msp



ANALYSIS AND PDE
Vol. 17 (2024), No. 8, pp. 2923-2970

DOI: 10.2140/apde.2024.17.2923
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The purpose of this paper is to introduce and study Poincaré—Steklov (PS) operators associated to the
Dirac operator D,, with the so-called MIT bag boundary condition. In a domain Q C R?, for a complex
number z and for U, a solution of (D,, — z)U, = 0, the associated PS operator maps the value of I'_U, —
the MIT bag boundary value of U, —to I' . U,, where 'y are projections along the boundary 9$2 and
('~ +T'y) =ty is the trace operator on 92.

In the first part of this paper, we show that the PS operator is a zeroth-order pseudodifferential operator
and give its principal symbol. In the second part, we study the PS operator when the mass m is large, we
prove that it fits into the framework of 1/m-pseudodifferential operators, and we derive some important
properties, especially its semiclassical principal symbol. Subsequently, we apply these results to establish
a Krein-type resolvent formula for the Dirac operator Hy = D,, + MB1g3\g for large masses M > 0 in
terms of the resolvent of the MIT bag operator on 2. With its help, the large coupling convergence with a
convergence rate of O(M ") is shown.
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1. Introduction

Motivation. Boundary integral operators have played a key role in the study of many boundary value
problems for partial differential equations arising in various areas of mathematical physics, such as
electromagnetism, elasticity, and potential theory. In particular, they are used as a tool for proving the
existence of solutions as well as for their construction by means of integral equation methods; see, e.g.,
[Fabes et al. 1978; Jerison and Kenig 1981a; 1981b; Verchota 1984].

The study of boundary integral operators has also been the motivation for the development of various
tools and branches of mathematics, e.g., Fredholm theory and singular integral and pseudodifferential
operators. Moreover, it turned out that the functional analytic and spectral properties of some of these
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operators are strongly related to the regularity and geometric properties of surfaces; see for example
[Hofmann et al. 2009; 2010]. A typical and well-known example which occurs in many applications is
the Dirichlet-to-Neumann (DtN) operator. In the classical setting of a bounded domain Q ¢ R with a
smooth boundary, the DtN operator, N/, is defined by

N :HY?0Q)—> H'?0Q), g Ng=TyU(g),

where U (g) is the harmonic extension of g (i.e., AU(g) =01in Q and 'pU = g on d2). Here 'p and 'y
denote the Dirichlet and the Neumann traces, respectively. In this setting, it is well known that the DtN
operator fits into the framework of pseudodifferential operators; see, e.g., [Taylor 1996]. Moreover, from
the point of view of the spectral theory, several geometric properties of the eigenvalue problem for the DtN
operator (such as isoperimetric inequalities, spectral asymptotics, and geometric invariants) are closely
related to the theory of minimal surfaces [Fraser and Schoen 2016] as well as the problem of determining
a complete Riemannian manifold with boundary from the Cauchy data of harmonic functions; see [Lassas
et al. 2003] (see also the survey [Girouard and Polterovich 2017] for further details).

The main goal of this paper is to introduce a Poincaré—Steklov map for the Dirac operator (i.e., an
analogue of the DtN map for the Laplace operator) and to study its (semiclassical) pseudodifferential
properties. Our main motivation for considering this operator is that it arises naturally in the study of the
well-known Dirac operator with the MIT bag boundary condition, Hyr(m), defined rigorously below.

Description of main results. In order to give a rigorous definition of the operator we are dealing with in
this paper and to go more into details, we need to introduce some notation. Given m > 0, the free Dirac
operator D, on R3 is defined by Dy, := —ia -V +mf, where

0 o _ L 0 10
i = f =1,2 = I =
a] (O_I O) Or.] ’ ’37 ﬁ (0 —12)’ 2 (O 1)7
01 0 —i 1 0
and or={y o) 2=\; o) ==\o

are the family of Dirac and Pauli matrices. We use the notation - x = Z§= pajxjforx =(xy,x2,x3) € R3.
We refer to the Appendix, where we recall some important properties of Dirac matrices for the convenience
of the reader. We recall that D,, is self-adjoint in L?(R3)* with dom(D,,) = H'(R*)?* (see, e.g., [Thaller
1992, Section 1.4]), and for the spectrum and the continuous spectrum, we have

Sp(Dm) = Spcont(Dm) = (—OO, _m] U [ma —|—OO)

Let Q C R’ be a domain with a compact smooth boundary 9, let n be the outward unit normal to €2,
and let I'x and Py be the trace mappings and the orthogonal projections, respectively, defined by

Fy=PiTp: H(Q'—> PLH?OQ* and  Poi=Li(LFi(a-n(x), xedQ.

In the present paper, we investigate the specific case of the Poincaré—Steklov (PS for short) operator, 7,
defined by
y: P_H'?OQ)* > PLH'?0)*, g a,(g) =T U.,
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where z belongs to the resolvent set of the MIT bag operator on €2 (i.e., z € p(Hmir(m))) and U, € H )4
is the unique solution to the elliptic boundary problem

{(Dm —2)U.=0 inQ,

(1-1)
r-v,=g¢ on 0€2.

Here and also in what follows, z or any complex number stands for z/, with [ the identity.

We point out that, in the R-matrix theory and the embedding method for the Dirac equation, similar
operators linking on 92 values of the upper and lower components of the spinor wave functions have
been studied in [Agranovich 2001; Agranovich and Rozenblum 2004; Bielski and Szmytkowski 2006;
Szmytkowski 1998]. There it corresponds to a different boundary condition (the trace of the upper/lower
components) which is not necessarily elliptic. As far as we know, such operators for the MIT bag boundary
condition have not been studied yet.

Let us now briefly describe the content of the present paper. Our results are mainly concerned with the
pseudodifferential properties of <7, and their applications. Thus, our first goal is to show that .7, fits into
the framework of pseudodifferential operators. In Section 4, we show that, when the mass m is fixed and
z € p(Dy,), the Poincaré—Steklov operator <7, is a classical homogeneous pseudodifferential operator of

order 0, and that
Voo An

VATAVTS)

where § = %i(a A @) is the spin angular momentum, Vg and Ajyq are the surface gradient and the

Ay =S - < )P_ mod Op S~ (8L),

Laplace—Beltrami operator on 02 (equipped with the Riemann metric induced by the Euclidean one
in R?), respectively, and Op S~! is the classical class of pseudodifferential operators of order —1 (see
Theorem 4.5 for details). For Dyu — the extrinsically defined Dirac operator introduced in Section 2D —
we also have

Ay = Dya(—Aya) > P_ mod OpS~1(8Q).

The proof of the above result is based on the fact that we have an explicit solution of the system (1-1) for
any z € p(Dy,), and in this case the PS operator takes the following layer potential form:

= =P B(3B+Cm) P, (1-2)

where % ,, is the Cauchy operator associated with (D,, —z) defined on 92 in the principal value sense (see
Section 2B for the precise definition). So the starting point of the proof is to analyze the pseudodifferential
properties of the Cauchy operator. In this sense, we show that 2%, ,, is equal, modulo Op S~!(3), to
o (Vya(=Ayq)~17?). Using this, the explicit layer potential description of .«7,, and the symbol calculus,
we then prove that <7, is a pseudodifferential operator and catch its principal symbol (see Theorem 4.5).

The above strategy allows us to capture the pseudodifferential character of .«7,, but unfortunately it does
not allow us to trace the dependence on the parameter m, and it also imposes a restriction on the spectral
parameter z (i.e., z € p(D,,)), whereas ., is well defined for any z € p(Hyit(m)). In Section 5, we
address the m-dependence of the pseudodifferential properties of <7, for any z € p(Hwmit(m)). Since we
are mainly concerned with large masses m in our application, we treat this problem from the semiclassical
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point of view, where h = 1/m € (0, 1] is the semiclassical parameter. In fact, we show in Theorem 5.1
that .71/, admits a semiclassical approximation, and that

hDaQ

V=h?Ngo+1+1

The main idea of the proof is to use the system (1-1) instead of the explicit formula (1-2), and it is based
on the following two steps. The first step is to construct a local approximate solution for the pushforward

oy = P_ modh Op" S1(3Q).

of the system (1-1) of the form

UM, x3) = Op (A" (-, -, x3))g =

/ AN R, hE, x3)e 3 (E) dE, (R x3) € B2 x [0, 00),
@77 Joo

where A" belongs to a specific symbol class and has the asymptotic expansion

AME 8, x3) ~ Y hIAjE £, x3).

j=0

The second step is to show that, when applying the trace mapping I'; to the pullback of U” (-, 0), it
coincides locally with <71, modulo a regularizing and negligible operator. At this point, the properties
of the MIT bag operator become crucial, in particular the regularization property of its resolvent which
allows us to achieve this second step, as we will see in Section 5. The MIT bag operator on €2 is the
Dirac operator on L%(Q)* defined by

Hyir(m)yr = D for all ¥ € dom(Hyr(m)) == {¢ € H'(Q)*: T_y¥ =0 on 9K).

It is well known that (Hyr(m), dom(Hyrr(m)) is self-adjoint when €2 is smooth; see, e.g., [Ourmigres-
Bonafos and Vega 2018]. In Section 3, we briefly discuss the basic spectral properties of Hynr(m),
when €2 is a domain with compact Lipschitz boundary (see Theorem 3.1). Moreover, in Theorem 3.4
we establish regularity results concerning the regularization property of the resolvent and the Sobolev
regularity of the eigenfunctions of Hyr. In particular, we prove that (Hyr(m) — z)~! is bounded from
H™"(Q)* into H"T1(Q)* Ndom(Hyyr(m)) for all n > 1.

Motivated by the natural way in which the PS operator is related to the MIT bag operator and to
illustrate its usefulness, we consider in Section 6 the large mass problem for the self-adjoint Dirac operator
Hy = D, + MB1y, where U = R3 \ Q. Indeed, it is known that, in the limit M — oo, every eigenvalue
of Hyr(m) is a limit of eigenvalues of Hyy; see [Arrizabalaga et al. 2019; Moroianu et al. 2020] (see
also [Barbaroux et al. 2019; Benhellal 2019; Stockmeyer and Vugalter 2019] for the two-dimensional
setting). Moreover, it is shown in [Barbaroux et al. 2019; Benhellal 2019] that the two-dimensional
analogue of H), converges to the two-dimensional analogue of Hyyr(m) in the norm resolvent sense with
a convergence rate of O(M —1/2y.

The main goal of Section 6 is to address the following question: Let My > 0 be large enough
and fix M > My and z € p(Hyir(m)) N p(Hy). Given f € L*(R*)* such that f = 0 in R*\ Q and
U € H'(R*?*, what is the boundary value problem on  whose solutions closely approximate those of
(D +MBlgs\ g —2)U = f?
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It is worth noting that the answer to this question becomes trivial if one establishes an explicit formula
for the resolvent of Hy;. Having in mind the connection between the Dirac operators Hy; and Hygr(m),
this leads us to address the following question: for M sufficiently large, is it possible to relate the
resolvents of Hyy and Hyyr via a Krein-type resolvent formula? In Theorem 6.2, which is the main
result of Section 6, we establish a Krein-type resolvent formula for Hy, in terms of the resolvent of
Hyirr(m). The key point to establish this result is to treat the elliptic problem (Hy; —z)U = f € L*(R3)*
as a transmission problem (where 'L U|q = '+ Ujps\  are the transmission conditions) and to use the
semiclassical properties of the Poincaré—Steklov operators in order to invert the auxiliary operator Wy, (z)
acting on the boundary 02 (see Theorem 6.2 for the precise definition). In addition, we prove an adapted
Birman—Schwinger principle relating the eigenvalues of Hy, in the gap (—(m + M), m + M) with a
spectral property of Wy,(z). With their help, we show in Corollary 6.5 that the restriction of U on
satisfies the elliptic problem

(D — Z)Ulﬂ =f in €2,
I Uq=2ul'+ Rmir(2) f on 0€2,
F'iU=T+Rwit(@) f +4,'_v onod€2,

where %) is a semiclassical pseudodifferential operator of order 0. Here, the semiclassical parameter
is 1/M. Moreover, we show that the convergence of Hy; to Hyyr(m) in the norm resolvent sense indeed
holds with a convergence rate of O(M '), which improves previous works; see Proposition 6.9. The
most important ingredient in proving these results is the use of the Krein formula relating the resolvents
of Hys and Hyyr(m), as well as regularity estimates for the PS operators (see Proposition 6.4) and layer
potential operators (see Lemma 6.10 for details).

Organization of the paper. The paper is organized as follows. Sections 2 and 3 are devoted to preliminaries
for the sake of completeness and self-containedness of the paper. In Section 2, we set up some notation,
and we recall some basic properties of boundary integral operators associated with (D,, — z). Section 3
is devoted to the study of the MIT bag operator, where we gather its basic properties in Theorem 3.1
and we establish the regularization property of its resolvent in Theorem 3.4. In Section 4 we establish
Theorem 4.5, proving that the PS operator is a classical pseudodifferential operator. Then, in Section 5,
we study the PS operator from the point of view of semiclassical pseudodifferential operators, the main
result being Theorem 5.1. Finally, Section 6 is devoted to the study of the large mass problem for the
operator Hy,. There, we prove Theorem 6.2 regarding the Krein-type resolvent formula and we solve the
large mass problem, and we prove Proposition 6.9 on the resolvent convergence.

2. Preliminaries

In this section we gather some well-known results about boundary integral operators. We also recall some
properties of symbol classes and their associated pseudodifferential operators. Before proceeding further,
however, we need to introduce some notation that we will use in what follows.

2A. Notations. Throughout this paper we will write a < b if there is C > 0 such that a < Cb. As usual,
the letter C stands for some constant which may change its value at different occurrences.
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For a bounded or unbounded Lipschitz domain  C R?, we write 32 for its boundary, and we
denote by n and o the outward-pointing normal to 2 and the surface measure on 92, respectively.
By L2(R%)* := L*(R?; C* and L*(Q)* := L*(Q2, C*), we denote the usual L?-space over R and €,
respectively, and we letrq L*(R3)* — L%(2)* be the restriction operator on 2 and egq : L?(Q)*— L*(R3)*
be its adjoint operator, i.e., the extension by zero outside of €2.

For a function u € L?(RY), its Fourier transform is defined by the formula

(&) =/ e Eu(x)dx forall £ € RY.
Rd
For s € [0, 1], we define the usual Sobolev space H* (R4 as
H* (R := {u e L’ R*: f (415177 1a(§) 1> dE < oo},
Rd

and we shall designate by H*(2)* the standard L>-based Sobolev space of order s. We denote the
usual Lz—space over 0Q2 by L20Q)* := L2(0R, do)*. If Q is a C2-smooth domain with compact
boundary 9<2, then the Sobolev space of order s € (0, 1] along the boundary, H*(9R)%, is defined using a
local coordinate representation on the surface dQ. As usual, we use the symbol H~*(3Q)* to denote the
dual space of H*(3Q2)*. We denote by t;q : H'(Q)* — H'/2(dQ)* the classical trace operator, and by
Eq: H2(0Q)* — H'(Q)* the extension operator, that is,

tsalal f1=f forall f e HY?(0Q)*.
Throughout the current paper, we denote by P, the orthogonal projections defined by
Py = %(14 Fif(a-n(x))), xedf. (2-1)
We use the symbol H («, 2) for the Dirac—Sobolev space on a smooth domain €2 defined as
H(x, Q) ={p € L*(Q)*: (a- V)p € L2 ()%}, (2-2)

which is a Hilbert space (see [Ourmieres-Bonafos and Vega 2018, Section 2.3]) endowed with the scalar
product

(0. V@) = (@ V)2 + (@ Vg, (a-V)Y) 294, ¢, ¥ € H(a, ).

We also recall that the trace operator t3g extends into a continuous map f3q : H(a, Q) —> H —12Q)%.
Moreover, if v € H(a, Q) and tyqv € H'/2(dQ)*, then v € H'(Q)*; see [Ourmieres-Bonafos and Vega
2018, Propositions 2.1 and 2.16].

2B. Boundary integral operators. The aim of this part is to introduce boundary integral operators
associated with the fundamental solution of the free Dirac operator D,, and to summarize some of their
well-known properties.

For z € p(D,,), with the convention that Im v/z2 — m? > 0, the fundamental solution of (D,, — z7) is

l\/z2—m x|

G ()=~ o (z—l—mﬁ—i—(l—l\/z — m2|x|)ic - —2> forallx e R3\ {0}.  (2-3)
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We define the potential operator d>§m (L2(Q)* — L2(Q)* by

OInlgl) = | dn(x=y)g()do(y) forallx e (2-4)
and the Cauchy operator €, ,,, : L*>(dQ2)* — L?(32)* as the singular integral operator acting as

Coml f1(x) = lim ¢5,(x —y) f(»)do(y) foro-ae. x €dQ, feL*BQ)". (2-5)
PNOSx—yl>p

It is well known that CIJEfm and %, ,, are bounded and everywhere defined (see, for instance, [Arrizabalaga
et al. 2014, Section 2]) and that

(@ MECm)* = Goml@-n)? =—4 forall z € p(Dy) (2-6)
holds in L2(8 9)4; see [Arrizabalaga et al. 2015, Lemma 2.2]. In particular, the inverse

Co) = —4(a- )G m(a-n)

exists and is bounded and everywhere defined. Since we have ¢ (y —x)* = ¢,§1 (x —y) forall z € p(Dp,),
it follows that ¢, and %z, are equal as operators in L2(Q)*. In particular, €, , is self-adjoint in
L2(3Q)* for all z € (—m, m).

Next, recall that the trace of the single layer operator S, associated with the Helmholtz operator
(—A +m? — z?)14 is defined, for every [ € L?(32)* and z € p(D,n), by
ol V2—m?lx—y|

| f(»)do(y) forx edQ.

S, = —
L£1x) /m ye P

It is well known that S. is bounded from L?(3$2)* into H'/?(32)* and it is a positive operator in L*(3€2)*
for all z € (—m, m); see [Arrizabalaga et al. 2015, Lemma 4.2]. Now we define the operator A%, by

AL = %13 +%,m forall ze€ p(Dy),

which is clearly a bounded operator from L2(3)* into itself.

In the next lemma we collect the main properties of the operators <I>§fm,

Czms and A% .

Lemma 2.1. Assume that Q is C?>-smooth. Given z € p(D,,), let Cl)gm, Czm> and A%, be as above. Then
the following hold:

(1) The operator CDSm is bounded from H'/?(3Q)* to H'(Q)* and extends into a bounded operator from
H™20Q)* to H(a, Q). Moreover,

te @2, f1= (—3i(@-m) + ) f1 forall f e H/? @) 2-7)

(ii) The operator €, ,, gives rise to a bounded operator €, ,, - H'/?(3Q)* — H'?(9Q)*.
(iii) The operator A%, : H'2@Q)* — H'2(dQ)* is bounded invertible for all z € p(D,,).
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Proof. (i) The proof of the boundedness of @i?m from H'/2(d2)* into H'(2)* is contained in [Behrndt
and Holzmann 2020, Proposition 4.2], and the jump formula (2-7) is proved in [Arrizabalaga et al. 2014,
Lemma 3.3] in terms of the nontangential limit which coincides (almost everywhere in d€2) with the trace
operator for functions in H 1(©)*. The boundedness of Cng from H~Y2(3Q)* to H(w, Q) is established
in [Ourmieres-Bonafos and Vega 2018, Theorem 2.2].

Since n is smooth, it is clear from (i) that € ;, is bounded from H 172(3Q)* into itself, which proves (ii).
As consequence we also obtain that A%, is bounded from H!/2(32)* into itself. Now, the invertibility of A%,
in H'/2(32)* for z € C\R is shown in [Behrndt et al. 2019, Lemma 3.3 (iii)]; see also [Behrndt et al. 2020,
Lemma 3.12]. To complete the proof of (iii), note that if f € L?(32)* is such that AL lfle H'2(Q)4,

then a simple computation shows that
H'2@0)" 5 (AL)[f1= (§+ @m)’ + m+28)S:) [ f],

which means that f € H'/?(3Q)*. From the above computation, we see that A%, is invertible from
H'2(3Q)* into itself for all z € (—m, m), since ((‘fz,m)2 + (m 4 zB)S;) is a positive operator. O

Remark 2.2. Note that if 2 is a Lipschitz domain with a compact boundary, then, for all z € p(D,,),
the operators ¢ ,, and A%, are bounded from L?(32)* into itself (see, e.g, [Arrizabalaga et al. 2014,
Lemma 3.3]), and since A% is an injective Fredholm operator (see the proof of [Benhellal 2022a,
Theorem 4.5]), it follows that it is also invertible in L2(3Q)*. Note also that, thanks to [Behrndt et al.
2021, Lemmas 5.1 and 5.2], we know the mapping ®$* defined by (2-4) is bounded from L%(3Q)* to

z,m

H'2(Q)%, 1yq®%,,[g] € L*(32)*, and the formula (2-7) still holds true for all g € L2(39)*.

2C. Symbol classes and pseudodifferential operators. We recall here the basic facts concerning the
classes of pseudodifferential operators that will serve in the rest of the paper.

Let .#4(C) be the set of 4 x 4 matrices over C. For d € N*, we let S” (R¢ x R?) be the standard symbol
class of order m € R whose elements are matrix-valued functions a in the space C (R x RY; .#4(C))
such that

EN afa(x, £) < Cop(1+1E[H™P1 forall (x,&) e RY x R?, forall @ € N, forall B e N/,

Let .7 (R%) be the Schwartz class of functions. Then, for each a € S”(R? x RY) and any h € (0, 1], we
associate to it a semiclassical pseudodifferential operator Oph (@) : S(RH* - 7 (R)* via the standard
formula

op” (a)u(x) =

271)d /Rd e“a(x, h&)i(E)de  forallu € (R

If a € SO(R? x RY), then the Calderén—Vaillancourt theorem (see, e.g., [Calderén and Vaillancourt 1972])
yields that Oph (a) extends to a bounded operator from L?(R%)* into itself, and there exists C, N¢ > 0
such that

h
10p™ (@)l 22 < C ‘afglag[vcllaﬁ’ 3§alle- (2-8)

By definition, a semiclassical pseudodifferential operator Op”(a), with a € S(RY x RY), can also be
considered as a classical pseudodifferential operator Op1 (ap), with a;, = a(x, h&), which is bounded with
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respect to i € (0, hg), where hg > 0 is fixed. Thus the Calderén—Vaillancourt theorem also provides the
boundedness of these operators in Sobolev spaces H* (R?)* = (D)™ L*(R%)*, where (D) = ~/—A +1.
Indeed, we have

10" (@) 15— 1 = I1{Dx)* Op" (an){Dy) ™ ll 12— 12, (2-9)

and since (Dy)* Op1 (ap){Dy)™* is a classical pseudodifferential operator with a uniformly bounded
symbol in ¥, we deduce that Op” (a) is uniformly bounded with respect to 4 from H* into itself.

Consider a C*°-smooth domain £ C R* with a compact boundary ¥ = 8. Then X is a 2-dimensional
parametrized surface, which, in the sense of differential geometry, can also be viewed as a smooth
2-dimensional manifold immersed into R?. Thus X can be covered by an atlas (i.e., a collection of smooth
charts)

A={U;,Vj,p9j):jel{l,...,N}}, where N e N*.

That is
N
»=[Ju,
j=1
and foreach j € {1, ..., N}, we have that U; is an open set of X, V; C R? is an open set of the parametric

space R?, and ¢ ;1 Uj — V; is a C*-diffeomorphism. Moreover, by the definition of a smooth manifold,
it U; N Uy # @ then

oo (9)) " € C¥(g; (U NUL; (U N UY).
As usual, the pullback (goj_l)* and the pushforward go}“ are defined by
(goj_l)*u =u O(pj_l and @jv=vog;

for u and v functions on U; and V;, respectively. We also recall that a function « on X is said to be in
the class C*(X) if, for every chart, the pushforward has the property ((pj_1 Y'ueC k(Vj).
Following [Zworski 2012, Part 4], we define pseudodifferential operators on the boundary X as follows.

Definition 2.3. Let o7 : C®°(%)* — C*®(%)* be a continuous linear operator. Then .7 is said to be a
h-pseudodifferential operator of order m € R on ¥, and we write &/ € Op" 8™ (%), if,

(1) for every chart (U;, V;, ¢;), there exists a symbol a € S™ such that
Y1/ (You) = Y195 Op" (@) (9} )* (Yau)
for any 1, Y2 € C°(U;) and u € C®(2)*,
(2) for all vy, Y, € C°°(X) such that supp(r;) Nsupp(y,) = & and for all N € N, we have
V1 Y2l g sy an sy = O).
For h fixed (for example & = 1), < is called a pseudodifferential operator.

Since the study of a given pseudodifferential operator on % reduces to a local study on local charts, we
recall below the specific local coordinates and surface geometry notation used in the rest of the paper.
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We always fix an open set U C X, and we let x : V — R be a C*°-function (where V C R? is open) such
that its graph coincides with U. Here and in the following, we omit the possible composition with a rotation
that allows this, since changes of variables take i-pseudodifferential operators to s-pseudodifferential
operators modulo smoothing operators and leave the principal symbol invariant. Set ¢(X) = (X, x (X)).
Then for x € U we write x = ¢(X) with X € V. Here and also in what follows, d; x and 9, x stand for the
partial derivatives 0z, x and 0z, x, respectively. Recall that the first fundamental form, I, and the metric
tensor G (X) = (gjx(x)), have the following forms:

1= g1 d¥} +2g12 ¥ dF + g20 33,

5 . g g2~ L+ 101> 91x d2x ) .
G(x) = (X)) = X) .= X).
(x) = (gjr(x)) <g21 g22>( ) <31X32X 1+ 922 (x)

As G (x) is symmetric, it follows that it is diagonalizable by an orthogonal matrix. Indeed, let

[02 x| 01X 02X
- IVxl [02x 11V x| (1 0 )~
X) = X), 2-10
Q=1 ayax 1o |\og2)® 2-10)
[02x 11V x| IVxl

where g stands for the determinant of G. Then, it is straightforward to check that
0'GoM =h, Q0'M=GH"=(g/" @), det(Q)=det(Q") =g /% (2-11)

2D. Operators on the boundary ¥ = 0€2. As above, we consider X = 92 the boundary of a smooth
bounded domain €. On X equipped with the Riemann metric induced by the Euclidean one in R?, we
consider the Laplace—Beltrami operator — Ay and the surface gradient Vy, =V —n(n - V), where n is the
unit normal to the surface pointing outside 2. Note that, for (e;, e2) an orthonormal basis of the tangent
space, Vy = e V,, +e2V,,, where Ve, stands for the tangential derivative in the direction e;. With the
notation of the previous section, in local coordinates, —Ay and Vy are pseudodifferential operators with
respective principal symbols

G@™'s ) (2-12)

(Vx (), G@®)~'¢)

Let us now introduce Dy, the extrinsically defined Dirac operator. To any x € R} we associate the

P-as (X, 6) = (G g, 8), pvs(X,8) =&c i=(

matrix «(x) = « - x, where o = (&1, a2, @3). For Hy, the mean curvature of X, Dy, is given by
Dy = —a(ma(Vz) + y Hi

(for more details see [Moroianu et al. 2020, Appendix B]). It is a pseudodifferential operator with principal
symbol

pps (X, ) = —ia(n®(¥)ae),

where n?¥ = ¢*n. We now define the spin angular momentum S as

S-X=—ys(e-X) forall X e R, where ys 1= —iajor03 = <? %) . (2-13)
2
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Using properties (A-1) and (A-2) and the fact that n - £ = 0, we then have
pps (X, &) = —ia-n?(X)a & = S - (6 An¥(X)).

Moreover, for & := (é3

0), we have & = &5 + (£ - n¥)n?. Thus, in local coordinates, the principal symbol

of Dy, is also
poy(X.6) =S (E An?(X)). (2-14)

Let us also point out the relationship between the principal symbols of Ay and Dy:

EARY @) = (GF) g, £). (2-15)

3. Basic properties of the MIT bag model

In this section, we give a brief review of the basic spectral properties of the Dirac operator with the
MIT bag boundary condition on Lipschitz domains. Then, we establish some results concerning the
regularization properties of the resolvent and the Sobolev regularity of the eigenfunctions in the case of
smooth domains.

Let &/ C R? be a Lipschitz domain with a compact boundary /. Then, for m > 0, the Dirac operator
with the MIT bag boundary condition on U, (Hprr(m), dom(Hygr(m))), or simply the MIT bag operator,
is defined on the domain

dom(Hyir(m)) :={y € H'2(U)*: (- V) € L>(U)* and P_ty =0 on dU}

by Hyrr(m)y = Dy, for all ¥ € dom(Hyrr(m)) and where the boundary condition holds in L20U)*.
Here P. are the orthogonal projections defined by (2-1).

The following theorem gathers the basic properties of the MIT bag operator. We mention that some of
these properties are well known in the case of smooth domains; see, e.g., [Arrizabalaga et al. 2017; 2019;
2023; Behrndt et al. 2020; Ourmieres-Bonafos and Vega 2018].

Theorem 3.1. The operator (Hyyr(m), dom(Hyr(m))) is self-adjoint, and we have
(Hvirr(m) —2) ™" = ru(Dyy — 2) " ey — @Y, (ML) ' t90(Dyy —2)'ey forallz € p(Dy).  (3-1)
Moreover, the following statements hold.:
() If U is bounded, then Sp(Hyit(m)) = Spy;sc (Hmrr(m)) C R\ [—m, m].

(1) If U is unbounded, then Sp(HyiT(m)) = SPegs (HMmIT(M)) = (—00, —m]U[m, 400). Moreover, if U
is connected, then Sp(Hwyr(m)) is purely continuous.

(ili) Let z € p(Hwir(m)) be such that 2|z| < m. Then, for all f € L*(U)*,

_ 1
I (Hvirr(m) = 2) 7" Fll 2yt S ;l||f||L2(u)4-

Proof. Let ¢, ¥ € dom(Hyr(m)). Then by density arguments we get the Green formula

(=ia- V)@, ) 2yt — (@, (mio- V)Y) 204 = (i - m)taup, taur) 12904 (3-2)
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Since P_tyy¢ = P_tyyy =0 and Pi(a-n) = (o -n) Py (see Lemma A.3), it follows that

(=i - V)@, U2yt — (@, (—ia - V)Y) 20)4 = (Pr(—ia-n) Pytyu, Prtyulr) 120yt = 0.
Consequently, we obtain

(Hvir(m)@, ) 20yt — (@, Hr(m)¥) 2@t = (D@, ¥) 2@t — (@5 Din¥) 12yt
= ((—ia- V)@, V) 2yt — (@, (i - VYY) 1244 =0.

Therefore (Hyirr(m), dom(Hyrr(m))) is symmetric. Now, thanks to [Benhellal 2022a, Proposition 4.3],
we know that the MIT bag operator defined on the domain

2 ={y =u+®f,lgl, ue H U, ge L*@U)*: P_ty )y =0 on U} (3-3)

by Hyir(m) (u + CIDSfm [gD) = D,,u for all (u + CD(me [g]) € 2 is a self-adjoint operator. Since Hyyr(m)
is symmetric on dom(Hwr(m)), we can deduce that dom(Hpyr(m)) C 2. Now, from Remark 2.2,
we also get that ¥ C dom(Hmyr(m)), which proves the equality 2 = dom(Hwmr(m)), and thus that
(Hymrr (m), dom(Hyrr(m))) is self-adjoint. Next, we check the resolvent formula (3-1). Let f € L>(U)*
and z € p(D,;), and set

¥ =ry(Dm—2) " ey f — ¥, (ML) 1y (D — 2) e f-

Since (D, —z) ey is bounded from L?(¢/)* into H'(R*)* and (AZ)~! is well defined by Remark 2.2,
it follows that

u:=ry(Dy—2)"teyf e HU)* and g:=—(A%) 'ty (D —2) er f € L2(3U)*,

which gives that ¢ € H'/?>(1/)* and that (« - V)y € L?(U4)*. Next, using Lemma 2.1(i) and Remark 2.2,
we easily get

_ . —1 _
touy = toe (D —2) e f + (51 -n) =€) (58 +Com)” tou(Dm —2) " 'euf
= P B(AL)  tau(Dy —2) " eu f.
thus P_ty,y = 0 on dU, which means that ¢ € dom(Hyr(m)). Since (D,, — z)dDZLfm [¢]=01in U, it
follows that (Hyr(m) — z)¥ = f, and formula (3-1) is proved.

We are now going to prove assertions (i) and (ii). First, note that, for 1 € dom(Hmr(m)), a straight-
forward application of the Green formula (3-2) yields

T (m) Y 172000 = 1@ - VO 12008 M0 172000 + Ml Pitor 1725000 (3-4)

Thus || Emrr (m)¥ 75,6 = m* 1 1172,4,4» Which yields Sp(Hwrr(m)) C (—00, =m]U [m, +00). Note
that this can be seen immediately from (3-1). Next, we show that {—m, m} ¢ Spy.. (Hvmir(m)). Assume

that there is 0 # ¢ € dom(Hpr(m)) such that (Hyr(m) —m)y = 0 in U. Then, from (3-4), we have

(=i V)18 + Ml Pitore¥r 72 00 = O-
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Since m > 0, it follows that P, 3,4 = 0 and thus that 3,44 = 0. Using this and the above equation, an
integration by parts (using density arguments) gives

IV 200yt = (=i - V)Yl 12094 = 0.

From this we conclude that i/ vanishes identically, which contradicts the fact that ¥ # 0, and thus
m & Spgisc (AmiT(m)). Following the same lines as above we also get that —m ¢ Spy;.. (Hvrr(m)). Thus,
if U is bounded, then the above considerations and the fact that dom(Hyr(m)) € HY2(U)* is compactly
embedded in L?(U)* yield Sp(Hmrr(m)) = Spgisc (Hnir(m)) C R\ [—m, m], which shows assertion (i).
To finish the proof of (ii), suppose U is unbounded. We first show (—oo, —m] U [m, +00) is contained
in Sp.(HwviT(m)) by constructing Weyl sequences as in the case of half-space; see [Benhellal 2022b,
Theorem 4.1]. As U is unbounded, there is R; > 0 such that the half-space {x = (x1, x2, x3) € R3:x3 > R}
is strictly contained in ¢/ and R*\ & C B(0, R;). Fix A € (—oo0, —m) U (m, +00), and let & = (£, &) be
such that |£]> = A2 — m?. We define the function ¢ : R} — C* by
§1—i&

A—m’

t
w@wﬂ:( que%a with ¥ = (x{, x2).

Clearly we have (D,, — A)¢ = 0. Now, fix Ry > Ry, and let n € C§°(IR€2, R) and x € C°(R, R) be such
that supp(x) C [R;, Rz]. For n € N*, we define the sequences of functions

on (%, x3) =n2p(%, x3)n (% /n)x (x3/n)  for (¥,x3) € U.

Then, it is easy to check that ¢, € HO1 (U) C dom(Hprr(m)), (@n)nen converges weakly to zero, and

0;

n—oo

(D — M) @ull L24)*
I@nllZ 2004 = ——— 10122 g 1 1122 ) > O,
RN - TR a2y

for more details see the proof of [Benhellal 2022b, Theorem 4.1]. Therefore, Weyl’s criterion yields
(—OO, _m) U (m7 +OO) C Spess(HMIT(m))‘

Since the spectrum of a self-adjoint operator is closed, we then get the first statement of (ii). Now, if we
assume in addition that I/ is connected, then using the same arguments as in the proof of [Arrizabalaga
et al. 2015, Theorem 3.7] (i.e., using Rellich’s lemma and the unique continuation property), one can
verify that Hyyr(m) has no eigenvalues in R\ [—m, m]. As {—m, m} ¢ Sp ;.. (HvrT(m)), it follows that
Hyirr(m) has a purely continuous spectrum.

Now we prove (iii). Let v € dom(Hmyr(m)). Then (3-4) yields that || Hyr (m) ¢ ||%2(Q)4 >m?|| v ||%2(Q)4,
and thus

m|| ¥z < IHEMr(m) Y | 2t < 1HMir(m) — DY | 2ot + 121 2200y -
Therefore, for 2|z| < m with z € p(Hwmir(m)), we get that ||| L2 < 2m Y| (Hyrr (m) — DV L2240y
Thus, (iii) follows by taking ¢ = (Hmir(m) — )7 U

Remark 3.2. We mention that the above statement on the self-adjointness can also be deduced from
[Behrndt et al. 2021, Theorem 5.4]. We also mention that the MIT bag operator defined on the domain 2
given by (3-3) is still self-adjoint for less regular domains; see [Benhellal 2022a] for more details.
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Remark 3.3. Note that if I/ is in the class of Holder’s domains C"%, with w € (%, 1), then Hyr(m) is self-
adjoint and dom(Hpr(m)) :={y € H'(U)*: P_tyyr =0 on dU}; see [Benhellal 2022a, Theorem 4.3]
for example.

Now we establish regularity results concerning the regularization property of the resolvent and the
Sobolev regularity of the eigenfunctions of Hyy(m). The first statement of the following theorem will be
crucial in Section 5 when studying the semiclassical pseudodifferential properties of the Poincaré—Steklov
operator.

Theorem 3.4. Let k > 1 be an integer and assume that U is C***-smooth. Then the following statements
hold:

() The mapping (Hyir(m)—z)~': HX(U)* — H*1(U)* N dom(Hyrr (m)) is well defined and bounded
forallm > 0 and all z € p(Hyrr(m)). Moreover, for any compact set K C C, there exist mg, C > 0
such that, forallm > mgyand z € K,

(e (m) = 2) ™M gty s < Cm*
(i1) If ¢ is an eigenfunction associated with an eigenvalue 7 € Sp(Hyit(m)), i.e., (Hyt(m) —2)¢ =0,
then ¢ € H'T*(U)*. In particular, if U is C*®-smooth, then ¢ € C*®(U)*.
To prove this theorem we need the following classical regularity result.

Proposition 3.5. Let k be a nonnegative integer. Assume that U is C3**-smooth and u € H'(U). If u
solves the Neumann problem
—Au=feHYU) and du=geH* ™ OU),
then u € H* ).
Proof. First, assume that k =0. As U is C3-smooth we know the Neumann trace 9, : H2(U) — H'/2(3U)

is surjective. Thus, there is G € H 2(U) such that 3,G = g in 0U. Note that the function t = u — G
satisfies the homogeneous Neumann problem

—Aiu=f+AG inlU and dyu=0 onadld.

Therefore, it € H*(U) by [Mikhailov 1978, Theorem 5, p. 217], which implies that u € H 2(U), and this
proves the result for k = 0. If k£ > 1, then the result follows by [Grisvard 1985, Theorem 2.5.1.1]. O

Proof of Theorem 3.4. We prove the theorem by induction on k. First, we show (1), so fix z € p (Hmir(m))
and assume that k = 1. Let ¢ = (¢1, )| € dom(Hyr(m)) be such that (D,, — z)¢ = f in U, with
f=(f1, fz)T e H'(U)*. By assumption we have (A +m?—z%)¢ = (D, +2z)fin D'(U)*, and then also
in L2(U)*. We next prove that 3,¢ € H'/2(3U)*. To this end, consider U, := {x € R?: dist(x, dU) < €}
for € > 0. Then, for § > 0 small enough and 0 < € < §, the mapping W : 90U x (—e¢, €) — U, defined by

W(xau, t) = Xou +tn(Xyy), Xy € 0U, t € (—€,€), (3-5)

is a C2—diffeomorphism and U, :={x+tn(x):x €dlU,t € (—¢,€)}.
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Let P_: L*(U. NUY* — L>(U. NU)* be the bounded operator defined by
P_p(W(x, 1) =31 +ifla-n())Ne(W(x, 1), W(x,1)eUNU.

Let xgu be an arbitrary point on the boundary o/, fix 0 < r < %e, and let ¢ : R? — [0, 1] be a C*°-smooth

and compactly supported function such that £ =1 on B(xgu, r)and ¢ =0on R\ B(xgu, 2r). We claim
that 13_4“ ¢ satisfies the elliptic problem

{—A(ﬁ_;¢>=g in ,
tau(P_c¢)=0 on dU,

with g € L?(U)*. Indeed, set B(x) = iB(« - n(x)) for x € dU, and observe that
(D —2)(P_¢§) = (P_¢f + (D, £10) + 3 [Din. ¢ Blp =: 1(¢. f) + 3[Din. ¢ Blg.

Since n is C2-smooth, ¢ is an infinitely differentiable scalar function, and ¢, f € H L4, it is clear
that I (¢, f) € H' (U)* and [D,,, ¢Bl¢ € L*(U)*. Now, applying (D,, + z) to the above equation yields
—A(P_¢¢) = g, with

8= —m*)P_Lp+ (D +2)I(¢. f)+ 32[D. t Bl + 5 D[ Dy £ Bl
As before, it is clear that the first three terms are square integrable. Next, observe that
Do[Do, £ Bl¢ = {Do, [Do, {Bli¢ —[Do, §B1Dogp = [—A, {Blg — [Do, E BI(Dy — 2)¢p — (mp — 2)¢),

where {A, B} =: AB 4+ BA is the anticommutator bracket. Using this, the smoothness assumption on 7,
the facts that (D,, — 2)¢ = f € H'(U)* and that [Dy, ¢B] and [—A, ¢B] are first-order differential
operators, we easily see that Dg[ Dy, ¢ B]¢ € L*>(U)*. Hence, D,,[ D, ¢ B¢ is square integrable, which
means that g € L*>(U)*. As P_tyy¢ =0 and tgu(ﬁ_g“qﬁ) =ty ¢ P_tyyu = 0 on 0U, by [Gilbarg and
Trudinger 1983, Theorem 8.12], it follows that F_g“qﬁ e H*(U. NU)*, which implies

c(pr+i(o-n)py) € HH(B(xY,, 2r)NU)?  and  ¢(—i(o -n)py + o) € H*(B(x),,, 2r) NU)%.
Consequently, we get
¢1+i(o -n)py € HA(B(xY,, r)NU)? and  —i(o -n)p1 +¢o € HA (B, r)NU?.  (3-6)

Since —i(o - V)¢ = (z — m)¢p1 + f1 and —i(o - V)¢ = (z +m)¢r + f> hold in H'(U)?, it follows
from (3-6) that

(0-V)p;j e H (B(xdy,,r)? and (0-V)(o-n)p;j e H (B(xdy,,r)?, j=1,2.
Using this and the fact that n is C?-smooth, we easily get
(0-n)(0-V)p;+(0-V)(o-m$;=(n-V)p;+ Fj € H (B(xyy, ),

with F; € H'(B(x3,,, r) NU)?. As a consequence, we get (n - V)p; € H' (B(x3,, r) NU)?>. Since this
holds true for all xz(a)u € dU, using the compactness of di/, it follows that d,¢p € H 1/ 2(81/{ )*. Therefore,
Proposition 3.5 yields ¢ € H>(U)*.
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Next, assume k > 2, U is CZtF-smooth, and ¢, f € Hk(Z/{)4. Since n is C'*t*-smooth and W defined
by (3-5) is a C'**-diffeomorphism, following the same arguments as above we then conclude that
d,¢p € H=12(3U)*. Note also that —A¢p = (zZ —m>)p + (D,, —z) f € H*"'(U4)*. Therefore, thanks to
Proposition 3.5, we conclude that ¢ € H k1 ()*, which proves the first statement of (i).

Now, the second statement of (i) is a consequence of the first one, Theorem 3.1(iii), and the Garding-type
inequality

111 0yt S N0 W3ge 00 + 1D0 78 000 (3-7)
which holds for any ¢ € dom(Hyyr(m)) N H k1), k e N. Indeed, suppose for instance that (3-7)
holds true. Fix a compact set K C C, and let z € K. Note that if z € p(Hyrr(m)) then, for ¢ € H*(U)?,
k > 0, we have

I Do(Hmrr(m) — 2) "' Wl gkt < 1 1 geays + (m+ 12D 1 (Hyirr (m) — 2) 7 9 [ ge e (3-8)

Let us also remark that Theorem 3.1(iii) gives that there is my > O such that z € p(Hymrr(m)) for any
m > mo and, for any ¢ € Hk(L{)4, k>0,

| Do(Hyrr (m) — Z)_1¢||L2(u)4 S ||W||L2(u)4 = ||W||Hk(u)4- (3-9)

Hence, by iterating the Garding inequality and taking into account (3-8) and (3-9), we get

I Do(Hyirr (m) — 2) ™' W | gyt S m 1 1l eyt

and the conclusion follows by applying again the Garding inequality. We now return to the proof of (3-7).
Let ¢ € dom(Hyr(m)). Then [Arrizabalaga et al. 2017, Theorem 1.5] yields

D01 = IV g+ [ Hiltupl do, (3-10)
ou

where we recall that H;(x) is the mean curvature at x € dU{. Recall that, for any € > 0, there is Cc > 0
such that

Itae@ll 20uyt < €IVONT2 g0 + Cellpllzagyys  forallg € H' (U)*;

see [Barbaroux et al. 2019, Remark 1]. Using this inequality with € sufficiently small and estimating
(3-10) we get, for all 9 € H' ()%,

2 2 2 2 2
||(pI|H1(u)4 = ||¢||L2(Z/{)4 + ”ngHLZ(u)At S |I¢||L2(Z/{)4 + ||DO¢||L2(U)4’

which shows (3-7) for kK = 0. Note that by local arguments one has

[ 1 P S 1T e
J
and since [d;, D] = 0, (3-7) easily follows by induction for any k > 1.
Finally, the proof of the first statement of (ii) follows the same lines as the one of (i). In particular, if U
is C*-smooth, we then get ¢ € H**!(1/)* for any k > 0, which implies that ¢ is infinitely differentiable
in U, and the theorem is proved. U
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Remark 3.6. Note that the estimate in Theorem 3.4(i) is certainly not sharp, but it will be enough for our
purposes.

4. Poincaré-Steklov operators as pseudodifferential operators

The main purpose of this section is to introduce the Poincaré—Steklov operator <7, associated with the
MIT bag operator and to prove that it fits into the framework of pseudodifferential operators.

Throughout this section, let 2 be a smooth domain with a compact boundary X, and let Py be as
in (2-1). Let us start by giving the rigorous definition of the Poincaré—Steklov operator, which is the main
subject of this paper.

Definition 4.1 (PS operator). Let z € p(Hyir(m)) and g € P_H'Y?(Z)*. We denote by ES(z) :

P_H'2(£)* - H'(Q)* the lifting operator associated with the elliptic problem
(Dm_Z)UZZO in Q, (4_1)
P_tsU,=¢g on X.

That is, E,ff (z)g is the unique function in H'(Q)* satisfying the equations (D,, — Z)Ensf (z)¢g =01in  and

P_ty Ef,f(z)g = g on X. Then, the Poincaré—Steklov (PS) operator <7, : P_H'2(2)* > P+H1/2(2])4

associated with the system (4-1) is defined by

iy (g) = Prts ES(2)g.

Recall the definitions of <I>§m and A% from Section 2B. Then, the following proposition justifies
the existence and the uniqueness of the solution to the elliptic problem (4-1), and gives in particular
the explicit formula of the PS operator in terms of the operator (A§1)_1 when z € p(D,,). The second
assertion of the proposition will be particularly important in Section 5 when studying the PS operator
from the semiclassical point of view. In the last statement, we use the notation 7, (z) to highlight the
dependence on the parameter z € p (Hyyt(m)).

Proposition 4.2. For any z € p(Hynr(m)) and g € P_H 12(2)4, the elliptic problem (4-1) has a unique
solution E,Sn2 (2)[g] € H'()*. Moreover, the following hold:

(i) (Ex(2))* = —BPyts(Hvir(m) —2)~".
(ii) For any compact set K C C, there is my > 0 such that, for all m > mg, we have K C p(Hyt(m))
and, for all 7 € K, we have

IES @8l @ S —=lgliy forall g e P-HVA(E)
NG
(iii) If z € p(Dy,), then E,Ef (z) and <, are explicitly given by
EX(z) = 0%, (A} 'P_ and oy =—P B(AS) ' P_. (4-2)

(iv) Let z € p(Hymrr(m)), and let E,ff (z) be as above. Then, for any & € p(Hyr(m)), the operator E,S,f &)
has the representation

E5€) = s+ (& —2)(Hvir(m) —§) D ES(2). (4-3)
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In particular, we have
Ay (€) — A (2) = (2 — E)BE ()" EL(2). (4-4)

(v) For any z € p(Hyir(m)), the operator E ,512 (z) extends into a bounded operator from P_H —1/2(x)*
to H(x, 2).

Proof. We first show that the boundary value problem (4-1) has a unique solution. For this, assume that
u1 and u, are both solutions of (4-1). Then (D, —z)(u; —uz) =01in Q and P_tx(u; —u) =0 on X.
Thus, (#; —uy) € dom(Hyrr(m)) holds by Remark 3.3, and since Hyyr(m) is injective by Theorem 3.1
it follows that u; = u;, which proves the uniqueness. Next, observe that the function

ve = Eq(P-g) — (Hyrr(m) —2) ™ (D — 2)Ea(P-g)

is a solution to (4-1). Indeed, we have £q(P_g) € H 1(€)* and thus v €H 1(€)*, moreover, we clearly
have that P_tsv, = g and (D,, — z)v, = 0. Since we already know that the solution to (4-1) is unique,
it follows that v, is independent of the extension operator £q, and hence there is a unique solution in
H'(Q)* to the elliptic problem (4-1).

Let us show the assertion (i). Let v € P_ H'/?>(£)* and f € L?(Q)*. Then, using Green’s formula
and the fact that P, (—i«a-n) = (—ia-n)P_ = —BP_, we get

(Ex @V, fr2qp
= (EX(2)¥, (Hyir(m) — 2) (Hyir (m) — Z)_1f>L2(Q)4
= (EX()V, (D — 2) (Hyrr(m) — 2" f) 120
= (D — D Eq (¥, (Hyir(m) —2) ™' f) 2y + ((—ia- m)is E5 (), 15 (Hvrr(m) —2) ™' f)2eep
= ((—ia-n) P_ts ES{(2)¥, Pits (Hvrr(m) —2) 7' f) 2z
= (Y, —BPsts(Hvrr(m) —2) ' f) 12z,

which gives that —B Py ts (Hyr(m) —Z)~! is the adjoint of E$(z) and proves (i).

Now we are going to show assertion (ii). So, let K be a compact set of C, and note that, for all
m > sup{|Re(z)| : z € K}, we have that K C p(D,,) C p(Hyit(m)). Hence v := Ef,f(z)g is well defined
for any z € K and g € P_H'/>(£)*. Then a straightforward application of Green’s formula yields

0= [(Dn—=2)vlI72gys
= i@V =2)vl|72 s +m* [VlI75 g +m (i@ -m)isv, Bizv)amys —2Re(2) (v, Bv) 2p). (4-5)
Observe that
<_l(a ' ”)fZU, ﬂt2v>L2(E)4 = ((P-‘r - P—)t2v7 IEU>L2(E)4 = ”P-‘rtEU”%Z(E)At - ”P—IEU”%‘Z(Z)At-

Since P_txv = g and P.tyv = 7, (g) hold by definition and

—Re(2)(v, Bv) 2@ = —Re@Iv]72(qp
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holds by the Cauchy—Schwarz inequality, it follows from (4-5) that

2 2 2 2
“g”LZ(E)At 2 m||v||L2(Q)4 - 2|RC(Z)| ”v||L2(Q)4 + ”'Q{m (g)”LZ(Z)At-

Thus, if we take mq > 4 sup{|Re(z)| : z € K}, then
1 (@172 51 + 31V 112 s < 817250

for any m > mg, which proves the desired estimate for Efnz (2).
Let us now show the assertion (iii). Let z € p(D,,), and recall that CDSM (A§1)_l cH'2(2)* = HY(Q)*
is well defined and bounded by Lemma 2.1. Since ¢7, is a fundamental solution of (D,, — z),

(D —2)92,,(A3) '[gl=0 in L*(@)*  forallge H'*(D)"
Now, observe that if g € P_H'/?(X)*, then a direct application of the identity (2-7) yields

2L, (ML) gl = (=i (@ m) + G (M) 8] = g — PLB(AL) ' [g).
Consequently, we get

P_ts®%, (A3 '[gl=g and Pyts®f, (AL '[g]=—PiB(AL) 5],

m

which means that E,S,f @legl= CDSm (Afn)_1 [g] is the unique solution to the boundary value problem (4-1)
and proves the identity <7, = — Py B(A%) "1 P_.

We now prove assertion (iv). Fix z, & € p(Hyvit(m)), and let g € P_H 172(£)*. Then, by the definition
of E(z), we have

(D — &)1+ (5 — 2)(Hyar(m) — €) " HESH(2)g
= (D —2DEX(2)g — (6 — 2)ES(2)g + (£ —2) (D — &) (Hyar(m) — &) ' ESH(2)g
= (t —2)EX(2)g — (6 —2)EX(2)g = 0.

Since (Hyur(m) — &)"'E®(z)g € dom(Hyr(m)), and hence P_tx(Hyar(m) — €)'ESH(2)g = 0, it
follows that P_rts (1 + (§ — z) (Hyir(m) — &) "D ESH(2)g = P_ts ES(z)g = g, which prove identity (4-3).
Now, (4-4) follows by applying Pty to the representation (4-3) and using assertion (i).

It remains to prove item (v). We first consider the case z € p(D,,). For z € p (Hyir(m)) \ p(Dy,), the
claim follows by the representation formula (4-3). Fix z € p(Dy,), and recall that the operators % »,
and AZ, are bounded invertible in H'/2(2)* by Lemma 2.1(ii)—(iii) and (2-6). Since €, = % m, by
duality it follows that A%, admits a bounded and everywhere defined inverse in H~!/2(X)*. This together
with Lemma 2.1(i) and item (iii) of this proposition show that E,gf (z) admits a continuous extension from

P_H~'2(2)* to H(a, ). This completes the proof of the proposition. O

Remark 4.3. The proof above gives more, namely that, for all mo > 0, K C p(D,,) a compact set,
and z € K, there is m >> 1 such that

sup |l p_mir2sysp 2yt S 1-
mz=mi
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Remark 4.4. Thanks to Theorem 3.1 and Remark 2.2, if Q2 is a Lipschitz domain, then Engf (z) is the
unique solution in H 172()* to the system (4-1) for datum in L*(2)*. Moreover, the PS operator
Sy = — Py B(AZ) "1 P_ is well defined and bounded as an operator from P_L2(X)* to Py L3 (%)™

In the rest of this section, we will only address the case z € p(D,,), and we show that the Poincaré—
Steklov operator <, from Definition 4.1 is a homogeneous pseudodifferential operators of order 0 and
capture its principal symbol in local coordinates. To this end, we first study the pseudodifferential
properties of the Cauchy operator %, ,,. Once this is done, we use the explicit formula of <7, given
by (4-2) and the symbol calculus to obtain the principal symbol of <,.

Recall the definition of ¢, from (2-3), and observe that

G (x —y)=k(x —y) +w(x —y),

where
ivZ=m2lx—y| _ iVZ=mllx—y| _ |
kz(x—y)=e—(z+m,3+\/z2—m2a- o y>+_e o (x—y),
4r|x —y| lx — yl 4r|x —y|
i
wx —y) = ma'(X—y)-
Using this, it follows that
.l £100) = lim w(x =) f() do () + / (=) £(3) do(y)
PN\O [x—=y|>p X
=W[flx)+K[f1(x). (4-6)

As [k3(x — )| = O(|lx — y|~!) when |x — y| = 0, using the standard layer potential techniques (see, e.g.,
[Taylor 2000, Chapter 3, Section 4] and [Taylor 1996, Chapter 7, Section 11]), it is not hard to prove
that the integral operator K gives rise to a pseudodifferential operator of order —1, i.e., K € OpS~!'(%).
Thus, we can (formally) write

C..m =W mod OpS~1(%), 4-7)

which means that the operator W encodes the main contribution in the pseudodifferential character of €, ,,.
So we only need to focus on the study of the pseudodifferential properties of W. The following theorem
makes this heuristic more rigorous. Its proof follows similar arguments as in [Ando et al. 2019; Miyanishi
2022; Miyanishi and Rozenblum 2019].

Theorem 4.5. Let €, , be as in (2-5), W as in (4-6), and <, as in Definition 4.1. Then ¢, ,,, W and <7y,
are homogeneous pseudodifferential operators of order 0, and we have

Gom = =0t ——— mod OpS~' (%),
—Asx
1 —1 Dy -1
Gy = S (Vs An)P_ mod OpS™ (X) = P_ mod OpS™ (2).

—Ay V—Ax
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Proof. We first deal with the operator W. Let ¥ : ¥ — R, k=1, 2, be a C*°-smooth function. Clearly, if
supp(¥») Nsupp(yr;) = @, then y» W gives rise to a bounded operator from H ~/ ()% into H/ (2)*
for all j > 0.

Now, fix a local chart (U, V, ¢) as in Section 2C, and recall the definition of the first fundamental form
I and the metric tensor G (x). That is, up to a rotation, for all x € U, we have x = ¢(X) = (x, x (X)) with
x € V, where the graph of x : V — R coincides with U. Notice that if we assume that v is compactly
supported with supp(¥) C U, then, in this setting, the operator i, W1/ has the form

wzwwlf](x)wz(x)p.v.f o PO =D ) FeG)VEG) dF

v Anle(E) — ()P

= (08 (@) p.v. / ja- POy (5 £ (0(5)) 05
v Arle(x) —e()

() =)
47 |p(x) — ()
where g is the determinant of the metric tensor G. Since g( - ) is smooth, it follows that

IV8() —vVE&@®I S 1x =yl

Therefore, the last integral operator on the right-hand side of (4-8) has a nonsingular kernel and does

) fv i SICOEE) —Ve@ds, @-8)

not require us to write it as an integral operator in the principal value sense. Thus, a simple computation
using Taylor’s formula shows

e =y =lp@) =P = (¥ =7, GEE = 7)) (1 +O0IF =3,
where the definition of I was used in the last equality. It follows from the above computations that

1
(F=3, GO E—y))?

x—y| 7 = + ki (%, §),

where the kernel k; satisfies |k (%, )] = O(|X — §|72) when |¥ — | — 0. Consequently, we get

Xj—Yj S -
Xj=Yj -3, GHE 7))~ + (& —ypki(F,§) for j=1,2,
e —yP (Vy.%— )

G5 GG —jpn ) for j =3,

with [ka (%, §)| = O(|X — ¥|~!) when |¥ — 7| — 0. Note that this implies

o - _a.(

< _ -l
lx —yI3 i—j},G(i)(j_);)p/z—'_Oﬂx Y.

Combining the above computations and (4-8), we deduce that
Yo Wiy f1(x)

. o
= 2()Vg@ pov. /V i 4715;_ : é;(;()();_yy§)>3/2f(<p(y))dy+wz(x)L[1mf](x), (4-9)
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where L is an integral operator with a kernel /(x, y) satisfying
I, ) =0(x = y[™")  when |x —y| - 0.

Thus, similar arguments as the ones in [Taylor 1996, Chapter 7, Section 11] yield that L is a pseudodiffer-
ential operator of order —1. Now, for & € LZ([RQ) and k =1, 2, observe that if we set

RulhD) = V5D [ k= 5mG) )
where, for (¥, 7) € R? x R?\ {0},
Tk
(r. G(X)T)3/%

Then the standard formula connecting a pseudodifferential operator and its symbol yields

rk(i, T) =

- 1 e B N _
RhID) = /R 2 /R TG () dé a5,
where
qr(x, &) = @/ e (R, w) do.
47T R2

Recall the definition of Q from (2-10) and set w = Q(x)t. Also recall that

/ et 2 qoy = i k=12 (4-10)
R2 |l €]
Thus, the above change of variables together with the properties (2-11) and (4-10) yield
(%, &) = L / i@ QX)) dr = (G_l()z)g)k _ gk1é1 + g2
R 4n Jge Iz 2G-1(0)E, 6)12 2GH(H)E, £)

which means that g, (X, &) is homogeneous of degree 0 in &. Therefore, R; is a homogeneous pseudodif-
ferential operators of degree 0. From the above observation and (4-9) it follows that

VoW =Yoo - (Ry, Ry, 01 x (X)R1 4 02 x (X)Ro) Y1 + Yo Ly

Since L is a pseudodifferential operator of order —1, we deduce that W is a homogeneous pseudodiffer-
ential operator of order 0, and exploiting (2-12), we obtain

\Y

2% oAy

Thanks to (4-7) and (4-11), we deduce that the Cauchy operator % ,, has the same principal symbol as

mod OpS~'(%). (4-11)

the operator W.
Now we are going to deal with the operator «7,,. Note that we have

l( b2 )2—1 (4-12)
S\Bta: ) =h -

and, as <7, is given by the formula
~1
JZ7m:_P+IB(%:8+C€Lm) P_,
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using (4-12) and the standard mollification arguments, it follows from the product formula for calculus of
pseudodifferential operators that, in local coordinates, the symbol of <7, denoted by ¢, has the form

m

G, (X, 8) = —P+,3(,3 +a- ((G_éﬁ))l)_ +p(x, ),

where p € S1(X2) and &g defined in (2-12) is the principal symbol of V. Therefore, we get

Qo (X, 6) = =Py o - EG(G'E,6) 12 P_+ p(%, £).

Hence, using the fact that Py are projectors and Lemma A.3, we obtain

Qo (X, 8) = —ic-n? (B - EG(G '€, )12 P_+ p(X, £).

Finally, from results of Section 2D, we deduce

- oo (o nn?(X) .
q&zfm(x’s) =S < (G_1§,§> >P +P(x, g)
and b .
Ay = \/—LAEP_ mod OpS™(T) = ms-(vz An)P_ mod OpS~!().

This satisfies the claim that <7, is a homogeneous pseudodifferential operator of order O and completes
the proof of the theorem. U

5. Approximation of the Poincaré-Steklov operators for large masses

The technique used in the last section allows us to treat the layer potential operator <7, as a pseudo-
differential operator and to derive its principal symbol. However, it does not allow us to capture the
dependence on m. The main goal of this section is to study the Poincaré—Steklov operator, <7,, as an
m-dependent pseudodifferential operator when m is large enough. For this purpose, we consider 2 =1/m
as a semiclassical parameter (for m > 1) and use the system (4-1) instead of the layer potential formula
of «7,. Roughly speaking, we will look for a local approximate formula for the solution of (4-1). Once
this is done, we use the regularization property of the resolvent of the MIT bag operator to catch the
semiclassical principal symbol of «7,.

Throughout this section, we assume that m > 1, z € p(Hwmit(m)), and that € is smooth with a
compact boundary ¥ := 9Q. Next, we introduce the semiclassical parameter 4 = m~! € (0, 1], and
we set /" := a7,. The following theorem is the main result of this section; it ensures that /" is an
h-pseudodifferential operator of order O and gives its semiclassical principal symbol.

Theorem 5.1. Let h € (0, 1] and z € p(Hyur(m)), and let </" be as above. Then, forany N € N, there
exists an h-pseudodifferential operator of order 0, MIG € Oph SO(), such that, for h sufficiently small
andanyOflfN—l—%,

o™ — il 12wy sz = OH 1),

and WD
= > P_ modhOp" S7!(X).

V—h*As +1+1
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Figure 1. Change of coordinates

Let us consider A ={(Uy,, Vy;, ;)1 j €{1,---, N}} anatlas of ¥ and (U, Vi, ¢) € A. As previously,
without loss of generality, we consider only the case where U,, is the graph of a smooth function yx, and
we assume that €2 corresponds locally to the side x3 > x (x1, x2) (see Figure 1). Then, for

Up = {(x1, x2, x (x1, x2)) : (x1, x2) € Vpo},  9((x1, x2, x (x1, x2)) = (x1, X2),
Voo :=11, y2, 3+ x (1, ¥2)) : (1, ¥2, y3) € V, x (0, 8)} C L,
with ¢ sufficiently small, we have the homeomorphism
@ Ve > Vo x(0,8),  (x1,x2,x3) > (x1, X2, X3 — X (X1, X2)).

Then the pullback
@ CP(Vyx(0,8) > C¥WVye), vi> @ v:i=vog

transforms the differential operator D,, restricted on V, . into the following operator on V,, x (0, €):
5% = (¢_1)*Dm(¢)* = _i(alay] +a28y2 - (Ollaxl)( +0623x2X - a3)8y3) +m:3
= —i(a1dy, +0dy,) + v 1+|Vx[2Gia - n*)(F)dy, +mp,

where j = (y1, y2) and n? = (¢~')*n is the pullback of the outward-pointing normal to 2 restricted
on V,:
O, X

. 1
n?(y) = ——= | dux | O1.)2).
V1+|Vyl|? 1
For the projectors PL, we have
P{:=(p™")*Pe(p)* = 3(Is Fipa - n*(3)).
Thus, in the variable y € V,, x (0, ¢), equation (4-1) becomes

~o ,
{(Dm Du=0 in V, x (0, ¢), 5-1)

Mu=g%=gop™! onV,x{0},
where I'Y = PLt(y,—0).
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By isolating the derivative with respect to y; and using that (ia - n%)~! = —ia - n?, the system (5-1)
becomes
ia-n?(y) . , .
Oy = ———————(—i010y, —i2dy, +mB—2)u 1in V, x (0, &),
VI+HIVI (5-2)
Iu=g¢ on V, x {0}.

Let us now introduce the matrix-valued symbols

. i -n?(y) - —iza -n?(y)
Lo, 6) = £+ ), Li(F) = (5-3)
VI+HIVXI VI+HIVY)I
with & = (&, &) identified with (£, &, 0). Then, for h = m~!, (5-2) is equivalent to
{h 8y3u = Lo(y, hDy)u +hLi(y)u in Vo x 0, &), (5-4)
Iu=g* on V,, x {0}.

Before constructing an approximate solution of the system (5-4), let us give some properties of L.

5A. Properties of L. The following proposition will be used in the sequel; it gathers some useful
spectral properties of the matrix-valued symbol Ly(y, &) introduced in (5-3). The spectral properties
of lo(n, &) = i(a-n)(x - & 4+ B) given in Proposition A.2 (from the Appendix) provides the following
properties for

Lo(y, §) = lo(n®(3), §).

1
VI+IVX)I?

Proposition 5.2. Let Lo(y, &) be as in (5-3). Then we have

Lo(y,8) = (& -n?()+S- ) AE) —ifa-n*(3))

—)”(i’ §) 1'[+()7 £) — &
1+ [Vx()2 ’ 1+ |Vx()I2

1
VIV
=i&-n%() + M-y, 8),

where

1G.8) = \[In*G) AEP +1= /(G 6. 8) + 1.

— o~ 1 N
nw()’) = Twnw(y)’ (5_5)
S (3 s
M.(5, £) ;:%<,4i n*(5) Af()y ;)ﬂ(a n (y))>’

with G the induced metric defined in Section 2C.
In particular, the symbol Lo(¥, £) is elliptic in S' and it admits two eigenvalues p+(-,-) € S' of
multiplicity two, which are given by

in?(3)-& A,
2G5 E) = in?(y)-§ Ay E)’ (5-6)
1+|Vx|?
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and for which there exists ¢ > 0 such that

(o —p-)(y, 8)
2

uniformly with respect to y. Moreover, T1L(¥, &), the projections onto Kr(Ly(y, &) — p+ (3, &) 14), belong
to the symbol class S° and satisfy

=+Rep+(,§) > c(§) (5-7)

PN (3, 6)PL =kL(3.6)PL and PLNZ(3,8)PY =FO4(,6)PY, (5-8)

with

KL(5.6) = %(l + ) O4(3.£) = (S (n* (5) A D). (5-9)

Ay, 6) 20(y, &)
That is, kﬁ is a positive function of SO, (kfﬁ)*l € 8%, and ©% € 8°.

Remark 5.3. Thanks to property (5-8), a 4 x 4-matrix A is uniquely determined by P¥ A and IT A, and
we have

1 P{m Py

_ p? @A _ DO (] YA _ ++ @ +
A_P_A+P+A_P_A+k—(pP+1'I+P+A_< — G )P_A—Fk—q,l'hrA.

+ + +

Proof of Proposition 5.2. By definition it is clear that Ly(7, £) belongs to the symbol class S', and all the
formulas follow from those of [y (n, §) proved in the Appendix (see Proposition A.2 and Lemma A.3),

mainly taking n = n?(3) and multiplying by 1/1/1 4 |V x(3)|?. Next, using (2-15),
VIt AEP+1 _ VGG)T'E 6) +1
V1+Vx? V1I+[Vy[?

which gives (5-7) and shows that p. are elliptic in S'. Consequently, we also get that Lo (7, £) is elliptic
in S! and that the functions I, k%, (k%)~! and ©¥ belong to the symbol class S°. O

+Repi(y,8) = > c(1+ €],

5B. Semiclassical parametrix for the boundary problem. In this section, we construct the approximate
solution of the system (1-1) mentioned in the introduction. For simplicity of notation, in the sequel we
will use y and P instead of y and P{, respectively.

We are going to construct a local approximate solution of the first order system

hd.u = Lo(y, hDy)uh —{—hLl(y)uh in R? x (0, +00),
Pu'=f on R? x {0}.

To be precise, we will look for a solution «” in the form

u(y, 1) = 0p"(A"(-, -, 1)) f =

)2 /Rz AM(y, hg, T)eVE f(§) d§, (5-10)

with A"(-, -, 1) € 8° for any t > 0 constructed inductively in the form

Al(y, &, 1) ~ Zthj(y,%" 7).

j=0
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The action of h d; — Lo(y, hDy) —hL1(y) on A"(y, hD,, 7) f is given by T"(y, hDy, 7) f, with

T"(y, & 1) =h@:A)(y, & 1) — Lo(y, ) Ay, &, ) — R(LI(A(y, §, T) —i de Lo(y, £) - 9y A(y, &, ).

Here we exploited the particular form of L, (independent of &) and of L (first order polynomial in &).
Then we look for Ag satisfying

{h 8TA0(y7 5»T)=L0(y’§)AO(}’» E’T)’ (5_11)
P_(y)Ao(y, &, 1) = P_(y),
and, for j > 1,
{h 31A1(}’, g’ 7:) = LO(y’ %-)Aj(y? "E’ T)+L1(}’)AJ—1()’» 5’ T)_l 33;‘[40(% 5)'3ij—1(y, S’ T)7
P_(y)Aj(y,§, 1) =0.
(5-12)

Let us introduce a class of parametrized symbols in which we will construct the family A ;:
={b(-,-, 1) €S :Vk, ) eN?, T 3lb(-, ., ) e WISy mez.

More precisely, b € P," means that, for all (k, [) € N2, the function (z, h) — (h~'0)*(h 3,)!b(-, -, T) is
uniformly bounded with respect to (7, i) € (0, +00) x (0, 1) in Sk,
Proposition 5.4. There exists Ay € 77,? a solution of (5-11) given by

M h~'zp_(y.6)
kE(y, €)

Proof. The solutions of the differential system h 3; Ag = LoAg are Ag(y, &, ) = e TLo0) Ao (v, £, 0).
By definition of p+ and I, we have

AO()’, %-’ T)

e/l*lfLo(y,%’) — ehflf/?—(ysf)n_(y’ £)+ e/flf,0+(y’§)n+(y’ £). (5-13)

It follows from (5-7) that Ag belongs to SO for any t > 0 if and only if [T, (y, &) Ao(y, &, 0) =0. Moreover,
the boundary condition P_Ag = P_ implies P_(y)Ao(y, &, 0) = P_(y). Thus, thanks to Remark 5.3, we
deduce that

PO, P
k‘ﬂ

Py n P_
Ao(»,§,0)=P_(y)——— 0. =P-(MN+—(5— ( S)— >, ).

The properties of p_, T1_, P_, and k4 given in Proposition 5.2, imply that (k¥ )~ 1l'[ P_ € 8% and that
el -6 ¢ 772. This concludes the proof of Proposition 5.4. O

For the other terms A;, j > 1, we have the following.

Proposition 5.5. Let A be defined by Proposition 5.4. Then, for any j > 1, there exists A; € h' P, Ia
solution of (5-12) which has the form
2
Aj(y 6. 1) =" 0O N T gD B (y, £), (5-14)
k=0
with Bj ;. € h/S™.



2950 BADREDDINE BENHELLAL, VINCENT BRUNEAU AND MAHDI ZREIK

Proof. Let us prove the result by induction. Thanks to Proposition 5.4, the claimed property holds for
j = 0. Now, assume that there exists A; € h/P, ’, a solution of (5-12) satisfying the above property,
and let us prove that the same holds for A;;;. In order to be a solution of the differential system
h 37Aj+1 = L()Aj.H + LlAj —1i 35L() . aij, for Aj+1 we have
T
A =eh1fL°Aj+1|r:0+ethL°/ e SLO(L A; —i 9 Lo+ 0yA;) ds, (5-15)
0
where L1 A; has still the form (5-14), and we have
2j

0,A; =" (h T dypo +0,) ) (' T(E) By
k=0

Thus, thanks to the properties of p_ and B, the quantity (L1A; —i ¢ Lo-3yA;)(y, &, s) has the form

2j+1
0O N s (6) By, ©). (5-16)
k=0

with B ik € h’S~J. So, using the decomposition (5-13), for the second term of the right-hand side
of (5-15), we have

T . _ .
eh‘lfLO/ e SL(L A; —i 0Ly 0yAj)ds =" T IY (x) 4" P TIL I () (5-17)
0
with
2j+1

. T _ ~
ch(r)zf s (——ps) > (s (E) Bk ds.
0 k=0

For I’ the exponential term is equal to 1, and by integration of s¥, we obtain

SN A hig)™!
o)=Y o leg) =B . (5-18)
; k+1 7

For I _{, let us introduce Py, the polynomial of degree k such that

T 1
/0 sk ds = Y (€™ Pr(tA) — Pi(0))

for any A € C*. With this notation in hand, we easily see that the term et .7 i(r) has the form

) - AR AT , ,
e LI (1) =11 B (e" " P(t" (p— — p1)) — €" P Pr(0)), (5-19)
i " g (p— — p)kt1 77 "
where 7/ := h~!z. Thus, combining (5-18) and (5-19) with (5-15), (5-17) and (5-13) yields
2(j+1)

—1 ~ -1 _ ~_
Ajpr=e" I Ao = Bf ) + e fﬂ-(H_AjHl,:ﬁ > ‘r<s>>"B,-+1,k),
k=0
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where
2j+1 h(

J+1 =T Z (o — )k+1

and B 1.4 € hf“S /=1 as a linear combination of products of I1_e SO of h(£)~! (or h(é)k(p,—er)_k_l)
belonglng to hS™!, and of B],k ehiS.
Now, in order to have A, € S, we let the contribution of the exponentially growing term vanish by

2 P(0)B;; € /Tl !

choosing
H+A,-+1(y, £,0)= B;_+1(ya £).

Then, thanks to Remark 5.3, the boundary condition P_(y)A;1(y, §,0) =0 gives

P TII
Aj1(3,£,0) = ZHBL( v.8).
Finally, we have

2(j+1)

-1 H_P+H+ ~_
Ajri(y,E, 1) =¢ ”’@f)(k—@ B (3. &)+ Y (h 't &) B 40, s>),
+ k=0
and Proposition 5.5 is proven with
NPTl o,
Bji10= T Tt B]+1 0’

and, fork > 1, Bj;1x = BT

J+LE U

Remark 5.6. The computation of each term B; o can be done recursively, but this leads to complicated
calculations. For example Bj ¢ has the form

M_PiIiag | ((z+ia-0dy) 4 io-dyp_
k% 22 4).2

Bio(y,§) =h[1‘l+a0+ )H—Ao(y,é),

with ap(y) = ia - n% ().

Thanks to the relation (5-10), to any Al € 7?2 we can associate a bounded operator from L?(R?) into
L?(R? x (0, +00)). The boundedness in the variable yE R?isa consequence of the Calderon—Vaillancourt
theorem (see (2-8)), and in the variable 7 € (0, +00), it is essentially multiplication by an L°°-function.
Moreover, for A; of the form (5-14), we have the following mapping property which captures the Sobolev
space regularity.

Proposition 5.7. Let Aj, j >0, be of the form (5-14). Then, for any s > — j — 5, the operator A; defined
by
1 e oA
Ay f o A0 = s [ A e e ds
2n)* Jre
gives rise to a bounded operator from H*(R?) into H**IT1/2(R? x (0, 400)). Moreover, for any

€0, j+ 3] we have
1A | g5 - gs+ivra-1 = (’)(hl_m). (5-20)
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Proof. First, let us prove the result for s =k — j — %, k € N, between the semiclassical Sobolev spaces

HZ,y(R%) := (hDy) " L*(R?),
HE (R? x (0, +00)) := {u € L? : (hD,)"1 (h 8y,)"2u € L* for (ky, ka) € N?, ki + ko =k},

where (hDy) = \/—h?Ag2 + 1. Then, for f € H* (R*)*, we have

2 k k 2
1A 7 W o 0. 00m = D MADY (3 A F 12 g2 0,0
ki+ky=k

+oo
= Y. / (D)) (1 3,,) (A; ) y) 72 g2y A (5-21)

ki+hko=
Thanks to the ellipticity property (5-7), for A; given by Proposition 5.5, we have
(h 0,2 A5y, & y3) = Wb (v, & yp)e " 02 gy
with b; satisfying the following: for any («, B) € N? x N2 there exists Cy, g > 0 such that
109 90b;(y. & y3)| < Cap forall (y,&: y3) € R x R? x (0, +00).
Consequently, thanks to the Calderén—Vaillancourt theorem (see (2-8)), we can write
(hDy)* (h 8,,)*2 Ay = W B; (y3) (h Dy 1+ e seh D2,

with (B;(y3))y;~0 a family of bounded operators on L?(R?), uniformly bounded with respect to y3 > 0.
Then, for f € H*(R*)*, we have

(A Dy (h 8,2 (A ) 33) 22y S HY IR Dy Yl neh D2 g2,
and from (5-21) we deduce that

o2 < p2j+1 k—j—1/2 2j+1
AT Wt 0.0 ST IRD T2 oy = T I i

1-1/2

where we used that, for any / e N and f € H (R?),

||(hDy)le_h_1y3C<hD)'>/2f||iz(Rz) — (e_h_ly3"<hD~">(hDy)lf, (hDy)lf)Lz
h o -1, -
=05 e D) T f DY) ) 12
3

. . _ 1

By interpolation arguments we thus deduce that, for any j e Nand s > —j — 3,
j+1/2

||Aj||HSxd_)H:d+j+1/2 = O(h/T1/?),

This means that, for y := (y, y3),

(R D5 24 (R Dy) ™ | 262) - 1260 0,100y = OBT2). (5-22)
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In order to prove (5-20) (in classical Sobolev spaces), let us estimate (Dy)sﬂ +/2=l g i(Dy)™* from
L%(R?) into L?(R? x (0, 400)). The inequalities, for all £ € R?, d =2, 3, and h € (0, 1),

1< @& <hhg), &) '=me)™, E =1
imply, for j + % > [, s = max(s, 0), and s_ = s — 5, the estimates

(g)HITN2l < pmJ =1 2H =S pg)sHIH12 gy =S < pS- (pg) S
We deduce

(D5 2 AUDY " oy o SHTTTPH R RS IR Ds) 2 A (DY) N2 2.
Then estimate (5-20) follows from (5-22) using s+ —s_ = |s|. O

Proposition 5.8. Let f € H*(R?) and Aj, j =0, be as in Propositions 5.4 and 5.5. Then, for any
N>—-s—3 thefunctzon u}]’v = Z?’ZO thjf satisfies

{h dcity — Lo(y. hDy)ujy —hLi(yuy =hNHRY £ in R x (0, +00)., 5:23)

Poul = f on R? x {0},
with

Riy:fr / (L1Ay —i 9 Lo~ ,AN)(y, h&, 7)™ f (&) d&

(2m )2
a bounded operator from H*(R?) into H**NT1/2(R? x (0, +00)) satisfying, for anyl € [0, N+ %],

IRAN s prsenipt = ORI, (5-24)

Proof. By construction of the sequence (A ) je(o,...n—1}, We have the system (5-23) with

REy =0p" (1 (-, -,7)) and ri(y,& 1) =—(LiAy —idsLo-3,AN)(¥, £, T)

(see the beginning of Section 5B). As in the proof of Proposition 5.5, r;(, has the form (5-16) (with j = N).
Then, as in the proof of Proposition 5.7 we obtain the estimate (5-24). Ol

5C. Proof of Theorem 5.1. In this section, we apply the above construction in order to prove Theorem 5.1.
Let g € P_H'2(0Q)*, let (Uy, V,, ¢) be a chart of the atlas A, and let ¥, ¥, € C°(U,). Then
f = (p~)*(¥2g) is a function of H'/2(V,)* which can be extended by 0 to a function of H!/2(R?)*.
Then, for h =1/m and any N € N, the previous construction provides a function u};\, e H'(R? % (0, +00))*
satisfying _
(D, —ul, = AWNFIRE £ in R? x (0, ¢),
{F_u’;, =f on R? x {0},

with ufl, = Z "_oh/ A f (see Proposition 5.7) and R” f e HV*t1(R? x (0, ¢)) with norm in HVN 1,
le [0, N+5 ] bounded by (’)(hl 172y, Consequently, vN = qb*uN, defined on V, ,, satisfies

(D — 2V =WV TLY*(RE £) in Ve,
F_v?\, =g on U,.
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Now, let ESX(2)[y2g] € H'(Q)* be as in Definition 4.1. Since I'_v, = T_E2(2)[yg] = ¥g, the
following equality holds in V,, ,:

vy — Eg(@) 28] = WM T (Hyirr(m) — 2) 7' ¢* (R (0™ * (¥29)).
From this, we deduce that
Y1 2(8) = YT En(D[¥2g] = 1Tl — hY 1y Ty (Har — 2) 7' (R (07 ) * (¥22)).
Since ¢ |y, = ¢, for any u € H'(V,, x (0, £))*, we have that
Ty¢*w) = ¢*(Pyu Ly xq0), 1T 10k = Y19* Op” (@) (™) g,
with

N N
an(3.8) =) hPLAj(y,£0)=Y hiPiB;o(y, %),
Jj=0 j=0

where Bj o € h’S~J are introduced in Proposition 5.5. Thus, from Proposition 5.4, in local coordinates,
the principal semiclassical symbol of 7, is given by

P II_P_
P Boo(y,§) = P1Ao(y,§,0) = k—w()’, £).
+
Thanks to property (5-8) it is equal to
S-(EAn®(y)
—OYP_(y,£) = 2P (y.8).

VG e, 6) +1+1

We conclude the proof of Theorem 5.1 from results of Section 2D and by proving the following lemma
which is a consequence of the above considerations, the regularity estimates from Theorem 3.1(iii),
Theorem 3.4(i), and Proposition 4.2.

Lemma 5.9. Let 1, ¥y € C®°(X) be such that supp(yr1) Nsupp(¥2) = &. Then, for mg > 0 sufficiently
large, m > my, and for any (k, N) € N* x N¥,

11 Vol p_mi2csy s poakesys = Om ™).

Proof. Let ¢y, Y, € C°°(X) with disjoint supports. Thanks to Theorem 3.1(iii) and Theorem 3.4 (i),
to prove the lemma it suffices to show that, for any (N, N) € N2, there exists Cy,.N, such that, for
ge P_H'2 (D),
Cn.N _
||(wlézfm‘ﬁz)g||p+yl\’z+l/2(>:)4 =< ﬁ(n?go”(HMlT(m) —2) 1||H"(Q)4»H"+1(Q)4)
x| (Haair(m) = 27 13 gy paape I8 p_mgeys. (5-25)

For this, let us introduce ®; € Cgo(ﬁ) such that ®; = 1 near supp(¥;) and ®; = 0 near supp(yr2). Thus
for g € P_HY?(X)* and E,Ef(z)[xﬂzg] € H'(R) as in Definition 4.1, the function u1 » := ®; Efnz(z)[l/fzg]

satisfies o )
{(Dm —2uip =[Do, ®11E,;(2)[Y2g] inQ,
F_l/t1’2=q)][2¢2g20 on X.
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Then, u1» = (Hyir(m) —z) "' [Do, ®11EL(2)[¥2¢], and, for any @ € C$°() equal to 1 near supp(¥y),
we have

Y1 2(8) = Y1 T4 @1 (Hyrr (m) — )~ [ Do, ©11Eg (2)[¥28]-
Moreover, by choosing &31 such that 1 < @, thatis &; =1 on supp(&s 1), both functions o 1 and
[Dg, ®1] have disjoint supports, and we can then apply the telescopic formula
@ (Hyr(m) —2)~ (1 = x1) = @1 (Hyrr(m) —2) "' [ Do, xs1- - (Hwrr(m) — )~ [ Do, x2]
x (Hnrr(m) —2)~' (1 = x1)

for (x;)1<i<s afamily of compactly supported smooth functions such that 51 <AJ=<XJ_1 =< =<1 <Dy,
J = N1+ N,. Since [Dg, 1] = (1 — x1)[ Do, ©1], the above telescopic formula allows us to write
Y1, Pa(g) as a product of J cutoff resolvents of Hyyr(m). Now, by Proposition 4.2, we have

Q
I E, @) [V28]ll2@p S T”g”LZ(E)“
Thus, using the continuity of I'y from H™2T1(Q) to HN2*1/2(%), we then get the estimation (5-25),
finishing the proof of the lemma taking N> = k and N; such that Ny > N + %NQ(NQ —1). O

Remark 5.10. Note that, for any m > 0 and z € p(Hwr(m)), the parametrix we have constructed for .27,
is valid from the classical pseudodifferential point of view. Actually, Lemma 5.9 is the only result where
the assumption that m is big enough has been assumed, and it is exclusively required to ensure that away
from the diagonal the operator 7, is negligible in 1/m. In the same vein, if m is fixed then the proof of
Lemma 5.9 still ensures that away from the diagonal <7, is regularizing. Consequently, we deduce that,
for any m > 0 and z € p(Hwmrr(m)), the operator <7, is a homogeneous pseudodifferential operator of

order 0, and that
Dy

V=Ax

which is in accordance with Theorem 4.5.

Ay = P_ mod OpS~ (D),

Remark 5.11. If Q is the upper half-plane {(x], x3, x3) € R3 : x3 > 0}, we easily obtain that 7, is a
Fourier multiplier with symbol

o) = @ E=D)
&[> +m?+m
6. Resolvent convergence to the MIT bag model
In the whole section, 2 C R? denotes a bounded smooth domain, we set
Q=0 Q=R\Q ad T =92,

and we let n be the outward (with respect to €2;) unit normal vector field on X.
Fix m > 0, and let M > 0. Consider the perturbed Dirac operator

Hy o = (D, +MBlg,)g forall ¢ € dom(Hy) := H'(R*)*,
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where 1q, is the characteristic function of €2,. Using the Kato—Rellich theorem and Weyl’s theorem, it is
easy to see that (Hys, dom(Hyy)) is self-adjoint and that

Spess (Hy) = (—00, —(m + M)]U[m + M, +00)
and

Sp(Hy) N (—(m + M), m 4+ M) is purely discrete.
Now, let Hyr(m) be the MIT bag operator acting on L2(;)%, that is
Hyiir(m)v = D,,v  for all v € dom(Hyr(m)) :={v € HI(Q,»)4 :P_tsv=0o0n X},

where fx and P are the trace operator and the orthogonal projection from Section 2A.

The aim of this section is to use the properties of the Poincaré—Steklov operators carried out in the
previous sections to study the resolvent of Hy; when M is large enough. Namely, we give a Krein-type
resolvent formula in terms of the resolvent of Hyr(m), and we show that the convergence of Hj, toward
Hyirr(m) holds in the norm resolvent sense with a convergence rate of O(1/M), which improves the
result of [Barbaroux et al. 2019].

Before stating the main results of this section, we need to introduce some notation and definitions.
First, we introduce the Dirac auxiliary operator

ﬁMu = Dppyu forallu e dom(ﬁM) ={u e Hl(Qe)4 : Pitsu=0o0n X}

Notice that Hy; is the MIT bag operator on €2, (the boundary condition is with P, because the nor-
mal 7 is incoming for €2,). Since €2, is unbounded, Theorem 3.1 together with Remark 3.2 imply that
(Hy, dom(Hyy)) is self-adjoint and that

SP(Hr) = Spess (Hyr) = (=00, —(m + M)] U [m + M, +00).
In particular, p(Hy) C p(Hy)). Let z € p(Hyr(m)) N p(Hy), g € P-HY2()* and h € PLH'/2()*.
We denote by E,i,z" (z): P_HY?>(2)* - HY(Q;)* the unique solution of the boundary value problem

{(Dm —2v=0 in;,

6-1
P_tsv=g in X. -1

Similarly, we denote by Efnzi y@):PLH 12()* > H'(Q,)* the unique solution of the boundary value
problem
(Dm-i-M - Z)l/l =0 %Il Qe’ (6-2)
Pitsu=nh in X.
Define the Poincaré—Steklov operators associated to the above problems by

dpy=PitsEyi()P- and o, ), = P—IEEZiM(Z)PJr'

Notation 6.1. In the sequel we shall denote by Ry, (z), §M (2), and Ryt (2) the resolvent of Hyy, I-IM,
and Hyr(m), respectively. We also use the notation

e 'L =Pitsand I’ = F_,_I‘Q[ +F_7"Qe,
e Ev(2) = eq,En' () P— +eq ES, 1y (2) Py,

e Rvir(z) = e, Rmir(2)ro; + eﬂgﬁM(Z)rQe-



A POINCARE-STEKLOV MAP FOR THE MIT BAG MODEL 2957
With these notations in hand, we can state the main results of this section. The following theorem is
the main tool to show the large coupling convergence with a rate of convergence of O(1/M).

Theorem 6.2. There is My > 0 such that, for all M > My and all z € p(Hyrr(m)) N p(Hyy), the operator
V() =U - d’ MeJrM) is bounded invertible in H'/*(X)*, the inverse is given by

W, (@) = s — Al g — Aoy @)U+ A+ ),
and the following resolvent formula holds:

Ry (2) = Rwir(2) + En (@) ), T Ry (2). (6-3)
Remark 6.3. By Proposition 4.2(i), we have that
(Efi ()" = =BTy Ruir(@) and  (Ep () = =BT Ry (3)
for any z € p(Hyvrt(m)) N p(Hyy). Thus, the resolvent formula (6-3) can be written in the form

Ry (z) = Rvir(2) — (ﬁrﬁMIT(Z))*qja}l ()T Rt ().

Before going through the proof of Theorem 6.2, we first establish a regularity result that will play a
crucial role in the rest of this section. It concerns the dependence on the parameter M of the norm of an
auxiliary operator which involves the composition of the operators <7 and .«7¢

m+M-
Proposition 6.4. Let </ and oy v be as above. Then, there is My > 0 such that, for every M > My
and all z € p(Hyvitr(m)) N p(Hyy), the following hold:
(1) For any s € R, the operator Ep(2) : HS(Z)* - H(2)* defined by
En(@) =y — Aol — Ay Ti) ! (6-4)
is everywhere defined and uniformly bounded with respect to M.

(ii) The Poincaré-Steklov operator, <7y, ;. satisfies the estimate

—1
||”Q{m+M||P+HS+1(Z)4~>P,HS(E)4 S M for all s S R.

Proof. (i) Set T := (m + M). Then the result essentially follows from the fact that E,,(z) is a 1/t-
pseudodifferential operator of order 0. Indeed, fix z € p (Hmir(m)) N p(Hyr) and set h = 7~ 1. Then, from
Theorem 4.5 and Remark 5.10, we know that 7! is a homogeneous pseudodifferential operator of order 0.
Thus ! can also be viewed as a h-pseudodifferential operators of order 0. That is, 7! € Op" S%(%),
and, in local coordinates, its semiclassical principal symbol is given by

S- (& Anx))P_
|E An(x)]

where we identify & € R? with & = (&, &, 0)' € R?, and, for x = ¢(X) € =, we let n(x) stand for n?(¥).
Similarly, thanks to Theorem 5.1, for A sufficiently small (and hence M big enough) and all 4 < hg, we

ph,d,f, ()C, S) =
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also know that <77, is a h-pseudodifferential operator and that

S-(EAn(x)Py

ph,,rz%,ﬁ+M(x, 5) = — .
VIEAnR)]2+1+1

oy €O0p" SU(E),

Therefore, the symbol calculus yields, for all & < h, that (Is — <} /¢ M= Dy wh) is a 1/t-
pseudodifferential operator of order 0. Now, Lemmas A.3 and A.1 yield
S-EAnX)PLS-EAnx) Py |§AnX)| Py

EARIVIEARDPE+T+1)  VIEARGP+1+1

Thus
Iy — P,y (X, ) phere, (X, 8) — P e

m+M

(X2 )P gy (3, 6)
Al VIEAR@PF I+ L+ EARMI

=I4—|— >
EAR)2P+1+1 lEAR)2+1+1

From this, we deduce that (I — o/,.7¢. \, — /¢, ) is elliptic in Op” (). Thus, Ex(z) €
Op” §°(2), and, in local coordinates, its semiclassical principal symbol is given by

VIEARX)P+1+1
PhiEy (X, §) = - :
VIEARM)IT+ 1+ 1418 An(x)
As Epy(2) is an h-pseudodifferential operator of order 0, it follows from the Calderén—Vaillancourt
theorem (see (2-9)) that E,,(2) : H*(2)* — H*(X)* is well defined and uniformly bounded with respect
to M for any s € R proving assertion (i) of the theorem.

The proof of assertion (ii) exploits also the Calderén—Vaillancourt theorem which shows that, for
any s € R, any operator in 4 Op” S%(X) is uniformly bounded by O(h), with respect to &z =t~ € (0, 1),
from H*T!1(X)* into H*(X)* (see (2-9)). Thus, for any s € R,

| = Los(/=e a5+ T+ D)7y

uniformly with respect to t large enough. Then we conclude the proof of assertion (ii) by using that
(v/—t72Ax + I+ 1)~" is uniformly bounded from H**!(X)* into itself and that Dy is bounded from
HT ()% into H*(X)* (as a first order differential operator). O

< 'L'_] s
Hs+H1 (D)4 — Hs ()* ~

We can now give the proof of Theorem 6.2.

Proof of Theorem 6.2. Let My be as in Proposition 6.4 and M > My. Fix z € p(Hyvir(m)) N p(Hyr), and
let f € L2(R%)*. We set
v=ro,Ry@)f and u=rq Ry (2)f.

Then u and v satisfy the system

(Dm—2v=f in €2;,

(Dm4m —2u=f in L,

P_tsv= P_tsu on X,

Pitsv=Pitsu on X.
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Since E "(z) and Em 4 (2) give the unique solution to the boundary value problem (6-1) and (6-2),
respectively, and
I_Rwir(@re, f =0 and TRy (2)re,f =0,
if we let
p=T_u and ¢y =TI,v,
then it is easy to check that

{v = Ruir(@)re, f + Ex' (29, (6-5)

u=Ryu@)ro,f+ Em+M(Z)W-
Hence, to get an explicit formula for Ry;(z), it remains to find the unknowns ¢ and . For this, note that
from (6-5) we have

{w =Tyro,Ru(@) f =Ty Rair(@re, f + Ty En' (2)g), 66

¢ =T_ro Ry(2)f =T_Ry(@re,f +T_Epn (D[]
Substituting the values of i and ¢ (from (6-6)) into the system (6-5), we obtain
Ry (2) = eq, Rmir(2)ra, + eq, Ry (2)ra, + (eq, ESi(2)T_rg, + eQeEn?iM(Z)F+’”S2,-)RM(Z)
= Rwir(2) + Em ()T Ry (2). (6-7)
Note that, by definition of the Poincaré—Steklov operators, (6-6) is equivalent to

{Vf =Ty Rurr()re, [+ 7, (9),
¢ =T_Ry@ra, [+ 2y ().
Thus, applying I' to the identity (6-7) yields

(6-8)

TRt (2) = (I = ey, — oy y )T Ry (2) = W (T Ry (2).
Now, we apply (I + o/ + </¢ 'nia) to the last identity and get
I —i—,ng’ +,Q%6+M)FRMIT(z) (I —ﬂnzﬂfrﬁ_kM de MEQ{!)FRM(Z) = (Em(@))~ IFRM(Z)

where E,/(z) is given by (6-4). Then, thanks to Proposition 6.4, we know that, for M > M, the operator
(Ep(2))~" is bounded invertible from H'/>(£)* into itself, which actually means that W, is bounded
invertible from H'/?(£)* into itself, and that

o' = En@U + A+ A ).
From this, it follows that
TRy (2) = ¥y, ()T Rurr (2).

Substituting this into formula (6-7) yields
Ry (2) = Rwir (@) + En ()W}, ()T Ruir (2),
which achieves the proof of the theorem. (I

As an immediate consequence of Theorem 6.2 and Proposition 6.4 we have the following.
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Corollary 6.5. There is My > 0 such that, for every M > My and all 7z € p(Hyrr(m)) N p(Hyy), the
operators Eﬁi,l(z) : PLHS(2)* > PLHS(X)* defined by
B @ =U—-g,di )™ and Ey(2) = — i)

are everywhere defined and bounded for any s € R, and

123 @l py s (syi Py syt S 1
uniformly with respect to M > M.
Moreover, if v € HY(R** solves (D,, + MBlg, —z2)v = eq, f, for some f € L%(Q;)*, then rQ, v
satisfies the boundary value problem
(D —2rqu=f in ;,
F_v=Ey@) T+ Rr@) f on (6-9)
Fiv=T4yRuir(x)f + T v on .
Proof. We first note that Eﬂi,,(z) = Py E)(z) P+. Thus, the first statement follows immediately from
Proposition 6.4 . Now, let f € L*(Q:)*, and suppose that v € H'(R*)* solves (D, +MBlg,—z)v=egq, f.
Thus (D,, — z)rg,v = f in €;, and if we set
¢=P_tyv and ¢ = Pityv,
then, from (6-8), we easily get

¢ =Ey@ T+ Ruir(@) f and ¥ =Ty Rurr(2) f + 9,9,
which means that ro, v satisfies (6-9). U

Remark 6.6. Notice, from (6-8) and Corollary 6.5, we have

(F+’"Q,-RM(Z)JC):<EL(Z) 0 )( I szn‘;><F+R341T(Z)rQif>
[ _ro Ru(2) f 0 Ey@/\dy iy Ia T Ru@re.f )’

With this observation, we remark that the resolvent formula (6-3) can also be written in the following
matrix form:

<rgiRM<z>) B (RMIT@m,,) N (Ef,ff @DE @,y Emw(DEy Q) )(MRMT(z)mi)

re.Ru(2) Ru@re, EX L (DELG@)  EX ,@EL @)\ T-Ry(re,

An inspection of the proof of Theorem 6.2 shows that, for any M > 0, z € p(Hwmrr(m)) N p(Hy), and
f € L*(R%)*, one has

T Rwvir(2) f = Wa ()T Ry (2) f- (6-10)

When f runs through the whole space L*(R3)*, then the values of FﬁMIT(z) f and T'Ry;(2) f cover
the whole space H'2(£)*, which means that Rn(¥y,(z)) = HY?(Z)*. Hence, if one proves that
Kr(Wy(z)) = {0}, then Wy, (z) would be boundedly invertible in H'/?(X)*, and thus (6-3) holds without
restriction on M > 0. The following theorem provides a Birman—Schwinger-type principle relating
Kr(Hy — z) with Kr(Wy,(z)) and allows us to recover the resolvent formula (6-3) for any M > 0.
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Theorem 6.7. Let M > 0, and let Vy; be as in Theorem 6.2. Then, the following hold:
(i) Foranya € (—(m+ M), m + M) N p(Hyrr(m)), we have a € Spp(HM) < 0e€ Spp(\IJM(a)) and

Kr(Hy —a) ={Eu(a)g : g € Kr(Vy(a))}.

In particular, dim Kr(Hy; — a) = dim Kr(Wys(a)) foralla € (—(m+ M), m + M) N p(Hyrr (m)).

(i1) The operator WV y;(2) is boundedly invertible in H'2(2)* for all z € p(Hyrr(m)) N p(Hyy), and the
following resolvent formula holds:

Ry (2) = Rvrr(@) + En (25, )T Ryir (2). (6-11)

Proof. (i) Let us first prove the implication (=). Leta € (—(m 4+ M), m + M) N p(Hyrr(m)) be such
that (Hy; —a)e = 0 for some 0 # ¢ € H'(R*)*. Set ¢, = ¢, and ¢_ = ¢|q,. Then, it is clear that ¢
solves the system (6-1) for z =a with g = '_¢, and ¢_ solves the system (6-2) with 7 = " ¢. Thus,
Yy = E,,Sz" (@)T_¢and ¢p_ = EnsfiM(a)FJrgo. Hence, ¢ = Ep(a)tsp and 'L # 0, as otherwise ¢ would
be zero. Using this and the definition of the Poincaré—Steklov operators, we obtain

I+ Z)T_g =itz =tz =t59_ = (L4 + g ), )T 10,
and, since ty ¢ # 0, it follows that
W@tz = (Is — oy — ) )ng =0,

which means that 0 € Spp(\IlM (a)) and proves the inclusion Kr(Hy —a) C {Ey(a)g : g € Kr(Wy(a))}.
Now, we turn to the proof of the implication («). Leta € (—(m + M), m + M) N p(Hyyr(m)) and
assume that 0 is an eigenvalue of Wy, (a). Then, there is g € H'2(2)*\ {0} such that ¥;(a)g =0 on .

Note that this is equivalent to
(P + )8 = (Py+ )8 (6-12)

Since a € (—(m + M), m + M) N p(Hyur(m)), the operators E5 (a) : P_H'/2(£)* - H'(Q:)* and
E;fiM(a) : PJFHI/Z(E)4 — H'(Q.)* are well defined and bounded. Thus, if we let ¢ = Ey(a)g =
(ESi(a)P_g, ES¥ ,,(a) P+g), then ¢ # 0 and we have that (D,, —a)p =0 in ; and that (D, 1y —a)p =0
in Q.. Hence, it remains to show that ¢ € H'(R*)*. For this, observe that, by (6-12), we have

tEE;S;Ei (a)P_g = (P- +«527ni1)g =(Py+dpy )8 = tzEnsz;M(a)PJrg.

Thanks to the boundedness properties of E,S,,z" (a) and E 512; y (@), it follows from the above computations
that ¢ = Ey(a)g € H'(R*)*\ {0} and ¢ satisfies the equation (Hy; —a)p = 0. Therefore, a € Spp(HM),
and the inclusion {Ey(a)g : g € Kr(Wy(a))} C Kr(Hy — a) holds, which completes the proof of (i).

(i) Let z € p(Hyvut(m)) N p(Hyy), and note that the self-adjointness of Hy, together with assertion (i)
imply that Kr(W¥y,(z)) = {0}, as otherwise Kr(Hy; — z) # {0}. Since Rn(¥y;(z)) = H'/?(X)* holds for
all z € p(Hvrr(m)) N p(Hyy), it follows that Wy, (z) admits a bounded and everywhere defined inverse
in H'/2(2)*. Therefore, (6-10) yields T'Ry (z) = ¥;,' (z)T' Rvrr(z), and the resolvent formula (6-11)
follows from this and (6-7). [l
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Remark 6.8. Note the different nature of Theorems 6.2 and 6.7: the second ensures the invertibility of Wy,
and yields the resolvent formula (6-11) without assumption, while the first is based on a largeness assump-
tion that allows us (thanks to the semiclassical properties of PS operators) to obtain the explicit formula
of the operator (W)~!. Note that in Theorem 6.7 we do not know a priori whether (W)~ Lis uniformly
bounded when M is large, and hence (6-11) is not suitable for studying the large coupling convergence.

In the next proposition we prove the norm convergence of R (z) toward Ryr(z) and estimate the
rate of convergence.

Proposition 6.9. For any compact set K C p(Hyr(m)), there is My > 0 such that, for all M > My, we
have K C p(Hy) and, for all z € K, the resolvent Ry admits an asymptotic expansion in L(L2(R3)% of
the form

Ru(z) = eq, Rmit(D)ro; + %(KM(Z) + Lu(2)), (6-13)

where Ky (2), Ly (z) : LA(R3)* — L2(R*)* are uniformly bounded with respect to M and satisfy

ro, Ky (eq, =0=rq,Ky(2egq,.

In particular, .

|Ru (@) — e, Rurr(@re, ey 2oy = (57 )- (6-14)

Before giving the proof, we need the following estimates.

Lemma 6.10. Let K C C be a compact set. Then, there is My > 0 such that, for all M > My, we have
K C ,o(ﬁ m) and, for every z € K, the following estimates hold.:

~ 1 ~ 1
IRy (@) fll 20t + —M||F_RM<z>f||Lz(z>4 S ey forall f e L*(Q.)%,

T

~ 1
IT-Ru @ fllirremp S 371 2 forall f € L*(Q.)%,
1
IEZ @DV 2t S =Vl forall y € PLLA(D),

1
Q,
I @V 2@t S IV lmaey forall yr € P HYA (D)

Proof. Fix a compact set K C C, and note that, for M; > sup_x {|Re(z)| —m}, we have K C p(Dpyum,),
and hence, K C p(ﬁM) for all M > M;. We next show the claimed estimates for EM (z) and F_ﬁM (2).
For this, let z € K, and assume that M > M. Let ¢ € dom(Hy,). Then a straightforward application of
Green’s formula yields

HHM @720, = 1@ V@I F2q, s + n+ M0l 2 0 s + A+ M) Ptz 75 5
Using this and the Cauchy—Schwarz inequality we obtain
|| (HM - Z)(/J “%2(9()4 = || HMq)”%Z(Qe)ét + |Z|2 ||(P||i2(98)4 - ZRC(Z)<HM§0, (p>L2(Qe)4
> | Hu@l 72,0 + 122101720, — 3 1HM@ T2 00 = 2R PNl 72 10
> (50m+M)* + Im@)1* = Re@) )19l 72, s + 3MI P-159117 5 0-
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Therefore, taking Ry @) f=¢pand M > M, > supzeK{\/lRe(z) |2 — |Im(z)|2—m}, we obtain the inequality

~ 1 ~ 1
| Rm (@) f 2t + _M”FfRM(Z)f”LZ(Z)“ < M”]CHLZ(QE)“'

NeTi

Since I'_ is bounded from L%(2,)* into H~/2(X)%, it follows from the above inequality that

~ ~ |
IT-Ru (@) fllg-12my¢ S MU=l 2@t = a-12m)4 1RM (D) fll 20t S Mllf”LZ(szE)4

for any f € L*(2,.)*, which gives the second inequality.
Let us now turn to the proof of the claimed estimates for Eﬁi y(@)- Let ¥ € PLL*(X)*. Then, from

the proof of Proposition 4.2, we have

Q <
1K ||%2(>:)4 =z (m+M) ||Em+M(Z)w“%2(Qe)4 - 2|Re(z)|||Em+M(Z)1ﬂ||iz(Qg)4-

Thus, for any M > M3 > sup_ g {4|Re(z)| — m}, we get

Q2 2 2
M”Em+M(Z)¢‘”L2(QE)4 < 2||W||L2(2)4’

Q.
m+M

one and Proposition 4.2. Indeed, from Proposition 4.2(ii), we know that g T_Ry(Z) is the adjoint of

the operator Engf;M (z): PLH'*(2)* = L*(Q.)%. Using this and the estimate fulfilled by F,ﬁM (2), we

and this proves the first estimate for £ (z). Finally, the last inequality is a consequence of the first

obtain
Q. s
S E @) 2@t = KD Ru (D) f, BY) u-12(5)4, 112 (54
~ 1
SIT-Ru@ fla-r2e IVl mrsy S M”f”LZ(QL,)“”w”Hl/z(Z)“-

Since this is true for all f € L?(2,)*, by duality arguments, it follows that

Q. 1
IEy @V Izt S 371V ey forally € PLHYA()Y
which proves the last inequality. Hence, the lemma follows by taking My = max{M;, M», M3}. ]

Proof of Proposition 6.9. We first show (6-14) for some M) > 0 and any z € C\ R. So, let us fix such
az,and let f € L>(R*?. Then, it is clear that z € p(Hyr(m)) N p(Hy), and, from Theorem 6.2 and
Remark 6.6, we know that there is M > 0 such that, for all M > M),

| (Rum(2) — eq; Rvit(2)ra;) f 1 2@y
<IEZ(2) 8y (@ T Ruir@)re, £l 12t + I ES (D) By (T Ry (e, fll 200y
FIES (@B @ Rurr(@re, fll 2@t + 1 En (D) B @i TRy (2)ra, 20
+ ||§M(Z)rszef||L2(sz,_,)4
=i+ h+B+J+ s

From Lemma 6.10 we immediately get J5 < M~! Il 1. Now notice that I' . Ryrr(2) : L*(Q)*— H'2(2)4,
A HV2(2)* - H'Y2(S)* and Eyi () : H-V/A(2)* — H (o, i) C L2(2)* (where H (a, ;) is defined
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by (2-2)) are bounded operators and do not depend on M. Moreover, thanks to Corollary 6.5, we know
that, for all s € R, there is C > 0 independent of M such that

’-‘:‘:
| &% @I pebs sy = porszy* < C.
Using this and the above observation, for j € {1, 2, 3, 4}, we can estimate J; as follows:

I SVES @l p_ 122yt 20 19 op lm2csy o a2z 1T+ Rurr @7, £l iz sy
DS ||E,§lzi (Z)||H—'/2(Z)4—>L2(Q,-)4||F—§M(Z)FQEf||H—'/2():)4,

NEDS ||EngfiM(Z)||H1/2(2)4—>L2(Qe)4||F+RMIT(Z)’”Q,-f||H1/2(2)4’

Ja S ||E,iziM(Z)”LZ(E)4—>L2(Qe)4”fdril||L2(2)4—>L2(2)4”F—ﬁM(Z)rQefHL?(E)“-

Therefore, Proposition 6.4 (ii) together with Lemma 6.10 yield
TS 4l iy forany j €{1,2,3,4)
Thus, we obtain the estimate

C
| (Rum(2) — eq; Rmit(2)ra;) fll 2@y < Ml|f||L2(R3)4- (6-15)
Moreover, the asymptotic expansion (6-13) holds with

Ly (2) = M(eg, Ru(2)ra, +eq, ES (2) By (2) 8y Tt Ruim(Drey
+eq, Ep 1y E (@7 T_Ry (2)ra,).
and
Ky (z) = M(eg, ES (2) By ()T - Ry (2)rg, +eq, Ef,f:’rM(z) By T Ruir(D)re,),

and we clearly see that ro, Ky (2)eq, =0=rq, Ky (2)egq,.

Finally, since (6-15) holds true for every z € C\ R, for any fixed compact subset K C p(Hmir(m)),
one can show by arguments similar to those in the proof of [Barbaroux et al. 2019, Lemma A.1] that
there is Mo > M|, such that K C p(Hy). The proposition follows from the same arguments as before. [J

6A. Comments and further remarks. In this part we discuss possible generalizations of our results and
comment on the usefulness of the pseudodifferential properties of the Poincaré—Steklov operators.

(1) First note that all the results in this article which are proved without the use of the (semi) classical
properties of the Poincaré—Steklov operator are valid when X is just C!“-smooth with € (%, 1), and
can also be generalized without difficulty to the case of local deformation of the plane R? x {0} (see
[Benhellal 2022b] where the self-adjointness of Hyyr(m) and the regularity properties of CD?M, Cem>s

and A%, were shown for this case). We mention, however, that in the latter case the spectrum of the MIT
bag operator is equal to that of the free Dirac operator; see [Benhellal 2022b, Theorem 4.1].

(2) It should also be noted that there are several boundary conditions that lead to self-adjoint realizations
of the Dirac operator on domains (see, e.g., [Arrizabalaga et al. 2023; Behrndt et al. 2020; Benhellal
2022a]) and for which the associated PS operators can be analyzed in a similar way as for the MIT
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bag model. In particular, one can consider the PS operator %,,(z) associated with the self-adjoint Dirac
operator

Hyir(m)v = Do for all v € dom(Hyr(m)) := {v € H'(Q)*: Pytsv=00n T}.

According to the previous considerations, this operator can be viewed as an analogue of the Neumann-to-
Dirichlet map for the Dirac operator. Moreover, the same arguments as in the proof of Theorem 4.5 show

that
Ds

S- (Vg An)P, mod OpS~1(Z) =
/_AZ

B (2) = P, mod OpS~1(%)

1
/—A):
for all z € p(Dy) N p(Hyirr(m)).

(3) As already mentioned in the introduction, in [Barbaroux et al. 2019], it was shown that (in the two-
dimensional massless case) the norm resolvent convergence of Hys to Hyyr(m) holds with a convergence
rate of M ~!/2. Their proof is based on two main ingredients: the first is a resolvent identity (see [Barbaroux
et al. 2019, Lemma 2.2] for the exact formula), and the second is the inequality

1
IT-Rum(2) fllrasy S \/—||f||L2(R*)4’ (6-16)

which is a consequence of the lower bound

IV 1720, + M2V 112 g0 = (M = Ollts 1725y

which holds for all ¥ € H'(R3)* and M large enough (see [Stockmeyer and Vugalter 2019, Lemma 4]
for the proof in the two-dimensional case, and [Arrizabalaga et al. 2019, Proposition 2.1(i)] for the
three-dimensional case). Note that the resolvent formula (6-7) together with (6-16) yield the same result.
Indeed, from (6-6) and (6-16), we easily get the inequality

1T+ R (2) fllr2sys S I Il2eys-

This together with (6-7) and Lemma 6.10 yield

|(Rum(2) — eq; Rvit(2)ra;) f 1 L2@meye
<NES ()T —ro, Ru(@) fll 2 + IR (2)re, Szt + ||Em+M(Z)F+rsz,-RM(Z)f||L2(Q,_,)4

1
S I 122 mya-
\/— (R?)

(4) Finally, let us point out that a first order asymptotic expansion of the eigenvalues of Hj, in terms of
the eigenvalues of Hyr(m) was established in [Arrizabalaga et al. 2019] when M — oo. In their proof,
the authors used the min-max characterization and optimization techniques. Note that it is also possible
to obtain such a result using the properties of the PS operator, the Krein formula from Theorem 6.2,
and the finite-dimensional perturbation theory (see [Kato 1966] for example); see, e.g., [Benhellal
2019; Bruneau and Carbou 2002] for similar arguments. Note also that the asymptotic expansion of the
eigenvalues of Hj; depends only on the term Ef,,z" (&) (), n u '+ Rwvit(2)rg,. Indeed, let Ayt be



2966 BADREDDINE BENHELLAL, VINCENT BRUNEAU AND MAHDI ZREIK

an eigenvalue of Hyyr(m) with multiplicity /, and let (f1, ..., f;) be an L?*(Q;)*-orthonormal basis of
Kr(Hymrr(m) — Amrrls). Then, using the explicit resolvent formula from Remark 6.6, we see that
(Ru(2)eq; fr, e fj)L2(|];e3)4 = (E,S,,Zi (2) E;,,(Z)ﬂfni+MF+RMIT(Z)fk, fj)LZ(Q,-)4
= (B @ T+ RviT (@) fir =BT+ RMIT(2) f) 1203y
1 _

= m(DM(Z)%i+MF+fk, —BU4 fi) 22y
which means that E,izi (2) By () T+ RmiT(2)rg; is the only term that intervenes in the asymptotic
expansion of the eigenvalues of Hy,. Besides, recall that the principal symbol of E),(z), , ,, is given by

B S-(E An(0) Py
VIEARE)Z+ (m+ M2+ An()| + (m+ M)

and, for M > 0 large enough, one has

qm(x,§) =

1 S | _
g, €)= =S EAnIPLY g P 6Py, presT.
=1
Using this, we formally deduce that, for sufficiently large M, Hj, has exactly [ eigenvalues ()»,’!” )i<k<]
counted according to their multiplicities (in B(Amrt, 17), With B(Amrr, 7) N Sp(HAvrt(m)) = {Amrr}) and
these eigenvalues admit an asymptotic expansion of the form

N
1 1 i _
A = At + a7t E WM;J( +OM~ Ny, (6-17)
=2

where (i) 1<k< are the eigenvalues of the matrix M with coefficients
mij = 5(BOP(S - (€ AnCONT 4 fi, T fi) 12(5)6-
Appendix: Dirac algebra and applications

In this appendix, we recall the anticommutation relations of Dirac matrices and give formulas used in the
paper. Consider the 4 x 4-Hermitian Dirac matrices «j, j = 1,2, 3, and B, whose possible representation
is given at the beginning of the paper. These Dirac matrices satisfy the anticommutation relations

{aj,ax} =28uls, {aj, B}=0, B=1L, j ke{l,2,3}, (A-1)

where we recall that { -, - } is the anticommutator bracket.

Recall the definition of the spin angular momentum S and the matrix ys (see (2-13)), and note that,
by (A—l), we have S = (i()[za3, —ia1a3, ial()lz).

Using the anticommutation relations (A-1), we easily get the following identities for all X, Y € R3:

ila-X)(a-Y)=iX-Y+S-(XAY), [ys,a-X]=0,

(A-2)
(S-X,a-Y}=—2(X-Y)ys, [S-X,B]=0.

Let us now give some relations we have used for #, a normal vector field to a smooth domain 2 C R3,
and for 7, a tangent vector, in particular for T = n A &, where £ is a Fourier variable.
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Lemma A.1. Let n € R3, and let T € R? be such that T L n. Then the following identity holds:
(S-t+it@-mp)’ =t +Inl*)La.
Proof. Using the relations (A-1) and (A-2), we get

(S-0)=ys(a-1)ysa 1) = (y5)° (@ - 1)* = |7 Lu.
Then we have

(S t+il@ -mp)’ =1t = (a-mp)> +i{S 1, (@-mp} = (t* +n) L +i{S -7, (-8B},
and since t -n =0, by (A-2), we obtain
{S-t,(a-nB}={S-t,a-n}p+a-n[S-1,8]=0,
and the conclusion follows. O
Proposition A.2. For & € R and n € R? such that |n| = 1, we define the matrix-valued function
lo(n, &) =i(a-n)(e-§+p).
Then ly(n, &) has two eigenvalues given by
pir(n, &) i=in-E£r(n, &), withi(n,&)=+/|n AEX+ 1.

The associated eigenprojections (onto Kr(lo(n, §) — p+(n, £)14)) are given by

S-(n/\S)—i—i(a-n)ﬂ)
An, &) '

[Mi(n, &) := %(14:&
Proof. By applying (A-2) for (X, Y) = (n, &), we get
lon, &) =in -EL4+S-nANE)+i(a-n)p.
Thanks to Lemma A.1, the Hermitian matrix h(n, £) ;=S - (n A &) +i(x - n)B satisfies
h(n,§)* = (In A&+ 1) 1a = A(n, ).

Therefore, h(n, &) has the eigenvalues £A(n, §), and the associated eigenprojections are given by

1 h(n,§)
Mi(n,&)==(L4x ,
21, ) 2<4 e
which proves the claimed results since lo(n, &) =in-§l4+h(n, §). O

Lemma A.3. Given n € R? such that |n| =1, let P+ =T14(n, 0) = %(14:&1'(0: -n)B) be the eigenprojections
onto Kr(i(« - n)B F 14). The following properties hold:

() For any v € R3 such that t 1 n, we have

PL(S-t1)=(S-1)Px, Pi(a-n)=(ax-n)Px and Pip=pP.
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(ii) For any & € R3, the projections T+ (n, &) defined in Proposition A.2 satisfy

Pil'IiPi = k+P:|:, P:FH:EP = k,P:t and P:tH;FP = :F®P , (A-3)
with
1
kr(n,&)==|1x , Om,&)=—S-(nn§). A-4
+(n, §) 2( X(mé‘)) (n,§) 2. E) (nn§) (A-4)
Proof. The relations of (i) follow from (A-2). For the proof of (ii), let us write [T+ (n, £) as
1 i 1
Ni(n, &) =Pyt ——S-nAE)P- £+ = (- —1).
+(n,§) =Py . ) (nA§)Px 2(05 n)ﬁ<x(n,f§) )
Then, using item (i) of this lemma (with T =n A §) and the fact that Pri(a -n)B = Py, we get
1 1
Pl = P:|::|:—S-(l’l/\%‘)P:F-f-l ——1 Pi=k+P:|::|:®P:F,
2\ 2\ X
Pl'I—j:IS(/\S)P L(! 1)P-=k_P-+0OP
FHET I MASIET AL FEAEREE
with k+ and © as in (A-4). Hence, (A-3) directly follows from the above formulas and the fact that Py
are orthogonal projections. O
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