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NONLINEAR PERIODIC WAVES ON THE EINSTEIN CYLINDER

ATHANASIOS CHATZIKALEAS AND JACQUES SMULEVICI

Motivated by the study of small amplitude nonlinear waves in the anti-de Sitter spacetime and in particular
the conjectured existence of periodic in time solutions to the Einstein equations, we construct families of
arbitrary small time-periodic solutions to the conformal cubic wave equation and the spherically symmetric
Yang-Mills equations on the Einstein cylinder R x S*. For the conformal cubic wave equation, we consider
both spherically symmetric solutions and complex-valued aspherical solutions with an ansatz relying on the
Hopf fibration of the 3-sphere. In all three cases, the equations reduce to 141 semilinear wave equations.

Our proof relies on a theorem of Bambusi—Paleari for which the main assumption is the existence of a
seed solution, given by a nondegenerate zero of a nonlinear operator associated with the resonant system. For
the problems that we consider, such seed solutions are simply given by the mode solutions of the linearized
equations. Provided that the Fourier coefficients of the systems can be computed, the nondegeneracy
conditions then amount to solving infinite dimensional linear systems. Since the eigenfunctions for all
three cases studied are given by Jacobi polynomials, we derive the different Fourier and resonant systems
using linearization and connection formulas as well as integral transformation of Jacobi polynomials.

In the Yang—Mills case, the original version of the theorem of Bambusi—Paleari is not applicable because
the nonlinearity of smallest degree is nonresonant. The resonant terms are then provided by the next order
nonlinear terms with an extra correction due to backreaction terms of the smallest degree of nonlinearity,
and we prove an analogous theorem in this setting.

1. Introduction 2311
2. The method of Bambusi—Paleari revisited 2322
3. The linear eigenvalue problems 2343
4. The PDEs in Fourier space 2345
5. The Fourier coefficients 2349
6. 1-mode initial data 2361
7. Nondegeneracy conditions for the 1-modes 2367
Acknowledgements 2376
References 2377

1. Introduction

1A. Stability/instability of the anti-de Sitter spacetime. The anti-de Sitter (AdS) spacetime is the maxi-
mally symmetric solution to the vacuum Einstein equations with a negative cosmological constant:

Ric(g) = —Ag, A <O0. (1-1)
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Given A < 0, this is the simplest, or trivial, solution to (1-1), in the sense that the Minkowski or de Sitter
spacetimes are the trivial solutions to the vacuum Einstein equation with A =0 or A > 0. While the
stability properties of the Minkowski or de Sitter spacetimes are now well understood [Christodoulou and
Klainerman 1993; Friedrich 1986], the study of perturbations of AdS spacetime is still an active subject
of research. One important aspect is that the AdS spacetime, or more generally spacetimes which are
asymptotically AdS, are not globally hyperbolic. Hence, any evolution problem for these solutions is only
well-posed after boundary conditions are imposed at the conformal boundary. Two naturally opposite
classes of boundary conditions are the fully reflective and dissipative boundary conditions. In the reflective
case, we expect—as originally conjectured by Dafermos and Holzegel [2006] and independently by
Anderson [2006] — that the AdS spacetime is unstable. Strong evidence for this instability was first
presented by Bizon and Rostworowski [2011], who pioneered the study of the spherically symmetric
Einstein—Klein—Gordon system using numerical and Fourier based analysis and proposed weak turbulence
as the nonlinear source of instability. A proof of instability for the spherically symmetric Einstein—Vlasov'
system was obtained in the work of Moschidis [2020; 2023] and is based on a physical space mechanism.
In the dissipative case, one has strong decay of solutions for the linearized Einstein equations [Holzegel
et al. 2020], and this should lead to stability even at the nonlinear level.

1B. The time-periodic solutions of Rostworowski—-Maliborski. In the reflective case, parallel to the
study of the instability conjecture, an interesting class of solutions was introduced by Rostworowski and
Maliborski [2013], who constructed perturbatively and numerically small data, time-periodic solutions
of the spherically symmetric Einstein-scalar field system. They furthermore suggested, based on their
numerical analysis, that these solutions should enjoy stronger stability properties than the original AdS
spacetime. The present paper is directly motivated by this work. We prove the existence of arbitrary
small time-periodic solutions for various toy models, which mimic certain properties of nonlinear waves
in the AdS spacetime.

1C. The conformal wave and the Yang—Mills equations. More precisely, we study the conformal wave
and the Yang-Mills equations on the Einstein cylinder R x S*. The AdS spacetime is conformal to half
of the Einstein cylinder, so that solutions to the conformal wave and the Yang—Mill equations on the AdS
spacetime can be mapped to solutions on the entire Einstein cylinder with a certain reflection symmetry
at the equator. The conformal cubic wave equation on the Einstein cylinder can be written as

—07¢(t, ) + Ag:¢ (1, 0) — $ (1, ) = P (1, )P (1, ) (1-2)

for a scalar field ¢ : R x S* — C with ¢ = ¢(r, w). We will consider perturbations around the static
solution ¢9 = 0 and, for simplicity, with zero initial velocity.
In the spherically symmetric case, the initial value problem for (1-2) reduces to

{(3,2 +Lu= f(u), (t,x) € R x (0, ), (13)
(0, x), 0u(0, x)) = (uo(x),0), x € (0,m),

IMoschidis [2021] has further announced similar results for the spherically symmetric Einstein-scalar-field system.
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for a scalar field u : R x (0, ) — R with u = u(¢, x) and

1
Lu:=—Agu+u, —Agu= —ﬁax(sinz(x)axu), fu)=—u’, (1-4)
Sin~(x

where Ag; stands for the spherically symmetric Laplace-Beltrami operator on S3.

When the spherical symmetry assumption is removed [Ben Achour et al. 2016; Evnin 2021], we use
an ansatz based on Hopf coordinates® n,&1,%) € [0, %] x [0, 2m) x [0, 27) rather than the standard
spherical coordinates. The Laplace—Beltrami operator on S? in these coordinates reads as

S3 a2 1
AGeenX =X+ (

— 32 x.

cos?n 6 X
While in principle the Fourier expansion with respect to £, and &, of a solution x (¢, n, &1, &) to (1-2)
may include all possible admissible frequencies, we will pick a fixed pair of frequencies (1, it2) and

cosn  sinpy

1
: Ix +——0F x +
sinn cosn) nX sinzn aX

force the Fourier expansion to excite only this particular pair by implementing the ansatz

X (.0, 61, 62) = u(t, me'ttrelten, (1-5)
This leads us to consider the initial value problem
{(3,2 + Lk )y = f(u), (t,m) €Rx(0,%), (1-6)
(u(ov 77), alu(ov 77)) = (W)(’?)v 0)7 7] € (07 %)v

for a scalar field u : R x (O, %) — R with u = u(¢t, n) and

2

. 2

cos sin

L(“""”u:—agu_( . n_ ﬂ)anu+( le n M; +l>u, f(u)=—u3. (1-7)
sinn  cosp smm“n  COs“n

Finally, we consider the spherically symmetric (equivariant) Yang—Mills equation for the SU(2) connec-
tion A on the Einstein cylinder R x S endowed with the metric

g(t, w) = —dt* + dx* + sin’(x) do?, (1-8)

where dw? stands for the standard round metric on the 2-sphere. The connection A, = A} 7y isa l-form that
takes values in the Lie algebra su(2). Here, t, stand for the generators of su(2) that satisfy [t,, 7p] =i€pc Te-
Furthermore, the curvature F' is a (2, 0)-tensor defined by F,,, =V, A, —V,A, +[A,, A,]. The Euler-
Lagrange equations associated to the action

/ tr(Fy, F*")y/— det(g)
RxS3

are provided by the Yang—Mills equation
V., F"" +[A,, F""1=0. (1-9)

Following [Bizon 1993; 2014; Bizon and Mach 2017], we assume the spherically symmetric purely
magnetic ansatz
A=¢(t, x)n+13cos(P)de, n=r1dv+1sin(¥)dep,

2We would like to thank Oleg Evnin who suggested the Hopf coordinate ansatz.



2314 ATHANASIOS CHATZIKALEAS AND JACQUES SMULEVICI
which yields
F=0¢, x)dt An+0,¢0(, x)dx An—(1— (]52(1‘, x))T3dV Asin(9) de.

In this case, a straightforward computation shows that (1-9) reduce to

$(t.x) (1, %)

sin?(x)  sin?(x)

—32¢(t, x) + 32 (1, x) + (1-10)

for a scalar field ¢ : R x (0, 7) — R with ¢ = ¢ (¢, x). We will study perturbations of the static solution
¢o = 1 to the equation above [Bizon 2014]. Writing ¢ (¢, x) =1+ sin’ (x)u(t, x), we are led to the initial
value problem

{(8,2+£)u:f(x,u), (t,x) € Rx (0, 7), (A-11)
(u(0, x), ,u(0, x)) = (up(x), 0), x € (0, ),
where
Lu=———7 3y (sin* xd,u) + 4u, flx,u) = —3u® — sin®(x)u’. (1-12)
sSin x

1D. Connection of the models to the fixed AdS spacetime. In the following lines, we discuss the
connection of the models (1-3), (1-6) and (1-11), and we consider two dynamical problems related to
the AdS spacetime. The Einstein static universe is the cylinder R x S endowed with the metric given
by (1-8), and the AdS spacetime is conformal to only the part of the entire Einstein cylinder which is
given by R x S3_, where §i denotes the upper hemisphere of S3. Since both the cubic conformal wave
equation and the Yang Mills equation are conformally invariant, this implies that solutions to the cubic
conformal wave and Yang—Mills equations can be mapped to solutions of the same equations on R x Si.
Depending on the choice of boundary conditions at the conformal infinity of the AdS spacetime, these
solutions can then be extended on the whole of the Einstein cylinder via a reflection symmetry; see for
example [Bizon et al. 2017, Remark 1].

The models we consider here also preserve several key features of the Einstein—Klein—Gordon system in
spherical symmetry, and for which we have reliable numerical evidence for the existence of time-periodic
solutions due to [Maliborski and Rostworowski 2013] (see Section 1B). Indeed, in all cases, the spectrum
is completely resonant and the eigenfunctions to the linearized operators are weighted Jacobi polynomials.
As a consequence, the derivation and analysis of the Fourier and resonant systems share many properties.
In addition, although quasilinear, the Einstein—Klein—Gordon system in spherical symmetry has a cubic
leading-order nonlinearity as in the models we considered here. More importantly, the existence of the
time-periodic solutions we construct here depends on the so-called nondegeneracy condition (Section 7).
This is a system of infinitely many nonlinear conditions for oscillatory integrals that quantify the mode
couplings, relying on the analysis of the underlying Fourier system. In this paper, we develop a rigorous
and delicate analysis for the Fourier coefficients (Section 5) by establishing closed formulas, as well as
rigorous asymptotic analysis in the case where the closed formulas for these integrals are too complicated
to handle. Besides their strong numerical evidence, Rostworowski and Maliborski [2013] also suggest that
there should be an analogous nondegeneracy condition for the quasilinear Einstein—Klein—Gordon system
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in spherical symmetry. The computation and the analysis of the Fourier system for the Einstein—Klein—
Gordon system is a challenge in itself, see for example [Chatzikaleas 2024; Craps et al. 2014; 2015a;
2015b; Evnin and Jai-akson 2016], and we believe that the type of analysis for the Fourier coefficients
developed here should find applications there as well.

1E. Main results and general strategy. In the following, we use the abbreviations

o CW: conformal cubic wave equation in spherical symmetry, that is (1-3)—(1-4),

o CH: conformal cubic wave equation out of spherical symmetry in Hopf coordinates according to the
ansatz (1-5), that is (1-6)—(1-7),

e YM: Yang—Mills equation in spherical symmetry, that is (1-11)—(1-12),

and study the evolution of the perturbations

0,7) for CW,
u:RxI—-R, u=u(tx), I= (0%) for CH,
0,7) for YM,
driven by the partial differential equations
B} +Lu=f(x,u), (t,x)eRxI, (1-13)

subject to the initial data ug(x) = u(0, x) with zero initial velocity u;(x) = 0,u(0,x) =0 for all x € I.
Here, the linear operators and the nonlinearities are given, respectively, by

—+8x(sin2(x)8xu) +u for CW,
sin“(x) 5 5
Lu=)—2u— (S35 -0 g 0y (B4 L2y 1)u foron, (1419)
siInx  COSX sin“x  COSs“x
— _14 9, (sin* x 9y u) + 4u for YM,
Sin-* x
—u’ for CW and CH
su) = ’ 1-15
T =132~ sino® for YM. (1-15)

Associated to the linear operators given by (1-14), one can introduce natural Hilbert spaces, and with
suitable definitions for their domains (Section 3), the linear operators are then all self-adjoint operators
with compact resolvent. In order to simplify the presentation below, we denote by {e, (x) : n > 0} the set
of eigenfunctions of any of these operators® and by {a),% :n > 0} the set of corresponding eigenvalues.
Recall that, in all three models considered, the sequences {w, : n > 0} are all strictly increasing with
w; ~nasn— +o0.

We also denote by ®’(&) the flow associated to any of the linearized equations with initial data
(u1=0, dius—9) = (€, 0). If we use &, to denote the Fourier coefficients of £ associated to the eigenbasis
{e,(x) :n > 0}, then -

D' (§) =Y _ cos(twy)&en (). (1-16)

n=0

30f course, the eigenfunctions are different for the different operators, so this is just a generic name.
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To state our result, we need to introduce a set of frequencies verifying a certain Diophantine condition
[Bambusi and Paleari 2001]. Given 0 < «a < % define

Waz{weR:|w-l—wj| z%V(l,j)eNz, [>1, w ;éz}. (1-17)

According to [Bambusi and Paleari 2001, Remark 2.4] and [Schmidt 1980, p. 23], the set W, contains
infinitely many irrationals, is uncountable and accumulates at 1 from above and below. Consider any
of the problems CW, CH or YM, and let ¢, be one of the eigenfunctions to the corresponding linear
operator. In addition to «, the statements of our results depend on the constant y € N U {0}, the index of
the eigenfunction, and s > 0, which defines the Sobolev space* H* where the solutions will belong. Our
assumptions are slightly different depending on the problems addressed.

Assumptions 1.1. Specifically, we make the following assumptions:
e CW: Wetake y €{0,1,2,...} and s € N with s > 2.

o CH: We take y € {0, 1, 2, 3,4, 5} and s € N with s > 2. Moreover, we assume that the parameters 1t
and p, appearing in (1-6) satisfy | = up = u, with u either sufficiently large, or u € {0, 1, 2, 3, 4, 5}.

e YM: We take y €{0,1,2,3,4,5} and s € N with s > 3.

Remark 1.2 (range of y). We note that our proof is based on closed formulas for the Fourier coefficients,
integrals that quantify the mode couplings. Although we derive these formulas uniformly with respect
to y (see Section 5), we also need to check the validity of particular nonlinear conditions depending on
the Fourier coefficients. On the one hand, for the CW model, the Fourier coefficients have a relatively
simple closed formula. Hence, there is no need to restrict the range of y and we establish the validity
of the conditions needed uniformly with respect to . On the other hand, for the CH and YM models,
the complexity of the Fourier coefficients requires us to restrict the range of y to any finite set. Since
the smaller the range the easier one can verify our computations, we fix y € {0, 1, 2, 3, 4, 5} solely
for the purpose of computing and verifying all computations in the manuscript by hand. However,
we believe that our result stated below also holds true for larger values of y. The interested reader
can access our Mathematica notebooks as ancillary files posted with the present paper on arXiv at
https://arxiv.org/abs/2201.05447 to both easily verify our computations for small y as well as derive and
verify the analogous closed formulas for larger values of y.

Under Assumptions 1.1, we prove the following result.

Theorem 1.3 (main result 1: existence of time-periodic solutions to all three models bifurcating from
various 1-modes). Let (y,s) € (NU{0}) x R satisfy Assumptions 1.1, and let e, be the eigenfunction to
the corresponding linear operator. Also, let 0 < o < % and W,y be the corresponding set of frequencies,
defined in (1-17). Then, there exists a family {u. : € € &, } of time-periodic solutions to either CW, CH or
YM, where &, ,, is an uncountable set that has 0 as an accumulation point. In addition, each element u.
has the following properties:

4The definition of the H* spaces is adapted to each problem; see Section 2.
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(1) ue has period T, = 21w /we with w. € W, being e-close to 1.
(2) uc € H'([0, T.]; HY).

(3) ue stays close to the solution to the linearized equation with initial data (u;—o, 0;u;—) = (€k,e,, 0)
for all times:

2
sup |lue(t, -) — ol (GK}/@}/)”HS ,5 €,
teR

where Ky isa normalization constant.

Proof. The result follows by applying the original version of Bambusi—Paleari’s theorem (Theorem 2.4 for
CW and CH) and our modified version (Theorems 1.4 and 2.5 for YM) by verifying their main conditions;
see Sections 6 and 7. U

For the CW and CH models, the results above are proven using a theorem of Bambusi and Paleari
[2001], while for the YM model, the original version of their theorem (stated as Theorem 2.4 below)
is not applicable and we will adapt their work. To explain this, we follow [Bambusi and Paleari 2001]
and consider any of the models above in the Fourier space by projecting the equations on the eigenbasis
{e, : n > 0}, so that, schematically, the equations take the form

il (1) + (Au(0)) = (f W)’ (1-18)
for all integers j > 0, where u = {u/ : j > 0} denotes the array of the coefficients in the Fourier space, A is
2
'] .
written in Fourier space, which takes the form of a polynomial in the u/. In addition, we assume that

fw)=fOw)+ O,

where f(© is a homogeneous polynomial of degree » > 2 and (! is a polynomial of degree at least r + 1.

a multiplication operator defined by (Au)/ = w?u’ and (f(u))’ are the coefficients of the nonlinearity

Then, one looks for solutions u(¢) to (1-18), where u(¢) belongs to the Hilbert space
o
B={u={u:j=0}:ul} <ooh, |uli=> j>u,l*.
j=0

Besides some regularity considerations, the main theorem in [Bambusi and Paleari 2001] asserts that,
given any nondegenerate zero of the operator

ME = A+ (fD)E), e=(&/:j>01el?

where (f©)(£) denotes the average in time of the nonlinearity f© along the linearized flow, one can
construct a family of small data periodic in time solutions, with properties similar to those stated in
Theorem 1.3. The operator M is in fact linked to the resonant system associated to the original equation.
If u(t) is periodic in time with frequency w, let ¢ be defined by u(t) = g(wt), and let L, be the operator

2
dr?
The proof of [Bambusi and Paleari 2001] is based on a Lyapunov—Schmidt decomposition ¢ = g + v,

Loq=w’—q+ Aq.

with v e ker Ly and ¢, € (ker L1)™, together with the projections of the equations onto the range and
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kernel of L1, leading to the so-called P-equation and Q-equation, defined, respectively, as

Lygi=Pf(v+ql1), (1-19)
(1—0hHAv=0f(v+q1). (1-20)

The Diophantine condition (1-17) is then used to solve the P-equation, while the nondegeneracy assump-
tion and an implicit function argument is used to solve the Q-equation.

For the CW and CH models, one easily verifies that the eigenfunctions «,e,, where «;, is an appropriate
rescaling, are all zeroes of M, so that the main difficulty is to establish the nondegeneracy condition,
i.e., to prove that the kernel of d M (k,e,) is trivial. In the YM case, however, the nonlinearity contains
both quadratic and cubic terms, so that a priori, only the quadratic terms would contribute to the
definition of the operator M. On the other hand, it turns out that the average along the flow of the
quadratic terms actually vanishes identically, leading to a degenerate, linear operator M. Thus, we
introduce a replacement for the operator M that takes into account also the cubic terms. However, the
quadratic terms still play a role in this modified operator. Indeed, the solution to the P-equation roughly
takes the form g, (v) = g1 quadratic (V) + g1 cubic (V) + - - -, where the term g quadratic (v) arises from the
quadratic nonlinearity, and after substituting ¢ (v) into the Q-equation, these terms will generate new
additional cubic terms. Thus, in some sense, the backreaction of the quadratic terms into the Q-equation
must also be taken into account. This type of difficulty, where the contribution of the lowest degree
part of the nonlinearity is nonresonant, has been treated in some situations; see for instance [Berti
and Bolle 2003, Section 4.2] and [Berti and Bolle 2006, Section 1.2.3], where equations of the form
— 3yt + dpxu = u®P + OuP*!) were considered. Here, we prove a modified abstract version of the
Bambusi—Paleari theorem which we then apply to the YM model.

Theorem 1.4 (main result 2: modification of the Bambusi—Paleari theorem for the YM model). Consider
the partial differential equation in the Fourier space

i’ (1) + Qu®)’ = Fu@®))’, j=0, (1-21)

where the dots stand for derivatives with respect to time and 2 is a positive multiplication self-adjoint
operator with pure point and resonant spectrum {wjz >0:j >0}, withw; ~ jas j — oo, defined by

2A DA :l§+2—> lsz, Au)’ =wj2uj,

with D) being its maximal domain of definition.” In addition, assume that the nonlinearity is given by
Fu) =2 @) +§9 @),

where each {® is a homogeneous polynomial of order k which is well defined and smooth in lsz, with §®
being nonresonant, that is

2
() () = Ao / o' (1O (@' (x))) di = 0 (1-22)
2w J,

3Later, we will take /2 1 instead of 12 as our base Hilbert space, so that we will consider 2l as an operator from /2 3> 12 1
This allows for the construction of classical solutions, instead of solutions defined via the Duhamel formula or duality.
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for all initial data x, where ®'(x) denotes the solution to the linearized equation with initial data (x, 0).
Furthermore, define the modified operator

My (§) = £AE + (FD) (&) + Fo (),

2

3 be initial data such that

where §o(&) is given by Lemma 2.13, and let &y € 1

e &y is azero of My,
M4 (§0) =0,

o and & satisfies the nondegeneracy condition
ker(d9M+ (§0)) = {0}.

Also, for some 0 < a < % define Wy, according to (1-17). Then, there exists a family {u.(t,-) : € € &}
of time-periodic solutions to (1-21), where &, ,, is an uncountable set that has 0 as an accumulation point.
In addition, each element u. has the following properties:

(1) ue has period T, = 27 [ we, with w. € W, being e-close to 1.
(2) ue € HY([0, T1; I).

(3) ue stays close to the solution to the linearized equation with initial data (u,—g, d;u;—o) = (€&, 0) for
all times:

sup [uc (1, -) — ' (o) S €.

teR
1F. Remarks. « Minimal periods: Theorems 1.3 and 1.4 give no information on the minimal periods 7, of
the time-periodic solutions u, (¢, - ). However, one can relate 7¢ to the minimal period 7y of the solutions
to the linearized system with 1-mode initial data; see [Bambusi and Paleari 2001, Theorem 5.3].

o Cantor-like set: We emphasize that the time-periodic solutions we construct exist only when the small
perturbative parameter belongs to a Cantor-like set (of measure 0). This set together with the Diophantine
condition introduced in Theorem 1.3 are closely related to the presence of small divisors in the perturbation
series around equilibrium points, a classical topic in the context of Kolmogorov—Arnold—Moser (KAM)
theory in infinite dimensions. Although this type of condition is essential in proving the existence of
time-periodic solutions as in [Bambusi and Paleari 2001], it can be removed in some very special cases; see
for example [Chatzikaleas 2020]. On the other hand, we note that the numerical constructions [Choptuik
et al. 2018; Fodor et al. 2015; Maliborski and Rostworowski 2013] do not seem to see the small divisors
obstructions.

e Proof: The proof of Theorem 1.4 follows the general strategy of [Bambusi and Paleari 2001], the
main and essential difference being the backscattering contribution of the quadratic terms. An alternative
approach to ours would be to find a normal form, in the spirit of [Shatah 1985], that allows us to eliminate
the quadratic terms and then apply the original result of [Bambusi and Paleari 2001].

o The works of Berti and Bolle: In [Berti and Bolle 2003; 2004; 2006], a different strategy, based
on variational methods, was introduced to solve the Q-equation (1-20) instead of the implicit function
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theorem as in [Bambusi and Paleari 2001]. This in particular leads to a strong improvement in [Berti and
Bolle 2006] concerning the size of the frequency set, using an extra Nash—Moser iteration. We have not
implemented this here for simplicity and leave a possible implementation of this improvement for future
works. The works [Berti and Bolle 2004; 2006] also treat the case of nonresonant quadratic terms — as
we have here in the Yang—Mills case —in the specific case of the wave equation on an interval with
Dirichlet boundary conditions.

o Regularity of the solutions: The solutions constructed here are H' in time with values in H®, with s
arbitrarily large but fixed a priori. A posteriori, one can then use the equation to obtain additional regularity
properties of the solutions. For instance, one easily has 9?u € L?H:~!. Since some of the estimates
depend a priori on the value of s, we cannot directly take s = oo, but it is likely that a refinement of the
methods presented would lead to such an improvement.

 Jacobi polynomials: One of the difficulties to proving Theorem 1.3 comes from the fact that the
eigenfunctions e, (x) of the linearized operators are given by Jacobi polynomials instead of simpler
explicit functions. This fact is not specific to our model problem and is a general feature of nonlinear
wave equations on AdS-like background. In particular, in the CH and YM models,® the computation
and the analysis of the Fourier coefficients associated to the resonant terms are nontrivial and constitute
one of the contributions of this paper. To this end, we use linearization and connection formulas as well
as particular Mellin transforms for the Jacobi polynomials. On the one hand, a linearization formula
(also called addition formula) represents a product of two orthogonal polynomials with some parameters
as a linear combination of orthogonal polynomials of the same kind with the same parameters. On
the other hand, a connection formula represents a single orthogonal polynomial with some parameters
as a linear combination of orthogonal polynomials of different kinds with new parameters. In both
cases, these are computationally efficient only in the case where the coefficients in the expansions are
known in closed formulas. These computations also motivate our choice of y; = uy = u for the CH
model, since in this case, the eigenfunctions are reduced to Gegenbauer polynomials, a special class of
Jacobi polynomials with additional algebraic properties that lead to closed formulas for the linearization
and connection coefficients described above. Moreover, we also use particular Mellin transforms of
Gegenbauer polynomials. These are integral transforms that may be regarded as the multiplicative version
of the Laplace transform.

o Mathematica files: For the CH and YM models, Theorem 1.3 ensures the existence of time-periodic
solutions bifurcating only from finitely many 1-mode initial data. As stated in Remark 1.2, this is solely
for the purpose of computing and verifying all computations in the manuscript by hand. Furthermore,
one can use Mathematica to verify that our result still holds true also for larger values of y. For the
convenience of the reader, our Mathematica notebooks — available as ancillary files to the present paper
on arXiv at https://arxiv.org/abs/2201.05447 — can help the reader to both easily verify our computations
for small y as well as derive and verify the analogous computations for larger values of y.

The eigenfunctions for the CW case are given by Chebyshev polynomials of the second kind. The derivation of the resonant
system in this case had been previously addressed in [Bizon et al. 2017].
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1G. Previous works. The conformal wave equation (1-2) was introduced as a toy problem for the study
of nonlinear waves in confined geometries in [Bizon et al. 2017] and has been studied further in [Bizof
et al. 2019; 2020; Chatzikaleas 2020]. In particular, [Chatzikaleas 2020] proved that solutions emanating
from the first mode eg stay proportional to eq for all times and are periodic in time. The fact these data do
not excite further modes is, however, specific to the first mode and to this equation.

Concerning the well-posedness theories for the different models, since we do not focus here on low
regularity solutions, we will simply recall that global well-posedness holds for the conformal cubic wave
equation in the energy space, while the Yang—Mills equations in curved geometry have been shown to be
globally well-posed in H? x H' [Choquet-Bruhat et al. 1983; Chrusciel and Shatah 1997] and on AdS
with reflective boundary conditions [Choquet-Bruhat 1989]. We were motivated to study the Yang—Mills
model by [Bizon 2014].

Since the pioneering work [Maliborski and Rostworowski 2013], there have been many investigations of
time-periodic solutions for nonlinear equations with completely resonant spectrum [Berti and Bolle 2003;
2004; 2006; Paleari et al. 2001]. For the conformal wave equations, there exist also several constructions
of time-periodic weak solutions via the variational techniques first introduced by Rabinowitz [1978a;
1978b]; see [Chang and Hong 1985; Zhou 1986].

1H. Organization of the paper. We split the paper into the following sections:

» Section 2: We describe the methods we are about to use. For CW and CH, we will use the original
version of Bambusi and Paleari’s theorem [2001] (Theorem 2.4). However, for YM, as explained above,
we need to revise the original version and establish an extension of their result (Theorem 2.5) as stated in
Theorem 1.4. In particular, we define the operators M and 2, which determine the “special” initial
data leading to time-periodic solutions.

o Section 3: We study the linear eigenvalue problems where the linearized operators are given by (1-14).
As it turns out, the associated eigenfunctions are given by Jacobi polynomials, which is a common feature
with the Einstein—Klein—Gordon system in spherical symmetry [Maliborski and Rostworowski 2013].

» Section 4: We express the partial differential equations (1-13) in the Fourier space and obtain infinite
dimensional systems of coupled harmonic oscillators.

 Section 5: We define and study the mode couplings given by the Fourier coefficients. Specifically, we
derive explicit closed formulas for all the Fourier coefficients on resonant indices.

» Section 6: We study 1-mode initial data. In particular, we show that these modes satisfy the resonant
systems (are zeros of the operators M and 91, defined in Section 2). In addition, we derive their
differentials at these modes.

 Section 7: Firstly, we derive the crucial nondegeneracy conditions for the 1-mode initial data. As it
turns out, these are nonlinear conditions for the Fourier coefficients. Then, we use the analysis on the
Fourier coefficients from Section 5 to rigorously establish these conditions and prove the existence of
time-periodic solutions as stated in Theorem 1.3.
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11. Notation. We use different notation for each of the models we consider, which we summarize here:

model Cw CH YM
equation (1-3)—(1-4) (1-6)—(1-7) (1-11)—(1-12)
font standard serif fraktur

linearized operator L L(1512) £
eigenvalues Wy, w2 (o
eigenfunctions en ely-i2) e

inner product C-1+) (-]+) [-]-]
linear flow ol g P!

fourier coefficients C Ck1p2) ¢, ¢

2. The method of Bambusi-Paleari revisited

In order to establish Theorem 1.3 and construct our time-periodic solutions, we rely on the method
of Bambusi and Paleari [2001]. This is an effective method to construct families of small amplitude
time-periodic solutions close to a resonant equilibrium point for semilinear partial differential equations.

2A. The original version of the theorem. Let s > 0 be a real number, and define the Hilbert space ls2 to
be the space of sequences such that

(o.¢]
u=ful:j =0} |ulf=) 1w <co.
j=0

We endow ls2 with the natural inner product associated with the norm |- |y and consider the following
differential equation in /2:

i+ @) = (@), @) =, &

for all integers j > 0, where the dots denote derivatives with respect to time. Here, 2 : D() — [ is a
positive multiplication self-adjoint operator with pure point and resonant spectrum {wjz : j = 0}, meaning
{w;:j >0} CN, and D(X) stands for its maximal domain of definition endowed with the norm

oo o0
2 2 2 251512 25| 2412
il By = lul} + 120 =Y @&+ 7w 7el P
Jj=0 j=0
Moreover, we also assume that 2 and f verify the following conditions:

(1) The injection of (D), || - [per)) into ls2 is compact.

(2) The nonlinearity f(#) can be decomposed into

f) = §O @) + 1V (). (2-2)

(3) The lowest-degree term f) (1) is a homogeneous polynomial of order » > 2 and is a bounded operator
from D(2A) to D(2A) with the domain D(2A) being invariant under §©.
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(4) The highest-degree term f(l) (u) (treated perturbatively as an error term) has a zero of order r + 1 at 0,
is differentiable in /2, and its differential is Lipschitz and satisfies the estimate

15V ) — diV )]s < Ce ™ uy — ualy
for all uy, uy € 12 with |u;|s; < € and |uy|s <e.

Remark 2.1. In our case, the conditions above are obtained by starting from any of the equations (1-3),
(1-6), (1-11) and projecting them on the eigenfunctions to the corresponding linear operator. Specifically,
condition (1) follows automatically from the fact that @w; ~ j as j — oo, while conditions (3) and (4),
which refer to the nonlinearities in the Fourier space, essentially follow from the facts that the original
nonlinearities are smooth and that the Sobolev spaces of sufficiently high regularity form an algebra;
see Section 2C.

Let ¢, be the eigenfunctions to the associated linearized operators. On the Fourier side, these can be
identified with e, = {8! :i > 0} € lsz. Then, for any initial data £, we denote by

o0
P! (£) ={E"cos(myt) :n >0}, E={E":n>=0}=) &"¢,
n=0
its linear flow, that is the solution to the initial value problem
{u‘"(r) +wiu"(t) =0, teR,
u"(0) =§&", " (0) = 0.
We note that @' (&) = @~/ (&). Moreover, we define the operator
2
1 .
ME) =%+ (V@) (FE =5 fo N CHONER 23)

where (f©)(£) is the average of { along the linear flow. Here we note that the highest-degree term (1)
in (2-2) does not contribute to the definition of the operator M. Bambusi and Paleari [2001] used a
Lyapunov—Schmidt decomposition together with averaging theory and established the existence of a
family of small amplitude time-periodic solutions with frequencies that satisfy the strong Diophantine
condition

@ €W, = {w Rl —wy| 29V, )N, 12 1, ;) ;él}. (2-4)

Remark 2.2 (accumulation to 1). For 0 < a < %, the set W, is an uncountable Cantor-like set that
accumulates to 1 from above and below; see [Bambusi and Paleari 2001, Remark 2.4] and [Schmidt 1980,
p- 23].

Remark 2.3 (connection to Hurwitz’s theorem). According to Hurwitz’s theorem, for every irrational
number o, there are infinitely many relatively prime integers @; and [ such that | -l —@;| < 1/ (V/31),
and moreover the constant +/5 is optimal. Consequently, W,, = @ for a > 1/+/5. In this note, we pick a
1

suitable o with 0 < o« < 3

The main result of [Bambusi and Paleari 2001] reads as follows.
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Theorem 2.4 (original version of Bambusi and Paleari’s theorem [2001]). For 0 < o < 1 define W,
according to (2-4) and consider the operator M defined in (2-3). Assume that conditions (1)—(4) are
verified. Moreover, let &y be a nondegenerate zero of M, that is

M(Eo) =0,  ker(dM(&p)) = {0}.

Then, there exists a family {u. :€ € £, ,} CH Lo, T.1; lsz) of time-periodic solutions to (2-1)—(2-2), where
Eu,y s an uncountable set that has 0 as an accumulation point. In addition, each element u. has the
following properties:

(1) ue has period T, = 2w /w, and there exists w, > 0 such that the map
€€y y > me €W N[, 1+w,)

is a monotone, one-to-one map that stays close to 1: |1 —w¢| S €” -

(2) uc stays close to the solution to the linearized equation with initial data (u,—q, d;u;—o) = (€&p, 0) for
all times:

sup |uc(t, -) — @' (e&p)|s < €.
teR

2B. A modified Bambusi—Paleari theorem. As we will see in Section 4C, in the case of the YM model,
the nonlinearity is given by

f(u) = §2 @) +1° ), (2-5)

where

(1) the lowest-degree term { is a homogeneous polynomial of order 2:

GO (1)1 j = 0" ==3 " &jmu (Hu! (1), (2-6)

i,j=0

(2) the highest-degree term §® is a homogeneous polynomial of order 3:

o0
GO @) =) == D Ejmtd' (! (O)u* (1), 2-7)
i,j,k=0
Thus, according to the original version of Bambusi—Paleari’s theorem (Theorem 2.4), one may argue that
§? is the main nonlinearity and §® can be treated perturbatively. However, in this setting, the original
version of Bambusi—Paleari’s theorem would not be applicable, because §® is nonresonant (Lemma 6.5),
that is

2
1
(T @ =5 / o' (f (' (§)) dt =0 2-8)
T Jo
for all initial data &, and therefore M (&) = 2A£ leads to trivial zeros of the operator M. Consequently, we

need to revisit the theorem of Bambusi—Paleari in this context. Specifically, we consider (2-1)—(2-5)—(2-8),
replace f(o) (u) by f(z)(u) + fG)(u) and establish the following theorem.
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Theorem 2.5 (modification of Bambusi—Paleari’s theorem for the YM model). Let 0 < o < %, and
define W, according to (2-4). Let A be a positive multiplication self-adjoint operator with spectrum
{w} >0:j >0} suchthat{w;: j >0} CNand w; >~ j as j — 00, defined by

DR, — 17, Qu) =oju;,

with D(21) being its maximal domain of definition. Assume that f = {® +§3, where {? and {® admit the
representations (2-6) and (2-7) respectively.” Moreover, assume that both {* and §® are differentiable,
with Lipschitz differentials, and define the modified operator

M (§) = A + () (E) +Fo (&),
where §o(&) = {(Fo(€))™ : m > 0} is a bounded map on ls2 that is given by

m 9 — Cijy Pgjek . _
@) =7 2 Cam )] iy e P Y lwi-wjtotw, =0
k,v>0 i,j>0 +
o —wj#tw,
9 = Eijv e
+ = Cevm EEIES l(wi+w; o £w, =0).
4 x;o h in;o w; — (@i +;)? 2:!:: o
T wﬁ-z%ﬁ&tw,,

Also, let &y € ls2 3 be a nondegenerate zero of M, that is

M+ (50) =0, ker(dM+ (o)) = {0}.

Then, there exists a family {uc : € € £y} C H'([0, T.1; ISZ]) of time-periodic solutions to (2-1)—(2-5)—(2-8),
where &, ,, is an uncountable set that has 0 as an accumulation point. In addition, each element u. has
the following properties:

(1) ue has period T, = 21w /w,. where there exists w, > 0 such that the maps € — w. € W, N[1, 1 + @)
for M, and € — w, € Wy N (1 — wy, 1] for M_, are monotone, one-to-one maps that stay close to 1
with |1 —w,| <€,

~

(2) ue stays close to the solution to the linearized equation with the same initial data as above and zero
initial velocity:

sup |uc(z, - ) — @' (ko) |y < €.
teR

The rest of this section is devoted to the proof of the theorem above.

2C. Preliminaries. The core of the proof follows that of [Bambusi and Paleari 2001]. Let 0 < @ < %
and pick a frequency @ € W,. We are looking for a solution to (2-1) with frequency @, that is

u(t) =q(wt). (2-9)

TFor Theorem 2.5, we need very little information about the Fourier coefficients @; im- However, for the application of this
abstract theorem, see Section 7C and Proposition 7.6, we also need additional vanishing properties, see Lemma 5.8.
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For any integer & > 0, we define the Banach space

My = {q e HY([0, 271 12) :q() =) _ g/ (1)e; = Z(Z q" cos(lt))ej, lg 117 < 00}
j=0 j=0 =0

endowed with the norm
o0 o0
lglze =Y J* (2|q°f|2 +> 14" +12>">.
j=0 =1

In particular, we aim to construct ¢ in the Hilbert space ’Hsl To do so, we substitute (2-9) into (2-1) and
obtain the nonlinear equation

Lug=f(q), (2-10)

where
2

d
Ly :D(Ly) CH > M, Lyq= wzﬁq +2g.

Now, we are looking for a solution with frequency close to 1. For this reason, we split Hsl into

H'=K®R, K=ker(L)), R=K?,
and write

qe?—[i, gq=v+q,, veK, gq; €R.
Taking into account the fact that K is generated by {cos(w;t) : j > 0}, since
veK <& v(t)={/ () =c cos(w;t):j >0}
for some constants ¢/, the latter simply means that we split ¢ = {g/ : j > 0} € H! into

') =v/ () +ql(®), v)y=clcos@;r), qlt)= ) a'coslr),
l;ﬁﬁ)‘j

for some constants ¢/ and d/!. In addition, we define the associated projections
P:H{—>R, P(@=Puv+q)=q.. Q:H —>K, Q(q@)=0v+q)=v,

and project (2-10) onto R and K, respectively. We obtain the coupled nonlinear system

Lygr=Pfv+q1), (2-11)
—2pAv=0f(v+q.), (2-12)

where we also set
w?=1428. (2-13)

As is usual in this setting, we refer to (2-11) and (2-12) as the P-equation and Q-equation, respectively.
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2D. Solution to the P-equation. As we will now see, the Diophantine condition & € W,, guarantees the
existence of a solution to the P-equation.

Lemma 2.6 (solution to the P-equation [Bambusi and Paleari 2001, Lemma 4.6]). Let 0 < o < %, and
pick @ € W,. Then, the operator L, restricted to R admits a bounded inverse

LU HINR - HINR, LY <coa,

for some positive constant co. Moreover, there exists p = p(a) > 0 and a C'-function q : B, — R
with v — q (v) that solves the P-equation, where B, denotes the ball of radius p in K centered at 0.
Furthermore, we have the estimates

lgr @)l Sa I0l505 gL @) = L' PFP @)l Sa lV15,-

Proof. Apart from the C! regularity of ¢, (which is stated only as Lipschitz in [Bambusi and Paleari
2001]), the proof coincides with the one of Lemma 4.6 in the aforementioned paper, where the f© there
is replaced by §®. Once a Lipschitz solution ¢ has been found, one can read off the C! regularity of ¢
based on the regularity of f. However, for the convenience of the reader, we give a proof below of the
construction of g, . Let 0 <o < %, and pick @w € W,. The eigenvalues of L, are given by

M=o —lPo’=(w; - lo)(w; +1o). (2-14)

Then, for all (/, j) € N?> with [ > 1 and [ # wj, we have that [A ;| > (a/)(w; + ) > aw > %oc.

Therefore, L, |g has a bounded inverse and there exists a positive constant cg such that ||L;,1 | <coo™ .

In addition, we let € > 0 be sufficiently small, let [|v||,,1 <€, let § > O be sufficiently large, define the
closed ball of radius & ||v||2{1 centered at L_! P§® (v), that is

B={weH:|w-Ly, PPl <sllvli,).
and rewrite the P-equation in the fixed-point formulation as
gL =F(q1) =L, [Pi?) + PP +q1) — 2 @) + PFP (v +q0)1.
Next, we show that 7 maps the closed ball to itself. Indeed, for all w € B, we have
lwllzg < lw = L' PFP @)l + I1L5 PFP @)l < 810115, + 1L 11T @)l
< 8l1vll3y +coe ™ ksllvllz, < erllvliZ,,
and Lemma 4.5 implies
159 @ +w) = F2 @)l < ks (v + il + [0l g < ksUwllag + 200wl
< ciks(etllvliz + 21l i3 < c2llvl,,

3 3 3 3 6 3
179w+l < ksllv+wlig S kvl +eillvig) < csllvli,.
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Hence, we infer
IFw) = L' PFP @)l = 1L, TP G (v +w) = P ) + PFP (0 + )]l
<L TP @ +w) = P @) g0 + 15 @ +w) l50]
< coa” [eallvli3y +esllvliy ] < 8lvl3,

by choosing § sufficiently large. The contraction property follows similarly. For the C! regularity, we set
F? = L' P§® and, for v, v+h € B,, we have

L) =F?W+qL), qLu+h)=F @+h+qLv+h),
so that
qL+h) =F2@+qL0)+dF, o+ +h) =g ) +o(h+qL+h)—qL ()
=qL () +dF, o +qL+h)—qL)+o(h),
where we used that g, is Lipschitz. Assuming that p is small enough, we can ensure that
14T, ol < cllvllzg < 3
uniformly in v, and hence

qL+h)=qL@)+Ad—dF, )'dFL, o))+ o),

so that g (v) is C'! with differential (Id — 3\, ) 7'd3) ) O

2E. Solution to the Q-equation. Next, we turn our attention to the existence of a solution to the
Q-equation. Firstly, we define two Banach spaces of initial data

0= {s =Y el < oo} ~12, S, D@ = {f =D e Elpa < 00} ~ L S I

J=0 Jj=0

endowed with the norms

o0 [e.e] o0
IENS =D JZIE P+ 5wl P Y Ve = (g7,

Jj=0 Jj=0 Jj=0
o0 o (@]
1E 1D = EE+IRAEE =D 2P+ 5 lwiel P =Y P2l P = (g2,
j=0 j=0 =0
since @w; ~ j as j — oo. We call the Hilbert space (Q, || - [|o) the configuration space. In fact, Q is

isomorphic to K = ker(L), and the isomorphism is given by the linear flow
1:9— K, (X)) = (x).

Also, recall the Banach space of spacetime functions

oo, 0

k= {q(t) => ¢/ (te; = Z(Z qY cos(lt))ej gl < oo} C H*([0,27]; 1)

=0 j=0 N=0
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endowed with the norm

o0 o0
lgli3e = (2|q°f|2 +> 19717 +12>k).
j=0 =1
Notice that, since

IE@) =Y TE @) ej=) (¥ E)ej=) & cos(w;t)e;
Jj=0 j=0

j=0

and @ ; # 0 for all integers j > 0, we have

@150 =) j*1E 1 =151,

j=0
@15, =D PP A+ o) =) 211 +1wE ) = €[ ~ 1§15 (2-15)
j=0 j=0

Secondly, we prove the following averaging identity that generalizes the one in Lemma 4.7 in [Bambusi
and Paleari 2001] from vector fields F : Q@ — Q to F': Hls‘ — Hf .

Lemma 2.7 (averaging identity). Let F : HX — H* be any vector field. Then, for all x € I2, we have

2
(F)(x) = %/(; Q[F(®'(x))]dt = %I*IQ[F(I(X))]-

Proof. Let F : H* — H be a vector field in H* (not necessarily in Q), pick any x € 12 and set w = I (x).
By the definition of the Banach space #¥, we have

00 00 00 2w
Fw)=) (Fw)"en=)_ (Z(F(w));" cos(lr))em, (Fw))}" = % | (F@))" cos(in dr.
m=0 m=0 “[=0
Then, the definition of the linear flow together with the definition of the projection Q yield
QIF (w)] =Y (QIF))"em =Y (F(w))s cos(@nt)en,
m=0 m=0
00 00 2
LrorFw =4 ;)(F(w»;;,,,em = %;}(% /O (F(w))" cos(wmr>dz)em
1 2 1 21
=5 /0 ,,;(((D LF(w))"en) dt = 5~ fo O [Fw)ldt=(F)(x). O

Then, we express the Q-equation in the configuration space introduced above.

Lemma 2.8 (the Q-equation in the configuration space). Let p > 0and q, : B, C K — R be the solution
map to the P-equation derived in Lemma 2.6. Also, let x € ls2 42> and set v = I(x) € B,. Then, the

Q-equation (2-12) for v is equivalent to

BAx + () (x) = =21 T QIFUI (%) + gL (x))) — F( (X)]. (2-16)
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Proof. Let p >0 and g, : B, C K — R be the solution map to the P-equation derived in Lemma 2.6.
Also, let x € Q, and set v = I(x) € B,. Then, we rewrite the Q-equation given in (2-12), that is

—2BAv=0f(w+qL),as
—2BUI (x) — QF(I (x)) = QF(I (x) + g1 (I (x))) — QF( (x)).
Since U1 (x) = I2x, by applying —%I‘l to both sides, we get

BRAx + 517" Q1 (x)) = =317 QIF( (x) + g (I (x))) — F(L (¥))].
Now, the claim follows by the averaging identity due to Lemma 2.7. (Il

It remains to show that there exists a solution to (2-16). To this end, we define
x=ek, |Bl=¢ (2-17)
and (2-16) becomes
£ AU(e8) + () (€8) = =317 Q[ (€8) + g1 (I (€8))) — (I (£))].
On the one hand, (2-5) and (2-8) yield
£ U(eE) + () () = £UE + () () + () (6) = € (U + (V) ).
On the other hand, (2-5), (2-8) and the averaging identity from Lemma 2.7 yield

LI Q11 (€8) + 1. (1 (€8))) — F(I (e€))]
=7 OIFP (T (€8) + gL (€] + ST Q[P (I (€8) + gL (I (€8))) — FP (I (€))]
= 317 QI (I (e8) + L PP (I (e€)))] + €26 (5),

where we set

G () =[S QTP U (e8) + gL (€6))) — P (I (6) + L, PP (1 (€6)))]

+ 37OV U (e8) + gL (€8)) — P (T (€)]].  (2-18)
We apply the averaging identity and the notation from Lemma 2.7 to the map v — @ (v + Ll_1 P§®(v)),
which is a vector field from #! to !, to obtain

LI QI (e8) + .1 (I (€8))) — (I (€8))]
= L7 Q[P U (e8) + L, PP (1 (e6))] + € B (£)
= 117 QP U (e86) + LT PR (€))] + €8 (§) + ERe (€, )

2
:% /0 O~ (FP (@ () + LT PFP (D' (£)))) dt + €6 (€) + €Re (8, m)

= FQ( )+ LT PFP())(€) + €6 (6) + € R (¢, ) = € (Fe (§) + B (§) + Re (8, w)),
where we set
R @) =€ 317D (I (e§) + L, PiP (1 (e8))) — P (I (§) + LT PFP (1 (e6)))].
Fe®) = eGP+ LT PFP () (€8).
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In conclusion, the Q-equation (2-16) can be written equivalently, for € > 0 sufficiently small, as

A + (FO)(E) = —(Fe(€) + B (6) + Re (€, @)). (2-19)

However, instead of (2-19), we focus on a modified version, namely

2

A& + (FV) (&) = - (3 &) +0§) £ —— N, w)) (2-20)

Notice that (2-19) coincides with (2-20) provided that w?—1=42%.

Remark 2.9. Since §? is differentiable and quadratic, and (f®)(£) = 0 for all initial data £ € ls 130
it follows that §¢ (&) is differentiable and [|F.(§)]lo S 1. Later, in Section 2F, we compute the exact
expressions of §o(&) for general initial data (Lemma 2.13), §(§) for small € close to zero and 1-mode
initial data (Lemma 2.14), as well as the differential d§o(&) at the 1-mode initial data (Lemma 2.15).

In the following, we estimate the error terms. To begin with, we estimate R (§, @).

Lemma 2.10 (estimate for R (§, @) and deRc(§, @)). LetO <o < 3 andpzck any w € Wy,. Also, let
Eel? 43 be any initial data. Then, we have

IR (€, @)lo Sl =11, [d:eRe (€, @)kl S lw” — 1] hlys.

Proof. Let 0 < o < L, and pick any @ € Wj,. Also, let £ € [?
€>0,setv= 1(65) and compute

43 be any initial data. Firstly, we pick any

fP0) =Y (P W)e; = Z(Z(f@(v))f cos(lr)) e,
j=0 =0
Pi® () = Z( Y (P cos(lt)) e,
j=0 N1 wo
L' PiP () = Z (f(z)(v)), cosm))ej,
j=0 J

M%E

p— f— 1 j
(Lw] —L; l)Pf(z)(v) ( w2 J2 — 12) (f(z)(v))lj COS(ZI))Q’

P(w?-1)
(wj—ﬂ @) (w? —12)

*r

I#¢ w

Me 1M

20
(s
(2

(2 @) cos(n))e ;-

.
Il
(=]

l

sLPe

Secondly, we note that
1L, PR €€l S€° LT PP U (€)1 S €. (2-21)

These can be easﬂy proved using the Diophantine condition, the elementary inequality |z > =l 2| > 1 (since
@ € W,, both wj >1and/?>>0are integers with @; # [), the Lipschitz estimate ||f(2) (u) ”Hf s ||u||H§
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forall u H’Y‘ with ||u ||H§ < € (which follows from Lemma 4.5), together with (2-15). Indeed, we infer

13 S EUCHFED DRSS w—(f(z)(l(é-§)))1 a4
j=0 =0

Sa )™ Z [GRUGINARIET S

j=0 1=0
< IIf(”(I(eS))II?{l S I (E€)I3, =e4||1<§>||;§ =eEN1G < 1815,

1L PIOUENGy =3 7" Y | ——

J=0

=0
<Y IGPU N P+
j=0 =0

f(z)(l(eé))), (1 +1%)

< IFPU N5y S €3 = IG5, = €* 1115 < €'1E]{ -

Next, we use the above together with the Lipschitz estimate for {? (see Lemma 4.5) and the fact that
I7':H! — O to obtain
ElReE, @)llo =317 QP U (€8§) + L, PFP (1(e6) = FP (U (§) + LT PFP U ()]
SIFP U €8) + L, PFP(1(€8)) — P (I (&) + LT PFP (1 (€6))) g
S (€&)+ L, PFP U (€6)llgp + 11(e8) + Ly PF (1 (€6)) 30
1L, PP (1 (e8)) — LT PP U (€6)) 13y
SelLy' =LY PP U (€€)ll3-

Once again, the Diophantine condition, the elementary inequality |zzrj.2 —[?| > 1, the Lipschitz estimate
152 @)l Ss ||§{§ for all u € H§ with [[ul|;x < e (which follows from Lemma 4.5), together with (2-15)
imply that

(Lo~ L‘I)Pf(z)(l(es))lli;

=|w?— 1] Zﬁs

So [ = 1] ZﬂsZuz(f@)(l(es»)ﬂz(l+z2)§|w — 1 ZJZSD(f@)(I(es))){F(l+12)3

=1 =1
<lw?-1] ||f<2)<1(es>>||ﬂg5|w2—1|2||1(es)||;§3=|w —1|Ze4||1<s)||H35|w — 117" €[} 5

12

2
oD@l ) (1 +12)

(72 (1 (¢£)))]

Finally, putting this all together yields | R (&, @)||g < |@? — 1|, which completes the first part of the
proof. The estimate for the differential follows similarly. U

Next, we estimate &, (£) and its differential.
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Lemma 2.11 (estimate for &.(§) and d:&.(§)). Let § € ?
continuously differentiable with respect to &, and we have

1EE)llo Se,  N1deBe(E)lhllg < €lhlsts.

Proof. Let & € ls 3 be any initial data, and recall the definition of &, (&) from (2-18). The claim follows
by Lemmas 4.5 and 2.6 together with (2-15) and the fact that 7 ~' : H! — Q. Indeed, since

11(e6)llsg S ellEllo. gl €€l S 162, < el (2-22)

s+3 be any initial data. Then, &.(§) is

we can estimate
|37 QP U (e8) + g1 (e€) = FP (U (€§) + L, PfP (T ()]
SIFP U (€8) + gL (€8) —F2 (I (e6) + L, PFP (1 (e6))) 3

Sellgr(€§) — Ly PP €)llyy Sell €3y S €
and

[317 1Ol U (€8) + g1 (€6)) — P U (6]

SIF U (€8) + g1 (€6) =TV U (€€l ST (€8) +qrU €Dy + I (€613, 1gLU (€6))llag
S EO3 +1lgL U €D gL (€€l S €.

The estimate for the differential follows similarly. O

It remains to show that there exists a solution to (2-20), that is
&2

+A£ + (V) (6) = (&(%‘)Jr@(f;‘)i — R w)) = ML) =H(E),  (2-23)

where we set
2

2
M (£) = £AE + (FD)(©) + Fo (&), HeE) =Fo®) = Fe(®) — (&) F — < — R @)

We refer to 91 as the modified operator. Note that Lemmas 2.10 and 2.11 and the smoothness® of F. (&)
with respect to € yield

19eG)llo Se,  NdeHE)Mhlllg < €lhlsis.
The following result constitutes the main modification of Bambusi—Paleari’s theorem.

Lemma 2.12 (solution to the Q-equation). Define the modified operator
M (x) = £2Ax + (V) () + Fo(x),
and let &y € 152 3 be a nondegenerate zero of My, that is

M+ (o) =0, ker(dM+ (o)) = {0}

8In Lemma 2.13 we show that Fe (&) is smooth with respect to €. As one can see in the proof of Lemma 2.13, F¢(£) is in fact
linear with respect to €. See (2-25).
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2
s+3°
(2-19) with the plus sign. Furthermore, we have the estimate |&(€) — &|s13 S €.

Then, there exists a positive €y and a Lipschitz map & : [0, €g) — | € — &(€) that solves the Q-equation

Proof. The proof follows from the implicit function theorem and is similar to the one of Proposition 4.8
in [Bambusi and Paleari 2001]. Let & € ls2 3 be a nondegenerate zero of the modified operator 91, and
define the map

G:RXIy—H, (.8 > Ge, &) =Mr(E) — He (),

and note that it is Lipschitz, differentiable at € = 0 and it vanishes at (¢, &) = (0, &). It remains to show
that its differential with respect to & at (0, &), namely

dg(0,&) : 125 —H!, X dG(0, &) (X) = dM (&) (X),

2

43 that solves the

is an isomorphism. Equivalently, this means that, for all ¥ € !, there exists X € [
equation d9My (&) (X) =Y, with

dM 1 (§0) = £A+d (D) (&) + dTo (&)

Now, the operator d)14. is a Fredholm operator since it is the sum of a Fredholm and a compact operator
due to the facts that f(3) and §.(£) are bounded on ls2 3 and that they are differentiable with bounded
differential. Since the defect index of d9)1L(&p) is O from the nondegeneracy condition, it follows that it
is an isomorphism, and thus we can apply the implicit function theorem. Note finally, that the range of €,
defined by €g, does not depend on @, since G depends continuously on @ and all the necessary bounds
hold uniformly with respect to @ . ]

Finally, we prove Theorem 2.5.

Proof of Theorem 2.5. Let w € W, be fixed. Then, according to Lemmas 2.6 and 2.12, there exists €g > 0
such that the map [0, €p) > € — (eI (&@€),q1(el (& (e)))) solves both the P-equation (2-11) and the
Q-equation (2-12). Furthermore, pick @, such that € (,) = €g. Then, the function eX(w) = i%(wz )
solves (2-13), and the map @ > (e (§(e(2))), g1 (€I (§(e())))) defines a family of solutions to (2-10)
labeled by @ e W, N[1, 1+ @,] or w € W, N[l — @,, 1]. Finally, the map € — () is one-to-one,
and hence this family can be also parametrized by

€e€lyy=eWu N[l 1+w@,]) or e€€&y, =cW,N[l -, 1]). O

2F. The function §¢(&). In Lemma 5.8, we prove that @i‘,m =0 for all integers i, j, m >0 withi + j < m.
Moreover, by its definition (2-6), €; jm 18 also invariant under any permutation of the indices i, j, m. For
future reference, we now use these additional properties of the Fourier coefficient € to compute:

e §o(€) for general initial data (Lemma 2.13),
o §c(&) for small € close to zero and 1-mode initial data (Lemma 2.14),

e dTop(&) at the 1-mode initial data (Lemma 2.15).
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Lemma 2.13 (computation of §o(§) for general initial data). Let & ={£" :m >0} € ls2 13- Then, for all

integers m > 0, we have

9 — Cijv o
SoE)" == ¢ ErEIES 1w —w; +w, o, =0)
4K§O o ijZ>0 @] — (@i —w;))? X:I:: l ' o
T w,-fz’zrj;ézl:wu _
9 — Cijv o
+ = ¢ LEJEK (o, +o; tw, o, =0).
420 I;O iy e ELAL ; (@i + ) £ £y =0)
T zzr,-+zl"7j;é:|:wv

In addition, the function §¢ is smooth with respect to €.

Proof. LetE = {&" :m >0} € ls2 3 be any initial data, let € > 0, set x = €§ and pick any integer m > 0.

Then, we compute

FOut k= 0D)" = =3 Cjpu'u’,

i,j>0
(P@ ))N" ==3 Y Cin(@ @) (@' () ==3 Y &jux'x! cos(m;t) cos(w;1)
i,j=0 i,j=0
= —% Z @ijmxixj cos((m; — wj)t) — % Z @ij,nxixj cos((wm; +@j)1).
i,j=0 i,j=0

Then, (P§® (& (x)))™ is given by

—§|: Z Cijmx'x! cos((w; —wj)t) + Z Cijmx'x! cos((w; + wj)t)},
50 =
w,'—lej *+w,, w,'—k—lej;éiwm

and (L' P§® (@' (x)))™ reads

; Com Com
) Z Aix’xj cos((w; —w;)t) + Z — " xixJ cos((wi + @)t |,
i.j20 Wi ,j=0 "t
Wi —wjFELoy wi+wjFELo,

where we used the fact that the eigenvalues of L, are given by A,;; = w2 — [*>w?2. Hence, using the

m
above together with the symmetries of the Fourier coefficients &, = €, for all integers «, v, m > 0,

we deduce that
(P @' (x) + Ly PP (@' (x)))"
=3 Cm(@ ) (@) =6 Y Ceom (D' () (LT PF (@ (x)))"

k,v=>0 k,v>0
=3 ) Cm (L PFP(@ () (LT PP (@ (x)))"
©,v>0

and, by setting x = €&, we infer that

(FP(@' (&) + L PP (@' (€£))))" = 2P (@' ()™ + € (EE)™ + € (F(£)", (2-24)
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where

(FEN" ==3 ) Cam(L' PJP(@ E) (LT P]P (@' (%)),

K, v=>0

(EE)" =6 Y Cepm(®'(€)* (L' PF? (@' (6)))"

Kk, v=>0

=—6 Y Coumé* cos(@,t)(Ly' PFP (@ (£)))".

K, v>0

We set (E(§))" = (E(§))” + (E(§))"), where

s Q:i'v e i
(EENT=9 Z Cevm Z / E'EVE" cos((m; £ wj)t) cos(wict).

2 _ . )2
k,v>0 i,j>0 @, — (@i L))

lwitw@|#|my]

Next, we first apply the linear flow and then the average in time to obtain

FeEN™ =3P + LT PFP () (e8)™

3 pr2n
=5 | (@G0 @ @)+ L7 P00 o) dr
_6_1 o te(2) /ot m 1 o t m € o t m
=37, (@' 2 (@' (©))) di+5— 5 (PUEE)™ dt + 5 ; (@ (F&))" dt
2 2w
_ 12 1 m € z m
=€ (T +5- ; (@'(E&))) dt+ 5~ A (P (F (&))" dt
1 o t m € n t m
=3 (@UEEN™ di + 5~ ; (P'(F (&))" dt, (2-25)

where we used the condition that §® is nonresonant (2-8). Then, since (E(£))" = (E(£))" + (E (& N,

the latter at € = 0 boils down to
1 21 . " 1 2 " "
So(¢) = 7 ), (P(EE)"dt = 7 ), (EENT+ (EE))L) cos(my,t) dt.

Finally, we use the facts that

2
/ cos((wm; — @ )t) cos(wt) cos(wpt) dt = % Z (o —o; o L@, =0)
0 +

to compute
1 21
7 ; (E(E)" cos(wut) dt )
IV F Cijv igjgx N _
=1 ZOCKum ‘ZO 22~ (o; _wj)2$ §'¢ ;l(w, w; + o, @, =0).
K,v> Lj=

|wi—wj|#|@y |

The term with the (E(§))} follows similarly and completes the proof. U
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Lemma 2.14 (computation of §.(§) for small € close to zero and 1-mode initial data). Assume that
@, =n+2 forall integers n > 0. Let y > 0 be an integer, R, € R and & be the 1-mode initial data, that is,

E"=R,1m=y), m=0.

Then, for all integers m > 0, we have

2 L@l # (2@)2))

2y
m 9 ¢
FeE)" =0, HLm=y)+0@)., 6= g(“yyv)z(w_g T o w, )

Proof. Let y > 0 be an integer, and define & as the 1-mode initial data, that is §" = &, 1(m = y), for all
integers m > 0. Then, for any integer m > 0, we use the definition (2-6) to compute

GP@EN" ==3 ) Cjm(@' (&) (D' (§))

i,j>0
=-3 Z Q_tijmgiéj cos(w;t) cos(wt)
i,j>0
= —3ﬁ)2,€yym cosz(w,,t) = —%R}z,éyym[l + cosLmy, 1)].

Recall the definition of the eigenvalues @w; =i + 2 for all integers i > 0. Then, we have
On#0 = m=>0 and oy 2w, <= m#*E2y+2.

Hence, we infer

(Pf(Z)((pt(%-)))m — —%R)Z/Eyym[l + 1(m ;é 2]/ —+ 2) cos(2wyt)],

- t m 3 e 1 1(m ?é 2)/ + 2)
(L' Pf@ (@' ()" = —Eﬁ}%@:wm[; + — iy cos(2zzryt)i|,

m

where we used the fact that the eigenvalues of L, are given by (2-14), i.e., A,y = w,fl — 1?2, In addition,
we set x = €&, and (F® (&' (x) + L] Pf@(@(x))))" is given by

=3 ) Coum(@'(e8) + LT PP (D' (e£))) (D' (¢8) + LT PfP (9" (¢8)))"

k,v=>0

=3 > Coml(®'(€£)* + (LT PF? (D' (€£)*I[(@(6))" + (L' PP (D' (€£)))"]

Kk, v>0
=-3 ) Coum[(P'(8))(P'(€8))" + (P (e£))* (L] PJP (@' (€8)))"

o= + (D' (e£))" (LT PIPU(D" (e€)) + (LT PFP (D' (€£)) (LT PP (D' (€8)))"]
=3 Com(P(€6)) (D' (€6)' =6 Y Cpm (D' (€6))(LT' PFP (@' (€£)))"

Kk, v>0 K,v>0

=3 Com(Ly PFP(@' (€6))) (L' PF? (@' (£)))"

Kk, v=>0

=EFP(@' @) +(EE)™ + e (F )™,
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where we set

(FE)" ==3 Y Cam(L' PP (@ ©) (L' PfP (@' ()",

«,v>0

(EE)"==6 Y Cpn(@' ) (LT PF? (D' (£)))"
K,v>0

1 1w#£2y+2)

=9R? CeomE" Dy | —5 + 5 cosQu, ¢t
” Z & cos(w 1)), |:wv2 + zzrvz—(Zzzr},)z cos(2w, )]

«,v>0
= = 1 110v #2y +2) 110v #2y +2)
= 9.@73/ g Q:yvmetyyv |:<ZD'_VZ + Em) cos(w,,t) + zm COS(3wyt)] .
Now, we first apply the linear flow and then the average in time to obtain
F &) =€ (P + LT PFP()))(e)

_3 pr2n
=% | (@@ e+ L' PIO@ )" di

—1 2 2 2
=5 | (@ dP@©n)” di+ 5 @ EG) dr+ 5 | @ FE)" dr.

On the one hand, due to (2-8), we have

2
L (@@ @" 6))" dr = ((P) &) = 0.

2 J

On the other hand, we use the orthogonality of the cosine function together with

Oy =w, < m=y and oy =3w, << m=3y+4
to compute

1 2w
t m
2 ), (P (EG))™ dt

1 27

=5 ; (E (&))" cos(mt) dt

w? 2 w?—Qw,)?

— - 1 1 2y +2 m
:9;5?/ Z@yvmng[< lM)%/ cos(wt) cos(wy,t) dt
v>0 0

1 (v #2y +2) 1
2 w?—(Q2w,)? 21

2
/ cos(3w, 1) cos(my,t) dt:|
0

:9ﬁ3 Q: va: v — 1 — _—1 _ 3 4
y yvmCyy |:(2w§ T3 - (2w,)? (m=y)+7 iy (m=3y +4)
v>0
S F o2  0v#F2y+2) 943 €y vy +4Cyp
= 3% 2 G S T =) + -/ CrusysaCypvy
47 1)>O( yyv) (wvz + w?— Qw,)? (m=y)+ 4% § w2 — (2w, (m=3y+4)

VE2y+2
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Finally, we note that Ey,v,3},+4€yw = 0 for all integers y > 0 and v > 0. This follows immediately from
the fact that ¢; im = 0 for all integers i, j, m > 0 with i + j < m due to Lemma 5.8 below. Specifically,
we have éwv = 0 since v > 2y, and éy,v,3y+4 = 0 since

0<v=2y = y+v=3y<3y+4
Consequently, we conclude that

1
w?— Qw,)?

v

1 2w 9 3 2y _ ) 2
2w | @EG =8 Y G (;+
v=0 v

= )l(m =y). O

Finally, we compute the differential of F(£) at the 1-mode initial data.

Lemma 2.15 (differential of §o (&) at the 1-mode initial data). Let y > 0 be an integer, &, € R and & be
the 1-mode initial data, that is

éf-m:ﬁyl(m:)/), mZO
Then, forall h € ls2 3 and integers m > 0, we have

(@Fo@[AD)" = & [ayuh™ +1(0 < m < 29)b,nh™ "],

where
— — 2 J— —
a 7 mzﬂ/ (Q:}/vm)2 + 2 i (Q:myv)2 + 2 4 Q:mvmc:)/)/v
) o) — (Ot wy)? 2 - wy—(wn—wy)? 4 o]
=0 v;éi(m y) -2 B
and
Q:Zy —m,v mQ:yyv 9 pan Eyva_:Z)/—m,y,v
bym = Z > T3 Z 2 2
4 —Qwy)? 2 oy~ (Dym —@y)

p=
vELE(m—y)—2

Proof. Let y > 0 be an integer, &, € R and & to be the 1-mode initial data as above, and pick any & € ?
€ > 0 and integer m > 0. Then, we set E=E+eh,and according to Lemma 2.13, we have

5432

(FoEN™ = (Fo-EN™ + For- EN™,

where

_ Ciin A
o E)" =7 Z Com Y g S EHEE Y (o Lo, = 0)
+

~ iz0 v (w; — @;)?
- w_/_;ézl:wu
and
2 9 = Eijv 2
Fo+EN" =~ Cevm S (wi + o + o oy, =0).
4 ng:() . i,]XZ:O @} — (@i + @) X:I:: l ! )

wi+wj#tw,
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We expand’ Fos (é) = Fo+(§) + € - dFo+(&)[h] + O(€?) and, using the definition of the 1-mode initial
data, we obtain

@3- @U)" =3 3 Cam Y — S

—(wi—w))?

K v>0 i,j>0
W FLw,

WEEHENEHEE N N —wtw twy, =0)
+

_ [F .

=Rf212N "¢ vy WS Yw—w, o, @, =0

}/ 4§ yvm g ZD'VZ—(ZD'l—ZD'y)Z ; ( 1 y ]/ m )
N zzr,-—zzr;;é:tw\,

9 sy Q_:ij H
+—E Cum E 5 2h] E W(w, —wjtw,tw, =0)
4v20 0 wy— (o), —@)) ~
@, —wj#Ltw,

9 = Cyyv —
+7 2 Com —y —wy)ZhK Y 1wt wm, =0)
k,v=>0 +

Recall the definition of the eigenvalues @; =i +2 for all integers i >0 and also recall thatm, i, j, x, v, y > 0.
Then, we have

i=mandv #=£(m—y)—2,
= i=2y—mandm <2y and v # +(m — y) — 2,
i=2y+m+4andv#2+m+y,

w;, —w, *tw, *w, =0,
w; —w, #tw,

j=2y+m+4andv #2+m+y,
oy, —owj o, o, =0, .
— j=2y—mandm <2y andv #+(m—y)—2,
w; # *w,

v~ j=mandv#£+(m—y) -2,

=k —4,
to.+tw, =0 <<— {m * & k=m.
m=«k,
Therefore, we infer
x ~ 2 oo < -~
— 9 (Q:m V) 9 Q: v
R 2 dXo_ h m __ hm Z )4 Z VV
2 (dFo-()[h]) [2 2_(:) s g 42_3 wz
vEE(m—y)—2 =0
00 —_ _
— 9 vamQ:Zy—m A
+h* ’"l(OSmSZV)[— —
2 § o) — (@oy-m — @)’
vEE(m—y)-2
o _ _
+ h2y+m+4[2 Z €yomCoy +md.y.v ]
2 V=0 w\% - (w2y+m+4 - w—y)z
v#E2+m+y

9Here, the notation O(e2) for a function of £ or h refers to a function that is bounded by €2 in the Q-norm using the /s 3-norm
of & or h.
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Similarly, using the definition of the 1-mode initial data, we obtain

Cijv
w?2—(wi+w;)?

@304 D" =2 3 Cem Y

K, v>0 i,j>0
wi+wjFttw,

AWETEHE W E HEE N Y Wit wLwe L, =0)
+

9 - €i)/v i _
Zv>0 Qtyvm § w\)z_(wi+wy)2hl;l(w-i—i_wyiwyiwm_())

wit+wy, Fro,

9 = Q:ij i
= ¢ h’ 1 itw,+ =0
+7 yvm Z . Ry S— Zi: (wy+w;tw,tw, =0)

9 - Yo, +w, #+w,)C
+Z Z Cevm ;2_(};5 +wv)2 yyth21(wy+wy:l:wK:i:wm =0)¢.
K, v>0 v 4 4 +

As before, recall the definition of the eigenvalues @; =i 4 2 for all integers i > 0 and also recall that
m,i, j,k,v,y > 0. Then, we have
o, +w, tw, tw, =0, — i=—44m—2yandm>442y andv#+(m—y)—2,
w; +w, # Tw, i=mandv #24+m+y,
w, +w;tw, o, =0, — j=—44+m—-2yandm>4+42y andv #£(m—y)—2,
j=mandv #2+m+y,
k=—4+m—2y andm >442y and v # 2+ 2y,

— k=44+m-+2y andv #2+2y,
k =2y —mand m <2y and v # 2+ 2y.

wy, +w; # *w,

{zzry+wy:|:zer:l:wm=O,
o, + o, # tw,

Therefore, we infer

R, 2(dTo4 (E)[AD"
9 = (Eyvm)z :| 44-m+2 [9 > €4+m+2y v me_tyyv]
=p| 2 +h m+2y | 7 >V,
[2 UX:(:) w}— (on+wy)? 4 VX::O w?— (2w,)?
v£2+m—+y V#E242y

o0 e o~

9 Coom€y —a4m—2 9 o= Coaima ¢ ]
—4tm—2y 9 yvm &y, —44m—2y.v 9 —44+m—2y.v.mCyyv
+h 1(m Z4+2y)[2 E +4 EO

v

— wvl - (wy + w_—4+m—2y)2 _ wv2 - (2wy)2
vEE(m—y)-2 V#E2+2y

Qtnym,v,m Q:yyv

2y—m 9 =
+h? 1<05mszy)[;1 >

V=
v#E2+2y

w?— Qw,)? |

Putting this all together yields that

£,2@oE)[hD)" = &, [(dFo—E)[AD" + (dTo+ (E)[AD™]
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is equal to
B |:2 i (Q_:yvm)2 + 2 i (Q_:myv)2 2 i Emvm_yyv:|

2 &~ w2 — (on+wy)> 2 s w2 — (o, —wy)? *3 ~

v#E2+m+y vEE(m—y)-2
9 — & ¢ 9 um®
h2y7m1 O < < 2 Z y—m,ym>~yyv Z yvm y—m,y,v
+ O=m= J/)|:4 ; - (2w,)? *3 Z w2 — (Woy—m — @y)?
vE2+2y vEE(m—y) -2

+h4+m+2y|:2 i E4-i-m-i—2y,v,mQ_:)/)/v 2 i Q_:yvme_:2y+m+4,y,v :|
2 w
0

4 =0 wUZ - (Zwy)z y=0 1;2 — (@2 4m+4 — w_y)z
VE2R2y #2
9 = @ [ 9 o= Caimo2yum@
R Hm2r ] (o Z4+2y)[— yomSy —4im=2yo 9 —4+m=2y,v.m wv:|.
2 2:: w2 — () + @_s4m-2,)> 4 VXZ(:) w}— (2w,)?
vEE(m—y)-2 vE2H2y

Finally, we simplify the formula above and show that
(2-26)
(2-27)

€4+m+2 ,v,m¢ v — ¢ vm€2 +m+4,y,v = 0,
v vy 14 14 v
Q:yva:y,—éH—m—Zy,v = Q:—4—|—m—2y,u,mQ:yyv = 07

forall y,v,m >0 and all y, v >0 and m > 2y + 4, respectively. These follow immediately from the fact
that @,-jm =0 for all integers i, j, m > 0 with i 4+ j <m (Lemma 5.8). Specifically, we have Q_ﬁyw =0

since v > 2y, €4+m+2y’,,,m =0 since

O0<v<2y <<= m+v<m+42y<d4+m+2y,
as well as éyvm =0 since v > y +m and €2y+m+4,y,u = 0 since

O<v<y4+m <+ ypy+v<2y4+m<2y+m-+4
which prove (2-26). Similarly, we have Eyvm =0sincem >y +v, Ey,_4+m_2y,v = (0 since

O<m<y+v <<= —Ad4+m-2y+y=—4d4+m—-—y<-—-44+v<y,

as well as va = (0 since v > 2y and (T:_4+m_2y,v,m = 0 since

O<v<2y & —Ad4+m-2y+v=<—44+m<m,

which prove (2-27). Using the same argument as above (Lemma 5.8), we also infer EWU =0since v > 2y
and Ewm = (0 since v > y + m. Hence, the latter reduces to

+ — + — = =
nm |:2 mXi/ (Qtyvm)z I 2 mX]:/ (Q:myv)2 4 2 s Q:mvme:yyu]
P wmi—(mntwy)? 2 = ol (on-wy)? 4 oy
v#EE(m—y)—2
v = . m+y
— 9 €2y—m v me:yyv 9 Q:yva:Zy—m Y,V
+ h? ml(0§m§2y)|:— —y—mymEyyy 4 2 2 O
4 ; oy —Qwy)* 2 = wy—(mym—y)?

vEE(mM—y)—2
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3. The linear eigenvalue problems

Next, we the study the linear eigenvalue problems where the linearized operators are given by (1-14). In all
three models, the associated eigenfunctions are given by Jacobi polynomials, which is a common feature
with the Einstein—Klein—Gordon system in spherical symmetry [Maliborski and Rostworowski 2013].

3A. Conformal cubic wave equation in spherical symmetry. We consider L2((0, 77); sin(x) dx), a
Hilbert space, and associate it with the inner product

(f18)=2 f F()g(0) sin?(x) dx.
0

For the conformal wave equation in spherical symmetry, the operator that governs the solutions to the
linearized equation is given by
1
Lu= —max(sinz(x)axu)+u, D(L)={u € L*((0, 7); sin?(x) dx) : Lu € L*((0, 7r); sin®(x) dx)}.
X
The operator L is generated by the closed sesquilinear form a defined on (H L((0, 7); sin®(x) dx))? that
is given by

a(u, v) :/ (0xu0xv + uv) sinz(x) dx
0

2

and a(u, u) >~ ||u ”Hl((O,r[);sinz(x)dx)'

2

In particular, L is self-adjoint on D(L). Now, the eigenvalue problem
Lu = w“u reads

9, (sin? (X)), u) + (@* — 1) sin®(x)u = 0,
and, by setting u(x) = v(y) and y = cos(x), it becomes
(1=yH"(9) =3y (y) + (@ = D(y) =0.
The latter has nontrivial solutions if and only if the solutions are given by the Chebyshev polynomials
of the second kind [Szegd 1975], that is v(y) = U,(y). Hence, the solutions to the eigenvalue problem

2

Lu = w”u are given by

en(x) = Uy(cos(x)), = n+1)72 (3-1)

for all integers n > 0. In addition, the set {e, : n > 0} forms an orthonormal and complete basis for
L%((0, ): sinz(x) dx). In fact, (e, | e;;) = 1(n = m) for any n, m > 0 due to the orthogonality of the
Chebyshev polynomials of the second kind.

3B. Conformal cubic wave equation out of spherical symmetry. We consider L*((0, 3); sin(2x) dx), a
Hilbert space, and associate it with the inner product

/2
(f|g)=/(; f(x)g(x)sin(2x) dx.

For the conformal cubic wave equation out of spherical symmetry, the operator that governs the solutions
to the linearized equation is given by

2 2
ax(sin(zx)axuwr(_“21 + 12 +l>u

Lm2)y, — 5
sm”x  COs“ X

sin(2x)
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endowed with the domain D(L#1:#2)) defined by
D(LH112)) = {u € Lz((O, %) sin(2x) dx) SLHH)y e Lz((O, %) sin(2x) dx)}.

The operator L(#1:42) is generated by the closed sesquilinear form a defined on (H ! ((0, %), sin(2x) a’x))2

that is given by
i I 13 .
a(u,v) = Oxudx v+ | — 5>—+ 3 4+ 1 )uv ) sin(2x) dx,
0 sin” x COS~ X

and Hardy’s inequality yields a(u, u) 2 |lull g1 (0, x 2):sin(2x) ax)2- I particular, L(#1-12) 5 self-adjoint on
D(L#1:142)) Now, the eigenvalue problem L*“1#2)y = )%y reads

. 2 2
cosx sinx " 7
Bﬁu—l- - — Ol — 21 + ; +1-—w? u=0,
sinx  cosx sin“x  cos*x

and by setting u(x) = v(y), v(y) = (1 — y)*/2(1 + y)*2/2w(y) and y = cos(2x), it becomes

(1 —yHw () + [(12 — w1) — R+ p1 + p2)yIw' () + 3lo® — (L + w1 + p2)*lw(y) =0.

The latter has nontrivial solutions if and only if the solutions are given by the Jacobi polynomial with

parameters (41, o) and degree n > 0, that is w(y) = Pn(“ H 2)(y). Hence, the solutions to the eigenvalue

2

problem L*“1:#2)y = )%y are given by

e 112) (x) = N2 (1 — cos(2x))"1/2(1 4 cos(2x))2/2 P11 (cos(2x)),

(3-2)
(Wi H) = 2n+ 1+ iy + 1),
for all integers n > 0, where the normalization constant reads
Nw#szwﬁw”rm+Drm+urwu+n o)
! 2t T4y + DP(n+pa+ 1)

In addition, the set {e/"""*?) : n > 0} forms an orthonormal and complete basis for L2((0, %); sin(2x) dx).
In fact,

(e(myuz) | e(m,uz)> =1(n=m)
n m
for any n, m > 0 due to the orthogonality of the Jacobi polynomials.

3C. Yang-Mills equation in spherical symmetry. We consider the Hilbert space L2((0, ); sin*(x) dx)
associated with the inner product

[flg]=/0 £ (x)g(x) sin*(x) dx.

For the Yang—Mills equation in spherical symmetry, the operator that governs the solutions to the linearized
equation is given by

Lu=— 3, (sin® xdyu) +4u, D(L) = {u € L*((0, 7); sin* x dx) : £u € L*((0, 7); sin* x dx)}.

sin* x
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The operator £ is generated by the closed sesquilinear form a defined on (H 10, ); sin* x dx))? that is
given by
T
a(u, v) =/ (0, ud, v + 4uv) sin*(x) dx
0

and a(u, u) ~ ||u||
2

HU(O.)zsin x dx)” In particular, £ is self-adjoint on D(£). Now, the eigenvalue problem

Lu = w-u reads

9%u +Ta U+ (@0 —DHu =0

and by setting #(x) = w(y) and y = cos(x) it becomes
1=y (y) = Syw' () + (@ = Hw(y) =

The latter has nontrivial solutions if and only if the solutions are given by the Jacobi polynomials with
parameters (% %) and degree n, that is w(y) = P,1(3/ 2:3/2) (y). Hence, the solutions to the eigenvalue

problem £u = @ ?u are given by
en(x) =M, PO/ (cos(x)), @’ =(n+2)> (3-4)

for all integers n > 0, where the normalization constant reads

9 — Vo, I (1+n)L@4+n)
SR N R

In addition, the set {e, : n > 0} forms an orthonormal and complete basis for L>((0, 7); sin*(x) dx). In

(3-5)

fact, [e, | ¢,y] = L(n = m) for any n, m > 0 due to the orthogonality of the Jacobi polynomials.

4. The PDEs in Fourier space
In this section, we express the partial differential equations (1-13),
@+ Lu=fx,u), (,x)eRxI,

in the Fourier space to obtain infinite dimensional systems of coupled, nonlinear harmonic oscillators,
and we provide basic estimates for the nonlinearities. Here, the nonlinearities are given by (1-15), namely

u’ for CW and WH,

Jx )= { 3u? — sin(x)u3  for YM.

Let u(t, - ) be a solution to any of the three models
CW: (1-3)—(1-4), WH: (1-6)—(1-7)—(1-5), YM: (1-11)—(1-12),
and recall that the sets of the associated eigenfunctions

CW: {e, :n >0} by (3-1), WH: {e1'#2) : n > 0} by (3-2), YM: {e, :n > 0} by (3-4)
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form an orthonormal and complete basis of the Hilbert spaces
CW: L*([0, 7]; sin*(x) dx),  WH: L*([0, Z]; sin(2x) dx), YM: L*([0, ]; sin*(x) dx).

Then, we expand u(¢, - ) in terms of the eigenfunctions and substitute the expression into (1-13) to find
infinite systems of nonlinear harmonic oscillators.

4A. Conformal cubic wave equation in spherical symmetry. For the conformal cubic wave equation in
spherical symmetry, we expand

o0 x
u(t, )= u"(en, eiejec =Y Cijimen. (4-1)
n=0 m=0

to find the infinite system of nonlinear harmonic oscillators
i@ (1) + (Au )" = (f ({u! (1) : j = 0" (4-2)
for all integers m > 0, where the dots denote derivatives with respect to time and
o0
(Au®)" = wpu™ (@), (FQu (@) :jZ 0" == D Cijemut’ (! ()" (1) (4-3)
i,j k=0

4B. Conformal cubic wave equation out of spherical symmetry. For the conformal cubic wave equation
out of spherical symmetry, we expand

o0
(t,-) = Zun(t)er(lm,uz)’ (m H2) (lu H2) (m H2) Z C(m J42) e(i1.12) (4-4)

€i J ijkm €m
n=0

to find the infinite system of nonlinear harmonic oscillators
" (1) + (Au ()" = (F({u! () : j = 0})" (4-5)
for all integers m > 0, where the dots denote derivatives with respect to time and
(Au()" = (w2 (1), (F(lu! (1) j = 0))" = Z Chrinul (D! (u* ). (4-6)
i,j,k=0

4C. Yang-Mills equation in spherical symmetry. For the Yang—Mills equation in spherical symmetry,
we expand

o0

w(t, )=y u"Oen, G@ejX) =Y Cimen(x), s’ (e (X)e;(Xer(x) =Y Cjimen(x) (4-7)

n=0 m=0 m=0

to find the infinite system of nonlinear harmonic oscillators

0" (1) + Qu ()" = (F({u! (1) : j = 0p)™ (4-8)

for all integers m > 0, where the dots denote derivatives with respect to time and

Qu)" =wau™ (1),  Fu' @) :j=0)" = FPu! (1) j = 0D)" + G (u (1) : j > 0H)™,
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with
GOl (1)1 j = 0D)" ==3 " Cju () (1), (4-9)
i,j=0
GO @) j =)™ == D Cjmtd (! (O)u* (1), (4-10)
i,j,k=0

4D. Lipschitz bounds. Recall Section 2 where we define the Banach space

My = {q € HY([0, 271 12) :q() =) _ g/ (1)e; = Z(Z q" cos(lt)>ej, lg 117 < 00}
j=0 j=0 =0

endowed with the norm

||q||Hk—ZﬁS<2|q°f| +Z|q’f| 1+ ) / Zm“(m dr,

where g (1) denotes the A-th derivative of g (¢) with respect to 7. Next, we show that the nonlinear terms
we consider satisfy the following Lipschitz bounds, and we begin by considering the conformal cubic
wave equation in spherical symmetry.

Lemma 4.1 (Lipschitz bounds for the CW model). Let f be given by (4-3). Then, for all integers k > 0
and s > 2, there exists a positive constant (depending only on k and s) such that

1 @) = F @)l S el + 10150 1 = vl
ldf @)[h] = df @)l S luellgge + 0l Ul lu = vl
forallu,v, h e ’Hf with |lullzx < €, [[vllyx < € and ||h]l < €.

Remark 4.2 (regularity of the initial data for the CW model). As stated above, for the CW model, we
require s € N with s > 2. This means that the space of initial data Q =~ ls2 41 1s at least l% (Theorem 2.4).

Proof. Let s > 2 be an integer, and pick any u = {u/ : j >0} € lsz. We also denote by u(x) = Z?o:o ujej (x)
the corresponding function in the physical space and recall the definition of the linear operator L given in
Section 3A. On the one hand, for any integer s > 1, we define the Sobolev space H¢y, for spherically
symmetric functions and find

+o00

||M||%15W=/0 uL*u sin® xdx_zwl‘mﬂ ~ |uf?

j=0

since w; >~ j. On the other hand, note that, with a slight abuse of notation (we denote by u the original
variable as well as the spherically symmetric version of it), we have that the Sobolev space above is
equivalent to the standard Sobolev on S3:

2 2 _ _AS 2
e, = s 5 = /§ (= AL dvols + lula s,
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Here, Ags stands for the standard Laplacian on S* for the round metric and the standard volume form

dvolss. This equivalence yields that Hy, is an algebra since H $(S?) is an algebra provided that s > %

Then, picking an integer s > 2 and u, v € ls2 and using the algebra property and the triangular inequality
together with Plancherel’s theorem yield
|F)ls = 1w gy, S Nullggs, = luly,
|f @) = )]s = 6> = v |l g, = [ —v) W +uv+ v,
S Ml = vl gy, luliggs,, + el gy 10l gy, + 1017, )
S Ml = vl gy, luligs,, + 1017 ) = lu = vls(ul + 0I5,
|df w)[h] — df W)[hly = ldf @)[h] — df )[Rl kg, = Id @[] —d )[R k3,
=136’k — 30| gy, S lu? = 02 g, 12l
Sl — vl g, Quell gy, + 10l I Al g, S = vl (uly 4 [v]s) s

This proves the claim for k = 0. Finally, we present the proof for k = 1. In this case, Plancherel’s theorem
yields

1£ @l = 1 @i = 1F @z + 180 £ L2 = 1 L2y + 100 @2

Furthermore, the algebra property and Holder’s inequality together with the embedding H'! < L yield

3 3 3 2
0F OOl iy = 1l 2 = [0 g |2 S Dl 2 < aeae e [l ]
2 2 2 3
= [l e Wl | 5 W g I 2 = a0y Mty < Nt
2 ~ 2 2 2
19: f Nl L2y = 113U dyull 2 gy = [ Ml2e* 8wl s 12 S H”””H;”atu”H; 2= I el || oo 13 ull s 12
= [ all g | 7o [ 0Bpaellae |2 S el | 50 el < Juell?
= ny L?O t I'IxY L[Z ~ Hf Htl H; H[l = HrlHic“
and hence || f (u)||H} < ”””3—11' All the other bounds follow similarly. U
&)

Next, we consider the conformal cubic wave equation out of spherical symmetry.

Lemma 4.3 (Lipschitz bounds for the CH model). Let f be given by (4-6). Then, for all integers k > 0
and s > 2, there exists a positive constant (depending only on k and s) such that

1) = F @)l S Uull3e + 10150l — v,
ldf@)th] = df @)A1 llg S lullage + 0l 1 gt lu = vllags,
forallu,v, h e Hf with |lullzx < €, [[vllpx < € and ||hl < €.

Remark 4.4 (regularity of the initial data for the CH model). As stated above, for the CH model, we
require s € N with s > 2. This means that the space of initial data Q ~~ ls2 41 1s at least l% (Theorem 2.4).

Proof. The proof coincides with the one of Lemma 4.1. O

Finally, we consider the Yang—Mills equation in spherical symmetry.
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Lemma 4.5 (Lipschitz bounds for the YM model). Let §? and {3 be given by (4-9) and (4-10), respec-
tively. Then, for all integers k > 0 and s > 3, there exists a positive constant (depending only on k and s)

such that
1P @) = 2 @) g S Uluellgge + Nl e — vl

1§ @) (1] = dF® @) g S Wllgge e — vl
159 @) =72 @) e < UuallFe + 015011 = vl
1§ ) [h] — d§® W) S Uluellzge + N0l 1l e — vl
forallu,v, h e Hf with ||u||H§ <e, ||v||7_[§ <e€and ||h||%§ <e.

Remark 4.6 (regularity of the initial data for the YM model). As stated above, for the YM model, we
require s € N with s > 3. This means that the space of initial data ls2 43 18 at least lé (Lemma 2.10,
Theorem 2.5).

Proof. Let s > 3 be an integer and pick any u = {u/ : j > 0} € /2. We also denote by u(x) = Z?O:O ujej (x)
the corresponding function in the physical space and recall the definition of the linear operator £ given in
Section 3C. In the following, we claim that the operator

9, (sin* (x) 0, 1)

Aymu =

sin* (x)

coincides with the Laplace-Beltrami operator Agsu on the sphere S° < R restricted to a class of symmet-
ric functions. Indeed, we endow S° with the round metric and consider the standard Eulerian coordinates
(x1 = X, X2, X3, X4, x5) € (0, 1)* x (0, 277), so that y = (y!, y2, y3, ¥*, ¥, %) € S° with y' =cos xy,

i—1

yi = COS X; 1_[ sin x;

j=1
foralli € {2,3,4,5} and y6 = sin X sin X3 sin x3 sin x4 sin x5. The metric element in these coordinates is
given by the standard round metric on S3. Then, for a function u defined on S° that is invariant under
all rotations around the y6—axis, the operator Aypmu coincides with Agsu. We call such functions on S’
“spherically symmetric”. Here, H*(S”) is an algebra provided that s > % We pick an integer s > 3, and
the rest of the proof coincides with the one of Lemma 4.1. U

5. The Fourier coefficients

Here we study the Fourier coefficients, as defined by (4-1), (4-4) and (4-7). Since the eigenfunctions are
given by Jacobi polynomials and since the Fourier coefficients involve products of the eigenfunctions,
these are a priori complicated integrals, depending on the indices of the eigenfunctions. Nonetheless, we
will derive here explicit closed formulas for the various Fourier coefficients on resonant indices.

5A. Conformal cubic wave equation in spherical symmetry. In this case, the Fourier coefficients are
given by (4-1). By taking the inner product (- |-), defined in Section 3A, in both sides of (4-1), we
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deduce that 1
2
Cijkm = ;/ Ui(0)U; (DU () U (3)y/1 = y2 dy,
—1

where we also used the definition of the Chebyshev polynomials of the second kind:
0() = Uy (cos @) = “ent)
sin(x)

for all n € {i, j, k, m}. Next, we call a quadruple (i, j, k, m) of indices resonant if
witwjtwrtw,=0 (5-1)
and study the Fourier coefficients on resonant indices.

Vanishing Fourier coefficients. Firstly, we show the Fourier coefficients vanish on some resonant indices.

Lemma 5.1 (vanishing Fourier coefficients on resonant indices). For any integers i, j, k, m > 0 such that
(5-1) holds with only one minus sign, we have Ci;jx, = 0.

Proof. Let i, j, k, m be positive integers such that w; +®; + wy — w,, =0. Then, m =2 +1i + j +k and,
according to the computation above, we have

1
Citn = [ RNOIUnGWT=32dy. RND) = 2Ui0)U; 0)Us ),

where Ry (y) is a polynomial of degree N =i+ j+k < m, and hence the Fourier coefficient vanishes since
U, (y) forms an orthonormal and complete basis with respect to the weight /1 — y2. The other results
now follow immediately using the symmetries of the Fourier coefficients with respect to i, j, k, m. [

Nonvanishing Fourier coefficients. Secondly, we study the nonvanishing Fourier coefficients on resonant
indices. In order to deal with these constants, one needs a computationally efficient formula. In the
spherically symmetric case, where the basis consists of the Chebyshev polynomials, there exists the
addition formula [Szegd 1975]

p+q min(p,q)

UpMU,D =Y. U= Y Ugpiras(y) (5-2)
r=lg—p| 5=0
step 2

for all p, g > 0. Consequently, we implement the addition formula (5-2) together with the orthogonality
property of the Chebyshev polynomials with respect to the weight /1 — y? to obtain

’ i+j  mtk 1 i mtk
Cin=2"2_ > /_lur<y)Us(y>\/1—y2dy= YooY =9 (5-3)

r=|j—i| s=|m—k| r=|j—i| s=|m—k|

step2  step 2 step2  step 2

Next, we use (5-3) to derive closed formulas for the nonvanishing Fourier coefficients.

Lemma 5.2 (nonvanishing Fourier coefficients on resonant indices: closed formulas). For any integers
i, j, k,m > 0 such that (5-1) holds with only two minus signs, we have Cijxm = Wmin{i, jk,m}-
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Proof. Let i, j, k, m > 0 be integers such that w; +w; — wx — w, =0. Hence m =i + j —k, and assume
for simplicity thati < j, k <m and i <k. Then, settingr =i+ j—pands=i+j—qgaswellast =2p
and t = 2¢, equation (5-3) yields

2i i i

2k k i
Cijim=Y_ Y lp=q)=) Y lt=0)=> > lt=0)=i+1=o.

p=0 ¢=0 t=0 =0 t=0 =0
step 2 step 2

All the other results follow immediately by the symmetries of the Fourier coefficients with respect to
i, j,kand m, O

5B. Conformal cubic wave equation out of spherical symmetry. In this case, the Fourier coefficients
are given by (4-4). By taking the inner product (- | - ), defined in Section 3B, in both sides of (4-4), we
deduce that

1

1 | |

=5 I w~N / (-na+0¥ ] P*@dx,
heli,jk,m) -1 raelisj km)

where the normalization constant Ni’f 1 12) g given by (3-3). As before, we call a quadruple (i, j, k, m) of
indices resonant if
wi(lllvll'z) + w;ﬂlyﬂz) + w}({ul,ltz) + wr(nuh,uz) =0 (5_4)

and study the Fourier coefficients on resonant indices.

Vanishing Fourier coefficients. Firstly, we show the Fourier coefficients vanish on some resonant indices.

Lemma 5.3 (vanishing Fourier coefficients on resonant indices). For any integers i, j, k, m > 0 such that

(m1,pm2) _ 0

(5-4) holds with only one minus sign, we have C; km =

Proof. The proof is similar to the one of Lemma 5.1. ]

Nonvanishing Fourier coefficients. Next, we study the nonvanishing Fourier coefficients. In principle, in
order to deal with these constants, one needs a computationally efficient formula as in the spherically
symmetric case. However, out of spherical symmetry, where the basis consists of the Jacobi polynomials —
although there exists the addition formula
ptq
PISM’M)(X)P;M"M)(X) — Z L(p.q, r)Pr(’”’“Z)(x)
r=|p—q|

for all p, g > 0, similar to (5-2) — the linearization coefficients L(p, g, ) remain unknown in closed form
for generic values of 1 and u,, and hence a closed formula similar to (5-3) is not available in general.
We note that Rahman!® [1981, p. 919] was able to prove that the linearization coefficients of Jacobi
polynomials can be represented as a well-posed hypergeometric function ¢ Fg(1). On the other hand, in
the special case where 1 = u,, the Jacobi polynomials reduce to Gegenbauer polynomials for which the
mm [Cohl 2016], there was a minor typo in Rahman’s published result; in the linearization coefficient in [Rahman

1981], the term (—a« — B — 2m) should be replaced by the Pochhammer symbol (—«a — 8 — 2m)j. The corrected linearization
formula is given in [Cohl 2016].
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linearization coefficients are given by well-posed and closed formulas [NIST 2010; Sdnchez-Ruiz 2001;
Szegd 1975]. Hence, we restrict ourselves to the case 1 = i = and also denote by y the index referring
to the fixed choice of the 1-mode initial data. Then, we derive closed formulas for the nonvanishing
Fourier coefficients for a resonant pair of indices (i, j, k, m) by using the formula [Sdnchez-Ruiz 2001,
(20)] for the Gegenbauer polynomials:

m
€PN =" LumWCE P (x), (5-5)
=0
where the coefficients are given by
1 1 1
Qu+ Dy (3),(3), (1 3), 2+ 20 + Do

L m()") =
K C'm+1) F(m—)»—l—l)(,u-l-l)x(zﬂ"‘%)2;\(2)‘4'2“"'%);11—;\

: (5-6)

valid for any real x € [—1, 1] and integers u, m, A > 0, and (a), = ['(a + n)/'(a) stands for the
Pochhammer’s symbol defined for any a € R with a ¢ {0, —1, —2, ...} and n € N. Notice that (5-5) is a
combination of a linearization and a connection formula for Gegenbauer polynomials. Specifically, we
establish the following result.

Lemma 5.4 (nonvanishing Fourier coefficients on resonant indices: closed formulas). Let y > 0 and
m >y be any integers. Then, we have

14
1
Clitn =5 2 MIP MY () (1),
2=0

where
72T 20 +4p+1)
&En(p) = —.
(4r+4pn+ DL A+ D(T(2u +3))
MUy = | @r+4u+ DT+ DT u+ DT+ p+12)
SRR Z 86 FOAp+DTO+20+1)

Qu+2m+ DT (m—r+ )T+ r+2u+1)
T(m—n+ DT (m+A 420 +3) '

Proof. Let y > 1 be a fixed integer and pick any integer m > y. Then, by the definition of the Fourier
coefficient, the fact that the Jacobi polynomials with equal parameters can be written in terms of the
Gegenbauer polynomials [NIST 2010, 18.7.1],

w reu+nDrm+pup+1)
w =

P (x) = W W1/ (1), — ,
) =W GO W = R Fn r 2k D)

together with (5-5)—(5-6), we have

yymm

1
o) — Lo ) NN 0 (1) N ()2 22 (A 1/2) N2 (A 1/2) N2
chh E(wy" Ny ) (wyy N,,’;"‘)/_](l x7)T(CH (X)) (C1 (x))"dx

Y m 1
1 2u+1/2 2u+1/2
:E(w)(j‘)N;“’“))Z(wfn“)N,(,’f’“))z2 Luy ()Y Lyum(3) f (1=x2)2 YD 0y e (x) dix.
V=0 A=0 -1
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Now, the orthogonality of the Gegenbauer polynomials,

1
/ C P @R TP (01 =) dx = (WL = b,

where &, () is defined above, together with the fact that 0 < y < m yields

14 14
1
CYym = 5 WPONZOZ @ INGEN2 S Ly (0) Y Ly (D& (1)1 (0 = 1)
v=0 A=0

14
1
= S PONZDZ @ ONGEPN Y 7Ly (1) Ly (W)€ ()
=0

14
D MP QM (M)E ().
1=0

NSTR

Finally, setting M,(n“ ) A) = w,(n“ )N,(n” H ))ZLM,,, (1), a direct computation using (3-3) and (5-6) yields the
closed formula for Mf,ﬁ‘ ) (1) stated above and completes the proof. U

Next, we show that the closed formulas we derived above are in fact monotone with respect to m.

Lemma 5.5 (monotonicity of Mi,ﬁ‘ )(A)). Lety >0, m >y and 0 < A <y be any integers. Then, the
Sfunction M,(n“ ) (A) defined in Lemma 5.4 is decreasing with respect to m.

Proof. Let y >0, m >y and 0 < A < y be any integers. The claim follows immediately by computing the
difference M ,(#J)r (M—M f,’f ) (1). Indeed, the identity for the ratio of two Gamma functions, I'(x+1) =xI"(x),
valid for all x € R, yields that M), () — M%” (1) equals

_@A+4u+ DU+ )T 2u+ )T (4 p+ )T (m = A+ 3)Tn+ 2 +2p +1)
PT (A + W +2u+ DEm —A+2)T (m + A+ 20+ 3)

’

which is strictly negative for all m, A and u, and hence M,(# ) (A) is decreasing with respect to m for all A
and u, which completes the proof. (I

Remark 5.6 (closed formulas for C%%n for small values of y). Finally, we note that one can use

Lemma 5.4 to find closed formulas for the Fourier coefficients provided that y is sufficiently small. For
example, for y € {0, 1}, we find that

T(k+ 2\ Qu+2m+ DT (m+3)m+2p+1)
F(M—H)) C(m+ D (m+2p+3)

Fr+3)Y
i)
Qu+2m+1)(—p+2mQu+m+1) = DT (m — 5)T(m +2p+1)

. F(m+1)F(m+2,u+%) .

’

() _ 1
COgmﬂm = E(2M+l)<

1
clm) o (Lt D+ 1><2u+3)(

Figure 1 illustrates the Fourier coefficients C%%n for w =30 and y € {0, 1, 2}, respectively, as m varies

within {1,2, ..., 50).
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1.6

1.4

1.2

1.0 .

0.8

Figure 1. The Fourier coefficients C(3,9,,f,9,) for y =0 (blue/bottom), y = 1 (orange/middle)

and y =2 (green/top) as m varies within the interval [1, 50]. They are all decreasing for
m=>2y+1.

5C. Yang-Mills equation in spherical symmetry. In this case, the Fourier coefficients are given by (4-7).
By taking the inner product [ - | - ], defined in Section 3C, in both sides of (4-7), we deduce that

=[] m/a W] PPy,

r€li,j,m) A€li, j,m}
3/2,3/2
Cim= [] m/ A=y [ PPy,
reli,j.k,m) A€l j,k,m}

where the normalization constant 21, is given by (3-5). As before, we call a triple (i, j, m) or a quadruple
(@i, j, k, m) of indices resonant if

w; *w;tw, =0, (5-7)

o, tw; ot w, =0, (5-8)

respectively, and study the Fourier coefficients on resonant indices.

Vanishing Fourier coefficients. Firstly, we show the Fourier coefficients vanish on some resonant indices.

Lemma 5.7 (vanishing Fourier coefficients on resonant indices). For any integers i, j, m > 0 such that
(5-7) holds with only one minus sign and for any integers i, j, k, m > 0 such that (5-8) holds with only
one minus sign, we have (T:,-jm = 0and €;j, =0, respectively.

Proof. The proof is similar to the one of Lemma 5.1. ]

Nonvanishing Fourier coefficients. Next, we study the nonvanishing Fourier coefficients. In order to deal
with these constants, one needs a computationally efficient formula as in the two previous cases. In the
spherically symmetric case we consider here, the basis consists of the Jacobi polynomials with equal
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parameters, and these are weighted Gegenbauer polynomials [NIST 2010, 18.7.1]

G pa23 g - YETOHD i)
(2)}1 8 l—‘( + ) !

for n € {y,m} and x € [—1, 1]. The latter, together with the definition of the normalization constant

CHx) == (x)

M, from (3-5), expresses the normalized Jacobi polynomials in terms of the normalized Gegenbauer
polynomials as

8 I'(n+3
N, PE/232 (x) =M, 8 Tln+3) CP(x) =1,CP (x), 1w

_ /8
"JET(n+4) "o ”_\/ZJ—(n+1)(—n+3)’

for all n € {y, m}. Consequently, the Fourier coefficients can be written in terms of the Gegenbauer

polynomials as follows:

1
Cijm = 10,1010, / P MCP MR ()1 —yH¥ 2 dy,

1
Cijm = 10101010, f CPMCPMCPMCP (1 =y dy.
1

Then, we derive closed formulas for the nonvanishing Fourier coefficients for a resonant quadruple
(@i, j, k, m) as follows:

o Whenever a Gegenbauer polynomial has an order y such that the weight (1 — y?)*~!/2 (with respect to
which it forms an orthonormal basis) does not coincide with the weights (1 — y2)? with p € {% %} (that
define the integrals above), we use the connection formula [NIST 2010, 18.18.16]

n/2
n/2] A+n—=20 (Wp—e (=2

(n) _ _ _
CM(y) = %am(@cn D) () = —— ST (5-9)

In particular, we are going to use this only for A = p + 1. In this case, the latter is equivalent to the
recurrence relation [NIST 2010, 18.9.7]

CI (x) = —E— (€D () — €5 (o),
n—+u

valid for all integers u > 0 and n > 2.

o Whenever a Gegenbauer polynomial is multiplied by itself, we use the addition formula [NIST 2010,
18.18.22; Sanchez-Ruiz 2001, (19)]

CHD* =) BuOC (). Bur(0) =

£=0

(5-10)

( )(26)'@)@()»),1 20+ 20) ¢
) O+ +A+1),—

» Whenever two Gegenbauer polynomials of different degrees but of the same order are multiplied, we
use the addition formula [NIST 2010, 18.18.22]

min(m,n)

CPMCP M= Y Lam(OCp 2, (5-11)
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where the coefficients are given by
(m+n+2=200m+n—-200 A)eMm—reM)n—eCMmsn—e
(m+n+1=0m—-0'n—=0  Mmtn—eCN)min—20

o Whenever a product of a monomial with a Gegenbauer polynomial is integrated, we use the formula
[NIST 2010, 18.17.37]

gmn)» (f) =

1 1-2—
2 r 20T
/ XZ_IC,(,}L) (D)= XZ))L_I/Z dx = Ti 1 (n—+1_ ) 1(Z) 1 1.\’ (5-12)
0 n T (54 5n+ A+ 52)T (3 + 32— 3n)

valid for all integers A > 0 and real numbers z > 0. Notice that this is the Mellin transform of the function
CP (x)(1 — x2)*~172 restricted to [0, 1].

In particular, we will only need to study (7:},’),,2,, Ey,2r+m—y,m, Q_:m,Zt,m and €, for all integers
te€{0,1,...,y}and m > 2y + 1. To begin with, we focus on @,-jm for any integers i, j, m > 0 and
establish the follow result.

Lemma 5.8 (nonvanishing Fourier coefficients ¢; im onresonant indices: closed formula). For any integers
i, j,m >0, we have
o Gi+j-—m+2Gi—j+m+2)(—i+j+m~+2)i+j+m+6)
v 427G+ DGE+3)G+ DG +3)(m+ D(m +3)
Aj-—ml<i<j+ml(i—-m|<j<i+ml(i—jl<=m=<i+])

1 +m—i € 2NU{ODHLIGE +m — j € 2NU{0D1(G 4 j —m € 2N U{0}).

Proof. The result follows immediately from (5-11) together with the orthogonality of the Gegenbauer
polynomials,

1
[ CRMCY M =y dy = Zon+ 1) +3)1m =n)
-1

for all integers m, n > 0. Indeed, for any integers i, j, m > 0, we have
min(i, j)

1
Cijm = 10,1010, Y ija(£) / Ci P = y) 2 dy
=0 -1

min(i, j)
=%(m+1)(m—|—3)mimjmm Y Gp@l@e=i+j—m).
£=0

On the one hand, for all integers i, j and m such that i 4+ j —m ¢ 2N U {0}, the Fourier coefficient vanishes.
Furthermore, we have

0<i+j—-m<2min(i, j) < |i—jl<m<i+].

Consequently, for all integers i, j and m such that the condition |i — j| <m <i + j is not fulfilled, the
Fourier coefficient vanishes. On the other hand, for all i, j and m such that both i + j —m € 2N U {0}
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and |i — j| <m <i+ j hold true, we compute

=l

i+j—m min(i, j)

T) > 1@t=i+j-m)
=0

i+ jmm A2~ jAm+2)(—i+ j+m+2)(i+ j+m+6)

A2n(+DE+3)G+H DG +3)m+1)(m+3)

ijm = g (m+ 1) (m +3)mim,-mmcijz(

’

min(Z, j)

where we used the fact that ) ,_ """ 1(2¢ =i 4 j —m) = 1. Finally, using the symmetries of the Fourier
coefficient with respect to i, j and m completes the proof. (I

Next, we apply the previous result to obtain closed formulas for the Fourier coefficient ¢; im on the
particular resonant indices we are interested in. Specifically, we establish the following result.

Lemma 5.9 (nonvanishing Fourier coefficients € jm on particular resonant indices: closed formulas). Let
y, T, m be integers such thaty >0, t € {0, 1,...,y}and m =2y + 1. Then, we have

Gy [2GE Dt HTHY & 2@ DT+ DT+
TN T G +dVEC 13 T N T e D +3) VAT +2) 13
_\/5 T+Dy—t+Dm+t43)(—y+m+1t+1)

AT TN 1 S D F D+ Don 3~y Fm 20+ D—y Tm 2t +3)

¢

Proof. Let y, T, m be integers such that y >0, t € {0, 1, ..., y} and m > 2y + 1. Firstly, notice that
all the indices of the Fourier coefficients above satisfy all the conditions in the Booleans in Lemma 5.8.
Then, the result follows immediately from Lemma 5.8 by direct substitution. O

Now, we focus on €, and derive the following result.

Lemma 5.10 (nonvanishing Fourier coefficients €, ., on resonant indices: closed formulas). Let y >0
be a fixed integer. Then, for allm > 2y + 1, we have

y b
Chymm =10100 Y "8, (L, 12) (L2, 2),
£r=01vr,=0
where
5, (L2, v2) = L+ D> (D)2 (y — o+ D (y +£2+3)22 72T (20, — 1, +2) ’
A2 +2)+3) (v +DI'(28, =212+ 1)
T, ) = 3T (56GBmm+4)+ 1) +m(m+4) (4 —1502) =5, — )T (L —va+ 1)
8T (¢r— 12 45)
Bt 0+ 1220 — DA 2(0 —m — 1) (€ +m +3)T (2 — 27 + 1)
212 (=41 +L— v +2)T' (6 + €2 — v +3)
lr—vy

Z 7+ D2 +2)(20 +5)4 2220 —m— 1) (¢ +m+3)T (20 —2v+ 1)

o F'(—61+6—v+ D' +4,—v+4)
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Proof. Let y > 0 be a fixed integer and pick any integer m > 2y 4 1. Then, by the definition of the Fourier
coefficients, we have

1
€y ymm = 02103, / 1(C;” ONACT (1 —y*) 2 dy.

On the one hand, we use the linearization formula (5-10) together with the special cases C(()z) (y)=1and
C? (y) = 12y? — 2 to obtain

m m 2
c® 222 R =Z L1+ D (= +m+1)(¢1+m+3) c®
D elzoﬂ 26O 0=0 401 (61+2)+3 €30 &)

L1+ D> (=L +m+1) 1 +m+3) c? ().
461 (61+2)+3 €, (v

= %(m—k1)(m+3)+%m(m+4)(12y2—2)+£2:_2

Furthermore, for all £; > 2, the connection formula (5-9) yields

4
(281 —2v1 +3)(= 1), ['(2€; — v +2)
Céi?()’) Zaﬂl 23(”1)C2(g] Ul)( y) = Z . 521 ,,])( y)

»=0 0 3vi! (4)2131—1;1
26 +3) Dot ) 26+ D@1 ) ) o
= 3@, CuW- ()= 5 (€5 0) = Cxp, ()
3(4)2y, 20,V 3(4)2¢,-1 2(‘31 Hly 20y 2001—1)

since (—1),, =0 for all v; > 2. Consequently, we have

(CPON* = Lm+ D(m+3) + tm(m +4)(12y* —2)

G+ —m—-1)+m+3)
+Z 40141 +2)+3

3
(€500, 1y () = €50 ().
6=2
On the other hand, the linearization formula (5-10) together with the definition of the Gegenbauer
polynomials

(=D (427" T (26 — v +2))

1)
) _ 2(62—v2) =
C =Y d o dey (1) =
26, (Y) e, (12)y () C(va+1DI'Q26GL —2v,+ 1)

vy =0
yield
14 5 14 %)
CPON =D Ball)Cp ) =Y Bala) Y di,(v)y* ™
=0 0,=0 =0
Y
= Z Za (€2, v2)y* 27,
=0 v,=0

where we set

(2 + A=D1y — o+ D(y + 6+ 322579028 — 1 +2)
(422 +2) +3)T (i + DI —2m + 1) ‘

8y (€2, 2) = By2(€2)dy, (v2) =
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Now, putting this all together, we infer

y b

Q:yymm = m}z,mi Z Z 6)/ (£2v VZ)
14

»=01,=0

1
« / y22=v) |:%(m_|_ DH(m+3)+ %m(m +4)(12y*-2)
-1

m

Li+DE —m—=1)(1+m+3) 3 3) 205/2
+>° (Cap,—1y (M) = Cho (M) [(1=y*)"2 dy
= 40,61 +2)+3 ! !
y b
=2y, > Y8, (62, v2)Jn(ta, 1),
£r=01v,=0
where
m+Dm+3) [! B
-1

4 4 [
LD [ )22y 01y dy
—1

m

1
4 Z (£1+1)(£1 —m—l)(@1+m+3) yz(ZZ*"Z)C(S)

N =y dy

46,61 +2)+3 1 26 -1
01=2
“ 1
Gt D —m =D +m+3) 2tr—v) ~3) 2.5/2

B Z y sz (I —=y9)'=dy.

= 46(6;+2)+3 . I

We compute
1

/1 Y2Bm) (] Z 2502 gy 1570 (6 —v2+ 5)

-1 SC(ly—va+4)

2y gy _ 13VTO =5 = DN (6= vt ])
ATy — v +9)

On the one hand, for all £; > 2 with £; > £, — v, + 1, we have 2({, — v2) < 2(£1 — 1), and hence

1
/ yz(ezfvz)(12y2 —2)(1—
—1

1
/ HETC Ly 001 =y) 2y =0

since the Gegenbauer polynomial in the integrand forms an orthonormal and complete basis with respect
to the weight (1 — y2)5/2. On the other hand, for all 2 < ¢; < £, — v, + 1, the identity Cg)(—y) = CS’\) ),
valid for all real y € [—1, 1] and integers A > 0, yields

1 1
_ 3 — 3
/ PETECR 0= dy =2 /0 el ) —yH P dy

_ w4~ (26 +4)0 (20, — 20y 4 1)
T Qe —DI(—L+E— v+ 2T+, — vy +3)’
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where we used (5-12) to compute the last integral. In other words, we have

m

LA DE=—m=DE+m+3) [T 5000 2572
C 1— 24
42:2 40,(L1+2)+3 —1y 20—y MU =y y
=
lr—vr+1 :
= Z (21 + 1)(51 Mo 1)(€1 +m +3) yZ(ZZ—VZ)CG) (y)(l _ y2)5/2 dy
(=2 40161 +2)+3 . 26,-1)
=
L=+l

_ Z Tl (L + D22 — DA et 72(0 —m — D +m+3)T (20 — 21, + 1)
B T(—li4 0 — v+ 2T+ — v +3) '

06=2

Similarly, on the one hand, for all £; > 2 with £; > € — v, we have 2({, — vp) < 21, and hence

1
/ YHETRC ()1 —yH T dy =0

since the Gegenbauer polynomial in the integrand forms an orthonormal and complete basis with respect
to the weight (1 — y2)3/2. On the other hand, for all 2 < £, < £, — 1y, the identity C$)) (—y) = C$ (),
valid for all real y € [—1, 1] and integers A > 0, yields

1 1
/ YT el ()1 -y dy =2 /0 YT R (y)(1 = y?) 1 dy

_ w4~ (28 4 6)T (26 — 20, + 1)
T TQRUADO(—l 4+l —vo+ DI+l —va+4)°

where we used once again (5-12) to compute the last integral. In other words, we have

m

1
52 N n DO [ gy
_ Ziz Cr+DE —m—1) +m+3) ! Y26 0B () (] _ 29572 gy
= 401(01+2)+3 i 2
B “iz (8 + D201 +2) (20 + 547212720 —m — 1) (€1 +m +3)[ (26, — 205+ 1)
‘s N+l -+ +lb—1vn+4) .
Putting this all together yields J,, (€2, v2) as stated above and completes the proof. ]

Remark 5.11 (closed formulas for &€,,,,,, for small values of y). Finally, we note that one can use
Lemma 5.10 to find closed formulas for the Fourier coefficients provided that y is sufficiently small. For
example, for y € {0, 1, 2}, we find
4m(m+4)+5) _ 2m(m+4)+7) 8(Sm(m +4) +49)
3rm+ Dm+3) " mm+ D(m+3) 157 (m + 1)(m +3)
for all m > 2y + 1. Figure 2 illustrates the Fourier coefficients €, for y € {0, 1, 2}, respectively, as m
varies within {1, 2, ..., 50}.

22mm —

Q:OOmm =
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0.8

0.6

.
L1 1000 esetossiotodobotobobosobososdobodotbotodobosod

10 20 30 40 50

Figure 2. The Fourier coefficients €., for y =0 (blue/bottom), y =1 (orange/middle)
and y = 2 (green/top) as m varies within {1, 2, ..., 50}. They are all decreasing for
m=>2y+1.

6. 1-mode initial data

In this section, we study the operators M and 971 (Section 2) for 1-mode initial data. Specifically, we
verify that all the 1-modes are zeros of the operators M (for CW and CH) and 91_ (for YM) and compute
the differentials d M and d)_ at the 1-mode initial data.

6A. Conformal cubic wave equation in spherical symmetry. Recall that the eigenfunctions {e, : n > 0}
are given by (3-1) and the PDE in the Fourier space from (4-2) reads

i) + (Au(@)™ = (f {u () : jOH)"
for all integers m > 0, where the dots denote derivatives with respect to time and
o
(Au()" = wpu™(t),  (fF(u/ @) :j=0D)" == > Cijpnti' (O ()b ().

i,j,k=0
For any initial data (0, - ), we denote by

O () = (&" cos(wnt) :n =0}, u(0,-)=) e, &={&":n>0},
n=0

the linear flow, that is the solution to the linear problem
ii" (1) + wpu” (1) =0, (u"(0), 1"(0)) = (£". 0),
for all times 7 € R. For this model, we aim towards implementing the original version of Bambusi—Paleari’s

theorem (Theorem 2.4) and define

1

2
M(E) :=AE+(f) (), UKS):E/O QL (P'(5))]dt.

To begin with, we show that the 1-modes are zeros of the operator M.
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Lemma 6.1 (zeros of the operator M). Let & = {§" : m > 0} be the rescaled 1-mode initial data,

[ 2
t"=K,lm=vy), K,=7F2w, 3C. (6-1)
Yyvy

for all integers m > 0. Then, we have M (&) = 0.
Proof. Let £ = {£™ : m > 0} be given by (6-1), and pick any integer m > 0. Then, we compute
(AE)" = wp 6" = K,y Lm =),
(D'(EN™ =§&" cos(wmt) = Ky cos(w, 1)1(m = y),
(F(@EN" == Cijim(P' (€)' (D' () (' (§))* = —K Cypyym c08> (0, 1),

i,j,k
([ (D (END" = (f (D))" cos(@mt) = —K; Cyyym €08’ (@ 1) COS(@n1),

2
(F)YEN™ = _%Kﬁ/ cos® (wy 1) cos(wpt) dt
0 0

=—CyyymK, (3Lm =y) + g1m =3y +2)) = —3Cy, K, Lm = y),
(MEN" = (A&)" + (/) EN" =Ky (@) — 3Cyyyy K)Lm =y) =0,
where we used the facts that w,, + v, #0, v, + 3w, #0,
o —w, =0 < m=y and wp —3w, =0 < m=3y+2,
as well as Cy,,y,, =0 for m =3y + 2 according to Lemma 5.1. (Il
Next, we derive the differential of M at the rescaled 1-modes.

Lemma 6.2 (differential of M at the 1-modes). Let & = {£™ : m > 0} be given by (6-1). Then, for all
h={h': j=0}e lsz+3, we have that

Cyyyy (dMERD™ = [(@h, Cyyyy — 20 Cpymm)h" — 02 Cy 2y -y mh™ 11O <m <y — 1)

+ [_zw)z/cyyyyhy]l(m =7)
+ (@, Cyyyy =205 Coymm)h"™ = @5 Cy 2y y mh™ "Ly +1 < m < 2y)
+ [(@5,Cyyyy — 2005 Cyymm)h"1L(m > 2y + 1),

where C;jky are given in closed formulas in Lemma 5.2.
Proof Let &£ = {£™ :m >0} be given by (6-1),€ >0, h={h/:j >0} € lsz+3, and pick any integer m > 0.
Then, a similar computation with the one of Lemma 6.1 yields!'
36K3

2r

2w
(fYE+eh)™ = (f)E))™ — Z Ciyymh' /O cos?(wy 1) cos(w;t) cos(wpt) dt + O(e?).

Here, the notation O(e2) for a function of £ or h refers to a function that is bounded by €2 in the Q-norm using the
lg43-norm of £ or h.
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Therefore, we infer

3K?2 o
@D ==L iy / 052 (w0, 1) cos(@i1) cos(wm ) d
i 0

3K2 ‘
= - 8y_ ZCiyymhl Z l(a)i:i:a)yj:a)y:i:a)m — O)
i +
3K2 l , . .
== 8V [Z Ci}/ymhll(i :mH—Z Ciy},mhll(i :mH—Z Ciyymhll(i —2y—m> 0)]
i ; l_
2

3KV m 2y—m
= _T[zcmyymh +C2y—m,y,y,mh VY10 <m <2y)]

2
w

e 4 [2nymmhm+1(05m§2y)Cy’2y_m’y’mh2V—m]’
CVVVV

where we also used the fact that C;jy,, = 0 for w; £ w; £ wy & w, = 0 with only 1 minus sign according
to Lemma 5.1; so we are left with w; £ ®; & w; £ w,, = 0 with only 2 minus signs, and there are three
such terms in total, thatis i =m, i =m and i =2y —m with i > 0. Finally, we obtain

(@ME)[R])™ = wZh™ + @d(f)(E)[h])™
2 2C mm 2C —m,y,m
N [wi - ‘}h’" C 10 < m < 2y) XL 2y 0
CVVVV CVVVV

6B. Conformal cubic wave equation out of spherical symmetry. We first recall that the eigenfunctions

{e,(j‘ BH2) g > 0} are given by (3-2) and the PDE in the Fourier space from (4-5) reads

i (1) + (Au ()™ = (F({u’ (t) : j = 0})™

for all integers m > 0, where the dots denote derivatives with respect to time and

Au()™ = @) um™ (1), (F(ul(0):j =0y =— Y CHA2ul (tyud (b @).
i,j,k=0
For any initial data u(0, - ), we denote by
¢'(€) = {&" cos(@Y 1) :n = 0}, w(0,-) =) E"el 1D E={":n>0},
n=0

the linear flow, that is the solution to the linear problem
ii" (1) + (2" (1) =0, (@"(0), i(0) = (£, 0),

for all times ¢ € R. For this model, we aim towards implementing the original version of Bambusi—Paleari’s
theorem (Theorem 2.4) and define

2
M(E) :=As+ () (&), ()= % L (ENdt.

0
To begin with, we show that the 1-modes are zeros of the operator M.
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Lemma 6.3 (zeros of the operator M). Let & = {§" : m > 0} be the rescaled 1-mode initial data,

m _ (i1, m42) — (H1,p2) — (1,p2) # -
§M =K m =y), KSR = 22w /3C<m,m>’ (6-2)

for all integers m > 0. Then, we have M(&) = 0. o
Proof. The proof is similar to the one of Lemma 6.1. ]
Next, we derive the differential of M at the rescaled 1-modes.
Lemma 6.4 (differential of M at the 1-modes). Let £ = {£™ : m > 0} be given by (6-2). Then, for all
h={h':j>0} €l we have
CULLID (M (E)[AD™ = [(wR CYLAD — 202 CULL I M — @2 CUIH2) 2V =™11(0 <m <y —1)

Yyvy m=yyvy Y Tyymm Y Ty 2y —m,y.m
2w CYLEI Y 11 (m = y)
+H(wp CY) 22 C iy — 2 CY12) R Ty +1 < m < 2p)
LW G =20y CHLEDR™ 11(m = 2y +1),

where C%‘,’n’fﬁ) are given by closed formulas in Lemma 5.4.
Proof. The proof is similar to the one of Lemma 6.2 due to the fact that ny k‘,;f 2 = 0 for
wi(“l”“) :I:w;“"’m :twl(cﬂl,uz) iw’(ﬂm,uz) -0
with only 1 minus sign according to Lemma 5.3; so we are left with
wi(/il,uz) :l:w;”l’M) :I:(UIEM’M) :i:w,%“"“” —0
with only 2 minus signs, and there are again the same three such terms in total, that is i =m, i = m and

i =2y —m with i > 0, which completes the proof. U

6C. Yang-Mills equation in spherical symmetry. Recall that the eigenfunctions {e, : n > 0} are given
by (3-4) and the PDE in the Fourier space from (4-8) reads

" (1) + Qu ()" = Gu! (1) - j = 0})"
for all integers m > 0, where the dots denote derivatives with respect to time and
()" = @ u" (1), @)™ = @)" + )",
with N
GO/ (1) j = 0D)" ==3 " &ju () (1),

i, j=0

o0
GO @) =" == D Ejpmtd' (! (O)u* (1),
i,j,k=0
For any initial data u(0, - ), we denote by

®'(§) = {£" cos(@,t) :n =0} u(0,-)=) &', E={":n>0},

n=0
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the linear flow, that is the solution to the linear problem

i)+ @ u" () =0,  @"(0),1"(0)) = (£",0),
for all times ¢ € R. As a starting point, we show that the original version of Bambusi—Paleari’s theorem
(Theorem 2.4) is not applicable.

Lemma 6.5 (nonresonant f(z) ). For all initial data & € lsz, we have

2w
1O =3 [ 1@ @nldr=

Proof. Let§ ={&" :m >0} ¢ ls2 be any initial data, and pick an integer m > 0. Then, similar computations
with the ones in Lemma 6.1 yield
27 3 o o
(FP)E) =—5= Z CijmE'&! f [] cosmndi=-3>" Cjnt'e! Y Uwitw;+w,=0).
+

4
lj =0 Areli,j,m} j=0

Now, notice that all the possible conditions are those with only 1 minus sign, and according to Lemma 5.7
the corresponding Fourier coefficients vanish. ]

Consequently, for this model, we aim towards implementing the modified version of Bambusi—Paleari’s
theorem (Theorem 2.5) and define

2w
Ma(€) = 12 + () O +F0(®), 1)) = 5= fo o[ (@ )] dr,

where §o(§) is given for any initial data by Lemma 2.13 and for the 1-mode initial data by Lemma 2.14.
Also, recall the Diophantine condition @ € W, for some 0 < o < % from Theorem 2.5.
To begin with, we show that the 1-modes are zeros of the operator 91_.

Lemma 6.6 (zeros of the operator 9_). Lety € {0, 1, ...,5} and

9 & 2 1
Oy @ (s —1 )
Then, we have that 8q,, > 3C,,,,,,,. Moreover, let§ ={§" : m > O} be the rescaled 1-mode initial data,

2

éjm =ﬁyl(m=)/), ﬁy =:|:2Cdy m,

(6-3)

for all integers m > 0. Then, we have that M_(&§) = 0.

Proof. Lety €{0, 1, ..., 5}, define &€ = {£€™ : m > 0} to be the rescaled 1-mode initial data given by (6-3)
and pick any integer m > 0. Firstly, we compute —24& + (¥} (&), and a similar computation with the one
in Lemma 6.1 yields

—(QAE)" + (F)E)" = =Ry (] + 5y K))10m = ),
where we used the fact that @, + @, #0, @, + 3w, #0,

op—w, =0 = m=y and oy —3w, =0 <= m=3y+4,
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Figure 3. The constants &, as y varies within {0, 1, ..., 10}. They are all real numbers.

as well as €., = 0 for m = 3y + 4 according to Lemma 5.7. Furthermore, we use the computation for
$o(€) at the 1-mode initial data we derived in Lemma 2.14, that is

2y
G =, Bim=y). @ =1 Z(‘,)(EW(W% t o)
to conclude that
(M_(EN™ = = (A" + (FINEN™ + Fo(€)"

= -8R (@, + 3¢, R — 0, &) Lm =)

=38R, 8w +3C,,,, & — 84, &) 1(m =y) =0
provided that ﬁf, = —8w5 /(3€,,,, —84q,). Finally, it remains to show that this choice is well defined,
thatis £, € Rforall y € {0, 1, ..., 10}. To this end, we fix y € {0, 1, ..., 10} and use the definition of

the Fourier coefficients to compute each &, and verify that they are all real numbers. Figure 3 illustrates
the constants &, as y varies within {0, 1, ..., 10}. (|

Next, we derive the differential of 9)i_ at the rescaled 1-modes.

Lemma 6.7 (differential of 9)1_ at the 1-modes). Let y € {0, 1, ..., 10}, and let &£ = {§€™ : m > 0} be

given by (6-3). Then, forallh ={h/ : j >0} € lsz+3, we have

_R;z(dmt—(s)[h])m =10<m=<y-— 1)[hmuym +h2y_mnym] +1(m = V)[hy(uyy + Uyy)]
+1(y + 1 <m < 29)[W™uym + 7 ""0,,]+ L0m > 2y + DA™ uy],

where
W

2

3 3

Wym = <_ﬁ ) + 3% mm — Ayms Oym =5 20 —mym — bym,
y

and (T:,-jm and €,y are given by Lemmas 5.8 and 5.10, respectively, whereas a,,, and b, are given by
Lemma 2.15.
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Proof. Lety € {0, 1,...,10}, £ = {£™ : m > 0} be given by (6-3), h={h/ : j >0} € lS2+3, and pick any

integer m > (. Firstly, we use similar computations to the ones derived in Lemma 6.2 to obtain

@O = =28 Y Chpymh’ Y Uiy £, Ly =0)
i +

3 i1 iq0: iq s
=—3% [Z Ciyymh'1(i =m)+Z Ciyymh'1(i =m)+Z Ciyymh' 1 =2y —m > 0)]
= _%-R)Z, [2Q:myymhm+€2y—m,y,y,mh2y_m1(0 <m< 2)/)],

where we used the fact that €;j4,, = 0 for w; & @ ; &+ @y & @, = 0 with only 1 minus sign according to
Lemma 5.7; so we are left with @; &+ @; &+ @y £+ @,, = 0 with only 2 minus signs, and there are three
such terms in total, thatis i =m, i =m and i =2y —m with i > 0. Then, we infer

—(@AE[RD™ 4+ @OV E R = —2h™ + (d (§) (&) [R])™
= h" = 38 12€ymmh" + 10 <m < 29)€y 0y mymh™ "]

= —[@p + 38 ymm 1" — 10 <m <2)385€, 2y ymh™ "

Recall that the differential of §¢ at the 1-modes, (dTo(£)[1])", is given by Lemma 2.15. Putting this all
together yields that (d90_(&)[Ah])™ is given by

—h" @ + R (@) (3 ymm — aym) ] — 10 <m < 2)h "R (@)[3€) 29 —myim — bym]-

Finally, one can rewrite the latter as stated above, which completes the proof. ]

7. Nondegeneracy conditions for the 1-modes

In this section, we derive and establish the crucial nondegeneracy conditions for 1-mode initial data
according to Theorem 2.4 (for CW and CH) and Theorem 2.5 (for YM).

7A. Conformal cubic wave equation in spherical symmetry. Firstly, we consider the conformal cubic
wave equation in spherical symmetry and derive the nondegeneracy condition for the 1-modes.

Lemma 7.1 (CW model: derivation of the nondegeneracy condition for the 1-modes). Let y > 0 be any
integer, and define & to be the rescaled 1-mode according to (6-1). Then, the nondegeneracy condition
ker(dM(§)) = {0}

is equivalent to

{wfncywy — 205 Cymm #0  forallm =2y +1, -
D,, #0 foralln € {0,1,...,y —1},

where

) 2 2 2 2 2
Dyp =[w,Cyyyy — 2“’;/ Cyymllwr, _,Cyyyy — Zwy Cyy2y—n2y—nl =@, Cy 2y —nynl"
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Proof. Let y > 0 be any integer and define & to be the rescaled 1-mode according to (6-1). Furthermore,

pickany h = {h/ : j >0} € ZSZJr3 such that d M (£)[h] = 0, and fix an integer m > 0. Then, according to

Lemma 6.2, we have that d M (£)[h] = 0 is equivalent to

(@ Cyyyy =205 Cyymm)h™ = @7 Cy oy —mymh™ " =0 for0O<m <y —1, (7-2)
(@, Cyyyy — 207 Coymm)h" — 0% Cy oy oy mh™ ™" =0 fory+1<m <2y, (7-3)
(@ Cyyyy — 205 Cpymm)h™ =0 form =2y +1, (7-4)
coupled to
@ Cyyyyh? =0. (7-5)

We will show that 2 = {h™ : m > 0} = 0 is the unique solution to the linear system above if and only if
(7-1) holds. Firstly, (7-5) yields ¥ = 0 due to the fact that C,,,,,,,, # 0 and w,, # 0 for all y > 0, whereas,
for (7-4), one has that 2™ = 0 for all integers m > 2y + 1 if and only if @7, Cyyy — 203 Cyyyymm # O for all
integers m > 2y + 1. Next, we rearrange (7-2) and (7-3) by setting m = n and m = 2y — n, respectively,

and obtain
[wicmy—%icyynn _Q);Z/C)/ly—ns%n ] |: h" ] _ |:0:|
_w;zxcy,n,yly—n a’%y—ncww_zw;zxcy,yly—nly—n 27 0
foralln € {0, 1, ...,y —1}. Observe that there are y in total (2 x 2)-linear systems where the unknowns
are k" form € {0, 1, ..., 2y} \ {y}. Finally, these systems have only the trivial solution 2" = 0 for all
m € {0,1,...,2y}\ {y} if and only if the determinants D, are nonzero for alln € {0, 1, ...,y — 1},
which completes the proof. (]

Next, we establish the nondegeneracy condition for this model.

Proposition 7.2 (nondegeneracy condition for the 1-modes and the CW model). Let y > 0 be any integer.
Then, the nondegeneracy condition (7-1) holds.

Proof. Let y > 0 be any integer. Also, pick any integers m > 2y +1andn € {0, 1, ...,y — 1}. Then,
according to Lemma 5.2, we have that C;jxn = @min, j,k,m) provided that either w; +®; — wy — wy, =0,
w; —wj + i —wy =0 or w; —w; — wi +wy, =0. One can easily show that all the indices (i, j, k, m) of
the Fourier coefficients that appear in Lemma 7.1 satisfy at least one of these conditions, and hence we
infer

Cryyy =0y, Cyym=wn, Cyymm =0y, Cyyryniy-n=0y, Cyoy_nyn=wn.
Putting this all together yields

2 2
0, Cyyyy =20

2 2 2 2
yCyme = wy(a)m - 2wy) = Wy (w2y+1 - 2wy) > 2,

Dyy = oy, (n—3 —4y)(n—y)* #0,

forallm >2y +1andn € {0, 1, ...,y — 1}, which completes the proof. |
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7B. Conformal cubic wave equation out of spherical symmetry. Next, we consider the conformal cubic
wave equation out of spherical symmetry and show that the nondegeneracy condition is a condition on
the Fourier coefficients.

Lemma 7.3 (derivation of the nondegeneracy condition for the 1-modes and the CH model). Let y and
W1, U2 be any integers and define & according to (6-2). Then, the nondegeneracy condition

ker(dM(§)) = {0}
is equivalent to

(w,(nul’M))2C§f;))’ff/2) _ 2(W§/M1’M2))2C§//§/1;”%) # 0 for all m > 2)/ 4 1’

(7-6)
D) £ forallne{0,1,...,y —1},
where
(1,142) — [ (1) W1H2N2 (11, 102) (H1,12)Y2 ¢ (141, 142) (1, 12)N2 (11, 142) (11,12)2 (1. 12)

Dyltll M2) [(wnm 7% ) Cyl/)-/lyl}iz _2(wyll-1 7%} ) Cy/u}t/lngz ][(wzyLHZ ) Cyl;)y/;iz _2(wym j2%) ) Cy,)l/,2)2/7n,2yfn]
(1,142)\2 (115 p2) 2

— [(wyl"l n2 ) CV’Zlyjn’y’n]
Proof. The proof is similar to the one of Lemma 7.1. (I

Next, we establish the nondegeneracy condition for this model.

Proposition 7.4 (nondegeneracy condition for the 1-modes and the CH model). Let y, w1, 2 > 0 be any
integers with y € {0, 1, 2, 3,4, 5} and

K1 = po =: L,

where | is either sufficiently small with u € {0, 1, 2, 3, 4, 5} or sufficiently large. Then, the nondegeneracy
condition (7-6) holds true.

Proof. Let y, i1, na > 0 be any integers with y € {0, 1, 2, 3,4, 5} and p; = up =: u, where u is either
sufficiently small with u € {0, 1, 2, 3, 4, 5} or sufficiently large. Also, pick any integer m > 2y 4 1. Recall
that, according to Lemma 5.4, we have that C/5%) and CY%5), are given in terms of the function M (%)
that is also given in a closed formula. Moreover, according to Lemma 5.5, M,(#) (X) is decreasing with

respect to m. In addition, recall that the eigenvalues are given by
(WieM)? = @m +1420)°

and they are clearly increasing with respect to m > 0. In other words, the function

(n)
RPN A CY
m (1, 1)\ 2
Wy ")

is decreasing with respect to m for all m > y as a product of two positive and decreasing functions. In
the following, we show that

L, 2 , SN2 ,
(W) CYm) — 2wl )2Clom)



2370 ATHANASIOS CHATZIKALEAS AND JACQUES SMULEVICI

0.07

0.06

0.05 .

....................................

Figure 4. The constants o, with y € {1, 2, 3, 4, 5}. They are all strictly positive.

stays away from zero for all m > 2y 4+ 1 and y € {0, 1, 2, 3, 4, 5} provided that u is either sufficiently
small or sufficiently large. To this end, we use the monotonicity of P,(,’f ) (A) with respect to m to infer

(w}%u,u))ZC(u,u) _ 2(w}(/u,u))2c(u,u)

Yyvvy yymm
C(M.M) C(u,u)
— (CU,S:L’M))Z(WJ(/M’M))Z[ Yyvvy yymm i|
(w)(/ﬂall))Z (wr(nﬂall))Z
Y 4
1
= S (W) Wi )? [Z PUOIMI (W& () =2 Y - MU ()P (k)éx(ﬂ)]
1=0 A=0
1 14
= St w0y Yy T MEPGOIPYY () — 2P0 ()16 (1)
=0
14
1
= S (WP @) Y TME PP () — 2P (016 () = (i) S,
r=0
where we set
1 - (1)
S = S (wy)? Y M WIPIY () — 2P (W16 ().

A=0

On the one hand, for all y €{0, 1, 2, 3,4,5} and u € {0, 1, 2, 3, 4, 5}, we compute S)(,”) and verify that all
Si,“ ) are strictly positive. On the other hand, for all y € {0, 1, 2, 3, 4, 5} and sufficiently large ., we firstly
compute Sg,“ ) in terms of w and then derive its asymptotic expansion as u — oo. For y =0, we find

1)2 5
s _ ¥Cr+ D0 + D0 (e +5) T (n+3)
' 7@t 3T (u+ DF 200+ 3)
which is strictly positive for all © > 0, and for y € {1, 2, 3, 4, 5}, we expand

SW =o,u! 2+ 0w

as u — oo for some strictly positive constants o,. Figure 4 above illustrates the constants o, with
y €{1,2,3,4,5}.
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Consequently, in both cases, we can ensure that 55"“ ) > 0, and hence we conclude that

(w(“ u)) C)(,’;,)’f)), z(ww u)) C%%ﬂ > (w(“ u))zs(u) > (wéx;fl))zs(u) -0

for all m > 2y + 1. Finally, it remains to show that the determinants D)(,’f{“ ) are all nonzero for n €
{0,1,...,y—1}. Tothisend, forall y € {1,2,3,4,5}and n € {0, 1, ..., y — 1}, we firstly compute each
of the Fourier coefficients in the determinants above, find a closed formula for each of the determinants
in terms of u, and then either compute the determinants when wu is sufficiently small or compute their

limits when u — oo. For example, for y = 1, we have n = 0 and compute

u—1
D" = 31; (W4 DQu+3)*Cu+5)@u+7)
C(e+3)"T(e+3)'T(u+3)

(20t + 3281 + 102942 + 1155 + 435) .
T(+2)2T (2 +3)

which is clearly strictly negative for all integers « > 0. Forall y € {1, 2,3,4,5}andn € {0, 1, ...,y —1},
we find either D)(,’fl ) < 0 when w is sufficiently small or D(“ " _» +00 when © — oo, which completes
the proof. Il

7C. Yang-Mills equation in spherical symmetry. Finally, we consider the Yang—Mills equation in
spherical symmetry and show that the nondegeneracy condition is a condition on the Fourier coefficients.

Lemma 7.5 (derivation of the nondegeneracy condition for the 1-modes and the YM model). Let
y €10, 1, 2, 3,4, 5}, and define & according to (6-3). Then, the nondegeneracy condition

ker(dn_(§)) = {0}

is equivalent to

Uyy +0yy #0,
Uy, #0 forallm>2y +1, (7-7)
Dyn #0 forallne{0,1,...,y —1},
where
Dyn 1= Uynlly 2y —n = Vyn0y2y—n
and

(T 2+ _ "g (&yom)?
ym — ﬁy V}/ml’l’l 2 — w_2_(w-m+w—y)2

2 p— p— p—
G GGy 9 i (Eny0)? 78)
4 v=0 w-UZ 2 _ o, — (@m — w)/)z,
v;éj:(m y) 2
+v s =
_ 3 Q:Z)/ —m,v,m yyv 9 N Q:yva:Zy—m,y,v
Oym = 8(’:)/ 2y —m,y,m 4 Z ZD’Z _ (2w )2 ) w_vz — (w'zy,m — w_y)z . (7-9)

| o

V=l
vEE(m—y)—2
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Figure 5. The constants u,,, +v,, for y € {0, 1, 2, 3,4, 5}. They decrease and stay
away from zero.

Proof. Lety €{0, 1,2, 3, 4, 5}, and define & according to (6-3). Furthermore, assume ker(d971_(£)) = {0},
and pick any h = {h/ : j > 0} € ZXZJr3 such that d9_(&)[h] = 0. Also, fix any integer m > 0. Then,
according to Lemma 6.7, we have that the system

Uymh™ + 0., B ™ =0 for0<m<y—1, (7-10)
(Uyy +0,,)h" =0 form =y, (7-11)
Uymh™ +0,,h? ™" =0 fory +1<m <2y, (7-12)
Uyh™ =0 form>2y +1, (7-13)

has h = {h’ : i > 0} = 0 as the unique solution, where u,,, and v,, are given explicitly in terms of
the auxiliary sequences a,, and b,,, as Lemma 6.7 states. Furthermore, a,,, and b,,, are given by
Lemma 2.15, and putting this all together yields the closed formulas (7-8) and (7-9) for u,,,, and v,,,,
respectively, as stated above. Now, (7-11) and (7-13) yield u,,, +v,, #0 and u,,, Z0 forallm > 2y +1.
Next, we rearrange (7-10) and (7-12) by setting m = n and m = 2y — n, respectively, to obtain

S
Oy2y—n Uy 2y—n | [H? " 0

foralln € {0, 1, ...,y —1}. Observe that there are y in total (2 x 2)-linear systems where the unknowns
are k" form € {0, 1, ..., 2y} \ {y}. Finally, these systems have only the trivial solution 2" = 0 for all
m € {0,1,...,2y}\ {y} if and only if the determinants ©,,, are nonzero foralln € {0, 1, ...,y — 1},
which completes the proof. ]

Next, we establish the nondegeneracy condition for this model.

Proposition 7.6 (nondegeneracy condition for the 1-modes and the YM model). Let y € {0, 1, 2, 3, 4, 5}.
Then, the nondegeneracy condition (7-7) holds.

Proof. Let y €{0,1,2,3, 4,5}, @ = 1/+/6 and pick any frequency @ € W, with @ < 1. Also, pick
an integer m > 2y + 1, and define u,,, and v,,, according to (7-8) and (7-9), respectively. Firstly, we
show that u,, +v,,, # 0. In this case, all the sums in the definitions of u,,, and v,,,, are finite as the
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index variable v varies within {0, 1, ..., 2y}. Hence, we compute u,, +v,, forall y € {0, 1, 2, 3, 4, 5}
and verify that they are all nonzero. Figure 5 illustrates the constants u,, +v,, for y € {0, 1,2, 3,4, 5}.
Secondly, we show that u,,, # 0 for m > 2y + 1. To this end, we note that ¢ im = 0 for all integers
i, j,m >0 with either m > i+ j or |i — j| > m (Lemma 5.8). Specifically, for any integer m > 2y + 1,
we focus on

m+y = m+y =

Z (Q:yvm)2 Z (Q:myv)z

s w-v2 — (o + wy)z’ =0 wvz — (@m — w_y)z ’
v#EE(m—y)—2

and note that we must have m —y < v <m + y. Indeed, (T:y,,m =0sincem —y =|m—y| > v, and

Ey vm = 0 since v > m + y. In addition, for all such v, the conditions v # £(m — ) — 2 are satisfied since
v>m—y = m—-y)-2<m-y=<v = vF#@m—y)-2

and

m>2y+1 = —-(m—-y)—-2<0 = v#E—-(m—y)-—2

Consequently, for all m > 2y 4 1, we have

— 2 p— —
T (@)2_’_ %/ (Q:yvm)2 _2 Zy Cnv yyv mzﬂf (Q:myv)z
ym Ry )/ymm 2 N ZD'2 (wm+wy)2 4 ~ wvz 2 o= ZD'Z (w_m_w_y)za

and by setting v =0 +m — y and v = o, respectively, we can rewrite the latter as

2 5 2
[ Z (&) o+m—y.m)
Uy, = (§_> )/)/mm _ 2 14 14
Y

— o+m y (ZD'm + w7)2

2y — = 2 —
_ 2 Y Q:m(rm@:yya _ 2 Zy (€m,y,a+m—y)2
4 o=0 wg 2 o=0 w‘g""m—y - (ZD'm - w]’)z
Now, recall from Lemma 6.6 that
3¢ —8q 3 1
—2_ Syyyy Y _
K= —8w5 o _8w2¢ywy + w_]%qy
3 1
= ¢ E—
82 177t g g( i ( ] - (2wy)2)
which yields
2 2 2y
Dy 3wm 9w, 2 1
— ) = Qj ¢ _— ).
(ﬁy) 82 rrvy ¥ 3 w2 ;( yyv) (wV G
Putting this all together, we obtain
2y
3w} 9w 2 o 2 1 3
Uym=—5%yyy + 57— Z(gwa) < ﬁ) + 7€ ymm
8w y 4o wy = w? w?—(Q2w,) 4
2 2y —
9 ! (Q:y J+m—y,m)2 _2 4 Q:mom ~momyyyo Z mya—i—m y)
25 =0 o+m y — (@ +@y)? 40 =0 w‘% 2 — o+m y — (@ —@y)?
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In addition, we also note that Eijm =0 for all integers i, j, m > 0 withi 4+ j —m ¢ 2N U {0} (Lemma 5.8).
Specifically, we must have o € 2N U {0}. Indeed,
€0 =0 sinceo=o0+y—y ¢2NU{0},

and

€ otmeym=Cnyotmy =0 sincec=y+o+m—y—m¢2NU{0}.

Therefore, by setting o = 27, we arrive at

3@}%, (Q:y y 21) 9w'n21 4 (Q_:y y 21)2 3
uym = - Q:yyyy Z Z = + —Q:yymm
8ZD'3 V er 4ZD'3 =0 w22r - (ZZD'V)Z 4
2 Xy: (Q:y 2r+m7y,m) 2 Xy: Em,2r,m€y,y,2‘[ _ 2 Xy: (Q_:m,y,2r+m7y)2
2 2
2 = w2r+m y — (o, + wy)2 4 = w5, 2 S Taeim—y (o — wy)l

Now, all the Fourier coefficients above are nonzero and, according to Lemma 5.9, we have (’:y Y215
Qfm 2r.m and QZ), 2t+m—y,m in closed formulas. These allow us to compute

XV: (€,,20%  (y +2)Qy +3)Q2y +5)

~ @l 15y +Dy+3)
i Cnoem@yyae (v +2)(=y(y +4) +5m(m +4) +15)
~ o} B 157 (m + 1) (m + 3) ’

for all integers y > 0. Recall that &, and €,,,,,,, are also given by closed formulas (Remark 5.11).
Consequently, we rescale u,,, and obtain

Uym

wnz, = jym + Qt»ym, (7'14)

where J,,, stands for the part that can be explicitly computed:

3 9 @, o )7 9 & (€ y00)?
Tom = QZ + + =
ym 8 Yyvy 2 Z w.2r 4w3 ~ zz)-22t _ (zwy)Z
3 Z m 2t,m y Y, 2r
+ dw? Cyymm = w? ZD'ZT

and &, stands for the part that cannot be explicitly computed:

¢ _ _ 9 i (Q_:y 2t4+m— ym) 9 i (Q_:m,y,Zr-i-m—y)z
ym 2 (ZD'm+ZD' )2 2w2 - — (w0, _wy)z.

Now, using the elementary inequalities

@iy — @+ @) | =4y — T+ D)(m+743)| = 4(m +3),
D3ty — @m — @) | = [4T + D=y +m+T+1)] = 2(m+3),
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forall 0 <7 <y and y > 0, we estimate

¢ (Ey 2r+m—y,m)2 ((T:m Y, 21+m—y)2
1€yml = 2w 2 Z 2| 2 2 Z 2
|w2r+m y — (@ +wy) D |w_21+m y — (@ _ZD-V) |

9 1 — 9 —
< ¢ )2 } : ¢ )2
= 233'”21 4(m+3) ;( y,2T+m )/,m) +2w_’% 2(m+3) r:O( y,2T+m y,m)

9 1 1 Yoo i
- 2wn21 <4(m+3) + 2(m_|_3)) g(ety,zmm%m)
_ 9y +2)
70w (m+1)(m+2)2(m+3)?

[-3y*—24y° 402 +32y +7y*m* +28y m* +35m*
+28ym+ 112y m +140m +105] = Py,

where we used the closed formula for Ey,zﬁm,y,m from above. Hence, for all m > 2y + 1, we obtain

Z’" = Ty + €, = Ty — By = O (7-15)

m
Finally, for each y € {0, 1, 2, 3, 4, 5}, we use the closed formulas for &, and €,,,,,,,, (see Remark 5.11)

to firstly explicitly compute J,,,, in terms of m and then explicitly compute O, in terms of m. Once the
closed formula is derived, we show that ©,,,, > 0 for all m > 2y + 1. For example, for y =0, we find

~ _ m(m+4)(OSm(m+4)+29)+66
o = T 2 (m + 1) (m + 2)2(m + 3)

and hence
5m* 4+ 40m3 + 109m? + 8m — 42

127t (m + 1) (m + 2)%(m + 3)

Om =

which is greater than 10~3 provided that m > 1. Similarly, for y = 1, we compute

- (m*+2)(m(m+8)+18)
" A m+ D) (m +2)2(m + 3)

and hence
m(m* + 11m> + 44m? — 32m — 348)

O = 4 (m + 1)(m +2)2(m + 3)2

’

which is greater than 103 provided that m > 3. For all the other cases with y € {2, 3, 4, 5}, we find

109m° + 1199m* + 4523m> — 30347m? — 132936m + 107244

O = 6007 (m + 1) (m + 2)2(m + 3)2 ’
0y — 43m> +473m* 4 1646m> — 33554m? — 129372m + 238248
3007 (m + 1) (m + 2)2(m + 3)2 ’
O — 83m> 4+ 913m* +2851m> — 139159m? — 515982m + 1611198
" 7007 (m + 1) (m +2)2(m + 3)2 ’
0. = 17m> + 187m* + 505m3 — 53329m? — 194760m + 905292

1687 (m + 1)(m +2)2(m + 3)?
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-2

Figure 6. The determinants ©,,, for y =5 (blue/bottom), y = 6 (orange/middle) and
y =T (green/top) for alln € {0, 1, ..., y — 1}. They are all in fact nonzero.

and the claim follows similarly.'? Finally, it remains to show that the determinants
Qyn =Uyplly 2y —p — UV”U%Z)’_”

are all nonzero for n € {0, 1, ..., y — 1}, which follows by a direct computation using the definition of the
Fourier coefficients. Specifically, we compute ©,,, forall y €{0, 1,2,3,4,5}andne{0,1, ..., y—1}and
verify that they are all strictly negative, which completes the proof. Figure 6 illustrates the determinants
Dy foryef{56,7tandne{0,1,...,y —1}. O
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