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Let P be a countable multiset of primes and let G = P pep £/ pZ. We study the universal characteristic
factors associated with the Gowers—Host—Kra seminorms for the group G. We show that the universal
characteristic factor of order < k + 1 is a factor of an inverse limit of finite-dimensional k-step nilpotent
homogeneous spaces. The latter is a counterpart of a k-step nilsystem where the homogeneous group is
not necessarily a Lie group. As an application of our structure theorem we derive an alternative proof
for the L?-convergence of multiple ergodic averages associated with k-term arithmetic progressions
in G and derive a formula for the limit in the special case where the underlying space is a nilpotent
homogeneous system. Our results provide a counterpart of the structure theorem of Host and Kra (2005)
and Ziegler (2007) concerning Z-actions and generalize the results of Bergelson, Tao and Ziegler (2011,
2015) concerning [ -actions. This is also the first instance of studying the Host—Kra factors of nonfinitely
generated groups of unbounded torsion.
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1. Introduction

The universal characteristic factors for multiple ergodic averages play an important role in ergodic Ramsey
theory. For instance, in the case of Z-actions they are related to the theorem of Szemerédi [1975] about the
existence of arbitrary large arithmetic progressions in sets of positive upper Banach density in the integers.

MSC2020: 37A05.
Keywords: universal characteristic factors, nilsystems, Gowers—Host—Kra seminorms.

© 2024 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/apde/
https://doi.org/10.2140/apde.2024.17-7
https://doi.org/10.2140/apde.2024.17.2379
http://msp.org
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

2380 OR SHALOM

The universal characteristic factors associated with multiple ergodic averages in Z-actions were studied
by Host and Kra [2005] and independently by Ziegler [2007]. Later, Bergelson, Tao and Ziegler proved
a counterpart for the nonfinitely generated group G = 5. The goal of this paper is to generalize these
results further for the group G = P pep
we discuss the general case where G is any countable abelian group. In particular, we identify a result

Z/pZ, where P is a multiset of primes. Moreover, in Section 2D

(Conjecture 2.15) which leads to a general structure theorem for the Gowers—Host—Kra seminorms.

Conventions 1. We use X to denote a probability space. For technical reasons we assume that any
probability space X = (X, B, u) is regular! and separable modulo null sets. We let (U, -) denote a
compact abelian group and we assume that all topological groups in this paper are metrizable. Let (G, +)
be a countable abelian group, a G-system is a probability space X = (X, 3, i) together with an action
of G on X by measure-preserving transformations 7, : X — X. Throughout most of this paper we use G

to denote the group @, _p Z/pZ, where P is a given countable multiset of primes.

peP

Host and Kra proved that the universal characteristic factors for Z-actions are closely related to an
infinite version of the Gowers norms. The following version of the Gowers—Host—Kra (GHK) seminorms
in the special case where G = Z was essentially introduced by Host and Kra [2005] (see [Host and Kra
2018, Proposition 16, Chapter 8] for this version).

Definition 1.1 (Gowers—Host—Kra seminorms). Let (X, Tg) be a G-system, let ¢ € L°°(X), and let k > 1
be an integer. The GHK seminorm ||¢ ||« of order k of ¢ is defined recursively by the formula

1= lim ——
Il == Jim )

for k=1, and
1 21\'71 1/2k
9l := lim (—k ) ||Ag¢||m_.)
N—00 |q>N| ‘
gedy

for k > 1, where ¢}V, cee, ¢§‘\, are arbitrary Fglner sequences and Ag¢p(x) = ¢(Tyx) - & (x).

These seminorms were first introduced in the special case where G = Z/N Z in [Gowers 2001], where
he proved quantitative bounds for Szemerédi’s theorem [1975]. As mentioned above, Host and Kra
[2005] generalized these seminorms for the infinite group Z and proved that each seminorm corresponds
to a unique factor of X. Later, Leibman [2006] proved that these factors coincide with the universal
characteristic factors for multiple ergodic averages which were studied by Ziegler [2007].

Proposition 1.2 (existence and uniqueness of the universal characteristic factors). Let G be a countable
abelian group, let X be a G-system, and let k > 1. Then there exists a factor

Z (X)) = (Za(X), Bz_o(x): Kz () g (x)

of X with the property that, for every f € L*(X), || fllyxx) = 0 if and only if E(f|Z-x(X)) = 0.
This factor is unique up to isomorphism and is called the k-th universal characteristic factor of X. If
X =Z_ 1 (X), we say that X is of order < k.

1Meaning that X is a compact metric space, B is the completion of the o-algebra of Borel sets, and p is a Borel measure.
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In Appendix A we summarize previous work. In particular, we survey the definitions and various
results by Host and Kra [2005] and Bergelson, Tao and Ziegler [2010]. We also state a structure theorem

for totally disconnected P Z ] pZ-systems (Theorem A.21) from the author’s previous work [Shalom

eP
2023]. This theorem will bi: used as a black box in this paper.

Another related approach for the study of the universal characteristic factors and related problems
like the inverse problem for the Gowers norms (see [Green and Tao 2008; Green et al. 2012; Tao and
Ziegler 2010] for more details), which we do not pursue in this paper, is the study of nilspaces and
nilspace systems. Antolin Camarena and Szegedy [2010] introduced a purely combinatorial counterpart
of the Host—Kra factors called nilspaces. The idea was to give a more abstract and general notion which
describes the “cubic structure” of an ergodic system (see [Host and Kra 2005, Section 2]). They proved
that connected nilspaces are inverse limits of nilmanifolds in the category of nilspaces, which justifies
the nil in nilspace. A nilspace system is a compact nilspace equipped with a continuous action of a
group which preserves its cube structure. Candela, Gonzédlez-Sédnchez and Szegedy [Candela et al. 2020]
studied nilspace systems and proved that the theory of nilspaces passes through to nilspace systems when
the group acting on the space is finitely generated (Gutman, Manners and Varji [Gutman et al. 2020b]
generalized this result to compactly generated groups). Candela and Szegedy [2023] used nilspaces to
prove a structure theorem for characteristic factors for GHK seminorms associated with any nilpotent
group. They proved that the characteristic factors for the GHK seminorms of a nilpotent group form a
nilspace system and obtained from previous result an alternative proof of Host—Kra structure theorem
for finitely generated nilpotent groups. In a series of papers Gutman, Manners, and Varji [Gutman et al.
2020a; 2019; 2020b] studied further the structure of nilspaces. By imposing another measure-theoretical
aspect to these nilspaces, Gutman and Lian [2023] gave yet another alternative proof of Host and Kra’s
theorem for arbitrary finitely generated abelian groups.

The structure of nilspace systems is currently only well understood when the acting group is finitely
generated (or compactly generated in general). The only exception is a new result for actions of the group
G = [} which was recently obtained by Candela, Gonzdlez-Sanchez and Szegedy [Candela et al. 2023].
We believe that the tools developed in this paper may turn out to be useful also in the study of nilspace
systems associated when the acting group is not finitely generated and of unbounded torsion. For instance,
it is evident from this work that the Host—Kra factors of a nonfinitely generated group with unbounded
torsion are not necessarily isomorphic to an inverse limit of nilsystems. Thus, contrary to the finitely
generated case, it is impossible to describe arbitrary nilspace systems as an inverse limit of nilmanifolds.
The main results in this paper suggests that the notion of nilpotent systems in Definition 2.9 (see also the
double-coset construction from [Shalom 2022, Theorem 1.21]) may replace the notion of a nilmanifold
when studying arbitrary nilspace systems.

2. Main results

Recall that a k-step nilsystem is a quadruple (G/ T, B, i, R), where G is a k-step nilpotent Lie group, I
is a discrete cocompact subgroup, B is the Borel o-algebra, u is the Haar measure and R : G/I" — G/ T’
is a left multiplication by some element r € G. Host and Kra [2005, Theorem 10.1] and independently
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Ziegler [2007, Theorem 1.7] proved the following structure theorem for the universal characteristic factors
concerning Z-actions.

Theorem 2.1. Let (X, B, i, T) be an ergodic invertible system. Then, for every k > 1, the factor Z _j+1(X)
is isomorphic to an inverse limit of k-step nilsystems.

Our goal is to generalize this result to €@, _p» Z/ pZ-actions, where P is a countable multiset of primes.

peP
As a first step we explain how to interpret the results of Bergelson, Tao and Ziegler [Bergelson et al.

2010] about [ -systems in this language. We need the following version of nilsystems.

Definition 2.2 (zero-dimensional nilpotent system). Let kK > 1 and let G be a countable abelian group.
A zero-dimensional k-step nilpotent system is a quadruple X = (G/T', B, u, (Rg)¢ei), Where G is a
zero-dimensional® k-step nilpotent group, I is a closed (not necessarily discrete) cocompact subgroup, B
is the Borel o-algebra, u is a left G-invariant measure and there exists a homomorphism ¢ : G — G such
that for every g € G the transformation R, : G/I" — G/ T" is given by a left multiplication by ¢(g).

The following structure theorem for the universal characteristic factors concerning [/ can be derived
from [Bergelson et al. 2010].3

Theorem 2.3. Let k > 1, any ergodic F)-system of order < k + 1 is a zero-dimensional k-step nilpotent
system whenever k < p. In the low-characteristic case k > p, our argument shows that there exists some
m = O (1) and an m-extension (see Definition 2.5) isomorphic to a zero-dimensional k-step nilpotent
Z/p"Z-system.

Remark 2.4. We cautiously note that it is possible that the group G in Definition 2.2 is not locally
compact. For instance consider the ergodic F-system

N N
X=l_[Cp XGHC,,
i=1 i=1

of order < 3, where o is any phase polynomial of degree < 2. If G(X) is the Host—Kra group of X
(see Definition 2.10), then since o is a phase polynomial of degree < 2, one can show that G(X) is
a semidirect product of [, C, with [[;L; C, @ Hom([T.L, C,. [TiL, C,) =TI, Cp & (F)N. The
group I' = ([I:;‘,’)N is a nonlocally compact totally disconnected subgroup and G(X)/ " = X.

Let P be a countable multiset of primes and G = & ,_p Z/pZ. In order to prove a counterpart of

peP
the theorem above for G-systems, we introduce a new notion of extensions (Definition 2.5). Our main
theorem (Theorem 2.12) asserts, roughly speaking, that every ergodic G-system of order < k+ 1 is a

(special) factor of an inverse limit of k-step finite-dimensional nilpotent systems.

2A. k-extensions and finite-dimensional groups. Let (X, Ty) be a G-system and ¢ : H — G be a homo-
morphism from a countable abelian group H onto G. The homomorphism ¢ gives rise to an action of H
on X by S,x = T,)x. This observation allows us to define extensions outside of the category of G-systems.

2A zero-dimensional group is a topological group with a totally disconnected topology. That is, every point has a basis of
clopen sets.

3A proof of this result is not explicitly given in [Bergelson et al. 2010]. One way to prove this theorem is by following the
arguments in this paper in the simple case where P = {p, p, p, ... }.
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Definition 2.5 (k-extensions). Let P = {pj, p2, ...} be a multiset of primes and G = P
a natural number k > 1, we define G®' =@, Z/p*Z and let

pep Z/pZ. For

oGP > G, p(g)i =g mod pi.
We say that a G®)-system Y is a k-extension of X if it is an extension of (X, G¥)).

Example 2.6. Let G = Z/27Z and X = {—1, 1} and define an action of G on X by T,x = (—1)%x.
Similarly, let H =Z/4Z and Y = {—1, —i, i, 1}. Then H acts on Y by S,y =i"y. The system (Y, H)
defines a 2-extension of (X, G) with respect to the homomorphism

o:H— G, ¢(h)=hmod?2,
and the factor map 7 : Y — X, where 7(y) = y.

There are multiple notions of dimension for topological spaces in the literature, which do not coincide
for nonlocally compact groups (see [Arhangelskii and van Mill 2018] for a survey about the different
notions of dimension and the history behind them). Throughout we say that a topological space X is
totally disconnected if, for every x, y € X, there exists a clopen subset C € X such that x e C and y ¢ C.
Another possible definition for a totally disconnected space X is to require that all connected components
are singletons. These definitions do not coincide in general, but in this paper the results remain the same
if we interchange one definition with another. It is well known that all products and closed subsets of
totally disconnected sets are totally disconnected.

Since there is no concrete notion of dimension for nonlocally compact groups, we will use the following
natural definition instead.

Definition 2.7. A topological group H is said to be zero-dimensional if it is totally disconnected. A
topological group H is said to be finite-dimensional if it is contained in the family of groups 7D, where
FD is the minimal family satisfying:

(i) FD contains all Lie groups and all totally disconnected groups.
(i) If K < FD then any closed subgroup of K is in FD.
(iii) If L < K is a closed subgroup and K/L, L € FD, then K € FD.
In the specific case of compact abelian groups, this is equivalent to the following definition.

Proposition 2.8 (finite-dimensional compact abelian groups [Hofmann and Morris 2013, Theorem 8.22]).
The following conditions are equivalent for a compact abelian group U and a natural number n:

(1) U is of dimension n.
(2) There exists a compact totally disconnected subgroup A of U and a short exact sequence

1> A—>U—(SH"—> 1.

(3) There exists a compact zero-dimensional subgroup A of U and a continuous surjective homomorphism
¢ : AXR"— U such that T" := ker ¢ is discrete. Hence, U = (A x R")/ T as topological groups.
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We generalize Definition 2.2.

Definition 2.9 (nilpotent systems). Let k > 1 and let G be a countable abelian group. A quadruple
X=(G/T',B, i, (Rg)gec), where G is a k-step nilpotent Polish group, I' is a closed cocompact zero-
dimensional subgroup, and B, u and R as in Definition 2.2 is called a k-step nilpotent system. If in
addition G is a finite-dimensional group, we say that X is a finite-dimensional k-step nilpotent system.

We note that any zero-dimensional subgroup of a Lie group is discrete. Therefore, if G is a Lie group,
then the nilpotent system X is a nilsystem. Moreover, even though the notion of dimension in nonlocally
compact groups may exhibit some pathologies, the quotient space G/ I is compact and so it is of finite
dimension with respect to any natural notion of dimension of compact topological spaces (e.g., Lebesgue
covering dimension or the small or large inductive dimension).

2B. The Host-Kra group. The Host—Kra group plays an important role in this paper. We generalize the
definition from [Host and Kra 2005, Section 5] to arbitrary countable abelian group G.

Definition 2.10. Let G be a countable abelian group and let (X, G) be a G-system. We denote by G(X)
the group of all transformations ¢ : X — X with the property that, for every [ > 0, the measure pu!'! is
t!invariant and "1 acts trivially on Z"1(X).

The measure u!'l, the transformation ¢! : X1 — X1 and the o-algebra Z//(X) are defined in
Appendix A. We note that if X is a system of order < k41 (i.e., X = Z_;4+1(X)), then G(X) is a k-step
nilpotent locally compact Polish group [Host and Kra 2005, Corollary 5.9].

Host and Kra [2005] proved the following stronger version of Theorem 2.1.

Theorem 2.11. Let k > 0. Let X be an ergodic Z-system of order < k + 1. Then, for every n € N there
exists a factor X,, of X such that:

(1) X, is an increasing sequence (i.e., X, is a factor of X4 for every n) and X is the inverse limit of X,,.
(2) For each n, X, is isomorphic to the system (G(X,)/ T'(X,), By, tn, Sp) where the Host—Kra group
G(X,) is a k-step nilpotent locally compact Lie group, I'(X},) is a discrete cocompact subgroup of G(X,,),

B, is the Borel o-algebra and i, is the Haar measure. The action of S,, on G(X,,)/ I'(X,,) is given by left
multiplication by an element in G(X,,).

Our main result is the following counterpart of Theorem 2.11 for the group G =, _p Z/pZ.

peP
Theorem 2.12 (structure theorem). Let k >0 and let X be an ergodic &P peP 2] pZ-system of order < k+1.
Then for some m = Oy (1)* there exists an m-extension Y of X that is an inverse limit of finite-dimensional
k-step nilpotent systems. Moreover, for each n € N there exists a factor Y,, of Y such that:

(1) Y, is an increasing sequence and Y is the inverse limit of Y.

(2) For each n, Y, is isomorphic to the system (G(Y,)/ T (Yy,), By, in, (S”ag)ge@pep 7/pn7), Where the
Host-Kra group G(Yy,) is a finite-dimensional k-step nilpotent group, I (Y,,) is a zero-dimensional closed
cocompact subgroup of G(Y,), B, is the Borel o-algebra and ., is a left G(Y,)-invariant measure. For

4We use O (1) to denote a quantity which is bounded by a constant depending only on k.
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every g € @pEP Z]p™Z, the action of S,.q on G(Y,)/ I'(Yy) is given by left multiplication by an element
in G(Yy).

In particular, it follows that if X is a G-system where G = P pep Z/pZ, then for every k € N there

exists m = Oy (1) and an m-extension (Y, G™) such that the following diagram commutes:

(X, G) z (Y, G™)

(Zi(X), G) =<— (Z(Y), G™) =1im(Gn/ T, G™)

The case k = 2 of Theorem 2.12 was established by the author in [Shalom 2023] without the use of
extensions (see also Theorem 4.7). We do not know whether this result (without m-extensions) holds for
higher values of k. In Section 2E we explain how m-extensions are used to overcome certain difficulties
in the simple case where k = 3.

2C. Convergence of multiple ergodic averages and limit formula. As an application of our structure
theory, we derive an alternative proof for the convergence of some multiple ergodic averages and a limit
formula in the special case where the underlying system is a nilpotent system and the homogeneous
group is the Host—Kra group. More concretely, fix k > 0 and let (X, T} ) be an ergodic G-system where
G=6&p pepZ/pZ and fi, ..., fiq1 € L%(X). We study the limit of the following multiple ergodic
averages as N goes to infinity:

EecoyTo f1Togfo -+ Tte+1)g fiet1- (2-1)

In the case of Z-actions, Host and Kra [2005] and Ziegler [2007] proved the convergence of these averages
by studying the universal characteristic factors. In the special case where X is a nilsystem, Ziegler
[2005] proved a limit formula for average (2-1); see (2-2) below. A simpler proof of this result and
some applications to multiple recurrence can be found in [Bergelson et al. 2005]. Bergelson, Tao and
Ziegler [Bergelson et al. 2015] proved a variant of this formula for F)-systems from which they deduced a
Khintchine-type recurrence for various configurations (see [Bergelson et al. 2015, Theorem 1.13] for more
details). In the special case where k = 2 this formula and the multiple recurrence results were generalized
to other abelian groups in [Shalom 2022; Ackelsberg et al. 2021]. We note that the norm convergence of
average (2-1) as N — oo was proved by Walsh [2012] for any countable nilpotent group G. We give an

alternative proof for this result in the special case where G = ,_p Z/pZ.

peP
Theorem 2.13 (convergence of the multiple ergodic averages). Let (X, T,) be an ergodic G-system. Let
k > 0 be such that k + 1 < min,cp p and fi, ..., fiq1 € L(X). Then, the multiple ergodic average
(2-1) converges in L>*(X) as N goes to infinity.

The properties of the Host—Kra group are needed in the proof of the following formula for the limit of
average (2-1) in the special case where the underlying system X is a nilpotent system. In other words, it
is important that the homogeneous groups in Theorem 2.12 are the Host—Kra groups of the system.
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Let G be a k-step nilpotent group and ug,r be a left G-invariant measure on G/ I'. Let G| = G and for
every 2 <r <k let G, be the closed subgroup generated by all the r-commutators [. .. [[x1, x2], x3], ... x/],
where x1,...x, € G. Let ', = G, NT and let m, be a left G,-invariant measure on the quotient space
Gr/Gr4+11'. We have the following formula for the limit of average (2-1).

Theorem 2.14 (limit formula). Letm > 1 and let G = @pep Z/p™Z. Fixk >0 withk+1 < min,ep p
and let X = G(X)/ I be a k-step nilpotent G-system, where G(X) is the Host—Kra group of X. Then, for
every fi, ..., fiq1 € L™(X), every Folner sequence ®y of G and jig,r-almost every x € G/ I" we have

lim Egeq, T, f1(x)T2g fo(x)----- Tkt 1)g frr1(x)
N—o0 k1

. . k
=/ / / l_[ﬁ(xyi y2(2) ..... yl(l))dl_[ml(ylrl)’ (2_2)
G/T JGy /T G/ Tk

i=l1 i=1

with the abuse of notation f(x) = f(xI').

2D. Discussion of the main steps in the proof of Theorem 2.12 and generalizations to other countable
abelian groups. We summarize the main steps in the proof of Theorem 2.12. In each step we survey
previous work concerning Z-actions [Host and Kra 2005; Ziegler 2007] and [F‘I‘,’—actions [Bergelson et al.

2010], describe the counterpart that we prove for @, _p Z/pZ-actions and discuss the general case of

peP
G-actions, where G is any countable abelian group.

Let m > 0. We denote by Z 1<m (G, X, S") the group of cocycles of type < m (Definition A.5) and by
PC_,,(G, X, 8" =P_,(G, X,S")NZY(G, X, S") the phase polynomial cocycles of degree < m. The

first step in the proof of Theorem 2.12 is to study how large this subgroup is.
Step 1 (Theorem 3.1): Let X be an ergodic 5 peP Z/pZ-system. Then

PC_,, (@ Z/pZ, X, 51> . B! (@ Z/pZ, X, Sl)

peP peP

has at most countable index in Z., (D ,.p Z/pZ, X, S").
A well-known theorem of Moore and Schmidt states that, for any countable abelian group G and any
ergodic G-system X,

Z' (G, X, 8" = PC_(G, X,S") - B'(G, X, Y.

In the special case where G = [, this equality holds for higher values of m. Formally, Bergelson, Tao
and Ziegler [Bergelson et al. 2010] proved that

z! (F°, X, 8" =PC_,(F°, X, SY) - B (F®, X, 1)

for every m < p and an ergodic F-system X.

This equality fails in general. For instance Furstenberg [1990] and Weiss proved that there exists an
ergodic Z-system X and a Z-cocycle p of type < 2 that is not cohomologous to a phase polynomial of any
order. In previous work [Shalom 2023], we find an “if and only if” criterion for this equality to hold for
&P pep £/ pZ-systems and construct a counterpart of the Furstenberg and Weiss example in the case where
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P is an unbounded multiset of primes. If (X, T') is a group rotation, Host and Kra [2005, Lemma 9.2]
proved that P_1(Z, X, S') - B(Z, X, S") is of countable index in Z!,(Z, X, S') and mentioned that the
counterpart for higher values of m fails. Instead, they proved the following result: let (X, 7') be an ergodic
Z-system and let (2, P) be a probability space. Let @ — p,, be a measurable map into Z. (7, X, S!).
Then there exists a set of positive measure .4 C €2 such that p,/p. is cohomologous to a constant for
every w, o' € A.

We thus conjecture that the following general version holds.

Conjecture 2.15. Let G be a countable abelian group and (X, G) be an ergodic G-system. Let m > 1
and (2, P) be a probability space. Then, for any measurable map w > p,, from Q2 to Z1<m(G, X, sh,
there exists a set of positive measure A C Q such that p,/p. € PC (G, X, Sl) . BI(G, X, Sl).

The next step in the proof of Theorem 2.12 is to reduce matters to the case where X is a finite-
dimensional system (see Definition 4.1) using inverse limits. Recall (Proposition A.19) that every ergodic
system X of order < k is a tower of abelian extensions. Namely,

X=U0 X,01 U] X---ka_1 Uk—l-

We refer to the compact abelian groups Uy, . ..., Ux_1 as the structure groups of the system X.

Step 2 (Theorem 4.3): Let k > 1. Then any ergodic pep
dimensional systems (see Definition 4.1). Bergelson, Tao and Ziegler [Bergelson et al. 2010] proved that

Z/pZ-system is an inverse limit of finite-

the structure groups of an ergodic [-system of order < k are totally disconnected (zero-dimensional).
We refer to these systems as totally disconnected systems. The following definition is due to Host
and Kra: a system X of order < k is called foral if U; is a Lie group and any other structure group
is a finite-dimensional torus. In the case of Z-actions Host and Kra proved that X is an inverse limit
of toral systems. In the generality of countable abelian groups, it is impossible to approximate every
system with finite-dimensional systems. As a counterexample consider the action of the group Z“ on
(SHN by R,x = (¢"'x, «?x,...), where n = (ny, na, ...). If « is irrational then the action is ergodic.
Let (e, e, ...) denote the natural basis for Z® and p : Z¢ x (SN — S! be the unique cocycle with
p(ei, x) = x;. Then, the extension (SH)N x oS I'is an ergodic system of order < 3 that is not an inverse
limit of finite-dimensional systems.

Step 3: The last and most technically difficult step in the proof of Theorem 2.12 is solving the following
lifting problem. Let X = Z_4(X) x, U be a finite-dimensional ergodic system of order < k + 1. Using a
proof by induction and passing to an extension, we may assume that Z_;(X) =G/ I is a nilpotent system.
Let Gy < Gy—p <--- <Gy < G) =G be the lower central series for G. We adapt an inductive argument of
[Host and Kra 2005], where in step j we lift some elements from the group Gx_ ;4 to transformations on
X which belongs to G(X). The following difficulties arise in the case where X is a finite-dimensional
system that is not a toral system.

(1) The near-action defined by group generated by the connected component of G(X) and {7, : g € G}
may not be transitive on X.
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(2) The cocycles in the process may take values in a compact abelian group U which is not necessarily
a torus. In particular, it is difficult to apply the results from step (1).

To deal with these difficulties we use extensions and k-extensions (see Definition 2.5). For instance, in order
pep Z/pZ, and
p:GxX — U be acocycle into some finite-dimensional group U. If yop € PC (G, X, S")-BY(G, X, S")

to overcome the second difficulty, we prove the following result (Lemma 5.11): Let G =P

for every x € U, then there exists some m = Og(1) and an m-extension 7 : ¥ — X with the property
that pomwr € PC <;{(G(’”), Y,U)- B! (G(’”), Y, U). To deal with the first difficulty we also need extensions,
but of different type. Roughly speaking, we show that for every countable set of transformations of
bounded torsion in G(X), there exists an extension Y where these transformations have a lift in G(Y).
(See Lemma 7.6, and Section 7 for more details). We note that the passing to extensions of X leads to
other difficulties which we discuss in detail in Section 6.

The reduction to the case where X is a finite-dimensional system is only necessary to ensure that U is
finite-dimensional and Y is an m-extension. This is no longer necessary when working in the generality
of all countable abelian groups. Therefore, by following the arguments in this paper and assuming that
Conjecture 2.15 holds we can prove a structure theorem for all countable abelian groups.

Theorem 2.16 (structure theorem). Let G be a countable abelian group and k > 1. Let X be an ergodic
G-system of order < k + 1 and assume that Conjecture 2.15 holds. Then X is a factor of a k-step nilpotent
system (Y, H), where H is a countable abelian group extending G and the homogeneous group G(Y) is a
k-step nilpotent Polish group.

Since any countable abelian group is a quotient of Z“, one can always take H = Z® in the theorem
above. The case k = 2 of this theorem was established in [Shalom 2022]. The proof of the theorem above
follows by arguing as in Sections 6 and 7 together with the counterpart of Lemma 5.11 and Theorem 5.9
for abelian groups that is given in [Shalom 2022, Proposition 3.8 and Theorem 3.14].

2E. A simple case of Theorem 2.12 and k-extensions. We emphasize the part of the proof where we
used k-extensions. For the sake of the example, let X be an arbitrary G-system of order < 4. By
Proposition A.19, there exist compact abelian groups Z, U and W and cocycles o and p such that

X=Zx,Ux,W.

In Section 4 we reduce matters to the case where X is a finite-dimensional system (see Definition 4.1)
using inverse limits. Let us therefore assume that Z and U are finite-dimensional groups and W is a Lie
group. Since W is a Lie group, modifying the arguments of Host and Kra one can show that X is (a factor
of) a 3-step nilpotent system with respect to its Host—Kra group if and only if ¥ = Z_3(X) is (a factor of)
a 2-step nilpotent system with respect to its Host—Kra group. In that case the Host—Kra group takes the
convenient form

GY)={Ss,r:s€Z, FEM(Z,U) such that there exists ccHom(G, U) with Ao (g,x)=c(g)-A,F(x)},

where S5 r : Y — Y is the transformation Sy r(z, u) = (sz, F(2)u).
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If U is a torus, then for every s € Z there exists a character ¢; : G — U and a measurable map
Fs: Z — U such that Ajo = ¢s - AF; (see Lemma 3.2). Equivalently, this means that the transformation
s € Z has alift S; g, in G(Y). If this holds for every s € Z then the action of G(Y) on Y is transitive and
Y is a nilpotent system. Below we discuss the case where U is a finite-dimensional group that is not a
Lie group. (If U is a Lie group then it is a direct product of a torus and a finite group. The case where U
is finite is covered in [Shalom 2023].)

Observe that if x : U — S! is a character, then by the torus case there exist ¢y , € Hom(G, $§ 1) and
Fs, e M(Z, S1) such that

Asx00(8,x) =csx(8) AgFsy(x). (2-3)

By Pontryagin duality, s has a lift in G(Y) if and only if there is a choice of F; , and c; , for which
(2-3) holds and x + Fj , is a homomorphism. Equivalently, for every s € Z we can consider the map
ky: U x U — P-y(Z, S"), where

Fs,x-x’

ke(x, x') = =——.
4 Foy-Fsy

The map k; defines an abelian multiplication on the Cartesian product U x P»(Z,8YH by (x, p)-(x', p)=
(xx's ks(x» x)pp"). We denote this group by U x4, P->(Z, S') and observe that the short exact sequence

1= Py(Z, 8" — Uxi, Por(Z,8")y > U — 1 (2-4)

splits if and only if s has a lift in G(Y).

Since U is not a torus, U is not a projective object in the category of discrete abelian groups. Moreover,
it is not necessary that P_,(Z, S') is a divisible group (an injective object). In other words, other properties
of k; must be used in order to prove that this extension always splits. Instead, we chose a different method
which involves k-extensions.

Let n =dim U. A careful analysis of the finite-dimensional group U shows that we can find a multiset of
primes P and vectors v, € Z" for every p € P such that U= Z7"'[(1/p)-v,]. Itis easy to find a cross-section
from the subgroup Z" to U x k, P<2(X, S') and so it is left to find p-th roots for certain phase polynomials
in P-»(X, S'). We do not know whether or not such roots exist and therefore we use extensions. In
Section 5 we prove, roughly speaking, that by extending Y to a 2-extension Y’ we can find a p-th root for
any phase polynomial of degree < 2 on Z in P»(Z»(Y’), S!) (see Theorem 5.5 or Theorem 5.9). This
means that by passing to an extension and replacing P_»(Z, S 1 with Po»(Z»(Y"), S1), the short exact
sequence (2-4) splits and we can lift s to G(Y’). Then, since we passed from Y to Y’, we need to make
sure that we can also lift all of the new transformations which arise from the extension Z_,(Y') — Z. A
formal proof is given in Sections 6 and 7.

3. Conze-Lesigne-type equation

Throughout, fix a multiset of primes P. Let m > 0, let G be a countable abelian group and denote
by Z1<m(G, X, S") the group of (G, X, §')-cocycles of type < m and by PC_,,(G, X, S') the phase
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polynomial cocycles of degree < m. It follows by Lemma A.15 that
PC-w(G, X, S")-B'(G, X,S") < ZL,,(G, X, §"). (3-1)
The following theorem is the main result in this section.

Theorem 3.1. Let X be an ergodic @ ,_p Z/ pZ-system. Then, for every m > 0, the subgroup

peP

PC_,, (@ Z/pZ, X, 51> . B! (@ Z/pZ, X, Sl)

peP peP

7/pZ, X, S").

is of at most countable index in Z1 (@pep

We recall some relevant results from previous work. In the case where m = 1, we have the following
theorem of [Moore and Schmidt 1980].

Lemma 3.2 (cocycles of type < 1 are cohomologous to constants). Let G be a countable abelian
group, and let X be an ergodic G-system. Suppose that p : G x X — S' is a cocycle of type < 1.
Then, there exists a character ¢ : G — S' such that pis (G, X,S l)-cohomologous to c. Equivalently,
Zl<1(Ga Xa Sl) = PC<1(G’ X? Sl) : Bl(Ga Xv Sl)

The following result [Host and Kra 2005, Corollary 7.9] allow us to reduce matters to the case where

X is of order < m.

Proposition 3.3. Let G be a countable abelian group and X an ergodic G-system. If m > 0 and
p:G x X — U is a cocycle of type < m into some compact abelian group U, then p is (G, X, U)-

cohomologous to a cocycle p' : G x X — U that is measurable with respect to Z -, 1(X).
From this and Theorem A.21 we conclude the following result.

Theorem 3.4. Let m > 0 and P be a multiset of primes. If X is an ergodic totally disconnected
pePZ/pr X — S' of type < m is
(@pel, Z]/pZ, X, Sl)-cohomologous to a phase polynomial of degree < d for some d = O, (1).

é pep L] pZ-system (see Definition A.20) then every cocycle p : &P

If hypothetically we knew that the quantity d in the theorem equals to m, then this would imply
Theorem 3.1 for a totally disconnected system X. In fact, in this case

PC_y (@ 7/pZ, X, S‘) .B! (@ 7/pZ, X, S‘) =z (@ 7/pZ, X, S1>.

peP peP peP
In order to deal with the fact that d is potentially higher than m we need the following generalization of
Lemma A.17.

Lemma 3.5. Let X be an ergodic G-system. Letd > m > 0and p: G x X — S' be a phase polynomial
of degree < d and type < m. Write d"'p = AQ, and letr =d —m. If ||Q — Ll 2 xtm pyimry < V2251
then p is a phase polynomial of degree < m.

Proof. If m = 0 then the claim follows by Lemma A.17. Assume that m > 1. We have:
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Claim. Ler P : X" — S be a phase polynomial of degree < r and suppose that
1P — 1l 2 xm iy < ~/2/27 71 (3-2)

Then P is invariant with respect to the diagonal action of G on X" if and only if, for every (m—1)-face o
and g € G, Ag[m] P is invariant with respect to that action.

Proof. Let g € G and « be an (m—1)-face. Since g([x’”] is measure-preserving (Lemma A.3) and commutes
with Al the first direction follows. We prove the other direction. By the ergodic decomposition theorem
there exists a probability measure (£2,,, P,,) such that

ph = /Q o d Py (). (3-3)

Let @ be an (m—1)-dimensional face. By Lemma A.4, the transformation gé’”] defines an isomorphism of
ergodic components and an action on (£2,,, P, ). Moreover, by the same lemma, the action generated by
these transformations for every g € G and (m—1)-dimensional face « is ergodic. Let

A={weQ,: AP =1 uy,-ae.}.

Since Ag[m] P is invariant, we have that w € A if and only if gg"]w € A. In other words, A is invariant.
On the other hand, from (3-3) and (3-2) we conclude that the set

Bi={weQ: IP—1l2q, <v2/27")

is of positive measure with respect to P,,. Since p,, is ergodic it follows by Lemma A.17 that B € A and

therefore by ergodicity (Lemma A.4) A is of measure 1. This proves the claim. U
We return to the proof of the lemma. For any g1, ..., gs € G and (m—1)-dimensional faces, o, ..., ag
we have

dgn]Agl e Agdp — AAglg,{] e Agng]Q,

where « is the intersection of ¢, . .., ag. Since p is of degree < d we conclude that Agl([;']ﬂ . AgdL';] (0]
is invariant with respect to the diagonal action of G. The claim above imply that if d-derivatives of Q are
invariant and these derivatives are sufficiently close to 1, then only d — 1 derivatives of Q are invariant.
Repeating this claim iteratively d times, we deduce that when Q sufficiently small (as in the lemma), it is
invariant with respect to that action. Since d™ p = AQ =1, Lemma A.15 implies that p is of degree < m
as required. (|

We have the following reduction of Theorem 3.1.

Lemma3.6. Let G=ED ,_p Z/pZ. In order to prove Theorem 3.1 it is enough to show that for some d > m

peP
PC_4(G. X, 8" B"(G.X.sHnZzL, (G x,8") <z, (G.Xx. 5"
is of at most countable index.

Proof. Let W € L?(X"™]) denote the space of phase polynomials of degree < d —m + 1 in X", Since
L2(Xxm1ylmly g separable, we can decompose W into a countable union of balls {B;};cn of diameter
< £/2/2%d=m+1 " For each ball, we choose (if it exists) a cocycle p; € P_4(G, X, S") - B(G, X, SV
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such that p; = p; - AF; for a measurable map F; : X — § Iand a phase polynomial cocycle p; €
P_4(G, X, S') which satisfies that d'™ p; = AQ;, where Q; € B;. We conclude that, for every p €
PC_4(G, X, 8" -BY(G, X, S"), there exists i such that p/p; € PC,(G, X, S")- B (G, X, S"). Indeed,
write p = p - AF for some p € PC_4(G, X, S'). Since p is cohomologous to p, it is of type < m.
Therefore, we can write 4! p = AQ for some phase polynomial Q : X"l — §' of degree <d —m + 1
(by Lemma A.15). We conclude that Q € W and there exists i such that Q € B;. Let p; as above. We
conclude that p/p; = p/pi - AF/F; and d" p/p; = AQ/Q;. Since

19/0i — 1||L2(/L[’"]) =0 - Qi”L2(M[m]) < \/5/22d7m+1’

Lemma 3.5 implies that p/p; is of degree < m. It follows that PC_,,(G, X, S') - B/(G, X, §') is of
countable index in PC_,4(G, X, Sl) . B! (G, X, Sl) N ZLm(G, X, S]). By the assumption, the latter is

of at most countable index in Zl<m(G, X, S1). We conclude that PC_,,(G, X, S") - B1(G, X, S!) is of
countable index in ZL (G, X, S), as required. O

The main difficulty in the proof of Theorem 3.1 is therefore to reduce matters to the case where X is
totally disconnected. Before we turn to the proof of Theorem 3.1, we prove some corollaries. Since we
prove Theorem 3.1 by induction on the order of X, we will be able to use these corollaries for systems of
smaller order.

3A. Corollaries. Throughout and unless specified otherwise G = @ ,_p Z/pZ. We begin with the

peP
following counterpart of [Host and Kra 2005, Lemma 9.2].

Theorem 3.7. Let m > 0 be a natural number and X be an ergodic G-system. Let (2, P) be a probability
space and w — p,, be a measurable map from Q2 into Z Lm(G, X, SY). Then, there exists a set of positive
measure A C Q such that py,/py € PCp (G, X, sYH.BYG, X, Sl)for every w, w € A.

We need some notation: An analytic subset of a measurable space X is the continuous image of a
Polish space in X. The Lusin separation theorem [Kechris 1995, Theorem 14.7] implies that if A and
X\ A are analytic, then A is Borel measurable.

Proof. Observe that since the analytic set PC_,, (G, X, sY . BY(G, X, SY) is of at most countable index
in ZL (G, X, S!). Then by the separation theorem it is Borel. Therefore the map

<m
0 py- PC_y(G, X, SY) - BY(G, X, Sh)

is a measurable map into a countable set. We conclude that there exists a measurable set B € Q of positive
measure such that for every w, o’ € B, p,, and p,s belong to the same coset. g

As a corollary we have the following result.

Theorem 3.8. Let m > 0, X be an ergodic G-system and U be a compact abelian group which acts on
X by automorphisms. Let p : G x X — S' be a cocycle and suppose that, for every u € U, Ay p is of
type < m. Then there exists an open subgroup U’ < U such that A, p € PC_,,(G, X, sY.BY(G, X, 8YH
forallu e U’
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Proof. From the cocycle identity it is easy to see that
U={ueU:A,pePC_,(G,X,S"-B (G, X, "}

is a subgroup of U. We use Theorem 3.7 with Q@ = U and p, = A, p. We see that there exists a set of
positive measure A C U such that A,p/Ap € PC, (G, X, SH.-BY(G, X, SY) forall u, u’ € A. A direct
computation shows that A,,—1p =V, -1A,0/A,p for every u, u’ € U. Since U commutes with G, we
conclude that A- A~! CU’. Therefore, by Lemma B.1, U’ is an open subgroup and the proof is complete. [

Given a compact abelian group U and an integer m we define U™ := {u™ : u € U}. Observe that the
subgroup U’ in the previous theorem depends on the cocycle p. In the next lemma we compute this group
for a root of p.

Lemma 3.9. Let X be an ergodic G-system. Let U be a compact abelian group which acts on X
by automorphisms and let n,m,d € N. If p : G x X — S' is a cocycle of type < m and A,p" €
PC_4(G, X, 8" -BYG, X, S") for every u € U, then A,p € PC_4(G, X, S") - BI(G, X, S") for every
uelym.

Proof. The claim follows immediately by induction on m and from the identity
n—1
Awf= D" [T Audih
k=0
We have A, p" € PC_4(G, X, S")-BY(G, X, S') and, for every 1 <k <n, A,Ap is of smaller type. [J

3B. The proof of Theorem 3.1. We briefly explain the method in the proof. We prove the claim by
induction on m: The case m = 0 is trivial, and the case m = 1 follows from Lemma 3.2. Fix m > 2 and
assume inductively that the theorem holds for smaller values of m. Let p : G x X — S! be a cocycle of
type < m. By Proposition 3.3 we can assume without loss of generality that X is of order <m 4 1. By
Proposition A.19 we can find compact abelian groups Uy, Uy, Ua, ..., U, where Uy is trivial and

X=Uyxp Uy X---xp, Upy.

We construct a sequence of factors
X=X, —> Xp-1—> Xn02— - — Xo,

where in each step we quotient out the connected component of the identity in the next structure group.
The last factor, Xg is a totally disconnected system.
Observe that the factor maps define a sequence of injections

7L ,.(G, Xo, SY) > ZL (G, X\, 8") = .. = ZL (G, X, S").

Adapting the arguments of Host and Kra, we show that the image of each of these embeddings is of at most
countable index in the next group. Then we apply Theorem A.21 to the system X and complete the proof.

One difficulty which arise in this process is that the connected component of the identity of the structure
groups may not act on X by automorphisms. For this reason we study under which conditions we can lift
an automorphism from Z_;(X) to Z_¢+1(X) for every 1 <k < m. We have:
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Lemma 3.10 (going up). Let X be an ergodic G-systems. Let U be a compact abelian group and
Y = X x, U be an extension of X by a cocycle p : G x X — U. Let A be a connected compact abelian
group of automorphisms of X and suppose that for every a € A, A,p € B'(G, X, U). Then, there exists
a compact connected abelian group of automorphisms A of Y such that the induced action of Aon X
coincides with the action of A.

Proof. Let X, p, A as above. For every a € A and a measurable map F : X — U we define a measure-
preserving transformation S, r on X x U by S, r(x, u) := (ax, F(x)u). Direct computation shows that
the group

K:={Sa.r: Agp=AF}

acts on X x U by automorphisms. Indeed,
Sa kT, (x,u) = (a- T x, F(Tyx)p(g, x)u) = (T ax, F(x)p(g, ax)u) =T, Sqr(x, u).

Equipped with the topology of convergence in probability K is a Polish group with respect to the
multiplication S, F o So/ ' = Saa, Frv, F (s€e, €.g., [Host and Kra 2005, Appendix A]). By the assumption
the projection map p : K — A is onto. Moreover, by ergodicity we see that the kernel of p is isomorphic
to U. In particular, it follows from Corollary B.4 that K is a compact Polish group. Finally, since A is
abelian, direct computation reveals that K is 2-step nilpotent. We let A be the connected component of .
By all of the above and Proposition B.15 we deduce that A is a compact connected abelian group. Since
p is open (Theorem B.3) it maps the connected group A onto A. O

Given a system X and a group A acting freely on X. We define the quotient space X /A to be the space
of all equivalent classes [x] := {ax : a € A} with the quotient o -algebra. We let the measure 1 x,4 be the
push-forward of ;x under the factor map 7 : X — X/A, n(x) = [x]. Finally, if gAg~' C A for every
g € G then the action of G on X/A by Tg[x] = [Tgx] is well-defined.

Lemma 3.11 (going down). Let Y = X x, U be an ergodic abelian extension of a G-system X by a
compact abelian group. Let A be a compact connected abelian group of automorphisms of X and suppose
that A acts freely on X and Ayp € B (G, X, SV) for every a € A. Then A from the previous lemma acts
freely on Y and the factor Y' = Y/A is an extension of X' := X /A by some quotient of U.

Proof. Let Y’ as in the lemma. The G-action on Y is given by g[y] = [gy], where [y] = {ay : a € A}.
This action is well-defined since the action of A on ¥ commutes with the action of G. Let K be as in the
proof of the lemma above, and p : K — A the projection map. As before we can identify U with the
kernel of p : K — A. We show that Y/ = X’ x, U/ V for some cocycle o, where V = AN U.

Let p: G x X — U/V be the composition of p with the projection map U — U/V and consider the
extension X x ;U/ V. For every a € A choose a measurable cross-section a — Fy such that S, , € A. Since

Agp = AFg, (3-4)

ot/ (FaVaFl) € A, we conclude
that F,. /(F,V,F)) € V. Now, let F, be the projection of F, to U/ V. It follows that Fow =F,V,Fy.
Since A acts freely on X, we can write X = Xy x A measurably. Choose some generic point ap € A

the cocycle identity implies that F,, /(F,V,F)) is a constant. Since S;
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and set F(x, aap) := F,(x, ap). A direct computation reveals that A, F = F,. From (3-4) we conclude
that o/AF is invariant to A. Let o : G x X’ — U/ V be the push-forward of p/AF and let F be any
measurable lift of F' to a map into U. Then, for every x € X we have that F (ax)/ F (x)- F,(x) € V. This
implies that 7w ([x]4, uV) =[(x, 1':"4()6)_1 u)] ; is a well-defined isomorphism from X’ x, U/V to Y". Since
A acts freely on X, we can write X = X’ x A and therefore Y = X’ x A x U/V x V. By identifying
A x V (measurably) with A we see that A acts freely on Y, as required. O

Next we modify the argument from [Host and Kra 2005, Proposition 8.9] for connected groups in the
context of P, p Z/ pZ-actions.

Lemma 3.12. Let X be a G-system of order < m + 1 for some m > 0 and let U be a connected
compact abelian group which acts freely on X by automorphisms. We abuse notation and identify
Z (G, XU, SY) with a subgroup of Z.,,(G, X, SY). Then, Z. (G, X/U, S") - B'(G, X, S") is of at

most countable index in Zl<m(G, X, Sl).

1

<m

Proof. Equip M (X, S') with the L? topology. For every cocycle p € ZL (G, X, S') we consider the group

Hp ={Sur:uclU, Fe M, S, there exists p € P-,,(G, X, S') such that A, p = p, - AF}.

Equipped with the topology of convergence in probability 7, is a Polish group and we have a short exact
sequence

1= Pop(X, 8 = H, — U — 1.

By Corollary B.4, H,, is locally compact. Moreover, since U is connected, H, is 2-step nilpotent. To see
this observe that if S, r, S ' € H,, then [Sy r, Su,r’1 = S1,a,,F/a, F- Since phase polynomials cocycles
are invariant with respect to translations by connected groups (Proposition C.5), we conclude that

AuF,; . AuAu’)O .

= =1.
Ay Fy Au’Aup

Therefore by ergodicity A, F, /A, F, is a constant and S, A, F/A,F 18 in the center of H,,.

Let M(X, S') denote the space of all measurable maps on X with values in S!, equipped with
the topology of convergence in probability. Let F be the group of all continuous maps from U to
M(X, Sl)/P<m+1(X, S1), where M (X, SY/P_ i1 (X, sh is equipped with the quotient metric (i.e.,
d(f,g)=inf,cp_ (x5 drmx,s(f — P, &) Equipped with the supremum metric, F is a Polish group.
We define a map ®, € F by giving each u € U the equivalence class of F;, in M(X, Sl)/P<m+1(X, Sh.
If @, is sufficiently small (say [|®,[ 7 < 1/20™) we show that we can linearize the term u — F,:

For such p we can define a subset £ < #, by

K:= {SS,F - there exists ¢ € S! such that |F—c| < IOL’"}
A direct computation shows that K is a closed subgroup of H,, (see [Host and Kra 2005, Proposition 8.9] for

the details). Observe that since || D, ||z < 1/20™ the projection px : K — U is onto. Since U is connected
and p is open (Theorem B.3), the same holds if we restrict ourselves to the connected component of the
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identity /Co of IC. Since Ky is 2-step nilpotent and connected, it is abelian (Proposition B.15) and so it splits
as Ko = S' x U. In other words, for every u € U we can find F, such that (u, F,) € Ko and F,, = F,V, F,.

Since the group U acts freely on X we can write X = Y x U. Fix any generic point uo € U and define
F(y, uug) :== F,(y,ug) forall y e Y, u € U. It follows that

Au(p/AF) = p, (3-5)

for some phase polynomial p/, € P_,,(G, X, S").

The phase polynomial term p), is in fact trivial. To see this notice that u > p/, is a cocycle. Since
U is connected, by Proposition C.5 u > p;, is a homomorphism. Since there are only countably many
polynomials up to constants and U is connected, we conclude that p), is a constant in x. Finally, since p),
isa(G,X,S 1)—cocycle and a constant in x, it can be identified with an element in G. Therefore, u — p),,
is a continuous homomorphism from U to G, and hence trivial. We conclude from (3-5) that A, (p/AF)
is a coboundary for every u € U. By Lemma A.24, p is (G, X, S')-cohomologous to a function that is
invariant under U.

Now, since F is separable we can decompose F as a union of countably many balls {B;};cn of diameter
< 1/20™. For each ball B; choose (if exists) a cocycle p; of type < m such that ®,, € B;. We conclude
that if p is an arbitrary cocycle of type < m, then there exists p; such that ||¢,,/,, || < 1/20™. Therefore
p/pi is cohomologous to a cocycle which is invariant to the action of U. By Lemma A.9 the push-forward
of p/pi to X/U is a cocycle of type < m. U

It is left to prove Theorem 3.1.

Proof. We already considered the cases m = 0 and m = 1 above. Fix m > 2 and let X be as in the
theorem. By Proposition 3.3 we can assume that the G-system X is of order < m + 1. Therefore, by
Proposition A.19, X can be written as X = Uy x,, Uy x - -+ x,, Uy, for some compact abelian groups
Uy, ..., U, and cocycles py, ..., pm. Let ]l =1(X) denote the smallest number for which Uj1, ..., Uy,
are totally disconnected. We prove the claim by induction on /. If / =0 then X is a totally disconnected
system. In this case the proof follows by Theorem A.21 and Lemma 3.6. Fix [ > 1 and suppose that
the claim holds for all smaller values of /. Let U; o be the connected component of the identity of U,
and recall that U; ¢ acts freely on Z_;11(X) by vertical rotations. In particular, if / = m then Uj o acts by
automorphisms on X. Otherwise suppose that / < m. In this case we lift U; o to a group of automorphism
of X using Lemma 3.10. We argue as follows: Let x € ﬁl+1, using the induction hypothesis we know that
the claim in Theorem 3.1 holds for Z_;(X) and so we can apply Theorem 3.8. We conclude that there
exists a phase polynomial p, € P_(G, X, S') (in fact we can take p, of degree < 1) and a measurable
map F, : X — S' such that

Ayx opi+1=pu-AF, (3-6)

for every u € U o. By assumption, U;4 is totally disconnected and therefore there exists some n € N
such that x" =1 (Corollary B.8). Let u € U, , the cocycle identity gives that
n—1

Awxopipr=Bux o pri)" [ [ AuxAux op.
k=0
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Since x" = 1, the first term in the right-hand side of the equation above vanishes. By Proposition C.5 and
(3-6) the other term (the product) is a coboundary. Therefore, we see that p,» is a (G, X, S')-coboundary
for every u € U; . Since connected groups are divisible this implies that p, is a coboundary for every
u € Uj . From this and (3-6) we see that x (A, 0141) is a coboundary for every u € U;o. As x was
arbitrary Theorem A.6 implies that A, ;41 is a (G, Z;4+1(X), Uj4+1)-coboundary.

Therefore we are in a situation as in Lemma 3.10 and so we can lift U; o to a group of automorphisms
on Z_;+2(X). Repeating this argument iteratively we conclude that we can lift U; o to a compact abelian
connected group of automorphisms on X = Z_,,,,1(X). We denote this group by #H; and let X' = X /H,.
Now, by applying Lemma 3.11 iteratively we see that H; acts freely on X and /(X’) = — 1. Therefore, by
Lemma 3.12 we have that ZL (G, X', S1)- BI(G, X, S!) is of at most countable index in ZL, (G, X, S!).
Moreover, by the induction hypothesis PC_,,(G, X', S . B! (G, X, S 1) is of at most countable index
in Zl<m(G, X', S1. We conclude that PC_,, (G, X', ') - B1(G, X, §") is of at most countable index
in ZL (G, X, S') (we identify PC_,,(G, X', S') with a subgroup of PC_,,(G, X, S') using the factor
map). Finally, by Proposition C.5 phase polynomial cocycles are invariant with respect to the action of
connected groups and therefore PC_,, (G, X', S 1) =PC_,(G, X, S 1) and the claim follows. O

4. Inverse limit of finite-dimensional systems

We begin with the following definition of a finite-dimensional system. The main result in this section
(Theorem 4.3) asserts that every ergodic G-system of order < k is an inverse limit of these systems.

Definition 4.1 (finite-dimensional system). Let kK > 1. An ergodic G-system X of order < k is called a
finite-dimensional system if for every 1 <r <k — 1 the system Z_,,(X) is an extension of Z_,(X) by
a finite-dimensional compact abelian group.

Note that by Proposition A.19 this means that we can write X = Uy X, Uy x - -+ x,,_, Ur_1, where
Uy, Uy, ..., Ur_ are finite-dimensional compact abelian groups.
We are particularly interested in finite-dimensional systems which also have a finite exponent.

Definition 4.2 (exponent of a finite-dimensional system). Let m > 0.

« A totally disconnected group A is said to be of exponent m if for any prime p, the p-sylow subgroup of
A is a p™-torsion group. Equivalently, by Theorem B.9, A =[] per Cpap for some multiset of primes 7
and d, <m.

» We say that a compact abelian finite-dimensional group U is of exponent m if there exists a closed
totally disconnected subgroup A of exponent m such that U/A is a Lie group.

« A finite-dimensional system X is of exponent m if the structure groups are of exponent .

We prove that every ergodic G-system of order < k is an inverse limit of finite-dimensional systems of
some bounded exponent.

Theorem 4.3 (systems of order < k are inverse limits of finite-dimensional systems). Let X be an ergodic
G-system of order < k. There exists m = Oy (1) and a sequence X, of increasing factors of X such that, for
each n € N, X,, is a finite-dimensional system of exponent m and X is the inverse limit of the sequence X,,.
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Let X = Z_;_1(X) x, U be an ergodic G-system of order < k. Since every compact abelian group is
an inverse limit of compact abelian Lie groups (Theorem B.14), we can assume that U is a torus times a
finite group (Theorem B.13). We note that in general replacing a structure group of X with one of its
quotients will not necessarily be a factor of X and therefore this approximation is only possible for the
last structure group.

In the next lemma we study cocycles with values in a Lie group. By taking coordinates it is enough to
study cocycles into the torus and into a finite cyclic group.

Lemma 4.4. Let X be an ergodic G-system of order < k. Suppose that U is a compact abelian group
which acts freely on X by automorphisms. Let H be either S' or Cpn for some prime p and a natural
number n and let p : G X X — H be a cocycle of type < m. Then there exists a subgroup V < U such
that U]V is a finite-dimensional group of exponent m and p is (G, X, H)-cohomologous to a cocycle
that is invariant with respect to the action of V.

Proof. If m = 0 then p is a coboundary and the claim follows. We assume that m > 1. By embedding H
in S! (if necessary) and applying Theorem 3.8 we see that there exists an open subgroup U’ < U such
that for every u € U we have

Aup = pu-AF,

for some phase polynomial p, € P_,,(G, X, S 1) and a measurable map F,.

Using Lemma A.26 and then Theorem B.14 we can find a closed subgroup J < U’ such that U’/ J
and U/J are Lie groups and p;j = p;Vjpjy = pjpj - Ajpj forevery j, j' € J. Since Ajp;: is a phase
polynomial of degree < m — 1, we conclude that the map j+— p;-P.,—1(G, X, S 1 from J to the quotient
P (G, X,8Y/P_,_1(G, X, S") is a homomorphism. Write G = D,cr
we denote by G, be the g-component of G (i.e., G, = {g € G : gg = 0}). By Lemma C.2 we know that

Z/pZ. For every prime q € P,

for every g € G, and for all j € J we have that p;(g,-)? = pj«(g, -) is phase polynomial cocycle of
degree <m — 1. Inductively (see the proof of Corollary C.4), we have that p ;s (g,-) = 1. Let J; :=J q"
and J' = (), cp Jq. The quotient J/J" is a totally disconnected group of exponent m and we have that
Ajp € BY(G, X, S') for every j € J'. Therefore, by Lemma A.24, p is (G, X, S')-cohomologous to
a cocycle p’ that is invariant with respect to the action of some open subgroup J” < J’. To complete
the proof we notice that since J” < J’ is an open subgroup and J/J’ is a totally disconnected group of
exponent m then the groups U/J’ and U/J" are finite-dimensional of exponent m. Thus, if H = S' we
can take V = J” and the proof is complete. Otherwise suppose that H = C,». By embedding H in § !
and arguing as before we can find a measurable map F : X — S' such that

Aj[):AAjF

for all j € J”. Our goal is to replace F with a function which takes values in C». Since p”" =1 the
equation above implies that A ; F P" is a constant. Since j — A iF P" is a cocycle we conclude that there
exists a character x : J” — S! such that AJ-FP" = x(j) forevery j € J”. Let V :=ker(y), since J” is
totally disconnected Corollary B.8 implies that the image of yx is discrete. In particular, it follows that
V is an open subgroup of J” and therefore U/ V is a finite-dimensional group of exponent m. Finally
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as FP" is invariant under V we can find a measurable map F : X — S! that is invariant under V with
FP" = FP". Since F is invariant to V, we conclude that

Ajp=A;AF/F

for every j € V. Moreover, since F/Fp" =1, ,o/A(F/F) is (G, X, Cpn)-cohomologous to p and is
invariant under V, as required. g

From the lemma above we conclude the following result.

Proposition 4.5. Let X be an ergodic G-system and let H be a compact abelian group which acts on
X by automorphisms. Let m,l > 0 be integers, let U be a finite-dimensional group exponent m and let
p: G x X — U bea cocycle of type < l. Then, there exists a subgroup H < H such that for every h € i,
Awp € BY(G, X, U) and H/ﬁ is finite-dimensional of exponent < m - .

Proof. Let U be as in the proposition and find a closed totally disconnected subgroup A < U of exponent
m such that U/A is a Lie group. By Theorem B.13 we can write U/A = (S!)" x IT—, Cpf"' where r € N,
p1,..., pr are primes and ay, ...,a, € N. Let x1,..., xu, T1, . . ., Tr be the coordinate maps and lift
each of them to a character of U.

By Lemma 4.4, we can find a subgroup H' of H such that H/H’ is of exponent [ and A, x o p is a
coboundary forall h € H and x € (X1, .-+ Xn» Tls -+ > Tr).

The group A is of exponent m and so we can write it as [[,.; C e where b; < m (see Def’i\nition 4.2).
Let {m; : i € I} denote the coordinates of A and lift each of them arbitrarily to a character of U. Then the
countable set x1, ..., Xu, Tl ..., Tr, T1, T2, ... gENErates U

Fix a coordinate 7 of A of order p’. Then 7P" is invariant under A and therefore is a character
of U/A. In particular, Ay o ,of’b is a coboundary for all # € H. We conclude by Lemma 3.9 that
A, pip€BY(G, X, Si) forevery h € H'. Forevery i € I, let H,, = HP' and H = (Mies Hp,- It follows
that the quotient H/H is a totally disconnected group of exponent m - [. Since Ay x o p is a coboundary
for every h € H and X € U, the claim follows by Theorem A.6. O

We also need the following technical group theoretical lemma.

Lemma4.6. Let H and K be compact abelian groups and suppose that K is finite-dimensional of exponent
m for some m € N. We give Hom(H, K) the topology of uniform convergence. Then, for any continuous
homomorphism ¢ : H — Hom(H, K), we have that the group H /ker ¢ admits a totally disconnected
open subgroup of exponent m. Moreover, if the group K is totally disconnected of exponent m, then
H / ker ¢ is totally disconnected of exponent m.

Proof. Let A be a totally disconnected subgroup of K of exponent m such that K /A is a Lie group. Let
¢ : H— Hom(H, K/A) be the composition of ¢ with the projection Hom(H, K) — Hom(H, K/A).
Since K /A is embedded in a finite-dimensional torus, we conclude that Hom(H, K /A) is discrete. It
follows that ker ¢ is an open subgroup of H. We denote by H the kernel of ¢ and by ¢’ the restriction
of ¢ to H. Then the map ¢’ : H— Hom(H, K) takes values in Hom(H, A). We prove that ﬁ/ ker ¢’ is

totally disconnected of exponent m. First recall that A can written as A = [

il Cpf”' for some b; <m
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and a countable set of indices /. For each prime p let 7, : Hom(H, A) — Hom(H, A ) be the projection
map, where A, is the p-sylow subgroup of A. Clearly, the group H, := HP" is in the kernel of TpoQ.
Let H' be the intersection of all H, over all primes. We see that H’ < ker¢’ and H /H' is a totally
disconnected group of exponent m from which we conclude that H /ker ¢’ is totally disconnected of
exponent m. Since H is open in H, we have that H /ker ¢’ is open in H/ker ¢. In the case where K is
totally disconnected we get that H = H and so the claim follows from the same argument. O

We can now prove Theorem 4.3.

Proof. Let X be a G-system of order < k. and write X = Z_;_1(X) x, U. Let U, be a sequence of Lie
groups such that U = lim U,,.

The idea is to const(r;ct a sequence of k factors of Z_;_1(X) x,, U, each time replacing one of the
structure groups of Z .;_1(X) with a finite-dimensional group. More concretely, we construct systems X ,
recursively as follows: let Xy , := X,,. Fix I <k and suppose inductively that we have already constructed

Xin=Uo Xpy Uy x--- X pi—1 Ui X o1 Un X+ X pk=1.n Uk-1,n

where U ,, ..., Ux_1 , are finite-dimensional quotients of Uj, ..., Ux_; respectively of exponent m =
O (1) and that X, , is a factor of X; 4 for every n € N. To construct X;_; ,,, we use a similar argument
as in Lemma 3.10 to lift a subgroup of the vertical rotations by U;_; , to automorphisms of X; ,. We
argue as follows: the group U;_; acts on Z_;(X) by automorphisms. Therefore, by Proposition 4.5 we
can find a subgroup 171_1,,, such that A, o, € BY (G, Z_;(X), U, ) forevery u € fj]—l,n- We consider
the group

Hi—1n :={Sur:u€lU-_1n F e MZ(X),Upn), Auprn = AF}.

Since ﬁl_l’n is abelian, H;_; , is a 2-step nilpotent group. Let p : H,;_; , — U;_1 , be the projection
map. The kernel of p consists of transformations of the form S; ., where c is a constant in U ,. We can
therefore identify ker p with the compact group U; ,. By Theorem B.3 and Corollary B.4 we conclude
that H;_; is compact and H;_; ,/ U; , = 171_1,”. This implies that the commutator map on H;_1 , induces
a bilinear map b : ﬁl_l’n X ﬁl_l,n — Uy ,. Using Pontryagin duality, we see that b can be identified with
a continuous homomorphism ﬁl_l,n — Hom(ﬁl_l,n, U, ). Since U; , is finite-dimensional of exponent
m = O (1) we conclude from the previous lemma that the kernel is a subgroup U[_ 1o = l~]1_1,,1 such
that the quotient ﬁl_l,n /U l/—l, ,, admits a totally disconnected group of exponent m’ = Oy (1) as an open
subgroup. By shrinking Ul’_l’n if necessary we can assume that U— 1.n/ Ul/—l,n is increasing in n. The
preimage of U l/—l,n under the projection p is a compact abelian finite-dimensional group and it acts by
automorphisms on Z_;41(X; ). We repeat this process inductively another k — [ steps each time lifting
a subgroup of U;_1, to a group of automorphisms of the next universal characteristic factor of X; ,.
At the end of the day we obtain a compact abelian finite-dimensional group of exponent m” = Oy (1),
ﬁl—l,n which acts by automorphisms on X; ,,. Let p: ﬁl—l,n — Uj_1 , be the projection map, we see that
U_in/ ﬁ(ﬁl_l,n) is a finite-dimensional group of exponent m” = Oy (1). Now in the last step we can
use the fact that Uy_1 , is a Lie group. In that step we invoke Lemma 4.4 instead of Proposition 4.5. We
conclude that px_1 , is (G, X, U; ,)-cohomologous to a cocycle that is invariant under the action of 771,1,,,.
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Let X;—1,= Xl,n/ﬁl,l,,, (asin Lemma 3.11). Clearly, X;_1 , is a factor of X; ,, and the (/—1)-th structure
group of X;_ , is finite-dimensional of exponent m” = Oy (1). Since in every step in the proof we extended
the structure groups of X;_1 , to exceeds those of X;_; ,—1 we have that X;_; , is increasing inn. [

4A. Proof of Theorem 2.12 for systems of order < 3. The proof of Theorem 2.12 for systems of order < 3
is significantly easier than the general case.

Theorem 4.7. Let G =P ,cp
limit of finite-dimensional 2-step nilpotent systems.

Z]pZ, and X be an ergodic G-system of order < 3. Then X is an inverse

A version of this theorem without the finite-dimensional result was given in [Shalom 2023]. For
the sake of completeness we repeat the proof here. Recall that a system of order < 3 takes the form
X =7 x,U, where U and Z are compact abelian groups and Z is the Kronecker factor. By Theorem 4.3
we may assume that Z is finite-dimensional and U is a Lie group.

Definition 4.8 (Host and Kra group for systems of order < 3). Let X be a system of order < 3. Let
s € Z and F : Z — U be a measurable map. We denote by S, r the measure-preserving transformation
(z,u) — (sz, F(z)u), and let G(X) denote the group of all such transformations with the property that
there exists ¢; : G — U such that Agp = ¢, - AFj.

Host and Kra [2005] proved that this definition of G(X) coincides with Definition 2.10 for systems of
order < 3. In particular, this means that G(X) is a 2-step nilpotent Polish group.

Observe that the kernel of the projection p : G(X) — Z can be identified with P_,(Z, U). We claim
that in order to prove Theorem 4.7 it is enough to show that p is onto. Indeed, in that case, p is an open
map (Theorem B.3) and the group G(X) acts transitively on X. Moreover, if Z is finite-dimensional
and U is a Lie group then P.»(Z, U) is finite-dimensional. Since the projection p : G(X) — Z is
onto, this implies that G(X) is also a finite-dimensional group. At this point we would want to use
Theorem B.5, but unfortunately we only have a near-action of G(X) on X. Yet, the identification
X =G(X)/T for I' = {81, : x € Hom(Z, U)} was obtained in [Meiri 1990, Theorem 3.21]. This
completes the proof of the claim. We note that for the higher order case we will use a different argument
(see Section 8).

Proof of Theorem 4.7. The projection p : G(X) — Z is onto if and only if for every s € Z there exist a
measurable map Fy : Z — U and a homomorphism ¢ : G — U such that A;p = ¢, - AF;. Since U is a
Lie group, by studying each coordinate separately it is enough to show that the equation holds in the case
where U is a torus or equals to Cp» for some prime p and n € N. By Lemma A.12 the cocycle Agp is of
type < 1; therefore if U is a torus the equation follows by Lemma 3.2. Otherwise, assume that U = C)».
By embedding Cp» in § ! and applying Lemma 3.2, we see that, for every s € Z,

Agp =cy- AF 4-1)

for some constant ¢, : G — S' and Fy : Z — S
Our goal is to replace Fy and ¢, with some F| and c¢; such that (4-1) holds and Fy, | takes values in C .
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As a first step, we show that p is (G, Z, S')-cohomologous to a phase polynomial of degree < 2.
Observe that by the cocycle identity we have

p'—1
Agnp = As,o”n . l_[ AsAup.
k=0

From (4-1) we see that ]_[,1::61 AsAgkp is a coboundary. Since p takes values in Cpn, the term A p”"
vanishes and we conclude that A ,» p is a coboundary for every s € Z. Let Z, be the connected component
of the identity in Z. Since connected groups are divisible (Lemma B.11), we conclude that A;p is a
(G, Z, S")-coboundary for every s € Zo. By Lemma A.24, p is (G, Z, S')-cohomologous to a cocycle p’
that is invariant with respect to the action of Zy. Let m,p’ be the push-forward of p’ to Z/Zy. By
Lemma A.9, 7,0’ is of type < 2. Therefore, by Theorem A.21 it is cohomologous to a phase polynomial
of degree < 2. Lifting everything back to Z we conclude that p’ and p are (G, Z, S')-cohomologous to a
phase polynomial Q : G x Z — S! of degree < 2. Moreover, Q is invariant to translations by Z,. We write

p=0-AF (4-2)
for some F: Z — S'.
Since p takes values in Cpn, we have

1=Q"  AFP". (4-3)

By taking the derivative of both sides of the equation above by s € Z, we conclude that A, F?" is a phase
polynomial of degree < 2. Our next goal is to replace F' with a function F’ such that F’/F is a phase
polynomial of degree < 3 and at the same time A, F’?" is a constant.

We study the phase polynomial Q. It is a fact that every phase polynomial of degree < 2 is a constant
multiple of a homomorphism. Therefore, we can write Q(g, x) = c(g) - (g, x), where ¢ : G — S! is
aconstant and ¢ : G x Z — S' is a homomorphism in the Z-coordinate. Since Q is a cocycle,

c(g+8)q(g+g', x) =c(g)c(g)Ayq(g, x)-q(g, x)-q(g’, x).
It follows that ¢ is bilinear in g and x. Let
zZ, = ker(g”)={s € Z:q(g,s)"" =1 for every g € G}.

Then Z/ Z;, is isomorphic to a subgroup of GV = I1 pqep Cq- By taking the derivative of both sides of
(4-3) by s € Z' , we conclude by the ergodicity of the Kronecker factor that Ay F?" is a constant. Recall
that F7" is a phase polynomial. Therefore, by Corollary C.4 and the above we see that there exists an
open subgroup Z’' < Z, which contains Z ;,, such that Ay F?" is a constant for every s € Z'. By the cocycle
identity we conclude that Ay FP" = yx(s) for some character x : Z’ — S'. Lift x to a character of Z
arbitrarily. We conclude that F?"/x is a phase polynomial which is invariant under translations by Z’.
Since Z' is open, the quotient Z/Z' is a finite group. Moreover, since Z’ contains Z),, we conclude that
the order of Z/Z’ is coprime to p. Let m = |Z/Z'|. Since F?"/x is of degree < 3, we conclude that

SThis result requires a slightly stronger version of Theorem A.21. If I < min,cp p then one can replace the quantity
Ok, m,1(1) in Theorem A.21 with I. A proof for this can be found in [Shalom 2023].
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AFP" /x is a constant multiple of a homomorphism from Z to S'. This homomorphism is invariant to Z’
and therefore A(FP"/x)™ is a constant. This implies that (F?" /x)™ is a polynomial of degree < 2 and
by the same argument we conclude that (F?"/ X)m2 is a constant. Let ¢ € S! be an m-th root of that
constant, we conclude that F7"/c - x take values in C,2. Since p and m are coprime, we can find an
integer [ such that /- p” = 1 mod m?. We conclude that R := (F”" /c- x)! is a phase polynomial of degree
<3andthat RP" = FP"Jc-x.Let Q' := Q- AR and F' := F/R. Then, as in (4-2), we have

p=0 - AF
and A F'P" =c- x(s).
Now, by taking the derivative by s € Z on both sides of the equation above, we conclude that
Agp=A;Q" - AAGF'.
Observe that ¢} := A,;Q’ is a character of G and
P = A QP AN Jo-x =1,

where the last equality follows from (4-3) and the fact that AAc - x vanishes. It is left to change the
term A F. Set F] := A;F'/¢(s), where ¢ (s) is a p”-th root of x (s) in S'. Then, as before we have that

Ap=c-AF!,
but this time ¢/’ = F,”" = 1. This implies that S5, € G(X) and therefore p is onto. O

We note that this argument fails for systems of higher order. The main reason for this is that Theorem 4.3
only allows to approximate the last structure group by Lie groups. In particular, we do not know how to
prove a counterpart of this result in the case where U is not a Lie group without the use of k-extensions.

5. Extension trick

Let X be an ergodic G-system. Under certain conditions we show that there exist an extension 7w : ¥ — X
with the following property: for any prime p, a natural number n € N and a phase polynomial P : X — S,
there exists a phase polynomial Q : ¥ — S! such that Q”" = P o .

We begin with an example which illustrates the idea.

Example 5.1. Let X =S' and G =@, p
We define a homomorphism ¢ : G — X by

o((gp)per) = [ w}'

peP

Z/pZ, where P is an infinite subset of odd prime numbers.

where w), is the first p-th root of unity. The action of G on X by Tyx = ¢(g)x is ergodic, and the identity
map x : X — S' is a phase polynomial of degree < 2. Our goal is to construct an extension 7 : ¥ — X
and a phase polynomial Q : ¥ — S! of degree < 2 such that Q% = y o 7.

We let c(g) := A, x and observe that since 2 ¢ P, there exists some d € G such that d = c. Fix any
measurable map F : X — S' with F?> = x and let t =d - AF. The cocycle 7 : G x X — C, defines an
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extension Y := X x; C,. On Y we have that d is an eigenvalue of the eigenfunction Q(x, u) :=u - F(x).
Moreover, Q> = x o.

Since X is ergodic and 7 is minimal (see Lemma 5.4), we conclude that Y is ergodic. Moreover t is
of type < 1 and therefore Y is of order < 2. In fact, it is easy to see that (x, ) — u - F(x) defines an
isomorphism of Y and (S 1. G), where the action of G on S’ is givenby T,y =d(g)y.

Let G =@, p Z/pZ as usual. We state a simple technical proposition about G-cocycles.®

peP

Proposition 5.2 (conditions for cocycle). Let X be a G-system and f : G x X — S' be a function such that

Apf(g,x)=Agf(h,x) (5-D
forallh,g € G. Let E = {ey, ey, ...} denote the natural basis of G and suppose that, for every g € E,
we have
order(g)—1
[l mre.o=1 (5-2)
k=0

Then the function f: G x X — S! below is a cocycle which agrees with f for every g € E:

00 gi—1
@) :=]1Ta - Toi ] Trer flein ), (5-3)
i=1 k=0
where g = (g1, &2, - - .), the constants g1, g», ... are any representatives of g1, g2, ... in N respectively

and the product ]_[,::10 (anything) is assumed to be 1.
Convention. We refer to an element g € E as a generator.
We need the following results about group extensions.

Definition 5.3 (image and minimal cocycles). Let X be a G-system and p : G X X — U be a cocycle into
a compact abelian group U. The subgroup U, < U generated by {p(g,x) : g € G, x € X} is called the
image of p. We say that p is minimal if it is not (G, X, U)-cohomologous to a cocycle o with U, < U,,.

Lemma 5.4 [Zimmer 1976, Corollary 3.8]. Let X be an ergodic G-system. Let p: G x X — U be a
cocycle into a compact abelian group. Then:

e There exists a minimal cocycle o : G x X — U such that p is (G, X, U)-cohomologous to o.
e X x, U is ergodic if and only if X is ergodic and p is minimal with image U, = U.

We describe an obstacle. Suppose that P € P_>(X, S'). Then AP can be identified with an element
in G. If for some g € G of order p we have that Ay P # 1 then AP does not have a p-th root in G.In
particular, it is impossible to find a p-th root for P in P_»(X, S'), even if one passes to an extension of
the original system. We deal with this problem later using k-extensions (Definition 2.5), but as for now
we assume that there is no such obstacle.

The proposition below is the cocycle-counterpart of the fact that any homomorphism is uniquely determined by the values it
gives to a generating set.
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Theorem 5.5 (roots for phase polynomials in an extension). Let X be an ergodic G-system. Fixd > 1
and suppose that Py, P, . .. are at most countably many (X, S")-phase polynomials of degree < d. Let
D1, D2, - .. be (not necessarily distinct) prime numbers and assume that, for every i € N, A, P; =1 for
all g € G of order p;. Then, there exist a totally disconnected group A and a cocyclet : G x X — A
of type < d — 1 such that the extension Y = X X A is ergodic and for every n € Nnandi =1,2,...
there exist (G, X, S')-phase polynomials Q;, : Y — S' of degree < d such that Qf’;q = P; om, where
Y — X is the factor map.

Proof. Let p be a prime number. Let P : X — S! be a polynomial of degree < d and assume that P
is Tg-invariant for every g € G of order p. Let ¢(g, x) := Ag P(x) and observe that by Proposition C.1
the phase polynomial c¢(g, x) takes values in C,, for some m = order(g)?~!. Let n € N be a natural
number, fix g € G of order coprime to p and let m = order(g)?~. Since p" and m are coprime, we can
find a natural number /,(n) such that p" - [,(n) = 1 modulo m. It follows that the phase polynomial
d, (g, x) = c(g, x)’«™ is a p"-th root of c(g, x). We extend d, to G by decomposing every g € G as
g =gp+ g, where g, is of order p and g’ of order coprime to p, and setting d, (g, x) :=d,(g’, x). Our
next goal is to replace d,, with a cocycle using Proposition 5.2. Observe first that since d,,(g, - ) is a power
of c(g, -), we have

order(g)—1
[T dis.Tax)=1. (5-4)
i=0
Now we claim that, for every g, h € G,
Ahdn(gax) . (5-5)
Agdn (h, x)

On one hand, d} " — ¢ and therefore this quotient is of order p". On the other hand, d, (g, x) and d,,(h, x)
are of order coprime to p; hence the quotient is trivial. Therefore by Proposition 5.2 there exists a cocycle
d,:G x X — S which agrees with d,, on a generating set. Since d,”" = ¢ and ¢ is a cocycle, we conclude
that 4" = c.

Now, we apply the argument above for each of the polynomials in the theorem. Set ¢; (g, x) := A, P;.
We conclude that for every i, n € N there exists a phase polynomlal cocycle d, n of degree <d-—1
such that dp’ =c¢;. For each i, n € N fix a measurable map Fi,: X—S ! such that F p’ = P; and let
7= (d,’n AFl,n),’neN be a cocycle, 7: G x X — []; en Cpr.

The extension of X by T may not be ergodic, so we choose a minimal cocycle ’ thatis (G, X, [ ; ,,cn Cpr)-
cohomologous to T (Lemma 5.4) and write 7’ = 7- A F for some measurable map F : X — ]_[l nen Cpr We
denote the image of 7’/ by A and consider the extension ¥ := X x +A. The closed subgroup A <[T; ,cn
is totally disconnected. Moreover, it follows from the construction that the system Y is ergodic. Flnally,
since 7 is of type < d — 1, we conclude that so is 7. For i,n € Nlet 7; , : []; ,en Cpr — Cpp be the
(i, n)-th coordinate map. We conclude that the function

Qin(x, ) := T | ar(u) - Fi p(x) - 70 p 0 F(x)
is a phase polynomial in ¥ (whose derivative is c?,-,n) and it satisfies that Ql.[j Zl = P;om, as required. [J

7One way to do so is by identifying S ! with R/Z and setting F; ,(x) = {P;(x)}/n, where { - } is the fractional part.
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Remark 5.6. Following the same argument as above we have the following generalizations:

o If P is a phase polynomial and A, P =1 for every g € G of order p and of order g then we can
adapt the proof and find an p"¢™ root for all n, m € N. The same goes for multiple primes.

o If instead of G = P
holds.

7/ pZ we take an extension G® =@ _,Z/p'Z then the same proof still

per peP
Moreover, observe that if P is T,-invariant for some g € G, then by choosing d,, in the proof above with
dy(g,-) =1 for these g’s, we can construct an n-th root of P which is also T,-invariant.

Now, we want to remove the hypothesis that A, P; =1 for every g € G of some order p;. To do this
we use m-extensions (see Definition 2.5). We begin with the following definitions.

Definition 5.7 (multicocycles). Let m > 1. Let X be an ergodic G-system and U a compact abelian
group. We say that a function g : G™ x X — U is a multicocycle if it is a cocycle in each coordinate.
Namely, for every 1 <i <m, every g1, g2, ..., 8m € G and g/ € G we have

q(glv---vgi—lvgi'gt{’gi-‘f-l,---’gma-x)zq(gl,---’gia---agl’l’Hx)'q(gh"'agl{’"'7gmaTgix)'

We say that g is symmetric if it is invariant under permutations of coordinates of G and we denote by
SMC,, (G, X, U) the group of symmetric multicocycles g : G™ x X — U.

If the multicocycle g is a constant in x then we say that ¢g is multilinear and denote by SML,,(G, U)
the group of symmetric multilinear maps A : G — U.

We say that a multicocycle ¢ : G™ x X — U is a phase polynomial of degree < r if for every
g1s---,8m € G the map x — ¢q(g1,...,8m,x) is a phase polynomial of degree < r. We have the
following result.

Lemma 5.8. Let X be an ergodic G-system and let m,r € N. Let g € SMC,,(G, X, S') be a phase
polynomial of degree < r. Then, there exists an Oy, ,(1)-extension Y with factor map 7w : Y — X and a
phase polynomial Q of degree <r +m such that (g1, ..., &m, w(y)) = Ag -+ - Ag, O(y).

Proof. We prove the lemma by induction on m. For m =1, g is a cocycle. Therefore, by Lemma 5.4, g is
cohomologous to a minimal cocycle o. Let V be the image of o and consider the extension ¥ = X x, V.
Arguing in Theorem 5.5, we see that ¢ is a coboundary in Y and the claim follows. Now, let m > 2
and suppose that the claim holds for all smaller values of m. Let ¢ : G™ x X — S! be a multicocycle.
Then, for every g1, ..., gn—1, the map g — p(g, g1,..., 8&n—1,x) is a cocycle. Therefore, as in the
case m = 1 we can find an extension 7 : X — X and phase polynomials Qg . : X — S! such
that g(g, g1, ..., 8n—1,T(X)) = AgQy,. .. 0., (x) fOr every g, g1, ..., gu—1 € G. By choosing the same
QOg,.....en_, for any permutation of g, ..., gu—1, we can assume that (g1, ..., gn—1) = Qg ... g, 15
symmetric. It is left to show that we can choose Qg . ., , to be a cocycle in every coordinate. The fact
that g is symmetric implies

ApQgi.cgmt = Bgi Qgregiot hugistogni (5-6)

forevery 1 <i <m—1andh, gy,...,8u—1 € G. Observe that by Proposition C.1 the order of the
left-hand side is some power of order(s) and the order of the right-hand side some power of order(g;).
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It follows that if one of the g; is of order coprime to p, then Qg . .., is invariant with respect to the

.....

action of the subgroup G, = {g € G : pg = 0}. In particular, if g; is coprime to g; then Qg . ., is

a constant. By changing the choice of Qg, . .. , we can assume that Q,, o , = ]_[pep Qg(,;) o
1

(p)

.....

where g;”’ is the p-component of g; (we note that the infinite product is well defined because all but
finitely many p-components are trivial).
Suppose now that all g1, ..., gn—1 are of order p. Then, since ¢ is a multicocycle, for every 1 <i <k
we get that
p—1
[17800 g0 =cp(g1s s gm1), (5-7)
k=0
where ¢,(g1, ..., gn—1) is symmetric and independent of i. Let c;,(gl, ..., 8&nu—1) be a p-th root of
cp(g1, ..., &n—1). By picking the same root for all permutations of g, ..., g»—1 we can assume that
c;, is symmetric. Let Q;,l ..... et = Q... gm_,/c;)(gl, ..., 8&n—1) Whenever g1, ..., g,_1 are of order p.

Then, forevery 1 <i <m —1

p—1
k _
[17 0% e =1 (5-8)
k=0
Now set

” _ /
Qg1v~~-7gl)l—1 - l_[ Qg(P) g(l’) *

By Proposition 5.2 (applied for all coordinates), there exists a symmetric multicocycle Qg gy, that

.8
gt whenever gi, ..., g, are elements in a basis of G.

,,,,,,,

is a phase polynomial of degree < r 4+ 1. Therefore, by the induction hypothesis we can find an
Op r(1)-extension 7 : ¥ — X and a phase polynomial Q : ¥ — S! of degree < r 4+ m such that
" e (w(y)) = Ay, -+ - Ag,_, O(y). Observe moreover that since ¢ is a multicocycle, we have that

8l
Bg Q% ey = Bg Qg g fOrevery g1 € G. Therefore, Qy . /Qpg,, . g, isaconstant and we
conclude that for every g € G and every gi, g2, ..., gn—1 1n a basis of G, we have that

q(8, 81y s @m—1, T(T(¥))) = DgAg -+ Ag, Q)
since ¢ is a cocycle in each coordinate, the same holds if the generators g1, g2, ..., gn—1 are replaced
with any elements of G. g

We can finally prove the desired result.

Theorem 5.9 (roots for phase polynomials in a k-extension). Let X be an ergodic G-system. Let
Py, P, ... be at most countably many (G, X, S')-phase polynomials of degree < m and let py, ps, ... be
prime numbers. Then, for every natural number [ there exists an Oy, ;(1)-extension Y with the following
property: for everyn = p\'-py*--- --p?'i where j eNandny, na, ..., nj <lI, there exist (GOmi ) 'y g1y
phase polynomials Q; ,: Y — S of degree <m such that Q;}, = Piom,wherew : Y — X is the factor map.

Proof. We prove the theorem by induction on m. If m = 1, then by ergodicity P, P, ... are constants
and the claim follows without extensions. Fix m > 1 and assume inductively that the claim holds for
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this m and let P be a phase polynomial of degree < m + 1. For every g1, ..., gn € G we have that

c(gly--s 8m)i=Dg - Ag, P

is a symmetric multilinear map. Let G = GO be the extension of G. We can lift ¢ to an element
in SMLm((N}, S1). Once lifted, we can find d € SMLm(é, S with d" = c. By the previous lemma
applied to d there exists an extension 7 : ¥ — X and a phase polynomial Q such that A, ---Ag 0" =
Ag, -+ Agyu Pom and so by ergodicity P oz /Q" is of degree <m — 1 and the claim for this P follows by
induction hypothesis. The same argument holds if applied to all Py, P, ... simultaneously, as required. [

The results in Theorems 5.5 and 5.9 require to extend X by a zero-dimensional group multiple times.
For this reason it will be convenient to use the following definition.

Definition 5.10 (zero-dimensional extension). Let X be an ergodic G-system. We say that an extension

Y is a zero-dimensional extension of X if there exists finitely many zero-dimensional groups Ay, ..., A,
such that ¥ = ((X x,, A1) X,, A2 X ...) X, A, for some cocycles pi, ..., p,. We say that a zero-
dimensional extension is of exponent [ if Ay, ..., A, are of exponent /.

We note that by the Mackey-Zimmer theory, Y can be written as a single extension of X by a zero-
dimensional group, but we do not use this here.

Below we prove various corollaries of Theorem 5.5 and Theorem 5.9. We begin with the following
important lemma which allows us to reduce any Conze-Lesigne-type equation to the torus.

Lemma 5.11. Letl, m > 1, X be an ergodic G-system and U be a finite-dimensional compact abelian
group of exponent l. Let p : G x X — U a cocycle of type < m and suppose that for every x € U the
cocycle x o p is (G, X, SY)-cohomologous to a phase polynomial of degree < m. Then, there exists some
r = Oy,.1(1) and a zero-dimensional r-extension w : Y — X such that p o is (G Y, U )-cohomologous

to a phase polynomial of degree < m. Moreover, the extension Y is independent of p.

Proof. Let A be a zero-dimensional subgroup of exponent / such that U/A = (§')* x ]_[?:l Cpp is a Lie
group (i.e., o, B are finite natural numbers). We denote by i, ..., x, the lifts of the coordinate maps of
U/Ato U.

By assumption, for every x € U there exists a phase polynomial P, and a measurable map F, such that

xop=P, - AF,. (5-9)

Our goal is to find a choice of P, and F, such that x — P, and x + F, are homomorphisms. Recall that
the dual group of U/ A takes the form Z* @7/ p|'Z&- - -®Z/ pgﬂ Z. As afirst step we show that for every
prime p and a natural number n, if x : U/A — S! is a character of order p” then we can replace P, F,
such that (5-9) holds for the new replacements and at the same time P, and F, takes values in C .
From (5-9) and the fact that  is of order p", it follows that AF”" = P. . In particular, F/" is a phase
polynomial of degree < m + 1. If n is sufficiently large with respect to m (Proposition C.1) then P} ' (g,")
is trivial for every g € G of order p. For such n apply Theorem 5.5. Otherwise, n = O,,(1) and we
apply Theorem 5.9. We conclude that there exists a zero-dimensional O,,(1)-extension my : X — X and
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a phase polynomial Q, : X — 8! of degree < m + 1 such that Q;n =Fy "o 1. Now, we replace F,
with F, om1/Q, and P, with P, omy - AQ,. We can therefore assume that

xo(pom) =P, AF, (5-10)

and at the same time F,, P, takes values in Cn, as desired.

We conclude that there exist homomorphisms x — P, and x +— F, from the dual of U/A to
P_,. (G, X , S1) and M(y , S respectively such that (5-10) holds.

Our next step is to extend these homomorphisms to U. Since A is of exponent /, by Theorem B.9
there exists a countable rrAlultiset of primes I = {py, p2, ...} such that A = ]_[ieN C Pl where n; <1 for
every i. Let 71, 72, - - - € A be the coordinate maps. Using the Pontryagin duality, we lift each of the t; to
U arbitrarily. Abusing notation, we denote the lifts of these characters by 71, 72, ... as well. Observe that
71, T, ... and x1, ..., x, form a generating set of U Therefore, in order to extend the homomorphisms
above to U it is left to work out the relations of the form

Ili
pi _ L l
-L'l,’ _Xl ...Xn"’
where n; <1 is as before and /4, ..., [, are natural numbers.
Fix some 7 : U — S! as above and suppose that 77" = Xil ----- X,ﬂ” for some prime p and a natural

number r < /. Equation (5-10) implies

n
PP AFF =T ]x'Pl AF
i=1
and we conclude that l .
FP
T
l;
l_[?=1 F Xi
is a phase polynomial of degree < m + 1.
Therefore by Theorem 5.9 there exists a zero-dimensional O;(1)-extension 75 : Y — X of X (which

is independent of 7) of exponent / and a phase polynomial R, : ¥ — S! such that

. FY
R.{) = <%> oTT).
Hi:l FXII

Now, we replace F; with (F; omy)/R; and P; with P; omp - AR, and we lift the other polynomials to Y as
well. After the replacement, we have that P/ = [T, P)l(‘l . This means that we can find homomorphisms
x +— Py and x — F, from U to P_,(G,Y,S") and M(Y, S respectively such that (5-9) holds. Using
the Pontryagin duality, we see that there exists a phase polynomial P € P_,,(G, Y, U) and a measurable
map F € M(Y,U) suchthat pomy, = P - AF. O

In a similar manner we have the following result.

Lemma 5.12. Let [, m > 1 be natural numbers, let X be an ergodic G-system and U be a compact
abelian group. Let ¢ : V — U be a surjective homomorphism from a compact abelian group V onto U
and suppose that the kernel of ¢ is a totally disconnected group of exponent l. Then, there exists an
Op 1 (1)-extension mw : Y — X with the property that for every phase polynomial p : X — U of degree <m
there exists a phase polynomial p : Y — V such that oo p = po.
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Proof. Using the Pontryagin duality, we see that the surjective homomorphism ¢ gives rise to an injective
homomorphism ¢ : U — V. Therefore, we can assume without loss of generality that U<V Let
p: X — U be as in the theorem. Then, for every x € 17, xop:X— S!'isalso a phase polynomial of
degree < m and x > x o p is clearly a homomorphism. Arguing as in the previous lemma we see that by
passing to an extension we can extend this homomorphism to V. Namely, there exists an Oy, ;(1)-extension
7 : Y — X and a homomorphism x + p, from Vo P_, (X, S") such that Dy = Py om forevery x € U.
By the Pontryagin duality, there exists a phase polynomial p : Y — V such that x o p = p, . O

We recall some definitions from [Bergelson et al. 2010].
Definition 5.13 (quasicocycles). Let X be a G-system and k& > 0 be a natural number. We say that f is a
quasicocycle of order < k if d¥1 f : G x X*) — S!is a cocycle.

Note that by Lemma A.15 this means that for all g, g’ € G there exists a phase polynomial p, , of

degree < k such that
flg+g'.x)
f(g,x)- f(g', Tyx)

We also need the following definition.

= pg,g’(x)-

Definition 5.14. We say that a function f : G x X — S! is a line-cocycle if for any g € G we have
order(g)—1
[ rerio=1
k=0
We weaken the assumptions in Theorem 3.7.
Theorem 5.15. Theorem 3.7 holds with the weaker assumption that each p, is a quasicocycle of

order < k — 1 and a line-cocycle.

Proof. The proof is the same as in Theorem 3.7 and therefore will not be repeated. The main observation
is that in the proof of Theorem 3.1 we only used the fact that p is a cocycle for two purposes: First, so we
can apply Lemma A.9 which we now can replace with Lemma A.10 and second, to eliminate the term p/,
in (3-5). This time, p/, : G — S is a line-cocycle. In particular, p/,(g) is of finite order for every g € G.
Since H, is connected, it is divisible and therefore the homomorphism u > p), is trivial. (|

Let X be an ergodic G-system. In the next lemma we see how the extension theorems are useful to
construct line-cocycles from arbitrary functions of finite type.

Lemma 5.16. Let k, m > 1 and X be an ergodic G-system of order < k. Then there exists r = Oy (1) an
ergodic zero-dimensional Oy, (1)-extension 7w : Y — X, with the following property: for every function
f:Gx X — S oftype < m there exists a phase polynomial p : G x Y — S' of degree < m such that
fom/pisaline cocycle.

Proof. Let g € G and denote by n the order of g. Let f be of type < m. Since ! f is a coboundary, it
is also a cocycle. We conclude that

n—1
d" ] 1. Tgo =1.

k=0
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Lemma A.15 implies that ]_[Z;(l) f(g, T;x) is a T,-invariant phase polynomial of degree < m. We apply
Theorem 5.9 for every g € G (simultaneously). We see that there exist an Oy, (1)-extension Y and a
phase polynomial p: G x Y — S! of degree < m such that p(g, -) is Tg-invariant for every g € G (see
Remark 5.6) and p(g, - )" = ]—[Z;(l) f(g, Téf‘x). It follows that f o7/ p is a line-cocycle, as required. [

The following theorem summarizes the main results in this section.

Theorem 5.17. Let k,m,l,a > 1 and let X be an ergodic system of order < k. Let U be a finite-
dimensional group of exponent o and ¢ : V — U a surjective homomorphism such that ker ¢ is a
zero-dimensional group of exponent l. Then, there exists a zero-dimensional Oy . 1.o(1)-extension Y of X
with a factor map w : Y — X such that the following properties hold:

e Let p: G x X — Ubeacocycle. If xop € P.p(G, X, SY) - BI(G, X, S") for every x U, then
pome P, (G, Y U)-B(G,Y,U).

o For every phase polynomial p : X — U of degree < m, there exists a phase polynomial p: Y — V
suchthatpop =porm.

e For every function f : G x X — S! of type < m, there exists a phase polynomial of degree < m,
p:Gx X — S'such that f ox/p is a line cocycle.

6. Proof of Theorem 2.12, part I

Throughout the rest of this paper we let G denote a group of the form €5 pep L/ P™Z, where P is a
multiset of primes and m € N. Moreover, we will no longer deal with general nilpotent systems and so
whenever we say a nilpotent system we implicitly assume that the homogeneous group is the Host—Kra
group. Our goal is to prove the following result.

Theorem 6.1 (any finite-dimensional system is a factor of a nilpotent system). Let k, o« € N and let
X be an ergodic finite-dimensional G-system of order < k + 1 and exponent a. Then, there exists a
finite-dimensional ergodic Oy o(1)-extension Y of exponent 8 = Ok qm(1) such that Y = G(Y)/T for
some totally disconnected group T.

Let o € N and X be as in the theorem above. Then, X = Z_(X) x, U, where U is a finite-dimensional
compact abelian group of exponent ««. Proving the theorem above by induction, we can replace Z _(X)
with a finite-dimensional nilpotent system G/ I'. It is natural to ask when an element s € G has a lift in G(X).

Definition 6.2. Let G/ I" be a k-step nilpotent system, p : G x G/ I' — U be a cocycle into some compact
abelian group U and Y = G/TI" x, U. We say that an element s € G has a lift in G(Y) if there exists a
transformation § € G(Y) which induces the same action as s on G/ I'. In this context we let

G*={seG:shasaliftin G(Y)}.

Note that translations by U are automatically in G(Y). Therefore, if the action of G* on G/ T is
transitive then the action of G(Y) on Y is transitive.
We need the following easy lemma.
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Lemma 6.3. Letk > 1 and X = G/ 1" be a k-step nilpotent G-system. Let L be an open subgroup of G
which contains Ty for every g € G. Then the action of L on X is transitive.

Proof. Let 'y = I' N L. The quotient £/ I'; can be identified with a G-invariant open and closed subset
of G/ I'g. Ergodicity implies that £/ "', = G/ I'g under the identification [ - 'z +— [ - I'g. In particular,
the action of £ on X is transitive. U

We use the following criterion for lifting due to [Host and Kra 2005, Lemma 10.6].8

Lemma 6.4. Let k > 0 and let X be an ergodic G-system of order < k+ 1. Write X = Z 1 (X) x, U for
some compact abelian group U and a cocycle p : G x Z (X)) — U of type < k with d®p = AF. Let
t € G(X). If there exists amap ¢ : Z . (X) — U with the property that

A F =dMg, (6-1)
then the transformation
e, u) = (tx, p(x)u) (6-2)
is a lift of t in G(X).
Conversely, every element in G(X) is of the form (6-2).

Let p: G(X) = G(Z_1(X)) be the projection map (Lemma 9.5). By the lemma above, the kernel of p
consists of transformations of the form Sy g, where F' € P41 (Zx(X), U). As a consequence we have
the following result.

Lemma 6.5. If X is a finite-dimensional system, then G(X) is a finite-dimensional group (see Definition 2.7).

Proof. Using a proof by induction it is enough to show that P_;1(Zx(X), U) is finite-dimensional.
Let A < U be a zero-dimensional group such that U/A is a finite-dimensional torus. The projection
U — U/ A gives rise to a short exact sequence

1> A— Py (Zy(X),U)— B—1, (6-3)

where A < P_j11(Z-(X),A) and B < P_;11(Z;(X), U/A) are closed subgroups. By Lemma A.17
we conclude that the subgroup of constants P.i(Zx(X),U/A) = U/A is an open subgroup of
P_xy1(Z-x, U/A) and therefore, B is finite-dimensional. Moreover, since every profinite group is
embedded in a direct product of finite groups we can assume that A < []2, F;, which implies
P 1 (Z (X)), A) < l_[fil P 1(Z (X)), F;). Forevery i, P_;11(Z - (X), F;) is discrete, this implies
that the product [ 72, P<x+1(Z<k(X), F;) is totally disconnected. In particular, the closed subgroup
P_i11(Z_(X), A) and the closed subgroup A are zero-dimensional. The short exact sequence (6-3)
implies that P_;41(Z ¢ (X), U) is finite-dimensional, as required. O

The proof of Theorem 6.1 is reduced to solving the following lifting problem.

8Lemma 10.6 in [Host and Kra 2005] is formulated only in the case where U is a torus. However, since this assumption does
not play a role in their proof, the claim holds for every compact abelian group U.
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Theorem 6.6. Let k,m > 1. Let X = G/ T be a finite-dimensional k-step nilpotent system of exponent m
and suppose that G is an open subgroup of G(X) which contains T, for every g € G. Let p : G x X — U
be a cocycle of type < k + 1 into some finite-dimensional compact abelian group U of exponent a. Then,
there exists an ergodic zero-dimensional Oy, (1)-extension w : Yo — X of order < k + 1 and exponent
m’' = O (1) which is independent on p such that the following properties hold:

(1) The subgroup
Lo={s €G: there exists a lift of s in G(Yy)*}

is open, where G(Yo)* is defined with respect to the extension Yy X por U.

(2) The subgroup of G(Yy)* generated by all of the lifts of the elements in Ly acts transitively on Y. In
particular, Yy is a finite-dimensional k-step nilpotent system.

Given this result we prove Theorem 6.1 in Section 8.

The extension theorems from Section 5 play an important role in the proof of Theorem 6.6. However
the use of these theorems require passing to an extension (or k-extension) of the original system. This
leads to various difficulties which we will explain soon. First, we need to distinguish between two different
types of extensions. These are, weakly mixing extensions and degenerate extensions. We begin with a
definition for the former.

Definition 6.7 (weakly mixing abelian extensions). Let X be a system of order < k, U be a compact
abelian group and o : G x X — U a cocycle of type < k. The extension X x, U is called weakly mixing
if Z_ (X x5, U) = X. In this case we also say that o : G x X — U is weakly mixing.

A classical result [Host and Kra 2005, Corollary 7.7] asserts that an extension of a system of order < k
by a cocycle of type < k — 1 is also of order < k. We say that this kind of extensions are degenerate and
note that all of the extensions from Section 5 are degenerate.

Moreover, a cocycle o : G x X — U is not weakly mixing if and only if there exists a character
1#x¢€ U such that x oo is of type < k—1 [Host and Kra 2002, Proposition 4]. We deduce the following
result.

Lemma 6.8. Let X be a system of order < k, and o : G x X — U a weakly mixing cocycle on X. Let
7Y — X be an ergodic extension of order < k, then o o 7w is weakly mixing.

Proof. Suppose by contradiction that, for some 1 # x € l7, x oo o is of type < k — 1. Therefore, the
extension Y X, 00r x (U) is of order < k. Since X X, o5 x(U) is a factor of ¥ X o507 x (U), it is also of
order < k. But then we have a contradiction because Z_; (X X, U) must be a nontrivial extension of X. [

The following result will allow us to strengthen Lemma 5.11 for weakly mixing cocycles.

Lemma 6.9. Let m,d > 1. Fix a multiset of primes P and let G = @pep Z/p"Z and X be an ergodic
G-system. Then for every prime p € P and a natural number n € N, if p : G x Z_4(X) — Cpn is a

weakly mixing cocycle and (G, Z_q4(X), S')-cohomologous to a phase polynomial of degree < d, then
n = Oy, 4(1). Moreover, if p ¢ P thenn =0.
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Proof. Write p = P - AF, where P : G x Z_4(X) — S! is a phase polynomial cocycle of degree < d
and F : Z_4(X) — S'. By assumption P”" - AFP" =1, we conclude that F”" is a phase polynomial of
degree < d + 1. If n < d the claim follows; otherwise by Proposition C.1 we see that F?" is T,-invariant
for every g € G of order p (this part is trivial if p ¢ P). By Theorem 5.5 we can pass to an extension
of X and assume that F”" has a phase polynomial root Q of degree <d. Let P’=P-AQ and F = F/Q
then p = P'- AF'. Moreover, P’ takes values in C» and therefore by Proposition C.1 in C, for some
I = Oy, 4(1) (or that P’ is trivial if p ¢ P). We conclude that ,01’[ is a coboundary on an extension of
Z .4(X). This contradicts Lemma 6.8, unlessn =/ (orn =0if p ¢ P). O

The role of Theorem 5.5 in the proof of Lemma 5.11 is to show that if x takes values in some C
then we can replace P, and F, in (5-9) with P)’( and F )’( which takes values in Cpomw)- Therefore, the
argument in the proof of Lemma 5.11 requires passing to extensions by totally disconnected groups of
potentially unbounded exponent. However now we know (by the lemma above) that if the cocycle is
weakly mixing then the quantity n must be bounded. In other words we have the following stronger
version of Lemma 5.11.

Corollary 6.10. In the settings of Lemma 5.11. If X is of order < k then there exists o« = Ok p (1) such
that the extension Y is a (bounded) tower of extensions of X by totally disconnected groups of exponent «.

It is classical (see [Host and Kra 2005, Proposition 7.6]) that every extension can be decomposed as a
weakly mixing extension and a degenerate extension. More formally, let X be a system of order < k and let
0:Gx X — U beacocycle of type < k+1. If we let W be the annihilator of {x € U: x oo is of type <k},
then X X U = X Xg modw U/ W X W, where X X; moaw U/ W 1is a system of order < k and 7 is a
weakly mixing cocycle. In particular, we see that it is enough to prove Theorem 6.6 in the case where p
is of type < k (the degenerate case) and in the case where p is weakly mixing. In this section we prove
the former, we begin with the following lemma about degenerate extensions.

Lemma 6.11. Letk > 1 and let X = Z 1 (X) X, W be an ergodic G-system of order <k + 1. Let Y =
Z 1 (Y)x .V be an ergodic extension of X of the same order. Then, there exists a surjective homomorphism
@:V — Wsuchthat pot is (G, Z (YY), W)-cohomologous to o oy, where my : Z _x(Y) = Z 1 (X) is
the factor map.

Proof. Let m : Y — X be the factor map. It is classical that & defines a factor 7y : Z_;(Y) — Z 4 (X)
and we have
7 (y, v) = (@ (y), p(y, v)),

where p: Y — W.

Since w commutes with G, we conclude that Agp(y, v) = o (g, mx(y)). In particular, we see that Ap
is invariant under the action of V. Since Y is ergodic, A, p is a constant. We conclude that there exists a
homomorphism ¢ : V — W and a measurable map F : Z_;(Y) — W such that p(y, v) = ¢(v) - F(y).
Therefore, o (g, T (y)) = Agp(y,v) =@ot(g,y) - AF. Since Z_;(Y) Xgom, W is a factor of Y, it is
ergodic. It follows by Lemma 5.4 that the image of ¢ o 7 is W. We conclude that ¢ is surjective as
required. O
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Our next result is that Theorem 6.6 holds for degenerate extensions if the group U is totally disconnected
of bounded exponent.

Theorem 6.12 (a degenerate version of Theorem 6.6). Let k,m > 1 and let X = G(X)/ T be a finite-
dimensional k-step nilpotent system. Let p: G x X — U be a cocycle of type < k into some zero-dimensional
compact abelian group U of exponent m. Then, there exists an ergodic Oy, (1)-extension w : Yo — X
with the same properties as in Theorem 6.6.

Recall that by Lemma 6.11 if Y is an extension of X of the same order then we can find compact abelian
groups V and U suchthat Y = Z_(Y) x; V and X = Z_(X) X, U. Moreover, there exists a surjective
homomorphism ¢ : V — U such that ¢ o T is cohomologous to o o7y, where 7 : Z _ (Y) > Z_4(X) is a
factor map. It will be convenient to lift the elements of G(X) to an intermediate factor X=7 4 (Y)Xgor, U
and only then to lift them to Y. Each of these steps will require extending the k-th Host—Kra factor further.
For the first lift we need the following corollary of Lemma 6.4.

Corollary 6.13. Let k > 1. Let X be an ergodic G-system of order < k and p : G x X — U a weakly
mixing cocycle. Let w : Y — X be an ergodic extension of X of order < k and s € G(X). If s has a lift in
G(X x, U) and a lift in G(Y), then s can be lifted to G(Y X por U).

Proof. Write d*1p = AF and let s € G(X) be as in the claim. By Lemma 6.4 there exists a measurable
map ¢, : X — U such that S; 4 € G(X x, U). Let s be alift of s in G(Y), since

AsmFom=(AguF)om =d[k]¢s o,

we conclude by Lemmas 6.8 and 6.4 that the transformation S; ¢ o is a lift of § in G(Y X 07 U), as
required. (|

For convenience, if X is a factor of a system 7Y, 7'[;? : Y — X is the factor map and F is a function
on X we refer to F o JT})(/ as the lift of F to Y. We turn to the proof of Theorem 6.12.

Proof. Let X =G/T" and p : G x X — U be as in Theorem 6.12 and assume that p is of type < k and U
is totally disconnected of exponent m. By Proposition A.19 there exists a compact abelian group W and a
cocycleo : G X Z_((X)— Wsuchthat X =Z (X)) x, W. Let Y =X x,U and write Y =Z _(Y) x. V
for some compact abelian groups V and a cocycle 7. Let . : Z_4(Y) — Z_1(X) be the factor map. Then
by Lemma 6.11 there exist a surjective homomorphism ¢ : V — W and a measurable map F : Z_;(Y) > W
suchthato oy =@ot-AF:

weakly mixing

Z_ 1 (Y) Z(Y)x.V

degenerate l l degenerate

weakly mixing

Z<k(X) Z<k(X) Xy W

Observe that Z_;(Y) is a degenerate extension of Z_;(X) by a zero-dimensional group and Y is a
weakly mixing extension of Z_(Y). Therefore we can apply the induction hypothesis in order to lift
transformations from Z_;(X) to Z_x(Y) and then use the weakly mixing case to lift from Z_;(Y) to
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Z 1 (Y) x; V. Each time we have to pass to an extension. We conclude that there exists an extension

Yo=Zx(Yo) X, V, where 1o =T 0 nZZ::g()’) and such that

H={s € G(Z_;(X)) : there exists a lift of s in G(¥y)}

is an open subgroup of G(Z -, (X)). Indeed, H here equals to the group £ defined in Theorem 6.6.
Now let S 4 be any transformation in G(X). If s € H then there exists a lift § € G(Z_x(Yp)) and a
measurable map v : Yo — V such that S; € G(Yp).
Let 6 : G x Z_(Yg) — W be the lift of o' to Z_(Yp), that is, & =& o, (V. Similarly let $and F
be the lifts of F and ¢ to Z_(Yy), respectively. We consider the intermediate factor X = Z _(¥p) x5 W.
By Lemma 6.4 and Corollary 6.13 we see that S; 5 and S; .4, 7 belong to G (X). Therefore,

—————= € P (Z(Yo), W).

poy- AsF

By Theorem 5.17 we can pass to an extension Y} = Z_; (Y1) X, V where we can find a phase polynomial
p:Z (Y1) — Vsuchthat po p=¢/(po - A; F). Arguing as before we can pass to another extension
Y, =Z_;(Y2) X, V and find an open subgroup H' of H of transformations in G(Z - (X)), which has a
lift in G(Y3). Let p and ¥ be the lifts of p and ¥ to Z_;(Y>), respectively. We conclude that for every
s € H' the transformation S; ;. , induces the action of S; 4 on X. Since H' is open, the group of all
elements in H which admits a lift in G(X) contains the open subgroup ' and is therefore also open. [

The case where the group U in Theorem 6.12 is of dimension greater than zero follows by a similar
argument. Indeed, if V is an extension of W by a finite-dimensional group U of dimension n, then V is an
extension of (S!)" x W by a zero-dimensional group. Since the extensions which arise from Theorem 5.9
are zero-dimensional, this case is not needed in the proof of Theorem 6.1 and we leave the details for the
interested reader.

7. Proof of Theorem 2.12, part 11

As mentioned in the previous section it is enough to prove Theorem 6.6 in the case where the extension is
weakly mixing. In this case we have the following result [Host and Kra 2005, Lemma 10.8].

Lemma 7.1. Let k > 0 and let X be an ergodic G-system of order <k+1ando : G x X — U be a
weakly mixing cocycle with d* o = AF. Let j be an integer with 0 < j < k + 1 and let Gj be the j-th
group in the lower central series for G. Then, for every t € G; and a measurable map ¢ : X — U the
following are equivalent:

(1) Forevery (k— j+1)-face B, Az}f“]F _ d/gkﬂ]d).
(2) For every (k— j)-face o, Awrn F/d¥ ¢ is an invariant function on X*+1,
7A. The main objects in the proof. We begin by describing the objects which will be used in the proof

of Theorem 6.6. For 0 < j < k+ 1 we construct a tower of extensions Yy — Y| — - -+ — Y41 = X, where
each Y; is an Oy, j(1)- extension of Y (and therefore of X) of order < k with the following properties:
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» The subgroup
Lj:={se€G(X):shasaliftin G(¥;)}

is open in G(X).
o The subgroup

Vii={seG;(X)NL;:s has aliftin G(Y;)"}
is open in G; (X).
« For technical reasons we will also prove that V; contains the subgroup generated by the commutators
{[s,gl:5€G;1(X)NLj, g e G}

We note that in each step the group G is replaced with some Oy ,,, j(1)-extension, we abuse notation
and denote all of them by G. Since we only construct k + 1 extensions (Yy, Yx—1, ..., Yp), the final
extension Yy is an Oy, (1)-extension of X.

We construct these objects by downward induction on j: For j =k+1 we can take Y41 =X, Li+1 =6
and V41 = {e}. For j = k we have the following lemma.

Lemma 7.2. In the setting of Theorem 6.6, there exists an ergodic zero-dimensional Oy, (1)-extension Y
of order < k such that Ly is open and Vi, = G N L.

The proof is a modification of the arguments of [Host and Kra 2005, Lemma 10.9].

Proof. Let F : X1 5 U be such that d*+t1p = AF. Since G(Z_1(X)) is (k—1)-step nilpotent, we
conclude that any ¢ € G is an automorphism which fixes Z_;(X). Therefore, by Lemma A.12, A,;p is
of type < 1. Let x € U. Then by Lemma 3.2 A;x o p is (G, X, S')-cohomologous to a constant. We
conclude by Lemma 5.11 that there exists a zero-dimensional Oy, (1)-extension 7 : XX by a cocycle
of type < 1 such that

(Aip)omt =c¢;- AF; (7-1)
for some constant ¢; : G — U and a measurable map F; : X — U. It follows that, for every 1-dimensional
face «,

(A (K F)onw
—_— T (7-2)
do ' Fy

is invariant in X'*¥!. Notice that X is a degenerate extension of X, therefore by the induction hypothesis of
Theorem 6.12 there exists an Oy, (1)-extension 7 : Yy — X (and therefore of X). By the same theorem
the group £; < G with respect to this extension is open. Any ¢ € £; has a lift in G(Yy). If in addition
t € Gy then (7-2) and Lemma 7.1 imply that ¢ has a lift in G(Y})*, where G(Y;)* is defined with respect to
the extension Y xpon;k U, as required. O

We climb up along the central series inductively. Suppose by induction that we have already constructed
Y11, Lj41 and Vi as above. We prove:

Lemma 7.3. There exists an ergodic Oy, (1)-extension Y ]/ of Y41 such that

L ={s€Ljt1:s hasaliftin G(Y})}
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is open in L1 and at the same time

Vl/ ={s e E;- NG; s has alift in Q(Yj/-)*}

is open in E’j ng;.

Remark 7.4. For technical reasons, we will postpone the proof of this lemma until after Lemma 7.5.
In other words, we will assume for now that this lemma was already established, and proceed to prove
Lemma 7.5 below. At the end of this section we will prove Lemma 7.3 without relying on Lemma 7.5.
The advantage is that some ideas and notions used in the proof of Lemma 7.3 are more natural in the

settings of Lemma 7.5 and so we prefer to define these in the proof of Lemma 7.5 first.

The following lemma is the final step in the proof. We describe a process which allow (by passing to an
extension) to add arbitrary countable set of transformations of the form [s, g] to ij , Where s € E/j NGj_i
and g € G.

Lemma 7.5. There exists an ergodic zero-dimensional Oy, j(1)-extension Y; of Y ]/ such that L; =
{s e E/j 28 has aliftin G(Y;)} is open and V; € G; N L; satisfy the properties in Section 7A.
Proof. Let s € E/j, and let g € G be a generator in the natural basis of G. By the structure of G, the order
of g is p%i( for some prime p (the exact power is not important). Since G is k-step nilpotent, the
order of [s, g]is also p %D for possibly higher but bounded power. Since VJT is open in E’j NGj,itis of
at most countable index in that group. Therefore, we can find a countable set {s, },en of transformations
in E’j NG;, where each s, is of order p,? emi M for some primes p, where the power is bounded uniformly
for all n and such that |,
assume that {s,, : n € N} contains all of its inverses.

Let Co:={s, :n e N}, and foreveryn > 1let C,, :={[s, gl :5s € C—1, g € G} and C = UneN C,.

Sn VJT contains {[s, g] : s € Gj_1 N L', g € G}. By adding inverses, we may

Definition. For s € C we define the complexity of s by

comp(s) :=max{n :s € Cy,}.
We need the following result.

Lemma 7.6. For every n € N, there exists a zero-dimensional Oy ,,(1)-extension 7, : Y; ,, — Y]’. such that
for every s € Cy, and for every 0-dimensional face o, there exists Vs 1 Y; , — U such that

(A w11 F) o,y — d g (7-3)
is Tg[k“]-invariantfor every g € G.

Proof. We prove the claim by downward induction on n. If n > j, then C; is trivial and the claim
follows. Fix some 0 < n < j and assume that Lemma 7.6 holds for all values greater than n. Let
s € C,. For every g € G, [s~', g7!] has complexity greater than n. Therefore, by the induction
hypothesis there exists an extension w41 :Y; ;41 — Y ]/ and a measurable map ¥ ¢ : Y; 41 — U such
that (A[S_l’g_]]‘[karl] Fyom,+1 — dg‘“]ws, ¢ 1s invariant for any O-face . Let 5 be any measure-preserving
transformation on Y; , 4 (not necessarily in G(Y; 1)), which induces the same action of s on YJ’..9

9Such lift always exists. Recall that Y, is a tower of group extensions of X. Therefore, there exists a compact group K such
that Y ]’ = X x K as measure spaces. In particular, s(x, k) = (sx, k) is a lift for s.
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Consider the function
05(g, ¥) := V5. g(85y) - Asp(g, Tns1(Y))- (7-4)

As in the previous lemma, 6 : G x Y ,41 — U is a function of type < k — j + 1. Note that if the order
of g is coprime to p then s commutes with g and so we can take ¥, , = 1.
We replace 6, with a cocycle:

Claim. By embedding U into (SN using the Pontryagin dual, we view 6 as a map into (SY)N. We claim
that there exists a constant ¢y : G — (SYHN and a cocycle 0 : G X Y 11 — (SYHN such that, for any

generator g € G, 6.(g) = c5(g) - 05(g). Moreover, cs(g) = 1 whenever the order of g is coprime to the
order of s.

Proof of claim. Fix any O-face « and h € G, by the induction hypothesis of Lemma 7.6 we know that

A;,H”(A 1 g1kt F)omyy1 = d* A,y .. The same calculation as in (7-14) gives

d&k—i-l]Ah@S (g) = Ah[k+1]Ag[k+1](A§Lk+1]F O Tyt1)-

Since g and & commute, we have d¥TUA,6,(g) = dF T A0, (h) for any O-face &. We conclude that

Apbs(8) = Agby(h). (7-5)
Therefore, by ergodicity we have
0s(g+8")
——— =(g, &) (7-6)
6, (T0,(g)
for all g, ¢’ € G and some constant ¢s(g, g’).
order(g) 1

From this we conclude that H Tk9 (g) is a constant in U. In order to take roots we embed U
in the divisible group (S")N and choose Cs.x (g) € 8! such that ¢y, (g)4"® =[T7_; e Tk ¥ 06,. Note that

if g is of order coprime to p, then s and g commute. In this case v/, o = 1 and Horder(g) ! T"

x o6, =1.
In other words, if g is of order coprime to p, we can take ¢, ,(g) = 1. Let QS’X (g) :==x o006 (g)/cs,x (2).
We see that [T)eg ™" X6, , (¢) = 1 and Afy,(g) = Agbs , (h) for every h, g € G. Let 6], be the

cocycle as in Proposition 5.2. O

We return to the proof of Lemma 7.6. Consider the cocycle
0:= (Qs/,x)sec,l,xefj :G X Y./'Jl""1 — (Sl)N

and choose a minimal cocycle 0 : G XY 11— (SHN which is cohomologousto 6. LetY; , =Y ;41 xs W,
where W is the image of o and assume for now that W is zero-dimensional (proof below). Since 6 is
cohomologous to o it is a coboundary on Y; ,. This implies that x o 6, is cohomologous to a constant
for every x € U and s € C,,. Using Theorem 5.17 we can replace Y; , with an extension such that 6; is
(G, Y, ,, U)-cohomologous to a constant on that extension. In that case we can find v/ : Y}, — U such
that 0, — d, is a constant and this ¥ satisfies (7-3). This completes the proof of Lemma 7.6. O

We return to the proof of Lemma 7.5. Consider the extension Y o from the previous lemma. This is
a degenerate extension of Y // Therefore, by Theorem 6.12 we can find an extension Y; such that the
subgroup L; = {s € L/j ;s has alift in G(Y;)} is open. Let V; be as in the theorem. Since VJf NL; CV;,
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we have that V; is open in £; NG;. Recall that {[s, gl:s € Gj_1 ﬂﬁ’j, geG})cC Co-VJf. Lets € Li’j NGj—1
and g € G. From (7-3) and Lemma 6.4 it follows that if s has a lift in G(Y; o), then [s, g] has a lift
in G(Y; 0)* From this and Corollary 6.13, we conclude that if s has a lift in G (YJ/.), then [s, g] it has a lift
in G(Y J/ )*. Since all elements in £; has lifts in G (YJ’.) we conclude thatif s € £; NG;_; then [s, g] has a
lift in G(Y j/.)*. We conclude that any element of the form [s, g] where s € £L; NG;_; and g € G has a lift
in g(YJ’.)*. In other words {[s, gl:s € £L; NG;_1,g € G} C V;, as reg\uired.

It is left to show that W is zero-dimensional. Fix s € C,, and x € U, we prove that there exists N such
that (0‘;’X)N is a coboundary. We need the following lemma.

Lemma 7.7. Let Y be an ergodic extension of a G-system X of order < k. We denote by G be the Host—Kra
group of X. Let p be a prime number and write G = G, ® Glf, where G, is the p-component of G. Let
m > 0 and suppose that f : G x Y — S! satisfies that d"™ f = AF, for some F : Y™ — S which is
measurable with respect to X", Then, for every s € G of order p" for some n € N, there exists a function
o, : G x X — S and a natural number N = Oy .n.m(1) such that with o3(g, x) =1 forall g € G; and

(Asf ' US)N

is a (G, X, SY)-coboundary. Furthermore (d" A, f - GS)N/ = AAE’"]FN/ for some natural number
N = Ok,n,m(l)-

We briefly explain the idea behind this result. Let n be a natural number and let s be a transformation
of order n. Since Ay f =1, the cocycle identity gives

n—1

Asfr=T]AcAnf
k=0

Assume hypothetically that s is an automorphism. Then, by Lemma A.12, the type of A f" is smaller
than the type of A; f. If we repeat this process iteratively, we will eventually get that some power of A; f
is a coboundary.

In the lemma we do not assume that s is an automorphism. However, (7-4) indicates that up to a
multiplication by some function it still behaves like one. The formal proof is given below.

Proof of Lemma 7.7. We prove the lemma by induction on m. For m = 0 we have that f = AF. Therefore,
since F is measurable with respect to X we have

Asf=AsAF = AAGF - ViTg A1 -1y F
and the claim follows by taking oy(g, x) := ‘/STgA[S—I’g—l]ﬁ(X). Note that if g € Gj then s and g
commutes, in this case o(g, x) = 1.

Claim. Fix 1 < j <k, let s € G; of order p and B be an (m— j)-dimensional face (or a vertex
if j = m). Then, there exists a natural number M = O,, ; ,(1) and a function ¢; : Y — S such
that A g FM = "M,

We prove the claim by downward induction on j. If j =k, then s = e and the claim is trivial. Fix
J < k and assume that the claim holds for all values greater than j. Let s € G; be as in the lemma. Then
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by the induction hypothesis we see that for every g € G and every (m— j—1)-dimensional face § there
exist a power M and ¢ o : X — S! such that

M _ [m]
At g 7= P

We use this to prove Lemma 7.7 for all s € G; for this specific j and then we use the lemma to prove the
rest of the claim. Let oy(g, x) := V;Ty¢ ,(x) and observe that if g € Gj then s and g commute and so
we can take ¢ o = 1. Let f] := A f - 0,. Asin (7-14) we have

[s—1,

A(Asgn] FM) = VY[’n]T[m]A _]][m] FM . As/gm] AFM

=dg"'Vio Ty Aygmd™p™ = di" . (7-7)

Since this is true for every (m— j)-dimensional face 8, we see by Lemma A.8 that f/™ is of type <m — j
(or a coboundary if j > m). We conclude that there exists a measurable map F, : Y"—/l — g1,
which is measurable with respect to X"~/ such that 4"~/ fM = AFM. Moreover, we note here
that dVIFM = A FM. Since f/M is of smaller type, we can apply the induction hypothesis for the

transformations s, s2, s3, ..., sP"~1. We conclude that there exist N, N = Ok.m.n(1) and Us/,z with
@A fl- ol )V = AN ju-n FY (7-8)
and
AgfN 6!,V € BIG, X, SY). (7-9)

By replacing N and N” with NM and N'M we can assume without loss of generality that N and N’ are
multiples of M. Recall, that f; = A, f - ;. Let p" be the order of s then by the cocycle identity we have

-1 -1

l=A,nf= l_[Aka_(A nr. HAAAf

and it follows that (A, £)7" =172, Ay A f.
From all of this we conclude that

pt—1 pt—1 —1 pt—1
(A f)NNp HA O_NN 1_[ /NN H(Ak(A fNN NN) /NN)—l_[(Akf O'Sk)NN (7 10)
k=1 k=1

which by (7-9) is a coboundary. Moreover by (7-8) we have that

p'—1 —1 p'—1
d[m J](A f)N Np 1_[ A kO_NN l_[ /NN — A 1_[ Ask[m*j]FﬁvN/- (7_11)
k=1

Choose N = N'N p" and & any measurable function which satisfies that

-1 pr—1
N _ N'N IN'N\—1
o, _(1_[ Agog ™ - l—[ Ok )
k=1 k=1
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and that 65(g, x) = 1 whenever g € Gi. We conclude that

U p—1
d" AN GN = A TT Apw-n FVY. (7-12)
k=1

From (7-11) and since dV1FM = A 4 FM, we get that, for every (m— j)-dimensional face B,

A, f5 N = AA Y. (7-13)

Since this is true for every 8 we conclude that d"" A f N -&Sﬁ = AAgm F N , which completes the proof
of the lemma. It is left to prove the claim for this j.
Observe that

d'\ A f = A AF = A& F - Ve Ten Ary F.

,g"]g"]

Plugging this above we get that
Dyt g FY " TV o (g, ™)™

is invariant with respect to the diagonal action of G on Y™, Since f is an (m— j)-dimensional face, the
claim follows by Lemma 7.1. 0

We return to the proof of Lemma 7.5. By what we just proved, there exists a power N and a function oy
such that GA‘/.,XN -0y, 18 a coboundary. Since 0‘;)( is a cocycle of type <k — j+1, sois oy ,. As in the
lemma above, o , (g, -) is trivial for any g € Gi. Therefore, by the cocycle equation it is invariant under
the action of G‘j. Recall that the action of G on Y 41 is ergodic and let YJ’.,nJrl be the factor of Y; 41
which corresponds to the o -algebra of the Glf—invariant functions. The induced action of G, on Y J’ il 18
therefore ergodic.

We consider this system as an Z/p?Z®-system for some fixed d. By the main theorem of [Bergelson
et al. 2010], any Z/p¢Z®-cocycle is cohomologous to a phase polynomial of some bounded degree.
By Proposition C.1 there exists some power p” such that o/ ; is a coboundary. Therefore 6; XN "isa
coboundary. As n= O, (1), we conclude that the image of the minimal cocycle cohomologous to 6; takes
values in a finite-dimensional group of exponent Oy ,,(1). The proof of Theorem 6.6 is now complete. [

It is left to prove Lemma 7.3.

Proof. Let s € G(Y;4+1) be any lift of an element s’ € G; N £;11. By assumption, [s'~!, g~'] € V;; for
every g € G. We conclude that there exists ¥ , : Y11 — U such that for every (k— j+1)-face B we have

A +wFom =d/gk+1]WS,g’

—1 17k
[s7".g ]ﬁ

where 7 : YJU:;” — X is the factor map. Consider the function 65(g, y) := V¥ ¢(g5y) - Asp(g, T (y)),
where 7 : Y1 — X is the factor map. The following computation is taken from [Host and Kra 2005,
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Proposition 10.10]:
A gl (AS,[Sk-HJF(JT(y))) = ngcm o Tgmu(A[S,l’g,l]ng(ﬂ(y))) . AS,[Sk+IJAglk+1JF(7T(y))
=dy Voo Ty (g ) - Agend™p(g () =dy o, (7-14)

where the last equality follows from the fact that A [k+ljd[k+1 p(g, m(y))= d[kH] Asp (g, m(y)). It follows
that d[k+1]9 isa (G, YJU:EI], S1)-coboundary for every (k— j+1)-face 8 and therefore 6 is a function of
type <k —j+1 (Lemma A.8). By Lemma 5.16 we can extend Y; and assume that all §; are line-cocycles
(the polynomial term p in Lemma 5.16 can be ignored by changing s , with ¥ ./ p).

The map s + 6 is a measurable map from G; to functions of type < k — j + 1. By Theorem 3.1 and
Baire theorem we have for every x a nonmeagre measurable set A, C G; such that, for every s,7 € A,,
x(0s/60,) 18 (G, Y41, S 1-cohomologous to a phase polynomial of degree < k — j + 1. Assume for now
that we can choose the same set A for all x € U simultaneously. This assumption will be explained at
the end of the proof.

By Lemma 5.11 we can find an < Oy, (1)-extension ?j+1 of Y; 41 such that as a function on ?j+1,
0/6; is (G, Y i+1, U)-cohomologous to a phase polynomial of degree < k — j + 1. Therefore, for every
s,t € Gj N L; there exists a measurable function 6, ; : Y; 1 — U with d[k+l]9 /0 = Ad,ng]Gs,,. Since
YJ+1 is a degenerate extension of Y; 1, we can use Theorem 6.12. Thus, we can pass to an extension Y j’
of order < k + 1 such that

L i={s € Lj41:s has aliftin G(Y})}

is open. By lifting everything to Yj’. it follows from (7-14) that

Y/ Y!
A(VE[kH]FO]TX] — V et F oy = Ad[k+1]9s ‘s
B ’s
where F and 6, ; are viewed as functions on Y " and 5, t are any lifts of s and ¢. It follows that

Y; k+1
A [k+1]F07T — —[k+l]FO7T d[ + ]
X ﬁ X

.. . . . . . . Y
is invariant in (¥ ;)[k+1]. Since € G;, it maps the o-algebra Z11(X) to itself. Moreover, since F o7,/

is measurable with respect to X, we have that

A_t__, k+1]FO7TX Ad[k+l]v- oy
B

is invariant with respect to the diagonal action of G on X**!1. Now, by Lemma 6.4, we conclude that for
every lifts of s, ¢ € A the element corresponding to s¢~! in Q(Yj’.) is in Q(Yj’.)*, where Q(YJ’.)* is defined
with respect to the extension

Y // x oy U.

J
POTTy

Thus, V]f contains A - .A~! and so the proof is complete by Lemma B.2.
It is left to establish the assumption above about the existence of a measurable set A of positive measure,
which satisfies that x o6,/ x 08, is cohomologous to a polynomial of degree <k — j+ 1 forevery s, € A
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and every x € U.Let A<Ubea subgroup of bounded exponent such that U/A is a Lie group. Let
Xls---s Xn € U be a lift of a basis of the dual of U/A and 7y, @y, ... alift of the coordinate maps in the
dual of A. Since {x1, ..., x»} is a finite set of characters, we can apply Theorem 5.15 and find a set A
of positive measure such that, for every 1 <i <n, x;(6s/6;) is cohomologous to a phase polynomial of
degree < k — j + 1, simultaneously.

We also notice, as in the proof of Lemma 7.3 that x (65/6;) is cohomologous to a phase polynomial of
degree < k — j 41 if and only if A 1y X 0 F= d[m]qb for some ¢ : Y11 — S!. Let H be the subgroup
generated by A- A~ Then, for every 1 < i <n, h € H and an (k—j+1)-dimensional face g there exists
¢n.i such that

Ah%nj)(,' oF = d/[sm]¢h,i.

Now, let  be one of the maps 1, 73, . ... Then, by Theorem 5.15, we can find a set of positive measure
A; C A such that 7(6,/6;) is cohomologous to a phase polynomial of degree < k — j + 1. As before,
let H,; be the group generated by A - A-!'. We conclude that for every h € H, we have

k+1
Ay o F = dy gy .

In particular, we see that for every s € H,, m o 6, is cohomologous to a phase polynomial of degree
<k—j+1. We want to extend #,, to H. For every i, H,, is an open subgroup of 7{. We conclude that the
index [H : H,] is at most countable. Thus, for each 7; € {m; : i € N} we find a set of countably many trans-
formations {s, », : n € N} such that UneN Sp,m; Ha, = H. Itis left to show that A[k“]n oF = d[kﬂ]qbn P {
some ¢, r, 1 Y1 — S!. Indeed, in this case we have that s € H and i € N, the Cocycle 7; (6y) is cohomolo—
gous to a phase polynomial of degree < k— j+1. In particular, we can take .4 =H and the proof is complete.
Since the set {s,, », : n € N} is countable, we can use the same argument as in Lemma 7.6 with one minor
modification. This time the elements s, , are not of finite order (but the commutators are). Therefore in the
last step, we cannot use Lemma 7.7 in order to deduce that W is zero-dimensional. Instead, recall that for
each 7r; there exists a constant m; such that rrl.m’ € (X1, ..., xn)- This means, in particular, that some power
d=O;,(1)of m;(05)1s (G, Y41, Sl)-cohomologous to a phase polynomial p, ; of degree <k—j+1. As
in the claim in Lemma 7.6 we can find a constant ¢, ; and a cocycle 9;,1' =m;(0;)-Cs,;. 1t follows that Qs/fli isa
phase polynomial of degree < k — j+ 1. By Theorem 5.9 we can also find a phase polynomial cocycle g5 ;
of degree < k — j + 1 such that qfl ; = Ps.i (by passing to an extension). We conclude that Qs/’i /qs.i 1s a
cocycle, and the d-th power of this cocycle is a coboundary. As in Lemma 7.6, by extending with a minimal
cocycle which is cohomologous to QS” ;/4i,s we can assume that the latter is a coboundary. Therefore, 7; 06
is cohomologous to a phase polynomial of degree < k — j + 1 for all s € H, which completes the proof. [

7B. Concluding everything. To finish the proof of Theorem 2.12 we need to following variant of a
theorem of [Furstenberg and Weiss 1996].

Lemma 7.8. Let X and Y be ergodic G-systems and w : Y — X be the factor map. Let p : G x X — U
be a cocycle and suppose that X' = X x, U is ergodic. If o is the minimal cocycle cohomologous to
pom:GxY — UandV is the image of o, then X' is a factor of Y x, V.
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Proof. Consider the (possibly nonergodic) system Y X ., U. It follows by the theory of Mackey (see
[Furstenberg and Weiss 1996, Proposition 7.1]) that every ergodic component of Y X 5o U is isomorphic
to ¥ x, V for some V < U. Choose any ergodic invariant measure py' on Y X o U. It is easy to see that
the push-forward of wy’ to Y is wy. Moreover, since X is a factor of Y we conclude that the push-forward
of y to X is wyx. Let wx be the push-forward of uy  to X’. Since X’ is ergodic ux- must be the product
measure Ly X my, where my is the Haar measure on U (see [Host and Kra 2018, Section 2.2, Lemma 4]).
In other words, X' is a factor of Y x, V as required. g

Given an ergodic G-system X, by Theorem 4.3 it is an inverse limit of finite-dimensional systems
X =1lim X,,. By Theorem 6.1, we can find a constant [ = Oy (1) and for each (X, G"D) we can find an
extension (Y, GV) which is an finite-dimensional nilsystem. By increasing Y, we may assume that ¥,,
is a factor of Y,,. More concretely, in the proof of Theorem 6.6 we build Y;, as a sequence of extensions
of X, (by zero-dimensional groups). In each step, instead of extending by the groups associated to X,
we can also extend by the groups associated to the previous systems X,,_, ..., X (and replace with
minimal cocycles, as in Lemma 7.8). In this case ¥ :=limY,, is an inverse limit of nilsystems. It is
standard that (X, G?®) is a factor of (Y, G¥) or equivalent(lythat Y is an [-extension of X as required.'’

8. Proving the identification G(X)/T E X

The goal of this section is to deduce Theorem 6.1 from Theorem 6.6 and thus complete the proof of
Theorem 2.12. Given a finite-dimensional system X, we have already established the existence of a
finite-dimensional extension Y which is an inverse limit of systems Y,,, where the action of G(Y,,) on Y, is
transitive. It is therefore enough to derive the identification Y,, = G(Y,)/ A, for some totally disconnected
closed subgroup A, of G(Y},). In other words it suffices to prove the following theorem.

Theorem 8.1. Let X be an ergodic G-system of order k and suppose that G(X) acts transitively on X (as
a near-action), then there exists a totally disconnected subgroup A < G(X) so that X and G(X)/A are
isomorphic as G(X)-systems.

In order to prove this theorem we construct a topological model for X. That is a compact Hausdorff
space X with a continuous action 7 : G(X) x X — X such that X and X are isomorphic as measure
spaces. Write X = Z;(X) x, U, by induction hypothesis we may write Z_;(X) = L/A and we have a
projection map p : G(X) — L which is onto.

Definition 8.2. Let H be a Polish group with a near-action on X. A function f € L*°(X) is said to be
H-continuous if f(hx) = f(x)in L*(X) as h — 1p.
Proposition 8.3. Letr A C L°°(X) denote the algebra of G(X)-continuous functions. We claim that the
unit ball of this algebra is dense in the unit ball of L (X) with respect to the L*-topology.

The following result [Gleason 1950, Theorem 3.3] will be used to lift the £-continuity to a G(X)-

continuity.

10 Another approach would be to use a version of Lemma A.4 from [Frantzikinakis and Host 2018] and replace Y), with an
ergodic joining of ¥y, Yy, 1, ...., Y.
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Theorem 8.4. Let U be a compact Lie group acting freely and continuously on a completely regular
topological space X. Let q : X — X /U be the quotient map where x ~y y if there exists u € U so
that ux =y and X/ U is equipped with the quotient topology. Then every point x € X/U has an open
neighborhood x € V. C U/ X such that there is a local continuous section s : V. — X so that pos =1Idy.

Proof of Proposition 8.3. Let f be a continuous function on X with || f|lcc <1 and let ¢ > 0 be arbitrary.
Recall that X = £/A, x U. Since f is uniformly continuous, we can find an open subset U’ < U so that
|| f(ux) — f(x)|loo < &/2 for all u € U’. By Gleason—Yamabe, we can find a subgroup J < U so that
J CU’"and U/J is a Lie group. Let f(x) = fj f(jx)dj, where dj is the Haar measure on J. We see
that f is J-invariant and

I£(x) = Il <&/2. (8-1)

Recall that we have a surjective homomorphism p : G(X) — L. By Lemma 6.4 we can identify the kernel
of p with Py 1(Y,U), where Y := Z;_(X) = L/A,. Quotienting by P_i+1(Y, J) we get the short
exact sequence

1= Py 1 (Y, U)/ Py 1 (Y, J) > G(X)/Poy1 (Y, J) > L— 1. (8-2)

Since U/J is a Lie group, we deduce by Lemma A.17 that so is K := P41 1(Y, U)/ P41 (Y, J). In
particular, K is locally compact and admits a Haar measure d K. Observe that f is invariant to translations
by P_;4+1(Y, J); hence for every continuous function ¢ on K the convolution

frp(x):= /K fkx)¢ (k) dk

is well-defined on X/J :=Y x U/J and K-continuous. Letting ¢ be a suitable approximation to the
identity (nonnegative, supported on a small neighborhood of the identity, and of total mass one) we
deduce that

If— f*¢||L2(X/J) <eg/2. (8-3)

Moreover, f % ¢ is a K -continuous function and an £-continuous function.

We use Gleason theorem and (8-2) to show that f *x¢ 18 G(X)/ P—x+1(Y, J)-continuous. By Lemma A.17,
K =U/J x D, where D is a countable discrete group. Fix a complete metric d on U which induces
its topology and normalize so that d(u, v) < 1 for all u, v € U. For every two functions f, f’ taking
values in U we define || f — f'|lco =supd(f(x), f'(x)). We make an observation that D remains discrete
even when G(X) is equipped with the following finer metric!! d(Syr, Sy ) =de, 1)+ f = flloo-
Moreover, the action of K on G(X) is still continuous.

Let B € G(X) be an open neighborhood of the identity so that BN D = {1}. Identify U/J with the
subgroup U/J x {1} C K and replacing B with U/J - B we can assume that K "B = U/J. The Lie group
U/ J then acts continuously on B. Moreover, any element in the quotient B/(U/J) can be identified with
a unique element of £. By Gleason theorem, we can find an open neighborhood V' of the identity in £
and a local continuous section [/ — §; 4, € B € G(X), where the latter is equipped with the finer metric

H'We note that G(X) is no longer a topological group with respect to that metric.
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introduced above. Since f is continuous on X/J, so is f % ¢. Without loss of generality we can take
¢1 = 1 by replacing ¢; with ¢;/¢; foralll e V.

We now prove that f ¢ is G(X)/Pis1(Y, J)-continuous. Since f ¢ is continuous on X, it suffices
to show that g — f * ¢ (gx) is continuous at g = 1. Let ¢’ > 0, by uniform continuity, there exists § > 0
sufficiently small so that

1% @00 = Fx¢Mllze <&’ (8-4)
for all |x — y| < é. By shrinking V, we can assume that
1 — oo < 6/2 (8-5)

for all / € V. We need to find §' > 0 so that if S; 4 € G(X)/Px41(Y, J) satisfies d(S;,¢, 1) < &', then
||Sl,¢,,f>k ¢ — f* @|lLe < &, where here G(X)/P_r11(Y, J) is equipped with the usual quotient metric.

By taking §' > 0 sufficiently small, we can guarantee that / € V. In that case we must have that
¢ = ¢; - p; for some phase polynomial p; : Y — U/J of degree k + 1. By (8-5) and the triangle inequality
we deduce that ||p; — 1| < /2 + & Choosing 8’ < §/6 and then choosing § sufficiently small we can
guarantee by Lemma A.17 that p; is a constant and |p; — 1| < %6. By the triangle inequality

1 = Uloo =l - pr = Llloo < llr = LIl +1p1 = 1] < 38 +8" < 5.

Equation (8-4) now gives [|.S;,¢ f*qb—f*qb | L < ¢&’, as required. We deduce that f*qb iSG(X)/Pgr1(Y, J)-
continuous. We now combine everything to deduce that f can be approximated by a G(X) continuous
function. Let f’ denote the lift of f % ¢ to X under the canonical projection map X — X/J. It
follows that f” is G(X)-continuous. Moreover, by (8-1), (8-3) and the triangle inequality it follows that
Il f— f * Y|l 2(x) < €. Since & > 0 is arbitrary, we deduce that the G(X)-continuous functions are dense
in the unit ball of C(X), and therefore also in the unit ball of L*°(X). O

We can now construct X. Applying the Gelfand—Riesz theorem and letting X be the spectrum of A, we
see that X is a compact Hausdorff topological space satisfying that C()? ) is isomorphic as a C*-algebra
to A. The following properties of X were established in [Jamneshan et al. 2021].

Lemma 8.5. Let X as above. Then:

(i) There exists a Radon measure on X. In particular, every open subset in X has positive measure.
(i1) The natural action T: g(X) x X—X is jointly continuous in G(X) and X.
(iii) Every G-continuous function f € A has a unique continuous representative f on X.

From property (ii) and Theorem B.5 we see that in order to show that X = G(X)/A is suffices to show
that G(X) acts transitively on X and the stabilizer is totally disconnected. We prove these in two separate
lemmas.

Lemma 8.6. The action of G(X) on X is transitive.

Proof. Observe that any continuous function f € C(L/A) gives rise to a G(X)-continuous function
on X =L/As x U by (x,u) — f(x). This gives a C*-algebra homomorphism from the continuous
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functions on £/A ~ to A which by Gelfand—Riesz gives rise to a continuous factor map r : X—>rC /Ar
of G(X)-systems, where the group G(X) acts on £/A, through the projection p : G(X) — L. Since p is
surjective, the action of G(X) on £/ A, is transitive. Thus it suffices to show that for every x;, x, € X with
m(x1) =m(xp) we can find g € G(X) with x; = gx;. We follow the argument from [Host and Kra 2018,
Section 19.3.3 Lemma 10]: if not, then by continuity we can find an open neighborhood V C X of x;
which contains no element in the orbit of x, with respect to the action of G(X). By Urysohn’s lemma we
can find a nonnegative continuous function f : X — R which is supported on V with f(x;) > 0. Recall
that all translations by u € U belong to G(X) and let f (x) = f U f (ux) du where du is the Haar measure
on U. Then f is a U-invariant function on X satisfying f (x;) > 0 and f(x») = 0. By property (iii) of the
Lemma above we can identify f with a G(X)-continuous function which is also U-invariant, which is
therefore identified with a continuous function f” on £/A  and f = f'on. This gives a contradiction as
X1, x2 lie in the same fiber of 7. O

Lemma 8.7. The stabilizer of some point in X under the action of G(X) is totally disconnected.

Proof. Recall that for every u € U, the translations V,, are automorphisms which belong in G(X). It is easy
to see that the action of U on X is free. Indeed, if not then there exists x € X so that ux = x. But since
u commutes with any g € G(X) we see that u stabilizes the orbit of x, which by the previous lemma is
everything. Now let r : XL /A as before and let x( be any element in the preimage of the coset 1- A .
Let A be the stabilizer of xg. By construction we have p(A) = A, and the kernel is isomorphic to a
subgroup of Py (Zi(X), U). Since the action of U < P (Z(X), U) is free, we have that U N A = {e}. Thus,
we can identify the kernel of p with a closed subgroup of Py (Z;(X), U)/P1(Z¢(X), U) which is totally
disconnected (by Pontryagin duality it is embedded as a closed subgroup in the direct product of countably
many copies of Py(Zy(X), S Y/ Pi(Zx(X), S') which by Lemma A.17 is a product of discrete groups). [

By Theorem B.5 we deduce that X G(X)/A, where A is the stabilizer of some x( € X. Since X is
isomorphic to Xasg (X)-systems and T, € G(X) for every g € G, they are also isomorphic as G-systems.

9. Limit formula and convergence result

In this section we deduce the convergence result (Theorem 2.13) and the limit formula (Theorem 2.14). We
begin with the following proposition of [Bergelson et al. 2015, Theorem 3.2] generalized for € pep L/ pZ-
systems.

Lemma 9.1 (characteristic factors). Let X be an ergodic P pep L/ pZ system and fi, fa, ..., frs1 €
L>®(X). If, for some i, we have that E(f;|Z <x+1(X)) = 0 then

limsup [|[EgecayTg fiTogfo--- - Tt 1)g frr1ll2 =0.

N—o0

The proof is the same as in [Bergelson et al. 2015] and therefore is omitted. We deduce that in order to
prove Theorem 2.13, it is enough to prove Theorem 2.14.

Proposition 9.2. Theorem 2.13 follows from Theorem 2.14.
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Proof. We denote by f the projection of f to L?(Z_;_1(X)). By Lemma 9.1, the limit of the average
(2-1) exists if and only if it exists for fi,...,fi+1. Now let (¥, G™) be as in Theorem 2.12 and let
hy, ..., hgs be the lifts of fl, R f~k+1 to Y respectively. Note that, for any Fglner sequence ®y of G,
there exists a Fglner sequence @y for G™ such that, for every yeY,

gty Th1(0) -+ Tarnghis1 () = Egeoy Te i) -+ Tagng frar (). (9-1)
Therefore, since Y is an inverse limit of k-step nilpotent systems we can approximate hy, ..., i in L?
by bounded functions %y ,, ..., hrs1,, such that, forevery 1 <i <k+1and n € N, h; , is measurable

with respect to the k-step nilpotent system Y,. The dominated convergence theorem implies that the
pointwise convergence in Theorem 2.14 is also an L? convergence. Since L2(X) is a complete metric
space, we conclude that the average associated with Ay, ..., ir4 converges. By (9-1), we conclude that
the average associated with f], ..., fr4 also exists, as required. U

We prove Theorem 2.14 and the following theorem simultaneously by induction on k.
Theorem 9.3. Let X = G/ T be as in Theorem 2.14. Then, forevery 1 <r <k+1, Z_,(X)=G/G,T.

Let k =0. Then Z_{(X) is trivial and the claim in Theorem 9.3 follows. As for Theorem 2.14, the
case k = 0 follows by the pointwise mean ergodic theorem and Lemma 6.3. Fix k > 1. Throughout the
rest of this section we assume that Theorems 9.3 and 2.14 hold for all smaller values of k. We prove
Theorem 9.3 for this value of k and then, we deduce Theorem 2.14 from this result.

Claim 9.4 (the induction hypothesis). Let k > 1 be such that Theorems 2.14 and 9.3 hold for all smaller
values of k. Let X be as in Theorem 2.14. Then, for every 1 <r <k and every f1, ..., [, € L®(X), the
following r-term formula holds:

Jxlli—r>noo Egeay T f1(X)Tog f2(x) - Trg fr(x)
[ [ At ® e[ o, o2
g/r gZ/FZ r/rr i=1 i=1

with the abuse of notation that f(x) = f(xI').

Proof. Let f1, ..., f, be the projections of fi, ..., f, respectively into L2(Z,(X)). By the induction
hypothesis of Theorem 2.14 and Theorem 9.3, we have that

Jim Egeoy T fi(0) Tag fo(6) o Trg fr(x)
=/ / / [T75c v 2y a[Imirn. ©3)
G/G.T JGy/G T Gr—1/9r ;4 i=1

We lift each f; to X. Then, (9-3) remains unchanged and by Lemma 9.1 and the fact that each lift is
invariant to G,, we get that (9-2) holds. As required. O

9A. Proof of Theorem 9.3 and corollaries. We recall that the Host—Kra group induces an action on each
of the universal characteristic factors.
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Lemma 9.5 (G induces an action on the universal characteristic factors). Let X be an ergodic G-system
of order < k and G(X) be the Host—Kra group. Then for every 1 <[ < k there exists a projection
p1:G(X) = G(Z (X)), where G(Z -1 (X)) is the Host—Kra group of the factor Z _;(X).

The proof of Theorem 9.3 is a modification of the argument from [Ziegler 2007, Lemma 4.5].

Proof of Theorem 9.3. Let X = Z_;(X) =G/ T be as in Theorem 2.14. Let 1 <r <k — 1 and consider the
factormapw : G/I" — Z_,(X). By Lemma 9.5 the action of G, on Z_,(X) is trivial and so 7 induces a
factor 7, :G/G,I' - Z_.(X). We prove that 7, an isomorphism. Let f:G/G, I’ —>rS L Thegl, since the coset
£G, is uniquely determined by the cosets associated with gy, gylzyz, ce &YYoy, we conclude
that there is a measurable map F : (G/G,T")" — S! with F(gy;, gylzyz, e gyfyzg .- -yr(’_ill) = f(gl)
for almost all g € G, y;1 € G, 2 € G, ..., yr—1 € G-—1. We conclude that

r r
f(gF)=/ / / F(gyl,gylzyz,...,gyTyz(Z)--~y,(f1'))d]_[mi(yil“i)-
G/T JGy/ T Ok/ Tk

i=1
By approximating F with functions of the form (xy, ..., x;) — fi(x1) - fa(x2)----- fr(x;), it follows
from Claim 9.4 that F is spanned by limits of the form

lim [EgGCDNTgfl """ Trgfr-
N—o00
By Lemma 9.1, these terms are measurable with respect to Z_, (X). O

Let X be an ergodic G-system. It is well known [Host and Kra 2005, Proposition 4.11] that every
factor of X of order < k factors through Z_;(X). We refer to this fact as the maximal property of the
k-th universal characteristic factor. We have the following result.

Lemma 9.6. Let X be a (k+1)-step nilpotent system and let G be an open subgroup of the Host—Kra
group of X and I be the stabilizer of (1, 1,...,1) € Uy x Uy X - -+ x Ug—1, where Uy, Uy, ..., Uy_1 are
the structure groups of X. Then, for every 0 <i <k — 1, we have that U; = G; /G;11T'; as topological
groups and measure spaces, where G; 1 I'; is the closed subgroup generated by all the products of elements
in Giy1 and ;.

Proof. By Lemma 6.3, we have that X = G/I" and by Theorem 9.3 that Z_,(X) = G/G,I" for every
1<r<k.LetA,:=G,/G+1T,. Then, by Lemma 9.5, A, actson Z_,(X), fixes Z_,(X) and commutes
with G(Z_,4+1(X)). It follows that the action of any t € A, equals to a translations by an element in U,.
In particular, this means that we can identify A, with a closed subgroup of U, (as topological groups
and measure spaces). Therefore, Z_,,1(X)/A, is an extension of Z_,(X) by U,/A,. On the other hand
Z11(X)/A, =G/G.T = Z_,.(X) is a system of order < r. By the maximal property of Z_,(X) it
follows that U, /A, is trivial, as required. O

As a corollary we have the following result.

Corollary 9.7. Let X be as in Lemma 9.6, and let G be an open subgroup of G(X) which contains T, for
every g € G. Then, forevery 1 <i <k, G;i/Git1I'g, ZG(X)i/G(X)it1T (X);.
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Let (H, -) be any group and n € N. We say that H is n-divisible if for every 4 € H there exists x € H
with x™ =h, wheren!=n-(n—1)----- 1. Our goal is to show that G, /G, [, is k-divisible for every
k < min,cp p and every 1 <r < k. We use a type argument by Host and Kra which requires analysis of
the ergodic components of (X!, ul!1). We recall the following result by Host and Kra [2005, Lemmas 9.1
and 9.3].

Lemma 9.8. Let X be an ergodic G-system, U a compact abelian group, p : G x X — U a cocycle and
k > 0 an integer. Let (Z_>(X), v) be the Kronecker factor and pl'' = .[Z<2(X) ws dv(s) be the ergodic
decomposition of WM with respect to the diagonal action of G. The set

A={se€Z(X):dMpisacocycle of type < k of X}

is measurable. Furthermore, the cocycle p is of type < k + 1 if and only if v(A) = 1. Moreover, if X is of
order < k, then for v-almost every s, the ergodic component (X', ) is a system of order < k.

We deduce the following result.

Lemma 9.9. Let 1 <m <1 and k < min,cp p. Let X be an ergodic G-system of order < m and
p:G x X — S a cocycle of type < I such that p** of type < m — 1. Then p is of type < m — 1.

Assume this lemma for now, we prove the following result.

Theorem 9.10. Letr > 1, k < min,cp P and X be an ergodic r-step nilpotent G-system. Then, for each
1 <i <r we have that G; /G;+11'; is k-divisible.

Proof. Write Z ., 11(X) =Z_(X) x,U. Since U =G, /G, 1T, itis enough to prove that U is k-divisible.
Assume by contradiction that this is not the case and let x : U — Cy, be a lift of a nontrivial character of
the quotient U/ U*'. By Lemma 9.9, we see that x o p is a cocycle of type < r — 1. This means that the
extension Z_,(X) X, x(U) is degenerate. In particular, the maximal property of Z_,(X) provides a
contradiction. [

Proof of Lemma 9.9. We prove the lemma by induction on m. If m = 1, then X is trivial. By assumption p*'
is a coboundary; hence p*' = 1. We conclude that p : G — Cy, is a homomorphism. Since k < min,cp p,
p is trivial and the claim follows. Fix 2 < m and assume inductively that the claim holds for smaller
values of m. Let X be as in the lemma and write X = Z_,,,_1(X) X, U. By the induction hypothesis
we also know that Theorem 9.10 holds and so we can assume that U¥ = U. Our goal is to show that p
is cohomologous to a cocycle that is measurable with respect to Z_,,—1(X). The first step is to reduce
matters to the case where U is finite. By Theorem 3.8, there exists an open subgroup U’ < U such that,
for every u € U’, there exists a phase polynomial p, € P;_1(X, S') and a measurable map F : X — S!
such that

Ayp =pu-AF,. 9-4)

We claim that p, is trivial. The cocycle identity implies that
Kl—1
Ajpp= Au,ok! . l_[ A iAyp.
i=0
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Since p*' is of type < m — 1, we conclude by Lemma A.12 that A, p*' is a coboundary. Moreover, by (9-4)
and Lemma C.3, we see that ]—[5‘!:51 A, A, p is cohomologous to a phase polynomial of degree <[ — 2. It
follows that A« p is cohomologous to a phase polynomial of degree < [ —2. Since U = U, we conclude
that A, p is cohomologous to a phase polynomial of degree </ —2. Repeating this argument (by induction
on the degree of p,), we conclude that A, p is a coboundary for every u € U’. Therefore by Lemma A.24,
o is cohomologous to a cocycle p’ which is invariant with respect to some open subgroup U” < U.

Let X' = X X, U/U"” where ¢’ is the composition of o with the quotient map U +— U/U". We view
o’ as a cocycle on X’. By Lemma A.9, p’ is of type < [ and p*' of type <m — 1.

Now we deal with the finite case. Let n = [U/U"| and let u € U/U". By Lemma A.12, the cocycle
Aup'is of type <1 —m +1 and (A, p")¥ is a coboundary. We prove that A, p’ is also a coboundary. By
the cocycle identity

n—1

L=App = Aup)" - [[Audur’
=0
By Lemma A.12, ]_[;’:_01 A Ay is of type < I —2m +2 and it follows that so is (A, p’)™. Since U = U,
we conclude that 7 is coprime to k!. In particular, there exists a natural number d such that nd =1 mod k! .
We conclude that A, p’ is cohomologous to Au,o/”d which is of type <[ —2m + 2; hence A, p’ is of
type <[ —2m +2. Since m > 2, we can continue this argument by induction until the type of A, 0" is < 0.
Therefore, for every u € U/U" we can find a measurable map F, : Z_,,—1(X) — S' such that

Aup' = AF,. (9-5)

By ergodicity and the cocycle identity, we conclude that for every u, v € U/U” there exists a constant

c(u, v) such that
FMU

F, Vi Fy

=c(u, v). (9-6)

Let b(u, v) = (A, Fy)/(AyF,). Since A, Ayp' = AyA,p', (9-5) implies that b(u, v) is a constant in x.
Direct computation using (9-6) shows that b is a bilinear map. For instance we have

b, vy = le  Dulo el By By w(A;Fv

= = =b(u,v) bW, v).
AFur  AgFVuF,  AF, "\ AF

In particular, we see that " (u, v) = 1 for every u, v € U/U". Since n is coprime to k!, it is enough to
show that p” is of type < m — 1. Therefore, we can assume without loss of generality that b = 1. In
this case it follows that the group

H=(S,r:uecU/U",Fe M(Z_p_1(X),SY, Ayp' = AF}

is abelian. By (9-5), the projection p: H — U/U" is onto. Moreover, the kernel is isomorphic to S! and so
H is a compact group (Corollary B.4). Since the torus is injective in the category of compact abelian groups
we conclude that there exists a cross-section u — S, r, such that A, p’ = AF,,. In particular, F,,, = F,V, F,
foreveryu,veU/U". Let F(x, u) = F,(x, ly,y»), direct computation shows that A, F (x, u) = Fy,(x, u)
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for almost every x € Z_,,_1(X) and every u, v € U/U". We conclude that p’/AF is invariant to U/ U’
In other words, p’ is cohomologous to a cocycle p” which is measurable with respect to Z_,, _1(X).
We view p” as a cocycle of Z_,,_;(X). By Lemma A.9, p” is of type < [ and p"* of type < m — 1.
Now we use an inductive type argument. By Lemma 9.8, d'!p” is of type < — 1 and d'!lp"*" is of
type < m —2 on every ergodic component of Z_,,_1(X)!. Since Z_,,_;(X) is a system of order < m — 1
so is every ergodic component of Z_,,_1(X)!!. We conclude, by the induction hypothesis that 4! p" is of
type < m —2 on every ergodic component. Therefore, by Lemma 9.8, p” is of type <m —1on Z_,,_1(X).
Lifting everything up using the factor map X — Z_,,—1(X), we conclude that p is of type <m — 1, as

required. 0

9B. The group of arithmetic progressions. The proof of Theorem 2.14 follows the methods of [Bergelson
et al. 2005]. Let X =G/ I" be as in Theorem 2.14, we define a function

1:G %G x Gy x -+ x G — GFF!
by
_ 2 k() )
1(8. 81,82, .-, 8) = (8, 881, 88182 ---- 8818 """ 8 )
and let G to be the image of 1 in GF!.
Theorem 9.11 [Leibman 1998]. G is a group.

The group [ :=T*"'NG is a closed zero-dimensional cocompact subgroup of G. Let
Tg*=IdxTngg2x---xT;andTgA=Tnggx-~ng.

It is easy to see that 7 and TgA belongs to G and therefore acts on G / I'. Our next goal is to prove that
the action of G x G on G / r by TgA o T;r is uniquely ergodic.

9C. Green’s theorem. Green’s theorem [Auslander et al. 1963] states that in a nilsystem (G/I", R,)
where G is a connected simply connected Lie group the action of R, on G/ I' is ergodic if and only if
the induced action of R, on the factor G/G,I is ergodic. Parry [1970] gave an alternative simpler proof
which was then used by Leibman [2005, Theorem 2.17] to generalize this result to arbitrary nilsystems.
Parry’s proof relies on the fact that on a connected nilsystem N/ I" the eigenfunctions are invariant with
respect to N;. In Theorem 9.13 below we generalize this result for polynomials of higher order and some
special nilpotent systems that may not be connected. First we need the following technical lemma.

Lemma 9.12. Let f : G / I' > S! be a measurable function. Let V < G be an open subgroup which
contains the elements Ty and TgA forevery g e Gand2 <r <k+ 1. Then, if f is invariant witﬁ respect
to left multiplication by the r-commutator subgroup V, of V, then f is invariant to the action of G N gf“.

Proof. Since V is open and 1 is a continuous map, we have that : = (V) contains a subgroup of the form
Lx Lx{e}x---x{e}, where L <G is open. Moreover, since V contains Téf and TgA we can also assume
that £ contains T,. For each 2 <r <k +1 let,

= gﬂ g'/f-i-l.
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Now, let f be as in the lemma. We prove by downward induction on 2 <r <k 41 that f is also invariant
with respect to the action of H,. If r = k41, then H;; is trivial and the claim follows. Let2 <r <k +1
and assume inductively that f is already invariant to left multiplication by elements in #, 1.

For convenient, we write the elements of G as sequences x(n) where x : {0, 1, ..., k} — G. Since G is
a group, a general form of an element in H, is

x(n) = go g’fg§ ----- gk"),
where go, g1, ..., & € G, and g1 € Gr11, ..., gk € G with the convention that (") = n!/((n —m)!m!)

when m < n and zero otherwise. i

Fix 0 <m <k and let x,,,(n) = g,g{”) € 5, it is enough to show that f is invariant to left multiplication
by x,,. If r <m < k+1, then x,, € ﬁ,H and the claim follows by induction hypothesis. Otherwise, we
can assume that m < r. In that case g,, € G,.

Step 1: We replace g, with an m!-root. By Theorem 9.10 we can find an element & € G, such that
h™ . g = g, where g’ € Q,H I',. Hence, g G = g G y(") y(n), where g € G,+1,y €', and y
takes values in H,4. Since Gisa group we see that y(n) and g” () are in H,41. As for y( ), we have

FoWxr) = £(0(rH0), xxl)

and [(y~ 1)( ) ,X] € H,4+1. We conclude that f is invariant to left multiplication by g( )
invariant to left multiplication by h”»™, where p,,(n) =n!/(n —m)! is a polynomial of degree < n —m

if and only if it is

with natural coefficients.

Step 2: We replace h with an element in £,. By Corollary 9.7 we can write h =1-h’-§, where [ € L,,
h' € G,41 and § € T',. Then, we have

hpm(n) — lpm (n) . 8[7»1 (n) . y/(n),

where y’(n) takes values in G, . Since Gisa group we conclude that y’ € H, ;1. As in the previous step
we also know that f is invariant to left multiplication by 87", Therefore, f is h?»-invariant if and
only if it is invariant to left multiplication by /7=,

Step 3: We show that f is invariant to /7 and complete the proof. Since £, is generated by com-
mutators of r elements and f is invariant with respect to the action of H,;, we can assume that / is
an r-commutator. Write / = [sy, s, 53, ..., s,] for some sy, s2, ....,s, € L. We consider two sequences
in G for each s;. The first is the constant sequence which we denote by c;(n) = s;. The second is the
arithmetic progression with no constant term, namely d; (n) = s;'. Observe that for each 1 < j <r we

have [di,d>, ..., dj,cj41,..., ¢/ ] = " -zj(n), where z;(n) takes values in G,41, and so is in H, .
We conclude that f is " -invariant for all 1 < Jj <r and so it is also invariant to left multiplication
by lpm(n). |:|

We note that since G, < G, it follows that H, is a normal subgroup of G.

Conventions 2. For the sake of the proof of the ergodicity of G /T with respect to T and TgA we say that
a homogeneous space N/ I" with an action of ¢ : G — N is special if the induced action of ¢ on N/N,I"
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is ergodic and for every open subgroup V < N which contains ¢(G) we have that for every 2 <r <k
any function f : N/T' — S! is invariant with respect to the action of V, if and only if it is invariant with
respect to N,.

We note that by the previous lemma, G / GTisanl -step special homogeneous space for every 1 </ <k.
We generalize Green’s theorem.

Theorem 9.13 (Green’s theorem for special homogeneous spaces). Let N/ 1" be a k-step special homoge-
neous space. Then, forevery 1 <d <k and 1 <r < d, we have the following results:

(1) f is invariant with respect to the action of Ng.
(2) Foreveryn € N,, A, f is a phase polynomial of degree <d —r.
(3) For everyn € N, V, f is a phase polynomial of degree < d.

Note that from the case d = 1 in the theorem above we can deduce that every special homogeneous
space is ergodic.

Corollary 9.14. Let X = N/ T be a special k-step homogeneous space. Then X is ergodic. In particular,
G / T is ergodic with respect to the action generated by Tg and TgA.

A nilpotent system is ergodic if and only if it is uniquely ergodic [Parry 1969b, Section 2, Lemma 1]
(see also [Parry 1969a, Theorem 5]).

Theorem 9.15. The action generated by TgA and Ty on G / Tis uniquely ergodic.

Proof of Theorem 9.13. We prove the claims by induction on k and then by induction on d. If k = 1 then
the claims follow because the system is ergodic and every n € N is an automorphism. Fix k > 2 and
assume that the claims hold for all smaller values of k.

Induction basis: The case d = 1 follows by adapting the argument of Parry. Let f : N/T' — C be
an invariant function. The compact abelian group N/ I'x defines a unitary action on L*(N /) by
translations. In particular, there is a decomposition of f to eigenfunctions with respect to this action.
Namely f =), fi, where A, fy = A(n) for every n € Ny /Ty, where A : N/ Ty — S! is a character.
Since the action of G commutes with the action of Ny we can also assume that the f, are eigenfunctions
with respect to the G-action. Thus, | f3 | is G-invariant and invariant with respect to Ny and so by induction
hypothesis and Corollary 9.14 we can write f =), a, fo» where a; € C and f; take values in S I Now,
we claim by downward induction on 1 <r <k that:

Claim 9.16. For everyn € N, and A, A, f is a phase polynomial of degree < k —r + 1.

Proof of claim. If r = k then A, f) = A(n) is a constant. Fix r < k and assume inductively that the claim
holds for larger values of r and let n € N,. Observe that for every g € G we have

AgAn fo=Bnlg fo- VaTg A1 g-11 fi.

Since A f;. is a constant, the term A, A, f; vanishes. Moreover, by the induction hypothesis Ap,-1 ,-17 f3
is a phase polynomial of degree < k —r. Observe that Ap,-1 ,-17f; is invariant with respect to the action
of Ny and therefore by the induction hypothesis on k, we conclude that V,Tg Ap,-1 4-11 /5 is also of
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degree < k —r. It follows that AgA,, f; is of degree < k — r for every g € G and therefore A, f; of
degree < k —r + 1, as required. (|

Now, we apply the claim with r = 1. We deduce that for every n € N, A, f, is a phase polynomial
of degree < k. Since A, f; and is invariant with respect to the action of Ny and N/N,I" is ergodic,
Lemma A.17 implies that the group

Vi:={n e N:A,f isaconstant}

is open. The map v — A, f; is a homomorphism from Vj to the abelian group S' and so is trivial on
(Vi.)2 = N». We conclude that f =), a; f; is also invariant with respect to N,. Since N /N,TI is ergodic,
f is a constant and the rest of the claims follow.

Induction step: Fix d > 1 and assume inductively that the claims hold for smaller values of d.

Observe that by the case d = 1 we can assume that N/ I" is ergodic. Let f : N/I" — C be a phase
polynomial of degree < d. By setting g; = - - - = g4 = 0 we conclude that | f |2d =1 and therefore f takes
values in S!. We show that f is invariant with respect to N, by adapting the argument from the induction
basis. As before, we prove by induction on r that A, f is of degree <k —r + 1. If r =k, then since A, f
is invariant to Ny we see that AgA, f = A, A, f =1, as required. Fix r < k and let n € N,. Then

AgAnf = DyDgf - ViT A1 gy f- 9-7)

By induction hypothesis Aj,-1 ,-17f is of degree < k — r, since this function is invariant with respect
to Ni, the same argument as in the induction basis gives that V,, T A1 ,-17f is also a phase polynomial
degree <k—r.If r >d—1then A, A, f vanishes and therefore A, f is of degree < k —r +1, as required.
If r < d — 1 then, by the induction hypothesis on d, we conclude that A, A, f is of degree < d —r. Since
d <k, (9-7) implies that A, f is of degree <k —r + 1.

In particular, by the case r = 1, we conclude that for every n € N, A, f is a phase polynomial of
degree < k. This time, consider the subgroup

V ={neN:A,f is a phase polynomial of degree <d —1}.

As in the induction basis this is an open subgroup which contains the image of ¢ : G — N.

Write A, f = p, and observe that since p, is invariant to N, we have by induction hypothesis
that, for every v’ € V, Ay p, is of degree < d — 1. Moreover, by the cocycle identity we have that
Doy = Pv - Pv - Ay py. It follows that v — py - Pog—2(X, Shisa homomorphism and so trivial with
respect to V,. In other words, for every v € V,, p, is a phase polynomial of degree < d — 2. Continue
this way by induction, we see that p, = 1 for every v € V. Since N is special, V; = N; and the first
claim follows. Viewing f as a polynomial of degree < d on N/N,I the rest of the claims follow by the
induction hypothesis on k. U

9D. The proof of Theorem 2.14. We construct new systems.
Let X =G/T and X = 5 / T as in the previous sections. For every x € G/ I' the set

X = {1, %2, ., x) € XK 0 (v, x0, %2, .0, xp) € X)
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is a compact subset of X*. As in [Bergelson et al. 2005], the group G" acts on X, transitively. Moreover, if
f‘x < G is the stabilizer of (x,x,x,...,x),then fx = 5*/Fx. Let u be the Haar measure on X, & the Haar
measure on X and ft, on X,. Using the fact that X is uniquely ergodic Bergelson, Host and Kra proved,

o= [ 8@ duc. 9-8)
X

We prove the limit formula in Theorem 2.14 following the argument in [Bergelson et al. 2005, Theorem 5.4].
Proof. We first prove the claim in the case where the functions are continuous. Since (x, x, X, ..., X) € )~(x,
we can apply the pointwise mean ergodic theorem for the space X, with respect to the action of
(Tg, ng, Tg3, R Téf‘) € 5*. The limit is some function ¢ on X. Let f be any continuous function

on X. We have

k
[ r@owdne = fim Eecoy [ 0[] 170 duco. 9-9)
N—>oo X i1

We translate the functions in (9-9) by 7}, and then take an average over & € G. Since w is T}, invariant for
every h € G, the limit above is equal to

k
Jim EecayErcoy [ 50 [ ] 55700 duo
j:

The action generated by ThA and 7} on X is uniquely ergodic. Therefore, by the mean ergodic theorem,
the limit above converges everywhere to

/;N(f(xo)fl(xl)""'fk(xk)d/l(xo,xl,---,xk)Z/Xf(x)/}? FiGe) e fi e diers - s x) di(x0).

Since this holds for all continuous functions f, we conclude that

6 (x) = / Al e o) dixns - . x0) dpt(xo),

X
whenever f, ..., fy are continuous. ¢ &
The map (g1, g2. . ... g) > (g81. 88782, - gg"el? -+ &) from G/ T x Gy /Ty x - -+ x Gy to X,

is an isomorphism and so ¢ (x) is equal to the function in (2-2). This completes the proof for continuous
functions and by approximation argument the convergence holds for all bounded functions as well. [
Appendix A: Survey of some notation and previous results

The goal of this section is to survey some definitions and known results from previous work. Most of
these theorems and definitions appear in [Bergelson et al. 2010] or in [Host and Kra 2005].

Al. Notation.

Definition A.1 (abelian cohomology). Let G be a countable discrete abelian group. Let X = (X, B, 1, G)
be a G-system and let U = (U, -) be a compact abelian group.
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e We denote by M(X, U) or M(G, X, U) the group of all measurable functions ¢ : X — U or ¢ :
G x X — U, respectively. We say that two functions fi, f» € M(X, U) are equal if fi(x) = fo(x)
for p-almost every x. Similarly, if fi, f» € M(G, X, U) then they are equal if fi(g, x) = f2(g, x) for
pn-almost x € X and every g € G.

e A (G, X, U)-cocycle is a measurable function p : G x X — U which satisfies that p(g + g/, x) =
p(g, x)p(g', Tyx) for all g, g’ € G and pu-almost every x € X. We let Z!(G, X, U) denote the subgroup
of all cocycles.

 Given a cocycle p : G x X — U, we define the abelian extension X x, U of X by p to be the product
space (X x U, Bx ® By, x ® uy), where By is the Borel o-algebra on U and puy the Haar measure.
We define the action of G on this product space by (x, u) — (Tgx, p(g, x)u) for every g € G. In this
situation, we define by V,(x, t) = (x, ut) the vertical rotation of some u € U on X x, U.

o If F e M(X, U), we define the derivative AF € M(G, X, U) of F to be the function AF (g, x) :=
AgF(x). We write BY(G, X, U) for the image of M(X, U) under the derivative operation. We refer to
the elements in B' (G, X, U) as (G, X, U)-coboundaries.

o We say that p, p’ € M(G, X, U) are (G, X, U)-cohomologous if p/p’ € BI(G, X, U). In that case it
is easy to see that the abelian extensions defined by p and p’ are isomorphic.

A2. Cubic measure spaces and type of functions. We begin by introducing the cubic spaces from [Host
and Kra 2005, Section 3] (generalized for arbitrary countable abelian group).

Definition A.2 (cubic measure spaces). Let X = (X, B, u, G) be a G-system for some countable abelian
group G. For each k > 0 we define XMW = (xk Bkl ,u[k], G), where X! is the Cartesian product
of 2% copies of X, endowed with the product o-algebra BI¥l = sz, and G acting on X'¥! diagonally
(i.e., Te((Xw)wefo, 1) = (TgXw)we(o,1)¢-)- We define the cubic measures w¥l and o-algebras 7, < B!
inductively. 7y is defined to be the o-algebra of invariant sets in X and u[% := . Let k£ > 0 and suppose
that ™1 and 7 are already defined. We identify X%+ with X1 x X1 and define u**11 by the formula

/ [i(x) () du* T (x, y) = f E(Ai|Z) () E(HIT) (x) dp (x).

For fi, f> functions on X k] and E (- |Z;) the conditional expectation and let Zy; be the o-algebra of
invariant sets in X+,

We adapt the notion of face from [Host and Kra 2005, Section 2]. Let V; :={—1, l}zk and for every
0<I<k,if Je2k (equivalently J C {1, ...,k})isasetof size k —[ and n € {—1, 1}/ then the subset

a:={ceVi:¢j=mn;forall j€J}

is called an /-dimensional face. For any transformation u# : X — X and a face « we define a transforma-
tion ul*! on X1 by
u ee€aq,

Ky
(it Jee {Id otherwise.
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We survey some results from [Host and Kra 2005]. We begin with the following result about the
relation between measure-preserving transformations, faces and the measure ju %,

Lemma A.3 [Host and Kra 2005, Lemma 5.3]. Let G be a countable abelian group and X be an
ergodic G-system. Let 0 <[ <k be integers. For a measure-preserving transformationt : X — X the
following are equivalent:

(1) For any l-dimensional face o of Vi, the transformation to[lk] leaves the measure !X invariant and
maps the o -algebra T 1o itself.
(2) For any (I+1)-dimensional face B of Vi1, the transformation t},kH] leaves W*+-inyariant.

(3) For any (I41)-dimensional face y of Vi, the transformation t)[,k] leaves the measure u¥-invariant
and acts trivially on the o -algebra T,

We also need the following result related to the ergodic decomposition of ¥,

Lemma A.4 [Host and Kra 2005, Corollary 3.5]. Let X be an ergodic G-system and k > 1 then the
following hold:

o There exists a measure space (2, Pr) and an ergodic decomposition
M[k] = / e dP(w).
Qe

e For every (k—1)-face o and every g € G the transformation gg‘] sends an ergodic component to an
ergodic component. In other words, gt[xk] acts on (2, Py).

e The action of the group generated by gg‘] forall g € G and all (k—1)-faces a on (2, Py) is ergodic.

The definition of cubic measure spaces (Definition A.2) leads to the following definition of type for
measurable functions.

Definition A.5 (functions of type < k [Bergelson et al. 2010, Definition 4.1]). Let G be a countable
abelian group, and let X = (X, B, i, G) be a G-system. Let k > 0 and let X be the cubic system
associated with X.

o For each measurable f : X — U, we define d*! f : XKl U by

d[k]f((xw)wg{_l’l}k) = 1_[ f(xw)Sgn(w)’
we{—1,1}k

where sgn(w) = wy -wy -+ - - Wg.
« Similarly for each measurable p : G x X — U we define d*1p : G x X1 — U by
d[k]p(g, (_xw)we{_l’l}k) = 1_[ o(g, xw)sgn(w).
we{—1,1}

e A function p : G x X — U is said to be a function of type < k if dMpisa (G, XK, U)-coboundary.
We let M (G, XK1 U) denote the subspace of functions p : G x X — U of type < k.

Using the Pontryagin dual, Moore and Schmidt [1980, Theorem 4.3] proved the following result.
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Theorem A.6. Let X be a G-system and U a compact abelian group. Let k > 0 be an integer and
f:G x X — U a measurable map. Then, f is of type <k ifand onlyif x o f : G x X — S'is of type < k
forevery x € U.

We summarize previous results about type of functions. We begin with the following definition.

Definition A.7. Let X be a G-system. Let U = (U, -) be a group and f : G x X — U a function. For
every k € N and every face a € Vi we define a function d¥! f : G x X - U by dg‘]f(g, (Xw)perk) =

[Toea f (8. x0)*".
We have the following result [Host and Kra 2005, Lemma C.7].

Lemma A.8. Let X be an ergodic G-system and U be a compact abelian group. Let f : X — U be a
Sfunction and o be an m-dimensional face of Vi for some 1 <m <k. If dg‘] fisa (G, X" U)-coboundary,
then f is of type < m.

The following lemma studies the interactions between type and factors.

Lemma A.9 (decent lemma [Bergelson et al. 2010, Proposition 8.11]). Let X be an ergodic G-system of
order < k. Let Y be a factor of X, with factormap w : X — Y. Let p : G x Y — S! be a cocycle. If p o
is of type < k, then p is of type < k.

We also have the following more general version for quasicocycles [Bergelson et al. 2010, Proposi-
tion 8.11].

Lemma A.10. Let X be an ergodic G-system of order < k and w : X — Y be a factor of X. If
f:G xY — Slisa quasicocycle of order < k — 1, such that f o1 is of type < k then f is of type < k.

We are particularly interested in certain measure-preserving transformations # : X — X on a G-system X.

Definition A.11 (automorphism). Let X be a G-system. A measure-preserving transformation u : X — X
is called an automorphism if the action it induces on L>(X) by f + f ou commutes with the action
of G. In particular we set A, f = fou- f.

Automorphisms arise naturally from Host—Kra’s theory. For instance, given an abelian extension
Y x, U, the group U acts on this extensions by automorphisms defined by V,(y, ) = (y, tu).

Given a function f : G x X — U of type < k, the derivative of f by an automorphism ¢ decreases the
type of A, f.

Lemma A.12 (differentiation lemma [Bergelson et al. 2010, Lemma 5.3]). Let k > 1, and let X be a
G-system of order < k. Let f : G x X — S! be a function of type < m for some m > 1. Then for every
automorphism t : X — X which preserves Z _;.(X) the function A, f(g, x) = f(g.tx) - f(g, x) is of
type < m — min(m, k).
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A3. Phase polynomials. Phase polynomials play an important role throughout this paper. We begin with
the following definition.

Definition A.13 (phase polynomials). Let G be a countable abelian discrete group, X be a G-system,
let ¢ € L>°(X), and let k > 0 be an integer. A function ¢ : X — C is said to be a phase polynomial of
degree < k if we have Ay, --- Ay, ¢ =1 px-almost everywhere for all Ay, ..., hx € G. (In particular,
setting hi| = - - - = hy =0, we see that ¢ must take values in S!, ux-a.e.). We write P (X) = P_x(X, S!)
for the set of all phase polynomials of degree < k. Similarly, a function p : G x X — C is said to be a
phase polynomial of degree < k if p(g,-) € P_x(X, Sl) for every g € G. We let P (G, X, S1) denote
the set of all phase polynomials p : G x X — C of degree < k.

Remark A.14. The notion of phase polynomials can be generalized for an arbitrary abelian group (U, -).
Let ¢ : X — U be a measurable function and g € G, we can define the derivative A,¢ (x) by the formula
¢ (Tyx) ¢ (x)~\. A function ¢ : X — U is said to be a phase polynomial of degree <k if Ay, -+ Ap,¢p=1
ux-a.e. forevery hy, ..., hy € G. We let P, (X, U) denote the phase polynomials of degree < k which
take values in U.

We have the following characterization of phase polynomials [Bergelson et al. 2010, Lemma 5.3].

Lemma A.15. Let k > 0 be an integer. Let G be a countable abelian group and X be an ergodic G-system.
f : X = U be a measurable map into compact abelian group U = (U, -). Then, f is a phase polynomial
of degree < k if and only if d™ f =1, uM-almost everywhere.

We need the following a counterpart of Lemma A.12 for phase polynomials [Bergelson et al. 2010,
Lemma 8.8].

Lemma A.16. In the settings of Lemma A.12 if f is a phase polynomial of degree < m then A, f (x) is of
degree < m — min(m, k).

The following lemma implies, in particular, that there are at most countably many (X, S')-phase
polynomials in any ergodic G-system X.

Lemma A.17 (separation lemma [Bergelson et al. 2010, Lemma C.1]). Let X be an ergodic G-system,
letk > 1,and ¢, € P(X, S") be such that ¢/ is nonconstant. Then || — || 2x) > v/2/2572.

The famous theorem of [Bergelson et al. 2010] states the following result.

Theorem A.18 (structure theorem for Z_;(X) for ergodic Z/pZ®”-systems). There exists a constant
C (k) such that, for any ergodic F)-system X, L%(Z (X)) is generated by phase polynomials of degree
< C(k). Moreover, if p is sufficiently large with respect to k then C (k) = k.

In [Shalom 2023] we generalized this result for totally disconnected systems (see Definition A.20 and
Theorem A.21 below).
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Ad4. The structure of systems of order < k. Let X be an ergodic G-system of order < k. Then X can be
written as a tower of abelian extensions [Host and Kra 2005, Proposition 6.3].

Proposition A.19 (order < k + 1 systems are abelian extensions of order < k systems). Let G be a
discrete countable abelian group, let k > 1 and X be an ergodic G-system of order < k + 1. Then X is
an abelian extension X = Z _;(X) x, U for some compact abelian metrizable group U and a cocycle
p:GxZ_ 1 (X)— U oftype < k.

In particular, it follows that every ergodic G-system of order < k + 1 is isomorphic to a tower of
abelian extensions Uy x 5, Uy X - -+ X, Uy where p; : G x Z_;_1(X) — U, is a cocycle of type < i. This
leads to the following definitions.

Definition A.20 (totally disconnected and Weil systems). Let X be an ergodic G-system of order < k
and write X = Uy x,, Uy X, X -+ X, Up—1. We say that X is a totally disconnected system if
Uy, Uy, ..., Ur_ are totally disconnected groups.

In [Shalom 2023] we proved a generalization of Theorem A.18 for totally disconnected & _p, Z/pZ-

peP
systems.

Theorem A.21 (functions of finite type on totally disconnected systems are cohomologous to phase
polynomials). Let k, m,l > 0 be integers and P be a multiset of primes. If X is an ergodic totally
disconnected @pep Z] p™Z-system of order < k, then every function f : @pep 7/p"7 x X — S! of
type <l is (®peP Z/p"7Z, X, Sl)—cohomologous to a phase polynomial of degree < Oy . 1(1).'?

Note that the proof in [Shalom 2023] is only given in the case m = 1, but the general case follows
similarly.

AS. Conze-Lesigne equations. Conze and Lesigne [1984; 1988a; 1988b] studied the structure of ergodic
Z-systems of order < 3. They identified a particular functional equation involving the cocycle p defining
the extension Z _3(X) = Z_»(X) x, U. We refer to this equation ((A-1) below) as a Conze-Lesigne-type
equation.

Definition A.22. Let X be an ergodic G-system, p : G x X — S! be a cocycle and U a compact abelian
group which acts on X. Let m > 0 we say that p is a Conze—Lesigne cocycle of degree < m with respect
to U if for every u € U we have

Aup(g,x) = pu(g, x) - AgFy(x) (A-1)

for some (G, X, S')-phase polynomial p, of degree < m and a measurable map F, : X — S!is a
measurable map.

Below are some results regarding Conze—Lesigne cocycles. The first lemma implies that we can choose
the terms p, and F, measurable in u [Bergelson et al. 2010, Lemma C.4].

12we denote by Of m (1) a quantity which is bound by a constant depending only on k, m and /.
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Lemma A.23 (measure selection lemma). Let X be an ergodic G-system, and let k > 1. Let U be a compact
abelian group. If u+— h, is Borel measurable map from U to P (G, X, sH-BY(G, X, S"HSM(G, X, ShH,
where M(G, X, S") is the group of measurable maps of the form G x X — S' endowed with the topology
of convergence in measure, then there is a Borel measurable choice of f,, ¥, (as functions from U to
M(X, SV and U to P_i(G, X, S') respectively) obeying that h,, = ¥, - Af,.

The following lemma studies Conze-Lesigne cocycles of degree < 0 [Host and Kra 2005, Lemma C.9].

Lemma A.24 (straightening nearly translation-invariant cocycles). Let X be an ergodic G-system, let K
be a compact abelian group acting freely on X and commuting with the G-action, and let p : G x X — S!
be such that Ayp is a (G, X, Sl)-coboundaryfor everyk € K. Then p is (G, X, Sl)-cohomologous toa
function which is invariant under the action of some open subgroup of K.

Remark A.25. Note that if K is connected then it has no nontrivial open subgroups (see Lemma B.10). In
this case we have that p is (G, X, S')-cohomologous to a function which is invariant under K. Moreover
it is important to note that such result does not work for cocycles which take values in an arbitrary compact
abelian group.

The next lemma asserts that we can locally linearize the term p, in the Conze-Lesigne equation.

Lemma A.26 (linearization of the p,-term). Let X be an ergodic G-system, let U be a compact abelian
group acting freely on X and commuting with the action of G. Let p : G x X — S be a cocycle and suppose
that there exists m € N such that for every u € U there exist phase polynomials p, € P-,,(G, X, S') and a
measurable map F, : X — S' such that A, p = p, - AF,. Then there exists a measurable choice u D,
and u > F such that A,p = p!, - AF. for phase polynomials p!, € P-,,(G, X, S') which satisfies that
Piy = Py - Vup), whenever u, v, uv € U’, where U' is some neighborhood of U.

The proof of this lemma is given in [Bergelson et al. 2010] as part of the proof of Proposition 6.1 (see
in particular (6.5) in that proof).
Appendix B: Topological groups and measurable homomorphisms
In this section we survey some results about topological groups.

Lemma B.1 (A. Weil [Rosendal 2009, Lemma 2.3]). Let G be a locally compact Polish group and let
A C G be a measurable subset of positive measure. Then A - A~ contains an open neighborhood of the

identity.

At some point we have to work with nonlocally compact groups. The following variant of the theorem
above will therefore be useful for us (see [Kechris 1995, Theorem 9.9]).

Lemma B.2 (Pettis lemma). Let G be a Polish group and A C G be a Baire-measurable, nonmeagre
subset of G. Then 1 lies in the interior of A - A~

The following is a variant of the open mapping theorem for Polish groups



2444 OR SHALOM

Theorem B.3 [Becker and Kechris 1996, Chapter 1]. Let G and H be Polish groups and let p : G — H
be a group homomorphism that is continuous and onto. Then p is an open map. Moreover, p admits a
Borel cross section, that is, a Borelmap s : H — G with pos = 1Id.

From this it is easy to conclude the following result.

Corollary B.4. Let H be a closed normal subgroup of the Polish group G. If H and G/H are (locally)
compact, then G is (locally) compact.

Another corollary of Theorem B.3 is the following result about quotient spaces due to [Effros 1965].
Theorem B.S5. If G is a Polish group which acts transitively on a compact metric space X, then for any
x € X the stabilizer I' ={g € G : gx = x} is a closed subgroup of G and X is homeomorphic to G/ T.
B1. Totally disconnected groups.

Definition B.6 [Hofmann and Morris 2013, Exercise E8.6]. Let X be a compact Hausdorff space. Then
the following are equivalent:

» Every connected component in X is a singleton.
e X has a basis consisting of open closed sets.
We say that X is totally disconnected if one of the above is satisfied.

In this section we will be interested in compact (Hausdorff) totally disconnected groups. These groups
are also called profinite groups.

Proposition B.7. Let G be a compact Hausdorff totally disconnected group. Let 1 € U C G be an open
neighborhood of the identity. Then U contains an open subgroup of G.

The proof of this proposition can be found in [Neukirch et al. 2000, Proposition 1.1.3]. As a corollary
we have the following result.

Corollary B.8 (the dual of totally disconnected group is a torsion group). Let G be a compact abelian
totally disconnected group. Then the image of any continuous character x : G — S is finite.

Proof. Choose an open neighborhood of the identity U in S' that contains no nontrivial subgroups. Then,
x~1(U) is an open neighborhood of G. By the previous proposition there exists an open subgroup H
such that H € x~'(U). It follows that x (H) is trivial and so x factors through the finite group G/H.
This implies that the image is finite. U

We need the following classical structure theorem [Morris 1977, Chapter 5, Theorem 18].

Theorem B.9 (structure theorem for abelian groups of bounded torsion). Let G be a compact abelian
group and suppose that there exists some n € N such that g" = 1¢ for every g € G. Then, G is topologically
and algebraically isomorphic to [ ;2| Cy,, where for every i, m; is an integer which divides n.

One way to generate totally disconnected groups is to begin with an arbitrary compact abelian group
and quotient it out by its connected component.
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Lemma B.10. Let G be a compact abelian group and G be the connected component of the identity in G.
Since the multiplication and the inversion maps are continuous, one has that G is a subgroup of G and:

o Gg has no nontrivial open subgroups.
o Every open subgroup of G contains G.

o G/ Gy equipped with the quotient topology is totally disconnected compact group.

We also need the following important fact that connected groups are divisible [Hofmann and Morris
2013, Corollary 8.5].

Lemma B.11. Let G be a compact abelian connected group. Then for every g € G and n € N there exists
h € G such that h" = g.

B2. Lie groups.

Definition B.12. A topological group G is said to be a Lie group if it has the structure of a finite-
dimensional differentiable manifold over R such that the multiplication and inversion maps are smooth.

A compact abelian group is a Lie group if and only if its Pontryagin dual is finitely generated. The
structure theorem for finitely generated abelian group gives:

Theorem B.13 (structure theorem for compact abelian Lie groups [Sepanski 2007, Theorem 5.2]). A
compact abelian group G is a Lie group if and only if there exists n € N such that G = (S")* x Cg, where
Cy is some finite group with discrete topology.

The famous Gleason—Yamabe theorem implies that every compact abelian group can be approximated
by compact abelian Lie groups using inverse limits.

Theorem B.14 [Hofmann and Morris 2013, Corollary 8.18]. Let G be a compact abelian group and let
U be a neighborhood of the identity in G. Then U contains a subgroup N such that G/ N is a Lie group.

It follows from the above (see also [Iwasawa 1949, Lemma 2.2]) that any compact connected nilpotent
group is abelian.

Proposition B.15. If G is a compact connected k-step nilpotent group, then G is abelian.

Appendix C: Some results about phase polynomials

In this appendix we survey some results about phase polynomials from [Shalom 2023; Bergelson et al.
2010]. Let G = @pep
denote the group of m-roots of unity in the unit circle.

Z/pZ for some multiset of primes P. For a natural number m € N we let C,,

Proposition C.1 (values of phase polynomial cocycles). Let X be an ergodic G-system. Let d > 0, and
letq : G x X — S! be a phase polynomial of degree < d that is also a cocycle. Then for g € G, q(g, -)
takes values in C,, where m is the order of g to the power of d.
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Proof. We prove the proposition by induction on d. If d =0 then ¢ = 1 and the claim is trivial. Fix d > 1
and assume inductively that the claim holds for smaller values of d. Let g : G x X — S! be a phase
polynomial of degree < d and fix g € G of order n. The cocycle identity implies that

n—1

1=q(ng,x)=]]a(e Tigx).
k=0

Since q(g, Tigx) = q(g, Xx) - Akeq(g, x) we have that g(g, x)" - ]_[Z;l Akeq(g, x) = 1. By the induction
hypothesis, ]_[Z;(l) Agq(g, x) is in C,q-1 and it follows that g(g, x) € C,a, as required. g

We need the following version of [Bergelson et al. 2010, Lemma D.3(1)].

Lemma C.2. Let X be an ergodic G-system. Let p" be a power of a prime number p and let Q : X — Cpn
be a phase polynomial of degree < d for some d > 1. Then QF is a phase polynomial of degree < d — 1.

Proof. Let G, ={g € G : pg =0} and let G’ be the complement so that G = G, & G". By the proposition
above and the assumption, P is invariant with respect to the action of G". Let X, be the factor of X
generated by the G'-invariant functions. The induced action of G, on X, is ergodic and so X, admits
an ergodic action of ) (note that if G is finite, one can still define an action of [ by letting some
of the coordinates act trivially). Therefore, the claim in the lemma follows by [Bergelson et al. 2010,
Lemma D.3(1)]. O

The following lemma is a simple but useful case of Lemma A.16.

Lemma C.3 (vertical derivatives of phase polynomials are phase polynomials of smaller degree). Let
X be an ergodic G-system. Let U be a compact abelian group acting freely on X by automorphisms
and P : X — S be a phase polynomial of degree < d for some integer d > 1. Then A, P is a phase
polynomial of degree < d — 1 for everyu € U.

Proposition C.1 and Lemma C.3 implies the following result.

Corollary C.4. Let X be an ergodic G-system and U be a compact abelian group acting freely on X
by automorphisms. Suppose that there exists a measurable map u — f, from U to P_y(X, S') which
satisfies the cocycle identity (i.e., fy,, = fuVu fy) forallu, v € U. Then there exists an open subgroup V
of U such that f, € P_1(X, S") foreveryv e V.

Proof. We prove the claim by induction on d; for d =1 we can take V = U. Let d > 1 and assume by
induction that the claim holds for all smaller values of d. Let u — f, be a map from U to P_4(X, S'). The
cocycle identity implies that f,, = f, fu- Ay f, forevery u, v e U. By Lemma C.3, A, f, € Pq_1(X, S1);
therefore u — f,, - P<g—1(X, S Yisa homomorphism. Since d > 1, Lemma A.17 (separation lemma)
implies that P_y_1(X, S 1) has at most countable index in P_;(X, S!). Let U’ be the kernel of u —
fu- Pog—1(X, SY). Since U’ has positive Haar measure it is open.

Since f,y € P.4_1(X, S") for all u’ € U’, the induction hypothesis implies that there exists an open
subgroup V of U’ such that f, € P_;(X, S!) forall v € V. As V is open in U’ and U’ is open in U we
have that V is open in U, as required. O
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Proposition C.5 (phase polynomial are invariant under connected components; see [Bergelson et al. 2015,
Lemma 2.1]). Let X be a G-system of order < k; let U be a compact abelian connected group acting
freely on X (not necessarily commuting with the G-action). Let P : G x X — S be a phase polynomial
of degree < d such that for every g € G there exists Mg € N such that P (g, -) takes at most M, values.
(e.g., P is a phase polynomial cocycle — Proposition C.1). Then P is invariant under the action of U.

Proof. Fix g € G and consider the map u — A, P(g, ). Since P(g, -) is a measurable map X — S!,
we have that A, P converges in measure to the constant 1 as u converges to the identity in U. Since
convergence in measure implies convergence in LZ, we can use Lemma A.17 to conclude that A, P(g, -)
must be almost everywhere constant for u close to the identity. From the cocycle identity, we have that the
subset U, é, ={ueU:A,P(g,-)isaconstant} is an open subgroup of U. As U is connected, we conclude
that U é = U for every g € G. We conclude that, for every g € G, there exists a character xo : U — § !
such that A, P(g, -) = x¢(u) for every u € U. Since U is connected and yx, is continuous we have that
the image of x, is either trivial or is § I, But, the latter contradicts the assumption that P (g, -) takes
finitely many values. It follows that A, P(g,-) =1 for every u € U and g € G. In other words, P is
invariant under the action of U, as required. O

Remark C.6. In some cases the group S! in the proposition can be replaced by any compact abelian group
using Pontryagin duality. For instance, if P : G x X — V is a phase polynomial cocycle for some compact
abelian group V, then for every x € V we have that xoP:G x X — S!is a phase polynomial cocycle of
the same degree. By Propositions C.1 and C.5 we have that x (A, P) =1 for every u € U. As the characters
separate points, this would imply that A, P = 1; hence P is invariant with respect to the action of U.
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