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UNIQUE CONTINUATION FOR THE HEAT OPERATOR
WITH POTENTIALS IN WEAK SPACES

EUNHEE JEONG, SANGHYUK LEE AND JAEHYEON RYU

We prove the strong unique continuation property for the differential inequality
10 + Aulx, )] < Vix, Dlulx, 1),

with V contained in weak spaces. In particular, we establish the strong unique continuation property
for V € L?OL;{/ 2’°°, which has been left open since the works of Escauriaza (2000) and Escauriaza
and Vega (2001). Our results are consequences of the Carleman estimates for the heat operator in the
Lorentz spaces.

1. Introduction
We consider the differential inequality
13+ Mu(x, )] < |V (x, Du(x, 1), (x,1) € R x (0, T). (1-1)

For a differential operator P on a domain €2, the strong unique continuation property (abbreviated sucp
hereafter) for |Pu| < |Vu| means that a nontrivial solution u to | Pu| < |Vu| cannot vanish to infinite
order (in a suitable sense) at any point. The sucp for second-order parabolic operators has been studied by
many authors; see [Banerjee and Manna 2020; Chen 1998; Escauriaza 2000; Escauriaza and Ferndndez
2003; Escauriaza and Vega 2001; Fernandez 2003; Koch and Tataru 2009; Lin 1990; Poon 1996; Sogge
1990]. In particular, the study of sucp for the heat operator with time-dependent potentials goes back to
Poon [1996] and Chen [1998], who considered bounded potentials. Escauriaza [2000] and Escauriaza
and Vega [2001] extended the results to unbounded potentials V under the parabolic vanishing condition:
for a given § € (0, 1) and any k € N, there is a constant C such that

lu(x, )] < Cr(lx] + VD TDRPIE (¢ 1) e RY x (0, T). (1-2)

The growth condition at infinity is necessary since there exists a nonzero solution u to (d; + A)u = 0 such
that u vanishes to infinite order in the space-time variables at any point (x, 0), x € R4; see, for example,
[Escauriaza 2000; John 1971].

The sucp for the Laplacian —A is better understood. Since the pioneering work of [Carleman 1939],

most subsequent results were obtained using the Carleman weighted inequality. In particular, [Jerison
dj2
loc

and Kenig 1985] proved the sucp for the Laplacian, with V € L, '”, d > 3. Their result was extended by
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Stein in the Appendix of [Jerison and Kenig 1985] to potentials V € L¢/>° under the assumption that
|Vl /2.0 1s small enough. Here, || - ||, - denotes the Lorentz space norm

o0 1/r
||f||Lp,»-=<1 / t’/pl(f*(t))’dt> <0
P Jo

forr # oo, and || f||Lr. = sup,.q t1/P £*(t) < oo for r = 0o, where f* is the decreasing rearrangement
of f on R<; for example, see [Stein and Weiss 1971]. Later, [Wolff 1992] showed that the smallness
assumption is indispensable if V € L%/>°. By the aforementioned results due to Escauriaza [2000] and
Escauriaza and Vega [2001], the sucp for (1-1) is known when t1=d/@=1sy (x 1) e Lf,locL; and vand s

satisfy
d

2—t+%§1, 1 <t,5<o00. (1-3)
However, in view of those results concerning the (abovementioned) sucp for the Laplacian, it seems
natural to expect that the class of potentials for which the sucp for (1-1) holds can be further expanded to
certain weak spaces.

In this paper, we extend the results in [Escauriaza 2000; Escauriaza and Vega 2001] to a larger class of
potentials, that is to say,

1—d/(2v)—1 : d 1 d
¢Sy (2, 1) € L 10 LY, T3Sl 3stv=o00
As in the Appendix of [Jerison and Kenig 1985], our result is a consequence of new Carleman estimates

for the heat operator in the Lorentz spaces.

Carleman estimate. Write LfLZ’b = L{(Ry; L?C’b(le )). We consider the Carleman inequality for the
heat operator of the form

_ 112 _ _ _ _ _ _Iyl2
[t %e |x] /(St)g”LfLZ‘b <CJt at+l=(d/2)(1/p=1/q)=A/r=1/s) ,~Ix]| /(81)(A+8t)g||L;‘L§~“, (1-4)

with C independent of «, which holds for g € C° (R4*1\ {(0,0)}) under a suitable condition on the
exponents «, p, q, r, s, a, and b. For o € R, we set

ﬂ=,3(ot,q,s)=2a—§

2

Estimate (1-4) was formerly considered with p = a and ¢ = b. It was Escauriaza [2000] who first
obtained (1-4) for some p =a, ¢ = b, r, and s. More precisely, he showed that (1-4) holds with the
Lebesgue spaces (i.e., « = p and b = q) for p, g satisfyingg =p’and0<1/p—1/q <2/d whend > 2,
and0<1/p—1/q <1 whend =1, provided that

dist(B, No) = ¢

for some ¢ > 0, where Ny := N U {0}. Subsequently, estimate (1-4) was extended by [Escauriaza and
Vega 2001] to the exponents p, g which lie outside of the line of duality. They obtained (1-4) for
2d 2d
= <p<2<g<-=—_ >
P _p_2_q_d_2 when d > 3,
and for 1 < p <2 <g <ooexcept (p,q,d) #(1,00,2) whend =1, 2.
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Figure 1. The regions of (p, g) and (r, s) for which (1-4) holds when d > 3: the dark gray
square in the left figure represents the earlier result due to [Escauriaza and Vega 2001], and
the light gray region represents the newly extended range. In the right figure, O = (0, 0)
and D = (1, 3d(1/p —1/9)).

We extend the previously known results not only to Lorentz spaces but also on a wider range of exponents
p and ¢g. To present our result, for d > 3 we define A =A(d), B=B(), C=Cd) € [% 1] X [0, %] by

q_(d+2 1 g (PH2d—4 d-2 o_(d+2 d-2
\2d '2) “\2dd-1)"2d-1) 7 \2d 2 )
By ¥ we denote the closed pentagon with vertices (%, %), A, B, B’, and A’ from which the two vertices
B and B’ are removed. Here, X’ = (1 — b, 1 — a) (the dual point) if X = (a, b). See Figure 1.

Theorem 1.1. Letd >3 and (1/p,1/q) € T. Let 1 <r <s < 00 satisfy

(20560 (-3 4)9)

05——151——(1—1). (1-5)
s 2\p ¢

Suppose 5 ¢ No. Then, if 1/p—1/q <2/d, p # 2, and q # 2, estimate (1-4) holds for 1 <a=>b < o0
with C depending only on p, q, a, b, r, s, and dist(B8, Ny); if
|

i (1-6)

and

the same estimate (1-4) holds for a = b = 2.

It is remarkable that Theorem 1.1 gives (1-4) for (1/p, 1/¢) contained in the open line segment (B, B’)
(see Figure 1). The exponents p, g satisfying (1-6) constitute the critical case in that (1-4) is no longer
true if 1/p —1/g > 2/d. (See the remark on page 2270 and the condition (1-5).) Consequently, it is more
difficult to obtain estimate (1-4) for p, g with (1-6) than that for p, ¢ with 1/p —1/q <2/d. Only esti-
mate (1-4) with (1/p, 1/q) =C, a = p, and b = g was previously shown by [Escauriaza and Vega 2001].
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If p, g satisfy (1-6) and r = s, then the estimate (1-4) implies the Carleman inequality for the Laplacian
(see [Escauriaza and Vega 2001]):

X177 fllos < CXI " Aflzra,  f € CRRI\ {0} (1-7)

for o > 0, with C > 0 depending on d, p, ¢, and dist(o, N+d/q) (if dist(o, N+ d/q) > 0). By this
implication the estimates in Theorem 1.1 with p, ¢ satisfying (1-6) give (1-7) for (1/p, 1/q) € (B, B).
However, it does not extend the previously known range of p, g for which (1-7) holds. When d > 5, the
range of p, g coincides with that in [Kwon and Lee 2018], which was obtained by making use of the
sharp estimate for the spherical harmonic projection. The optimal range of p, ¢ for (1-7) remains open.

To obtain sucp for potentials in L;,IOCL)’C’OO, we need to obtain (1-4) with @ = b. To this end, we are
basically relying on real interpolation to upgrade L’ L?-L3 LY estimates to those of L’ LY“-LS LY" with
a = b. However, such an extension of the inequality (1-4) to the Lorentz spaces is not so straightforward as
in the Appendix of [Jerison and Kenig 1985], since real interpolation does not behave well in mixed-norm
spaces; see [Cwikel 1974]. We are only able to obtain (1-4) with a = b =2 when p, g satisfy (1-6); also
see Lemma 4.1.

Theorem 1.1 provides estimate (1-4) for exponents on an extended range, but the problem of determining
the optimal range of p, g for which (1-4) holds remains open. When 1/p —1/g < d/2, by Theorem 1.1,
estimate (1-4) holds for all a, b satisfying 1 <a < b < oo, since LP"' C LP"? if r| < r,. Because of
limitation of the real interpolation in the mixed-norm spaces, we have (1-4) only for 1 <a <2 <b <00
when 1/p — 1/q = d /2. However, we expect that the same continues to be true even for p, ¢ satisfying

1/p—1/g=4dJ2.

Strong unique continuation property for the heat operator. Our extension of the Carleman estimate to
the Lorentz spaces (Theorem 1.1) allows a larger class of potentials for the strong unique continuation
property for the heat operator. In this regard we obtain Theorems 1.2 and 1.3, which improve the results
in [Escauriaza and Vega 2001]. Once we have the Carleman estimate (1-4), those theorems can be shown
by routine adaptation of the argument in that paper. We state them without providing the proofs.

Theorem 1.2. Letd >3, 0 < T < 0o, and ¢, s satisfy (1-3). Let (1/p, 1/q) € T satisfy 1/p—1/q =1/t
Suppose that u € wha, T); W2P(R?)), a < min{2, s}, is a solution to the differential inequality (1-1),
and suppose that, for any k € N, there is a constant Cy, such that (1-2) holds for some § > 0. Then u is
identically zero on R x (0, T) provided that ”tl_d/(Zt)_]/sV”Lﬁ((O,T);L;"’C(Rd)) is small enough.

Most significantly, Theorem 1.2 gives the sucp with V € L*°((0, T); Lf/ 2’°°([R?d )). This extends the
result obtained by [Escauriaza and Vega 2001] under the assumption that ||V, . (©.7):L%) is small
enough. Using Wolff’s construction [1992], we can show that the smallness assumption is necessary in
general for V e L®((0, T); L4/>%®(R?)), or V € L4/>®(R4; L>((0, T))). Indeed, Wolff showed that
there is a bounded nonzero function w such that |[Aw| < |V,w| with V, € L4/> and which vanishes
to infinite order at the origin. Since the function w in [Wolff 1992] is bounded, by considering the
time independent function u(x, f) := w(x), it is easy to see that u(x, ¢) satisfies (1-2) and obviously the

differential inequality |Au + o;u| < |V.ul|.
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We also have the following sucp result for a local solution.

Theorem 1.3. Letd >3 and v, s satisfy (1-3). Suppose that u is a continuous solution to | Au+0,u| <|Vu|
on B(0, 2) x (0, 2), and suppose that, for any k € N, there is a constant Cy such that

—1x[%/(81)

k
||€ MHLZ((O,E);L%(B(O,Q))) < CkS s O<e<?2.

Then u(x, 0) vanishes on B(0, 2) if ||t1_d/(2r>_1/5V||L5((0’2);L;oo(3(0’2))) is small enough.

Uniform resolvent estimate for the Hermite operator. We now consider the resolvent estimate for the
Hermite operator H = —A + |x|? in R:

ICH =27 fllg <ClIfll,, z€C\@No+d), (1-8)

with a constant C independent of z. The estimate has independent interest while it plays an important
role in proving Theorem 1.1; see Lemma 4.1. Since H has the discrete spectrum 2Ng + d, the points
z € 2N + d are excluded. In contrast with the operator with a continuous spectrum, it is impossible
for (1-8) to hold with C independent of z, so we need to impose the assumption that

dist(z, 2Ng +d) > ¢ (1-9)

for some 1 > ¢ > 0; see the remark on page 2265. Estimate (1-8) may be compared with the corresponding
estimate for the resolvent of the Laplacian which is due to Kenig, Ruiz, and Sogge [Kenig et al. 1987]. It
was shown in that paper that the estimate

(=A=' flly <ClIfll,, z€C\(0,00),

holds with C independent of z if and only if
1 1 2 2d 2d

and d > 3.

p q d d+3 “PEarn
Also, see [Jeong et al. 2016] for the uniform estimates for more general second-order differential operators
and [Kwon and Lee 2020] for the sharp bounds which depend on z. Under the assumption (1-9), the uniform
resolvent estimate for H continues to hold with p, ¢ away from the critical line 1/p—1/g =2/d, whereas
this cannot be true for —A because of scaling structure; see [Kenig et al. 1987; Kwon and Lee 2020].

The uniform estimate (1-8) was obtained by Escauriaza and Vega [2001] for
%51)525(15%, d=3.

However, (1-8) fails to hold if 1/p — 1/q > 2/d (see the remark on page 2270), and the proof of (1-8) is
more involved when p, g satisfy (1-6). As for such (p, g) of the critical case, the estimate has been known
only for (p, q) = (2d/(d +2),2d/(d — 2)). In what follows we establish (1-8) for (1/p, 1/q) € (B, B')
under assumption (1-9). Those estimates in the expanded range are crucial for obtaining (1-4) witha = b
when p, ¢ satisfy (1-6).
Theorem 1.4. Let d > 3. Suppose (1/p,1/q) € T and (1-9) holds. Then there is a constant C > 0

such that estimate (1-8) holds. Furthermore, if (1/p, 1/q) = B or B', we have the restricted weak-type
(uniform) estimate for (H —z)~\.
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The proof of (1-8) with (p, q) = (2d/(d +2),2d/(d —2)) in [Escauriaza and Vega 2001] heavily
relies on the uniform bound on the spectral projection operator Il;, which is the projection onto the
k-th eigenspace of the Hermite operator H; see Section 2. In fact, they also used interpolation along an
analytic family of operators which are motivated by Mehler’s formula for the Hermite function. However,
their argument is not enough to prove (1-8) for (1/p, 1/q) € (B, B’). We develop a different approach
which is more direct and significantly simpler. We make use of a representation formula (2-1) for I
which was observed in [Jeong et al. 2022a] and an estimate for the Hermite—Schrodinger propagator
e~ £ (see Proposition 2.1) which is a consequence of the representation formula and the endpoint
Strichartz estimate [Keel and Tao 1998].

Organization of the paper. The rest of this paper is organized as follows. In Section 2 we provide
useful properties of the Hermite operator H and the Hermite spectral projection operator IT;. We prove
boundedness of more general multiplier operators for the Hermite operator in Section 3, which implies
Theorem 1.4. Finally, the proof of the Carleman estimate for the heat operator is given in Section 4.

2. Properties of the Hermite operator

For any multi-index « € N4, the L2-normalized Hermite function ®,, which is a tensor product of one
dimensional Hermite functions, is an eigenfunction of H with eigenvalue 2|«|+d. Here || :=o1+- - -+ ag.
The set {®y : a € Ng} forms an orthonormal basis of L?(R?). Thus, for any f € L?*(R%), we have the
Hermite expansion f =) (f, ®o)Pq.

We consider the Hermite spectral projection operator I1; which is defined by

Mif= Y (f®)®. [eSR.
aeNf)’:lal:k
Then, the Hermite—Schrddinger propagator is given by
e—il‘Hf — Z e_i'(2k+d)l_[kf, f c S(Rd),
kENo

which is the solution to the Cauchy problem (io; — H)u =0, u(x,0)= f(x). If fe S (RY), it is easy to
see that ITy f decays rapidly in k, thus Y =, eI f converges uniformly. Clearly,

1 T Y
Mef= Y. E(/ el k)dt>l'[krf.
k' eNg -
Therefore, we obtain

T
M f = %/ o1 Ch+d=H)/2 £ 1y 2-1)
-7

for f € S(R?). Meanwhile, the operator e ¥ has the kernel formula
e—ile(x) — Cd(sin(Zl‘))_d/Z/ ei((\x|2+\y|2) COt(Ql)/Z—(x,y)CSC(ZI))f(y) dy (2_2)
R[l

for f € S(R?), which is shown by using Mehler’s formula [Sjogren and Torrea 2010; Thangavelu 1987].
Combining this with (2-1) gives an explicit expression of the kernel of I,.
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In order to prove the uniform resolvent estimate (Theorem 1.4), we make use of the following mixed-

norm estimate for e /¥, which strengthens the uniform bound (2-4) in a different direction.

Proposition 2.1. Letd >3 and (1/p, 1/q) = B'. Then we have
=Clflpa. (2-3)

T .
H/ |€_”H/2f|dt
- q,00

Various authors [Jeong et al. 2022a; 2024; Karadzhov 1994; Koch and Tataru 2005; Thangavelu 1998]
studied the problem of characterizing the sharp asymptotic bound on the operator norm || ITy ||, of Iy

from L? to L? as k — oo. In particular, [Karadzhov 1994] showed
Tkl psg = C (2-4)

for a constant C when p =2 and ¢ =2d/(d — 2). By duality and the T T* argument, the bound (2-4) with
(p,q)=Q2d/(d+2),2) and (p,q) = (2d/(d+2),2d/(d — 2)) follows. Interpolating those estimates
with the trivial bound |1k |22 < 1, we have (2-4) for p, g satisfying

% =ps=2=gq= %.

Recently, the authors showed in [Jeong et al. 2024, Theorem 1.6] that (2-4) holds on an extended
range of p, g for d > 3; see [Jeong et al. 2022b] for a related result. By means of Proposition 2.1, we
can provide a simple alternative proof of this result. Indeed, by (2-1) and Proposition 2.1, it follows that
Tk fllg.00 < Cll flip,1if (1/p, 1/q) = B'. By duality, the same estimate also holds for (1/p, 1/q) = B.
Interpolating these estimates with the above mentioned estimate (2-4) for

2d 2d
I < p<2<qg <=
d+2=P=°=1=423

gives the following. See Figure 1.

Corollary 2.2 [Jeong et al. 2024, Theorem 1.6]. Let d > 3. For p, q satisfying (1/p, 1/q) € T, there is a
constant C > 0, independent of k, such that (2-4) holds. Furthermore, the uniform restricted weak-type
estimate for Ty holds if (1/p,1/q) =B or B'.

Proof of Proposition 2.1. We make use of the endpoint Strichartz estimate for e /¥ :

i 2
le™ ™ 2 Fll 2 _mer 0@y < ClLF Ny (2-5)

where pg = 2d/(d — 2). By periodicity, one can easily show estimate (2-5) using the dispersive estimate
lle " H/2 £l o < 111742 fllh, t e (O, %), which follows from (2-2) and the standard argument in [Keel
and Tao 1998]; for example, see [Sjogren and Torrea 2010]. We choose a smooth partition of unity, so
that
YO @RI+ Y2+ QI+ )+ Y@ (r ) =1
j=4

fort € (—m, )\ {0}. Here ¢ € CE,’O([}L, l]) satisfy Zj ¥ (2/t) =1 for ¢t >0, and ¥ is a smooth function
which is supported in the interval [—m, 7] and vanishes near 0, 7, and —.
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Set w]i =y (£+2/ ) and z//jc” = (2/(w —=%-)). Then, for 0 = £, &7, we have

f 7 e 2 flde S 2P| £y

because |xﬁ§’e‘i tH/2 £1 <24i/2| £ |1 by (2-2). Using (2-5) and Holder’s inequality followed by Minkowski’s
inequality, we also obtain the estimate

‘ / [y e 12 fldt S22 f .

2d/(d-2)

In other words, for the sublinear operators Tj(r f=/ |1//5~T€_itH 2 f|dt, o ==+, £, two estimates
LY
77 fllgy S22V fllp, €=0,1,

hold, where pg =1, g9 = 00, gy = %d, and p1 =2, g1 =2d/(d—2), 1 = % Note that the exponents
of 2/ in the two estimates have different signs. Thus, applying Bourgain’s summation trick (for example,
see [Jeong et al. 2024, Lemma 2.4]), we obtain

[ ey 217
J J

for (1/p,1/q) = B'. By a similar argument, it is easy to show | [|y%e~""H/2 f|dt Hq S |Ifll, for
(1/p, 1/q) = B'. Hence, combining all of those estimates, we get (2-3). (|

dt SUfllpa, o=+ +m,

q,00

=
4,00

We now consider the L?-L4 estimate for the operator H %, s > 0, which is defined by

oo
HYf =Y (2k+d) " TIkf.
k=0
The operator can also be written as

H—Sf — 1 /‘00 ts—le—tHf dtl
I'(s) Jo

by making use of the heat semigroup e~/

—tH

associated to H. By means of the explicit kernel expression
of e which is based on Mehler’s formula (see [Thangavelu 1993]), Bongioanni and Torrea [2006]
obtained L”-L4 boundedness for H *. Sharpness of their result was later verified by [Nowak and Stempak

2013]. Thus, the results completely characterize L”-L9 boundedness of H ~°.

Theorem 2.3 [Bongioanni and Torrea 2006, Theorem 8; Nowak and Stempak 2013, Theorem 3.1]. Let
d>1,1<p,qg<o0,and0 <s < %d. Then H~* is bounded from L? to L1 if and only if

25 1 1 _2

IS4

There are weak/restricted weak-type estimates in the borderline cases which are not included in the
above theorem, and we refer the readers to [Nowak and Stempak 2013] for more details regarding such
endpoint estimates.

IFor a bounded function m on R, the operator m(H) is formally defined by m(H) = ZkeNo mQ2k +d)Iy.
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3. Proof of Theorem 1.4

We consider the more general operator (H — z)™, m € N, which is given by

H— —m — (_ m ,
(H-2"f= Z(2k+d =2 Zo(it—lrﬁ—k)'"
with z =28 +d +2ti, B ¢ Ny, and T € R. We prove the following.

Theorem 3.1. Let d > 3, and let m be a positive integer. Suppose that (1-9) holds for some constant ¢ > 0.
If (1/p,1/q) € (B, B'), then there is a constant C = C(m), independent of z, such that

I(H—2)""fll, <CA+[Imz)'"™™| fll,. (3-1)

Furthermore, we have ||(H —2)™" fllg,00 < C(1 + | Imz|)1_m||f||p,1 if (1/p,1/q) =B or B

While the estimates for m > 2 are rather straightforward from (2-4), the proof of (3-1) form =1 is
more involved. This case is handled in Proposition 3.2 below.

Remark. The gap condition (1-9) is necessary for the uniform estimate (3-1) to hold. In fact,

12k +d =z fllq
1y

if f is an eigenfunction with eigenvalue 2k 4 d. Therefore, the operator norm cannot be bounded as
Z — 2k +d unless (1-9) holds.

I(H =2) "l p>qg =

For positive numbers B and ty, let C(B, #p) denote the class of functions which are contained in
ClE+D/ZI(R N\ [—19, to]) and satisfy the following:

IGn)|<B, neZ, (3-2)
S IG(K) +G(—h)| < B, (3-3)
k=1
> kG (k) — (k+ )Gk + 1)| < B, (3-4)
k=1
1
(£)6w| =B+, <, (3-5)

for0<i<1 > —|—2) Particular examples satisfying the conditions (3-2)—-(3-5) are G, (1) =1/(it+1+ ),
where (i, r) € (—3. 3) x Rand |(u, 7)| > ¢ for some small ¢ > 0.

Proposition 3.2. Let d > 3 and (1/p, 1/q) € (B, B'). Suppose that G is in C(B, ty). Then, there is a
constant C, depending only on B and ty, such that

|o(35=1)s|, <cur, (3-6)

holds for every n € Ny. Furthermore, if (1/p,1/q) = B or B, the restricted weak-type (p, q) estimate
holds for G(%(Zn +d—H )) with a uniform bound depending only on B and t.
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Proof. Let p, and g, be given by (1/ps, 1/q+) = B’. In order to show Proposition 3.2, it is sufficient to
show the restricted weak-type (p«, g+) estimate for G(%(2n +d—H )). Note that the adjoint operator
G(%(2n +d— H))>k is given by

G(W)*f - ; Cin—IT, f.

Clearly G € C(B, ty). Hence, the same argument shows that the restricted weak-type (px, ¢») estimate holds
for G (% 2n+d—H ))*. This in turn gives the restricted weak-type estimate (g, p;) for G (% 2n+d—H ))
by duality. Real interpolation between these two (restricted weak-type) estimates for G(%(Zn +d—-—H ))
yields the desired estimates for (1/p, 1/q) € (B, B').

No differentiability assumption is made on G for |f| < #y. So, we handle the cases n > ng and n < nyg
separately, where ng is an integer satisfying no > 2f9. We first consider the case n > ng. Recalling

o0
G(W) - g G(n— b,

we write the decomposition
G ( 2n+d—H

D) >:: jn+ICn,

where

A :=I§(}G(n—k)¢(n;k)l'[k and K, :=gG(n—k)(l—¢(n;k>>Hk.

Here, we choose a nonnegative smooth even function ¢ on R such that ¢(#) =1 on [—%, %], ¢ =0if
1 < |¢], and ¢ is nonincreasing on the half-line ¢ > 0. This monotonicity assumption plays an important
role in obtaining a bound on a sum of trigonometric functions.

The sum 7, is the major contribution to the estimate (3-6) and is to be handled by the integral formula
for Iy and Proposition 2.1. The second sum K, behaves like the operator H !, which is actually bounded
from LP-L9 on a larger range of p, g. We consider 7, first.

We set

& k : k
Ti=Y G0e(; )Mk —Mys) and o= Y (G(—k) +GhDS(, ) M
k=1 k=1
Since ¢ is an even function and supported in [—1, 1], after reindexing by (n — k) — k, we see

T=3 6®0d() M+ 6O+ Y G-bp(5)
Thus, . .
Ih=T1 + T+ GO)II,.

By (3-2), (3-3), and the uniform restricted weak-type (px, g«) estimate for T, in Corollary 2.2, it follows
that
1GOOI, fllgo0 SBIfllpo1 and [ Z2]lg,.00 S BILfl p,.1-



UNIQUE CONTINUATION FOR THE HEAT OPERATOR WITH POTENTIALS IN WEAK SPACES 2267

So, it suffices to deal with Z;. Using the formula (2-1), we note

. b
i f — Mygn f = _7’1_ f sin(rk)e'! =12 ¢ gp.
-7
Thus, we have

T
Tif=| tu®e ™ 2 far,
—7
where

_ i aenran ~ kY _
enlt) = ——e ;G(k) s1n(tk)¢<n>, <t<m.

Using Proposition 2.1, it is sufficient to show
150 ()] = C, (3-7)

with C independent of n and G. By the property of ¢, it is clear that

[n/2] n
GBS Zsin(tk)G(k>'+ 3 sin(tk)G(k)q&(%)',
k=1 k=|n/2]+1

Boundedness of the second term is easy to show. Indeed, since the condition (3-5) holds for |#| > %n by
our choice of ng, we see
- k - k
1 il < -1 <_> < .
E sm(tk)G(k)q&(n)’ SB E k¢ ) B

k=|n/2)+1 k=[n/2)+1

So, for (3-7), we only have to show ’ZZ:l sin(tk)G(k)‘ <1 for any n. Setting oy (¢t) = 21;21 j~tsin(j1),
by summation by parts we write

n n—1
Z sin(tk)G (k) = Zok(t)(kG(k) —k+1DGk+1) +0,()nGn).
k=1 k=1

Since |0y ()| < 1 for any k and ¢ as can be shown by an elementary argument,” by the conditions (3-4)
and (3-5) it follows that | Y"}_, sin(tk)G (k)| < 1.

We now turn to the operator K,,. Clearly, we may write X, = H ™!

omy(H), where m, is given by
m,y (1) = tG<2n+d—l‘><l _¢(2n+d—t))’
2 2n
which is in C*°(R). Using (3-2), (3-5), and the support property of ¢, a simple calculation shows

d' _
Lm0 S A+ forl=0,1,2,.... 5@ +2)
whenever ¢ > 0. Here the implicit constants are independent of n. Thus, the Marcinkiewicz multiplier

theorem [Thangavelu 1993, Theorem 4.2.1] implies that m, (H) is bounded on L?, 1 < p < oo, uniformly

2This can be seen by approximating Dirichlet’s kernel, or again by summation by parts.
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in . By Theorem 2.3, H~! is also bounded from L” to L4 for 1 < p, g < oo satisfying 1/p —1/q =2/d.
Hence, we have

1Knllp—g < IH N g gllma (Dl s p S 1,

with the implicit constant independent of 7.
We now consider the case n < ng, which is much simpler to show than the case n > ng. To prove (3-6),
we write the following decomposition for G(3(2n +d — H)):
2n+d—H ~ o~
(B < 7,4,
where

jn_ZG(n—k)qj( )nk and /cnzz:c;(n—k)(l—(p(i))nk.

2no

Clearly, the multiplier
2n+d—-)( _ (2n+d—-)>
G ( 2 I-¢ 2ngp

of the operator IE satisfies the condition (3-5). So, in the same manner as in the above we obtain the
bound ||IC lp—qg S1ifl < p,qg <ooand 1/p—1/qg =2/d. By condition (3-2) and Corollary 2.2 it

follows that
2n

1T 0 fllgeoo <BD MM fllgoo S I lpoat

k=0
uniformly in n < ng. This completes the proof of Proposition 3.2. (|

We are ready to prove Theorem 3.1.

Proof of Theorem 3.1. Let p, and g, be given by (1/p, 1/q+) = B’. As in the proof of Proposition 3.2, it
is enough to show the restricted weak-type (px, gx) estimate for (H —z) ™" with bound C (14 |Imz[)!=",
since the adjoint operator of (H — z)™™ is given by (H — z)~™. We can handle (H — 7)™ in exactly the
same way to obtain the restricted weak-type (px, g+) estimate for (H —z)™" with bound C (14| Imz|) t=m
By duality and interpolation, we get all the desired estimates.

By Corollary 2.2, we have the estimate ||T1y fl4,.00 < C|l f|l p.,1, with C independent of k. Using this
estimate, for m > 2, we get

o0
I(H—=2)7" fllgooo S Z 2k +d =z fllpor S L4+ ImzD) (| £ll p.1
k=0
because

o0
Y 2k+d—z| ™" < Cu(1+]Imz)' ",
k=0

with C,, independent of z for m > 2 if (1-9) holds. Thus, we need only to show

ICH =27 fllgeco < Cllflp1- (3-8)
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IfRez >d—1,wehave z=2(n+u)+d+2it forsomen € Ny, u € (—% %), and 7 € R satisfying
[(w, T)| = %c because of (1-9). We note that
_ 2n+d—H
(H =27 =G (FHL=T),
where G, (1) = 1/(it + 1+ ). It is easy to see that G, € C(B, 1) for some B > 0 provided that
pe (—3%, %) and T € R satisfy |(u, 7)| > 3c. Indeed, since |k + | > |p| fork € Z and p € (-3, 1), it
follows that |G, . (k)| < |u+it|~! <2/c for all k € Z. Moreover, we have

liT + ul
Z|Gw(k>+GM< k>|<Z o ol
= - 2, it + ul
kG, (k) —k+1DG, (k+1) < -_— )
,;' e () = (k+ 1)Gy o (k + )'—k§|ir+k+m2~
and, for 0 <1 < 1(d+2),
(LY Gue| S atup™" =1
dr) TV~ ’ -

whenever € (—%, %) and t € R satisfy |(u, T)| > %c. Obviously, the implicit constants are independent
of specific values of u and 7. Hence, taking a sufficiently large constant B > 2/c, we see G, . € C(B, 1).

Thus, by Proposition 3.2, the estimate (3-8) holds uniformly in z. For the remaining case, i.e.,
Re z <d —1, we have that 7 clearly stays away from the eigenvalues of H, so (H —z)~! behaves like H !
More precisely, we obtain the uniform estimate (3-8) repeating the same argument as in the case n < ng
of the proof of Proposition 3.2. This completes the proof. O

The uniform resolvent estimate in Theorem 1.4 is a special case of the following.

Corollary 3.3. Let d > 3 and m be a positive integer, and let p, q be given as in Theorem 1.1. Then,

there is a constant C = C(m) such that
I(H —2)™" flly < C(1+ |Imz)d/P=V/Z=m) £ (3-9)

provided (1-9) holds. Furthermore, if (1/p,1/q) = B or B, we have the restricted weak-type estimate
for (H — 2)™™ with bound C (1 + | Im z|)4/p=1/a)/2=m

Proof. By Theorem 3.1, we have estimate (3-9) for (1/p, 1/q) € (B, B’). In view of interpolation, it is
enough to show (3-9) with (p, q) = (2,2), 2d/(d+2),2), or (2,2d/(d —2)). These estimates are easy
to show by using orthogonality between the projection operators I1g. In fact, we have

o 1/2
I(H=2)""fll2 < (Z 2k +d — z|2'"||nkf||%) :

k=0
So, taking the supremum over k of |2k +d — z|7?™, we obtain (3-9) when p = g = 2. We note that
Yoroo 2k +d —z|72 < C(1+|Imz|)~2"*! with C independent of z as long as (1-9) holds. Applying
the uniform L2¢/@+2)_12 estimate in Corollary 2.2, we get (3-9) with p = 2d/(d +2) and g = 2. Since
the adjoint of (H —z)™™ is (H —z)™™, estimate (3-9) with (p, ¢) = (2d/(d + 2), 2) implies that with
(p,q) = (2,2d/(d —2)) by duality. O
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4. Proof of Theorem 1.1

We now prove the estimate (1-4) by adapting the argument in [Escauriaza and Vega 2001] (also see
[Escauriaza 2000]) which deduces the Carleman estimate for the heat operator from the uniform resolvent
estimate for the Hermite operator. We are basically relying on real interpolation as in the Appendix of
[Jerison and Kenig 1985]. However, there are some nontrivial issues which are related to a shortcoming
of the real interpolation in mixed-norm spaces.

Lemmad.l. letl < p<2<g<oo, 1<r,s<o00,1<a<b<oo,and0<y <1,andlet B ¢ Ny bea
real number. Suppose that the estimate

o0

Z I f
(Ti+ B — k)"

k=0

< (11T I £ llp.a (4-1)
q,b

holds for positive integers m, with C, independent of T € R and B, provided dist(8, Ny) > ¢ for some ¢ > 0.
Then, if dist(B8, Ng) > ¢ for some ¢ > 0, estimate (1-4) holds uniformly in B whenever the following hold:

ey <L O0<1l/r=1/s<1=y,and (1/r,1/s) # (1,y), (1—y,0),
ey=l,a=b=2,and1 <r =5 < o0.

Lemma 4.1 was implicit in [Escauriaza and Vega 2001] with the Lebesgue spaces instead of the Lorentz
spaces. The extra condition a = b = 2 when y = 1 is due to a limitation of the real interpolation in
mixed-norm spaces. Once we have Lemma 4.1, the proof of Theorem 1.1 is rather simple.

Proof of Theorem 1.1. Let (1/p, 1/q) be in . By real interpolation between the estimates in Corollary 3.3
and inclusion relations between Lorentz spaces, we get (4-1) with y = %d (1/p—1/q)forany 1 <a<b<oo
if p #2 and g # 2. Thus Lemma 4.1 gives estimate (1-4) in the Lorentz spaces if the exponents satisfy
the condition in Theorem 1.1. O

Estimate (1-4) is equivalent to the Sobolev-type inequality
| ey g0y < CICA = X1+ 8 +2B + Dhll g pey, b € CERMD. 4-2)

One can easily see this by following the argument in [Escauriaza 2000]. In particular, if r = s, the
inequality (4-2) implies || f|l; < C[[(A — x|+ 28 + d)fll, for f € CS"(IR"), which is, in fact, a
special case of (1-8), where z =28 +d ¢ 2Ny + d. Indeed, let f; be a compactly supported smooth
function on R with f1(0) = 1. Then the above estimate follows by applying (4-2) to the function
h(x,t)= f(x) fi(t/R)R™Y", R > 1, and letting R — oo.

Remark. When r = s, the implication from (4-2) to (1-8) with z =28 +d & 2Ny + d can be used to
show that the Carleman estimate (1-4) holds only if

112
p g~ d

By the Marcinkiewicz multiplier theorem for the Hermite operator H [Thangavelu 1993, Theorem 4.2.1],

(H — Z)_1 H with z =28+d ¢ 2Ny +d is bounded on L?, 1 < p < co. Thus, we see that estimate (1-4)

implies || H~'u llg S llullp, foru e C° (R?). By Theorem 2.3, the inequality holds only if 1/p —1/g <2/d.



UNIQUE CONTINUATION FOR THE HEAT OPERATOR WITH POTENTIALS IN WEAK SPACES 2271

Proof of Lemma 4.1. To prove Lemma 4.1, we basically rely on the argument in [Escauriaza 2000;
Escauriaza and Vega 2001], so we shall be brief. By scaling, it is easy to see that (1-4) is equivalent
to (4-2). See [Escauriaza 2000] for the details. Thus, we need to show (4-2) by replacing # with
(A —|x|>+ 8, +2B8 +d)"'g. Applying the projection operator IT; in x-variables and taking the Fourier
transform in 7, we see the operator Sg := (A — Ix?+ 8, +28+d)""is given by

S,eg(x,t)=AKﬁ(t—s><g(~,s))<x>ds,

where the operator-valued kernel Kpg is given by

IT
k()= [ Zﬂ'ffzm_’;(g) Ldr. feCE®),

To prove (1-4), it is enough to show

1Spll ooy S V8l @iy, & € CORMD), 4-3)

with an implicit constant independent of 8 as long as dist(8, Ny) > ¢ for some ¢ > 0.

We regard Sg as a vector-valued convolution operator. Let us first consider the case y < 1 which is easier.
Let ¢ € C2°([—1, 1]) be such that ¢ (t) =1 on [—— —] Breaking the integral with functions ¢ (¢7) and
1—¢(t7) and using integration by parts and (4-1), itis easy to see that || Kz (¢) | LPa o <min{|¢|77, |t|7?).
Since y < 1, for r and s satisfying 0 <1/r—1/s <1—y and (1/r,1/s) # (1, y), (1 —y, 0), we obtain
estimate (4-3) by Young’s convolution inequality and the Hardy—Littlewood—Sobolev inequality.

We now turn to the case y = 1. We claim that the kernel Kg satisfies the Hormander condition

SUP/ Kp(t —5) — Kg(O)llpr2spa2dt <A <00, (4-4)
s#0 J|t]>2]s|

where A depends only on the constant ¢ > 0 such that dist(8, Ny) > c¢. To show (4-4) it is sufficient to
show [|K (1)l r2s par S 16|72 In fact, if | K (0)[l,p2_, ;o2 S 12|72, then

t—s
1Kg(t —s) = Kg@ll o, o2 = H / Kj(0)do < lsllel 2.
* * t L1
This clearly yields (4-4). Integrating by parts, we have
00 S 1
—27it)?Kj(t) = 2% (i 3/ ZaLLALE) Y § P
(2wt K1) =2P(ri)’ | we g(mw—w K

The assumption (4-1) (with y = 1) gives |||t|2Kl’3(t)||Lp.z_)Lq,z < 1 uniformly in ¢ and B satisfying
dist(8, Ng) > ¢, which proves the claim (4-4) (see [Escauriaza and Vega 2001] for details). Thanks
to (4-4) and the usual vector-valued singular integral theory, in order to prove (4-3) for 1 <r =5 < o0, it
suffices to obtain estimate (4-3) withr =s =2 anda =b =2.

For n € C2°(R), we define n(D;) by F;(n(D;)g)(x, t) = n(r)F:g(x, v), where F; denotes the Fourier
transform in . We use the following Littlewood—Paley-type inequality in the Lorentz spaces.
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Lemma 4.2. Let | < p,r < 0o. Suppose 1 is a smooth function supported in [272, 1] which satisfies
Z;’;_oo|n(2*jt)|2 ~ 1 forall t > 0. Then we have

1/2
gl o ey < H (Z 2~ |Dt|>g|2)

jez

N ||g||L;(|R;LQ’)- (4-5)

LiR;LY")

Proof. It is sufficient to show the second inequality in (4-5) because the first inequality follows from the
second one via the standard polarization argument and duality. For every 1 < p, r < oo, we have

_ 1/2
‘ (Z |n(2—f|Df|)g|2)

JjezZ
by means of the usual Littlewood-Paley inequality and the vector-valued singular integral theorem; see

S lgllor @ Lrway)
L™ (R; LP(R))

[Escauriaza and Vega 2001, Lemma 2.1]. We interpolate these estimates using the real interpolation in
the mixed-norm spaces, in particular,

(LP(R; L), LP (R L))y, = LP (R; L7)
whenever po, qo, p1, g1 €[1,00) and (1/p,1/q) =(1—=6)(1/po, 1/90) =0(1/p1,1/q1) with 6 € (0, 1);
see [Cwikel 1974; Lions and Peetre 1964]. Therefore, we obtain the second inequality in (4-5). O
We now note that
VDS = [ Kpjtt =g ),
R

where
]

@]
1 2witt 1
Kg i(t == , ——1I1 dr.
pfw=5 | e w(y)g e
Using (4-1) with a = b = 2 and integration by parts, we see that |[Kg ; ()|l p2_ ;42 < C2/(1+27t])72,
with C independent of j and g if dist(8, Ng) > ¢ > 0. Thus, Young’s convolution inequality gives
1 Q™ IDN) S8l 2oy S N8N 2102 (4-6)

with the implicit constant independent of j and 8. To get the desired (4-3) with r =s = 2, we combine
this inequality and Lemma 4.2. Since 2 < g < oo, the space L(4/?-?/2) is normable. So,

172 1/2
“ <Z L j|2> = (Z [ ,-||§q,z) : (4-7)
j Ly j '

Since Sgg = Zjel W(Z_j |D;])Sgg, applying Lemma 4.2 and then (4-7), we have

' 1/2
1S58l 2,197 <Z ||w<2—f|Dt|>Sﬁg||§2(R;Lz.z)> :
jez

Let ¥ € C.([272, 1]) such that Y = v, so

w27 D)Spg =¥ 27D ) Sg¥ 277 | Dy g
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Using (4-6) followed by (4-5), we get

. 1/2
[NT{ PR <Z ||w<2—f|Dt|>g||’jz(R;L§,z)) .

jez

By duality, the inequality (4-7) is equivalent to (3,1 j||ip,2)” 2 1m12) ) e for 1< p < 2.
Thus, using Lemma 4.2, we get '

S ||g||L2(|R;Lf'2)' D

_ ' 1/2
(Z |w<2f|Dt|)g|2)

jez

||S,3g||L2 R.quz S ‘
(k) LR LE?)
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