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DYNAMICAL TORSION FOR CONTACT ANOSOV FLOWS

YANN CHAUBET AND NGUYEN VIET DANG

We introduce a new object, the dynamical torsion, which extends the potentially ill-defined value at O of
the Ruelle zeta function of a contact Anosov flow, twisted by an acyclic representation of the fundamental
group. We show important properties of the dynamical torsion: it is invariant under deformations among
contact Anosov flows, it is holomorphic in the representation and it has the same logarithmic derivative
as some refined combinatorial torsion of Turaev. This shows that the ratio between this torsion and the
Turaev torsion is locally constant on the space of acyclic representations.

In particular, for contact Anosov flows path-connected to the geodesic flow of some hyperbolic
manifold among contact Anosov flows, we relate the leading term of the Laurent expansion of ¢ at the
origin, the Reidemeister torsion and the torsions of the finite-dimensional complexes of the generalized
resonant states of both flows for the resonance 0. This extends previous work of Dang, Guillarmou,
Riviere and Shen (Invent. Math. 220:2 (2020), 525-579) on the Fried conjecture near geodesic flows of
hyperbolic 3-manifolds, to hyperbolic manifolds of any odd dimension.

1. Introduction

Let M be a closed odd-dimensional manifold and (E, V) be a flat vector bundle over M. The parallel
transport of the connection V induces a conjugacy class of representation p € Hom(rr; (M), GL(C%)) (every
representation of the fundamental group can be obtained in this way; see Section 11.1). Moreover, V defines
a differential on the complex Q2*(M, E) of E-valued differential forms on M and thus cohomology groups
H*(M, V)= H*(M, p) (note that we use the notation V also for the twisted differential induced by V,
whereas it can be denoted by dV in other references). We will say that V (or p) is acyclic if those
cohomology groups are trivial.

If p is unitary (or equivalently, if there exists a hermitian structure on E preserved by V) and acyclic,
Reidemeister [1935] introduced a combinatorial invariant tr (o) of the pair (M, p), the so-called Franz—
Reidemeister torsion (or R-torsion), which is a positive number. This allowed him to classify lens spaces
in dimension 3; this result was then extended in higher dimensions by Franz [1935] and de Rham [1936].

On the analytic side, Ray and Singer [1971] introduced another invariant trs(0), the analytic torsion,
defined via the derivative at O of the spectral zeta function of the Laplacian given by the Hermitian metric
on E and some Riemannian metric on M. They conjectured the equality of the analytic and Reidemeister
torsions. This conjecture was proved independently by Cheeger [1979] and Miiller [1978], assuming
only that p is unitary (both R-torsion and analytic torsion have a natural extension if p is unitary and not
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acyclic). The Cheeger—Miiller theorem was extended to unimodular flat vector bundles by Miiller [1993]
and to arbitrary flat vector bundles by Bismut and Zhang [1992].

In the context of hyperbolic dynamical systems, Fried [1987] was interested in the link between the
R-torsion and the Ruelle zeta function of an Anosov flow X, which is defined by

txp ()= [ detd =g, p(lyDe>* ). Re(s) >0,
yeg
where Q§ is the set of primitive closed orbits of X, £(y) is the period of y and ¢, = 1 if the stable bundle
of y is orientable and &, = —1 otherwise. Using Selberg’s trace formula, Fried could relate the behavior
of {x ,(s) near s = 0 with R, as follows.

Theorem 1 [Fried 1986]. Let M = SZ be the unit tangent bundle of some closed oriented hyperbolic
manifold Z, and denote by X its geodesic vector field on M. Assume that p : m1(M) — O(d) is an acyclic
and unitary representation. Then {x , extends meromorphically to C. Moreover, it is holomorphic near
s =0 and

12x,5 (O] = 7= (p), (1-1)
where 2qg + 1 = dim M and tr(p) is the Reidemeister torsion of (M, p).

Fried [1987] conjectured that the same holds true for negatively curved locally symmetric spaces. This
was proved by Moscovici and Stanton [1991] and Shen [2018].

For analytic Anosov flows, the meromorphic continuation of ¢x , was proved by Rugh [1996] in
dimension 3 and by Fried [1995] in higher dimensions. Then Sdnchez-Morgado [1993; 1996] proved in
dimension 3 that if p is acyclic, unitary, and satisfies that p([y]) — 87{ is invertible for j € {0, 1} for some
closed orbit y, then (1-1) is true.

For general smooth Anosov flows, the meromorphic continuation of ¢x , was proved by Giuletti,
Liverani and Pollicott [Giulietti et al. 2013] and alternatively by Dyatlov and Zworski [2016]. The
Axiom A case was treated by Dyatlov and Guillarmou [2018]. Quoting the commentary from Zworski
[2018] on Smale’s seminal paper [1967], equation (1-1) “would link dynamical, spectral and topological
quantities. [...] In the case of smooth manifolds of variable negative curvature, equation (1-1) remains
completely open”. However in [Dyatlov and Zworski 2017], the authors were able to prove the following.

Theorem 2 (Dyatlov—Zworski). Suppose (X, g) is a negatively curved orientable Riemannian surface.
Let X denote the associated geodesic vector field on the unitary cotangent bundle M = S*X. Then, for
some ¢ # 0, we have as s — 0

rx.1(5) = s N1+ O(s)), (1-2)

where 1 is the trivial representation w1(S*X) — C* and x(X) is the Euler characteristic of X. In
particular, the length spectrum {£(y) : y € g§} determines the genus.

This result was generalized in the recent preprint [Ceki¢ and Paternain 2020] to volume-preserving
Anosov flows in dimension 3.

In the same spirit and using similar microlocal methods, Guillarmou, Riviere, Shen and the second
author [Dang et al. 2020] showed:
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Theorem 3 (Dang—Riviere—Guillarmou—Shen). Let p be an acyclic representation of wy(M). Then the map
X = x,0(0)

is locally constant on the open set of smooth vector fields which are Anosov and for which 0 is not a Ruelle
resonance, that is, 0 ¢ Res(ﬁz). If X preserves a smooth volume form and dim(M) = 3, (1-1) holds true
if b1(M) # 0 or under the same assumption used in [Sanchez-Morgado 1996].

Let us comment on the notion of Ruelle resonance to explain the assumptions in the above theorem.
All recent works on the analytic continuation of the Ruelle zeta function are important by-products of
new functional methods to study hyperbolic flows. They rely on the construction of spaces of anisotropic
distributions adapted to the dynamics, initiated by Kitaev [1999], Blank, Keller and Liverani [Blank et al.
2002], Baladi [2005; 2018], Baladi and Tsujii [2007], Gouézel and Liverani [2006], Liverani [2005],
Butterley and Liverani [2007; 2013], and many others, where we refer to the recent book [Baladi 2018]
for precise references. These spaces allow one to define a suitable notion of spectrum for the operator
E; = Vix +txV, where ¢ is the interior product, acting on 2°*(M, E). This spectrum is the set of so-called
Pollicott—Ruelle resonances Res(ﬁZ), which forms a discrete subset of C and contains all zeros and poles
of ¢{x ,. Faure, Roy and Sjostrand [Faure et al. 2008] and Faure and Sjostrand [2011] initiated the use
of microlocal methods to describe these anisotropic spaces of distributions giving a purely microlocal
approach to study Ruelle resonances. This was further developed by Dyatlov and Zworski to study Ruelle
zeta functions.

However, if 0 € Res(ﬁ}'}) then the results of [Dang et al. 2020] no longer apply since the zeta
function ¢y, , might have a pole or zero at s = 0 (recall zeros and poles of {x,, are contained in Res(/LZ)).
One goal of this article is to remove the assumption that O is not a Ruelle resonance. In the spirit of
Theorem 2 and the Fried conjecture, we can state a theorem which follows from more general results of
the present paper (see Section 2).

Theorem 4. Let (Z, go) be a compact hyperbolic manifold of dimension q and p be the lift to S*Z of
some acyclic unitary representation w1(Z) — GL(CY). Then, for every metric g which is path-connected
to go in the space of negatively curved metrics, there exists m(g, p) € Z such that

T(C*(Xgy, )

12x,.p ()| TV = |s|EDImE0) 7 ()
©r —= | 1(C*(Xg, p))

R-torsion

‘(1 + 0()), (1-3)

where X, denotes the geodesic vector field of g and ©(C*(Xg, p)) is the refined torsion of the finite-
dimensional space of resonant states for the resonance 0 of (Xg, p).

In the above statement, the vector field X, generates a contact Anosov flow on the contact manifold
S;,‘Z ={(x,8§)eT*Z: ||, = 1}."' The finite-dimensional torsion 7(C*(Xg, p)) will be described in
Section 2 below.

I This means concretely that changing the metric g on Z affects both the contact form ¥ and Reeb field X on S*Z.
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2. Main results

There are two restrictions in Theorem 3 of [Dang et al. 2020]. The first restriction is that

12x., (0D = R(p)

is an equality of positive real numbers and the representation p is unitary. For arbitrary acyclic represen-
tations p : 71 (M) — GL(C?), one could wonder if the phase of the complex number ¢x, ,(0) contains
topological information. For instance, if it can be compared with some complex-valued torsion defined
for general acyclic representations p : 7wy (M) — GL(C?). The second restriction concerns the assumption
that O is not a Ruelle resonance. Apart from the low-dimension cases studied in [Dang et al. 2020], this
assumption is particularly hard to control and is difficult to check for explicit examples.

Our goal in the present work is to partially overcome these two obstacles. In the case where X induces
a contact flow, which means that X = X is the Reeb vector field of some contact form % on M, we deal
with these difficulties by introducing a dynamical torsion ty(p) which is a new object defined for any
acyclic p and which coincides with ¢{x ,(0)*! if O ¢ Res(£Y). Before stating our main results, let us
introduce the two main characters of our discussion in the next two subsections.

2.1. Refined versions of torsion. The Franz—Reidemeister torsion tR is given by the modulus of some
alternate product of determinants and is therefore real-valued. One cannot get a canonical object by
removing the modulus since one has to make some choices to define the combinatorial torsion, and the
ambiguities in these choices affect the alternate product of determinants. To remove indeterminacies
arising in the definition of the combinatorial torsion, Turaev [1986; 1989; 1997] introduced in the
acyclic case a refined version of the combinatorial R-torsion, the refined combinatorial torsion. It is a
complex number 7, ,(0) which depends on additional combinatorial data, namely an Euler structure e and
a homology orientation o of M, and which satisfies |1, ,(0)| = Tr(p) if p is acyclic and unitary. We refer
the reader to Section 9.2 for precise definitions. Later, Farber and Turaev [2000] extended this object
to nonacyclic representations. In this case, 7. ,(p) is an element of the determinant line of cohomology
det H*(M, p).

Motivated by the work of Turaev, but from the analytic side, Braverman and Kappeler [2007b; 2007c;
2008] introduced a refined version of the Ray—Singer analytic torsion called refined analytic torsion
Tan(p). It is complex-valued in the acyclic case. Their construction heavily relies on the existence of a
chirality operator I', that is,

Fe: Q' (M,E)— Q"*(M,E), T'2=Id,

which is a renormalized version of the Hodge star operator associated with some metric g. They showed

that the ratio
Tan(p)

Te,0(0)
is a holomorphic function on the representation variety given by an explicit local expression, up to a
local constant of modulus 1. This result is an extension of the Cheeger—Miiller theorem. Simultaneously,
Burghelea and Haller [2007] introduced a complex-valued analytic torsion, which is closely related to
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the refined analytic torsion [Braverman and Kappeler 2007a] when it is defined; see [Huang 2007] for
comparison theorems.

2.2. Dynamical torsion. We now assume that X = Xy is the Reeb vector field of some contact form ¢
on M. Let us briefly describe the construction of the dynamical torsion. In the spirit of [Braverman and
Kappeler 2007c], we use a chirality operator associated with the contact form ¥,

Ty:Q(M,E)— Q"*(M,E), T2=Id,

see Section 6, analogous to the usual Hodge star operator associated with a Riemannian metric. Let
C* C D'*(M, E) be the finite-dimensional space of Pollicott—-Ruelle generalized resonant states of E; for
the resonance 0, that is,

C'={ueD*(M,E): WFu) C E;, there exists N € N such that (E;)Nu =0},

where WF is the Hormander wavefront set, E C T*M is the unstable cobundle of X,? see Section 5,
and D' (M, E) denotes the space of E-valued currents. Then V induces a differential on C* which makes
it a finite-dimensional cochain complex. Then a result from [Dang and Riviere 2020b] implies that the
complex (C*, V) is acyclic if we assume that V is. Because I'y commutes with £Y, it induces a chirality
operator on C*. Therefore we can compute the torsion 7(C*, I'y) of the finite-dimensional complex
(C*, V) with respect to 'y, as described in [Braverman and Kappeler 2007c] (see Section 3). Then we
define the dynamical torsion Ty as the product

W) =% 1€ T T x dimsT 0 ,(5) € C\O,
_/_/ S—>

finite-dimensional torsion

renormalized Ruelle zeta function at s=0

where the sign = will be given later, m(X, p) is the order of {x ,(s) at s =0 and g = (dim(M) —1)/2 is
the dimension of the unstable bundle of X. Note that the order m (X, p) € Z is a priori not stable under
perturbations of (X, p), in fact both terms in the product may not be invariant under small changes of 9,
whereas the dynamical torsion 7y has interesting invariance properties as we will see below.

2.3. Statement of the results. We denote by Rep, (M, d) the set of acyclic representations 7y (M) —
GL(C%) and by A C C®(M, T M) the space of contact forms on M whose Reeb vector field induces an
Anosov flow. This is an open subset of the space of contact forms. For any ¢ € A, we denote by Xy its
Reeb vector field. Recall that we want to study the value at O without taking the modulus. As in Fried’s
case, {x,,(0) might be ill-defined since 0 € Res(ﬁz) and this was the reason for introducing the more
general object Ty (p). Our goal is to compare this new complex number with the refined torsion. As a first
step towards this, our first result shows 7y (p) is invariant by small perturbations of the contact form ¢ € A.

Theorem 5. Let (M, ©) be a contact manifold such that the Reeb vector field of ¥ induces an Anosov
flow. Let (¥1)re(—¢.¢) be a smooth family in A. Then 9, log Ty (p) =0 for any p € Rep,.(M, d).

2The annihilator of E, & RX where E,, C T M denotes the unstable bundle of the flow.
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Remark 2.1. In the case where the representation p is not acyclic, we can still define 7y (p) as an element
of the determinant line det H*(M, p); see Remark 6.5. This element is invariant under perturbations of
¥ € A; see Remark 7.1.

This result implies that the map & € A+ 1y (p) is locally constant for all p € Rep,.(M, d). To apply
Theorem 3 in the case of contact Anosov flows, we need to make small perturbations near a contact
Anosov flow such that O ¢ Res(ﬁz): if we have a C! family of contact Anosov flows (X;);¢0,1] such that 0
is not a resonance of E;O and E;l but is a resonance of E;u for some u € |0, 1[, then we cannot claim
that ¢{x, ,(0) = ¢x,,,(0) using Theorem 3; however, we can claim that 74,(p) = 75, (0) with Theorem 5.

Our second result aims to compare ty with Turaev’s refined version of the Reidemeister torsion 7, o,
which depends on some choice of Euler structure ¢ and a homology orientation o. An analog of the Fried
conjecture would be to prove the equality 7y (0) = T, o(p) for some (¢, 0) and for all p € Rep,.(M, d)
(this would imply |tg(p)| = |¢x.,(0)[£! if p is acyclic and unitary and if O ¢ Res(LY)). We prove a
weaker result, which shows that the derivatives in p € Rep,.(M, d) of log 7y (o) and log 7. ,(p) coincide.

Theorem 6. Let (M, ©) be a contact manifold such that the Reeb vector field of ¥ induces an Anosov
flow. Then p € Rep,.(M, d) — t3(p) is holomorphic3 and there exists an Euler structure ¢ such that, for
any homology orientation o and any smooth family (0,)uc(—e.¢) of Rep,.(M, d),

9y log T (pu) = 0, 10g T¢ 0 (Pu)-

Moreover, if dim M =3 and by (M) # 0, the map p — T5(p)/Te,0(p) is of modulus 1 on the connected
components of Rep,.(M, d) containing an acyclic and unitary representation.

In [Dang et al. 2020], for p acyclic, the authors proved that O ¢ Res([lZ) implies that X — ¢x ,(0)
is locally constant. Then the equality [{x, ,(0)| = Tr(p) was proved indirectly by working near analytic
Anosov flows in dimension 3 or near geodesic flows of hyperbolic 3-manifolds, where the equality is
known by the works of Sanchez Morgado and Fried, relying on the fact that ¢y ,(0) remains constant by
small perturbations of the vector field X. Whereas in the above theorem, for any contact Anosov flow
in any odd dimension, we directly compare the log derivatives of the dynamical and refined torsions as
holomorphic functions on the representation variety. We do not need to work near some vector field X
for which the equality |¢x ,(0)| = r(p) is already known.

Finally, our third result aims to describe how 0, log Ty (0,) depends on the choice of the contact Anosov
vector field X .

Theorem 7. Let (M, ©') be a contact manifold such that the Reeb vector field of ¥ induces an Anosov
flow. Let (p,)u|<e be a smooth family in Rep,.(M, d). Then, for any n € A,
0y log T, (pu) = 0, log Ty (py) + 0, log det p, (cs(Xy, X;))
topological

as differential 1-forms on Rep,.(M, d) and where cs(Xy, X)) € Hi(M, Z) is the Chern—Simons class of
the pair of vector fields (Xy, Xy).

3RepalC (M, d) is a variety over C; see Section 11.2 for the right notion of holomorphicity.
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Here, by det p, (cs(Xy, X;)) we mean det p, (c) where ¢ € 1 (M) is any element such that its homology
class [c] € H{(M, Z) coincides with cs(Xy, X,;) (note that the value of the determinant does not depend
on the choice of ¢). This underbraced term is indeed topological as the Chern—Simons class cs(Xy, X,;) €
H| (M, 7) measures the obstruction to find a homotopy among nonsingular vector fields connecting X
and X,. In particular, if ¢ and »n are connected by some path in A, then cs(Xy, X)) = 0, which yields
det p(cs(Xy, X;))) = 1; hence 9, log 7,(p,) = 9, log Ty (p,) for any acyclic p. We refer the reader to
Section 9.1 for the definition of Chern—Simons classes.

Because the dynamical torsion is constructed with the help of the dynamical zeta function ¢x ,, we
deduce from the above theorem some information about the behavior of {x ,(s) near s = 0, as follows.

Corollary 8. Let M be a closed odd-dimensional manifold. Then, for all connected open subsets
U CRep,.(M,d) andV C A, there exists a constant C such that, for every Anosov contact form 9 € V
and every representation p € U,

Tex, ,0(10)
T(C*(¥, p), T'y)
where Xy is the Reeb vector field of 9, (E,, V,) is the flat vector bundle over M induced by p, C*(¢, p) C
D'*(M, E)) is the space of generalized resonant states for the resonance 0 of E)V{; and m(Xy, p) is the

Lx,y p() D = Cs DM Xo) (1+0(s)), @2-1)

vanishing order of ¢x, ,(s) at s =0.

2.4. Methods of proof. Let us briefly sketch the proof of Theorems 5 and 6, which relies essentially
on two variational arguments: we compute the variation of 7y (V) when we perturb the contact form %
and the connection V. As we do so, the space C*(¢, V) of Pollicott—Ruelle resonant states of Ezﬁ for
the resonance 0 may radically change. Therefore, it is convenient to consider the space Cj, ;,(%, V)
instead, which consists of the generalized resonant states for C;ﬁ for resonances s such that |s| < A,
where A € (0, 1) is chosen so that {|s| = A} ﬂRes(ﬁgﬁ) = . Then using [Braverman and Kappeler 2007c,
Proposition 5.6] and multiplicativity of torsion, one can show that

73(V) = £1(Cjo,y (9. V). T9)e 5 0V, (2-2)

(}\,oo) . . . PP
where £y 7 is a renormalized version of {y, , (we remove all the poles and zeros of {x, , within

{s € C:|s| < A}); see Section 6. Thus we can work with the space Clo@. V), which behaves nicely
under perturbations of X thanks to Bonthonneau’s construction [Bonthonneau 2020] of uniform anisotropic
Sobolev spaces for families of Anosov flows, and also under perturbations of V.

Now consider a smooth family of contact forms (), for |t| < & such that their Reeb vector fields (X¢);
induce Anosov flows. Then Theorem 9 says that for any acyclic V, the map t+— 15,(V) is differentiable
and its derivative vanishes. This follows from a result of [Braverman and Kappeler 2007¢c] which allows
one to compute the variation of the torsion of a finite-dimensional complex when the chirality operator is
perturbed, and on a variation formula of the map t + ¢y, ,(s) for Re(s) big enough obtained in [Dang
et al. 2020].

Next, consider a smooth family of flat connections z — V(z), where z is a complex number varying in
a small neighborhood of the origin and write V(z) = V + za 4 0(z), where « € Q!(M, End(E)). Then
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we show in Section 8, in the same spirit as before, that z — 13 (V(z)) is complex differentiable and its
logarithmic derivative reads

8, ].—0log 79 (V(2)) = —tPaKe *5 |

where ¢ > 0 is small enough, trz is the super flat trace, see Section 4.4, and K : Q*(M, E) — D'*(M, E)
is a cochain contraction, that is, it satisfies VK + K'V = Idqe«(m, ). On the other hand, we can compute,
using the formalism of [Dang and Riviere 2020a],

b o= —eLVe
0;|:=0 log Tey0(V(2)) = —troaKe -X — [ tro,

e

where ¢y is an Euler structure canonically associated with 9, K is another cochain contraction, X is
a Morse—Smale gradient vector field and e € C{(M, Z) is a singular one-chain representing the Euler
structure ¢y ; see Section 9. Now using the fact that K and K are cochain contractions, one can see that

v
eLy

a(Ke % — Ke %) = aR, + [V, aGel,

where R, is an operator of degree —1 whose kernel is, roughly speaking, the union of graphs of the

¢Xu where (X,), is a nondegenerate family of vector fields interpolating X and X , see Section 9.3,

maps e~

and G, is some operator of degree —2. Therefore we obtain by cyclicity of the flat trace
\%

V&) oo, - / tra=0, (2-3)

Tey,0(V(2)) e

where the last equality comes from differential topology arguments. Using the analytical structure

az |z=0 log

of the representation variety, we may deduce from (2-3) the claim of Theorem 6. Theorem 7 then
follows from the invariance of the dynamical torsion under small perturbations of the flow, the fact that
Te.0(0) = Te.o(p)(det p, h) for any other Euler structure ¢/, where h € Hy(M, Z) satisfies ¢ = ¢/ + h (we
have that H;(M, Z) acts freely and transitively on the set of Euler structures; see Section 9), and the fact
that, in our notation, ¢, — ¢y = ¢s(Xy, X,;) for any other contact form 7.

2.5. Related works. Some analogs of our dynamical torsion were introduced by Burghelea and Haller
[2008b] for vector fields which admit a Lyapunov closed 1—form generalizing previous works by Hutchings
[2002] and Hutchings and Lee [1999a; 1999b] dealing with Morse—Novikov flows. In that case, the
dynamical torsion depends on a choice of Euler structure and is a partially defined function on Rep, (M, d);
if d = 1, it is shown in [Burghelea and Haller 2008a] that it extends to a rational map on the Zariski
closure of Rep,.(M, 1), which coincides, up to sign, with Turaev’s refined combinatorial torsion (for the
same choice of Euler structure). This follows from previous works of Hutchings and Lee [1999a; 1999b]
who introduced some topological invariant involving circle-valued Morse functions. In both works, the
considered object has the form

dynamical zeta function(0) x correction term,

where the correction term is the torsion of some finite-dimensional complex whose chains are generated
by the critical points of the vector field. The chosen Euler structure gives a distinguished basis of the
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complex and thus a well-defined torsion. This is one of the main differences with our work since in the
Anosov case, there are no such choices of distinguished currents in C*. However, the chirality operator
allows us to overcome this problem as described above.

We also would like to mention the interesting related work [Rumin and Seshadri 2012], where the
authors relate some dynamical zeta function involving the Reeb flow and some analytic contact torsion
on 3-dimensional Seifert CR manifolds.

Finally, recently Spilioti [2020] and Miiller [2020] were able to compare the Ruelle zeta function for odd-
dimensional compact hyperbolic manifolds with some of the complex-valued torsions mentioned above.

2.6. Plan of the paper. The paper is organized as follows. In Section 3, we give some preliminaries about
torsion of finite-dimensional complexes computed with respect to a chirality operator. In Section 4, we
present our geometrical setting and conventions. In Section 5, we introduce Pollicott—Ruelle resonances.
In Section 6, we compute the refined torsion of a space of generalized eigenvectors for nonzero resonances
and we define the dynamical torsion. In Section 7, we prove that our torsion is insensitive to small
perturbations of the dynamics. In Section 8, we compute the variation of our torsion with respect to the
connection. In Section 9, we introduce Euler structures which are some topological tools used to fix
ambiguities of the refined torsion. In Section 10, we introduce the refined combinatorial torsion of Turaev
using Morse theory and we compute its variation with respect to the connection. We finally compare it to
the dynamical torsion in Section 11.

3. Torsion of finite-dimensional complexes

We recall the definition of the refined torsion of a finite-dimensional acyclic complex computed with
respect to a chirality operator, following [Braverman and Kappeler 2007c]. Then we compute the variation
of the torsion of such a complex when the differential is perturbed.

3.1. The determinant line of a complex. For a nonzero complex vector space V, the determinant line of
V is the line defined by det(V) = /\dim Y'V. We declare the determinant line of the trivial vector space {0}
to be C. If L is a 1-dimensional vector space, we will denote by L~! its dual line. Any basis (vy, ..., v,)
of V defines a nonzero element v; A - - - A v, € det(V). Thus elements of the determinant line of det(V)
should be thought of as equivalence classes of oriented basis of V.

Let
C,9):0- 0 ot 2 2 en 2
be a finite-dimensional complex, i.e., dim C/ < oo forall j =0, ..., n. We define the determinant line

of the complex C* by
n
det(C*) = Q) det(C/) ",
j=0
Let H*(9) be the cohomology of (C*, 9), that is,

~ , ker(d : C/ — CI/th
H*(0) = H/), H/'0) = . =,
®) ,_6290 @) ) ran(d : C/—1 — C/J)
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We will say that the complex (C*, d) is acyclic if H*(d) = 0. In that case, det H*(d) is canonically
isomorphic to C.

It remains to define the fusion homomorphism that we will later need to define the torsion of a finite-
dimensional based complex [Farber and Turaev 2000, §2.3]. For any finite-dimensional vector spaces
Vi, ..., V,, we have a fusion isomorphism

uv,...vcdet(V) @ ---@det(V,) > det(Vi @ --- B V,)
defined by

mi

mv v O A AT ® @V A AV =0l A AU A AU A A

r o

where m; =dim V; for j € {1,...,r}.

3.2. Torsion of finite-dimensional acyclic complexes. In the present paper, we want to think of torsion
of finite-dimensional acyclic complexes as a map ¢c- from the determinant line of the complex to C. We
have a canonical isomorphism

@ce - det(C*) = C, (3-1)

defined as follows. Fix a decomposition
C/'=B' @A/, j=0,...,n,

with B/ = ker(d) N C/ and B/ = 3(A/~!) = 3(C/~") for every j. Then d|,; : A/ — B/*!is an
isomorphism for every j.

Fix nonzero elements c; € det C/ and a j € det A/ for any j. Let d(a;) € det B/ *+1 denote the image
of a; under the isomorphism det A/ — det B/*! induced by the isomorphism 9|4, : A7 — B/T!. Then,
for each j =0, ..., n, there exists a unique A; € C such that

C]- :)\,j/,l,Bj’Aj(a(aj—l)®aj),

where ;i 4 is the fusion isomorphism defined in Section 3.1. Then define the isomorphism ¢c. by

n
perico®@c; ' @@V > (DY A e,
j=0
where .
N(C*) = % > " dim A/ (dim A7 + (= 1)/ ),
j=0

One easily shows that ¢c- is independent of the choices of a; [Turaev 2001, Lemma 1.3]. The number
T(C*, c) = @c+(c) is called the refined torsion of (C*, d) with respect to the element c.

The torsion will depend on the choices of ¢; € det C /. Here the sign convention (that is, the choice
of the prefactor (—1)N€") in the definition of ¢¢.) follows [Braverman and Kappeler 2007¢c, §2] and is
consistent with [Nicolaescu 2003, §1]. This prefactor was introduced by Turaev and differs from [Turaev
1986]. See [Nicolaescu 2003] for the motivation for the choice of sign.

Remark 3.1. If the complex (C*, 9) is not acyclic, we can still define a torsion t(C*, ¢), which is this
time an element of the determinant line det H*(0); see [Braverman and Kappeler 2007c, §2.4].
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3.3. Torsion with respect to a chirality operator. We saw above that torsion depends on the choice of an
element of the determinant line. A way to fix the value of the torsion without choosing an explicit basis
is to use a chirality operator as in [Braverman and Kappeler 2007c]. Take n = 2r 4+ 1 an odd integer and
consider a complex (C*, d) of length n. We will call a chirality operator an operator I' : C* — C* such
that ' = Id¢., and

rcHhy=c/, j=0,...,n.

I' induces isomorphisms det(C 7y — det(C"~/) that we will still denote by I'. If £ € L is a nonzero
element of a complex line, we will denote by £~! € L~! the unique element such that £~!(¢£) = 1. Fix
nonzero elements c; € det(C/) for j € {0, ..., r} and define

or = (_1)’"(C')c0 ®Cl_l Q- ®C£—1)r ® (FCr)(—l)rH ® (Fcr—l)(_l)r R---® (FCO)_I,

where
o1 i (dim O r+j
m(C?) =3 > dim €/ (dim C7 + (=1)"),
j=0
Definition 3.2. The element cr is independent of the choices of ¢; for j € {0, ..., r}; the refined torsion

of (C*, d) with respect to I is the element
T(C*, ") =1(C", cr).
We also have the following result, which is [Braverman and Kappeler 2007c, Lemma 4.7] in the acyclic
case about the multiplicativity of torsion.

Proposition 3.3. Let (C*, d) and (5 *,d) be two acyclic complexes of same length endowed with two
chirality operators I and T. Then

r(C@C.rel)=1(C", (. 1)
3.4. Computation of the torsion with the contact signature operator. Let
B=To+dl':C*— C".
B is called the signature operator. Let B =1'0 and B_ = dI. Define

CL=C/Nker(By), j=0,....n.

We have that B preserves C3.. Note that B, (C) ¢ €7/, so that By(CL @/ Yccleci /™"

Note that if B is invertible on C*, B is invertible on C?,. If B is invertible, we can compute the refined
torsion of (C*, d) using the following:
Proposition 3.4 [Braverman and Kappeler 2007c, Proposition 5.6]. Assume that B is invertible. Then
(C*, 9) is acyclic so that det(H*(d)) is canonically isomorphic to C. Moreover,
r—1
. Yy _ dim C", (=D _ NV
T(C*, 1) = (= 1) ™€ det(Taley) TV [T det(Tal ey o) Y,
j=0

where we recall that n = 2r + 1.
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3.5. Super traces and determinants. Let V* = ;7:0 V/ be a graded finite-dimensional vector space
and A : V* — V* be a degree-preserving linear map. We define the super trace and the super determinant
of A by

p p .
troyeA=Y (=D)Jtry; A, detgy-A =] [(dety; A)"".
j=0 j=0

We also define the graded trace and the graded determinant of A by

P p
trgrye A=Y (=17 jtry; A, detyyeA =[] (dety; A) 7D
Jj=0 Jj=0

3.6. Analytic families of differentials. The goal of the present subsection is to give a variation formula
for the torsion of a finite-dimensional complex when we vary the differential. This formula plays a crucial
role in the variation formula of the dynamical torsion, when the representation is perturbed. Indeed, we
split the dynamical torsion as the product of the torsion 7(C* (%, p), I'y) of some finite-dimensional space
of Ruelle resonant states and a renormalized value at s = 0 of the dynamical zeta function ¢y ,(s). Then
the following formula allows us to deal with the variation of 7 (C*(9, p), I'y).

Let (C*, 0) be an acyclic finite-dimensional complex of finite odd length n. If S : C* : C* is a linear
operator, we will say that it is of degree s if S(C*) c C¥*+* for any k. If S and T are two operators on C*
of degrees s and ¢ respectively then the supercommutator of S and 7' by

[S,T1=ST — (=1)"'TS.

Cyclicity of the usual trace gives trs c[S, 7] =0 for any S, T.
Let U be a neighborhood of the origin in the complex plane and 9(z), z € U, be a family of acyclic
differentials on C* which is real differentiable at z = 0, that is,

d(c) =0+ Re(c)u+Im(o)v+o(c), o —0, (3-2)
where w, v: C* — C* are degree-1 operators. Note that (o) 0 d(c) = 0 implies that the supercommutator
[0,a(0)] =0a(oc)+a(c)d =0, o eC, (3-3)

where a(o) =Re(o)u+Im(o)v. We will denote by C*(z) the complex (C*, d(z)). Finally, letk: C* — C*
be a cochain contraction, that is a linear map of degree 1 such that

ok +ko =1Idc. . (3-4)
The existence of such map is ensured by the acyclicity of (C*, 9).

Lemma 3.5. In the above notation, for any chirality operator I' on C*, the map z +— 1(C*(2), ') is real
differentiable at 7 = 0 and, for any c € det C*, one has

d - _d : o
ar t=010gf(c (to),I') = dr t=010g‘t(C (to), c) = —trg ce(a(0)k).
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Note that this implies in particular that trg ¢« (a(o)k) does not depend on the chosen cochain contrac-
tion k. This is expected since if k" is another cochain contraction,
[0, a(o)kk'] = da(o)kk' +a(o)kk'd = a(o)(k — k')
by (3-3), and the supertrace of a supercommutator vanishes.

Proof. First note that for nonzero elements ¢, ¢’ € det C*, we have

T(C*(2), ) =[c: ]-T(C*(2), ¢), (3-5)
where [c: ¢'] € C satisfies c =[c: '] (.
For every j =0, ..., n, fix a decomposition
C/=A@ B,
where B/ =kerd N C/ and A/ is any complementary of B/ in C/. Fix some basis a]]., cees af." of A/;
then daj, ..., aafj is a basis of B/T! by acyclicity of (C*, 3). Now let

cj= 8a}71 /\"-/\8(,1?:11 /\ajl- /\---/\afj € det C’
and
c=co® () '@ ® @ ()T edetC.
Now by definition of the refined torsion, we have for |z| small enough
n
T(C*(to),c) =+ ]_[ det(A;(ta) """, (3-6)
j=0

where the sign =+ is independent of z and A ;(z) is the matrix sending the basis

1 -1 1 £
8aj71,...,Bajil,aj,...,aj
to the basis
1 Li-1 1 £
8(ta)aj_1,...,8(to)aj_l,aj,...,aj

(which is indeed a basis of C/ for |z| small enough). Let k : C* — C* of degree —1 defined by
kaa;" = a?’, ka;” =0
for every j and m € {0, ..., £;}. Then k0 + 0k = Id¢c. and
det A;(to) =detypgj-14pi(0(to)k ®1d).

Now (3-2) and (3-6) imply the desired result, because t(C*(to), ') =[cr : c] - t(C*(to), c) by (3-5). U

4. Geometrical setting and notations

We introduce here our geometrical conventions and notation. In particular, we adopt the formalism of
[Harvey and Polking 1979], which will be convenient to compute flat traces and relate the variation of the
Ruelle zeta function with topological objects.
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4.1. Twisted cohomology. We consider M an oriented closed connected manifold of odd dimension
n=2r+1. Let E — M be a flat vector bundle over M of rank d > 1. For k € {0, ..., n}, we will denote
the bundle AKT*M by A for simplicity. We will denote by QK(M, E) = C®(M, A¥ ® E) the space of
E-valued k-forms. We set
n
QM. E) =M. E).
k=0

Let V be a flat connection on E. We view the connection as a degree-1 operator (as an operator of the
graded vector space 2*(M, E))

V:QkM,E)—> QM E), k=0,...,n.

The flatness of the connection reads V> = 0 and thus we obtain a cochain complex (2°(M, E), V). We
will assume that the connection V is acyclic, that is, the complex (2*(M, E), V) is acyclic, or equivalently,
the cohomology groups

{ueQX(M, E): Vu =0}

HY(M, V) = , k=0,...,n,
{(Vv:veQ1(M, E)}

are trivial.
4.2. Currents and Schwartz kernels. Let

n
D'*(M, E) = @ D'(M, A*® E)
k=0

be the space of E-valued currents. Let EV denote the dual bundle of E. We will identify D' (M, E) and
the topological dual of Q"~*(M, EV) via the nondegenerate bilinear pairing

(a,,B):/ anB, acQXM,E), BeQ" M, EY),
M

where A is the usual wedge product between E-valued forms and EY-valued forms.

A continuous linear operator G : Q*(M, E) — D'*(M, E) is called homogeneous if, for some p € Z,
we have G(QK(M, E)) c D'**P(M, E) for every k = 0, ..., n; the number p is called the degree
of G and is denoted by deg G. In that case, the Schwartz kernel theorem gives us a twisted current
GeD"P(M x M, nfEY @} E) satisfying

(Gu, V) = (G, Tfu A5V mxm,  u € QUM E), veQ ™ P(M,EY),
where 1 and 7, are the projections of M x M onto its first and second factors respectively.

4.3. Integration currents. Let N be an oriented submanifold of M of dimension d, possibly with
boundary. The associated integration current [N] € D""~¢(M) is given by

([N],w):/ itw, oeQ'(M),
N
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where iy : N — M is the inclusion. Note that Stokes’ formula yields
d[N] = (=1)"""*'[aN]. (4-1)

For f € Diff(M), we will set Gr(f) = {(f(x), x) : x € M} to be the graph of f. Note that Gr(f) is
an n-dimensional submanifold of M x M which is canonically oriented since M is. Therefore, we can
consider the integration current over Gr( f). By definition, we have for any «, 8 € Q*(M)

(IGr(N], mfa AmyB) = / [ranB.
M
In particular, [Gr(f)] is the Schwartz kernel of f*: Q*(M) — Q*(M).

4.4. Flat traces. Let G : Q*(M, E) — D’*(M, E) be an operator of degree 0. We denote its Schwartz
kernel by G and we define

WF/(g) = {(.X, Y, E’ 77) . (X, Yy, E’ _77) € WF(g)} C T*(M X M),

where WF denotes the classical Hormander wavefront set; see [Hormander 1990, §8]. We will also use
the notation WF(G) = WF(G) and WF'(G) = WF'(G). Assume that

WF GO NAT*M)y=2, AT*M)={(x,x,&&):(x,&) e T*M}. (4-2)

Lett: M — M x M, x — (x, x), be the diagonal inclusion. Then by [Hormander 1990, Theorem 8.2.4]
the pull back *G € D" (M, EY ® E) is well-defined and we define the super flat trace of G by

G = (tri*G, 1),
where tr denotes the trace on EY ® E. We will also use the notation
" G =t’NG
ar S ’

where N : Q*(M, E) — Q*(M, E) is the number operator, that is, Nw = kw for every w € QKM E).

The notation trz is motivated by the following. Let A : C*°(M, F) — D’ (M, F) be an operator acting
on sections of a vector bundle F. If A satisfies (4-2), we can also define a flat trace tr” A as in [Dyatlov
and Zworski 2016, §2.4]. Now if G : Q*(M, E) — D’*(M, E) is an operator of degree 0, it gives rise to
an operator Gy : C*°(M, F,) — D' (M, F}) foreach k =0, ..., n, where F;, = A¥ ® E. Then the link
between the two notions of flat trace mentioned above is given by

n
G =Y (-hf e’ Gr.
k=0
If ' € T*M is a closed conical subset, we let

DE(M,E)={ueD"*(M, E), WF(u) C T} (4-3)

be the space of E-valued current whose wavefront set is contained in I', endowed with its usual topology;
see [Hormander 1990, §8]. If " is a closed conical subset of 7*(M x M) not intersecting the conormal
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to the diagonal
N*A(T*M) = {(X, X, E’ _5) : (X, S) € T*M}v

then the flat trace is continuous as a map D' (M x M, n{EY @ nJE) — R.

4.5. Cyclicity of the flat trace. Let G, H : Q*(M, E) — D'*(M, E) be two homogeneous operators. We
denote by G, H their respective kernels. If I' C T*(M x M) is a closed conical subset, we define

rd= {(y, n) : there exists x € M such that (x, y,0,n) € I'},
r®= {(y, n) : there exists x € M such that (x, y, —n,0) € I'}.

Then under the assumption
WE@G)® NWEH)D = g,

the operator F' = G o H is well-defined by [Hormander 1990, Theorem 8.2.14] and its Schwartz kernel F
satisfies the wavefront set estimate:

WF(F) C {(x, y, &, n) : there exists (z, ¢) such that (x, z, &, ¢) € WF'(G) and (z, y, £, n) € WE(H)}.
If both compositions G o H and H o G are defined, we will denote by
[G,H]=GoH— (—)*etdet g oG
the graded commutator of G and H. We have the following:

Proposition 4.1. Let G, H be two homogeneous operators with deg G + deg H = 0 and such that both
compositions G o H and H o G are defined and satisfy the bound (4-2). Then we have

tr)[G, H] = 0.

The above result follows from the cyclicity of the L>-trace, the approximation result [Dyatlov and
Zworski 2016, Lemma 2.8], the relation

t)[G, Hl = t"[(-1)N G, H],

where N is the number operator and tr” is the flat trace with the convention from [Dyatlov and Zworski
2016, §2.4] (see Section 4.4), and the fact that the map (G, H) — G o H is continuous

D (M x M, n{E" @y E) x DE(M x M, n{ EY @ n; E) — DY (M x M, n{E” @ n; E)

for any closed conical subsets I, I' C T*(M x M) such that T® NT® = &, and where Y is a closed
conical subset given in [Hormander 1990, 8.2.14].

4.6. Perturbation of holonomy. Let y : [0, 1] — M be a smooth curve and o € Q' (M, End(E)). Let P,
(resp. ﬁ) be the parallel transport E, ) — E, ) of V (resp. V=V + «) along y|0.,7- Then

P =P exp<— ft P_a(y () P; dr). (4-4)
0
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The above formula will be useful in some occasion. For simplicity, we will denote for any A €
C>® (M, End(E))

t
f A =/ P_.A(y (7)) P, dtr € End(E) (p)),
y 0
so that P; = P, exp(— fy a(X)).

5. Pollicott—Ruelle resonances

5.1. Anosov dynamics. Let X be a smooth vector field on M and denote by ¢’ its flow. We will assume
that X generates an Anosov flow, that is, there exists a splitting of the tangent space T, M at every x € M

T.M=RX(x)® E;(x)® E,(x),

where E,(x), Es(x) are subspaces of T, M depending continuously on x and invariant by the flow ¢,
such that for some constants C, v > 0 and some smooth metric |- | on T M one has

[(de)vs| < Ce™usl, 120, vy € Eg(x),
|(de")yvul < Ce™Muul, 10, vy € Ey(x).
We will use the dual decomposition T*M = E; ® E;; ® E7, where Ej, E;; and E; are defined by
Ej(Es®E,) =0, E(Eq®Es)=0, E(Ey®E,)=0. (5-1)
5.2. Pollicott—Ruelle resonances. Let tx denote the interior product with X and
Ly =Vix+i1xV:Q(M,E)— Q' (M,E)

be the Lie derivative along X acting on E-valued forms. Locally, the action of Li; is given by the
following. Take U a domain of a chart and write V =d+ A, where A € Q' (M, End(E)). Take w1, ..., wy
(resp. eq, . . ., eq) some local basis of Ak (resp. E) on U. Then, forany 1 <i<fand 1 < j <d,

LY(fwi®ej) = (Xf)wi ®ej+ f(Lxw) ®ej+ fw; ®A(X)ej, [ eCPU),

where Ly is the standard Lie derivative acting on forms. In particular, £§ is a differential operator of
order 1 acting on sections of the bundle A*T*M ® E, whose principal part is diagonal and given by X.
This operator generates a transfer operator

eEX QM E) = (M, E),

which is defined by the relation
d

- (e'“Xu) = XX (LYu).

For Re(s) big enough, the operator £} + s acting on Q*(M, E) is invertible with inverse

0
LY+ = / e Ex et gy, (5-2)
0
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as it follows by an integration by parts. The results of [Faure and Sjostrand 2011] generalize to the
flat bundle case as in [Dang and Riviere 2020b, §3] and the resolvent (L; +5)~ !, viewed as a family
of operators Q*(M, E) — D'*(M, E), admits a meromorphic continuation to s € C with poles of finite
multiplicities; we will still denote by (C; +5)~! this extension. Those poles are the Pollicott—Ruelle
resonances of Ly, and we will denote this set by Res(LY).

5.3. Generalized resonant states. Let sy € Res(ﬁg). By [Dyatlov and Zworski 2016, Proposition 3.3]
we have a Laurent expansion

J(s0) v i—1
_ 1 (Lx +s0)/ 7 T
Ly -y, » (—1yi =X m— 5-3
Exe) SO(SH_j:l( : (s —s0)/ (5-3)
where Y, (s) is holomorphic near s = s, and
My, =~ (LY +5)"1ds : @ (M, E) — D'*(M, E) (5-4)

U2l e
is an operator of finite rank. Here C.(sg) = {|z — so| = &} with ¢ > 0 small enough is a small circle
around sg such that Res(EZ) N{lz — so| < &} = {s0}. Moreover the operators Yy (s) and II,, extend to
continuous operators
Yy, (s), Iy, : DE: (M, E)— ng (M, E). (5-5)
The space
C*(so) = ran(Ily,) C D;::Z: (M, E)

is called the space of generalized resonant states of C; associated with the resonance s.

5.4. The twisted Ruelle zeta function. Fix a base point x, € M and identity 7y (M) with 7, (M, x,). Let
Per(X) be the set of periodic orbits of X. For every y € Per(X) we fix some base point x,, € Im(y) and
an arbitrary path ¢, joining x, to x,. This path defines an isomorphism v, : 71 (M, x,,) = 71 (M) and we
can thus define for every y € Per(X)

pv(lyD = pv(¥y, [¥ D).

The twisted Ruelle zeta function associated with the pair (X, V) is defined by
txv(s)= ] detd—e, py(yhe "), Re(s) > C. (5-6)
y€gx

Here Gy is the set of all primitive closed orbits of X (that is, the closed orbits that generate their class in
w1(M)), £(y) is the length of the orbit y and C > 0 is some big constant depending on p and X, which
satisfies

lov(y DIl < exp(CE(y)), v €Gx, (5-7)

for some norm || - || on End(E,,). Finally ¢, =1 if E,|, is orientable, and —1 if not.
In what follows, we will denote by P, the linearized Poincaré return map of y, that is,

)
Py = dx@ » |ES()C)®E”(X)
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for some x € Im(y) (if we choose another point in Im(y), the new map will be conjugated to the first
one). Then one has
. . q det(Id —P)) L
&y =sgndet(P,|g,) = (—=1) m, where ¢ = dim Ej. (5-8)
Giuletti, Pollicott and Liverani [Giulietti et al. 2013] and Dyatlov and Zworski [2016] showed that
{x,v has a meromorphic continuation to C whose poles and zeros are contained in Res(ﬁ ). In fact, a

consequence of the Guillemin trace formula [1977], together with (5-8) and the identity

n
det(ld —P,) =Y (=D ktr A¥dep™®),
k=0
is that whenever Re(s) is large enough, we have, for every small ¢ > 0,

0 log £x.v(s) = (=T, (LY +5) 7 e *Ex ), (5-9)

where the flat trace makes sense, because the wavefront set of (E; +5) lee (£X+5) does not encounter
the conormal to the diagonal in 7*(M x M) (see Section 8.4). In particular, one can see that the order
of ¢x v near a resonance so € Res([, ) is given by

m(so) = (=TS (=1 kmy (so). (5-10)

k=0
where my (so) is the rank of the spectral projector Ty, |or . E) A

5.5. Topology of resonant states. Since V commutes with LY, it induces a differential on the complexes
C*(sp) for any 59 € Res(ﬁg). It is shown in [Dang and Riviere 2020b] that the complexes (C*(sg), V)
are acyclic whenever sy 7~ 0. Moreover, for so = 0, the map

My,—0 : (M, V) —> C*(so =0) =

is a quasi-isomorphism, that is, it induces isomorphisms at the level of cohomology groups. Since we
assumed V to be acyclic, the complex (C*, V) is also acyclic.

6. The dynamical torsion of a contact Anosov flow

From now on, we will assume that the flow ¢’ is contact, that is, there exists a smooth one form ¢ € Q! (M)
such that 9 A (d9)” is a volume form on M, tx¥ = 1 and tx d@ = 0. The purpose of this section is
to define the dynamical torsion of the pair (¢, V). We first introduce a chirality operator 'y acting on
Q*(M, E), which is defined thanks to the contact structure. Then the dynamical torsion is a renormalized
version of the twisted Ruelle zeta function corrected by the torsion of the finite-dimensional space of the
generalized resonant states for resonance so = 0 computed with respect to I'y.

This construction was inspired by the work of Braverman and Kappeler [2007¢] on the refined analytic
torsion.

4 In [Dyatlov and Zworski 2016], the authors study the action of LV on (AkT*M Nkertx)®E and they get

m(sg) = (—1)4 Z ( l)km (sg), where mk(so) is the dimension of l'[SO(Q (M E)Nkerty). Here we study the action of
LY, on the full bundle AkT*M ® E, which leads to (5-9) and (5-10).
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6.1. The chirality operator associated with a contact structure. Let Vx — M denote the bundle T*M N
kertx. Note that for k € {0, ..., n}, we have the decomposition

AT*M = ATy A9 @ AR V. (6-1)
Indeed, if @ € A¥T*M we may write

a=(—DNyand +a— (=D iya A

eAFTVy A eAkVy

Let us introduce the Lefschetz map
L ANVy — A'+2VX, ut— uAdo.
Since d is a symplectic form on Vy, the maps .¢"~* induce bundle isomorphisms
LAYy = ARy k=0, (6-2)

see for example [Libermann and Marle 1987, Theorem 16.3]. Using the above Lefschetz isomorphisms,
we are now ready to introduce our chirality operator.
Definition 6.1. The chirality operator associated with the contact form ¢ is the operator I'y : A*T*M —
A"7*T*M defined by I% =1 and

To(fAD+8) =L Fgno+ 2751 reA vy, geAfVy, kefo, ... 1}, (6-3)
where we used the decomposition (6-1).

Note that in particular one has, fork € {r +1, ..., n},
To(fAD+8) =L gnd+ (L)' f

6.2. The refined torsion of a space of generalized eigenvectors. The operator 'y acts also on Q*(M, E)
by acting trivially on E-coefficients. Since Lx© =0, 'y and E; commute so that 'y induces a chirality
operator

[y : C*(s0) = C"*(s0)

for every sg € Res(ﬁ?). Recall from Section 5.5 that the complexes (C*(so), V) are acyclic. The following
formula motivates the upcoming definition of the dynamical torsion.
Proposition 6.2. Let so € Res(LY) \ {0, 1}. We have

T(C*(50), Tp) ™" = (=)@ detyr co() £X

where
-
Q5= (=D + 1= k) dim C¥(s0),
k=0
and T(C*(sp), I'y) € C\ O is the refined torsion of the acyclic complex (C*(sg), V) with respect to the
chirality T'y; see Definition 3.2.

Let us first admit the above proposition; the proof will be given in Sections 6.5 and 6.6.
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6.3. Spectral cuts. 1If T C [0, 1) is an interval, we set

Y My, Ci= P Co) and 0z= ) 0O, (6-4)
so€Res(LY) so€Res(LY) so€Res(LY)
[soleT [soleT [sol€Z

Note that LZV + s acts on C*(sg) for every sg € Res(ﬁ}) as —so Id +J, where J is nilpotent. We thus have
for s ¢ Res([, )

detgres (€Y +9) TV = [ (5= 50", (6-5)

soeRes(LY)
Isol€Z

where dety, is the graded determinant; see Section 3.5.
Let A € [0, 1) such that Res(ﬁ YN{s € C:|s| = A} = &. Now define the meromorphic function

007 () = Cx v(s)detyr ca (LY +9) (6-6)

Then (5-10) and (6-5) show that g“('\ ) has neither pole nor zero in {|s| <A}, so that the number ;“(’\ 2 (0)

is well-defined.

6.4. Definition of the dynamical torsion. Let 0 < < A < 1 such that, for every s¢ € Res(ﬁ?), one has
|so| # A, u. Using Propositions 3.3 and 6.2 we obtain, with notation of Section 6.3,

T(Clyp To) = (=17 CwH (detgr. o L3) ' T(Cly - To). (6-7)

Al
This allows us to give the following:

Proposition/Definition 6.3 (dynamical torsion). The number

(V) = (=120 5000 D" 1(Cly 4. Tw) € C\ O (6-8)
is independent of the spectral cut . € (0, 1). We will call this number the dynamical torsion of the
pair (9, V).

Proof. Let 0 < u < A < 1 be such that |sg| # A, u for each sy € Res(E ). Denote by 73(V, A) the
right-hand side of (6-8) and define 7y (V, ) identically. Then we have, by (6-7),

w5 (V, 1) = (=120 550 D" 1(Cy 5. To)
= (=) 2090V (= 1)~ (detgr cz LX) T(Cy s Do)
Now, we have Qo,5] — Q.11 = QJo,.] by (6-4); moreover

eLe2 O detgr s, L) = ¢ @Y

(.21

by (6-6). Thus 75(V, ) = 19(V, ), which concludes the proof. O

Remark 6.4. If cx vs™© is the leading term of the Laurent expansion of {x v (s) at s = 0, then taking A
small enough actually shows that

(V) = (=D D" 1(C*, Ty). (6-9)
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In particular, if 0 ¢ Res(L}),

(V) = txv(0) V" (6-10)
Note that we could have taken (6-9) as a definition of the dynamical torsion; however, (6-8) is more
convenient to study the regularity of the ty (V) with respect to ¥ and V.

Remark 6.5. This definition actually makes sense even if V is not acyclic. Indeed, in that case, formula
(6-8) defines an element of the determinant line det H °(C[°o, ,\]V)Q see Remark 3.1. Under the identification
H*(M,V)= H°(C['o,,\]v) given by the quasi-isomorphism I ;] : Q°(M, E) — Cfo,,\] (see Section 5.5),
we thus get an element of det H*(M, V).

The rest of this section is devoted to the proof of Proposition 6.2, which computes the value of the torsion
T(C*(s0), I'p). The strategy goes at follows. First, we introduce the signature operator By ="y V 4+ VI'y,
and show that it is invertible on C*(sg) for sg # 0, 1 (Proposition 6.6). This property will allow us to use
Proposition 3.4 in order to compute t(C*(sg), ['y).

6.5. Invertibility of the contact signature operator. To prove Proposition 6.2 we shall use Section 3.4
and introduce the contact signature operator

By =TyV+VIDly :D*(M,E) - D"*(M, E),

where 'y acts trivially on E. We fix in what follows some sg € Res(ﬁ)v() \ {0, 1} and we denote C*(sp) by
C*(so) for simplicity. We also set Cj(so) = C*(so) Nker(tx).

Proposition 6.6. The operator By is invertible C*(sg) — C*(sp).

Note that, as V2> =0 and Fg = Id, we have that By is invertible on C*(sp) if and only if
ker(I'y V) Nker(VI'y) = {0} (6-11)
on C*(sp). Indeed, assume that (6-11) holds and let 8 € ker By. Set u ="y VB = —VI'y B; we have
[yVu=0=VDlypu,

hence 1 = 0 by (6-11), and therefore § = 0, again by (6-11), yielding ker By = {0}.

In order to prove (6-11) (and thus Proposition 6.6) and Proposition 3.4, we introduce several notations
that will help us understand the action of the operator 'y V restricted to ker(VI'y). First, because V does
not leave the decomposition (6-1) stable, we need to introduce an operator W : Cj(so) — C(‘)+1 (sp) which
mimics the action of V. More precisely, we define

Wp=Vu—(=DLYund, e Cliso). (6-12)
Because Lx d = 0, the map W satisfies the simple relation
W Add!)=(Wp)Add’, weChiso), jeN, (6-13)
that is, W commutes with .. Also, observe that

Wl =—Lyundd, weCyso). (6-14)
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Indeed, using the fact that Li; and V commute,
Wiu =V (Vi — (=D LYpu A d) = (=D (L (Vi — (=D LY A D)) A
= V2 + (DL A D) + (DR LIV A — L A D A D
= (=DM (=D LY A dv.
For k € {0, ..., r}, we also define the operator J : C*(s9) = CK(s0) by the formula
JiB=fAD—(=D"f (6-15)
forany = f AU +g¢€ C*(s0), with fe Cg_l(so). We finally set, as in Section 3.4,
C: (so) = C*(so) Nker(VI'y) and C: (so) = C*(so) Nker(I'y V).
Lemma 6.7. J; is a projector and is valued in C i (s0)-
Proof. Indeed, we have for any f € Cé‘_l(so) and g € C'g (s0),
Vs (fAD+g) = V(gAdd kA9 + fAdy ~FF1)
= WgAd? A9+ (=D gadd" 4w FAde" (DRI LY fFAde" K Ap,
which implies that 8 = f A ¥ + g lies in Ci (so) if and only if
(Wg+ (—DMILY FAdO) AdO * =0 and  (Wf + (=D g) Ado"*F1 =0. (6-16)

But now note that if 8 = f AD +g = Jyf = f/ A — (—D*Wf' for some B/ = f' A + g then f = f'
and g = —(— )XW, and thus B satisfies the second part of (6-16). We also obtain

Wg=—(—DA2 f = —(=1)* LY f A dO
by (6-14), so the first part of (6-16) is also satisfied. Therefore J; : C k(so) = C i (so); it is clear that Jy is
a projector. O
We start by a lemma which tells us how (I'y V)? acts on C ﬂ‘r (so) with k < r.
Lemma 6.8. Take k € {0, ...,r — 1}. Then, forany B € Ci (so), one has
(T3 V)*B = LY (LY —1d)B — (LY —1d) Ji.
Proof. Since k < r we can write, thanks to (6-20),
TyVB=VBAYAdY 1 4 (=D iy VB Ado *.
Therefore
VIpVB = —(—D*VBAdY ™ + (=) Vix VB Ad"*
= (=DXLY — 1) VB Add™F
= (ixVixVB —1x VB A AdD™F + (=R (LY —1d) (VB — (=DFix VB A D) Add™F,
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where we used Vix VB = LYV and 1xVix VB = LYix V. Since B € CX (s0), one has with (6-20)

(VB — (_l)kLXV,B AT)A dﬁr—k = (xB —ixVixB) /\dl}r_k—H.
This leads to

VIyVB = (1xVix VB —txVB) A9 Add ™ + (=D (LY —1d)(1x B — tx Vix B) Ad’ 1,
Since txVix VB —ixVB = (LY —Id)xVB and tx B — ix Vix B = (Id —LY)ix B, we obtain
VIyVB = (LY —Id)ix VB A Add" ™ + (=DF(LY —1d)(Ad —LY)ix B Ado"FF
and thus by the definition of 'y
Ty VIV = —(—D*Ad =LY ixB A9 + (LY —1d)ix VB. (6-17)
Now, writing 8 = f A¥ + g, where tx f =0 and txg = 0, we have
VB=VfA®—(=DFf Ad® + Vg,
xVB=LYf A+ (=DVf+LYg, (6-18)
ixBAD =—(=DFf Av.
Injecting those relations in (6-17) we get
Ty VIyVB =LY (LY —ID)(f AP +8) — (LY —ID(f A — (=DNV [+ (=D LY f A D)),
which concludes in view of (6-12) and (6-15). Il
We now deal with the case k =r.

Lemma 6.9. One has, for B € C', (s0),

[yVB = (=D (LY ~ 1B+ Ad —J)p).
Proof. We have
TyVB=2""(VB—(=1)1ixVBAD)+(=1)1x V.

Since B € C’_(s0), we have with (6-20) that VB — (=1)"tx VB A ¥ = (1x B — txVix B) Adv. Therefore,
[y VB = (xB—ixVixp) AD +(=1)"1xVB.
We now conclude as in the previous lemma, using (6-18). (|

Proof of Proposition 6.6. To prove that By is invertible on C*(sp), recall that it suffices to show that (6-11)
holds. Let 8 € C*(sp) lying in the left-hand side of (6-11), and write
2r+1

B= Z Bk
k=0

where B € C*(so). Then B € C i (s0) N CK (s9) for each k. Therefore, Lemma 6.8 yields, for k < r,

0= (T V)8 = LY (LY —1d) B — (LY — Id) Ji By,
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. v V . .
that is, (Ly —Id)(Ly Bk — JkBk) = 0, which gives

LY B = JiBr
since E; — Id is invertible on C*(so). However, writing By = fi—1 A ¥ + gk, With fi_1, g € Ci(s0), we
have by (6-15)
LY ficit AO+Lyge = firt A0 — (=D W fi 1.

Therefore £} fi—1 = fi—1 and LY g = —(=1)*Wf_; and fi—; = 0 by invertibility of £} — Id. Hence
gr = 0 by invertibility of £}, and thus By = 0. For k = r, Lemma 6.9 yields

E;:Br = Jr,Bra

which gives, as above, 8, = 0. Applying the above arguments to 8 = I'y 8, which lies in the intersection
(6-11), yields B,_x = 0 for each k < r. Thus g = 0 and the equality (6-11) is proven. 0

6.6. Proof of Proposition 6.2. We start from Proposition 3.4 which gives us, in view of Proposition 6.6,

r—1

T(C*(50), Tg) = (= 1) MM det(Ty Vier 50) ™ [ [ det@o Vi (aeri1) ™ (6-19)
j=0

We first note that for k € {0, ..., r} and 8 € QK(M, E), one has
VIyp =" VB — (=D ixVBAY + L(xVixB —1xB)) A

+ (=D (B = Vix B+ (=D ix (B—VixB) AD), (6-20)
TyVB =" VB - (=D "ix VBAD) A + (=DF 2" (1x V),

where .2/ = (£ /| pjy, )" for 0 < j <r. Indeed, using the decomposition (6-1),

Ty = (D iy ado™ 4+ B+ (—DixpAd) Add A v
= (=D g Ad0 T 4 B AdD T A,
which leads to
VB = (—DIVix B Add FH 4L VB AdY ™ A9 + (—1)FB Ady !
= (D" (=D iy Vixp A0 Ado" T
+ (=DM (Vix B+ (= Dfix Vix B AD) Add" K
+(VB = (=D ixVBAD) AdD" F AW
+ (=D¥(B+ (=D ixp A D) Ady T
—ixBAdY T A,

which is exactly the first part of (6-20). The second part follows directly from the decomposition (6-1).
We will set, for 0 < k < n,

my =dim C*(sg), ml =dim Ch(sp), mi = dim C&(sp).
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First, take k € {0, ...,r — 1}. Because By is invertible on C*(sp), I'yV induces an isomorphism
Cﬁ (so) — Cf’[kil(so). Take any basis y of Cﬁ (s0). Then I'y Vy is a basis of Cf’:kil and the matrix of
Fl’v|C<’;(SO)eaCi’k“(so) in the basis y @ 'y Vy is

0 [(Fﬂv)z]y
(Id 0 ) ’ 6-21)

where [(FﬂV)z]y is the matrix of (F0V)2|C§(s0) in the basis y. Define
Je=1d —Jy : Ck(s0) — CX (s0).

Then Z( is a projector (since Ji is by Lemma 6.7) and J; (and thus ]7() commutes with E; (since ¥
commutes with CZ). Moreover one has

TV e g, = (LY —1d)%, Ty V)25 = LY (LY —1d).
AS a consequence,

det((Ty V)2 ¢ (50)) = [S0(1 +80) 1" ~"5=1 (1 4 80)2"-1 = 50 "1 (1 4 50)"™5 +51,

because on C*(sp) (and in particular on CfL (50)), one has £} = —so Id +v, where v is nilpotent, and one
has dim ker j;; =dimran J; = mg_l. Indeed, by (6-15) we can view J; as a map Cé"l(so) — Ci(so),
which is of course injective. We finally obtain with (6-21)

det(Ty Vot (g1 ) = (— 1) 5™ ~Mi=1 (1 4 s0)™ Tt (6-22)

We now deal with the case k =r. Lemma 6.9 gives

Ty Vs = DLy —1d), TyVi,7 = (-D"LY.
As before, we obtain
det(T'y Ve () = (=)™ (= 1) 5™ ™1 (1 + s9)"-1. (6-23)
Combining (6-19) with (6-22) and (6-23) we finally obtain
T(C*(50), Tp) = (=17 s0" (1 + 50)", (6-24)

where

r r r—1
J=Y =0 mE, K=Y (=D e —ml_), L= (=D ] —m)).
k=0 k=0

k=0

Note that for 0 < k < r —1 one has by acyclicity and because I'y induces isomorphisms Cﬁ (s0) = crk (s0)
(since By is invertible),

m; =m;_, =dimker(V|cii(s) = dimran(V|cit-1(5)) = Mp_k—1 —m, ,_;.
Since mp 1 —m,_;_; =mpy1 — m,jH, one obtains

mi+my  =mg, 0<k<r—1, (6-25)
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: + + _ .0 0 : +_ o — .0
which leads to m;” +m; | =m;+m;_,. As a consequence, since mq = mgo = m,, we get
+ 0 + 0 Ft 0
m; —m;=—m;_; —m;_)=---=(=1)(mg —my) =0.

This implies
my=mf, 0<k<r,

0

which leads to L = 0. Moreover, since mg =my,_;, We get

r 2r n
K=Y "(=Dfm)—m{_) =Y (=Dfm) == (=D kmy = (=1)*m(s0),
k=0 k=0 k=0

where we used (5-10) in the last equality. Finally, again because mg = mgr_k,

2r n
27 = (=1)'md+ > (=Dfmi = (=1y'm =Y " (=1)¥kmy.
k=0 k=0
We have

r r

(=D'm? = "(=Dfm and > (=DYkme =) (=1 2k —n)my,
k=0

k=0 k=0

2645

(6-26)

where the first equality comes from (6-25) and (6-26) and the second from the fact that m; = m,_;. We

thus obtained

J=Y (=D +1—kme = 0y,
k=0
and finally by (6-24)

7(C*(50), Ty) = (—1) @50 (—s0) " D"mG0),

But now recall from (6-5) that detgr,c-(CZ)(_l)q+l = (—50)™9), This completes the proof.

7. Invariance of the dynamical torsion under small perturbations of the contact form

In this section, we are interested in the behavior of the dynamical torsion when we deform the contact

form. Namely, we prove here:

Theorem 9. Assume that (9)c(-s,5) is a smooth family of contact forms such that their Reeb vector

fields X generate a contact Anosov flow for each t. Let (E, V) be an acyclic flat vector bundle. Then the

map t — 1y, (V) is real differentiable and we have

d
ST (V) =0.

Remark 7.1. In view of Remark 6.5, if V is not assumed acyclic, then it is not hard to see that the proof

(given below) of Theorem 9 is still valid and we have that 9,7y, (V) =0 in det H*(M, V).

We will thus consider a family of contact forms and set ¥ = ¥y and X = Xo. We also fix an acyclic

flat vector bundle (E, V).
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7.1. Anisotropic spaces for a family of vector fields. To study the dynamical torsion when the dynamics
is perturbed, we construct with the help of [Bonthonneau 2020] some anisotropic Sobolev spaces on which
each X has nice spectral properties. We refer to Appendix B where we briefly recall the construction of
these spaces.

By Section B.4, the set

{(t,5) : s ¢ Res(LY)}
is open in (—§, §) x C. Fix A € (0, 1) such that
Res(£Y) N{|s| <A} C {0} (7-1)
Then for t close enough to 0, we have Res(ﬁgt) N{]s| = A} = @ so that the spectral projectors

1

H -
‘T 2in Is|=

(E;( +5)'ds : Q(M, E) > D'*(M, E) (7-2)

are well-defined. The next proposition is a brief summary of the results from Appendix B. For any
C, p >0, we will let
Q(c, p) ={Re(s) > c}U{ls| < p} CC. (7-3)

Proposition 7.2. There is c, g9 > 0 such that for any p > 0 there exists anisotropic Sobolev spaces
Q(M,E)CHCH CD"(M, E),

each inclusion being continuous with dense image, such that the following hold:
(1) For each t € [—¢y, &o], the family s +— E;l + s is a holomorphic family of (unbounded) Fredholm
operators H} — Hj and H* — H* of index O in the region Q2 (c, p). Moreover
Ly, €C'([—zo, £oli, LHT, H)).

(2) For every relatively compact open region Z C int2(c, p) such that Res(EZ) N Z = @, there exists
tz > 0 such that
(LY, +9) " e CO([—tz, tz]i, Hol(Z, L(H], H))).
(3) M e C'([—€o, €0l LIH®, HY)).
We will thus fix such Hilbert spaces for some p > ¢+ 1. We let C; =ranIl; C H*, I1 = 1= and
C* =ranTl.

7.2. Variation of the torsion part. Let T : C; — C{'"* be the chirality operator associated with X; see
Section 6.1. The next lemma allows us to compute the variation of the finite-dimensional torsion part of
the dynamical torsion.

Lemma 7.3. We have that t — t(C;, I) is real differentiable and
d ° .
STC T = —try (Mg )7 (G T,

where X; = (d/dt) X
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Proof. By Proposition 7.2, the operator I¢|c. : C* — C; is invertible for t close enough to 0 and we will
denote by Q; its inverse. Then for t close enough to 0, one has

T(C[.a Ft) = T(C.a Ft)7

where ﬁ is defined by ﬁ = [ QI I1I1, because V and I1; commute and the image of a ﬁ-invariant basis
of C* by the projector I is a I'i-invariant basis of C;.
Therefore [Braverman and Kappeler 2007¢, Proposition 4.9] gives

d . = .
37 (T = gt e+ (DD)T(CYL T,

where Ft = (d/dt) ﬁ :C* — C*. Since I'{ and I1; commute, and by the two first points of Proposition 7.2,
we can apply (A-2) to get
[ =TI+ tIN T 4 oce_ co (1).
This leads to
[T =007,
where we removed the subscripts t to signify that we take all the t-dependent objects at t = 0. Therefore,
Lirg oo (FT) = Ltr o (TIFT).
Now notice that th = 1 implies T+IT=0. Therefore, for every k € {0, ..., r},
trent TT =treu TTTT = treu I'T = — tree T

Therefore we only need to compute tr« (I'T) for k € {0, ..., r} to get the full super trace trs,c-(f‘F).
Since n is odd, we have

.
Strg co(TT) = L tree (= DHVH'ITT) = Z(—l)k“ trex (TICD).
k=0

Letk € {0,...,r} and o € Q¥(M). Using the decomposition

o= (D" At + (@ + (= Dfixa Ay,
we get by the definition of [

T = (=D iy o A (d0) ™ 4 (o + (= DFix,a A ) A (dD) 5 A Dy

Therefore,
P = (=D g a A (doy !

+(r —k+D(=D" g a Add A (do)
+ (=D (g0 AD + tx, o ADY) A (AR TF A,
+ (@ + (=Dfixa Ad) A @) 5 A D,
+(r — k) (o + (= Dfixa A%) Add A ()" F T A



2648 YANN CHAUBET AND NGUYEN VIET DANG

Now we use the decompositions
A = —x, dd A O+ (A + tx, dd A DY),
By = (XD + (D — D (X)D),
Ly o = (—l)kLXleta AN+ (o + (—1)k+1LXlL)'(tOl A )
to get, again by definition,
Mo = (=D Yga+ (=D lixiga Av) A9
+(_1)k—1($r—k)—1((_1)klxlXa/\(dl9)r—k+l)
+(r—k+ DD iy A (dD +ix dY AD) A D) TF) A
—(r—k+D (=D lixa) Ary dif
+(=Drixan (@ - (X)0)
+ (D @+ (= Drixa AR A (dD) TFA G =D (X)) AY
+ @+ (=Dfixa A)H(X)
+(r =L@+ (DA ixa AB) A DD +ix dD AP A ), (7-4)
where again we removed the subscripts t to signify that we take everything at t =0. Now let Ay : C '6 — C (1)‘
(note that here Cé‘ is Ck Nkerty, see Section 6.1, and not Ctk at t = 0) defined by
Au=(r —k) (L A @D +1x dD) A do) ).

Note that the maps defined by the second, the fourth, the fifth and the sixth terms of the right-hand side
of (7-4) are antidiagonal, that is, they have the form (2 6) in the decomposition C* = C(’)_1 N @ Cy.

Therefore, since A, = 0 (we also set A_; =0),
D D (D) =) (=) (e M9 ¢g+rcy n{s(X))+Z(—1)"“(trC§4 A1+t TTAY)
k=0 k=0 k=0

=Y (=D (trex M g+ire TH (X)), (7-5)

k=0
Here, the first and seventh terms of (7-4) correspond to the first sum of the right-hand side of the first equal-
ity of (7-5), while the third and eighth correspond to the second one. If « = f A¥ +g e C é‘ A9 @CE, then

ALz =0(X)(f AD)+0 Atgg.
This shows that for every k € {0, ..., n} one has
trex Mg =t O (X)), (7-6)
Injecti'ng this relation in (7-5) we obtain, with 19(5( ) = —f?(X ) and the formula DX )| Cgr_kf’_k =
LB (X e,

r r 2r
Z(—l)k“ tre (TICT) = Z(—l)k"'l(trcéq Y (X) — ek Y (X)) = Z(—l)k ek 9 (X).
k=0 k=0 k=0
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However by (7-6) we have
2r

Z(—l)k trek M9 (X) = tres (DN TT9 1),
k=0
which completes the proof. O

7.3. Variation of the rest. Let us now interest ourselves in the variation of t C)(é”%o ) (0); see Section 6.3.
For t close enough to 0, let P.: TM — T M be defined by

Pi: kerd & RX — kerv & RX,,
v 4+ uX — v + uX.

For simplicity, we will still denote AKTP) : AFT*M — A*T*M by P..

Proposition 7.4 (variation of the dynamical zeta function with respect to the vector field). For any
relatively compact open set Z C C such that Z N Res(EZ) =@, there is tz > 0 so that t = {x, v(s) is c!
as a map

[—tz,tz] = Hol(Z, C).

Moreover for each s ¢ Res(Lx,) we have
dlog {x, v (5) = (=1)7s ) (Dug (LY, +9) " e ERF), (7-7)
Proof. Take a relatively compact open set Z C C such that Z N Res(ﬁg) = @. We denote by
Qi(s) eD'"(M xM,EYXE)

the Schwartz kernel of the operator (LY + $)~1e ¢ %) Then it follows from [Dang et al. 2020,
Proposition 6.3] that there is =z > 0 and a closed conical subset I' not intersecting N*A such that the
map (t, s) — Qq(s) is bounded as a map

[—tz,tz] x Z — D (M x M, EVX E). (7-8)

In fact it is actually C?asa map [—tz,tz] x Z — D'"(M x M, EVX E) and from this it is not hard to
see that the map (7-8) is actually C!. Next, by (5-9) we have

§ (—1)a+!
x.v(s) = ew(“Zr / (LY, + 1) e ERtD dr)
o

for s € Z, where co means Re T — +o00. The first part of the proposition follows.
Next we prove (7-7) for t = 0, the proof being the same for arbitrary t. Note that we have

WLy, +1) 7 ==Ly, + ) Ly (LY, +D) 7,
which leads to
S
dlog £x, v(s) = (—1) / (LY, + 1) Ly (LY, + 1) e R dr

&) N
+ (=D / (LY, + 1) o e K dr. (7:9)

o0
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By cyclicity of the trace, and using (Li;[ +1)2=-9, (E;t +1)~!, one gets

_(pY
troe (L, + 1) Ly (£}, + 1) e ot

_e(rY _ (Y
==t L3 (LY, + 1) e ETD ) L7 (L + 1) e T,

—e(rY v
Next, one has 8, e *“xF™ = g ¢7*“x+ and moreover
T
&
— v _ v v _ v
oce ELy 1) — _,p g(ﬁxt+f)/ e“(LXt'H)E; e M Lx T 4y
O t

by Duhamel’s principle, and notice that the integral

S . € v _ v
f trgr(£§l+r)_1e_£(£xt+”[eﬁzl—fo e”(ﬁxt”)ﬁzle "(Ext“)du] dt

oo

vanishes by cyclicity of the trace. Thus by (7-9) one gets
dlog Cx, v (s) = (=17 'ty LT (LY +9)7 e ExH),
Setting Ay = Pt_1 P,, one can verify that

ix = P lix P,
which yields
Ev = _VAtLX[ + VtXtAt - AtLXlV + LXtAtV°

Xi
Notice that if N is the number operator, we have
(—DVNV=V(=D""'(N+1) and (—D"Niy, =1x,(—D¥ (N -1).
Combining (7-11), (7-12) and the fact that tx, and V commute with L‘;t, one can show that
(=D¥NLY (L, +9) e ) = (~DVALY, (LY, +5) e 1) 1 B,
where B is a commutator. Note that A—g = Ptzo since P,—y = Id; therefore

Pt:()=ﬂ/\t).(-

(7-10)

(7-11)

(7-12)

(7-13)

Moreover we have L; (EZt +5) 1 =1d —s (E;t +s5)~!and injecting those two last identities in (7-13)

one obtains, by (7-10),

dih=010g Lx, v (s) = (D)5 2 (9 A1 (LY +5) Te e Ext)y,

— V .
#Lx+9) — () vanishes.

where we used that the flat trace of Ae
Now we compute the variation of the [0, A]-part of ¢*%)(s).

Lemma 7.5. We have

d _
@ log detg;, ¢ (E;l +5) = trg cr (M g) — s trg co (Midu g, (E;l +5) 1).
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Proof. Again it suffices to prove the lemma for t = 0. We are in a position to apply Lemma A.2, which
gives

d _1yat! _
a1ogcletgr,cl-(.c§t+s)< e :(—1)q+1trgr,c;(nt£§t(£§t+s) h.

Now we may conclude as in the proof of Proposition 7.4, using that
(=DNNILLY (£}, 497" = (~DVILALY (LY, +5) ' +C,
where C is a commutator. g
7.4. Proof of Theorem 9. Combining Proposition 7.4 and Lemma 7.5, we obtain, for s ¢ Res(ﬁ?),
dlog £ e (s) = (=) trg co (Mydhig)
+ (= DIs (9 Aty (LY, +9) e EHI (1 — 1)
+ (=95 trgcp (g, (L, +5) 7 (e ¥ E5 ) —1d)).

Now it is a simple observation that the last two terms in the right-hand side of the above equality vanish

at s = 0; hence we get

dlog £ 97 (0) = (1) trg cp (Mt )

Comparing this with Lemma 7.3, we obtain Theorem 9 by the definition of the dynamical torsion; see
Section 6.4.

8. Variation of the connection

In this section we compute the variation of the dynamical torsion when the connection is perturbed. This
formula will be crucial to compare the dynamical torsion and Turaev’s refined combinatorial torsion.

8.1. Real-differentiable families of flat connections. Let U C C be some open set and consider V(z),
z € U, a family of flat connections on E. We will assume that the map z — V(z) is C 13 that is, there
exists continuous maps z — i, V; € Q' (M, End(E)) such that for any zo € U one has

V(z) = V(z0) + Re(z — z0) e, +Im(z — z9)v,, + 0(z — 20), (8-1)
where o(z — z¢) is understood in the Fréchet topology of Q! (M, End(E)). We will denote for any o € C
az (o) =Re(o)puy, +1Im(o)v,, € QI(M, End(E)). (8-2)

Note that since the connections V(z) are assumed to be flat, we have
[V(2),a;(0)] =V(2)a (o) +a(0)V(z) =0. (8-3)
" 5Note that, even if in the following we will consider holomorphic families of representations p(2), |z| < 8, it is not clear

that we may find a holomorphic family of connections V(z), |z| < 8, such that py(;) = p(2), but only such real-differentiable
families; see Section 11.3. Therefore we need to consider the class of real-differentiable families of connections.
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8.2. A cochain contraction induced by the Anosov flow. For z € U let

10) V@i
(£Z<Z)+s)—1=2( Lx i}. @ 4y )+ 06) (8-4)
j=1

be the development (5-3) for the resonance so = 0. Let C*(0; z) =ran [1p(z). Recall from Section 5.5 that
since V(z) is acyclic, the complex (C*(0; z), V(z2)) is acyclic. Therefore there exists a cochain contraction
k(z) : C*(0; z) — C*(0; z), i.e., a map of degree —1 such that

V(2)k(z) +k(2)V(z) =1dce ;) - (8-5)
We now define
K(z) =1xY (2)(Id —To(2)) + k(2)o(z) : (M, E) - D"*(M, E). (8-6)

A crucial property of the operator K is that it satisfies the chain homotopy equation
V(2)K (2) + K(2)V(2) = Idg+m,E), (8-7)
as follows from the development (8-4).

8.3. The variation formula. For simplicity, we will set for every z € U

7(2) = 19 (V(2)).

The operators K (z) defined above are involved in the variation formula of the dynamical torsion, as
follows.

Proposition 8.1. The map z — 1(2) is real differentiable; we have for every z € U and ¢ > 0 small
enough

d(log 7),0 = —t (e, (0)K (2)e 5% ), o € C. (8-8)

The proof of the previous proposition is similar of that of the last subsection, i.e., we compute the
variation of each part of the dynamical torsion. The rest of this section is devoted to the proof of
Proposition 8.1.

8.4. Anisotropic Sobolev spaces for a family of connections. Fix some 7z € U. Recall from Section 7.1
that we chose some anisotropic Sobolev spaces Hj C H*. Notice that

L:;(Z) — L:;(ZO) +,B(Z)(X), (8-9)
where 8(z) € Q' (M, End(E)) is defined by
V(z) = V(z0) + B(2)-

Therefore (8-1) implies that z — EZ(Z) — EZ(ZO) is a C! family of multiplication operators and thus forms
a C! family of bounded operators H* — 7{* and H{ — Hj by construction of the anisotropic spaces
and standard rules of pseudodifferential calculus (see for example [Faure and Sjostrand 2011]). As a
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consequence and thanks to Proposition 7.2, we are in position to apply [Kato 1976, Theorem 3.11]; thus
if § is small enough we have that

R,={(z,5) €C?:|z—20l <8, s €Q(c, p), s ¢ o (L} ?)} is open, (8-10)

where o (EZ(Z)) denotes the resolvent set of EZ(Z) on H°, and Q(c, p) is defined in (7-3). Moreover
(8-1) and (8-9) imply that for any open set Z C €2(c, p) such that Res(ﬁz(m)) N Z = @, there exists
8z > 0 such that for any j € {0, 1},

(LY 497" e € ({lz = 20l < 82}, Hol(Z,, LK, H)))- (8-11)

For all z, the map s — (E;(Z) + 5)~! is meromorphic in the region 2 (c, p) with poles (of finite multiplicity)
which coincide with the resonances of Eg(” in this region.

Moreover, the arguments from the proof of [Dyatlov and Zworski 2016, Proposition 3.4] can be made
uniformly for the family z (EE(Z) +5)~! to obtain that for some closed conical set ' € T*(M x M)
not intersecting the conormal to the diagonal and any & > 0 small enough, the map

Zx{lz—z0l <8z} > Dp(M x M, 7{EY @} E), (s,2) > K(s,2),
is bounded, where (s, z) is the Schwartz kernel of the shifted resolvent (EZ(Z) + s)_le_sczm.
8.5. A family of spectral projectors. Fix A € (0, 1) such that
{s € C:|s| <A}NRes(Ly™) c {0}. (8-12)
Thanks to (8-10), if z is close enough to zo,
{s €C:|s| =2} NRes(L}?) =2, (8-13)

by compactness of the circle. For z € U we will denote by

[(z) = L / (C;(Z) +5)"1ds (8-14)
2im Is|=A

the spectral projector of EZ(Z) on generalized eigenvectors for resonances in {s € C : |s| < A}, and
C*(z) =ranTl(z). It follows from (8-11), (8-13) and (8-14) that the map

IM:z I(z) € L(H, H)
is C! for j =0, 1. We can therefore apply A.3 to get, for § small enough,
MecC'({|z—z0l <8} : LOH, HY)). (8-15)

8.6. Variation of the finite-dimensional part. Because (C*(zp), V(z0)) is acyclic, there exists a cochain
contraction k(zo) : C*(z9) = C*~'(z0); see Section 3.6. The next lemma computes the variation of the
finite-dimensional part of the dynamical torsion.
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Lemma 8.2. The map 7+ c(z) = t(C*(2), I') is real differentiable at 7 = z¢ and
d(logc);,0 = —trs c-I1(z0)a,, (0)k(z0), o €C.
Note that here, a,, (o) is identified with the map w — a;,(0) A .

Proof. By continuity of the family z +— TI1(z), we have that IT(z)|c«(z,) : C*(z0) = C*(2) is an isomorphism,
for |z — zo| small enough, of inverse denoted by Q(z). For those z we denote by C (z) the graded vector
space C*(zp) endowed with the differential

V() = 0@)V(@I(E) : C*(z0) > C*(z0)-
Then because I" commutes with every I1(z) one has
7(C*(2). ) = 7(C*(2). 1). (8-16)
By (8-15) we can apply (A-2) in the proof of Lemma A.2 which gives, as o — 0,
V(20 + 0)(20) = T1(20) V (20) T1(20) + [(20)erz (0)T1(20) + 0*(z0)—> 2 (20) (0)-

Therefore Lemma 3.5 implies the desired result. U

8.7. Variation of the zeta part. We give a first proposition which computes the variation of the Ruelle
zeta function in its convergence region.

Proposition 8.3 (variation of the dynamical zeta function with respect to the connection). For any relatively

compact open set Z C C such that Z N Res(ﬁz(m)) =, there is §z > 0 so that (z, 5) = {x v () is c!

as a map

{lz—z0l <6} x Z2—>C
and for every ¢ > 0 small enough it holds
V(zp)
A (2x, () (D |zmzy0 = (=1 et (o (0)ix (LY 9) T e ).

Proof. The proof is very similar to that of Proposition 7.4, using the identities

d B - —
ar t:0(£§(z+ta) +1)7 ' = —(£;(z) +1) 1azo(0)(X)(£;(z) 4oy
and o, (0)(X) = [az,(0), tx] = oz, (0) otx +tx oz (o), and we shall omit the details. 0

The following lemma is a direct consequence of Lemma A.2 and the fact that [1o(z9) = [1(zg) by (8-12).

Lemma 8.4. Fors ¢ Res(£§ (z0)), the map z — hs(z) = detgr,C-(Z)(ﬁz(Z) —i—s)(_l)q+l is C! near 7 = z
and

d(log hig) ;00 = (= 1)+ trg co o) (Mo (z0) etz (@) ex (L +5)71).
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8.8. Proof of Proposition 8.1. Combining the two lemmas of the preceding subsection we obtain that

for s ¢ Res(LZ(ZO)), the map z — g)((’\”vof;?) (s) = gs(2)/ hs(z) is real differentiable at z = z¢ (and therefore

on U since we may vary zg). Moreover for every ¢ > 0 small enough
d(log fT) 0 =(= 1) (et @)x (LY V+s) e Ltry oo o (@) @)ix (L3 P4) 7). (8-17)
$/z

Letting s — 0, this yields
Vi(z
(- d(logb),0 = trz (ozZ (0)ixY (2)(d —To(z))e *5x )) + tr, o o) (Mo (2) ez (0)ex O, (¢)),

where we set b(z) = ¢ )((A”VOZ?) (0) and

(_8)n n— . .
Q:(e) =) — () @) > C@).
n=1
Recall that if ¢(z) = t(C*(z), I') one has 7(z) = ¢(z)b(z)~"". Therefore Lemma 8.2 gives, with what
precedes, and with K (z) given by (8-6),

d(log).0 = —tr(@z(0) K (2)e 5% ) — try ooy (Mo (D)= (0) (k(2)(Id —e 55"y 4 14 0.(£))). (8-18)

Moreover, by using (8-3) and (8-7), we see that

V(z2)

0. (VK () LYPe 5" = 0, (0) K (2)[V(2), 1x]e *Ex

V()
=a.(0)ixe X 4z (0) K (2)ixe 5K, V(2)],

and hence, by cyclicity of the trace, (d/ds)trg (a;(0)K (Z)e‘gﬁz(m) = (0. In particular, the last term in
the right-hand side of (8-18) does not depend on ¢; since it goes to zero as ¢ — 0, it vanishes, and
Proposition 8.1 follows.

9. Euler structures, Chern—-Simons classes

The Turaev torsion is defined using Euler structures, introduced by Turaev [1989], whose purpose is to
fix sign ambiguities of combinatorial torsions. We shall use however the representation in terms of vector
fields used by Burghelea and Haller [2006]. The goal of the present section is to introduce these Euler
structures, in view of the definition of the Turaev torsion.

9.1. The Chern—Simons class of a pair of vector fields. 1f X € C°°(M, T M) is a vector field with isolated
nondegenerate zeros, we define the singular O-chain

div(X)=— Y indx(x)[x] € Co(M, 2),
xeCrit(X)
where Crit(X) is the set of critical points of X and indy (x) denotes the Poincaré—Hopf index of x as a

critical point of X . Note also that div(—X) = —div(X) since M is odd-dimensional.

6indX (x)= (—l)dim Es() if x is hyperbolic and E(x) C Ty M is the stable subspace of x.
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Let Xy, X be two vector fields with isolated nondegenerate zeros. Let p : M x [0, 1] — M be the
projection over the first factor and choose a smooth section H of the bundle p*TM — M x [0, 1],
transversal to the zero section, such that H restricts to X; on {i} x M for i = 0, 1. Then the set
H~'(0) ¢ M x [0, 1] is an oriented smooth submanifold of dimension 1 with boundary (it is oriented
because M and [0, 1] are), and we denote by [H —1(0)] its fundamental class.

Definition 9.1. The class
p[H ' (0)]1 € C1(M, Z)/3C2 (M, Z),

where p, is the pushforward by p, does not depend on the choice of the homotopy H relating Xo and X;
see [Burghelea and Haller 2006, §2.2]. This is the Chern—Simons class of the pair (Xo, X1), denoted by
cs(Xo, X1).

We have the fundamental formulae
0 CS(X(), X]) = diV(X]) — diV(X()),
cs(Xo, X1) +cs(X1, X2) = cs(Xo, X2) -1

for any other vector field with nondegenerate zeros X,. Notice also that if Xy and X; are nonsingular
vector fields, then cs(Xo, X1) defines a homology class in H{ (M, Z).

9.2. Euler structures. Let X be a smooth vector field on M with nondegenerate zeros. An Euler chain
for X is a singular one-chain e € C{(M, Z) such that de = div(X). Euler chains for X always exist
because M is odd-dimensional and thus x (M) = 0.

Two pairs (Xo, eg) and (X1, e1), with X; a vector field with nondegenerate zeros and e; an Euler chain
for X;, i =0, 1, will be said to be equivalent if

[e1] = [eo] +cs(Xo, X1) € C1(M, C)/0Cr (M, Z), 9-2)
where [¢;] is the class of e; in C{(M, C)/0Cr(M, Z) fori =1, 2.

Definition 9.2. An Euler structure is an equivalence class [ X, e] for the relation (9-2). We will denote by
Eul(M) the set of Euler structures.

There is a free and transitive action of H{(M, Z) on Eul(M) given by
[X.el+h=[X,e+h], heH(M,Z).

9.3. Homotopy formula relating flows. Let X, X| be two vector fields with nondegenerate zeros. Let
H be a smooth homotopy between Xy and X as in Section 9.1 and set X, = H(t, -) € C*°(M, T M). For
e >0 wedefine ®,: M x[0,1] > M x M x [0, 1] via

D (x, ) = (e M (x), x,0), xeM, tel0,1].
We also set
H,={®,(x,): (x,) e M x[0,1]} C M x M xR.
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Then H; is a submanifold with boundary of M x M x R which is oriented (since M and R are). Define
[H.] = (®)«([M] x [[0,1]) e D""(M x M x R)

to be the associated integration current; see Section 4.3. Let g be any metric on M and let p > 0 be smaller
than its injectivity radius. Then for any x, y € M with dist(x, y) < p, we denote by P(x, y) e Hom(E,, E,)
the parallel transport by V along the minimizing geodesic joining x to y. Then P is a smooth section of
nfEY @ ¥ E defined in some neighborhood of the diagonal in M x M. Take & small enough so that

dist(x, e *X(x)) < p, s€[0,¢], te[0,1], x e M, (9-3)

so that supp w.[H.] C {(x, y) : dist(x, y) < p}. Here, 7 : M x M x R — M x M is the projection over
the two first factors and 7, : D'"(M x M x [0, 1]) = D""~'(M x M) is the push-forward operator which
is simply defined by

/ U AV =/ uAT*v, ueD"(MxMx[0,1]), ve Q"™ (M x M).
MxM M xM x[0,1]
Then we define
Re = —m[H,]- P D" "(M x M, 7} EY @ n}E).
Finally, we denote by R, : Q*(M, E) — D’ (M, E) the operator of degree —1 whose Schwartz kernel
is Re.
Lemma 9.3. We have the homotopy formula

[V, Re]l= VR, + RV = e 5% — ™55 (9-4)
Proof. First note that because M is odd-dimensional, the boundary (computed with orientations) of the
manifold H, is calculated using the Leibniz rule [Krantz and Parks 2008, (7.15), p. 190] as
dH, = 0((®.)«(IM] x [0, 1)) = (=™ (®,),.(IM] x ([0, 11))
= (=DM (@), (IM] x ({1} = {0})) = Gr(e™***) x {0} — Gr(e™**") x {1}.
Therefore we have, see (4-1),

(=" d" Mz, [H,] = 7, [0 H,] = [Gr(e **)] — [Gr(e **1)],

where [Gr(e#%7)] denotes the integration current on the manifold Gr(e %) for i =0, 1. Now note that
we have by construction VE ®E P = 0. Therefore

VERER, = (—=1)"([Gr(e~*X1)] - [Gr(e *¥*)]) @ P.

Note that by definition %f e_ﬁzf (see Section 5.2), the bound (9-3) and the flatness of V imply that the
Schwartz kernel of ¢ % is [Gr(e¢Xi)] ® P. This concludes because the Schwartz kernel of [V, R,] is
(—1)"VEV®ER8; see [Harvey and Lawson 2001, Lemma 2.2]. ]

The next formula follows from the definition of the flat trace and the Chern—Simons classes. It will be
crucial for the topological interpretation of the variation formula obtained in Section 8.
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Lemma 9.4. We have for any a € Q*(M, End(E)) such that tr « is closed and & > 0 small enough
trl aR, = (tra, cs(Xo, X1)). (9-5)

Here « is identified with the operator u — o A u. Note that because H is transverse to the zero section,
we have

WF(R)NN*A =g, (9-6)
where N*A denotes the conormal to the diagonal A in M x M, so that the above flat trace is well-defined.

Proof. We denote by i : M — M x M the diagonal inclusion. Note that the Schwartz kernel of a R, is
(=D"nja AR = —mja AR, since n is odd. From the definition of the super flat trace trz, we find that

trzaRg = (tri*(mja A [H:]-P), 1), 9-7

where 7, : M x M — M is the projection over the second factor. Of course we have i*P = Idg €
C%°(M,End(E)). We therefore have

tri*(mia A [He]-P) =tra Ai*m [He]l = tra A pyj*[He],

where j: M x [0, 1]< M x M x [0, 1], (x,t) — (x, x, t). Now, it holds j*[H.] = [H~'(0)] and thus
P« J[He] = cs(Xo, X1). This finally leads to

trzaRg = {tra Acs(Xg, X1), 1) = (tre, cs(Xo, X1)). O

10. Morse theory and variation of Turaev torsion

We introduce here the Turaev torsion which is defined in terms of CW decompositions. In the spirit of
the seminal work [Bismut and Zhang 1992] based on geometric constructions of [Laudenbach 1992], we
use a CW decomposition which comes from the unstable cells of a Morse—Smale gradient flow induced
by a Morse function. This allows us to interpret the variation of the Turaev torsion as a supertrace on the
space of generalized resonant states for the Morse—Smale flow. This interpretation will be convenient for
the comparison of the Turaev torsion with the dynamical torsion.

10.1. Morse theory and CW-decompositions. Let f be a Morse function on M and X=- grad, f be
its associated gradient vector field with respect to some Riemannian metric g (the tilde notation is used to
make the difference with the Anosov flows we studied until now). For any a € Crit( f), we denote by

Wi(a) = {y €M : lim et)?y:a}, W' (a) = {y €M : lim e_’Xyza},
11— 00 1—>00

the stable and unstable manifolds of a. Then it is well known that W*(a) (resp. W*(x)) is a smooth
embedded open disk of dimension n — inds(a) (resp. indy(a)), where indy(a) is the index of a as a
critical point of f, that is, in a Morse chart (zy, ..., z,) near a,

2 2 2 2
f(Z],...,Zn):f(a)_Z] _'"_Zindf.(a)+zindf.(a)+1+"‘+Zn.
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For simplicity, we will let
la] =indf(a) = dim W"(a),

and we fix an orientation of every W*(a).

We assume that X satisfies the Morse—Smale condition, that is, for any a, b € Crit(f), the manifolds
W*¥(a) and W (b) are transverse. Also, we assume that, for every a € Crit( f), the metric g is flat near a
and reads ) ", (dx")? in the Morse charts. This assumption on the metric is crucial to ensure one can
compactify the unstable and stable manifolds as smooth manifolds with corners. The existence of such a
compactification and of the CW structure is unknown without the flatness assumption. Let us summarize
some results from [Qin 2010, Theorems 3.2, 3.8 and 3.9] which apply to f. We would like to mention that
such results can be found in a slightly different form in [Laudenbach 1992] and are used in [Bismut and
Zhang 1992]. A difference is that Laudenbach only needs to compactify the unstable cells as C'-manifolds
with conical singularities (as opposed to C°°) to show that the unstable manifolds have finite mass near the
boundary — he is also able to obtain the CW-complex structure. On the other hand, Qin obtains a smooth
compactification as manifolds with corners which is stronger than the result of Laudenbach’ and hence
his results recover all those of [Laudenbach 1992]. In the work [Dang and Riviere 2020b], no assumption
is made on the flatness of the metric g and only the fact that X is C! linearizable near critical points is
needed. In this context, the unstable currents are resonant states for the Lie derivative L5 and belong to
some anisotropic Sobolev spaces. This allows to bound the wavefront set of the unstable currents. Yet this
method does not allow to show the finiteness of the mass as in the work of Laudenbach. This nevertheless
gives a spectral interpretation of the Morse complex, but this approach does not show that the unstable
manifolds form a CW-complex, and the latter is crucial in the topological approach of the torsion. Making
such strong assumptions on the pair ( f, g) in the present paper allows us to benefit from the best of both
worlds — we can use the results from [Dang and Riviere 2020b] together with those from [Qin 2010].

First, W"(a) admits a compactification to a smooth |a|-dimensional manifold with corner W (a),
endowed with a smooth map e, : W"(a) — M that extends the inclusion W* (a) C M. Then the collection
W ={WH (@) }aecrit( r) and the applications e, induce a CW-decomposition on M. Moreover, the boundary
operator of the cellular chain complex is given by

AW (a) = Z #L(a, b)W" (b),
|bl=lal—1

where L(a, b) is the set of gradient lines joining a to b and #L(a, b) is the sum of the orientations induced
by the orientations of the unstable manifolds of (a, b); see [Qin 2010, Theorem 3.9].

10.2. The Thom-Smale complex. We set C.(W, EY) = @,_, Cx(W, EY), where
GW.EY)= @ E/. k=0.....n
aeCrit(f)

lal=k

7As discussed in detail in https://mathoverflow.net/questions/346822/unstable-manifolds-of-a-morse-function-give-a-cw-
complex.
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We endow the complex C,(W, EV) with the boundary operator 3V" defined by
OV u= > Y &P, aeCrt(f), ueky,
|bl=lal—1 yeL(a,b)
where for y € L(a, b), P, € End(E,/, E)/) is the parallel transport of V" along the curve y and &, = %1
is the orientation number of y € L(a, b).

Then by [Laudenbach 1992] (see also [Dang and Riviere 2020b] for a different approach), there is a
canonical isomorphism

H(M,VY) = H(W,V"),

where H,(M, V") is the singular homology of flat sections of (EY, VY) and H,(W, V") denotes the
homology of the complex C,(W, EY) endowed with the boundary map 9" . Therefore this complex is
acyclic since V (and thus VV) is.

10.3. The Turaev torsion. Fix some base point x, € M and, for every a € Crit(f), let y, be some path
in M joining x, to a. Define

e= ) Dy.eCiM.2). (10-1)
aeCrit(f)

Note that the Poincaré~Hopf index of X near a € Crit(f) is —(—1)!4! so that
de = div(X) (10-2)

because ), €Crit( f)(—1)|"‘ = x (M) = 0 by the Poincaré—Hopf index theorem. Therefore e is an Euler
chain for X and

e=1[X,e]
defines an Euler structure.
Next, choose some basis uq, ..., ug of Exv For each a € Crit(f), we propagate this basis via the
parallel transport of V along y, to obtain a basis u1 4, ..., ug 4 of E,. We choose an ordering of the cells

{(WH(a)}; this gives us a homology orientation o, that is, an orientation on the line det H,(W, R) (see
[Farber and Turaev 2000, §6.3]). Moreover, this ordering and the chosen basis of E, give us (using the
wedge product) an element ¢, € det C; (W, EV) for each k, and thus an element ¢ € det C,(W, EV).

The Turaev torsion of V with respect to the choices ¢, o is then defined by [Farber and Turaev 2000,
§9.2, p. 218]

Te.o (V)™ = gc.ow.vvy () € C\ 0, (10-3)

where ¢c, (w.vv) : det C,(W, V) > C\ 0 is the canonical isomorphism from [Farber and Turaev 2000,
§2.2] — the homology version of the isomorphism (3-1). Note that V¥ (and not V) is involved in the
definition of 7, ,(V); indeed, we use here the cohomological version of Turaev’s torsion, which is more
convenient for our purposes, and which is consistent with [Braverman and Kappeler 2007b; 2008, p. 252].

10.4. Resonant states of the Morse—Smale flow. In [Dang and Riviere 2020b], it was shown that we can
define Ruelle resonances for the Morse—Smale gradient flow L)Y( as described in Section 5 in the context
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of Anosov flows. More precisely, we have that the resolvent
(LY+s) " :Q(M,E) > D""(M,E)

is well-defined for Re(s) > 0 and has a meromorphic continuation to all s € C. The poles of this
continuation are the Ruelle resonances of E; and the set of those will be denoted by Res(ﬁ%). In fact,
the set Res(ﬁ)v?) does not depend on the flat vector bundle (£, V). It only depends on the Lyapunov
exponents of the Morse—Smale vector field at critical points. In fact Res(ﬁ%) C Z> in the present case
since the Lyapunov exponents are only =1 and the Ruelle spectrum was proved to be equal to integer
combinations of absolute values of Lyapunov exponents [Dang and Riviere 2020a, Theorem 6.3, p. 571].
Let A > 0 be such that Res(ﬁ%) N{ls| <A} C {0}; let

= b V-l i
=5 ISl:A(cX +5) lds (10-4)

be the spectral projector associated with the resonance 0, and denote by
C'=ranll CD"*(M, E)

the associated space of generalized eigenvectors for E;. Since V and LI)'Z( commute, V induces a differential
on the complex C*. Moreover, IT maps D{*(M, E) to itself continuously, where

r= J Nweocrum
aeCrit(f)
10.5. A variation formula for the Turaey torsion. Assume that we are given a C! family of acyclic
connections V(z) on E as in Section 8. We denote by ﬁ_(z) the spectral projector (10-4) associated
with V(z) and —X, and set C* (z) =ran ﬁ_(z). By [Dang and Riviere 2020b] we have that all the
complexes (5 *(2), V(z)) are acyclic and there exists cochain contractions IL(z) : E‘_ (z) = 5‘__1(z). As
in Section 8.3 we have a variation formula for the Turaev torsion.

Proposition 10.1. The map z — T(2) = 7.,,(V(2)) is real differentiable on U and for any z € U

d(log7),0 = —trsﬂg.(z)(ﬁ_(z)ozz(o)lﬁc‘_(z)) — [traz(a), o eC,

e

where o, (o) is given by (8-2) and e is given by (10-1).

The rest of this section is devoted to the proof of Proposition 10.1. For convenience, we will first study
the variation of z — 7,,(V(2)"), in order to make computations on E instead of EV (indeed, 7. ,(V(z2))
is defined with the dual connection V(z)"; see (10-3)). Then a simple duality relation will allow us to
obtain the variation formula for z — 7, ,(V(2)).

10.6. A preferred basis. Let a € Crit(f) and k = |a|. We denote by [W*(a)] € Dl’f“k(M ) the integration
current over the unstable manifold W*(a) of X ; it is a well-defined current far from dW%(a). We
also pick a cut-off function y, € C°°(M) valued in [0, 1] with x, = 1 near a and x, is supported in
a small neighborhood 2, of a, with Q. NdW"(a) = @. Recall from Section 10.3 that we have a
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basis uj 4, ..., uq4 of E,. Using the parallel transport of V, we obtain flat sections of E over W*(a)
that we will still denote by u 4, ..., ug 4. Define
ija=T(W'@]lQuj)eC"™*, j=1,....d (10-5)

By [Dang and Riviere 2020a] we have that {11 , : a € Crit(f), 1 < j <d} is a basis of C-. Adapting the
proof of [Dang and Riviere 2021, Theorem 2.6] to the bundle case, we obtain the following proposition
which will allow us to compute the Turaev torsion with the help of the complex C.

Proposition 10.2. The map ® : C.(W, V) — C"™* defined by
DUjg)=iljq acCrit(f), j=1,....d,

is an isomorphism and satisfies®
®093Y =(=1)""'Vod.

An immediate corollary of the above proposition and (10-3) is that (using the notation of Section 3.2)
%o (V") = pc,an o @)~ = (C*, i), (10-6)

where u € det C,(W, V) (resp. u € det 6') is the element given by the basis {u; .} (resp. {it ,}) and the
ordering of the cells W*(a).

10.7. Proof of Proposition 10.1. For any a € Crit(f) we denote by P, (z) € Hom(E,,, E,) the parallel
transport of V(z) along y,. We set

Uja(z) =Py, (2)Py,(20) U}
and
ij.a(z) = T2 W @] ®uj4(2)),

where again we consider u; ,(z) as a V(z)-flat section of E over W"(a) using the parallel transport of V(z).
The construction of Ruelle resonances for Morse—Smale gradient flow follows from the construction of
anisotropic Sobolev spaces

Q' (M,E)CH, cH cD*(M,E),

see [Dang and Riviere 2019], on which E)Y( +sisa holomoiphic family of Fredholm operators of index O
in the region {Re(s) > —2}, and such that V(z) is bounded H} — #". Every argument made in Section 8.4
also stands here and z — ﬁ(z) is a ¢! family of bounded operators H — ”;fll

Note that by continuity, I(z) induces an isomorphism c *(z0) — 5‘(z) for z close enough to zero.
In fact, this isomorphism holds true for all z since we have an explicit description of the range of M(z)
for all z using the basis of resonant states of E;. Let 1i(z) € det c *(z) be the element given by the basis
{1 ;.4(z)} and the ordering of the cells W“(a). Then by (10-6) and (3-5) we have

Te.o(V(2)Y) = T1(C*(2), ii(2)) = [i(2) : T1(2)ii(z0)]7(C*(2), T1(2)ii(z0)), (10-7)

8(— 1)* comes from 0 = (— l)deg +1q comparing the boundary d and De Rham differential d.
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where T1(z2)ii(z0) € det 5‘(z) is the image of & by the isomorphism det 6'(20) — detC *(z) induced
by ﬁ(z), and i(z) = [u(z) : ﬁ(z)zl(z())]ﬁ(z)ﬁ(z()). Doing exactly as in Section 8.6, we obtain that
2> 1(z) = ©(C*(2), T(z)it) is C" and

d(log £);,0 = —try & I1(20) otz (0)k (20). (10-8)

Therefore it remains to compute the variation of [u(z) : ﬁ(z)ﬁ(z())]. This is the purpose of the next
formula.

Lemma 10.3. We have

li2): @il = [] det(Py, )Py, (20) H "

aeCrit(f)
Proof. By the definition of the basis {u,,;} in Section 10.3 it suffices to show that for z small enough
d
M()iia; =Y _ Al ;(2)iia, (). aeCrit(f), 1<i,j <d, (10-9)
j=1

where the coefficients Aljl.’,-(z) are defined by u, ; (zo)(a) = Z?:l Ag’i(z)ua,j(z)(a).

Everything relies on the fact that one has a decomposition of the projector

() =) (50.i(2), il ,i(2)
a,i

which originates from [Harvey and Lawson 2001] and was also used in [Dang and Riviere 2019, Theo-
rem 2.4, p. 1409].

Consider the dual operator ﬁi%)v :Q* (M, EY)— Q*(M, EV). The above constructions, starting from
a dual basis s1,...,5s € E) of u,...,uq, give a basis {s,;(z)} of each I'(W*(a), V(2)") (the space
of flat section of V(z)¥ over W*(a)), since the unstable manifolds of —X are the stable ones of X. Let
C v (z) be the range of the spectral projector ﬁv(z) from (10-4) associated with the vector field —X and
the connection V(z)". We have a basis {5,.;(z)} of 5; (z) given by

50 (2) = 1Y (@) (Xa[W* (@)] ® 54, (2)).
We will prove that for any a, b € Crit(f) with same Morse index we have, for any 1 <1, j <d,

(54,7 (@)(@), a1 20) (@) £y £, fa=b,
0 ifa #b.

First assume that a # b. Then W*(a) N W¥(b) = @ by the transversality condition, since a and b have
same Morse index. Therefore for any t;, , > 0, we have

(S:a,j(z)a ﬂa,i(ZO)) = { (10-10)

55 W B @ 85,12, 25 (W (@)] ® 1 s(2) = 0, (10-11)

since the currents in the pairing have disjoint support because they are respectively contained in W*(b)
and W*(a). Now notice that for Re(s) big enough, one has

V@Y | -l " V(o) | -1 el
(L5 +s5)7 = e "X ¢ ¥dr and (L V4T = e "X e N dr.
0 0
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Therefore the representation (10-4) of the spectral projectors and the analytic continuation of the above
resolvents imply with (10-11) that (55 ;(z), ils,;) = 0.

Next assume that a = b. Then W*(a) N W¥(a) = {a}. Since the support of 5, ;(z) (resp. it ;(z0)) is
contained in the closure of W¥(a) (resp. W (a)), we can compute

(Y () (Xa[ W (@)] @ 50, (2)), TI(Xal W (@)] @ 14, (20))) = (X W* (@)]® 54, (2). Xal W (@)] @ tta,; (20))
=(lal, (5a.j(2), Ua.i(20)) EV.E):
where the first equality stands because 5,(z) = [W*®(a)] ® s,,j(z) near a by [Dang and Riviere 2020a,

Proposition 7.1]. This gives (10-10).
This identity immediately yields (10-9) with A(j“. (2) = (54,j(2)(@), uq,i(z0)(@)) Ey . E, since we have

() = (54.j(2), - ila,j(2), (10-12)

completing the proof. O

Using the lemma, we obtain, if u(z) = [i(z) : ﬁ(z)ﬁ(Zo)],

d(log p);0 = Y (=" 'tr(Ay, (20, 0) Py, (z0) D).
aeCrit(f)

where A, (z0,0) =d(P,,);,0. Since n is odd, we obtain by definition of e and (4-4)

d(og)yo = 3 (—1) / tray (o) = f tray (0).

aeCrit(f) a ¢

This equation combined with (10-7) and (10-8) yields, if TV (z) = 7..,(V(2)")

d(log £Y) 0 = —tr, & T1(z0) otz (0)k (20) + / tra,, (o).

e
The proof is almost finished. We first studied the variation of z — 7(V(z)"); we now recover the
variation of z — r(V(z)) which was the goal of Proposition 10.1. Let us introduce some notation.
Recall that the operator M is the spectral projector on the kernel of L’Y now, we need to work with
the spectral projector on ker(ﬁ RSN ) (resp. £ (ZO)) which we denote by Yy 1 (z0) (resp. - (zo))—the
sign + (resp. —) emphasize the fact that we deal with +X (resp. X ). Next, we have

V(2)" = V(z20)" — T (az(z — 20)) + 0(z — 20).

Therefore, applying what precedes to 7(z) we get

d(log 7),,0 = —trsﬂgcﬁ(ﬁi(zo)(—TaZU(o))lzi(zo)) + f tr(—"a, (o)), (10-13)

e
where ﬁv (zo) is the spectral projector (10-4) associated with V(zo)" and +§ s (AJJQ, 4, =ran ﬁi(zo), and
kV(zO) is any cochain contraction on the complex (C Vot V(z0)"). Now, we have the identification

(Ck )V =Crt,
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where C* is the range of M_(z0), the spectral projector (10-4) associated with V(zp) and —X. This
identification can be thought of as a chain level version of Poincaré duality, the coresonant states of
the resonant states for the operator E% acting on the sections of the flat bundle (E, V) are nothing but
the resonant states of EY} acting on the sections of the dual flat bundle (EY, VV). Moreover, one can
show that under this identification, the operators (ﬁi(TaZO (o*))lz(z()))v and lf'vl,(z())ozZO (0)k_(z0) coincide
modulo a supercommutator. More precisely, it holds

(T (" (0))k (20)) = T (z0)etzy (0)k—(20) + [T1- (z0)etz, (0. k—(20)].
where for any j € {0, ..., n} we set
k- (z0)|go-i = (=17 T kY o)) 1 €77 - O
The operator k_(zg) is a cochain contraction on the complex (5 °, V(zp)). As aconsequence, since n is odd,
trg o (1Y (20) (=T o2y ()R (20)) = tr, g FI_ 20tz (0)k(20).

This concludes the proof of Proposition 10.1 by (10-13) since tr(—Tﬂ) =—trBforany S Q' (M, End(E)).

11. Comparison of the dynamical torsion with the Turaev torsion

In this section we see the dynamical torsion and the Turaev torsion as functions on the space of acyclic
representations. This is an open subset of a complex affine algebraic variety. Therefore we can compute
the derivative of 7y /7., along holomorphic curves, using the variation formulae obtained in Sections 8
and 10. From this computation we will deduce Theorem 6.

11.1. The algebraic structure of the representation variety. We describe here the analytic structure of
the space
Rep(M, d) = Hom(xy (M), GL(C"))

of complex representations of degree d of the fundamental group. Since M is compact, 1 (M) is generated

by a finite number of elements cy, ..., ¢y € w1 (M) which satisfy finitely many relations. A representation

p € Rep(M, d) is thus given by 2L invertible d x d matrices p(cy), ..., p(cr), ,o(cl_l), .. ,o(czl) with

complex coefficients satisfying finitely many polynomial equations. Therefore the set Rep(M, d) has a

natural structure of a complex affine algebraic set. We will denote the set of its singular points by (M, d).

In what follows, we will only consider the classical topology of Rep(M, d), and not the Zariski one.
For any p € Rep(M, d), we define

E,= M x €4y ~0,
where M is the universal cover of M and ~ o 1s the equivalence relation given by
(X, v)~p (v X, p(y)-v), XeM, yem(M).

Then E, is vector bundle over M which we endow with the flat connection V, induced by the trivial
connection on M x C¢.
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We will say that a representation p € Rep(M, d) is acyclic if V, is acyclic. We denote by Rep,.(M, d) C
Rep(M, d) the space of acyclic representations. This is an open set (in the Zariski topology, thus in the
classical one) in Rep(M, d); see [Burghelea and Haller 2006, §4.1]. For any p € Rep,.(M, d) we set

T (p) =1y (vp)a fe,o(p) = Te,a(v,o)
for any Euler structure ¢ and any homology orientation o.
11.2. Holomorphic families of acyclic representations. Let pg € Rep,.(M, d)\ £ (M, d) be a regular

point. Take § > 0 and p(z), |z| < 4, a holomorphic curve in Rep,.(M, d) \ £ (M, d) such that p(0) = po.
Theorems 6 and 7 will be a consequence of the following

Proposition 11.1. Ler X be a contact Anosov vector field on M. Let ¢ = [X, e] be the Euler structure
defined in Section 10.3. Note that — cs(—)~(, X) +e is a cycle and defines a homology class h € H|(M, 7).
Then 7+ 13 (0(2))/Te.0(p(2)) is complex differentiable and

d ( 7 (p(2))

a2\ 7o (p (o)) 2P m) =0

for any homology orientation o.

Proposition 11.1 relies on the variation formulae given by Propositions 8.1 and 10.1, and Lemma 9.4,
which gives a topological interpretation of those.

11.3. An adapted family of connections. By [Braverman and Vertman 2017, Lemma 4.3], there exists a
flat vector bundle E over M and a C! family of connections V(z), |z| < §, in the sense of Section 8.1,
such that

Py = p(2) (11-1)
for every z; we can moreover ask the family V(z) to be complex differentiable at z = 0, that is,

V(z) =V +za+o0(z), (11-2)
where V = V(0) and « € Q! (M, End(E)). Note that flatness of V(z) implies

[V,a]=Va+aV =0. (11-3)

11.4. A cochain contraction induced by the Morse—Smale gradient flow. Let

~

I1_ ~
(LY e+s)" = —+Y+0()

be the Laurent expansion of (EY gt s)~! near s = 0. The fact that s = 0 is a simple pole comes from
[Dang and Riviere 2019, Proposition 6.1, p. 1431], where it is proved that there are no Jordan blocks for
the resonance s = 0. As in Section 8.2, we consider the operator

K= 3YUd-T_)+k_I_: Q" (M, E) > D'*(M, E),
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where k_ is any cochain contraction on C* =ranTI_. Note that we have the identity
[V,K]=VK+KV=Id. (11-4)

The next proposition allows us to interpret the term trg . n_ (2)az(0)k_(z) appearing in Proposition 10.1
as a flat trace similar to the one appearing in Proposition 8.1. This will be crucial for the comparison
between 1y and 7 ,.

Proposition 11.2. For ¢ > 0 small enough, the wavefront set of the Schwartz kernel of the operator
L5 Y(d —ﬁ_)e_saf does not meet the conormal to the diagonal in M x M and we have for any
o € QY(M, End(E))

t (ot _3 ¥ (Id —T1_)e ~*57%) = 0.

Proof of Proposition 11.2. Fix ¢ > 0. We start from the Atiyah—Bott-Lefschetz trace formula [Atiyah and
Bott 1967], which gives
ot ze'TX =0

for all # > O since the flat trace trz localizes at the critical points of X and the contribution from the term
at_x vanishes at the critical points. Now we would like to integrate this equality in time ¢ on [0, 4+00)
and then connect with the resolvent (£_5 +5)~!; we have to argue rigorously why we can interchange
the flat trace and the integral over time ¢. This relies in an essential way on some explicit bound of the
wavefront set of the resolvent that can be deduced from Lemma C.1 in Appendix C, where we bound the
wavefront of the propagator near the conormal of the diagonal. Assuming that the inversion is justified,
we obtain, for large Re(s),

o0 _ oo B
° =/ e (au_ge TN dr = f e (_ge X (1d—T)) di
0 0
= tr) (g (L_g +5) 7" (1d —TT_)e ),

where we used the fact that ¢_ gﬁ_ = 0, which follows from the proof of [Dang and Riviere 2019,
Proposition 7.7, p. 1448]. Actually, both resonant and coresonant states of —X arekilled by the contraction
operator ¢_5. Our wavefront bound implies that the above identity still makes sense for s near the origin;
we then conclude by noting that

td (ae_g(L_g +5) 7' (1d —T1)e5F) = trl (5 Y e %) 4+ O(s)

0

since Y(Id —T1_) = Y. Thus letting s — O concludes the proof of the proposition, provided that we can
justify the interchange of the flat trace and the integration over ¢.

For a € Crit(f), take ¢4, I'4, x4 as in Lemma C.1 proved in Appendix C. The proof of Lemma C.1
actually shows that for Re(s) > —c,, the integral

o0 ~
Gpe = f e xae ™% (1d —T1_) o dr
0
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converges as an operator Q*(M) — D’*(M). Moreover, its Schwartz kernel G, . , is locally bounded in
D’F’i (M x M) in the region {Re(s) > —c,}. We will need the following lemma, which is also proved in
Appendix C.

Lemma 11.3. For any u > 0, there is v > 0 with the following property. For every x € M such that
dist(x, Crit(f)) = u, it holds ~
dist(x, e X x) >v, >0.

By (10-12) we have supp K NA =Crit(f), where Ky _ is the Schwartz kernel of I1_and A is the diag-
onal in M x M ; the same holds for e t&)X m_=1_ (see [Dang and Riviere 2021]). Moreover, Lemma 11.3
implies that if x € C*°(M, [0, 1]) satisfies x = 1 near A and has support close enough to A, we have

Xe(t+£)XX — Z Xae(t+£)XXa-

Let ¢ = mingecrit(f) ca- For Re(s) > —c,
o0 o ~
Gyes= / e xeTOXAd =TI ) x dr
0

defines an operator Q*(M) — D'*(M), whose Schwartz kernel G, . ; is locally bounded in D" (M x M)
in the region {Re(s) > —c}, where I' = Uuecm(f) r,.

Now for Re(s) >> 0, we have as a consequence of the Hille—Yosida theorem applied to £_5 acting
on suitable anisotropic spaces [Dang and Riviere 2021, 3.2.3]:

(L_z4+s5) ' = /(;OO e e X dr - Q (M) — D'*(M).
Therefore for Re(s) > 0, it holds
Gres =X(L_z+5)" Ad—F1)e Xy
Since both members are holomorphic in the region {Re(s) > —c} and coincide for Re(s) > 0, they
coincide in the region Re(s) > —c. We may compute, for Re(s) > 0,

m fad ~
tr) (w_z(L_ g+ s)"l1d —H_)egc)?) =t 3G o5 = / e St (ou_;(e(”rs)x(ld —I_))dt
0

By holomorphy this holds true for any s such that Re(s) > —c, which concludes the proof. g
As a consequence, we have the formula

try & M_ak_ = trbafe_SLYY. (11-5)

Indeed, since £V = 0, we have e g,cf

coincides with the flat trace, we have try &

= [1_. Moreover, since the trace of finite-rank operators

_ak_= 51121_0512 P g B 7% Therefore

we obtain with Proposition 11.2

~

] . .
tr, g H_ok_ = trlon_g ¥ (1d —T1_)e "% + tdak_T_e 5,

which gives (11-5).
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11.5. Proof of Proposition 11.1. Note that we have by (11-1)

T (P(2) =9(V(2),  Teo(p(2)) = Te,0(V(2)).

We will set f(z) =19 (V(2))/7e,0(V(z)) for simplicity. Now we apply Propositions 8.1 and 10.1 to obtain
that z — f(z) is real differentiable (since z — V(z) is); moreover it is complex differentiable at z = 0 by
(11-2) and for ¢ > 0 small enough we have

di . log f(2) = —trZozKe‘Eﬁ; + trEaI?e_ELYff + {tra, e), (11-6)
Jlz= ’

where we used (11-5).

Lemma 11.4. It holds trz [oz(Ke_“:; — IA(’e_ELY?)] = trZoz R., where R; is the interpolator at time ¢ defined
in Section 9.3 for the pair of vector fields (-X, X).

Let us admit the lemma for now (we shall prove it later). The identity [V, o] = 0 also implies that
dtra =tr VE®E o = [V, ] = 0. As a consequence we can apply (9-5) to obtain

trzozRg = (tra, cs(—i, X)).

Now note that 3(— cs(—X, X) +e) = —(div(X) —div(—X)) 4+ div(X) = 0 by (9-1) and (10-2) since X

is nonsingular. Therefore we obtain
d

dz

log f(2) = (tra, h),
z=0
where h = [— cs(—)?, X)+e] € H(M, 7). Finally, let us note that by (4-4),

g

— log det h) = —(tro, h),

T2l logdet p() () = —{irer. )

since p(z) = pv(;). Therefore the proposition is proved for z = 0. However the same argument holds for
every z close enough to 0, which gives the conclusion of Proposition 11.1. It remains to prove Lemma 11.4.

Proof of Lemma 11.4. Using the identities (8-6), (9-4), (11-3) and (11-4) one can see that
[V, a(Ke 5 — Ke ™ % + R,)] = 0. (11-7)

Next, it is a general fact that, for a finite-dimensional acyclic cochain complex (C*, d) and an operator
b : C* — C* of order zero such that [9, b] = 0, it holds trg ce » = 0. Indeed, if k : C* — C* satisfies
kd+0dk =1Idc., we have [0, kb] = [0, k]b ="b since [d, b] =bd —db =0. Thus b is a supercommutator and
its supertrace vanishes. Here (11-7) shows that we are in the same situation, with an infinite-dimensional
complex; we will use Hodge theory to obtain a cochain contraction J (that takes the role of k in the above
argument), and such that the composition J B, where

B. = a(Ke *5% — Ke %% — R,),
is well-defined. Let
A=VV*"+V'V:Q(M,E)— Q' (M, E)
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be the Hodge—Laplace operator induced by any metric on M and any Hermitian product on E. Because
V is acyclic, A is invertible and Hodge theory gives that its inverse A~! is a pseudodifferential operator
of order —2. Define
J=V*A"":D'*(M,E) - D"*"'(M, E).
We have of course
[V,J]1=VJ+JV =Idpem E)- (11-8)

As above, this gives B, = [V, J B.]. Moreover, it follows from wavefront composition [Hérmander 1990,
Theorem 8.2.14] that WF(G,.) N N*A = &. Therefore, the operators V, G, satisfy the assumptions of
Proposition 4.1 which gives trz B, = trz[V, G.] =0, which concludes the proof of Lemma 11.4. O

11.6. Proof of Theorems 6 and 7. By Hartogs’ theorem and Proposition 11.1, we have that the map

Ty (p)
Te,0(0)
is locally constant on Rep,.(M, d) \ Z(M, d).
Moreover, we can reproduce all the arguments we made in the continuous category to obtain that
o = T9(p)/Te0(p) is actually continuous on Rep,.(M, d). Because Rep,. (M, d) \ Z(M, d) is open and
dense in Rep, (M, d), we get that the map (11-9) is locally constant on Rep,.(M, d).
By [Farber and Turaev 2000, p. 211] we have, if ¢’ is another Euler structure, then ty ,(p) =
(detp, e’ —e)7.0(p). As a consequence, if we set ¢y = [—X, 0], which defines an Euler structure

(det p, h) (11-9)

since X is nonsingular (see Section 9.2), we have ¢ — ¢y = h and we obtain that p = 15(0)/7e,,0(0) 18
locally constant on Rep, (M, d).
Now let n be another contact form inducing an Anosov Reeb flow and denote by X, its Reeb flow.
Then if ¢, = [-X,,, 0], we have
ey — ¢y = cs(X, X))

by definition. Therefore 7., ,(p) = T,.0(0)(det p, ey —ey) =T, o (p){det p, cs(X};, X)) and we obtain that

79 (p)
7,;(p)

(det p, cs(X, X))

is locally constant on Rep,.(M, d). By Theorem 9 we thus obtain Theorem 7.

Finally assume that dim M = 3 and b (M) # 0. Take R a connected component of Rep,.(M, d) and
assume that it contains an acyclic and unitary representation pg. We invoke [Dang et al. 2020, Theorem 1]
and the Cheeger—Miiller theorem [Cheeger 1979; Miiller 1978] to obtain that O ¢ Res(ﬁzm) and

|75 (00)| = 12x.v,, (0)] ™" = s (o),

where the first equality comes from (6-10) (we have ¢ = 1 since dim M = 3) and trs(09) is the Ray—Singer
torsion of (M, pg) [1971]. On the other hand, we have by [Farber and Turaev 2000, Theorem 10.2] that
TrRs(00) = |Te,0(00)| since pg is unitary. Therefore the map p — 79 (p)/7e,,0(0) is of modulus 1 on R.
This concludes the proof of Theorem 6.
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Appendix A: Projectors of finite rank

A.l. Traces on variable finite-dimensional spaces. In what follows, we consider two Hilbert spaces
G C H, the inclusion being dense and continuous. We will denote by £(#, G) the space of bounded linear
operators H — G endowed with the operator norm. Let § > 0 and IT;, |t| < §, be a family of finite-rank
projectors on H such that ran I, C G. Assume that t — I, is differentiable at t =0 as a family of bounded
operators H — G, that is,

[Ty =T+ tP 4+ oy—g(t) (A-1)

for some P € L(H, G), where I1 = I1y. Let C; = ranIl; and C = ranIl. Note that by continuity,
[li|¢ : C — Cy is invertible for |t| small enough; we denote by Q; : Cy — C its inverse.

Lemma A.1. We have
(i) P=T1IP + PII,
(11) Q1 =TI 4 oy g(b).
Proof. Using (A-1) and I'It2 = I1; we obtain (i). This implies
[MioMMoIly = (IT+tP + o)) IT(IT 4+ tP + o(t))
=T +t(PIT+TIP) +o(t) =TT +tP +o(t) = I + o(b),

where all the o(t) are taken in L(#, G). Therefore Qo I1;oITo 1 = QI+ o(t). Since Qo101 =TI
by definition, one obtains
Qiolly=TIToIl+o(V),

which concludes the proof of the lemma. U

Lemma A.2. Let A, |t| <8, be a C! family of bounded operators G — H such that A, commutes with T,
foreveryt. Let A = Aq. Then t> trc,(Ay) is real differentiable at t =0 and

tre,(Ay) = tre(ITA),

dt t=0
where At = (d/dt) A¢. If moreover A is invertible on C, we have
d : _
| logdetc (A4 = tre (MA(A| ) h.
t=0

Proof. We start from
tre, (A = tre (QAJILY).
Now since A; commutes with I1; we have by the second part of Lemma A.1
OATLIT = I AT + oc— ¢ (t)
= TIATII +tIT(A + PATI + TTAP)I1 + oc_ ¢ ().
But now the first part of Lemma A.1 gives I1PII1 = 0. We therefore obtain, because A and I1 commute,

QAJTIT = TTATT 4+ tITATI + oc_ ¢ (1), (A-2)
which concludes the proof. O
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A.2. Gain of regularity. Assume that we are given four Hilbert spaces £ C F C G C H with continuous
and dense inclusions. Let T, |t| < §, be a family of finite-rank projectors on H which is differentiable at
t =0 as family of bounded operators G — H (note that this differs from the last subsection where we had
H — G instead), that is,

[Ty =TI+ tP 4 og_2(t) (A-3)
for some P € L(G, H). We will write C; = ran(I1;) C ‘H and C = ran(I).

Lemma A.3. Under the above assumptions, assume that I is bounded £ — F and that Tl is differentiable
at t = 0 as a family of L(E, F). Assume also that rank I[1; does not depend on t. Then P is actually
bounded G — F and

[Ty =TT+ tP + og £ (t).

Proof. Because & is dense in H we know that C C F. There exists ¢!, ..., 9™ € € such that ¢/, ..., @
is a basis of C; for t small enough, where we set (ptj =TI1,(¢/) € F. Let gﬁtj = H((ptj) € C. The family
t— (Z)tj € C is differentiable at t = 0. Let v/, ..., v € C* be the dual basis of ¢/, ..., @". Because C is
finite-dimensional, IT is actually bounded H — F. As a consequence the map

t> ¢ =v/ oMo, ¢
is differentiable at t = 0. Noting that

m
M=) ¢/ @t G- F
j=1

we finally obtain that t — I1; € £(G, F) is differentiable at t = 0. O

Appendix B: Continuity of the Pollicott—Ruelle spectrum

In this appendix, we describe the spaces used in Sections 7 and 8; everything in this appendix is more
or less folklore, but we chose to provide a short summary of the results that we use in the main body of
the article, because we did not find any satisfying presentation in the literature. In what follows, M is a
compact manifold, (E, V) is a flat vector bundle on M and X, is a vector field on M generating an Anosov
flow; see Section 5.1. We denote by T*M = E}; @ E (@ Ej  its Anosov decomposition of 7*M.

B.1. Bonthonneau’s uniform weight function. We state here [Bonthonneau 2020, Lemma 3]. This gives
us an escape function having uniform good properties for a family of vector fields. A consequence is that
one can define some uniform anisotropic Sobolev spaces on which each vector field of the family has
good spectral properties. In what follows, | - | is a smooth norm on 7*M.

Lemma B.1. There exist conical neighborhoods N, and N, of E:,o and E:O, some constants C, B, T, n >0,
and a weight function m € C*(T*M, [0, 1]) such that the following hold. Let X be any vector field
satisfying | X — Xolle1 < n, and denote by ®' its induced flow on T*M and by E* and E? its (dual)
unstable and stable bundles. Then:
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(1) For E¥ C N., fore=s,u and foranyt >0, &, € E;; and & € E7, one has

1 _ 1
&)= Ge el 1971 E > Ge &l

(2) Foreveryt > T it holds
o' CN,NnXH N, O 'CN,NXY CN,,

where X+ ={£ e T*M : £-X =0).
(3) If X is the Lie derivative induced by ®', then

m=1 near Ny, m=-—1 near N,, X.m >0.

B.2. Anisotropic Sobolev spaces. Take the weight function m of Lemma B.1. Define the escape function g
by
g(x, &) =m(x,&)log(1+ &), (x,§)eT"M.

We set G = Op(g) € WO (M) for any quantization procedure Op. Then by [Zworski 2012, §8.3, 9.3,
14.2] we have exp(£uG) € W* (M) for any > 0. For any > 0 and j € Z we define the spaces

H.

"6, =exp(—uG)H/ (M, ' ® E) C D'*(M, E),

where H/(M, A* ® E) is the usual Sobolev space of order j on M with values in the bundle A* ® E.

WG j—m for any u, m, j.

Note that any pseudodifferential operator of order m is bounded #; o H

B.3. Uniform parametrices. Let us consider a smooth family of vector fields X;, |t| < &, perturbing XJ.
For any c, p > 0 we will set

Q(c, p) ={Re(s) > c}Ufls| < p} CC.
The spaces defined in the last subsection yield a uniform version of [Dyatlov and Zworski 2016, Proposi-

tion 3.4], as follows.

Proposition B.2 [Bonthonneau 2020, Lemma 9]. Let Q be a pseudodifferential operator microlocally
supported near the zero section in T*M and elliptic there. There exists c, gy > 0 such that, for any p >0
and J € N, there is g, hg > 0 such that the following holds. For each u > g, 0 < h < ho, j € Z such
that |j| < J and s € Q(c, p) the operator

\Y -1 . . .

is invertible for |t| < gg and the inverse is bounded Hig; = Mg, independently of t.

B.4. Continuity of the Pollicott—Ruelle spectrum. We fix p, J >4 and g, @, ho, h, j asin Proposition B.2.
We first observe that

(LY 4Ly, —h'Q+s) " =1d+h' QLY —h'Q+5)7" (B-1)
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Since Q is supported near 0 in T*M, it is smoothmg and thus trace class on any #* By analytic

uG,j-
Fredholm theory, the family s — K (t, s) =h™'Q(LY —h~'Q +s)~" is a holomorphic family of trace

class operators on HG.i in the region Q2 (c, p). We can therefore consider the Fredholm determinant
D(t,s) = detH- (Id +K(t,s)).

It follows from [Simon 2005, Corollary 2.5] that for each t, s — D(t, s) is holomorphic on 2 (c, p).
Moreover (B-1) shows that its zeros coincide, on 2 (c, p), with the Pollicott—Ruelle resonances of Li;l.
In addition, we have, for any s € Q(c, p),

(Lx,—h ' Q+9) 7 = (LY, —h 7' O+s) " =—(Ly —h' Q+5) " (LY, —LY )Ly, —h~' Q+s)"". (B-2)

We have
£X, — £X
t v v . . .
v o Ly, N LHG s Hg ) (B-3)
where X, = (d/dt) X, and L(H° %G.j+10 Hyg. ;) 1s the space of bounded linear operators H gt = MG

endowed with the operator norm. We therefore obtain by Proposition B.2 and because Q is smoothing
el B ’HMG] for any u, j, j') that K(t',s) — K(t,s) ast' — tin L' (H6.0)
locally uniformly in s, where £! (H;,6.0) 1s the space of trace class operators on H; ; , endowed with its

(and thus trace class H*

usual norm. As a consequence, we obtain with [Simon 2005, Corollary 2.5]
D(t, 5) € C°([—¢p. £olt, Hol(R(c, p)y)). (B-4)

B.5. Regularity of the resolvent. Let Z be an open set of C whose closure is contained in the interior of
Q(c, p). We assume that Z N Res(ﬁzo) = @. Up to taking &g smaller, Rouché’s theorem and (B-4) imply
that there exists § > 0 such that dist(Z, Res(ﬁv )) > § for any [t| < &g. As a consequence, we obtain that,
for every | j| < J, the map (EV +s5)7 L — HMG is bounded independently of (t, s) € [—&g, 9] X Z.

Noting that

MGJ

LY +)7 =LY, +95)7! Ly — Ly,
a P =—(£§t+s)_l%(£§t/+s)_l, (B-5)

we obtain by (B-3) that t' — (EV +5)~! is continuous in £(H"
again, we get that

G i+10 Hug, j)- Therefore, applying (B-5)

(LY, +9)""ec(I-20. col. HOl(Zy, L(H;,6 1412 Hivgj-2))- (B-6)
Note that here we need |j — 2|, |j + 1| < J

B.6. Regularity of the spectral projectors. Let 0 < A < 1 such that {|s| = A} N Res(ﬁ)vfo) = . Applying
the last subsection with Z = {|s| = A}, we get {|s| = A} ﬂRes(ﬁZl) = ¢ for any [t| < g9. We can therefore

define for those t
1
=— L Yds: M6 — Mg
YT o Is|= A( X[+S) * G,
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Then (B-6) gives that I; € Cl([—eo, golts Zs, E(’H;LGJH, H;G’j_z)). This is true for j =3 and j = —1

because J > 4. Moreover by Rouché’s theorem, the number m of zeros of s — D(t, s) does not depend
on t. Noting that

HK (M s)A+K (1t 9)) ' =—Kt )Ly, —h'Q+5) ' A+K(t )",

we obtain by [Dyatlov and Zworski 2019, Theorem C.11] and the cyclicity of the trace that m is equal to

L,tr/ 3, K (1, 5)(1+ K, s))—lds=—i,tr/ LY —h Q4+ 1+ Kt ) Kt 5)ds
2i - J 5= i Jigen

_ 1 V-l ~1 —1
=5 tr/|s|=x(£X‘ h="0+s) (1+K(,s) ",

where we used that s — (LY —h~'Q +5)~! is holomorphic on {|s| < A}. The last integral is equal to
tr [T, = rank I'T; by (B-1). As a consequence we can apply Lemma A.3 to obtain that

I, € C' ([—20. 20lt. L(H}16.0- Hiug.1))- (B-7)

Appendix C: The wavefront set of the Morse—Smale resolvent

The purpose of this section is to prove the wavefront bound needed to conclude the proof of Proposition 11.2.
For simplicity we prove it for X instead of —X. We will denote by I the spectral projector (10-4) for the
trivial bundle (C, d). Recall that D.(M x M) denotes distributions whose wavefront set is contained in
the closed conic set I' C 7*(M x M). A family ( f;);>¢ of distributions will be OD’r (1) if it is bounded in
Dr- in the sense of [Dang 2013, p. 31]. We will need the following:

Lemma C.1. Let ¢ > 0 and a € Crit(f). There exists ¢ > 0, a closed conic set ' C T*(M x M) with
TCNN*A(T*M) =@ and x € C*°(M, [0, 1]) such that x = 1 near a such that

Ky ie = Oty (€€,
where, fort >0, ICy ; is the Schwartz kernel of the operator xe "X (1d —ﬁ)x.

Proof. Because X is C™-linearizable, we can take U C R" to be a coordinate patch centered in a so that,
in those coordinates, e ~/* (x) = e~'4(x), where A is a matrix whose eigenvalues have nonvanishing real

parts. Denoting (x!, ..., x) the coordinates of the patch, X reads
Y — Jyiq.
X= Y Alx'9;.
1<i,j<n

We have a decomposition R" = W* @ W* stable by A such that A|w« (resp. Alws) have eigenvalues with
positive (resp. negative) real parts, d,;; = dim WH/$ _ this induces a decomposition of the coordinates
x = (x5, x,,). We will denote by A, = A|w« ®Owps, Ay = O0pu @ A|ws and ¢ > 0 such that

c < inf |Re(A)|,
resp(A)

where sp(A) is the spectrum of A.
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Let x1, x2 € (M) such that supp x; C supp x for i = 1, 2. For simplicity, we identify e ~’4 and its
action on differential forms and currents given by the pull-back, §(x) denotes the Dirac § distribution at
0 e R, y, m are the projections M x M — M on the first and second factors, respectively.

Cxotr T X1 AT X2) = (32, €A (1d =TT 1)

= <X2, e™'A (Xl — 8% (x,) dx, / 775*,0)(1)>
WS
= (etA“Xz, e_lA“Xl> - (/ 77;0)(2) (/ 77:0XI>
WM WS

1
tA —tA
://Bf(e Ty xaAe o) dr,
0Ju

where 7.z, 775, : U — U are defined by 7y« (Xu, X5) = (Xu, TX5) and 75, ¢ (X, X5) = (T4, X5). Now write
I L
X2 = Z|1|=k Brdxs® Adx,". We have

Is Iu Is
Berry X2 (s x5) = 0x Y 7'M By (xy, Tx) dx i A dx]
1

=Y 1L B (e T g Adel T @, 1) ey () dx A d s,
1 1
Therefore

dre My = Y (1717 By (s e A ey) + T (B, Br) gy ey (€74 ) ) e d
1

Because |e!4sx;| = O(e™¢) and '4s dx! = O(e~“!I51), I = (I, I,) is a multi-index and repeating the
same argument for dpe Aug s* X1, we obtain the bound

el xone A

g x1) = Oy (€7). (C-1)
Replacing x; and x» by x1¢'®") and y,e! ") with &, n € R", one gets
Kyt 711*()(16"@"))/\715"(X2ei<n,->)>

/ / 07 (etA‘nu X2 Ae tA“n X1 Yelt A (e, Ts) ) i e A (T ) .8) 47

—tAy
/ / tAszu er Ae tAust lea (e (xu TXs), 7)) ie (Txu,Xs),§) )dr
Settlng g(‘[ Xy, xs) — e AJ (X, TXg), 77) ie ~tAu (qua-xs)7$>’ we have

a‘tg(Ta Xu, xs) = i(<etAXXSa 77s> + (e_[Auxu’ éu))g(t’ Xus xs) = OCOC(M) (e—tC)’

because |e'4s x|, e "4 x,| = O(e~'). Repeating the process that led to (C-1) but for derivatives of x1, x2
as test forms with successive integration by parts, we therefore obtain for any N € N

|<IC)(,I, nf(X18i<$l">) A n;(XZei<§2s'>)>|

1
< Oy (1 + e ong| + e Mg, ) / (1+|re' M, + &+ |te " Mg, +n, )" dr,
0
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where & = (&, &) and n = (1, ns). Now assume (&, ) is close to N*A(T*M), say

i+i <v and I—U<E<1—|—
&1 Inl

nl
for some v > 0. Then we have for any t € [0, 1]

e, 4 &+ [re ™ Mg, | = (1= e (L)) (18] + Inul).

As a consequence, if v > 0 is small enough so that (1 + v)e_(’ o < 1, for every t > 0, we obtain

|(Kyiver (1€ S ) Ay Gae NI < Cyy L, A IET+ DY,
which concludes. g
To conclude the proof of Proposition 11.2, we also need to prove Lemma 11.3:

Proof of Lemma 11.3. We proceed by contradiction. Suppose that there is u > 0 and sequences x,, € M
and #,, > ¢ such that dist(x,,, e"m;‘ (xm)) = 0 as m — oo and dist(x,,, Crit(f)) > u. Extracting a
subsequence we may assume that x,, — x, t,, — oo (indeed if #,, — t» < oo then x is a periodic point
for X, which does not exist) and, for any m,

_’X(xm) —a and e”?(xm) —b ast— 0o,

for some a, b € Crit(f). Since the space of broken curves £(a, b) is compact (see [Audin and Damian

2014]), we may assume that the sequence of curves y,, = {e’}? (xm) : t € R} converges to a broken curve

e= (L', ..., 09 e L(a,b), with £/ € L(cj—1, cj) for some cy, ..., ¢4 € Crit(f), with co =a and ¢, = b.

Because x,, — x, the proof of [Audin and Damian 2014, Theorem 3.2.2] implies x € £/ for some j so that
e Xy cj—1 ast — oo. Therefore replacing x by e_’X(x) for ¢t big enough, we may assume that x is con-

tained in a Morse chart €2(c;_) near c;j_;. Then c;_; #a. Indeed if it was not the case then we would have

_th

e X, — a as m — o0 (since x,, would be contained in 2 (a) N W*(a) for big enough m and ¢, — 00),

which is not the case since dist(x, Crit(f)) > u = x # a and dist(x,,, _”"X(x )) — 0as m — oo.

X

Therefore the flow line of x,, exists €2(c;_1) in the past. We therefore obtain, since e ~mA& x,, — x, that there

isi < j—1 so that ¢; = ¢;_;. This is absurd since the sequence (ind s (c;));—o,... 4 18 strictly decreasing. [

.....
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