finite and small as a consequence of the exterior energy estimate
(4-15). The pure zero-mode interactions with null structure and the pure nonzero modes interactions have
been already examined; see estimate (6-7). The contributions to the source term F? — Fg that have not
been estimated yet are the following types of quadratic terms:

AW - 9w for |yi| + |2l < Iyl
ug' - ;W for [yi|+|yal =1y l. Iy2l <lyland y1 = (0, B).

From the pointwise bounds (5-1) and (5-3) we immediately deduce

—3/2 i 1/2
Do 1AW W2 ey S CoeT B ER (r, W),
Vil+ly2l=lv|

The products ug' -83 W72 with y; = (0, B;) and such that "' =Z Prisa pure product of Klainerman vector
fields are estimated separately depending on the values of y; and y,. Let k; := |y1]. Then ky + |y2| =n
and k| < k and we distinguish the following cases:

e When k; =n and |y,| = 0 we have k = n and use the pointwise bound (5-13) and the conformal energy
bound (6-1) to derive

llug)! ’3}2»W||L2 ey S (t/7)0, w”LQLOO()i”‘")EZ ml(f Wo)'/? < erp i,
e Whenk; =n—1and |y»| =1 we have n — 1 <k <n and use (5-15), (5-16), (6-1)
g B9 2 my S NG/ VDT L2 0 my By (x, W) /2 S 2 kit

e When k; =n —2 and |y;] =2 we have n — 1 < k < n. This case only appears when 3 <n <5. If
27 ={32,0Z) orif 27> =93Z and n =4, 5 we apply (5-3) and (6-1):

lub! -0 2Wy2||L2 NEZOPS ||(f/f)32Wy2||L2L°°(/fm)En (T, Wo) /2 S g Itmatds,
while if 272 = 9Z and n = 3 (in which case k = 2) we use (2-6) and (2-7):
g - O3W2 12 (imy S 1 Zutoll e my ESYy (T, W)V2 S 227107400,
e Whenk;=1and |yp|=n—1forn= 4,5, the a priori bounds (2-6) and (2-7) give

2 1/2 2 —1 )
||l/lgl . ByWVZHLz (,-/fm) ~ ||Zu0||LOO(/fln)En k— I(T W) / < € TO+ok- l



GLOBAL WELL-POSEDNESS FOR A SYSTEM OF QUASILINEAR WAVE EQUATIONS ON A PRODUCT SPACE 2073

and in the last case k; =2, |y»| = 3 — which only appears when n = 5 — the bounds (2-6) and (6-5) yield
- 92w | 12,06 S 1Z2ul g imy Eif'y o (T, W)'/? S €277 1H2%2,

Choosing appropriately o < 8; < 81 for k =1, 4 so that 84 is bigger than some linear combination
of o and §; with j <k, we then obtain

g - 03w 12,06 S €210
with an implicit constant that depends on A and B. The same bound holds then true for F?” — Fg SO
plugging it into (6-9) together with the exterior energy estimate (4-15), and the a priori energy bounds

(2-6), gives us
2.2

in in CCye 23 1428
E5 (s, W) <CEs5 (2, W)+ 7 + A“Ce’t kdt.
2

The end of the proof follows finally by choosing appropriately the constants A and €. (]
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