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LOCAL LENS RIGIDITY FOR MANIFOLDS OF ANOSOV TYPE
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The lens data of a Riemannian manifold with boundary is the collection of lengths of geodesics with
endpoints on the boundary, together with their incoming and outgoing vectors. We show that negatively
curved Riemannian manifolds with strictly convex boundary are locally lens rigid in the following sense:
if go is such a metric, then any metric g sufficiently close to go and with the same lens data is isometric
to go, up to a boundary-preserving diffeomorphism. More generally, we consider the same problem for a
wider class of metrics with strictly convex boundary, called metrics of Anosov type. We prove that the
same rigidity result holds within that class in dimension 2 and in any dimension, further assuming that the
curvature is nonpositive.
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1. Introduction

1A. The lens rigidity problem. lLet (M, g) be a smooth compact connected Riemannian manifold with
strictly convex boundary (i.e., the second fundamental form is positive on dM). Let M := SM be the
unit tangent bundle of (M, g), and define the incoming (—) and outgoing (4) boundary of M as

0+ M :={(x,v)eM|x €M, £g.(v,v(x)) > 0},

where v is the unit outward-pointing normal vector to the boundary. For any (x, v) € 9_.M, the maximally
extended geodesic y(x,y), With initial condition y(x )(0) = x, Y(x,») = v, is defined on a time interval
[0, £g(x, v)], where £, (x, v) € Ry U{oo}. When £g(x, v) < oo, we define

Sg(xv v) = (V(x,v)(eg(xv v)), )}(x,v)(eg(xv v)))

to be the outgoing tangent vector at 04 M; see Figure 1.
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Se(x,v)

Figure 1. A surface with strictly convex boundary which is not lens rigid. Example
taken from [Croke and Herreros 2016].

Definition 1.1 (lens data). The map S, : d_M \ {{; = o0} — 9, M is called the scattering map and the
function £, : 9_M\ {€, = 00} — R the length map. The pair (£, Sy) is the lens data of the Riemannian
manifold (M, g).

The lens data encodes the boundary data one can measure on the geodesic flow from “outside of the
manifold”. A natural inverse problem that arises from tomography consists in determining the geometry,
namely, the Riemannian metric g inside M, from the measurement of the lens data (¢, S,). In geophysics,
this is related to recovering the speed of propagation of waves inside a domain such as the Earth, for
instance; see [Paternain et al. 2014]. When two metrics g and g’ agree on d M, it makes sense to say that
they have the same lens data as there is a natural identification between the boundary of their respective
unit tangent bundles via the unit disk bundle of the boundary; see Section 2A1 for further details. The
lens rigidity problem is concerned with the following question:

Question 1.2. Assume that (M, g) and (M', g') are two Riemannian metrics with strictly convex boundary
such that there exists an isometry I € Diff (@M, dM’) with I*(g'|tom’) = glram. Does the implication

(g, Sg) =1*(Ly, Sg) =  there exists { € Diffeo(M, M") such that Y|y = I and y*g' = g
hold true?

We say that a manifold (M, g) is lens rigid if there is no other Riemannian manifold (up to isometry)
having the same lens data as (£, S,). In the following, in order to simplify the notation, we will assume
that M = M’ and I =id.

There are simple counterexamples of manifolds for which lens rigidity does not hold: considering
certain perturbations of the flat cylinder S! x [0, 1] (see Figure 1 and [Croke and Herreros 2016], where
this is further discussed), one can easily obtain nonisometric metrics with the same lens data. Such cases
have trapped geodesics, that is some maximally extended geodesics with infinite length, or equivalently
Lo (x, v) = oo for some (x, v) € d_M. It turns out that all existing counterexamples to lens rigidity have
trapped geodesics.
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1B. Lens rigidity for nontrapping manifolds. Even among manifolds without a trapped set, the lens
rigidity problem is still widely open. The closest result in this direction is the recent breakthrough of
Stefanov, Uhlmann and Vasy [Stefanov et al. 2021], showing lens rigidity in dimensions n > 3 under
the additional assumption that the manifold (M, g) is foliated by strictly convex hypersurfaces. This
includes all simply connected nonpositively curved manifolds with strictly convex boundary. In the class
of real analytic metrics such that from each x € 0 M there is a maximal geodesic free of conjugate points,
the lens rigidity was proved by Vargo [2009]. A local lens rigidity result was also proved near analytic
metrics by Stefanov and Uhlmann [2009] under certain assumptions on the conjugate points.

There is also a subclass of metrics that have attracted a lot of attention since the work of Michel [1981],
namely the class of simple manifolds, which are manifolds with strictly convex boundary that have no
trapped geodesics and no conjugate points. These manifolds are diffeomorphic to the unit ball in R". In
this case, knowing the lens data is equivalent to knowing the restriction dg[ymxym Of the Riemannian
distance function d, € C%M x M) to the boundary, also called the boundary distance. The lens rigidity
problem for this subclass of metrics is also called the boundary rigidity problem. In dimension n =2, it was
proved by Otal [1990b] (in negative curvature), Croke [1991] (in nonpositive curvature), and Pestov and
Uhlmann [2005] (in general) that simple surfaces are boundary rigid and thus lens rigid. We also mention
the results by Croke, Dairbekov and Sharafutdinov [Croke et al. 2000] and Stefanov and Uhlmann [2004]
for local boundary rigidity results, the work by Gromov [1983] and Burago and Ivanov [2010] for rigidity
results of flat and close to flat simple manifolds, and we finally refer more generally to the review article
by Croke [2004] and the recent book of Paternain, Salo and Uhlmann [Paternain et al. 2023] for an
overview of the boundary rigidity problem.

1C. Lens rigidity for manifolds with nonempty trapped set. Trapped geodesics appear in most situations
since all Riemannian manifolds (M, g) with strictly convex boundary and nontrivial topology, i.e.,
nontrivial fundamental group, always have trapped geodesics (and they even have closed geodesics in the
interior M°). As far as manifolds with trapped geodesics are concerned, very little is known on the lens
rigidity problem. It is not even clear what would be the most general class of manifolds for which lens
rigidity could hold, and the example above in Figure 1 shows that it seems hopeless to consider general
manifolds with both trapped geodesics and conjugate points.

The only available result considering cases with both trapped geodesics and conjugate points seems
to be the local rigidity result of [Stefanov and Uhlmann 2009]. In dimensions n > 3, under a certain
topological assumption, it is proved that if (M, go) is real analytic,' with strictly convex boundary, and for
each (x, v) € SM there is w € v such that the maximally extended geodesic tangent to w at x has finite
length (it is not trapped) and is free of conjugate points, then the following holds: if g is another metric
with ||g — gollcv small enough for some N > 1 and (€4, Sg) = (£, Sg,), then g and g¢ are isometric via
a boundary-preserving diffeomorphism. On the other hand, it is not clear (geometrically speaking) what
type of manifolds are contained in this class and there are many interesting geometric cases not contained
in it. For example, there exist convex cocompact hyperbolic 3-manifolds M := I'\H? (with constant

10r more generally if a certain localized X-ray transform is injective.
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sectional curvature —1) whose convex core C has positive measure and totally geodesic boundary. Thus,
cutting the ends of such examples at a finite positive distance of C, one obtains a metric not satisfying the
assumptions of [Stefanov and Uhlmann 2009] due to the totally geodesic surfaces bounding C.

From our point of view, there is a very natural class of metrics with nontrivial trapped set where the
lens rigidity problem seems well-posed and interesting from a geometrical point of view. We call elements
of this class manifolds of Anosov type; it contains as a strict subclass the set of negatively curved metrics
with strictly convex boundary.

Definition 1.3. A compact Riemannian manifold (M, g) with boundary is of Anosov type if:

(1) It has strictly convex boundary.
(2) It has no conjugate points.

(3) The trapped set for the geodesic flow (¢¥);cg on M := SM, defined by

K¢ :=()¢f (M) Cc M,
telR

is hyperbolic in the following sense. There exist a continuous flow-invariant splitting
forally e K8, TyM=RX,(y)®E_(y)® EL(y),
where X, is the geodesic vector field, and constants v, C > 0 such that,
forall £7>0, forall y e K¢, forallve Ex(y), ||d<p;g(y)v|| < Ce*”|t|||v|| (1-1)

for an arbitrary choice of metric || - || on M.
Example 1.4. The main two examples of manifolds of Anosov type are

(1) Riemannian manifolds with negative sectional curvature and strictly convex boundary (see [Klingen-
berg 1995, Theorem 3.2.17 and Section 3.9]),

(2) strictly convex subdomains of closed Riemannian manifolds with Anosov geodesic flows.

Manifolds of Anosov type have a trapped set with fractal structure and zero Lebesgue measure. It
implies that almost-every point in M is reachable from geodesics with endpoints on 3. M. This case can
be interpreted as an intermediate rigidity problem between the length spectrum rigidity of manifolds with
Anosov geodesic flows, where one asks if the lengths of closed geodesics determine the metric up to
isometry, and the boundary rigidity problem of simple manifolds.

In the closed case, Vignéras [1980] exhibited counterexamples to the length spectrum rigidity: in
constant negative curvature, there are nonisometric metrics on surfaces with the same length spectrum.
The well-posed rigidity problem is rather that of the marked length spectrum problem, also known as
the Burns—Katok conjecture [Burns and Katok 1985]: on a manifold (M, g) with Anosov geodesic flow,
each free homotopy class of loops ¢ on M contains a unique geodesic representative y,.(g) whose length
is denoted by Lg(c); if g1 and g are two such Anosov metrics on M with Lg (¢) = L, (c) for all ¢, it
is then conjectured that g; should be isometric to g,. This conjecture was proved in dimension 2 by
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Otal [1990a] and Croke [1990], and in all dimensions for pairs of metrics that are close enough in C k
norm for k > 1 large enough by the last two authors [Guillarmou and Lefeuvre 2019] (local rigidity).
However, it is still open in general.

Similarly, for manifolds with boundary and nontrivial topology, the same problem of “marking” of
geodesics is a serious difficulty. The first natural question one may consider is the following, known as
the marked lens rigidity or marked boundary rigidity problem for Riemannian manifolds of Anosov type.

Definition 1.5 (marked lens data). Let g, g> be two metrics of Anosov type on M. We say that g and g
have the same marked lens data if, for each (x, v) € 9_ M\ {£, = oo}, one has (£, (x, v), Sg,(x,v)) =
(Lg,(x,v), Sg,(x,v)) and the g;- and g>-geodesics with initial conditions (x, v) are homotopic via a
homotopy fixing the endpoints.

Technically, having the same marked lens data is the same as having same boundary distance function
on the universal cover M (which is now a noncompact space). The following conjecture is somehow
similar to the Burns—Katok conjecture in the closed case and to the boundary rigidity problem of negatively
curved simple metrics.

Conjecture 1.6 (marked lens rigidity of manifolds of Anosov type). Let M be a smooth manifold with
boundary, and assume that g1, g, are two smooth metrics of Anosov type on M in the sense of Definition 1.3
such that g1|rom) = &2lrom)- If g1 and g» have the same marked lens data, then there exists a smooth
diffeomorphism \r, homotopic to the identity and equal to the identity on the boundary 0 M, such that
Vg =g

In dimension 2, Conjecture 1.6 was recently solved by the third author with Erchenko in [Erchenko and
Lefeuvre 2024] (an earlier result had also been obtained by the second author together with Mazzuchelli in
[Guillarmou and Mazzucchelli 2018] for negatively curved surfaces using the method of Otal [1990a]). In
higher dimensions, the third author [Lefeuvre 2020] proved Conjecture 1.6 for pairs of negatively curved
metrics g1, g» that are close enough in C* norm for k > 1 large enough (local marked lens rigidity). The
fact that there is no smooth 1-parameter family (g;)se(—1,1) of nonisometric negatively curved metrics
with the same marked lens data? is called infinitesimal rigidity and was first proved by the second author
[Guillarmou 2017b].

In this paper, we consider the more difficult problem of lens rigidity in the class of manifolds of Anosov
type. Since, contrary to the closed case, there are still no counterexamples to lens rigidity, we make the
following conjecture of lens rigidity in the class of metrics of Anosov type.

Conjecture 1.7 (lens rigidity of manifolds of Anosov type). Let (M1, g1), (M2, g2) be two smooth
Riemannian manifolds of Anosov type such that (0M1, g1lam,) = (OM2, g2lam)- If (Lg,, Sg;) = (Ly,, Sg,),
then there exists a smooth diffeomorphism W, equal to the identity on the boundary, such that ¥*g, = g.

There are already partial answers to Conjecture 1.7:

(1) In dimension 2, Croke and Herreros [2016] proved that negatively curved cylinders with strictly
convex boundary are lens rigid.

2In this case, having the same marked lens data is equivalent to having the same lens data.
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(2) In dimension 2, the second author shows in [Guillarmou 2017b] that the scattering map S, determines
(M, g) up to conformal diffeomorphism fixing the boundary. Recovering the conformal factor of the
metric is still an open question.

(3) In dimensions n > 3, Stefanov, Uhlmann and Vasy [Stefanov et al. 2021] prove that, for general
metrics with strictly convex boundary, the lens data determines the metric in a neighborhood of oM
applying this result in the setting of negatively curved manifolds, one can recover the metric outside
the convex core of the manifold (which contains the projection of the trapped set).

(4) In [Guedes-Bonthonneau et al. 2024], Guedes-Bonthonneau, Jézéquel, and the second author proved
Conjecture 1.7 under the extra assumption that (M, g1), (M2, g2) are real analytic, but only using
the equality S, = S, of the scattering maps.

Our first result in this article is the following local rigidity result answering Conjecture 1.7 for metrics
close to each other.

Theorem 1.8. Let (M, go) be a Riemannian manifold of Anosov type. Assume that either dim M =2 or
that the curvature of g is nonpositive. Then there exist N > 1, § > 0 such that the following holds: for
any smooth metric g on M such that ||g — gollcy < 8, if (bg, Sg) = (g, Sg,), then there exists a smooth
diffeomorphism v : M — M such that |y = id and ¥*g = go.

More generally, Theorem 1.8 holds under the general assumption that gg is of Anosov type and its
X-ray transform operator 12g° on divergence-free symmetric 2-tensors is injective; see (1-2) for a definition
of Ifo and Section 3A2 where this is further discussed. The fact that I2g° is injective on divergence-free
tensors was proved in [Guillarmou 2017b] in nonpositive curvature and in general on Anosov surfaces by
[Lefeuvre 2019a] (without any assumption on the curvature). It was also proved in [Guedes-Bonthonneau
et al. 2024] that 12g° is injective for real-analytic metrics go which implies that generic smooth metrics of
Anosov type have an injective X-ray transform operator I5; generic injectivity of Izgo follows from the
work of the first and third authors [Ceki¢ and Lefeuvre 2021] as well, admitting also Theorem 1.10 below.
As a corollary of Theorem 1.8, we obtain:

Corollary 1.9. Let (M, go) be a negatively curved Riemannian manifold with strictly convex boundary.
Then, there exist N > 1, § > 0 such that the following holds: for any smooth metric g on M such that
lg —golley <8, if (Lg, Sg) = (Lgy, Sg,), then there exists a smooth diffeomorphism r : M — M such that
Vlom =1id and Y*g = go.

We observe that Corollary 1.9 and Theorem 1.8 are not a consequence of [Stefanov and Uhlmann
2009] (nor of [Stefanov et al. 2021]) mentioned above since: (1) our result contains the case of surfaces
(dimension n = 2) and (2) the assumption on the trapped set in [Stefanov and Uhlmann 2009] does not
cover all hyperbolic trapped sets (typically, the example M = I\ H> mentioned above is not covered when
the boundary of the convex core C is totally geodesic), whereas we do not make any specific assumption
on the topology, and neither do we assume that g is analytic or that it has an injective localized X-ray
transform. Theorem 1.8 is also clearly stronger than the marked local rigidity result of the third author
[Lefeuvre 2020], since we are now able to remove the marking assumption on the lens data.
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Let us finally mention that there are interesting and related results for Euclidean billiards: Noakes and
Stoyanov [2015] show that the lens data for the billiard flow on R” \ O (where O is a collection of strictly
convex domains) is rigid, and De Simoi, Kaloshin and Leguil [De Simoi et al. 2023] prove that the lengths
of the marked periodic orbits generically determine the obstacles under a Z> x Z? symmetry assumption.

1D. Removing the marking assumption, idea of proof. The removal of the marking assumption is
not simply a technical artifact: it is rather a crucial aspect in our work. Indeed, without the marking
assumption, one can no longer use the fact that the geodesic flows of g and go are conjugate with a
conjugacy preserving the Liouville measure. This conjugacy was a fundamental aspect of both proofs
of [Guillarmou and Mazzucchelli 2018; Lefeuvre 2020]. In the proof of Theorem 1.8, one has to rely
on a completely different argument, which is the linearization of the pair (¢, S,). Nevertheless, since g
has a big set of trapped geodesics (typically a fractal set), this creates many singularities for ({¢, S,) and
its linearization. The analysis one has to perform is then quite involved. One needs to combine several
different key tools, in particular,

(1) the proof of the C2-regularity with respect to g of the operator Sy : C* (94 M) — D'(3_M) defined
by So f :=f oS,
(2) the exponential decay in t — oo of the volume of points (x, v) € M = SM that remain trapped for

time .

The first item is obtained by reproving certain results of [Dyatlov and Guillarmou 2016] on the resolvent
of an Axiom A vector field X, but now with an explicit control of the dependence with respect to the
vector field X. In particular, as a byproduct of this analysis we show the following result that could prove
useful for other applications such as Fried’s conjecture for manifolds with boundary, in the spirit of [Dang
et al. 2020].

Theorem 1.10. Let M be a smooth manifold with boundary, and let Xo be a smooth vector field so that
dM is strictly convex for the flow of Xo. Assume that the trapped set

KX =0 (M)
teR
of the flow ((p,X er of Xo is hyperbolic. Then, there exist § > 0, N > 1, such that, for all X €

C®(M, TM) with || X — Xollcnv < 8, the following hold:

(1) The resolvent R*(z) := (—X +z)~ ' : L>(M) — L*(M), initially defined in the half-plane {z € C |
M (z) > 1}, extends meromorphically to C as a bounded operator R* (z) : C2°(M°) — D'(M°).

(2) If z9 € C is not a pole of RX°(z), then the map
C®(M, TM) > X — R¥(z0) € LICZ(M°), D' (M)
is C2-regular® with respect to X.

Here, we denote by L(A, B) the space of continuous linear maps between functional spaces A and B.
The space L(CZ°(M?°), D'(M?°)) can be naturally identified with D’'(M° x M?°) via the Schwartz kernel

3Even though we only need C 2 our proof actually shows it is C k for all k € N.



2744 MIHAJLO CEKIC, COLIN GUILLARMOU aND THIBAULT LEFEUVRE

theorem; the space D'(M° x M?°) is equipped with the standard topology on distributions. In fact, we
prove the result above in anisotropic Sobolev spaces, and refer to Theorem 5.14 for a more detailed
statement. We show that the scattering operator S, has a Schwartz kernel that can be written as a restriction
of the Schwartz kernel of R*¢(0) on d_M x 9, M, implying that the map g > Sgis C 2_regular as
operators acting on some appropriate Sobolev spaces.

The strategy of the proof then goes as follows. First of all, we put the metric g in solenoidal gauge (with
respect to go), namely we find a first diffeomorphism v € Diff(M) such that |5y =id and g’ = ¥ *g is
divergence-free with respect to go, see Lemma 3.6. Secondly, letting

I C®°(M, ®@5T*M) — L2 (3_M\ {€4, = 00})

be the X-ray transform on symmetric 2-tensors with respect to go, defined as

Loy (x,0)
I2h(x, v) = fo By G, POV g, v) = (1), 7(0) € M, (1-2)

we show in Section 4A the following key estimate: there are C, u > 0 such that, if (€4, Sg)) = (€4, Sg)
and ||g’ — gollcv < 8 for some small § > 0, then

1+
158" = 80l 53wy = Cllg’ = 0ll gy grens (1-3)

The proof of this estimate is involved. It is based on some complex interpolation argument using the
holomorphic map

C3zm e I (g — go)

and the C2-smoothness of the scattering map g S, as a continuous map from C*°(d4 M) to H —(5_M).
This is established in Section 5. It also relies on some volume estimates on the set of geodesics trapped
for time t — oo that follow from [Guillarmou 2017b].

Finally, slightly extending (M, go) to some (M., goe), using the mapping properties of the adjoint (Izgo")*,
interpolation arguments, and (1-3), one obtains, for & := g’ — go,

kil 2 < CIITIS™ Eohll g1 < Clill o4, (1-4)

where Ej is the zero extension operator to M,, T15% = (1§*)* 5" is the normal operator, and the estimate
on the left is an elliptic estimate proved in Proposition 3.8. It is left to interpolate CV between L? and CV /
in (1-4), where N’ > N, to get, for some 0 < ' < u,

Al L2 < CllRl 217l < CllRN L2118 = 8oll -
For ||g — goll -~ small enough, this readily implies that g’ = ¢*g = go, concluding the proof.

2. Geometric and dynamical preliminaries

Following [Guillarmou 2017b, Section 2], we describe the scattering and length maps in our geometric
setting, and relate them to the resolvent of the geodesic flow.
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2A. Unit tangent bundle and extensions.

2A1. Geometry of the unit tangent bundle. Let (M, g) be a smooth compact oriented Riemannian
manifold with strictly convex boundary (in the sense that the second fundamental form is positive),
and let $*M = {(x,v) € TM | |v|,, = 1} be the unit tangent bundle with projection on the base
denoted by 7o : S8 M — M. For a point y = (x, v) € S8 M, we shall write —y := (x, —v). Denote by
@f : SEM — S8M the geodesic flow at time ¢ € R, and by X ¢ its generating vector field. Let o be the
canonical Liouville 1-form on S M, defined by «(x, v)(§) := gx(dmo(x, v)&, v) for any & € Ty ) S¢M,
and define i := o Ada" ™!, the associated Liouville volume form, which we will freely identify with the
Liouville measure. It satisfies Lx, = 0, where Lx, denotes the Lie derivative along X,.
Recall that we introduced the incoming (—) and outgoing (4) boundaries as

0L 88M = {(x,v) € 985M | g, (v, v) > 0},
where v is the outward-pointing unit normal to d M. Using the orthogonal decomposition
TouM =T (dM) &+ Rv, (2-1)
the boundary 0158 M can be naturally identified with the boundary ball
B(OM) :={(x,v)eTM |x €dM, veT,(dM), |v|, <1}

by means of the orthogonal projection onto the first factor in (2-1). As a consequence, if g’ is any other
smooth metric on M such that g|79 = g’|7sm, the boundaries d+S8 M and 8ng/M can be naturally
identified and it makes sense to say that ({4, Sg) = ({4, Sg'). When this equality holds, we say that the
manifolds (M, g) and (M’, g’) have the same lens data.
When we consider a set of metrics g, the unit tangent bundles S M depend on g. For convenience, we
will thus fix the manifold
M= S8M,

associated to an arbitrary metric of reference go. We can always rescale the flow ¢ so that it becomes
defined on M. Indeed, define @4 ., : S°M — SEM by

qug—)g(-xy v) = (x, v/|v|g)-

Then CD(;)L g© oo d 20—¢ 18 @ flow on M which we shall still denote by ¢f, and its vector field will also
be denoted by X, for simplicity.
We shall always work with metrics g such that g|75 = golrasm. The boundary of M splits into a
disjoint union
OM=09_MUIL MU M, (2-2)

where 0 M :={(x, v) € IM | g, (v, v) > 0} and M := {(x, v) € IM | g« (v, v) = 0}. Note that the
normal v depends on g, and that the splitting (2-2) does not depend on the choice of g = go on ToM.
This will be important to compare for g # g’ the length functions £, with £, and the scattering maps S,
with Sy (see Definition 2.2 below).
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There is a symplectic form on 0+.M obtained by restricting (;jda to 0+ M, where t5 : 9M — M is the
inclusion map. We denote by

py = | Gx )| = [ (da)™™

the induced measure on d M, where i x, denotes the contraction with X,. In what follows we will
write L?(d+ M) for the usual L? space with respect to any smooth Riemannian measure dv, on dM
(for some metric 4 on d M), while we will write L? (01 M, y) when we use the measure . We note
that uy = wdvy, where w € C*°(dM) is positive outside dy.M and vanishes to order 1 at dp.M, thus
LP (04 M) < LP(0+ M, uy) continuously.

2A2. Extension of the manifold. It will be convenient to consider an embedding of M into a smooth
closed manifold A/. This can be done by considering an embedding M <> N, where N is a smooth
closed manifold (this is always possible by doubling the manifold M across its boundary for instance,
i.e., gluing M L M along 0 M by means of the identity map), then extending smoothly the metric go to N
(denoted by gon) and taking N := S8V N, If g¢ is of Anosov type (see Definition 1.3), it will be also
convenient to have a slightly larger manifold with boundary M, at our disposal such that M < M, — N
and the extension of the metric gg to M,, which we denote by go., is of Anosov type; see [Guillarmou
2017b, Section 2] where this is further discussed. Set M, := §8% M,. We have the successive embeddings
M < M, < N. For a metric g close to go in C" norm and such that g = gy on TdM, we consider an
extension g, of Anosov type on M,. The map g — g. can be chosen to be smooth and so that

lge — gOe”cN(Me,@gT*Me) <Cnllg— gOHcN(M,@gT*M)
for all N > 0 and some constants Cy > 0, where ®§T*M is the bundle of symmetric 2-tensors.

Definition 2.1. Let ¢ € R. We say that a level set {p = ¢} of a function p € C*°(N) is strictly convex
with respect to a vector field Y € C*°(N, TN) if, for all y € {p = ¢}, one has

Yo(y)=0 = Y%p(y)<0.

We say that a smooth submanifold H C A is strictly convex with respect to Y if A is in a neighborhood
of #H given by a level set {p = 0} of some function p, and this level set is strictly convex with respect
to Y. This is independent of the choice of p.

It can be easily checked that (M, go) has strictly convex boundary in the Riemannian sense if and only
if 9. M is strictly convex with respect to the geodesic vector field X, .

We now consider an arbitrary smooth extension X, of X, [a1, to AV. Let p € C*(N) be a global
boundary-defining function for M, i.e., such that p > 0 on the interior of M, dIM ={p =0} and p <0
on '\ M. Since X, does not vanish on M = {p > 0}, we can consider pp > 0 small enough that X g0
does not vanish in {p > —2p¢}. A continuity argument shows that, for all py > 0 small enough, the level
set {p = —pp} is strictly convex with respect to X ¢~ We can assume that

Me={x eN|p(x) = 300}
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T W=0={p =) V4

\ ~2p0 —po /=3P

S

M, = {/0 > _100/2}

{pZ_ﬂ’)O/}’,//"/’/ N

Figure 2. One the left: the extension of the vector field X, from M to X, on M., and
further to X, on \V. The vector field X = ¥ X, is complete on the set {p > —po} and
vanishes on {p = —pp}. On the right: the auxiliary function i as a function of p.

In the following, we will consider smooth perturbations X of the vector field X, in M (small in the
C"-topology, for N > 1 large enough). They will mostly be induced by a metric g close to go, but it
might be better to have in mind a more general picture than just geodesic flows. It will be convenient
to extend the vector fields X, to vector fields X ¢ on N such that X ¢ = X ¢ On the set {p < —%po} and
Xy = X4, on M,. Moreover, it is possible to construct such an extension with, for any N € N,

1Xg — Xgollevov,rary = Cll X g — Xgollen o, 7

for some constant C > 0 (depending only on M, N, and N). Also observe that strict convexity of the
boundary is stable by a C2-perturbation of the vector field.
We introduce the smooth function ¢ € C*°(N') with values in [—1, 1] such that

« Y =p—+poontheset {—pg—Hpo < p < —po+ 50}
e Yy=1lon M={p=>0},and ¢ > 0on {p > —po},
e ¢y =—1on{p=<-2p},and ¥ <0on {p <—po}.

With some abuse of notation, we then denote by X and X the vector fields on N defined by X := wf g
and Xg := wf go» Tespectively. This construction ensures that the restriction of X to M is the original
vector field initially defined on M and that {p > —pg} is preserved by all the flows (gotX )rer forall t € R,
and finally that each trajectory leaving M never comes back to M, with the same property for M,. See
Figure 2 for a visual summary of this construction.

2B. Scattering and length maps. For (x, v) € M, the escape time 7, (x, v) is defined to be the maximal
time of existence of the integral curve ((p;g (x,v))>0 in M:

Te i M — [0,00],  T,(x, v) :=sup{t > 0| ¢ (x, v) € M}.
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The forward (—) and backward (+) trapped sets I'§ are defined by
I :={(x,v) € M| t4(x, Fv) = o0}k;
they are closed sets in M, and the trapped set is the closed invariant set

K¢ :=T$Nr¢ =) ef M.
teR
Since d M is strictly convex, it is straightforward to check that l"‘fF NIt M= and KENIM = . We
now recall the definition (see Definition 1.1) of the lens data.

Definition 2.2 (lens data). The length map £, : 9_M\T* — R, and the scattering map S, : d_M\T'¥ —
3+ M\ T¥ are defined by

lo(x,v) :i=714(x,v) and S,(x,v):= (pfg(x’v)(x, V).
The pair (¢4, S,) is called the lens data of (M, g).

When unnecessary, we will drop the index g in the notation. It will be convenient to view the scattering
map as acting on functions on d;.M by pull-back. We define the scattering operator as

Sy 1 C (04 M\ Fi) — CP(0_-M\ ré), Sew:=wo S,.
Under the assumption that wy (¥ U Fi) NJoM) =0, it is not difficult to show (see [Guillarmou 2017b,
Lemma 3.4]) that, for all f € C°(04 M \T'y), one has
ISe S 20 My = W 112200 M) »

and thus S, extends continuously to an isometry L2(3: M, jy) — L*(3_M, j1,). The scattering opera-
tor S, determines S, and conversely.
By the implicit function theorem (since d M is strictly convex), we also have that

T, €CPMN\T¥UPM)) and £, € CP(O_M\T¥)

(here 0_M = 99 M U 9d_M); see [Sharafutdinov 1994, Lemmas 4.1.1 and 4.1.2] for further details. Since
we shall need the dependence of £, with respect to g, we first prove a result outside the trapped sets.

Lemma 2.3. Let (M, go) be a smooth compact Riemannian manifold with strictly convex boundary, and
let p € N. There exists ¢ > 0 small enough that the following holds: for all metrics g € Ug,, where

Ug, :={g € CP**(M, ®T*M) | llg — gollcr+2 < &, glram = golrom}, (2-3)
the following map is CP-regular:
:V—o>Ry, (8,0 (),

where V :={(g,y) €Ugy x 0_M |y ¢ I'%}. Moreover, for all x € C°(3_-M), there exists a constant
C > 0 (depending only on go, p and x) such that, forall j < p and h € C*(M, ®§T*M),

forall (g, y) €V,  |xdity(»|<Ce™Y and |x8]L,(y)(@ )| < CeSD|n]

citl:
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Proof. We shall use the implicit function theorem. Let p be the boundary-defining function of M defined
in Section 2A2. As explained in this paragraph, for g close to gg, we can consider a vector field X on N/
such that X vanishes (to first order) on {p = —pg}. For the sake of simplicity, we still denote by ((pf )teR
the extended flow on NV, and by X, := X its generator.

We consider the C?-regular map

F:Up xRy >R, (g.y.0 - p(pf ().

The function £, (y) satisfies the implicit equation F (g, y, £,(y)) = 0. Let us take a point (go, yo) € V
and differentiate, for (g, y) near (go, o),

IF (g, y,1) = (Xep)(@f ().
Notice that this is nonzero if y € 9_M, and ¢;(y) € d;.M by strict convexity of 9. M. Thus the implicit
function theorem guarantees that there are neighborhoods U éo C Uy, of g9 and By, (e") C d_M of yg such
that (g, y) = £,(y) is a well-defined C‘”(Uéo x By, (¢")) function and
dp (Gﬂfg(y) ) o (d‘l)fg(y))(y)
(XeP) (@, () ()

Notice in particular that this implies that V is an open set. By the Gronwall lemma, there is a constant

dyeg(y) =—-

C > 0 uniform in g € Uy, such that, for each (g, y) € V and all # > 0, where || - || denotes an arbitrary
fixed metric on N,
ldyef ()l < Ce™". (2-4)

The constant C > 0 provided by the Gronwall lemma is uniform in the metric g as long as it is C3-close
to go. More generally, (2-4) holds for the j-th derivative d; @f with a constant C > 0 uniform for g which
is C/*2-close to gg. On the other hand, we know that X ¢ #0on dM\ dp M. So we obtain a constant
C > 0 such that,

forall (g,y) €V, |x(0)dyle(y)| < Ce k.

Next, we compute the derivative with respect to g for some & € C*°(M, ®§T*M ):

dp (g () (") 0 B9 (-
(Xgp)((pfg(y)(y)) ‘

Again, by the Gronwall lemma, we obtain a constant C > 0 such that, forall > 0, (g, y) € V,

(Bglg.1)(y) = —

1@g9f - < Ce Rl (2-5)

which provides the desired estimate for the C?-norm. (The C2-norm of / appears as the vector field X g
involves the 1-derivative of g, so that X, is C ! for all s € R small). The constant C > 0 is uniform
for g that is C3-close to gg. More generally, the bound |8§<pf(®fh)(y)| < CeCt||h||é,+I holds with a
constant C > 0 depending on the C/*2-norm of g. The case of higher-order derivatives works exactly the
same way by differentiating as many times as needed the implicit equation defining £,(y) with respect
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to (g, y), and using that the derivatives of the flow satisfy the bounds || D/ ¢ (y)|| < Ce®" (where D/ = ag
or dj) for some uniform C > 0 with respectto > 0, y and g € U,. (|

2C. Hyperbolic trapped set.

2C1. Axiom A property. We say that the trapped set is hyperbolic if there is a continuous flow-invariant

splitting of T (SM) restricted to K¢ into three subbundles:
forall y e K¢, TyM=RX,(y)® ES(y)® E}(y),
and C, v > 0 such that, forall y € K8 and t > 0,
veE(Y) = ldgf (vl < Ce vl (2-6)
veES(y) = Ilde, (vl < Ce " vll.

There is a continuous extension of the bundles Ef and Ef to the bundles E® and Ej‘; over the sets I'®
and Fi, respectively, on which (2-6) is still satisfied; see [Dyatlov and Guillarmou 2016, Lemma 2.10].
For y € K¢, these bundles coincide with E§ and Ej, namely ES (y) = E* (y) and E§(y) = E$ (). We
define C*

hyp
and hyperbolic trapped set. For such metrics, the geodesic flow is a typical example of what is known as

(M, ®§T*M+) to be the set of C¥ Riemannian metrics on M with strictly convex boundary

an Axiom A flow. Since these metrics could have conjugate points, this set is larger than the set of metrics
of Anosov type.

If go is some fixed metric on M and M, denotes the extension defined in Section 2A2 with p a
boundary-defining function of M, we can always choose pg > 0 small enough that, for all || < pg, the
level set {p = t} is strictly convex with respect to the extension go. of gg to M,. This also holds for any
metric g close to go in the C2-topology. Recall that we denote by g, the extension of g from M to M,.

Observe that if y € 31 M then |, (p}g‘" (y) € N\ M. The trapped sets of (M, g) and (M., g.) then
coincide and I'{. = I'§{* N M. Moreover, if (M, g) has no conjugate points, then by taking po > 0 small
enough (M., g.) does not have conjugate points either; see [Guillarmou 2017b, Lemma 2.3].

Define the set of points that are trapped for time less than ¢ > 0 as

T8() :={y e M|V¥s € (0,1), p5(y) € M°} =1, (t, 0).
It is proved in [Guillarmou 2017b, Proposition 2.4] that there exist Cy, Q¢ > 0 (depending on the metric g)
such that, for all ¢ > 0,
1(TE(1)) < Cge™ %", (2-7)
(Here p is the Liouville measure for the fixed go.) In particular, M(Fi) = (. The quantity Q, is called
the escape rate and is given by —Q, = Pg(—J,;g ) < 0: the topological pressure of negative the unstable

Jacobian J§ (y) := 8;(detde; ()| £, (y)lr=0 Of the flow (¢} );cr. Recall that the topological pressure of a
Holder potential V € C# (S8 M) (for some B > 0) with respect to g can be defined as follows:

Py (V) = Tli_)rréo % log Z exp(f V),
yeP, T, [T, T+1] 4

where P is the set of periodic orbits of the geodesic flow (¢f);cr, and T, is the period of y € P.
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The following formula for f € L'(M) is known as Santalé’s formula (see [Guillarmou 2017b,

Section 2.5]):
—+00

/ FO)duy) = f F(@f (y)) dt duy (y). (2-8)
M I_MJO

It implies, together with (2-7), that there is Cy > 0 such that, for all # > 0,
pa(ty ' (1, 00)) < Cye™ . (2-9)

Using Cavalieri’s principle, estimates (2-7) and (2-9), it is straightforward to derive the following

bounds:

for all p € [1, 00), T, € LP(M), €, €LP(3_M), 210,
forall A € (0, Q,), e eL'(M), e eL'(@_M).

Here note that ¢, is bounded near dy.M, so that this region is trivial to deal with.

2C2. Robinson structural stability. In this paragraph, we recall some results about the stability of flows
with hyperbolic trapped set, due to [Robinson 1980, Theorem C]. First, the stable and unstable manifolds
of a point y € K¢ are defined by

W)= e M| lim d(@f (), ¢f () = O,
Wu(y):={y" e M| Tim d(¢; ("), ¢ () — 0}.
They are smooth injectively immersed submanifolds. We also set

Wu(K) =[] Wu() and Wi(K®):= ] W)

yeks yeKs
It is proved in [Guillarmou 2017b, Lemma 2.2] that

W, (K8 =T?%

and W, (K®)=T%. (2-11)

The tangent spaces to W (y) and W, (y) are E;(y) and E, (y), respectively. The flow satisfies the following
transversality property for the stable and unstable manifolds W, (y) and W, (y): for each y, y' € K¢ and
z€ Wi(y) N W,(y') C K8, we have

T,(M) = T:(Ws () ® T,(W. () ® RX, ().
Indeed, such z must belong to K4, and the identity of the tangent space can be rewritten as
Es(2) ® Eu(2) ® RX,(2) = T:(M),

which holds since K¢ is assumed hyperbolic. For a Riemannian manifold with strictly convex boundary
and hyperbolic trapped set, the geodesic flow (¢°);cr on M satisfies the following:

o The nonwandering set 2 C K¢ is hyperbolic.

 The stable and unstable manifolds have the transversality property.

e The boundary is strictly convex with respect to the vector field X,.
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Proposition 2.4 [Robinson 1980]. Let (M, go) be a smooth Riemannian manifold with strictly convex
boundary and hyperbolic trapped set K8 C M := SM. Then, there exists gy > 0 such that, for each
smooth vector field X on M with | X — Xgollc2(my = €0, there is a homeomorphism h : M — M and
aeCOU), where U ={(y,t) e MxR |t e [—T4o (=R (Y)), T4y (h(¥))]}, such that the following holds:
forall y € M, we have that t — a(y, t) is strictly increasing in t and satisfies

0 (h(y) = h(gX, ()

forall (y,t) € M xR such that (p[)f(y’t)(y) € M. Moreover, for each 5 > O there exists € > 0 small enough
that if | X — Xgllc2omy < &, then d(h(y), y) <8 for'y € M, where d denotes a Riemannian distance
on M, that is, ||h —idq || co < 6.

Proof. This is a direct consequence of [Robinson 1980, Theorems A and C]. We note that Robinson’s
“quadratic external boundary conditions” are equivalent to our strict convexity of the boundary, and that
the chain-recurrent set (see [Robinson 1980] for the definition) is contained in the trapped set, which by
assumption has a hyperbolic structure with transversal stable and unstable manifolds. Finally, the last
statement about the continuity of /4 is stated in [Robinson 1980, Theorem A]. Il

As a consequence, we see that, for g close enough to g in C* norm, applying Proposition 2.4 with
X = Xg, we get
K& =h"'(K®) and A ') =T%,

and the trapped set varies continuously with respect to the metric.

2C3. Symplectic lift to the cotangent bundle. Recall that we introduced the vector field X on A in
Section 2A2. In Section 5, it will be convenient to work on the cotangent bundle T*N of the extended
manifold A. Denote by X the symplectic lift of the vector field X to T*N. It generates the flow

o (3, &) = (@ (), @pX ()~ T8), (2-12)

where T stands for the inverse transpose. Note that this flow is linear in the second variable and thus
induces a flow on the spherical bundle S*N := (T*N\{0})/R.. Let 7 : S*N — N and k : T*N — S*N be
the natural projections, and still write 7 for the projection T*N — N. The dual subbundles (E i(,o)* CcT*N
are defined as the following symplectic orthogonals:

(EHYEX @ EX) = (ENH*(EX @ Ef) = (EX*(EX @ Ef) = {0).

With some abuse of notation, the spaces (E io)* will be identified with the projections « ((E f_f’o)*) C S*N.
Eventually, we record the following definition to be found useful later:

= J o efow. (2-13)

I1X—Xoll o2 <8, %120

where § > 0 is small enough. Finally, we note that the tails ' and the bundles (E io)* admit an extension
to the set {p > —pp}.
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2D. Resolvent and X-ray transform. Since we will work with Sobolev spaces on the manifolds M
and 0+ M, let us clarify what this means as these are manifolds with boundary or open manifolds. First,
since M is a smooth manifold with boundary, the spaces H* (M) are defined intrinsically for s > 0 (as the
restriction of H*-functions defined on V for instance). Set Hyj(M) = Cg%—/\/l"), where the closure is for
the H*® norm, and write H (M) := (Hj(M))* for s > 0, where the upper star denotes the continuous
dual. For .M, write H* (M) := H* (3 M), where 9 M := 9. M U 9y M is a smooth manifold with
boundary, and H™*(0: M) = (Hj(0+M))*.
Define the resolvent of X, to be the family of operators, for Ji(z) > 0,

7o ()
Rg(2) : CE(MP\TE) — C®(M),  Rg(2) f(y) = —/0 e~ fgf () dr. (2-14)

For z = 0, simply write R, := R,(0). It solves X;R, = 1 on C2°(M° \ I'*) with boundary condition
(Rg f)la,m=0.

Assuming that (M, g) has strictly convex boundary and hyperbolic trapped set, we have by [Guillarmou
2017b, Propositions 4.2 and 4.4] the following boundedness properties:

for all p € [1, 00), Ry : L®°(M) — L (M), (2-15)
for all @ € (0, 1), there exists s > 0 such that R, : CZ(M°) — H*(M), (2-16)
for all s > 0, R, : H' (M) — H (M), (2-17)

where C* (M) is the Holder space of order «. Note that if ¢ > 0 is chosen small enough,

U= J ofe-M)

te(—e,e)

is a neighborhood of d_M in M, which is diffeomorphic to (—¢, &) x d_M by (¢, y) — <p;g(y), and
0i(tg 0 gotg ) =—1in U. Using (2-15), Santalé’s formula (2-8), and the fact that £, is smooth near dp.M in
d_MU dpM (see [Sharafutdinov 1994, Lemma 4.1.1]), we consequently obtain

b =—(Rela)lom € LP(O-M, py) (2-18)
for all 1 < p < 0o. The X-ray transform is defined as the operator
I8:COMN\TE) > CPO-M\TE), I8f:=—(Rg o
and, by [Guillarmou 2017b, Lemma 5.1], it extends as a bounded map for all p > 2:
I8 : LP(M) — L*(0-M, up). (2-19)
We now show the following boundedness property.

Lemma 2.5. Let (M, g) be a compact Riemannian manifold with strictly convex boundary and hyperbolic
trapped set. Then, there exists s > 0 such that the operator I8 is bounded as a map:

1% :C*(M) > H*(0_M).
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Proof. First of all, if x € C®(d_M) is supported close to dy.M, one can check that xI¢ f € C2(d_M)
for f € C?(M); see [Sharafutdinov 1994, Lemma 4.1.1]. It thus remains to analyze x /¢ f when
x € C(0_M). Let y > 0 be a large enough constant (it will be determined later), € € (0, Q./(2y)),
and let Ay be the Riemannian Laplacian associated to an arbitrarily chosen smooth Riemannian metric &
on d_M, with Dirichlet condition at dp.M. It is self-adjoint on H(} (_M) N H*(9_M) with respect to
the Riemannian volume measure dvj,. Note that dvy, is smoothly equivalent to @3 on each compact set
of 0_M as ujy vanishes to first order on the boundary dg M.
For f € C?(M), consider the holomorphic map

{—e <R@) <1—e} 32> u(@) =1+ A (e Py I8 f) € D'(I-M).

We are going to apply the Hadamard three-line theorem (see [Rudin 1987, Theorem 12.8]) to the
holomorphic family of distributions u(z). From (2-19), we have ¢ f € L?(3_M, 113), but we can also
write the pointwise bound,

forally e o M\T'—, I8 f(WI = fllele(y). (2-20)
From (2-10), we get, using that ¢ < Q,/(2y),
xeV 18 f e L2(9_M, dvy).

Therefore on the line {9 (z) = —¢} with 0 <& < Q,/(2y), there exists a constant C > 0 independent of z
and f (but depending on x) such that

lu@llzz < I+ A 2 2 lx e 18 (Pl 2 < ClLf I, (2-21)
where L? = L%(3_M, dvy). Note that we used the spectral theorem for Aj in order to bound
14+ AR 22 < 1.
[l 2L

Now, using that 15 f(y) = [,*"” f(gf(y))dt, we obtain, using Lemma 2.3, (2-4), and (2-20), the
pointwise bound on d_ M \ "¢ :

AR I8 Y] < CA + 121 £ ll oy 077 HEEW)

for some uniform constants C, Cy > 0 (depending only on the metric g). We therefore see that, for
N(z) = 1 — ¢, the function A, (e V%% x I8(f)) can be extended from d_M \ T'_ continuously to 0_M
by setting it to be 0 on I'_ as long as y (1 —¢) > Cp. Here, we see that, in order to achieve this, we can
choose y > 2022Cj at the very beginning (the constant Cy only depends on the metric g).

Claim 2.6. The continuous extension by 0 of Ap(e~*%x I8 f) on T'® matches with the distributional
derivative Ay, (e_zﬂgxlgf) € D'(3_M).

The proof of this claim is postponed until below. Then A (et x I8 f) € L?(d_M), and on the line
{N(z) =1—¢€} we have

lu@ N2 < 1+ AN o, 2[4+ Ap) e s x I8 £l 2 < CA+ 12D fll o (2-22)
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We can then use the Hadamard three-line interpolation theorem applied to the holomorphic function
(=@ =1-e3z0v@i= [ (40 u@vdn e,
M

where ¢ € CJ°(0-M) is arbitrary. Note that this is well defined and holomorphic in the strip % (z) €
[—e, 1 — €] since we have the bound

¢
lv(2)] = 1V Nl 200 €77 x g fll 2 < ClY a2l f Nl 2

(1—e)?

From (2-21) and (2-22), we deduce the existence of a constant C > 0, independent of i, such that, for
all z with N(z) € [—&, 1 — ¢], one has

(@] = Clly .

This shows that u(z) € L*(d_M) for all such z with the bound |u(z)| < C. In particular, taking z =0,
we obtain that (1 4+ Ap)¢(xI8f) € L2, thus showing the claimed result.

It thus remains to prove Claim 2.6 above. Denote by F the continuous extension of Ay, (e =% x I&(f))
by 0 on I"¥ . We need to show that, for each v € CX(0-M),

/ xe VI8 () Apy dvy, = f F duy,. (2-23)
- M - M
Take 6 € CZ°([0, 2)) equal to 1 in [0, 1]. We write the left-hand side as

1im/ H(Eg/T)Xe_Z”egIg(f)Ahwdvh: lim/ Ah(Q(ﬁg/T)Xe_Z”egIg(f))l//dvh
M T—o0 M

T—o0 9
= lim A{(T)+ Ax(T),
T—o0

where

A1(T)i=/ MAh(G(Eg/T))Xe_MgIg(f)lﬁdvh+2[ MV(Q(Eg/T))'V(Xe_z”zé’lg(f))lﬂdvh,

Az(T)2=fa MG(Zg/T)Ah(Xe_Zyeglg(f))‘/fdvh:f Me(ﬂg/T)Ftl'dvh-

In order to show (2-23), it thus suffices to show that A;(T) — 0 as T — oo. The derivatives d}J: O,/ T))
of order j =1, 2 are supported in {{; € [T, 2T']}, where we can use the pointwise bound of Lemma 2.3:

4] (0(Lg(»)/ T))| < CeOs < €20

for some uniform C, Cy > 0. Since all terms in the integrand of A; are multiplied by the weight
le7VteW)| < e7vU=T we easily see, using Lemma 2.3 once again, that

A1(T) = O((1 + |z])eBComrd=enT),

Taking y > 6Cy at the beginning and ¢ < %, one obtains that A;(7") — 0, and this proves our claim. [J
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Note that, as a corollary of Lemma 2.5, we obtain that there is s > 0 such that
Ly =15 p) € H (0_M). (2-24)

2E. Scattering operator. Working with the scattering operator S, has several advantages over working
directly with Sg. The main reason is that its Schwartz kernel can be expressed in terms of restriction of
the Schwartz kernel of the resolvent R, of the geodesic vector field X. This is the content of Lemma 2.7
below. This will be important so that we can work in a good functional setting in order to apply the Taylor
expansion of the lens data with respect to g. We denote by R,, the resolvent on M, for the extension g,
(for the definition of g, recall Section 2A2), which has all the properties of R,.

Lemma 2.7. Let (M, g) be a compact Riemannian manifold with strictly convex boundary and hyperbolic
trapped set. Let 1y, : 0+ M — M be the inclusion map. The restriction (t5_ X t5,)* R, of the Schwartz
kernel of the resolvent on 9_M x 34 M makes sense as a distribution, and the Schwartz kernel of S, is
given by

Sy ¥) = (o X 1a.)" Re, (0, ). (.)€ 0_M x 9 M.

Proof. First, we define the operator &, : C°(01 M) — H*(M) for s > 0 as follows: for § > 0 small, let
Q={(x,v) € IM | |gx(v, v)| < 8}; define Q, = M, N, g ¢ () to be the flowout of Q by <p§"°; and
let € C*°(M,, Ry) such that ¥|q,us_am =0, ¥ is supported in a small neighborhood of 9.4 M\ € and
X, =01in M, \ M and near 9, M. Then set, for v € C°(9; M),

Eew := @Y — Ry, Xo, (%) € H (M) N LP (M) NCP(M, \ (T_UT},))

for some s > 0 and all p < oo using (2-15) and (2-16), where @ is defined on supp(y) by extending w
from 94 M to be constant on the flow lines of X . This can be done by using the diffeomorphism

Wy {1, y) € (—38,00) X (0 M\ Q) [t <7, (M) 3 (1, 9) > ¢ (y) € M,

and using that the flow ¢ is the translation in 7 in these coordinates. One clearly has that £, is smooth
near d4.M and
X Eqw=0, (E)|g.m= Vo, mo.

In particular, we see that, outside I"_, we have

(Egm)o_rm\r_ = (Sg(@¥ g, Ar)) o_r\r_- (2-25)

On the other hand, using the diffeomorphism
W_ {1, y) € (=00, 38) x (_M\ Q) |t = =1, (=)} 2 (1, ¥) = ¢ (») € M.

mapping to a neighborhood of d_M \ 2, we see that ¥* £, w is independent of ¢ and can be viewed
as a function in H*(9_M) N L?(d_M), i.e., the restriction (£,w)|5_r makes sense as an H*(9_M) N
L?(9_M) function. (This fact can also be proved using the Hérmander pull-back theorem for distributions
using wave-front analysis with the fact that X is transverse to d_M.) Since wy (I'$ N9_M) =0, this implies
with (2-25) that (£,w)[5_m = Sg (@ |5, A1). But this is also given by (E,w)|5_m = —(Rg, Xg, (@V)) |5_ .
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Since X4, Ry, = Ry, X, =1d in C°(M3) (this follows for instance by analytic extension of the identity
R, (2)(Xg, —2) = (Xg, —2)Rg,(z) =1d on C(M?) for N(z) > 1), one has (Xg, R, )(y, y") =0 and
(X5, Re,)(y,¥') in the distribution sense for y close to M\ Q and y’ close to 94 M\ €2, where X,
and X ige denotes the action of X, on the left and right variable of M, x M., respectively. This implies
as above that the restriction (t5_ x 13, )* R,, makes sense and we can apply Green’s formula in the right
variable: if " € CZ°(0_M),

—(t_(Rg, X, (@), &) =—/a M/M Re, (v, ¥) X, (@Y) (YN (») die(y") diy ()

=-— f / Ry, (v, Y)Y W)Yo (ix,, du(y") dus(y),
Mo M

where we used X, (@) =0 on M, \ M and that (X, R, )(y, y') =0 for the interior term from Green’s
formula. This means, using ixged,u =duy at 0, M, that

_<L§_ (Rg, X, (@Y)), @) = —((t5_ ¥ LB+)*Rge, o' ® Yla, mw).

This shows that S (y, Y)W (y") = —(ts_ X ta,)*Re(y, y)¥(y’) as a distribution of (y, y') € 9_M x 9, M.
Since 2 can be chosen with § > 0 arbitrarily small, we obtain the result by choosing i = 1 outside a 3—‘8
neighborhood of €N 94 M in 9, M. U

We will also need the following regularity bound.

Lemma 2.8. Let g € C*(M, ®§T*M+) be a metric with strictly convex boundary and hyperbolic trapped
set, x € CX(0_M), f e C>®(0+M) and p € N. Then:

(1) There exists B> 0 large enough that, for all z € iR+ B, we have that y e~ S, f extends by 0 on
I'% with an extension belonging to WP+1-°°(d_M), and also that the weak distributional deriva-
tive (14 Ah)(p“)/z(xe_zeé’ng) € D'(3_M) coincides with the derivative of the WPT1-°(3_M)-
extension.

(2) The map

CPT @O M) 3 firs e S, f e WP (H_M)

is bounded, and there exists a uniform constant C > 0 (independent of z) such that

11 +2)" P D xe 58, Fllwrrioo@ gy < ClLF llcria, - (2-26)

(3) In particular, by the Sobolev embedding WPHLooQ_ M) < CP(_M), the function Xe_zegsgf
extends to a CP-function with CP-norm bounded by (2-26).

Proof. The proof is rather similar to that of Lemma 2.5 so we will be more succinct. First, if {(z) > 0 and
f € CPT1(3, M), the function F,(y) := e %™ (S, £)(y) is CPT! outside I'* and can be extended by
continuity by 0 on I'* . We compute its derivative on d_M \ I'¥ : if Y is a smooth vector field on d_M,
then

YF.(y)= Fz(y)(_zdyzg(Y)Y +deg(y)(d§0Z(y)(y)Y +dy£g(y)(Y)Xg(Sg(y))))-
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We can use Lemma 2.3 and the fact that IIdygo;g | < CeColfl for some uniform C, Cy > 0 with respect to :
this gives on supp(x) that

YE W) < CA+1zDIY ol fllcre ComPED)

for some C, Cy > 0 uniform in y. In particular, if 8 > Cy we obtain that |Y (x F,)(y)| < C(1+ [z Y|l co
almost everywhere. Now, we claim that this function is also equal to the weak distributional derivative
Y(x F.) € H '(3_SM). As in the proof of Lemma 2.5, we need to show that, for each ¥ € CP(0-M),

/ xe VES (Y (Y) dvy, = 1im/ 0(Le/T)Y (e So ()Y duy,
a_M T—o0 Jy_m

where 6 € C°([0, 2)) is equal to 1 in [0, 1] and £ is a smooth metric on d_M as in the proof of Lemma 2.5.
Since the proof of the equality is exactly the same as in the proof of Lemma 2.5, we do not repeat the
argument. This shows that x F, € W'*°(3_M) with bound

X Fzllwrooaagy = CLF 12D fllcn

for some C uniform with respect to z. The bound || x F;llcop ) < C(1 + [zD|| fllcr also follows
immediately by Sobolev embedding.

For higher-order derivatives, it suffices to repeat this argument, noting by Lemma 2.3 that there are
C > 0 and Cy > 0 such that, for j < p+ 1, we have

ld] ()] < Ce©" and ||d]gf| < Ce™

on (3_M Nsupp(x)) \ I'¥ . This means that, taking 8 > 0 large enough depending on Cy, the argument
explained above works the same way. This proves the claimed result. O

Given x € C°(0-M), define the following function on 9_M:
Lg(2) = xe % = (2(Rg()1n)lo_m + Dx-
We will need the following regularity property.

Lemma 2.9. Let (M, go) be a smooth compact Riemannian manifold with hyperbolic trapped set, and let
p € 2N. There exists ¢ > 0 small enough and B >> 0 large enough that the following holds: setting

Ug, 1= 1{g € CP2(M, @ST*M) | 1§ — gollcr2 < &, glrom = golranm) (2-27)
as in Lemma 2.3, we have that, for W(z) = B, the map
L:Ug x (R(2) =P} 3 (8, 2) > Lg(2) =e ey € L(D-_M) C L*(3_M)
is CP~-regular. Moreover, there exists a uniform constant C > 0 such that, forall j < p — 1,

forallh e CPY2(M, @FT*M),  [19] L)@ M)l 12 < C(L+ 2D 11,0
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Proof. First of all, note by [Guillarmou and Mazzucchelli 2018, Proposition 2.1] that all metrics in a
C?-neighborhood of gy have hyperbolic trapped set and strictly convex boundary. Hence & > 0 is chosen
so that this holds. Pick an arbitrary g, € Uy, and let i € CP+2(M, ®§T*M) such that g, := g(+th € Uy,
for t € (=4, 1+ 6) for some § > 0 small. Consider the map

Fi(=8,148)x -Mx {R() =B} 3 (t.y.2) > Ly @) =D x(y),
where by convention e =%« ) := 0 when ¢ o (y) =00. Lemma 2.3 implies that F is C? in the open set
O:={(t,y,2) € (=8, 1+8) x d-Mx {R(z) =B} | y ¢ T},

and one can write 8,j] 8;2 8g3£gt (x)(y)=H(t,y,z, h)(®'h), where H(t, v, z, h) is a continuous function
on (=8, 14+8) x _M x CPT2(M, ®%T* M) with values in j;-multilinear functions on C***(M, ®5T* M)
and satisfying the following: there is C > 0 such that, for all j; 4+ j, + j3 < p and all (¢, y, z) € O,

16/'0202 L, D] = C(1 +12)/ 2P p L (2-28)

Ccpt2:

First, we observe that F' is continuous on (—3§, 1 +§) x d_M x {9i(z) = B}. Indeed, if (¢, y,) — (¢, y)
is a sequence such that £, (y,) < T for some T < oo, by Proposition 2.4 we deduce that the trajectories
MN U= @3" (y,) converge to the trajectory M N U0 @5 (y) as n — oo, and therefore £,, (y) < o0,
and so the limit point belongs to @. On the other hand, if there is no such T, this also implies that
Lg, (yn) — 00, and in turn F(t,, y,, 7) — 0 as n — oo, and (¢, y, z) belongs to the set

S:= (J =T x ) =pY.
1€(—=8,1+48)
Since £;, (y,) — 00 if (t,, y,) converge to a point in § as n — oo, we see from (2-28) that if 8 >> 1 is
large enough, the derivative H (¢, y, z, h) of F on O converges to 0 when approaching S, and can thus be
extended from O by 0 as a continuous function on (—8, 148) x I_M x {N(z) = B} x CPT2(M, @3T*M).
Next, we are going to show that F is a CP~' map, with 8;'0J20* F(t, y, z) = H(t, y, z, h)(®/'h) and
with H the continuous extension by 0 on § just discussed, and that there exists C > 0 independent of #,
t, y, z such that, for all (r,y,z) € (—=6,1468) x _M x {H(z) =P}andall ji+ jo+j3<p—1,

18/ 0207 F (¢, y, )| < C(1 + |z 2 |1 (2-29)

ciit+l-

This would prove that the Gateaux derivatives of order p — 1 are continuous and thus the function £ is
CP~! and with the desired bounds on the derivatives.

We proceed in a way similar to the proof of Claim 2.6. We will show that, for each fixed A, the
distributional derivatives of F' of order j < p are bounded and coincide with the continuous extension of
H(t,y,z,h)(®h) from O to W := (=8, 1+ 8) x _M x {M(z) = B}. First we let A be a Laplacian
associated to a fixed smooth product metric g := dr? +g- +ds?on (=8,14+8) x_M x {B+is|s eR}.
Let € C((—6,146) x 0_M x (B+iR)). We want to show that, for 2j < p,

/erzegr Ay dvg =/(9(AJF)W dvg.
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Take 6 € C°([0, 2); [0, 1]) equal to 1 in [0, 1], and write the left-hand side as

T—o0

Y2 .
lim | 6 (7g) xe e Ay dvog = lim A{(T) + Ax(T), (2-30)
w —> 00

where
2j )
AT) =) f Py (e (%)) 02—k (xe )y dug,
k=1“W

with P and Qy some differential operators of order k£ > 1 in the variable (¢, y, z) and such that P, (1) =
Qr(1)=0and

Ax(T) :=/ 0(%>(AjF)w dvg.
w

In order to show (2-30), it suffices to show that A{(T) — 0 as T — o0. The derivatives Df’ ), (0, /T))
of order k € [1, 2] are supported in {£,, € [T, 2T |}, where we can use the pointwise bound of Lemma 2.3:

there exists C > 0 such that, for all (¢, y, z) with £, (y) € [T, 2T,

|Dk O, (»)/T))| = CeClas ™ < €T,

1,y,2

Since all terms in the integrand of A; are multiplied by the weight |e A% ()| < ¢=PT we see using
Lemma 2.3 that

AN(T) = OHWC—PT)y,

Thus if B is chosen large enough we obtain that A;(T) — 0 as T — oo. We thus deduce that F WI‘Z’COO(W)

and by Sobolev embedding that F € C? —Le(w) forall o < 1. Finally, the bound (2-29) follows from (2-28)
by continuity. O

3. Symmetric tensors and the normal operator

3A. Symmetric tensors. In this paragraph, we recall standard facts on symmetric tensors on Riemannian
manifolds. We refer to [Gouézel and Lefeuvre 2021; Guillarmou 2017a; Heil et al. 2016] for further
details.

3A1. Definitions. Let (M, g) be a smooth connected Riemannian manifold with boundary. Let m € Z-y.
Let ®§T*M — M be the vector bundle of symmetric tensors over M (for m = 0 we just take the trivial
line bundle R x M — M). We will also write ®%T*M+ C ®§T* M for the open convex subset consisting
of positive definite tensors (Riemannian metrics). Since ®'¢7*M is a subbundle of the vector bundle
®"T*M — M of m-tensors over M, it inherits the natural metric g®”. Define the pullback operator

T L*(M, QRYT*M) — L2(M), 7k f(x,v) = fi (02,

where M is equipped with the Riemannian volume, ®%T*M with the metric g®" and M with the
Liouville measure . We denote by m,,, the adjoint of 7r,; with respect to these scalar products and
volume forms.
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The symmetric covariant derivative
Dy : C®(M, ®UT*M) — C°(M, @2 T*M)

is defined as D, := o o V&, where V¢ is the Levi-Civita connection induced by g and o : " T*M —
®'¢ T*M is the symmetrization operator defined as:

1
oM - Qnw) ::% Z Ny @ - @ Nr(m)>

" 7e6,

where 11, ..., n, € T*M. The operator D, is of gradient type, namely it has injective principal symbol.
Moreover, it is injective when m is odd and has kernel given by Rg®"/? for even m. It satisfies the
relation

XMy =041 Dg. (3-1)

where we recall that X, is the geodesic vector field of g. We let
D;:C®(M, Q5T T*M) — C°(M, R T*M)

be the formal adjoint of D,, which is nothing more than the divergence D;u = —Tr(V8u), where Tr(-)
is the trace operator.
Form > 1, k>0 and o € (0, 1), there exists a unique decomposition

Ch(M, ®¢T*M) = Dy(Cst"* (M, @' T*M)) &" ker D} |cha (. o7+ m1)- (3-2)

where CISH’“(M , ®Y ~17*M) denotes the space of tensors of Holder—Zygmund regularity £ + 1 4 «,
vanishing on the boundary, and the sum is orthogonal with respect to the L>-scalar product. The
decomposition (3-2) also holds in the scale of Sobolev spaces H*(M, ®¢T*M) for s > 0. We call
potential tensors the tensors in ran D, and solenoidal tensors (or divergence free tensors) those in ker D;‘.

Lemma 3.1. For m > 1, there exist bounded projections

ey : L2 (M, @§T*M) — L*(M, ®§ T*M) Nker D},

Tranp, : L*(M, @T*M) — L*(M, ®§T*M) Nran Dyl 1,
which are pseudodifferential operators of order 0 on M°. Moreover, for all f € L>(M, ®T*M), there
is a unique h € HO1 (M, ®'§1_1T*M) and fs € ker D, N L? such that f = Dgh + fs, and it is given by
nkerDfo = fy and Ty Dgf = Dgh-

Proof. The Dirichlet Laplacian DZ,‘Dg cH*(M, QST *M) N H& M, QGT*M) — L?(M) is an elliptic
self-adjoint operator which is invertible since there are no symmetric Killing tensors vanishing at 9 M by
[Dairbekov and Sharafutdinov 2010]. Its inverse (DZ,‘ Dg)_1 cH (M, QT M) — HOl M, QGT*M),
when restricted to CX°(M°), is a pseudodifferential operator of order —2 on M° by standard elliptic
microlocal analysis. We then set

. * —1 .
Tran D, += Dg(Dng) Dga Tker D} =- Id —7tran D, -

By construction, they satisfy the desired properties. O
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3A2. X-ray transform of tensors. We now further assume that the metric g is of Anosov type in the sense
of Definition 1.3. We introduce the X-ray transform of symmetric m-tensors.

Definition 3.2. The X-ray transform on the space of symmetric m-tensors is defined by I3 := I8 o ¥,
where I3 is a map from C*®(M, ®§T*M) to L*(3_M).

It is clear from (3-1) that the following inclusion holds:
k+1,0 m—1rpx* g
D,y (C, (M, Q¢ T"M)) Ckerl}. (3-3)
Definition 3.3. The X-ray transform I is said to be solenoidal injective on C** (M, ®YT*M) if (3-3)
is an equality.

In other words, I} is solenoidal injective if it is injective in restriction to solenoidal tensors, i.e., on the
second factor of the decomposition (3-2). When (M, g) is of Anosov type, solenoidal injectivity of the
X-ray transform has been proved so far in the following cases:

(1) In dimensions n > 2, when g is of Anosov type with nonpositive sectional curvature, see [Guillarmou
2017b].

(2) On all surfaces of Anosov type; see [Lefeuvre 2019a].

(3) In dimensions n > 2, on all real analytic manifolds of Anosov type, injectivity of I is proved in
[Guedes-Bonthonneau et al. 2024].

We conjecture that the following holds.

Conjecture 3.4 (solenoidal injectivity of the X-ray transform on manifolds of Anosov type). Let (M, g)
be a smooth Riemannian manifold of Anosov type in the sense of Definition 1.3. Then I3 is solenoidal

injective.

Eventually, we conclude this paragraph by the following variational formula which relates the length
map and the X-ray transform on 2-tensors.

Lemma 3.5. Let (M, go) be a compact Riemannian manifold with strictly convex boundary and hyperbolic
trapped set. Let (x,v) € 0_M\T. Let (g,)1c(—1.1) be a smooth family of metrics on M with g;|,—0 = g0,
and write h := 0;g;|;—o. Then t — £, (x, v) is Cz-regularfor small t, and

0 Lg, (x, v)|1=0 = 3 I5°h(x, V) + s, (x.0) (9 S, (x, V) |i=0),
where we recall that o is the Liouville 1-form.

Proof. First, we use the fact that, for ¢ small enough, g, must have hyperbolic trapped set by [Guillarmou
and Mazzucchelli 2018, Proposition 2.1]. Let co(s) be a geodesic for gy parametrize by arc-length, and
s+ ¢;(s) for t € (—1,1) be a C' family of curves for s € [0, Lg,(co)]. Let Y (s) := 9;¢,(s)|;=0 be the
vector field along cy(s) determined by the family (¢;);e(—1,1y. Define g := 0;8;|;=0, and denote by V the
Levi-Civita derivative defined by go.
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By definition, £, (¢;) = f(f 50(c0) g1 (05¢,(s), 95¢;(s)) ds, so differentiating we obtain

be0(€0) 200(V5,d5¢1(5)|1=0, dsco(s)) + £(dsco(s), dsco(s)) ds
[0sco(s) |go

oty (enl-o=3 [

1 [l
= 5/ 8(05c0(s), dsco(s)) ds
0
Lg (c0)
+ / (95 (80(3rci(5), sy ())) =0 — 80(3r¢1 (5)]1=0, Va, dsco(s))) ds
0 D
=0

1

EgO(CO) N
= 5/0 £(0,¢(5), 3,c(9)) ds + go(Y (5), dyco(s)|” . (3-4)

Here we used that [dsco(s)|, = 1 since the parametrization of ¢ is by arc-length, and that Vj, d; = V, 0,
(this is seen on the pullback bundle ¢*T M of the tangent bundle by the family ¢ since the connection is
torsion-free and [d;, ds] = 0). In the third line, we used the compatibility of gg with V, and the last term
is zero since Vj d5co(s) = 0 is the geodesic equation.

If (x,v) € 3_M \ T'*, then, for ¢ small enough, (x, v) ¢ I'* by Proposition 2.4 and £, (x, v) is C?
near t = 0 by Lemma 2.3. Then we get, from (3-4),

. v
0ilg, (x,V)|1=0 = %Iégo(g)(x’ v) +g0(at (n ° Sg, (x, [v] )>
8t
=dmod; Sg, (x,)]s=0

= 15 (2)(x. v) + s, (v,0) (3 S, (X, V)=o) 0

’ Sg()(-x’ v))

t=0

3A3. Solenoidal gauge. The following lemma asserts that any metric in a neighborhood of a fixed
metric go can be put in a solenoidal gauge.

Lemma 3.6. Let (M, go) be a smooth Riemannian manifold with metric of Anosov type, and let k > 2 and
o € (0, 1). There exists C, § > 0 such that the following holds: for all metrics g such that ||g — gollcke <6,
there exists a C*1-2 diffeomorphism \r, with |9y = 1d, such that y*g is divergence-free with respect

10 go, namely Dy (¥*g — g0) =0, and |[¥*g — gollcre < ClIg — gollcre-
Proof. The proof is contained in [Croke et al. 2000, Lemma 2.2]. O

3B. Normal operator. Let (M, g) be a smooth Riemannian manifold with metric g of Anosov type. The
normal operator on m-symmetric tensors is defined by

I8 = (I5)*IS.
It enjoys strong analytic properties, as proved in [Guillarmou 2017b]:

Proposition 3.7. The operator Ty, € W~ (M°, ®'s T*M°®) is a pseudodifferential operator of order —1
on M°. It is elliptic on solenoidal tensors, in the sense that there exists pseudodifferential operators Q,
Ki, Kgr on M° of orders 1, —oo, —oo, respectively, such that

Qnygn:nkeng'i‘KL’ HiQ:nkerD;'i'KR’
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and the equalities hold when applied to all distributions f € £'(M°, ®§T*M°) with compact support
in M°. The operator Q can be taken to be properly supported in M°. Moreover, T3, is solenoidal
injective, i.e., injective in restriction to ker D*, if and only if the X-ray transform I} is solenoidal injective.

We now prove an elliptic estimate for the operator I15,. Recall from Section 2C that (M,, g)D (M, g)is
a Riemannian extension of the manifold (M, g), which is also of Anosov type in the sense of Definition 1.3.
We will denote by

Eo: L* (M, ®YT*M) — L*(M,, ®¢T*M,)
the operator of extension by O.

Proposition 3.8. Let (M, g) be a manifold of Anosov type, and further assume that 12g is solenoidal
injective. Let (M,, g.) be an extension of Anosov type of (M, g). Then, there exists C > 0 such that, for
all f € L*(M, ®%T*M) Nker D},

I f 22y < CITIS Eo fll g1 ag,)-

Proof. It will be convenient in the proof to consider a second extension of Anosov type (Mee, gee) D
(M., g.) and to work on it. The argument follows [Stefanov and Uhlmann 2004]. The operator Hg”
is a (not properly supported) pseudodifferential operator of order —1 on M,.° which is elliptic on
solenoidal tensors. By Proposition 3.7, we can construct a properly supported pseudodifferential operator
Q e WI(M2,, ®:T*M¢,) such that

Qngee = nkerDZj +K,
ee

where K € W™°°(M;,) is smoothing. We let ¢ : M, < M,, be the embedding. Observe that, taking a
cutoff function x € CS°(MJ) with value 1 in an open neighborhood of M, we get

o QH§“ Eo = (*myer D;,, Eo+*KE
= Tker Dz, E0 + X (U Tker Dz, — Tker Dz, ) X Eo + " K Eo + (1 — X) (" Tker Dz, — Tker 0z, ) Eo.
By the pseudolocality of pseudodifferential operators (they preserve the singular support of distributions),

the term (¢*Tyer Dz, — Ter D;E)Eo maps continuously L? sections to sections that are smooth outside M,
and thus

(1= ) xer D3, — Ther oy, ) Eo : L2(M, @5T*M) — L*(M,, ®5T*M,)

is a compact operator. As for the term y (¢*7Tyer D, — Tker D, )x, we observe that it has Schwartz kernel
supported in the interior of M., x M,,. It is a priori a pseudodifferential operator of order O, but its
principal symbol vanishes (see Lemma 3.1) and thus it is a pseudodifferential operator of order —1, i.e., it
is compact as a map L*(M,) — L*(M,). (We now drop the notation of the vector bundle in the functional
spaces in order to avoid repetition.) As a consequence, we see that, up to changing the compact remainder,

QM5 Eg = Ter p;, Eo+ K, (3-5)

where K is compact as a map L>2(M) — L*(M,).
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Given f € L*(M) Nker D}, by Lemma 3.1 we may write Eq f = Dgp+h, where p € H'(M,, T*M.,)
and ploym, =0, h = myer D:, Eyf. Now, using (3-5), there is C > 0 independent of f such that

I f 20y = 1E0 fll 20,y < I70ker Dz, Eo f Il 22(01,) + 1 (0d —Tker D2 ) Eo f Il 12(01,)
< IQN5* Eo fll 2cm,y + 1K fll 2 0a,) + 1 Dg, PNl 2200,
< CUIMS* Eo f 1 aa,,) + 1K f 220,y + 11 Dg, Pl 220, (3-6)

It remains now to bound the potential term D, p. We have

”Dggp”Lz(Me) = ”Dgep”Lz(Q) + ”Dgp”Lz(M)» (3-7)
where Q := M, \ M°. We observe that, on 2, Dgp = —h = —myer Dk, Ey f. Hence, using (3-5), we get

I1Dg, Pllz2 @) < 16°QT5 Eo fll o) + 1K fll 20 (3-8)

The boundary 02 = M, LI M splits into two components. We define v to be the outward-pointing
unit normal vector to 92 and j := plyy. In M, we have D;, f =0 = Dgh + D;Dgp = App, where
Ap = Dz D, is the (symmetric) Laplacian on 1-forms. Hence, in M, p satisfies the elliptic system
App =0, ploy =j € H/>(OM, ®§T*M) (by the trace theorem), so by standard elliptic estimates
[Taylor 2011, Chapter 5, Proposition 1.7], we get || pll g1ary S 111l m/2am)- Observe that the H'-norm
in M can be defined by (| pll g1ary := 1 PIlL2r) + 1 Dg PllL2(ar)- As a consequence, using the boundedness
of the trace map H'(Q) — H'/?(3R2), we get (for some C uniform that can change from line to line)

1 Dgplli2ny < Clipllarany < Cllillarzem < Clipllai e < CUIPI2@ + 1Dg. PlliL2 )
< CIplirzq) + 1" QN5 Eo fll 12y + 1 K fll 12 (0) (3-9)

by (3-8). It remains to bound || p|;2()- Recall that Dyp = 7ran p, Eo f, and by pseudolocality of
the pseudodifferential operator .y, D, (see Lemma 3.1) we get that p|q belongs to C*(R2, T*R).
For any point (x, v) € S, there is a uniformly bounded time 7 (x, v) (possibly negative) such that
7T (@7 (x,v)(x, v)) € IM,, and using that p vanishes on dM,, we can thus write, using (3-1),

7(x,v) T(x,v)
I p(x, v)| = / (X P) (g (x, v)) dt / () Dy, p)(@;° (x, v)) dt|.
0 0

This equality implies that || p||;2q) < Cl|Dg, pll12(q)- Hence, combining (3-6) with (3-7)—(3-9), we get
that, for all f € L*(M, ®3T*M) Nker D}, the following inequality holds for some uniform C > 0:
I 2 < C(||H§“E0f||H1(Mge) +IKf N 2m,))>

where K : L*(M, ®§T*M) — L*(M,, ®§T*Me) is compact. The solenoidal injectivity of H§ on M
implies that Hg“ Ey is also solenoidal injective (see [Lefeuvre 2019a, Proof of Lemma 2.3] for instance)
and thus by standard arguments, one can remove the compact remainder K from the previous inequality.
Hence there is uniform C > 0 such that

12y < CITIS Eo f | 11 (at,e) -

The claimed estimate is proved by observing that in the above proof one can replace (Mee, gce) by
(M., g.), and (M., g.) by a slightly smaller manifold (M, g,) of Anosov type containing (M, g). O
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4. Local lens rigidity, proof of the main result
In this section, we prove the main Theorem 1.8.

4A. Key estimate. The goal of this paragraph is to show the following key estimate.
Proposition 4.1. Let gg be of Anosov type. There exist C, ¢, i, N > 0 such that, for all smooth metrics g
such that glyy = golam, 118 — gollen < &, and (Lg, Sg) = (Lg,, Sg,), we have

1
115°(g — g0)ll 22 < Cllg — goll "

In order to prove Proposition 4.1, we are still missing one ingredient, namely, the following C>-regularity

of the scattering operator.

Proposition 4.2. Let (M, go) be a smooth compact Riemannian manifold with strictly convex boundary
and hyperbolic trapped set. Let x € C(0-M, [0, 1]) be a smooth cutoff function. Then, for each
w € C*®(0: M), the map

C®(M, R3T*M) 3 g > xSy(w) € HS(_M)
is C2-regular near go. As a consequence, there exists C, N > 0 large enough and 8 > 0 such that, for all
geC®M, ®§T*M) with ||g — gollcv < 8, the following holds:

1S @) = XS0y (@) + X 8eSe(@)lg=go (8 = 80) 1150wy = CIg = 8ollEwippgzrony: @D

Since this result is quite technical, its proof is postponed to Section 5. In the following, we will write
h := g — go. Using a complex interpolation argument, Proposition 4.1 is actually a direct consequence of
the following technical lemma, which gives weighted estimates on the X-ray transform of g — go.

Lemma 4.3. There exist C, ¢, 6, B, N > 0 such that, for all smooth metrics g such that g|lam = golom,
||g - gOHCN < 8’ and (Zga Sg) = (Eg(p Sg())’ we have? forh = g - g()’

Clhlley  forall z € iR—S8,

4-2
Cllh|Zy forallz € iR+ B. (4-2)

1L +2) e 0 Ll ooy < {
We now show that Lemma 4.3 implies Proposition 4.1. The rest of Section 4A is devoted to the proof
of Lemma 4.3.
Proof of Proposition 4.1. By the Hadamard three-line theorem applied to the function
2> (1+2) e 1f(h)
(which is bounded in %(z) € [—8, B] with values in L?(d_M) C H~®(d_M)), Lemma 4.3 implies that
1
125 R 1l e o_aty < CllRll Ny,

for some constants C, u > 0 independent of & (note that ; depends on é and 8). By Lemma 2.5, there is
C > 0 and s > 0 depending on gy such that (for N > 2)

II5°R o my < CllRIen -
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S(2)
A
Op-s(lhllcn) Oy (Il " Op-s(Ih%x)
» N
—5 0 B> 1 ')

Figure 3. Estimates on f(z) = e e Ifoh in (4-2). For z on the left blue line we have
a “volume estimate” of f(z), while for z on the right blue line we have a “microlocal
estimate” of f(z). For z on the middle red line, we have the interpolation estimate
obtained in Proposition 4.1.

Interpolating L*(d_M) between H®(d_M) and H*(d_M), we deduce that there exists i’ > 0 and
C > 0 such that

1!
15 Rl 2a_pay < CURI N g - O

We now start with the proof of Lemma 4.3. See Figure 3: on {!i(z) = —§} the bound will follow from
an estimate on the volume of long trajectories, while the estimate on the line {}i(z) = 8} may be thought
of as a “microlocal estimate” since it crucially relies on the Taylor expansion of g — S, obtained in
Proposition 4.2.

The first bound in (4-2) for z € iR — § follows directly from the following stronger bound.

Lemma 4.4. There exists 6 > 0 small enough and C > 0 (depending on &) such that, for all h €
CO(M, @3T*M),
le®0 Il 125 pay < Cllllcoqu)-

Proof. For y ¢ T'*°, we have |I§°h(y)| < ||hllcol€gy(¥)]. Thus
e L 2_pty < 1120 L, ll 20y 12l o,
which gives the result by (2-10) if § < %Q g0- O

We now study the second bound in (4-2). Let x € C°(0-M, [0, 1]) be a smooth cutoff function. First
of all, near the boundary, we have the following:

Lemma 4.5. There exist C,e > 0 and x € C*(0-M, [0, 1]) such that 1 — x? is supported near the
boundary of d_M, such that if ||g — gollcy < € and (g, Sg) = (g, Sg,), then

1= xRkl Lo @_ry < CllAIZ -
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Proof. This follows from [Stefanov and Uhlmann 2004, Section 9] as we have the following Taylor
expansion for x, x’ € dM close enough:

dg(x,x") = dgy (x, x") + S I5°h(x, x') + Ty(x, x),

with the bound |7, (x, x")| < C||h ||2C1d80 (x, x"), where C > 0 is a uniform constant depending only on go.
Since the metrics have the same lens data, they also have the same boundary distance function for
x, x" € M close enough, that is, d, (x, x") = dg,(x, x"), which easily implies the claimed estimate when
1 — x?2 is taken to have support near the boundary of 3_M (i.e., close to short geodesics). O

Using the continuous embeddings L*°(d_ M) — L?*(0_M) — H%(H_M), from Lemma 4.5 we
deduce that

(1 +2)7Te ™ 0 (1= xRl oo sy < CllAlIGw (4-3)
for all z € iR + B. It thus remains to prove the following estimate to deduce the second bound of (4-2).
Lemma 4.6. There exist C, e, B, N > 0 such that if ||g — gollcy < & and (g, Sy) = (Lg,, Sq,), then, for
h:=g—goandforall z€iR+ B,
I +2) e 0 ) Il oo _aay < CllR G-
Proof. We let 15_ : 3_M — M be the inclusion map. For 8 > 0, we consider the space
Eg:=C)(B+iR, L*(3_M)), (4-4)

where C,()) denotes the vector space of bounded continuous functions, equipped with the L* norm. It is a
Banach space when equipped with the norm
IFllegs := sup [[F(@)lr20_rm)-
z€B+IR
Then, for z € C with R(z) = B large (it will be adjusted later), we define for Uy, the neighborhood of go
introduced in (2-3) (with p = N —2):
) (I— e_dg)
F:Ugp38> F(@)2):=0+2)""x — € Eg, (4-5)

where the value at z =0 is set to be x?£,.
First, the function F is C? by Lemma 2.9 by taking N > 5. We compute its Taylor expansion in the
space Eg: for some N large enough, g close enough to go, and & := g — go,

X2€—z€g0 5
F(8)(2) — F(go)(z) =m(ag£g)|g=go h+ O myUlRlen)
2,z
xPe
o (5158000 + s, () B Se(lgmg ) + Op2a_pn (WhlZ0),  (4-6)

and the remainder is bounded uniformly in z (by Lemma 2.9 again), where we use Lemma 3.5 in the
second line (recall « is the Liouville 1-form). If £, = £,,, we obtain in particular F(g)(z) — F(go)(z) =0,
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thus
Xze’dgo

(1+2)7

1
(515200 + 5, () B Se(lgmgy 1)) < Cllhl%y. (4-7)

L2(3_M)

sup
zep+iR

Note that, for 9i(z) = B > 0, as a consequence of (2-19), we have Xze_zego If" (h) € L>(d_M), thus, since
by Lemma 2.9 we know that 0, F(g)(z)|g=g, -/ € L?(3_M) if B is large enough, we obtain that

X5, (05 Sg () g=gy -M)e %0 € L*(3_M).
We now claim the following lemma, the proof of which is deferred to the following paragraph.

Lemma 4.7. There exist C, &, B, N > 0 such that if ||g — gollcv < & and (Lg, Sg) = (Lg, Sg,), then, for
allz €iR+ B and h = g — go,

1+ 2) 77 x Pt () (0g Sgo ()lg=go - me 0 || r-s(a_rt) < Cllllgn-
Using (4-7) and Lemma 4.7, we deduce that, for all i (z) = g with 8, N > 0 large enough,

sup |1+ 2|7 X2 (e 0 || g5 v

zep+iR
< sup |14zl e, () (9 Sgo (+)lg=go - e | g-sa_rg) + Cllllen < Cllhllgy,
zep+iR
where the constant C > 0 changes from line to line. This concludes the proof of Lemma 4.6. g

Proof of Lemma 4.7. Taking a finite cover of M = | J; U;, a partition of unity ) ; x; = 1 subordinate to
that cover, we may write

a=Y ady?” (4-8)
ij

o))

where o, yl.(j e (M) are smooth functions compactly supported inside U;, and thus, for y ¢ I'*°,

we have
2 3.8 h —ngo(y) _ 2 ) S d ) 9.8 h —ngo(y)
X205, () (D Sgy (V) [g=go - e =12 ) (S (MY, 9 S () |g=go - h)e
iJj
= xSe (@) (e 00 58,8 (3 Mlgmgy b (4-9)
ij

First, taking 8 > 0 large enough, we can ensure by Lemma 2.8 the existence of a constant C > 0 such
that, for all z € iR+ 8 and for all i, j, one has XSgoal.(j)e_dgo € C%(9_M) with the uniform bound

1+ 2) 7 xSy (e ™0 [l coa_pgy < C (4-10)
We now let f € C*°(M) be one of the functions yl.(j ) in (4-8). By Proposition 4.2, we have
Xng = XSgof + Xagng|g=go h+ OHfﬁ(a_M)(”h”%N)-

(The constant in the O notation depends on the function f, but there are only finitely many functions yl.(j )
considered in the end so the constant will be uniform.) Now, using that the scattering relations are the
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same, i.e., Sg = Sg,, we have xS, f = xS, f, where the equality holds in L>°(d_M) and hence in
L?(0_M) C H %(3_M). As a consequence, we deduce that
1% STy lg—go - Ml =50 aty < CllBIEw - (4-11)
Using both (4-10) and (4-11) in (4-9) and the continuity of the multiplication
COO_M) x H0(_M) 3 (u, v) = uv € H*(H_M),

we deduce that, for some C > 0,

11+ 2) et () (g Sgo ()l g=go -0 | g=sa_rty < ClIRlI G-
This concludes the proof of Lemma 4.7. 0

4B. End of the proof. We can now complete the proof of Theorem 1.8.

Proof of Theorem 1.8. Assume that (£,, Sg) = (€4, Sg,) and g is close enough to go in the C N_topology.
By Lemma 3.6, we can find a diffeomorphism v such that v |53 = Idsp and g’ := ¥ *g is solenoidal with
respect to go. Moreover, (£g, Sy) = (€g, Sg) = (£g, Sg,). Also note that ||g" — gollcv < Cllg — gollcw
for some uniform C > 0 (depending on go).

Writing & := g’ — go, Proposition 4.1 implies that

1R 2 < CllAll " (4-12)

Now recall that, for any & > 0, the adjoint (/5)*: L? — LP® C H~¢ is bounded (here p(¢) < 2 and
p(e) = 2 as ¢ — 0); see [Guillarmou 2017b, Lemma 5.1 and Equation (5.3)].
By (4-12), and since 1'[3’0” is of order —1 (by Proposition 3.7), and Egh has regularity H'!/2~¢ for any
e > 0, we conclude that, for any ¢ > 0, where C > 0 changes from line to line,
IT5™ Eohll - = [(13*)* I3 Eoh|l g« < C|[15* Eohll ;2 < C||I5°h| 2 < CIIhIIICJL“,
ITIS™ Eohll gso-e < CllEohll gz < Cllhlicn.

By interpolation in Sobolev spaces, we obtain from these two estimates that, for some (different) C, u > 0,

e 1
ITIS* Eohl ;< ClIAll oy

Applying the elliptic stability estimate for solenoidal tensors of Proposition 3.8 (using that our assumption
implies that If" is solenoidal injective), we get

e 1
IRllz2 < CITIS™ Eoh |l g1 < Cllhll o
By interpolation, we then obtain, for some (much larger) other integer N € N,

172 < Clkli2Wkllgy < Cllkliz2llg — gollgn-

If |g — golley < (1/C)YH, this implies that & = 0, namely g’ = ¥*g = go. O
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5. Smoothness of the scattering operator with respect to the metric

The goal of this section is to prove Theorem 1.10 and to derive Proposition 4.2 as a corollary. Theorem 1.10
will follow directly from Theorem 5.14 and Lemma 5.21 below. The scattering operator S, can be
expressed purely in terms of the resolvent R, of X, thanks to Lemma 2.7. Thus, in order to analyze
the map g — S,, we shall study the regularity of the map g — R,, in adequate functional spaces. Since
working with g, or g is equivalent (they share exactly the same properties), we shall consider R, for
simplicity of notation. The construction of R, is done using microlocal methods as in [Dyatlov and
Guillarmou 2016], but we need to understand the g-dependence in the construction. We fix a metric of
Anosov type go on M and we denote by X its associated geodesic vector field on M. We will consider
the resolvent of X if X is any smooth vector field that is close enough to Xy in C 2(M, TM). We refer
to Section 2C3, where the notation for the cotangent bundle is introduced.

5A. Construction of the uniform escape function. In this paragraph, we construct a uniform escape
function, i.e., an escape function* for X, which is also an escape function for all vector fields X that
are sufficiently close to Xg. We will use an idea of [Bonthonneau 2020] in order to obtain an escape
function adapted to all flows X close to X. Denote by S* M := (T* M\ {0})/R™ (and similarly S*\)
the spherical bundle, by k : T* M — §* M the quotient projection, by 7 : S*A — N the footpoint map,
and recall that X is the generator of the symplectic lift of ¢; defined in (2-12). Finally, recall that pg > 0
is the constant of Section 2A2 used to define the extension M., and that )~(0 is some initial extension of
the vector field from M to A (which does not need to vanish at {p = —pg}).

Proposition 5.1. There exist a smooth function m € C*°(S*N, [—1, 1), invariant by the antipodal map
(x, &) — (x,—=&), and § > 0 such that, for all vector fields X € C*°(M, T M) such that
I1X = Xolle2om, 70 <6,
the following hold:
(1) m = 1 in a neighborhood of (EX)* Nm~1(M).
(2) m = —1 in a neighborhood of (Ejf)* Nz~ 1(M).
(3) supp(m) N 71 (M) is contained in a small conic neighborhood of (EX)* and (Ef)*.
(4) supp(m) C {p > —2p0}.
(5) supp(m) N {p = —po} N (Xop = 0} = @.
6) Xm <0.

The fact that X and X, are C2-close will ensure that the structural stability Proposition 2.4 applies.
The function m will be constructed as

m=m_—my+n T -7 x4, (5-1)

4A function decreasing along the bicharacteristics of the symplectic lift of X to the cotangent bundle.
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,/'{,0 = —2pp}

Figure 4. A schematic representation of the various sets and functions appearing in
Lemmas 5.10 and 5.11. The disks represent (respectively, from the center to the outer
disk): the trapped set K of X, the manifold M, the set {g = 0} (in light gray) defined
in Section 5B, the extended manifold M,, the set {p > —pg}, the set {p > —2p¢}. The
support of the functions m, x4, m_, x— are depicted, respectively, in: dark red, light
red, dark blue, light blue. The flowlines of X are represented in black with arrows
indicating the flow direction.

where m are smooth functions with support near (Ei‘ )* and taking value 1 on (Ej_f)*, X+ are smooth
functions with compact support in a slightly larger neighborhood of X, (defined in (2-13)), and n > 0
will be a small parameter chosen small enough in the end. We refer to Section 2C3 where all the previous
notation are defined. The proof being rather technical, we advise the reader to have in mind Figure 4,
where the various sets and functions of the construction are depicted.

Remark 5.2. More generally, one could construct a function m taking any positive (resp. negative)
constant value near (EX)* (resp. (E¥)*) but this will not be needed.
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S5A1. Uniform cone contraction. We start with some technical lemmas on the contraction of cones
in T*M. In order to abbreviate notation, we will sometimes write X ~ X if || X — Xg|| -2 < §, where
6 > 0 is some small constant which will be chosen later. In what follows, we will use the notion of conic
neighborhoods of conic sets in 7*A \ 0, which may be identified with neighborhoods on the spherical
bundle $*N. First of all, we have:

Lemma 5.3. Let U be an open neighborhood of the trapped set K*°. Then, there exists § > 0 and T > 0
such that, for allt > T and all smooth vector fields X such that || X — Xollc2m,7Mm) < 6,

v, X0, XN eM, = yel.

Taking X ~ X, close enough in the C>-topology, we can ensure that ¢/ is also an open neighborhood
of (Jy~ x, K X by the structural stability Proposition 2.4.

Proof. We argue by contradiction. Assume that we can find sequences (7;) ;> such that 7; — +o00,
(X;)j=1 such that X; — X in C*(M, TM), and (¥j)j=1 such that y; € M,, (pf?j(yj) € M, and
(p%(jf (yj) € M., but y; ¢ U. By compactness of M,, we can always assume, up to extraction, that
Yj = Yoo € M. But then yo, € KX, which contradicts ye ¢ U. O

We now show the existence of small conic subsets in 7*M, independent of the vector field X, on
which the differential of the flow (¢;¥);cr is exponentially expanding/contracting. This may be compared
to [Dyatlov and Guillarmou 2016, Lemma 2.11].

Lemma 5.4. There exist § > 0 small enough, constants C, T, . > 0 and small open conic neighbor-
hoods UL of UX~X0(Ei()*’ such that, for all X with | X — Xol|lc2 < 6, the following holds: for all
(y,&) € Uy, forallt > T such that y, (pi(,(y) e M.,

foralls €[0,t —T], e=X(y,&)eUs  and, foralls<c(0,1], |eFX(y, &) > Ce™|E|.

Proof. We prove the lemma for the outgoing (4) direction, the proof being similar for the incoming (—)
direction. Fix arbitrary small conic neighborhoods IAJIf) € ﬁfrl) of (Ejf“)*. By hyperbolicity, there is a
Ty > 0 large enough such that the following holds: forall (y, &) € Tlfjr(o M.N ﬁfrl) such that y, (p;? (y) e M.,
one has

N0y, &) e TH M NTY, ("%, )] = 10[g].
+
By continuity, there exist small neighborhoods UJ(rj ) of ﬁif ) such that the following hold:

(1) The neighborhoods are chosen so that n(UJ(rl)) S n(Uf)).

(2) Letting W := n(UJ(r])), one has Uf) NWw efiver UJ(FI) N W, in the sense that, for all y € W, we have
UPnTiM, € U NTM..

(3) Forall (y,&) € US" such that y, ¢7°(») € M.,
Xy, 5y eU?, 11X (y, £) = 5]

(4) There is a time T} > Ty such that, if y € 7(U?) \ 7 (U'), then ¢ (y) ¢ M, forall t > T.
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By continuity, this can be achieved so that points (1-4) also hold for all smooth vector fields X such
that || X — Xol|c1 <6, where § > 0 is chosen small enough. We will actually choose || X — X¢||c2 <4,
where 6 > 0 is chosen small enough: by the structural stability Proposition 2.4, we can then ensure that
the neighborhoods Uf) also contain (E f )* for X ~ X, in the C2-topology.

We set U, := Uj(Ll) and 7 := 3T}, and we claim that these satisfy the required properties. Take
(y,8) e Uy suchthaty e M., ¢;(y) e M, and t > T. Write t =k, Ty +ry, with ky € Z>1, r1 €10, Ty),
and (k; — )Ty = koTp + ro, with kg € Zzo, ro € [0, Ty), that is,

t =koTo+ T +r1 +ro.

Note that 71 +r;+rog <371 =T.

For all s € [0, koTy], one has <pSX (v, &) € n(UJ(rl)) and (y, &) € US). Indeed, otherwise, we would get,
for some s, € [0, koTpl, that ¢ (v, &) € T(UP) \ m(U"), but then ¢, . (¥) ¢ M., which contradicts
the fact that X (y) € M, since

se+ Ty < (ki —1D)T1 +Ty =kTy <t.
Then, using the uniform lower bound |eT1T70+ )X (y £)| > Cy|&|, we obtain
e X (y, &) = |eTHotmX Xy y £)] = Co5©IE| = Ce 5]
for some constant C > 0 and A = log(5)/Tp. O

We now let V. be a small conic neighborhood of | .. x,(E f )* contained inside U, i.e., V4 € U,. It
will be convenient to use the following operation on the category of fibered conic subsets: if V C T*A is
an open conic subset, define the fiberwise complement of V as

Vi = (7. §) e T*N |y ex(V), £ € VENTIN),
where the superscript  denotes the set theoretic complement.

Lemma 5.5. There exists 6 >0and T >0, and V_ := (W_)Cﬁb“, where W_ is a small conic neighborhood
of UXNXO(Ef)* ® (E())()*, such that, for all X with || X — Xollc2(m. 7.0 < 9, one has eTXV_eVv,.

The same lemma can be proved by reversing the direction of X, i.e., by swapping the roles of E*
and E7.
Proof. We fix an arbitrary open conic set V_ near 7 ~' (K *0) such that V_ N ((EX*)* & (E(;(")*) =o.In
restriction to 7 ! (K %0), hyperbolicity ensures the existence of a time 7 > 0 such that

o V_na (kX)) e Vo na T (KX0).

By continuity, this also holds for an open conic neighborhood V_ by taking 7w (V_) to be contained inside
a small neighborhood of K*° (whose size depends on T'), and it also holds uniformly for all vector
fields X such that || X — Xp||c2 < § if § > 0 is taken small enough (depending on T') by using the stability
result of Proposition 2.4 and choosing § > 0 small enough that | Jyy, K* C 7(V_). O
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In order to simplify notation, we will write ¢ = (y, &) for a point in T*N and px(x, &) := £(X) for
the principal symbol of —i X. From Lemmas 5.4 and 5.5, we deduce:

Lemma 5.6. Let Q2 be a small conic neighborhood of UX~X0{pX =0} in T*M,. There exist § > 0 and
T > 0 such that, for all X with | X — Xollc2omrmy <dandt > T, if ¢, eX() e QNT* M, \ {0}, then

t
f 1y, v (X (@) ds >t —T.
0

In other words, the flowline of ¢ spends at least a time ¢t — 7 in U U U_, where there is some uniform
contraction/expansion.

Proof. We use the sets Uy and Vi defined in Lemmas 5.4 and 5.5. Note that 7 (V1) C n(Ux) by
construction, and we set I := 7 (Uy) Nw(U~). We introduce the following constants:

(1) Let Ty > 0 be the time provided by Lemma 5.3 applied with the open neighborhood ¢/ of K*° and
such that, for all X with || X — X2 <8, for all # > Ty and y € M, such that ¢X (y) € M., one has

{0X(y) |'s €[To, t — Tol} C U.

(2) Let T7 > 0 be the time provided by Lemma 5.4.
(3) Let 7> > 0 be the time provided by Lemma 5.5 such that e>XV_ e V.

Take a point { € QN T*M, \ {0} such that e'X(¢) € T* M, for some t > 2Ty, that is, X (7 (¢)) € U
for all s € [Ty, t — Tp]. We treat different cases:

Case 1: Assume that e70X(¢) e U_. If ¢$X(¢) € U_ for all s € [Ty, t — Ty, then the claim holds
for ¢ and T = 2Ty. If not, there is a time s, € [Ty, t — Tp] such that eS*X(C) € V_ and eSX(g“) eU_
if s € [Tp, s,]. By Lemma 5.5, we then deduce that ¢’ := ¢®+™X(¢) € V, € U,. Observe that
¢’ e Uy and e~ ADIX (7Y € T*M,. If t — (s, + T») > Ty, from Lemma 5.4 we deduce that, for all
s € [Ty, s,] U sy + Tp,t — T1], we have eSX(g“) € U_ U U4, that is, the flowline of ¢ spends at least
t — (Ty+ T, + 1) time in U_ U U,. Thus, the claim holds with T :=Ty+ T+ T5. If t — (s, + T») < Ty,
then the flowline of ¢ has spent a time at least s, — Top >t — (Ty + T1 + T») in U_, and the claim holds
with the same time 7 defined previously.

Case 2: Eventually, if 70X (¢) ¢ U_, then ¢70X(¢) € V_, and the claim is also straightforward, following
the previous arguments. g

Eventually, we will need the following lemma.

Lemma 5.7. Let W_ = W' N (WZ)Cﬁb“, where W' and W' are conic neighborhoods of w~'(K*X°)
and (Efo)*, respectively. Let W be a small conic neighborhood of (Efo)*. Then, there exists T > 0
such that, forallt > T, we have e~ Xow_n W, =a.

By small for W, it is understood that W, N ((E.*)* @ (EX*)*) = 2.

Proof. This follows from the fact that there is a uniform time 7" > 0 such that, for each (y, £) € W_, either
p((pi(? (y)) <O forall t > T, or e~"Xo(y, &) belongs to a small conic neighborhood of (Eé(())* @ (Eifo)*
for all t > T, by the same argument as in Lemma 5.5. O
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SA2. Construction of my. In this paragraph, we construct the functions m 4 involved in the expression
(5-1) of the escape function m. We introduce a smooth function mg € C*°(S* N, [0, 1]), invariant by the
antipodal map (x, &) — (x, —&), such that my = 1 in a small neighborhood of K((E,i( 0y*) over K*° and
mo = 0 on the complement of a slightly larger neighborhood of « ((E X %)*). We will need the following.

Lemma 5.8. Forall T > 0 large enough, the following holds:

{ g, eT™0(r) € S* M,
mo(¢) <1

Proof. We argue by contradiction. Assume that there exists

= forallt €[T,3T], mo(e X)) =0.

* an increasing sequence of values (7)ez., such that T; — +oo,
* a sequence of points (¢;) jez., such that ¢;, eT-fXO({j) € §*M, and my(¢;) < 1, and
« a sequence of values (§;) jcz., such that §; > 7; and mo(e*SfXO(g“j)) > 0.

By compactness of $* M., up to extraction, we can always assume ¢; — {oo. Observe that o, € n (K Xo)

as Tj — +o0: indeed, since Tj — oo, we have that (s € 71 (I'X0); if {o € 7~ 1(T X0\ KX0), the exit

—Sj

time from M in the past of { is finite and since S; — +00, mq(e Xogr ;) > 0 and m( vanishes outside

of M, we would get a contradiction for j > 0 large enough.

Since mo(¢;) < 1 and mo = 1 near K((Efo)*), we can find V_, a small neighborhood of 7 (K X0)
whose closure is not intersecting (EX*)* and such that £s, € V_. Let V. be a small neighborhood of
supp(mo). By Lemma 5.7, there is 7 > O such that, for all t > T, e Xoy_n V4 = &. In particular, for
J = 0 large enough, ¢; € V_, and thus e 5i%o (¢j) ¢ V4, that is, mo(e5i%o (¢;)) = 0. But this contradicts
mo(e~5i%0(£;)) > 0. 0

We then set, for T > 0 large enough satisfying Lemma 5.8,

. 1 3T X,
mi(¢) =57 /. mo(e""(¢)) dr. (5-2)

Lemma 5.9. The function my € C*°(S*N, [0, 1]) satisfies the following properties:

(1) my =1 near (EX°)* N =1 (M,).
(2) supp(my) C n_1(2+) and supp(m) is contained in a small neighborhood of (Efo)*.

(3) Xomi > 0on 7~ (M,).

(4) There exist g, 89 > O such that, if ¢ € 1~ (M,) and ‘ml(g) — %| < &9, then Xom(¢) > do.
Proof. We prove each point separately.

(1) and (2) Taking T > 0 large enough in (5-2), the first two items are immediate to check.
(3) For ¢ € T*M,, we have

1
Xom(¢) = ﬁmo(e—”%;)) —mo(e>TX0(2))),
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and we want to show that Xom; > 0 on 7' (M,). Observe that if mg(e~7X0(¢)) = 1, then the claim
Xom1(¢) > 0 is immediate. We can thus assume that mo(e~7%0(¢)) < 1. If e~ TXo(z) ¢ 7=1(M,), then
mo(e~TX0(z)) = 0 and, by convexity, mo(e 37 X0(¢)) =0 and Xom(¢) =0. If e TX0(¢) e 7~ (M,),
we can apply Lemma 5.8 which implies that mo(e_3TX°(§)) = 0, and thus we also obtain Xym(¢) > 0.

(4) In order to show the last item, it suffices to show that, on the compact set
{(Xom =0} N7~ (M),

one has |m1 - %\ > g1 for some positive g; > 0, that is, the continuous function |m1 — %| does not vanish
on this set. Let ¢ € 7~ !(M,) be such that Xom(¢) = 0. Then mg(e~7%0¢) = my(e =37 Xo¢).

Assume that mo(e TX0¢) < 1. If e X0z ¢ 71 (M,), then, by convexity of M., e Xty ¢ (M,)
for all t > T, and thus m(¢) = 0, that is, |m| — %| = % # 0. We can thus assume that e~ 7X0(¢) €
77" (M,). By Lemma 5.8, we get that my(e37%0(¢)) = 0 = mo(e"TX0(¢)). Lemma 5.8 also gives us
that mo(e_’x(g)) =0 for all r € [2T, 3T]. As a consequence,

1 3T 1 2T
mi(¢) = ﬁ/ mo(e™ X0y dr = o | mo(e7M0g) dr < 3,
T T

s0 |m1(¢) — 5] #0.

‘We now assume that
mo(e”TX0(¢)) = 1 = mo(e3T*0(¢)).

We claim that mo(e_’XO{) =1forall t € [T,2T]. Indeed, assume that there exists some 7y € [T, 2T ]
such that ¢ := e 0X0(¢) satisfies mo (o) < 1. By Lemma 5.8, since ¢, eTXo(z9) € S* M., we obtain that
mo(e " X0(¢)) =0 for all ¢ > T. Taking t; := 3T —ty > T, we deduce that

mo(e”1%0(¢)) = 0 = mo(e”CT 70 X000 X0 () = (e 3T X0(2)),

which is a contradiction. We then deduce that
2T

mi () > %/T mo(e ™" X0 () dt = 4,

that is,

mi(¢) — %| # 0. This eventually proves the fourth item. U
We now introduce

my = x(mp) € C*(S*N, [0, 1]), (5-3)

where x € C*°(R) is a smooth cutoff function such that: x’ >0, x =0 on (—oo, —% — 8()], and x =1 on
[% + &o, +oo), where gg > 0 is the constant provided by Lemma 5.9. By construction, this function takes
value 1 near (Ef“)*. By the same process, one can also construct a function m_ € C*(S*N, [0, 1]) such
that m_ = 1 near (EX°)*.

Lemma 5.10. There exists § > 0 small enough that, for all smooth vector fields X with
I1X — Xollc2m.rmy <9,

the functions my € C°(S*N, [0, 1) satisfy the following properties:
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(1) my = 1 near (EX)* N~ (M,).
(2) supp(ms) C 7 (1) and supp(mx) is contained in a small neighborhood of (Ei‘)*.

(3) There exists 61 > 0 small such that

supp(m+) C ' ({p > —(1=81)po)), (5-4)
supp(m) N~ (ML) c {(£Xop < —81). (5-5)
4) £Xmy > 0on 7" (M,).
We will argue on m ., as the proof is similar for m_.

Proof. We prove each item individually.

(1), (2) and (3) These are straightforward to check with §; > 0 small enough. The fact that X and X are
C?-close implies by the structural stability Proposition 2.4 that | J x~x,(E X)* are contained in a small
neighborhood of (EX°)* where m4 = 1.

(4) Observe that
Xmy =Xmix' (m) = (X — Xo)mi + Xom1) x'(my).

The nonnegative function x’(m) > 0 vanishes everywhere, except on the set {|m1 — %| < 80}. Observe
that, on {|m1 — %| < 80}, we have by Lemma 5.9 that

(X — Xo)mi + Xomi =8 — | X = Xollcollmillcr = 30,
provided § < 8o/ (2||m1]|c1). As a consequence, we deduce that Xm . > 0 on 7~ (M,). O

5A3. Construction of the bump functions x+. In this paragraph, we construct the bump functions
involved in the expression (5-1) of the escape function m.

Lemma 5.11. There exist 81, 8 > 0 small enough and cutoff functions x+ € C*(N, [0, 1]) such that, for
all smooth vector fields X such that || X — Xollct v, 1y < 6, the following hold:
(1) supp(xs) C {=2p0 < p < =81} N {£Xop < —81).
(2) Xx+=0.
(3) Xx+ > 387 p0 on ((—(1=81)po < p < 0} N {£Xop < =51} \ M.
Proof. We only deal with x., the proof being similar for y_. First of all, for j =1, 2, we define functions
x;j € C*°(R) depending on some parameter §; > 0, which will be chosen small enough in the end. The
function x; € CZ°(R) is defined such that (see Figure 5)

o supp(x1) C{—2pp < p < =61},

e x1=0, x1(=po) =1, x;(=po) =0,

e X1 =0o0n{-2p9 < p <—po}, x; <0on{—py <p <—b1},

o x{ < =81 0on{—po(1—251) < p=<-28}
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Figure 5. The cutoff functions x; and yx».

The function x, € C*°(R) is defined such that
* supp(x2) C (—00, =41,
* x2=0,
e xo=1on (—o0, —241].
We then set
X+ = x1(0) x2(Xop), (5-6)

and we claim that it satisfies the required properties. Recall from Section 2C3 that X = wf , where X is
some smooth extension of the vector field X, initially defined on M to the closed manifold .
We now study separately the three terms of

Xx+ = Xpx{(0)x2(Xop) + (X X0p) x1(0) x5 (X0p)
= - (Xp) X1 (p)x2(Xop) + ¥ - (X50) x1(p) x5(Xop) + ¥ - (X = Xo) Xop) x1(0) x3(Xop). (5-7)
We study the first term in the last line of (5-7). On supp( Xz()?op)), one has )?0 p < —34;. Thus, assuming

1 X — Xollcoom, 7a1) < 8 1s small enough (depending on §), we obtain that f,o < —%81 on supp(xz()?op)).
As a consequence, we obtain (note that 1 x| < 0)

~ ~ S ~
V- o0 Fon) = =L (012 (Rop) 2 0.

Moreover, on the set {—(1—681)pg < p < —281}ﬂ{§0p < —41}, using that 1 = p + pg near {p = —po}
(so ¥ > 81 po on the former set) and that x| (p) < —8;, we obtain that this can be bounded from below by:

~ S 8% _ 8po
V- (Xp)x1(p)x2(Xop) > 17 > 17 >

We now deal with the second and third term. The strict convexity property of the level sets {p = ¢}
(for ¢ € [—2py, 0]) with respect to X, reads: )?0,0 =0= )?(2),0 < 0. Since {)?0,0 =0}N{—2p9<p <0}is

0. (5-8)
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compact, we deduce that there exists §; > 0 small enough such that, on the set {|}~(op| < 24}, one has
g(z)p < —c < 0 for some constant ¢ = c¢(§;) > 0. Using that supp(xé(fop)) has support in {|)?o,0| <261}
and assuming || X — Xol|co 700y < 8, We obtain the existence of some constant C > 0 (depending on §;
but independent of § > 0) such that

Y- (X20)x1(0) x5 (Xop) + ¥ - (X = Xo)Xop) x1(0) x3(Xop) = (C8 — ) x1(0) x(Xop).

Taking § < ¢/(2C) small enough (depending on §; > 0), we obtain that this last term is nonnegative.
Overall, we have thus proved (1) and (2), and (3) directly follows from (2) together with (5-8), since
we can take §; > 0 small enough that {p > —2§,} C M.. O

5A4. Piecing together the functions. The various sets appearing in the previous constructions and the
functions m4, xi can be seen in Figure 4. We now piece together the previous constructions and prove
Proposition 5.1.

Proof of Proposition 5.1. Define m by (5-1), where m and x4 are provided by Lemmas 5.10 and 5.11,
and the constant §; > 0 is chosen small enough that both Lemmas 5.10 and 5.11 hold.

Since x+ have support outside of M, m4 = 1 near (E{)* Nz~ '(M),andm =m_ —m, ont~'(M),
we get that points (1), (2) and (3) are verified. The fact that supp(m) C {p > —2p} is also straightforward
by Lemmas 5.10 and 5.11, which proves (4). Eventually, (5) is also immediate to verify.

We now show that (6) holds if we take n > 0 small enough. By Lemmas 5.10(4) and 5.11 (2),
the condition Xm < 0 holds on 7~!(M,). On the set {p < —po(1 — &;)}, we have m+ = 0, and
thus, by Lemma 5.11, the inequality Xm < 0 also holds. It remains to check the inequality on {p >
—po(1=48D}N (Me)c. But there, we have, by Lemma 5.11 (3),

-1 S?ﬁ
2
if n > 0 is chosen small enough. g

Xm=Xm_—Xmy+n"'(m*Xx_ —7*Xx3) < lm_llcr+ lmylcr —n <0

5B. Meromorphic extension of the resolvent. We now study the meromorphic extension of the resolvent
on anisotropic Sobolev spaces and its dependence with respect to the vector field X. This is the main
difference with [Dyatlov and Guillarmou 2016]. We will be particularly interested by the resolvent at
z =0, namely Ry, for our application.

5B1. Global resolvent on uniform anisotropic Sobolev spaces. In the following, we assume that an
arbitrary metric 4 was chosen on TN — A/. This induces a metric 4* on T*N — A and, for (y, £) € T*N,
we will write (§) := (1 + hg (€,£))'/? (the y is dropped from the Japanese bracket notation in order to
avoid repetition). For po € (%, 1], we denote by Sg(T*N ) the Fréchet space of symbols of order %, i.e.,
a € SK(T*N), if, in local coordinates,

forall a, B, there exists C > 0 such that [9gdfa(y, &)| < C(&)*—leH1-0IFl,

and we denote by \Iléj () the space of pseudodifferential operators of order k obtained by quantization of
symbols in Sg(T*N ). We shall remove the ¢ index from the notation when ¢ = 1. Note that k£ can be a
real number but also a variable order function; see [Faure et al. 2008, Appendix A] for further details.
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The function m € C*(S*N, [—1, 1]) constructed in Section 5A yields a smooth, 0-homogeneous
function m € C°(T*N \ {0}, [—1, 1]) —still denoted by m — which decreases along all flow lines of X,
the Hamiltonian vector field induced by X (and X is close to X). We can always modify m in a small
neighborhood of the 0-section in T*A to obtain a new function — still denoted by the same letter m to
avoid unnecessary notation —such that m € C*°(T*N, [—1, 1]) and Xm(y, &) <0 for all (y, &) € T*N
such that (&) > 1.

Define a regularity pair as a pair of indices r := (ry, rg), where r; > rg > 0. Given such a regularity
pair r, we introduce (for all & > 0 small enough)

Ay = Op((§) OO Op((g) OO TIVR) € W), (5-9)

This is an elliptic and formally selfadjoint pseudodifferential operator belonging to an anisotropic class;
see [Faure et al. 2008, Appendix A] for further details. As a consequence, up to a modification by a
finite-rank formally selfadjoint smoothing operator, we can assume that A, is invertible.

Definition 5.12. We define the scale of anisotropic Sobolev spaces with regularity r := (r_, ro), where
rp >ry>0,as

HLW) = ATHLP W), I vy = AT f Lz
Remark 5.13. (1) The spaces H'_(N') are Hilbert spaces, equipped with the scalar product
oo = (AT AT ) gy

(2) This scale of spaces is independent of the vector field X, as long as it is close enough to X in the
C?-topology, since the escape function m is independent of the vector field. This will be important when
studying the regularity of the meromorphic extension of the resolvent z — R (z) (given by (5-10)) with
respect to the vector field X.

(3) Distributions in H, (\) are microlocally in H™-~"°(N) near (EX)*, H™"°(N') near (E{)*, and
HL7"0(N\') near (E f )* (in the sense that, after application of an A € WO(A\') with wavefront set in the
discussed region, they have the announced regularity). The choice of regularity is arbitrary here, and we
did not try to optimize it. The only crucial point is that distributions in #’, (\") have positive Sobolev
regularity near (EX)*, while they have negative Sobolev regularity near (E f ).

We let g € C*°(N, [0, 1]) be a smooth cutoff function such that
 supp(g) is contained in the complement of a small open neighborhood of M,
e g = 1 on the complement of some slightly larger open neighborhood of M,

« the closure of the set {¢g < 1} is strictly convex with respect to all the vector fields X for || X —Xp|| -2 <6
small enough.

Given a regularity pair r := (r, rg) and a constant w > 0, we define, for X close enough to Xy and
N(z) > 0 large enough,

+00 .
RX(z) = - f e~ eemw JoWr) a ds FIX gy (5-10)
0
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Although we do not indicate it in the notation, RJ)F‘ (z) does depend on a choice of w. This satisfies the
identity on C*°(N):
(FX —z—wq)RY(z) = 1.

The constant @ > 0 will be fixed later.

The aim of this section is to study the meromorphic extension of the resolvent z — Rﬁf (z) for X close
to X in the anisotropic Sobolev spaces of Definition 5.12, and the dependence with respect to the vector
field X.

Theorem 5.14. There exists Cy, 8., A > 0 such that the following holds. For all § < 8., for all regularity
pairs r = (r1, ro), there exists a choice of constant w := w(r) > 0 large enough that, for all smooth
vector fields X on M such that || X — Xollc2(m,ramy < 8, the family

2> R¥@) = (X —z—w(@)q) ' e LHY),

initially defined for %(z) > 1 by (5-10) and holomorphic for 9i(z) > 1 large enough, extends to a
meromorphic family of operators on the half-space {R(z) > —A(rp. —ro) + C,8}. The same holds for
Rf (z) on the space H" .

Moreover, if zg € {R(z) > —A(rL — (ro +2)) + C.8} is not a pole of 7 — RX°(z), then there exists
&o > 0 such that the map

C®W, TN) x D(z0, £0) 3 (X, 2) > R¥(2) € LAH"™, HH0F)

isC 2-regular5 with respect to X and holomorphic in z, where D(zg, g9) C C is the disk centered at 7o of
radius &g.

As usual, the poles do not depend on the choices made in the construction of the spaces. The rest
of Section 5B is devoted to the proof of Theorem 5.14. We note that Theorem 5.14 obviously implies
Theorem 1.10 stated in the introduction, since the resolvent on M can be expressed in terms of the
resolvent on A and the restriction to M (as in Lemma 5.21 below in the analogous case of geodesic
vector fields).

5B2. Parametrix construction. Denote by p a smooth measure on N which restricts to the Liouville
measure on M. Note that X is volume-preserving on M and, up to minor modifications, we can also
assume that the extension of X to A/ is volume-preserving on M, (but not on A/, since X vanishes on
{p = —po}). In order to shorten notation, we will write L>(\N) := L>(\, p).

For T > 0, consider a smooth cutoff function x7 € C°(R;), depending smoothly on 7', such that
xr=10n[0,T], =2 < x7 <0, and x7 =0 on [T + 1, 00). For R(z) > 1 and o > 1, the following
identity holds on C*°(N/):

+00 " .
_ / X7 (t)e—fle— Jo@X)*(wq) dse—tX dt (=X —z — wq)
0

+0o0 . .
=1+ / Xy (e e @2 @ ds =X qp (511
0

SEven though we only need C 2 our proof actually shows it is C k for all k € N.
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We now fix once and for all a regularity pair r := (r_1, ro) and set r :=rg+r. The constant @ > 1 will
be chosen to depend on r later. We conjugate the equality (5-11) by A,. We obtain

+o0
—A, /0 xr(t)e Fe” fot((”ifs)*(wq)dse_’XAr_1 dtA (=X — 7 — 0q) A"

+00 . .
=1+ / X (e e X o X Apem I PR @) ds g1 pmiX GIX 4 omIX AT qp - (5-12)
0
=B () =BX(t)

Since the second term on the right-hand side of (5-12) is defined as an integral over time in the flow

—tX

direction e~ '#, it is smoothing outside {px = 0}. We let Q" € Q2 be two open nested conic neighborhoods

of {px, =0} in T*N N {p > —po}. Note that, by continuity, these are also conic neighborhoods of
{px =0} forall X ~ Xy. Welete € SOT*N)bea symbol of order 0 such that e =0 outside €2 and e = 1
on €, and we set E := Op(e). We then decompose the second term on the right-hand side of (5-12) as

+00 +oo
/0 X (e Fe X B (1)BX (1) dr = /O xre P XEBY (1)BX (1) dt + KX (T, z),  (5-13)

where

+00
KT, 2) = /0 xp e e X (1 — E)BX(1)B5 (1) dt

and K{X(T, z) € W~°°(N\). In order to prove that K{¥ (T, z) is smoothing, we remark that K{¥ (T, z) =
E'K IX (T, z) for some E’ € WO(N\) with microsupport that does not intersect a conic neighborhood of
{px = 0}, and then show that X*KX(T, z) € L(L?) for all k € N, using that X*e~'X = (—9,)ke~"* and
integrating by parts in ¢, and finally use that E’(C — X*)~! € W=2(\) for some C > 1 since C — X?
is elliptic on the microsupport of E’. The dependence of K 1X (T, z) on its parameters is holomorphic in
z € C and smooth in the variables T € R and X € C®°(M, T M).

Below, we use the notation £(#) to denote continuous linear operators on a Hilbert space #, and
IC(H) for compact operators.

Proposition 5.15. There exist C,, 6., A > 0 such that the following holds. For all regularity pairs r, there
exist C(r), w(r) > 0 such that, for all smooth vector fields | X — Xollc2 < 8 with § <6,, forallt > 0,
there exist (Fourier integral) operators M* (t) € L(L*(N)) and S*(t) € K(L*>(N)) such that

e XEBX(1)BX(t) = MX(t) + S (1)
and
”MX (0”1}(/\/) < C(l‘)e(_A(rl—ro)-i-C*S)t.
Moreover, the map
RxC®WM, TM)> (¢, X))~ (MX(t), SX(t)) c ﬁ(LZ(./\/’)) y ]C(LZ(N))

is smooth.
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The rest of this paragraph is devoted to the proof of Proposition 5.15. It is split into several sublemmas.
Given a regularity pair r = (r, rp), in order to simplify notation we introduce
My =71 m—ry. (5-14)
Lemma 5.16. Forallt € R and % <o < 1, we have le(t), BZX () € ‘-I’g(/\f) with principal symbols

("X (y, £))ymr X (.8))

_ e Xy* d
g (7, §) = e O h @@L gy (y,£) = £y o)

Proof. This follows directly from Egorov’s lemma; see [Lefeuvre 2019b, Section 2.4.1]. U
In particular, Lemma 5.16 shows that the integrand e "X BIX (t)BZX (t) on the right-hand side of (5-12)
is a Fourier integral operator (FIO). We let
a*(0)(y) = |detd, (¢ NI/, (5-15)
where the Jacobian is defined with respect to the measure du on N.

Lemma 5.17. Forall t € R, we have |le™"X (a* (¢))~! I ccL2ovy) = 1. Moreover, forall y e N and t € R,

X (1)) < exp( fo div,, X1 (@X () ds)‘
Proof. We have

fN e X (@) HIPdp = /N<a"<r>>—2|f|2|detd¢5‘ I =117

The estimate on a* ()(y) follows directly from the fact that div, X o ¢; = 9;(log|det d(th 1. O

By Lemma 5.16, the operator a* (t)E le (t)Bg( () is a pseudodifferential operator of order 0. By the
Calderén—Vaillancourt theorem [Grigis and Sjostrand 1994, Theorem 4.5], up to a compact remainder
in IC(L?(N)), its norm on L?(N) is given by the lim sup of its principal symbol as |£| — co. We now
bound the lim sup of its principal symbol.

Lemma 5.18. There exists 8, Cx, A > 0 such that the following holds. For all regularity pairs r :=(r, o),
there exists C(r), w(r) > 0 such that, for all smooth vector fields X with || X — Xollc2(m. 70y < 8, where
8 <é,, forallt >0,

limsup  ouxyppX (X (Y, §) = C(r)e " AULmro+Gor,
(y,£)eT*N,|E|—>00

Proof. For (y, &) € T*N, we have, by Lemma 5.16,

t X my (X (y,8))
OuxX(EBY (nBY (V> §) = e(y, &) exp </0 (% div, X — a)q) @* () dS) te (y(;:i(y,s) . (5-16)

Modulo the term e(y, §) < 1, which we can neglect, this is a cocycle over the flow of X, as it satisfies the

relation
X
035((;/)32’((,/) (et (v, 5))031’((;)35(;) y, %)= 031’((1'+;)Bz’((,/+;) ,8) (5-17)
forall ¢, ¢t e R.
First, we need the following lemma.
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Lemma 5.19. For all regularity pairs r = (r1, rg), there exist constants C(r), w(r) > 0 such that, for all
(y,8) e T*N, w > w(r) and for all t > 0,

Xy & lsel0,cr'(g=1) = ( s)h;nj@ulg Tux (i EBX 1BX (1 (V> §) < C(re™,
y,§)eT*N,|§|—>00

wherer :=r| +ro.
Proof. Define v := SUP||x—Xo|| . <8 | divy, X[l z~ny. We have, if g(¢(x)) =1 for s € [0, 7],

X
i yan (€ (0, £)) O
(E)ymr(.8)

X e (3,6)
= O (X (y, )y O EZmr(v.8) <<e éy)’ § )>>

By construction, m, is nonincreasing along the flow lines of X outside a neighborhood of the 0-section
in T*N; see Proposition 5.1 (6). This implies that

OuX(EB (1) By() (Y §) S e

limsup  (e'X(y, &))@ OE=m (6 < 1
(y,£)ET*N,|E|—>00

Moreover, there exist a uniform exponent A > 0 and C > 0 (depending only on Xg) such that, for all
X ~ X, forall t > 0 and (y, §) € T*N, one has

(e (y,8)) < CeM(£). (5-18)
Using (5-18) and taking the lim sup as |§| — oo, we then obtain

limsup  oux(yepX By (Y, §) = C(r)e’=+mr,
(r.6)eT*N, [E|>00

Taking w(r) := v +r + rA, we obtain the announced result. O

From now on, given a regularity pair r, the constant w in (5-12) will always be taken to be fixed, equal
to w := w(r) > 0 provided by Lemma 5.19. Next we need the following lemma.

Lemma 5.20. There exists C,, A1 > 0 such that the following holds. For all regularity pairs r, there
exists a constant C(r) > 0 such that, for all X with | X — Xollc2 <8 and (y, &) € T*N, forallt >0,
(1,6, O eT M, = MSUP0,x ) ppx s (Vs §) < Cr)el ML+
|§]—00
Proof. We start with a preliminary observation: there exists a constant C, > 0 such that, if y, (p,X (y) e M,
and [|X — Xollc2(m,700) < 6, then
aX(1)(y) < e (5-19)

This simply follows from the fact that Xg is volume-preserving on M, (that is, aX0(¢) = 1).

We now consider the sets Uy given by Lemma 5.4. These sets can always be constructed so that
Uy C {m = +£1}. We also consider the sets V1 given by Lemma 5.5. Denote by 7 > 0 the time provided
by Lemma 5.6. If ¢+ < T, namely if the time is uniformly bounded, then the claim is immediate as
aX(t)EB{ (t)BX(t) is of order 0 by Lemma 5.16 and depends continuously on time. If # > 7 and
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(v, &), e X(y, &) € T*M,NWF(E), then the flow line {¢*X (v, &) | s € [0, 1]} passes at least a time t — T
in Uy UU_. We can thus introduce 0 < 59 < s; < ¢ such that, for all s € [0, s¢], we have esX(y, &elU._,
for all s € [s1, t], we have eSX(y, &) € UL, and we have so + (t —s1) >t — T. Hence, using the cocycle
relation (5-17) and of € [0, 1],
O EB 080V §) = 08X sy BE (s (€ (9, 6)
0¥ (51 —50) B (51—s0) B 51 —s0) (€ (V4 6)) - 0 (508X (500 B (s0) (5 €D+ (5-20)

Note that it suffices to bound the terms on the right-hand side of (5-20) on WF(E), that is, on a conic
neighborhood of ( Jy.. x,{Px = 0}, since otherwise o = 0 and the symbol on the left-hand side vanishes.

Since s; — 5o < T (independent of ¢) and OBX(1)BY (1) € \Dg(N) for all + > 0 by Lemma 5.16, we get
that the middle term in (5-20) is bounded uniformly by some constant, that is,

T (51 —50) By (s1—50) Ba(s1—s0) (€ (9, €)) < C(r) (5-21)
for some C(r) > 0 which is independent of the point (y, §) € T*A and of the time . As to the third

factor in (5-20), we have, using that m, =r; —rg on U_, that g vanishes in M, and (5-19),

s0X my (e0% (y,£))
Cusso g Jy? 0rg@ (v ds (€7 (), §))
OaX (s0) By (s0) Ba(so) (V> §) < €*7%e Jo" 0@g @D ds (E)ymr(-8)

(X (y, )))”_m
(&) '

Using the uniform contraction rate on U_ of Lemma 5.4, we get that le0X (y, £)| < Ce % |&| for some

(5-22)
S C(r)ec*&ﬂ) (

uniform constants C, A > 0 depending only on X(. Taking the lim sup as || — o0 in (5-22), we thus

obtain
1M SUP 0, () B, (s9) Ba(s0) (Vs &) < C ()00 4500 =70), (5-23)
|§]—o00

Similarly, using the expansion rate on U, of Lemma 5.4 and that m, = —r; —r¢ on UL, the first term

in (5-20) can be bounded by

M SUP 0 ) B, (1—s51) Ba(1—51) (€71 (7, §)) < C(r)e U0 Mmsnatro), (5-24)
|§|—>00
Taking A := A and combining (5-21), (5-23), (5-24) in (5-20) completes the proof. Il

We can now end the proof of Lemma 5.18. Given (y, &) € T* N, the flowline of (y, £) under e’ X can
be schematically described by one of the six following possibilities:

lg=1}, (5-25)

M, (5-26)
lg=1}>{0<g<1}—>{g=1}, (5-27)
{g=1}—->{0<qg <1} > M., (5-28)
M,—>{0<g<l1}—{g=1}, (5-29)

{g=1}-{0<g<1l}->M,—>{0<qg<1}—{g=1} (5-30)
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Note that, for any flow line, there is a maximum time, bounded by some uniform constant 7, > 0, spent
in the region {0 < g < 1}. As a consequence, if the flowline of (y, &) falls into one of the cases (5-25) or
(5-27), we get, using the cocycle relation (5-17) and Lemma 5.19,

lim sup o,x 1 EB, (1) By (1) (V> §) = C(rye™".
|§]—00

As to (5-26), (5-28), (5-29), the bound is obtained similarly to the bound for (5-30), which we now study.
So we assume that the flowline y of (y, £) under ¢’X passes successively through the six sets of (5-30).
Define the times sq, s; > 0 such that,

forall s € [0, s0], ¢X(y)elg=1},
for all s € [s9, s1], (pSX(y)e{q < 1}UM,,
forall s € [s1,1], ¢X()elg=1}.
Combining the cocycle relation (5-17) and Lemmas 5.19 and 5.20, we get, on WF(E),

lim sup o,x (1 £, (1) B2 (1) (V> §)
|§]—>00

. s1X
< limsup Gax(t_51)31(I_SI)BZ(I_SI)(6‘1 . 8)
|€]—>00

. X .
~lim Sup 0, (5, —50) By (51 —s0) Ba(s1 —s0) (€7 (¥, §)) - im'SUP 04 50) B, (s0) By (50) (V+ §)
|00 |00

< Cre "3 . CLe UL MFCHG1=50) | =70 < €, o~ L) A+Cb)
by taking A :=min(1, Ay). This concludes the proof. O
We now complete the proof of Proposition 5.15.
Proof of Proposition 5.15. Write
e EB (1) By(1) = e ¥ (@* (1) aX () EB1 (1) B2 ().
By Lemma 5.17, e "X (a* (1)) ™' € L(L*(N)) is unitary. By Lemma 5.18, a* () E B (t) B»(¢t) is a pseu-
dodifferential operator of order O such that

lim sup OuX (1 EB (1) By (t) (V> §) < C(r)e-ri—rA+Co)1,
(y.E)ET* N, |§|—00

By the Calderén—Vaillancourt theorem [Grigis and Sjostrand 1994, Theorem 4.5] for pseudodifferential
operators, we can thus write

a* (1) E By (t) Ba(1) = Mg (1) + S5 (1),
where Méf (t) is a pseudodifferential operator of order 0 and Sg( (t) 1s smoothing and
1M Dl £z2ny < 2C (r)eTLTOATCON,

Moreover, it is straightforward to check that these operators can be constructed so that they depend
smoothly on the parameters t € R and X € C®°(M, T M) as a* (t), B;(t), B»(t) depend in an explicit (and
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smooth) fashion on X, and the decomposition in the Calderén—Vaillancourt Theorem depends smoothly
on the operator. As a consequence, setting

MX(@t) :=e @ @) MF ) and S¥(@):=e X @ @) TISE (@),
we have
e XEB (1) By(t) = M¥ (1) + 8% (1),
and this concludes the proof. (|

5B3. Meromorphic extension on the closed manifold. We now prove Theorem 5.14.

Proof of Theorem 5.14. Step 1: meromorphic extension. Fix r = (r, ro) with | > rg, and consider z € C
such that 9%(z) > —A(rp —rg) + C,8. By Proposition 5.15, we can consider a time 7 > 0 large enough,
depending on r, so that,

forallt > T, e " |MXO)l 200y < & (5-31)
Using (5-12) and (5-13), we thus obtain
+00
/ xr e Fe X BX (1) BX (1) dr = BX(2) + K*(2),
0

where

+00
BX(2) = / X (e MX(t) dt
0

and KX (z) € W=®(N\) is the remainder. It is immediate to check that both BX(z) and K% (z) depend
holomorphically on z and smoothly on X € C*®(M, T M) as operators in L(L>(N)).
Using that || x7[lz~ <2, we get

T+1
IBX @)l ez <2 fT e M ONME O p2y dt < % < 1. (5-32)

The equality (5-12) then reads

+o0 . .
—A,/O xr (e e Jo @) @D st X Al dt Ap(—X —z —0q) A7 =14 BX(2) + K¥ (2), (5-33)

=—PX—7

and 1 4 B¥X(z) is invertible while K% (z) is compact. Moreover, for %i(z) > 1, 14+ BX(z) + KX (2) is
invertible on £(L?(N)) since the L?-norm of BX(z) + K% (z) is exponentially decaying as Ji(z) — +oo.
By the Fredholm analytic theorem [Zworski 2012, Theorem D.4], we deduce that

2> L+ BX @)+ KX (2) ™ e LAPWV))
is a meromorphic family of operators on {$i(z) > —A(r; —ro) + C,8}. Equivalently,

= —X—z—w(r)g,
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is a holomorphic family of Fredholm operators® of index 0 on the anisotropic space H(N) that is
invertible for $i(z) > 1. Thus

> RE@QD)=(-X—z—wg) e LH")

is a meromorphic family of operators on {N(z) > —A(rL — rg) + C,é}. This proves the first part of the
theorem; we next study the dependence in X and z.

Step 2: continuity of resonances. Assume zq is not a pole of z —> R*°(z) and furthermore that it does not
have any poles in the closed disk D(zg, €9) C C (since the resolvent is meromorphic, such g9 > 0 exists).
We first show that, for X sufficiently close to X in C for some N large enough, the map z — R¥(z)
does not have any poles in D(zg, €9). Let z € D(zo, €0); we will use the identity (5-33). We first claim
that we may pick the cutoff function x suitably and T sufficiently large such that

ker(14 B¥(z) + K*(2))|;2 =0.

Note that, as we will see below, this kernel could be nonzero even if z is not a resonance of —X — qw;
we will show that generically this does not happen. We will argue by assuming that there is nonzero
u € L>(N) such that (1 + BX(z) + KX (2))u = 0. Since KX (z) € W~°(N\), we get

A4+ B¥X(@)ue C®W) Cc DL ={f e L*N) | Xf € L*(N)},

and since 1+ BX (z) is invertible on D(L?) (and on L?(N), by construction), we conclude that u € D(L?).
Since PX 4z commutes with 1+ BX (z)+ K% (z), we have that PX 4z acts onker(1+B* (2) + KX (2))|,2,
which is a finite-dimensional space by the Fredholm property shown above. Therefore, we can pick u
such that (PX 4z + A)u = 0 for some A € C; by assumption, we have A # 0. Write u = A, v for some
v € H', . This implies

e Xy = Gl WX @@ ds, forall 1 e R,

and hence

+o00 . .
0 — (1+ BX(Z) + QX(Z))M — _Ar <1+/ X}(t)e—tze—fo((pi(s) (qw)dse—tX dt)v
0

T+1
:_(1+/ Xy (e dt)u.
T

F(xr.0):=

If R(x) <0, the integral in the last equality can be bounded by || x} [|coe”™®); then

TR

N 1
lxzllcoe <l < 91()»)<—710g(llx/rllc0)- (5-34)

Moreover, integrating by parts once, we have
T+1

T+1 1
/ Xy (t)et dt = - / X7 (e de,
T

T

Note that this is an unbounded family of operators. Since Fredholm operators are continuous by definition, one has to
consider the operators on their domain D(H',) :={f € H, | Xf e 1! }.
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which is in absolute value bounded by (1/|A])[l x/}|lcoeT DI Then

1 . log M| — 1o 4
e THO <y ey i) < 28IM = loglxr e

|A| T+1

(5-35)

Using (5-34) and taking 7" large enough (changing xr in such a way that x7 |7 7+1; is the same as before
after a translation), we conclude 1+ F (xr, A) has no zeroes (in A) in {N(A) > —«}, where k =k (T) > 0
can be chosen arbitrarily small; we conclude that z 4 A is a resonance of —X — gw. Using additionally
(5-35), we conclude that z 4+ XA belongs to a finite set of resonances S C C of —X — qw (in the regions
defined by (5-34) and (5-35); note that there are no resonances with sufficiently large real part). Observe
that the set S depends only on T, || x7llco and || x7|lco. Enumerate elements of the set S—z by Ay, ..., Ak
for some k > 0.

We now perturb x7 by considering xr + snr, where nr € C°((T, T + 1)) is a smooth cutoff function
and s € R is small in absolute value. Assume F(x7, A) = —1 and R(e’>M) to be positive on an interval
(T, I,) C (T, T+1) (we argue similarly if it is negative), where A € S —z. Taking n # 0 to be nonnegative
and supported on (77, T»), there is an s > 0 small enough that

T+1

1+F(XT+S77,)\)=—)»S/ n(t)e* dt # 0.
T
Arguing inductively, we ensure that F(xr, X;) # —1fori =1, ..., k for some new cutoff function xr

(satisfying all the previously set out conditions of x7). We conclude that
ker(1+ BX(2) + K*(2))]2 = {0}

with these new choices of T and yr, proving the claim.

As previously explained, since B X(z'y and KX () depend continuously on X and 7’ in L(L?), there is
an &(z) > 0 small enough such that, for || X — X||c~ < &(z) and |z—2'| < &(z), we have 14+ BX (2) +K*(z)
invertible on L? (since it has empty kernel and is Fredholm of index 0). This implies that there are no
resonances in D(z, €(z)) for z € D(zg, &y). By compactness of D(zg, &), we conclude that there is an
& > 0 such that there are no resonances in D(zg, &p) for | X — Xp||cv < €, proving the desired claim.”

Step 3: smoothness of the resolvent. Now, using the following resolvent identity valid for z € D(zp, o)
and X close to Xy in CV,

R¥(2)— R (1) = R¥ ) (X - X R¥(2),
we obtain that X — RX(z) is twice differentiable in X, uniformly in z € D(zp, €9), With

dx(R*(2)).Y = R*(2)YR*(2), (5-36)
3% (R*(2)).(Y, Y) = R*@Y' R* ()Y R* (2) + R* )Y R* ()Y R*(2), (5-37)

where Y, Y € C® (N, TN).

A different proof of this step can be found in [Bonthonneau 2020].
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Using the first part of Theorem 5.14, namely the boundedness of RX(z) on the spaces H!_ for X close
to X in C%-norm, we deduce that the first derivative (5-36) is bounded as a map

rHE:J_Jo) RX(2) HYLJO)LH(_MJ()-H) RX(2) H(_U_,Fo-i-l),

and similarly the second derivative (5-37) is bounded as a map H*" — H+"%? and this holds
for all X close enough to Xy in the C-topology, with N > 1 large enough, and for all z € D(zo, &).
Moreover, the dependence on z in (5-36) and (5-37) is holomorphic. This completes the proof of
Theorem 5.14. U

S5C. Smoothness of the scattering map with respect to the metric. The goal of this paragraph is to prove
Proposition 4.2. We start with the following lemma.
Lemma 5.21. If R, and R,, are the resolvents defined in (2-14) for (M, g) and (M., g.), we have, for
X = W)?g defined in Section 2A2, that, for all 7 € C,

Re(2) = IMRE@1Im  and Ry, (2) = 1y RE@) 1,
when acting on C°(M°) and C°(M?), respectively.

Proof. This is an obvious consequence of the following fact: for f € C°(M°®), writing u; = (Rg(2) f)| M,
if R(z) > 1, we have

Tg(y)
u(y) =— /O e ¥ f(pf () dr,

and similarly for R, (z). Indeed, if y € M, the flow line y := Uzzo gof (y) is contained in {p > —pp}, and
the convexity of M implies that y N M = UIE[O’%U)) o8 (y). O

We can now complete the proof of Proposition 4.2.

Proof of Proposition 4.2. Let w € C*°(d+.M). Observe that, by Lemmas 2.7 and 5.21,

X Sg(@) = x[Rg, (X085, pO]lo_Mm>

where x is some smooth cutoff function equal to 1 everywhere except in a neighborhood of dy.M, and
where X w3y, p4 € D'(N') denotes the distribution defined by

(Xwdy, M, @) = / Xwpdpy.
M

Let u := xwdy, pm. Since 9, M is of codimension 1, we have that u € H~127¢(N\) for all & > 0. Let
N*9 M C Ty \ N be the conormal of 3, M in N (i.e., N*0; M(T 3. M) = 0). By a standard argument
of distribution theory, the wavefront set of u satisfies WF(u) C N*9, M.

The escape function m provided by Proposition 5.1 can be constructed so that, over M, it has only
support in a small conic neighborhood of (EX%)* and (Ef")*. In particular, this construction can be
achieved so that

N*0 M Nsupp(m) = 2. (5-38)
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Indeed, a covector V* € T;:rMN such that V* € (Efo)* must satisfy V*(Xo) = 0 and V*(W) for all
W e Ta, M, but since X is transverse to d_M, one gets V* = 0. We now take a regularity pair
r:=(r, ro) with % <ro<1, ro+2<r; <3andasmall § >0 suchthat —A(r; — (ro+2))+C,5 <O.
By the previous discussion, u € H" (N), i.e., since H" (N') is microlocally equivalent to H~"° near
N*0. M. Denote by 6 € CX°(M?) a cutoff function equal to 1 near M. We claim that the map

C®(M, @3T*M) 5 g R0 € LAH O W), H-TD (\))

is C? for g close to go. Indeed, similar to the proof of Theorem 5.14 (alternatively we could simply use
Theorem 1.10 along with the fact that g — X, is smooth; we give a direct argument instead), we can use
the resolvent identity (recall X = 1//)? ¢ and Xg = Wi )

ORy,0 —OR,,0 = QRf(O)(XO — X)Rf" 0)0
to deduce that g > 6 R, 0 is differentiable twice, with
3,0 R,,0 = —ORE(0)(3,X)RE(0)6, (5-39)
020 Ry, 0 =20 R (0)(3,X) RY (0)(3, X)RY (0)0 — O RY (0)(3; X) RY (0)6. (5-40)
The first derivative (5-39) is bounded as a map
poero 22O geur 2K, gy O giermen
and similarly the second derivative (5-40) is bounded as a map 70 5 940170 Dand this holds for

all g close enough to gg in the C"-topology, with N > 1 large enough.
As a consequence,

C®(M, @T*M) > g OR, 0u =0Rzu € H'""P(\)
is C2-regular for g close to go. Note that, as r| +ry+2 < 6,
HILTD Ay s HO(N).

Moreover, it satisfies X,,60 Rg,u =0 near d_M, so that WF(6 Rg,u) C {px,, =0}. Therefore, the restriction
X[ORg ullo_rm = x[Rg,ullo_m € H~%(_M) is well defined and depends in a C?-fashion on the metric
geCNwm, ®§T*M ), proving the first part of Proposition 4.2.

Using (5-39) and (5-40), and writing g = go + & with ||2]|c~v <& for § > 0 small and N chosen large,
we have as above, by Taylor expansion, for u = x w8y, a1,

1
ORg,u=0Rg, u— GRJ’:O (0)((34 X) | g=go .h)Rf0 O)u + / (1- t)ag(GRgOeHhu) .(h, h)dt. (5-41)
0
Let Yq(h) := 3, X (h) € C*°(N, TN) for any smooth metric g close to gg in cNwm, ®§T*M). For all

k > 1, one has [|Yg(h)lcrnr.7ar) < Ckllh]lcr+1 for some Cy > 0 depending uniformly on || g||ck+1. Let
Zo(h, h) = aé?X(h, h) € C*WN,TN). One has | Z,(h, h) | ckov.ray < Ck||h||%,k+2 for some C; > 0
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depending uniformly on ||g||cx+2. Then the remainder term in (5-41) satisfies, for g.(¢) the extension of
g(t) = go+th (with £ € [0, 1]) and X (1) = ¥ X, (1),

02(O Ry, yu) (h, ) =20 R (0) Yoy (R (0) Yooy RV (0 — O RYV(0) Zgry (h, RT® (O,

By the analysis above, for § > 0 small and N > 0 large enough, there exists a constant C > 0 such that,
for h = g(1) — go such that ||i|| o~ <3,
X(1)

sup [|Ryull, orrgen, - < C forall j € {0, 1,2},
oy TN

sup || Ygoy (W) ll,0iren_ o eongeien < Cllalley  forall j € {0, 1},
tel0,1] - -

sup | Zg(oy(hy W) o0y i < CllRIIGy-
1€[0,1] - -
Combining the last inequalities with (5-41), this shows (4-1) by applying the restriction to d_M on the
left of (5-41). Note that, in turn, this gives an expression of 9,S;|¢—g, in terms of Rfo (0) and 94 X | g—g-
This concludes the proof. O
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