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We propose a new approach to the Fourier restriction conjectures. It is based on a discretization of the
Fourier extension operators in terms of quadratically modulated wave packets. Using this new point of view,
and by combining natural scalar and mixed norm quantities from appropriate level sets, we prove that all
the L2-based k-linear extension conjectures are true up to the endpoint for every 1 <k < d + 1 if one of the
functions involved is a full tensor. We also introduce the concept of weak transversality, under which we
show that all conjectured L2-based multilinear extension estimates are still true up to the endpoint, provided
that one of the functions involved has a weaker tensor structure, and we prove that this result is sharp. Under
additional tensor hypotheses, we show that one can improve the conjectured threshold of these problems in
some cases. In general, the largely unknown multilinear extension theory beyond L? inputs remains open
even in the bilinear case; with this new point of view, and still under the previous tensor hypothesis, we
obtain the near-restriction target for the k-linear extension operator if the inputs are in a certain L? space for
p sufficiently large. The proof of this result is adapted to show that the k-fold product of linear extension
operators (no transversality assumed) also “maps near restriction” if one input is a tensor. Finally, we exploit
the connection between the geometric features behind the results of this paper and the theory of Brascamp-—
Lieb inequalities, which allows us to verify a special case of a conjecture by Bennett, Bez, Flock and Lee.
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1. Introduction

Given a compact submanifold S € R?+! and a function f : R4*! > R, the Fourier restriction problem
asks for which pairs (p, ¢) one has
I f1sllLacsy S NS e @a+1y,

where f |s is the restriction of the Fourier transform f to S. This problem arises naturally in the study
of certain Fourier summability methods and is known to be connected to questions in geometric measure
theory and in nonlinear dispersive PDEs. The interaction between curvature and the Fourier transform
has been exploited in a variety of contexts since the works [Hormander 1973; Fefferman 1971; Stein
and Wainger 1978] in the study of oscillatory integrals. For a more detailed description of the restriction
problem we refer the reader to the classical survey [Tao 2004]. In this paper we work with the equivalent
dual formulation of the question above (known as the Fourier extension problem), and specialize to the
case where S is the compact piece of the paraboloid parametrized by I'(x) = (x, |x|?) € R+ with
x € [0, 1]%. In this setting, the Fourier extension operator is initially defined on C([0, 1]¢) by

Eag(X1,...,Xxq,1) =/[ y g(fl,---,Sd)e_zm(&xl+'"+$"x")e_z”i’(5%+"'+§3)dE. (1)
0,1

E. Stein [1993, Chapter IX] proposed the following conjecture:
Conjecture 1.1. The inequality

”gdg”Lq(Rd+1) <p.q.d ”g”Lp([O’l]d) )
holds if and only if q > w and q > —(d;z) p.

Multilinear variants! of Conjecture 1.1 arose naturally from the works [Klainerman and Machedon
1993; 1995; 1996] on wellposedness of certain PDEs. Given 2 < k < d 4 1 compact and connected
domains U; C RY, 1 < j <k, define

Swg@J)ﬁi/ g(§)e 2 E,2mitlER ge (¢ 1) e RY xR (3)
. U,
Taking the product of all k such operators associated to a set of transversal U; leads to the following
conjecture (see Appendix A):

Conjecture 1.2 [Bennett 2014]. If the caps parametrized by U; are transversal, then
k k 2(d +k+1)

1_[ ng &

ji=1

<s[Jlgillz foratlp=
Roughly, transversality means that any choice of one normal vector per cap is a set of linearly

. “kd+k—1)

independent vectors, as shown in Figure 1.

Remark 1.3. From now on, we shall refer to Conjecture 1.1 as the case k = 1. It was settled only for
d =1 in [Fefferman 1970; Zygmund 1974]. In higher dimensions we highlight the case p = 2 solved in
[Strichartz 1977], which is equivalent to the Tomas—Stein theorem [Tomas 1975] in the restriction setting.

I'Multilinear extension estimates also play a fundamental role in Bourgain and Demeter’s decoupling theory [2015].
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Figure 1. A choice of normal vectors to the caps parametrized by U; via x > |x|%.

Progress beyond these two results was made in many works over the last decades through a diverse set of
techniques: localization, bilinear estimates, wave-packet decompositions and more recently polynomial
methods. We mention [Bourgain 1991; Tao and Vargas 2000; Tao 2003; Moyua et al. 1996; Wang 2018;
Guth 2018; Hickman and Rogers 2019]. Analogous problems for other manifolds were studied in [Wolff
2001; Strichartz 1977; Ou and Wang 2022].

Remark 1.4. Guth [2018] proved a weaker version of Conjecture 1.2 for all 2 <k < d + 1 and up to the
endpoint, which is known as the k-broad restriction inequality. This estimate plays a central role in his
argument in [Guth 2018] to improve the range for which Conjecture 1.1 is known. In Lemma A.3 of
[Bourgain and Guth 2011], the authors proved an L2-based k-linear estimate for an exponent p slightly
larger than the conjectured threshold in Conjecture 1.2.

Only three cases of Conjecture 1.2 are well understood:

(i) Tao [2003] settled the case k = 2 up to the endpoint inspired by [Wolff 2001] for the cone. Lee
[2021] obtained the endpoint for k = 2.

(ii) Bennett, Carbery and Tao [Bennett et al. 2006] settled the case k = d + 1 up to the endpoint.
(iii) Bejenaru [2022] settled the case k = d up to the endpoint.

The goal of this paper is to propose a new approach to these problems based on a natural discretization
of the operators in terms of scalar products against quadratically modulated wave-packets. Our main
theorem reads as follows:

Theorem 1.5. Conjectures 1.1 and 1.2 hold up to the endpoint if one (any) of the functions involved is a

full tensor?

Remark 1.6. The endpoint (p, q) = (w, @) is not included in the range where (2) is supposed
to hold; therefore our main theorem implies the case k = 1 when g is a full tensor.

Remark 1.7. For 2 < k < d + 1, Theorem 1.5 can be proved if the caps are assumed to be weakly
transversal, which is defined in Section 3. We will prove that transversality implies weak transversality
(up to dividing the caps into finitely many pieces), the latter being what is actually exploited in this paper.

2A function g in d variables is a full tensor if it can be written as g(x7, . . ., xg)=g1(x1)----- g4 (xg). We refer the reader

to [Igari 1986; Tanaka 2001] for other results related to the restriction problem involving tensors, and we thank Terence Tao for
pointing these papers out to us.
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Under weak transversality, Theorem 1.5 holds if one (any) of the functions has a weaker tensor structure.
This will be made precise in Section 9.

Remark 1.8. For 2 <k <d 4+ 1, Theorem 1.5 is sharp under weak transversality in the following sense:
if all functions g1, ..., gx are generic, it does not hold if the caps are assumed to be weakly transversal.
This is explained in Appendix A.

Remark 1.9. For 2 <k <d + 1 we do not use the tensor structure explicitly. It is used in an implicit
way when comparing the sizes of natural scalar and mixed norm quantities that appear in the proofs.

Remark 1.10. For 2 <k < d, if all functions involved are full tensors, one has more estimates than those
predicted by Conjecture 1.2 assuming extra degrees of transversality, as proven in Section 11.

It is natural to try to generalize the statement of Conjecture 1.2 for L? inputs rather than just L2. A
motivation for that is to deeply understand the role played by transversality; as we will see, the farther
our inputs are from L2, the less impact the configuration of the caps on the paraboloid has in the best
possible estimate (with a single exception to be detailed soon). The general statement of the k-linear
extension conjecture for the paraboloid is (as in [Bennett 2014]):

Conjecture 1.11. Let k > 2 and suppose that Uy, . . ., Uy parametrize transversal caps of the paraboloid
x> |x2 in REFL [f
1 d 1 d+k—-11 1 d—-k+11 k—1
- <— —-<———— and -Z< —+ ,
q 2d+1) q d+k+1p q d+k+1p  k+d+1
then
k k
1—[ €u; 8j Sp.a 1—[ lgjllLrw))-
j=1 Lq/k(Rd-‘rl) j=1
For 2 <k <d+1, to recover the interior of the conjectured range, it is enough? to prove Conjecture 1.2 and
k k
1_[ Eu; & ¢ 1_[ lgjllz2@+vraw;) 4)
j=1 L2(d+1)/(kd)+8(Rd+l) j=1
for all £ > 0.

Remark 1.12. Observe that (4) covers the case (p,q) = (w, w +8) of Conjecture 1.11.

Notice also that this case would follow from the case (p,q) = (@, w +¢&

) of the linear
extension of Conjecture 1.1 and Holder’s inequality. This means that the closer we get to the endpoint
extension exponent, the fewer improvements transversality yields in the multilinear theory. The exception
to this is the k = d + 1 case, for which L? functions give the best possible output for the corresponding
multilinear operator (rather than L2d+1D)/ d). Indeed, when one function is a tensor, the best result in this

case is obtained in Section 10.

By adapting the argument that shows the case 2 < k < d + 1 of Theorem 1.5, we are able to prove the
following weaker version of (4):

3The interior of the full range of estimates follows by interpolation between these two cases and the trivial bound
(p.q) = (1, 00).
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Theorem 1.13. Let2 <k <d + 1. If g1 is a tensor in addition to the hypotheses of Conjecture 1.11, the
following estimate holds:

k k
Eu,; gj < j , . 5
1'1:[1 Ui 8i L2W@+D/(kd)+eRd+1) 8}:[1 I8 lwo o )
for all € > 0, where

Ad+D)  en g4

plk,d) = d+k+1 2
Ad+D) ed g
2d —k+1 2~

Remark 1.14. Notice that w < p(k,d), so Theorem 1.13 is not optimal on the space of the input
functions. On the other hand, the output L2d+D)/kd)+e (for al] & > 0) is the best to which one can hope
to map the multilinear operator on the left-hand side. The case k = d + 1 of the theorem above coincides
with the case k = d + 1 of the L?-based theory, which is covered in Section 10.

Remark 1.15. Bounds such as the one from Theorem 1.13, i.e., in which one needs p big enough (and
not sharp) to map L2 inputs to a fixed L4, are common in linear extension theory. For example, Wang
[2018] showed that & maps L®([—1, 1]?) to L4(R3) for g > 3 + % As mentioned in [Wang 2018],
this implies the (seemingly stronger) bound

€28 L3y Zq 18 lLa(—1,112)
forg >3+ % via the factorization theory of Nikishin and Pisier (see [Bourgain 1991]).

Remark 1.16. The multilinear extension theory for inputs near L2@d+D/d remains largely unknown in
general (except for the almost optimal result in the £k = d + 1 case in [Bennett et al. 2006]). In fact, it is
not fully settled even in the k = 2, d > 1 case (whose L2-based analogue is known). We refer the reader
to [Oh 2023] for partial results in this direction.

Remark 1.17. As the reader may expect, any function can be taken to be the tensor in the statement of
Theorem 1.13.

The linear and multilinear theories studied in this paper meet very naturally once more in the context
of the techniques we use: the simplest multilinear variant of a linear operator 7" is given by the product
of a certain number of identical copies of it:

k
Too(g1.---.g0) =[] Ts;-
ji=1

Proving that 7" maps L?(U) to L9(V') is equivalent to proving that 7,y maps L?(U) to Li'k V), as
one can easily check with Holder’s inequality. Multilinearizing £; without any regard to transversality
yields the operator

k
Ea,a)(&1,-...8k) = l_[gdgj- (6)
j=1
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Combining the previous observation with the factorization theory of Nikishin and Pisier, Conjecture 1.1
follows from the bound

Kk
Se [ llgsllzoe qo.174)- @
j=1

k
l_[ €agj
j=1

The proof of Theorem 1.13 can be adapted to show the following:

L2d+1)/(kd)+e

Theorem 1.18. Let2 <k <d + 1. If g1 is a tensor, the inequality

X k
1 <e [T187leaqon0) ®)
j=1 =t

L2(d+1)/(kd)+e(Rd+1)
holds for all ¢ > 0.
Remark 1.19. Since the inputs g; are compactly supported, Theorem 1.18 implies (7).

Remark 1.20. Given that the proof of Theorem 1.18 has the L*-L*"¢ bound for &; as its main building
block, it is not surprising that we have a product of L# norms in the right-hand side of the statement above.

We finish this introduction by highlighting the close connection between our results and the theory of
linear and nonlinear Brascamp-Lieb inequalities. The concept of weak transversality that we introduce
can be characterized in terms of certain Brascamp—Lieb data, and by exploiting the geometric features
arising from this fact we are able to verify a special case of a conjecture by Bennett, Bez, Flock and Lee.

The paper is organized as follows: in Section 2 we present the linear and multilinear models that
we will work with in the proof of Theorem 1.5. We also highlight the main differences between the
linearized models that are used in most recent approaches and ours. In Section 3 we define the concepts
of transversality and weak transversality, and state in what sense the former implies the latter. Section 4
presents what we refer to as the building blocks of our approach. Sections 5, 6 and 7 establish these
building blocks: in Section 5 we revisit the case k = 1 and p = 2 for our model, in Section 6 we revisit
Zygmund’s argument and recover the case k = 1 for d = 1, and in Section 7 we deal with the case k = 2
and d = 1. In Section 8 we settle the case k = 1 of Theorem 1.5, and in Section 9 we show the cases
2 <k <d + 1. Section 10 covers the endpoint estimate of the case k = d + 1. In Section 11 we discuss
how one can improve the bounds of Conjecture 1.2 under extra transversality and tensor hypotheses.
Theorem 1.13 (our partial result beyond the L2-based k-linear theory) is presented in Section 12 along
with its “nontransversal” counterpart Theorem 1.18. In Section 13 we establish a connection between the
classical theory of Brascamp-Lieb inequalities and our results, and give an application of this link to a
conjecture made in [Bennett et al. 2018]. In Section 14 we make a few additional remarks. Appendix A
contains examples that show that the range of p in Conjecture 1.2 is sharp, and also that one cannot obtain
this range in general under a condition that is strictly weaker than transversality. Appendix B contains
technical results used throughout the paper.

2. Discrete models

A common first step of the earlier works is to linearize the contribution of the quadratic phase x > |x|2.
One starts by studying £; g on a ball of radius R (hence |(x,?)| < R) and splits the domain of g into
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balls 6 of radius R~1/2. Let us consider d = 1 here for simplicity. If
86 = 8 P>
where @g, is a bump adapted to [kR™Y/2 (k +1)R™1/2], the quadratic exponential
ex1(§) = &2 I¥E 2T ©)

behaves in a similar way to a linear exponential e’ when restricted to this interval. Indeed, the phase-
space portrait of ey ; is the (oblique if ¢ # 0) line

Ut x+2tu,

as is explained in more detail in Chapter 1 of [Muscalu and Schlag 2013b]. When we evaluate this line at
the endpoints of the support of gg, (taking into account that || < R), we see that the phase-space portrait of

Doy " €x,t
is a parallelogram that essentially coincides with the rectangle
IxJ=[kR™2,(k+1)R™2] x [x +2tkR™2, x + 2tkR™% + RZ]. (10)
Observe that / x J has area 1. On the other hand, the phase-space portrait of ¢g, is a Heisenberg box

of sizes R™1/2 and R/ 2 and the linear modulation

eZm'S(x+2th_1/2) (11)

shifts it in frequency to J. The conclusion is that the phase-space portrait of

06 .ezmg(x+2th—1/2)
k

is the Heisenberg box (10); hence the effect of the quadratic modulation ey ; in this setting is essentially
the same as the linear one in (11).

Using bumps such as ¢g to decompose the domain of g and expanding each gy into Fourier series
allows us to write

26 (%) go.v(x)
— ~
g(x) = > g(x)@g (x) Po(x) = > > e G (x).
feR—-1/274n[0,1]4 0eR~1/274n[0,1]9 veR!'/274

where ¢g is = 1 on the support of ¢g and decays very fast away from it. Applying £; and using the
previous intuition gives rise to the wave packet decomposition

Eq8 = > Eq(80,v),

(B,v)eR~1/274N[0,1]¢ xR'/274

where £ (gg,,) is essentially supported on a tube in R¥+1 of size R1/2 x ---x R'/2 x R whose direction
is determined by 6 and that is translated by a parameter depending on v. With this linearized model at
hand, one can study the interference between these tubes pointing in different directions (both in the
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linear and multilinear settings) and take advantage of orthogonality both in space and in frequency. This
leads to local estimates of type

I€agllLa(B(o,R)) Se RN fllp foralle>0

and multilinear analogues of it that are later used to obtain global estimates via e-removal arguments (as
in [Tao 1999]). The reader is referred to [Guth 2016] for the details of the decomposition above. This
approach has given the current best L? bounds for £;.

In our case, we do not linearize the contribution of the quadratic phase. Instead, we consider a discrete
model that keeps the quadratic nature of £; intact.

2A. The linear model (k = 1). We consider d = 1 for simplicity, but the discretization process is
analogous for all d > 1. Recall that the extension operator for the parabola defined for functions supported
on [0, 1] is given by

1
E1g(x.1) = / g (§)e™ v g ~2miHE g, (12)
0

We can insert a bump ¢ in the integrand that is equal to 1 on [0, 1] and supported in a small neighborhood
of this interval. Tiling R? with unit squares with vertices in Z? and rewriting &1,

Eigx. )=y [ / g () (u)e 22w du]xn () m (0).

n,mez

where yn := X[n,n+1)- For a fixed (x, ), one can write
_ . _ . 2 _ . _ . 2 _ . _ _ . _ 2
e 2mx§'e 2mwité (,0(%-) —e 27nn$e 2mwimé e 2mwi(x n).f;'e 2mwi(t—m)é (p(%-)

— e—Zm‘nEe—Zniméz . Z(e—Zm'(x—n)(-)e—2m'(t—m)(-)2’ (pﬁ),l]> . wﬁ),l](é)
uez

_ e—Zm‘nEe—Zniméz . Z C;,maxa’ . @ﬁ),l](‘;)’
ue’z

—2mi(t

i (x— —m)E2 . :
where we expanded e 271 (x—m)E, m)E&” as a Fourier series at scale 1,

C]f,m,x,t = (e—Zni(x—n)(~)e—2ni(t—m)(~)2’ (ﬂ[%,l]>,
O, &) = P01 (€) e~

and @, 1] is a bump adapted to [0, 1] (and compactly supported) just like* . Plugging this in (12),

figlx,n)= ) [ / g(E)p(E)e2mixE T2t dé]xn () xm ()

n,mez

=y [ / g(é)(e—z’”"se—z’”'m‘fz-Zc,:”’"’x”-w"@)) ds}xn(mm(z)
n,mez uez

=) > Cz:”’"”“’-[ [ g(é)e_z”inée_z”img2-w"(é)dé]xn(X)xm(t)-
ueZ n,mez

4We will not distinguish between ¥[o,1] and ¢ from now on.
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Figure 2. The phase-space portrait of ¢y s.

For the expression defining £ to be nonzero, (n, m) must satisfy |x —n| <1 and |t —m/| < 1; hence the
Fourier coefficients C,;”"™*" decay like O(|u|~19). In addition, the extra factor ¢* in the integral simply
shifts the integrand in frequency, and this does not affect in any way the arguments that follow. In order
to obtain the final form of our linear model, let us introduce the following notation: if ¢ is a compactly
supported bump (say, in a very small open neighborhood of [0, 1]¢) with ¢ = 1 on [0, 1]¢, we set

G (¥) 1= (x) 2R, (13)

Due to the fast decay of C/”* and CJ*, it is then enough to bound the u = v = 0 piece of the sum
above, which leads to the discretized model:>

Ev(g) = Z (. 0nm)(Xn @ Xm)-
(n,m)ez?
With the appropriate adaptations, one proceeds in the exact same way in dimension d to reduce matters
to the study of the following model operator:

Definition 2.1. Let E; be defined on C([0, 1]¢) given by

Eq(@ = D (& im)Xi® xm)-

nezd¢ mez

where y; and y,, are the characteristic functions of the boxes [ny,n1 + 1) X -+ X [ng,ng + 1) and
[m,m + 1), respectively.®

The wave packets (13) have a natural phase-space portrait that consist of parallelograms in the phase
plane. See Figure 2.

SThere is a slight abuse of notation here: observe that 7, (x) #m () := C(;l Mok Xn(X) xm(t) is a smooth function supported

in [n,n 4 1) x [m,m + 1), which is all that is needed in the proof. We will continue to call it y, (x) ym (¢) to lighten the notation.
SMorally speaking, the discrete model and the original operator are “comparable”, but we were not able to prove that
rigorously. For that reason we included the proof of known extension estimates for E ;.
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By keeping the quadratic nature of E; intact we take advantage of orthogonality in different ways.
For example, for a fixed m the wave packets ¢, ;; are almost orthogonal, as suggested by the fact that the
corresponding parallelograms are (almost) disjoint.

2B. The multilinear model (2 < k <d 4+ 1). We recall the definition of the k-linear extension operator:

Definition 2.2. For Q={01,..., O} atransversal set of cubes, the k-linear extension operator is given by
k
Méra(gr.....g0) =[] €0, (14)
j=1
where

€0, (x.1) = f gj(E)e 2 ¥E72mE gg - (x 1) e RY xR,

J
By an analogous argument to the one we showed in Section 2A, it is enough to prove the corresponding
bounds for the following model operator:

Definition 2.3. Let MEy 4 be defined on C(Q1) x---x C(Qk) by

k
MEgq(g1.....8K) == D H(gjv‘ﬂ,l,’m)()(ﬁ@)(m)-
(n,m)ezd+1j=1
where

d
J 1,j 1,j _ LJ 27i 2mimx?
gDl‘t,m = ®‘p”1{m’ gDnzj,m(xl) = @'/ (xp)e T XL =TI
=1
and (pl’j (x) is = 1 on the /-coordinate projection of the domain of g; defined above and decays fast away

from it.

Remark 2.4. It is clear that the discretization process does not depend on whether the collection Q is
made of transversal cubes or not. In particular, it will be of interest in Section 12B to study the operator
given by the right-hand side of (14), but without the assumption that the cubes Q; are transversal. The
model for such operator is also given by MEy 4, but without that hypothesis.

3. Transversality versus weak transversality

We recall the following definition from [Bennett 2014]:

Definition 3.1. Let2 <k <d+1andc >0. A k-tuple Sy, ..., Si of smooth codimension-1 submanifolds
of Rt is c-transversal if
[vi A-s AV >

for all choices vy, ..., v; of unit normal vectors to Sy, ..., Sk, respectively. We say that Sy,..., S are
transversal if they are c-transversal for some ¢ > 0.

In other words, if the k-dimensional volume of the parallelepiped generated by vy, ..., vg is bounded
below by some absolute constant for any choice of normal vectors v;, the submanifolds are transversal.
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From now on, we will say that a collection of k cubes in R? is transversal if the associated caps defined
by them on the paraboloid are transversal in the sense of Definition 3.1.

One can assume without loss of generality that the U; in the statements of Conjecture 1.2 are cubes
that parametrize transversal caps on P4 via the map x — |x|2. Even though these conjectures are known
to fail in general if one does not assume transversality between the caps (see Section AB), the theorem
that we will prove holds under a weaker condition, since one of the functions is a tensor.

Definition 3.2. Let Q = {01, ..., O} be a collection of k (open or closed) cubes’ in R%. The collection
Q is said to be weakly transversal with pivot Q; if there is a set of k—1 distinct directions &; =
{ei;,....ej,_,} (depending on j) of the canonical basis such that

7Ti1(Qj) m”il(Ql) =g,

i (Qj) Nmi;_ (Qj-1) = 2,
7i; (@) Nmi; (Qj+1) = 2,

(15)

i1 (@) N7wip_ (Qk) = 2,
where 717 is the projection onto e;. We say that Q is weakly transversal if it is weakly transversal with
pivot Q; forall 1 < j <k.®

Remark 3.3. For each 1 < j <k, from now on we will refer to a set? & above as a set of directions
associated to Q ;. Notice that there could be many of such sets for a single j. Also, if ji # j», it could
be the case that no set of directions associated to Q, is associated to Q;,.

Let us give a few examples to distinguish between Definitions 3.1 and 3.2. Consider the case d = 2,
k=3, 01 =[0,1]%, Q> =[2,3]? and Q3 = [4,5]?. The line y = x intersects Q1, Q> and Q3; then it
follows from Definition 3.1 that they are not transversal. However, observe that

m1(01) Nm1(Q2) = 2,
m2(01) Nm2(03) = 2,

so {e1, ea} is a set associated to Q1 (and similarly one can verify that it is also associated to Q, and Q3).
This shows that the collection defined by Q1, Q» and Q3 is weakly transversal.

Consider now the cubes K| = [0,1]%, K, = [4,5] x [0,1] and K3 = [2,3]%. Not only are they
transversal in the sense of Definition 3.1, but also weakly transversal.

This is not by chance: a given transversal collection of k cubes can be “decomposed” into finitely
many collections of k cubes that are also weakly transversal.

7The word cube will be used throughout the paper to refer to any rectangular box in RY, regardless of the sizes of its edges,
and they always refer to the supports of the input functions of our linear and multilinear operators. In this paper, it will not be
relevant whether the sides of a box have the same length or not; therefore this slight abuse of terminology is harmless.

8The estimates that we will prove depend on the separation of the projections in Definition 3.2, just as they depend on the
behavior of ¢ from Definition 3.1 in the general case for transversal caps.

9The typeface &} is being used to distinguish this concept from the previously defined operators £; and E ;.
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D

0 2 4 6 0 2 4 6

Figure 3. Transversality versus weak transversality.

Claim 3.4. Given a collection Q ={Q1,..., Q} of transversal cubes, each Q; € Q can be partitioned
into O(1) many subcubes

0=

so that all collections Q made of picking one subcube Q 1.i per Qp

O={01,....0k}, 01€{01:}i,

are weakly transversal.
Proof. See Claim B.4 in Appendix B. O

As a consequence of Claim 3.4, to prove the case 2 <k < d + 1 of Theorem 1.5 it suffices to show it
for weakly transversal collections. To simplify the exposition, we will present our results for the cubes

01 =1[0.1]9,
Qj =23V x[4,5]x [0, 11"/, 2<j <k

The associated directions to Q1 are {eq,...,er_1}, and we will use it as the pivot. Any other weakly
transversal collection of cubes can be dealt with in the same way.

4. Our approach and its building blocks

Notice that the operators £; and ME 4 are pointwise bounded by E; and MEy 4, respectively; therefore
we cannot directly conclude any result about the models from the fact that they hold for the original
operators. Some of these results will be reproven for the models in this paper, and they will act as building
blocks in the proof of Theorem 1.5, which is presented in Sections 8 and 9. More precisely, Theorem 1.5
relies on the following:

(1) Mixed norm Strichartz/Tomas—Stein (k = 1, p = 2). In Section 5 we show the following:

.l 2(d+2)
Proposition 4.1. Forall p > ==7=,

IEaglly <p llgl2-
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As a consequence, we have:

Corollary 4.2. Forall e > 0,

Eq(g) ||L2(d—l+2)/(d—l)+sL2
X[ seees Xg.t X1

, Sellgl. (16)

Proof. Apply Minkowski’s inequality and Proposition 4.1 in dimension d — /. Notice that, after taking
L? norm in the first / variables, we can use Bessel to bound the left-hand side of (16) by

Po_ L
AR
|: Z ( Z |((g, Pniyqye., nd,m)»(/’nl ..... nl,m)| ) ]
N]41550g M “N],....n] 1
) 2(d —1+2)
5 |: Z ||(gv §0n1+1 ..... nd,m>||go:| 5 Where Po = T
Ni415-..0g,m
This is how we will use Corollary 4.2 in (56). O

We will use Corollary 4.2 in Conjecture 1.2 to prove Theorem 1.5 for 2 < k < d + 1. It will not be
needed when k =d + 1.

(2) Extension conjecture for the parabola (k = 1,d = 1, p = 4). In Section 6 we prove the following:

Proposition 4.3. For all ¢ > 0,
IE1glla+e <c llglla- (17)

One can show by interpolation that Proposition 4.3 implies Conjecture 1.1 for d = 1. We will use it in
Section 8 to settle the case k = 1 of Theorem 1.5.

(3) Bilinear extension conjecture for the parabola (k = 2, d = 1). In Section 7 we show that the model

ME, ; in Definition 2.3 maps L?([0, 1]) x L2([4, 5]) to L?(R?).

Proposition 4.4. The following estimate holds:

ME2,1(f.@)ll2 < 1 fll2- lIgll2- (18)

Transversality will be captured in Section 9 through (18).
By combining scalar and mixed norm stopping times'® performed simultaneously, we are able to put

together the key estimates (16), (17) and (18). In the 2 <k < d + 1 case, the tensor structure is used in
an implicit way to allow us to better relate these scalar and mixed norm stopping times.

Remark 4.5. The tensor structure g = g1 ® --- ® g4 in the k = 1 case allows us to write

d

(€ 0im) =] [(2  0njm). (19)
j=1

10This is not meant in a literal probabilistic sense; strictly speaking, the argument combines the level sets of various scalar
and mixed norm quantities that appear naturally in our analysis.
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We then obtain the following multilinear form by dualization'

Aa(gr.....ga.h)=(Eq(g).h)= ) l"lg, Onjm) - (B X © Xm), (20)

nezd, mez j=1

The goal in the kK = 1 case is to show that

d
Aa(gr,- - ga- WIS hllg- T Igi 1,
j=1
for appropriate exponents p; and g. Interpolation theory shows that it suffices to obtain
d
|Aa(g1....ga. M| Se |[FI7att - T T1E; 1 1)
j=1

foralle >0, |g;| < xg;. |hl < xr.'' Ej C [O 1] and F C R3 measurable sets such that y; (1< <d)

and Y41 are in a small neighborhood of and y Té respectively.!? We refer the reader to

2(d +1) 2(d + 1
[Thiele 2006, Chapter 3] for a detailed account of multilinear interpolation theory. To keep the notation

simple, all restricted weak-type estimates we will prove in this paper will be for the centers of such
neighborhoods. For example, we will show that

d
d+2
Ad(81..... ga. )| Ss | FI2ai0 e [ | E; | 27D 22)
j=1
for all ¢ > 0, but it will be clear from the arguments that as long as we give this ¢ > 0 away, a slightly
different choice of interpolation parameters yields (21). The restricted weak-type estimates that we will
prove in the 2 < k < d 4+ 1 case will also be for the centers of the corresponding neighborhoods.

5. Proof of Proposition 4.1: Strichartz/Tomas—Stein for E; (k =1, p =2)

Our proof is inspired by the classical 7' T* argument. It is possible to prove the endpoint estimate directly
for the model E; by repeating the steps of this argument (see for example [Muscalu and Schlag 2013a,
Section 11.2.2]), but we chose the following approach because of its similarity with the one we will use
to prove Theorem 1.5. By interpolation with the trivial bound for ¢ = oo, it is enough to prove the bound

IEqgllzwsn ,, Sellgll2
a T
for all € > 0.
We start by dualizing E; to obtain a bilinear form A ;:

Aa(g.h) = (Eq(@).h) = Y (& @im)- (b Xi ® 1m)-

nezd mez

HThere is an overlap of classical notation here that we hope will not compromise the comprehension of the paper: we chose
the typeface E; to represent the discrete model of the official extension operator £. On the other hand, the classical theory of
restricted weak-type multilinear interpolation usually labels the measurable sets involved in the problems by E; or F;. The
context will make it clear which object we are referring to.

12Rigorously, this only verifies the case k = 1 near the endpoint (
estimates in the full range. For details, see [Mattila 2015, Theorem 19.8].

2(d+1) 2(d+1)
d °  d

), but this is known to imply the desired
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Let £; C R? and E» C R?*! be measurable sets of finite measure with |g| < E, and |h| < yE,.
Split 71 in two ways:

74+ = U Al where (i, m) € All > (g 5.m)| ~ 2
lLez

74+ = U B2, where (ii,m) € B? <= |(h, 17 ® ym)| ~ 2752,
16X=VA

Define X122 := Al N B’2 and observe that

[Ag(g, h)| < Z 2~lip=l ydislz
l,lrez

Notice that, for all (i1, m) € X/1:2,

275 [ 1l (0] s < min 4l 13

275 [ 11239 g (0] dx < min {|E] 1)

R
In particular, /1, /> > 0 in the sum above. Now we bound #X/2 in two different ways and interpolate
between them:
(@) L'-type bound: Exploit h:
#xIvl <apl <2 3 |(hp@am) <2 ) / |h| =22||h|ly <22|E,|.  (23)
(,m)eBl2 (@myezd-+1 7 Qiim

where Q5 := 0% [ni,ni + 1 x[m,m+1], 5= (n1,...,nq).
(b) L?-type bound: Exploit g:

#xItl <22 N (g g )

(n,m)ex’1:12

< Z (8, ©ii.m) Piim> g>'

(n,m)ex’1-2
> (8 Cim)Pim
(n,m)ex’1-12

(%)

— 2211

<22 g2 (24)

2

For each set X/1"22 define 7, := {5t € Z%; (i1, m) € X'1"2}. Observe that

2= D > D D& bam) & 0 ) P O )

Mm: A #2 M wn# D nen,, lzen,;,

U805 mDiicrom (805t mDiten)

m
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We will estimate U in two ways. Let aj; ,, := (g, 95 n,)- First, by the triangle inequality and the
stationary phase Theorem B.3

1
U@ miiem: @ iien )| = Do D 18 G| (8 0 i)l ———7

A€ femy, {m —m)
(& 0 m)ler ) - 1085 @ m) ler ()

{m —m)

[N}

[N}

Another possibility is
U@ )i @ ) keny)]

o " B
<\ (X teomme ™) (3 teg e omptare i mie
nET, -

Sy 73
S g o m) 2y - 148 @i le2 ()
by Cauchy—Schwarz and orthogonality on the sets 7, and 75 (recall that i and 2 are fixed). Interpolating
between these bounds for 1 < p <2,

(g, ¢-.m)ler e,y - 118> @) €2 ()
|U((a'_ism);l€7fm’ (aﬁ,rﬁ)éen,ﬁ)| S T[~ 4 L_Lm - ’
(m—m)2tr v

Back to (x):

2 (g, @ m)ler () - 1485 0 ler ()
O N DS T
MU #S M, #0 (m—m)2tr 2

g 03 ler g
= Y levmlem Y ST

m: i #2 iAo (m—m

g 0 lercen
<z o) leramlera| S m )

- Q(L_L/)
R Pt (m—m)2*r »r

£’ (2)

< l{g. -m)lermller@ - Mg ©-m)ler ) ler @)

= 11 (g 0-am 2 Gem) 20 2y
as long as

1 1 d 1 1 2 2 d r__2d+4

———:1——(———) _——_—— = — _—= — = —,

p p 2\p p’ = p P d+2 = p' d+2 = 7 d
by discrete fractional integration. Plugging this back in (24),

1
#xl2 <22 E 12| 1(g, @-m) ler Gy e 2)

1
=22“|E1|2( 3 |<g,<p,~,,m>|f’)

1,m)ex’1-2

N

<22 By 2@ Pl

which implies
#xtib <2+ g 1+G (25)
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Interpolating between (23) and (25):
Aa(g.m s Y. 2727 RHDN By 1+ E)0 (22| By )2

11,1b>0
- (Z 2—11(1—(z+;;>el)) (Z z—zz(l—ez)) 1E;|0+3)01 £, 02
11>0 >0 (26)

5 2—l~1 (1_(2+%)01)2_l~2(1_02)|E1 |(1+%)91 |E2|02
< min{|E;|=CHD) 1y min {|E,|' 0%, 13| E; |+ | E,|%
<|E; |a1(1—(2+§)01)+(1+§)91 |E2|a2(1—02)+02

forall0 <oq,02 <1, 61 +6, =1, with0 < (2+ %)91 <1, 0<6, <1, where [ is the smallest possible
value of /; for which A1 # & and [, is defined analogously. Picking oy = %, oy =0, 0] =
and 6, = % + & gives

d
2d+2) — ¢

d+4
|Aa(g. )| Se |Ea|2 | Ep|2avo e
for all € > 0, which proves the proposition by restricted weak-type interpolation.
6. Proof of Proposition 4.3-Conjecture 1.1 for £q (k =1,d =1,p =4)
The following argument is inspired by Zygmund’s original proof of this case. Define

Zm'(s—t)neZm'(sz—tz)m

O (5.1) = |t —s|2@(s)p(1)e

1
Claim 6.1. Dy m, i) =0
. (S350 = O o)

for any natural N if n # i and m # m.
Proof. We have

e // I — 5] ()] 2] ()22 6D =) 21 (s>~12)(m—1) 4 gy
[0,1]2
_ / Hw(u v)€2niu(n—ﬁ)62m'v(m—rh) du dv,

where R is the region that we obtain after making the change of variables s —¢ = u, s> —¢? = v, and

v+u2 v —u?
w(u,v>=<p®<p( , )
u u

The claim follows by the nonstationary phase Theorem B.2. O
We now prove the following:

Lemma 6.2. For G smooth supported on [0, 1] x [0, 1],

Z (G, onm @ @nm)(n ® Xm)

n,mez

(// |G (s. z)|2d dt)z.
[0,1]2 |S—l|
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Proof. Define
G(s,t)

G(s,t) = 1
ls —1]2

on [0, 1]2\{(x,x); 0 < x < 1}. Observe that

2
Z (G, 0n.m @ Onm)(Yn ® ym)| = Z (G, on.m ®‘/_’n,m)|2 = Z G, ®n,m)|2 < ||G||%7
n.mez 2 n,mez n.mez
by the almost orthogonality of the ®, ,, proved in the previous claim. O

Remark 6.3. By the triangle inequality,

Z (G, 0nm @ Gnm)(Yn ® xm)

n.mez

5f/ G (s, 7)| ds dr.
00 [0,1]2
1
G(s,0)|” 7
// 166 DI @7)
[0 1]2 |S—t|p _1

Let £ C R? be a measurable set of finite measure with lg| < xE- Using Remark 6.3 and Lemma 6.2

Hence by interpolation we obtain

Z (G, On,m @ ‘pn,m)()(n X Xm)

n.mezZ

for 2 < p < 0.

for G = g ® g, we have

2

2
e T are
[ Z |(gv‘/’n,m)|4+8:| = /2( Z (g §0n,m>|4+6()(n®)(m))i|
n,mez LJ/R n,mez
= /2( Z |(gv‘/’n,m>|2()(n ®Xm)) i|
L/ R n,mez
= Z (g, on, m>| (xn ® xm)
n.mezZ +%

1

r r 4
5(// lg6)I” g1 ddt)  where p/ = 412
[01]2 |s—[|P1 2+8

To bound this last integral, we proceed as follows:

e lp@)] Ip(S)I
// T s—t)7 dsdr = / lp (t)I/ S dsdt = / lp(®)]- (Ipl*w)(t)dz

S R y) < lolpaan| ol = sclol2
|51 J L qary sy
if % = %— (1—7), by Theorem B.1. In our case, p = |g|?, y = p’ — 1 and
, (4+e)?

PP =50y e
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Then
42+¢)

1,1 p . P L 1 , =, 1 )2 02
// gOI” 1O 4} < / ig0)P? dr)” = / 1g(0)|HEES =) g\
0Jo |s —zP=1 0 0

1 i:f—fz) 4Q2+e)
&
([ tewora) ™ < aEE,
0

Observed that in the second line of the chain of inequalities above we used the fact that |g| < 1. Finally,

1
TFe 202+e) |
|Erglare = [ 3 Il son,m>|4+8} < |E|an? <|EJ}.

n,mez

This shows that £1 maps L*([0, 1]) to L4 (R?) for any ¢ > 4 by restricted weak-type interpolation.

7. Proof of Proposition 4.4-Conjecture 1.2 for ME; 1 (k =2,d =1)

The model to be treated is
MEy1(f.8):= > (f-@nm) (& P m)(in® Xm)-
(n,m)ez?

Since d = 1, we do not have to deal with the multivariable quantity

d
4 L
(prit,m = ® (pnlj,m
=1
from Definition 2.3, so we will simplify the notation by taking go,l’m = (p,ij,ln and <p,%’m = (p,%j,%. We also
replaced (g1, g2) by (f, g) here to reduce the number of indices carried through the section.
We provide a simple argument involving Bessel’s inequality. After a change of variables to move the

domain of ¢? to be the same as the one of ¢!, we have
IME2 1 (£ 1S 3 [0 ml (&)~ Oy gmm|n ® m)
(n,m)ez?
= > K ®(®)-40pm ®Phsgmm)|(ln ® xm).
(n,m)ez?

where!3 (g)_4(y) = g(y + 4). Observe that

(f ®(g)-4. (pii,m ® ¢;+8m,m>
— // F)gly + 4)(p1(x)(p1(y)e—Zm'nxe—Zm'mx2eZJri(n+8m)ye2nimy2 dx dy
— / f(x)g(y + 4)62m'n(y—x)eZm'm(y—x)(y—i—x)e16m'my dx dy

%/ [/f(v;u)g(v —;u +4)eznimuv68m'm(u+v) dv:| eZm’nu du = ﬁm(—n)

13This was done to bring the support of (p,%’m to the one of (p,% +8m.m- Ihe price to pay is the +4m shift in the linear
modulation index of the bump.
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Hence

IME2 1 (£ I35 YD [Hu(—m)* = [ Hnl3.

mezZnez meZz

by Bessel. On the other hand,

| Hm |3 = /‘/ f(U;u)g(v -;M +4)e2nimuve8ﬂim(u+v) dv
v—u vtu 2wimv(u+4)

H,(v)

2
du

2 =
du:/|Hu(m(u+4))|2du.

Transversality enters the picture here through the factor (4 + 4) above: the +4 shift in ¥ comes from
the fact that the supports of ¢! and ¢? are disjoint and far enough from each other; hence u + 4 > ¢ > 0.
This way,

I ME21 (/. 9)13 < / (Z | B +4))|2) du

mez

s/ )2 dvdu < 1L/ 121g]2.

by Bessel again.

8. Case k =1 of Theorem 1.5

In this section we start the proof of Theorem 1.5. There are two main ingredients in the argument for the
case k = 1: Proposition 4.3 and the fact that the wave packets

271ix~7162ni|x|2m

Piin (X) 1= @(x1) -+ - @(xg)e

are almost orthogonal for a fixed m and 7 varying in Z9. The latter fact will be exploited through Bessel’s
inequality whenever possible. Recall from Remark 4.5 that, since g = g1 ® --- ® g4, it suffices to study
the multilinear form

d
Ad(gl"”’gdvh): Z H(gjv(pn,,m)<h’)(ii®)(m),

nez4, mez j=1
Now we focus on obtaining (22). Let E; C [0,1],1 < j <d,and F C R4+ be measurable sets for
which |g;| < xg; and |h| < y F. Define the sets

Iy —I; .
AV ={(nj.m) € 2% :|(gj. pn;m)| 277}, 1< <d.

Bla+1 .= {(ii,m) € Z9F1: |(h, x5 ® ym)| ~ 271411,

Hence,
Ag(g1s... g4 h)| < Z =l o~ larigycliseolatr
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As in Section 5, we know that [y, ...,/741 > 0. We can estimate #X1esla+ using the function /:
cielart g lert N T |G o ® m)| S 24| F . (28)
(n,m)ezd+1
Alternatively, many bounds for #X!ola+1 can be obtained using the input functions g1, ..., g4:
el s Y0 Lnom) 1, (ng.m)
(n,m)ezd+1
=22 2 Lulmim) Ly (ngogam) 30 1 (ig.m) 29
mezZni€Z ng_1€Z ! a1 ny€z d
%d.m

Observe that ag , = #{n; (n,m) € Aild} and (n,m) € Aild = 1<2%4 (g4, @n.m)|?. Adding up in n,
Cam S22 Y0 (g pnm)? S22 | Eq
n:(n,m)eAldd

by orthogonality. Notice that this quantity does not depend on m; therefore we can iterate this argument
for d — 2 of the remaining d — 1 characteristic functions:

#Xlla...,ld-‘rl s 221d |Ed| Z Z 1&11 (nl?m)"“.lA;dle (nd_z’m) Z 1A1dd*11 (nd_l’m)

meZn\€Z ng—1€Z
od—1.m
21 20—
SPMNEG 2 Eg | Y0 Y L (m)L iy s (ng—3,m) Y L,y (ng_y,m)
meZn| €7 ! d=3 ng_-€7Z d=2

$22ap?lat 2RI Ey | |Epl Y Y 0 (nr,m). (30)

meZn€Z !

#all

To bound #Alll we can use Proposition 4.3. For ¢ > 0 we have

mm)eAll = 1520+ (g g, )[4
= #Alll S 2(4+8)ll Z |<g1’ (pn’m>|4+8 SS 2(4+8)ll |E1 |

l
(n,m)e,&ll
Using this above,

#Xll""’ld+l <e 221d221d—1 . _22122(4+5)ll |Ed| . |E2| |E1 | (31)

We could have used the L*-L4*¢ bound for any g 7 and a Bessel bound for the remaining ones. More
precisely, if o € S5 is a permutation, we have

#xliolart g p2low@ o= .. 2o@ @A E |- | Eg )l | Egr)l. (32)
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This amounts to exactly d different estimates. Interpolating between all of them with equal weight 5,

we obtain A1)t 2(d—1) 44+
Iy ST DA
#xlolatr < 9 d 1...2 d 4|Eq]--

|Eql
=2+ 7+ T+ By Byl (33)
Finally, we interpolate between bounds (28) and (33):

IAg(g1,.-., 8a,h)|
s Y ot o—lat1gpxctslat

< Y a2 ylav @+ G+ G+ g (.. | Ey))0 (2la+ | F )2

lyenlg1€24
d
—(1-62)1 9 —(1-(2+2+£)61)1; 0
5( Z 7—( 2)d+1|F| 2)1_[ Zz (1-2+32+%) 1)’|Ej|1
la+120 J=11;>0

< |E1 |a(1—(2+%+§)91)+91 . |Ed|(x(1—(2+%+§)91)+01 |F|92
for any 0 <o« < 1. On the other hand, for several of the series above to converge we need (2 + % + 5)91 >1.

By choosing the appropriate @ and 6 close to (2 + %)_1, one concludes this case.

9. Case2 <k <d + 1 of Theorem 1.5

Recall that we fixed a set of weakly transversal cubes @ = {Q1,..., Ok} in Section 3 and let g; be
supported on Q;. The averaged k-linear extension operator!# in R is given by

. SN
ME} e g0 = Y ( |<gj,<oﬁ,m>|) (i @ 1m)-
(n,m)ezd+1 j=1

The conjectured bounds for it are
k

IME 481 80 o <[T1s I, foratp= G0 o
As done in the case k = 1, it’s enough to prove certain restricted weak-type bounds for its associated
form B ‘ | L
Reaeh= 3 (1‘[ |<gj,¢,1,,m>|) (h 23 ® ). (35)
(n,m)ezd+1 “i=1

where g := (g1,..., gr) by a slight abuse of notation.

14We consider this averaged version of MEy, 4 for technical reasons. The conjectured bounds for it have a Banach space as
target, as opposed to the quasi-Banach space (for most k and d) L2d+k+D/(k(d+k=1)) that is the target of Conjecture 1.2.
The fact that L? for p > 2(d + k 4+ 1)/(d + k — 1) is Banach lets us use (49) effectively in the interpolation argument, since it
forces the final power y on | F|Y to be positive.

When k = d =2, Conjecture 1.2 has L5/3 as target. We will discuss this case first to help digest the main ideas of the general
argument, and since this space is Banach, we can work directly with ME5 > instead of considering the averaged operator ME;/ 22 .
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Remark 9.1. We will prove (34) up to the endpoint assuming that g is a full tensor, but the argument
can be repeated if any other g; is assumed to be of this type. As the reader will notice, the proof depends
on the fact that we can find k — 1 canonical directions associated to Q;, which is the defining property of
a weakly transversal collection of cubes with pivot Q;. In what follows, we are taking {ej,...,ex—_1} to
be the set of directions associated to Q1.

Remark 9.2. As we mentioned in Remark 1.7, under weak transversality alone we do not need g; to be
a full tensor to prove the case 2 <k < d of Theorem 1.5. In fact, the following structure is enough in this
section:

g1(x1,....xg) =g1,1(x1) - g1,2(x2) -+ -+ 81k—1(Xk—1) 81,k (Xks - .., Xg).

Notice that we have k — 1 single-variable functions and one function in d — k + 1 variables. The single-
variable ones are defined along k — 1 canonical directions {eq, ..., ex—;} associated to Q1, and gy ¢ is a
function in the remaining variables.

In general, if we are given a weakly transversal collection O, for a fixed 1 < j <k — 1 we have a set
of associated directions &; = {e;,,...,e;,_, } (see Definition 3.2). Denote by X the vector of d —k + 1
entries obtained after removing x;,, ..., x;,_, from (x1,...,x4). Assuming that the functions g; for
[ # j are generic and that g; has the weaker tensor structure

8 (X1, xg) = g (Xiy) e 8 k—1(Xig ) - 8ag (Xse) (36)
will suffice to conclude Theorem 1.5 for O through the argument that we will present in this section.

Remark 9.3. As a consequence of Claim 3.4, a collection @ = {Q1,..., O} of transversal cubes
generates finitely many subcollections O of weakly transversal ones (after partitioning each Q; into small
enough cubes and defining new collections with them). However, for a fixed 1 < j < k, the associated
k — 1 directions in &; can potentially change from one such weakly transversal subcollection to another,
and this is why we assume g; to be a full tensor under the transversality assumption.

In this section we will use the following conventions:

e The variables of g; are x1, x2, ..., x4, but we will split them in two groups: k —1 blocks of one variable
represented by x;, 1 <i <k — 1, and one block of d —k + 1 variables X3 = (Xg, Xk+15---»Xd—1,Xd)-

e Theindex x; in (-, - ) x; indicates that the inner product is an integral in the variable x; only. For instance,

{8/ 9)x: 3=/jo(xh---axd)@(xl,---,xd)dm (37)

is now a function of the variables x5, ..., x4. The vector index xj in {-,-) x, 1s understood analogously:

(8j>9) 5, 12/ gi(x1,. . Xq) @(x1,..., xg) dxg (38)
Rd—k—+1
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e The expression ||{g;, " )x; || is the L? norm of a function in the variables x;, 1 </ <k —1, [ #i. To
illustrate using (37),

2 !
() @)xi ll2 = [/Rdl'/jo(xh...,xd)-¢(xl,...,xd)dx1 dxz---dxd]

The quantity [|(g;, "), Il2 is defined analogously as

2 3
”(gj,(p)x—»k ||2 — |:/ gj(xl, .. ‘7xd)'§b(x1’ .. .,Xd)dfk dxq ...ka_1:|
Rk—l Rd—k-}—l
e Forn = (ny,...,ng), define the vector
ﬁi = (nl,...,ni_l,ni+1,...,nd).

In other words, the hat on 7; indicates that n; was removed from the vector 7. For f : 74 — C, define

If@lg = 2 1@

fj€zd—1

That is, ||f(n)||el is the £! norm of f overall ny,...,ng, except for n;. Hence ||f(n)||£1 is a function
of the remaining "Variable n; ;. The quantity || f(n)|| ¢1 is defined analogously as

If@lg = Y G
g
Finally, the integral [ g d%; means

/g(xl,...,xd)dfc,- ::/g(xl,...,xd)dxl---dx,-_ldx,-+1---dxd.

In what follows, let Eq 1, ..., Ey 1 C[0,1], E;x C[0,1197 k1 E; c Q; 2<j <k)and F CR?*!
be measurable sets such that [g ;| < yg,, for 1 </ <k—1, |g1 x| < XE,«» 18| S xE; for2<j <k
and |h| < x . Furthermore, E1 := Ej1 XX Ej g1 X Eq .

A rough description of the argument in one sentence is: the proof is a combination of Strichartz in
some variables and bilinear extension in many pairs of the other variables. In order to illustrate that, we
will first present the simplest case in an informal way, which means that we will avoid the purely technical
aspects in this preliminary part. Once this is understood, it will be clear how to rigorously extend the
argument in general.

9A. Understanding the core ideas in the k = d = 2 case. Consider the model

ME;5(g1,82) = Y (21,04 ,,)(22.07 ) (i © xm)

(n,m)ez3
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and its associated trilinear form!®

Rop(grg2.h) = Y (81,05 ,)(82. 07 ,.) (X ® Ym)-

(n,m)ez3
Assuming that g; = g1,1 ® g1,2, we want to prove that
= 1 1 2
|A2,2(81.82)| Se |E1]2+|E2|2 - |FI5¢

for all & > 0. The L2 x L2 > L5/3%¢ bound will then follow by multilinear interpolation and Remark 4.5.
Given the expository character of this subsection, we adopt the informal convention

+

XxT means x + §, where § > 0 is arbitrarily small,

X~ means x — §, where § > 0 is arbitrarily small.

We will always be able to control how small the § above is, so we do not worry about making it precise
for now.
The first step is to define the level sets of the scalar products appearing in ME; »:

1 - —
AY =1, m) (g e )~ 27,

I - _
AZ = {(,m): (g2, 95 ,) ~ 272,

Transversality will be captured by exploiting the sizes of “lower-dimensional” information: in fact, we
want to make the operator ME, 1 appear, and this will be possible thanks to the interaction between the
quantities associated to the level sets

BY' = {(n1,m): (g1, 00 e 2 ~ 2711,
C}' = {(n1.m) 2 (g2, @2 )xi ll2 ~ 27511

Since there is only one direction along which one can exploit transversality, we will use the L? theory
for £y (i.e., Strichartz) along the remaining one. In order to do that, the following level sets will be used:

BY = {(n2.m): | {g1. 02 p)xsll2 2 2772},

C2 = {(n2.m) : [(g2. 9p}m)xall2 = 27°2}.
The size of the scalar product involving / will be captured by the set
D = {(im) 1 [(H. x5 ® xm)| ~27F}.

We will also need to organize all the information above in appropriate “slices” and in a major set that
takes everything into account. The sets that do that are

X2 = AR O {GEm); (n1,m) € T},
XIZ:SZ = AIZZ N {(ifi’m)’ (nz,m) € C;Z}’
TSk — Alll ﬂ&lzz N{(@m, m): (n1,m) € B NC}', (n2,m) e B2 NCP}IN D*,

15There is a slight abuse of notation here: we are using Kz’z for the form associated to ME3 > and not for its averaged
version MEy », as established in the beginning of this section.
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where we are using the abbreviations [ = (I1,13), 7 = (r1,r2) and § = (s1, 52). This gives us

R22(g1.g2. M| S Y 27halapkyx!F3k,
7.5,k
For the sake of simplicity, let us assume that g1 = 1g, , ® 1g, ,, g2 = 1g, and h=1F.'"° We will need

efficient ways of relating the scalar and mixed-norm quantities above. A direct computation (using the
definition of X'»"5:K) shows that

2—r . p—r2
rh=2 = (39)
|Eq]2
Using Bessel along a direction, for (n7,n2,m) € X251 we have
l bl
1~ 222 (g2, 02 WP = #X20 ~ 222 3" (22,02 )1
noex 2l
l 2 ]
= #X2) S 220 e, 0020 13
—S1 —S51
= 272< % = 272< i . (40)
2,91 5 1
(#X(r“,m))2 ”1X]2’S1 ”62201 m£;112
by taking the supremum in (n1,m). Analogously,
—s
272 g s 41)

1
2
||1x1213'2 ”K’c;cz).m&ll]

Relations (39), (40) and (41) play a major role in the proof. The last major piece is a way of bounding
#X575k that allows us to exploit transversality and Strichartz along the right directions, as well as the
dual function s. We start with the simplest one of them:

#XTSE <2k N ((h x5 ® )| = 2| F ). (42)
(n,m)ez3 R

By dropping most of the indicator functions in the definition of X 5k and using Holder, we obtain
IF3k P :
#X < Z 1X12’S1 (l’l, m) qul ncil (nl, m) < ||1X12'S1 ”e’?c;.meilu “lB'l“l ﬂCil ”eth,m .
(n,m)ez3

The second factor of the inequality above will be bounded by the one-dimensional bilinear theory:

2 2 1,1 2 1,2 2
#BY NCY S22 N (g1 0p ) 13- 11082 0n 7 2m) i 113

niy,mez

= 22r1+2s1 /[ ( > |<g1,<p,1;{m>x1|2-|<g2,<o,1;2,m>x1|2) dxy di,

ni,mez

2 2 2 2 =~ 2 2 2 2
=2 [z, leal?, andn <2020 013 el

16These indicator functions actually bound g1 and go, but this does not affect the core of the argument.
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by Proposition 4.4 since the supports of ¢! and ¢!-? are disjoint (this is equivalent to transversality in
dimension one). This gives us
#xIk < | 22TV By |- B (43)

| 1X/2’S1 “Eﬁ‘l’mdtz

Alternatively,

175k -
#xlrak < R 1B;2m:;2(n2,m)Z1X12,x2(n,m)-1B11(n1,m)

(n2,m)ez2 ni1€zZ
1 1
2 . 2 . ;
E ||1Xl2~»"2 ||£S§me}ll ||1B11 ||€%oe}111 ||1[B;2 ﬂ@;z ||Z,112!m :

We can treat the last two factors appearing in the right-hand side above as follows: For a fixed m € Z,
Y e (nm) S2°7 ) lgn opndn 13 <27 - a3
ni€Z ni€z

by Bessel (recall that the modulated bumps go,i’llgm are almost-orthogonal if n; varies and m is fixed), and

then we take the supremum in m. As for the other factor, observe that!’

5 2,1 5 2,2
#B2 NCY $2°72%2 3" (g1 om x5 - 1482, 020 ) xall2

na,mez 5 i
3 6
5 2,1 6 2,2 6
52'2“2( > ||<g1,¢>n2,m>x2||2) ( > ||<g2,¢n2,m>x2||2)
no,mez na,mez

5 5
<2222 g1[13 - llg2ll2

by Corollary 4.2. These last to estimates give the following bound on #XTSk,
%
45 mny

#XETSE < 110y | B2 252 B3 By, (44)

1
>’ 5
We also take an appropriate of combination between (40) and (41), and use (39):

In what follows, we interpolate between (43), (44) and (42) with weights %_ ~ and %Jr, respectively.

1

2—r1 _2_7'2 2—%5‘[ 2—552

|A22(g1,82,h)]“<” Z .k

1 1
Pk B2 ¢

||1x12v51 ”23?,’116,112 ”1X1s-52 “é

1
n.mbn

-
2r1+2 5
'(||1xlz~n ||eg<l>.me}12 -2 ritas -|E1|-|E2|)5
1 1 5 1,1 2~
1 5 El 1 k 2
(g gy -2 1B 27242 B3| Ef2) 5 4 FD
1 1 2+
SIELZ - |Ea|2-|F|5
which is the estimate that we were looking for.!8

17Here we are also ignoring the fact that we do not prove the endpoint L2-L° estimate for the model Eq. It will not
compromise this preliminary exposition.

18This bound on Kz,z is of course informal, which is why we wrote “<”. Observe that we also removed the sum in I ; it
contributes with a term that depends on ¢ in the formal argument. Later in the text we will see why we can assume 7,5,k > 0 in
the sum above.
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9B. The general argument. Roughly, this is a one-paragraph outline of the proof: we split the sum in
(35) into certain level sets, find good upper bounds for how many points (7, m) are in each level set using
the weak transversality and Strichartz information, and then average all this data appropriately.

First we will prove the bound

1 k 1 k 1
IMES ; ()l 2w@+krv/si—v+e@a+ry Se | [ 1Eval?% - ] 1Ej 17 (45)
I=1 j=2

for every ¢ > 0. As we remarked at the end of Section 4, this is the restricted weak-type bound that will
be proved directly; all the other ones that are necessary for multilinear interpolation can be proved in a
similar way, as the reader will notice.

We will define several level sets that encode the sizes of many quantities that will play a role in the
proof. We start with the ones involving the scalar products in the multilinear form above:

A = {(.m) €27 1 (g ph VA2V 1<) <k

The sizes of the (g;, ¢ ,,) are not the only information that we will need to control. As in the previous
subsection, some mixed-norm quantities appear naturally after using Bessel’s inequality along certain
directions, and we will need to capture these as well:

Bl'i' = {(ni.m) € Z2 ¢ (g1 0 ) 2 ~ 27701, l<i<k—1.
B::;fll ={(n;,m) € 7> {gi+1, (P;;,,—ir;zl>xi |2~ 27T+, 1<i<k-1,
By = (k. m) € 2972 1 (g 0t Vg lam2TRTY 1<) <k

Set Blr’j] := @ for any other pair (i, j) not included in the above definitions. Observe that g; (the
function that has a tensor structure) has k sets B associated to it: k — 1 sets Bri ! and one set Brk 1. The
other functions g;, j # 1, have only two: one set B; - 1. ]’ and one set B J for eachl <j < k The
idea behind the sets B; e ' and B. ’l ’:11 is to isolate the ‘piece” of each functlon that encodes the weak
transversality 1nf0rmat10n from the part that captures the Strichartz/Tomas—Stein behavior, which is in
the set B,rck J’ . Foreach 1 <i < k — 1, we will pair the information of the sets B. ’11 and Blr’l’fll and
use Proposition 4.4 to extract the gain yielded by weak transversality. The information contained in the
sets [B,rck]’ will be exploited via Corollary 4.2.

The last quantity we have to control is the one arising from the dualizing function h:
C' = {(,m) €29 1 |(h, x5 ® xm)| ~ 271},

In order to prove some crucial bounds, at some point we will have to isolate the previous information

for only one of the functions g;. This will be done in terms of the following set:19

it — Aj/’ N{@H.m) € 7%t : (nj,m) € B;i}j :

19Many of these sets are empty since we set B;i ]’ = @ for most (i, j), but only the nonempty ones will appear in the
argument.



A NEW APPROACH TO THE FOURIER EXTENSION PROBLEM FOR THE PARABOLOID 2869

In other words, X% "i. contains all the (1, ...,ng,m) whose corresponding scalar product (g, ¢ )
has size about 27 and with (1;, m) being such that ||(g;, (pi,lj m)x; |2 has size about 277/,

Finally, it will also be important to encode all the previous information into one single set. This will
be done with

xR = N A ﬂ{(n m) € 297 < (ni.m) € (B 1<z<d§ﬂ@’

1<j< <k j
where we are using the abbreviations [= (!1,...,lx)and R:=(r; ;);,;. Hence we can bound the form A k.d
as follows: P
= P
Aka(g.< Y 27 []2 tuxRe, (46)
I.Rt>0 =

Observe that we are assuming without loss of generality that [;,r; j,¢ > 0. Indeed,

275 S gy e M < lgilloo el S 1,

so /; is at least as big as a universal integer. The argument for the remaining indices is the same.

The following two lemmas play a crucial role in the argument by relating the scalar and mixed-norm
quantities involved in the stopping-time above. Lemma 9.4 allows us to do that for the quantities associated
to g1, the function that has a tensor structure. We remark that this is the only place in the proof where the
tensor structure is used.

Lemma 9.4. If X\R! o &5 then

I 27 Tr1..... 2~ Tk.1
)5
Proof. Observe that
k k
22 e T g o b 2 = [ ] (810 © -+ ® g1.kes 005 ) |12
i=1 i=1
k

=11 |<g1,l~,¢:;,.‘,m>x,-|-||g1,1 ® - ®81i® gkl
i=1

-1 k—
= (g1 op ) lgal5™" ~ 270 g5,
and this proves the lemma. O

Lemma 9.5 gives us an alternative way of relating the quantities previously defined for the generic
functions g5, ..., gk-

Lemma 9.5. If X! £ &5 then

) 2 Tii+1
27l < : 47)
1
| cli417i,i 41 ”Zo? mel
) 2_rk,l+1
2l < . (48)
||1Xli+1irk.i+1 ||zog oL
nk,m iik

foralll <i <k-—1.
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Proof. Inequality (47) is a consequence of orthogonality: for a fixed (n;, m), define

Xli—i-l;"i,i-i-l = {f; 1 (ii,m) € Xli-‘rl,ri.i-i-l}'

(n;,m)
This way,
livvriivr 52l i+1y,2
#X(ni,m) A 270 Z |<gi+1’(pfi,m>|
PR ER RS |
n,‘GX(ni’m)
.. . 2 . 2
< 221i+1 Z /(gi—i-l»(p;lf,-l—’r;ll)xi _e—2n1m(2j#,- xj) . l_[e—annjxj d)%i

7 J#i

21; ji+1 2 qa
<2 l+1f||<gi+1,<p,a,.’j;, s |7 df

21; —2r;
%2 i+1 2 l,l+1,

where we used Bessel’s inequality from the second to the third line. The lemma follows by taking the
supremum in (n;, m). Equation (48) is proven analogously. O

The following corollary gives a convex combination of the relations in Lemma 9.5 that will be used in
the proof.

Corollary 9.6. For 1 <i <k —1 we have

2k . _@d—k+D . .
] 2T dFkF1 i+ 2T W@FhFD Tk.i+1
AL < .
2 ~ k d—k+1) °
||1 Lo | d+k+1 ”1 L ” 2(d+k+1)
X413 i +1 gﬁ?!mg}li X417k i+1 Zg,meék

Proof. Interpolate between the bounds of Lemma 9.5 with weights

2k d d—k+1
— an —
d+k+1 d+k+1’

respectively. O

We now concentrate on estimating the right-hand side of (46) by finding good bounds for #XLRE The
following bound follows immediately from the disjointness of the supports of y; ® xm:

RS 3 [ xq ® xm)| S2VF. (49)

(n,m)ezd+1

By definition of the set xRt
- k
#x Rt < Z l_[ 1Alj (n,m)- 1_[ 1[3("'/' (nj,m). (50)
amesrii=t e

We will manipulate (50) in k different ways: k — 1 of them will exploit orthogonality (through the

one-dimensional bilinear theory after combining the sets B;i il and B;ilf’:ll , 1 <i <k—1) and the last one
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will reflect Strichartz/Tomas—Stein in an appropriate dimension. The following lemma gives us estimates

for the cardinality of X/>®-* based on the sizes of some of its slices along canonical directions.2°

Lemma 9.7. The bounds above imply:

(a) The orthogonality-type bounds:*!
xR < 1 it lgge ot <22 gy 3 lgia 3, 1<i<k—1. (51

(b) The Strichartz-type bound:

k
e N N P e 12 l_lllglllz» 52
=2 kM ity =2
where
_2d+k+1) o (d+k+])
T k(d—k+1) " k(d—k+3)
2 o (d—k+1
,8:=_ SQ’
k' k(d—k+3)

with §,8 > 0 being arbitrarily small parameters to be chosen later.*>

Proof. For each 1 <i <k — 1 we bound most of the indicator functions in (50) by 1 and obtain

xRt < Z lAl'—H(n m)-1 Vz 1(nj,m)-1 Bl i|-+11 (nj,m)
l i
(,myezd+1 1!
= Z 1xli+]3ri,i+l (n,m)- 1B:f'ilﬂB;‘f£3r4rll (ni,m)

(n,m)ezd+1

= Z 1 r, ‘mBr‘ ,Jrl(n,,m)21xz,4rl it (n,m)

n;.m i,i+1
= ||1X[l+l~rt,z+1 ”z;’ﬁsme%[ ||1B;filﬂB;fl:z_i_4il ||g,11[!m- (53)
Transversality is exploited now: the cube Q1 with {eq,...,er_1} as associated set of directions satisfies

(15), which allows us to apply Proposition 4.4 for each 1 <i <k —1 since weak transversality is equivalent

to transversality in dimension d = 1. By definition of the sets B; ’11 and [EBlr’l **1. Fubini and Proposition 4.4

20The reader may associate this idea to certain discrete Loomis—Whitney or Brascamp-Lieb inequalities. While reducing
matters to lower-dimensional theory is at the core of our paper, we do not yet have a genuine “Brascamp-Lieb way” of bounding
#X!:R:! for which our methods work. For instance, no “slice” of X/-R: given by fixing a few (or all) n; and summing over m
appears in our estimates, which breaks the Loomis—Whitney symmetry.

21Weak transversality enters the picture here.

220ne should think of § and § as being “morally zero”. They will be chosen as a function of the initially given & > 0, and the
only reason we introduce them is to make the appropriate up to the endpoint Strichartz exponent appear in (56). The main terms
of o and B are also chosen with that in mind.
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we have
2ri 1 +2ri i1 2 1
I AL A DR Ll N (AR
(n; m)eB; ! ng; !
2 2 i1 1 2 A ~
< 227iat2riiti //( gh(prlz’i,m)x,l “gi+1- ‘/’;zll,-ir;z )yl )dxi dy;
(n;,m)ez?

< 92ri 12141 // ||g1||22 “|lgi+1 ||212 d; dyi
L%, vi
=22t 2riit . ||81||%' ||gi+1||§'

Using this in (53) gives (a). As for (b), bound #Xi Rt a5 follows:

bR = N1 m)
(n, m)eld'H
< Z Hl;r,”(n m)nlrm(nz,m) lekl("k m)
(1, m)ezd+11 =2 i=1
= Z 1_[1 rkz(llk m) Z Hlxlj:rk,j('_i,m)l_[1Bfiil(”i,m)
ny, ml—l Nselg—1 j=2 i=1
<> Hl rkz(nk,m>1‘[ 12yt erc.; (G, m)n Hl ri1 (i,
nk, ml=1 ! " i=1 '
1
= l_[ ||1Xl./';rk~_i ”k Zl 1_[ ||1 r, 1 “Zooel Bkl ) (54)
j=2 b g =1
where we used Holder’s inequality from the third to fourth line. Next, notice that
15751 ey, < sup2”" Z g1, of ), 13
—Sup22”‘/2| g1 @kt ) [ d%i
<20 g3 (55)

by orthogonality. Now let

k(d —k +3) _ k(d—k+3)

, =————= forall2 </ <k
d+k+n PTGy TSRS

Pk,1 =

and notice that
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2873
This way, by definition of B kl’ and by Holder’s inequality with these py ; we have
k
1 Tkl
l=1_[1 By i

k
: k1
<@k i+ =2 BTk Z K1, 0, )% ||g.l_[ g7, (pnk m)xk 18

(n)c,m) I=2
k k B #/
§2a-rk,1+21=2ﬂ-rk,1( Z (g1, (pnk m)Xk “oc Pk, 1) 1_[( Z ” g1, (pnk . Xk” Pk, 1)
(nyc ,m) 1=2 (i}

2(d—k+3) Dr 1
et Y =2 B rkl( Z (g1, i m>xk @D +5)Dkl

(ny. ,m)

1
2(d—k+3) | ¢
Ta—kF1) T8 \7k 1
||( > ng%%mg%ﬂ( i

1=2 “(n).,m)

. k

<o@mitXi=a BT gy )3T gl (56)
=2

by the up to the endpoint mixed-norm Strichartz bound in Corollary 4.2.23 Using (55) and (56) in (54)
yields (b).

O
Given ¢ > 0 small,>* we interpolate between k + 1 bounds for #Xi »Rot with the following weights
0 1 ©1=i<k—1, for(51)
= 5 T T 7 - 4 or ’
"Tdtk+1 kT
d—-k+1) ¢
= — for (52),
kT 2@+k+) & or (52)
d+k-1)
) =(1-—— for (49),
k+1 [ 2d+k+1) +e& or (49)
which leads to
|Ak,a(g.h)l
<

I,R,t>0 Jj=1

=3 - 2r; 142r 5 L e
Z 2" XHZ l_[ ||1x11+1:r1.1+1||1gg<l>!me}ll.2 L2 gy 12 gg g [|3) TR K

k
X(H 1 Lytjers s “zoo 0! 2R Xiziria ||81||
j=2

Sy — £
Y g B gy 2. H ||gz||2)
(2| FI=2rhl+e,

23See the footnote related to Corollary 4.2

24Perhaps it is helpful for the reader to think of &, § and § as equal to zero to focus on the important parts of the proof. The pres-
ence of these parameters here is a mere technicality, except of course for the fact that £ > 0 makes us lose the endpoint in this case.
250bserve that Y 1= k+1 | 01 = 1. These weights are chosen so that the correct powers of the measures | £ | and | F| appear in (58)
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Using Lemma 9.4 and Corollary 9.6 to bound the 2% in the form A k,a yields
|Ak.a(g. 1)l

1_ e
> 2l kln )
= G 8
_ _ 1—F
. el = QAT+ )RR TR+ g
13
Xl_[2 %2 xl_[ d_Hl(_H . T
L 2k(d+k+1)
i=1 ||1X/i+1iri.i+1 ”eoq 41 ”1X11+1 TRi+1 ” 0L
k—1 "k g
2 2 -
T8 g e 22752 g Bl 13) 747 F
= i st
(H||1 I S 2= LN PN et CRER L AN P 1‘[||gz||2)
nkm ﬁk l 2

= HE

Developing the expression above,

% U=D o (=D

k 1_
~ _ & | . k k2 e—
Ralg s Y 27 =27l (TP ) Nl
j=1

I,R,t>0
kol —e 1, k=l g _ =kt e
X l_[ 2 k2 i+ X 1_[[2 d¥k¥1Tii+1 .27 k@FK+D k,z+1]
i=1 i=1
k—1 1 (£-1) @kt (2 1)
X l_[[”l ) o ||d+k+1 k ||1 ||2k(d+k+l) k ]
Xll-l—l Tii+1 eoc; £¥ X’z—i—l Tri+1 1
—1 "k M rg
! k—1 , 5
i _z&
[l_[ 1L sctrrirri ”Zo—gk?1 k] [H(2r1’1+rl'l+l)d+k+' K ]
=1 l 1
d2$(k+1)l Z(k = d+k+1 Tg
x[lg1ll l_[ lgr+1ll
(d— k+l e —k+1)
x 1_[ [NNIEE, ||£c>o Z(CZTHI) %) (zk Tzt i QX 1+ B rk1)2(d+k+ll) 13
j 2 nk m nk

k _
(2(k 1)+ ) (2((6514’1(/(—:11)) Ii) . 1_[ ||g] ||ﬂ(2((dd+kk—:11))_%)

x (g1l
x (2| F)1- 2@ hl+e,

At this point we set the values of § and § (as functions of ) to be such that?®
|:(d—k+1) (d+k+1)8i|_1[ € 2(d+k+1)e]

=3|-5
- d—k+1)2 d—k+De] 12 (d—k+De
'Lud+k+nu—k+$_k%d—k+a}_Ehi_k%d+k+n]

k(d—k+3) k2d—-k+3)] 2 k2(d—k+1)]

26We emphasize that these particular choices are just for computational convenience, and we have not developed the
expressions because this is exactly how we use them to simplify the previous calculations.
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Simplifying (and using the expressions that define o and 8 in Lemma 9.7),

~ k—1 e & Gkt s
Ak (g.h)] < [Z 2‘52"Hl_[( > 2‘(k+k2)’-’*l)} [ S o ol kﬂ}

11>0 j=1 “r;j1=0 rk.1>0
k1 (d+k—1)
H( 5 o ]
i=1 li+120 t>0
k—1 k—1
2 1 L (d—k+1)_
X[H( E 2_15(1_M)r1,z+1)1|x|:1_[( E 2~ kz(l 2(d+k+1))rkl+l)]
i=1 ‘r;;+1>0 i=1 “rg,i+1=0
_%(1_d+llc+l) 2(1 2((dd:-kk—i—_i-ll))
Tk
Xl_[ sup ”1Xli+1:"i,i+1“€,c1x_:>mzl ~osup Ly ’k1+1|| /! ]
i=1 li+1:Tiit1 Ry Liv1rki+1 "km g
2(d+k+1) k (d—k+1)
e 2ot s (- S T kgz) % 1)

~%+tizGarern -
x| g1lly H|| 1||2

x|F| [T +e
Observe that

Y ol g 07l

11>0

where [ | is the smallest index /; such that X/-Rf # &. Hence there exists some (1? ,m) such that

27~ {g1.pp < |E].

Therefore

2.2 2l <, |Eye

[1>0
Notice also that
(284 &)y (284 &)y,
Z 2 (k"‘kz)rj.l <.2 (k+k2)r.1.1’
r;1=>0

where 7 1 is defined analogously. We can then find (n;, m) such that

—r i1 1
27 S g1 o m)xs 12 S 1 EA 2.
Therefore
> oI g,y
r;1=0
We can estimate all other sums in the bound above analogously. Observe that since the cardinalities

appearing in

i ~$Gg7ber) 5 (1- S
1_[[ sup ||1x1i+1iri.i+1||g?lqme;++ © sup ||1X1,+1rkl+1|| e 0 ] (57)

i=1 li+1sTiit1 M hg Liv1srk.i+1 "k mi
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are integers, the whole expression (57) is O(1). Using these observations and the fact that | E; | < 1 gives us

Aka(g, b Se |[F|'3askante. H |Ej|2F. (58)
j=1
To simplify our notation, set g :=(g1,1,£1,2+- - -+ &1,k—1-&1.k>&2- - - - » &k )- To rigorously use multilinear

interpolation theory, one can run the argument above for the following averaged multilinearized version
of MEy 4:

1

. k-1 Lk N
TEf )= (1‘[|<g1,z,¢,’,;{m>|) Merae e ) k-(l"[|<gj,<o,1,,m>|) (1 @ 1m).
=2

(n,m)ezd+1 ~l=1

with associated dual form?2’
i 1

k—1 k
~ L k
Keaehy= Y (1‘[|<g1,z,<o,i;{m>|) Neraev ) k(l"[ 8.0l ) (B 15 ® gm).
j=2

(n,m)ezd+1 “l=1

Hence (58) gives us

k k
1 1 €1
| ME 4(8) |l p2@+k+D/@+k—1+ea+1) Se l_[ |Eq,1]2F - l_[ |Ej |, (59)
I=1 j=2
which is (45) for ME k.d- Finally, observe that
I M\Ek’d () L2t +k+1)/ (@ +h—1)+e R +1)
k times
P 1 — 1
<| MEk 4(g)% ||L2(d+k+1)/(d+k—1)+ka(Rd+1) ----- | MEg q(g)% ”L2(d+k+1)/(d+k—1)+ka(Rd+l)
[ H E; |2k] LT iE (60)
I=1 I=1 j=2

which finishes the proof of the case 2 <k < d + 1 by restricted weak-type interpolation.

10. The endpoint estimate of the case k = d + 1 of Theorem 1.5

Letg1:01—R, gj: 0 > Rfor2 < j <d 41 be continuous functions. Recall that the multilinear
model for k = d + 1 is given in Section 2 by
d+1

MEg 14(g1.... 8a+1) = . l_[(gjafp,{,’m)(Xﬁ@Xm),
(ii,m)ezd+1 j=1

27TThere is a slight difference between the forms A k,q and A k.d: the latter is 2(k — 1)-linear, whereas the former is k-linear.
We cannot apply multilinear interpolation theory with inequality (58) directly, because all we proved is that it holds when g1 is a
tensor. In order to correctly place our estimates in the context of multilinear interpolation, we need to consider a form that has
the appropriate level of multilinearity, which is A k.d-
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where
: 2
I L.j L,j — b 2wingx; 2wimx
bam = ®<pn1{m’ (pnlj,m(xl) ="/ (x1)e Xl r,
=1

and ¢’/ (x) was defined in Section 2. From now on, we will assume without loss of generality that gy is

the full tensor. To simplify our notation, set g := (g1,1.-..,&1,4- 82 ---&d+1)- Define
d d+1 .
MEga@:= Y [[ternen'n) [ e, ta® xm)-
(n,m)ezdt11=1 j=2

We will show that ME d+1,d maps
L2([0,1]) x -+ x L2([0, 1]) x L*(Q2) x - x L*(Qd+1)

2d times

to L.2/4, which implies the endpoint estimate of the case k = d 4 1 in Theorem 1.5.

Endpoint estimate of the case k = d + 1. Notice that we have d factors in the first product and d factors

in the second. We will pair them in the following way:
d+1

MEgia():= ) [l 0h,) (gni—t.0n’ ) Ui © xm)
(i,m)ezd+1 j=2
Now observe that

d+1
—_— 2 _ i _ 2
IMEqi1a@ls = Y []He®a1-1.0),, ®@, w7
C (Gmyezd+1 j=2
d+1 . 5
<TIl > e ®g1,j—1,<p,;,m®¢,1;‘_1,m>|2) : (61)

J=2 Y(n,m)ezd+!
Let us analyze the j = 2 scalar product inside the parentheses (the others are dealt with in a similar way):

(gj ®§1,1,<P,g,,m ® Gnm)
= /d l(gz’l ® gl,l, (pl’ll,lz,m ® @;11,’") (l—[ (pu,Z(xu))e—Zﬂim(lez xlz)e_zni(lez nlxl) a;l
Rd—

u=>2
- Hnl’m(nz, e ,I’ld),
where
H . - 1,2 -1,1 u,2 —2mim( Y =0 x7)
nm (X250, Xq) = (82,1 ® &1,1, ¥p ) m ® Pl m) @ (xy) |e 220,
u=>2
We can then use Plancherel if we sum over ns, ..., n 4 first:

Y e ®&u-19h,, @0 ml
(n,m)ezd+1 ~
= Z Z |Hn1,m(n2’---’”d)|2 = Z ||Hn1m||%

ni,mny,...,.ng ni,m

-/ (H wu’z(xu))(z (028 Z1ro 02 ®¢,1;{m>|2) T

u=>2 ni,m
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By our initial choice of cubes, supp(gonl’ll,m) N supp(go,,l;z,m) = @, so the sum in (n1,m) is actually M> ;
(we are freezing d — 1 variables of g5 in this sum). Our results from Section 7 imply

Yo Hg®&u-1.¢l, 00" W =@z}

(n,m)ezd+1
Arguing like that forall 2 < j <d + 1, (61) gives us
. ,  d+l d+1
| MEq11,a(2)13 H lg2® 1,115 = H I 15
and the result follows. O

11. Improved k-linear bounds for tensors

In this section we investigate the following question: can one obtain better bounds than those of
Conjecture 1.2 if one is restricted to the class of tensors??® The answer depends on the concept of
degree of transversality. The extra information that the input functions are supported on cubes that
have disjoint projections along many directions leads to new transversality conditions, and we can take
advantage of it in the full tensor case. This is the content of Theorem 11.2.

Let {e; }1<;<q be the canonical basis of Re.If QO C R? is a cube, 7; (Q) represents the projection
of Q along the e; direction.

Definition 11.1. Let {Q1, ..., Oy} be a collection of k closed unit cubes in R¢ with vertices in Z%. We
associate to this collection its transversality vector

T=(T1,...,74),

where 7; = 1 if there are at least two distinct intervals among the projections 7;(Q;), 1 <[ <k, and

7; = 0 otherwise. The fotal degree of transversality of the collection {Q1, ..., Qk} is
|t|:= Z 7.
1<l<d

The k-linear extension model for a set of cubes {Q;}1<;<x as in Definition 11.1 is initially given on

C(Q1) x-+-xC(Qk) by

k
MEZ; (g1 g = D [T{gj 05 ,,) 00 ® zm). (62)
(n,m)ezd+1j=1
where the bumps (pq are analogous to the ones in Section 9 but now adapted to the cubes Q.
From now on we w111 assume that g; is a full tensor g Q- ® gj for 1 < j < k and that the
transversality vector of the collection {Q1,..., Ok} is T. To s1mp11fy the notation, we will replace the
superscripts Q; in (62) with 7 and define

g::(g%,...,gf,...,g},...,g]'?l,...,g,i,...,g,f).

28Extension estimates beyond the conjectured range have been verified in [Mandel and Oliveira e Silva 2023] for a certain
class of functions when the underlying submanifold is S9=1; [Shao 2009] also contains results of this kind for the paraboloid.
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‘We are then led to consider

k d
MEf ,(8):= Y. ﬂ H gh okl ) O ® am). (63)
(n,m)ezd+! j=1[=1

where
l,j 2wingx 2mwimx> l,j .
wn, T () = 9"/ (x)e e ., supp(p™’) C i (Q)).

As was the case in Section 9, we will deal first with an averaged version of ME ; for technical reasons.
Define

ME; ()= Y ]_[ ]_[I gh ol K (i ® o), (64)

(n,m)ezd+1j=11=1

and consider its dual form

d
R ehy= Y 1‘[1‘[ gk @b E - (x5 ® xom).

(n,m)ezd+1 j=11=1

Let E£;;, 1 <j <kand 1</ <d, be measurable sets such that |ng.| < xg;, - Let F C RI+1 be a
measurable set such that |#| < y r. Under these conditions we have the following result:

Theorem 11.2. ME IE 4 Satisfies
k d

IMEE ;) Lo@a+vy <p [[ [T 118512 forall p> p.
j=1l=1

_2(d +]t]+2)
~ k(d+e)

Proof. 1t is enough to prove that

k d
—_—T 1
I ME () Lr@a+rvy <p [ []1Esa17.
j=1l=1

holds for every
2(d + |t|+2)
d+1c))
Define the level sets
AT = {(ng,m) € 7% (gh, ghm)| A 2770,
B’ := {(n,m) € 74+, (M, x5 @ xm)| ~ 2~ n.
Set R .= (I’i,j),',j and
k

xR = {(iz',m) ez (ny,m) € ij’f/, 1<l< d} NnB.
j=1
We then have

k d )
KL e s 3 2 T [T2 % -#x®e.

R,t>0 j=11=1
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As in the previous section, we can assume without loss of generality that r;;,7 > 0. We can estimate
#XR using the function A:

#XRE <2t N (R 25 ® xm)| S 2. (65)
(n,m)ezd+1

Alternatively, by the definition of X®7,

#wxRr< ) ]‘[ ]‘[1 r,l(n, m) (66)

(n,m)ezd+1 j=11=1
There are many ways to estimate the right-hand side above. We will obtain d different bounds for it,
each one arising from summing in a different order. Fix 1 </ <d and leave the sum over (n;, m) for last:

d k
#RO= 3 [1‘[ 1 o (n;. m):| I1 [Z I1 lArjj(ni,m)]
(n;,m)ez2~j o I=1,i#1- " j=1 7! 67
d viji
= > [Magm m)] 1 T[Zem]™
i_ 17 T_ ny
where we used Holder(s 1ngq§ah{y in the last line an )/1 G Ldre generlc parameters such that

j=1

forall 1 <[,/ <d with [ # [ fixed. Let us briefly explain the labels in these parameters that we just
introduced:

[ indicates that the last variables to be summed are (r;, m),
Vil Z corresponds to the | —th~function g5
[ # 1 corresponds to the /-th variable n;.

We will not make any specific choice for the y, 7 since condition (68) will suffice. Now observe that
for a fixed m € Z we have

Zl g 1<n,,m><22’112| &b TP <2700 B (69)

ny

by Bessel’s inequality. Usmg (69) back in (67):

d k
#XR,tE l—[ 1_[2271,],7r],i.|Efj|yl,]',7. Z [1_[1 rj,(nl m)}

I=1,l#1 j=1 (n;,m)ez2-j=1
d k
1, I#1

We simply used the fact that 12 = 1 in the last line above. Our goal is to pair the scalar products in

22yl-f~f’f~f~|E;,;l”ff- > [ [T 1um)L, z,l(nl»m):|- (70)

~ ~ .. . j 1 j l
I= 1j= (ny,m)ez2=(j1,j2), 1 #j2 ' 2

(63) corresponding to the functions gjl.l and gjl.z. There are two kinds of such pairs:
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(a) A pair (j1, j2) with j1 # ja is [-transversal if supp(p’/1) N supp(¢!~2) = @.
(b) A pair (j1, j2) with ji # j» is non-I-transversal along the direction ¢; if supp(¢’/1)Nsupp(p’72) # @.

Thus we have by Holder’s inequality for generic parameters o; j, ;, and By ;, .,
d k

&l j1.Jo
Rt 2y, 75757 il
xRt < TT [ 2% BT Es 7T 1 > L (ngm)-1 rjy ("l’m))
~ ~ ’ .. 1.1 2.1
I=1j=1 (1,42) (n;,myezz 7! 2
l~7él [-transversal, j| #j»
Bl.jl,jz
x I1 Y Loalumy-l o, (”l’m)) - D
U1,J2) (nymyezz 1! 2!
non-/-transversal, j1 % j»
Define

a1, j,.j, =0 if (j1, j2) is non-/-transversal,
Bi,ji,j» =0 if (j1, j2) is [-transversal.

Hence Holder’s condition is

Z al’j17j2+ﬂlajl:j2 :2’ (72)
U1,2)
1</1,j2<k
1#j2
since we are counting each «; ;, ;, and f; j, ;, twice, for all 1 </ <d. The labels in the parameters «
and B track the following information:

[ indicates that we are summing over (1, m),
ar,jy,j> and By j . . e .
J1 and j; correspond to two distinct functions g;, and gj,.
We can then use Proposition 4.4 for the transversal pairs and a combination of one-dimensional

Strichartz/Tomas—Stein with Holder for the nontransversal ones:

d k
R 2 =P s - 2 P . . .. P
#X ’tfl | | | 2 Vz,/,z’j,1.|Ejj|Vz,/,1. | | 2 az,Jl,/2(r11,1+r12,1).|Ej1,l|a1,/1.12.|Ej2,l|a1,/1,12)

f=1j=1 Gi,j2)
T4l [-transversal, j1# j>
3B, 1 o (ri T 38171 3B1jy.
« l_[ 2 Bijy. i (rjya+rjn.0) |Ej1,l|2ﬂl’“”2 . |Ej2’1|2’3"“”2)- (73)
(J1,J2)

non-/-transversal, jj 7 j»
As mentioned earlier in this section, we have d estimates like (73). We will interpolate between them
with weights 6;:

d
#XRJ — l_[ (#XRJ)OI ,
. I=1
with
d
S o =1 (74)
.. =1
This yields

k d

#j.1

#XRJ S 1_[ Hz#j!l-rj‘[ . |EJ’I|IT
j=11=1

(75)
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where
#.]71 = [Z (Zalajajl + 3ﬂl:]:]l)] : 91 + Zz)/iyjal ) ei
J17J I#1
In order to prove an estimate like L2 x---x L%+ LP, we will need all these coefficients # .1 to be
equal. Let us call them all X for now and sum over j:
k k - k

> x = [ @ 30| o+ D2 Y] 0

j=1 J=1j1#] : I# =1
By (68) and (72)

k -
X:%[6—Zzal,m -9;+Z%-01~ (76)

J=1jh#j I#1
for all 1 </ < d. Together with (74), (76) gives us a linear system of d equations in the d variables
01, ...,6,. The solution is

d 4k v g7
91=|:Z ZJ—IZJ#JO‘I,/,M] ' a7

k
i AT = X %,
Plugging (77) back in (76) gives us

X = %[1 + (Z oy lel#j ” ])_1] (78)

laj:jl

To minimize X we must maximize
k
PIDILINE
J=1n#]
This is achieved by choosing f; ;, ;, = 0 for all (j1, j2) if there is at least one /-transversal pair
(J1, j2). In other words, choose

/31’]'1’]'2 =0 forall (jl,jz) if T = 1.
Hence by (72),
a 2 ifr=1,
Zzaijjlzo fl_O
=Lt raET
This choice of parameters gives us
_2(d + [ +2)
k(d+t)

which implies the following estimate for #X&-!:

k d
ke < TT T 2% |E; |7, (79)
j=11=1
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Finally, we interpolate between (79) with weight ﬁ — ¢ and (65) with weight (1 - ﬁ) + & to bound
the form A} ;:

d X Fx e 1
l‘[ 2 XTin |Ej’l|2i| 2 F(O-ex) e,
11=1

k

d .
Afag s > 27 T] l—lz_fij[

k
R,t>0 j=1l=1 =

Developing the right-hand side:

Kk d kK d
[Aka(g-MI< (22_(/&‘8)’) I1 1_[( > 2_8X"f-1) x [1_[ I1 |Ej’l|zlk—£§(]|F|(1—;<“>()+8.
j=11=1

t>0 j=11=1 ‘rj ;>0
As in the previous section, these series are summable. We have
—eXr; eX
E 2 e [Ej 7.
1,120

For the series in ¢ we can just bound it by an absolute constant depending on &. This leads to

k d k d
1 4ex 1 1 1
AL 4(8.M)] Se [1_[ H |Ej |26+ ]|F|(1 Fx)+e < [1‘[ 1‘[ |Ej’l|2k] (F|(-7x)+e,
j=11=1 j=11=1

since |E; ;| < 1, which finishes the proof by multilinear interpolation. O

Remark 11.3. If ; =0 for 1 <[ <d, then
_2(d+2)
P = —k R
which could have been proven in general with Holder and Strichartz/Tomas—Stein. This is because there
is no transversality to exploit; therefore the best bounds we can hope for in the multilinear setting come
from the linear one.

Remark 11.4. If there are exactly kK — 1 indices / such that 7; = 1, then
_2d+k+1)
Pr= @y k=1

which is consistent with Theorem 1.5.

Remark 11.5. Finally, if one has more than k — 1 indices / such that t; = 1, then

2(d +k+1)
Pe = kd+k—1)

which clearly illustrates the point of this section. The extreme case is when t; = 1 for 1 </ <d, which gives

_2(d+1)

Pt = “id

This can be seen as an improvement upon the linear extension conjecture itself in the following sense: if
we take the product of k extensions F U & 1 < j <k, and combine the linear extension conjecture with
Hoélder’s inequality, we obtain an operator that maps L2EdFD]d oy [ 20dHD]d o [ 20d+1)/(kd)te
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On the other hand, if we are in a situation in which we have as much transversality as possible and all
g; are full tensors, we obtain L2 x ---x L2 to L2(+1)/(kd)+e,

12. Beyond the L2-based k-linear theory with and without transversality

Given a collection @ ={Q1,..., O} of cubes, the purpose of this section is to investigate near-restriction
k-linear estimates associated to Q. In other words, we study bounds of the form

k k
H‘Sngj
j=1

Se [T gilzrco)) (80)
for all £ > 0 and for some p > 1. There are two cases of interest here:

L2(d+1)/(kd)+8(Rd+l) j=1
e O is a collection of transversal cubes.

e All cubes in Q are the same.

It will be clear that all cases in between these two can be studied in the same framework that we now
present.

12A. Near-restriction estimates with transversality. We start by restating (4). For 2 <k <d + 1,
to recover the whole range of the generalized k-linear extension conjecture, it is enough to prove
Conjecture 1.2 and

k k
1_[ &u, 8j Se 1_[ lgjllL2@+vraw;) (81)
j=1 L2(d+1)/(kd)+£(Rd+l) j=1 ]
for all £ > 0.
Let Q ={Q1...., Q) be our initially fixed set of cubes.?’ In what follows, we recast the statement

of Theorem 1.13 in terms of this set:

Theorem 12.1. If Q is a collection of transversal cubes and g1 is a tensor, the operator MEy 4(g1,.-..8k)

satisfies

k

[MEk.a(gr,- -\ &) llL2@+v/kartega+1y Se 1_[ Igj lLrt.ar@;): (82)
j=1
where Md 1 J
edy— 1A TR 2
] 4d +1 d
@+D e d gy,

2d —k +1 2~
As anticipated in the Introduction, we prove it by adapting the argument from Section 9.

Remark 12.2. As in Section 9, the theorem above holds under the assumption that the given set of cubes
is weakly transversal and any other g;, j # 1, can be assumed to be the tensor.

29Gee Section 3.
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Remark 12.3. Roughly speaking, the difference between the proof of Theorem 12.1 and the one done in
Section 9 is in the building blocks we use: instead of Strichartz/Tomas—Stein (in the form of Corollary 4.2),
we will use the best extension bound for the parabola (in the form of Proposition 4.3). One can think of
the argument in this section as a rigorous way of replacing the former piece by the latter in our machinery.

Proof of Theorem 12.1. We work in the same setting as in Section 9. Even though there are some slight
differences between the level sets from that section and the ones that we will define here, the approach is
very similar.

It is convenient to recall a few important points from Section 9:

¢ The form of interest here is (in its averaged form):

i} SN
Keaehy= 3 (1‘[|<gj,¢,1,,m>|) (h. 15 ® ). ®3)

(1,m)ezd+1 Ni=1
* The tensor g; has the structure g1 = 21,1 @+ - ® g1,4-

e E11,....E14C[0,1], E;CQ; 2= j <k) and F C R?+! are measurable sets such that g1l = XE,,
forl1<l=<d, |gj| < XE; for2<j < k and |h| < y F. Furthermore, E1 := E11 x--- X Ey 4.
We start by encoding the sizes of the scalar products appearing in (83):
1l > —1; .
A = {Gim) €77 (g g A 270Y, 1<) <k

Now we see the first difference between the argument in this section and the one in Section 9: the
mixed-norm quantities here are all of the same kind, in the sense that the inner products inside the
L? norms are all one-dimensional:

B/ = {(1.m) € 221 (g @) s la 22770 Y, 1 <i<d, 1<j <k,
The remaining sets are defined just as in Section 9, and with the exact same purpose:
C = {(@.m) € 7% 1 (h, )5 ® xm)| ~ 271},
XUt = A 0 {(G,m) € 29 (n;m) € B ),

xbRE= M A?ﬂ{ﬁim)eld+1%ﬁpm)e (| B/, 1<i<dinC,

1<j<k 1<j<k
where we are using the abbreviations [ = (1, ...,l;) and R := (r; ;);,;. Hence,
= k =
A — L
|Ak,a(g. M| < ZZ ’1_[2 Fax Rt
IRt Jj=1

The analogue of Lemma 9.4 is the bound

27T ..... 2=rd.1

lgllg~!

_ll ~

(84)
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which is proven in the same way. By an argument entirely analogous to that of Lemma 9.5, we can show
2T
27l < - foralll <i<d,2<j <k. (85)

2
|| 1X/j Tij ||£?l?me,1§l

The following corollary of the estimates above will give us the appropriate convex combination of

such relations:3°

Corollary 12.4. For 1 <i <k —1 we have

1
2~ d+1 Tii41 2_m'ru,i+l

d
2~lit+1 < 1_[
I Lstipririig | 2("*”1 u=k || 1yt i ig 2’“‘”'{
i i.i Zoo e Xi+1Tui+1 ZO?A mé .
Proof. Interpolate between the bounds in (85) Wlth one weight equal to -+ for (i, j) := (i,i + 1) and
d+1
d —k + 1 weights 2 for (i, j) == (u,i + 1), k <u<d. O
We can estimate #X!-R! using the function #:

xRS S (@ xm)| S 2'F). (86)
(n,m)ezd+1

PR < Y ]‘[1 G, m)]‘[ Hl iy (1, m). (87)

(n,m)ezd+1j=1 A i=1j=1
Similarly to what was done in Section 9, we will manipulate the inequality above in d ways: k — 1

Alternatively,

of them will exploit orthogonality (from the combination of the sets B 11 and Blr’l ’:11, 1<i<k-1),
but now the other d — k + 1 ones will reflect the linear extension problem in dimension 1. The following
lemma is the appropriate analogue of Lemma 9.7 in this section:

Lemma 12.5. The bounds above imply:
(a) The orthogonality-type bounds: forall 1 <i <k —1,

#x! R S W tigririign ||Kﬁf’m€,11 A P ”% lIgi+1 ||% (83)
(b) The extension-type bounds: forallk <u <d,
- k Z(d 1)
RS T Wins I o 2R g )
j=2 g @
x 20w + s B (1‘[ g, ||2) Nenul-TT el 9
ju 1=
where 2k+1) . (k+1) 2 1
+ + g
= g- , =468 —,
i T PEr T g

with §,8 > 0 being arbitrarily small parameters to be chosen later.

30Notice that instead of using just two mixed quantities for each scalar one (as in Corollary 9.6), we are using d —k + 2
many of them here.
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Proof. Part (a) is the same as in Lemma 9.7(a). As for (b), fix kK <u < d and bound #XR a5 follows:

#XI,RJ — Z 1XT,R,z (’jl" m)

(n,m)ezd+1
k
=< Z l_[ 1X1_;2"u F (n,m) 1_[ 1B'1 1(nj,m)- 1_[ 1 ’u l (nu,m)
(n, m)eZd+1j_2 iFu =1
= Z 1_[ 1B’“1(”u’m)z 1_[ lxl L (n,m) 1_[ 1 r, l(n,,m)
Ry, ml 1 nu j=2 i#u
< Z l_[ 1 rul(nu,m) l_[ 1Ly s (1, m)|| 1_[ 1B(,~i1(ni,
ny ml—l itu
1 1
< 1_[ ||1Xl_i¥"u.j ”gﬁftme}l : l_[ ||1Blrtll ”2%06;11 : 1_[ 1B;ul,l , (90)
j=2 Y oiFu ' toli= L Wy m
where we used Holder’s inequality from the third to fourth line. Next, notice that
||1 ria legoes, < sup22’l 1 Z g1, okt m)xi I3
oD
= sup 227" / Zl (81 @it m)xi > 45 S 22700 - g1 3
by orthogonality. Now let
2k
Du,1 = k + 1),
Pug =2k forall2<I[<k
and notice that
k
1
> Loy
=1 Pu,l
This way, by the definition of B;’f; and by Holder’s inequality with these p, ; we have
elllu.m
X k
S D D [N M R ) NN e 4
(ny,m) 1=2
k , u,l1 k ﬂ %
. . o Py, u,
< 2%Tuati= B ru,z( Z (g1, ‘Pnu,m)xu” p 1) l_[( Z ”(glvwr’f{,l,m)xu” p 1)
(ny ,;m) 1=2 *(ny,m)
2 1
. k . Pu,1
= 2otz Bt (N gy, gl L), ||4+8) ( > et emlmx ||4+5) . 92)
(ny,m) 1=2 “(ny,m)
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At this point we see another difference between this proof and the argument in Section 9: We do
not obtain a pure L? norm when using the near-L* extension analogue of Corollary 4.2 for [ =d — 1.

Alternatively, we use Holder in the term involving g; once more:

g1 g w1470 = [ / (1‘[ |g1,,~|2(x,-))-|<g1,u,¢z;{m>xu|2dm}

448

JFu
4+8
<(TThenslle)  Henw ettt
JFu
For the remaining g; we simply use Holder and the fact that they are compactly supported:3!
5 §
et ol ) 1570 S g, o3t ) 1470
These observations imply
48 1
@1+ Bru Pu.1 u,1 448\ 7!
]‘[ Ly goerertiiz=brer (TTlglz) (Y Herw 0 dxl
el lehy J#u CIED)
k 1
§\Pu.l
-H( S g @ e I )
l=2 (nuam)
K o k
<zerertshatrar. (T lesla) -levl - TT el ©3)
JFu =2

where we used Minkowski for norms and the L4—L4""§ one-dimensional extension estimate from the
second to third line above. Part (b) follows from applying (91) and (93) to (90). O

Given & > 0, we bound the multilinear form A k,4 using the estimates from (84) and Corollary 12.4 (with
the appropriate e-losses for later convenience), and the ones from Lemma 12.5 with the following weights:

1 e

0, = m -7 1 </ <d forthe d estimates in (88) and (89),

gp1=1——<+¢ for (86).
d+1 2d + 1) (86)
Hence,
1_@iDe
N @+
|Ak,d(g,h)|§ Z 2_tX2 desl (” ”d 1 1_[ 277 1)
I,R,1>0 &1
k—1 e k-1 2 T d 2_k(d1+1)'ru-i+1 | (dtDe
X 1_[ 27 kad i+l x l_[ 1—[
i=1 i=15|11t; 0 yori s ”2(d+1) u=k |1os; s ||2k(d+1)
Xi+1Tii4+1 eoo el i1 ui41 ellm

31'We use this crude estimate for the remaining g; because they do not have the same structure that allows “pulling out” the
one-dimensional functions g1, ;, like g1 does. There is a clear loss here and it is reflected in the fact that p(k, d) is not the best

exponent for which (82) holds.
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2889
k—1 .
2 2 a
o I O o e PV N1
=1
L s 261 @
1_[ (1_[ ||1X/j;ru,j ”[’30 mtl 2k izl g, )
k<us=d “j=2 R
&
k 2(d+l) -da
< T (2wru-1+21=zﬂrusf~(1‘[||g1,,-||2) Ngral?- 1‘[||gz||")
k<u<d jFu 1=2
x(2’|F|)1_2(dd+1>+8.
Developing the expression above,
|Ak,a(g.h)l
=Sk @+ d=De _(d—1)
“De_ (d—
S > 2k %dWIX(IIZ ”1) xllgully > :
lR >0
— k—1 1_(d£i-d1)s
xHZ_(dz—/tcli)gllJrlxn[z_d-l—l Tiil, l_[ 2~ E@TD ’ul+l]
i=1 i=1 u=k

k—1

@ (e 2k(d+1)( Fpe—_1)
XH 1Lyt primiign “Koc_) ¢! 1_[ I Lsti1imin ||
i=1 R

kl_ll @ I_l ra+r Lo —2¢ (/};ll 2k e kl ll E=is
T - a [
X|: ||1Xll+1:rl.l+1 ”ego mel ]X|: (2 1.1 /.1+l)d+l d :|X||g || ||gl+l||
1+ ny
=1 =1

=1

d k 1 1 & _ 1 _ &
| | | | E'(m—ﬁ) 25, . . k g, 2d+1D) " d
* |:( ”1Xl/;rusj ||£2Z merli ).(2k21¢u Ti1.0% rua+X1=2Bru
. N u
u=k =

2 =k+ D=1 ( ) L.
x|l g1 ||2 @ q 1_[ [( ullar J |2)0‘(2(d+1) d)]
k<u<d j#u

(94)

Observe that the product of the blue factors above (for k < u < d) is>?

k—1 d
I (||g1,u||4~1‘[ g ||2) - [ ] [T 141 ula]
k<u=<d JFu =1 u=k
d k—1 d
- [1‘[ ||g1,j||§‘k].[ 2][

32Recall that |g1| = |g1.1 ® - ®g4l<1lg ® - ®1lg , <1g,.

_ 1
}sngluz’ k.
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Notice that the previous step was lossy, which also reflects in the suboptimal final exponent p(k, d).
Now we set the values of § and § (as functions of ¢) to be such that

5.(k+1)( 1 8):(d+1)8

2k \2d+1) d kd

5 1 1 ey _ ¢
2k\2(d +1) d) kd’

Simplifying the expression above with this choice of § and 8,

|Ak,a(g,h)l
k—1
_d4De _3d+De .. _d+De
(e (e A )
11>0 Jj=1"r;j1=0 u=k “ry,1>0
k1 (d+1) d
£
X[H( 2: 2= ka 'l[+l)]x|:z2_t(2(d+l)_8)]
k—1 d
Z —3e .. —E
Xl_[|:( 27 2d t,l+l).l_[( E 27 2kd u,l+l)]
i=1-"rii+1=0 u=k “ry,i+1>0
d
—a
Xl_[|: sup ”lxll—f—l rll—i—l”eoo ﬁl '1_[ sup ||1Xll+l rul+1|| m(l ]
j=1Llit1sriitt i ymflittrit
(d—k) _2(d—Kk)(k+De | (d—k)(d+1De |, (d+1)(d—De _2(k—De _2(d—k+1)(d—1)e
+ + — — (k+1) d+1e
k(@F1) kd kd 2kd a kd +
X||g || |E1|4k(d+1) 4kd
d+k+1) d—k+1) (d—k+1) d
—a— 2kt Taka SX|F|[1—2(d+1)]"‘€_ (95)

NI

By considerations identical to the ones in the end of Section 9, this implies

-1
+
A (g, h) Se |F' 50+ | By @D [ | Epg 50, (96)
I=1

To make all exponents of |E;| (1 < j < k) the same, we have to take

L f2d—k+1 dik+]
plk.d) 4k(d + 1) 4k(d + 1)

Again by the same considerations from Section 9, (96) implies®> Theorem 12.1. O

12B. Near-restriction estimates without transversality. To make the notation lighter, let us omit the
index Q and set £; be the extension operator associated to a fixed cube Q C R?. Recall the k-product

33Notice that we obtain something slightly better than Theorem 12.1 if one is looking for asymmetric estimates: (96) implies
abound of type LP1 x LP2 x LP2 x ... x LP2 — [2(d+D/kd)+e 5. £ pyand py, pr < p(k,d), if g1 is a tensor.
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operator obtained from &; defined in (6)

k
Ea,k) (&1, 8k) = 1_[ Eagj-
i=1
In this subsection we prove Theorem 1.18, which we restate here for the convenience of the reader.

Theorem 12.6. Let2 <k <d + 1. If g1 is a tensor, the inequality

k k
[]¢ag So. [ [ 1gillz4c0) 97)
j=1 Jj=1

L2d+1D)/(kd)+e(Rd+1)
holds for all ¢ > 0.

Remark 12.7. As in the previous subsection, the difference between the proof of Theorem 12.6 and the
one done in Section 9 is in the building blocks used: since there is no transversality to be exploited, we
only use the best extension bound for the parabola (in the form of Proposition 4.3).

Proof of Theorem 12.6. The framework is the exact same as in the proof of Theorem 12.1. We have to
bound #X5 R 10 effectively estimate3*

k

Rea(g s 3 27 [T 2 EadRe
IRt =1

in terms of the measures of the sets Ey ¢, 1 <{ <d, E;, 2 < j <k, and F. This will be done by the

following analogue of Lemma 12.5:

Lemma 12.8. The two following extension-type bounds for the cardinality #XERE pold:
(@) Forall1 <i <k —1andall®® A >0,

I,R, 24 M) (i 147
IR S i e g -20FD0FTD gy
'l

243, (H lene

|§iﬁ) g2 ©98)
L#i

® Ifk<d+1, forallk <u <d,

k
. ] 2d—1)
I,R, 3 F inuli
#XHRT < | | (11)r ”2‘;" v SOk ZiFulin, lgill,
u.mtp,

Jj=2 k a k
X2(¥~ru.l+2]:2ﬂ'ru,l . (1_[ ||g1’j ||2) . ||g1’u||(3‘l.l_[ ||gl||£’ (99)
jtu =2
where 2k+1) . (k+1) 2 L1
+ + -
= g- =4+ —
o P Tl PeEr i

with §,8 > 0 being arbitrarily small parameters to be chosen later.

Remark 12.9. We highlight that (99) is only going to be used if k < d + 1. The argument that follows
will make it clear what changes in the case k = d + 1 if we only use (98).
34Rigorously, we are dealing with a different operator here, but we will keep the notation unchanged for simplicity.

35The parameter A will be chosen later. It should be regarded as morally zero, and we only introduce it to be able to use
Proposition 4.3 since it does not hold at the endpoint.
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Proof. We only prove (98), since (99) is identical to (89). From (53),
Xi Rt < [ ||zg<l?’mer£li .HlB;,ii] nB:f;ﬂrJrll ||e,11i.m
We bound the second factor in the right-hand side above as follows:
Mot onis Vb

1,i+1

i1 2+ 241
”(gl’%lzl—,m)xi”z Mgir1.op HNy 15T

< 7@+ (ria+riiv) Z
(ni,m)eB;’; il giit

i.i+1
< 2@+ (ri 1+ i41) Z 2+ " l+1)yl ||2+A

i1
”(gl’(p;l”,m)xi||2+,1'”(gl'+1’(pn,,m 244
(n; ,m)e[Bf"'1 ﬂBr'AIH'l

<2(2+A)(r, 147, 1+1)//( glv‘sz’,-l,m)xi|2H'|(gl+1’¢;11,l+1) i|2+x) d%; d;

(n; ,m)ez?
< oG+ ,+1)//(
(n; ,m)ez?

2(2+A)(7’1 1+ri, z+1)/ ”gl ||2+)L ||gi+1 “i—é_k d)%l d)A’z

SO g, 2+ (H A Ese) A
LF#i
where we used Holder’s inequality from the second to third lines, Fubini from the third to fourth, Holder
again twice, Proposition 4.3 and the fact that g; is a tensor. This finishes the proof of the lemma. O

1 1
. 2 2
gl,so:;,.{m>x,-|4+”) ( S lgisrgiithy ,-|4+2*) d: df;

(n; ,m)ez?

As in the previous subsection, given ¢ > 0, we bound Kk,d using the estimates from (84) and
Corollary 12.4, and the ones from Lemma 12.8 with the exact same weights>® we used in the proof of
Theorem 12.1:

0 ! ® 1<l<d, forthed estimates in (98) and (99)
= > <1l <d, forthed estimates in an ,
2d+ 1) d
d
0 =l-——+¢ for (86).
d+1 2d+ 1) (86)
Hence,
1_tbe
= (d+1)e
Ara(g s Y 27'x27 zka l ( T 11_[ "/1)
I R0 lg1ll5
k—1 k—1 TP d _ 1 it 1_{d+De
x [ 2~ %t x 2 7 1—[ 27 K@D } 22
i=1 ”1 . ||2(d+1) _ “1 ”2k(d+1)
Xli-l—l’ri.i-i-l eoo el - Xlt-i—l Tui+1 6’11

301tk = d + 1, we give weight d to each one of the d estimates in (98) only.

2(d+1)
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k—1 1 &
2@+ " d

2 A 24+A

x| |( * (l [ llgs £||2+,1)‘||gl+1||4+ )

=1 L#£]

k 1 S 2(d D\ Z@FD
I (n Ity 2T il )
k<u<d “j=2 R
a k _1 &
k 2(d+1) d
< T1 (zwusl+21=zﬂru’f-(1‘[||g1,,-||2) -||g1,u||z‘-1'[||gz||£’)
k<u<d J#u I=2
x (2! |F|)! o e,
Developing the expression above3’,
|Ak,a(g.h)l
d 1_(d+De
. d+De; —r k 2kd (d+12)k("é_l)s_(dl:l)
< D 2xam R | [T x|lg1ll
I,R,t>0 =1
k2l (d+1) . 1 d 1 1
xl_[ 2" Fka li+ xl_[ |:2‘d+1”i,i+1.1_[ 2—k(d+|)'ru.i+1]
k—1 1 d+De L (d+De
sy (e 1), drn (Ghe-1)
1 ) e ” 2(d+1)° 2d ”1 ||2k(d+1) 2d
X || Xll+]'rl,l+l {0 (l Xlt+1rur+1 KOO el
i=1 i u==k e
o1 k-1 1 .
[1_[ ”1x11+1 1,141 ||;<ig+1()l d:|x|:1_[(2”’1+r1‘l+l)(2+k).(w_;):|
=1 =1

k—1

d _
X|:1_[ |E1,l|(2-!_4A+(k_2))'(2((1l-s—1)_5):|.|: l_[ |E1,u|(2<(1]+1)_3)'(k_1):| 1_[ El+1|( 2 (e~ d):|
u=k I1=1

i

d k . L.
X l_[ [(l_[ ||1le:ru,j eoo(z(éz]i’l) d)) (2k Zl;éurl 1 20( Tu, 1+Zl 2'3 T, 1)
u=k .=

g) 1 _£
“TT | ngrallaTT grsllz )2 Gaen—a
k<u<d jFu

X1_[|| gl VT ot Dl (100)

2d=ktDE=D (1
x|l g1ll

Observe that we highlighted a few factors in red in (100); this is just to compare them to the red terms
in (94): the red terms are the only ones that differ in the right-hand sides of (94) and (100). On the other
hand, we will bound the product of the blue factors® in (100) in a slightly better way than we did in the

37The products in the fourth and fifth lines above are void if k = d + 1. We can think of them as being 1.
38The seventh and eighth lines are void if k = d + 1, hence the blue factors do not contribute at all in this case.
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proof of Theorem 12.1:

[T (1evats- TT ten12) - [ﬁ[ g, ||§—k] - ﬁj ||g1,1||2] - [ﬁ[ ||g1,u||4]

k<u<d JjFu

k—1 d
d—k+1 d—k ; 1
s[]‘[lEl,zl 2 ]-[]‘[|E1,u| 2 +4] (101)
=1 u==k

Setting § and § exactly as in the previous subsection and using the observations we just made, we
conclude that the final bound for |[~\k,d (g, h)| compares to (96) exactly as follows:
* The coefficients of the “r; 1 power” is now

2[_3(3;41)8 +A(2(dl+]) _5)]0,1 ,

whereas in (96) it was

2240

e For 1 </ <k—1,(101) gives | Ey ;| an extra power of>°

1 1 1 e (d+1e
(§+ﬁ)'(2(d+1)_3)+ wd

On the other hand, still for 1 </ <k —1, the red factors in (100) produce a power of | E ;| that is exactly

2-21) 1 e
4 '(2(d+1) _E) (102)

less than the one produced by the corresponding red factors in (94). If k < d + 1, these provide a net

1 A 1 e n (d+1)e

2k 4 2d+1) d dkd
in the final power of |E; ;|. If k = d + 1, we just lose (compared to (96)) (102) in the final power
of |E1’l|.

gain of

e For k <u <d, the powers of the measures | E1 | are exactly the same in both (94) and in (100).

e For 2 <[ <k, the red factors in (100) produce a power of | E;| that is exactly

(2-1) 1 £
4 (2(d +1) E)

less than the one produced by the corresponding red factors in (94).

¢ All other factors are precisely the same.

39Here we are using the explicit choice of §.
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By choosing A small enough compared to ¢ and by the same considerations made in the end of Section 9,
this implies

k—1
= d—k
Kb (g, )| Se |[F|' 504 | By [HGTD [T )%

=1

fork <d + 1 and

~ k
Aka(g. )| e [F|1 @m0 [T |Ey 3
=1
for k = d + 1. Again by the same considerations from Section 9, these imply Theorem 12.6. O

13. Weak transversality, Brascamp-Lieb and an application

We were recently asked by Jonathan Bennett if there was a link between our results and the theory
of Brascamp—Lieb inequalities. The motivation for that comes from the fact that, assuming g1 =
21,1 ®---® g1,4, one can see the operator ME .1 4 as the 2d-linear object

T(g1,1,---,81,d:82,-+,8d+1) = MEg11,4(811® - ®g1.d:82---:8d+1)

and given that such a link exists in the theory of M& 44 4 (see [Bennett 2014]), it is natural to wonder
if boundedness for T is related somehow to the finiteness condition of certain Brascamp-Lieb constants
BL(L, p).

The purposes of this section are to make this connection clear and to give a modest application of our
results to the theory of restriction-Brascamp—Lieb inequalities.

13A. A link between weak transversality and Brascamp-Lieb inequalities. We start with some classical
background. Let L; : R” — R™ be linear maps and p; >0, 1 < j < m. Inequalities of the form

m m Dj
/Rn [[ieLpPwydvscC ]_[(/Rni fj(yj)dyj) (103)
j=1 j=1 MR

are called Brascamp-Lieb inequalities. Bennett, Carbery, Christ and Tao [Bennett et al. 2008] established
for which Brascamp-Lieb data (L, p) the inequality above holds, where L = (L1,...,L,;) and p =
(P1,---» Pm)- The best constant for which (103) holds for all nonnegative input functions f; € L!(R"/)
is denoted by BL(L, p).

Theorem 13.1 [Bennett et al. 2008]. The constant BL(L, p) in (103) is finite if and only if for all
subspaces V C R"*

m
dim(V) < > p; dim(L; V) (104)
ji=1
and
m
> pjnj=n. (105)
j=1

Remark 13.2. By taking V' =R" in (104) it follows that each L ; must be surjective for (105) to hold as well.
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We will work with explicit maps L; and use Theorem 13.1 to establish a link between the concept of
weak transversality and inequalities such as (103).4% These maps will be associated to the submanifolds
relevant to the problem at hand: the d-dimensional paraboloid P4 in R¢*+! and some “canonical” two-
dimensional parabolas.

In order to define L;, we fix standard parametrizations for the submanifolds mentioned above. Let

F:Rd —)Rd+l, (106)
(xl,...,xd)|—>(xl,...,xd,Z?;lxiz), (107)

parametrize P4 and
yi R — RITL, (108)
xr—>(x‘81j,...,x'8dj,x2), (109)

parametrize a parabola in the two-dimensional canonical subspace generated by e; and ey (§;; is the
Kronecker delta). Their differentials are given by

10 0 |
0 1 0
dFiRd —>M(d+1)xd’ (xl,...,xd)|—> : .. :
0 o0 ... 1
_2x1 2X3 ... 2xd_
and
d)/j 3R—>M(d+1)x1, )H—)[(Slj 52]' de 2X]T.
For d + 1 points x/ = (x{,...,xé;) eR?, 1< j <d +1, define the linear maps*!
Xl
Ly = (dye(x}))* forall 1 <€ <d, (110)
gc:el = (dI‘(fo, . ,xﬁ“))* forall1 <{<d.

It is important to emphasize that L ;¢ depends on xt*1 (and similarly, Ly depends on x L})' The main
result of this subsection is:

Theorem 13.3. Let Q={0Q1,..., Q4+1} be a collection of closed cubes in R4, If Q is weakly transversal
with pivot Q1, then for any choice of points x/ = (x{, cees xcjl) € Qj, the linear maps in (110) satisfy

x1 d+1 1 1
BL(L(x), p) <oo for L(x)=(L}',....L3; )and p= (3”3 . (111)
Conversely, if (111) is satisfied by the linear maps in (110) for any choice of points x/ = (x{ e xé) €
Q;, then Q can be decomposed into O(1) weakly transversal collections Q' of d+1 cubes, each one
having a cube Q) C Q1 as pivot.
40From now on, we will replace 1 by d + 1 when referring to the dimension of the euclidean space.
4lwe highlight that the superscript j in xi’ denotes the point, whereas the subscript i denotes the i-coordinate of the

corresponding point. Notice also that we are identifying the adjoint operator 7* with the transpose of the matrix that represents 7'
in the canonical basis.
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Remark 13.4. If Q can be decomposed into O(1) weakly transversal collections Q" of d +1 cubes (in
the sense of Claim 3.4), each one having a cube Q| C Q1 as pivot, then the conclusion of the first part of
the theorem above also holds for Q. Some important examples to keep in mind are the ones of transversal
configurations that are not weakly transversal by themselves, but that are decomposable into such: for
instance, {Q1, 02, 03}, where Q1 = [1,4] x [2,3], Q2 =[0,2] x[0,1] and Q3 = [3,5] x[0,1] is a
transversal collection of cubes in R?, but not weakly transversal with pivot Q; since 1 (Q) intersects
both 71(Q2) and 71(Q3).

Remark 13.5. We can of course obtain a similar statement if Q is weakly transversal with any other
pivot Q;, j # 1. The linear maps L and L4, would have to be changed accordingly.

Proof of Theorem 13.3. Suppose that Q is weakly transversal with pivot Q. We can then assume without
loss of generality that

71(Q1) Nm1(Q2) = 2,
: (112)

7g(Q1) N7 (Qa+1) = 2.
The strategy is to apply Theorem 13.1. Condition (105) is trivially satisfied, so we just have to
check (104). Fix the points x/ = (x{, e, xé) €0, l=j= d. To avoid heavy notation, we will

+1 . Xy £+1 . . .
*1 when referring to L . and L% 4y » Tespectively, but these points will

omit the superscripts x } and x
be referenced whenever they play an important role. We emphasize that the maps Ly, 1 <{ <d, are

being identified with the row vector
[61¢ 020 ... Squ¢ Zxé],
whereas the maps Ly, 1 <{ <d, are identified with the d x (d +1) matrix
10...02xtH!
01...02x¢"!
00...12x5H
IfVcRtlisa subspace of dimension k, we have to verify that

d d
dk < dim(L;V)+ Y dim(LgyV). (113)
j=1 (=1
Suppose that there are exactly m > 0 indices j € {1,...,d} such that dim(L; V) =0. If m =0, we
must have L;V =R forall 1 < j <d;hence
d
> dim(L; V) =d. (114)
j=1
Surjectivity of Lgy4¢, 1 < £ < d, implies dim(ker(Lyz4+¢)) = 1, which gives the lower bound
dim(Lg4¢V) >k — 1. We then obtain
d
> dim(Lg4V) = d(k —1). (115)
(=1
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It is clear that (114) and (115) together verify (113) in the m = O case. If m > 1, assume without loss
of generality that

LyW=---=L,V =0, (116)
Ly V=...=LsV =R 117)
This gives us
d
> dim(L;V)=d —m. (118)
—
We will show that
d
> dim(LgyeV) = (d —m)(k —1) + mk. (119)
{=1
Observe that (118) and (119) together verify (113) in the m > 1 case.

We claim that there are at least m maps Ly, among Ly, ..., Log such that dim(Lg, V) = k. If not,
there are d —m+ 1 maps Ly, ..., Ly, , ., with dim(ng V) <k —1. Since dim V = k, the rank-nullity
theorem implies the existence of

0#£vY eker(Ly,) NV, 1<j<d-m+]l. (120)
By (116),
LY =v) +2xbvd, =0, 1<r<m, (121)
and by (120) we have
10... 0260741 [ oW oy + 227 NG
Li—d+1 L £ Li—d+1 {;
Lejvzj _ 0 l 0 2x2"‘ v?’ v,’ +2x2" Vi1 —0 (122)
00 ... 127 L] Doy 4y

for1 < j <d—m+ 1. For each 1 <r < m, combining the information from (121) and (122) gives us

¢ C—d+1
vd"+1-(xr1—xr" ) =0.
If vf;g_l = 0, then (122) also implies vﬁj =0forallne{l,...,d}; thus v&% = 0, which contradicts
(120). Then we must have
x,l =xfj_d+1, 1<r<m.

Let us now see why this cannot happen. We have just shown that there are d —m + 1 values of « for

which
m1(Q1) Nm1(Qa) # 9,

: (123)
Tm(Q1) Ntm(Qa) # 9.

On the other hand, (112) tells us that o ¢ {2,3,...,m + 1}; hence there are at most d — m possible
values for o (we cannot have o = 1 either), which is a contradiction.
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Hence there are at least m maps Ly, among Ly, ..., Lag such that dim(Lg, V) = k. The remaining
d —m maps have kernels of dimension 1, so the image of V' through them has dimension at least k — 1
(again by surjectivity of Ly, and the rank-nullity theorem). This verifies (119).

For the converse implication, suppose that (111) is satisfied by the linear maps in (110) for any choice
of points ()c1 yeees X d) € Q;. As a consequence of the proof of Claim B.4, each Q; € Q can be partitioned
into O(1) subcubes

=Jou
1

so that all collections O made of picking one subcube Q 1,i per Qg

={01.....0us1}. Q1€{Q1}i.

satisfy the following:
(a) For any two Qr, Qs € O, either ﬂj(ér)mﬂj(Q;:g) =g, or nL(Qr) = Jrj(QS), or nj(Qr)ﬂnj(Qs) =
{Pr,s}, where p; is an endpoint of both 7; (Q;) and 7; (Qy).

(b) All 7; (Q s) that intersect a given 7 (Q ») (but distinct from it) do so at the same endpoint.*?

By a slight abuse of notation, let Q denote one such subcollection that has the two properties above.
Suppose, by contradiction, that Q is not weakly transversal with pivot Q1 (recall that this is a cube
obtained from the original Q). The strategy now is to construct a subspace V C R?*1 that contradicts
(104) for a certain choice of one point per cube in Q. This construction will exploit a certain feature of a
special subset of Q, which is the content of Claim 13.6.

For simplicity of future references, let us say that a subset A C Q has the property (P) if:

(1) 01 € A
(2) Ais not weakly transversal with pivot Q.

We say that a subset A C Q is minimal if A" C A has the property (P) if and only if A" = A. It is clear
that, since Q has the property (P) itself, it must contain a minimal subset of cardinality at least 2.

Claim 13.6. Let A={Q1, K>, ..., Ky} be aminimal set of n cubes.*> There is a set D of d—n+2 canon-
ical directions v for which

m(Q1) Nmy(Kj) # D forall2 < j <n. (124)
Proof of Claim 13.6. See Claim B.6 in Appendix B. O
We know that Q has a minimal subset of cardinality 2 <n < d + 1. By the previous claim and by

conditions (a) and (b) of our initial reductions, if A’ = {Q1, K2, ..., K,} is a minimal subset of Q, for

42In other words, all 7; j (Q s) that intersect a given 7; (Q ) (but distinct from it) do so on the same side. In short notation,
let S; be the set of s for which 7 ( Q )N (Q ) # @. The conclusion is that there is some real number y; such that

Vi e7TJ(Q )ﬂmses - ”j(Qs)

430bserve that Q1 is the only “Q” cube in this collection. The others are labeled by K.
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every v € D there is a number y,, such that

n
yo € mp(Q1) N [ mo(K)).
j=2
Indeed, , (Q1) intersects each 7, (Q ;) “on the same side”, so the intersection above must be nonempty
(the existence of these y, is the only reason why we may need to decompose the initial collection Q into
subcollections that satisfy (a) and (b)).

For simplicity and without loss of generality, assume that A = {Q1, Q3. ..., Q,} is minimal** and
D ={ey,...,eq_p+2}. Consider the points
J J ;
(yl,...,yd_n+2,xd_n+3,...,xd) €Q;, 1=<j=<n,

(xi,...,xfi)GQla n+l<i<d+1.

By hypothesis, BL(L(x), p) < oo for the following collection of linear maps and exponents:

LY (vi,....0441) =Vr +2Vr0441, 1=<r=<d-n+2,
1
Ly (V1,---,Vg+1) = Vs +2xs1vd+1, d—n+3<s<d,
V1 + 2Y104+41
G1veeerVa—nt2:X g gy T _ _
L d—n+2:X5 43 d 1y Vg11) = Vg—n+2 +2Yd—n+2Vd+1 o l<r<n—l.
d+r o) r+1
Vd—n+3 12X, 1 3Vd+1
vag +2x5 v
U1 +2X{+lvd+1
X+ : <l<4 _ 1 1
d+l_ . ’ n_ — ’ p— E,--.,E .
I+1
Vg +2x,; V441
Define
d—n+2
Vi= () ker(L)).
r=1
Observe that dim(}') = n — 1. Indeed, if we start with a vector v = (vy,...,v441) of d + 1 “free

coordinates”, we lose one degree of freedom for each kernel in the intersection above, since L} (v) =0
gives a relation between v, and vg4+;. We have d —n + 2 many of them; hence the total degree of
freedom is (d + 1) — (d —n 4+ 2) = n — 1, which is the dimension of V. On the other hand, for every
v € V we have by definition

LY"(v)=0, 1<r<d-n+2.

Hence
d

> dim(L;jV) <n-2.
j=1

44Here we are assuming K; = Qj, 2<j<n.
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Also,
_ 0 -
(YIy---,yd— 2axrtl a"'9xr+l) 0
L m2td—ngseta gy . 4ot , 1<r<mn-1.
d—n+3 Xd—n+3Vd+1
+1
- vg +2x; vger
us

dim(Lg4+,V)<n—-2, 1<r<n-—1.
Since dim(V') = n — 1, we have the trivial bound
dim(Lg;V)<n—1, n<l<d.

Altogether, these bounds imply

d d
5(2 dim(L; V) + Zdim(LdHV)) < é[(n )+ =) =2+ (d—n+D)n—1)
= - - %[(n—l)d—l] <n—1=dim(V).

Our initial hypothesis, however, is that BL(L (x), p) < oo; therefore by Theorem 13.1 we must have
d

d
1
dim(V) < - (J; dim(L; V) + ; dim(L g4 V)),
which gives a contradiction. We conclude that Q is weakly transversal with pivot Q1. O

13B. An application to Restriction-Brascamp—-Lieb inequalities. The following conjecture was proposed
in Bennett, Bez, Flock and Lee [Bennett et al. 2018]:

Conjecture 13.7. Suppose that, for each 1 < j <m, X; : U; — R" is a smooth parametrization of a
nj-dimensional submanifold S; of R" by a neighborhood U; of the origin in R"/. Let

§6©)i= [ Oy ) ax
i

be the associated (parametrized) extension operator. If the Brascamp—Lieb constant BL(L, p) is finite

for the linear maps L; := (dX;(0))* : R" > R™/, then provided the neighborhoods U; of 0 are chosen to

be small enough, the inequality

m m
o |2Pj 2P
/ 0 < T, (125)

holds for all gj € L>(U;), 1 < j <m.
Remark 13.8. The weaker inequality

m m
. 2pj
€igi 17 < R | | lgill7%s,,. (126)

involving an arbitrary & > 0 loss was established in [Bennett et al. 2018].
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d.45

Remark 13.9. Very few cases of Conjecture 13.7 are fully understoo Recently, Bennett, Nakamura

and Shiraki settled the rank-1 case ny = --- = n,, = 1 as an application of their results on fomographic

Fourier analysis.*®

Given their hybrid nature, estimates such as (125) are called restriction-Brascamp—Lieb inequalities.

Our goal here is to verify Conjecture 13.7 in a special case. We chose to state the main result of this
subsection in a way that does not emphasize the origin in the domains of X ;. The reason for this choice
is that it brings to light key geometric features of the problem.

We will need a result from [Bennett et al. 2018] on the stability of Brascamp-Lieb constants*”:

Theorem 13.10 [Bennett et al. 2018]. Suppose that (L°, p) is a Brascamp—Lieb datum for which
BL(L®, p) < 0o. Then there exists § > 0 and a constant C < oo such that

BL(L,p)=C
whenever |L — L°|| < 8.

Now we are ready to state and prove our result:

Theorem 13.11. Let I' and y; be the parametrizations from (106) and (108), respectively. If, for
x/ = (x{, .. ,xé) € R?, the linear maps in (110) satisfy

x! cd+1 1 1
BL(L(x),p) <oo for L(x)=(L}'.....L5; )andp = 7 g ) (127)
then there are small enough cube-neighborhoods U; C R (1 <i < d) of xl.1 and Vy C R4 of xt
2 <t <d +1) for which (125) holds.

Remark 13.12. Rephrasing Theorem 13.11 in terms of the original statement, it says that Conjecture 13.7

holds for*8
Y =yi—Gu-x}, .. 8qi-x},0), 1<i<d.

S, =T—x"10), d+1<e<2d.

1 1
m=2d, p:(E,,E)

Proof of Theorem 13.11. The argument is just a matter of putting the pieces together. By (127) and
Theorem 13.10, there are small enough cube-neighborhoods U; CR (1 <i <d) of xl.l and Vy C RY of
xt (2 <€ <d +1) for which (127) still holds*®. Define

01:=U; x---x Uy, Qu:=Vy 2<€<d+1.

4>Most of them being very elementary situations, as mentioned in [Bennett et al. 2018].

46See [Bennett and Nakamura 2021] for a more detailed exposition of this approach.

4TTheorem 13.10 says that the map L — BL(L, p) is locally bounded for a fixed p, and this is enough for our purposes. On
the other hand, it was shown in [Bennett et al. 2017] that the Brascamp-Lieb constant is continuous in L. It was later shown in
[Bennett et al. 2020] that BL(L, p) is in fact locally Holder continuous in L.

48Observe that we are just translating the domain of the =’s back to the origin.

490ur maps L ; are sufficiently smooth for the stability theorem to be applied. The entries of the matrices that represent them
are polynomials.
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Figure 4. Unveiling the geometric features of the problem when d = 2. The cubes we
find from Theorem 13.10 are weakly transversal, which gives us access to our earlier
results.

Now we apply Theorem 13.3 to conclude that the collection @ = {Q1,..., Q4 4+1} can be decomposed
into O(1) weakly transversal collections Q' of d + 1 cubes, each one having a cube Q] C Q; as pivot.
To each such subcollection we apply the endpoint estimate from Section 10 (all we need to apply it is
weak transversality), which finishes the proof. O

14. Further remarks

Remark 14.1. It was pointed out to us by Jonathan Bennett that the d -dimensional estimates (2) for
tensors are equivalent to certain one-dimensional mixed norm bounds. We present this remark in the
following proposition:

Proposition 14.2 (Bennett). For all p,q > 1, the estimate

< ligllp (128)
d—+1
holds for tensors g(x) = g1(x1)----- g4(xq) if and only if

||51f||de1Lq < ||f||p (129)
&y &
holds.
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Proof. Assume first that (128) holds for tensors. Then
— d qu
le1gary =| [ [l 7661 a0 ] et
~ g L
-/ 1‘[[ / |51f(nj»€z)lqdnj} d§2i|

= fl_[/wd(m ®f)(771,---,7)d)|qd77d52]d

=& (f ®-- ®f)||qd Slfe- ®f||1§’ S ps
which proves (129). Conversely, assuming that (129) holds for all f € L?(]0, 1]) yields

I€a(g1® - ®@ga)llE = / 118151, 6+ )|+ 1€18d(a.6a+1)|T d&r - dq+1

d
:/H[/ €18 (). Ea+DI? dg,-] dEgiq
j=1

d d %
< €18/ (&), € )qué} d§ ]
11:[1[/[/ 185j\Sj>Sd+1 J d+1

—1‘[||51gj||qu Lo <1’[||gJ 19 =lglg. O

Ea+17¢)

Estimates such as (129) can be verified directly by interpolation. Taking sup in &, gives

||‘€1f”L§§L§l Se 1./ lL2(jo,17)- (130)

Conjecture 1.1 for d = 1 follows from

||51f||Lg+§ e I/ lL4qo,17) (131)
251

for all £ > 0. Using mixed-norm Riesz-Thorin interpolation with weights ~ d T L for (130) and ~ T +1 for
(131), one obtains (129) for p = 2(d+1) and g = 2(d+1) + &/, which shows (128) by the previous claim.

The reader will notice that our proof for the case k =1 of Theorem 1.5 has a similar idea in its core:
we interpolate (at the level of the sets X!1:-:la) between two estimates similar to (130) and (131). On
the other hand, we have not found an extension of Bennett’s remark to the case 2 < k <d + 1, in which
we still need to interpolate locally instead of globally and assume that only one function has a tensor
structure.

Remark 14.3. In [Tao et al. 1998] the authors obtain the following off-diagonal type bounds:
Theorem [Tao et al. 1998]. ME&, 4 satisfies

IMExa(g1.22)l12 5 gl lgallass,
IMExa(g1, 82)ll2 < 1 f g - gl
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In general, under the extra hypothesis that either g1 or g5 is a full tensor, one can obtain all k-linear
off-diagonal type bounds like LP! x --- x LPk > L? by a straightforward adaptation of the argument
presented in Section 9. We chose not to include them in this manuscript.

Remark 14.4. Under the assumption that g; are full tensors

gi(x1,...,xg) =gj1(x1)----- gj.a(xq), 1=j <=k,

the methods of this work allow to prove Conjecture 1.11. We will not cover the details of this result here,
but the idea is simply to interpolate between the p = 2 result and the case k = 1 for tensors.

Appendix A: Sharp examples

The goal of this first appendix is to discuss the sharpness of Theorems 1.5 and 11.2. We remark that sharp
examples already exist in the literature, notably in the context of the bilinear problem for the sphere in
[Foschi and Klainerman 2000], and in the multilinear case for surfaces of any signature in [Hickman and
[liopoulou 2022]. Our examples, however, exploit different ideas than those present in those works in the
sense that they are robust enough to address weakly transversal configurations of caps and give sharp
results in such cases as well.

The first part of this appendix is about Theorem 11.2, whereas in the second one we prove that, to
attain the sharp range of Conjecture 1.2 in general, transversality cannot be replaced by the concept of
weak transversality that we introduce.

AA. Range optimality. The main result of this subsection is the following:

Proposition A.1. The condition
- 2(d + 1| +2)
T k(d+]z])

is necessary for Theorem 11.2 to hold.

Our examples are constructed based on one-dimensional considerations. For the benefit of simplifying
the notation, smoothing the exposition to the reader and to establish a clear link with Conjecture 1.2, we
present them in the |t| = k — 1 case, which is the smallest possible value for the corresponding |z| of
a given collection of transversal cubes (up to decomposing it into weakly transversal collections, see
Claim B.4). It will be clear, however, how to work out the general case of arbitrary |t|, and we will point
that out along the proof of Claim A.3.

Consider the caps that project onto the following transversal domains via x — |x|?:

Ur=[0.1)%,
Ui = 2,372 x[4,5]x[0,1197/F 2<j <k
1;50

Observe that these caps are transversal as wel therefore the following argument for the case

|t| = k — 1 of Proposition A.1 also shows that the range of Conjecture 1.2 is necessary.

50For general || we would have to start with a different collection of cubes with the appropriate total degree of transversality.
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“ =

Figure 5. Cases k =3 and k = 4 when d = 3.

|

We present the examples separately to distinguish their features. For k = d + 1 we will take appropriately
placed cubes, whereas for 2 < k < d we will take slabs (boxes with edges of two different scales).

Claim A.2. Letk =d + 1, > 0 small and let Af be given by
A8 =10,8)4,
AT =224 87 7 x[4.4 48] x 0,81 /F, 2<j<d+1.
Define fj‘g :=1,s. Then
! d+1 8
Hnj=1 Eu; 1 ”p > g @+

7 .
S

Therefore, letting § — 0 implies p > % is a necessary condition for the (d+1)-linear extension

conjecture to hold for this choice of the U; and for all f; that are full tensors.
Claim A3. Let2 <k <d + 1, § > 0 small and let B}g be given by
Bis — [0, 82151 x [0, §]9k+1,
BY =22+ 8%/ 72 % [4,4+ 6% x [0, 821K x[0,6]4 7 2<j <k.

Define gg :=1gs. Then
J

k 8
” Hj:l £, 8j ”p > 5%(d+k—1)—%(d+k+1)
k ~ :
Hj:l ”g}s”z
Therefore, letting § — 0 implies
2(d+k+1)
P25
k(d +k—-1)
is a necessary condition for the k-linear extension conjecture to hold for this choice of the U; and for all
gj that are full tensors.

Before proving the claims, we need the following lemma:
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Lemma A .4 (scale-1 phase-space portrait of ezﬂixz). There exists a sequence of smooth bumps (¢y)nez
such that

(1) supp(py) Cn—1,n+1], n e 7,
(ii) |g0,, )(x)| < Cy uniformly in n € Z and such that

2mx Ze4mnx(p (x)

nez
Proof. See [Muscalu and Schlag 2013b, Proposition 1.10, page 23]. O

Rescaling with ¢ > 0, the corresponding phase space portrait of 27! x? g

€2Jritx2 _ eZni(ﬁx)z _ Ze4ninﬁx¢n(ﬁx).
nez
Observe that ¢;(x) = ¢, (+/7x) is adapted to the Heisenberg box |

supported on [ 271 f ”}1] This way, we can write

P =N @, (x), (132)

nez

where @, ; is adapted to the Heisenberg box [ NG ”}1] X [2n+/t, (2n 4+ 1)4/1].

Proof of Claim A.2. Motivated by the uncertainty principle, the first step is to analyze the behavior of the

] [0, /1], but strictly

Wi

extension operator £y; applied to f 5 on a box whose sizes are reciprocal to the ones of supp( f ). More
precisely, we will show that |Ey; ( f )| = 84 on such boxes.

If8<ﬁ,
d 8

fo, (D& 1) = 1‘[[/0

j=1
d § )
_ l—[ |:/ o2k X; [ Po,e(x)) + P (x))] dx]'],
; 0
Jj=1

since supp(®,,) N[0,8] = @ if n € Z\{0, 1}. If |§;x;| < % (N is a big number to be chosen later), we
then have

v, (F)Er .. Eau))]

zjlj(

where N is picked so that [e 27§ %/ — 1] is close enough to zero to make

27rl§,x]e 27ntxj dx]i|

eT2EIN L [ Do ¢ (x7) + i e (x7)] dx; |,

8 8
[@o,r(x)) + P1,r(x;)]dx; | — '/0 [e™278% — 1]+ [@o,4(x;) + ‘P1,t(xj)]D, (133)

)
Aj = '/(; [Po,:(x) + P, (x;)] dx;
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dominate each factor above. Since A; % § (recall that ®¢ ; and ®; ; are adapted to Heisenberg boxes of
size % X 4/t and § < f) we conclude that if |§;| < % for1 <j <d and |t]| < 52, then

o, (FD)ErL ... Ea )] > 87
If ¢ is a bump supported on [—1, 1], we have just proved that
v, (FD)Er. 80 D] 2 895 (E1) -+ 5 (Ea)ds2 (1), (134)
where ¢5(£) := ¢ (6x). Analogously, if § < JL;

Eu, (D). 60, 0)

446 _ . d 8
|:/ e—2m§1xle—2mtxl dxl] . l_[ |:/ 2nl$,xje 2nltxj dos i|
4 0

Jj=2

4+8 . d 8 .
[L eT2mifixn (Z q)n,t(xl)) d)Cli| : l_[ [/() e 2T xs [@o,r (x7) + P1,r(x))] dx;] .
j=2

nez

I I;

There are at most O(1) integers n such that supp(®, ;) N [4,4 + 5] # &, and they cluster around
|44/t |. Without loss of generality, one can assume that 7 = 4./¢ so that the main contribution for I,
comes from ®, ;, whose Heisenberg box is [4 4 4 ﬁ] [8¢,8¢ + +/t]. The modulation e~2%! §ixi
shifts this box vertically by —&1, and /; is negligible if the boxes [4 4+ f] [8t — &1, 8t + A/t —&1]
and [0, §] x [ , 5] are disjoint in frequency, so we need |1 — 8¢ < 8 to have a significant contribution

to /1. In that case,

4+8 .
111l 2 / e 2B, Lo (x1)dxy| 2 6.
4

The analysis of I; for j > 2 is the same as the one for the factors of Ey, ( fls). We conclude that if
61—81] S 5. 16| S5 for2<j <dand|f| <5, then

€y (S Er ... Eq )| = 89
As before,
€0, () G150 D 2 875 (61 —80) - $5(62) -+ B3 (Ea) b2 (0.

The extensions £y, ( fj‘g) for 3 < j <d + 1 are treated in the same way we treated £y, ( fz‘g). The
conclusion is that

Eu, (fH)ErL ... 8.0
289581 —41) s (Ej—2— A1) - P5 (51 — 81) - ps (§)) - - Ps(Ea)ps2 () (135)

forall2<j <d+1.
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Let &£ = (&1,...,&4). From (134) and (135) we obtain

d+1
[Tl (fP)E 0l >5d(d+1)[¢52(l)1_[¢8(51)}
j=1

[1‘[%(&—40 ----- D5 (&7 —2—41 )by (&)1 —81) b5 (£ ) ¢s<sd>¢sz(r>]. (136)

j=2

Now we analyze the support of the product of the right -hand side of (136). Notice that we have at least
one bump like ¢5(§;) forevery 1 < j <d + 1, so [§; 3 is a necessary condition for the product not to
be zero. On the other hand, the conditions

1

1
< - Q< =
|§j|~8v |€; 8Z|N8

together imply |¢| < 5, which is much more restrictive than the |¢| < 82 that comes from the support of
the bump ¢42 (t). We conclude that the right-hand side of (136) is supported on the box

1 1 )
Ry =11 .ea.) RS < G| S5 1) =d.
Finally,
d+1 § 1
[1i21 €u f §4@d+1) | R¥|» dd+1)
| H"“ 121 : 2 —d<d+|n8| > §57 TpHD (137)
§ 2
and the claim follows. O

Proof of Claim A.3. The outline of the following argument is the same as the one used in previous proof.

Let&=(£,...,87). If 8% < \Lﬁ

k—1 §2 d 5
gUl (g(f)(g’z) — 1_[ [/ e 2m§jx,e thxj dx i| l_[ |:/ e—2m$1x1e—2mtx,2dxli|
j=170 1=kL'0
k—1 §2 . d § .
- 1‘[[ / ¢TI [d>o,t<xj>+<1>1,t<xj)1dxj}-l"[ [ / e Rt (Z cbn,t(xz)) dxl],
Jj=1 0 =k 0 nez

(*)
since supp(®, ;) N[0,8%] = @ ifn € Z\{0,1}. If § < Lt (which is stronger than the previous condition
§? < %) we can eliminate most @, ; in (x) as well:
Eu, (gD (E. 1)
k—1r .82 8
=1 [/ e 2 IE N D 4 (x)) + D1 (x))] dxj] 11 [/ e PTIEN L (D4 (x7) + Pt (x1)] dxli|»
1 LJo 0

I=k
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If & x| < % (for N big enough), we then have

Eu, (89)(E.1)]

k—1
Jj=1
> §20k=D)+(d—k+1) _ gd+k—1

d

1

]
/ eT2TEX L [Dg 4 (x7) + 1 ¢ (x7)] dxy |,
0
=k

§2
/ o 2mEjX; [@o,r(x;) + D1, (x;)] dx;
0

by the same argument presented when we analyzed (133). We conclude that if |§;| < 8%

61| < 5 fork <l <d and |t| < 55, then®®

forl <j<k-—1,

€0, (g2) (€, 1)| 2 89HF1,

Using the same notation from the proof of Claim A.2, we have just proved that

€v, (8D(E DI 2 87 P52 (51) -+ P52 (G5 (xi0) -+~ B3 (xa) - G52 (1), (138)
where ¢g(§) := ¢(6x) and ¢ is a bump supported on [—1, 1]. Analogously, if § < %,

Eu,(g3)(E.1)

4+62 k—1r- .52 d 8
— |:/ e—2m’$1xle—2m'tx% dx1:|-1_[ |:/ e—27ri$jxje—2nitxj2-dxj:|‘l_[ |:/ e—Zm'Slee—Zm'tx,z dxl:|

4 j=2170 1=k-"0

4482 k=1 .52
_ [ [ e (Z <I>n,t(x1)) dxl] TI [ [ e )+ o) dxj]

4 nez j=2L/0

M, 4 5 M;
<[] [ f e 2TIEXL @y, (x)+ @11 (x7)] dxl]. (139)
1=k &0
M;

As in the proof of Claim A.2, the main contribution for My comes from ®, / ,, whose Heisenberg
box is [4,4+ %] x [8¢, 8¢ + +/1]. The modulation e ~27!&i%i shifts this box vertically by —&;, and Mj is
negligible if the boxes [4, 4 + %] x [81 —&1.81 4+ v/t —£1] and [0, 82] x [0, 55 ] are disjoint in frequency,
so we need |&; — 81| < 8% to have a significant contribution to Mj. In that case,

4482 ,
|M1|2/ e_zmélxlq’zﬁ,t(xl)dxl > 82
4

The analyses of M; for 2 < j <k —1and of M; fork </ <d —k + 1 are the same as the one for
the factors of Ey, (g2). We conclude that if |£; — 8¢] < SLZ’ €] < SLZ for2<j<k—-1, |&| < % for
k<Il<dand|f] < 55, then

v, (g3) (5, 1) > 89+,

31For general ||, we would have |t| conditions of type &1 < 8% and (d —|7|) like |&] < %
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As before,
€0, (83) (5. 1) 2 89 s (E1 —81) g2 (E2) -+ bs2(Ex—1) - Ps () - ¢s(Ea)gs2(1).

The extensions y; (gjs-) for 3 < j <k are treated in the same way. The conclusion is that

|5u,-(g}$)(§,f)| > 895 (1 —41)----- ¢5(Ej—2—41) Ps(§j—1 —8t) - ps(&j) -+ ¢s(Ea)ps2(t) (140)
for all 2 < j < k. From (138) and (140) we obtain

k
|BEEACHIED]
j=1

k—1 d
> s+ [¢5z(t) [T #s2@0-T] # (sn)]
=1 n=k

d j—2 k—1 d
x [1‘[ (TT #5260 ~40) - 12061 —30) ( [T ¢s26)) - (TT 94660 ~¢5z(r)]. (141)

Notice that we have at least one bump like ¢52(&;) for every 1 < j <k —1 and at least one ¢s(§;) for
k<l<d,so|&|< 5% and & < % are necessary conditions for the product not to be zero. On the other

hand, the conditions
1 1
|5j|§8—2, |5j—8f|§8—2

together imply |¢| < 5%’ which does not add any new information compared to the one coming from the

bump ¢g2(¢) (this is the main difference between the analysis in Claims A.2 and A.3). We conclude that
the right-hand side of (141) is supported on the box

1 1 . 1
S;: (%-1""’Edvt)€Rd+l:|t55_2; |§]|§8_2’ lfffk_lv |él|sg? k<l=<dg.
Finally,
k § _ 1
: L Err. 09 (d+k—1)k | ¢* _
HH/—I U;§; ”p - § 1S5 17 L gl @ikt (142)
d+1, s ~ (@+k—Dk ~
j=1 ”gj P 8 2
and the claim follows. O

AB. Transversality as a necessary condition in general. A natural question is: given k cubes U;,
1 < j <k, is it possible to prove

k k
ng,-gj < l—[ g2
j=1 P j=1

2(d +k +1)
pz——
k(d +k—1)

for

and all g; € L*(U ;)if the U; are assumed to be weakly transversal?
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The answer is no and we will address it in this second part of the first appendix. As a consequence, we
conclude that Theorem 1.5 is sharp under weak transversality, as observed in Remark 1.8.

We will treat the case k = 3 and d = 2 for simplicity, but a similar construction holds in general. If
three boxes Uy, U,, Us C R? are not transversal, there is a line that crosses them. Assume without loss of
generality that Uy = [0, 1], U, = [2, 3]? and Uz = [4, 5]%. We will show that

IEu, (h1) - Eu,(h2) - Eus (h3)llp < (A1 ll2- [122]l2 - A3]l2

only if p > %. The trilinear extension conjecture for d = 2 states that p > 1 is the sharp range under the

transversality hypothesis.

Claim A.S. Define the sets D]‘3 by

Ds__«/i—Sz \/_—|—82 )
YL o2 v 2'2
D 513 & 5f+52 5 8
2 2 272
s CNGE 9«/_+82} [ 8 5]
D5 = x|—=.=
i 2 2°2
Define hf = 10;3. Then
ITG=1 130, _ 5 s
’\/ 2 P,
1= ||h8||2
Proof. The proof is analogous to the ones of Claims A.2 and A.3. O

Let the rhombuses D ; be given by

51=cOnv((o,0);(£,£);(“/_ I) (V2, 0))

22 2
D2—Conv((2\/_ 0); (5“2/_ {)(% —i) (3+/2, 0))
COHV((4\/_ 0): (9“/_ {)(9%[ —i_) (52, 0))

Observe that D]‘? ch ; for 6 > 0 small enough. Extend the domain of hf to D j so that itis 0 on D i \D;?.
Let T be a % counterclockwise rotation and let

HS(x):=h} o T7 ().

Notice that T takes D i to Uj, as shown in the picture below.
Since L? norms are invariant under rotations, we have

!IH?:ISU_,- HY|, . 55
[ 1A ]2

S
p
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Uy

AN

AN

Rl

/1 H il Ly
N N\ AN

Figure 6. Left: The function hf-. Right: H J§ is supported on U;.

from Claim A.5. Letting § — 0 shows that we need p > 12, so the sharp range p > 1 cannot be obtained
if the boxes Uj, U,, U3 are not transversal.

Remark A.6. As expected, the functions H ;g do not have a tensor structure with respect to the canonical
basis. If this was the case, our methods would have allowed us to prove that the corresponding trilinear
extension operator maps L% x L2 x L2 to L!.

Appendix B: Technical results

Here we collect a few technical results used throughout the paper.

Theorem B.1. ForO<y <d, 1 <p<g < oo,and% = %—dd;y,wehave
If * Uy a@ay = Apg - ILf lLr@way- (143)
Proof. See Proposition 7.8 in [Muscalu and Schlag 2013a]. O

Theorem B.2 (nonstationary phase). Leta € C§*° and

I\ = /R ) 2T g () de.

If V¢ # 0 on supp(a), then
I = C(WN.a.p)r~Y

as A — oo for arbitrary N > 1.
Proof. See Lemma 4.14 in [Muscalu and Schlag 2013a]. O

Theorem B.3 (stationary phase). If Vo (&) = 0 for some & € supp(a), V¢ # 0 away from &y and the
Hessian of ¢ at the stationary point £q is nondegenerate, i.e., det D2¢ (&y) # 0, then for all A > 1

[I()] < C(N.a. )A%.
Proof. See Lemma 4.15 in [Muscalu and Schlag 2013a]. 0



2914 CAMIL MUSCALU AND ITAMAR OLIVEIRA

We now restate and prove the main claim from Section 3:

Claim B.4. Given a collection Q = {Q1, ..., Q} of transversal cubes, each Q; € Q can be partitioned
into O(1) many subcubes

0=\ 0

so that all collections O made of picking one subcube Q| ; per Q

0={01.....0k}. 0,€{0}i.

are weakly transversal.

Proof. For each 1 < j <d, consider the set A; of endpoints of the intervals 7;(Q1), ..., m; (Qf). Using
these endpoints to partition this collection of intervals, one can assume that there are three cases for two
cubes O, and Qg:

(D) 7 (Qr) N7 (Qs) = .
(2) 7j(Qr) = 7;(Qs).
(3) 7j(Qr)Nm;j(Qs) = {pr,s}, Where p, is an endpoint of both 7; (Q,) and 7; (Qy).

We can go one step further and assume that all 7; (Q,) that intersect a given m;(Q,) (but distinct
from it) do so at the same endpoint. Indeed, if 7; (Qy,) N7 (Qr) = {p}, 7;(Qs,) N7; (Qr) = {g} and
;i (Qr) = [p, q], we can simply split 7z; (Q) in half and obtain intervals that satisfy this property.

Now we choose a point x; , in every interval 7; (Q,):

(D) If i (Qr) Nmj(Qs) = @ forall s # r, let x; , be ¢;r, the center of ; (Q;).

(2) If m; (Qr) intersects some ;(Qy,) at p, any other 7;(Qy,) that intersects 7; (Q) also does it at p.
In this case choose x; = xj s = p for all s such that 7; (Q,) N 7; (Qy) # 2.

Let us now show that, after the reductions above, the transversal set of cubes Q is weakly transversal.
More precisely, for a fixed 1 </ <k, we will show that there is a set of k—1 canonical directions that
together with Q; satisfy (15). Let x; € Q; for 1 <i <k be given in coordinates by

Xi= (X1, X0,0,....X4,).
The normal vector to P9 at X; is
Ui = (—2x1,i, —2X2,i, ..., —2Xxg;.,1).

Then the cubes in Q are transversal if and only if the matrix

—2)C1,1 —2X1’2 —2x1,k
—2x2,1 —2Xx22 -0 —2Xpk
—2xd,1 —2xd52 e —2xd,k

has rank k forall x;; e m;(Q;), 1 <j <d, 1<i <k.
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By Lemma B.5 (proven at the end of this appendix), there are k—1 rows
R,’n = (—2xl~n,1, ey —2x,~”,k)
of the above matrix, 1 <n <k — 1, such that

xil,l # xilsl

Xij_1,l # Xip_q,0-1
Xig 1 5& Xip 141

Xig—1.l # Xig—1,k-
Because of the choices we made, x;, ; # X;,,» implies
7, (Q1) N7, (Qr) = 2,
which finishes the proof. O

Finally, we state and prove the auxiliary linear algebra lemma used in the proof of Claim B.4.

Lemma B.5. Let M be the (d+1) x k matrix

ai, diz 0 arg
az,1 dzp2 - Ak
M= . R .
g1 442 *+* 44k
1 1 ... 1
and assume that it has rank k. For each column Cj = (ay,j,....aq,;,1) there are k — 1 rows R;, =
(@ij1,---5ai, k), 1 <1 <k—1, such that
aiy,j #ail,ll

Aj,j # iy 1,

Qig_1,j 7 Aig_y x>
where (11,12, ..., lx_1) is some permutation of (1,2,...,j—1,j+1,...,k).
Proof. Let us first consider the case k = d + 1. We have to show that for all columns C; the first k —1 rows
satisfy the property of the lemma. Observe that the product

1 1 --- 1 11
a1 a1z 0 Ak 10 --- 0 0 0
az, 422 v Aok 0 —1--- 0 0 0
MA = : s : ST
ak_l’l ak_laz e ak_l’k 6 (.) ..: _‘1 (‘) O
1 b 0 0 - 0 —10

kxk matrix A
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is a rank k matrix equal to

(a1,1 —ai2) (@a1n1—ai3) -+ (ar1—ajk—1) (a1,1—ap k) ai,n
(az,1 —azp) (a2 —az3) -+ (az2;1—azx—1) (az2,1 —az k) as,y
(a3,1—as;) (a3 —asz) -+ (az1—azg—1) (a3,1 —ask) as,
(ak—1,1—ak-1,2) (k—1,1—ak-1,3) **+ (@k—1,1 —Ak—1,k—1) (k1,1 —Ak—1,k) dk—1,1
0 0 0 0 1

By computing the Laplace expansion with respect to the last row, we conclude that det (M A) is equal to

(a1,1 —ai,2) (ar,1—arz) -+ (ar,1—apkg—1) (ar,1—aik)

(az,1 —azp) (a21—az3) -+ (az2;1—azk—1) (a2,1 —az k)

det (az,1 —as;) (a3,1—aszz) -+ (as1—aszg—1) (a3,1 —ask)
(ak—l,l —ak—l,z) (ak—l,l —ak—1,3) (ak—1,1 _ak—l,k—l) (ak—l,l _ak—l,k)

The entries of this matrix are
Xiji=aj1—a;jj+1, 1=i,j<k-—1

The column C; has the property of the lemma if and only if there is some permutation m of
(1,2,...,k —1) such that

X1,7(1) = 41,1 —d1,z(1)+1 Z 0
X2, x(2) = 02,1 —A2,7(2)+1 7 0

Xk—1,7(k—1) = Ak—1,1 — Ak—1,x(k—1)+1 7 0.

If this was not the case, for all such permutations 7 of (1,2,...,k —1) at least one among X1 (1),
X2 7(2)s - -+ » Xk—1,7(k—1) Would be zero. Hence

det(MA)= Y sgn(m) X121y Xk—1,m(-1) = 0.

weSK—1

a contradiction. A similar argument shows that any other column also has this property.
The case k < d + 1 can be reduced to the previous one. Indeed, the rank-k condition guarantees that
there is a k x k minor of M that has rank k. There are two possibilities:

(1) There is a k x k minor of rank k that has a row of 1s. This is identical to the case k = d + 1 and we
conclude that the rows that generate this minor are the ones that satisfy the property of the lemma.
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(2) No k x k minor of rank k has a row of 1’s. Here the rows of all nonsingular minors are among the
first d ones of M. Let R;,, 1 <! <k, be k rows of M that generate such a minor M:

ail,l ai1,2 ai],k

aiz,l ai2,2 te aiz,k
aik*lal aik*l’z e aik*l’k

aikal aikaz e aikak

Proceed as in the case k = d + 1 and multiply M by the matrix A to obtain

(@i 1 —ai 2) (@iy,1—aiy3) - (@1 —ai k) dig

(@i —aiy,2) (@ain—ai3) - (air,1 — iy k) Qis,1

MA _ (ai3,1 _ai3,2) (ai3,1 _ai3,3) e (ai3,1 _ai3,k) diz,1
(@i 0 =gy 2) @ig_y,1 = Aig_y,3) 0 (@i 0 =iy k) Qig_y,1

(@i 1 —aiy 2) (@iga—aig3) - (@1 —aip k) Qi

By computing the Laplace expansion along the last column of M A, we conclude that at least one
(k—1) x (k—1) minor obtained from the first k—1 columns of M A is nonsingular. We argue again as
in the k = d + 1 case to find the k—1 rows that satisfy the property of the lemma for the column Cj.
An analogous argument works for any other column of M, but these k—1 special rows may vary from
column to column. O

Let us recall some of the terminology from the proof of Theorem 13.3 in Section 13. A subset A C Q
has the property (P) if:
(1) 01 €A
(2) A is not weakly transversal with pivot Q1.

We say that A C Q is minimal if A" C A has the property (P) if and only if A" = A. Since Q itself has
the property (P), it must contain a minimal subset of cardinality at least 2.

Claim B.6. Let A = {Q1. K>, ..., Ky} be a minimal set of n cubes.”> There is a set D of d—n+2
canonical directions v for which

m(Q1) Nmy(Kj) # D forall2 < j <n. (144)

Proof of Claim B.6. If n = 2, then Q1 N K, # @ and the claim follows directly. If n > 2, observe
that A’ = {01, K>, ..., Ky—1} is weakly transversal with pivot Q1; otherwise .A would not be minimal.
Hence there are 1 < jy, ..., jn—2 < d distinct such that

7j, (Q1) N7y (K2) = 2,
: (145)

njn—Z(Ql) N Trjn—Z (Kn_l) =d.

520bserve that Q1 is the only “Q” cube in this collection. The others are labeled by K e
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Let D :={eq,...,eq}\{€j,.....ej,_,}. In what follows, we will show that (144) holds for this set of
directions. Notice that if

7(Q1) Ny (Kp) = @ (146)

for some [ € D, then A would be weakly transversal with pivot Q; (because (145) together with (146)
verify the definition of weak transversality), which is false by hypothesis. Hence (144) holds for j = n.

Let us argue by induction that, if (144) holds for 1 <m <n —1 cubes K, Ky, , ..., Kq,,_,, then it’s
possible to find a new one Ky, for which (144) also holds®>? This will be achieved by the following
algorithm: consider the set

.A” = {Ql, Kn, Ka]7 oo 7K(¥m71}'

By the minimality of A, we know A” is weakly transversal with pivot Q1; hence there are 1 <
r1,...,rm <d distinct such that

7w (Q1) Ny (Ky) = 2,
r r2 Ka1 = ’
7T (Ql)ﬂﬂ( ) =9 (147)
Ty, (Q1) N7y, (Keyyy ) = 2.

Property (P) for A implies 71 € {j1,..., jn_2}.>*

g, (Q1) Nmjg (Kp,4+1) = 2,
jg, (Q1) N7jg (Kn) = 2.

Since Kg, 1 appears in (145), it is one among K>, ..., Ky—1; hence Kg, 11 # K, . We are done if
Kg,+1 ¢ A”: indeed, if

Then there is jg, such that ry = jg,; therefore

(148)

7 (Q1) N (Kg,41) =9 (149)

for some [/ € D, then
T, (Ql) N Ty (KZ) =4,

g, 1 (Q1) Ny (Kp,) =2,
7 (Q1) N (Kg,+1) = 2,

(150)
g +1 QN Tjg,+1 (Kﬂ1+2) =4,

T[./In—2(Q1) m n/n_z(Kn—l) = @.
jg, (Q1) N7jg (Kn) = 2,

and A would be weakly transversal with pivot O (by definition again), which contradicts property (P).

This way, we would find a new (nor in A”) cube K g1+1 for which (144) also holds.

53We are done if there are m = n — 1 for which (144) holds, therefore we assume the strict inequality m < n — 1.
54Otherwise we face the same problem that appeared in (146).
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On the other hand, if Kg, +.1 = Kq,, for some Ko, € A”\{Kp}, then we simply switch the projections
Tjg, and 7y, , in (145) (they are distinct because jg, = rq # rg,+1) and consider the conditions

Ty (Ql) N Ty (KZ) =4,

njﬁl—l(Ql)mnjﬁl—l(Kﬂl) =,
Trg 1 Q) N7ry, 1 (Key ) =9,

(151)
Tjgy+1 QN Tig +1 (K131+2) =g,

Wju—(Q1) N 1)y, (Kn—1) = &
g, (Q1) N1jy (Kn) = 2,

where the last condition is taken from (148). Since jg, # r4,+1. property (P) for A again implies that
Tq1+1 = jp,- Notice that B> # B because r1 = jg, and r1 # rg, +1. This way, from (145),

{ﬂjBZ(Ql) N7jg, (Kpy+1) = 2.
Tjg, (Q1) N7jg, (Kay, ) = 2.
The index jg, is one of the elements in the set {/1,..., jg,—1.jg,+1----» Jn—2}; hence Kg, 1 isin
the set {K>,..., Kg,. Kg, 42, ..., Kn—1}. As before, we are done if Kg, 1 ¢ A”. If not, Kg, 11 = Ko,
for some Ko[q2 € A"\{K,, Ko,q1 } and we switch the projections Tjg, and Tray41 in (151) to find some

B3 ¢ {B1. B2} such that

(152)

{njﬂ3(Ql)m7Tjﬁ3(Kﬂ3+1) =g, 153

JTjﬁ3(Q1) N Tjg, (K“qz) =Q.
We keep doing that until we find some Kg,; ¢ .A”. This is guaranteed to happen since there are n — 1
cubes K, but only m < n — 1 of them in .A”. The conclusion is that

m <n—1 cubes K; satisfy (144) == m + 1 cubes K satisfy (144);
therefore (144) holds for 2 < j <n. O
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