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MEASURE PROPAGATION ALONG A %’-VECTOR FIELD AND
WAVE CONTROLLABILITY ON A ROUGH COMPACT MANIFOLD

NICOLAS BURQ, BELHASSEN DEHMAN AND JEROME LE ROUSSEAU

The celebrated Rauch—-Taylor/Bardos—Lebeau—Rauch geometric control condition is central in the study of
the observability of the wave equation linking this property to high-frequency propagation along geodesics
that are the rays of geometric optics. This connection is best understood through the propagation properties
of microlocal defect measures that appear as solutions to the wave equation concentrate. For a sufficiently
smooth metric this propagation occurs along the bicharacteristic flow. If one considers a merely %! -metric,
this bicharacteristic flow may however not exist. The Hamiltonian vector field is only continuous;
bicharacteristics do exist (as integral curves of this continuous vector field) but uniqueness is lost. Here,
on a compact manifold without boundary, we consider this low-regularity setting, revisit the geometric
control condition, and address the question of support propagation for a measure solution to an ODE with
continuous coefficients. This leads to a sufficient condition for the observability and equivalently the exact
controllability of the wave equation. Moreover, we investigate the stability of the observability property
and the sensitivity of the control process under a perturbation of the metric of regularity as low as Lipschitz.
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1. Introduction

The observability property for the wave equation has been intensively studied during the last decades
mainly because of its deep connection with the problem of exact controllability. Until the end of the
80s, most of the positive results of observability were established under a (global) geometric assumption,
the so-called I'-condition introduced by J.-L. Lions [1988], essentially based on and well-adapted to a
multiplier method. Later, following [Rauch and Taylor 1974], Bardos, Lebeau and Rauch [Bardos et al.
1992] established boundary observability inequalities under a geometric control condition (GCC for short),
linking the set on which the control acts and the generalized geodesic flow. Proofs of this result are based
on microlocal tools, such as the propagation in phase space of wavefront sets in [Bardos et al. 1992] or
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the propagation of microlocal defect measures in more modern proofs [Burq and Gérard 1997]. For the
latter approach, microlocal defect measures originate from the concentration phenomena for sequences of
waves if one assumes that observability does not hold. Away from boundaries one obtains

"Hpu =0, (1-1)

yielding the transport of the measure p along the bicharacteristic flow in phase space. This flow is generated
by the Hamiltonian vector field H, associated with the symbol of the wave operator p. However, note
that despite their high efficiency and robustness, these methods present the great disadvantage of requiring
too much regularity in the coefficients of the wave operator and the geometry. To define the generalized
bicharacteristic flow and prove the propagation properties mentioned above a minimal smoothness of
the metric and the boundary domain is needed. To our knowledge, the best result, in the context of ¢
metrics, was proven in [Burq 1997a], and barely misses the natural minimal smoothness required to define
the geodesic flow (W) and thus the geometric control condition.

In this context, in the present article, we address the following natural question: how can one derive
observability estimate for the wave equation from optimal observation regions in the case of a nonsmooth
metric? This problem has already received some attention and answers by E. Zuazua and his collaborators,
in [Castro and Zuazua 2002], and more recently in [Fanelli and Zuazua 2015] (see also the result of
[Dehman and Ervedoza 2017]). More precisely, in [Castro and Zuazua 2002], the authors prove a lack of
observability of waves in highly heterogeneous media, that is, if the density is of low regularity. In [Fanelli
and Zuazua 2015], the authors establish observability with coefficients in the Zygmund class and also
observability with loss when the coefficients are log-Zygmund or log-Lipschitz. Furthermore, this result
is proven sharp since one observes an infinite loss of derivatives for a regularity lower than log-Lipschitz.
Note that these analyses are carried out in one space dimension. This calls for the following comments.
First, in this simplified framework, for smooth coefficients all the geodesics reach the observability region
in uniform time: captive geodesics are not an issue. Second, proofs are based on a sidewise energy estimate,
a technique that is specific to the one-dimensional setting; the underlying idea consists of exchanging the
roles of the time and space variables and, finally in proving hyperbolic energy estimates for waves with
rough coefficients. Unfortunately, such a method does not extend to higher space dimensions. Furthermore,
for the low regularity considered in these articles, the geodesic flow is not well-defined. Proving
propagation results for wavefront sets or microlocal defect measure appears quite out of reach in such cases.

The present work is the first in a series of three articles devoted to the question of observability (and
equivalently exact controllability) of wave equations with nonsmooth coefficients. Here, we initiate
this study on a compact Riemannian manifold with a rough metric, yet without boundary, while the
two forthcoming articles will present the counterpart analysis on manifolds with boundary (or bounded
domains of R?) [Burq et al. 2024a; 2024b]. The presence of a boundary yields a much more involved
analysis and in [Burq et al. 2024a; 2024b] we develop Melrose—Sjostrand generalized propagation theory
in a low-regularity framework. In the present article, our main result is the observability of the wave
equation with a ¢'-metric, completed with the stability of the observability property for small Lipschitz
(W) perturbations of the metric. More precisely, we first show that if the geometric control condition
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in time T holds for geodesics associated with a %' -metric g, then the observability property holds for the
wave equation, and equivalently exact controllability. For this low-regularity case one has to carefully
consider the meaning of the geometric condition (or more generally the meaning of a geodesic) since the
metric does not define a natural geodesic flow: geodesics are not uniquely defined. Only their existence
is guaranteed. Second, we consider a reference ¢'-metric g° as above and we prove that observability
also holds for any Lipschitz metric g chosen sufficiently close to g° (in the Lipschitz topology). It has to
be noticed that Lipschitz metrics are too rough to permit the use of microlocal tools and a direct proof of
the observability property. Even worse for such a metric, the geometric control condition itself does not
seem make sense (as the generating vector field is only L°°), and we have to use a perturbation argument
near the (not so) smooth ¢! reference metric.

Following the strategy of [Burq 1997a], we argue by contradiction and we prove a propagation result
for microlocal defect measures in a low-regularity setting. We prove that these measures are solutions to
the ODE (1-1) with here H,, having %Y-coefficients. Then, we deduce some general properties about their
support. Namely we show that their support is a union of integral curves of the vector field. This latter
step also follows from Ambrosio and Crippa’s superposition principle [2014]. Yet, we give a completely
different proof which is of interest since it can be extended to the case of a domain with a boundary [Burq
et al. 2024a; 2024b]. We have not been able to extend the approach of [Ambrosio and Crippa 2014] to that
case. To derive the ODE fulfilled by the microlocal defect measure, we heavily rely on some harmonic
analysis results due to R. Coifman and Y. Meyer [1978, Proposition IV.7] that express that the commutator
of a pseudodifferential operator of order 1 and a Lipschitz function is a bounded operator on L?.

Finally, going further in the analysis, we investigate another stability property with respect to perturba-
tions of the metric. We prove that the HUM optimal control associated with a fixed initial data is not
stable with respect to perturbations of the metric.

1A. Outline. The article is organized as follows. In Section 1B we set up the geometric framework we
shall use and in Section 1C we precisely recall the equivalence of observability and exact controllability
for the wave equation. In Section 1D we state the main results of the article.

In Section 2 we recall some geometric facts and the notions of pseudodifferential calculus and microlocal
defect (density) measures on a manifold. In addition, using bicharacteristics we state the geometric control
condition of [Bardos et al. 1992] in its classical form (42-metric) and generalized form (¢ L_metric).

In Section 3 we recall what microlocal defect measures are and we show how, if associated with
sequences of solutions of PDEs, their support can be estimated and how a transport ODE can be derived,
in the particular context of low regularity of coefficients.

Section 4 is devoted to our proof of the support propagation for measures solutions of a ODE with
%V -coefficients, Theorem 1.10.

In Section 5 we use the results of Section 3 and the propagation result of Theorem 1.10 to prove the
observability and controllability results for the wave equation, Theorems 1.11 and 1.12.

Finally, in Section 6 we prove the results related to stability properties of the HUM control process.

1B. Setting and well-posedness. Throughout the article, we consider M, a d-dimensional 4 *°-compact
manifold, that is, a manifold without boundary with a topology that makes it compact, equipped with
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a ¢*°-atlas. We assume that the topology is also given by a Riemannian metric g, to be chosen either
Lipschitz or of class €* for some value of k to be made precise below.!

We denote by u, the canonical positive Riemannian density on M, that is, the density measure
associated with the density function (det g)!/2. We also consider a positive Lipschitz or of class ¢*-
function « and we define the density k.

The L>2-inner product and norm are considered with respect to this density « Mg, that is,

(W, 0) 2 u) = / wv g, Nl = / ul? e pag. (1-2)
M M
We denote by L2V (M) the space of L?-vector fields on M, equipped with the norm

101y = /M S, D kg, v LAV(M).

We recall that the Riemannian gradient and divergence are given by

ehf o =o() and [ pdiveon=— [ v
M M
for f a function and v a vector field, yielding in local coordinates

%) =Y gy f  divgv=(detg)* > 8y ((detg)' '),
1<j=<d 1<i<d
with (¢7) = (gr.i) ™"
We introduce the elliptic operator A = A, o = k! divy (k' V), that is, in local coordinates

Af =k (detg) ™2 Yy, (k(detg) g (1), ).

1<i,j=d

Its principal symbol is simply a(x, &) = — lei’jsd gijéigj. Note that for k = 1, one has A = A, the
Laplace—Beltrami operator associated with g on M. Similarly to Ag, the operator A is unbounded on
L?(M). With the domain D(A) = H*(M), one finds that A is self-adjoint, with respect to the L2-inner
product given in (1-2), and negative. Moreover, one has

(Au,v)Lz(M)z—/ g(u, o) kg, ue H* (M), ve H' (M).
M

Together with A we consider the wave operator P o = 32 — A, ¢ +m, with m > 0 a constant and the
equation

{Pk,gy:f in (O’ +OO) XM’ (1_3)

V=0 = 0, 0t =0 = y! in M.
It is well-posed in the energy space H'(M) @ L*(M).

INote that despite considering %% metrics with k < oo, we still impose the condition that underlying manifold is smooth.
This is due to our use of pseudodifferential techniques that are simple to introduce on a smooth manifold. See Section 2C.
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Proposition 1.1. Consider k and g both of Lipschitz class. Let (y°, y') € H' (M) x L?(M) and let
f e L*0,T; L2 (M) for any T > 0. There exists a unique

y € €°(10, +00); H' (M) N %" ([0, +00); L2(M))
that is a weak solution of (1-3), that is, y|;—o = y9 and 0 Yji=0 = y!' and
Pegy=f inZ'((0,+00) x M).
Remark 1.2. At this level of regularity of x and g, the well-posedness of the wave equation is classical.
For less regular coefficients we refer to [Colombini and Del Santo 2009; Colombini et al. 2013].
In what follows, for simplicity we shall consider the case m = 1, that is, for
Peg=08—Acg+1.
In this case, we denote by
Eex @ = LUy 12100 + 187D 0)
= 32Uy O pg + 1% Oy F 19O 172005

the energy of this solution at time ¢. For a weak solution y of (1-3), if f =0, this energy is independent
of time £, that is,

2 2
M@ = Ec.e O) = U a1 gy + 10 122 000)-

Remark 1.3. The equation we consider, with the constant m > 0, is often referred to the Klein—Gordon
equation. Here, we keep the name wave equation. We choose this equation instead of the classical wave
equation that corresponds to the case m = 0. In fact, on a compact manifold without boundary, constants
are eigenfunctions of the elliptic operator A, , with 0 as an eigenvalue. Hence, constant functions are
solutions to the wave equation and are so-called invisible solutions, as far as the observability property
we are interested in is concerned. If one considers a manifold with boundary and say, homogeneous
Dirichlet conditions, this issue becomes irrelevant. We could have dealt with the case m = 0 (the usual
wave equation) at the cost of additional technical complications.

1C. Exact controllability and observability. Let » be a nonempty open subset of M and T > 0. The
notion of exact controllability for the wave equation from w at time 7 is stated as follows.

Definition 1.4 (exact controllability in H (M) @ L?>(M)). One says that the wave equation is exactly
controllable from w at time 7 > 0 if, for any (y°, y!) € H' (M) x L?(M), there exists f € L2((0, T) x M)
such that the weak solution y to

Pegy=101)x0 fr =0, 3 ¥ii=0) = 0% ¥1), (1-4)

as given by Proposition 1.1, satisfies (y, 9;y);=r = (0, 0). The function f is called the control function
or simply the control.

Observability of the wave equation from the open set w in time T is the following notion.
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Definition 1.5 (observability). One says that the wave equation is observable from w at time 7 if there
exists Cops > 0 such that for any (u°, u') € H'(M) x L>(M) one has

Eeg@)(0) < ConslI 10,750 1l 72, (1-5)

for u € €°([0, T1; H'(M)) N €' ([0, T]; L>(M)) the weak solution of Py qu = 0 with u;—o = u° and
0iU|1=0 = ul as given by Proposition 1.1; see [Lions 1988].

Proposition 1.6. Let w be an open subset of M and T > 0. The wave equation is exactly controllable
from w at time T if and only if it is observable from w at time T.

Remark 1.7. In the case m = 0, the energy function is given by

Ece (1) = L2100 + 1% 122y 0)-

It follows that a constant function u, a solution to the wave equation (af — A)u =0, has zero energy. Since
110, 7)xw OrUt ||i2 ©) also vanishes, one sees that such solutions are invisible for an observability inequality
of the form of (1-5). Possibilities to overcome this difficulty are to work in a quotient space or to change
the wave operator into the Klein—Gordon operator. Here, we chose for simplicity the latter option.

1D. Main results. We introduce the following spaces for the coefficients («, g) to distinguish various
levels of regularity:

XZ(M) ={(k,g):Kk € %Z(M) and g is a €?-metric on My},
Xl(/\/l) ={(k,g):Kx € %”1(./\/1) and g is a ¢! -metric on My},
V(M) ={(x, g) :k € WH®°(M) and g is a W *-metric on M}.

We start by recalling the controllability result known for regularity higher than or equal to %2, under the
Rauch-Taylor geometric control condition.

Definition 1.8 (Rauch-Taylor, geometric control condition). Let g be a ¥* metric, k = 1 or 2, and let
 be an open set of M and T > 0. One says that (w, T') fulfills the geometric control condition if all
maximal geodesics associated with g, traveled at speed 1, encounter w for some time ¢ € (0, T).

A second formulation of this geometric condition based on the dual notion of bicharacteristics is given
in Section 2B below.

Theorem 1.9 (exact controllability: %Z—regularity). Consider (k, g) € X 2(M), w an open subset of M
and T > 0 such that (w, T) fulfills the geometric control condition of Definition 1.8. Then, the wave
equation is exactly controllable from w at time T.

This result was first proven by Rauch and Taylor [1974] for a smooth metric. The case (k, g) € X% (M)
was proven by the first author in [Burq 1997a]. On smooth open sets of R¢, or equivalently on manifolds
with boundary equipped with smooth (k, g), for instance in the case of homogeneous Dirichlet boundary
conditions, this result is given in the celebrated articles [Bardos et al. 1988; 1992].

In the present article, we extend the result of Theorem 1.9 to cases of rougher coefficients. Our
extension is twofold: we treat the case (k, g) € X! (M) and, we treat small perturbations in (M) of
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some (k,g) e X T(M). Most importantly, these two results rely on the understanding of the structure of the
support of a nonnegative measure subject to a homogeneous transport equation with continuous coefficients.

1D1. Transport equation and measure support. Let O be an open set of a smooth manifold. We denote
by !2'(0) and ' 2"°(0) the spaces of density distributions and density Radon measures on O.

Consider a continuous vector field X on O and let u be a nonnegative measure density on O. Assume
that w is such that ‘X u = 0 in the sense of distributions, that is,

(X1, a)190),520) = (s Xa)1500).400) =0,  a € E7(0). (1-6)

If X is moreover Lipschitz, one concludes that y is invariant along the flow that X generates. However, if
X is not Lipschitz, there is no such flow in general. Yet, integral curves do exist by the Cauchy—Peano
theorem. The following theorem provides a structure of the support of .

Theorem 1.10. Let X be a continuous vector field on O and . be a nonnegative density measure on O
that is a solution to "X = 0 in the sense of distributions. Then, the support of [ is a union of maximally
extended integral curves of the vector field X.

In other words, if m® € O is in supp(i1), then there exist an interval / in R with 0 € I and a "' curve
y : I — O that cannot be extended such that y (0) = m° and

d
YO =X6), sel,

and y (1) C supp(u).
Theorem 1.10 can actually be obtained as a consequence of the superposition principle of L. Ambrosio

and G. Crippa [2014, Theorem 3.4]. Here, we provide an alternative proof that is of interest as it allows
one to extend this measure support structure result to the case of an open set or a manifold with boundary
[Burq et al. 2024b] as needed for our application to observability and controllability. Ambrosio and
Crippa’s proof is based on a smoothing-by-convolution argument. Extending this approach does not seem
to be straightforward in the context of a boundary.

Theorem 1.10 is proven in Section 4 and its proof is independent of the other sections of the article. A
reader only interested in our proof of Theorem 1.10 may thus head to Section 4 directly.

1D2. Exact controllability results. If («, g) € X>(M), x € M and v € T, M there is a unique geodesic
originating from x in direction v. In the case (k, g) € X M) uniqueness is lost. Existence holds however
and maximal (here global, see below) geodesics can still be defined by the Cauchy—Peano theorem. In
particular, the geometric control condition of Definition 1.8 still makes sense. As announced above, our
first result is the following theorem.

Theorem 1.11 (exact controllability: € 1—re:gularity). Consider (k, g) € X' (M), w an open subset of M
and T > 0 such that (w, T) fulfills the geometric control condition of Definition 1.8. Then, the wave
equation is exactly controllable from w at time T.

A second result is the following perturbation result.
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Theorem 1.12 (exact controllability: Lipschitz perturbation). Let k%, g% € X1 (M), w be an open subset
of M and T > 0 be such that (w, T) fulfills the geometric control condition of Definition 1.8 with respect
to the metric g°. There exists € > 0 such that for any (k, g) € Y (M) satisfying

(e &) = &, gM)lyum) <&,
the wave equation associated with (k, g) is exactly controllable by w in time T.

Observe that Theorem 1.11 is a direct consequence of Theorem 1.12. We shall thus concentrate on this
second more general result. Its proof relies on the measure support structure result of Theorem 1.10.

The sequence of Theorems 1.9, 1.11, and 1.12 calls for the following important comment. Under the
assumption of Theorem 1.9, that is, (k, g) € X 2(M), there is a geodesic flow and the geometric condition
of Definition 1.8 is actually a condition on the flow. Under the assumption of Theorem 1.11, that is,
(k, g) € X'(M), as pointed out above there is no geodesic flow in general. Yet, maximal geodesics are
still well-defined and, the geometric condition of Definition 1.8 makes sense because it does not refer to
a flow. However, under the assumption of Theorem 1.12, that is, (x, g) € Y(M), geodesics cannot be
defined in general. No geometric condition can be formulated. Yet, Theorem 1.12 is a perturbation result
and a geometric condition is expressed for a reference pair (k°, g%) € X! (M) around which a (small)
neighborhood in )(M) is considered.

The following remark further emphasizes that the perturbation is to be considered around a pair
(«°, g% € X1 (M) for which the geometric control condition holds and not around a pair «?, g% e x' (M)
for which exact controllability (or equivalently observability) holds.

Remark 1.13 (on the perturbation result). Having both our results, geometric control for 4! metrics
and Lipschitz stability of exact controllability around a reference metric satisfying the geometric control
condition, a natural question is whether the exact controllability property is itself stable by perturbation. On
the one hand, it is classical that the exact controllability property is stable under lower-order perturbations
of the elliptic operator A, ¢, but on the other hand, it is possible to show that it is not stable under (smooth)
perturbations of the geometry or the metric.

Let us illustrate this instability property with a quite simple example. Consider the wave equation on
the sphere

SEES {x eRIT Y X = 1},
endowed with its standard metric and with control dom;;in the open hemisphere
o={xeS:x >0}

Even though w does not fulfill the geometric control condition of Definition 1.8 exact controllability
holds for this geometry by an unpublished result by G. Lebeau (see [Lebeau 1992, Section VI.B] and
[Zhu 2018] for extensions). Consider now the sphere endowed with the above standard metric, with the
smaller control domain

we ={x €S : x| > ¢}

for some ¢ > 0. This second geometry is e-close to the Lebeau example in the ¥ *°-topology. Yet, for all
& > 0, exact controllability does not hold, because there exists a geodesic (the equator, {x € S¢: x; =0}) that
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does not encounter w,. This shows that in Theorem 1.12, the assumption that the reference geometry should
satisfy the geometric control condition cannot be replaced by the weaker assumption that it should satisfy
the exact controllability property. This also shows that our perturbation argument will have to be performed
on the actual proof that geometric control implies exact controllability and not on the final property itself.

1D3. Further results on the control operator. We finish this section with results analyzing the influence
of some metric perturbations on the control process.
We introduce further levels of regularity for the coefficients by setting, for k € NU {+o0},

Xk(/\/l) ={(k,g):x € %k(/\/l) and gisa €% _metric on M.

First, we consider k > 2. We recall the notation P, ¢ = 32 — Ao+ 1 with A, e = ! divg (kV), and we
assume that (k, g) € X* (M), and that (w, T) satisfies the geometric control condition of Definition 1.8 for
geodesics given by the metric g. Then, by Theorem 1.9, given (y°, y!) € H'(M) x L?(M), there exists
f e L?((0, T) x ) such that the solution to (1-4) satisfies ¥(T)=0and 9;y(T) = 0. One can prove that
among all possible control functions there is one of minimal L?-norm. We denote by f Z,’yl this control
function usually named the HUM control function; see for instance [Lions 1988]. Moreover, the map

Heg: H'(M) @ LXM) — LA(0,T) x M), (%) £330 (1-7)

0 1
is continuous. Note that f; g’y is actually a weak solution of the wave equation with initial data in
0,1
L?(M) x H~'(M), meaning that one moreover has f. ;> € ¢°([0, T], L*(M)).

Theorem 1.14 (lack of continuity of the HUM-operator: the case k > 2). Let k > 2 and (k, g) as
above. For any neighborhood U of (x, g) in X5 (M), there exist (%, g) € U and an initial data %, yhH e
H'(M) x L2(M), with ||y0||§11 + Iyt IIiz = 1, such that the respective solutions y and y of

70 1 . » 0,1 .
{Px,g}’ =10.1)x0 fig' in(0,T)x M, {P;z,gy =10.1)x0 fig' n(0,T)xM, (1-8)
3, 3 =0 = (% ¥ in M, (3, M=o =% yH in M
are such that

Eeg(F— T) =Eg GNT) = 1. (1-9)

Moreover, there exists Ct > 0 such that

0 .1 _ 0 y! yOy!

| Hes = He ) O 3D 20,1900 = 152" = 557 20,000 = €T (1-10)

for (¥°, y1) as given above.

Remark 1.15. The result of Theorem 1.14 states that starting from the same initial data and solving the
two wave equations with the same control vector f, , associated with P, ., a small perturbation of the
metric can induce a large error for the final state (y(7'), d;y(T)). In other words, the two dynamics are
no longer close. In particular, the map

XEM) = 2(H' (M) ® L2(M), L*((0, T) x M), (k, §) > Hyg,

is not continuous.
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Remark 1.16. The result of Theorem 1.14 can also be stated on open bounded smooth domains of R” in
the case of homogeneous Dirichlet condition. In fact, as can be checked in what follows, its proof only
relies on basic properties of microlocal defect measures (support localization and propagation) that are
known to be valid in this framework; see [Burq 1997a].

Remark 1.17. In the statement of Theorem 1.14 if the neighborhood 2/ of (k, g) in X* is small enough,
the pair (w, T) also satisfies the geometric control condition of Definition 1.8 for (k, g) and therefore
Ig’;’y 1 is well-defined. In particular, this is clear as in the case k > 2 there is a well-defined and unique
geodesic flow.
The case k = 1 is quite different as there is no geodesic flow, as already mentioned above. However,
given (k, g) € X Uand (w, T) if the Rauch-Taylor geometric control condition of Definition 1.8 holds for
(w, T) for the geodesics associated with g, given any neighborhood U/ of (k, g) in X! one can still find

(k, g) € U such that

(1) the geometric control condition still holds for the geodesics associated with g,

(2) the result of Theorem 1.14 also holds.

Theorem 1.14’ (lack of continuity of the HUM-operator: the case k = 1). Letk =1 and (x, g) € X' as
above. For any neighborhood U of (k, g) in X' (M), there exist (¢, §) € U and an initial data (¥°, y') €
H'(M) x L2 (M), with ||y0||i,1 + [yt ||iz =1, such that the geometric control condition of Definition 1.8
for geodesics given by the metric g holds and moreover the results listed in Theorem 1.14 hold.

The proofs of Theorems 1.14 and 1.14" are given in Section 6A.
We finish this section with some remarks and some questions.

Remark 1.18. In all results above we have used 1o, 7)x«» as a control operator, that is, the characteristic
function of an open set. We could have also considered a control operator given by 1, 7)(t) x (x), with x
a smooth function on M. The controlled wave equation then has the form

Pegy=1lor x f, =0, dyu=0) = 0%, y"). (1-11)

In such case, the open set to be used in the geometric control condition is w = {x 7 0}. This is often
done this way, in particular since the smoothness of the function x allows one to use some microlocal
techniques that require regularity in the operator coefficients. The results and proofs of the present article
can be written mutatis mutandis for this type of control operator.

1D4. Comparison with the smooth case and some open questions. Following on the previous remark,
with a smooth-in-space control operator, one can wonder above the smoothness of the HUM operator.
This question is addressed in the joint work of the second author [Dehman and Lebeau 2009]. In fact, a
gain of regularity in the initial data (y°, y') yields an equivalent gain of regularity in the HUM control
function £’ For instance, for (y°, y) € H3(M) x H'(M) one finds £2;" € €0([0, T1, H' (M),
Note that the result of [Dehman and Lebeau 2009] is proven in the case of smooth coefficients, that is,
(k, g) € X*. We thus consider this smooth case in the discussion that ends this introductory section.
Open questions around the results of Theorems 1.14 and 1.14’ are then raised.
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As we shall see in their proofs, the results of Theorems 1.14 and 1.14’ rely on the high-frequency behav-
ior of the solutions to (1-8). In the case of smooth coefficients and a smooth control operator, if we assume
smoother data (y°, y!) in the HUM control process, the result of Theorem 1.14 does not hold any more.
The HUM control process becomes regular with respect to («, g) as expressed in the following proposition.

Proposition 1.19 (HUM control process for smooth data). Consider (k, g) € X*°(M) and let x € €°°(M).
Set w = {x # 0} and assume that (w, T) fulfills the geometric control condition of Definition 1.8 for the
geodesics associated with («, g). Let o € (0, 1]. There exists C,, > 0 such that, for any (k, g) € X*°(M)
and any (y°, y') € H'T¥(M) x H*(M), the respective solutions y and y to
01 - 01
{Px,gy =107 x fig' in(0,T)xM, {P,z,gy =Llom x fig in(0,T)xM,
O, aY)p=0= 0%y inM, 3, a9 =0= 0% y"H inM
satisfy
Eeg(y =N < Calllie, &) — (& D%y 107 YD 1140 My 1 (1) -

The proof of Proposition 1.19 is given in Section 6B.

In the above proposition coefficients are chosen smooth, quite in contrast with the rest of this article.
As explained above, and as the reader can check in the proof, this lies in the use of the regularity of the

HUM operator with respect to the data (y°, y'), a result proven for smooth coefficients in [Dehman and
Lebeau 2009]. The result of Proposition 1.19 raises the following natural questions:

(1) Does the HUM operator exhibit regularity with respect to the data (y°, y!) similar to what is proven
in [Dehman and Lebeau 2009] in the case of not so smooth coefficients?

(2) If so, if one increases the smoothness of the data (yO, yl) as in Proposition 1.19, does the HUM
control process also become regular with respect of the metric?

2. Geometric aspects and operators

We define the smooth manifold £ = R x M and T*L its cotangent bundle. We denote by 7 : T*L — L
the natural projection. Elements in 7*L are denoted by (¢, x, 7, £). One has 7 (¢, x, 7, £) = (¢, x).
Setting | |)2c = g. (&, &) the Riemannian norm in the cotangent space of M at x, we define

L={(t,x,71,6) e T*L: >+ &> =1},
the cosphere bundle of £. We shall also use the associated cosphere bundle in the spatial variables only,
S*M={(x,§) e T*M:|§]; =1}

For a ¢*-metric both $* M and S*£ are ¢*-manifolds.

Consider a #*®-atlas AM = (CM)]GJ of M, #J < oo, with CM = (0j, 6;), where O; is an open set
of Mand 0, : O; — 0 is a bijection for 0 an open set of R For J € J, we define C; = (O}, ;) with
0j =R x O; and

ﬁji@j%@j, (t,x)r—>(t,9j(x)),

with O; = R x 5j. Then A = (Cj),es is a € -atlas for L.



2694 NICOLAS BURQ, BELHASSEN DEHMAN AND JEROME LE ROUSSEAU

In what follows for simplicity we shall use the same notation for an element of 7*£ and its local
representative if no confusion arises.

2A. Hamiltonian vector field and bicharacteristics. Let (k, g) € X*, k =1 or 2. The principal symbol
of the wave operator P is given by

P, X, T, &) = peot,x, T,6) =—T>+ &2, (t,x,7,6) e T*L. (2-1)

In local charts, one has
_ 2 ij £,
pt,x, 1,8 =—"+ Y gY(n&E.
1<i,j<d
Note that (g'/ (x));,; is the inverse of (g;;(x)); j, the latter being the local representative of the metric.
We denote by H,, the Hamiltonian vector field associated with p, that is, the unique vector field such that
{p, f} =H, f for any smooth function f. Here, {-, -} denotes the Poisson bracket, that is, in local chart

(P, f1=0p0 f—0po [+ Z (aé_,'paxjf_ax_/paéjf)’

I<j=d
yielding
H,=-2710,+Vep -V, —Vyp- Vg,

as p is in fact independent of the time variable . The Hamiltonian vector field H, is of class ¢kl
Observe that, for a function f of the variables (¢, x, 7, &), one has

"Hy f =219, f — div,(fVep) +dive (fV,p),
with which one deduces
'H,=—H,, (2-2)
even in the case (k, g) € Xt

First, consider the case k =2. Thus, H, isa ¢ I_vector field. For ¢ € T*L one denotes by s — ¢ (0)
the unique maximal solution to

L 4@ =H,d). seR and ¢o(0) =0 2-3)

as given by the Cauchy-Lipschitz theorem. One calls (s, 0) — ¢5(0) the Hamiltonian flow map. Let
s > y(s) be an integral curve of H,, that is, y (s) = ¢ (o) for some ¢ € T*L. For any smooth function f
on T*L one has

4 foy(s)=Hy f®)).

Note that H,, T = 0, meaning that the variable 7 is constant along y. Note also that the value of p remains
constant along y since H, p = {p, p} = 0. Hence, |E|)26 = g, (&, &) is also constant. Thus, if y(0) € S*L
then y (s) remains in $*£, and, for o € $*L, the vector field H, at ¢ is tangent to S*£. Consequently, we
may consider H,, as a tangent vector field on the & 2_manifold S*£. In particular H p a makes sense if
a € €} (S*L). If moreover a € €>T4(S*L), £ >0, one has H, a € €' (S*L).
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Since H, p = 0, the flow ¢ preserves Char(p) = p~1({0}), the characteristic set of p. As is done
classically, we call bicharacteristic an integral curve for which p = 0. Observe then that (2-3) defines a
flow on the 42-manifold

Char(p)NS*L={(r,x,7,8): T’ = % and [¢]7 = %}

Second, consider the case k = 1. Then H,, is only a continuous vector field. Thus, for any ¢ € Char(p)
there exists a maximal bicharacteristic s — y (s) defined on R such that y (0) = g, that is,

Lys)=Hy(r (), seR,

by the Cauchy—Peano theorem. Uniqueness is however not guaranteed and the notion of flow cannot be
used in the case k = 1. Since the value of ||, remains constant and the manifold M is compact, maximal
bicharacteristics are actually defined globally.

As above, if (0) € §*L (resp. Char(p) N S*L) one has y (s) € S*L (resp. Char(p) N S*L) for all s € R.
The Hamiltonian vector field H,, can be viewed as a ¢ O_vector field on the %' -manifold S*£ (resp. on
the #!-manifold Char(p) N S*£). For a € €!t¢(S*L), ¢ > 0, one finds H, a € €2 (S*L).

Finally, connection between bicharacteristic and geodesics can be made. For this we recall that if
& € T*M for some x € M, one can define v € T, M by v = &7, which reads in local coordinates
vt =3"; ¢ (x)§. In particular [v]2 = g, (v, v) = |&],. If now 0¥ = (%, x0, 70, £°) € Char(p) N S*L and
letting s +— o(s) = (t(s), x(s), 7, £(s)) be a bicharacteristic such that ¢(0) = QO, one has v = 7 and

t(s) =19 —27%. The map
0 —¢
X:it—x
270

can be proven to be the geodesic originating from x° in the direction given by v° = (£°)* and parametrized
by ¢.
We now compute the speed at which the geodesic is traveled. We have

dX 1 dx(s)
dt 0= 210 ds
which yields
dX 1 £(s)"
E(l)=—mvsp(x(s),§(s))=— 0

It follows that
_ B _ 1EG _ E% _

I

’

dX
— (7
‘dr()x

since o° € Char(p). Hence, the projection of the bicharacteristic s — y (s) yields a geodesic traveled at
speed 1.

2B. Geometric control condition. As the projections of bicharacteristics onto £ yield geodesics, in the
case k > 2, we can state the Rauch—Taylor geometric control condition [1974] formulated in Definition 1.8
with the notion of Hamiltonian flow introduced above.



2696 NICOLAS BURQ, BELHASSEN DEHMAN AND JEROME LE ROUSSEAU

Definition 1.8’ (geometric control condition, k > 2). Let g be a ¥ metric and let @ be an open set of M
and T > 0. One says that (w, T') fulfills the geometric control condition if for all o € Char(p) one has
7w (¢s(0)) € (0, T) x w for some s € R.

In the case k = 1, since g is only % there is no flow in general, one rather writes the geometric control
condition by means of maximal bicharacteristics.

Definition 1.8” (generalized geometric control condition, k = 1). Let g be a ¢! metric and let  be an
open set of M and T > 0. One says that (w, T') fulfills the geometric control condition if for any maximal
bicharacteristic s — y (s) in Char(p) one has 7w (y (s)) € (0, T) x w for some s € R.

In other words, for all o € Char(p), all bicharacteristics that go through o meet the cotangent bundle
above (0, T) X w.

Naturally, Definitions 1.8" and 1.8” coincide in the case k = 2 because of the uniqueness of a bicharac-
teristic going through a point of Char(p).

2C. Symbols and pseudodifferential operators. Here, we follow [Burq 1997b, Section 1.1] for the
notation. We denote by H k(X) or H{;C(X ), with X = M or L, the usual Sobolev space for complex
valued functions, endowed with its natural inner product and norm. In particular, the L?(X)-inner product
is denoted by (-, -)2(x)-

Classical polyhomogeneous symbol classes on T*R" >~ R" x R”" are denoted by S{,’L(R” x R") and the
classes of associated operators by \D]’D’L(R”). We recall that symbols in the class Sg;([RR” x R™") behave
well with respect to changes of variables, up to symbols in S;’f;l([RR” x R"); see [Hormander 1985,
Theorem 18.1.17 and Lemma 18.1.18].

We define S ;’fph(T*E) as the set of polyhomogeneous symbols of order m on 7* £ with compact support
in the variables (¢, x) € £ (note that compactness with respect to x € M is obvious). Having the manifold M
smooth is important for symbols and following pseudodifferential operators to be simply defined.

For any m, the restriction to the sphere

St W(T*L) = CX(S*L),  a— asee, (2-4)

is onto. This allows one to identify a homogeneous symbol with a smooth function on $*£ with compact
support.

We denote by Wg’ph (L) the space of polyhomogeneous pseudodifferential operators of order m on L:
one says that Q € \IJZ'fph (£) if Q maps €>°(L) into 2’ (L) and
(1) its kernel K (x, y) € 2'(L x L) is such that supp(K) is compact in £ x L;
(2) K(x, y) is smooth away from the diagonal A, = {(t, x; ¢, x) : (¢, x) € L};

(3) for any local chart C; = (O}, ¥;) and all ¢y, ¢; € %”fo((N’)j) one has
@10 (19],—1)* 0o Qodfogye OP(SZ’ph(RdH « RI+1).

For QO € ‘lfgfph(ﬁ), we denote by 0,,(Q) € Sprh(T*ﬁ) the principal symbol of Q; see [Hormander
1985, Chapter 18.1]. Note that the principal symbol is uniquely defined in ngph(T*ﬁ) because of the
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polyhomogeneous structure; see the remark following Definition 18.1.20 in [Hormander 1985]. The
application o, enjoys the following properties:

(1) The map oy, : \Ilgfph(ﬁ) — S;’fph(T*E) is onto.

(2) Forall Q € Wfph(ﬁ), om(Q)=0if and only if Q € \IJZ‘p—hl (L).

(3) Forall Q e W', (L), 0, (Q%) = 0m(Q).

(4) Forall Q; € \Il:,':)h(ﬁ) and 0, € \Ilgf;h(ﬁ), one has 010, € \I/Z'E,;“ "2 (L) with

Om1+m2(Q1Q2) = Gml(Ql)sz(QZ)'

(5) Forall Q; € \IIZ_"’I')h(ﬁ) and Q> € \IJZ’;h(E), onehas [Q1, 02]=010>— 0,20, € \IJZ’I;]T’"Z_I (L), with

Omy s 1 (101, 021 = o, (01), 0y (),

6) If Qe LIlgfph(ﬁ), then Q maps continuously Hllf)c(ﬁ) into HX-"(£). In particular, for m <0, Q is

comp

compact on LIZOC(E).

Given an operator Q € lD;f’ph (L), one sets

Char(Q) = Char(0,(Q)) ={e € T"L : 0w (Q)(e) =0}.

3. Microlocal defect measure and propagation properties

A defect measure is used to characterize locally the failure of a sequence to strongly converge, meaning
some concentration phenomenon. This characterization can be made finer by further considering microlocal
concentration phenomena.

3A. Microlocal defect density measures. We define M_ (S*L) as the set of positive density measures
on $*L. For u € M (S*L) and a € %CO(S*E), we shall write

(o aYser = f a(@)(do)
S*L

for the duality bracket. This notation will also be used for a € Sgph(T*E) according to the identification
map (2-4).

Consider a sequence (K ken C L2

loc
inner product on £ we use a fixed («°, g% chosen in X' (M); see (1-2).

(L) that converges weakly to 0. Here, to define the L%-norm and

As a consequence of [Gérard 1991, Theorem 1], there exists a subsequence of (X en (still denoted
by (u®)ken in what follows) and a density measure y € M (S*L) such that

lim (Qu¥, k)12 1) 12 o) = (1. 00(Q)) 5o (3-1)

k— 00 comp loc

for any Q € \Pg’ph(ﬁ). Recall that symbols in S?’ph(T* L) are compactly supported in time ¢ here. We
also refer to [Tartar 1990; Burq 1997b]. One calls © a microlocal defect (density) measure associated
with (uk)keN.
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Similarly, one can use the notion of H !_microlocal defect density measure. Consider (uF)ren C H, loc (L)
that converges weakly to 0. Then, there exists a subsequence of (M) keny (still denoted by (¥ ken ) and a
density measure u € M, (S*L) such that for any Q € \I—‘iph (L)

lim (Q” u ) Heohp (L), HL (L) = (n, 02(Q))sc- (3-2)

k— 00

Naturally, in either cases, the density measure x depends on the choice made of (x°, g°) € X'(M). In
what follows we shall make clear what choice is made.

3B. Local representatives. Consider a finite atlas A = (C;)jcs on £, as introduced in Section 2, with
C; = (0j, ;). Consider a smooth partition of unity (x;);es subordinated to the covering by the open
sets (O;);. We consider also x;, x; € €°°(L) supported in O, such that Xj =1on a nerghborhood of
supp(xj) and yj=1ona nelghborhood of supp(X]) Set also X =@ )*XJ, X ’ =@ )*X], and
(z? )*X] One has X, »Xj , %‘X’(O ), with O =1 ((’) ).
Let (uk)k C H,;_ (L) that converges weakly to0, Q€ \Il h(ﬁ), and j € J. One can write

loc
X Q=x0x +x, Q11— xj).
Since x; Q(1 — x;) is a regularizing operator one finds

(s xjo2(0)) s+ ~ (Xj Quk» u ) Heohp(£), H].(£)

10(.
<X/Xj QXj i k>Hc?nlnp(L) HL (L) as k — +oo,
for vJ’.‘ = xut
The operator Q = (19].*1)* )Z O x;(9))* is a pseudodifferential operator of order 2 on R4+ with principal
symbol g; = x qucj, where ¢ is the local representative of 0> (Q). Set also vjl.{’cj = (19]_—1)*1)]’?_ It converges
weakly to 0 in H!(R?*!). Associated with this sequence is a microlocal defect measure wj. If one writes

~ ~ k Kk k.C; kG
(XijQXjUjav'> Heomp(L), H (L) = < Q] v v; ]>Hc5r1np(Rd“),Hltc(Rd“)’

one obtains
_ ¢/ - clociy .
(s xjo2 (D)) s = (js X; qj) <55 = (js X; 4" )5+ -

Note that here the L2 and H*-norms on R?*! are based on the local representative of the density
measure K /,Lgo dt. One thus sees that the local representative of x;u is precisely X /,LJ, that is, x;ju =
19*()(] Wj) = Xjﬁ‘ Mj. Summing up, we thus have

=Y xim=Y_ X0
jeJ jeJ
and o
(. 02(Q) e = Y {1t xj02(D)se = Y A xF 4% ) 54551

jelJ jel
Remark 3.1. Local properties of microlocal defect measures like v can be deduced from the properties
of x jcj w;. In what follows most results are of local nature. In such cases we shall work in local charts
and use Sections 2C and 3B to bring the analysis to open domains of R?*!.,
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3C. Operators with a low regularity. An important tool we use to handle low-regularity terms in what
follows is a result due to R. Coifman and Y. Meyer [1978, Proposition I'V.7] and some of its consequences
that we list below.

Theorem 3.2 (Coifman—Meyer). Let Q € xpgh(w x R™). If m € WHo(R") the commutator [Q, m)] maps
L*(R") into itself continuously. Moreover there exists C > 0 such that

[tQ.ml] 2 2 < Climliyre,  m e WHS(R").
We deduce the following corollary.

Corollary 3.3. Let Q € \Dgh(R” x R™") be such that its kernel has compact support in R* x R". With
q € S;h([R” x R") its principal symbol.

Let m € €' (R"). There exist K| and K,, compact operators on L>(R"), with compactly supported
kernels, such that

1 1
[Q.m] = ~Vum-Op(Vgq) + K1 = - Op(Vgq) - Vam + K. (3-3)
Proof. Consider a sequence (m")ken € €°°(R™) such that

D 19g " —m)l o — 0 as k — +oo.

la|<1

Classical symbolic calculus gives
ey 1 k k
[Q,m"]= 7me -Op(Veq) + K7, (3-4)

with Kf = Op(r{) for some rf € S|, j = 1,2. Thus, K} is bounded from L*(R") into H'(R"). In
addition, since K {‘ has a kernel with compact supports in R” x R”, it is compact on L?(R"). Note that the
support of the kernel of K {‘ lies in a compact K of R" x R" that is uniform with respect to k.

On the other hand, observe that

V,m*-0p(Veq) — Vim-Op(Veq) in Z(L*(R")).
Moreover, from Theorem 3.2 applied to m* — m, one also has
[0, m" =10, m] in 2(L*R")).

Using then (3-4) we deduce that (K {‘ )neN converges to some K Uin 2(L*(R")), and from the closedness
of the set of compact operators in .Z(L?(R")) we find that K! is compact. Moreover, K ! has a kernel
supported in K. The limits above give the first equality in (3-3). The second equality follows similarly. [J

Let 2 be a bounded open set of R" and k%, g% e X1(), with definition adapted from that of X’ (M).
The L>-inner product and norm are given by the density «%u 0~ The following result is also a consequence
of Theorem 3.2.

Proposition 3.4. Let (u¥);en C HILC(Q) be a sequence that converges weakly to 0 and let i be an
H'-microlocal defect density measure on S*Q associated with the sequence (u*)y.
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Let by € WH(R") and by € €°(R"). Consider also Q1, Qs € ‘l’;h(R”), both with kernels compactly
supported in Q2 x Q, with q1,q> € S lh(lR” x R™) for respective principal symbol. Then, one has

(b1 Q1 by Qou*, uF) Heahy(Q).HL (@) TSFos” (M D1029192) 570 (3-5)

10(.
More generally, assume that (b’f)keN c WHHo R and (blzc)keN C L®°(R"), and (ki, gi)ken C V()
with
DY = b1l 1,00 oy 165 = D2l o oy + 11 Gk, 1) — (6°, €)1y = 0 as k — +o0.
Then

k k k
(b1 Q1by Oou”, u ) Heohp(, Kiltg)s HY (Qukktg,) TS0 (n, b1b2g192) s+ (3-6)

Remark 3.5. Note that b; is chosen in W !> (R") because one cannot multiply an element in H~! by a
bounded function. One derivative is needed.

Proof of Proposition 3.4. With Lemma 3. 6 below we may replace the density kiug, in the L’-inner
product by x%u 0 and thus in the H_, loc duality.

comp
We write

YOI bE 0y =b101b2 Q2 +R*, R*=0101 (W5 —b2) 02+ bk — 1) Q1 B Qs

Note that R¥ maps H, (Q) into H, Comp

and bé, and the boundedness of (uF)ren in Hloc

(£2) continuously. Moreover because of the convergences of bk
(), one finds that R*u* — 0 strongly in H_! (). Thus

comp
we can write

<ka1 bk QZM uk)Hcorlnp(Q) L@ = =(b101 b QZ” uk)HcErlnp(Q)sHlf,c(Q) +o(Dik—+o

and (3-6) follows if we prove (3-5).
According to Theorem 3.2 the commutator [b, Q1] is bounded on LZ(Q) implying [b1, Q1] b2 Qzuk
is bounded in L*(R) yielding

(b1, Q11by Qou*, J)ygj}np(g),[-}lzc(g) = (b1, Q112 Qou*, u") 2(9) 755> 0,

since u¥ — 0 strongly in L%(2). We may thus assume that b; = 1 without any loss of generality.
Let & > 0 and let b5 € €°°(£2) be such that by — b5 ||, .. <&. Write

Q1by0r=01b50:+ R, R°= Qi (by—b3) Q».
ek k
One has [(R°u*, u )ch‘lnp(g)

(O1D2 Q2u » U ) Hiomp(Q), H,

Since b3 is smooth, by symbolic calculus one has

(Q)l < Ce, and this leads to

loc

« = = (01 b; QZM , U )chllnp(gz) Q) +o(1)eso+0(Di— 400 (3-7)

loc loc

(Q1b5 Qou, k), Hegho(@.H) (@) ToTos” (s D2q142)s7@- (3-8)

lo(.
Finally, since (i, b5q192) s+ — (i, b2q192) s+q as € — 0, with (3-7) and (3-8) one concludes that (3-5)
holds. -
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Lemma 3.6. Assume that || (i, g¢) — (°, g% @) —> 0and consider a sequence ( fi, hi)xen bounded
in LEomp(2) ® L, (). Then

loc
(fxs hk)LZ(Q,KkMgk) = (i, hi) 2@ + 01k 0.
If (fir hidken is bounded in Hgy () @ Hy\\ () then

ocC

L (Q) + 0(1)/(—>+OO'

oc

nk — Lk
{fie: >Hc?)rlnp(gy’(k“gk)’HIE)C(Q’K/‘I‘Lgk) =k >H°?"1“P(Q)’H'
Here, Lemma 3.6 is written in the case of a bounded open set of the Euclidean space but the same
result holds in the case of a compact manifold.

Proof. One has o = (det go)l/2 dx and pg, = (det gk)l/2 dx. Therefore kipig, = OleOILgo, with

Ky ( det g 172
o = —
=0 det g0

and oy — 1 in the Lipschitz norm. O

3D. Measures and partial differential equations. Microlocal defect measures associated with sequences
of solutions of partial differential equations with smooth coefficients can have properties such as support
localization in the characteristic set and invariance along the Hamiltonian flow. With the material developed
above, we extend these results to the case of €' -coefficients. We focus on the case of wave operators.

Proposition 3.7. Let («, go) € X' (M) and set P° = Po_g0. Denote by po(x, 1,6)=—1>+ gg(é, &) its
principal symbol. Let (i, gi)ken C V(M) be such that || (kx, gx) — (k°, g0)||y(M) — 0as k — +o0o and
set Py = Py, g,.

Consider a sequence (u*)ren C Hll)c (L) that converges to 0 weakly and w an H'-microlocal defect
density measure associated with W) ken.

Let T\ < T,. The following properties hold:

(1) If Peu* — 0 strongly in H! ((Ty, Ty) x M) then
supp(u) N S*((T1, T») x M) C Char(p?). (3-9)
(2) If moreover Puuk — 0 strongly in L? ((Ty, T») x M) then one has

loc

tholL = 0 in the sense of distributions on S*((Ty, T>) x M), (3-10)
that is, (i, Hpo q) s+ = 0 for all g € €°(S* (T, To) x M)).

Since H 0 is a tangent vector field on $*£ where u lives (see Section 2A) note that H p0 i makes sense
in the second item of the proposition. Moreover note that H 0 is a tangent vector field on $*£ N Char( Y
and one has supp(u)NS*((Ty, T) x M) C Char( po) by the first item of the proposition. Finally, notice that
for a Hamiltonian vector field, H PO = 1 H,o as recalled in Section 2A even in the case (k°, go) e X'(M).

Naturally, Proposition 3.7 and its proof can be adapted to the other energy levels. We shall also need
the following result.

Proposition 3.7'. With the notation of Proposition 3.7, consider a sequence (u¥)ren C L% (L) that

loc
converges to 0 weakly and p an L*-microlocal defect density measure associated with (u*)ien.
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Let T\ < T,. The following properties hold.
(D) Ikauk — 0 strongly in H, ; ((Tl, T5) x M) then
supp(u) N S*((T1, T2) x M) C Char(p°).
(2) If moreover Pyu* — 0 strongly in H, Y(Ty, Ty) x M) then one has
"H o =0 in the sense of distributions on S *(Ty, Tr) x M).

Proof of Proposition 3.7. Consider B € \Doph (L) with kernel supported in ((77, T3) x M)?>and b e SO ph (L)
its principal symbol. For the definition of the L?-inner product we use (k°, g°). We also use the partition
of unity 1 =) jes Xjs with x; € €°°(0;) associated with the atlas A and the additional cutoff functions
Xjs X i € €°(0)) that are introduced in Section 3B and, as obtained in that section, we write

Tk i k
(BP ) gty oy = DS BPa w8 ot oy o)
jelJ

=Y OGK BRIV V) it oy, ey F 0Dk toc, (3-11)
jeJ
with v = xiu j k. Associated with (15‘ )* % the local representative of v , 1s a microlocal defect measure
in ¥ ((’) )=0; =R x O and X] " is the local representative of x;u in this chart. See Section 3B.
Note that we use local representatives of the operators, functions, and measures without introducing
any new symbols Yet to keep clear that the analysis is carried out in a local chart we use the notation
Lz((’) ), H? ((’) ) and not L>(L), H*(L). To further lighten notation we set kK = (det gk)l/ 2ix. One has

Pe=07 — (&)™) dpkug{9g +1= P~ RY.
p-.q p.q

with P = 97 — 3", 09,8070, + 1 and R["" = (&) '[9, &i1gf"d,. Note that 7;BR}"¥; defines a
sequence of bounded operators from H'(L) into L?(L£), uniformly with respect to k. Consequently, one has

- Pdc. ko k oy o ppPads ko k
OGXIBRE X555 Vi) gt @), 1 @) = G X BRE X505 v) 12@)) 57057 0

since vjl-‘ converges strongly to 0 in L2(5j). This leads to

~ ~ k -k _ S pp sk ok
(XijBPka v, vj >HCT)r|np(a/')»H1:,C(6j) = (Xj XjBPka Vs U') Comp(o ), ]Oc(o ) +o(Dis 400
= {1y, XbP") 5:@,) + 0Dk o0y

by Proposition 3.4. Since x;u; = x;u locally, lifting back the analysis to the manifold level, with (3-11),
one finds
(BPu, ub) gt oy i oy = D (s x50V 500y = (s bP") 512y + 0Dk o
jeJ
Now, one has

k
(B Pt ) st o0 = (Pt B sy ooy + 0Dk boc
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with the transpose operator ‘B bounded from HILC(E) into Hclomp(ﬁ) since B is itself bounded from

ngcl (£) into Hcgrlnp(ﬁ). If one assumes that Pru* — 0 strongly in H ’1((T1, T») x M), one obtains

loc

kT
(BPeu™ ut) gt ooyl () 7=+ O

and thus

(1, bp®) sy =0 forall b e S°

e.ph () with supp(b) C T*((T1, To) x M),

and one obtains the support estimation (3-9).

We now prove the second item of the proposition. We assume that Piu* lies in L120C((T1, T>)x) and
converges strongly to 0 in this space. Consider B € ¥ Cl,ph (£) with kernel supported_ in (T}, T») x M)? and
b e Scl_’ph (L) its principal symbol. We are interested in the limit of ([ P, Blu*, uk) Heaho (C). H) (£)* which
makes sense since [Py, B] is of order 2. We have [Py, Bluf = P,Bu* — BPu* € H=' (T}, T») x M).
Since Pyu* lies in L2((Ty, Tr) x M) by assumption, BPyu* lies in H-'((Ty, T») x M) and the same
holds for P, Bu*. We may thus write

([Pes BIu ) s oyt ey = (PBUS ) oyt ey = (Pl B o) 12,y

comp
where the adjoint is computed with respect to the L>-inner product associated with (k°, g%) here. As
B maps continuously L2 _((Ty, T>) x M) into Hcgrlnp((T 1, T») x M), we have B* maps continuously

loc

H,} (L) into L2 (£). Thus, one has

comp

(Pkl/tk, B*Mk)LZ(L') m) 0.

By Lemma 3.6 it is asymptotically equivalent to use (k°, g%) or («x, gx) for the definition of the L>-inner
product and HC;}HP—HILC duality, that is,

ko k — k ok
(PeBU™, uB) iy, it o) = (BB W) ot ey gug ), 1) (g ) T Ok oo

ocC

Since P is selfadjoint for this latter L?-inner product, one obtains

k
L) = (Bu", Pk”k)Lz,omp(,/;,xkugkdt),Lz (LK g dr) + 0D +o0

oc loc

k Tk
(P Bu",u )Hc?)rlnp(ﬁ),Hl

= (Buk, PkMk>L2 (‘C)’leoc(ﬁ) +0(1)k*>+oo.

comp

Using again that Pk — 0 strongly to 0 in L? (T}, T») x M), we obtain

loc
k Tk
(PeBu™, ut) i ooy ml o) F5gos” O
and finally

<[Pk’ B]uk’ uk>Hc:)rlnp(£)’H1 L) m) 0. (3-12)

loc

As above, with the partition of unity 1 =) jes Xj We write

L
Loy = D TP Bl k)

L
([Pe BIu® u*) oty
jeJ

o (3-13)

0C

For each term in the sum one has

. k% iy B 1k ok
(xj[Px, Blu", u >Hc;rlnp(£)aHll ) = (xj[ Pk, Bj]v;, Uj)gcz}np(g),yll)c(g) + o(D)k— +00s

oC
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with Ej = X;Bx;. This allows one to work in a local chart and write

~ k h—
Heohp (L), H (L) = Z<XJ[P’<’BJ']”"“'> Heomp (D)), H (D)) (G-14)
jeJ

with the (manifold-local chart) identifications described above. With Ay = A, ,,, in the local chart C;
one writes

XilPe. Bj1 = x;107. Bj1 — xj[Ax. Bj1 = x;[97. Bi1— Y _ (O + 037+ 047 + 0},

1<p,q=d

([Py, Blu®, uk),

with - ~
qu = Xj’zk_laxplzkg/fq[axqa Bj]a ng = Xj’zk_laxp[’zkg/fq, Bj]aqu

ng = lezk_l[axp» Bj]/zkg]fqaxqa Qzl;q = Xj[/zk_la Bj]ax,,/zkg]fqaxq-
We now compute the limit of each term associated with this decomposition of [ Py, B ;] on the right-hand

side of (3-14). The principal symbol of x;[82, B;] is i x;{z2, b} and thus

(Xj[atza Bj]U]l'{, v; >Hcomp(o ), HL () = (s in{Tz» b})s*(@_/) +o(1)k— +00-

Proposition 3.4 applies and yields
(01" V) g @ 1t @) = (W3 10187 1EpDa, D)5 @) + 0(Dios oo
Pak k
<Q ] ’ J >Hcomp(o i), H,

With Theorem 3.2 one has [&g}?, B;]1 — [£°g%74, B;]in £(L*(O;)) as k — +o0. It follows that

©pn = (i ixj& 0.2 (8pr)€q)5*(5j) + oDk 4o0-

loc

rq.k -k pq  k “k
<Q2 vj ’ ) comp(o/) 109(01 <Q2a ]’ > cTJtlnp(@_/)»Hli,c(fjj) +0(1)k—>+005
with
07 =y 'a, [£°g" P4, B;la,,.
With Corollary 3.3 one writes
(207, Bl = — 19, (0g%79) . Op(Ve (72h)) + K1,
i J

with K| a compact operator on L>(R?*1), with compactly supported kernel. One thus obtains

rq.k -k ~ P4k k
(O30} V1) thy @, 1 @) = (@260 V1 gl @0, @) F O (Dot

with |
07 =~ ik '8, Ve (R0g%P1) - Op(Ve (%70))ds,

Proposition 3.4 applies and yields
rq k- k
(05" v V1) g @

We now treat the term associated with Q4. Note that one has )~ , 077 = x; (%", BjlkpAy. We
write, lifting temporarily the analysis back to the manifold,

Z<Q >J J Hiohp(0)), H]

loc
p.q

@ = gy =i Xi5pg )TV (&%) - Veb) 5.3,y + 0Dk -4oo-

l(yc

~ kK k
& = (Gl BIRk AR V) gt o) i (o)

loc

= <Xj[K/; ) B]/zkAkuka u )chxlnp(l;),yll)c(g) +o(Dk— +oo-
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Setting fK = (82 Apu* with f¥ — 0 strongly in Lloc((Tl, T») x M), we thus find

Pa k k
Z<Q ] ’ ]> Lomp(o )s 100(01')
P-4 2k % ~—1 pi= ok %
= (Xj[Kk ) ]Kkat u,u )HC;}np(L)’HILC(E) - (Xj[Kk , Bl f*, u >Hc;2np(£)~H1})c(£) +o(Dik—+o
= (Xj [’Zk_ s ]Kkaz i s k) cgrlnp(éj)aHllm(ai) +0(1)k> 400>
bringing again the analysis at the level of the local chart.
Using that &y, is independent of ¢, we may write
Xl Bilewd = xdhlici ' BjRa + x; 1R Ejli

where E; =[0;, B ] € \IJC h((’) ), with 0,b € SC h((’) ) for principal symbol With Theorem 3.2 we see that
[Kk , E;] maps L2(O ;) into itself continuously and moreover [Kk ,Eil— [(k9)~! , Ejlin $(L2((’) ).
Thus we obtain

~—1 ~ k ok

(Xj[Kk ) Ej]KkatU' ) v') Comp(@j) 1o¢(0j)
~0\—1 = ko k
= (x;[(c") ", Ej]Kkatvj’ v.;c>Hc?nlnp(6j)vH1})C(6j) +o(1)k—+00 T too 0,
arguing as above. Similarly we write
~—1 D1z 9.k ok S0N—1 B 1204k ok

(Xjat[/(k s Bj]KkatU' s vj> L()mp(Oj) lou(oj) ~k— 400 <Xjat[(/( ), Bj]Kk oy, Uj> wmp(@j) 1oc(0j)'

Arguing as we did for the term associated with 057 we thus find

o Bk, o) gt @)1, @) = (1> — TR (V@)™ - Vel @) + 0Dk oo

Collecting the various estimates we found we obtain

(Xj[Pka §j]vj‘{, ¥ )erlnp(o/) H. (©O) = <I/Lj» on'>s*(f§j) + o1k 40 (3-15)

loc

with

G:i{rz,b}—iZ(go’pqépaxqb—l—go’pq(8pr)$q—§p§q(EO)_IVX(Eogo’p”)-vgb)—I—lr OV, (&%) Veb.
p.q

Recalling that p* = —72 4+ Pag,&,, one finds

0,
Paqg
o=—i{p° b} +ip° @)~V (k") - Veb.

Since p, and thus p;, is supported in Char( p%) by the first part of the proposition, one concludes that

(Xj[Pky Bj]vj]'(a Ujk) Heobp(D), HL (D)) = —i(Mj, Xj{po’ b}>S*((~9j) +o(D— +oo-

loc
Since xju = x;ju; (see Section 3B), with (3-13)—(3-14) one obtains
(LPe. Bl ) ot ey ey = =10 A% DY) 5wy + 0(Ds e

With (3-12), this concludes the proof of the second part of the proposition since {p°, b} =H o b. U
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4. Measure support propagation: proof of Theorem 1.10

Theorem 1.10 is stated on an open subset of a smooth manifold. Yet, its result is of a local nature. Using a
local chart we may assume that we consider an open of set Q of RY instead without any loss of generality.
The strategy we follow is very much inspired by the approach of Melrose and Sjostrand [1978] to
the propagation of singularities and relies on careful choices of test functions allowing one to construct
sequences of points in the support of the measure relying on nonnegativity.” Then, a limiting procedure
leads to the conclusion, in the spirit of the classical proof of the Cauchy—Peano theorem.
The proof of Theorem 1.10 is made of two steps that are stated in the following propositions.

Proposition 4.1. Let X be a €°-vector field on Q an open set of RY. For a closed set F of Q, the following
two properties are equivalent:

(1) The set F is a union of maximally extended integral curves of the vector field X.

(2) For any compact K C 2 where the vector field X does not vanish,
Ve>0, 360 >0, Vx e KNF, V6 € [0, 00], Bx+86X(x),0e)NF # 2.

Proposition 4.2. Let X be a € -vector field on Q an open set of R Consider a nonnegative measure i
on S that is a solution to "X u = 0 in the sense of distributions, that is,

(X, a)g @) .ex@ = (1, Xa) grog) w0 =0, a€ET(Q). (4-1)
Then, the closed set F = supp(u) satisfies the second property in Proposition 4.1.
Proof of Proposition 4.1. First, we prove that property (1) implies property (2) and consider a compact
set K of R? such that K ¢ Q and KN F # @.

There exists n > 0 such that K C K, C  with K,, = {x € Q : dist(x, K) < n}. One has | X| < Cy
on K, for some Cp > 0. Let x € K and let y (s) be a maximal integral curve defined on an interval la, bl,
a, b € R and such that 0 €]a, b[ and y(0) = x. If b < oo then there exists s'e 10, b[ such that y (s!) ¢ K.
Since y (s) € K, if s < n/Co, one finds that b > n/Cy. Similarly, one has |a| > n/Cy. Consequently,
there exists S > 0 such that any maximal integral curve y (s) of the vector field X with y(0) € K is
defined for s € I = (-85, §).

Let us pick x € K. According to property (1), there exists

y : 1 — F such that y(s) = X (y(s)) and y(0) = x.

By uniform continuity of the vector field X in a compact neighborhood of K we have

N

y<s>=y<0)+/ y'(s)ds=y(0)+/ X(r(s) ds = x+sX(x) +r(s), 5 € (=S, ),
0 0

where limg_.¢ || (s)||/s = 0O, uniformly with respect to x. We deduce that for any ¢ > 0 there exists
0 < 8o < S such that || (s)|| < s¢ for any s € (—8p, dp), which implies

F>y(s)e B(x+sX(x), se).

20f the measure in our case and of some operators for Melrose and Sjostrand, via the Géarding inequality.
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Second, we prove that property (2) implies property (1). It suffices to prove that for any x € F there
exist an interval / > 0 and an integral curve

y : 1 — F such that y(s) = X (y(s)) and y(0) = x.

Then, the standard continuation argument shows that this local integral curve included in F can be
extended to a maximal integral curve also included in F.

If X(x) =0, then the trivial integral curve y (s) = x, s € R, is included in F. As a consequence, we
assume X (x) # 0 and we pick a compact neighborhood K of x containing B(x, ) with n > 0 and where,
for some 0 < cx < Cg,

ck <X =Ck, yeKk.

Letn € N*. Set x, o =x and ¢ = 1/n and apply property (2). One deduces that there exist 0 < 3, < 1/n
and a point
Xn,1 € Fn B(xn,O + 6nX(xn,O)’ Sp/n).

If x,.1 € K, one can perform this construction again, starting from x, | instead of x, o. If a sequence of
points x, 0, Xn.1, - - ., Xp L+ 1S obtained in this manner, one has

Xpti1 € FO B g+ 8,X (Xne), 8a/n), £=0,...,LT —1. (4-2)

One can carry on the construction as long as x, .+ € K. We can perform the same construction for £ <0,
with the property
xn,é—l € FﬂB(xn,Z_SHX(XH,Z)vén/n)v |£|=05 ""L__l' (4_3)

Having || X|| < Ck on K and B(x, n) C K ensures that we can construct the sequence at least for

=t == | s | s s
(Sn(CK + 1) 611(CK + 1/”)

where |-| denotes the floor function. With the points x, ¢, |£| < L,, we have constructed we define the
following continuous curve y,(s) for |s| < L,8,:

Xn,t+1 — Xn,¢
8n

This curve and its construction is illustrated in Figure 1. Note that y,(s) remains in a compact set,

Vu(8) = Xp o+ (s — £6,) for s € [£6,, ({4 1)6,) and |[£| < L, — 1.

uniformly with respect to n. In this compact set X is uniformly continuous.
We set S =1/(Ck +1). Since S < L,§,, we shall in fact only consider the function y, (s) for |s| < S
in what follows. Note that since x, ; € F for [£| < L,, one has

dist(y, (s), F) < 8,(Cx +1/n), [s| <S. (4-4)

From (4-2), for £ > 0 and s € (¢5,,, (£ + 1)3,), we have

Xnt+1 — Xn

Pas) = = L = X (xp0) + O /n).
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Figure 1. Top: iterative construction of the curve y,,. Bottom: convergence of y, as n increases.

Similarly, from (4-3), for £ <0 and s € ((¢ — 1), £5,), we have

¢

. Xn, e — Xn,£—1
Yu(s) = — = X (xn,0) +O(1/n).

In any case, using the uniform continuity of the vector field X, we find

Vu(8) = X (¥a(5)) +en(s),

where the error |e,| goes to zero uniformly with respect to |s| < S as n — 400.
Since the curve y, is absolutely continuous (and differentiable except at isolated points), we find

N

Ya(s) = 72 (0) + / Jn(o)do = x + / X(ya(0)) do + / en(0) do. 4-5)
0 0 0

We now let n grow to infinity. With (4-5), the family of curves (s — Y, (s), |s| < S),en+ 1S equicontinuous
and pointwise bounded; by the Arzela-Ascoli theorem we can extract a subsequence (s > ¥,,) pen that
converges uniformly to a curve y (s), |s| < S. Convergence is illustrated in Figure 1. Passing to the limit
n, — 400 in (4-5) we find that y (s) is solution to

y(s)=x+/0‘ X(y(0)) do.

From estimation (4-4), for any |s| < S, there exists (y,), C F such that lim,_, y» y, = y(s). Since F is
closed we conclude that y (s) € F. O

Positivity argument and proof of Proposition 4.2. We consider a compact set K where the vector field X
does not vanish. By continuity of the vector field there exist 0 < cx < Ck suchthat0 <cg <|| X (x)|| <Ck
forall x € K.
Let us consider x° € K Nsupp(i). By performing a rotation and a dilation by a factor || X (x%)||, we
can assume that X (x%) = (1,0, ..., 0) € R% We shall write x = (x;, x") with x’ € R?~1.
Let x € €*°(R) be given by
x(8) = 1,21 exp(1/(s — 1)), (4-6)
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and B8 € €°°(R) be such that

B=0 on]-oco,—1], B'>0 on]-1,—3[, B=1 on[—3, +oo[. 4-7)

We then set

Ges0=(xov)(Bow), gesyo=ov)(Bow)Xv, h.s0=(xov)(B ow)Xw, (4-8)
with
2
|

v(x) =1 =8y —x) + 88 2 fx' —x¥|7 and w(x) =267 (1 -8 (x; —x7))

for ¢ > 0 and § > 0 both meant to be chosen small in what follows. We have Xq, 5 ,0 = g 5,0 + g 5 10.
The function ¢, s ,o0 is compactly supported. Indeed, in the support of B ow, one has w > —1, implying

X1 —x? < 8(1 + %8),
while on the support of x ov one has v < 1, which gives
2
—3 +8d) 2 —x|" <87  —xp).

On the supports of g, 5 .0 and (x’ o v)(B o w), one thus finds

s <x—xV<8(14+1e) and 8(e8) 2 —x)P < 3+ Le. (4-9)
Similarly, on the support of 8’ o w one has —1 < w < —%
8(1 + }Ls) <X —x? < 8(1 + %8)
which implies that on the support of %, 5 ;o one has
s(1+1e) <x)—x0 <5(1+1e) and 8(e8) 2’ — x| <3+ Le. (4-10)
In particular, in the case ¢ < 1, one finds
supp(hg 5 40) C B(x* +8X (x%), £8). (4-11)

These estimations of the supports of g, s ;0 and &, 5 o are illustrated in Figure 2.

Lemma 4.3. For any 0 < & < 1 there exists 8y > 0 such that, for any x° € K and 0 < § < 8, the function

8e.5.x0 I nonnegative. Moreover, g, s (o s positive in a neighborhood of x0,

Proof. Let 0 < & < 1. We have g, s .0 = (x'ov)(B ow)Xv. Since B >0 and x’ < 0, it suffices to prove
that Xv(x) <0 for x in the support of (x' o v)(B o w) for § > 0 chosen sufficiently small, uniformly with
respect to xeK.
We write
X(x)— X% =al(x, x%0,, +a'(x,x% -V,

with o' (x, x%) € R and ' (x, x°) € R?~. By (4-9), for x € supp(x’ o v)(8 o w) we have ||x —x°|| < 8.
From the uniform continuity of X in any compact set we conclude that

lo! G, xO + e/ (x, x| = 0(1) as§ — 07, (4-12)
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Figure 2. Estimation of the test function supports in the case ¢ < 1. Top: support of 1 5 ;0.
Bottom: support of g, s yo.

uniformly3 with respect to x®ceKandx e supp(x’ o v)(B o w). Using that X x% = dx, and the form
of v given above, we write

Xv(x) = (X)) (x) = (35, v + (X (x) — X x")v) (x)
=8 (14a'(x,x% —16e7(e8) '/ (x, x0) - (x' —x)). (4-13)
Using again (4-9), we thus find for x € supp(x’ o v)(Bow)
lo' (x, x%) — 16671 (e8) 7L/ (x, x0) - (& — x| < et (x, xO) [ + 7o (x, x9)).

With ¢ fixed above and with (4-12), we find that Xv(x) ~ —8~! as § — 0% uniformly with respect to
x% e K and x e supp(x’ o v)(Bow).

Finally, we have g, 5 o0 x0 = —5_1)(/(%),3(28_1) > 0 and thus g, s 0 is positive in a neighborhood
of x°. O

We are now in a position to conclude the proof of Proposition 4.2. Note that it suffices to prove the
result for 0 < & < 1. We choose 8y > 0 as given by Lemma 4.3. Let then x° € K Nsupp(i). We apply (4-1)

30Observe that the change of variables made above for X (xo) = (1,0, ...,0) does not affect uniformity since the dilation is
made by a factor in [cg, Ck .
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to the family g, s .o of test functions with 0 < § < §o:

0= (Hﬂ X(Qa,&xo» = (/1" ga,S,x”) + (H” ha,S,x())- (4‘14)

By Lemma 4.3, g, 5 .0 > 0 and g, 5 .o is positive in a neighborhood of x0% As x° e supp(n) we find
(i, ges5.x0) > 0. Consequently, (u, h, s 0) # 0. By the support estimate for %, 5 ,o given in (4-11) the
conclusion follows: supp(u) N B(x? 48X (xY), 8) # @. Il

5. Exact controllability: proof of Theorem 1.12

Let (k°, g%) € X1 (M) and assume that (w, T) fulfills the geometric control condition of Definition 1.8".
Let also (x, g) € Y(M). With Proposition 1.6, the result of Theorem 1.12 follows if we prove that
there exists ¢ > 0 and Cgps > 0 such that

Ee.g (1)(0) < Cobs 11010 Dt 721 ar

for any weak solution u of the wave equation associated with («x, g) chosen such that

Ik, 8) — (&, g Iy < e

The L2-norm on the right-hand side is associated with (k, g), that is,

T
2 2
||1(0’T)Xwatu”Lz(ﬁ,Kﬂgdl)://|8tu| K/,Lgdt
0 Jo

Yet, for ¢ > 0 chosen sufficiently small one has || - ||L2(£’K0Mg0) ~ |- ||L2(z:,mg)’ where A <~ B means
c1 < A/B <, for some cy, c; > 0. In other words, we have equivalence with constants uniform with
respect to («, g). In what follows, L?- and more generally H*-norms on M are chosen with respect to
Kk g0 unless explicitly written. Our goal is thus to prove the observability inequality

E0,0()(0) < Cobsl 10,70 drttl|7 - (5-1)

The Bardos—Lebeau—Rauch uniqueness compactness argument reduces the proof of (5-1) to the proof of
the weaker estimate

2
Ee0.g0()(0) < CllL(0,Tyxw drttl|7 ) + C'[| @ (0), B OD |72 gy -1 1y (5-2)

which exhibits an additional compact term, and expresses observability for high frequencies. Low
frequencies are dealt with by means of a unique continuation argument.
To prove (5-2) we argue by contradiction and we assume that there exists a sequence (ki, gk)keN C
V(M) such that
lim ||k, gx) — (c°, g° =0, 5-3
Pt I (ks 1) — (67, &) Iy (5-3)

and yet for each k € N the associated observability inequality does not hold. Thus, for each k € N,
there exists a sequence of initial data (v&P-0, vk’p’l)peN C H'(M) x L%(M) with associated solution
(VFP) e, that is,

{kakﬂp =0 in (0, +00) x M,
k k k 1 :
VOl g = 0570 9P g = BT in M,
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with Py = P4, that moreover has the properties

£ P)(0) =1 and ||1(0,T)xw3zvk’p||L2(.c>+||<vk’p’0’Uk’pJ)HszmaHfl(M)5p+1'

k,l) (vk,k,O’

v%1y and u* = vk one obtains Pyu* =0 in £ and

L
k+1°

We take p = k and we set(u® 0, u

E0, 0O =1 and  [10,7)x0 31t Il 2y + [ G0 6D | om0 < (5-4)

From (5-4) one has u¥ — 0 weakly in HILC (£). With (3-1)-(3-2), we can associate with (a subsequence
of) (u*)x an H'-microlocal defect measure p on S*(£). Here, the measure is understood with respect to
L*(L, kg dr).

From the second part of (5-4) one has

w=0 1in S*((0,T) x w). (5-5)
In fact, for any ¢ € €°°((0, T) x w) one has ||w8,uk||Lz<L) ~ 0 and thus (u, t2¢?) = 0. Hence,

supp() N S*((0, T) x w) C {t =0}. Since {T =0} N Char(p®) N $*(L) = @ with (3-9) one obtains (5-5).
With the first part of (5-4) one has the following lemma.

Lemma 5.1. The measure i does not vanish on S*(L).

A proof is given below.

We now use Proposition 3.7 to obtain a precise description of the measure . First, one has
supp(u) N S*((0, T) x M) C Char( pO). Furthermore, one has 'H poi =0 in the sense of distributions on
S*((0, T) x M). Since H,oisa ¢ -vector field on the manifold S*£, Theorem 1.10 implies that supp(u)
is a union of maximally extended bicharacteristics in S*((0, T) x M).

Under the geometric control condition of Definition 1.8”, any maximal bicharacteristic meets
S*((0, T) x w) where u vanishes by (5-5). Thus supp(n) = &, yielding a contradiction with the
result of Lemma 5.1. We thus obtain that (5-1) holds. This concludes the proof of Theorem 1.12. O

Proof of Lemma 5.1. Let T\ < T, and ¢ € 4°°(R) nonnegative and equal to 1 on a neighborhood of [T7, 7>].
On L, consider the elliptic operator Q = —8,2 — Ao g0 + 1 with symbol g = 2+ Zp’q gOP’q(x)Spgq.
Taking (3-2) and Lemma 3.6 into account one can write

<¢2Ql4k» uk)HcEgnp(ﬁ),thc(ﬁ) k*)f\:l*OO (m, ¢ZQ>S*£- (5-6)

Integrating by parts one obtains
(¢ QuF, J)H&&pw)ﬂll © =/ & () (10,u* 12 +8° (Vpou*, Vyoit®)+[u*1?) i go dt4+2(¢' du* , ub) 2 )
0C E

= /R P (1) Ec0 g0 (") () d1+2('¢ D" 1) 2.
Since the energy built on k7, g? is preserved by the evolution given by P,, we have by (5-4)

0 g0 (W) (1) = Er gt () (1) + 0(1) = Eek gt (W5 (0) + 0(1) = Ee0 W) (0) +0(1) =1+0(1) (5-7)
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2

and since (¢'¢ 3,u*, uk)Lz(ﬁ) — 0 as u¥ — 0 strongly in Li,.

(£), one obtains

2 k Tk
(0" Qu”, u >Hc_or|np(£)sH11

0C

~ 2
(E) k— 00 ||¢||L2(R)

With (5-6) this proves that u # 0. U

6. Lack of continuity of the control operator with respect to coefficients

6A. Proof of Theorems 1.14 and 1.14'. We prove the result of both theorems, that is, in the case k > 1.
In the case k = 1 we are simply required to prove additionally that the geometric control condition of
Definition 1.8 is fulfilled for geodesics given by the chosen metric g; see Remark 1.17.

Let e > 0. We set g = (1 4+ ¢)g. Given any neighborhood U/ of (x, g) in X*(M), for & > 0 chosen
sufficiently small one has (k, g§) € U.

Moreover, observe that, for € > 0 chosen sufficiently small, geodesics associated with g can be made
arbitrarily close to those associated with g uniformly in ¢ € [0, T']. Hence, for such ¢ > 0 the geometric
control condition is fulfilled for geodesics associated with g.

Observe that one has

Char(p,(,g)ﬂChar(p,(,g,)ﬂS*E = . (6-1)

We consider a sequence (yk’o, yk’l) — (0, 0) weakly in H'(M) ® L?*(M) such that

2 2
SUYS N v + 195 2 0) = 1

L?- and H'-norms are based on the « Mg dt measure on L.

Setting f,('ig = K,g(yk’o, yk1y e L2((0, T) x M) with H, ¢ defined in (1-7), one obtains a sequence
of control functions. According to the HUM method [Lions 1988], f,ﬁ ¢ is itself a (weak) solution to the
following free wave equation

Pegfiy=0. (6-2)

in the energy space L*(M) & H™'(M), that is, (f¥,(0),3,ff,(0)) € L*(M) x H™'(M). More-
over, ( ka, g(O), dy ka, g(O)) depend continuously on (y*0, y&1). The function ka, 2 is thus bounded in
(T, T»), L?(M)) uniformly with respect to k for any T} < T». Since the map H,. ¢ 18 continuous,
f,jf ¢ — 0 weakly in LIZOC(E). Up to extraction of a subsequence, it is associated with an L?-microlocal
defect measure y. With Proposition 3.7" one has

supp(jLs) C Char(py. ). (6-3)
We consider the sequences of solutions (yk)k and (yk)k to

{Pk,gyk =10.7)x0 f1, in L, {Px,g&k =10.7)x0 f1, in L,
O 8y =0 = M0, ¥4 in M, G, 85 ) =0 = OF0, y51) in M.
Both are bounded and weakly converge to 0 in HILC(E). Up to extraction of subsequences, both are

associated with H'-microlocal defect density measures 1 and i respectively. Since 1(9.7)xe ka, ¢ —0
2 (L) we have 10.7)xw ka, g ™ 0 strongly in H, _1(6) and, with Proposition 3.7, one finds

loc loc

weakly in L
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supp(j1) C Char(p, ). Thus one has

supp(j1) Nsupp(ir) = <. (6-4)

The sequence (9, }k ) converges to 0 weakly in leoc (£) and can be associated with an L>-microlocal defect
density measure whose support is given by supp(it).

Lemma 6.1. One has (10,1)xw fi& ¢» %5") 12(2.cpgar) = 0 as k — +oo.

A proof is given below.
Using the density of strong solutions of the wave equation, with integration by parts, one finds the
classical energy estimate

i FNT) = Ec s FNO) = 0,1y %0 [ g2 0T 12000500
With Lemma 6.1 one obtains
EesNT)  ~  &:(50).
k—+o00

With the form of g chosen above one has

Ees (TN = (1+0@)E ;N ),

uniformly with respect to ¢ € [0, T']. Choosing ¢ > 0 sufficiently small and k sufficiently large, the first
part of Theorem 1.14 follows since &, g(jzk)(O) =1.

We use the values of ¢ and k chosen above. To prove (1-10), we write yk in the form )7" = v] + vy,
where v; and v, are solutions to

{Px,gvl =10,1)xe f:«k,g in L, {PK,grUZ:1(0,T)xw(f,f,g_f,(k,g,) in L, 6-5)
(1, V) =0 = (Y0, Y& in M, (v2, 9;v2) =0 = (0, 0) in M,
with f Kkg =H, ;( yk0, y% 1y A hyperbolic energy estimation for the solution v; to the second equation in
(6-5) gives

k Kk yi?

Ee,g()(T) = Crlllo,1)x0(fic g — f,(,g,)HLz(ﬁ)-
Since one has (v{(T), 0;v1(T)) = (0, 0), because of the definition of f,fg one finds
Eeqg (1) = Ee s NT) = 3,
which gives the second result of Theorem 1.14. O
Proof of Lemma 6.1. The key point in the proof is the following lemma.
2

Lemma 6.2 [Gérard 1991, Proposition 3.1]. Assume that uy and vy are two sequences bounded in L
that converge weakly to zero and are associated with defect measures (. and v respectively. Assume that

L v, that is, u and v are supported on disjoint sets. Then, for any W € %f,

lim (Yug, vg)2 =0.
k——+o00
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To apply this result, we just need to exchange the rough cutoff 1 1)x, for a smooth cutoff (¢, x).
First, note that one has

ko oo ok "
(Lo,1)x0 feg» Y ) L2(L k) Pety (Lo, 1yxe fie,g0 OV DV L2(L ke ugdr)-

-+

We may thus simply consider the L?-norm and inner product associated with « 1t gdr.
Second, let § > 0. Since (f},)x and (7%); are both bounded in €°((0, T), L*(M)) uniformly with
respect to k, there exists 0 < T} < T, < T and O € w such that

J[ 1sEasdeng i <o,
K

with K = ((0, T) x w) \ ((T7, T2) x O). Let y € €°((0, T) x w) such that 0 <y <1 and equal to 1 in a
neighborhood of [T}, T>] x O. One thus has

L0700 [ g0 35V 1200 SNWLE e 35 1200l + (A 0.1)x0 = W) FE 4 95 1202)]
SN SL g 05 ) 120y | +6.
With (6-4) and Lemma 6.2, one finds
WSE e 37 1200) 757 O (6-6)

and the conclusion of the lemma follows. O

6B. Proof gf f’roposition 1.19. We consider first the case « = 1. As proven in [Dehman and Lebeau 2009]
one has f,g:g’y e ¢°([0, T1, H'(M)) and the estimate
0 1
1526 e,y SO YD e n ow)-
With this regularity of the source term in the right-hand-side of the wave equations in (1-8), one finds
y, 5 € €°([0, T], H*(M)). Computing the difference in (1-8) one writes
Pk,g()’—i) = (Ak,g—A/Z,g)f’- (6'7)

A hyperbolic energy estimate yields

Eeg =N S W Avg = AT oo 122000y S 1065 @) = @, DIt 13l 20, 7 20
S g) = @ D 12 o721ty
Sk, 8) = @ DI 160, YDz (-
In the case a = 0, one writes
gV =D S Ec M+ E eIV S E g D'+ E¢ g (G)(T)'?
SHOG% Y wver2ian-

Finally, the result follows from interpolation between the two cases « =0 and o = 1. O
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