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THE RANK-ONE THEOREM ON RCD SPACES

GIOACCHINO ANTONELLI, CAMILLO BRENA AND ENRICO PASQUALETTO

We extend Alberti’s rank-one theorem to RCD(K, N) metric measure spaces.

1. Introduction

1A. The rank-one theorem in the Euclidean setting. Let Q be an open subset of R” and u € BV(Q; R¥),
e, u=(ui,...,up) € (BV(Q))X. By using the Lebesgue—Radon-Nikodym theorem, one can write the
distributional derivative of u as

Du = D% + Dfu,

where D%u is the absolutely continuous part of Du with respect to the Lebesgue measure £" and D¥u is
the singular part of Du. We denote by Du/|Du| the matrix-valued Lebesgue—Radon—Nikodym density
of Du with respect to the total variation |Du|. Notice that the total variation of the singular part |D*u| is
equal to the singular part of the total variation |Du|®.

De Giorgi and Ambrosio [1988] — motivated by the study of some functionals coming from mathe-
matical physics — conjectured the following:

Rank-one property: For every u € BV (£2; R¥), the matrix Du /|Du| has rank-1 |Du|*-almost everywhere.

Alberti [1993] solved in the affirmative the previous conjecture; see also the account in [De Lellis 2008].

It is worth observing that the ideas used in [Alberti 1993] proved to be very robust for further
developments of geometric measure theory and the rectifiability theory in Euclidean spaces and even
beyond in the metric setting. As a main step of the proof, Alberti [1993] proved that, given an arbitrary
Radon measure y on a k-dimensional plane V in R” that is singular with respect to %*L_ V', one can
associate to u a bundle E(u, - ) whose fibers have dimension at most 1. The fiber E(u, x) of this bundle
is made by all the vectors v € R* such that vy is tangent in x, in a precise sense, to the derivative of
a BV function on V. What happens, moreover, is that the restriction of u to the set where E(u, -) is
one-dimensional can be written as f ; Mg di, where p, = HE=TLS, and S, is (k—1)-rectifiable in V.

In the language of [Alberti et al. 2010], which collects several other fine results for the theory of
rectifiability in R”, the previous result means that, on the set where the fiber is one-dimensional, u is
(k—1)-representable: namely, it can be written as the integral of measures that are (k—1)-rectifiable. At
the basis of this possibility of representing a measure as the integral of rectifiable measures is the idea of
the Alberti representations.
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Another interesting contribution that originated from this circle of ideas is a result by Alberti and
Marchese [2016], where they associate to every Radon measure @ on R” the minimal (unique p-almost
everywhere) bundle V (i, - ) such that every real-valued Lipschitz function on R” is differentiable along
V(u, x) for u-almost every x € R". Alberti representations were also used by Bate [2015] and Bate and
Li [2017] in the study of rectifiability in the general metric setting. For further readings, one can consult
the survey by Mattila [2023], in particular, Chapters 8 and 13.

Besides its theoretical interest, the rank-one theorem soon gave important consequences in the calculus
of variations. Ambrosio and Dal Maso [1992] exploited it to derive the expression of the relaxation
(in BV) of a functional defined on C! functions as the integral of a quasiconvex function of linear growth
of the gradient. See also [Kristensen and Rindler 2010] for a generalization. Moreover, Fonseca and
Miiller [1993] generalized the result in [Ambrosio and Dal Maso 1992] for integrands that might not
depend solely on the gradient, but also on the space variable and the function itself. For further details we
refer the reader to [Ambrosio et al. 2000, Chapter 5].

As an added value to the theoretical interest of the rank-one theorem, De Philippis and Rindler [2016]
showed a general structure theorem for .A-free vector-valued Radon measures on Euclidean spaces, where
A is a linear constant-coefficient differential operator, from which the rank-one theorem can be derived as
a consequence. We also remark that Massaccesi and Vittone [2019] recently gave a very short proof of the
rank-one theorem based on the theory of sets of finite perimeter, and with Don they used this simplified
strategy to prove the analogue of the rank-one theorem in some Carnot groups [Don et al. 2019].

1B. Main result. Nowadays a well-established notion of a BV function is available in the metric measure
setting. Such a notion was proposed by Miranda [2003] then studied by Ambrosio [2001; 2002] and more
recently by Ambrosio and Di Marino [2014].

According to this approach, given a metric measure space (X, d, m), the total variation of the derivative
of f e LllOC (X, m) is the relaxation in LllOc (X, m) of the energy given by the integral of the local Lipschitz
constant. Such a definition can be readily extended to define the total variation of a vector-valued function
whose components are in BV (X, d, m); see Definition 2.14 for the precise definition.

In this way one is giving a meaning to the total variation [DF| of an arbitrary F € BVio.(X, d, m)¥,
while it is in general missing a good notion for the Lebesgue—Radon—-Nikodym derivative DF/|DF|.

In the setting of RCD metric measure spaces, the study of calculus has been blossoming very fast
in the last decade. In particular, in [Debin et al. 2021] the authors propose and study the notion of a
L%(Cap)-normed L°(Cap)-module, and the notion of a capacitary tangent module Lgap(TX), where Cap
denotes the usual Capacity (2-3). We refer to Section 2B for the definitions and further details.

A fundamental contribution of [Brue et al. 2023b], building on [Debin et al. 2021], is the fact that, in
the setting of RCD (K, N) spaces, for an arbitrary set of finite perimeter E with finite mass, one can give
a meaning to the unit normal vy =Dyxg/|Dxg| as an element of the capacitary tangent module Lgap(TX)
such that the Gauss—Green formula holds; see [Brue et al. 2023b, Theorem 2.4]. The Gauss—Green
formula has been successfully employed, together with the former work by Ambrosio, Bru¢ and Semola
[Ambrosio et al. 2019], to obtain the (n—1)-rectifiability of the essential boundary of any set of locally

finite perimeter in an RCD space of essential dimension n; see [Brue et al. 2023a; 2023b].
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The Gauss—Green formula [Brug et al. 2023b, Theorem 2.4] has been generalized by the second author
together with Gigli for vector-valued BV functions [Brena and Gigli 2024]. We give below the statement
of the Gauss—Green formula presented there, where the density vp = DF/|DF| is implicitly defined.

Theorem 1.1 [Brena and Gigli 2024, Theorem 3.13]. Let k > 1 be a natural number, let K € R, and
let N > 1. Let (X, d, m) be an RCD(K, N) space, and let F € BV(X, d, m)k. Then there exists a unique

\)FGLO

Cap(TX)k, up to |DF |-almost everywhere equality, such that |vg| = 1 |DF|-almost everywhere

and

k
Z fx Fjdiv(v;)dm = —/Xn|DF|(v) -vpd|DF| foreveryv = (vy,...,v;) € TestV(X)k.
j=1

For the notion of divergence of a vector field, the notion of test vector fields TestV (X), the notion of
the projection rpr| and of the norm |- | in L%ap(TX)k , we refer the reader to Section 2B.

Theorem 1.1 tells us that in the setting of RCD(K, N) spaces we can give a precise meaning to
DF/|DF| for an arbitrary vector-valued BV function F. Hence it is meaningful to ask if DF/|DF]| is
a rank-1 matrix |D F'|*-almost everywhere, where |DF'|* is the singular part of the total variation |DF|.
Before giving the main result of this paper we clarify this last sentence by means of a definition. For the

definition of the space L°(Cap), see Section 2B.

Definition 1.2. Let & > 1 be a natural number, let K € R, and let N > 1. Let (X, d, m) be an RCD(K, N)
space, let v € Lgap(TX)k, and let u© < Cap be a Radon measure, where Cap is the usual Capacity (2-3).
We say that

Rk(v) =1 wp-almost everywhere
if there exist w € Lgap(TX) and Ay, ..., A € LO(Cap) such that, foreveryi =1, ..., k,
v; = Ajw p-almost everywhere.

We remark that this is one of the possible definitions we could have given of having rank 1. For

example, one can give an alternative and equivalent definition exploiting the existence of a local basis

0
Cap

of a matrix. It is however clear that in Euclidean spaces, the definition given above coincides with the

(with respect to a decomposition of the space in Borel sets) of L~ (T X) to recover the language of rank

usual one.
We are now ready to state the main theorem of this paper, which is the generalization of the rank-one
theorem in the setting of RCD(K, N) metric measure spaces (X, d, m).

Theorem 1.3 (rank-one theorem for RCD(K, N) spaces). Let k > 1 be a natural number, let K € R, and
let N > 1. Let (X, d, m) be an RCD(K, N) space, and let F € BV(X, d, m)k. Then

Rk(vp) =1 |DF|*-almost everywhere

in the sense of Definition 1.2, where v is defined in Theorem 1.1 and |DF|* is the singular part of the
total variation |DF|.
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As far as we know, apart from the result of Don, Massaccesi and Vittone [Don et al. 2019] that holds for
a special class of Carnot groups, Theorem 1.3 is one of the first instances of the validity of the rank-one
theorem in a large class of metric measure spaces.

We stress that, even if the proof of [Don et al. 2019] covers a large class of Carnot groups, some
distinguished examples are still not covered. For example, as of today it is not known if the rank-one
theorem holds for vector-valued BV functions in the first Heisenberg group H'. We stress that our
strategy for the proof of Theorem 1.3 seems not to apply to the rank-one theorem in H'. Indeed, we are
fundamentally exploiting the fact that we have good bi-Lipschitz charts on the space valued in the tangents.
But, even if on H! the boundary of a set of locally finite perimeter is intrinsic C'-rectifiable, see [Franchi
et al. 2001], it is nowadays not known whether intrinsic C' surfaces can be almost everywhere covered
by (bi)-Lipschitz images of their tangents; see [Di Donato et al. 2022] for partial results in this direction.

We stress that our strategy cannot be easily adapted to prove rank-one-type results for BV functions
in RCD(K, 00) spaces. In fact, our proof works mainly by blow-up. Since RCD(K, co) spaces might
not be locally doubling, we do not have a good notion of the Gromov—Hausdorff tangent at their points.
In particular, it would even be challenging to understand whether the results in [Ambrosio 2001; 2002;
Ambrosio et al. 2019; Brue et al. 2023a; 2023b], which are the starting point of our analysis, can be
adapted to the RCD(K, co) setting.

Moreover, we point out that very recently Lahti proposed an alternative formulation of Alberti’s
rank-one theorem that could make sense in arbitrary metric measure spaces [Lahti 2022, Section 6].

1C. Outline of the proof. Our proof is inspired by the one in [Massaccesi and Vittone 2019]. First, given
F € BV(X, d, m)¥, the singular part of the total variation [DF|* can be written as the sum of the jump part
IDF|/, which is concentrated on the set where the approximate lower and upper limits of the components
of F do not coincide, and the Cantor part |[DF|°; see Definition 2.12. As a consequence of a result by the
second author and Gigli, see the forthcoming Lemma 3.13, it is enough to show the rank-one theorem
only on the Cantor part.

We stress that, in the proofs of the main results in Section 3, we shall always restrict to sets where
the Cantor part of the components of F' is concentrated and where we have good density and blow-up
properties: we collect all the necessary properties in the technical Proposition 3.7.

The core and the most technically demanding part of the proof is Lemma 3.11, in which we adapt to our
setting the main lemma of the short proof of the rank-one theorem in [Massaccesi and Vittone 2019]. In fact,
those authors prove that, given two C'-hypersurfaces X1, X5 in R" x R, the set T of points p € X1 such
that there exists ¢ € X, for which p and g have the same first n coordinates, vs, (p)n+1 = Vx,(q)n+1 =0,
and vy, (p) # £vs,(g), is H"-negligible. Clearly the latter statement makes no sense in our nonsmooth
setting, but what one really needs for the proof of the rank-one theorem is Lemma 3.11.

Following the strategy in the proof of the lemma of [Massaccesi and Vittone 2019], one writes 7" as the
projection of a set TCR'xRxR adding one fake coordinate, and proves that 7 = 7(T) is ‘H"-negligible
by means of the area formula. In Lemma 3.11 we adapt the same strategy; compare with the definition of
the set (3-28). We prove the analogue of the Massaccesi—Vittone lemma substituting the hypersurfaces ¥;
with the (essential) boundaries of sets of the form G, :={(x, 1) : 7 < f(x)}, where f € BV(X, d, m). This
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is enough to implement their strategy in our setting. However, to adapt the proof in [Don et al. 2019;
Massaccesi and Vittone 2019] to our framework, one faces nontrivial technical difficulties. Indeed, the key
ingredient used by Massaccesi—Vittone was a well-known transversality lemma: given two hypersurfaces
in R"*2, their intersection is locally an n-dimensional manifold provided that at every intersection point
the given hypersurfaces meet transversally, i.e., have different tangent spaces. This result then extends to
the case of the intersection of two (n+1)-rectifiable subsets of R"12: their intersection is o -finite with
respect to H" provided that the transversality condition is satisfied and that one discards a set that turns
out to be negligible when proving the rank-one property.

It is clear that one needs also information on codimension-2 objects (namely, the intersection of two
transverse hypersurfaces) and this kind of information is unavailable on RCD spaces. Therefore, adopting
directly this approach is not possible in our framework. Our strategy is then to translate part of the problem
from the RCD setting to the Euclidean setting (which allows us to use transversality results as above) via
the use of suitable §-splitting maps that play the role of charts, relying heavily on the results of [Bru¢ et
al. 2023a; 2023b]. The fact that the domains of these charts are not open sets is a source of difficulty and
is morally the burden of the proof of Lemma 3.11. In other words, we could not work directly arguing
with infinitesimal considerations in the RCD case (i.e., using directly difference of blow-ups) but we had
to argue locally and then infinitesimally in a Euclidean space.

As an important part of the proof, to manipulate the vector that is normal to the boundary of the set G,
we need to introduce a family of charts in which we write those normals in coordinates; see Definition 3.6.
We construct these charts in Definition 2.29, and we call them a good collection of splitting maps. The
latter definition is based on the following fact, which is proved in Lemma 2.28. Given an RCD space of
essential dimension n, we prove that, for every n > 0 small enough, we can find a sequence of n-tuples of
harmonic maps {uy ,}ren defined on balls and a disjointed family of Borel sets { Dy, }ren such that, for
every x € Dy ,, we have that u; , is an n-splitting map on B,, (x) and the total variation of every BV,
function is concentrated on | |, . Dr.p-

The other two ingredients to adapt in our setting the strategy of [Massaccesi and Vittone 2019] are
Lemma 3.9 and Theorem 3.8. In the first we prove that, given f € BV, restricting to the good set on
the Cantor part as in Proposition 3.7, we have that (in coordinates) the density vy (x) is equal to the first
coordinates of the normal vg, (x, f(x)), where G¢ := {(x,7) : 1 < f(x)}. In the second we prove that,
restricting to the good set on the Cantor part as in Proposition 3.7, the (n+1)-th coordinate of the normal vg,
is almost everywhere zero. This is essentially due to the fact that we are on the singular part of D f.

Again, not having at our disposal a linear structure is a source of difficulty, as the distributional derivative
has no more a direction-wise meaning, in the sense that it is not possible to define the distributional
derivative of a function of bounded variation with respect to a given direction without giving up the
differential meaning of this object. To overcome this difficulty, we employ blow-up arguments and density
arguments.

Finally, putting together Lemmas 3.11 and 3.9 and Theorem 3.8, we conclude that, given two BV
functions f, g, we have vy = +£v, |D f| A |[Dgl|-almost everywhere on the intersection of the good sets
Cr N Cy defined in Proposition 3.7; see Lemma 3.12. Here A stands for the minimum between the two
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measures, i.e., the biggest measure ¢ such that ¢ < u and ¢ < v. This, together with the same property
on the jump part, see Lemma 3.13, concludes the proof.

We stress that along the way in Section 3A, building on [Deng 2020] (compare with [Colding and
Naber 2012] for the Holder continuity property of tangents along geodesics in the Ricci-limit case), we
improve a previous result of [Brue et al. 2023a] by showing that every BV function on an RCD space of
essential dimension n has total variation concentrated on the set R of n-regular points with positive and
finite n-density, see Theorem 3.3. We exploit the latter result to answer in the affirmative a conjecture
proposed in [Semola 2020] about the representation of the perimeter measure, see Theorem 3.4.

In the Appendix we exploit the previously described result proved in Theorem 3.3, together with the
recently proved metric variant of the Marstrand—Mattila rectifiability criterion [Bate 2022], to give an
alternative and shorter proof of the (n—1)-rectifiability of the essential boundaries of sets of locally finite
perimeter in RCD spaces with essential dimension n. We believe that this result is of independent interest
but we point out that it originated as a side remark due to the fact that we were interested in proving
the rank-one property in general RCD(K, N) spaces without restricting ourselves to noncollapsed RCD
spaces. Indeed, the information that the perimeter measure and the 4"~ measure restricted to the reduced
boundary are mutually absolutely continuous (already known in the noncollapsed case) is crucial in the
proof of Lemma 3.11. Anyway, we point out that even if the proof presented in the Appendix is much
shorter than the original one, it is heavily based on the ideas and techniques exploited in [Bru¢ et al. 2023a;
2023b], i.e., looking at what happens at the space locally and infinitesimally by using well-behaved charts.

Structure of the paper. In Section 2 we discuss the basic tools and notation that we shall use throughout
the paper.

In particular, in Section 2A we discuss the basic toolkit for metric measure spaces. We recall the
definition of PI space, the notion of pointed measured Gromov—Hausdorff convergence and tangents, and
the basic Sobolev and BV calculus in arbitrary metric measure spaces.

In Section 2B we recall basic structure results of RCD spaces and the main important notions of
Sobolev and BV calculus on RCD spaces. We further recall the notion of good coordinates introduced in
[Brue et al. 2023a] and the notion of splitting maps, and finally we prove Lemma 2.28 that leads to the
notion of good collection of splitting maps, see Definition 2.29.

In Section 3 we prove the main results of this paper, and in particular we give the proof of the rank-one
theorem in Theorem 1.3.

In particular in Section 3A, building on [Deng 2020], we prove Theorem 3.3 described above.

In Section 3B we prove some auxiliary results toward the proof of the rank-one theorem, namely
Proposition 3.7, Lemma 3.9, and Theorem 3.8.

Finally, in Section 3C we exploit the previous results together with the main result in Lemma 3.11,
which is the adaptation to our setting of the lemma of [Massaccesi and Vittone 2019], to show the rank-one
property on the Cantor part, see Lemma 3.12. This is enough to conclude the proof of the rank-one
theorem by exploiting also Lemma 3.13, which is the rank-one property on the jump part.

In the Appendix we give the alternative proof of the rectifiability of the essential boundaries of sets of
locally finite perimeter in RCD spaces that we described above.
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2. Preliminaries

We often need to bound quantities in terms of constants that depend only on geometric parameters but

whose precise value is not important. For this reason, we denote with C, ... a constant depending only

yeen

on the parameters a, b, . .., whose value might change from line to line or even within the same line.
Given n € N and nonempty sets X, ..., X,, forany i = 1, ..., n, we will always tacitly denote by 7’
the projection of the Cartesian product X; x - - - x X, onto its i-th factor:

T X XX Xy = X, (X1, .., X)) B X

Moreover, we denote by 7'/ the projection of the Cartesian product X; x - - - x X,, onto its (i, j) factor,
namely
T X X X X, = Xi X Xj,  (X1,..0, X)) B> (X, Xj).

Finally, we denote by t the inversion map on the last two factors on a product of three factors, namely
‘L’:Xl XXZXX3—)X1 XX3XX2, ()Cl,JCQ,X3)I—>(X1,)C3,)C2). (2—1)

2A. Metric measure spaces. For the purposes of this paper, a metric measure space is a triple (X, d, m),
where (X, d) is a complete and separable metric space while m > 0 is a boundedly finite Borel measure
on X. By a pointed metric measure space (X, d, m, p) we mean a metric measure space (X, d, m) together
with a distinguished point p € spt(m), where

spt(m) := {x € X | m(B,(x)) > 0 for every r > 0}
stands for the support of m. Given an open set 2 C X, we denote by LIPj,(£2) and LIP(2) the spaces of
all locally Lipschitz and Lipschitz functions on €2, respectively, while we set

LIPys(2) :={f € LIP(L2) | spt(f) is bounded and d(9€2, spt(f)) > 0}.

Given any f € LIP1oc(2), its local Lipschitz constant lip f := Q2 — [0, 400) is defined as

lim, - d(x, if x €Q21i lati int,
lip f (x) == { imy_,, | f(x) — f(¥)I/d(x, y) if x € Q is an accumulation poin

0 if x €  is an isolated point.

For any k € [0, +00) and § > 0, we will denote by ng and H* the k-dimensional Hausdorff 8-premeasure
and the k-dimensional Hausdorff measure on (X, d), respectively. Namely,

> diam(E;)\*
HE(E) == inf{Za)k (—) ‘ E | JEi SX, supdiam(E;) < 5},

i=1 2 ieN ieN
HY(E) := lim H5(E) = sup HE (E)
N0 8>0
for every set E C X, where
k2
Ok = TR
r(1+5%)

and I" stands for Euler’s gamma function. For every n € N, notice that w, is the Euclidean volume of the
unit ball in R".
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PI spaces. Throughout the whole paper, we will work in the setting of PI spaces. We say that a metric
measure space (X, d, m) is uniformly locally doubling provided that, for every radius R > 0, there exists a
constant Cp > 0 such that

m(By,(x)) < Cpm(B,(x)) forevery x € X and r € (0, R).

Moreover, we say that (X, d, m) supports a weak local (1, 1)-Poincaré inequality provided there exists a
constant A > 1 for which the following property holds: given any R > 0, there exists a constant Cp > 0
such that, for any function f € LIPyoc(X),

ﬁr (x)

Definition 2.1 (PI space). We say that a metric measure space is a PI space provided it is uniformly

f- fdm‘dmepr][ lip fdm forevery x € X and r € (0, R).
B, (x) By (x)

locally doubling and it supports a weak local (1, 1)-Poincaré inequality.

In the context of PI spaces, we will consider the codimension-1 Hausdorff §-premeasure Hg’ (for any
8 > 0) and the codimension-1 Hausdorff measure H", which are given by

> m(By, (x) .
HI(E) = 1nf{§ Giam B, () EC EL% B, (xi), sup diam(B,, (x;)) < 5},

H"(E) := lim H!(E) = sup H} (E),
INO §>0

respectively, for every set E C X.

Measured Gromov—Hausdorff convergence and tangents. Let us recall the notion of pointed measured
Gromov—-Hausdorff convergence (see, e.g., [Gigli et al. 2015]). We say that a pointed metric measure
space (X, d, m, p) is normalized provided C [1,(m) = 1, where we set
d(-,
<1 — M) dm for every r > 0.
-(P)

r

Cl = Cl(m) ::/

B

If (X, d, m, p) is any pointed metric measure space, then (X, d, m}], p) is normalized, where
ro.__ o —1
m, = Cp(m) m for every r > 0.

Let C: (0, +00) — (0, +00) be a given nondecreasing function. Then we denote by Xc(.) the family of
all the equivalence classes of normalized pointed metric measure spaces that are C( - )-doubling, in the
sense that

m(By,(x)) < C(R)m(B,(x)) foreveryxeX and 0 <r <R.

The equivalence classes are intended with respect to the following equivalence relation: we identify
two pointed metric measure spaces (X, dy, my, p1) and (Xa, d2, my, pa) provided there exists a bijective
isometry ¢: spt(m;) — spt(my) such that ¢(p;) = py and ¢,m; = ms.
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Definition 2.2 (pointed measured Gromov—Hausdorff). Let C: (0, +00) — (0, 400) be nondecreasing.
Let (X,d, m, p), (X;,d;i, m;, pi) € Xc(.) for i € N be given. Then we say that (X;, d;, m;, p;) —
(X, d, m, p) in the pointed measured Gromov—-Hausdorf{f sense (briefly, in the pmGH sense) provided there
exist a proper metric space (Z, dz) and isometric embeddings ¢: X — Z and ¢; : X; — Z for i € N such that
ti(pi) — t(p) and (¢;)«m; — t,m in duality with Cyps(Z), meaning that f fot;dm; — f f ovdm for every
f € Cps(Z). The space Z is called a realization of the pmGH convergence (X;, d;, m;, p;) = (X, d, m, p).

For brevity, we will identify (¢;),m; with m; itself. It is possible to construct a distance dpmgH on Xc(.)
whose converging sequences are exactly those converging in the pointed measured Gromov—Hausdorff
sense. Moreover, the metric space (Xc¢(.), dpmgH) 1S compact.

Definition 2.3 (pmGH tangent). Let C: (0, +00) — (0, +00) be nondecreasing. Then
Tan, (X, d, m) := {(Y, dy, my. q) € Xc(y | 3 0= (X, ;7 d,ms, p) P20 (Y, dy, my, ¢)).

Notice that (X, r~!d, m;, p) € Xc(.) holds for every (X,d, m, p) € X¢(.) and r € (0, 1), and thus
accordingly the family Tan, (X, d, m) is (well defined and) nonempty.

Definition 2.4 (regular set). Let n € N be given. Let C: (0, +00) — (0, 400) be any nondecreasing
function such that (R", d., £", 0) € X¢(.), where d, stands for the Euclidean distance d.(x, y) := [x — y|
on R"” while £" is the normalized measure (E”)(l) =((n+1)/w,)L". Then the set of n-regular points of a
given element (X, d, m, p) € Xc(.) is defined as

Ry =Rn(X) :={x € X| Tan, (X, d, m) = {(R", d., L", 0)}}.

Remark 2.5. We point out that the set R,,(X) of n-regular points is Borel measurable. To check it, define
¢: X— [0, 4+00) as
¢ () = lim dpm (X, r~'d, mi, x), (®", . L7, 0)).
r

One can readily verify that (0, 1) 3 r — (X, r~1d, m’, x) € Xc(.) is dpmgH-continuous for any given
x € X, whence

$(x)=inf  sup  dpmgu((X, g 'd, m?, x), (R",d., £",0)) forevery x € X. 2-2)

keN gen(0,1/k)

Since X 3 x — (X, r~!d, m’, x) € Xc¢(.) is dpmgH-continuous for any given r € (0, 1), we deduce
that X 5 x — dpmeu((X, ¢~ 'd, m{, x), (R", d., £, 0)) is a continuous function for any g € @N (0, 1).
Consequently, (2-2) ensures that R, (X) = {x € X: ¢ (x) =0} is a Borel set (in fact, a countable intersection
of F, sets), as we claimed.

Definition 2.6 (convergences along pmGH converging sequences). Let (X;, d;, m;, p;) € X¢(.) fori e N
and (X, d, m, p) € X¢(.) satisfy (X;, d;, m;, p;) — (X, d, m, p) in the pmGH sense, with realization Z.
Then we give the following definitions:

(1) Let f;: X; > Rfori e Nand f: X — R be given functions. Then we say that f; uniformly converges

to f provided, for any ¢ > 0, there exists § > 0 such that | f; (x;) — f(x)| < ¢ for every i > 8§~ ! and
x; € X;, x € X with dz(x;, x) <.
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(i) Let fi: X; > Rfori e Nand f: X — R be given functions. Then we say that f; locally uniformly
converges to f provided, for any R > 0, we have that f; g,(p,) uniformly converges to fig,(p)-

(iii) Let E; € X; fori € N and E C X be given Borel sets. Suppose that m;(E;) < 400 for every
i e N and m(E) < +o00. Then we say that E; — E (strongly) in L! provided m; (E;) — m(E) and
m; L E; — mL E in duality with Cys(Z).

(iv) Let E; € X; fori € N and E C X be given Borel sets. Then we say that E; — E (strongly) in LlloC
provided E; N Br(p;) = EN Bg(p) in L' for every R > 0.

Sobolev calculus. Given a metric measure space (X, d, m), we define the Sobolev space WL2(X) as the
set of all functions f € L?(m) for which there exists ( Jr)neN C LIPpg(X) such that f;, — f in L?(m) and
(lip fi)nen 1s a bounded sequence in L?*(m). Then W!2(X) becomes a Banach space if endowed with
the norm

1/2
£ e i= (/ |f>dm+ inf lim | lip? f, dm> for every f € W2(X),

(fnn n—>o0

where the infimum is taken among all those sequences (f;;)nen € LIPps(X) such that f,, — f in L*(m)
and (lip f;)nen is bounded in L?(m). Given any function f € W12(X), there exists a unique element
IDf| € L*(m), called the minimal relaxed slope of f, such that the Sobolev norm of f can be expressed
as ||f||%v1_2(x) = ”f”iZ(m) =+ || |Df|||iz(m). Moreover, there exists a sequence (f;;),en  LIPps(X) such
that f, — f andlip f, — |[Df] in L?(m). This notion of Sobolev space, proposed in [Ambrosio et al.
2013], is an equivalent reformulation of the one introduced in [Cheeger 1999]. See [Ambrosio et al. 2013]
for the equivalence between these two and other approaches.

The Sobolev capacity is the set-function on X defined as
Cap(E) := ir}f ||f||%4,1,2(x) for every set £ C X, (2-3)

where the infimum is taken among all f € W!2(X) such that f > 1 holds m-a.e. on some open neighborhood
of E. Here we adopt the convention that Cap(F) := 400 whenever no such f exists. It holds that Cap is
a submodular outer measure on X, which is finite on bounded sets and satisfies m(E) < Cap(E) for every
E C X Borel.

We shall also work with local Sobolev spaces, whose definition we are going to recall. Fix an open set
Q2 C X. Then we define Wli)’cz(Q) as the space of all functions f € LIZOC(Q, m) such that nf € WL2(X) for
every n € LIPy(€2). Since the minimal relaxed slope is a local object, meaning that, for any choice of
fi, o e Wh(X),

IDfil = |Df2| holds m-a.e. on {f1 = f2},

2

: . 1,2 .
it makes sense to associate to any f € W, 7(£2) the function [Df| € L .

loc
IDf|:=ID(f)| m-ae. on(n=1)
for every n € LIP,s(€2). The local Sobolev space W12(Q) is defined as
W'(Q) == {f € W (Q) | f. IDf| € L*(m)}.

loc

(€2, m) given by

Finally, we define WOI’Z(Q) as the closure of LIP,,(2) in W12(Q).
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Following the terminology introduced in [Gigli 2015], we say that a given metric measure space
(X, d, m) is infinitesimally Hilbertian provided W'-2(X) (and thus also W!2(2) for any Q C X open) is a
Hilbert space. Under this assumption, the mapping

_ ID(f + ) —IDfI* - IDg|?

W2(Q) x Wh(Q) s (f,g) > V[ Vg = 5 e L' (2, m)

is bilinear and continuous. We say that a given function f € W'2(Q) has a Laplacian, briefly f € D(A, Q),
provided there exists a function Af € L2(2, m) such that

fo-ngm:—/ gAfdm forevery g e WOI’Z(SZ). (2-4)
Q Q

No ambiguity may arise, since Af is uniquely determined by (2-4). The set D(A, Q) is a linear subspace
of W'2(Q), and the resulting operator A: D(A, Q) — L?(2, m) is linear. For the sake of brevity,
we shorten D(A, X) to D(A). By a harmonic function on 2 we mean an element f € D(A, ) such
that Af = 0.

BV calculus. We begin by recalling the notions of a function of bounded variation and of a set of finite
perimeter in the context of metric measure spaces following [Miranda 2003].

Definition 2.7 (function of bounded variation). Let (X, d, m) be a metric measure space. Let a function
f €Ll (X, m) be given. Then we define

loc

|IDf1(S2) := inf{ lim / lip f; dm ’ (fidien € LIPoc(R), f; = f in Ly (L2, m)}
i—00JQ

for any open set 2 C X. We declare that a function f € LlloC (X, m) is of local bounded variation, briefly

f € BV (X), if | Df|(€2) < +o00 for every €2 € X open and bounded. In this case, it is well known that

ID f| extends to a locally finite measure on X. Moreover, a function f € L'(X, m) is said to belong to the

space of functions of bounded variation BV (X) = BV(X, d, m) if | Df|(X) < 4o0.

Definition 2.8 (set of finite perimeter). Let (X, d, m) be a metric measure space. Let £ C X be a Borel
set and 2 C X an open set. Then we define the perimeter of E in Q2 as

P(E,Q):= inf{ lim / lip f; dm ‘ (fien S LIPoce(R), fi = xE in Lo (R, m)},
Q

i—00

in other words P (E, Q) := |Dxg|(S2). We say that E has locally finite perimeter if P(E, Q2) < +oc for
every 2 C X open and bounded. Moreover, we say that E has finite perimeter if P(E, X) < +o00, and we
write P(E) := P(E, X).

Given a uniformly locally doubling space (X, d, m) and a Borel set E C X, we define the essential
boundary of E as
lim —— >0, lim
N0 m(B(x)) r\o0 m(B,(x))
Then 0*F is a Borel subset of the topological boundary d E of E. Moreover, if (X, d, m) is a PI space,
then P(E, -) is concentrated on 3*E; see [Ambrosio 2002, Theorem 5.3].

*E = ixeX

— m(E N B;(x)) — m(E°N B;(x)) 0}
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Definition 2.9 (precise representative). Let (X, d, m) be a metric measure space, and let f: X — Rbe a
Borel function. Then we define the approximate lower and upper limits as

_ B, N
=l = SuPit <Rl . rix()Br(ECJ)C)< & 0}’

y—x
U ~ mBWN{f>1)
fi(x):= a;y>_l)1;n f(y) :=inf {t eR: }1\1;1(1) m(B,(x) = 0}

for every x € X. Here we adopt the convention that
infg =400 and sup@ = —oo0.
Moreover, we define the precise representative f: X — R of f as
f) =1 )+ fY(x)) forevery x €X,
where we adopt the convention that +00 — oo = 0.

We define the jump set J; C X of the function f as the Borel set
Jri={xeX: fAx) < ).

It is well known that if (X, d, m) is a PI space and f € BV (X), then J is a countable union of essential
boundaries of sets of finite perimeter, so that in particular m(Jy) = 0. See [Ambrosio et al. 2004,
Proposition 5.2]. Moreover, as proved in [Kinnunen et al. 2014, Lemma 3.2], we have that

IDfI(X\Xf) =0, where Xy :={xeX]|—o00< f"(x) < f'(x) < +oo}, (2-5)
and thus in particular —oo < f(x) < 400 holds for [D f]-a.e. x € X.
Definition 2.10. Let (X, d, m) be a metric measure space, and let f : X — R be Borel. Then we define
the subgraph of f, denoted by G C X x R, as the Borel set
Gri={(x,1) eXxR:t < f(x)}.

Lemma 2.11. Let (X, d, m) be a locally uniformly doubling metric measure space, and let f: X — R be
a Borel function. Then

(x,0) €3Gy = te[f (x), fY()] and te(f ), fx) = (x,1)€d°Gy.
In particular, if x € Xy \ Jr, then 3*Gr N ({x} x R) C {(x, f(x))}.

Proof. In the proof, the constant Cp may change from line to line and it only depends on the doubling
constant at scale R = 1. We can compute, for r € (0, ¢), using Fubini’s theorem,

(m®LY(B,(x,)NGy) _ (m®LY(B,(x) x B (1) NGy)
(M LH(B,(x,1)) — (ML (B ja(x) x Byja(t))
— o MBLYHAG. D) € B (x) x Br(1) 11 < f(D
=D
rm(B, (x))
T m{y € B.(x) 15 < f(0)) ds o MBS > 1 e
m(B, (x)) =P m(B, (x))

<Cp
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Therefore, if (x,1) € "Gy, then t < £V (x). Similarly, we can show that if € (0, &),
(m® LY (B, (x,1)\Gy) <C m(B,(x) N{f <t+e})
M®LH(B,(x,1)) ~— " m(B,(x))

which in turn shows that if (x, 1) € 0*Gy, thent > f ~(x). Conversely, arguing as above, we can show
that if » € (0, &),

’

(m® L")(Ba (x, 1) NGy) - CDm(Br(x)ﬂ{f >1+¢})

(m® LY (Byr(x, 1))~ m(B;(x))
and
(m® LY (B (x, 1)\ Gy) ~C m(B,(x)N{f <t —¢})
m@LYH(B,x,1)) ~ " m(Bx)
which yield the second claim. O

Definition 2.12 (decomposition of the total variation measure). Let (X, d, m) be a PI space and f € BV (X).
Then we write [Df| as [Df|*+4|D f|*, where |D f|* << m and |Df|* L m. We can decompose the singular
part [Df|* as |Df|/ + |D f|¢, where the jump part is given by D f|/ := |Df|L_ J ¢ while the Cantor part
is given by [Df|€ := D f|*L (X \ Jp).

By [Ambrosio et al. 2015, Theorem 5.1] and its proof, taking into account the elementary inequality
a<+v1l+a><1+a foreverya >0,
(or see [Ambrosio et al. 2004, Proposition 4.2]) we obtain the following proposition.

Proposition 2.13. Let (X, d, m) be a Pl space and f € BV (X). Then Gy is a set of locally finite perimeter
in X X R and, denoting with w the projection map X x R — X,

IDf| < 7«Dxg,| < IDf|+m.
In particular, if C C X is a Borel set satisfying |D f|° = |Df|_C, then
m.(IDxg, ILC xR)=|DfILC.

Definition 2.14. Let (X, d, m) be a metric measure space and F' € BV, (X)*. We define
i—00

k C\1/2
IDF|(Q) ::inf{ lim / (Z(up F/)z> dm ‘ (F)); € LIPe(Q)F. F; — F in LIIOC(Q)k}
Q A
j=1

for any open set 2 C X. Then we extend this definition to Borel subsets of X, as done in the scalar case;
see [Brena and Gigli 2024, Section 2.3]. We also define

k
JF = UJFi
i=1

It is clear that Definition 2.12 extends immediately to the vector-valued case.
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2B. RCD spaces. We assume the reader is familiar with the language of RCD(K, N) spaces. Recall
that an RCD(K, N) space is an infinitesimally Hilbertian metric measure space verifying the curvature-
dimension condition CD(K, N), in the sense of Lott—Villani—Sturm, for some K € Rand N €[1, co). Here
we only consider finite-dimensional RCD(K, N) spaces, namely we assume N < oo. Finite-dimensional
RCD spaces are PI. As proven in [Brue and Semola 2020; De Philippis et al. 2017; Gigli and Pasqualetto
2021; Kell and Mondino 2018; Mondino and Naber 2019], the following structure theorem holds.

Theorem 2.15. Let (X, d, m) be an RCD(K, N) space. Then there exists a numbern e Nwith1 <n <N,
called the essential dimension of (X, d, m), such that m(X\ R,) = 0. Moreover, the regular set R,, is
(m, n)-rectifiable and m < H"'L_R,,.

Recall that R,, is said to be (m, n)-rectifiable provided there exist Borel subsets (A;);en of R, such
that each A; is bi-Lipschitz equivalent to a subset of R” and m(R,, \ J; A;) =0.

Sobolev calculus on RCD spaces. We assume the reader is familiar with the language of L?(m)-normed
L% (m)-modules [Gigli 2018b] and L°(Cap)-normed L°(Cap)-modules [Debin et al. 2021]. Let (X, d, m)
be a given RCD(K, N) space. We denote by L2(T*X) and L%(TX) the cotangent module and the tangent
module of (X, d, m), respectively. Moreover, L°(TX) stands for the L°(m)-completion of L?(T X), in the
sense of [Gigli 2018a, Theorem/Definition 2.7]. A fundamental class of Sobolev functions on X is the
algebra of test functions [Savaré 2014; Gigli 2018b]:

Test®(X) := {f € D(A)NL®(m) | IDf] € L®(m), Af € WI2(X) N L>®(m)).

Since RCD spaces enjoy the Sobolev-to-Lipschitz property, each function in Test™ (X) has a Lipschitz
representative. Moreover, Test™ (X) is dense in W'2(X) and V f - Vg € W12(X) for every f, g € Test™®(X).
The class of test vector fields is then defined as

k
TestV(X) := {Z fiVegi ’ keN, (f)f_,, (e, c Testoo(X)} C L*(TX).
i=1
We denote by L%ap(TX) the capacitary tangent module on (X, d, m) introduced in [Debin et al. 2021,
Theorem 3.6] and by V: Test®(X) — Lgap(TX) the capacitary gradient operator. Given any Borel
measure p on X such that u <« Cap (meaning that w(N) = 0 for every N € X Borel with Cap(N) = 0),
we denote by 7, : L%(Cap) — L°(u) the canonical projection.

Letting Lg(TX) be the quotient of Lgap(TX) up to u-a.e. equality (where we identify two elements
v,w € LOCaP(TX) if 7, (Jv — w|) = 0 holds p-a.e.), we have a natural projection map m, : Lgap(TX) —
Lg(TX), which satisfies |7, (v)| = m,(|v]) p-ae. forall v e LOCap(TX). The space Lg(TX) is an LO(p)-
normed L°(u)-module. As pointed out in [Debin et al. 2021, Proposition 3.9], the quotient L?n(TX)
can be identified with the tangent module L%(TX) and the projection 7, Lgap(TX) — LO(TX) satisfies
Vf=m,Vf)forevery f e Test™(X). Due to this consistency, to ease the notation we will indicate the
capacitary gradient of a test function f with V f instead of V f.

The Hessian of f € Test™(X) is the unique tensor Hess( f) € L2(T*X) ® L*(T*X) with

Z/hHeSS(f)(Vg1®ng)dm=—/Vf-Vg1diV(thz)+Vf'ngdiV(thl)Jrth-V(Vgl'ng)dm
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for every g1, g2, h € Test®(X). Recall that a vector field v € L?(TX) is said to have a divergence, briefly
v € D(div), provided there exists a function div(v) € L?(m) such that

/ Vf-vdm=— / fdiv(v)dm forevery f € WH2(X); (2-6)
note that div(v) is uniquely determined by (2-6). The Hessian above is a local object:

Xifi=p) - Hess(f1) = x(f=p) - Hess(f2) for every fi, fo € Test™(X). 2-7)

The validity of this property allows us to define the Hessian of a harmonic function f defined on an open
set 2 C X, as we are going to discuss. As proven in [Jiang 2014], the harmonic function f: Q@ — R
is locally Lipschitz. In particular, nf € Test®(X) for every cut-off function n € Test®(X) such that
spt(n) € 2. As shown in [Ambrosio et al. 2016; Mondino and Naber 2019], there are plenty of cut-off
test functions: given any x € X and 0 < r < R, there exists € Test®(X) with 0 < n < 1 such that
n =1 on B,(x) and spt(n) € Bg(x). Thanks to this fact and to (2-7), it makes sense to m-a.e. define the
measurable function |Hess(f)|: 2 — [0, +00) as

|Hess(f)| := |Hess(nf)| m-ae.on {n=1}

for every n € Test®(X) such that spt(n) € Q.

BV calculus on RCD spaces. Now we focus on BV functions and sets of finite perimeter on RCD(K, N)
spaces. The following notion was introduced in [Ambrosio et al. 2019, Definition 4.1].

Definition 2.16 (tangents to a set of finite perimeter). Let (X, d, m, p) be a pointed RCD(K, N) space and
E C X a set of locally finite perimeter. Then we define Tan, (X, d, m, E) as the family of all quintuplets
(Y, dy, my, g, F) that verify the following two conditions:

() (Y,dy, my, g) € Tan, (X, d, m).

(2) F CY is aset of locally finite perimeter with my (F) > O for which the following property holds:

along a sequence r; N\ 0 such that (X, rl._ld, m;;', p) — (Y,dy, my, g) in the pmGH sense, with

1
loc?

intended in the rescaled space (X, rl._ld). If this is the case, we write

realization Z, it holds that ng — xp in L, , where by XZ we mean the characteristic function of £

X, td, my, p, E) = (Y, dv, my, ¢, F).

The following theorem is extracted from [Brena and Gigli 2024, Theorem 3.13], see also [Brue et al.
2023b, Theorem 2.4].

Theorem 2.17. Let (X, d, m) be an RCD(K, N) space and let F € BV(X)X. Then there exists a unique,

up to |DF|-a.e. equality, vp € Lgap(TX)k such that [vp| =1 |DF|-a.e. and

k
Z /x F;jdiv(v;)dm = —meDm(v) -vpd|DF| foreveryv=(vy,..., ) € TestV(X)k.
j=1
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Notice that if F € BV(X)¥, we consider vz as an element of LOCap(TX)k that is defined |DF'|-a.e.. This
allows us, via a standard localization procedure, to define vy even if F is a vector-valued function of
locally bounded variation, or, in other words, if F is a k-tuple of functions of locally bounded variation.
In particular, if E is a set of locally finite perimeter, we naturally have a unique, up to |Dxg|-a.e. equality,
VE € Lgap

Next we recall that, as proven in [Brue et al. 2023b], each set of locally finite perimeter E in an
RCD(K, N) space (X, d, m) satisfies |Dxg| << Cap. Notice however that the same result holds in every

metric measure space; see [Brena and Gigli 2024, Theorem 2.5]. By the coarea formula, this absolute

(TX), where we understand vg = v,,.

continuity extends immediately to total variations, so that
IDF| « Cap forevery F € ]l3V(X)”.
ocC

The following proposition summarizes results about sets of finite perimeter that are now well known
in the context of PI spaces and are proved in [Ambrosio 2002; Eriksson-Bique et al. 2021]; see also
[Ambrosio 2001].

Proposition 2.18. Ler (X, d, m) be a Pl space and let E C X be a set of locally finite perimeter. Then, for
IDxgl-a.e. x € X the following hold:

(1) E is asymptotically minimal at x, in the sense that there exist r, > 0 and a function w, : (0, ry) —
(0, 00) with lim,\ o wy (r) = 0 satisfying

IDx£l(By(x)) < (1+ (1) Dxp|(By(x)) if r € (0,ry) and E'AE € B, (x).

(ii) |Dyxg| is asymptotically doubling aft x:

iim IDxg|(Bar(x))
m---——————-—-
™0 [Dyxg|(By(x))

(iii) We have the estimates

0 < 1im 1PXEIBr (X)) _ o rIDxE|(B (X))
<lm — <lim ——————=
~o0 M(Br(x)) O m(B,(x))

(iv) The following density estimate holds:

{m(Br(X)ﬂE) m(Br(X)\E)} -0
m(B,(x)) = m(By(x))

lim min

N0
Remark 2.19. It is well known (see [Heinonen et al. 2015, Theorem 3.4.3 and p. 77]) that for an
asymptotically doubling measure the Lebesgue differentiation theorem holds. In particular, if E is a set
of locally finite perimeter in a PI space and f € L'(IDxg|), then, for |Dxg|-a.e. x,

lim |f ) = f)IdIDxel(y) =0.
r\0 B, (x)
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Let us now introduce the notion of reduced boundary of a set of locally finite perimeter. First, we
introduce the set R;. Following [Ambrosio and Tilli 2004], given a metric measure space (X, d, ) and a
real number k£ > 0, we define the upper and lower k-dimensional densities of w as

@k(u,x);:mm and @k(M,X)IZHLnM(Br(x))

T T for every x € X,
r\0 wir N0 wir

respectively. In the case where O (i, x) and O (u, x) coincide, we denote their common value by
O, x) €10, +00], and we call it the k-dimensional density of p at x.

Definition 2.20. Let (X, d, m) be an RCD(K, N) space having essential dimension n. Then we define
the set RF =R, (X) SR, as
R :={x € Ry |30, (m, x) € (0, +00)}.

In the case in which m = H", by the Bishop-Gromov comparison, one has that ® y (%", x) exists and
is positive for every x € X. Moreover, the volume convergence results in [De Philippis and Gigli 2018]
and the lower semicontinuity of the density imply that ® y (%", x) < 1 for every x € X. Notice that the
set R, is Borel, see Remark 2.5. As shown in [Ambrosio et al. 2018, Theorem 4.1], m(X\ R};) = 0.

Definition 2.21 (reduced boundary). Let (X, d, m) be an RCD(K, N) space. Let E C X be a set of locally
finite perimeter. Then we define the reduced boundary FE C 0*E of E as the set of all points x € R
satisfying all four conclusions of Proposition 2.18 and such that

Tan, (X, d, m, E) = {(R",d., £", 0, {x, > 0D}, (2-8)
where n € N, n < N stands for the essential dimension of (X, d, m). We recall that the set of points x € X
that satisfy (2-8) is denoted by F, E.

As proven in [Brue et al. 2023a] after [Ambrosio et al. 2019; Bru¢ et al. 2023b], taking into account the
forthcoming Theorem 3.3, the perimeter measure |Dyg| is concentrated on the reduced boundary FE.

Remark 2.22. By the proof of [Ambrosio et al. 2019, Corollary 4.10], by [Ambrosio et al. 2019,
Corollary 3.4], and by the membership to R, we see that the following hold for any x € FE:

(1) If r; N\ O is such that
X, 7, m7, x) = (R, d, £",0) (2-9)

in a realization (Z, dz), then, up to not relabeled subsequences and a change of coordinates in R”,
X, 7', m7, x, E) — (R",d,, £, 0, {x, > 0})

in the same realization (Z, dz). Notice that, given a sequence r; N\ 0, it is always possible to find a
subsequence satisfying (2-9).

(@i1) If r; \( O is such that
X, 7', m?, x, E) — (R",d,, £, 0, {x, > 0})

in a realization (Z, dz), then |D x| weakly converges to |Dx(,~0;| in duality with Cys(Z).



2814 GIOACCHINO ANTONELLI, CAMILLO BRENA AND ENRICO PASQUALETTO

(iii) We have
i m(B,(x))
im ——— =

N0 rh
Ccr o
r{%r_nan@”(m’x)’ (2-10)
. IDxel(B(x))
ll\r‘%i”——l = wy—10,(m, x).

@, Oy (m, x) € (0, +00),

Definition 2.23 (good coordinates). Let (X, d, m) be an RCD(K, N) space of essential dimension #.
Let E C X be a set of locally finite perimeter and x € FE be given. Then we say that an n-tuple
u= (u',...,u") of harmonic functions u®: B, (x) — R is a system of good coordinates for E at x
provided the following properties are satisfied:

(1) Forany ¢, j=1,...,n,

lim |Vu' - Vul — 8| dm = lim IVu' - Vul — 8| dDyg| = 0.
™0 JB, (x) ™0 JB, (x)
(2) For any £ =1, ..., n, there exists v;(x) defined as follows:
ve(x) := lim veg - VutdDxg|, lim lve(x) —vg - V| d|Dyg| = 0. (2-11)
"™0JB,(x) "™0JB,(x)
(3) The resulting vector v(x) := (vi(x), ..., V,(x)) € R" satisfies [v(x)| = 1.

The following theorem is proved in [Brue et al. 2023a, Theorem 3.6].

Theorem 2.24. Let (X, d, m) be an RCD(K, N) space of essential dimension n. Let E C X be a set of
locally finite perimeter and x € FE be given. Then, good coordinates exist at |Dyg|-a.e. point x € FE.

Remark 2.25. Let (X, d, m) be an RCD(K, N) space of essential dimension n, let x € X and let u =

(u', ..., u"™) be an n-tuple of harmonic functions satisfying
lim |Vu' - Vul — 8| dm = 0.
™0 JB, (x)

Given a sequence of radii r; N\ 0 such that
X, r7'd, ml, x) > R, de, L7, 0)

and a fixed realization of such convergence, it follows from the results recalled in [Brue et al. 2023b,
Section 1.2.3] (see also [Bru¢ et al. 2023b, (1.22)], a consequence of the improved Bochner inequality in
[Han 2018]) that, up to extracting a not relabeled subsequence, the functions in

rlulyy forj=1,...,n

converge locally uniformly to orthogonal coordinate functions of R".

The ensuing result is taken from [Brue et al. 2023a, Proposition 4.8].
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Proposition 2.26. Let (X, d, m) be an RCD(K, N) space of essential dimension n. Let E C X be a
set of locally finite perimeter. Then, for |Dxg|-a.e. x € X, the following property holds. Suppose that
u= ' ..., u"): B.(x) = R" is a system of good coordinates for E at x. Let v(x) € R" be as in
Definition 2.23. If the coordinates (x¢) on the (Euclidean) tangent space to X at x are chosen so that
the maps (u®) converge to (x¢): R" — R" when properly rescaled, then the blow-up H of E at x (in the
sense of finite perimeter sets) is

H={yeR"|y -v(x)>0}

Splitting maps. Let us now present the notion of a §-splitting map. We follow closely the presentation in
[Brue et al. 2023b], compare with [Bru¢ et al. 2023b, Definition 3.4].

Definition 2.27 (splitting map). Let (X, d, m) be an RCD(K, N) space. Let x € X, k e N, and r, § > 0 be
given. Then amap u = (uy, ..., ux): B.(x) — R¥ is said to be a 8-splitting map provided the following
properties hold:

(i) u, is harmonic, meaning that, for every £ =1, ..., k, we have u, € D(A, B,(x)) and Auy =0, and
uy is Cy-Lipschitz forevery £ =1, ..., k.
(i) r? fBr(x)lHess(ug)F dm < §foreveryL=1,... k.
(iii) fB,(x) |Vug-Vuj—8¢jldm <8 forevery £, j =1, ..., k.

As already noticed in [Brue et al. 2023b, Remark 3.6], in the classical definition of §-splitting maps
in the smooth setting, in item (i) above the stronger condition |Vu| < 1 + § is required. Anyway we
stress that when (X, d, m) is an RCD(—§, N) space and u is a §-splitting map as above, we have that
SUPyeB, »(x) [Vul(y) <1+ Cn38Y/2, see [Brue et al. 2022, Remark 3.3], and compare with [Cheeger and
Naber 2015, Equations (3.42)—(3.46)]. This means that, for § small enough, if u is a §-splitting map on
B, (x) on an RCD(—4§, N) space as above, then itis a C Nl 2—splitting map on B, >(x) in the classical
smooth sense.

In the following lemma we slightly improve previous results obtained in [Brue et al. 2023a; 2023b],
and we show that we can find good coordinates with respect to every BV, function.

Lemma 2.28. Let (X, d, m) be an RCD(K, N) space of essential dimension n and n € (0, 1). Then there
exists a sequence of n-tuples of harmonic Ck n-Lipschitz maps {uy}x,

g = (ugs .. up) : By, (x) > R,
and a sequence of pairwise disjoint Borel sets { Dy }x with Dy C By, (xy) such that

(i) for every f € BVioc(X),

IDfI(X\U Dk) =0,
k

(i) for every x € Dy, uy is an n-splitting map on B, (x) for anyr € (0, ry),
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(iii) there exists a Borel matrix-valued map M = (M, ;) : Dy — R"™" satisfying
. ¢ J
lim [Vuy - Vup — M(x)¢, j| dm = 0. (2-12)
"™O0JB,(x)

To any such collection of n-splitting maps, we can therefore associate a natural map

UDk—> N, x> k(x).
k

Proof. The proof follows the arguments given in the proof of [Brue et al. 2023b, Theorem 3.2]. However,
as we need a slightly stronger statement, we include the details of the proof.
Fix a countable dense set S C R,. Let y € S be given. If & > 0 is small enough and r € (0, \/e/[K|) NQ
is such that
dpmGr (X, r~'d, ml, y), (R", de. L, 0)) <&,

then, by [Brue et al. 2023b, Corollary 3.10], we obtain a §-splitting map u, , : Bs,(y) — R" for some §
(which can be made arbitrarily small, taking & small enough). Let

Dy, = {x € Bs/4)r(y) ‘ uy , is an n-splitting map on By (x) for every s € (0, %r)}.

The claim of the lemma will be proved with the sequence of sets {D,, ,}, , and maps {u, .}, , after making
the sets disjoint and restricting the maps.

Assume now, by contradiction, that the claim is false. Then, using a locality argument and the coarea
formula, we find a set of finite perimeter £ C X such that

|DXE|<X\UDW) > 0. (2-13)
yor
Fix ¢ > 0 to be determined later. If x € FE, then there exists r = r(x) € QN (0, 1) such that |[K|r2 <& <4

and
rIDxel(B,/4(x)) Wp—1
>2

m(B,/4(x)) wp

dpman((X, r~1d, m%, x), (R", d,, £,0)) <& and

By density of S and thanks to an easy continuity argument, we deduce that, for some point y = y(x) €
SN B, j(x),

rIDxel(Br/4(y)) Wp—1

domGr (O, 771, m”, y), (R, d., £",0)) <& and
p y ‘ m(B,/4(y)) Wn

(2-14)
By the discussion above (that is, [Brue et al. 2023b, Corollary 3.10]), we obtain a §-splitting map
uy , : Bs,(y) — R" for some § = §(¢) (which can be made arbitrarily small, taking ¢ small enough). By
[Brue et al. 2023b, Corollary 3.12], u, , is a Cn8'/*-splitting map on By (x) for any x € D5 . € B(s/ayr(y)
and s € (0, %r), where
1/2 m(B(S/Z)r (x))

— .

Er

H2(Bsayr (9) \ Dy ,) <Cyé

Therefore, D;r C Dy, if Cy8'* <.



THE RANK-ONE THEOREM ON RCD SPACES 2817

We apply the Vitali covering lemma to the family { B, (r)/4(y(x))}xerE constructed as above, and we
obtain a sequence of disjoint balls { B, (y,)/4(y(x;))}; such that

FE | Bsjayrn ().
i

Set

e . e
D° = D}

i
Following the computations in the proof of [Brue et al. 2023b, Theorem 3.2], we obtain

m(B(s/2)rx) (¥ (X))

HS(FE\ND) = 3 H5(Bsjayra YD\ Dy i) < Cn62 Y 37 (x;)
ieN ieN 27

Br Xi i
= cys!2 3 MBI o 512y, x), (2-15)
ieN Zr(xi)

where the constants Cy may change from line to line, in the third inequality we are using the doubling
property together with the fact that r(x;) is sufficiently small, and in the last inequality we are using
(2-14) together with the fact that the {B,(y,)/4(y(x;))} are disjoint. Let now {g;}; with &; N\ 0 be such that
the corresponding {§;}; satisfy both 81.]/2 <27"and CN(SI.I/4 < n, and set

G = U D* C Dy ;.
i
Then Hg (FE\ G) =0, which contradicts (2-13).
Finally, item (iii) is a direct consequence of the fact that, since u,‘i is harmonic forevery £ =1, ...,n
and k € N, one can give a pointwise meaning to Vuf(x) . Vu,’c (x), compare with [Brue et al. 2023a,
Remark 2.10]. O

Definition 2.29. Let (X, d, m) be an RCD(K, N) space having essential dimension n. Then by a good
collection of splitting maps on X we mean a family {u, : n € (0, n~HNQ} of sequences U, = (Uy k)keN
of maps

1 .
Upk = (”n,k’ e ”Z,k)' By, (xpk) — R"

as in Lemma 2.28. We will denote by D, ; C By, (xn.k) the sets associated to u,, as in Lemma 2.28. We
define

o0
Dy =) Dy
k=1

and by k,(x) : D, — N we denote the unique index satisfying x € Dy x, (v). For every x € D, x we define
a matrix A,(x) € R"*" such that, with the same notation of Lemma 2.28, A, (x)M, (x)An(x)T =1Id, -
The existence of such a matrix follows from the choice of 7,. Indeed, from the construction of the
symmetric matrix B,(x), it follows that [[Id —M, (x)[[z=~ < n~!, thus ||1d —M;,(x)|lop < 1, so that the
conclusion follows from the spectral theorem.
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Notice that, for every f € BV(X), we have |D f|(X\ D,) =0. Let us fix n € (0, n~H N Q. Since for
every x € D, there exists a unique k; (x) such that x € Dy, , (x), and since there exists also a splitting map
Uy k,(x) on some ball around x, one has that the limit

: ¢ J
rlg% B,(x) Vit ko "V Uiy 4T
exists for every £, j € {1, ..., n}, compare the end of the proof of Lemma 2.28 and [Bru¢ et al. 2023a,
Remark 2.10]. Hence, for every n € (0, n~!) N @, one can give a pointwise meaning to the R"*"-valued
map
My :x € Dyr> (Vi -Vl o e jeqt,.n () (2-16)

such that (2-12) holds.

3. Main results

3A. Representation formula for the perimeter. In this section we prove, by exploiting [Deng 2020] and
the same argument of [Brue et al. 2023a], that the total variation of every BV function is concentrated
on R;. We use the latter information to deduce that the perimeter measure of every set of locally finite
perimeter is mutually absolutely continuous with respect to %" ~!'. We will be using the following theorem,
which is proved in [Deng 2020, Theorem 1.3].
Theorem 3.1. Let (X, d, m) be an RCD(K, N) space, with K € R and N > 1, and spt(m) = X. Then
(X, d, m) is nonbranching, i.e., if vy, o : [0, L] = X are two unit speed geodesics satisfying vy (0) = o (0)
and y (ty) = o (ty) for some ty € (0, L), theny =o.
Proposition 3.2. Let (X, d, m) be an RCD(K, N) space having essential dimension n. Suppose that
v 110, 1] = Xis a geodesic satisfying y; € R;, for a dense family of t € (0, 1). Then y, € R}, for every
te(0,1).
Proof. Let § € (O, %) be fixed. Theorem 3.1 ensures that the constant-speed reparametrization of
vl15/2,1-5/21 on [0, 1] is the unique geodesic between its endpoints. Then [Deng 2020, (166)] gives
e=¢e(N,8)>0, r=r(N,8) >0,and C = C(N, ) > 0 such that

‘ m(B, (%)

m(Br (Vs’))

In particular, for any s, s” € [§, 1 — §] with |s —s’| < &, we have

'm<Br<ys>> (m(&(m»))l .

wy, 1" wy, 1"

1
1| <C|s —s'|20+2N)  forevery r € (0,7) and s, s" € [§, 1 — 8] with |s —s'| < €.

A

1
< C|s —s'|20+2N)  for every r € (0, 7). (3-1)

Now let 1 € [8, 1 — ] be fixed, and choose a sequence (#;);en € y*I(Rﬁ) N[s,1—=8]N(t —e, t+e¢) such
that #; — ¢. Up to a not relabeled subsequence, we can assume that ®, (m, y;;) — A for some A € [0, +00].
Pick sequences (7;) jen, (7)) jen € (0, 7) such that

m(Br,-()/z))_)@n(m’%) and m(Bf,-S/t))

n
a),,rj C()nl”j

g @n(m» yt)
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Plugging (s, s’,r) = (¢, #;,rj) or (s,s',r) = (¢,t;,7;) into (3-1) and letting j — oo, we deduce that
@n(m, ¥;) < +00 and

‘ @n(m, Yr) _ 1' ' On(m, v1)
®n(m’ Vt,—) ’ ®n(m7 Vt,-)

Similarly, plugging (s, s’, r) = (t;,t,r;) or (s,s’,r) = (t;, t, ;) into (3-1) and letting j — oo, we deduce
that ®,(m, y;) > 0 and

‘®n(m’ yt,') _1' '®n(m7 J/t,»)
On(m, 1) " On(m, 1)
Observe that (3-2) and (3-3) imply, respectively, that, for every i € N,

1
—1| < Clt — t;|2+2N)  for every i € N. (3-2)

1
—1| < Clt — t;|20+2N)  for every i € N. (3-3)

_ 1
|®n(m’ Vz) - @n(mv Vt)| =< 2C|t - ti|2(1+2N) ®n(mv Vt,-), (3_43)

®n(m’ Vt)@n(m» Vt)
®n(m’ yt,') ‘

Hence, we can conclude that ®,(m, y;) = ©,(m, ¥,) by letting i — oo in (3-4a) if A < 400, or in (3-4b)
if A = 4-o00. This shows that y, € R} for every t € [§, ] — §]. Thanks to the arbitrariness of §, we proved
that y;, € R} for every t € (0, 1), as desired. U

_ 1
1©n(m, 1) — On(m, y)| < 2C|t — ;] 20H2N) (3-4b)

Theorem 3.3. Let (X, d, m) be an RCD(K, N) space having essential dimension n. Then
IDFIX\R;) =0 forevery f € BV(X).
Proof. The statement can be achieved by repeating verbatim the proof of [Brue et al. 2023a, Theorem 3.1],
using R, instead of R, and Proposition 3.2 instead of [Brue et al. 2023a, Proposition 2.14]. O
The following theorem answers [Semola 2020, Conjecture 5.32] in the affirmative.

Theorem 3.4 (representation formula for the perimeter). Let (X, d, m) be an RCD(K, N) space having
essential dimension n. Let E C X be a set of locally finite perimeter. Then

IDxe| = ©,(m, YH" 'L FE. (3-5)
In particular, ®,_1(|Dxg|, x) = ©,,(m, x) for H" '-a.e. x € FE.

Proof. Up to a standard localization argument, we can suppose that E is of finite perimeter. Define
Rj:={x €R}:2/ <O,(m,x) <2/*!} forall j € Z. Notice that {R;} ez is a measurable partition of R.
Given j € Z and B C X Borel, for any x € BN R; N FE, there exists

Wn rDxel(B,(x)) m(B(x))

©,_1(Dxgl|, x) = li =0,(m, 27 2ty 3-6
1(IDxEl, x) wn_lrl\r% (B () e (m,x) el ) (3-6)

Therefore, an application of [Ambrosio and Tilli 2004, Theorem 2.4.3] yields, for any B C X Borel,

27H"™ Y (BN R;NFE) < |Dyxs|(BNR;) <2/t""H""Y(BNR,; N FE),
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whence 2/H" ! L(R;NFE)<|Dxg|_R; < 2/+ngn—l L (R;NFE). Thanks to Theorem 3.3, we deduce
that g := H"~ 'L FE is a o-finite Borel measure on X satisfying |Dxz| < g < [Dxz|. In particular,
we know from [Brue et al. 2023b, Theorem 4.1] that the set FE is countably "~ !-rectifiable, so that
[Ambrosio and Kirchheim 2000, Theorem 5.4] and the computation in (3-6) ensure that

d|D D B,
| XEl(x) — lim [DXxel(B-(¥) _ , (m. x)
dig ™NO @y
is satisfied for 7" ~'-a.e. x € FE. Therefore, the identity stated in (3-5) is achieved. O

Remark 3.5. Notice that, as a consequence of [Brue et al. 2023a, Corollary 3.2], for any set E of locally
finite perimeter in an RCD(K, N) space (X, d, m) of essential dimension n, we have

On-lah| FE.

|IDxel=
n
Hence, taking also (3-5) into account, we conclude that the measure 7" and H"~! are mutually absolutely
continuous on the reduced boundary FE.

3B. Auxiliary results. Let (X,d, m) be an RCD(K, N) space of essential dimension n. Notice that
if a given function u : B,(x) — R is harmonic, then Vu admits a quasicontinuous representative in a

localization of L2

Cap(TX). Also, by tensorization of the energy, if k € N, then the function

X x RE D B (%) x RF 5 (x, y) — u(x)

is harmonic, and hence it admits a quasicontinuous representative in a localization of LOCap(T(X x RKY))

with respect to the relevant capacity. Therefore, the following definition is meaningful.

Definition 3.6. Let (X, d, m) be an RCD(K, N) space having essential dimension n. Let f € BV(X)
be given. Fix a good collection {u,}, of splitting maps on X. Then, given any n € (0,n~!) N Q, the
|D f|-measurable map v;” : X — R" is defined at |D f]-a.e. x € X as

V) 1= Wy - Vg g o) @), oo - Vil ) (6).
The |[Dyxg, |-measurable map v'g‘;: X x R — R"*! is defined at IDxg,l-a.e. p=(x,1) e Xx Ras

V1) = (g, - Vity i ()P, - g, - Vit 1 ) (P), (vg, - V) (p));

notice that [Dyg £ |-a.e. p = (x, 1) satisfies x € D, as a consequence of Lemma 2.28(i), Proposition 2.13,
and the existence of functions of locally bounded variation whose total variation equals m.

In view of the following proposition, recall the definition of the reduced boundary in use in this note,
Definition 2.21. In particular, notice that, by definition, 7Gy € R;_ (X x R), and we will use this
inclusion throughout (in particular, recall the properties stated in Remark 2.22). Notice finally that the
matrix valued maps Cy > x — A, (x) in the proposition below are independent of f (up to the choice of
their domain).
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Proposition 3.7. Let (X, d, m) be an RCD(K, N) space having essential dimension n. Let f € BV (X)
be given. Let {uy}, be a good collection of splitting maps on X. Then there exists a Borel set Cy C X
satisfying the following properties:

(i) IDf|°=IDf|L.Cs and m(Cy) =0.
(i) Cr SREX)\Jfand FG; N (Cy x R) = (idx, f)(Cy).
(iii) Givenanyne (0,n ")YNQ and x € Cy, for Ay(x) € R™" as in Definition 2.29, (A, (X)tuy k(x), )
is a set of good coordinates for Gy at (x, f(x)).

Gv) If u=(u', ..., u""): B, (x, f(x)) — R is a system of good coordinates for Grat (x, f(x))
for some x € Cy, and the coordinates (x¢) on the (Euclidean) tangent space to X x R at (x, f_ (x))
are chosen so that the maps (u®) converge to (x;): R"' — R"*! (when properly rescaled, see

Remark 2.25), then the blow-up of Gy at (x, f_ (x)) can be written as
H:={yeR" |y v, f(x)) =0},

where the unit vector v(x, f(x)) = (w!(x, f(x)), UL RY C f(x))) is given by (2-11).

W) If p=(x, f(x)) € Cr xR, then, for every n € (0, n~HNQ, we have x € Dy i, (x) for some k;(x)
and p is a point of density 1 of Dy x,x) X R for [Dxg,|.

Proof. Let us start this proof by defining several sets whose intersection will define C ;. Hence we will
define Cy in (3-11), and we will verify each item separately.

For every n € (0,n~") N Q and every k € N, take D,k to be the set of points of density 1 in
(Dy.x x R)NFG ¢ with respect to [Dxg,|. We thus have that Uken Do,k covers IDxg,|-almost all D, x R.
Hence, by Proposition 2.13 and Lemma 2.28, the set 7 (U keN Dn,k) covers |D f|-almost all X for every
n € (0,n~")NQ. As a consequence, if we denote D := Mye©.n-Hna 7 (Ugen Pik)s then

IDfI(X\D) =0. (3-7)

Let A € X x R be the set of points (x, #) € X x R such that, if u = @', ..., u"thy: By, (x, 1)~ Rr+!
is a system of good coordinates for G at (x, 1), and the coordinates (x¢) on the (Euclidean) tangent
space to X x R at (x, ¢) are chosen so that the maps (ub) converge to (xg): R+ — Rt (when properly
rescaled), then the blow-up of G at (x, ) can be written as

yeR™ [y v(x, 1) >0},

where the unit vector v(x, 1) := (W' (x, 1), ..., V" 1 (x, 1)) is given by (2-11). Then, by Proposition 2.26,
we have also that
IDxg, (X x R)\ .A) =0. (3-8)

Let n € (0,n~")NQ, and let T, be the Lebesgue points of v'g‘: (defined in Definition 3.6) with respect
to [Dxg,|. Let T := ﬂne(o,ml)m@ 7Ty and notice that

IDxg (XX R)\T) =0. (3-9)
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Letus fix n € (0,n ") NQ and k € N. Let 1\71,7 = (M,, %) be defined on X x R, where M, is defined
in (2-16). Notice that 1\7[,7 is |[Dxg,|-measurable. Let S, be the Lebesgue points of 1\~4,7 with respect

to [Dxg, |, and let S := [, (. ,-1) Sy- Notice that

IDxg, (X xR)\S) =0. (3-10)

Let § € X with m(S) = 0 be such that |[D f|* is concentrated on § (recall (2-5)). Let us now define

Cy ::Sﬂ(RZ(X)\Jﬂﬂ( ﬂ Dn>ﬂJT1(AﬂTﬂSﬂfgf)ﬂD, (3-11)
n€(0,n~HNQ
where D, is defined in Definition 2.29, J is the jump set of f, FG is the reduced boundary of G, and
A, T, S are defined above. Let us verify each item separately.

Item (i). Notice that |D f|° is concentrated on S. Moreover, |D f|¢ is concentrated on X\ J¢, and, due
to Lemma 2.28, |D f|¢ is concentrated on ﬂne(oﬁn_%@ D, as well. Due to (3-7), |D f| is concentrated
on D. Furthermore, [Dxg,| is concentrated on ANT NS N FGy due to (3-8)~(3-10) and to the definition
of reduced boundary, see Definition 2.21. Thus, due to Proposition 2.13, |Df] is concentrated on
T (ANTNSNFG r). Putting this all together, we get that [D f| is concentrated on C.

Item (ii). By Lemma 2.11, one has that if x € C¢ \ Jy, then FGr N ({x} x R) = {(x, f(x))}. Indeed,
xeCyrC nl(]:gf), and then 7G N ({x} x R) is nonempty. Hence FG; N (Cy x R) = (idx, f)(Cf).
Item (iii). Let x € Cr. Hence, by item (ii) and by definition of C s, we have that x = 7l (x, f (x)) and
(x, f(x)) eTNS.

Let n € (0,n~") N Q. We have that there exists ky(x) such that x € Dy g, (x). By Lemma 2.28(iii),

compare with (2-16), we get the existence of a matrix M (x) € R"*" such that, forevery ¢, j =1, ..., n,
: 1 J —
}1&1) . |V”n,k,,(x) . V”n,k,,(x) —M(x)¢,jldm=0.

Hence, taking the matrix A, (x) from Definition 2.29, we conclude that, calling vy x, (x) := Ay (X)uy &, (x)>

we have, forevery £, j =1,...,n,
: ¢ J —
}I\I‘Ig) B (x) |an’kn(x) . an,k,?(x) - 8[]' dm - 0.
Hence, as a consequence of the previous equality, the independence of the coordinates in X x R, and Fubini’s
theorem, calling Uy k, (x) := (Vy.k, (1) 7?), we get that the following holds for every £, j =1,...,n+1:
lim V3, 10 - V054, — Sl dm@HY) =0. (3-12)

"™OJB, (x, f(x))

Now, since (x, f (x)) € S, and S, is the set of the Lebesgue points of (M, 72) (see (2-16)) with respect
to |ngj |, we also get, forevery £, j=1,...,n+1,

lim \vol, Vi

— 8¢ d[Dxg,| =0. (3-13)
NOSp ey Tk T /
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Finally, notice that (x, f(x)) € T, and T, are the Lebesgue points of vg with respect to [Dxg,|. Hence,
(x, f (x)) is also a Lebesgue point of the |Dyg y |-measurable map deﬁned for p=(y,1t) as

Bgl(p) = (g, - VA @ub o )(P). ... (v, - VAL, ()(p). (vg, - VI2)(p)).  (3-14)

Arguing as in the last part of [Brué et al. 2023a, Proposition 3.6], we get that the norm of the |Dxg, |-
Lebesgue representative of v vg at (x, f (x)) is 1. Hence the last information, together with (3-12) and
(3-13), give that vy x, (r) is a set of good coordinates for G at (x, f(x))

Item (iv). It follows from item (ii) and the definition of A.
Item (v). It follows from item (ii) and the definition of D. O

Theorem 3.8. Let (X, d, m) be an RCD(K, N) space having essential dimension n. Fix a function
f €BV(X) and a good collection {u,}, of splitting maps on X. Let C y C X be as in Proposition 3.7. Then,
for any givenn € (0,n~)NQ,

(vg;)nH(p) =0 forH"-ae peFG N (CrxR).

Proof. We recall from Proposition 2.13 that nﬂf(lD X5/ L (FGr N (Cy x R))) = IDf|°. Moreover,
Lemma 2.11 ensures that the mapping !: FGrN(Cr xR) — Cy is the inverse of (idx, f): Cr—
FGrN(CrxR). Given any k, j € Nand @ € (0, 1) N Q, we define

Ci={x e Crn Dy | 1w (x, FON = @, 7 <@, me L), (v, F0)) < j}.

Notice that the sets C f’ ol obViously depend on 7, but, as we are working with a fixed n € (0, n~HNaQ,
we do not make this dependence explicit. Recalling Theorem 3.3, we see that

{(xeCy| (vg”)n+1(x f(x)) #0} = U Cl}’a’j up to |D f|-null sets.
k,a,j
Hence, proving the statement amounts to showing that each set 7G, N (Cy kol R) is H"-negligible.

Koand R) Borel such that £ is continuous

Given any ¢ > 0, by Lusin’s theorem we can find £ € FG N (C
on !(2) and H"((FG; N (C*) x R)\ B) <e.
Our aim is to show that

H'(T)=0 (3-15)

since this would imply H" (FG ;N (Cljﬁ.’“’j x R)) = 0 by the arbitrariness of ¢ > 0. Up to discarding an H"-
null set from X, we can also assume (thanks to Remark 2.19 and Theorem 3.4) that ©, (|Dxg, | L, p)=
O,11(m® L', p) for every p € . Now we claim that

m IDxg, (XN Br(p)) \ (X x Bg,(1)))
r\0 r’

where we set 8 = B(a) :=+/1 —a? € (0, 1). The role played by o will be made clear in what follows. To
show the claim, fix p = (x, ) € ¥ and take any sequence {r;}; C (0, +00) with r; \( 0. Since x € R, (X),
one has that

=0 forevery p=(x,1)€ X, (3-16)

(X, rl._ld, m?, x) - (R",d., £",0) in the pmGH topology.
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Let (Z, dx) be a realization of such convergence. Then (Z x R, dz x d.) is a realization of
X xR, 7' (dxde), (m® LY, p.Gp) —> R d,, £, 0, H),

where H € R"*! is a halfspace. We also know from Proposition 3.7(v) that, up to passing to a not
relabeled subsequence, the rescaled perimeters [D g, | weakly converge to "3 H in duality with Cps(2).
Moreover, by Proposition 3.7(iv), d H is normal to v'g‘: (p). Thus, since (vg';)nﬂ(p) > o, we have
0H N B1(0) € B1(0) x Bg(0) by our choice of B. From the latter the claim (3-16) follows, taking into
account also (2-10). For y € (0, 4+00) and (x, t) € X x R, we define the cone

Cy(x, 1) :={(y,s) e XxR|yd(y,x) > |s —1[}.

Now take y =y (B) = /(1 +B8)/(1 — B) € (1, +00). Notice that y2 > /(1 — B). Next we claim that

. IDxg, I((ZN B, (p)\ Cy(p))
lim
r\0 r’

=0 forevery p=(x,t) € X. (3-17)

In order to prove it, fix § > 0. By virtue of (3-16), we can take ro > 0 small enough that

[Dxg, (XN Br(p) \ (X x Bpr(1)) _

re(0,ro) rt

8. (3-18)

Notice that
B, (p)\Cy(p) < U B, (p) \ (X x Bgy, (1)), (3-19)

]

where, for any i € N with i > 1, we define

2 ) i
Y +1 Yy +1
rii=py ——— ri—1=(,3 3 )’”0-
14 4

G18) yrEH1
IDxg, I((X N By, (p))\ (X x Bgr,(p))) = &r; 25(5 2 ) "o

it follows from the inclusion in (3-19) that

[Dxg, |((EZ N By (PH\Cy (P)) _ SZ(ﬂ y2+1)"i

Given that

n 2
ry y

Thanks to the arbitrariness of § > 0 and the finiteness of Y, (8+v/(y2+1)/y?)™, (3-17) is proved.
Let now &’ > 0. We wish to show that there exists a set ¥’ C ¥ with H" (X \ X’) < ¢’ such that there
exists rg € (0, 1) satisfying

(Z'NB,(p)\Cay(p) =2 forevery pe X' (3-20)

We do it using a standard argument, see, e.g., the proof of [Simon 1983, Theorem 1.6]. By Egorov’s
theorem, we can choose ¥’ C ¥ Borel with H" (X \ X’) < &’ such that, for any given 8’ > 0, there exists
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ro € (0, 1) such that, for every r € (0, 2rg) and p € X',
IDxg, (%N B:(p))
Opr1(M El’ plw,r™
D ~NB C
IDxg, I(( (P \ Cy(p)) <5 (3-21b)
Onr1(m LY, p)w,r"

the former follows from the fact that ©,(|Dxg, | LY, p)=0,11(m® L', p), the latter from (3-17). We

aim to show that if ' > 0 is small enough, then this choice of ¥’ and r( satisfies (3-20). Assume now

that there exists ¢ € (XN B, (p)) \ C2, (p) for some p € X'. Then

1-4, (3-21a)

B,(g) € B&(p,q)+p (»\C,(p), wherep:= a(p, q) sin(arctan(2y) — arctan(y)), (3-22)

where we write d := d x d, for brevity. Therefore, we can estimate
5 2 IDxg, 1((X N Bj,, 1)+ (PH\Cy(P))
T 0@ LY po(d(p. )+ p)"

(:22) IDxg, (XN B,(q))
Oni1(M® L, p)wa(d(p. q) + p)"
(3-§1b) (1— 58— o" —(1-3) (sinFarctan(Zy) — arctan(y)))" ’
d(p,q)+p)" (1 + sin(arctan(2y) — arctan(y)))"

which leads to a contradiction provided 8’ > 0 was chosen small enough, proving (3-20).
Finally, our aim is to show that
IDxg,1(X) =0 (3-23)

since this, by the arbitrariness of & > 0, would imply (3-16) and accordingly the statement. Take
p=(x,1)€ ¥ Since f is continuous on 7 ' (£"), there exists r| € (0, ro/~/2) such that | f(y) — f(x)| <
ro/~/2 forall y € B, (x)NaI(E). As &' C{(x,1) eXxR:t = f(x)}, we see that

='N (Br1 (x) X R) - =N Bro(p) - C2y(p)
by (3-20), so that, setting A := /1 +4y2,
' N(B,(x) xR) C X' NB;,(p) foreveryr e (0,r)). (3-24)

It follows that, for every p = (x, t) € ¥/, we have

IDxg, [(Z'N (B (x) x R)) (324 o IDxg, (XN Byr(p))
W, r" T r\o w,r"

— _
®n(7r* (|Dng | L E/)v X) = }1\1;%
=1"0,(Dxg,ILZ, p) =1"O 1 (m@ L', p) <1,
where the last inequality stems from the inclusion X" € FGy N (Cljﬁ.’“’j X R). Therefore, by applying
[Ambrosio and Tilli 2004, Theorem 2.4.3] and using the fact that 7' (X’) € C r» we can conclude that
IDxg,|(Z") =7, (IDxg,|IL £ (' (£)) < @0"jH" (x' () < Q1" jH"(Cs) =0,

thus obtaining (3-23). Consequently, the statement is achieved. U
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Lemma 3.9. Let (X, d, m) be an RCD(K, N) space of essential dimension n. Fix a function f € BV(X)
and a good collection {u,}, of splitting maps on X. Let C y be as in the statement of Proposition 3.7. Then,
foranyne (0,n~1HNQ,

V') = (ug! (. FO1n for IDFILCp-ae. x €X.

Proof. Recall that [IDf|LC; = nj(leg fll_(C r x R)), so that the statement makes sense. By the

.....

x € FE;NCy, where we define E; := {f > t}. Taking [Brena and Gigli 2024, Lemma 3.27] into account,
we see that it is sufficient to prove that, for a.e. ¢ and for every k € N,

uy

vk, (00) = (g O, OO0 for H' '-ae. x € FE;NCpN Dy (3-25)

.....

Let x € FE;NCy N Dy be a given point where the conclusions of Proposition 2.26 hold with E = E;
notice that %"~ !-a.e. point of FE, N C N Dy« has this property. We aim to show that the identity in
(3-25) is verified at x. Write p := (x, f_ (x)) for brevity. Thanks to Remark 2.22(i) and Proposition 3.7(v),
we can find a sequence r; \, 0, halfspaces H C R"*! and H' C R", and a proper metric space (Z, dz)
such that

X, ri ', mi, x, E) - R, de, £, 0, H'), (3-26a)
X xR, r] dxxm, (m@HN, p, Gp) > (R™d, £, 0, H) (3-26b)

in the realizations Z and Z x R, respectively. Notice also that
{(y,5) eXxR|s<t}—=>{(y,5) eR"xR|s <0} inLllOC (3-27)
in the realization Z x R. Therefore, by stability, we deduce from (3-26b) and (3-27) that
{(y,8) eEXxXR|s < f(y), s <t} = HN{(y,s) eR"xR|s <0} inL]..
Recalling (3-26a) and using Fubini’s theorem and dominated convergence, we see that
E; x (—00,1t) = H' x (=00,0) inL]_.
Given that E; X (—00,t) C{(y,s) e XxR:s < f(y), s < t}, we obtain that
H' x (—00,0) C HN{(y,s) eR" xR |s <0}.

Thanks to our choice of x and to items (iv) and (v) of Proposition 3.7, we can see that v;lg, (x) and
(vg; (P)1.....n have the same direction, namely there exists A(x) € [0, 1] such that

Now notice that the conclusion of Theorem 3.8 forces A(x) to equal 1, up to discarding a |D f|L_ C-
negligible set. U
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3C. Rank-one theorem. In this final subsection we prove Theorem 1.3. We first start with an auxiliary
definition and a technical result taken from [Brue et al. 2023b].

Let (X,d, m) be an RCD(K, N) space of essential dimension n and £ C X a set of locally finite
perimeter. Let ¢ > 0 and r > O be given. Then, following [Brue et al. 2023b, Definition 4.6], we define
(FnE), ¢ as the set of all points x € 7, E such that

dpmGH((X7 s_ldv m;a -x)s (Rna de’ én’ 0)) <é,
m(ENBy(x)) 1|, |sIDXe|(Bs(x)) @1

m(Bs(x) 2 m(B;(x)) wn

for every s € (0, r). We remark that, for every x € F, E and for every ¢ > 0, there exists » > 0 such that
x € (FL E)r.c. We now recall the following result, which was proved in [Brue et al. 2023b, Proposition 4.7].

Proposition 3.10. Let (X, d, m) be an RCD(K, N) space of essential dimension n. Let E C X be a set
of locally finite perimeter. Then, for any n > 0, there exists € = ¢(N, n) > 0 such that the following
property is satisfied: if p € (FoE)ar.e for some 0 < r < |K|™'/? and there exists an e-splitting map
u: By (p) —> R"! such that

r

_ lvg - Vu'|d|Dxg| < & foreveryl=1,...,n—1,
m(Bar(P)) J B, (p)

then there exists a Borel set G C B, (p) with Hg’(B, (p)\G) < Cnynm(B,(p))/r such that
u: GN(FrE)y e — R s bi-Lipschitz onto its image.
We pass to the following lemma, which is the technical core of the proof of Theorem 1.3.

Lemma 3.11. Let (X, d, m) be an RCD(K, N) space of essential dimension n. Fix any two functions
1, 8 € BV(X). Let {u,}, be a good collection of splitting maps on X. Let us consider the sets Cy, Cy € X
given by Proposition 3.7. Let T be the inversion map defined in (2-1), and let

Tpi=FG;N(Cyr xR), T;:=%;xR,

Yo =FG,N(Cg xR), Xg:=1(¥; xR).
Moreover, let us set R := nl(ﬁ) C X, where the set R C X x R? s defined as

() (1,9 € SpNEg [vgh(x, 1) # v (x,9), (v (6, D)n1 = (0 (%, ))np1 =0} (3-28)
neq,

0<77<n’1

Then
(IDfIA|DgN(R) =0.
Proof. Let us fix a ball B in X, set
Qs :=(Cr xRN (B xR)NFGy,

and define similarly €2,.
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For i € N, set n; := 27ny. Here ng € (0,n~ 1) N Q satisfies noCy < 1, where Cy is given in
Proposition 3.10. We claim that, for every i, there exists a decomposition of the kind
Q= G;(/H)UM(f)UR(f),
and similarly for g, for which the following hold:

o We have the inequality
HEM: () + IDxg, |(R:(f)) < Cx xmi(IDxg, |(B x R) + 1), (3-29)

and similarly for g, where Cg y is, in particular, independent of i.
e Set G;(f) :=7'(Gi(f)) and G;(g) := 7' (Gi(g)). Define similarly M;(f), Mi(g), Ri(f), and
Ri(g). Then
(IDFINIDgND(RNG;(f)NGi(g)) =0. (3-30)

We show now how this decomposition allows us to conclude the proof of the lemma. We set

G:=JGi(HNGie).
ieN
As (3-30) implies that ©
(IDfIAIDgN(RNG) =0,
it suffices to show (recall that R € Cy N Cy)
B (IDf| A IDgN((CyNCeN B\ G) =0,
as the ball B was arbitrary.
Let us go through the proof of the last equality. Notice that, for every i,

(IDfIADgh((CrNCNBY\G) < IDFIMi(f)URi(f)) +Dgl(Mi(g) URi(g)).
Therefore, it is enough to show that (as a similar statement will hold for g),
lim [Df(M; (f) U Ri () =0,

so that, recalling Proposition 2.13 and that 7| zg ; 1s injective on Cy x R, we can just show

Jim [Dxg,| (U Mﬂf)) + Dxg, |(Ri(f)) =0,
j=i

which follows from (3-29), since (3-29) again and the definition of 7; imply that

Hg’(ﬂ U Mf(f)) =0.

ieN j=i

For the sake of clarity, we subdivide the rest of the proof into five steps. In Step 1 we construct a
candidate decomposition as above in such a way that (3-29) is satisfied. The remaining steps are to prove
(3-30) for the decomposition obtained in Step 1. Step 2 and Step 4 are used to obtain technical estimates,
whereas Step 3 is the most important and proves a o -finiteness property via transverse intersection. With
these results in mind, we conclude the proof in Step 5. In the rest of the proof, we are going to use
heavily all the conditions ensured by the membership to C and C, without pointing it out every time. In
other words, we are morally partitioning X into good sets, up to an almost negligible set. These sets are
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good in the sense that s r and s ¢» Testricted to the preimage of these sets with respect to the projection
onto X, are bi-Lipschitz equivalent to (n+1)-rectifiable subsets of R"*2, via the same chart maps. Then,
as explained in the introduction, the task is to prove transversality of these two subsets of R"*2, and this
is done via a blow-up argument, taking advantage of the fact that we are using the same chart maps.

Step 1: Construction of the decomposition. Let g € (0, n~1 N (0, wy/QRwns1)) N Q be given by
Proposition 3.10 applied to E = G, with n; in place of 1. Using the good collection of splitting maps,
consider

wi ={ui il =ue/nr1),  ADiktk :={De;jnsr)k bk ki =kejmr1),  Aii=Ag /(1)

where we recall that k£ and A have been defined in Definition 2.29.

We only consider the case of the function f, the construction for g being the same, and we concentrate
on a fixed i. Therefore, we do not indicate the dependence on f for what remains of Step 1.

We refer to the discussion at the beginning of Section 3C for the definition (and the basic properties)
of the auxiliary set (F,4+1G ). Let

ri € (0,1K[7H
be small enough that, setting
R! = Qs \ (Fut1G )2 615
we have
IDxg, (R}) < n;.

Let also ¢ = ¢; € (0, 1) be small enough that, setting

R} :=Qs\{peFGslc<0,(Dxg,l p) <c '},
we have
IDxg, |(R}) < n;.

Take now p = (x, f(x)) €Qr\ Ril, so that x € D; ; for k = k;(x), see item (v) of Proposition 3.7, and
we have an associated invertible matrix A = A;(x), compare with item (iii) of Proposition 3.7, and the
discussion in Definition 2.29. Set v := (u; t, %) and z := (Au; , 7%). Notice, by the fact that x € D; g,
we have that u;  is ¢;-splitting on a small ball around x. Hence, by tensorization, v is ¢;-splitting on a
small ball around p. Recall, moreover, that, by item (iii) of Proposition 3.7, we have that z is a set of
good coordinates at (x, f (x)), see Definition 2.23. Hence, we have that, for some v € §”,

lim v/ — Vg, V| d[Dxg,|=0 forevery j=1,...,n+1,
"™OJB,(p) ' '

so that, for some v € R*+1\ {0},
lim lw — Vg, S Vo/| d|Dxg,|=0 forevery j=1,...,n+1L
™0 JB.(p) "

It follows that, for some B € SO(n + 1), setting w = Bv, we have

lim lvg, - Vw/|d|Dxg,| =0 forevery j=1,...,n.
™0 JB,(p) '



2830 GIOACCHINO ANTONELLI, CAMILLO BRENA AND ENRICO PASQUALETTO

Indeed, it suffices to take B € SO(n + 1) such that By = (0", ||it||gs+1). The equation above and the
membership p € FG imply that
. r
lim ——————
™0 mQH (B2 (p)) JB,, (p)
Take then 7 =7; , € (0, r;) small enough that w is an ¢;-splitting map on By (p) (this is possible thanks
to our choice of u;, the fact that v is &;-splitting on a small ball around p, and that B € SO(n + 1)1),
moreover

lvg, - Vw/|d|Dxg,| =0 forevery j=1,...,n

7

m®H1(BZF(p)) Bz;(p)
and finally, using also that [Dxg,| is asymptotically doubling at p,
IDxg,1(B#(p) \ (Dix X R)) < ni|Dxg,|(Bj/5(p)).
where we recall that for deducing the last information we are using item (v) of Proposition 3.7. We can

also assume that Bz(x) € B, which will be useful below. Note that p € (Fu19 )26 © (Fus195)27 6, -
We can thus apply Proposition 3.10 and obtain a set G = G;,, € B7(p) such that

m® H' (B (p))
”}.’

lvg, V| d[Dxg,| <& forevery j=1,...,n,

Hi(Br(p)\ G) < Cnmi

and (w',..., w"):GN (Fn+191)27,6; — R" is bi-Lipschitz onto its image. Here Cy depends only on N.
Clearly, also v : G N (F41Gf)27s; —> R+ g bi-Lipschitz onto its image, so that the image of v is
n-rectifiable, due to the fact that F, G is n-rectifiable.
To sum up, for i fixed, for every p = (x,1) € Q \ Rl.l, we have shown that
Vip = Wi g0y T2 Gip NV (Fn1Gp)ar e — R
is bi-Lipschitz onto its image for some set G; , C B, ,(p), that
m®H' (B, (p))

Tip

HE(Bs,,(p)\ Gip) < Cyn; (3-31)

and finally that
IDxg,|(B5; ,(P)\ (Di k;x) X R)) < ni|Dxg, (B, ,/5(p))- (3-32)

We apply Vitali’s covering lemma to ﬁnd a sequence of balls {B] }; where, for every j, we have that
B =B, (pl)_ B, ,(p) for some p = pl le\R1 such that

U B/ 29\ R
jeN
and {5~ 1B };j are pairwise disjoint; here 5~ IBJ stands for the ball B i 5( D; ) Clearly, to each B] are

associated in a natural way the sets G’ and D’ and maps v G N (]—",IHQ 2re = R We set then

M;=Q;n | JB/\G)) and R} :=q;n|JB\ (D] xR)).
JEN jeN

INotice that the operator norm of B is bounded above by a function of n, hence the Lipschitz constant of w might increase by
at most such a factor, but this is clearly not a problem.
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Using (3-31) for the first chain of inequalities and (3-32) for the second chain of inequalities, we have

o m®H! (B)) meH' (57'B))
HY (M) < 3 HEBING]) <Cymi Y~ <Crxmi ), —— 57—
jeN jeN Fi jeN 57

<Cxwni Y IDxg, (57 B)) < Ck nniIDxg, (B x R).
JjeN .
We stress that in the fourth inequality above we are using that pij € (Fnut1G£)2r.,¢; and
IDxg, |(R}) <Y IDxg, I(B] \ (D} xR)) <n; " |Dxg,|(57" B/) < niIDxg, (B x R)|.
jeN jeN
Now set

S/ =/ (NG N (Fui1G )2 e) \ (RN URPURY)) S R™,

and recall that Sl.j is n-rectifiable. For every j € N, there exists a countable family {Sij ’g}geN of C!-

hypersurfaces in R"*! such that
H" (S,.f (U S,.ff) =0,

£eN
Define . .
oy . ‘ HY(B,(y)N S/ NS/
SHt=1yes/ns/ lim BWAS NS) _y
! ! AN W, "
and

Rb= NS\ @) 'S <o

jeN £eN
and notice that ”H"(R?) =0, so that |ngf|(R,4) = 0. We set also

R4 iN—1,aJ.¢
/"= w)HN(E c
and notice that

if v/ = (uig, 7%), then Q/° € Diy x R for every € € N. (3-33)

Now define y

j 0 0| .. IDxg,|(B-(p)N Q")

f=U (Q’J \{pEQ’! ok By = 1)
j.eN XG,I\Br(p
‘We then set
R :=R'UR?URUR'UR?,

and finally

Gi=e\uR) < | J 0f.
j.LeN
It is immediate to check that the sets we constructed satisfy (3-29). The rest of the proof shows that they
also satisfy (3-30).

Step 2: Almost one-sided Kuratowski convergence. For any i, let

PEQ\R(f).
and let px N\ O be such that

X xR, o tdyxm, (m@HN, p, Gp) — R de, £, 0, H),
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where H C R"*! is a halfspace. Fix also p > 0. Assume the convergence is realized in a proper metric
space (Z, dz). We show that, for every ¢ > 0, there exists ko € N such that
BX(PM N (2 \ R (f)* € BZ(9H) if k > ko.

Here the superscript k& denotes the isometric image in Z through the embedding of the pi-rescaled space.
We argue by contradiction. Up to taking a not relabeled subsequence, by the contradiction assumption,
there exist {g*}; such that, for every &,

q" € BL(P)YN(Qp \ R (f))\ BZ(OH).

Up to a not relabeled subsequence, g* — ¢ € Z, with dz(q, dH) > %8. It is easy to see that g € R"*!. By
weak convergence of measures,

- PcIDXg, | (Bep,/2(g)) _

0.
k— 00 CZ"

On the other hand, recalling that {g*}; € (F,11G f)2r,¢; and using again the weak convergence of measures,

i PHIDXG1(Bep2(@)) o piIDX/(Bep2(4") m(Bepy(gh) o
ko0 Cp* foo M(Bepja(gh)) Co T 2mup1

which is a contradiction.

LN (B, a(q)) > 0,

Step 3: Proof of the o-finiteness claim. We use the same notation as in Step 1. We claim that, for every i,
H'L{(x.1,.5) € R|x € Gi()NGi(g)}
is o-finite. To show this, it is enough to prove that, for every i, j, k, £, m, & € N,

IV ELSRS)

is o-finite, where we set

Tijkeme ={(x,1,5) € R x € Gi(/)NGi(g) N Dix, (x,1) € QI (f), (x,5) € 075 (g)}.

vi= (i, 2, 1) (@7 () x R UT(Q1F (g) x R) — R™2,

By the construction in Step 1,

and | (3-34)

Vlgin pyxm (07 () xR)
are bi-Lipschitz onto their image. Therefore, as T C (Qlj A xRN r(Qf’g(g) x R), it is enough to
show that

H*Lo(T)
is o-finite. Here a central point is that Tc D; x x R x R, so that, by the construction in Step 1, the map v
as above will be suitable both for the part concerning f and the part concerning g (see (3-33)). Now
notice that
oM S (N xRNTE (@) xR,
so that, by a standard result of geometric measure theory on Euclidean spaces, we can simply show that,
atevery p=(x,t,s) € i we have that :S'\l.j’m(f) x R and r(:S‘\ie’g (g) x R) intersect transversally at v(p),
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or, equivalently, that :S\ij () x R and r(fS'\f’s (g) x R) have different tangent spaces at v(p). We can, and
will, assume that v(p) = 0.

By our assumptions, compare with items (iii) and (iv) of Proposition 3.7, we know that there exists
a sequence p; \( 0 and a proper metric space (Z, dz) such that (Z x R x R, dzxrxr) realizes both the
convergence

XX RxR, p; ' dxxrxr, (M@H' @H%, p. Gy xR) > R x Rx R, de, L772,0, H x RxR) (3-35)
and the convergence
(XxRXR, o 'dxxrxr, (MOH' @K%, p, (G xR)) = (R" xRxR, d,, L2, 0, H' xRxR), (3-36)

where H and H’ are halfspaces in R”. Notice that this can be done since the (n+1)-coordinate of the v’s
are zero, see the definition of R. We have endowed R"” x R x R with the coordinates given by the (locally
uniform) limits of appropriate rescalings of the components of z, where

z:= (A;(X)uip, 7%, 7% By(p) — R™2

for some p > 0 (see Remark 2.25). To do so, we needed to take a not relabeled subsequence of {x}r, but
this will make no difference. Hence, recalling also the definition of E, it follows that H # H'.
Fix D > 5 greater than the bi-Lipschitz constants of the maps in (3-34) and such that

I(Ai(x), ', w2)e| < (D —4)|c| for every ¢ € R*2. (3-37)

Let 8§ € (0, D~!) be small enough that we can find a € (0H x R x R) N B;(0) C R"*+2 such that
Bps(a)N(0H' xRx R) = 2.

As a consequence of the density assumption made by removing Ris, we can find a sequence {a*}; C
X x R x R with

d“ e (Q,j’m(f) x R)N B, (p) forevery k € N

and a* — a in Z x R x R, where here and below the superscript k denotes the isometric image in Z x R x R
through the embedding of the pi-rescaled space.
By weak convergence of measures,

_ pkIDxg,xrl(Bp-15,, (@)
m >

li 0,
ko0 cy

— pkIDxzg,xm | (Bpsp, (@)

lim o =0.
k— 00 Cp

Recalling again the density assumption made by removing Rl.5 together with the bounds on ©,(|Dxg,|, -)
by removing Rl.z, and finally the weak convergence of measures, this reads as
lim p, " H T (B, (@) N Q)" X R)) > 0, (3-38)
k— 00

im o """ H" T (Bpsy, (@¥) N T(QF x R)) = 0. (3-39)
k— 00
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It is easy to verify by contradiction that (3-38) implies, by our choice of D, that

lim p; "' 1" (Bs,, (v(@®)) N (87" (f) x R) N Bapy, (0)) > 0. (3-40)
k— 00
Now we show
lim p; "~ H ™ (Bs,, (0(a¥)) N T (5 () x R) N Bapy, (0)) = 0. (3-41)
k— 00

By Step 2, we get that, for ¢ € (0, 8), there exists ko such that if k > ko, then, for every b € (Byp2,, (p) \
Bpsy, (@) N r(Qf’S x R))* there exists ' € dH’ x R x R such that

dzxrxr (b, b') <e.
Up to increasing ko, we may assume that, for every k > ko,

dzxrxr(a, d) <.
Notice that if b is as above, then
|b' —a| > DS —2¢

and, by local uniform convergence, up to enlarging ko and provided & > 0 is small enough,

log '2(b) — pi '2(a)] = b —a - 26,
so that
|2(b) — 2(a")| = (D —2)8 = 26) i = (D — 4)dpy,
which implies, recalling (3-37),
v(b) — v(@")| = 8px.
Notice that the above inequality does not follow from the fact that the maps in (3-34) are D-bi-Lipschitz,
but implies that (3-41) follows from (3-39) by the choice of D.

We can now conclude the proof of Step 3, as by (3-40) and (3-41) it follows easily that :97 () xR
and r(g\f’g(g) x R) have different tangent spaces at 0.

Step 4: A technical estimate. For some i € N, let us assume R’ is such that
R CRNGi(f)x RxR) N(Gi(g) xR x R)
and that R’ has finite 7"-measure. Let p € R’ be fixed. We claim that

_ HI@YA(R' N B(p)))
lim -
I’\O }"n

0.

Let us prove the claim. Take a sequence p; N\ 0. We recall that, with the same notation as above, up to
a not relabeled subsequence, (3-35) and (3-36) hold. Let

I:=1(0HNJH") x R xR)
be a neighborhood (in Z x R x R) of (0 H NdH’) x R x R) N B,(0) that satisfies
Hg(nl’z(l)) <e&.
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As a consequence of Step 2, there exists ko € N such that
BERR(pkyn R C 1 forevery k > ko,
from which, taking the projection 72, the claim follows.

Step 5: Conclusion. Let us finally prove (3-30). By Step 3, it is enough to show that

(IDfIADgh(E' (R)) =0

where R’ is as in Step 4. Fix ¢ > 0. For every j € N, j > 1 we consider the sets

- Hi(x"2(R' N B,
R; { cR ( ( - (P)) < ¢ for every r € (0, j_l)}
’
and
o’ Dl o/
R} =R\ JR]
i<j
Notice that, by Step 4,
= U R
J

izl
and, by construction, this union is dlS]Olnt For every Jj=1 we take a countable family of balls {B, ( i(p; )},

—1

such that, for every i € N, we have r{ < j~! and p] € R” as well as

Ric|UB.i(p) and ) o)y <2 (R +27. (3-42)
ieN ieN

We can compute, recalling the definition of ﬁ;f and (3-42),

HL( 2 (R))) < He (n“(ﬁ” nlUJB, (p{))) <> ey <e@"HMR)) +27).
ieN ieN
Therefore, < <

Hi " 2(R)) < e@"H"(R') +1)
and, ¢ > 0 being arbitrary, [Dxg, |(711’2(§/ )) = 0, whence the result follows due to Proposition 2.13. [J

Lemma 3.12. Let (X, d, m) be an RCD(K, N) space of essential dimension n, and let f, g € BV(X).
Choose two Cap-vector field representatives for vy and ve. Then

ve==2v, (IDf|A|Dg|)-a.e.onCyNCs.

Proof. From Lemmas 3.9 and 3.11 together with Theorem 3.8 we have that, for (|[Df| A |Dg|)-a.e.
x € CyNCy, there exists n = n(x) € (0, n~1 N Q such that

VT (x) = v (x).

It remains to show that if, for some 7 € (0, n! )N @, it holds that v;” = :I:vg " Cap-a.e. on a Borel set A,
then vy = +v, Cap-a.e. on A. This follows since the gradients of the functions in u, ; are a generating
subspace of Lgap(TX) on D, ; since the L%ap(TX) module has local dimension at most »n. Indeed, if
hi, ..., hyy1 € TestF(X) then det(Vh; - Vhj); ; =0 m-a.e. hence Cap-a.e., so that it is now easy to bound

the local dimension of Lgap(TX). U
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The following lemma is extracted from [Brena and Gigli 2024, Proposition 3.30].

Lemma 3.13. Let (X, d, m) be an RCD(K, N) space of essential dimension n, and let f, g € BV(X).
Choose two Cap-vector field representatives for vy and v,. Then

ve=2v, (IDf|AI|Dgl)-a.e onJ;yNJ,.

Proof of Theorem 1.3. We first notice that, for every i =1, ..., k,
d|DF;]|
(vp); = dIDF| vr, |DF]-a.e.
The conclusion on the jump part is given by Lemma 3.13 applied to every pair of components of F
together with the well-known fact that, for every i =1, ..., k, we have [DF;|(Jr \ Jr,) = 0. On the
Cantor part, the result follows from Lemma 3.12 applied to every pair of components of F. U

Appendix: Rectifiability of the reduced boundary

In this appendix, we give an alternative proof of the known fact that reduced boundaries of sets of finite
perimeter in finite-dimensional RCD spaces are rectifiable. Roughly speaking, this is a consequence of
the rectifiability result of [Bate 2022] and the uniqueness of tangents to sets of finite perimeter proved in
[Brue et al. 2023b], once one takes into account the regularity result Theorem 3.3.

Let us recall part of the statement of [Bate 2022, Theorem 1.2].

Theorem A.1. Let (X, d) be a complete metric space, k € N, and S C X such that 1k (S) < co. Hence the
following are equivalent:

(1) S is k-rectifiable.

(2) For HK-almost every x € S, we have ©y(S, x) > 0 and the existence of a k-dimensional Banach space
(R¥, || - |Ix) such that
Tan, (X, d, HLS) = {RE, |- |, H*, 0)). (A-1)

Let us fix (X, d, m) an RCD(K, N) space of essential dimension n. Let E C X be a set of locally finite
perimeter. Now by Theorem 3.3 and the first part of the argument of Theorem 3.4, we have:

(1) IDxe|(X\R;) =0, and hence |Dy| is concentrated on FE.

(2) #H"~'L_FE is a o-finite Borel measure that is mutually absolutely continuous with respect to [Dx /.
Notice that, for the precise computation of the density of |Dx x| with respect to H"~! L FE in
Theorem 3.4, we needed the rectifiability of FE, which we will not use in the following argument.

Hence let us call f € Ll (|IDxg|) the function such that H"~'_FE = f|Dxg/|, and let D C FE

loc

be the set of the Lebesgue points of f with respect to the asymptotically doubling measure |D x|
that are also differentiability points of 7"~' L FE with respect to |Dxg]|, i.e., for every x € D,

tim f |f = f()]dIDxe| =0 (A-2)
r=UJB, (x)
and "
 HILFEB(x)
=1 . A-3
T = o D 1B, () &-3)
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Notice that |Dyz|(X\D) =H"~'(FE\D) =0 due to the Lebesgue differentiation theorem [Heinonen
et al. 2015, p. 77], and the Lebesgue—Radon—Nikodym theorem [Heinonen et al. 2015, p. 81 and
Remark 3.4.29]. Notice, moreover, that since |D y g| is mutually absolutely continuous with respect to
H"'_FE, we have f(x) > 0 for [Dxg|-almost every x € X, or equivalently for H'~ ' F E-almost
every x € X.

Let us now prove that FE is (n—1)-rectifiable by exploiting Theorem A.1. Let us verify item (2) there.
By the third line in (2-10) together with the fact that x € R and (A-3), we get that ©,_1(FE, x) > 0 for
every x € D, and hence for #"~!-almost every x € FE. Let us now verify the second part of item (2).
Let us fix x € D, and let us take an arbitrary sequence r; — 0. We have that, up to subsequences,

Xi == (X, r; ', m7, x, E) = (R, de, £", 0, {x, > 0})

and, in a realization of the previous convergence, we have that the |D xg|x; weakly converge to |Dxx,~0l-
For the sake of clarity, we denoted by |Dyg|x, the perimeter measure of E in the rescaled space X;. Notice
that |[Dxg|x, = (r;/CH|DxE|, where |Dxg| is the perimeter measure on X. Let g € Cps(Z), where Z is a
realization of the previous convergence. Hence we have

rH"ILFE
gd————
Xi Cxl

:/);.gfd|DXE|X,- =‘/;(.g()’)f(x)d|DXE|X,~(}’)‘i“/x.g()’)(f(y)_f(x))d|DXE|X,~(y),

and hence, by using (A-2) and the fact that
(n+ 1w, C_;l

IDxEl(By, (x)) ~
Wy r
as a consequence of the second and third line of (2-10), we conclude that?
riH"'_FE
o

in the realization Z. This immediately implies that

= f()IDx(x,>0 (3-4)

H'V_FE

N n—1|_ -
A TLFEGB, oy F Hle=0

because H" 'L {x, = 0} is the surface measure on {x, = 0} that gives measure 1 to the unit ball.
Hence we have shown that, for every x € D and every sequence r; — 0, there is a realization Z in
which one has the convergence

d H' Y FE
<x

b _’ 9 Rn_l7d 77—[”_1’0 9
i H =1L FE(B, (x)) x) B ¢ )

which is exactly what one needed to show in order to verify (A-1) (recall [Bate 2022, Proposition 2.13]).
Hence the application of Theorem A.1 gives the (n—1)-rectifiability of FE.

2Notice that in the following equation we are considering H"~'_ FE in the original space X and not in the rescaled space
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