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The well-known theorem of Shalom—Vaserstein and Ershov—Jaikin-Zapirain states that the group EL, (R),
generated by elementary matrices over a finitely generated commutative ring R, has Kazhdan’s prop-
erty (T) as soon as n > 3. This is no longer true if the ring R is replaced by a commutative rng (a ring but
without the identity) due to nilpotent quotients EL, (R/R¥). We prove that even in such a case the group
EL, (R) satisfies a certain property that can substitute property (T), provided that n is large enough.

1. Introduction

We continue and extend the scope of the study of [Kaluba et al. 2019; 2021; Netzer and Thom 2015;
Nitsche 2020; Ozawa 2016], which develops the way of proving Kazhdan’s property (T) via sum of
squares methods. See [Bekka et al. 2008] for a comprehensive treatment of property (T). Let I' = (S) be
a group together with a finite symmetric generating subset S. We denote by R[I"] the real group algebra
with the involution # that extends the inverse * : x — x~! on I'. The positive elements in R[I"] are sums
of (hermitian) squares,

ZPRIT] = {Zs,-*s,- &€ R[F]}
and the combinatorial Laplacian is

A= % Y U= A—5)=IS|-> se R

seS seS

It is proved in [Ozawa 2016] that the group I' has property (T) if and only if there is & > 0 that satisfies
A* —gA € Z°R[T].

Property (T) for the so-called universal lattice EL,,(Z[t, ..., tq]), n > 3, is proved in [Shalom 2006;
Vaserstein 2006; Ershov and Jaikin-Zapirain 2010]. See also [Mimura 2015] for a simpler proof and
[Kassabov and Nikolov 2006; Kaluba et al. 2019] for partial results. All the proofs (save for [Kaluba
et al. 2019]) rely on relative property (T) of certain semidirect products. Our interest in this paper is
in the infinite index subgroup EL, (Z(t1, ..., t;)) of EL,,(Z[t1, ..., t4]). Here R :=Z{t1, ..., t3) is the
commutative rng (i.e., a ring, but without assuming the existence of the identity; R is an ideal in the
unitization R') of polynomials in ¢4, ..., t; with zero constant terms and EL,,(R) C SL, (R') denotes
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the group generated by the elementary matrices over the rng R. The elementary matrices are those
e; j(r) € SL, (R') with I’s on the diagonal, r € R in the (i, j)-th entry, and zeros everywhere else. The
group EL, (R) does not have property (T), because it has infinite nilpotent quotients EL,, (R / R¥). The
group does not seem to admit a good analogue of relative property (T) phenomenon, either. Still, we
prove via sum of squares methods that EL, (R) satisfies a property that can substitute property (T).

Main Theorem. Let d € N and consider the commutative rng R := Z{t1, ..., ty). Then there are ng € N
and & > 0 such that, for every n > ng, the combinatorial Laplacians

d
A=) "% (1—e j (1)) (1 —ei (1)
i#j r=1
for EL,,(R) and

d
AP =3 Y (e 1)) (1 = e j(11,))
i#j r,s=1
for EL,,(R?) satisfy
A% —neA® e 22R[EL,(R)].

Here X2R[I'] denotes the archimedean closure of £2R[I"] (see Section 2). An upper bound for ng in
the Main Theorem is in principle explicitly calculable, but we do not attempt to do that (nor attempt to
optimize the proof for a better estimate). We conjecture! that the Main Theorem holds true with no = 3
(in particular ny should not depend on d). Our proof is inspired by the work of Kaluba, Kielak and
Nowak [Kaluba et al. 2021] that proves property (T) for Aut(F,) for d > 5 via computer calculations and
an ingenious idea on stability. Our proof does not rely on computers, but instead on analysis by Boca
and Zaharescu [2005] on the almost Mathieu operators in the rotation C*-algebras. In fact, there is no
known method of rigorously proving a result like the Main Theorem by computers. This is because the
conclusion is analytic in nature—the archimedean closure is indispensable. See discussions in Section 6.

The above theorem has a couple of corollaries. The first one is reminiscent of one of the standard
definitions of property (T) (see Definition 1.1.3 in [Bekka et al. 2008]).

Corollary A. For every d, if n is large enough, then for every k > 0 there is § > 0 satisfying the following
property. For every orthogonal representation w of EL,,(Z(t, ..., t;)) on a Hilbert space H and every
unit vector v € H with max; j , [lv—m(e; j(t,))v|| <4, there is a vector w € H such that ||v — w|| <« and

lim max ||w — n(ei,j(lf))w” =0.
[—o00 i,j,r

We remark that a certain strengthening of the above corollary does not hold. Namely, there is an
orthogonal representation 7 of EL, (Z(t1, ..., t;)) that simultaneously admits asymptotically invariant
vectors v and a sequence x; € EL, (Z(ti, ey tfi)) with 7 (x;) — 0 in the weak operator topology.

Corollary B. For every d, if n is large enough, then the group EL,(Z{t,, ..., ty)) has property (t) with
respect to the finite quotients of the form EL, (S), where S is a finite unital quotients of Z(t1, ..., tg).

INB: As the author is lame at the computer, no computer experiments have been carried out.
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Property (7) is a generalization of property (T) for finite quotients. See Section 7 for the definition and
the proofs of the above corollaries. Corollary B says {EL,(S) : S} forms an expander family with respect
to elementary generating subsets of fixed size. The novel point compared to the previously known case of
the universal lattice [Kassabov and Nikolov 2006] is that the generating subsets of the finite commutative
rings S need not contain the unit although the S are assumed unital. For example, for n large enough, the
Cayley graphs of SL,,(Z/qZ) with respect to the generating subsets {e; j(p) : i # j} form an expander
family as relatively prime pairs (p, g) vary. The study of the expander property for SL,(Z/qZ) and alike
is a very active area. See [Breuillard and Lubotzky 2022; Helfgott 2019; Kowalski 2019] for recent
surveys on this.

2. Preliminaries

Let I' = (S) be a group together with a finite symmetric generating subset S. We denote by R[I"] the real
group algebra with the involution s which is the linear extension of x* := x~! on I'. The identity element
of I as well as R[I'] is simply denoted by 1. Recall the positive cone of sums of (hermitian) squares is
given by

PRIT] = { D EE g€ R[F]} CRITI™ :={£ €RI[]: £ =§*).

The elements in £2R[I"] are considered positive. For &, n € R[I"]"®, we write £ < n if n — & € L?R[T"].
It is obvious that & > 0 implies £ > 0 in the full group C*-algebra C*[I'], that is to say, 7 () is positive
selfadjoint for every orthogonal (or unitary) representation 7z of I" on a real (or complex) Hilbert space #.
The converse is true up to the archimedean closure:

Y2R[I]:={& eR[I']:foralle >0&+¢e-1>0}={& €eR[[']:& >0in C*[']}.
See, e.g., [Cimpri¢ 2009; Ozawa 2013; Schmiidgen 2009] for this. On this occasion, we recall the
basic fact that 0 < & < 5 (or 0 < £ < 1) need not imply 0 < £2 < »°. Note that since any orthogonal
representation of I" dilates to an orthogonal representation of any supergroup I'y > I" by induction (i.e.,
C*[I"] € C*[I'1] in short), whether & > O or not does not depend on the ambient group. The same holds
true for & > 0, by the coset decomposition. The combinatorial Laplacian, with respect to the (symmetric)

generating subset S,
1 x _
A'_§ E (1=5)"(1—s5)=|S|— E s

seS seS

satisfies, for every orthogonal representation (7, ) and a vector v € H,

(B, v) =3 o=l

seS

3. Proof of the Main Theorem, prelude

For any rng R, we denote by EL, (R) C SL,(R') the group generated by the elementary matrices over
the rng R. The elementary matrices are those e; ;(r) € SL, (R") with 1’s on the diagonal, r € R in the
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(i, j)-th entry (i # j), and zeros everywhere else. They satisfy the Steinberg relations:

o ¢ j(r)e j(s) =e; j(r+s).
o [eij(r),ejr(s)]=eir(rs)if i #k.
o [e;j(r),exi(s)]=1ifi £l and j #k.
We note that every rng homomorphism R — S induces by entrywise operation a group homomorphism

EL,(R) — EL,(S) and that EL, (R/R¥) is nilpotent for every k, where R* := span{r;---r; : r; € R}.
To ease notation, we will write

Eij(r):=0—e )" (1—e j(r)=2—e¢;;(r)—e; j(r)* € REL,(R)].

We now consider the case R = Z(ty, ..., ty) and start proving the Main Theorem. Recall that the
combinatorial Laplacians with respect to the generating subset {e; ; (%)} are given by

d d
Api=Y Y Eij(t) and AP =" E; ().

i#j r=1 i#jrs=l
We follow the idea of [Kaluba et al. 2021] about the stability with respect to n of the relation like
Aﬁ,z) < A%. Here & « 1 means that & < Ry for some R > 0 in the full group C*-algebra. For each n, put
E,={{i,j}:1<i,j<n,i#j}and, fore, feE,, writee~fif [eNfl]=1ande L fifeNf= . One has

An=7)_ A,

ecE,
) d
where A{,”j} = Zr:l Ei,j(l‘r) + Ej,i(tr)- Thus
AY=Y"AI+> AeAr+ Y AcAr=:Sq, +Adj, +Op, .
e e~f elf

The elements Sq,, and Op,, are positive, while Adj,, is not and this causes trouble.
For m < n, we view EL,,(R) as a subgroup of EL, (R) sitting at the left upper corner. The symmetric
group Sym(n) acts on EL,(R) by permutation of the indices. We note that

[En| = im@m —1),
l{(e,f) € B2 e ~f}| =m(m —1)(m —2),
l{(e,f) €Ej, :e Lf}| = tm(m — 1)(m —2)(m - 3).
Hence, as it is proved in [Kaluba et al. 2021], one has
Y o) =mm—1)-(n-2)!- AP,

oeSym(n)
> o(Adj,) =m(m —1)(m—2)- (n—3)!- Adj,,

oeSym(n)

Z o(Op,,) =m(m—1)(m—=2)(m—=3)-(n—4)!-Op,, .

oeSym(n)
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Thus if we know there are m € N, R > 0, and ¢ > 0 such that
Adj,, +ROp,, = eA? Q)

holds true in C*[EL,, (R)], then it follows

28An < 1Axd‘]’1 +mR Opn < An

m —
for all n such that R(m — 3)/(n — 3) < 1 and the Main Theorem is proved. This is Proposition 4.1 in
[Kaluba et al. 2021]. To apply this machinery, we further expand Adj,,:

Adj, =" > (Ei () + Ej i) (Eja(ts) + Exj(8)

r.s i,j,k distinct

=Y Y (Eij)Eju(t) + Ejx(ts) Er j(t) + Ei j (1) Ei i (t) + Ej k(1) Ei 4 (1)),

r,s i, j,k distinct

Therefore, if there are m € N, R > 0, & > 0, and distinct indices i, j, k, [ such that
Ei j@)Eji(t) + Ej () E; j(t,) + Ei j(t)Ei () + Ejk(t) Ejx(t,) + ROp,, > eE; i (t;15) ()

holds true, then we obtain () (for different R > 0 and ¢ > 0) by summing up this over the Sym(m)-orbit
and over r, s. This is what we will prove in the next section.

4. The Heisenberg group and the rotation C*-algebras

In this section, we will work entirely in the C*-algebra setting. Let’s consider the integral Heisenberg
group

1 ac
H = 1 b|l:a,bceZ; =(x,y:z:=[x,y]is central),
1
where
11 1 1 1
X = 1 , Y= 11, z= 1
1 1 1

Note that every irreducible unitary representation of H sends the central element z to a scalar (multiplica-
tion operator) of modulus 1. For 6 € [0, 1), we consider the irreducible unitary representation 7y of H on
r(Z) or £5(Z/qZ), depending on whether 6 irrational or & = p/q is rational with ged(p, q) = 1, given by

79 (x)8; = expjmi0)8;.  mo(y)8; =8j11. 7e(2) =exp(2mif).

By convention, if & = p/q is rational, then ged(p, g) = 1 is assumed, and if 6 is irrational, we consider
g = 00, and Z/qZ means Z. Thus in either case my is a representation on £,(Z/qZ). The C*-algebra
Ay := 1y (C*[H)) is called the rotation C*-algebra.

We fix the notation used throughout this section. We define

X=(0-x)*0—x)=2—x—x"eC'[H]., Xg:=my(X)e€ A,
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and the same for y and z. Note that X+ Y is the combinatorial Laplacian of H with respect to the generating
subset {Xi, yi}, that 0 < X <4, and that the triplets (Xg, Yy, Zg), (Yo, X9, Zy), and (X1-g, Y1-9, Z1—0)
are unitarily equivalent. For a parameter A > 0, the almost Mathieu operator on £,(Z/qZ) is given by

Hy ) :=mp (%(x +x")+y +y*) =A+2)— (%X@ + YQ).
We also write s = sin 6, s, = sin2mn6, and c,, = cos 2mm 6. In particular,
Zy =2(1 —cos2mh) = 452,

See [Boca 2001] for more information about the almost Mathieu operators and [Nitsche 2020] for some
discussion in connection with the semidefinite programming.

Eventually, we will prove a certain inequality (Theorem 9) about X, Y, and Z (in the full group
C*-algebra of a higher-dimensional Heisenberg group) that leads to (<>) in the previous section. To prove
inequalities about X, Y, and Z, it suffices to work with Xy, Yy, and Zy for each 0 € [0, %] separately,
thanks to the following well-known fact (Lemma 1). The critical estimate is the one for small 6 > 0
(Corollary 4 and Lemma 6). The rest will work out anyway.

Lemma 1. For any dense subset I C [0, 1), the representation @, 7o is faithful on the full group
C*-algebra C*[H .

Proof. For the readers’ convenience, we sketch the proof. Let ty denote the tracial state on C*[H ] associ-
ated with my. That is to say, if 6 is irrational, then ty arises from the canonical tracial state on the irrational
rotation C*-algebra Ay and it is given by 79 (x’ y/) =0for all (i, j) # (0, 0). If § = p/q is rational, then 7g is
given by tr, omg, where tr, is the tracial state on Ml, (C), and it satisfies 7y (x'y/y=0forall (i, j) # (0, 0) in
(Z/qZ)?. 1t follows that 6 — T4 is continuous at irrational points and the assumption of the lemma implies
that T := fol Ty d6 is a continuous state on P, <1 To. It is not hard to see that t coincides with the tracial
state associated with the left regular representation of H, that is to say, v(x’y/z*) = 0 for all (i, j, k) #
(0,0, 0). Since H is amenable, the tracial state t is faithful on the full group C*-algebra C*[H]. O

Theorem 2 [Boca and Zaharescu 2005]. Let 6 € [0, 1). One has

sinf.

| Hooll <542 — —
ol = P)
More precisely, for any real unit vector & in £2(Z/qZ),
A
| H o€ I =32 + 4421 = tan 760)( 70 (x + X8, 7o (y + ") = D l6m1 = bt = Asmbn
m

Proof. Because the statements are formulated in a different way in [Boca and Zaharescu 2005], we
replicate here the proof from that work:

1H 06117 = IAcmbm+Em—1+Emsi |
m
= )\2+4+Z(_)\2s31'§,121_|Sm—1 —Emt1 |2+2)ché:m (g:m—1+€:m+1))
m

=2244=Y [Em1—Emr1—ASmEm =20 Y smEm1—Emr)Em+20 Y Cmbm Em1+HEmi1)-
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We continue with the computation,
D embmEn1 +En1) =D _(Cno1 +Cn)em—1En =208 7O Y Epn_1£p cOS(2m — D)0
m m m
and similarly
- Z Sm (Em—l - ém—H)Sm = Z(Sm—l - Sm)sm—lgm
m m

=—2sin70 Y _ &y 1£m cos(2m — 10

m

= —tan0 Z Cmém(‘i:m—l +€m+1)'

Thus one obtains the purported formula for || H ¢& |>. We also observe that

| Hy 6€ 11> < 32 +4+4A(cos 70 —SIN7T0) Y &1y cOS(2m — 1)76
<224+ 44451 —sin7h). m
This yields the purported estimate for || Hg ;|| 0

Corollary 3. In the full group C*-algebra C*[H ], one has
X+Y=3VZ.

Proof. By Lemma 1, it suffices to show the assertion in Ay for each 6 € [0, 1]. It follows from Theorem 2
with A =2 that Xg + Yy =4 — Hy 2 > 33/ Zs. O

Since Z is central, X +Y > % Z is equivalent to 4(X + Y )2 > Z in C*[H]. However, there is no
R > 0 such that R(X +Y)? > Z in R[H]. We will elaborate this in Section 6.

1 arcsin(x,/ I_K)}
‘7 R )

JH?BFJ—

RXo+Yy > — Zyg.

Corollary 4. Let R>1, 0 <k < 1, and

-

6y 1= min{

Then, for any 6 € [0, 6y], one has

Proof. We write

*
mﬁﬂmﬂ%,(ﬂ=ﬁ%w%=ndx§x)=l—%&% c=1—0R.

Let 6 € [0, 6p] and a real unit vector & € £,(Z/qZ) be given. We need to prove ((RXy + Yg)&,&) > Cs.
For this, we may assume that (g (x + x*)&, mp(y + y*)&) > 0 because otherwise

(Xo+Yo)E, &) =4 — |mp(x + X" +y +yME| = 4—2V2.
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Pute:=1—||c&|]. If e = Cs/(2R), then (RXy&, &) > 2Re > Cs and we are done. From now on, we
assume that ¢ < Cs/(2R). By Theorem 2 for A :=2R/C, one has

| Hy 0&1I> < A* + 4+ 2x(1 — 5)(c&, (Hy 5 — AC)E)
<A2 44201 —s5)(1 — )| Hy 1 &l — 222 (1 —s)(1 — )2

and hence
(I Hy6€l = 2(1 —$)(1 — ) <4+ 22(1=2(1 —5)(1 — &)’ + (1 —$)2(1 —£)?)
=44+ 221 —(1—-5H)(1—¢)?)
<44 21%(s>+2e).
Thus

| Hy o6 < 2+)»S(}1)»S0+ %x%) Al —s).

By our choices,

N _2_R K/ (1 —k) 5
so—C —«/ﬁ

and Ae/s < 1. Therefore,

IH gl <a+2-(1-3-2c-3) 2/ Ks=it2-cs

Since A4+2—H) g = (A/2)Xp + Yy < RXg + Yy, we are done. O

Proposition 5. In the full group C*-algebra C*[H], one has
(X +Y)VZ+ (XY +YX)>0.

Proof. By Lemma 1, it suffices to show the same for the Xy. We write b, :=1—c, =1 —cos2mm6 =
2sin” mmH. We observe that

me—l

i 2 —1
X19 - 2bm P Y0 - -1 2 ’
4bm—1 _(bm—l+bm)

1
~(XoYg+ Yo Xp) =
2( ore o 9) _(brn—1+bm) 4'bm

These are the sums of the following 2-by-2 matrices sitting at the (m—1)-to-m-th corners:

by — 1 —1
X0,m:|: ! b j|a YG,m:|:_1 1i|7

2bm—l _(bm—l+bm):|

1 —
2 XY+ Y X)om: [—(bm_1+bm> 2,
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Thus, it suffices to show
Ton :=25Xg.m + Yom) + 5(XY +YX)g
26+ Dbp—1+2s —@2s+bu—1+bp)
—2s+by_1+by) 2(s+1)b,, +2s

is positive in M, (C) for every m. We only need to calculate the determinant:

det(Ty ) = 4by_1by + 4s(s + 1) (b1 +bp) + 45> — (25 + bp_1 + by)?
= 45> (by_1 +bp) — (b1 — bp)*
= 8s2(sin*(m — 1)76 + sin® mn0) — 4s% sin> 2m — )76
> 0.
Here, we have used the formulas
b, =2 sin® mr6,
bu_1—by =—250sin(2m — 1)76,

| sin(2m — 1) @] < |sin(m — 1)70| + | sinmmO|.

A similar calculation shows Z + %(X Y+ YX)>0in C*[H]. In fact, it is a sum of squares:

1 1 1 ¢ z 5
Z45XY+YX)= (X +Y)Z+g¢ 2(1 —b)’(1—a)*(1 —a)*(1 —b)°,

where ) is over the eight terms (a, b) € {(x, y), (y, x)} and (¢, &), (3, 8) € {(x, ), (-, %))

2549

Now, we consider the C*-algebra Ay ® Ay on £,(Z/qZ) ® £,(Z/qZ). We continue to view Zy as a
scalar in Ay ® Ag. We want to find an inequality that leads to (<>). The following does the job for small

6 > 0. We note that it fails at 6y = %

Lemma 6. There are 6y > 0, R > 1, and € > 0 such that, for every 0 € [0, 6], one has

RXo®Yy+Ye®Xg)+XgQ@Xo+ Yy QYe+ (XoYo+ Yo Xg)®1>6Zy.

Proof. By Corollary 4, there are 6y > 0 and R > 1 such that 1 ® (RXy + Yy) > 8s for every 6 € [0, 0y].

By Proposition 5 and Corollary 3, it follows that the left-hand side dominates
(Xo+Yp) -85+ XgYo+ Yo Xg > (Xg+Yp) -4s > Zy,
where we omitted writing ®1.
To deal with the case 6 > 6y, we need a few more auxiliary lemmas on Ay.
Lemma 7. For every 0 € [0, %], one has

7o (1 —x)(1 = y))|| < 4cos(6/2).
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Proof. The expansion of (1 — y)*(1 —x)*(1 — x)(1 — y) has 16 terms (counting multiplicity) and among
them are —(1 +z)x, —(1 +z)*x™* and x(zy* 4+ y) + x*(z*y* + y). One has |1 + z| =2 cos 76 and

* ® k| k % ko z+y2
xzy™ +y)+x7 @y + I = xy™ x*y 1| « 72
"ty
< V2 + ) @+ ) + @+ y) D) = dcos .
Hence || (1 — y)*(1 —=x)*(1 —x)(1 — y))|| <8+ 8cosnh = 16cos2(n9/2). O

For a positive operator A, we denote by P45 (resp. P45 = 1 —P4<s) the spectral projection of A
corresponding to the spectrum [0, 8] (resp. (8, 00)). We also write P4<s5 1 p<s etc. for the orthogonal
projection onto ranP4<s NranPp<s etc. Note that if A and B commute, then so do their spectral
projections and P <5 p<s = Pa<sPp<s.

Lemma 8. For every 6 € (0, %] and 0 < § < 2(1 —cosmh), one has
Px,<sYoPx,<s = 2Px,<s,

the same with Xg and Yy interchanged, and

IPy,<sPx,<sll < 1—s

In particular, £5,(Z/q7Z) is decomposed into a direct sum
(Z/qZ) =ranPx,<s +ran Py,<s +ranPx,~5 A v,>s
and the corresponding (not necessarily orthogonal) projections have norm at most /(4 —8)/(2 — 9).
Proof. We observe that Py, <s is the projection onto £>(E) with
E:={m:2(1 —cos2mnf) <8} C{m:mb € (—0/2,0/2) + 7}.

The set E does not contain consecutive numbers and the first assertion follows. The second follows from the
unitary equivalence of the pairs (Xg, Yp) and (Yp, Xp). Since Yy <8Py, <s+4(1—Py,<s) =4—(4—5)Py, <s,
one has

2Px,<s <4Px,<s — (4 —0)Px,<sPy,<sPx,<s

and ||Py,<sPx,<s 2=l Px,<sPy,<sPx,<sll <2/(4—35). This gives the desired estimate for || Py, <sPx,<s]l.
We remark that this estimate can be improved to & 1/+/3 if 6 is away from % and § > 0 is small enough. In-
deed, the gaps of E will have length at least 2 and hence any unit vectors £ eran Py, <5 and ) € Py, < satisfy

& I~ [ig, 3mo(1+ Y+ ym)| = (3o (1 + 3+ 8, )] < &=

The projection onto the third subspace is orthogonal. On the other hand, any £ 4+n€ran Py, <s+ran Py, <5
satisfies

1€ + 11> > IEN* + 1Inl* — 2Py, <sPx,<s I IEI 0]l = (1 — [Py, <sPx,<s ) IE]I*.

This gives the desired norm estimate. O
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Now, we consider this time the cubic tensor product 4y ® Ay ® Ay. This arises as an irreducible
representation of the higher dimensional Heisenberg group

1 %
1

—_ O ¥
— O O ¥
—_ % % % ¥

H; = C SL(5, 2).

We put x; :=ey,;+1(1), yi :==e;41,5(1), and z:=e; 5(1) in H3, where we recall that ¢; ; (1) is the elementary
matrix defined in the beginning of the previous section. Note that [x;, y;] =z and [x;, y;] =1 fori # j.
Hence H; is isomorphic to the quotient of H x H x H modulo z are identified. As before, we write
X; = —x;)*(1 —x;), etc. This should not be confused with Xy in Ayg.

Theorem 9. There are R > 0 and & > 0 such that
RX 1 h+Y1 X0+ X1 3+ X))+ X 1 Xo+ Y1 Hh+ X Y1+ X>¢eZ
holds in C*[ H3].

Proof. By Lemma 1 (adapted to this case), it suffices to prove the assertion in Ay ® Ay ® Ay for each
0 e [0, %] We write X; g for Xy in the i-th tensor component. For a unit vector

L €la(Z/q2) @L(Z]q7) @ 2(Z/q7),

we need to prove
(R(X1,0Y20+Y10X20+X10Y30+Y1,0X30)+X1,0X20+Y10Y20+X10Y10+Y10X10)0.8) > €Zp.

By Lemma 6, we are already done for 6 € [0, 8p]. To apply Lemma 8, fix 0 < § < 2(1 —cos b)) small
enough and consider 8 € [90, %] Since we may choose R > 1 arbitrarily large with respect to the fixed &,
we may assume

max{ || PXI’QYZ.Q >82§ ” ’ ” pY1.9X2,9>52§ || s ” [p)Xl,g Y34 >52{ ” ) ” PY1‘9X3’9>52§ ”} <@é.
As described in Lemma 8, we consider the decomposition
{=&+n+yeranPy, ,<s +ranPy, ,<s +1anPx, o517, 455

Note that max{||£ ||, [n]l, |y ]I} < 2. By writing ~;, we will mean that the difference is at most §. Since

; s [FDX1,9Y2.9§52§ and PY2’9>5/\X1,9Y2’9§52 = [FDXI,(?SS/\YZ,9>5’ one haS

H:DY219>(S§ %5 I]:DXL()fS AYag >5§'
It follows that

Py, 581+ Py, gssV X6 Px| g<s 12955 + 1+ V) —Pr, 268 =Px,g<s avs5>87-

Since Py, ,~s leaves ran Py, ,<s and ran Py, ,<s invariant, this implies

[FDY2~9>817 ~s PXI,GS(S/\ Yz,9>577 and PY2’9>(SV s 0.
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Hence, in combination with Lemma 8 that Py, ,<sPx, ,~sPy, ;<5 > %[P’ywsa, one obtains

2 2 1 2
8 = ”I]:DX|_9>3I]:DY2YF)>577” > Z||I]:DY2y()>577” 5
that is,

n ~2s Py, ,<sn-

The same consideration on Y; ¢ X5 ¢ yields
Px,,>5v ~s0 and & ~y5 Py, ,<s§.
Thus Py, ,~5Px, ,<sv X5 Py, ,>57 ~s 0 and, by Lemma 8 again,
711?252 IPx, <57 1> < 41Py, 5P, <57 7 < 1687,

Further, the same for X Y3 and Y} ¢ X3 ¢ yields

§ ~as PX}.BSBS and 1 R PYMSB’?'

Now a routine but tedious calculation with Lemma 8 yields

(X1,6X2,0¢, ) ~cs (X1,0X2,0Py,0<6 A Vag<sT Prio<s nvao<s) Fi6s 40l

for some absolute constant C (e.g., C = 1000 should be enough), and likewise

(Y10Y208, &) ~cs 4IIEN.

On the other hand, by Lemmas 7 and 8,

{(X1.6Y1.0 +Y1,6X1,0)¢ O ~cs 21{X1,6Y1,6Px, g<5 7 X20<6 7 X39<65+ Pyig<s AYa0<6 A Y3 <5M)]
< 2||Py, y<smo (1 — x7) [ I7mo (1 = x1) (1 = y) [ I7m6 (1 = Y Px, o<l

X ”l]:DXz,gS(SPYzYQSSH |||]:DX3,9§8PY319§5” ”5” ||77||

w0 2
<16(cos 7 ) - 2=l Il

If we have chosen § > 0 small enough, then
2
£:=8— 16<cos 71_90> - —— > 4C8.
4-6

Observe that § > 0 and ¢ > 0 depends on the absolute constants 6y > 0 and C > 0, but not on 6 € [90, %]
In the end,
{(X1,6Y1,6 +X16Y1,6)¢, 0) <@ —8)l&lInll +C&

<41 —¢e/2)(IEN* + Inll*) + C8
<((X1.0X20+Y10Y20), ) —e+3C3.

This completes the proof. We remark that the above proof for 6 € [90, %] is not as tight as it appears
1
) 1 )
IPx,<sPy,<sll is bounded by ~ Nt O

(and & > 0 can be “visible”), because if 8 is around %, then cos %n@ ~ and if 6 is away from %, then
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5. Proof of the Main Theorem, postlude

Since R := Z{t1, ..., tq) is commutative, we may apply Theorem 9 to x; = e; 2(t;), x2 = e13(ts),
x3=-e14(t,), y1 =e5(ts), y2 =e35(t), y3 =es5(t;), and z = ey 5(, 1) in EL5(R). This yields (<) in
Section 3 and the proof of the Main Theorem is complete. U

The terms XY, = E12(4,)E3 5(t,) and Y1 X, = Ey 5(t5) E1,3(¢;) are diagonal with respect to {¢, £}.
This causes an annoying dependence of R on d in the formula (Q), which results in dependence of n
on d in the Main Theorem.

6. Real group algebras and property Hy

In this section, we continue the study of [Netzer and Thom 2013; 2015; Nitsche 2020; Ozawa 2013;
2016] about positivity in real group algebras. In addition to the notation from Section 2, we denote by

I[T]:=span{l —x : x e '} C R[]

the augmentation ideal. We observe that >2][I'1 = I[T']N Z?R[I'] and hence there is no ambiguity about
the order < on I[I']. In [Ozawa 2016], it was observed that the combinatorial Laplacian A € >2][I']is an
order unit for I[T"] (more precisely for 1[I"]"", but this abuse of terminology should not cause any problem).
That is to say, for every & € I[I']", there is R > 0 such that £ < RA. We will indicate this by £ < A.

We review the relation between positive linear functionals on I[I'] and 1-cocycles (with unitary
coefficients). A linear functional ¢ on /[I'] is said to be positive if it is selfadjoint and go(EZI [T C R>o.
One has ¢(A) = 0 if and only if ¢ = 0. Every positive linear functional ¢ gives rise to a semi-inner
product (£, ) := ¢(£*n) and the corresponding seminorm ||&] := @(E*E)Y/? on I[T'], with respect to
which the left multiplication by an element of I" is orthogonal. This is the Gelfand—Naimark construction.
The map b :I" — I[I'], t — 1 —t, is a 1-cocycle, i.e., it satisfies b(st) = b(s) + sb(¢t) for every s,t € I'.
We note that ¢(1 —1) = Jp((1 —)*(1 = 1)) = [b(®)|* and (A) = 1 3" ¢ Ib(s)[|>. In fact, every
1-cocycle arises in this way. See, e.g., Appendix C in [Bekka et al. 2008] and Appendix D in [Brown and
Ozawa 2008] for a comprehensive treatment.

It is proved in [Ozawa 2016] that £21[I'] = I[T"]**' N X2R[T"]. That is to say,

S2[[]:={& e I[T]™ :foralle > 0, £ +&A > 0}
={tel [1“]her : (&) = 0 for every positive linear functional ¢ on I[I']}
={£ eIl :&>0in CT]}.

We also record an easy consequence of the Hahn—Banach separation theorem (a.k.a. the Eidelheit—Kakutani
separation theorem in this context). For £, n € 1 [C]PT (or in any real ordered vector space with an order
unit A), the following are equivalent:

(1) ¢(&) =0 implies ¢(n) < 0 for every positive linear functional ¢ on I[I'].
(2) —n € 22I[I'] — RE.
(3) For all ¢ > 0, there exists R € R such that RE —n+cA > 0.
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We observe that since

P(AY) = (A A)=|> b(s)
seS
one has ¢(A?) = 0 if and only if the corresponding 1-cocycle b is harmonic in the sense Y sesb(s)=0

This observation recovers Shalom’s theorem [2000] that every finitely generated group without property (T)
has a nonzero harmonic 1-cocycle. An essentially same proof was given in [Nitsche 2020].
We record the following well-known fact:

« If a 1-cocycle b vanishes on a normal subgroup N < T, then N acts trivially on span b(I") and hence
b factors through the quotient I'/ N.

e If b is a harmonic 1-cocycle on I, then the center Z(I") acts trivially on span b(I") and I" acts trivially
on spanb(Z(I")).

o Every harmonic 1-cocycle on an abelian group is an additive homomorphism.

The first assertion is not difficult to show. The second follows from the identity (1 —x)b(z) = (1 —z)b(x)
for x € I" and z € Z(I"). If b is harmonic, then (|S| — D s s)b(z) = 0 and, by strict convexity of a
Hilbert space, b(z) = sb(z) for s € S and hence for all s € T".

An additive character x : I' — R can be viewed as a harmonic 1-cocycle. The corresponding positive
linear functional ¢, : I[I'] — R is given by ¢, (1 —1) = % ¥ ()%. This should not be confused with the
linear extension x : I[I'] — R which is not even selfadjoint. The positive linear functional ¢, factors
through the abelianization / [[2b].

We denote the augmentation power by

[F[I") := span(I[T"1*) C R[T].
It is well-known and easy to see from the formula
l—xy=(l-x)+0-y—-0-x)A=y)e A —x)+ (1 —y)+I*T]

that /[I"] is generated as arng by {l —s:s e S}andthat'sx+— 1—x € I[F]/IZ[F] is an additive
homomorphism. On the other hand, every additive homomorphism x vanishes on I?[I"], because
x((1=x)(1—v))=x(1—x—y+xy)=0. Hence I*[I'] = ﬂx ker x, where the intersection is taken
over the additive characters x on I. We will see that A> € £21%[I"] need not be an order unit for 74[I"],
but the element

D= 411 Z (1=5)* A =0)* (1 =1)(1 —5) € T°I*[T]

s,teS

is. Since 0 = A% in I[T"*"], one has ¢, (0) = ¢, (A?) = 0 for every additive character x. We will prove
later that the converse is also true.

Theorem 10. The element O is an order unit for I*[T']. Namely
T4 = (€ € R[] : +& < O} = span ©21%(T"]

and moreover I*[T]1N X2R[T] = Z272[T].
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Proof. We first prove that the left is contained the middle. The proof is similar to that for Lemma 2 in
[Ozawa 2016]. Since £*n + n*& < £*& + n*n for every &, n, it suffices to show that

A-x)"A=—y)*(1—y)1—x)<O forallx,yel.
By using the inequality
(I =x1x2)"(I=)* A =y)A = x1x2) = (I —x1) +x1(1 —=x2))* (1 = y)* (—)
<2(1—x)* (1 =Y (—) +2(1 —x2)* A — x; ' yx)*(—),

one can reduce this to the case x € §, and similarly to the case y € S, where the assertion is obvious. We
next show that +& < [J implies £ € span ©27%[T"]. There is R > 0 such that 0 < RC] — & < 2R, Thus it
remains to show ), n¥n; < O implies n; € 1 2[T']. Since @, ([J) = 0 for every additive character x on I,

one has
2
1 _
0= gy (Z n?m) =5 D nimMx 'y’ = Z(Z m(x)x(x)) :
i i,x,y i X
or equivalently 1; € (1), ker x = I?[T'] for all ;. O

Corollary 11. A positive linear functional ¢ on I[I'] satisfies () = 0 if and only if the associated
1-cocycle is an additive homomorphism.

Proof. We have already noted that ¢, (LJ) = O for all additive character x. Conversely, suppose ¢ (L) = 0.
Since this implies ¢(A?) = 0, the 1-cocycle b associated with ¢ is harmonic. Moreover, since

=[x, yl= @y —yo)x 'y ' = (1 —x)(1—y) = (1 —y)A —x)x" 'yt e I*[I],

Theorem 10 implies that b = 0 on the commutator subgroup [I", I']. Thus b factors through I'®® and is an
additive homomorphism. U

We recall that a finitely generated group I' is said to have Shalom’s property Hr if every harmonic
I-cocycle on I' is an additive homomorphism. Property Ht coincides with Kazhdan’s property (T) for
groups with finite abelianization. It is observed in [Shalom 2004] that finitely generated nilpotent groups
have property Hr. We conjecture that the group EL, (Z(t1, .. ., t;)) has property Hy. By the Hahn—Banach
separation theorem, one obtains the following characterization of property Hr, which does not seem
useful though.

Corollary 12. The finitely generated group I" has finite abelianization if and only if A < U. The finitely
generated group T has property Hr if and only if for every ¢ > 0 there is R > 0 such that 0 < RA? 4+ ¢A.

Property Hr for nilpotent groups also follows from Corollary 3 that if a commutator z = [x, y] is
central, then (1 — z2)*(1 —z) <« A% in C*[T"]. It is tempting to conjecture that every finitely generated
nilpotent group I satisfies (] < A”. Had it been true that (0 < A? for a given group T, it would have
been able to rigorously prove this by computer calculations because [ is an order unit for 7#[T"] (modulo
a quantitative estimate, see [Netzer and Thom 2015]). However, we will observe here that [1 X A2
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in R[H]. Hence, unlike property (T), property Hr is probably not characterized by a “simple”?

in the real group algebra. This spoils the current methods of proving something like the Main Theorem
by computer calculations. (Note that EL, (Z(¢)) has the Heisenberg group H,_; as a quotient and the

inequality

analogous statement to the following proposition holds true for this group.)
Proposition 13. Let H be the integral Heisenberg group and z := [x, y] be as described in the beginning
of Section 4. Then (1 —2)*(1 —z) K A? in R[H]. Moreover,

Y212[H) # I*[H" N 22R[H].

The proof of X2/[I"] = I[I"]"" N ©2R[I"] given in [Ozawa 2016] is based on Schoenberg’s theorem
that any positive linear functional on /[I'] is approximable by those that extend on R[I']. The above
proposition says there is no good enough analogue of Schoenberg’s theorem for augmentation powers. For
the proof of the proposition, we need a description of the graded vector space - -- D I*[H] D I°’[H] D - - -.
To ease notation, we write X := 1 — x etc. and observe that 7 € Z(R[H]) N I*[H] and

JX=Xy+7—ZX —Zy+zyx € ¥y + 7+ I’[H].
Lemma 14. For every n € N, the set {x'y/z* + I"[H] : i, j, k > 0, i + j + 2k < n} forms a basis for
R[H]/I"[H]. In particular
dim I"[H]/1" ' [H] = (1n/2) + D(n — |n/2] + 1).

Proof. We first observe that the asserted set spans R[H]/I"[H]. Indeed, this follows from the above
equation for yx and the general facts that

l—uv=_0-w)+A—-v)— (1 —-u)(1—v),
l—u'=—0—-w)+A—-u"H1-uw)
for every u, v € H. It is left to show that the asserted set is also linearly independent. Suppose that
£ = Z a jxx 3775 e I"[H].
i+j+2k<n
By considering the abelianization 7% : C*[ H] — C*[Z?], one sees a; j.k = 0 whenever k = 0. It follows
that £ e I"[H]NzR[H]. We claim that
I"[HINZR[H] =ZzI""?*[H] forn > 2.

Since z is not a zero divisor in R[H] (e.g., because my(z) are invertible for 6 € (0, 1)), the lemma would
follow from this claim by induction.
The homomorphisms R[(x)] < R[H] and R[(y)] < R[H] extend to a linear injection

o :R[(x)IQRy)] — R[H], £Q®@n~&n,
with the left inverse
7 RIH] — R[Z*] = R[(x)]1 @ R[(y)].

2The quantifier elimination techniques, which the author is not familiar with, may be relevant.
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Since yX € Xy +zZR[H] and likewise for x* and 7* (thanks to suitable symmetries x <> x ! and y <> y~!

on H), one has
I"[HINZR[H] C (rano +ZI"2[H]) Nkern® = ZI"%[H].
This proves the claim. (|

Proof of Proposition 13. We observe that in I*[H|/I°[H]

(XXyy)* = yyxx = yXyx + yxZ =xyxy +3xyz +27z = xxyy +4xyz +27zZ.
We define a linear functional ¢ on 4 H] /I°[H] by
pEH=eGH =1, 0@ =-2, eFP)=-1, e =1,

and zero on all the other basis elements. Then, the linear functional ¢ is selfadjoint. Moreover, with
respect to the basis {¥X, Xy, yX, yy} for I>[H]/I’[H], the bilinear form (£, n) — @(£*n) is represented
by the matrix

o = O O

-1
0
0
1

o o = O

1

0

0
-1
Since this matrix is positive semidefinite, the linear functional is positive on [ H], by Theorem 10. One
sees that ¢(z*7) = —¢(zz) =2 > 0, (J) =4, and

9(A%) = (XX + J5)(FX + 77) =0.

Therefore there cannot be R > 0 such that 7*7 < RA2+ %D. It follows that 4A2 — 7*7 ¢ X2I2[H], while

4A% — 7*7 € I*[H]" N $2R[H] by Corollary 3. O

7. Property (1)

We say a finitely generated group I' = (S) has property (t) with respect to a family {I';} of finite quotients
[' — I; if there is 6 > 0 such that any unitary representation 7 of I" that factors through some I' — I';
either admits a nonzero 7t (I")-invariant vector or admits no unit vector v such that max;eg |[v—m (s)v]|| < 8.
This is equivalent to that the Cayley graphs of {I';} with respect to the generating subset S form an
expander family. In case the family {I';}; is the set of all finite quotients of T, it is simply said I" has
property (7). See [Kowalski 2019] for a comprehensive treatment of expander graphs. By the Main
Theorem, EL, (S) has property (T) if S is a finitely generated irng (i.e., a rng which is idempotent, S = S?,
see [Monod et al. 2012]) and » is large enough. Corollaries A and B say this happens uniformly for finite
commutative irngs with a fixed number of generators.

Proof of Corollary A. Let ng be as in the Main Theorem for Z(T, ..., T4, S1, ..., S4) and n > ng. By

(k1

the Main Theorem applied to 7, — tf and S, — , there is € > 0 such that

d
A=) (L—eij(t9)) (1 — e (1)) € RIEL,(Z{t1, .. ., ta))]

i#j r=1
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(so A = A) satisfy
(Ap+ Ary)? > e(Age 4+ Ayt + Asiin)

for all k. We may also assume that ¢ > 0 satisfies A% >eAy.

Let r, H and v be given for EL, (Z(ty, ..., t;)) (but we will omit writing 7 to ease notation) and put
1/2
§:= (Z v —ei,,-m)vnz) = (Av, )"/,
i,j,r

We assume § < (%)10 and put p := §'/19, Recall that P A=<(s/p)> Stands for the spectral projection of A for
the interval [0, (8/p)?]. For vy := P A<(5/p)2 V> One has [[v — vl < p and

(A1 4 Ay)vg, vo) < 8> +e71(8/p)* =: 82.
Now, vy 1= PA 1 a,<(s,/02)2 V0 satisfies [[vg —v1]| < p? and
(A2 + As)vy, v1) <& ' (o/p%)* =: 87

k+2

We continue this and obtain vy := P A, a,<(s,/3)2V15 - - - such that [[ug — ve41 || < 0" and

(Ao + Ag v, ve) <& Skt /0" =1 67
Then the vector w := limy v satisfies ||vx — w| < p**! (as p < %) Moreover,
2 ¥ log 8x| =27 D log 81| — 2~ * Dk + D|log p| +2~** D og e
k
= |log 8| — (Z 27 =D (m + 1)) llog p| +%(1 —27%)loge

m=1
> 5[log 8|

if § > 0 is small enough compared to ¢ > 0. Hence §; — 0 at a double exponential rate.
We need to show lim; max; ; , [|w — e,-,j(tf)wll = 0. We first observe that
k
lw — e j (57wl < 2llvx —wl + 8 < p* + 5.

Let  be given. Take k = k(/) such that / € [2¥, 2¥*1) and write [ = 2% + Y%\ a(m)2™ with a(m) € {0, 1}.
Then for b := Z}fﬁﬂ_l a(m)2™, one has
k—1

k
lei.j (thw —e; j (7 Tyl < Y alm)(p™ +8m),
m=|k/2]

which tends to 0 as [ — oo. Observe that the recurrence relation
po =2 b= 2pw +a(lk/2] — 1 —m)

gives pix2) = 2% + b. Now by arguing as in the previous paragraph, but starting at Vk—|k/2) and using
(Ap, + Apm+1)2 >e(Ap,.i +Ap,. +1), One obtains

k —
lve—1k/2) — i j (82 D) v i) | < o772 48 — 0.

Since ||vg—|k/2) — w| — 0 as [ — oo, this completes the proof. Il
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We give a proof of the remark that was made after Corollary A. Let R := Z(t, ..., ;). Since
EL, (R/R") is nilpotent, there is a proper 1-cocycle b; (see Section 2.7 in [Bekka et al. 2008] or Section 12
in [Brown and Ozawa 2008]). We view b; as 1-cocycles on EL,(R) and consider b := Zl@ by, which we
may assume convergent pointwise on EL, (R). We denote by m; the Gelfand—Naimark representation
associated with the positive definite function ¢ (x) := exp(—% 1b(x) ||2). Then, the representation 7 :=
P 7y simultaneously admits asymptotically invariant vectors and a weak operator topology null sequence
x; € EL,(R)).

Proof of Corollary B. Let R':=7Z[t, ..., ;] denote the unitization of R := Z{t1, ..., ty). Any quotient
map R — S with S unital gives rise to a group homomorphism EL,(R') — EL,(S) that extends
EL,(R) — EL,(S). We need to show that an orthogonal representation of EL,, (R ') which factors through
EL,(S) has a nonzero invariant vector, provided that it has almost EL, (R) invariant vector. Since we
know EL, (R') has property (T), it suffices to show that every almost EL,,(R) invariant vector is also
almost EL,,(Z1) invariant. The latter is true when § is finite. Indeed, the vector w in Corollary A is
invariant under those ¢; ; (t,l") such that tf“ is an idempotent in the quotient S. Since a finite commutative
ring is a direct sum of local rings (see, e.g., [Kassabov and Nikolov 2006]), the rng generated by such
idempotents contains the identity of S and hence w is invariant under EL,(Z1). g
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