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ON THE ENDPOINT REGULARITY IN ONSAGER’S CONJECTURE

PHILIP ISETT

Onsager’s conjecture states that the conservation of energy may fail for three-dimensional incompressible
Euler flows with Holder regularity below % This conjecture was recently solved by the author, yet the
endpoint case remains an interesting open question with further connections to turbulence theory. In
this work, we construct energy nonconserving solutions to the three-dimensional incompressible Euler
equations with space-time Holder regularity converging to the critical exponent at small spatial scales and
containing the entire range of exponents [O, %)

Our construction improves the author’s previous result towards the endpoint case. To obtain this
improvement, we introduce a new method for optimizing the regularity that can be achieved by a convex
integration scheme. A crucial point is to avoid loss of powers in frequency in the estimates of the iteration.
This goal is achieved using localization techniques of Isett and Oh (Arch. Ration. Mech. Anal. 221:2
(2016), 725-804) to modify the convex integration scheme.

We also prove results on general solutions at the critical regularity that may not conserve energy. These
include a theorem on intermittency stating roughly that energy dissipating solutions cannot have absolute
structure functions satisfying the Kolmogorov—Obukhov scaling for any p > 3 if their singular supports
have space-time Lebesgue measure zero.

1. Introduction

We consider the endpoint regularity in Onsager’s conjecture for the incompressible Euler equations
on R x T3, which we write in conservation form as

'+ V;wv) +Vip =0,

, (E)
Vjv! =0,

using the summation convention for summing repeated indices. We are concerned mainly with weak
solutions to the incompressible Euler equations, which are defined most generally as a locally square-
integrable vector field v (called the velocity field) and scalar function p (called the pressure) that together
satisfy (E) in the sense of distributions.

Onsager’s conjecture states that for any Holder exponent o < % there exist periodic weak solutions
to the three-dimensional incompressible Euler equations that belong to the Holder class v € L{°C¢ and
fail to conserve the total kinetic energy % ng lu(t, x)|> dx. The endpoint case of the conjecture is that
the same statement should hold for o = % The above statements originate from [Onsager 1949] on the
statistical theory of hydrodynamic turbulence, where he postulated that dissipation of energy may occur
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in the absence of viscosity! through the mechanism of an energy cascade modeled by the incompressible
Euler equations.

Onsager’s argument predicts that such energy dissipation should be possible for incompressible Euler
flows with regularity exactly % Specifically, Onsager argued that the energy cascade occurring in a
turbulent flow will result in an energy spectrum with a statistical power law consistent with exactly the
(Besov or Holder) regularity % in the inertial range of frequencies, which agrees with the scaling laws
of turbulence predicted by Kolmogorov’s theory [1941]. (See also [De Lellis and Székelyhidi 2013a;
Eyink and Sreenivasan 2006] for more detailed reviews of these statements and computations.) On the
other hand, Onsager asserted that conservation of energy must hold for every incompressible Euler flow
veLXCy(I x T3) with Holder regularity « strictly above % A strengthening of this latter assertion was
proved in [Constantin et al. 1994] after initial work in [Eyink 1994], with the sharpest known result being
that conservation of energy holds for weak solutions in the Besov class v € L?B31 / :0 v [Cheskidov et al.
2008]. These results leave open the possibility that energy dissipation as considered by Onsager may
be possible for solutions to incompressible Euler with exactly the critical regularity % (e.g., for weak
solutions in the class v € C,C ,lc/ 3), while the construction in [Eyink 1994] of initial data with critical
regularity and nonzero energy flux provides further evidence that dissipation of energy for weak solutions
at the critical regularity should indeed exist.

The existence of weak solutions to incompressible Euler equations in the class v € L®C*(R x T°)
that fail to conserve energy has been established by the author for all & < % in [Isett 2018]. The solutions
are constructed using the method of convex integration, which was first introduced to the incompressible
Euler equations by De Lellis and Székelyhidi [2009; 2013b; 2014] and was further developed towards
improved partial results towards Onsager’s conjecture in [Buckmaster et al. 2015; 2016; Isett 2017a]. The
proof in [Isett 2018] relies also on the use of Mikado flows introduced in [Daneri and Székelyhidi 2017]
to implement convex integration in combination with a new “gluing approximation” technique.

In the present work, we improve upon the result in [Isett 2018] to construct solutions with borderline
regularity that approaches the endpoint case at small length scales while failing to conserve energy. Our
main result is the following.

Theorem 1.1. There exists a weak solution (v, p) to the incompressible Euler equations that has nonempty,
compact support in time on R x T and belongs to the class v € Ne<1 ;€ i x- Moreover, one may arrange
that v also satisfies an estimate of the form

v(t, x + Ax) — v(z, x)| < C|Ax|!/3~B+/Goglog|Ax|™h)/og|Ax|1) (1)
for some constants C and B and for all (t, x) € R x T? and all |Ax| <1072,
The theorem is significant for the following reasons:

e Theorem 1.1 demonstrates how close the method of convex integration can come to achieving the
self-similar L° Ci/ 3 regularity that corresponds to the Kolmogorov theory.

1A related and important open question is whether such energy dissipating solutions arise as zero viscosity limits of solutions
to the Navier—Stokes equations.
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o The theorem is the first result proved by convex integration that approaches the endpoint regularity and
avoids the strictly positive gap in regularity from the endpoint faced by previous results. In particular, we
have that v € (,_, /3 C7, rather than having regularity bounded strictly below the limiting exponent (i.e.,

1 —
v e C,’f’ ¢ for some € > 0).

e The proof of Theorem 1.1 is based on a new algorithm that optimizes the regularity coming from
a convex integration construction, which may be useful for future numerical simulations of convex
integration solutions. This algorithm also apparently identifies an evident barrier towards achieving the
endpoint regularity exactly using the convex integration method.

e The proof of Theorem 1.1 clarifies which techniques in the literature yield the sharpest regularity.

The constant B, which determines? the rate at which the regularity % is approached at small scales, can be
taken to be B = 2@ 4 0(1), and this bound can be improved to B = %‘ + 0(1) by combining our methods
with the approach to the gluing approximation taken in [Buckmaster et al. 2019a] (see Sections 11-12
below). For comparison, note that inequality (1) with

o (,/ —log log [Ax] 1) replaced by O (—1 )
log |Ax|~! log |Ax|~!
would correspond to exactly the endpoint regularity L;°C ;/ 3,

The algorithm we develop to prove Theorem 1.1, presented in Sections 11-12, is the main novelty
of our paper relating to the construction of solutions. Later on we will discuss theorems that elaborate
a general theory of endpoint solutions. We expect that our algorithm can be adapted to give similar
borderline regularity results in any known convex integration construction of Holder-continuous solutions
in which loss of powers in the frequency in the estimates can be avoided. In particular, the method is
likely to generalize to isometric embeddings as in [Conti et al. 2012] (but not [De Lellis et al. 2018]), to
nondegenerate active scalar equations [Isett and Vicol 2015], to the two-dimensional Monge—Ampere
equation [Lewicka and Pakzad 2017], and to the surface quasigeostrophic (SQG) equation [Buckmaster
et al. 2019b]. In these cases, there is no logarithmic loss in the main lemma and the loglog |Ax|~! term
appearing in (1) should be replaced by a large constant. (In the present case, the gluing technique gives
rise to a logarithmic loss.) It is hopeful that our algorithm for optimizing the regularity may also be useful
for potential applications to simulating convex integration solutions.

To achieve solutions with borderline regularity, it is necessary that the proof avoids losses of powers
of the frequency in the estimates of the iteration scheme. An important point in this regard is that the
approach to the gluing construction taken in [Isett 2018] obtains estimates that lose only a power of
the logarithm of the frequency. These estimates require extending the timescale of the gluing beyond
the standard timescale in the local existence theory for incompressible Euler, which would be inversely
proportional to some C* norm of the initial velocity gradient. (We note in contrast that the approach taken
in [Buckmaster et al. 2019a] leads to loss of powers in the frequency at several points in the proof. These
occur both in the gluing and convex integration in parts of the proof where local well-posedness theory,

ZNote that changing the value of B in (1) corresponds to an inequivalent norm.
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Schauder estimates and Calderén—Zygmund commutator estimates are employed.) Still there is one point
in the proof in [Isett 2018], which occurs during the convex integration step, where one encounters a
loss of powers in the frequency, and it is necessary to modify the convex integration part of the proof to
obtain our borderline result. This loss of powers occurs specifically when solving the divergence equation
V;R/¢ = U* for a symmetric tensor R/*.

To avoid this power loss, we adapt the strategy of [Isett and Oh 2016b] for localizing the convex
integration method, which relies on two main modifications to the construction to gain the necessary
estimate. The first point is to modify the construction using waves that are localized to small length
scales and are each forced to obey the conservation of angular momentum in addition to the conservation
of linear momentum. The second point is to make use of a family of operators developed in [Isett and
Oh 2016b] that give compactly supported, symmetric solutions to the divergence equation when the
necessary conditions for solving the symmetric divergence equation are satisfied. In combination, these
modifications allow one to avoid the loss of powers in the frequency that had been present in [Isett 2017a]
while enabling the authors to extend previous work of [Isett 2017a] on (% — e)-Hélder Euler flows to the
nonperiodic setting of R x R3. Here we adapt these ideas to the present scheme to achieve an analogous
improvement in our bounds. We note that it is important for this gain that we rely on the approach to
the nonstationary phase estimate based on a parametrix and nonlinear phase functions introduced in
[Isett 2017a].

Obtaining the endpoint case of Onsager’s conjecture will require further new ideas, and it is of interest
to study the behavior of potential energy nonconserving solutions with endpoint regularity and possible
approaches to constructing them. A convex integration approach to the endpoint regularity would be
possible if something sufficiently close to an “ideal” main lemma can be proven where one has neither
logarlthmlc nor loss of powers in the frequency and the constant in the frequency growth is equal to

=1 (as in a remark of [Isett and Oh 2016b]) or approaches C=1 asymptotically at a rate such that
Z . log Cty converges.

Such a construction appears to be presently out of reach; however, it may be considered favorable
that convex integration constructions are able in general to yield solutions whose singularities occupy
regions of space with positive volume. As the following theorem demonstrates, singularities with positive
Lebesgue measure are necessary for any energy nonconserving solution with critical regularity to exist
provided the integrability exponent for this regularity is greater than 3.

Theorem 1.2 (intermittency theorem). A weak solution (v, p) to incompressible Euler on I x T4 or I x R4
that dissipates or otherwise fails to conserve energy cannot belong to an endpoint class v € L} B, '~ 2N L2

with an integrability exponent r > 3 if its singular support has space-time Lebesgue measure zero.

Here singular support is in the sense of distributions — the closed set whose complement is the largest
set on which v is locally C*°. In fact, the precise theorem we obtain is a sharper result where singular
support is improved to singular support relative to the conservative Onsager critical space LI3B31 / 63(,\‘) —
that is, the closed set whose complement is the largest open set on which v is locally represented by an

LEB;G(N) function (see Section 3).
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Theorem 1.2 has a special significance in terms of intermittent scaling exponents in turbulence. The
K41 theory [Kolmogorov 1941] predicts a scaling law of the form ([v(x + Ax) — v(x)|?)1/P ~ |Ax|'/3
for absolute structure functions (the Kolmogorov—Obukhov law), which mathematically corresponds
to B ,],/ go control of the velocity field. The idea that “intermittency” (deviations from self-similarity and
homogeneity) in the energy dissipation and singular structure of turbulence can lead to the failure of
this scaling law for p # 3 was first attributed to Landau by Kolmogorov in the 1940’s (see [Frisch 1991,
Section 5]). Moreover, experimental studies have found evidence of such intermittency in the energy
dissipation of turbulent flows accompanied by deviations from the Kolmogorov—Obukhov law arising from
a multifractal structure [Meneveau and Sreenivasan 1987; 1991; Meneveau et al. 1990]. Theorem 1.2 and
its proof provide a rigorous sense in which lower dimensional singularities or energy dissipation in fact
logically imply deviations from the Kolmogorov—Obukhov law, thus reinforcing the experimental findings.

Theorem 1.2 is a consequence of two facts that are also new remarks in the literature, which are a local
version of the sharp energy conservation criterion in [Cheskidov et al. 2008] and a result on integrability
of the energy dissipation measure (see Theorems 3.1 and 3.2 below). One would most likely expect that
energy nonconserving solutions exist for the entire spectrum of endpoint spaces above, including the
endpoint case of L°C ;/ 3. For a more precise formulation of Theorem 1.2, we refer to Section 3. We
also note the works [Buckmaster et al. 2021; Cheskidov and Shvydkoy 2014; 2023; De Rosa and Haffter
2023; Luo and Shvydkoy 2015; Novack and Vicol 2023; Shvydkoy 2018] for further mathematical results
related to intermittency.

In addition to having the endpoint regularity, Onsager’s paper [1949] describes Euler flows that
furthermore have decreasing kinetic energy. Related to this point, we state the following Theorem.

Theorem 1.3. If (v, p) are a weak solution to (E) on I x T4, d > 2, withv e C, C;/3 (or more generally
withv € C,B31’/O30) then the total kinetic energy e(t) = fw %lv(t, x)|2dx is C' in time.

Theorem 1.3 implies that the task of finding an energy dissipating solution in the class v € C,C;/ 3

can be reduced to finding any example of a solution in this class that fails to satisfy energy conservation.
Such a solution would have total kinetic energy that is either strictly increasing or strictly decreasing
on some open interval of time. After possibly reversing time one obtains a solution with a decreasing
energy profile on an open interval. For o < %, the existence of energy-dissipating solutions in C;CY was
proven in [Buckmaster et al. 2019a] by introducing an additional idea in the convex integration part of the
proof to prescribe the energy profile of the solutions. We expect that this technique® should be possible to
extend to the class described by (1) for example by modifying the statement of our main lemma in a way
similar to the analysis in [Isett and Oh 2016b; 2017].

The proof of Theorem 1.3, presented in Section 2 below, suggests that the failure of energy conservation
for solutions in the critical space v € C,C ;/ 3 should be very common. The proof reduces the existence of
an energy-dissipating solution to solving the Euler equations with appropriate initial data in the desired
critical space for a short time. However, one must be cautious that the Euler equations are ill-posed

3 A related technical point is that the approach to prescribing the energy profile in [Buckmaster et al. 2019a] involves requiring

the stress tensor R/¢ to be trace-free in addition to being symmetric. It is also possible to prescribe the energy profile without
imposing the trace-free requirement on R/ t. see [Isett and Oh 2016b; 2017].
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in C;C¢ orin C; Bg’" o forall @ < 1, as has been shown in [Bardos and Titi 2010; Cheskidov and Shvydkoy
2010], which presents a significant difficulty for constructing solutions in these spaces. Complementing

these negative results, our proof of Theorem 1.3 yields as a byproduct a necessary condition for a given
1/3

3,00

With regard to energy dissipation and solving the Cauchy problem, a natural question is whether there

divergence-free vector field to be the initial datum of a solution in the class v € C; B

is a simple, Onsager-critical function space in which local dissipation of energy is guaranteed along with
total kinetic energy dissipation if one can solve the Cauchy problem in that space with the appropriate
initial data. A simple criterion of this type is provided in Theorem 3.3 of Section 3A. The regularity
condition imposed to maintain local dissipation in this criterion is notably stronger than that assumed
to control total kinetic energy in Theorem 1.3, as our Theorem 3.3 involves solutions in the function
space C;C ;/ ? rather than assuming only Besov regularity in space.

We now summarize the organization of the paper and the proof of our borderline result, Theorem 1.1.
The general theory of endpoint solutions, including Theorems 1.2-3.3, is contained in Sections 2-3A. We
then summarize notation for the main body of the paper in Section 4. Sections 5—10 contain the main
lemma of the paper and our modification of the convex integration construction of [Isett 2018]. These
sections assume familiarity with the convex integration construction in that paper. Section 11 explains the
proof of Theorem 1.1 using the main lemma, and presents our new method for optimizing the regularity in
a general convex integration scheme. Section 12 outlines how to combine our methods with the approach
to the gluing approximation taken in [Buckmaster et al. 2019a] to improve the rate of convergence to the
critical exponent in the estimate (1).

2. Regularity of Kkinetic energy at the critical exponent

We start with a proof of Theorem 1.3 on the C! regularity of the kinetic energy profile for solutions of
class C; B31/O3O In the next section we prove Theorem 1.2. We will use the summation convention for
summing repeated upper and lower spatial indices, so that vfv, = |v|? and Vv’ = div v.

The proof of Theorem 1.3 is an extension of the argument of [Constantin et al. 1994] for proving energy
conservation for weak solutions in the class v € Lf B3] / so+€ and of a remark in [Isett 2023] on the endpoint
case. Namely, suppose that (v, p) is a weak solution to (E) with velocity of class v € C; Bgl/ 030(1 x T9),
d > 2, with I an open interval. Let 7. be a standard mollifier in R at length scale ¢, and let vl = * v
denote the mollification of v in the spatial variables. Then, as in [Constantin et al. 1994], one has (using
v € C,L?) that

d |v[?(z, x) d |vel*(1, x)

a = lim & =_1i V; RJ* 2
i ). dx lim = g 5 dx lim » i(ve)eRI (2, x) dx, (2

RI“(t, x) == 0! (£, X)vi(t, x) — ne * (W VO)(t, x),

where the convergence in (2) holds in D’(I). (See [Isett and Oh 2016a, Proof of Theorem 2.2] for a
detailed presentation of this point.) The rightmost term in (2) gives rise to the family of trilinear forms
Tc[v, v, v]@®) = fw V; (ve)gRée(t, x) dx that satisfy, uniformly in €, the bound

| Telu, v, wll@) S Nlut, i o, s w s, (3)
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by the commutator estimate of [Constantin et al. 1994]. Using (3), we have that the family of functions
Tc[v, v, v](¢) are both uniformly bounded and equicontinuous on every compact subinterval of /, as they
satisfy

| Telv, v, V1) = Telv, v, v](0)| S vl -) —vlto, )l 13 ||v||2C ISIEX
3,00 1923 0

and their moduli of continuity can therefore be bounded uniformly in € in terms of the modulus of
1/3
3,00 3o
in (2) is actually uniform-in-f on every open interval J with compact closure in /, as the weak limit

continuity of v(¢, -) into B (T4) and local bounds for |Jv(z, -)|| B3 - Consequently, the convergence
in D’'(J), which is unique, must also be achieved uniformly along subsequences by Arzela—Ascoli. (If the
convergence were not uniform, there would exist a subsequence converging uniformly to a continuous
function different from (2), which contradicts the weak convergence.) The energy flux in (2), a priori
in D'(I), is thus continuous in ¢ on 7, and the kinetic energy profile is therefore C! in ¢ on 1.

Note that one would typically expect the energy flux given by the right-hand side of (2) to be nonzero
at any given time fy for a vector field with v(ty, - ) € C;/ 3, as examples of divergence-free initial data
vo(x) € C'/3 for which this limit can be positive are given in [Cheskidov et al. 2008; Eyink 1994].

We note also that our argument provides a necessary condition for a vector field vg(x) € B31/ 030
to be realized as the initial datum of an Euler flow in the class v € C, B31 / ;, which is that the limit
lim¢_. o T¢[vo, vo, vo] on the right-hand side of (2) must exist and must also be independent of the chosen
mollifying kernel 7, so that the instantaneous rate of energy dissipation is well defined at time 0.

We now turn to the proof of Theorem 1.2.

3. Singularities of dissipative solutions with critical regularity

We now establish Theorem 1.2 on the necessity of positive measure singularities of Onsager critical
solutions with integrability exponent p > 3 that do not conserve energy, which is an immediate consequence
of Theorems 3.1 and 3.2 below. Both theorems are stated in terms of Besov spaces whose basic properties
we recall within the proofs. We state the first Theorem 3.1 in a sharp, critical space to make clear the
severity of the singularity that is implicitly discussed in Theorem 1.2.

Theorem 3.1. Let (v, p) be a weak solution to the incompressible Euler equations of class v € L?’ L on
I xTor I xR, with I an open interval. Then the distribution

—D[v, pl =8 (3Iv1*) + V;((31v* + p)v?)
has support contained in the singular support of v relative to the critical space Lt3B31 /630 -

Here we define the singular support of v relative to the space LE’B31 /30 (v to be the complement of those

points g = (¢, x) for which there exists an open neighborhood O, of g on which v is represented by a
distribution of class L,3BS1 ’/ci(N). We recall the standard characterization of the B,l, /3 norm of a vector field
on an open set © in RY, which is given by [v]| 1) + SUPpcpd\ (0) |~ Y3 v —h) —v(- MLy @n@+hy)

and we also recall that C°°(2) is dense in Br1 i,?)(N)(Q) with respect to the Br,oi norm. It is clear that the

singular support of v relative to L?B31 /Ci(N) is a subset of the usual singular support of v as a distribution.
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Related restrictions on the support of D[v, p] under different hypotheses and with different proofs are
given in [Cheskidov and Shvydkoy 2014, Theorem 4.3], [Drivas and Nguyen 2018, Theorem 1] and
[Bardos et al. 2019, Theorem 3.1].

Our second theorem asserts that weak solutions of class v € L} Brl/oz for integrability exponents r > 3
possess integrability for their corresponding energy dissipation measure D[v, p]. The assumptions are
given in a way that is sufficient for our application to proving Theorem 1.2.

Theorem 3.2. Let (v, p) be a weak solution to incompressible Euler of class v € L} B,I{% for somer >3
on I x T4 or I x R?, with I an open interval. Then the distribution D[v, p] above is a (signed) measure.
If furthermore r > 3, this measure is absolutely continuous with respect to the Lebesgue measure, and its

. e 3
Radon—Nikodym derivative is of class D|v, p] € Lf/ .-

It will be clear that the proof of Theorem 3.2 does not give absolute continuity in the case r = 3.
For example, the proof would apply to many other equations such as Burgers’, where shock solutions
give examples of L?OB;/; solutions for which the corresponding energy dissipation measure is not
absolutely continuous. There also exist time-independent divergence-free vector fields demonstrating that

our approach would not yield absolute continuity in the r = 3 case.*

Proof of Theorem 1.2. Let us observe now that Theorem 1.2 follows from Theorems 3.1 and 3.2, focusing
on the case of I x RY. Namely, if a weak solution (v, p) is of class v € Lix N L,Z’x and does not
conserve kinetic energy (meaning that the distribution e(z) := % fRd |v|?(z, x) dx is not a constant), then
the distribution D[v, p] is well defined and cannot be the O distribution. This statement can be checked
by verifying that, for any test function » € C2°(I), by dominated convergence one has

(W (1), e O)pay = (Y (@) xr(x), —Dlv, pl) (1 xr)

lim

R— o0

= —/1///(1‘)6([) dt
I

= — lim [w/(t)XR(x)ﬁ—i—l//(t)VjXR(x)(ﬁ—l-p)vj] dtdx,
R—00 J [ xmd 2 2

where yxg(x) = x(x/R) is a rescaled bump function that is equal to 1 in a growing neighborhood of the
origin that encompasses the whole space as R — oo. We use here that (%lvl2 + p) v/ and %|v|2 are both
in L}’X(I xR¥)asv e Lf’x ﬂL?’x and p= A1V, V,(v/vh) € L?’/XZ by Calderén-Zygmund theory,” which
implies that A~! V; Vg acts as a bounded operator on L?ﬁ/xz mapping two-tensors to scalars. In fact the
weaker condition (1 + |x])~! (%Ivl2 + p)vj € L}’x suffices for this proof.

For a solution of class v € L} B,léi with r > 3, we have by Theorem 3.2 that D[v, p] is of class Lf/f
For D[v, p] to be nonzero, the support of D[v, p] as a distribution must then occupy a closed set with
positive Lebesgue measure. From Theorem 3.1, the nontrivial support of D[v, p] gives a lower bound for

the singular support of v as a distribution, which implies Theorem 1.2. O

4R. Shvydkoy, personal communication.
SThe case of T4 appears to be less standard than the R? case but can be deduced from the R¥ case using the local Calderén—
Zygmund theory in R< as in [Wang 2003]. See, e.g., [Isett 2017b, Proof of Theorem 6.2].
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We now prove Theorem 3.1 along with Theorem 3.2. The proof is a local version of the energy
conservation criteria of [Cheskidov et al. 2008; Constantin et al. 1994]. The observation that the proof of
energy conservation in [Constantin et al. 1994] can be localized is originally due to [Duchon and Robert
2000] and has recently been of use to several authors in the context of bounded domains [Bardos and Titi
2018; Bardos et al. 2019; Drivas and Nguyen 2018]. Some issues that are not central to our goals here
have been avoided as our hypotheses suffice to guarantee p = A1V, V,(v/vt) € Li/xz. The norms and
function space in what follows refer to the entire space I x T¢ or I x R unless otherwise stated. We will
focus on the R? cases in what follows as the results for T¢ follow from the same proofs.

Proof of Theorems 3.2 and 3.1. Let (v, p) be a weak solution of class v € L{B,l,/oi N Ltz’x for some r > 3.

Then

vel;, ﬂLtz’x and p=A"'V;V,(v/v") € L;/XZ
by Calderén—Zygmund theory as before. The key formula we use is the analogue of the formula from
[Duchon and Robert 2000] involving the commutator of [Constantin et al. 1994]:

=DIv. p1= 3, (H0) + Y, [(bIoP + p)o’] = lim V,vec R “@
R = ne % (v/0) —vlv?,

where vf = ne * v® is a standard mollification of v in the spatial variables at length scale €, and the

limit (4) holds for any fixed test function on I x R or I x T¢.
We first prove Theorems 3.2 and 3.1 assuming (4). By Holder’s inequality with 3/r =1/r +2/r and
the commutator estimates of [Constantin et al. 1994], one has the following bound uniformly in €:

. jt . je —1+1/3 je
IVjvee RN < 1950l IR e S € Pl s IRZN o

—1+1/3 2/3 1,112 3
STl eI, s SV, s ()
The sequence V;ve, R'Ei % is therefore uniformly bounded in L;/ x3 independent of € > 0.

As a consequence, using r > 3, the weak limit D[v, p] =lim_,( V; vEgRgé is a Radon measure. That
is, by (5) and Holder’s inequality (with the characteristic function of K as one of the factors), for any
compact set K and any test function ¢ (¢, x) supported in K, one has

(@, DIv, Pl < Crliglicollvl, pis -

Moreover, for r > 3, the measure D[v, p] is absolutely continuous with density function in L;/ x3 by
the duality characterization of the latter space, thus confirming Theorem 3.2. Namely, if s € (1, 00) is the
dual exponent with 1/s +3/r = 1, we have

(6. DIv. Pl < Clillzg, VI3, s

From the density of test functions in L}

3 t,x°
space L1/,

we have that D[v, p] is in the dual of L _, which is the

£,x°
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The proof of Theorem 3.1 is more subtle as the statement concerns the function space L,3B31 /j) (v and is
more local in nature. In particular, our approach is local as compared to the Fourier-analytic approach of
[Cheskidov et al. 2008]; the details in the presentation below are similar to those of [Isett and Oh 2016a].

Let v e Lf’x be a weak solution, so that p € L,3’/x2, and let ¢ be a point in the complement of the

singular support of v relative to L?Bg’/;(N). That is, there is an open neighborhood of ¢ that can be
taken to have the form J x B, with J a finite open subinterval of I and B, a spatial ball such that
Ve L3 31/630(,\])(] x By). Let ¢ € CX°(J x By) be a fixed test function and B/ C B, be a smaller spatial

ball such that supp¢ € J x Bé From (4), we have

@.~Dlw.ph=tim [ [ ¢0.x0V0R! dxar,
e—>0 J B£/1

where by assumption v € L3 31/630(,\1)(] x By). Then as in the proof of (5) one has that
(¢, —D[v, pl)| <limsup [|¢]|co / IV, sy IR (1 ) | Ly dt (6)
e—0 J
and that the dt integrand is bounded uniformly in € by C ||v(t I3 B! (B,)" which is integrable over J.
Moreover, for almost every ¢ € J, one has that v(¢, -) € B belongs to the closure of C*°(B,) in
the Bl/ 3 norm. For each such t, the improved bound

limsupe' ™| Vo (e, )35 =0
e—0
holds, as can be seen by a smooth approximation argument. Combined with ||R£ t (@, L3 B) = Ce?3
on the same set of #, we have the convergence to zero for almost every ¢ in (6), which implies the limit
in (6) is zero by the Lebesgue dominated convergence theorem.

The last remaining point is to justify the limit in (4) for any fixed test function, which we prove using
the definition of a weak solution following details similar to [Isett and Oh 2016a]. Let (v, p) be a weak
solution of class v € Lf’x, so that p € L,3’/x2 on I x R? as before. Let ¢ € C2° be a test function on I x R?
and Vj be an open set with compact closure in / x R? that contains supp ¢. Let n.(h) = e n(h/€)
and ¢5(t) = 8~ '¢(t/8) be even mollifying kernels in the space and time variables, respectively, with
respective supports supp 7. < B.(0) in R? and supp ¢s S Bs(0) in R. Define ns(t, h) = 5(t)ne (h) and
the vector field a)f s = Nes * (Pnes * v?), where the convolution is in both space and time. We will write #,
or *; to mean convolution in only the space or time variables. Taking a)f s as our test function in the weak
formulation of Euler (i.e., multiplying the equation and integrating by parts) gives

— / d[vfaznea 5 (PNes * Vo) + IV Vines % (Tes % ve) + PV nes * (Pnes * ve) 1 dx dt = 0.
I xR

Using the self-adjointness of 7¢s#* and the divergence-free property of 1. * v*, one obtains

[Mes % v°|? i€ 1
- ) 3z¢(l,x)T+(v' UV )Nes * Vil@dnes x vl + pnes * (V- dnes x ve) | dx dt =
I xR
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Asve L?’x N L?’X(Vd)) and p € Li/xz(Vgt,), we may safely let § — 0 at this point with € > O fixed using
uniform-in-6 boundedness of the convolution operators in the formula (including the operators V;n¢;s* that
t > vli=ncxvtin L2 NL7 (supp )
for each fixed € > 0. Taking the § — 0 limit, we may replace each appearance of nes* = ne *y [{5 *; - ] in

appear from the product rule) and the strong convergence of n¢s*v

the formula with nx*,, which we now write more simply as 7¢* := 1¢*,.
Using the self-adjointness of n.* and the divergence-free property of vf, which are justified by the
same limiting argument, one then obtains

Inesvt|? |ve|? j j it
— 0P (t,x)————+Vp(t,x) vl +nexpv! ||dxdt = ¢, x)Vjvee R dxdt+Z.,
IxR4 2 2 IxRd

Ze = / Vj¢R£€Uegdxdl‘.
I xRd

Note that the left-hand side of the first equation tends to exactly (¢, —Dl[v, pl)p/(1xre) as € = 0, using
that v/ = ne % v* — v®in L} N L7 (V) and that p € L /2 again. Thus formula (4) will be proven once
it is shown that lim._, ¢ Z, = O

To this end, write R] in terms of bilinear operators R] = B.[v/, v'], where the operators B, are
defined for smooth u’/ and w* by B. [ul, w']:= Ne * (u’ wb) — Ne * U ne w®. One has then that

IBelu, will 32y, — 0 ase—0

whenever u/ and w' are smooth vector fields on I x R?, and that
||B€[u’ w]||L3/2(V ) — C‘”M”L3 ||u)||L3 (])(Rd)

uniformly in € > 0. Combining these properties and using the density of smooth vector fields in
L} (I x RY), we obtain that || R! “ L)
inequality with v, bounded in L3’ (V¢) Il

— 0 as e - 0, and Z, — 0 as well by applying Holder’s

32

3A. Stability of local energy dissipation in a critical class. In this section we prove Theorem 3.3, which
provides a simple function space criterion from which one can deduce local dissipation on an open interval
of time from local dissipation at time 0.

Theorem 3.3. Let ¥ be a divergence-free vector field of class v € C'/3(T?) for which the local energy
dissipation is everywhere bounded by a strictly negative constant. Then any weak solution (v, p) of class
v e C,C'3(I x T?) that obtains the initial data v must satisfy the local energy inequality D[v, p] < 0 on
some open time interval containing t = 0.

The precise condition on the initial data v will be specified in line (8) of the proof below.

Proof. Let v be as above and let (v, p) be a weak solution to the Euler equations of class v € C;C 1B(IxTY
on an open interval of time containing t = 0 with initial data #(x). Let I be an open subinterval of /
containing ¢t =0, and let ¢ € C§°(I~ x T¢) be a nonnegative test function supported in 7 € I. As in the
previous sections, we have

(¢, D[v, pl) :?L%/;Ad ¢ (t, ) T3[v](1, x)dx dt, Ts[v](t, x) = Vjvs R} (2, x),
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where T; is the trilinear form from Section 2 and D[v, p] is as in the previous sections. We write
(¢, Dlv, p]) = glr%//d @, x)(Ts[v](z, x) — T5[v](0, x)) dx dt
—=0JiJT

+ lim f/ ¢ (t, x)T5[v](0, x)dx dt. (7)
=0 J7J1d
The precise assumption placed on the initial condition v is that

lim 73[v](0, x) = lim Vs RIY(0, x) < —e <0 (8)

in the sense of distributions on T¢ for some constant & > 0. Integrating (8) against the nonnegative test
function

$<x>=f¢<t,x)dr € C™(T9),
1
we have that

second term of (7) < —8/ |:/:¢(t, x) dt] dx.
T4LJT

For a sufficiently small time interval 7, we can obtain the bound

sup || To w11, x) = T3[0)(0, ) | ooy < S
§>0

using that the T are uniformly bounded trilinear forms mapping C'/3 to L*°, the assumption that
vedC C;/ 3 is continuous in time with values in C/ 3, and the commutator estimate of [Constantin et al.
1994] to control the bilinear term. Combining these estimates with the sign condition on ¢ gives

(6. DL, P < 11,1 vy —e/i [ sa.naxa

5—5/ bt x) dx dt
2 1J1d

for all nonnegative ¢ € Cé’o(l~ x T?). This bound shows that D[v, pl < —%8 < 0 as a distribution when
restricted to 7 x T¢, which concludes the proof of Theorem 3.3. O

With Theorems 1.2-3.3 now proven, we turn to the notation that will be used for the remainder of the
paper and the proof of Theorem 1.1.

4. Notation

We will follow the same notational conventions as introduced in [Isett 2018, Section 2]. In particular,
multi-indices will be represented in vector notation. For example, if @ = (ay, ay, a3) is a multi-index
of order |a| = 3, each a; € {1, 2, 3}, then V; = V,, V,,V,, denotes the corresponding third-order partial
derivative operator. We use supp, f to indicate the time support of a function f with domain in R x T3
(i.e., the closed set of times for which {¢} x T3 intersects the usual support).

We recall the definitions of an Euler—Reynolds flow and frequency-energy levels.
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Definition 4.1. A vector field v : R x T3 — R3, function p : R x T3 — R and symmetric tensor field
R/¢: R x T3 — R? ® R3 satisfy the Euler—Reynolds equations if the equations

v’ +V;(v/vh) + Vip = VR,
Vjvj =0
hold on R x T3. Any solution to the Euler—Reynolds equations (v, p, R) is called an Euler—Reynolds

flow. The symmetric tensor field R/ is called the stress tensor.

Definition 4.2. Let (v, p, R) be a solution of the Euler—Reynolds equation, E > 3 and ¢, > eg > 0 be
positive numbers. We say that (v, p, R) have frequency-energy levels bounded by (E, e,, eg) to order L
in CY if v and R are of class C,CL and the following estimates hold:

IVivlco < Elel/? forall 1 <|a| <L,

A

[VaR|lco < E¥leg  forall0<|d| <L.

Here V refers only to derivatives in the spatial variables.

5. The main lemma

The first goal of the paper will be to improve on the main lemma in [Isett 2018], so that we remove the
need for a double exponential growth of frequencies. The main lemma of our paper states the following:

Lemma 5.1 (main lemma). Let L = 3. There exists constants C and C L such that the following holds.
Let (v, p, R) be any solution of the Euler—Reynolds equation with frequency-energy levels bounded by
(2, ey, er) to order L in C°, and let J be an open subinterval of R such that

supp, vUsupp, R C J.

~
=
[

Define the parameter & = E(e,/eg)'/%. Let N be any positive number obeying the condition

N = (ev/ep)"”. ©)
Then there exists a solution (v1, p1, R1) of Euler—Reynolds with frequency-energy levels bounded by
Q12,172
(8¢, el) = (CNE, (log B)eg, (log E)5/2%> (10)
to order L in C° such that
supp, v1 Usupp, R € N(J; E_lev_l/z)
and such that the correction V. = v — v obeys the estimate
IVlico < Crllog 8)' e, (11)

The crucial difference between the main lemma above as compared to [Isett 2018, Lemma 2.1] is
that we do not require any lower bound of the form N > E" for the frequency growth parameter N in
inequality (9). This difference enables us to avoid double exponential growth of frequencies in constructing
solutions as in [Isett and Oh 2016b]. Likewise, the constants Cand C . in the estimates do not depend on
such a parameter 7.
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We establish Lemma 5.1 by modifying the proof of the convex integration lemma, [Isett 2018,
Lemma 3.3], as the proof of this lemma contains the only step in which the assumption N > E7 is used.

6. The improved convex integration lemma

As in [Isett 2018], we will establish Lemma 5.1 by combining a gluing approximation lemma and a
convex integration lemma. In Lemma 6.1 below, we summarize the result of combining the regularization
lemma and the gluing approximation lemma from [Isett 2018, Section 3]. (Here we have renamed the
Euler—Reynolds flow that were (v, p, ﬁ) to be (v, p, R).)

Lemma 6.1 (gluing approximation lemma). There are absolute constants C1 > 2 and &g € (0, 21—5) such
that the following holds. Let (vo, po, Ro) be an Euler—Reynolds flow with frequency-energy levels bounded
by (B, ey, eg) to order 3 in C° such that supp, vo Usupp, Ry C J. Define the parameters

N :=(ey/er)'?, E:=NE = (ey/er)/?E.

Then, for any 0 < & <6, there exist a constant Cs > 1, a constant 6 > 0, a sequence of times {t (I)};ecz CR
and an Euler—Reynolds flow (v, p, R), R=)_ 17 R1, that satisfy the support restrictions

supp; vUsupp, R € N(J; 37! E_legl/z), (12)
2715(log B) 2B e /2 <0 < 8(log B) 2B e /2, (13)
supp, Ry C [t(I) — 56, 1(1) + 36, (14)

U Ui —o.ccy+o1nieth —0.:)+61=2. (15)

I I'#1
and the estimates

lv —vollco < Crey”,
IVivlleo < C1ENE)? 1a)1=1,2,3, (16)
sup [VaR;llco < CsNU4=2+ gl 100 Beg, 1@ =0, 1,2,3, (17)
1

sup ||V (3, +v- V)R;[co < Cs(log E)* Eel/2Blleg, 13 =0,1,2.
1

Our improved convex integration lemma may then be stated as follows.

Lemma 6.2 (convex integration lemma). There exists an absolute constant by such that, for any C1, Cs>1
and § > 0, there is a constant C = 55,C1,C5 for which the following holds. Suppose J is a subinterval of R
and (v, p, R) is an Euler—Reynolds flow, R =), Ry, that satisfy the conclusions (12)—(15) and (16)—(17)
of Lemma 6.1 for some (E, e, eg), some 0 > 0 and some sequence of times {t (I)};cz € R. Also suppose

101lIVulico < bo. (18)

Let N > (e, /eg)'/?. Then there is an Euler—Reynolds flow (vy, p1, Ry) with frequency-energy levels in
the sense of Definition 4.2 bounded by

N N s speer
(',¢. ep) = (CNE (log Byeg. (log )P - (19)
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such that
supp, v Usupp, Ri € N(J; E'e; /%),

~ I~ 1/2
lvr — vllco < C(log &)"2e}/>.

Lemma 5.1 now follows by combining Lemmas 6.1 and 6.2 as explained in [Isett 2018, Section 3].
(Here Lemma 6.1 is applied with (vg, pg, Ro) taken to be the (v, p, R) given in the assumptions of
Lemma 5.1.) The only important difference in the present case is that we have removed the assumption
N > E7 and the constants C and C;, (which can be set equal if desired) do not depend on 7.

We now explain how to prove Lemma 6.2 by modifying the proof of [Isett 2018, Lemma 3.3].

7. Modifying the convex integration

We now proceed with the proof of Lemma 6.2. The construction will be based on the proof of [Isett 2018,
Lemma 3.3] implementing convex integration with the Mikado flows of [Daneri and Székelyhidi 2017],
but modified to adapt the localization strategy of [Isett and Oh 2016b] to our setting.

Let (v, p,R), R=)_ ; R be given as in the assumptions of Lemma 6.2, which are the conclusions of
Lemma 6.1. We will use the symbol < to denote inequalities involving explicit constants that are allowed
to depend on the parameters C;, § and Cs, but never on (E, e,, eg), N, 0, @, etc.

We obtain the new Euler—Reynolds flow (vy, p;, R;) of Lemma 6.2 by adding carefully designed
corrections vf =v'+V*%and p; = p+ P to the velocity and pressure, respectively, and using the resulting
equation for (vq, p1) to construct the appropriate R;. The correction V* will be a sum of divergence-free,

high-frequency vector fields indexed by a set J:

vi=Y"V{, V,Vj=0 forallJeJ.
JeJ
The index J € J will have several components, J = (I, Ji, Jo, J3, f), that together specify the time

interval and spatial location in which V; will be supported as well as the direction in which V; takes
values. Specifically, we choose an even integer I1 € [3E, 6E] N 2Z of size comparable to E and define

J:=Zx Z/NZ? xF, Fi={ej+e:1<i<j<3}

Each V;, J =, J1, J2, J3, ), will be supported in a time interval of length ~ 6 around time 7(/), and

=m—1

initially at time ¢ (/) will be supported in a ball of size ~ E~" around the point
x0(J) =7 (1, /o, J3) € R/2) .

The component f € F specifies which of the #F = 6 directions in R? in which Vf approximately takes
values.

As in [Isett 2017a, Section 12], let v, = n¢ * v be the coarse scale velocity field obtained by mollification
in space at scale €. Let ®; : R x R x T? — R x T be the coarse scale flow (the flow map of v,)

dy(t, x) = (t +5, DL(t, x)), ;—Scbi(t,x):vé(fbs(t,x)), Do (1, x) = (1, x), (20)
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and let I'; : R x T3 — T? be the back-to-labels map associated to v, from the initial time 7 (/):

(B +vLV)T(t, x) =0,

21
C;@e),x)=x. @)

We also define the coarse scale advective derivative D, := (0 +ve - V).
To localize the waves V;, we construct a smooth, quadratic partition of unity initiating from each

time 7(I) that follows the flow of v, and has length scale ~ E~!. The elements of this partition of unity
are functions x (7)) : R x T3 — R that are indexed by (I, [k]) € Z x (Z/T1Z)?, and they satisfy

Z X(ZI,[k])(tv x)=1 foralll €Z, (1,x)eRxT?, 22
[kle(z/N1Z)3

Dixap(t, x) =0 forall (I, [k]) € Z x (Z/TIZ)*, (t,x) e Rx T°. (23)

To construct the initial data for the partition of unity, choose a smooth j : R®> — R with support in
[—%, %]3 such that ) /s %2(h —m) =1 for all h € R, then periodize and rescale to define

Xapn (1), x) 1=y 3 (Mx — [k] — TIm). (24)

meZ3

Observe that x(;,1x))(t (1), x) does not depend on how we represent the equivalence classes of x € (R/ 7)3
or [k] € (Z/T1Z)3, and that (22) holds at time #(I). The same identity holds for all time t € R by (23) and
uniqueness of solutions to the transport equation. Observe also, since 38 < [1 < 6&, that the initial data
for x ik (t(I), -) is supported in a ball of radius 2! around IT~'[k] in (R/Z)3, and satisfies estimates
of the form ||V x iy (t (1), )l co Sjay L

7A. Localizing the convex integration construction. Unlike the scheme in [Isett 2018], our scheme will
involve many Mikado flow based waves at any given time that are supported within overlapping regions.
In general, interference between overlapping Mikado flows would produce error terms that cannot be
controlled for the iteration. We avoid this interference by “threading” the Mikado flows together, so that,
at the initial time, the main terms of the waves V; will have disjoint support. The support then remains
disjoint as the Mikado flows are advected along the coarse scale flow.

To accomplish this construction, let f € F and let [k] € (Z/ 27)3. Choose an ry > 0 and choose disjoint,
periodic lines €7 k) = {p(s,k)) +1f : t € R} that are separated from each other by a distance greater
than 6r¢ in the torus (R/Z)3. Choose smooth functions ¥z} : T° — R of the form (s (X) =
g(dist(X, £(7.1x1)), suppg(+) € [4ro, o], such that

/z Vi (X)dX =0, f3 Vi X dX =1. (25)
T T
With these choices, the functions (7, x}) have disjoint support and have gradients orthogonal to f:

Ve iy (X) f =0, (26)
SUpp (k) NSUpp ¥ 7oy =@ if f # f or [k] # [k] in (Z/22)°.
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Conditions (26) and (25) imply that v 7,141y (X) f tis divergence-free with mean zero, which implies that

6

there is® a smooth tensor field

op .3 3 3
Q(f’[k]).T - R°®R

that is antisymmetric in of and satisfies

Ve sz‘("]*?[k])(X) =Y (X) P, f G [k])(X)dX 0 foralll <o,p<3.

Since all components of the Q?]’? (k) have mean zero on the torus, we can further construct tensor fields

aﬂy 3 3 3 3
(f[k]) T° >R QR QR

also antisymmetric in o, such that

p p A
V88 (0 = Q) (0, / Gl X0dX =0 forall 1 <. .y <3.

For example, we can take

oXBy 1B
Qi = VAT QG -

These second-order potentials will be used to impose local conservation of angular momentum similar to
the use of double-curl form waves in [Isett and Oh 2016b].
For J = (1, Jy, J2, J3, ), let [J] :=[(J1, J2, J3)]. We define the corrections Vf to have the form

VE=VELsVE VE=0ly,x), Wit x) i=Yun O, x)). (27)

The amplitudes v‘} have the same form as in [Isett 2018, Section 13] except they incorporate the partition
of unity y,. In particular, they take values orthogonal to the gradient of the oscillatory functions v, :

v = xule, > Oyt )V HE 1, (28)

supp, e;>(t) C [t(1) — 0, t(1) + 6], (29)
Xs (& x) = X 10,050 x), T =U, I, J2, I3, f),

Vi Ve, =0. (30)

Note in particular that by construction the main terms of each wave have disjoint supports
supp\%ﬂsupp‘%:@ if J K. (31)

Indeed, if J = (Jo, J1, J2, J3, f) and K = (Ko, K1, K2, K3, f') are not equal and Jy # K, then VJZ
and Vfg live on different time intervals. If Jo= Ko =1, one has either f # f' or (J1, J2, J3) # (K1, K2, K3)
mod 2, either case implying supp ¥y Nsupp vx = &, or f = f" and (J1, J2, J3) = (K1, K3, K3) mod 2.
In the last case, one has supp x; Nsupp xx = & unless J = K.

6 ; op -1 -1
'We can take for instance Q(f, k) = VEAT Yy, [k])fﬂ] —vPA s 1
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The correction VJE is made to be divergence-free and to have the form (27) by making Vf the divergence
of an antisymmetric tensor built from the Lie transport of the potentials Q((xf ’[/k]) above:

_ — — — 1/2 S
Vi =272V Vel (VI eV 5T e 2 0y n @571, (32)
1/ 1 B ¢ OB
SV =080 45Q5 4805 45,977,
of . 0B
2 (%) =85, g0 A0

By . OBy
;) =, T,

_ _ — 1/2
8 o 1= A7Vl (VI DAV e 2 (Ova .

(33)
— - — — 2
805y = A7 Va Vel (VI DAV T TS (VE e, 2 (0 v p)-

Note that the main term Vf in (27)—(28) appears when the derivatives V, and V. both fall on ?2‘;’3 Y,
Since VJE has the form VJ@ =V, W?e, where W?e is antisymmetric in af, we have that Vf is divergence-free.

The amplitudes constructed here are related to those constructed in [Isett 2018, Section 13] (which are
indexed by (I, f) € Z x [ and do not involve spatial cutoffs) by the formula

v§=x‘lvf[’f)a J=(Ia J13J27 ]37 f) (34)

This comparison allows us to see that the parameter € = €,, in the mollification of v +— v, can be chosen to
have the same value €, = ¢, N~1/2E2~1 as in [Isett 2018, Section 16], which is based on the requirement

1/2 172
126v €R

500N
Since we have chosen the same parameter in the mollification v — €, as that chosen in [Isett 2018],

v = vellcomax f[[vs ||l co < (log &)

we obtain the same estimates for v.:

Sjag NUA=2+2glal 172 14) > 1, (35)

~

IV vell co

where the implicit constant is equal to 1 for |a@| = 1. From this fact we will see in the following Section 8
that all the remaining estimates for the components of the construction coincide with those in the proof of
[Isett 2018, Lemma 3.3].

8. Estimates for components of the construction
Here we summarize the estimates for the components of the construction, which coincide with those of
[Isett 2018]. The following elementary lemma will be convenient:
Lemma 8.1. For u > 0, an integer M > 0 and for g : T > R, define (for N > 1, E > 0)

, IVagllco
Hyulgl = oI N2 ga (36)
Then, for » > N'?E, we have for any first-order partial derivative V,

Huul}™'Vagl < Huyralgl,

Hy u[27'V,g] < Hy1umlgl
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We also have the triangle inequality Hy ,[g(1) + &2)] < Hy ulg)] + Hu ulg2)] and product estimate

Hy ulgmg@] Su HuulgmlHuulgo)l- (37
All the properties follow quickly from the definition (36). Inequality (37) follows from the expansion

Va(gmge) = Z Cay.ay Va1 8() Vir 82)
|a1|+laz|=lal

the bound
IVa g llco < NU4I=9 28 Hy [g)]
and the inequality (|aj| —u)+ + (|aa] —u)+ < (|a] — u)+.
The estimates for the construction may now be summarized as follows. Here we use the fact that the

frequency A := By N E is larger than N'/2E to conclude that the lower-order terms & vf’a s, obey the same
bounds as the 8v§’aﬂ.

Proposition 8.2. The following bounds hold with constants depending only on |a|:

IVava, pllco + 1Va(VT ;) o S NUG=D+/2glal, (38)
IVaDeva,pllco + IVaDi (VI Dl eo S (log E)*Eel/2NUaI=D+/2glal (39)
sup(e?(t) + 018, (1)]) < (log B)/2el/? (40)
ple; I ~ (og R
teR N N
IVaxsllco S NU=De/2glal, 1)
V505 llco < (log B) /2N El=D+/2glalgl /2. 42)
- = al— —~lal 1/2
IVaD,v5 | co < (log B)Y/2NUaI=D+/2gldlg /2 43)
V2805 Lgllco + 1 Vadv' o, lco < A~ (log B)/2N1E2 g1+l 12 (44)
Japllc Japyllcd S g R
~ ~ — = a —~la 1/2
1Va D80 ygllco + 1Va D805 . llco < 27" (log B)Y2NIA2 G212 12, (45)

Proof. Inequalities (38)—(40) follow from the bounds in [Isett 2018, Section 17.1]. Inequality (41) for
la| = 0 follows from the maximum principle for D,x; = 0. To obtain (41), we apply [Isett 2017a,
Proposition 17.4] in the case of order L = 2 frequency-energy levels to obtain

':e]/zs
Emlxs1(®@y(t, x)) < eEZ B gy [y 1 (D), x), (46)
Enlx1t,x):= Y & 2RIN0D0v,vx,(,x)P,
0<lal<M

and we use the fact that, by the construction in (24),

Eulx ), x) Sy Yy, B IN-W@-Dr(ghilth2 <, g2,
0<la|l<M

We have Eel],/ 2|s| < Eell)/ ’9 < 1 on the support of the time cutoff e}/ ? from (29), so (46) yields

IVaxslleo < N(\5|—2)+/ZE|ZI\’
which implies (41).
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The proofs of estimates (42)—(45) for v‘} and for § v? py aTe exactly as in [Isett 2018, Section 17.1]
with the addition of the cutoff function y ;. For instance, note that
xs (VI DG and - Dilyxs (VI D3l = xsDi(VT DG

obey the same bounds as (VF,_I)g and 5,(VFI_1)§[, respectively, up to constants, so we may absorb the
cutoff x into the first factor of (VI'™!) in estimating formulas (28) and (33) while repeating the proofs
in [Isett 2018, Section 17.1].

It remains to check (42)—(45) for the lower-order term 81)? apy Applying Lemma 8.1, we obtain

—_— ~—1q— - - - 1/2
MBSV by = BT VLV (VT DAV DSV Y e P 0Oy ),
—_ _ - — _ 1/2
WET Hir 01805 45,1 Sar Harr 1 127 Velxs (VIS (VT YV DS e 2 (0O v )]
— — — 1/2
Su Hy2a DG (VT DSV ST e 2 0 p)

<w e} > () Hyr a1 [ Hyr 120 [(VTT Y P Hyr o v, ), (47)
Hyr 0l804 4,1 Su 27 (log )2 Ee ). (48)

Here every term in (47) is bounded by <j; 1 except e}/ 2 (t). Note that (48) is equivalent to (44).
To prove (45), we proceed similarly by commuting in the advective derivative weighted by the parameter
0 ~ (log ’E\)_ZE_le;l/z:
=1l 5.0 - | Y -1\a —15¢ —1\c¢ ,1/2
(AET0)DSv; o, =B A VaVelODi[xs (VI ) (VI D)g(VE ) e, " (O ya, pll (49)
— 0V ET ATV Vel (VI (VT (VT D e P (Dva ] (50)
— BV VAT Vil (VI SV DS (VI DS e P @vapll. (51
The terms (50) and (51) may be estimated using Lemma 8.1 as in the proof of (47)—(48) to obtain

Hp10[(50)] + Hy ol(SD)]  Su e}/z(t)HM—H,l[evve]HM+2,l[XJ]HM+2,1[(Vr;l)]3HM+2,l[V(l,f)]
(35)—(41) R
Su ¢ (0) S log B)'Peyl”.

~

For (49), apply the product rule for  D; and apply Lemma 8.1 repeatedly to obtain

Hyr ol(49)] Sar (e} (1) +610ie,* () ) Har 2.1 [xs1 - (Hag 121 [(VTT D1+ 6 Hyr 21 [D, (VT H])

(Hys2,1va, pl + 0 Huso1 Dy, D).
Since
0 Hy12.1[Divu.p] and  0Hy21[D(VE )]
are bounded by <, 1 from (38)—(39), we have
Hyg 0[807.08,] < 07" A7 B (Hy 0[(49)] + Hir 0[(50)] + Hr 0[(S1])
S0 A T Ee P (1) +610e) (1))
<67 E(log B)2e ).

This bound is equivalent to the desired bound (45) for §v; g, . Il
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As (42)—(45) are the same bounds for the components of the correction as those proven for Uf1, P and
8vf,’ rap in [Isett 2018, Section 17], we have the following bounds from [Isett 2018, Proposition 17.3].

Proposition 8.3 (correction estimates). For 0 < |a| < 3, we have
¥ ~ a /r-\\ 1 2
sup |V Vyllco < (BN E)(log ) e,
J
—a|—1m—= = 2
sup Va8V llco < (BLN B E(log E)'2e}/?,
J
~ a /r-\\ 1 2
IViieo S (BNE) (log B) /e, (52)
supp, V < | Jsupp, e, S| It (1) — 0. ¢(1) +61.
I I
For the estimate (52), we use that at most a bounded number (say 2°) distinct VJZ are supported at any

given point (¢, x). This detail will be explained following (76) below. We now consider the error terms
and their estimates.

9. The error terms

Given the Euler—Reynolds flow (v, p, R), the new velocity field vf = vt 4+ V¢ with
VE=Yvi=) Vi+svy,
J J

and pressure p; = p + P will solve the Euler—Reynolds equations when coupled to a new Reynolds stress
tensor R{ £, The new stress tensor R{ ¢ will be composed of terms that solve

R =Rl + R} +RI + R}, (53)
Ry =@/ =)V + VIt —vl) + (R = RIY,
ViR =3,V + V0Vt + Vivh, (54)
R = Y 8VIVE+VIsVE+8V]evE,
J.KeJ
ViRl =V, [Z VivVi4 st + Rg@}. (55)
JeJg

In writing (55), we have made the crucial observation that all of the off-diagonal terms in the summation
> 1KeT Vj] V;; vanish due to the disjointness of support stated in (31).
Our construction has been designed in such a way that

> il + Psit 4RI =0. (56)
JeJ
From (27) and (56), equation (55) reduces to

Vi R} :Vj[z G 1)}. (57)

JeJ
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To verify (56), note that, foreach I €e Zand J(I) :={I} x (Z/ I17)3 x F, we have from (22) and (34) that
i 2 ' ¢ ' ¢
Doovvi= ) D Xawn Ve = D Vv - (58)
JeJg ) kle(z/n1z)3 feF fek
where v(;, r) are the amplitudes from the construction in [Isett 2018]. The equality
j ¢ i€ i€

2D Vit PYHRI=0

IeZ feF
proved in [Isett 2018, Sections 14—15] now 1mphes the equality (56) in the present construction using (58).

It now remains to show that, when R}E and Ry, I% are chosen appropriately, the tensor R’ defined by (53)
satisfies the bounds required by Lemma 6.2.

10. Solving the symmetric divergence equation

To estimate the error tensor R defined in (53), the only terms that require a different treatment from
[Isett 2018] are the terms Ry and Ry. Namely, since our choice of v, and R, and our estimates for \7]

and 6V also coincide with those of that paper, Proposition 17.4 there shows that

ol /2 1 /2
I Rullco + I Rsllco < (log B)° : (59)
1/2 12
< = ldl = 6v €R -
IVaRulco+ I VaRsllco S (BRNE)" (log 8)—~7—. 1 <la| =3,

supp, Ry Usupp, Rs C U[t(l) —0,t(l)+09],
I

provided we choose the constant B, in the definition of A = B, N E to be larger than a certain, absolute
constant Bj.
The tensors Ry and Ry are defined as summations of the form

RI‘=Y"RJ,. Rij=> Ry, (60)

JeJ JeJg
where each term is symmetric and is localized both in space and in time around the support of V}Z.
We expand the terms (54) and (57) (using the orthogonality vjVj Y; = 0 stated in (30) in the case
of Ry, and using V;v! = V;V] =0 in the case of Rr) to obtain the equations

ViRy , =8,V + ViV +Viuh, (61)
Vi Rﬂj =ur vy +uTchﬁQ +FUT ) opy ; (62)
iRy, =ul, (7= 1), (63)

14 J.l
ug; = Vilvyvgl,

Qaﬁ)/

¢
W i= Dtv]+vJVJvE,

0 . b4
UTjop "= D,Svj’aﬂ + SUJ’aﬂVjve,

¢ ey sl J ot
UTJ oy ‘= Dt(SvJyaﬂy + SUJ’QMV] v,
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By the construction in Section 7A, each of the functions ¥, (W; —1), Qiﬂ and ﬁ?ﬁ ¥ have the form
w(AT[(t, x)), where @ : T> — R belongs to a finite set of smooth functions of mean zero on T3. We may
therefore apply the following proposition, which is similar to [Isett 2018, Proposition 17.6] and is proven
in Section 10A below using the same parametrix expansion technique.

Proposition 10.1 (nonstationary phase). If U’ : R x T> — R3 is a smooth vector field of the form
Ut =utw(\T)), where o : T > Risa smooth function of mean zero, then, for any D > 1, there exist a
smooth, symmetric tensor field Q{f;) ‘R x T3 - R®*®R3 and a vector field U fD) satisfying

)4
=V;0{p, + Ulp).

¢
jt 1 [ Vau"l co
sup 2719 v; 0 oyllco SAT sup e
0<lal<3 0<lal<p+3 N/<&
- Viulll co
sup A 7NVzU o SBINTP2 sup ”f%,
0</a|<3 0<lal=p+3 N1/2 Bl

i€
supp Q{D) U supp U(ED) Csupp U*,
where the implicit constant depends only on w and D.

We apply Proposition 10.1 to each of the terms in (62) and (63) and use the estimates

~\5/2 12
Hpsolur 1+ HD+3,O[M$“J’aﬂ] + HD+3,0[M£}J,O,,3},] + Hpisoluly ;1S (log B 2)2Ze Ve /

IVau"|lco

Hpisolul == sup Nla/zglal’

0<ld|<D+3
which follow from (42)—(45) and Lemma 8.1 (and are saturated only by u’ZT 7)» to obtain the decompositions
(62) = QTJ (D)+U§,,(D), (63) =V, 0} J(D)+UH, (D)’ (64)

where the symmetric tensors Q7 (py and Qg (py and remainder terms Uz (py and Ug (p) satisfy

il — - - 1/2
sup A79(IVZ 07, pylleo +11Va Q% s iy lco) Sp 27" (log B)/2Be)/%eyf

0<lal<3 1/2 1/2

< =\5/26v €R
<p B; '(log E) N (65)

= — 1/2
sup A9(IVaULS pylleo + IVaU3y plleo) Sp By NP2 (log B/ Bel/?eyl?. (66)
0<|d|<3
1/2

supp Ur1,(py U supp Un 1. (py U'supp Or.1,(py Usupp Qr1.oy S supp xs - e, (). (67)

To complete the construction of RJT.K ; and R;f 7 10 (62)—(63), we construct solutions to the equations

Jjt I Jt 77t
Vj RTJ (D) — UTJ,(D)’ ijHJ,(D) - UHJ,(D) (68)

that are localized around space-time cylinders containing the supports of v; by using the inverses for the
symmetric divergence equation that were constructed in [Isett and Oh 2016b]. We first recall the notions
of Lagrangian and Eulerian cylinders from that paper.
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Definition 10.2. Let ®; be the flow map associated to v, as defined in (20). Given a point in space-time
(f0, x0) € Rx T3 and positive numbers t, p > 0, we define the ve-adapted Eulerian cylinder C (z, p; to, X0)
with duration 27 and base radius p as well as the v.-adapted Lagrangian cylinder F(‘L’, p; to, Xo) With
duration 27 and base radius p to be

C (1, p; 10, x0) := { @ (t0. x0) + (0, 1) : 0 < |s| <7, 0 < || < p},
(1. p: to, x0) 1= {@y(to. xo+ ) : 0 < |s| <7, 0 < |h] < p}.
The two notions are related (see [Isett and Oh 2016b, Lemma 5.2]) by

(', x") e C(t, pito, xo) < (t,x) €Ty(z, p; 1, x), (69)

T(z, e " IVelco p: 19, x0) € C(x, pi to, x0) S T, e™1V¥le0 ps 19, x0). (70)
It follows that the amplitudes constructed in Section 7A are supported in an Eulerian cylinder

supp xs - e/ 2(t) ST (@, 17" t(1), x0(J)) € C (0, "1VPelco T £(1), x0(J))
cC®, 27 1(D), x0())), (71)

and the remainder terms U 7{ J.py and U fl 7.(py are supported in the same Eulerian cylinder by (67).
Before we can obtain symmetric tensors that solve the equations in (68), we must check that the
necessary orthogonality conditions

/Uf(z,x)dxzo, /(xf'U‘f—xEUf)(t,x)dx=o, 1<j,£<3 (72)
R3 R3

are satisfied, where U* is the (nonperiodic restriction of) Uf J.(p) OF U 1‘;, 1.(D)" To check condition (72),
note that U f{ 7.(D) is by construction in (57) and (64) the divergence; of a smooth symmetric tensor with
compact support, and that U% 7.(D) has the form V, VC[TJ““] +V;U ;e (using (32), (61), (64)), where U ;e
is symmetric and both T}’d and U j[ have compact support in the cylinder (71). Integrating by parts, one
obtains the conditions (72) for the nonperiodic restrictions of both U f 7.(D) and U f{ 1.(D)"

We now have the necessary inputs to solve the symmetric divergence equation with good control over
the support and boundedness properties of the solution map. We recall’ the following result of [Isett and
Oh 2016b, Section 10] (in particular Lemmas 10.3 and 10.4).

Lemma 10.3. Suppose U is a smooth vector field on R x R? with support in an Eulerian cylinder
C (0, p; ty, xg) relative to a smooth vector field v. If U is orthogonal at all times to the rotation and
translation vector fields on RY in the sense of (72), then there is a symmetric tensor field R{/E that is also
supported in the same Eulerian cylinder and that solves V; R{]Z = U". The solution can be taken to depend
linearly on U and to satisfy the bounds

IVaRullco Sp Y p " IVa,Ullco.

a|+ar=a

THere we do not need to use the additional advective derivative estimates that were used in [Isett and Oh 2016b] since we
only need to bound spatial derivatives.
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Applying this lemma, we obtain symmetric tensors solving (68) such that

¥4 14 o~ ——
supp Ry, (p, Usupp Ry, ) S C O, ™11 1(1), xo(J)), (73)
¥4 ——
IR} pylco +IRY ;e S B WS oy lco + 105y le0)
(6< 1 D/2 = 5/2, 1/2 1/2
B, "N~ "/“(log E) (74)
IVaRy, oy llco +IVaRY, oy llco St €70 Y 84 PQV;UE, oy llco + VU lco). (T5)

bl <|al
We now set D = 2 and define

Jt Jt
Ry, = QTJ o T RT] () and Ry, = QHJ o) T RHJ (D)

Combining (65), (67), (73), and (74) into (60), we obtain the estimate

1/261/2
IR7llco+ I Rullco < By ' (log E ")”“TR. (76)

To sum the estimates we have also used the fact that the number of distinct cylinders of the form (73) that
can intersect at a given point in space-time (¢, x) is bounded by an absolute constant. To check this fact,
note that if two cylinders indexed by J and J' intersect at a point (t*, x*) € R x T, then

(t*, x*) e CO, E~ 1), xo(J)NCO, B~ t(I), x0(J)) =

/ PR CORS ==l % %

I=1I and (@), x0(J)), ), xo(J)) € I'(B, E 51", x7)
(7€0)C(9 NVvelcog '-*_1 ,x™) CC(@ 3'_'_1 *,x).
The number of indices J = (I, f) for which (z(I), xo(J)) can belong to a given ball of radius 32! < n!
is bounded by an absolute constant by the construction of the cutoff functions.

We can now take B, to be a sufficiently large number such that the right-hand side of (76) is bounded
by (log @)5/ ze}/ ze}{ 2 /(20N) (and so that A = By N E € Z is an integer). This choice achieves our desired
bound for || R;||co when combined with (59). The desired bounds for higher derivatives

1/2 172
el

N b
now follow from (65), (66), (75) and the observations concerning the overlaps of the cylinders (73). The
assertions about the desired support of Ry /% asserted in Lemma 6.2 are clear from construction.

IVaR7llco + I VaRa llco S (NE)l(log E)Y/ 1<lal <3,

The proof of Lemma 6.2 will now be complete after explaining the proof of Proposition 10.1.

10A. The parametrix expansion. We now prove Proposition 10.1 using the argument in the proof of
[Isett 2018, Proposition 17.6]. Let U¢ = u‘w(AI';) be given as in the assumptions of Proposition 10.1.
By Fourier-expanding w(X) as a function on T3, we have

U =3 om)e* " 0ut 1, x), (77
m#0
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where m € 73 and &, (¢, x) :==m - T;(z, x). Following the proof of [Isett 2018, Proposition 17.6], we set

je
Q(D) Z a)(m)Q(D) me (D) mo= AT ! Z €lksmq(k)’m. (78)

m##0

The amplitudes q(JkZ)m are constructed inductively with a sequence of amplitudes ufk)’m such that

. it _ ¢
IViEmd gy m = Uk—1),m>

‘ (79)
¢ -1 ¢
UGym = —H qu(]k),m
and ”(0) m= ut. By (77), (79) and induction on D, we then obtain
¢
=V; Q{p, +Ulp).
U(D) = Z w(m)eiks’"ufl))’m. (80)

m#0

More specifically, to solve (79) we first choose smooth functions qa ( p) of a Varlable pE R3 \ {0},
symmetric in j£, such that each g (p) is degree —1 homogeneous (qa (ap)=a~'q) (p) if o € R\ {0})
and such that i pj qs ( p) = 8[ for all p # 0. See [Isett 2018, Proposition 17.6] for an explicit example.
We then set q(k) m = q; (V&m)u(k 1y.m> SO that (79) is satisfied.

From this construction we see that both Q° (p) and Ut (p) have support contained in supp u®. We obtain
the desired estimates for Qf D) and U (‘ZD) stated in Proposition 10.1 from the formulas (78) and (80) by
using the bounds

IVaaiy mllco S N-EDRNE2GI g, 5 ofu] forall0<d| <D —k+4, 1<k<D,
Vit mllco S By ' NN 8 3 0lu] forall0<d| <D —k+3, 1<k<D,

from the proof of [Isett 2018, Proposition 17.6] (where Hp3 0[u] is written simply as H), and by using
the rapid decay of |o(m)| < (1 + Im|)~* to ensure convergence in the summation over m € 73. (The
main point in the estimate is that each spatial derivative of the sum costs at most a factor of A.)

11. Iterating the main lemma

We now explain the proof of Theorem 1.1. Similar to other convex integration constructions, the
theorem will be proven by repeatedly applying Lemma 5.1 to obtain a sequence of Euler—Reynolds
flows (vk), Py, Rik)) indexed by k (with frequency-energy levels bounded by (E ), ey, k), er,«))) that
will converge uniformly to the solution v stated in Theorem 1.1. Unlike previous works, we introduce
here a new and sharper approach to estimating the regularity and to optimizing the choice of parameters

governing the growth of frequencies.
To initialize the construction, we construct a smooth Euler—Reynolds flow (v(1), pq1y, Ra)) with

compact support in time that satisfies
sup U(])(O, x)>10 (81)

xeT3
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and has frequency-energy levels (to order 3 in C°) bounded by (E(1), er.(1), €r.(1)), Where E(j) = E(l)
and ep (1) are large and small parameters, respectively, that remain to be chosen. One way to produce such
an Euler—Reynolds flow is to apply the main lemma in the convex integration scheme of [Isett 2017a] (as
was done in [Isett 2018]). This approach has some added benefits such as the ability to obtain arbitrarily
large increases in energy within an arbitrarily small time interval [Isett 2017a]. For the present purpose it
will suffice to take a simpler approach.

We take v(j) to have the form vfl) = w(B_lt)Ue, where 1 is a smooth cutoff with ¢ (0) = 1 and
0<y(t) <1forall t, B is alarge parameter, and U t. T3 - R3 is a smooth vector field that satisfies

/ U'(x)dx =0, V,U'=0, V;(U/U)=0, supU‘(x)>10.

L xeT?

For example, one can take a sufficiently large Mikado flow for U*(x). We then take p(jy = 0 and R(j) to
be a symmetric tensor that solves

ViR = vl = B~y (B~ U (X) (82)

by applying an appropriate, degree —1 Fourier-multiplier to the right-hand side of (82). The Euler—
Reynolds flow (v(1y, py, Rq)) obtained in this way has frequency- energy levels (to order 3 in C?)
bounded by (8, 1,e R.(1))» where E depends only on U°, ¢, and where e RS B™ I can be made arbitrarily
small by taking B large depending on U*. It follows from Definition 4.2 that (v(1), p(1), R(1)) also have
frequency-energy levels bounded by

— = —1/2
(B, ev,(1), €r,(1)) i= (deR,(/l), eR,(1)s €R,(1)),

where we have now fixed our choice of E(j) := Ee}l(/f) in terms of the small parameter eg (1) that remains
to be chosen.

11A. Heuristics and deriving the optimization problem for the parameters. The sequence of frequency-
energy levels (E, e,, er) k) and Euler—Reynolds flows will now be determined by repeatedly applying
Lemma 5.1, so that the following rules hold. (Here Cand C 1 denote the two constants of Lemma 5.1
and ,E\(k) = (ev/eR)z,?)zE(k).)

Br1) = CNw B, (83)
ey, (k+1) = (log Ewy)er, k), (84)
€R,(k
er ks = 2 (85)
8 (k)
e, \ /2 X
N(k) = (log u(k)) < ) 8(k)» A= 5 (86)
(k)

The sequence g) > 1 describes the “gain” in the size of the error after stage k, and the sequence of
frequency growth parameters N, is determined by inequality (10) in Lemma 5.1, so that this choice
of N achieves the desired gain. To work with the estimate (11), it will also be useful to impose that

(log B1) e fpry < 2log B 2e{T,, forall k> 1. (87)
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The Euler—Reynolds flows constructed by repeatedly applying Lemma 5.1 using the above choice of
parameters N, will converge uniformly to the velocity field v¢ = v(l) +> (k) Assuming (87),
which is verified in Proposition 11.1 below, this solution will be nontrivial and continuous for eg (i)
chosen small enough (depending on g, C and C 1) thanks to (81) and

= (11),87) ~
D Vigleo =7 CrlogEny'Per 2 <5. (88)
k=1 k=0
As R converges uniformly to 0, one has from the Euler—Reynolds system that the associated sequence
of pressures pg) = A~ e V@(R(k) v{k)vfk)) converge weakly in D' (R x THtop= —A_IVng(vij),
and that the pair (v, p) form a weak solution to the Euler equations.
Our goal is now to choose g that optimize the regularity of the solution v. The key evolution rule
that isolates % as the limiting regularity and plays a key role in our analysis will be the following:

S(k)( log Zy T 5 log eRr (k)) (IA + %) loglog @(k) + log 6 (89)

Here 8 [ fi)] = fie+1) — S 1s the discrete differencing operator and A = % A crucial point is that (89)
holds for all possible choices of g).
With the goal of computing regularity in mind, suppose Ax € R? with, say, 0 < |Ax| < 1072, Writing

V=) + Z Vi and L :=log Ep),
k>k

we can bound |v (¢, x + Ax) — v(¢, x)| using (87) by

® |Ax|+4CL(log B )2l

(. x + Ax) —v(t. )| < [Vog lleol Ax|+ Y 2 Vi lco < Egye. R

k>k

- 2
<4C Li(E g | Ax| + 1)e}e{(]z). (90)

(k)

The estimate is optimized by choosing  to be the largest value k for which E(k) |Ax| < 1. Now assuming k
has been chosen as this value, the estimate (90) leads to

172

lv(t, x + Ax) —v(t, x)| < SCLL,;eR ®

=8CLL; E exp(% log E(,;)+%logeR,(;;))

S Ly

o~
—~
=

(k+1) exp( Sk log = (k) |k -k %IOg Ew + % log eR,(k))
< 1Ax|"P Ly exp(38¢ log Eqey|,_; + S log By + $ loger ). (91)

Using (89) to expand % log ﬁ(k) + % log er, k), we minimize the right-hand side of (91) if we minimize
k—1
Hy = (La0g &, —log B log1 I 92
ri= §(ogu(k+1) og E; +Z(0g ogu(k)—i- ogC) (92)
k=1
The expression (92) now reveals the optimization problem for choosing g«). Namely, to control the
term J) log ﬁ(k), the frequencies should not grow too quickly. However, a slow growth of frequencies
produces a long summation and a poor estimate for the sum as the construction is iterated many times
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before achieving a given length scale. Intuitively, the best estimate should be achieved if the two terms are
balanced, which suggests the parameters Ly = log E ) should satisfy the discrete version of the equation

dL ., [*
E_3/1 (log L(x) +¢) dk,

whose solutions grow like Ly = (3 + o(1))k? log k at infinity.
We will see that the regularity is optimal precisely when L are chosen to have this growth.

11B. Parameter asymptotics and optimization. With this motivation, we take g, = e”*1°¢% where
y > 0 is a parameter that will be chosen to optimize the regularity. To simplify the algebra we can
restrict to k > 2 by assuming that the Euler—Reynolds flows (v(1), p(1), Rq1)) = (v2), p2), R(2)) and their
frequency-energy levels are equal.

Before estimating the regularity, we wish to fix our choice of the parameter eg (1) that dictates the
initial frequency-energy levels. We therefore verify the assumption (87) (restricting now to y > 2).

Proposition 11.1. If y > 2 and eg (1) is small enough depending on C, then (87) holds for all k > 2.
Proof. Taking logs of (87), it suffices to bound the quantity
384 loglog k) + 58 log er. 4y = 38u) loglog By — 5 log g (93)

by —log 2 uniformly in k.
Towards this goal, we set Z; := c (log E(k))A+1/ 2 to be the lower-order factor from (83) and (86).
Linearizing log( - ) around L := log /E\(k) and using (83)—(86) and concavity, we have

3/2
= = = log(Zkgy)
= = 3/2 = k
Sy loglog By =log(log Ex) + log(Zkg(k/) )) —loglog Ex) < Tﬁ:(k)' (94)
(9]
We now substitute (94) into (93) and take eg (1) small enough to ensure that 'E\(k) >8Bp >80 = Ee;yl(/lz)
is large enough so that the following bound holds for all k£ > 2:
lo Zi 1
93) = —2L5 — log g, (95)
log (k)
Taking eg (1) smaller and hence E(j larger, we can ensure that the function
_ log(C(log B)A+1/2)
f(B) = =S
og &
is decreasing in E on the interval E € [E(y), 00). From E(k) > E(1) and (95) we obtain
log(C (log E1y)"+!/?
(05) < 08B EW)TTT) 100 forallk = 2. (96)
log 1) 3

We have that —% log g2) = —%y log2 < —% log 2. Taking eg (1) small and thus &(;) large, we can bound
(96) and therefore (93) by — log 2, which establishes Proposition 11.1. O
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At this point, we choose e (1) sufficiently small (depending on C and C 1) to satisfy the assumptions
of Proposition 11.1 and such that (88) holds.

With the initial frequency-energy levels determined, we now turn to the asymptotics of the frequency-
energy levels for large k. These asymptotics are summarized as follows.

Proposition 11.2. For all k > 3 and the above choice of g, we have the asymptotics

k2
—loger ) = VT logk + O (k log k), 97)
1 ey 1
~log| —|) = zyklogk+ O(logk), (98)
2 €R (k) 2
= 3
8 log By = Syklogk + O(logh), (99)
~ k?
log B = %%10gk+0(klogk), (100)
loglog Ey = 2logk + O (1), (101)
%logg(k)—i—%loge]g’(k) =2<%—|—é)k10gk+0(l€), (102)
_ 3yk?
k) = exp logk + O(klogk) |, (103)
together with the bounds
(log Ery) ™' = O *(loghk)™"), (104)
loglog Eqy = O (logk). (105)

L . . = - _5
Here the implicit constants in the O( ) notation depend only on C, y, E(1, eg 1) and A = 3

The proof will proceed by induction on k > 3 and will use some extra notation for the induction.
We write C(97), ..., C(105) to refer to the implicit constants in the O(-) notation in the proposition. For
example the term in (105) is bounded by |O (logk)| < C(105)log k. We assume at the onset that all the
constants C(97), . . ., C(105) are sufficiently large depending on E(1) and eg (1) = e, (1) such that the bounds
(97)—(105) hold for k = 3. The proof will make use of the Taylor expansion formula

1 1
f(X+Y):f(X)+Yf f(X+0Y)do :f(X)—l—f/(X)Y—l—Yzf (1—0)f"(X +0Y)do. (106)
0 0

Proof of (97). The equality follows from the evolution rule log eg (x+1) = —log g« +log eg () and

yk?
Z logg = Z yllog[:Tlogk-l— O(klogk), k=3

1<I<k 1<I<k

(where the constant above depends on y). Il

Proof of (104). From log ﬁ(k+1) > log g + log E(k), we have

k*logk < Z log g1y < log E.- -
3<I<k
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Proof of (105). Let Ly :=1log é(k) and Z; = 6(10g E(k))A+1/2. Then for some Ap > 1 and all £k > 3,
= 3/2
Sk loglog By = log(Ly + log(Zkg(k/) )) —log Ly
- 3/2 - - & -
< L' (log Z +log g/) < AoCros(k *(logk) " loglog Ey + k).

Choose k* = k*(C(104)) large enough that AOC(104)k_2 < 10_18(k) logk for all k > k*, and assume
that C(j0s) is large enough that (105) holds for k < k*.
We now proceed by induction on & to obtain (105) for k > k*. Assuming (105) for k, we have

8 loglog /E\(k) < 10_]C(105)(3(k) log k + A()C(l()4)k_1 < Cq05)0(k) logk for k > k*
if C(10s) is sufficiently large, which implies (105) for k + 1, and thus for all £ > k* by induction. U
Proof of (98). The equality follows from (105) and

1 e 1 =
3 log (—v) = z(log 8k +loglog E)). O
€R/ (k+1)
Proof of (99)—(100). For k > 3, we have by (98) and (105) (for A= %)
= 1 €y =
Sk log By = 5 log| — +log g + Aloglog Ex
2 €R/ (k+1)

- %Vk log k + O (log k) = 37)’5@ ["2—2 log k] + OBy lk logkl),
which implies both (99) and (100) after summing over k. O
Proof of (101). Again writing L; = log é(k) and Z; = C (log E(k))A+1/ 2, we have by Taylor expansion
S log log ’E\(k) =log(Ly + log(Zkg?k/)z)) —log Ly
3/2

~ U (log(Zugl )1 — o)
= (log E)) " log(Zigil)) — / e 3/2\y2°
(Ly+o IOg(Zkg(k) )

The main term is
(log Er) ' log g/} =2k~ + O (k™) = 284 logk + O (k)

by (100). The remaining terms are of size O (k~2) by (105) and (100) again. Summing over k gives the
desired result (101). O

Proof of (102). Equation (102) follows from (89), (101) and summation over k. O

Proof of (103). Equation (103) follows from

— - 1 €y
log Sk = log (k) — § log a )
(k)

equation (100) and (98). O
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We now return to analyzing the regularity estimate (91). From (100), (99), (102), and by the definitions
of k and E g, we obtain (using (106) with f(X) = X! or log X) that, for all |Ax| < 1072,

k*logk < log/E\(,;) <log|Ax|™' < log/E\(,;H) < k?logk,

3y _ _ o
Tykzlogkzloglel_l+0(klogk), (107)

(log|Ax|™H™ = (31 + 0<1€—1)>1€‘2<log k™,
Y

log(k?) = loglog |Ax|~! + O(loglogk). (108)

To bound (91) purely in terms of |Ax|, we first estimate the logarithm of the term Lj exp(Hj) appearing
in (91)~(92) (using A =3 and A+ § =1) by

(log |Ax|™) ™ - (H +log L}) = (%(1 + 0 k™) (k> log 12)—1) : ((g + 2>izlog12 + 0(12))
= i(Z +2>/€‘1 + 0@ (logh)™h
3y \2

— i(z + 2) (K*log k)12 (logk)'/> + O (k' (log k) ™1)

3y \2
4 - -
=272 ) (L +2) @ 10gk) "2 (loglog |Ax| )2
3y J\2 -
loglog k )
(k21ogk)!/2(log log | Ax|~1)1/2)"

In the last line we used (108) and (106) with f(X) = X'/2. From (107) and (106) we then have
4\1/2
(log |Ax| )" (Hy +log L) =272 (3_> (g +2> (og]ax|™)™" (loglog | AxI '
14
logloglog | Ax|~!
0 ogloglog |Ax| . (109)
(log | Ax|~1)1/2(loglog |Ax|~1)1/2
The bound (109) is optimized by taking y = 4, which is precisely the value that leads to the asymptotic

log ﬁ(k) = (3 +o(1))k? log k predicted by the heuristics at the conclusion of Section 11A. Substituting
into (91), we finally obtain

|U(t,x+Ax) _ U(t, x)| 5 |Ax|1/3—B\/(10g10g|Ax|*1)/(log|Ax|71), (110)

where one can take the constant B = 2@ at the expense of introducing the additional lower-order term®
from (109). In particular, v belongs to (1, _; ;5 L{°CY, and therefore belongs to [, _; 3 C', by the results
in [Isett 2023]. To check that v has compact support in time, note that the time support in each iteration
grows by at most a factor

o=l 12 _m—l 12 w23 s

Bl = BnCri = Bq)  exP(—310g By — 3 loger,w)-

8The derivation of (92) suggests that taking gy = (Z?Zl(log log E(I) + log 6)) + (loglog @k/2) would optimize the
lower-order terms as well, although this alternative choice would not affect the leading-order terms.
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Using (100) and (102), we conclude that the series Zk E(_k;e;bgz converges, and hence the limiting
solution is supported on a finite time interval. This calculation concludes the proof of Theorem 1.1.

12. Improving the borderline estimate

In this section, we sketch roughly how the value of the B appearing in the regularity estimate (110) can be
improved by combining with the approach to the gluing lemma introduced in [Buckmaster et al. 2019a].

Recall that, in the notation of [Isett 2018], the gluing lemma is proved by introducing, for a given
Euler—Reynolds flow (v, p, R), corrections

Yo=Y my; and p=Y) nipi
1 1

to the velocity and pressure such that the new velocity field 7¢ = v* + y* and pressure p = p + p solve
the Euler—Reynolds system with a new Reynolds stress R that is supported in disjoint time intervals of
width 6 ~ (log @)*28*1@7 /2 The new stress R is constructed in terms of symmetric tensors r{ * that

solve V; ’”'1/ ¢ = yf, which are obtained by solving the following initial value problem:’
i ie i i i j = oj j
@ +v'V)r] = RIVIVa {1 = yi Viv"l = vl yp = pr = RIS,

. 111
r15t (1), x) =0. (1

Here R/¢ is an order —1 operator that inverts the divergence equation in symmetric tensors, and the
identity er,] t = yf can be checked using the equation

B yi + 0 Viyy + YV + Vv + V' pr =~V RS (112)
Ayl +vIViyt 4 yiViul + Vi p, = —V;RIL,

where uf =vi+ yf is the classical solution to incompressible Euler equations with initial data v (to(D), x).

In [Buckmaster et al. 2019a], a different approach to solving and estimating solutions of the equation
er{ b= yf is taken. There, one first considers the potential z; = ATV x yr, which solves V x z; = yy,
div z; =0, and turns out to satisfy an evolution equation that (like (111)) has a good structure. From z;, one
then obtains a symmetric antidivergence for y; by applying a zeroth-order operator (e.g., r } E=Rit [VxzZ/]),
which is estimated using Schauder and commutator estimates for Calder6n—Zygmund operators (CZOs).
(We note that, conversely, estimates for Z; can be deduced from those of r{ ¢ above by similar zeroth-order
commutator estimates.) The key simplification comes in treating the term A™'V x [y; - Vv] that is
analogous to the term R yr - Vvl in (111), the latter of which had been treated by a decomposition into
frequency increments in [Isett 2018]. For the present applications, the estimates employed in [Buckmaster
et al. 2019a], which apply the classical local well-posedness theory for Euler and Schauder and commutator
estimates for CZOs, are not strong enough as they lose small powers of the frequency E, which restricts
the regularity to % — ¢ for some € > 0. However, as we now explain, combining the techniques in

9Here we have simplified the equations by combining the equations for the p{ % and z‘;[ from [Isett 2018] into one equation.
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[Buckmaster et al. 2019a] and [Isett 2018] leads to a logarithmic improvement in the timescale of the
gluing and hence a logarithmic improvement in the main estimate of the iteration.
The approach of [Buckmaster et al. 2019a] can be extended to any dimension using the antisymmetric
potential'® defined by
ab __ ypab A1 a b b.a
1 =BTyl =A" (Vi = V7y),

which solves the Hodge system'!
Vo™ =y, (VAP = Vil — Vi + vey e =0, f3 Y(x)dx=0.  (113)
Using the antisymmetry of w;‘b , one obtains the identity T
Vivivt = V,[yé Vvl (114)

Using (114) and g[/;”’ = B“b[y{ 1= BV, [rjj ] can provide an alternative approach to treating the low-
frequency part of the term R/ [[yﬁ V;vP] in (111) and the analogous term in the pressure.

Towards improving the timescale of the gluing, apply (112) along with the calculus identity (which we
express in both index and invariant notation)

AY? = (VA=Y D) + (V=[V Ay D,
Vi[VigeP] = (VV 98] — VPIV i) 4+ Vi [ Vil + voyie 4 vey b))

to derive the following equation for the potential wlab , generalizing [Buckmaster et al. 2019a, Section 3.3]:!?

AL, + 0" VY] = Vo Vil (" A VT = VI A V(U V05 + Valyf 1+ ViR 01s)
+ VI A VIV g,
Ijk AVQY = {kV“vi —yikviyt 4 w?fv"vl‘.
This derivation relies on (113) and V/V¥p; — vkvi pr =0, and uses that V;v' = 0 to maintain the
divergence form. The convention above for V/ A applied to a vector field is V/ A uf := V/uk — V¥y/,
while (/A V¥)v! indicates a sum over cyclic permutations of jka in /" Vv,
One may now couple (115) to (111) while writing

Ry Viv'l = RV, [yf V0]
and similarly for the analogous term A~!'V,[y"V;v*] appearing in the pressure p;. By considering a

weighted norm £(¢) = #;(¢) such that (setting N:= (ey/e #)'/? and, for instance, @ = %)

IVarillco + IVavilico + E-*(IVartllge + I Varll o) < N2+ Bl (Zel ) Tep (),

IVayillico+ E % yrllge < N2+ 824y for 0 <|a| <3,

10We write w“b to agree with the usual stream function v in dimension 2, which is related by w“b = WG“b, where the
two-dimensional volume element €72 is the unique antisymmetric tensor with el2=1.

' We caution the reader that our normalizations for wedge products are taken to elucidate the present calculations, but do not
agree with all standard normalizations, which can differ up to multiplication by constants. )

125 slight departure from [Buckmaster et al. 2019a] is the isolation of quadratic terms of the form y; yf, which would be
estimated jointly in y; A vl + A (y§ yf) = y} V,-ullZ in the approach of that paper. The y; yf terms are kept separate here in order
to avoid a resulting additional derivative loss in the estimates.
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and following the Littlewood—Paley approach to the gluing estimates in [Isett 2018], we obtain the bound
t
A1) < (log 2 :e1/2/ (14 (1)) dr. (116)

The prefactor in (116) improves the analogous prefactor in [Isett 2018, Proposition 10.1] by a factor
of (log u) ! which thus improves the timescale 6 by a logarithmic factor to 6 ~ (log '“) L(Ze, \ 2) L
What this improvement in timescale yields is that the time cutoff factors of 1) in the terms of the
form ~ n}r{g that compose the new stress error R have become smaller by a factor (log 2)~! in size,
while the antidivergence terms r{z have increased in size by a factor of (log E‘) over the elongated
time scale.

Although the estimate || R lco < (log @)e & on the stress does not improve, the estimate on the advective

derivative improves logarithmically to
1D Rllco S (log E)*Eeer.

The bound (19) for the new frequency-energy levels in the main lemma similarly improves by one power
of 1og to become

1
A€ U/2€}€/2 3
( y v, eR) CNu (log u)@R (10g u) T s A= z (117)

(One can alternatively pursue an approach closer to [Buckmaster et al. 2019a] wherein the equation for

}’b is coupled to the evolution equation'? for a different, symmetric antidivergence such as

~7l _ H 1
r,] =A I(VJy;Z + sz}).

Implementing this alternative approach requires additional, sharper commutator estimates.)

The improvement in the power A = % of log Z in (117) then leads to an improvement in the constant B
in the leading order term of the regularity estimate (110). Namely, repeating the analysis of Section 11
but with A = 5 2 instead of 3 5 improves the leading-order term in (102), which leads to a factor of (; Y+ 4)
in (109) in place of (2y + 2) After choosing y = 8 to optimize (109), one obtains a leading-order
constant of B = % = 2(3) instead of B = 2\/> Note that with the improved constant, the function space
implicitly defined by the estimate (110) is strictly contained in the one with the larger value of B, and the
corresponding norms are not comparable to each other.
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