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We study a system of semilinear wave equations on Kerr backgrounds that satisfies the weak null condition.
Under the assumption of small initial data, we prove global existence and pointwise decay estimates.
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1. Introduction
The semilinear system of wave equations in R'*3

O = Q[0, dp],  @li=0 = Po, 0Pli=0 = &1,

where Q is a quadratic form, for small initial data has been studied extensively. For the scalar equation, it
is known that the solution can blow up in finite time for ¢ = (3;¢)?; see [John 1979]. On the other hand,
if the nonlinearity satisfies the null condition by Klainerman [1984], e.g., L¢p = (3,0)% — |0, 0|2, it was
shown independently in [Christodoulou 1986] and [Klainerman 1986] that the solution exists globally.
This result was extended to quasilinear systems with multiple speeds, as well as the case of exterior
domains; see, for instance, [Metcalfe et al. 2005; Metcalfe and Sogge 2005; 2007; Hidano 2004; Lindblad
et al. 2013; Klainerman and Sideris 1996; Alinhac 2003; Lindblad 1992; 2008; Sideris and Tu 2001;
Facci and Metcalfe 2022]. There have also been many works for small data in the variable coefficient case.
Almost global existence for nontrapping metrics was shown in [Bony and Héfner 2010; Sogge and Wang
2010]. Global existence for stationary, small perturbations of Minkowski was shown in [Wang and Yu
2014], for nonstationary, compactly supported perturbations in [Yang 2013], and for large, asymptotically
flat perturbations that satisfy the strong local energy decay estimates in [Looi and Tohaneanu 2022]. In
the context of black holes, global existence was shown in [Luk 2013] for Kerr space-times with small
angular momentum, and in [Angelopoulos et al. 2020] for the Reissner—Nordstrom backgrounds.
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Written in harmonic coordinates, the Einstein equations take the form

Dgg/w = P[aug» dvgl+ Q;w[ag’ 0gl,

where U, is the wave operator on the background of the Lorentzian metric g, and P and Q,,, are quadratic
forms with coefficients depending on the metric. Unfortunately the nonlinear terms do not satisfy the null
condition. Yet Christodoulou and Klainerman [1993] were able to prove global existence for Einstein
vacuum equations R, =0 for small asymptotically flat initial data. Their proof avoids using coordinates
since it was believed the metric in harmonic coordinates would blow up for large times. However, later
Lindblad and Rodnianski [2003] noticed that Einstein’s equations in harmonic coordinates satisfy a
weak null condition, and subsequently used it to prove stability of Minkowski in harmonic coordinates
[Lindblad and Rodnianski 2005; 2010]. Whereas it is still unknown if general equations satisfying the
weak null condition have global existence for small initial data, there have been a number of results in
that direction, including detailed asymptotics of the solution; see for example [Alinhac 2003; Lindblad
1992; 2008; 2017; Keir 2018; Deng and Pusateri 2020; Yu 2021a; 2021b].

There has recently been a lot of activity in proving asymptotic stability of black holes. As a first step
people have proved decay of solutions to wave equations on Schwarzschild and Kerr background [Blue and
Soffer 2003; 2005; Blue and Sterbenz 2006; Marzuola et al. 2010; Dafermos and Rodnianski 2009; Tataru
and Tohaneanu 2011; Dafermos et al. 2016; Andersson and Blue 2015]. People have also studied semilinear
perturbations [Luk 2013; Ionescu and Klainerman 2015] satisfying the null condition, but apart from
our recent papers [Lindblad and Tohaneanu 2018; 2020], and a global existence result for the Maxwell—-
Born-Infeld system on a Schwarzschild background [Pasqualotto 2019], little is known about quasilinear
perturbations or semilinear perturbations satisfying the weak null condition. There has more recently been
progress on the nonlinear stability of Schwarzschild and Kerr [Klainerman and Szeftel 2022a; 2022b;
2023; Dafermos et al. 2021; Giorgi et al. 2022]. These proofs are very long, using sophisticated geometric
constructions. We hope that studying models of Einstein’s equations in wave coordinates will simplify
the proofs and lead to a better understanding and extensions as it did for the stability of Minkowski space.

Finally we remark that there are several recent works on the cosmological case. Hintz and Vasy
[2018] proved the stability of Kerr—de Sitter with small angular momentum; see also [Fang 2021; 2022]
for an alternative proof. More recently there have been works on the wave equation on Kerr—de Sitter
background for large angular momentum assuming there are no growing modes [Peterson and Vasy 2021;
Mavrogiannis 2022].

1.0.1. The semilinear Einstein model. An example of a simple semilinear system satisfying the weak
null condition, but not the classical null condition, is the system

O = (3,¢2)%,  Ogn =0.

It is trivial to see that this has global solutions, and moreover that ¢; decays slower than 1/z. A less
trivial example is the semilinear system

O¢1 = (%:42)° + Q1[9¢, 9¢], D¢ = 02139, 391,
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where Q; are null forms. These systems have the advantage that the components ¢; and ¢, decouple to
highest order. For Einstein’s equations there is the additional difficulty that this decoupling can only be
seen in a null frame, and contractions with the frame do not commute with the wave operator as far as the
L? estimate. Hence a more realistic model is the system is

D¢uv = P[au¢’ av¢] + qu[a‘pa 8¢],

where P is assumed to have a certain weak null structure. Contracting with a nullframe this resembles
the decoupled systems with ¢z in place of ¢, where L*9,, = d; — 9,, and ¢ replaced by the other
components ¢7y, where T is tangential to the outgoing light cones. The only really bad component is
0¢r 1 but this one does not show up quadratically in P for Einstein’s equations. It shows up linearly but
multiplied with a component d¢; ;, that has vanishing radiation field due to the wave coordinate condition.

With the goal of understanding Einstein’s equations in (generalized) harmonic coordinates close to Kerr
with small angular momentum, we will focus on the following system, which resembles the semilinear
part of Einstein’s equations:

Ok un = Pl0,¢, 0,01 + 0,09, 091, 7>0, dling=c0, Tdli_o= 1. (1-1)

Here Uk denotes the d’ Alembertian with respect to the Kerr metric, and T is a smooth, everywhere
timelike vector field that equals 3, away from the black hole. The coordinate 7 is chosen so that the slices
{ = const. are space-like and 7 = ¢ away from the black hole. For simplicity we will consider compactly
supported smooth initial data, but suitably weighted Sobolev spaces of large enough order would suffice.
Moreover, Q, are null forms and P is a symmetric quadratic form:

Plp, ¥1= PP (x /1) pap¥ryss

with coefficients with a certain weak null structure. We remove the component d¢; by imposing the
condition

PLLB(x /7y = PYPLL(x /7)) = 0.

For this system we cannot have different energy estimates for different components because the null
structure is only seen in a null frame and contractions with the frame do not commute with the wave
operator. Because of this, one cannot get the decay estimates directly from the L? estimates but one has
to use the equations again to get improved decay estimates. As a result, the proof is more involved. The
method we develop avoids boosts vector fields and combines local energy decay in a compact set with
estimates in characteristic coordinates at the light cone. It gives an essentially optimal decay of almost 7,
which is an improvement over 7~!/2 which can be obtained more easily from energy estimates. The
method in particular works close to Minkowski where it gives the optimal decay without using boosts.

Finally we remark that this system can be combined with the quasilinear system that we previously
studied [Lindblad and Tohaneanu 2018; 2020] (see also [Looi 2022] for improved pointwise bounds) to
resemble also the quasilinear part of Einstein’s equations

Ogip10u0 = PO, 0,01+ Q,0[00, 361,
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where
(9] = K* + H*P[¢], where H*F[¢] = H*P* (x/T)$,, and HEEHY(x/T) = 0.

1.0.2. Statement of the results. We are now ready to state our main result. We define 7 to be some
function that equals r near the event horizon, and r} away from it; see Section 2 for more details. We
also fix r, satisfying r_ < r, < ry, and define (x) = 2+ |x|»)'/%.

Theorem 1.1. Let Ry > r,, and assume that ¢g, ¢ are smooth and compactly supported in ¥ < Ry. Then
there exists a global classical solution to the system (1-1) (on a Kerr metric with |a| < M) provided that,
for a certain €y < 1 and large enough N, we have

EN(0) = [[(do. DIl g+t 5y < €0

Moreover, for some fixed positive integer m, independent of N, we have for any § > 0

En O)(In((7)/(F — 7)) En O)(In((#) /(f — 7))
En0)
|0prv)<n-ml S SR

Note that is an improvement of the decay estimates we previously proved essentially by a factor of 7~1/2.
Note also the structure here, that a derivative decreases the homogeneity, but because the homogeneous
vector fields we can use together with the wave operator do not span the tangent space at the origin or at
the light cone, a derivative only improves by a power of r close to the origin and a power of 7 — 7 close to
the light cone. Note also that close to the light cone we have a better estimate for the good components
which is due to the weak null structure.

1.0.3. Structure of the proof. The starting point is the local energy estimate in Section 2. The local
energy scales like the energy, which is consistent with a decay 7~!/? of order —% for ¢ and —% for the
derivatives, and this is also the decay we were able to obtain in our previous paper from a bound of the
local energy applied to scaling and rotation vector fields; see Section 3. Assuming these decay estimates,
one can go back into the equation and get improved decay estimates. In fact from these decay estimates
the total decay of the inhomogeneous term would be —3, which would be consistent with a solution of
the wave equation with decay of order —1. We prove this using L°° estimates for the wave operator from
Section 5. However the first improved estimates we obtain have the improved decay in r or  — 7 and we
need improved decay in 7. For this we have other estimates turn decay in r or f — 7 into decay in 7; see
Section 4. The whole argument is put together in the last section.

The paper is structured as follows. In Section 2 we introduce the Kerr metric, the vector fields we will
use, and the local energy estimates which will play a key role in the proof. Sections 3, 4, 5, and 6 contain
various estimates that will allow us to extract the necessary pointwise bounds for (vector fields applied to)
the solution. Finally, Section 7 contains the bootstrap argument.
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2. The Kerr metric and local energy estimates
2.1. The Kerr metric. The Kerr geometry in Boyer—Lindquist coordinates is given by
ds® = gl dt* + gigdtde + gfrdr’ + g5, de” + ghodo*,

where t € R, r > 0, (¢, 0) are the spherical coordinates on S? and

gKZ_A—azsinZQ ng_ aZMrsinZO ng,o_2
tt ,02 ’ tp /02 ) rr Av
2 272 2N win2
re+a“)*—a“Asin“ 0 .
= ),02 sin*6. g4y = p7,

with
A=r>—2Mr+a?, ,o2 =r2+4a’cos? 0.

Here M represents the mass of the black hole, and aM its angular momentum.
A straightforward computation gives us the inverse of the metric:

" (r2+a®? —a?Asin’6 " 2Mr e A
8k =~ 2A ’ gK__aIOQ_A’ gK_?’
s A —a®sin® 6 § 1
K p2Asine ~ K T p?

The case a = 0 corresponds to the Schwarzschild space-time. We shall subsequently assume that a is
small 0 < a <« M, so that the Kerr metric is a small perturbation of the Schwarzschild metric. Note also
that the coefficients depend only r and 6 but are independent of ¢ and . We denote the d’ Alembertian
associated to the Kerr metric by Uk .

In the above coordinates the Kerr metric has singularities at » = 0, on the equator 6 = %, and at the
roots of A, namely r. = M £ +/M? — a?. To remove the singularities at r = r we introduce functions
ry =rg(r), vy =t+rk and ¢, = ¢ (¢, r) so that (see [Hawking and Ellis 1973])

dri =(*+a>)A N dr, dvy =dt+dr}, dp, =dp+aN'dr.
Note that when a = 0 the r}-coordinate becomes the Schwarzschild Regge—Wheeler coordinate
r* =r+2Mlog(r —2M).

The Kerr metric can be written in the new coordinates (vy, r, ¢+, 0),

ds*=—(1—- o dvy +2drdvy —4ap™"Mr sin” 0dvid¢, —2asin” Odrd¢, + p°do
+p2[(r* +a*)* — Aa” sin® ] sin* 6 d @7,
which is smooth and nondegenerate across the event horizon up to but not including r = 0. We introduce

the function
f=vy —p(r),
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where (1 is a smooth function of r. In the (7, r, ¢, )-coordinates the metric has the form

oM oM . 3
ds* = (1 — 2’) di* + 2(1 —(1- —zr)u’(r)) didr —4ap*Mrsin® 0 di d¢.,
P o

+ (2;/,’(;’) — (1 — 21‘?) (;/(r))z) dr’ —2a(1+2p*Mri/ (r))sin® 0 dr do.,
’ +p*d6* + p2[(r* +a*)* — Aa® sin” 0] sin” 0 d¢?..
On the function & we impose the following two conditions:
() u(r) = rg forr > 2M, with equality for r > %M.

(ii) The surfaces 7 = const. are space-like, i.e.,

, 2Mr\
wr)y=0, 2-— 1—7 w(r)>0.

As long as a is small, we can use the same function w as in the case of the Schwarzschild space-time in
[Marzuola et al. 2010].
We also introduce

¢ =0+ (1 =)o,

where ¢ is a cutoff function supported near the event horizon.

We fix r, satisfying r_ < r, < ry. The choice of r, is unimportant, and for convenience we may simply
use r, = M for all Kerr metrics witha/M < 1. Let M ={f>0:r>r,}, 2(T)=MnN{f =T}, and
dX g be the induced volume element on X (7).

Let 7 denote a smooth strictly increasing function (of r) that equals r for » < R and r¢ for r > 2R for
some large R. We will use the coordinates (7, x'), where x’ = Fw. Note that, since r & 7, we can use rk

and 7 interchangeably when defining our spaces of functions in what follows.
2.2. Vector fields and spaces of functions. Our favorite sets of vector fields will be
deld;, ), Qelx'd;—x/d), S=7d+70,

namely the generators of translations, rotations and scaling. We set Z = {9, €2, S}.
We also denote by ¢ the angular derivatives,

and let
d€ @y ), 3=+

denote the tangential derivatives. We also let L = 9; — 0.
For a triplet o = (i, j, k), we define |o| =i + 3j + 3k and

Uy =8 S U, U< = (Up)|A|<m-
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The notation is borrowed from [Lindblad and Tohaneanu 2018], and takes into account the loss of
derivatives that occurs when applying weak local energy estimates to vector fields.
Given a norm || - || x, we write

lu<mllx =Y llualx.

[Al<m
We define the classes SZ(r¥) of functions in Rt x R3 by
fes?h < 1Z/fa.0l ¢, j=0.
Given a family of functions G, we will also use the notation
fes“ Mg
to mean that
f=Y higi. hieS*rh, geg.
We will also use the notation U for an element of S%(1)Z, and T for an element of S%(1) 3.
An important observation is that, since
-7 1 L
3v=787+?5, goe S (r )Ly,
we have
- f—r 1
Fwl S —Ljow|+ —|Qul. 21
r r
Moreover, an easy computation gives
[Ok, 9l¢ € S~ 30%'p, [Ok, Q¢ € S*(r>) 39",
(O, Slp € SZ(M0gp+ SZr2H) dgp+ S22 0Qp + S2(r™2) 9959,
and thus by induction we obtain that
[Ok. 2= Fi+F, FieS?()OkP) <o), Fr €S dd<al. (2-2)
We now claim that
[Z,3] € S?(1)d+ S?(r~ 1 0. (2-3)
Indeed, we compute
[07,91=0, [3:.d,]=[9;.0:1€ S, [3. 9eS*¢™"a,
[Q,0,]=0, [Q,71eS*M)P, [S,d]1=20, IS 9eS*Djy.
This proves (2-3).

Given vector fields X and Y, we define

dxy = X YPyp.
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Similarly, we can write the coefficients P with respect to the vector frame {L, 9} as

Paﬂyz? PLL)/(SLOlL,B + Z PTU}/(ST(){U,B
pePrd — peBLLyyys Z pesTUTY )8
The assumptions on the coefficients P*/7? are the following:

PPV ¢ §2(1),
pLLop _ paBLL _

Equation (2-5) means that terms like L¢; d¢ do not appear on the right-hand side of (1-1).

The assumption on the null forms @, is that

0,w[3¢, 3¢] € S (1) 3.

(2-4)
(2-5)

(2-6)

2.3. Local energy estimates. We consider a partition of R? into the dyadic sets Ag = {R < (7) < 2R}

for R > 1.
We now introduce the local energy norm LE

—1/2
lullLe = sup [1r) ™ 2ull L2 v A p)
R

~12
lillgro 1) = sup1r) Pull L2 Mo, 1 85
its H! counterpart
-1
lull gr = lI0ullLe + 1{r) " ullLE,

-1
lull gip,.,; = I19ullLer, 1+ 1K) ullLEg. 1,
as well as the dual norm

1/2
Il =D 1Y Fll2vnrxc )
R

L ILE 01 = Y ) 2 F 2o 1) -
R
We also define similar norms for higher Sobolev regularity

l<mlligr = Y Nuallgr

loe| <m

lt<mlligry g = Y luallip,,,

oe| <m
It <mllieron1 = D it LB
loe| <m

respectively,

I g = D 19 fllLes

lr| <k

1 gt = D 1% F e

lor| <k
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Finally, we introduce a weaker version of the local energy decay norm
lullp g = 111 = xps) duellie + 18,ullie + 114r) " ullie,
Nl o, = 1K1 = Xps) OuellLego.,1 + 19 ulILEL.,] + 1)~ g, -

To measure the inhomogeneous term, we define

. = inf +1I(1 = .
Il f Il P f”fIHLlLZ (1= xps) f2llLE

2=

I IILE: (6.1 = fl%f ; I f1llLig. ez + 1K= Xps) f2lLE*[o,11-
o

Here x,s is a smooth, compactly supported spatial cutoff function that equals 1 in a neighborhood of
the trapped set. We also define the higher-order weak norms as above.
We define the (nondegenerate) energy

1/2
E[u](f):(/ |8u|2d2K> .
E(f)

We now fix some 8; < 1, and define, for a large enough constant R; (so that in particular x,; =0
when r > Ry):

EN(T) = sup El¢p<n]@D) + Ip<nlligt jo.71+ 17 =) 20wl 20 ri2g2ry - 2-7)

0<i<T
We will need the following local energy estimates for the linear problem:

Lemma 2.1. Assume that Ug¢ = F, and N is any nonnegative integer. We then have for any T > 0 that

En(T) S ENQO) + | F<nlLES 0,715 (2-8)
where the implicit constant is independent of T.

Proof. We start by proving the base case N = 0, that is,

sup E[@1D) + 19l gt 0.7y + I1E = F) T °0280 M 210, 79020200 S EIS1O) + 1 Fllgs o). (2-9)

0<i<T

Theorem 4.1 from [Tataru and Tohaneanu 2011] gives the desired bound for the first two terms on the
left-hand side. On the other hand, Lemma 4.3 in [Lindblad and Tohaneanu 2018] and Cauchy—Schwarz
yield

(f — f)(flfal)/zéﬁb||L2[O,T]L2(rzR|) N ||¢||LE}D[0,T] + ||F||LE’§,[0,T]-

We now commute the equation with the vector fields in Z. Applying the base case estimate (2-9) to ¢,

for some || = N yields
sup E[¢o) (D) + e lligt o,y + I1E =) 202000 [ 1210712202 1)

0<i<T
S M 9allig! 0.7+ 1 FallLego.r) + 10k, Z¥19 e 0,71
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We are left with bounding the last term on the right-hand side. By (2-2) we have

2
I0x, Z*Vb ez 0,71 S 1 F<fer ey 0,71+ 1777 0@ <iaiILes 0,71 S I F<iatllLes o, 71+ Id<ial gt 0.7)-
‘We now sum over all || = N. Il

The first estimate of this kind was obtained by Morawetz for the Klein—Gordon equation [Morawetz
1968]. In the Schwarzschild case, similar estimates were shown in [Blue and Soffer 2003; 2005; Blue and
Sterbenz 2006; Dafermos and Rodnianski 2009; 2007; Marzuola et al. 2010]. The estimate for Kerr with
small angular momentum was proven in [Tataru and Tohaneanu 2011] (see also [Andersson and Blue
2015; Dafermos and Rodnianski 2013] for related works). For large angular momentum, see [Dafermos
et al. 2016] (Ja| < M) and [Aretakis 2012] (|a| = M).

3. Pointwise estimates from local energy decay estimates

The goal of this section is to show how to extract (weak) pointwise estimates from local energy norms.
These bounds will serve as the starting point in an iteration that will yield strong enough pointwise bounds
to close the bootstrap argument in Section 7.
Let
Cr={T <f<2T:F7 <ft}.

We use a double dyadic decomposition of C7 with respect to either the size of 7 — 7 or the size of r,
depending on whether we are close or far from the cone,

Cr= U1§R§T/4C¥ U U1§U<T/4C¥’
where for R, U > 1 we set
CR=Crn{R<r<2R}, C{=Crn{U<i-F<2U},
while for R=1 and U = 1 we have
CRl=cCrn{o<r<2), C¥'=cCrn{0<i-F<2).

The sets C}e and C}J represent the setting in which we apply Sobolev embeddings, which allow us to
obtain pointwise bounds from L? bounds. Precisely, we have (see Lemma 3.8 from [Metcalfe et al. 2012]
and Lemma 6.2 in [Lindblad and Tohaneanu 2018]):

Lemma 3.1. For any function w and all T > 1 and 1 < R, U < %T we have

1 P 1 .
J _ tQOJ -
lwlinet S 7imgar 2 ISV wliaen + imga 2o 15797 dwlliaep), (3-1)
i<l,j<2 i<l,j<2
respectively,
! i vl i
Il S g 2o IS vleey + 0z 2o IS wlpey.  G2)

i<1,j<2 i<1,j=<2
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Using the lemma above, we prove the following pointwise bound:

=17 _ =\1/2
Il S O =F) P lw<iallgipr.or- (3-3)

Indeed, in the region CR, this is an immediate application of (3-1). On the other hand, in the region CTU
this follows from (3-2) and Hardy’s inequality; see (6.7) in [Lindblad and Tohaneanu 2018].

We also need an L° bound on the derivative that is better than (3-3) for large r. This is the content of
the following, which is essentially Proposition 3.5 in [Looi and Tohaneanu 2022]

Proposition 3.2. Let
= min((f), (F — 7))/,

Assume that ¢ solve (1-1) fort € [T, 2T). Then for any dyadic region C € {CR, C{}} and m > 0 we have
— 1/1
10¢<mllL=c) < Cm; ) +110¢<m+10)/2ll2(C) N P<m+slLgt 7 277- (3-4)

Here the crucial estimate was the following Klainerman—Sideris-type estimate; see Lemma 5.4 in
[Lindblad and Tohaneanu 2018] (for Schwarzschild) combined with the remarks after (5.13) in [Lindblad
and Tohaneanu 2020]:

Lemma 3.3. For any w and multiindex A we have in the region r > 2R that

t 1
— |3w5|A|+3|+—|(DKU))S\A||'
r{t—r)

(f —7)
We now apply (3-2) to d¢5 for any |A| < m. We obtain

ERTINES

1 i o U'z o) a2
||8¢A||L°°(C¥) 5 T3/2—U1/2 Z IS Q7 8¢A“L2(C¥) + _T3/2 Z ”S’ Qo ¢A||L2(C¥)
i<l,j<2 i<1,j<2

1 1
S 7o 1P=iaitislierr or + aTomn 1Tk P)<iarrioll2cy)-
Since

|Og@)<iar+10l S 100<|a2451100<|a 410,

the conclusion follows in the region C g . A similar computation yields the result in C ]1? .

4. Improved pointwise bounds

We will use three lemmas that will help us improve our pointwise bounds. The first one is Proposition 3.14
from [Metcalfe et al. 2012], which will allow us to turn r-decay into #-decay in the region r < %t.

Lemma 4.1. The following estimate holds for all m > 0 and some fixed (m-independent) n:

—1
”uSm ”LEI(C;T/Z) 5 T || <r>u5m+n ”LEI(C;T/Z) + ”(DKM)Sm+n”LE*(CT<T/2)'
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The second lemma is a slight modification of Lemma 3.11 from [Metcalfe et al. 2012], the difference
being that we may not enlarge our regions in time. The role of the lemma is to gain a factor of 7 /(r (f — 7))
for the derivative.

We let C § and C ? denote enlargements of C $ and C g in space (but not in time) that contain all the
integral curves of the scaling vector field S (i.e., if (¢, x) € C}e then (st, sx) € 5§ aslong as T < st <2T
and similarly for C¥). More precisely, let

~ - 8 T r 122T ~ ~ -
CR=Ir<i<or:. ——<-< =214 CRo)y=CRn{i=1),
T { ='= 102R_f_10R} rm=Ccrntr=r
~ - 8 T t 12 2T ~ ~ -
cl=r<i<2T:— <-<= . CYoy=Ccyn{i=1).
T { =t =0T 20 TP 2T—U} rm=Crnr=rj

An important observation here is that 7 ~ R and 7 — 7 ~ U in c ﬁ and C g respectively.
Lemmad4.2. For1 KU, R < %T we have
19wl 2y S R Mwl oy + T~ AISwll 2@y + 152wl p2@y) + RIDkwll 2@y, (4-1)
respectively,
10wl 2 cuy S U Uwll 2@y + 1wl 2@y + 182wl 2w + TI0kwll ey, (4-2)

Proof. The proof is similar to the one in Lemma 3.11 from [Metcalfe et al. 2012], except that we need to
estimate the boundary terms at 7 = T and 7 = 2T.

To keep the ideas clear we first prove the lemma with [k replaced by [J. We consider a cutoff
function x supported in [, 2] which equals 1 on [, 31]. Let

20° 10
/8 ) =X t~ R .

Note that 8 =1 on C 7@ , and that the restriction of 8 to T < f < 2T is supported in C 713.
Integrating %,BDw2 = B(wOw + m* 9, w dgw) by parts twice gives

2T
/ /3(|3xw|2—|3;w|2)dxdt
T

2T 1 2T 1 oT
:/ /Dw-ﬂwdxdt——/ (Dﬂ)wzdxdt—/(ﬂwatw——,Btw2> dx|?7T .
T 2 T 2 d

Since we can write w, = (Sw — x9;w) /¢ it follows after integration by parts that
1 1 .
/,Bwatw dx = H / BwSwdx + % / w?d; (x' B) dx.

Since |9; (x'B)| +£]3; 8] < C on the support of B, it follows that the boundary terms are bounded by

CT (Iw@T. )2 @rary +ISWCT D2 @rary, T 10T D2 @r ey, T 1SWT D2 @rer)-
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Let x(¢z/T) be another smooth cutoff such that x (2) =1 and x (1) = 0. We write
"4
wT, x)* = / L (xw?)(s2T, sx) ds
1/2 ds

1 2T
_ ; ds _ () ) de
_/1/2S(Xw (52T, 52) _/T S(rw )(t,t2T> t

and thus

1 1
lwQRT. )72 @rery, S FISKXWE D72 S U2 T 1SWIT2r)-

A similar argument holds for 27 replaced by 7', and for w replaced by Sw. Hence the boundary term can
be estimated by

2
1 :
— 2 : Jwll?, ~
T2 ”S w||L2(C§)'
Jj=0
To estimate dw we use the pointwise inequality
r

2 ~ 1 2 2 2
ouP = €z lSul + - (9P = ) (4-3)

which is valid inside the cone C for a fixed large constant C. Hence

1 ‘ 3
/ﬁ|aw|2dxdz§f (f_f)zﬂlSwlz—l—f_—f|Dﬂ|w2+t~_—fﬂ|Dw||w|dxdt, (4-4)

where all weights have a fixed size in the support of 8. The function 8 also satisfies |[J8| < R~2. Then
the conclusion of the lemma follows by applying Cauchy—Schwarz to the last term.
The argument for C ;j is similar. We now consider

N

We multiply by Bw and integrate by parts as above. The boundary terms are now controlled by

CUT Iw@T. )72 @ oy + 15w RT. D2 oy, + 10T D 2w ) + IS )7 )

which in turn is controlled, by using the scaling S as above, by
. 2
P2
70 2 NS Wl e,
j=0

The estimate now follows from (4-4), using the fact that |08 < T-'U~\
Now consider the above proof but with [ replaced by Uk . Integrating

10k w? = Bwgxw + g% duw dpw)
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by parts twice gives

2T
_/ ﬂg[]x(ﬂaawaﬂw lgx|dxdt
T
2T -
— [ [ (Bt =3 Oxpw?) el drdr = 5 [ (B duw = g5 0,6 gl ]

First we estimate the boundary term. The terms with o = 0 are handled as before and so is the second
term with o > 0. For the first term with o > 0 we integrate by parts and see that it is bounded by a term
of the same form as the second term plus a term of the form

3 [ B Viskhurax < [ prte?

which can be estimated as above. To estimate the interior term we just note that

VIgx1gF o,w dpw = [8,w[* — |3, w> + 0~ "ow?,

where the error term can be absorbed in the left of (4-3) for large enough R.
This finishes the proof of (4-1), and (4-2) follows in a similar manner. O

Applying Lemma 4.2 to w, for some multiindex ¢, and using (2-2), we obtain the higher-order version
of the estimates:

10wall 2y S R Nwiarsnll 2@ + RIOKWiarinl 2c0)- 4-5)

||awa||L2(ClT/) S v~ ||w\a|+n”L2(5¥) + T”(DKU))\aHn”LZ(Gg)- (4-6)

Combining the two estimates above (4-5) and (4-6) with the Sobolev embeddings from Lemma 3.1
and the pointwise estimate for second-order derivatives in Lemma 3.3 we obtain:

Corollary 4.3. ForallT > 1and1 < R,U < lT we have for some n independent of o

||8wa||LOO(CR) ~ R ”w<|a|+n||L00(C$) + R||(|:’Kw)\a|+n||LOO(C¥),

respectively,
1
||8woz||Loo(C;/) ,S, ﬁ||w§\a|+ﬂ||L°°(5TU) + T||(DKw)|a|+n||L00(5¥)-
Finally, we will derive a sharp estimate for the bad first-order derivative, following [Lindblad 1990].

Lemma 4.4. Let D, = {x 0<t—|x| < %t}, C! ={x :t — |x| = q}, and let w(q) be any positive
continuous function, where ¢ =t — r. Suppose that ¢ = F. Then the following holds in D;, t > 1:

t0¢(t, x)w(g)| < sup (||C]3¢(T W[ oo +Z\1l 1|ZI¢(T,')1D||LOO(C$)>

dg<t<t

' —1 1J —
+[‘ << WF(tT, - )w”Loc(Q +Z\1|+|J\ - ) ||0' R ¢(‘L’,-)w||Loc(Cg)> dr.

q

Proof. We write

Op = =19, 0,09) + — Augh,
r r



THE WEAK NULL CONDITION ON KERR BACKGROUNDS 2985
where 9, = 9, — 9, and 0, = 0; + 9,. Hence in D;
< -1 I1oJ < —1 R
oIS IrDel+r) 7'y RIS I0De+07 Y 1977l @)

Integrating this along the flow lines of the vector field 9, from the boundary of D = J,-( D- to any

point inside D, for ¢t > 1. Using that w is constant along the flow lines, and (4-7), we obtain
18u (re(t, x))w(q)|
$10,06) (. 30)00)| + [

4q

t

(()HFTr )wHmea-%EZUFH”<2 )‘HW’QJ¢(L-)wHme%>dt.

Moreover
110, (1, X)W (g)| S 10u(ré (2, x))w(g)| + ¢ (t, x)w(g)|
and
104 (r$) (49, 39) ()| < 1q0u¢ (4q, 39)w(g)| + ¢ (4q, 3q)w(g).

The last three inequalities yield

18,66, D@ S sup (g0 (T, Vil pe(co) + 16 (T, VBl sy

4g<t<t
t
_ —Lyal o/ -
+/ (mHF(T")w”m(c?)JFansz(T) 197 ¢(t")w”m(cg))dr'

4q
The lemma follows from also using that r|d¢| < [rd,¢| + [So| + [Q24]. O

5. Pointwise estimates from the Minkowski fundamental solution

In this section, we translate pointwise bounds on the inhomogeneous terms into pointwise bounds for the
solution by using the fundamental solution of the Minkowski metric.
For any B, y, n € R, we define the weighted L norms
2

IG Iz, = 1P @) (=) Ha . HEr) =Y 196 ro)l 2.
0

We use the following lemma (see Section 6 of [Tohaneanu 2022]).

Lemma 5.1. Let i solve

Uy =G, ¢(0)=0, 8y(0)=0,

where G is supported in {|x| <t + Ro}. Assume also that2 < B <3 and n > —%. We define, for any
arbitrary § > 0,

- fn=06-2, n<l,

”_{—L n>1.

1) If y =0, we have

ryr(t,x) < (5-1)

TGl
(t—r)
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@1i) If y <0, we have

ry(t, x) S (5-2)

(iii) If n > 1, we have

rw(z,x>s<ln ") >||G||L;oo . (5-3)
(t—r) 0

Proof. Note first that, after a translation in time, we may assume that Ry = 0.
We use the ideas from [Metcalfe et al. 2012]. Define
2

H(t,r) =Y QG ro)l 2 es.
0
By Sobolev embeddings on the sphere, we have |G| < H. Let v be the radial solution to
Ov=H, v[0]=0.

By the positivity of the fundamental solution, we have that [/| < |v]. On the other hand, we can write
v explicitly:

ru(t,r) = l/ pH(s, p)dsdp,
2 Jp,
where Dy, is the rectangle
D;y={0<s—p<t—r t—r<s+p<t+r}h
We partition the set D;, into a double dyadic manner as

Dtr:UDS, DS:D,,H{R<r<2R}

R<t

and estimate the corresponding parts of the above integral.
We clearly have

/RpHdsdps 1Glli /Rpl—ﬂ<s>—y<s—p>—"dpds.
D D

By

tr tr

We now consider two cases:

(i) R < %(t —r). Here we have p ~ R and s = s — p = (t —r); therefore we obtain
/Rpl—ﬂ<s>—y<s—p>‘"dpds5R3—ﬂ<r—r>—y—",
Dtr

and after summation, using that 8 < 3, we obtain

1
Z / oHdsdp < 1
R

R<(1—r)/8 " Dir

((=rye—ryF _ 1
(t—ryrtn Y (t—p)BHi’

which is the desired bound in all cases.
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(ii) %(t—r) <R <t. Here wehave p~Randt>s 2 R. Letu =s — p.
Assume first that y > 0; then

t—r
f p' Pis) V(s —p)dpds S R*TFTY / ()" du SR (1 — )i,
DR 0

where

l_n’ 77<1,

u(n)={0’ 1.

If B+ y > 2, we obtain after summation

Z / pHdsdp < (t—r)2 B— )/-Ht(n)
R>(t—r)/8

which is (5-1).
Assume now that § =2 and y = 0. Equation (5-3) is obvious when ¢ < 1. When ¢ > 1, we see that
there are In(¢/(t — r)) dyadic regions when %(t —r) < R <1t, so we obtain (5-3) after summation.
Finally, if y < 0 we obtain

/ p P (s) V(s —p) "dpds < RHWV/ _r<u>—” du SR*P ()™ (t —ryn,
DR 0

Since 8 > 2, we obtain after summation

2 f pH dsdp S ()77 (t — r)> P10,

R>(t—r)/8
which is (5-2). Il

6. Setup for pointwise estimates

In this section, we will slightly adjust g to an operator closer to [J (with respect to the (f, x)-coordinates).

Indeed, we let
P =|gk|"*(—gi) POk (—gi) gk |71

P is self-adjoint with respect to df dx. More importantly, a quick computation yields that
=0u(2% (=i +V,  V =lgxl" (=gl Ok (=g Plex 7).

It is easy to see that V ¢ SZ(r—3).
Let us first consider the Schwarzschild metric. In this case we have that, for large r, — g? = gg*’* and
g?* = 0. We thus have
pP=0+ P,

where the long-range spherically symmetric part P, has the form

Pr=g,(NA,+V, g,eS*r™), VeS ™). (6-1)
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For the Kerr metric, we use the fact that the metric coefficients have the following properties:
g — g €570, (6-2)
dgx € S2(r™%), 0%gx € S2(r7). (6-3)
Using (6-1) and (6-2) we see that we can write
P =0+ Py, + Py, (6-4)
where the short-range part Py, has the form
Py = 0.8 05, 8 €SP, 6-5)
Using (6-3) we see that for any function ¢ we have
P$ = (—gi)0kd+hip+h2dp, hieS? (), hyeS* (). (6-6)

Now pick any multiindex «. After commuting with vector fields, using (6-4), (6-1), and (6-5), we
obtain

Py € S“ () (O P <o) + SZ ) P<ia+6 + S dP<al+5,
which in turn implies, using (6-4),
O € SZ(1)([OkP)<ia| + SZ () p<jar6 + SZ(r ) dd<ial15- (6-7)

Moreover, by finite speed of propagation, and the assumption on the support of the initial data, the
right-hand side is supported in the forward light cone {|x| < 7 + Ro}.
We will use (6-7) in the next section to extract more decay for the solution.

7. The bootstrap argument for the Einstein model
We now prove Theorem 1.1 by using a bootstrap argument. We first write

En(0) = e,

where puy > 0 is a fixed, small N-dependent constant to be determined below (see (7-5), (7-6)).
Let Ny = %N . We will assume that the following a priori bounds hold for some large constant c
independent of € and 7, and a fixed small § > O:

En(D) < Cye(d), (7-1)

(bayysal < MEOAEZID) o) < EIREDAT=T)) (7-2)
(f) ri—F)

(3dr0) <N 12] < — (7-3)

(t)
Clearly (7-1), (7-2) and (7-3) hold for small times. We assume now that the bounds hold on some time
interval 0 <7 < T, and we improve the constants by % By the continuity method this implies that the
solution exists globally, and that the bounds also hold globally.
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In order to improve (7-1), we show that, for small enough €, there is C independent of T so that
En(D) < Cn(DMENO), 0=<i<T. (7-4)
If we now additionally take C=2C ~ and € < §/Cy, we thus improve the a priori bound for Ey (7) to
En(D) < SCpneli)’.

In order to improve the pointwise bounds, we will show that, for some fixed positive integer m,
independent of N, we have

En O)(In((7)/(f — 7)) En O){In((7) /(T — 7))

<§~> C 10¢eml < a , (7-5)

r{t —r)
En(0)
|(8¢TU)§N—m| S r(f— ’7>1_5 '

|¢§N—m| SJ

(7-6)
We can now pick a small uy to improve (7-2) and (7-3).

7.1. The energy estimates. We will now use assumptions (7-2) and (7-3) to show (7-4) for small enough €.
By Gronwall’s inequality and (2-8), it is enough to show that

10k P)<wllLez 0.7 5/0 %EN(T)dT'i‘GEN(f)- (7-7)

We can write, using (2-4), (2-5) and (2-6),
Ok € S7(1)(@0¢r0)* + S (1)3d¢.
After commuting with vector fields, and using (2-3), we also get that
Ok P <n S @Prv) <y, Bdrv)<n + <, p<n +0d<n, 0y +1 7 0y 0p<y-1.  (T-8)
The first term is easy. By (7-3) we have
‘e

1(@drv) <N (OPTU) <N L1j0.71L2 5/
o (T)

Similarly, the last term can be estimated in L'L?. Indeed, we note that (7-2) implies

En(T)dr.

1 €
r 8 < -,
and thus
1 " e
lr =" 0¢p<n,0p<n—1llL170.7112 5/ —
o (1)

For the second term, we divide it into two parts. When r < R| we have by (7-2)

En(r)dr.

_ ' e
10d<n, 0d<NIlL1[0.5122-<R)) 5/ —

; (r)SN(T) drt.
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When r > R;, we use (7-2) and the last term in (2-7):

2

9 A< ) — _|3¢n|*dV
10<n, DbanPpopo < / /R iy

S et =AY T2 N 17000 712 ry S (€EN D).
For the third term, note that (2-1) and (7-2) imply that

€
0¢<n| S e (7-9)

—
~

Using (7-9) gives
10¢<n,dd<n Il 10,7722 / —5N(T) dr.
Putting all these together we obtain (7-7).

7.2. The decay estimates. We now show that (7-5) and (7-6) hold.

The proof uses an iteration procedure. The most important part here is to obtain pointwise decay rates
of ! near the trapped set for all components. We start with a weak decay rate of 7~!/2*C¢ given by the
slow growth 7€ combined with the results of Section 3. We then use Lemma 5.1 to improve decay in 7,
followed by Corollary 4.3 to improve the decay of derivatives. Lemma 4.1 then allows us to turn the

r-decay into 7-decay. This yields an improved global decay rate of 7 ~1+¢¢

, which is barely not enough.
We then use Lemma 4.4 to improve the decay of the derivative of the good components d¢7y to 7~ ! near
the cone. We can now go back to the iteration procedure, and use the improved bounds combined with
Lemma 5.1, Corollary 4.3 and Lemma 4.1 to improve the decay rate of all components to 7~! away from
the cone. This finishes the proof.

Let N, = N — 13. We first note that (3-3) and (3-4), combined with the energy bounds (7-4), yield the

weak pointwise bounds

HEN(0) (t —7)2En(0)
10¢=n,| S P [P TRice (7-10)

We now need to improve the decay of ¢<n_,, and d¢p<y_,,. To that extent, we will use Lemma 5.1,
followed by Lemma 4.1 and Corollary 4.3.

We cannot apply Lemma 5.1 directly. On one hand, we have no control on the solution for » < 2M,

and on the other hand, the initial data is not trivial. Instead, let

x = x1(F) x2(1).

N1
v
NI"

Here x; = 1 for 7 > R > M and supported in 7 > lR while x, =1 for 7 > 1 and supported in
We now consider Y45 = x $op. Using (6-7), we see that v satisfies the system

OW<n) =Gn, G S“(r 2)dp<pis + S“(r ) p<nio+ S“(1)(3p<n)?,
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with trivial initial data, and G, supported in the region r > %R. Using (7-10), we see that, for all
n < N3 := N, — 12, we have

R et NG O )

PR BEI=Ce T 277y

Gnio S EN (0)(

We now apply Lemma 5.1. The first term on the right-hand side is controlled by the other two terms.
For the second term we use (5-1) with =3, y =1—Ce and n = —%. For the third term, we use (5-1)
with 8 =2, y = —Ce and n = 1 — Ce. We obtain

(i’)Ce

r

|¢SN3| /S

We now plug in the bounds (7-11) and (7-10) into Corollary 4.3. We thus obtain for Ny = N3 —n
with n from Corollary 4.3:

En(0). (7-11)

Ce

TCe 2 Ce
18N, | ooy S — 5N<0>+R<—5N<0)) < —En(0),

R R RT!/2 R?
Ce T Ce 2 rCe
||3¢N4||Loo(c¥)55 R 5N(0)+T<m51v(0)) S RUEN(O)-

The last two inequalities can be written as

<lT 1+Ce

< X -
10p<n,| S r2<t~_F>5N(0)- (7-12)

We now use Lemma 4.1. Note that (7-11) and (7-12) yield

1Y b<relly gy S TV2HCEN ().
Moreover, (7-10) implies that

1Ok ®) <Nl s ST EN ).

The two inequalities above and Lemma 4.1 with N5 = N4 —n give us

16=nsll g zrmy ST 2CEN(0),

which combined with the Sobolev embeddings from Lemma 3.1 give for Ng = N5 — 13
|b=ngl S (1) 7TCEN(0). (7-13)

We now plug in the bounds (7-13) and (7-10) into Corollary 4.3. We thus obtain for N; = N¢ —n

Ce T Ce 2 Ce
10¢<ny ll Lo ey S T gN(0)+R(W5N(O)) S RT En(0).
Combined with (7-12), this gives
(f)Ce
10p<n,| S En(0). (7-14)

r{t —7)
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Note also that (2-1), (7-13) and (7-14) give

(f) Ce
r(f)
Equations (7-13) and (7-14) almost finish the proof of (7-5), except that we need to replace (f)

by (In((£)/(f —7))).
We now prove the fact that Y7y actually satisfies better decay estimates. Indeed, note first that

0¢<n—2] S

En(0). (7-15)

Ce

(T U  pap) — T*U Dpap € 7 (r )91
Using (6-4) and (6-6) we obtain

O¢ru € S“(1D)(Okd)ru + S (r ).
Moreover,
OxP)rv € S*(1)dpag,
and thus
Ooru € S2(1)dgpdp + SZ(r—2)¢<s.

After commuting with vector fields (in particular using (2-3)) and applying the cutoff we thus obtain
OWrw)zm = Hu,  Hu €S20 ™) mrs + 7 (1)0¢<mdd<m + 7 (™) (@¢<m)’.
Using (7-13), (7-14) and (7-15), we see that

En(0)

| mlwm, m < N7 —2. (7-16)

Let Ng = N7 — 6. We now apply Lemma 4.4 with w(g) = (q)l_‘S to (Yruy)<ng. Note first that, due to
(7-14) and (7-13) we have

sup (llq 0¢<ns (T Vil ety + ) 127 dany(, -)u')nmcg)) S En(0).

dg<t<f

Moreover, (7-13) implies that

‘ _ _ )N (0)
Aq mezm "R ey (r. VD oo (ery dT S / () 1W—_C€dr§5m0).

4q

Finally, we obtain by (7-16) that

f t 1-8¢.(0
/4q<r>||Hm(r, Yl sy S Ag<r><‘”<r>3—_§f) dt < Ex(0).

Lemma 4.4 thus implies, in conjunction with (7-14), that

En (0
10Wrv)<ngl S ﬁ (7-17)

This finishes the proof of (7-6).
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Finally, to obtain a decay rate of 1/7 in the interior, we see that, using (6-7) and (7-8), we can write
our system as

OW=m) = I,
T € SE(r )G <mss + S7(r N p<mrs + SZ () Odr0)%,, + 57 (1)0d<mdd<m + S (™) Od<m)*,

and J, is supported in the region {f > %, 7> %R} Due to the improved bounds (7-13), (7-14) and (7-17)
we obtain y

<t>C€ 1
r3t—7r) r¥t—r

|Jm+6|55N<0>< )2_25), m < Noi=Ng—8.

We now apply Lemma 5.1 and in particular (5-3) to control the last term. We obtain

(Y7
V<ol < w&v@). (7-18)

Corollary 4.3 thus implies, with Njg = Ng —n,

(In({7)/(t = 7)))
r{t —7)

Equations (7-18) and (7-19) finish the proof of (7-5) when 7 > %f.

All that is left is to replace r by 7 in the region 7 < %f. Note first that (7-18) and (7-19), combined
with (7-13) and (7-14), yield the (relatively weak) bound

0=yl S En(0). (7-19)

(7-20)

|

1 1 -
b<nol S ~En(0), b=y S 5EN(0), T <
We now use Lemma 4.1. Note that (7-20) gives

Moreover, (7-14) implies that

1@k ) <ol ey ST~ 2En(0).
The two inequalities above and Lemma 4.1 give us, for Ni| = Njo —n,
ld<ni, ||LE1(CT<T/2) < T71285(0),

which, combined with the Sobolev embeddings from Lemma 3.1 with Nj, = Ny — 13, gives

EnvO0)
|¢SN12|N N~ , =

()

Finally, one last application of Corollary 4.3 with Ni3 = N, —n gives

En(0)
r(f)

This finishes the proof of (7-5) if we pick N large enough so that Ni3 > Nj.

|a¢§N13| 5

’
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