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UNIFORM SKODA INTEGRABILITY AND CALABI-YAU DEGENERATION

YANG LI

We study polarised algebraic degenerations of Calabi—Yau manifolds. We prove a uniform Skoda-type
estimate and a uniform L°-estimate for the Calabi—Yau Kihler potentials.

1. Introduction

Let (Y, w) be a compact Kihler manifold, and let d i be a measure on Y. We say (Y, w, du) satisfies the
Skoda-type inequality, if, for any Kéhler potential u € PSH(Y, w) normalised to supu = 0,

/6‘” du <A, ey
Y

where o and A are independent of u. A prototype theorem is:

Theorem 1.1 [Tian 1987]. On a fixed compact Kdihler manifold (Y, w), the Skoda-type inequality holds
fordu = o".

Remark 1.2. Here the supremum of all such « is known as Tian’s alpha invariant and is important for
existence questions of Kdhler—FEinstein metrics.

We are interested in keeping track of the constants & and A as (Y, @, du) varies. The main theme of
this paper is that oftentimes the Skoda constants can be chosen uniformly for quite flexible choices of
probability measures du, even when the complex structure degenerates severely. In the literature, « is
much studied, see [Guedj and Zeriahi 2005; Tian 1987], and a very recent preprint [Di Nezza et al. 2023]
made aware to the author after the completion of this work contains a uniform estimate for both & and A
in the related context of Kéhler—Einstein manifolds.

Our main application is to algebraic degenerations of Calabi—Yau manifolds. We work over C. Let §
be a smooth affine algebraic curve, with a point O € S. An algebraic degeneration family is given by a
submersive projective morphism 7 : X — §\ {0} with smooth connected n-dimensional fibres X, for
t € S\ {0}. A polarisation is given by an ample line bundle L over X; the sections of a sufficiently high
power of L induces an embedding X — CP", and hence a Fubini—Study metric wx on (X, L). For
0 < |#] « 1, a fixed choice of wy induces rescaled background metrics w; = wx|x,/ ‘log|t|| on X; in the
class cl(L)/|log|t||.

A model of X is a normal flat projective S-scheme X which agrees with 7 : X — S\ {0} over the
punctured curve. It is called a semistable snc model if X is smooth, the central fibre over 0 € § is reduced

MSC2020: 32Q25, 32U15.
Keywords: Skoda estimate, pluripotential, Calabi—Yau.

© 2024 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/apde/
https://doi.org/10.2140/apde.2024.17-7
https://doi.org/10.2140/apde.2024.17.2247
http://msp.org
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

2248 YANG LI

and is a simple normal crossing (snc) divisor in X. By the semistable reduction theorem [Kempf et al.
1973, Chapter 2], after finite base change to another smooth algebraic curve S’, we can always find some
semistable snc model for the degeneration family X x g (S’ \ {0}). Everything here is quasiprojective.

We say the degeneration family is Calabi—Yau if there is a trivialising section €2 of the canonical
bundle Kx. Over a small disc D; around O € S, this induces holomorphic volume forms €2, on X, via
Q =dt A Q,;. The normalised Calabi—Yau measure on X, is the probability measure

QA

e 2
fx, QAR @

dus =
We are ready to state our main result.

Theorem 1.3 (uniform Skoda estimate). Given a polarised algebraic Calabi—Yau degeneration family
7w : X — S\ {0} as above, there are uniform positive constants « and A independent of t for 0 < |t| K< 1
such that, for the normalised Calabi-Yau measures di;,

/ e du, <A forallu e PSH(X;, w) with supu =0.
X X;

This is proved by reducing to the semistable snc model case and proving a general Skoda-type
estimate there (see Theorem 2.9). A major consequence, readily reaped using Kotodziej’s estimate (see
Theorem 3.1), follows.

Theorem 1.4 (uniform L°°-estimate). Let ¢, be the Kihler potential of the Calabi—Yau metric in the class
(Xta [wt])9 namely

(0 +/—133¢)"

/. X, @

Then || ¢l L~ < C independently of t for (0 < |t| K 1.

=du,, sup¢;=0.
X;

Remark 1.5. Applications of pluripotential theory to Calabi—Yau metrics when the Kihler class is
degenerating can be found in [Eyssidieux et al. 2008], which is used further in [Tosatti 2010]. Our main
results generalise certain aspects of [Li 2022] which focuses on degenerating projective hypersurfaces
near the large complex structure limit.

2. Uniform Skoda inequality

We work in the context of semistable simple normal crossing (snc) models. Concretely, let 7 : X — D,
be a flat projective family of n-dimensional varieties over a small disc D; such that the total space X
is smooth, 7 is a submersion over the punctured disc with connected fibres, and the central fibre X is
reduced and is an snc divisor in X. Denote the components of X by E; with i € I. We equip X with a
fixed background Kihler metric w,, inducing a distance function d,,,. This induces a family of rescaled
Kéhler metrics w; = wx|x,/ |10g|t| | We shall derive a uniform Skoda-type estimate (1) for (X;, w;, dus),
where du; belongs to a natural class of measures. The main result is Theorem 2.9.
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Quantitative stratification and good test functions. There is a quantitative stratification on any smooth
fibre X, induced by the intersection pattern of E;: for J C I such that E; =("),., E; # @, the corresponding
stratum is

E?:{x € X; |dupy(x, Ej) Sed\{x € X; | dyy(x, Eyr) S € for some J' D J},

namely a small “e-tubular neighbourhood” of E; minus the deeper strata. For J = {i} we write E? =F 8.}.
Here the disc [); and the small parameter € << 1 can be shrunk for convenience; the essential thing is that
all parameters should be independent of the coordinate ¢.

It is useful to introduce local coordinates {z;}; around E; C X such that zo, ..., z, with p=[J| =1
are the local defining equations of E; for j € J, and locally the fibration map is t =z - - - z,,. Then up to
uniform equivalence, locally

n
wx ~ Z\/—l dz; Ndz;.
0

The rest of this section is devoted to the construction of good test functions. Given any of these
divisors Ey, we can find a nonnegative function & = hg, on X" such that:

o In the local charts near E( with zg being the defining function for Ey,
h = |z0l*h(z0, . - - » 2n)
for some positive smooth function h.
o Away from Ej, the function 4 is comparable to 1.
We observe that:
« The form 9 log i = 89 log h extends smoothly.
e For |t|> <« h <8 « 1 inside X/, so that |zg| > |¢|, by a local calculation near E; with 0 € J,

V=T1dloghAdlogh Awx|y ' = ~—
" 2zl

1
dzo AdZo Awx |5 > mind ——, max |z;| 7% {or|”
oNdZphoxly, 2 IZo|2’1§i5p|Zl| xlx,

1 1
Z min{z, hl/Pltl_z/p}a)Xlr)l(t 2 min{z, hl/l’l|t|_2/n }wXV)l(,‘
Here in the first inequality we need to fix § < 1 so that the effect of 0 log & is dominated by d log zp.
The second inequality uses that, for 1 < k < p, the volume forms on X, satisfy

1 _ _ 1 _
——dzondion ] «/—ldzj/\dzj’vﬁ [] v-1dz; naz;,
k

2
2ol k1< j<n 1<j<n

and the third inequality uses [t| = |29 - - - 2| ~ h'/2|zy - “Zpl.
e On X,, we have that h > |£|2. The region {|£|*> ~ h} C X, can be identified as Eg , namely the vicinity

of Ey away from deeper strata. Here

V—=T1dloghndlogh Awxly ' =0 and +=13dlogh Awxly ' 2 —wxlk,.

~
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Lemma 2.1 (good test functions). Given the divisor Ey, we can choose a C 2 test function v on X, such
that the following hold uniformly for small t # 0O:

e v is zero for h > 6.

e Globally, 0 <v < —log [t].

e For any divisor E; intersecting E, there is a subset of E? with measure at least C, on which
V=103v Awxlly ! = Cswpl’ .

o For C4|t|2 < h <34, the form \/—_1851) A a);gl';(jl is greater than or equal to 0.

e forh < C4|t|2, the form —=190v A w;\gl')’(t_1 is greater than or equal to —C5a)X|’§(t.

Proof. We seek the test function in the form v = ® olog & for some convex, nonincreasing, nonnegative
C?-function ®. Compute

3dv = d"dlogh A dlogh+ (39 logh),
and using the properties of & above,
_ et inl L B l/nye1—2/n ol n 2 <
T Al > (@"Cimin{y, B'/" 2|72} + @' Choxly,, 1P Sh <,
S (ot AN Sl

To satisfy our conditions on v, it is enough to have:

e &(x) =0 for x >logé.

o |®'(x)] <1 for2log |t < x <logé.

e Forh=¢" <§,
d q)//

_a I — = ' —1/ny.2/n
ax log |®’| | > Cymax{h, h [/},

where C; > C}/C/. Moreover, for x < §, we need ®' < 0, so that J—=130v A a)X|’§(t_l has some
strict positivity for %6 < h < 4. Notice convexity of @ is a consequence of these conditions.

To construct such a &, we can prescribe the behaviour near x = log é by
CD/(X) — _el/(xflogS)

for x < log é and match this with a solution to

—% log |®'| = C, max{e®, e™/"t|*"}), x <logs,

for some large enough Cj such that &' remains C! at the matching point. Integration shows that |®’|
remains uniformly bounded at & ~ |¢|?, or equivalently x ~ 2log |¢|. (Il

Convexity. Consider u € PSH(X;, @) normalised to supy u = 0. Equivalently, we can cover X; by a
bounded number of charts as before and use the local potentials of wy to represent u as a collection of
local plurisubharmonic (psh) functions {ug} with |ug —u| < C.



UNIFORM SKODA INTEGRABILITY AND CALABI-YAU DEGENERATION 2251

Lemma 2.2 (convexity). Let ¢ be any psh function on the open subset of
{I1<lzil<A,i=1,....,p;lzxl <1, k=p+1,...,n} C(CH? xC"P.

Then the function

_ 1 . .
O(xX1, .y Xp) = —— ]_[ v =1dz ANdZy ¢(ex‘+‘0‘, ., et dg, .. de,
Q)" Jijz< Vk>p)
is convex.
Proof. For any choice of 6;, the function ¢(zlei91 e zpeien, Zp+1s -+ -5 Zn) 18 psh, since the T7-action
on (C*)? is holomorphic. Thus the average function ¢ is also psh as a function of zj, ...,z p- Any

T P-invariant psh function must be convex in the log coordinates because, for x; = log |z;|,

__ 92 _
V—=133¢ = Z d’\/ ldlogz; Adlogz; > 0. O

0x;0x;
Harnack-type inequality.

Lemma 2.3 (almost maximum on top strata I). For u € PSH(X;, w;) normalised to sup x, u =0, there is
some i € I such that

n /
supu > —C, / MG)X|XIZ—C-
EY E}

Proof. Let the global maximum of u be achieved at ¢g € EY, and denote the local potential of u by u 8-
Without loss of generality, ug < 0. We have ug(qo) > —C since |u —ug| < C. Applying the mean
value inequality around g, we find that the local average function g produced in Lemma 2.2 satisfies
supug > —C for another uniform constant C. By the convexity of ig, its supremum is almost achieved
at the boundary of the chart, which is contained in a union of less deep strata EY » with J" C J. Thus we
can find a point ¢’ with u(g") > —C that belongs to a less deep stratum; an induction shows that there is
some i € I such that supgou > —C.

For the L'-bound we recall the following Harnack inequality argument. Suppose a coordinate ball
B(q, 3R) is contained in a local chart in a small neighbourhood of E ?. Applying the mean value inequality
to the local psh function associated to u, we see, for y € B(gq, R), that

u(y)fC-i-][ u§1+][ u.
B(y,2R) B(q.R)

Hence the Harnack inequality yields

][ lu| S 1+ inf (—uw).
B(g,R) Blg.R)

Applying this to a chain of balls connecting any two points in E? gives the L!-bound [ pouoxly = -C;
the bound is uniform because the number of balls involved in the chain can be controlled independently
of ¢. ]



2252 YANG LI

Proposition 2.4 (almost maximum on top strata II). There is a uniform lower bound for all |t| < 1 and
alliel:

supu > —C, / uwyly >—C". 3)
E? E} t

Proof. The L'-estimate follows from the supremum estimate as above, so the real problem is to transfer
bounds between different E? . This is nontrivial because the necks connecting E? with each other are
highly degenerate.

Given one divisor E such that [ E uwx|y > —C, we produce a good test function v by Lemma 2.1.
Integrating by parts,

/X vV —100u /\w;gl')’(t_] = /X uv/—199v /\O)X&_l-
The left-hand side is the difference between
/X v(w, +/—190u) A wxl’;l and /;( vw; A a)/yl')’(jl,
and since — log |t| 2 v > 0, both terms are bounded between 0 and C. Thus

/ uv/—139v A wxl’gl
X,

Now the form +/—13dv A a)X|§‘gl can only be negative on {h ~ 1112} = Eg and is bounded below
by —Cawx|,. Thus the positive part of the signed measure u+/ —100v Awy |')’51 has total mass controlled
by [ EO lulwx|, < C. Consequently, the negative part of the signed measure must also have total mass < C.

By construction, for any divisor E; intersecting Ey, there is a nontrivial amount of V=130vAw Xl"*l-
measure inside E;. Y. This forces sup U > —C. To summarise, we have transferred the supremum bound
from E U to any E; 0 with E; N Ey # . Since the central fibre Xy is connected, in at most |/| steps this
supremum bound i 1s transferred to all El0 withi € I. U

Remark 2.5. This proof is inspired by the intersection-theoretic argument of [Boucksom et al. 2016,
Section 6.1], which can be viewed as a non-Archimedean analogue.

Local L estimate. For a given local chart on E9 with C*-coordinates zi, ..., z, and C-coordinates
Zp+1s -+ -5 Zn, and a point g therein, we shall refer to the subregion

3lzi@)] S lzil S21zi(@)l, 1 <i < p}
as a log scale.

Lemma 2.6 (local L'-estimate). Within every log scale there is a uniform bound on the L'-average

integral:

][Iull_[«/ dlogz,/\dlogzl/\l_[«/ ldzx AdZ < C.
loc

p+1
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Proof. For p = 0 this follows from Proposition 2.4. Given a depth p chart, we consider the local psh
function ug associated to u and produce the convex average function itg as in Lemma 2.2. We claim
liig] < C in the chart. The upper bound holds as ug is bounded above, and by convexity it suffices
to achieve a lower bound at the barycentre of the simplex. However, when we blow up the depth p
intersection E, there is a new vertex in the dual complex corresponding to the new divisor component in
the central fibre. The dual complex is subdivided, and the new vertex is situated at the original barycentre.
The same argument in Proposition 2.4 then achieves a lower bound on the local average of the Kéhler
potential near this new divisor, which amounts to the desired lower bound on iz at the barycentre, whence
the claim follows.

Within any log scale, by construction the local average floc (ug—1iig) equals zero. Butug < C since u <0,

and hence
][ lug — ug| S][ (up—ug)y <C.
loc loc
Using |u —ug| < C, we conclude the local L'-estimate on u. U

Local Skoda estimate. We recall a basic version of the Skoda inequality:

Proposition 2.7 [Zeriahi 2001, Theorem 3.1]. If ¢ is psh on B, C C", with [ B, |p|lw’y < 1 with respect to
the standard Euclidean metric wg, then there are dimensional constants o and C such that

/ e ™ol < C.
B

Applying this along with Lemma 2.6, we get the following corollary.

Corollary 2.8 (local Skoda estimate). Within every log scale, there are uniform positive constants o
and C such that

P n
][ e_‘"”l_[«/—ldlogzi Adlogz; A 1_[ v=1dzx ndzp < C.
loc
1

p+1

Uniform global Skoda estimate. We are interested in the following class of measures, motivated by
Calabi—Yau measures (see Section 3). Let a; be nonnegative real numbers assigned to i € I, with
mina; = 0. Let

m=max{|J|—1:E; #9, a;=0fori € J}.

We say the measures du, on X, satisfy a uniform upper bound of class (a;) if, on the local charts of
each E9,

C i - _
du; < WIZOIM e IZPIZ“” l_[«/—ldlogzi AdlogZ; A 1_[ V—=1dzi NdZk. 4)
1 p+l1

The normalisation factor ensures that |’ X, du < C independently of 7 by a straightforward local calculation.
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Theorem 2.9 (uniform Skoda estimate). Suppose the measures du, on X, satisfy a uniform upper bound
of class (a;). Then there are uniform positive constants « and A such that
/ e “du; <A forallu e PSH(X;, w;) with supu = 0.
X, X;
Proof. We choose the charts so that each point on X, is covered by < C log scales. Summing over the
local Skoda estimates from all log scales, | X, e **du, is bounded by

Zf|z()|2“0-- 2“ﬂ]_[\/ dlogz,/\dlogz,/\l_[«/ ldzendz<C. O
loc

‘10g|l‘| | log scales p+1

3. Application to Calabi—Yau degeneration
We work in the setting of polarised algebraic degeneration of Calabi—Yau manifolds, as in the Introduction.

Calabi-Yau measure. The Calabi—Yau measure (2) is studied thoroughly in [Boucksom and Jonsson
2017], but it is illustrative to recall it explicitly on a semistable snc model X'. The discussion is local
on the base, and we will follow the notations of Section 2, e.g., the components of the central fibre are
denoted by E; fori e I.

The canonical divisor Ky =) . a; E; is supported on the central fibre, since Ky is trivialised. Multiply-
ing 2 by a power of ¢, which does not change du;, we may assume mina; = 0. In the local coordinates
around E; away from the deeper strata,

Q= f]l_[Z dz,/\l_[dz]

p+1

for some nowhere-vanishing local holomorphic function f;. Since t =z¢ - - -z,

Q= frz0 -2 Hdlogzl/\l_[dz,,

p+l1
and hence

N — Qt/\Qt | f711z0l2 - Izp|2apl_[v dlogz,/\dlogz,AHv ldz; AdZ;.

p+1
2 _
The total measure fx, J=1" Q; A ; 1s of the order 0(|log|t|| ), where

m=max{|J|—1:E; #9, ag=0fori € J}.
Thus d i, satisfies a uniform upper bound of class (a;); see (4).

Uniform Skoda estimate. We now prove the main Theorem 1.3.

Proof. First we observe that the choice of the Fubini—Study metric wy is immaterial. Given any two
choices, the relative Kéhler potential between them is bounded by O (|10g|t| |) for 0 < |t] < 1 because the
pole order of a section near + = 0 must be finite. Thus the relative Kéhler potential between two choices
of w; is bounded by O (1) independent of ¢, which affects the Skoda constant A but not its uniform nature.
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We now pass to a finite base change and find a semistable reduction. The Calabi—Yau measure d u;,
on X, is independent of the parametrisation of the base and is preserved under finite base change. Thus it
is enough to prove it assuming wy agrees with a smooth Kéhler metric on a semistable snc model X’; this
is a special case of Theorem 2.9. ]

Uniform L*>-estimate. We recall the following result proved using Kotodziej’s pluripotential-theoretic
methods (see [Li 2022, Section 2.2] for an exposition based on [Eyssidieux et al. 2009; 2008]):

Theorem 3.1. Let (Y, w) be a compact Kdhler manifold, and let the Kiihler potential ¢ solve the complex
Monge—Ampére equation .
(w++/—100¢)"
Jy @ B

Assume there are positive constants o and A such that the Skoda-type estimate (1) holds for (Y, w,du):

du, sup¢=0.

/ e “du <A forallu e PSH(Y, ) with supu = 0.
Y Y

Then ||§]lco < C(n, a, A).

The uniform L*-estimate for the Calabi—Yau potentials in Theorem 1.4 is an immediate consequence.
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UNIQUE CONTINUATION FOR THE HEAT OPERATOR
WITH POTENTIALS IN WEAK SPACES

EUNHEE JEONG, SANGHYUK LEE AND JAEHYEON RYU

We prove the strong unique continuation property for the differential inequality
[0 + Dulx, )] < V(x, Dlulx, 1)l

with V contained in weak spaces. In particular, we establish the strong unique continuation property
for V e L;’OLﬁ/ 2’00, which has been left open since the works of Escauriaza (2000) and Escauriaza
and Vega (2001). Our results are consequences of the Carleman estimates for the heat operator in the
Lorentz spaces.

1. Introduction
We consider the differential inequality
@+ Au(x, )] < [V(x, Du(x, 0], (x,1) R x (0, T). (1-1

For a differential operator P on a domain €2, the strong unique continuation property (abbreviated sucp
hereafter) for | Pu| < |Vu| means that a nontrivial solution u to |Pu| < |Vu| cannot vanish to infinite
order (in a suitable sense) at any point. The sucp for second-order parabolic operators has been studied by
many authors; see [Banerjee and Manna 2020; Chen 1998; Escauriaza 2000; Escauriaza and Fernandez
2003; Escauriaza and Vega 2001; Fernandez 2003; Koch and Tataru 2009; Lin 1990; Poon 1996; Sogge
1990]. In particular, the study of sucp for the heat operator with time-dependent potentials goes back to
Poon [1996] and Chen [1998], who considered bounded potentials. Escauriaza [2000] and Escauriaza
and Vega [2001] extended the results to unbounded potentials V under the parabolic vanishing condition:
for a given § € (0, 1) and any k € N, there is a constant Cy such that

u(x, )] < Cr(lx] + VD I=DRP/E (¢ 1) e RY x (0, T). (1-2)

The growth condition at infinity is necessary since there exists a nonzero solution u to (9; + A)u =0 such
that u vanishes to infinite order in the space-time variables at any point (x, 0), x € R4; see, for example,
[Escauriaza 2000; John 1971].

The sucp for the Laplacian — A is better understood. Since the pioneering work of [Carleman 1939],

most subsequent results were obtained using the Carleman weighted inequality. In particular, [Jerison
dj2
loc °

and Kenig 1985] proved the sucp for the Laplacian, with V € L d > 3. Their result was extended by
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Stein in the Appendix of [Jerison and Kenig 1985] to potentials V € L%/>° under the assumption that
|V |l a2 is small enough. Here, || - || - denotes the Lorentz space norm

(] 1/r
I fllLrr = (L/ A ()4 dt) < 00
P Jo

forr # oo, and || f |l Lr. = sup,. g t!/P £*(t) < oo for r = oo, where f* is the decreasing rearrangement
of f on R<: for example, see [Stein and Weiss 1971]. Later, [Wolff 1992] showed that the smallness
assumption is indispensable if V € L4/>°°, By the aforementioned results due to Escauriaza [2000] and
Escauriaza and Vega [2001], the sucp for (1-1) is known when t1=d/@=1/sy (x 1) e Lf’IOCL; and v and s

satisfy

i+l<1, 1<t s<oo0. (1-3)

2v s~ - -
However, in view of those results concerning the (abovementioned) sucp for the Laplacian, it seems
natural to expect that the class of potentials for which the sucp for (1-1) holds can be further expanded to
certain weak spaces.

In this paper, we extend the results in [Escauriaza 2000; Escauriaza and Vega 2001] to a larger class of
potentials, that is to say,
=A@y (x, 1) € L 10 L5, %Jr i <1, %l <t <o0.

As in the Appendix of [Jerison and Kenig 1985], our result is a consequence of new Carleman estimates

for the heat operator in the Lorentz spaces.

Carleman estimate. Write Lsz’b =L} (Ry; LZ’b(IRd)). We consider the Carleman inequality for the
heat operator of the form

_ iv2 _ _ _ _ _ iv]2
||t Ole |x| /(Sl)g”L?LZbEC”t a+1—-(d/2)(1/p—1/q)—(1/r ]/S)e x| /(8t)(A+at)g”L,rLf'a’ (1—4)

with C independent of «, which holds for g € C° (RA+1 \ {(0, 0)}) under a suitable condition on the

exponents «, p, ¢, r, s, a, and b. For « € R, we set

_ g4 _2
B=PB(q,s) =2« 7 s

Estimate (1-4) was formerly considered with p = a and ¢ = b. It was Escauriaza [2000] who first
obtained (1-4) for some p =a, g = b, r, and s. More precisely, he showed that (1-4) holds with the
Lebesgue spaces (i.e., a = p and b = g) for p, ¢ satisfyingg=p’and0<1/p—1/q <2/d whend > 2,
and0<1/p—1/qg <1 whend =1, provided that

dist(B, No) > ¢

for some ¢ > 0, where Ny := N U {0}. Subsequently, estimate (1-4) was extended by [Escauriaza and
Vega 2001] to the exponents p, g which lie outside of the line of duality. They obtained (1-4) for

Psps2sq= Y whend =3,

and for 1 < p <2 <¢g <ooexcept (p,q,d) #(1,00,2) whend =1, 2.
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Figure 1. The regions of (p, g) and (r, s) for which (1-4) holds when d > 3: the dark gray
square in the left figure represents the earlier result due to [Escauriaza and Vega 2001], and
the light gray region represents the newly extended range. In the right figure, O = (0, 0)
and D = (1, 2d(1/p — 1/q)).

We extend the previously known results not only to Lorentz spaces but also on a wider range of exponents
p and ¢q. To present our result, for d > 3 we define A = A(d), B=B(d), C=C) € [%, 1] X [0, %] by

ao (42! g (PH2d—4 d=2 o (dt2 d=2
~\2d '2) “\2dd-1) '2d-1) ~ \2d "’ 24 )
By ¥ we denote the closed pentagon with vertices (%, %), A, B, B’, and A’ from which the two vertices
B and B’ are removed. Here, X’ = (1 — b, 1 — a) (the dual point) if X = (a, b). See Figure 1.

Theorem 1.1. Letd >3 and (1/p,1/q) € T. Let 1 <r < s < o0 satisfy
()2 (5G9 (=5G-2)0)
0s-1<1-5(1-1) (1-5)

Suppose B ¢ No. Then, if 1/p—1/q <2/d, p #2,and q # 2, estimate (1-4) holds for 1 <a =b < o0

with C depending only on p, q, a, b, r, s, and dist(8, Ny); if
1 1 2
Lol=2 (1-6)
p q d

the same estimate (1-4) holds for a = b = 2.

and

It is remarkable that Theorem 1.1 gives (1-4) for (1/p, 1/¢) contained in the open line segment (B, B’)
(see Figure 1). The exponents p, g satisfying (1-6) constitute the critical case in that (1-4) is no longer
trueif 1/p —1/q > 2/d. (See the remark on page 2270 and the condition (1-5).) Consequently, it is more
difficult to obtain estimate (1-4) for p, g with (1-6) than that for p, ¢ with 1/p —1/g <2/d. Only esti-
mate (1-4) with (1/p, 1/q) =C, a = p, and b = g was previously shown by [Escauriaza and Vega 2001].
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If p, g satisfy (1-6) and r =, then the estimate (1-4) implies the Carleman inequality for the Laplacian
(see [Escauriaza and Vega 2001]):

X177 fllzes < X1 AfllLra,  f € C(RIN\{OD) 1-7)

for o > 0, with C > 0 depending on d, p, g, and dist(o, N+ d/q) (if dist(o, N+d/q) > 0). By this
implication the estimates in Theorem 1.1 with p, ¢ satisfying (1-6) give (1-7) for (1/p, 1/q) € (B, B).
However, it does not extend the previously known range of p, g for which (1-7) holds. When d > 5, the
range of p, g coincides with that in [Kwon and Lee 2018], which was obtained by making use of the
sharp estimate for the spherical harmonic projection. The optimal range of p, ¢ for (1-7) remains open.

To obtain sucp for potentials in Lf’locL;"’Q, we need to obtain (1-4) with @ = b. To this end, we are
basically relying on real interpolation to upgrade L’ LY-L5 L% estimates to those of L LY ’“—L;‘L)qc’b with
a = b. However, such an extension of the inequality (1-4) to the Lorentz spaces is not so straightforward as
in the Appendix of [Jerison and Kenig 1985], since real interpolation does not behave well in mixed-norm
spaces; see [Cwikel 1974]. We are only able to obtain (1-4) with a = b =2 when p, g satisfy (1-6); also
see Lemma 4.1.

Theorem 1.1 provides estimate (1-4) for exponents on an extended range, but the problem of determining
the optimal range of p, g for which (1-4) holds remains open. When 1/p —1/q < d/2, by Theorem 1.1,
estimate (1-4) holds for all a, b satisfying 1 <a <b < oo, since LP"' C LP"? if r| < ry. Because of
limitation of the real interpolation in the mixed-norm spaces, we have (1-4) only for 1 <a <2 <b <00
when 1/p — 1/q = d /2. However, we expect that the same continues to be true even for p, g satisfying

1/p—1/g=4d/2.

Strong unique continuation property for the heat operator. Our extension of the Carleman estimate to
the Lorentz spaces (Theorem 1.1) allows a larger class of potentials for the strong unique continuation
property for the heat operator. In this regard we obtain Theorems 1.2 and 1.3, which improve the results
in [Escauriaza and Vega 2001]. Once we have the Carleman estimate (1-4), those theorems can be shown
by routine adaptation of the argument in that paper. We state them without providing the proofs.

Theorem 1.2. Letd >3, 0 < T < 00, and ¢, s satisfy (1-3). Let (1/p, 1/q) € T satisfy 1/p—1/q =1/t
Suppose that u € W((0, T); W>P(R%)), a < min{2, s}, is a solution to the differential inequality (1-1),
and suppose that, for any k € N, there is a constant Cy such that (1-2) holds for some § > 0. Then u is
identically zero on R? x (0, T) provided that ||t1_d/(2t)_1/5V||L5((0’T);L;.oo(Rd)) is small enough.

Most significantly, Theorem 1.2 gives the sucp with V € L*°((0, T); Lff/ 2’OO(IR")). This extends the
result obtained by [Escauriaza and Vega 2001] under the assumption that ||V, ., (0.7):L9) is small
enough. Using Wolff’s construction [1992], we can show that the smallness assumption is necessary in
general for V e L®((0, T); L4/>*®(R?)), or V e L4/>®(R4; L>°((0, T))). Indeed, Wolff showed that
there is a bounded nonzero function w such that |Aw| < |V,w| with V, € L%/%% and which vanishes
to infinite order at the origin. Since the function w in [Wolff 1992] is bounded, by considering the
time independent function u(x, #) := w(x), it is easy to see that u(x, ) satisfies (1-2) and obviously the

differential inequality |Au + d;u| < |V,ul|.
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We also have the following sucp result for a local solution.

Theorem 1.3. Letd >3 and ¢, s satisfy (1-3). Suppose that u is a continuous solution to | Au—+o:u| <|Vu|
on B(0, 2) x (0, 2), and suppose that, for any k € N, there is a constant Cy such that

—|x[?/(8)

k
||e u”L%(O,S);L/%(B(O,Z))) < Ck8 , 0<e<?2.

Then u(x, 0) vanishes on B(0, 2) if ||t1_d/(2t)_1/5V||L5((0’2);L;,oc(3(0,2))) is small enough.

Uniform resolvent estimate for the Hermite operator. We now consider the resolvent estimate for the
Hermite operator H = —A + |x|? in R?:

IH=2)"" flly <ClIfllp, z€C\@No+d), (1-8)

with a constant C independent of z. The estimate has independent interest while it plays an important
role in proving Theorem 1.1; see Lemma 4.1. Since H has the discrete spectrum 2Ny + d, the points
7z € 2Ng + d are excluded. In contrast with the operator with a continuous spectrum, it is impossible
for (1-8) to hold with C independent of z, so we need to impose the assumption that

dist(z, 2No+d) > ¢ (1-9)

for some 1 > ¢ > 0; see the remark on page 2265. Estimate (1-8) may be compared with the corresponding
estimate for the resolvent of the Laplacian which is due to Kenig, Ruiz, and Sogge [Kenig et al. 1987]. It
was shown in that paper that the estimate

I(=A—2)""flly <Clfll,, z€C\(O,00),

holds with C independent of z if and only if
1 1 _2 2d 2d

p q d  d+3 =Py

Also, see [Jeong et al. 2016] for the uniform estimates for more general second-order differential operators

and d > 3.

and [Kwon and Lee 2020] for the sharp bounds which depend on z. Under the assumption (1-9), the uniform
resolvent estimate for H continues to hold with p, ¢ away from the critical line 1/p —1/q =2/d, whereas
this cannot be true for —A because of scaling structure; see [Kenig et al. 1987; Kwon and Lee 2020].
The uniform estimate (1-8) was obtained by Escauriaza and Vega [2001] for
dzfz_p<2<q<dz—d2, d > 3.

However, (1-8) fails to hold if 1/p —1/q > 2/d (see the remark on page 2270), and the proof of (1-8) is
more involved when p, g satisfy (1-6). As for such (p, ¢g) of the critical case, the estimate has been known
only for (p, q) = 2d/(d +2),2d/(d — 2)). In what follows we establish (1-8) for (1/p, 1/q) € (B, B’)
under assumption (1-9). Those estimates in the expanded range are crucial for obtaining (1-4) witha = b
when p, ¢ satisfy (1-6).

Theorem 1.4. Let d > 3. Suppose (1/p,1/q) € ¥ and (1-9) holds. Then there is a constant C > 0
such that estimate (1-8) holds. Furthermore, if (1/p, 1/q) =B or B’, we have the restricted weak-type
(uniform) estimate for (H — z)™\.
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The proof of (1-8) with (p, q) = (2d/(d +2),2d/(d —2)) in [Escauriaza and Vega 2001] heavily
relies on the uniform bound on the spectral projection operator I, which is the projection onto the
k-th eigenspace of the Hermite operator H; see Section 2. In fact, they also used interpolation along an
analytic family of operators which are motivated by Mehler’s formula for the Hermite function. However,
their argument is not enough to prove (1-8) for (1/p, 1/q) € (B, B"). We develop a different approach
which is more direct and significantly simpler. We make use of a representation formula (2-1) for I
which was observed in [Jeong et al. 2022a] and an estimate for the Hermite—Schrodinger propagator
e~  (see Proposition 2.1) which is a consequence of the representation formula and the endpoint
Strichartz estimate [Keel and Tao 1998].

Organization of the paper. The rest of this paper is organized as follows. In Section 2 we provide
useful properties of the Hermite operator H and the Hermite spectral projection operator I1;. We prove
boundedness of more general multiplier operators for the Hermite operator in Section 3, which implies
Theorem 1.4. Finally, the proof of the Carleman estimate for the heat operator is given in Section 4.

2. Properties of the Hermite operator

For any multi-index o € N?, the L2-normalized Hermite function ®,, which is a tensor product of one
dimensional Hermite functions, is an eigenfunction of H with eigenvalue 2|« |+d. Here |o| := o+ - -+ ay.
The set {®, : @ € Ng} forms an orthonormal basis of L?(R?). Thus, for any f € L?*(R%), we have the
Hermite expansion f =) (f, ®o)Py.

We consider the Hermite spectral projection operator I1; which is defined by

Mf= Y. (f @)y, [eSRY.
aeN%:\a\:k
Then, the Hermite—Schrddinger propagator is given by
e—itHf — Z e_it(2k+d)nkf, f c S(Rd),
kGNO

which is the solution to the Cauchy problem (io; — H)u =0, u(x,0) = f(x). If f € S(RY), it is easy to
see that ITy f decays rapidly in k, thus Y 7o, e ™! Ck+d T, f converges uniformly. Clearly,

1 ST Y
mf=Y E(/ itk k>dt)nk,f.
k’GNQ -
Therefore, we obtain

L7 ii@ktd-
ka — % f e t(2k+d H)/Zf dt (2_1)
—7T

for f € S(R?). Meanwhile, the operator e ¥ has the kernel formula
e_”Hf(x) _ Cd(sin(Zt))_d/z/ ei((|x|2+|y|2)Cot(Zl)/Z—(x,y) csc(2[))f(y) dy (2-2)
Rd
for f € S(R?), which is shown by using Mehler’s formula [Sjogren and Torrea 2010; Thangavelu 1987].
Combining this with (2-1) gives an explicit expression of the kernel of IT.
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In order to prove the uniform resolvent estimate (Theorem 1.4), we make use of the following mixed-

norm estimate for e /¥, which strengthens the uniform bound (2-4) in a different direction.

Proposition 2.1. Letd >3 and (1/p, 1/q) = B’. Then we have

T .
Hf Ie*ltH/ZfIdt
-7

Various authors [Jeong et al. 2022a; 2024; Karadzhov 1994; Koch and Tataru 2005; Thangavelu 1998]
studied the problem of characterizing the sharp asymptotic bound on the operator norm || IT || ,— 4 of ITj
from L? to L9 as k — oo. In particular, [Karadzhov 1994] showed

=Clflp1- (2-3)
q,00

Tkl psq = C (2-4)

for a constant C when p =2 and ¢ =2d/(d — 2). By duality and the T T* argument, the bound (2-4) with
(p,q)=2d/(d+2),2) and (p,q) = 2d/(d +2),2d/(d — 2)) follows. Interpolating those estimates
with the trivial bound ||T1;|l2—2 < 1, we have (2-4) for p, g satisfying

Recently, the authors showed in [Jeong et al. 2024, Theorem 1.6] that (2-4) holds on an extended
range of p, g for d > 3; see [Jeong et al. 2022b] for a related result. By means of Proposition 2.1, we
can provide a simple alternative proof of this result. Indeed, by (2-1) and Proposition 2.1, it follows that
Tk fllg.00 < ClIl fllp1if (1/p, 1/q) = B’. By duality, the same estimate also holds for (1/p, 1/q) = B.
Interpolating these estimates with the above mentioned estimate (2-4) for

2d  _ 2d
d+2 —" — d-—2
gives the following. See Figure 1.
Corollary 2.2 [Jeong et al. 2024, Theorem 1.6]. Let d > 3. For p, q satisfying (1/p,1/q) € T, there is a
constant C > 0, independent of k, such that (2-4) holds. Furthermore, the uniform restricted weak-type
estimate for Ty holds if (1/p,1/q) =B or B
Proof of Proposition 2.1. We make use of the endpoint Strichartz estimate for e /7 :

le™ 2 Fll 2 gm0y < ClL Il (2-5)
where pg = 2d/(d — 2). By periodicity, one can easily show estimate (2-5) using the dispersive estimate
le™#72 flloe S 117421 flI1, t € (0, %), which follows from (2-2) and the standard argument in [Keel

and Tao 1998]; for example, see [Sjogren and Torrea 2010]. We choose a smooth partition of unity, so
that
YO+ W@+ Y (=2 + Y@+ )+ Y@ (=) =1

jz4

for t € (—m, )\ {0}. Here ¢ € C?Q([JT, 1]) satisfy Zj Y (2/t) =1fort > 0, and ¥ is a smooth function
which is supported in the interval [—m, 7] and vanishes near 0, 7, and —7.
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Set wji =y (£2/ ) and w}” = (2/(r — £ -)). Then, for o = %, +7, we have

/ [W7e M2 fldr 29D £

because |1ﬁj°7 e ItH/2 £ < 24072 £ I by (2-2). Using (2-5) and Holder’s inequality followed by Minkowski’s
inequality, we also obtain the estimate

| [

272 £l
2d/(d—-2)

In other words, for the sublinear operators T} f = [ ¥7 =2 | dt. o =+, 47, two estimates
i(—1)¢
||TJJf||q€§2J( b 8£||f||p[’ £=0,1,

hold, where pg =1, gg =00, & = %d, and p1 =2, q1 =2d/(d—-2), 1 = % Note that the exponents
of 2/ in the two estimates have different signs. Thus, applying Bourgain’s summation trick (for example,
see [Jeong et al. 2024, Lemma 2.4]), we obtain

H / V7 e‘”””zf‘ di| < HZT;’
j o0 J

for (1/p,1/q) = B". By a similar argument, it is easy to show | [|y%e~"#/2f|dt ||q S IIfll, for
(1/p, 1/g) = B’. Hence, combining all of those estimates, we get (2-3). (I

S”f”p,]a O':Zt,j:ﬂ,

q,00

q,

We now consider the L?-L? estimate for the operator H~*, s > 0, which is defined by

o0
H™ f = Q2k+d) Tt f.
k=0
The operator can also be written as

1
I'(s)

0
H*Sf — / tsfleftHf dfl
0

H associated to H. By means of the explicit kernel expression

by making use of the heat semigroup e~

of e='H

which is based on Mehler’s formula (see [Thangavelu 1993]), Bongioanni and Torrea [2006]
obtained L”-L7 boundedness for H . Sharpness of their result was later verified by [Nowak and Stempak

2013]. Thus, the results completely characterize L”-L9 boundedness of H 5.

Theorem 2.3 [Bongioanni and Torrea 2006, Theorem 8; Nowak and Stempak 2013, Theorem 3.1]. Let
d>1,1<p,g<oo,and0 <s < %d. Then H™* is bounded from L? to L1 if and only if

2s 1 1<2_s'

“dTp acad

There are weak/restricted weak-type estimates in the borderline cases which are not included in the
above theorem, and we refer the readers to [Nowak and Stempak 2013] for more details regarding such
endpoint estimates.

IFor a bounded function m on R, the operator m(H) is formally defined by m(H) = ZkeNo mQ2k 4+ d)Ig.
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3. Proof of Theorem 1.4

We consider the more general operator (H — z)~", m € N, which is given by
o o0
_ I f —m I f
H-9"f=) = (™)
QRk+d—2)™ (it+pB—km
k=0 k=0
with z =28 +d +2ti, B ¢ Np, and t € R. We prove the following.

Theorem 3.1. Let d > 3, and let m be a positive integer. Suppose that (1-9) holds for some constant ¢ > 0.
If (1/p,1/q) € (B, B), then there is a constant C = C(m), independent of z, such that

ICH =27 fllg < CA+[Imz) | f - (3-D

Furthermore, we have ||(H —2) ™" fllg,00 < C(1 +| Imzl)l_’"llfllp,l if 1/p,1/q) =B or B’

While the estimates for m > 2 are rather straightforward from (2-4), the proof of (3-1) form =1 is
more involved. This case is handled in Proposition 3.2 below.

Remark. The gap condition (1-9) is necessary for the uniform estimate (3-1) to hold. In fact,

12k +d —z|7" 1 fllq
11l

if f is an eigenfunction with eigenvalue 2k 4 d. Therefore, the operator norm cannot be bounded as
z — 2k + d unless (1-9) holds.

I(H—2)™" ”p—>q =

For positive numbers B and #g, let C(B, fg) denote the class of functions which are contained in
ClE+D/2I(R\ [—19, to]) and satisfy the following:

|IG(n)| <B, nelZ, (3-2)
> IG® +G (k)| <B, (3-3)
k=1
Y kG k) — (k+ DGk +1)| < B, (3-4)
k=1
[
(LYoo|=sa+im", o<l (3-5)

for0<l/ < %(d +2). Particular examples satisfying the conditions (3-2)—(3-5) are G, (1) =1/(iT+t+ ),

where (11, 7) € (3, 3) x R and | (i, 7)| = ¢ for some small ¢ > 0.

Proposition 3.2. Letd > 3 and (1/p, 1/q) € (B, B'). Suppose that G is in C(B, ty). Then, there is a
constant C, depending only on B and to, such that

|o(>5=H)r] <cir, (3-6)

holds for every n € Ng. Furthermore, if (1/p,1/q) =B or B/, the restricted weak-type (p, q) estimate
holds for G(%(2n +d— H)) with a uniform bound depending only on B and ty.
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Proof. Let p, and g, be given by (1/px, 1/q+) = B’. In order to show Proposition 3.2, it is sufficient to
show the restricted weak-type (ps, g.) estimate for G(%(Zn +d—H )). Note that the adjoint operator
G(3@n+d — H))" is given by

G(M) - i Gn— T, f.

k=0

Clearly G € C(B, to). Hence, the same argument shows that the restricted weak-type (ps, gx) estimate holds
for G(%(Zn +d—H ))*. This in turn gives the restricted weak-type estimate (q,, p,) for G(%(Zn +d—H ))
by duality. Real interpolation between these two (restricted weak-type) estimates for G(%(Zn +d—-—H ))
yields the desired estimates for (1/p, 1/q) € (B, B').

No differentiability assumption is made on G for |t]| < fy. So, we handle the cases n > ng and n < ng
separately, where ng is an integer satisfying ng > 2f9. We first consider the case n > ng. Recalling

G(W) - iG(n—k)Hk,

we write the decomposition
G(W) =T+ K,

where

T = i G(n— k)¢(”;k) M, and K,:= i G(n—k) <1 _ ¢(”;k>) ;.
k=0 k=0

Here, we choose a nonnegative smooth even function ¢ on R such that ¢(f) = 1 on [—%, %], ¢ =0if
1 < |t], and ¢ is nonincreasing on the half-line ¢ > 0. This monotonicity assumption plays an important
role in obtaining a bound on a sum of trigonometric functions.

The sum 7, is the major contribution to the estimate (3-6) and is to be handled by the integral formula
for IT; and Proposition 2.1. The second sum K, behaves like the operator H !, which is actually bounded
from LP-L9 on a larger range of p, g. We consider 7, first.

We set

ZG(k)as( )k =) and Tp = Z(G( 0+G00(5)

Since ¢ is an even function and supported in [—1, 1], after reindexing by (n — k) — k, we see

T=36®d ()M i+ 6O+ Y G-0p(5) M
Thus, = .
Tn=T1+I,+GO)II,.

By (3-2), (3-3), and the uniform restricted weak-type (p., g«) estimate for IT, in Corollary 2.2, it follows
that

IGOTTy fllgeoo S Bl f .1 and [ Z2llg,.00 S Bll fllp,.1-
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So, it suffices to deal with Z;. Using the formula (2-1), we note

g

Myt f — My f = _7’1_ / sin(rk)e! CrHa=—H172 ¢ gy,

—T
Thus, we have

g
Tif=[ tu®e ™2far,
—TT
where

_ i penrary - kY _
HOEEEY ;G(k) 51n(tk)¢(n), T <t<m.

Using Proposition 2.1, it is sufficient to show
15n(D)] = C, (3-7)
with C independent of n and G. By the property of ¢, it is clear that

Xn: sin(tk)G(k)qS(%)‘.

k=[n/2)+1

ln/2]

G sin(zk)G(k)‘ +
k=1

Boundedness of the second term is easy to show. Indeed, since the condition (3-5) holds for |7| > %n by
our choice of ny, we see

Xn: sin(tk)G(k)¢<§>‘§B Z k—1¢(§)56.

k=|n/2]+1 k=[n/2]+1

So, for (3-7), we only have to show }Zzzl sin(tk)G(k)| < 1 for any n. Setting oy (1) = 21;21 j~tsin(j1),
by summation by parts we write

n n—1
Z sin(tk) G (k) = Z o1 (kG (k) — (k + DGk + 1)) + 0,()nG(n).
k=1 k=1

Since |0y (t)| < 1 for any k and ¢ as can be shown by an elementary argument,” by the conditions (3-4)
and (3-5) it follows that |Y"7_, sin(tk)G (k)| < 1.
We now turn to the operator K,,. Clearly, we may write X, = H~! om, (H), where m,, is given by

=105 (o 230

which is in C*°(R). Using (3-2), (3-5), and the support property of ¢, a simple calculation shows

)
‘j—tlmn(l‘)‘ ,S(l+t)—l forl =0, 1,2,.“’%(034_2)

whenever ¢ > 0. Here the implicit constants are independent of n. Thus, the Marcinkiewicz multiplier
theorem [Thangavelu 1993, Theorem 4.2.1] implies that m, (H) is bounded on L?, 1 < p < 0o, uniformly

2This can be seen by approximating Dirichlet’s kernel, or again by summation by parts.
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in n. By Theorem 2.3, H~! is also bounded from L” to L? for 1 < p, g < oo satistying 1/p —1/q =2/d.
Hence, we have

1Kl psg < 1HH My I (D || ps p S 1,

with the implicit constant independent of 7.
We now consider the case n < ng, which is much simpler to show than the case n > ng. To prove (3-6),
we write the following decomposition for G(%(Zn +d—H )):
2n+d—H ~ o=
() < 1,
where

T = i G(n— k)¢(%) M, and K,= i G(n—k) (1 - ¢(i)) ;.
k=0

2n
pard 0 0

Clearly, the multiplier
2n+d—->( B <2n+d—->>
G ( 2 1-¢ 2ng

of the operator IE,, satisfies the condition (3-5). So, in the same manner as in the above we obtain the
bound ||lf€,,||p_>q <lifl<p,g<oocand 1/p—1/q=2/d. By condition (3-2) and Corollary 2.2 it

follows that
2ng

1T 0 oo <B DIk fllgco SN F Ipoat
k=0

uniformly in n < ng. This completes the proof of Proposition 3.2. ]
We are ready to prove Theorem 3.1.

Proof of Theorem 3.1. Let p, and g, be given by (1/p., 1/g.) = B’. As in the proof of Proposition 3.2, it
is enough to show the restricted weak-type (ps, g») estimate for (H —z) ™" with bound C (14 |Im z|)!=",
since the adjoint operator of (H — z)™™ is given by (H — z)™"™. We can handle (H — z) ™™ in exactly the
same way to obtain the restricted weak-type (p., ) estimate for (H —z) " with bound C (14| Im zht=m.
By duality and interpolation, we get all the desired estimates.

By Corollary 2.2, we have the estimate |1y fll4,,00 < CI| f1l p,,1, With C independent of k. Using this
estimate, for m > 2, we get

o0
I(H=2)" fllgoo S Z 2k +d =z fllpo1 S U4 Imz) (| £ll po1
k=0
because

o0
D Pk +d—z ™" < Cu(1+[Imz))' ™",
k=0

with C,, independent of z for m > 2 if (1-9) holds. Thus, we need only to show

ICH =2 fllgooo < Cllfllpt- (3-8)
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IfRez >d—1,wehave z=2(n+u)+d+2it for some n € Ny, u € (—%, %), and 7 € R satisfying
[(n, T)| = %c because of (1-9). We note that
2n+d—H)

(H =27 =G (5

where G, (1) = 1/(it +1+p). Itis easy to see that G, ; € C(B, 1) for some B > 0 provided that
ne (-3, %) and T € Rsatisfy |(u, 7)| > Sc. Indeed, since [k + | > |u| fork € Z and p € (-3, 1), it
follows that |G, (k)| < |u+it|” I'<2/c for all k € Z. Moreover, we have

Z|Gw<k)+cw< k)|<Z G b

lit+ u

00 OO
kG, (k)—(k+1)G, . (k+1)] < S )

k=1 k=1
and, for 0 <1 < 1(d+2),

‘(%)le*’)( SA+D™ =1,

whenever |t € ( 3 2) and t € R satisfy |(u, 7)| > 2c Obviously, the implicit constants are independent
of specific values of  and 7. Hence, taking a sufficiently large constant B > 2/c, we see G, - € C(B, 1).

Thus, by Proposition 3.2, the estimate (3-8) holds uniformly in z. For the remaining case, i.e.,
Re 7z <d — 1, we have that 7 clearly stays away from the eigenvalues of H, so (H —z)~! behaves like H ™.
More precisely, we obtain the uniform estimate (3-8) repeating the same argument as in the case n < ng
of the proof of Proposition 3.2. This completes the proof. (I

The uniform resolvent estimate in Theorem 1.4 is a special case of the following.

Corollary 3.3. Let d > 3 and m be a positive integer, and let p, q be given as in Theorem 1.1. Then,
there is a constant C = C (m) such that

I(H —2)™" flly < C(1+ |Imz|)?A/P=Va/Z=m) £ (3-9)

provided (1-9) holds. Furthermore, if (1/p, 1/q) =B or B, we have the restricted weak-type estimate
for (H — 2)™"™ with bound C (1 + | Im z|)4(/p=1/@/2=m

Proof. By Theorem 3.1, we have estimate (3-9) for (1/p, 1/q) € (B, B’). In view of interpolation, it is
enough to show (3-9) with (p, q) = (2, 2), 2d/(d +2),2), or (2,2d/(d — 2)). These estimates are easy
to show by using orthogonality between the projection operators I1;. In fact, we have

00 1/2
I(H =2)"" fll2 < (Z 2k +d —z|2’"||nkf||%) :
k=0

So, taking the supremum over k of |2k +d — z|7%™, we obtain (3-9) when p = ¢ = 2. We note that

Y oreol2k+d— z|72" < C(1 4 |Imz|)~2"*! with C independent of z as long as (1-9) holds. Applying
the uniform L2¢/(@+2)_[.2 estimate in Corollary 2.2, we get (3-9) with p = 2d/(d +2) and g = 2. Since
the adjoint of (H —z)™™ is (H — z)™", estimate (3-9) with (p, g) = (2d/(d + 2), 2) implies that with
(p,q) =(2,2d/(d — 2)) by duality. O
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4. Proof of Theorem 1.1

We now prove the estimate (1-4) by adapting the argument in [Escauriaza and Vega 2001] (also see
[Escauriaza 2000]) which deduces the Carleman estimate for the heat operator from the uniform resolvent
estimate for the Hermite operator. We are basically relying on real interpolation as in the Appendix of
[Jerison and Kenig 1985]. However, there are some nontrivial issues which are related to a shortcoming
of the real interpolation in mixed-norm spaces.

Lemmad.l. Letl <p<2<g<oo, 1<r,s<o00,1<a<b<oo,and0 <y <1,andlet B ¢ Ngbe a
real number. Suppose that the estimate

o0

Z ka
(ti + B —k)m

k=0

< Cn(L+1TD)" "1 flp.a (4-1)
q,b

holds for positive integers m, with C,, independent of T € R and B, provided dist(8, Ng) > ¢ for some c > 0.
Then, if dist(8, Ng) > ¢ for some ¢ > 0, estimate (1-4) holds uniformly in B whenever the following hold:

. ]/<1, OE1/}"—1/5‘5l_y,and(l/ryl/s)#(lay)s (l_V,O)a
ey=1l,a=b=2,and1 <r=s5 <00.

Lemma 4.1 was implicit in [Escauriaza and Vega 2001] with the Lebesgue spaces instead of the Lorentz
spaces. The extra condition a = b =2 when y =1 is due to a limitation of the real interpolation in
mixed-norm spaces. Once we have Lemma 4.1, the proof of Theorem 1.1 is rather simple.

Proof of Theorem 1.1. Let (1/p, 1/q) be in . By real interpolation between the estimates in Corollary 3.3
and inclusion relations between Lorentz spaces, we get (4-1) with y = %d (1/p—1/g)forany 1 <a<b<oc
if p #2 and g # 2. Thus Lemma 4.1 gives estimate (1-4) in the Lorentz spaces if the exponents satisfy
the condition in Theorem 1.1. O

Estimate (1-4) is equivalent to the Sobolev-type inequality
12l gy gy < CICA = X1+ 8 +2B8 + Dhll ooy, h € CORM. (4-2)

One can easily see this by following the argument in [Escauriaza 2000]. In particular, if r = s, the
inequality (4-2) implies | fll; < C[I(A — x|+ 28 + d)fllp for f € C?O([Rd), which is, in fact, a
special case of (1-8), where z =28 +d & 2Ny + d. Indeed, let f; be a compactly supported smooth
function on R with f1(0) = 1. Then the above estimate follows by applying (4-2) to the function
h(x,t) = f(x)fi(t/R)R™Y" R > 1, and letting R — oo.

Remark. When r = s, the implication from (4-2) to (1-8) with z =28 +d & 2Ny + d can be used to
show that the Carleman estimate (1-4) holds only if

1_o1_2
p g~ d

By the Marcinkiewicz multiplier theorem for the Hermite operator H [Thangavelu 1993, Theorem 4.2.1],

(H —z)""H with z =28 +d € 2Ny +d is bounded on L?, 1 < p < co. Thus, we see that estimate (1-4)

implies ||H_1u||q Sllull, foru e Cfo([R{d). By Theorem 2.3, the inequality holds only if 1/p—1/g <2/d.
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Proof of Lemma 4.1. To prove Lemma 4.1, we basically rely on the argument in [Escauriaza 2000;
Escauriaza and Vega 2001], so we shall be brief. By scaling, it is easy to see that (1-4) is equivalent
to (4-2). See [Escauriaza 2000] for the details. Thus, we need to show (4-2) by replacing h with
(A —|x|>+ 9, +2B+d)"'g. Applying the projection operator IT; in x-variables and taking the Fourier
transform in 7, we see the operator Sg := (A — x>+ 9, +28+d)"'is given by

Spg(x, 1) = /R Kg(t—5)(g(-,s))(x)ds,

where the operator-valued kernel Kg is given by

I1
Kpt)(f) = / Z”WZMffg) cdr, [ eCT®Y.

To prove (1-4), it is enough to show

188 s gty S N8I prqprey, & € CRITH, (4-3)
(R; L) ( )

with an implicit constant independent of 8 as long as dist(8, Ng) > ¢ for some ¢ > 0.

We regard Sg as a vector-valued convolution operator. Let us first consider the case y < 1 which is easier.
Let ¢ € C2°([—1, 1]) be such that ¢(t) =1 on [—% %] Breaking the integral with functions ¢ (#7) and
1—¢(t7) and using integration by parts and (4-1), itis easy to see that || Kg(¢) ||L)/(),a_)Lz,b <min{|¢|77, |t|72).
Since y < 1, for r and s satisfying 0 <1/r —1/s <1—y and (1/r,1/s) # (1, y), (1 —y,0), we obtain
estimate (4-3) by Young’s convolution inequality and the Hardy-Littlewood—Sobolev inequality.

We now turn to the case y = 1. We claim that the kernel Ky satisfies the Hormander condition

Sup/ ”Kﬂ(t_s)_Kﬂ(t)||Lp,24)Lq,2 dt SA < 00, (4_4)
s#0 J|t|>2]s]

where A depends only on the constant ¢ > 0 such that dist(8, Ng) > c. To show (4-4) it is sufficient to
show [| K (1)l p2s pa2 S 1872 In fact, if | K0, p2_, ;02 S 12|72, then

t—s
— / -2
IKp(t =)= Kg@ll p2_, 12 = H / Kp@ydo| Skl
This clearly yields (4-4). Integrating by parts, we have
1
2 2 pitt
( 27Tlt) Kﬂ(t) 2 (7Tl) / it Zm de

The assumption (4-1) (with y = 1) gives |||t|2Kg(t)||Lp,z_)Lq.z < 1 uniformly in ¢ and B satisfying
dist(8, Ng) > ¢, which proves the claim (4-4) (see [Escauriaza and Vega 2001] for details). Thanks
to (4-4) and the usual vector-valued singular integral theory, in order to prove (4-3) for 1 <r =5 < o0, it
suffices to obtain estimate (4-3) withr =s =2 anda =b =2.

For n € C°(R), we define n(D;) by F;(n(D;)g)(x, t) = n(r)F:g(x, ), where F; denotes the Fourier
transform in . We use the following Littlewood—Paley-type inequality in the Lorentz spaces.
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Lemma 4.2. Let | < p,r < oo. Suppose 1 is a smooth function supported in [272, 1] which satisfies
Z?’;_Oo|n(2_jt)|2 ~1 forallt > 0. Then we have

‘ 1/2
el o ey S H (Z |n<2f|D,|>g|2)

jez

S gl @,y (4-5)
LR LY

Proof. It is sufficient to show the second inequality in (4-5) because the first inequality follows from the
second one via the standard polarization argument and duality. For every 1 < p, r < oo, we have

_ 1/2
H (Z |n(2—f|Dt|)g|2)

jez

S el ®: Lrway)
L7 (R; LP(RY))

by means of the usual Littlewood—Paley inequality and the vector-valued singular integral theorem; see
[Escauriaza and Vega 2001, Lemma 2.1]. We interpolate these estimates using the real interpolation in
the mixed-norm spaces, in particular,

(L7 @ L), L7 (R; L9y, = LP (R; LT7)

whenever po, qo, p1, q1 €[1,00) and (1/p, 1/q) = (1—-0)(1/po, 1/q0) =0(1/p1, 1/q1) with 0 € (0, 1);
see [Cwikel 1974; Lions and Peetre 1964]. Therefore, we obtain the second inequality in (4-5). ]

We now note that
DSt 0 = [ K= w0,

where

. o l 2mitt m - 1
Kp.j (1) f(x) = Z/Re w(zj)gﬂir+ﬂ_knkf<x>dr.

Using (4-1) with @ = b = 2 and integration by parts, we see that |[Kg ; ()|, p2_ ;42 < C2/ (14271172,
with C independent of j and g if dist(8, No) > ¢ > 0. Thus, Young’s convolution inequality gives

19 Q7 1DSp N 202 < 18N g (4-6)

with the implicit constant independent of j and 8. To get the desired (4-3) with r = s = 2, we combine
this inequality and Lemma 4.2. Since 2 < ¢ < oo, the space L4/??/?) js normable. So,

1/2 172
H (Z | j|2) S (Z I ,-||§‘,,2) . (4-7)
j LY j '

Since Sgg = ZjeZ w(Z_le,DSﬂg, applying Lemma 4.2 and then (4-7), we have

. 1/2
1Sp8l 2 192y S (Z ||w<2—f|D,|>Sﬂg||§2(R;LZ,2)> .
jez

Let ¢ € C.([272, 1]) such that Y = ¥, so

YD) Spg =¥ (27D )Sgyr (27| Dyl g.
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Using (4-6) followed by (4-5), we get
3 _ 1/2
18681 202 S (Z ||w<2—f|D,|)g||§2(R;L£.z)) .
jez

By duality, the inequality (4-7) is equivalent to (ZJ Ih; ||ip12)1/2 < H (Zjlhl,-IZ)l/2 H o2 forl < p<2.
Thus, using Lemma 4.2, we get ’ ‘

o 12
(Z @ |Dt|>g|2)

jez

“Sﬂg”[}(R;Lzl) g ‘ SJ ”g“LZ(R;Lf’Z)' O

L2(R;LD?)
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NONNEGATIVE RICCI CURVATURE
AND MINIMAL GRAPHS WITH LINEAR GROWTH

GIULIO COLOMBO, EDDYGLEDSON S. GAMA, LUCIANO MARI AND MARCO RIGOLI

We study minimal graphs with linear growth on complete manifolds M™ with Ric > 0. Under the further as-
sumption that the (m—2)-th Ricci curvature in radial direction is bounded below by Cr(x) 2, we prove that
any such graph, if nonconstant, forces tangent cones at infinity of M to split off a line. Note that M is not
required to have Euclidean volume growth. We also show that M may not split off any line. Our result par-
allels that obtained by Cheeger, Colding and Minicozzi for harmonic functions. The core of the paper is a
new refinement of Korevaar’s gradient estimate for minimal graphs, together with heat equation techniques.

1. Introduction

The theory of entire minimal graphs in Euclidean space R™, that is, of functions u : R” — R solving the

. Du
d1v<—) =0 (MSE)

J1+ | Dul?

is built upon the following foundational results:

minimal (hyper-)surface equation

(#1) The Bernstein theorem: solutions to (MSE) are all affine if and only if m <7.
(#2) For each m > 2, positive solutions to (MSE) are constant.

(#3) For each m > 2, solutions to (MSE) with at most linear growth on one side are affine (i.e., the
Hessian D%u = 0).

Here, u is said to have at most linear growth on one side if, up to changing the sign of u,
u(x) = =C+rx))

holds on R™ for some constant C > 0, where r is the distance from a fixed origin. The validity of (#1)
is due, as well-known, to the combined effort of S. Bernstein [1915] (m = 2, see also [Mickle 1950;
Hopf 1950]), W. H. Fleming [1962] (still for m = 2), E. De Giorgi [1965] (m = 3), F. Almgren [1966]
(m = 4), J. Simons [1968] (m < 7) and E. Bombieri, De Giorgi and E. Giusti [Bombieri et al. 1969a]
(counterexamples if m > 8). On the other hand, (%#2) and (#3) were both proved by Bombieri, De Giorgi
and M. Miranda [Bombieri et al. 1969b] for m > 3; in particular, (#3) refines J. Moser’s theorem [1961],
which states that u is affine provided that |Du| € L°°(M). Further properties of entire minimal graphs in
Euclidean space were obtained by Bombieri and Giusti [1972]: among them, we mention the fact that u is
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affine whenever m — 1 of its partial derivatives are bounded. The result was improved in recent years by
A. Farina [2015; 2018], who showed that u is affine if m — 7 partial derivatives of u are bounded on one
side. Further enhancements of Moser’s result, proving that D?u = 0 by only assuming that |Du| = o(r)
as r(x) — oo, were obtained in [Caffarelli et al. 1988; Ecker and Huisken 1990; Simon 1989]. We also
mention the recent [Farina 2022], where the rigidity of a minimal graph is obtained by assuming that an
upper level set contains, or is contained in, a half-space.

In a Riemannian setting, it is natural to ask the following:

Question 1. For which classes of complete Riemannian manifolds M one could expect results like

(£A1), (£2), (£3)?

The problem motivated our previous works [Bianchini et al. 2021b; Colombo et al. 2022], as well as
the present paper. Recall that a solution to (MSE) on a Riemannian manifold (M™, o) gives rise to a graph

F:M—->RxM, F(x)=wx),x),

which is minimal if the ambient space R x M is endowed with the product metric dt*> 4+ o. Hereafter,
we say that the graph is entire if u is defined on the whole of M.

If M is close to hyperbolic space H™, namely, M is a Cartan—Hadamard manifolds with suitably
pinched negative curvature, (#1), (£2), (#3) drastically fail, since each continuous function on the
boundary at infinity of M can be attained as the limit value of an entire minimal graph, which is therefore
bounded. An exhaustive literature on the problem can be found in the survey [Heinonen 2021]; see also
the introduction of [Bianchini et al. 2021a].

Denoting by g = F*(dt?> 4 o) the graph metric and with A ¢ its Laplace—Beltrami operator, (MSE)
can be written as A,u = 0, making contact with the theory of harmonic functions. In Euclidean space
M =R" (£2) and (%3) hold as well when considering harmonic functions instead of solutions to
(MSE), while the analogy fails for (#1) since there is no rigidity for entire harmonic functions without
imposing any growth condition. This suggests that, for (%2) and (#3), an answer to the above question
may be guided by the global behavior of harmonic functions on Riemannian manifolds, according to
which it is natural to consider the problem on manifolds satisfying either

Sec>0 or Ric=>0, (D

where Sec, Ric are the sectional and Ricci curvatures of (M, o). Indeed, if Ric > 0, positive harmonic
functions on M are constant, by S.Y. Cheng and S.T. Yau’s gradient estimate [Yau 1975; Cheng and Yau
1975], while a harmonic function with linear growth forces any tangent cone at infinity of M to split, by
work of J. Cheeger, T. Colding and W. Minicozzi [Cheeger et al. 1995]. Furthermore, M itself splits off a
line if Ric > 0 is strengthened to Sec > 0 (see [Antonelli et al. 2022] for a complete proof), or if M is
parabolic (see [Li and Tam 1989] and Remark 5 below).

In view of the convergence theory developed in the past 50 years for manifolds with Sec > 0 or Ric > 0,
some of the tools used to prove the Bernstein theorem in R™ are available on manifolds satisfying (1),
making these assumptions a natural setting also for the study of (#1). However, much has to be done
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and (A1) seems very challenging to prove even on manifolds with Sec > 0. In fact, we are aware of no
results in this direction.

The situation is different for (%2) and (£3), for which, as we shall detail below, the main difficulty is
to prove the results by only requiring Ric > 0, arguably the sharp condition for their validity (in this case,
however, (#3) has to be suitably weakened, see later).

Regarding (#2), after previous work by H. Rosenberg, F. Schulze and J. Spruck [Rosenberg et al.
2013], a complete answer was obtained by the first, third and fourth authors together with M. Magliaro
[Colombo et al. 2022], and independently by Q. Ding [2021a] with different methods:

Theorem 2 [Colombo et al. 2022; Ding 2021a]. Connected, complete manifolds M with Ric > 0
satisfy (92); that is, entire positive minimal graphs over M are constant.

In this paper, we address (#3). In view of the result in [Cheeger et al. 1995], it is reasonable to
formulate the following:

Conjecture 3. Let M be a connected, complete manifold with Ric > 0 and possessing a nonconstant
entire minimal graph with at most linear growth on one side. Then, every tangent cone at infinity of M
splits off a line.

The problem seems to be considerably harder compared to the case of harmonic functions. We are
aware of only two results in the direction of Conjecture 3. Ding, J. Jost and Y. Xin [Ding et al. 2016]
proved that R™ is the only manifold satisfying the following assumptions:

| By |

Ric>0, Ilim > 0, 2.@)
r—oo rn
the curvature tensor decays quadratically 2.8)

and admits an entire, nonconstant minimal graph with at most linear growth on one side. Very recently,
Ding [2021b] posted on arXiv a paper where he proved Conjecture 3 on manifolds satisfying the
assumptions in (2.«). The bulk of his argument is to show the remarkable property that the isoperimetric
inequality, satisfied by (M, o) in view of (2.«), is inherited by the graph of u. This allowed Ding to
adapt, in a nontrivial way, tools from [Bombieri et al. 1969b; Bombieri and Giusti 1972] and from
Cheeger—Colding theory to reach the goal. We stress that his method heavily depends on the Euclidean
volume growth condition in (2.c).

In our work, we address Conjecture 3 without requiring the Euclidean volume growth assumption, but
rather a mild further curvature condition. To formulate our main result, we first recall the definition of the
£-th Ricci curvature:

Definition 4. Let (M, o) be a manifold of dimension m > 2. For £ € {1, ..., m — 1}, the £-th (normalized)
Ricci curvature is the function
¢
1
i (0) - _ .
ve T Mr— Ric*”(v) = V\}rﬁlgL 7 ZSec(v /\ej)>,
dimw=¢ /=]
where {e;} is an orthonormal basis of .
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The function Ric® interpolates between the sectional and Ricci curvatures, obtained respectively
for £ = 1 and, up to the normalization constant m—1 for £ = m — 1. In particular, with our chosen
normalization the following implications are immediate:

Sec>¢c = Ric“PV>¢ = Ric®>¢ = Ric>@m-1)e.

Hereafter, given H € C([0, c0)) and denoting by r the distance from a fixed origin o € M, we use the
short-hand notation Ric'” (Vr) > —H (r) on M to mean the inequality

Ric®(Vr(x)) > —H(r(x)) forall x € M\({o} Ucut(0)),

where cut(o) is the cut-locus of o.

A relevant class of manifolds for which rigidity holds without imposing any growth of u is that of
parabolic ones. Recall that a manifold M is said to be parabolic if every positive superharmonic function
on M is constant.

Remark 5. By work of N. Varopoulos [1981] and Li and Yau [1986], if Ric > 0 the parabolicity of M is

equivalent to
® sds
= 00, 3)
/ | B |

where By is a geodesic ball centered at a fixed origin o. Indeed, (3) is sufficient for the parabolicity of a

complete manifold, independently of any curvature requirement; see [Grigoryan 1999].

Lastly, we recall that a tangent cone at infinity for a complete (noncompact) manifold M is any metric
space obtained as a blow-down of M. More precisely, a pointed metric space (X oo, doo, X00)> Xoo € Xoo>
is a tangent cone at infinity for (M, o) if, for some base point x € M and some sequence {X,} of positive
real numbers such that A,, — o0, one has

(M, 2, disty, x) = (Xoo, doo, Xoo)

in the pointed Gromov—Hausdorff (pGH) sense. If (M, o) has nonnegative Ricci curvature, then tangent
cones at infinity exist based at any point x € M, by Gromov’s precompactness theorem [2007].
We are ready to state:

Theorem 6. Let (M, o) be a connected, complete Riemannian manifold of dimension m > 2 with
Ric >0,
and let u € C*°(M) be a nonconstant entire solution to (MSE).

() If M is parabolic, then it admits a splitting M = N x R with the product metric oy + ds? for some
complete manifold N with Ricy > 0 such that in the variables (y, s) € N xR it holds u(y, s) =as+b
for some a, b e R.

(i) If M is nonparabolic and

 u has at most linear growth on one side,
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e there exists an origin o € M such that, denoting by r the distance from o,

=2

Ric”"2(Vr) > — on M, 4)

1472
for some constant k > 0,

then every tangent cone at infinity of M splits off a line.

Remark 7. In case (i), the claimed splitting M = N x R for which u is independent of N may not be
the unique splitting of the manifold as a product of a line and a complete manifold, as the case of affine
graphs on M = R? shows. In case (ii), since M is nonparabolic then necessarily m > 3 (see below), so
Ric™~? is well-defined. In the statement of (ii), we also emphasize that tangent cones at infinity may be
based at any point of M, not necessarily at o.

Case (i) in Theorem 6 is easy to obtain, and might be well-known among specialists. We included it
for the sake of completeness. Regarding case (ii), the curvature condition in (4) is only used to infer that
u has bounded gradient on M. In other words, as a consequence of our proof we obtain a generalization
of Moser’s result [1961] to the following:

Theorem 8. Let M be a connected, complete manifold with Ric > 0. If u is a nonconstant solution to
(MSE) and |Du| € L°° (M), then every tangent cone at infinity of M splits off a line.

It was already observed in [Cheeger et al. 1995] that a manifold M with Ric > 0 may not split off any
line despite each of its tangent cones at infinity does. A counterexample was constructed in [Kasue and
Washio 1990], and building on it we get the following result:

Proposition 9. For m > 4, there exists a connected, complete manifold M with
Ric® >0, Ric>0, |Sec|<=k?
for some constant k > 0, which carries a nonconstant minimal graph u : M — R with |Du| € L*°(M).

Note that Ric” 2 > 0 and that, having positive Ricci curvature, M does not split off any line. Whence,
in assumption (ii) of Theorem 6 the conclusion cannot be strengthened to a splitting of M itself, at least
if m > 4.

When Sec > 0, however, the above phenomenon does not happen. Leaving aside dimension m =2,
covered by case (i) in Theorem 6, we obtain

Corollary 10. Let (M, o) be a connected, complete Riemannian manifold of dimension m > 3 satisfying
Sec > 0. If there exists a nonconstant entire solution u € C*° (M) of (MSE) with at most linear growth on
one side, then M admits a splitting M = N xR with the product metric oy +ds? for some complete manifold
N with Secy > 0 such that in the variables (y, s) € N x R it holds u(y, s) = as + b for some a, b € R.

The corresponding problem for harmonic functions was also studied by A. Kasue [1990]. Corollary 10
relates to the results obtained by P. Li and J. Wang [2004]. There, the authors study connected, complete,
stable minimal hypersurfaces ¥ — M properly immersed into a complete manifold M whose sectional
curvature is nonnegative, and prove that either ¥ has only one end or X is a totally geodesic cylinder P x R,
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for some compact manifold P with nonnegative sectional curvature. Our setting falls into their framework,
since a minimal graph in R x M is stable, properly embedded and M = R x M has nonnegative sectional
curvature. However, our conclusion is stronger, since it allows M to have only one end and it also implies
a splitting of M itself.

To conclude, we prove the next result for graphs with slower than linear growth on one side, that
should be compared to [Ding et al. 2016, Theorem 3.6; 2021b, Theorem 1.4].

Theorem 11. Let (M, o) be a connected, complete Riemannian manifold of dimension m > 2 with Ric > 0,
and let u € C*°(M) solve (MSE) on M and satisfy

. ou—(x)
lim =
r(x)—o00 r(x)

0, 3

where u_(x) = max{—u(x), 0}. Assume that either
e M is parabolic, or
o M is nonparabolic and there exists an origin o € M such that, denoting by r the distance from o,
)

1472

Ric”" 2 (Vr) > — on M,
for some constant k > 0.
Then, u is constant.

Remark 12 (more general curvature bounds). It is natural to wonder whether conditions Ric > 0 or Sec >0
can be weakened still allowing for some rigidity of # and M. In this respect we quote [Bianchini et al. 2021a,
Example 3.1], where the authors constructed a manifold M of dimension m > 3 with two ends, satisfying
)
1472’

for constants «, C > 0 and supporting a nonconstant, bounded entire minimal graph. On the other hand,

Sec > — vol(B,) < Cr™

the existence of such a solution to (MSE) is forbidden if M has asymptotically nonnegative sectional
curvature and only one end; see [Casteras et al. 2020]. An interesting class for which one might try to
obtain rigidity results is that of manifolds with quadratically decaying (or asymptotically nonnegative)
Ricci curvature and linear volume growth; see [Sormani 2000].

Strategy of the proof. Case (i) in Theorem 6 is a direct consequence of the parabolicity of (M, o), which
in our setting can be transplanted to the graph of u. In particular, since every surface with Ric > 0 is
parabolic, the result holds if m = 2, so we focus on dimension m > 3. In [Bombieri et al. 1969b], the
authors obtain (#3) in R™ via the following steps:

(a) a sharp gradient estimate, implying that a solution u € C*°(R™) to (MSE) with at most linear growth
on one side satisfies |Du| € L= (R™);

(b) an argument of [Moser 1961]: since | Du| € L*°(R™), for each coordinate field 9; the partial derivative
d;ju is a bounded solution to a uniformly elliptic PDE. The global Harnack inequality implies that
dju is constant, which implies that u is affine.
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Step (b) cannot be implemented on manifolds, which in general lack parallel fields. An alternative idea
was proposed in [Cheeger et al. 1995] to study harmonic functions, a blowdown argument which exploits
the convergence theory of manifolds with Ric > 0. Our strategy closely follows the one in that work, and
can be split into the following steps:

(a) We prove that a solution u € C*°(M) to (MSE) with at most linear growth on one side satisfies
|Du| € L®°(M).
(b) For fixed xo € M, we show that the functions | Du| and | D?u| satisfy
im ———— |Du|? dx = sup | Du/?, (6)
R—o0 |BR(x0)| JBp(xy) M
R2
im |D%u|?dx =0, (7
R—o0 |BR(x0)| JBp(xo)
where Bg(xg) is the geodesic ball of radius R and center xq in (M, o).
(c) We use the blowdown argument to guarantee the splitting of any tangent cone at infinity with base
point xg.

To be more precise, step (a) will be achieved by assuming

-2
Ric>0 and Ric™ 2 (Vr)>—— 8
1c > an ic (Vr) > 15,2 (8)
while (b) will be shown by requiring
Ric>0 and |Du|e L*(M). ©)

Though the strategy is the same as that in [Cheeger et al. 1995], we emphasize that the techniques
in the current literature to prove (a) (respectively, (b)) do not apply under the sole assumptions in (8)
(respectively, in (9)). We shall justify this claim in the next sections. Our strategy to obtain (a) is to refine
a method due to N. Korevaar [1986], see Theorem 15 below, while to get (b) in our needed generality we
exploit heat equation techniques, inspired by works of P. Li [1986] and L. Saloff-Coste [1992]. In this
respect, we underline Theorem 27 below, yielding to (7), that in the stated generality seems to us new and
of an independent interest.

2. Preliminaries

We briefly review some formulas for minimal graphs that will be used later on. In local coordinates (x’)
on M, the background metric o and the graph metric g = F*(dt”> 4+ o) can be written as

azoijdxi®dxj, g:g,-jdxi@)dxj, du:u,-dxi,

and g;; = o0;; + u;u;. Letting o' and gij be the components of the inverse matrices of (0;;), (i),
respectively, it holds

gl =0l - —
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where W = /1 +|Dul|? and u’ = o"/u;. In general, if ¢ € C'(M) then the symbols D¢ and V¢ will
denote the gradients of ¢ in the metrics o and g, respectively, and in local notation we write

dp = idx’, D=3, =0"¢;d,, Vo=g"’¢;d,.
Differentiating the upward-pointing unit normal vector n = W~'(3; — u'e;), the second fundamental

form II in the direction of » has components

I = =L (10)
w

where u;; are the components of the Hessian D?u in the metric 0. Let H = g h; ; be the mean curvature,

which we assume to vanish. Using the relation

k
k ko WU
Uij =% =3
between the Christoffel coefficients Ff‘j of g and y[]; of o, for every ¢ : M — R the Laplace—Beltrami
operator A, of g can be written as

Agp = g”¢ij - ¢kl4kW = g”‘lbij,
where we used the minimality of . Also, A, has the local expression
1
Vgl

where div is, as before, the divergence operator in (M, o) and |g| is the determinant of (g;;). Next, for

. 1 .
Mg = —=0y, (V1218 0) = - div(We i), D

every Killing field X defined in R x M, the angle function ® 7 = (n, X) solves the Jacobi equation
A¢®% + (JII||* +Ric(n, n))O5 =0, (12)
with Ric the Ricci curvature of R x M. This is the case, for instance, of the angle function

Oy, = (n,0;) =W

t

associated to the Killing field d;. As a consequence, W satisfies

LwW = (|II||* +Ric(n, n) W, (13)
where we defined
Lwp = Wdivg(W2Ve) = Ay —2(Viog W, V).

Observe that, in terms of the metric o,
Lwe =W div(W ' g" ¢;05)). (14)

If X is a Killing field in (M, o) then we can extend it by parallel transport on R x M to a Killing field X
satisfying (9;, X) = 0, with corresponding angle function

Oz = (n, X) = —W o (Du, X).
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Since (12) holds both for ®;, and for ®, it can be checked that the quotient
Ox

o, =0o(Du, X)

vV=—

.y
is a solution to

Lyv = 0. (15)

We next discuss the implications of ¢-th Ricci curvature lower bounds. Hereafter, we set RT = (0, 00)
and Ra’ = [0, 00).

Proposition 13. Let (M, o) be a connected, complete manifold of dimension m > 2 satisfying
RicP(Vr) > —H(r) for £ =max{l, m—2},
where r is the distance from a fixed origino € M, and 0 < H € C(Ra’). Leth e CZ(R:{) solve

W —Hh>0 onRT,
.. (h 1 (16)
liminf( — — -] > 0.
t—0 h t
Let u : M — R solve (MSE). Then, denoting by A, the Laplacian in the graph metric g,

Agr < mh/(r)
h(r)

pointwise on M\ ({o} U cut(o)) and in the barrier sense on M\{o}.

Proof. Outside of {0} U cut(o), denote by {kj(Dzr)} the eigenvalues of D?r in increasing order. The
comparison theorem in [Mari and Pessoa 2020, Proposition 7.4] guarantees that

' (r)
h(r)

> 3 (D) < (m—1) (17)

j=2
pointwise on M\ ({o} U cut(o)) and in the barrier sense on M\{o}. Note that the initial assumptions on %
therein are 2(0) = 0, 4’(0) > 1, but the same proof works for the more general (16). In this respect, note
that 4’ > 0 on R* follows from H > 0.
To estimate Agr = gijrij, pick a point x where r is smooth. If Du(x) = 0, then g"/ = o'/, In our
assumptions, the Ricci curvature satisfies

Ric(Vr,Vr)>—-m—1)H(r),

so by the Laplacian comparison theorem and since 4’ > 0,

W) _ )
hr) = h()

Agr =Tr(D*r) < (m —1)

Assume that Du(x) # 0, write v = Du/|Du| in a neighborhood of x and complete it to a local
o -orthonormal basis {v, ¢,} with 2 < a < m. Note that gij is diagonalized with eigenvalues W=2<1in
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direction v and 1 in directions {e,}. Expressing Ar in the basis {ey, v} we get

1 m
Agr = WDzr(v, v) + Z D2r(ea, €y)

a=2
1 m m
= w2 |:Tr(D2r) — Z Dzr(ea, eo,):| + Z Dzr(ea, ey)
a=2 a=2

2 m
LTr(Dzr)Jr [WW2 1] > Dr(eq. ). (18)
a=2

By min-max and since the eigenvalues are ordered,

m m m
Te(D’r) = =Y ha(D'r). Y DPrleasea) = Y ka(Dr).
a=2 a=2 a=2

Therefore,

A<\ oW T W > ha(D?r)
a=2

<[—1 +1}<m_1)”(”<m@ (19)
| (m—-1)W?2 h(r)y = h@r)’

as claimed. The validity of (17) in the barrier sense on the entire M \{o} easily follows by Calabi’s trick;
see [Mari and Pessoa 2020, Proposition 7.4]. O

Remark 14. In particular, letting £ € R™, for £ = max{1, m — 2} it holds

Ric®(Vr) > —k* = Agr <mk coth(kr),

i? m(1+ 1+ 4i2)

Ric©(Vr) > — = A, <
(Vr) = 1472 sh = 2r

pointwise outside of {o} Ucut(o) and in the barrier sense on M \{o}. Indeed, it is enough to consider for 4,
respectively, the functions

sinh(x't)

1+ +/1+4ic?

and h(t) =1, where ' = 5

h(t) =

3. Proof of Theorem 6(i)

Since Ric > 0 and M is parabolic, by Remark 5 the manifold (M, o) satisfies

/Oosds o 20)
| Bs| '

We apply an argument outlined in [Colding and Minicozzi 2011, p. 48] for minimal graphs in R. First, a
calibration method in [Li and Wang 2001] (see also [Colding and Minicozzi 2011; Trudinger 1972] for
the case M = R™) shows that the volume of the graph ¥ = (M, g) inside an extrinsic ball B, C R x M
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centered at a point (#(0), o) satisfies
|ZNB,| < B+ 5B \Br| <2|Bs].
Hence, the volume of a geodesic ball B? in T centered at o is bounded by

|BE| < [ZNB,| <2|Bsl, 1)

/‘o"sds
—— =00
|BS |

Therefore, by Remark 5, the graph ¥ = (M, g) is parabolic. Because of the Jacobi equation

which implies

1 — 1
Agyy = —(|ITT)1 + Ric(n, m)

the bounded function 1/ W is superharmonic on ¥, and hence constant by parabolicity. Since Ric > 0
implies Ric > 0, again from the Jacobi equation we deduce I = 0 and X is totally geodesic in M x R.
Equivalently, by (10), D?u =0 in M. As a consequence, since u is nonconstant, Du is a nonzero parallel
vector field. The flow of Du therefore splits M isometrically as a product N x R, and u is an affine
function of the R-coordinate alone.

4. A local gradient estimate

Letu : Bg C M — R solve (MSE) on a geodesic ball Bg = Bg(x). The original argument in [Bombieri

et al. 1969b] to prove the gradient estimate in Euclidean setting (M = R™)
u(x) —infp, u

]

for some constants ¢; = c;(m) makes use of the isoperimetric inequality, which does not hold for minimal

[Du(x)| < ¢ 6XP{6‘2 (22)

graphs over manifolds (M, o) with Ric > 0 unless M has maximal volume growth compatible with the
Bishop—Gromov inequality, in the sense that (2.«) is satisfied. Indeed, the isoperimetric inequality forces
geodesic balls Bf in the graph ¥ = (M, g) to satisfy |Bf| > Cr™, which coupled with (21) imply that M
has Euclidean volume growth.

The exponential bound in (22) is sharp; see [Finn 1963]. On the other hand, in their seminal paper
Bombieri and Giusti [1972] proved a different estimate for entire solutions: if u : R”™ — R solves (MSE),
then for any x e R” and R > 0

(23)

su ul 1™
|Du(x>|5c1{1+pL"} ,

R
where ¢; = c¢;(m). Whence, for entire solutions, an exponentially growing bound in terms of |u| is not
sharp.

If M has Ric > 0 and Euclidean volume growth, the validity of an isoperimetric inequality on entire
minimal graphs was recently shown in [Ding 2021b]; see also [Brendle 2023] for the case Sec > 0. As a
consequence, in [Ding 2021b, Theorems 1.3 and 6.2] the author was able to extend (22) and (23) to such
manifolds.
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An alternative method to prove (22) in Euclidean setting was given by N. Trudinger [1972]. His strategy
hinges on a mean value inequality on ¥ which, remarkably, is obtained without needing the isoperimetric
inequality and is therefore suited to apply to manifolds whose volume growth is not Euclidean. However,
to adapt the proof to minimal graphs over M, it seems that an upper bound on the sectional curvature of
M 1is necessary; see also the related [Ding et al. 2016]. Later, N. Korevaar [1986] gave new insight into
the problem, finding a striking argument to get gradient estimates that only requires lower bounds on
the curvatures of M. Exploiting Korevaar’s method, in [Rosenberg et al. 2013] the authors obtained the
slightly different estimate

(24)

1 2
|Du(x)| < 1 eXp{Cz[l + R coth(@ R)] R“;fBR u) }

provided that Ric > 0 and Sec > —k?2. Note that, unless ¥ = 0, the estimate explodes as R — oo if
u: M — R is of linear growth. Extensions to more general ambient spaces were later given in [Casteras
et al. 2020; Dajczer and de Lira 2015; 2017], but they only consider graphs which are bounded on one
side or have logarithmic growth.

Inspecting the proofs in [Rosenberg et al. 2013; Dajczer and de Lira 2015; 2017; Ding et al. 2016], to
reach the inequality |Du(x)| < C for solutions of linear growth, with C uniform with respect to x, the
bounds on Sec are instrumental to guarantee that the distance r, from x satisfies A,r, < C;/r, for some
absolute constant C. In view of the arbitrariness of the point x, assumption Sec > 0 in [Rosenberg et al.
2013] seems therefore difficult to replace by a weaker control on Sec from below. For instance, if one
considers the inequality Sec > —k?/(1 4 r2) for some constant i > 0 and some origin 0, comparison
theory and standard estimates for ODE would yield to a constant Cy, hence C, that depends on the
distance of x from o and explodes as r,(x) — 0o, making the estimate on A,r, insufficient to imply the
desired uniform gradient bound.

From a different perspective, we mention that a global gradient estimate for positive entire solutions
was obtained in [Colombo et al. 2022] under the sole curvature assumption

Ric > —(m — D%, « € R,

namely, a positive solution to (MSE) on the entire M shall satisfy

V14 |Dux)|? < U“OIvm=l" forall x € M.

Note that (#2) directly follows if x = 0. However, modifying the argument in [Colombo et al. 2022] to
allow for linearly growing solutions seems challenging.

Our first main result, Theorem 15, provides an improvement of Korevaar’s method that apply to the
more general assumption (8).

Theorem 15. Let (M, o) be a complete Riemannian manifold with dimensionm > 2. Let Bg = Br(0) C M
be a geodesic open ball of radius R > 0 centered at o € M and let u € C3(Bpg) be a nonconstant solution
to (MSE). Assume that

=2

K
Ric > —(m — 1«2, Ric®(Vr) > —
> —(m— 1)k (Vr) > 2

on Bg, £ =max{l, m—2},
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for some k, k € R, where r denotes the distance from o. Let 0 < Ry < R. Then,

\/1+|Du(x)|2§max{\/1+a§(y*)2, % }(

a3 —ap

eLRWer+1-e) _
eLR(We2+1—y/e2+r(x)?/R*~qy (x)) _ 1)

for every x € Bg,(0), where

. Y =sup y(x) = ,
R XGBRI R

u(x) —infp, u supp, u —infp, u

y(x) =

¢ > 0and t € (0, 1) are fixed arbitrarily, q, ag € R* satisfy

V1462 - /(R|/R)? +¢2 1
>qg>——>0
v VTagy*
and L € R* satisfies
DioL
(1—r)<q2— . ) 2_(I’I1+ ko >(m—1)/<2,
Tag(y*)? &R
with kg = max{1, k}. Finally, a, a3 are defined by
DioL 1
az:—(m—l— ko az=(0-1)qg*>— ——— |L?> — (m — D«
eR tal(y*)?

Remark 16. The assumption that « is nonconstant ensures that y, > 0 by the maximum principle.
Before proving the theorem, we give some applications, starting from the case where k = 0.

Corollary 17. Let (M™, o) be a complete Riemannian manifold with Ric > 0 and

=2

Ric®(Vr) = ——— £

L £ =max{l, m — 2},

for some i € RT, where r denotes the distance from o. Let u € C*(Bg) solve (MSE). Then, for every
8 € (0, 1) and for every R; € (0, 6R),

supv/ 1+ |Dul? < Cy exp(sz/ZO
Bg,

e (25)

[supp,, u —infp, u]z)
with kg = max{1, k} and Cy, Co > 0 only depending on é.

Proof. The desired inequality is trivial if u is constant, so assume that « is nonconstant. It suffices to
prove the claim for § € [%, 1). Let

. supBR]u—infBRu
Yy = R

Choose
1-6 2 _ 8(m + kg

q = ) Cl0= ) L
22y% qy* 8Rq?
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With this choice, we have

V1+e2—/(R//R)? +¢2 VIt V82 42 V1482 -428 .
E— - * p—

2q, (26)
y* y* 14
where, from § < 1, we used
1—8? 1—82 1-36
V1468228 = .

> =
VI+82+V28 ~ V2428 V2

‘We also have 5
I R S A

2

and then )
L oL

2 ) 2: 9 :2(m+ )KO :2&2.

ag(y*)*t 4 &R

Hence, all assumptions of Theorem 15 are satisfied and for every x € Bg, we have

eLR(«/1+627£) -1
V1+Du(x)]? < max{V1+ad(y*)?* 2}

LR THe2— /() /R +e2—qy () _ |

a3=<1—r)(q2—

Note that, for every x € Bg, and taking into account (26),

VI+e2 =V r@)/R? +e>—qy(x) > V1 +2 — /62 + 2 — gy*

>2qy* —qy*=qvy",

and also
1 1 1 2 .

: =< = < = qy’.
Vi+e24e~ V142 V14827 V28 8(1-9)

Vite?—e=

Therefore, we can estimate
eLR(«/H—sZ—S) —1 - e
eLRWIHeI=/(r(0) /R +e2—qy(0) _ | eLRqy* _ 1

Here, we have exploited the fact that for every o € R one has the validity of an inequality of the form

2
LRM_&)qy* -1

< C(8)e RGam—ar”,

ya_l a—1
N <C(a)y forall y > 1
y_

for a suitable constant C(«) > 0. Recalling that

32(y*)2 Ry — 80+ DEoy* 16+/2(m + 1)io

ag(y*)’ = d_sp LRav e - s(=0) %
we obtain
32(y*)2 16v/2(m + D)icy 2 )
2 . _ *
V1+ |Du(x)| gmax{ 1+(1_3)2"/§} C((S)exp( 503) <3(1—5) 1>(y )>

and the conclusion follows. |
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Assuming that u# has at most linear growth, we get:

Corollary 18. Let (M™, o) be a connected, complete Riemannian manifold with Ric > 0 and
=2

Ric®(Vr) = -~ — £

el ¢ =max{l,m — 2},

for some k € Rg . If u € C*®(M) solves (MSE) and has at most linear growth on one side, then
|Du| € L*°(M).

Proof. Without loss of generality we can assume that the negative part of u has at most linear growth, so
that there exists @ > 0 such that u(x) > —a(1 +r(x)) for every x € M. Let R; > 0 be fixed. Choosing
5= % and letting R — o0 in estimate (25) we get

sup+/1+ | Dul? < Cy exp(Camicoa?),

Bg,
where C1, C, > 0 do not depend on R;. Since R; > 0 was arbitrary, the conclusion follows. O
To prove Theorem 15, we need the following:

Lemma 19. Let (M™, o) be a complete Riemannian manifold with
)

Ric?(Vr) > — :
eV z 1472

¢ =max{l,m — 2},

for some k € IR(J)F, where r is the distance from a fixed origin o € M, and let u € C*°(Bg) solve (MSE) on
a geodesic ball By centered at o.

For any given a > 0, the function = ~/a* + r? satisfies

max{1, «}
IDY| <1, Agyp<(m+1)———

in the barrier sense on Bg and pointwise on Bg \ cut(0).

Remark 20. By its very definition, a solution in the barrier sense is also a solution in the viscosity sense;
see [Mantegazza et al. 2014] for comments.

Proof. Outside of {0} U cut(0), a direct computation yields |Dy| = (r/v)|Dr| < 1 and
rAgr N a?|vr?
Jatr2 @)
From | Vr|? = gijrirj < |Dr|? =1 and Remark 14,
1 m(l+\/1+4122)+ a?
/a2 + 72 2 a2 + 72
and the conclusion follows by observing that 1/+/a% +r% < 1/a and that

1 1+ 4i2 2
m1+V1+42)  a <m(1+i&)+1< (m+ 1) max{1, i}.
) a?+r?

Agy =

Ag¥ <
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The validity of the inequality in the barrier sense can be proved by Calabi’s trick; see for instance [Mari
and Pessoa 2020, Proposition 7.4]. O

Proof of Theorem 15. Without loss of generality, we can assume infp, u = 0. Then
*

Supg, U
y'=sup y(x)= ———
XEBRI R

As in the statement of the theorem, fix T € (0, 1) and € > 0, choose ¢ > 0 and ay > 0 such that

241—+/(R{/R)? 2 1
VeZ+1—(R/R)?+¢ . o7
y* VTapy*
and then L > 0, which satisfies
1 Do
(1—r)<q2— . >L2— mt DeoL o — 102, (28)
tag(y*)? &R

where o = max{1, k}. Set
C = qL § = e—LRV82+l

define the function
¥ =VeR 412,
where r(x) = dist, (0, x), and let
n=e LV _s5, z=wn.
By writing
n= 3(eLR(mf«/quu/R) -1,

we see that for every x € Bpg,

TI(X) > 8(eLR(\/gz”'l_\/82+V(X)Z/R2—qy(x)) B 1)

> §(eLRVTHE—V(RI/RP+e2=0y") _ 1y 5 ¢
as a consequence of (27). Noting that, on d Bg,
n=238( " -1)<0,
the set
Q={xeBr:z(x)>0}={x e Br:nkx) >0}
is nonempty and satisfies Bg, € 2 € Bg. Therefore, there exists xo € €2 such that
0<z(xg) = max z.

The function z satisfies

2 2 Agn
Agz—2(Vz,VlogW) > | —(m — Dk”||Vu|*+ —— )z on Q.
n
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The above inequality has to be interpreted in the viscosity sense, in case xg is not a point where r (hence )
is smooth. By the maximum principle, necessarily

—(m—1>;<2||w||2+% <0 atxg (29)
in the viscosity sense. We compute
Agt = (+8)(—CAgu — LAY + |CVu+ LV |?).
We recall that W~ 2(cf’/) < (g’f), i< (o iy, ,j in the sense of quadratic forms; hence
ICVu+LVY|* = g7 (Cu; + L) (Cuj + L))
> %oﬁ(cm + L) (Cu; + L))

1
> WlCDu + LDy |%.

It follows that
A ]
n+d6

Using Agu = 0 and Young’s inequality we obtain

1
> —CAgu— LAgll/—i—WlCDu—i—LDx//lz.

Agn 2 |Dul? 1=t |Dy|?
> LAy +(1-1)C —L .
e AT T W2

Taking into account Lemma 19 we infer

(m + Dko

D I, Ay <
|DY| < V=%

Substituting these estimates in the above inequality, we deduce

| Du|? m+Dky 1—71 L
>(1-1)C?——L =
—|—8_( 2 w2 eR + T W2

If |Du(xg)| = apy™ then

Dux)? 1
Wzag(y*)z - w2’
Thus, we can further estimate

Agn 1 L2|Du|2 (m + DicoL .
— at xo,

n+é— raé(y*)z w2 eR 0

that is,
Agn -
S > a1 || Vul* - az, (30)

with _

ai =(1—t)(q2—;)L2>0 @:M > 0.

tal(y*)? ’ &R
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Since

a3 =a; — (m — 1«2,

we have a; > a3 > 0 by condition (28). We claim that

| Du(xo)|* ) _ @
AN v/ < =,
W2 (x0) | Vu(xo)l =4
that is,
as
W (x0) 5,/ ) (31)
a3y —ap

Indeed, assume by contradiction that

a
IVuxo)|® > =. (32)
as

Then, from (30) it follows

A
s a3l Vul? —az >0 at xo;
n+4

hence A,n > 0 and, by (29) and (30) again,

A A
(m — D2 Vu|? > =51 > 281

2 > ai||Vul* —ay at xo,

leading to

ay > (a1 — (m — D)) || Vull* = a3 | Vul*  at xo,

which contradicts (32) and proves our claim.
On the other hand, if |Du(xg)| < apy®, then

W(x0) < V14ad(y*)>. (33)

Since xg is a global maximum point for z in 2, we have z(x) < z(xg), that is,

n(xo)

W(x) < W(xo)
n(x)

for every x € Bg, C 2. Note that

U(Xo) eLR(\/Sz-‘r1_\/82+V(X0)2/R2_qu(xo)/R) 1 eLR(\/«m—e) 1

= =< 5
n(x) L RWEHT—1/e24r (0[R2 =qu(x)/R) _ | ~ pLR(W&+1—/e>+r(x)*/R?—qy(x)) _ |

hence

eLR(x/a2+lfs) 1
Wi(x) < W(Xo)( )

LRV H1—3/e24r(0)?/R2—qy (X)) _ |

The latter, together with (31) and (33), implies the desired estimate. [l
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5. Uniformly elliptic operators on manifolds with Ric > 0

Having shown that an entire minimal graph with at most linear growth on one side has globally bounded
gradient, we need to show (6) and (7). We shall prove both of them under the only conditions

Ric >0, |Du|e L*(M). (34)

In such generality, it seems difficult to apply the “elliptic” approach in [Cheeger et al. 1995], adapted in
[Ding et al. 2016; Ding 2021b]. To justify the statement, we observe that the method in [Cheeger et al.
1995] relies on the construction of a function o satisfying

C
C'r<o<Cr, |Dol<C, AgQEg (35)

for some absolute constant C. When considering harmonic functions, the third condition is replaced by
Ap < C/p; thus by comparison theory the choice o = r is admissible. On the contrary, to our knowledge,
for minimal graphs the existence of o satisfying (35) is currently unknown under the sole assumptions (34).
If M has Euclidean volume growth, we mention that in [Ding et al. 2016; Ding 2021b] the authors used
as o a reparametrization of the Green kernel of the Laplacian on M. Although the inequality A,0 < C/o
may not hold pointwise, the integral estimates for | D?g| provided in [Colding and Minicozzi 1997] suffice
to estimate A, and apply the method in [Cheeger et al. 1995], as done in [Ding 2021b, Lemma 7.1].
However, to our knowledge, estimates like those in [Colding and Minicozzi 1997] are not yet (if ever)
available on manifolds with Ric > 0 but whose volume growth is less than Euclidean.

For these reasons, inspired by [Li 1986; Saloff-Coste 1992] we choose a different approach via the
heat equation. Throughout this section, let (M, o) be a connected, complete Riemannian manifold of
dimension m > 2 with Ric > 0. Let L be the linear uniformly elliptic operator defined by

Ly =div(ADY), (36)
where A is a measurable section of 71! M satisfying
o NXPP<(AX,X) and |AX|<a|X| forall X e TM, (37)

for some constant o > 0. Hereafter, we shall assume that A is smooth, the general case being obtainable
by approximation.

We denote by Hy (x, y, t) the minimal heat kernel associated to the parabolic operator d; — L, that is,
the unique continuous function on M x M x R™ such that for every ¢ € C§°(M) the function u defined by

u(t, x) =/ Hp(x,y, )Y (y)dy forall (¢,x) € Rt x M
M
is a solution to
o;u=Lu (38)
on RT x M satisfying

(1) u(t,-) — ¢ pointwise on M as ¢t \ 0,
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(i) u <wvon (0, T) x M for every v € C>([0, T) x M), T > 0, such that

d;v=Lv on (0, T)x M,
Y <v(0,-) onM.

If the endomorphism A is self-adjoint with respect to (-, - ), the minimal heat kernel Hy is a symmetric

function of the space variables, that is,

Hp(x,y,t)=Hp(y,x,t) forallx,ye M, forall r > 0. (39)

By [Saloff-Coste 1992], see Corollary 6.2 and Theorem 6.3, there exist positive constants C; >0, 1 <i <6,
depending only on m and « such that, for every x, y € M and ¢t > 0,

exp(—C, dist(x, y)?/t) exp(—Cy dist(x, y)?/t)

<H; (x,y,t) <C 40
BB D = S S TB o] 40

and

C —Cg dist(x, v)*/t
0 Hy (x, y, )] < &3 SR Cedistlx, 9)7/1), (41)

t VIB ;(0)|IB ;)

Remarks on (40) will be given in the Appendix. We first need the following simple estimate on the

volume of geodesic balls.

Lemma 21. Let (M™, o) be a complete manifold with Ric > 0. For every x, y € M and for every R > 0
it holds

|BR<x>|(1+M) " < VIBROBR ) < |BR<x)|(1+—d‘St(x’”)2.

R R

Proof. By the Bishop—Gromov comparison theorem we have

B R\"
| R(x)lf(—), 0<r <R <o
| B (x)] r

thus
dist(x, y)\"
|BR(Y)| < | BR+dist(x,y) ()| < IBR(X)I<1 + —®x )
and the thesis follows. O

Next, we recall that L generates a diffusion which is stochastically complete (see [Grigoryan 1999]),
that is, the following holds:

Lemma 22. Let M be a complete manifold with Ric > 0, and let A, L be as in (36)—(37), with A
self-adjoint and smooth. Then

/HL(x,y,t)dyzl forall (t,x) e RT x M.
M

The result is stated with no proof in the discussion following [Saloff-Coste 1992, Theorem 7.4]. We
here provide an argument for the convenience of the reader.
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Proof. Since L is uniformly elliptic and M has polynomial volume growth as a consequence of Ric > 0,
by Theorem 4.1 of [Alias et al. 2016] we have that for any A > O the only entire bounded solution v of
Lv =Av on M is v = 0. Then the conclusion follows by [Pigola et al. 2005, Theorem 3.11]. (I

With the above preparation, we are ready to state the following asymptotic mean value theorem.
Our method is inspired by the one in [Li 1986], where the author considered the case L = A, but
with a difference to be stressed. Indeed, in that work the author uses the Li—Yau differential Harnack
inequality to get rid of a boundary term at infinity. The inequality holds for solutions of the heat equation,
but in general it may fail for solutions of d,u = Lu, unless one has a uniform control on the gradient
of A on the entire M; see for instance [Saloff-Coste 1992, p. 433]. As we will apply our results to
A=WId—W~!du® Du, with W = /1 + | Du/|2, in our setting only an L> control on A is available. One
may therefore use De Giorgi-Nash-Moser theory to get Holder estimates in space for u, see [Saloff-Coste
1992, Corollary 5.5], but these seem insufficient to treat the boundary term.

In view of the above, we shall modify the method in [Li 1986]. The main idea here is the use of upper
level sets of H| rather than geodesic balls. Note that we do not assume a Euclidean volume growth. We
start with the following:

Lemma 23. Let (M™, (-, -)) be a connected, complete, noncompact manifold with Ric > 0 and let A, L
be as in (36)—(37), with A self-adjoint and smooth. If f € C*(M) N L>®(M) satisfies Lf <0 on M then
the function u : R™ x M — R given by

u(t, x) :/ fO)HL(x,y,t)dy forall (t,x) e RT x M 42)
M

satisfies
du<0 onR" x M. (43)

Proof. Note that the integral on the right-hand side of (42) converges for every (¢, x) € RT x M since
f € L°°(M) and because of (40) and Lemma 21. Also note that H; is smooth as a consequence of the
regularity assumptions on A. By Lemma 22, u# only varies by an additive constant if so does f; hence
without loss of generality we can assume infy; f = 0. Let (¢, x) € Rt x M be fixed. For notational
convenience, for every a > 0 we define

0a(y) =Hp(x,y,t)—a forallye M, Qy={yeM:p,(y) >0} 44)

Because of (40) it holds Hy (x, y,t) — 0 as y — oo in M; hence the collection {€2,},-0 is an exhaustion
of M by relatively compact open subsets, with 2, C 2, when a > b. By (41) and boundedness of f, we
can apply Lebesgue’s dominated convergence theorem to get

du(r, x) = / FoHp(x,y,1)dy = lim / FMoH(x,y, t)dy. (45)
M a—0t Q
Therefore, since Lf <0 and ¢, > 0 on €2,, (43) holds by monotone convergence if we prove the inequality

fgf(y)azHL(x,y,t)dySfQ%(y)Lf(y)dy- (46)
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Because of 0, Hy (x,y,t) = LyH(x,y,t) = Lo(y) = Lg,(y), we have

/Qf(y)azHL(x,y,t)dyZ/ f(y)LyHL(x,y,t)dnyQ F ) Lpa(y)dy.

a

Since H; € C®°(R™ x M), we have ¢ € C®(M) and for almost every a > 0 the set , has smooth
boundary. Let a > 0 be a regular value for ¢. By Green’s identity, since ¢, = 0 on 02,

/Q FOLoa(t, y) dY=/Q @a(t, Y)Lf (y)dy + FO{ADg (), v) dH" ' (y),

092,

where v = —Dg, /| Dg,| is the outward-pointing normal on 9€2,. Noting that f > 0, that ¢, is nonin-
creasing in the direction of v and that A is positive definite, we see that f(ADg,, v) <0 on 92, and
therefore the second integral is nonpositive, which implies the desired inequality (46). (I

Proposition 24. Let (M™, (-, -)) be a connected, complete, noncompact manifold with Ric > 0 and let
A, L be as in (36)—(37), with A self-adjoint and smooth. If f € CE(M)NL>®(M) satisfies Lf <0on M,
then for any x e M

Jim_ B2l Joco f)dy=inf f. (47)

Proof. Without loss of generality, we assume infy; f =0. Let u : RT x M — R be the function defined by
(42). Note that u is the minimal solution to the parabolic equation d,u = Lu on Rt x M corresponding
to the initial datum u (0", -) = f. Hence, by the maximum principle and the monotonicity (43) we have

iIIVlIff <u(t,x) < f(x) forall (t,x) e RT x M.
In particular, the limit

Uoo(X) = tlirgo u(t, x)

is well-defined for every x € M. The convergence u(t, - ) — U is uniform on compact subsets, u is
bounded and Lu,, = 0. Since M is complete and has nonnegative Ricci curvature, the operator L enjoys
a Liouville property; see Theorem 7.4 of [Saloff-Coste 1992]. In particular, u, must be constant. Since
infy; f <us < f, it must be uy, =infy; f =0, that is,

lim u(t,x)=0 forallx e M. (48)

t—00

To conclude the proof of (47), we observe that

u(r,x>=/ Hy (x. y. 1) f (3) dy

d —m/2 dist(x, y)>
|B¢<x>|/ ( 8% y)) o <_C2 e >f e

m/2 2
1 r r m—1
= — 1+ — —CHr— dH d
|Bﬁ<x)|/o <+ﬁ> eXp( 2t>/ag,mf(y) () dr
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- " AN r2 d ! d
Z 1+ — —CH— ym—
1Byl /0 ( ﬁ) e"p( " > /.()B,(x)f O) dH" () dr

2-m/2=C2C Vi _

2—1// FOYAH™ () dr
|B () Jo Jas. )

zfm/Zeszcl

= dy.
B ()| /Bm)f 0y

Since f > 0, by comparison we have
lim —— () dy =0=inf f
im ——— y)dy =0=in
=00 |B ()| JB ;x) M

as desired. O

From the above result, we also obtain information on the spherical mean of u. This follows from the
next variant of de L’Hopital’s theorem.

Lemma 25. Leth, g € L2 (RY) satisfy h >0, g >0a.e.and g ¢ L'(c0). Then,

loc

"h(r)dt
ess 1iminfM < lim infu

r—oo g(r) r—00 forg(t)dt. “49)

Proof. Denote by A and B, respectively, the left-hand side and right-hand side of (49). For A’ < A, fix
Ry such that 4 > A’g a.e. on (Ry, 00). Then, for each r > Ry,

Jy hydr 0O h(t)de+ [ h(r)dt . o h(t)yde+ A [p g(t)de
Jogwdr — [Roeaydi+ fr gydr  [fgydi+ [ g)dr

Since g ¢ L'(c0), letting » — oo along a sequence realizing B we get B > A’, and the thesis follows by
letting A" 1 A. O

Corollary 26. Let (M™, (-, -)) be a complete (connected) Riemannian manifold with infinite volume. Let
0< felLl (M)andx e M and assume that

loc

lim inf

f(y)dy =inf f.
R—oo |BR(X)| JBg(x) M

Then

1
essliminf—/
R—oo [0BR(X)| JoBsw)

Proof. The functions i and g defined by

F)dH" " (y) dy =inf f.

h(t):/ FOYAH™ (y)  and  g(t)=13B,(x)] forallt>0
9B, (x)
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satisfy the assumptions of the previous lemma (note that 1/g € LS (R*) by [Bianchini et al. 2013,

Proposition 1.6], since M is noncompact). The thesis follows from the next chain of inequalities:
1nff <ess hm 1nf / FO)dH" ' (y)dy
|3BR(X)| IBR(x)

< liminf
R—oco |BRr(X)| JBp(x)

fydy < i}{llf /- U

We are ready to state our second main result of the section, which will enable us to prove the Hessian
estimate (7). The argument below seems to be new.

Theorem 27. Let (M™, (-, -)) be a connected, complete manifold with Ric > 0 and let A, L be as in
(36)—-(37), with A self-adjoint and smooth. If f € L°°(M) satisfies Lf <0 on M, then for any x € M

2

lim Lf(y)dy =0. (50)
R—o0 |[BR(X)| JBrx)

Proof. Without loss of generality, we assume infy, f = 0. Fix x € M. We refer to the proof of Lemma 23
for notation, and in particular, for # > 0 and @ > 0 we define ¢, (y) and €2, as in (44). As already observed,
{Q,} is an exhaustion of M, increasing as a decreases. Furthermore, for almost every a > 0 the boundary
092, is smooth. From the proof of Lemma 23 we get

/Qf(y)BzHL(x,y,t)dyffQ @a(Y)Lf(y)dy. (51

On the other hand, since f > 0, by (41) and Lemma 21 we can estimate

Cs 1 dist(x, y)\? dist(x,y)2>
Hy(x,y,)dy>——2— 14— —Co—20 ) dy.
[ s oz =St o SR ) o0 0 ay

By (40) and Lemma 21 we also have the bounds

C dist(x, y)\ 2 dist(x,y)2>
1 p— —_—
|Bﬁ<x>|< N ) exp( e

. % . 2
<Hp(x,y,1) < = (1 4 et y)> exP(_C4M).
B ()| Vi ;

Now, fix £ > 1 large enough so that

C3(1+5)%e " <1C127%e7 ¢ foralls >k
and pick
€277
2B
With this choice, we have
{<P <a onM\B ;(x),
¢ >2a on Bﬁ(x);
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hence Bﬁ(x) CcQ, C Bkﬁ(x) and ¢, > a on Bﬁ(x). Thus, using also (51) we can estimate

Ci2=2e @
- [ mww=af Lo
IB ()| JB 00 B;(x)

zf 0a(Y)Lf(y) dyz/ ©a(Y)Lf(y) dyz/ fOOHL(x,y, t)dy
B ;(x) Q, Q

Cs dist(x, y)\? dist(x,y)z)
- 14+ —=77 _Ce— 77
> ”Bﬁw/% f(y)( + ) exp( ) ay

C7
> (v dy,
1Bl s, 0 ? Y

where
C7 = Cssup{(1 —Fs)%efcﬁs2 15 >0} < o0.
Summing up, there exists a constant C > 0, depending only on C;, 1 <i <7, such that

t

0z —F- Lf(y)dy=— f(y)dy.
1B )1 J5 00 1B s J5, s
Since f > 0, by the Bishop—Gromov theorem we also have
t m
Lf(y)dy = f(y)dy.

>t -t
"B B 0 1 Bieyi (1 I, )

By Proposition 24 we have that the right-hand side of this inequality converges to infy; f =0 as t — oo,
and the conclusion follows. O

6. Proof of Theorem 6(ii)

Combining Corollary 18, Proposition 24 and Theorem 27, we get:

Proposition 28. Let (M™, o) be a connected, complete Riemannian manifold with Ric > 0 and

=2

K
Ric?(Vr) > — :
ic™(Vr) > T2

£ =max{l, m — 2},

for some k € [R{(J{ and where r is the distance from a fixed origin. Let u € C*°(M) be a nonconstant
solution to (MSE) which grows at most linearly on one side. Then, for each x € M,

im |Du|? dx = sup | Du/?, (52)
R—o00 |BR(X)| JBe(x) M
2

lim |D*u|?dx = 0. (53)
R—oo |[BR(X)| JBg(x)

Proof. Because of Corollary 18, in our assumptions |Du| € L°°(M); hence by (11) the operator

Lo =WAgp =div(Wg"¢;dy,)
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is uniformly elliptic on M. By the Jacobi equation, f =1/ W is a nonnegative solution to L f < —||II||> <0,
and therefore —W? € L°°(M) satisfies L(—W?) < 0. Applying Proposition 24 to —W? and Theorem 27
to f we deduce

im ; W2dx = sup w2, 54
R—o0 |BR(X)| JBg(x) M
2 2
lim sup )2 dx < — lim Lfdx =0. (55)
R—oo BRI JBg) R—o0 [Br(X)| JBg(x)

From (54) we readily deduce (52). On the other hand, note that

RO

If du(x) = 0, then ||II||> > W—2|D?u|*>. Otherwise, let e; = Du/|Du| and choose a local orthonormal
frame {e,} for elL around x, where 2 < o < m. Then,

5 ( Du 2 5 (Du Du
D u| —, - + | D°u
w wWw
_1)2
=D ap T2 Uiy +uiy =2 Z“u U
o, B o
2 _
=Zuiﬁ+m2u%+wnzw ‘1Dl
o, B o

Summarizing, we have |II||? > W~ D?u|?; thus from the boundedness of W and from (55) we con-
clude (53). ]

—2 i _ Du
1> = w2g™uy 87wy = w 2{|D2u|2—2‘D2u(W,-)

|D%u|? -2

We now conclude the proof of Theorem 6 with a blow-down procedure, for which we use some basic
convergence results in the theory of limit spaces and nonsmooth spaces with Ricci curvature bounded
below. All the tools needed herein can be found in [Honda 2015; Ambrosio and Honda 2017; 2018].

Fix o € M, and write Bgr = Br(0). Because of Corollary 18 and Proposition 28,

1

lim —— | |Du|?dx = sup|Dul|?, (56)
R—oo |BRr| Jp, M

. R2 212

lim — |[D“u|dx =0. (57)
R—co |BRr| Jp,

Consider a tangent cone at infinity M., for M based at 0. By statement (2.1) in [De Philippis and Gigli
2018], the limit space M, also supports a Borel measure my, such that, up to a subsequence,

(M, r, Udist,,, A, "dx, 0) —— _pmGH, (Moo, doo, Moo, Oc0) (58)

in the pointed-measured-Gromov—Hausdorff (pmGH) sense. For the precise definition of pGH and pmGH
convergence we refer to [Gigli et al. 2015]. Here, {A,} C RT, A, — 00 as n — 00, and A;l dist, is
the distance function induced by the rescaled metric o, = A;ZU. Denote with D, and dx,, the induced
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connection and volume measure, and B}, the metric balls centered at o in (M, 0,,). Therefore, By, = Bj, r.
Define u,, = u/A,. Then,

|Duttnlo, = 1Dul,  |Djitylg, = dn| Dul (59)
and therefore, by the Arzela—Ascoli theorem, up to subsequences u, — 1o € Lip(M) locally uniformly;

hence u, — ux strongly in L? on BY = B;lg’o (X0), that is,

im [ fundr, = / oo dinoc,
n—oo Bn Boc
R R

lim un(pdxn=/ Uso@ dMeo

n—oo n
BR R

for each ¢ bounded and continuous on a metric space Z in which (B%, d,,) and (B%’, d) are isometrically
embedded and converge in Hausdorff sense, with 0, — 0., and o, the center of Bj. From

Wu =V 1+|Dyuyls =1+ |Dul2=W.

Scaling (56) and (57) we therefore get, for each fixed R > 0,

lim —
n— 00 |BR |(7n

2

/ | Dattn 2. d, = sup | Dul. 60)
B " M

n
R

lim —
n—00 |BR |Un

f |D2u,|? dx, =0. 61)
B !

In particular, from Newton’s inequality |A, u, 1> <m |D,2,u n |(2,n and the Bishop—Gromov theorem, | B |5, <

wm—1R™/m we deduce

_ Rnl
/ Aty dy < 2 1RE / D2uy . dry — 0 ©62)
By |BR|0,1 By "

as n — oo, and therefore

1 1
2 2
/ @Apu, dx, < (/ (Pz dxn) (f |Anun|2 dxn)
By By By
1 1
o LR™7? 2
< maX|¢I[—w 1 ] (/ |Anun|2dxn> 0. (©3)
m B

n
R

By (62) and (63), A,u,, — 0 strongly in L. Combining u,, — U strongly in L? with

sup( [ttnl? + 1 Dnttnl, + (Apity)?] dxn> < 00,
n BZ
we infer by [Ambrosio and Honda 2018, Theorem 4.4] that
(i) ux € D(A, BY’), the domain of the Laplacian on Bg’,
(i) Apun — Aus on Bl weakly in L2, so in particular Auo, =0,

(iii) |Dnun|§n — |Doouoolgo in L]—strongly in B! for eachr < R.
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In particular, setting P = sup,, |Du|?, from (59) and (60) we get

wm—1 R™
= | (P~ |Dyunl2) dx, =0.

lim [ ||Dyunl; — P|dx, <
n— 00 B;’le n

|B;1e|(7,, B

Using (iii) and [Brue et al. 2023, Proposition 1.27(i)] (see also [Ambrosio and Honda 2017]), we therefore
deduce |Dnun|§n —P— |D0ouoo|§Q — P strongly in L' on B for each r < R, and thus

0= lim ||Dnun|(2,n—P|dx,,=/Bm||Doouoo|§O—P|dmoo.

n—00 [ pn
r

Concluding, us solves
Aug =0, |Doo”oo|2:P7éo

on the RCD(0, m) space (M, dso, Mo, Xo). Bochner inequality (see [Honda 2015, Theorem 1.4])
guarantees that |D?us| =0 on Ms. One concludes that Mo, = N x R by using [Antonelli et al. 2019,
Lemma 1.21].

7. Proof of Theorem 11

If M is parabolic, clearly the result follows from Theorem 6. If M is nonparabolic, the argument goes as
in [Ding et al. 2016, Theorem 3.6], so we only sketch the main steps. In our assumptions, by Corollary 18,
|Du| € L>(M); hence L = W A, is uniformly elliptic. The Harnack inequality in [Saloff-Coste 1992]
together with (5) imply that |u(x)| = o(r(x)) as x diverges. By a standard cutoff argument using Lu = 0,
the next Caccioppoli inequality holds: for each ¢ € Lip,.(M)

/¢2|Du|2dx§4a2/ u*|Dyl|? dx. (64)
M M

In particular, having fixed ¢ > 0, by condition # = o(r) we can also fix Rg = Ro(¢) > 0 such that for
every R > Ry we have u?> < eR? on Bay. Considering the Lipschitz cutoff function ¢ which is 1 on Bg,
0 outside of Byg and satisfies |[Dg| < 1/R, we get

2 4o 2
|Du| dxf—2 u“dx <e|Byr| < Ce|Bg|
Br R Bar\Br

for every R > Ry, where we used the doubling property on M coming from condition Ric > 0. From (52)
we finally infer

1
suplDu|2= lim — |Du|?dx < Ce,
M R—oo |Br| Jpy

and the thesis follows by letting ¢ — 0.

8. Proof of Corollary 10

By Theorem 6, |Du| € L*° (M) and any tangent cone at infinity of M splits off a line. It is a general fact
that, if Sec > 0, a tangent cone splits if and only if M itself splits. A proof of this result can be found in
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[Antonelli et al. 2022, Theorem 4.6]. Therefore, it remains to prove that u only depends on the coordinate
of a split line. Write M = N m=1 s R with coordinates (y1, s1), for some complete manifold N m=1 \ith
Sec > 0, and consider the function v{ = o (Du, d5,), which by (15) satisfies Lv; = 0 on M, where we set

Lo =W~ Ly¢ = div(W " g pidy,).

Our gradient estimate guarantees that v; is bounded and that L is uniformly elliptic on M, and therefore,
by [Saloff-Coste 1992, Theorem 7.4] we deduce that v; is constant on M. Hence,

u(yr, s1) = aisi + by +uz(y1)\/m

for some smooth function u, : N"~! — R and some a;, b; € R. One easily checks that u; solves
(MSE) on N~!. Since u, has at most linear growth on one side, and N”~! has nonnegative sectional
curvature, by the first part of the proof we deduce that either u is constant or that N"*~! = N2 x R and
ur(yz, $2) =apsr+br+usz(y2)vV 1+ ag. Iterating, we can write M = N™kxRKforsomeke{l, ..., m—2}
and for some complete manifold N ~* with Sec > 0, and

k
u(z, (51, s0) = Y aps; +b+u @V 1+ 6
j=1

for some a;,b € R and uyy; : N m—k _s R. Indeed, we can continue the iteration procedure up until
either uy is constant, or k = m — 2 and u,,_; is nonconstant. In the latter case, observe that N Zisa
complete surface with Sec > 0; hence N 2 s parabolic. Being u,,_; nonconstant, both N 2 and uy,y_ g split
as indicated in Theorem 6(i). Summarizing, in each case we can conclude that M = N m—k % R¥ for some

kef{l,...,m—1}, and that
k

u(z, (sl,...,sk))zz%-sj- +b (65)

j=1
for some b € R, as required. It is therefore sufficient to consider the splitting R* = R¥~! x R along a line
in direction (ay, ..., ar) to get the desired splitting M = N x R of M in such a way that u(y, s) = as +b.

9. Proof of Proposition 9

The following example is essentially that in [Kasue and Washio 1990, p. 913]. Let m > 4. We consider a
manifold (P2, h) and smooth functions f.n € C®(R™) to be chosen later, and define the following
metricon M =R x R x P:

o = f(r)*di> +dr’ +n(r)*h.

To compute the curvatures of M, we use the index agreement 1 <a, b,c,l <m, 3<a, 8,y,5 <m. Let
{6“} be a local orthonormal coframe on P, with associated connection forms % obeying the structure
equations

do* = —wf 6P,

wp = —
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and related curvature forms @‘p’f = da)g + o) A a)g Then, a local orthonormal coframe {#“} on M is given
by

0'=fdr, 0*=dr, 6%=no",
where, as usual, pull-backs to M via the canonical projections onto R, R* and P are implicit. Differenti-

ating, one checks that the forms

/ /
=0, =" S=of F=-14

f

satisfy the structure equations on M for the coframe {#¢}; hence they are the connection forms of {#¢}.
The associated curvature forms ©% = da¢ + &% A & are therefore

_ 77 f/ _ 77//

Of = ———0“A0', 0 = —02 A 6%,
nf ] 66
_ 77/ 2_ _ _ f//_ _ ( )
@%:@‘;—(—) 6*AOP, O =—"0° NG
n

The components R“y 5 and R¢ ber Of the (3, 1) curvature tensors of, respectively, P and M, are given by the
identities
1 8 1 5l
OF = ;Rg,0" NO°, “—ERM@C/\Q

and thus, from (66), we deduce
2
0= R12a = Riy1 = R laf = RlZﬁ = Rly(S = R2y8’
f// . n/f/ o _ 77// "

R =—-*- RY =-—‘Lg§ R¥ —_Lg
121 7 181 nf B 282 7 B (67)

_ 1 17’ 2
R%yﬁ = FR/%{V‘S - (;) [870/{8/35 - 8§’8,3y].

Assume that (P, h) is the round sphere with curvature 1, and let {e,} and {e,} be, respectively, the dual
frames of {6} and {#“}. From (67) we deduce that the curvature operator is diagonalized by the simple
f// 1— (n/)z n//

f U nf n? Ui }
In [Kasue and Washio 1990], the authors chose the following functions f, n: given «, 8 € (0, 1) such that
m—1—p>2+a,let0 <y, & e C°(RY) satisfy

if 0, 1],
;1(;)={§_l_a if 1 €(0,1]

if t €2, 00),
Then, for b, c € RT they defined

planes {e, A ep}, so for m > 4 we get

|Sec(n)| < max{

H() = / ¢1(s) ds.

1 1 "
ﬁ(r)zzr‘i-m/o Sa(s)ds,  f(r)=
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Note that with such a choice the metric extends in a C? way at r = 0, giving rise to a complete manifold.
Since the curvature operator is diagonalized by {e, A ep},

Ric® >min{_f_”+1—_W A A
Bl f

n” f oaf f 0
1_(n/)2_n/f/ l_(n/)z_n// _n_//_n/f/ 2n/f/

n? nf o n? n’on  af T oaf’

1— N2 "
(277)’_277_}.
n n

2 (68)
By the expression of 1, f, the four terms in the second line of (68) are positive, and it is easy to see that,
when b, ¢ are large enough, the three terms in the first line are positive as well. The two terms in the third
line are positive except at r = 0. Whence, Ric® > 0, and moreover |SE:| < 2 holds for a suitable & > 0.
Moreover, from the fact that Ric is diagonal in the basis {e,} with

- 1 ! £/ - 1 1 - ! £/ VA 1_ N2
Rien=-L—m-3"L, Ren=—-L—m-3L, RiCaﬂ=|:—nf—n—+(m—3) o) ]aaﬂ,
f nf f n nfn n

we deduce that Ric > 0 if b, ¢ are chosen large enough. To construct linearly growing minimal graphs,

consider a function u : M — R of the coordinate ¢ alone. It follows that du = u,0¢ with u; = (8,u) /f
and u, = 0 for a > 2. The components of the Hessian D’u obey the relation

w0’ = du, — Uc@y,
and from the expression of @], we get
0%u f’

t
=?, M21=—ﬁazu, M1a=M22=M2a=Maﬁ=O-

. . 2
In particular, setting W = \/1 +|Dul? =1+ uj,

Uil

4 ( Du ) Au  D*u(Du, Du)  ?*u  (Pwud  dlu
W\ ——= )= — — = =
V14 |Dul?

w w3 - fZW_ 2w3 T fewse
It follows that any affine function u(t) = at + b gives rise to a minimal graph. Furthermore, |Du| =a/f
is bounded on M since f is bounded below by a positive constant, thus u has at most linear growth.

Appendix

Let M be a connected, complete Riemannian manifold with nonnegative Ricci curvature, dim M = m, and
let A, L, Hy be as in Section 5. In this Appendix, we discuss the two-sided bound in (40) for H;. While
the upper bound is shown in [Saloff-Coste 1992], the argument for the lower bound is merely indicated
with no proof. The approach relies on the following parabolic Harnack inequality in [Saloff-Coste 1992,
Corollary 5.4]: given pe M, R >0, T > 0 and § € (0, 1), if u is a positive solution to d;u = Lu on
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u(t,y) dist(x, y)? 1 1
Og(u(s’x)) SC(T‘F(F‘F;)(AY—[)—F]) (69)

forevery x,y € Bsg(p) and 0 <t <s < T, with C = C(m, §, o) > 0. A note of warning: in [Saloff-Coste

Br(p) x (0, T), then

1992, Corollary 5.4], the final +1 in brackets in (69) is missing. However, necessity of this correction

becomes apparent by direct inspection of Moser’s original proof [1964, pages 110-112] in Euclidean

setting (the analogue of (69) is [Moser 1964, Formula (1.5)]). For the reader’s convenience, we give a

proof that the lower bound in (40) follows from the upper one coupled with (69), along the lines of the

argument developed by Aronson and Serrin [1967] in the Euclidean case. A few observations are in order.
First, in view of Lemma 21 the upper bound in (40) implies

G, , dist(x, v)?
———exp|—Cj————— forallx,ye M, t >0, (70)
B (%)

Hp(x,y,1) < .
wit , > 0 depending only on m and « (the ellipticity constant o . Secondly, the differentia
'hCé C), > 0 depending only d « (the ellipticity fA).S dly, the diff ial

Harnack inequality (69) applied to u = H (x, -, -) yields

dist(y;, y2)> t
ist(y1, y2) —|—C—2>

Hp(x,y1,t1) < Hp(x, y2, 1) exp<C
h—1 h

(71)

for every y;, y» € M and 0 < #; < 1, < 0o, with C = C(m, o) > 0. Lastly, note that if we have the validity
of a lower bound of the form

C dist(x, y)?
Hy(x, v, 1) > —lexp(—cgm> forallx,y e M, t >0, (72)
|B 7 (x)] t

with C/, C > 0 depending only on m and «, then, again by Lemma 21, a lower bound as that in (40)
holds for suitable constants C € (0, C}) and C, > C}, depending only on C{, C} and m. Hence, we limit
ourselves to the proof that (72) follows from (70) and (71) under the assumption Ric > 0.

Fix a constant c¢g > 2 such that

oo /o2
y = mCé/ s e  ds < 1. (73)
/%

Let (x, y,1) € M x M x R™ be given. By (71) we have

t dist(x, y)?
H, <x, ¥, 5) < H(x, v, z)exp(zcw +2c) (74)

! t dist(x, z)?
Hp\x,z, — ) < Hplx,x, < )exp CécﬁJr@C
Co 2 t 2

for every z € M, with
. 200 1 1\
CO - - o — — .
co — 2 2 Co

and also
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Integrating on B /;(x) we get

t * t
/ H; (x, z, —) dz < elG+390)C|B ()| H,, (x, x, —). (75)
B /i(x) €o 2
Putting together (74) and (75) we obtain
—(2+%co+c$)c dist 2 t
Hyp(x,y, t)> R eXp<—2CM> f Hp (x, zZ, —) dz. (76)
|B /(%) t B i(x) €o

From the upper bound (70) and the coarea formula we have

t © 19B 2
/ HL<x,z, —) dz < C%f ﬂexp(—cod‘r—) dr
M\B ;(x) o S 1B iz (0] t

— C% /00 \Y t/cowBS«/t/TO(x)le—qﬂ ds,
N |B Ji7¢, (%)l
where we have changed variable s = r4/co/t. Since Ric > 0 we have
VT iz _ o VBl
|B Ji7e;(X)1 - |B ji7eg )

where the first inequality follows by the Bishop—Gromov theorem and the second from the inequality

’

R|0Bg(x)| <m|Bg(x)|, holding for every R > 0 and for any base point x on a Riemannian manifold
with Ric > 0; see for instance [Li 1986, Formula (19)]. Substituting in the above estimate and recalling
(73) and Lemma 22 we get

/ HL(X,Z,t/co)dz=1—/ Hp(x,z,t/co)dz>1—y >0
B ;(x) M\B_;(x)

and from (76) we obtain

C; dist(x, y)?
Hp(x,y,t)> — —exp|—2C ——"—),
|B jz(x)| t

where C| = (1 — y)e~@+<0/ 2+¢)C ~ () only depends on m and «. This proves (72).
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NONLINEAR PERIODIC WAVES ON THE EINSTEIN CYLINDER

ATHANASIOS CHATZIKALEAS AND JACQUES SMULEVICI

Motivated by the study of small amplitude nonlinear waves in the anti-de Sitter spacetime and in particular
the conjectured existence of periodic in time solutions to the Einstein equations, we construct families of
arbitrary small time-periodic solutions to the conformal cubic wave equation and the spherically symmetric
Yang-Mills equations on the Einstein cylinder R x S*. For the conformal cubic wave equation, we consider
both spherically symmetric solutions and complex-valued aspherical solutions with an ansatz relying on the
Hopf fibration of the 3-sphere. In all three cases, the equations reduce to 141 semilinear wave equations.

Our proof relies on a theorem of Bambusi—Paleari for which the main assumption is the existence of a
seed solution, given by a nondegenerate zero of a nonlinear operator associated with the resonant system. For
the problems that we consider, such seed solutions are simply given by the mode solutions of the linearized
equations. Provided that the Fourier coefficients of the systems can be computed, the nondegeneracy
conditions then amount to solving infinite dimensional linear systems. Since the eigenfunctions for all
three cases studied are given by Jacobi polynomials, we derive the different Fourier and resonant systems
using linearization and connection formulas as well as integral transformation of Jacobi polynomials.

In the Yang—Mills case, the original version of the theorem of Bambusi—Paleari is not applicable because
the nonlinearity of smallest degree is nonresonant. The resonant terms are then provided by the next order
nonlinear terms with an extra correction due to backreaction terms of the smallest degree of nonlinearity,
and we prove an analogous theorem in this setting.
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3. The linear eigenvalue problems 2343
4. The PDEs in Fourier space 2345
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6. 1-mode initial data 2361
7. Nondegeneracy conditions for the 1-modes 2367
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1. Introduction

1A. Stability/instability of the anti-de Sitter spacetime. The anti-de Sitter (AdS) spacetime is the maxi-
mally symmetric solution to the vacuum Einstein equations with a negative cosmological constant:

Ric(g) = —Ag, A <O0. (1-1)
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Given A < 0, this is the simplest, or trivial, solution to (1-1), in the sense that the Minkowski or de Sitter
spacetimes are the trivial solutions to the vacuum Einstein equation with A =0 or A > 0. While the
stability properties of the Minkowski or de Sitter spacetimes are now well understood [Christodoulou and
Klainerman 1993; Friedrich 1986], the study of perturbations of AdS spacetime is still an active subject
of research. One important aspect is that the AdS spacetime, or more generally spacetimes which are
asymptotically AdS, are not globally hyperbolic. Hence, any evolution problem for these solutions is only
well-posed after boundary conditions are imposed at the conformal boundary. Two naturally opposite
classes of boundary conditions are the fully reflective and dissipative boundary conditions. In the reflective
case, we expect—as originally conjectured by Dafermos and Holzegel [2006] and independently by
Anderson [2006] — that the AdS spacetime is unstable. Strong evidence for this instability was first
presented by Bizon and Rostworowski [2011], who pioneered the study of the spherically symmetric
Einstein—Klein—Gordon system using numerical and Fourier based analysis and proposed weak turbulence
as the nonlinear source of instability. A proof of instability for the spherically symmetric Einstein—Vlasov'
system was obtained in the work of Moschidis [2020; 2023] and is based on a physical space mechanism.
In the dissipative case, one has strong decay of solutions for the linearized Einstein equations [Holzegel
et al. 2020], and this should lead to stability even at the nonlinear level.

1B. The time-periodic solutions of Rostworowski—-Maliborski. In the reflective case, parallel to the
study of the instability conjecture, an interesting class of solutions was introduced by Rostworowski and
Maliborski [2013], who constructed perturbatively and numerically small data, time-periodic solutions
of the spherically symmetric Einstein-scalar field system. They furthermore suggested, based on their
numerical analysis, that these solutions should enjoy stronger stability properties than the original AdS
spacetime. The present paper is directly motivated by this work. We prove the existence of arbitrary
small time-periodic solutions for various toy models, which mimic certain properties of nonlinear waves
in the AdS spacetime.

1C. The conformal wave and the Yang—Mills equations. More precisely, we study the conformal wave
and the Yang-Mills equations on the Einstein cylinder R x S*. The AdS spacetime is conformal to half
of the Einstein cylinder, so that solutions to the conformal wave and the Yang—Mill equations on the AdS
spacetime can be mapped to solutions on the entire Einstein cylinder with a certain reflection symmetry
at the equator. The conformal cubic wave equation on the Einstein cylinder can be written as

—07¢(t, ) + Ag:¢ (1, 0) — $ (1, ) = P (1, )P (1, ) (1-2)

for a scalar field ¢ : R x S* — C with ¢ = ¢(r, w). We will consider perturbations around the static
solution ¢9 = 0 and, for simplicity, with zero initial velocity.
In the spherically symmetric case, the initial value problem for (1-2) reduces to

{(3,2 +Lu= f(u), (t,x) € R x (0, ), (13)
(0, x), 0u(0, x)) = (uo(x),0), x € (0,m),

IMoschidis [2021] has further announced similar results for the spherically symmetric Einstein-scalar-field system.
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for a scalar field u : R x (0, ) — R with u = u(¢, x) and

1
Lu:=—Agu+u, —Agu= —ﬁax(sinz(x)axu), fu)=—u’, (1-4)
Sin~(x

where Ag; stands for the spherically symmetric Laplace-Beltrami operator on S3.

When the spherical symmetry assumption is removed [Ben Achour et al. 2016; Evnin 2021], we use
an ansatz based on Hopf coordinates® n,&1,%) € [0, %] x [0, 2m) x [0, 27) rather than the standard
spherical coordinates. The Laplace—Beltrami operator on S? in these coordinates reads as

S3 a2 1
AGeenX =X+ (

— 32 x.

cos?n 6 X
While in principle the Fourier expansion with respect to £, and &, of a solution x (¢, n, &1, &) to (1-2)
may include all possible admissible frequencies, we will pick a fixed pair of frequencies (1, it2) and

cosn  sinpy

1
: Ix +——0F x +
sinn cosn) nX sinzn aX

force the Fourier expansion to excite only this particular pair by implementing the ansatz

X (.0, 61, 62) = u(t, me'ttrelten, (1-5)
This leads us to consider the initial value problem
{(3,2 + Lk )y = f(u), (t,m) €Rx(0,%), (1-6)
(u(ov 77), alu(ov 77)) = (W)(’?)v 0)7 7] € (07 %)v

for a scalar field u : R x (O, %) — R with u = u(¢t, n) and

2

. 2

cos sin

L(“""”u:—agu_( . n_ ﬂ)anu+( le n M; +l>u, f(u)=—u3. (1-7)
sinn  cosp smm“n  COs“n

Finally, we consider the spherically symmetric (equivariant) Yang—Mills equation for the SU(2) connec-
tion A on the Einstein cylinder R x S endowed with the metric

g(t, w) = —dt* + dx* + sin’(x) do?, (1-8)

where dw? stands for the standard round metric on the 2-sphere. The connection A, = A} 7y isa l-form that
takes values in the Lie algebra su(2). Here, t, stand for the generators of su(2) that satisfy [t,, 7p] =i€pc Te-
Furthermore, the curvature F' is a (2, 0)-tensor defined by F,,, =V, A, —V,A, +[A,, A,]. The Euler-
Lagrange equations associated to the action

/ tr(Fy, F*")y/— det(g)
RxS3

are provided by the Yang—Mills equation
V., F"" +[A,, F""1=0. (1-9)

Following [Bizon 1993; 2014; Bizon and Mach 2017], we assume the spherically symmetric purely
magnetic ansatz
A=¢(t, x)n+13cos(P)de, n=r1dv+1sin(¥)dep,

2We would like to thank Oleg Evnin who suggested the Hopf coordinate ansatz.
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which yields
F=0¢, x)dt An+0,¢0(, x)dx An—(1— (]52(1‘, x))T3dV Asin(9) de.

In this case, a straightforward computation shows that (1-9) reduce to

$(t.x) (1, %)

sin?(x)  sin?(x)

—32¢(t, x) + 32 (1, x) + (1-10)

for a scalar field ¢ : R x (0, 7) — R with ¢ = ¢ (¢, x). We will study perturbations of the static solution
¢o = 1 to the equation above [Bizon 2014]. Writing ¢ (¢, x) =1+ sin’ (x)u(t, x), we are led to the initial
value problem

{(8,2+£)u:f(x,u), (t,x) € Rx (0, 7), (A-11)
(u(0, x), ,u(0, x)) = (up(x), 0), x € (0, ),
where
Lu=———7 3y (sin* xd,u) + 4u, flx,u) = —3u® — sin®(x)u’. (1-12)
sSin x

1D. Connection of the models to the fixed AdS spacetime. In the following lines, we discuss the
connection of the models (1-3), (1-6) and (1-11), and we consider two dynamical problems related to
the AdS spacetime. The Einstein static universe is the cylinder R x S endowed with the metric given
by (1-8), and the AdS spacetime is conformal to only the part of the entire Einstein cylinder which is
given by R x S3_, where §i denotes the upper hemisphere of S3. Since both the cubic conformal wave
equation and the Yang Mills equation are conformally invariant, this implies that solutions to the cubic
conformal wave and Yang—Mills equations can be mapped to solutions of the same equations on R x Si.
Depending on the choice of boundary conditions at the conformal infinity of the AdS spacetime, these
solutions can then be extended on the whole of the Einstein cylinder via a reflection symmetry; see for
example [Bizon et al. 2017, Remark 1].

The models we consider here also preserve several key features of the Einstein—Klein—Gordon system in
spherical symmetry, and for which we have reliable numerical evidence for the existence of time-periodic
solutions due to [Maliborski and Rostworowski 2013] (see Section 1B). Indeed, in all cases, the spectrum
is completely resonant and the eigenfunctions to the linearized operators are weighted Jacobi polynomials.
As a consequence, the derivation and analysis of the Fourier and resonant systems share many properties.
In addition, although quasilinear, the Einstein—Klein—Gordon system in spherical symmetry has a cubic
leading-order nonlinearity as in the models we considered here. More importantly, the existence of the
time-periodic solutions we construct here depends on the so-called nondegeneracy condition (Section 7).
This is a system of infinitely many nonlinear conditions for oscillatory integrals that quantify the mode
couplings, relying on the analysis of the underlying Fourier system. In this paper, we develop a rigorous
and delicate analysis for the Fourier coefficients (Section 5) by establishing closed formulas, as well as
rigorous asymptotic analysis in the case where the closed formulas for these integrals are too complicated
to handle. Besides their strong numerical evidence, Rostworowski and Maliborski [2013] also suggest that
there should be an analogous nondegeneracy condition for the quasilinear Einstein—Klein—Gordon system
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in spherical symmetry. The computation and the analysis of the Fourier system for the Einstein—Klein—
Gordon system is a challenge in itself, see for example [Chatzikaleas 2024; Craps et al. 2014; 2015a;
2015b; Evnin and Jai-akson 2016], and we believe that the type of analysis for the Fourier coefficients
developed here should find applications there as well.

1E. Main results and general strategy. In the following, we use the abbreviations

o CW: conformal cubic wave equation in spherical symmetry, that is (1-3)—(1-4),

o CH: conformal cubic wave equation out of spherical symmetry in Hopf coordinates according to the
ansatz (1-5), that is (1-6)—(1-7),

e YM: Yang—Mills equation in spherical symmetry, that is (1-11)—(1-12),

and study the evolution of the perturbations

0,7) for CW,
u:RxI—-R, u=u(tx), I= (0%) for CH,
0,7) for YM,
driven by the partial differential equations
B} +Lu=f(x,u), (t,x)eRxI, (1-13)

subject to the initial data ug(x) = u(0, x) with zero initial velocity u;(x) = 0,u(0,x) =0 for all x € I.
Here, the linear operators and the nonlinearities are given, respectively, by

—+8x(sin2(x)8xu) +u for CW,
sin“(x) 5 5
Lu=)—2u— (S35 -0 g 0y (B4 L2y 1)u foron, (1419)
siInx  COSX sin“x  COSs“x
— _14 9, (sin* x 9y u) + 4u for YM,
Sin-* x
—u’ for CW and CH
su) = ’ 1-15
T =132~ sino® for YM. (1-15)

Associated to the linear operators given by (1-14), one can introduce natural Hilbert spaces, and with
suitable definitions for their domains (Section 3), the linear operators are then all self-adjoint operators
with compact resolvent. In order to simplify the presentation below, we denote by {e, (x) : n > 0} the set
of eigenfunctions of any of these operators® and by {a),% :n > 0} the set of corresponding eigenvalues.
Recall that, in all three models considered, the sequences {w, : n > 0} are all strictly increasing with
w; ~nasn— +o0.

We also denote by ®’(&) the flow associated to any of the linearized equations with initial data
(u1=0, dius—9) = (€, 0). If we use &, to denote the Fourier coefficients of £ associated to the eigenbasis
{e,(x) :n > 0}, then -

D' (§) =Y _ cos(twy)&en (). (1-16)

n=0

30f course, the eigenfunctions are different for the different operators, so this is just a generic name.
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To state our result, we need to introduce a set of frequencies verifying a certain Diophantine condition
[Bambusi and Paleari 2001]. Given 0 < «a < % define

Waz{weR:|w-l—wj| z%V(l,j)eNz, [>1, w ;éz}. (1-17)

According to [Bambusi and Paleari 2001, Remark 2.4] and [Schmidt 1980, p. 23], the set W, contains
infinitely many irrationals, is uncountable and accumulates at 1 from above and below. Consider any
of the problems CW, CH or YM, and let ¢, be one of the eigenfunctions to the corresponding linear
operator. In addition to «, the statements of our results depend on the constant y € N U {0}, the index of
the eigenfunction, and s > 0, which defines the Sobolev space* H* where the solutions will belong. Our
assumptions are slightly different depending on the problems addressed.

Assumptions 1.1. Specifically, we make the following assumptions:
e CW: Wetake y €{0,1,2,...} and s € N with s > 2.

o CH: We take y € {0, 1, 2, 3,4, 5} and s € N with s > 2. Moreover, we assume that the parameters 1t
and p, appearing in (1-6) satisfy | = up = u, with u either sufficiently large, or u € {0, 1, 2, 3, 4, 5}.

e YM: We take y €{0,1,2,3,4,5} and s € N with s > 3.

Remark 1.2 (range of y). We note that our proof is based on closed formulas for the Fourier coefficients,
integrals that quantify the mode couplings. Although we derive these formulas uniformly with respect
to y (see Section 5), we also need to check the validity of particular nonlinear conditions depending on
the Fourier coefficients. On the one hand, for the CW model, the Fourier coefficients have a relatively
simple closed formula. Hence, there is no need to restrict the range of y and we establish the validity
of the conditions needed uniformly with respect to . On the other hand, for the CH and YM models,
the complexity of the Fourier coefficients requires us to restrict the range of y to any finite set. Since
the smaller the range the easier one can verify our computations, we fix y € {0, 1, 2, 3, 4, 5} solely
for the purpose of computing and verifying all computations in the manuscript by hand. However,
we believe that our result stated below also holds true for larger values of y. The interested reader
can access our Mathematica notebooks as ancillary files posted with the present paper on arXiv at
https://arxiv.org/abs/2201.05447 to both easily verify our computations for small y as well as derive and
verify the analogous closed formulas for larger values of y.

Under Assumptions 1.1, we prove the following result.

Theorem 1.3 (main result 1: existence of time-periodic solutions to all three models bifurcating from
various 1-modes). Let (y,s) € (NU{0}) x R satisfy Assumptions 1.1, and let e, be the eigenfunction to
the corresponding linear operator. Also, let 0 < o < % and W,y be the corresponding set of frequencies,
defined in (1-17). Then, there exists a family {u. : € € &, } of time-periodic solutions to either CW, CH or
YM, where &, ,, is an uncountable set that has 0 as an accumulation point. In addition, each element u.
has the following properties:

4The definition of the H* spaces is adapted to each problem; see Section 2.


https://arxiv.org/abs/2201.05447

NONLINEAR PERIODIC WAVES ON THE EINSTEIN CYLINDER 2317

(1) ue has period T, = 21w /we with w. € W, being e-close to 1.
(2) uc € H'([0, T.]; HY).

(3) ue stays close to the solution to the linearized equation with initial data (u;—o, 0;u;—) = (€k,e,, 0)
for all times:

2
sup |lue(t, -) — ol (GK}/@}/)”HS ,5 €,
teR

where Ky isa normalization constant.

Proof. The result follows by applying the original version of Bambusi—Paleari’s theorem (Theorem 2.4 for
CW and CH) and our modified version (Theorems 1.4 and 2.5 for YM) by verifying their main conditions;
see Sections 6 and 7. U

For the CW and CH models, the results above are proven using a theorem of Bambusi and Paleari
[2001], while for the YM model, the original version of their theorem (stated as Theorem 2.4 below)
is not applicable and we will adapt their work. To explain this, we follow [Bambusi and Paleari 2001]
and consider any of the models above in the Fourier space by projecting the equations on the eigenbasis
{e, : n > 0}, so that, schematically, the equations take the form

il (1) + (Au(0)) = (f W)’ (1-18)
for all integers j > 0, where u = {u/ : j > 0} denotes the array of the coefficients in the Fourier space, A is
2
'] .
written in Fourier space, which takes the form of a polynomial in the u/. In addition, we assume that

fw)=fOw)+ O,

where f(© is a homogeneous polynomial of degree » > 2 and (! is a polynomial of degree at least r + 1.

a multiplication operator defined by (Au)/ = w?u’ and (f(u))’ are the coefficients of the nonlinearity

Then, one looks for solutions u(¢) to (1-18), where u(¢) belongs to the Hilbert space
o
B={u={u:j=0}:ul} <ooh, |uli=> j>u,l*.
j=0

Besides some regularity considerations, the main theorem in [Bambusi and Paleari 2001] asserts that,
given any nondegenerate zero of the operator

ME = A+ (fD)E), e=(&/:j>01el?

where (f©)(£) denotes the average in time of the nonlinearity f© along the linearized flow, one can
construct a family of small data periodic in time solutions, with properties similar to those stated in
Theorem 1.3. The operator M is in fact linked to the resonant system associated to the original equation.
If u(t) is periodic in time with frequency w, let ¢ be defined by u(t) = g(wt), and let L, be the operator

2
dr?
The proof of [Bambusi and Paleari 2001] is based on a Lyapunov—Schmidt decomposition ¢ = g + v,

Loq=w’—q+ Aq.

with v e ker Ly and ¢, € (ker L1)™, together with the projections of the equations onto the range and
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kernel of L1, leading to the so-called P-equation and Q-equation, defined, respectively, as

Lygi=Pf(v+ql1), (1-19)
(1—0hHAv=0f(v+q1). (1-20)

The Diophantine condition (1-17) is then used to solve the P-equation, while the nondegeneracy assump-
tion and an implicit function argument is used to solve the Q-equation.

For the CW and CH models, one easily verifies that the eigenfunctions «,e,, where «;, is an appropriate
rescaling, are all zeroes of M, so that the main difficulty is to establish the nondegeneracy condition,
i.e., to prove that the kernel of d M (k,e,) is trivial. In the YM case, however, the nonlinearity contains
both quadratic and cubic terms, so that a priori, only the quadratic terms would contribute to the
definition of the operator M. On the other hand, it turns out that the average along the flow of the
quadratic terms actually vanishes identically, leading to a degenerate, linear operator M. Thus, we
introduce a replacement for the operator M that takes into account also the cubic terms. However, the
quadratic terms still play a role in this modified operator. Indeed, the solution to the P-equation roughly
takes the form g, (v) = g1 quadratic (V) + g1 cubic (V) + - - -, where the term g quadratic (v) arises from the
quadratic nonlinearity, and after substituting ¢ (v) into the Q-equation, these terms will generate new
additional cubic terms. Thus, in some sense, the backreaction of the quadratic terms into the Q-equation
must also be taken into account. This type of difficulty, where the contribution of the lowest degree
part of the nonlinearity is nonresonant, has been treated in some situations; see for instance [Berti
and Bolle 2003, Section 4.2] and [Berti and Bolle 2006, Section 1.2.3], where equations of the form
— 3yt + dpxu = u®P + OuP*!) were considered. Here, we prove a modified abstract version of the
Bambusi—Paleari theorem which we then apply to the YM model.

Theorem 1.4 (main result 2: modification of the Bambusi—Paleari theorem for the YM model). Consider
the partial differential equation in the Fourier space

i’ (1) + Qu®)’ = Fu@®))’, j=0, (1-21)

where the dots stand for derivatives with respect to time and 2 is a positive multiplication self-adjoint
operator with pure point and resonant spectrum {wjz >0:j >0}, withw; ~ jas j — oo, defined by

2A DA :l§+2—> lsz, Au)’ =wj2uj,

with D) being its maximal domain of definition.” In addition, assume that the nonlinearity is given by
Fu) =2 @) +§9 @),

where each {® is a homogeneous polynomial of order k which is well defined and smooth in lsz, with §®
being nonresonant, that is

2
() () = Ao / o' (1O (@' (x))) di = 0 (1-22)
2w J,

3Later, we will take /2 1 instead of 12 as our base Hilbert space, so that we will consider 2l as an operator from /2 3> 12 1
This allows for the construction of classical solutions, instead of solutions defined via the Duhamel formula or duality.



NONLINEAR PERIODIC WAVES ON THE EINSTEIN CYLINDER 2319

for all initial data x, where ®'(x) denotes the solution to the linearized equation with initial data (x, 0).
Furthermore, define the modified operator

My (§) = £AE + (FD) (&) + Fo (),

2

3 be initial data such that

where §o(&) is given by Lemma 2.13, and let &y € 1

e &y is azero of My,
M4 (§0) =0,

o and & satisfies the nondegeneracy condition
ker(d9M+ (§0)) = {0}.

Also, for some 0 < a < % define Wy, according to (1-17). Then, there exists a family {u.(t,-) : € € &}
of time-periodic solutions to (1-21), where &, ,, is an uncountable set that has 0 as an accumulation point.
In addition, each element u. has the following properties:

(1) ue has period T, = 27 [ we, with w. € W, being e-close to 1.
(2) ue € HY([0, T1; I).

(3) ue stays close to the solution to the linearized equation with initial data (u,—g, d;u;—o) = (€&, 0) for
all times:

sup [uc (1, -) — ' (o) S €.

teR
1F. Remarks. « Minimal periods: Theorems 1.3 and 1.4 give no information on the minimal periods 7, of
the time-periodic solutions u, (¢, - ). However, one can relate 7¢ to the minimal period 7y of the solutions
to the linearized system with 1-mode initial data; see [Bambusi and Paleari 2001, Theorem 5.3].

o Cantor-like set: We emphasize that the time-periodic solutions we construct exist only when the small
perturbative parameter belongs to a Cantor-like set (of measure 0). This set together with the Diophantine
condition introduced in Theorem 1.3 are closely related to the presence of small divisors in the perturbation
series around equilibrium points, a classical topic in the context of Kolmogorov—Arnold—Moser (KAM)
theory in infinite dimensions. Although this type of condition is essential in proving the existence of
time-periodic solutions as in [Bambusi and Paleari 2001], it can be removed in some very special cases; see
for example [Chatzikaleas 2020]. On the other hand, we note that the numerical constructions [Choptuik
et al. 2018; Fodor et al. 2015; Maliborski and Rostworowski 2013] do not seem to see the small divisors
obstructions.

e Proof: The proof of Theorem 1.4 follows the general strategy of [Bambusi and Paleari 2001], the
main and essential difference being the backscattering contribution of the quadratic terms. An alternative
approach to ours would be to find a normal form, in the spirit of [Shatah 1985], that allows us to eliminate
the quadratic terms and then apply the original result of [Bambusi and Paleari 2001].

o The works of Berti and Bolle: In [Berti and Bolle 2003; 2004; 2006], a different strategy, based
on variational methods, was introduced to solve the Q-equation (1-20) instead of the implicit function
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theorem as in [Bambusi and Paleari 2001]. This in particular leads to a strong improvement in [Berti and
Bolle 2006] concerning the size of the frequency set, using an extra Nash—Moser iteration. We have not
implemented this here for simplicity and leave a possible implementation of this improvement for future
works. The works [Berti and Bolle 2004; 2006] also treat the case of nonresonant quadratic terms — as
we have here in the Yang—Mills case —in the specific case of the wave equation on an interval with
Dirichlet boundary conditions.

o Regularity of the solutions: The solutions constructed here are H' in time with values in H®, with s
arbitrarily large but fixed a priori. A posteriori, one can then use the equation to obtain additional regularity
properties of the solutions. For instance, one easily has 9?u € L?H:~!. Since some of the estimates
depend a priori on the value of s, we cannot directly take s = oo, but it is likely that a refinement of the
methods presented would lead to such an improvement.

 Jacobi polynomials: One of the difficulties to proving Theorem 1.3 comes from the fact that the
eigenfunctions e, (x) of the linearized operators are given by Jacobi polynomials instead of simpler
explicit functions. This fact is not specific to our model problem and is a general feature of nonlinear
wave equations on AdS-like background. In particular, in the CH and YM models,® the computation
and the analysis of the Fourier coefficients associated to the resonant terms are nontrivial and constitute
one of the contributions of this paper. To this end, we use linearization and connection formulas as well
as particular Mellin transforms for the Jacobi polynomials. On the one hand, a linearization formula
(also called addition formula) represents a product of two orthogonal polynomials with some parameters
as a linear combination of orthogonal polynomials of the same kind with the same parameters. On
the other hand, a connection formula represents a single orthogonal polynomial with some parameters
as a linear combination of orthogonal polynomials of different kinds with new parameters. In both
cases, these are computationally efficient only in the case where the coefficients in the expansions are
known in closed formulas. These computations also motivate our choice of y; = uy = u for the CH
model, since in this case, the eigenfunctions are reduced to Gegenbauer polynomials, a special class of
Jacobi polynomials with additional algebraic properties that lead to closed formulas for the linearization
and connection coefficients described above. Moreover, we also use particular Mellin transforms of
Gegenbauer polynomials. These are integral transforms that may be regarded as the multiplicative version
of the Laplace transform.

o Mathematica files: For the CH and YM models, Theorem 1.3 ensures the existence of time-periodic
solutions bifurcating only from finitely many 1-mode initial data. As stated in Remark 1.2, this is solely
for the purpose of computing and verifying all computations in the manuscript by hand. Furthermore,
one can use Mathematica to verify that our result still holds true also for larger values of y. For the
convenience of the reader, our Mathematica notebooks — available as ancillary files to the present paper
on arXiv at https://arxiv.org/abs/2201.05447 — can help the reader to both easily verify our computations
for small y as well as derive and verify the analogous computations for larger values of y.

The eigenfunctions for the CW case are given by Chebyshev polynomials of the second kind. The derivation of the resonant
system in this case had been previously addressed in [Bizon et al. 2017].
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1G. Previous works. The conformal wave equation (1-2) was introduced as a toy problem for the study
of nonlinear waves in confined geometries in [Bizon et al. 2017] and has been studied further in [Bizof
et al. 2019; 2020; Chatzikaleas 2020]. In particular, [Chatzikaleas 2020] proved that solutions emanating
from the first mode eg stay proportional to eq for all times and are periodic in time. The fact these data do
not excite further modes is, however, specific to the first mode and to this equation.

Concerning the well-posedness theories for the different models, since we do not focus here on low
regularity solutions, we will simply recall that global well-posedness holds for the conformal cubic wave
equation in the energy space, while the Yang—Mills equations in curved geometry have been shown to be
globally well-posed in H? x H' [Choquet-Bruhat et al. 1983; Chrusciel and Shatah 1997] and on AdS
with reflective boundary conditions [Choquet-Bruhat 1989]. We were motivated to study the Yang—Mills
model by [Bizon 2014].

Since the pioneering work [Maliborski and Rostworowski 2013], there have been many investigations of
time-periodic solutions for nonlinear equations with completely resonant spectrum [Berti and Bolle 2003;
2004; 2006; Paleari et al. 2001]. For the conformal wave equations, there exist also several constructions
of time-periodic weak solutions via the variational techniques first introduced by Rabinowitz [1978a;
1978b]; see [Chang and Hong 1985; Zhou 1986].

1H. Organization of the paper. We split the paper into the following sections:

» Section 2: We describe the methods we are about to use. For CW and CH, we will use the original
version of Bambusi and Paleari’s theorem [2001] (Theorem 2.4). However, for YM, as explained above,
we need to revise the original version and establish an extension of their result (Theorem 2.5) as stated in
Theorem 1.4. In particular, we define the operators M and 2, which determine the “special” initial
data leading to time-periodic solutions.

o Section 3: We study the linear eigenvalue problems where the linearized operators are given by (1-14).
As it turns out, the associated eigenfunctions are given by Jacobi polynomials, which is a common feature
with the Einstein—Klein—Gordon system in spherical symmetry [Maliborski and Rostworowski 2013].

» Section 4: We express the partial differential equations (1-13) in the Fourier space and obtain infinite
dimensional systems of coupled harmonic oscillators.

 Section 5: We define and study the mode couplings given by the Fourier coefficients. Specifically, we
derive explicit closed formulas for all the Fourier coefficients on resonant indices.

» Section 6: We study 1-mode initial data. In particular, we show that these modes satisfy the resonant
systems (are zeros of the operators M and 91, defined in Section 2). In addition, we derive their
differentials at these modes.

 Section 7: Firstly, we derive the crucial nondegeneracy conditions for the 1-mode initial data. As it
turns out, these are nonlinear conditions for the Fourier coefficients. Then, we use the analysis on the
Fourier coefficients from Section 5 to rigorously establish these conditions and prove the existence of
time-periodic solutions as stated in Theorem 1.3.
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11. Notation. We use different notation for each of the models we consider, which we summarize here:

model Cw CH YM
equation (1-3)—(1-4) (1-6)—(1-7) (1-11)—(1-12)
font standard serif fraktur

linearized operator L L(1512) £
eigenvalues Wy, w2 (o
eigenfunctions en ely-i2) e

inner product C-1+) (-]+) [-]-]
linear flow ol g P!

fourier coefficients C Ck1p2) ¢, ¢

2. The method of Bambusi-Paleari revisited

In order to establish Theorem 1.3 and construct our time-periodic solutions, we rely on the method
of Bambusi and Paleari [2001]. This is an effective method to construct families of small amplitude
time-periodic solutions close to a resonant equilibrium point for semilinear partial differential equations.

2A. The original version of the theorem. Let s > 0 be a real number, and define the Hilbert space ls2 to
be the space of sequences such that

(o.¢]
u=ful:j =0} |ulf=) 1w <co.
j=0

We endow ls2 with the natural inner product associated with the norm |- |y and consider the following
differential equation in /2:

i+ @) = (@), @) =, &

for all integers j > 0, where the dots denote derivatives with respect to time. Here, 2 : D() — [ is a
positive multiplication self-adjoint operator with pure point and resonant spectrum {wjz : j = 0}, meaning
{w;:j >0} CN, and D(X) stands for its maximal domain of definition endowed with the norm

oo o0
2 2 2 251512 25| 2412
il By = lul} + 120 =Y @&+ 7w 7el P
Jj=0 j=0
Moreover, we also assume that 2 and f verify the following conditions:

(1) The injection of (D), || - [per)) into ls2 is compact.

(2) The nonlinearity f(#) can be decomposed into

f) = §O @) + 1V (). (2-2)

(3) The lowest-degree term f) (1) is a homogeneous polynomial of order » > 2 and is a bounded operator
from D(2A) to D(2A) with the domain D(2A) being invariant under §©.
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(4) The highest-degree term f(l) (u) (treated perturbatively as an error term) has a zero of order r + 1 at 0,
is differentiable in /2, and its differential is Lipschitz and satisfies the estimate

15V ) — diV )]s < Ce ™ uy — ualy
for all uy, uy € 12 with |u;|s; < € and |uy|s <e.

Remark 2.1. In our case, the conditions above are obtained by starting from any of the equations (1-3),
(1-6), (1-11) and projecting them on the eigenfunctions to the corresponding linear operator. Specifically,
condition (1) follows automatically from the fact that @w; ~ j as j — oo, while conditions (3) and (4),
which refer to the nonlinearities in the Fourier space, essentially follow from the facts that the original
nonlinearities are smooth and that the Sobolev spaces of sufficiently high regularity form an algebra;
see Section 2C.

Let ¢, be the eigenfunctions to the associated linearized operators. On the Fourier side, these can be
identified with e, = {8! :i > 0} € lsz. Then, for any initial data £, we denote by

o0
P! (£) ={E"cos(myt) :n >0}, E={E":n>=0}=) &"¢,
n=0
its linear flow, that is the solution to the initial value problem
{u‘"(r) +wiu"(t) =0, teR,
u"(0) =§&", " (0) = 0.
We note that @' (&) = @~/ (&). Moreover, we define the operator
2
1 .
ME) =%+ (V@) (FE =5 fo N CHONER 23)

where (f©)(£) is the average of { along the linear flow. Here we note that the highest-degree term (1)
in (2-2) does not contribute to the definition of the operator M. Bambusi and Paleari [2001] used a
Lyapunov—Schmidt decomposition together with averaging theory and established the existence of a
family of small amplitude time-periodic solutions with frequencies that satisfy the strong Diophantine
condition

@ €W, = {w Rl —wy| 29V, )N, 12 1, ;) ;él}. (2-4)

Remark 2.2 (accumulation to 1). For 0 < a < %, the set W, is an uncountable Cantor-like set that
accumulates to 1 from above and below; see [Bambusi and Paleari 2001, Remark 2.4] and [Schmidt 1980,
p- 23].

Remark 2.3 (connection to Hurwitz’s theorem). According to Hurwitz’s theorem, for every irrational
number o, there are infinitely many relatively prime integers @; and [ such that | -l —@;| < 1/ (V/31),
and moreover the constant +/5 is optimal. Consequently, W,, = @ for a > 1/+/5. In this note, we pick a
1

suitable o with 0 < o« < 3

The main result of [Bambusi and Paleari 2001] reads as follows.
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Theorem 2.4 (original version of Bambusi and Paleari’s theorem [2001]). For 0 < o < 1 define W,
according to (2-4) and consider the operator M defined in (2-3). Assume that conditions (1)—(4) are
verified. Moreover, let &y be a nondegenerate zero of M, that is

M(Eo) =0,  ker(dM(&p)) = {0}.

Then, there exists a family {u. :€ € £, ,} CH Lo, T.1; lsz) of time-periodic solutions to (2-1)—(2-2), where
Eu,y s an uncountable set that has 0 as an accumulation point. In addition, each element u. has the
following properties:

(1) ue has period T, = 2w /w, and there exists w, > 0 such that the map
€€y y > me €W N[, 1+w,)

is a monotone, one-to-one map that stays close to 1: |1 —w¢| S €” -

(2) uc stays close to the solution to the linearized equation with initial data (u,—q, d;u;—o) = (€&p, 0) for
all times:

sup |uc(t, -) — @' (e&p)|s < €.
teR

2B. A modified Bambusi—Paleari theorem. As we will see in Section 4C, in the case of the YM model,
the nonlinearity is given by

f(u) = §2 @) +1° ), (2-5)

where

(1) the lowest-degree term { is a homogeneous polynomial of order 2:

GO (1)1 j = 0" ==3 " &jmu (Hu! (1), (2-6)

i,j=0

(2) the highest-degree term §® is a homogeneous polynomial of order 3:

o0
GO @) =) == D Ejmtd' (! (O)u* (1), 2-7)
i,j,k=0
Thus, according to the original version of Bambusi—Paleari’s theorem (Theorem 2.4), one may argue that
§? is the main nonlinearity and §® can be treated perturbatively. However, in this setting, the original
version of Bambusi—Paleari’s theorem would not be applicable, because §® is nonresonant (Lemma 6.5),
that is

2
1
(T @ =5 / o' (f (' (§)) dt =0 2-8)
T Jo
for all initial data &, and therefore M (&) = 2A£ leads to trivial zeros of the operator M. Consequently, we

need to revisit the theorem of Bambusi—Paleari in this context. Specifically, we consider (2-1)—(2-5)—(2-8),
replace f(o) (u) by f(z)(u) + fG)(u) and establish the following theorem.



NONLINEAR PERIODIC WAVES ON THE EINSTEIN CYLINDER 2325

Theorem 2.5 (modification of Bambusi—Paleari’s theorem for the YM model). Let 0 < o < %, and
define W, according to (2-4). Let A be a positive multiplication self-adjoint operator with spectrum
{w} >0:j >0} suchthat{w;: j >0} CNand w; >~ j as j — 00, defined by

DR, — 17, Qu) =oju;,

with D(21) being its maximal domain of definition. Assume that f = {® +§3, where {? and {® admit the
representations (2-6) and (2-7) respectively.” Moreover, assume that both {* and §® are differentiable,
with Lipschitz differentials, and define the modified operator

M (§) = A + () (E) +Fo (&),
where §o(&) = {(Fo(€))™ : m > 0} is a bounded map on ls2 that is given by

m 9 — Cijy Pgjek . _
@) =7 2 Cam )] iy e P Y lwi-wjtotw, =0
k,v>0 i,j>0 +
o —wj#tw,
9 = Eijv e
+ = Cevm EEIES l(wi+w; o £w, =0).
4 x;o h in;o w; — (@i +;)? 2:!:: o
T wﬁ-z%ﬁ&tw,,

Also, let &y € ls2 3 be a nondegenerate zero of M, that is

M+ (50) =0, ker(dM+ (o)) = {0}.

Then, there exists a family {uc : € € £y} C H'([0, T.1; ISZ]) of time-periodic solutions to (2-1)—(2-5)—(2-8),
where &, ,, is an uncountable set that has 0 as an accumulation point. In addition, each element u. has
the following properties:

(1) ue has period T, = 21w /w,. where there exists w, > 0 such that the maps € — w. € W, N[1, 1 + @)
for M, and € — w, € Wy N (1 — wy, 1] for M_, are monotone, one-to-one maps that stay close to 1
with |1 —w,| <€,

~

(2) ue stays close to the solution to the linearized equation with the same initial data as above and zero
initial velocity:

sup |uc(z, - ) — @' (ko) |y < €.
teR

The rest of this section is devoted to the proof of the theorem above.

2C. Preliminaries. The core of the proof follows that of [Bambusi and Paleari 2001]. Let 0 < @ < %
and pick a frequency @ € W,. We are looking for a solution to (2-1) with frequency @, that is

u(t) =q(wt). (2-9)

TFor Theorem 2.5, we need very little information about the Fourier coefficients @; im- However, for the application of this
abstract theorem, see Section 7C and Proposition 7.6, we also need additional vanishing properties, see Lemma 5.8.
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For any integer & > 0, we define the Banach space

My = {q e HY([0, 271 12) :q() =) _ g/ (1)e; = Z(Z q" cos(lt))ej, lg 117 < 00}
j=0 j=0 =0

endowed with the norm
o0 o0
lglze =Y J* (2|q°f|2 +> 14" +12>">.
j=0 =1

In particular, we aim to construct ¢ in the Hilbert space ’Hsl To do so, we substitute (2-9) into (2-1) and
obtain the nonlinear equation

Lug=f(q), (2-10)

where
2

d
Ly :D(Ly) CH > M, Lyq= wzﬁq +2g.

Now, we are looking for a solution with frequency close to 1. For this reason, we split Hsl into

H'=K®R, K=ker(L)), R=K?,
and write

qe?—[i, gq=v+q,, veK, gq; €R.
Taking into account the fact that K is generated by {cos(w;t) : j > 0}, since
veK <& v(t)={/ () =c cos(w;t):j >0}
for some constants ¢/, the latter simply means that we split ¢ = {g/ : j > 0} € H! into

') =v/ () +ql(®), v)y=clcos@;r), qlt)= ) a'coslr),
l;ﬁﬁ)‘j

for some constants ¢/ and d/!. In addition, we define the associated projections
P:H{—>R, P(@=Puv+q)=q.. Q:H —>K, Q(q@)=0v+q)=v,

and project (2-10) onto R and K, respectively. We obtain the coupled nonlinear system

Lygr=Pfv+q1), (2-11)
—2pAv=0f(v+q.), (2-12)

where we also set
w?=1428. (2-13)

As is usual in this setting, we refer to (2-11) and (2-12) as the P-equation and Q-equation, respectively.
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2D. Solution to the P-equation. As we will now see, the Diophantine condition & € W,, guarantees the
existence of a solution to the P-equation.

Lemma 2.6 (solution to the P-equation [Bambusi and Paleari 2001, Lemma 4.6]). Let 0 < o < %, and
pick @ € W,. Then, the operator L, restricted to R admits a bounded inverse

LU HINR - HINR, LY <coa,

for some positive constant co. Moreover, there exists p = p(a) > 0 and a C'-function q : B, — R
with v — q (v) that solves the P-equation, where B, denotes the ball of radius p in K centered at 0.
Furthermore, we have the estimates

lgr @)l Sa I0l505 gL @) = L' PFP @)l Sa lV15,-

Proof. Apart from the C! regularity of ¢, (which is stated only as Lipschitz in [Bambusi and Paleari
2001]), the proof coincides with the one of Lemma 4.6 in the aforementioned paper, where the f© there
is replaced by §®. Once a Lipschitz solution ¢ has been found, one can read off the C! regularity of ¢
based on the regularity of f. However, for the convenience of the reader, we give a proof below of the
construction of g, . Let 0 <o < %, and pick @w € W,. The eigenvalues of L, are given by

M=o —lPo’=(w; - lo)(w; +1o). (2-14)

Then, for all (/, j) € N?> with [ > 1 and [ # wj, we have that [A ;| > (a/)(w; + ) > aw > %oc.

Therefore, L, |g has a bounded inverse and there exists a positive constant cg such that ||L;,1 | <coo™ .

In addition, we let € > 0 be sufficiently small, let [|v||,,1 <€, let § > O be sufficiently large, define the
closed ball of radius & ||v||2{1 centered at L_! P§® (v), that is

B={weH:|w-Ly, PPl <sllvli,).
and rewrite the P-equation in the fixed-point formulation as
gL =F(q1) =L, [Pi?) + PP +q1) — 2 @) + PFP (v +q0)1.
Next, we show that 7 maps the closed ball to itself. Indeed, for all w € B, we have
lwllzg < lw = L' PFP @)l + I1L5 PFP @)l < 810115, + 1L 11T @)l
< 8l1vll3y +coe ™ ksllvllz, < erllvliZ,,
and Lemma 4.5 implies
159 @ +w) = F2 @)l < ks (v + il + [0l g < ksUwllag + 200wl
< ciks(etllvliz + 21l i3 < c2llvl,,

3 3 3 3 6 3
179w+l < ksllv+wlig S kvl +eillvig) < csllvli,.
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Hence, we infer
IFw) = L' PFP @)l = 1L, TP G (v +w) = P ) + PFP (0 + )]l
<L TP @ +w) = P @) g0 + 15 @ +w) l50]
< coa” [eallvli3y +esllvliy ] < 8lvl3,

by choosing § sufficiently large. The contraction property follows similarly. For the C! regularity, we set
F? = L' P§® and, for v, v+h € B,, we have

L) =F?W+qL), qLu+h)=F @+h+qLv+h),
so that
qL+h) =F2@+qL0)+dF, o+ +h) =g ) +o(h+qL+h)—qL ()
=qL () +dF, o +qL+h)—qL)+o(h),
where we used that g, is Lipschitz. Assuming that p is small enough, we can ensure that
14T, ol < cllvllzg < 3
uniformly in v, and hence

qL+h)=qL@)+Ad—dF, )'dFL, o))+ o),

so that g (v) is C'! with differential (Id — 3\, ) 7'd3) ) O

2E. Solution to the Q-equation. Next, we turn our attention to the existence of a solution to the
Q-equation. Firstly, we define two Banach spaces of initial data

0= {s =Y el < oo} ~12, S, D@ = {f =D e Elpa < 00} ~ L S I

J=0 Jj=0

endowed with the norms

o0 [e.e] o0
IENS =D JZIE P+ 5wl P Y Ve = (g7,

Jj=0 Jj=0 Jj=0
o0 o (@]
1E 1D = EE+IRAEE =D 2P+ 5 lwiel P =Y P2l P = (g2,
j=0 j=0 =0
since @w; ~ j as j — oo. We call the Hilbert space (Q, || - [|o) the configuration space. In fact, Q is

isomorphic to K = ker(L), and the isomorphism is given by the linear flow
1:9— K, (X)) = (x).

Also, recall the Banach space of spacetime functions

oo, 0

k= {q(t) => ¢/ (te; = Z(Z qY cos(lt))ej gl < oo} C H*([0,27]; 1)

=0 j=0 N=0
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endowed with the norm

o0 o0
lgli3e = (2|q°f|2 +> 19717 +12>k).
j=0 =1
Notice that, since

IE@) =Y TE @) ej=) (¥ E)ej=) & cos(w;t)e;
Jj=0 j=0

j=0

and @ ; # 0 for all integers j > 0, we have

@150 =) j*1E 1 =151,

j=0
@15, =D PP A+ o) =) 211 +1wE ) = €[ ~ 1§15 (2-15)
j=0 j=0

Secondly, we prove the following averaging identity that generalizes the one in Lemma 4.7 in [Bambusi
and Paleari 2001] from vector fields F : Q@ — Q to F': Hls‘ — Hf .

Lemma 2.7 (averaging identity). Let F : HX — H* be any vector field. Then, for all x € I2, we have

2
(F)(x) = %/(; Q[F(®'(x))]dt = %I*IQ[F(I(X))]-

Proof. Let F : H* — H be a vector field in H* (not necessarily in Q), pick any x € 12 and set w = I (x).
By the definition of the Banach space #¥, we have

00 00 00 2w
Fw)=) (Fw)"en=)_ (Z(F(w));" cos(lr))em, (Fw))}" = % | (F@))" cos(in dr.
m=0 m=0 “[=0
Then, the definition of the linear flow together with the definition of the projection Q yield
QIF (w)] =Y (QIF))"em =Y (F(w))s cos(@nt)en,
m=0 m=0
00 00 2
LrorFw =4 ;)(F(w»;;,,,em = %;}(% /O (F(w))" cos(wmr>dz)em
1 2 1 21
=5 /0 ,,;(((D LF(w))"en) dt = 5~ fo O [Fw)ldt=(F)(x). O

Then, we express the Q-equation in the configuration space introduced above.

Lemma 2.8 (the Q-equation in the configuration space). Let p > 0and q, : B, C K — R be the solution
map to the P-equation derived in Lemma 2.6. Also, let x € ls2 42> and set v = I(x) € B,. Then, the

Q-equation (2-12) for v is equivalent to

BAx + () (x) = =21 T QIFUI (%) + gL (x))) — F( (X)]. (2-16)
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Proof. Let p >0 and g, : B, C K — R be the solution map to the P-equation derived in Lemma 2.6.
Also, let x € Q, and set v = I(x) € B,. Then, we rewrite the Q-equation given in (2-12), that is

—2BAv=0f(w+qL),as
—2BUI (x) — QF(I (x)) = QF(I (x) + g1 (I (x))) — QF( (x)).
Since U1 (x) = I2x, by applying —%I‘l to both sides, we get

BRAx + 517" Q1 (x)) = =317 QIF( (x) + g (I (x))) — F(L (¥))].
Now, the claim follows by the averaging identity due to Lemma 2.7. (Il

It remains to show that there exists a solution to (2-16). To this end, we define
x=ek, |Bl=¢ (2-17)
and (2-16) becomes
£ AU(e8) + () (€8) = =317 Q[ (€8) + g1 (I (€8))) — (I (£))].
On the one hand, (2-5) and (2-8) yield
£ U(eE) + () () = £UE + () () + () (6) = € (U + (V) ).
On the other hand, (2-5), (2-8) and the averaging identity from Lemma 2.7 yield

LI Q11 (€8) + 1. (1 (€8))) — F(I (e€))]
=7 OIFP (T (€8) + gL (€] + ST Q[P (I (€8) + gL (I (€8))) — FP (I (€))]
= 317 QI (I (e8) + L PP (I (e€)))] + €26 (5),

where we set

G () =[S QTP U (e8) + gL (€6))) — P (I (6) + L, PP (1 (€6)))]

+ 37OV U (e8) + gL (€8)) — P (T (€)]].  (2-18)
We apply the averaging identity and the notation from Lemma 2.7 to the map v — @ (v + Ll_1 P§®(v)),
which is a vector field from #! to !, to obtain

LI QI (e8) + .1 (I (€8))) — (I (€8))]
= L7 Q[P U (e8) + L, PP (1 (e6))] + € B (£)
= 117 QP U (e86) + LT PR (€))] + €8 (§) + ERe (€, )

2
:% /0 O~ (FP (@ () + LT PFP (D' (£)))) dt + €6 (€) + €Re (8, m)

= FQ( )+ LT PFP())(€) + €6 (6) + € R (¢, ) = € (Fe (§) + B (§) + Re (8, w)),
where we set
R @) =€ 317D (I (e§) + L, PiP (1 (e8))) — P (I (§) + LT PFP (1 (e6)))].
Fe®) = eGP+ LT PFP () (€8).
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In conclusion, the Q-equation (2-16) can be written equivalently, for € > 0 sufficiently small, as

A + (FO)(E) = —(Fe(€) + B (6) + Re (€, @)). (2-19)

However, instead of (2-19), we focus on a modified version, namely

2

A& + (FV) (&) = - (3 &) +0§) £ —— N, w)) (2-20)

Notice that (2-19) coincides with (2-20) provided that w?—1=42%.

Remark 2.9. Since §? is differentiable and quadratic, and (f®)(£) = 0 for all initial data £ € ls 130
it follows that §¢ (&) is differentiable and [|F.(§)]lo S 1. Later, in Section 2F, we compute the exact
expressions of §o(&) for general initial data (Lemma 2.13), §(§) for small € close to zero and 1-mode
initial data (Lemma 2.14), as well as the differential d§o(&) at the 1-mode initial data (Lemma 2.15).

In the following, we estimate the error terms. To begin with, we estimate R (§, @).

Lemma 2.10 (estimate for R (§, @) and deRc(§, @)). LetO <o < 3 andpzck any w € Wy,. Also, let
Eel? 43 be any initial data. Then, we have

IR (€, @)lo Sl =11, [d:eRe (€, @)kl S lw” — 1] hlys.

Proof. Let 0 < o < L, and pick any @ € Wj,. Also, let £ € [?
€>0,setv= 1(65) and compute

43 be any initial data. Firstly, we pick any

fP0) =Y (P W)e; = Z(Z(f@(v))f cos(lr)) e,
j=0 =0
Pi® () = Z( Y (P cos(lt)) e,
j=0 N1 wo
L' PiP () = Z (f(z)(v)), cosm))ej,
j=0 J

M%E

p— f— 1 j
(Lw] —L; l)Pf(z)(v) ( w2 J2 — 12) (f(z)(v))lj COS(ZI))Q’

P(w?-1)
(wj—ﬂ @) (w? —12)

*r

I#¢ w

Me 1M

20
(s
(2

(2 @) cos(n))e ;-

.
Il
(=]

l

sLPe

Secondly, we note that
1L, PR €€l S€° LT PP U (€)1 S €. (2-21)

These can be easﬂy proved using the Diophantine condition, the elementary inequality |z > =l 2| > 1 (since
@ € W,, both wj >1and/?>>0are integers with @; # [), the Lipschitz estimate ||f(2) (u) ”Hf s ||u||H§
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forall u H’Y‘ with ||u ||H§ < € (which follows from Lemma 4.5), together with (2-15). Indeed, we infer

13 S EUCHFED DRSS w—(f(z)(l(é-§)))1 a4
j=0 =0

Sa )™ Z [GRUGINARIET S

j=0 1=0
< IIf(”(I(eS))II?{l S I (E€)I3, =e4||1<§>||;§ =eEN1G < 1815,

1L PIOUENGy =3 7" Y | ——

J=0

=0
<Y IGPU N P+
j=0 =0

f(z)(l(eé))), (1 +1%)

< IFPU N5y S €3 = IG5, = €* 1115 < €'1E]{ -

Next, we use the above together with the Lipschitz estimate for {? (see Lemma 4.5) and the fact that
I7':H! — O to obtain
ElReE, @)llo =317 QP U (€8§) + L, PFP (1(e6) = FP (U (§) + LT PFP U ()]
SIFP U €8) + L, PFP(1(€8)) — P (I (&) + LT PFP (1 (€6))) g
S (€&)+ L, PFP U (€6)llgp + 11(e8) + Ly PF (1 (€6)) 30
1L, PP (1 (e8)) — LT PP U (€6)) 13y
SelLy' =LY PP U (€€)ll3-

Once again, the Diophantine condition, the elementary inequality |zzrj.2 —[?| > 1, the Lipschitz estimate
152 @)l Ss ||§{§ for all u € H§ with [[ul|;x < e (which follows from Lemma 4.5), together with (2-15)
imply that

(Lo~ L‘I)Pf(z)(l(es))lli;

=|w?— 1] Zﬁs

So [ = 1] ZﬂsZuz(f@)(l(es»)ﬂz(l+z2)§|w — 1 ZJZSD(f@)(I(es))){F(l+12)3

=1 =1
<lw?-1] ||f<2)<1(es>>||ﬂg5|w2—1|2||1(es)||;§3=|w —1|Ze4||1<s)||H35|w — 117" €[} 5

12

2
oD@l ) (1 +12)

(72 (1 (¢£)))]

Finally, putting this all together yields | R (&, @)||g < |@? — 1|, which completes the first part of the
proof. The estimate for the differential follows similarly. U

Next, we estimate &, (£) and its differential.
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Lemma 2.11 (estimate for &.(§) and d:&.(§)). Let § € ?
continuously differentiable with respect to &, and we have

1EE)llo Se,  N1deBe(E)lhllg < €lhlsts.

Proof. Let & € ls 3 be any initial data, and recall the definition of &, (&) from (2-18). The claim follows
by Lemmas 4.5 and 2.6 together with (2-15) and the fact that 7 ~' : H! — Q. Indeed, since

11(e6)llsg S ellEllo. gl €€l S 162, < el (2-22)

s+3 be any initial data. Then, &.(§) is

we can estimate
|37 QP U (e8) + g1 (e€) = FP (U (€§) + L, PfP (T ()]
SIFP U (€8) + gL (€8) —F2 (I (e6) + L, PFP (1 (e6))) 3

Sellgr(€§) — Ly PP €)llyy Sell €3y S €
and

[317 1Ol U (€8) + g1 (€6)) — P U (6]

SIF U (€8) + g1 (€6) =TV U (€€l ST (€8) +qrU €Dy + I (€613, 1gLU (€6))llag
S EO3 +1lgL U €D gL (€€l S €.

The estimate for the differential follows similarly. O

It remains to show that there exists a solution to (2-20), that is
&2

+A£ + (V) (6) = (&(%‘)Jr@(f;‘)i — R w)) = ML) =H(E),  (2-23)

where we set
2

2
M (£) = £AE + (FD)(©) + Fo (&), HeE) =Fo®) = Fe(®) — (&) F — < — R @)

We refer to 91 as the modified operator. Note that Lemmas 2.10 and 2.11 and the smoothness® of F. (&)
with respect to € yield

19eG)llo Se,  NdeHE)Mhlllg < €lhlsis.
The following result constitutes the main modification of Bambusi—Paleari’s theorem.

Lemma 2.12 (solution to the Q-equation). Define the modified operator
M (x) = £2Ax + (V) () + Fo(x),
and let &y € 152 3 be a nondegenerate zero of My, that is

M+ (o) =0, ker(dM+ (o)) = {0}

8In Lemma 2.13 we show that Fe (&) is smooth with respect to €. As one can see in the proof of Lemma 2.13, F¢(£) is in fact
linear with respect to €. See (2-25).
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2
s+3°
(2-19) with the plus sign. Furthermore, we have the estimate |&(€) — &|s13 S €.

Then, there exists a positive €y and a Lipschitz map & : [0, €g) — | € — &(€) that solves the Q-equation

Proof. The proof follows from the implicit function theorem and is similar to the one of Proposition 4.8
in [Bambusi and Paleari 2001]. Let & € ls2 3 be a nondegenerate zero of the modified operator 91, and
define the map

G:RXIy—H, (.8 > Ge, &) =Mr(E) — He (),

and note that it is Lipschitz, differentiable at € = 0 and it vanishes at (¢, &) = (0, &). It remains to show
that its differential with respect to & at (0, &), namely

dg(0,&) : 125 —H!, X dG(0, &) (X) = dM (&) (X),

2

43 that solves the

is an isomorphism. Equivalently, this means that, for all ¥ € !, there exists X € [
equation d9My (&) (X) =Y, with

dM 1 (§0) = £A+d (D) (&) + dTo (&)

Now, the operator d)14. is a Fredholm operator since it is the sum of a Fredholm and a compact operator
due to the facts that f(3) and §.(£) are bounded on ls2 3 and that they are differentiable with bounded
differential. Since the defect index of d9)1L(&p) is O from the nondegeneracy condition, it follows that it
is an isomorphism, and thus we can apply the implicit function theorem. Note finally, that the range of €,
defined by €g, does not depend on @, since G depends continuously on @ and all the necessary bounds
hold uniformly with respect to @ . ]

Finally, we prove Theorem 2.5.

Proof of Theorem 2.5. Let w € W, be fixed. Then, according to Lemmas 2.6 and 2.12, there exists €g > 0
such that the map [0, €p) > € — (eI (&@€),q1(el (& (e)))) solves both the P-equation (2-11) and the
Q-equation (2-12). Furthermore, pick @, such that € (,) = €g. Then, the function eX(w) = i%(wz )
solves (2-13), and the map @ > (e (§(e(2))), g1 (€I (§(e())))) defines a family of solutions to (2-10)
labeled by @ e W, N[1, 1+ @,] or w € W, N[l — @,, 1]. Finally, the map € — () is one-to-one,
and hence this family can be also parametrized by

€e€lyy=eWu N[l 1+w@,]) or e€€&y, =cW,N[l -, 1]). O

2F. The function §¢(&). In Lemma 5.8, we prove that @i‘,m =0 for all integers i, j, m >0 withi + j < m.
Moreover, by its definition (2-6), €; jm 18 also invariant under any permutation of the indices i, j, m. For
future reference, we now use these additional properties of the Fourier coefficient € to compute:

e §o(€) for general initial data (Lemma 2.13),
o §c(&) for small € close to zero and 1-mode initial data (Lemma 2.14),

e dTop(&) at the 1-mode initial data (Lemma 2.15).
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Lemma 2.13 (computation of §o(§) for general initial data). Let & ={£" :m >0} € ls2 13- Then, for all

integers m > 0, we have

9 — Cijv o
SoE)" == ¢ ErEIES 1w —w; +w, o, =0)
4K§O o ijZ>0 @] — (@i —w;))? X:I:: l ' o
T w,-fz’zrj;ézl:wu _
9 — Cijv o
+ = ¢ LEJEK (o, +o; tw, o, =0).
420 I;O iy e ELAL ; (@i + ) £ £y =0)
T zzr,-+zl"7j;é:|:wv

In addition, the function §¢ is smooth with respect to €.

Proof. LetE = {&" :m >0} € ls2 3 be any initial data, let € > 0, set x = €§ and pick any integer m > 0.

Then, we compute

FOut k= 0D)" = =3 Cjpu'u’,

i,j>0
(P@ ))N" ==3 Y Cin(@ @) (@' () ==3 Y &jux'x! cos(m;t) cos(w;1)
i,j=0 i,j=0
= —% Z @ijmxixj cos((m; — wj)t) — % Z @ij,nxixj cos((wm; +@j)1).
i,j=0 i,j=0

Then, (P§® (& (x)))™ is given by

—§|: Z Cijmx'x! cos((w; —wj)t) + Z Cijmx'x! cos((w; + wj)t)},
50 =
w,'—lej *+w,, w,'—k—lej;éiwm

and (L' P§® (@' (x)))™ reads

; Com Com
) Z Aix’xj cos((w; —w;)t) + Z — " xixJ cos((wi + @)t |,
i.j20 Wi ,j=0 "t
Wi —wjFELoy wi+wjFELo,

where we used the fact that the eigenvalues of L, are given by A,;; = w2 — [*>w?2. Hence, using the

m
above together with the symmetries of the Fourier coefficients &, = €, for all integers «, v, m > 0,

we deduce that
(P @' (x) + Ly PP (@' (x)))"
=3 Cm(@ ) (@) =6 Y Ceom (D' () (LT PF (@ (x)))"

k,v=>0 k,v>0
=3 ) Cm (L PFP(@ () (LT PP (@ (x)))"
©,v>0

and, by setting x = €&, we infer that

(FP(@' (&) + L PP (@' (€£))))" = 2P (@' ()™ + € (EE)™ + € (F(£)", (2-24)
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where

(FEN" ==3 ) Cam(L' PJP(@ E) (LT P]P (@' (%)),

K, v=>0

(EE)" =6 Y Cepm(®'(€)* (L' PF? (@' (6)))"

Kk, v=>0

=—6 Y Coumé* cos(@,t)(Ly' PFP (@ (£)))".

K, v>0

We set (E(§))" = (E(§))” + (E(§))"), where

s Q:i'v e i
(EENT=9 Z Cevm Z / E'EVE" cos((m; £ wj)t) cos(wict).

2 _ . )2
k,v>0 i,j>0 @, — (@i L))

lwitw@|#|my]

Next, we first apply the linear flow and then the average in time to obtain

FeEN™ =3P + LT PFP () (e8)™

3 pr2n
=5 | (@G0 @ @)+ L7 P00 o) dr
_6_1 o te(2) /ot m 1 o t m € o t m
=37, (@' 2 (@' (©))) di+5— 5 (PUEE)™ dt + 5 ; (@ (F&))" dt
2 2w
_ 12 1 m € z m
=€ (T +5- ; (@'(E&))) dt+ 5~ A (P (F (&))" dt
1 o t m € n t m
=3 (@UEEN™ di + 5~ ; (P'(F (&))" dt, (2-25)

where we used the condition that §® is nonresonant (2-8). Then, since (E(£))" = (E(£))" + (E (& N,

the latter at € = 0 boils down to
1 21 . " 1 2 " "
So(¢) = 7 ), (P(EE)"dt = 7 ), (EENT+ (EE))L) cos(my,t) dt.

Finally, we use the facts that

2
/ cos((wm; — @ )t) cos(wt) cos(wpt) dt = % Z (o —o; o L@, =0)
0 +

to compute
1 21
7 ; (E(E)" cos(wut) dt )
IV F Cijv igjgx N _
=1 ZOCKum ‘ZO 22~ (o; _wj)2$ §'¢ ;l(w, w; + o, @, =0).
K,v> Lj=

|wi—wj|#|@y |

The term with the (E(§))} follows similarly and completes the proof. U



NONLINEAR PERIODIC WAVES ON THE EINSTEIN CYLINDER 2337

Lemma 2.14 (computation of §.(§) for small € close to zero and 1-mode initial data). Assume that
@, =n+2 forall integers n > 0. Let y > 0 be an integer, R, € R and & be the 1-mode initial data, that is,

E"=R,1m=y), m=0.

Then, for all integers m > 0, we have

2 L@l # (2@)2))

2y
m 9 ¢
FeE)" =0, HLm=y)+0@)., 6= g(“yyv)z(w_g T o w, )

Proof. Let y > 0 be an integer, and define & as the 1-mode initial data, that is §" = &, 1(m = y), for all
integers m > 0. Then, for any integer m > 0, we use the definition (2-6) to compute

GP@EN" ==3 ) Cjm(@' (&) (D' (§))

i,j>0
=-3 Z Q_tijmgiéj cos(w;t) cos(wt)
i,j>0
= —3ﬁ)2,€yym cosz(w,,t) = —%R}z,éyym[l + cosLmy, 1)].

Recall the definition of the eigenvalues @w; =i + 2 for all integers i > 0. Then, we have
On#0 = m=>0 and oy 2w, <= m#*E2y+2.

Hence, we infer

(Pf(Z)((pt(%-)))m — —%R)Z/Eyym[l + 1(m ;é 2]/ —+ 2) cos(2wyt)],

- t m 3 e 1 1(m ?é 2)/ + 2)
(L' Pf@ (@' ()" = —Eﬁ}%@:wm[; + — iy cos(2zzryt)i|,

m

where we used the fact that the eigenvalues of L, are given by (2-14), i.e., A,y = w,fl — 1?2, In addition,
we set x = €&, and (F® (&' (x) + L] Pf@(@(x))))" is given by

=3 ) Coum(@'(e8) + LT PP (D' (e£))) (D' (¢8) + LT PfP (9" (¢8)))"

k,v=>0

=3 > Coml(®'(€£)* + (LT PF? (D' (€£)*I[(@(6))" + (L' PP (D' (€£)))"]

Kk, v>0
=-3 ) Coum[(P'(8))(P'(€8))" + (P (e£))* (L] PJP (@' (€8)))"

o= + (D' (e£))" (LT PIPU(D" (e€)) + (LT PFP (D' (€£)) (LT PP (D' (€8)))"]
=3 Com(P(€6)) (D' (€6)' =6 Y Cpm (D' (€6))(LT' PFP (@' (€£)))"

Kk, v>0 K,v>0

=3 Com(Ly PFP(@' (€6))) (L' PF? (@' (£)))"

Kk, v=>0

=EFP(@' @) +(EE)™ + e (F )™,
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where we set

(FE)" ==3 Y Cam(L' PP (@ ©) (L' PfP (@' ()",

«,v>0

(EE)"==6 Y Cpn(@' ) (LT PF? (D' (£)))"
K,v>0

1 1w#£2y+2)

=9R? CeomE" Dy | —5 + 5 cosQu, ¢t
” Z & cos(w 1)), |:wv2 + zzrvz—(Zzzr},)z cos(2w, )]

«,v>0
= = 1 110v #2y +2) 110v #2y +2)
= 9.@73/ g Q:yvmetyyv |:<ZD'_VZ + Em) cos(w,,t) + zm COS(3wyt)] .
Now, we first apply the linear flow and then the average in time to obtain
F &) =€ (P + LT PFP()))(e)

_3 pr2n
=% | (@@ e+ L' PIO@ )" di

—1 2 2 2
=5 | (@ dP@©n)” di+ 5 @ EG) dr+ 5 | @ FE)" dr.

On the one hand, due to (2-8), we have

2
L (@@ @" 6))" dr = ((P) &) = 0.

2 J

On the other hand, we use the orthogonality of the cosine function together with

Oy =w, < m=y and oy =3w, << m=3y+4
to compute

1 2w
t m
2 ), (P (EG))™ dt

1 27

=5 ; (E (&))" cos(mt) dt

w? 2 w?—Qw,)?

— - 1 1 2y +2 m
:9;5?/ Z@yvmng[< lM)%/ cos(wt) cos(wy,t) dt
v>0 0

1 (v #2y +2) 1
2 w?—(Q2w,)? 21

2
/ cos(3w, 1) cos(my,t) dt:|
0

:9ﬁ3 Q: va: v — 1 — _—1 _ 3 4
y yvmCyy |:(2w§ T3 - (2w,)? (m=y)+7 iy (m=3y +4)
v>0
S F o2  0v#F2y+2) 943 €y vy +4Cyp
= 3% 2 G S T =) + -/ CrusysaCypvy
47 1)>O( yyv) (wvz + w?— Qw,)? (m=y)+ 4% § w2 — (2w, (m=3y+4)

VE2y+2
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Finally, we note that Ey,v,3},+4€yw = 0 for all integers y > 0 and v > 0. This follows immediately from
the fact that ¢; im = 0 for all integers i, j, m > 0 with i + j < m due to Lemma 5.8 below. Specifically,
we have éwv = 0 since v > 2y, and éy,v,3y+4 = 0 since

0<v=2y = y+v=3y<3y+4
Consequently, we conclude that

1
w?— Qw,)?

v

1 2w 9 3 2y _ ) 2
2w | @EG =8 Y G (;+
v=0 v

= )l(m =y). O

Finally, we compute the differential of F(£) at the 1-mode initial data.

Lemma 2.15 (differential of §o (&) at the 1-mode initial data). Let y > 0 be an integer, &, € R and & be
the 1-mode initial data, that is

éf-m:ﬁyl(m:)/), mZO
Then, forall h € ls2 3 and integers m > 0, we have

(@Fo@[AD)" = & [ayuh™ +1(0 < m < 29)b,nh™ "],

where
— — 2 J— —
a 7 mzﬂ/ (Q:}/vm)2 + 2 i (Q:myv)2 + 2 4 Q:mvmc:)/)/v
) o) — (Ot wy)? 2 - wy—(wn—wy)? 4 o]
=0 v;éi(m y) -2 B
and
Q:Zy —m,v mQ:yyv 9 pan Eyva_:Z)/—m,y,v
bym = Z > T3 Z 2 2
4 —Qwy)? 2 oy~ (Dym —@y)

p=
vELE(m—y)—2

Proof. Let y > 0 be an integer, &, € R and & to be the 1-mode initial data as above, and pick any & € ?
€ > 0 and integer m > 0. Then, we set E=E+eh,and according to Lemma 2.13, we have

5432

(FoEN™ = (Fo-EN™ + For- EN™,

where

_ Ciin A
o E)" =7 Z Com Y g S EHEE Y (o Lo, = 0)
+

~ iz0 v (w; — @;)?
- w_/_;ézl:wu
and
2 9 = Eijv 2
Fo+EN" =~ Cevm S (wi + o + o oy, =0).
4 ng:() . i,]XZ:O @} — (@i + @) X:I:: l ! )

wi+wj#tw,
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We expand’ Fos (é) = Fo+(§) + € - dFo+(&)[h] + O(€?) and, using the definition of the 1-mode initial
data, we obtain

@3- @U)" =3 3 Cam Y — S

—(wi—w))?

K v>0 i,j>0
W FLw,

WEEHENEHEE N N —wtw twy, =0)
+

_ [F .

=Rf212N "¢ vy WS Yw—w, o, @, =0

}/ 4§ yvm g ZD'VZ—(ZD'l—ZD'y)Z ; ( 1 y ]/ m )
N zzr,-—zzr;;é:tw\,

9 sy Q_:ij H
+—E Cum E 5 2h] E W(w, —wjtw,tw, =0)
4v20 0 wy— (o), —@)) ~
@, —wj#Ltw,

9 = Cyyv —
+7 2 Com —y —wy)ZhK Y 1wt wm, =0)
k,v=>0 +

Recall the definition of the eigenvalues @; =i +2 for all integers i >0 and also recall thatm, i, j, x, v, y > 0.
Then, we have

i=mandv #=£(m—y)—2,
= i=2y—mandm <2y and v # +(m — y) — 2,
i=2y+m+4andv#2+m+y,

w;, —w, *tw, *w, =0,
w; —w, #tw,

j=2y+m+4andv #2+m+y,
oy, —owj o, o, =0, .
— j=2y—mandm <2y andv #+(m—y)—2,
w; # *w,

v~ j=mandv#£+(m—y) -2,

=k —4,
to.+tw, =0 <<— {m * & k=m.
m=«k,
Therefore, we infer
x ~ 2 oo < -~
— 9 (Q:m V) 9 Q: v
R 2 dXo_ h m __ hm Z )4 Z VV
2 (dFo-()[h]) [2 2_(:) s g 42_3 wz
vEE(m—y)—2 =0
00 —_ _
— 9 vamQ:Zy—m A
+h* ’"l(OSmSZV)[— —
2 § o) — (@oy-m — @)’
vEE(m—y)-2
o _ _
+ h2y+m+4[2 Z €yomCoy +md.y.v ]
2 V=0 w\% - (w2y+m+4 - w—y)z
v#E2+m+y

9Here, the notation O(e2) for a function of £ or h refers to a function that is bounded by €2 in the Q-norm using the /s 3-norm
of & or h.
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Similarly, using the definition of the 1-mode initial data, we obtain

Cijv
w?2—(wi+w;)?

@304 D" =2 3 Cem Y

K, v>0 i,j>0
wi+wjFttw,

AWETEHE W E HEE N Y Wit wLwe L, =0)
+

9 - €i)/v i _
Zv>0 Qtyvm § w\)z_(wi+wy)2hl;l(w-i—i_wyiwyiwm_())

wit+wy, Fro,

9 = Q:ij i
= ¢ h’ 1 itw,+ =0
+7 yvm Z . Ry S— Zi: (wy+w;tw,tw, =0)

9 - Yo, +w, #+w,)C
+Z Z Cevm ;2_(};5 +wv)2 yyth21(wy+wy:l:wK:i:wm =0)¢.
K, v>0 v 4 4 +

As before, recall the definition of the eigenvalues @; =i 4 2 for all integers i > 0 and also recall that
m,i, j,k,v,y > 0. Then, we have
o, +w, tw, tw, =0, — i=—44m—2yandm>442y andv#+(m—y)—2,
w; +w, # Tw, i=mandv #24+m+y,
w, +w;tw, o, =0, — j=—44+m—-2yandm>4+42y andv #£(m—y)—2,
j=mandv #2+m+y,
k=—4+m—2y andm >442y and v # 2+ 2y,

— k=44+m-+2y andv #2+2y,
k =2y —mand m <2y and v # 2+ 2y.

wy, +w; # *w,

{zzry+wy:|:zer:l:wm=O,
o, + o, # tw,

Therefore, we infer

R, 2(dTo4 (E)[AD"
9 = (Eyvm)z :| 44-m+2 [9 > €4+m+2y v me_tyyv]
=p| 2 +h m+2y | 7 >V,
[2 UX:(:) w}— (on+wy)? 4 VX::O w?— (2w,)?
v£2+m—+y V#E242y

o0 e o~

9 Coom€y —a4m—2 9 o= Coaima ¢ ]
—4tm—2y 9 yvm &y, —44m—2y.v 9 —44+m—2y.v.mCyyv
+h 1(m Z4+2y)[2 E +4 EO

v

— wvl - (wy + w_—4+m—2y)2 _ wv2 - (2wy)2
vEE(m—y)-2 V#E2+2y

Qtnym,v,m Q:yyv

2y—m 9 =
+h? 1<05mszy)[;1 >

V=
v#E2+2y

w?— Qw,)? |

Putting this all together yields that

£,2@oE)[hD)" = &, [(dFo—E)[AD" + (dTo+ (E)[AD™]
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is equal to
B |:2 i (Q_:yvm)2 + 2 i (Q_:myv)2 2 i Emvm_yyv:|

2 &~ w2 — (on+wy)> 2 s w2 — (o, —wy)? *3 ~

v#E2+m+y vEE(m—y)-2
9 — & ¢ 9 um®
h2y7m1 O < < 2 Z y—m,ym>~yyv Z yvm y—m,y,v
+ O=m= J/)|:4 ; - (2w,)? *3 Z w2 — (Woy—m — @y)?
vE2+2y vEE(m—y) -2

+h4+m+2y|:2 i E4-i-m-i—2y,v,mQ_:)/)/v 2 i Q_:yvme_:2y+m+4,y,v :|
2 w
0

4 =0 wUZ - (Zwy)z y=0 1;2 — (@2 4m+4 — w_y)z
VE2R2y #2
9 = @ [ 9 o= Caimo2yum@
R Hm2r ] (o Z4+2y)[— yomSy —4im=2yo 9 —4+m=2y,v.m wv:|.
2 2:: w2 — () + @_s4m-2,)> 4 VXZ(:) w}— (2w,)?
vEE(m—y)-2 vE2H2y

Finally, we simplify the formula above and show that
(2-26)
(2-27)

€4+m+2 ,v,m¢ v — ¢ vm€2 +m+4,y,v = 0,
v vy 14 14 v
Q:yva:y,—éH—m—Zy,v = Q:—4—|—m—2y,u,mQ:yyv = 07

forall y,v,m >0 and all y, v >0 and m > 2y + 4, respectively. These follow immediately from the fact
that @,-jm =0 for all integers i, j, m > 0 with i 4+ j <m (Lemma 5.8). Specifically, we have Q_ﬁyw =0

since v > 2y, €4+m+2y’,,,m =0 since

O0<v<2y <<= m+v<m+42y<d4+m+2y,
as well as éyvm =0 since v > y +m and €2y+m+4,y,u = 0 since

O<v<y4+m <+ ypy+v<2y4+m<2y+m-+4
which prove (2-26). Similarly, we have Eyvm =0sincem >y +v, Ey,_4+m_2y,v = (0 since

O<m<y+v <<= —Ad4+m-2y+y=—4d4+m—-—y<-—-44+v<y,

as well as va = (0 since v > 2y and (T:_4+m_2y,v,m = 0 since

O<v<2y & —Ad4+m-2y+v=<—44+m<m,

which prove (2-27). Using the same argument as above (Lemma 5.8), we also infer EWU =0since v > 2y
and Ewm = (0 since v > y + m. Hence, the latter reduces to

+ — + — = =
nm |:2 mXi/ (Qtyvm)z I 2 mX]:/ (Q:myv)2 4 2 s Q:mvme:yyu]
P wmi—(mntwy)? 2 = ol (on-wy)? 4 oy
v#EE(m—y)—2
v = . m+y
— 9 €2y—m v me:yyv 9 Q:yva:Zy—m Y,V
+ h? ml(0§m§2y)|:— —y—mymEyyy 4 2 2 O
4 ; oy —Qwy)* 2 = wy—(mym—y)?

vEE(mM—y)—2
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3. The linear eigenvalue problems

Next, we the study the linear eigenvalue problems where the linearized operators are given by (1-14). In all
three models, the associated eigenfunctions are given by Jacobi polynomials, which is a common feature
with the Einstein—Klein—Gordon system in spherical symmetry [Maliborski and Rostworowski 2013].

3A. Conformal cubic wave equation in spherical symmetry. We consider L2((0, 77); sin(x) dx), a
Hilbert space, and associate it with the inner product

(f18)=2 f F()g(0) sin?(x) dx.
0

For the conformal wave equation in spherical symmetry, the operator that governs the solutions to the
linearized equation is given by
1
Lu= —max(sinz(x)axu)+u, D(L)={u € L*((0, 7); sin?(x) dx) : Lu € L*((0, 7r); sin®(x) dx)}.
X
The operator L is generated by the closed sesquilinear form a defined on (H L((0, 7); sin®(x) dx))? that
is given by

a(u, v) :/ (0xu0xv + uv) sinz(x) dx
0

2

and a(u, u) >~ ||u ”Hl((O,r[);sinz(x)dx)'

2

In particular, L is self-adjoint on D(L). Now, the eigenvalue problem
Lu = w“u reads

9, (sin? (X)), u) + (@* — 1) sin®(x)u = 0,
and, by setting u(x) = v(y) and y = cos(x), it becomes
(1=yH"(9) =3y (y) + (@ = D(y) =0.
The latter has nontrivial solutions if and only if the solutions are given by the Chebyshev polynomials
of the second kind [Szegd 1975], that is v(y) = U,(y). Hence, the solutions to the eigenvalue problem

2

Lu = w”u are given by

en(x) = Uy(cos(x)), = n+1)72 (3-1)

for all integers n > 0. In addition, the set {e, : n > 0} forms an orthonormal and complete basis for
L%((0, ): sinz(x) dx). In fact, (e, | e;;) = 1(n = m) for any n, m > 0 due to the orthogonality of the
Chebyshev polynomials of the second kind.

3B. Conformal cubic wave equation out of spherical symmetry. We consider L*((0, 3); sin(2x) dx), a
Hilbert space, and associate it with the inner product

/2
(f|g)=/(; f(x)g(x)sin(2x) dx.

For the conformal cubic wave equation out of spherical symmetry, the operator that governs the solutions
to the linearized equation is given by

2 2
ax(sin(zx)axuwr(_“21 + 12 +l>u

Lm2)y, — 5
sm”x  COs“ X

sin(2x)
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endowed with the domain D(L#1:#2)) defined by
D(LH112)) = {u € Lz((O, %) sin(2x) dx) SLHH)y e Lz((O, %) sin(2x) dx)}.

The operator L(#1:42) is generated by the closed sesquilinear form a defined on (H ! ((0, %), sin(2x) a’x))2

that is given by
i I 13 .
a(u,v) = Oxudx v+ | — 5>—+ 3 4+ 1 )uv ) sin(2x) dx,
0 sin” x COS~ X

and Hardy’s inequality yields a(u, u) 2 |lull g1 (0, x 2):sin(2x) ax)2- I particular, L(#1-12) 5 self-adjoint on
D(L#1:142)) Now, the eigenvalue problem L*“1#2)y = )%y reads

. 2 2
cosx sinx " 7
Bﬁu—l- - — Ol — 21 + ; +1-—w? u=0,
sinx  cosx sin“x  cos*x

and by setting u(x) = v(y), v(y) = (1 — y)*/2(1 + y)*2/2w(y) and y = cos(2x), it becomes

(1 —yHw () + [(12 — w1) — R+ p1 + p2)yIw' () + 3lo® — (L + w1 + p2)*lw(y) =0.

The latter has nontrivial solutions if and only if the solutions are given by the Jacobi polynomial with

parameters (41, o) and degree n > 0, that is w(y) = Pn(“ H 2)(y). Hence, the solutions to the eigenvalue

2

problem L*“1:#2)y = )%y are given by

e 112) (x) = N2 (1 — cos(2x))"1/2(1 4 cos(2x))2/2 P11 (cos(2x)),

(3-2)
(Wi H) = 2n+ 1+ iy + 1),
for all integers n > 0, where the normalization constant reads
Nw#szwﬁw”rm+Drm+urwu+n o)
! 2t T4y + DP(n+pa+ 1)

In addition, the set {e/"""*?) : n > 0} forms an orthonormal and complete basis for L2((0, %); sin(2x) dx).
In fact,

(e(myuz) | e(m,uz)> =1(n=m)
n m
for any n, m > 0 due to the orthogonality of the Jacobi polynomials.

3C. Yang-Mills equation in spherical symmetry. We consider the Hilbert space L2((0, ); sin*(x) dx)
associated with the inner product

[flg]=/0 £ (x)g(x) sin*(x) dx.

For the Yang—Mills equation in spherical symmetry, the operator that governs the solutions to the linearized
equation is given by

Lu=— 3, (sin® xdyu) +4u, D(L) = {u € L*((0, 7); sin* x dx) : £u € L*((0, 7); sin* x dx)}.

sin* x
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The operator £ is generated by the closed sesquilinear form a defined on (H 10, ); sin* x dx))? that is
given by
T
a(u, v) =/ (0, ud, v + 4uv) sin*(x) dx
0

and a(u, u) ~ ||u||
2

HU(O.)zsin x dx)” In particular, £ is self-adjoint on D(£). Now, the eigenvalue problem

Lu = w-u reads

9%u +Ta U+ (@0 —DHu =0

and by setting #(x) = w(y) and y = cos(x) it becomes
1=y (y) = Syw' () + (@ = Hw(y) =

The latter has nontrivial solutions if and only if the solutions are given by the Jacobi polynomials with
parameters (% %) and degree n, that is w(y) = P,1(3/ 2:3/2) (y). Hence, the solutions to the eigenvalue

problem £u = @ ?u are given by
en(x) =M, PO/ (cos(x)), @’ =(n+2)> (3-4)

for all integers n > 0, where the normalization constant reads

9 — Vo, I (1+n)L@4+n)
SR N R

In addition, the set {e, : n > 0} forms an orthonormal and complete basis for L>((0, 7); sin*(x) dx). In

(3-5)

fact, [e, | ¢,y] = L(n = m) for any n, m > 0 due to the orthogonality of the Jacobi polynomials.

4. The PDEs in Fourier space
In this section, we express the partial differential equations (1-13),
@+ Lu=fx,u), (,x)eRxI,

in the Fourier space to obtain infinite dimensional systems of coupled, nonlinear harmonic oscillators,
and we provide basic estimates for the nonlinearities. Here, the nonlinearities are given by (1-15), namely

u’ for CW and WH,

Jx )= { 3u? — sin(x)u3  for YM.

Let u(t, - ) be a solution to any of the three models
CW: (1-3)—(1-4), WH: (1-6)—(1-7)—(1-5), YM: (1-11)—(1-12),
and recall that the sets of the associated eigenfunctions

CW: {e, :n >0} by (3-1), WH: {e1'#2) : n > 0} by (3-2), YM: {e, :n > 0} by (3-4)
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form an orthonormal and complete basis of the Hilbert spaces
CW: L*([0, 7]; sin*(x) dx),  WH: L*([0, Z]; sin(2x) dx), YM: L*([0, ]; sin*(x) dx).

Then, we expand u(¢, - ) in terms of the eigenfunctions and substitute the expression into (1-13) to find
infinite systems of nonlinear harmonic oscillators.

4A. Conformal cubic wave equation in spherical symmetry. For the conformal cubic wave equation in
spherical symmetry, we expand

o0 x
u(t, )= u"(en, eiejec =Y Cijimen. (4-1)
n=0 m=0

to find the infinite system of nonlinear harmonic oscillators
i@ (1) + (Au )" = (f ({u! (1) : j = 0" (4-2)
for all integers m > 0, where the dots denote derivatives with respect to time and
o0
(Au®)" = wpu™ (@), (FQu (@) :jZ 0" == D Cijemut’ (! ()" (1) (4-3)
i,j k=0

4B. Conformal cubic wave equation out of spherical symmetry. For the conformal cubic wave equation
out of spherical symmetry, we expand

o0
(t,-) = Zun(t)er(lm,uz)’ (m H2) (lu H2) (m H2) Z C(m J42) e(i1.12) (4-4)

€i J ijkm €m
n=0

to find the infinite system of nonlinear harmonic oscillators
" (1) + (Au ()" = (F({u! () : j = 0})" (4-5)
for all integers m > 0, where the dots denote derivatives with respect to time and
(Au()" = (w2 (1), (F(lu! (1) j = 0))" = Z Chrinul (D! (u* ). (4-6)
i,j,k=0

4C. Yang-Mills equation in spherical symmetry. For the Yang—Mills equation in spherical symmetry,
we expand

o0

w(t, )=y u"Oen, G@ejX) =Y Cimen(x), s’ (e (X)e;(Xer(x) =Y Cjimen(x) (4-7)

n=0 m=0 m=0

to find the infinite system of nonlinear harmonic oscillators

0" (1) + Qu ()" = (F({u! (1) : j = 0p)™ (4-8)

for all integers m > 0, where the dots denote derivatives with respect to time and

Qu)" =wau™ (1),  Fu' @) :j=0)" = FPu! (1) j = 0D)" + G (u (1) : j > 0H)™,
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with
GOl (1)1 j = 0D)" ==3 " Cju () (1), (4-9)
i,j=0
GO @) j =)™ == D Cjmtd (! (O)u* (1), (4-10)
i,j,k=0

4D. Lipschitz bounds. Recall Section 2 where we define the Banach space

My = {q € HY([0, 271 12) :q() =) _ g/ (1)e; = Z(Z q" cos(lt)>ej, lg 117 < 00}
j=0 j=0 =0

endowed with the norm

||q||Hk—ZﬁS<2|q°f| +Z|q’f| 1+ ) / Zm“(m dr,

where g (1) denotes the A-th derivative of g (¢) with respect to 7. Next, we show that the nonlinear terms
we consider satisfy the following Lipschitz bounds, and we begin by considering the conformal cubic
wave equation in spherical symmetry.

Lemma 4.1 (Lipschitz bounds for the CW model). Let f be given by (4-3). Then, for all integers k > 0
and s > 2, there exists a positive constant (depending only on k and s) such that

1 @) = F @)l S el + 10150 1 = vl
ldf @)[h] = df @)l S luellgge + 0l Ul lu = vl
forallu,v, h e ’Hf with |lullzx < €, [[vllyx < € and ||h]l < €.

Remark 4.2 (regularity of the initial data for the CW model). As stated above, for the CW model, we
require s € N with s > 2. This means that the space of initial data Q =~ ls2 41 1s at least l% (Theorem 2.4).

Proof. Let s > 2 be an integer, and pick any u = {u/ : j >0} € lsz. We also denote by u(x) = Z?o:o ujej (x)
the corresponding function in the physical space and recall the definition of the linear operator L given in
Section 3A. On the one hand, for any integer s > 1, we define the Sobolev space H¢y, for spherically
symmetric functions and find

+o00

||M||%15W=/0 uL*u sin® xdx_zwl‘mﬂ ~ |uf?

j=0

since w; >~ j. On the other hand, note that, with a slight abuse of notation (we denote by u the original
variable as well as the spherically symmetric version of it), we have that the Sobolev space above is
equivalent to the standard Sobolev on S3:

2 2 _ _AS 2
e, = s 5 = /§ (= AL dvols + lula s,
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Here, Ags stands for the standard Laplacian on S* for the round metric and the standard volume form

dvolss. This equivalence yields that Hy, is an algebra since H $(S?) is an algebra provided that s > %

Then, picking an integer s > 2 and u, v € ls2 and using the algebra property and the triangular inequality
together with Plancherel’s theorem yield
|F)ls = 1w gy, S Nullggs, = luly,
|f @) = )]s = 6> = v |l g, = [ —v) W +uv+ v,
S Ml = vl gy, luliggs,, + el gy 10l gy, + 1017, )
S Ml = vl gy, luligs,, + 1017 ) = lu = vls(ul + 0I5,
|df w)[h] — df W)[hly = ldf @)[h] — df )[Rl kg, = Id @[] —d )[R k3,
=136’k — 30| gy, S lu? = 02 g, 12l
Sl — vl g, Quell gy, + 10l I Al g, S = vl (uly 4 [v]s) s

This proves the claim for k = 0. Finally, we present the proof for k = 1. In this case, Plancherel’s theorem
yields

1£ @l = 1 @i = 1F @z + 180 £ L2 = 1 L2y + 100 @2

Furthermore, the algebra property and Holder’s inequality together with the embedding H'! < L yield

3 3 3 2
0F OOl iy = 1l 2 = [0 g |2 S Dl 2 < aeae e [l ]
2 2 2 3
= [l e Wl | 5 W g I 2 = a0y Mty < Nt
2 ~ 2 2 2
19: f Nl L2y = 113U dyull 2 gy = [ Ml2e* 8wl s 12 S H”””H;”atu”H; 2= I el || oo 13 ull s 12
= [ all g | 7o [ 0Bpaellae |2 S el | 50 el < Juell?
= ny L?O t I'IxY L[Z ~ Hf Htl H; H[l = HrlHic“
and hence || f (u)||H} < ”””3—11' All the other bounds follow similarly. U
&)

Next, we consider the conformal cubic wave equation out of spherical symmetry.

Lemma 4.3 (Lipschitz bounds for the CH model). Let f be given by (4-6). Then, for all integers k > 0
and s > 2, there exists a positive constant (depending only on k and s) such that

1) = F @)l S Uull3e + 10150l — v,
ldf@)th] = df @)A1 llg S lullage + 0l 1 gt lu = vllags,
forallu,v, h e Hf with |lullzx < €, [[vllpx < € and ||hl < €.

Remark 4.4 (regularity of the initial data for the CH model). As stated above, for the CH model, we
require s € N with s > 2. This means that the space of initial data Q ~~ ls2 41 1s at least l% (Theorem 2.4).

Proof. The proof coincides with the one of Lemma 4.1. O

Finally, we consider the Yang—Mills equation in spherical symmetry.
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Lemma 4.5 (Lipschitz bounds for the YM model). Let §? and {3 be given by (4-9) and (4-10), respec-
tively. Then, for all integers k > 0 and s > 3, there exists a positive constant (depending only on k and s)

such that
1P @) = 2 @) g S Uluellgge + Nl e — vl

1§ @) (1] = dF® @) g S Wllgge e — vl
159 @) =72 @) e < UuallFe + 015011 = vl
1§ ) [h] — d§® W) S Uluellzge + N0l 1l e — vl
forallu,v, h e Hf with ||u||H§ <e, ||v||7_[§ <e€and ||h||%§ <e.

Remark 4.6 (regularity of the initial data for the YM model). As stated above, for the YM model, we
require s € N with s > 3. This means that the space of initial data ls2 43 18 at least lé (Lemma 2.10,
Theorem 2.5).

Proof. Let s > 3 be an integer and pick any u = {u/ : j > 0} € /2. We also denote by u(x) = Z?O:O ujej (x)
the corresponding function in the physical space and recall the definition of the linear operator £ given in
Section 3C. In the following, we claim that the operator

9, (sin* (x) 0, 1)

Aymu =

sin* (x)

coincides with the Laplace-Beltrami operator Agsu on the sphere S° < R restricted to a class of symmet-
ric functions. Indeed, we endow S° with the round metric and consider the standard Eulerian coordinates
(x1 = X, X2, X3, X4, x5) € (0, 1)* x (0, 277), so that y = (y!, y2, y3, ¥*, ¥, %) € S° with y' =cos xy,

i—1

yi = COS X; 1_[ sin x;

j=1
foralli € {2,3,4,5} and y6 = sin X sin X3 sin x3 sin x4 sin x5. The metric element in these coordinates is
given by the standard round metric on S3. Then, for a function u defined on S° that is invariant under
all rotations around the y6—axis, the operator Aypmu coincides with Agsu. We call such functions on S’
“spherically symmetric”. Here, H*(S”) is an algebra provided that s > % We pick an integer s > 3, and
the rest of the proof coincides with the one of Lemma 4.1. U

5. The Fourier coefficients

Here we study the Fourier coefficients, as defined by (4-1), (4-4) and (4-7). Since the eigenfunctions are
given by Jacobi polynomials and since the Fourier coefficients involve products of the eigenfunctions,
these are a priori complicated integrals, depending on the indices of the eigenfunctions. Nonetheless, we
will derive here explicit closed formulas for the various Fourier coefficients on resonant indices.

5A. Conformal cubic wave equation in spherical symmetry. In this case, the Fourier coefficients are
given by (4-1). By taking the inner product (- |-), defined in Section 3A, in both sides of (4-1), we
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deduce that 1
2
Cijkm = ;/ Ui(0)U; (DU () U (3)y/1 = y2 dy,
—1

where we also used the definition of the Chebyshev polynomials of the second kind:
0() = Uy (cos @) = “ent)
sin(x)

for all n € {i, j, k, m}. Next, we call a quadruple (i, j, k, m) of indices resonant if
witwjtwrtw,=0 (5-1)
and study the Fourier coefficients on resonant indices.

Vanishing Fourier coefficients. Firstly, we show the Fourier coefficients vanish on some resonant indices.

Lemma 5.1 (vanishing Fourier coefficients on resonant indices). For any integers i, j, k, m > 0 such that
(5-1) holds with only one minus sign, we have Ci;jx, = 0.

Proof. Let i, j, k, m be positive integers such that w; +®; + wy — w,, =0. Then, m =2 +1i + j +k and,
according to the computation above, we have

1
Citn = [ RNOIUnGWT=32dy. RND) = 2Ui0)U; 0)Us ),

where Ry (y) is a polynomial of degree N =i+ j+k < m, and hence the Fourier coefficient vanishes since
U, (y) forms an orthonormal and complete basis with respect to the weight /1 — y2. The other results
now follow immediately using the symmetries of the Fourier coefficients with respect to i, j, k, m. [

Nonvanishing Fourier coefficients. Secondly, we study the nonvanishing Fourier coefficients on resonant
indices. In order to deal with these constants, one needs a computationally efficient formula. In the
spherically symmetric case, where the basis consists of the Chebyshev polynomials, there exists the
addition formula [Szegd 1975]

p+q min(p,q)

UpMU,D =Y. U= Y Ugpiras(y) (5-2)
r=lg—p| 5=0
step 2

for all p, g > 0. Consequently, we implement the addition formula (5-2) together with the orthogonality
property of the Chebyshev polynomials with respect to the weight /1 — y? to obtain

’ i+j  mtk 1 i mtk
Cin=2"2_ > /_lur<y)Us(y>\/1—y2dy= YooY =9 (5-3)

r=|j—i| s=|m—k| r=|j—i| s=|m—k|

step2  step 2 step2  step 2

Next, we use (5-3) to derive closed formulas for the nonvanishing Fourier coefficients.

Lemma 5.2 (nonvanishing Fourier coefficients on resonant indices: closed formulas). For any integers
i, j, k,m > 0 such that (5-1) holds with only two minus signs, we have Cijxm = Wmin{i, jk,m}-
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Proof. Let i, j, k, m > 0 be integers such that w; +w; — wx — w, =0. Hence m =i + j —k, and assume
for simplicity thati < j, k <m and i <k. Then, settingr =i+ j—pands=i+j—qgaswellast =2p
and t = 2¢, equation (5-3) yields

2i i i

2k k i
Cijim=Y_ Y lp=q)=) Y lt=0)=> > lt=0)=i+1=o.

p=0 ¢=0 t=0 =0 t=0 =0
step 2 step 2

All the other results follow immediately by the symmetries of the Fourier coefficients with respect to
i, j,kand m, O

5B. Conformal cubic wave equation out of spherical symmetry. In this case, the Fourier coefficients
are given by (4-4). By taking the inner product (- | - ), defined in Section 3B, in both sides of (4-4), we
deduce that

1

1 | |

=5 I w~N / (-na+0¥ ] P*@dx,
heli,jk,m) -1 raelisj km)

where the normalization constant Ni’f 1 12) g given by (3-3). As before, we call a quadruple (i, j, k, m) of
indices resonant if
wi(lllvll'z) + w;ﬂlyﬂz) + w}({ul,ltz) + wr(nuh,uz) =0 (5_4)

and study the Fourier coefficients on resonant indices.

Vanishing Fourier coefficients. Firstly, we show the Fourier coefficients vanish on some resonant indices.

Lemma 5.3 (vanishing Fourier coefficients on resonant indices). For any integers i, j, k, m > 0 such that

(m1,pm2) _ 0

(5-4) holds with only one minus sign, we have C; km =

Proof. The proof is similar to the one of Lemma 5.1. ]

Nonvanishing Fourier coefficients. Next, we study the nonvanishing Fourier coefficients. In principle, in
order to deal with these constants, one needs a computationally efficient formula as in the spherically
symmetric case. However, out of spherical symmetry, where the basis consists of the Jacobi polynomials —
although there exists the addition formula
ptq
PISM’M)(X)P;M"M)(X) — Z L(p.q, r)Pr(’”’“Z)(x)
r=|p—q|

for all p, g > 0, similar to (5-2) — the linearization coefficients L(p, g, ) remain unknown in closed form
for generic values of 1 and u,, and hence a closed formula similar to (5-3) is not available in general.
We note that Rahman!® [1981, p. 919] was able to prove that the linearization coefficients of Jacobi
polynomials can be represented as a well-posed hypergeometric function ¢ Fg(1). On the other hand, in
the special case where 1 = u,, the Jacobi polynomials reduce to Gegenbauer polynomials for which the
mm [Cohl 2016], there was a minor typo in Rahman’s published result; in the linearization coefficient in [Rahman

1981], the term (—a« — B — 2m) should be replaced by the Pochhammer symbol (—«a — 8 — 2m)j. The corrected linearization
formula is given in [Cohl 2016].
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linearization coefficients are given by well-posed and closed formulas [NIST 2010; Sdnchez-Ruiz 2001;
Szegd 1975]. Hence, we restrict ourselves to the case 1 = i = and also denote by y the index referring
to the fixed choice of the 1-mode initial data. Then, we derive closed formulas for the nonvanishing
Fourier coefficients for a resonant pair of indices (i, j, k, m) by using the formula [Sdnchez-Ruiz 2001,
(20)] for the Gegenbauer polynomials:

m
€PN =" LumWCE P (x), (5-5)
=0
where the coefficients are given by
1 1 1
Qu+ Dy (3),(3), (1 3), 2+ 20 + Do

L m()") =
K C'm+1) F(m—)»—l—l)(,u-l-l)x(zﬂ"‘%)2;\(2)‘4'2“"'%);11—;\

: (5-6)

valid for any real x € [—1, 1] and integers u, m, A > 0, and (a), = ['(a + n)/'(a) stands for the
Pochhammer’s symbol defined for any a € R with a ¢ {0, —1, —2, ...} and n € N. Notice that (5-5) is a
combination of a linearization and a connection formula for Gegenbauer polynomials. Specifically, we
establish the following result.

Lemma 5.4 (nonvanishing Fourier coefficients on resonant indices: closed formulas). Let y > 0 and
m >y be any integers. Then, we have

14
1
Clitn =5 2 MIP MY () (1),
2=0

where
72T 20 +4p+1)
&En(p) = —.
(4r+4pn+ DL A+ D(T(2u +3))
MUy = | @r+4u+ DT+ DT u+ DT+ p+12)
SRR Z 86 FOAp+DTO+20+1)

Qu+2m+ DT (m—r+ )T+ r+2u+1)
T(m—n+ DT (m+A 420 +3) '

Proof. Let y > 1 be a fixed integer and pick any integer m > y. Then, by the definition of the Fourier
coefficient, the fact that the Jacobi polynomials with equal parameters can be written in terms of the
Gegenbauer polynomials [NIST 2010, 18.7.1],

w reu+nDrm+pup+1)
w =

P (x) = W W1/ (1), — ,
) =W GO W = R Fn r 2k D)

together with (5-5)—(5-6), we have

yymm

1
o) — Lo ) NN 0 (1) N ()2 22 (A 1/2) N2 (A 1/2) N2
chh E(wy" Ny ) (wyy N,,’;"‘)/_](l x7)T(CH (X)) (C1 (x))"dx

Y m 1
1 2u+1/2 2u+1/2
:E(w)(j‘)N;“’“))Z(wfn“)N,(,’f’“))z2 Luy ()Y Lyum(3) f (1=x2)2 YD 0y e (x) dix.
V=0 A=0 -1
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Now, the orthogonality of the Gegenbauer polynomials,

1
/ C P @R TP (01 =) dx = (WL = b,

where &, () is defined above, together with the fact that 0 < y < m yields

14 14
1
CYym = 5 WPONZOZ @ INGEN2 S Ly (0) Y Ly (D& (1)1 (0 = 1)
v=0 A=0

14
1
= S PONZDZ @ ONGEPN Y 7Ly (1) Ly (W)€ ()
=0

14
D MP QM (M)E ().
1=0

NSTR

Finally, setting M,(n“ ) A) = w,(n“ )N,(n” H ))ZLM,,, (1), a direct computation using (3-3) and (5-6) yields the
closed formula for Mf,ﬁ‘ ) (1) stated above and completes the proof. U

Next, we show that the closed formulas we derived above are in fact monotone with respect to m.

Lemma 5.5 (monotonicity of Mi,ﬁ‘ )(A)). Lety >0, m >y and 0 < A <y be any integers. Then, the
Sfunction M,(n“ ) (A) defined in Lemma 5.4 is decreasing with respect to m.

Proof. Let y >0, m >y and 0 < A < y be any integers. The claim follows immediately by computing the
difference M ,(#J)r (M—M f,’f ) (1). Indeed, the identity for the ratio of two Gamma functions, I'(x+1) =xI"(x),
valid for all x € R, yields that M), () — M%” (1) equals

_@A+4u+ DU+ )T 2u+ )T (4 p+ )T (m = A+ 3)Tn+ 2 +2p +1)
PT (A + W +2u+ DEm —A+2)T (m + A+ 20+ 3)

’

which is strictly negative for all m, A and u, and hence M,(# ) (A) is decreasing with respect to m for all A
and u, which completes the proof. (I

Remark 5.6 (closed formulas for C%%n for small values of y). Finally, we note that one can use

Lemma 5.4 to find closed formulas for the Fourier coefficients provided that y is sufficiently small. For
example, for y € {0, 1}, we find that

T(k+ 2\ Qu+2m+ DT (m+3)m+2p+1)
F(M—H)) C(m+ D (m+2p+3)

Fr+3)Y
i)
Qu+2m+1)(—p+2mQu+m+1) = DT (m — 5)T(m +2p+1)

. F(m+1)F(m+2,u+%) .

’

() _ 1
COgmﬂm = E(2M+l)<

1
clm) o (Lt D+ 1><2u+3)(

Figure 1 illustrates the Fourier coefficients C%%n for w =30 and y € {0, 1, 2}, respectively, as m varies

within {1,2, ..., 50).
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1.6

1.4

1.2

1.0 .

0.8

Figure 1. The Fourier coefficients C(3,9,,f,9,) for y =0 (blue/bottom), y = 1 (orange/middle)

and y =2 (green/top) as m varies within the interval [1, 50]. They are all decreasing for
m=>2y+1.

5C. Yang-Mills equation in spherical symmetry. In this case, the Fourier coefficients are given by (4-7).
By taking the inner product [ - | - ], defined in Section 3C, in both sides of (4-7), we deduce that

=[] m/a W] PPy,

r€li,j,m) A€li, j,m}
3/2,3/2
Cim= [] m/ A=y [ PPy,
reli,j.k,m) A€l j,k,m}

where the normalization constant 21, is given by (3-5). As before, we call a triple (i, j, m) or a quadruple
(@i, j, k, m) of indices resonant if

w; *w;tw, =0, (5-7)

o, tw; ot w, =0, (5-8)

respectively, and study the Fourier coefficients on resonant indices.

Vanishing Fourier coefficients. Firstly, we show the Fourier coefficients vanish on some resonant indices.

Lemma 5.7 (vanishing Fourier coefficients on resonant indices). For any integers i, j, m > 0 such that
(5-7) holds with only one minus sign and for any integers i, j, k, m > 0 such that (5-8) holds with only
one minus sign, we have (T:,-jm = 0and €;j, =0, respectively.

Proof. The proof is similar to the one of Lemma 5.1. ]

Nonvanishing Fourier coefficients. Next, we study the nonvanishing Fourier coefficients. In order to deal
with these constants, one needs a computationally efficient formula as in the two previous cases. In the
spherically symmetric case we consider here, the basis consists of the Jacobi polynomials with equal
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parameters, and these are weighted Gegenbauer polynomials [NIST 2010, 18.7.1]

G pa23 g - YETOHD i)
(2)}1 8 l—‘( + ) !

for n € {y,m} and x € [—1, 1]. The latter, together with the definition of the normalization constant

CHx) == (x)

M, from (3-5), expresses the normalized Jacobi polynomials in terms of the normalized Gegenbauer
polynomials as

8 I'(n+3
N, PE/232 (x) =M, 8 Tln+3) CP(x) =1,CP (x), 1w

_ /8
"JET(n+4) "o ”_\/ZJ—(n+1)(—n+3)’

for all n € {y, m}. Consequently, the Fourier coefficients can be written in terms of the Gegenbauer

polynomials as follows:

1
Cijm = 10,1010, / P MCP MR ()1 —yH¥ 2 dy,

1
Cijm = 10101010, f CPMCPMCPMCP (1 =y dy.
1

Then, we derive closed formulas for the nonvanishing Fourier coefficients for a resonant quadruple
(@i, j, k, m) as follows:

o Whenever a Gegenbauer polynomial has an order y such that the weight (1 — y?)*~!/2 (with respect to
which it forms an orthonormal basis) does not coincide with the weights (1 — y2)? with p € {% %} (that
define the integrals above), we use the connection formula [NIST 2010, 18.18.16]

n/2
n/2] A+n—=20 (Wp—e (=2

(n) _ _ _
CM(y) = %am(@cn D) () = —— ST (5-9)

In particular, we are going to use this only for A = p + 1. In this case, the latter is equivalent to the
recurrence relation [NIST 2010, 18.9.7]

CI (x) = —E— (€D () — €5 (o),
n—+u

valid for all integers u > 0 and n > 2.

o Whenever a Gegenbauer polynomial is multiplied by itself, we use the addition formula [NIST 2010,
18.18.22; Sanchez-Ruiz 2001, (19)]

CHD* =) BuOC (). Bur(0) =

£=0

(5-10)

( )(26)'@)@()»),1 20+ 20) ¢
) O+ +A+1),—

» Whenever two Gegenbauer polynomials of different degrees but of the same order are multiplied, we
use the addition formula [NIST 2010, 18.18.22]

min(m,n)

CPMCP M= Y Lam(OCp 2, (5-11)
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where the coefficients are given by
(m+n+2=200m+n—-200 A)eMm—reM)n—eCMmsn—e
(m+n+1=0m—-0'n—=0  Mmtn—eCN)min—20

o Whenever a product of a monomial with a Gegenbauer polynomial is integrated, we use the formula
[NIST 2010, 18.17.37]

gmn)» (f) =

1 1-2—
2 r 20T
/ XZ_IC,(,}L) (D)= XZ))L_I/Z dx = Ti 1 (n—+1_ ) 1(Z) 1 1.\’ (5-12)
0 n T (54 5n+ A+ 52)T (3 + 32— 3n)

valid for all integers A > 0 and real numbers z > 0. Notice that this is the Mellin transform of the function
CP (x)(1 — x2)*~172 restricted to [0, 1].

In particular, we will only need to study (7:},’),,2,, Ey,2r+m—y,m, Q_:m,Zt,m and €, for all integers
te€{0,1,...,y}and m > 2y + 1. To begin with, we focus on @,-jm for any integers i, j, m > 0 and
establish the follow result.

Lemma 5.8 (nonvanishing Fourier coefficients ¢; im onresonant indices: closed formula). For any integers
i, j,m >0, we have
o Gi+j-—m+2Gi—j+m+2)(—i+j+m~+2)i+j+m+6)
v 427G+ DGE+3)G+ DG +3)(m+ D(m +3)
Aj-—ml<i<j+ml(i—-m|<j<i+ml(i—jl<=m=<i+])

1 +m—i € 2NU{ODHLIGE +m — j € 2NU{0D1(G 4 j —m € 2N U{0}).

Proof. The result follows immediately from (5-11) together with the orthogonality of the Gegenbauer
polynomials,

1
[ CRMCY M =y dy = Zon+ 1) +3)1m =n)
-1

for all integers m, n > 0. Indeed, for any integers i, j, m > 0, we have
min(i, j)

1
Cijm = 10,1010, Y ija(£) / Ci P = y) 2 dy
=0 -1

min(i, j)
=%(m+1)(m—|—3)mimjmm Y Gp@l@e=i+j—m).
£=0

On the one hand, for all integers i, j and m such that i 4+ j —m ¢ 2N U {0}, the Fourier coefficient vanishes.
Furthermore, we have

0<i+j—-m<2min(i, j) < |i—jl<m<i+].

Consequently, for all integers i, j and m such that the condition |i — j| <m <i + j is not fulfilled, the
Fourier coefficient vanishes. On the other hand, for all i, j and m such that both i + j —m € 2N U {0}
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and |i — j| <m <i+ j hold true, we compute

=l

i+j—m min(i, j)

T) > 1@t=i+j-m)
=0

i+ jmm A2~ jAm+2)(—i+ j+m+2)(i+ j+m+6)

A2n(+DE+3)G+H DG +3)m+1)(m+3)

ijm = g (m+ 1) (m +3)mim,-mmcijz(

’

min(Z, j)

where we used the fact that ) ,_ """ 1(2¢ =i 4 j —m) = 1. Finally, using the symmetries of the Fourier
coefficient with respect to i, j and m completes the proof. (I

Next, we apply the previous result to obtain closed formulas for the Fourier coefficient ¢; im on the
particular resonant indices we are interested in. Specifically, we establish the following result.

Lemma 5.9 (nonvanishing Fourier coefficients € jm on particular resonant indices: closed formulas). Let
y, T, m be integers such thaty >0, t € {0, 1,...,y}and m =2y + 1. Then, we have

Gy [2GE Dt HTHY & 2@ DT+ DT+
TN T G +dVEC 13 T N T e D +3) VAT +2) 13
_\/5 T+Dy—t+Dm+t43)(—y+m+1t+1)

AT TN 1 S D F D+ Don 3~y Fm 20+ D—y Tm 2t +3)

¢

Proof. Let y, T, m be integers such that y >0, t € {0, 1, ..., y} and m > 2y + 1. Firstly, notice that
all the indices of the Fourier coefficients above satisfy all the conditions in the Booleans in Lemma 5.8.
Then, the result follows immediately from Lemma 5.8 by direct substitution. O

Now, we focus on €, and derive the following result.

Lemma 5.10 (nonvanishing Fourier coefficients €, ., on resonant indices: closed formulas). Let y >0
be a fixed integer. Then, for allm > 2y + 1, we have

y b
Chymm =10100 Y "8, (L, 12) (L2, 2),
£r=01vr,=0
where
5, (L2, v2) = L+ D> (D)2 (y — o+ D (y +£2+3)22 72T (20, — 1, +2) ’
A2 +2)+3) (v +DI'(28, =212+ 1)
T, ) = 3T (56GBmm+4)+ 1) +m(m+4) (4 —1502) =5, — )T (L —va+ 1)
8T (¢r— 12 45)
Bt 0+ 1220 — DA 2(0 —m — 1) (€ +m +3)T (2 — 27 + 1)
212 (=41 +L— v +2)T' (6 + €2 — v +3)
lr—vy

Z 7+ D2 +2)(20 +5)4 2220 —m— 1) (¢ +m+3)T (20 —2v+ 1)

o F'(—61+6—v+ D' +4,—v+4)
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Proof. Let y > 0 be a fixed integer and pick any integer m > 2y 4 1. Then, by the definition of the Fourier
coefficients, we have

1
€y ymm = 02103, / 1(C;” ONACT (1 —y*) 2 dy.

On the one hand, we use the linearization formula (5-10) together with the special cases C(()z) (y)=1and
C? (y) = 12y? — 2 to obtain

m m 2
c® 222 R =Z L1+ D (= +m+1)(¢1+m+3) c®
D elzoﬂ 26O 0=0 401 (61+2)+3 €30 &)

L1+ D> (=L +m+1) 1 +m+3) c? ().
461 (61+2)+3 €, (v

= %(m—k1)(m+3)+%m(m+4)(12y2—2)+£2:_2

Furthermore, for all £; > 2, the connection formula (5-9) yields

4
(281 —2v1 +3)(= 1), ['(2€; — v +2)
Céi?()’) Zaﬂl 23(”1)C2(g] Ul)( y) = Z . 521 ,,])( y)

»=0 0 3vi! (4)2131—1;1
26 +3) Dot ) 26+ D@1 ) ) o
= 3@, CuW- ()= 5 (€5 0) = Cxp, ()
3(4)2y, 20,V 3(4)2¢,-1 2(‘31 Hly 20y 2001—1)

since (—1),, =0 for all v; > 2. Consequently, we have

(CPON* = Lm+ D(m+3) + tm(m +4)(12y* —2)

G+ —m—-1)+m+3)
+Z 40141 +2)+3

3
(€500, 1y () = €50 ().
6=2
On the other hand, the linearization formula (5-10) together with the definition of the Gegenbauer
polynomials

(=D (427" T (26 — v +2))

1)
) _ 2(62—v2) =
C =Y d o dey (1) =
26, (Y) e, (12)y () C(va+1DI'Q26GL —2v,+ 1)

vy =0
yield
14 5 14 %)
CPON =D Ball)Cp ) =Y Bala) Y di,(v)y* ™
=0 0,=0 =0
Y
= Z Za (€2, v2)y* 27,
=0 v,=0

where we set

(2 + A=D1y — o+ D(y + 6+ 322579028 — 1 +2)
(422 +2) +3)T (i + DI —2m + 1) ‘

8y (€2, 2) = By2(€2)dy, (v2) =
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Now, putting this all together, we infer

y b

Q:yymm = m}z,mi Z Z 6)/ (£2v VZ)
14

»=01,=0

1
« / y22=v) |:%(m_|_ DH(m+3)+ %m(m +4)(12y*-2)
-1

m

Li+DE —m—=1)(1+m+3) 3 3) 205/2
+>° (Cap,—1y (M) = Cho (M) [(1=y*)"2 dy
= 40,61 +2)+3 ! !
y b
=2y, > Y8, (62, v2)Jn(ta, 1),
£r=01v,=0
where
m+Dm+3) [! B
-1

4 4 [
LD [ )22y 01y dy
—1

m

1
4 Z (£1+1)(£1 —m—l)(@1+m+3) yz(ZZ*"Z)C(S)

N =y dy

46,61 +2)+3 1 26 -1
01=2
“ 1
Gt D —m =D +m+3) 2tr—v) ~3) 2.5/2

B Z y sz (I —=y9)'=dy.

= 46(6;+2)+3 . I

We compute
1

/1 Y2Bm) (] Z 2502 gy 1570 (6 —v2+ 5)

-1 SC(ly—va+4)

2y gy _ 13VTO =5 = DN (6= vt ])
ATy — v +9)

On the one hand, for all £; > 2 with £; > £, — v, + 1, we have 2({, — v2) < 2(£1 — 1), and hence

1
/ yz(ezfvz)(12y2 —2)(1—
—1

1
/ HETC Ly 001 =y) 2y =0

since the Gegenbauer polynomial in the integrand forms an orthonormal and complete basis with respect
to the weight (1 — y2)5/2. On the other hand, for all 2 < ¢; < £, — v, + 1, the identity Cg)(—y) = CS’\) ),
valid for all real y € [—1, 1] and integers A > 0, yields

1 1
_ 3 — 3
/ PETECR 0= dy =2 /0 el ) —yH P dy

_ w4~ (26 +4)0 (20, — 20y 4 1)
T Qe —DI(—L+E— v+ 2T+, — vy +3)’
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where we used (5-12) to compute the last integral. In other words, we have

m

LA DE=—m=DE+m+3) [T 5000 2572
C 1— 24
42:2 40,(L1+2)+3 —1y 20—y MU =y y
=
lr—vr+1 :
= Z (21 + 1)(51 Mo 1)(€1 +m +3) yZ(ZZ—VZ)CG) (y)(l _ y2)5/2 dy
(=2 40161 +2)+3 . 26,-1)
=
L=+l

_ Z Tl (L + D22 — DA et 72(0 —m — D +m+3)T (20 — 21, + 1)
B T(—li4 0 — v+ 2T+ — v +3) '

06=2

Similarly, on the one hand, for all £; > 2 with £; > € — v, we have 2({, — vp) < 21, and hence

1
/ YHETRC ()1 —yH T dy =0

since the Gegenbauer polynomial in the integrand forms an orthonormal and complete basis with respect
to the weight (1 — y2)3/2. On the other hand, for all 2 < £, < £, — 1y, the identity C$)) (—y) = C$ (),
valid for all real y € [—1, 1] and integers A > 0, yields

1 1
/ YT el ()1 -y dy =2 /0 YT R (y)(1 = y?) 1 dy

_ w4~ (28 4 6)T (26 — 20, + 1)
T TQRUADO(—l 4+l —vo+ DI+l —va+4)°

where we used once again (5-12) to compute the last integral. In other words, we have

m

1
52 N n DO [ gy
_ Ziz Cr+DE —m—1) +m+3) ! Y26 0B () (] _ 29572 gy
= 401(01+2)+3 i 2
B “iz (8 + D201 +2) (20 + 547212720 —m — 1) (€1 +m +3)[ (26, — 205+ 1)
‘s N+l -+ +lb—1vn+4) .
Putting this all together yields J,, (€2, v2) as stated above and completes the proof. ]

Remark 5.11 (closed formulas for &€,,,,,, for small values of y). Finally, we note that one can use
Lemma 5.10 to find closed formulas for the Fourier coefficients provided that y is sufficiently small. For
example, for y € {0, 1, 2}, we find
4m(m+4)+5) _ 2m(m+4)+7) 8(Sm(m +4) +49)
3rm+ Dm+3) " mm+ D(m+3) 157 (m + 1)(m +3)
for all m > 2y + 1. Figure 2 illustrates the Fourier coefficients €, for y € {0, 1, 2}, respectively, as m
varies within {1, 2, ..., 50}.

22mm —

Q:OOmm =
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Figure 2. The Fourier coefficients €., for y =0 (blue/bottom), y =1 (orange/middle)
and y = 2 (green/top) as m varies within {1, 2, ..., 50}. They are all decreasing for
m=>2y+1.

6. 1-mode initial data

In this section, we study the operators M and 971 (Section 2) for 1-mode initial data. Specifically, we
verify that all the 1-modes are zeros of the operators M (for CW and CH) and 91_ (for YM) and compute
the differentials d M and d)_ at the 1-mode initial data.

6A. Conformal cubic wave equation in spherical symmetry. Recall that the eigenfunctions {e, : n > 0}
are given by (3-1) and the PDE in the Fourier space from (4-2) reads

i) + (Au(@)™ = (f {u () : jOH)"
for all integers m > 0, where the dots denote derivatives with respect to time and
o
(Au()" = wpu™(t),  (fF(u/ @) :j=0D)" == > Cijpnti' (O ()b ().

i,j,k=0
For any initial data (0, - ), we denote by

O () = (&" cos(wnt) :n =0}, u(0,-)=) e, &={&":n>0},
n=0

the linear flow, that is the solution to the linear problem
ii" (1) + wpu” (1) =0, (u"(0), 1"(0)) = (£". 0),
for all times 7 € R. For this model, we aim towards implementing the original version of Bambusi—Paleari’s

theorem (Theorem 2.4) and define

1

2
M(E) :=AE+(f) (), UKS):E/O QL (P'(5))]dt.

To begin with, we show that the 1-modes are zeros of the operator M.
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Lemma 6.1 (zeros of the operator M). Let & = {§" : m > 0} be the rescaled 1-mode initial data,

[ 2
t"=K,lm=vy), K,=7F2w, 3C. (6-1)
Yyvy

for all integers m > 0. Then, we have M (&) = 0.
Proof. Let £ = {£™ : m > 0} be given by (6-1), and pick any integer m > 0. Then, we compute
(AE)" = wp 6" = K,y Lm =),
(D'(EN™ =§&" cos(wmt) = Ky cos(w, 1)1(m = y),
(F(@EN" == Cijim(P' (€)' (D' () (' (§))* = —K Cypyym c08> (0, 1),

i,j,k
([ (D (END" = (f (D))" cos(@mt) = —K; Cyyym €08’ (@ 1) COS(@n1),

2
(F)YEN™ = _%Kﬁ/ cos® (wy 1) cos(wpt) dt
0 0

=—CyyymK, (3Lm =y) + g1m =3y +2)) = —3Cy, K, Lm = y),
(MEN" = (A&)" + (/) EN" =Ky (@) — 3Cyyyy K)Lm =y) =0,
where we used the facts that w,, + v, #0, v, + 3w, #0,
o —w, =0 < m=y and wp —3w, =0 < m=3y+2,
as well as Cy,,y,, =0 for m =3y + 2 according to Lemma 5.1. (Il
Next, we derive the differential of M at the rescaled 1-modes.

Lemma 6.2 (differential of M at the 1-modes). Let & = {£™ : m > 0} be given by (6-1). Then, for all
h={h': j=0}e lsz+3, we have that

Cyyyy (dMERD™ = [(@h, Cyyyy — 20 Cpymm)h" — 02 Cy 2y -y mh™ 11O <m <y — 1)

+ [_zw)z/cyyyyhy]l(m =7)
+ (@, Cyyyy =205 Coymm)h"™ = @5 Cy 2y y mh™ "Ly +1 < m < 2y)
+ [(@5,Cyyyy — 2005 Cyymm)h"1L(m > 2y + 1),

where C;jky are given in closed formulas in Lemma 5.2.
Proof Let &£ = {£™ :m >0} be given by (6-1),€ >0, h={h/:j >0} € lsz+3, and pick any integer m > 0.
Then, a similar computation with the one of Lemma 6.1 yields!'
36K3

2r

2w
(fYE+eh)™ = (f)E))™ — Z Ciyymh' /O cos?(wy 1) cos(w;t) cos(wpt) dt + O(e?).

Here, the notation O(e2) for a function of £ or h refers to a function that is bounded by €2 in the Q-norm using the
lg43-norm of £ or h.
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Therefore, we infer

3K?2 o
@D ==L iy / 052 (w0, 1) cos(@i1) cos(wm ) d
i 0

3K2 ‘
= - 8y_ ZCiyymhl Z l(a)i:i:a)yj:a)y:i:a)m — O)
i +
3K2 l , . .
== 8V [Z Ci}/ymhll(i :mH—Z Ciy},mhll(i :mH—Z Ciyymhll(i —2y—m> 0)]
i ; l_
2

3KV m 2y—m
= _T[zcmyymh +C2y—m,y,y,mh VY10 <m <2y)]

2
w

e 4 [2nymmhm+1(05m§2y)Cy’2y_m’y’mh2V—m]’
CVVVV

where we also used the fact that C;jy,, = 0 for w; £ w; £ wy & w, = 0 with only 1 minus sign according
to Lemma 5.1; so we are left with w; £ ®; & w; £ w,, = 0 with only 2 minus signs, and there are three
such terms in total, thatis i =m, i =m and i =2y —m with i > 0. Finally, we obtain

(@ME)[R])™ = wZh™ + @d(f)(E)[h])™
2 2C mm 2C —m,y,m
N [wi - ‘}h’" C 10 < m < 2y) XL 2y 0
CVVVV CVVVV

6B. Conformal cubic wave equation out of spherical symmetry. We first recall that the eigenfunctions

{e,(j‘ BH2) g > 0} are given by (3-2) and the PDE in the Fourier space from (4-5) reads

i (1) + (Au ()™ = (F({u’ (t) : j = 0})™

for all integers m > 0, where the dots denote derivatives with respect to time and

Au()™ = @) um™ (1), (F(ul(0):j =0y =— Y CHA2ul (tyud (b @).
i,j,k=0
For any initial data u(0, - ), we denote by
¢'(€) = {&" cos(@Y 1) :n = 0}, w(0,-) =) E"el 1D E={":n>0},
n=0

the linear flow, that is the solution to the linear problem
ii" (1) + (2" (1) =0, (@"(0), i(0) = (£, 0),

for all times ¢ € R. For this model, we aim towards implementing the original version of Bambusi—Paleari’s
theorem (Theorem 2.4) and define

2
M(E) :=As+ () (&), ()= % L (ENdt.

0
To begin with, we show that the 1-modes are zeros of the operator M.
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Lemma 6.3 (zeros of the operator M). Let & = {§" : m > 0} be the rescaled 1-mode initial data,

m _ (i1, m42) — (H1,p2) — (1,p2) # -
§M =K m =y), KSR = 22w /3C<m,m>’ (6-2)

for all integers m > 0. Then, we have M(&) = 0. o
Proof. The proof is similar to the one of Lemma 6.1. ]
Next, we derive the differential of M at the rescaled 1-modes.
Lemma 6.4 (differential of M at the 1-modes). Let £ = {£™ : m > 0} be given by (6-2). Then, for all
h={h':j>0} €l we have
CULLID (M (E)[AD™ = [(wR CYLAD — 202 CULL I M — @2 CUIH2) 2V =™11(0 <m <y —1)

Yyvy m=yyvy Y Tyymm Y Ty 2y —m,y.m
2w CYLEI Y 11 (m = y)
+H(wp CY) 22 C iy — 2 CY12) R Ty +1 < m < 2p)
LW G =20y CHLEDR™ 11(m = 2y +1),

where C%‘,’n’fﬁ) are given by closed formulas in Lemma 5.4.
Proof. The proof is similar to the one of Lemma 6.2 due to the fact that ny k‘,;f 2 = 0 for
wi(“l”“) :I:w;“"’m :twl(cﬂl,uz) iw’(ﬂm,uz) -0
with only 1 minus sign according to Lemma 5.3; so we are left with
wi(/il,uz) :l:w;”l’M) :I:(UIEM’M) :i:w,%“"“” —0
with only 2 minus signs, and there are again the same three such terms in total, that is i =m, i = m and

i =2y —m with i > 0, which completes the proof. U

6C. Yang-Mills equation in spherical symmetry. Recall that the eigenfunctions {e, : n > 0} are given
by (3-4) and the PDE in the Fourier space from (4-8) reads

" (1) + Qu ()" = Gu! (1) - j = 0})"
for all integers m > 0, where the dots denote derivatives with respect to time and
()" = @ u" (1), @)™ = @)" + )",
with N
GO/ (1) j = 0D)" ==3 " &ju () (1),

i, j=0

o0
GO @) =" == D Ejpmtd' (! (O)u* (1),
i,j,k=0
For any initial data u(0, - ), we denote by

®'(§) = {£" cos(@,t) :n =0} u(0,-)=) &', E={":n>0},

n=0
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the linear flow, that is the solution to the linear problem

i)+ @ u" () =0,  @"(0),1"(0)) = (£",0),
for all times ¢ € R. As a starting point, we show that the original version of Bambusi—Paleari’s theorem
(Theorem 2.4) is not applicable.

Lemma 6.5 (nonresonant f(z) ). For all initial data & € lsz, we have

2w
1O =3 [ 1@ @nldr=

Proof. Let§ ={&" :m >0} ¢ ls2 be any initial data, and pick an integer m > 0. Then, similar computations
with the ones in Lemma 6.1 yield
27 3 o o
(FP)E) =—5= Z CijmE'&! f [] cosmndi=-3>" Cjnt'e! Y Uwitw;+w,=0).
+

4
lj =0 Areli,j,m} j=0

Now, notice that all the possible conditions are those with only 1 minus sign, and according to Lemma 5.7
the corresponding Fourier coefficients vanish. ]

Consequently, for this model, we aim towards implementing the modified version of Bambusi—Paleari’s
theorem (Theorem 2.5) and define

2w
Ma(€) = 12 + () O +F0(®), 1)) = 5= fo o[ (@ )] dr,

where §o(§) is given for any initial data by Lemma 2.13 and for the 1-mode initial data by Lemma 2.14.
Also, recall the Diophantine condition @ € W, for some 0 < o < % from Theorem 2.5.
To begin with, we show that the 1-modes are zeros of the operator 91_.

Lemma 6.6 (zeros of the operator 9_). Lety € {0, 1, ...,5} and

9 & 2 1
Oy @ (s —1 )
Then, we have that 8q,, > 3C,,,,,,,. Moreover, let§ ={§" : m > O} be the rescaled 1-mode initial data,

2

éjm =ﬁyl(m=)/), ﬁy =:|:2Cdy m,

(6-3)

for all integers m > 0. Then, we have that M_(&§) = 0.

Proof. Lety €{0, 1, ..., 5}, define &€ = {£€™ : m > 0} to be the rescaled 1-mode initial data given by (6-3)
and pick any integer m > 0. Firstly, we compute —24& + (¥} (&), and a similar computation with the one
in Lemma 6.1 yields

—(QAE)" + (F)E)" = =Ry (] + 5y K))10m = ),
where we used the fact that @, + @, #0, @, + 3w, #0,

op—w, =0 = m=y and oy —3w, =0 <= m=3y+4,
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Figure 3. The constants &, as y varies within {0, 1, ..., 10}. They are all real numbers.

as well as €., = 0 for m = 3y + 4 according to Lemma 5.7. Furthermore, we use the computation for
$o(€) at the 1-mode initial data we derived in Lemma 2.14, that is

2y
G =, Bim=y). @ =1 Z(‘,)(EW(W% t o)
to conclude that
(M_(EN™ = = (A" + (FINEN™ + Fo(€)"

= -8R (@, + 3¢, R — 0, &) Lm =)

=38R, 8w +3C,,,, & — 84, &) 1(m =y) =0
provided that ﬁf, = —8w5 /(3€,,,, —84q,). Finally, it remains to show that this choice is well defined,
thatis £, € Rforall y € {0, 1, ..., 10}. To this end, we fix y € {0, 1, ..., 10} and use the definition of

the Fourier coefficients to compute each &, and verify that they are all real numbers. Figure 3 illustrates
the constants &, as y varies within {0, 1, ..., 10}. (|

Next, we derive the differential of 9)i_ at the rescaled 1-modes.

Lemma 6.7 (differential of 9)1_ at the 1-modes). Let y € {0, 1, ..., 10}, and let &£ = {§€™ : m > 0} be

given by (6-3). Then, forallh ={h/ : j >0} € lsz+3, we have

_R;z(dmt—(s)[h])m =10<m=<y-— 1)[hmuym +h2y_mnym] +1(m = V)[hy(uyy + Uyy)]
+1(y + 1 <m < 29)[W™uym + 7 ""0,,]+ L0m > 2y + DA™ uy],

where
W

2

3 3

Wym = <_ﬁ ) + 3% mm — Ayms Oym =5 20 —mym — bym,
y

and (T:,-jm and €,y are given by Lemmas 5.8 and 5.10, respectively, whereas a,,, and b, are given by
Lemma 2.15.
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Proof. Lety € {0, 1,...,10}, £ = {£™ : m > 0} be given by (6-3), h={h/ : j >0} € lS2+3, and pick any

integer m > (. Firstly, we use similar computations to the ones derived in Lemma 6.2 to obtain

@O = =28 Y Chpymh’ Y Uiy £, Ly =0)
i +

3 i1 iq0: iq s
=—3% [Z Ciyymh'1(i =m)+Z Ciyymh'1(i =m)+Z Ciyymh' 1 =2y —m > 0)]
= _%-R)Z, [2Q:myymhm+€2y—m,y,y,mh2y_m1(0 <m< 2)/)],

where we used the fact that €;j4,, = 0 for w; & @ ; &+ @y & @, = 0 with only 1 minus sign according to
Lemma 5.7; so we are left with @; &+ @; &+ @y £+ @,, = 0 with only 2 minus signs, and there are three
such terms in total, thatis i =m, i =m and i =2y —m with i > 0. Then, we infer

—(@AE[RD™ 4+ @OV E R = —2h™ + (d (§) (&) [R])™
= h" = 38 12€ymmh" + 10 <m < 29)€y 0y mymh™ "]

= —[@p + 38 ymm 1" — 10 <m <2)385€, 2y ymh™ "

Recall that the differential of §¢ at the 1-modes, (dTo(£)[1])", is given by Lemma 2.15. Putting this all
together yields that (d90_(&)[Ah])™ is given by

—h" @ + R (@) (3 ymm — aym) ] — 10 <m < 2)h "R (@)[3€) 29 —myim — bym]-

Finally, one can rewrite the latter as stated above, which completes the proof. ]

7. Nondegeneracy conditions for the 1-modes

In this section, we derive and establish the crucial nondegeneracy conditions for 1-mode initial data
according to Theorem 2.4 (for CW and CH) and Theorem 2.5 (for YM).

7A. Conformal cubic wave equation in spherical symmetry. Firstly, we consider the conformal cubic
wave equation in spherical symmetry and derive the nondegeneracy condition for the 1-modes.

Lemma 7.1 (CW model: derivation of the nondegeneracy condition for the 1-modes). Let y > 0 be any
integer, and define & to be the rescaled 1-mode according to (6-1). Then, the nondegeneracy condition
ker(dM(§)) = {0}

is equivalent to

{wfncywy — 205 Cymm #0  forallm =2y +1, -
D,, #0 foralln € {0,1,...,y —1},

where

) 2 2 2 2 2
Dyp =[w,Cyyyy — 2“’;/ Cyymllwr, _,Cyyyy — Zwy Cyy2y—n2y—nl =@, Cy 2y —nynl"
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Proof. Let y > 0 be any integer and define & to be the rescaled 1-mode according to (6-1). Furthermore,

pickany h = {h/ : j >0} € ZSZJr3 such that d M (£)[h] = 0, and fix an integer m > 0. Then, according to

Lemma 6.2, we have that d M (£)[h] = 0 is equivalent to

(@ Cyyyy =205 Cyymm)h™ = @7 Cy oy —mymh™ " =0 for0O<m <y —1, (7-2)
(@, Cyyyy — 207 Coymm)h" — 0% Cy oy oy mh™ ™" =0 fory+1<m <2y, (7-3)
(@ Cyyyy — 205 Cpymm)h™ =0 form =2y +1, (7-4)
coupled to
@ Cyyyyh? =0. (7-5)

We will show that 2 = {h™ : m > 0} = 0 is the unique solution to the linear system above if and only if
(7-1) holds. Firstly, (7-5) yields ¥ = 0 due to the fact that C,,,,,,,, # 0 and w,, # 0 for all y > 0, whereas,
for (7-4), one has that 2™ = 0 for all integers m > 2y + 1 if and only if @7, Cyyy — 203 Cyyyymm # O for all
integers m > 2y + 1. Next, we rearrange (7-2) and (7-3) by setting m = n and m = 2y — n, respectively,

and obtain
[wicmy—%icyynn _Q);Z/C)/ly—ns%n ] |: h" ] _ |:0:|
_w;zxcy,n,yly—n a’%y—ncww_zw;zxcy,yly—nly—n 27 0
foralln € {0, 1, ...,y —1}. Observe that there are y in total (2 x 2)-linear systems where the unknowns
are k" form € {0, 1, ..., 2y} \ {y}. Finally, these systems have only the trivial solution 2" = 0 for all
m € {0,1,...,2y}\ {y} if and only if the determinants D, are nonzero for alln € {0, 1, ...,y — 1},
which completes the proof. (]

Next, we establish the nondegeneracy condition for this model.

Proposition 7.2 (nondegeneracy condition for the 1-modes and the CW model). Let y > 0 be any integer.
Then, the nondegeneracy condition (7-1) holds.

Proof. Let y > 0 be any integer. Also, pick any integers m > 2y +1andn € {0, 1, ...,y — 1}. Then,
according to Lemma 5.2, we have that C;jxn = @min, j,k,m) provided that either w; +®; — wy — wy, =0,
w; —wj + i —wy =0 or w; —w; — wi +wy, =0. One can easily show that all the indices (i, j, k, m) of
the Fourier coefficients that appear in Lemma 7.1 satisfy at least one of these conditions, and hence we
infer

Cryyy =0y, Cyym=wn, Cyymm =0y, Cyyryniy-n=0y, Cyoy_nyn=wn.
Putting this all together yields

2 2
0, Cyyyy =20

2 2 2 2
yCyme = wy(a)m - 2wy) = Wy (w2y+1 - 2wy) > 2,

Dyy = oy, (n—3 —4y)(n—y)* #0,

forallm >2y +1andn € {0, 1, ...,y — 1}, which completes the proof. |
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7B. Conformal cubic wave equation out of spherical symmetry. Next, we consider the conformal cubic
wave equation out of spherical symmetry and show that the nondegeneracy condition is a condition on
the Fourier coefficients.

Lemma 7.3 (derivation of the nondegeneracy condition for the 1-modes and the CH model). Let y and
W1, U2 be any integers and define & according to (6-2). Then, the nondegeneracy condition

ker(dM(§)) = {0}
is equivalent to

(w,(nul’M))2C§f;))’ff/2) _ 2(W§/M1’M2))2C§//§/1;”%) # 0 for all m > 2)/ 4 1’

(7-6)
D) £ forallne{0,1,...,y —1},
where
(1,142) — [ (1) W1H2N2 (11, 102) (H1,12)Y2 ¢ (141, 142) (1, 12)N2 (11, 142) (11,12)2 (1. 12)

Dyltll M2) [(wnm 7% ) Cyl/)-/lyl}iz _2(wyll-1 7%} ) Cy/u}t/lngz ][(wzyLHZ ) Cyl;)y/;iz _2(wym j2%) ) Cy,)l/,2)2/7n,2yfn]
(1,142)\2 (115 p2) 2

— [(wyl"l n2 ) CV’Zlyjn’y’n]
Proof. The proof is similar to the one of Lemma 7.1. (I

Next, we establish the nondegeneracy condition for this model.

Proposition 7.4 (nondegeneracy condition for the 1-modes and the CH model). Let y, w1, 2 > 0 be any
integers with y € {0, 1, 2, 3,4, 5} and

K1 = po =: L,

where | is either sufficiently small with u € {0, 1, 2, 3, 4, 5} or sufficiently large. Then, the nondegeneracy
condition (7-6) holds true.

Proof. Let y, i1, na > 0 be any integers with y € {0, 1, 2, 3,4, 5} and p; = up =: u, where u is either
sufficiently small with u € {0, 1, 2, 3, 4, 5} or sufficiently large. Also, pick any integer m > 2y 4 1. Recall
that, according to Lemma 5.4, we have that C/5%) and CY%5), are given in terms of the function M (%)
that is also given in a closed formula. Moreover, according to Lemma 5.5, M,(#) (X) is decreasing with

respect to m. In addition, recall that the eigenvalues are given by
(WieM)? = @m +1420)°

and they are clearly increasing with respect to m > 0. In other words, the function

(n)
RPN A CY
m (1, 1)\ 2
Wy ")

is decreasing with respect to m for all m > y as a product of two positive and decreasing functions. In
the following, we show that

L, 2 , SN2 ,
(W) CYm) — 2wl )2Clom)
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Figure 4. The constants o, with y € {1, 2, 3, 4, 5}. They are all strictly positive.

stays away from zero for all m > 2y 4+ 1 and y € {0, 1, 2, 3, 4, 5} provided that u is either sufficiently
small or sufficiently large. To this end, we use the monotonicity of P,(,’f ) (A) with respect to m to infer

(w}%u,u))ZC(u,u) _ 2(w}(/u,u))2c(u,u)

Yyvvy yymm
C(M.M) C(u,u)
— (CU,S:L’M))Z(WJ(/M’M))Z[ Yyvvy yymm i|
(w)(/ﬂall))Z (wr(nﬂall))Z
Y 4
1
= S (W) Wi )? [Z PUOIMI (W& () =2 Y - MU ()P (k)éx(ﬂ)]
1=0 A=0
1 14
= St w0y Yy T MEPGOIPYY () — 2P0 ()16 (1)
=0
14
1
= S (WP @) Y TME PP () — 2P (016 () = (i) S,
r=0
where we set
1 - (1)
S = S (wy)? Y M WIPIY () — 2P (W16 ().

A=0

On the one hand, for all y €{0, 1, 2, 3,4,5} and u € {0, 1, 2, 3, 4, 5}, we compute S)(,”) and verify that all
Si,“ ) are strictly positive. On the other hand, for all y € {0, 1, 2, 3, 4, 5} and sufficiently large ., we firstly
compute Sg,“ ) in terms of w and then derive its asymptotic expansion as u — oo. For y =0, we find

1)2 5
s _ ¥Cr+ D0 + D0 (e +5) T (n+3)
' 7@t 3T (u+ DF 200+ 3)
which is strictly positive for all © > 0, and for y € {1, 2, 3, 4, 5}, we expand

SW =o,u! 2+ 0w

as u — oo for some strictly positive constants o,. Figure 4 above illustrates the constants o, with
y €{1,2,3,4,5}.
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Consequently, in both cases, we can ensure that 55"“ ) > 0, and hence we conclude that

(w(“ u)) C)(,’;,)’f)), z(ww u)) C%%ﬂ > (w(“ u))zs(u) > (wéx;fl))zs(u) -0

for all m > 2y + 1. Finally, it remains to show that the determinants D)(,’f{“ ) are all nonzero for n €
{0,1,...,y—1}. Tothisend, forall y € {1,2,3,4,5}and n € {0, 1, ..., y — 1}, we firstly compute each
of the Fourier coefficients in the determinants above, find a closed formula for each of the determinants
in terms of u, and then either compute the determinants when wu is sufficiently small or compute their

limits when u — oo. For example, for y = 1, we have n = 0 and compute

u—1
D" = 31; (W4 DQu+3)*Cu+5)@u+7)
C(e+3)"T(e+3)'T(u+3)

(20t + 3281 + 102942 + 1155 + 435) .
T(+2)2T (2 +3)

which is clearly strictly negative for all integers « > 0. Forall y € {1, 2,3,4,5}andn € {0, 1, ...,y —1},
we find either D)(,’fl ) < 0 when w is sufficiently small or D(“ " _» +00 when © — oo, which completes
the proof. Il

7C. Yang-Mills equation in spherical symmetry. Finally, we consider the Yang—Mills equation in
spherical symmetry and show that the nondegeneracy condition is a condition on the Fourier coefficients.

Lemma 7.5 (derivation of the nondegeneracy condition for the 1-modes and the YM model). Let
y €10, 1, 2, 3,4, 5}, and define & according to (6-3). Then, the nondegeneracy condition

ker(dn_(§)) = {0}

is equivalent to

Uyy +0yy #0,
Uy, #0 forallm>2y +1, (7-7)
Dyn #0 forallne{0,1,...,y —1},
where
Dyn 1= Uynlly 2y —n = Vyn0y2y—n
and

(T 2+ _ "g (&yom)?
ym — ﬁy V}/ml’l’l 2 — w_2_(w-m+w—y)2

2 p— p— p—
G GGy 9 i (Eny0)? 78)
4 v=0 w-UZ 2 _ o, — (@m — w)/)z,
v;éj:(m y) 2
+v s =
_ 3 Q:Z)/ —m,v,m yyv 9 N Q:yva:Zy—m,y,v
Oym = 8(’:)/ 2y —m,y,m 4 Z ZD’Z _ (2w )2 ) w_vz — (w'zy,m — w_y)z . (7-9)

| o

V=l
vEE(m—y)—2
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Figure 5. The constants u,,, +v,, for y € {0, 1, 2, 3,4, 5}. They decrease and stay
away from zero.

Proof. Lety €{0, 1,2, 3, 4, 5}, and define & according to (6-3). Furthermore, assume ker(d971_(£)) = {0},
and pick any h = {h/ : j > 0} € ZXZJr3 such that d9_(&)[h] = 0. Also, fix any integer m > 0. Then,
according to Lemma 6.7, we have that the system

Uymh™ + 0., B ™ =0 for0<m<y—1, (7-10)
(Uyy +0,,)h" =0 form =y, (7-11)
Uymh™ +0,,h? ™" =0 fory +1<m <2y, (7-12)
Uyh™ =0 form>2y +1, (7-13)

has h = {h’ : i > 0} = 0 as the unique solution, where u,,, and v,, are given explicitly in terms of
the auxiliary sequences a,, and b,,, as Lemma 6.7 states. Furthermore, a,,, and b,,, are given by
Lemma 2.15, and putting this all together yields the closed formulas (7-8) and (7-9) for u,,,, and v,,,,
respectively, as stated above. Now, (7-11) and (7-13) yield u,,, +v,, #0 and u,,, Z0 forallm > 2y +1.
Next, we rearrange (7-10) and (7-12) by setting m = n and m = 2y — n, respectively, to obtain

S
Oy2y—n Uy 2y—n | [H? " 0

foralln € {0, 1, ...,y —1}. Observe that there are y in total (2 x 2)-linear systems where the unknowns
are k" form € {0, 1, ..., 2y} \ {y}. Finally, these systems have only the trivial solution 2" = 0 for all
m € {0,1,...,2y}\ {y} if and only if the determinants ©,,, are nonzero foralln € {0, 1, ...,y — 1},
which completes the proof. ]

Next, we establish the nondegeneracy condition for this model.

Proposition 7.6 (nondegeneracy condition for the 1-modes and the YM model). Let y € {0, 1, 2, 3, 4, 5}.
Then, the nondegeneracy condition (7-7) holds.

Proof. Let y €{0,1,2,3, 4,5}, @ = 1/+/6 and pick any frequency @ € W, with @ < 1. Also, pick
an integer m > 2y + 1, and define u,,, and v,,, according to (7-8) and (7-9), respectively. Firstly, we
show that u,, +v,,, # 0. In this case, all the sums in the definitions of u,,, and v,,,, are finite as the
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index variable v varies within {0, 1, ..., 2y}. Hence, we compute u,, +v,, forall y € {0, 1, 2, 3, 4, 5}
and verify that they are all nonzero. Figure 5 illustrates the constants u,, +v,, for y € {0, 1,2, 3,4, 5}.
Secondly, we show that u,,, # 0 for m > 2y + 1. To this end, we note that ¢ im = 0 for all integers
i, j,m >0 with either m > i+ j or |i — j| > m (Lemma 5.8). Specifically, for any integer m > 2y + 1,
we focus on

m+y = m+y =

Z (Q:yvm)2 Z (Q:myv)z

s w-v2 — (o + wy)z’ =0 wvz — (@m — w_y)z ’
v#EE(m—y)—2

and note that we must have m —y < v <m + y. Indeed, (T:y,,m =0sincem —y =|m—y| > v, and

Ey vm = 0 since v > m + y. In addition, for all such v, the conditions v # £(m — ) — 2 are satisfied since
v>m—y = m—-y)-2<m-y=<v = vF#@m—y)-2

and

m>2y+1 = —-(m—-y)—-2<0 = v#E—-(m—y)-—2

Consequently, for all m > 2y 4 1, we have

— 2 p— —
T (@)2_’_ %/ (Q:yvm)2 _2 Zy Cnv yyv mzﬂf (Q:myv)z
ym Ry )/ymm 2 N ZD'2 (wm+wy)2 4 ~ wvz 2 o= ZD'Z (w_m_w_y)za

and by setting v =0 +m — y and v = o, respectively, we can rewrite the latter as

2 5 2
[ Z (&) o+m—y.m)
Uy, = (§_> )/)/mm _ 2 14 14
Y

— o+m y (ZD'm + w7)2

2y — = 2 —
_ 2 Y Q:m(rm@:yya _ 2 Zy (€m,y,a+m—y)2
4 o=0 wg 2 o=0 w‘g""m—y - (ZD'm - w]’)z
Now, recall from Lemma 6.6 that
3¢ —8q 3 1
—2_ Syyyy Y _
K= —8w5 o _8w2¢ywy + w_]%qy
3 1
= ¢ E—
82 177t g g( i ( ] - (2wy)2)
which yields
2 2 2y
Dy 3wm 9w, 2 1
— ) = Qj ¢ _— ).
(ﬁy) 82 rrvy ¥ 3 w2 ;( yyv) (wV G
Putting this all together, we obtain
2y
3w} 9w 2 o 2 1 3
Uym=—5%yyy + 57— Z(gwa) < ﬁ) + 7€ ymm
8w y 4o wy = w? w?—(Q2w,) 4
2 2y —
9 ! (Q:y J+m—y,m)2 _2 4 Q:mom ~momyyyo Z mya—i—m y)
25 =0 o+m y — (@ +@y)? 40 =0 w‘% 2 — o+m y — (@ —@y)?
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In addition, we also note that Eijm =0 for all integers i, j, m > 0 withi 4+ j —m ¢ 2N U {0} (Lemma 5.8).
Specifically, we must have o € 2N U {0}. Indeed,
€0 =0 sinceo=o0+y—y ¢2NU{0},

and

€ otmeym=Cnyotmy =0 sincec=y+o+m—y—m¢2NU{0}.

Therefore, by setting o = 27, we arrive at

3@}%, (Q:y y 21) 9w'n21 4 (Q_:y y 21)2 3
uym = - Q:yyyy Z Z = + —Q:yymm
8ZD'3 V er 4ZD'3 =0 w22r - (ZZD'V)Z 4
2 Xy: (Q:y 2r+m7y,m) 2 Xy: Em,2r,m€y,y,2‘[ _ 2 Xy: (Q_:m,y,2r+m7y)2
2 2
2 = w2r+m y — (o, + wy)2 4 = w5, 2 S Taeim—y (o — wy)l

Now, all the Fourier coefficients above are nonzero and, according to Lemma 5.9, we have (’:y Y215
Qfm 2r.m and QZ), 2t+m—y,m in closed formulas. These allow us to compute

XV: (€,,20%  (y +2)Qy +3)Q2y +5)

~ @l 15y +Dy+3)
i Cnoem@yyae (v +2)(=y(y +4) +5m(m +4) +15)
~ o} B 157 (m + 1) (m + 3) ’

for all integers y > 0. Recall that &, and €,,,,,,, are also given by closed formulas (Remark 5.11).
Consequently, we rescale u,,, and obtain

Uym

wnz, = jym + Qt»ym, (7'14)

where J,,, stands for the part that can be explicitly computed:

3 9 @, o )7 9 & (€ y00)?
Tom = QZ + + =
ym 8 Yyvy 2 Z w.2r 4w3 ~ zz)-22t _ (zwy)Z
3 Z m 2t,m y Y, 2r
+ dw? Cyymm = w? ZD'ZT

and &, stands for the part that cannot be explicitly computed:

¢ _ _ 9 i (Q_:y 2t4+m— ym) 9 i (Q_:m,y,Zr-i-m—y)z
ym 2 (ZD'm+ZD' )2 2w2 - — (w0, _wy)z.

Now, using the elementary inequalities

@iy — @+ @) | =4y — T+ D)(m+743)| = 4(m +3),
D3ty — @m — @) | = [4T + D=y +m+T+1)] = 2(m+3),
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forall 0 <7 <y and y > 0, we estimate

¢ (Ey 2r+m—y,m)2 ((T:m Y, 21+m—y)2
1€yml = 2w 2 Z 2| 2 2 Z 2
|w2r+m y — (@ +wy) D |w_21+m y — (@ _ZD-V) |

9 1 — 9 —
< ¢ )2 } : ¢ )2
= 233'”21 4(m+3) ;( y,2T+m )/,m) +2w_’% 2(m+3) r:O( y,2T+m y,m)

9 1 1 Yoo i
- 2wn21 <4(m+3) + 2(m_|_3)) g(ety,zmm%m)
_ 9y +2)
70w (m+1)(m+2)2(m+3)?

[-3y*—24y° 402 +32y +7y*m* +28y m* +35m*
+28ym+ 112y m +140m +105] = Py,

where we used the closed formula for Ey,zﬁm,y,m from above. Hence, for all m > 2y + 1, we obtain

Z’" = Ty + €, = Ty — By = O (7-15)

m
Finally, for each y € {0, 1, 2, 3, 4, 5}, we use the closed formulas for &, and €,,,,,,,, (see Remark 5.11)

to firstly explicitly compute J,,,, in terms of m and then explicitly compute O, in terms of m. Once the
closed formula is derived, we show that ©,,,, > 0 for all m > 2y + 1. For example, for y =0, we find

~ _ m(m+4)(OSm(m+4)+29)+66
o = T 2 (m + 1) (m + 2)2(m + 3)

and hence
5m* 4+ 40m3 + 109m? + 8m — 42

127t (m + 1) (m + 2)%(m + 3)

Om =

which is greater than 10~3 provided that m > 1. Similarly, for y = 1, we compute

- (m*+2)(m(m+8)+18)
" A m+ D) (m +2)2(m + 3)

and hence
m(m* + 11m> + 44m? — 32m — 348)

O = 4 (m + 1)(m +2)2(m + 3)2

’

which is greater than 103 provided that m > 3. For all the other cases with y € {2, 3, 4, 5}, we find

109m° + 1199m* + 4523m> — 30347m? — 132936m + 107244

O = 6007 (m + 1) (m + 2)2(m + 3)2 ’
0y — 43m> +473m* 4 1646m> — 33554m? — 129372m + 238248
3007 (m + 1) (m + 2)2(m + 3)2 ’
O — 83m> 4+ 913m* +2851m> — 139159m? — 515982m + 1611198
" 7007 (m + 1) (m +2)2(m + 3)2 ’
0. = 17m> + 187m* + 505m3 — 53329m? — 194760m + 905292

1687 (m + 1)(m +2)2(m + 3)?
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Figure 6. The determinants ©,,, for y =5 (blue/bottom), y = 6 (orange/middle) and
y =T (green/top) for alln € {0, 1, ..., y — 1}. They are all in fact nonzero.

and the claim follows similarly.'? Finally, it remains to show that the determinants
Qyn =Uyplly 2y —p — UV”U%Z)’_”

are all nonzero for n € {0, 1, ..., y — 1}, which follows by a direct computation using the definition of the
Fourier coefficients. Specifically, we compute ©,,, forall y €{0, 1,2,3,4,5}andne{0,1, ..., y—1}and
verify that they are all strictly negative, which completes the proof. Figure 6 illustrates the determinants
Dy foryef{56,7tandne{0,1,...,y —1}. O
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Let P be a countable multiset of primes and let G = P pep £/ pZ. We study the universal characteristic
factors associated with the Gowers—Host—Kra seminorms for the group G. We show that the universal
characteristic factor of order < k + 1 is a factor of an inverse limit of finite-dimensional k-step nilpotent
homogeneous spaces. The latter is a counterpart of a k-step nilsystem where the homogeneous group is
not necessarily a Lie group. As an application of our structure theorem we derive an alternative proof
for the L2-convergence of multiple ergodic averages associated with k-term arithmetic progressions
in G and derive a formula for the limit in the special case where the underlying space is a nilpotent
homogeneous system. Our results provide a counterpart of the structure theorem of Host and Kra (2005)
and Ziegler (2007) concerning Z-actions and generalize the results of Bergelson, Tao and Ziegler (2011,
2015) concerning [}-actions. This is also the first instance of studying the Host-Kra factors of nonfinitely
generated groups of unbounded torsion.
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1. Introduction

The universal characteristic factors for multiple ergodic averages play an important role in ergodic Ramsey
theory. For instance, in the case of Z-actions they are related to the theorem of Szemerédi [1975] about the
existence of arbitrary large arithmetic progressions in sets of positive upper Banach density in the integers.
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The universal characteristic factors associated with multiple ergodic averages in Z-actions were studied
by Host and Kra [2005] and independently by Ziegler [2007]. Later, Bergelson, Tao and Ziegler proved
a counterpart for the nonfinitely generated group G = [}). The goal of this paper is to generalize these

results further for the group G =&, _p Z/pZ, where P is a multiset of primes. Moreover, in Section 2D

peP
we discuss the general case where G is any countable abelian group. In particular, we identify a result

(Conjecture 2.15) which leads to a general structure theorem for the Gowers—Host—Kra seminorms.

Conventions 1. We use X to denote a probability space. For technical reasons we assume that any
probability space X = (X, B, u) is regular! and separable modulo null sets. We let (U, -) denote a
compact abelian group and we assume that all topological groups in this paper are metrizable. Let (G, +)
be a countable abelian group, a G-system is a probability space X = (X, B, u) together with an action
of G on X by measure-preserving transformations 7, : X — X. Throughout most of this paper we use G

to denote the group @, _p Z/pZ, where P is a given countable multiset of primes.

pepP

Host and Kra proved that the universal characteristic factors for Z-actions are closely related to an
infinite version of the Gowers norms. The following version of the Gowers—Host—Kra (GHK) seminorms
in the special case where G = Z was essentially introduced by Host and Kra [2005] (see [Host and Kra
2018, Proposition 16, Chapter 8] for this version).

Definition 1.1 (Gowers—Host—Kra seminorms). Let (X, Ty) be a G-system, let ¢ € L°°(X), and let k > 1
be an integer. The GHK seminorm ||¢ ||« of order k of ¢ is defined recursively by the formula

1
= li T,
I9lg = Jim o1 2¢o ’
gedy

L2
for k=1, and

k

1 k—1 12
= lim | — Al
el N;m(@,;vl Zokn <l )

for k > 1, where ¢}V, e qbf‘v are arbitrary Fglner sequences and Ag¢p(x) = ¢(Tyx) - (x).

These seminorms were first introduced in the special case where G = Z/NZ in [Gowers 2001], where
he proved quantitative bounds for Szemerédi’s theorem [1975]. As mentioned above, Host and Kra
[2005] generalized these seminorms for the infinite group Z and proved that each seminorm corresponds
to a unique factor of X. Later, Leibman [2006] proved that these factors coincide with the universal
characteristic factors for multiple ergodic averages which were studied by Ziegler [2007].

Proposition 1.2 (existence and uniqueness of the universal characteristic factors). Let G be a countable
abelian group, let X be a G-system, and let k > 1. Then there exists a factor

Z (X)) = (Z (X)), Bz_(x)» WZ_()> 7722,(()())

of X with the property that, for every f € L*(X), |l fllykx) = 0 if and only if E(f|Z (X)) = 0.
This factor is unique up to isomorphism and is called the k-th universal characteristic factor of X. If
X = Z .« (X), we say that X is of order < k.

]Meaning that X is a compact metric space, B is the completion of the o -algebra of Borel sets, and p is a Borel measure.
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In Appendix A we summarize previous work. In particular, we survey the definitions and various
results by Host and Kra [2005] and Bergelson, Tao and Ziegler [2010]. We also state a structure theorem
for totally disconnected P pep £/ pZ-systems (Theorem A.21) from the author’s previous work [Shalom
2023]. This theorem will be used as a black box in this paper.

Another related approach for the study of the universal characteristic factors and related problems
like the inverse problem for the Gowers norms (see [Green and Tao 2008; Green et al. 2012; Tao and
Ziegler 2010] for more details), which we do not pursue in this paper, is the study of nilspaces and
nilspace systems. Antolin Camarena and Szegedy [2010] introduced a purely combinatorial counterpart
of the Host—Kra factors called nilspaces. The idea was to give a more abstract and general notion which
describes the “cubic structure” of an ergodic system (see [Host and Kra 2005, Section 2]). They proved
that connected nilspaces are inverse limits of nilmanifolds in the category of nilspaces, which justifies
the nil in nilspace. A nilspace system is a compact nilspace equipped with a continuous action of a
group which preserves its cube structure. Candela, Gonzilez-Sdnchez and Szegedy [Candela et al. 2020]
studied nilspace systems and proved that the theory of nilspaces passes through to nilspace systems when
the group acting on the space is finitely generated (Gutman, Manners and Varji [Gutman et al. 2020b]
generalized this result to compactly generated groups). Candela and Szegedy [2023] used nilspaces to
prove a structure theorem for characteristic factors for GHK seminorms associated with any nilpotent
group. They proved that the characteristic factors for the GHK seminorms of a nilpotent group form a
nilspace system and obtained from previous result an alternative proof of Host—Kra structure theorem
for finitely generated nilpotent groups. In a series of papers Gutman, Manners, and Varji [Gutman et al.
2020a; 2019; 2020b] studied further the structure of nilspaces. By imposing another measure-theoretical
aspect to these nilspaces, Gutman and Lian [2023] gave yet another alternative proof of Host and Kra’s
theorem for arbitrary finitely generated abelian groups.

The structure of nilspace systems is currently only well understood when the acting group is finitely
generated (or compactly generated in general). The only exception is a new result for actions of the group
G = [}, which was recently obtained by Candela, Gonzilez-Sanchez and Szegedy [Candela et al. 2023].
We believe that the tools developed in this paper may turn out to be useful also in the study of nilspace
systems associated when the acting group is not finitely generated and of unbounded torsion. For instance,
it is evident from this work that the Host—Kra factors of a nonfinitely generated group with unbounded
torsion are not necessarily isomorphic to an inverse limit of nilsystems. Thus, contrary to the finitely
generated case, it is impossible to describe arbitrary nilspace systems as an inverse limit of nilmanifolds.
The main results in this paper suggests that the notion of nilpotent systems in Definition 2.9 (see also the
double-coset construction from [Shalom 2022, Theorem 1.21]) may replace the notion of a nilmanifold
when studying arbitrary nilspace systems.

2. Main results

Recall that a k-step nilsystem is a quadruple (G/ I", B, i, R), where G is a k-step nilpotent Lie group, I'
is a discrete cocompact subgroup, B is the Borel o-algebra, w is the Haar measure and R : G/T" — G/ T’
is a left multiplication by some element r € G. Host and Kra [2005, Theorem 10.1] and independently
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Ziegler [2007, Theorem 1.7] proved the following structure theorem for the universal characteristic factors
concerning Z-actions.

Theorem 2.1. Let (X, B, i, T) be an ergodic invertible system. Then, for every k > 1, the factor Z _j4+1(X)
is isomorphic to an inverse limit of k-step nilsystems.

Our goal is to generalize this result to € _p, Z/pZ-actions, where P is a countable multiset of primes.

peP
As a first step we explain how to interpret the results of Bergelson, Tao and Ziegler [Bergelson et al.

2010] about [/ -systems in this language. We need the following version of nilsystems.

Definition 2.2 (zero-dimensional nilpotent system). Let k > 1 and let G be a countable abelian group.
A zero-dimensional k-step nilpotent system is a quadruple X = (G/T', B, i, (Rg)¢eG), Where G is a
zero-dimensional® k-step nilpotent group, I is a closed (not necessarily discrete) cocompact subgroup, B
is the Borel o-algebra, u is a left G-invariant measure and there exists a homomorphism ¢ : G — G such
that for every g € G the transformation R, : G/I" — G/T" is given by a left multiplication by ¢(g).

The following structure theorem for the universal characteristic factors concerning /) can be derived
from [Bergelson et al. 2010].?

Theorem 2.3. Let k > 1, any ergodic F))-system of order < k + 1 is a zero-dimensional k-step nilpotent
system whenever k < p. In the low-characteristic case k > p, our argument shows that there exists some
m = Oy (1) and an m-extension (see Definition 2.5) isomorphic to a zero-dimensional k-step nilpotent
7] p™Z-system.

Remark 2.4. We cautiously note that it is possible that the group G in Definition 2.2 is not locally
compact. For instance consider the ergodic F-system

N N
x=[]¢r = []C»
i=1 i=1

of order < 3, where o is any phase polynomial of degree < 2. If G(X) is the Host—Kra group of X
(see Definition 2.10), then since o is a phase polynomial of degree < 2, one can show that G(X) is
a semidirect product of 1—[;\1:1 C, with ]_[i-\le C,® Hom(]_[[N:1 Cp. HiN:I Cp) = 1—[;\121 C,® ([F‘[‘,))N. The
group I' = ([F‘I‘,’)N is a nonlocally compact totally disconnected subgroup and G(X)/I" = X.

Let P be a countable multiset of primes and G = P Z/pZ. In order to prove a counterpart of

peP
the theorem above for G-systems, we introduce a new notion of extensions (Definition 2.5). Our main
theorem (Theorem 2.12) asserts, roughly speaking, that every ergodic G-system of order < k+ 1 isa

(special) factor of an inverse limit of k-step finite-dimensional nilpotent systems.

2A. k-extensions and finite-dimensional groups. Let (X, T,) be a G-system and ¢ : H — G be a homo-
morphism from a countable abelian group H onto G. The homomorphism ¢ gives rise to an action of H
on X by S,x = T,)x. This observation allows us to define extensions outside of the category of G-systems.

2A zero-dimensional group is a topological group with a totally disconnected topology. That is, every point has a basis of
clopen sets.

3A proof of this result is not explicitly given in [Bergelson et al. 2010]. One way to prove this theorem is by following the
arguments in this paper in the simple case where P = {p, p, p,...}.
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Definition 2.5 (k-extensions). Let P = {py, p2, ...} be a multiset of primes and G = P
a natural number k > 1, we define G¥ =@, Z/p*Z and let

pep Z/pZ. For

o :GY > G, p(g)i =g mod pi.
We say that a G®)-system Y is a k-extension of X if it is an extension of (X, G®).

Example 2.6. Let G = Z/27 and X = {—1, 1} and define an action of G on X by T,x = (—1)%x.
Similarly, let H =Z/4Z and Y = {—1, —i, i, 1}. Then H actson Y by Sy = ihy. The system (Y, H)
defines a 2-extension of (X, G) with respect to the homomorphism

¢o:H— G, @(h)=hmod?2,
and the factor map 7 : ¥ — X, where 7 (y) = y?.

There are multiple notions of dimension for topological spaces in the literature, which do not coincide
for nonlocally compact groups (see [Arhangelskii and van Mill 2018] for a survey about the different
notions of dimension and the history behind them). Throughout we say that a topological space X is
totally disconnected if, for every x, y € X, there exists a clopen subset C € X such thatx e C and y ¢ C.
Another possible definition for a totally disconnected space X is to require that all connected components
are singletons. These definitions do not coincide in general, but in this paper the results remain the same
if we interchange one definition with another. It is well known that all products and closed subsets of
totally disconnected sets are totally disconnected.

Since there is no concrete notion of dimension for nonlocally compact groups, we will use the following
natural definition instead.

Definition 2.7. A topological group H is said to be zero-dimensional if it is totally disconnected. A
topological group H is said to be finite-dimensional if it is contained in the family of groups 7D, where
FD is the minimal family satisfying:

(i) FD contains all Lie groups and all totally disconnected groups.
(i1) If K < FD then any closed subgroup of K is in FD.
(iii) If L < K is a closed subgroup and K /L, L € FD, then K € FD.

In the specific case of compact abelian groups, this is equivalent to the following definition.

Proposition 2.8 (finite-dimensional compact abelian groups [Hofmann and Morris 2013, Theorem 8.22]).
The following conditions are equivalent for a compact abelian group U and a natural number n:

(1) U is of dimension n.
(2) There exists a compact totally disconnected subgroup A of U and a short exact sequence

l>A—>U-—>(SH > 1.

(3) There exists a compact zero-dimensional subgroup A of U and a continuous surjective homomorphism
@ : A XR"— U such that T :=Kker ¢ is discrete. Hence, U = (A x R")/ T as topological groups.
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We generalize Definition 2.2.

Definition 2.9 (nilpotent systems). Let k > 1 and let G be a countable abelian group. A quadruple
X =(G/T, B, u, (Ry)gec), where G is a k-step nilpotent Polish group, I" is a closed cocompact zero-
dimensional subgroup, and B, u and R, as in Definition 2.2 is called a k-step nilpotent system. If in
addition G is a finite-dimensional group, we say that X is a finite-dimensional k-step nilpotent system.

We note that any zero-dimensional subgroup of a Lie group is discrete. Therefore, if G is a Lie group,
then the nilpotent system X is a nilsystem. Moreover, even though the notion of dimension in nonlocally
compact groups may exhibit some pathologies, the quotient space G/ I is compact and so it is of finite
dimension with respect to any natural notion of dimension of compact topological spaces (e.g., Lebesgue
covering dimension or the small or large inductive dimension).

2B. The Host-Kra group. The Host—Kra group plays an important role in this paper. We generalize the
definition from [Host and Kra 2005, Section 5] to arbitrary countable abelian group G.

Definition 2.10. Let G be a countable abelian group and let (X, G) be a G-system. We denote by G(X)
the group of all transformations 7 : X — X with the property that, for every [ > 0, the measure !l is
" invariant and ¢! acts trivially on T(X).

The measure '), the transformation /1 : X1 — XUl and the o-algebra Z'1(X) are defined in
Appendix A. We note that if X is a system of order < k+ 1 (i.e., X = Z _;+1(X)), then G(X) is a k-step
nilpotent locally compact Polish group [Host and Kra 2005, Corollary 5.9].

Host and Kra [2005] proved the following stronger version of Theorem 2.1.

Theorem 2.11. Let k > 0. Let X be an ergodic Z-system of order < k + 1. Then, for every n € N there
exists a factor X, of X such that:

(1) X, is an increasing sequence (i.e., X, is a factor of X+ for every n) and X is the inverse limit of X,,.
(2) For each n, X,, is isomorphic to the system (G(X,)/ T (X,), By, tn, Sy) where the Host—Kra group
G(Xy) is a k-step nilpotent locally compact Lie group, I'(X},) is a discrete cocompact subgroup of G(X},),

B,, is the Borel o-algebra and i, is the Haar measure. The action of S,, on G(X,)/ '(X,,) is given by left
multiplication by an element in G(Xp).

Our main result is the following counterpart of Theorem 2.11 for the group G =P, p Z/pZ.

peP
Theorem 2.12 (structure theorem). Let k >0 and let X be an ergodic &P pep 7] pZ-system of order < k+1.
Then for some m = Oy (1)* there exists an m-extension Y of X that is an inverse limit of finite-dimensional
k-step nilpotent systems. Moreover, for each n € N there exists a factor Y, of Y such that:

(1) Y, is an increasing sequence and Y is the inverse limit of Y.

(2) For each n, Y, is isomorphic to the system (G(Y,)/ T (Yy), By, tn, (Sn,g)geéBpep
Host—Kra group G(Y,) is a finite-dimensional k-step nilpotent group, I' (Y,,) is a zero-dimensional closed

Z/p’”l)’ where the

cocompact subgroup of G(Y,), B, is the Borel o-algebra and ., is a left G(Y,)-invariant measure. For

4We use Oy (1) to denote a quantity which is bounded by a constant depending only on k.
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every g € @peP Z]p™Z, the action of S,,q on G(Y,)/ I'(Yy) is given by left multiplication by an element
inG(Yy).

In particular, it follows that if X is a G-system where G = P pep Z/pZ, then for every k € N there

exists m = Oy (1) and an m-extension (¥, G™) such that the following diagram commutes:

(X, G) z (Y, G™)

(Zi(X), G) =— (Z(Y), G™) =1im(Gy/ T, G™)

The case k = 2 of Theorem 2.12 was established by the author in [Shalom 2023] without the use of
extensions (see also Theorem 4.7). We do not know whether this result (without m-extensions) holds for
higher values of k. In Section 2E we explain how m-extensions are used to overcome certain difficulties
in the simple case where k = 3.

2C. Convergence of multiple ergodic averages and limit formula. As an application of our structure
theory, we derive an alternative proof for the convergence of some multiple ergodic averages and a limit
formula in the special case where the underlying system is a nilpotent system and the homogeneous
group is the Host—Kra group. More concretely, fix kK > 0 and let (X, T,) be an ergodic G-system where
G = QBPGP Z/pZ and fi, ..., frr1 € L*°(X). We study the limit of the following multiple ergodic
averages as N goes to infinity:

EgconTo f1Togfo- - Tet1yg fiet1- (2-1)

In the case of Z-actions, Host and Kra [2005] and Ziegler [2007] proved the convergence of these averages
by studying the universal characteristic factors. In the special case where X is a nilsystem, Ziegler
[2005] proved a limit formula for average (2-1); see (2-2) below. A simpler proof of this result and
some applications to multiple recurrence can be found in [Bergelson et al. 2005]. Bergelson, Tao and
Ziegler [Bergelson et al. 2015] proved a variant of this formula for [ -systems from which they deduced a
Khintchine-type recurrence for various configurations (see [Bergelson et al. 2015, Theorem 1.13] for more
details). In the special case where k = 2 this formula and the multiple recurrence results were generalized
to other abelian groups in [Shalom 2022; Ackelsberg et al. 2021]. We note that the norm convergence of
average (2-1) as N — oo was proved by Walsh [2012] for any countable nilpotent group G. We give an

alternative proof for this result in the special case where G = ,_p Z/pZ.

peP
Theorem 2.13 (convergence of the multiple ergodic averages). Let (X, Ty) be an ergodic G-system. Let
k > 0 be such that k +1 < min,cp p and fi, ..., frs1 € L°(X). Then, the multiple ergodic average
(2-1) converges in L*(X) as N goes to infinity.

The properties of the Host—Kra group are needed in the proof of the following formula for the limit of
average (2-1) in the special case where the underlying system X is a nilpotent system. In other words, it
is important that the homogeneous groups in Theorem 2.12 are the Host—Kra groups of the system.
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Let G be a k-step nilpotent group and ug,r be a left G-invariant measure on G/ I'. Let G| = G and for
every 2 <r <k let G, be the closed subgroup generated by all the r-commutators [. .. [[x1, x2], x3], ... x/],
where x1,...x, € G. Let I', =G, NT and let m, be a left G,-invariant measure on the quotient space
Gr/Gr4+1. We have the following formula for the limit of average (2-1).

Theorem 2.14 (limit formula). Let m > 1 and let G = @pep Z/p™Z. Fixk >0 withk+1 < min,ep p
and let X = G(X)/ T be a k-step nilpotent G-system, where G(X) is the Host—Kra group of X. Then, for
every fi, ..., fiq1 € L™°(X), every Folner sequence ®y of G and jug,r-almost every x € G/ I" we have

lim Egeopy Ty f1(X)Tog f2(x) -+ T+ 1)g fr+1(x)
N—oo k41 . (l) (l) k
:/ / / Hﬁ(xyllyzz ..... yii )dl—[ml(ylrl)’ (2-2)
G/T JGy/ T G/ Tk j—1 i=l1

with the abuse of notation f(x) = f(xI').

2D. Discussion of the main steps in the proof of Theorem 2.12 and generalizations to other countable
abelian groups. We summarize the main steps in the proof of Theorem 2.12. In each step we survey
previous work concerning Z-actions [Host and Kra 2005; Ziegler 2007] and [/ -actions [Bergelson et al.

2010], describe the counterpart that we prove for @@ _p Z/pZ-actions and discuss the general case of

peP
G-actions, where G is any countable abelian group.

Let m > 0. We denote by Z. (G, X, S') the group of cocycles of type < m (Definition A.5) and by
PC_,(G, X, 8" =P_,(G, X,SHNZY (G, X, S") the phase polynomial cocycles of degree < m. The

first step in the proof of Theorem 2.12 is to study how large this subgroup is.

Step 1 (Theorem 3.1): Let X be an ergodic € Z/pZ-system. Then

peP

PC_, <@ Z/pZ, X, sl) . B! <@ Z/pZ, X, Sl)

peP peP

has at most countable index in Z', (P ,.p Z/pZ, X, S*).
A well-known theorem of Moore and Schmidt states that, for any countable abelian group G and any
ergodic G-system X,

ZL (G, X, 8" =PC_(G, X, S") B(G, X, ).

In the special case where G = [, this equality holds for higher values of m. Formally, Bergelson, Tao
and Ziegler [Bergelson et al. 2010] proved that

z! (F°, X, 8" =PC_,(F°, X, S")- BL(F?, X, S1)

for every m < p and an ergodic [)-system X.

This equality fails in general. For instance Furstenberg [1990] and Weiss proved that there exists an
ergodic Z-system X and a Z-cocycle p of type < 2 that is not cohomologous to a phase polynomial of any
order. In previous work [Shalom 2023], we find an “if and only if” criterion for this equality to hold for
b pep £/ pZ-systems and construct a counterpart of the Furstenberg and Weiss example in the case where
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P is an unbounded multiset of primes. If (X, T) is a group rotation, Host and Kra [2005, Lemma 9.2]
proved that P_;(Z, X, S . BY(z, X, S") is of countable index in ZLZ(Z, X, S') and mentioned that the
counterpart for higher values of m fails. Instead, they proved the following result: let (X, T') be an ergodic
Z-system and let (2, P) be a probability space. Let w — p,, be a measurable map into Z (7, X, S!).
Then there exists a set of positive measure .4 C €2 such that p,/p. is cohomologous to a constant for
every w, o € A.

We thus conjecture that the following general version holds.

Conjecture 2.15. Let G be a countable abelian group and (X, G) be an ergodic G-system. Let m > 1
and (2, P) be a probability space. Then, for any measurable map o +— p,, from Q2 to Zl<m(G, X, Sh,
there exists a set of positive measure A C Q2 such that p,/pw € PCn(G, X, sYH.BYG, X, Sh.

The next step in the proof of Theorem 2.12 is to reduce matters to the case where X is a finite-
dimensional system (see Definition 4.1) using inverse limits. Recall (Proposition A.19) that every ergodic
system X of order < k is a tower of abelian extensions. Namely,

X=U() X p Uy x--- X pr_1 Uk_1.

We refer to the compact abelian groups Uy, . ..., Ux_; as the structure groups of the system X.

Step 2 (Theorem 4.3): Let k > 1. Then any ergodic P peP
dimensional systems (see Definition 4.1). Bergelson, Tao and Ziegler [Bergelson et al. 2010] proved that

7/ pZ-system is an inverse limit of finite-

the structure groups of an ergodic F)-system of order < k are totally disconnected (zero-dimensional).
We refer to these systems as totally disconnected systems. The following definition is due to Host
and Kra: a system X of order < k is called toral if U, is a Lie group and any other structure group
is a finite-dimensional torus. In the case of Z-actions Host and Kra proved that X is an inverse limit
of toral systems. In the generality of countable abelian groups, it is impossible to approximate every
system with finite-dimensional systems. As a counterexample consider the action of the group Z“ on
(SHN by R,x = (¢"'x, «"x,...), where n = (ny, ny, ...). If « is irrational then the action is ergodic.
Let (e, e, ...) denote the natural basis for Z® and p : Z% x (SN — S! be the unique cocycle with
p(ei, x) = x;. Then, the extension (S")N x 0 S!isan ergodic system of order < 3 that is not an inverse
limit of finite-dimensional systems.

Step 3: The last and most technically difficult step in the proof of Theorem 2.12 is solving the following
lifting problem. Let X = Z_;(X) x, U be a finite-dimensional ergodic system of order < k + 1. Using a
proof by induction and passing to an extension, we may assume that Z_;(X) =G/ I is a nilpotent system.
Let Gy < Gk—2 <--- <Gy <G; =G be the lower central series for G. We adapt an inductive argument of
[Host and Kra 2005], where in step j we lift some elements from the group Gy _ ;4 to transformations on
X which belongs to G(X). The following difficulties arise in the case where X is a finite-dimensional
system that is not a toral system.

(1) The near-action defined by group generated by the connected component of G(X) and {7, : g € G}
may not be transitive on X.
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(2) The cocycles in the process may take values in a compact abelian group U which is not necessarily
a torus. In particular, it is difficult to apply the results from step (1).

To deal with these difficulties we use extensions and k-extensions (see Definition 2.5). For instance, in order
peP 7/ pZ, and
p:Gx X — U be a cocycle into some finite-dimensional group U. If yop € PC (G, X, S")-B(G, X, S")
for every x € ﬁ, then there exists some m = Oy (1) and an m-extension 7 : ¥ — X with the property
that pomr € PC; (G™, Yy, U )- B! (G(’"), Y, U). To deal with the first difficulty we also need extensions,
but of different type. Roughly speaking, we show that for every countable set of transformations of
bounded torsion in G(X), there exists an extension Y where these transformations have a lift in G(Y).
(See Lemma 7.6, and Section 7 for more details). We note that the passing to extensions of X leads to

to overcome the second difficulty, we prove the following result (Lemma 5.11): Let G = &

other difficulties which we discuss in detail in Section 6.

The reduction to the case where X is a finite-dimensional system is only necessary to ensure that U is
finite-dimensional and Y is an m-extension. This is no longer necessary when working in the generality
of all countable abelian groups. Therefore, by following the arguments in this paper and assuming that
Conjecture 2.15 holds we can prove a structure theorem for all countable abelian groups.

Theorem 2.16 (structure theorem). Let G be a countable abelian group and k > 1. Let X be an ergodic
G-system of order < k + 1 and assume that Conjecture 2.15 holds. Then X is a factor of a k-step nilpotent
system (Y, H), where H is a countable abelian group extending G and the homogeneous group G(Y) is a
k-step nilpotent Polish group.

Since any countable abelian group is a quotient of Z“, one can always take H = Z“ in the theorem
above. The case k =2 of this theorem was established in [Shalom 2022]. The proof of the theorem above
follows by arguing as in Sections 6 and 7 together with the counterpart of Lemma 5.11 and Theorem 5.9
for abelian groups that is given in [Shalom 2022, Proposition 3.8 and Theorem 3.14].

2E. A simple case of Theorem 2.12 and k-extensions. We emphasize the part of the proof where we
used k-extensions. For the sake of the example, let X be an arbitrary G-system of order < 4. By
Proposition A.19, there exist compact abelian groups Z, U and W and cocycles o and p such that

X=Zx,Ux,W.

In Section 4 we reduce matters to the case where X is a finite-dimensional system (see Definition 4.1)
using inverse limits. Let us therefore assume that Z and U are finite-dimensional groups and W is a Lie
group. Since W is a Lie group, modifying the arguments of Host and Kra one can show that X is (a factor
of) a 3-step nilpotent system with respect to its Host—Kra group if and only if ¥ = Z_3(X) is (a factor of)
a 2-step nilpotent system with respect to its Host—Kra group. In that case the Host—Kra group takes the
convenient form

GY)={S,r:s€Z, FeM(Z,U) such that there exists ccHom(G, U) with A;o(g,x)=c(g)-A,F(x)},

where S, r : Y — Y is the transformation S; r(z, u) = (sz, F(2)u).
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If U is a torus, then for every s € Z there exists a character ¢; : G — U and a measurable map
Fs: Z — U such that Ajo = ¢, - AF, (see Lemma 3.2). Equivalently, this means that the transformation
s € Z has a lift S; r, in G(Y). If this holds for every s € Z then the action of G(Y) on Y is transitive and
Y is a nilpotent system. Below we discuss the case where U is a finite-dimensional group that is not a
Lie group. (If U is a Lie group then it is a direct product of a torus and a finite group. The case where U
is finite is covered in [Shalom 2023].)

Observe that if x : U — S! is a character, then by the torus case there exist ¢s,x € Hom(G, § 1) and
Fyy € M(Z, S') such that

ASXOU(gvx):Cs,x(g)'Ang,x(x)- (2-3)

By Pontryagin duality, s has a lift in G(Y) if and only if there is a choice of F; , and ¢, , for which
(2-3) holds and x + Fj , is a homomorphism. Equivalently, for every s € Z we can consider the map
ks : UxU— P (Z, Sl), where

Fsxx'

ki(x, x') = —2—.
’ Foy-Fsy

The map k; defines an abelian multiplication on the Cartesian product U x P_»(Z,ShH by (x, p)-(x', p)=
(xx', ks(x, x")pp'). We denote this group by U x;, P-»(Z, S') and observe that the short exact sequence

1> Pr(Z,8Y) > U xi, Poy(Z,8") > U — 1 (2-4)

splits if and only if s has a lift in G(Y).

Since U is not a torus, U is not a projective object in the category of discrete abelian groups. Moreover,
it is not necessary that P_»(Z, S') is a divisible group (an injective object). In other words, other properties
of k; must be used in order to prove that this extension always splits. Instead, we chose a different method
which involves k-extensions.

Letn =dim U. A careful analysis of the finite-dimensional group U shows that we can find a multiset of
primes P and vectors v, € Z" for every p € P such that U=z [(1/p)-v,]. Itis easy to find a cross-section
from the subgroup Z" to U x k, P<2(X, S') and so it is left to find p-th roots for certain phase polynomials
in P-»(X, S"). We do not know whether or not such roots exist and therefore we use extensions. In
Section 5 we prove, roughly speaking, that by extending Y to a 2-extension ¥’ we can find a p-th root for
any phase polynomial of degree <2 on Z in P_»(Z_»(Y’), S!) (see Theorem 5.5 or Theorem 5.9). This
means that by passing to an extension and replacing P_»(Z, S 1Y with P_o(Z2(Y"), S1), the short exact
sequence (2-4) splits and we can lift s to G(Y’). Then, since we passed from Y to Y’, we need to make
sure that we can also lift all of the new transformations which arise from the extension Z_,(Y') — Z. A
formal proof is given in Sections 6 and 7.

3. Conze-Lesigne-type equation

Throughout, fix a multiset of primes P. Let m > 0, let G be a countable abelian group and denote
by ZL (G, X, S') the group of (G, X, S')-cocycles of type < m and by PC_,,(G, X, S') the phase
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polynomial cocycles of degree < m. It follows by Lemma A.15 that

PC_,(G, X, 8" -BYG, X, s") <7 (G, X, Sh. (3-1)

<m
The following theorem is the main result in this section.

Theorem 3.1. Let X be an ergodic @ ,_p Z/ pZ-system. Then, for every m > 0, the subgroup

peP

PC_,, <€B Z/pZ, X, sl) . B! <@ Z/pZ, X, Sl)

peP peP

Z/pZ, X, S").

is of at most countable index in Z\ (EBPGP

We recall some relevant results from previous work. In the case where m = 1, we have the following
theorem of [Moore and Schmidt 1980].

Lemma 3.2 (cocycles of type < 1 are cohomologous to constants). Let G be a countable abelian
group, and let X be an ergodic G-system. Suppose that p : G x X — S! is a cocycle of type < 1.
Then, there exists a character ¢ : G — S' such that p is (G, X, S')-cohomologous to c. Equivalently,
Z' (G, X,8")=PC.(G,X,S") - BI(G, X, SH.

The following result [Host and Kra 2005, Corollary 7.9] allow us to reduce matters to the case where
X is of order < m.

Proposition 3.3. Let G be a countable abelian group and X an ergodic G-system. If m > 0 and
p:G x X — U is acocycle of type < m into some compact abelian group U, then p is (G, X, U)-
cohomologous to a cocycle p' : G x X — U that is measurable with respect to Z -, +1(X).

From this and Theorem A.21 we conclude the following result.

Theorem 3.4. Let m > 0 and P be a multiset of primes. If X is an ergodic totally disconnected
pep L/PZ X X — S! of type < m is
(@pEP Z/pZ, X, Sl)-cohomologous to a phase polynomial of degree < d for some d = O,,(1).

P pep L/ pZ-system (see Definition A.20) then every cocycle p : b

If hypothetically we knew that the quantity d in the theorem equals to m, then this would imply
Theorem 3.1 for a totally disconnected system X. In fact, in this case

PC_,, (@ Z/pZ, X, S1> - B! (@ Z/pZ, X, Sl) =z (@ Z/pZ, X, Sl).
peP peP peP
In order to deal with the fact that d is potentially higher than m we need the following generalization of

Lemma A.17.

Lemma 3.5. Let X be an ergodic G-system. Letd > m > 0and p : G x X — S' be a phase polynomial
of degree < d and type < m. Write d"'p = AQ, andletr =d —m. If |Q — 1 22 xtm, pyimty < V2251
then p is a phase polynomial of degree < m.

Proof. If m = 0 then the claim follows by Lemma A.17. Assume that m > 1. We have:
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Claim. Let P : X! — S! be a phase polynomial of degree < r and suppose that
1P — 1l 2 eom ity < V/2/2771 (3-2)

Then P is invariant with respect to the diagonal action of G on X" if and only if, for every (m—1)-face o
and g € G, A = P is invariant with respect to that action.

Proof. Let g € G and « be an (m—1)-face. Since g[’”] is measure-preserving (Lemma A.3) and commutes
with 4l the first direction follows. We prove the other direction. By the ergodic decomposition theorem
there exists a probability measure (£2,,, P,;) such that

! — / 1o d P (). (3-3)
Q"l

Let @ be an (m—1)-dimensional face. By Lemma A.4, the transformation g/ defines an isomorphism of
ergodic components and an action on (£2,,, P,,). Moreover, by the same lemma, the action generated by
these transformations for every g € G and (m—1)-dimensional face « is ergodic. Let

={weQ,: AP =1 uy-ae.}.

Since A m P is invariant, we have that € A if and only if g"lw € A. In other words, A is invariant.
On the other hand, from (3-3) and (3-2) we conclude that the set

={w € Q1P — 112, < V2/2"71)

is of positive measure with respect to P,,. Since p,, is ergodic it follows by Lemma A.17 that B € A and

therefore by ergodicity (Lemma A.4) A is of measure 1. This proves the claim. ]
We return to the proof of the lemma. For any g1, ..., g4 € G and (m—1)-dimensional faces, o1, ..., ag
we have
" Ag - Dy p=AA - Ay m©,
where « is the intersection of «, ..., ag. Since p is of degree < d we conclude that A gl Bgtm (0]

is invariant with respect to the dlagonal action of G. The claim above imply that if d- derlvatlves of Q are
invariant and these derivatives are sufficiently close to 1, then only d — 1 derivatives of Q are invariant.
Repeating this claim iteratively d times, we deduce that when Q sufficiently small (as in the lemma), it is
invariant with respect to that action. Since d" p = AQ =1, Lemma A.15 implies that p is of degree < m
as required. U

We have the following reduction of Theorem 3.1.

Lemma 3.6. Let G=EP Z/pZ. In order to prove Theorem 3.1 it is enough to show that for some d > m

peP
PC_4(G. X, 8" B"(G. X, sHnZzL, (G x,8") <ZL,(G. X, 5"
is of at most countable index.

Proof. Let W C L?*(X™1) denote the space of phase polynomials of degree < d —m + 1 in X", Since
L2(Xm g lmly g separable, we can decompose W into a countable union of balls {B,};cn of diameter
< \/5/22"_’"“. For each ball, we choose (if it exists) a cocycle p; € P_4(G, X, sYH-BYG, X, SH
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such that p; = p; - AF; for a measurable map F; : X — S' and a phase polynomial cocycle p; €
P_4(G, X, S") which satisfies that d"!p; = AQ;, where Q; € B;. We conclude that, for every p €
PC_4(G, X, 8" -BY(G, X, S"), there exists i such that p/p; € PC_,(G, X, S")- B (G, X, S'). Indeed,
write p = p - AF for some p € PC_4(G, X, S1H. Since p is cohomologous to p, it is of type < m.
Therefore, we can write d"!p = A Q for some phase polynomial Q : X" — S! of degree <d —m + 1
(by Lemma A.15). We conclude that O € W and there exists i such that Q € B;. Let p; as above. We
conclude that p/p; = p/pi - AF/F; and d"™ p/p; = AQ/Q;. Since

19/Qi — Ulp2qumy =119 — Qill2¢uimy < \/5/22"*’"“,

Lemma 3.5 implies that p/p; is of degree < m. It follows that PC_,,(G, X, S') - B/(G, X, S') is of
countable index in PC_4(G, X, Sl) - B! (G, X, Sl) N Z1<m (G, X, ShH. By the assumption, the latter is
of at most countable index in Z. (G, X, S'). We conclude that PC_,,(G, X, S!) - B1(G, X, S') is of
countable index in ZL, (G, X, S, as required. O

The main difficulty in the proof of Theorem 3.1 is therefore to reduce matters to the case where X is
totally disconnected. Before we turn to the proof of Theorem 3.1, we prove some corollaries. Since we
prove Theorem 3.1 by induction on the order of X, we will be able to use these corollaries for systems of
smaller order.

3A. Corollaries. Throughout and unless specified otherwise G = P
following counterpart of [Host and Kra 2005, Lemma 9.2].

pep Z/pZ. We begin with the

Theorem 3.7. Let m > 0 be a natural number and X be an ergodic G-system. Let (2, P) be a probability
space and w — p,, be a measurable map from 2 into ZLm(G, X, SY). Then, there exists a set of positive
measure A C Q such that p,/py € PC (G, X, Sl) . BI(G, X, Sl)for every w, w € A.

We need some notation: An analytic subset of a measurable space X is the continuous image of a
Polish space in X. The Lusin separation theorem [Kechris 1995, Theorem 14.7] implies that if A and
X\ A are analytic, then A is Borel measurable.

Proof. Observe that since the analytic set PC_,, (G, X, S 1. BY(G, X, ") is of at most countable index
in ZL (G, X, S"). Then by the separation theorem it is Borel. Therefore the map

o> pw- PC-n(G, X, SY-BYG, X, SY

is a measurable map into a countable set. We conclude that there exists a measurable set B C Q2 of positive
measure such that for every o, o’ € B, p, and p,, belong to the same coset. ]

As a corollary we have the following result.

Theorem 3.8. Let m > 0, X be an ergodic G-system and U be a compact abelian group which acts on
X by automorphisms. Let p : G x X — S' be a cocycle and suppose that, for every u € U, A,p is of
type < m. Then there exists an open subgroup U’ < U such that A, p € PC_,,(G, X, sHh.BY(G, X, SH
forallu e U'.
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Proof. From the cocycle identity it is easy to see that
U={ueU:A,pePC,(G,X,S"-B(G, X, ")

is a subgroup of U. We use Theorem 3.7 with Q2 = U and p, = A, p. We see that there exists a set of
positive measure A C U such that A, p/Ayp € PC_, (G, X, SH-BY(G, X, S forall u, u’ € A. A direct
computation shows that A,,—1p =V, ~1A,p/A,p for every u, u’ € U. Since U commutes with G, we
conclude that A- A~! C U’. Therefore, by LemmaB.1, U’ is an open subgroup and the proof is complete. [J

Given a compact abelian group U and an integer m we define U™ := {u™ : u € U}. Observe that the
subgroup U’ in the previous theorem depends on the cocycle p. In the next lemma we compute this group
for a root of p.

Lemma 3.9. Let X be an ergodic G-system. Let U be a compact abelian group which acts on X
by automorphisms and let n,m,d € N. If p : G x X — S! is a cocycle of type < m and A, p" €
PC_4(G, X, 8" -BY(G, X, SY) for every u € U, then A,p € PC_4(G, X, S") - BI(G, X, S") for every
uelu™.

Proof. The claim follows immediately by induction on m and from the identity
n—1
App=Aup" [ ] Aulrif
k=0
We have A, p" € PC_4(G, X, SY)-BY(G, X, S') and, for every 1 <k <mn, A,A,p is of smaller type. [

3B. The proof of Theorem 3.1. We briefly explain the method in the proof. We prove the claim by
induction on m: The case m = 0 is trivial, and the case m = 1 follows from Lemma 3.2. Fix m > 2 and
assume inductively that the theorem holds for smaller values of m. Let p : G x X — S! be a cocycle of
type < m. By Proposition 3.3 we can assume without loss of generality that X is of order < m 4 1. By
Proposition A.19 we can find compact abelian groups Uy, Uy, Us, ..., U, where Uy is trivial and

X=Uyxp Uy x---xp Up.

We construct a sequence of factors
X:Xm—)Xm_l —)Xm_2—> ---—)Xo,

where in each step we quotient out the connected component of the identity in the next structure group.
The last factor, Xg is a totally disconnected system.
Observe that the factor maps define a sequence of injections

zL (G, X0, S — z! (G, X1, $")— ... z. (G, X, s").

Adapting the arguments of Host and Kra, we show that the image of each of these embeddings is of at most
countable index in the next group. Then we apply Theorem A.21 to the system X and complete the proof.

One difficulty which arise in this process is that the connected component of the identity of the structure
groups may not act on X by automorphisms. For this reason we study under which conditions we can lift
an automorphism from Z _;(X) to Z_;4+1(X) for every 1 <k <m. We have:
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Lemma 3.10 (going up). Let X be an ergodic G-systems. Let U be a compact abelian group and
Y = X x, U be an extension of X by a cocycle p : G x X — U. Let A be a connected compact abelian
group of automorphisms of X and suppose that for every a € A, Ay,p € B'(G, X, U). Then, there exists
a compact connected abelian group of automorphisms A of Y such that the induced action of Aon X
coincides with the action of A.

Proof. Let X, p, A as above. For every a € A and a measurable map F : X — U we define a measure-
preserving transformation S, r on X x U by S, r(x, u) := (ax, F(x)u). Direct computation shows that
the group

K:={Se.r: Asp=AF}

acts on X x U by automorphisms. Indeed,
Sa,FTgY(x, u)=(a- TgXx, F(Tex)p(g, x)u) = (TgXax, F(x)p(g,ax)u) = TgYSmF(X, u).

Equipped with the topology of convergence in probability K is a Polish group with respect to the
multiplication Sy, F o Sor ' = Saa’,F'v, F (s€€, €.g., [Host and Kra 2005, Appendix A]). By the assumption
the projection map p : KK — A is onto. Moreover, by ergodicity we see that the kernel of p is isomorphic
to U. In particular, it follows from Corollary B.4 that K is a compact Polish group. Finally, since A is
abelian, direct computation reveals that K is 2-step nilpotent. We let A be the connected component of K.
By all of the above and Proposition B.15 we deduce that A is a compact connected abelian group. Since
p is open (Theorem B.3) it maps the connected group A onto A. (I

Given a system X and a group A acting freely on X. We define the quotient space X /A to be the space
of all equivalent classes [x] := {ax : a € A} with the quotient o -algebra. We let the measure x4 be the
push-forward of wx under the factor map 7 : X — X/A, m(x) = [x]. Finally, if gAg~' C A for every
g € G then the action of G on X/A by Tg[x] = [Tgx] is well-defined.

Lemma 3.11 (going down). Let Y = X x, U be an ergodic abelian extension of a G-system X by a
compact abelian group. Let A be a compact connected abelian group of automorphisms of X and suppose
that A acts freely on X and Ayp € B (G, X, S) for every a € A. Then A from the previous lemma acts
freely on Y and the factor Y =Y/ A is an extension of X' := X/A by some quotient of U.

Proof. Let Y’ as in the lemma. The G-action on Y’ is given by g[y] = [gy], where [y] = {ay : a € A}.
This action is well-defined since the action of A on ¥ commutes with the action of G. Let K be as in the
proof of the lemma above, and p : K — A the projection map. As before we can identify U with the
kernel of p : K — A. We show that Y’/ = X’ x, U/ V for some cocycle o, where V = ANU.

Let p: G x X — U/V be the composition of p with the projection map U — U/V and consider the
extension X x ;U/ V. For every a € A choose a measurable cross-section a — Fy such that S, , € A. Since

Agp = AF,, (3-4)

the cocycle identity implies that F,, /(F,V,F)) is a constant. Since S, F,/(FaVoF.) € A, we conclude
that F,. /(F,V,F)) € V. Now, let F, be the projection of F, to U/ V. It follows that Fow =F,V,Fy.
Since A acts freely on X, we can write X = Xy x A measurably. Choose some generic point ag € A
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and set F(x, aap) := F.(x, ap). A direct computation reveals that A, F = F,. From (3-4) we conclude
that p/AF is invariant to A. Let o : G x X’ — U/ V be the push-forward of o/AF and let F be any
measurable lift of F' to a map into U. Then, for every x € X we have that F (ax)/ F (x)- Fy(x) € V. This
implies that w ([x]4, uV) =[(x, ﬁ(x)_lu)]g is a well-defined isomorphism from X’ x, U/V to Y'. Since
A acts freely on X, we can write X = X’ x A and therefore Y = X' x A x U/V x V. By identifying
A x V (measurably) with A we see that A acts freely on Y, as required. (I

Next we modify the argument from [Host and Kra 2005, Proposition 8.9] for connected groups in the

context of @, _p Z/pZ-actions.

peP

Lemma 3.12. Let X be a G-system of order < m + 1 for some m > 0 and let U be a connected
compact abelian group which acts freely on X by automorphisms. We abuse notation and identify
z! (G, X/U, S') with a subgroup of Z*, (G, X, S'). Then, Z. (G, X/U, S") - BY(G, X, S!) is of at
most countable index in ZL (G, X, S").

Proof. Equip M (X, S') with the L? topology. For every cocycle p € ZL (G, X, S') we consider the group
Hp ={Sur:uecl, FeM(X, S1, there exists p € P-,,(G, X, S') such that A,p = p, - AF}.

Equipped with the topology of convergence in probability H, is a Polish group and we have a short exact
sequence

1= P (X, 8 = H, — U — 1.

By Corollary B.4, H,, is locally compact. Moreover, since U is connected, H, is 2-step nilpotent. To see
this observe that if S, r, S ' € H,, then [Sy, r, Sw, F’] = S1,a,, F/a, F- Since phase polynomials cocycles
are invariant with respect to translations by connected groups (Proposition C.5), we conclude that

AF,  AAyp

= 1.
Ay Fy Au’Au/O

Therefore by ergodicity A, F, /A, F, is a constant and S, A, F/A, F 18 in the center of H,,.

Let M(X, S') denote the space of all measurable maps on X with values in S!, equipped with
the topology of convergence in probability. Let F be the group of all continuous maps from U to
MX, 8Y/Popi1(X, S, where M(X, SY)/P_,+1(X, S!) is equipped with the quotient metric (i.e.,
d(f,g)=inf,cp_ (x5 drmx s (f — P, &) Equipped with the supremum metric, F is a Polish group.
We define a map ®, € F by giving each u € U the equivalence class of F,, in M(X, SY/P_pi1(X, SY.
If @, is sufficiently small (say [|®,| 7 < 1/20™) we show that we can linearize the term u — F,:

For such p we can define a subset K < #H, by

K:= {SS,F . there exists ¢ € S' such that |F—c| < 10%}
A direct computation shows that K is a closed subgroup of #, (see [Host and Kra 2005, Proposition 8.9] for

the details). Observe that since || P, || < 1/20™ the projection px : K — U is onto. Since U is connected
and p is open (Theorem B.3), the same holds if we restrict ourselves to the connected component of the
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identity Ko of K. Since Ky is 2-step nilpotent and connected, it is abelian (Proposition B.15) and so it splits
as Ko = S!' x U. In other words, for every u € U we can find F, such that (u, F,,) € Ky and F,,, = F,V, F,.

Since the group U acts freely on X we can write X = Y x U. Fix any generic point ug € U and define
F(y,uug) :== F,(y,ug) forall y e Y, u € U. It follows that

Au(p/AF) = p; (3'5)

for some phase polynomial p/, € P_,,(G, X, S).

The phase polynomial term p], is in fact trivial. To see this notice that u +— p/ is a cocycle. Since
U is connected, by Proposition C.5 u +> p;, is a homomorphism. Since there are only countably many
polynomials up to constants and U is connected, we conclude that p/, is a constant in x. Finally, since p;,
isa(G,X,S 1)—cocycle and a constant in x, it can be identified with an element in G. Therefore, u — p),,
is a continuous homomorphism from U to 6, and hence trivial. We conclude from (3-5) that A, (p/AF)
is a coboundary for every u € U. By Lemma A.24, p is (G, X, S')-cohomologous to a function that is
invariant under U.

Now, since F is separable we can decompose F as a union of countably many balls {B;};cn of diameter
< 1/20™. For each ball B; choose (if exists) a cocycle p; of type < m such that ®,, € B;. We conclude
that if p is an arbitrary cocycle of type < m, then there exists p; such that ||¢,/,, | 7 < 1/20™. Therefore
p/pi is cohomologous to a cocycle which is invariant to the action of U. By Lemma A.9 the push-forward
of p/p; to X/U is a cocycle of type < m. U

It is left to prove Theorem 3.1.

Proof. We already considered the cases m = 0 and m = 1 above. Fix m > 2 and let X be as in the
theorem. By Proposition 3.3 we can assume that the G-system X is of order < m + 1. Therefore, by
Proposition A.19, X can be written as X = Up x,, Uy x - -+ x,, U, for some compact abelian groups
Uy, ..., U, and cocycles py, ..., pm. Let I =1(X) denote the smallest number for which Uy, ..., U,
are totally disconnected. We prove the claim by induction on /. If / = 0 then X is a totally disconnected
system. In this case the proof follows by Theorem A.21 and Lemma 3.6. Fix [ > 1 and suppose that
the claim holds for all smaller values of /. Let U; ¢ be the connected component of the identity of U;
and recall that U; ¢ acts freely on Z_;41(X) by vertical rotations. In particular, if / = m then U ¢ acts by
automorphisms on X. Otherwise suppose that / < m. In this case we lift U; o to a group of automorphism
of X using Lemma 3.10. We argue as follows: Let x € l71+1, using the induction hypothesis we know that
the claim in Theorem 3.1 holds for Z_;(X) and so we can apply Theorem 3.8. We conclude that there
exists a phase polynomial p, € P—t(G, X, S') (in fact we can take p, of degree < 1) and a measurable
map F, : X — S' such that

Ayxopiy1 =pu-AF, (3-6)

for every u € U; . By assumption, U;4 is totally disconnected and therefore there exists some n € N
such that x" =1 (Corollary B.8). Let u € U, o, the cocycle identity gives that
n—1

Ay x 0 pri1 = (Ayx 0 pr+1)" - 1_[ AyAyxop.
k=0
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Since x" =1, the first term in the right-hand side of the equation above vanishes. By Proposition C.5 and
(3-6) the other term (the product) is a coboundary. Therefore, we see that p,» is a (G, X, S 1)—coboundary
for every u € U;o. Since connected groups are divisible this implies that p, is a coboundary for every
u € U;p. From this and (3-6) we see that x (A, p;+1) is a coboundary for every u € U;o. As x was
arbitrary Theorem A.6 implies that A, p;4+1 is a (G, Z-;4+1(X), U;4+1)-coboundary.

Therefore we are in a situation as in Lemma 3.10 and so we can lift U; o to a group of automorphisms
on Z_;42(X). Repeating this argument iteratively we conclude that we can lift U; o to a compact abelian
connected group of automorphisms on X = Z_,,+1(X). We denote this group by H; and let X' = X /H,.
Now, by applying Lemma 3.11 iteratively we see that H; acts freely on X and /(X’) =1 — 1. Therefore, by
Lemma 3.12 we have that Z! (G, X', S')- B'(G, X, S') is of at most countable index in Z! (G, X, S!).
Moreover, by the induction hypothesis PC_,,(G, X', S . BI(G, X', §!) is of at most countable index
in ZLm(G, X', S1. We conclude that PC_,,(G, X', ") - BI(G, X, S") is of at most countable index
in ZL (G, X, S") (we identify PC_,,(G, X', S') with a subgroup of PC_,,(G, X, S') using the factor
map). Finally, by Proposition C.5 phase polynomial cocycles are invariant with respect to the action of
connected groups and therefore PC_,, (G, X', S = PC_, (G, X, S") and the claim follows. O

4. Inverse limit of finite-dimensional systems

We begin with the following definition of a finite-dimensional system. The main result in this section
(Theorem 4.3) asserts that every ergodic G-system of order < k is an inverse limit of these systems.

Definition 4.1 (finite-dimensional system). Let k > 1. An ergodic G-system X of order < k is called a
finite-dimensional system if for every 1 <r <k — 1 the system Z_,,(X) is an extension of Z_,(X) by
a finite-dimensional compact abelian group.

Note that by Proposition A.19 this means that we can write X = Uy x,, Uy x - -+ X, , Ur_1, where
Uy, Uy, ..., Uy_ are finite-dimensional compact abelian groups.
We are particularly interested in finite-dimensional systems which also have a finite exponent.

Definition 4.2 (exponent of a finite-dimensional system). Let m > 0.

« A totally disconnected group A is said to be of exponent m if for any prime p, the p-sylow subgroup of
A is a p™-torsion group. Equivalently, by Theorem B.9, A =[]
and d, < m.

per Cpap for some multiset of primes /

o We say that a compact abelian finite-dimensional group U is of exponent m if there exists a closed
totally disconnected subgroup A of exponent m such that U/A is a Lie group.

« A finite-dimensional system X is of exponent m if the structure groups are of exponent m.

We prove that every ergodic G-system of order < k is an inverse limit of finite-dimensional systems of
some bounded exponent.

Theorem 4.3 (systems of order < k are inverse limits of finite-dimensional systems). Let X be an ergodic
G-system of order < k. There exists m = O (1) and a sequence X, of increasing factors of X such that, for
each n € N, X,, is a finite-dimensional system of exponent m and X is the inverse limit of the sequence X,,.
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Let X = Z_;_1(X) x, U be an ergodic G-system of order < k. Since every compact abelian group is
an inverse limit of compact abelian Lie groups (Theorem B.14), we can assume that U is a torus times a
finite group (Theorem B.13). We note that in general replacing a structure group of X with one of its
quotients will not necessarily be a factor of X and therefore this approximation is only possible for the
last structure group.

In the next lemma we study cocycles with values in a Lie group. By taking coordinates it is enough to
study cocycles into the torus and into a finite cyclic group.

Lemma 4.4. Let X be an ergodic G-system of order < k. Suppose that U is a compact abelian group
which acts freely on X by automorphisms. Let H be either S' or C pn for some prime p and a natural
number n and let p : G X X — H be a cocycle of type < m. Then there exists a subgroup V < U such
that U/ V is a finite-dimensional group of exponent m and p is (G, X, H)-cohomologous to a cocycle
that is invariant with respect to the action of V.

Proof. If m = 0 then p is a coboundary and the claim follows. We assume that m > 1. By embedding H
in S' (if necessary) and applying Theorem 3.8 we see that there exists an open subgroup U’ < U such
that for every u € U we have

Ayp =pu-AF,

for some phase polynomial p, € P, (G, X, S') and a measurable map F,.

Using Lemma A.26 and then Theorem B.14 we can find a closed subgroup J < U’ such that U’/ J
and U/J are Lie groups and p;j» = p;Vjpjy = pjpj - Ajpj forevery j, j' € J. Since Ajp is a phase
polynomial of degree < m — 1, we conclude that the map j+— p;-P_,,_1(G, X, S 1 from J to the quotient
P_.(G, X, Sl)/P<m,1(G, X, Sl) is a homomorphism. Write G = @pep
we denote by G, be the g-component of G (i.e., G, = {g € G : g¢g = 0}). By Lemma C.2 we know that

Z/pZ. For every prime g € P,

for every g € G, and for all j € J we have that p;(g,-)? = pj«(g, -) is phase polynomial cocycle of
degree < m — 1. Inductively (see the proof of Corollary C.4), we have that p ;s (g,-) =1. Let J; :=J 7"
and J' =, cp Jq. The quotient J/J' is a totally disconnected group of exponent m and we have that
Ajp € BY(G, X, S') for every j € J'. Therefore, by Lemma A.24, p is (G, X, S)-cohomologous to
a cocycle p’ that is invariant with respect to the action of some open subgroup J” < J’. To complete
the proof we notice that since J” < J’ is an open subgroup and J/J' is a totally disconnected group of
exponent m then the groups U/J’ and U/J” are finite-dimensional of exponent m. Thus, if H = §' we
can take V = J” and the proof is complete. Otherwise suppose that H = C,». By embedding H in St
and arguing as before we can find a measurable map F : X — S' such that

Aj,O = AAJ'F

for all j € J”. Our goal is to replace F with a function which takes values in Cp». Since oP" =1 the
equation above implies that A ; F P" is a constant. Since j > A iF P" is a cocycle we conclude that there
exists a character x : J” — S! such that A; F?" = x(j) for every j € J”. Let V :=ker(x), since J” is
totally disconnected Corollary B.8 implies that the image of x is discrete. In particular, it follows that
V is an open subgroup of J” and therefore U/V is a finite-dimensional group of exponent m. Finally
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as FP" is invariant under V we can find a measurable map F : X — S! that is invariant under V with
FP" = FP", Since F is invariant to V, we conclude that

Ajp=A;AF/F

for every j € V. Moreover, since F/fl’" =1, ,o/A(F/f) is (G, X, Cpn)-cohomologous to p and is
invariant under V, as required. O

From the lemma above we conclude the following result.

Proposition 4.5. Let X be an ergodic G-system and let H be a compact abelian group which acts on
X by automorphisms. Let m, [ > 0 be integers, let U be a finite-dimensional group exponent m and let
p:G x X — U be acocycle of type < . Then, there exists a subgroup H < H such that for every h € H,
Awp € BY(G, X, U) and H/ﬁ is finite-dimensional of exponent < m - 1.

Proof. Let U be as in the proposition and find a closed totally disconnected subgroup A < U of exponent
m such that U/A is a Lie group. By Theorem B.13 we can write U/A = (S')" x [T, Cplf‘i where r € N,
pi,..., pr are primes and ap, ...,a, € N. Let x1,..., Xu, T1, . - ., Tr be the coordinate maps and lift
each of them to a character of U.

By Lemma 4.4, we can find a subgroup H’ of H such that H/H’ is of exponent [ and A, x o p is a
coboundary forall h € H and x € (X1, .-+, Xu>Tls---» Tr).

The group A is of exponent m and so we can write it as [[;., C i where b; < m (see Definition 4.2).
Let {m; : i € I} denote the coordinates of A and lift each of them arb1trar11y to a character of U. Then the
countable set X1, ..., Xn, Tty ---» Tr, m, 73, ... generates U

Fix a coordinate w of A of order p?. Then 7P" is invariant under A and therefore is a character
of U/A. In particular, Ay o ,ol’ is a coboundary for all € H'. We conclude by Lemma 3.9 that
A]],b“OGB (G, X, S! )foreveryheH’ Forevery i € 1, let H, _HI’, and H := (ies Hp,- It follows
that the quotient H/ Hisa totally disconnected group of exponent m - [. Since Apx op isa coboundary
for every h € H and X € U, the claim follows by Theorem A.6. U

We also need the following technical group theoretical lemma.

Lemma 4.6. Let H and K be compact abelian groups and suppose that K is finite-dimensional of exponent
m for some m € N. We give Hom(H, K) the topology of uniform convergence. Then, for any continuous
homomorphism ¢ : H — Hom(H, K), we have that the group H ] ker ¢ admits a totally disconnected
open subgroup of exponent m. Moreover, if the group K is totally disconnected of exponent m, then
H /ker ¢ is totally disconnected of exponent m.

Proof. Let A be a totally disconnected subgroup of K of exponent m such that K /A is a Lie group. Let
¢ : H— Hom(H, K/A) be the composition of ¢ with the projection Hom(H, K) — Hom(H, K/A).
Since K /A is embedded in a finite-dimensional torus, we conclude that Hom(H, K/A) is discrete. It
follows that ker ¢ is an open subgroup of H. We denote by H the kernel of ¢ and by ¢’ the restriction
of ¢ to H. Then the map ¢’ : H— Hom(H, K) takes values in Hom(H, A). We prove that ﬁ/ ker ¢’ is
ij’i for some b; <m

totally disconnected of exponent m. First recall that A can written as A = [,
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and a countable set of indices 1. For each prime p let 7, : Hom(H, A) — Hom(H, A ) be the projection
map, where A, is the p-sylow subgroup of A. Clearly, the group H,, := H?" is in the kernel of Tpoe.
Let H' be the intersection of all H, over all primes. We see that H’ < ker ¢’ and H/H' is a totally
disconnected group of exponent m from which we conclude that H / ker ¢’ is totally disconnected of
exponent m. Since H is open in H, we have that H /ker ¢’ is open in H/ker ¢. In the case where K is
totally disconnected we get that H = H and so the claim follows from the same argument. (I

We can now prove Theorem 4.3.

Proof. Let X be a G-system of order < k. and write X = Z_;_1(X) x, U. Let U, be a sequence of Lie
groups such that U = lim U,,.

The idea is to const(rict a sequence of k factors of Z_;_1(X) x,, U, each time replacing one of the
structure groups of Z_;_1(X) with a finite-dimensional group. More concretely, we construct systems X ,
recursively as follows: let Xy , := X,,. Fix I <k and suppose inductively that we have already constructed

Xin=Uo Xp Upx--- X pi—1 Ui—1 X o1 Uip X -+ X pe=1.n Uk-1,n

where Uy ,, ..., Ux_1 , are finite-dimensional quotients of Uy, ..., Ux_; respectively of exponent m =
Ok(1) and that X , is a factor of X; 4 for every n € N. To construct X;_; ,, we use a similar argument
as in Lemma 3.10 to lift a subgroup of the vertical rotations by U;_; , to automorphisms of X; ,. We
argue as follows: the group U;_; acts on Z_;(X) by automorphisms. Therefore, by Proposition 4.5 we
can find a subgroup 171_17,1 such that A, p;, € BYG, Z_1(X), U, ,) for every u (71_17". ‘We consider
the group

Hicin ={Sur:uclU_in FeMZ(X), U, Auprn=AF}.

Since ﬁl_l,n is abelian, H;_; , is a 2-step nilpotent group. Let p : H;_; , — U;_1,, be the projection
map. The kernel of p consists of transformations of the form S; ., where c is a constant in U; ,. We can
therefore identify ker p with the compact group U; ,,. By Theorem B.3 and Corollary B.4 we conclude
that #;_; is compact and H;_; ,/U; , = l71_1, »- This implies that the commutator map on H;_ , induces
a bilinear map b : ﬁl_l, n X ﬁl_l,n — Uy ,. Using Pontryagin duality, we see that b can be identified with
a continuous homomorphism ﬁl, In— Hom(ﬁl,l,n, U; ). Since Uj , is finite-dimensional of exponent
m = O (1) we conclude from the previous lemma that the kernel is a subgroup Ul/_l,n < ﬁl_ 1.n Such
that the quotient l71_1,n / Ul’il’n admits a totally disconnected group of exponent m’ = O (1) as an open
subgroup. By shrinking Ul’_l,n if necessary we can assume that ﬁl—l,n/U[_l,n is increasing in n. The
preimage of U, l/—l,n under the projection p is a compact abelian finite-dimensional group and it acts by
automorphisms on Z_;+1(X; ,). We repeat this process inductively another k — [ steps each time lifting
a subgroup of U;_1, to a group of automorphisms of the next universal characteristic factor of Xj .
At the end of the day we obtain a compact abelian finite-dimensional group of exponent m” = O(1),
171_ 1., Which acts by automorphisms on X; ,. Let p: ﬁl_ 1.n = Uj_1, be the projection map, we see that
Ul_l,n/ﬁ(ﬁl_l,n) is a finite-dimensional group of exponent m” = O (1). Now in the last step we can
use the fact that Uy_; , is a Lie group. In that step we invoke Lemma 4.4 instead of Proposition 4.5. We
conclude that px_; , is (G, X, U; ,)-cohomologous to a cocycle that is invariant under the action of 7:21,1, n-
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Let X;_1,= Xl,n/’;[l,l’n (asin Lemma 3.11). Clearly, X;_; , is a factor of X; ,, and the (/—1)-th structure
group of X;_ , is finite-dimensional of exponent m” = Oy (1). Since in every step in the proof we extended
the structure groups of X;_ , to exceeds those of X;_; ,—; we have that X;_{ , is increasing in n.  [J

4A. Proof of Theorem 2.12 for systems of order < 3. The proof of Theorem 2.12 for systems of order < 3
is significantly easier than the general case.

Theorem 4.7. Let G =D ,cp
limit of finite-dimensional 2-step nilpotent systems.

Z/pZ,and X be an ergodic G-system of order < 3. Then X is an inverse

A version of this theorem without the finite-dimensional result was given in [Shalom 2023]. For
the sake of completeness we repeat the proof here. Recall that a system of order < 3 takes the form
X =7 x, U, where U and Z are compact abelian groups and Z is the Kronecker factor. By Theorem 4.3
we may assume that Z is finite-dimensional and U is a Lie group.

Definition 4.8 (Host and Kra group for systems of order < 3). Let X be a system of order < 3. Let
s € Zand F : Z — U be a measurable map. We denote by S; r the measure-preserving transformation
(z,u) — (sz, F(z)u), and let G(X) denote the group of all such transformations with the property that
there exists ¢y : G — U such that Agp = ¢, - AF.

Host and Kra [2005] proved that this definition of G(X) coincides with Definition 2.10 for systems of
order < 3. In particular, this means that G(X) is a 2-step nilpotent Polish group.

Observe that the kernel of the projection p : G(X) — Z can be identified with P_,(Z, U). We claim
that in order to prove Theorem 4.7 it is enough to show that p is onto. Indeed, in that case, p is an open
map (Theorem B.3) and the group G(X) acts transitively on X. Moreover, if Z is finite-dimensional
and U is a Lie group then P.»(Z, U) is finite-dimensional. Since the projection p : G(X) — Z is
onto, this implies that G(X) is also a finite-dimensional group. At this point we would want to use
Theorem B.5, but unfortunately we only have a near-action of G(X) on X. Yet, the identification
X =G(X)/T for I' = {81, : x € Hom(Z, U)} was obtained in [Meiri 1990, Theorem 3.21]. This
completes the proof of the claim. We note that for the higher order case we will use a different argument
(see Section 8).

Proof of Theorem 4.7. The projection p : G(X) — Z is onto if and only if for every s € Z there exist a
measurable map F; : Z — U and a homomorphism ¢, : G — U such that A;p = ¢, - AF;. Since U is a
Lie group, by studying each coordinate separately it is enough to show that the equation holds in the case
where U is a torus or equals to Cp» for some prime p and n € N. By Lemma A.12 the cocycle Agp is of
type < 1; therefore if U is a torus the equation follows by Lemma 3.2. Otherwise, assume that U = C .
By embedding C,» in S! and applying Lemma 3.2, we see that, for every s € Z,

Asp =cs- AF 4-1)

for some constant ¢, : G — S' and Fy: Z — S
Our goal is to replace Fy and ¢, with some F and ¢ such that (4-1) holds and F, ¢ takes values in C .
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As a first step, we show that p is (G, Z, S')-cohomologous to a phase polynomial of degree < 2.
Observe that by the cocycle identity we have

pn_l
Arp=nap"" - TT AsAgip.
k=0

From (4-1) we see that ]_[,flgl AsAgip is a coboundary. Since p takes values in Cn, the term A, p?"
vanishes and we conclude that A ,» p is a coboundary for every s € Z. Let Z be the connected component
of the identity in Z. Since connected groups are divisible (Lemma B.11), we conclude that A;p is a
(G, Z, S")-coboundary for every s € Zy. By Lemma A.24, p is (G, Z, S')-cohomologous to a cocycle p’
that is invariant with respect to the action of Zy. Let m,p’ be the push-forward of p’ to Z/Zy. By
Lemma A.9, 7,0’ is of type < 2. Therefore, by Theorem A.21 it is cohomologous to a phase polynomial
of degree < 2. Lifting everything back to Z we conclude that p’ and p are (G, Z, S')-cohomologous to a
phase polynomial Q : G x Z — S' of degree < 2. Moreover, Q is invariant to translations by Z,. We write

p=0- -AF (4-2)
for some F : Z — S'.
Since p takes values in Cpn, we have

1=Q"  AF". (4-3)

By taking the derivative of both sides of the equation above by s € Z, we conclude that A F?" is a phase
polynomial of degree < 2. Our next goal is to replace F with a function F’ such that F’/F is a phase
polynomial of degree < 3 and at the same time A, F’?" is a constant.

We study the phase polynomial Q. It is a fact that every phase polynomial of degree < 2 is a constant
multiple of a homomorphism. Therefore, we can write Q(g, x) = c(g) - ¢q(g, x), where ¢ : G — Stis
aconstant and g : G x Z — S! is a homomorphism in the Z-coordinate. Since Q is a cocycle,

c(g+8)q(g+g', x) =c(g)c(g)Ayq(g, x)-q(g.x)-q(g, x).
It follows that ¢ is bilinear in g and x. Let
zZ,= ker(g?) ={s € Z:q(g,s)”" =1 for every g € G).

Then Z/Z ;, is isomorphic to a subgroup of G = I1 pqep Cq- By taking the derivative of both sides of
(4-3) by s € Z' , we conclude by the ergodicity of the Kronecker factor that A, F?" is a constant. Recall
that F7" is a phase polynomial. Therefore, by Corollary C.4 and the above we see that there exists an
open subgroup Z’ < Z, which contains Z;,, such that Ay FP" is a constant for every s € Z'. By the cocycle
identity we conclude that A F P" = y(s) for some character x : Z’ — S'. Lift x to a character of Z
arbitrarily. We conclude that F?"/y is a phase polynomial which is invariant under translations by Z’.
Since Z' is open, the quotient Z/Z' is a finite group. Moreover, since Z’ contains Z),, we conclude that
the order of Z/Z' is coprime to p. Let m = |Z/Z’|. Since FP"/x is of degree < 3, we conclude that

SThis result requires a slightly stronger version of Theorem A.21. If I < min,ep p then one can replace the quantity
Oy,m,1(1) in Theorem A.21 with I. A proof for this can be found in [Shalom 2023].
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AFP"/x is a constant multiple of a homomorphism from Z to S'. This homomorphism is invariant to Z’
and therefore A(FP"/x)™ is a constant. This implies that (F?" /x)™ is a polynomial of degree < 2 and
by the same argument we conclude that (F?"/ )()’"2 is a constant. Let ¢ € S! be an m-th root of that
constant, we conclude that F7"/c - x take values in C,. Since p and m are coprime, we can find an
integer  such that /- p” = 1 mod m?. We conclude that R := (F?" /c- x)" is a phase polynomial of degree
<3andthat R?" = FP"Jc-x. Let Q' := Q- AR and F’ := F/R. Then, as in (4-2), we have
p=0Q -AF
and AGF'P" =c- x(s).
Now, by taking the derivative by s € Z on both sides of the equation above, we conclude that
Agp=A;Q' - AAGF'.
Observe that ¢ := A;Q’ is a character of G and

" = A0 ANFY fey =1,

where the last equality follows from (4-3) and the fact that AAc - x vanishes. It is left to change the
term A F. Set F, := AyF'/¢(s), where ¢ (s) is a p”-th root of x (s) in S!. Then, as before we have that

Asp =c, - AF],
but this time ¢’ - F.? " — 1. This implies that S; r; € G(X) and therefore p is onto. O

We note that this argument fails for systems of higher order. The main reason for this is that Theorem 4.3
only allows to approximate the last structure group by Lie groups. In particular, we do not know how to
prove a counterpart of this result in the case where U is not a Lie group without the use of k-extensions.

5. Extension trick

Let X be an ergodic G-system. Under certain conditions we show that there exist an extension 7 : ¥ — X
with the following property: for any prime p, a natural number n € N and a phase polynomial P : X — S/,
there exists a phase polynomial Q : ¥ — S! such that Q”" = P o .

We begin with an example which illustrates the idea.

Example 5.1. Let X = S' and G =D . p
We define a homomorphism ¢ : G — X by

o((gp)per) = [ [ w}’.

peP

Z]pZ, where P is an infinite subset of odd prime numbers.

where w), is the first p-th root of unity. The action of G on X by T,x = ¢(g)x is ergodic, and the identity
map x : X — S! is a phase polynomial of degree < 2. Our goal is to construct an extension 7 : ¥ — X
and a phase polynomial Q : ¥ — S! of degree < 2 such that Q> = x o 7.

We let c(g) := A, x and observe that since 2 ¢ P, there exists some d € G such that 42 = c. Fix any
measurable map F : X — S' with F?2 = x and let t =d - AF. The cocycle 7 : G x X — C, defines an
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extension Y := X x; C2. On Y we have that d is an eigenvalue of the eigenfunction Q(x, u) :=u - F(x).
Moreover, Q> = x o .

Since X is ergodic and t is minimal (see Lemma 5.4), we conclude that Y is ergodic. Moreover T is
of type < 1 and therefore Y is of order < 2. In fact, it is easy to see that (x, u) —> u - F(x) defines an
isomorphism of ¥ and (S!, G), where the action of G on S' is given by Tyy =d(g)y.

Let G =@ ,_p Z/pZ as usual. We state a simple technical proposition about G-cocycles.®

peP

Proposition 5.2 (conditions for cocycle). Let X be a G-system and f : G x X — S' be a function such that

Apf(g,x)=Agf(h,x) (5-1
forallh, g € G. Let E ={ey, ea, ...} denote the natural basis of G and suppose that, for every g € E,
we have
order(g)—1
[l Tire.o=1 (5-2)
k=0

Then the function f :G x X — S! below is a cocycle which agrees with f for every g € E:

0 gi—1
F@x)=]]Te Ty, [ ] Thei feir ), (5-3)
i=1 k=0
where g = (81, &2, - . .), the constants g1, g2, ... are any representatives of g1, g2, ... in N respectively

and the product nglo(anything) is assumed to be 1.
Convention. We refer to an element g € E as a generator.
We need the following results about group extensions.

Definition 5.3 (image and minimal cocycles). Let X be a G-system and p : G x X — U be a cocycle into
a compact abelian group U. The subgroup U, < U generated by {p(g, x) : g € G, x € X} is called the
image of p. We say that p is minimal if it is not (G, X, U)-cohomologous to a cocycle o with U, < U,.

Lemma 5.4 [Zimmer 1976, Corollary 3.8]. Let X be an ergodic G-system. Let p: G x X — U be a
cocycle into a compact abelian group. Then:

e There exists a minimal cocycle o : G x X — U such that p is (G, X, U)-cohomologous to o.
o X x, U is ergodic if and only if X is ergodic and p is minimal with image U, = U.

We describe an obstacle. Suppose that P € P> (X, S ). Then A P can be identified with an element
in G. If for some g € G of order p we have that Ag P # 1 then AP does not have a p-th root in G.In
particular, it is impossible to find a p-th root for P in P_»(X, S 1, even if one passes to an extension of
the original system. We deal with this problem later using k-extensions (Definition 2.5), but as for now
we assume that there is no such obstacle.

The proposition below is the cocycle-counterpart of the fact that any homomorphism is uniquely determined by the values it
gives to a generating set.
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Theorem 5.5 (roots for phase polynomials in an extension). Let X be an ergodic G-system. Fixd > 1
and suppose that Py, P,, . .. are at most countably many (X, S')-phase polynomials of degree < d. Let
D1, P2, - .. be (not necessarily distinct) prime numbers and assume that, for everyi € N, AgP; =1 for
all g € G of order p;. Then, there exist a totally disconnected group A and a cocycle v : G x X — A
of type < d — 1 such that the extension Y = X x; A is ergodic and for every n € N andi=1,2,.
there exist (G, X, S")-phase polynomials Q;, : Y — S' of degree < d such that Q =Pom, where
7w Y — X is the factor map.

Proof. Let p be a prime number. Let P : X — S! be a polynomial of degree < d and assume that P
is Tg-invariant for every g € G of order p. Let c(g, x) := Ag P(x) and observe that by Proposition C.1
the phase polynomial c(g, x) takes values in C,, for some m = order(g)?~!. Let n € N be a natural
number, fix g € G of order coprime to p and let m = order(g)?~. Since p" and m are coprime, we can
find a natural number /,(n) such that p" - l,(n) = 1 modulo m. It follows that the phase polynomial
d,(g,x) :=c(g, x)™ is a p"-th root of c(g, x). We extend d, to G by decomposing every g € G as
g =gp+ g, where g, is of order p and g’ of order coprime to p, and setting d, (g, x) :=d,(g’, x). Our
next goal is to replace d, with a cocycle using Proposition 5.2. Observe first that since d, (g, - ) is a power
of c(g, - ), we have

order(g)—1
[[ dutsTux)=1. (5-4)
Now we claim that, for every g, h € G,
Andy(g, %) _ 5:5)
Agdy(h, x)

On one hand, d " — ¢ and therefore this quotient is of order p". On the other hand, d, (g, x) and d,,(h, x)
are of order coprime to p; hence the quotient is trivial. Therefore by Proposition 5.2 there exists a cocycle
d,: G x X — S' which agrees with d,, on a generating set. Since d,”" = ¢ and ¢ is a cocycle, we conclude
that & = c.

Now, we apply the argument above for each of the polynomials in the theorem. Set ¢; (g, x) := A, P;.
We conclude that for every i, n € N there exists a phase polynom1a1 cocycle d; n of degree <d-1
such that dp’ =¢;. For each i, n € N fix a measurable map Fm X — S! such that F P — = P; and let
T:= (dl n AF, n)ineN be acocycle, 7: G x X — ]_[l neN

The extension of X by T may not be ergodic, so we choose a mlnimal cocycle ' thatis (G, X, ]_[iﬁn nCpr)-
cohomologous to 7 (Lemma 5.4) and write 7" = 7- A F for some measurable map F : X — []; ,cn Cpr. We
denote the image of t’ by A and consider the extension Y := X x +A. The closed subgroup A < ]_[l.’n en Cpr
is totally disconnected. Moreover, it follows from the construction that the system Y is ergodic. Finally,
since 7 is of type < d — 1, we conclude that so is 7. For i,n € Nlet 7; , : [[; ey Cpp — Cpr be the
(i, n)-th coordinate map. We conclude that the function

Qin(x,u) =i pla W) Fipn(x) 500 F(x)
is a phase polynomial in ¥ (whose derivative is c?,-,n) and it satisfies that Qf? 1 = Piom, as required. [

7One way to do so is by identifying s! with R/Z and setting F; ,,(x) = {P; (x)}/n, where { -} is the fractional part.
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Remark 5.6. Following the same argument as above we have the following generalizations:

o If P is a phase polynomial and A, P =1 for every g € G of order p and of order g then we can
adapt the proof and find an p"¢™ root for all n, m € N. The same goes for multiple primes.

e If instead of G =P
holds.

pep Z/pZ we take an extension G = 691761’ Z/p'Z then the same proof still

Moreover, observe that if P is T,-invariant for some g € G, then by choosing d,, in the proof above with
d,(g,-) =1 for these g’s, we can construct an n-th root of P which is also T,-invariant.

Now, we want to remove the hypothesis that A, P; =1 for every g € G of some order p;. To do this
we use m-extensions (see Definition 2.5). We begin with the following definitions.

Definition 5.7 (multicocycles). Let m > 1. Let X be an ergodic G-system and U a compact abelian
group. We say that a function g : G x X — U is a multicocycle if it is a cocycle in each coordinate.
Namely, for every 1 <i <m, every g1, g2, ..., 8n € G and g/ € G we have

q(g]a"'agi—]agi'ggvgi-‘rl’"'9gm’-x)=q(glv"'9gia'--’gma-x)'q(gla--~agl{9"'7gmngi-x)-

We say that g is symmetric if it is invariant under permutations of coordinates of G™ and we denote by
SMC,, (G, X, U) the group of symmetric multicocycles g : G™ x X — U.

If the multicocycle ¢ is a constant in x then we say that ¢ is multilinear and denote by SML,, (G, U)
the group of symmetric multilinear maps A : G™ — U.

We say that a multicocycle ¢ : G™ x X — U is a phase polynomial of degree < r if for every
gis---,8m € G the map x — ¢q(g1,...,8m,X) is a phase polynomial of degree < r. We have the
following result.

Lemma 5.8. Let X be an ergodic G-system and let m,r € N. Let ¢ € SMC,,(G, X, S') be a phase
polynomial of degree < r. Then, there exists an O, ,(1)-extension Y with factormap w : Y — X and a
phase polynomial Q of degree <r +m such that (g1, ..., &m, T(y)) = Ag -+ Ag, O(y).

Proof. We prove the lemma by induction on m. For m =1, q is a cocycle. Therefore, by Lemma 5.4, g is
cohomologous to a minimal cocycle o. Let V be the image of ¢ and consider the extension ¥ = X x, V.
Arguing in Theorem 5.5, we see that g is a coboundary in Y and the claim follows. Now, let m > 2
and suppose that the claim holds for all smaller values of m. Let g : G™ x X — S! be a multicocycle.
Then, for every gy, ..., gm—1, the map g — p(g, g1,...,8m—1,x) is a cocycle. Therefore, as in the
that g (g, g1, ..., 8m—1, T (X)) = AgQy.....0n, (X) forevery g, g1, ..., gn—1 € G. By choosing the same
Qg,.....em_, for any permutation of g1, ..., gn—1, we can assume that (g1, ..., gn—1) = Q... gn_; 15

symmetric. It is left to show that we can choose Qy, . 4., to be a cocycle in every coordinate. The fact

that g is symmetric implies
ApQgign = Dgi Qerrongi 1 hugis s (5-6)

forevery 1 <i <m—1andh, gq,...,gm—1 € G. Observe that by Proposition C.1 the order of the
left-hand side is some power of order(/) and the order of the right-hand side some power of order(g;).
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It follows that if one of the g; is of order coprime to p, then Qg .., is invariant with respect to the

,,,,,

action of the subgroup G, = {g € G : pg = 0}. In particular, if g; is coprime to g; then Qg ., is

a constant. By changing the choice of Qg . .., we can assume that Qg . , = ]_[pep Qg(m RO
1 o 8m—1

(p)

where g;”” is the p-component of g; (we note that the infinite product is well defined because all but
finitely many p-components are trivial).
Suppose now that all g1, ..., g,—1 are of order p. Then, since ¢ is a multicocycle, for every 1 <i <k
we get that
p—1
[17800 g1 =Cp(g1s s gm1), (5-7)
k=0
where ¢, (g1, ..., gn—1) i1s symmetric and independent of i. Let c’p(gl, ..., 8&nu—1) be a p-th root of
cp(g1, ..., &n—1). By picking the same root for all permutations of gi, ..., g»—1 we can assume that
c;, is symmetric. Let Q(’g,1 ..... e = Qern gm_l/c;,(gl, ..., 8&n—1) Whenever g1, ..., gn_1 are of order p.
Then, forevery 1 <i <m —1
p—1
k _
To Qpr.gur =1 (5-8)
k=0
Now set
le ..... 8m—1 = 1_[ Q;,(p) ’’’’’ g(m
peP "
.. . . . . . ”
By Proposition 5.2 (applied for all coordinates), there exists a symmetric multicocycle Q. that

agrees with Qf
Since Qf, . issymmetric, itis a cocycle in every coordinate. In other words Q"€ SML,,—1(G, X, S D)
is a phase polynomial of degree < r 4+ 1. Therefore, by the induction hypothesis we can find an

whenever g1, ..., g»—1 are elements in a basis of G.

Op r(1)-extension 7 : ¥ — X and a phase polynomial Q : ¥ — S! of degree < r 4+ m such that

" am (w(y)) = Ag, -+ - Ag,_, O(y). Observe moreover that since ¢ is a multicocycle, we have that

/" _ /" .
D Q¢  gn =De0g . g, forevery g1 € G. Therefore, Q, . /Qq . g, isaconstant and we

conclude that for every g € G and every g1, g2, ..., &u—1 in a basis of G, we have that

.....

q(8: 815 s m—1, T(W(Y))) = AgAg -+ Ag, , O(y)

since ¢ is a cocycle in each coordinate, the same holds if the generators g1, g2, ..., gn—1 are replaced
with any elements of G. (Il

We can finally prove the desired result.

Theorem 5.9 (roots for phase polynomials in a k-extension). Let X be an ergodic G-system. Let
Py, Py, ... be at most countably many (G, X, S 1)-phase polynomials of degree < m and let p1, pa, ... be
prime numbers. Then, for every natural number [ there exists an Oy, ;(1)-extension Y with the following
property: for every n = p\'-py*-- - --p’}j where j eNandny, ny, ..., nj <I, there exist (GOmi() "y g1y

phase polynomials Q; ,: Y — S of degree < m such that Q}, = Piomw,where :Y — X is the factor map.

Proof. We prove the theorem by induction on m. If m = 1, then by ergodicity P;, P, ... are constants
and the claim follows without extensions. Fix m > 1 and assume inductively that the claim holds for
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this m and let P be a phase polynomial of degree < m + 1. For every gy, ..., gn € G we have that

c(8ly--s 8m)i=Ng - Ay, P

is a symmetric multilinear map. Let G = GO be the extension of G. We can lift ¢ to an element
in SMLm(é, S1). Once lifted, we can find d € SML,, (5, S with d" = c. By the previous lemma
applied to d there exists an extension 7 : ¥ — X and a phase polynomial Q such that A, --- A, 0" =
Ag, -+ Agyu Pom and so by ergodicity P oz /Q" is of degree <m — 1 and the claim for this P follows by
induction hypothesis. The same argument holds if applied to all P, P, ... simultaneously, as required. [

The results in Theorems 5.5 and 5.9 require to extend X by a zero-dimensional group multiple times.
For this reason it will be convenient to use the following definition.

Definition 5.10 (zero-dimensional extension). Let X be an ergodic G-system. We say that an extension

Y is a zero-dimensional extension of X if there exists finitely many zero-dimensional groups Ay, ..., A,
such that ¥ = ((X x,, A1) X, Ay X ...) X, A, for some cocycles pi, ..., p,. We say that a zero-
dimensional extension is of exponent [ if Ay, ..., A, are of exponent /.

We note that by the Mackey-Zimmer theory, Y can be written as a single extension of X by a zero-
dimensional group, but we do not use this here.

Below we prove various corollaries of Theorem 5.5 and Theorem 5.9. We begin with the following
important lemma which allows us to reduce any Conze—Lesigne-type equation to the torus.

Lemma 5.11. Letl,m > 1, X be an ergodic G-system and U be a finite-dimensional compact abelian
group of exponent l. Let p : G x X — U a cocycle of type < m and suppose that for every x € U the
cocycle x o p is (G, X, §')-cohomologous to a phase polynomial of degree < m. Then, there exists some
r = Oy, 1(1) and a zero-dimensional r-extension w : Y — X such that p o is (G, Y, U)-cohomologous

to a phase polynomial of degree < m. Moreover, the extension Y is independent of p.

Proof. Let A be a zero-dimensional subgroup of exponent / such that U/A = (§')* x ]_[l.ﬂ:1 Cp,g is a Lie
group (i.e., o, B are finite natural numbers). We denote by i, ..., x, the lifts of the coordinate maps of
U/Ato U.

By assumption, for every x € U there exists a phase polynomial P, and a measurable map F, such that

xop=P,-AF,. (5-9)

Our goal is to find a choice of P, and F, such that x — P, and x + F, are homomorphisms. Recall that
the dual group of U/A takes the form Z* ®Z/p|'Z&---dZ/ pZ‘S Z. As afirst step we show that for every
prime p and a natural number n, if x : U/A — S' is a character of order p” then we can replace Py, Fy
such that (5-9) holds for the new replacements and at the same time P, and F, takes values in C .
From (5-9) and the fact that y is of order p", it follows that AF" = P2 In particular, F}" is a phase
polynomial of degree < m + 1. If n is sufficiently large with respect to m (Proposition C.1) then Py ' (g,")
is trivial for every g € G of order p. For such n apply Theorem 5.5. Otherwise, n = O,,(1) and we
apply Theorem 5.9. We conclude that there exists a zero-dimensional O,,(1)-extension my : X —> X and
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a phase polynomial Q, : X — S'of degree < m + 1 such that Qﬁn =F) "o 1. Now, we replace Fy
with F,, om/Q, and P, with P, om; - AQ,. We can therefore assume that

xo(pom) =P, -AF, (5-10)

and at the same time F,, P, takes values in C», as desired.

We conclude that there exist homomorphisms x — P, and x +— F, from the dual of U/A to
P_,.(G, )N(, S and M()~(, sh respectively such that (5-10) holds.

Our next step is to extend these homomorphisms to U. Since A is of exponent /, by Theorem B.9
there exists a countable n}ultiset of primes I = {py, p2, ...} such that A = ]_[,- nC Pl where n; <1 for
every i. Let 71, 72, - - - € A be the coordinate maps. Using the Pontryagin duality, we lift each of the t; to
U arbitrarily. Abusing notation, we denote the lifts of these characters by 7y, 12, ... as well. Observe that
71, T2, ... and x1, ..., x, form a generating set of U Therefore, in order to extend the homomorphisms
above to U it is left to work out the relations of the form

ni
p; I /
GUO=X Xl
where n; <1 is as before and [, ..., [,, are natural numbers.
Fix some 7 : U — S! as above and suppose that 77" = x{l ----- X,l,” for some prime p and a natural

number r < [. Equation (5-10) implies
n
P AFY =T« Pk AF:
i=1
F
[T i,

and we conclude that

is a phase polynomial of degree < m + 1.
Therefore by Theorem 5.9 there exists a zero-dimensional O;(1)-extension 7, : ¥ — X of X (which
is independent of 7) of exponent / and a phase polynomial R; : ¥ — S! such that

, FY
R.f = (%) oTT)p.
[Tz Fx

Now, we replace F; with (F;om,)/R; and P, with P, om;- AR, and we lift the other polynomials to Y as
well. After the replacement, we have that P/ = [T, P)l('l . This means that we can find homomorphisms
x = Py and x — F, from U to P_n(G,Y,S") and M(Y, S") respectively such that (5-9) holds. Using
the Pontryagin duality, we see that there exists a phase polynomial P € P_,,(G, Y, U) and a measurable
map F € M(Y,U) suchthat pomy, = P - AF. O

In a similar manner we have the following result.

Lemma 5.12. Let [, m > 1 be natural numbers, let X be an ergodic G-system and U be a compact
abelian group. Let ¢ : V — U be a surjective homomorphism from a compact abelian group V onto U
and suppose that the kernel of ¢ is a totally disconnected group of exponent I. Then, there exists an
Op .1 (1)-extension m : Y — X with the property that for every phase polynomial p : X — U of degree <m
there exists a phase polynomial p: Y — V such that po p = po.
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Proof. Using the Pontryagin duality, we see that the surjective homomorphism ¢ gives rise to an injective
homomorphism ¢ : U — V. Therefore, we can assume without loss of generality that U<V. Let
p: X — U be as in the theorem. Then, for every x € U, xop:X — S'is also a phase polynomial of
degree <m and y +— x o p is clearly a homomorphism. Arguing as in the previous lemma we see that by
passing to an extension we can extend this homomorphism to V. Namely, there exists an O,, ;(1)-extension
7 :Y — X and a homomorphism x — p, from Vo P_,(X, S") such that Dy = pyom forevery x € U.
By the Pontryagin duality, there exists a phase polynomial p : Y — V such that x o p = p,. ]

We recall some definitions from [Bergelson et al. 2010].

Definition 5.13 (quasicocycles). Let X be a G-system and k£ > 0 be a natural number. We say that f is a
quasicocycle of order < k if d¥1 f : G x X! — §1is a cocycle.

Note that by Lemma A.15 this means that for all g, g’ € G there exists a phase polynomial p, , of

degree < k such that
flg+g' x)
f(g,x)- f(g', Tyx)

We also need the following definition.

= pg,g’(x)-

Definition 5.14. We say that a function f : G x X — S is a line-cocycle if for any g € G we have
order(g)—1
[] rerin=1
k=0
We weaken the assumptions in Theorem 3.7.

Theorem 5.15. Theorem 3.7 holds with the weaker assumption that each p, is a quasicocycle of
order < k — 1 and a line-cocycle.

Proof. The proof is the same as in Theorem 3.7 and therefore will not be repeated. The main observation
is that in the proof of Theorem 3.1 we only used the fact that p is a cocycle for two purposes: First, so we
can apply Lemma A.9 which we now can replace with Lemma A.10 and second, to eliminate the term p/,
in (3-5). This time, p/, : G — S! is a line-cocycle. In particular, p/,(g) is of finite order for every g € G.
Since H; is connected, it is divisible and therefore the homomorphism u > p;, is trivial. (]

Let X be an ergodic G-system. In the next lemma we see how the extension theorems are useful to
construct line-cocycles from arbitrary functions of finite type.

Lemma 5.16. Let k, m > 1 and X be an ergodic G-system of order < k. Then there exists r = Oy ,, (1) an
ergodic zero-dimensional Oy, (1)-extension 7w : Y — X, with the following property: for every function
f:Gx X — S oftype < m there exists a phase polynomial p : G x Y — S' of degree < m such that
fom/pisaline cocycle.

Proof. Let g € G and denote by n the order of g. Let f be of type < m. Since d!"! f is a coboundary, it
is also a cocycle. We conclude that

n—1
d" [ fee Tix)=1.

k=0



HOST-KRA FACTORS FOR @peP Z/pZ ACTIONS AND FINITE-DIMENSIONAL NILPOTENT SYSTEMS 2411

Lemma A.15 implies that ]_[Z;(l) f(g, Tg"x) is a T,-invariant phase polynomial of degree < m. We apply
Theorem 5.9 for every g € G (simultaneously). We see that there exist an Ok, (1)-extension Y and a
phase polynomial p: G x Y — S' of degree < m such that p(g, -) is Tg-invariant for every g € G (see
Remark 5.6) and p(g, - )" = ]_[Z;(l) f(g, T;x). It follows that f o/ p is a line-cocycle, as required. [

The following theorem summarizes the main results in this section.

Theorem 5.17. Let k,m,l,a > 1 and let X be an ergodic system of order < k. Let U be a finite-
dimensional group of exponent o and ¢ : V — U a surjective homomorphism such that ker¢ is a
zero-dimensional group of exponent l. Then, there exists a zero-dimensional Oy, 1.o(1)-extension Y of X
with a factor map 7w : Y — X such that the following properties hold.:

e Let p: G x X — U be a cocycle. If x o p € P_,,(G, X, S")- BI(G, X, S") for every x € U, then
pom e P,(G, Y, U) BY(G,Y,U).

o For every phase polynomial p : X — U of degree < m, there exists a phase polynomial p : Y — V
such that gop = pom.

o For every function f : G x X — S' of type < m, there exists a phase polynomial of degree < m,
p:Gx X — S'such that f om/p is a line cocycle.

6. Proof of Theorem 2.12, part I

Throughout the rest of this paper we let G denote a group of the form €5 pep L/ P™Z, where P is a
multiset of primes and m € N. Moreover, we will no longer deal with general nilpotent systems and so
whenever we say a nilpotent system we implicitly assume that the homogeneous group is the Host—Kra

group. Our goal is to prove the following result.

Theorem 6.1 (any finite-dimensional system is a factor of a nilpotent system). Let k, ¢ € N and let
X be an ergodic finite-dimensional G-system of order < k + 1 and exponent a. Then, there exists a
Sfinite-dimensional ergodic Oy ,(1)-extension Y of exponent f = Ok o.m(1) such that Y = G(Y)/T for
some totally disconnected group T.

Let @ € N and X be as in the theorem above. Then, X = Z_;(X) x, U, where U is a finite-dimensional
compact abelian group of exponent «. Proving the theorem above by induction, we can replace Z _; (X)
with a finite-dimensional nilpotent system G/ I'. It is natural to ask when an element s € G has a lift in G(X).

Definition 6.2. Let G/ I" be a k-step nilpotent system, p : G x G/ ' — U be a cocycle into some compact
abelian group U and Y = G/ T" x, U. We say that an element s € G has a lift in G(Y) if there exists a
transformation § € G(Y) which induces the same action as s on G/ I'. In this context we let

G*={s € G:shasaliftin G(Y)}.

Note that translations by U are automatically in G(Y). Therefore, if the action of G* on G/ T is
transitive then the action of G(Y) on Y is transitive.
We need the following easy lemma.
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Lemma 6.3. Letk > 1and X =G/ " be a k-step nilpotent G-system. Let L be an open subgroup of G
which contains Ty for every g € G. Then the action of L on X is transitive.

Proof. Let 'y =" N L. The quotient L/ " can be identified with a G-invariant open and closed subset
of G/ I'g. Ergodicity implies that £/ " = G/ "¢ under the identification / - 'z > [ - ['g. In particular,
the action of £ on X is transitive. O

We use the following criterion for lifting due to [Host and Kra 2005, Lemma 10.6].%

Lemma 6.4. Let k > 0 and let X be an ergodic G-system of order < k + 1. Write X = Z__(X) x, U for
some compact abelian group U and a cocycle p : G x Z (X)) — U of type < k with d®p = AF. Let
t € G(X). If there exists amap ¢ : Z -1 (X) — U with the property that

A F =dMg, (6-1)
then the transformation
t(x, u) := (tx, ¢ (x)u) (6-2)

is a lift of t in G(X).
Conversely, every element in G(X) is of the form (6-2).

Let p: G(X) = G(Z_1 (X)) be the projection map (Lemma 9.5). By the lemma above, the kernel of p
consists of transformations of the form S; g, where F' € P_;4+1(Zx(X), U). As a consequence we have
the following result.

Lemma 6.5. If X is a finite-dimensional system, then G(X) is a finite-dimensional group (see Definition 2.7).

Proof. Using a proof by induction it is enough to show that Py (Zx(X), U) is finite-dimensional.
Let A < U be a zero-dimensional group such that U/A is a finite-dimensional torus. The projection
U — U/ A gives rise to a short exact sequence

1> A— P<k+1(Z<k(X), U) — B — 1, (6-3)

where A < P_y11(Z1(X), A) and B < P41 1(Z1(X), U/A) are closed subgroups. By Lemma A.17
we conclude that the subgroup of constants P_j(Z_x(X),U/A) = U/A is an open subgroup of
P_;+1(Z-¢,U/A) and therefore, B is finite-dimensional. Moreover, since every profinite group is
embedded in a direct product of finite groups we can assume that A < [[°2; F;, which implies
Popi1(Zop(X), A) < H?il P 1(Zoy(X), F;). Forevery i, Poy11(Z;(X), F;) is discrete, this implies
that the product ]_[loil Poi11(Z (X)), F;) is totally disconnected. In particular, the closed subgroup
P_j+1(Z_(X), A) and the closed subgroup A are zero-dimensional. The short exact sequence (6-3)
implies that P_g1(Z ¢ (X), U) is finite-dimensional, as required. O

The proof of Theorem 6.1 is reduced to solving the following lifting problem.

8Lemma 10.6 in [Host and Kra 2005] is formulated only in the case where U is a torus. However, since this assumption does
not play a role in their proof, the claim holds for every compact abelian group U.
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Theorem 6.6. Let k,m > 1. Let X = G/ T be a finite-dimensional k-step nilpotent system of exponent m
and suppose that G is an open subgroup of G(X) which contains T, for every g € G. Let p: G x X — U
be a cocycle of type < k + 1 into some finite-dimensional compact abelian group U of exponent a. Then,
there exists an ergodic zero-dimensional Oy ,,(1)-extension w : Yo — X of order < k + 1 and exponent
m’ = Ok (1) which is independent on p such that the following properties hold:

(1) The subgroup
Lo={s € G: there exists a lift of s in G(Yy)*}

is open, where G(Yo)* is defined with respect to the extension Yo X por U.

(2) The subgroup of G(Yp)* generated by all of the lifts of the elements in Ly acts transitively on Y. In
particular, Yy is a finite-dimensional k-step nilpotent system.

Given this result we prove Theorem 6.1 in Section 8.

The extension theorems from Section 5 play an important role in the proof of Theorem 6.6. However
the use of these theorems require passing to an extension (or k-extension) of the original system. This
leads to various difficulties which we will explain soon. First, we need to distinguish between two different
types of extensions. These are, weakly mixing extensions and degenerate extensions. We begin with a
definition for the former.

Definition 6.7 (weakly mixing abelian extensions). Let X be a system of order < k, U be a compact
abelian group and o : G x X — U a cocycle of type < k. The extension X x, U is called weakly mixing
if Z_1(X X, U) = X. In this case we also say that o : G x X — U is weakly mixing.

A classical result [Host and Kra 2005, Corollary 7.7] asserts that an extension of a system of order < k
by a cocycle of type < k — 1 is also of order < k. We say that this kind of extensions are degenerate and
note that all of the extensions from Section 5 are degenerate.

Moreover, a cocycle o : G x X — U is not weakly mixing if and only if there exists a character
1#xe U such that x oo is of type < k— 1 [Host and Kra 2002, Proposition 4]. We deduce the following
result.

Lemma 6.8. Let X be a system of order < k, and o : G x X — U a weakly mixing cocycle on X. Let
7 : Y — X be an ergodic extension of order < k, then o o 1 is weakly mixing.

Proof. Suppose by contradiction that, for some 1 # x € U, x oo om is of type < k — 1. Therefore, the
extension Y X o00r X (U) 1s of order < k. Since X X, 5 x(U) is a factor of ¥ X o507 x(U), it is also of
order < k. But then we have a contradiction because Z _; (X X, U) must be a nontrivial extension of X. [

The following result will allow us to strengthen Lemma 5.11 for weakly mixing cocycles.

Lemma 6.9. Let m,d > 1. Fix a multiset of primes P and let G = @peP Z]/p™Z and X be an ergodic
G-system. Then for every prime p € P and a natural number n € N, if p : G X Z_4(X) — Cpn is a
weakly mixing cocycle and (G, Z_4(X), S')-cohomologous to a phase polynomial of degree < d, then
n = Oy, 4(1). Moreover, if p ¢ P then n =0.
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Proof. Write p = P - AF, where P : G x Z_4(X) — S! is a phase polynomial cocycle of degree < d
and F : Z_4(X) — S'. By assumption P”" - AFP" =1, we conclude that F?" is a phase polynomial of
degree < d + 1. If n < d the claim follows; otherwise by Proposition C.1 we see that F?" is T, g-invariant
for every g € G of order p (this part is trivial if p & P). By Theorem 5.5 we can pass to an extension
of X and assume that F”" has a phase polynomial root Q of degree <d. Let P'=P-AQ and F = F/Q
then p = P’- AF'. Moreover, P’ takes values in C,» and therefore by Proposition C.1 in C; for some
I = Oy,.4(1) (or that P’ is trivial if p ¢ P). We conclude that ,ol’l is a coboundary on an extension of
Z .4(X). This contradicts Lemma 6.8, unlessn =/ (orn =0if p & P). O

The role of Theorem 5.5 in the proof of Lemma 5.11 is to show that if x takes values in some C n
then we can replace P, and F, in (5-9) with P)’( and F )’( which takes values in Cpom,d(l)- Therefore, the
argument in the proof of Lemma 5.11 requires passing to extensions by totally disconnected groups of
potentially unbounded exponent. However now we know (by the lemma above) that if the cocycle is
weakly mixing then the quantity n must be bounded. In other words we have the following stronger
version of Lemma 5.11.

Corollary 6.10. In the settings of Lemma 5.11. If X is of order < k then there exists o« = Oy, 1(1) such
that the extension Y is a (bounded) tower of extensions of X by totally disconnected groups of exponent .

It is classical (see [Host and Kra 2005, Proposition 7.6]) that every extension can be decomposed as a
weakly mixing extension and a degenerate extension. More formally, let X be a system of order < k and let
0 :Gx X — U beacocycle of type < k-+1. If we let W be the annihilator of {x € U: x oo is of type <k},
then X X5 U = X Xg modw U/ W X W, where X X5 moaw U/ W 1is a system of order < k and 7 is a
weakly mixing cocycle. In particular, we see that it is enough to prove Theorem 6.6 in the case where p
is of type < k (the degenerate case) and in the case where p is weakly mixing. In this section we prove
the former, we begin with the following lemma about degenerate extensions.

Lemma 6.11. Letk > 1 and let X = Z_;(X) xs W be an ergodic G-system of order < k+ 1. Let Y =
Z 1 (Y) %,V be an ergodic extension of X of the same order. Then, there exists a surjective homomorphism
¢:V — Wsuchthat potis (G, Z.;(Y), W)-cohomologous to o oy, where wy : Z x(Y) = Z 1 (X) is
the factor map.

Proof. Let m : Y — X be the factor map. It is classical that w defines a factor my : Z ¢ (Y) — Z ¢ (X)
and we have
m(y,v) = (@ (y), p(y, v)),

where p: Y — W.

Since w commutes with G, we conclude that A, p(y, v) = o (g, mx(y)). In particular, we see that Ap
is invariant under the action of V. Since Y is ergodic, A, p is a constant. We conclude that there exists a
homomorphism ¢ : V — W and a measurable map F : Z_;(Y) — W such that p(y, v) = @) - F(y).
Therefore, o (g, T (y)) = Agp(y,v) =@pot(g,y) - AF. Since Z_(Y) Xgon, W is a factor of Y, it is
ergodic. It follows by Lemma 5.4 that the image of ¢ o T is W. We conclude that ¢ is surjective as
required. U
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Our next result is that Theorem 6.6 holds for degenerate extensions if the group U is totally disconnected
of bounded exponent.

Theorem 6.12 (a degenerate version of Theorem 6.6). Let k,m > 1 and let X = G(X)/ " be a finite-
dimensional k-step nilpotent system. Let p: G x X — U be a cocycle of type < k into some zero-dimensional
compact abelian group U of exponent m. Then, there exists an ergodic Oy ,,(1)-extension w : Yo = X
with the same properties as in Theorem 6.6.

Recall that by Lemma 6.11 if Y is an extension of X of the same order then we can find compact abelian
groups V and U suchthat Y = Z_;(Y) x, V and X = Z_;(X) X, U. Moreover, there exists a surjective
homomorphism ¢ : V — U such that ¢ o T is cohomologous to o o7y, where 7y : Z_;,(Y) > Z ¢ (X) is a
factor map. It will be convenient to lift the elements of G(X) to an intermediate factor X=7 < (Y)Xgom, U
and only then to lift them to Y. Each of these steps will require extending the k-th Host—Kra factor further.
For the first lift we need the following corollary of Lemma 6.4.

Corollary 6.13. Let k > 1. Let X be an ergodic G-system of order < k and p : G x X — U a weakly
mixing cocycle. Let w : Y — X be an ergodic extension of X of order < k and s € G(X). If s has a lift in
G(X x, U) and a lift in G(Y), then s can be lifted to G(Y X por U).

Proof. Write d*1p = AF and let s € G(X) be as in the claim. By Lemma 6.4 there exists a measurable
map ¢, : X — U such that S; 4 € G(X x, U). Let § be alift of s in G(Y), since

AsnFom =(AquF)orm =d[k]¢s om,

we conclude by Lemmas 6.8 and 6.4 that the transformation S; g o is a lift of § in G(Y X0z U), as
required. 0

For convenience, if X is a factor of a system Y, JT}; : Y — X is the factor map and F is a function
on X we referto F o n}? as the lift of F to Y. We turn to the proof of Theorem 6.12.

Proof. Let X =G/T" and p: G x X — U be as in Theorem 6.12 and assume that p is of type < k and U
is totally disconnected of exponent m. By Proposition A.19 there exists a compact abelian group W and a
cocycleo : G X Z_j(X)— Wsuchthat X =Z (X)) x, W. Let Y =X x,U and write Y =Z_(Y) X, V
for some compact abelian groups V and a cocycle 7. Let my : Z 1 (Y) = Z -, (X) be the factor map. Then
by Lemma 6.11 there exist a surjective homomorphism ¢ : V — W and a measurable map F: Z_;(Y) > W
suchthat c oy =@ot-AF:

weakly mixing

Z<k(Y) Z<k(Y) Xz \%

degenerate j l degenerate

weakly mixing

Z<(X) Z (X)) xg W

Observe that Z_;(Y) is a degenerate extension of Z_;(X) by a zero-dimensional group and Y is a
weakly mixing extension of Z_(Y). Therefore we can apply the induction hypothesis in order to lift
transformations from Z_;(X) to Z_(Y) and then use the weakly mixing case to lift from Z_(Y) to
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Z_;(Y) x; V. Each time we have to pass to an extension. We conclude that there exists an extension

Yo=Zx(Yo) X4, V, where p =7 0 nf:k"(%’) and such that

H={s € G(Z_x(X)) : there exists a lift of s in G(Y¥y)}

is an open subgroup of G(Z ¢ (X)). Indeed, H here equals to the group £ defined in Theorem 6.6.

Now let S 4 be any transformation in G(X). If s € H then there exists a lift s € G(Z_(Yp)) and a
measurable map v : Yo — V such that S5 4 € G(¥p).

Let 6 : G x Zx(Yp) — W be the lift of o to Z_;(Yp), thatis, 6 =0 onzzjlfg‘;). SEnilarly let $ and F
be the lifts of F and ¢ to Z_(Yy), respectively. We consider the intermediate factor X = Z_(¥p) x5 W.
By Lemma 6.4 and Corollary 6.13 we see that S; 5 and S; .5 7 belong to g()? ). Therefore,

e Pz W),

poy-AsF
By Theorem 5.17 we can pass to an extension Y; = Z_; (Y1) X, V where we can find a phase polynomial
p:Z (Y1) — Vsuchthat o p = /(9o - As F). Arguing as before we can pass to another extension
Yy = Z_;(Y2) X, V and find an open subgroup H' of H of transformations in G(Z (X)), which has a
lift in G(Y>). Let p and 1} be the lifts of p and ¥ to Z_,(Y>), respectively. We conclude that for every
s € H' the transformation S;.y.p induces the action of S 4 on X. Since H' is open, the group of all
elements in H which admits a lift in G(X) contains the open subgroup #’ and is therefore also open. [J

The case where the group U in Theorem 6.12 is of dimension greater than zero follows by a similar
argument. Indeed, if V is an extension of W by a finite-dimensional group U of dimension n, then V is an
extension of (S!)"” x W by a zero-dimensional group. Since the extensions which arise from Theorem 5.9
are zero-dimensional, this case is not needed in the proof of Theorem 6.1 and we leave the details for the
interested reader.

7. Proof of Theorem 2.12, part II

As mentioned in the previous section it is enough to prove Theorem 6.6 in the case where the extension is
weakly mixing. In this case we have the following result [Host and Kra 2005, Lemma 10.8].

Lemma 7.1. Let k > 0 and let X be an ergodic G-system of order <k+1ando : G x X — U be a
weakly mixing cocycle with A% = AF. Let j be an integer with 0 < j < k+ 1 and let G; be the j-th
group in the lower central series for G. Then, for every t € G; and a measurable map ¢ : X — U the
following are equivalent:

(1) For every (k—j+1)-face B, At}j“]F _ dﬁ[}k+1]¢‘
(2) For every (k—j)-face a, A fr+ F/dg‘“]qﬁ is an invariant function on X K+,
7A. The main objects in the proof. We begin by describing the objects which will be used in the proof

of Theorem 6.6. For 0 < j <k -+ 1 we construct a tower of extensions Yy — Y| — - -+ — Y41 = X, where
each Y; is an Oy, j (1)- extension of Y (and therefore of X) of order < k with the following properties:
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o The subgroup
L;:={s€g(X):shasaliftin G(Y;)}

is open in G(X).
o The subgroup

Vi:={s € G;(X)NL;:s has alift in G(Y;)*}
is open in G;(X).
» For technical reasons we will also prove that V; contains the subgroup generated by the commutators
{[s,gl:5€G;1(X)NLj, g e G}

We note that in each step the group G is replaced with some Oy ,,, j(1)-extension, we abuse notation
and denote all of them by G. Since we only construct k + 1 extensions (Yy, Yx—1, ..., Yp), the final
extension Yy is an Oy ,,(1)-extension of X.

We construct these objects by downward induction on j: For j =k+1 we cantake Yy 1 =X, Lxy1 =0
and Vi1 = {e}. For j =k we have the following lemma.

Lemma 7.2. In the setting of Theorem 6.6, there exists an ergodic zero-dimensional Oy, (1)-extension Yy,
of order < k such that Ly, is open and Vi, = Gy N L.

The proof is a modification of the arguments of [Host and Kra 2005, Lemma 10.9].

Proof. Let F : X1 5 U be such that d*+1p = AF. Since G(Z_x(X)) is (k—1)-step nilpotent, we
conclude that any ¢ € G is an automorphism which fixes Z_;(X). Therefore, by Lemma A.12, A, p is
of type < 1. Let x € U. Then by Lemma 3.2 A;x o p is (G, X, Sl)—cohomologous to a constant. We
conclude by Lemma 5.11 that there exists a zero-dimensional Oy, (1)-extension 7 : XX by a cocycle
of type < 1 such that

(Aip)omt =c¢; - AF; (7-1)
for some constant ¢; : G — U and a measurable map F; : X — U. It follows that, for every 1-dimensional
face «,

(A [k F)om
e (72
dy ' F;

is invariant in X'¥). Notice that X is a degenerate extension of X, therefore by the induction hypothesis of
Theorem 6.12 there exists an Oy, (1)-extension 7 : Y — X (and therefore of X). By the same theorem
the group £; < G with respect to this extension is open. Any ¢ € £ has a lift in G(¥}). If in addition
t € Gy then (7-2) and Lemma 7.1 imply that ¢ has a lift in G(¥;)*, where G(Y})* is defined with respect to
the extension Y} X o % U, as required. O

We climb up along the central series inductively. Suppose by induction that we have already constructed
Yit1, Lj41 and V4 as above. We prove:

Lemma 7.3. There exists an ergodic Oy ,,(1)-extension Y J/ of Y41 such that

ﬁ/j ={s€Ljy1:5 hasaliftin Q(YJ/.)}
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is open in L1 and at the same time

Vii={seL;NG;:s hasaliftin G(Y})"}
is open in E/j ng;.
Remark 7.4. For technical reasons, we will postpone the proof of this lemma until after Lemma 7.5.
In other words, we will assume for now that this lemma was already established, and proceed to prove
Lemma 7.5 below. At the end of this section we will prove Lemma 7.3 without relying on Lemma 7.5.
The advantage is that some ideas and notions used in the proof of Lemma 7.3 are more natural in the
settings of Lemma 7.5 and so we prefer to define these in the proof of Lemma 7.5 first.

The following lemma is the final step in the proof. We describe a process which allow (by passing to an
extension) to add arbitrary countable set of transformations of the form [s, g] to V]f , where s € Ll’j NG
and g € G.

Lemma 7.5. There exists an ergodic zero-dimensional Oy, j(1)-extension Y; of YJ’. such that L; =
{s e E/j .8 has aliftin G(Y;)} is open and V; € G; N L satisfy the properties in Section 7A.

Proof. Let s € E/j, and let g € G be a generator in the natural basis of G. By the structure of G, the order
of g is p%mi(D for some prime p (the exact power is not important). Since G is k-step nilpotent, the
order of [s, g] is also p@&=i) for possibly higher but bounded power. Since VJf is open in ﬁ/j NG, itis of
at most countable index in that group. Therefore, we can find a countable set {s, },<n of transformations
in E’j NG;, where each s, is of order p,? tem. (1) for some primes p, where the power is bounded uniformly
for all n and such that UneN S ij contains {[s, gl :s € G;_1 N E’j, g € G}. By adding inverses, we may
assume that {s, : n € N} contains all of its inverses.

Let Co:={s, :n €N}, and foreveryn > 1let C, :={[s, gl :s € Cy—1,g € G} and C = UneN C,.

Definition. For s € C we define the complexity of s by

comp(s) :=max{n :s € Cy,}.
We need the following result.

Lemma 7.6. For every n € N, there exists a zero-dimensional Oy, (1)-extensionm, . Y; , — Y J/ such that
for every s € C,, and for every 0-dimensional face a, there exists Vs : Y; , — U such that

(A wrn F) oy —d¥ iy, (7-3)
is Tg[k“]-invariant forevery g € G.

Proof. We prove the claim by downward induction on n. If n > j, then C; is trivial and the claim
follows. Fix some 0 < n < j and assume that Lemma 7.6 holds for all values greater than n. Let
s € C,. For every g € G, [s~!, g7!] has complexity greater than n. Therefore, by the induction
hypothesis there exists an extension 7,41 : Y 41 —> Y]f and a measurable map Vs o : Y .41 — U such
that (A[S_]’
transformation on Y, (not necessarily in G(Y; ,11)), which induces the same action of s on Y ;.9

et F) 0 gy — dF1y o is invariant for any O-face . Let § be any measure-preserving
o

9Such lift always exists. Recall that Y, is a tower of group extensions of X. Therefore, there exists a compact group K such
that Y]’. = X x K as measure spaces. In particular, 5(x, k) = (sx, k) is a lift for s.
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Consider the function
05(g, ¥) = Vs (g5y) - Asp(g, Tns1(Y)). (7-4)

As in the previous lemma, 65 : G X Y ,4+1 — U is a function of type < k — j + 1. Note that if the order
of g is coprime to p then s commutes with g and so we can take ¥ , = 1.
We replace 6, with a cocycle:

Claim. By embedding U into (SY)N using the Pontryagin dual, we view 0, as a map into (SY)N. We claim
that there exists a constant ¢ : G — (SYHN and a cocycle 0 : G X Y} py1 — (SHN such that, for any
generator g € G, 0,(g) = c5(g) - 05(g). Moreover, cs(g) = 1 whenever the order of g is coprime to the
order of s.

Proof of claim. Fix any O-face o and h € G, by the induction hypothesis of Lemma 7.6 we know that

AETHH(A[S_, g F) oy = dUA, ¥ . The same calculation as in (7-14) gives

d(gk—H]Ah@S(g) = Ah[k+I]Ag[k+1](A§Lk+l]F 0 Tyt1).

Since g and & commute, we have dg‘H]AhQS (g) = dg‘H]A ¢0s(h) for any O-face a. We conclude that

Apbs(8) = Agbs(h). (7-5)
Therefore, by ergodicity we have
bs(g+g)
- =(8, &) (7-6)
6. ()T0:(8)
for all g, g’ € G and some constant ¢,(g, g’).

From this we conclude that Horder(g) : TkQ (g) is a constant in U. In order to take roots we embed U

in the divisible group (S")N and choose ¢y, (g) € S! such that ¢y, (g)°%® =[T7_, - T" x 06;. Note that

if g is of order coprime to p, then s and g commute. In this case ¥ , = 1 and ]_[mder(g) ! Tf

x o6y =1.
In other words, if g is of order coprime to p, we can take ¢, ,(g) = 1. Let QS,X (g) == x o6 (g)/cs,x(g).
We see that Horder(g) ! TkQS 4(g) =1and Anb;, 4 (8) = Agés,x(h) for every h, g € G. Let 0], be the

cocycle as in Proposition 5.2. Il

We return to the proof of Lemma 7.6. Consider the cocycle
0 := 0, )sec, ye0 : G X Yinsr = (SHY

and choose a minimal cocycle o : G XY 11— (SHN which is cohomologous to 0. LetY; , =Y, 11X, W,
where W is the image of ¢ and assume for now that W is zero-dimensional (proof below). Since 6 is
cohomologous to o it is a coboundary on Y; ,. This implies that x o 6 is cohomologous to a constant
for every x € UandseC,. Using Theorem 5.17 we can replace Y; , with an extension such that 6, is
(G, Y, U)-cohomologous to a constant on that extension. In that case we can find v : ¥, — U such
that 8, — d, is a constant and this ¥ satisfies (7-3). This completes the proof of Lemma 7.6. ]

We return to the proof of Lemma 7.5. Consider the extension Y o from the previous lemma. This is
a degenerate extension of Yj’.. Therefore, by Theorem 6.12 we can find an extension Y; such that the
subgroup £; = {s € Uj : s has a lift in G(Y;)} is open. Let V; be as in the theorem. Since VJf NL; CV;,
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we have that V; is open in £; NG;. Recall that {[s, g]:s € G;_ ﬂﬁ’j, geG}C CO-VJf. Lets e E/j NG;_1
and g € G. From (7-3) and Lemma 6.4 it follows that if s has a lift in G(Y; o), then [s, g] has a lift
in G(Y;,0)*. From this and Corollary 6.13, we conclude that if s has a lift in G (Y’) then [s, g] it has a lift
ingG (Y )*. Since all elements in £; has lifts in G (Y ) we conclude thatif s € £; NG;_ then [s, g] has a
lift in Q (Y )*. We conclude that any element of the forrn [s, g] where s € £; NG;_1 and g € G has a lift
in g(Y )™ In other words {[s, gl:s € £L;NG;_1,g € G} SV}, as requlred

Itis left to show that W is zero-dimensional. Fix s € C;, and x € U we prove that there exists N such
that (6;, X)N is a coboundary. We need the following lemma.

Lemma 7.7. Let Y be an ergodic extension of a G-system X of order < k. We denote by G be the Host—Kra
group of X. Let p be a prime number and write G = G, ® Gll,, where G, is the p-component of G. Let
m > 0 and suppose that f : G x Y — S! satisfies that d" f = AF, for some F : Y™ — S! which is
measurable with respect to XU, Then, for every s € G of order p" for some n € N, there exists a function
o : G x X — S! and a natural number N = Ok.n.m(1) such that with o5(g, x) =1 forall g € Gﬁ; and

(A f o)™

is a (G, X, SY-coboundary. Furthermore d™Af - O’S)N, = AAE’"]FN/ for some natural number
N' = Ok,n,m(l)-

We briefly explain the idea behind this result. Let n be a natural number and let s be a transformation
of order n. Since A f = 1, the cocycle identity gives
n—1
Asf' =TT AAxf
k=0
Assume hypothetically that s is an automorphism. Then, by Lemma A.12, the type of A; f” is smaller
than the type of A; f. If we repeat this process iteratively, we will eventually get that some power of Ay f
is a coboundary.
In the lemma we do not assume that s is an automorphism. However, (7-4) indicates that up to a
multiplication by some function it still behaves like one. The formal proof is given below.

Proof of Lemma 7.7. We prove the lemma by induction on m. For m = 0 we have that f = AF. Therefore,
since F is measurable with respect to X we have

Asf =AAF =AAF - VSTgA[SYIsgil]F

and the claim follows by taking o,(g, x) := ‘/STgA[S—l’g—I]F(X). Note that if g € Gj then s and g
commutes, in this case o;(g, x) = 1.

Claim. Fix 1 < j < k, let s € G; of order p and B be an (m— j)-dimensional face (or a vertex
if ] = m). Then, there exists a natural number M = O,, ; ,(1) and a function ¢; : ¥ — St such
that A FM = M.

We prove the claim by downward induction on j. If j =k, then s = e and the claim is trivial. Fix
J < k and assume that the claim holds for all values greater than j. Let s € G; be as in the lemma. Then
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by the induction hypothesis we see that for every g € G and every (m— j—1)-dimensional face § there
exist a power M and ¢ o : X — § ! such that

A

[s—1g~

M __ [ ]
]]%m]F 5 ¢Sg

We use this to prove Lemma 7.7 for all s € G; for this specific j and then we use the lemma to prove the
rest of the claim. Let oy(g, x) := V;Ty¢; o (x) and observe thatif g € Gl% then s and g commute and so
we can take ¢, o = 1. Let f; := A f - 0. Asin (7-14) we have

A(A FM)—VS[ﬁm]Tg[m]A i FM A AFM

[s=1,g~'1}
M
="V, o Tygll, - Ad i a1, -7

Since this is true for every (m— j)-dimensional face 8, we see by Lemma A.8 that f/M is of type <m — j
(or a coboundary if j > m). We conclude that there exists a measurable map Fj : ylm=il — g1
which is measurable with respect to X" =/1 such that 4"~/ f/M = AFM. Moreover, we note here
that dUIFM = A FM. Since f/M is of smaller type, we can apply the induction hypothesis for the

transformations s, s2, s, ..., s”" . We conclude that there exist N, N’ = O ,,.,(1) and as/’l with
@A fl ol )V = AA -y FY (7-8)
and
AgfN ol N e BIG, X, sY). (7-9)

By replacing N and N’ with NM and N'M we can assume without loss of generality that N and N’ are
multiples of M. Recall, that f] = A, f - o,. Let p" be the order of s then by the cocycle identity we have

pn—l pn_l

I=Apf=[] AVaf =@ ] Asdsf
k=0 k=1

and it follows that (A, £)7" =172, Ay A f.
From all of this we conclude that

nl [7”1 p’ll nl
(A f)NNp HAkUNN l_[O_/NN H(Ak(A fNN N'N ) /NN)_l_[(Akf Gsk)NN (7 10)
k=1 k=1

which by (7-9) is a coboundary. Moreover by (7-8) we have that

-1 p—1 p—1
d"=I(A, FYN NP 1_[ AgoN'N . ]_[ iV =a ] aum-nFYY. (7-11)
k=1

Choose N = N'N p" and 6 any measurable function which satisfies that

l_[AkO‘ 1_[ /NN
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and that 65(g, x) = 1 whenever g € Glf. We conclude that

~ ~ pn71
d" A N GN = A TT Apw-n FNY. (7-12)
k=1

From (7-11) and since dV1FM = A FM, we get that, for every (m— j)-dimensional face g,

di"' A f5) = AA g FN. (7-13)

Since this is true for every 8 we conclude that d"™ A f N -5Sﬁ =AAmF N , which completes the proof
of the lemma. It is left to prove the claim for this j.
Observe that

" A f = A AF = A& F - Ve Ty A F.

-1 ,—170ml
[s='.g ]ﬂ

Plugging this above we get that
Dy g FY N TV oy (8. 9)™) !

is invariant with respect to the diagonal action of G on Y™, Since 8 is an (m— j)-dimensional face, the
claim follows by Lemma 7.1. O

We return to the proof of Lemma 7.5. By what we just proved, there exists a power N and a function oy ,
such that 9§’XN -0y, 18 a coboundary. Since 6y , is a cocycle of type <k — j + 1, s0is 05, . As in the
lemma above, o , (g, -) is trivial for any g € GI%. Therefore, by the cocycle equation it is invariant under
the action of G;. Recall that the action of G on Y; 41 is ergodic and let Y // el
which corresponds to the o-algebra of the G[L,—invariant functions. The induced action of G, on Y ]’

be the factor of Y; 41

n+1 is
therefore ergodic.

We consider this system as an Z/ p?Z®-system for some fixed d. By the main theorem of [Bergelson
et al. 2010], any Z/p¢Z®-cocycle is cohomologous to a phase polynomial of some bounded degree.
By Proposition C.1 there exists some power p” such that o ; is a coboundary. Therefore Qs”XN Pisa
coboundary. As n= O, (1), we conclude that the image of the minimal cocycle cohomologous to 6; takes
values in a finite-dimensional group of exponent Oy ,(1). The proof of Theorem 6.6 is now complete. []

It is left to prove Lemma 7.3.

Proof. Let s € G(Yj41) be any lift of an element s’ € G; N L. By assumption, [s'"1, g e V4 for
every g € G. We conclude that there exists ¥ ¢ : Y11 — U such that for every (k— j+1)-face 8 we have

A [k+1]F07T =dgk+”%,g,
B

[s='¢™1]

where 7 : YJU:EI] — X is the factor map. Consider the function 6(g, y) := V¥ 4(g5y) - Asp(g, w(y)),
where 7 : Y11 — X is the factor map. The following computation is taken from [Host and Kra 2005,
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Proposition 10.10]:
Al (A F (7 (y))) = Vien 0 Toueenn (A iyt F((3))) - At A grien F (7 (y))
B g 577 g sp 4
=dy Vo Ty (g - Agend™p(e. m(y) =dy™ o, (7-14)

where the last equality follows from the fact that A x+1) 1 d% N p (g, m(y)) = d[kH]As,o (g, 7 (y)). It follows
that d [k+1]9 is a (G, YJU:EI], S')-coboundary for every (k—j+1)-face B and therefore 6; is a function of
type <k —j+1 (Lemma A.8). By Lemma 5.16 we can extend Y; and assume that all 6, are line-cocycles
(the polynomial term p in Lemma 5.16 can be ignored by changing ¥, , with v ./ p).

The map s > 6, is a measurable map from G; to functions of type < k — j + 1. By Theorem 3.1 and
Baire theorem we have for every x a nonmeagre measurable set A, C G; such that, for every s, 1 € A,,
x(05/0:)1s (G, Y41, S 1-cohomologous to a phase polynomial of degree < k — j + 1. Assume for now
that we can choose the same set A for all x € U simultaneously. This assumption will be explained at
the end of the proof.

By Lemma 5.11 we can find an < O, (1)-extension ?j+1 of Y41 such that as a function on 171-“,
0s/6; is (G, Y j+1, U)-cohomologous to a phase polynomial of degree < k — j + 1. Therefore, for every
s,t € Gi N L; there exists a measurable function ;, : Y; | — U with d[k+1]9 /0 = Adgﬁl]@s,,. Since
Y i+1 1s a degenerate extension of Y1, we can use Theorem 6.12. Thus, we can pass to an extension Y]/.
of order < k + 1 such that

={s € L1 :s has aliftin G(¥})}

is open. By lifting everything to Yj{ it follows from (7-14) that

Y; Y] [k+1]
A(VE};H]FOJTX V[A+l Fom,/ )= Ad 5.1,
where F and 6 ; are viewed as functions on Y< and §, ¢ are any lifts of s and 7. It follows that

Y’.
A- [k+1]F07TX — —[k+1]FO7TX d[k+l]9
/3

U

is invariant in (Y Jf)["“]. Since 7 € G}, it maps the o-algebra Ty (X) to itself. Moreover, since F o,/
is measurable with respect to X, we have that

A_-_l[m Fonx — Ady kHJV— 1051
Sig

is invariant with respect to the diagonal action of G on X**1. Now, by Lemma 6.4, we conclude that for
every lifts of s, t € A the element corresponding to st~ ! in Q(Y]’.) is in Q(Yj’.)*, where g(Y]/.)* is defined
with respect to the extension

YJ/- x U

J
POTTy

Thus, V]f contains A - .A~! and so the proof is complete by Lemma B.2.
It is left to establish the assumption above about the existence of a measurable set .A of positive measure,
which satisfies that x 06;/ x 068, is cohomologous to a polynomial of degree <k — j+ 1 forevery s,t € A
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and every x € U Let A<Ubea subgroup of bounded exponent such that U/A is a Lie group. Let
Xls---» Xn € U be a lift of a basis of the dual of U/A and my, 7, ... alift of the coordinate maps in the
dual of A. Since {x1, ..., xx} is a finite set of characters, we can apply Theorem 5.15 and find a set A
of positive measure such that, for every 1 <i <n, x;(6;5/6;) is cohomologous to a phase polynomial of
degree < k — j + 1, simultaneously.

We also notice, as in the proof of Lemma 7.3 that x (65/6;) is cohomologous to a phase polynomial of
degree < k — j 4+ 1 if and only if A 1)Im1X oF =d quS forsome ¢ : Y1 — S'. Let # be the subgroup
generated by A- AL Then, for every 1 < i <n, h € H and an (k—j+1)-dimensional face 8 there exists
¢n.; such that

Ayxio F = d[m]th,i.

Now, let w be one of the maps 1, 77, . ... Then, by Theorem 5.15, we can find a set of positive measure
A; € A such that 7 (6,/6;) is cohomologous to a phase polynomial of degree < k — j + 1. As before,
let H, be the group generated by A - A-'. We conclude that for every & € H, we have

A wnmoF = d[kH]th -
hy B ’

In particular, we see that for every s € H,, m o 85 is cohomologous to a phase polynomial of degree
<k—j+1. We want to extend # to H. For every i, H, is an open subgroup of 7. We conclude that the
index [H : H,] is at most countable. Thus, for each mr; € {m; : i € N} we find a set of countably many trans-
formations {s, r, :n € N} such that | J, . Sn,z, Hxr, = H. Itis left to show that A[k“]n oF = d[kH]q‘)n -
some @z, - Yjy1 — S!. Indeed, in this case we have that s € H and i € N, the cocycle 7 (6) 1s cohomolo—
gous to a phase polynomial of degree < k— j+1. In particular, we can take .A = # and the proof is complete.
Since the set {s;, », : # € N} is countable, we can use the same argument as in Lemma 7.6 with one minor
modification. This time the elements s,, 5, are not of finite order (but the commutators are). Therefore in the
last step, we cannot use Lemma 7.7 in order to deduce that W is zero-dimensional. Instead, recall that for
each 7r; there exists a constant m; such that rrim" €{X1,---, Xn). This means, in particular, that some power
d=Orm(1)of m;(65)is (G, Y41, S1)-cohomologous to a phase polynomial ps.i of degree <k—j+1. As
in the claim in Lemma 7.6 we can find a constant ¢, ; and a cocycle 9;’ ; =1 (0s)-cy,i. It follows that Qs/fii isa
phase polynomial of degree < k — j+ 1. By Theorem 5.9 we can also find a phase polynomial cocycle g; ;
of degree < k — j + 1 such that q;{i = ps.i (by passing to an extension). We conclude that 9;71. /qs.i 1s a
cocycle, and the d-th power of this cocycle is a coboundary. As in Lemma 7.6, by extending with a minimal
cocycle which is cohomologous to Gs”l. /qi.s we can assume that the latter is a coboundary. Therefore, 7; 06
is cohomologous to a phase polynomial of degree < k — j + 1 for all s € H, which completes the proof. [

7B. Concluding everything. To finish the proof of Theorem 2.12 we need to following variant of a
theorem of [Furstenberg and Weiss 1996].

Lemma 7.8. Let X and Y be ergodic G-systems and w : Y — X be the factor map. Let p : G x X — U
be a cocycle and suppose that X' = X x, U is ergodic. If o is the minimal cocycle cohomologous to
por:GxY — UandV is the image of o, then X' is a factor of Y x, V.
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Proof. Consider the (possibly nonergodic) system Y X ., U. It follows by the theory of Mackey (see
[Furstenberg and Weiss 1996, Proposition 7.1]) that every ergodic component of ¥ X ;o U is isomorphic
to Y x5 V for some V < U. Choose any ergodic invariant measure (y’ on Y X 5o U. It is easy to see that
the push-forward of uys to Y is wy. Moreover, since X is a factor of ¥ we conclude that the push-forward
of py to X is uux. Let ux be the push-forward of uy  to X’. Since X’ is ergodic wx- must be the product
measure (x X my, where my is the Haar measure on U (see [Host and Kra 2018, Section 2.2, Lemma 4]).
In other words, X' is a factor of ¥ x, V as required. O

Given an ergodic G-system X, by Theorem 4.3 it is an inverse limit of finite-dimensional systems
X =lim X,,. By Theorem 6.1, we can find a constant / = O (1) and for each (X, G¥) we can find an
exten<si_0n (Y,,, GV which is an finite-dimensional nilsystem. By increasing Y, we may assume that Y,
is a factor of Y,,. More concretely, in the proof of Theorem 6.6 we build Y, as a sequence of extensions
of X, (by zero-dimensional groups). In each step, instead of extending by the groups associated to X,
we can also extend by the groups associated to the previous systems X,,_i, ..., X; (and replace with
minimal cocycles, as in Lemma 7.8). In this case ¥ :=limY,, is an inverse limit of nilsystems. It is
standard that (X, G?) is a factor of (¥, G®) or equivalent(lythat Y is an [-extension of X as required.10

8. Proving the identification G(X)/T £ X

The goal of this section is to deduce Theorem 6.1 from Theorem 6.6 and thus complete the proof of
Theorem 2.12. Given a finite-dimensional system X, we have already established the existence of a
finite-dimensional extension ¥ which is an inverse limit of systems Y,,, where the action of G(¥,,) on Y}, is
transitive. It is therefore enough to derive the identification Y,, = G(Y},)/ A, for some totally disconnected
closed subgroup A, of G(Y},). In other words it suffices to prove the following theorem.

Theorem 8.1. Let X be an ergodic G-system of order k and suppose that G(X) acts transitively on X (as
a near-action), then there exists a totally disconnected subgroup A < G(X) so that X and G(X)/A are
isomorphic as G(X)-systems.

In order to prove this theorem we construct a topological model for X. That is a compact Hausdorff
space X with a continuous action 7 : G(X) x X — X such that X and X are isomorphic as measure
spaces. Write X = Z;(X) x, U, by induction hypothesis we may write Z_;(X) = L/A and we have a
projection map p : G(X) — £ which is onto.

Definition 8.2. Let H be a Polish group with a near-action on X. A function f € L°°(X) is said to be
H-continuous if f(hx) — f(x)in L*°(X) as h — 1.

Proposition 8.3. Ler A C L°°(X) denote the algebra of G(X)-continuous functions. We claim that the
unit ball of this algebra is dense in the unit ball of L (X) with respect to the L*-topology.

The following result [Gleason 1950, Theorem 3.3] will be used to lift the £-continuity to a G(X)-
continuity.

10Another approach would be to use a version of Lemma A.4 from [Frantzikinakis and Host 2018] and replace Y;, with an
ergodic joining of ¥y,, Y, 1, ...., Y.
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Theorem 8.4. Let U be a compact Lie group acting freely and continuously on a completely regular
topological space X. Let q : X — X /U be the quotient map where x ~y y if there exists u € U so
that ux =y and X/ U is equipped with the quotient topology. Then every point x € X/U has an open
neighborhood x € V. C U/ X such that there is a local continuous section s : V — X so that pos =1dy.

Proof of Proposition 8.3. Let f be a continuous function on X with || f|lc <1 and let &€ > 0 be arbitrary.
Recall that X = L/A x U. Since f is uniformly continuous, we can find an open subset U’ < U so that
| f(ux) — f(x)|leo < &/2 for all u € U'. By Gleason—Yamabe, we can find a subgroup J < U so that
J CU’and U/J is a Lie group. Let f(x) = fJ f(jx)dj, where dj is the Haar measure on J. We see
that f is J-invariant and

If(x) = FOI < e/2. (8-1)

Recall that we have a surjective homomorphism p : G(X) — £. By Lemma 6.4 we can identify the kernel
of p with Py 1(Y,U), where Y := Z;_1(X) = L/A,. Quotienting by P_;+1(Y, J) we get the short
exact sequence

1> Py 1 (Y, U)/Pega1 (Y, J) = G(X)/Peg1 (Y, J) > L — 1. (8-2)

Since U/J is a Lie group, we deduce by Lemma A.17 that so is K := P41 (Y, U)/P.;+1(Y, J). In
particular, K is locally compact and admits a Haar measure d K. Observe that f is invariant to translations
by P_i+1(Y, J); hence for every continuous function ¢ on K the convolution

Frp() = fK Flex)d () dk

is well-defined on X/J :=Y x U/J and K-continuous. Letting ¢ be a suitable approximation to the
identity (nonnegative, supported on a small neighborhood of the identity, and of total mass one) we
deduce that

If - f*¢||L2(X/J) <¢g/2. (83-3)

Moreover, f *¢ is a K -continuous function and an £-continuous function.

We use Gleason theorem and (8-2) to show that f #¢ 15 G(X)/ Pr+1(Y, J)-continuous. By Lemma A.17,
K =U/J x D, where D is a countable discrete group. Fix a complete metric d on U which induces
its topology and normalize so that d(u, v) < 1 for all u, v € U. For every two functions f, f’ taking
values in U we define || f — f/|loo =supd(f(x), f'(x)). We make an observation that D remains discrete
even when G(X) is equipped with the following finer metric'! d(Sp, Sy ) =de, 1)+ f = flloe-
Moreover, the action of K on G(X) is still continuous.

Let B € G(X) be an open neighborhood of the identity so that BN D = {1}. Identify U/J with the
subgroup U/J x {1} € K and replacing B with U/J - B we can assume that K "B = U/J. The Lie group
U/J then acts continuously on B. Moreover, any element in the quotient B/(U/J) can be identified with
a unique element of £. By Gleason theorem, we can find an open neighborhood V of the identity in £
and a local continuous section [ — §; 4, € B C G(X), where the latter is equipped with the finer metric

HWe note that G(X) is no longer a topological group with respect to that metric.
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introduced above. Since f is continuous on X/J, so is f x ¢. Without loss of generality we can take
¢1 = 1 by replacing ¢; with ¢;/¢; foralll e V.

We now prove that f ¢ 1S G(X)/P-y+1(Y, J)-continuous. Since f * ¢ 1s continuous on X, it suffices
to show that g — f * ¢ (gx) is continuous at g = 1. Let ¢ > 0, by uniform continuity, there exists § > 0
sufficiently small so that

Ifxp(x)— Fxd(llL~ <& (8-4)

for all |x — y| < 8. By shrinking V, we can assume that

lldr — oo < 6/2 (8-5)

for all I € V. We need to find 8’ > 0 so that if S; 4 € G(X)/Px41(Y, J) satisfies d(S; 4, 1) < &, then
||Sl,¢,f>k ¢ — fx@ll~ <", where here G(X)/P—i41(Y, J) is equipped with the usual quotient metric.

By taking §" > 0 sufficiently small, we can guarantee that / € V. In that case we must have that
¢ = ¢; - p; for some phase polynomial p; : Y — U/J of degree k+ 1. By (8-5) and the triangle inequality
we deduce that ||p; — 1|2 < /2 + &". Choosing 8’ < §/6 and then choosing § sufficiently small we can
guarantee by Lemma A.17 that p; is a constant and |p; — 1| < %8 . By the triangle inequality

1 = loo =l - pr = Lo < llp = LI+ pr = 1] < 36+ 8" <36,

Equation (8-4) now gives [|.S; ¢ f*q&—f*d) | L < €', as required. We deduce that f*d) 1sG(X)/Pgr1(Y, J)-
continuous. We now combine everything to deduce that f can be approximated by a G(X) continuous
function. Let f’ denote the lift of f % ¢ to X under the canonical projection map X — X/J. It
follows that f” is G(X)-continuous. Moreover, by (8-1), (8-3) and the triangle inequality it follows that
Nf— f * Yl 12(x) < €. Since & > 0 is arbitrary, we deduce that the G(X)-continuous functions are dense
in the unit ball of C(X), and therefore also in the unit ball of L*°(X). U

We can now construct X. Applying the Gelfand—Riesz theorem and letting X be the spectrum of A, we
see that X is a compact Hausdorff topological space satisfying that C()? ) is isomorphic as a C*-algebra
to A. The following properties of X were established in [Jamneshan et al. 2021].

Lemma 8.5. Let X as above. Then:

(i) There exists a Radon measure on X. In particular, every open subset in X has positive measure.
(i1) The natural action T: G(X) x X — X is Jjointly continuous in G(X) and X.
(iii) Every G-continuous function f € A has a unique continuous representative f on X.

From property (ii) and Theorem B.5 we see that in order to show that X = G(X)/A is suffices to show
that G(X) acts transitively on X and the stabilizer is totally disconnected. We prove these in two separate
lemmas.

Lemma 8.6. The action of G(X) on X is transitive.

Proof. Observe that any continuous function f € C(L/A) gives rise to a G(X)-continuous function
on X =L/Ag x U by (x,u) — f(x). This gives a C*-algebra homomorphism from the continuous
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functions on £/A ¢ to A which by Gelfand—Riesz gives rise to a continuous factor map x : XL /Ar
of G(X)-systems, where the group G(X) acts on £/ A, through the projection p : G(X) — L. Since p is
surjective, the action of G(X) on L/ A, is transitive. Thus it suffices to show that for every x1, x; € X with
m(x1) =m(xy) we can find g € G(X) with x| = gx,. We follow the argument from [Host and Kra 2018,
Section 19.3.3 Lemma 10]: if not, then by continuity we can find an open neighborhood V C X of x;
which contains no element in the orbit of x, with respect to the action of G(X). By Urysohn’s lemma we
can find a nonnegative continuous function f : X — R which is supported on V with f(x;) > 0. Recall
that all translations by u € U belong to G(X) and let f (x)= f U f (ux) du where du is the Haar measure
on U. Then f is a U-invariant function on X satisfying f(x;) > 0 and f (x») = 0. By property (iii) of the
Lemma above we can identify f with a G(X)-continuous function which is also U-invariant, which is
therefore identified with a continuous function f" on £/A, and f = f’ o 7. This gives a contradiction as
X1, X2 lie in the same fiber of . O

Lemma 8.7. The stabilizer of some point in X under the action of G(X) is totally disconnected.

Proof. Recall that for every u € U, the translations V,, are automorphisms which belong in G(X). It is easy
to see that the action of U on X is free. Indeed, if not then there exists x € X so that ux = x. But since
u commutes with any g € G(X) we see that u stabilizes the orbit of x, which by the previous lemma is
everything. Now let 77 : XL /A, as before and let x¢ be any element in the preimage of the coset 1- A ..
Let A be the stabilizer of xg. By construction we have p(A) = A, and the kernel is isomorphic to a
subgroup of Py (Z;(X), U). Since the action of U < P, (Z¢(X), U) is free, we have that U N A = {e}. Thus,
we can identify the kernel of p with a closed subgroup of Py (Z;(X), U)/P1(Zx(X), U) which is totally
disconnected (by Pontryagin duality it is embedded as a closed subgroup in the direct product of countably
many copies of Py (Zy(X), st )/ P1(Zy(X), S1) which by Lemma A.17 is a product of discrete groups). [

By Theorem B.5 we deduce that X = G(X)/A, where A is the stabilizer of some xy € X. Since X is
isomorphic to X as G(X)-systems and T, € G(X) for every g € G, they are also isomorphic as G-systems.

9. Limit formula and convergence result

In this section we deduce the convergence result (Theorem 2.13) and the limit formula (Theorem 2.14). We

begin with the following proposition of [Bergelson et al. 2015, Theorem 3.2] generalized for € pep L/ PZ-

systems.

Lemma 9.1 (characteristic factors). Let X be an ergodic €@ pep L/ pZ system and fi, fa, ..., fit1 €
L>®(X). If, for some i, we have that E( f;|Z -;+1(X)) =0 then

limsup [|Egeqy Tg fiTogfo--- - Ty 1yg fratll2 =0

N—o0

The proof is the same as in [Bergelson et al. 2015] and therefore is omitted. We deduce that in order to
prove Theorem 2.13, it is enough to prove Theorem 2.14.

Proposition 9.2. Theorem 2.13 follows from Theorem 2.14.
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Proof. We denote by f the projection of f to L?(Z;_1(X)). By Lemma 9.1, the limit of the average
(2-1) exists if and only if it exists for fl,. .. ,ka. Now let (Y, G™) be as in Theorem 2.12 and let
hi, ..., hiyr be the lifts of f1, ..., fry1 to Y respectively. Note that, for any Fglner sequence ®y of G,
there exists a Fglner sequence @ for G™ such that, for every y €Y,

Eeedy Tohi(y) - -+ T ghir1(0) = Egeay Te (T (3) -+ - T+ 1yg i1 (). -1
Therefore, since Y is an inverse limit of k-step nilpotent systems we can approximate A1, ..., hyy; in L?
by bounded functions hj ,, ..., hxy1, such that, forevery 1 <i <k+41andn € N, h; , is measurable

with respect to the k-step nilpotent system Y,. The dominated convergence theorem implies that the
pointwise convergence in Theorem 2.14 is also an L? convergence. Since L?(X) is a complete metric
space, we conclude that the average associated with A1, ..., hx4 converges. By (9-1), we conclude that
the average associated with i fk+ 1 also exists, as required. U

We prove Theorem 2.14 and the following theorem simultaneously by induction on k.
Theorem 9.3. Let X = G/ T be as in Theorem 2.14. Then, forevery 1 <r <k+1, Z_.(X)=G/G,T.

Let k =0. Then Z_;(X) is trivial and the claim in Theorem 9.3 follows. As for Theorem 2.14, the
case k = 0 follows by the pointwise mean ergodic theorem and Lemma 6.3. Fix k > 1. Throughout the
rest of this section we assume that Theorems 9.3 and 2.14 hold for all smaller values of k. We prove
Theorem 9.3 for this value of k and then, we deduce Theorem 2.14 from this result.

Claim 9.4 (the induction hypothesis). Let k > 1 be such that Theorems 2.14 and 9.3 hold for all smaller
values of k. Let X be as in Theorem 2.14. Then, for every 1 <r <k and every f1, ..., fr € L®(X), the
following r-term formula holds:

NILmOO Eeean T f1(x)Tag fo(x) - - Trg fr(x)

:/ / / Hfl(x v (2) ..... yi(;))dl—[mi(yiri)’ (9-2)
G/T JGy/ Ty r/T i=1

ri=1
with the abuse of notation that f(x) = f(xI').

Proof. Let fi, ..., f, be the projections of fi, ..., f, respectively into L2(Z_,(X)). By the induction
hypothesis of Theorem 2.14 and Theorem 9.3, we have that

Jim Egeoy T f1(0) Tag fox) - Trg fr (x)

- [ TGy sy a[[mir. ©3)
G/G,T gZ/ngZ -

1/9r = i=I

We lift each f; to X. Then, (9-3) remains unchanged and by Lemma 9.1 and the fact that each lift is
invariant to G,, we get that (9-2) holds. As required. Ol

9A. Proof of Theorem 9.3 and corollaries. We recall that the Host—Kra group induces an action on each
of the universal characteristic factors.
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Lemma 9.5 (G induces an action on the universal characteristic factors). Let X be an ergodic G-system
of order < k and G(X) be the Host—Kra group. Then for every 1 <1 < k there exists a projection
pr:G(X) — G(Z(X)), where G(Z -1 (X)) is the Host—Kra group of the factor Z _;(X).

The proof of Theorem 9.3 is a modification of the argument from [Ziegler 2007, Lemma 4.5].

Proof of Theorem 9.3. Let X = Z_;(X) =G/ T be as in Theorem 2.14. Let 1 <r <k —1 and consider the
factormap 7 : G/I" = Z_,(X). By Lemma 9.5 the action of G, on Z_,(X) is trivial and so & induces a
factorm, : G/G,I' - Z_,(X). We prove that 7, an isomorphism. Let f:G/G, T’ —>rS L Thelrl, since the coset

gG, is uniquely determined by the cosets associated with gy, gy12 Y2, oo Y Y,Y -y, we conclude

that there is a measurable map F : (G/G,TI")" — S! with F(gyy, gylzyg, e YTV -yr(’:ll)) = f(gI)

for almost all g € G, y1 € G, y2 € Ga, ..., yr—1 € G-—1. We conclude that

) . r
f(gF)=/ / / Fgy1, gyiyas oo iy -y d [T mino.
g/ Jars  Jayr,

i=1
By approximating F with functions of the form (xq, ..., x,) — fi(x1)- fo(x)----- fr(x;), it follows
from Claim 9.4 that F is spanned by limits of the form

lim [EgelDNTgfl """ Trgfr-
N—oo
By Lemma 9.1, these terms are measurable with respect to Z_, (X). |

Let X be an ergodic G-system. It is well known [Host and Kra 2005, Proposition 4.11] that every
factor of X of order < k factors through Z_;(X). We refer to this fact as the maximal property of the
k-th universal characteristic factor. We have the following result.

Lemma 9.6. Let X be a (k+1)-step nilpotent system and let G be an open subgroup of the Host—Kra
group of X and I" be the stabilizer of (1,1,...,1) € Uy x Uy X - -+ X Ug—1, where Uy, Uy, ..., Uy_1 are
the structure groups of X. Then, for every 0 <i <k — 1, we have that U; = G; /G;11T"; as topological
groups and measure spaces, where G; 1 '; is the closed subgroup generated by all the products of elements
in QH_] and Fi.

Proof. By Lemma 6.3, we have that X = G/I" and by Theorem 9.3 that Z_,(X) = G/G,I" for every
1<r<k. LetA,:=G,/G-+1T,. Then, by Lemma 9.5, A, actson Z_,(X), fixes Z_,(X) and commutes
with G(Z_,+1(X)). It follows that the action of any t € A, equals to a translations by an element in U,.
In particular, this means that we can identify A, with a closed subgroup of U, (as topological groups
and measure spaces). Therefore, Z_,1(X)/A, is an extension of Z_,(X) by U,/A,. On the other hand
Z,11(X)/A, =G/G. T = Z_,(X) is a system of order < r. By the maximal property of Z_,(X) it
follows that U, /A, is trivial, as required. O

As a corollary we have the following result.

Corollary 9.7. Let X be as in Lemma 9.6, and let G be an open subgroup of G(X) which contains T, for
every g € G. Then, for every 1 <i <k, Gi/Gi1Tg, = G(X):/G(X)ip1T(X);.
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Let (H, -) be any group and n € N. We say that H is n-divisible if for every 4 € H there exists x € H
with x™ =h, wheren!l=n-(n—1)----- 1. Our goal is to show that G, /G, [, is k-divisible for every
k <min,cp p and every 1 <r < k. We use a type argument by Host and Kra which requires analysis of
the ergodic components of (X1, ul!l). We recall the following result by Host and Kra [2005, Lemmas 9.1
and 9.3].

Lemma 9.8. Let X be an ergodic G-system, U a compact abelian group, p : G x X — U a cocycle and
k > 0 an integer. Let (Z2(X), v) be the Kronecker factor and = fZ<2(X) Us dv(s) be the ergodic
decomposition of n" with respect to the diagonal action of G. The set

A={s € Z(X):dMpisacocycle of type < k of X}

is measurable. Furthermore, the cocycle p is of type < k + 1 if and only if v(A) = 1. Moreover, if X is of
order < k, then for v-almost every s, the ergodic component (X, 1) is a system of order < k.

We deduce the following result.

Lemma 9.9. Let 1 <m <1 and k < min,cp p. Let X be an ergodic G-system of order < m and
p:G x X — S a cocycle of type < I such that p** of type < m — 1. Then p is of type < m — 1.

Assume this lemma for now, we prove the following result.

Theorem 9.10. Letr > 1, k < min,cp P and X be an ergodic r-step nilpotent G-system. Then, for each
1 <i <r we have that G;/G;+11'; is k-divisible.

Proof. Write Z_,+1(X) =Z_,(X) x, U. Since U =G, /G,41T,, itis enough to prove that U is k-divisible.
Assume by contradiction that this is not the case and let y : U — Cy, be a lift of a nontrivial character of
the quotient U/ U*'. By Lemma 9.9, we see that x o p is a cocycle of type < r — 1. This means that the
extension Z_,(X) X ,op x(U) is degenerate. In particular, the maximal property of Z_,(X) provides a
contradiction. [l

Proof of Lemma 9.9. We prove the lemma by induction on m. If m = 1, then X is trivial. By assumption p*'
is a coboundary; hence p*' = 1. We conclude that p : G — Cyy is a homomorphism. Since k < min,ep p,
p is trivial and the claim follows. Fix 2 < m and assume inductively that the claim holds for smaller
values of m. Let X be as in the lemma and write X = Z_,,,_1(X) X, U. By the induction hypothesis
we also know that Theorem 9.10 holds and so we can assume that UX' = U. Our goal is to show that p
is cohomologous to a cocycle that is measurable with respect to Z_,,,—1(X). The first step is to reduce
matters to the case where U is finite. By Theorem 3.8, there exists an open subgroup U’ < U such that,
for every u € U’, there exists a phase polynomial p, € P;_1(X, S') and a measurable map F : X — S!
such that

Aupzpu‘AFu- (9'4)

We claim that p,, is trivial. The cocycle identity implies that
k-1
Ayp=Aup® - TT AuBup.
=0
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Since p** is of type < m — 1, we conclude by Lemma A.12 that A, p*' is a coboundary. Moreover, by (9-4)
and Lemma C.3, we see that ]_[f!:f)l A, Ay, p is cohomologous to a phase polynomial of degree </ — 2. It
follows that A« p is cohomologous to a phase polynomial of degree < [ —2. Since UX' = U, we conclude
that A, p is cohomologous to a phase polynomial of degree </ —2. Repeating this argument (by induction
on the degree of p,), we conclude that A, p is a coboundary for every u € U’. Therefore by Lemma A.24,
p is cohomologous to a cocycle p’ which is invariant with respect to some open subgroup U” < U.

Let X' = X x4, U/U" where ¢’ is the composition of o with the quotient map U +> U/U". We view
o' as a cocycle on X’. By Lemma A.9, p’ is of type < [ and p’*' of type < m — 1.

Now we deal with the finite case. Let n = |U/U"| and let u € U/U”. By Lemma A.12, the cocycle
Aup'is of type <1 —m +1 and (A, p")¥ is a coboundary. We prove that A, p’ is also a coboundary. By
the cocycle identity

n—1

1= Aup = (A" [ Auup'.
1=0
By Lemma A.12, ]_[;':_01 Ay A, p' is of type <1 —2m+2 and it follows that so is (A, p’)". Since UX =U,
we conclude that 7 is coprime to k!. In particular, there exists a natural number d such that nd =1 mod k! .
We conclude that A, p’ is cohomologous to A, p"? which is of type < I — 2m 4 2; hence A, p’ is of
type < —2m+2. Since m > 2, we can continue this argument by induction until the type of A, p" is < 0.
Therefore, for every u € U/U" we can find a measurable map F, : Z_,,_1(X) — S' such that

Aup = AF,. (9-5)

By ergodicity and the cocycle identity, we conclude that for every u, v € U/U"” there exists a constant

c(u, v) such that
FMU

F,V,F,

—c(u, v). (9-6)

Let b(u, v) = (A, Fy)/(AyF,). Since Ay Ayp' = AyAyp', (9-5) implies that b(u, v) is a constant in x.
Direct computation using (9-6) shows that b is a bilinear map. For instance we have

b(ul/t/, v) = Auw Fy — Ay By Vi Ay Fy . A F, (A;Fv

= = =bu,v) b, v).
Ay Fy AyF,V,F! Ay F, " AUF,) (@, 0)- 5w, v)

In particular, we see that " (u, v) = 1 for every u, v € U/U". Since n is coprime to k!, it is enough to
show that p” is of type < m — 1. Therefore, we can assume without loss of generality that b = 1. In
this case it follows that the group

H=(S,r:ucU/U",Fe M Z_pn_1(X),S", Ayp' = AF}

is abelian. By (9-5), the projection p : H — U/U" is onto. Moreover, the kernel is isomorphic to S' and so
H is a compact group (Corollary B.4). Since the torus is injective in the category of compact abelian groups
we conclude that there exists a cross-section u — S, r, such that A, p’= AF,. In particular, F,,, = F,V,, F,
forevery u,ve U/U". Let F(x, u) = F,(x, ly,y~), direct computation shows that A, F (x, u) = F,,(x, u)
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for almost every x € Z_,,,_1(X) and every u, v € U/U". We conclude that p’/AF is invariant to U/U".
In other words, p’ is cohomologous to a cocycle p” which is measurable with respect to Z _,,,_1(X).
We view p” as a cocycle of Z_,,_1(X). By Lemma A.9, p” is of type < [ and p"*' of type <m — 1.
Now we use an inductive type argument. By Lemma 9.8, d'!p” is of type < — 1 and d'!!p"*" is of
type < m —2 on every ergodic component of Z_,, 1 (X)!!l. Since Z_,,_1(X) is a system of order < m — 1
so is every ergodic component of Z_,,_(X)[!]. We conclude, by the induction hypothesis that d'!1p” is of
type < m —2 on every ergodic component. Therefore, by Lemma 9.8, p” is of type <m —1on Z_,,_1(X).
Lifting everything up using the factor map X — Z_,,—1(X), we conclude that p is of type <m — 1, as

required. 0

9B. The group of arithmetic progressions. The proof of Theorem 2.14 follows the methods of [Bergelson
et al. 2005]. Let X =G/ T be as in Theorem 2.14, we define a function

1:GXG1 X Gy X+ x G — GFH
by
_ 2 K (5) )
l(ga 81, 82, vgk)_(gv 881, gglgz, ’gglgz ..... gk )
and let G to be the image of 7 in G¥*1.
Theorem 9.11 [Leibman 1998]. G is a group.

The group [ :=T*1NG is a closed zero-dimensional cocompact subgroup of G. Let
Tg:ldegngzx---xT;andTgAzTgngx---ng.

It is easy to see that T, and TgA belongs to G and therefore acts on G / I'. Our next goal is to prove that
the action of G x G on G / r by TgA o T is uniquely ergodic.

9C. Green’s theorem. Green’s theorem [Auslander et al. 1963] states that in a nilsystem (G/T", R,)
where G is a connected simply connected Lie group the action of R, on G/ I is ergodic if and only if
the induced action of R, on the factor G/G,I" is ergodic. Parry [1970] gave an alternative simpler proof
which was then used by Leibman [2005, Theorem 2.17] to generalize this result to arbitrary nilsystems.
Parry’s proof relies on the fact that on a connected nilsystem N/ I" the eigenfunctions are invariant with
respect to M. In Theorem 9.13 below we generalize this result for polynomials of higher order and some
special nilpotent systems that may not be connected. First we need the following technical lemma.

Lemma 9.12. Ler f : G / I' > S! be a measurable function. Let V < G be an open subgroup which
contains the elements T; and TgA forevery g € Gand2 <r <k+ 1. Then, if f is invariant witli respect
to left multiplication by the r-commutator subgroup V, of V, then f is invariant to the action of G N gf“.

Proof. Since V is open and 1 is a continuous map, we have that : ~' (V) contains a subgroup of the form
Lx Lx{e}x---x{e}, where L <G is open. Moreover, since V contains Tg and TgA we can also assume
that £ contains T,. Foreach 2 <r <k +1 let,

- ::&hgf“.
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Now, let f be as in the lemma. We prove by downward induction on 2 <r < k41 that f is also invariant
with respect to the action of H,. If r =k + 1, then H; is trivial and the claim follows. Let2 <r <k +1
and assume inductively that f is already invariant to left multiplication by elements in H, 1.

For convenient, we write the elements of 5 as sequences x(n) where x : {0, 1, ..., k} — G. Since 5 is
a group, a general form of an element in H, is

x(n) = gog'fgz(Z) ----- g,fZ),

where go, g1, ..., 8 € G, and g1 € Gry1, - .., gk € G with the convention that (") = n!/((n —m)!m!)
when m < n and zero otherwise. i

Fix 0 <m <k and let x,,,(n) = g,E{”) € 5, it is enough to show that f is invariant to left multiplication
by x,,. If r <m <k+1, then x,, € ﬁH 1 and the claim follows by induction hypothesis. Otherwise, we
can assume that m < r. In that case g, € G,.

Step 1: We replace g,, with an m!-root. By Theorem 9.10 we can find an element & € G, such that
h™ . g = g, where g’ € Q,H T,. Hence, g'G) = g”G) . (D) . y(n), where g” € Gry1, y € Ty and y
takes values in H,. Since Gisa group we see that y(n) and g” () are in Hyy1. As for y( ), we have

FWxn) = £(1(rHW, x1xl)

and [(y~ 1)(”) x] € H,+1. We conclude that f is invariant to left multiplication by g(”’)

invariant to left multiplication by 277", where p,,(n) =n!/(n —m)! is a polynomial of degree < n —m

if and only if it is

with natural coefficients.

Step 2: We replace h with an element in £,. By Corollary 9.7 we can write h =1-h’-§, where [ € L,,
h' € G,1 and 8§ € I',. Then, we have

hpm(”) — lpm(n) . §pm(m) _y/(n)’

where y’(n) takes values in G, 1. Since Gisa group we conclude that y’ € H,,1. As in the previous step
we also know that f is invariant to left multiplication by 87", Therefore, f is h”»(-invariant if and
only if it is invariant to left multiplication by 17,

Step 3: We show that f is invariant to /7" and complete the proof. Since £, is generated by com-
mutators of r elements and f is invariant with respect to the action of H,,;, we can assume that / is
an r-commutator. Write / = [sy, s, 53, ..., s,] for some sy, 52, ...., s, € L. We consider two sequences
in G for each s;. The first is the constant sequence which we denote by c;(n) = s;. The second is the
arithmetic progression with no constant term, namely d;(n) = s;'. Observe that for each 1 < j <r we
have [dy,dy, ..., dj,cjq1,..., ¢ ] = " -zj(n), where z;(n) takes values in G, 11, and so is in H, .
We conclude that f is [ "’ _invariant for all 1 < j <r and so it is also invariant to left multiplication
by 1P, [l

We note that since G, < G, it follows that H, is a normal subgroup of G.

Conventions 2. For the sake of the proof of the ergodicity of G / T with respect to 7" and TgA we say that
a homogeneous space N/ I" with an action of ¢ : G — N is special if the induced action of ¢ on N/N,I"
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is ergodic and for every open subgroup V < N which contains ¢(G) we have that for every 2 <r <k
any function f : N/T' — S! is invariant with respect to the action of V, if and only if it is invariant with
respect to N,.

We note that by the previous lemma, G / GTisan! -step special homogeneous space for every 1 </ <k.
We generalize Green’s theorem.

Theorem 9.13 (Green’s theorem for special homogeneous spaces). Let N/ " be a k-step special homoge-
neous space. Then, for every 1 <d <k and 1 <r < d, we have the following results:

(1) f is invariant with respect to the action of Ny.
(2) For everyn € N, A, f is a phase polynomial of degree < d —r.
(3) Foreveryn € N, V, f is a phase polynomial of degree < d.

Note that from the case d = 1 in the theorem above we can deduce that every special homogeneous
space is ergodic.

Corollary 9.14. Let X = N/ T be a special k-step homogeneous space. Then X is ergodic. In particular,
G / Tis ergodic with respect to the action generated by Tg* and TgA.

A nilpotent system is ergodic if and only if it is uniquely ergodic [Parry 1969b, Section 2, Lemma 1]
(see also [Parry 1969a, Theorem 5]).

Theorem 9.15. The action generated by TgA and Tg on G / T is uniquely ergodic.

Proof of Theorem 9.13. We prove the claims by induction on k and then by induction on d. If k = 1 then
the claims follow because the system is ergodic and every n € N is an automorphism. Fix k > 2 and
assume that the claims hold for all smaller values of k.

Induction basis: The case d = 1 follows by adapting the argument of Parry. Let f : N/T' — C be
an invariant function. The compact abelian group N;/ T defines a unitary action on L>(N/T") by
translations. In particular, there is a decomposition of f to eigenfunctions with respect to this action.
Namely f =), fi, where A, f, = A(n) for every n € Ni/ Tk, where A : Ni/ Ty — S! is a character.
Since the action of G commutes with the action of Ny we can also assume that the f; are eigenfunctions
with respect to the G-action. Thus, | f; | is G-invariant and invariant with respect to N and so by induction
hypothesis and Corollary 9.14 we can write f =), a, f, where a, € C and f; take values in S I Now,
we claim by downward induction on 1 < r < k that:

Claim 9.16. For everyn € N, and A, A, f, is a phase polynomial of degree <k —r + 1.

Proof of claim. If r = k then A, f,, = A(n) is a constant. Fix r < k and assume inductively that the claim
holds for larger values of r and let n € N,.. Observe that for every g € G we have

AgAnfr=BnAgfr- VaTg Ayt g-11fo

Since A, f;. is a constant, the term A, A, f; vanishes. Moreover, by the induction hypothesis Ap,-1 ,-17 f3
is a phase polynomial of degree < k —r. Observe that Ap,-1 ,-17f; is invariant with respect to the action
of Ny and therefore by the induction hypothesis on k, we conclude that V,, To Ap,-1 ,-11 f3 is also of
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degree < k —r. It follows that AgA,, f; is of degree < k — r for every g € G and therefore A, f of
degree < k —r + 1, as required. (I

Now, we apply the claim with r = 1. We deduce that for every n € N, A, f, is a phase polynomial
of degree < k. Since A, fi and is invariant with respect to the action of Ny and N/N,I" is ergodic,
Lemma A.17 implies that the group

Vi:={neN:A,f,is aconstant}

is open. The map v — A, f;. is a homomorphism from V; to the abelian group S! and so is trivial on
(V)2 = N,. We conclude that f = ZA a;. f». 1s also invariant with respect to N,. Since N /N, I is ergodic,
f is a constant and the rest of the claims follow.

Induction step: Fix d > 1 and assume inductively that the claims hold for smaller values of d.

Observe that by the case d = 1 we can assume that N/ " is ergodic. Let f : N/I" — C be a phase
polynomial of degree < d. By setting g; = - - - = g4 = 0 we conclude that | f |2d =1 and therefore f takes
values in S'. We show that f is invariant with respect to N, by adapting the argument from the induction
basis. As before, we prove by induction on r that A, f is of degree <k —r + 1. If r =k, then since A, f
is invariant to Ny we see that AgA, f = A, A, f =1, as required. Fix r < k and let n € N,. Then

AgApf =0 Agf - ViTgAp1 g1y f. 9-7)

By induction hypothesis Aj,-1 ,-17f is of degree < k — r, since this function is invariant with respect
to Ni, the same argument as in the induction basis gives that V, T Aj,-1 .11 f is also a phase polynomial
degree <k—r. If r >d —1then A, A, f vanishes and therefore A, f is of degree < k—r+1, as required.
If r < d — 1 then, by the induction hypothesis on d, we conclude that A, A, f is of degree < d —r. Since
d <k, (9-7) implies that A, f is of degree <k —r + 1.

In particular, by the case r = 1, we conclude that for every n € N, A, f is a phase polynomial of
degree < k. This time, consider the subgroup

V ={ne N:A,f is a phase polynomial of degree <d — 1}.

As in the induction basis this is an open subgroup which contains the image of ¢ : G — N.

Write A, f = p, and observe that since p, is invariant to N, we have by induction hypothesis
that, for every v’ € V, Ay p, is of degree < d — 1. Moreover, by the cocycle identity we have that
Pov’ = Pv - Pv - Ay py. It follows that v — p, - Pog_2(X, ShHisa homomorphism and so trivial with
respect to V5. In other words, for every v € V,, p, is a phase polynomial of degree < d — 2. Continue
this way by induction, we see that p, = 1 for every v € V. Since N is special, V; = N; and the first
claim follows. Viewing f as a polynomial of degree < d on N/N,I" the rest of the claims follow by the
induction hypothesis on k. O

9D. The proof of Theorem 2.14. We construct new systems.
Let X=G/T and X = 5 / T asin the previous sections. For every x € G/ I" the set

Xyoi={(x1, x2, .., 0) € X6 (x, x1, %0, .., %) € X)
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is a compact subset of X*. As in [Bergelson et al. 2005], the group G” acts on X, transitively. Moreover, if
Fx < G" is the stabilizer of (x,x,x,...,x),then X, = 5*/Fx. Let 1 be the Haar measure on X, & the Haar
measure on X and i, on X,. Using the fact that X is uniquely ergodic Bergelson, Host and Kra proved,

o= [ 8@ duto). ©0-8)
X
We prove the limit formula in Theorem 2.14 following the argument in [Bergelson et al. 2005, Theorem 5.4].
Proof. We first prove the claim in the case where the functions are continuous. Since (x, x, x, ..., Xx) € X s
we can apply the pointwise mean ergodic theorem for the space X, with respect to the action of
(T, ng, Tg3, el Téf‘) € 6*. The limit is some function ¢ on X. Let f be any continuous function
on X. We have

k
[ 0@ i = fim Ecoy [ 0[] 100 duco. ©-9)

N—o0 X el

We translate the functions in (9-9) by 7}, and then take an average over & € G. Since u is T}, invariant for
every h € G, the limit above is equal to

k
Jim Eceo, Erca, [ £ [ ]98T duo
j:

The action generated by ThA and 7, on X is uniquely ergodic. Therefore, by the mean ergodic theorem,
the limit above converges everywhere to

fif(xwfl(xl)-- e fue) Aoy X1 0) =/X f(x)fi LG ) di e, - . x0) dit(x0).

Since this holds for all continuous functions f, we conclude that
é(x) =/~ VALCSDREREE SeCa) dp(xa, ..o, xi) dp(xo),
Xx

whenever fi, ..., fr are continuous. & &
The map (g1, 2. - - -, 8&) —> (881, 88782, - ., 881 8" ~++ - g from G/ T x Gy /T x -+ - x Gy to X
is an isomorphism and so ¢ (x) is equal to the function in (2-2). This completes the proof for continuous

functions and by approximation argument the convergence holds for all bounded functions as well. [

Appendix A: Survey of some notation and previous results

The goal of this section is to survey some definitions and known results from previous work. Most of
these theorems and definitions appear in [Bergelson et al. 2010] or in [Host and Kra 2005].

Al. Notation.

Definition A.1 (abelian cohomology). Let G be a countable discrete abelian group. Let X = (X, B, i, G)
be a G-system and let U = (U, - ) be a compact abelian group.
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* We denote by M(X, U) or M(G, X, U) the group of all measurable functions ¢ : X — U or ¢ :
G x X — U, respectively. We say that two functions fi, fo € M(X, U) are equal if fj(x) = f2(x)
for p-almost every x. Similarly, if f1, f» € M(G, X, U) then they are equal if f(g, x) = f2(g, x) for
p-almost x € X and every g € G.

e A (G, X, U)-cocycle is a measurable function p : G x X — U which satisfies that p(g + g’, x) =
p(g, x)p(g’, Tyx) for all g, g’ € G and pu-almost every x € X. We let Z'(G, X, U) denote the subgroup
of all cocycles.

 Given a cocycle p : G x X — U, we define the abelian extension X x, U of X by p to be the product
space (X x U, Bx ® By, ux ® uy), where By is the Borel o-algebra on U and py the Haar measure.
We define the action of G on this product space by (x, u) — (Tyx, p(g, x)u) for every g € G. In this
situation, we define by V,,(x, 1) = (x, ut) the vertical rotation of some u € U on X x, U.

o If F e M(X, U), we define the derivative AF € M(G, X, U) of F to be the function AF (g, x) :=
AgF(x). We write BY(G, X, U) for the image of M(X, U) under the derivative operation. We refer to
the elements in B' (G, X, U) as (G, X, U)-coboundaries.

o We say that p, p’ € M(G, X, U) are (G, X, U)-cohomologous if p/p" € BY(G, X, U). In that case it
is easy to see that the abelian extensions defined by p and p’ are isomorphic.

A2. Cubic measure spaces and type of functions. We begin by introducing the cubic spaces from [Host
and Kra 2005, Section 3] (generalized for arbitrary countable abelian group).

Definition A.2 (cubic measure spaces). Let X = (X, B, u, G) be a G-system for some countable abelian
group G. For each k > 0 we define XX = (X1 Bkl ;K1 G), where X* is the Cartesian product
of 2% copies of X, endowed with the product o-algebra Bl = sz, and G acting on X' diagonally
(i.e., Tg((xw)weo.114) ‘= (TgXw)wefo.1)-)- We define the cubic measures ! and o-algebras 7; C Bkl
inductively. Zy is defined to be the o -algebra of invariant sets in X and (%! := 1. Let k > 0 and suppose
that «/¥1 and 7 are already defined. We identify X%+ with X1 x X1 and define u**!! by the formula

/ [1(x) A dp* T (x, y) = / E(AilZ) () E(f21Ti) (x) d ¥ (x).

For fi, f> functions on X and E(-|Z;) the conditional expectation and let Z;,; be the o-algebra of
invariant sets in X*+11,
We adapt the notion of face from [Host and Kra 2005, Section 2]. Let V; := {—1, 1}2k and for every

0<1[<k,if J €2* (equivalently J C {1, ...,k})is a set of size k — and n € {—1, 1}” then the subset
a:={c€Vi:e;j=n;forall j € J}

is called an /-dimensional face. For any transformation u : X — X and a face o we define a transforma-
tion u* on X by
{u £ €a,

[k] _
u =
(it Deev, Id otherwise.
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We survey some results from [Host and Kra 2005]. We begin with the following result about the
relation between measure-preserving transformations, faces and the measure ju*.

Lemma A.3 [Host and Kra 2005, Lemma 5.3]. Let G be a countable abelian group and X be an
ergodic G-system. Let 0 <[ < k be integers. For a measure-preserving transformation t : X — X the
following are equivalent:

(1) For any l-dimensional face o of Vi, the transformation t([[k] leaves the measure ¥ invariant and
maps the o -algebra T¥ to itself

(2) For any (I+1)-dimensional face 8 of Vi1, the transformation % Jeqves wk o invariant.
y + B

(3) For any (I+1)-dimensional face y of Vi, the transformation t][/k] leaves the measure pM-invariant
and acts trivially on the o-algebra T,

We also need the following result related to the ergodic decomposition of ¥,

Lemma A.4 [Host and Kra 2005, Corollary 3.5]. Let X be an ergodic G-system and k > 1 then the
following hold.:

o There exists a measure space (2, Py) and an ergodic decomposition
) :=/ ItodP(®).
Qe

e For every (k—1)-face o and every g € G the transformation g([xk] sends an ergodic component to an
ergodic component. In other words, gg‘] acts on (2, Py).

o The action of the group generated by gg‘] forall g € G and all (k—1)-faces o on (2, Py) is ergodic.

The definition of cubic measure spaces (Definition A.2) leads to the following definition of type for
measurable functions.

Definition A.5 (functions of type < k [Bergelson et al. 2010, Definition 4.1]). Let G be a countable
abelian group, and let X = (X, B, i, G) be a G-system. Let k > 0 and let X'*I be the cubic system
associated with X.

« For each measurable f : X — U, we define d¥1 f : XK1 > U by

d[k]f((xw)we{_l‘]}k) = 1_[ f(xw)Sgn(w)’
we{—1,1}k

where sgn(w) = wy-wyp -« - Wy
o Similarly for each measurable p : G x X — U we define d*1p : G x X1 - U by
d[k]p(g, (xw)we{_l’l}k) = l_[ o(g, xw)sgn(w).
we{—1, 1}

e A function p : G x X — U is said to be a function of type < k if d'¥lp is a (G, X'¥, U)-coboundary.
We let M _; (G, X'¥1, U) denote the subspace of functions p : G x X — U of type < k.

Using the Pontryagin dual, Moore and Schmidt [1980, Theorem 4.3] proved the following result.
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Theorem A.6. Let X be a G-system and U a compact abelian group. Let k > 0 be an integer and
f:G x X — U ameasurable map. Then, f is of type <k ifand only if xo f : G x X — Sl is of type < k
forevery x € U

We summarize previous results about type of functions. We begin with the following definition.

Definition A.7. Let X be a G-system. Let U = (U, -) be a group and f : G x X — U a function. For
every k € N and every face o € Vi we define a function di¥ f : G x X1 — U by dlF f (g, (xu)pen) =

1_[(4)6()[ f(g’ xw)sgn(w)‘
We have the following result [Host and Kra 2005, Lemma C.7].

Lemma A.8. Let X be an ergodic G-system and U be a compact abelian group. Let f : X — U be a
function and o be an m-dimensional face of Vi for some 1 <m < k. If dg‘]f isa (G, X, U)-coboundary,
then f is of type < m.

The following lemma studies the interactions between type and factors.

Lemma A.9 (decent lemma [Bergelson et al. 2010, Proposition 8.11]). Let X be an ergodic G-system of
order < k. Let Y be a factor of X, with factormap w : X — Y. Let p : G x Y — S! be a cocycle. If p o
is of type < k, then p is of type < k.

We also have the following more general version for quasicocycles [Bergelson et al. 2010, Proposi-
tion 8.11].

Lemma A.10. Let X be an ergodic G-system of order < k and m : X — Y be a factor of X. If
f:G xY — Slisaquasicocycle of order < k — 1, such that f o is of type < k then f is of type < k.

We are particularly interested in certain measure-preserving transformations ¢ : X — X on a G-system X.

Definition A.11 (automorphism). Let X be a G-system. A measure-preserving transformation u : X — X
is called an automorphism if the action it induces on L?(X) by f — f ou commutes with the action
of G. In particular we set A, f = fou- f.

Automorphisms arise naturally from Host—Kra’s theory. For instance, given an abelian extension
Y x, U, the group U acts on this extensions by automorphisms defined by V,(y, 1) = (y, tu).

Given a function f : G x X — U of type < k, the derivative of f by an automorphism ¢ decreases the
type of A, f.

Lemma A.12 (differentiation lemma [Bergelson et al. 2010, Lemma 5.3]). Let k > 1, and let X be a
G-system of order < k. Let f : G x X — S! be a function of type < m for some m > 1. Then for every
automorphism t : X — X which preserves Z _i.(X) the function A, (g, x) = f(g.,tx)- f(g, x) is of
type < m —min(m, k).
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A3. Phase polynomials. Phase polynomials play an important role throughout this paper. We begin with
the following definition.

Definition A.13 (phase polynomials). Let G be a countable abelian discrete group, X be a G-system,
let ¢ € L*°(X), and let k > 0 be an integer. A function ¢ : X — C is said to be a phase polynomial of
degree < k if we have Ay, --- Ap, ¢ = 1 py-almost everywhere for all &y, ..., iy € G. (In particular,
setting 1 = - - - = h; =0, we see that ¢ must take values in S', ux-a.e.). We write P_y(X) = Pt (X, S1)
for the set of all phase polynomials of degree < k. Similarly, a function p : G x X — C is said to be a
phase polynomial of degree < k if p(g,-) € P (X, S for every g € G. We let P (G, X, S1) denote
the set of all phase polynomials p : G x X — C of degree < k.

Remark A.14. The notion of phase polynomials can be generalized for an arbitrary abelian group (U, -).
Let ¢ : X — U be a measurable function and g € G, we can define the derivative A,¢ (x) by the formula
¢ (Tgx) -¢(x)~\. A function ¢ : X — U is said to be a phase polynomial of degree <k if Ay, - Ap,p=1
ux-a.e. forevery hy, ..., hy € G. We let P (X, U) denote the phase polynomials of degree < k which
take values in U.

We have the following characterization of phase polynomials [Bergelson et al. 2010, Lemma 5.3].

Lemma A.15. Let k > 0 be an integer. Let G be a countable abelian group and X be an ergodic G-system.
f : X = U be a measurable map into compact abelian group U = (U, - ). Then, f is a phase polynomial
of degree < k if and only if d f = 1, p!K-almost everywhere.

We need the following a counterpart of Lemma A.12 for phase polynomials [Bergelson et al. 2010,
Lemma 8.8].

Lemma A.16. In the settings of Lemma A.12 if f is a phase polynomial of degree < m then A, f (x) is of
degree < m — min(m, k).

The following lemma implies, in particular, that there are at most countably many (X, S')-phase
polynomials in any ergodic G-system X.

Lemma A.17 (separation lemma [Bergelson et al. 2010, Lemma C.1]). Let X be an ergodic G-system,
letk>1,and ¢,V € Py (X, S") be such that ¢ /v is nonconstant. Then ||¢ — Yl = V2/2k2,

The famous theorem of [Bergelson et al. 2010] states the following result.

Theorem A.18 (structure theorem for Z_;(X) for ergodic Z/pZ®-systems). There exists a constant
C (k) such that, for any ergodic F))-system X, L?*(Z (X)) is generated by phase polynomials of degree
< C(k). Moreover, if p is sufficiently large with respect to k then C (k) = k.

In [Shalom 2023] we generalized this result for totally disconnected systems (see Definition A.20 and
Theorem A.21 below).
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Ad4. The structure of systems of order < k. Let X be an ergodic G-system of order < k. Then X can be
written as a tower of abelian extensions [Host and Kra 2005, Proposition 6.3].

Proposition A.19 (order < k + 1 systems are abelian extensions of order < k systems). Let G be a
discrete countable abelian group, let k > 1 and X be an ergodic G-system of order < k + 1. Then X is
an abelian extension X = Z 1 (X) x, U for some compact abelian metrizable group U and a cocycle
p:GxXZ_ 1 (X)— U oftype < k.

In particular, it follows that every ergodic G-system of order < k + 1 is isomorphic to a tower of
abelian extensions Uy X 5, Uy x -+ - X, Uy where p; : G x Z_;_1(X) — U; is a cocycle of type < i. This
leads to the following definitions.

Definition A.20 (totally disconnected and Weil systems). Let X be an ergodic G-system of order < k
and write X = Uy x,, Uy X, X -+ X, Up—1. We say that X is a totally disconnected system if
Uy, Uy, ..., Ur_ are totally disconnected groups.

In [Shalom 2023] we proved a generalization of Theorem A.18 for totally disconnected & ,_p, Z/pZ-

peP
systems.

Theorem A.21 (functions of finite type on totally disconnected systems are cohomologous to phase
polynomials). Let k, m,l > 0 be integers and P be a multiset of primes. If X is an ergodic totally
disconnected @FGP Z]p™Z-system of order < k, then every function f : @FGP Z/p"7 x X — S' of
type <l is (@pep Z/p"Z, X, Sl)-cohomologous to a phase polynomial of degree < Oy . 1(1).'?

Note that the proof in [Shalom 2023] is only given in the case m = 1, but the general case follows
similarly.

AS. Conze-Lesigne equations. Conze and Lesigne [1984; 1988a; 1988b] studied the structure of ergodic
Z-systems of order < 3. They identified a particular functional equation involving the cocycle p defining
the extension Z_3(X) = Z_»(X) x, U. We refer to this equation ((A-1) below) as a Conze-Lesigne-type
equation.

Definition A.22. Let X be an ergodic G-system, p : G x X — S' be a cocycle and U a compact abelian
group which acts on X. Let m > 0 we say that p is a Conze—Lesigne cocycle of degree < m with respect
to U 1if for every u € U we have

Aup(gv-x)zpu(gax)'AgFu(x) (A-1)

for some (G, X, S')-phase polynomial p, of degree < m and a measurable map F, : X — S' is a
measurable map.

Below are some results regarding Conze—Lesigne cocycles. The first lemma implies that we can choose
the terms p, and F, measurable in u# [Bergelson et al. 2010, Lemma C.4].

12We denote by O m.1(1) a quantity which is bound by a constant depending only on k, m and [.
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Lemma A.23 (measure selection lemma). Let X be an ergodic G-system, and let k> 1. Let U be a compact
abelian group. If u+> h, is Borel measurable map from U to P (G, X, sH-BY(G, X, S"HCTM(G, X, SH,
where M(G, X, S') is the group of measurable maps of the form G x X — S' endowed with the topology
of convergence in measure, then there is a Borel measurable choice of f,, ¥, (as functions from U to
M(X, 8" and U to P_y(G, X, S') respectively) obeying that h, = ¥, - Af,.

The following lemma studies Conze—Lesigne cocycles of degree < 0 [Host and Kra 2005, Lemma C.9].

Lemma A.24 (straightening nearly translation-invariant cocycles). Let X be an ergodic G-system, let K
be a compact abelian group acting freely on X and commuting with the G-action, and let p : G x X — §!
be such that Ayp is a (G, X, SY)-coboundary for every k € K. Then p is (G, X, S')-cohomologous to a
function which is invariant under the action of some open subgroup of K.

Remark A.25. Note that if K is connected then it has no nontrivial open subgroups (see Lemma B.10). In
this case we have that p is (G, X, S 1)-cohomologous to a function which is invariant under K. Moreover
it is important to note that such result does not work for cocycles which take values in an arbitrary compact
abelian group.

The next lemma asserts that we can locally linearize the term p, in the Conze-Lesigne equation.

Lemma A.26 (linearization of the p,-term). Let X be an ergodic G-system, let U be a compact abelian
group acting freely on X and commuting with the action of G. Let p : G x X — S be a cocycle and suppose
that there exists m € N such that for every u € U there exist phase polynomials p, € P, (G, X, S") and a
measurable map F, : X — S Usuch that Ay p = Pu - AF,. Then there exists a measurable choice u — p),
and u — F such that A,p = p, - AF for phase polynomials p!, € P-,,(G, X, S') which satisfies that
Doy = Do - Vup, whenever u, v, uv € U, where U’ is some neighborhood of U.

The proof of this lemma is given in [Bergelson et al. 2010] as part of the proof of Proposition 6.1 (see
in particular (6.5) in that proof).
Appendix B: Topological groups and measurable homomorphisms
In this section we survey some results about topological groups.

Lemma B.1 (A. Weil [Rosendal 2009, Lemma 2.3]). Let G be a locally compact Polish group and let
A C G be a measurable subset of positive measure. Then A - A~ contains an open neighborhood of the

identity.

At some point we have to work with nonlocally compact groups. The following variant of the theorem
above will therefore be useful for us (see [Kechris 1995, Theorem 9.9]).

Lemma B.2 (Pettis lemma). Let G be a Polish group and A C G be a Baire-measurable, nonmeagre
subset of G. Then 1¢ lies in the interior of A- A~

The following is a variant of the open mapping theorem for Polish groups



2444 OR SHALOM

Theorem B.3 [Becker and Kechris 1996, Chapter 1]. Let G and H be Polish groups and let p : G — H
be a group homomorphism that is continuous and onto. Then p is an open map. Moreover, p admits a
Borel cross section, that is, a Borel map s : H — G with pos = Id.

From this it is easy to conclude the following result.

Corollary B.4. Let H be a closed normal subgroup of the Polish group G. If H and G/ H are (locally)
compact, then G is (locally) compact.

Another corollary of Theorem B.3 is the following result about quotient spaces due to [Effros 1965].
Theorem B.5. If G is a Polish group which acts transitively on a compact metric space X, then for any
x € X the stabilizer I' = {g € G : gx = x} is a closed subgroup of G and X is homeomorphic to G/ T.
B1. Totally disconnected groups.

Definition B.6 [Hofmann and Morris 2013, Exercise E8.6]. Let X be a compact Hausdorff space. Then
the following are equivalent:

» Every connected component in X is a singleton.
« X has a basis consisting of open closed sets.
We say that X is totally disconnected if one of the above is satisfied.

In this section we will be interested in compact (Hausdorff) totally disconnected groups. These groups
are also called profinite groups.

Proposition B.7. Let G be a compact Hausdorff totally disconnected group. Let 1 € U C G be an open
neighborhood of the identity. Then U contains an open subgroup of G.

The proof of this proposition can be found in [Neukirch et al. 2000, Proposition 1.1.3]. As a corollary
we have the following result.

Corollary B.8 (the dual of totally disconnected group is a torsion group). Let G be a compact abelian
totally disconnected group. Then the image of any continuous character x : G — S is finite.

Proof- Choose an open neighborhood of the identity U in S' that contains no nontrivial subgroups. Then,
x~1(U) is an open neighborhood of G. By the previous proposition there exists an open subgroup H
such that H € x~!(U). It follows that y (H) is trivial and so x factors through the finite group G/H.
This implies that the image is finite. U

We need the following classical structure theorem [Morris 1977, Chapter 5, Theorem 18].

Theorem B.9 (structure theorem for abelian groups of bounded torsion). Let G be a compact abelian
group and suppose that there exists some n € N such that g" = 1 for every g € G. Then, G is topologically
and algebraically isomorphic to [ ;2| Cy,, where for every i, m; is an integer which divides n.

One way to generate totally disconnected groups is to begin with an arbitrary compact abelian group
and quotient it out by its connected component.
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Lemma B.10. Let G be a compact abelian group and G be the connected component of the identity in G.
Since the multiplication and the inversion maps are continuous, one has that Gg is a subgroup of G and:

o Gg has no nontrivial open subgroups.
o Every open subgroup of G contains Gy.

o G/ Gy equipped with the quotient topology is totally disconnected compact group.

We also need the following important fact that connected groups are divisible [Hofmann and Morris
2013, Corollary 8.5].

Lemma B.11. Let G be a compact abelian connected group. Then for every g € G and n € N there exists
h € G such that h" = g.

B2. Lie groups.

Definition B.12. A topological group G is said to be a Lie group if it has the structure of a finite-
dimensional differentiable manifold over R such that the multiplication and inversion maps are smooth.

A compact abelian group is a Lie group if and only if its Pontryagin dual is finitely generated. The
structure theorem for finitely generated abelian group gives:

Theorem B.13 (structure theorem for compact abelian Lie groups [Sepanski 2007, Theorem 5.2]). A
compact abelian group G is a Lie group if and only if there exists n € N such that G = (S')" x Cy, where
Cy is some finite group with discrete topology.

The famous Gleason—Yamabe theorem implies that every compact abelian group can be approximated
by compact abelian Lie groups using inverse limits.

Theorem B.14 [Hofmann and Morris 2013, Corollary 8.18]. Let G be a compact abelian group and let
U be a neighborhood of the identity in G. Then U contains a subgroup N such that G/N is a Lie group.

It follows from the above (see also [Iwasawa 1949, Lemma 2.2]) that any compact connected nilpotent
group is abelian.

Proposition B.15. If G is a compact connected k-step nilpotent group, then G is abelian.

Appendix C: Some results about phase polynomials

In this appendix we survey some results about phase polynomials from [Shalom 2023; Bergelson et al.
2010]. Let G = @pep
denote the group of m-roots of unity in the unit circle.

Z/pZ for some multiset of primes P. For a natural number m € N we let Cy,

Proposition C.1 (values of phase polynomial cocycles). Let X be an ergodic G-system. Let d > 0, and
letq: G x X — S! be a phase polynomial of degree < d that is also a cocycle. Then for g € G, q(g, -)
takes values in C,, where m is the order of g to the power of d.
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Proof. We prove the proposition by induction on d. If d =0 then ¢ = 1 and the claim is trivial. Fix d > 1
and assume inductively that the claim holds for smaller values of d. Let g : G x X — S! be a phase
polynomial of degree < d and fix g € G of order n. The cocycle identity implies that

n—1

1=q(ng,x) =[] a(s Tigx).
k=0

Since g (g, Tkgx) = q(g, x) - Akeq(g, x) we have that g (g, x)" - ]_[Z;(l) Ajeq(g, x) = 1. By the induction
hypothesis, ]_[Z;(l) Akeq(g, x) is in Cpa-1 and it follows that g (g, x) € C,q, as required. (]

We need the following version of [Bergelson et al. 2010, Lemma D.3()].

Lemma C.2. Let X be an ergodic G-system. Let p" be a power of a prime number p and let Q : X — C
be a phase polynomial of degree < d for some d > 1. Then Q7 is a phase polynomial of degree < d — 1.

Proof. Let G, ={g € G : pg =0} and let G’ be the complement so that G = G, @ G’. By the proposition
above and the assumption, P is invariant with respect to the action of G". Let X, be the factor of X
generated by the G'-invariant functions. The induced action of G, on X, is ergodic and so X, admits
an ergodic action of [} (note that if G, is finite, one can still define an action of ) by letting some
of the coordinates act trivially). Therefore, the claim in the lemma follows by [Bergelson et al. 2010,
Lemma D.3(1)]. ([l

The following lemma is a simple but useful case of Lemma A.16.

Lemma C.3 (vertical derivatives of phase polynomials are phase polynomials of smaller degree). Let
X be an ergodic G-system. Let U be a compact abelian group acting freely on X by automorphisms
and P : X — S be a phase polynomial of degree < d for some integer d > 1. Then A, P is a phase
polynomial of degree < d — 1 for every u € U.

Proposition C.1 and Lemma C.3 implies the following result.

Corollary C.4. Let X be an ergodic G-system and U be a compact abelian group acting freely on X
by automorphisms. Suppose that there exists a measurable map u — f, from U to P_4(X, S') which
satisfies the cocycle identity (i.e., fu, = fuVufv) for all u, v € U. Then there exists an open subgroup V
of U such that f, € P_{(X, S") foreveryv e V.

Proof. We prove the claim by induction on d; for d = 1 we can take V = U. Let d > 1 and assume by
induction that the claim holds for all smaller values of d. Let u — f,, be a map from U to P_;(X, S 1. The
cocycle identity implies that f,, = f, f, - A, f, forevery u, v € U. By Lemma C.3, A, f, € P.q_1(X, S1);
therefore u — f, - Pog—1(X, S isa homomorphism. Since d > 1, Lemma A.17 (separation lemma)
implies that P_;_1(X, S 1) has at most countable index in P_;(X, S'). Let U’ be the kernel of u >
fu- Pog—1(X, S1). Since U’ has positive Haar measure it is open.

Since f,y € Pg—1(X, S") for all u’ € U’, the induction hypothesis implies that there exists an open
subgroup V of U’ such that f, € P_;(X, S!) forall v € V. As V is open in U’ and U’ is open in U we
have that V is open in U, as required. U
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Proposition C.5 (phase polynomial are invariant under connected components; see [Bergelson et al. 2015,
Lemma 2.1]). Let X be a G-system of order < k; let U be a compact abelian connected group acting
freely on X (not necessarily commuting with the G-action). Let P : G x X — S' be a phase polynomial
of degree < d such that for every g € G there exists My, € N such that P(g, -) takes at most M, values.
(e.g., P is a phase polynomial cocycle — Proposition C.1). Then P is invariant under the action of U.

Proof. Fix g € G and consider the map u — A, P(g, -). Since P(g, -) is a measurable map X — st
we have that A, P converges in measure to the constant 1 as u converges to the identity in U. Since
convergence in measure implies convergence in L, we can use Lemma A.17 to conclude that A, P (g, -)
must be almost everywhere constant for u close to the identity. From the cocycle identity, we have that the
subset U é’, ={uecU:A,P(g,-)is aconstant} is an open subgroup of U. As U is connected, we conclude
that U é/, = U for every g € G. We conclude that, for every g € G, there exists a character x, : U — § !
such that A, P(g, -) = x¢(u) for every u € U. Since U is connected and y, is continuous we have that
the image of x, is either trivial or is S 1. But, the latter contradicts the assumption that P(g, -) takes
finitely many values. It follows that A, P(g,-) =1 for every u € U and g € G. In other words, P is
invariant under the action of U, as required. U

Remark C.6. In some cases the group S! in the proposition can be replaced by any compact abelian group
using Pontryagin duality. For instance, if P : G x X — V is a phase polynomial cocycle for some compact
abelian group V, then for every x € V we have that xoP:G x X — S!is a phase polynomial cocycle of
the same degree. By Propositions C.1 and C.5 we have that x (A, P) =1 for every u € U. As the characters
separate points, this would imply that A, P = 1; hence P is invariant with respect to the action of U.
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A FAST POINT CHARGE INTERACTING WITH
THE SCREENED VLASOV-POISSON SYSTEM

RICHARD M. HOFER AND RAPHAEL WINTER

We consider the long-time behavior of a fast, charged particle interacting with an initially spatially
homogeneous background plasma. The background is modeled by the screened Vlasov—Poisson equations,
whereas the interaction potential of the point charge is assumed to be smooth. We rigorously prove the
validity of the stopping power theory in physics, which predicts a decrease of the velocity V () of the
point charge given by V ~ —|V |73V, a formula that goes back to Bohr (1915). Our result holds for all
initial velocities larger than a threshold value that is larger than the velocity of all background particles
and remains valid until the particle slows down to the threshold velocity or the time is exponentially long
compared to the velocity of the point charge.

The long-time behavior of this coupled system is related to the question of Landau damping, which has
remained open in this setting so far. Contrary to other results in nonlinear Landau damping, the long-time
behavior of the system is driven by the nontrivial electric field of the plasma, and the damping only occurs
in regions that the point charge has already passed.
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1. Introduction

We consider the screened Vlasov—Poisson equation coupled to the motion of a point charge. Let F (¢, x, v)
be a phase space density of the plasma on R® x R? and X (¢), V (¢) € R3 be the position and velocity of
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the point charge. We are interested in the coupled system
OF4+v-ViF+E-V,F=—¢VP(x —X(1))-V,F,
F(0, x,v) = u(v),
pIF1= [ FGevydv,  E(.x) ==V pIF], (1-1)
Xt =V@), X(0) =0,
V() = —aegE@t, X (1)),  V(0)= Vyey.

Here w(v) is a probability density, determining the spatially homogeneous initial datum of the density F.
Moreover, the initial velocity of the point charge is Vy > 0, and oriented in direction of the first coordinate
vector e, without loss of generality. The parameter o > 0 is related to the coupling strength, and eg = %1
distinguishes whether the interaction of the point charge with the background is attractive or repulsive.

We consider the screened Vlasov—Poisson equation, i.e., ¢ (x) is the screened Coulomb potential.
Moreover, ® is a smooth decaying potential. We refer to Assumption 1.1 for details. The screened
potential ¢ takes into account the shielding of interactions beyond the Debye length. We refer to [Bardos
et al. 2018; Bouchut 1991; Boyd and Sanderson 2003] for details on this mechanism. The assumptions
on & are made for technical reasons. Note that by considering the screened Coulomb potential, we have
V¢ € L' (R?) such that E is well-defined for homogeneous p and there is no need to subtract a constant
as for the unscreened potential

In this paper we rigorously prove that the large-time behavior of the system (1-1) is governed by
a deceleration of the point charge. More precisely, after some initial layer where the self-consistent
field approaches a traveling wave solution, we show that for |V (¢)| sufficiently large, the friction force
experienced by the point charge is given by

V()
VOl

This means that for large initial velocity of the point charge, i.e., Vy > 1, the particle decelerates on a

—eoE(t, X (1)) ~ —

1-2)

slow time scale V03r =t.

The friction force of order |V (f)|~% can be heuristically understood as follows: the swiftly moving
point charge induces a perturbation in the spatial density p[F'] of the plasma. The perturbation will be
asymmetric with respect to the direction of motion, since the particle has affected the region behind it for
longer than the region ahead of it. For eg = 1, i.e., if the charge attracts plasma particles, p[ F] will be
larger behind the moving charge than in front of it, so that —eg E (¢, X (¢)) is a friction force. For ¢y = —1,
the argument is analogous.

The typical size of the perturbation is proportional to the time spent in a region of order 1, i.e., of
order |V (¢)|~". On the other hand, the force (1-2) acting on the point charge is of order |V (t)|~2 and
therefore much smaller. This is due to the fact that E(¢, x) can be expressed through V., p[F(?)]. As a
result of the swift motion of the charged particle, the characteristic length scale along the direction of
motion is stretched by |V (£)]; hence |V, p[F(£)]] ~ [V ()2 Consequently, very detailed estimates in
the vicinity of the point charge are required in order to make (1-2) rigorous.
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For a more precise description of (1-2), we proceed as follows: For ¢, > 1 and V, := V(t,) > 1,
we show that F(z,, -) is close to a travelling wave solution. More precisely, we write F' = u + f and
show that for |x| < V (t.), p[ f1(t«, X (ts) + x) = lim;_. o plhy,](t, x), where hy, is the solution to the
linearized equation in the inertial frame of the point charge, namely

dshy, + (v = Vi) - Vihy, = V(¢ #, plhy,]) - Vo = —eoVP(x) - Vypu,  hy,(0,-) =0. (1-3)

This traveling wave solution /Ay, is explicitly computable in Fourier variables and satisfies the friction
relation (1-2).

The linearization (1-3) is only valid over time intervals where V () can be approximated by a fixed
value V... Hence (1-3) is only valid as a short-time linearization on a timescale much shorter than the
timescale on which we observe deceleration of the point charge. This allows us to get precise information
on the response of the plasma to the presence of the point charge.

In order to obtain estimates for the equation on the long timescale, we first perform a long-time
linearization. Here we cannot approximate the velocity of the point charge by a constant and pass to an
inertial frame. This is then only done in the short-time linearization that yields (1-3).

We show that the perturbation on the background induced by the point charge is (roughly) of order
|V (¢)]~" near the point charge and decays algebraically in the distance to the point charge in regions that
have not (yet) been penetrated by it. In order to bootstrap this argument, we show that in regions the point
charge has already passed, Landau damping occurs as a result of dispersion. A precise description of
Landau damping is necessary already for the long-time well-posedness of (1-1), which is a byproduct of
our result.

1A. Previous results. The model (1-1) and the resulting friction force (1-2) are widely studied in
plasma physics to describe the stopping of a fast ion passing through plasma, see for instance [Boine-
Frankenheim 1996; Grabowski et al. 2013; Peter and Meyer-ter-Vehn 1991]. The formula (1-2) (with
additional logarithmic corrections accounting for Coulomb interactions) goes back to [Bohr 1915].

The Vlasov(-Poisson) equation and its large-time behavior (Landau damping) is the subject of numerous
important mathematical works over the last decades. The celebrated paper [Mouhot and Villani 2011]
gave a first proof for Landau damping on the torus, while the analysis on the full space goes back to
[Bardos and Degond 1985; Glassey and Schaeffer 1994; 1995]. The analysis has since been significantly
extended and refined. For small (absolutely continuous) perturbations of the spatially homogeneous
plasma described by the screened Vlasov—Poisson equation, this was first achieved in [Bedrossian et al.
2018; Han-Kwan et al. 2021a]. Recently, sharp estimates for this problem have been proved in [Huang
et al. 2022; 2024]. Moreover, in [lonescu et al. 2022], the results in [Bedrossian et al. 2018; Han-Kwan
et al. 2021a] have been extended to the Coulomb case for slowly decaying velocity profile w.

The presence of a point charge gives rise to additional problems for the qualitative and quantitative
behavior. In particular, the coupled system enjoys much weaker dispersive properties, since the point
charge does not disperse at all. Due to these difficulties and its physical relevance, Vlasov-point charge
models have been extensively studied in recent years. Most results concern the coupled system (1-1)
with ¢ = @ given by the Coulomb potential. For existence and growth bounds for plasmas with density
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decaying for |x| — oo, we refer to [Caprino et al. 2015; Caprino and Marchioro 2010; Chen et al. 2015a].
Let us point out that the result in [Caprino et al. 2015] does not require the spatial density to be integrable.
For the case of a plasma with finite mass, existence and growth-bounds for solutions can be found in
[Crippa et al. 2018; Desvillettes et al. 2015; Marchioro et al. 2011]. Global existence of weak solutions
has been shown in [Chen et al. 2015b] for a finite plasma and attractive Coulomb interaction.

The existing results assume some decay of the initial data fy(x, v) for |x| — oo in order to handle the
problem explained above. To our knowledge, the long-time existence of (1-1) for homogeneous plasmas
remained an open problem so far.

Even less is known on the asymptotic behavior of solutions. The publications [Arroyo-Rabasa and
Winter 2021; Pausader and Widmayer 2021] investigate the properties of radially symmetric Vlasov—
Poisson systems in interaction with a point charge at rest. For the spatially homogeneous plasma with
infinite mass and energy, existence and Debye screening for stationary solutions is shown in [Arroyo-
Rabasa and Winter 2021]. For small initial data with finite mass and finite energy of the plasma density,
the result in [Pausader and Widmayer 2021] gives a precise characterization of the asymptotic scattering.
A common feature of the asymptotic results in [Bedrossian et al. 2018; Han-Kwan et al. 2021a; Pausader
and Widmayer 2021] is the decay of the plasma’s electric field for t — oo.

The key novelty and difficulty of the present paper is the analysis of the nontrivial long-time behavior
of the self-consistent electric field. This poses major difficulties, both for the long-time well-posedness
and the long-time behavior of the system (1-1). The system (1-1) combines the difficulties of lack of
dispersion of the point charge, and a plasma of infinite mass and energy. This results in the persistence of
the electric field

IEf @, llpemsy = O(1) forz>>1, (1-4)
and a linear growth of the mass of the perturbation

lolf DIC) sy = O(r)  fore > 1. (1-5)

Due to (1-4) and (1-5), the characteristics of the system do not return to free transport or an explicitly
computable ODE for ¢ > 1. Instead, we derive stronger pointwise estimates (see (4-1)) for the perturbation,
which are strongly related to the scattering-geometry of plasma particles by the point charge (see
Definition 2.5). This allows us to separate characteristics which are close to free transport from those
which are nonexplicit; see Corollary 5.2.

1B. Statement of the main result.

Assumption 1.1 (potentials). In the following, let ¢ be the screened Coulomb potential. More precisely,
with the convention (1-14) for Fourier transforms,

We assume @ satisfies ® > 0 and, for some constants Ce, cep > 0,

(1D + V| + |VZD[)(x) < Coe M. (1-6)
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Assumption 1.2 (radial symmetry and regularity of ). Let 1 € C*®(R?) be a radially symmetric
probability density which satisfies

IVER ()] < Cre™" (1-7)
for some ¢; > 0, C; > 0.

We also assume that the initial distribution y is monotone.

Assumption 1.3 (monotonicity of ©). We assume that p(v) satisfies the monotonicity assumption

Vpu(v) =—vy (v) (1-8)
for some nonnegative function ¢ € C 2 (R3).

Assumption 1.4 (Penrose stability). We assume p satisfies the Penrose stability criterion. More precisely,
let a(z) for z € C, J(z) <0 be defined by

o
a@ == [P pitpendp. (1-9)
0
We then assume that u is Penrose stable in the sense that there exists a constant x > 0 such that

inf |1 —¢(&)a(z)] > «. (1-10)
3(2)<0,£€R?

Sufficient conditions for Penrose stability for screened Coulomb interactions can be found in [Bedrossian
et al. 2018]. Since we consider compactly supported densities x(v) in this paper, we include a sufficient
criterion for this case, which is an adaptation of Proposition 2.7 in [Bedrossian et al. 2018]. The proof is
postponed to Appendix A.

Proposition 1.5 (Penrose criterion, compactly supported functions). Let u satisfy Assumption 1.2. Then
there exists a constant C > 0, depending only on the constants Cy, ci, such that

w@) >0 forall|v|<C,

implies the Penrose stability criterion (1-10) for some k > O.
We will work with strong solutions F to (1-1) in the following function space.

Definition 1.6. For k > 0, let C ,1 (R3 x R?) be the space given by the norm
IF Nl oy = 1) Fllzoe 4+ 1{0) Vi y Fll e (1-11)

Our main result is the following theorem.

Theorem 1.7. Let ¢, O, u satisfy Assumptions 1.1-1.4. Then, there exist n, Anyin, Amax > 0, Vv depending
only on the constants in Assumptions 1.1-1.4 such that for all Vo >V and all a > 0, the following holds true:

There exists T > 0 and a function F € C([0, T); C} (R* x R¥)) N C1([0, T); C(R* x R?)) for all k > 3
and X,V € C'([0, T)) uniquely solving the system (1-1) on (0, T). Moreover, if i has compact support,
then for all 8V0_3/5 <t<T

o Amax Amin

. o
Wy VOO =Tg0r

(1-12)
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andon (0, T)
(Vo = 1=3aAmat)'? < V()| < (Vg +1 =30 Amint)'>. (1-13)

Furthermore, at time T at least one of the following conditions holds:
() V(T)=V,
(2) V(T) =log" Vo,
(3) suppuN B€/(T)/5 # J.

A few comments are in order on the conditions at time 7.

(1) The threshold velocity V is related to the critical velocity of the point charge which is necessary to
study the system perturbatively.

(2) We are only able to bootstrap the estimates as long as the velocity of the point charge still satisfies
a lower bound in terms of its initial velocity. This leads to the second condition, V (T) = log" V,. The
constant n arising from our proof could be made explicit, but we do not pursue to optimize this constant.

(3) The third condition, supp u N By, (r)5 * &, means that the theorem only makes a statement about
the deceleration of the point charge as long as the point charge remains faster than all the background
particles at time zero. We remark that the ball By ()5 could be replaced by Byy (r) for any fixed 6 < 1
and we only choose 8 = é for definiteness.

We also remark that the condition 7 > SVO_S/ > for the validity of (1-12) could be improved but we do
not pursue this question either. In the initial layer the velocity of the point charge does not significantly
change anyway. In (1-13), this is expressed by the term +1 < V(f which could be further improved
without difficulty.

We believe Theorem 1.7 remains valid under more general assumptions. First of all, in Assumption 1.2,
it suffices to assume, for some n € N sufficiently large, 1 € C"(R?) and the bound (1-7) for all k < n. All
proofs directly apply in this case.

Weakening the assumption of compact support of p should be possible with the methods of this paper,
at least to super-exponential decay of p. The assumption ensures that the collision time between the
point particle and background particles is bounded above. For p with unbounded support, analogous
estimates on the characteristics as in Section 4 would grow exponentially in time for particles with
similar velocity to the point charge. Hence our argument can only work if the fraction of such particles is
super-exponentially small.

Due to the corresponding Gronwall estimates, it seems difficult to apply the current method for
profiles p with only exponential or slower decay.

We assume & to be nonsingular at the origin. An appealing, and likely very challenging problem would
be the extension of Theorem 1.7 to the case where ¢ = & are both given by the (screened) Coulomb
potential. The main difficulty for treating the Coulomb singularity for & is the lack of an a priori bound for
the exchanged momentum between plasma particles and the point charge in a collision. In particular, the
deviation of background particles by the point charge cannot be bounded by |V|~!. Moreover, the presence
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of collisions with very small impact parameter formally leads to a logarithmic correction of the timescale
of deceleration of the point charge, known as Coulomb logarithm (see [Peter and Meyer-ter-Vehn 1991]).
An additional difficulty in treating the full Coulomb potential is due to its slow decay (for both ¢ and @),
and the slow, logarithmic damping of perturbations. We refer to [Bedrossian et al. 2022; Han-Kwan et al.
2021b] for results on the linearized problem, and to [Ionescu et al. 2022] for proof of nonlinear Landau
damping around equilibria with very slow decay in velocities.

For the Vlasov—Poisson equation without a point charge, this has recently been treated in [lonescu
et al. 2022]. However, this work crucially assumes slow polynomial decay for w, which is in conflict
with our assumptions on p.

In the case of a radially symmetric plasma with finite mass and energy and a point charge at rest,
a stability analysis has been achieved in [Pausader and Widmayer 2021] through a delicate geometric
argument.

The fact that we are only able to treat velocities V(T') > logz(Vo) is related to errors that grow
logarithmically in time. This problem is also present in [Han-Kwan et al. 2021a] which precludes the
treatment of the 2-dimensional case there. The removal of these logarithmic errors by using suitable
Holder-type norms has been achieved in [Huang et al. 2024] which appeared after the first version of the
present paper. In [Huang et al. 2022], the authors also deal with the 2-dimensional case, and these papers
thus open a perspective on removing the constraint V(7)) > logz(Vo) in our result.

More precisely, we make use of the fact that the perturbation induced by the moving point charge
disperses in the two-dimensional orthogonal complement to its direction of motion. However, the current
techniques fail to show global-in-time well-posedness of the screened Vlasov—Poisson equation in two
dimensions due to a logarithmic divergence (see [Han-Kwan et al. 2021a]).

Another challenge consists in the behavior of system (1-1) when V (¢) becomes of order 1. This seems
a very hard problem because of the lack of any small parameter that allows for a linearization. For a large
range of physically relevant problems, it seems that there is a small parameter in front of the right-hand
side in the first line of (1-1), which corresponds to the ratio of the so-called effective charge of the ion
to the Debye number. If this parameter is small, a linearization is again formally possible (see, e.g.,
[Boine-Frankenheim 1996; Peter and Meyer-ter-Vehn 1991]), but we are currently not able to treat this
case rigorously.

1C. Outline of the rest of the paper. As indicated above, the main challenge of the analysis of the coupled
system (1-1) is to rigorously prove nonlinear Landau damping in this setting. Our basic strategy is inspired
by [Han-Kwan et al. 2021a] where Landau damping is shown using a Lagrangian approach for the screened
Vlasov—Poisson system in the whole space. The argument in [loc. cit.] roughly proceeds as follows:
First, the screened Vlasov—Poisson equation is reformulated as a linear system with a solution-dependent
source term. In a second step, estimates for the linear system are shown via Fourier analysis. Finally, the
solution-dependent source term is estimated by means of a bootstrap argument and a representation of the
solution through characteristics. This last step is accomplished by a careful analysis of the characteristics.
More precisely, it is shown that the characteristics can be well-approximated by rectilinear trajectories
(“straightening”) under the bootstrap assumption.
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Such a Lagrangian approach seems particularly suitable for the system (1-1) in order to quantify
dispersion, which only occurs after the point charge has passed a region and only acts in the directions
orthogonal to the trajectory of the point charge. However, our analysis is much more delicate than the one
in [Han-Kwan et al. 2021a] in several ways. For instance, the point charge induces a perturbation which
is large in the L'- and L*®-norms considered in the bootstrap argument of [loc. cit.] (see (1-5)). Instead
we need to consider a solution-dependent weighted norm adapted to the expected dispersive effects.

Moreover, it is not possible to globally straighten the characteristics as in [loc. cit.]: two background
particles with the same initial position but different initial velocities might attain the same position at
later time due to the influence of the point charge. The straightening argument therefore only applies to
background particles that are not scattered too much by the point charge.

The rest of the paper is organized as follows.

In Section 2, we collect some key ingredients for the proof of Theorem 1.7. The proof itself is given in
Section 2D.

In Section 3, we provide additional pointwise estimates for the linear equation already studied in
[loc. cit.].

Section 4 is devoted to estimates for the characteristics of the nonlinear equation, which leads to their
straightening in suitable regions in Section 5.

We gather the results of the preceding sections to estimate the source term in the linear formulation (in
Section 6), as well as the difference of the forces on the point charge corresponding to the system (1-1)
and its linearization (1-3) (in Section 7).

Finally, in Section 8, we show that the force corresponding to the linearized equation, (1-3) satis-
fies (1-2).

In Appendix A, we prove Proposition 1.5, a Penrose stability criterion for compactly supported velocity
distributions. Appendix B gathers two standard auxiliary lemmas.

1D. Some notation. To lighten the notation, we will set the constants from Assumptions 1.1 and 1.2
to 1, as well as the coupling strength « in (1-1), i.e.,

a=Cr=c,=Cop=cop=1.

The value of these constants does not affect any of the proofs.
Throughout the paper we will use the Japanese brackets defined for any a € R?, d > 0 by

(a) :=+/1+|al?.
For x € R3, we introduce the orthogonal part x* € R? such that
L.

x=(x1,x

We use the following conventions for the Fourier transform in space and space-time respectively

g’(é):/ e g (x)dx, fl(r,é)Z// e e S p(r, x) dx dr. (1-14)
R RJR3
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For radial functions we will use the convention

g(k) = g(|k]),
whenever there is no risk of confusion.
We use C for a constant that may change from line to line and use A < B for A < CB.

2. Outline of the proof of the main result

This section contains the proof of Theorem 1.7 and sets the structure of the remainder of the paper. We
start by giving estimates on the linearized friction force in Section 2A. We then reformulate (1-1) in terms
of the Green’s function of the linearized problem in Section 2B. In Section 2C, we introduce scattering
variables for the interaction of the plasma with the moving charged particle, as well as associated norms.
At this point we also state the estimates which are used for the bootstrap argument and are proved in the
remaining sections. Finally, in Section 2D we give the proof of Theorem 1.7.

2A. The force on the point charge for the linearized equation. As outlined in the Introduction, the
proof of the main result is based on a rigorous linearization of the equation.

The solution Ay, to the linearized equation (1-3), has an integral representation through the space-time
Fourier transformation, which gives access to the force on the point charge corresponding to Ay,. More
precisely, we prove the following proposition.

Proposition 2.1. Recall the function hy, defined in (1-3). For any 0 # V, € R?, the following limit exists
and is negative:

lim egV¢ x, plhy, (s, -)]1(0) - Vi <O0. (2-1
S—>00
More precisely, there exists a constant A > 0 and ¢ > 0 such that
lim [A +|VileoVe x plhy, (s, )10) - Vi| S e7IVl. (2-2)
§—>00

The proof of Proposition 2.1 will be given in Section 8.

Although the short-time linearized equation (1-3) in the inertial frame of the point charge is very
practical for computing this force, we rewrite it in the original coordinate frame to compare with the
nonlinear equation (1-1). It is then convenient to introduce the parameter R > 0 that will play the role of
a large time and consider the short-time linearized equation where the charged particle starts at position
X, — RV, at time zero and moves with constant velocity V... More precisely, we define for R > 0, X, € R

gr.x,.v,(t,x,0) =hy,(t,x — X, +(R—1)Vy, v).
Observe that g x, v, solves

s8R X, V. +V-Vigr x, v, — V(¢ *x plgrR.x,.V.]) Vot = —egVO((x — Xsx + (R —5)Vy) -V,

(2-3)
gr.x,.v.(0,-)=0.
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Then, on the one hand, we have the following relation of the forces:
lim V@ *, plhy,(s,-)](0) = lim V¢ *, p[gr.x,.v,(R, - )](Xs).
§—>00 R—o0

On the other hand, for z, > v-!landr~ 1, such that V (r) ~ V,, we expect g, x,).va,) (¢, -) to be close

min

to the solution f = F — u of (1-1).

2B. Representation of the solution through a Green’s function. Let F be a solution to (1-1). We
decompose F as

F(,x,v)=pnW)+ f(, x,v).
Then f solves the equation
O f+v-Vef +Vi(eo®@(- =X (1) = (@5 p[fD)- Vo f = V(@5 p[f]) —eo® (- =X (1)) - Vopt,

£, ) = fo, (2-4)
X =V, VO =eV@plfDX®), X(©)=0, V(0 =V,
with fop =0.
Since 1 (v) is spatially homogeneous, the self-consistent force field £ in (1-1) can be expressed as
E(t,x) ==V, p[f (£, -)D(x). (2-5)

We introduce the total force E, defined by
E(t,x) = E(t,x) + e VP (x — X(1)).

Let X, Vi.r be the characteristics associated to E. More precisely, for x, v € R,0<s<t,

%&AL@=%ALM, Xps(x,0) = x, 2-6)
%%Amw=Eme@w» V(o) = . 2-7)

Then, if f is sufficiently regular

t t
f(t,x,v)z—f E(s, Xs,t(x,v))-Vuu(Vx,f(x,v))—/ eV (X (x,v) — X(5)) - Vo (V1 (x, v)).
0 0
This we can rewrite as

f@, x,v) =/O (Vo xplfD(s, x = —s)v) - Vu(v)ds

t

+/ E(S,x—(t—S)v)-VM(v)dS—/ E(s, X5 (x,0)) - Vupr (Vs 1 (x, v))
0 0

- ,/o eo VO (X (x, v) = X(5)) - Vuuu (Vs 1 (x, v)),

and therefore the density p[ f] solves the following integral equation for ¢ > 0:

p[f](t,X)=/O/W(Wﬁ*p[f])(s,x—(t—S)v)-Vu(v)dvdS+S(I,X), (2-8)
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where S for t > 0 is given by

S(t, x) =R(, x) + Sp(t, x), (2-9)
Rt x) = f / (E(s.x — (t —5)) - Vopt(0) — E(5. Xy (6. 0)) - Voru(Va s, v)) duds,  (2-10)
0 JR3

!
sz—// eoVP(Xs,r(x, v) — X (5)) - Vyuu (Vs (x, v)) dv ds. (2-11)
0 JR3

We will call S the source term, R the reaction term, and Sp the contribution of the point charge.
We can write the solution to the short-time linearization of the equation in (2-3) analogously. Then, for
t > 0, the density p[gr x,. v,] satisfies the equation

t
p[gR,x*,v*](t,X)=/O/W(Vrlﬁ*p[gze,x*,v*])(s,x—(t—S)v)‘Vu(v) dvds + Sg x,,v,(t,x), (2-12)

SR,x*yv*(t,x)z—-/./ Vo(x—(—s)v—(Xs—(R—5)V,)) - Vyu(v)dv ds. (2-13)
0 JR3

We extend both S and Sk x, v, by O for negative times.
Following [Han-Kwan et al. 2021a], we obtain a representation of p[ f] and p[gr. x, v,.] through a
Green’s function G of the form
pt,x)=Gx*x S+, (2-14)

with p = p[ f] and S = S, respectively, p = plgr.x,.v,] and S = Sg x,,v,. More precisely, corresponding
to [loc. cit., Theorem 2.1], we have the following proposition. In addition to [loc. cit., Theorem 2.1], we
show also pointwise estimates for G that will be needed later on.

Proposition 2.2. Let u satisfy Assumptions 1.2 and 1.4 and let ¢ be given as in Assumption 1.1. Then,
forall S € L} (R; L>(R%) N L™ (R?)), there exists a unique solution p € L] _(R; L>(R?)) to (2-8) that
can be expressed through (2-14) with a kernel G : R x R3 — R that satisfies G(t,-) =0 fort <0 and
fort >0

C
G, )l < T4 (2-15)

Moreover, forallt >0 and x € R, G satisfies the pointwise estimates

G (1, x)| S e (2-16)
1
VG, 0] S eyl (2-17)

This proposition is proved in Section 3A.

2C. Bootstrap estimates. The proof of long-time well-posedness of the solution to (2-4) relies on local
well-posedness and a bootstrap argument. We start by stating the local well-posedness result, the proof of
which is a standard fixed-point argument and will be omitted for the sake of conciseness.
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Theorem 2.3 (local well-posedness). Let i, ¢ and ® satisfy the Assumptions 1.1, 1.4 and (1-6) respec-
tively and let Vo > 0. Further let k > 3, and fy € C,l (R3 x R3) (see (1-11)).

Then there exists a time T, > 0, a function f € C([0, T.); CL(R* x R*) N C'([0, T); C(R? x R3))
and X, V € C(]0, T,)) uniquely solving the system (2-4). Moreover, T,, = o0 or

limsup || p (¢, - )| wieo = 00. (2-18)
t—T,
Furthermore, forall0 <t < T,
X (t) € span{e;}. (2-19)

The relation (2-19) follows immediately from symmetry considerations.

The bootstrap argument consists in estimating p by S and vice versa in a weighted W !**-norm which
is adapted to the scattering of the plasma by a fast moving charged particle. More precisely, we will
assign weights that reflect that we expect the following decay of both S and p:

« For regions with a large component orthogonal to the particle trajectory (i.e., x> 1): decay in x*

because the charged particle never reaches these regions.

« For regions in front of the charged particle (i.e., x; > X(¢)): decay in terms of the distance x; — X (¢);
the charged particle has not yet significantly disturbed these regions.

 For regions behind the charged particle (i.e., x; < X(¢)): decay in terms of the time passed since
x1 = X1(s) due to dispersion.

In order to formalize this decay, we introduce several parameters that depend on the trajectory of
the charged particle. Because this trajectory is a priori only defined for short times, we first introduce
the following linear extension. First, for T < T, we define the minimum of the first component of the
velocity of the charged particle

Vimin(T) := min Vi (z). (2-20)
1€[0,T]

Definition 2.4. Let 0 < T < T, where T, is the maximal existence time from Theorem 2.3 and assume
that Viin(T) > 0. Then, we define

X (@) in [0, T,
XT):={XT)+@¢—-T)V(T) in|[T,oc0),
tVy in (—o0, 0].

Definition 2.5. Given 7 > 0, and X7 as in Definition 2.4 we introduce the following:

(i) Let x € R3. Then, there exists a unique 7, := 7y, € (—00, 00) such that
X{ () = x1,
which we call the passage time at x;. We also define

'Et,x = ‘Et,xl = [t - Tx1]+-
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X
v ! v
Xt,x,v ' dt,y Yy
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Figure 1. The quantities ty, 7, x, T;.x.v> Tr.x.vs Xt.x,v and dy .

(ii) For x € R?, s € R we denote the distance to the approaching charged particle with respect to the first
component by

v

ds,x = js,xl =[x — X]T(s)]+

(iii) For W e L! ((0, T); wh! (R?)) we define the weighted norm

loc loc

v

Wiy, = sup (W, D)E +d], + 1 P) + Vs, ONE ), + 1), (2-21)
s€[0,T],xeR3

The quantities t,, 7, , and JS, x are visualized in Figure 1 (together with further quantities that will be
defined later on): Point x lies behind and point y in front of the point charge at time ¢ which is located
at X (t). Times 7, and 7, are then the times when the point charge has passed by x and will pass by y,
respectively.

On the one hand, the distance J,, y is the distance between the point charge at time ¢ and the first
coordinate of the position y. Note that by definition c?,,x =0 as x lies behind the point charge at time ¢.
On the other hand 7, , =t — 7, is the time difference between the present time ¢ and the passage time t,,
i.e., the time the point charge needs to travel from the X (7,) to X (). Note that by definition 7; , =0
as y lies in front of the point charge at time ¢.

We point out that in Figure 1 both time and the first space coordinate is visualized on the horizontal
line. However, since the point charge is very fast, the relative times are much smaller than the relative
distances, i.e., Ty < X1(1) — X1(ty).

We mark quantities with * to indicate that they are differences of quantities inherent to the point charge
and external quantities. Consequently, those quantities appear in the norm || - ||y, which anticipates the
expected decay of the perturbation of the background density. For consistency, one could also replace x*
by ¥ = x* — X1 (z,) in that norm, but we prefer not to further complicate the notation in this way.
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Note that 7, 7, , and C?s, x all implicitly depend on 7. Since the time 7 will always be fixed when
dealing with these quantities, no confusion will arise from this implicit dependence.

We will for simplicity mostly write t,, 7, and c?s, « and only use ty,, T; », and cis, x; When we want to
emphasize that these quantities only depend on x.

The quadratic and cubic weight in the definition of W are dictated by the expected dispersion. Indeed,
since the fast charged particle effectively creates a disturbance on the whole line, the dispersion only
takes place with respect to the orthogonal direction. Since the orthogonal space is 2-dimensional, this
gives rise to ft%x and %,33 . in (2-21). The pointwise decay of the Green’s function dictates the powers in
Js,x and x* to be the same.

A consequence of Proposition 2.2 are the following estimates for the linear equation (2-14).

Corollary 2.6. There exists a constant C > 0 with the following property. Let T > 0, and X' as in
Definition 2.4 and assume in addition that Viin(T) > 1. Then, forall S € LIIOC(R; L2(R3) N L®(R?)) the
unique solution p € Ll (R; L?>(R?) to (2-8) satisfies

loc
lolly, < Clog*2+T)IISly,.

This corollary is proved in Section 3B.

To close a bootstrap argument, we need to estimate S (see (2-9)) in terms of p. This is the content of
the following proposition which contains two estimates: (2-22) gives control of the source term S on
the long time scale V03r = t, and the estimate implicitly takes into account the trajectory of the charged
particle X (¢). On the other hand, (2-23) allows us to approximate the force E(7, X (7)) on the charged
particle with the short-time linearization of the force. Note that, compared to (2-22), this requires a much
finer estimate of the error in the vicinity of X (7).

Proposition 2.7. There exists 0 < 8y < 1, Vi > 0, ny > 0, C > 0 such that the following holds true. Let
T and X7 be as in Definition 2.4. Then, if Viin(T) > Va1, supp u C By,..(1)/5(0), Vanin(T) ™! < 8 < 8,
oLy, <8 andlog™ (2+T) < 87!, then?

(1) The source S can be estimated by
ISl < CVinin(T) ™' + C8>/2. (2-22)
(i) If in addition T > 8Vmin(T) 3/, then
lim (V¢ plhyr))(s, 0)+ E(T, X(T)| < C§"/°. (2-23)

The proof of Proposition 2.7 is the main technical part of the paper. Part (i) will be shown in Section 6D.
The proof of Proposition 2.7(ii) can be found in Section 7C.

The powers of § in (2-22) and (2-23) are probably not optimal, neither the restriction 7' > 8 Vinin (T) /.
Indeed, the two terms on the right-hand side of (2-22) correspond to the reaction term R and the
contribution of the point charge Sp respectively (see (2-9)—(2-11)). The estimate of the contribution of Sp
is given in Section 6C. It makes rigorous the heuristics that the point charge only induces a perturbation
of order Vi, since this is the order of the time that it can interact with any given point x where it passes
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by. On the other hand, one could expect R to be of order §2. Indeed, the self-consistent force field E is
bounded by ||p[f]lly, < (see Lemma 2.8 below). Additionally, R is given by the difference obtained
by evaluating the same function on the true characteristics (X, ;(x, v), Vi ((x, v)) and on their rectilinear
counterparts x — (¢ — s)v, v. Since the error in the rectilinear approximation is due to the total force field
E =E +eoV®(- — X), this yields additional smallness of order & + annll < 6.

Estimates on the characteristics will be given in Section 4. These allow us to straighten the characteristics
(see Section 5), except on a very small set.

Note that the forces whose difference is estimated in (2-23) can be rewritten as
E(T, X(T))=—(Ve*x(G*xS+ ), X(1)),
Jlim Vs plhy (s, 0) = Rlimw(v¢ * (G * S x().v(r)+ Sr.xm).v) (R, X(T)). (2-24)

Therefore, it is enough to analyze the source term S and its counterpart Sg x, v, for the second part
of the above proposition, too. The estimate (2-23) cannot be valid for very small times, since the force
E(T, X(T)) vanishes at T = 0. Instead, we can at best expect the estimate to hold for times that are large
compared to the timescale of the point charge, i.e., T > V(0)~\.

Once we have established estimates for V p, we immediately obtain estimates for the force field £ and
its derivative. This convolution estimate is stated in the following lemma, the proof is elementary and
will be skipped.

Lemma 2.8. The force field E given by (2-5) and V E can be estimated by

1 v
|E(t, )|+ |VE(t,x)| < . (mmlvaXMﬂ+ﬁ34%P-+Mﬂ5) (2-25)
1 + ft:’:x + dt3,x + |xL|3 R t,x t,x

2D. Proof of Theorem 1.7.
Proof of Theorem 1.7. Let f, (X, V) be the solution of (2-4) with maximal time of existence T, > 0.
Recall the maximal existence time T from Theorem 2.3 and the constants ny;, 89, Vi from Proposition 2.7.
Define n = max{ny, 8}, V, :=5 SUPy supp 1 |v] and §(¢) := COVI;;"H)/"(t). Then, for all Cy > O there
exists Ve, such that Vigin(1)~! < 8(¢) < 8o provided Vimin(t) > V¢,. Let V > max{Vy, V¢,, 1}. The
constants Co, V will be chosen later.

Consider the time 7" > 0 given by

T :=sup{t € [0, T}) : || plly, < 8(t), Vmin(t) > max{V, V,,}}.
Then, by Corollary 2.6 and Proposition 2.7, for 0 < ¢ < min{7, S0 2}
lplly, < Clog?@+1)IISly, < Clog? 2+ 1) Vimin(@) ™" + Clog? 2 + 1)1 o113/

<Cs "V + CsTHM(1)83 (1)

min

< S5ty + 8540,
Co

Now pick Cy = 4C and choose V large enough such that the above estimate implies

lplly, < 38(z) for t < min{T, eSO oy,
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By continuity of ||p||y, and the blow-up criterion (2-18), we infer that one of the following statements
holds (after possibly further increasing V'):

e T 2 ea—l/n(T) 2 > e ml/n(Zn)(T)

o Viin(T) = V
® min(T) =V,
It remains to show (1-12)—(1-13), and that T > ev,fl{f")(r) 1mphes V(T) < log3” Vo. We first show the

latter assuming that (1-13) holds. Indeed, by (1-13), if T > evml/rf2 (), then

2n
0= Vain(T) = V(T) < V5 — Apine'mn )13,
and thus (after possibly increasing V)

V(T) < (C +3log Vo)*" <log* V.
3/5
3/5

It remains to show (1-12)—(1-13). We will first show the validity of (1-13) for ¢ € [0, min{8V}
Then, if T < 8V, —3/5 , the proof is complete. Otherwise, we show the validity of (1-12) on [8V],
and how that implies (1-13) on in [8VO 3/5

From (2-25) we get for all 0 <t < T (after possibly further increasing V)

,T}].
, T]
, T'] to conclude.

V()< Cs@) < 1.
In particular, we can estimate the velocity of the charged particle by

Vo—t<Vi(t) < Vy+t. (2-26)

This implies the validity of (1-13) for ¢ € [0, min{8V, ",

increasing V and thus Vo)

T}]. Moreover, we infer (after possibly further

t> 4y 3 -3/5

min

(t) forallze[8V, " T],

where we first observe that the estimate follows immediately from the definition of 7 and V>4ifr>1,
and from the first inequality in (2-26) for ¢ € [8V -3/ 5 1]. Thus, combining Propositions 2.7 and 2.1
yields (1-12). Moreover, (2-26) and (1-12) yield that (1-13) holds on [0, T]. O

3. Estimates for the Green’s function
In this section, we give the proofs of Proposition 2.2 and Corollary 2.6.

3A. Proof of Proposition 2.2. We start with a simple estimate for the function @ defined in (1-9).
Lemma 3.1. The function a(r) defined in (1-9) satisfies a € C*°(R) and for all j € N

. d/ (1 C,
WD () _ _ J
o dfr<r2)‘ =P

The proof is simply integration by parts and making use of /1(0) = 1 since u is a probability density

by assumption.



A FAST POINT CHARGE INTERACTING WITH THE SCREENED VLASOV-POISSON SYSTEM 2467

Proof of Proposition 2.2. The first part of the assertion, including the L'-estimate (2-15), is taken from
Theorem 2.1 in [Han-Kwan et al. 2021a].

It remains to prove (2-16) and (2-17). We only present the proof of (2-16). The proof of (2-17) is
similar and will be skipped for the sake of conciseness.

Step I: formulation in space-time Fourier transform. We start with the Fourier representation taken from
(see [Han-Kwan et al. 2021a, equation (2.9)])

K(z,8):= @(S)/O eTTiE - V() dr = $(&)a(t/ |,

~ K6
G(1,§)=——F——,
1— K(T’ S)
where we used the rotational symmetry of . Now we define W¢ (r) by
ven=—2 L em (3-1)
1 —¢(&)a(r)

and take 1/}5 (p) = (F~ 1\115 (r))(p) to be the Fourier transform in r.
Relying on Assumption 1.4 and the smoothness of a, we observe that ¥ as defined in (3-1) satisfies
! ! f MeN, j>1
. or an s, j=1,
j d" TIEPH T+ [pl ’ !
Vi 5o, V)| Sim (3-2)

1
e — forany M e N, j =0.
[+ pl™ d /

This allows us to rewrite
G(1.&) = pE)EIVe (tIE]).

Step 2: the case t < 1. We take n(§) to be a nonnegative bump function which takes value 1 on By, and
vanishes outside of B;. We decompose G into

G(t, &) = n(EPPE)IEIWe (t1E]) — ¥ (0)) + (&P ) IE1Te (0) + (1 — n(IEP)P(E)IE]Ve (1)
= ROE, 1lg) + RP(E) + ROE, 1|]).

We have

> Ve (t1E]) — Y (0)
tIE|

where A is a smooth function with bounded derivatives to any order. Hence, Vg' (R (&, 1€])) € LY (RY),
uniformly for ¢ < 1, and thus we can bound

R (&, tE]) = n(IEH)dE)rE| =n(EIHPE)IE*he (11]),

1
—1r p(a) <
|Fe '[RG, tIEDIXO] S e forr <1.

Next,
RD () = n(1E1M)1Ele™190(0) + n(1E1*)(P©)1E|Ve (0) — [€]e ™10 (0)). (3-3)
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The Fourier transform of the first term can be explicitly estimated using
1 ele D £ A (s )| 5

§ ~ 1T\ 1+ Ix|2 )|~

1+ x|
We then use (3-2) and proceed much as we did for R@ to estimate the second term on the right-hand
side of (3-3) and obtain a total bound

) < -
I RDEN S T

The contribution of R (£, t|€|) can be estimated by

1
|7 TR E, 11EDI0)] S —5 i |4 [ V(= n(EPNSEIE W 11ED) | 1y < o
due to (3-2). Similarly, we obtain the bound

: A ~ 1
17 TR E, 115D S [ (1= n(EP)GE)IE 1 (115D) I 5
and we obtain the claim, (2-16), for r < 1.

Step 3: the case t > 1. We rewrite G as

G(t.&) = @Q(IISI) Ze(p) = |ply(1pD).

The Fourier transformation of ¢ in £ can be rewritten as

- 1
P e (C1ENT(0)| = 3176l (1EDICe/D].
Much as above, we now decompose the function ¢ further into

Cese(1ED) = 1E1 (Ve e (1E) — Ve /e 0))n(IE1P) + 1E1Wre /e O (1EIS) + 1 W 16D (1 — 1 (1E]))
= REI(ED + R (€D + RS, (E]).

Arguing as in Step 2, we obtain

17 @ (1ED] S

1+ |x4
We conclude
Gl < Al o] s = rxLreR
OIS - ¢ 0| <——— t>1,xeR%
~ |x| X SQ ~ 4+| |4
as claimed. |

3B. Proof of Corollary 2.6. We start with a simple observation on the passage time t, that we will use
frequently.

Lemma 3.2. Let T < T, from Theorem 2.3. Recall the passage time t, introduced in Definition 2.5. Then,
we have for all x € R?

[Vatxl| < (3-4)

o min(T) .
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The proof follows immediately from the definition of Vi, (7') and 1.

Proof of Corollary 2.6. By the definition of p (see (2-14)) we have

t
p(t,x)=S(,x) +/ / G(t—s,x—y)S(s,y)dyds.
0 JR?
To prove the assertion, it suffices to estimate the convolution. We first consider the integral over the region
- 3. 1 ~ 7 L
B ={(s,y) €0, 0) xR : |t —s|+|x — y| < ymax{l, T », dy x, x|}
We observe that for s <, and all x, y € R?
W =y sl sl e =yl fa =Ty <l =sl =yl dix—dy <l sl -yl

Indeed, the first inequality follows immediately from the reverse triangle inequality. For the second
inequality, we use in addition (3-4) and that Vi, > 1 by assumption. For the third inequality, we use in
addition that c?,,x < dvs,x for s <t since X 1 > 0 by assumption. Thus,

L+ %y +dsy + |y" = §max{F, o dry, [xH]} in By (3-5)
Combining this with (2-15) and the definition of | - ||y, (see (2-21)) yields

log2+1)IS]ly,
1+ 82, +d?, + et 2

f G(t—s,x—wS(s,y)dsdy‘s
B

It remains to estimate the excluded regions of the integral. By (2-16) we can estimate

/ Gt =5, x —)S(s, y) ds dy‘
Bf ,

I1S1ly, // 1|>i|<\xi|/2+1|xi|/2<|yl|<2|xi\+1|>i\>2\xi|d ds
1+ 22 +d2 + 12 Jo e A4+ =) +1x—y) A+ [yL?)

S " 2log(2+ |xt 1
ST | ”2)’1 (/ s xir DL ds+/ T 3 dyLds)
1+t +di +Ixt2\Jo 1+ —s5)+ x| oJrz (I+s+[y-D(+y—19)
< log2+0lISlly,
T2 4 dP )

N

The last inequality follows by separating the cases [x1| <, |x*| > ¢ for the first term and the regions
|yl| <s, |yL| > s for the second term. Hence we have

log?(2+1)|IS|ly,

lp(t, x)| S » 5 .
1+ 72, +d>, + |x L2

For the gradient V, p we observe again that by (2-15)

log<2+t)||S||y,
L+, +d, + P

/ Gt —s5,x—y)VS(s,y)dsdy| <
B x
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Again, it remains to estimate the convolution on the excluded region. Integrating by parts yields

/ G(it—s,x—y)VS(s,y)ds dy‘

< G({t—s,x—y)S(s,y)dyds]|.

/ VG({t—s,x—y)S(s, y)dsdy‘

t—s|+lx—yl=max{1,% c.d; ..|x 1 [}/2

The first term on the right-hand side is estimated exactly as above. Moreover, by (2-16) and (3-5)

G(t—s,x—y)S(s, y)dsdy'
|

1=s|+lx— )I max{1,# v,d; . [x1[}/2

151y, < IS0y,
%6 16 Y ST 5 IS
jt—sl-Hlx—yl=max{L, 7 d ot 2 T+ £0, +dP + |xt] L+ +di, + x|
4. Estimates on the characteristics

In this and the following sections we will always work under the following bootstrap assumptions: We
consider T > 0, § > 0 as in Proposition 2.7. More precisely, recalling the maximal existence time 7, from

Theorem 2.3, and the notation Vi, and || - ||y, from (2-20) and Definition 2.5, respectively, we assume
T <T., (B1)

me(T) < 8 < min{8y, log™"(2+T)}, (B2)

lolf My, <3, (B3)

supp i C By, (1)/5(0) (B4)

for some constants &g, n > 0 to be chosen later. We will refer to (B1)—(B4) as the bootstrap assumptions.
In the following, we will often write Vi, instead of Vigin (7).
We recall from Lemma 2.8 that || o[ f]||y, < 6 implies forall 0 <7 <T and all x € R3
)

Bt 0| +VE( )] < ——— . (1)
L+, +di + X P

The objective of this section is to derive estimates for the characteristics defined in (2-6)—(2-7) which
in integrated form read

t
Xsi(x,v)=x—(t—=s)v —I—/ (0 —s)E (o, Xot(x,v))do,
Vii(x,v) = —/ E(0, Xo,(x,0)).

Definition 4.1. We define Ws, £ f/; ¢ as the functions given by

Vi (x, 0) = v+ Wy, (x, ),
X (X, 0) =x — (1 —s)v+ Yy 1 (x, v). (4-2)
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We are interested in the backwards characteristics, i.e., 0 < s <t < 7. We distinguish estimates for
initial positions x “in front” and “behind” the point charge which are characterized by c?,,x >0andt > 74,
respectively.

We start by giving estimates for the characteristics for background particles which are in front of the
point charge at time 7. This is the easiest case, since those particles stay in front of the point charge along
the backwards characteristics.

4A. Estimates on the characteristics for particles in front of the point charge.

Proposition 4.2. For all 5y, n > 0 sufficiently small and large, respectively, we have under the bootstrap
assumptions (B1)—(B4) forall0 <s <t <T and all x, v € R with |v| < Vigin/2 and x1 > X (1)

- - 5(1 —s) ~ (1 —s)
You (e, )|+ 1V Y (6, 0| S ———— WY@ o)l S ————,
1+di, + x4 L +dix + x|
~ ~ ~ )
|Ws,z(X,U)|+|Vst,z(X,U)|§Q—M, |Vst,t(X’U)|§v—L-
1+d,’x+|x | 1+dt,x+|x |

Proof. Since all the estimates are analogous, we only give the proof of for the estimate of Y. By a
continuity argument, we have |Y | < % for & sufficiently small, i.e., for §p in (B2) sufficiently small.
Therefore, using |v| < Vpin/2, for all o <t

(o, X, 00 H1X L, (6, V) = (X1 = (t—0) 01— X1 (0) + (Vo)1 (x, 0) |+ |x - = (t =)ot + Y5 (x, v)])
2 (Jx1 = X1 (D4 5t —0) Vinin + 2 [x | = 3)
> (dyx+(t—0) Viin+1xH).

Starting from the definition (4-2) of Y and using (4-1), we estimate

Y, (x, v)| =

/t(a —$)E(0, X451 (x,v)) do

t v
< / (O’ — s)( - 8 _|_ e_c(dt,x“"(t_o')Vmin+|xL|>) dJ
s (dix + (t —0) Vinin +XJ'>3

8t —s)

,S 7 ———
1+d?, +|xt]?
where we used Vn:Hll < 4 by (B2). O

4B. Estimate on the characteristics for particles behind the point charge. For estimating the character-
istics behind the point charge we introduce further notation.

Definition 4.3. Let 7 be asin (B1),7€[0,T],x e R¥®and v By,../2(0).

(1) Recalling the definition X T from Definition 2.4, we define the collision time Trxw =Tt x v tobe
the unique solution to

XT(r) =x1 — (t — )v1.
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‘We also define

~

7;,)6,1) = t,x1,V] = [t _7;,x|,v1]+-

(2) Finally, we introduce

~

fl,x,v =X _ﬂ,x,vv» (4'3)

and we will call Xt

ix.v the impact parameter of the collision, following the convention in collisional

kinetic theory.

~

The quantities 7; x.y, Tr.xv and X; ,, correspond to 7, 7, and x (see Definition 2.5): Instead of
considering relations between the point charge and a fixed point in space x, these new quantities are the
corresponding relations to the straight characteristic x — (¢ — s)v for a given velocity v. The quantities
Tixvs 7v§,x,v and X, , are also visualized in Figure 1: The collision time 7; , , is the time where the
characteristic “collides” with the point charge with respect to the first coordinate. This is the time where
the distance between the point charge and the characteristic is minimized. The difference 7V} x,v 1s the time
passed since this collision. We emphasize that the collision time 7; . , can lie before or after the passage
time of 7, depending on the sign of v;. Moreover, if vy < Vi, then, contrary to the visualization in
Figure 1, the passage time and collision time are close in relation to the difference to the present time ¢,
i.e., |ty — Trxol < |t — ty|. In particular, 7, and 7; ., are of the same order (see (4-7) below).

Finally, X; . , is the position of the characteristic at the collision time. In particular (X; x ,)1 = X1(7; x.v)

1
t,x,v*

Note that the collision time and impact parameters are defined with respect to the straight characteristics.

and therefore we will be mostly interested in the impact parameter X

These will turn out to be sufficiently good approximations for the collision time and impact parameters
for the true characteristics for our purposes.

In order to estimate the error of the backwards characteristics to the straight characteristics for particles
in front of the point charge, it is suitable to consider the following error functions W, Y. Their definition
is inspired by the intuition that the error can be best expressed in terms of the particle positions at the
“collision”.

Definition 4.4. For 0 <s <7 < T, with T as in (B1), and (x, v) € R? x R? with 7, <, we define the
error functions Y and W by

WS,Z‘(-x _7;,)61,1)11)’ U) == ‘/S,I(-xa U) -,

Yo i(x = Tixy 0,0, V) = X0 (X, 0) = (x — (£ = 5)v).
Using (4-6), we infer the representation
Ys,t(-x» v) = Xs,t(x + 'Et,xv’ v) —(x+(—- Tx)v)»

and hence .
Yo (x,v) = / (0 —$)E(0,x + (0 — T)v+ Y, ;(x, v)) do. (4-4)

Before we proof estimates for ¥ and W, we give some basic facts regarding the passage time, the
impact parameter and the collision time.
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Lemma 4.5. Recall the quantities t., T; x., introduced in Definitions 2.5 and 4.3. Then, we have the
following identities for all0 <s <t <T with T asin (Bl)and all x,v € R3 with |v| < Viin/2 provided
Vmin(T) > 4:

Te=Tix0r T =Trx0: (4-5)
Tixw =715, provided Tixw > 0. (4-6)
Moreover, we can estimate
5T < Trew < 2%, 4-7)
and if 73“, >0
. 2
|Vx7;,x,v| S V T (4'8)
min
. T
|Vv7;,x,v| S dia . (4'9)
Vmin
Furthermore, we have the lower bound
(Fat—sy) 2 (s = T} forall Trxw>0ands > Ty o —5. (4-10)
Finally, we have for s <t
((Tx _S)Vm1n+ |x |> SJ < $,X—(Ty—S)v + |x - (Tx _S)v |> fO)”S =Ty, (4'11)
((7;,)“) S)Vm1n+|x;x Ul),S(dvx (t— v)v+|x —(Z—S)U ) forsflﬁ,x,v =t (4-12)
(drx + (t = $)Vinin + X1 ) S s xmmso + X = =)0 ) ford, >0. (4-13)

Proof. The identities (4-5) and (4-6) follow immediately from the definition of these quantities, and (3-4)
and (4-8) are a consequence of X1 > Vigin > 2|v1|. Estimate (4-9) follows from the identity (4-6), estimate
(3-4) and the chain rule.

For (4-7), we first observe that 7, , = 0 if and only if ’7} x.v = 0. Otherwise, (4-7) follows from (4-6)
and (3-4). Regarding (4-10), we observe that the estimate trivially holds for 7;  , —5 < s < 7/ x.». For
s > T x» use once again (4-6) and (3-4) to find

]
Vmin
Finally, we turn to (4-11)—(4-13). Observe that (4-11) follows from (4-12) by choosing ¢ = t,. For the
proof of (4-12), we insert the definition of X, , , (see (4-3)) to rewrite

[s — Tx—(t—s)v]-‘r >[s— 7;,x,v]+ -

1
|S - 7?,x1,v1| = z(s _7;,x,v)-

x—(—=s)hv= xvt,x,v — (Ttxw —$)V.
Therefore, using the definition of 7; , , and Vip,
(=@ =)v=X(N1 = —Trx)V1 + X1(Trx0) — X1(8) = (Vinin — 01 (T x0 — 5)-

Since |v1| + [vF] < V2|v| < Vinin/~/2, this implies
1
ﬁ(lﬁ,x,v —5) Viin,

which proves (4-12). The estimate (4-13) is shown analogously. [l

dyx——syo + 1T = (t =)0 = (Treo — ) Vinin + 1%, | —
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Proposition 4.6. For all 8y, n > 0 sufficiently small and large, respectively, the following estimates hold
under the bootstrap assumptions (B1)—(B4) forall0 <s <t <T, x,v € R3 such that |v] < Viin /2 and
—00 < T, <t:

1 t—s
(Ts) D) /(v ) 7 (F )2 H e h) 2/ (vt 2)

(IYs,t|+|Vst,z|)(x,v)§3min{ } fors=t,—5, (4-14)

Tt x

+min{1, m}) f0rs < T, (4-15)

Ty —S

8
1+(xt) /(v ) <1+(XL>/(UL)

l‘_
3 |
Vo X, (x,v) ~1°g(2+’)5mm{1’ <%s,x>+<xl>/<|vL|>}

(|Ys,t|+|Vst,t|)(-x» V) 5

for s >1,—5, (4-16)

Tx—S . Trx
VY, )| <log+1)§| —————— l, —— < Ty. 4-17
| v S,t(x U)|N Og( +) (1+<XL>/<UJ‘>+mln{ 1+<XL>/<UJ‘>}> fOFS_TX ( )
Moreover,
W, , V. W , < — >0,
I S,t(-x U)| +| X S,l(—x U)| ~ (Ts,x>2+ <XJ‘>2/<UJ‘>2 fOl"S -
1)
Vo Wy (x, v)| S fors > 0.

™ (Tox) + (xh) /(oh)
Proof. We observe that for s € [ty — 5, 7], (4-14) and (4-16) follow from (4-15) and (4-17), respectively.
We prove (4-14) for s > 7. For § > 0 sufficiently small, the right-hand side of (4-14) is bounded

by 1. By a standard continuity argument we can therefore use | Yy /| + |V, Y | <1 for 7, <s <t. We use
|v| < Viin/2 and (3-4) to find for all o € [s, 1]

L+ Ty pbty ooty ) 2 1+ Toxe (4-18)
Moreover, |v| < Viin/2 and | X (o) — x1| > ViinTs.x implies

x4 o v — X(0)] = x4+ To vt |+ 31 + Toevr — X1 (0)]
4|x |+ T.x Vinin- (4-19)

Resorting to (4-4) and using estimates (4-1), (1-6), (4-18) and (4-19), we deduce

Y5 (x, 0)| =

/ (0 —s)E (o, X+ To v+ Yo, (x,v))do

1) L s
—(|x~|+%o.x Vinin)/8
o—s — - +e do|.
/( )(1+T3,x+|xi+tg,xvi|3 )

Observing that for 7, < o <t (by distinguishing the cases x| > ng’x|v4| and |x1| < 2%a,x|vl|)

1
o o o X
1+ Tox T |xL + Ta,va_l Z 1+ Tox T %’ (4'20)

we obtain

d 1) L -
|Yei(x, 0)] S / (0 — s)( - +em '+Vminfa~x>/8) do. (4-21)
n s 1+ 83+ (x )3/ (vt)3
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To conclude the estimate (4-14) for |Y |, we use

t t
/ (O— — S)e_(lxll+vminfx.x)/8 do— S e_(lxll“l‘vminfs,x)/g / (O— — S)e_(U_S)Vmin/S do-
) A

9
Vr%in Vinin

< mln{ 1 I—s }e_(xLH'Vmin'Es,X)/S,
similar considerations for the first term in (4-21) and we recall that Vr;hll < by (B2). The estimate of
|V, Y| is analogous.
For the proof of (4-15), the continuity argument shows |Y; /| + |V Y, | <14 (r, —s). We then split
the integral

1Y, (x,v)| <

/ (0 = )E(0, x + (0 — 7)v + Yoy (x, v)) do

t
+ f (0 —S)E(0,x + Ty v+ Yo, (x,v))do|. (4-22)
Tx

Arguing much as we did for (4-11), we have for o < 1,

(dvo,x-‘r(a—tx)v—t-Ym,(x,v) + li_ + (o — Tx)UJ_D 2 ((tx —0) Vinin + |xL|>-

Using this, we can bound the first term in (4-22) as

/Tx(o —s)E(G, x+ (0 —1t)v+Ys(x,v))do

< (‘L’ — s) / +e*(|xl\+(‘EX*o‘)me)/8 do
! 3+ ((Tx - U)me)

< 5

~ (xL)2

Therefore and using again (4-18) and (4-19), we can bound |Y| by

Y5 e (x, 0| S

/[5 (®: —5) do‘+/t8 (© =~ %) do
o 1+ b+ 0t o 1HT2 b+ 0t
Ty — S

(x1)2’

Using the inequality (4-20) as above to bound the remaining integrals yields the desired estimate.

t
+f (G —S)e_(‘xL|+fﬁ,ernlin)/8 do_+8
T

The remaining inequalities are proved analogously. ]

In the following it will sometimes be convenient to use the estimates above for the functions Y, W
instead. They satisfy the relations

VT/s,f(x, V) = Wi (x = Trx0v, 0),
Yo (x,v) = Yy (x = T; x o0, 0).

Using Lemma 4.5, we then obtain the following corollary.
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Corollary 4.7. Recall the notation X, ., from (4-3). For all 8y, n > 0 sufficiently small and large,
respectively, the following estimates hold under the bootstrap assumptions (B1)—(B4) forall0 <s <t <T,
x, v € R3 such that || < Vinin/2 and —0o < 7, <t:

o IfSZ’E,x,v_S,

~ ~ 1 t—s
|Ys.: (x, )|+ | Vi Yy (x, 0)] §5min{ - , - }
o o (5 = Trew) + (B o) /(05 (s = Tre )2 + (K5 )2/ (v1)2

t—s
(8 = Trxw) + (X 0)/ (0h)

IV, Y1 (x, v)| < 8log(2+1) min{l, } + T 2| Vi Yo (2, V).

® lf s S 7;,)(7,1)7

< 7;,x,v ) +m1n{1 7;,x,v })
1+< txv)/(vj_> 1+<-)\étJ:x,v>/<vJ_> ’ 1+<3€tJ,_x,v>/<vJ_>
5 7;)6 v— S . ’\7/;)C v
< Ay
VoY (x,0)| S 610g(2+t)(1 n (szx Ry —i—mln{l, T (ffx,v)/wL) })

+ ﬁ,x,vlvx?s,t(xv v)|.

Yer (0, 0)| 4 | Vi Yo (3, )| S

e For the function W we obtain for all 0 <s <t

(Wil + Ve Wi D(x, 0) <

([s = Trxwle) + (K )2/ (012

~ 1)
VUWY ’ S X .
S (R S W N2 s

4C. Some direct consequences of the error estimates of the characteristics. As a first consequence of

the estimates above, we deduce the following inequalities.

Corollary 4.8. For all 5y, n > O sufficiently small respectively large, under the bootstrap assumptions
(B1)—(B4) the following holds true for all x € R, 0<s<t<Tandallve By,;./2(0)

Ve, v) —v] <1, (Vi (x, v)) = 3(v),
(X5 (x,0) = X(8)) = 3 (x = (t —5)v — X (5)), (4-23)

(sX”(xv> (sx (t— s)v)

2
<Ts X1 (x, v)> 2 (Tsx (t— s)v>
X5 G, 0)] =[xt = ¢ =)o SO A Trww — s14).

As a second consequence, we deduce that the support of f (¢, x, - ) remains contained in By, /> under
the bootstrap assumptions (B1)—-(B4).

Corollary 4.9. For all 5y, n > 0 sufficiently small respectively large, under the bootstrap assumptions
(B1)-(B4) we have forall 0 <s <t <T, x,v € R3

|Vs,t(x7 V)| >z len forall |v| = 7 Viin.

In particular, supp f (¢, x, -) C By,;,/4(0).
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Proof. Assume the contrary, i.e., |[v| > %Vmin and |V, ;(x,v)| < %Vmin. By continuity, there exist s’ € [s, ¢]
and v € dBy,,;,/4(0) such that

Voo, ) =0, Xy (x,0)=x", Vix,v) = Voo, 0).
In particular we know that
Voo (6 0) =0 = Ve (&, 0] = 1011 = 25 Vinin-
However by the corollary above, we have
Vo (X', 0) =0 < 1,
which is a contradiction for VH;III < &g sufficiently small. (I

To future reference, we summarize the decay of the background field in the following lemma.

Lemma 4.10. Under the bootstrap assumptions (B1)—(B4) with &g, n > 0 sufficiently small we have for
all0<s<t<Tandallx eR3, v e By,...2

|Vor (Vs (. o)+ [V (Vi (e, 0 S e (4-24)
Moreover,
(1) For dvt,x >0
|E(s,x = (t =$)v)| +[VE(s, x = (t =)V)| + ] E (s, Xy (xr, )| +VE(s, Xy (x, v)]

<— d .
(dt,x + (¢ _S)Vmin + |)CJ_|>3

(i) Ford,, =0ands> T/ xv—5

|E(s,x = (t =)v)| + [VE(s, x — (1 =)v)[+[E(s, Xy, (x, V)| +|VE(s, Xy (x, )]

< )
s = Tixp)? + (xh = (t —s)vh)d

(iii) Ford,=0ands <T; .,

|E(s, x —( —$5)v)| +|VE(s,x — (t —s)v)| + |E(s, X :(x, )| +|VE(s, X (x, v))]

< )
~ (Viin(Tr,x 0 — S)>3 + ()?,%x’l,)*% '
Proof. The estimate (4-24) follows immediately from the decay of p from Assumption 1.2 together with

the estimate |WS, ¢(x, v)] <1 due to Proposition 4.2 and Corollary 4.7.

The estimates in items (i)—(iii) for the background field E along the straight characteristics x — (t — s)v
follow immediately from the decay of E, (4-1), together with the estimates (4-13), (4-10) and (4-12),
respectively. Finally, along the true characteristics, estimates analogous to (4-13), (4-10) and (4-12) also
hold which can be seen by combining them with the estimates from Corollary 4.8. ]
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5. Straightening the characteristics

As explained in Section 2C, a key ingredient for the proof of Proposition 2.7 consists of straightening the
characteristics except for a small region which is the purpose of this section. As we will see, roughly
speaking, this straightening is possible in regions where both |I7§,,|, |VUI7M| are small compared to
t —s. We distinguish four regions in which we can make use of this. In the following, we first give
the characterization and necessary estimates in these regions, then prove an abstract result about the
possibility of straightening the characteristics and finally apply the abstract result to those four regions.

(1) Due to Proposition 4.2, this is guaranteed in the region c?,, + > 0. More precisely, under the assumptions
of that proposition, we have

~ 5(t—s) ~ 5(t—s)

Tt ol s ~———, Wil s ———. (5-)
(d; )"+ (x+) (i) + (x*)

(2) Moreover, Corollary 4.7 provides sufficient estimates for straightening the characteristics on the set

givenby 7,y > 0and s > T; ., — 5.

More precisely, we have

~ t— t —
m,t<x,v>|58min{ At S}, (5:2)
(s =Ti xv)*+ (xt,x,u> /{v+) Tt,x

log(2+1)6(t —s)
(s = Trxw) + (i )/ (0h)
Here, we have used (4-7) and distinguished the cases t —s > 7v} xw/2andt—s < 7v? x.v/2 to obtain the

second term in the minimum of the right-hand side in (5-2). Moreover, regarding the estimate (5-3), we
have split the factor 7v},x,l, = (t —s) 4+ (s — T;.x.v) to estimate the term ﬁLUle Y 1(x,0)].

IV, Yy (x, 0)] <

(5-3)

(3) The straightening is more subtle in the regions where 7, , > 0 and s < 7/, , — 1. Indeed, since the

error V,i (due to the term 7v?,x,v |Vxl7 |) grows linearly in (7; ., — s)’vf,,x’v, the straightening only works

well if this factor is balanced by a sufficiently large impact parameter )Etfx’v.

This is the case if the time 7v? x.v (or equivalently 7, ,) is small compared to |xL| such that the impact
parameter )?,%x , 18 still comparable to x1. We therefore introduce

Korei={vis <Taw—1 0] <877, % 00") < J(x )} (5-4)
for some 8 > 0.
Then, using (4-7), we observe that on Kj ; »
(L) = S, (5-5)
Hence, Corollary 4.7 implies (recalling Vn:irll <d)on K x
~ 3(t—s)
Y :(x,v)| < )
| S,t( )| ~ 1+ (xL)z/(UJ-)Z (5_6)

B 8(t—s)
VYo G, 0l S log 2+ D= T
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(4) If the time 7v§,x,,) is not small compared to |x|, there are still a lot of trajectories with large )E,Lyx’v. To

characterize these, we introduce
i
vt x,v) = . (5-7)

1,Xx1,V1

1

Then, if v is far from v*(¢, x, v1), X, ,,

will be large. More precisely, by (4-7)
= et = T vt = T ol @ x, o) = vt 2 3 Evi @ ox o) vt (5-8)
Therefore, we define for s < 77y, v, — 1

Foxi={veR s <Tiyu—L vl <877, [vi@t,x,v1) —viEs > VT — 5} (5-9)

Let us assume that n from the bootstrap assumption (B2) satisfies n > 1/, and thus log(2 + ) < § .
Then, under the assumptions of Corollary 4.7, we find on Fj ;

- 8! =3F Tixion =S
|Ys,,<x,v)|§<vL ><1+ ”"Jf) )

xt,x,v <xt,x,v

- 8173/3 (1 n 7?,)(1’1)1 S )
~ (fl,x|vi(tv X, U]) - UL|> ('Et’x|U*L(l,X, Ul) - vl|>

1-38 .
< F) (1+ Trxyo —S >§61—3ﬁ’ (5-10)
( 7;,)61,111 —S> < 7;,)C1,1)1 —S>
g _ 7;)6 | Tixy o =S
IV, Yy, (x, v)] < 6! 3ﬂ(1+ _ AL 1+ — AL
v (F o (2, x, v) — vL]) (Frx v, x, v1) — vL])

<81—3ﬂ(l+ 7/;»Xl,vl ) 7;,x1,v1 -
~ <\/7;,x1,v1 - S) <\/7;,x1,v1 - S)

We emphasize the right-hand sides above are bounded by §' 3#(t —s) since t —s > 1.

Notice that the derivative of the average velocity deviation V,, I?M /(t — s) satisfies stronger estimates
than the derivative of the deviation V, VT/S,,. Intuitively, a deviation only significantly affects the average
velocity if 7, , — s becomes large. This gain of decay will be crucial to our argument.

Lemma 5.1. Let x € R? be arbitrary and 0 < s < t. Suppose there are open sets Q" C Q' C Q C R? such
that

(i) for some 0 < n < %, we have the estimate

Y, (x, v, Y, (x,
sup| 5,1 (X, V)] - sup| WY1 (x, V)] S%, 5-11)

veQ r—s veQ r—s

(i1) and the following inclusions hold

(veR:distv, ") <n}cQ, {veR :dist(v, Q) <n}cCq. (5-12)
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Then there exists an open set Q" C Q* C Q, and a diffeomorphism Vs ;(x, -) : Q* — Q' such that for all
veQ*
Xoi(x, Wy (x, 0)) =x — (1 = 5)v.
Moreover, V satisfies the estimates
| Ys,t (x ’ U) |
t—s

[VyWs s (x,v) —Id| < sup
we:|w—v|<2|¥,  (x,v)|/(t—s)

| W5, (x,v) —v[ <2 (5-13)
|V ¥y (o, w)|

t—s '
Proof. Let &, x(v) be the mapping defined by

Y,/ (x, v)
Copx (V) = v — =
r—s

With this definition, X; ;(x, v) can be rewritten as

Xs,t(xa 'U) =X — (t _S)gs,t,x(v)-

Due to the second inequality in (5-11), &, (v) is injective on " Therefore, the function has an
inverse ¥ ,(x, -) on the set Q* = ¢(Q') which satisfies Q* C Q due to the first inequality in (5-11).
Moreover, for any w € Q" the mapping

. D =y ?Y,t(xa U)
I':B,(w)— By(w), vk w+ s
—s
is a contraction and thus there exists v € E,](v*) C @ such that ¢, ; (v) = w. Therefore Q" C Q* C Q.
By (5-11), the inverse mapping W, ; satisfies the estimate

Yo (x, Uy, (x, Yo,
¥y O W G| Hot G 01 Ly )
r—s I—s 2

Wi (x, 0) —vf = [Wy, (x, v) = E (W, (x, 0))] <

which yields (5-13). Similarly, we can estimate its derivative in v by

IV, Yy (x, Wy s (x, 0))] IV, Y (x, w)|
S Sup _—,

|Vv\Ps,t(xa v) —Id| SJ
we:[w—v|<2|Y;, (x,v)|/(t—s) t=s

t—s
which finishes the proof. O

Corollary 5.2. Forall B > 0, under the bootstrap assumptions (B1)—(B4) with §y, n > 0 sufficiently small,
respectively large, the following hold true for all 0 < s <t and x € R>:

(1) Suppose J,,x > 0. Then there exists an open set By, 14 C Gs; x C By, /2 and a diffeomorphism
W i (x, ) : Gy rx = By, 3 such that

X i(x, Yg (x,0)) =x —(t —s)v. (5-14)

Moreover, U satisfies the estimates

W (x,v) = v+ VW, (x,v) —Id| S

(I +dp .+ Ixt])
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(2) Suppose Jt,x =0 and:

(a) § > 7;,X],U| _5,
As,t,x: ={ve BVmgn/Z 8> 7;,x,v -5},

A/s,t,x: = {U S BVmin/3 S > 7;,x,v —4},
A;/’[’xi = {U S BVmin/4 s> 7?,)“, — 3}

Then, if T, < t, there exists an open set A, . C As:x C As:x and a diffeomorphism Wy ,(x, ) :

As.i.x = Aj ;. such that (5-14) holds. Moreover, ¥ satisfies the estimate
',
(s = Trowo) + (Fire) [ (01)

Wy, (x, v) — 0] + [y Wy (x, v) —1d| S

(b) s <Tixyv —2.
(i) Next, let Ky x be as in (5-4),

) ) le—f » oLy 1,1
K;’t’x.:{v.s<7;,xl,vl—2,|v|<§8 Pt (v ) < s(x )},

) ) le—p » oLy 1,1
K;ft’x.z{v.s<7?,xhvl—3,|v|<§8 Pt (v ) < glx )}.

Then, if T, <t and (x1)8P > T x, there exist an open set Ks/f,,x C Ks.t.x C Kyt x and a diffeomorphism

Vs (x, ) 1 Ky o0 = K, such that (5-14) holds. Moreover, W satisfies the estimate
s1-28
()

(i1) Similarly, let F; ; x be as defined in (5-9) and recall the definition of v*L = v*L (t, x, v1) (see (5-7))
and define

. 3. 1¢— 1 1,x
Flo={veR:s <Tqu =2 vl <3877 vt — v fe > 20T — s},

3. 1o—f 1L L
Fl, o={veR s <Tixqu—3. v <38 Pt =t >3 Trxro — 8-

[Wsi(x, v) — v+ [Vu Wy (x, v) —1d| S

Then, if (x+) < %, .87 P there exists an open set Fs/ft’x

Vs (x, ) Fypx = Fy . which satisfies (5-14) and

§1-38 (1 t—s 'Et,x(’ﬁ,xpvl =)
: .

W (x,v) —v|+ |V, W, —1d| S < V
t Tclvt —vt])  (Tclvt —vt)?

C Fsitx C Fy1x and a diffeomorphism

Proof. We choose n > B~! and assume also that 8y and n are chosen sufficiently small respectively
large such that we can apply Proposition 4.2 and Corollary 4.8 and such that in particular the estimates
(5-1)—(5-10) hold. We then apply Lemma 5.1 as follows.

Proof of (1). We apply Lemma 5.1 first in the case c?,,x > 0to Q = By,,,2(0), Q" = By, 3(0),
Q" = By,,,/4(0). By (5-1), there is C > 0 such that we may choose 1 = C$ to satisfy the assumptions of
Lemma 5.1 and the first assertion follows.
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S‘z// — A//

S,t,x°

Proof of (a). Next, we apply Lemma 5.1 to Q = Ay, Q' = A{, |, By (5-2), we may
choose n = C§/(t; ) to satisfy (5-11).

Using (4-9) and (4-7), we have for v, v’ € R? with [v' —v| <7
Tllv't,x < )
Vmin ~ Vmin
which guarantees that (5-12) is satisfied. Combining Lemma 5.1 with (5-2)—(5-3) yields the second
assertion.

Proof of (i). We apply Lemma 5.1 to @ = K, ,, Q' =K/

s,1,%°

|7;,x,v _%,x,v’| 5 s (5'15)

Q" =K, ., withn=C38""F/(xt) for
some C > 0 sufficiently large. Using (5-6) we verify (5-11). Since (x1)88 > 7, x by assumption, (5-15),

and therefore (5-12), is satisfied. The estimate then follows from (5-6).
Proof of (ii). Finally, we choose Q = F,; ., Q' = F/ Q"' =F/

S,t,x° S,t,x°
C8'738 (%, ). Using (5-10) we verify that (5-11) is satisfied.
For the inclusions (5-12) we observe that for v, v" € By, /» with [v" —v| <1, (5-7), (4-9) and (4-7)

yield

and set n = C8' 38 /(t —5) <

x|
Vmin

v 1 1 1 3 C81_4'B
> % vy (1, x,v) — vt | = C8 T - ——,
min

v 1 1 ~ 1 1 v
tt,x|v* (t,x,U/)—U/ |Ztl‘,x|v* (t’xvv)_v |_777t,x_

where we used the assumption (x*) < 7, .67 in the last inequality.

Note that by assumption we have \/m > 11in F;; . Hence, for § sufficiently small, the last
two terms on the right-hand side are smaller than 1 and (5-12) follows. Combining the assertion of
Lemma 5.1 with (5-10) yields the desired estimates. O

6. Estimate of the direct contribution of the reaction term and the point charge
In the subsections below, we estimate the reaction term R (see (2-10)), which we rewrite as

R(t,x) = Rp(t, x) — RnL(Z, X),
where

RL(t,X)=// E(s,x —(t—s)v) - Vyu(v),
0 JR3

RNL(tv X) = / / E(S, Xs,t(x’ v)) : VUM(‘/S,I(-xa U)).
0 JR3

We need to estimate both R and VR. The general strategy is as follows. In regions where the change of
variables v = W ,(x, v) is well-defined and W ,(x, v) & v, we can use cancellations between the linear
and nonlinear reaction terms. Here we rely on the analysis of W ; in the previous section. Otherwise, we
do not control well the deviations of the straightened characteristics from the linear characteristics, and
we cannot exploit cancellations between the linear and nonlinear reaction terms, Ry and Ryp. In that
case, the desired estimates will follow from “smallness” of these regions and from the decay of u.



A FAST POINT CHARGE INTERACTING WITH THE SCREENED VLASOV-POISSON SYSTEM 2483

6A. Estimates for the reaction term R.

Proposition 6.1. For all y € (0, 1) there exists C > 0 such that the following estimate holds under the
bootstrap assumptions (B1)—-(B4) for all 5y, n > 0 sufficiently small

81+V

1+ 82 +d?, + xt 2

IR(t, x)| =C

Proof. Step I: structure of the proof. It suffices to show that there exists M > 0 such that for all 8 > 0

(sufficiently small)
827Mﬁ

IR, | S —— v :
L2 +df o+ I

We use this peculiar reformulation for the sake of analogy of the parameter 8 with the one from
Corollary 5.2. We emphasize that throughout the proof (implicit) constants may depend on 8. By
choosing n > B~!, we can always absorb logarithmic errors in time due to (B2) by

log2+1) <87 F. (6-1)

We split the proof into three different cases, depending on which of the terms in ffx, cit, o |xt]is
dominant, and whether the point charge has already passed x, i.e., whether x; > X (¢).

In each of these cases, we will make use of the estimate

[R(t, x)| < / [E(s, x — (1 = )v)[ Vo (v) = Vyuu (Vs 1 (x, Wy 1 (x, v))) det(Vy Wy 4 (x, v)) | dv ds
Gy

+ | 1EG,x—({—=)v)Vou)|+E(s, X (x, 0))Vyu (Vs (x, v))|dvds
By

=: f rq(s, x,v)dvds +/ rs(s, x, v)dvds,
G By
where the choice of Gy, By C [0, 1] x R3 depends on the case k£ under consideration, k = 1, 2, 3, such
that the change of variables W; (x, -) from Corollary 5.2 is well-defined on G} :={v : (s, v) € G4} and

B} U (G}, NW(G})) D By, 4(0), (6-2)

where we also set B := {v : (v, 5) € By}. Note that Corollary 4.9 together with the bootstrap equation
(B4) implies p(v) = (Vs (x,v)) =0forall v e B‘C/mm/4(0).

In the following we will only rely on the estimates in Lemma 4.10 with squares in the denominator of all
the estimates instead of cubes. This will prove useful for drawing analogies to the estimate of VR later on.

Step 2: the case c?,,x > 0. In this case, we choose G| =G from Corollary 5.2 and B{ = &. By Corollary 5.2,
we have (6-2). Combining (4-24) with the estimates from Corollary 5.2 and Proposition 4.2, we infer on G

Vot (V) = Vo (Ve (x, Wy, (x, v))) det(V, W, , (x, v))|
~ —|v]
< (W1 (x, v) = 0] + [ Wy (x, W 1 (x, )| + |1 — det(V, Wy, (x, v))e P < 8

~

14d;, + x4
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Using now Lemma 4.10(i) yields

82 1 ] 83
ra(s,x,v)dsdv $ —— < e Mdsdv $ ———,
G (dix +1xH]) Jro Jo (dr x4 (1 = 5) Vinin + [X+])? (dix + |x+])?

where we used that me < 4 by the bootstrap assumption (B2). For future reference, we point out that,
had we used that E actually decays with the third power of dvt,x +|x*|, we would have gained one power
more in the denominator.

Step 3: the case c?t, +=0and (x1)8f < 7, x. Note that the assumption (x1)8P < 7, x implies that it suffices
to show that

82—Mﬂ
/ rqa(s, x,v) dvds—l—/ re(s, x,v)dvds < =
Gs3 B3 Tt,x

for some M independent of B8 (note that there is no Japanese bracket in the denominator). We write
G3 =G3,1 UG3, with
Gs31:={(s,v) €[0,¢] x R :ve Fsitxls
Gipi=1{(s,v) €[0,1] x R*: v € Ay, 1),
={(s5,v) €[0, 1] x R’ :v € By, a\ Fl'; 1.5 < Trmyo — 3},

with the sets F; x, s , +» As 1.x as defined in Corollary 5.2. By Corollary 5.2, we have

As,t,x N \Ijs,t(xs At,s,x) D) {v € Bme/4 8> 7;,x1,v1 - 3}
and Fs,t,x N lIJs,)f(xv -F},x,x) D F/

5.1 In particular, we verify the condition (6-2).
We first deal with the estimate on the set G3 >. By Corollaries 5.2 and 4.7 we have on G3

s1-#
Vot (v) = Voo (Vs s (x, W, (x, v))) det(Vy W, (x, 0))| S ———e 1Y,
(S - 7;,)61,1)1)

Combining with Lemma 4.10(i) yields

5§28 eIl
ra(s, x, v) ,S/ / dsdv. (6-3)
v/;32 Bme/z ['77)C1 L1—3]+ 7;)61 U1> <S - 7?,x1,v1>2 + <xJ_ - (t - S)UL>2

For 7, , <1, the desired estimate follows immediately. If 7; , > 1, we split the time integral: We observe
that by (4-7), we have for |v| < Vipin/2

7 1 7 1~ e Lok
S=Tixqyw =T —(E—8)= 57?,)61,111 Z 3T forall s =1 — 7;x| v =St xu¢

Thus, changing variables w = x* — (t —s)vt fors < s¥, »,» and using once more (4-7), we have

/ Vimin/2 870,V §2-8 e~ lw=x"1/@lt=s]) ,—|v11/4
ra(s,x,v) S < f / dwds dv;
G3p thx Vinin /2 J (T; —3)v0 mm/zo—y)(xl) (s 7;)61 o) (w)?

Lx[v]

82 B 82—2/3
e Mduds <
By, in/2 SF oV fxl Ul) ft,x

tt X

The last inequality follows by separating the region |w — x| > |t — s| and its complement.
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We now turn to the estimate on the set G3 ;. By definition of F;; y C F;,, we have the inclusion
Gz C {(s,v) 1 |v] < Viin/2, 0 <5 < Tyx,.0, — 1}. In particular, if 7, , > 2¢, we have by (4-7)
Tixyo =1t — f,xl,v, < 0 and thus G3,; = 0. Therefore, it suffices to consider the case 7; , < 2t.

In this case, Corollary 5.2 implies that

G3.1 C{(s,v) €0, 1] xR*:v e Fy, ).
We introduce
w =8P (%, ) (vt — v (t, x, v1)),

where v*L = v*L (¢, x, vy) is defined as in (5-7). Since (x1)8# < 7, x by the assumption in this step, we
can estimate §# v+ — v*ll < 8B (vt + |Ui‘|) < 1 on G3 ;. Therefore, and by (5-8),

(X o)
t,x,v >|w|.

(vt) ~

lw| < (Fx)y (W) S (Fa @ —vh)),

Therefore Corollaries 5.2 and 4.7 imply on G3 |

81 3’3 r— 7 X X1,V
Vo (V) — Vot (Vi (x, Wy 1 (x, 0))) det(Vy s o (x, v))] < P o8 T Tenn =9 ool
0 r—s \ " (w) (w)2

We note also that by Lemma 4.10(iii), on G3 3
)
(lwl+ (Tt xy0 — $) Vinin)?~
Combining the two preceding estimates, we obtain, using also (4-7) and 7; , , <t due to the assumption

|E(s,x =t =s)v)| <

ci,,x =0 in this step,

/ rq(s, x,v)dsdv
Gs1

52 3,3[ f pan 1\w|<C(rH) (1+Z—S n 'Et,x(,ﬁ,)q,m _S)) el ds do
R t—s (w) (w)? (W] + (Tr.xy.0, — ) Vinin) 2

< 52 3/3/ / 1|U)|<C(Tt x) (1 + 7;,)(1,1;] + o I ﬁ,xi) e—|U| i da dv
R3 le v 4o (w) (w) <|w|+0Vmin>
1

<824ﬂ/< — + )1 . do
R2 Vmin(w)(r,yx) (w)?2 [w|<C (%) VL

<826ﬂ/( 1 1)1 d<625ﬂ
~ ¥ ~ + Tt x U)N ~ ’
()2 Joo \ Vi (W) (&) (w)2 )T WI=CED (F.2)?

where we used in the last inequality that log(2 + 7, ;) <log(2 +1) < 877 since we can assume 7, , < 2t

as argued above.
Finally, we turn to B3. We split B3 = B3 ; + B3 2, where
Bsi={(s,v) €[0, 1] x R :v € By,,/2\ Ba—ﬂ, s < Tin =3,
By ={(5,v) €[0, 1] xR’ :veBss \ F/, 5 < Try — 3.

s, f X
As above, we observe that (4-7) implies that B3 | = B3, = @ if 7, < —1. If 7y, > —¢, and thus 7, ,, <21,
the desired estimate on Bs j is trivial, since the exponential decay of u together with the choice of n, &g
in (B2) gives e’ <52 /(%)? for n sufficiently large and 8y sufficiently small.
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On B3, we estimate using the definition of F,, ., Lemma 4.10(iii) and vi-<s

S,t,x° min
[7;,x1,u1 73]+ 1
/ re(s, x,v)dvds < 8/ / / dvt 5 dse~ "1l du;
Bss RJo ot = [E 0 |< /T o =5 (Vinin(T¢ 31,0, — 8))
§2P
< —.
|Tt,x|2

Step 4: the case Jt,x =0and (x1)8f > 7, x. Arguing as above, we write again G4 = G471 U G4 and
Gy :={(5,v) €[0, (1 xR’ : v € Ky 1.4},
Gap={(s5,v) €[0, 1] x R*:v € Ay, .},

By:={(s5,v) €[0, 1] xR’ :v e By, \ K/, 1.5 < Trx,,0, — 3},
with the sets K ; x, K{, ., As.1.x as defined in Corollary 5.2.

We first turn to G42. Note that G4 2 = G3 2 so in particular (6-3) holds in G4 . However, this time
we want to gain a factor (x1)? instead of the factor (T, )2 from the previous step. As above, the case
|x*| < 1 is straightforward and we therefore only consider |x*| > 1 in the following. We split G4 »

further and first consider
1 3 |xJ_|
Gyr:=GaoN (s, 0) €0, 1] X R o] > ———1¢.
2(Tix o +95)
On this set, by (4-7), we have
)
e < () iz,
|xL?

Inserting this estimate within (6-3) yields the desired estimate on G 411,2‘

On the other hand, on G?Lz = Gzlt,z \ G4, we have

lxt = (t —s)vt| > Hxt| foralls € [T, 4.0 — 5, 1].

Resorting to (6-3) leads again to the desired estimate.

We next turn to G4,;. By Corollary 5.2, we have
G41 C{(s,v) €[0, 1] xR :v e Ky, ).

Combining the estimates from Corollary 5.2 and Corollary 4.7 with (5-5) yields
1-28

)
Vot (v) — Vo (Vi (x, Wy, (x, v))) det(V, W, (x, v))| < me—'“'.

By Lemma 4.10(iii) and (5-5) we have
)
(xJ_>2 + <7?,x1,v1 - s)lvmin|>2 .

|E(s,x = (s —Dv)| S

Therefore,

2-2p [Treyy — 114 ool 5226
/ ra(s, x,v)dsdv < T / / : dsdvg—“.
Gy, (x+) Jrs Jo <XL>2 + §<(7;,x1,v1 - s)lvmin|>2 Vimin (x )
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Regarding B4, we first argue
By C{(s,v) €10, 1] x R*: v € By, /a\ Bs-#/6,5 < Trxy.0y — 3}-

Indeed, for (s, v) € B4 with s <7 », », —1 and |v| < 8§7P /6, we find, due to the assumption (x1)88 > Trx
that we made in this step, that
T (UT) < To - Telvl < D8P (14 6877) < gx ),

and thus v € K/

s1.x- Moreover, as above, either By = @ or 7, , < 2t; the latter we assume in the following.

We split again, much as we did for G4 2,

1
By = B4ﬂ{(s,v) €0, 1] x R [v] > L}

t,xl,v1>

On this set, by (4-7), we have for n > 387!

3
ol < —5P18 \Tr,x)” (Ttx> e VB <, —5P/18 (1) e VI3 < 1 e V173, (6-4)
(xJ-)3 ~ (xJ-)3 ~ (xJ-)3

Combining this estimate with Lemma 4.10(iii) and using me < 4§ yields

[7; X101 _3]+ e |U|/3 82
/ re(s, x,v)dvds < / / dvds < T3
By R3 mm(7; X101 )) ()C )

Finally, on B4 := Ba\ B4,1, we estimate

/ < [771-‘1»’1 ]+ —\U\ < 82
r(s,x,v)dvdchS/ / dvds S ,
Bso ’ BVmin/z\BS’ﬂ/ﬁ 0 <xJ_>2 + (Vmin(’ﬁ,xl,v] - S)>2 (-xJ_>2

where we used e 3" < 8 /(t)? for n sufficiently large. O

~

6B. Estimates for VR.

Proposition 6.2. Forall 0 <y < 1 there exists C > 0 such that under the bootstrap assumptions (B1)—(B4)
with 8y, n > O sufficiently small we have for allt <T
81+}/

IVR(t,x)| =C (6-5)
L+ +d) + P

Proof. The proof is in large parts analogous to the proof of Proposition 6.1. We therefore just highlight
the main differences. The main difficulty consists in extracting the third power in the denominator of
(6-5) in comparison with the second power obtained in Proposition 6.1. To this end we must exploit once
more the dispersion.

We will again distinguish the same three different cases as in the proof of Proposition 6.1. In the case
dv,, x > 0, the estimates are easiest, since the backwards characteristics do not come close to the point
charge. Therefore, the error estimates along the backwards characteristics are sufficient in this case.
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For J,, x = 0, the estimates are more delicate. Let us briefly explain why we expect better decay for
V,R than for R itself also in this case. Basically, for characteristics close to free transport, we can make
use of V, ~ (1/t)V,. More precisely, by integration by parts we find

/ Ve folx — tu)g(v)dv = f folx — 1v) Vg () do.

This can also obtained through the following change of variables

ffo(x—tv)g(v)dv—— x 3/fo(w)g< )dw
__ffo(w)Vg< )dw_ /fo(x—tv)Vg(v)dv

This argument still works well in our setting when we are close to free transport. We will thus manipulate
R (¢, x) through a change of variables before taking the gradient. Roughly speaking, the change of
variables consists in replacing v by a point along the straightened backwards characteristics which
corresponds to a time after the (potential) “approximate collision” along this characteristics. By taking
the gradient after this change of variables we will gain the desired power. Indeed, we know that the time
after an approximate collision is 7 ;.

Moreover, if |x*| is dominant over 7, , (and |v| is of order 1) the decay of E in |x| allows us to
choose (x 1)
the backwards characteristics until times s > t — |x | can still be controlled by §log(2 +¢), whereas for

larger times, this error grows linearly in s, just as if there was a collision at time # — |x|.

as this corresponding time. Indeed, in view of the estimates in Corollary 4.7, the error for

Step I: the case J,,x > 0. We have
t
VR(LX)=// VE(s,x —(t —5)v) - Vyu(v) = VE(s, X (x, v)) - Vyu (Vs 1 (x, v)) dvds
0 JR3
t
- / / VT 0) - VEG, X 0)Vart(Vy (e, ) dods
0JR

t
—/ /3 E(s, X5, (x, 0)) Ve Wy (x, v) - Ve (Vs (x, v)) dods
0 JR
=Rs+R¢+Rq.

The estimate of R, works exactly as before. Indeed, as we pointed out above in Step 2 of the proof of
Proposition 6.1, we could have already gained three powers of c;f,’ « + x| for R(t, x) in this case.

The terms R, and R, are estimated analogously, since the estimates of VW and VY bring an additional
power of c?,, « + |xt]. More precisely, combining Proposition 4.2 and Lemma 4.10(i) yields

_8log?2+1) 1 t—s

IVE(s, Xo.y (, )] |Vi Tos (1, 0)] < . ; :
t ’ Viin — (dyx + [X15)2 (dyx + ( — 5) Vinin + 2] 5)°

and the same bound holds for |E (s, X ;(x, v))||Vy Ws,t(x, v)|. Integrating this bound in s and using the
exponential decay of u for the integration in v immediately yields the desired estimate.
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Step 2: the case C?t, +=0and (x1)8f < 7,.x. Much as in the proof of Proposition 6.1, in this case it suffices
to show

2-MB
VR, )| S
t,x
for some M independent of S5.
The key idea is to use the change of variables
. X—w

W =Xt xv =x—7;,x1,v1v — V= ,
t—1,

since by (4-6) t, = T; x.». Performing this change of variables (and recalling the definition of the error
functions Y, W from 4.4) yields

t
RNL(X):f[ E(s,x—(t=)v+Ys ; (x=T; x;, 0,0, V) - Vo b (V+Ws 1 (x—=T; x, v, v, v)) dvds

X—w X—w X—w
// (s w— (rw—s) +Ys,( ))-Vv,u( +Ws,,(a), )) dwds.
R3 ‘[[ © t—1, —1, —7T,

Taking the gradient in x yields

ViRNL(X)
S — T, X —w X —w X —w X —w
// VxE<s,a)—(tw—s) +Ys,,(a), ))-Vv,u( +Ws,t<a), ))da)ds
R T, t—1, t—1, t—1, t—1,
X—w X —w » (X~ X—w
+ TE s, w— (T, —5) + Y | o, Vi + W, | o, dwds
0 Jrs T, r—1, t—1, t—1, t—1,
+/t/ Vst,t(wv x—w)/(t—10))
0 Jre e
X—w X—w X—w X —w
' VJCE(S’ w — (‘[a) - S) + }Is,t <C(), )) : VUM( + Ws,t (Cl), )) dwds
t—1, t—1, I — Ty, t—1,
+/I/ VUWS,t(wa (x _w)/(t —Ty))
0 JR3 r

T,
e — Q@ X —w 2 X —w X —w
+YS,I‘ , Vul‘l’ + Wq,[ w, da)ds,
— 17, f— Ty t— 1, t— 1,

and changing back to the original set of variables we obtain

-E(s,a)—(rw—s)t

Vi RNL(X) = /f T, ———UVE (s, Xy (x, 0) - Vo (Vi s (x, 0)) dwo ds
R3

txl v1

+// _
R3 t,x1,V1

v, Y,
// f(x YRR “VLE(s, Xs1(x, v)) - Vo (Vi1 (x, v)) dvds
R?

txl v1

VW,
/f st = Trvw %0 e, ) - 92 (Vi s ) do ds.
R

I‘X] V]

E(s, Xy (x,0)) - V2u(Vi 1 (x, v) dv ds
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Performing the same manipulations on the linear term leads to

VR(t, x) = f f STt (v B, x — (1 — $)0) - Vot (0) — Ve EGs, Xy (6, 1)) - Vot (Ve ) dv ds
R3

tx1 V1

+f/ _
3 tx1v1

V. Y,
// 8 =T DG g (o X, 0) - Vort (Vo e ) dds
R

I‘X1 V1

(E(s,x — (t —$)v) - Vo (v) — E(s, Xy, (x, v)) - Vou(Vs 1 (x, v))) dvds

V, W,
//3 st(x tmvlv )E(S,Xs’,(x,v))-Vs,u(Vs’,(x,v))dvdS
R

lx1 V1

=:Ra+Rp+Rc+Ra.

The estimates of R, and R;, are analogous to those in Proposition 6.1. The additional factor 7; x, ,, — s
in R, does not pose a problem if one uses the third power of the decay of E instead of the second power
as in the proof of Proposition 6.1. More precisely, by Lemma 4.10(i1) and (iii) we have

1)
<S - 7;,)61,1)1)2 + <xJ_ - (t - s)v_L>2

Tt x100 = SIAVEE (s, x — (1 = $)v| + [V E(s, X0 (x, 0))) S

and
1)
( mm(7;x| vy —S)) <xtx v>2

for s > T x,.0, — 5 and s < 7T, 4, », respectively, which are precisely the estimates we used for E in the

|7;,x1,v1 —S|(|VXE(S, X — (t _S)Ul + |VXE(S7 Xs,t(xa v)|) S

proof of Proposition 6.1.

It remains to estimate R, and R,. We use the estimates from Proposition 4.6 for V, Y, V, W. Since the
estimates for V, Y are weaker than those for V, W, it suffices to show the desired estimates for R.. We

t
=:// t.(s, x, v)dvds.
0 JR3

Much as before, we split the integral in 63,1 ={(s, V) 1 |v] < Vinin/4,0 <5 < T/ x,.v,} and 53,2 ={(s,v):
VI < Viin/4, 1 = 8 = [Trx 0014} ~

We note that the identity (4-6) implies that we can use (4-16) in the set G3 2 to estimate the term
VoY (x =T/ x,.0, v, V), and thus

write

IV Y (X = Ty oy oy 05 0)| S 8log241) < 8'7F,
where we used again (6-1).
Combining this estimate with Lemma 4.10(iii) and (4-7) yields on 53,2

28
1 g o]
[te(s, x, V)| < <

e
Tt,x ((7;,X|,v1 —S)3 + |xJ' —(t _S)UJ_P)
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Then 7; . f G |t.(s, x, v)| is bounded by the right-hand side in (6-3). We thus the desired estimate by the
estimates after (6-3).
Similarly, on G3 1, Lemma 4.10 (ii) and (4-17) imply

1 (T + 8% log(2+1t
fee(s %, V)] = (( o Z W >+1) LChI—
T x (Xix0) ((Vinin(Troxy 0 = $))° + X o)
1 §*F 1

—lvl

<

< e
Tt,x ((Vmin(’ﬁ,xl,vl S))2 + |xt X, vl ) <xt X, v>
We now proceed much as we did in the estimate on G3 1 in the proof of Proposition 6.1. We recall that
either G3 | = @ or 1, > —t. Thus, using the change of variables

1 vl 1 T 1
0" =x"=x" =T xunv,

and (4-7), we obtain the estimate

(Trewls Try vy o=t/ (T )
/ / T ol ds dwte 11/ dy,
R3 JO R2 (7;X1 V] —S) <6() >
2 ,3 2-28
5 /’ " ﬂanxdw¢<;5 .
{'t3,x R? (wJ_>2 Tt3,x

Step 3: the case c?,, +=0and (x1)8# > 7, . In this case, we use a different change of variables before
taking the gradient. More precisely, for R > 0 (which we will later choose as R = (x)), we write

v = (x —w)/R to find
Plo, =2 ) vou [ 2224w (x, 222 ) dod
X, R v R X, wdas.

1 [t X —
RaL(t, x)=— Els,o—(t—R—ys)
R3 0 JR3

Taking the gradient on this term as well as the corresponding linear term R, then reverting the change

of variables and finally setting R = (x1) yields

VR, x>—f/ ’_j_ 2 (DuE (s, ¥ — (1 —5Y0) - Vopa(v) — Ve EGs, Xo (5, 0)) - Vopa (Vi) dv ds
R3

+ f f ﬁw(s,x_(t_s)u).vfmv)—E(s,xs,t(x,v>>-v1%u<vs,,<x,v)))dvds
0JR3

(x

- / / (W+M)-E(s,Xs,t<x,v))-vﬁum,f(x,v))dvds
0 JR3 (x=+)

, ~ VoY (x, v)
- \ Vst,t(x» v) + —J_> -V E(s, Xs,t(xa v)) - vv,u(vs,t(x» v))dvds
0 JR’

=:Ra+Rp+Re+Rq.
We argue that R, + R}, can be estimated as in the proof of Proposition 6.1. For R, this is obvious. For R,

we consider the set

1
54 = {(S, v) € [0, 7] X By,,,/4(0) : [v] < <\)f—>}

( l‘,X|,v1>
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Then, on 54, we have, recalling that we are in the case (xl)Sﬂ > 17, and using (4-7),

%5 o1 2 x|

t,x,vl ~ ’

(6-6)
Ixt —(—s)v| > |xt| forall 7,,,—5<s<t,
[t =) = ()] <)+ [Trowog — 514

Thus, by Lemma 4.10(ii) and (iii),

8

1t — ) — (x DYV E(s, x — (¢ S)U|+|VXE(S,XS,I(X,U)|)N(S_7;’x1’vl>2+<xl>2

and
§'Plog(2+1)
(Vmin(,ﬁ,xl,vl - s)>2 + (xj'>2

for s > T; x,.v, — 5 and s < T; x, v, respectively. With these bounds at hand, the desired estimate follows

[(t —5) — (X (VE(s, x — (1 = $)v] + |V E(s, X, (x, 0)]) S

precisely as in the proof of Proposition 6.1.
We continue with the estimate on the set

1
By:= {(s, v) € [0, 1] X By,,;,/4(0) : [v| = <vx—>>}

( 1,X1,V1

Notice that on this set we have |v| > 21—08_’3 due to the assumption (x1)8f > 7, x in the case under
consideration. This allows us to argue analogous to the estimate on By ; in the proof of Proposition 6.1:

Similar to how we obtained (6-4), we find on §4

—[vl/3
eVl < ﬂ’
()2 (x )3

which allows us to deduce the desired estimate by just using the estimate |VE| < 6.

Regarding, R. and R,, we use the estimates from Corollary 4.7. Again, since the estimates on W are
better than those on Y. , it suffices to estimate R.. Moreover, since sz,,(x, v) < 8t2, we can argue as
above on the set §4 and it therefore suffices to consider the set 54. Since by the assumption (x1)8f > Trx
and (4-7), we have ﬁxwl < (x1), Corollary 4.7 and (6-6) yield on 54

81og2+1)(v) ((Tixy0, — $)(vF)
(xt) < (x4)
Slog(2+1)(vh)
{(xt)

Y. 1 for 0 Ti <101
Vst,t(X, V) + ) <8 < Jtx,v

(xt)

IV, Y0 (x, v)| + <

for 7y y, v, <8 <t.

Combining again with the estimates from Lemma 4.10 and using [v*|?e ™"l < e~1"/2 yields on both 53, 1
and 6372
82 Plog2+1)? e IVI2

<
|tc(S, X, U)| ~ <(7?,x,v —S)2 + |xJ_|2> (xJ_)z .

Integrating over 53, 1 and 53’2 yields the desired estimate. |
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6C. Contribution of the point charge. In this section we derive estimates for the function Sp defined
in (2-11). For future reference, we also introduce the function Sp(z, x) defined by

Sp(t, x) = —f /R} VO (x — (t—s)v— (X)) — (t —s)V(©))) - Voue(v) dvds. (6-7)

Compared to Sp, this corresponds to a linearization of both the characteristics and the trajectory of the
point charge and in addition to a extension to all negative times. In particular, Sp resembles the function
Sr.x,.v, from (2-13).

Proposition 6.3. Under the bootstrap assumptions (B1)—(B4) with &g, n > 0 sufficiently small, we have
forallt <T

_ C
[Sp(t, )| +[|Sp(, x)| < > TR (6-8)
Vinin (1 + [x12 +d7 + 175,
C
IVSp(t, x)| < (6-9)

Viin(L+ ¥ 47, +)
Proof. Step 1: Proof of (6-8). Recall the definition of Sp

&mxw=—ﬁA;V¢ay—xmnwmu%»mM&

We observe that by (4-23) and the definitions of 7; x ,, and v, = v, (¢, x, v1) from Definition 4.3 and (5-7),
for [v] < Vinin/2
(X5 (X, 0) = X(8)) 2 |s = Troyon | Vinin + 05 = 05 T v 0, if dr iy, =0, (6-10)
(Xos (6, 0) = X(9)) 2 do o, + 15 + Vinia (£ = 5) if dy », > 0. (6-11)

Consider first the case C?t,x =0, i.e., T, <t. which by (4-7) is equivalent to 7v?,x1,u1 > 7;,/2 and thus

v

Ti x;.0, > 0 is equivalent to 7; , > 0. Then, by (6-10) and the decay of ® (see (1-6)),

1

t
AR R _ n
|SP(t, x)| 5 / / e_|5_77,x1,v1 [Vinin—|v Vg ‘77=X1~”1e (Jvr|+v—])/4 dU dS 5 > .
0 JR3 Vinin (1 + ft,xl)

For the desired decay in |x|, we consider again the sets

1
G .= {UGBVmin/2(0)2|U|§ \(/X> },

1,X1,V1

1
B:={vermm/2(O):|v|2 ) }

1,x1,V1

v

For v € G, we have (Jv! — vj|7v},xl,vl) = (x*+ —ﬂxl,vle) > (x*) and thus

1

t v
/ / =15 Ty Vain= I =0 Ty o= 0D/ g g < —
0JG Vinin (1 + [x-[%)
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Moreover, in B we use that e~V < e“”‘/zftz’x/(xl)2 to deduce

t . 72 1
ff 15T Vain =l =0 Ty =0 0 D4 g g < S —-.
Vimin (1 4 Tz,x1)<x ) Viin (1 + |X | )

Finally, if cit, x > 0, we use (6-11) to deduce the following estimate for Sp:
1

|Sp(t, )| S - .
Vinin (1 +dt2,xl + |xJ'|2

Collecting the above estimates, we obtain (6-8) for Sp. The estimate for Sp is analogous.
Step 2: Proof of (6-9). We observe that Proposition 4.2 and Corollary 4.7 gives
|Vst,t| + |va:v,t| ,S 1+t /\7;,x1,v1 — 5.

Since this term can be always absorbed by the exponential decay coming from V2®, the desired estimates
are analogous to the above in the case 7; ,, < 1 (so in particular for c?t, x > 0). On the other hand, if
Trx, > 1, then we rewrite Sp similarly to Step 1 of the proof of Proposition 6.2 as

—Sp(l‘,x)

t
Z/f VCD(X_(I_S)U'i'Ys,t(-x—’];,x,vva v)_X(s))VvM(v+Ws,t(x_,];,x,vv’v))dv
R3

// Vd><a) (ra,—s) +Yv,( x_w)—X(s))Vvu(x_w—l-Wsz(w,x_w))dw.
(t ‘L’w)3 R t—1, t—1, ' I—Ty

Taking the gradient in x we obtain (omitting the arguments of Y, , and W ;)

(Tw—S5) xX—w
<
IVSp(t, )| < //W(t_tw)4 Vm(f_warWs,z)

dw

X—w
(w (Tw—S5) +Y.;,I—X(S))‘
r—1,

// V2o (w (rw—s> +Ys, X(s))'w muw(x +Ws,) do

R3 (t Tw)4 Tw

+/0 /W ) V(I><a) (To S)t w—i—Ys, X(s)) \V/ M(t_tw—i-W”) dw

+f/ ! VCID(a) (t—3)—2 4y, — X(s))HV2 < W )| IV Wy doo.
0 JR3 (t_fw)4 —1, -1,

We change variables back to v and find

|
|V Sp(t, x>|<f/3 T“” PUVED (X — X ()| [ Vo (Vi )| dv
R t,

X

+/f - DXyt — XDV Ys 1 (x = Tt xy 0,05 V| Vor (Vi )| dv
0 JR3 Tt,x

t
1
+ / f . o0 — XN IVE(Vsp)| do
0 JR3 Tt,x

t

1

+/f — VO Xy — XNVEL(Vi ) Ve Wyt (x — Tr ) 0,0, 0)| dv.
0 JR3 Tt,x
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By Proposition 4.6 and (4-6) we have, using log(2+1t) <6,
Voo, 6 = Troau 05 0]+ Vo W O = Troay 00, 01 S (5 = Trogn)s

which can be absorbed again in the exponential decay coming from ®. The claim (6-9) then follows by
repeating the argument of Step 1. (Il

6D. Proof of Proposition 2.7(i). Resorting to the definition of S in (2-9) and the definition of the norm
I - lly, in Definition 2.5, the proof of Proposition 2.7(i) just consists of combining the estimates from
Propositions 6.1, 6.2 with y = % with Proposition 6.3.

7. Error estimates for the friction force

In this section, we prove Proposition 2.7(ii) which asserts that the force acting on the point charge is
given, to the leading order, by the linearization of the system. To this end, we recall (2-9)—(2-14) and

rewrite for R > 0
E(@, X)) =—V(px*p(t,-))(X(1))

=—V(p* (G xS+ S))(X (1))
=FRO+ R0 + &0 + &),

where the linearized friction force F(¢) and the error terms £, & and &; are given by

FR@t) == (Voxplgr xy.viy D(R, X (1)),

EF (1) = —(V*(Sp+GxSp)) (1, X (1) +(V*(Sk x(1).v () +G*Sr X 1),V ) (R, X (1)), (7-1)
&(1) =—=(VexR)(1, X (1)), (7-2)
&(1) = —(VoxG*R)) (1, X (1)). (7-3)

7A. Contribution of the self-consistent field.

Lemma 7.1. Under the bootstrap assumptions (B1)—(B4) with 8y, n > 0 sufficiently small respectively
large, the error term &, (see (7-2)) can be estimated for all t € [0, T] by

1&2(6)] S log2 + )82V, 2,

Proof. Step 1: We start by rewriting R (see (2-10)) as
R(t, x) = /Ot R}(E(s, x =t —=5)v) - Vyu(v) — E(s, Xs,0) - Vo (V) du ds
= /otfn@ divE(s,x — (t —s)v)(t —s)u(v) —div E(s, X, ) (t —s)u (Vs ) dvds
+/Ot/R3 E(s, X.0) - Vy Wy 1 (x, v) - Vyuu(Vy,) dv ds

t
—/ /3 ViE(s, Xy1) - Vo Xy (x, v) (Vs ) dvds. (7-4)
0JR
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Step 2: We show that for [x — X (¢)] < vl

min

IR(2, x)| Slog2+ )82V 12, (7-5)

We observe that |x — X (¢)| < me implies for |v| < Vinin/2 by (4-7) and (3-4)
1/2

n °

|Ttx v| = 2|Tt | = 2Vm1
and thus by Lemma 4.10

8
5 fors <t —4anll/2,
lE(s, Xg, )l +IVE(s, X )l S { (Vimin (7 —5)) o (7-6)
) for s >t—4me/ ,
and by Proposition 4.2 and Corollary 4.7
Yos (2, 0)] + [ Wy (2, 0)] + [V Voo (x, 0)] 4 [V W (x, )] S log(2+1)8(t —5). (7-7)

The last two terms in (7-4) can thus be estimated by

t
/ \ |E(S, Xs,t) : vas,t(xa v) - Vv,u(vs,t)l + |VXE(S, Xs,t) : Vst,t(xa U)M(Vs,t)l dvds
0 JR

t— —|vl t
<log(2+1)8> // s)¢ 5 dv ds—|—f / (t —s)e "l dv ds
r3 mm(t - S) t74Vn:i‘ll/2 R3

<Slog2+ 182V 12, (7-8)

For the first term on the right-hand side of (7-4), we furthermore use that since ¢ is the fundamental
solution to —A + 1, we have

divE =—(p*x¢p—p),

and in particular Vdiv E = E 4 Vp Using the assumption (B3) together with Lemma 2.8, the same
arguments that lead to the estimates in Lemma 4.10 and thus to (7-6) also show uniformly for all A € [0, 1]

b
. TP fors >t —4anll/2,

IVdivE(s, \(x — (t —s)v) + (1 = M) X )] < 4 (Vinin(t —5))
) fors <t — 4an11/2-

Combining these inequalities with (7-6) and (7-7) and splitting the integral as in (7-8) we obtain

~1/2

mln ’

div E(s, x — (t —$)v)(t — )n(v) — div E(s, X,.0)(t —5)(V,) dvds| <log(2+1)8%V,

R3
Wthh finishes the proof of (7-5).

Step 3: conclusion of the proof. We insert the estimate (7-5) into the definition of & (¢) (see (7-2)) and
use the exponential decay of ¢ to find

()] = ‘ /R 3 V¢<y>*R(X<r>—y>dy‘

/ V¢(y>*R<X(z)—y>dy‘+‘ / Vo (3)*R(X (1) —y) dy| S log(2+1)82 V12,
{lyl<v/2y {ly|=v}/2)

min — min

<
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where we used for the estimate of the second term that |R(X(#) — y)| < 1 by Proposition 6.1 and
that me <é. O

Lemma 7.2. Under the bootstrap assumptions (B1)—(B4) with 8y, n > 0 sufficiently small respectively
large, the error term &3 (see (7-3)) can be estimated for all t € [0, T] by

&) = |(¢ % (VR %, G))(X (1) S 874V 12,

min

Proof. Let |z] < v /8 and consider

min

(VR G)(X()+2) = / f VR —s, X({#)+z—y)G(s,y)dyds.
0 JR3

We split the integral in the regions

—1/2 V12

s <RV Ay = ([0, 1] x RY) \ Ay

={(. ) el0, 1 xR : |t —s| >V,

In the region A; we have

12
dt 5, X()+z—y = 2me

Using the a priori estimate on R from Proposition 6.2 together with (2-15) we therefore have for any

Be0,1)
<8Py 3/2ff IG (s, y)| dy
B S

mln

<logR+18> PV 2 <22y 32 (7.9)

min

/ VR —s, X(#)+z—y)G(s,y)dyds| S
Ay

by using (B2) with n > 1.
On the complement of Aj, we can use that |t — 5| < me or |y| > vl

in /4. Therefore using (2-15)
and (2-16) together with Proposition 6.2

/ ‘ VRt —s,X(t)+z—y)G(s,y)dyds

532—ﬂ< Vodl? sup / IGs, y>|dy+// e y)ldyds)<62 PV - (7-10)
0<S<l R? 1/2 1 + | |
Choosing g = g ! and combining the estimates (7-9)—(7-10) yields for all |z| < V. I:n/j

(G % VR)(t, X (1) +2)| S 874V 12,

Moreover, combining Propositions 2.2 and 6.2 yields |(G x VR)(¢t, X (t) +2)| < 1 forall z € R3.
Combining these estimates with the decay of ¢ as in Step 3 of the previous proof yields the assertion. [

7B. Estimate of EIR. In order to estimate £, we will first provide separate estimates for Sz — Sp and
for Sp — Sp, where Sp is defined in (6-7) and where we denote for shortness Sg = SR.X(T),V(T)-
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Lemma 7.3. Under the bootstrap assumptions (B1)—(B4) with &g, n >0 sufficiently small respectively large,
the function Sg = Sg x(1),v (1) defined in (2-13) can be estimated for all x € R3andall0<t<T <R by

Sr(t, )| S ———.
| R( x)lN Vmin<xl>2

Moreover, for all x € R with |x — X(T)| < Vnzn/j and all 0 <t <T < R, we can estimate

(1) Fort>4v_2P

|Sp(T — 1, x)| + |Sr(R —t, x)| < <" Vmin, (7-11)

() Fort <4vV_>P

6/5

|Sp(T —t,x) — Sgr(R —1, x)| S8V (7-12)

Proof. We rewrite Sp and Sy as
R—t
Sp(T —t,x) = —f / VO(x—X(T —-t)—(R—t—s)(v—=V(T —1)))-Vu(v)dvds,
—00 R3

R—t
SR(R—1,x) = —/ / Vo(x—X(T)—(R—t—s5)v+(R—s)V(T)) - Vu(v)dvds.
0 R3
For |v| < Vpqin/2 and s < R — ¢, we have
x—=X(T—-t)—(R—t—s5)(v—=V(T —1))|

T
> (R—t—s)V(T—t)+/ Vo)ydt| =[x = X(T)|—=|(R—t —s)v|
T—t

> 2(R = 5) Viin — |x — X(T)]
and
lx = X(T)— (R—t—5)v+ (R—35)V(T)| = 2(R =) Vinin — |x — X (T)|.

Since |x — X(T)| < V*/°

—in and supp u C By, /5, the integrands of both integrals above thus satisfy the
bound

IVO(x —X(T—1)— (R—t—5)(v— V(T —1))| S e “R=9Vmn  for R —5 >4y /7

min °
IVO(x — X(T) = (R—t —s)v+ (R—5)V(T))| S e RV for R —5 >4y P,
In particular, for ¢ > 4V1;ii/ > we immediately (7-11). On the other hand, for s < R
x—XT—-t)—(R—t—s5)(v—V({T —1))—(x—XT)—(R—t—s)v+(R—s)V(T))|
< /TT [Vio)= V(T —t)|do+(R=—s)|IV(T)—=V(@—T)]
—1

<t(t+R—s)sup|V| <C8t(t+R —s),

3/5

where we used |V| < [|Ellec <8 by (4-1). Therefore, if 1 <4V_. ", the difference is bounded by

|Sp(T —t,x) — Sg(R —t, x)| < e Vmin —I—/ / Io|Vu(v)|dvds,
R—4v. ) JR3
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where by Taylor expansion of V®, Iy is given by

I := | V20| =84V, )2 sup <8V,
and the claim (7-12) follows. Finally, the proof of 7.3 follows analogous to (6-8). O

The following lemma shows that Sp is a good approximation for Sp.
Lemma 7.4. Under the bootstrap assumptions (B1)—(B4) with 8y, n > 0 sufficiently small, if T > 4Vn:ir31/ 5,
we have for all x € R3 with lx — X(T)| < Vnzlfs andall0 <t <T:
) Ift > 4Vn:ii/ 5, we have the estimate
ISp(T — 1, x)| + |Sp(T — 1, x)| < e ¢! Vmin, (7-13)
Q) Ift < 4Vr;ii/ 5, we have the estimate

1Sp(T —1,x) = Sp(T — 1, x)| S log2+T)s V. (7-14)

Proof. The proof is largely analogous to the previous lemma and we only detail the differences. We first
observe that for |[x — X (T)| < Vrfn/f and T —s > 4Vn:ir31/5, we have

IVO(x = X(T —1) = (T —t —5)( = V(T —t)|+ VO (X517 (x, v) — X (5))| S e ¢T=Vmin (7.15)

and (7-13) follows as above.
It remains to show (7-14). Let t <4V,
X;.» and Vj ;, we split the error into

3/5

.- With the notation A = T" — s and omitting arguments of

|(Sp—Sp)(T —t,x)|

0

5‘/ / VO (x—X M) —(—s5)(v—=V (1)) Vyu(v)dvds
—o0 JR3

—3/5

T_4Vmin
+ / / VO (x—X 1) —(—s5)(v=V (1)) Vou (v) =V O (X;,— X (5))-Vyu (Vs 1) dvds
0 R3

A

+/ */5/ VO(r=X (W)= (=) (v=V () Vora ()= Y (X, 1= X () Vara (Vs ) dvds | (7-16)
—4V IR

Relying on (7-15), the first two lines can be estimated as before, by
T4V,
/ / [VOE=X M) =(=5) 0=V () Vo () =V (X; 1= X (5)) Vo (Vs )| dvds
0 R
0
+V / VO (=X (1)~ (k=) (v=V (1)))- Vo (v) dvds| < eV,
—00 R3
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For the last term in (7-16), we first take a closer look at the velocity integral. We integrate by parts
/3 VO(x =X (M) = A —=5)v—=VQ)) Vou) = VO (X, — X(s5)) - Vyuu(Vs,5) dv

R

=—AQA—”M¢@—X@%%A—ﬂw—V@»wﬂo—NM&J—X@muwgmv

+ / VO(Xo— X)) Vo Wy (V) do — / 3 Vo Y, V2O (X, 5 — X (5)) - Vypu(V) du
R R

=L+ DL+,

and estimate [1, I, I3 separately. For I; we use again |V(s)| < & as well as the estimates from
Proposition 4.2 and Corollary 4.7 to deduce that, for A —s| < 4y 33

in > We have

X=X —A=9)—=VQ) = Xen— X))+ v— Vsl 6.

This yields the bound
L] S IV @l iy Vi -
For I, I3 we observe that |x — X(T)| < V;{If and t < 4Vn:ii/5 implies |7v},x,v| < Vn:iz/s due to (4-8).
Combining this with Corollary 4.7 and Proposition 4.2 we obtain for A —s < Vr;ii/ >
B2l + 115 S log2 + T8V,
Using these estimates in the last term in (7-16) finishes the proof. U

Inserting the estimates from Lemmas 7.3 and 7.4 into the definition of the error term &; (see (7-1))
yields the following estimate.

Corollary 7.5. Under the bootstrap assumptions (B1)—(B4) with g, n > 0 sufficiently small, and if
T > 4Vr;ii/5, we have forall R > T
1ER(T)| < 8logR+ TV,
Proof. We split EF into
ER=¢l 4 &2,
ENT) == (Vo Sp)(T, X (T)) — (Vo x (Sr)) (R, X(T)),

ENT) = (Ve * (G * Sp)(t, X(T)) — (V% (G % Sg))(R, X (T)).

Then the desired estimate for £ 11 follows directly from the decay of ¢ and Lemmas 7.3 and 7.4 applied
with t = 0.
To estimate 512, we write S = Sp — Sp and first observe that we can split the convolution as
4y 3P
(Vo (G S)(T, X(T)) = /0 (Vo) G(t, )« S(T —1, - )(X(T))dr

+/ 3/5(q1>>|<(VG(t,-))>x<S(T—t,~))(X(T)) de. (7-17)
4V

min
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Defining B = B, 25 n (0), using Proposition 6.3 and Lemma 7.4, as well as Proposition 2.2, we estimate
2/5 mm
for |x| <V i~/4

min

A
/0 [(G(@)*S(T—1))(X(T)—x)|ds
-3/5

min 4vmin.
if /IG(t WHSI(T =1, X(T)—x— y)dydl+/ / |G, MIISIT—t, X(T)—x—y)dydt
Be

4v 3/ .
min min 1
< 8log(2+T 6/5dt+/ / LN S
/0 BEHT oin A L Vil 2

<log(2+T)sV ", (7-18)

min

Moreover, relying on the pointwise estimates for VG from Proposition 2.2, we find

Aooys (VG (2, )« S(T —1, ) (X(T) —x)| dr

min

sf fWG(r WISIT =1, X(T) = x —y)dy dt
. / / IVG(t, )| IS(T —t, X(T) —x —y)dydt
4me ¢

f4v3/5 [ e e | A ST Y 719
For |x| > me /4, Propositions 6.3 and 2.2 imply
4v 3P
/ [(G(t, )« S(T —t,-))(X(T)—x)|dt <1, (7-20)
o
/ s [(VG(t, )« S(T —t,))(X(T)—x)|dt < 1. (7-21)

min

Inserting (7-18)—(7-21) into (7-17) and using the exponential decay of ¢ yields

(Ve (G * (Sp — Sp))(T. X(T))| < 81log2+ TV, (7-22)

min

Similarly, relying on Lemma 7.3 yields

|(Vé % G  Sp)(T, X(T)) — (Vo % G % Sg) (R, X(T))| <8V (7-23)
Combining (7-22)—(7-23) yields the desired bound for SIZ(T) which concludes the proof. O

7C. Proof of Proposition 2.7(ii). We recall the identities (2-12)—(2-14) and (2-24) to rewrite

lim [(Véx plhy D) (s, 0) + E(T, X(T))| = ;ur;lc‘?] (D) +1&(D)] +1&(T)].
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Now it remains to apply Corollary 7.5 for £X, Lemma 7.1 for & and Lemma 7.2 for &£3. Since we assume
T > 4Vmin(T) 3/ and we have Vn:irll < §, we obtain

+82log2+T)V 24872y /2

min in

sup |ER(T)|+|E(T)|+IE(T)| < 8 log2+T) V.0 <85 1og(2+T).

min
R>T

Hence, by a suitable choice of §y and n, from (B2) we deduce

sup |ER (D) +1&(T)| + 1&(T)| < €856,
R>T

which proves the claim.
8. The linearized friction force
Proof of Proposition 2.1. Fix V, € R?, and recall the defining equation for 4 = hy, from (1-3):
Ish+ W —Vi) - Vih = V(¢ %, p[h]) - Vo = —egVP(x) - Vyur,  h(0,-) =0.

We extend & by zero for negative times. The equation for /# can be explicitly solved in space-time Fourier
variables. Let A(z, k, v) be given according to (1-14). Then

—eo®(k)k - V1

iT

(T+k-(=V)h—d(k)plhl(z, k- Vo =

for negative imaginary part, J(t) < 0. This yields the explicit representation

plhl(z, k)

—eg® (k) / kVop) —eo®(k)  1—e(z, k|, k- Vi)
= = V= = =
ite(r, [kl k- V) Jrs Tk (v—Vi) ite(z, k|, k- Vy) D

where k = k /lkl, k # 0, and the dielectric function &(z, |k|, k- V,) is given by

12 : VUI'L(U)

) 9]€V>k =1_A ~
e(r,r ) ¢ (r) Tk V)

dv.

Notice that the integral indeed only depends on V, and k through k -V, since by (1-8)

/ EVipw) _/ —(k-v)y ()
= v= = = dv,
R T/r+k-(v—V,) RT/r+k-v—k-V,

and v is radially symmetric by Assumption 1.2. We remark, that by elementary computation ¢ and a
(see (1-9)) are related by

sz, Ikl k- Vo) =1 = ®)a(z/Ik] —k- V).
The Penrose condition (1-10), and Assumption 1.2 then ensure a uniform bound for |¢|

O<k <le|<C.
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We now compute the limit s — oo of the associated force. Using Lemma B.1 yields

f ikplhl(z, k)¢ dk

Jim (olh(R. )1 V$)(0) = lim =

/ ikplh(s, )]¢dk_ hmo (2 3

N kD (k
— lim 6_03f ik® (k) dk — lim e°3/ k®) gy
it—=0t (2)° Jp3 it—>0t (21)° Jms e(t, |k|, k - Vi)

The first term vanishes since dA>(k) = &D(—k), and we can simplify
_ —ep ikd (k)
lim (p[h(s, - )]+ V@) (0) = llm 3
§—>00 —0t 27)3 Jrs e(x, k|, k- Vi)

= tim [ OWee )y (8-1)
=0t (21)3 Jws |e(r, |k, k - V*>|2

dk

By rotational symmetry of the potential ¢, & is real. Thus, by Plemelj’s formula, Lemma B.2, for k # 0,

. k-Vyu(v)
li S = 1 3 T o~
lrl_)m e (T |k| k V*) ¢(k)irl—>n(%+ S/R3 k'('U— V*)-i-f

k- Vyu (Vi + 2k
— k) lim \s/ / PV AR W) 4o
it—>0t w-k=0 Akl +T

=g k) k-Vyu(Ve +w) dw.
{w-k=0)

By the radial symmetry of the potential &, ® is real. Since the left hand side of (8-1) is real, we can
simplify the above to

lim (o[, -)] 5 V) = im —e / lde(k)g*(t k)
s, -
S—>00 p it—>0t (27'[)3 R3 |e(T, |k| k V*)lz

S f kq>(k)¢(k)fkv kv}k Vo (v)
= lm
le(z, |kl k- Vi) 2

dk. 8-2
it—>0t 87T2 ( )

Recall Assumption 1.3, i.e., we have

Vo (v) = —vr (v),
for some nonnegative, continuous, exponentially decaying, positive function . This finally yields
. / (k) Ik | (k) (kV..)?
872 Jws |e(—i0*, k|, k- V. )|2

where ¢ () is a nonnegative, continuous, exponentially decaying function given by

w(u)zf{ |y

ok - V,)dk,

Jlim eo(plh(s, )]+ V)(0) - Vi =

Since i is radial, nonnegative and not everywhere vanishing, we also have ¢ (0) > 0. In particular, since
qAb and & are both positive (see Assumption 1.1) (2-1) holds, i.e.,

lim eo(plhls, -)1% V) (0) - Vi <0.
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It remains to determine the asymptotics of the integral for | V.| — co. We rewrite the integral in terms of
the variable u = k - V,. Multiplying with |V,| we obtain
e0|v*| / / DG | Vi)?
1 le(=i0", 1, ul VD2
[Vl q) 345 U?
_[ f (Dri¢) ~p(U) dr dU.
—iv,| le(=i0*, r, U)|

The integral converges exponentially fast to a positive limit for |V,| — oco. This establishes (2-2). [J

Jlim ol Vil(olh(s, )1+ V)(0) - Vi = — @ (u|Vi]) dr du

Remark 8.1. The friction force is related to the Balescu-Lenard correction of the Landau equation. More
precisely, consider the case ¢ = ® in (8-2). We obtain

1 K [ty k- Vvu(v)
W B |e(—i0+, k|, k- V)2
S(k- (v —v)PR) Pk ®k) - Vo u(v)
- 82 /[R3 /[R3 le(—i0F, k], k- Vi) 2
which gives the friction coefficient of the Balescu—Lenard equation
0;G =LB(G),

LB(G)(v) = (/I;w /R% Bw,v—v,; VG)(VGG, —GV,.G )dv*),

(k- =)0k ® k)
> le(=i0%, Ik, kv, VG)I2
A n k-v,G
e(t,r k- Vi VG) = 1-d(r) WG g
Rt/r+k-(v—V,)
The equation was formally derived in [Balescu 1960; Lenard 1960]; for a recent well-posedness result

lim eo(plh(s, )] % V)(0) = -

dk dv,

B(w,v—1v4; VG) = /
R’

see [Duerinckx and Winter 2023]. Notice that we recover the Landau equation from the Balescu—Lenard
equation when we neglect collective effects, i.e., replace ¢ = 1.

Appendix A: Proof of Proposition 1.5

Proof of Proposition 1.5. By Assumptions 1.1 and 1.2, the function a(z) defined in (1-9) decays for
|z] = 00, J(z) < 0. Therefore the infimum in (1-10) can be replaced by a minimum. This allows us to
argue by contradiction. For C > 0 given, assume there exist £* € R, J(z*) < 0 such that

a(z") = (k)™ > 1. (A-1)

As in the proof of Proposition 2.7 in [Bedrossian et al. 2018], we use Penrose’s argument principle
[1960]: the function z + a(z) is a holomorphic function on the lower half plane, vanishing for |z|] — oo.
The boundary behavior of the function is given by the curve y : R — C given by

y(x) =a(x —i0) := lin})a(x —ie).

By the argument principle, (A-1) can only hold if the curve y intersects the half-line {y € R: y > 1}.
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Writing u(v) = u(Jv|) by slight abuse of notation, we have the representation (see [Bedrossian et al.
2018, Appendix] and [Mouhot and Villani 2011, Section 3])

-2
?(x):PV/[RZIl_—M)Ell/thu—iZJTZMM(|M|).

By Assumption 1.2, there exists C > 0 such that

) _
‘PVfMdu‘<l, x| > C.
R U—x 2

Now it suffices to observe that the imaginary part does not vanish if u(v) > 0 for |v| < C. This contradicts
the assumption for C large enough and finishes the proof. ([l

Appendix B: Two standard auxiliary lemmas

In this section, we recall two standard results which we use to compute the linearized force in Section 8.

Lemma B.1. Assume f € Cg (R), f =0in (—o0, 0] and let f be it’s Fourier transform. Then,
lim f(t) =limz f(—iz),
t—00 zl0

whenever the limit on the right-hand side exists.

Proof. Provided the right-hand side above exists, we have
- oo oo

limz f(—iz) =lim t)ze ¥ dt zlimf "B dt — [fe UIP

im (i) =tim [ f0): im [ ) Lfe %

=1iﬁ)1/00 fl@®e *dt —[fe | = /OO f()dr — f(0) =tlim f@.
Z 0 0 — 00
as claimed. |

Lemma B.2 (Plemelj’s formula, e.g., [Muskhelishvili 1958]). For f € L*(R)NC(R) we have the identity

lim /L)_dy:q:iﬂf(x)ﬁ- lim JAS)
8—0t Jr (x —y)£id §=0% J{x—y|=8y ¥ — ¥

dy.

Acknowledgements

Hofer is supported by the German National Academy of Science Leopoldina, grant LPDS 2020-10.
Moreover, Hofer acknowledges support by the Agence Nationale de la Recherche, Project BORDS,
grant ANR-16-CE40-0027-01 and by the Deutsche Forschungsgemeinschaft (DFG, German Research
Foundation) through the collaborative research center “The Mathematics of Emerging Effects” (CRC 1060,
Projekt-ID 211504053) and the Hausdorff Center for Mathematics (GZ 2047/1, Projekt-ID 390685813).

Winter acknowledges support of Université de Lyon through the IDEXLYON Scientific Breakthrough
Project “Particles drifting and propelling in turbulent flows”, and the hospitality of the UMPA ENS Lyon.
Furthermore, Winter would like to thank the Isaac Newton Institute for Mathematical Sciences for support
and hospitality during the programme “Frontiers in kinetic theory: connecting microscopic to macroscopic



2506 RICHARD M. HOFER AND RAPHAEL WINTER

scales - KineCon 2022 when work on this paper was undertaken. This work was supported by EPSRC
grant number EP/R014604/1. Winter acknowledges financial support from the Austrian Science Fund
(FWF) project F65.

References

[Arroyo-Rabasa and Winter 2021] A. Arroyo-Rabasa and R. Winter, “Debye screening for the stationary Vlasov—Poisson
equation in interaction with a point charge”, Comm. Partial Differential Equations 46:8 (2021), 1569-1584. MR Zbl

[Balescu 1960] R. Balescu, “Irreversible processes in ionized gases”, Phys. Fluids 3 (1960), 52-63. MR Zbl

[Bardos and Degond 1985] C. Bardos and P. Degond, “Global existence for the Vlasov—Poisson equation in 3 space variables
with small initial data”, Ann. Inst. H. Poincaré C Anal. Non Linéaire 2:2 (1985), 101-118. MR Zbl

[Bardos et al. 2018] C. Bardos, F. Golse, T. T. Nguyen, and R. Sentis, “The Maxwell-Boltzmann approximation for ion kinetic
modeling”, Phys. D 376/377 (2018), 94-107. MR Zbl

[Bedrossian et al. 2018] J. Bedrossian, N. Masmoudi, and C. Mouhot, “Landau damping in finite regularity for unconfined
systems with screened interactions”, Comm. Pure Appl. Math. 71:3 (2018), 537-576. MR Zbl

[Bedrossian et al. 2022] J. Bedrossian, N. Masmoudi, and C. Mouhot, “Linearized wave-damping structure of Vlasov—Poisson
in R3”, SIAM J. Math. Anal. 54:4 (2022), 4379-4406. MR

[Bohr 1915] N. Bohr, “On the decrease of velocity of swiftly moving electrified particles in passing through matter”, Philos.
Mag. 30:178 (1915), 581-612.

[Boine-Frankenheim 1996] O. Boine-Frankenheim, “Nonlinear stopping power of ions in plasmas”, Phys. Plasmas 3:5 (1996),
1585-1590.

[Bouchut 1991] F. Bouchut, “Global weak solution of the Vlasov—Poisson system for small electrons mass”, Comm. Partial
Differential Equations 16:8-9 (1991), 1337-1365. MR Zbl

[Boyd and Sanderson 2003] T.J. M. Boyd and J. J. Sanderson, The physics of plasmas, Cambridge Univ. Press, 2003. MR Zbl

[Caprino and Marchioro 2010] S. Caprino and C. Marchioro, “On the plasma-charge model”, Kinet. Relat. Models 3:2 (2010),
241-254. MR Zbl

[Caprino et al. 2015] S. Caprino, G. Cavallaro, and C. Marchioro, “Time evolution of a Vlasov—Poisson plasma with infinite
charge in R3”, Comm. Partial Differential Equations 40:2 (2015), 357-385. MR Zbl

[Chen et al. 2015a] J. Chen, J. Wei, and X. Zhang, “Asymptotic growth bounds for the Vlasov—Poisson system with a point
charge”, Appl. Math. Lett. 46 (2015), 17-24. MR Zbl

[Chen et al. 2015b] J. Chen, X. Zhang, and J. Wei, “Global weak solutions for the Vlasov—Poisson system with a point charge”,
Math. Methods Appl. Sci. 38:17 (2015), 3776-3791. MR Zbl

[Crippa et al. 2018] G. Crippa, S. Ligabue, and C. Saffirio, “Lagrangian solutions to the Vlasov—Poisson system with a point
charge”, Kinet. Relat. Models 11:6 (2018), 1277-1299. MR Zbl

[Desvillettes et al. 2015] L. Desvillettes, E. Miot, and C. Saffirio, “Polynomial propagation of moments and global existence for
a Vlasov—Poisson system with a point charge”, Ann. Inst. H. Poincaré C Anal. Non Linéaire 32:2 (2015), 373—-400. MR Zbl

[Duerinckx and Winter 2023] M. Duerinckx and R. Winter, “Well-posedness of the Lenard—Balescu equation with smooth
interactions”, Arch. Ration. Mech. Anal. 247:4 (2023), art.id. 71. MR Zbl

[Glassey and Schaeffer 1994] R. Glassey and J. Schaeffer, “Time decay for solutions to the linearized Vlasov equation”,
Transport Theory Statist. Phys. 23:4 (1994), 411-453. MR Zbl

[Glassey and Schaeffer 1995] R. Glassey and J. Schaeffer, “On time decay rates in Landau damping”, Comm. Partial Differential
Equations 20:3-4 (1995), 647-676. MR Zbl

[Grabowski et al. 2013] P. E. Grabowski, M. P. Surh, D. F. Richards, F. R. Graziani, and M. S. Murillo, “Molecular dynamics
simulations of classical stopping power”, Phys. Rev. Lett. 111:21 (2013), art. id. 215002.

[Han-Kwan et al. 2021a] D. Han-Kwan, T. T. Nguyen, and F. Rousset, “Asymptotic stability of equilibria for screened Vlasov—
Poisson systems via pointwise dispersive estimates”, Ann. PDE 7:2 (2021), art.id. 18. MR Zbl


https://doi.org/10.1080/03605302.2021.1892754
https://doi.org/10.1080/03605302.2021.1892754
http://msp.org/idx/mr/4286467
http://msp.org/idx/zbl/1484.82004
https://doi.org/10.1063/1.1706002
http://msp.org/idx/mr/128922
http://msp.org/idx/zbl/0095.43907
https://doi.org/10.1016/s0294-1449(16)30405-x
https://doi.org/10.1016/s0294-1449(16)30405-x
http://msp.org/idx/mr/794002
http://msp.org/idx/zbl/0593.35076
https://doi.org/10.1016/j.physd.2017.10.014
https://doi.org/10.1016/j.physd.2017.10.014
http://msp.org/idx/mr/3815207
http://msp.org/idx/zbl/1398.35241
https://doi.org/10.1002/cpa.21730
https://doi.org/10.1002/cpa.21730
http://msp.org/idx/mr/3762277
http://msp.org/idx/zbl/1384.35127
https://doi.org/10.1137/20M1386141
https://doi.org/10.1137/20M1386141
http://msp.org/idx/mr/4455191
https://doi.org/10.1080/14786441008635432
https://doi.org/10.1063/1.872017
https://doi.org/10.1080/03605309108820802
http://msp.org/idx/mr/1132788
http://msp.org/idx/zbl/0746.35047
https://doi.org/10.1017/CBO9780511755750
http://msp.org/idx/mr/1960956
http://msp.org/idx/zbl/1079.82017
https://doi.org/10.3934/krm.2010.3.241
http://msp.org/idx/mr/2646058
http://msp.org/idx/zbl/1193.82045
https://doi.org/10.1080/03605302.2014.944267
https://doi.org/10.1080/03605302.2014.944267
http://msp.org/idx/mr/3277930
http://msp.org/idx/zbl/1320.82062
https://doi.org/10.1016/j.aml.2015.01.020
https://doi.org/10.1016/j.aml.2015.01.020
http://msp.org/idx/mr/3327063
http://msp.org/idx/zbl/1322.35137
https://doi.org/10.1002/mma.3316
http://msp.org/idx/mr/3434322
http://msp.org/idx/zbl/1335.35251
https://doi.org/10.3934/krm.2018050
https://doi.org/10.3934/krm.2018050
http://msp.org/idx/mr/3815144
http://msp.org/idx/zbl/1405.35215
https://doi.org/10.1016/j.anihpc.2014.01.001
https://doi.org/10.1016/j.anihpc.2014.01.001
http://msp.org/idx/mr/3325242
http://msp.org/idx/zbl/1323.35178
https://doi.org/10.1007/s00205-023-01901-9
https://doi.org/10.1007/s00205-023-01901-9
http://msp.org/idx/mr/4622574
http://msp.org/idx/zbl/07727495
https://doi.org/10.1080/00411459408203873
http://msp.org/idx/mr/1264846
http://msp.org/idx/zbl/0819.35114
https://doi.org/10.1080/03605309508821107
http://msp.org/idx/mr/1318084
http://msp.org/idx/zbl/0816.35110
https://doi.org/10.1103/PhysRevLett.111.215002
https://doi.org/10.1103/PhysRevLett.111.215002
https://doi.org/10.1007/s40818-021-00110-5
https://doi.org/10.1007/s40818-021-00110-5
http://msp.org/idx/mr/4303653
http://msp.org/idx/zbl/1492.35341

A FAST POINT CHARGE INTERACTING WITH THE SCREENED VLASOV-POISSON SYSTEM 2507

[Han-Kwan et al. 2021b] D. Han-Kwan, T. T. Nguyen, and F. Rousset, “On the linearized Vlasov—Poisson system on the whole
space around stable homogeneous equilibria”, Comm. Math. Phys. 387:3 (2021), 1405-1440. MR Zbl

[Huang et al. 2022] L. Huang, Q.-H. Nguyen, and Y. Xu, “Nonlinear Landau damping for the 2D Vlasov—Poisson system with
massless electrons around Penrose-stable equilibria”, preprint, 2022. arXiv 2206.11744

[Huang et al. 2024] L. Huang, Q.-H. Nguyen, and Y. Xu, “Sharp estimates for screened Vlasov—Poisson system around
Penrose-stable equilibria in RY, d > 3", Amer. Inst. Math. Sci. (online publication 2024 2024).

[Ionescu et al. 2022] A. Ionescu, B. Pausader, X. Wang, and K. Widmayer, “Nonlinear Landau damping for the Vlasov—Poisson
system in R3: the Poisson equilibrium”, preprint, 2022. arXiv 2205.04540

[Lenard 1960] A. Lenard, “On Bogoliubov’s kinetic equation for a spatially homogeneous plasma”, Ann. Physics 10 (1960),
390-400. MR Zbl

[Marchioro et al. 2011] C. Marchioro, E. Miot, and M. Pulvirenti, “The Cauchy problem for the 3D Vlasov—Poisson system with
point charges”, Arch. Ration. Mech. Anal. 201:1 (2011), 1-26. MR Zbl

[Mouhot and Villani 2011] C. Mouhot and C. Villani, “On Landau damping”, Acta Math. 207:1 (2011), 29-201. Correction in
207:2 (2011), 391. MR Zbl

[Muskhelishvili 1958] N. 1. Muskhelishvili, Singular integral equations: boundary problems of function theory and their
application to mathematical physics, 2nd ed., Noordhoff, Groningen, Netherlands, 1958.

[Pausader and Widmayer 2021] B. Pausader and K. Widmayer, “Stability of a point charge for the Vlasov—Poisson system: the
radial case”, Comm. Math. Phys. 385:3 (2021), 1741-1769. MR Zbl

[Penrose 1960] O. Penrose, “Electrostatic instabilities of a uniform non-Maxwellian plasma”, Phys. Fluids 3:2 (1960), 258-265.
Zbl

[Peter and Meyer-ter-Vehn 1991] T. Peter and J. Meyer-ter-Vehn, “Energy loss of heavy ions in dense plasma, I: Linear and
nonlinear Vlasov theory for the stopping power”, Phys. Rev. A 43:4 (1991), 1998-2014.

Received 29 Apr 2022. Revised 5 May 2023. Accepted 13 Jun 2023.

RICHARD M. HOFER: richard.hoefer@ur.de
Faculty of Mathematics, University of Regensburg, Regensburg, Germany

RAPHAEL WINTER: raphael.elias.winter@univie.ac.at
University of Vienna, Vienna, Austria

mathematical sciences publishers :.msp


https://doi.org/10.1007/s00220-021-04228-2
https://doi.org/10.1007/s00220-021-04228-2
http://msp.org/idx/mr/4324381
http://msp.org/idx/zbl/1477.35269
http://msp.org/idx/arx/2206.11744
https://doi.org/10.3934/krm.2024015
https://doi.org/10.3934/krm.2024015
http://msp.org/idx/arx/2205.04540
https://doi.org/10.1016/0003-4916(60)90003-8
http://msp.org/idx/mr/167274
http://msp.org/idx/zbl/0131.45503
https://doi.org/10.1007/s00205-010-0388-5
https://doi.org/10.1007/s00205-010-0388-5
http://msp.org/idx/mr/2807132
http://msp.org/idx/zbl/1321.76081
https://doi.org/10.1007/s11511-011-0068-9
https://doi.org/10.1007/s11511-012-0073-7
http://msp.org/idx/mr/2863910
http://msp.org/idx/zbl/1239.82017
https://doi.org/10.1007/978-94-009-9994-7
https://doi.org/10.1007/978-94-009-9994-7
https://doi.org/10.1007/s00220-021-04117-8
https://doi.org/10.1007/s00220-021-04117-8
http://msp.org/idx/mr/4284001
http://msp.org/idx/zbl/1475.35343
https://doi.org/10.1063/1.1706024
http://msp.org/idx/zbl/0090.22801
https://doi.org/10.1103/PhysRevA.43.1998
https://doi.org/10.1103/PhysRevA.43.1998
mailto:richard.hoefer@ur.de
mailto:raphael.elias.winter@univie.ac.at
http://msp.org




ANALYSIS AND PDE
Vol. 17 (2024), No. 7, pp. 25092539

DOI: 10.2140/apde.2024.17.2509

HAAGERUP’S PHASE TRANSITION AT POLYDISC SLICING

GIORGOS CHASAPIS, SALIL SINGH AND TOMASZ TKOCZ

We establish a sharp comparison inequality between the negative moments and the second moment of
the magnitude of sums of independent random vectors uniform on three-dimensional Euclidean spheres.
This provides a probabilistic extension of the Oleszkiewicz—Petczynski polydisc slicing result. The
Haagerup-type phase transition occurs exactly when the p-norm recovers volume, in contrast to the real
case. We also obtain partial results in higher dimensions.

1. Introduction

Khinchin-type inequalities concern estimates on L, norms of (weighted) sums of independent random
variables, typically involving a norm which is easily understood (or explicit in given parameters) such as
the L, norm. They can be traced back to Khinchin’s work [25] on the law of the iterated logarithm, where
he established such bounds for Rademacher random variables (random signs). Beyond their original use,
most notably, such inequalities have played an important role in Banach space theory (in connection
with topics such as unconditional convergence or type and cotype); see [13; 22; 33; 49]. Considerable
work has been devoted to the pursuit of sharp constants in Khinichin-type inequalities, see for instance
[3; 6; 16; 17; 19; 21; 30; 31; 32; 36; 37; 38; 39; 40; 41; 43; 45; 48; 50], in particular for sums of random
vectors uniform on Euclidean spheres [4; 9; 11; 26; 28] (as a natural generalisation of Rademacher and
Steinhaus random variables, intimately related to uniform convergence in real and complex Banach spaces,
respectively). This paper continues that line of research.

Throughout, | - | denotes the standard Euclidean norm on R4, inherited from the standard inner
product (-, - ). For a random vector X in R? and a real parameter p, we write || X || »=(E|X [P)/P for the
L, norm (p-th moment) of the magnitude of X (whenever the expectation exists, with p = 0 understood
as usual as || X |lo = eF1°2 X! arising from taking the limit as p — 0).

Let &1, &, ... be independent random vectors, each uniform on the unit Euclidean sphere §4=1in R4,
In particular, when d = 1, these are Rademacher random variables, that is symmetric random signs
in R, whereas when d = 2, they are often referred to as Steinhaus random variables (especially when R?
is treated as C). For ¢ > —(d — 1), let c;(q) be the best positive constant such that the following
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Khinchin-type inequality holds: for every n > 1 and real scalars ay, ..., a,, we have

n

Z ai

k=1

n

Z i

k=1

= ca(q) ey

q

2

In other words, thanks to homogeneity, c(q) is the infimal value of H Zk 1 Ak || over all » > 1 and
ai, ...,a, € R with Zak = 1. We stress that, whend > 1 and ¢ > —(d — 1), th1s L, norm exists
regardless of the coefficients, e.g., seen by noting that then E|&; + x|7 = E(lx|? +2(x, &)+ 1)”/2 is finite
for every x € R?, using that (x, &) has density proportional to (1 — (u/|x|)%)@=3/2
(of course, for a given sequence of coefficients a;, the range of ¢ may be larger, for instance when d =1,

on —|x| <u < |x|

itis all g € R as long as Z" | Ta; never vanishes).

Plainly, c;(q) = 1 for g > 2 (by the monotonicity of p +— || -||,,). When g > 2, the reverse inequality
to (1) is nontrivial and interesting, but we do not discuss it here at all, referring instead to, for instance,
[4; 20; 37] for a comprehensive account of known as well as recent results.

From now on we consider —(d — 1) < g < 2. We define two constants arising from two particular

choices of weights in (1): a1:azzl/ﬁwithn:2anda1:~--:an:1/ﬁwithn—>oo,
ci2(q) ‘$1+5z 1 ( F(§)rd+q-1 )l/q 2)
d2(q) = =— )
V2 l, V2 F(f’%)r(cﬂr%—l)

Bt +E, g(F(dT"))”q 3
vn d\ r(g) J -

where Z is a standard Gaussian random vector in RY (emerging by the central limit theorem). The

Cd,00(q) = nlim

— 0

expression for ¢4 2(q) will be justified later (see Corollary 14), whereas the expression for ¢4 0 (q)
follows by a simple integration in polar coordinates. Note that

cq(q) <minfcg2(q), ca,00(q)}- “4)
It can be checked that, in fact,

cia(q), —d—-1)<q<gqj

X (5
Cd,00(q)y q;<q<?2,

min{cq,2(q), ¢d,00(q)} = {
where ¢ is the unique solution of the equation ¢4,2(q) = c4,00(g) in (—(d — 1), 2). We have included a
sketch of the proof of this fact in the Appendix. In Table 1 we list some numerical values of g;. We are
grateful to Hermann Konig for sharing his notes on these topics (personal communication, 2021).

1.1. Known results. The pursuit of the value of c;(¢) has a rich history which can be summarised in
one simple statement that in all known cases the trivial bound (4) is tight. Of course, the history begins
with the one-dimensional case of Rademacher random variables. In his study [34] on bilinear forms,
Littlewood conjectured that ¢1(1) =c12(1) =1/ /2, which was confirmed by Szarek in [45] (see also [31]
and [46]). Haagerup’s pivotal work [19] addressed the entire range 0 < g < 2, showing the following
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h
d q; range where c(q) is known trall)n ;Ze on left open
1 1.82... 0<qg<2[19] [19] —
2 047... 0 <gq <?2[4;26; 28] [26] —-1<g<0
3 —-0.79... —1<qg<2[11;9;32] [9] —2<qg<-1
4 -2 —3 < g <2 Theorem 2 Theorem 2 —
5 —3.16... —1 < g <2 [4; 28], Theorem 1 ? —4<qg<-—1
d —(d—-1)+o(1) —(d—-4)<q<2][4; 28], Theorem 1 ? —d—1)<g<—-d—-4)

Table 1. Numerical values of g (see (38) for its asymptotics), known results and open
questions about the best constant in Khinchin inequality (1).

phase transition in the behaviour of ¢;(g):

c12(9), 0<gq<gqj,
Cl00(q), qf <q <2,

where g =1.84. .. is the unique solution of the equation c12(g) = ¢1,00(¢g) in (0, 2); in particular, when

Cl(CI)={

d = 1, we have equality in (4). We also refer to Nazarov and Podkorytov’s paper [38] which offered
great simplifications. Haagerup devised a very efficient argument, crucially relying on Fourier-analytic
formulae for L, norms, which together with [38] paved the path for many further results.

That a similar behaviour occurs in the case d = 2 (Steinhaus variables) was conjectured by Haagerup
and later confirmed by Konig in [26]: when d =2, 0 < g < 2, we have equality in (4) and the phase
transition occurs now at g5 = 0.47. ... The range 1 < ¢ < 2 was in fact earlier dealt with by Konig and
Kwapien in [28] (with ¢ = 1 handled even earlier by Sawa in [44]), whereas —1 < g < O (to the best of
our knowledge) appears to be left open, with a natural conjecture that c(g) = ¢2.2(q).

For the case d = 3, Latata and Oleszkiewicz showed in [32] that c3(q) = ¢3,00(g) for 1 < g < 2, which
was extended to 0 < g < 1 in our joint work [11] with Gurushankar (see Proposition 3 below for a
connection to uniform distribution on intervals). The phase transition occurs in the range —1 < g < 0 at
g3 =—0.79. .., as established in our joint work [9] with K&nig, so whend =3 and —1 < ¢ < 2, (4) holds
with equality. Again, —2 < g < —1 appears to be open with a natural conjecture that c(q) = c¢3,2(q).

In higher dimensions d > 4, there are precise Schur-convexity results available for positive moments
due to Baernstein II and Culverhouse from [4] and, independently, Konig and Kwapieri from [28]: when
0 < g <2, it follows in particular that c;(q) = c4.00(g). However, nothing seems to be known about the
value of c4(q) for negative ¢, except it being (nontrivially) finite, as shown by Gorin and Favorov in [18]
(in a much more general setting). This paper partially fills out this gap.

1.2. Our contribution. Our first result concerns the best constant ¢;(g) in the inequality (1) when
q > —(d —4). It turns out that this is a consequence of a Schur-concavity type statement that follows
directly from the main result of [4] (see Theorem 6 below).

Theorem 1. Foreveryd > 5 and —(d —4) < q <0, we have c4(q) = ¢4.50(q).
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Note that the restriction —(d —4) < g < 0 already makes the statement of Theorem 1 meaningful only
for dimensions d > 5. Our second result covers the entire range —3 < g < 0 for dimension d = 4, which
exhibits Haagerup’s phase transition at exactly g; = —2 (see also Table 1 for other values of ¢} and a
summary of known results and open questions).

Theorem 2. For —3 < g < 0, we have

caq) = c2(q), —3<q<-2,
! C400(q), —2<q<0.

1.3. Relation to volume. It can perhaps be traced back to Kalton and Koldobsky’s paper [24] that the
volume of hyperplane sections of convex bodies can be expressed in terms of negative moments (of linear
forms in vectors uniform on the body). Brzezinski’s work [8] makes the same connection for sections of
products of Euclidean balls by block subspaces, and our recent work with Nayar [10] explores this further.
In particular, as [9] extends Ball’s cube slicing result from [5] (in the form of sharp Khinchin inequality (1)
when d = 3), Theorem 2 can be viewed as a probabilistic extension of Oleszkiewicz and Petczyniski’s poly-
disc slicing from [42]. In fact, this connection was the main motivation of this work. Itis very intriguing that
the phase transition occurs exactly at ¢ = —2 which is when (1) recovers the result for volume from [42].
More specifically, let D = {z € C, |z| < 1} be the unit disc in the complex plane. Oleszkiewicz and
Petczynski in [42] proved the following sharp inequality about extremal-volume (complex) hyperplane
sections of the polydisc D" in C": for every (complex) codimension 1 subspace H in C", we have

voly,_»(D"N(1,1,0,...,0)), (6)
voly,_2(D"N(1,0,...,0)%). (7)

volo,_»(D" N H)

<
vob, 2(D"NH) >

Here a® = {z € C", (a, z) =0} is the (codimension 1) hyperplane orthogonal to a vector  in C" and (-, - )
is the standard inner product in C". If we let U1, . .., U, be independent random vectors, each uniform
on D, and let @ = (ay, ..., a,) be a unit vector in C", then

n

ZakUk

k=1

n—1 -P

vol,_2 (D" Nat)y=2— lim 2 - p)E
2 p—>2—

(such formulae hold for arbitrary origin-symmetric convex sets, and this one follows immediately from
Corollary 11 in [10]). Moreover, the moments of sums of vectors uniform on balls are proportional to
sums of vectors uniform on spheres (in a slightly higher dimension).

Proposition 3 [4; 28]. Let d > 3, let &, &, ... be independent random vectors uniform on the unit
Euclidean sphere S~ in R? and let Uy, Us, ... be independent random vectors uniform on the unit
Euclidean ball B2 in R?~2, For everyq > —(d —2), n > 1 and scalars a,, . . ., a,, we have

q

_d 2+

Z akEk

k=1

n
E ZakUk
k=1

This identity can be seen in a number of ways, but essentially it follows from the folklore result that
if a random vector & = (£, ..., &) is uniform on S¢~!, then its projection (£, ..., £;_») onto R?~? is
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uniform on BY~2. Specialised to d = 4 and combined with the previous formula, it yields

Z ai

k=1

-2
voly,_» (D" Nat) =7""'E

(see also [27] and [29] for generalisations to noncentral sections). Thus, the upper bound (6) is Theorem 2
at g = —2, that is c4(—2) = c4,2(—2). Incidentally, the lower bound (7) follows immediately from Jensen’s
inequality (see, e.g., [8], or [27], as well as [10] for a stability result).

The sequel is devoted to proofs. First we provide some background and give a brief summary. Then we
move to the proof of Theorem 1 (which is very short), and the rest is occupied with the proof of Theorem 2.

2. Proofs of the main results

2.1. Some background and outline. Theorem 1 will follow easily from the main result of [4]. As for
positive moments, the point is that the range —(d — 4) < g < O still warrants enough convexity of the
underlying moment functional, specifically the function |x|? (in fact, its C*° regularisation/approximation)
is bisubharmonic.

When d =4, as in Theorem 2, this range is empty, Schur convexity/concavity does not hold, and more
subtle arguments are needed. We will employ a Fourier-analytic approach (pioneered by Haagerup for
random signs in [19]). On its own however, this does not dispense of all cases. We extend an inductive
argument of Nazarov and Podkorytov from [38] to our multidimensional setting and all negative moments
(building on [9] with new ideas needed to go beyond the range g € (—1, 0)). The Fourier-analytic approach
relies on the following integral representation of Gorin and Favorov for negative moments.

Lemma 4 [18, Lemma 3]. For a random vector X in R? and 0 < p <d, we have
EIX|™7 = K,,,d/ (Ee' X)) e|P~ dr, ®)
Rd

provided that the right-hand side integral exists, where

fd/zr(d%p)
re)

Of course, the Fourier transform (the characteristic function) goes hand in hand with independence.

Kpqa= 27 Px

The trade-off is that when applied to sums of independent random vectors uniform on spheres, highly
oscillating integrands appear, more precisely, the Bessel functions. To recall, for integral k£ > 0 and real x,

we use the notation
F'x+k) +k)
(O = x(x+1D---(x+k—=1)
T T

for the rising factorial (Pochhammer symbol). Throughout,

o0

(= Dk £ \2k+v
H) = Zk'F(k+v+1)()
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is the Bessel function of the first kind with parameter v > 0. We also introduce the function
(=D (L )2k

() =2"T+ D™ J,(0) Z IO ©)

Its importance stems from the fact that for a random vector £ uniform on the unit Euclidean sphere S7~!
in R? and a vector v in R, we have

Ee' S =jap-1(lv]) (10)
(see, e.g., the proof of Proposition 10 in [28]). This combined with Lemma 4 gives the following corollary.

Corollary 5. For independent, rotationally invariant random vectors X1, ..., X, in RY and 0 < p <d,

k=1

provided the integral on the right-hand side exists, where

we have

p oo
= Kp,d/ 1_[([El’ar/2—1(t|Xk|))t‘p_1 dr, (11)
0 k=1

d_
Kpd = 21—p F(Tp)
) d :
r(3)r(%)
Proof. Let &y, ..., &, be independent random vectors, each uniform on the unit Euclidean sphere § d=1

chosen independently of the X;. Then X has the same distribution as | X |&, and (8) together with (10)
and integration in polar coordinates give

4 n ) n
=Kpa f (H [Ee’<”"‘k"fk>>|r|f’—ddz=Kp,d / (H [Ejd/21<|r||xk|>>|r|f’—d d
R \p=i RY \i=1
o0 n
= KpalS"| f (1_[ Ejd/z_1<r|xk|))ﬂ’-1dz,
0 =1

where | S9! = 274/2/(I'(d/2)) is the (d—1)-dimensional volume of the unit sphere in R?. O

2.2. Proof of Theorem 1. Theorem 1 is a straightforward corollary of the following stronger Schur-
concavity result. For background on Schur-majorisation, we refer for example to [7].

Theorem 6. Letd > 5, and let &1, &, ... be independent random vectors uniform on the unit Euclidean
sphere STV in RY. For everyn > 1and 0 < p < d — 4, the function

(x1,...,x)— [

Yk _

k=1

is Schur-concave on R’

Proof. Thanks to Lebesgue’s monotone convergence theorem, it suffices to show that, for every § > 0, the
theorem holds with | - |77 replaced by the function Ws(x) = (Ix|> +8)~P/%. The gain is that Wy is C*®
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on R?. In view of the result of Baernstein II and Culverhouse from [4], it suffices to show that W; is
bisubharmonic, that is AAW; > 0 on RY. We approach this directly. Recall that

d—1 / "
AJ”(I)C|)=Wf(lxl)+f (IxD)

for a rotation-invariant function f(|x|) on RY, feC 2(IRJF). We have
AAWs(x) = p(p+2)(Ix P +8) PP Alx[* + Blx[* + ),

where A=(p—d+2)(p—d+4), B=25(d+2)(—p+d—4)and C =8%d(d+2). For p <d —4,
plainly A > 0 and B? —4AC =88%(d +2)(p+4)(p —d +4) < 0. This shows that Wy is bisubharmonic
on RY for every § > 0. (I

Remark 7. The crux of Baernstein II and Culverhouse’s work is the observation that the bisubharmonicity
of a continuous function ¥ on R? on one hand is sufficient for the Schur-convexity of the corresponding
moment functional from Theorem 6, EW (>";_, /xx&) (and necessary when W is radial), and on the
other hand, it is equivalent to the convexity of the function

> EW(v+18)

on R, for every v € R?. In the sequel, we will need to examine the behaviour of this function on (0, 1)
for unit vectors v when W (x) = |x|~? (see Section 3.1 below).

2.3. Outline of the proof of Theorem 2. Recall that here d =4 and &1, &, ... are independent random
vectors uniform on the unit Euclidean sphere S® in R*. For notational convenience, we put ¢ = —p,
0 < p < 3 and set

&§1+&
V2

Coulp) = cano(@)? =E[Z| =270 (2= 2), (13)

- I'G—p)
=2r/? , (12)
re-4)re-4)

Ca(p) =cap2(q)? =E

where Z is a standard Gaussian random vector in R* (consult (2) and (3) to justify the explicit expressions
on the right-hand sides). Moreover, let C(p) be the best constant such that the equivalent form of (1),

n 4 n -r/2
Y ak| <Cp) (Z a,%) : (14)
k=1

k=1
holds for every n > 1 and all real scalars ay, ..., a,.

E

Theorem 2 is a consequence of the next two results, where we break it up into two regimes.
Theorem 8. For 0 < p <2, we have C(p) = Coo(p).
Theorem 9. For?2 < p < 3, we have C(p) = Ca(p).

As optimality is clear, for the proofs of these theorems, we need to show that (14) holds with the
specified values of C(p).
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2.3.1. Outline of the proof of Theorem 8. Thanks to homogeneity, we can assume that the a; are positive
with ) a,f = 1. Using the Fourier-analytic formula for negative moments (11) and Holder’s inequality,
we obtain

n -p o0 n
E Zakék = Kp,4/ (l_[jl(akt))tp‘l dr
k=1 0 =i

n oo‘ 5 a,% n - - ,
<xp,4l_[</0 i1 (ax) | t!’ldt) —cpu[[@ Fpoay%, (5)
k=1 k=1

where the following function has emerged (after a change of variables in the last line):
o0
F(P,S)=/ ii@°tP~de,  p.s>0. (16)
0

This integral is finite as long as p < %s because j; (1) = O(t3/?) (see (22) below).

The next step is to maximise, individually, the terms in the product on the right-hand side of the second
line of (15), that is to look into sup - s” /2F(p, s). Heuristically, if we aim at proving that the worst case
is Gaussian, that is when a; = - - - = a, = 1/4/n with n — o0, a natural candidate for this supremum is
then given by s — 00, which would correspond to the inequality

o0
sP2F(p,s) < lim sp/zf () P~ de = hm/ |;1< )| Pl dr = / e BeP=Vdr  (17)
§—>00 0 0

(the last line can be justified using j;(t) = 1 —t?/8 + o(t?) = ¢! */8 + o(t?), recall the power series
definition (9) of j;). Were it true for all values of p and s, we would get

n

Z ari

k=1

E

4 o0 )
<Kp,4f e~ BtP=1dt = Coo(p),
0

finishing the proof. Unfortunately, the integral inequality (17) fails in certain ranges of p and s, where
additional arguments and ideas are needed. This is how we will proceed.

Step 1: Inequality (17) holds for all 0 < p <2 and s > 2.
As above, this gives the following partial case of the theorem when all coefficients a; are small.

Corollary 10. When 0 < p < 2, inequality (14) holds with C(p) = Coo(p) for every n > 1 and all real
2

: 1 no2
numbers ay, . .., a, with maxg<, |ay| < —Z(Zkzl ak)
Step 2: For % < 2, we employ 1nduct10n on n to cover the case maxy<, |ak| > —= (Zk 1a k)l/ 2.
This will give the theorem when p > ;. For the induction to work, (14) is strengthened but the base of

the induction fails for small p (roughly p < 0.2), hence the next two steps. Fortunately, when p is small,
the integral inequality holds for a wider range of s.

Step 3: Inequality (17) holds for all 0 < p < le and s > 1.3.

Corollary 11. When 0 < p < inequality (14) holds with C(p) = Coo(p) for everyn > 1 and all real
numbers ay, . .., a, such that maxk<n lar| < vV 13 (Zk 1 k)1/2
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Finally, when one of the coefficients ay, is large, the inequality holds for a different reason (we will use
a sort of projection-type argument).

Step 4: When 0 < p < zlw inequality (14) holds with C(p) = Coo(p) for every n > 1 and all real numbers
ai, ..., a, with maxy<, |ax| > v/ %(ZZ:] alz)l/z.

2.3.2. Outline of the proof of Theorem 9. If we want to prove that the worst case is now n = 2 with
ay = ay = 1/+/2, it is only natural to expect that Sup > sPI2F(p, s) is attained at s = 2, corresponding
to the integral inequality

sPRF(p,s) <2"PF (p,2). (18)
We will proceed similarly, with only the first two steps sufficing, as the inductive base now holds in the
entire range.

Step 1: Inequality (18) holds for all 2 < p <3 and s > 2.
Taking this statement for granted for now, we derive the following corollary.

Corollary 12. When 2 < p < 3, inequality (14) holds with C(p) = Ca(p) for every n = 1 and all real
. 1 n n1/2
numbers ay, ..., a, with maxy<, |ax| < Tj(zkzl ak) .

Proof. Assuming Y a,% =1 and applying (18) to the right-hand side of (15) yields

n
> a
k=1

-p
E

o0
Skpa-2PPF(p,2) =2""k,4 f )P~ de
0

= 2"PE|E + 5[ = Ca(p)
(for the penultimate step, recall again (15)). [l

. . 1/2
Step 2: For 2 < p < 3, we employ induction on n to cover the case maxy<, |ax| > %(2221 a,f) / .

To carry out these steps, we first establish a variety of indispensable technical estimates. After this has
been done in the next section, we will conclude the proof in Sections 4 and 5.

3. Ancillary results

3.1. Two-coefficient function. By rotational invariance,
Elai&1 + axv/t&| 77 = Elaje) +axv/1£| 7.

We begin with some properties of the function ¢ > E|aje; + ax+/t&| P, particularly important in the
inductive part of our proof. Recall the definition of the (Gaussian) hypergeometric function which shows
up very naturally, as explained in the next lemma. For real parameters a, b, c, it is defined for |z| < 1 by

the power series,
o0

2 Fi(a,b;c; z):Z

k=0

(@ (bl
©x K
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Lemma 13. Letd > 1, and let & be a random vector uniform on the unit Euclidean sphere S~ in R?.
Let p <d —1. Then

—d+2 k
pop=d+2.d N NG
k=0 2k
Proof. Fix 0 <t < 1. Let 8 = (e, &) be the first coordinate of &. Thus
2\/’ —p/2
Eley +1&| 7P = E(1 + 24160 +1) 7P/ = (1 +t)—P/2E< + 1—9)
- 27V
=1+ P/2) g2
(1+41) ;(Zk ( >1+t
From (10),
o2 (2k)!
d b
2% k(%)
hence
1/ 4 \f
E P —(141)P? ) )
ler + Vg7 = (140" Zzzk kv (1+1)2
Since
ORSOIEE
2 ) 4/i\ 4 i
we get

_ _ +2 d 4¢ p p—d+2 d
E P =R (22T =k 5, ——F— 5t
le1 + VIE| A+0)7""% 1(4 2 axng) T3 > >

where the last identity follows from Kummer’s quadratic transformations for the hypergeometric func-

tion » F (see, e.g., 15.3.26 in [1]). The desired power series expansion now follows from the definition
of 2F 1. O

This in particular yields the explicit expression for ¢z 2(g) from (2).

Corollary 14. Ford > 1 and p <d — 1, we have

p p-d+2.d 1) r4)red-p-1
2 M- 1)

El& +&177 —2F1(

Proof. The expression on the right-hand side follows from Gauss’ summation identity (see, e.g., 15.1.20
in [1]). O

Remark 15. In addition to the proof of Lemma 13 presented above we would like to sketch a different
argument, in the spirit of Lemma 1 from [4], which bypasses the explicit use of the hypergeometric
function. Let W (x) = |x|™7. Since on the unit sphere & € §9=1 is the outer-normal, by the divergence
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theorem (for the usual Lebesgue nonnormalised surface integral),

4 ~p _ui_/
dr oo le1 + V1£] dg_zﬁ S{zq((vw)(elJr‘/;S)’S)dé

1 .
NG /Bd div, (VW) (e ++/1x)) dx
=%/(Nww+¢th

Bd

for every 0 < t < 1 (note that e + +/x on Bg is away from the origin where W is singular). Computing
the Laplacian yields the identity

—d+2
(% le1 + /7E| 7P dE = M/ le1 + /7x| P2 dx.
t gd—1 2 Bzd

Writing the last integral using polar coordinates allows us to compute the higher derivatives by simply
iterating this identity. Thus

d p_Pp—d+2) 1 —p—2
dt[E|€1+\/;§| = > ST S le1 ++/tx]| dx
—d+2) 1 !
_pp=d+2) / / ri ey +v1r2g| P2 dg (19)
2 |Sd_1| 0 Jsd-1

and

pp—d+2) (p+2)(p—d+4) 1
2 2 |§4-1

2 1
%[aeﬁﬁgw: / U ey 4+ trx| P4 dx dr, etc.
0 B4

It then remains to evaluate these derivatives at = 0 to get the power series expansion coefficients.

Corollary 16. Let & be a random vector uniform on the unit Euclidean sphere S3 in R*. Let 0 < p < 2.
Then
_pC=p) PE=pY),

E tE|7P <1 , O<t<l.

le1 + V1| 3 Ty <r<

Proof. When d =4 and 0 < p < 2, all the terms in the power series from Lemma 13 but the first one
(which equals 1) are negative. Dropping all but the first three thus gives the desired bound. (I

Corollary 17. Let d > 1. Let & be a random vector uniform on the unit Euclidean sphere S4~" in RY. Let
0 < p <d —2. Then, for every vector v in R and a > 0, we have

Elv+a&|? <min{|v|™?,a 7}

Proof. By homogeneity and rotational invariance, we can assume without loss of generality that v =e; and
0 <a < 1 (note in particular that rotational invariance implies E|e; +a& |77 =E|&1 +a&y| 7P =Elae; +&|77,
so the case a > 1 reduces to the case 0 < a < 1 by multiplying both sides by a”). From the first line
of (19) we see that the function a — [E|e; 4+ a&| ™7 is nonincreasing, in particular Ele; +a&|77 < 1. U
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3.2. Bounds for the inductive base. We remark that in several places we need to use numerical values of
some special functions such as j;, ', ¥ = (logI")’ and will implicitly do so (to the required precision).

Based on tables left by Gauss, Deming and Colcord in [12] found the value of min,.o I"(x) correct up
to the 19th decimal which we record here (although we will not require such precision).

Lemma 18 [12]. We have
mig I'(x) =0.8856031944108886887 . . .
X>

uniquely occurring at xo = 1.46163214496836226. . ..

To check the base of the induction from Step 2 in Section 2.3.1, we will need the following two-point
inequality.

Lemma 19. For every % <g<land0<t <1, wehave

. q(lz—q)t B qz(llng)tz < F(2—q)(2— (%)—4)

Proof. We let Q,(t) and R, () denote the left-hand side and the right-hand side, respectively, and set
hg(t) = Ry(t) — Q4(1). We examine its second derivative

a*(1-¢?

6 b
which is clearly decreasing in ¢. Therefore, for all 0 < 7 < 1, we have h” ) < h’ ’(0), and, for 0 < ¢ < 1,
with the aid of Lemma 18,

hy(t)==2"T2—q)q(g+ DB -1+

39+2 3\2

1 3\4¢+! 1 B
2 (1) 0= re-g-(3) a-g=088—(3) -5 =0317s.

As aresult, h,(t) is concave on [0, 1]. To show that i, (z) > 0 on [0, 1], it thus suffices to verify that
(A)hy(0) >0 and (B) hy(1) >0 forall 5 | g<g<l
(A): hy(0) > 0 is equivalent to T'(2 — ¢) (2 ( )?) > 1, or after taking logarithms, g(¢) > f(q) with
g(g)=logF'2—gq) and f(q)=—1log2—log(l-3(3)").

Both f and g are clearly convex (note f(q) =—1log2+Y o, [% (%)q]k/k). For % < ¢ <£0.35, we bound g
from below by its supporting tangent at g = %:

g@) =) =g(B)+g (S (g-Y).

Since E(%) —f (%) > 0.0005 and £(0.35) — f(0.35) > 0.0003, thanks to the convexity of f, we conclude
that indeed g(gq) > f(q) for = < g < 0.35. For the remaining range 0.35 < ¢ < 1, we crudely have, using
the monotonicity of f and Lemma 18,

f(g) < f(0.35) < —0.124 < 10g(0.885) < logI'(2—¢q) = g(q).
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(B): hy(1) > 0is equivalentto I'2—¢q) > 1 — %q(l —q)— %qz(l —q?). Taking the logarithms and using
log(1 —x) < —x, x < 1, it suffices to show that

B q(1—q)  ¢*(—¢*)
f(@)=logl'2—q) + T

is nonnegative. This in fact holds for all 0 < g < 1. Indeed, f(0) = f(1) =0and, for0 < g < 1,

oo
1 5
" _ 2D
f(q)_g(2—q+k)2 9~
It suffices to show that this is negative for 0 < g < 1, so that the concavity of f will finish the argument.
To this end, we bound the convex function
o0
1

h(q) ZZ—(Z_q+k)2

k=0

from above by linear chords. For 0 < g < % we have

1—q

h(@) <hi(@) = 257 h(0) + Th(b).
2 2

and, since h(0) = énz — 1 and h(%) = %nz — 4, we get

hi(g) = %(7‘[2 —9q + énz —1.

We check that /1 (q) —q2 — % is maximised at g = %(yr2 —9) with the value less than —0.1. For % <g <1,
we have

l—¢q q-3

h(g) < ha(q) =

h(z)+

D),
2

=

2

and, since A(1) = én , we get

hy(q) =2(312 —7%)g + 2% —38.
Finally, we check that /15(¢) —¢g? —% is maximised at g = %(12—712) with the value also less than —0.1. [J

We emphasise that in part (B) of this proof, we have shown that, when ¢ = 1, the inequality in Lemma 19
holds for all 0 < g < 1. This combined with Corollary 16 leads to the following result, important in the
sequel in the proof of integral inequality (17).

Corollary 20. Let £ be a random vector uniform on the unit Euclidean sphere S* in R*. Let 0 < p < 2.
Then
Elei +§7" <T(2- 7).

equivalently

o P
/ i1 (2P dr < 2P*1r(5). (20)
0
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Proof. To explain the equivalent form involving j;, note that E|e; +&|~7 = E|& +&'| P for an independent
copy &’ of &, thanks to rotational invariance. It remains to use (11) which gives

o0
El§1+ £ = kpa f ()20 dr
0

and plug in the value of « 4. U

3.3. The integral inequality: 0 < p < 2. We record for future use the bounds

. o

10l <exp(—% —557), 0<r<4 e
172

ol < (2) @ -n s, 22)

where the first bound appears as Lemma 3.1 in [42] (see also [8, Lemma 3.6] for the proof of a more
general statement) and the second bound can be found in Watson’s treatise (see [47, p. 447] as well as
[14, Lemma 4.4]), which in particular gives

2/ 2 \l/4
lin()] < (g) (%1) 1732 x>l (23)
2 —

We define -~
H(p,s) = / @B O, 0<p<2, s> 1 24)
0

and immediately observe that after a change of variables one integral can be expressed in terms of the
gamma function,

o0
G(p,s)= / eS8l gy — S—P/223P/2—1r<§>. (25)
0

Recall (16), F(p,s) = fooo i1 (6)5tP~1 dt, so
H(p,s)=G(p,s)—F(p,s). (26)

Then the crucial integral inequality (17) is equivalent to H(p, s) > 0.

Our main goal and result here is that the integral inequality H (p, s) > 0 holds in rather wide ranges of
parameters (p, s) (however, it does not hold for all 0 < p < 2 and s > 1 which, as already noted, would
have been enough to deduce Theorem 8).

Lemma 21. The inequality H(p, s) > 0 holds in the following cases:
2ands > 2,
Tands>13.

(@ 0<p
() 0<p

NN

For the proof, we will need several rather intricate estimates on various integrals. The general idea we
employ here follows [42] and is to first use the explicit bounds on j; from (21) and (23) to get H > 0 in
certain but not all cases and then extend them by interpolating in s (exploiting the simple dependence
of G on s). This is in contrast to several works, e.g., [8; 9; 11; 14; 26; 36] which heavily rely on the
approach developed by Nazarov and Podkorytov in [38] to integral inequalities with oscillatory integrands.
We also refer to [2] as well as [35] for connections between such integral inequalities and majorisation.
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We begin by setting

P9 . 151/2y=s/2 r(g+2) Tr(5+4
4P 2w - 15'%) +23p/2—1s—p/2<1—1<£>_ (5 + )+ (5 + )) (27)

U(p,s)=
(p.5) B 2 6s 7252
which emerges in the next lemma (following [42, Lemma 3.2]).

Lemma 22. For p < %s, we have
F(p,s) <U(p,s).

Proof. Using (21) and (23) with #) = 4, we get

oo | oo t2 l4 | 8 S4p—3s/2
F(p,s)= O tP~" dr —s5— — P de ,
(P S) ‘/(; |]1( )| <,/() exp( S8 S3'27) +<151/4(27T)1/2> %_p

valid for p < %s. After the change of variables u = %stz, the first integral becomes

[e.e]
23p/21sp/2/ efuz/(6s)efuup/2fldu‘
0

We estimate the first exponential using e ™ <1 —x + %xz, x = 0, which gives the bound

/oo e, e_uup/z—ldu:F<£)_F(§+2)+F(%+4)
0 6s = 72s2 2 6s 7252

on the integral appearing in the above expression. ([

Lemma 23. The inequality
U(p.s) <G(p.s)
holds in the following cases:

17

(1)0<p\ ands/l()’

(i1) 0<p<§ands>2,

(i) 0< p<2ands > 3.

Proof. Note that U < G is equivalent to the following inequality (after cancelling the terms containing
F(% p) on both sides, factoring out F(% p+ 2) and moving terms across using that %s —p>0):
3s _, 12s — (5 +2)(5 +3) . sP/2+2

2 144 rs+2)

(2 1512y p/Z( (28)

To shorten the notation, let a = (277)/%- 154 and

A(p.s)=2" p/z(3_S_p> 125 — (2 +2)(2 +3)

2 144 ’

which is decreasing in p and increasing in s. In each of the cases we will simply replace A with its

smallest possible value given the range of p and s, so we let p; = %, s = %, p2= ‘5—‘, s» =2 and p3 =2,
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§3 = % and have A(p, s) > A, where Ay = A(pg, s¢) for k =1, 2, 3 in cases (i), (ii), (iii), respectively.

Then it suffices to prove that
§P/2+2

Ara’ > —.
T

We take the logarithm and consider
f(p,s)=sloga+log A, — (% —|—2) log s +10g1"(§ +2).

Our goal is to show that f(p, s) > 0. We observe that
0 1 1,(pP 1 1, (Dk
J— — —— — —_ < —= — —
apf(p,s) 210gs+21//<2+2)\ 210gsk+2¢(2 +2)

in each of the three cases and the resulting numerical values on the right-hand side are bounded above by
—0.015, —0.02 and —0.029 for k = 1, 2, 3, respectively. Similarly,

p Pk
5+2 S+2
2 >loga — 2 ,

Sk

9
o =1 _
E)sf(p’s) oga

with the right-hand side bounded this time below by 0.34, 0.39 and 0.47 for k = 1, 2, 3, respectively.
Thus f(p, s) is decreasing in p and increasing in s, SO

f(p,s) = f(pe, si),

and after plugging in the explicit numerical values, the right-hand side is bounded below by 0.041, 0.049
and 0.032 for k =1, 2, 3, thus proving (i), (ii) and (iii), respectively. U

The next two lemmas are vital for the interpolation argument.

Lemma 24. For % < p <2, we have
F(p,%) <e ?°G(p,2).

Proof. Using (23) with 1y =5, we get

o0 _ 4/3 125\2/3 gp—4
oo ()G :
/5 orteta< (2)7(5) 1, 29)

which for p < 2 gives

o0 8\4/3 /125\2/3 5p—4 2
. 8/3,p—1 ° = = p
/5 prOF dtg(n) (24) PR AN Ve

We divide the interval [0, 5] into consecutive subintervals of the form [k/m, (k+1)/m], k=0, 1, ..., 5m—1
with m = 100, and crudely bound

5
/ lin(0)|* P~ de
0 Sm—1

< GO B (5 0

k=1
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i \01234567891011

103 - (¢; (u;) — L(u;)) 1 58 9 10 12 13 14 14 15 15 15
103 (¢;(uis1) —L(uis1)) |4 8 9 10 11 13 14 14 15 15 15 14

Table 2. Proof of Lemma 24: lower bounds on the differences at the endpoints of the
linear approximations ¢; to R(p).

(we have used that |j;| < 1 and that j; is monotone on [0, 5], the former justified by (10) and the latter,
e.g., in [42, p. 290] in the proof of Proposition 1.1). Now,

1/m 1 1
/ P = < .
0 pm?  0.8mP

A resulting bound on e?/62!=P fooo li1(£)3/3tP~1 dt is of the form

h(p) =) Maf
k

with explicit positive numbers A, ax. We check that L(p) =logh(p) <logI' (%p) =R(p)for0.8< p<K2
relying on the fact that both sides are clearly convex (recall that summation preserves log-convexity).
Specifically, we divide the interval [0.8, 2] into 12 consecutive subintervals [u;, u;+1], u; = 0.8 4+0.1i,

i =0,1,...,11 and on each interval we bound R(p) from below by its tangent put at the middle
S %(ui +uit+1), £i(p) = R'(v;)(p —v;) + R(v;) and then check that £;(p) > L(p) by checking the
values at the endpoints p = u;, u; 11, which are gathered in Table 2. ]

Lemma 25. For0 < p < ‘l‘, we have
F(p,1.3) <e*"VG(p, 1.7).

Proof. Fix 0 < p < 1. We break the integral on the left-hand side into the sum of four integrals

Z.
Ar+---4+ Agover (0,1), (1,5), (5,10) and (10, co). For the first one, we use (21):
13 _g(ﬁ r )} 13, 377 4
1 <exp—5(5 +377)} <1 - 557 + a9 0= <!

(the last inequality obtained by taking the first terms in the power series expansion of the penultimate
expression, which gives an upper bound as can be checked directly by differentiation). Integrating
against 7! yields

1 13 377 - 1 13 n 377

p  80(p+2) 38400(p+4) p 80(p+2) 38400-4°

For the last one, we use (23) with 7y = 10:

/oo((§)1/2(@)1/4t_3/2>1.3tp_1 4 — 253/20 10P
o Wz o9 1113/40. 53/10(3,7)13/20 39 — 20

253/20 107
< -
= 1113/40 ,53/10(37-[)13/20 34

A <

Ay

N
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For A, and Az, we use Riemann sums. First, without any error term thanks to the monotonicity of jj
on (1, 5),

4

3

14+ (k+1)/m

L kny r=14y
maan(l—i- )‘ )]1( m )‘ }/]+k/m tP7d
K max |11 (14 £ )] it (1+k+1)’ }(H%)p_

m

A

N
N g

—_—

3

~
Il
S

Second, on (5, 10), we choose the midpoints and bound the error simply using the supremum of the
derivative via the crude (numerical) bound

sup | L5 o 3‘ <0.06
te[5,10] dr

(since
J2 (1) =2Jo(f) _411(t),
t t 12

d .. . . .
SO = 135001 and jiw =-2

the function under the supremum can be expressed in terms of Jy and J; and the supremum can be

estimated by employing the precise polynomial-type approximations to Jy and J; from [1]: 9.4.3 and 9.4.6,
pp- 369-370). This leads to

Sm—1 L\ (13 p54(k+1)/m 10
k+ 1 +(k+1)/ 1
A< ) i1(5+ 2) f tl"ldt+0.06—/ P~ dr
P m S+k/m 2m Js
Sm—l. k—i—% 1_3(5+%)p71 3.5p
= kZ(; >+ m m 100m

With hindsight, we choose m = 200. Adding these four estimates together (call the rightmost sides of
these bounds By, ..., B4) and multiplying through p, it suffices to show that L(p) < R(p) for0 < p < 7,
where

L(p)=p-(Bi+---+By) and R(p)= (e2/1723/21.7—1/2)1’r<§ + 1).

Plainly, R(p) is convex (as being log-convex), whilst

13 377
L(p) = - pl0o? . pSP 2: pa’
(p) = 80 T 300p+2) T 153000F T P10 F e p3T A ) hipa;

12

with positive constants cy, ¢2, A; (specified above) and a; > 1 (of the form (1 + k/m), k > 0). Thus,
L(p) is also convex and now we proceed similarly to what we did in the proof of Lemma 24. Note
that L(0) = R(0) = 1. For 0 < p < 0.02, we have R(p) > £o(p) = 1 + R’(0)p and check that
£0(0.02) — L(0.02) > 1073 > 0 to conclude R(p) > L(p), 0< p <0.02. We divide the remaining interval
(0.02, 0.25) into six intervals: (0.02, 0.05), (0.05, 0.1), (0.1, 0.15), (0.15,0.2), (0.2, 0.23), (0.23, 0.25)
denoted by (u;, u;+1), i =1,...,6, choose their midpoints v; = %(ui + u;+1) and bound R(p) from
below by its tangent ¢; (p) = R'(v;)(p — v;) + R(v;), and check that £;(p) > L(p) at p = u;, u;+; (see
Table 3) to conclude that R(p) > L(p) for all u; < p <u;q1, i =1,...,6, by convexity. |
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i \123456

10% - (¢; (u;) — L(u;)) g 1 3 4 5 3
10 (€ (uiy1) —L(uiz1)) | 2 3 4 3 3 2

Table 3. Proof of Lemma 25: lower bounds on the differences at the endpoints of the
linear approximations ¢; to R(p).

We are ready to prove the main inequalities of this section.

Proof of Lemma 21. First we show (a). Lemma 22 combined with Lemma 23 part (ii) as well as (iii)
glves (a)forall 0 < p g ,s=2,aswellasall0< p <2, s> 8 , respectively. It remains to handle the case
fop<2,2<s< We apply Holder’s inequality, Lemma 24 and (20), equivalently F(p,2) < G(p,2),
to get

35—6)/2 - - _
TR (G (p, 2) B OG (p, 2)) 3O

_ e—P(S—Z)/42P—11"<£>'

F(p,s) < F(p,2)®¥/2F(p,

2
By concavity, log s < (s —2)+log2, s > 2, thus
e PO/ L gTP2P12 0 >0 p >0, (31)
which gives (a).
To show (b), we proceed similarly. Lemma 22 combined with Lemma 23(i) gives (b) for all 0 < p < %
and s > 1.7. In the remaining case 1.3 < s < 1.7, from Holder’s inequality, Lemma 23(i) and Lemma 25,

we obtain
=e(p/Z)(l7—lOS)/l71.7—[)/22311/2—11—‘<§>.

Thanks to concavity, log s < s —1+logl.7, s < 1.7, which gives
eP/DWT=109)/171 7-p/2 < (=P/2

whence (b). U

3.4. The integral inequality: 2 < p < 3. We follow the general approach from the previous case
p < 2. Recall (16), F(p,s) = fooo [i1(£)|*tP~" dt, and that the crucial integral inequality (18) reads
sPI2F(p, s) <2P/2F(p,2). Thus here we let

H(p,s)=sP?2°2F(p,2)— F(p,s), 2<p<3, s> 1. (32)

Note that we can express F(p, 2) explicitly: using Corollary 5 and (12), we obtain

o0
F(p,2):/ 1@ dr =k, yEIE + & TP =k, 27PCy(p) =27
0
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In view of (32), we therefore set

G(p,s) = s P/223/2= 11“(2)1)(19)

with
'G-p

[F-5)TE-5)

H(p,s)=G(p,s)—F(p,s).

D(p) =

so that

The main result of this section is that integral inequality (18) also holds for all s >

H(p,2)=0
Lemma 26. The inequality ﬁ(p, s) > 0 holds forall2 < p <3 ands > 2

(33)

(34)

2. We emphasise that

This will be established in a very similar way to the previous section: crude pointwise bounds on j;

will suffice to handle the case s > % which will then be extended to s > 2 by interpolation.

Lemma 27. With D(p) defined in (34), the function p +— log D(p) is increasing, convex and positive

on (2,3).

Proof. Let x = %(3 —-p), 0<x< % By the Legendre duplication formula (see, e.g., 6.1.18 in [1]),

(2x) B 22717 (x)

D(p) =

Thus the convexity of log D(p) on (2, 3) is equivalent to the convexity of

f(x)=logI'(x) —logF(x—|- %) —logF(x—|-%)

Fr+4)Tx+3) Val(x+5)r(x+3)

on (0, %) Using the series representation of (logI'(z))” = Zf;o(z +n)~2 (see, e.g., 6.4.10 in [1]), we

get
o0 o0 o
g x+n)2 Z(x—l—n—i— Z (x+n+ )
1 1 o0 o
= - 2
X2 (x+4)? Z<x+n>2 ;x+n+
For0 < x < %
> 1 > 1 > 1 > 1
-2 -2
Zl(x+”)2 ,;(HH%)2 ;(%Jr ) S ()
thus

The rlght -hand side is clearly decreasing (e.g., by looking at the derivative), so for 0 < x < 5

4—-1- 571 244=7— 571 which is positive.

, 1t 1S at least
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Moreover,
d 1—y
—log D =—>0
p og D(p) e 5>
(y =0.57... is Euler’s constant), so D(p) is strictly increasing on (2, 3) with D(2) = 1. U

Lemma 28. Forall2 < p <3ands > %, we have
U(p,s) <G(p,s).

Proof. We let a = 2m)!/ 2.15Y4 and inserting the definitions of U from (27) and G from (33), the
desired inequality becomes

47g7"
3s

2

)T+ TG+

6s 7252

1 g—P/293p/2-1 (F(E
2

) N s_p/223p/2_]r(§)D(p),

equivalently,

oo ap(P _ p 125 — (5 +2)(5 +3)
5P <SF(2)(D(p) 1)+r(2+2) = .

The right-hand side is clearly increasing with s (D(p) > 1 by Lemma 27), whereas the left-hand side
is decreasing with s (for every fixed 2 < p < 3), as can be checked by examining the derivative of
log(a—*sP/>*2). Therefore, it suffices to prove this inequality for s = %. Moreover, after replacing I" (% p)
on the right-hand side with 0.88 (see Lemma 18) and F(% p+ 2) with I'(3) = 2, it suffices to prove that
the function

82 32-(2+2)(2+3) (197
f(p) (3)( (=D T i

where b = 2a8/3 (%)2, is positive for 2 < p < 3. We put
()"

3 +i(£+2)(£+3)

L(p)=b
Pr=b = *36\3 2

and
R(p)=0.88(2)*(D(p) — 1)+ &,

which are both convex (D(p) is even log-convex, see Lemma 27). For 2 < p < %, we use the tangent
£1(p) = R(2)+ R'(2)(p — 2) as a lower bound, R(p) > £1(p), and check that at p =2 and p = % the

linear function £; dominates L (the difference is 0.017 ... and 0.076.. ., respectively), which then gives
R>¢y>Lon (2, %) Similarly, for % < p <3, we have R(p) > lr(p) = R(%) + R’(%)(p — %) and
fy—Latp= % and p=3is 1.19... and 3.77. .., respectively. This finishes the proof. O

Lemma 29. Forall 2 < p < 3, we have

F(p, %) < e_p/f’é(p, 2).
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Proof. Consider
L(p)=logF(p.%) and R(p)=loge "°G(p,2)),

which are both convex (recall Lemma 27). Using that, we crudely bound R(p) from below by tangents:
ri(p) = R2)+ R'(2)(p —2) on (2,2.5) and r,(p) = R(2.5) + R'(2.5)(p — 2.5) on (2.5, 3), and then
compare their values at the endpoints with upper bounds on L to conclude that r; > L on (2, 2.5) and
rp > L on (2.5, 3). Estimates (29) and (30) added together (applied with m = 100 as in Lemma 24) yield

L(2) <035, L(2.5)<0.56, L(3)<0.96,
whereas we check directly that
r1(2) > 0.359, r1(2.5)>0.58, r@3)>1.48.

Comparing these values finish the argument. U

Proof of Lemma 26. Lemma 22 combined with Lemma 28 show that H (p,s) >0forall2 <p <3
and s > % To cover the regime 2 < s < £, we first apply Holder’s inequality in the exact same way as in
the proof of Lemma 21(a):

F(p,s) < F(p,2) 832 F (p, §)7707,
and now, with F(p,2) = 5( p,2) and Lemma 29, we get that
F(p.s)<e P 1G(p,2).
Finally, using (31), the right-hand side gets bounded from above by the desired 5( D, S). ]

3.5. Miscellaneous facts. Our first result here is a straightforward extension of Lemma 8 from [28] to
negative moments (see also [9, Lemma 3]).

Lemma 30. Let O < p < 1. Letn,d > 1, and let X1, ..., X, be independent rotationally invariant
random vectors in R?. Then
n n —-p
E[D okl Xel ™7 = Bp.aE| > (ve. Xi)
k=1 k=1
for arbitrary vectors vy, ..., v, in R, where
df
8, Vvl (52)
p.d = 1= d\’
r()r()

Proof. Thanks to homogeneity, we can assume that the v; are unit. Thanks to rotational invariance and
independence, we can assume without loss of generality that vi = - - - = v,, = ey, but then it suffices to
consider the case n =1 (because sums of independent rotationally invariant random vectors are rotationally
invariant). The latter can be easily justified in a number of ways.

For instance, it follows from a Fourier-analytic argument: we invoke (11), rewrite Ejg/2—1 (7| X|) as
Ee'!(-Xk) and apply (8) with d = 1to Y_(vx, Xx) which gives Bpa = kpa/(2Kp.1).
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Alternatively, we can apply a standard embedding-type argument: if we take a random vector & uniform
on the unit Euclidean sphere S?~!, independent of the X, we have, for every vector x in R,

El(x, §)|77 = B, 4lx| 7,

with
R A i Ut it A D1
= el, = = .
e Sha=mara - Jmr(E)
Applying this to x = X, taking the expectation over X; and noting that (X, £) has the same distribution
as (X1, e1) finishes the argument. O

Lemma 31. For every 0 < g < 2, we have
(B) <Tr2-9.

Proof. The function f(g) =logI'(2—¢g)—q log % is convex on (0, 2) with f/(0) =y —1—log % > 0.007.
Thus f is strictly increasing and the lemma follows since f(0) = 0. ]

4. End of the proof of Theorem §

To finish the proof of Theorem 8, we only need to justify Steps 1-4 from Section 2.3.1.
4.1. Step 1 and 3: Integral inequality. Lemma 21(a) and (b) gives Steps 1 and 3, respectively.
4.2. Step 2: Induction. First note that, by homogeneity, (14) with C(p) = C(p) is equivalent to

n 5 —-p/?
<coo<p>(1+2ak) :
k=2

—-p

E

E1+) ak
k=2

For p > 0 and x > 0, we define
¢p(0) = (1+x)"P2
and
®p) = {?;(2) —$,2—x) g ii< 1.
P P ’ SAS

Geometrically, on [0, 1], the graph of ®,(x) is obtained from the graph of ¢,(x) on [1, 2] by reflecting
it about (1, ¢,(1)). Crucially, ®,(x) < ¢, (x) for all x > 0, since 2¢,(1) < ¢, (x) + ¢,(2 — x), by the
convexity of ¢,. By induction on n, we will show a strengthened version of the above with ¢, on the
right-hand side replaced by ©,,.

Theorem 32. Let % < p <2 Let&y, &, ... beindependent random vectors uniform on the unit Euclidean
sphere S3 in R*. For every n > 2 and nonnegative numbers a, . . ., a,, we have
n —-p n
Ele+ a&| < Co(p)®, (Z a,%). (35)
k=2 k=2
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Proof. For the inductive base, when n = 2, (35) becomes
Bl +Viga " <27°T (2= 2) 0,0, 120,

where we have put = a2 By homogeneity and the fact that &, < ¢, the case ¢ > 1 reduces to the case
0<t<1. Indeed,ift > 1, we have ®,(t) =¢,(t) =(1+1)" P2 so dividing both sides by 7~ P/2 the
1nequahty is equivalent to the one with 1/¢ instead of ¢ and ¢,(1/¢) on the right-hand side. The case
0 <t < 1 follows by combining Corollary 16 and Lemma 19 (applied to g = % p, noting as usual that by
rotational invariance, E|e; + +/1& |77 = E|&; + +/1E|7P).

For the inductive step, let n > 2 and suppose (35) holds for all » — 1 nonnegative numbers ay, ..., a,.
To prove it for n nonnegative arbitrary numbers, say a, ..., a, d,+1, we let

x=a3+-+ai+a.,
and consider 3 cases.

Case 1: a; > 1 for some 2 <k <n+1. Thenx > 1, so ®,(x) = ¢,(x) and our goal is to show

ntl1 n+1 —p/2
Z k| < Coulp) (Z a,%) : (36)
k=1

where we put a; = 1. Let ai“, el ajl‘ 41 be a nonincreasing rearrangement of the sequence ay, ..., a;+1,
and set a; =a;j /aj, k=1, ..., n+ 1. Thanks to homogeneity, to prove (36), it is enough to prove

n+l1 n+1

zaksk <, (Xa?)

k=2

which is handled by either of the next two cases because here aj =1 and a; < 1 for all k > 2.

Case2.1: g <1forall2<k<n+1and x > 1. Since x > 1, our goal is again (36) with a; = 1. We have

1 1 n+1 1/2
max a; =1< —=+1+ =—(Za,§) ,
k<n+1 V2 V2 —

so Corollary 10 finishes the inductive argument in this case.

Case 2.2: q; < 1forall2 <k <n+1and x < 1. Fix vectors vy, ..., v,41 in R* with |vx| = ax, for each
k=2,...,n+ 1. Then, plainly,

n+1

=E|letlsi + Y lulée
k=2

n+1

El§ + Z akék

and thanks to Lemma 30, when 0 < p < 1, the right-hand side can be written as

—-p

’

n+1 —-p n+1 -p
Ellelsr+ ) loclék| = BpaE[ler, &)+ Y (v, &)
k=2 k=2
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If we let Q be a random orthogonal matrix, independent of the &, and note that (§,, &,+1) has the same
distribution as (&,, Q&,), we obtain

n—1

(e1, 1) + Y (vk, &) + (vn + Q Tvng1, &)

k=2

n+1

(en, 1) + Y (v, &)

k=2

-p
=Epk:

-p
E

Going back to the vector sum again via Lemma 30, we arrive at the identity

n—1

&1+ Z vkl + [vn + QT vn 1€
k=2

n+1

E1+) ake
k=2

The same identity continues to hold for all 0 < p < 3: we know it holds for all 0 < p < 1, and both

-p
=EpF:

-p
E

sides are clearly analytic in p wherever the expectations exists, that is in {p € C, Re(p) < 3} because
|[E| . |Z| < E| - |Re® for z e C (the analyticity follows, e.g., from Morera’s theorem by a standard argument).
Conditioned on the value of Q, the inductive hypothesis applied to the n—1 nonnegative numbers
lval, .o s [vn—1l, lvn + QTvn+1| yields

n+1

E1+) ke
k=2

—-P

E <EoCoo(P)D (02?4 -+ -+ [Vt |* + [vn + QT w1 1),

Note that
[val* 4+ 4 Va1 * + vn £ Qo1 = x £2(v, QT 1),

so thanks to the symmetry of the distribution of Q, we can rewrite the right-hand side as

ch(x + 2(vp, QTUnJrl)) + (Dp(x — 2(vy, QTvn+l>)

The proof of the inductive step now follows from the following extended concavity property of ®,, applied
to ar =x +2(v,, O vps1). O

Lemma 33. Let p > 0. For every a_, ay > 0 with %(a_ +a;) < 1, we have

®,(a-)+ Pplay) <® (a—+a+)

2 SN 2
Proof. This is Lemma 20 in [9] (stated there for no reason only for 0 < p < 1, as the proof works for
every p > 0 because it only uses the convexity of ¢,). (I

4.3. Step 4: Projection. Let us say that a; = maxyg, |ak|, so that a; > +/ {—(3). Projecting onto this
coefficient— that is applying Corollary 17 to a =a; and v =) ;_, axé (conditioning on its value) —

we get
L .
E <4’ < (—ig)p <2r(2-2) = cip).

n
> a
k=1

where the last inequality results from Lemma 31 (applied to ¢ = % p). We have now finished the proof
of Theorem 8. ]
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5. End of the proof of Theorem 9

To finish the proof of Theorem 9, we only need to show here Steps 1 and 2 from Section 2.3.2.
5.1. Step 1: Integral inequality. 1.emma 26 gives the desired claim.

5.2. Step 2: Induction. We repeat the entire inductive argument from Section 4.2 verbatim, replacing
}‘ < p <2with2 < p <3 and Cu(p) with C2(p). The only modification required is to check the
inductive base which now amounts to verifying that

El& + 15|77 < Ca(p) D, (1) = Ca(p)21P2 — (3 —1)7P?), 0<t <.

By Lemma 13, the left-hand side is clearly increasing in # (when 2 < p < 3 and d = 4, all the coefficients
in the power series expansion therein are positive), whereas the right-hand side is clearly decreasing in ¢.
By the definition of C»(p), there is equality at t = 1. This finishes the proof of Theorem 9. (Il

Appendix: Behaviour of the constants

We sketch an argument of the following proposition which justifies (5).

Proposition 34. For every d > 1, the equation cy2(q) = ca4,00(q) has a unique solution q = q; in
(—=(d—1),2). Moreover, ¢y 2(q) < ca,00(q) for —(d—1) <q <qj, and ca2(q) > ca,00(q) forq; <q <2.
Ford > 5, we have q; € (—(d—1), —(d—2)).

Proof. Since the cases 1 < d < 4 have been explicitly dealt with (see the discussion in the introduction),
it is enough to analyse the case d > 5. Moreover, by the Schur-concavity result of [4] and [28],
Cd,00(q) < cq2(q) for every 0 < g < 2, so we can further assume that —(d — 1) < g < 0. We look into
the sign of

ha(q) =log(ca2(9)?) —log(ca,00(q@)?).

Note that for ¢ < 0 the sign of h,4(q) is opposite to the sign of ¢4 2(q) — c4.00(q)- Now, h;(g) can be
equivalently recast as

L D(Erd+g-1) 2y L (5Y)
h -1 2 q/2 2 )_1 (_ 2 )
(@) Og( rGOr@+g-n) (@) r()
F(4)°rd+q-1) )
r(&9’r@+4-1/"

= —qlog2+%logd+log<

Writing x = %(q +d—1)¢€ (0, %(d — 1)) and ﬁd(x) =hy(2x + 1 —d), we get—using the Legendre
duplication formula I'(2x)/7r = 2**~'T'(x)I" (x + 5) — that

) I(x) 242 (4)*
ha(x) = xlogd +log<f‘(x + %)F(x + %)) —Hog(ﬁd(d_l)/z)

We now make the following claims.
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Claim 1. For all 0 < x < 1, we have ﬁg(x) > 0.06.
Claim 2. For every d > 5, we have infj .- 4—1)2 fz;l(x) > 0.
Claim 3. /4(3) < 0.

The strict convexity from Claim 1, the simple observation that Ed (04) = 400 and Claim 3 give that Ed
has a unique zero, say xp, in (0, %), is positive on (0, xg) and negative on (xo, %) Claim 2 and the
simple observation that /14(3(d — 1)) = 0 gives that h, is negative on [1, $(d — 1)). Convexity also gives
that ﬁd is negative on (%, 1) since hd(%) and h4(1) are negative. These give the desired behaviour of
ca.2(q) — cq.00(q) for —(d — 1) < g < 0. Finally, it also follows from Claim 2 that h;l(O) > 0, which
gives ¢4.2(0) — c4.00(0) > 0. It remains to prove the claims. U

Proof of Claim 1. Differentiating twice yields

o]

- 1 1 1
oo = - )

e (x +n)? - (x—}—n—l—%)z (X—f—n-i-%)

Note that the first two terms make up a decreasing function, thus, for 0 < x < 1 and d > 5, the right-hand

side is greater than
o.¢]

1 1 1 2
Z 2 2 ;) =575 >0 U
A R N A

Proof of Claim 2. Differentiating once yields
hy(x) =logd + (Y (x) =¥ (x + 1)) =¥ (x + 1 — D),
where ¢ = (log ")’ as usual denotes the digamma function. By the well-known inequality

x//(u)glogu—%, u=>0

(see, e.g., 6.3.21 in [1]), we obtain

Ry (x) > loga’—log<x—|— d;l) + 2x—|—1d—1 — (1//<X+ %) — w(x)).

Put y = %(d — 1) and call the right-hand side F(x, y). Note that, for every fixed x > 1,

1 111 1 111
f— —_—— > — —_—— s
y+3 x+ty 20+ y4+5 l+y 2(1+y)?

oF
W(X, )=
which is clearly positive for all y > 0. Therefore, for all 1 <x <y,
hy(x) > F(x,y) > F(x, x).

It remains to prove that f(x) = F(x, x) > O for every x > 1. We have

o= (s 1)+ 1)~ (o))
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Note that each bracket is a decreasing function in x (for the second one, e.g., by taking the derivative).
Thus, crudely, for 1 <x < 1.07,

fx > <1°g<1 ta 07) + 4-11.o7> - (‘p(l + ) ‘”(1)) > 0.003.

For x > 1.07, using again

1 1 1
) <« 2y
l”(XJ%)\IO‘%(’”%) 2x+1

V(x) > log<x + 2) —%

as well as

(see [15]), we get

fx) = log(1+2 >+$_()lc_ le—l-l)'

It is elementary to verify that the right-hand side is positive for x > 1.07 (it is in fact unimodal, e.g., by

analysing its derivative). O
Proof of Claim 3. We have
() =rs(2 a2 (4.
Letting u = %d > % and using
() < V2rut=12e—utl/020 -y 5 0, (37)

(see [23]), we get
ild(%) < log(v/2m 21 et 1/02my, 172y < log(@?‘*le*”l/wul/z).

Denoting the rightmost side by f(u), we see that f is strictly concave. Since f ’(%) < —0.1, we see
that f is decreasing for u > 5. Thus f ( ) < —0.04 finishes the argument. ([l

Remark 35. We have

N 1—1log2
q; =—(d—1)+0(d)exp —Td , d— 0. (38)

As before, by Claim 1, to show g < —(d — 1) 420 for some ag > 0, it suffices to check that ﬁd (ag) <O.
We have

ha(@a) = aglogd +1o I (ta) +1o 22r(y)

Og) =0« - &’

= R T O N g+ D ag + 50) | Jmd @72
LT (5)”

= aylogd +log +dlog2 —log(4/m).

(o + D o + )07

Note that I'(x) < 1/x for 0 < x < 1 (since I'(1 +x) < 1) We consider oy = Cde™“? for positive
constants ¢ and C chosen soon. For d large enough, oy < 3, so F(ad + ) > 1. Moreover, I'(ag) < 1/ay,

Faat ) > () =75 (5) = a7 (5)
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as well as oy logd = o(1), thus

r()

Ce—cdj@d-1)2

d-T(5)

ha(aaq) < 0(1)+logadd(d—_1)/2

+dlog2=0(1)+1log +dlog?2.

Applying (37) to F(%d), we obtain
ha(etg) < O(1) —log C +d(c+ 3 log2 —1).

Choosing ¢ = %( 1 —log?2) and C large enough to offset O (1), the right-hand side becomes negative.
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A SUBSTITUTE FOR KAZHDAN’S PROPERTY (T)
FOR UNIVERSAL NONLATTICES

NARUTAKA OZAWA

The well-known theorem of Shalom—Vaserstein and Ershov—Jaikin-Zapirain states that the group EL, (R),
generated by elementary matrices over a finitely generated commutative ring R, has Kazhdan’s prop-
erty (T) as soon as n > 3. This is no longer true if the ring R is replaced by a commutative rng (a ring but
without the identity) due to nilpotent quotients EL, (R/R*). We prove that even in such a case the group
EL, (R) satisfies a certain property that can substitute property (T), provided that 7 is large enough.

1. Introduction

We continue and extend the scope of the study of [Kaluba et al. 2019; 2021; Netzer and Thom 2015;
Nitsche 2020; Ozawa 2016], which develops the way of proving Kazhdan’s property (T) via sum of
squares methods. See [Bekka et al. 2008] for a comprehensive treatment of property (T). Let I' = (S) be
a group together with a finite symmetric generating subset S. We denote by R[I"] the real group algebra
with the involution * that extends the inverse % : x — x~! on I". The positive elements in R[I"] are sums
of (hermitian) squares,

27R[T] = {§ E6it6i € R[F]}
i
and the combinatorial Laplacian is

A= % 2;(1 —)*(1—s5)=|8|— Z;s e ’R[T].

It is proved in [Ozawa 2016] that the group I" has property (T) if and only if there is & > 0 that satisfies
A?—eA € 2°R[T].

Property (T) for the so-called universal lattice EL,,(Z[t, ..., t;]), n > 3, is proved in [Shalom 2006;
Vaserstein 2006; Ershov and Jaikin-Zapirain 2010]. See also [Mimura 2015] for a simpler proof and
[Kassabov and Nikolov 2006; Kaluba et al. 2019] for partial results. All the proofs (save for [Kaluba
et al. 2019]) rely on relative property (T) of certain semidirect products. Our interest in this paper is
in the infinite index subgroup EL,(Z(t, ..., t;)) of EL,(Z[t1, ..., t;]). Here R :=Z{ty, ..., t) is the
commutative rng (i.e., a ring, but without assuming the existence of the identity; R is an ideal in the
unitization R') of polynomials in ¢y, ..., t; with zero constant terms and EL,,(R) C SL, (R denotes

MSC2020: primary 22D10; secondary 22D15, 46L.89.
Keywords: Kazhdan’s property (T), real group algebras, sum of hermitian squares.
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the group generated by the elementary matrices over the rng R. The elementary matrices are those
e; j(r) € SL, (R') with 1’s on the diagonal, » € R in the (i, j)-th entry, and zeros everywhere else. The
group EL,, (R) does not have property (T), because it has infinite nilpotent quotients EL, (R/R¥). The
group does not seem to admit a good analogue of relative property (T) phenomenon, either. Still, we
prove via sum of squares methods that EL, (R) satisfies a property that can substitute property (T).

Main Theorem. Let d € N and consider the commutative rng R := Z(t|, ..., t;). Then there are no € N
and ¢ > 0 such that, for every n > ng, the combinatorial Laplacians

d
A= Z 2(1 —e j(t)" (1 —e; (1))
i#j r=1
fOl" ELn (R) and

d
AP =3 " (1= j (1)) (1 = i j (1r1;))
i#j rs=1
for EL,,(R?) satisfy
A% —neA® e 22R[EL,(R)].

Here Y2R[I"] denotes the archimedean closure of £2R[I'] (see Section 2). An upper bound for n¢ in
the Main Theorem is in principle explicitly calculable, but we do not attempt to do that (nor attempt to
optimize the proof for a better estimate). We conjecture' that the Main Theorem holds true with ng =3
(in particular ng should not depend on d). Our proof is inspired by the work of Kaluba, Kielak and
Nowak [Kaluba et al. 2021] that proves property (T) for Aut(F,) for d > 5 via computer calculations and
an ingenious idea on stability. Our proof does not rely on computers, but instead on analysis by Boca
and Zaharescu [2005] on the almost Mathieu operators in the rotation C*-algebras. In fact, there is no
known method of rigorously proving a result like the Main Theorem by computers. This is because the
conclusion is analytic in nature—the archimedean closure is indispensable. See discussions in Section 6.

The above theorem has a couple of corollaries. The first one is reminiscent of one of the standard
definitions of property (T) (see Definition 1.1.3 in [Bekka et al. 2008]).

Corollary A. For every d, if n is large enough, then for every k > 0 there is 6 > 0 satisfying the following
property. For every orthogonal representation w of EL,,(Z(t1, ..., t;)) on a Hilbert space H and every
unit vector v € H with max; j , ||[v—m(e; j (1)) vl <6, there is a vector w € H such that ||v — w|| <« and

lim max ||lw — 7 (e; (tf))wH =0.
=00 i,j,r

We remark that a certain strengthening of the above corollary does not hold. Namely, there is an
orthogonal representation w of EL,(Z(ty, ..., t7)) that simultaneously admits asymptotically invariant
vectors v and a sequence x; € EL, (Z(t{, e tfl)) with 7 (x;) — 0 in the weak operator topology.

Corollary B. For every d, if n is large enough, then the group EL,(Z({t,, ..., tz)) has property (t) with
respect to the finite quotients of the form EL, (S), where S is a finite unital quotients of Z{t, ..., tz).

INB: As the author is lame at the computer, no computer experiments have been carried out.



A SUBSTITUTE FOR KAZHDAN’S PROPERTY (T) FOR UNIVERSAL NONLATTICES 2543

Property (7) is a generalization of property (T) for finite quotients. See Section 7 for the definition and
the proofs of the above corollaries. Corollary B says {EL,(S) : S} forms an expander family with respect
to elementary generating subsets of fixed size. The novel point compared to the previously known case of
the universal lattice [Kassabov and Nikolov 2006] is that the generating subsets of the finite commutative
rings S need not contain the unit although the S are assumed unital. For example, for n large enough, the
Cayley graphs of SL,(Z/qZ) with respect to the generating subsets {e; ;(p) :i # j} form an expander
family as relatively prime pairs (p, g) vary. The study of the expander property for SL,(Z/qZ) and alike
is a very active area. See [Breuillard and Lubotzky 2022; Helfgott 2019; Kowalski 2019] for recent
surveys on this.

2. Preliminaries

Let I' = (S) be a group together with a finite symmetric generating subset S. We denote by R[I"] the real
group algebra with the involution s which is the linear extension of x* := x~! on I'. The identity element
of I as well as R[I'] is simply denoted by 1. Recall the positive cone of sums of (hermitian) squares is
given by

ZR[F]—{Zsa szeR[r]}cRF]*‘“- {6 eRIT]: & =£").

The elements in ©2R[I"] are considered positive. For &, n € R[I']"", we write £ < if n — & € L?R[T'].
It is obvious that & > 0 implies & > 0 in the full group C*-algebra C*[I'], that is to say, 7 (£) is positive
selfadjoint for every orthogonal (or unitary) representation st of I' on a real (or complex) Hilbert space .
The converse is true up to the archimedean closure:

Y2RM):={ eR[]:foralle >0&+¢e-1>0}={£ eR[']: & >0in C*[I']}.

See, e.g., [Cimpri¢ 2009; Ozawa 2013; Schmiidgen 2009] for this. On this occasion, we recall the
basic fact that 0 < £ < 5 (or 0 < £ < 1) need not imply 0 < £2 < n°. Note that since any orthogonal
representation of I" dilates to an orthogonal representation of any supergroup I';y > I by induction (i.e.,
C*[T"] € C*[I'1] in short), whether & > O or not does not depend on the ambient group. The same holds
true for £ > 0, by the coset decomposition. The combinatorial Laplacian, with respect to the (symmetric)

A :%Z(l—s)*(l—s)zlSl—Zs

seS seS

generating subset S,

satisfies, for every orthogonal representation (77, ) and a vector v € H,

(7 (A)v, v) va—n(s)vn

SES

3. Proof of the Main Theorem, prelude

For any rng R, we denote by EL, (R) C SL,(R') the group generated by the elementary matrices over
the rng R. The elementary matrices are those e; ;(r) € SL, (R') with 1’s on the diagonal, r € R in the
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(i, j)-th entry (i # j), and zeros everywhere else. They satisfy the Steinberg relations:
o ¢ j(r)eij(s) =e; j(r+s).
o [eij(r), ejr(s)] =eir(rs)ifi #k.
o [e;j(r),exi(s)]=1ifi £l and j #k.
We note that every rng homomorphism R — S induces by entrywise operation a group homomorphism

EL,(R) — EL,(S) and that EL, (R/Rk) is nilpotent for every k, where Rk = span{ry ---ry : r;i € R}.
To ease notation, we will write

Eij(r):==>0—¢;jr)*(1—e j(r) =2—e;j(r)—e j(r)* € RIEL,(R)].

We now consider the case R = Z(ty, ..., t;) and start proving the Main Theorem. Recall that the
combinatorial Laplacians with respect to the generating subset {e; ;(42,)} are given by

d d
Ani= Y 3 Eij6) and AP =" 3" Ei ).

i#j r=1 i#j rs=l1
We follow the idea of [Kaluba et al. 2021] about the stability with respect to n of the relation like
AP « A2. Here £ < 1 means that £ < Ry for some R > 0 in the full group C*-algebra. For each n, put
E,:={{i,j}:1<i,j<n, i#j}and, fore,f€E,, writee~fif [eNf|=1ande L fif eNf= . One has

An=7)_ A
ecE,
. d
where A{i,j} = Zr:l E,',j(l‘r) + Ej’,'(l‘r). Thus

A= "AI+)  AcAr+ Y AcAr=:Sq, +Adj, +Op, .
e e~f elf

The elements Sq,, and Op,, are positive, while Adj,, is not and this causes trouble.
For m < n, we view EL,,(R) as a subgroup of EL, (R) sitting at the left upper corner. The symmetric
group Sym(n) acts on EL, (R) by permutation of the indices. We note that
|En| = 3m(m = 1),

l{(e, f) € E,zn ce~fH=m@m—1)(m—2),

[{(e,f) €E, :e Lf}| = tm(m — 1)(m —2)(m — 3).
Hence, as it is proved in [Kaluba et al. 2021], one has

Y oAy =mm—1) =21 AP,
oeSym(n)
Z o (Adj,) =m(m—1)(m —2) - (n —3)! - Adj,,,

o eSym(n)

Z o(Op,,) =m@m—1)(m —=2)(m—=3)-(n—4)!-Op,, .
oeSym(n)
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Thus if we know there are m € N, R > 0, and ¢ > 0 such that
Adj,, +ROp,, > eA? (@)

holds true in C*[EL,,(R)], then it follows

P72 AD < adj + ™3 Rop, < A2
for all n such that R(m — 3)/(n — 3) < 1 and the Main Theorem is proved. This is Proposition 4.1 in
[Kaluba et al. 2021]. To apply this machinery, we further expand Adj,,:

Adj, =" 7 (B )+ Eji(t:)(Ej(ts) + Ex (1)

r,s i,j,k distinct

=Y > (Eijt)Ejx(t) + Eja(t) Ei j(tr) + Ei j (1) Ej i (t5) + Ej i (6) Ei i (1)),

r,s i,j,k distinct

Therefore, if there are m € N, R > 0, ¢ > 0, and distinct indices i, j, k, [ such that
Ei,j (tr)Ej,k(ts) + Ej,k(ts)Ei,j (tr) + Ei,j (tr)Ei,l(ts) + Ej,k(ts)El,k(tr) +R Opm = 8Ei,k(trts) (<>)

holds true, then we obtain () (for different R > 0 and ¢ > 0) by summing up this over the Sym(m)-orbit
and over r, s. This is what we will prove in the next section.

4. The Heisenberg group and the rotation C*-algebras

In this section, we will work entirely in the C*-algebra setting. Let’s consider the integral Heisenberg
group

1 ac
H = 1b|:a,b,ceZ; = (x,y:z:=[x,y]iscentral),
1
where
11 1 1 1
x = 1 , Y= 11, z= 1
1 1 1

Note that every irreducible unitary representation of H sends the central element z to a scalar (multiplica-
tion operator) of modulus 1. For 6 € [0, 1), we consider the irreducible unitary representation wg of H on
Ur(Z) or £5(Z/qZ), depending on whether 6 irrational or 6 = p/q is rational with ged(p, g) =1, given by

7o (x)8; = exp(2jmi0)8;, ()8 =841, 7p(2) = exp(2mi).

By convention, if & = p/q is rational, then ged(p, g) =1 is assumed, and if 6 is irrational, we consider
q = 00, and Z/qZ means Z. Thus in either case 7y is a representation on £,(Z/qZ). The C*-algebra
Ay := w9 (C*[H]) is called the rotation C*-algebra.

We fix the notation used throughout this section. We define

X =(1-x)"0—x)=2—x—x"eC'[H]y, Xg:=me(X) € Ay,
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and the same for y and z. Note that X+ Y is the combinatorial Laplacian of H with respect to the generating
subset {x*, y*}, that 0 < X < 4, and that the triplets (Xy, Yg, Zy), (Yo, Xo, Zo), and (X1_g, Yi_g, Z1_5)
are unitarily equivalent. For a parameter A > 0, the almost Mathieu operator on £,(Z/qZ) is given by
A A
Hg ) = ﬂe(a(x +x*)+y +)’*> =A+2)— <§X0 + Ye)-
We also write s =sinn8, s, =sin2mmn6, and c¢,, = cos 2mm 0. In particular,

Zy =2(1 — cos 2 0) = 4s°.

See [Boca 2001] for more information about the almost Mathieu operators and [Nitsche 2020] for some
discussion in connection with the semidefinite programming.

Eventually, we will prove a certain inequality (Theorem 9) about X, Y, and Z (in the full group
C*-algebra of a higher-dimensional Heisenberg group) that leads to (<>) in the previous section. To prove
inequalities about X, Y, and Z, it suffices to work with Xy, Yy, and Zy for each 6 € [0, %] separately,
thanks to the following well-known fact (Lemma 1). The critical estimate is the one for small § > 0
(Corollary 4 and Lemma 6). The rest will work out anyway.

Lemma 1. For any dense subset I C [0, 1), the representation @,_; 7o is faithful on the full group
C*-algebra C*[H .

Proof. For the readers’ convenience, we sketch the proof. Let 7y denote the tracial state on C*[ H] associ-
ated with my. That is to say, if 6 is irrational, then ty arises from the canonical tracial state on the irrational
rotation C*-algebra Ay and it is given by 74 (x’y/) =0for all (i, j) # (0, 0). If 8 = p/q is rational, then 7y is
given by tr, omg, where tr, is the tracial state on M, (C), and it satisfies 7o (x'y/y=0forall (i, j) # (0, 0) in
(Z/q7)*. 1t follows that 6 — T, is continuous at irrational points and the assumption of the lemma implies
that 7 := fol Ty d6 is a continuous state on P, <1 o It is not hard to see that T coincides with the tracial
state associated with the left regular representation of H, that is to say, 7 (x'y/ Xy =0 forall (i, j, k) #
(0,0, 0). Since H is amenable, the tracial state t is faithful on the full group C*-algebra C*[H]. ]

Theorem 2 [Boca and Zaharescu 2005]. Let 6 € [0, ). One has

|Hgll <A4+2— sin 77 6.

A2
More precisely, for any real unit vector & in £,(Z/qZ),

)\ * *
| H o€ I =32 + 4421 —tan 76)( 276 (x + X8, 7o (y + ) = I [En—1 = b1 = Asmén

Proof. Because the statements are formulated in a different way in [Boca and Zaharescu 2005], we
replicate here the proof from that work:

1EG 0611 = IAcmbm+Em—1+ems1 |

m

= 2244+ Y (=A2spEr—1Em1—Em 1 PH2ACmEm En1+Em11))

=2244=Y lEm 1 —Enr1—ASmEm =20 Y s Em1—Enr)En+2L Y Cnbm Em1 1)
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We continue with the computation,
D cmbmEno1+Ens) =D (et + Cnm—1En =2C08 70 Y Ep1£p cOS(2m — 10
m m m
and similarly

- Zsm(gm—l —&Ent1)ém = Z(Sm—l —Sm)ém—18m
= —2sin70 Y &y 1&m cos(2m — 170

= —tan6 ZCmSm(Emfl +Em+1)-

Thus one obtains the purported formula for || H) ¢& |>. We also observe that

| H € 11> < A% +4+4A(cos 0 — sin0) Y _ & 1£m cOSQ2m — D))
<A+ 44401 —sin70). "

This yields the purported estimate for || Hy ;|| O
Corollary 3. In the full group C*-algebra C*[H], one has
X+Y>IVZ

Proof. By Lemma 1, it suffices to show the assertion in Ay for each 8 € [0, 1]. It follows from Theorem 2
with A =2 that Xg + Yy =4 — Hy 2 > 33/ Zs. O

Since Z is central, X +Y > % Z is equivalent to 4(X + Y)? > Z in C*[H]. However, there is no
R > 0 such that R(X + Y)? = Z in R[H]. We will elaborate this in Section 6.

1 arcsin(K,/ I_K)}
‘T R ’

V(A —«)R
%\/Z.

Corollary 4. Let R>1, 0 <k < 1, and

-

Oy := min{
Then, for any 6 € [0, 6y], one has

RXo+Ye >
Proof. We write

%
S0 .= sin w6y, c:=diagmcm=n9<x-;x):1—%X9, C=y{—-«x)R.

Let 6 € [0, 6y] and a real unit vector £ € £,(Z/qZ) be given. We need to prove ((RXy + Yp)&, &) > Cs.
For this, we may assume that (g (x + x*)&, w9 (y + y*)&) > 0 because otherwise

(Xo+Yo)E, &) = 4 — |mo(x +x* +y + yE| = 4—2V2.
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Pute:=1—|c&|. If e > Cs/(2R), then (RXy&,&) > 2Re > Cs and we are done. From now on, we
assume that ¢ < Cs/(2R). By Theorem 2 for A :=2R/C, one has

I Hy 08 11* < A% +4+2x(1 — 5)(cE, (Hg 5 — he)E)
<A24+4420(1—5)(1 —&)||Hy €] —22%(1 —5)(1 — &)?

and hence
(1 Hy o8l = 2(1 = $)(1 —£))* <4+22(1 = 2(1 —$)(1 —&)* + (1 = )*(1 — &)?)
=4+22(1 - (1 =51 —e)?)
<44 23%(s>+2¢).
Thus
1 H 081l < 24+ s (3350 4+ 325 ) + A1 = ).
By our choices,
2R k/(1—x)
AsSg=— ————" =2
C VR

and Ae/s < 1. Therefore,

||HA,9§||5)\4‘2—(1—%'2/(—%)'2 ll_exs=)»+2—Cs.

Since A+2 — Hj g = (A/2)Xg + Yo < RXy + Yy, we are done. O

Proposition 5. In the full group C*-algebra C*[H ], one has
X+VZ+ixy+rx) >o.

Proof. By Lemma 1, it suffices to show the same for the Xy. We write b, :=1—c¢,, =1 —cos2mn 6 =
2 sin” mm6. We observe that

-1 2 ’

4'bm—l _(bm—l+bm)

1
=(XpY, Yo Xo) =
2(Xo Yo + Yo Xo) —bmoi+by) 4

These are the sums of the following 2-by-2 matrices sitting at the (m—1)-to-m-th corners:

bu_ 1 —1
X@,m:|: ! b i|’ YQ,m:[_l 1i|,

mefl _(bml+bm):|

l =
XY+ Y X)om: [—(bm_1+bm) 2
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Thus, it suffices to show
TQ,m = ZS(XQ,m + YG,m) + %(XY + YX)Q,m

265+ Dby1+2s —Q2s~+bpu_i +by)
T | —=@s+by_1+by) 2(s+ Db, +2s

is positive in M, (C) for every m. We only need to calculate the determinant:

det(Tp.m) = 4bm—1by +45(s + 1) (bt + b)) + 45> — 25 + by—1 + b)*
= 45%(by—1 +bm) — Bu—1 — bp)*
= 8s2(sin2(m — Do+ sin’ mmo) — 45 sin2(2m — 1o

> 0.

Here, we have used the formulas
by = 2sin” mr6,
bpy—1— by = —250 sin2m — 1)70,
| sin(2m — 1)70| < |sin(m — 1)70| + | sinmm 6. O

A similar calculation shows Z + %(XY 4+ YX) > 0in C*[H]. In fact, it is a sum of squares:
1 _1 1 NS NE(T L NE(] D
Z+2(XY+YX)_4(X+Y)Z+SZ(1 b)Y’ (1 —a)¥(1 —a)*(1 —b)°,

where ) is over the eight terms (a, b) € {(x, y), (y, x)} and (¢, &), (3, 8) € {(x, -), (-, %)

Now, we consider the C*-algebra Ay ® Ag on €>(Z/qZ) ® £,(Z/qZ). We continue to view Zy as a
scalar in Ay ® Ag. We want to find an inequality that leads to (<>). The following does the job for small
6 > 0. We note that it fails at ) = %

Lemma 6. There are 6y > 0, R > 1, and & > 0 such that, for every 0 € [0, 6y], one has
R(Xo®Yy+YeR@Xe)+Xg@Xo+ Yy @Yo+ (XoYo+YgXg) ®1>cZy.

Proof. By Corollary 4, there are 6y > 0 and R > 1 such that 1 ® (RXy + Yy) > 8s for every 0 € [0, 0y].
By Proposition 5 and Corollary 3, it follows that the left-hand side dominates

(Xo+Ys) -85+ XoYo+YoXg > (Xg+Yp) -4s > Zy,
where we omitted writing ®1. O
To deal with the case 8 > 6y, we need a few more auxiliary lemmas on Ay.
Lemma 7. For every 60 € [0, %], one has

776 ((1 = x)(1 = y))|| < 4cos(6/2).
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Proof. The expansion of (1 — y)*(1 —x)*(1 —x)(1 — y) has 16 terms (counting multiplicity) and among
them are —(1 +z)x, —(1 +z)*x™ and x(zy* 4+ y) + x*(z*y* + y). One has |1 + z| = 2cos w6 and

* X %k %k * * % Z+y2
lx(zy™ +y) +x* @y + I < Ixy*™ x*y || . "2
Tty
<V2lz+ YD) @+ ¥ + @ + YD) @ + y)||V? = 4 cos 6.
Hence ||775((1 — y)*(1 — x)*(1 = x)(1 — y))|| < 8 + 8 cos 70 = 16 cos?(10,2). O

For a positive operator A, we denote by P4<s (resp. P4~s = 1 — P4<s) the spectral projection of A
corresponding to the spectrum [0, 8] (resp. (8, 00)). We also write P4<s5 1 p<s etc. for the orthogonal
projection onto ranP4<s NranPp<s etc. Note that if A and B commute, then so do their spectral
projections and Ps<s A p<s = Pa<sPp<s-

Lemma 8. Forevery 0 € (O, %] and 0 <6 < 2(1 —cosm0), one has
Px,<sYoPx,<s = 2Px,<s,

the same with Xy and Yy interchanged, and

| PY(%SSPX(;SS | < m

In particular, £,(Z/qZ) is decomposed into a direct sum
0(Z/qZ) =ranPx, <5 +ran Py, <s + ran Px,~5 A v,>5
and the corresponding (not necessarily orthogonal) projections have norm at most /(4 —8)/(2 = 9).
Proof. We observe that Py, <s is the projection onto £, (E) with
E:={m:2(1 —cos2mmf) <6} C {m:mb € (—0/2,0/2)+ 7}.

The set E does not contain consecutive numbers and the first assertion follows. The second follows from the
unitary equivalence of the pairs (Xy, Yp) and (Yp, Xg). Since Yy <8Py, <s+4(1—Py,<s) =4—(4—5)Py, <s,
one has

2Px,<s < 4Px,<s — (4 —8)Px,<sPy,<sPx,<s

and ||Py,<sPx,<s 12=|l Px,<sPy,<sPx,<sll <2/(4—35). This gives the desired estimate for || Py, <sPx,<s]l.
We remark that this estimate can be improved to & 1/+/3 if 6 is away from % and § > 0 is small enough. In-
deed, the gaps of E will have length at least 2 and hence any unit vectors £ eran Px, <5 and n € Py, <5 satisfy

& m = [(&, Sma(1+y+ )| = (3o (1 + y + 38, 1)] < 5.

The projection onto the third subspace is orthogonal. On the other hand, any £ 4+-neran Py, <s+ran Py, <5
satisfies

IE + 712 = NEN7 + 10l = 2Py, <sPx,<s | 1EN 171l = (1 — Py, <sPx,<s IO

This gives the desired norm estimate. U
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Now, we consider this time the cubic tensor product 4y ® Ay ® Ag. This arises as an irreducible
representation of the higher dimensional Heisenberg group

1 %
1

—_ O %
—_— O O ¥
—_— % ¥ % ¥

H; = C SL(5, 2).

Weput x; :=ey;41(1), yi :==e;41,5(1), and z :=e; 5(1) in H3, where we recall that e; ; (1) is the elementary
matrix defined in the beginning of the previous section. Note that [x;, y;] =z and [x;, y;] =1 fori # j.
Hence H3 is isomorphic to the quotient of H x H x H modulo z are identified. As before, we write
X; =0 —x;)*(1 —x;), etc. This should not be confused with Xy in Ay.

Theorem 9. There are R > 0 and & > 0 such that
RX 1 Hh+Y X0+ X134+ Y1 X3)+ X X0+ Y1+ X Y1+ X1 >eZ
holds in C*[ H3].

Proof. By Lemma 1 (adapted to this case), it suffices to prove the assertion in Ay ® Ay ® Ay for each
0 € [0, ]. We write X; ¢ for X in the i-th tensor component. For a unit vector

¢ €lr(Z/q2) @ Lr(Z2]q2) @ £2(Z/q2),

we need to prove
(R(X1,0Y2,04Y1,6X20+X16Y30+Y10X30)+X1,0X20+Y10Y20+X10Y10+Y1,6X10)0.8)> 6 Zo.

By Lemma 6, we are already done for 6 € [0, 8p]. To apply Lemma 8§, fix 0 < § < 2(1 — cos w6p) small
enough and consider 6 € [90, %] Since we may choose R > 1 arbitrarily large with respect to the fixed 4,
we may assume

max{ |||]:DX1.9Y2,9>52§ ” s || PY1,9X2.9>52§ ”’ ||PX1_9Y3,9>52§ || s || PY1,9X3_9>82§ ”} <.
As described in Lemma 8, we consider the decomposition
é‘ = S + 77 + V € ran [I:DXL@SlS +ran PYL(.)SS +ran [P)Xl’9>§/\Y1t9>5-

Note that max{||§ ||, Inll, |y ]I} < 2. By writing ~5, we will mean that the difference is at most §. Since

é‘ %5 [FDXLQ Yz,gfﬁzg and [P)Yz_g >6 A X1, Yz_gftsz = H:DXI,GSBA Y29>6> one has

[I:DY2YH>5§ %5 leygfﬁ/\ Y2_9>5§'
It follows that

PY2,9>5n + PY2,9>5)/ %5 PX]_gf(S/\Y219>5(‘§ + 77 + V) - [FDYZ,9>5E = PX1.958AY2,9>877-

Since Py, -5 leaves ran Py, ,<5 and ran Py, , <5 invariant, this implies

I]:DY2,9>57’ %5 [FDXLQS(?/\Y219>577 and PY2.9>§V %5 O
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Hence, in combination with Lemma 8 that Py, ,<sPx, ,~sPy, ;<5 > A%[P’yl <8, one obtains

2 2 1 2
8 Z ||H)X1Y€>3|]:DY2_9>5”” 2 Z”H:DYQ_9>(ST’” )
that is,

)7 %25 PYLQSS”'

The same consideration on Y| g X5 ¢ yields
Px,,>s¥ 50 and &~y Px,,<s§.
Thus Py, ,~5Px, ,<sv ~s Py, ,~s7 ~s 0 and, by Lemma 8 again,
1717 252 IPxy <57 7 < 4Py, 5P x, p<sv |17 < 1687,

Further, the same for X1 gY3 ¢ and Y 9 X3 yields

§ ~os Pxy <56 and 1 ~p5 Py, <57

Now a routine but tedious calculation with Lemma 8 yields

(X1,6X2,08, ) s (X1,6X2,0Py, 026 A Vag<sT Pyio<s nvao<s) F16s 410l

for some absolute constant C (e.g., C = 1000 should be enough), and likewise

(Y10Y268, &) ~cs 4IIEN*.

On the other hand, by Lemmas 7 and 8,

{(X1,6Y1,0 +Y1,6X1,0)8, O) ~cs 2(X1,6Y1,0Px, g<6 A X20<5 A X30<85 Py, g<s A V2 9<5 A Y3 9<6M)]
<2[|Py, ,<smo(1 = xD) [ lro (1 = x)(1 = y1)) | lwo (1 = y))Px, ,<sl

X ||I]:DX219§5|]:DY2V958” |||]:DX319§5|]:DY3V955” ||S|| ||77||

o 2
< 16(cos 7 ) - 2=l Il

If we have chosen é > 0 small enough, then
2
e:=8— 16(cos %90) 173 > 4CS6.

Observe that § > 0 and ¢ > 0 depends on the absolute constants 6y > 0 and C > 0, but not on 6 € [00, %]
In the end,
{(X1,6Y1.0 + X1,6Y1,0)5, 0) <@ —8)[&Inll + C

<4(1—e/2)|EI*+ InlH +C8
<{(X1.0X20+Y10Y20),¢)—e+3C6.

This completes the proof. We remark that the above proof for 6 € [00, %] is not as tight as it appears
1
) 1 V2
IPx,<sPy,<s|l is bounded by =~ N U

(and & > 0 can be “visible”), because if 6 is around 1, then cos %n@ ~ and if 6 is away from %, then
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5. Proof of the Main Theorem, postlude

Since R = Z(ty, ..., t3) is commutative, we may apply Theorem 9 to x; = e;2(t,), x2 = e13(%),
x3=e14(t), y1 =ez5(fs), y2=e35(t), y3 = es5(l5), and z = e 5(ff5) in EL5(R). This yields (<) in
Section 3 and the proof of the Main Theorem is complete. U

The terms XY, = E; 2(t,)E3 5(t) and Y1 X, = E5 5(t5) E1.3(¢;) are diagonal with respect to {z,, #}.
This causes an annoying dependence of R on d in the formula (Q), which results in dependence of n
on d in the Main Theorem.

6. Real group algebras and property Hy

In this section, we continue the study of [Netzer and Thom 2013; 2015; Nitsche 2020; Ozawa 2013;
2016] about positivity in real group algebras. In addition to the notation from Section 2, we denote by

I[T]:=span{l —x :x e '} C R[T"]

the augmentation ideal. We observe that >2][I']1 = I[T']N Z?R[I"] and hence there is no ambiguity about
the order < on I[I']. In [Ozawa 2016], it was observed that the combinatorial Laplacian A € »2][I']is an
order unit for I[T"] (more precisely for I[T']"", but this abuse of terminology should not cause any problem).
That is to say, for every & € I[T"']", there is R > 0 such that £ < RA. We will indicate this by £ < A.
We review the relation between positive linear functionals on I[I'] and 1-cocycles (with unitary
coefficients). A linear functional ¢ on I[I'] is said to be positive if it is selfadjoint and go(ZZI [I']) C Rxo.
One has ¢(A) = 0 if and only if ¢ = 0. Every positive linear functional ¢ gives rise to a semi-inner
product (£, n) := @(£*n) and the corresponding seminorm ||£|| := @(£*&)1/2
which the left multiplication by an element of I" is orthogonal. This is the Gelfand—Naimark construction.
The map b:I" — I[I'], t — 1 —¢, is a 1-cocycle, i.e., it satisfies b(st) = b(s) + sb(¢t) for every s,t € I'.
We note that (1 — 1) = 3o((1 —)*(1 —1)) = 316" |* and p(A) = 3 3" ¢ b(s)]|*>. In fact, every
I-cocycle arises in this way. See, e.g., Appendix C in [Bekka et al. 2008] and Appendix D in [Brown and

on I[I'], with respect to

Ozawa 2008] for a comprehensive treatment.

It is proved in [Ozawa 2016] that £2J[I'] = I[T']*' N £2R[T"]. That is to say,
2] :={& e I[T]" :foralle > 0, £ + A > 0}
={tel [F]her 1 p(€) > 0 for every positive linear functional ¢ on I[I']}
={£ eIl :&>0in C*[T]).

We also record an easy consequence of the Hahn—Banach separation theorem (a.k.a. the Eidelheit—Kakutani
separation theorem in this context). For &, n € [ [C]Per (or in any real ordered vector space with an order
unit A), the following are equivalent:

(1) ¢(§) =0 implies ¢(n) < 0 for every positive linear functional ¢ on I[I'].
(2) —n € X2I[I'] — RE.
(3) For all ¢ > 0, there exists R € R such that RE —n+¢A > 0.
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‘We observe that since

o(A%) = (A, A)

Zb(s)

seS

one has ¢(A?) = 0 if and only if the corresponding 1-cocycle b is harmonic in the sense Y s b(s) = 0.
This observation recovers Shalom’s theorem [2000] that every finitely generated group without property (T)
has a nonzero harmonic 1-cocycle. An essentially same proof was given in [Nitsche 2020].

We record the following well-known fact:

« If a 1-cocycle b vanishes on a normal subgroup N < I, then N acts trivially on span b(I") and hence
b factors through the quotient I'/ N.

e If b is a harmonic 1-cocycle on I, then the center Z(I") acts trivially on span b(I") and I acts trivially
on span b(Z(I")).

« Every harmonic 1-cocycle on an abelian group is an additive homomorphism.

The first assertion is not difficult to show. The second follows from the identity (1 —x)b(z) = (1 —z)b(x)
for x € I' and z € Z(I'). If b is harmonic, then (|S| — ", 5 5)b(z) = 0 and, by strict convexity of a
Hilbert space, b(z) = sb(z) for s € S and hence for all s € .

An additive character x : I' — R can be viewed as a harmonic 1-cocycle. The corresponding positive
linear functional ¢, : I[I'] — R is given by ¢, (1 —1) = % x (£)%. This should not be confused with the
linear extension y : I[I"'] — R which is not even selfadjoint. The positive linear functional ¢, factors
through the abelianization / [[2b].

We denote the augmentation power by

IF[T] := span(I[T"']F) C R[T"].
It is well-known and easy to see from the formula
l—xy=(0-x)+0-y)—(0-x)(1—-y) el —-x)+1—y)+I*T]

that I[I"] is generated asamg by {l —s:s e Standthat'sx+—~ 1—x € I[F]/IZ[F] 1s an additive
homomorphism. On the other hand, every additive homomorphism yx vanishes on [ 2[T"], because
x((1=x)(1—v))=x(1 —x —y+xy)=0. Hence I*[I'] = ﬂx ker x, where the intersection is taken
over the additive characters x on I. We will see that A> € £2I%[T"] need not be an order unit for 74[T"],
but the element

= 411 Y A=) U =n*1 -0 —s) e =?I’T]

s,teS

is. Since 0 = A% in I[T"?*], one has ¢, (0) = ¢, (A?) = 0 for every additive character x. We will prove
later that the converse is also true.

Theorem 10. The element O is an order unit for I*[T']. Namely
T = (£ e RIT]™ : +& < O} = span £21%[I"]
and moreover 1*[T'1N T?R[I'] = 21%[T'].
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Proof. We first prove that the left is contained the middle. The proof is similar to that for Lemma 2 in
[Ozawa 2016]. Since £*n + n*& < £*& + n*n for every &, n, it suffices to show that

A=-x)"A=y*1—-—y)(1—x)<O forallx,yeTl.
By using the inequality
(I =x1x2)" (1 = »)* (1 = )1 = x1x2) = (1 —x1) + x1(1 = x2))" (1 = y)* (—)
<2(1—x)*(1 = y)* (=) +2(1 —x)* (1 = x; ' yx)*(—),

one can reduce this to the case x € S, and similarly to the case y € S, where the assertion is obvious. We
next show that & < [ implies £ € span £2I%[T"]. There is R > 0 such that 0 < R[] —& < 2R[]. Thus it
remains to show Zl- nin; < O implies n; € I 2[T"]. Since ¢, ([J) = 0 for every additive character x on T,

one has
2
1 _
0= g, (Z n}*m) =—3 D m@nxey)?= Z(Z m(X)X(X)> :
i i,x,y i X
or equivalently 1; € (), ker x = I?[T'] for all i. O

Corollary 11. A positive linear functional ¢ on I[I'] satisfies () = 0 if and only if the associated
1-cocycle is an additive homomorphism.

Proof. We have already noted that ¢, (LJ) = O for all additive character x. Conversely, suppose ¢ (L) = 0.
Since this implies ¢(A?) = 0, the 1-cocycle b associated with ¢ is harmonic. Moreover, since

1—[x, yl= @y —yo)x 'y ' = (1 —x)(1—y) = (1 —y)(1—x)x" 'yt e 1?[r7],

Theorem 10 implies that b = 0 on the commutator subgroup [I", I"]. Thus b factors through I'* and is an
additive homomorphism. ]

We recall that a finitely generated group I' is said to have Shalom’s property Hr if every harmonic
1-cocycle on I' is an additive homomorphism. Property Ht coincides with Kazhdan’s property (T) for
groups with finite abelianization. It is observed in [Shalom 2004] that finitely generated nilpotent groups
have property Ht. We conjecture that the group EL, (Z(ty, ..., t4)) has property Hr. By the Hahn—Banach
separation theorem, one obtains the following characterization of property Hr, which does not seem
useful though.

Corollary 12. The finitely generated group T has finite abelianization if and only if A < L. The finitely
generated group T has property Hr if and only if for every € > 0 there is R > 0 such that 0 < RA%? +¢A.

Property Ht for nilpotent groups also follows from Corollary 3 that if a commutator z = [x, y] is
central, then (1 — 2)*(1 — z) <« A% in C*[T"]. It is tempting to conjecture that every finitely generated
nilpotent group I satisfies [J <« A%. Had it been true that (] < A? for a given group I', it would have
been able to rigorously prove this by computer calculations because [ is an order unit for 7#[T"] (modulo
a quantitative estimate, see [Netzer and Thom 2015]). However, we will observe here that [J X A?



2556 NARUTAKA OZAWA

990

in R[H]. Hence, unlike property (T), property Hr is probably not characterized by a “simple”“ inequality

in the real group algebra. This spoils the current methods of proving something like the Main Theorem
by computer calculations. (Note that EL,(Z(t)) has the Heisenberg group H,,_, as a quotient and the
analogous statement to the following proposition holds true for this group.)

Proposition 13. Let H be the integral Heisenberg group and 7 := [x, y] be as described in the beginning
of Section 4. Then (1 —2)*(1 —z) K A? in R[H]. Moreover,

Y212[H] # I H" N Z2R(H].

The proof of £2I[I'] = I [[]Per N 22R[I] given in [Ozawa 2016] is based on Schoenberg’s theorem
that any positive linear functional on /[I'] is approximable by those that extend on R[I']. The above
proposition says there is no good enough analogue of Schoenberg’s theorem for augmentation powers. For
the proof of the proposition, we need a description of the graded vector space - -- D I*[H] D> I°’[H] D - - -
To ease notation, we write X := 1 — x etc. and observe that 7 € Z(R[H]) N I*[H] and

YE=Xy+7—ZX—Zy+2IyX €y +2+ P[H].
Lemma 14. For every n € N, the set {x'y/7* + I"[H] : i, j, k > 0, i + j + 2k < n} forms a basis for
R[H]/I"[H]. In particular
dim I"[H]/I"P'[H] = (In/2] + D)(n — [n/2] + 1).

Proof. We first observe that the asserted set spans R[H]/I"[H]. Indeed, this follows from the above
equation for yx and the general facts that
l—uwv=_01-uw)+1—-v)—(1—-w)(d—v),
l—u'=—1-w)+ 0 —u"HA—u)
for every u, v € H. It is left to show that the asserted set is also linearly independent. Suppose that
E:= ) auxy/Zel"H].
i+j+2k<n
By considering the abelianization 7% C*[H] — C*[Z?], one sees a; j.x = 0 whenever k = 0. It follows
that £ € I"[H] N zR[H]. We claim that
I"[HINZR[H]=ZzI"2[H] forn>2.

Since 7 is not a zero divisor in R[H] (e.g., because my(z) are invertible for 6 € (0, 1)), the lemma would
follow from this claim by induction.
The homomorphisms R[(x)] < R[H] and R[(y)] < R[H] extend to a linear injection

o :R[(x)]®R[(y)] — R[H], &®n+>&n,
with the left inverse
7% RIH] — R[Z*] = R[(x)] ® R[{)].

2The quantifier elimination techniques, which the author is not familiar with, may be relevant.
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Since yX € Xy 4+ zZR[H] and likewise for x* and y* (thanks to suitable symmetries x <> x ! and y <> y~!

on H), one has
I"[HINZR[H] C (rano + ZI"*[H]) Nker 7 = 21" *[H].

This proves the claim. 0

Proof of Proposition 13. We observe that in I*[H/I°[H]

(XXyY)* = yYXX = YXyX + yX7 = Xyxy + 3xy7 + 277 = Xxyy +4xyz + 27Z.
We define a linear functional ¢ on I*[H]/I°[H] by
pEH =G =1, e@)=-2, @) =-1, @Gy =1,

and zero on all the other basis elements. Then, the linear functional ¢ is selfadjoint. Moreover, with
respect to the basis {XX, Xy, yX, yy} for I>[H]/I*[H], the bilinear form (£, n) — @(£*n) is represented
by the matrix

o = O O

100 —1

01 0

00 0
-10 1
Since this matrix is positive semidefinite, the linear functional is positive on /*[H], by Theorem 10. One
sees that p(z*7) = —(zz) =2 > 0, ¢(0) =4, and

9(A%) = (R + YP) (X +37)) = 0.
Therefore there cannot be R > 0 such that 7*7 < RAZ + %D. It follows that 4A% — 7*7 ¢ X212[H], while
4A? — 77 € I*[H]" N X2R[H] by Corollary 3. O

7. Property (t)

We say a finitely generated group I' = (S) has property (t) with respect to a family {I";} of finite quotients
I' — I'; if there is § > O such that any unitary representation & of I" that factors through some I' — I';
either admits a nonzero 7 (I")-invariant vector or admits no unit vector v such that max;cg |[v—m (s)v] <4.
This is equivalent to that the Cayley graphs of {I';} with respect to the generating subset S form an
expander family. In case the family {I';}; is the set of all finite quotients of I, it is simply said I has
property (7). See [Kowalski 2019] for a comprehensive treatment of expander graphs. By the Main
Theorem, EL, (S) has property (T) if S is a finitely generated irng (i.e., a rng which is idempotent, S = S?,
see [Monod et al. 2012]) and 7 is large enough. Corollaries A and B say this happens uniformly for finite
commutative irngs with a fixed number of generators.

Proof of Corollary A. Let ng be as in the Main Theorem for Z(Ty, ..., Ty, Si, ..., Sq) and n > ng. By
the Main Theorem applied to 7, > t* and S, > t**1, there is & > 0 such that

d
Api=Y" Y (—ei j(t)* (1 —ei (1)) € RIBL,(Z(n1, . .., ta))]

i#j r=1
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(so A = A) satisfy
(Ak+ Api1)? > e(Ag + Agpy 1 + Agiyn)

for all k. We may also assume that ¢ > 0 satisfies A% > e,

Let r, H and v be given for EL, (Z(ty, ..., t;)) (but we will omit writing 7 to ease notation) and put
1/2
6= (Z v —e,-,j(rr)vuz) = (Av,0)'/2.
i,j.r

1
2

the interval [0, (8/,0)2]. For vg := P (5/)2v, one has [|[v — v < p and

We assume § < ( )10 and put p := §'/10. Recall that P A=<(s/p)y? Stands for the spectral projection of A for

(A1 4 A)vg, vo) < 8% +&7'(8/p)* =: 5.
Now, vy : =P 1 a,<(5,/02)2 V0 satisfies [[vg — v < p? and
(Az+ As)vy, vr) <& (8o/p?)* =187,

k+2

‘We continue this and obtain v, := [P’A2+A35(51/p3)zv1, ... such that |lvy — v || < p and

(Ao + Dgi vk, v < 67 (Bxr /0 =287,
Then the vector w := limy v satisfies ||vx — w| < p**! (as p < %) Moreover,

2 ¥ log 8x| =27 *Vlog 81| — 2~ * Dk + 1D|log p| +2~ %V loge

k
= [log 80| — (Z 2=m=D gy 4 1)) llogpl +1(1—2")loge

m=1
> 1—10 [log §|
if § > 0 is small enough compared to € > 0. Hence §; — O at a double exponential rate.
We need to show lim; max; ; , [|w — ei,j(tf)w || = 0. We first observe that

k
lw — e j (57wl < 2fvk — wll + 8 < p* + 8.

Let [ be given. Take k = k (/) such that [ € [2¥, 2¥*1) and write [ = 2% + Y%L a(m)2™ with a(m) € {0, 1}.
Then for b := ZLkm_l a(m)2™, one has

m=0
k—1

k
leij(thw —ei ;7 ywl < D" a(m)(p™ +8w).
m=|k/2]

which tends to 0 as [ — o0o. Observe that the recurrence relation
po:=2W2 0 p i =2py +a(lk/2] — 1 —m)

gives px2) = 2% 4 b. Now by arguing as in the previous paragraph, but starting at Vk—[k/2) and using
(Apm + APm-H)z Z S(APHH—] + Ap/71+1+1)’ one Obtalns

k _
lve—ix2) — e 2 T v xyll < pF"HH 48, — 0.

Since ||vg—|k/2) — w|l = 0 as [ — oo, this completes the proof. [l



A SUBSTITUTE FOR KAZHDAN’S PROPERTY (T) FOR UNIVERSAL NONLATTICES 2559

We give a proof of the remark that was made after Corollary A. Let R := Z(t;,...,t3). Since
EL, (R/R') is nilpotent, there is a proper 1-cocycle b; (see Section 2.7 in [Bekka et al. 2008] or Section 12
in [Brown and Ozawa 2008]). We view b; as 1-cocycles on EL, (R) and consider b := Z,@ by, which we
may assume convergent pointwise on EL, (R). We denote by 7} the Gelfand—Naimark representation
associated with the positive definite function ¢ (x) := exp(—% |b(x) ||2). Then, the representation  :=
P mx simultaneously admits asymptotically invariant vectors and a weak operator topology null sequence
x; € EL,(R).

Proof of Corollary B. Let R' := Z[t,, ..., t;] denote the unitization of R := Z(ty, ..., t7). Any quotient
map R — S with S unital gives rise to a group homomorphism EL,(R!) —» EL,(S) that extends
EL,(R) - EL,(S). We need to show that an orthogonal representation of EL,, (R') which factors through
EL,(S) has a nonzero invariant vector, provided that it has almost EL, (R) invariant vector. Since we
know EL, (R') has property (T), it suffices to show that every almost EL, (R) invariant vector is also
almost EL,,(Z1) invariant. The latter is true when § is finite. Indeed, the vector w in Corollary A is
invariant under those e;, j(tfo) such that tf“ is an idempotent in the quotient S. Since a finite commutative
ring is a direct sum of local rings (see, e.g., [Kassabov and Nikolov 2006]), the rng generated by such
idempotents contains the identity of S and hence w is invariant under EL, (Z1). O
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TRIGONOMETRIC CHAOS AND X, INEQUALITIES, I:
BALANCED FOURIER TRUNCATIONS OVER DISCRETE GROUPS

ANTONIO ISMAEL CANO-MARMOL, JOSE M. CONDE-ALONSO AND JAVIER PARCET

We investigate L ,-estimates for balanced averages of Fourier truncations in group algebras, in terms
of “differential operators” acting on them. Our results extend a fundamental inequality of Naor for the
hypercube (with profound consequences in metric geometry) to discrete groups. Different inequalities
are established in terms of “directional derivatives” which are constructed via affine representations
determined by the Fourier truncations. Our proofs rely on the Banach X, nature of noncommutative
L ,-spaces and dimension-free estimates for noncommutative Riesz transforms. In the particular case of
free groups we use an alternative approach based on free Hilbert transforms.

Introduction

This paper is motivated by a recent inequality due to Assaf Naor, which we now introduce. Let Q = {£1}
be the cyclic group of two elements with multiplicative terminology (that we use for all groups unless
otherwise stated) and more generally Q2" = Q x Q x - - - x 2 be the hypercube. In both cases, we view
them as equipped with their normalized counting measure. 2" is its own Pontryagin dual when equipped
with its natural discrete measure. If [n] := {1, 2, ..., n}, every function f : Q" — C admits a Fourier
expansion in terms of Walsh characters Wa, which are defined by A-products of coordinate functions
e > ¢g; for any A C [n]. Given a mean-zero f Naor proved in [19] the following inequality for each
p>2andk € [n]:
1
|5|=7<]

p

Y FAWa

ACS

k< k\?2

< . p - 14

S, ]ﬁ ||ajf||Lp(m)+(n) 117 oy (N,)
]:

L,(Qm)

The above S-truncations of the Walsh expansion of f are conditional expectations denoted by E,\s f, while
0; f stands for the j-th directional (discrete) derivative of f, givenby e — f (&) — f (e, ..., —€j, ..., &),
so that 3; Wa = 1a(j)2WAa. This inequality has groundbreaking applications in metric geometry. More
precisely, it implies the quantitatively optimal form of the so-called X, inequality, introduced by Naor
and Schechtman in [20]. In turn, this gives a purely metric criterion to estimate the L ,-distortion of a
metric space X from below. Its metric nature is very useful in solving nonlinear problems around the
nonembedability of L, into L, for 2 < g < p. This includes, beyond the scope of linear L ,-embedding
theory, the optimal L ,-distortion of (nonlinear) grids in £7 or the critical L, snowflake exponent of L,. In
conclusion, Naor’s inequality (N, ) and subsequent X, inequalities with sharp scaling parameter are a key
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contribution to the Ribe program, an effort to identify which properties from the local theory of Banach
spaces ultimately rely on purely metric considerations and not on the whole strength of the linear structure.

Naor’s inequality (N,) for functions with a linear Walsh expansion becomes a form of Rosenthal
inequality for symmetrically exchangeable random variables [6; 21]. More precisely, let I1; be the space
of sets S C [r] with |S| = k equipped with its normalized counting measure and define %, ; = Q2" ® Ii.
Then, if f (A) =0 when |A] # 1, the left-hand side of (N,) becomes

p

, withoj(,5) =¢; ® Is.
Lp(zn.k)

> Fdjhe;
j=1

Then, the linear model for Naor’s inequality, which is the one pertaining functions of the form f(g) =
Zj f({j})ej, follows from [6]

> Fdihe;

Jj=1

ks TR S 2
= (;Df({jw) +<;Z|f({j})|2> .
Jj=1 j=1

Its general form (N ) can be regarded as an extension for Rademacher chaos. Our primary goal in this

L/J(En,k)

paper is to produce inequalities similar to (N,). This amounts to understanding the Walsh expansion of f
as a Fourier series with frequencies in the discrete predual group 2", with W being regarded as a Fourier
character. In the general (nonabelian) case, this forces us to use the language of group von Neumann
algebras generated by the left regular representation. Indeed, Fourier series with frequencies on a general
discrete group G must be written in terms of its left regular representation A : G — B(£2(G)). The unitaries
A(g) replace Walsh characters and we work with operators of the form

f=>_f@rg.
geG
The “quantum” probability space where we place these operators is the group von Neumann algebra

L(G). The noncommutative L, space L,(L£(G)) associated with £(G) is isometrically isomorphic to the
classical L ,-space over the Pontryagin dual G of G whenever the group G is abelian. We shall make no
distinction between a functionin L, (G) and the corresponding operator in L ,(£(G)) throughout the paper.
Precise definitions of all the relevant objects are given below. Understanding how to replace Rademacher
chaos by some sort of “trigonometric chaos” has to do with identifying elementary generating families.
Our construction is somehow delicate and we start with a model case which originally motivated us.

LetF, =Z*Z % ---*Z be the free group with n generators ey, ez, ..., e,. The unitaries A(e;) are an
archetype of Voiculescu’s free random variables, which play the role of coordinate functions ¢; above.
The tensor products ;(S) = A(ej) ® Is(j) in E;’k = L(F,) ® I satisfy the inequality

. kg CRY SRR
> fepg =p (—Df(e,,-)V’) + (—Df(epF) . (FRp)
j=1 Lp(Z,5) g e
The desired free form of Naor’s inequality looks as follows:
1 A Pk k\*
v D0 Farmw) sp—Z||a,-f||§+<—> LFIIE. (FN,)
(k) Sc[n]"weFs p n j=1 n

ISI=k
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Here [Fs denotes the free subgroup with generators in S and

o f = fFar)+Y funw),

—1
>e.
w ej

where w > e; is used to pick those words starting with the subchain ej.‘ for some positive integer kK when

wzej

written in reduced form. Let us briefly comment on the two inequalities above. The inequality (FR))
follows from the noncommutative Burkholder/Rosenthal inequality [8; 9], while (FN,) reduces to (FR,)
when f lives in the linear span of the A(e;) as a consequence of the free Khintchine inequality [4]. It is
therefore an extension of the linear model for free chaos. A look at Naor’s original inequality shows that
both group elements and collections of generators (respectively denoted by A and S there) become subsets
of [n]. This curious coincidence in the hypercube must be decoupled for other discrete groups and our inner
sum in the left-hand side of (FN,) is taken over those words w with letters living in free coordinates located
in S. On the other hand, our choice for 9; f comes from [13] and will be properly justified in due time. It is
worth mentioning that some nonlinear extensions of the free Rosenthal inequality were investigated in [10]
for free chaos, but none of them include a free form of Naor’s inequality along the lines suggested above.

The above reasoning settles a free model for Naor’s inequality and illustrates how trigonometric chaos
fits in for free groups. What happens if we take products of more general discrete groups? What about
discrete groups lacking a product structure? Answering these questions amounts to considering Fourier
truncations and somehow related differential operators over discrete groups. Other than lattices of Lie
groups, discrete groups fail to admit canonical differential structures. This difficulty was successfully
solved in [11; 13] with affine representations. More precisely, an orthogonal cocycle of G is a pair (¢, B)
given by an orthogonal action « : G ~ #H into some R-Hilbert space together with a map 8 : G — H
satisfying the cocycle law

ag(B(h)) = B(gh) — B(g).

The latter ensures that g — o, (-) + B(g) is an affine representation of G, so that the cocycle map S
establishes a good Hilbert space lift of G and one can expect to import the differential structure of H.
Naively, we “identify” the unitary A(g) with the Euclidean character exp(2wi{(8(g),-)) and define
“H-directional derivatives” on L(G) as follows for any u € H:

0u(1(2)) = (B(g), u)r(g) and A(Q)) = B)I1(g).

We remark that we use the word “derivative” — in quotes, that we suppress after the Introduction —in
a loose way here. They are linear operators that do not satisfy Leibniz rules, so in general they are not
derivations. In the same vein, the correspondence between A(g) and Euclidean characters that we take
as inspiration only holds for G = Z" with a particular choice of cocycle, that we shall detail below, and
should not be considered in a literal way. This strategy of construction of differential structures has been
extremely useful to establish L ,-boundedness criteria for Fourier multipliers on group von Neumann
algebras. We now introduce the right setup for the problem. Given a discrete group G equipped with an
orthogonal cocycle («, B) and a positive integer n, we say that
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is an admissible family of Fourier truncations when we have:

> F@re)

geG

=cb Cp
p

for p > 2.
p

> Fong

8€Bs
 Pairwise B-orthogonality:

H=CPH;. withBBs).BBs")CPH; =Hs.

j=1 j€es

Given an orthonormal basis (uj¢), of H;, define the j-th “gradients” as the first column vectors

1
b
Djf =) 3 f®en sothat |D;f|= (Z |au,.ef|2) :
=1 =1

Theorem A. Let G be a discrete group equipped with an orthogonal cocycle (a, B) whose associated
Laplacian A has a positive spectral gap o > 0. Let us consider an admissible family of Fourier truncations
A={Bs :S C[n]}. Then, given p > 2 and k € [n], the following inequality holds for any mean-zero f:
: < ks p *y 1P k : 14
D Spo D DN @y TIPS, c@nd - ) 117, e
(k) IS|=k L,(L(G)) j=1

. p
> fone

8€Bs

Naor’s inequality follows as a particular case of Theorem A by taking G = 2" equipped with an
adequate cocycle that we detail below in Remark 2.5. Said cocycle sends 2" into the n-dimensional
space H =R xR x - - - x R, and we use the truncations Bs = {A C S} = B~ 1(Hs). The length ¢ in this
example is the word length (the geodesic distance in the Cayley graph) as is the case in many of the
examples below. Recall that D; = 9; here since dim #; = 1. Moreover [9;(f)| = [3;(f*)| in the abelian
framework of the hypercube. Two generalizations of Naor’s inequality for large classes of discrete groups
follow from Theorem A:

(i) Direct products. If G = G; x G, x --- X Gy, is a direct product of discrete groups equipped with
orthogonal cocycles («;, B;), consider the product cocycle («, ) and let Bs be the subgroup of G
generated by group elements whose nontrivial entries lie in S. Then, the Fourier truncations become
(completely contractive) conditional expectations and we get an admissible family of Fourier truncations.
The gradients D; correspond to the different factors and cocycles in the direct product above. One case
that we shall explore is G = Z", which probably yields the most natural continuous generalization of (N )
in the torus T". Our result in inequality (2-1) can be obtained using only commutative ingredients and
following the original argument. However, we shall deduce it from Theorem A and later improve it below
using our stronger result—in this case.

(i1) Equivariant decompositions. If G is a discrete group equipped with an orthogonal cocycle («, 8), any

direct sum decomposition of the Hilbert space H into o-equivariant subspaces gives rise to an admissible
family of Fourier truncations. More precisely, assume

n
H:@Hj and ag(H;) CH; forevery (g, j) €Gx|[n].
j=1
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Then, the family of sets
—1
Bs=p <EB H j)
jes
are subgroups of G. In particular, the associated Fourier truncations are conditional expectations (hence-

forth L ,-contractions) and the Bs satisfy pairwise B-orthogonality. This more general construction does
not impose a direct product structure on the discrete group G.

Let A be an admissible family of Fourier truncations on G as defined above. Let us say that a group
element g € G is an .A-generator when B(g) € H; for some 1 < j < n. Theorem A may be regarded as a
nonlinear form of an inequality for linear combinations of .4-generators

=YY f@or =) Ai.
j=1

j=1 B(g)eH;

This inequality controls balanced averages of S-truncations ) jes Aj(f) in terms of f and the j-th
gradients of A;(f). This linear model seems to be new for general discrete groups/cocycles and Theorem A
gives a nonlinear generalization in terms of trigonometric chaos over .A-generators.

Theorem A does not recover the conjectured free form of Naor’s inequality (FN ). Indeed, the free
inequality relies on the standard cocycle of [, associated with the word length, which yields H >~ £, (F,\{e})

and infinitely many “free derivatives” of the form

df =) f)r(w) foranyueF,\ e},
w=>u
so the 0, can be regarded as Fourier multipliers whose symbols take values on {0, 1}. However, we only
need to use n free directional derivatives which are defined as

0 =0, +9,1. with1<j<n,

and these are not coupled into a family of gradients, as we do in Theorem A. The key point to achieve this
is the fact that free derivatives associated to free generators include all free derivatives in the sense that

u#e = uZejoruZe;lforsomelijn =  0,00; =000, = 0.

In general, assume that A = {Bs : S C [n]} is an admissible family of Fourier truncations in G with
respect to (a, B). We will say that 7 = {0; : 1 < j < n} is a distinguished family of “derivatives” when
0, 00; = 9, for any u € H; with 1 < j <n. Throughout the paper, we shall consistently use u for vectors
in H and j € [n], so that no confusion should arise when using 9, and 0;. The following result refines
Theorem A when we can find such a family.

Theorem B. Let G be a discrete group equipped with an orthogonal cocycle («, B) and an admissible
Jfamily of Fourier truncations A = {Bs : S C [n]}. Assume that J = {0; : 1 < j < n} is a distinguished



2566 ANTONIO ISMAEL CANO-MARMOL, JOSE M. CONDE-ALONSO AND JAVIER PARCET
Sfamily of derivatives. Then, given p > 2 and k € [n], the following inequality holds for any mean-zero f:

1
AP

IS|=k

> Fone

g€Bs

Pk k\ 2
Sp . Z 19; (ONE +10; (FONE + (;) I
p j=1

When the distinguished family of derivatives 9; is a proper subset of the cocycle derivatives 9,, it turns
out that Theorem B gives a stronger inequality (compared to that of Theorem A) at the cost of additional
assumptions, which fortunately hold in several important cases considered below. Note as well that the
spectral gap assumption is unnecessary under the presence of distinguished derivatives. Here are our
main applications of Theorem B:

(i) Free chaos. Our discussion on free derivatives illustrates how to apply Theorem B to obtain an
inequality which gets very close to (FN,). The extra term 0;(f*) is anyway removable due to a special
property of free groups, for which word-length derivatives become free forms of directional Hilbert
transforms [17]. This “good pathology” leads us to an even stronger inequality than the free analog of
Naor’s inequality (FN,), as can be seen comparing the statements of Theorem 3.1 and Corollary 3.2.
This could be useful in other directions of free harmonic analysis. We shall also explore the free products
sz*ZZm*-'-*sz.

11 ontinuous an 1screte torl. € also analyze = 7 an = 7 equipped wit ifferent
(ii) Conti d di i. We al lyze T" = Z" and 7" = Z, equipped with diff

geometries. Theorem B is applicable for the Cayley graph metric and the resulting inequality improves the
one coming from the Euclidean metric. These forms of Naor’s inequality can be regarded as refinements
of the classical Poincaré inequality.

(iii) Infinite Coxeter groups. Any group presented by

G=1(81,82-..,8n | (gjg)""* =e),

with s;; =1 and s, > 2 for j #k, is called a Coxeter group. Bozejko proved in [1] that the word length is
conditionally negative for any infinite Coxeter group. The Cayley graph of these groups is more involved
and we will not construct here a natural orthonormal basis for the cocycle; we invite the reader to do it
and to derive inequalities along the lines of those in Theorems A and B.

Our proof of Theorems A and B streamlines Naor’s original argument. The key point in this general
setting is to identify the right notions, such as admissible families of Fourier truncations or distinguished
families of derivatives. Once this is done, the proof heavily relies on dimension-free estimates for
noncommutative Riesz transforms [13] in the same way Naor’s inequality did in terms of Lust-Piquard
results [16]. Another crucial point in our argument is the Banach X, nature of noncommutative L ,-spaces.
Generalizing previous work of Naor and Schechtman [20, Theorem 7.1], we shall establish it with a much
simpler argument based on Junge and Xu’s noncommutative Burkholder/Rosenthal inequalities [8; 9].
Of course, one could expect that Theorems A and B may lead to noncommutative X ,-type inequalities,
very much like in [19]. We have obtained some inequalities in this direction [2]. Our hope was to
deduce nontrivial bounds for L ,-distortions of Schatten g-classes or other noncommutative L -spaces.
Unfortunately, our efforts so far have not been fruitful in this direction.
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1. Trigonometric chaos

1A. Harmonic analysis on discrete groups. Let G be a discrete group. The left regular representation
of G on ¢>(G) is the unitary representation determined by

[L()pl(h) =g 'h), g, heG, ¢petr(G).

The group von Neumann algebra of G is denoted by £(G). It is the weak operator closure of the linear span
of {A(g)}gec in B(£2(G)). Its canonical trace 7 is linearly determined by 7(A(g)) = (A(g)1(e}, Lie)) t2G) =
dg—c. Every element f € £(G) admits a Fourier series

f=Y_F@Mg), where f(g) =T(()* /).

geG

This shows that t(f) = f (e). For 1 < p < 00, we denote by L ,(£(G)) the associated noncommutative
L, space. We emphasize here that in the case G is abelian, its Pontryagin dual G is a compact abelian
group and we have

L,(L(G)) =~ L,(G),

isometrically. Therefore, in that case L ,(L£(G)) is a classical (commutative) L, space. In all instances
below, we will consider all of our L, spaces as noncommutative ones so that we can give a unified
treatment to all the examples.

An orthogonal cocycle for G is a triple (#, , 8) given by a real Hilbert space #, an orthogonal action
a:G— O(H), and a map B : G — H satistying the cocycle law

ag(B(h)) = B(gh) — B(g).

Orthogonal cocycles are in one-to-one correspondence with length functions. We say that a map ¢ :
G — Ry is a length function if it vanishes at the identity e, it is symmetric ¥ (g) = ¥ (g~!), and it is
conditionally negative

Zag=0 = Z &ga11W(871h)§0

g€G g.heG
for any finitely supported family {a,}seg. Given a cocycle (H, «, B), the function ¥ (g) = ||B (g)||%_[
is a length function. On the other hand, any length function v/ determines a Gromov form (-, -)y, a
semidefinite positive form on

D[G] := R-span(ly : g € G),
given by

Y@+ y(h) - V(g™ 'h)
(Ligys L)y = 5 -

Then, the Hilbert completion H of D[G]/Ker({ -, - )y ), equipped with (-, -)y, together with the map
B :gr> Iy +Ker((-,-)y), and the orthogonal action cg (1)) = 1(gny — (4} + Ker({-, -)y) form a
cocycle. Moreover, Schoenberg’s theorem [22] claims that ¢ : G — R is a length function if and only if
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the maps S; : A(g) — e~V (@3 (g) form a Markov semigroup (S;);>0 on L(G); see [11; 13]. In this case
(S¢)s>0 admits an infinitesimal generator

S —id
27O so that S; =exp(—tA).

As is standard, we shall call the generator A the y-Laplacian on G. Since we have A(A(g)) = ¥ (g)A(g)
for g € G, it turns out that A is an unbounded Fourier multiplier whose fractional powers can be defined by

AV fi= "y (9) f(RM(Q).
geG
Let (H, «, B) be the orthogonal cocycle naturally associated to the length function ¥ : G — Ry as

explained above. Given an orthonormal basis {u,}¢> of 7, we consider the corresponding directional
derivatives as follows:

Bu M(8) 1= (B(g), ue)yr(g) sothat A= 0.
>1

The corresponding Riesz transforms associated to ¢ are then defined as

Rif =Ry [ = augA_;f=Z%f(g))\(g)-

geG
Riesz transforms act on elements of L ,(£(G)) with null Fourier coefficients on the kernel of 8. More
precisely, maps R, are well-defined over the mean-zero subspaces

L3(L(G) = {f € L,(L(G)): f(g) =0if y(g) =0}.
Dimension-free estimates for noncommutative Riesz transforms were studied in [13].

Theorem 1.1 [13, Theorem Al]. If 2<p <ooand f € L;(E(G))
)

’ (Z |Re<f>|2>é (Z |Re<f*>|2)é

£>1 £>1

||f||p =p max{ s
p
Finally, our Fourier truncations will be written in the form

Ennsf = D f(@)i(g), with'S C [n].

8€Bs
When Bgs is a subgroup of G, Ej,)\s is a (L ,-contractive) conditional expectation onto £(Bs).

1B. Noncommutative L p-spaces are Banach X, spaces. Linear forms of X, inequalities are vector-
valued extensions of Rosenthal inequality for symmetrically exchangeable random variables [6]. More
precisely, a Banach space X is said to satisfy a Banach X, inequality if the inequality of Theorem 1.2
below is satisfied for vectors {x;};c[,) C X (and with norms taken in X). In [20, Theorem 7.1] Naor and
Schechtman proved such inequalities for Schatten p-classes. A noncommutative Burkholder martingale
inequality for the conditioned square function [8] led Junge and Xu to obtain noncommutative Rosenthal
inequalities for symmetric variables in [9]. The precise result that we use below is the following (see
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[9, Corollary 6.6]): let " and M be von Neumann algebras, with A/ abelian, and p > 2. If {x;}je(s) C
L ,(M) satisfy that

n n
Y sjan() ®x; D ey )
j=1 L,(N®M) j=1 L, N®M)
holds for all random signs s = (s1, 52, ..., 5,) € ", all permutations 7 on [n] and coefficients {a;} je[,) C

L ,(N) —that is, the variables are symmetrically exchangeable — then

~— Z llaj 11111 + (Zx xj +xjx )

We use this result below to establish the Banach X, nature of arbitrary noncommutative L ,-spaces.

-®xj (1-1)

(Z)

j=1

p p

Naor/Schechtman’s argument can be extended to work as well for other noncommutative L ,-spaces, but
our argument below is much shorter.

Theorem 1.2. Let (M, T) be a von Neumann algebra equipped with a normal semifinite faithful trace.
Then, if E denotes the expectation over independently equidistributed random signs € = (€1, &2, ..., &)
and xj € L (M), the following inequality holds for any p > 2 and k € [n]:

% DTED ex ’ an,uL (M)+( )

k) scn] " jeS Lp<M)
ISI=k

Proof. Define random variables o; € X, = Q" ® I; as defined in the Introduction by o;(e, S) =

x]

Ly(M)

ej®1s(j) for 1 < j <nandS C [n]. We claim that the variables o; are symmetrically exchangeable in
Ly(Zyx ®M)=L,(Ii; L,(Q2"; L,(M))), i.e., for any choice of signs s; = &1 and any permutation 7
of [n], there holds

n

Z 8j0n(j) @ Xj

j=l1

=:B.

n
Zoj@)x,

j=l1

A=

Lp(zn,k®M) Lp(En,ké’M)

Indeed, applying the noncommutative Khintchine inequality [15] in L, (M) twice

1 p
Ap:m Z Z 871(j)®SJ'Xj

k/ scinl"x(j)es Ly (Q"Ly(M))

(z)

1
m(j)€S

BRI
(54)

A=
jes

k]

3
Z XX}
Ly(M) i

7(j)€S

()

jes

L,,(M)}

} =, B”.
L,(M)

1
)4 n 5| P
o2)
J
P i P

j=1

|
\SI k

=C1)Sg[] {

ISI=k

N

Lp(M) '

Hence, we can apply (1-1) (with the choice N’ = Lo (%, 1)) to get

B’ <, - Z lloj 1511 |P+< ) (Zx X} + XX )
j
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Now, we have

oI} s, = Z Is(j) =

SC[n]
ISI=
1 i L
(>SN z(zlsm)
j=1 p(zn ) (k) SC[n] “j=I
|S|=k
Therefore, we get
p
B’ <, an,uL (M>+( ) (Zx xj + xjx )
L,(M)

’

Lp(M)

an,uL (M)+( ) Zsm

applying once again the noncommutative Khintchine mequahty. This proves the result since the random

variables o; are chosen so that B equals the left-hand side in the inequality of the statement. O

Remark 1.3. Theorem 1.2 says that L,(M) is a Banach X, space. The conclusion also holds in the
completely bounded setting since the constants that appear in the inequality of the statement do not
depend on the von Neumann algebra M.

1C. Proof of Theorem A. According to Theorem 1.1

(l) SIS fe

SCn] gEBs

ISI=k
( Z IEmns £11%

SC[n]
ISI=
1 5 e q ) 3P
=p m Z (Z |Rj€(E[n]\Sf)| ) + m Z (Z |Rj(((E[n]\5f)*)| > = A+B,
k7 Scn]" Njen] p k) scn]" Njeln] p
ISI=k  £>1 ISI=k =1

where Rj;:= Ry, and {u ¢ : j € [n], £> 1} is the orthonormal basis of H considered before the statement
of Theorem A. Since B(Bs) C Hs, we observe that (8(g), u¢)y =0 whenever g € Bs and j ¢ S. Moreover,
Fourier truncations commute with Riesz transforms — as both are Fourier multipliers —and we deduce

Rj¢oEpps = 1s(j) Epps o Rje.

Using the complete L ,-boundedness of our Fourier truncations, we get

Ay ’11 Z (Z[Zmﬂfﬂ j|) Sp % Z Zej[leJ€f| i| =:A
( ) |SCI[n] jeste>1 (k) |Ssgl[nk] jes £>1

The last inequality follows from either the scalar (if G is abelian) or the noncommutative Khintchine
inequality [15] otherwise, applied to independent equidistributed signs &; = +1. Next, we use the
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Banach X, nature of either commutative or noncommutative L ,-spaces. More precisely, applying
Theorem 1.2 we get
p
=A|+A,.
P

: ¢ [Zuwﬂ }

NOL )

Since Rj¢ = auﬂA—l/Z = A~129,,, [7, Proposition 1.1.5] yields

n
Aﬁ:SZ —Z Za,gf®e€l

Jj=1 j=1"¢>1

(Zuwﬂ)

£>1

p
Y Rjf®er

=1 Sp[Lp(ﬁ(G))J

k n
=~ DI
=1

SplLp(L(G))]
Moreover, the Khintchine inequality and Theorem 1.1 give

A2~p<) (ZDRM) <p (k) LFI2.

j=1t>1
Therefore, the term A satisfies the expected estimate and it remains to justify the assertion for B. We now

analyze the behavior of our Fourier truncations under adjoints. Observe that
Epns ) =Y F@OM™") = Ef, s (£
8€Bs

In particular, since E,;5 commutes with R ¢
*\ — F/ *\\ % %k
Rje((Epns /) = Epps(Rje(f 7)) = Epns (Rje (F7))™.

This is the point where we need the condition 8(Bg 1) C Hs, to make sure that the above terms vanish
when j ¢ S since we find the inner products (8 (g_l), uje)y for g € Bs. Thus, we obtain

‘ (Z |Rje(<E[n]\sf>*>|2)2

Z Z E[n]\s(RJE(f ) )®el (0

Jé€ln] p J€ln] =1
=1
& | ST R = \ (zzuw >|)
jes £>1 jes =1
Therefore, we may follow the above argument for A just replacing f by f*. O

Remark 1.4. A careful reading of the proof of Theorems A and B shows that we may use different Hilbert
space decompositions H = @;H; = ®;K; for Bs and its inverse — with B(Bs) C Hs and ,B(Bgl) CKs—
as long as we can find an orthonormal basis {u, : £ > 1} of H satisfying that

for all £ > 1 there exists ji, j» € [n] such that uy € H; NK},. (1-2)
More precisely, under this more flexible assumption we get
APy

IS|=k

n k g
> fonre Npo—Z[||D,-<f>||§+||DT(f*>||z]+ =) Ire,
J n

j=1

g€Bs

where D; = ZWE K; 0y, (+) ® ey is the gradient over the basis vectors living in ;.
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Remark 1.5. The constant depending on o in Theorem A grows as o ~?/2. One can also track the depen-
dence on p of the constant. Using free generators in place of random signs — Theorem 1.2 holds as well —
we keep constants uniformly bounded replacing noncommutative by free Khintchine inequalities [4]. The
constants in Theorem 1.1 are bounded by p3/2, but it is still open whether this is optimal.

1D. Proof of Theorem B. Again Theorem 1.1 gives

1
v Y NEmns Sl =<, A+B
(k) SCln]

|S|=k

as in the proof of Theorem A. Following our argument there, we use our estimate A S, A| + A/ and we
bound A/, in the same way. To estimate A} we use our distinguished family of derivatives and Theorem 1.1

Z (Z'Rwa fl) H Zna £,

nAT N

to deduce

The estimate for B then follows by the same considerations as in Theorem A. [

2. Applications to abelian groups

We now focus our attention on concrete realizations of Theorems A and B for certain commutative group
algebras. In all the cases in this section, we choose Ef,}\s of the form

Epnsf = Z f(g)k(g) for some subgroup Bg of G.
8€Bs
Due to that fact, we know that they are conditional expectations, and therefore completely contractive
maps. This allows us to safely apply Theorems A and B without checking that hypothesis. We will give
the details for the cases G = 7" and G = 73, , yielding inequalities in L, (T") and L ,(Z},,), respectively.
In this section, we must change to additive notation in our groups given their natural operations (and we
reserve the product notation for the usual product of integer/real numbers). The necessary adjustments
for the hypercube are discussed at the end of the section.

2A. Classical tori. Define
V() =1g1l+-- -+ lguls

Va(e) =gl +gi+-- + 8
with g = (g1, g2, ..., &) € Z". Both functions are symmetric and vanish at 0. Moreover, conditional
negativity follows easily. In the case of v, it suffices to check it for each summand |g;| which is
conditionally negative from subordination with respect to g]?. These functions are denoted as the word
and the Euclidean length respectively. We analyze balanced Fourier truncations using both geometries.
(A) The Euclidean length. The length v, induces the standard cocycle (H, «, 8), where H = R" with the

usual Euclidean inner product, the trivial action and the canonical inclusion 8 =id. We use the standard
decomposition H = P ; Hj, with H; = Re; the subspace generated by the j-th element of the canonical
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basis. Therefore, given S C [n], denote by Z° the subgroup of elements with vanishing entries outside S
and consider the truncations

Epns S () = ) f()e™ ™8 forany f € L,(T") ~ L,(L(Z"),
gezs

where ¢27i(":8)

> A(g) defines a trace-preserving x-homomorphism. The cocycle derivatives correspond
in this case lup to a multiplicative constant — to the classical derivatives (d/0x;), and the infinitesimal

generator A is the usual Laplacian (up to a universal constant) with spectral gap 1. Then, Theorem A yields

: TR A K A 2-1
AP PIECE <SS (Y irne e
k) scln]" gezs LT j=1 J WL,

|S|=k

for any mean-zero f € L,(T"). This seems to be the most natural generalization of Naor’s inequality for
classical tori, but it is not the most efficient. Indeed, using the same Hilbert space decomposition as above,
one can consider the alternative absorbent derivatives d;A(g) = d¢;20A(g). In particular Theorem B yields

P

1 Aot k k\2

LSy fgemito p—ZN@ﬂﬁﬂw+()lvwﬂm, @)

(&) SCln] gezs Lyan Mo "

IS|=k

where, abusing notation, we define Bje2” i(.8) = Sgﬂéoez” i(--8) This is a stronger inequality since

19; £l comy = —“ Z ( . ) (g)e”™ 8! <Gyl Ay .

Xj L,,(T”) X WL, am

Indeed, the symbol m(g) = 1/g; defines an L ,-bounded multiplier as a consequence of the K. de Leeuw
restriction theorem and the Hormander—Mikhlin multiplier theorem [5; 14; 18]. As we shall see (2-2)
naturally appears using the word length.

Remark 2.1. Consider f : T" — C with

f) =) f(e)e ™ and  f(0)=

gezn

Given S C [n], the classical Poincaré inequality gives

o | T dweren] <o 5wy < g T [Sergs

Sc[n]" gezS\{0} p SC[n] Sc[n]" jeS
ISl=k ¢ IS|=k \S|_k
fs
-5 2 [ X }
jes p

Scn]
|S|=

(k) Scn]
IS|=k

ng

Zafa
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for 0j(¢,S) = ¢; ® 1s(j) as in the Introduction. Applying [6] gives

1 r Ti(- P k H
) DD fgermitow +(;) 1V £111D.

Scinl'gezs P
ISI=k

n

k
,&;Z

P 0
p j=1

o,

Inequalities (2-1) and (2-2) improve the above inequality replacing |V f| by f.

(B) The word length. Let us now study which inequality do we get with the word length. The cocycle
associated to it is infinite-dimensional, with an orthonormal basis which can be described as oriented edges
in the coordinate axes of the Cayley graph of Z". More precisely, the associated Gromov form on D[Z"] is

n
(Ligps Lin)yn = 5W1(8) + Y1 () — i (h— @) = > min{lh;l. |g;1}8 .5, 0.
j=1
Given g € Z" and j € [n], define
g[_j] = g —sgn(g;)e;, with sgn(0) =0.
Then, we may construct the following elements in D[Z"]:
Wg,j = l{g} — l{gFjl} and uj(ﬁ) = wgej’j.
Below, it is convenient to keep in mind that u; (£) = 1(ze;} — L{e—sgn(e))e;}- If Hy, = D[Z"]/ Ker(-, - )y,,
the following properties define an orthonormal basis:
o (uj(£),u;(£))y, = 1forall (j,¢) € [n] x Z\{0}.
o (uj(€),ujr(€))y, =0 whenever j # j or £ #¢'.
o wy j =u;(l) if g; = Le;, since the difference belongs to Ker(-, - )y, .

Altogether, this implies that the image in Hy, of the set

{uj () - (j, ©) € [n] x Z\ {0}

is an orthonormal basis for . We shall identify 1(,) and u;(¢) with their image in the quotient. The
cocycle map is given by B(g) = 1y and the orthogonal action « satisfies otg(1(4)) = l{g44) — 1{g}. This
means that for any g € Z"* we have

g (uj(€)) = Ligtpe;) — Ligtte;—(sen@)e;}-

Therefore, the subspaces Hy,,; = span{u;(€) : £ € Z\ {0}} are a-invariant for j € [n]. This proves that
the same conditional expectations E[,)\s considered before still define an admissible family of Fourier
truncations. The cocycle derivative associated to u;(£) acts as follows:

Au; A (g) = (u; (), lig))y, A (8)
= (min{|g;|, [€[}g;.c~0 — min{[g;, [€] — 1}3g;.(e—sgn())>0)A(8)
= 8(g;-£>0,1g;I=1en A (8)-
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The Laplacian is
Ay f =D (@ f M),

gezn

whose spectral gap is still o = min; 1 (e;) = 1. Theorem A yields

1 A )
) DD feit® Z”'D f|||”m+( ) AT cpnys (2-3)

|Scl[n] gezs

LP(T”)
with

1D; Oz, com = 1D; )M, am = '

( > Iau,af)fI)

2eZ\{0} Lp(T)

Remark 2.2. Note that |8uj o () # |8uj «0)(f*)|. Thus, nontrivial cocycle actions lead to noncommutative
phenomena even when working with abelian groups, as pointed out in [13]. In spite of that, observe that
(Li—g), uj (0))y = (1ig), uj(—£))y, which implies |[|[D;()|ll, = [ID; (f*)ll, as claimed above.

On the other hand, taking
9 A(8) 1= u;(1yA(8) + Ou;(—1)A(8) = dg;201(8),
we get ;) 0 9j = du;(0) for any (j, £) € [n] x Z\{0}. Thus, Theorem B gives

1 A .
o YD Fgermis Zua £I7 m)+( ) 1£17, com

k) scin]" gezs L!’(W) ] 1
IS|=k

for any mean-zero f € L,(T"). Here, 9; is the same as in (A), and so this recovers inequality (2-2) and

improves (2-3). Note that above, both 9, (¢) and 9; are {0, 1}-valued multipliers.

2B. Discrete tori. Consider the word length |g| = min{g, 2m — g} in Z,,, = Zz,n. Therefore, for us
Zym ={0,1,...,2m — 1}. As shown in [12], | - | defines a conditionally negative symmetric length. In
particular the same holds for the corresponding length in the product 75

V(g =lgil+lg2l+---+lgnl forg=(g1,....8n) €2,
This word length has many similarities with the previous one
n
(Ligy, Lynp)y = %(W(g) Ty —y(h—-g)= % > lgil+ 1kl — |hy — g1.
j=1
Given g € 7}, and j € [n], define
We, i = l{g) — l{g_ej} and u;(¢) = Wee;, j for1 <¢ <2m.
If Hy =D[Z5,,1/ Ker(-, - )y, we find that:
o (uj(£),u;(£))y =1forall (j, £) € [n] x [m].
o (uj(€),ujr(€))y =0 whenever j # j or £ # ', £ +m.
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o wy ; =u;(£) if g; = Le; since the difference belongs to Ker(-, - )y.
o u;j(£) = —u;(£+ m) since the difference belongs to Ker( -, - ).

o (Lieesys Liesy)y = min{€, 2m — €', max{0, m — €'+ £}} for | <€ < <2m.
Altogether, this implies that the set
{uj(6) = (j, ©) € [n] x [m]}

is an orthonormal basis for #,,. The cocycle map is given by B(g) = 1(,), by which we mean again that
B(g) is the image of 1, in the quotient, and the orthogonal action « satisfies oy (1(5)) = Lign) — Lig).
This means that for any g € 73 we have

g (U (0) = Ligtee;) = Lig+e—1e;)-

Therefore, the subspaces Hy, ; = span{u;(£) : £ € [m]} give again an a-invariant splitting of H,, with
J running over [n]. In particular, the conditional expectations Ej,)\s over the subgroups ng define an
admissible family of Fourier truncations and the cocycle derivatives are given by

Ou;)A(8) = Sfe<gj<t+myr(g)-

The associated Laplacian has spectral gap equal to 1. As before, Theorem A yields a statement that
we omit because it can readily be improved. If we set as before 9;A(g) := 8g;20A(g) for j € [n], we
immediately see that u;(0) © 0j = 0y, (¢)- Moreover, we can rewrite it as

8j)‘(g) = 8uj(l))\(g) + auj(m))‘(g) - 8gj=m)\(g)~
Next, note that we may write the last term as
Sg_,-:m)\(g) = E{O,m},j(aLlj(l))L(g)) = %E{O,m},j(auj(l))\(g) + 8u_,~(m))\(g))a

where E( ), j 1s the conditional expectation onto Zé;ll x {0, m} x Z;,;j . Then, after applying Theorem B
one gets the following for mean-zero f : 75 — C:

1 T L k k\*
AP PIRICE S0 g+ (5) 11
k) scin"gezs Lp(Z5,) j=1

R

k& k\2
S ; Z ||(8Mj(1) + 8uj(m))f||ip(zgm) + (;) ”f”ip(zgm)- (2'4)
j=1

As before, both derivatives dy;(¢) and 9; turn out to be {0, 1}-valued multipliers.

Remark 2.3. It is natural to ask if the situation changes much when the cyclic groups under consideration
have odd cardinal. The function ¥ (g) = Z’;‘:I lgjl, with |g;| = min{g;, 2m + 1 — g;}, is a conditionally
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negative length on 7, and so there exists an associated cocycle induced by the Gromov form

(Lgy: 1)) = 3 (W (@) + ¥ (h) — ¥ (g — h)

n
= “min{g;, 2m+1—h;, max{0,m — h; + g; + 3 }}.
j=1
It defines a cocycle Hilbert space H, with dimension 2mn. Theorems A and B apply but calculating an
explicit expression for the orthonormal basis of Hy, is more tedious and we shall leave it to the interested
reader.

We end this subsection with a few comments on the case m = 1 of the above construction.

Remark 2.4. Inequality (2-4) for G = 77, with m = 1 recovers Naor’s inequality (N ,) for the hypercube.
Indeed, specializing the above computations in this case means that we take H = D[Z}]/ Ker( -, - )y and
consider the trivial cocycle By given by {0, 1}" > g — 1y, with the action

@0,¢(§) = (=D&, (=D%&, ..., (=D%&y).

With this construction, given L,(Z5)> f=)_ g7 f (g)exp(mi(-, g)), 8} = 2812, where 81.1 is the discrete
derivative used by Naor and 8].2 is our choice of 9; in (2-4) form = 1.

Remark 2.5. One can also recover (N,) from Theorem A using multiplicative notation directly. This
however requires us to employ a nontrivial cocycle that we next describe. Set G=Q", e=(1,..., 1),
and define the cocycle 81 : G — R" by G > h +— e — h (the sum is the usual one in R"). This satisfies the
cocycle law with respect to the — nontrivial — action

Oll,h(g):(hlsl,---,hngn)» g eRn-

One can see that if g € Z is identified in the natural way with

h(g) := (exp(mig), ..., exp(rwigy)) € Q",
then
Bi(h(g)) =2po(g).

Therefore, the cocycle derivatives are the same, up to a constant and modulo identification of characters,
and the application of Theorem A yields the same inequality in both cases.

Remark 2.6. We can consider weighted forms of Naor’s inequality by considering different measures on
the same group Q" to get different cocycle representations. One could hope to get an improvement over
the result in [19] in this way, but we next show that this is not the case. We borrow the aforementioned
cocycle representations from the construction in Example B in [13, Section 1.4], that we use as follows:
LetG={—1,1}" and equip I" = G= {—1, 1}" with the measure

n
n= Zotjl{wj},
j=1
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witha; >0and w; =(1,...,1,—1,1,..., 1) (change the sign in the j-th coordinate only) for j € [n].
Viewing I" as the power set of [n], we identify w; with {j}. We consider the conditionally negative length
function

Y (A) = 11— WallZ, .-
Then  may be represented by the cocycle (Hy, o, 8), with
Hy = L2, w),  aaw) =Wa-u, BA)=1—Wa.

The map B is indeed a cocycle. Then {u; = oej_l/ 21{ j} : J € [n]} is an orthonormal basis, and the cocycle
derivatives are given by

O, Wa = ——(B(A), 1{j1)y Wa =2/ In(j)Wa = J/aj0; W,

Vo

where 9; denotes the j-th discrete derivative. Riesz transforms take the form

(B(A), 1 Ve
Ry f= Y imw, —L_ (AW,
ACZ[n] VY& w(A Acz[n] Z(eA 7 .

JjeA
Consider the decomposition Hy j = R1{;;. Note aa (1) = Waljy = (= D'y, so aa(Hy j) CHy
and the decomposition is equivariant. Therefore, the associated conditional expectation can be chosen to be
Ennsf = Y. f(AWa=)_ f(AWa.
B(A)eHs AcS
Then, Theorem A yields

1
P2
kJ scn]
ISI=k

p
Y F(AWa

ACS Lp(")

<m—2a 19; £117 (Qn>+( ) A7,y

P
, N\

E : j p »
T '— a. n + - ny s
n j:l(mmke[n] Olk) | jf”L”(Q) <n> ”f”Lp(Q)

since 0 = minge(,) ¥ ({k}) = 4 ming ¢, o Thus taking o; = 1 for all j, which corresponds to (N), is
the optimal choice.

3. Applications to free products

We now explore applications of Theorem B after replacing the direct products in the previous section by
free products. Given a free product G = G| %Gy * - - - * G,, a general element g € G can always be written
in reduced form g = g;, g, - - - g&i, Where g;, € G;, and ij # iy # - - - # i;. We shall be working with the
free group F, = Z* Z - - - x Z and with the free product Z3 of n copies of Z,,,. In both cases we shall
write ey, ey, .. ., e, for the canonical generators and a generic element will be a word of the form

Ly L Ls
w=e;e; ¢,

with iy # iy # - - - # iy and £y in Z or Z5,, accordingly.



TRIGONOMETRIC CHAOS AND X, INEQUALITIES, I 2579

3A. The free group. Define

-
lwl=Y"14] forw=e;'- e

j=1
Haagerup proved in [3] that it is conditionally negative. The cocycle structure naturally induced by the
word length | - | can be described through the Hilbert space orthonormaly generated by outgoing oriented
edges in its Cayley graph. To be more precise, let us consider the following partial order on [,. Given

311 .. 'e;‘i’ with €}, ¢; € Z\ {0}, we say that w; < w, when

¢ ¢
w1=ei]1~--ei’andw2=e
r
e r =<y,

e =¢* forl<k<r—1,
ik Jk

e e, =ej, L, >0and |(| <t ]
Any w; < w; is called an initial subchain of w,. As we did with elements of cyclic groups equipped with

4

. [
their natural order structure, we can now define predecessors. If w = e e;” # e, we define
r

w— — e‘el - ?r_sgn(er).

- il Ly
The Gromov form takes the following form in this case:
-1 .
(Lgnys Liuap) -1 = 3 (wil + [wa| — [wy ' wa]) = Imin{wy, wa}l,

where min{w;, w,} denotes the longest word which is an initial chain of both w; and w,. Given w # e
in [, we define u,, = 1{yy — 1{-) € D[F,]. Very much like in the previous section, we find the following

properties:
* Ker({-,-)}.) =Rl,).
o (Uy,uy) . =1forwel,\/ e}
o (U, Uw,)|.| =0 for wy #wrin [F,.

This proves that
{uw :w ey \{e}}

is an orthonormal basis of .| = D[F,]/R1,. The cocycle map and the cocycle action are determined
as usual by B(w) = 1) and ay, (1) = 1wy — 1{w).-The cocycle derivative in the direction of u,, is

By, MWy = (BW), up)h (W) =Sy rw) = By, f =Y f@)Hr@W),

Next, we decompose ;.| as
n
. X —1
Hl'\ I@/HH,J‘, Wlth/HHJ :span{uw e =w orej < w}.
j=1
This leads to consider the Fourier truncations

Epansf = ) fw)rw).

wG[Fs
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Being conditional expectations, these Fourier truncations are completely contractive and pairwise B-
orthogonality holds since we trivially have B(Fs) = B(Fg 1) C H,.|s. Define A(j; C I, to be the set of
reduced words that start with ej‘f for some £ € Z\ {0}, so that H,.| ; = span{u,, : w € A;;}. Taking the
derivatives

0j = 8uej +8”P.-1 for j € [n],
J

we can readily check that 9, 0 9; = 9,,, whenever u,, € H,.| ;, so that 9; is the projection onto words
in A;y. In conclusion, we have checked all the hypotheses to apply Theorem B for our family of Fourier
truncations. In this case we get

1
7oy Z Z f
(IZ) S|5C\ [,;{] wels

n

k
Spnz 10; (AN + 119 (f )II”]+( ) 115 (3-1)

j=1

Inequality (3-1) is very close to the conjectured free form of Naor’s inequality (FN ) in the Introduction,
with an extra adjoint term which we shall eliminate at the end of the paper by proving an even stronger
inequality.

3B. The free product 75, . A similar analysis applies as well in this case. Given two reduced words

_ b Ly _h
wy=e¢; ' ---e andwz_ejl-- j,

with ¢;, t; € [2m — 1], we say that wy < w, if and only if
o r=<s,

e iy = jx for any k € [r] and ¢ = #; for any k € [r — 1],

e either ¢,,t, € [m] and i, < j,, or iy, j, € [2m — 1]\ [m — 1] and i, > j,.

The map v : 73, — R, given by

w—eé' ee’ > w(w)—ZIeZ’I _Zmln{ﬂk,Zm Ci}

k=1 k=1

is a conditionally negative length function [3], with associated Gromov form

Ly L))y = 5 (w1) + ¥ (w2) — ¥ (w 'wn))
= Y (minfw, w2}) + LW () + ¥ () — ¥y 'm2)), (3-2)

where min{w;, w,} is again the longest common subchain and w; = min{w;, wz}n; for j = 1,2. The
second term above is always 0 in the free group [, but not necessarily in this case. Given w = ez efr’ #“e

£ £—

we define w™ =¢;' -+ -¢;” ! and construct u,, = 1w} — 1w~y as usual. Then, we find that:

o (Uy,uy)y =1 forevery w e Z3 \ {e}.
o (Uwy, Uy} y =0 when e 7 wi'wy # € for j € [n].
o (i, thy,)y =0 when w; ' wy = ¢ and both wy, w, end with eji‘

J
El_.é

o Ifw=e, e;", then uy = —uyer in Hy = D(Z3, 1/ Ker(-, - )y
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This proves that
{uy w=efl e €73\ {e} with £, € [m])

is an orthonormal basis of Hy = D[Z3 1/ Ker(-, - ). We set as usual g(w) = l{w} and o, (11u}) =
L{wwy — l{w). Among the above properties it is perhaps convenient to justify the last one. Note that
(U + e, Uy + Urper )y =0 if and only if (u,,, Uyen )y = —1 but we have
(s tpen )y = 5 (= () + ¥ () wel!) + (el — Y () wel ™)
=3 (=Y )+ YD+ Y™ = ()
=§(—m—|—m—1+m—1—m)=—

14

Ifw= eil' . efr’ with £, € [m], derivatives are given by
B, M (W) = (BW), )y h(w') = Surewun (W), (3-3)
where W (w) is the set of those words w’ = e;ll e e;i satisfying
r<s, ir =jr fork<r, b=t fork<r—1 and <t <l +m-—1. (3-4)
Indeed, just write B(w') = 1y = uy + 1y =ty + - + 1y~ and so on. The inner product with

u,, will be 0 unless we find u,, in our telescopic sum above just once, in which case we get the value 1.
Note that it could appear twice due to the identity u,, = Uyl recalled above. In that case, they get
mutually canceled and we get 0. This happens when ¢, — ¢, € [2m — 1]\ [m — 1].

It remains to consider Fourier truncations. As for the free group, our choice is the conditional expectation
into the subgroup Z*S (ej : j €S), which is the free group generated by e¢; for j € S. Then we consider
the decomposition

1§w}.

Hy = @Hw,j’ with Hy, ; = spanfu,, : e; <w ore;”
j=1
Our Fourier truncations form an admissible family. Define

r(w) = 8ue A(w) + 9, ,,I)L(w) =361 _mA(w) for any w = efll el

lr
’1 ./

In other words, 9;A(w) = §;,—;jA(w) for w # e and 9,, 0 d; = 9,,, for u,, € Hy, ;. The construction above
yields the form of Theorem B on the von Neumann algebra of the free product Z3

1
P

SC[n]
ISI=

S X:IIa (O +110;(f )II"+( ) LA

*S
ZZm

3C. Free Hilbert transforms. Compared to (FN ), the form of Theorem B for free groups gives the
additional terms 9;(f*). These terms seem to be necessary in the general context of Theorem B, but they
are removable for free groups —in fact, we shall prove an even stronger inequality — due to a singular
behavior of word-length derivatives for free groups. Said behavior means in particular that word-length
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derivatives can be regarded as free forms of directional Hilbert transforms, which were recently investigated
by Mei and Ricard in [17]. The free Hilbert transforms for mean-zero f are defined as

Ho(f) =) &;(f) fore; ==l

j=1

Mei and Ricard proved in [17] the crucial inequality

I He fllL, ey =<p If L, @,y forany 1< p <oo. (3-5)
Define
As=|_JAg).
jes

Theorem 3.1. If p > 2 and k € [n], every mean-zero f € L,(L([F,)) satisfies

1
@] 2
k/ scn]
ISI=k

Proof. Define

P

k
Z 119 (f)”Lp(E([Fn)) + ( ) ||f“L p(L(F))

R p
> Fwnw)

weAs Lp(ﬁ(”:n))

=" fnrw =YY" frw) =) ).

weAg J€S weAyj Jjes

Applying inequality (3-5) we obtain

Allp =<p ElHe ()]l =E

ng

jes

The result follows from Theorem 1.2 and another application of (3-5) for f. ]
Corollary 3.2. Inequality (FN ) holds for p > 2 and any mean-zero f € L ,(L(F,)).

Proof. Tt follows from Theorem 3.1 and the boundedness of the conditional expectation from L(F,)
to L(Fs)

> Fw)rw) < |hl, =
wels p wels weAg
where £ is defined as in the proof of Theorem 3.1, since we note that Fs C Ag. O

Remark 3.3. It is conceivable that Theorem 3.1 or at least Corollary 3.2 could have been proved as well
from a generalized form of Theorem B in the line of Remark 1.4, but we have not found an argument
using such an approach.

Remark 3.4. Hilbert transforms can also be constructed on £(Z3) ). They are L ,-bounded maps as well
there, as shown in [17, Theorem 3.5]. Therefore, Theorem 3.1 can also be proved with this technique
replacing [, by Z3" in the statement.
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BEURLING-CARLESON SETS, INNER FUNCTIONS
AND A SEMILINEAR EQUATION

OLEG IVRII AND ARTUR NICOLAU

Beurling—Carleson sets have appeared in a number of areas of complex analysis such as boundary zero
sets of analytic functions, inner functions with derivative in the Nevanlinna class, cyclicity in weighted
Bergman spaces, Fuchsian groups of Widom-type and the corona problem in quotient Banach algebras.
After surveying these developments, we give a general definition of Beurling—Carleson sets and discuss
some of their basic properties. We show that the Roberts decomposition characterizes measures that do
not charge Beurling—Carleson sets.

For a positive singular measure p on the unit circle, let S, denote the singular inner function with
singular measure . In the second part of the paper, we use a corona-type decomposition to relate a
number of properties of singular measures on the unit circle, such as membership of S}, in the Nevanlinna
class AV, area conditions on level sets of S, and wepability. It was known that each of these properties
holds for measures concentrated on Beurling—Carleson sets. We show that each of these properties
implies that u lives on a countable union of Beurling—Carleson sets. We also describe partial relations
involving the membership of S, in the Hardy space H”, membership of S, in the Besov space B” and
(1—p)-Beurling—Carleson sets and give a number of examples which show that our results are optimal.

Finally, we show that measures that live on countable unions of a-Beurling—Carleson sets are almost
in bijection with nearly maximal solutions of Au = u? - y,.o when p >3 anda = (p —3)/(p — 1).

1. Introduction

A Beurling—Carleson set E is a closed subset of the unit circle dD) of zero length whose complementary

arcs {J} satisfy
1
||E||Bc=Z|J|10gm<oo. (1-1)
J
Beurling—Carleson sets were introduced by A. Beurling [1940], who showed that they constitute boundary
zero sets of holomorphic functions on the unit disk that are Holder continuous up to the boundary. Several
years later, L. Carleson [1952] constructed outer functions that vanished to arbitrary order on E. This
construction was later improved to infinite order by Taylor and Williams [1970]. Since then, Beurling—
Carleson sets appeared in a number of areas of complex analysis such as inner functions, weighted
Bergman spaces, Fuchsian groups and the corona problem.

MSC2020: primary 30J05, 35J91; secondary 30C35, 35J25, 35R06.
Keywords: Beurling—Carleson set, inner function, Roberts decomposition, nearly maximal solution.
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In this paper, we will also consider Beurling—Carleson sets with respect to other gauge functions,
although we will be mainly interested in usual Beurling—Carleson sets and «-Beurling—Carleson sets with
0 < a < 1. These are defined by the condition

IElse, =Y I < 00 (1-2)
J
in place of (1-1).

1A. Derivative in Nevanlinna class. An inner function is a bounded analytic function on the unit disk D
which has unimodular radial limits almost everywhere on dD. Beurling—Carleson sets play an important
role in understanding inner functions with derivative in the Nevanlinna class A/, which consists of analytic
functions f(z) on the unit disk for which

lim log™| f(2)| < 0.
r%l |Z|:r

Suppose w is a positive singular measure on the unit circle and
{+z
Sp(2) =eXp(—f d,u({)), lz| <1,
ms&—2z

is the associated singular inner function. On the unit circle, the radial boundary values of |S/[L| are given
by

d
IS,Q(Z)|=2fa e lz| =1,

pl¢—z*
which could be infinite. M. Cullen [1971] observed that if u is concentrated on a Beurling—Carleson set,
then S;L € N. The converse does not hold in general: there are singular inner functions S,, with Sl/t eN
for which the support of w is not contained in a single Beurling—Carleson set. One consequence of [Ivrii
2019] is that the condition S;, € A implies that  lives on a countable union of Beurling—Carleson sets.
The original proof used the classification of nearly maximal solutions of the Gauss curvature equation
Au = e*. In Section 4, we will give an elementary proof of this fact using a corona-type decomposition.

Theorem 1.1. Let u > 0 be a singular measure on 0D. Consider the following conditions:

(0) The measure | is supported on a Beurling—Carleson set.
(1) S, eN.
(2) S, satisfies the area condition: for every 0 <c <1,

/ 4@ _ . (1-3)
{

zeDi[S, (o)l <c) 1 — 1zl

(3) The measure | is concentrated on a countable union of Beurling—Carleson sets.

We have (0) = (1) = (2) = (3).
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1B. Quotient Banach algebras. Another important perspective on Beurling—Carleson sets stems from
P. Gorkin, R. Mortini and N. Nikolskii [Gorkin et al. 2008] who studied the corona problem in the quotient
space H*° /I H*>, where I is an inner function. They noticed that point evaluations at the zeros of I are
dense in the maximal ideal space 2T of H°°/I H* if and only if there exists a 0 < ¢ < 1 for which the
sublevel set

Qo={zeD:|I(2)] <c}

is contained within a bounded hyperbolic distance of the zero set of /. In this case, one says that / has
the weak embedding property (WEP). A. Borichev [2013] introduced the class of wepable inner functions,
i.e., inner functions that could be made WEP if multiplied by a suitable Blaschke product. Consider the
condition

(') S, is wepable.

In [Borichev et al. 2017], the authors proved that (0) = (1") = (2). Together with the implication
(2) = (3) from Theorem 1.1, this shows that up to countable unions, the collection of measures w for
which S, is wepable also coincides with measures that are concentrated on Beurling—Carleson sets.

Remark. Taking countable unions is necessary since there exist atomic measures p for which S, is not
wepable. See the proof of [Borichev et al. 2017, Theorem 3].

1C. Derivative in HP. Next, we use a corona-type decomposition to study singular inner functions with
derivative in the Hardy space H”. We stick to the range of exponents 0 < p < 1 since derivatives of

2
singular inner functions are never in H'/2.

Theorem 1.2. Suppose 0 < p < % and pn > 0 is a singular measure on dD. Consider the following
conditions:

(1) S, e HP.
(2) S, satisfies the (1+ p)-area condition: for every 0 <c <1,
dA
/ —(Z)l < 00. (1-4)
{zeD:IS, ()| <c) (1 — [z
(3) The measure p is concentrated on a countable union of (1— p)-Beurling—Carleson sets.
We have (1) = (2) = (3).

Unfortunately, it is no longer true that if p is supported on a (1— p)-Beurling—Carleson set, then
S, €H”.

We say that a finite measure p > 0 satisfies a property up fo countable sums if it can be written as a
countable sum of finite measures p; > 0 satisfying the property. In Section 5, we will see that conditions
(1) and (3) are different even after allowing countable sums. Nevertheless, in Section 6, we will show
that conditions (1) and (2) agree after passing to countable sums.

We mention an additional condition on the measure i, equivalent to (2), due to P. Ahern [1979] and
A. Reijonen and T. Sugawa [Reijonen and Sugawa 2019]:
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(2") We have
/ 1S, @)19(1 = [z>)7PTD dA(z) < 00
D

for some (and hence all) 1 < g < 2.

When g = 1, the above condition says that S, belongs to the Besov space B”. The implication (1) = (2)
can also be found in Ahern’s paper.

1D. Differential equations. It was observed in [Ivrii 2019] that characterizing inner functions with
derivative in Nevanlinna class amounts to understanding nearly maximal solutions of the Gauss curvature

equation Ay = e

. These turn out to be in one-to-one correspondence with measures that live on
countable unions of Beurling—Carleson sets. We refer the reader to Section 8 for the relevant definitions
and background on semilinear equations.

In Section 9, we show the following theorem which partially characterizes the nearly maximal solutions

of Au=u?- y,-0:

Theorem 1.3. (i) When p > 3, deficiency measures of nearly maximal solutions are concentrated on
countable unions of a-Beurling—Carleson sets, where o = (p —3)/(p — 1). Conversely, any finite positive
measure on the unit circle concentrated on a countable union of -Beurling—Carleson sets for some f < «
arises as the deficiency measure of some nearly maximal solution.

(i1) When 1 < p < 3, the only nearly maximal solution is the maximal one.

It is natural to wonder if there is a precise correspondence between nearly maximal solutions of
Au =u? - x,~0 and measures that live on countable unions of a-Beurling—Carleson sets. Unfortunately,
with our current techniques, we are unable to either prove or disprove this tantalizing hypothesis.

2. Notes and references

2A. Weighted Bergman spaces. Beurling—Carleson sets also arise naturally in the study of cyclic func-
tions in the weighted Bergman spaces A%, which consists of holomorphic functions on the unit disk
satisfying

191y = [ 1F@IPA =120 dA@ <00, a>—1, 1<p<ce

A function f € AY is cyclic if the closure of the set {pf : p polynomial} is dense in AL. One question
that puzzled mathematicians in the late 1960s was: when is the singular inner function S, cyclic? It
was not difficult to show that if  is concentrated on a Beurling—Carleson set, then the singular inner
function S, could not be cyclic. In the other direction, it was known that if ; had modulus of continuity
bounded by Ctlog(1/1), then S, was cyclic. The gap between Beurling—Carleson sets and the 7 log 1/¢
condition stood for a number of years until it was resolved independently by B. Korenblum [1981] and
J. Roberts [1985]. Roberts’ approach used an elegant structure theorem for measures that do charge
Beurling—Carleson sets. In Section 3, we will prove a converse of Roberts’ result, thereby giving a
description of positive singular measures that do not charge Beurling—Carleson sets.



BEURLING-CARLESON SETS, INNER FUNCTIONS AND A SEMILINEAR EQUATION 2589

2B. Model spaces. Let A* denote the space of holomorphic functions on the open unit disk which
extend to smooth functions on the closed unit disk. To an inner function F'(z), one can associate the
model space Ky = H*>© F H?. K. Dyakonov and D. Khavinson [Dyakonov and Khavinson 2006] were
curious as to whether K r contained smooth functions. They showed that Kz N A* = {0} if and only if
F =§,,, where u does not charge Beurling—Carleson sets.

In a recent work, A. Limani and B. Malman [Limani and Malman 2023a] asked the opposite question:
when is K N A® dense in Kr? They showed that this occurs if and only if F = BS,,, where B is an
arbitrary Blaschke product and p is concentrated on a countable union of Beurling—Carleson sets.

2C. Character-automorphic functions. Widom [1971] and Pommerenke [1976a; 1976b] studied func-
tions which were character-automorphic under Fuchsian groups of convergence type. A character v of a
Fuchsian group I' C Aut(D) is a homomorphism of IT" to the unit circle. A function f on the unit disk is
called character automorphic if

fy@)=v®y) f(z), yel.

One natural character automorphic function is the Blaschke product g(z) whose zeros constitute an orbit
of I' (it is related to the Green’s function of D/ I'). If g(z) has zeros at the points {y(0) : y € I'}, i.e.,

Y@ z—y©)
=110 i 5os

yel
then

18'@I=)Y_ 1Y@l lzl=1.
yell
For a character v, let H*°(T", v) denote the space of bounded holomorphic v-automorphic functions.
Building on the work of Widom, Pommerenke [1976b] showed that

geN < H™(T,v) # {const} for every v

and observed that the above condition is satisfied if the limit set A(I") is a Beurling—Carleson set.
Pommerenke [1976a, Theorem 2] also showed that A is a Beurling—Carleson set if and only if there is
a [-invariant holomorphic vector field /(z)(9/9z) on the unit disk with A'(z) € H*.

2D. Fat Beurling—Carleson sets. A related class of sets was introduced by S. Khruschev, which is natural
to call fat Beurling—Carleson sets. These are closed subsets of the unit circle which satisfy the entropy
condition (1-1) but have positive Lebesgue measure. Amongst other things, Khruschev showed that
if K is a closed subset of the unit circle which does not contain any fat Beurling—Carleson sets, then
there is a sequence of polynomials p,(z) which tend to 1 in the Bergman space A%(D) but to 0 in C(K).
Conversely, if such a sequence of polynomials exists, then K cannot contain any fat Beurling—Carleson
sets.

The proof presented in [Havin and Joricke 1994, Chapter I1.3] uses a structure theorem due to
N. G. Makarov [1989]. Given a closed subset K of the circle which does not contain fat Beurling—
Carleson sets and an arc I C dD, there exists a measure ;& = p; supported on / \ K which satisfies
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(i) () = 1]log i,

(i) p(J) <3|J|log ﬁ for any arc J C 1.
The first condition implies that o has substantial mass, while the second condition says that u is spread
out.

For more applications of fat Beurling—Carleson sets, we refer the reader to [Limani and Malman 2023b;
2024; Malman 2023].

3. Beurling—-Carleson sets

In this section, we give a general definition of Beurling—Carleson sets and discuss some of their basic
properties. We say that ¢ : [0, 1] — [0, o0) is a regular gauge function if:

(G1) One can write
ds

1
¢(r>=r-¢1<z)=tft et

where A(¢) is a nonnegative function such that fol (A(s))"'ds = o0.
(G2) The function A(#) satisfies the doubling condition
A -t) < A1), 6e€ell,2] (3-1)
(G3) There exists a constant C > 0 such that

d e <Com, tefo1]

k=0

A closed subset E of the unit circle of zero length is called a ¢-Beurling—Carleson set if

1E5e, =Y ¢(1Jl) < o0, (3-2)
k

where the sum is over the complementary arcs {J;} of E.
For each n > 0, we can partition the unit circle into 2" dyadic arcs of generation n:

{zedD: k- 27" 2m <argz < (k+1)-27". 2w}, k=0,1,...,2"—1.

We denote the collection of dyadic arcs of generation n by D,,. The dyadic grid D = | -, Dy is the
collection of all dyadic arcs.

Given a closed set E, the Privalov star K is defined as the union of the Stolz angles of opening 7
emanating from points of E.

The following lemma provides several other characterizations of Beurling—Carleson sets:

Lemma 3.1. Let E be a closed subset of the unit circle of zero length. Denote the complementary arcs
by {Ji}, i.e., dOD\ E = Jk. If ¢ is a regular gauge function, then the following quantities are comparable:

(a) Arc sum: Z¢(|Jk|)-
k
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(b) Distance integral: ¢1(dist(x, E)) dx.
dD\E

(c) Dyadic arc sum: Z i

R X()

yadic
INE£D
dA

(d) Privalov star integral: f —(Z)

kp M1 —1z])

Remark. In (d), instead of integrating over the Privalov star K, one can also integrate over the region
Qe =D\ JQu
k

where

Q= {ZGID ﬁeJ 0<1—|z|<|J|}

is the Carleson box with base J C dD. Alternatively, one can integrate over the domain

dyadlc
Uz

I dyadic
INE#D

where

T, = {zeD |—|eI |I|<1—|z|<|1|}

denotes the top half of the Carleson box which rests on 1.
Examples.
(1) Ifop(r) =tlog t~!, then A(t) =t and we recover the usual Beurling—Carleson condition:

1 dA(z)
Zl]kl og — / log ———dx < Z |I|x/ .
|Jk| o,\e  dist(x, E) ke 1=zl

I dyadic
INE#2

(i) If p(r) =1% with0 < < 1, then A(r) ~ >~ /(1 —) as t — 01 and we get the a-Beurling—Carleson
condition:

Zuu“x/
k

[0,1INE

dA
distCe, E)*'dx < Y |I|°‘x/ @)

I dyadic Ky (1= 2=
INE#D
Proof of Lemma 3.1. The comparability of the “arc sum” and the “distance integral” follows after
subdividing each complementary interval J; into Whitney arcs and applying the estimate (G3), while the
comparability of the “distance integral” and the “Privalov star integral” follows from integrating in polar
coordinates.

It remains to relate the “Privalov star integral” and the “dyadic arc sum”. By the doubling property (G2)

f dAGz) |17
M1 —=1z]) T A

of A, we have
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Summing over the dyadic arcs / which meet E gives

dA(z) 11?
/;Zgyadic Al =]z - Z )L(|I|)

I dyadic
INE#D
Inspection shows that
f dA(z) / dA(x) / dA(2) (3-3)
o A1 =z~ Jo, A1 =1z~ Jg, A1 =z
The proof is complete. O

3A. Dyadic grid with respect to a gauge function. A ¢-dyadic grid is a collection of dyadic arcs
Dy = U j Dy, where the sequence {n;} satisfies

—_ —_— = 2—71_," :1’2’ 3_4
/Z—nj+1 A1) /2,11. A1) ¢l( ) ] ( )

In particular, the above condition implies that ¢ (|1]) < ¢1(|J|) whenever I € D,,;,, and J € Dy;.

+1
Examples.
(1) If ¢(r) =tlog t~1, one can take n ji= 2/ and obtain the super-dyadic scales 27" = 22 In this
case, A(t) =t.
(i) When ¢ () =1, o > 0, one can take n; = j and get the standard dyadic scales 27/, In this case,
M) =<t27%/(1 —a) ast — 0.

Dyadic shells and boxes. We can decompose the unit disk D into ¢-dyadic shells:
Ago={zeD:|z] <1-27"1}
and
Ap j={zeD:1-27" <|z| <1=2""+}, j=1,2,....
Each shell can be further subdivided into ¢-dyadic boxes:
TP =As;iNQU)={re’ eD:0el, 127" <r <1-27"+)},

where I ranges over D,;. For further reference, we note that

dA(2)
- () = (1)) 3-5
/;Iq’ (1 —z]) |- o1(l1]) (1) (3-5)

3B. Roberts decomposition. In a remarkable work, Roberts [1985] came up with an elegant structure
theorem for measures that do not charge Beurling—Carleson sets. This is done by grating a measure with
respect to finer and finer partitions associated to a ¢-dyadic grid.

Theorem 3.2. Let ¢ : [0, 1] — [0, 00) be a regular gauge function and Dy = | Dy, be a ¢-dyadic
grid. Let | be a finite positive measure on 0D. Then, for any integer jo > 0 and C > 0, one can
decompose @ = Z;il Wi+ oo Such that (1) < Co(|1]) forany I € D
on a ¢-Beurling—Carleson set.

nisio and L~ IS concentrated
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Proof. Foreach j =1,2, ..., we can define a partition P; of the unit circle into 2"/*/ arcs of equal length
(we consider half-open arcs which contain only one of the endpoints, for example, the left endpoint).
Since 2"+ divides 2"/+jo*!, each next partition can be chosen to be a refinement of the previous one.

To define w1, consider the arcs in the partition P;. Call an arc I € Py light if u(I) < C¢(|1|) and
heavy otherwise. On a light arc, take w; = u, while on a heavy arc, let 11 be a multiple of u, so that the
mass w1 (/) equals C¢(]1]). The measure p; will be called the grated measure of p with respect to the
partition P;. Clearly, u1 < . Consider the difference n — p1 and grate it with respect to the partition P,
to form the measure o, then consider ;. — | — (p and grate it with respect to P3 to form w3, and so on.
Continuing in this way, we obtain a sequence of measures y — (1, 4 — i1 — W2, ..., where each next
measure is supported on the heavy arcs of the previous generation.

By construction, the bound (1) < Co(|1]), I € Dnm.o
Woo 18 supported on the set of points which always lie in heavy arcs. A fortiori, the residual measure is

holds for all j, while the residual measure

supported on the complement of the light arcs and we need to show that } ; ;. ¢ (|7]) < oo. The scaling
condition (3-4) tells us that

Y U= 1111 () < CP(TD), T €Dy,

1cJ
IED,,J.+l

Since a light arc of generation j > 2 is contained in a heavy one,

Z¢<|1|>,<V2"fo¢(2f"fo>+Z¢(|J|>=2"fo¢(2*"fo)+%2 > wid)

light heavy j JeD,,, .

<22 7"0) + & - u (D). 0

Corollary 3.3. If i does not charge ¢-Beurling—Carleson sets, then, for any jo > 0 and C > 0, one can
write p =y wj, where wij(I) < Co(|1|) forany I € D"./+./0'
We now show the converse of Corollary 3.3:

Corollary 3.4. Suppose that there exists a constant C > 0 such that, for any offset jo > 0, one can
decompose the measure u into a countable sum ;= . such that wj(I) < Co(|I|) forany I € D".f+io‘
Then p does not charge ¢-Beurling—Carleson sets.

Proof. Let E be a ¢-Beurling—Carleson set. By Lemma 3.1, for any ¢ > 0, we can choose the offset

jo > 0 large enough that

o0

Z/ dA(z)
—_— < ¢
KEQ.A¢,J'+/'O )"(1 - |Z|)

j=1
In view of (3-5), we have

dA
wi(Ey= Y ui(H<C Y ¢(|1|)sc’/ _dAQ®)

KenAg i1, M1 —12])
1€D”j+j0 IGD"J’HO @.Jj+Jo
INE#D INE#D

Summing over j = 1,2, ... yields u(E) < C’e. Since ¢ > 0 was arbitrary, u(E) = 0 as desired. [l
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3C. Local behavior. The following theorem roughly says that measures on the unit circle which are
sufficiently spread out cannot charge Beurling—Carleson sets:

Theorem 3.5. Suppose w(e)/e is strictly decreasing on (0, 1]. Then w(E) =0 for every ¢-Beurling—

Carleson set E and positive measure | on the unit circle satisfying the modulus of continuity condition
pu(l) <c-w(I]), 1cCaDb,

if and only if

1
/ % de=oo. (3-6)
0o Ae)w(e)

In full generality, Theorem 3.5 was proved by R. D. Berman, L. Brown and W. S. Cohn [Berman et al.
1987, Corollary 4.1]. For usual Beurling—Carleson sets, Theorem 3.5 goes back to Ahern [1979] and
J. H. Shapiro [1980].

Examples.
G Ifo(t) =t logt_l, the above condition reads fol w(e) de =00
(i1) For ¢ (¢) =%, a > 0, the condition becomes fol e lw(e) lde = 0.
Theorem 3.6. Suppose [ is a measure on the unit circle supported on a countable union of ¢-Beurling—

Carleson sets. Let p(x, ) = u(l(x, €)), where I(x, &) is the arc on the unit circle centered at x of
length 2e. For almost every point x on the unit circle with respect to |1,

1 )
/ —dS < Q.
0o Ale)u(x,e)

Proof. It suffices to consider the case when p is supported on a single ¢-Beurling—Carleson set E. Since p
is a singular measure, for p-a.e. x € 0D, we have lim._.q u(x, €)/e = co. To prove the lemma, we will

show that
/fl * dedu) <|E|
—————dedpx) 5 BCy-
EJo AE)u(x,e) ¢

For a point x € 9D, we write S(x) for the Stolz angle of opening 7 with vertex at x. Recall that K
denotes the union of the Stolz angles emanating from points x € E. According to Lemma 3.1,

dAG)
1Ellse, fo Yot

We subdivide the above integral over individual Stolz angles:

dA(2) / / A EZCI
/KE =1~ e Lo " R e G

where the function n(z) = ;L(IZ)*1 measures how many Stolz angles contain z. Here, I, is the arc of the
unit circle that consists of points ¢ for which z € S(¢). From

|dz| £ L e-u(g,3e)7!
/ n(z) - > ()™ >
S@ON{1-|zl=¢) A=z ~ M) zes@nlI-fi=e) A(e)
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we deduce that

e (.30
/f R de ) S IE e, 0

Corollary 3.7. Suppose | is a measure on the unit circle supported on a countable union of ¢-Beurling—
Carleson sets. For any ¢ > 0, the region

Q.={zeD: P,(z)>c)

is “thick” at almost every point x on the unit circle with respect to |, in the sense that

1
/ N e oo (-7)
o €-Ae)

where n(x, &) =me —|0B(x, &) N Q|.
To see the corollary, notice that if u(x, &) > ¢, then w(x, &)n(x, &) < 2.

Remark. For usual Beurling—Carleson sets, one has &2 in the denominator of (3-7). This is essentially
the Rodin—Warschawski condition on the existence of a nonzero angular derivative of a Riemann map
Ve : Q. — Datx €9 NID; see Theorem 7.1. (If 2, is disconnected, then we consider the Riemann
map from an appropriate connected component of €2..) For an application to critical values of inner

functions, see [Ivrii and Kreitner 2024]. For «-Beurling—Carleson sets, the denominator of (3-7) is g3,

4. A corona construction

In this section, we explore a number of conditions which guarantee that a singular measure is supported
on a countable union of Beurling—Carleson sets and prove Theorems 1.1 and 1.2. Our main tool is a
corona-type decomposition for singular measures.

4A. Decomposition of singular measures. Suppose ( is a singular measure on the unit circle. Fix a
large constant M > 0 and consider the following corona-type decomposition. Let {I;l)} be the maximal
(closed) dyadic arcs such that
1
p()
1
1110

In each 1;])’ we consider the maximal dyadic subarcs J;, e IJ(-I) for which
w)
| J(1)| ~ 100
In each J; @ , we consider the maximal dyadic subarcs I; @ - Jy D with
ZUR
1117

Contlnulng in this way, we inductively define /; m) and Jy " for m > 1. We call the arcs Ij(.m) heavy and
the arcs Jk ) light, j,k,m > 1.
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Since p is a singular measure, almost every point on the unit circle with respect to the Lebesgue
measure is eventually contained in a light arc, so that

oM=L jom =1
Jlim) CI](-W>
From the definitions of light and heavy arcs, we have

CESY oy 1"
Y. s M = S ko

: 100
I;er )CJk(m)

v

It follows that u is concentrated on
U (1}’") (S O J,f"”).
I;m) heavy light Jk(m)clj(.m)

4B. Proofs of Theorems 1.1 and 1.2. For the convenience of the reader, we break the proofs of Theo-
rems 1.1 and 1.2 into two lemmas:

Lemma 4.1. (i) Let i > 0 be a finite singular measure on 0D which satisfies

/ 4@ _ (4-1)
(

2€D:P, (2)>c) 1 — 12

for some c € R. Then u is concentrated on a countable union of Beurling—Carleson sets.
(i1) Let u > 0 be a finite singular measure on 0D which satisfies
dA
/ L)H < 00 4-2)
{zeD: P, (2)>c} (1 —|z)ttP

for some c € R. Then i is concentrated on a countable union of (1— p)-Beurling—Carleson sets.

Proof. We only prove (i) as (ii) is similar. We use the decomposition from Section 4A. To prove the
theorem, it suffices to show that, for each heavy interval I;m),

_ g(m) (m)
E=1"\ |J IntJ
light J" 1™

is a Beurling—Carleson set. By Lemma 3.1, we may check that

Z 11| < .

I dyadic
INE#2

By construction, if [ is a dyadic interval in I;m) which meets E, then w(1)/|1| > ﬁM and P,(z) 2 M

Z |1|§/ dA(2) -

I dyadic {z:Pu ()2 M} 1 — |z
INE#D

for z € T;. Hence,

as desired. The proof is complete. U



BEURLING-CARLESON SETS, INNER FUNCTIONS AND A SEMILINEAR EQUATION 2597

Ahern and Clark gave an elegant formula for the angular derivative of a singular inner function on the
unit circle:

) du(t)
15, /BD P k=t

where at a given point z € 9D, either both quantities are finite and equal or infinite. For a proof, see
[Mashreghi 2013, Chapter 4.1].

Lemma 4.2. (i) If S}, € N, then the area condition (1-3) holds.
@G If SI; € H?, then the (14 p)-area condition (1-4) holds.

Proof. Observe that
Qe={zeD:P(z) >c}={zeD:[S,(2)| <e “}.

Let ¢'? € 9D be a point at which S, has a finite angular derivative. According to a well-known result of
Ahern and Clark [Mashreghi 2013, Theorem 4.15],

1S, (re')| <418/ ()], 0<r<L.

Let [0, ¢! denote the radial line segment from the origin to e? As1— |Su(rei9)| < 4|S;L(ei9)|(1 —r),

Q. N0, e C [o, (1 — L) -eie],
1S7.(e)]

where ¢ > 0 is a constant that depends on ¢. From this bound on €2, (i) and (ii) follow quite easily. [

5. Derivative in Hardy spaces I

In this section, we explore conditions on a singular measure u involving Beurling—Carleson sets that
guarantee the membership of S;L in H?. We show:

Theorem 5.1. Fix0 < p < % Let 1 be a positive measure supported on a closed set E C 0D of zero
length whose complementary arcs {J} satisfy

> I <00 (5-1)
for some g > p/(1 — p). Then, S, € HP.

We will give two examples that show that the exponent p/(1 — p) in the theorem above is sharp.
Theorem 5.1 improves a result of Cullen [1971], who showed that S//w € H? under the stronger hypothesis

q=2p.

SA. When is S, € HP? We begin by giving a simple criterion for a singular inner function to have
derivative in H”. As is standard, for an arc J on the unit circle with | J| <1, we write z; = (1 — 3| J|) - %,
where ¢/% is the midpoint of J. For 0 < 8 < 1/|J|, we write 8J for the arc of length |8J| with the same

midpoint as J.



2598 OLEG IVRII AND ARTUR NICOLAU

Lemma 5.2. Fix0 < p < % Suppose E C 9D is a closed set of zero length and {J} is its complementary
arcs. For a positive measure | supported on E, we have S,; € H? if and only if

Y u)PII|'P < oo, (5-2)

where u is the Poisson integral of .

Proof. Differentiation shows that Sl/l, (z) = h(2)S,.(z), where

= / S (E_Z>
h(z) = d =— d .
@=[ gt =-| == )m©

Notice that if z/|z| € %J, lz]| >1— %l]l and ¢ € E, then the quantity

t—z 1-%¢
{—z {—z
is constrained in a sector of aperture strictly less than 7. This tells us that

du() f du@)  u(zy)
h = = = )
(R () /E|c—z|2 =22 ]

é‘ .

We see that
f 1,17 |dz] < u(z)?|J)' 77,
J)2

so the condition (5-2) is necessary for S; € H?P.
To prove the converse implication, we split J = |_J, . Jk into countably many Whitney arcs such that
|| = dist(Ji, aD\ J) < 2% 7).
d u(z
5, :2/ o) us)
EIE

—z> |

For z € Ji, we have

By Harnack’s inequality,
Vil uG) VL
17 uzy) ™ il
Therefore,

u(z _ _
f|S’ @I7 ldz| < § il - U”l‘p Su@)PINP Y 1T < u@)? I,
k

Summing over J shows that Sl/L e H?. U
With help of Lemma 5.2, the proof of Theorem 5.1 runs as follows:

Proof of Theorem 5.1. Let u be the Poisson integral of p. Since u is a positive harmonic function, its
nontangential maximal function is in L? for any § < 1. In particular, for any 8 < 1, we have

Y u@)’lJ| < oo

J



BEURLING-CARLESON SETS, INNER FUNCTIONS AND A SEMILINEAR EQUATION 2599

Applying Holder’s inequality with exponents 6/p > 1 and §/(6 — p) > 1, we obtain

p/é (6—p)/é
Z”(Zj)p|f|l_p=ZM(ZJ)p|J|p/8'IJI(B_”)/B_”5 <ZM(Z])8|J|> <Z|J|1—5P/(3—p)) .
7

J J J

Choosing § € (p, 1) such that 6p/(§ — p) = q gives
> u)PII'P < o0,

J

which implies that S;/L € H? by Lemma 5.2. Note that as § varies over (p, 1), we have thatg =8p/(§—p) =
(1/p —1/8)~" varies over (p/(1 — p), o0). O

Next, we extend Theorem 5.1 to inner functions:

Corollary 5.3. Fix0 < p < % Let E C 0D be a closed set of zero length whose complementary arcs {J}

satisfy
D T <00

for some g > p/(1 — p). Let F be an inner function whose singular part is supported on E and whose
zeros are contained in Kg. Then F' € HP.

Proof. By an approximation argument, we can assume that F is a finite Blaschke product with zeros
{zn} C K. For each zero z,, of F, pick a point z;; in E that is closest to z,,. Then,

F(ei9)] = 1= |zal? < L= zal? — L1/ (i i c oD\ E
[F(e ”-Zw_Mz~Z|ei9_z*|z—§| s, ¢ €dD\E,
n

where 0 = > (1 — |z, |2)82;;. From Theorem 5.1, we know that S, € H”, and by the above equation,
F’' € H? as well. O

5B. Sharpness. We now give two examples showing that the exponent in Theorem 5.1 is sharp:

Lemma 5.4. There exists a measure p supported on a closed set E of zero length whose complementary
arcs {J} satisfy Y |J|'7P/1=P) < o0 yet S, ¢ HP.

Proof. Step 1: In our example, E will be a certain pruned Cantor set, and

=Y I8,y + 8y,

where a(J) and b(J) are the two endpoints of the complementary arc J. In order for the measure u to be
finite, we need to arrange that

Z |J|(1—2P)/(1—P) < 00. (5-3)
In addition, we will arrange that

D BN =00 (5-4)
J
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for some constant > 1 to be chosen. As P, (zy) 2 n(BJ)/1J1,

Y Pu)PlI P =00
J

and S, ¢ H? by Lemma 5.2.

Step 2. Let N; = #{J : |J| < 27/}. To achieve (5-3), we request that N; = j =% .2(1=2)/(0=p)-J for
some « > 1 to be chosen. In this case, the total measure supported on the endpoints of arcs of length

<277 is
T - —(1-2p)/(1=p)-k - 1
M= 3 =32 M= =

|J]<2-7 k=j k=j

ja— '
Therefore, if we construct the arcs {J} such that

M; .
w(BJ) =< — for|J| =277, (5-5)
N;
then we would have

Zu(ﬁf)f’w 2"vZNz s 2”( ) Z

Jj=1 J=1

In order to obtain (5-4), we may choose « to be any number in (1, 1 + p).
Step 3. Fix a real number A > 2. Consider the standard Cantor set E, which at generation 7 is formed
from 2" arcs of length A™". Inspection shows that N; < 2710224 We choose A appropriately such that
1 1-2p

= € (0, 1).
log, A 1-p ©.1

In order to make N; smaller, we slightly modify the construction of the standard Cantor set by removing
a number of arcs. We call a generation bad if N; > j~—* .2U=2p)/(=P)J is too large. In a bad generation,
we allow each arc to only have one descendant instead of two, say the left one. In the pruned Cantor set,
we have N —o . 2=2p)/(=p)-J a5 desired.

We select ,3 > (1 —2A)7!, so that if J is a complementary arc of some generation, then 8J covers
the interval defining the Cantor set of the previous generation. Since the mass of u is evenly spread out,
W satisfies (5-5). O

In our second example of the sharpness of the exponent in Theorem 5.1, we have a slightly stronger
assumption and a slightly stronger conclusion:

Lemma 5.5. Given g < p/(1 — p), there exists a (1—q)-Beurling—Carleson set E and a measure |1
supported on E such that S|, ¢ H? forany 0 <v < pu.

Proof. Fix a real number A > 2. Consider the standard Cantor set E, which at generation n is formed
from 2" arcs of length A™". Let u be the standard Cantor measure on E, that is,  is the probability
measure supported on E which gives equal mass to arcs of generation n.
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Step 1: When is E a Beurling—Carleson set? In generation n, there are 2"~! complementary arcs of
length A="*1(1 —2A4~"). If 8D\ E = | I, then

Z [Ie|'9 < ZznA—“—q)",

which converges if logA > (log2)/(1 — g). In other words, E is a g-Beurling—Carleson set when
log A > (log2)/(1 —¢q).

Step 2: When is the measure | invisible? Fix a measure 0 < v < u. Let A(n) be the collection of arcs 1
of generation 7 in the construction of the Cantor set £ such that v(/) > 27"=1y(dD). Since #A(n) <2,
we have

veD) < Y v+ Yo v s Y v +5v@D),
IeA(n) I¢An) IeA(n)
which simplifies to

Z v(I) > Sv(dD).

IeA®n)
However, as v(I) < 27" for any I € A(n),
#A(n) > 2" - Jv(dD).

Hence,

217 \"
> MTPRED Z Y |1|1—2Pv<l>1’22"v<aD>A‘"“‘2P>2‘"”=(m> v(oD).
IeA(n) TeAn)

Since the lengths and locations of the arcs defining E of generation n are comparable to the complementary
arcs of generation n, we may use Lemma 5.2 to conclude that S|, ¢ H? if 2P 5 Al=2p,

Step 3: Conclusion. To prove the lemma, we need to find an A > 2 satisfying

1 1—p
—log2 <logA < -log2,
1—g¢g 1-2p
which is possible if 1 —g > (1 —2p)/(1 — p), thatis, g < p/(1 — p). ]

Remark. There may also be an example in the extreme case when g = p/(1 — p).

6. Derivative in Hardy spaces II

Suppose 0 < p < % and p > 0 is a singular measure on d[). Recall that, by Theorem 1.2, if SI; e H?
then S, satisfies the (1+p)-area condition (1-4). We now show that if (1-4) holds, then =) p; can
be written as a countable sum of measures with S//M € H?. In view of the implication (2) = (3) of
Theorem 1.2, it is enough to prove the following lemma:

Lemma 6.1. Fix0 < p < % Suppose  is a measure supported on a (1— p)-Beurling—Carleson set. If S,
satisfies the (14 p)-area condition (1-4), then S;L € HP.
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Proof. Let E = supp i, and write 0D \ E = | J J;. By Lemma 5.2, we need to show that

Y Pu(zs) |kl P < o0,
k

Since ) | J|' =P < o0, we only need to show that

D Pup)P TP < oo,

k:Py(zy)=1
Let J C 0D be any arc with J N E = &. It is easy to see that
Pu(zr) o Pu(zy)
i~ Vi

for any arc I C J. Therefore, if P,(z;) > 1, then

log, Py (z5,)

1—- 1— - 1— 1—
DV N e N AR e VA L P A Ry N AL
1 CJi dyadic 1CJy dyadic n=0
Pu(zr)=1 ‘”ZleVPH(ZJk)

By Harnack’s inequality, one can find a constant 0 < ¢ < 1 such that

Yo ne s Y Y '”HS/ =

DI, (o)<ey (1= |2D1HP’

k:Py(zg)=1 k:Py(z5)=1 1CJ; dyadic {z
Pu. (zr)=1
which is finite by assumption. The proof is complete. (]

We now give an example of a singular inner function S,, which satisfies the (14-p)-area condition (1-4)
yet S, ¢ H”.

Lemma 6.2. For0 < p < % there exists a singular inner function S, with S/’L ¢ HP such that
dA(z)
aA_jpiip =
(zeD:|S, @) <c) (1 — 2D FP

Sketch of proof. To get a feeling of why the lemma is true, we examine the situation for the measure p

forany 0 <c< 1.

which consists of 7 equally spaced point masses on the circle: = (1/n>~¢) Zz;é 8¢, , where & = e>mikin,

k=0,1,2,...,n—1,and € > 0 is a constant to be chosen. Since
2 n—1
. 2du(t) 2 1 1
ISL(€ZG)| =/ T ATIT R Z 0 2 e qiaq( o0 2°
0 le?— el T n2E L fei? —g P T n2e - dist(el?, (&)

the integral

2w ) w/n 1 p
/(; |S;L(€l‘9)|pd9 =n /ﬂ/n<w) do = I’I,SI7

tends to infinity as n — oo.



BEURLING-CARLESON SETS, INNER FUNCTIONS AND A SEMILINEAR EQUATION 2603

Let H; be the horoball which rests at &, of diameter ar/n”>~¢. It is not difficult to see that, for any
0 < ¢ < 1, there exists an @ = a(c) > 0 such that

n—1

zeD: (S, @) <} < | Hi-
k=0

As the integral over a single horoball is

dA(2) = 1
o (1— |z|2)1H+P T p@-e)1-p)’

the integral over their union is

/ dA@)  _ i-e-o0-p)
um (I =lzHr

Since 0 < p < % we can choose ¢ > 0 small enough to make the exponent 1 — (2 — ¢)(1 — p) negative,
so that the integrals

/ dA(z)
(zeDiIS, ()<} (L —1zDITP

tend to 0 as n — oo.
Independent copies of this construction provide an example of a singular inner function S with S’ ¢ H?

dA(2)
T <
{zeD:|S(2)|<c) (1 —12])

We leave the details to the reader. O

for which

7. Background on angular derivatives

ForO<6 <mand 0 <8 <1, let Sy s(p) = Sp(p) N B(p, §) denote the truncated Stolz angle of opening 6
with vertex at p € dD.

Suppose €2 C D is a domain in the unit disk bounded by a Jordan curve. We say that 2 has an inner
tangent at a point p € 02N JD if, for any 0 < 6 < 7, 2 contains a truncated Stolz angle of opening 6
with vertex at p.

Let ¢ : D — Q be a conformal map. We say that ¢ has a (nonzero) angular derivative at ¢ = ¢~ (p)
if the nontangential limit

lim |¢'(z)| = A
z—>q

for some real number A > 0. While the number A depends on the choice of Riemann map ¢, the existence
of the angular derivative does not. In other words, possessing an angular derivative is an intrinsic property
of (2, p), which we record by saying that 2 is thick at p. In the language of potential theory, one would
say that the complement D \ €2 is minimally thin at p, see [Burdzy 1986, Theorem 5.2], which means
that Brownian motion conditioned to exit the unit disk at p is eventually contained in €.
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To avoid dealing with the point g, we will simply say that the inverse conformal map ¢ : Q — D
has an angular derivative at p and write |/(p)| = A™!. It is easy to see that if € is thick at p, then
possesses an inner tangent at p.

Rodin and Warschawski gave an if and only if condition for i to possess an angular derivative at p in
terms of moduli of curve families, e.g., see [Garnett and Marshall 2005, Theorem V.5.7] or [Betsakos and
Karamanlis 2022]. When €2 is a starlike domain with regular boundary, their condition takes a simpler
form [Ivrii and Kreitner 2024]:

Theorem 7.1. Suppose Q ={r¢ :¢ €0D,0<r <1 —h()}, where h : 0D — [O, %] is a continuous

function. Assume that h satisfies the doubling condition

h(¢1) = c-h(52) whenever |5 —&1| < c-h(&r)

for some ¢ > 0. Then, ¥ has an angular derivative at p € dQ2 N 0D if and only if

h(¢)
—\d
./BD |€“—1U|2| fl <00

We will use the following elementary lemma about angular derivatives:

Lemma 7.2. Let {Q2,}72 | be an increasing sequence of Jordan domains whose union is the unit disk.
Suppose the conformal maps Yy, : 2, — D converge uniformly on compact subsets to the identity. If Y
has an angular derivative at p € 3Q N D, then the angular derivatives |y, (p)| tend to 1.

We will also need the following theorem from [Ivrii and Kreitner 2024] which describes how composi-
tion operators act on measures on the unit circle:

Theorem 7.3. Suppose Q@ C D is a Jordan domain, ¢ : D — Q is a conformal map and v : 2 — D is its
inverse. Let 1 > 0 be a positive measure on the unit circle. Since P, (¢(z)) is a positive harmonic function,
it can be represented as the Poisson extension of some finite measure v > 0. If we use the normalization

0 € Qand ¢(0) =0, then
@V = Pydwg o+ ¥ dpu, (7-1)

provided that we interpret |’ (p)| =0 if p ¢ 0Q2 or Q is not thick at p.
8. Background in PDE
In this section, we make some general observations about semilinear elliptic equations of the form
Au = g(u), (8-1)

which will be used in Section 9. We assume that the “nonlinearity” g is a nonnegative increasing convex
function which satisfies the Keller—-Osserman condition [Keller 1957; Osserman 1957]

*® ds
fl 766 = 2

where G’ = g. Examples of g satisfying the above conditions include g(r) = e* and g(t) = t” - x;-0
with p > 1.
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8A. Basic properties.

Traces. Given a function ¢ on the unit disk, we define its boundary trace as the weak limit of the measures
¢ (re'?)dé as r — 1, provided that the limit exists. Otherwise, we say that ¢ does not possess a boundary
trace.

Sub- and supersolutions. One says that a function v : D — R is a subsolution of (8-1) if Av > g(v)
in the sense of distributions. Similarly, we say that v is a supersolution if Av < g(v) in the sense of
distributions.

Theorem 8.1 (principle of sub- and supersolutions). Suppose u_ is a subsolution and u is a supersolution
of (8-1) withu_(z) <u4(z) for any z € D. Then, there exists at least one solution u(z) with

u_(z) <u(z) <uy(z), zeb.
A proof using the Schauder fixed point theorem can be found in [Ponce 2016, Chapter 20].
Existence of solutions and the comparison principle.
Theorem 8.2. Given a function h € L*°(dD), the boundary value problem

{Au:g(u) inD, (8-3)

u=nh on oD

admits a unique solution, where the boundary values are interpreted in the sense of weak limits of measures.
If uy and uy are two solutions with boundary values hy < ho, then u; < u, on D.

Proof of Theorem 8.2. Step 1: Uniqueness and monotonicity. By Kato’s inequality [Ponce 2016, Proposi-
tion 6.9],

Ay —u2)™ = Ay —u2) * Xy =uny = (§1) — g(U2)) * Xjuy>ur) = 0
is a subharmonic function. As h; < h,, the function (1 — u;)™ has zero boundary values. The maximum
principle shows that («; — u2)* <0 or u; < u,. The same argument also proves uniqueness.

Step 2: Existence. Let P, denote the harmonic extension of 4 to the unit disk. Clearly, u, = Py, is a
supersolution of (8-1) with boundary data /. Similarly, if G(z, w) =log|(1 —wz)/(w — z)| is the Green’s
function of the unit disk, then

u_(z) = Pp(2) - %/Dg(llhlloo)G(z, $)dA(%)

is a subsolution of (8-1) as

Au_(z) =g(llhlloo) = gu—(2)).

Since u_ also has boundary trace &, by the principle of sub- and supersolutions, there exists a solution
with boundary trace #. U
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The maximal solution.

Lemma 8.3. The PDE (8-1) has a unique maximal solution um,x on the unit disk, which dominates all
other solutions pointwise.

Sketch of proof. We will simultaneously show that (8-1) has a maximal solution on every disk Dr =
{z:|z]| < R} with R > 0.

Keller [1957] and Osserman [1957] showed that, under the assumption (8-2), for any R > 0, there is a
unique radially invariant solution ug(z) on Dg which tends to infinity as |z| — R, and furthermore, the
solutions u g (z) depend continuously on R.

Suppose u : Dr — R is any solution of (8-1). By the comparison principle, for any S < R, we have
that u(z) < ug(z) on Dg. Taking S — R yields u(z) < ug(z). O

The above argument shows that if u is a solution of (8-1) on the unit disk which tends to infinity as
|z] = 1, then u = umax. As a consequence, the solutions u, of (8-1) with constant boundary values n
increase to Umax as n — o0.

Remark. For the existence and uniqueness of large solutions of semilinear equations on other domains,
we refer the reader to [Bandle and Marcus 1992; Garcia-Melidan 2009]. Information about the asymptotic
behavior of these solutions near the boundary can be found in [Bandle and Marcus 1998; 2004; del Pino
and Letelier 2002; Lazer and McKenna 1994].

Minimal dominating solution. Let v be a subsolution of (8-1). For 0 < r < 1, we write A,[v] for the
unique solution of (8-1) on the disk D, = {z : |z| < r} which agrees with v on dD,. An inspection of
Step 1 of the proof of Theorem 8.2 shows that A,[v] is the pointwise-minimal solution which lies above v
on D,. In particular, the solutions A,[v] are increasing in r. The limit A[v] := lim,_, | A,[v] is finite on
the unit disk because it is bounded above by the maximal solution.

For any test function ¢ € C2°(D)), we have

/ urA(bdA:/ glu)pdA,  u, = A[v],
D, D,

provided that D, contains supp ¢ in its interior. After taking » — 1 and using the dominated convergence
theorem, it follows that A[v] is a solution of (8-1). From the construction, it is clear that A[v] is the
pointwise-minimal solution which satisfies A[v] > v.

Remark. This construction generalizes the notion of the minimal harmonic majorant for subharmonic
functions on the unit disk. One small but important difference is that the minimal harmonic majorant
does not always exist (i.e., may be identically 400).

8B. Nearly maximal solutions. A solution of (8-1) is called nearly maximal if

lim sup/ (Umax — u) dB < 00. (8-4)
|z|=r

r—1
For each 0 < r < 1, we may view (umax — u)dO as a positive measure on the circle of radius r.
Subharmonicity guarantees the existence of a weak limit as » — 1, so we obtain a measure pu[u] on the
unit circle associated to u. We refer to u as the deficiency measure of u.
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Notice that if > 0 is a measure on the unit circle and P, is its Poisson extension to the unit disk,
then Alumax — P, ] is a nearly maximal solution. Clearly, the deficiency measure v of A[umax — P,] is at
most u.

Lemma 8.4 (fundamental lemma). If u is a nearly maximal solution of (8-1) with deficiency measure |,
then u = Alumax — Pyl

Proof. Step 1. Observe that umax — P, is a subsolution since

A(umax — Pp) = g(Umax) = & (Umax — Pp)-
We claim that u > umax — P, and thus u > A[umax — P, ]. To this end, we consider the function
@ =Umax —u— P,.
Since ¢ is a subharmonic function with zero boundary trace, by the maximum principle, ¢ < 0 in the unit

disk.

Step 2. As v := Alumax — P, ] is a nearly maximal solution, it possesses a deficiency measure v. From
Step 1, we know that
u=v=Alumax — Pul = thmax — Py
After rearranging, we get

umax_ufumax_vfpu-

Taking the weak limit as r — 1, we see that v = .

Step 3. Finally, since u — v is a nonnegative subharmonic function with zero boundary trace, u = v. [

In particular, Lemma 8.4 shows that the deficiency measure p uniquely determines the nearly maximal
solution u. Below, we will write u,, for the nearly maximal solution associated to the measure p, if it
exists. Another simple consequence of Lemma 8.4 is the monotonicity principle for nearly maximal
solutions:

Corollary 8.5 (monotonicity principle). If v < u then u, > u,,.

8C. Constructible and invisible measures. We say that a measure p on the unit circle is invisible if, for
any measure 0 < v < u, there does not exist a nearly maximal solution u, with deficiency measure v. In
this section, we show that any positive measure on the unit circle can be uniquely decomposed into a
deficiency measure and an invisible measure.

Theorem 8.6. Suppose u is a positive measure on the unit circle. If u, = Alumax — P,/], then v is a
deficiency measure and (. — v is an invisible measure.

In particular, a measure  is invisible if and only if A[#max — P,] = max. We will break the proof of
Theorem 8.6 into a series of lemmas.

Lemma 8.7. If u is a deficiency measure, then any measure 0 < pu1 < u is also a deficiency measure.
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Proof. To show that p; is a deficiency measure, we check that | = vy, where u,, = Alumax — Py, 1.
Since the inequality v; < u; is always true, we only need to prove the opposite inequality pu; < v;.
Let uy = u — 1. Using the same argument as in the proof of Lemma 8.4, it is not difficult to show that

Altmax — Pp,1+u2] > Altmax — P,ul] - Pp,z
or

Umax — AlUmax — P/L]-le] < Umax — AlUmax — Pm] + P/Lz'
Taking traces, we see that @, + p < vy + uo or up < vp as desired. O

Lemma 8.8. (i) The sum of two deficiency measures is a deficiency measure.

(ii) Suppose w;, i =1,2,3, ..., are deficiency measures such that their sum ;v =Y _ u; is a finite measure.
Then,  is also a deficiency measure.

In the proof below, we will use the following elementary observation: if g is a convex function and
X1 < X2 < X3 < x4 are four real numbers satisfying x; 4+ x4 = x» + x3, then

8(x2) +g(x3) = g(x1) + g (x4). (8-5)

Moreover, if g is an increasing convex function, then (8-5) holds under the weaker assumption x| + x4 >
x3 + x3. This is a one-dimensional analogue of the fact that the composition ¢ o u of an increasing convex
function ¢ and a subharmonic function u is subharmonic.

Proof of Lemma 8.8. (1) Suppose © = w1 + (47 is a measure on the unit circle. Set
Uy = Altmax — P,u]-
In view of the discussion preceding Lemma 8.4, to prove (i), it is enough to show that

M1+ 2 S V. (8-6)
To verify (8-6), we check that

Alumax — Py, 1+ Altmax — Py 1 = Alumax] + Altmax — Pyl
which we abbreviate as B+ C > A+ D. Clearly, A> B > D and A > C > D. Consider the function
¢=(A+D-B-0O)*.
Since g is an increasing convex function, at a point z € D where A+ D > B + C, we have
Ap(z) = g(A(2)) +8(D(2)) —g(B(2)) —g(C(2)) = 0.

In view of Kato’s inequality, ¢ is subharmonic and nonnegative on the unit disk. If we knew that ¢ had
zero trace, then we could immediately say that ¢ is identically O.

Due to difficulties examining the trace of ¢ on dD directly, we use an approximation argument. For
each 0 < r < 1, we consider the function

&r = (A [tmax — Pm] + Ar[Umax — Pl,L 1= Ar[umax] — Ar[tmax — PM]>+,
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defined on D,. The above argument shows that ¢, is a nonnegative subharmonic function on D,. As ¢,
has zero boundary values on dD),, it is identically 0. Taking r — 1, we see that ¢ is identically O as
desired.

(ii) Set f1; = 1+ po +-- -+ pu . By part (i), we have
Alttmax — Pl < Alttmax — Pa, 1= ug,.
The above equation shows that if
uy = Aumax — Pyl
then v > fi; for any j, which implies v > u. As the reverse inequality is always true, v = as desired. [

Lemma 8.9. If 1 > 0 is a measure on the unit circle and u, = A[umax — P,.], then the difference p — v is
invisible.

Proof. We need to show that any measure 0 < w < u — v does not arise as a deficiency measure of some
nearly maximal solution. The existence of u,, would imply the existence of u,, by Lemma 8.8, which
would in turn lead to the estimate

Umax — Pu SUmax — Dyt S Upte = Uy

by the monotonicity principle and the fundamental lemma (Lemmas 8.5 and 8.4 respectively). This
contradicts the definition of u, as the least solution that lies above umax — P,. O

8D. A lemma on iterated majorants. For future reference, we record the following lemma:
Lemma 8.10. (i) For two positive measures (1| and (Lo on the unit circle,
AlA[umax = Py ] — Py 1 = Alttmax — Pyt 1-
(i1) More generally,
AL+ AlATtmax — Pus1 = Py 1+ = Py 1= Alttmax — Pyt piooin -
@{ii) If p= Z?il W is a finite measure, then

lim A[ -+ A[A[umax — Py, 1— Py

j—o0

]"‘_Pm]:A[umax_P;L]

j-1

pointwise on the unit disk.

Proof. (i) The > direction follows from the monotonicity of A. For the < direction, it suffices to show
Alumax — Pyl — Ppy < Alutmax — Py, ]

or

Ay [Umax — Pp,z] - P[L] < Aplumax — /.L1+;,L2]

for any 0 < r < 1. To this end, we form the function

ur = (Ar[Umax — P;,Lz] - P,ul) — Ay [tmax — PM1+M2]’
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defined on D, = {z : |z| < r}. Since u, is subharmonic and vanishes on dD),, it must be identically 0. This
proves the < direction.

(i1) This follows after applying (i) j — 1 times.

(iii) Let ftj = p1 + po +-- -+ pj. By part (i), we have
Alumax — P;l,-] - P;/,—;l_,v < Alumax — PM] < Altmax — Pﬁ,_,-]-

Since P, _ i —~>0 pointwise in the unit disk, the minimal dominating solutions A[umax — Pp;] decrease
t0 Alumax — Pyl O

9. Nearly maximal solutions

In this section, we prove Theorem 1.3 which partially characterizes the nearly maximal solutions of
Au=u?-x,~0 onD, 9-1)

with p > 1. From Section 8A, we know that (9-1) has a radially invariant solution uy,x Which dominates
all the other solutions pointwise. By solving an ODE, one can write down an explicit formula for #m,x.
Here, we will only need the asymptotic formula

Umax (2) ~ Co (1 — |2)*71, 2] — 1,

where ¢ = (p —3)/(p — 1). We will be especially interested in the case when p > 3, in which case
a e (0,1).
The proof of Theorem 1.3 consists of two parts:

(1) First, we show that if y does not charge -Beurling—Carleson sets, then it is not the deficiency
measure of any nearly maximal solution. As the proof is similar to the one in [Ivrii 2019] for Au = e**,

we only give a sketch of the argument in Section 9B.

(2) Secondly, we show that if u is concentrated on an 8-Beurling—Carleson set for some 8 < «, then
there is a nearly maximal solution u, with deficiency measure w. The argument in [Ivrii 2019] relied
on the Liouville correspondence between solutions of Au = e?* and holomorphic self-mappings of the
disk, which is unavailable in the present setting. We present a new approach to existence which involves
special Privalov stars with round corners. The special Privalov stars will be constructed in Section 9C,
and the existence will be explained in Section 9D.

9A. Restoring property. We focus on the case when p > 3. The following lemmas will be used in
conjunction with Roberts decompositions to show that certain measures on the unit circle are invisible:

Lemma 9.1. Let n; =2'. Forany 0 < a < 1, there exists a < b < 1 such that

1
At 1@ i) = bt on {22121 =1--- . 9-2)

i
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Proof. We prefer to work on the upper half-plane H since the expression for the maximal solution is
simpler there: umx(z) = Coy*~!, where y =Imz. We need to show that

Ayla-umax] > b-umax on {Imz = 2yp}.

When extending constant boundary values from a horizontal line, we get the maximal solution shifted
vertically by an appropriate amount:

U= Ayla-tmax] = Co(y +)* 7",
where c is determined by the equation

a-Coyy ' =Colyo+0)*' = c=a’@ .y -y
In particular,
u(2y0) = Co (1 a0y,
This suggests that we should take

_uQ@y) _ (La/e Dyt
B Umax (2Y0) B 2e-1

> da. |

A similar argument shows:
Lemma 9.2. Forany 0 < a, ¢, p < 1, there exists an 0 < r < 1 such that

Arla-umax] > (1 — &) - tmax  on D,. (9-3)

9B. Invisible measures. Suppose \ is a measure on the unit circle that does not charge «-Beurling—
Carleson sets. In order to show that w is invisible, it is enough to check that A[umax — P, ] = tmax, Where
A denotes the minimal dominating solution on the unit disk.

According to Corollary 3.3, for any parameters ¢ and jj, we can express p as an infinite series

M=+ p2+--,

where w ; satisfies the modulus of continuity estimate
wi) =clll®, 1 €Djyj,. -4
One may express condition (9-4) in terms of the Poisson extension P, ; to the unit disk:
Py ()<= 12D ' <e3 umax (@), 2l =1—-270F0),

We choose the parameter ¢ > 0 in the Roberts decomposition small enough that the above equation holds
with ¢c3 = b — a, where 0 < a < 1 is arbitrary and b = b(a) is given by Lemma 9.1.
By Lemma 8.10 and monotonicity properties of A, we have

Altmax — Pu] = jllgolo Altmax — P/,L1+;L2+-~+uj] = ]ll)rgo Al Alumax — P/L/-] T P;Ll]

> lim Ai—iyn [ Aty lmax — Pyl — Py 1.

j—00
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Since each time we apply Aj_j,,, we shrink the domain of the definition, the above inequality is valid
on Dy_y/,,. Using the restoring property j times, we get

Alumax — PM] > a-Umax ON |lel/nl-

Applying the restoring property one more time shows that, for any given 0 < p < 1 and ¢ > 0, one could
choose the offset jy > 0 large enough to guarantee that

Alumax — P/.L] > —¢&)umax on Dp-
In other words, A[umax — Pyl = tmax as desired.

What happens when 1 < p <37 If 1 < p <3, then by Harnack’s inequality,
Pu(z) =2(1 =1z n(@D) Sumax(2), Izl <1,

is true for any measure on the unit circle. By multiplying i by a small constant ¢ > 0, one can arrange

that Py < (3)max OF Umax — Pey > (3)Umax. The argument above shows that Afumax — Pyl = tmax,

which means that the measure e is invisible. In turn, this implies that w itself is invisible.

9C. Special Privalov Stars. Suppose E C oD is a S-Beurling—Carleson set with 8 < o and u is a
measure supported on E. Given ¢ > 0, we will construct a special sawtooth domain Kg = Kg(e, u) C D
containing the origin which satisfies the following properties:

(1) Let w, denote the harmonic measure on K g as viewed from z € K g. We require that
/~ Umax (2) dwo(z) < /~ (1—1z)* T dwy(z) < oo.
3KE 3KE
(2a) Secondly, we want the Riemann map ¢ : (D, 0) — (0 K E, 0) to have a finite angular derivative at

¢ 1(¢) for pae. .t € E=0KgNaD.

(2b) In view of the Schwarz lemma, for any ¢ € E, the angular derivative satisfies 1 < |¢’(¢~(¢))| < 0o,
or alternatively, 0 < (™1 (¢)] < 1. We will construct 9K g such that the set E/ C E, where
1—e< (e (©)| <1, has measure u(E’) > (1 — &) u(E).

Fixaconstant 1 <y < 1/(1 —«). We fix a C! function ¢ : [0, 1] — [0, 1] which satisfies
c0<op(t)<1-2[t—1|for0<t <1,
e $(0)=0and ¢(t) ~t¥ ast — 0,
Co(3) =1
e ¢p(I)=0and ¢p(t) ~(1—1t)Y ast —> 1,
and define the fent over [0, 1] with height & by

T ={(x.»)eR*:0<x<1,0<y<h-p(x)}
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Let {h(I)} C (0, 1] be a collection of heights. Over each complementary arc I = (¢!, ¢/%2) C 9D\ E,
we build the tent

_ i0 . _ 0 -6
Ty =\re”:01<0=<6, 1—-v-h(l)-¢ <r=ly,
92—91

where 0 < ¢ <1 is an auxiliary parameter to be chosen. The special Privalov star K is then obtained by
removing these tents from the unit disk. To achieve the above objectives, we use the heights

h(1)=min<|l|, Ll ) u=P,. (9-5)

u(zy)

Condition (1). For an arc J C 0D, we denote by 7(J) the part of BEE that is located above J in 8gE,
ie,t(J)={z€dKg:z/|z| € J}.

Lemma 9.3. The harmonic measure on 9K g as viewed from the origin is bounded above by a multiple of
arclength.

Proof. To prove the lemma, we show that wg_(7(J)) < |J| for any arc J of the unit circle with
|J| < le' Let B = B(J) be a ball centered at the midpoint of J of radius 3|J|. Since 7(J) C B(J), by the
monotonicity properties of harmonic measure, we have

wEE,O(T(J)) < wp\B,0(0BND).

The latter quantity is easily seen to be < |J]. O

Corollary 9.4. For a complementary arc I C 0D\ E, we have
[ sty den@ S bt
(1)

Proof. We split [ = UneZ I,, into countably many Whitney arcs, so that |I,| = (%)Inl - |1y, and I, and I,

have a common endpoint if |m —n| = 1. In view of the above lemma,

1] {h(l) }‘“

< . ] -7
\/;(In) umax(z) da)O(Z) ~ 2|n| 2y|n|

By the choice of y, the corollary follows after summing a convergent geometric series. (I

We now verify Condition (1). With the choice of heights (9-5),
f tmax (@) doo(@) S YT Uz
K

Applying Holder’s inequality with exponents 1/A and 1/(1 — A), we get
Z |I|a2_a+1u(zl)l—a — Z |I|Ol(Ol—1)+)~ . |I|1—)»u(zl)l—(¥
1—h

A
< (Z |I|0t(0ll)+7»/()»)> (Z |I|M(Z[)(1(¥)/(1)»)> ) (9-6)

With the choice
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we have Do |
5=u and §=-—¢%
A 1—Ax

The first sum in (9-6) is finite as F is a 8-Beurling—Carleson set, while the second sum is finite since the

< 1.

nontangential maximal function of u lies in L°.

Conditions (2a) and (2b). In order to verify that the special sawtooth domain K g satisfies Condition (2a),
we need to check the Rodin—Warschawski condition for the existence of an angular derivative; see
Theorem 7.1. This will be done in Lemmas 9.5 and 9.6 below.

For a point ¢ € dD), we write H (¢) for the length of the radius [0, ¢] that lies outside of K E.

Lemma 9.5. For a point x € E and a complementary arc I C 0D\ E, we have
in .
/ H(xze )d < h(I) |I|z'
xeinel n dist(x, %1)
Proof. We decompose I =|J,,; I into a union of countably many Whitney arcs such that |,,| = (%) I, [1ol,
and I, and I,, have a common endpoint if |[m —n| = 1. Since dist(x, I,,) > 2l dist(x, %1),
/ Hae) (- (maxee, HO)- 1l 27021y B 1T
xener, M dist(x, ,)? {2~ dist(x, 11)} dist(x, 11)?

The lemma follows after summing a convergent geometric series. (I

Lemma 9.6. For p a.e. x € 0D, we have the following when summing over complementary arcs:
h(I) - |1

dist(x, 17)°
Proof. 1t is enough to check that

h(I)-|I 1o+t
[ {Z.”—J'z}dwc)f/ {Z Sl 2}@@)
o0 U7 dist(x, 57) o0 U7 u(zy) - dist(x, 57)

1 1
=Z|1|“-{ 7 2dM(X)}
1

u(zy) Joo dist(x, %1)

is finite. To see this, notice that the expression in the parentheses is O (1) and use that E is a 8-Beurling—
Carleson set (and hence, an «-Beurling—Carleson set). O

In view of Lemma 7.2, to achieve Condition (2b), we only need to select a sufficiently small auxiliary
parameter 0 < v < 1.

9D. Existence. To prove Theorem 1.3, it remains to construct a nearly maximal solution with deficiency
measure u supported on a -Beurling—Carleson set E.

For n € R, let u,, be the solution of Au =u? - x,~o which is equal to n on the unit circle. Since u, — P,
is a subsolution and n — P, is a supersolution of Au =u?” - x,-o with the same boundary data, by the
principle of sub- and supersolutions, there exists a unique solution u,, , such that

up— Py <uyn,<n-—"~rP,. 9-7)
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As the solutions u,, , are increasing in n and bounded above by unyax, the limit u := lim,,_, oo U, , €Xists.
Taking n — o0 in (9-7), we get

M[naX_PMSMs

which tells us that u is a nearly maximal solution whose deficiency measure is at most pu.

To show that the mass of the deficiency measure of u is at least u(0D), we use the special sawtooth
domain Kg constructed in Section 9C. For 0 < r < 1, we form the truncated region K, = Kg ND,. Its
boundary consists of two parts: a sawtooth part dgaw K, = 0 K, \ D), and a round part drqund K, = 0K, NaD,.
We estimate u, , on dK, by

Uy < f — iumax on asawKr’ (9—8)
n— P, on doudkK;.
By the maximum principle, u is bounded above on K, by the harmonic extension of these boundary
values. Taking » — 1 while keeping n fixed, we get

u(z) < /~ Umax (W) dwz(w) — lim Pu(w) dwg, - (w) = A(z) — B(2) (9-9)
K5 r

- 8mundKr
for z € Kg. In the equation above, w, and wg, , denote harmonic measures from the point z in the
domains Kr and K,, respectively. Condition (1) guarantees that A(z) is finite. Below, we will see that
Conditions (2a) and (2b) ensure that B(z) is large enough to be responsible for the deficiency of u.

A lemma featuring Privalov stars. For a closed subset F' C 0D, we write K r ¢ for the standard Privalov
star, which is defined as the union of Stolz angles emanating from F with aperture 0 < 6 < . We will
use the following elementary lemma:

Lemma 9.7. Let i be a positive measure on the unit circle and F C 0D be a closed set. For any aperture
0<0<m,

lim sup/ P,(w)ldw| < u(F).
p—1 JKrpeniD,

Conversely, for any € > 0, there exists an aperture 0 < 0 < 1 so that

liminf/ Py (w)|dw| > (1 — ) (F).
p—1 KrenoD,

Pruning the set E further. Recall that E’ was defined as the subset of E where the angular derivative
satisfies 1 —e < [(¢~1)/(¢)| < 1, and we had arranged that £ (E’) > (1 — &) (E). By sacrificing a little bit
more mass, we can obtain uniformity of nontangential limits and truncated Stolz angles. More precisely,
for any ¢ > 0 and 6 > 0, one can find a closed subset E” C E’ and 0 < py < 1 such that

W(E") > (1 =2¢e)u(E), (9-10)
1—-2¢e < |((p_1)/(z)| <l4e forze KgrgN{py <|w| <1}, 9-11)
KgrgN{po < |w| <1} C Kg. (9-12)
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Strategy. To prove the existence part of Theorem 1.3, we show:

Lemma 9.8. For any ¢ > 0, we can choose the aperture 0 < 68 < 7 close enough to w that
/ A(2)|dz| < &-pw(E") and / B(z)|dz| = (1 —¢)- n(E") (9-13)
KE”,QOBDP KE//YQQSD/,

for all pg < p < 1 sufficiently close to 1.

Proof of existence in Theorem 1.3 assuming Lemma 9.8. Decompose u = u, — u_ into positive and
negative parts. For pg < p < 1, we have

f (Umax(2) —u(2))dz| = / u—(z)ldz| Z/ (B(2) — A(2))|dz| = (1 = 2e)u(E")
lzl=p |zl=p Kpn gD, 5
> (1 —2e)"u(E).
Since ¢ > (0 was arbitrary, the mass of the deficiency measure of u is at least u(E). (Il
The remainder of the paper is devoted to proving Lemma 9.8.

Estimating A(z). Notice that A(z) is a positive harmonic function on K g which extends absolutely
continuous boundary values up,x € LY K E,wg). Therefore, if ¢ is a conformal map from (D, 0) to
(Kg,0), then Ao @ is a positive harmonic function on the unit disk with absolutely continuous boundary
values on the unit circle. Since ¢! (E”) has Lebesgue measure zero by Loewner’s lemma,

liml (Aogp)(w)|dw| =0

P=LJK 1 o) yNOD,

by Lemma 9.7. From here, the first inequality in (9-13) follows after an application of Harnack’s inequality.

Estimating B(z). Since 0K, = diound K U 0gaw K,
[ hwderw =R~ [ Pw)dog.w). ek,
8mund K; 3saw K,
By the monotonicity properties of harmonic measure, the integrals over dsaw K- are increasing in r. Taking

r— 1, we get

B(z) = Py(2) — /N P,(w)dw (w), ze€ K. (9-14)
IKrND

Since B is a positive harmonic function on Kg, the composition B o ¢ is a positive harmonic function on
the unit disk. Inspection shows that B o ¢ = P, for a positive measure v supported on ¢~ (E). In fact,
Theorem 7.3 tells us that

v =0 (1Y (O)du@)).
Since 1 —e < |¥/(¢)] < 1 on E' 2 E” by Condition (2b),
vigT (E") = (1 = e)u(E").

Now, by Lemma 9.7, if the aperture 6 is sufficiently close to 7, then

lim inf / (Bop)(w)ldw| > (1 —e)v(p  (E") > (1 —&)*u(E").
K

,0_>1 wfl(E//).ema[Dp

The second estimate in (9-13) follows from Harnack’s inequality as in Estimating A(z) above.
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