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DYNAMICAL TORSION FOR CONTACT ANOSOV FLOWS

YANN CHAUBET AND NGUYEN VIET DANG

We introduce a new object, the dynamical torsion, which extends the potentially ill-defined value at O of
the Ruelle zeta function of a contact Anosov flow, twisted by an acyclic representation of the fundamental
group. We show important properties of the dynamical torsion: it is invariant under deformations among
contact Anosov flows, it is holomorphic in the representation and it has the same logarithmic derivative
as some refined combinatorial torsion of Turaev. This shows that the ratio between this torsion and the
Turaev torsion is locally constant on the space of acyclic representations.

In particular, for contact Anosov flows path-connected to the geodesic flow of some hyperbolic
manifold among contact Anosov flows, we relate the leading term of the Laurent expansion of ¢ at the
origin, the Reidemeister torsion and the torsions of the finite-dimensional complexes of the generalized
resonant states of both flows for the resonance 0. This extends previous work of Dang, Guillarmou,
Riviere and Shen (Invent. Math. 220:2 (2020), 525-579) on the Fried conjecture near geodesic flows of
hyperbolic 3-manifolds, to hyperbolic manifolds of any odd dimension.

1. Introduction

Let M be a closed odd-dimensional manifold and (£, V) be a flat vector bundle over M. The parallel
transport of the connection V induces a conjugacy class of representation p € Hom(sr (M), GL(C%)) (every
representation of the fundamental group can be obtained in this way; see Section 11.1). Moreover, V defines
a differential on the complex 2*(M, E) of E-valued differential forms on M and thus cohomology groups
H*(M,V)= H*(M, p) (note that we use the notation V also for the twisted differential induced by V,
whereas it can be denoted by dV in other references). We will say that V (or p) is acyclic if those
cohomology groups are trivial.

If p is unitary (or equivalently, if there exists a hermitian structure on E preserved by V) and acyclic,
Reidemeister [1935] introduced a combinatorial invariant tr (o) of the pair (M, p), the so-called Franz—
Reidemeister torsion (or R-torsion), which is a positive number. This allowed him to classify lens spaces
in dimension 3; this result was then extended in higher dimensions by Franz [1935] and de Rham [1936].

On the analytic side, Ray and Singer [1971] introduced another invariant trs(p), the analytic torsion,
defined via the derivative at O of the spectral zeta function of the Laplacian given by the Hermitian metric
on E and some Riemannian metric on M. They conjectured the equality of the analytic and Reidemeister
torsions. This conjecture was proved independently by Cheeger [1979] and Miiller [1978], assuming
only that p is unitary (both R-torsion and analytic torsion have a natural extension if p is unitary and not
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acyclic). The Cheeger—Miiller theorem was extended to unimodular flat vector bundles by Miiller [1993]
and to arbitrary flat vector bundles by Bismut and Zhang [1992].

In the context of hyperbolic dynamical systems, Fried [1987] was interested in the link between the
R-torsion and the Ruelle zeta function of an Anosov flow X, which is defined by

txp(s) = ] detl =&, p(lyDe "), Re(s) >0,
yegk
where Q}*( is the set of primitive closed orbits of X, £(y) is the period of ¥ and ¢, = 1 if the stable bundle
of y is orientable and ¢, = —1 otherwise. Using Selberg’s trace formula, Fried could relate the behavior
of {x ,(s) near s = 0 with R, as follows.

Theorem 1 [Fried 1986]. Let M = SZ be the unit tangent bundle of some closed oriented hyperbolic
manifold Z, and denote by X its geodesic vector field on M. Assume that p : 11 (M) — O(d) is an acyclic
and unitary representation. Then {x , extends meromorphically to C. Moreover, it is holomorphic near
s =0 and

2%, (O] = (), (1-1)
where 2q + 1 = dim M and tr(p) is the Reidemeister torsion of (M, p).

Fried [1987] conjectured that the same holds true for negatively curved locally symmetric spaces. This
was proved by Moscovici and Stanton [1991] and Shen [2018].

For analytic Anosov flows, the meromorphic continuation of ¢x , was proved by Rugh [1996] in
dimension 3 and by Fried [1995] in higher dimensions. Then Sanchez-Morgado [1993; 1996] proved in
dimension 3 that if p is acyclic, unitary, and satisfies that p([y]) — 8)]; is invertible for j € {0, 1} for some
closed orbit y, then (1-1) is true.

For general smooth Anosov flows, the meromorphic continuation of ¢x , was proved by Giuletti,
Liverani and Pollicott [Giulietti et al. 2013] and alternatively by Dyatlov and Zworski [2016]. The
Axiom A case was treated by Dyatlov and Guillarmou [2018]. Quoting the commentary from Zworski
[2018] on Smale’s seminal paper [1967], equation (1-1) “would link dynamical, spectral and topological
quantities. [...] In the case of smooth manifolds of variable negative curvature, equation (1-1) remains
completely open”. However in [Dyatlov and Zworski 2017], the authors were able to prove the following.

Theorem 2 (Dyatlov—Zworski). Suppose (X, g) is a negatively curved orientable Riemannian surface.
Let X denote the associated geodesic vector field on the unitary cotangent bundle M = S*X. Then, for
some ¢ # 0, we have as s — 0

txa(s) = es" PN+ 0(s)), (1-2)

where 1 is the trivial representation wi(S*X) — C* and x(X) is the Euler characteristic of X. In
particular, the length spectrum {£(y) : y € Q?(} determines the genus.

This result was generalized in the recent preprint [Cekié and Paternain 2020] to volume-preserving
Anosov flows in dimension 3.

In the same spirit and using similar microlocal methods, Guillarmou, Riviere, Shen and the second
author [Dang et al. 2020] showed:
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Theorem 3 (Dang—Riviere—Guillarmou—Shen). Let p be an acyclic representation of w{(M). Then the map
X = tx,(0)

is locally constant on the open set of smooth vector fields which are Anosov and for which 0 is not a Ruelle
resonance, that is, 0 ¢ Res(ﬁg). If X preserves a smooth volume form and dim(M) = 3, (1-1) holds true
if b1(M) # 0 or under the same assumption used in [Sdnchez-Morgado 1996].

Let us comment on the notion of Ruelle resonance to explain the assumptions in the above theorem.
All recent works on the analytic continuation of the Ruelle zeta function are important by-products of
new functional methods to study hyperbolic flows. They rely on the construction of spaces of anisotropic
distributions adapted to the dynamics, initiated by Kitaev [1999], Blank, Keller and Liverani [Blank et al.
2002], Baladi [2005; 2018], Baladi and Tsujii [2007], Gouézel and Liverani [2006], Liverani [2005],
Butterley and Liverani [2007; 2013], and many others, where we refer to the recent book [Baladi 2018]
for precise references. These spaces allow one to define a suitable notion of spectrum for the operator
LZZ = Vix +txV, where ¢ is the interior product, acting on 2°(M, E). This spectrum is the set of so-called
Pollicott—Ruelle resonances Res(ﬁg), which forms a discrete subset of C and contains all zeros and poles
of {x ,. Faure, Roy and Sjostrand [Faure et al. 2008] and Faure and Sjostrand [2011] initiated the use
of microlocal methods to describe these anisotropic spaces of distributions giving a purely microlocal
approach to study Ruelle resonances. This was further developed by Dyatlov and Zworski to study Ruelle
zeta functions.

However, if 0 € Res(LZ) then the results of [Dang et al. 2020] no longer apply since the zeta
function ¢x,, might have a pole or zero at s = 0 (recall zeros and poles of {x , are contained in Res(ﬁz)).
One goal of this article is to remove the assumption that O is not a Ruelle resonance. In the spirit of
Theorem 2 and the Fried conjecture, we can state a theorem which follows from more general results of
the present paper (see Section 2).

Theorem 4. Let (Z, go) be a compact hyperbolic manifold of dimension q and p be the lift to S*Z of
some acyclic unitary representation w1(Z) — GL(CY). Then, for every metric g which is path-connected
to go in the space of negatively curved metrics, there exists m(g, p) € Z such that

T(C*(Xgy. )

1+ 0(s)), 1-3
‘L’(C'(Xg,p))'( +0()) (1-3)

—1)4 —14
12x,,0()| TV =[5V m(p)‘
——

R-torsion
where X, denotes the geodesic vector field of g and T(C*(X,, p)) is the refined torsion of the finite-

dimensional space of resonant states for the resonance 0 of (Xg, p).

In the above statement, the vector field X, generates a contact Anosov flow on the contact manifold
S;,‘Z ={(x,§) eT*"Z: ||, = 1}." The finite-dimensional torsion T(C*(Xg, p)) will be described in
Section 2 below.

IThis means concretely that changing the metric g on Z affects both the contact form ¢ and Reeb field X on S*Z.
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2. Main results

There are two restrictions in Theorem 3 of [Dang et al. 2020]. The first restriction is that

12x.,(0)| TV = R (p)

is an equality of positive real numbers and the representation p is unitary. For arbitrary acyclic represen-
tations p : 1 (M) — GL(C?), one could wonder if the phase of the complex number ¢, ,(0) contains
topological information. For instance, if it can be compared with some complex-valued torsion defined
for general acyclic representations p : 7wy (M) — GL(C?). The second restriction concerns the assumption
that O is not a Ruelle resonance. Apart from the low-dimension cases studied in [Dang et al. 2020], this
assumption is particularly hard to control and is difficult to check for explicit examples.

Our goal in the present work is to partially overcome these two obstacles. In the case where X induces
a contact flow, which means that X = X is the Reeb vector field of some contact form ¥ on M, we deal
with these difficulties by introducing a dynamical torsion ty(p) which is a new object defined for any
acyclic p and which coincides with ¢x. p(O)il if 0 ¢ Res([,;). Before stating our main results, let us
introduce the two main characters of our discussion in the next two subsections.

2.1. Refined versions of torsion. The Franz—Reidemeister torsion tR is given by the modulus of some
alternate product of determinants and is therefore real-valued. One cannot get a canonical object by
removing the modulus since one has to make some choices to define the combinatorial torsion, and the
ambiguities in these choices affect the alternate product of determinants. To remove indeterminacies
arising in the definition of the combinatorial torsion, Turaev [1986; 1989; 1997] introduced in the
acyclic case a refined version of the combinatorial R-torsion, the refined combinatorial torsion. It is a
complex number 7, ,(0) which depends on additional combinatorial data, namely an Euler structure ¢ and
a homology orientation o of M, and which satisfies |z, ,(0)| = Tr(p) if p is acyclic and unitary. We refer
the reader to Section 9.2 for precise definitions. Later, Farber and Turaev [2000] extended this object
to nonacyclic representations. In this case, 7. ,(p) is an element of the determinant line of cohomology
det H*(M, p).

Motivated by the work of Turaev, but from the analytic side, Braverman and Kappeler [2007b; 2007c;
2008] introduced a refined version of the Ray—Singer analytic torsion called refined analytic torsion
Tan(p). It is complex-valued in the acyclic case. Their construction heavily relies on the existence of a
chirality operator I', that is,

F,:Q(M,E)— Q"*(M,E), T;=Id,

which is a renormalized version of the Hodge star operator associated with some metric g. They showed
that the ratio

Tan ()
—
Te.o(P)
is a holomorphic function on the representation variety given by an explicit local expression, up to a
local constant of modulus 1. This result is an extension of the Cheeger—Miiller theorem. Simultaneously,
Burghelea and Haller [2007] introduced a complex-valued analytic torsion, which is closely related to
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the refined analytic torsion [Braverman and Kappeler 2007a] when it is defined; see [Huang 2007] for
comparison theorems.

2.2. Dynamical torsion. We now assume that X = X is the Reeb vector field of some contact form
on M. Let us briefly describe the construction of the dynamical torsion. In the spirit of [Braverman and
Kappeler 2007c], we use a chirality operator associated with the contact form 9,

[y :Q(M,E)— Q"*(M,E), T3=Id,

see Section 6, analogous to the usual Hodge star operator associated with a Riemannian metric. Let
C* C D’*(M, E) be the finite-dimensional space of Pollicott—-Ruelle generalized resonant states of E; for
the resonance 0, that is,

C*'={ueD*"(M,E): WE(u) C E*, there exists N € N such that (£})"u =0},

where WF is the Hormander wavefront set, E C T*M is the unstable cobundle of X, see Section 5,
and D'(M, E) denotes the space of E-valued currents. Then V induces a differential on C* which makes
it a finite-dimensional cochain complex. Then a result from [Dang and Riviére 2020b] implies that the
complex (C*, V) is acyclic if we assume that V is. Because I'y commutes with £, it induces a chirality
operator on C*. Therefore we can compute the torsion 7(C*, I'y) of the finite-dimensional complex
(C-, V) with respect to 'y, as described in [Braverman and Kappeler 2007¢] (see Section 3). Then we
define the dynamical torsion ty as the product

() =% 1€ Ty X dimsT 0, (5) e C\O,
— s>

finite-dimensional torsion

renormalized Ruelle zeta function at s=0

where the sign &= will be given later, m(X, p) is the order of {x ,(s) at s =0 and g = (dim(M) —1)/2 is
the dimension of the unstable bundle of X. Note that the order m(X, p) € Z is a priori not stable under
perturbations of (X, p), in fact both terms in the product may not be invariant under small changes of ¥,
whereas the dynamical torsion 7y has interesting invariance properties as we will see below.

2.3. Statement of the results. We denote by Rep, (M, d) the set of acyclic representations ; (M) —
GL(C?%) and by A C C*°(M, T M) the space of contact forms on M whose Reeb vector field induces an
Anosov flow. This is an open subset of the space of contact forms. For any ¢ € A, we denote by Xy its
Reeb vector field. Recall that we want to study the value at 0 without taking the modulus. As in Fried’s
case, x,,(0) might be ill-defined since 0 € Res(LZ) and this was the reason for introducing the more
general object Ty (p). Our goal is to compare this new complex number with the refined torsion. As a first
step towards this, our first result shows 7y (p) is invariant by small perturbations of the contact form @ € A.

Theorem 5. Let (M, ¥) be a contact manifold such that the Reeb vector field of v induces an Anosov
flow. Let (91)re(—¢.¢) be a smooth family in A. Then 9, log Ty _(p) =0 for any p € Rep,.(M, d).

2The annihilator of E w ®RX where E;,, C T M denotes the unstable bundle of the flow.
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Remark 2.1. In the case where the representation p is not acyclic, we can still define 7y () as an element
of the determinant line det H*(M, p); see Remark 6.5. This element is invariant under perturbations of
¥ € A; see Remark 7.1.

This result implies that the map ¥ € A+ 7y(p) is locally constant for all p € Rep,.(M, d). To apply
Theorem 3 in the case of contact Anosov flows, we need to make small perturbations near a contact
Anosov flow such that 0 ¢ Res(ﬁ?): if we have a C! family of contact Anosov flows (X¢)s¢[o,1] such that O
is not a resonance of E;O and E;l but is a resonance of E;u for some u € ]0, 1[, then we cannot claim
that ¢x, ,(0) = ¢x,,,(0) using Theorem 3; however, we can claim that 74,(0) = 73, (p) with Theorem 5.

Our second result aims to compare ty with Turaev’s refined version of the Reidemeister torsion 7, o,
which depends on some choice of Euler structure ¢ and a homology orientation o. An analog of the Fried
conjecture would be to prove the equality 7y (p) = T¢,0(p) for some (¢, 0) and for all p € Rep,.(M, d)
(this would imply |tz(p)| = [¢x.,(0)[*!
weaker result, which shows that the derivatives in p € Rep,.(M, d) of log 7y (p) and log 7, ,(p) coincide.

if p is acyclic and unitary and if O ¢ Res(EX)). We prove a

Theorem 6. Let (M, ©) be a contact manifold such that the Reeb vector field of ¥ induces an Anosov
Sflow. Then p € Rep,.(M, d) — t9(p) is holomorphic3 and there exists an Euler structure ¢ such that, for
any homology orientation o and any smooth family (p,)uc(—s.¢) of Rep,.(M, d),

0, 1og Ty (ou) = 9, 10g Te 0 (0u)-

Moreover, if dimM = 3 and by (M) # 0, the map p — Ty (p)/Te.o(p) is of modulus 1 on the connected
components of Rep,.(M, d) containing an acyclic and unitary representation.

In [Dang et al. 2020], for p acyclic, the authors proved that O ¢ Res(ﬁz) implies that X +— ¢x ,(0)
is locally constant. Then the equality [{x ,(0)| = Tr(p) was proved indirectly by working near analytic
Anosov flows in dimension 3 or near geodesic flows of hyperbolic 3-manifolds, where the equality is
known by the works of Sanchez Morgado and Fried, relying on the fact that ¢x ,(0) remains constant by
small perturbations of the vector field X. Whereas in the above theorem, for any contact Anosov flow
in any odd dimension, we directly compare the log derivatives of the dynamical and refined torsions as
holomorphic functions on the representation variety. We do not need to work near some vector field X
for which the equality |¢x ,(0)| = tr(p) is already known.

Finally, our third result aims to describe how 9, log Ty (0,) depends on the choice of the contact Anosov
vector field X .

Theorem 7. Let (M, ©) be a contact manifold such that the Reeb vector field of ¥ induces an Anosov
flow. Let (p,)u|<e be a smooth family in Rep,.(M, d). Then, for any n € A,
O 10g Ty (pu) =0, log Ty (pu) + 0y log det Pu (CS(Xﬁ, Xn))
topological

as differential 1-forms on Rep,.(M, d) and where cs(Xy, X;)) € Hi (M, Z) is the Chern—Simons class of
the pair of vector fields (X, Xp).

3RepaC (M, d) is a variety over C; see Section 11.2 for the right notion of holomorphicity.
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Here, by det p, (cs(Xy, X)) we mean det p, (c) where ¢ € 1 (M) is any element such that its homology
class [c] € H{(M, Z) coincides with cs(Xy, X;) (note that the value of the determinant does not depend
on the choice of ¢). This underbraced term is indeed topological as the Chern—Simons class cs(Xy, X)) €
H{(M, Z) measures the obstruction to find a homotopy among nonsingular vector fields connecting X
and X,. In particular, if ¢ and n are connected by some path in A, then cs(Xy, X)) =0, which yields
det p(cs(Xy, X)) = 1; hence 9, log ,(p,) = 9, log T3 (p,) for any acyclic p. We refer the reader to
Section 9.1 for the definition of Chern—Simons classes.

Because the dynamical torsion is constructed with the help of the dynamical zeta function ¢x ,, we
deduce from the above theorem some information about the behavior of {x ,(s) near s = 0, as follows.

Corollary 8. Let M be a closed odd-dimensional manifold. Then, for all connected open subsets
U C Rep,.(M,d) andV C A, there exists a constant C such that, for every Anosov contact form 9 €V
and every representation p € U,

Tex, .0 (p)
T(C* (¥, p), I'y)
where Xy is the Reeb vector field of ', (E,, V,) is the flat vector bundle over M induced by p, C*(, p) C
D'*(M, E p) 1S the space of generalized resonant states for the resonance 0 of £;‘; and m(Xy, p) is the

£x,,p(5) TV = Cs VIO XD (1+06)), @1

vanishing order of ¢x, ,(s) ats =0.

2.4. Methods of proof. Let us briefly sketch the proof of Theorems 5 and 6, which relies essentially
on two variational arguments: we compute the variation of 7y (V) when we perturb the contact form %
and the connection V. As we do so, the space C*(¢, V) of Pollicott—Ruelle resonant states of E;ﬁ for
the resonance 0 may radically change. Therefore, it is convenient to consider the space Cj, ;,(¥, V)
instead, which consists of the generalized resonant states for E;ﬂ for resonances s such that |s| < A,
where A € (0, 1) is chosen so that {|s| = A} ﬂRes(Cgﬂ) = . Then using [Braverman and Kappeler 2007c,
Proposition 5.6] and multiplicativity of torsion, one can show that

(V) = £7(Clo ;) (9, V), To)ey % 0V, (2-2)

x, . . . -
where g“)((ﬁ o;) is a renormalized version of ¢y, , (we remove all the poles and zeros of {x, , within

{s € C:|s| = A}); see Section 6. Thus we can work with the space Cf ; (¢, V), which behaves nicely
under perturbations of X thanks to Bonthonneau’s construction [Bonthonneau 2020] of uniform anisotropic
Sobolev spaces for families of Anosov flows, and also under perturbations of V.

Now consider a smooth family of contact forms () for |t| < & such that their Reeb vector fields (X¢);
induce Anosov flows. Then Theorem 9 says that for any acyclic V, the map t — 15, (V) is differentiable
and its derivative vanishes. This follows from a result of [Braverman and Kappeler 2007c] which allows
one to compute the variation of the torsion of a finite-dimensional complex when the chirality operator is
perturbed, and on a variation formula of the map t +— ¢y, ,(s) for Re(s) big enough obtained in [Dang
et al. 2020].

Next, consider a smooth family of flat connections z — V(z), where z is a complex number varying in
a small neighborhood of the origin and write V(z) =V + za + 0(z), where « € Q'(M,End(E)). Then
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we show in Section 8, in the same spirit as before, that z — 13 (V(z)) is complex differentiable and its
logarithmic derivative reads

v
0z|;=0log 9 (V(2)) = —tI'EOtKe_ELXZy’

where ¢ > 0 is small enough, trz is the super flat trace, see Section 4.4, and K : Q*(M, E) — D'*(M, E)
is a cochain contraction, that is, it satisfies VK + KV = Idge(s,£). On the other hand, we can compute,
using the formalism of [Dang and Riviere 2020a],

b~ —eLV
8.1, log e, o (V(2)) = —tarRe 5% — / N~
e

where ¢y is an Euler structure canonically associated with ¥, K is another cochain contraction, X is
a Morse—-Smale gradient vector field and e € C|(M, Z) is a singular one-chain representing the Euler
structure ¢y ; see Section 9. Now using the fact that K and K are cochain contractions, one can see that

a(Ke % — Ke %) = aR, + [V, «G.],

where R, is an operator of degree —1 whose kernel is, roughly speaking, the union of graphs of the
X« where (X,), is a nondegenerate family of vector fields interpolating Xy and X, see Section 9.3,
and G, is some operator of degree —2. Therefore we obtain by cyclicity of the flat trace

© V@) oyr, / tra =0, (2-3)
Tey,0(V(2)) ‘ e

where the last equality comes from differential topology arguments. Using the analytical structure

maps e~ ¢

0;1:=0 log

of the representation variety, we may deduce from (2-3) the claim of Theorem 6. Theorem 7 then
follows from the invariance of the dynamical torsion under small perturbations of the flow, the fact that
Te.0(0) = Te.o(p)(det p, h) for any other Euler structure ¢/, where h € Hy (M, Z) satisfies ¢ = ¢/ + h (we
have that H;(M, Z) acts freely and transitively on the set of Euler structures; see Section 9), and the fact
that, in our notation, ¢, — ¢y = cs(Xy, X,;) for any other contact form 7.

2.5. Related works. Some analogs of our dynamical torsion were introduced by Burghelea and Haller
[2008b] for vector fields which admit a Lyapunov closed 1-form generalizing previous works by Hutchings
[2002] and Hutchings and Lee [1999a; 1999b] dealing with Morse—Novikov flows. In that case, the
dynamical torsion depends on a choice of Euler structure and is a partially defined function on Rep,.(M, d);
if d =1, it is shown in [Burghelea and Haller 2008a] that it extends to a rational map on the Zariski
closure of Rep,.(M, 1), which coincides, up to sign, with Turaev’s refined combinatorial torsion (for the
same choice of Euler structure). This follows from previous works of Hutchings and Lee [1999a; 1999b]
who introduced some topological invariant involving circle-valued Morse functions. In both works, the
considered object has the form

dynamical zeta function(0) x correction term,

where the correction term is the torsion of some finite-dimensional complex whose chains are generated
by the critical points of the vector field. The chosen Euler structure gives a distinguished basis of the
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complex and thus a well-defined torsion. This is one of the main differences with our work since in the
Anosov case, there are no such choices of distinguished currents in C*. However, the chirality operator
allows us to overcome this problem as described above.

We also would like to mention the interesting related work [Rumin and Seshadri 2012], where the
authors relate some dynamical zeta function involving the Reeb flow and some analytic contact torsion
on 3-dimensional Seifert CR manifolds.

Finally, recently Spilioti [2020] and Miiller [2020] were able to compare the Ruelle zeta function for odd-
dimensional compact hyperbolic manifolds with some of the complex-valued torsions mentioned above.

2.6. Plan of the paper. The paper is organized as follows. In Section 3, we give some preliminaries about
torsion of finite-dimensional complexes computed with respect to a chirality operator. In Section 4, we
present our geometrical setting and conventions. In Section 5, we introduce Pollicott—Ruelle resonances.
In Section 6, we compute the refined torsion of a space of generalized eigenvectors for nonzero resonances
and we define the dynamical torsion. In Section 7, we prove that our torsion is insensitive to small
perturbations of the dynamics. In Section 8, we compute the variation of our torsion with respect to the
connection. In Section 9, we introduce Euler structures which are some topological tools used to fix
ambiguities of the refined torsion. In Section 10, we introduce the refined combinatorial torsion of Turaev
using Morse theory and we compute its variation with respect to the connection. We finally compare it to
the dynamical torsion in Section 11.

3. Torsion of finite-dimensional complexes

We recall the definition of the refined torsion of a finite-dimensional acyclic complex computed with
respect to a chirality operator, following [Braverman and Kappeler 2007c]. Then we compute the variation
of the torsion of such a complex when the differential is perturbed.

3.1. The determinant line of a complex. For a nonzero complex vector space V, the determinant line of
V is the line defined by det(V) = /\dim V'V. We declare the determinant line of the trivial vector space {0}
to be C. If L is a 1-dimensional vector space, we will denote by L~ its dual line. Any basis (v, ..., v,)
of V defines a nonzero element v; A - - - A v, € det(V). Thus elements of the determinant line of det(V)
should be thought of as equivalence classes of oriented basis of V.
Let
c.:0-5c" Lt L L en

be a finite-dimensional complex, i.e., dim C J < oo for all j=0,...,n. We define the determinant line
of the complex C* by

det(C*) = (X) det(c) V.
j=0

Let H*(d) be the cohomology of (C*, d), that is,

H3)=EDH (@), H/(©d)=

Jj=0

ker(d : C/ — C/th
ran(d: C/—! — CJ)’
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We will say that the complex (C*, d) is acyclic if H*(d) = 0. In that case, det H*(9) is canonically
isomorphic to C.

It remains to define the fusion homomorphism that we will later need to define the torsion of a finite-
dimensional based complex [Farber and Turaev 2000, §2.3]. For any finite-dimensional vector spaces
Vi, ..., V,, we have a fusion isomorphism

vy, 2 det(V) @ - - @ det(V,) — det(Vi @ --- @ V)
defined by

“y, ... Vr(vll/\.../\v’lnl®...®vr1/\.../\v;"r)zvll/\.../\v’lnl/\.../\vrl/\.../\v

ny
ro

where m; =dimV; for j € {1,...,r}.

3.2. Torsion of finite-dimensional acyclic complexes. In the present paper, we want to think of torsion
of finite-dimensional acyclic complexes as a map ¢c- from the determinant line of the complex to C. We
have a canonical isomorphism

@ce : det(C*) = C, (3-1)

defined as follows. Fix a decomposition
C/'=B' @A/, j=0,...,n,

with B/ = ker(d) N C/ and B/ = 3(A/~") = 3(C/~") for every j. Then d|,; : A/ — B/*! is an
isomorphism for every j.

Fix nonzero elements c; € detC J and a j €det AJ for any j. Let d(a i) € det B/*! denote the image
of a; under the isomorphism det A/ — det B/*! induced by the isomorphism 3|4, : A/ — B/*!. Then,
for each j =0, ..., n, there exists a unique A ; € C such that

ci=AjupiAi(d@aj-1)®aj),

where ;4 is the fusion isomorphism defined in Section 3.1. Then define the isomorphism ¢c. by

n
Qce 1o ® cl_1 Q---® cﬁl_l)n > (—=1)NED 1_[ )\5._1)] e C,
j=0
where .
N(C*) = % > " dim A/ (dim A7 + (—1)/*1).
j=0

One easily shows that ¢c. is independent of the choices of a; [Turaev 2001, Lemma 1.3]. The number
T(C*, c) = @c+(c) is called the refined torsion of (C*, d) with respect to the element c.

The torsion will depend on the choices of ¢; € det C J. Here the sign convention (that is, the choice
of the prefactor (—1)" (€*) in the definition of ¢¢+) follows [Braverman and Kappeler 2007c¢, §2] and is
consistent with [Nicolaescu 2003, §1]. This prefactor was introduced by Turaev and differs from [Turaev
1986]. See [Nicolaescu 2003] for the motivation for the choice of sign.

Remark 3.1. If the complex (C*, d) is not acyclic, we can still define a torsion t(C*, ¢), which is this
time an element of the determinant line det H*(9); see [Braverman and Kappeler 2007c, §2.4].
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3.3. Torsion with respect to a chirality operator. We saw above that torsion depends on the choice of an
element of the determinant line. A way to fix the value of the torsion without choosing an explicit basis
is to use a chirality operator as in [Braverman and Kappeler 2007c]. Take n = 2r + 1 an odd integer and
consider a complex (C*, d) of length n. We will call a chirality operator an operator I' : C* — C* such
that ['2 = Id¢., and

rch=c/, j=0,...,n.

' induces isomorphisms det(C 7y — det(C™"~/) that we will still denote by I'. If £ € L is a nonzero
element of a complex line, we will denote by £~! € L~! the unique element such that £~!(¢) = 1. Fix
nonzero elements c; € det(C/) for j € {0, ..., r} and define

or = (—l)m(c.)Co ®Cl_1 Q- ®c£71)r ® (Fcr)(fl)rﬁ ® (Fcr—l)(il)r R---® (Fco)*l,

where .
. _ 1 . I . _] r+_]
m(C) =5 > dim C/(dim €7 + (= 1)),
j=0
Definition 3.2. The element cr is independent of the choices of ¢; for j € {0, ..., r}; the refined torsion

of (C*, d) with respect to I is the element
(C*, ") =1(C*, cr).

We also have the following result, which is [Braverman and Kappeler 2007c, Lemma 4.7] in the acyclic
case about the multiplicativity of torsion.
Proposition 3.3. Let (C ‘,~ d) and (5 *,9) be two acyclic complexes of same length endowed with two
chirality operators I" and I". Then

1(C'@C, T@T) =(C", )e(C, D).
3.4. Computation of the torsion with the contact signature operator. Let
B=To+4dl':C*— C".
B is called the signature operator. Let B =1"'d and B_ = dI'. Define
CL=C/Nker(By), j=0,....n.

We have that B preserves C5.. Note that By (C]) c C™/ ™!, so that By (CL & C /Y cclec! /"
Note that if B is invertible on C*, B, is invertible on C?, . If B is invertible, we can compute the refined
torsion of (C*, 9) using the following:

Proposition 3.4 [Braverman and Kappeler 2007c, Proposition 5.6]. Assume that B is invertible. Then
(C-, 0) is acyclic so that det(H*(9)) is canonically isomorphic to C. Moreover,
r—1
. _ dim C” (=1 , NGt
T(C*,T) = (—=1)"9"m&+ det(T'9|c7) l_[ det(rmcieacf’[f") ,
j=0

where we recall that n = 2r + 1.
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3.5. Super traces and determinants. Let V* = @?:0 V/ be a graded finite-dimensional vector space
and A : V* — V* be a degree-preserving linear map. We define the super trace and the super determinant
of A by

p p
troveA =Y (=17 try; A, detgyeA =[] (dety; 4)7"".
j=0 j=0
We also define the graded trace and the graded determinant of A by
p P ,
trgrveA =Y (—1)/jiry; A, detyyeA = ](dety; ).
j=0 j=0
3.6. Analytic families of differentials. The goal of the present subsection is to give a variation formula
for the torsion of a finite-dimensional complex when we vary the differential. This formula plays a crucial
role in the variation formula of the dynamical torsion, when the representation is perturbed. Indeed, we
split the dynamical torsion as the product of the torsion 7 (C* (¥, p), I'y) of some finite-dimensional space
of Ruelle resonant states and a renormalized value at s = 0 of the dynamical zeta function {x ,(s). Then
the following formula allows us to deal with the variation of 7(C*(, p), I'y).
Let (C*, 0) be an acyclic finite-dimensional complex of finite odd length n. If S : C* : C* is a linear
operator, we will say that it is of degree s if S(C*) C C*** for any k. If S and T are two operators on C*
of degrees s and ¢ respectively then the supercommutator of S and T by

[S,T1=ST —(—=1)"'TS.

Cyclicity of the usual trace gives trg c+[S, 7] =0 for any S, 7.
Let U be a neighborhood of the origin in the complex plane and d(z), z € U, be a family of acyclic
differentials on C* which is real differentiable at z = 0, that is,

d(c)=0+Re(o)u+Im(o)v+o(o), o —0, (3-2)
where p, v : C* — C* are degree-1 operators. Note that 0(o) o d(o) =0 implies that the supercommutator
[0,a(0)] =0a(o)+a(c)d =0, o eC, (3-3)

where a(o) =Re(o)u+Im(o)v. We will denote by C*(z) the complex (C*, d(z)). Finally, letk:C* — C*
be a cochain contraction, that is a linear map of degree 1 such that

Ok +kd =Idc- . -4
The existence of such map is ensured by the acyclicity of (C*, 9).

Lemma 3.5. In the above notation, for any chirality operator " on C*, the map z — t(C*(z), I') is real
differentiable at z = 0 and, for any c € det C*, one has

d * frd i 0 _
e logt(C*(to),T) = arl_o log T(C*(t0), ¢) = —trg c+(a(o)k).
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Note that this implies in particular that trs ¢« (a(o)k) does not depend on the chosen cochain contrac-
tion k. This is expected since if k" is another cochain contraction,
[0, a(0)kk'] = da(o)kk' +a(o)kk'd = a(o)(k — k)
by (3-3), and the supertrace of a supercommutator vanishes.

Proof. First note that for nonzero elements ¢, ¢’ € det C*, we have

T(C*(2), 0) =[c:']-1(C*(2), ¢, (3-5)
where [c: ¢’] € C satisfies c =[c: c']- (.
For every j =0, ..., n, fix a decomposition
where B/ =kerd N C/ and A/ is any complementary of B/ in C/. Fix some basis ajl., cees af.j of A/;
then daj, ..., 8af:/ is a basis of B/*! by acyclicity of (C*, 3). Now let

=dal A ndaTT ARG A nGY j
cj=0da;_yA---Nda;Ly NajN---Na edetC

and
c=coR () '@ ® - ®(c,) TV edetC.

Now by definition of the refined torsion, we have for |z| small enough
n
7(C*(to), c) =+ [ [ det(A o) (3-6)
j=0

where the sign = is independent of z and A (z) is the matrix sending the basis

1 i1 1 ¢
Baj_l,...,8aj_1,aj,...,aj
to the basis
1 i1 1 £
8(to)aj71, e, 8(to)aj_l,aj, s

(which is indeed a basis of C/ for |z| small enough). Let k : C* — C* of degree —1 defined by
kaa;” = a;-”, ka;?1 =0
for every j and m € {0, ..., £;}. Then ko + 0k = Idc. and
det A;(to) =detypgj-14pi(0(to)k ®1d).
Now (3-2) and (3-6) imply the desired result, because t(C*(to), ') = [cr : c] - t(C*(to), c) by (3-5). U

4. Geometrical setting and notations

We introduce here our geometrical conventions and notation. In particular, we adopt the formalism of
[Harvey and Polking 1979], which will be convenient to compute flat traces and relate the variation of the
Ruelle zeta function with topological objects.
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4.1. Twisted cohomology. We consider M an oriented closed connected manifold of odd dimension
n=2r+1. Let E — M be a flat vector bundle over M of rank d > 1. For k € {0, ..., n}, we will denote
the bundle A¥T*M by A for simplicity. We will denote by QX(M, E) = C®(M, A* ® E) the space of
E-valued k-forms. We set

n
Q(M,E) = EB Q(M, E).
k=0
Let V be a flat connection on E. We view the connection as a degree-1 operator (as an operator of the
graded vector space Q2*(M, E))

V:QKM,E) > QM E), k=0,...,n.

The flatness of the connection reads V2 = 0 and thus we obtain a cochain complex (2°(M, E), V). We
will assume that the connection V is acyclic, that is, the complex (2*(M, E), V) is acyclic, or equivalently,
the cohomology groups

{ueQKM, E): Vu=0)

k —
HAM. V)= (Vv:ive Q1(M,E)}’

k=0,...,n,

are trivial.
4.2. Currents and Schwartz kernels. Let

D'*(M, E) = @ D' (M, A*® E)
k=0

be the space of E-valued currents. Let EV denote the dual bundle of E. We will identify D' (M, E) and
the topological dual of Q"~¥(M, EV) via the nondegenerate bilinear pairing

<a,ﬁ>=f aAB, aecQXM,E), peQ"*M, EY),
M

where A is the usual wedge product between E-valued forms and EY-valued forms.

A continuous linear operator G : Q*(M, E) — D’*(M, E) is called homogeneous if, for some p € Z,
we have G(QK(M, E)) c D'**P(M, E) for every k = 0, ..., n; the number p is called the degree
of G and is denoted by deg G. In that case, the Schwartz kernel theorem gives us a twisted current
GeD"P(M x M, n{EY @} E) satisfying

(Gu, v)y = (G, Tfu A3 V) mxm,  u€ QM. E), ve QP (M, EY),
where 7 and m; are the projections of M x M onto its first and second factors respectively.

4.3. Integration currents. Let N be an oriented submanifold of M of dimension d, possibly with
boundary. The associated integration current [N] € D"4(M) is given by

([N],a)):/ ivo, oeQ M),
N
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where iy : N — M is the inclusion. Note that Stokes’ formula yields
d[N] = (—=1)""**'[aN]. (4-1)

For f € Diff(M), we will set Gr(f) = {(f(x), x) : x € M} to be the graph of f. Note that Gr(f) is
an n-dimensional submanifold of M x M which is canonically oriented since M is. Therefore, we can
consider the integration current over Gr( f). By definition, we have for any «, 8 € Q*(M)

(G afanip) = [ srans
M
In particular, [Gr(f)] is the Schwartz kernel of f*: Q*(M) — Q*(M).

4.4. Flat traces. Let G : Q*(M, E) — D’*(M, E) be an operator of degree 0. We denote its Schwartz
kernel by G and we define

WF'(G) ={(x,y,&n): (x,y,§ —n) € WR(G)} C T*"(M x M),

where WF denotes the classical Hormander wavefront set; see [Hormander 1990, §8]. We will also use
the notation WF(G) = WF(G) and WF'(G) = WF'(G). Assume that

WF GO NAT*M)y=2, AT*M)={(x,x,£&):(x,§) e T*M}. 4-2)

Lett: M — M x M, x — (x, x), be the diagonal inclusion. Then by [Hormander 1990, Theorem 8.2.4]
the pull back *G € D""(M, EY ® E) is well-defined and we define the super flat trace of G by

G = (tri*g, 1),
where tr denotes the trace on EY ® E. We will also use the notation
'’ G =t’NG
gr S ’

where N : Q*(M, E) — Q*(M, E) is the number operator, that is, Nw = kw for every w € Qk(M, E).

The notation trz is motivated by the following. Let A : C*°(M, F) — D'(M, F) be an operator acting
on sections of a vector bundle F. If A satisfies (4-2), we can also define a flat trace tr” A as in [Dyatlov
and Zworski 2016, §2.4]. Now if G : Q*(M, E) — D’*(M, E) is an operator of degree 0, it gives rise to
an operator Gy : C*°(M, F,) — D' (M, F}) for each k =0, ..., n, where F; = A¥ ® E. Then the link
between the two notions of flat trace mentioned above is given by

n
G => (-t Gy
k=0
If ' € T*M is a closed conical subset, we let

DE(M,E)={ueD"*(M, E), WF(u) C T'} (4-3)

be the space of E-valued current whose wavefront set is contained in I', endowed with its usual topology;
see [Hormander 1990, §8]. If ' is a closed conical subset of 7*(M x M) not intersecting the conormal
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to the diagonal
N*A(T*M) = {(X, X, S’ _S) : (xa g) € T*M}v

then the flat trace is continuous as a map D (M x M, Jri"Ev ®nE) — R.

4.5. Cyclicity of the flat trace. Let G, H : Q*(M, E) — D’*(M, E) be two homogeneous operators. We
denote by G, H their respective kernels. If I' C T*(M x M) is a closed conical subset, we define

r®—= {(y, n) : there exists x € M such that (x,y,0,n) € I'},
r®= {(y, n) : there exists x € M such that (x, y, —n,0) € I'}.

Then under the assumption
WE(G)@ NWEH)" = 2,

the operator F' = G o H is well-defined by [Hormander 1990, Theorem 8.2.14] and its Schwartz kernel F
satisfies the wavefront set estimate:

WE(F) C {(x, y, &, n) : there exists (z, ¢) such that (x, z, &, ¢) € WF'(G) and (z, y, £, n) € WF(H)}.
If both compositions G o H and H o G are defined, we will denote by
[G,H]=GoH — (—1)*eCdel .G
the graded commutator of G and H. We have the following:

Proposition 4.1. Let G, H be two homogeneous operators with deg G 4+ deg H = 0 and such that both
compositions G o H and H o G are defined and satisfy the bound (4-2). Then we have

t)[G, H] = 0.

The above result follows from the cyclicity of the L>-trace, the approximation result [Dyatlov and
Zworski 2016, Lemma 2.8], the relation

(G, H =t’[(-DN G, H],

where N is the number operator and tr” is the flat trace with the convention from [Dyatlov and Zworski
2016, §2.4] (see Section 4.4), and the fact that the map (G, H) — G o H is continuous

DE(M x M, n{E¥ @y E) x DE(M x M, n{ E¥ @ n5 E) — DY(M x M, n{E” @ n; E)

for any closed conical subsets I', I' C T*(M x M) such that T NT'D = &, and where Y is a closed
conical subset given in [Hormander 1990, 8.2.14].

4.6. Perturbation of holonomy. Let y : [0, 1] — M be a smooth curve and « € Q' (M, End(E)). Let P,
(resp. P,) be the parallel transport Ey©) — Eyq of V (tesp. V =V +a) along y 0,1 Then

P.=P exp(— / P_.a(y(2)P; dr). (4-4)
0
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The above formula will be useful in some occasion. For simplicity, we will denote for any A €
C*®(M, End(E))

t
fA =/ P_. A(y (1)) P dt € End(E, (q)),
y 0
so that P, = P, exp(— fy a(X)).

5. Pollicott—Ruelle resonances

5.1. Anosov dynamics. Let X be a smooth vector field on M and denote by ¢ its flow. We will assume
that X generates an Anosov flow, that is, there exists a splitting of the tangent space 7, M at every x € M

T'M =RX(x)® E;(x)® E,(x),

where E,(x), Es(x) are subspaces of Ty M depending continuously on x and invariant by the flow ¢/,
such that for some constants C, v > 0 and some smooth metric |- | on T M one has

|(d(pt)xvs| < Ce_w|vs|, [ 07 Vg € Ex(x),
[(de") v, < Ce™ M, |, <0, v, € E (x).

We will use the dual decomposition 7*M = Ej® E;; ® E;, where Ej, E;; and E; are defined by
Ey(E;s®E,) =0, E(Eq®E\)=0, E(Ey®E,=0. (5-1)
5.2. Pollicott—Ruelle resonances. Let 1x denote the interior product with X and
Ly =Vix+i1xV:Q(M,E)— Q' (M,E)

be the Lie derivative along X acting on E-valued forms. Locally, the action of E; is given by the
following. Take U a domain of a chart and write V=d+ A, where A € QY(M, End(E)). Take wy, ..., wy
(resp. eq, ..., eq) some local basis of AK (resp. E) on U. Then, forany 1 <i <{fand 1< j <d,

LY(fwi®ej) = (Xflw; ®e;+ f(Lxw) ®e;+ fw; ® A(X)e;, [feC®U),

where Ly is the standard Lie derivative acting on forms. In particular, C; is a differential operator of
order 1 acting on sections of the bundle A*T*M ® E, whose principal part is diagonal and given by X.
This operator generates a transfer operator

eEX L Q (M, E) — Q"(M, E),
which is defined by the relation

%(etﬁzu) =X (LYu).
For Re(s) big enough, the operator LZ + s acting on Q*(M, E) is invertible with inverse

(o.¢]
Ly +9) = / e ExeT dt, (5-2)
0
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as it follows by an integration by parts. The results of [Faure and Sjostrand 2011] generalize to the
flat bundle case as in [Dang and Riviere 2020b, §3] and the resolvent (L‘; +5)7 !, viewed as a family
of operators Q*(M, E) — D’*(M, E), admits a meromorphic continuation to s € C with poles of finite
multiplicities; we will still denote by (ﬁv +s)~! this extension. Those poles are the Pollicott—Ruelle
resonances of £§, and we will denote this set by Res(ﬁ ).

5.3. Generalized resonant states. Let sy € Res(L‘;). By [Dyatlov and Zworski 2016, Proposition 3.3]
we have a Laurent expansion
J (s0)

\v4 -1 _ 1 (E + SO)
Ly +5) 7 =Yy () + Z( 1/ SO)J (5-3)
where Y, (s) is holomorphic near s = s, and
I, = L/ (LY +5)"'ds: Q" (M, E) - D'*(M, E) (5-4)
2mi Je s

is an operator of finite rank. Here C.(sg) = {|z — so| = ¢} with ¢ > 0 small enough is a small circle
around s such that Res(ﬁ )N {|z — o] < &} = {so}. Moreover the operators Y, (s) and I, extend to
continuous operators
Yy, (s), I, : Dg: (M, E)— Dg;(M, E). (5-5)
The space
C*(sp) = ran(Tly,) C Dg; (M, E)

is called the space of generalized resonant states of E; associated with the resonance s.

5.4. The twisted Ruelle zeta function. Fix a base point x, € M and identify v (M) with 7 (M, x,). Let
Per(X) be the set of periodic orbits of X. For every y € Per(X) we fix some base point x,, € Im(y) and
an arbitrary path ¢, joining x, to x,. This path defines an isomorphism v, : 71(M, x,,) = 71 (M) and we
can thus define for every y € Per(X)

ov(lyD = pov(Wy[yD.

The twisted Ruelle zeta function associated with the pair (X, V) is defined by
txv(s)= ] detld—e, py([yDe "), Re(s) > C. (5-6)
ve€gx

Here Gy is the set of all primitive closed orbits of X (that is, the closed orbits that generate their class in
m1(M)), £(y) is the length of the orbit y and C > 0 is some big constant depending on p and X, which
satisfies

lov(ly DIl < exp(CE(y)), v €Gx, (5-7)

for some norm || - || on End(Ey,). Finally ¢, =1 if E,|, is orientable, and —1 if not.
In what follows, we will denote by P, the linearized Poincaré return map of y, that is,

P, =dio |5 0eE,0)
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for some x € Im(y) (if we choose another point in Im(y), the new map will be conjugated to the first

one). Then one has
_ _ q det(Id —P,) L
&y = sgndet(Py,|g,) = (—=1) m, where ¢ = dim Ej. (5-8)
Giuletti, Pollicott and Liverani [Giulietti et al. 2013] and Dyatlov and Zworski [2016] showed that
{x,v has a meromorphic continuation to C whose poles and zeros are contained in Res(ﬁg). In fact, a

consequence of the Guillemin trace formula [1977], together with (5-8) and the identity

n
det(ld —Py) =Y (=D Tk tr A¥dep™t®),
k=0
is that whenever Re(s) is large enough, we have, for every small ¢ > 0,

8, log Cx,v(s) = (=D (LY +5)le o5y, (5-9)

where the flat trace makes sense, because the wavefront set of (ﬁ; +5)"le (£X+5) does not encounter
the conormal to the diagonal in T*(M x M) (see Section 8.4). In particular, one can see that the order
of {x v near a resonance sp € Res(ﬁ ) is given by

m(so) = (=T Y (= 1) kmy(s0). (5-10)

k=0

where my (so) is the rank of the spectral projector Iy |qr . E).4

5.5. Topology of resonant states. Since V commutes with LY, it induces a differential on the complexes
C*(sp) for any sg € Res(£ ). It is shown in [Dang and Riviere 2020b] that the complexes (C*(sg), V)
are acyclic whenever sg 7 0. Moreover, for 5o = 0, the map

50 : "M, V) — C*(50=0) =

is a quasi-isomorphism, that is, it induces isomorphisms at the level of cohomology groups. Since we
assumed V to be acyclic, the complex (C*, V) is also acyclic.

6. The dynamical torsion of a contact Anosov flow

From now on, we will assume that the flow ¢’ is contact, that is, there exists a smooth one form ¢ € Q! (M)
such that 9 A (d9)" is a volume form on M, (x©¥ = 1 and tx d9 = 0. The purpose of this section is
to define the dynamical torsion of the pair (¢, V). We first introduce a chirality operator I'y acting on
Q°*(M, E), which is defined thanks to the contact structure. Then the dynamical torsion is a renormalized
version of the twisted Ruelle zeta function corrected by the torsion of the finite-dimensional space of the
generalized resonant states for resonance so = 0 computed with respect to ['y.

This construction was inspired by the work of Braverman and Kappeler [2007¢] on the refined analytic
torsion.

4 In [Dyatlov and Zworski 2016], the authors study the action of KV on (AKT*Mnker: x)®FE and they get

m(sg) = (—1)4 Z ( l)km (sg), where mk(vo) is the dimension of Iy, (Q (M E)Nkerty). Here we study the action of
LY, on the full bundle Ak T*M ® E, which leads to (5-9) and (5-10).



2638 YANN CHAUBET AND NGUYEN VIET DANG
6.1. The chirality operator associated with a contact structure. Let Vx — M denote the bundle 7*M N
ker tx. Note that for k € {0, ..., n}, we have the decomposition

AT*M = ATy Ao @ AFVy. (6-1)
Indeed, if « € A¥T*M we may write

o= (—1)k+ltxoz/\19—|—a — (—1)k+ltxol/\l9.

eAF1Vy A eAFVy

Let us introduce the Lefschetz map
LA Vy — ATVx,  urs uAdY.
Since d¥ is a symplectic form on Vy, the maps .#” % induce bundle isomorphisms
LR AR Yy = ARV, k=0, (6-2)

see for example [Libermann and Marle 1987, Theorem 16.3]. Using the above Lefschetz isomorphisms,
we are now ready to introduce our chirality operator.
Definition 6.1. The chirality operator associated with the contact form ¢ is the operator 'y : A*T*M —
A""*T*M defined by '3 = 1 and

To(fAD+g) =L Fgno+ 27 r re Ak lvy, ge AfVy, kelO0,...,r), (6-3)
where we used the decomposition (6-1).

Note that in particular one has, fork e {r +1, ..., n},
To(f AP +8) =L g+ )7y

6.2. The refined torsion of a space of generalized eigenvectors. The operator I'y acts also on Q°(M, E)
by acting trivially on E-coefficients. Since Lx1 =0, ['y and Li; commute so that I'y induces a chirality
operator

[y 1 C*(s0) = C"*(s0)

for every sg € Res(ﬁz). Recall from Section 5.5 that the complexes (C*(sg), V) are acyclic. The following
formula motivates the upcoming definition of the dynamical torsion.

Proposition 6.2. Let sy € Res(LY) \ {0, 1}. We have
T(C*(50), Tp) " = (= 1)@ detgr, co(50) LY »

where
Q5= Y (=D*(r+1—k) dim C*(s0).
k=0
and t(C*(sg), I'y) € C\ 0 is the refined torsion of the acyclic complex (C*(sg), V) with respect to the
chirality Ty ; see Definition 3.2.

Let us first admit the above proposition; the proof will be given in Sections 6.5 and 6.6.
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6.3. Spectral cuts. 1If T C [0, 1) is an interval, we set

Y MOy, Ci= P Cso) and Q0z= ) Q. (6-4)
so€Res(LY) so€Res(LY) so€Res(LY)
Isol€Z Isol€T Isol€Z

Note that L‘V + s acts on C*(sg) for every sg € Res(ﬁ ) as —sg Id +J, where J is nilpotent. We thus have
for s ¢ Res(ﬁx)
detgrcs (LY +9)TV" = [ (5= 500", (6-5)

S()eRes(L';)
Isol€eZ

where dety; is the graded determinant; see Section 3.5.
Let A € [0, 1) such that Res(£ YN{s € C:|s| =1} = @. Now define the meromorphic function

7 (5) = Cx v(s)detgr (LY +9) (6-6)

Then (5-10) and (6-5) show that g“ °) has neither pole nor zero in {|s| < A}, so that the number g“(’x 00) )
is well-defined.

6.4. Definition of the dynamical torsion. Let 0 <y < A < 1 such that, for every s9 € Res(£ ), one has
|so| # A, . Using Propositions 3.3 and 6.2 we obtain, with notation of Section 6.3,

T(Cioupr T) = (=170 H (detgr e, LX) T(Cy iy, To)- (6-7)
This allows us to give the following:
Proposition/Definition 6.3 (dynamical torsion). The number
(V) = (=120 5070 D" 7(Cly . Tw) € C\O (6-8)
is independent of the spectral cut ) € (0, 1). We will call this number the dynamical torsion of the
pair (¢, V).

Proof. Let 0 < u < A < 1 be such that |sg| £ A, u for each sy € Res(ﬁ ). Denote by 73(V, A) the
right-hand side of (6-8) and define 7y (V, ) identically. Then we have, by (6-7),

p(V, 1) = (=120 00 0) V- 7(Cpy 0 To)
= (=120 0TV (=) 70w (detyr 2, LX) T(Clo iy, o).
Now, we have Qjo,2] — Q(u.2] = QJo,,] by (6-4); moreover

Sy O (detge,, £ = ¢ O

(2]

by (6-6). Thus 75(V, L) = 79(V, ), which concludes the proof. O

Remark 6.4. If ¢ X,vs’”(O) is the leading term of the Laurent expansion of {x v (s) at s = 0, then taking A
small enough actually shows that

(V) = (=) 1€, Ty). (6-9)
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In particular, if O ¢ Res(ﬁg),

(V) = txv(0) V" (6-10)
Note that we could have taken (6-9) as a definition of the dynamical torsion; however, (6-8) is more
convenient to study the regularity of the ty (V) with respect to ¥ and V.

Remark 6.5. This definition actually makes sense even if V is not acyclic. Indeed, in that case, formula
(6-8) defines an element of the determinant line det H*(C {0, HV); see Remark 3.1. Under the identification
H*M,V)= H'(Cfo,x]v) given by the quasi-isomorphism Il ;7 : Q2°(M, E) — C[’o,x] (see Section 5.5),
we thus get an element of det H*(M, V).

The rest of this section is devoted to the proof of Proposition 6.2, which computes the value of the torsion
7(C*(s0), I'y). The strategy goes at follows. First, we introduce the signature operator By ="y V + VI'y,
and show that it is invertible on C*(so) for sg # 0, 1 (Proposition 6.6). This property will allow us to use
Proposition 3.4 in order to compute t(C*(sg), ['p).

6.5. Invertibility of the contact signature operator. To prove Proposition 6.2 we shall use Section 3.4
and introduce the contact signature operator

By =TyV+VIy:D*(M,E)— D*(M, E),

where 'y acts trivially on E. We fix in what follows some sg € Res(ﬁz) \ {0, 1} and we denote C*(sg) by
C*(so) for simplicity. We also set Cj(so) = C*(so) Nker(tx).

Proposition 6.6. The operator By is invertible C*(sg) — C*(sp).

Note that, as V> = 0 and Fl% = Id, we have that By is invertible on C*(sg) if and only if
ker(I'y V) Nker(VIy) = {0} (6-11)
on C*(sp). Indeed, assume that (6-11) holds and let 8 € ker By. Set u ="y VB = —VI'yB; we have
[yVu=0=VDlypu,

hence 1 = 0 by (6-11), and therefore 8 = 0, again by (6-11), yielding ker By = {0}.

In order to prove (6-11) (and thus Proposition 6.6) and Proposition 3.4, we introduce several notations
that will help us understand the action of the operator I'y V restricted to ker(VI'y). First, because V does
not leave the decomposition (6-1) stable, we need to introduce an operator W : Cj(so) — C(')Jrl (so) which
mimics the action of V. More precisely, we define

Wu=Vu—(—DFLYund, peCkiso). (6-12)
Because Lx do =0, the map W satisfies the simple relation
W(puAde)) = (Wp) Add’, e Cyso), jeN, (6-13)
that is, ¥ commutes with .. Also, observe that

Wl =—LYyuAdd, weChso). (6-14)
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Indeed, using the fact that £§ and V commute,
W=V (Vi — (=D Lypund) = (=D (LY (Vi — (=D LY p A ) A
= VU (DI A D) + (D LIV A — LY u A A D
= (=DM =DF L A dv.
For k € {0, ..., r}, we also define the operator Jy : C*(sp) — CK(s0) by the formula
JB=f A0~ (DS (6-15)
forany B = f A +g € C¥(sp), with f € Cg_l (s0). We finally set, as in Section 3.4,
C: (s0) = C*(so) Nker(VIp) and C* (s0) = C*(so) Nker(I'y V).
Lemma 6.7. J; is a projector and is valued in C i (s0)-
Proof. Indeed, we have for any f € Cg_l(so) and g € C’g (s0),
Vs (fAD+g) = V(gAdd F A+ f Ady T
= WgAdd A9+ (=D gadd" 4w Fadd" (= DFFLLY fAde F I Ap,
which implies that 8 = f A 9 + g lies in C’jr (so) if and only if
(Wg+ (=DFILY fFAdI)AdD™™ =0 and (Wf +(=1)fg) Ad"*F! =0. (6-16)

But now note thatif 8= f A9 +g = Jif = f' A — (=D W’ for some B’ = f' A + ¢ then f = f’
and g = —(—1)*W, and thus B satisfies the second part of (6-16). We also obtain

Wg=—(—D"W2f = (=LY f AdD

by (6-14), so the first part of (6-16) is also satisfied. Therefore J : C k(sg) = C i (s0); it is clear that Jy is
a projector. U

We start by a lemma which tells us how (I'y V)? acts on C i (sp) with k < r.
Lemma 6.8. Take k € {0, ...,r — 1}. Then, for any 8 € Ci(so), one has
Ty V)*B = LY(LY —1d)B — (L — 1d) JiB.
Proof. Since k < r we can write, thanks to (6-20),
Ty VB =VBAY AdY 14 (=D ix VB Add .
Therefore
VI VB = —(=DVBAdY F+ (=DfVix VB Ad *
= (=D*(Ly —Id) VB Ady"F
= (1xVixVB —ixVB) A9 Add"F 4 (=D (LY —1d) (VB — (= DFix VB A D) Ado"F,
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where we used Vix Vg = £§V,B and (xVixVg = EXLXV,B. Since € Ci(so), one has with (6-20)

(VB — (—])kLXV,B AD) A dﬂr—k = (1xB —txVixp) /\dﬁr_k-H.
This leads to

VIyVB = (1xVixVB —tx VB A Ad0 ™ + (= DX (LY —1d)(1x B — tx Vix B) Ad" 1,
Since ixVixVB —1xVB = (LY —1d)ix VB and tx B — txVixf = (Id —L})tx B, we obtain
VIyVB = (LY —Id)ixVBAY AdY F + (—=DR(LY —1d)Ad —LY)ixp A do" L,
and thus by the definition of 'y
Dy VI Ve = —(—DFId —L£))*ixB A0 + (LY —1d)ix VB. (6-17)
Now, writing 8 = f A ¥ + g, where tx f =0 and txg = 0, we have
VB=VfAD—(—D*fAdo+ Vg,
xVB=LYf A9+ (=D'Vf +LYg, (6-18)
ixBAD =—(=DFf A0
Injecting those relations in (6-17) we get
Ty VIy VB =LY(Ly —1)(f AD +¢) = (LY —1d)(f A0 — (=DNVf + (=D LY f A D)),
which concludes in view of (6-12) and (6-15). O

We now deal with the case k =r.

Lemma 6.9. One has, for 8 € Ci (s0),

TyVB = (=1)"((LY —I)B + Ad—J,)B).
Proof. We have
yVB=2""(VB— (1) 1xVBA®)+ (=) 1xVB.

Since B € C!, (s0), we have with (6-20) that VB — (=1)"tx VB A = (tx B — 1xVix B) Adv. Therefore,
[y VB = (xB—ixVixp) AD +(=1)"1xVB.
We now conclude as in the previous lemma, using (6-18). (I

Proof of Proposition 6.6. To prove that By is invertible on C*(sp), recall that it suffices to show that (6-11)
holds. Let 8 € C*(sp) lying in the left-hand side of (6-11), and write
2r+1

B= Z Bk
k=0

where B € C*(sg). Then By € Ci(so) N C* (so) for each k. Therefore, Lemma 6.8 yields, for k < r,

0= (Ty V)2 B = LY(LY —1d) B — (LY — 1d) Ji B,
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. V v . .
that is, (Ly — Id)(Ly Bk — JkBrx) = 0, which gives

LYB = JiBr
since £§ — Id is invertible on C*(so). However, writing B = fi—1 A ¥ + gk, with fi_1, gx € Cj(s0), we
have by (6-15)
LY firt N0+ LY gk = fro1 A — (=D WSy

Therefore E;fk,l = fr—1 and Eng =—(—D*Wfi_jand fr_1 =0 by invertibility of L‘; —1d. Hence
gr = 0 by invertibility of £}, and thus By = 0. For k = r, Lemma 6.9 yields

E;ﬂr = Jrﬁr,

which gives, as above, 8, = 0. Applying the above arguments to 8 = I'y 8, which lies in the intersection
(6-11), yields 8,—x = 0 for each k < r. Thus 8 = 0 and the equality (6-11) is proven. (Il

6.6. Proof of Proposition 6.2. We start from Proposition 3.4 which gives us, in view of Proposition 6.6,

r—1
7(C*(s0), T'p) = (= 1) M0 det(T'y Ve (50) ™V [ [ det(Ty V.
!

j=0

We first note that for k € {0, ..., r} and B € QK(M, E), one has

soscit) T (6-19)

VIyp =25 VB — (=D ixVBAY + L(xVixB—1xB)) A
+ (=D (B = VixB+ (=D ix(B—VixB) A D), (6-20)
TyVB=2""* (VB — (=D xVBAD) AD + (=D 2 F(xVP),

where /=" = (¢ 7 |Afo)_1 for 0 < j < r. Indeed, using the decomposition (6-1),

TyB=(—D"ixAdd™ 1 4 B+ (—DrixBAD) AdO A0
= (=DMl Add L BAde K A,
which leads to
VI = (=D VixBAdY *H 1 VB AdY F A9 + (—D¥B Ady"FH!
_ (—1)k+1((—1)k+llXVlX,3 AD /\dﬂr—k-i-l)
+ (=D (Vi B+ (= DFix Vix p A) Ado" !
+ (VB = (=D ix VBAD) AdO"F A0
+ (=D¥(B+ (=DFix B A9) Ady"FH!
—ixBAdO K A,
which is exactly the first part of (6-20). The second part follows directly from the decomposition (6-1).
We will set, for 0 < k <n,

my = dim C*(sg), ml =dim Ch(sp), mi = dim C% (sp).
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First, take k € {0, ...,r — 1}. Because By is invertible on C*(sg), I'yV induces an isomorphism
Cﬁ‘r (s0) — C_’ﬁ_k_l(so). Take any basis y of Ci(so). Then 'y Vy is a basis of C_"[k_l and the matrix of
FﬂvlCﬁ;(m)@Ci*"“(m) in the basis y @[y Vy is

0 [(FﬁV)Z]y
(Id 0 ) ’ 6-21)

where [(F19V)2]y is the matrix of (Fﬂv)2|cﬁ(s0) in the basis y. Define
Je =1d —Ji : C* (s9) — CX (s0).

Then Z{ is a projector (since J; is by Lemma 6.7) and J; (and thus J~k) commutes with E; (since ¥
commutes with L‘;). Moreover one has

oV lier g, = (LY =12, (Ty V)| 5 = Ly (LY —1d).
As a consequence,

det((Ty V)?lct 55)) = [50(1 + 50) 1" M1 (1 50) 2ot = 5™ M1 (1 )™ H

because on C*(sp) (and in particular on C ﬁ (50)), one has £Y = —so Id +v, where v is nilpotent, and one
has dimkerJNk = dimran J; = m,?_l. Indeed, by (6-15) we can view J; as a map Cg’l(so) — Cﬁ(so),
which is of course injective. We finally obtain with (6-21)

Qet(T V| ot (g0 00141 (5y) = (— 1™ 0% 51 (1 4+ 50)™E 71 (6-22)
We now deal with the case k =r. Lemma 6.9 gives
Ty Vs =(D"(LY —1d), TyVi,7 =(-D"LY.
As before, we obtain
det(T'y Ve () = (= 1) (= 1) 5™ ~™-1 (1 + 50)"0-1. (6-23)
Combining (6-19) with (6-22) and (6-23) we finally obtain

T(C*(s0), Tp) = (=17 50" (1 +s50) L, (6-24)

where

r r r—1
T=>"(=Dmf, K=Y (=Dfmf—ml ). L= (=D —m).

k=0 k=0 k=0

Note that for 0 < k <r —1 one has by acyclicity and because I'y induces isomorphisms Cf‘r (s0) =~ crk (s0)
(since By is invertible),

+ - . . -
my =m,_, =dimker(V|cr-r) = dimran(V|ens-1(5)) = Mp—g—1 —m,_;_,.
Since my g1 —m,_, | =myy1 — m,:jrl, one obtains

m:—i-m,:r] =miy1, O0<k<<r—1, (6-25)
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: + + _ .0 0 : + _ .0
which leads to m;” +m; | =m;+m;_,. As a consequence, since my = mg = m, we get
+ 0 + 0 roe .+ 0
m; —m;=—m;_ —m;_)=---=(=1) (mg —my) =0.

This implies
m)=mf, 0<k<r, (6-26)

which leads to L = 0. Moreover, since mg = mgr_k, we get

r 2r n
K=Y (=Dfm{—m)_ )= "(=Dm == (=D kmi = (=1)?m(so),
k=0 k=0 k=0

where we used (5-10) in the last equality. Finally, again because mg = mgr_ o

2r n
20 = (=1)'md+ Y (=Dfm{ = (=1)'m? =Y (= 1)¥kmy.
k=0 k=0

We have

r r

(—Dm) =Y (=Dfmi and D (=Dkme =Y (=1 2k —n)my.

k=0 k=0 k=0
where the first equality comes from (6-25) and (6-26) and the second from the fact that m; = m,_;. We
thus obtained

J=3 (=D + 1= kmi = Oy,
k=0
and finally by (6-24)

T(C*(50). T) = (= 1) %0 (—5) 1w,

But now recall from (6-5) that detg ¢ (Eg)(*l)q+l = (—50)™®), This completes the proof.

7. Invariance of the dynamical torsion under small perturbations of the contact form

In this section, we are interested in the behavior of the dynamical torsion when we deform the contact
form. Namely, we prove here:

Theorem 9. Assume that (9)c(—s,5) is a smooth family of contact forms such that their Reeb vector
fields X generate a contact Anosov flow for each t. Let (E, V) be an acyclic flat vector bundle. Then the
map t— 1y, (V) is real differentiable and we have

d
—T19 (V) =0.
(V) =0

Remark 7.1. In view of Remark 6.5, if V is not assumed acyclic, then it is not hard to see that the proof
(given below) of Theorem 9 is still valid and we have that 0,7y, (V) =0 in det H*(M, V).

We will thus consider a family of contact forms and set ¢ = ¥y and X = Xo. We also fix an acyclic
flat vector bundle (E, V).
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7.1. Anisotropic spaces for a family of vector fields. To study the dynamical torsion when the dynamics
is perturbed, we construct with the help of [Bonthonneau 2020] some anisotropic Sobolev spaces on which
each X has nice spectral properties. We refer to Appendix B where we briefly recall the construction of
these spaces.

By Section B.4, the set

{(t,5) :s ¢ Res(LY)}
is open in (=4, §) x C. Fix A € (0, 1) such that
Res(£Y) N {|s| < A} C {0}. (7-1)
Then for t close enough to 0, we have Res(L‘;[) N{|s| = A} = @ so that the spectral projectors

1

Ht= e
2im )51

(E;t +S)_1 ds:Q*(M,E)— D'*(M, E) (7-2)

are well-defined. The next proposition is a brief summary of the results from Appendix B. For any
C, p >0, we will let
Q(c, p) ={Re(s) > c}U{|s| < p} CC. (7-3)

Proposition 7.2. There is c, g9 > 0 such that for any p > 0 there exists anisotropic Sobolev spaces
Q(M,E)CH;CH CD*(M, E),
each inclusion being continuous with dense image, such that the following hold.:

(1) For each t € [—¢y, &9, the family s — E; + s is a holomorphic family of (unbounded) Fredholm
operators H} — Hj and H* — H* of index O in the region Q2 (c, p). Moreover

Ly, €C'([—eo, soli, LIH, H)).

(2) For every relatively compact open region Z C int Q2 (c, p) such that Res(ﬁZ) N Z = @, there exists
tz > 0 such that
(LY 497" eCO([~tz, tz]i. Hol(Z,, LK, H)).
(3) Ht € Cl([_SOv 80][7 E(H.v H‘l))
We will thus fix such Hilbert spaces for some p > ¢+ 1. We let C; =ranIl; C H*, I1 = I1;— and
C* =ranlIl.

7.2. Variation of the torsion part. Let T, : C; — C{'"* be the chirality operator associated with X; see
Section 6.1. The next lemma allows us to compute the variation of the finite-dimensional torsion part of
the dynamical torsion.

Lemma 7.3. We have that t — t(C;, 1) is real differentiable and
d . 3
&T(C , ) = —trs,C“(Htﬁtht)T(Ct, I,

where X, = (d/db) X..
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Proof. By Proposition 7.2, the operator I1i|cs : C* — C; is invertible for t close enough to 0 and we will
denote by Q its inverse. Then for t close enough to 0, one has

T(C;, T) =1(C*, T),

where ﬁ is defined by ﬁ = [T QI I1I1, because V and I1; commute and the image of a ﬁ—invariant basis
of C* by the projector IT; is a I'-invariant basis of C;.
Therefore [Braverman and Kappeler 2007c, Proposition 4.9] gives

d . = .
37 (€T = gt e« (ML (CYL T,

where Ft = (d/dt)ﬁ : C* — C-. Since I'; and IT; commute, and by the two first points of Proposition 7.2,
we can apply (A-2) to get
T =TI+t + oce oo (0).
This leads to
T =0IT)ce,
where we removed the subscripts t to signify that we take all the t-dependent objects at t = 0. Therefore,
Lirg oo (FT) = Lirg o (TIFT).
Now notice that Ft2 =1 implies ['T +I'T = 0. Therefore, for every k € {0, ..., r},
trent T =tree TTTT = treu I'T = — tree T

Therefore we only need to compute trck(FF) for k € {0, ..., r} to get the full super trace trsyc-(f‘ ).
Since n is odd, we have

.
Strg o (TT) = 3 e (VAT = > (=) ! trea (IT'T).
k=0

Letk €{0,...,r} and o € Q*X(M). Using the decomposition

o= (—D*ixa A+ (@ + (—DF i DY),
we get by the definition of I}

N = (=D iy a A (d0) ! 4 (o + (= DFix,a A D) A (d0) 7 A D

Therefore,
P = (=D g a A (doy !

+ o —k+D(=D" iy a Add A (do) *
+ (=D (g0 AP+ ix, o AD) A A TE A,
+ (o + (=D iy A D) A (D) F A D,
+(r — k) (o + (= Dfixa A%) Add A () T A
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Now we use the decompositions
dd = —x O A O+ (A + L, dd A DY),
B = H(X)P + (D — H(XDD),
g = (—Dfixiga Ad+ (g o+ (=D g a Ady)
to get, again by definition,
Mo = (- ega+ (=D ixiga A A9
_l_(_l)k—l(gr—k)—l((_l)ktxtXa/\(dﬂ)r—kH)
+(r—k+ DT D ixa A (dD +1x dd AD) A D) TF) A
—(r—k+ (=D ixa) Ay dd
+(=Dfixa A =3 (X))
+(TFHY T (@ 4+ (= DFixa AW AdD) FAD =3 (X)) A
+ (@ +(=Dfixa AP (X)
+(r =k (L @+ (= Drixa A9 A DD +ix dI AN A D) ), (7-4)
where again we removed the subscripts t to signify that we take everything at t =0. Now let A : C 6‘ — Cé‘
(note that here C’g is C¥ Nkertx, see Section 6.1, and not Ctk at t = 0) defined by
A= (r —k) (L uA @) +ix dd) A de) ).
Note that the maps defined by the second, the fourth, the fifth and the sixth terms of the right-hand side

0 o) in the decomposition C* = Cé‘l AN @ Cy.

of (7-4) are antidiagonal, that is, they have the form (* 0

Therefore, since A, = 0 (we also set A_; =0),

r r r
YD e MTT) = Y7 (=DM (trex Mgty T (0)+ ) (=D (e TTIAg— 1+ TTAY)
k=0 k=0 k=0

P
=Y (=D (trex M g+ires MH (X)), (7-5)

k=0
Here, the first and seventh terms of (7-4) correspond to the first sum of the right-hand side of the first equal-
ity of (7-5), while the third and eighth correspond to the second one. If ¢ = f AD +g € Cg “IAv@Ck, then

O Atz =0(X)(f AD)+0 Atgg.
This shows that for every k € {0, ..., n} one has
trex 9ty = tree 19 (X). (7-6)

Injecting this relation in (7-5) we obtain, with 19(5( ) = —19(X ) and the formula 19(X )|C§r7k.$’_k =
LX) et
r r 2r
Z(—l)k+1 trex (TICT) = Z(—l)k+1 (trg IO (X) — trgg TTO(X) = Z(—l)k e 9 (X).
k=0 k=0 k=0
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However by (7-6) we have
2r

Z(—l)ktrcg 9 (X) = tres (DY 9 ),
k=0
which completes the proof. O

7.3. Variation of the rest. Let us now interest ourselves in the variation of t — {%:@O ) (0); see Section 6.3.
For t close enough to 0, let P, : TM — T M be defined by

P: kerd &@ RX — kerv & RX;,
v 4+ uX m— v + uX.

For simplicity, we will still denote A¥(T P)) : AXT*M — A*T*M by P,.

Proposition 7.4 (variation of the dynamical zeta function with respect to the vector field). For any
relatively compact open set Z C C such that Z N Res(ﬁg) =, there is tz > 0 so that t — {x, v(s) is C !
as a map

[—tz,tz] = Hol(Z, C).

Moreover for each s ¢ Res(Lx,) we have
dlog {x, v (s) = (=1)7s tr) (D g (LY, +5) " e *Ext), (7-7)
Proof. Take a relatively compact open set Z C C such that Z N Res(ﬁg) = &. We denote by
Q(s)eD"(M xM,EVXE)

the Schwartz kernel of the operator (ﬁ)V(l + s)_le_g([:;tﬂ ). Then it follows from [Dang et al. 2020,
Proposition 6.3] that there is #z > 0 and a closed conical subset I' not intersecting N*A such that the
map (t, s) — Qy(s) is bounded as a map

[—tz,t2] X Z —> D" (M x M, EVYXE). (7-8)
r

In fact it is actually C?asa map [—tz,tz] x Z — D'"(M x M, EVYX E) and from this it is not hard to
see that the map (7-8) is actually C ! Next, by (5-9) we have

s v (—=1)4+!
on.w ) =exp(1t [ (€5, 40 )
o

for s € Z, where oo means Re t — +o00. The first part of the proposition follows.
Next we prove (7-7) for t = 0, the proof being the same for arbitrary t. Note that we have

WLy, +1) =Ly + ) Ly (LY, )7
which leads to

S
dlog Zx, v(s) = (—1)4 / o (LY, + 1) Ly (LY + 1)l tER D 4y

oo N
+ (=19 / W (LY, + 1) e E D dr. (79
o0
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L : v -2 _ _ v —1
By cyclicity of the trace, and using (Ly +7) "= —0;(Ly + 1), one gets

_ v
g (LY, + D)7 Ly (LY, + 1) e ER T ) )
= =0ty L3 (LY, + 1) e O p1) L7 (LY + 1) 0 e T,

o2y (Y
Next, one has 8, e *“x 9 = —¢ e *“x+D and moreover
&
b et ERFT) — _e—s(ﬁzt-i-r)/ eu(£§‘+r)£; U ELFD 4,
0 t

by Duhamel’s principle, and notice that the integral

N &
b Y —1_—e(Ly \Y LY +T) pV  —u(Ly +
/ trg, (L, +7) 7" e ™ X‘H)[“X._/O XTI LY T Rt du} dr

o0

vanishes by cyclicity of the trace. Thus by (7-9) one gets
dlog Cx,v(s) = (=17t LT (LY +9)7 e E0H, (7-10)
Setting A; = Pt_1 P,, one can verify that

lx, = Pt_ltth,
which yields
LY = —VAux + Vix A= Aux,V +ix AV. (7-11)
Notice that if N is the number operator, we have
DVNV=V(=D" (N +1) and (=DVNiy, =1x,(=D¥ IV -1). (7-12)
Combining (7-11), (7-12) and the fact that 1y, and V commute with L’;t, one can show that
(=DVNLT (LY 497 e O = (—DVALY (LY, +9) e R 4 B, (7-13)
where B is a commutator. Note that A—g = Pt:() since Pi—y = Id; therefore
Pt:O =1 Aty.

Moreover we have £§l (E;l +s) '=Id—s (5; +s5)"!and injecting those two last identities in (7-13)
one obtains, by (7-10),

BHli=010g £x v (s) = (= DIs (@ A g (Ly +5) e ?E1H),

v
—¢(Lx+9) — () vanishes. O

where we used that the flat trace of Ae
Now we compute the variation of the [0, A]-part of ¢*%)(s).

Lemma 7.5. We have

d -
1 logdeter ¢ (£X, +9) = trg e (Mg ) — s trs e (Medeg (CX, +5) 7).
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Proof. Again it suffices to prove the lemma for t = 0. We are in a position to apply Lemma A.2, which
gives
)q+l

% log detgr, cs (LY, + )

Now we may conclude as in the proof of Proposition 7.4, using that

= (=D g e (TLY, (LY, +9)7.

(=D¥NILLY (£, 497" = DV ITALY (LY, +5) 7" +C,
where C is a commutator. |

7.4. Proof of Theorem 9. Combining Proposition 7.4 and Lemma 7.5, we obtain, for s ¢ Res(ﬁzt),

B log £33 (s) = (= 1) try cp (Mdyty,)
+ (D5 (D ALy (LY, +9) et EH (1 —T1)
+ (= Ds trg oo (Mg (LY, + )7 (e 5 —1d)).

Now it is a simple observation that the last two terms in the right-hand side of the above equality vanish

at s = 0; hence we get

B log £°37(0) = (= 1)7 try cr (M)

Comparing this with Lemma 7.3, we obtain Theorem 9 by the definition of the dynamical torsion; see
Section 6.4.

8. Variation of the connection

In this section we compute the variation of the dynamical torsion when the connection is perturbed. This
formula will be crucial to compare the dynamical torsion and Turaev’s refined combinatorial torsion.

8.1. Real-differentiable families of flat connections. Let U C C be some open set and consider V(z),
z € U, a family of flat connections on E. We will assume that the map z — V(z) is C 13 that is, there
exists continuous maps z — ;, V; € Q'(M, End(E)) such that for any zg € U one has

V(z) = V(z0) +Re(z — 20) 4z, + Im(z — zo) vy, + 0(z — 20), (3-1)
where 0(z — z¢) is understood in the Fréchet topology of Q! (M, End(E)). We will denote for any o € C
oz, (0) =Re(o) g, +1Im(o)v,, € Q! (M, End(E)). (8-2)

Note that since the connections V(z) are assumed to be flat, we have
[V(2),a;(0)] =V (2)a,(0) +a,(0)V(z) =0. (8-3)
ern if in the following we will consider holomorphic families of representations p(z), |z| < 8, it is not clear

that we may find a holomorphic family of connections V(z), |z| < 8, such that py(;) = p(z), but only such real-differentiable
families; see Section 11.3. Therefore we need to consider the class of real-differentiable families of connections.
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8.2. A cochain contraction induced by the Anosov flow. For z € U let

JO) Y@y
@50 = Y T v+ 00 (8-4)
j=1

be the development (5-3) for the resonance so = 0. Let C*(0; z) =ran I[1p(z). Recall from Section 5.5 that
since V(z) is acyclic, the complex (C*(0; z), V(z)) is acyclic. Therefore there exists a cochain contraction
k(z) : C*(0; z) — C*(0; 2), i.e., a map of degree —1 such that

V(2)k(z) +k(2)V(z) =Idce(0;z) - (8-5)
We now define
K (z) =1xY (2)(Id —=Tp(2)) + k(2)p(z) : (M, E) - D"*(M, E). (8-6)

A crucial property of the operator K is that it satisfies the chain homotopy equation
V(2)K(z) + K(2)V(2) =da w1, E), (8-7)

as follows from the development (8-4).

8.3. The variation formula. For simplicity, we will set for every z € U

T(2) = (V(2)).

The operators K (z) defined above are involved in the variation formula of the dynamical torsion, as
follows.

Proposition 8.1. The map z — 1(2) is real differentiable; we have for every z € U and & > 0 small
enough

d(log 7),0 = —t (e, (0)K (2)e 5% ), o eC. (8-8)

The proof of the previous proposition is similar of that of the last subsection, i.e., we compute the
variation of each part of the dynamical torsion. The rest of this section is devoted to the proof of
Proposition 8.1.

8.4. Anisotropic Sobolev spaces for a family of connections. Fix some zy € U. Recall from Section 7.1
that we chose some anisotropic Sobolev spaces H} C H*. Notice that

Ly =Ly 1 () (X), (8-9)
where B(z) € Q'(M, End(E)) is defined by
V(z) = V(z0) + B(2).

Therefore (8-1) implies that z E)V((Z) — EZ(ZO) is a C!' family of multiplication operators and thus forms
a C! family of bounded operators H* — #* and H{ — Hj by construction of the anisotropic spaces
and standard rules of pseudodifferential calculus (see for example [Faure and Sjostrand 2011]). As a
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consequence and thanks to Proposition 7.2, we are in position to apply [Kato 1976, Theorem 3.11]; thus
if § is small enough we have that

R, ={(z,5) €C?:|z—20| <8, s €Q(c, p), s ¢ o= (L} )} is open, (8-10)

where o (L’E(Z)) denotes the resolvent set of E;m on H°, and Q(c, p) is defined in (7-3). Moreover

(8-1) and (8-9) imply that for any open set Z C (c, p) such that Res(ﬁz(m)) N Z = @, there exists
8z > 0 such that for any j € {0, 1},

(LY +5)7" e ({lz — 20l < 8z}, Hol(Z,, L(HS, 7). (8-11)

For all z, the map s — (EZ(Z) + )~ ! is meromorphic in the region 2 (c, p) with poles (of finite multiplicity)
which coincide with the resonances of L’;(Z) in this region.

Moreover, the arguments from the proof of [Dyatlov and Zworski 2016, Proposition 3.4] can be made
uniformly for the family z +— (EZ(Z) +5)~! to obtain that for some closed conical set ' € T*(M x M)
not intersecting the conormal to the diagonal and any & > 0 small enough, the map

Zx{lz—z0l <8z} > Dr(M x M, 7{EY @njE), (s,2)+— K(s,2),
is bounded, where (s, z) is the Schwartz kernel of the shifted resolvent (EE(Z) + s)_le_“:;@.
8.5. A family of spectral projectors. Fix A € (0, 1) such that
{s € C:|s| < A}NRes(Ly) C {0}. (8-12)
Thanks to (8-10), if z is close enough to zg,
{s€C:|s|=r}NRes(L} V) =2, (8-13)

by compactness of the circle. For z € U we will denote by

n(@:#/ (Ly? +s5)7"ds (8-14)
2 J\51=a

the spectral projector of EZ(Z) on generalized eigenvectors for resonances in {s € C : |s| < A}, and

C*(z) =ranIl(z). It follows from (8-11), (8-13) and (8-14) that the map
IM: 2z I(z) € L(H}, H)
is C! for j =0, 1. We can therefore apply A.3 to get, for § small enough,
MeC'({|lz—z0l <8} : LAH, HY)). (8-15)

8.6. Variation of the finite-dimensional part. Because (C*(z0), V(zp)) is acyclic, there exists a cochain
contraction k(zo) : C*(z9) — C*~'(z0); see Section 3.6. The next lemma computes the variation of the
finite-dimensional part of the dynamical torsion.
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Lemma 8.2. The map z +— c(z) = t(C*(2), I') is real differentiable at 7z = z¢ and
d(logc);,0 = —trs ¢+ I1(z0)0z (0)k(z9), o €C.
Note that here, a, (o) is identified with the map w — a,,(0) A .

Proof. By continuity of the family z — I1(z), we have that I1(z)|cs(z,) : C*(z0) = C*(z) is an isomorphism,
for |z — zo| small enough, of inverse denoted by Q(z). For those z we denote by 5‘(z) the graded vector
space C*(zp) endowed with the differential

V()= 0@)V@I{E) : C*(z0) > C*(z0).
Then because I" commutes with every I1(z) one has
7(C*(2). ) =1(C*(2). ). (8-16)
By (8-15) we can apply (A-2) in the proof of Lemma A.2 which gives, as 0 — 0,
V(20 + 0)T1(20) = (20) V (20)[1(20) + T(20)etz (0)T1(20) + 0C*(20)> 2 (20) ().

Therefore Lemma 3.5 implies the desired result. (|

8.7. Variation of the zeta part. We give a first proposition which computes the variation of the Ruelle
zeta function in its convergence region.

Proposition 8.3 (variation of the dynamical zeta function with respect to the connection). For any relatively
compact open set Z C C such that Z N Res(ﬁg(m)) =, there is §z > 0 so that (2, s) = {x v(z)(s) is c!
as a map

{lz—z20l <8} xZ2—->C

and for every ¢ > 0 small enough it holds

V(zg)
A (Cx v () |emze0 = (=TT et (o (0)1x (LY +5) e o5x

).

Proof. The proof is very similar to that of Proposition 7.4, using the identities

d o ) )
Gl X 0T = =T + 0 gy () Oy + )7

and o, (0)(X) = [ag,(0), tx] = azy(0) otx +itx oz (o), and we shall omit the details. O
The following lemma is a direct consequence of Lemma A.2 and the fact that [1o(z9) = I1(zo) by (8-12).

Lemma 8.4. Fors ¢ Res(ﬁ; (20)), the map z +— hy(z) = detg, c+(;) (ﬁ;m + s)(_l)qul is C! near z = 7
and

d(log 1)z, = (= D)+ trg ce o) (Mo (z0) etz (0)ix (L7 +5)71).
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8.8. Proof of Proposition 8.1. Combining the two lemmas of the preceding subsection we obtain that

for s ¢ Res(./,‘;(z‘))), the map z — ;g”voé')) (s) = g5(2)/ hs(z) is real differentiable at z = z¢ (and therefore

on U since we may vary zo). Moreover for every € > 0 small enough

N

d(log fl—‘v)Zo = (=) (et (0)ix (LY P+s) e X Lrg ooy TTo () @)1 (L3 P+5) 7). (8-17)
Letting s — 0, this yields
(=D d(log b).o =t (a2 (0)x ¥ (2)(Id — T (2))e X" ) + tr o o) (Mo (@)t (0 )ix O (2)),
where we set b(z) = ¢ )((A”VO% (0) and
0:(e)=) (_n—g,)"wZ(“)"—l 1 C*(2) > C*(2).
n>1 )

Recall that if ¢(z) = 7(C*(z), I') one has 7(z) = ¢(z)b(z)~"". Therefore Lemma 8.2 gives, with what
precedes, and with K (z) given by (8-6),

d(logt),0 = —trZ(az(o)K(z)e_wz(Z)) — tr,co (o) (Mo (@) (o) (k(2) (Id _e_M;(z)) +1xQ:(2))). (8-18)
Moreover, by using (8-3) and (8-7), we see that
o (G)K(Z)EZ(z)e—ez:Zm =a;(0)K(2)[V(2), Ly leeox”

= a.(0)ixe 5% + [z (0) K (2)ixe "5, V()]

and hence, by cyclicity of the trace, (d/ds)trg (a;(0)K (Z)e‘gﬁzm) = 0. In particular, the last term in
the right-hand side of (8-18) does not depend on ¢; since it goes to zero as ¢ — 0, it vanishes, and
Proposition 8.1 follows.

9. Euler structures, Chern-Simons classes

The Turaev torsion is defined using Euler structures, introduced by Turaev [1989], whose purpose is to
fix sign ambiguities of combinatorial torsions. We shall use however the representation in terms of vector
fields used by Burghelea and Haller [2006]. The goal of the present section is to introduce these Euler
structures, in view of the definition of the Turaev torsion.

9.1. The Chern—Simons class of a pair of vector fields. 1f X € C°*°(M, T M) is a vector field with isolated
nondegenerate zeros, we define the singular 0-chain

div(X)=— ) indx(x)[x] € Co(M, 2),
x€Crit(X)
where Crit(X) is the set of critical points of X and indy (x) denotes the Poincaré—Hopf index of x as a

critical point of X .5 Note also that div(—X) = —div(X) since M is odd-dimensional.

6indx (x)=(— l)dim Es() if x is hyperbolic and E(x) C Tx M is the stable subspace of x.
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Let Xo, X be two vector fields with isolated nondegenerate zeros. Let p : M x [0, 1] — M be the
projection over the first factor and choose a smooth section H of the bundle p*TM — M x [0, 1],
transversal to the zero section, such that H restricts to X; on {i} x M for i = 0, 1. Then the set
H~'(0) ¢ M x [0, 1] is an oriented smooth submanifold of dimension 1 with boundary (it is oriented
because M and [0, 1] are), and we denote by [H ~1(0)] its fundamental class.

Definition 9.1. The class
p[H™'(0)] € C1(M, 2)/3C2(M, Z),
where p, is the pushforward by p, does not depend on the choice of the homotopy H relating Xo and X;

see [Burghelea and Haller 2006, §2.2]. This is the Chern—Simons class of the pair (Xo, X), denoted by
cs(Xo, X1).

We have the fundamental formulae
dcs(Xo, X1) =div(Xy) — div(Xop),
cs(Xo, X1) +cs(Xy, X2) = cs(Xo, X2) 9-1

for any other vector field with nondegenerate zeros X;. Notice also that if Xo and X; are nonsingular
vector fields, then cs(Xg, X) defines a homology class in H| (M, Z).

9.2. Euler structures. Let X be a smooth vector field on M with nondegenerate zeros. An Euler chain
for X is a singular one-chain e € C{(M, Z) such that de = div(X). Euler chains for X always exist
because M is odd-dimensional and thus x (M) = 0.

Two pairs (Xo, eg) and (X1, e1), with X; a vector field with nondegenerate zeros and e; an Euler chain
for X;, i =0, 1, will be said to be equivalent if

le1] = [eo] +cs(Xo, X1) € C1(M, C)/0C2(M, Z), (9-2)
where [e;] is the class of ¢; in C{ (M, C)/dCr(M, Z) fori =1, 2.

Definition 9.2. An Euler structure is an equivalence class [ X, ] for the relation (9-2). We will denote by
Eul(M) the set of Euler structures.

There is a free and transitive action of H,(M, Z) on Eul(M) given by
[X,el+h=[X,e+h], he H(M,Z).

9.3. Homotopy formula relating flows. Let X, X be two vector fields with nondegenerate zeros. Let
H be a smooth homotopy between X and X as in Section 9.1 and set X, = H(t, -) € C*°(M, T M). For
e >0 we define &, : M x[0,1] > M x M x [0, 1] via

De(x, ) = (e (), x,0), xeM, tel0,1].
‘We also set
H, ={®.,(x,t): (x,) e M x [0, 1]} C M x M x R.
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Then H, is a submanifold with boundary of M x M x R which is oriented (since M and R are). Define
[He] = ()« ([M] x [0, 1]) € D" (M x M x R)

to be the associated integration current; see Section 4.3. Let g be any metric on M and let p > 0 be smaller
than its injectivity radius. Then for any x, y € M with dist(x, y) < p, we denote by P (x, y) € Hom(E,, Ey)
the parallel transport by V along the minimizing geodesic joining x to y. Then P is a smooth section of
n{EY @ n; E defined in some neighborhood of the diagonal in M x M. Take & small enough so that

dist(x, e **t(x)) < p, s€[0,¢], te[0,1], x e M, (9-3)

so that supp . [H:] C {(x, y) : dist(x, y) < p}. Here, m : M x M x R — M x M is the projection over
the two first factors and 7, : D'"(M x M x [0, 1]) — D"~ (M x M) is the push-forward operator which
is simply defined by

f n*u/\v:/ unTv, ueD"(MxMxI0,1]), ve Q"M x M).
MxM MxMx[0,1]
Then we define
Re=—m[He]- P e D" "(M x M, 7} EY @ n;E).
Finally, we denote by R, : Q*(M, E) — D’*~!(M, E) the operator of degree —1 whose Schwartz kernel
is Re.
Lemma 9.3. We have the homotopy formula

v
fsllxo

[V.R.]=VR,+ RV =e 5% —o¢ (9-4)

Proof. First note that because M is odd-dimensional, the boundary (computed with orientations) of the
manifold H, is calculated using the Leibniz rule [Krantz and Parks 2008, (7.15), p. 190] as

IH, = () (IM] x [0, 1)) = (= DU (d,), ((M] x (B0, 11))
= (=DM (D), (IM] x ({1} — {0})) = Gr(e #*?) x {0} — Gr(e~**") x {1}.
Therefore we have, see (4-1),
(=" d™ My [H,] = m, [0 H] = [Gr(e **°)] — [Gr(e **)],

where [Gr(e~¢%i)] denotes the integration current on the manifold Gr(e~#%i) for i =0, 1. Now note that
we have by construction V£ "ME p — (). Therefore

VEEER, = (=1)"(IGr(e™ )] - [Gr(e™**)]) @ P.

Note that by definition %f e_czi (see Section 5.2), the bound (9-3) and the flatness of V imply that the
Schwartz kernel of e *“% is [Gr(e~¢%X1)] ® P. This concludes because the Schwartz kernel of [V, R,] is
(—1)"VEV'EER8; see [Harvey and Lawson 2001, Lemma 2.2]. O

The next formula follows from the definition of the flat trace and the Chern—Simons classes. It will be
crucial for the topological interpretation of the variation formula obtained in Section 8.
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Lemma 9.4. We have for any o € Q*(M, End(E)) such that tr « is closed and ¢ > 0 small enough
trz aR, = (tra, cs(Xg, X1)). (9-5)

Here « is identified with the operator u — a A u. Note that because H is transverse to the zero section,
we have

WF(R:) NN*A =g, (9-6)
where N*A denotes the conormal to the diagonal A in M x M, so that the above flat trace is well-defined.

Proof. We denote by i : M — M x M the diagonal inclusion. Note that the Schwartz kernel of o R, is
(=D"nja ARe = —mja AR, since n is odd. From the definition of the super flat trace trz, we find that

ta R, = (tri* (w5 A [ He]-P), 1), (9-7)

where mp : M x M — M is the projection over the second factor. Of course we have i*P = Idg €
C*®°(M,End(E)). We therefore have

tri*(mya Ay [He]-P) =tra Ai*m [He] = tra A pyj*[Hel,

where j : M x [0, 1]< M x M x [0, 1], (x,t) — (x, x, t). Now, it holds j*[H.] = [H~'(0)] and thus
P«J ¥ [H:] = cs(Xp, X1). This finally leads to

trEozRg = (tra Acs(Xp, X1), 1) = (tra, cs(Xo, X1)). O

10. Morse theory and variation of Turaev torsion

We introduce here the Turaev torsion which is defined in terms of CW decompositions. In the spirit of
the seminal work [Bismut and Zhang 1992] based on geometric constructions of [Laudenbach 1992], we
use a CW decomposition which comes from the unstable cells of a Morse—Smale gradient flow induced
by a Morse function. This allows us to interpret the variation of the Turaev torsion as a supertrace on the
space of generalized resonant states for the Morse—Smale flow. This interpretation will be convenient for
the comparison of the Turaev torsion with the dynamical torsion.

10.1. Morse theory and CW-decompositions. Let f be a Morse function on M and X=- grad, f be
its associated gradient vector field with respect to some Riemannian metric g (the tilde notation is used to
make the difference with the Anosov flows we studied until now). For any a € Crit(f), we denote by

Ws(a) = {y e M: lim e’)?y:a}, W"(a) = {y e M: lim e‘”‘y:g},
11— 00 —00

the stable and unstable manifolds of a. Then it is well known that W*(a) (resp. W*(x)) is a smooth
embedded open disk of dimension n —indy(a) (resp. indr(a)), where indy(a) is the index of a as a
critical point of f, that is, in a Morse chart (zy, ..., z,) near a,

2 2 2 2
fG@, ... z) = fla) — 23 — T Zindg@) T Zinds @1 T 2
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For simplicity, we will let
la| = ind s (a) = dim W"(a),

and we fix an orientation of every W*(a).

We assume that X satisfies the Morse—Smale condition, that is, for any a, b € Crit(f), the manifolds
WS (a) and W*(b) are transverse. Also, we assume that, for every a € Crit( f), the metric g is flat near a
and reads ) ;_, (dx")? in the Morse charts. This assumption on the metric is crucial to ensure one can
compactify the unstable and stable manifolds as smooth manifolds with corners. The existence of such a
compactification and of the CW structure is unknown without the flatness assumption. Let us summarize
some results from [Qin 2010, Theorems 3.2, 3.8 and 3.9] which apply to f. We would like to mention that
such results can be found in a slightly different form in [Laudenbach 1992] and are used in [Bismut and
Zhang 1992]. A difference is that Laudenbach only needs to compactify the unstable cells as C'-manifolds
with conical singularities (as opposed to C*°) to show that the unstable manifolds have finite mass near the
boundary — he is also able to obtain the CW-complex structure. On the other hand, Qin obtains a smooth
compactification as manifolds with corners which is stronger than the result of Laudenbach’ and hence
his results recover all those of [Laudenbach 1992]. In the work [Dang and Riviere 2020b], no assumption
is made on the flatness of the metric g and only the fact that X is C! linearizable near critical points is
needed. In this context, the unstable currents are resonant states for the Lie derivative L3 and belong to
some anisotropic Sobolev spaces. This allows to bound the wavefront set of the unstable currents. Yet this
method does not allow to show the finiteness of the mass as in the work of Laudenbach. This nevertheless
gives a spectral interpretation of the Morse complex, but this approach does not show that the unstable
manifolds form a CW-complex, and the latter is crucial in the topological approach of the torsion. Making
such strong assumptions on the pair ( f, g) in the present paper allows us to benefit from the best of both
worlds — we can use the results from [Dang and Riviere 2020b] together with those from [Qin 2010].

First, W“(a) admits a compactification to a smooth |a|-dimensional manifold with corner W*(a),
endowed with a smooth map e, : W' (a) — M that extends the inclusion W*(a) C M. Then the collection
W ={WH (@)}aecrit(r) and the applications e, induce a CW-decomposition on M. Moreover, the boundary
operator of the cellular chain complex is given by

AW (a) = Z #L(a, H)W™(b),
[b|=lal—1

where L(a, b) is the set of gradient lines joining a to b and #L(a, b) is the sum of the orientations induced
by the orientations of the unstable manifolds of (a, b); see [Qin 2010, Theorem 3.9].

10.2. The Thom-Smale complex. We set C,(W, EY) = @,_, Cx(W, EY), where
GW.EVY)= P E/. k=0.....n.
aeCrit(f)

la|=k

7As discussed in detail in https://mathoverflow.net/questions/346822/unstable-manifolds-of-a-morse-function-give-a-cw-
complex.


https://mathoverflow.net/questions/346822/unstable-manifolds-of-a-morse-function-give-a-cw-complex
https://mathoverflow.net/questions/346822/unstable-manifolds-of-a-morse-function-give-a-cw-complex
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We endow the complex C,(W, EV) with the boundary operator 3V defined by
u= Y Y &Pw, acCrit(f), ueky,
|bl=lal—1 yeL(a,b)
where for y € L(a, b), P, € End(E,/, E)/) is the parallel transport of V" along the curve y and ¢, = %1
is the orientation number of y € L(a, b).

Then by [Laudenbach 1992] (see also [Dang and Riviere 2020b] for a different approach), there is a
canonical isomorphism

H.(M,VY) = H/(W, V"),

where H,(M, V") is the singular homology of flat sections of (EY, V) and H,(W, V") denotes the
homology of the complex C,(W, EV) endowed with the boundary map 3", Therefore this complex is
acyclic since V (and thus VV) is.

10.3. The Turaey torsion. Fix some base point x, € M and, for every a € Crit(f), let y, be some path
in M joining x, to a. Define

e= Y (-D¥y,eCi(M, D). (10-1)
aeCrit(f)

Note that the Poincaré—Hopf index of X neara € Crit(f) is —(—1)1 so that
de = div(X) (10-2)

because ) _, €Crit( f)(—l)‘“| = x (M) = 0 by the Poincaré—Hopf index theorem. Therefore e is an Euler
chain for X and

e=[X,e]
defines an Euler structure.
Next, choose some basis u1, ..., us of EY. For each a € Crit(f), we propagate this basis via the
parallel transport of V along y, to obtain a basis u 4, ..., g4 of E;. We choose an ordering of the cells

{(WH(a)}; this gives us a homology orientation o, that is, an orientation on the line det H,(W, R) (see
[Farber and Turaev 2000, §6.3]). Moreover, this ordering and the chosen basis of E give us (using the
wedge product) an element ¢, € det Ci (W, EV) for each k, and thus an element ¢ € det C,(W, EV).

The Turaev torsion of V with respect to the choices ¢, o is then defined by [Farber and Turaev 2000,
§9.2, p. 218]

Te.o(V) ™! = pc,ow vvy(c) € C\ 0, (10-3)

where ¢c,(w.vv) : det C,(W, VY) >~ C\ 0 is the canonical isomorphism from [Farber and Turaev 2000,
§2.2] — the homology version of the isomorphism (3-1). Note that V¥ (and not V) is involved in the
definition of 7, ,(V); indeed, we use here the cohomological version of Turaev’s torsion, which is more
convenient for our purposes, and which is consistent with [Braverman and Kappeler 2007b; 2008, p. 252].

10.4. Resonant states of the Morse—Smale flow. In [Dang and Riviere 2020b], it was shown that we can
define Ruelle resonances for the Morse—Smale gradient flow £§ as described in Section 5 in the context
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of Anosov flows. More precisely, we have that the resolvent
(Ly+s) 7" :Q(M,E) > D'*(M, E)

is well-defined for Re(s) > 0 and has a meromorphic continuation to all s € C. The poles of this
continuation are the Ruelle resonances of ﬁ; and the set of those will be denoted by Res (E;). In fact,
the set Res(C}%) does not depend on the flat vector bundle (£, V). It only depends on the Lyapunov
exponents of the Morse—Smale vector field at critical points. In fact Res(ﬁ;) C Zx in the present case
since the Lyapunov exponents are only 1 and the Ruelle spectrum was proved to be equal to integer
combinations of absolute values of Lyapunov exponents [Dang and Riviere 2020a, Theorem 6.3, p. 571].
Let A > 0 be such that Res(ﬁ}v?) N{ls| <A} C{0}; let

g 1 AR i
=g M:A(LX +5) lds (10-4)

be the spectral projector associated with the resonance 0, and denote by
C*=ranIl CD*(M, E)

the associated space of generalized eigenvectors for E;. Since V and C; commute, V induces a differential
on the complex C*. Moreover, IT maps D7 (M, E) to itself continuously, where

r= J ~w«acrum
aeCrit(f)
10.5. A variation formula for the Turaev torsion. Assume that we are given a C' family of acyclic
connections V(z) on E as in Section 8. We denote by M_(z) the spectral projector (10-4) associated
with V(z) and —X, and set C* (z) = ranT1_(z). By [Dang and Rividre 2020b] we have that all the
complexes (5 *(2), V(2)) are acyclic and there exists cochain contractions k_ (2): c *(z) > c:! (2). As
in Section 8.3 we have a variation formula for the Turaev torsion.

Proposition 10.1. The map z — T(2) = 7.,0(V(2)) is real differentiable on U and for any z € U

d(log7),0 = —trs’g.(z)(ﬁ_(z)az(a)lz_(z)) - /traz(a), o eC,

e

where a, (o) is given by (8-2) and e is given by (10-1).

The rest of this section is devoted to the proof of Proposition 10.1. For convenience, we will first study
the variation of z — 7, ,(V(z)"), in order to make computations on E instead of E (indeed, 7. ,(V(z))
is defined with the dual connection V(z)V; see (10-3)). Then a simple duality relation will allow us to
obtain the variation formula for z — 7, ,(V(2)).

10.6. A preferred basis. Let a € Crit(f) and k = |a|. We denote by [W*(a)] € D}"_k (M) the integration
current over the unstable manifold W*(a) of X ; it is a well-defined current far from oW (a). We
also pick a cut-off function y, € C°°(M) valued in [0, 1] with x, = 1 near a and y, is supported in
a small neighborhood €2, of a, with Q. NAW*(a) = @. Recall from Section 10.3 that we have a
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basis uj 4, ..., uq4 of E,. Using the parallel transport of V, we obtain flat sections of E over W*(a)
that we will still denote by u; 4, ..., U4 4. Define
o= W @1Quj)eC"* j=1,....d (10-5)

By [Dang and Riviere 2020a] we have that {i; , : a € Crit(f), 1 < j <d} is a basis of C. Adapting the
proof of [Dang and Riviere 2021, Theorem 2.6] to the bundle case, we obtain the following proposition
which will allow us to compute the Turaev torsion with the help of the complex C.

Proposition 10.2. The map ® : C.(W, V) — C"™* defined by
Dj,)=iljq4 acCrit(f), j=1,....d,

is an isomorphism and satisfies®
®od¥ =(=1)"'Vod.

An immediate corollary of the above proposition and (10-3) is that (using the notation of Section 3.2)
%o (V) = pcww @ =7(C, i), (10-6)

where u € det C,(W, V) (resp. u € det 5') is the element given by the basis {u; .} (resp. {it; ,}) and the
ordering of the cells W*(a).

10.7. Proof of Proposition 10.1. For any a € Crit(f) we denote by P, (z) € Hom(E,,, E,) the parallel
transport of V(z) along y,. We set

1j.q(2) = Py, (2) Py, (z0) 't
and
i.4(z) = @) W (@] @ uj4(2)),

where again we consider u ; ,(z) as a V(z)-flat section of E over W*(a) using the parallel transport of V(z).
The construction of Ruelle resonances for Morse—Smale gradient flow follows from the construction of
anisotropic Sobolev spaces

Q' (M, E)CHy CcH cD*(M,E),

see [Dang and Riviere 2019], on which E; +sisa holomoiphic %mily of Fredholm operators of index 0
in the region {Re(s) > —2}, and such that V(z) is bounded H] — H". Every argument made in Section 8.4
also stands here and z — [1(z) isa C! family of bounded operators H — ’}71

Note that by continuity, ﬁ(z) induces an isomorphism C *(z0) — C *(z) for z close enough to zero.
In fact, this isomorphism holds true for all z since we have an explicit description of the range of f(z)
for all z using the basis of resonant states of E;. Let ii(z) € det c *(z) be the element given by the basis
{1 ;,4(z)} and the ordering of the cells W*(a). Then by (10-6) and (3-5) we have

70 (V(2)Y) = 1(C*(2), ii(2)) = [i(2) : T1(2)ii(z0)]7(C*(2), T1(2)i(z0)), (10-7)

8(— 1)* comes from 0 = (— 1)deg +1q comparing the boundary d and De Rham differential d.
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where ﬁ(z)ft(z()) € detC *(z) is the image of # by the isomorphism det 5°(Z0) — detC *(z) induced
by ﬁ(z), and 1(z) = [u(2) : ﬁ(z)ﬁ(z())]ﬁ(z)zl(z@). Doing exactly as in Section 8.6, we obtain that
2> 1(2) = 1(C*(2), Tl(z)it) is C" and

d(log )0 = —try & T1(20)atz, (0)k(20). (10-8)

Therefore it remains to compute the variation of [i(z) : ﬁ(z)ﬁ(z())]. This is the purpose of the next
formula.

Lemma 10.3. We have

li(x): @il = [] det(Py, )Py, (z0) H V"

aeCrit(f)
Proof. By the definition of the basis {u,,;} in Section 10.3 it suffices to show that for z small enough
d
M()iia; =Y _ Al ;(Diia,j(z). aeCrit(f), 1<i, j<d, (10-9)
j=1

where the coefficients Aii(z) are defined by u, ; (z0)(a) = Z?:l Aii(z)ua,j(z)(a).
Everything relies on the fact that one has a decomposition of the projector

M) =) (§ai(2), - iiai(2)
a,i
which originates from [Harvey and Lawson 2001] and was also used in [Dang and Riviere 2019, Theo-
rem 2.4, p. 1409].
Consider the dual operator [ﬁi(}é)v :Q* (M, EY) — Q*(M, EV). The above constructions, starting from
a dual basis s1,...,5s € E) of u, ..., uy, give a basis {s,;(z)} of each I'(W*(a), V(z)") (the space
of flat section of V(z)¥ over W*(a)), since the unstable manifolds of —X are the stable ones of X. Let
C 3 (z) be the range of the spectral projector ﬁv(z) from (10-4) associated with the vector field —X and
the connection V(z)". We have a basis {5,,;(z)} of c v (z) given by

50.1(2) = Y (@ (Xa[W* ()] ® 54,1 (2)).
We will prove that for any a, b € Crit(f) with same Morse index we have, for any 1 <1, j <d,

(50, (@), ttai(20) (@) gy £, ifa=b,
0 ifa #b.

First assume that a # b. Then W*(a) N W¥(b) = @ by the transversality condition, since a and b have
same Morse index. Therefore for any #;, t, > 0, we have

(84,j(2), 1q,i (z0)) = { (10-10)

(e W B @551 €28 (al W (@)] ® 10i(2))) =0, 10-11)

since the currents in the pairing have disjoint support because they are respectively contained in W*(b)
and W*(a). Now notice that for Re(s) big enough, one has

V@Y | -l v Vo) | -1 e
LS +s5) = e X e ¥dr and (LY +s)T = e "% e dt.
X 0 X 0
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Therefore the representation (10-4) of the spectral projectors and the analytic continuation of the above
resolvents imply with (10-11) that (5, ;(z), its,;) = 0.

Next assume that a = b. Then W*(a) N W*(a) = {a}. Since the support of 5, ;(z) (resp. i ;(z0)) is
contained in the closure of W*(a) (resp. W”(a)), we can compute

(Y () (Xa[ W (@)] @ 50, (2)), TI(Xal W (@)] ® 14, (20))) = (XaW* (@)] ® 54, (2). Xal W*(@)] ® tta. (20))
=([al, (5a,j (2), Ua,i (z0)) EV,E);
where the first equality stands because 5,(z) = [W*(a)] ® s4,j(z) near a by [Dang and Riviere 2020a,

Proposition 7.1]. This gives (10-10).
This identity immediately yields (10-9) with chz, i1 (2) = (s4,j(2)(a), ug,i(z0)(@)) Ey. E, since we have

() =) (50,j(2), - Vila (2, (10-12)

completing the proof. (I

Using the lemma, we obtain, if p(z) = [i(z) : ﬁ(z)ft(z())],

d(log it);0 = Y (=1)""'tr(A,, (20, 0) Py, (20) ),
aeCrit(f)

where A, (z0,0) =d(P,,),,0. Since n is odd, we obtain by definition of e and (4-4)

d(log jt);y0 = > (-1)'6"/ traZO(o)=/traZO(G).

aeCrit(f) a ¢

This equation combined with (10-7) and (10-8) yields, if TV (z) = 7..0(V(2)")

d(log 7)zy0 = —tr, ¢ T (zo)etzy (0K (20) + / etz ().

e
The proof is almost finished. We first studied the variation of z — t(V(z)"); we now recover the
variation of z ‘L'(V(Z)) which was the goal of Proposition 10.1. Let us introduce some notation.
Recall that the operator I is the spectral projector on the kernel of £~ now, we need to work with
the spectral projector on ker(/LV(Z“) ) (resp. EV(ZO)) which we denote by v +(z0) (resp. m_ (zg))—the
sign + (resp. —) emphasize the fact that we deal with +X (resp. —X). Next, we have

V(2)¥ = V(z0)" — T (s (z — 20)) + 0(z — 20).

Therefore, applying what precedes to 7(z) we get

d(log 7);y0 = —tr, & (T1Y (z0) (— Tz (0K (20)) + / tr(—"a, (o)), (10-13)

where Hi(z()) is the spectral projector (10-4) associated with V(zp)" and +X Cv 4 =ran Y +(z0), and

kv (zo) is any cochain contraction on the complex (C V(z0)¥). Now, we have the identification

Voo

(Ch )Y =Cnk,
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where C * is the range of ﬁ,(z()), the spectral projector (10-4) associated with V(zg) and —X. This
identification can be thought of as a chain level version of Poincaré duality, the coresonant states of
the resonant states for the operator E; acting on the sections of the flat bundle (£, V) are nothing but
the resonant states of EYL acting on the sections of the dual flat bundle (EY, V). Moreover, one can
show that under this identification, the operators (ﬁi (TaZO (a))lz(z()))v and T1_ (z0)otz(0)k—(zp) coincide
modulo a supercommutator. More precisely, it holds

(MY (T (0))k(20)) ¥ = T (20)t (0)k— (20) + [T (20) 2 (0), k- (z0)],
where for any j € {0, ..., n} we set
k- (z0)|gnmi = (=17 kY o)) : €7 — O
The operator k_(zp) is a cochain contraction on the complex (E'_, V(zp)). As a consequence, since n is odd,
tr, &, (T (20) (= oz (@)K (20)) = tr e T (z0) etz (0)k— (20).-

This concludes the proof of Proposition 10.1 by (10-13) since tr(—Tﬂ) =—trBforany 8 € Q' (M, End(E)).

11. Comparison of the dynamical torsion with the Turaev torsion

In this section we see the dynamical torsion and the Turaev torsion as functions on the space of acyclic
representations. This is an open subset of a complex affine algebraic variety. Therefore we can compute
the derivative of 1y /7., along holomorphic curves, using the variation formulae obtained in Sections 8
and 10. From this computation we will deduce Theorem 6.

11.1. The algebraic structure of the representation variety. We describe here the analytic structure of
the space
Rep(M, d) = Hom(rry (M), GL(CY))

of complex representations of degree d of the fundamental group. Since M is compact, 7t (M) is generated

by a finite number of elements c1, ..., ¢y € w1 (M) which satisfy finitely many relations. A representation

p € Rep(M, d) is thus given by 2L invertible d x d matrices p(cy), ..., p(cr), ,o(cl_l), ... ,o(czl) with

complex coefficients satisfying finitely many polynomial equations. Therefore the set Rep(M, d) has a

natural structure of a complex affine algebraic set. We will denote the set of its singular points by X (M, d).

In what follows, we will only consider the classical topology of Rep(M, d), and not the Zariski one.
For any p € Rep(M, d), we define

E,= M xC%/ ~ 0
where M is the universal cover of M and ~ p 18 the equivalence relation given by
x, )~ (y-x,p(y)-v), XeM, yem(M).

Then E, is vector bundle over M which we endow with the flat connection V, induced by the trivial
connection on M x C<.
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We will say that a representation p € Rep(M, d) is acyclic if V, is acyclic. We denote by Rep,.(M, d) C
Rep(M, d) the space of acyclic representations. This is an open set (in the Zariski topology, thus in the
classical one) in Rep(M, d); see [Burghelea and Haller 2006, §4.1]. For any p € Rep,.(M, d) we set

Ty (p) = Tz?(vp)’ Te,a(p) = fe,o(vp)
for any Euler structure ¢ and any homology orientation o.
11.2. Holomorphic families of acyclic representations. Let pg € Rep,.(M, d)\ (M, d) be a regular

point. Take § > 0 and p(z), |z| < 6, a holomorphic curve in Rep,.(M, d) \ (M, d) such that p(0) = po.
Theorems 6 and 7 will be a consequence of the following

Proposition 11.1. Let X be a contact Anosov vector field on M. Let ¢ = [X, e] be the Euler structure
defined in Section 10.3. Note that — Cs(—}?, X)+e is a cycle and defines a homology class h € H{(M, 7).
Then z — 19 (p(2))/Te,0(0(2)) is complex differentiable and

d ( Ty (p(2))

0z \ o (p (o)) (9P h>) =0

for any homology orientation o.

Proposition 11.1 relies on the variation formulae given by Propositions 8.1 and 10.1, and Lemma 9.4,
which gives a topological interpretation of those.

11.3. An adapted family of connections. By [Braverman and Vertman 2017, Lemma 4.3], there exists a
flat vector bundle E over M and a C! family of connections V(z), |z| < §, in the sense of Section 8.1,
such that

Py = p(2) (11-1)
for every z; we can moreover ask the family V(z) to be complex differentiable at z = 0, that is,
V(z) =V +za+o0(z2), (11-2)
where V = V(0) and o € Q! (M, End(E)). Note that flatness of V(z) implies
[V,a]=Va+aV =0. (11-3)

11.4. A cochain contraction induced by the Morse—Smale gradient flow. Let

~

I1_ ~
LY+ = —+7+00)

be the Laurent expansion of (£ P s)~! near s = 0. The fact that s = 0 is a simple pole comes from
[Dang and Riviere 2019, Proposition 6.1, p. 1431], where it is proved that there are no Jordan blocks for
the resonance s = 0. As in Section 8.2, we consider the operator

K=t 3Y@d-T_)+k_TI_:Q"(M,E)— D'"*(M, E),



DYNAMICAL TORSION FOR CONTACT ANOSOV FLOWS 2667

where k_ is any cochain contraction on C* =ranTI_. Note that we have the identity
[V,K]=VK+KV=1Id. (11-4)

The next proposition allows us to interpret the term trg & - (2)a-(0)k_(z) appearing in Proposition 10.1
as a flat trace similar to the one appearing in Proposition 8.1. This will be crucial for the comparison
between 7y and 7 ,.

Proposition 11.2. For ¢ > 0 small enough, the wavefront set of the Schwartz kernel of the operator
~ ~ v
t_zYdd —H_)e_gﬁff does not meet the conormal to the diagonal in M x M and we have for any
o € Q'(M, End(E))
b v st —eLV
tro(ae_zY (Id —TI_)e "~-%) =0.

Proof of Proposition 11.2. Fix ¢ > 0. We start from the Atiyah—-Bott-Lefschetz trace formula [Atiyah and
Bott 1967], which gives
tlrzoa_;(e(”rs)jZ =0

for all ¢+ > O since the flat trace trz localizes at the critical points of X and the contribution from the term
at_% vanishes at the critical points. Now we would like to integrate this equality in time ¢ on [0, +-00)
and then connect with the resolvent (£_5 +5)~!; we have to argue rigorously why we can interchange
the flat trace and the integral over time ¢. This relies in an essential way on some explicit bound of the
wavefront set of the resolvent that can be deduced from Lemma C.1 in Appendix C, where we bound the
wavefront of the propagator near the conormal of the diagonal. Assuming that the inversion is justified,
we obtain, for large Re(s),

o0 ~ o ~
O=/ e_tstrz(at_ge(t+s)x)dt=/ et (L_ze "X (1d —T1_)) dr
0 0

=t (_z (L g +5) 7 (Id —T1_)eF),

where we used the fact that ¢_ gﬁ_ = 0, which follows from the proof of [Dang and Riviere 2019,
Proposition 7.7, p. 1448]. Actually, both resonant and coresonant states of —X are killed by the contraction
operator ¢_5. Our wavefront bound implies that the above identity still makes sense for s near the origin;
we then conclude by noting that

t2 (@5 (L g +5) 7 (Ad —T1-)e*“F) = t) (ae_z Y %) + O(s)

0

since ?(Id —M.)= Y. Thus letting s — 0 concludes the proof of the proposition, provided that we can
justify the interchange of the flat trace and the integration over .

For a e Crit(f), take c,, ['4, xq as in Lemma C.1 proved in Appendix C. The proof of Lemma C.1
actually shows that for Re(s) > —c,, the integral

o0 ~
Gyoeis = / e xae "X (1A —T1) x, dt
0
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converges as an operator Q*(M) — D’*(M). Moreover, its Schwartz kernel G,, . ; is locally bounded in
D’F’; (M x M) in the region {Re(s) > —c,}. We will need the following lemma, which is also proved in
Appendix C.

Lemma 11.3. For any u > 0, there is v > 0 with the following property. For every x € M such that
dist(x, Crit(f)) = u, it holds _
dist(x, e X)) > v, 1>0.
By (10-12) we have supp Ky NA =Crit(f), where K _ is the Schwartz kernel of T_ and A is the diag-

onal in M x M the same holds for e +oXT]_ =TI (see [Dang and Riviere 2021]). Moreover, Lemma 11.3
implies that if x € C*°(M, [0, 1]) satisfies x = 1 near A and has support close enough to A, we have

Xe(t-i—s)XX — Z Xae(H_S)XXa-

a

Let ¢ = mingecyiy( ) ca- For Re(s) > —c,
o0 fayd ~
Gy = / e S xeTOX(d —T1_) x dr
0

defines an operator *(M) — D'*(M), whose Schwartz kernel G, . ; is locally bounded in D (M x M)
in the region {Re(s) > —c}, where I' = UaeCrit(f) r,.

Now for Re(s) >> 0, we have as a consequence of the Hille—Yosida theorem applied to £_% acting
on suitable anisotropic spaces [Dang and Riviere 2021, 3.2.3]:

oo ~
(L_% +5)7! :/ e !X dr: Q (M) — D'*(M).
0
Therefore for Re(s) > 0, it holds
Gyes=xL_ 5+ 1Ad—-T_)e* X y.

Since both members are holomorphic in the region {Re(s) > —c} and coincide for Re(s) > 0, they
coincide in the region Re(s) > —c. We may compute, for Re(s) > 0,

o0 > ~
(g (L_g +5) ' Ad—T1)e %) = thau_5Gy o5 = / e "l (ou_ge" X (1d —T11)) dr.
0

S

By holomorphy this holds true for any s such that Re(s) > —c, which concludes the proof. (I
As a consequence, we have the formula

trg G Mok = trEaEe_g’CY?. (11-5)

Indeed, since EY ﬁﬁ_ =0, we have ﬁ_e_g'c:? =TI_. Moreover, since the trace of finite-rank operators

~ o~ ~ o~ _.pV_ ~ o~ _.pV.
coincides with the flat trace, we have tr, g [T_ak_ = tr, g [T_ak_e *“~% = tr{ak_[1_e”**-%. Therefore

we obtain with Proposition 11.2

—eLV

try g1 _ak— =t g ¥ (Id —TT_)e™ "% + ok Tl _e

—eLV.
eL” ¢

which gives (11-5).
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11.5. Proof of Proposition 11.1. Note that we have by (11-1)

T9(0(2)) =19(V(2)), Teo(p(2) = Te,0(V(2)).

We will set f(z) =19 (V(2))/7..0(V(2)) for simplicity. Now we apply Propositions 8.1 and 10.1 to obtain
that z — f(z) is real differentiable (since z — V(z) is); moreover it is complex differentiable at z =0 by
(11-2) and for ¢ > 0 small enough we have

diz . log f(z) = —t’a K e 5% +tr2aEe‘8£3? + (tra, e), (11-6)
7=

where we used (11-5).

Lemma 11.4. It holds trz [a(Ke™® LXK e_g’ciff )= tr's)oz R., where R, is the interpolator at time ¢ defined
in Section 9.3 for the pair of vector fields (-X, X).

Let us admit the lemma for now (we shall prove it later). The identity [V, o] = 0 also implies that
dtra =tr VE®E ¢ = r[V, ] =0. As a consequence we can apply (9-5) to obtain

trgoeRg = (tra, cs(—%, X)).

Now note that 3(— cs(—X, X) +e) = —(div(X) —div(—X)) + div(X) = 0 by (9-1) and (10-2) since X
is nonsingular. Therefore we obtain

d
| log £ = twan).

where h = [— cs(—%, X)+e] € H (M, 7). Finally, let us note that by (4-4),

g

—| logdet h) = —(tra, h),

4z .o 08 detp(@)(h) = —(ra, h)

since p(z) = pv(;). Therefore the proposition is proved for z = 0. However the same argument holds for
every z close enough to 0, which gives the conclusion of Proposition 11.1. It remains to prove Lemma 11.4.

Proof of Lemma 11.4. Using the identities (8-6), (9-4), (11-3) and (11-4) one can see that
[V, a(Ke X — Ke 5% 4 R.)] = 0. (11-7)

Next, it is a general fact that, for a finite-dimensional acyclic cochain complex (C*, d) and an operator
b : C* — C* of order zero such that [d, b] = O, it holds trs ce b = 0. Indeed, if k : C* — C* satisfies
kd+0dk =1Idc., we have [d, kb] =0, k]b = "> since [9, b] =bd —db =0. Thus b is a supercommutator and
its supertrace vanishes. Here (11-7) shows that we are in the same situation, with an infinite-dimensional
complex; we will use Hodge theory to obtain a cochain contraction J (that takes the role of k in the above
argument), and such that the composition J B,, where

B, —a(Ke *X — Re % _ R,),
is well-defined. Let
A=VV*"+V'V:Q'(M,E)— Q' (M, E)
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be the Hodge—Laplace operator induced by any metric on M and any Hermitian product on E. Because
V is acyclic, A is invertible and Hodge theory gives that its inverse A~! is a pseudodifferential operator
of order —2. Define
J=V*A~":D"*(M,E) > DM, E).
We have of course
[V, J]1=VJ+JV =Idpem E)- (11-8)

As above, this gives B, = [V, J B.]. Moreover, it follows from wavefront composition [Hormander 1990,
Theorem 8.2.14] that WF(G.) N N*A = &. Therefore, the operators V, G, satisfy the assumptions of
Proposition 4.1 which gives trz B, = trE[V, G.] =0, which concludes the proof of Lemma 11.4. O

11.6. Proof of Theorems 6 and 7. By Hartogs’ theorem and Proposition 11.1, we have that the map
Ty (p)
Te.0(P)

is locally constant on Rep,.(M, d) \ Z(M, d).
Moreover, we can reproduce all the arguments we made in the continuous category to obtain that

(detp, h) (11-9)

p = Ty(p)/Te.0(p) is actually continuous on Rep,.(M, d). Because Rep,.(M, d) \ £ (M, d) is open and
dense in Rep, (M, d), we get that the map (11-9) is locally constant on Rep,.(M, d).

By [Farber and Turaev 2000, p. 211] we have, if ¢’ is another Euler structure, then ty ,(p) =
(detp, e’ —e)r.0(p). As a consequence, if we set ey = [—X, 0], which defines an Euler structure
since X is nonsingular (see Section 9.2), we have ¢ — ey = h and we obtain that p — 75 (0)/7¢,,0(p) 1S
locally constant on Rep,.(M, d).

Now let 1 be another contact form inducing an Anosov Reeb flow and denote by X, its Reeb flow.
Then if ¢, = [—X,, 0], we have

ey — ¢y = cs(X, Xy)

by definition. Therefore 7., o(0) =T¢,.0(0)(det p, ey —ey) = T¢, o(p){det p, cs(X};, X)) and we obtain that

Ty (p)
H
7 (0)
is locally constant on Rep,.(M, d). By Theorem 9 we thus obtain Theorem 7.
Finally assume that dim M = 3 and b;(M) # 0. Take R a connected component of Rep,.(M, d) and

assume that it contains an acyclic and unitary representation pg. We invoke [Dang et al. 2020, Theorem 1]
v
and the Cheeger—Miiller theorem [Cheeger 1979; Miiller 1978] to obtain that 0 ¢ Res(£,”) and

(detp, cs(X, X))

|75 (00)| = 12x.v,, (0)] ™" = s (00),

where the first equality comes from (6-10) (we have ¢ = 1 since dim M = 3) and trs(00) is the Ray—Singer
torsion of (M, pg) [1971]. On the other hand, we have by [Farber and Turaev 2000, Theorem 10.2] that
TrRs(00) = |Te,0(00)| since py is unitary. Therefore the map p +— t9(p)/7¢;,0(0) is of modulus 1 on R.
This concludes the proof of Theorem 6.
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Appendix A: Projectors of finite rank

A.1. Traces on variable finite-dimensional spaces. In what follows, we consider two Hilbert spaces
G C H, the inclusion being dense and continuous. We will denote by £(#, G) the space of bounded linear
operators #H — G endowed with the operator norm. Let § > 0 and Iy, |t| <, be a family of finite-rank
projectors on ‘H such that ran [T C G. Assume that t — I, is differentiable at t = 0 as a family of bounded
operators H — G, that is,

[y =T +tP 4+ oy_g(t) (A-1)
for some P € L(H,G), where I1 = I1y. Let C; = ranIl; and C = ranIl. Note that by continuity,
Il¢|¢ : C — Cy is invertible for [t| small enough; we denote by Q; : C; — C its inverse.

Lemma A.1. We have
(i) P=T1P+ PII,
(i) QI = IIT; + 03— g (D).
Proof. Using (A-1) and Ht2 = I1; we obtain (i). This implies
Moo Il = (IT+tP + o)) II(IT+tP + o(t))
=N+ t(PII+TIP)+o(t) =TT +tP + o(t) = [T+ o(t),

where all the o(t) are taken in L(#H, G). Therefore Q;oITioIToIl; = OQI1;+o(t). Since QioI1;o 1 =TI
by definition, one obtains
Qrolly=ITo Il + o(v),

which concludes the proof of the lemma. U

Lemma A.2. Let Ay, |t| <8, be a C! family of bounded operators G — H such that A, commutes with T,
foreveryt. Let A= Ag. Then t— trc,(Ay) is real differentiable at t = 0 and

dt |t=0

where A, = (d/dt)A¢. If moreover A is invertible on C, we have

tre,(Ay) = tre(TTA),

log detc, (A = tre(TTA(A|c) ™).

dt ‘t:()
Proof. We start from

tre, (Ap) = tre (QrAdIT).
Now since A¢ commutes with IT; we have by the second part of Lemma A.1
QAT = NI AT 4+ oc— ¢ (1)
= [TATI 4 tIT(A 4+ PATI + TIAP)T1 4 oc— ¢ (V).
But now the first part of Lemma A.1 gives [T PIT = 0. We therefore obtain, because A and I1 commute,

O AT T = TTATI + tTATT 4 oc_ ¢ (0), (A-2)

which concludes the proof. U
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A.2. Gain of regularity. Assume that we are given four Hilbert spaces £ C F C G C H with continuous
and dense inclusions. Let Iy, |t| < §, be a family of finite-rank projectors on ‘H which is differentiable at
t =0 as family of bounded operators G — H (note that this differs from the last subsection where we had
H — @G instead), that is,

[Ty =TI+ tP + og_#(t) (A-3)
for some P € £(G, H). We will write C; = ran(I1;) C H and C = ran(IT).

Lemma A.3. Under the above assumptions, assume that I, is bounded € — F and that I is differentiable
at t = 0 as a family of L(E, F). Assume also that rank Iy does not depend on t. Then P is actually
bounded G — F and

I[Ti =1+ tP +o0g_ 7 (0).

Proof. Because & is dense in H we know that C C F. There exists ¢!, ..., ¢" € £ such that gotl, ot
is a basis of C; for t small enough, where we set wtj =I(¢/) € F. Let thj = H(gotj ) € C. The family
t— gﬁtj € C is differentiable at t = 0. Let v/, ..., v € C* be the dual basis of @/, ..., @". Because C is
finite-dimensional, IT is actually bounded # — F. As a consequence the map

t> € =v/ oMol ed
is differentiable at t = 0. Noting that

m
Ht:Z<p{®K{ :G— F,
j=1
we finally obtain that t — I1; € £(G, F) is differentiable at t = 0. O

Appendix B: Continuity of the Pollicott—Ruelle spectrum

In this appendix, we describe the spaces used in Sections 7 and 8; everything in this appendix is more
or less folklore, but we chose to provide a short summary of the results that we use in the main body of
the article, because we did not find any satisfying presentation in the literature. In what follows, M is a
compact manifold, (£, V) is a flat vector bundle on M and X is a vector field on M generating an Anosov
flow; see Section 5.1. We denote by T*M = E}, @ E ;@ Ej  its Anosov decomposition of 7*M.

B.1. Bonthonneau’s uniform weight function. We state here [Bonthonneau 2020, Lemma 3]. This gives
us an escape function having uniform good properties for a family of vector fields. A consequence is that
one can define some uniform anisotropic Sobolev spaces on which each vector field of the family has
good spectral properties. In what follows, | - | is a smooth norm on 7*M.

Lemma B.1. There exist conical neighborhoods N, and N of E;,o and E;k,o’ some constants C, B, T, n >0,
and a weight function m € C*°(T*M, [0, 1]) such that the following hold. Let X be any vector field
satisfying | X — Xollet < n, and denote by @' its induced flow on T*M and by E; and E its (dual)
unstable and stable bundles. Then:
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(1) For E¥ C N., fore=s,u and foranyt >0, §, € E;; and & € E}, one has

1 1

Bt
- ze &l

D' (&) > =ePlIE], 1D (&) =

(2) Foreveryt > T it holds
»'CNynXYH N, @ 'CN,NXY TN,
where Xt ={£ e T*M : £-X =0).
(3) If X is the Lie derivative induced by ®', then

m=1 near Ny, m=—-—1 near N,, X.m >0.

B.2. Anisotropic Sobolev spaces. Take the weight function m of Lemma B.1. Define the escape function g
by
g(x, &) =m(x, &) log(1+ 16D, (x,&) €T™M.

We set G = Op(g) € W (M) for any quantization procedure Op. Then by [Zworski 2012, §8.3, 9.3,
14.2] we have exp(+uG) € WA (M) for any u > 0. For any u > 0 and j € Z we define the spaces

Ho

"G, =exp(—uG)H/ (M, A*® E) CD"*(M, E),

where H/(M, A* ® E) is the usual Sobolev space of order j on M with values in the bundle A* ® E.

Note that any pseudodifferential operator of order m is bounded #;, i HuG iem for any p, m, j.

B.3. Uniform parametrices. Let us consider a smooth family of vector fields X, |t| < &, perturbing Xj.
For any ¢, p > 0 we will set

Q(c, p) ={Re(s) > c}U{|s| < p} CC.

The spaces defined in the last subsection yield a uniform version of [Dyatlov and Zworski 2016, Proposi-
tion 3.4], as follows.

Proposition B.2 [Bonthonneau 2020, Lemma 9]. Let Q be a pseudodifferential operator microlocally
supported near the zero section in T*M and elliptic there. There exists c, &g > 0 such that, for any p >0
and J € N, there is g, ho > 0 such that the following holds. For each u > ny, 0 < h < hgo, j € Z such
that |j| < J and s € Q(c, p) the operator

v —1 . . .
is invertible for |t| < &g and the inverse is bounded H;, i~ Hug independently of t.

B.4. Continuity of the Pollicott—Ruelle spectrum. We fix p, J >4 and g, i, ho, h, j as in Proposition B.2.
We first observe that

(LY, +)LY, ~h7' 049" =ld+h~' QLY —h'Q+97". B-D
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Since Q is supported near 0 in T*M, it is smoothlng and thus trace class on any H; j- By analytic
Fredholm theory, the family s > K (t,s) =h~'Q(LY —h~'Q +5)~" is a holomorphic family of trace
class operators on Hg m the region Q2 (c, p). We can therefore consider the Fredholm determinant

D(t,s) = detH;Gyj (Id+K (t, 5)).

It follows from [Simon 2005, Corollary 2.5] that for each t, s +— D(t, s) is holomorphic on Q2 (c, p).
Moreover (B-1) shows that its zeros coincide, on 2 (c, p), with the Pollicott—Ruelle resonances of E;l.
In addition, we have, for any s € Q(c, p),

(Lx,—h~'Q+9) ' = (LY, —h ' Q+s5) T =—(Ly, —h T Q+5) " (LY, —LY )Ly, —h "' O+s) "' (B-2)

We have
cy — Ly
t 14 v : . .
t—t t—t’ £Xt m ’C(HMG,J'-i—l’ MG,]')’ (B'3)
where X, = (d/dt) X¢ and L‘(?—[MG i1 MG, J) is the space of bounded linear operators #* WG 1 HiuG

endowed with the operator norm. We therefore obtain by Proposition B.2 and because Q is smoothing
"G HMG I for any u, j, j') that K(t',s) — K(t,s) ast' — tin £! (H,6.0)
locally uniformly in s, where £! (H;,6.0) 1s the space of trace class operators on H; ; , endowed with its

(and thus trace class H*®

usual norm. As a consequence, we obtain with [Simon 2005, Corollary 2.5]
D(t, s) € C°([—¢o, c0li, Hol(Q(c, p)s)). (B-4)

B.5. Regularity of the resolvent. Let Z be an open set of C whose closure is contained in the interior of
Q(c, p). We assume that Z N Res(ﬁV ) = . Up to taking &y smaller, Rouché’s theorem and (B-4) imply
that there exists § > 0 such that dlst(Z Res([lV )) > § for any |t| < &9. As a consequence, we obtain that,
for every | j| < J, the map (EV +5)7 — H?,.j is bounded independently of (t, s) € [—¢o, €0l X Z.
Noting that

ILG]

(LY +)1 = (LY, +5)7! Ly —Ly,
X = T e (B-5)

t—t

we obtain by (B-3) that t' — (EV +5)~! is continuous in £(H*
again, we get that

G, j+10 Hug, J) Therefore, applying (B-5)

(Lx, +9)"" € C!([—¢0, soli, HOW(Zs, LH;,6. 11> Hig,j—2)))- (B-6)
Note that here we need |j — 2|, |j + 1| < J

B.6. Regularity of the spectral projectors. Let 0 < A < 1 such that {|s| = A} N Res([ﬁzo) = . Applying
the last subsection with Z = {|s| = A}, we get {|s| = A} ﬂRes(ﬁgl) = ¢ for any [t| < &9. We can therefore

define for those t
1
M=— Ly, Vs i Hyo = Hg
T omi Is|= A( ) s uG.j
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Then (B-6) gives that IT; € ' ([—eo, eolts Zs, E(HZLG,H], ’H;LGJ_

because J > 4. Moreover by Rouché’s theorem, the number m of zeros of s — D(t, s) does not depend

»)). This is true for j =3 and j = —1

on t. Noting that
WK s)1+K(ts) ' =-Kts)LYy —h 0+ ' A+K1s)™",

we obtain by [Dyatlov and Zworski 2019, Theorem C.11] and the cyclicity of the trace that m is equal to

L,trf 3K (1, s)(1+ K (1, s))‘%is:—L,trf LY —h 0+ 1+ Kt s) K (L 5)ds
27i J g 270 Jig=n

_ 1 vV -l -1 -1
_Zm.trfls:k(cxt A0+ (1+ K, s)~,

where we used that s — (E;t —h 'O+ s holomorphic on {|s| < A}. The last integral is equal to
tr [T, = rank I'; by (B-1). As a consequence we can apply Lemma A.3 to obtain that

M, € C'([—#0, s0li. L(H,6.0- Hig.1))- (B-7)

Appendix C: The wavefront set of the Morse—Smale resolvent

The purpose of this section is to prove the wavefront bound needed to conclude the proof of Proposition 11.2.
For simplicity we prove it for X instead of —X. We will denote by I the spectral projector (10-4) for the
trivial bundle (C, d). Recall that D[.(M x M) denotes distributions whose wavefront set is contained in
the closed conic set I' C T*(M x M). A family (f;);>0 of distributions will be OD'F (1) if it is bounded in
Df. in the sense of [Dang 2013, p. 31]. We will need the following:

Lemma C.1. Let ¢ > 0 and a € Crit(f). There exists ¢ > 0, a closed conic set ' C T*(M x M) with
I'NN*A(T*M) =@ and x € C*°(M, [0, 1]) such that x = 1 near a such that

Ky.i+e = Oppuxany (@),
where, fort >0, K, ; is the Schwartz kernel of the operator xe™'*% (Id —ﬁ)x.

Proof. Because X is C*-linearizable, we can take U C R" to be a coordinate patch centered in a so that,
in those coordinates, e "X (x) = e"4(x), where A is a matrix whose eigenvalues have nonvanishing real

parts. Denoting (x', ..., x) the coordinates of the patch, X reads
Y — Joiq.
X= ) Alx';.
1<i, j<n

We have a decomposition R” = W* @ W* stable by A such that A|w« (resp. A|ws) have eigenvalues with
positive (resp. negative) real parts, d, /s = dim W*/5, this induces a decomposition of the coordinates
x = (x5, x,). We will denote by A, = A|w« ®Ows, Ay =Owu @ A|ws and ¢ > 0 such that

¢ < inf |Re(A)],
resp(A)

where sp(A) is the spectrum of A.
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Let x1, x2 € Q°(M) such that supp x; C supp x for i = 1, 2. For simplicity, we identify e "4 and its
action on differential forms and currents given by the pull-back, 8¢ (x) denotes the Dirac § distribution at
0 e R4, 7y, 7, are the projections M x M — M on the first and second factors, respectively.

Kyt TE X1 AT X2) = (2, e A (1d —TD) 1)

=<X2, e 4 (Xl — 8% (x,,) dxu/ 7Ts*,0X1>>
W.\'

= (" xa, e Mpn) — </ 77:,0X2> (/ 77:,0)(1)
u WS

1
tAg —tA,
2// A (e xane m; . x1)dr,
0oJu

where 7, ¢, ws,r : U — U are defined by m,,  (x,, x5) = (x,, Tx,) and g  (x,, X5) = (Tx,, X5). Now write
I, I
X2 = D=k Br dxs" Adxy". We have

Is Iu Is
Oemr X2 (X, X¢) = 0r Y T By (xy, Txg) ) A dhx]
1

= Z |IS|I|IS‘_1,BI(XM, TXs) dx;“ /\dxsls + Z Tlls‘(8x5,31)(xu,rxs)(xs) dxbiu /\dxsls
1 1
Therefore

areIAsn:,rXZ = Z(|IS|T”S|_],['3](XM, TetAsxs) + ‘L'llsl(axS,BI)(xu,rxS)(etAst))etAs dx[-
1

Because |e/4sx;| = O(e™¢) and e'4s dx! = O(e~“I51), I = (I, I,) is a multi-index and repeating the
same argument for d,e ™" Au JT; X1, we obtain the bound

0, (etAsﬂ':,fXZ A e—tA

"5 1) = Oy (€71). (C-1)
Replacing x; and x» by x1e/") and y,e!") with &, n € R", one gets
(Ko i (1€’ @) Amy (xae 1))

/f B (M o Ao A x)elle s st gile M Tk €) g

s —tAy
/ / Yﬂu X2 Ae tAuT[s '[Xla (€l<e (xu,Tx5),1) l(e (Txu,Xs), S)) dr.
Settlng g(T, Xy, xS) = ei<etAS (xuqfxs)JI)ei (eitAu (rxu,xx):gt we have

:8(T, Xy, x5) = i ((" M xg, m) 4 (e Mxy, £ (T, X, X5) = Ocoeary (€776,

because |e'4s x|, e "4 x,| = O(e~°). Repeating the process that led to (C-1) but for derivatives of x1, x2
as test forms with successive integration by parts, we therefore obtain for any N € N

|<Kx,z,7'l'f()(1€ )/\;-[Z(XZe i(&, ))>|

1
<Cn oy e "+ e M| + e M E,)) / (I +|re b, + & + [te Mg, +n,) "N dr
0
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where & = (§,, &) and n = (1, ny). Now assume (£, ) is close to N*A(T*M), say

‘i+i‘<v and 1—v<|s—|<1+v
&1 Inl

i

for some v > 0. Then we have for any t € [0, 1]

[re' My + &+ te M E +nul = (1 — e L+ ) (& + ).

As a consequence, if v > 0 is small enough so that (1 + v)e~t+ee 1 for every t > (0, we obtain

Kyt T e’ ) Ay (ae' ™ ) < Cyy L, L+ EL+ DY,
which concludes. ]
To conclude the proof of Proposition 11.2, we also need to prove Lemma 11.3:

Proof of Lemma 11.3. We proceed by contradiction. Suppose that there is « > 0 and sequences x,, € M
and t,, > ¢ such that dist(x,,, e"mi(xm)) — 0 as m — oo and dist(x,,, Crit(f)) > n. Extracting a
subsequence we may assume that x,, — x, t,, — oo (indeed if #,, — ?», < 00 then x is a periodic point
for X, which does not exist) and, for any m,

e X(xpy)—>a and €X(x,)—>b ast— oo,

for some a, b € Crit(f). Since the space of broken curves E_(Na, b) is compact (see [Audin and Damian
2014]), we may assume that the sequence of curves y,, = {e’ X(xp) it €R) converges to a broken curve
e= (" ..., €9 € L(a,b), with £/ € L(cj_1, ¢;) for some cy, . .., ¢, € Crit(f), with co = a and ¢, = b.
Because x,, — x, the proof of [Audin and Damian 2014, Theorem 3.2.2] implies x € ¢/ for some J so that
e Xy cj—1 ast — oo. Therefore replacing x by e*”?(x) for ¢ big enough, we may assume that x is con-
tained in a Morse chart €2 (c;_) near c;j_;. Then c;_| #a. Indeed if it was not the case then we would have

e"mixm — a as m — oo (since x,, would be contained in 2 (a) N W*(a) for big enough m and ¢,, — 00),

which is not the case since dist(x, Crit(f)) > 4 => x # a and dist(x,,, e "X (x,,)) — 0 as m — oo.
Therefore the flow line of x,, exists €2 (c;_1) in the past. We therefore obtain, since e~ mX
isi < j—1sothat ¢; = c;_;. This is absurd since the sequence (ind s (c;));—o,... 4 18 strictly decreasing. [

X — X, that there
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MEASURE PROPAGATION ALONG A #'-VECTOR FIELD AND
WAVE CONTROLLABILITY ON A ROUGH COMPACT MANIFOLD

NICOLAS BURQ, BELHASSEN DEHMAN AND JEROME LE ROUSSEAU

The celebrated Rauch—Taylor/Bardos—Lebeau—Rauch geometric control condition is central in the study of
the observability of the wave equation linking this property to high-frequency propagation along geodesics
that are the rays of geometric optics. This connection is best understood through the propagation properties
of microlocal defect measures that appear as solutions to the wave equation concentrate. For a sufficiently
smooth metric this propagation occurs along the bicharacteristic flow. If one considers a merely ¢! -metric,
this bicharacteristic flow may however not exist. The Hamiltonian vector field is only continuous;
bicharacteristics do exist (as integral curves of this continuous vector field) but uniqueness is lost. Here,
on a compact manifold without boundary, we consider this low-regularity setting, revisit the geometric
control condition, and address the question of support propagation for a measure solution to an ODE with
continuous coefficients. This leads to a sufficient condition for the observability and equivalently the exact
controllability of the wave equation. Moreover, we investigate the stability of the observability property
and the sensitivity of the control process under a perturbation of the metric of regularity as low as Lipschitz.
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1. Introduction

The observability property for the wave equation has been intensively studied during the last decades
mainly because of its deep connection with the problem of exact controllability. Until the end of the
80s, most of the positive results of observability were established under a (global) geometric assumption,
the so-called I'-condition introduced by J.-L. Lions [1988], essentially based on and well-adapted to a
multiplier method. Later, following [Rauch and Taylor 1974], Bardos, Lebeau and Rauch [Bardos et al.
1992] established boundary observability inequalities under a geometric control condition (GCC for short),
linking the set on which the control acts and the generalized geodesic flow. Proofs of this result are based
on microlocal tools, such as the propagation in phase space of wavefront sets in [Bardos et al. 1992] or
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the propagation of microlocal defect measures in more modern proofs [Burq and Gérard 1997]. For the
latter approach, microlocal defect measures originate from the concentration phenomena for sequences of
waves if one assumes that observability does not hold. Away from boundaries one obtains

"Hpp =0, (1-1)

yielding the transport of the measure p along the bicharacteristic flow in phase space. This flow is generated
by the Hamiltonian vector field H,, associated with the symbol of the wave operator p. However, note
that despite their high efficiency and robustness, these methods present the great disadvantage of requiring
too much regularity in the coefficients of the wave operator and the geometry. To define the generalized
bicharacteristic flow and prove the propagation properties mentioned above a minimal smoothness of
the metric and the boundary domain is needed. To our knowledge, the best result, in the context of ¢
metrics, was proven in [Burq 1997a], and barely misses the natural minimal smoothness required to define
the geodesic flow (W2°°) and thus the geometric control condition.

In this context, in the present article, we address the following natural question: how can one derive
observability estimate for the wave equation from optimal observation regions in the case of a nonsmooth
metric? This problem has already received some attention and answers by E. Zuazua and his collaborators,
in [Castro and Zuazua 2002], and more recently in [Fanelli and Zuazua 2015] (see also the result of
[Dehman and Ervedoza 2017]). More precisely, in [Castro and Zuazua 2002], the authors prove a lack of
observability of waves in highly heterogeneous media, that is, if the density is of low regularity. In [Fanelli
and Zuazua 2015], the authors establish observability with coefficients in the Zygmund class and also
observability with loss when the coefficients are log-Zygmund or log-Lipschitz. Furthermore, this result
is proven sharp since one observes an infinite loss of derivatives for a regularity lower than log-Lipschitz.
Note that these analyses are carried out in one space dimension. This calls for the following comments.
First, in this simplified framework, for smooth coefficients all the geodesics reach the observability region
in uniform time: captive geodesics are not an issue. Second, proofs are based on a sidewise energy estimate,
a technique that is specific to the one-dimensional setting; the underlying idea consists of exchanging the
roles of the time and space variables and, finally in proving hyperbolic energy estimates for waves with
rough coefficients. Unfortunately, such a method does not extend to higher space dimensions. Furthermore,
for the low regularity considered in these articles, the geodesic flow is not well-defined. Proving
propagation results for wavefront sets or microlocal defect measure appears quite out of reach in such cases.

The present work is the first in a series of three articles devoted to the question of observability (and
equivalently exact controllability) of wave equations with nonsmooth coefficients. Here, we initiate
this study on a compact Riemannian manifold with a rough metric, yet without boundary, while the
two forthcoming articles will present the counterpart analysis on manifolds with boundary (or bounded
domains of R?) [Burq et al. 2024a; 2024b]. The presence of a boundary yields a much more involved
analysis and in [Burq et al. 2024a; 2024b] we develop Melrose—Sjostrand generalized propagation theory
in a low-regularity framework. In the present article, our main result is the observability of the wave
equation with a 4’'-metric, completed with the stability of the observability property for small Lipschitz
(W1-2°) perturbations of the metric. More precisely, we first show that if the geometric control condition
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in time T holds for geodesics associated with a %' -metric g, then the observability property holds for the
wave equation, and equivalently exact controllability. For this low-regularity case one has to carefully
consider the meaning of the geometric condition (or more generally the meaning of a geodesic) since the
metric does not define a natural geodesic flow: geodesics are not uniquely defined. Only their existence
is guaranteed. Second, we consider a reference ¢!-metric g° as above and we prove that observability
also holds for any Lipschitz metric g chosen sufficiently close to g° (in the Lipschitz topology). It has to
be noticed that Lipschitz metrics are too rough to permit the use of microlocal tools and a direct proof of
the observability property. Even worse for such a metric, the geometric control condition itself does not
seem make sense (as the generating vector field is only L°°), and we have to use a perturbation argument
near the (not so) smooth ¢! reference metric.

Following the strategy of [Burq 1997a], we argue by contradiction and we prove a propagation result
for microlocal defect measures in a low-regularity setting. We prove that these measures are solutions to
the ODE (1-1) with here H,, having %" -coefficients. Then, we deduce some general properties about their
support. Namely we show that their support is a union of integral curves of the vector field. This latter
step also follows from Ambrosio and Crippa’s superposition principle [2014]. Yet, we give a completely
different proof which is of interest since it can be extended to the case of a domain with a boundary [Burq
et al. 2024a; 2024b]. We have not been able to extend the approach of [Ambrosio and Crippa 2014] to that
case. To derive the ODE fulfilled by the microlocal defect measure, we heavily rely on some harmonic
analysis results due to R. Coifman and Y. Meyer [1978, Proposition IV.7] that express that the commutator
of a pseudodifferential operator of order 1 and a Lipschitz function is a bounded operator on L?.

Finally, going further in the analysis, we investigate another stability property with respect to perturba-
tions of the metric. We prove that the HUM optimal control associated with a fixed initial data is not
stable with respect to perturbations of the metric.

1A. Outline. The article is organized as follows. In Section 1B we set up the geometric framework we
shall use and in Section 1C we precisely recall the equivalence of observability and exact controllability
for the wave equation. In Section 1D we state the main results of the article.

In Section 2 we recall some geometric facts and the notions of pseudodifferential calculus and microlocal
defect (density) measures on a manifold. In addition, using bicharacteristics we state the geometric control
condition of [Bardos et al. 1992] in its classical form (42-metric) and generalized form (% L_metric).

In Section 3 we recall what microlocal defect measures are and we show how, if associated with
sequences of solutions of PDEs, their support can be estimated and how a transport ODE can be derived,
in the particular context of low regularity of coefficients.

Section 4 is devoted to our proof of the support propagation for measures solutions of a ODE with
%" -coefficients, Theorem 1.10.

In Section 5 we use the results of Section 3 and the propagation result of Theorem 1.10 to prove the
observability and controllability results for the wave equation, Theorems 1.11 and 1.12.

Finally, in Section 6 we prove the results related to stability properties of the HUM control process.

1B. Setting and well-posedness. Throughout the article, we consider M, a d-dimensional ¢°°-compact
manifold, that is, a manifold without boundary with a topology that makes it compact, equipped with
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a ¢ *°-atlas. We assume that the topology is also given by a Riemannian metric g, to be chosen either
Lipschitz or of class €* for some value of k to be made precise below.'

We denote by p, the canonical positive Riemannian density on M, that is, the density measure

1/2

associated with the density function (det g)!/2. We also consider a positive Lipschitz or of class €*-

function « and we define the density i ji,.
The L>2-inner product and norm are considered with respect to this density & i ¢» that is,

(W, V) 20y = / wv g, ullyagp, = f Jul g (1-2)
M M
We denote by L2V (M) the space of L?-vector fields on M, equipped with the norm

1122y pp) = /M g, V) ipg, veLV(M).

We recall that the Riemannian gradient and divergence are given by

e =o) ad [ pavone=— [ v
M M
for f a function and v a vector field, yielding in local coordinates

(%)= > gvof. divyv=(detg)™* 3" B, ((detg)*v),
1<j<d 1<i<d
with (¢7) = (gx.i) .
We introduce the elliptic operator A = A, , = k! divy (kV;), that is, in local coordinates
Af=k"'(detg) ™2 YT dy (k(detg)' g ()i, f).
I<i,j<d

Its principal symbol is simply a(x, §) = — Zlgi’jgd gijéisi. Note that for k = 1, one has A = A,, the
Laplace—Beltrami operator associated with g on M. Similarly to Ag, the operator A is unbounded on

L?(M). With the domain D(A) = H*(M), one finds that A is self-adjoint, with respect to the L>-inner
product given in (1-2), and negative. Moreover, one has

(Au, V) 20 = —f g(Gu, ) kg, ue H*(M), ve H'(M).
M
Together with A we consider the wave operator P, = 32 — A, ¢ +m, with m > 0 a constant and the

equation

{PK,gy:f in (0’ +OO) XMs (1_3)

Yii=0 = N 0 Y)i=0 = y! in M.
It is well-posed in the energy space H'(M) @ L>*(M).

INote that despite considering %* metrics with k < oo, we still impose the condition that underlying manifold is smooth.
This is due to our use of pseudodifferential techniques that are simple to introduce on a smooth manifold. See Section 2C.
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Proposition 1.1. Consider k and g both of Lipschitz class. Let (¥°, y') € H'(M) x L*>(M) and let
f € L*0, T; L>(M)) for any T > 0. There exists a unique

y € €°(0, +00); H' (M) €' ([0, +00); L* (M)
that is a weak solution of (1-3), that is, y;—o = yo and 0;y|1=0 = yl and
Pegy=f inZ'((0, +00) x M).
Remark 1.2. At this level of regularity of « and g, the well-posedness of the wave equation is classical.
For less regular coefficients we refer to [Colombini and Del Santo 2009; Colombini et al. 2013].
In what follows, for simplicity we shall consider the case m = 1, that is, for
Peg=08"—Ap o+ 1.
In this case, we denote by
Ece(O) = SUYOIZ 00 + 139O 122000
= 31Uy O ng + 1% D2y gy F 10O 72 005

the energy of this solution at time ¢. For a weak solution y of (1-3), if f = 0, this energy is independent
of time ¢, that is,

2 2
e @) = Ec.g (O0) = 1A N1 gy + 19 172 000)-

Remark 1.3. The equation we consider, with the constant m > 0, is often referred to the Klein—Gordon
equation. Here, we keep the name wave equation. We choose this equation instead of the classical wave
equation that corresponds to the case m = 0. In fact, on a compact manifold without boundary, constants
are eigenfunctions of the elliptic operator A, , with O as an eigenvalue. Hence, constant functions are
solutions to the wave equation and are so-called invisible solutions, as far as the observability property
we are interested in is concerned. If one considers a manifold with boundary and say, homogeneous
Dirichlet conditions, this issue becomes irrelevant. We could have dealt with the case m = 0 (the usual
wave equation) at the cost of additional technical complications.

1C. Exact controllability and observability. Let w be a nonempty open subset of M and T > 0. The
notion of exact controllability for the wave equation from w at time 7 is stated as follows.

Definition 1.4 (exact controllability in H'(M) @ L?(M)). One says that the wave equation is exactly
controllable from w at time T > 0 if, for any (Y, y1 € H' (M) x L2(M), there exists f € L*>((0, T) x M)
such that the weak solution y to

Pegy=101x0 f» =0, & yi=0) = 0% ¥1), (1-4)

as given by Proposition 1.1, satisfies (y, 9;y);,=r = (0, 0). The function f is called the control function
or simply the control.

Observability of the wave equation from the open set w in time 7 is the following notion.
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Definition 1.5 (observability). One says that the wave equation is observable from w at time 7 if there
exists Cops > 0 such that for any @®, u") € H'(M) x L%(M) one has

Ee.g@)(0) < Copsl 10,750 il 72 (1-5)

for u € €°([0, T1; H'(M)) N €' ([0, T1; L?(M)) the weak solution of Py qu = 0 with u,—o = u° and
Ol |1=0 = u' as given by Proposition 1.1; see [Lions 1988].

Proposition 1.6. Let w be an open subset of M and T > 0. The wave equation is exactly controllable
from w at time T if and only if it is observable from w at time T.

Remark 1.7. In the case m = 0, the energy function is given by
Ee.g @) (@) = FUBUWD 172 ng) + 1D 72y (00

It follows that a constant function u, a solution to the wave equation (312 — A)u =0, has zero energy. Since
110, 7)xw Ort ||i2 ) also vanishes, one sees that such solutions are invisible for an observability inequality
of the form of (1-5). Possibilities to overcome this difficulty are to work in a quotient space or to change
the wave operator into the Klein—Gordon operator. Here, we chose for simplicity the latter option.

1D. Main results. We introduce the following spaces for the coefficients («, g) to distinguish various
levels of regularity:

XZ(M) ={(k,g):x € ‘52(./\/1) and gisa %€?-metric on My},
XI(M) ={(k,g):x € €' (M) and gisa %' -metric on M},
V(M) ={(k, g) : k € W*(M) and g is a W *-metric on M}.

We start by recalling the controllability result known for regularity higher than or equal to %2, under the
Rauch—Taylor geometric control condition.

Definition 1.8 (Rauch—Taylor, geometric control condition). Let g be a #* metric, k = 1 or 2, and let
 be an open set of M and T > 0. One says that (w, T) fulfills the geometric control condition if all
maximal geodesics associated with g, traveled at speed 1, encounter w for some time ¢ € (0, 7).

A second formulation of this geometric condition based on the dual notion of bicharacteristics is given
in Section 2B below.

Theorem 1.9 (exact controllability: %2—regularity). Consider (k, g) € X2(M), @ an open subset of M
and T > 0 such that (w, T) fulfills the geometric control condition of Definition 1.8. Then, the wave
equation is exactly controllable from w at time T.

This result was first proven by Rauch and Taylor [1974] for a smooth metric. The case (k, g) € X Z(M)
was proven by the first author in [Burq 1997a]. On smooth open sets of R¢, or equivalently on manifolds
with boundary equipped with smooth («, g), for instance in the case of homogeneous Dirichlet boundary
conditions, this result is given in the celebrated articles [Bardos et al. 1988; 1992].

In the present article, we extend the result of Theorem 1.9 to cases of rougher coefficients. Our
extension is twofold: we treat the case (k, g) € X'(M) and, we treat small perturbations in Y(M) of
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some (k, g) € X' (M). Most importantly, these two results rely on the understanding of the structure of the
support of a nonnegative measure subject to a homogeneous transport equation with continuous coefficients.

1D1. Transport equation and measure support. Let O be an open set of a smooth manifold. We denote
by !2'(0) and ' 2"°(O) the spaces of density distributions and density Radon measures on O.

Consider a continuous vector field X on O and let u be a nonnegative measure density on O. Assume
that w is such that ‘X u = 0 in the sense of distributions, that is,

(tX/,L, a>1@’(0),‘5}?°((9) = (//L, XCl)l@/,O(O)’%OCQ(O) = 0, ae (€COO(0) (1-6)

If X is moreover Lipschitz, one concludes that u is invariant along the flow that X generates. However, if
X is not Lipschitz, there is no such flow in general. Yet, integral curves do exist by the Cauchy—Peano
theorem. The following theorem provides a structure of the support of .

Theorem 1.10. Let X be a continuous vector field on O and . be a nonnegative density measure on O
that is a solution to 'X . = 0 in the sense of distributions. Then, the support of i is a union of maximally
extended integral curves of the vector field X.

In other words, if m° € @ is in supp(i1), then there exist an interval 7 in R with 0 € I and a "' curve
y : I — O that cannot be extended such that y (0) = m° and

d _
7O =X6), sel,

and y (1) C supp(u).

Theorem 1.10 can actually be obtained as a consequence of the superposition principle of L. Ambrosio
and G. Crippa [2014, Theorem 3.4]. Here, we provide an alternative proof that is of interest as it allows
one to extend this measure support structure result to the case of an open set or a manifold with boundary
[Burq et al. 2024b] as needed for our application to observability and controllability. Ambrosio and
Crippa’s proof is based on a smoothing-by-convolution argument. Extending this approach does not seem
to be straightforward in the context of a boundary.

Theorem 1.10 is proven in Section 4 and its proof is independent of the other sections of the article. A
reader only interested in our proof of Theorem 1.10 may thus head to Section 4 directly.

1D2. Exact controllability results. If (kx, g) € X (M), x € M and v € T, M there is a unique geodesic
originating from x in direction v. In the case (k, g) € X! (M) uniqueness is lost. Existence holds however
and maximal (here global, see below) geodesics can still be defined by the Cauchy—Peano theorem. In
particular, the geometric control condition of Definition 1.8 still makes sense. As announced above, our
first result is the following theorem.

Theorem 1.11 (exact controllability: ¢! -regularity). Consider (k, g) € X' (M), w an open subset of M
and T > 0 such that (w, T) fulfills the geometric control condition of Definition 1.8. Then, the wave
equation is exactly controllable from w at time T.

A second result is the following perturbation result.



2690 NICOLAS BURQ, BELHASSEN DEHMAN AND JEROME LE ROUSSEAU

Theorem 1.12 (exact controllability: Lipschitz perturbation). Let (x°, g°) € X' (M), w be an open subset
of Mand T > 0 be such that (w, T) fulfills the geometric control condition of Definition 1.8 with respect
to the metric g°. There exists € > 0 such that for any («, g) € V(M) satisfying

e, &) = &, M)y <.
the wave equation associated with (k, g) is exactly controllable by w in time T.

Observe that Theorem 1.11 is a direct consequence of Theorem 1.12. We shall thus concentrate on this
second more general result. Its proof relies on the measure support structure result of Theorem 1.10.

The sequence of Theorems 1.9, 1.11, and 1.12 calls for the following important comment. Under the
assumption of Theorem 1.9, that is, (k, g) € X*>(M), there is a geodesic flow and the geometric condition
of Definition 1.8 is actually a condition on the flow. Under the assumption of Theorem 1.11, that is,
(x, g) € X1 (M), as pointed out above there is no geodesic flow in general. Yet, maximal geodesics are
still well-defined and, the geometric condition of Definition 1.8 makes sense because it does not refer to
a flow. However, under the assumption of Theorem 1.12, that is, («, g) € Y (M), geodesics cannot be
defined in general. No geometric condition can be formulated. Yet, Theorem 1.12 is a perturbation result
and a geometric condition is expressed for a reference pair (k°, g%) € X! (M) around which a (small)
neighborhood in (M) is considered.

The following remark further emphasizes that the perturbation is to be considered around a pair
(«°, g°) € X1 (M) for which the geometric control condition holds and not around a pair («°, g%) € X1 (M)
for which exact controllability (or equivalently observability) holds.

Remark 1.13 (on the perturbation result). Having both our results, geometric control for 4! metrics
and Lipschitz stability of exact controllability around a reference metric satisfying the geometric control
condition, a natural question is whether the exact controllability property is itself stable by perturbation. On
the one hand, it is classical that the exact controllability property is stable under lower-order perturbations
of the elliptic operator A, ¢, but on the other hand, it is possible to show that it is not stable under (smooth)
perturbations of the geometry or the metric.

Let us illustrate this instability property with a quite simple example. Consider the wave equation on
the sphere

s! = {x eRM Y x? = 1},

1
endowed with its standard metric and with control domain the open hemisphere

w={xeS%:x >0}

Even though w does not fulfill the geometric control condition of Definition 1.8 exact controllability
holds for this geometry by an unpublished result by G. Lebeau (see [Lebeau 1992, Section VI.B] and
[Zhu 2018] for extensions). Consider now the sphere endowed with the above standard metric, with the
smaller control domain

we={xeS%: x| >¢)

for some ¢ > 0. This second geometry is e-close to the Lebeau example in the € *°-topology. Yet, for all
¢ > 0, exact controllability does not hold, because there exists a geodesic (the equator, {x € S4:x; =0}) that
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does not encounter w,. This shows that in Theorem 1.12, the assumption that the reference geometry should
satisfy the geometric control condition cannot be replaced by the weaker assumption that it should satisfy
the exact controllability property. This also shows that our perturbation argument will have to be performed
on the actual proof that geometric control implies exact controllability and not on the final property itself.

1D3. Further results on the control operator. We finish this section with results analyzing the influence
of some metric perturbations on the control process.
We introduce further levels of regularity for the coefficients by setting, for k € NU {+o00},

Xk(/\/l) ={(k,g):Kk€ ‘5"(/\/{) and gisa €*-metric on M.

First, we consider k > 2. We recall the notation P, , = 8,2 —Agg+1with A, = k! divg («'V;), and we
assume that (k, g) € X*(M), and that (w, T) satisfies the geometric control condition of Definition 1.8 for
geodesics given by the metric g. Then, by Theorem 1.9, given (y°, y!) € H'(M) x L?>(M), there exists
f € L2((0, T) x ) such that the solution to (1-4) satisfies y(T) =0 and 9, y(T) = 0. One can prove that
among all possible control functions there is one of minimal Z?-norm. We denote by f. (;’yl this control

function usually named the HUM control function; see for instance [Lions 1988]. Moreover, the map
Heg: H'OM)® LAM) — L2(O. T) x M), (0%, y!) > £, (1-7)

0 1
is continuous. Note that f{;” is actually a weak solution of the wave equation with initial data in
0,1
L?*(M) x H~!(M), meaning that one moreover has f ;> € ¢°([0, T1, L>(M)).

Theorem 1.14 (lack of continuity of the HUM-operator: the case k > 2). Let k > 2 and (k, g) as
above. For any neighborhood U of (k, g) in X*(M), there exist (k, §) € U and an initial data (y°, y') €
H' (M) x L2(M), with ||y0||?{1 + Iyt ||iz = 1, such that the respective solutions y and y of

0,1 » 0,1
{Px,gy =100 fig' in(0,T)xM, {P/?,gy =100 fig' (0, T)x M, (1-8)
3, =0 = %y in M, (3, M=o =% yH inM
are such that
g =) =Ecg GNT) = 5. (1-9)
Moreover, there exists Ct > 0 such that
0 .1 _ 0yl ¥
[ oo = He ) O 3D 20,1900y = 126" = 557 W 20,100 Z €T (1-10)

for (y°, y1) as given above.

Remark 1.15. The result of Theorem 1.14 states that starting from the same initial data and solving the
two wave equations with the same control vector f , associated with P, ,, a small perturbation of the
metric can induce a large error for the final state (y(7'), d;y(T)). In other words, the two dynamics are
no longer close. In particular, the map

XEM) - 2(H' (M) ® L2(M), L*((0, T) x M)),  (k, §) +> Hyg,

18 not continuous.
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Remark 1.16. The result of Theorem 1.14 can also be stated on open bounded smooth domains of R" in
the case of homogeneous Dirichlet condition. In fact, as can be checked in what follows, its proof only
relies on basic properties of microlocal defect measures (support localization and propagation) that are
known to be valid in this framework; see [Burq 1997a].

Remark 1.17. In the statement of Theorem 1.14 if the neighborhood 2/ of (k, g) in X* is small enough,
the pair (w, T') also satisfies the geometric control condition of Definition 1.8 for (k, g) and therefore
Ey’ Ogiy l is well-defined. In particular, this is clear as in the case k > 2 there is a well-defined and unique
geodesic flow.
The case k = 1 is quite different as there is no geodesic flow, as already mentioned above. However,
given (k, g) € X! and (w, T) if the Rauch-Taylor geometric control condition of Definition 1.8 holds for
(w, T) for the geodesics associated with g, given any neighborhood U of («, g) in X! one can still find

(k, &) € U such that

(1) the geometric control condition still holds for the geodesics associated with g,

(2) the result of Theorem 1.14 also holds.

Theorem 1.14’ (lack of continuity of the HUM-operator: the case k = 1). Letk =1 and («, g) € X' as
above. For any neighborhood U of (k, g) in X' (M), there exist (&, §) € U and an initial data (y°, y') €
H'(M) x L*>(M), with ||y0||§11 + |yt ”iz = 1, such that the geometric control condition of Definition 1.8
for geodesics given by the metric g holds and moreover the results listed in Theorem 1.14 hold.

The proofs of Theorems 1.14 and 1.14’ are given in Section 6A.
We finish this section with some remarks and some questions.

Remark 1.18. In all results above we have used 1y, 1)« as a control operator, that is, the characteristic
function of an open set. We could have also considered a control operator given by 1o, 7)(t) x (x), with x
a smooth function on M. The controlled wave equation then has the form

Pegy=Llor X fr D=0, dyp=0) = 0°, ¥1). (1-11)

In such case, the open set to be used in the geometric control condition is w = {x # 0}. This is often
done this way, in particular since the smoothness of the function yx allows one to use some microlocal
techniques that require regularity in the operator coefficients. The results and proofs of the present article
can be written mutatis mutandis for this type of control operator.

1D4. Comparison with the smooth case and some open questions. Following on the previous remark,
with a smooth-in-space control operator, one can wonder above the smoothness of the HUM operator.
This question is addressed in the joint work of the second author [Dehman and Lebeau 2009]. In fact, a
gain of regularity in the initial data (y°, y') yields an equivalent gain of regularity in the HUM control
function £y For instance, for (y°, y) € H3(M) x H'(M) one finds £y € €°([0, T], H'(M)).
Note that the result of [Dehman and Lebeau 2009] is proven in the case of smooth coefficients, that is,
(k, g) € X**. We thus consider this smooth case in the discussion that ends this introductory section.
Open questions around the results of Theorems 1.14 and 1.14’ are then raised.
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As we shall see in their proofs, the results of Theorems 1.14 and 1.14’ rely on the high-frequency behav-
ior of the solutions to (1-8). In the case of smooth coefficients and a smooth control operator, if we assume
smoother data (y°, y!) in the HUM control process, the result of Theorem 1.14 does not hold any more.
The HUM control process becomes regular with respect to («, g) as expressed in the following proposition.

Proposition 1.19 (HUM control process for smooth data). Consider (k, g) € X°°(M) and let x € €°°(M).
Set w = {x # 0} and assume that (o, T') fulfills the geometric control condition of Definition 1.8 for the
geodesics associated with («, g). Let o € (0, 1]. There exists C, > 0 such that, for any (k, g) € X*°(M)
and any (y°, y') € H'*¥(M) x H* (M), the respective solutions y and y to
{Px,gy =lonx 25 n©,T)x M, {Pk,g’f’ =lonx flg’ nO.T)xM,
3 u=0= 0y in M, 3. D=0 =",y in M
satisfy
ey = I < Callie, &) = @, D% npy 107 YD i rp@ e vpy-

The proof of Proposition 1.19 is given in Section 6B.

In the above proposition coefficients are chosen smooth, quite in contrast with the rest of this article.
As explained above, and as the reader can check in the proof, this lies in the use of the regularity of the

HUM operator with respect to the data (y°, y!), a result proven for smooth coefficients in [Dehman and
Lebeau 2009]. The result of Proposition 1.19 raises the following natural questions:

(1) Does the HUM operator exhibit regularity with respect to the data (y°, y!) similar to what is proven
in [Dehman and Lebeau 2009] in the case of not so smooth coefficients?

(2) If so, if one increases the smoothness of the data (y°, y!) as in Proposition 1.19, does the HUM
control process also become regular with respect of the metric?

2. Geometric aspects and operators

We define the smooth manifold £ =R x M and T*L its cotangent bundle. We denote by 7 : T*L — L
the natural projection. Elements in 7*L are denoted by (¢, x, 7, £). One has 7 (¢, x, 7, £) = (¢, x).
Setting |& |§ = gx (&, &) the Riemannian norm in the cotangent space of M at x, we define

L=t x,1,6)eT L >+ > =1},
the cosphere bundle of £. We shall also use the associated cosphere bundle in the spatial variables only,
S*M={(x.6) e T*"M: g2 = 1}.

For a ¢*-metric both $* M and S*£ are €*-manifolds.

Consider a ¥*®-atlas AM = (CM)]EJ of M, #J < oo, with CM = (0, 6;), where O; is an open set
of Mand 6; : O; — 0 is a bijection for O an open set of RY. For J € J, we define C; = (O, ¥j) with
0O; =R x O; and

0 :0; — 0, (t,x)— (t,0;(x)),

with (5j =R x 5j. Then A= (Cj);es is a ¥ -atlas for L.
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In what follows for simplicity we shall use the same notation for an element of 7*£L and its local
representative if no confusion arises.

2A. Hamiltonian vector field and bicharacteristics. Let (k, g) € X*, k =1 or 2. The principal symbol
of the wave operator P, is given by

P, X, T, E) = pegt,x,T,6) = —T*+|E2, (t,x,7,6) e T*L. (2-1)

In local charts, one has
_ 2 ij
Pt x, T, E)=—1"4+ Y gV(0&E.
1<i,j<d
Note that (g'/ (x))i,j is the inverse of (g;;(x)); ;, the latter being the local representative of the metric.
We denote by H,, the Hamiltonian vector field associated with p, that is, the unique vector field such that
{p, f} =H, f for any smooth function f. Here, {-, -} denotes the Poisson bracket, that is, in local chart

(P fl=0:pdf—pdcf+ > (3pdgf—0spsf).

l<j=d
yielding
Hp = —2T3,+V§p~vx —pr-V(gv,

as p is in fact independent of the time variable . The Hamiltonian vector field H,, is of class &1,
Observe that, for a function f of the variables (¢, x, 7, §), one has

"Hp f =278, f —divi(f Vep) +dive (f Vip),
with which one deduces
'H,=—-H,, (2-2)
even in the case (k, g) € Xl
First, consider the case k =2. Thus, H, isa ¢ I_vector field. For o € T*L one denotes by s > ¢ (0)
the unique maximal solution to

L@ =Hyd@. seR and $o(0) =0, 23)

as given by the Cauchy-Lipschitz theorem. One calls (s, 0) — ¢5(0) the Hamiltonian flow map. Let
s > y(s) be an integral curve of H,, that is, y (s) = ¢ (o) for some ¢ € T*L. For any smooth function f
on T*L one has

A foys)=H, fr(s).

Note that H, 7 = 0, meaning that the variable 7 is constant along y. Note also that the value of p remains
constant along y since H, p = {p, p} = 0. Hence, |§|§ = g, (&, &) is also constant. Thus, if y(0) € S*L
then y (s) remains in $*£, and, for ¢ € $*L, the vector field H,, at ¢ is tangent to $*£. Consequently, we
may consider H,, as a tangent vector field on the ¥ 2_manifold S*£. In particular H p a makes sense if
ac ‘KC] (S*L). If moreover a € ‘ﬁfH(S*ﬁ), £>0,onehasH,a € ‘Kcl (S*L).
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Since H,, p = 0, the flow ¢ preserves Char(p) = p~1({0}), the characteristic set of p. As is done
classically, we call bicharacteristic an integral curve for which p = 0. Observe then that (2-3) defines a
flow on the ¢2-manifold

Char(p) N S*L = {(t,x,7,€) : > =} and |£}

1
2}

Second, consider the case k = 1. Then H,, is only a continuous vector field. Thus, for any ¢ € Char(p)
there exists a maximal bicharacteristic s — y (s) defined on R such that y (0) = g, that is,

Ly =H,(r(), R

by the Cauchy—Peano theorem. Uniqueness is however not guaranteed and the notion of flow cannot be
used in the case k = 1. Since the value of |£|, remains constant and the manifold M is compact, maximal
bicharacteristics are actually defined globally.

As above, if y (0) € S*L (resp. Char(p) N S*L) one has y (s) € S*L (resp. Char(p) N S*L) for all s € R.
The Hamiltonian vector field H,, can be viewed as a %" -vector field on the ¢'-manifold S*£ (resp. on
the #!-manifold Char(p) N S*£). For a € €!T¢(S*L), ¢ > 0, one finds H,, a € €2(S*L).

Finally, connection between bicharacteristic and geodesics can be made. For this we recall that if
& € T M for some x € M, one can define v e Ty M by v =£& ¢, which reads in local coordinates
vt =3, ¢Y(x)§;. In particular [v]2 = g (v, v) = |&];. Ifnow 0° = (1%, x°, 79, £°) € Char(p) N S*L and
letting s — o(s) = (t(s), x(s), 7, £(s)) be a bicharacteristic such that o(0) = QO, one has 7 = ¥ and

t(s) =19 —27%. The map
0—1
X:it—Xx
270

can be proven to be the geodesic originating from x* in the direction given by v° = (£°)* and parametrized
by .
We now compute the speed at which the geodesic is traveled. We have

d_X(t)__de(s)
dr =~ 219 ds
which yields
dXx 1 i
W(t)=—2— ep(x(s), E(S))——&
It follows that
CE@He 1E@L 1E%
I L

since o € Char(p). Hence, the projection of the bicharacteristic s — y (s) yields a geodesic traveled at
speed 1.

2B. Geometric control condition. As the projections of bicharacteristics onto £ yield geodesics, in the
case k > 2, we can state the Rauch—Taylor geometric control condition [1974] formulated in Definition 1.8
with the notion of Hamiltonian flow introduced above.
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Definition 1.8’ (geometric control condition, k > 2). Let g be a % metric and let w be an open set of M
and 7 > 0. One says that (w, T') fulfills the geometric control condition if for all o € Char(p) one has
m(¢ps(0)) € (0, T) x w for some s € R.

In the case k = 1, since g is only ¢ there is no flow in general, one rather writes the geometric control
condition by means of maximal bicharacteristics.

Definition 1.8” (generalized geometric control condition, k = 1). Let g be a ' metric and let @ be an
open set of M and T > 0. One says that (w, T') fulfills the geometric control condition if for any maximal
bicharacteristic s — y (s) in Char(p) one has w(y (s)) € (0, T) x w for some s € R.

In other words, for all o € Char(p), all bicharacteristics that go through o meet the cotangent bundle
above (0, T) x w.

Naturally, Definitions 1.8" and 1.8” coincide in the case k = 2 because of the uniqueness of a bicharac-
teristic going through a point of Char(p).

2C. Symbols and pseudodifferential operators. Here, we follow [Burq 1997b, Section 1.1] for the
notation. We denote by H¥(X) or Hl’f)c (X), with X = M or L, the usual Sobolev space for complex
valued functions, endowed with its natural inner product and norm. In particular, the L?(X)-inner product
is denoted by (-, +)2(x)-

Classical polyhomogeneous symbol classes on 7*R" >~ R" x R" are denoted by Sﬁ(R” x R") and the
classes of associated operators by WS;([R{”). We recall that symbols in the class ngl([R” x R") behave
well with respect to changes of variables, up to symbols in SI')’}‘l_l(R” x R"); see [Hormander 1985,
Theorem 18.1.17 and Lemma 18.1.18].

We define S;'fph(T*C) as the set of polyhomogeneous symbols of order m on T* £ with compact support
in the variables (7, x) € £ (note that compactness with respect to x € M is obvious). Having the manifold M
smooth is important for symbols and following pseudodifferential operators to be simply defined.

For any m, the restriction to the sphere

Sprh(T*E) — €°(S*L), a— as, (2-4)

is onto. This allows one to identify a homogeneous symbol with a smooth function on $*£ with compact
support.

We denote by \Ilgfph (L) the space of polyhomogeneous pseudodifferential operators of order m on L:
one says that Q € \Ilffph (L) if Q maps €>°(L) into 2’ (L) and

(1) its kernel K (x, y) € 2'(L x L) is such that supp(K) is compact in £ x L;
(2) K(x, y) is smooth away from the diagonal A, = {(¢, x; ¢, x) : (¢, x) € L};
(3) for any local chart C; = (O;, ¥;) and all ¢, ¢; € CKf"((b}) one has

¢ 0 (19;1)* 0 Qod oy € Op(Sy (R x RT).

For Q € \Pc’,f’ph(ﬁ), we denote by 0,(Q) € S:,'fph(T*E) the principal symbol of Q; see [Hormander
1985, Chapter 18.1]. Note that the principal symbol is uniquely defined in Sffph(T*E) because of the
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polyhomogeneous structure; see the remark following Definition 18.1.20 in [Hormander 1985]. The
application o, enjoys the following properties:

(1) The map oy, : \IJ’"ph (L) — Smph(T*L) is onto.

(2) Forall Q € \IJ’" h(ﬁ) om(Q)=0if and only if Q € lIJL ph (ﬁ).

(3) Forall Q € ¥/ (£), 0,(Q) =0, (Q).

(4) For all 0 € W™ (L) and Q, € ¥ (L), one has 0 Q> € ¥ "2 (1) with

c, ph ¢,ph ¢,ph

Omi+my (Q102) = 0, (Q1)0m, (Q2).

(5) Forall 0, e ¥ ph(£) and 0, € V" ph(E) one has [Q1, 02]1=010,— 0,0, € \IJZ"]'DkTmZ_l(E), with

O +m—1 (101, 0a]) = l{oml(Qo, Oy (02)].

(L) into H*-"(L£). In particular, for m <0, Q is

comp

6) If Qe Ph(E) then Q maps continuously H,
compact on Lloc (L).

loc

Given an operator Q € ‘I’th (£), one sets

Char(Q) = Char(0,,(Q)) ={e € T*L: 0 (Q)(0) = 0}.

3. Microlocal defect measure and propagation properties

A defect measure is used to characterize locally the failure of a sequence to strongly converge, meaning
some concentration phenomenon. This characterization can be made finer by further considering microlocal
concentration phenomena.

3A. Microlocal defect density measures. We define M (S*L) as the set of positive density measures
on $*L. For u € M, (S*L) and a € CKL(.)(S*LZ), we shall write

(o s = / a(@)u(do)
S*L

for the duality bracket. This notation will also be used for a € Sgyph(T*ﬁ) according to the identification
map (2-4).

Consider a sequence (uF)eeny C L2 (L) that converges weakly to 0. Here, to define the L?-norm and

loc
inner product on £ we use a fixed (k°, g%) chosen in X' (M); see (1-2).
As a consequence of [Gérard 1991, Theorem 1], there exists a subsequence of (u*)ien (still denoted
by (¥ ke in what follows) and a density measure p € M (S*L) such that
lim (Qu u ) (L), L2 (L) = (1, 00(Q)) s (3-1)

k—o00 comp

for any Q € ‘ngh(ﬁ)- Recall that symbols in S?,ph(T*L) are compactly supported in time ¢ here. We
also refer to [Tartar 1990; Burq 1997b]. One calls © a microlocal defect (density) measure associated
with (1) gen.
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Similarly, one can use the notion of H _microlocal defect density measure. Consider (X ken C H, loc L)
that converges weakly to 0. Then, there exists a subsequence of (¥ ken (still denoted by (M) keny ) and a
density measure ju € M. (S*L) such that for any Q € W7, (£)

ok
Jim { Qut, u ) ko). H,

) = (1, 02(Q)) s (3-2)

loc

Naturally, in either cases, the density measure u depends on the choice made of (x°, g%) € X'(M). In
what follows we shall make clear what choice is made.

3B. Local representatives. Consider a finite atlas A = (C;)jes on £, as introduced in Section 2, with

C; = (O;, ;). Consider a smooth partition of unity (x;);es subordinated to the covering by the open

sets (O;);. We consider also x;, x; € €°°(L) supported in O; such that X] =1lona nerghborhood of

supp(xj) and yj =1ona nelghborhood of supp()(]) Set also X, =@ )*X], )Z]C @ )*XJ, and
(19 )*X] One has X, ,XJ ’X, ‘500((’) ), with (’) = 1;(0)).

Let (uk)k C H, (L) that converges weakly to 0, Q € III h(ﬁ), and j € J. One can write

loc
XiQ=x0x +x; Q1 —x;).
Since x; Q(1 — x;) is a regularizing operator one finds

(u, XjGZ(Q»S*K <Xj Qu u )Hm}np(g) (L)

loe
~(Xj X QX~jvja v.;c>Hc?)rlnp([')sH]LC([') as k — 400,
for vk P = = xut
The operator Q J = (15l Ty )Z & O x;(¥;)* is a pseudodifferential operator of order 2 on RY*! with principal
symbol g; = X ; 24C where g% is the local representative of o (Q). Set also v G = =0 hyxp ;‘ It converges
weakly to 0 in H'! ([F\Rd“). Associated with this sequence is a microlocal defect measure ;. If one writes

= N5k ok kG
0% Qi V) oo = 5 Qv 0 D s e g o

one obtains
cl cl ci
(1, xjo2 (D) s = (js X; Gj)s+65 = (Wjs Xj 4" ) s+6i-
Note that here the L? and H*-norms on R?*! are based on the local representative of the density
measure x© Kgo dt. One thus sees that the local representative of x;u is precisely XJ "I j» thatis, y;u =

¥ (Xj Mj) = Xj 15‘] ;. Summing up, we thus have

=Y xim=y X0 u
jeJ jeJ
and o
(1, 02(D)see =D {1, xj02(Dsec =Dt X 4 )55

jeJ jel
Remark 3.1. Local properties of microlocal defect measures like ; can be deduced from the properties
of X " ;- In what follows most results are of local nature. In such cases we shall work in local charts
and use Sections 2C and 3B to bring the analysis to open domains of R+,
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3C. Operators with a low regularity. An important tool we use to handle low-regularity terms in what
follows is a result due to R. Coifman and Y. Meyer [1978, Proposition IV.7] and some of its consequences
that we list below.

Theorem 3.2 (Coifman—Meyer). Let Q € \p;h(u%" x R"). If m € WHo°(R") the commutator [Q, m)] maps
L?(R") into itself continuously. Moreover there exists C > 0 such that

[tQ.ml] 2,2 < Clmlyie, me W ®R").
We deduce the following corollary.

Corollary 3.3. Let Q € lIJ;h (R" x R"™) be such that its kernel has compact support in R" x R". With
€ S;h([R” x R™) its principal symbol.
Let m € €' (R"). There exist K| and K,, compact operators on L*>(R"), with compactly supported
kernels, such that

1 1
[Q. m] = =V.m - Op(Veq) + K1 = = Op(Vq) - Vam + K. (3-3)
Proof. Consider a sequence (m")ken C €°°(RY) such that

D 9% n* —m) |l > 0 as k — +oo.

lee] <1

Classical symbolic calculus gives
[0, m*] = V" - Op(Veq) + K, (3-4)

with K{“ = Op(rf) for some r{‘ € SI;ll, j =1,2. Thus, K{‘ is bounded from L?(R") into H'(R"). In
addition, since K {‘ has a kernel with compact supports in R” x R”, it is compact on L?(R"). Note that the
support of the kernel of K {‘ lies in a compact XC of R"” x R" that is uniform with respect to k.

On the other hand, observe that

V,m* - 0p(Veq) — Vom -Op(Veq) in Z(L*(R").
Moreover, from Theorem 3.2 applied to m* — m, one also has
[Q,mF]—[Q,m] in Z(L*[R")).

Using then (3-4) we deduce that (K {‘)neN converges to some K Uin 2(L*(R")), and from the closedness
of the set of compact operators in .¥ (L*(R")) we find that K! is compact. Moreover, K ! has a kernel
supported in K. The limits above give the first equality in (3-3). The second equality follows similarly. [

Let 2 be a bounded open set of R"” and («°, g% € X1 (), with definition adapted from that of X’ (M.
The L>-inner product and norm are given by the density % 0~ The following result is also a consequence
of Theorem 3.2.

Proposition 3.4. Let (u*)reny C Hl})c(Q) be a sequence that converges weakly to 0 and let . be an
H'-microlocal defect density measure on S*Q associated with the sequence (u*)y.
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Let by € WH°(R") and by € €°(R"). Consider also Q1, Q2 € \Ilgh([R”), both with kernels compactly
supported in Q2 x 2, with q1, q2 € S;)h(IR” x R") for respective principal symbol. Then, one has

(b1Q1 b2 Qou, ub) 4ot o) 1 o) T (W b1D2012) s (3-5)

lo«,
More generally, assume that (b})ren C W' (R") and (by)ien C L(R"), and (i, gi)ren C V(RQ)
with
1Y = b1l 100 gy + 165 = B2l oo oy + 1k 81) — (2, 8l 0y = O as k — +o00.
Then
k
<b Ql b2 szt u >Hcomp(Q Kklhgy), 109(97'(“/«3/\») m) (,bL, b]sz]Qz)S*Q. (3-6)

Remark 3.5. Note that b is chosen in W!*°(R") because one cannot multiply an element in H~! by a
bounded function. One derivative is needed.

Proof of Proposition 3.4. With Lemma 3. 6 below we may replace the density kg, in the L?-inner
product by Ko,ugo and thus in the H_! loc duality.

comp”~
We write

KO Y 0y =b1Q1 by Q2+ R*, RN =001 (b5 —b2) Q2+ bk — b)) Q1 5 0.

(£2) continuously. Moreover because of the convergences of bk
(S2), one finds that RFu* — 0 strongly in H_ (£2). Thus

Note that R maps H|. () into H, Comp

and bk and the boundedness of (u¥)zen in H!

loc omp

we can write

k k k Tk k Tk
(b1 Q1 bz Qou”, uk)Hc;llnp(Q)lez)c(Q) = (b1 Q1 b Qou”, uk>HC;[1“p(Q),HlLC(Q) +o(Dik—+00

and (3-6) follows if we prove (3-5).
According to Theorem 3.2 the commutator [b, Q] is bounded on L*(Q) implying [b1, Q1] b2 Q-u*
is bounded in L2() yielding

([b1, Q11by Qau*, J)Hc;);p(g)ﬂl;c(g) = (b1, Q11b2 Qo u") 2(0) 7555 0,

since u¥ — 0 strongly in L*(2). We may thus assume that b; = 1 without any loss of generality.
Let & > 0 and let b5 € ¥°°(S2) be such that ||[by — b5, .. <&. Write

010, 02,=01b502+R*, R*=Q;(by—05) 0».

Tk
One has |(R¢uX, u >Hc5.1np(§2) Hloc(Q)l < Ce¢, and this leads to

(Q1D2 QZM , U >HcTn]np(Q)’H1Lc(Q) =(0 b2 Q2u s U ) Heomp(Q),H,. () +o(Deso+0(1)ks 100 (3-7)

Since b is smooth, by symbolic calculus one has

(Q1b5 Qau*, u )H |

comp

(Q),H! (@) m) <M’ b;‘]l‘h)S*Q- (3-8)

loc

Finally, since (i, b5q192) s+ — (i, b2q192) s+@ as € — 0, with (3-7) and (3-8) one concludes that (3-5)
holds. U
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Lemma 3.6. Assume that || (i, gx) — (k°, g%) lly@) — 0 and consider a sequence (i, hi)xen bounded
in Lomp(2) @ L}, (). Then

(Jfks hk)ﬁ(g,,(kugk) = (fr> hi) 2@ + 01k t00-
If (fis hidken is bounded in Hg) (Q) @ H,. (Q) then

comp oc
nk — nk
o M) Bt @uang) B @uang) = o M gl @), ) @) 0Dk troo-

Here, Lemma 3.6 is written in the case of a bounded open set of the Euclidean space but the same
result holds in the case of a compact manifold.

Proof. One has g0 = (det go)l/2 dx and g, = (det gk)l/2 dx. Therefore kg, = OleOpLgo, with

ki [ det gg 12
o = —
K0 det g¥

and o — 1 in the Lipschitz norm. ]

3D. Measures and partial differential equations. Microlocal defect measures associated with sequences
of solutions of partial differential equations with smooth coefficients can have properties such as support
localization in the characteristic set and invariance along the Hamiltonian flow. With the material developed
above, we extend these results to the case of %' -coefficients. We focus on the case of wave operators.

Proposition 3.7. Let (k°, g°) € X' (M) and set P° = Po_g0. Denote by PO, t,8)=—-12+ gg(é, &) its
principal symbol. Let (ki, gr)ken C Y (M) be such that || (kk, gk) — (x°, 80)”)/(/\/1) — 0ask — +oo and
set Py = Py g,.

Consider a sequence (uF)en C Hll)c (L) that converges to 0 weakly and w an H'-microlocal defect
density measure associated with (u*)ien.

Let Ty < T,. The following properties hold:

(1) If Peu® — 0 strongly in H ! ((T1, T2) x M) then
supp(u) N S*((T, T») x M) C Char(p?). (3-9)
(2) If moreover Pk — 0 strongly in L? ((T1, T») x M) then one has

loc

’Hpou =0 in the sense of distributions on S*((T1, T») x M), (3-10)
that is, (i, Hpo q) s+ = 0 for all g € €2°(S* (T, T2) x M)).

Since H 0 is a tangent vector field on $*£ where u lives (see Section 2A) note that H p0 i makes sense
in the second item of the proposition. Moreover note that H 0 is a tangent vector field on $*£ N Char( 22!
and one has supp(u)NS*((T}, T>) x M) C Char(p®) by the first item of the proposition. Finally, notice that
for a Hamiltonian vector field, H o0 = —'H po as recalled in Section 2A even in the case %, g% e X'(M).

Naturally, Proposition 3.7 and its proof can be adapted to the other energy levels. We shall also need
the following result.

Proposition 3.7'. With the notation of Proposition 3.7, consider a sequence (u*)ien C L? (L) that

loc
converges to 0 weakly and w an L*-microlocal defect density measure associated with (u*)ien.
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Let Ty < Tp. The following properties hold.
(1) If Peu® — 0 strongly in H, loc 2((Ty, o) x M) then
supp(p) N S*((Ty, T2) x M) C Char(p").

(2) If moreover Puu* — 0 strongly in H ((Tl, T») x M) then one has

loc

tho;L = 0 in the sense of distributions on S*((T1, Tr) x M).

Proof of Proposition 3.7. Consider B € lIJ?,ph (£) with kernel supported in (T}, T») x M)% and b € SO ph L)
its principal symbol. For the definition of the L?-inner product we use («°, g). We also use the partition
of unity 1 =) jes Xi» with x; € €°°(0;) associated with the atlas A and the additional cutoff functions
Xj» Xj € €°°(0;) that are introduced in Section 3B and, as obtained in that section, we write

k k
(BPkM U > Cnmp([') loc([') Z<X]Bpku U ) comp(‘c) loc.(ﬁ)
jeJ

=Y G BP V! >mep(£) a1 o) T 0Dk 400, (3-11)
jelJ

with v = X] k. Associated with (15 )* k the local representative of v¥ v; , is a microlocal defect measure f;
in 9; ((9 )= ; =R x O and X T is the local representative of x;u in this chart. See Section 3B.
Note that we use local representatives of the operators, functions, and measures without introducing
any new symbols. Yet to keep clear that the analysis is carried out in a local chart we use the notation
L2(5j), H‘V(CN’)]-) and not L>(£), H*(£). To further lighten notation we set Ky = (det g¢)'/?y. One has

Pe= 07 — )" ) opkeg{9g +1= P~ R{,
pq pq
with P = 92 =Y, 9,879, + 1 and R} = (&)'[9,. ©]g)?9,. Note that ¥;BR*¥; defines a
sequence of bounded operators from H'(£) into L?(L), uniformly with respect to k. Consequently, one has

= pdz k ok _ = Pas .k oky
O x5 BRE Xivj Vi gl @), 18,3y = X BRET X055 Vi) 128y e

since v]’? converges strongly to 0 in Lz(g)j). This leads to

k ok kok
<Xj XjBPka i ) comp(O,) Hloc(O/) = (X/XJBPkX/ i >Hcorlnp(O/) H] ((9 ) +o(Dis 400
= (Mja ijp )s*@j) +0(1)k= +00>
by Proposition 3.4. Since x;u; = x;ju locally, lifting back the analysis to the manifold level, with (3-11),
one finds

<BPk”k’”k>Hc;“np(c) HL (o) = =Y {1 0P 50y = (12 bP ) sy + 0D oo
jeJ

Now, one has

k k tp k
(BPku ,I/l ) ‘:"]np(c) loc([:) (Pkl/i ’ BM >ngcl(£),Hclomp(£)+0(1)k—>+oo’
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with the transpose operator ‘B bounded from HILC(E) into Hclomp(ﬁ) since B is itself bounded from

ngcl (£) into Hc;rlnp(ﬁ). If one assumes that Pyu* — 0 strongly in ngcl((Tl, T,) x M), one obtains

k Tk
(BPau™, ub) ot ooy i) o) T=Fes” O
and thus

(. bp°)sry =0 forall b € S (£) with supp(b) C T*((Ty, To) x M),

and one obtains the support estimation (3-9).

We now prove the second item of the proposition. We assume that Pyu lies in leoc((Tl, T,)x) and

converges strongly to O in this space. Consider B € \Ilclyph(ﬁ) with kernel supported_ in ((Ty, T») x M)? and
be Slph (L) its principal symbol. We are interested in the limit of ([ P, Blu*, uk) Hegho (£). (L) which
makes sense since [Py, B] is of order 2. We have [P, BJu* = PyBu* — BPuu* € H='((T}, T) x M).
Since Pyu* lies in L2((Ty, T») x M) by assumption, B Piu* lies in H~'((T}, T>) x M) and the same
holds for Py Bu*. We may thus write

(LPe BIE, b)) oy = (PeBut, )

0C

k
1 (l:)—<Pku ’B*uk)leoc(E)l’z (L)>

oc comp

Heomp (L), H,
where the adjoint is computed with respect to the L2-inner product associated with (k°, g%) here. As
B maps continuously L2 ((T}, T») x M) into Hcgrlnp((Tl, T») x M), we have B* maps continuously

loc

HIIOC(E) into L2 (£). Thus, one has

comp

(Pkuk, B*uk)L2(£) m) 0.

By Lemma 3.6 it is asymptotically equivalent to use («°, g%) or (kx, gi) for the definition of the L?-inner
product and Hg,}! -H! duality, that is,

omp

k ok _ k ok
(P Bu", u*) L) = (PyBu",u )Hg)}np(E’Kkugkdt)’Hll (ll,Kkugkdt)+0(1)k—>+°°'

0C 0C

Heomp(£), H,

Since Py is selfadjoint for this latter L?-inner product, one obtains

k& — k k
(PeButs ) ot ooy = BUS BB 12 e g an. L L opgdn) T Ok too

loc

= (B”k7 Pk”k>L2 (£),L2 (L) +o(1)k— +00-

comp loc

Using again that Puu* — 0 strongly to 0 in L? ((Ty, T») x M), we obtain

loc

k k
(PeBu”, u%) ot ooy i) o) T=Fs” O

and finally
(LPy, Blu¥, uk>HcS,‘np(£),H]},C(£> =30 (3-12)
As above, with the partition of unity 1 =) jeJ Xj We write
L
ey = D OGLP BIuE uR) s o (3-13)

0C oC
jelJ

v =T
([Pr, Blu", ”k>HC;[1np(£)’Hl

For each term in the sum one has

. k ok — (y.[P.. B:T05. oK
G LPe BIu®, uf) ot oy ey = XL BV Vi) s oy v oy T 0Dk oo,
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with Ej = X; B x;. This allows one to work in a local chart and write

Sk ok
w = Z%[Pk’ Bjlvi, vi) il @),
jedJ

with the (manifold-local chart) identifications described above. With Ay = A, ,,, in the local chart C;
one writes

XilPe. Bj1= x;10}. Bj1 — xjlAx. Bj1 = x;[97. Bj1— > _ (Q77+ 047+ 0% + Q).
I<p,g=d

k
([P, Blu™, u >H(,urlnp(E) H], HL (D)) (3-14)

with ~ ~
qu = Xj/zk_laxplzkg]fq[axqa B']v ng = Xj’zk_laxp[/zkglgqv Bj]axq»

Q3 = lez]: [axpa ]Kkgk 8xq7 qu = Xj[/zlzl’ E']ax,,lzkg]fqaxq-
We now compute the limit of each term associated with this decomposition of [ P, B ] on the right-hand

side of (3-14). The principal symbol of yx; [8, , B]] is l)(j{‘l,' , b} and thus

GG BV, v ot 6 @) = (g D612 Y ey F 0Dk oo

loc
Proposition 3.4 applies and yields
(QVIV V) by @0 i @ = (W 138" Ep B, B3 0 (Do,
Pk ok
<Q ] ’ J >Hcomp(o)

With Theorem 3.2 one has [Kx g} 7, Bj] — [k0g%P4, §j] in £(L*(0))) as k — +o0. It follows that

@y = Wi 1278777 (8, D)Eq) 503)) + 0 (D> oo

lnc

Pqg.k k Pq k 7
(QZ R > COmP(OI) 10(.(01 <Q2a J’ /> COmp(oj) 1(,L(O/)+0(l)k_)+oo’
with
~—1 ~ ~
Q% = XjKy Ox, [0g% P4, B0y,

With Corollary 3.3 one writes
~ I~ g -~ -
[£g™77, Bj] = —= V. (&°g"") - Op(Ve (X7D)) + K1.

with K| a compact operator on L>(R?*1), with compactly supported kernel. One thus obtains

Pq K pd kL k
(05 A f) Heotp(0)), Hyp (0) — <Q2 bYj> ) C?)rlnp(aj)lel)c(éj)+0(1)k_)+00’
with
1 -
2 =~ XiRg By, Ve R78PT) - Op(Vi (X7D))2y,

Proposition 3.4 applies and yields

(O v it @1 @y = Wi —ixiEpEg @) T V@877 - Veb) s ) + 0D oo

We now treat the term associated with Q}?. Note that one has > pa o = X1k ", Bl Ay. We
write, lifting temporarily the analysis back to the manifold,

Z<Q >J J Hiohp(0)), H!

L <X] [Kk s B]KkAk )Hw}np([,)
pP.q

(O ) (L

loc

- <X}[Kk s B]KkAkM U >H<;)llnp([:)~H1,lgc(£) +0(1)k—>+oo.
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Setting fk= (82 Apu* with ¥ — 0 strongly in LIOC((Tl, T,) x M), we thus find

Pqg.k -k
D QL) et 3y,

p.q 2k % ~—1
= (LR, BIRGOZU ub) ot oy ey = G1RC BIRS ub) oy

comp

(E)’Hll)c([:) +0(1)k—>+oo
(X][Kk aB ]Kka; s U ) cgrlnp(@j),Hli)c(@j)+0(1)k—>+oo»

bringing again the analysis at the level of the local chart.
Using that &y is independent of ¢, we may write

Xl ! Bilid, = xi ok, BjlRe + xRy EjlRe,
where E; = [9;, E le \111 h((9 ), with 9,;b € S h((’) ) for principal symbol With Theorem 3.2 we see that

[/ck , E;] maps LZ(O ) mto itself contmuously and moreover [Kk VEil— [(R9)~! , E;]in ,,S”(LZ(O ).
Thus we obtain

<X][Kk > E ]Kkatv > >H(,Urlnp(0]) lm((f)j)
(X] [(K ) ]Kkatv f)HC;‘LIP(@j)’HILC(@j) +o(Di—+oo TS Too” 0,

arguing as above. Similarly we write

=—1 Bz a0k ok =0 0
(Xjat[Kk ij]KkatU‘vUj> Hookp(D)), HL (D)) ~k—+o0 (Xjat[(K) B]Kkatl)/, ]> Hoomp(D)), H\ (D)

loc

Arguing as we did for the term associated with Qé’ 1 we thus find

Ol Bil&dio, vyt @ m @ = (s =i TRV @) 7™ - Veb) 53, + 0Dk oo

loc

Collecting the various estimates we found we obtain

OGP BIIVE V8 it )1 @) = (s 259 ) 523y + 0Dk o0 (3-15)

lo(.

with
G:i{rz,b}—iZ(go’pquaxqb—{—go’pq(8pr)$q—.§p$q(lzo)_lVx(Eogo’pq)-ng)+lr OV &%) Veb.
p.4q

Recalling that p* = —1% 4 Zp’q g%PiE €, one finds
o =—i{p® b} +ip® @)V, (k") - Veb.
Since p, and thus u;, is supported in Char( p°) by the first part of the proposition, one concludes that

(XJ [P, B ] Vi, V) ) Heomp(O)), H! (O)) = _i(,Uvj7 Xj{po, b”s*(@) +o(D— too-

loc

Since xju = xju; (see Section 3B), with (3-13)—(3-14) one obtains

([P BYu*, ub) ot oy oy = =16 (P°, DY) sv2) + 0 (D oo

With (3-12), this concludes the proof of the second part of the proposition since {p°, b} =H 0 b. ]
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4. Measure support propagation: proof of Theorem 1.10

Theorem 1.10 is stated on an open subset of a smooth manifold. Yet, its result is of a local nature. Using a
local chart we may assume that we consider an open of set Q of R instead without any loss of generality.
The strategy we follow is very much inspired by the approach of Melrose and Sjostrand [1978] to
the propagation of singularities and relies on careful choices of test functions allowing one to construct
sequences of points in the support of the measure relying on nonnegativity.”> Then, a limiting procedure
leads to the conclusion, in the spirit of the classical proof of the Cauchy—Peano theorem.
The proof of Theorem 1.10 is made of two steps that are stated in the following propositions.

Proposition 4.1. Let X be a €°-vector field on Q an open set of RY. For a closed set F of Q, the following
two properties are equivalent:

(1) The set F is a union of maximally extended integral curves of the vector field X.

(2) For any compact K C Q where the vector field X does not vanish,
Ve>0, 350 >0, Vxe KNF, V5 €[5y, 0], Bx+6X(x),8e)NF # Q.

Proposition 4.2. Let X be a €°-vector field on Q an open set of R%. Consider a nonnegative measure |
on S that is a solution to 'X u = 0 in the sense of distributions, that is,

(X, a)g (). e = (4, Xa)@/ﬂ(g),sg(?(sz) =0, aeE (. (4-1)
Then, the closed set F = supp(u) satisfies the second property in Proposition 4.1.
Proof of Proposition 4.1. First, we prove that property (1) implies property (2) and consider a compact
set K of R? such that K € Q and K N F # @.

There exists 7 > 0 such that K C K,, C Q with K,, = {x € Q : dist(x, K) < n}. One has ||X|| < Cy
on K, for some Cy > 0. Let x € K and let y (s) be a maximal integral curve defined on an interval |a, b,
a, b € R and such that 0 €]a, b[ and y(0) = x. If b < oo then there exists s'e 10, b[ such that y (s!) ¢ K.
Since y (s) € K, if s < n/Co, one finds that b > n/Cy. Similarly, one has |a| > n/Cy. Consequently,
there exists S > 0 such that any maximal integral curve y (s) of the vector field X with y(0) € K is
defined fors € I = (-85, S).

Let us pick x € K. According to property (1), there exists

y : I — F such that y(s) = X (y(s)) and y(0) = x.

By uniform continuity of the vector field X in a compact neighborhood of K we have

N

y(s):y(0)+/ )}(s)ds=y(0)+/ X(y@s)ds=x+sXx)+r(s), se(=S,9),
0 0

where limg_.q |7 (s)]|/s = 0, uniformly with respect to x. We deduce that for any ¢ > 0 there exists
0 < 8p < S such that ||r(s)|| < se for any s € (—do, o), which implies

F>y(s)e B(x+sX(x), se).

20f the measure in our case and of some operators for Melrose and Sjostrand, via the Garding inequality.
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Second, we prove that property (2) implies property (1). It suffices to prove that for any x € F there
exist an interval / 5 0 and an integral curve

y : 1 — F such that y(s) = X (y(s)) and y(0) = x.

Then, the standard continuation argument shows that this local integral curve included in F can be
extended to a maximal integral curve also included in F.

If X(x) =0, then the trivial integral curve y (s) = x, s € R, is included in F. As a consequence, we
assume X (x) # 0 and we pick a compact neighborhood K of x containing B(x, ) with n > 0 and where,
for some 0 < cx < Ckg,

ck =X =Ck, yeKk.

Letn € N*. Set x, o =x and ¢ = 1/n and apply property (2). One deduces that there exist 0 < 3§, < 1/n
and a point

Xn,1 € Fn B(xn,O + SnX(xn,O)a Sn/n)

If x,.1 € K, one can perform this construction again, starting from x,_ ; instead of x, o. If a sequence of
points x, 0, Xn.1, - - -, Xp L+ 1S obtained in this manner, one has

Xne+1 € FNB(xy e+ 6, X (Xn0), 8, /n), £€=0, ---,L+_ 1. 4-2)

One can carry on the construction as long as x, ;+ € K. We can perform the same construction for £ <0,
with the property
Xno—1 € FNB(xye—8,X(xn0), 8n/n), 1€|=0,...,L7 —1. (4-3)

Having || X || < Ck on K and B(x, n) C K ensures that we can construct the sequence at least for

to =L, = — T
L=t _L”{an(cKJrl)JHsLMCK“/”)JH’

where | .| denotes the floor function. With the points x, ¢, |£| < L,, we have constructed we define the
following continuous curve y,,(s) for |s| < L,8,:

Xn,4+1 — Xn,¢

Vu($) = Xp e+ (s — £5,)
Sn

for s € [£6,, (€ +1)5,) and |¢| <L, — 1.

This curve and its construction is illustrated in Figure 1. Note that y,(s) remains in a compact set,
uniformly with respect to n. In this compact set X is uniformly continuous.

We set S =n/(Ck +1). Since S < L,6,, we shall in fact only consider the function y, (s) for |s| < S
in what follows. Note that since x, ; € F for |¢{| < L,, one has

dist(y,(s), F) < 6,(Cx +1/n), [s| <S. (4-4)

From (4-2), for £ > 0 and s € (£5,,, (£ + 1)8,), we have

Xn,t+1 — Xn

Pals) = = £ = X (x0) + O(1/n).
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Figure 1. Top: iterative construction of the curve y,. Bottom: convergence of y, as n increases.

Similarly, from (4-3), for £ <0 and s € ((£ — 1)3,, £5,), we have

. Xn,t — Xn,t—1
Yn(s) = ———
Sn

In any case, using the uniform continuity of the vector field X, we find

=X (x,0) +0O(/n).

Ya(s) = X (¥u(5)) +e,(s),

where the error |e,| goes to zero uniformly with respect to |s| < S as n — 4-00.
Since the curve y, is absolutely continuous (and differentiable except at isolated points), we find

N

Y (5) = 12 (0) + / Jn(o)do = x + / X (a(0)) dos + / en(0) do. 4-5)
0 0 0

We now let n grow to infinity. With (4-5), the family of curves (s — v, (s), |s| < S)nen= 1S equicontinuous
and pointwise bounded; by the Arzela-Ascoli theorem we can extract a subsequence (s — ynp) peN that
converges uniformly to a curve y (s), |s| < S. Convergence is illustrated in Figure 1. Passing to the limit
n, — +00 in (4-5) we find that y (s) is solution to

y(s) =x +/O X(y(0)) do.

From estimation (4-4), for any |s| < S, there exists (y,), C F such that lim,_, ;o y, = ¥ (s). Since F is
closed we conclude that y (s) € F. O

Positivity argument and proof of Proposition 4.2. We consider a compact set K where the vector field X
does not vanish. By continuity of the vector field there exist 0 < cx < Cg suchthat 0 <cg <|[|X(x)|| <Cgk
forall x € K.
Let us consider x° € K Nsupp(i). By performing a rotation and a dilation by a factor || X (x%)]|, we
can assume that X (x%) = (1,0, ..., 0) € R% We shall write x = (x;, x") with x’ € R?~1,
Let x € €*°(R) be given by
x(s) =151 exp(l/(s — 1)), (4-6)



MEASURE PROPAGATION ALONG A ¥0-VECTOR FIELD 2709

and 8 € ¢°°(R) be such that
B=0 onl-oco,—1], >0 on]-1,—1[, B=1 on[-1 +oof. 4-7)
We then set
Qe s 0 = (xov)(Bow), g 5.0 =" ov)(Bow)Xv, hs,0=(xo0ov)(B ow)Xw, (4-8)
with
v(x) =1 =87 ey —x) +8(e8) 7 Ix )7 and wx) =211 -8"(x, )

for € > 0 and § > 0 both meant to be chosen small in what follows. We have Xq, 5 ;0 = g, 5,0 +h, 5 0.
The function ¢, s o0 is compactly supported. Indeed, in the support of B ow, one has w > —1, implying

X1 —x? < 5(1 + %8),
while on the support of x ov one has v < 1, which gives
2
1 +8(e8) 2 —x¥|T <87 (e — ).

On the supports of ¢, 5 ,0 and (x’ o v)(B o w), one thus finds

s <x—xV<8(1+1e) and 8(e8) 2 — P < 3+ Le. 4-9)
Similarly, on the support of 8’ o w one has —1 < w < —%
§(1+1e) <x;—x) <8(1+ 1),
which implies that on the support of %, 5 co one has
S(1+1e) <xi—20<s(1+1e) and 8(e8) 2’ — x| < 3+ Lo, (4-10)
In particular, in the case ¢ < 1, one finds
supp(h 5 :0) C B(x"+8X (x°), £8). (4-11)

These estimations of the supports of g, s 0 and A, s (o are illustrated in Figure 2.

Lemma 4.3. Forany 0 < & < 1 there exists 8y > 0 such that, for any x° € K and 0 < § < 8, the function
8e.5.x0 is nonnegative. Moreover, g, 5 (0 Is positive in a neighborhood of x0,

Proof. Let 0 <& < 1. We have g, 5 .0 = (x'ov)(Bow)Xv. Since B >0 and x’ < 0, it suffices to prove
that Xv(x) <0 for x in the support of (x' o v)(B o w) for § > 0 chosen sufficiently small, uniformly with
respect to x° € K.
We write
X(x) = X(x% =a'(x, x98,, +a'(x, x%) -V,

with o' (x, x%) € R and o/ (x, x%) € R¥~L. By (4-9), for x € supp(x’ o v)(B o w) we have ||x — x| <.
From the uniform continuity of X in any compact set we conclude that

! (x, xO) |+ Il (e, %) = 0(1)  as 8 — 0T, (4-12)
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x/
1 X(x% =29
_1ls 0 x| ) Xy
2 ®
les
1
€8
}—@8
I
X T .
Ve g E > N
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/ \
\
0 ! '
1 / \
—15 X0 X(x7) , 1) LX)
1
* > T ¥ f
\ 1 I
€0
\ 7 /
\. 88 /
\ /
\ /
N 7/
~N _ 7

Figure 2. Estimation of the test function supports in the case ¢ < 1. Top: support of /, 5 0.
Bottom: support of g, s 0.

uniformly3 with respect to x®eKandx e supp(x’ o v)(B o w). Using that X(x% = dy, and the form
of v given above, we write

Xv(x) = (X)) (x) = (34,0 + (X (x) — X x))v) (x)
=5 (1+a'(x,x% —16e71(e8) '/ (x, x%) - (&' —x")). (4-13)
Using again (4-9), we thus find for x € supp(x’ o v)(B o w)
lot (x, %) — 1667 (e8) T (x, x0) - (x" — x| < Jaet (x, xO) | + 7o (x, X9

With ¢ fixed above and with (4-12), we find that Xv(x) ~ —8~! as § — 0% uniformly with respect to
x% € K and x € supp(x’ ov)(Bow).

Finally, we have g, s o % = —5_1)(/(%)/3(28_1) > 0 and thus g, 5 0 is positive in a neighborhood
of x°. O

We are now in a position to conclude the proof of Proposition 4.2. Note that it suffices to prove the
result for 0 < & < 1. We choose 8y > 0 as given by Lemma 4.3. Let then x° € K Nsupp(i). We apply (4-1)

30Observe that the change of variables made above for X (xO) =(1,0,...,0) does not affect uniformity since the dilation is
made by a factor in [cg, Cg ]
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to the family g, s .o of test functions with 0 < § < o:

0= (1, X(qe 5.x0)) = (s 8e.5.x0) + (1, hg 5 x0). (4-14)

By Lemma 4.3, g, 5 .0 > 0 and g, 5 .0 is positive in a neighborhood of x% As x° e supp(n) we find
(1, ge.5.x0) > 0. Consequently, (i, h, s o) # 0. By the support estimate for 4, 5 ,0 given in (4-11) the
conclusion follows: supp(u) N B(x? 48X (xY), 8) # @. [l

5. Exact controllability: proof of Theorem 1.12

Let (k°, g%) € X1 (M) and assume that (w, T) fulfills the geometric control condition of Definition 1.8”.
Let also (k, g) € Y(M). With Proposition 1.6, the result of Theorem 1.12 follows if we prove that
there exists ¢ > 0 and Cyps > O such that

Eeg (1)(0) < CobslIL0.1)x0 721y ar

for any weak solution u of the wave equation associated with (k, g) chosen such that

1k, 8) — (k°, g llyany <&

The L%-norm on the right-hand side is associated with (k, g), that is,

T
2 2
||1(0,T)><watl/i”Lz(E’Kﬂgd[):ff|8;M| Kpigdr.
' 0 Jw

Yet, for ¢ > 0 chosen sufficiently small one has || - ||L2(£’K0Mg0) =~ - ||Lz(£,wg), where A <~ B means
c1 < A/B < ¢ for some ¢y, ¢c; > 0. In other words, we have equivalence with constants uniform with
respect to («, g). In what follows, L?- and more generally H*-norms on M are chosen with respect to
KO[,Lg() unless explicitly written. Our goal is thus to prove the observability inequality

E0.00 () (0) < CopslI 10,70 el - (5-1)

The Bardos—Lebeau—Rauch uniqueness compactness argument reduces the proof of (5-1) to the proof of
the weaker estimate

2
Ee0,50(1)(0) < ClIL0,1yxe drttll72 ) + C" [ @(0), 3O | 2ty -1ty (5-2)

which exhibits an additional compact term, and expresses observability for high frequencies. Low
frequencies are dealt with by means of a unique continuation argument.
To prove (5-2) we argue by contradiction and we assume that there exists a sequence (kx, gx)ken C
V(M) such that
lim [|(x, go) — (°, g° =0, 53
P | (kexs gk) — (67, 8 )||y(/v1) (5-3)

and yet for each k € N the associated observability inequality does not hold. Thus, for each k € N,
there exists a sequence of initial data (kPO yhrly peN C H (M) x L?(M) with associated solution
(vk’f’)peN, that is,

{kaksl’ =0 in (0, +00) x M,
k k k k,p,1
v ’1’|t:0=v ,p,O’ 3,1) '1’|,:0=v P m M,
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with Py = Py, 4, that moreover has the properties

1

Eo @@ PO =1 and 10,150 3V Pl 2z + [ OSPO PN e < p+1

We take p = k and we set(uk 0, uk1y = (VFK0, pkk1y and u* = vk one obtains Pyu* =0 in £ and

1

1 (5-4)

gxo,go(uk)(o) =1 and ||1(0,T)><a) 8tuk||L2(£) + || (uk,o’ Mk’l)”LZ(M)GBH—I(M) =

From (5-4) one has u¥ — 0 weakly in HILC (£). With (3-1)-(3-2), we can associate with (a subsequence
of) (u*)x an H'-microlocal defect measure p on S*(£). Here, the measure is understood with respect to
L*(L, kg0 dr).

From the second part of (5-4) one has

uw=0 1inS*(0,7T) x w). (5-5)

In fact, for any ¢ € €((0,T) x w) one has [[yd,u*[l;2;) ~ 0 and thus (i, T2%?) = 0. Hence,
supp(11) N S*((0, T) x w) C {t =0}. Since {r =0} N Char(p®) N S*(L) = @ with (3-9) one obtains (5-5).
With the first part of (5-4) one has the following lemma.

Lemma 5.1. The measure pu does not vanish on S*(L).

A proof is given below.

We now use Proposition 3.7 to obtain a precise description of the measure p. First, one has
supp(u) N S*((0, T) x M) C Char( pY). Furthermore, one has 'H poit = 0 in the sense of distributions on
S*((0, T) x M). Since H,ois a % -vector field on the manifold $*£, Theorem 1.10 implies that supp(u)
is a union of maximally extended bicharacteristics in $*((0, T') x M).

Under the geometric control condition of Definition 1.8”, any maximal bicharacteristic meets
S*((0, T) x w) where p vanishes by (5-5). Thus supp(u) = &, yielding a contradiction with the
result of Lemma 5.1. We thus obtain that (5-1) holds. This concludes the proof of Theorem 1.12. ]

Proof of Lemma 5.1. Let Ty < T and ¢ € €>°(R) nonnegative and equal to 1 on a neighborhood of [77, T>].
On L, consider the elliptic operator Q = —d> — Ao g0 + 1 with symbol g = 24 Zp’q gOP"/(x)Epéq.
Taking (3-2) and Lemma 3.6 into account one can write

(6" Qub ub) ot oy (. ) sz (5-6)

1 ~
LD oo

Integrating by parts one obtains

ocC

(70t uk) ot oy it oy = f ¢ (10" P+° (Vgou*, Vo) +1u 1) pgo di+2(¢'d e, u) 2
L

= f G (1)2Epo 0 () (1) di+2(d'¢ D, u") 12 -
R
Since the energy built on k7, g” is preserved by the evolution given by P,, we have by (5-4)

E0 0 W) () = Er gt ) (1) + 0(1) = Eek gt W) (0) + 0(1) = Eeo W) () +o(1) =1+0(1) (5-7)
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2

ioc(£), one obtains

24k Tk - 2
(70U U8 o i) o 191y

With (5-6) this proves that p # 0. O

and since (¢'¢ d,u*, uk)Lz(E) — 0as u* — 0 strongly in L

6. Lack of continuity of the control operator with respect to coefficients

6A. Proof of Theorems 1.14 and 1.14'. We prove the result of both theorems, that is, in the case k > 1.
In the case kK = 1 we are simply required to prove additionally that the geometric control condition of
Definition 1.8 is fulfilled for geodesics given by the chosen metric g; see Remark 1.17.

Let ¢ > 0. We set g = (1 + ¢)g. Given any neighborhood U/ of («, g) in X*(M), for & > 0 chosen
sufficiently small one has (x, g) € U.

Moreover, observe that, for £ > 0 chosen sufficiently small, geodesics associated with ¢ can be made
arbitrarily close to those associated with g uniformly in ¢ € [0, T']. Hence, for such ¢ > 0 the geometric
control condition is fulfilled for geodesics associated with g.

Observe that one has

Char(p,¢) NChar(p, ) NS*L = @. (6-1)

We consider a sequence (R0, y& 1y ~ (0, 0) weakly in H (M) @ L?*(M) such that

2 2
LAY Mg any + 195 2 0) = 1.

L?- and H'-norms are based on the « pg dt measure on L.

Setting f,ﬁg = K,g(yk’o, yk1y e L2((0, T) x M) with H, , defined in (1-7), one obtains a sequence
of control functions. According to the HUM method [Lions 1988], f,f, e is itself a (weak) solution to the
following free wave equation

Pegf =0, (6-2)

in the energy space L*(M) & H™'(M), that is, (f},(0),,ff,(0)) € L*(M) x H™'(M). More-
over, ( ka, g(O), 0y ka, g(O)) depend continuously on (y*0, y%1). The function f,ﬁ ¢ is thus bounded in
¢°((Ty, T»), L>(M)) uniformly with respect to k for any T} < T». Since the map H,. ¢ 18 continuous,
ft,— 0 weakly in L
defect measure . With Proposition 3.7" one has

(£). Up to extraction of a subsequence, it is associated with an L2-microlocal

Supp(sLs) C Char(pe. o). (6-3)
We consider the sequences of solutions (y¥)r and (F%); to

{Pk,gyk :l(O,T)xw ka’g in L, {Px,gfk :l(O,T)xw ka’g in L,
Ok, 0y ) =0 = OF0, y&1) in M, (5*, 0,5 ) =0 = O*0, y&D) in M.

Both are bounded and weakly converge to O in Hl})C (£). Up to extraction of subsequences, both are

associated with H'-microlocal defect density measures 1 and ji respectively. Since 1(0.7)xe f,f’ ¢ — 0

2
loc

weakly in L; (L) we have 10.1)x0 fK’f ¢ — 0 strongly in ngcl (£) and, with Proposition 3.7, one finds
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supp(ft) C Char(p, ;). Thus one has

supp(ji) Nsupp(uyr) = 9. (6-4)

The sequence (9, %) converges to 0 weakly in L2 (£) and can be associated with an L?-microlocal defect

loc
density measure whose support is given by supp(ft).

Lemma 6.1. One has (10,7)xw fi g» 3 3°) 12(c.cpgar) = 0 as k — +00.

A proof is given below.
Using the density of strong solutions of the wave equation, with integration by parts, one finds the
classical energy estimate

Eci (NI = £z FNO) = Q0.0 fL g2 5 L2epigan-
With Lemma 6.1 one obtains
g (NT)  ~  &:(550).
k— 400

With the form of g chosen above one has

Ees (PN = (1+0@)E : G)(1),

uniformly with respect to ¢ € [0, T']. Choosing ¢ > O sufficiently small and k sufficiently large, the first
part of Theorem 1.14 follows since &, g(jzk)(O) =1.

We use the values of ¢ and k chosen above. To prove (1-10), we write ¥ in the form y* = v; + vy,
where v and v, are solutions to

{Px,gvl =10,1)x0 fi 5 in L, {PK,gvzzl(O,T)Xa)(ka’g_f,(k’é) in L, 6-5)
(Ulv atvl)|t=O:(yk’Ov yk’l) in Mv (UZ, 8tU2)\z=O: (07 O) inMv
with f Kk ;= He, g(yk*o, y&1). A hyperbolic energy estimation for the solution v; to the second equation in
(6-5) gives
k k yii2
Ee,g()(T) = Crlllo,1yxe(fic g — f,(,g)”Lz(ﬁ)-
Since one has (v{(T), 9;v1(T)) = (0, 0), because of the definition of fkkg one finds
Eeg)(T) = Ec s (N(T) = 3.
which gives the second result of Theorem 1.14. ([

Proof of Lemma 6.1. The key point in the proof is the following lemma.

2

Lemma 6.2 [Gérard 1991, Proposition 3.1]. Assume that uy and vy are two sequences bounded in L

that converge weakly to zero and are associated with defect measures |1 and v respectively. Assume that
w L v, that is, u and v are supported on disjoint sets. Then, for any r € CKL(,),

lim (Yug, vg);2 =0.
k—+o00
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To apply this result, we just need to exchange the rough cutoff 1(p,7)x. for a smooth cutoff (¢, x).
First, note that one has

- -
(L0, 7yxe fi.g» 0V 12(Loicpuzar) Pete (Lo, 1yxe fie,g0 OV D L2(Liepugdr)-

We may thus simply consider the L?-norm and inner product associated with « Mg dt.
Second, let § > 0. Since (f},)i and (7*); are both bounded in €°((0, T), L*(M)) uniformly with
respect to k, there exists 0 < T} < 75 < T and O € w such that

J[ 18 asden e <o,
K

with K = ((0, T) x w) \ ((T1, T2) x O). Let € €°((0, T) x w) such that 0 < <1 and equal to 1 in a
neighborhood of [T, T5] x O. One thus has

|A0.7) %0 [ g T 200)| SN LE 42 05 1200y |+ 10,1y 00 — W) [ g2 35 12|
SIS g 07 20| +6.
With (6-4) and Lemma 6.2, one finds
Wi g 05 20) =757 O (6-6)

and the conclusion of the lemma follows. O

6B. Proof gf f’roposition 1.19. We consider first the case « = 1. As proven in [Dehman and Lebeau 2009]
one has f7 ;> € ¢°([0, T1, H'(M)) and the estimate
0 1
1727 .7t vy SO YD 2@ (-
With this regularity of the source term in the right-hand-side of the wave equations in (1-8), one finds
y, ¥ € €°([0, T], H*(M)). Computing the difference in (1-8) one writes
Px,g(y - f) = (Ax,g - A:?,g)f- (6'7)

A hyperbolic energy estimate yields

Eeg (V=N S W Avg = A DT o072 000 S 105 ) = @ DIt 15 0,7 120
S ) — @ DN 1207 oo, 11wy
Sk, 8) — @ DN 160 YD 2 s ov-
In the case o = 0, one writes
Ecg V=N S Eg D'+ Ec e )T < Ec e I + Ex s NI
SO YOl nerzoa-

Finally, the result follows from interpolation between the two cases @ =0 and o = 1. ]
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THE DIRICHLET PROBLEM
FOR THE LAGRANGIAN MEAN CURVATURE EQUATION

ARUNIMA BHATTACHARYA

We solve the Dirichlet problem with continuous boundary data for the Lagrangian mean curvature equation
on a uniformly convex, bounded domain in R".

1. Introduction

We consider the Dirichlet problem for the Lagrangian mean curvature equation on a uniformly convex,
bounded domain 2 C R" given by

{F(Dzu) ="  arctan}; = ¥ (x) in €2,

u==aeo on 092, (-1

where the }; are the eigenvalues of the Hessian matrix D?u, 1 is the potential for the mean curvature
of the Lagrangian submanifold {(x, Du(x)) | x € Q} C R" x R", and ¢ is a given continuous function
on 9€2.

Our main result is the following:

Theorem 1.1. Suppose that ¢ € C°(0Q) and ¥ : Q@ — [(n —2)% + 8, n%) is in CH1(Q), where Q
is a uniformly convex, bounded domain in R" and § > 0. Then there exists a unique solution u €
C>%(Q) N C°DR) to the Dirichlet problem (1-1).

We also provide a viscosity-based proof for the following well-known result established in [Harvey
and Lawson 2009].

Theorem 1.2. Suppose that ¢ € C°(dQ) and ¥ : @ — (—n%, n%) is a constant, where Q2 is a uni-

formly convex, bounded domain in R". Then there exists a unique solution u € C°(Q) to the Dirichlet
problem (1-1).

When the phase 1 is constant, denoted by ¢, we have that u solves the special Lagrangian equation

n
Z arctan A; = c, (1-2)
i=1

or equivalently,

cosc Z (—1)k02k+1—sinc Z (—1)k0’2k=0.

1<2k+1<n 0<2k<n
MSC2020: 35J60.
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Equation (1-2) originates in the special Lagrangian geometry of Harvey and Lawson [1982]. The
Lagrangian graph (x, Du(x)) C R" x R" is called special when the argument of the complex number
(14iXxy)---(1+iA,) or the phase v is constant, and it is special if and only if (x, Du(x)) is a (volume-
minimizing) minimal surface in (R" x R”, dx*+d yz) [Harvey and Lawson 1982].

A dual form of (1-2) is the Monge—Ampere equation

i In )»,' =C.
i=1

This is the potential equation for special Lagrangian submanifolds in (R" x R", dx dy) as interpreted in
[Hitchin 1997]. The gradient graph (x, Du(x)) is volume-maximizing in this pseudo-Euclidean space as
shown in [Warren 2010]. Mealy [1989] showed that an equivalent algebraic form of the above equation is
the potential equation for his volume-maximizing special Lagrangian submanifolds in (R" x R", dx?—dy?).

A key prerequisite for the smooth solvability of the Dirichlet problem for fully nonlinear, elliptic
equations is the concavity of the operator on the space of symmetric matrices. The arctangent operator
or the logarithmic operator is concave if u is convex, or if the Hessian of u has a lower bound A > 0.
Certain concavity properties of the arctangent operator are still preserved for saddle u. The concavity
of the arctangent operator in (1-1) depends on the range of the Lagrangian phase. The phase (n —2)7
is called critical because the level set {A € R" | A satisfying (1-1)} is convex only when || > (n — 2)%
[Yuan 2006, Lemma 2.2]. The concavity of the level set is evident for || > (n — 1)% since that implies
A > 0 and then F is concave. For a supercritical phase || > (n —2)% + 6 the operator F' can be extended
to a concave operator [Chen and Warren 2019; Collins et al. 2017].

The Dirichlet problem for fully nonlinear, elliptic equations of the form F (A[D*u]) = ¥ (x) was
studied by Caffarelli, Nirenberg, and Spruck in [Caffarelli et al. 1985], where they proved the existence of
classical solutions under various hypotheses on the function F and the domain. Their results extended the
work of Krylov [1983b], Ivochkina [1983], and their previous work [Caffarelli et al. 1984] on equations
of Monge—-Ampere-type. For the Monge—Ampere equation, continuous boundary data leads to only
Lipschitz continuous solutions; Pogorelov [1978] constructed his famous counterexamples for the three
dimensional Monge—Ampere equation o3(D?u) = det(D?u) = 1, which also serve as counterexamples
for cubic and higher-order symmetric oy equations. Trudinger [1995] proved a priori estimates and
existence of smooth solutions to fully nonlinear equations of the type of Hessian equations. In [Ivochkina
et al. 2004], Ivochkina, Trudinger, and Wang studied the Dirichlet problem for a class of fully nonlinear,
degenerate elliptic equations which depend only on the eigenvalues of the Hessian matrix. Harvey and
Lawson [2009] studied the Dirichlet problem for fully nonlinear, degenerate elliptic equations of the form
F(D?u) =0 on a smoothly bounded domain in R". Interior regularity for viscosity solutions of (1-2) with
critical and supercritical constant phase || > (n — 2)% was shown in [Warren and Yuan 2010; 2014].
For a subcritical phase || < (n —2)Z, singular solutions of (1-2) were constructed in [Nadirashvili and
Vladut 2010; Wang and Yuan 2013]. The existence and uniqueness of continuous viscosity solutions to
the Dirichlet problem for (1-2) with continuous boundary data was shown in Yuan [2008]. Brendle and
Warren [2010] studied a second boundary value problem for the special Lagrangian equation.
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The Lagrangian mean curvature equation (1-1), which was introduced by Harvey and Lawson, is
far from being completely understood. This gives rise to several challenging problems concerning the
regularity of solutions and the well-posedness for general phase functions. Recently, regularity and
effective Hessian estimates for viscosity solutions of equation (1-1) were studied in [Bhattacharya 2021;
Bhattacharya and Shankar 2020; 2023] under certain assumptions on the regularity of the phase and
convexity properties of the solution. In [Collins et al. 2017], Collins, Picard, and Wu solved the Dirichlet
problem (1-1) on a compact domain with C* boundary value under the assumption of the existence of a
subsolution and a supercritical phase restriction using techniques accumulated since the 1980s. In [Dinew
et al. 2019], Dinew, Do, and T6 showed the existence and uniqueness of a C 0 solution to (I-1) on a
bounded C? domain with C? boundary value under the assumption of the existence of a subsolution and
a supercritical phase restriction.

The major difficulty in proving Theorem 1.1 is the unavailability of smooth boundary data: our
boundary value is merely C°. We use a standard continuity method and uniform approximation of the
CY boundary value to overcome this. Another hurdle lies in estimating the double normal derivatives at
the boundary: we use Trudinger’s technique and a change of basis argument to construct a lower linear
barrier function for u,,. Once we obtain uniform C>“ estimates up to the boundary, we use the a priori
interior Hessian estimates proved in [Bhattacharya 2021] to approximate the C° boundary value. Note
that we assume ¥ > (n — 2)7 + 4 since, by symmetry, ¥ < —(n —2)7 — § can be treated similarly.

In Theorem 1.2, we consider all values of the constant Lagrangian phase, which include subcritical
values. The main difficulty here is the lack of uniform ellipticity and concavity. Harvey and Lawson [2009]
established the existence and uniqueness of continuous solutions of fully nonlinear, degenerate elliptic
equations of the form F(D?u) = 0 on a smoothly bounded domain in R” under an explicit geometric
F-convexity assumption on the boundary of the domain. The key ingredients of their proof were the use
of subaffine functions and Dirichlet duality. As an application, the continuous solvability of the constant
phase equation (1-2) is obtained. Here in Theorem 1.2, we focus only on the continuous solvability of the
Dirichlet problem of equation (1-2) and provide a short proof that solely relies on a certain comparison
principle. Note that our methods of proving Theorem 1.2 are much different in nature than the proof
by Harvey and Lawson: our brief proof follows via Perron’s method using an idea that was introduced
in [Ishii 1989], and it requires comparison principles for strictly elliptic,! nonconcave, fully nonlinear
equations [Yuan 2004].

Remark 1.3. For Theorem 1.1, an assumption weaker than C' on v will lead to counterexamples with
continuous boundary data. For example, in two dimensions, we consider a boundary value problem
of (1-1) on the unit ball B;(0), where the phase is in C* with « € (0, 1):

x|
w(x):%—arctan(a*1|x|1*“) and u(x):/ t“dt on dB;.
0

This problem admits a non-C? viscosity solution u with gradient Du = |x|*~'x, thereby proving a

contradiction. If the Lagrangian phase is subcritical, i.e., [{/| < (n —2)7, then even for the constant

1 F(Dzu) = is strictly elliptic in the sense that (Fu,.j (Dzu)) >0



2722 ARUNIMA BHATTACHARYA

phase equation (1-2) with analytic boundary data, C° viscosity solutions may only be C'¥¢ but no more,
as shown in [Wang and Yuan 2013]. However, the existence of C>¢ solutions to (1-1) with critical and
supercritical phase, i.e., |/| > (n — 2)Z, where ¢ € C1*, or even || > (n —2)%, where ¥ € C!!, are
still open questions. As of now, it is also unknown if C® viscosity solutions of (1-2) are Lipschitz for
subcritical phases.

Remark 1.4. In Theorem 1.2, if we replace the constant phase with any continuous function lying in the
subcritical or critical range, then the existence and uniqueness of C? viscosity solutions of (1-1) remain
open questions. This is due to the lack of a suitable comparison principle for strictly elliptic, nonconcave,
fully nonlinear equations with a variable right-hand side. Harvey and Lawson [2019] introduced a
condition called “tameness” on the operator F, which is a little stronger than strict ellipticity and allows
one to prove comparison. Harvey and Lawson [2021] further proved that, for the Lagrangian mean
curvature equation, one can only show tamability in the supercritical phase interval. Cirant and Payne
[2021] established comparison for this equation when the range of the phase is restricted to the intervals
((n —=2K)%, (n — 2(k — 1))%), where 1 < k < n. This in turn solves the Dirichlet problem on these
intervals, as shown in [Harvey and Lawson 2021, Theorem 6.2(C)]. For o} equations with a variable
right-hand side, results analogous to Theorem 1.2 exist. This is due to the fact that the linearized operator
has a positive lower bound in determinant unlike the Lagrangian mean curvature equation (1-1).

This article is divided into the following sections: in Section 2, we state some well-known algebraic
and trigonometric inequalities satisfied by solutions of (1-1). In Section 3, we prove C>¢ estimates up
to the boundary assuming C* boundary data. In Section 4, we first solve the Dirichlet problem with
C* boundary data using the method of continuity and then combine it with the Hessian estimates proved
in [Bhattacharya 2021] to solve the Dirichlet problem with continuous boundary data. In Section 5,
we prove Theorem 1.2. In the Appendix, we state a well-known linear algebra lemma that we use in
estimating the Hessian of u on the boundary, and we provide the proof of a certain comparison principle
that is essential for the proof of Theorem 1.2.

2. Preliminaries

The induced Riemannian metric on the Lagrangian submanifold {(x, Du(x)) | x € Q} C R* x R" is
given by
g =1, +(D*u)*. (2-1)

On taking the gradient of both sides of the Lagrangian mean curvature equation (1-1), we get

n
> eujan =, (2-2)
a,b=1

where g% is the inverse of the induced Riemannian metric g. From [Harvey and Lawson 1982, (2.19)],

we see that the mean curvature vector H of this Lagrangian submanifold {(x, Du(x)) | x € Q} is given

by H=1J V¥, where V, is the gradient operator for the metric g and J is the complex structure, or the

7 rotation matrix in R" x R”.
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Lemma 2.1. Suppose that the ordered real numbers Ly > ky > - - - > A, satisfy (1-1) with ¥ > (n —2)7.
Then we have

(D) =A== A1 >0, A1 > [l

2) A+ (m—1Dxr, =0,

3) oxk(A1, ..., X)) =0 foralll <k <nandn > 2,
A4) if ¥ = (n—2)5 + 38, then D*u > — cot(31,).

Proof. Properties (1), (2), and (3) follow from [Wang and Yuan 2014, Lemma 2.1]. Property (4) follows
from [Yuan 2006, p. 1356]. U

3. C%* estimate up to the boundary

We first prove the following C>¢ estimate up to the boundary of Q.
Theorem 3.1. Let ¢ € C*(Q) and ¥ : @ — [(n —2)% +34, n%) be in C>% (), where Q is a uniformly
convex domain in R" with 3Q € C?. Then there exists a universal constant a € (0, 1) such that if
u € C**(Q) is a solution of (1-1), then

lullczo@y < CUV llerigys 16l csgye ns 8, 99). (3-1)

Proof. We first make the following observation, which will be used for Steps 1, 2, 3.2, and 3.3 below. We
pick an arbitrary boundary point xo € d€2. By a rotation and translation, we choose a coordinate system
such that the chosen boundary point is the origin and €2 lies above the hyperplane {x, = 0}, with e, as
the inner unit normal at 0. For such a domain, we can write

Q= {(",xp) | 0 =h(x) = Sixi + - +kao1xp_)) +o(IX' D)}, (3-2)
where the {k;}1<i<, denote the principal curvatures of d€2 at 0. At 0 € 92 the boundary value satisfies
d(x', xp) = p(x', h(x))

= ¢(0) 4 ¢2(0) - X"+ ¢y, (0) 1 (x")
+ 10D o (00X + Spwrs, (0) - X' h(X)) + s, v, (R (V () + 0(|x|* + h*(x))
= Q) +o()x']%.

Without loss of generality, one may subtract the linear part in x” of the above Taylor expansion to get
Co = Co(lI®ll 230> 11, k) such that

L™ =—Cox, <¢p <Cox,=L"T ondQ. (3-3)

We now prove estimate (3-1) in the following four steps. We will estimate all the boundary derivatives
of u at the origin.

Step 1: Bound for [[u];~g)-
Claim 1. We show the following:

||u||LOO(§) =< C(||¢||C2(§), n, [092]c2). (3-4)
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Proof. The function ¥ : Q — [(n —2)% +34, n%) isin C11(€), so there exists € > 0 such that ¢ < n% —e&.
Fixing this ¢, we define = (n —2)7 + 6 and V= n% — e. Recalling (3-3) we find constants co and C;,
depending on Cy above such that, on €2, we have

4
—colx|* + %lxlztan v_ —C)lx|* < —Coxn < ¢ < Cj|x* + %leztan =, (3-5)
n n
Using relation (3-2), we define
—Cxy+ LpxPran Y = B (3-6)
2 n
4
Cx, + l|x|2 tan = = BY, (3-7)
2 n

where C = C(||9]lc29q)» 1, ki). We observe that

F(D*B™) > F(D*u) > F(D*B") inQ,

(3-8)
B  <u<B" on 0€2, with equality holding at 0.
Using comparison principles we see that (3-4) holds. (I
Step 2: Bound for || Dul| ;. g)-
Claim 2. We show the following:
1Dul g < CUW N1 @y 181l cagys 2, 8, 1892 c2). (3-9)

Proof. From Lemma 2.1, we see that u is semiconvex: D?u > — cot(81,). We modify u to the convex
function u(x) + cot(8|x |2/ 2). Since the gradient of this convex function, given by Du(x) + x cotd, attains
its supremum on the boundary of 2, we get

sup |Du(x)| < sup |Du(x)|+ coté. (3-10)
o aQ

For 1 <i < n, we have u; = ¢;, so we only need to estimate u,(0). Recalling (3-8), we again use
comparison principles, and on taking the normal derivative at 0, we get

un )] < CUY N1 gy 191l 2y 7, 182 c2).
Combining (3-10) with the above we get (3-9). O
Step 3: Bound for || D*ul| ;g
Claim 3. We prove the following:
1D%ull @) < CUY i@y, Illcs @y s 6, 10Rco). (3-11)
The proof of the above claim is achieved by from the following steps.

Step 3.1: We first prove that the Hessian attains its supremum on the boundary of 2. We show that

ID*ull ooy < CUAW i@y 1D ullL o0, 8).- (3-12)
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Since the phase is supercritical, we can modify the operator F' to a concave operator as shown in
[Collins et al. 2017, Lemma 2.2] or [Chen and Warren 2019, p. 347]. (For a detailed proof of this
fact, see [Collins et al. 2017, Lemma 2.2].) Following the notation used in [Chen and Warren 2019,
p. 347], we denote the modified concave operator by F=— exp(—A(8) F) and the modified phase by
1}()\) = —exp(—A(5)¥ (X)), where A(S) is large enough. On differentiating (1-1) twice, we get
fijaijuee + ﬁij’klaij“eaklue = &667
Fld;; Au= Ay — Z FUM Y, u e > AV,
e

where the last inequality follows from the concavity of the operator. Let pg be an interior point of 2. By
an orthogonal transformation, we assume D’u to be diagonalized at py. We observe that

> 0.

88 (Au+5Ci1x1?)(po) = — CI¥llcrig) +C1 Y T
i=1 i

The last two inequalities follow from using the structure of the metric g (defined in (2-1)) and then

choosing a large enough constant C; by exploiting the semiconvexity of . The maximal principle implies

that | D?u| attains its supremum on the boundary. Next, we estimate the Hessian on the boundary in the

following steps: we first estimate the double tangential derivatives ur7(0), followed by the mixed tangent

normal derivatives ury(0), followed by the double normal derivative u y (0).
Step 3.2: The double tangential estimate. Denoting the second fundamental form by I/, we observe that

D*(u — ¢)|7(0) = —(u — $),(0) 1 |52(0),
where
(D*w)lr ={ugg, | 1<i,j <n)

is the Riemannian Hessian. By estimate (3-9) derived in Step 2, for 1 <i, j < n, we get the estimate:

ui; O] < CUY ller gy 1Dl c2gy ms 8, Q).

Step 3.3: The mixed tangent normal estimate. Observe that (1-1) is dependent only on the eigenvalues of
the Hessian and hence is invariant under rotation of coordinates. In light of [Caffarelli et al. 1985, p. 281],
we observe that, since x;d; — x;0; for i # j is the infinitesimal generator of a rotation, we get

8"0;j(xi9j — x;0)u = (x; 0 — x; ).

For i < n, we define the annular vector field
n—1

T(0) =8+ Y _ hij(0)(x;y — x20)),
Jj=1
where £ is as defined in (3-2); 7(0) = ¢; for i < n. This is an approximated tangent vector up to the
second-order on the boundary. Indeed, at a point (x’, #(x")) on €2, near the origin, we can write

n—1
T(x) =8 + 01 (x)By + O(x' )3y — Y hij (VR (x')d;.
j=1
Denoting the rotational derivative of u along the boundary by u., we get gij Ojjur =Y. in Q and u, = ¢,
on 0%2.
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Replacing ¢ with ¢, and repeating the argument in (3-3), we get the following on 9€2:
—Cxp < ¢ < Cxy, (3-13)

where C = C(||¢¢ || c2q). 1, k). Repeating the argument in (3-5) and choosing ¢; > 0 suitably, we get

v
—61|x|2+%|x|2tan% =—Clx|*><¢, <Clx|*+ %|x|2tani on 9.

We define uq to be the subsolution
. _
ug = —Cx, + =|x|* tan K,
2 n

where C = C(||¢||C3(§), 1Vl @), 7, |0€2|-2). Let w = u — ug. Since the phase lies in the supercritical
range, as before we extend the operator F to the concave operator F and denote the corresponding
linearization by g"/. Using concavity, for some gy > 0, we get the following on a small ball of radius r
around the origin:
§7w;; < —ey inside 2N B,(0),
w>0 on (2N B,(0)), (3-14)
w(0) =0.
We now choose « and g large enough that
§79;;(aw + Blx* £ur) <0 in QN B,(0), Gu15)
aw+Blx>+u; >0 ond(2N B.(0)).

Since w > 0 on 9(2 N B, (0)), we only need to choose g8 large enough that
Blx|>£u; >0 on d(2N B.(0)).

We observe that, on 2N 3B, (0), we have 8 > C/r?, where C = ClYllcr @y 19llc2gys 8, n, 1982 c2)
is obtained by using the gradient estimate in (3-9). Using (3-13) we get the required value of 8 on
a2 N B, (0). Fixing the larger of the two values to be the constant 8 we now choose « such that (3-15)
holds. We have

870 (aw + Blx* £uy) < —agn +C,

where C = C(B, Ylcig) We now choose « large enough that —aeg + C < 0 and observe that
aw + B|x|*> £ u,(0) = 0 at 0. Using Hopf’s lemma we see that

(Qw+BIxPLu)(0)>0 = Fue,(0)>Fd,(@w+px[*Lu)(0) = |uw,(0)] <|aw,(0)]|<C.
Therefore, for 1 <i < n, we have
uin ()] < CAV e gys 1Blles s s 8. 199 c2).

Step 3.4: The double normal estimate. By Lemma 2.1, D?u is bounded from below, so we only need to
prove an upper bound, which we find using an idea of Trudinger [1995].
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Let the unit normal direction vector be denoted by e,,. Denoting the eigenvalues of the (n—1) x (n—1)
matrix urr by A/, we write the Hessian as

D2u _ |:MTT ury] _ |: )»/ I/lTyi|
Uyt Uyy UyT Uyy ]’

Let x, be the minimal point of O(\)|q, where

n—1

W)= Z arctan A; — v,

i=1

and we write Aj = A(x().
Our goal is to find a lower linear barrier function for u,, at x{. Then, with the help of a change of basis

technique, we find a lower linear barrier function for u,, at x{. This leads us to find an upper bound of
Unn(x;)) followed by an upper bound of u,, (x) for all x € 9Q2. Now we estimate the lower bound of

n—1
w(D*u)lr =>4
i=1
Observe that ©(1) > O(hp) > ¥ — % > (n —3)Z. So the level set (A’ € R~ | ©(1") = ©(1))} should
be convex. Heuristically, this property means the following:
(DOMY), V) > (D@(K{)), Xo) = Ko,  with equality holding at x,
where Ky is a constant depending on [/ |c1(q), [#|c2(sq), and 8. Writing

[aé(Dzu(xO))Ir

= A;; (M),
dD2u|r } i (o)

where 1 <i, j < n, we see that
tr(A;; (A{)))(Dzu(x)h) > Ko, with equality holding at x.
Again denoting the second fundamental form by /1, we observe that

D*(u—@)|r = (u—¢)y s and
tr[A;; (L) (D*@|r — ¢y I |aq +u, I 130)] > Ko,  with equality holding at x{.
Writing ©; (1) = (8/91,)O(1), we get
1
Uy = n—1 ’ ’
Z,’:] ®i()L0)Ki(x)
= Uy = C(Ilcs@yr 191 ca, [¥lc1(q)» 8),  with equality holding at X0

[Ko—tr(A;j (k6)(D2¢|T — ¢, 1130))], with equality holding at x{), (3-16)

where the last inequality follows from the observation that, for all the terms in the right-hand side of (3-16),
one can find a lower linear barrier function whose Lipschitz norm depends on the C*! norm of ¢ and the
C' norm of Y. Next, we consider a unit local basis at x(/) denoted by B = {e,,, er, |1 < a < n}, where e, is
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used to denote the outward unit normal and e7, denotes vectors in the tangential direction at x. By a
change of basis, we write e, = ae, + ber,. A simple computation shows that
(ey, en) <ey7 en><en,€Ta>

e, = en — er
V4 n k)
1_<enseTa>2 1_<enseTa>2 ¢

from which one can easily find a lower linear barrier for u,, at x{. So far we have the following:

up > L7 (x',x,) ondS, withequality holding at x, (3-17)
where
Ly (X', x0) = =C(|$lcs, [0Qlcs, [V |c1 @)y 8)xn = —Clx|*.
Now we choose coordinates such that x(/) is the origin and the (n—1) x (n—1) matrix ur 7 (0) is diagonalized.
Claim 4. We show that
unn(0) = C,
where C = C([[¥ llcr1(g)s I1@llca(i) 1o 85 102 c4).

To be clear, the notation e,, now denotes the outward unit normal unlike earlier in the proof where it
was used to denote the inner unit normal (see page 2723).

Proof. We repeat the process in Step 3.3. First observe that, on taking the gradient of both sides of (1-1)
in the direction e,, we get

18" 8junl < CUYlc1@)- (3-18)
We define w = u — B~, where B~ is the subsolution defined in (3-6), and we see that w satisfies
condition (3-14). We choose « and 8 large enough that
g/0;j(aw+ Blx[* +uy) <0 in QN B (0), (3-19)
aw+Blx|>+u, >0 ond(2N B.(0)).
As w > 0 on 3(B,(0) N )), we first choose 8. On dB,(0) N Q, we have g > —C/r?, where C =
Cl¥licrgy, 6, @llc2(g) 1, 1982 c2) is the constant from the estimates in (3-9) and (3-4). On 92N B, (0),
we find g using (3-17). Choosing the larger of the two values we get the required value of . Fixing
this 8, we choose « such that (3-19) holds. Using the constant C from (3-18), we choose « large enough
that —agg + C < 0, where C = C(B, Ilelcl@)). Now since (ew + Bx|> 4+ u,)(0) = 0, using Hopf’s
lemma, we get

0
Grew P +u) O <0 = () < CUW ey 1lcim:n. 8. 1020c). O

Claim 5. If u,,(0) is bounded from above, then u,,(x) will be bounded from above for all x € 0%2.

Proof. Suppose that u,,(x,) > K for some x, € 92, where K is a large constant to be chosen shortly.
From Claim 4, we see that, at 0,

F(D*u+ Ney x ey) — F(D*u) = 8o([19lcs oy 1%l o1 gy) > O
= lim F(D’u+ae, x ey) > F(D?u+ Ne, x e,) > F(D*u) + 8y =y + 8.

a— o0
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From Lemma A.1, we see that 1

Zarctankg(xp) >y + 80— %

i=1

and
n—1 5
v = F(D*u) = Zarctanxg +o(1) + arctan(u,, + O(1)) > ¥ + 8y — % — 50 + arctan(un, + O(1)).
i=1
Now if we choose K large enough that
U (Xp) > tan(% - %0) — o),
we arrive at a contradiction. Therefore, choosing
T 50
K <tan(Z = L) = 0() = CU¥lcrgy I8llci@y s 8 10R0co),

we see that u,,(x) < K for all x € 3Q2. Combining all the estimates in Step 3 above we obtain (3-11). I

Step 4: Bound for ||D2u||ca@. This follows from the interior C>¢ estimates in [Evans 1982; Krylov
1983a] and the boundary C>¢ estimates in [Krylov 1983a, Theorem 4.1]. Therefore, combining all the
four steps above we obtain estimate (3-1). U

4. Proof of Theorem 1.1

In this section we use the C>“ estimate up to the boundary to solve the following Dirichlet problem using
the method of continuity.

Theorem 4.1. Suppose that ¢ € C*(Q) and ¥ : Q@ — [(n —2)5 +34, n%) is in CV1(Q), where Qis a
uniformly convex, bounded domain in R" and 8 > 0. Then there exists a unique solution u € C>*(Q) to
the Dirichlet problem (1-1).

Proof. For each t € [0, 1], consider the family of equations

{F(Dzu) =ty +(1—1t)cy in$,

u=qe on 082, “-1)

where co = (n —2)% + 8 and ¢ € C**(Q). Let I = {t € [0, 1] | Ju, € C**(Q) solving (4-1)}. As a
consequence of the interior Hessian estimates proved by Wang and Yuan [2014, p. 482, second paragraph],
we have that O € I. The fact that / is open is a consequence of the implicit function theorem and
invertibility of the linearized operator (2-2). The closedness of I follows from the a priori estimates.
Hence, 1 € 1. Now using a smooth approximation’ we solve (1-1) for ¢ € C!!. Uniqueness follows
from the maximum principle for fully nonlinear equations. ]

Remark 4.2. There exists a unique smooth solution to the Dirichlet problem (1-1) if all data is smooth
and if the phase lies in the supercritical range.

ZWhen v is in C1-1(Q), we can take a sequence of smooth functions v approximating v and a sequence of solutions uy
solving (1-1) with Y as the right-hand side. Applying the uniform C 2. estimate and taking a limit solves the equation.
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Proof of Theorem 1.1. We approximate ¢ € C°(32) uniformly on dQ by a sequence {¢y}s> of C*
functions and solve
F(D’up) =y inQ,
{uk = ¢ on 0€2

using Theorem 4.1. Applying the interior Hessian estimates proved in [Bhattacharya 2021, Theorem 1.1]
and the compactness in C? of bounded sets in C>% along with maximum principles, we get convergence
of {uy} to the desired solution u € C>“ on the interior and convergence of {¢} to the desired boundary
function ¢ € CY on the boundary. (Il

Remark 4.3. The above existence proof can be extended to prove the existence of a unique C° viscosity
solution to (1-1), where ¥ is in C°(2) and lies in the supercritical range. The existence part is based
on smooth solution approximations, with smooth approximations of the phase and the boundary data
in the C° continuous norm: the C° limit of smooth approximating solutions is a viscosity solution.
The uniqueness part follows from [Trudinger 1990, p. 155]: Trudinger’s condition is satisfied since the
minimum eigenvalue is bounded for a uniform, supercritical phase. Note that this existence proof is
different from the one shown in [Dinew et al. 2019, Theorem 40].

5. Proof of Theorem 1.2
Proof. We denote upper/lower semicontinuous functions by usc/Isc. We define
A={ucusc(Q) | F(D*u) >y in Q, u < on 9},
w(x) =supf{u(x) |u € A}
Claim 6. The above function w is the unique continuous viscosity solution of (1-1), where v is a constant.
Remark 5.1. The proof follows from the following four steps. It is noteworthy that the first three steps
of the proof hold for any continuous function 1. The fourth step requires a certain comparison principle
(see Theorem A.2 of the Appendix), which is only available for a constant right-hand side. As of now, it
is unknown if such a comparison principle holds for a continuous right-hand side. In order to highlight

this distinction, we present the first three steps of the proof assuming v is any continuous function. In
the final step, we assume y to be a constant, thereby proving Theorem 1.2.

Step 1: We define the functions

2(x) =y1€r)lcw(y),

Z(x) = lim w(y).

y—>x

We first show that A is nonempty and w, z, z are well defined. Since ¥ € C (), there exists ¢ > 0 such
that —n% + ¢’ < ¥ (x) <n% — ¢’ for all x € Q. Fixing this ¢’ we define the functions

Ve=—n5+e <y <nf—¢' =y~
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Recalling (3-6) and (3-7), we define

k
w(x) = —Corp + L xPran L,
2 n
1 v -1
W(x) = Cx, + =|x|? tan ==,
2 n

where C = C(||9¢llc290), 1, 02| ¢2). By definition w € A, which shows that A is nonempty. Next,
max{u, w} is upper semicontinuous and still a subsolution of (1-1), so we replace u € A by max{u, w}.
This shows u > w and, therefore, w is well defined. Next, we observe that since w and w are sub- and
supersolutions of (1-1), respectively, we have

w=u=w,
which shows z and z are well defined.

Step 2: We show that z is a subsolution of (1-1). Suppose not. Then we can find a quadratic polynomial P
such that P(x) > z(x) in B,(0), with equality holding at 0, such that F (D*P) < Yy in B,(0). Now we
choose ¢ > 0 such that

F(D?P +4¢l) < . (5-2)

From the definition of w and z, we can find sequences {u;} C A and {x;} C €2, with x; — 0, such that
2(0) = lim w(y) = lim u(xg).
- y—0 xg—0
For k large enough, we see that
g (i) — P (vr) = 26l *| = Jur (i) — P(0) + P(0) — P(xx) — 2¢|xi | = o(1) < ep”.

On 0B,(0), we see

up(x) <w(x) <z(x) < P(x) +2¢|x|> —gp>.
Using the definition of w and z, we see that, for any k, the following holds in B, (0):
Q(x) = P(x) +2¢|x|* = uy(x).

Fixing a k large enough, we observe the following. The functions uy(x;) and Q(xy) are less than ep?
apart, but uy is at a distance of more than ep? below Q on 0B,(0). So we drop QO at most ep? so that it
touches u; at a point inside B, (0) while still remaining above u; on dB,(0). So there exists y < ep?
such that, in B,(0),

u(x) < P(x) +2elx* —y,
with equality holding at an interior point of B,. Now since uy is a subsolution, we have
W < F(D*P +4el).

This contradicts (5-2). Noting that z is upper semicontinuous, we see that it is a subsolution of (1-1).
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Step 3: We show that z is a supersolution of (1-1). Suppose not. Then we can find a quadratic polynomial P
such that P(x) <z(x) in B,(0), with equality holding at 0, such that F (D?P) > ¢* in B,(0). We choose
¢ > 0 small enough that

F(D*P —2¢l) > y*. (5-3)
We have 7 > P — ¢|x|>. We define a new quadratic Q(x) = P(x) — ¢|x|*> + £p>. Observe that, since
2(0) =lim,, o w(x;), for k large enough, we have
w(xe) =2z(0) +o(1) = P(0) — P(xk) + P(xx) +o(1)
= P(x) +o(1) = Q(xx) — ep> +o(1) < Q(xp).

This contradicts the supremum definition of w since Q is a subsolution of (1-1) by (5-3). Noting that Z is
lower semicontinuous, we see that it is a supersolution of (1-1).

Step 4: We take care of the boundary value in this final step. This is where we assume (for the first time)
that v is a constant. Note that now we may assume the boundary value ¢ is in C?(9S2) since we can
always approximate ¢ by a sequence of smooth functions ¢s that solve

F(D?us)=v in<,

us = ¢5 on 9£2

and apply the comparison principle? to get
max fus, — s, | = max |(s, — bs,) (x)] >0

as 81,8, — 0. We have us — u in C° as § — 0. Next, we pick an arbitrary point xo € 02 and recall
the construction of w and w from (5-1). Defining similar functions at xy and on using the comparison
principle, we get w < u < w, with equality holding at x( for all u € A. Again, since max(u, w) € A for
all u € A, we can replace

w(x) = sup max(u, w).
ueA

We get w < u < w, with equality holding at xg, which shows

z(x0) = ¢ (x0) = z(x0)-

Since xo € 02 is arbitrary, we have z = z = ¢ on 92. Combining the above steps and on using the
comparison principle, we see

z=we CUQ)

Z

is the desired solution. This proves the existence part of Claim 6. Uniqueness again follows from the
comparison principle. (I

3See the Appendix.
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Appendix

We state the following linear algebra lemma that was used in proving the double normal estimate in
Step 3.4 of Section 3.

Lemma A.1 [Caffarelli et al. 1985, Lemma 1.2]. Consider the n x n symmetric matrix

)»/1 ai
M= o :
)\‘n—l an-1 ’
a -+ Aap—1 a
where M\, Ay, ..., A _, are fixed, |aj| < C for 1 <i < n, and |a| — +00o. Then the eigenvalues

Ay A2y . vvy Ay Of M behave like
M+o), A+o0), ..., A +o(l), a+0(),
where o(1) and O(1) are uniform as a — oo.

For the sake of completeness we state and prove the following comparison principle for strictly elliptic
equations, which is well known to experts.*

Theorem A.2. Suppose that u is a usc subsolution and v is an 1sc supersolution of the strictly elliptic
equation (1-:2) in Q CR". If u <von 02, then u < v in Q.

Proof. Without loss of generality, we assume 2 = B;(0) and u < v — 2§ on d B; for some small § > 0.
We rewrite (1-2) as
n
F(Dzu) = Z arctan A; —c =0.

i=1
Let u® be an upper parabolic envelope® satisfying
F(D*u®)>0, D*u*>-C/e, |u[cor <CJe

outside a measure-zero subset, where u® is punctually second-order differentiable and C is chosen such
that

u® —v, <C—elx —xo|> ondBy,
with equality holding at xop € B;. We see that
0<u®(x) —u(x) <u(x™) —ux) +e,

4We learned this proof from [Yuan 2004]. Indeed, the arguments presented in [Caffarelli and Cabré 1995, p. 43—46] toward
the comparison principle for fully nonlinear, uniformly elliptic equations work for strictly elliptic equations as well.
SFor ¢ > 0, we define the upper e-envelope of u to be

uf (xo) = sup, g u(x) +e& — |x —xo|*/e} forxg € H,

where H is an open set such that H C Bj.
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where x* — x as ¢ — 0. By symmetry, the lower parabolic envelope v, satisfies

F(D*v:) <0, D?v,<C/e, |vellcor <C/e
and
0>ve(x) —v(x) = v(xye) —v(x) —&,

where x, — x as ¢ = 0. Note that v, —u® < L+ (C/¢e)|x — xo|?* for xo € By, where L is a linear function.
The convex envelope I' (v, — u®) isin C L1 From the Alexandroff estimate, we have

1/n
sup(v, —u)” < C(n)|:/ detDzF] ,
p))

By
where
T={xeB | =v:(x)—u’(x)}
Now in X, we have
0< DT <D?*(v, —u®) or L(x)<uvg(x)—u’(x)

near xo € X. For K large, since u® + (K /€)|x|? is convex and v, — (K /¢)|x|? is concave, we have the
following for a.e. xg € By:

ve =T+ Z1xP+ 0(x —xol),
u =T+ S+ 0x —xoP).
Again, since v, is a supersolution and u°® is a subsolution, for a.e. xo € B, we have
F(D*v:(x0) <0, F(D*u(x0)) 20, F(D*v:(x0)) — F(D*u’ (x0)) < 0.

Also, a.e. xo € I', we have D?v, (x0) — Dzu"(xo) > 0. However, F is strictly elliptic, so we must have
F(D?v,) — F(D*u®) > 0, which shows

F(D?v:(x0)) = F(D*u®(xp)) aexp€X.

Again, given that F is strictly elliptic, the line with the positive direction D?v,(x9) — D?*u® (x¢) intersects
the level set { F = C} only once, which implies D?v,(x0) = D*u®(xp). This shows supp, (Ve — ut)— <0,
which proves that

v>v.>u’>u in Bj. |
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LOCAL LENS RIGIDITY FOR MANIFOLDS OF ANOSOV TYPE

MIHAJLO CEKIC, COLIN GUILLARMOU AND THIBAULT LEFEUVRE

The lens data of a Riemannian manifold with boundary is the collection of lengths of geodesics with
endpoints on the boundary, together with their incoming and outgoing vectors. We show that negatively
curved Riemannian manifolds with strictly convex boundary are locally lens rigid in the following sense:
if go is such a metric, then any metric g sufficiently close to gy and with the same lens data is isometric
to go, up to a boundary-preserving diffeomorphism. More generally, we consider the same problem for a
wider class of metrics with strictly convex boundary, called metrics of Anosov type. We prove that the
same rigidity result holds within that class in dimension 2 and in any dimension, further assuming that the
curvature is nonpositive.
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1. Introduction

1A. The lens rigidity problem. Let (M, g) be a smooth compact connected Riemannian manifold with
strictly convex boundary (i.e., the second fundamental form is positive on dM). Let M := SM be the
unit tangent bundle of (M, g), and define the incoming (—) and outgoing (+4) boundary of M as

0L M:={(x,v)eM|x €M, £g,(v,v(x)) > 0},

where v is the unit outward-pointing normal vector to the boundary. For any (x, v) € d_M, the maximally
extended geodesic y(y v), With initial condition y(y )(0) = x, Y(x,) = v, is defined on a time interval
[0, £g(x, v)], where £, (x, v) € Ry U{oo}. When £g(x, v) < 0o, we define

Sg(xv v) = (V(x,v)(zg(x’ v)), )./(x,v)(gg(x: v)))

to be the outgoing tangent vector at 94 M; see Figure 1.
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Se(x,v)

Figure 1. A surface with strictly convex boundary which is not lens rigid. Example
taken from [Croke and Herreros 2016].

Definition 1.1 (Iens data). The map S, : 9_M \ {£{; = oo} — 0,.M is called the scattering map and the
function £, : 0_ M\ {€, = 00} — R the length map. The pair (¢4, Sy) is the lens data of the Riemannian
manifold (M, g).

The lens data encodes the boundary data one can measure on the geodesic flow from “outside of the
manifold”. A natural inverse problem that arises from tomography consists in determining the geometry,
namely, the Riemannian metric g inside M, from the measurement of the lens data (¢,, S¢). In geophysics,
this is related to recovering the speed of propagation of waves inside a domain such as the Earth, for
instance; see [Paternain et al. 2014]. When two metrics g and g’ agree on d M, it makes sense to say that
they have the same lens data as there is a natural identification between the boundary of their respective
unit tangent bundles via the unit disk bundle of the boundary; see Section 2A1 for further details. The
lens rigidity problem is concerned with the following question:

Question 1.2. Assume that (M, g) and (M, g') are two Riemannian metrics with strictly convex boundary
such that there exists an isometry I € Diff(9M, OM') with I*(g'|tom’) = glram. Does the implication

(g, Sg) =1"(ly, Sg) =  there exists Y € Diffeo(M, M") such that |y = I and y*g' = g
hold true?

We say that a manifold (M, g) is lens rigid if there is no other Riemannian manifold (up to isometry)
having the same lens data as (£, S,). In the following, in order to simplify the notation, we will assume
that M = M’ and I = id.

There are simple counterexamples of manifolds for which lens rigidity does not hold: considering
certain perturbations of the flat cylinder S! x [0, 1] (see Figure 1 and [Croke and Herreros 2016], where
this is further discussed), one can easily obtain nonisometric metrics with the same lens data. Such cases
have trapped geodesics, that is some maximally extended geodesics with infinite length, or equivalently
Lo (x, v) = oo for some (x, v) € d_M. It turns out that all existing counterexamples to lens rigidity have
trapped geodesics.
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1B. Lens rigidity for nontrapping manifolds. Even among manifolds without a trapped set, the lens
rigidity problem is still widely open. The closest result in this direction is the recent breakthrough of
Stefanov, Uhlmann and Vasy [Stefanov et al. 2021], showing lens rigidity in dimensions n > 3 under
the additional assumption that the manifold (M, g) is foliated by strictly convex hypersurfaces. This
includes all simply connected nonpositively curved manifolds with strictly convex boundary. In the class
of real analytic metrics such that from each x € d M there is a maximal geodesic free of conjugate points,
the lens rigidity was proved by Vargo [2009]. A local lens rigidity result was also proved near analytic
metrics by Stefanov and Uhlmann [2009] under certain assumptions on the conjugate points.

There is also a subclass of metrics that have attracted a lot of attention since the work of Michel [1981],
namely the class of simple manifolds, which are manifolds with strictly convex boundary that have no
trapped geodesics and no conjugate points. These manifolds are diffeomorphic to the unit ball in R”. In
this case, knowing the lens data is equivalent to knowing the restriction dg |3y xym of the Riemannian
distance function d, € C%M x M) to the boundary, also called the boundary distance. The lens rigidity
problem for this subclass of metrics is also called the boundary rigidity problem. In dimension n =2, it was
proved by Otal [1990b] (in negative curvature), Croke [1991] (in nonpositive curvature), and Pestov and
Uhlmann [2005] (in general) that simple surfaces are boundary rigid and thus lens rigid. We also mention
the results by Croke, Dairbekov and Sharafutdinov [Croke et al. 2000] and Stefanov and Uhlmann [2004]
for local boundary rigidity results, the work by Gromov [1983] and Burago and Ivanov [2010] for rigidity
results of flat and close to flat simple manifolds, and we finally refer more generally to the review article
by Croke [2004] and the recent book of Paternain, Salo and Uhlmann [Paternain et al. 2023] for an
overview of the boundary rigidity problem.

1C. Lens rigidity for manifolds with nonempty trapped set. Trapped geodesics appear in most situations
since all Riemannian manifolds (M, g) with strictly convex boundary and nontrivial topology, i.e.,
nontrivial fundamental group, always have trapped geodesics (and they even have closed geodesics in the
interior M°). As far as manifolds with trapped geodesics are concerned, very little is known on the lens
rigidity problem. It is not even clear what would be the most general class of manifolds for which lens
rigidity could hold, and the example above in Figure 1 shows that it seems hopeless to consider general
manifolds with both trapped geodesics and conjugate points.

The only available result considering cases with both trapped geodesics and conjugate points seems
to be the local rigidity result of [Stefanov and Uhlmann 2009]. In dimensions n > 3, under a certain
topological assumption, it is proved that if (M, go) is real analytic,' with strictly convex boundary, and for
each (x, v) € SM there is w € v such that the maximally extended geodesic tangent to w at x has finite
length (it is not trapped) and is free of conjugate points, then the following holds: if g is another metric
with ||g — gollc~ small enough for some N >> 1 and (€4, Sg) = (£, Sg,), then g and go are isometric via
a boundary-preserving diffeomorphism. On the other hand, it is not clear (geometrically speaking) what
type of manifolds are contained in this class and there are many interesting geometric cases not contained
in it. For example, there exist convex cocompact hyperbolic 3-manifolds M := I'\H? (with constant

10r more generally if a certain localized X-ray transform is injective.
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sectional curvature —1) whose convex core C has positive measure and totally geodesic boundary. Thus,
cutting the ends of such examples at a finite positive distance of C, one obtains a metric not satisfying the
assumptions of [Stefanov and Uhlmann 2009] due to the totally geodesic surfaces bounding C.

From our point of view, there is a very natural class of metrics with nontrivial trapped set where the
lens rigidity problem seems well-posed and interesting from a geometrical point of view. We call elements
of this class manifolds of Anosov type; it contains as a strict subclass the set of negatively curved metrics
with strictly convex boundary.

Definition 1.3. A compact Riemannian manifold (M, g) with boundary is of Anosov type if:

(1) It has strictly convex boundary.
(2) It has no conjugate points.

(3) The trapped set for the geodesic flow ((p;g )ier ON M := SM, defined by

K¢ = [ef M) c M,
teR

is hyperbolic in the following sense. There exist a continuous flow-invariant splitting
forally e K¢, Ty,M=RX,(y)@®E_(y)®EL(y),
where X, is the geodesic vector field, and constants v, C > 0 such that,
forall £¢>0, forallye K¢, forallve E=(y), |ldef(v|l <Ce v (1-1)

for an arbitrary choice of metric || - || on M.
Example 1.4. The main two examples of manifolds of Anosov type are

(1) Riemannian manifolds with negative sectional curvature and strictly convex boundary (see [Klingen-
berg 1995, Theorem 3.2.17 and Section 3.9]),

(2) strictly convex subdomains of closed Riemannian manifolds with Anosov geodesic flows.

Manifolds of Anosov type have a trapped set with fractal structure and zero Lebesgue measure. It
implies that almost-every point in M is reachable from geodesics with endpoints on .M. This case can
be interpreted as an intermediate rigidity problem between the length spectrum rigidity of manifolds with
Anosov geodesic flows, where one asks if the lengths of closed geodesics determine the metric up to
isometry, and the boundary rigidity problem of simple manifolds.

In the closed case, Vignéras [1980] exhibited counterexamples to the length spectrum rigidity: in
constant negative curvature, there are nonisometric metrics on surfaces with the same length spectrum.
The well-posed rigidity problem is rather that of the marked length spectrum problem, also known as
the Burns—Katok conjecture [Burns and Katok 1985]: on a manifold (M, g) with Anosov geodesic flow,
each free homotopy class of loops ¢ on M contains a unique geodesic representative y,.(g) whose length
is denoted by Lg(c); if g; and g, are two such Anosov metrics on M with L, (¢) = Lg,(c) for all ¢, it
is then conjectured that g; should be isometric to g,. This conjecture was proved in dimension 2 by
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Otal [1990a] and Croke [1990], and in all dimensions for pairs of metrics that are close enough in Ck
norm for k >> 1 large enough by the last two authors [Guillarmou and Lefeuvre 2019] (local rigidity).
However, it is still open in general.

Similarly, for manifolds with boundary and nontrivial topology, the same problem of “marking” of
geodesics is a serious difficulty. The first natural question one may consider is the following, known as
the marked lens rigidity or marked boundary rigidity problem for Riemannian manifolds of Anosov type.

Definition 1.5 (marked lens data). Let g, g» be two metrics of Anosov type on M. We say that g and g»
have the same marked lens data if, for each (x, v) € _M\ {£, = oo}, one has (£, (x, v), Sg,(x,v)) =
(Lg,(x,v), S, (x,v)) and the g;- and gr-geodesics with initial conditions (x, v) are homotopic via a
homotopy fixing the endpoints.

Technically, having the same marked lens data is the same as having same boundary distance function
on the universal cover M (which is now a noncompact space). The following conjecture is somehow
similar to the Burns—Katok conjecture in the closed case and to the boundary rigidity problem of negatively
curved simple metrics.

Conjecture 1.6 (marked lens rigidity of manifolds of Anosov type). Let M be a smooth manifold with
boundary, and assume that g1, g, are two smooth metrics of Anosov type on M in the sense of Definition 1.3
such that g1|rom) = &2lrom). If g1 and g» have the same marked lens data, then there exists a smooth
diffeomorphism r, homotopic to the identity and equal to the identity on the boundary 0 M, such that
Vg =g

In dimension 2, Conjecture 1.6 was recently solved by the third author with Erchenko in [Erchenko and
Lefeuvre 2024] (an earlier result had also been obtained by the second author together with Mazzuchelli in
[Guillarmou and Mazzucchelli 2018] for negatively curved surfaces using the method of Otal [1990a]). In
higher dimensions, the third author [Lefeuvre 2020] proved Conjecture 1.6 for pairs of negatively curved
metrics g1, g» that are close enough in C* norm for k > 1 large enough (local marked lens rigidity). The
fact that there is no smooth 1-parameter family (gs)se(—1,1) of nonisometric negatively curved metrics
with the same marked lens data? is called infinitesimal rigidity and was first proved by the second author
[Guillarmou 2017b].

In this paper, we consider the more difficult problem of lens rigidity in the class of manifolds of Anosov
type. Since, contrary to the closed case, there are still no counterexamples to lens rigidity, we make the
following conjecture of lens rigidity in the class of metrics of Anosov type.

Conjecture 1.7 (lens rigidity of manifolds of Anosov type). Let (M1, g1), (M3, g2) be two smooth
Riemannian manifolds of Anosov type such that (OMy, gilam,) = (0M2, g2lam,)- If (Lg,, Sg;) = (Lyg,, Sg,),
then there exists a smooth diffeomorphism \r, equal to the identity on the boundary, such that ¥*g, = g.

There are already partial answers to Conjecture 1.7:

(1) In dimension 2, Croke and Herreros [2016] proved that negatively curved cylinders with strictly
convex boundary are lens rigid.

21n this case, having the same marked lens data is equivalent to having the same lens data.
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(2) In dimension 2, the second author shows in [Guillarmou 2017b] that the scattering map S, determines
(M, g) up to conformal diffeomorphism fixing the boundary. Recovering the conformal factor of the
metric is still an open question.

(3) In dimensions n > 3, Stefanov, Uhlmann and Vasy [Stefanov et al. 2021] prove that, for general
metrics with strictly convex boundary, the lens data determines the metric in a neighborhood of d M;
applying this result in the setting of negatively curved manifolds, one can recover the metric outside
the convex core of the manifold (which contains the projection of the trapped set).

(4) In [Guedes-Bonthonneau et al. 2024], Guedes-Bonthonneau, Jézéquel, and the second author proved
Conjecture 1.7 under the extra assumption that (M, g1), (M», g») are real analytic, but only using
the equality S, = S, of the scattering maps.

Our first result in this article is the following local rigidity result answering Conjecture 1.7 for metrics
close to each other.

Theorem 1.8. Let (M, go) be a Riemannian manifold of Anosov type. Assume that either dim M = 2 or
that the curvature of go is nonpositive. Then there exist N > 1, § > 0 such that the following holds: for
any smooth metric g on M such that ||g — gollcny <8, if (g, Sg) = (Lgy, Sg,), then there exists a smooth
diffeomorphism v : M — M such that Vr|yp = id and ¥*g = go.

More generally, Theorem 1.8 holds under the general assumption that g¢ is of Anosov type and its
X-ray transform operator Ié”o on divergence-free symmetric 2-tensors is injective; see (1-2) for a definition
of 15° and Section 3A2 where this is further discussed. The fact that 5 is injective on divergence-free
tensors was proved in [Guillarmou 2017b] in nonpositive curvature and in general on Anosov surfaces by
[Lefeuvre 2019a] (without any assumption on the curvature). It was also proved in [Guedes-Bonthonneau
et al. 2024] that I§° is injective for real-analytic metrics gog which implies that generic smooth metrics of
Anosov type have an injective X-ray transform operator I5°; generic injectivity of I2g° follows from the
work of the first and third authors [Ceki¢ and Lefeuvre 2021] as well, admitting also Theorem 1.10 below.
As a corollary of Theorem 1.8, we obtain:

Corollary 1.9. Let (M, go) be a negatively curved Riemannian manifold with strictly convex boundary.
Then, there exist N >> 1, § > 0 such that the following holds: for any smooth metric g on M such that
lg —golley <8, if (Lg, Sg) = (g, Sg,), then there exists a smooth diffeomorphism \y : M — M such that
Vlom =1id and y*g = go.

We observe that Corollary 1.9 and Theorem 1.8 are not a consequence of [Stefanov and Uhlmann
2009] (nor of [Stefanov et al. 2021]) mentioned above since: (1) our result contains the case of surfaces
(dimension n = 2) and (2) the assumption on the trapped set in [Stefanov and Uhlmann 2009] does not
cover all hyperbolic trapped sets (typically, the example M = I'" \ H? mentioned above is not covered when
the boundary of the convex core C is totally geodesic), whereas we do not make any specific assumption
on the topology, and neither do we assume that g is analytic or that it has an injective localized X-ray
transform. Theorem 1.8 is also clearly stronger than the marked local rigidity result of the third author
[Lefeuvre 2020], since we are now able to remove the marking assumption on the lens data.
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Let us finally mention that there are interesting and related results for Euclidean billiards: Noakes and
Stoyanov [2015] show that the lens data for the billiard flow on R” \ O (where O is a collection of strictly
convex domains) is rigid, and De Simoi, Kaloshin and Leguil [De Simoi et al. 2023] prove that the lengths
of the marked periodic orbits generically determine the obstacles under a Z> x Z? symmetry assumption.

1D. Removing the marking assumption, idea of proof. The removal of the marking assumption is
not simply a technical artifact: it is rather a crucial aspect in our work. Indeed, without the marking
assumption, one can no longer use the fact that the geodesic flows of g and gy are conjugate with a
conjugacy preserving the Liouville measure. This conjugacy was a fundamental aspect of both proofs
of [Guillarmou and Mazzucchelli 2018; Lefeuvre 2020]. In the proof of Theorem 1.8, one has to rely
on a completely different argument, which is the linearization of the pair (£, S,). Nevertheless, since g
has a big set of trapped geodesics (typically a fractal set), this creates many singularities for (¢,, S¢) and
its linearization. The analysis one has to perform is then quite involved. One needs to combine several
different key tools, in particular,

(1) the proof of the C>-regularity with respect to g of the operator Sy : C®(04 M) — D'(3_M) defined
by So f :== foS,,
(2) the exponential decay in t — oo of the volume of points (x, v) € M = SM that remain trapped for

time ¢.

The first item is obtained by reproving certain results of [Dyatlov and Guillarmou 2016] on the resolvent
of an Axiom A vector field X, but now with an explicit control of the dependence with respect to the
vector field X. In particular, as a byproduct of this analysis we show the following result that could prove
useful for other applications such as Fried’s conjecture for manifolds with boundary, in the spirit of [Dang
et al. 2020].

Theorem 1.10. Let M be a smooth manifold with boundary, and let X be a smooth vector field so that
oM is strictly convex for the flow of Xo. Assume that the trapped set

KX0= (¢ (M)
teR
of the flow (gotXO)teR of Xo is hyperbolic. Then, there exist § > 0, N > 1, such that, for all X €

C®(M, TM) with | X — Xollcn < 8, the following hold:

(1) The resolvent RX(2) := (=X +2)"': L2 (M) — L3*(M), initially defined in the half-plane {z € C |
N(z) > 1}, extends meromorphically to C as a bounded operator R*(z) : C(M°) — D' (M°).

(2) If zo € C is not a pole of RX°(z), then the map
C®(M, TM) > X — R¥(z0) € LICZ(MP), D'(M®))
is C%-regular® with respect to X.

Here, we denote by L(A, B) the space of continuous linear maps between functional spaces A and B.
The space L(C°(M?), D'(M?°)) can be naturally identified with D’'(M° x M?°) via the Schwartz kernel

3Even though we only need C 2 our proof actually shows it is C K for all k € N.
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theorem; the space D'(M° x M?°) is equipped with the standard topology on distributions. In fact, we
prove the result above in anisotropic Sobolev spaces, and refer to Theorem 5.14 for a more detailed
statement. We show that the scattering operator S, has a Schwartz kernel that can be written as a restriction
of the Schwartz kernel of R*¢(0) on 9_M x 3, M, implying that the map g > Sgis C 2_regular as
operators acting on some appropriate Sobolev spaces.

The strategy of the proof then goes as follows. First of all, we put the metric g in solenoidal gauge (with
respect to go), namely we find a first diffeomorphism v € Diff(M) such that ¥ |y =id and g’ = ¢*g is
divergence-free with respect to go, see Lemma 3.6. Secondly, letting

I C®(M, ®5T*M) — LS.(3-M\ {£g, = 00})

loc

be the X-ray transform on symmetric 2-tensors with respect to gg, defined as

Loy (x,v)
Izg(’h(x,v):/o hyo@ @),y ®)dtif ¢ (x,v) = (¥ (1), 7 (1) € M, (1-2)

we show in Section 4A the following key estimate: there are C, & > 0 such that, if ({4, Sy)) = (€4, Sg)
and ||g’ — gollcv < & for some small § > 0, then

1+

15°(8" = 80) 1533y = Cll8’ = 80llgyg g2 741 (1-3)
The proof of this estimate is involved. It is based on some complex interpolation argument using the
holomorphic map

Cozr> e 15°(g' — go)

and the C2-smoothness of the scattering map g > S, as a continuous map from C*° (9, M) to H ~0(_M).
This is established in Section 5. It also relies on some volume estimates on the set of geodesics trapped
for time ¢ — oo that follow from [Guillarmou 2017b].

Finally, slightly extending (M, go) to some (M., go.), using the mapping properties of the adjoint (Ifo")*,
interpolation arguments, and (1-3), one obtains, for & := g’ — go,

Ihll2 < CITIS Eohll 1 < ClIAILE, (1-4)

where Ej is the zero extension operator to M., Hgog = (Ifoe)*lfoe is the normal operator, and the estimate
on the left is an elliptic estimate proved in Proposition 3.8. It is left to interpolate C¥ between L? and CV '
in (1-4), where N’ > N, to get, for some 0 < ' < p,

17l 2 < CllRN 2 M-I < CliRN L2118 = 8oll -
For ||g — goll o small enough, this readily implies that g’ = ¢*g = g¢, concluding the proof.

2. Geometric and dynamical preliminaries

Following [Guillarmou 2017b, Section 2], we describe the scattering and length maps in our geometric
setting, and relate them to the resolvent of the geodesic flow.
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2A. Unit tangent bundle and extensions.

2A1. Geometry of the unit tangent bundle. Let (M, g) be a smooth compact oriented Riemannian
manifold with strictly convex boundary (in the sense that the second fundamental form is positive),
and let S8M = {(x,v) € TM | |v|,, = 1} be the unit tangent bundle with projection on the base
denoted by g : S8M — M. For a point y = (x, v) € S8 M, we shall write —y := (x, —v). Denote by
@ : SEM — S8M the geodesic flow at time ¢ € R, and by X ¢ its generating vector field. Let o be the
canonical Liouville 1-form on S8 M, defined by «(x, v)(§) := g« (dmo(x, v)&, v) for any & € T(x ,)SM,
and define 1 := a A da”~!, the associated Liouville volume form, which we will freely identify with the
Liouville measure. It satisfies £ X M= 0, where L X, denotes the Lie derivative along X,.
Recall that we introduced the incoming (—) and outgoing (4) boundaries as

0+ S5M = {(x,v) €3S M | £g.(v,v) > 0},
where v is the outward-pointing unit normal to d M. Using the orthogonal decomposition
TyuM =T (OM) ®* Ry, 2-1)
the boundary 0158 M can be naturally identified with the boundary ball
B(OM) :={(x,v)eTM |x €dM, veT, (M), |v|g <1}

by means of the orthogonal projection onto the first factor in (2-1). As a consequence, if g’ is any other
smooth metric on M such that g|79y = &'|7sm, the boundaries dLS8 M and Bng,M can be naturally
identified and it makes sense to say that (£,, Sg) = (£¢, Sg/). When this equality holds, we say that the
manifolds (M, g) and (M’, g’) have the same lens data.
When we consider a set of metrics g, the unit tangent bundles S¢ M depend on g. For convenience, we
will thus fix the manifold
M :=SM,

associated to an arbitrary metric of reference go. We can always rescale the flow ¢f so that it becomes
defined on M. Indeed, define ®g4 ., : S°M — SEM by

cDgg—)g(x» v) = (x, U/|v|g)-

Then CDEOL g© oo ® g—g 15 a flow on M which we shall still denote by @¢, and its vector field will also
be denoted by X, for simplicity.
We shall always work with metrics g such that g|rgy = golros- The boundary of M splits into a
disjoint union
oM=09_MUILMUdM, (2-2)

where 0+ M = {(x,v) € IM | £g,(v,v) > 0} and M := {(x, v) € IM | g« (v, v) = 0}. Note that the
normal v depends on g, and that the splitting (2-2) does not depend on the choice of g = go on TOM.
This will be important to compare for g # g the length functions £, with £, and the scattering maps S,
with S, (see Definition 2.2 below).
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There is a symplectic form on 0+.M obtained by restricting ¢;da to 0+.M, where ¢ : 9M — M is the
inclusion map. We denote by

o = | Gx, )| = i (da)" ™

the induced measure on 9. M, where i X, denotes the contraction with X,. In what follows we will
write L? (04 M) for the usual L? space with respect to any smooth Riemannian measure dv, on o.M
(for some metric & on 9. M), while we will write L? (0+.M, uy) when we use the measure 5. We note
that uy = wdvy, where w € C*°(dM) is positive outside dy.M and vanishes to order 1 at 9y M, thus
LP (04 M) — LP (0L M, uy) continuously.

2A2. Extension of the manifold. It will be convenient to consider an embedding of M into a smooth
closed manifold A/. This can be done by considering an embedding M <> N, where N is a smooth
closed manifold (this is always possible by doubling the manifold M across its boundary for instance,
i.e., gluing M U M along 0 M by means of the identity map), then extending smoothly the metric gg to N
(denoted by gon) and taking N := S8N N. If gg is of Anosov type (see Definition 1.3), it will be also
convenient to have a slightly larger manifold with boundary M, at our disposal such that M <— M, — N
and the extension of the metric go to M,, which we denote by go., is of Anosov type; see [Guillarmou
2017b, Section 2] where this is further discussed. Set M, := §8% M,. We have the successive embeddings
M < M, < N. For a metric g close to gg in C" norm and such that g = gy on TdM, we consider an
extension g, of Anosov type on M,. The map g — g. can be chosen to be smooth and so that

lge — gOKHCN(MP,@éT*Me) =Cnlig— gOHcN(M,@gT*M)
for all N > 0 and some constants C > 0, where ®§T*M is the bundle of symmetric 2-tensors.

Definition 2.1. Let ¢ € R. We say that a level set {p = ¢} of a function p € C®(N) is strictly convex
with respect to a vector field Y € C*° (N, TN) if, for all y € {p = ¢}, one has

Yo(y)=0 = Y%p(y)<0.

We say that a smooth submanifold H C N is strictly convex with respect to Y if # is in a neighborhood
of H given by a level set {p = 0} of some function p, and this level set is strictly convex with respect
to Y. This is independent of the choice of p.

It can be easily checked that (M, go) has strictly convex boundary in the Riemannian sense if and only
if 9 M is strictly convex with respect to the geodesic vector field X, .

We now consider an arbitrary smooth extension X 2 Of Xgolm, to M. Let p € C*(N) be a global
boundary-defining function for M, i.e., such that p > 0 on the interior of M, dIM ={p =0} and p <0
on '\ M. Since X, does not vanish on M = {p > 0}, we can consider py > 0 small enough that X g0
does not vanish in {p > —2pp}. A continuity argument shows that, for all py > 0 small enough, the level
set {p = —pp} is strictly convex with respect to X ¢~ We can assume that

M, ={x eN|px) = —1po}.
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T w=0l={p=—p) v

—2p0 —po /" —%po

SA /

Me={p=—po/2}

{,02—/00’}/,——”(/ N

Figure 2. One the left: the extension of the vector field X, from M to X, on M., and
further to X, on \V. The vector field X = ¥ X, is complete on the set {p > —po} and
vanishes on {p = —pp}. On the right: the auxiliary function i as a function of p.

In the following, we will consider smooth perturbations X of the vector field Xz, in M (small in the
C"-topology, for N > 1 large enough). They will mostly be induced by a metric g close to go, but it
might be better to have in mind a more general picture than just geodesic flows. It will be convenient
to extend the vector fields X, to vector fields X ¢ on N such that X ¢ = X ¢ on the set {,0 < —% ,00} and
X, = X,, on M,. Moreover, it is possible to construct such an extension with, for any N € N,

1Xe — Xgollevnv,rary < Cll Xy — Xgollev v, 7m0

for some constant C > 0 (depending only on M, N, and N). Also observe that strict convexity of the
boundary is stable by a C2-perturbation of the vector field.
We introduce the smooth function ¥ € C*°(N) with values in [—1, 1] such that

« ¥ =p+poontheset {—pg— 1500 < p < —po+ 1500}

e Yy=1lon M= {p=>0},and ¢ > 0on {p > —pop},

e ¥y =—lon{p=<-2p}, and ¥ <0on {p < —po}.
With some abuse of notation, we then denote by X and X the vector fields on N defined by X := 1/f)~( g
and Xg := Wi ¢ respectively. This construction ensures that the restriction of X to M is the original
vector field initially defined on M and that {p > —pg} is preserved by all the flows ((th )ier forall r € R,

and finally that each trajectory leaving M never comes back to M, with the same property for M,. See
Figure 2 for a visual summary of this construction.

2B. Scattering and length maps. For (x, v) € M, the escape time 7, (x, v) is defined to be the maximal
time of existence of the integral curve (gof (x,v))¢>0 in M:

Tg: M —[0,00], 7t4(x,v):=sup{r >0]| of (x, v) € MJ.
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The forward (—) and backward (+) trapped sets F‘_ﬁ; are defined by
IS = {(x, v) € M| 74(x, Fv) = 00};
they are closed sets in M, and the trapped set is the closed invariant set

K¢ :=T$ % =) ef (M.
teR
Since dM is strictly convex, it is straightforward to check that Fi NdzM =0 and KENIM = . We
now recall the definition (see Definition 1.1) of the lens data.

Definition 2.2 (lens data). The length map £, : - M\T'¥ — R, and the scattering map S, : - M\T'¥ —
0+ M\ T¥ are defined by

Lo(x,v) :=14(x,v) and S,(x,v):= (pfg(x’v)(x, V).
The pair (¢, S,) is called the lens data of (M, g).

When unnecessary, we will drop the index g in the notation. It will be convenient to view the scattering
map as acting on functions on d;.M by pull-back. We define the scattering operator as

S CP@4M\TE) - CX(O_M\T¥), S,w:i=wosS,.
Under the assumption that s ((I'8 U FfL) NaM) =0, it is not difficult to show (see [Guillarmou 2017b,
Lemma 3.4]) that, for all f € CJ°(9; M \T';), one has
ISe f 220 Mos) = N1 N L20, M) s

and thus S, extends continuously to an isometry L?(3:M, ug) = L*(0_M, uy). The scattering opera-
tor S, determines S, and conversely.
By the implicit function theorem (since d M is strictly convex), we also have that

T, €COMN\ T3 UPM)) and £, € C®O_M\T¥)

(here 0_M = 9gM U d_M); see [Sharafutdinov 1994, Lemmas 4.1.1 and 4.1.2] for further details. Since
we shall need the dependence of £, with respect to g, we first prove a result outside the trapped sets.

Lemma 2.3. Let (M, go) be a smooth compact Riemannian manifold with strictly convex boundary, and
let p € N. There exists ¢ > 0 small enough that the following holds: for all metrics g € Ug,, where

Ug, :={g € CP2(M, ®3T*M) | llg — gollcr2 < &, glram = golram}, (2-3)
the following map is CP-regular:
V>R, (8,9 L0,

where V :={(g,y) € Ugy x 0_M | y ¢ I'% ). Moreover, for all x € C(0-M), there exists a constant
C > 0 (depending only on gy, p and yx) such that, forall j < p andh € C*(M, ®§T*M),

forall (g, y) €V,  |xdite(»)]| < Ce Y and |xd]e,(y)(@ )] < CeSED|nL,.,.
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Proof. We shall use the implicit function theorem. Let p be the boundary-defining function of M defined
in Section 2A2. As explained in this paragraph, for g close to gg, we can consider a vector field X on N
such that X vanishes (to first order) on {p = —pp}. For the sake of simplicity, we still denote by ((pf )teR
the extended flow on V, and by X, := X its generator.

We consider the C?-regular map

F:Uy xRy =R, (g,5,0 > plef ().

The function £, (y) satisfies the implicit equation F(g, y, £,(y)) = 0. Let us take a point (go, yo) € V
and differentiate, for (g, y) near (go, Yo),

WF(g, v, 1) = (Xep)(0f (V).

Notice that this is nonzero if y € 9_M, and ¢;(y) € d..M by strict convexity of d M. Thus the implicit
function theorem guarantees that there are neighborhoods U;,O C Uy, of go and By, (¢") C _M of yg such
that (g, y) — £,(y) is a well-defined Cp(Ué’,0 x By, (¢")) function and

dp(@g () (") 0 (g (,))(¥)

“te¥) = (XeP) @ () ()
Notice in particular that this implies that V is an open set. By the Gronwall lemma, there is a constant
C > 0 uniform in g € Uy, such that, for each (g, y) € V and all > 0, where || - || denotes an arbitrary
fixed metric on NV,
ldyef (D) < Ce. 2-4)

The constant C > 0 provided by the Grénwall lemma is uniform in the metric g as long as it is C3-close
to go. More generally, (2-4) holds for the j-th derivative d}]: @¢ with a constant C > 0 uniform for g which
is C/*2-close to go. On the other hand, we know that X ¢P #0on dM\ dpM. So we obtain a constant
C > 0 such that,

forall (g, y) €V, |x(0)dyte(y)| < Ce™)

Next, we compute the derivative with respect to g for some 7 € C*°(M, ®§T*M ):

dp(ﬁofg(y)()))) ° (8g¢fg(y) ) (y)
(Xgp)(‘pfg(y)()’)) '

Again, by the Gronwall lemma, we obtain a constant C > 0 such that, forall# > 0, (g, y) € V,

(aggg h)(y) =

1(3,0f YD) < Ce" Al 2, (2-5)

which provides the desired estimate for the C2-norm. (The C2-norm of & appears as the vector field X g
involves the 1-derivative of g, so that X, is C ! for all s € R small). The constant C > 0 is uniform
for g that is C3-close to go. More generally, the bound |8£g0,g(®jh)(y)| < CeC’||h||éj+l holds with a
constant C > 0 depending on the C/*2-norm of g. The case of higher-order derivatives works exactly the
same way by differentiating as many times as needed the implicit equation defining £,(y) with respect
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to (g, y), and using that the derivatives of the flow satisfy the bounds || D/¢? (y)|| < C eC! (where D/ = ag
or d;) for some uniform C > 0 with respectto r > 0, y and g € Uy,. (I

2C. Hyperbolic trapped set.

2C1. Axiom A property. We say that the trapped set is hyperbolic if there is a continuous flow-invariant

splitting of T (SM) restricted to K¢ into three subbundles:
forally € K¢, TyM=RX,(y)® E{(y)®E; (),
and C, v > 0 such that, forall y € K8 and ¢t > 0,
veES(y) = ldef (vl = Ce " ull, 2-6)
veEf(y) = lde,(y)vll < Ce ]l

There is a continuous extension of the bundles Ef and E¢ to the bundles E® and E j‘; over the sets I'*
and Fi, respectively, on which (2-6) is still satisfied; see [Dyatlov and Guillarmou 2016, Lemma 2.10].
For y € K, these bundles coincide with Ef and Ej, namely E5 (y) = E* (y) and Ejf (y) = E§(y). We
define Ck

hyp
and hyperbolic trapped set. For such metrics, the geodesic flow is a typical example of what is known as

M, ®§T*M+) to be the set of C¥ Riemannian metrics on M with strictly convex boundary

an Axiom A flow. Since these metrics could have conjugate points, this set is larger than the set of metrics
of Anosov type.

If go is some fixed metric on M and M, denotes the extension defined in Section 2A2 with p a
boundary-defining function of M, we can always choose pp > 0 small enough that, for all || < pg, the
level set {p =t} is strictly convex with respect to the extension go. of go to M,. This also holds for any
metric g close to go in the C2-topology. Recall that we denote by g, the extension of g from M to M,.

Observe that if y € 3.M then |, @ (y) C N'\ M. The trapped sets of (M, g) and (M,, g.) then
coincide and I'{. = I'{* N M. Moreover, if (M, g) has no conjugate points, then by taking pp > 0 small
enough (M,, g.) does not have conjugate points either; see [Guillarmou 2017b, Lemma 2.3].

Define the set of points that are trapped for time less than ¢ > 0 as

T8 :={y e M |Vs € (0,1), p8(y) € M} =1, (1, ).
It is proved in [Guillarmou 2017b, Proposition 2.4] that there exist Cy, Q¢ > 0 (depending on the metric g)
such that, for all # > 0,
(T (1)) < Cge 9. 2-7)
(Here u is the Liouville measure for the fixed gg.) In particular, ,u(F:gt) = 0. The quantity Q, is called
the escape rate and is given by —Q, = P,(—J;) < 0: the topological pressure of negative the unstable

Jacobian J; (y) := 9, (detdef ()] E.(»)|i=0 of the flow (©):er. Recall that the topological pressure of a
Holder potential V € CP (S8 M) (for some B > 0) with respect to g can be defined as follows:

P, (V) := Tli_)n;o % log Z exp([ V),
yeP, T, [T, T+1] 4

where P is the set of periodic orbits of the geodesic flow (¢f);cr, and T, is the period of y € P.
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The following formula for f € L'(M) is known as Santalé’s formula (see [Guillarmou 2017b,

Section 2.5]):
+00

/ FO)dp(y) = / Flof () di dua (). 2-8)
M _MJO0

It implies, together with (2-7), that there is Cg > 0 such that, for all 7 > 0,
1oLy (1,00)) < Coe™ 9! (2-9)

Using Cavalieri’s principle, estimates (2-7) and (2-9), it is straightforward to derive the following

bounds:
for all p € [1, 00), Tg € LP(M), Ly € LP(0_M), (2-10)
forall L € (0, Q,), €™ eL'(M), e eL'(@_M).

Here note that £, is bounded near dp.M, so that this region is trivial to deal with.

2C2. Robinson structural stability. In this paragraph, we recall some results about the stability of flows
with hyperbolic trapped set, due to [Robinson 1980, Theorem C]. First, the stable and unstable manifolds
of a point y € K¢ are defined by

Ws(y)=1{y" e M| Tim d(g{ ("), ¢/ (y)) — O},
Wu(y):={y" e M| Tim d(¢{ (), ¢ () — 0}.
They are smooth injectively immersed submanifolds. We also set

Wu(K$) = | Wu(y) and Wi(K$):= | W)

yeKs® yeKs
It is proved in [Guillarmou 2017b, Lemma 2.2] that

Wi (K8 =T% and W,(K®) =T%. (2-11)

The tangent spaces to W (y) and W, (y) are E;(y) and E, (y), respectively. The flow satisfies the following
transversality property for the stable and unstable manifolds Wy (y) and W, (y): for each y, y’ € K¢ and
z€ Wi(y) NW,(y") C K8, we have

T,(M) = T.(Ws () © T.(W, (") ® RX, ().
Indeed, such z must belong to K4, and the identity of the tangent space can be rewritten as
E;(z2) @ E,(2) @ RXg(Z) =T.(M),

which holds since K¢ is assumed hyperbolic. For a Riemannian manifold with strictly convex boundary
and hyperbolic trapped set, the geodesic flow (¢?),cg on M satisfies the following:

e The nonwandering set 2 C K ¥ is hyperbolic.

 The stable and unstable manifolds have the transversality property.

o The boundary is strictly convex with respect to the vector field X.
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Proposition 2.4 [Robinson 1980]. Let (M, go) be a smooth Riemannian manifold with strictly convex
boundary and hyperbolic trapped set K8 C M := SM. Then, there exists gy > 0 such that, for each
smooth vector field X on M with | X — Xgllc2(my < €0, there is a homeomorphism h : M — M and
aeCOU), where U ={(y,t) e M xR |t € [—Tgy (—h(Y)), Tgo(h(¥))]}, such that the following holds:
forall y € M, we have that t — a(y, t) is strictly increasing in t and satisfies

@ (h() = h(gX, ()

forall (y,t) € M xR such that ‘/’j((y,z) (y) € M. Moreover, for each & > 0O there exists € > 0 small enough
that if | X — Xgllc2my < &, then d(h(y), y) <8 for'y € M, where d denotes a Riemannian distance
on M, that is, ||h —idq || co < 6.

Proof. This is a direct consequence of [Robinson 1980, Theorems A and C]. We note that Robinson’s
“quadratic external boundary conditions” are equivalent to our strict convexity of the boundary, and that
the chain-recurrent set (see [Robinson 1980] for the definition) is contained in the trapped set, which by
assumption has a hyperbolic structure with transversal stable and unstable manifolds. Finally, the last
statement about the continuity of /4 is stated in [Robinson 1980, Theorem A]. O

As a consequence, we see that, for g close enough to g in C* norm, applying Proposition 2.4 with
X = Xg, we get
K¢=h""(K®) and A7) =Tf,

and the trapped set varies continuously with respect to the metric.

2C3. Symplectic lift to the cotangent bundle. Recall that we introduced the vector field X on A in
Section 2A2. In Section 5, it will be convenient to work on the cotangent bundle 7*N of the extended
manifold N. Denote by X the symplectic lift of the vector field X to T*N. It generates the flow

X (3, &) = (@} (), @} () TE), (2-12)

where T stands for the inverse transpose. Note that this flow is linear in the second variable and thus
induces a flow on the spherical bundle S*A := (T*AM\{0})/R;. Let 7 : S*N — N and k : T*N — S*N be
the natural projections, and still write 7 for the projection T*N — N. The dual subbundles (E i(,o)* CT*N
are defined as the following symplectic orthogonals:

(EH*EX @ EX) = (EDH*(EX @ EY) = (EX)*(EX @ Ef) = {0).

With some abuse of notation, the spaces (E i(,o)* will be identified with the projections « ((E i(,o)*) C S*N.
Eventually, we record the following definition to be found useful later:

Ty o= U o (M), (2-13)

I1X —Xoll o2 8,220

where § > 0 is small enough. Finally, we note that the tails 'Y and the bundles (E i(,o)* admit an extension
to the set {p > —pp}.
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2D. Resolvent and X-ray transform. Since we will work with Sobolev spaces on the manifolds M
and 0+ M, let us clarify what this means as these are manifolds with boundary or open manifolds. First,
since M is a smooth manifold with boundary, the spaces H®(M) are defined intrinsically for s > 0 (as the
restriction of H*-functions defined on N for instance). Set Hj(M) = Cg%—/\/lo), where the closure is for
the H* norm, and write H (M) := (Hj(M))* for s > 0, where the upper star denotes the continuous
dual. For 8, M, write H*(dM) := H* (31 M), where 04 M := 9. M U dpM is a smooth manifold with
boundary, and H ™ (d+ M) = (Hj(3+M))*.
Define the resolvent of X, to be the family of operators, for %i(z) > 0,

7o ()
Rg(2) : CE(MP\TE) = C®(M),  Re(2)f(y) = —/0 e f(@f () dt. (2-14)

For z = 0, simply write R, := R,(0). It solves X,R, = 1 on C°(M° \ I'*) with boundary condition
(Rg f)lo, a1 =0.

Assuming that (M, g) has strictly convex boundary and hyperbolic trapped set, we have by [Guillarmou
2017b, Propositions 4.2 and 4.4] the following boundedness properties:

for all p € [1, 00), Ry : L®(M) — LY (M), (2-15)
for all o« € (0, 1), there exists s > 0 such that R, : CJ(M°) — H* (M), (2-16)
for all s > 0, R, : H' (M) > H (M), (2-17)

where C* (M) is the Holder space of order «. Note that if ¢ > 0 is chosen small enough,

U= J ¢fe-m

te(—e,e)

is a neighborhood of 9_M in M, which is diffeomorphic to (—&, &) x d_M by (¢, y) — ¢$(y), and
0 (tgo (p,g ) =—1in U. Using (2-15), Santalé’s formula (2-8), and the fact that £, is smooth near 9o M in
0_ MU dyM (see [Sharafutdinov 1994, Lemma 4.1.1]), we consequently obtain

le = —(Rg1p0lo_pt € LP(B-M, 1) (2-18)
for all 1 < p < oco. The X-ray transform is defined as the operator
I8:CEMN\TE) > CEO-MN\T?2), I8f:=—(Ref)lo_ms
and, by [Guillarmou 2017b, Lemma 5.1], it extends as a bounded map for all p > 2:
I8 LP(M) = L*(0_M, 11y). (2-19)
We now show the following boundedness property.

Lemma 2.5. Let (M, g) be a compact Riemannian manifold with strictly convex boundary and hyperbolic
trapped set. Then, there exists s > 0 such that the operator 18 is bounded as a map:

I8 :C*(M) - H*(3_M).
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Proof. First of all, if x € C°°(d_M) is supported close to dypM, one can check that x I¢ f € C*(d_M)
for f e C 2(M); see [Sharafutdinov 1994, Lemma 4.1.1]. It thus remains to analyze x 18 f when
x € C(0-M). Let y > 0 be a large enough constant (it will be determined later), ¢ € (0, Q,/(2y)),
and let Ay be the Riemannian Laplacian associated to an arbitrarily chosen smooth Riemannian metric A
on d_M, with Dirichlet condition at dyM. It is self-adjoint on HO1 (_M) N H*(9_M) with respect to
the Riemannian volume measure dv,,. Note that dvj, is smoothly equivalent to ©y on each compact set
of _M as 3 vanishes to first order on the boundary dyM.
For f € C?(M), consider the holomorphic map

(—e<MR@) <l—¢€}3z>u@):=10~+ A7) VIt f)eD(O_M).

We are going to apply the Hadamard three-line theorem (see [Rudin 1987, Theorem 12.8]) to the
holomorphic family of distributions u(z). From (2-19), we have I8 f € L*(3_M, 1), but we can also
write the pointwise bound,

forally e o M\T_, [I8f)| = fllLeots(y). (2-20)
From (2-10), we get, using that ¢ < Q,/(2y),
xe I8 f e L2(0_M, duy).

Therefore on the line {Nf(z) = —¢} with 0 < & < Q,/(2y), there exists a constant C > 0 independent of z
and f (but depending on x) such that
(@)l < I+ A Dl 2 2l xe < I8 ()l 2 < Cll fllzee, (2-21)
where L2 = L?(3_M, dvy). Note that we used the spectral theorem for Ay, in order to bound
I+ AP oo < 1
Now, using that 18 f(y) = [,*" f(¢%(y))dt, we obtain, using Lemma 2.3, (2-4), and (2-20), the
pointwise bound on 9_ M \ "¢ :

1AR(e™ V58 Y] < CU+ 12 f ll 2y e Y HEED)

for some uniform constants C, Cy > 0 (depending only on the metric g). We therefore see that, for
N(z) = 1 — ¢, the function A, (e 7% xI8(f)) can be extended from d_M \ I'_ continuously to 9_M
by setting it to be 0 on I'_ as long as y (1 —¢) > Cy. Here, we see that, in order to achieve this, we can
choose y > 2022C at the very beginning (the constant Cy only depends on the metric g).

Claim 2.6. The continuous extension by 0 of Ay(e %y 18 ) on T'® matches with the distributional
derivative Ay(e" V' x 18 f) € D'(3_M).

The proof of this claim is postponed until below. Then Ay (e3¢ x I8 f) € L?*(d_M), and on the line
{MN(z) =1—¢} we have

@2 < 1A+ ARSI+ Ap) e s x I8 £l 2 < CA+ 12D fll o (2-22)
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We can then use the Hadamard three-line interpolation theorem applied to the holomorphic function

{[—e<N@)<1l—-¢}2z—v(7) = / (1 +z)_2u(z)1ﬁ dv, € C,
M
where Y € CZ°(0-M) is arbitrary. Note that this is well defined and holomorphic in the strip )i (z) €
[—&, 1 — ¢] since we have the bound

1
lv(z)] < m”%””mcmzm)||€8M8X1gf||L2 <Cl¥lgllflic:.

From (2-21) and (2-22), we deduce the existence of a constant C > 0, independent of i, such that, for
all z with N(z) € [—&, 1 — ¢], one has

lv(@)| < CllYll 2.

This shows that u(z) € L*>(d_M) for all such z with the bound |u(z)| < C. In particular, taking z =0,
we obtain that (1 4+ Ap)¢(xI8f) € L?, thus showing the claimed result.

It thus remains to prove Claim 2.6 above. Denote by F the continuous extension of Ay, (e =%V x I8(f))
by 0 on I'® . We need to show that, for each v € C(0-M),

/ xe EIE(f) Ap dvy = / Fi dup,. (2-23)
3_M M
Take 6 € C°([0, 2)) equal to 1 in [0, 1]. We write the left-hand side as

lim 0L/ T)xe I8 (f) Ay dvy, = lim An(0(Lg/T)xe I8 ()Y duy

T—o0 M T—0o0 M

= lim A{(T)+ Ax(T),
T—0o0

where

ANT) = fd O T e 1 dy 42 / SO T VeI )

Ay(T) = /8 O/ DB ST du = /8 O/ DFY du.

In order to show (2-23), it thus suffices to show that A;(T) — 0 as T — oo. The derivatives d)j; O,/ T))
of order j =1, 2 are supported in {{; € [T, 2T|}, where we can use the pointwise bound of Lemma 2.3:

Id;;(g(ﬁg(y)/T))l < CeC0ts) < 20T

for some uniform C, Cyp > 0. Since all terms in the integrand of A; are multiplied by the weight
le77teW| < 77 (=8T we easily see, using Lemma 2.3 once again, that

A1(T) = O((1 4 |z])eBCo—r1=eNT)y

Taking y > 6Cy at the beginning and ¢ < %, one obtains that A{(7) — 0, and this proves our claim. []
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Note that, as a corollary of Lemma 2.5, we obtain that there is s > 0 such that
Ly =151 p) € H(0_M). (2-24)

2E. Scattering operator. Working with the scattering operator S, has several advantages over working
directly with S,. The main reason is that its Schwartz kernel can be expressed in terms of restriction of
the Schwartz kernel of the resolvent R, of the geodesic vector field X. This is the content of Lemma 2.7
below. This will be important so that we can work in a good functional setting in order to apply the Taylor
expansion of the lens data with respect to g. We denote by Ry, the resolvent on M, for the extension g,
(for the definition of g, recall Section 2A2), which has all the properties of R,.

Lemma 2.7. Let (M, g) be a compact Riemannian manifold with strictly convex boundary and hyperbolic
trapped set. Let 1y, : 0+ M — M be the inclusion map. The restriction (15_ X t5,)* Ry, of the Schwartz
kernel of the resolvent on 9_M x 3, M makes sense as a distribution, and the Schwartz kernel of S, is
given by

S ¥) = (o X 1a.)" Re, (0, ). (.)€ 0_M x B M.

Proof. First, we define the operator &, : C°(01 M) — H*(M) for s > 0 as follows: for § > 0 small, let
Q={(x,v) € IM | |gc(v, v)| <8}; define Q, = M, N, g ¢ () to be the flowout of Q by @s; and
let y € C*°(M,, Ry) such that ¥|q,us_am =0, ¥ is supported in a small neighborhood of 94 M\ € and
Xg, ¥ =0in M, \ M and near 3, M. Then set, for w € C°(d4 M),

Eow =Y — Ry, Xy (W) € H (M) N LP (M) NC®(M,\ (T_UT))

for some s > 0 and all p < oo using (2-15) and (2-16), where @ is defined on supp(y) by extending w
from 94 M to be constant on the flow lines of X, . This can be done by using the diffeomorphism

Wi {(t,y) € (—38,00) x (0 M\ Q) |1 S 7, (D)} 3 (1, y) = ¢f* () € M,

and using that the flow ¢;“ is the translation in 7 in these coordinates. One clearly has that £,w is smooth
near 04 M and

X Eqw=0, (Egm)lo,m = Vlo, M.

In particular, we see that, outside I'_, we have

(Egm)|g_rr_ = (Sg(@¥ g, m) lo_m\_ - (2-25)

On the other hand, using the diffeomorphism
W_:{(t,y) € (—00, 58) x (_M\ Q) |1 = =75, (=)} 5 (., y) > ¢ (¥) € M.

mapping to a neighborhood of 9_M \ €2, we see that ¥* &, w is independent of 7 and can be viewed
as a function in H*(0_M) N LP(d_M), i.e., the restriction (E;w)[5_r makes sense as an H*(d_M) N
L?(9_M) function. (This fact can also be proved using the Hormander pull-back theorem for distributions
using wave-front analysis with the fact that X is transverse to d_M.) Since (' N3_M) =0, this implies
with (2-25) that (E,w)[5_m = Sg (@[5, 11). But this is also given by (E,w)[5_m = —(Rg, Xg, (0V))|5_ -
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Since X4, Ry, = Ry, X, =1d in C°(M3) (this follows for instance by analytic extension of the identity
R, (2)(Xg, —2) = (Xg, —2)Rg,(z) =1d on C°(M7) for R(z) > 1), one has (X, R,,)(y, y') =0 and
(Xg,e R,,)(y, y") in the distribution sense for y close to d_M \ Q and y’ close to d; M \ , where X,,
and X ;,e denotes the action of X,, on the left and right variable of M, x M., respectively. This implies
as above that the restriction (15_ x t3,)* R,, makes sense and we can apply Green’s formula in the right
variable: if " € CZ°(0_M),

—(6_(Rg, X, (@V)), ) :_/a M/M Re, (v, ¥) X, (@Y) (V) (y) di(y") dpeay (v)

=- / / Ry, (v, Y) W) (¥ (y)ix, du(y") duy(y),
M JoM

where we used X, (@) =0 on M, \ M and that (X, R, )(y, y') =0 for the interior term from Green’s
formula. This means, using ix, du = duy at 4. M, that

_<Lz, (RgeXge (wa))v (,()/> = _<(L37 X L3+)*Rgea o' ® 1//‘|3+M61)>.

This shows that Sy (y, Y)Y (y") = —(t5_ X 15, )*Re(y, y)¥(y’) as a distribution of (y, y') € I_M x 9, M.
Since €2 can be chosen with § > 0 arbitrarily small, we obtain the result by choosing iy = 1 outside a ‘1‘8
neighborhood of 2N d M in d; M. O

We will also need the following regularity bound.

Lemma 2.8. Let g € C*(M, ®§ T*M_) be a metric with strictly convex boundary and hyperbolic trapped
set, x € CX(0-M), f e C>®(0+M)and p € N. Then:

(1) There exists B> 0 large enough that, for all 7 € iR + B, we have that y e~ % S f extends by 0 on
"% with an extension belonging to WPT1-°°(3_M), and also that the weak distributional deriva-
tive (1+ Ap)PTY2(xe=2S, f) € D'(3-M) coincides with the derivative of the WP (3_M)-
extension.

(2) The map

CPH @ M) 3 frs e S, f e WPT®(3_M)

is bounded, and there exists a uniform constant C > 0 (independent of 7) such that

1(1+2)" Py eS8, Fllwrtooo i < ClLFlert o, - (2-26)

(3) In particular, by the Sobolev embedding WP1>°(9_M) — CP(d_M), the function )(e_zegng
extends to a CP-function with C?-norm bounded by (2-26).

Proof. The proof is rather similar to that of Lemma 2.5 so we will be more succinct. First, if 9i(z) > 0 and
f e CP*1(3,. M), the function F,(y) := e‘dg(y)(ng)(y) is CP*! outside I'® and can be extended by
continuity by 0 on I'* . We compute its derivative on d_M \ I'¥ : if Y is a smooth vector field on 9_M,
then

YF.(y) = F-(0)(=2dyle (MY +d[s,)(deg (,, (DY +dyle () (X)X (Sg(1))))-
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We can use Lemma 2.3 and the fact that ||dy<ptg | < Ce©l! for some uniform C, Cy > 0 with respect to ¢:
this gives on supp() that

[YF,(y)| < C(L+zDIIY [lcoll £l cre QA

for some C, Co > 0 uniform in y. In particular, if 8 > Cy we obtain that |Y (x F;)(y)| < C(1 4|z Y]l co
almost everywhere. Now, we claim that this function is also equal to the weak distributional derivative
Y(xF,) € H-'(3_SM). As in the proof of Lemma 2.5, we need to show that, for each ¥ € C(0-M),

/ xe TS, ()Y (@) duy = lim / 0(Le/TIY (e e X Se ()Y duy,
5 M T—o00 Jy M

where 6 € C°([0, 2)) is equal to 1 in [0, 1] and £ is a smooth metric on d_M as in the proof of Lemma 2.5.
Since the proof of the equality is exactly the same as in the proof of Lemma 2.5, we do not repeat the
argument. This shows that x F, € W!*°(3_.M) with bound

X Fzllwreemy < CAAF 12D fllcr

for some C uniform with respect to z. The bound || x F;l[cog_ary < C( + [zD | fllcr also follows
immediately by Sobolev embedding.

For higher-order derivatives, it suffices to repeat this argument, noting by Lemma 2.3 that there are
C > 0 and Cy > 0 such that, for j < p + 1, we have

ldjee (Il < Ce“ and gl < Ce
yte yr

on (3_M Nsupp(x)) \ I'¥ . This means that, taking 8 > 0 large enough depending on C, the argument
explained above works the same way. This proves the claimed result. (Il

Given x € C°(9-M), define the following function on 0_.M:
Lo(2) = xe ™ = (2(Rg()1alo_sm + Dx.
We will need the following regularity property.

Lemma 2.9. Let (M, go) be a smooth compact Riemannian manifold with hyperbolic trapped set, and let
p € 2N. There exists ¢ > 0 small enough and B >> 0 large enough that the following holds: setting

Uy, :=1{g € CPT2(M, @ST*M) | lIg — gollcr+z < &, glram = golram) (2-27)
as in Lemma 2.3, we have that, for R(z) = B, the map
L:Ugy x (N@2) =P} 3 (g, 2) > Lo(2) =e ey € L°(D_M) C L*(3_M)
is CP~-regular. Moreover, there exists a uniform constant C > 0 such that, forall j < p — 1,

forallh e CPYA(M, @FT*M),  [19] L)@ 1)l 12 < C(L+ 2D 110
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Proof. First of all, note by [Guillarmou and Mazzucchelli 2018, Proposition 2.1] that all metrics in a
C?-neighborhood of gy have hyperbolic trapped set and strictly convex boundary. Hence & > 0 is chosen
so that this holds. Pick an arbitrary g, € Uy, and let h € CPT2(M, ®§T*M) such that g, := g(+1h € Uy,
for t € (=8, 1+ 8) for some § > 0 small. Consider the map

Fi(=8,1+8) x -Mx (@) =B} 3 (1, y,2) > Ly (D)) =e Py (y),
where by convention e =%« ) := 0 when ¢ & (y) =00. Lemma 2.3 implies that F is C? in the open set
O:={(t,y,2) € (=8, 1+8) x &M x {(R) =B} |y ¢ T¥},

and one can write BtjI 8)]:232].3[,& ()(y)=H(t,y,z, h)(®'h), where H(t, v, z, h) is a continuous function
on (=8, 148) x M x CP**(M, @5T* M) with values in j;-multilinear functions on CP (M, ®%T*M)
and satisfying the following: there is C > 0 such that, for all j; 4+ jo + jzs < pand all (¢, y, z) € O,

109200 L4, () (1) < C(1+ |2 T2 Pl p | . (2-28)

First, we observe that F' is continuous on (—3§, 1 4+§) x o_M x {9 (z) = B}. Indeed, if (¢,, y,) — (¢, y)
is a sequence such that £, (y,) < T for some T < oo, by Proposition 2.4 we deduce that the trajectories
MN U= @5" (y,) converge to the trajectory M N =0 @5 (v) as n — oo, and therefore £,,(y) < oo,
and so the limit point belongs to O. On the other han_d, if there is no such T, this also implies that
Ly, (yn) — 00, and in turn F(t,, yn, z7) — 0 as n — oo, and (¢, y, z) belongs to the set

s= |J d=xr¥x e =4
1€(=8,148)
Since £,, (yn) — o0 if (2., y,) converge to a point in S as n — oo, we see from (2-28) that if B> 1 is
large enough, the derivative H (¢, y, z, h) of F on O converges to 0 when approaching S, and can thus be
extended from O by 0 as a continuous function on (=8, 148) x I_M x {R(z) = B} x CP2(M, ®§T*M).
Next, we are going to show that F is a CP~' map, with 8;'8{20* F (1, y, z) = H(t, y, z, h)(®/'h) and
with H the continuous extension by 0 on § just discussed, and that there exists C > 0 independent of #,
t, y, zsuch that, forall (¢, y,z) € (=§,14+8) x 0_M x {N(z)=PF}andall ji+ pp+j3<p—1,

1070205 F (1, y, 2)| < C(1+ |z T2 |||/ (2-29)

Cj1+] .

This would prove that the Gateaux derivatives of order p — 1 are continuous and thus the function £ is
CP~! and with the desired bounds on the derivatives.

We proceed in a way similar to the proof of Claim 2.6. We will show that, for each fixed #, the
distributional derivatives of F' of order j < p are bounded and coincide with the continuous extension of
H(t,y,z, h)(®/h) from O to W := (=8, 1+ 8) x _M x {M(z) = B}. First we let A be a Laplacian
associated to a fixed smooth product metric g := dt’+g_+ds>on (=8, 1 +8) x _M x {B+is|s eR}).
Let ¥ € C°((—6,1468) x 0_M x (B+iR)). We want to show that, for 2j < p,

/erzﬁgrAjw dvg =/(;(AjF)1ﬂ dvg.
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Take 6 € C°([0, 2); [0, 1]) equal to 1 in [0, 1], and write the left-hand side as

Y’ .
lim [ 6 (%) xe e ATy dug = Jim A1(T) + Ax(T), (2-30)
W — 00

T—o00

where
2j ¢
A(T) = 2/ Py (9 (%)) 02—k (xe %)y dug,
k=1"W

with P, and Qj some differential operators of order k£ > 1 in the variable (¢, y, z) and such that Py (1) =
Qi (1) =0 and

_ ZAYN, )
A1) = [ 6(Z) T Fyydug.
w

In order to show (2-30), it suffices to show that A{(T) — 0 as T — o0. The derivatives D;ﬁ v, (0, /T))
of order k € [1, 2] are supported in {£g, € [T, 2T']}, where we can use the pointwise bound of Lemma 2.3:

there exists C > 0 such that, for all (¢, y, z) with £, (y) € [T, 2T,

IDE. _(6(L,,(y)/T))| < CeCtas® < T

1,y,z

Since all terms in the integrand of A; are multiplied by the weight |[e #¢ ()| < ¢=PT we see using
Lemma 2.3 that
A(T) = O@HEPT),

Thus if 8 is chosen large enough we obtain that A; (7)) — 0 as T — oco. We thus deduce that F' € ng’COO(W)

and by Sobolev embedding that F € C? “Le(w) foralla < 1. Finally, the bound (2-29) follows from (2-28)
by continuity. U

3. Symmetric tensors and the normal operator

3A. Symmetric tensors. In this paragraph, we recall standard facts on symmetric tensors on Riemannian
manifolds. We refer to [Gouézel and Lefeuvre 2021; Guillarmou 2017a; Heil et al. 2016] for further
details.

3A1. Definitions. Let (M, g) be a smooth connected Riemannian manifold with boundary. Let m € Z5.
Let ®§T*M — M be the vector bundle of symmetric tensors over M (for m = 0 we just take the trivial
line bundle R x M — M). We will also write ®§T*M+ C ®§T*M for the open convex subset consisting
of positive definite tensors (Riemannian metrics). Since ®'7T*M is a subbundle of the vector bundle
®™MT*M — M of m-tensors over M, it inherits the natural metric g®”. Define the pullback operator

LM, @FT*M) — LA (M), 7k f(x,v) == f(v®™),

where M is equipped with the Riemannian volume, ®%T*M with the metric g®” and M with the
Liouville measure . We denote by m,,, the adjoint of 7,7 with respect to these scalar products and
volume forms.
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The symmetric covariant derivative
Dy : C®¥(M, ®FT*M) — C°(M, @7 T*M)

is defined as D, := o o V&, where V¢ is the Levi-Civita connection induced by g and o : " T*M —
®'¢ T*M is the symmetrization operator defined as:

1
oMM - @ny) = % Z Ne() @+ ® N (m),

" ned,,

where 71, ..., n, € T*M. The operator Dy is of gradient type, namely it has injective principal symbol.
Moreover, it is injective when m is odd and has kernel given by Rg®"/? for even m. It satisfies the
relation

XMy =Ty 41 Dg. (3-1

where we recall that X, is the geodesic vector field of g. We let
D::C®(M, Q5T T*M) — C(M, Q§T*M)

be the formal adjoint of Dy, which is nothing more than the divergence Dz,‘u = —Tr(V8u), where Tr(-)
is the trace operator.
Form > 1, k>0 and « € (0, 1), there exists a unique decomposition

CH(M, ®T*M) = Dy(Cg (M, &' T*M)) ©" ker D}|cra(a g m)- (3-2)

where CSH’“(M , ®’§1_1T*M ) denotes the space of tensors of Holder—Zygmund regularity k£ + 1 + «,
vanishing on the boundary, and the sum is orthogonal with respect to the L2-scalar product. The
decomposition (3-2) also holds in the scale of Sobolev spaces H*(M, @¢T*M) for s > 0. We call
potential tensors the tensors in ran D, and solenoidal tensors (or divergence free tensors) those in ker Dy.

Lemma 3.1. For m > 1, there exist bounded projections

Thern; : L2(M, ®§T*M) — L*(M, ®§T*M) Nker D},

Tran D, L2 (M, @§T*M) — L*(M, @§T*M) Nran Dy,
which are pseudodifferential operators of order 0 on M°. Moreover, for all f € L*>(M, ®§T*M), there
is a unique h € HOl (M, ®'S"_l T*M) and f; € ker Dy N L? such that f = Dgh + f5, and it is given by
”kerD;ﬁf = fs and ﬂraanf = Dgh-

Proof. The Dirichlet Laplacian D;Dg : H*(M, QYT*M)N HO1 M, QGT*M) — L?(M) is an elliptic
self-adjoint operator which is invertible since there are no symmetric Killing tensors vanishing at 9 M by
[Dairbekov and Sharafutdinov 2010]. Its inverse (D;‘Dg)*1 CH WM, @UT*M) — H} (M, Q% T*M),
when restricted to C°(M°), is a pseudodifferential operator of order —2 on M° by standard elliptic
microlocal analysis. We then set

. * —1 % .
Tran D, += Dg(Dng) Dg’ Tker D} = Id —7rpan Dy

By construction, they satisfy the desired properties. U
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3A2. X-ray transform of tensors. We now further assume that the metric g is of Anosov type in the sense
of Definition 1.3. We introduce the X-ray transform of symmetric m-tensors.

Definition 3.2. The X-ray transform on the space of symmetric m-tensors is defined by I3 := I8 o 7%,
where I3 is a map from C*®(M, ®¢T*M) to L?(3_M).

It is clear from (3-1) that the following inclusion holds:
Do (CET* (M, @' T*M)) C ker IS, (3-3)
Definition 3.3. The X-ray transform I is said to be solenoidal injective on C kepm, ®§T*M) if (3-3)
is an equality.

In other words, I3 is solenoidal injective if it is injective in restriction to solenoidal tensors, i.e., on the
second factor of the decomposition (3-2). When (M, g) is of Anosov type, solenoidal injectivity of the
X-ray transform has been proved so far in the following cases:

(1) In dimensions n > 2, when g is of Anosov type with nonpositive sectional curvature, see [Guillarmou
2017b].

(2) On all surfaces of Anosov type; see [Lefeuvre 2019a].

(3) In dimensions n > 2, on all real analytic manifolds of Anosov type, injectivity of If is proved in
[Guedes-Bonthonneau et al. 2024].

We conjecture that the following holds.

Conjecture 3.4 (solenoidal injectivity of the X-ray transform on manifolds of Anosov type). Let (M, g)
be a smooth Riemannian manifold of Anosov type in the sense of Definition 1.3. Then I is solenoidal
injective.

Eventually, we conclude this paragraph by the following variational formula which relates the length
map and the X-ray transform on 2-tensors.

Lemma 3.5. Let (M, go) be a compact Riemannian manifold with strictly convex boundary and hyperbolic
trapped set. Let (x,v) € - M\ T, Let (g,)1c(~1.1) be a smooth family of metrics on M with g;|;—o = g0,
and write h := 0;g;|;—0. Then t — g (x, v) is C2—regularf0r small t, and

g, (x, V)|1=0 = 3I5°h (x, V) + s, (x.0) (3 Sg, (X, V) |1=0),
where we recall that o is the Liouville 1-form.

Proof. First, we use the fact that, for # small enough, g, must have hyperbolic trapped set by [Guillarmou
and Mazzucchelli 2018, Proposition 2.1]. Let co(s) be a geodesic for gy parametrize by arc-length, and
s+ ¢;(s) for t € (—1,1) be a C! family of curves for s € [0, Lg,(co)]. Let Y (s) := 0;¢;(s)|;=0 be the
vector field along cy(s) determined by the family (¢;);e(—1,1y. Define g := 9;g;|;=0, and denote by V the
Levi-Civita derivative defined by go.
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By definition, £, (c;) = (f s (€0) A 8:(05¢:(s), 95¢4(s)) ds, so differentiating we obtain

Cs0(0) 200(Vy,d5¢1(5)|1=0, d5c0(5)) + &(dsco(s), dsco(s)) ds
185¢0(5)] g,

(@l = [

1 Lg, (co) )
= 5/ 8(9s5¢co(s), dsco(s)) ds
0
g (co)
+ / (3 (20(Brcr(5). e () i—o — 80(Brcr ()=, Vo Byc0(s))) ds
0 ~———
=0

1

ego(co) o
= 5 /0 g(asc(s)» 85C(S)) ds + g()(Y(S), 8SC0(S))|(L;g0( )‘ (3_4)

Here we used that [d;co(s)|g = 1 since the parametrization of ¢ is by arc-length, and that Vj o, = V9,
(this is seen on the pullback bundle ¢*T M of the tangent bundle by the family ¢ since the connection is
torsion-free and [d;, ;] = 0). In the third line, we used the compatibility of gg with V, and the last term
is zero since Vj dsco(s) = 0 is the geodesic equation.

If (x,v) € 3_M \ T'*°, then, for ¢ small enough, (x, v) ¢ I'* by Proposition 2.4 and £, (x, v) is C?
near ¢ = 0 by Lemma 2.3. Then we get, from (3-4),

. v
al‘egt (-x’ v)|t=0 = %Iégo(g)(xv U) +g0<at (7[ © Sgt <x, |U| ))
8t
=dmod; Sg, (x,v)|1=0

= 315°(8) (x, v) + s, (e.0) (B Sg, (. 0)]1=0). 0

’ Sg() (-x9 U))

t=0

3A3. Solenoidal gauge. The following lemma asserts that any metric in a neighborhood of a fixed
metric go can be put in a solenoidal gauge.

Lemma 3.6. Let (M, go) be a smooth Riemannian manifold with metric of Anosov type, and let k > 2 and
a € (0, 1). There exists C, § > 0 such that the following holds: for all metrics g such that || g — gollct.« <8,
there exists a CKT19 diffeomorphism r, with |3y = 1d, such that ¥*g is divergence-free with respect
to go, namely Dy (Y*g — go) =0, and ||¥*g — gollcre < Clig — gollcre-

Proof. The proof is contained in [Croke et al. 2000, Lemma 2.2]. U

3B. Normal operator. Let (M, g) be a smooth Riemannian manifold with metric g of Anosov type. The
normal operator on m-symmetric tensors is defined by

I8 = (I3)"18.
It enjoys strong analytic properties, as proved in [Guillarmou 2017b]:

Proposition 3.7. The operator 115, € W~ (M°, ®'s T*M°®) is a pseudodifferential operator of order —1
on M°. It is elliptic on solenoidal tensors, in the sense that there exists pseudodifferential operators Q,
Kr, Kgr on M° of orders 1, —oo, —oo, respectively, such that

ann:nkCI‘D;-i_KLs H,gnQ:”kerD§+KRs
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and the equalities hold when applied to all distributions f € £'(M°, ®¢T*M°®) with compact support
in M°. The operator Q can be taken to be properly supported in M°. Moreover, T1y, is solenoidal
injective, i.e., injective in restriction to ker D¥, if and only if the X-ray transform Iy is solenoidal injective.

We now prove an elliptic estimate for the operator IT5,. Recall from Section 2C that (M,, g.) D (M, g) is
a Riemannian extension of the manifold (M, g), which is also of Anosov type in the sense of Definition 1.3.
We will denote by

Eo: L*(M, @"T*M) — L*(M,, @2T*M,)
the operator of extension by 0.

Proposition 3.8. Let (M, g) be a manifold of Anosov type, and further assume that I§ is solenoidal
injective. Let (M., g.) be an extension of Anosov type of (M, g). Then, there exists C > 0 such that, for
all f € L>(M, ®%T*M) Nker D%,

£ llz2aay < CITIS Eo f 1l 1 ag,) -

Proof. 1t will be convenient in the proof to consider a second extension of Anosov type (M., gee) D
(M., g.) and to work on it. The argument follows [Stefanov and Uhlmann 2004]. The operator H§"“
is a (not properly supported) pseudodifferential operator of order —1 on M,.° which is elliptic on
solenoidal tensors. By Proposition 3.7, we can construct a properly supported pseudodifferential operator
0 e WI(M2,, ®T*M¢,) such that

Qngee = kaerD;; +K,
ee

where K € W™°°(M_,) is smoothing. We let ¢ : M, < M,, be the embedding. Observe that, taking a
cutoff function x € CZ°(MZ) with value 1 in an open neighborhood of M, we get

o Ql'[g“ Ey = " yer Dz, Ey+(*KE
= Tier 03, E0 + X (U Tker Dz, — Tker Dz, ) X Eo + 'K Eo + (1 — ) (" Tker D3, — Tker 0, ) Eo.
By the pseudolocality of pseudodifferential operators (they preserve the singular support of distributions),

the term (¢*7Tyer Dz, — Tker DEF)EO maps continuously L? sections to sections that are smooth outside M,
and thus

(1= ) (*wer 03, — Therpz, ) Eo : L*(M, @3T*M) — L*(M,, @3T*M,)

is a compact operator. As for the term y (¢*7ker D;,, — Tker D, ) x, we observe that it has Schwartz kernel
supported in the interior of M., x M,.. It is a priori a pseudodifferential operator of order 0, but its
principal symbol vanishes (see Lemma 3.1) and thus it is a pseudodifferential operator of order —1, i.e., it
is compact as a map L*(M,) — L*(M.,). (We now drop the notation of the vector bundle in the functional
spaces in order to avoid repetition.) As a consequence, we see that, up to changing the compact remainder,

t*Qngﬂ’ Eo = Tryer D;, Eo+ K, (3-5)

where K is compact as a map L>*(M) — L*(M,).
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Given f € L2(M)Nker D*, by Lemma 3.1 we may write Eo f = Dgp+h, where p € H'(M,, T*M,)
and plaoym, =0, h = Tger D, Ey f. Now, using (3-5), there is C > 0 independent of f such that

I f 2oy = 1E0 f Nl 20,y < N70ker Dz, Eo f Il 22(01,) + 1(1d —Tker D2 ) Eo f I 1201,)
< IC*OT5“Eo f 20, + 1K fll 120,y + 11 Dg, Pl 2201,
< CUMS“Eoflmim,y + 1K f 20, + 1 Dg, Pll20an,)- (3-6)

It remains now to bound the potential term D, p. We have

| Dg, pllr2m,y < 1 Dg. Pll2) + 1 Dgpll2(ary 3-7)
where Q := M, \ M°. We observe that, on 2, Dgp = —h = —Tyer D;, Ey f. Hence, using (3-5), we get
I Dg, pllr2) < I°QTIS“ Eo fll 12y + 1K f Il L2 (- (3-8)

The boundary 02 = 0 M, LI dM splits into two components. We define v to be the outward-pointing
unit normal vector to 92 and j := plyy. In M, we have D, f =0 = Dgh + Dy;Dgp = App, where
Ap := DyDy is the (symmetric) Laplacian on 1-forms. Hence, in M, p satisfies the elliptic system
App =0, ploy =j € H/*(OM, ®§T*M ) (by the trace theorem), so by standard elliptic estimates
[Taylor 2011, Chapter 5, Proposition 1.7], we get || pll g1y S 17l m29ay- Observe that the H'-norm
in M can be defined by || pll g1ar) = 1Pl L2y + 1 Dg Pl L2(ar)- As & consequence, using the boundedness
of the trace map H Q) — H?(3Q), we get (for some C uniform that can change from line to line)

1 Dgpllr2cmny < CllPl ey = Clillazom < CliPla @ < CUlpl2@) + 1D PllL2()
< CUlIplirag) + 15 QN5 Eo fll 12 + 1K fll120) (3-9)

by (3-8). It remains to bound | pll;2q)- Recall that Dgp = 7ranp, Eo f, and by pseudolocality of
the pseudodifferential operator 7y, D, (see Lemma 3.1) we get that p|g belongs to C* (2, T*Q).
For any point (x, v) € S, there is a uniformly bounded time 7(x, v) (possibly negative) such that
7 (@r(x,0) (X, V)) € M., and using that p vanishes on dM,, we can thus write, using (3-1),

7(x,v) T(x,v)
f (Xg, 71 p)(g;* (x, v))dt / (3 Dy, p)(@;° (x, v)) dt |.
0 0

i p(x, v)| =

This equality implies that || p||;2q) < Cl|Dg, pll12(q)- Hence, combining (3-6) with (3-7)—(3-9), we get
that, for all f € L>(M, ®§T*M ) Nker Dg, the following inequality holds for some uniform C > 0:
I fllzzany < CUATS Eo f i o,y + NK S i 20m,)

where K : L*(M, ®§T*M) — L*(M,, ®§T*Me) is compact. The solenoidal injectivity of Hg on M
implies that Hg"“ Ey is also solenoidal injective (see [Lefeuvre 2019a, Proof of Lemma 2.3] for instance)
and thus by standard arguments, one can remove the compact remainder K from the previous inequality.
Hence there is uniform C > 0 such that

I flz2ary < CUTIS Eo f | 1 aa,, -

The claimed estimate is proved by observing that in the above proof one can replace (Mee, gee) by
(M., g.), and (M,, g.) by a slightly smaller manifold (M, g,) of Anosov type containing (M, g). [
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4. Local lens rigidity, proof of the main result

In this section, we prove the main Theorem 1.8.

4A. Key estimate. The goal of this paragraph is to show the following key estimate.
Proposition 4.1. Let gg be of Anosov type. There exist C, &, i, N > 0 such that, for all smooth metrics g
such that glom = golom, 1€ — golley < €, and (g, Sg) = (g, Sg,), we have

1
15 (g — go)l 2 < Cllg — goll oh'*-

In order to prove Proposition 4.1, we are still missing one ingredient, namely, the following C2-regularity
of the scattering operator.

Proposition 4.2. Let (M, gg) be a smooth compact Riemannian manifold with strictly convex boundary
and hyperbolic trapped set. Let x € C(0-M, [0, 1]) be a smooth cutoff function. Then, for each
w € C®(31 M), the map

C®(M, @3T*M) 3 g > xSy(w) € H9(_M)
is C2-regular near go. As a consequence, there exists C, N > 0 large enough and 8 > 0 such that, for all
geC®(M, ®§T*M) with ||g — gollcv < 8, the following holds:

1XSe(@) = XS (@) + X0 Se(@)lg=go - (8 = 0l 50wty < Cllg = &0l Ewpg gigensy: @D

Since this result is quite technical, its proof is postponed to Section 5. In the following, we will write
h := g — go. Using a complex interpolation argument, Proposition 4.1 is actually a direct consequence of
the following technical lemma, which gives weighted estimates on the X-ray transform of g — go.

Lemma 4.3. There exist C, ¢,8, B, N > 0 such that, for all smooth metrics g such that g|lym = golam.
lg —golley <&, and (£g, Sg) = (Lg,, Sg,), we have, for h = g — go,

Cllhlley  forall z € iR —8,

1+ -7 —ngOIgOh . <
I +2) e by hll e = CllhIZy forallz iR+ B,

(4-2)
We now show that Lemma 4.3 implies Proposition 4.1. The rest of Section 4A is devoted to the proof
of Lemma 4.3.
Proof of Proposition 4.1. By the Hadamard three-line theorem applied to the function
2> (14+2) e 0 I3 (h)
(which is bounded in R (z) € [—8, B] with values in L?(d_M) C H%(d_M)), Lemma 4.3 implies that
N5 ir-s0_ay < Clll iy,

for some constants C, u > 0 independent of /2 (note that i« depends on § and 8). By Lemma 2.5, there is
C > 0 and s > 0 depending on gg such that (for N > 2)

IR s o ny < CllRNew .-
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J(z)
A
Oy-s(llhllcn) OH-s(IIhIIICE" OH—ﬁ(IIhIIZCN)
> N
. 0 5> 1 (2)

Figure 3. Estimates on f(z) = e %o Ifoh in (4-2). For z on the left blue line we have
a “volume estimate” of f(z), while for z on the right blue line we have a “microlocal
estimate” of f(z). For z on the middle red line, we have the interpolation estimate
obtained in Proposition 4.1.

Interpolating L2(3_M) between H —6(3_M) and H*(9_M), we deduce that there exists x' > 0 and
C > 0 such that

14/
115kl 200 < CHRIERS,- O

We now start with the proof of Lemma 4.3. See Figure 3: on {J1(z) = —4§} the bound will follow from
an estimate on the volume of long trajectories, while the estimate on the line {)i(z) = 8} may be thought
of as a “microlocal estimate” since it crucially relies on the Taylor expansion of g — S, obtained in
Proposition 4.2.

The first bound in (4-2) for z € iR — § follows directly from the following stronger bound.

Lemma 4.4. There exists 6 > 0 small enough and C > 0 (depending on 38) such that, for all h €
CO(M, @3T*M),
e I hl 25 _way < Clllleoqu.-

Proof. For y ¢ T'*, we have |I5°h(y)| < ||h]lcol€g,(y)]. Thus
e 0 I3l 1205ty < 10 Ly [l 220 apy I ]l o
which gives the result by (2-10) if § < Q. O

We now study the second bound in (4-2). Let x € CX°(d-M, [0, 1]) be a smooth cutoff function. First
of all, near the boundary, we have the following:

Lemma 4.5. There exist C,e > 0 and x € C°(0-M, [0, 1]) such that 1 — x? is supported near the
boundary of 0_-M, such that if ||g — gollcv < € and (£g, Sg) = (Lg,, Sg,), then

(1= xRkl @_ry < ClIRIZ
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Proof. This follows from [Stefanov and Uhlmann 2004, Section 9] as we have the following Taylor
expansion for x, x" € dM close enough:

dg(x, x') = dgy (x, x') + 2 (x, x') + Ty (x, ),

with the bound |7, (x, x")| < C|lh ”2C1d80 (x, x"), where C > 0 is a uniform constant depending only on g.
Since the metrics have the same lens data, they also have the same boundary distance function for
x,x" € M close enough, that is, d, (x, x") = dg,(x, x"), which easily implies the claimed estimate when
1 — x? is taken to have support near the boundary of 3_M (i.e., close to short geodesics). (]

Using the continuous embeddings L*°(d_M) — L?*(0_M) — H~%(_M), from Lemma 4.5 we
deduce that
10 +2) e 0 (1= X IRl oo ra) < CllAlgw 4-3)

for all z € iR 4 B. It thus remains to prove the following estimate to deduce the second bound of (4-2).

Lemma 4.6. There exist C, e, B, N > 0 such that if ||g — gollcy < & and (£g, Sg) = (L, Sg,), then, for
h:=g—goandforall z € iR+ B,

I +2) 7T 0 X2 I hll y-sa_pay < CllAIGw-
Proof. We let 15_ : 9_M — M be the inclusion map. For 8 > 0, we consider the space
Eg:=Cp(B+iR, L*(3_M)), (4-4)

where C,? denotes the vector space of bounded continuous functions, equipped with the L°° norm. It is a
Banach space when equipped with the norm

IFllg, == sup [[F(2)llr2_m)-
zep+iR
Then, for z € C with %(z) = B large (it will be adjusted later), we define for Uy, the neighborhood of g
introduced in (2-3) (with p = N —2):
) (I— e—zig)
FiUgp3g— F(@)@):=0+2)""x fEEﬁ, 4-5)

where the value at z =0 is set to be x2¢,.
First, the function F is C? by Lemma 2.9 by taking N > 5. We compute its Taylor expansion in the
space Eg: for some N large enough, g close enough to go, and /1 := g — go,

2 ,—zly,
(1+2)7
)(Ze—zlfg0
S (1+2)

and the remainder is bounded uniformly in z (by Lemma 2.9 again), where we use Lemma 3.5 in the
second line (recall « is the Liouville 1-form). If £, = £, we obtain in particular F(g)(z) — F(go)(z) =0,

F(8)(2) — F(gn)(z) = (00 g=go -1t + Or25_pny (I 1ZN)

1
(15200 + s,y (@ Se (Dlgmee 1)) + Oz ay (1hIEN,  (4-6)
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thus
2 ,—zlg,

X-e

sup ||[=—
(1+2)7

zeB+iR

(3180 )+ t5,, 10 S5 (=g - ))

< C|hl[%n- (4-7)
L2(8,M)

Note that, for fi(z) = B > 0, as a consequence of (2-19), we have Xze_zego Iigo (h) € L>(d_M), thus, since
by Lemma 2.9 we know that 9, F(g)(2)|g=g, -/ € L*(3_M) if B is large enough, we obtain that

X5y ()05 Sg(+)lgmgy -M)e %0 € LA(9_M).
We now claim the following lemma, the proof of which is deferred to the following paragraph.

Lemma 4.7. There exist C, e, B, N > 0 such that if ||g — gollcy < & and (£g, Sg) = (L, Sg), then, for
allz € iR+ B and h =g — go,

(14277 X, () (g Sgo () lg=go -1V 0 || g-sa_ngy < ClIBIIZn-
Using (4-7) and Lemma 4.7, we deduce that, for all R (z) = g with g, N > 0 large enough,

sup |1 +z|7 x> 15 (e %0 || y-6s_ )

zep+iR
< sup 142771 e, () (9 Sep () lg=go -1V || g-sa_ngy + Cllllen < CliRIEN,
zep+iR
where the constant C > 0 changes from line to line. This concludes the proof of Lemma 4.6. ]

Proof of Lemma 4.7. Taking a finite cover of M = [ J; U;, a partition of unity ) ; x; = 1 subordinate to
that cover, we may write

a= Z ozl.(j)dyi(j), (4-8)
iJj

where al.(j ), yl.(j e % (M) are smooth functions compactly supported inside U;, and thus, for y ¢ I"'*°,

we have
K20t () (g S0 (M gmgo - Me 00 = 12> o (S, )y}, 8y Sy (¥) gy -H)e 50
iJ
= xSe @) (e 00 x 3,8 (v (Mlg=gy k. (4-9)
i.j
First, taking B > 0 large enough, we can ensure by Lemma 2.8 the existence of a constant C > 0 such

that, for all z € iR+ B8 and for all i, j, one has XS;Oal.(j Do~ ¢ C 6(3_.M) with the uniform bound

11 +2) 77 xSgoe e 0 ll oy aay < C. (4-10)
We now let f € C*°(M) be one of the functions yi(j ) in (4-8). By Proposition 4.2, we have
Xng = XSgof + Xagsgflgzgo h+ OHfﬁ(a_M)(”h”%N)-

(The constant in the O notation depends on the function f, but there are only finitely many functions yl.(j )
considered in the end so the constant will be uniform.) Now, using that the scattering relations are the
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same, i.e., Sg = Sg,, we have xS, f = xSy f, where the equality holds in L>°(d_M) and hence in
L2(0_M) Cc H%(3_M). As a consequence, we deduce that

1x 0S5 Le=go - Pl -s(a_nty < ClIA G- (4-11)
Using both (4-10) and (4-11) in (4-9) and the continuity of the multiplication
COO_M) x H®(3_M) 3 (u, v) = uv € H*(H_M),
we deduce that, for some C > 0,

(14 2) ety () (g Sgo ()lg=go - M0 | g=s5_r1) < Cll Il G-
This concludes the proof of Lemma 4.7. ]

4B. End of the proof. We can now complete the proof of Theorem 1.8.

Proof of Theorem 1.8. Assume that (€4, Sg) = (£, Sg,) and g is close enough to gg in the C N _topology.
By Lemma 3.6, we can find a diffeomorphism v such that |53 = Idyp and g’ := ¥ *g is solenoidal with
respect to go. Moreover, (£y, So) = (€g, Sg) = (£gy, Sg,). Also note that [|g" — gollcv < Cllg — gollcy
for some uniform C > 0 (depending on go).

Writing h := g’ — go, Proposition 4.1 implies that

IIER1 2 < CllR) S (4-12)

Now recall that, for any ¢ > 0, the adjoint (If"e)* :L? — LP® < H¢ is bounded (here p(g) < 2 and
p(e) = 2 as ¢ — 0); see [Guillarmou 2017b, Lemma 5.1 and Equation (5.3)].

By (4-12), and since l'[§°“ is of order —1 (by Proposition 3.7), and Eoh has regularity H'/2~¢ for any
¢ > 0, we conclude that, for any € > 0, where C > 0 changes from line to line,

e e e e 1
ITIS* Eohll g = [|(5™)* I5* Eohll - < CI|I§* Eohll 2 < CIlI5°hll 12 < CllAl "
ITI5% Eohll g32- < CllEohllgi-e < Cllhllen.
By interpolation in Sobolev spaces, we obtain from these two estimates that, for some (different) C, u > 0,

e 1
ITI5* Eoh i < ClIAN 3

Applying the elliptic stability estimate for solenoidal tensors of Proposition 3.8 (using that our assumption
implies that Iégo is solenoidal injective), we get

e 1
1hllz2 < CITIS™ Eohll g < Clikl| o3
By interpolation, we then obtain, for some (much larger) other integer N € N,

1712 < Cllkli2 kIl < CllRlL2 g — gollpy-
C C

If |g — gollcy < (1/C)Y#, this implies that & = 0, namely g’ = ¥*g = go. O
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5. Smoothness of the scattering operator with respect to the metric

The goal of this section is to prove Theorem 1.10 and to derive Proposition 4.2 as a corollary. Theorem 1.10
will follow directly from Theorem 5.14 and Lemma 5.21 below. The scattering operator S, can be
expressed purely in terms of the resolvent Ry, of X, thanks to Lemma 2.7. Thus, in order to analyze
the map g — S,, we shall study the regularity of the map g — R,, in adequate functional spaces. Since
working with g, or g is equivalent (they share exactly the same properties), we shall consider R, for
simplicity of notation. The construction of R, is done using microlocal methods as in [Dyatlov and
Guillarmou 2016], but we need to understand the g-dependence in the construction. We fix a metric of
Anosov type go on M and we denote by X its associated geodesic vector field on M. We will consider
the resolvent of X if X is any smooth vector field that is close enough to X in C>(M, T M). We refer
to Section 2C3, where the notation for the cotangent bundle is introduced.

S5A. Construction of the uniform escape function. In this paragraph, we construct a uniform escape
function, i.e., an escape function* for Xy which is also an escape function for all vector fields X that
are sufficiently close to Xg. We will use an idea of [Bonthonneau 2020] in order to obtain an escape
function adapted to all flows X close to X(. Denote by S* M := (T* M\ {0})/R™ (and similarly S*\/)
the spherical bundle, by « : T* M — S$* M the quotient projection, by 7 : S*N — N the footpoint map,
and recall that X is the generator of the symplectic lift of ¢; defined in (2-12). Finally, recall that pg > 0
is the constant of Section 2A2 used to define the extension M., and that io is some initial extension of
the vector field from M to A/ (which does not need to vanish at {p = —pp}).

Proposition 5.1. There exist a smooth function m € C*°(S*N, [—1, 1), invariant by the antipodal map
(x, &) (x, —&), and § > 0 such that, for all vector fields X € C*°(M, T M) such that
I1X = Xolle2om, 70y <6,

the following hold:

(1) m = 1 in a neighborhood of (EX)* Nm~1(M).

(2) m = —1 in a neighborhood of (Ef)* Nz~ Y(M).

(3) supp(m) N7~ (M) is contained in a small conic neighborhood of (EX)* and (Ef)*.

(4) supp(m) C {p > —2p0}.

(5) supp(m) N{p = —po} N {Xop = 0} = 2.

(6) Xm <0.

The fact that X and X, are C2-close will ensure that the structural stability Proposition 2.4 applies.
The function m will be constructed as

m=m_—my+n (T — 7 x4, (5-1)

4A function decreasing along the bicharacteristics of the symplectic lift of X to the cotangent bundle.



2772 MIHAJLO CEKIC, COLIN GUILLARMOU AND THIBAULT LEFEUVRE

o =—2p0)

Figure 4. A schematic representation of the various sets and functions appearing in
Lemmas 5.10 and 5.11. The disks represent (respectively, from the center to the outer
disk): the trapped set K of Xy, the manifold M, the set {g = 0} (in light gray) defined
in Section 5B, the extended manifold M., the set {p > —pp}, the set {p > —2p¢}. The
support of the functions m, x4+, m_, x— are depicted, respectively, in: dark red, light
red, dark blue, light blue. The flowlines of X are represented in black with arrows
indicating the flow direction.

where my are smooth functions with support near (Ef_f )* and taking value 1 on (Ei( )*, x+ are smooth
functions with compact support in a slightly larger neighborhood of X4 (defined in (2-13)), and n > 0
will be a small parameter chosen small enough in the end. We refer to Section 2C3 where all the previous
notation are defined. The proof being rather technical, we advise the reader to have in mind Figure 4,
where the various sets and functions of the construction are depicted.

Remark 5.2. More generally, one could construct a function m taking any positive (resp. negative)
constant value near (EX)* (resp. (E f )*) but this will not be needed.
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5A1. Uniform cone contraction. We start with some technical lemmas on the contraction of cones
in T* M. In order to abbreviate notation, we will sometimes write X ~ X if | X — Xg|c2 < §, where
8 > 0 is some small constant which will be chosen later. In what follows, we will use the notion of conic
neighborhoods of conic sets in 7*A\ 0, which may be identified with neighborhoods on the spherical
bundle S*N. First of all, we have:

Lemma 5.3. Let U be an open neighborhood of the trapped set K*°. Then, there exists § > 0 and T >0
such that, for all t > T and all smooth vector fields X such that || X — Xollc2(m,7.00) < 6,

v, 05, oX(eM, = yeu.

Taking X ~ X, close enough in the C2-topology, we can ensure that { is also an open neighborhood
of (Jy~ x, K X by the structural stability Proposition 2.4.

Proof. We argue by contradiction. Assume that we can find sequences (7;) ;> such that 7; — +o00,
(X;)j=1 such that X; — Xq in C*(M, TM), and (¥j)j=1 such that y; € M., goijj(yj) € M, and
ga%(jf (yj) € M., but y; ¢ U. By compactness of M,, we can always assume, up to extraction, that
Yj = Yoo € M. But then yo, € K*°, which contradicts y ¢ U. O

We now show the existence of small conic subsets in 7% M, independent of the vector field X, on
which the differential of the flow (¢X),cg is exponentially expanding/contracting. This may be compared
to [Dyatlov and Guillarmou 2016, Lemma 2.11].

Lemma 5.4. There exist § > 0 small enough, constants C, T, » > 0 and small open conic neighbor-
hoods Uy of UX~X0 (Ei()*, such that, for all X with | X — Xollc2 < 6, the following holds: for all
(y,&) € Uy, forallt > T such that y, %{z()’) eM,,

foralls €[0,t —T), eX(y,&)eUs  and,  foralls €[0,t], |e=%(y, &)= Ce™|g|.

Proof. We prove the lemma for the outgoing (+) direction, the proof being similar for the incoming (—)
direction. Fix arbitrary small conic neighborhoods ﬁf) E ﬁf) of (E_fo)*. By hyperbolicity, there is a
Ty > 0 large enough such that the following holds: for all (y, &) € Tr*i(" Meﬂﬁfrl) such that y, (p;i)o (y) e M.,
one has

ePX0(y, £) e T M NUL,  1P%0(y, 6)] = 10[€].
+
By continuity, there exist small neighborhoods UJ(rj ) of (7&) such that the following hold:

(1) The neighborhoods are chosen so that n(UJ(rl)) € Jr(Uf)).

(2) Letting W := JT(UJ(:)), one has Uf) NW efiber Uﬂ) N W, in the sense that, for all y € W, we have
v N1iM, € U NTFM,.

(3) Forall (y, &) € Ufrl) such that y, (p;?(y) eM,,
Xy, &) e UL, 1eX(y, 8) = 5.

(4) There is a time T} > Ty such that, if y € 7(U?)\ 7 (U'), then ¢;°(y) ¢ M, forall ¢ > T.
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By continuity, this can be achieved so that points (1-4) also hold for all smooth vector fields X such
that || X — Xol|c1 <&, where § > 0 is chosen small enough. We will actually choose || X — Xyl <6,
where § > 0 is chosen small enough: by the structural stability Proposition 2.4, we can then ensure that
the neighborhoods UJ(rj )

We set U, = UJ(FI) and T := 3T}, and we claim that these satisfy the required properties. Take
(y,6) e Uy suchthaty e M,, ¢ (y) e M, and ¢t > T. Write t = kT +r, withk; € Z>, r1 €[0, T1),

and (k; — )Ty = koTy + ro, with kg € ZZO’ ro € [0, Ty), that is,

also contain (E f )* for X ~ X, in the C2-topology.

t =koTo+ T\ +r+ro.

Note that 71 +r; +ro <371 =T.

For all s € [0, koTp], one has <pSX (v, &) € JT(UJ(rl)) and (y,§&) € UJ(:). Indeed, otherwise, we would get,
for some s, € [0, koTp], that <pff (v, &) € JT(UJ(FZ)) \JT(UJ(FU), but then (ps’erTl (y) ¢ M,, which contradicts
the fact that ¢X (y) € M, since

se+t Ty < (ki —1)T1 +T1 =kTy <t.
Then, using the uniform lower bound |eT1 T+ )X (y £)| > Cy|&|, we obtain
e X (y, §)| = e TIHOHX (ToX)lo(y, £)] = Co5™IE] = CeM 8]
for some constant C > 0 and A = log(5)/ Tp. O

We now let V.. be a small conic neighborhood of | Jy.. x,(E J’f )* contained inside U, i.e., V; € Us. It
will be convenient to use the following operation on the category of fibered conic subsets: if V. C T*N is
an open conic subset, define the fiberwise complement of V as

Vi = {(y,8) e T*N |y e x(V), £ € VENTINY,
where the superscript C denotes the set theoretic complement.

Lemma 5.5. There exists $ >0and T >0, and V_ :=( W_)Eﬁbef, where W_ is a small conic neighborhood
of Ux~x,(EX)* ® (E{)*, such that, for all X with || X — Xollc2(m,7am) < 8, one has e’ XV_€ V.

The same lemma can be proved by reversing the direction of X, i.e., by swapping the roles of E*
and E7Y.
Proof. We fix an arbitrary open conic set V_ near 7~V (K*X0) such that V_n ((Ei(o)* @ (Eé(o)*) =.In
restriction to 7 ~! (K %0), hyperbolicity ensures the existence of a time T > 0 such that

XV na (kX)) e vy na (K X0).

By continuity, this also holds for an open conic neighborhood V_ by taking 7 (V_) to be contained inside
a small neighborhood of K*° (whose size depends on T'), and it also holds uniformly for all vector
fields X such that || X — Xp||c2 < § if § > O is taken small enough (depending on T) by using the stability
result of Proposition 2.4 and choosing § > 0 small enough that | . x, K Xcavo). ]
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In order to simplify notation, we will write ¢ = (y, &) for a point in 7*N and px(x, &) := &(X) for
the principal symbol of —i X. From Lemmas 5.4 and 5.5, we deduce:

Lemma 5.6. Let Q2 be a small conic neighborhood of UXNXO{PX =0} in T*M,. There exist § > 0 and
T > 0 such that, for all X with | X — Xollc2im.rmy <8 andt > T, if ¢, eX() e QNT* M, \ {0}, then

t
/ 1y, v (X)) ds >t —T.
0

In other words, the flowline of ¢ spends at least a time  — 7" in Uy LI U_, where there is some uniform
contraction/expansion.
Proof. We use the sets Uy and Vi defined in Lemmas 5.4 and 5.5. Note that 7(Vy) C w(Uy) by
construction, and we set U := w7 (Uy) N (U~). We introduce the following constants:

(1) Let Ty > 0 be the time provided by Lemma 5.3 applied with the open neighborhood U/ of K*° and
such that, for all X with || X — X¢l|¢c2 < 8, for all # > Tj and y € M, such that ¢ (y) € M., one has

{pX(y) |'s € [Ty, t — Tol} C U.

(2) Let T; > 0 be the time provided by Lemma 5.4.
(3) Let T» > 0 be the time provided by Lemma 5.5 such that e 2XV_ € V..

Take a point £ € QN T*M, \ {0} such that ¢’X(¢) € T*M, for some ¢ > 2Ty, that is, gosx(n({)) eu
for all s € [Ty, t — Ty]. We treat different cases:

Case 1: Assume that e70X(¢) e U_. If ¢*X(¢) € U_ for all s € [Ty, t — Ty], then the claim holds
for { and T = 2Ty. If not, there is a time s, € [Ty, ¢t — Tp] such that es*X(g“) € V_ and eSX(g) eU_
if s € [Ty, s,]. By Lemma 5.5, we then deduce that ¢’ := e(s*+T2)X(§) € V, € Us. Observe that
¢ € Uy and e~6ADIX (7Y € T*M,. If t — (s, + T») > Ty, from Lemma 5.4 we deduce that, for all
s € [Ty, s, ] U [sy + Tp,t — T1], we have e“'X({) € U_U Uy, that is, the flowline of ¢ spends at least
t —(To+ T+ 1) time in U_ U U,. Thus, the claim holds with T := Ty + T+ T. If t — (s, + T2) < T},
then the flowline of ¢ has spent a time at least s, — Ty >t — (Ty + 11 + 1) in U_, and the claim holds
with the same time 7 defined previously.

Case 2: Eventually, if e X () ¢ U_, then eTX(7) € V_, and the claim is also straightforward, following
the previous arguments. (I

Eventually, we will need the following lemma.

Lemma 5.7. Let W_ =W’ N (WZ)E‘“’“, where W' and W are conic neighborhoods of m~'(K*X0)
and (Ef")*, respectively. Let W be a small conic neighborhood of (Ef")*. Then, there exists T > 0
such that, forallt > T, we have e Xow_n W, =0.

By small for W, it is understood that W, N ((Eé(")* ® (EX)" = &

Proof. This follows from the fact that there is a uniform time 7" > 0 such that, for each (y, £) € W_, either
p((pf?(y)) <Oforallt > T, or e”'X0(y, &) belongs to a small conic neighborhood of (Eé(‘))* @ (EX0y*
for all > T, by the same argument as in Lemma 5.5. ]
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5A2. Construction of my. In this paragraph, we construct the functions m 4 involved in the expression
(5-1) of the escape function m. We introduce a smooth function mg € C*°(S*N, [0, 1]), invariant by the
antipodal map (x, &) — (x, —&), such that my = 1 in a small neighborhood of IC((E;(O)*) over KXo and
mo = 0 on the complement of a slightly larger neighborhood of Kk ((EYX %)*). We will need the following.

Lemma 5.8. Forall T > 0 large enough, the following holds:

{E»eTXO(i) € S*M,
mo(¢) <1

Proof. We argue by contradiction. Assume that there exists

= forallt € [T,3T], moe " X°(2))=0.

* an increasing sequence of values (7)) ez., such that T; — +o0,

* a sequence of points (¢;) jez., such that ¢;, eTf'XO(;“j) € §S*M, and mo(¢;) < 1, and

* a sequence of values (S;) jez., such that §; > T; and mo(e_SfXO(gj)) > 0.

By compactness of $* M,, up to extraction, we can always assume ¢; — {oo. Observe that o, € (K X0)
as Tj — +o0: indeed, since T; — oo, we have that {s € 71 (I'X0); if {o € 7~ 1(T X0\ K*0), the exit
time from M in the past of ¢ is finite and since S; — +00, mo(e™5%0¢;) > 0 and m( vanishes outside
of M, we would get a contradiction for j > 0 large enough.

Since mo(¢;) < 1 and mo = 1 near K((E,i(o)*), we can find V_, a small neighborhood of 7L (K X0)
whose closure is not intersecting (EX*)* and such that {s € V_. Let V4 be a small neighborhood of
supp(mg). By Lemma 5.7, there is T > 0 such that, for all t > T, e~ "X0V_NV, = @. In particular, for
J = 0 large enough, ¢; € V_, and thus e_S/XO({j) ¢ V., that is, mq(e=5i%0 (¢;)) = 0. But this contradicts
mo(e5i%0(z;)) > 0. U

We then set, for T > 0 large enough satisfying Lemma 5.8,

1 3T
mi(§) := ﬁfr mo(e™"0(¢)) dr. (5-2)

Lemma 5.9. The function mi € C*(S*N, [0, 1]) satisfies the following properties:

(1) my = 1 near (EX°)* N~ (M,).
(2) supp(m;) C n_1(2+) and supp(m) is contained in a small neighborhood of (Efo)*.

(3) Xomi > 0on 7~ (M,).

(4) There exist g9, 89 > O such that, if ¢ € 7~ (M,) and |m;(¢) — 1| < o, then Xom1(¢) = So.
Proof. We prove each point separately.

(1) and (2) Taking T > 0 large enough in (5-2), the first two items are immediate to check.
(3) For ¢ € T*M,, we have

1
Xom (§) = ﬁ(mo(e_”"(é“)) —mo(eTX0(0))),
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and we want to show that Xom; > 0 on 7 ~'(M,). Observe that if mo(e~7X0(¢)) = 1, then the claim
Xom1(¢) > 0 is immediate. We can thus assume that mq(e~7X0(¢)) < 1. If e 7X0(¢) ¢ 771 (M,), then
mo(e~TX0(z)) = 0 and, by convexity, mo(e>7%0(¢)) =0 and Xom(¢) =0. If e77X0(¢) € = 1(M,),
we can apply Lemma 5.8 which implies that mo(e3TXo (¢)) =0, and thus we also obtain Xom(¢) > 0.

(4) In order to show the last item, it suffices to show that, on the compact set
{Xom; =0}N7~ (M),

one has |m1 — %| > g1 for some positive £; > 0, that is, the continuous function |m 11— %| does not vanish
on this set. Let £ € 7~ 1(M,) be such that Xom;(¢) = 0. Then mo(e~7%0¢) = my(e 37 %0¢).

Assume that mo(e~TX0¢) < 1. If e TXo¢ ¢ 7=1(M,), then, by convexity of M., e Xty ¢ mI(M,)
for all t > T, and thus m(¢) = 0, that is, |m; — %| = % # 0. We can thus assume that e_TXO(g“) €
771 (M,). By Lemma 5.8, we get that my(e 3TX0(¢)) =0 = mo(e~T%X0(¢)). Lemma 5.8 also gives us
that mo(e "X (¢)) =0 for all t € [2T, 3T]. As a consequence,

3T 2T
1 - 1 -
m1<c>=ﬁf mo(e™ 00y dr = o | mo(e™ 00 dr < 5,
T

2T J;
50 |m1(¢) — 5| #0.
We now assume that
mo(e”TX0(g)) = 1 =mo(e "X ().

We claim that mo(e_’Xog“) =1forall r € [T,2T]. Indeed, assume that there exists some 7y € [T, 2T ]
such that ¢y := e~0X0(¢) satisfies mq(¢) < 1. By Lemma 5.8, since ¢, eTX0(¢o) € $* M., we obtain that
mo(e~'X0(¢)) =0 for all ¢ > T. Taking t; := 3T —ty > T, we deduce that

mo(e1%0(20)) = 0 = mg (e~ CT ~0 X0 =0X0 (1)) = (e 3T X0 (1)),

which is a contradiction. We then deduce that

Lo
m(¢) > ﬁ/r mo(e™"X0(¢))dt = 3,

that is, |m1 ¢)— %‘ # 0. This eventually proves the fourth item. U
We now introduce

my = x(mp) € C*(S*N, [0, 1]), (5-3)

where x € C*°(R) is a smooth cutoff function such that: ¥’ >0, x =0 on (—oo, —% — 80], and y =1 on

[% + &o, +oo), where &g > 0 is the constant provided by Lemma 5.9. By construction, this function takes
value 1 near (Efo)*. By the same process, one can also construct a function m_ € C*°(S*N, [0, 1]) such
that m_ = 1 near (Efo)*.

Lemma 5.10. There exists § > 0 small enough that, for all smooth vector fields X with

I1X — Xollczom, 7.0 <65

the functions my € C*°(S*N, [0, 1) satisfy the following properties:
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(1) my = 1 near (EX)* Nw~"(M,).
(2) supp(my) C 7 Y (=y) and supp(m.) is contained in a small neighborhood of (Ei( )*.

(3) There exists 51 > 0 small such that

supp(m) C 7' ({p > —(1 = 81)po)), (5-4)
supp(m) N7~ (ME) C (£Xop < —81). (5-5)
(4) £Xmy > 0on 7' (M,).
We will argue on m ., as the proof is similar for m_.

Proof. We prove each item individually.

(1), (2) and (3) These are straightforward to check with §; > 0 small enough. The fact that X and Xg are
C?-close implies by the structural stability Proposition 2.4 that | X~ XO(Ei‘ )* are contained in a small
neighborhood of (E{0)* where my. = 1.

(4) Observe that
Xmy=Xmix' (m) =X —Xo)mi + Xom)x'(my).

The nonnegative function x’(m) > 0 vanishes everywhere, except on the set {|m 1 — %\ < 80}. Observe
that, on {|m1 — %| < 80}, we have by Lemma 5.9 that

(X — Xo)m1 + Xomi = 8 — | X — Xollcollmiller = 50,
provided § < 8y/(2||m1]|c1). As a consequence, we deduce that Xm > 0 on 7~ (M,). O

5A3. Construction of the bump functions x+. In this paragraph, we construct the bump functions x+
involved in the expression (5-1) of the escape function m.

Lemma 5.11. There exist 81,8 > 0 small enough and cutoff functions x+ € C*®°(WN, [0, 1]) such that, for
all smooth vector fields X such that || X — Xollci(m, T my < 6, the following hold:
(1) supp(x=) C {=2p0 < p < =81} N {£Xop < =41},
(2) Xx+=0.
(3) Xxx > 387p0 on ((=(1=81)po < p < 0} N {£Xop < =51} \ M..
Proof. We only deal with x., the proof being similar for x_. First of all, for j =1, 2, we define functions
xj € C*°(R) depending on some parameter §; > 0, which will be chosen small enough in the end. The
function x; € C°(R) is defined such that (see Figure 5)
o supp(x1) C {—2p0 < p < =61},
e x1 =0, x1(=po) =1, x;(=po) =0,
e x; =0o0n{-2py <p <—po}, x; <0on{—py <p<—b1},
o Xy < =81 on{—po(1—251) <p=<-28}
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Figure 5. The cutoff functions x; and y».

The function x; € C*°(R) is defined such that

e supp(x2) C (—o0, =41,
* x2=0,
e ¥ =1o0n (—o0, —26;].
We then set
X+ = x1(0)x2(Xop), (5-6)
and we claim that it satisfies the required properties. Recall from Section 2C3 that X = WX , where X is
some smooth extension of the vector field X, initially defined on M to the closed manifold N.
We now study separately the three terms of
Xx+ = Xpx{(0)x2(Xo0p) + (X X0p) x1(0) x5 (X0p)
=¥ - (Xp)x1(0)x2(Xop) +¥ - (X50) 11 (0) x5 (Xop) + ¥ - (X = X0)X0p) x1 (0) x3(Xop). (5-7)
We study the first term in the last line of (5-7). On supp(x2 (fo p)), one has iop < —3&1. Thus, assuming

| X — Xollcooam, 7y < 8 is small enough (depending on §1), we obtain that )?,o < —%81 on supp(xz(iop)).
As a consequence, we obtain (note that v x { <0)

~ ~ Fo) ~
V- oo = =" (01 (Rop) 20

Moreover, on the set {—(1 —681)pg < p < —251}ﬂ{§0p < —41}, using that \» = p + po near {p = —po}
(so ¥ > 81 pg on the former set) and that x;(p) < —§;, we obtain that this can be bounded from below by:
2 3
v _ 8 _

‘W&MHWM&WﬁfT' - >0. (5-8)

We now deal with the second and third term. The strict convexity property of the level sets {p = ¢}
(for ¢ € [-2pp, 0]) with respect to )?o reads: fop =0= )?(2),0 < 0. Since {)?op =0}N{-2p9 < p <0}is
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compact, we deduce that there exists §; > 0 small enough such that, on the set {|§0p| <261}, one has
?%,0 < —c < 0 for some constant ¢ = ¢(§;) > 0. Using that supp(xé()?o,o)) has support in {|§0p| <261}
and assuming || X — Xo|lcocm, 71y < 8, we obtain the existence of some constant C > 0 (depending on 8,
but independent of § > 0) such that

¥ - (X20)x1(0) x5 (Xop) + ¥ - (X = Xo)Xop) x1(0) x3(Xop) = (C8 — ) x1(0) xy(Xop).

Taking 6 < ¢/(2C) small enough (depending on §; > 0), we obtain that this last term is nonnegative.
Overall, we have thus proved (1) and (2), and (3) directly follows from (2) together with (5-8), since
we can take §; > 0 small enough that {p > —2§;} C M,. O

5A4. Piecing together the functions. The various sets appearing in the previous constructions and the
functions m4, x+ can be seen in Figure 4. We now piece together the previous constructions and prove
Proposition 5.1.

Proof of Proposition 5.1. Define m by (5-1), where m+ and x4 are provided by Lemmas 5.10 and 5.11,
and the constant §; > 0 is chosen small enough that both Lemmas 5.10 and 5.11 hold.

Since x+ have support outside of M, my = 1 near (EX)* Nz~ ' (M), and m =m_ —m, on 1~ (M),
we get that points (1), (2) and (3) are verified. The fact that supp(m) C {p > —2p0} is also straightforward
by Lemmas 5.10 and 5.11, which proves (4). Eventually, (5) is also immediate to verify.

We now show that (6) holds if we take n > O small enough. By Lemmas 5.10(4) and 5.11 (2),
the condition Xm < 0 holds on 7~!(M,). On the set {p < —po(1l — &;)}, we have m+ = 0, and
thus, by Lemma 5.11, the inequality Xm < 0O also holds. It remains to check the inequality on {p >
—po(1=38p}N (./\/le)c. But there, we have, by Lemma 5.11 (3),

53
Xm=Xm_—Xmy+n '@ Xx-—7*Xx4) < llm_llcr+ lmyller — n—”Tm <0

if n > 0 is chosen small enough. (I

5B. Meromorphic extension of the resolvent. We now study the meromorphic extension of the resolvent
on anisotropic Sobolev spaces and its dependence with respect to the vector field X. This is the main
difference with [Dyatlov and Guillarmou 2016]. We will be particularly interested by the resolvent at
z =0, namely R,, for our application.

5B1. Global resolvent on uniform anisotropic Sobolev spaces. In the following, we assume that an
arbitrary metric & was chosen on TN — A/. This induces a metric 4* on T*N — N and, for (y, £) € T* N,
we will write (§) := (1 + hg, (€,£))!/? (the y is dropped from the Japanese bracket notation in order to
avoid repetition). For g € (%, 1], we denote by S’Q‘(T*J\/' ) the Fréchet space of symbols of order k, i.e.,
a € SK(T*N), if, in local coordinates,

for all o, B, there exists C > 0 such that [9gdfa(y, §)| < C (&) ~el*+(-0IFl

and we denote by llfg (W) the space of pseudodifferential operators of order k obtained by quantization of
symbols in S’Q‘(T*N ). We shall remove the g index from the notation when o = 1. Note that k can be a
real number but also a variable order function; see [Faure et al. 2008, Appendix A] for further details.
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The function m € C*®(S*N, [—1, 1]) constructed in Section 5A yields a smooth, 0-homogeneous
function m € C°(T*N \ {0}, [—1, 1]) —still denoted by m — which decreases along all flow lines of X,
the Hamiltonian vector field induced by X (and X is close to Xy). We can always modify m in a small
neighborhood of the 0-section in T*A to obtain a new function — still denoted by the same letter m to
avoid unnecessary notation — such that m € C*°(T*N, [—1, 1]) and Xm(y, §) <0 forall (y, &) € T*N
such that (§) > 1.

Define a regularity pair as a pair of indices r := (ry, rg), where r; > rg > 0. Given such a regularity
pair r, we introduce (for all ¢ > 0 small enough)

A, = Op(@)(um(y,é)fro)ﬂ)* Op(@)(um(y,é)fro)ﬂ) c \p;i’g—’o (N). (5-9)

This is an elliptic and formally selfadjoint pseudodifferential operator belonging to an anisotropic class;
see [Faure et al. 2008, Appendix A] for further details. As a consequence, up to a modification by a
finite-rank formally selfadjoint smoothing operator, we can assume that A, is invertible.

Definition 5.12. We define the scale of anisotropic Sobolev spaces with regularity r := (r_, ro), where
rp>ro>0,as

HLN) = AT LAV, Il = IAE fll ooy

Remark 5.13. (1) The spaces H'_ (') are Hilbert spaces, equipped with the scalar product
(3 mmon = (A7 AT ) .

(2) This scale of spaces is independent of the vector field X, as long as it is close enough to X in the
C?-topology, since the escape function m is independent of the vector field. This will be important when
studying the regularity of the meromorphic extension of the resolvent z — R¥ (z) (given by (5-10)) with
respect to the vector field X.

(3) Distributions in H', (\) are microlocally in H™-~"°(N') near (EX)*, H™"°(N') near (E{)*, and
H7L7"(N\) near (E f )* (in the sense that, after application of an A € W(\') with wavefront set in the
discussed region, they have the announced regularity). The choice of regularity is arbitrary here, and we
did not try to optimize it. The only crucial point is that distributions in 4, (\V) have positive Sobolev
regularity near (EX)*, while they have negative Sobolev regularity near (E f )*.

We let g € C*°(N, [0, 1]) be a smooth cutoff function such that
 supp(q) is contained in the complement of a small open neighborhood of M,
e g = 1 on the complement of some slightly larger open neighborhood of M,

« the closure of the set {g < 1} is strictly convex with respect to all the vector fields X for || X — Xgl|c2 <6
small enough.

Given a regularity pair r := (ry, rg) and a constant w > 0, we define, for X close enough to Xy and
N(z) > 0 large enough,

+0o0 . B}
RX(z) == - / e (PR A b X g (5-10)
0
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Although we do not indicate it in the notation, RjF( (z) does depend on a choice of w. This satisfies the
identity on C*°(N):
(FX —z—wq)RI(@) = 1.

The constant @ > 0 will be fixed later.

The aim of this section is to study the meromorphic extension of the resolvent z — R_f (z) for X close
to X in the anisotropic Sobolev spaces of Definition 5.12, and the dependence with respect to the vector
field X.

Theorem 5.14. There exists C,, 8., A > 0 such that the following holds. For all § < 8., for all regularity
pairs r = (r1, ro), there exists a choice of constant w := w(r) > 0 large enough that, for all smooth
vector fields X on M such that || X — Xollc2(m, 7.y < 6, the family

2> R¥@) = (-X—z—o@)g) " e LH),

initially defined for N(z) > 1 by (5-10) and holomorphic for %(z) > 1 large enough, extends to a
meromorphic family of operators on the half-space {N(z) > —A(ryp —rg) + C.8}. The same holds for
Rf (z) on the space H'.

Moreover, if zg € {R(z) > —A(rL — (ro +2)) + C.8} is not a pole of 7 — RX°(2), then there exists
g0 > 0 such that the map

C®W, TN) x D(z0, £0) 3 (X, 2) = R¥(z) € LH™, #+70H2)

is C 2-regular5 with respect to X and holomorphic in z, where D(zq, &9) C C is the disk centered at z¢ of
radius &g.

As usual, the poles do not depend on the choices made in the construction of the spaces. The rest
of Section 5B is devoted to the proof of Theorem 5.14. We note that Theorem 5.14 obviously implies
Theorem 1.10 stated in the introduction, since the resolvent on M can be expressed in terms of the
resolvent on A and the restriction to M (as in Lemma 5.21 below in the analogous case of geodesic
vector fields).

5B2. Parametrix construction. Denote by u a smooth measure on A/ which restricts to the Liouville
measure on M. Note that X is volume-preserving on M and, up to minor modifications, we can also
assume that the extension of X to A/ is volume-preserving on M, (but not on )V, since X vanishes on
{p = —po}). In order to shorten notation, we will write L>(N') := L>(\, w).

For T > 0, consider a smooth cutoff function x7 € C°(R,), depending smoothly on 7', such that
xr=10n[0,T], =2 < x; <0,and x7 =0on [T + 1, 00). For R(z) > 1 and w > 1, the following
identity holds on C*°(N):

+o0 . .
- / Xr (e e Wm0 &= X g (X — 7 — wg)
0

+00 .
=1+ f Xy (e e h @) @ ds =X gp  (5.17)
0

SEven though we only need C 2 our proof actually shows it is C K for all k € N.
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We now fix once and for all a regularity pair r := (r_, ro) and set r :=rg+r. The constant @ > 1 will
be chosen to depend on r later. We conjugate the equality (5-11) by A,. We obtain

+00 D
—A, /(; xr(t)e Fe” Jo@*) @D s o=t X AL 1 A (=X — 7 — wq) A !

+00 . .
=1+ / Xy (e e X X Ape™ I PR @D ds g1 =X GIX g oK AT qp - (5-12)
0
=B @) =B (1)

Since the second term on the right-hand side of (5-12) is defined as an integral over time in the flow

—tX

direction ™', it is smoothing outside {px = 0}. We let Q" € Q be two open nested conic neighborhoods

of {px, =0} in T*N N {p > —pp}. Note that, by continuity, these are also conic neighborhoods of
{px =0} for all X ~ Xo. We let e € S°(T*A\') be a symbol of order 0 such that ¢ = 0 outside €2 and e = 1
on ', and we set E := Op(e). We then decompose the second term on the right-hand side of (5-12) as
+o0 oo
f xr(e e X BX (B (1) dt = / xr e e EBY (1)BX (1) dt + K{(T,2),  (5-13)
0 0

where

+00
KT, z):= fo xr (e e X (1 — E)B{* (1) BX () dt

and K{X(T, z) € W~°°(N\). In order to prove that K;(T, z) is smoothing, we remark that K;(T, z) =
E'K IX (T, z) for some E’ € WO(N) with microsupport that does not intersect a conic neighborhood of
{px = 0}, and then show that X*KX(T, z) € L(L?) for all k € N, using that X*e¢™'X = (—9,)ke~"* and
integrating by parts in ¢, and finally use that E'(C — X?)~! € W=2(\) for some C > 1 since C — X
is elliptic on the microsupport of E’. The dependence of K 1X (T, z) on its parameters is holomorphic in
z € C and smooth in the variables T € R and X € C*°(M, T M).

Below, we use the notation £(#) to denote continuous linear operators on a Hilbert space H, and
IC(H) for compact operators.

Proposition 5.15. There exist C,, 6., A > 0 such that the following holds. For all regularity pairs r, there
exist C(r), w(r) > 0 such that, for all smooth vector fields || X — Xo||c2 < § with § < é,, forallt > 0,
there exist (Fourier integral) operators M* (t) € L(L*(N')) and S*(t) € K(L*(\)) such that

e XEBX(1)BX(t) = MX(t) + S (1)
and
”MX Oz =< C(r)e(_A(M—roHC*é)t.
Moreover, the map
R x C®(M, TM) 3 (t, X) — (MX (1), SX(t)) € LILEN)) x K(L2N))

is smooth.
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The rest of this paragraph is devoted to the proof of Proposition 5.15. It is split into several sublemmas.
Given a regularity pair r = (r, rp), in order to simplify notation we introduce
My =1 n —ro. (5‘14)
Lemma 5.16. For all t € R and % <o < 1,we have le(t), BZX (t) e lIfg(J\/') with principal symbols

(e ¥ (. )y
(E)mr(y.6)

_ T Xk .
UBIX(t)(y’g):e @ Jo @) (@) ds UB;f(z)(y,f):

Proof. This follows directly from Egorov’s lemma; see [Lefeuvre 2019b, Section 2.4.1]. U

In particular, Lemma 5.16 shows that the integrand e ~'X BIX (t)BZX (t) on the right-hand side of (5-12)
is a Fourier integral operator (FIO). We let

a*(1)(y) = |detdgX, (¢ )72, (5-15)
where the Jacobian is defined with respect to the measure di on V.

Lemma 5.17. Forallt € R, we have |le™'X (a* (t))~! I ccL2vy) = 1. Moreover, forall y e N and t € R,

a1y < exp( fo |div,, X(¢} () ds>.
Proof. We have

//\/ e X (@) HP du = fjv<a"<t>>‘2|f|2|detdw5‘ |dp = (1 £1172-

The estimate on a* (¢)(y) follows directly from the fact that div, X o ¢; = 9;(log|det d(ptx D. U

By Lemma 5.16, the operator a* (t)E BIX (t)BZX () is a pseudodifferential operator of order 0. By the
Calderén—Vaillancourt theorem [Grigis and Sjostrand 1994, Theorem 4.5], up to a compact remainder
in KC(L?(N)), its norm on L%(\') is given by the lim sup of its principal symbol as |€| — co. We now
bound the lim sup of its principal symbol.

Lemma 5.18. There exists 6., Cy, A > 0 such that the following holds. For all regularity pairsr:=(r, ro),
there exists C(r), w(r) > 0 such that, for all smooth vector fields X with || X — Xollc2(m. 7 am) < 8, where
8 <6, forallt >0,

(=AGrL=ro)+Cd)r

limsup  oxypp¥ypy (¥, §) = C(re
(3,6)ET*N, |E|—>00

Proof. For (y, &) € T*N, we have, by Lemma 5.16,

t X me (e (y.8))
Oux et sy (0 §) = €(. £) exp( /0 (% div,, X — wq) @X(y)) ds) e (y< ;3} . (5-16)

Modulo the term e(y, §) < 1, which we can neglect, this is a cocycle over the flow of X, as it satisfies the

relation
X
UBI)((I/)Bz)((t/) (et ()’7 S))UBIX(I)BZX(Z) (y, S) = UBI)((Z,+Z)32)((Z/+[) (y, 5) (5'17)
forall z, ¢ € R.
First, we need the following lemma.
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Lemma 5.19. For all regularity pairs r = (r1, ro), there exist constants C(r), w(r) > 0 such that, for all
(y,6) eT*N, w > w(r) and forallt > 0,
(.o lse0icn'(g=1) = Emsup  o,x ) ppXyp¥n (Vs §) < C)e™,
(0.£)eT*N |E|—>00
wherer :=r| +r.

Proof. Define v := SUP| x — X 2 <8 [l divy, X||zo(n). We have, if g(¢s(x)) =1 for s € [0, 7],

(X (. )y

t _—wt
TaX (0 EBy (1) B0 (¥, §) S €e™ Eyro D

= e(\)—w)t <elX (y %-))m,(e’X(y,S))—m,(y,%‘) (M)mr(%s)
| €)

By construction, m, is nonincreasing along the flow lines of X outside a neighborhood of the 0-section
in T*N; see Proposition 5.1 (6). This implies that

limsup (X (y, &))@ 0EN—mr (.6 <
(r.6)eT*N,|§|—>00

Moreover, there exist a uniform exponent A > 0 and C > 0 (depending only on Xg) such that, for all
X ~ Xy, forall t > 0 and (y, £) € T*N, one has

(¥ (y,8) < CeM(g). (5-18)
Using (5-18) and taking the lim sup as |§| — oo, we then obtain

lim sup OuX(EBY (1)BY (1) (y, &) < C(r)eV—o+™r,
(y,6)eT* N, |§|—00

Taking w(r) := v +r + rA, we obtain the announced result. [l

From now on, given a regularity pair r, the constant w in (5-12) will always be taken to be fixed, equal
to w := w(r) > 0 provided by Lemma 5.19. Next we need the following lemma.

Lemma 5.20. There exists Cy, A1 > 0 such that the following holds. For all regularity pairs r, there
exists a constant C(r) > 0 such that, for all X with | X — Xollc2 <S8 and (y, &) € T*N, forallt >0,
(1.6, X, 5) € T*Me = WMSUPO,x(ppx X () (Vs §) < C(r)el T HITTDTCNL,
|§|—>o00
Proof. We start with a preliminary observation: there exists a constant C, > 0 such that, if y, gotx (y) e M,
and ”X — X0||C2(M,TM) < 8, then
a*X () (y) <. (5-19)

This simply follows from the fact that X is volume-preserving on M, (that is, aX°(t) = 1).

We now consider the sets Uy given by Lemma 5.4. These sets can always be constructed so that
Uy C {m = £1}. We also consider the sets Vi given by Lemma 5.5. Denote by 7 > 0 the time provided
by Lemma 5.6. If + < T, namely if the time is uniformly bounded, then the claim is immediate as
a*(t)E le(t)BZX (t) is of order 0 by Lemma 5.16 and depends continuously on time. If ¢+ > T and
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(y,8), e X (v, &) € T* M, NWF(E), then the flow line {¢**X (y, &) | s € [0, t]} passes at least a time t — T
in Uy LU_. We can thus introduce 0 < 59 < s; < ¢ such that, for all s € [0, sg], we have eSX(y, &elU._,
for all s € [s1, t], we have eSX(y, &) e Uy, and we have so + (f —s1) >t — T. Hence, using the cocycle
relation (5-17) and of € [0, 1],
OuxX () EBX(1)BY (1) (V: §) = O, X(,_Sl)Bff(f_sl)Bg(;_sl)(eslx(y, £))
b'¢
‘ Gﬂx(sl_s())BlX(Sl—SO)BZX(SI—SO)(eSO 0, 8) 'UaX(SO)Bf((SO)Bf(SO)(y’ §). (5-20)

Note that it suffices to bound the terms on the right-hand side of (5-20) on WF(FE), that is, on a conic
neighborhood of ( Jy.. x,{Px = 0}, since otherwise o = 0 and the symbol on the left-hand side vanishes.

Since s1 — so < T (independent of 7) and OBX(BX(1) € \I/g(/\/) for all # > 0 by Lemma 5.16, we get
that the middle term in (5-20) is bounded uniformly by some constant, that is,

T (s1—50) By (51—50) Bas1—s0) (€ X (7, €)) < C(r) (5-21)
for some C(r) > 0 which is independent of the point (y, £) € T*N and of the time ¢. As to the third
factor in (5-20), we have, using that m, =r; —ry on U_, that g vanishes in M, and (5-19),

(e X (y, g))mr(e“ox(y,é))

(E)ymr(v:6)

< C(r)eC+%% ((esox(y, §)>>u—ro
N (&) '

Using the uniform contraction rate on U_ of Lemma 5.4, we get that leoX (y, £)| < Ce™%|&| for some

Cads0 o= Jp* @)X () ds

OaX (s0) By (s0) Ba(so) (V: §) = €
(5-22)

uniform constants C, A > 0 depending only on X(. Taking the limsup as |§| — oo in (5-22), we thus

obtain
1M SUP 0 (40) B, (50) Ba(s0) (V> &) < C ()00 450r=ro), (5-23)
|&]—o00

Similarly, using the expansion rate on U, of Lemma 5.4 and that m, = —r) —r¢ on U, the first term

in (5-20) can be bounded by

1M SUpP 0, 15,18, (1—s1) Baa—sp) (€ (7, §)) < C ()T e~ HImon o), (5-24)
|§]—>00
Taking A := A and combining (5-21), (5-23), (5-24) in (5-20) completes the proof. U

We can now end the proof of Lemma 5.18. Given (y, &) € T*N, the flowline of (y, £) under &’ X can
be schematically described by one of the six following possibilities:

{g=1}, (5-25)

M, (5-26)
{g=1}—->{0<qg <1} — {g=1}, (5-27)
{g=1}—-{0<qg <1} > M,, (5-28)
M,—>{0<g<1}—>{g=1}, (5-29)

{g=1}—-{0<g<1l}> M, > {0<g<1}—{g=1} (5-30)
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Note that, for any flow line, there is a maximum time, bounded by some uniform constant 7, > 0, spent
in the region {0 < g < 1}. As a consequence, if the flowline of (y, &) falls into one of the cases (5-25) or
(5-27), we get, using the cocycle relation (5-17) and Lemma 5.19,

lim sup o,x (1) £ 8, (1) By (¥, §) < C(r)e™"".

|§]—>o00
As to (5-26), (5-28), (5-29), the bound is obtained similarly to the bound for (5-30), which we now study.
So we assume that the flowline y of (y, &) under e’ passes successively through the six sets of (5-30).
Define the times sq, s; > 0 such that,
forall s € [0, 50], @X()elg=1},
for all s € [s0, 511, @ (y) € {g < 1}UM,,
forall s € [s1,1], @X(y)efg=1)}.

Combining the cocycle relation (5-17) and Lemmas 5.19 and 5.20, we get, on WF(E),

lim sup o,x (1 EB, (1) By (1) (V> &)
&]—>00

. s1X
< Timsup 0,x ¢ —s) B, (t—s1) Bat—s) (€ (¥, &)
|§[—o00

. X .
-1im Sup 0 (5, —5) By (51 —s50) Ba(s1—s50) (€ (V5 §)) - lim sup 0x (50) B, (50) B> (50) (¥ &)
|§]—>00 |£]— 00

< Ce "= . C oL MFCDG1=50) | 0 o0 < €, o~ L) A+CO)1
by taking A :=min(1, A). This concludes the proof. U
We now complete the proof of Proposition 5.15.
Proof of Proposition 5.15. Write
e MEBI()Ba(1) = e ¥ (@* (1) a* (D EBi (1) By(0).
By Lemma 5.17, e "X (a* (1)) ™' € L(L*(N\)) is unitary. By Lemma 5.18, aX (t) E B (t) B2(¢) is a pseu-
dodifferential operator of order O such that

lim sup OuX (1)E B, (1) By (1) (v, &) < C(r)e(*(rL*ro)A+C,5)t.

(y.6)€T*N,|§|—00

By the Calderén—Vaillancourt theorem [Grigis and Sjostrand 1994, Theorem 4.5] for pseudodifferential
operators, we can thus write

a* (1 EBi(1)By(1) = Mg (1) + S (1),
where M (1) is a pseudodifferential operator of order 0 and S (¢) is smoothing and
IMG (D1l 220y < 2C (et~ LmmIA+EoN,

Moreover, it is straightforward to check that these operators can be constructed so that they depend
smoothly on the parameters t € R and X € C®(M, T M) as a*(t), Bi(t), B>(t) depend in an explicit (and
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smooth) fashion on X, and the decomposition in the Calderén—Vaillancourt Theorem depends smoothly
on the operator. As a consequence, setting

MX(@):=e X @® @) "M @) and S¥(1):=e X (@X ()T SE (),
we have
e " XEBi(1)Ba2(t) = M* (1) + S¥ (1),

and this concludes the proof. (I
5B3. Meromorphic extension on the closed manifold. We now prove Theorem 5.14.

Proof of Theorem 5.14. Step 1: meromorphic extension. Fix r = (r, rg) with r| > rg, and consider z € C
such that 9(z) > —A(r; —ro) + C,8. By Proposition 5.15, we can consider a time T > 0 large enough,
depending on r, so that,

forallt > T, e O NMYXO)l 200y < &- (5-31)

Using (5-12) and (5-13), we thus obtain

+o0
f xr (e e X BBy (1) dt = BX(2) + K¥(2),
0
where

400
BX(z) ;:/ xr (e “MX () dt
0

and KX (z) € W~°(N\) is the remainder. It is immediate to check that both BX(z) and K* (z) depend
holomorphically on z and smoothly on X € C*°(M, T M) as operators in L(L*>(N)).
Using that || x7[lz~ < 2, we get

T+1
IBX @l c2 vy <2 /T e NN MX Ol p2nry df < 5 < 1. (5-32)

The equality (5-12) then reads

+00 . .
—A, /0 xr (e e I @E @D ds oI X A=l qp A (X — 7 —wq) AT =1+ BX(2) + KX (2), (5-33)

=—PX—z

and 1 + BX(z) is invertible while KX (z) is compact. Moreover, for R(z) > 1, 1+ BX(2) + KX(2) is
invertible on £(L?(N)) since the L?-norm of BX (z) + K% (z) is exponentially decaying as % (z) — +o0.
By the Fredholm analytic theorem [Zworski 2012, Theorem D.4], we deduce that

2> 1+ B¥@ + K*(2) 7 e LLPN))
is a meromorphic family of operators on {$i(z) > —A(rL — ro) + C,é}. Equivalently,

72> —X—z7—w(r)g,
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is a holomorphic family of Fredholm operators® of index 0 on the anisotropic space H' (N) that is
invertible for M (z) > 1. Thus

> RE@D=(-X—z—wg) e LH")

is a meromorphic family of operators on {N(z) > —A(rL — rg) + C.8}. This proves the first part of the
theorem; we next study the dependence in X and z.

Step 2: continuity of resonances. Assume zq is not a pole of z —> R*°(z) and furthermore that it does not
have any poles in the closed disk D(zg, €9) C C (since the resolvent is meromorphic, such g9 > 0 exists).
We first show that, for X sufficiently close to X in CV for some N large enough, the map z — R¥(2)
does not have any poles in D(zg, €9). Let z € D(zp, €9); we will use the identity (5-33). We first claim
that we may pick the cutoff function x suitably and T sufficiently large such that

ker(1+ BX(z) + K*(2))|;2 =0.

Note that, as we will see below, this kernel could be nonzero even if z is not a resonance of — X — qw;
we will show that generically this does not happen. We will argue by assuming that there is nonzero
u € L>(N) such that (1 + BX(z) + KX (2))u = 0. Since KX(z) € ¥~°(N), we get

A+ BX@)u e C®*W) CcD(LY) ={f € L* (V) | Xf € L>*(\)},

and since 1+ BX (z) is invertible on D(L?) (and on L>(\), by construction), we conclude that u € D(L?).
Since PX 4z commutes with 1+ BX (z)+ K% (), we have that PX 4z acts on ker(1+B* (2) + KX (2))|,2,
which is a finite-dimensional space by the Fredholm property shown above. Therefore, we can pick u
such that (PX + z + A)u = 0 for some A € C; by assumption, we have A # 0. Write u = A, v for some
v € H', . This implies

e~ Xy = @My WX @@ dsy forall £ e R,

and hence

+00 . B '
0=1+BX2) + 0¥X@)u=—A4, (1 +f K (D)o @R @@ ds =X dt>v
0

T+1
:_(1+f X7 ()e™ dt)u.
T

F(xr.»):=

If R(L) <0, the integral in the last equality can be bounded by ||/ [|coe”™™; then

THO)

1
Ixzllcoe <l < "W < —Tlog(IIX/TIICO)- (5-34)

Moreover, integrating by parts once, we have

T+1 1 T+1
f xp(eM dr = —— f xf (e dt,
T AJr

SNote that this is an unbounded family of operators. Since Fredholm operators are continuous by definition, one has to
consider the operators on their domain D(H',) :={f € H, | Xf e ' }.
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which is in absolute value bounded by (1/|A])]x/|lcoeT TV Then

1 log |A| — 1o ”
L o™l o ey i) < 22l Ixrller

5-35
|A] T+1 (5-35)

Using (5-34) and taking T large enough (changing x7 in such a way that x7|[r,r+17 is the same as before
after a translation), we conclude 1+ F (xr, A) has no zeroes (in A) in {N(A) > —«}, where k =« (T) >0
can be chosen arbitrarily small; we conclude that z 4 X is a resonance of —X — gw. Using additionally
(5-35), we conclude that z 4+ X belongs to a finite set of resonances S C C of —X — gw (in the regions
defined by (5-34) and (5-35); note that there are no resonances with sufficiently large real part). Observe
that the set S depends only on T, || x7 llco and || x7 Ilco. Enumerate elements of the set S—z by A, ..., Ak
for some k£ > 0.

We now perturb x7 by considering xr + snr, where ny € C°((T, T + 1)) is a smooth cutoff function
and s € R is small in absolute value. Assume F(x7, 1) = —1 and R(e’>™?) to be positive on an interval
(Ty, T) C (T, T +1) (we argue similarly if it is negative), where A € S —z. Taking 1 # 0 to be nonnegative
and supported on (77, T»), there is an s > 0 small enough that

T+1
14 Fxr 457, 0) = —xs/ n(0)e dr £ 0,
T

Arguing inductively, we ensure that F(x7, ;) # —1fori =1, ..., k for some new cutoff function xr
(satisfying all the previously set out conditions of x7). We conclude that

ker(14 B¥(2) + K*(2))|,2 = {0}

with these new choices of T and y7, proving the claim.

As previously explained, since BX(z’) and K*(z’) depend continuously on X and z’ in £(L?), there is
an &(z) > 0 small enough such that, for || X — X||c~» < &(z) and |z—2'| < &(z), we have 14+ BX (z) +K*(z)
invertible on L? (since it has empty kernel and is Fredholm of index 0). This implies that there are no
resonances in D(z, £(z)) for z € D(zg, &y). By compactness of D(zg, &), we conclude that there is an
¢ > 0 such that there are no resonances in D(zg, &g) for || X — Xp||cv < €, proving the desired claim.”

Step 3: smoothness of the resolvent. Now, using the following resolvent identity valid for z € D(zp, o)
and X close to Xy in CV,

R¥(2)— RY () = R¥ ) (X = X R¥(2),
we obtain that X — RX(2) is twice differentiable in X, uniformly in z € D(zo, €o), with

ax(RX(2)).Y = RX ()Y R¥(2), (5-36)
32 (RX(2)). (Y, Y) = R¥)Y'RX ()Y R*(2) + R* ()Y R* (2)Y'R* (), (5-37)

where Y, Y € C®°W, TN).

7A different proof of this step can be found in [Bonthonneau 2020].
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Using the first part of Theorem 5.14, namely the boundedness of R* (z) on the spaces H!, for X close
to Xo in C%-norm, we deduce that the first derivative (5-36) is bounded as a map

e RI@ | gyrwro) Vg inth) REQD o 0int)

and similarly the second derivative (5-37) is bounded as a map H'*" — #+"°%? and this holds
for all X close enough to X, in the C"-topology, with N > 1 large enough, and for all z € D(zo, &).
Moreover, the dependence on z in (5-36) and (5-37) is holomorphic. This completes the proof of
Theorem 5.14. U

SC. Smoothness of the scattering map with respect to the metric. The goal of this paragraph is to prove
Proposition 4.2. We start with the following lemma.

Lemma 5.21. If R, and R,, are the resolvents defined in (2-14) for (M, g) and (M., g.), we have, for
X = ng defined in Section 2A2, that, for all 7 € C,

Ry(2) = 1MR{(2)Im  and Ry, (2) = 1u, R (D)1,
when acting on C°(M°) and C° (M), respectively.

Proof. This is an obvious consequence of the following fact: for f € CX°(M°®), writing u; = (Rg(2) f)|
if R(z) > 1, we have

rg(y)
u(y) = _fo e fgf (y)) dr,

and similarly for R, (z). Indeed, if y € M, the flow line y := U,zo @f (y) is contained in {p > —pp}, and
the convexity of M implies that y " M = U,e[oyfg o) i (y). O

We can now complete the proof of Proposition 4.2.

Proof of Proposition 4.2. Let w € C*°(0;M). Observe that, by Lemmas 2.7 and 5.21,

X‘Sg (w)=x [Rge ()?0)53+M)]|3,M,

where x is some smooth cutoff function equal to 1 everywhere except in a neighborhood of dy. M, and
where X w3y, a4 € D'(N') denotes the distribution defined by

ot nng) = [ Fopdu.
M

Let u := { w8y, pm. Since 34 M is of codimension 1, we have that u € H~/27¢(N\) for all & > 0. Let
N*oL M C Ta’:M/\/ be the conormal of 34 M in N (i.e., N*9, M(T 9, M) =0). By a standard argument
of distribution theory, the wavefront set of u satisfies WF(u) C N*9 M.

The escape function m provided by Proposition 5.1 can be constructed so that, over M, it has only
support in a small conic neighborhood of (EX%)* and (Ef’)*. In particular, this construction can be
achieved so that

N*9; M Nsupp(m) = &. (5-38)
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Indeed, a covector V* € Ta’: /N such that V* e (Efo)* must satisfy V*(Xy) = 0 and V*(W) for all
W e Tay M, but since Xy is transverse to d_M, one gets V* = 0. We now take a regularity pair
r .= (ry, rop) with % <ro<l1, rg+2<r; <3andasmall § >0 suchthat —A(r; —(ro+2))+C,8 <O0.
By the previous discussion, u € H" (N), i.e., since H" (N') is microlocally equivalent to H " near
N*0; M. Denote by 8 € CZ°(M?) a cutoff function equal to 1 near M. We claim that the map

C®(M,@3T*M) > g 0Ry0 € LAH ™ W), H- 2 (W)

is C? for g close to go. Indeed, similar to the proof of Theorem 5.14 (alternatively we could simply use
Theorem 1.10 along with the fact that g — X, is smooth; we give a direct argument instead), we can use
the resolvent identity (recall X = X, and Xo = ¥ X))

O Rg,0 — 0 Ry, 0 = ORY (0)(Xo — X)RY0(0)0

80e
to deduce that g — O R, 0 is differentiable twice, with
3,0 Rg,0 = —ORY(0)(3, X)RY(0)0, (5-39)
920Ry,0 =20 R (0)(3, X)RY (0)(3, X)RY (0)0 — O RY (0)(9; X)RY (0)6. (5-40)
The first derivative (5-39) is bounded as a map
27 70) RIO) RO i) 9y X X ot R_@)) LoD,
and similarly the second derivative (5-40) is bounded as a map 70 5 300D Jand this holds for

all g close enough to go in the C¥-topology, with N >> 1 large enough.
As a consequence,

C®(M, ®T*M) > g R, 0u =0Rgu € H"P(\)
is C2-regular for g close to go. Note that, as | +r9+2 < 6,
HILOFDN) s HOW).

Moreover, it satisfies X,,60 Rg,u =0 near 9_M, so that WF(0 Rg,u) C {px,, =0}. Therefore, the restriction
X[ORg ullo_sm = x[Rg,ulls_rm € H~%(_M) is well defined and depends in a C2-fashion on the metric
geCNwm, ®§T*M), proving the first part of Proposition 4.2.

Using (5-39) and (5-40), and writing g = go + & with ||i||cv <& for § > 0 small and N chosen large,
we have as above, by Taylor expansion, for u = y w8y, r,

ORgu =0R gt —ORY(0)(0,X)|ggo - )R (O)u +/ (1 =1)82(ORgp,nu) . (h, h) 1. (5-41)
Let Yq(h) := 3y X (h) € C*°(N, TN') for any smooth metric g close to go in cNM, ®§T*M). For all

k > 1, one has [|[Yg (M)l crnr,7ar) < Ckllhl|crr for some Cy > 0 depending uniformly on ||g||cx+1. Let
Zy(h,h) = 8§X(h,h) € C®°(W,TN). One has | Zg(h, h)|lceov Tay < Ck||hllzck+2 for some Cy > 0
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depending uniformly on || g||cx+2. Then the remainder term in (5-41) satisfies, for g.(¢) the extension of
g(t) = go+th (with € [0, 1]) and X (1) = ¥ X (1),

2(OR g, yu) (h, ) = 20RY Y (0) Yoy (M RV (0) Yoy (M RYV (0 — O RY (0) Zgry (. )YRT® (O,

By the analysis above, for § > 0 small and N > 0 large enough, there exists a constant C > 0 such that,
for h = g(1) — go such that ||i||ov <3,

sup ||Ri((t)ull7_[<uyr0+j>w) <C for all j € {0, 1,2},
tel0,1] -

sup [[Ygoy (Wl 0rnoen_ errrien < Cllhlley  forall j {0, 1},
re0,1] - -

sup | Zg(oy (s W)y i yyrimown < CllAIGw -
tel0,1] - -

Combining the last inequalities with (5-41), this shows (4-1) by applying the restriction to d_M on the
left of (5-41). Note that, in turn, this gives an expression of 9,S,|g—g, in terms of Rfo (0) and 9, X | g—g,-
This concludes the proof. (I

Acknowledgements

We thank the anonymous referees for their careful reading and helpful comments that improved the
paper. This project has received funding from the European Research Council (ERC) under the European
Union’s Horizon 2020 research and innovation programme (grant agreement no. 725967). Ceki¢ is further
supported by an Ambizione grant (project number 201806) from the Swiss National Science Foundation.

References
[Bonthonneau 2020] Y. G. Bonthonneau, “Perturbation of Ruelle resonances and Faure—Sjostrand anisotropic space”, Rev. Un.
Mat. Argentina 61:1 (2020), 63-72. MR Zbl

[Burago and Ivanov 2010] D. Burago and S. Ivanov, “Boundary rigidity and filling volume minimality of metrics close to a flat
one”, Ann. of Math. (2) 171:2 (2010), 1183-1211. MR Zbl

[Burns and Katok 1985] K. Burns and A. Katok, “Manifolds with nonpositive curvature”, Ergodic Theory Dynam. Systems 5:2
(1985), 307-317. MR Zbl

[Ceki¢ and Lefeuvre 2021] M. Ceki¢ and T. Lefeuvre, “Generic injectivity of the X-ray transform”, 2021. To appear in
J. Differential Geom. 7Zbl arXiv 2107.05119

[Croke 1990] C. B. Croke, “Rigidity for surfaces of nonpositive curvature”, Comment. Math. Helv. 65:1 (1990), 150-169. MR
Zbl

[Croke 1991] C. B. Croke, “Rigidity and the distance between boundary points”, J. Differential Geom. 33:2 (1991), 445-464.
MR Zbl

[Croke 2004] C. B. Croke, “Rigidity theorems in Riemannian geometry”, pp. 47-72 in Geometric methods in inverse problems
and PDE control, edited by C. B. Croke et al., IMA Vol. Math. Appl. 137, Springer, 2004. MR Zbl

[Croke and Herreros 2016] C. B. Croke and P. Herreros, “Lens rigidity with trapped geodesics in two dimensions”, Asian J.
Math. 20:1 (2016), 47-57. MR Zbl

[Croke et al. 2000] C. B. Croke, N. S. Dairbekov, and V. A. Sharafutdinov, “Local boundary rigidity of a compact Riemannian
manifold with curvature bounded above”, Trans. Amer. Math. Soc. 352:9 (2000), 3937-3956. MR Zbl


https://doi.org/10.33044/revuma.v61n1a03
http://msp.org/idx/mr/4126207
http://msp.org/idx/zbl/1446.37028
https://doi.org/10.4007/annals.2010.171.1183
https://doi.org/10.4007/annals.2010.171.1183
http://msp.org/idx/mr/2630062
http://msp.org/idx/zbl/1192.53048
https://doi.org/10.1017/S0143385700002935
http://msp.org/idx/mr/796758
http://msp.org/idx/zbl/0643.53037
http://msp.org/idx/zbl/1479.37028
http://msp.org/idx/arx/2107.05119
https://doi.org/10.1007/BF02566599
http://msp.org/idx/mr/1036134
http://msp.org/idx/zbl/0704.53035
http://projecteuclid.org/euclid.jdg/1214446326
http://msp.org/idx/mr/1094465
http://msp.org/idx/zbl/0729.53043
https://doi.org/10.1007/978-1-4684-9375-7_4
http://msp.org/idx/mr/2169902
http://msp.org/idx/zbl/1080.53033
https://doi.org/10.4310/AJM.2016.v20.n1.a3
http://msp.org/idx/mr/3460758
http://msp.org/idx/zbl/1339.53038
https://doi.org/10.1090/S0002-9947-00-02532-0
https://doi.org/10.1090/S0002-9947-00-02532-0
http://msp.org/idx/mr/1694283
http://msp.org/idx/zbl/0958.53027

2794 MIHAJLO CEKIC, COLIN GUILLARMOU AND THIBAULT LEFEUVRE

[Dairbekov and Sharafutdinov 2010] N. S. Dairbekov and V. A. Sharafutdinov, “Conformal Killing symmetric tensor fields on
Riemannian manifolds”, Mat. Tr. 13:1 (2010), 85-145. In Russian; translated in Siberian Adv. Math. 21:1 (2011), 1-41. MR
Zbl

[Dang et al. 2020] N. V. Dang, C. Guillarmou, G. Riviere, and S. Shen, “The Fried conjecture in small dimensions”, Invent.
Math. 220:2 (2020), 525-579. MR Zbl

[De Simoi et al. 2023] J. De Simoi, V. Kaloshin, and M. Leguil, “Marked length spectral determination of analytic chaotic
billiards with axial symmetries”, Invent. Math. 233:2 (2023), 829-901. MR Zbl

[Dyatlov and Guillarmou 2016] S. Dyatlov and C. Guillarmou, “Pollicott—Ruelle resonances for open systems”, Ann. Henri
Poincaré 17:11 (2016), 3089-3146. MR Zbl

[Erchenko and Lefeuvre 2024] A. Erchenko and T. Lefeuvre, “Marked boundary rigidity for surfaces of Anosov type”, Math. Z.
306:3 (2024), art.id. 36. MR Zbl

[Faure et al. 2008] F. Faure, N. Roy, and J. Sjostrand, “Semi-classical approach for Anosov diffeomorphisms and Ruelle
resonances”’, Open Math. J. 1 (2008), 35-81. MR Zbl

[Gouézel and Lefeuvre 2021] S. Gouézel and T. Lefeuvre, “Classical and microlocal analysis of the x-ray transform on Anosov
manifolds”, Anal. PDE 14:1 (2021), 301-322. MR Zbl

[Grigis and Sjostrand 1994] A. Grigis and J. Sjostrand, Microlocal analysis for differential operators: an introduction, Lond.
Math. Soc. Lect. Note Ser. 196, Cambridge Univ. Press, 1994. MR Zbl

[Gromov 1983] M. Gromoyv, “Filling Riemannian manifolds”, J. Differential Geom. 18:1 (1983), 1-147. MR Zbl

[Guedes-Bonthonneau et al. 2024] Y. Guedes-Bonthonneau, C. Guillarmou, and M. Jézéquel, “Scattering rigidity for analytic
metrics”, Camb. J. Math. 12:1 (2024), 165-222. MR Zbl

[Guillarmou 2017a] C. Guillarmou, “Invariant distributions and X-ray transform for Anosov flows”, J. Differential Geom. 105:2
(2017), 177-208. MR Zbl

[Guillarmou 2017b] C. Guillarmou, “Lens rigidity for manifolds with hyperbolic trapped sets”, J. Amer. Math. Soc. 30:2 (2017),
561-599. MR Zbl

[Guillarmou and Lefeuvre 2019] C. Guillarmou and T. Lefeuvre, “The marked length spectrum of Anosov manifolds”, Ann. of
Math. (2) 190:1 (2019), 321-344. MR Zbl

[Guillarmou and Mazzucchelli 2018] C. Guillarmou and M. Mazzucchelli, “Marked boundary rigidity for surfaces”, Ergodic
Theory Dynam. Systems 38:4 (2018), 1459-1478. MR Zbl

[Heil et al. 2016] K. Heil, A. Moroianu, and U. Semmelmann, “Killing and conformal Killing tensors”, J. Geom. Phys. 106
(2016), 383-400. MR Zbl

[Klingenberg 1995] W. P. A. Klingenberg, Riemannian geometry, 2nd ed., de Gruyter Stud. Math. 1, de Gruyter, Berlin, 1995.
MR Zbl

[Lefeuvre 2019a] T. Lefeuvre, “On the s-injectivity of the x-ray transform on manifolds with hyperbolic trapped set”, Nonlinearity
32:4 (2019), 1275-1295. MR Zbl

[Lefeuvre 2019b] T. Lefeuvre, Sur la rigidité des variétés riemanniennes, Ph.D. thesis, Université Paris-Saclay, 2019, available
at https://thibaultlefeuvre.files.wordpress.com/2019/12/main.pdf. Zbl

[Lefeuvre 2020] T. Lefeuvre, “Local marked boundary rigidity under hyperbolic trapping assumptions”, J. Geom. Anal. 30:1
(2020), 448-465. MR Zbl

[Michel 1981] R. Michel, “Sur la rigidité imposée par la longueur des géodésiques”, Invent. Math. 65:1 (1981), 71-83. MR Zbl

[Noakes and Stoyanov 2015] L. Noakes and L. Stoyanov, “Rigidity of scattering lengths and travelling times for disjoint unions
of strictly convex bodies”, Proc. Amer. Math. Soc. 143:9 (2015), 3879-3893. MR Zbl

[Otal 1990a] J.-P. Otal, “Le spectre marqué des longueurs des surfaces a courbure négative”, Ann. of Math. (2) 131:1 (1990),
151-162. MR Zbl

[Otal 1990b] J.-P. Otal, “Sur les longueurs des géodésiques d’une métrique a courbure négative dans le disque”, Comment. Math.
Helv. 65:2 (1990), 334-347. MR Zbl

[Paternain et al. 2014] G. P. Paternain, M. Salo, and G. Uhlmann, “Tensor tomography: progress and challenges”, Chinese Ann.
Math. Ser. B 35:3 (2014), 399-428. MR Zbl


https://www.mathnet.ru/eng/mt192
https://www.mathnet.ru/eng/mt192
https://doi.org/10.3103/S1055134411010019
http://msp.org/idx/mr/2682769
http://msp.org/idx/zbl/1249.53050
https://doi.org/10.1007/s00222-019-00935-9
http://msp.org/idx/mr/4081137
http://msp.org/idx/zbl/1439.37043
https://doi.org/10.1007/s00222-023-01191-8
https://doi.org/10.1007/s00222-023-01191-8
http://msp.org/idx/mr/4607723
http://msp.org/idx/zbl/07704059
https://doi.org/10.1007/s00023-016-0491-8
http://msp.org/idx/mr/3556517
http://msp.org/idx/zbl/1367.37038
https://doi.org/10.1007/s00209-024-03433-8
http://msp.org/idx/mr/4700396
http://msp.org/idx/zbl/1536.53098
https://doi.org/10.2174/1874117700801010035
https://doi.org/10.2174/1874117700801010035
http://msp.org/idx/mr/2461513
http://msp.org/idx/zbl/1177.37032
https://doi.org/10.2140/apde.2021.14.301
https://doi.org/10.2140/apde.2021.14.301
http://msp.org/idx/mr/4229205
http://msp.org/idx/zbl/1479.37028
https://doi.org/10.1017/CBO9780511721441
http://msp.org/idx/mr/1269107
http://msp.org/idx/zbl/0804.35001
http://projecteuclid.org/euclid.jdg/1214509283
http://msp.org/idx/mr/697984
http://msp.org/idx/zbl/0515.53037
https://doi.org/10.4310/cjm.2024.v12.n1.a2
https://doi.org/10.4310/cjm.2024.v12.n1.a2
http://msp.org/idx/mr/4701492
http://msp.org/idx/zbl/1541.58021
https://doi.org/10.4310/jdg/1486522813
http://msp.org/idx/mr/3606728
http://msp.org/idx/zbl/1372.37059
https://doi.org/10.1090/jams/865
http://msp.org/idx/mr/3600043
http://msp.org/idx/zbl/1377.53098
https://doi.org/10.4007/annals.2019.190.1.6
http://msp.org/idx/mr/3990606
http://msp.org/idx/zbl/1506.53054
https://doi.org/10.1017/etds.2016.94
http://msp.org/idx/mr/3789172
http://msp.org/idx/zbl/1390.37054
https://doi.org/10.1016/j.geomphys.2016.04.014
http://msp.org/idx/mr/3508929
http://msp.org/idx/zbl/1342.53066
https://doi.org/10.1515/9783110905120
http://msp.org/idx/mr/1330918
http://msp.org/idx/zbl/0911.53022
https://doi.org/10.1088/1361-6544/aaf81b
http://msp.org/idx/mr/3923168
http://msp.org/idx/zbl/1427.37021
https://thibaultlefeuvre.files.wordpress.com/2019/12/main.pdf
http://msp.org/idx/zbl/1535.53046
https://doi.org/10.1007/s12220-019-00149-8
http://msp.org/idx/mr/4058520
http://msp.org/idx/zbl/1437.53021
https://doi.org/10.1007/BF01389295
http://msp.org/idx/mr/636880
http://msp.org/idx/zbl/0471.53030
https://doi.org/10.1090/S0002-9939-2015-12531-2
https://doi.org/10.1090/S0002-9939-2015-12531-2
http://msp.org/idx/mr/3359579
http://msp.org/idx/zbl/1359.37069
https://doi.org/10.2307/1971511
http://msp.org/idx/mr/1038361
http://msp.org/idx/zbl/0699.58018
https://doi.org/10.1007/BF02566611
http://msp.org/idx/mr/1057248
http://msp.org/idx/zbl/0736.53042
https://doi.org/10.1007/s11401-014-0834-z
http://msp.org/idx/mr/3200025
http://msp.org/idx/zbl/1303.92053

LOCAL LENS RIGIDITY FOR MANIFOLDS OF ANOSOV TYPE 2795

[Paternain et al. 2023] G. P. Paternain, M. Salo, and G. Uhlmann, Geometric inverse problems: with emphasis on two dimensions,
Cambridge Stud. Adv. Math. 204, Cambridge Univ. Press, 2023. MR Zbl

[Pestov and Uhlmann 2005] L. Pestov and G. Uhlmann, “Two dimensional compact simple Riemannian manifolds are boundary
distance rigid”, Ann. of Math. (2) 161:2 (2005), 1093-1110. MR Zbl

[Robinson 1980] C. Robinson, “Structural stability on manifolds with boundary”, J. Differential Equations 37:1 (1980), 1-11.
MR Zbl

[Rudin 1987] W. Rudin, Real and complex analysis, 3rd ed., McGraw-Hill, New York, 1987. MR Zbl
[Sharafutdinov 1994] V. A. Sharafutdinov, Integral geometry of tensor fields, VSP, Utrecht, Netherlands, 1994. MR Zbl

[Stefanov and Uhlmann 2004] P. Stefanov and G. Uhlmann, “Stability estimates for the X-ray transform of tensor fields and
boundary rigidity”, Duke Math. J. 123:3 (2004), 445-467. MR Zbl

[Stefanov and Uhlmann 2009] P. Stefanov and G. Uhlmann, “Local lens rigidity with incomplete data for a class of non-simple
Riemannian manifolds”, J. Differential Geom. 82:2 (2009), 383-409. MR Zbl

[Stefanov et al. 2021] P. Stefanov, G. Uhlmann, and A. Vasy, “Local and global boundary rigidity and the geodesic X-ray
transform in the normal gauge”, Ann. of Math. (2) 194:1 (2021), 1-95. MR Zbl

[Taylor 2011] M. E. Taylor, Partial differential equations, I. Basic theory, 2nd ed., Appl. Math. Sci. 115, Springer, 2011. MR
Zbl

[Vargo 2009] J. Vargo, “A proof of lens rigidity in the category of analytic metrics”, Math. Res. Lett. 16:6 (2009), 1057-1069.
MR Zbl

[Vignéras 1980] M.-F. Vignéras, “Variétés riemanniennes isospectrales et non isométriques”, Ann. of Math. (2) 112:1 (1980),
21-32. MR Zbl

[Zworski 2012] M. Zworski, Semiclassical analysis, Grad. Stud. in Math. 138, Amer. Math. Soc., Providence, RI, 2012. MR
Zbl

Received 11 May 2022. Revised 22 May 2023. Accepted 18 Jul 2023.

MIHAJLO CEKIC: mihajlo.cekic@math.uzh.ch
Institut fiir Mathematik, Universitdt Ziirich, Ziirich, Switzerland

COLIN GUILLARMOU: colin.guillarmou@math.cnrs.fr
Laboratoire de Mathematiques d’Orsay, CNRS, Université Paris-Saclay, Orsay, France

THIBAULT LEFEUVRE: tlefeuvre@imj-prg.fr
Institut de Mathématiques de Jussieu-Paris Rive Gauche, Sorbonne Université, Campus Pierre et Marie Curie, Paris, France

mathematical sciences publishers :.msp


https://doi.org/10.1017/9781009039901
http://msp.org/idx/mr/4520155
http://msp.org/idx/zbl/07625517
https://doi.org/10.4007/annals.2005.161.1093
https://doi.org/10.4007/annals.2005.161.1093
http://msp.org/idx/mr/2153407
http://msp.org/idx/zbl/1076.53044
https://doi.org/10.1016/0022-0396(80)90083-2
http://msp.org/idx/mr/583334
http://msp.org/idx/zbl/0441.58010
http://msp.org/idx/mr/924157
http://msp.org/idx/zbl/0925.00005
https://doi.org/10.1515/9783110900095
http://msp.org/idx/mr/1374572
http://msp.org/idx/zbl/0883.53004
https://doi.org/10.1215/S0012-7094-04-12332-2
https://doi.org/10.1215/S0012-7094-04-12332-2
http://msp.org/idx/mr/2068966
http://msp.org/idx/zbl/1058.44003
http://projecteuclid.org/euclid.jdg/1246888489
http://projecteuclid.org/euclid.jdg/1246888489
http://msp.org/idx/mr/2520797
http://msp.org/idx/zbl/1247.53049
https://doi.org/10.4007/annals.2021.194.1.1
https://doi.org/10.4007/annals.2021.194.1.1
http://msp.org/idx/mr/4276284
http://msp.org/idx/zbl/1482.53056
https://doi.org/10.1007/978-1-4419-7055-8
http://msp.org/idx/mr/2744150
http://msp.org/idx/zbl/1206.35002
https://doi.org/10.4310/MRL.2009.v16.n6.a13
http://msp.org/idx/mr/2576693
http://msp.org/idx/zbl/1202.53041
https://doi.org/10.2307/1971319
http://msp.org/idx/mr/584073
http://msp.org/idx/zbl/0445.53026
https://doi.org/10.1090/gsm/138
http://msp.org/idx/mr/2952218
http://msp.org/idx/zbl/1252.58001
mailto:mihajlo.cekic@math.uzh.ch
mailto:colin.guillarmou@math.cnrs.fr
mailto:tlefeuvre@imj-prg.fr
http://msp.org




ANALYSIS AND PDE
Vol. 17 (2024), No. 8, pp. 27972840

DOI: 10.2140/apde.2024.17.2797

THE RANK-ONE THEOREM ON RCD SPACES

GIOACCHINO ANTONELLI, CAMILLO BRENA AND ENRICO PASQUALETTO

We extend Alberti’s rank-one theorem to RCD(K, N) metric measure spaces.

1. Introduction

1A. The rank-one theorem in the Euclidean setting. Let Q be an open subset of R” and u € BV(Q; R¥),
e, u=(ui,...,up) € (BV(Q))X. By using the Lebesgue—Radon-Nikodym theorem, one can write the
distributional derivative of u as

Du = D% + Dfu,

where D%u is the absolutely continuous part of Du with respect to the Lebesgue measure £" and D¥u is
the singular part of Du. We denote by Du/|Du| the matrix-valued Lebesgue—Radon—Nikodym density
of Du with respect to the total variation |Du|. Notice that the total variation of the singular part |D*u| is
equal to the singular part of the total variation |Du|®.

De Giorgi and Ambrosio [1988] — motivated by the study of some functionals coming from mathe-
matical physics — conjectured the following:

Rank-one property: For every u € BV (£2; R¥), the matrix Du /|Du| has rank-1 |Du|*-almost everywhere.

Alberti [1993] solved in the affirmative the previous conjecture; see also the account in [De Lellis 2008].

It is worth observing that the ideas used in [Alberti 1993] proved to be very robust for further
developments of geometric measure theory and the rectifiability theory in Euclidean spaces and even
beyond in the metric setting. As a main step of the proof, Alberti [1993] proved that, given an arbitrary
Radon measure y on a k-dimensional plane V in R” that is singular with respect to %*L_ V', one can
associate to u a bundle E(u, - ) whose fibers have dimension at most 1. The fiber E(u, x) of this bundle
is made by all the vectors v € R* such that vy is tangent in x, in a precise sense, to the derivative of
a BV function on V. What happens, moreover, is that the restriction of u to the set where E(u, -) is
one-dimensional can be written as f ; Mg di, where p, = HE=TLS, and S, is (k—1)-rectifiable in V.

In the language of [Alberti et al. 2010], which collects several other fine results for the theory of
rectifiability in R”, the previous result means that, on the set where the fiber is one-dimensional, u is
(k—1)-representable: namely, it can be written as the integral of measures that are (k—1)-rectifiable. At
the basis of this possibility of representing a measure as the integral of rectifiable measures is the idea of
the Alberti representations.
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Keywords: function of bounded variation, rank-one theorem, RCD space.
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Another interesting contribution that originated from this circle of ideas is a result by Alberti and
Marchese [2016], where they associate to every Radon measure @ on R” the minimal (unique p-almost
everywhere) bundle V (i, - ) such that every real-valued Lipschitz function on R” is differentiable along
V(u, x) for u-almost every x € R". Alberti representations were also used by Bate [2015] and Bate and
Li [2017] in the study of rectifiability in the general metric setting. For further readings, one can consult
the survey by Mattila [2023], in particular, Chapters 8 and 13.

Besides its theoretical interest, the rank-one theorem soon gave important consequences in the calculus
of variations. Ambrosio and Dal Maso [1992] exploited it to derive the expression of the relaxation
(in BV) of a functional defined on C! functions as the integral of a quasiconvex function of linear growth
of the gradient. See also [Kristensen and Rindler 2010] for a generalization. Moreover, Fonseca and
Miiller [1993] generalized the result in [Ambrosio and Dal Maso 1992] for integrands that might not
depend solely on the gradient, but also on the space variable and the function itself. For further details we
refer the reader to [Ambrosio et al. 2000, Chapter 5].

As an added value to the theoretical interest of the rank-one theorem, De Philippis and Rindler [2016]
showed a general structure theorem for .A-free vector-valued Radon measures on Euclidean spaces, where
A is a linear constant-coefficient differential operator, from which the rank-one theorem can be derived as
a consequence. We also remark that Massaccesi and Vittone [2019] recently gave a very short proof of the
rank-one theorem based on the theory of sets of finite perimeter, and with Don they used this simplified
strategy to prove the analogue of the rank-one theorem in some Carnot groups [Don et al. 2019].

1B. Main result. Nowadays a well-established notion of a BV function is available in the metric measure
setting. Such a notion was proposed by Miranda [2003] then studied by Ambrosio [2001; 2002] and more
recently by Ambrosio and Di Marino [2014].

According to this approach, given a metric measure space (X, d, m), the total variation of the derivative
of f e LllOC (X, m) is the relaxation in LllOc (X, m) of the energy given by the integral of the local Lipschitz
constant. Such a definition can be readily extended to define the total variation of a vector-valued function
whose components are in BV (X, d, m); see Definition 2.14 for the precise definition.

In this way one is giving a meaning to the total variation [DF| of an arbitrary F € BVio.(X, d, m)¥,
while it is in general missing a good notion for the Lebesgue—Radon—-Nikodym derivative DF/|DF|.

In the setting of RCD metric measure spaces, the study of calculus has been blossoming very fast
in the last decade. In particular, in [Debin et al. 2021] the authors propose and study the notion of a
L%(Cap)-normed L°(Cap)-module, and the notion of a capacitary tangent module Lgap(TX), where Cap
denotes the usual Capacity (2-3). We refer to Section 2B for the definitions and further details.

A fundamental contribution of [Brue et al. 2023b], building on [Debin et al. 2021], is the fact that, in
the setting of RCD (K, N) spaces, for an arbitrary set of finite perimeter E with finite mass, one can give
a meaning to the unit normal vy =Dyxg/|Dxg| as an element of the capacitary tangent module Lgap(TX)
such that the Gauss—Green formula holds; see [Brue et al. 2023b, Theorem 2.4]. The Gauss—Green
formula has been successfully employed, together with the former work by Ambrosio, Bru¢ and Semola
[Ambrosio et al. 2019], to obtain the (n—1)-rectifiability of the essential boundary of any set of locally

finite perimeter in an RCD space of essential dimension n; see [Brue et al. 2023a; 2023b].
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The Gauss—Green formula [Brug et al. 2023b, Theorem 2.4] has been generalized by the second author
together with Gigli for vector-valued BV functions [Brena and Gigli 2024]. We give below the statement
of the Gauss—Green formula presented there, where the density vp = DF/|DF| is implicitly defined.

Theorem 1.1 [Brena and Gigli 2024, Theorem 3.13]. Let k > 1 be a natural number, let K € R, and
let N > 1. Let (X, d, m) be an RCD(K, N) space, and let F € BV(X, d, m)k. Then there exists a unique

\)FGLO

Cap(TX)k, up to |DF |-almost everywhere equality, such that |vg| = 1 |DF|-almost everywhere

and

k
Z fx Fjdiv(v;)dm = —/Xn|DF|(v) -vpd|DF| foreveryv = (vy,...,v;) € TestV(X)k.
j=1

For the notion of divergence of a vector field, the notion of test vector fields TestV (X), the notion of
the projection rpr| and of the norm |- | in L%ap(TX)k , we refer the reader to Section 2B.

Theorem 1.1 tells us that in the setting of RCD(K, N) spaces we can give a precise meaning to
DF/|DF| for an arbitrary vector-valued BV function F. Hence it is meaningful to ask if DF/|DF]| is
a rank-1 matrix |D F'|*-almost everywhere, where |DF'|* is the singular part of the total variation |DF|.
Before giving the main result of this paper we clarify this last sentence by means of a definition. For the

definition of the space L°(Cap), see Section 2B.

Definition 1.2. Let & > 1 be a natural number, let K € R, and let N > 1. Let (X, d, m) be an RCD(K, N)
space, let v € Lgap(TX)k, and let u© < Cap be a Radon measure, where Cap is the usual Capacity (2-3).
We say that

Rk(v) =1 wp-almost everywhere
if there exist w € Lgap(TX) and Ay, ..., A € LO(Cap) such that, foreveryi =1, ..., k,
v; = Ajw p-almost everywhere.

We remark that this is one of the possible definitions we could have given of having rank 1. For

example, one can give an alternative and equivalent definition exploiting the existence of a local basis

0
Cap

of a matrix. It is however clear that in Euclidean spaces, the definition given above coincides with the

(with respect to a decomposition of the space in Borel sets) of L~ (T X) to recover the language of rank

usual one.
We are now ready to state the main theorem of this paper, which is the generalization of the rank-one
theorem in the setting of RCD(K, N) metric measure spaces (X, d, m).

Theorem 1.3 (rank-one theorem for RCD(K, N) spaces). Let k > 1 be a natural number, let K € R, and
let N > 1. Let (X, d, m) be an RCD(K, N) space, and let F € BV(X, d, m)k. Then

Rk(vp) =1 |DF|*-almost everywhere

in the sense of Definition 1.2, where v is defined in Theorem 1.1 and |DF|* is the singular part of the
total variation |DF|.
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As far as we know, apart from the result of Don, Massaccesi and Vittone [Don et al. 2019] that holds for
a special class of Carnot groups, Theorem 1.3 is one of the first instances of the validity of the rank-one
theorem in a large class of metric measure spaces.

We stress that, even if the proof of [Don et al. 2019] covers a large class of Carnot groups, some
distinguished examples are still not covered. For example, as of today it is not known if the rank-one
theorem holds for vector-valued BV functions in the first Heisenberg group H'. We stress that our
strategy for the proof of Theorem 1.3 seems not to apply to the rank-one theorem in H'. Indeed, we are
fundamentally exploiting the fact that we have good bi-Lipschitz charts on the space valued in the tangents.
But, even if on H! the boundary of a set of locally finite perimeter is intrinsic C'-rectifiable, see [Franchi
et al. 2001], it is nowadays not known whether intrinsic C' surfaces can be almost everywhere covered
by (bi)-Lipschitz images of their tangents; see [Di Donato et al. 2022] for partial results in this direction.

We stress that our strategy cannot be easily adapted to prove rank-one-type results for BV functions
in RCD(K, 00) spaces. In fact, our proof works mainly by blow-up. Since RCD(K, co) spaces might
not be locally doubling, we do not have a good notion of the Gromov—Hausdorff tangent at their points.
In particular, it would even be challenging to understand whether the results in [Ambrosio 2001; 2002;
Ambrosio et al. 2019; Brue et al. 2023a; 2023b], which are the starting point of our analysis, can be
adapted to the RCD(K, co) setting.

Moreover, we point out that very recently Lahti proposed an alternative formulation of Alberti’s
rank-one theorem that could make sense in arbitrary metric measure spaces [Lahti 2022, Section 6].

1C. Outline of the proof. Our proof is inspired by the one in [Massaccesi and Vittone 2019]. First, given
F € BV(X, d, m)¥, the singular part of the total variation [DF|* can be written as the sum of the jump part
IDF|/, which is concentrated on the set where the approximate lower and upper limits of the components
of F do not coincide, and the Cantor part |[DF|°; see Definition 2.12. As a consequence of a result by the
second author and Gigli, see the forthcoming Lemma 3.13, it is enough to show the rank-one theorem
only on the Cantor part.

We stress that, in the proofs of the main results in Section 3, we shall always restrict to sets where
the Cantor part of the components of F' is concentrated and where we have good density and blow-up
properties: we collect all the necessary properties in the technical Proposition 3.7.

The core and the most technically demanding part of the proof is Lemma 3.11, in which we adapt to our
setting the main lemma of the short proof of the rank-one theorem in [Massaccesi and Vittone 2019]. In fact,
those authors prove that, given two C'-hypersurfaces X1, X5 in R" x R, the set T of points p € X1 such
that there exists ¢ € X, for which p and g have the same first n coordinates, vs, (p)n+1 = Vx,(q)n+1 =0,
and vy, (p) # £vs,(g), is H"-negligible. Clearly the latter statement makes no sense in our nonsmooth
setting, but what one really needs for the proof of the rank-one theorem is Lemma 3.11.

Following the strategy in the proof of the lemma of [Massaccesi and Vittone 2019], one writes 7" as the
projection of a set TCR'xRxR adding one fake coordinate, and proves that 7 = 7(T) is ‘H"-negligible
by means of the area formula. In Lemma 3.11 we adapt the same strategy; compare with the definition of
the set (3-28). We prove the analogue of the Massaccesi—Vittone lemma substituting the hypersurfaces ¥;
with the (essential) boundaries of sets of the form G, :={(x, 1) : 7 < f(x)}, where f € BV(X, d, m). This
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is enough to implement their strategy in our setting. However, to adapt the proof in [Don et al. 2019;
Massaccesi and Vittone 2019] to our framework, one faces nontrivial technical difficulties. Indeed, the key
ingredient used by Massaccesi—Vittone was a well-known transversality lemma: given two hypersurfaces
in R"*2, their intersection is locally an n-dimensional manifold provided that at every intersection point
the given hypersurfaces meet transversally, i.e., have different tangent spaces. This result then extends to
the case of the intersection of two (n+1)-rectifiable subsets of R"12: their intersection is o -finite with
respect to H" provided that the transversality condition is satisfied and that one discards a set that turns
out to be negligible when proving the rank-one property.

It is clear that one needs also information on codimension-2 objects (namely, the intersection of two
transverse hypersurfaces) and this kind of information is unavailable on RCD spaces. Therefore, adopting
directly this approach is not possible in our framework. Our strategy is then to translate part of the problem
from the RCD setting to the Euclidean setting (which allows us to use transversality results as above) via
the use of suitable §-splitting maps that play the role of charts, relying heavily on the results of [Bru¢ et
al. 2023a; 2023b]. The fact that the domains of these charts are not open sets is a source of difficulty and
is morally the burden of the proof of Lemma 3.11. In other words, we could not work directly arguing
with infinitesimal considerations in the RCD case (i.e., using directly difference of blow-ups) but we had
to argue locally and then infinitesimally in a Euclidean space.

As an important part of the proof, to manipulate the vector that is normal to the boundary of the set G,
we need to introduce a family of charts in which we write those normals in coordinates; see Definition 3.6.
We construct these charts in Definition 2.29, and we call them a good collection of splitting maps. The
latter definition is based on the following fact, which is proved in Lemma 2.28. Given an RCD space of
essential dimension n, we prove that, for every n > 0 small enough, we can find a sequence of n-tuples of
harmonic maps {uy ,}ren defined on balls and a disjointed family of Borel sets { Dy, }ren such that, for
every x € Dy ,, we have that u; , is an n-splitting map on B,, (x) and the total variation of every BV,
function is concentrated on | |, . Dr.p-

The other two ingredients to adapt in our setting the strategy of [Massaccesi and Vittone 2019] are
Lemma 3.9 and Theorem 3.8. In the first we prove that, given f € BV, restricting to the good set on
the Cantor part as in Proposition 3.7, we have that (in coordinates) the density vy (x) is equal to the first
coordinates of the normal vg, (x, f(x)), where G¢ := {(x,7) : 1 < f(x)}. In the second we prove that,
restricting to the good set on the Cantor part as in Proposition 3.7, the (n+1)-th coordinate of the normal vg,
is almost everywhere zero. This is essentially due to the fact that we are on the singular part of D f.

Again, not having at our disposal a linear structure is a source of difficulty, as the distributional derivative
has no more a direction-wise meaning, in the sense that it is not possible to define the distributional
derivative of a function of bounded variation with respect to a given direction without giving up the
differential meaning of this object. To overcome this difficulty, we employ blow-up arguments and density
arguments.

Finally, putting together Lemmas 3.11 and 3.9 and Theorem 3.8, we conclude that, given two BV
functions f, g, we have vy = +£v, |D f| A |[Dgl|-almost everywhere on the intersection of the good sets
Cr N Cy defined in Proposition 3.7; see Lemma 3.12. Here A stands for the minimum between the two



2802 GIOACCHINO ANTONELLI, CAMILLO BRENA AND ENRICO PASQUALETTO

measures, i.e., the biggest measure ¢ such that ¢ < u and ¢ < v. This, together with the same property
on the jump part, see Lemma 3.13, concludes the proof.

We stress that along the way in Section 3A, building on [Deng 2020] (compare with [Colding and
Naber 2012] for the Holder continuity property of tangents along geodesics in the Ricci-limit case), we
improve a previous result of [Brue et al. 2023a] by showing that every BV function on an RCD space of
essential dimension n has total variation concentrated on the set R of n-regular points with positive and
finite n-density, see Theorem 3.3. We exploit the latter result to answer in the affirmative a conjecture
proposed in [Semola 2020] about the representation of the perimeter measure, see Theorem 3.4.

In the Appendix we exploit the previously described result proved in Theorem 3.3, together with the
recently proved metric variant of the Marstrand—Mattila rectifiability criterion [Bate 2022], to give an
alternative and shorter proof of the (n—1)-rectifiability of the essential boundaries of sets of locally finite
perimeter in RCD spaces with essential dimension n. We believe that this result is of independent interest
but we point out that it originated as a side remark due to the fact that we were interested in proving
the rank-one property in general RCD(K, N) spaces without restricting ourselves to noncollapsed RCD
spaces. Indeed, the information that the perimeter measure and the 4"~ measure restricted to the reduced
boundary are mutually absolutely continuous (already known in the noncollapsed case) is crucial in the
proof of Lemma 3.11. Anyway, we point out that even if the proof presented in the Appendix is much
shorter than the original one, it is heavily based on the ideas and techniques exploited in [Bru¢ et al. 2023a;
2023b], i.e., looking at what happens at the space locally and infinitesimally by using well-behaved charts.

Structure of the paper. In Section 2 we discuss the basic tools and notation that we shall use throughout
the paper.

In particular, in Section 2A we discuss the basic toolkit for metric measure spaces. We recall the
definition of PI space, the notion of pointed measured Gromov—Hausdorff convergence and tangents, and
the basic Sobolev and BV calculus in arbitrary metric measure spaces.

In Section 2B we recall basic structure results of RCD spaces and the main important notions of
Sobolev and BV calculus on RCD spaces. We further recall the notion of good coordinates introduced in
[Brue et al. 2023a] and the notion of splitting maps, and finally we prove Lemma 2.28 that leads to the
notion of good collection of splitting maps, see Definition 2.29.

In Section 3 we prove the main results of this paper, and in particular we give the proof of the rank-one
theorem in Theorem 1.3.

In particular in Section 3A, building on [Deng 2020], we prove Theorem 3.3 described above.

In Section 3B we prove some auxiliary results toward the proof of the rank-one theorem, namely
Proposition 3.7, Lemma 3.9, and Theorem 3.8.

Finally, in Section 3C we exploit the previous results together with the main result in Lemma 3.11,
which is the adaptation to our setting of the lemma of [Massaccesi and Vittone 2019], to show the rank-one
property on the Cantor part, see Lemma 3.12. This is enough to conclude the proof of the rank-one
theorem by exploiting also Lemma 3.13, which is the rank-one property on the jump part.

In the Appendix we give the alternative proof of the rectifiability of the essential boundaries of sets of
locally finite perimeter in RCD spaces that we described above.
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2. Preliminaries

We often need to bound quantities in terms of constants that depend only on geometric parameters but

whose precise value is not important. For this reason, we denote with C, ... a constant depending only

yeen

on the parameters a, b, . .., whose value might change from line to line or even within the same line.
Given n € N and nonempty sets X, ..., X,, forany i = 1, ..., n, we will always tacitly denote by 7’
the projection of the Cartesian product X; x - - - x X, onto its i-th factor:

T X XX Xy = X, (X1, .., X)) B X

Moreover, we denote by 7'/ the projection of the Cartesian product X; x - - - x X,, onto its (i, j) factor,
namely
T X X X X, = Xi X Xj,  (X1,..0, X)) B> (X, Xj).

Finally, we denote by t the inversion map on the last two factors on a product of three factors, namely
‘L’:Xl XXZXX3—)X1 XX3XX2, ()Cl,JCQ,X3)I—>(X1,)C3,)C2). (2—1)

2A. Metric measure spaces. For the purposes of this paper, a metric measure space is a triple (X, d, m),
where (X, d) is a complete and separable metric space while m > 0 is a boundedly finite Borel measure
on X. By a pointed metric measure space (X, d, m, p) we mean a metric measure space (X, d, m) together
with a distinguished point p € spt(m), where

spt(m) := {x € X | m(B,(x)) > 0 for every r > 0}
stands for the support of m. Given an open set 2 C X, we denote by LIPj,(£2) and LIP(2) the spaces of
all locally Lipschitz and Lipschitz functions on €2, respectively, while we set

LIPys(2) :={f € LIP(L2) | spt(f) is bounded and d(9€2, spt(f)) > 0}.

Given any f € LIP1oc(2), its local Lipschitz constant lip f := Q2 — [0, 400) is defined as

lim, - d(x, if x €Q21i lati int,
lip f (x) == { imy_,, | f(x) — f(¥)I/d(x, y) if x € Q is an accumulation poin

0 if x €  is an isolated point.

For any k € [0, +00) and § > 0, we will denote by ng and H* the k-dimensional Hausdorff 8-premeasure
and the k-dimensional Hausdorff measure on (X, d), respectively. Namely,

> diam(E;)\*
HE(E) == inf{Za)k (—) ‘ E | JEi SX, supdiam(E;) < 5},

i=1 2 ieN ieN
HY(E) := lim H5(E) = sup HE (E)
N0 8>0
for every set E C X, where
k2
Ok = TR
r(1+5%)

and I" stands for Euler’s gamma function. For every n € N, notice that w, is the Euclidean volume of the
unit ball in R".
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PI spaces. Throughout the whole paper, we will work in the setting of PI spaces. We say that a metric
measure space (X, d, m) is uniformly locally doubling provided that, for every radius R > 0, there exists a
constant Cp > 0 such that

m(By,(x)) < Cpm(B,(x)) forevery x € X and r € (0, R).

Moreover, we say that (X, d, m) supports a weak local (1, 1)-Poincaré inequality provided there exists a
constant A > 1 for which the following property holds: given any R > 0, there exists a constant Cp > 0
such that, for any function f € LIPyoc(X),

ﬁr (x)

Definition 2.1 (PI space). We say that a metric measure space is a PI space provided it is uniformly

f- fdm‘dmepr][ lip fdm forevery x € X and r € (0, R).
B, (x) By (x)

locally doubling and it supports a weak local (1, 1)-Poincaré inequality.

In the context of PI spaces, we will consider the codimension-1 Hausdorff §-premeasure Hg’ (for any
8 > 0) and the codimension-1 Hausdorff measure H", which are given by

> m(By, (x) .
HI(E) = 1nf{§ Giam B, () EC EL% B, (xi), sup diam(B,, (x;)) < 5},

H"(E) := lim H!(E) = sup H} (E),
INO §>0

respectively, for every set E C X.

Measured Gromov—Hausdorff convergence and tangents. Let us recall the notion of pointed measured
Gromov—-Hausdorff convergence (see, e.g., [Gigli et al. 2015]). We say that a pointed metric measure
space (X, d, m, p) is normalized provided C [1,(m) = 1, where we set
d(-,
<1 — M) dm for every r > 0.
-(P)

r

Cl = Cl(m) ::/

B

If (X, d, m, p) is any pointed metric measure space, then (X, d, m}], p) is normalized, where
ro.__ o —1
m, = Cp(m) m for every r > 0.

Let C: (0, +00) — (0, +00) be a given nondecreasing function. Then we denote by Xc(.) the family of
all the equivalence classes of normalized pointed metric measure spaces that are C( - )-doubling, in the
sense that

m(By,(x)) < C(R)m(B,(x)) foreveryxeX and 0 <r <R.

The equivalence classes are intended with respect to the following equivalence relation: we identify
two pointed metric measure spaces (X, dy, my, p1) and (Xa, d2, my, pa) provided there exists a bijective
isometry ¢: spt(m;) — spt(my) such that ¢(p;) = py and ¢,m; = ms.
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Definition 2.2 (pointed measured Gromov—Hausdorff). Let C: (0, +00) — (0, 400) be nondecreasing.
Let (X,d, m, p), (X;,d;i, m;, pi) € Xc(.) for i € N be given. Then we say that (X;, d;, m;, p;) —
(X, d, m, p) in the pointed measured Gromov—-Hausdorf{f sense (briefly, in the pmGH sense) provided there
exist a proper metric space (Z, dz) and isometric embeddings ¢: X — Z and ¢; : X; — Z for i € N such that
ti(pi) — t(p) and (¢;)«m; — t,m in duality with Cyps(Z), meaning that f fot;dm; — f f ovdm for every
f € Cps(Z). The space Z is called a realization of the pmGH convergence (X;, d;, m;, p;) = (X, d, m, p).

For brevity, we will identify (¢;),m; with m; itself. It is possible to construct a distance dpmgH on Xc(.)
whose converging sequences are exactly those converging in the pointed measured Gromov—Hausdorff
sense. Moreover, the metric space (Xc¢(.), dpmgH) 1S compact.

Definition 2.3 (pmGH tangent). Let C: (0, +00) — (0, +00) be nondecreasing. Then
Tan, (X, d, m) := {(Y, dy, my. q) € Xc(y | 3 0= (X, ;7 d,ms, p) P20 (Y, dy, my, ¢)).

Notice that (X, r~!d, m;, p) € Xc(.) holds for every (X,d, m, p) € X¢(.) and r € (0, 1), and thus
accordingly the family Tan, (X, d, m) is (well defined and) nonempty.

Definition 2.4 (regular set). Let n € N be given. Let C: (0, +00) — (0, 400) be any nondecreasing
function such that (R", d., £", 0) € X¢(.), where d, stands for the Euclidean distance d.(x, y) := [x — y|
on R"” while £" is the normalized measure (E”)(l) =((n+1)/w,)L". Then the set of n-regular points of a
given element (X, d, m, p) € Xc(.) is defined as

Ry =Rn(X) :={x € X| Tan, (X, d, m) = {(R", d., L", 0)}}.

Remark 2.5. We point out that the set R,,(X) of n-regular points is Borel measurable. To check it, define
¢: X— [0, 4+00) as
¢ () = lim dpm (X, r~'d, mi, x), (®", . L7, 0)).
r

One can readily verify that (0, 1) 3 r — (X, r~1d, m’, x) € Xc(.) is dpmgH-continuous for any given
x € X, whence

$(x)=inf  sup  dpmgu((X, g 'd, m?, x), (R",d., £",0)) forevery x € X. 2-2)

keN gen(0,1/k)

Since X 3 x — (X, r~!d, m’, x) € Xc¢(.) is dpmgH-continuous for any given r € (0, 1), we deduce
that X 5 x — dpmeu((X, ¢~ 'd, m{, x), (R", d., £, 0)) is a continuous function for any g € @N (0, 1).
Consequently, (2-2) ensures that R, (X) = {x € X: ¢ (x) =0} is a Borel set (in fact, a countable intersection
of F, sets), as we claimed.

Definition 2.6 (convergences along pmGH converging sequences). Let (X;, d;, m;, p;) € X¢(.) fori e N
and (X, d, m, p) € X¢(.) satisfy (X;, d;, m;, p;) — (X, d, m, p) in the pmGH sense, with realization Z.
Then we give the following definitions:

(1) Let f;: X; > Rfori e Nand f: X — R be given functions. Then we say that f; uniformly converges

to f provided, for any ¢ > 0, there exists § > 0 such that | f; (x;) — f(x)| < ¢ for every i > 8§~ ! and
x; € X;, x € X with dz(x;, x) <.
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(i) Let fi: X; > Rfori e Nand f: X — R be given functions. Then we say that f; locally uniformly
converges to f provided, for any R > 0, we have that f; g,(p,) uniformly converges to fig,(p)-

(iii) Let E; € X; fori € N and E C X be given Borel sets. Suppose that m;(E;) < 400 for every
i e N and m(E) < +o00. Then we say that E; — E (strongly) in L! provided m; (E;) — m(E) and
m; L E; — mL E in duality with Cys(Z).

(iv) Let E; € X; fori € N and E C X be given Borel sets. Then we say that E; — E (strongly) in LlloC
provided E; N Br(p;) = EN Bg(p) in L' for every R > 0.

Sobolev calculus. Given a metric measure space (X, d, m), we define the Sobolev space WL2(X) as the
set of all functions f € L?(m) for which there exists ( Jr)neN C LIPpg(X) such that f;, — f in L?(m) and
(lip fi)nen 1s a bounded sequence in L?*(m). Then W!2(X) becomes a Banach space if endowed with
the norm

1/2
£ e i= (/ |f>dm+ inf lim | lip? f, dm> for every f € W2(X),

(fnn n—>o0

where the infimum is taken among all those sequences (f;;)nen € LIPps(X) such that f,, — f in L*(m)
and (lip f;)nen is bounded in L?(m). Given any function f € W12(X), there exists a unique element
IDf| € L*(m), called the minimal relaxed slope of f, such that the Sobolev norm of f can be expressed
as ||f||%v1_2(x) = ”f”iZ(m) =+ || |Df|||iz(m). Moreover, there exists a sequence (f;;),en  LIPps(X) such
that f, — f andlip f, — |[Df] in L?(m). This notion of Sobolev space, proposed in [Ambrosio et al.
2013], is an equivalent reformulation of the one introduced in [Cheeger 1999]. See [Ambrosio et al. 2013]
for the equivalence between these two and other approaches.

The Sobolev capacity is the set-function on X defined as
Cap(E) := ir}f ||f||%4,1,2(x) for every set £ C X, (2-3)

where the infimum is taken among all f € W!2(X) such that f > 1 holds m-a.e. on some open neighborhood
of E. Here we adopt the convention that Cap(F) := 400 whenever no such f exists. It holds that Cap is
a submodular outer measure on X, which is finite on bounded sets and satisfies m(E) < Cap(E) for every
E C X Borel.

We shall also work with local Sobolev spaces, whose definition we are going to recall. Fix an open set
Q2 C X. Then we define Wli)’cz(Q) as the space of all functions f € LIZOC(Q, m) such that nf € WL2(X) for
every n € LIPy(€2). Since the minimal relaxed slope is a local object, meaning that, for any choice of
fi, o e Wh(X),

IDfil = |Df2| holds m-a.e. on {f1 = f2},

2

: . 1,2 .
it makes sense to associate to any f € W, 7(£2) the function [Df| € L .

loc
IDf|:=ID(f)| m-ae. on(n=1)
for every n € LIP,s(€2). The local Sobolev space W12(Q) is defined as
W'(Q) == {f € W (Q) | f. IDf| € L*(m)}.

loc

(€2, m) given by

Finally, we define WOI’Z(Q) as the closure of LIP,,(2) in W12(Q).
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Following the terminology introduced in [Gigli 2015], we say that a given metric measure space
(X, d, m) is infinitesimally Hilbertian provided W'-2(X) (and thus also W!2(2) for any Q C X open) is a
Hilbert space. Under this assumption, the mapping

_ ID(f + ) —IDfI* - IDg|?

W2(Q) x Wh(Q) s (f,g) > V[ Vg = 5 e L' (2, m)

is bilinear and continuous. We say that a given function f € W'2(Q) has a Laplacian, briefly f € D(A, Q),
provided there exists a function Af € L2(2, m) such that

fo-ngm:—/ gAfdm forevery g e WOI’Z(SZ). (2-4)
Q Q

No ambiguity may arise, since Af is uniquely determined by (2-4). The set D(A, Q) is a linear subspace
of W'2(Q), and the resulting operator A: D(A, Q) — L?(2, m) is linear. For the sake of brevity,
we shorten D(A, X) to D(A). By a harmonic function on 2 we mean an element f € D(A, ) such
that Af = 0.

BV calculus. We begin by recalling the notions of a function of bounded variation and of a set of finite
perimeter in the context of metric measure spaces following [Miranda 2003].

Definition 2.7 (function of bounded variation). Let (X, d, m) be a metric measure space. Let a function
f €Ll (X, m) be given. Then we define

loc

|IDf1(S2) := inf{ lim / lip f; dm ’ (fidien € LIPoc(R), f; = f in Ly (L2, m)}
i—00JQ

for any open set 2 C X. We declare that a function f € LlloC (X, m) is of local bounded variation, briefly

f € BV (X), if | Df|(€2) < +o00 for every €2 € X open and bounded. In this case, it is well known that

ID f| extends to a locally finite measure on X. Moreover, a function f € L'(X, m) is said to belong to the

space of functions of bounded variation BV (X) = BV(X, d, m) if | Df|(X) < 4o0.

Definition 2.8 (set of finite perimeter). Let (X, d, m) be a metric measure space. Let £ C X be a Borel
set and 2 C X an open set. Then we define the perimeter of E in Q2 as

P(E,Q):= inf{ lim / lip f; dm ‘ (fien S LIPoce(R), fi = xE in Lo (R, m)},
Q

i—00

in other words P (E, Q) := |Dxg|(S2). We say that E has locally finite perimeter if P(E, Q2) < +oc for
every 2 C X open and bounded. Moreover, we say that E has finite perimeter if P(E, X) < +o00, and we
write P(E) := P(E, X).

Given a uniformly locally doubling space (X, d, m) and a Borel set E C X, we define the essential
boundary of E as
lim —— >0, lim
N0 m(B(x)) r\o0 m(B,(x))
Then 0*F is a Borel subset of the topological boundary d E of E. Moreover, if (X, d, m) is a PI space,
then P(E, -) is concentrated on 3*E; see [Ambrosio 2002, Theorem 5.3].

*E = ixeX

— m(E N B;(x)) — m(E°N B;(x)) 0}
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Definition 2.9 (precise representative). Let (X, d, m) be a metric measure space, and let f: X — Rbe a
Borel function. Then we define the approximate lower and upper limits as

_ B, N
=l = SuPit <Rl . rix()Br(ECJ)C)< & 0}’

y—x
U ~ mBWN{f>1)
fi(x):= a;y>_l)1;n f(y) :=inf {t eR: }1\1;1(1) m(B,(x) = 0}

for every x € X. Here we adopt the convention that
infg =400 and sup@ = —oo0.
Moreover, we define the precise representative f: X — R of f as
f) =1 )+ fY(x)) forevery x €X,
where we adopt the convention that +00 — oo = 0.

We define the jump set J; C X of the function f as the Borel set
Jri={xeX: fAx) < ).

It is well known that if (X, d, m) is a PI space and f € BV (X), then J is a countable union of essential
boundaries of sets of finite perimeter, so that in particular m(Jy) = 0. See [Ambrosio et al. 2004,
Proposition 5.2]. Moreover, as proved in [Kinnunen et al. 2014, Lemma 3.2], we have that

IDfI(X\Xf) =0, where Xy :={xeX]|—o00< f"(x) < f'(x) < +oo}, (2-5)
and thus in particular —oo < f(x) < 400 holds for [D f]-a.e. x € X.
Definition 2.10. Let (X, d, m) be a metric measure space, and let f : X — R be Borel. Then we define
the subgraph of f, denoted by G C X x R, as the Borel set
Gri={(x,1) eXxR:t < f(x)}.

Lemma 2.11. Let (X, d, m) be a locally uniformly doubling metric measure space, and let f: X — R be
a Borel function. Then

(x,0) €3Gy = te[f (x), fY()] and te(f ), fx) = (x,1)€d°Gy.
In particular, if x € Xy \ Jr, then 3*Gr N ({x} x R) C {(x, f(x))}.

Proof. In the proof, the constant Cp may change from line to line and it only depends on the doubling
constant at scale R = 1. We can compute, for r € (0, ¢), using Fubini’s theorem,

(m®LY(B,(x,)NGy) _ (m®LY(B,(x) x B (1) NGy)
(M LH(B,(x,1)) — (ML (B ja(x) x Byja(t))
— o MBLYHAG. D) € B (x) x Br(1) 11 < f(D
=D
rm(B, (x))
T m{y € B.(x) 15 < f(0)) ds o MBS > 1 e
m(B, (x)) =P m(B, (x))

<Cp
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Therefore, if (x,1) € "Gy, then t < £V (x). Similarly, we can show that if € (0, &),
(m® LY (B, (x,1)\Gy) <C m(B,(x) N{f <t+e})
M®LH(B,(x,1)) ~— " m(B,(x))

which in turn shows that if (x, 1) € 0*Gy, thent > f ~(x). Conversely, arguing as above, we can show
that if » € (0, &),

’

(m® L")(Ba (x, 1) NGy) - CDm(Br(x)ﬂ{f >1+¢})

(m® LY (Byr(x, 1))~ m(B;(x))
and
(m® LY (B (x, 1)\ Gy) ~C m(B,(x)N{f <t —¢})
m@LYH(B,x,1)) ~ " m(Bx)
which yield the second claim. O

Definition 2.12 (decomposition of the total variation measure). Let (X, d, m) be a PI space and f € BV (X).
Then we write [Df| as [Df|*+4|D f|*, where |D f|* << m and |Df|* L m. We can decompose the singular
part [Df|* as |Df|/ + |D f|¢, where the jump part is given by D f|/ := |Df|L_ J ¢ while the Cantor part
is given by [Df|€ := D f|*L (X \ Jp).

By [Ambrosio et al. 2015, Theorem 5.1] and its proof, taking into account the elementary inequality
a<+v1l+a><1+a foreverya >0,
(or see [Ambrosio et al. 2004, Proposition 4.2]) we obtain the following proposition.

Proposition 2.13. Let (X, d, m) be a Pl space and f € BV (X). Then Gy is a set of locally finite perimeter
in X X R and, denoting with w the projection map X x R — X,

IDf| < 7«Dxg,| < IDf|+m.
In particular, if C C X is a Borel set satisfying |D f|° = |Df|_C, then
m.(IDxg, ILC xR)=|DfILC.

Definition 2.14. Let (X, d, m) be a metric measure space and F' € BV, (X)*. We define
i—00

k C\1/2
IDF|(Q) ::inf{ lim / (Z(up F/)z> dm ‘ (F)); € LIPe(Q)F. F; — F in LIIOC(Q)k}
Q A
j=1

for any open set 2 C X. Then we extend this definition to Borel subsets of X, as done in the scalar case;
see [Brena and Gigli 2024, Section 2.3]. We also define

k
JF = UJFi
i=1

It is clear that Definition 2.12 extends immediately to the vector-valued case.
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2B. RCD spaces. We assume the reader is familiar with the language of RCD(K, N) spaces. Recall
that an RCD(K, N) space is an infinitesimally Hilbertian metric measure space verifying the curvature-
dimension condition CD(K, N), in the sense of Lott—Villani—Sturm, for some K € Rand N €[1, co). Here
we only consider finite-dimensional RCD(K, N) spaces, namely we assume N < oo. Finite-dimensional
RCD spaces are PI. As proven in [Brue and Semola 2020; De Philippis et al. 2017; Gigli and Pasqualetto
2021; Kell and Mondino 2018; Mondino and Naber 2019], the following structure theorem holds.

Theorem 2.15. Let (X, d, m) be an RCD(K, N) space. Then there exists a numbern e Nwith1 <n <N,
called the essential dimension of (X, d, m), such that m(X\ R,) = 0. Moreover, the regular set R,, is
(m, n)-rectifiable and m < H"'L_R,,.

Recall that R,, is said to be (m, n)-rectifiable provided there exist Borel subsets (A;);en of R, such
that each A; is bi-Lipschitz equivalent to a subset of R” and m(R,, \ J; A;) =0.

Sobolev calculus on RCD spaces. We assume the reader is familiar with the language of L?(m)-normed
L% (m)-modules [Gigli 2018b] and L°(Cap)-normed L°(Cap)-modules [Debin et al. 2021]. Let (X, d, m)
be a given RCD(K, N) space. We denote by L2(T*X) and L%(TX) the cotangent module and the tangent
module of (X, d, m), respectively. Moreover, L°(TX) stands for the L°(m)-completion of L?(T X), in the
sense of [Gigli 2018a, Theorem/Definition 2.7]. A fundamental class of Sobolev functions on X is the
algebra of test functions [Savaré 2014; Gigli 2018b]:

Test®(X) := {f € D(A)NL®(m) | IDf] € L®(m), Af € WI2(X) N L>®(m)).

Since RCD spaces enjoy the Sobolev-to-Lipschitz property, each function in Test™ (X) has a Lipschitz
representative. Moreover, Test™ (X) is dense in W'2(X) and V f - Vg € W12(X) for every f, g € Test™®(X).
The class of test vector fields is then defined as

k
TestV(X) := {Z fiVegi ’ keN, (f)f_,, (e, c Testoo(X)} C L*(TX).
i=1
We denote by L%ap(TX) the capacitary tangent module on (X, d, m) introduced in [Debin et al. 2021,
Theorem 3.6] and by V: Test®(X) — Lgap(TX) the capacitary gradient operator. Given any Borel
measure p on X such that u <« Cap (meaning that w(N) = 0 for every N € X Borel with Cap(N) = 0),
we denote by 7, : L%(Cap) — L°(u) the canonical projection.

Letting Lg(TX) be the quotient of Lgap(TX) up to u-a.e. equality (where we identify two elements
v,w € LOCaP(TX) if 7, (Jv — w|) = 0 holds p-a.e.), we have a natural projection map m, : Lgap(TX) —
Lg(TX), which satisfies |7, (v)| = m,(|v]) p-ae. forall v e LOCap(TX). The space Lg(TX) is an LO(p)-
normed L°(u)-module. As pointed out in [Debin et al. 2021, Proposition 3.9], the quotient L?n(TX)
can be identified with the tangent module L%(TX) and the projection 7, Lgap(TX) — LO(TX) satisfies
Vf=m,Vf)forevery f e Test™(X). Due to this consistency, to ease the notation we will indicate the
capacitary gradient of a test function f with V f instead of V f.

The Hessian of f € Test™(X) is the unique tensor Hess( f) € L2(T*X) ® L*(T*X) with

Z/hHeSS(f)(Vg1®ng)dm=—/Vf-Vg1diV(thz)+Vf'ngdiV(thl)Jrth-V(Vgl'ng)dm
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for every g1, g2, h € Test®(X). Recall that a vector field v € L?(TX) is said to have a divergence, briefly
v € D(div), provided there exists a function div(v) € L?(m) such that

/ Vf-vdm=— / fdiv(v)dm forevery f € WH2(X); (2-6)
note that div(v) is uniquely determined by (2-6). The Hessian above is a local object:

Xifi=p) - Hess(f1) = x(f=p) - Hess(f2) for every fi, fo € Test™(X). 2-7)

The validity of this property allows us to define the Hessian of a harmonic function f defined on an open
set 2 C X, as we are going to discuss. As proven in [Jiang 2014], the harmonic function f: Q@ — R
is locally Lipschitz. In particular, nf € Test®(X) for every cut-off function n € Test®(X) such that
spt(n) € 2. As shown in [Ambrosio et al. 2016; Mondino and Naber 2019], there are plenty of cut-off
test functions: given any x € X and 0 < r < R, there exists € Test®(X) with 0 < n < 1 such that
n =1 on B,(x) and spt(n) € Bg(x). Thanks to this fact and to (2-7), it makes sense to m-a.e. define the
measurable function |Hess(f)|: 2 — [0, +00) as

|Hess(f)| := |Hess(nf)| m-ae.on {n=1}

for every n € Test®(X) such that spt(n) € Q.

BV calculus on RCD spaces. Now we focus on BV functions and sets of finite perimeter on RCD(K, N)
spaces. The following notion was introduced in [Ambrosio et al. 2019, Definition 4.1].

Definition 2.16 (tangents to a set of finite perimeter). Let (X, d, m, p) be a pointed RCD(K, N) space and
E C X a set of locally finite perimeter. Then we define Tan, (X, d, m, E) as the family of all quintuplets
(Y, dy, my, g, F) that verify the following two conditions:

() (Y,dy, my, g) € Tan, (X, d, m).

(2) F CY is aset of locally finite perimeter with my (F) > O for which the following property holds:

along a sequence r; N\ 0 such that (X, rl._ld, m;;', p) — (Y,dy, my, g) in the pmGH sense, with

1
loc?

intended in the rescaled space (X, rl._ld). If this is the case, we write

realization Z, it holds that ng — xp in L, , where by XZ we mean the characteristic function of £

X, td, my, p, E) = (Y, dv, my, ¢, F).

The following theorem is extracted from [Brena and Gigli 2024, Theorem 3.13], see also [Brue et al.
2023b, Theorem 2.4].

Theorem 2.17. Let (X, d, m) be an RCD(K, N) space and let F € BV(X)X. Then there exists a unique,

up to |DF|-a.e. equality, vp € Lgap(TX)k such that [vp| =1 |DF|-a.e. and

k
Z /x F;jdiv(v;)dm = —meDm(v) -vpd|DF| foreveryv=(vy,..., ) € TestV(X)k.
j=1
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Notice that if F € BV(X)¥, we consider vz as an element of LOCap(TX)k that is defined |DF'|-a.e.. This
allows us, via a standard localization procedure, to define vy even if F is a vector-valued function of
locally bounded variation, or, in other words, if F is a k-tuple of functions of locally bounded variation.
In particular, if E is a set of locally finite perimeter, we naturally have a unique, up to |Dxg|-a.e. equality,
VE € Lgap

Next we recall that, as proven in [Brue et al. 2023b], each set of locally finite perimeter E in an
RCD(K, N) space (X, d, m) satisfies |Dxg| << Cap. Notice however that the same result holds in every

metric measure space; see [Brena and Gigli 2024, Theorem 2.5]. By the coarea formula, this absolute

(TX), where we understand vg = v,,.

continuity extends immediately to total variations, so that
IDF| « Cap forevery F € ]l3V(X)”.
ocC

The following proposition summarizes results about sets of finite perimeter that are now well known
in the context of PI spaces and are proved in [Ambrosio 2002; Eriksson-Bique et al. 2021]; see also
[Ambrosio 2001].

Proposition 2.18. Ler (X, d, m) be a Pl space and let E C X be a set of locally finite perimeter. Then, for
IDxgl-a.e. x € X the following hold:

(1) E is asymptotically minimal at x, in the sense that there exist r, > 0 and a function w, : (0, ry) —
(0, 00) with lim,\ o wy (r) = 0 satisfying

IDx£l(By(x)) < (1+ (1) Dxp|(By(x)) if r € (0,ry) and E'AE € B, (x).

(ii) |Dyxg| is asymptotically doubling aft x:

iim IDxg|(Bar(x))
m---——————-—-
™0 [Dyxg|(By(x))

(iii) We have the estimates

0 < 1im 1PXEIBr (X)) _ o rIDxE|(B (X))
<lm — <lim ——————=
~o0 M(Br(x)) O m(B,(x))

(iv) The following density estimate holds:

{m(Br(X)ﬂE) m(Br(X)\E)} -0
m(B,(x)) = m(By(x))

lim min

N0
Remark 2.19. It is well known (see [Heinonen et al. 2015, Theorem 3.4.3 and p. 77]) that for an
asymptotically doubling measure the Lebesgue differentiation theorem holds. In particular, if E is a set
of locally finite perimeter in a PI space and f € L'(IDxg|), then, for |Dxg|-a.e. x,

lim |f ) = f)IdIDxel(y) =0.
r\0 B, (x)
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Let us now introduce the notion of reduced boundary of a set of locally finite perimeter. First, we
introduce the set R;. Following [Ambrosio and Tilli 2004], given a metric measure space (X, d, ) and a
real number k£ > 0, we define the upper and lower k-dimensional densities of w as

@k(u,x);:mm and @k(M,X)IZHLnM(Br(x))

T T for every x € X,
r\0 wir N0 wir

respectively. In the case where O (i, x) and O (u, x) coincide, we denote their common value by
O, x) €10, +00], and we call it the k-dimensional density of p at x.

Definition 2.20. Let (X, d, m) be an RCD(K, N) space having essential dimension n. Then we define
the set RF =R, (X) SR, as
R :={x € Ry |30, (m, x) € (0, +00)}.

In the case in which m = H", by the Bishop-Gromov comparison, one has that ® y (%", x) exists and
is positive for every x € X. Moreover, the volume convergence results in [De Philippis and Gigli 2018]
and the lower semicontinuity of the density imply that ® y (%", x) < 1 for every x € X. Notice that the
set R, is Borel, see Remark 2.5. As shown in [Ambrosio et al. 2018, Theorem 4.1], m(X\ R};) = 0.

Definition 2.21 (reduced boundary). Let (X, d, m) be an RCD(K, N) space. Let E C X be a set of locally
finite perimeter. Then we define the reduced boundary FE C 0*E of E as the set of all points x € R
satisfying all four conclusions of Proposition 2.18 and such that

Tan, (X, d, m, E) = {(R",d., £", 0, {x, > 0D}, (2-8)
where n € N, n < N stands for the essential dimension of (X, d, m). We recall that the set of points x € X
that satisfy (2-8) is denoted by F, E.

As proven in [Brue et al. 2023a] after [Ambrosio et al. 2019; Bru¢ et al. 2023b], taking into account the
forthcoming Theorem 3.3, the perimeter measure |Dyg| is concentrated on the reduced boundary FE.

Remark 2.22. By the proof of [Ambrosio et al. 2019, Corollary 4.10], by [Ambrosio et al. 2019,
Corollary 3.4], and by the membership to R, we see that the following hold for any x € FE:

(1) If r; N\ O is such that
X, 7, m7, x) = (R, d, £",0) (2-9)

in a realization (Z, dz), then, up to not relabeled subsequences and a change of coordinates in R”,
X, 7', m7, x, E) — (R",d,, £, 0, {x, > 0})

in the same realization (Z, dz). Notice that, given a sequence r; N\ 0, it is always possible to find a
subsequence satisfying (2-9).

(@i1) If r; \( O is such that
X, 7', m?, x, E) — (R",d,, £, 0, {x, > 0})

in a realization (Z, dz), then |D x| weakly converges to |Dx(,~0;| in duality with Cys(Z).
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(iii) We have
i m(B,(x))
im ——— =

N0 rh
Ccr o
r{%r_nan@”(m’x)’ (2-10)
. IDxel(B(x))
ll\r‘%i”——l = wy—10,(m, x).

@, Oy (m, x) € (0, +00),

Definition 2.23 (good coordinates). Let (X, d, m) be an RCD(K, N) space of essential dimension #.
Let E C X be a set of locally finite perimeter and x € FE be given. Then we say that an n-tuple
u= (u',...,u") of harmonic functions u®: B, (x) — R is a system of good coordinates for E at x
provided the following properties are satisfied:

(1) Forany ¢, j=1,...,n,

lim |Vu' - Vul — 8| dm = lim IVu' - Vul — 8| dDyg| = 0.
™0 JB, (x) ™0 JB, (x)
(2) For any £ =1, ..., n, there exists v;(x) defined as follows:
ve(x) := lim veg - VutdDxg|, lim lve(x) —vg - V| d|Dyg| = 0. (2-11)
"™0JB,(x) "™0JB,(x)
(3) The resulting vector v(x) := (vi(x), ..., V,(x)) € R" satisfies [v(x)| = 1.

The following theorem is proved in [Brue et al. 2023a, Theorem 3.6].

Theorem 2.24. Let (X, d, m) be an RCD(K, N) space of essential dimension n. Let E C X be a set of
locally finite perimeter and x € FE be given. Then, good coordinates exist at |Dyg|-a.e. point x € FE.

Remark 2.25. Let (X, d, m) be an RCD(K, N) space of essential dimension n, let x € X and let u =

(u', ..., u"™) be an n-tuple of harmonic functions satisfying
lim |Vu' - Vul — 8| dm = 0.
™0 JB, (x)

Given a sequence of radii r; N\ 0 such that
X, r7'd, ml, x) > R, de, L7, 0)

and a fixed realization of such convergence, it follows from the results recalled in [Brue et al. 2023b,
Section 1.2.3] (see also [Bru¢ et al. 2023b, (1.22)], a consequence of the improved Bochner inequality in
[Han 2018]) that, up to extracting a not relabeled subsequence, the functions in

rlulyy forj=1,...,n

converge locally uniformly to orthogonal coordinate functions of R".

The ensuing result is taken from [Brue et al. 2023a, Proposition 4.8].



THE RANK-ONE THEOREM ON RCD SPACES 2815

Proposition 2.26. Let (X, d, m) be an RCD(K, N) space of essential dimension n. Let E C X be a
set of locally finite perimeter. Then, for |Dxg|-a.e. x € X, the following property holds. Suppose that
u= ' ..., u"): B.(x) = R" is a system of good coordinates for E at x. Let v(x) € R" be as in
Definition 2.23. If the coordinates (x¢) on the (Euclidean) tangent space to X at x are chosen so that
the maps (u®) converge to (x¢): R" — R" when properly rescaled, then the blow-up H of E at x (in the
sense of finite perimeter sets) is

H={yeR"|y -v(x)>0}

Splitting maps. Let us now present the notion of a §-splitting map. We follow closely the presentation in
[Brue et al. 2023b], compare with [Bru¢ et al. 2023b, Definition 3.4].

Definition 2.27 (splitting map). Let (X, d, m) be an RCD(K, N) space. Let x € X, k e N, and r, § > 0 be
given. Then amap u = (uy, ..., ux): B.(x) — R¥ is said to be a 8-splitting map provided the following
properties hold:

(i) u, is harmonic, meaning that, for every £ =1, ..., k, we have u, € D(A, B,(x)) and Auy =0, and
uy is Cy-Lipschitz forevery £ =1, ..., k.
(i) r? fBr(x)lHess(ug)F dm < §foreveryL=1,... k.
(iii) fB,(x) |Vug-Vuj—8¢jldm <8 forevery £, j =1, ..., k.

As already noticed in [Brue et al. 2023b, Remark 3.6], in the classical definition of §-splitting maps
in the smooth setting, in item (i) above the stronger condition |Vu| < 1 + § is required. Anyway we
stress that when (X, d, m) is an RCD(—§, N) space and u is a §-splitting map as above, we have that
SUPyeB, »(x) [Vul(y) <1+ Cn38Y/2, see [Brue et al. 2022, Remark 3.3], and compare with [Cheeger and
Naber 2015, Equations (3.42)—(3.46)]. This means that, for § small enough, if u is a §-splitting map on
B, (x) on an RCD(—4§, N) space as above, then itis a C Nl 2—splitting map on B, >(x) in the classical
smooth sense.

In the following lemma we slightly improve previous results obtained in [Brue et al. 2023a; 2023b],
and we show that we can find good coordinates with respect to every BV, function.

Lemma 2.28. Let (X, d, m) be an RCD(K, N) space of essential dimension n and n € (0, 1). Then there
exists a sequence of n-tuples of harmonic Ck n-Lipschitz maps {uy}x,

g = (ugs .. up) : By, (x) > R,
and a sequence of pairwise disjoint Borel sets { Dy }x with Dy C By, (xy) such that

(i) for every f € BVioc(X),

IDfI(X\U Dk) =0,
k

(i) for every x € Dy, uy is an n-splitting map on B, (x) for anyr € (0, ry),
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(iii) there exists a Borel matrix-valued map M = (M, ;) : Dy — R"™" satisfying
. ¢ J
lim [Vuy - Vup — M(x)¢, j| dm = 0. (2-12)
"™O0JB,(x)

To any such collection of n-splitting maps, we can therefore associate a natural map

UDk—> N, x> k(x).
k

Proof. The proof follows the arguments given in the proof of [Brue et al. 2023b, Theorem 3.2]. However,
as we need a slightly stronger statement, we include the details of the proof.
Fix a countable dense set S C R,. Let y € S be given. If & > 0 is small enough and r € (0, \/e/[K|) NQ
is such that
dpmGr (X, r~'d, ml, y), (R", de. L, 0)) <&,

then, by [Brue et al. 2023b, Corollary 3.10], we obtain a §-splitting map u, , : Bs,(y) — R" for some §
(which can be made arbitrarily small, taking & small enough). Let

Dy, = {x € Bs/4)r(y) ‘ uy , is an n-splitting map on By (x) for every s € (0, %r)}.

The claim of the lemma will be proved with the sequence of sets {D,, ,}, , and maps {u, .}, , after making
the sets disjoint and restricting the maps.

Assume now, by contradiction, that the claim is false. Then, using a locality argument and the coarea
formula, we find a set of finite perimeter £ C X such that

|DXE|<X\UDW) > 0. (2-13)
yor
Fix ¢ > 0 to be determined later. If x € FE, then there exists r = r(x) € QN (0, 1) such that |[K|r2 <& <4

and
rIDxel(B,/4(x)) Wp—1
>2

m(B,/4(x)) wp

dpman((X, r~1d, m%, x), (R", d,, £,0)) <& and

By density of S and thanks to an easy continuity argument, we deduce that, for some point y = y(x) €
SN B, j(x),

rIDxel(Br/4(y)) Wp—1

domGr (O, 771, m”, y), (R, d., £",0)) <& and
p y ‘ m(B,/4(y)) Wn

(2-14)
By the discussion above (that is, [Brue et al. 2023b, Corollary 3.10]), we obtain a §-splitting map
uy , : Bs,(y) — R" for some § = §(¢) (which can be made arbitrarily small, taking ¢ small enough). By
[Brue et al. 2023b, Corollary 3.12], u, , is a Cn8'/*-splitting map on By (x) for any x € D5 . € B(s/ayr(y)
and s € (0, %r), where
1/2 m(B(S/Z)r (x))

— .

Er

H2(Bsayr (9) \ Dy ,) <Cyé

Therefore, D;r C Dy, if Cy8'* <.
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We apply the Vitali covering lemma to the family { B, (r)/4(y(x))}xerE constructed as above, and we
obtain a sequence of disjoint balls { B, (y,)/4(y(x;))}; such that

FE | Bsjayrn ().
i

Set

e . e
D° = D}

i
Following the computations in the proof of [Brue et al. 2023b, Theorem 3.2], we obtain

m(B(s/2)rx) (¥ (X))

HS(FE\ND) = 3 H5(Bsjayra YD\ Dy i) < Cn62 Y 37 (x;)
ieN ieN 27

Br Xi i
= cys!2 3 MBI o 512y, x), (2-15)
ieN Zr(xi)

where the constants Cy may change from line to line, in the third inequality we are using the doubling
property together with the fact that r(x;) is sufficiently small, and in the last inequality we are using
(2-14) together with the fact that the {B,(y,)/4(y(x;))} are disjoint. Let now {g;}; with &; N\ 0 be such that
the corresponding {§;}; satisfy both 81.]/2 <27"and CN(SI.I/4 < n, and set

G = U D* C Dy ;.
i
Then Hg (FE\ G) =0, which contradicts (2-13).
Finally, item (iii) is a direct consequence of the fact that, since u,‘i is harmonic forevery £ =1, ...,n
and k € N, one can give a pointwise meaning to Vuf(x) . Vu,’c (x), compare with [Brue et al. 2023a,
Remark 2.10]. O

Definition 2.29. Let (X, d, m) be an RCD(K, N) space having essential dimension n. Then by a good
collection of splitting maps on X we mean a family {u, : n € (0, n~HNQ} of sequences U, = (Uy k)keN
of maps

1 .
Upk = (”n,k’ e ”Z,k)' By, (xpk) — R"

as in Lemma 2.28. We will denote by D, ; C By, (xn.k) the sets associated to u,, as in Lemma 2.28. We
define

o0
Dy =) Dy
k=1

and by k,(x) : D, — N we denote the unique index satisfying x € Dy x, (v). For every x € D, x we define
a matrix A,(x) € R"*" such that, with the same notation of Lemma 2.28, A, (x)M, (x)An(x)T =1Id, -
The existence of such a matrix follows from the choice of 7,. Indeed, from the construction of the
symmetric matrix B,(x), it follows that [[Id —M, (x)[[z=~ < n~!, thus ||1d —M;,(x)|lop < 1, so that the
conclusion follows from the spectral theorem.
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Notice that, for every f € BV(X), we have |D f|(X\ D,) =0. Let us fix n € (0, n~H N Q. Since for
every x € D, there exists a unique k; (x) such that x € Dy, , (x), and since there exists also a splitting map
Uy k,(x) on some ball around x, one has that the limit

: ¢ J
rlg% B,(x) Vit ko "V Uiy 4T
exists for every £, j € {1, ..., n}, compare the end of the proof of Lemma 2.28 and [Bru¢ et al. 2023a,
Remark 2.10]. Hence, for every n € (0, n~!) N @, one can give a pointwise meaning to the R"*"-valued
map
My :x € Dyr> (Vi -Vl o e jeqt,.n () (2-16)

such that (2-12) holds.

3. Main results

3A. Representation formula for the perimeter. In this section we prove, by exploiting [Deng 2020] and
the same argument of [Brue et al. 2023a], that the total variation of every BV function is concentrated
on R;. We use the latter information to deduce that the perimeter measure of every set of locally finite
perimeter is mutually absolutely continuous with respect to %" ~!'. We will be using the following theorem,
which is proved in [Deng 2020, Theorem 1.3].
Theorem 3.1. Let (X, d, m) be an RCD(K, N) space, with K € R and N > 1, and spt(m) = X. Then
(X, d, m) is nonbranching, i.e., if vy, o : [0, L] = X are two unit speed geodesics satisfying vy (0) = o (0)
and y (ty) = o (ty) for some ty € (0, L), theny =o.
Proposition 3.2. Let (X, d, m) be an RCD(K, N) space having essential dimension n. Suppose that
v 110, 1] = Xis a geodesic satisfying y; € R;, for a dense family of t € (0, 1). Then y, € R}, for every
te(0,1).
Proof. Let § € (O, %) be fixed. Theorem 3.1 ensures that the constant-speed reparametrization of
vl15/2,1-5/21 on [0, 1] is the unique geodesic between its endpoints. Then [Deng 2020, (166)] gives
e=¢e(N,8)>0, r=r(N,8) >0,and C = C(N, ) > 0 such that

‘ m(B, (%)

m(Br (Vs’))

In particular, for any s, s” € [§, 1 — §] with |s —s’| < &, we have

'm<Br<ys>> (m(&(m»))l .

wy, 1" wy, 1"

1
1| <C|s —s'|20+2N)  forevery r € (0,7) and s, s" € [§, 1 — 8] with |s —s'| < €.

A

1
< C|s —s'|20+2N)  for every r € (0, 7). (3-1)

Now let 1 € [8, 1 — ] be fixed, and choose a sequence (#;);en € y*I(Rﬁ) N[s,1—=8]N(t —e, t+e¢) such
that #; — ¢. Up to a not relabeled subsequence, we can assume that ®, (m, y;;) — A for some A € [0, +00].
Pick sequences (7;) jen, (7)) jen € (0, 7) such that

m(Br,-()/z))_)@n(m’%) and m(Bf,-S/t))

n
a),,rj C()nl”j

g @n(m» yt)
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Plugging (s, s’,r) = (¢, #;,rj) or (s,s',r) = (¢,t;,7;) into (3-1) and letting j — oo, we deduce that
@n(m, ¥;) < +00 and

‘ @n(m, Yr) _ 1' ' On(m, v1)
®n(m’ Vt,—) ’ ®n(m7 Vt,-)

Similarly, plugging (s, s’, r) = (t;,t,r;) or (s,s’,r) = (t;, t, ;) into (3-1) and letting j — oo, we deduce
that ®,(m, y;) > 0 and

‘®n(m’ yt,') _1' '®n(m7 J/t,»)
On(m, 1) " On(m, 1)
Observe that (3-2) and (3-3) imply, respectively, that, for every i € N,

1
—1| < Clt — t;|2+2N)  for every i € N. (3-2)

1
—1| < Clt — t;|20+2N)  for every i € N. (3-3)

_ 1
|®n(m’ Vz) - @n(mv Vt)| =< 2C|t - ti|2(1+2N) ®n(mv Vt,-), (3_43)

®n(m’ Vt)@n(m» Vt)
®n(m’ yt,') ‘

Hence, we can conclude that ®,(m, y;) = ©,(m, ¥,) by letting i — oo in (3-4a) if A < 400, or in (3-4b)
if A = 4-o00. This shows that y, € R} for every t € [§, ] — §]. Thanks to the arbitrariness of §, we proved
that y;, € R} for every t € (0, 1), as desired. U

_ 1
1©n(m, 1) — On(m, y)| < 2C|t — ;] 20H2N) (3-4b)

Theorem 3.3. Let (X, d, m) be an RCD(K, N) space having essential dimension n. Then
IDFIX\R;) =0 forevery f € BV(X).
Proof. The statement can be achieved by repeating verbatim the proof of [Brue et al. 2023a, Theorem 3.1],
using R, instead of R, and Proposition 3.2 instead of [Brue et al. 2023a, Proposition 2.14]. O
The following theorem answers [Semola 2020, Conjecture 5.32] in the affirmative.

Theorem 3.4 (representation formula for the perimeter). Let (X, d, m) be an RCD(K, N) space having
essential dimension n. Let E C X be a set of locally finite perimeter. Then

IDxe| = ©,(m, YH" 'L FE. (3-5)
In particular, ®,_1(|Dxg|, x) = ©,,(m, x) for H" '-a.e. x € FE.

Proof. Up to a standard localization argument, we can suppose that E is of finite perimeter. Define
Rj:={x €R}:2/ <O,(m,x) <2/*!} forall j € Z. Notice that {R;} ez is a measurable partition of R.
Given j € Z and B C X Borel, for any x € BN R; N FE, there exists

Wn rDxel(B,(x)) m(B(x))

©,_1(Dxgl|, x) = li =0,(m, 27 2ty 3-6
1(IDxEl, x) wn_lrl\r% (B () e (m,x) el ) (3-6)

Therefore, an application of [Ambrosio and Tilli 2004, Theorem 2.4.3] yields, for any B C X Borel,

27H"™ Y (BN R;NFE) < |Dyxs|(BNR;) <2/t""H""Y(BNR,; N FE),
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whence 2/H" ! L(R;NFE)<|Dxg|_R; < 2/+ngn—l L (R;NFE). Thanks to Theorem 3.3, we deduce
that g := H"~ 'L FE is a o-finite Borel measure on X satisfying |Dxz| < g < [Dxz|. In particular,
we know from [Brue et al. 2023b, Theorem 4.1] that the set FE is countably "~ !-rectifiable, so that
[Ambrosio and Kirchheim 2000, Theorem 5.4] and the computation in (3-6) ensure that

d|D D B,
| XEl(x) — lim [DXxel(B-(¥) _ , (m. x)
dig ™NO @y
is satisfied for 7" ~'-a.e. x € FE. Therefore, the identity stated in (3-5) is achieved. O

Remark 3.5. Notice that, as a consequence of [Brue et al. 2023a, Corollary 3.2], for any set E of locally
finite perimeter in an RCD(K, N) space (X, d, m) of essential dimension n, we have

On-lah| FE.

|IDxel=
n
Hence, taking also (3-5) into account, we conclude that the measure 7" and H"~! are mutually absolutely
continuous on the reduced boundary FE.

3B. Auxiliary results. Let (X,d, m) be an RCD(K, N) space of essential dimension n. Notice that
if a given function u : B,(x) — R is harmonic, then Vu admits a quasicontinuous representative in a

localization of L2

Cap(TX). Also, by tensorization of the energy, if k € N, then the function

X x RE D B (%) x RF 5 (x, y) — u(x)

is harmonic, and hence it admits a quasicontinuous representative in a localization of LOCap(T(X x RKY))

with respect to the relevant capacity. Therefore, the following definition is meaningful.

Definition 3.6. Let (X, d, m) be an RCD(K, N) space having essential dimension n. Let f € BV(X)
be given. Fix a good collection {u,}, of splitting maps on X. Then, given any n € (0,n~!) N Q, the
|D f|-measurable map v;” : X — R" is defined at |D f]-a.e. x € X as

V) 1= Wy - Vg g o) @), oo - Vil ) (6).
The |[Dyxg, |-measurable map v'g‘;: X x R — R"*! is defined at IDxg,l-a.e. p=(x,1) e Xx Ras

V1) = (g, - Vity i ()P, - g, - Vit 1 ) (P), (vg, - V) (p));

notice that [Dyg £ |-a.e. p = (x, 1) satisfies x € D, as a consequence of Lemma 2.28(i), Proposition 2.13,
and the existence of functions of locally bounded variation whose total variation equals m.

In view of the following proposition, recall the definition of the reduced boundary in use in this note,
Definition 2.21. In particular, notice that, by definition, 7Gy € R;_ (X x R), and we will use this
inclusion throughout (in particular, recall the properties stated in Remark 2.22). Notice finally that the
matrix valued maps Cy > x — A, (x) in the proposition below are independent of f (up to the choice of
their domain).
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Proposition 3.7. Let (X, d, m) be an RCD(K, N) space having essential dimension n. Let f € BV (X)
be given. Let {uy}, be a good collection of splitting maps on X. Then there exists a Borel set Cy C X
satisfying the following properties:

(i) IDf|°=IDf|L.Cs and m(Cy) =0.
(i) Cr SREX)\Jfand FG; N (Cy x R) = (idx, f)(Cy).
(iii) Givenanyne (0,n ")YNQ and x € Cy, for Ay(x) € R™" as in Definition 2.29, (A, (X)tuy k(x), )
is a set of good coordinates for Gy at (x, f(x)).

Gv) If u=(u', ..., u""): B, (x, f(x)) — R is a system of good coordinates for Grat (x, f(x))
for some x € Cy, and the coordinates (x¢) on the (Euclidean) tangent space to X x R at (x, f_ (x))
are chosen so that the maps (u®) converge to (x;): R"' — R"*! (when properly rescaled, see

Remark 2.25), then the blow-up of Gy at (x, f_ (x)) can be written as
H:={yeR" |y v, f(x)) =0},

where the unit vector v(x, f(x)) = (w!(x, f(x)), UL RY C f(x))) is given by (2-11).

W) If p=(x, f(x)) € Cr xR, then, for every n € (0, n~HNQ, we have x € Dy i, (x) for some k;(x)
and p is a point of density 1 of Dy x,x) X R for [Dxg,|.

Proof. Let us start this proof by defining several sets whose intersection will define C ;. Hence we will
define Cy in (3-11), and we will verify each item separately.

For every n € (0,n~") N Q and every k € N, take D,k to be the set of points of density 1 in
(Dy.x x R)NFG ¢ with respect to [Dxg,|. We thus have that Uken Do,k covers IDxg,|-almost all D, x R.
Hence, by Proposition 2.13 and Lemma 2.28, the set 7 (U keN Dn,k) covers |D f|-almost all X for every
n € (0,n~")NQ. As a consequence, if we denote D := Mye©.n-Hna 7 (Ugen Pik)s then

IDfI(X\D) =0. (3-7)

Let A € X x R be the set of points (x, #) € X x R such that, if u = @', ..., u"thy: By, (x, 1)~ Rr+!
is a system of good coordinates for G at (x, 1), and the coordinates (x¢) on the (Euclidean) tangent
space to X x R at (x, ¢) are chosen so that the maps (ub) converge to (xg): R+ — Rt (when properly
rescaled), then the blow-up of G at (x, ) can be written as

yeR™ [y v(x, 1) >0},

where the unit vector v(x, 1) := (W' (x, 1), ..., V" 1 (x, 1)) is given by (2-11). Then, by Proposition 2.26,
we have also that
IDxg, (X x R)\ .A) =0. (3-8)

Let n € (0,n~")NQ, and let T, be the Lebesgue points of v'g‘: (defined in Definition 3.6) with respect
to [Dxg,|. Let T := ﬂne(o,ml)m@ 7Ty and notice that

IDxg (XX R)\T) =0. (3-9)



2822 GIOACCHINO ANTONELLI, CAMILLO BRENA AND ENRICO PASQUALETTO

Letus fix n € (0,n ") NQ and k € N. Let 1\71,7 = (M,, %) be defined on X x R, where M, is defined
in (2-16). Notice that 1\7[,7 is |[Dxg,|-measurable. Let S, be the Lebesgue points of 1\~4,7 with respect

to [Dxg, |, and let S := [, (. ,-1) Sy- Notice that

IDxg, (X xR)\S) =0. (3-10)

Let § € X with m(S) = 0 be such that |[D f|* is concentrated on § (recall (2-5)). Let us now define

Cy ::Sﬂ(RZ(X)\Jﬂﬂ( ﬂ Dn>ﬂJT1(AﬂTﬂSﬂfgf)ﬂD, (3-11)
n€(0,n~HNQ
where D, is defined in Definition 2.29, J is the jump set of f, FG is the reduced boundary of G, and
A, T, S are defined above. Let us verify each item separately.

Item (i). Notice that |D f|° is concentrated on S. Moreover, |D f|¢ is concentrated on X\ J¢, and, due
to Lemma 2.28, |D f|¢ is concentrated on ﬂne(oﬁn_%@ D, as well. Due to (3-7), |D f| is concentrated
on D. Furthermore, [Dxg,| is concentrated on ANT NS N FGy due to (3-8)~(3-10) and to the definition
of reduced boundary, see Definition 2.21. Thus, due to Proposition 2.13, |Df] is concentrated on
T (ANTNSNFG r). Putting this all together, we get that [D f| is concentrated on C.

Item (ii). By Lemma 2.11, one has that if x € C¢ \ Jy, then FGr N ({x} x R) = {(x, f(x))}. Indeed,
xeCyrC nl(]:gf), and then 7G N ({x} x R) is nonempty. Hence FG; N (Cy x R) = (idx, f)(Cf).
Item (iii). Let x € Cr. Hence, by item (ii) and by definition of C s, we have that x = 7l (x, f (x)) and
(x, f(x)) eTNS.

Let n € (0,n~") N Q. We have that there exists ky(x) such that x € Dy g, (x). By Lemma 2.28(iii),

compare with (2-16), we get the existence of a matrix M (x) € R"*" such that, forevery ¢, j =1, ..., n,
: 1 J —
}1&1) . |V”n,k,,(x) . V”n,k,,(x) —M(x)¢,jldm=0.

Hence, taking the matrix A, (x) from Definition 2.29, we conclude that, calling vy x, (x) := Ay (X)uy &, (x)>

we have, forevery £, j =1,...,n,
: ¢ J —
}I\I‘Ig) B (x) |an’kn(x) . an,k,?(x) - 8[]' dm - 0.
Hence, as a consequence of the previous equality, the independence of the coordinates in X x R, and Fubini’s
theorem, calling Uy k, (x) := (Vy.k, (1) 7?), we get that the following holds for every £, j =1,...,n+1:
lim V3, 10 - V054, — Sl dm@HY) =0. (3-12)

"™OJB, (x, f(x))

Now, since (x, f (x)) € S, and S, is the set of the Lebesgue points of (M, 72) (see (2-16)) with respect
to |ngj |, we also get, forevery £, j=1,...,n+1,

lim \vol, Vi

— 8¢ d[Dxg,| =0. (3-13)
NOSp ey Tk T /
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Finally, notice that (x, f(x)) € T, and T, are the Lebesgue points of vg with respect to [Dxg,|. Hence,
(x, f (x)) is also a Lebesgue point of the |Dyg y |-measurable map deﬁned for p=(y,1t) as

Bgl(p) = (g, - VA @ub o )(P). ... (v, - VAL, ()(p). (vg, - VI2)(p)).  (3-14)

Arguing as in the last part of [Brué et al. 2023a, Proposition 3.6], we get that the norm of the |Dxg, |-
Lebesgue representative of v vg at (x, f (x)) is 1. Hence the last information, together with (3-12) and
(3-13), give that vy x, (r) is a set of good coordinates for G at (x, f(x))

Item (iv). It follows from item (ii) and the definition of A.
Item (v). It follows from item (ii) and the definition of D. O

Theorem 3.8. Let (X, d, m) be an RCD(K, N) space having essential dimension n. Fix a function
f €BV(X) and a good collection {u,}, of splitting maps on X. Let C y C X be as in Proposition 3.7. Then,
for any givenn € (0,n~)NQ,

(vg;)nH(p) =0 forH"-ae peFG N (CrxR).

Proof. We recall from Proposition 2.13 that nﬂf(lD X5/ L (FGr N (Cy x R))) = IDf|°. Moreover,
Lemma 2.11 ensures that the mapping !: FGrN(Cr xR) — Cy is the inverse of (idx, f): Cr—
FGrN(CrxR). Given any k, j € Nand @ € (0, 1) N Q, we define

Ci={x e Crn Dy | 1w (x, FON = @, 7 <@, me L), (v, F0)) < j}.

Notice that the sets C f’ ol obViously depend on 7, but, as we are working with a fixed n € (0, n~HNaQ,
we do not make this dependence explicit. Recalling Theorem 3.3, we see that

{(xeCy| (vg”)n+1(x f(x)) #0} = U Cl}’a’j up to |D f|-null sets.
k,a,j
Hence, proving the statement amounts to showing that each set 7G, N (Cy kol R) is H"-negligible.

Koand R) Borel such that £ is continuous

Given any ¢ > 0, by Lusin’s theorem we can find £ € FG N (C
on !(2) and H"((FG; N (C*) x R)\ B) <e.
Our aim is to show that

H'(T)=0 (3-15)

since this would imply H" (FG ;N (Cljﬁ.’“’j x R)) = 0 by the arbitrariness of ¢ > 0. Up to discarding an H"-
null set from X, we can also assume (thanks to Remark 2.19 and Theorem 3.4) that ©, (|Dxg, | L, p)=
O,11(m® L', p) for every p € . Now we claim that

m IDxg, (XN Br(p)) \ (X x Bg,(1)))
r\0 r’

where we set 8 = B(a) :=+/1 —a? € (0, 1). The role played by o will be made clear in what follows. To
show the claim, fix p = (x, ) € ¥ and take any sequence {r;}; C (0, +00) with r; \( 0. Since x € R, (X),
one has that

=0 forevery p=(x,1)€ X, (3-16)

(X, rl._ld, m?, x) - (R",d., £",0) in the pmGH topology.
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Let (Z, dx) be a realization of such convergence. Then (Z x R, dz x d.) is a realization of
X xR, 7' (dxde), (m® LY, p.Gp) —> R d,, £, 0, H),

where H € R"*! is a halfspace. We also know from Proposition 3.7(v) that, up to passing to a not
relabeled subsequence, the rescaled perimeters [D g, | weakly converge to "3 H in duality with Cps(2).
Moreover, by Proposition 3.7(iv), d H is normal to v'g‘: (p). Thus, since (vg';)nﬂ(p) > o, we have
0H N B1(0) € B1(0) x Bg(0) by our choice of B. From the latter the claim (3-16) follows, taking into
account also (2-10). For y € (0, 4+00) and (x, t) € X x R, we define the cone

Cy(x, 1) :={(y,s) e XxR|yd(y,x) > |s —1[}.

Now take y =y (B) = /(1 +B8)/(1 — B) € (1, +00). Notice that y2 > /(1 — B). Next we claim that

. IDxg, I((ZN B, (p)\ Cy(p))
lim
r\0 r’

=0 forevery p=(x,t) € X. (3-17)

In order to prove it, fix § > 0. By virtue of (3-16), we can take ro > 0 small enough that

[Dxg, (XN Br(p) \ (X x Bpr(1)) _

re(0,ro) rt

8. (3-18)

Notice that
B, (p)\Cy(p) < U B, (p) \ (X x Bgy, (1)), (3-19)

]

where, for any i € N with i > 1, we define

2 ) i
Y +1 Yy +1
rii=py ——— ri—1=(,3 3 )’”0-
14 4

G18) yrEH1
IDxg, I((X N By, (p))\ (X x Bgr,(p))) = &r; 25(5 2 ) "o

it follows from the inclusion in (3-19) that

[Dxg, |((EZ N By (PH\Cy (P)) _ SZ(ﬂ y2+1)"i

Given that

n 2
ry y

Thanks to the arbitrariness of § > 0 and the finiteness of Y, (8+v/(y2+1)/y?)™, (3-17) is proved.
Let now &’ > 0. We wish to show that there exists a set ¥’ C ¥ with H" (X \ X’) < ¢’ such that there
exists rg € (0, 1) satisfying

(Z'NB,(p)\Cay(p) =2 forevery pe X' (3-20)

We do it using a standard argument, see, e.g., the proof of [Simon 1983, Theorem 1.6]. By Egorov’s
theorem, we can choose ¥’ C ¥ Borel with H" (X \ X’) < &’ such that, for any given 8’ > 0, there exists



THE RANK-ONE THEOREM ON RCD SPACES 2825

ro € (0, 1) such that, for every r € (0, 2rg) and p € X',
IDxg, (%N B:(p))
Opr1(M El’ plw,r™
D ~NB C
IDxg, I(( (P \ Cy(p)) <5 (3-21b)
Onr1(m LY, p)w,r"

the former follows from the fact that ©,(|Dxg, | LY, p)=0,11(m® L', p), the latter from (3-17). We

aim to show that if ' > 0 is small enough, then this choice of ¥’ and r( satisfies (3-20). Assume now

that there exists ¢ € (XN B, (p)) \ C2, (p) for some p € X'. Then

1-4, (3-21a)

B,(g) € B&(p,q)+p (»\C,(p), wherep:= a(p, q) sin(arctan(2y) — arctan(y)), (3-22)

where we write d := d x d, for brevity. Therefore, we can estimate
5 2 IDxg, 1((X N Bj,, 1)+ (PH\Cy(P))
T 0@ LY po(d(p. )+ p)"

(:22) IDxg, (XN B,(q))
Oni1(M® L, p)wa(d(p. q) + p)"
(3-§1b) (1— 58— o" —(1-3) (sinFarctan(Zy) — arctan(y)))" ’
d(p,q)+p)" (1 + sin(arctan(2y) — arctan(y)))"

which leads to a contradiction provided 8’ > 0 was chosen small enough, proving (3-20).
Finally, our aim is to show that
IDxg,1(X) =0 (3-23)

since this, by the arbitrariness of & > 0, would imply (3-16) and accordingly the statement. Take
p=(x,1)€ ¥ Since f is continuous on 7 ' (£"), there exists r| € (0, ro/~/2) such that | f(y) — f(x)| <
ro/~/2 forall y € B, (x)NaI(E). As &' C{(x,1) eXxR:t = f(x)}, we see that

='N (Br1 (x) X R) - =N Bro(p) - C2y(p)
by (3-20), so that, setting A := /1 +4y2,
' N(B,(x) xR) C X' NB;,(p) foreveryr e (0,r)). (3-24)

It follows that, for every p = (x, t) € ¥/, we have

IDxg, [(Z'N (B (x) x R)) (324 o IDxg, (XN Byr(p))
W, r" T r\o w,r"

— _
®n(7r* (|Dng | L E/)v X) = }1\1;%
=1"0,(Dxg,ILZ, p) =1"O 1 (m@ L', p) <1,
where the last inequality stems from the inclusion X" € FGy N (Cljﬁ.’“’j X R). Therefore, by applying
[Ambrosio and Tilli 2004, Theorem 2.4.3] and using the fact that 7' (X’) € C r» we can conclude that
IDxg,|(Z") =7, (IDxg,|IL £ (' (£)) < @0"jH" (x' () < Q1" jH"(Cs) =0,

thus obtaining (3-23). Consequently, the statement is achieved. U
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Lemma 3.9. Let (X, d, m) be an RCD(K, N) space of essential dimension n. Fix a function f € BV(X)
and a good collection {u,}, of splitting maps on X. Let C y be as in the statement of Proposition 3.7. Then,
foranyne (0,n~1HNQ,

V') = (ug! (. FO1n for IDFILCp-ae. x €X.

Proof. Recall that [IDf|LC; = nj(leg fll_(C r x R)), so that the statement makes sense. By the

.....

x € FE;NCy, where we define E; := {f > t}. Taking [Brena and Gigli 2024, Lemma 3.27] into account,
we see that it is sufficient to prove that, for a.e. ¢ and for every k € N,

uy

vk, (00) = (g O, OO0 for H' '-ae. x € FE;NCpN Dy (3-25)

.....

Let x € FE;NCy N Dy be a given point where the conclusions of Proposition 2.26 hold with E = E;
notice that %"~ !-a.e. point of FE, N C N Dy« has this property. We aim to show that the identity in
(3-25) is verified at x. Write p := (x, f_ (x)) for brevity. Thanks to Remark 2.22(i) and Proposition 3.7(v),
we can find a sequence r; \, 0, halfspaces H C R"*! and H' C R", and a proper metric space (Z, dz)
such that

X, ri ', mi, x, E) - R, de, £, 0, H'), (3-26a)
X xR, r] dxxm, (m@HN, p, Gp) > (R™d, £, 0, H) (3-26b)

in the realizations Z and Z x R, respectively. Notice also that
{(y,5) eXxR|s<t}—=>{(y,5) eR"xR|s <0} inLllOC (3-27)
in the realization Z x R. Therefore, by stability, we deduce from (3-26b) and (3-27) that
{(y,8) eEXxXR|s < f(y), s <t} = HN{(y,s) eR"xR|s <0} inL]..
Recalling (3-26a) and using Fubini’s theorem and dominated convergence, we see that
E; x (—00,1t) = H' x (=00,0) inL]_.
Given that E; X (—00,t) C{(y,s) e XxR:s < f(y), s < t}, we obtain that
H' x (—00,0) C HN{(y,s) eR" xR |s <0}.

Thanks to our choice of x and to items (iv) and (v) of Proposition 3.7, we can see that v;lg, (x) and
(vg; (P)1.....n have the same direction, namely there exists A(x) € [0, 1] such that

Now notice that the conclusion of Theorem 3.8 forces A(x) to equal 1, up to discarding a |D f|L_ C-
negligible set. U
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3C. Rank-one theorem. In this final subsection we prove Theorem 1.3. We first start with an auxiliary
definition and a technical result taken from [Brue et al. 2023b].

Let (X,d, m) be an RCD(K, N) space of essential dimension n and £ C X a set of locally finite
perimeter. Let ¢ > 0 and r > O be given. Then, following [Brue et al. 2023b, Definition 4.6], we define
(FnE), ¢ as the set of all points x € 7, E such that

dpmGH((X7 s_ldv m;a -x)s (Rna de’ én’ 0)) <é,
m(ENBy(x)) 1|, |sIDXe|(Bs(x)) @1

m(Bs(x) 2 m(B;(x)) wn

for every s € (0, r). We remark that, for every x € F, E and for every ¢ > 0, there exists » > 0 such that
x € (FL E)r.c. We now recall the following result, which was proved in [Brue et al. 2023b, Proposition 4.7].

Proposition 3.10. Let (X, d, m) be an RCD(K, N) space of essential dimension n. Let E C X be a set
of locally finite perimeter. Then, for any n > 0, there exists € = ¢(N, n) > 0 such that the following
property is satisfied: if p € (FoE)ar.e for some 0 < r < |K|™'/? and there exists an e-splitting map
u: By (p) —> R"! such that

r

_ lvg - Vu'|d|Dxg| < & foreveryl=1,...,n—1,
m(Bar(P)) J B, (p)

then there exists a Borel set G C B, (p) with Hg’(B, (p)\G) < Cnynm(B,(p))/r such that
u: GN(FrE)y e — R s bi-Lipschitz onto its image.
We pass to the following lemma, which is the technical core of the proof of Theorem 1.3.

Lemma 3.11. Let (X, d, m) be an RCD(K, N) space of essential dimension n. Fix any two functions
1, 8 € BV(X). Let {u,}, be a good collection of splitting maps on X. Let us consider the sets Cy, Cy € X
given by Proposition 3.7. Let T be the inversion map defined in (2-1), and let

Tpi=FG;N(Cyr xR), T;:=%;xR,

Yo =FG,N(Cg xR), Xg:=1(¥; xR).
Moreover, let us set R := nl(ﬁ) C X, where the set R C X x R? s defined as

() (1,9 € SpNEg [vgh(x, 1) # v (x,9), (v (6, D)n1 = (0 (%, ))np1 =0} (3-28)
neq,

0<77<n’1

Then
(IDfIA|DgN(R) =0.
Proof. Let us fix a ball B in X, set
Qs :=(Cr xRN (B xR)NFGy,

and define similarly €2,.
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For i € N, set n; := 27ny. Here ng € (0,n~ 1) N Q satisfies noCy < 1, where Cy is given in
Proposition 3.10. We claim that, for every i, there exists a decomposition of the kind
Q= G;(/H)UM(f)UR(f),
and similarly for g, for which the following hold:

o We have the inequality
HEM: () + IDxg, |(R:(f)) < Cx xmi(IDxg, |(B x R) + 1), (3-29)

and similarly for g, where Cg y is, in particular, independent of i.
e Set G;(f) :=7'(Gi(f)) and G;(g) := 7' (Gi(g)). Define similarly M;(f), Mi(g), Ri(f), and
Ri(g). Then
(IDFINIDgND(RNG;(f)NGi(g)) =0. (3-30)

We show now how this decomposition allows us to conclude the proof of the lemma. We set

G:=JGi(HNGie).
ieN
As (3-30) implies that ©
(IDfIAIDgN(RNG) =0,
it suffices to show (recall that R € Cy N Cy)
B (IDf| A IDgN((CyNCeN B\ G) =0,
as the ball B was arbitrary.
Let us go through the proof of the last equality. Notice that, for every i,

(IDfIADgh((CrNCNBY\G) < IDFIMi(f)URi(f)) +Dgl(Mi(g) URi(g)).
Therefore, it is enough to show that (as a similar statement will hold for g),
lim [Df(M; (f) U Ri () =0,

so that, recalling Proposition 2.13 and that 7| zg ; 1s injective on Cy x R, we can just show

Jim [Dxg,| (U Mﬂf)) + Dxg, |(Ri(f)) =0,
j=i

which follows from (3-29), since (3-29) again and the definition of 7; imply that

Hg’(ﬂ U Mf(f)) =0.

ieN j=i

For the sake of clarity, we subdivide the rest of the proof into five steps. In Step 1 we construct a
candidate decomposition as above in such a way that (3-29) is satisfied. The remaining steps are to prove
(3-30) for the decomposition obtained in Step 1. Step 2 and Step 4 are used to obtain technical estimates,
whereas Step 3 is the most important and proves a o -finiteness property via transverse intersection. With
these results in mind, we conclude the proof in Step 5. In the rest of the proof, we are going to use
heavily all the conditions ensured by the membership to C and C, without pointing it out every time. In
other words, we are morally partitioning X into good sets, up to an almost negligible set. These sets are
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good in the sense that s r and s ¢» Testricted to the preimage of these sets with respect to the projection
onto X, are bi-Lipschitz equivalent to (n+1)-rectifiable subsets of R"*2, via the same chart maps. Then,
as explained in the introduction, the task is to prove transversality of these two subsets of R"*2, and this
is done via a blow-up argument, taking advantage of the fact that we are using the same chart maps.

Step 1: Construction of the decomposition. Let g € (0, n~1 N (0, wy/QRwns1)) N Q be given by
Proposition 3.10 applied to E = G, with n; in place of 1. Using the good collection of splitting maps,
consider

wi ={ui il =ue/nr1),  ADiktk :={De;jnsr)k bk ki =kejmr1),  Aii=Ag /(1)

where we recall that k£ and A have been defined in Definition 2.29.

We only consider the case of the function f, the construction for g being the same, and we concentrate
on a fixed i. Therefore, we do not indicate the dependence on f for what remains of Step 1.

We refer to the discussion at the beginning of Section 3C for the definition (and the basic properties)
of the auxiliary set (F,4+1G ). Let

ri € (0,1K[7H
be small enough that, setting
R! = Qs \ (Fut1G )2 615
we have
IDxg, (R}) < n;.

Let also ¢ = ¢; € (0, 1) be small enough that, setting

R} :=Qs\{peFGslc<0,(Dxg,l p) <c '},
we have
IDxg, |(R}) < n;.

Take now p = (x, f(x)) €Qr\ Ril, so that x € D; ; for k = k;(x), see item (v) of Proposition 3.7, and
we have an associated invertible matrix A = A;(x), compare with item (iii) of Proposition 3.7, and the
discussion in Definition 2.29. Set v := (u; t, %) and z := (Au; , 7%). Notice, by the fact that x € D; g,
we have that u;  is ¢;-splitting on a small ball around x. Hence, by tensorization, v is ¢;-splitting on a
small ball around p. Recall, moreover, that, by item (iii) of Proposition 3.7, we have that z is a set of
good coordinates at (x, f (x)), see Definition 2.23. Hence, we have that, for some v € §”,

lim v/ — Vg, V| d[Dxg,|=0 forevery j=1,...,n+1,
"™OJB,(p) ' '

so that, for some v € R*+1\ {0},
lim lw — Vg, S Vo/| d|Dxg,|=0 forevery j=1,...,n+1L
™0 JB.(p) "

It follows that, for some B € SO(n + 1), setting w = Bv, we have

lim lvg, - Vw/|d|Dxg,| =0 forevery j=1,...,n.
™0 JB,(p) '
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Indeed, it suffices to take B € SO(n + 1) such that By = (0", ||it||gs+1). The equation above and the
membership p € FG imply that
. r
lim ——————
™0 mQH (B2 (p)) JB,, (p)
Take then 7 =7; , € (0, r;) small enough that w is an ¢;-splitting map on By (p) (this is possible thanks
to our choice of u;, the fact that v is &;-splitting on a small ball around p, and that B € SO(n + 1)1),
moreover

lvg, - Vw/|d|Dxg,| =0 forevery j=1,...,n

7

m®H1(BZF(p)) Bz;(p)
and finally, using also that [Dxg,| is asymptotically doubling at p,
IDxg,1(B#(p) \ (Dix X R)) < ni|Dxg,|(Bj/5(p)).
where we recall that for deducing the last information we are using item (v) of Proposition 3.7. We can

also assume that Bz(x) € B, which will be useful below. Note that p € (Fu19 )26 © (Fus195)27 6, -
We can thus apply Proposition 3.10 and obtain a set G = G;,, € B7(p) such that

m® H' (B (p))
”}.’

lvg, V| d[Dxg,| <& forevery j=1,...,n,

Hi(Br(p)\ G) < Cnmi

and (w',..., w"):GN (Fn+191)27,6; — R" is bi-Lipschitz onto its image. Here Cy depends only on N.
Clearly, also v : G N (F41Gf)27s; —> R+ g bi-Lipschitz onto its image, so that the image of v is
n-rectifiable, due to the fact that F, G is n-rectifiable.
To sum up, for i fixed, for every p = (x,1) € Q \ Rl.l, we have shown that
Vip = Wi g0y T2 Gip NV (Fn1Gp)ar e — R
is bi-Lipschitz onto its image for some set G; , C B, ,(p), that
m®H' (B, (p))

Tip

HE(Bs,,(p)\ Gip) < Cyn; (3-31)

and finally that
IDxg,|(B5; ,(P)\ (Di k;x) X R)) < ni|Dxg, (B, ,/5(p))- (3-32)

We apply Vitali’s covering lemma to ﬁnd a sequence of balls {B] }; where, for every j, we have that
B =B, (pl)_ B, ,(p) for some p = pl le\R1 such that

U B/ 29\ R
jeN
and {5~ 1B };j are pairwise disjoint; here 5~ IBJ stands for the ball B i 5( D; ) Clearly, to each B] are

associated in a natural way the sets G’ and D’ and maps v G N (]—",IHQ 2re = R We set then

M;=Q;n | JB/\G)) and R} :=q;n|JB\ (D] xR)).
JEN jeN

INotice that the operator norm of B is bounded above by a function of n, hence the Lipschitz constant of w might increase by
at most such a factor, but this is clearly not a problem.



THE RANK-ONE THEOREM ON RCD SPACES 2831

Using (3-31) for the first chain of inequalities and (3-32) for the second chain of inequalities, we have

o m®H! (B)) meH' (57'B))
HY (M) < 3 HEBING]) <Cymi Y~ <Crxmi ), —— 57—
jeN jeN Fi jeN 57

<Cxwni Y IDxg, (57 B)) < Ck nniIDxg, (B x R).
JjeN .
We stress that in the fourth inequality above we are using that pij € (Fnut1G£)2r.,¢; and
IDxg, |(R}) <Y IDxg, I(B] \ (D} xR)) <n; " |Dxg,|(57" B/) < niIDxg, (B x R)|.
jeN jeN
Now set

S/ =/ (NG N (Fui1G )2 e) \ (RN URPURY)) S R™,

and recall that Sl.j is n-rectifiable. For every j € N, there exists a countable family {Sij ’g}geN of C!-

hypersurfaces in R"*! such that
H" (S,.f (U S,.ff) =0,

£eN
Define . .
oy . ‘ HY(B,(y)N S/ NS/
SHt=1yes/ns/ lim BWAS NS) _y
! ! AN W, "
and

Rb= NS\ @) 'S <o

jeN £eN
and notice that ”H"(R?) =0, so that |ngf|(R,4) = 0. We set also

R4 iN—1,aJ.¢
/"= w)HN(E c
and notice that

if v/ = (uig, 7%), then Q/° € Diy x R for every € € N. (3-33)

Now define y

j 0 0| .. IDxg,|(B-(p)N Q")

f=U (Q’J \{pEQ’! ok By = 1)
j.eN XG,I\Br(p
‘We then set
R :=R'UR?URUR'UR?,

and finally

Gi=e\uR) < | J 0f.
j.LeN
It is immediate to check that the sets we constructed satisfy (3-29). The rest of the proof shows that they
also satisfy (3-30).

Step 2: Almost one-sided Kuratowski convergence. For any i, let

PEQ\R(f).
and let px N\ O be such that

X xR, o tdyxm, (m@HN, p, Gp) — R de, £, 0, H),
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where H C R"*! is a halfspace. Fix also p > 0. Assume the convergence is realized in a proper metric
space (Z, dz). We show that, for every ¢ > 0, there exists ko € N such that
BX(PM N (2 \ R (f)* € BZ(9H) if k > ko.

Here the superscript k& denotes the isometric image in Z through the embedding of the pi-rescaled space.
We argue by contradiction. Up to taking a not relabeled subsequence, by the contradiction assumption,
there exist {g*}; such that, for every &,

q" € BL(P)YN(Qp \ R (f))\ BZ(OH).

Up to a not relabeled subsequence, g* — ¢ € Z, with dz(q, dH) > %8. It is easy to see that g € R"*!. By
weak convergence of measures,

- PcIDXg, | (Bep,/2(g)) _

0.
k— 00 CZ"

On the other hand, recalling that {g*}; € (F,11G f)2r,¢; and using again the weak convergence of measures,

i PHIDXG1(Bep2(@)) o piIDX/(Bep2(4") m(Bepy(gh) o
ko0 Cp* foo M(Bepja(gh)) Co T 2mup1

which is a contradiction.

LN (B, a(q)) > 0,

Step 3: Proof of the o-finiteness claim. We use the same notation as in Step 1. We claim that, for every i,
H'L{(x.1,.5) € R|x € Gi()NGi(g)}
is o-finite. To show this, it is enough to prove that, for every i, j, k, £, m, & € N,

IV ELSRS)

is o-finite, where we set

Tijkeme ={(x,1,5) € R x € Gi(/)NGi(g) N Dix, (x,1) € QI (f), (x,5) € 075 (g)}.

vi= (i, 2, 1) (@7 () x R UT(Q1F (g) x R) — R™2,

By the construction in Step 1,

and | (3-34)

Vlgin pyxm (07 () xR)
are bi-Lipschitz onto their image. Therefore, as T C (Qlj A xRN r(Qf’g(g) x R), it is enough to
show that

H*Lo(T)
is o-finite. Here a central point is that Tc D; x x R x R, so that, by the construction in Step 1, the map v
as above will be suitable both for the part concerning f and the part concerning g (see (3-33)). Now
notice that
oM S (N xRNTE (@) xR,
so that, by a standard result of geometric measure theory on Euclidean spaces, we can simply show that,
atevery p=(x,t,s) € i we have that :S'\l.j’m(f) x R and r(:S‘\ie’g (g) x R) intersect transversally at v(p),
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or, equivalently, that :S\ij () x R and r(fS'\f’s (g) x R) have different tangent spaces at v(p). We can, and
will, assume that v(p) = 0.

By our assumptions, compare with items (iii) and (iv) of Proposition 3.7, we know that there exists
a sequence p; \( 0 and a proper metric space (Z, dz) such that (Z x R x R, dzxrxr) realizes both the
convergence

XX RxR, p; ' dxxrxr, (M@H' @H%, p. Gy xR) > R x Rx R, de, L772,0, H x RxR) (3-35)
and the convergence
(XxRXR, o 'dxxrxr, (MOH' @K%, p, (G xR)) = (R" xRxR, d,, L2, 0, H' xRxR), (3-36)

where H and H’ are halfspaces in R”. Notice that this can be done since the (n+1)-coordinate of the v’s
are zero, see the definition of R. We have endowed R"” x R x R with the coordinates given by the (locally
uniform) limits of appropriate rescalings of the components of z, where

z:= (A;(X)uip, 7%, 7% By(p) — R™2

for some p > 0 (see Remark 2.25). To do so, we needed to take a not relabeled subsequence of {x}r, but
this will make no difference. Hence, recalling also the definition of E, it follows that H # H'.
Fix D > 5 greater than the bi-Lipschitz constants of the maps in (3-34) and such that

I(Ai(x), ', w2)e| < (D —4)|c| for every ¢ € R*2. (3-37)

Let 8§ € (0, D~!) be small enough that we can find a € (0H x R x R) N B;(0) C R"*+2 such that
Bps(a)N(0H' xRx R) = 2.

As a consequence of the density assumption made by removing Ris, we can find a sequence {a*}; C
X x R x R with

d“ e (Q,j’m(f) x R)N B, (p) forevery k € N

and a* — a in Z x R x R, where here and below the superscript k denotes the isometric image in Z x R x R
through the embedding of the pi-rescaled space.
By weak convergence of measures,

_ pkIDxg,xrl(Bp-15,, (@)
m >

li 0,
ko0 cy

— pkIDxzg,xm | (Bpsp, (@)

lim o =0.
k— 00 Cp

Recalling again the density assumption made by removing Rl.5 together with the bounds on ©,(|Dxg,|, -)
by removing Rl.z, and finally the weak convergence of measures, this reads as
lim p, " H T (B, (@) N Q)" X R)) > 0, (3-38)
k— 00

im o """ H" T (Bpsy, (@¥) N T(QF x R)) = 0. (3-39)
k— 00
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It is easy to verify by contradiction that (3-38) implies, by our choice of D, that

lim p; "' 1" (Bs,, (v(@®)) N (87" (f) x R) N Bapy, (0)) > 0. (3-40)
k— 00
Now we show
lim p; "~ H ™ (Bs,, (0(a¥)) N T (5 () x R) N Bapy, (0)) = 0. (3-41)
k— 00

By Step 2, we get that, for ¢ € (0, 8), there exists ko such that if k > ko, then, for every b € (Byp2,, (p) \
Bpsy, (@) N r(Qf’S x R))* there exists ' € dH’ x R x R such that

dzxrxr (b, b') <e.
Up to increasing ko, we may assume that, for every k > ko,

dzxrxr(a, d) <.
Notice that if b is as above, then
|b' —a| > DS —2¢

and, by local uniform convergence, up to enlarging ko and provided & > 0 is small enough,

log '2(b) — pi '2(a)] = b —a - 26,
so that
|2(b) — 2(a")| = (D —2)8 = 26) i = (D — 4)dpy,
which implies, recalling (3-37),
v(b) — v(@")| = 8px.
Notice that the above inequality does not follow from the fact that the maps in (3-34) are D-bi-Lipschitz,
but implies that (3-41) follows from (3-39) by the choice of D.

We can now conclude the proof of Step 3, as by (3-40) and (3-41) it follows easily that :97 () xR
and r(g\f’g(g) x R) have different tangent spaces at 0.

Step 4: A technical estimate. For some i € N, let us assume R’ is such that
R CRNGi(f)x RxR) N(Gi(g) xR x R)
and that R’ has finite 7"-measure. Let p € R’ be fixed. We claim that

_ HI@YA(R' N B(p)))
lim -
I’\O }"n

0.

Let us prove the claim. Take a sequence p; N\ 0. We recall that, with the same notation as above, up to
a not relabeled subsequence, (3-35) and (3-36) hold. Let

I:=1(0HNJH") x R xR)
be a neighborhood (in Z x R x R) of (0 H NdH’) x R x R) N B,(0) that satisfies
Hg(nl’z(l)) <e&.
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As a consequence of Step 2, there exists ko € N such that
BERR(pkyn R C 1 forevery k > ko,
from which, taking the projection 72, the claim follows.

Step 5: Conclusion. Let us finally prove (3-30). By Step 3, it is enough to show that

(IDfIADgh(E' (R)) =0

where R’ is as in Step 4. Fix ¢ > 0. For every j € N, j > 1 we consider the sets

- Hi(x"2(R' N B,
R; { cR ( ( - (P)) < ¢ for every r € (0, j_l)}
’
and
o’ Dl o/
R} =R\ JR]
i<j
Notice that, by Step 4,
= U R
J

izl
and, by construction, this union is dlS]Olnt For every Jj=1 we take a countable family of balls {B, ( i(p; )},

—1

such that, for every i € N, we have r{ < j~! and p] € R” as well as

Ric|UB.i(p) and ) o)y <2 (R +27. (3-42)
ieN ieN

We can compute, recalling the definition of ﬁ;f and (3-42),

HL( 2 (R))) < He (n“(ﬁ” nlUJB, (p{))) <> ey <e@"HMR)) +27).
ieN ieN
Therefore, < <

Hi " 2(R)) < e@"H"(R') +1)
and, ¢ > 0 being arbitrary, [Dxg, |(711’2(§/ )) = 0, whence the result follows due to Proposition 2.13. [J

Lemma 3.12. Let (X, d, m) be an RCD(K, N) space of essential dimension n, and let f, g € BV(X).
Choose two Cap-vector field representatives for vy and ve. Then

ve==2v, (IDf|A|Dg|)-a.e.onCyNCs.

Proof. From Lemmas 3.9 and 3.11 together with Theorem 3.8 we have that, for (|[Df| A |Dg|)-a.e.
x € CyNCy, there exists n = n(x) € (0, n~1 N Q such that

VT (x) = v (x).

It remains to show that if, for some 7 € (0, n! )N @, it holds that v;” = :I:vg " Cap-a.e. on a Borel set A,
then vy = +v, Cap-a.e. on A. This follows since the gradients of the functions in u, ; are a generating
subspace of Lgap(TX) on D, ; since the L%ap(TX) module has local dimension at most »n. Indeed, if
hi, ..., hyy1 € TestF(X) then det(Vh; - Vhj); ; =0 m-a.e. hence Cap-a.e., so that it is now easy to bound

the local dimension of Lgap(TX). U
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The following lemma is extracted from [Brena and Gigli 2024, Proposition 3.30].

Lemma 3.13. Let (X, d, m) be an RCD(K, N) space of essential dimension n, and let f, g € BV(X).
Choose two Cap-vector field representatives for vy and v,. Then

ve=2v, (IDf|AI|Dgl)-a.e onJ;yNJ,.

Proof of Theorem 1.3. We first notice that, for every i =1, ..., k,
d|DF;]|
(vp); = dIDF| vr, |DF]-a.e.
The conclusion on the jump part is given by Lemma 3.13 applied to every pair of components of F
together with the well-known fact that, for every i =1, ..., k, we have [DF;|(Jr \ Jr,) = 0. On the
Cantor part, the result follows from Lemma 3.12 applied to every pair of components of F. U

Appendix: Rectifiability of the reduced boundary

In this appendix, we give an alternative proof of the known fact that reduced boundaries of sets of finite
perimeter in finite-dimensional RCD spaces are rectifiable. Roughly speaking, this is a consequence of
the rectifiability result of [Bate 2022] and the uniqueness of tangents to sets of finite perimeter proved in
[Brue et al. 2023b], once one takes into account the regularity result Theorem 3.3.

Let us recall part of the statement of [Bate 2022, Theorem 1.2].

Theorem A.1. Let (X, d) be a complete metric space, k € N, and S C X such that 1k (S) < co. Hence the
following are equivalent:

(1) S is k-rectifiable.

(2) For HK-almost every x € S, we have ©y(S, x) > 0 and the existence of a k-dimensional Banach space
(R¥, || - |Ix) such that
Tan, (X, d, HLS) = {RE, |- |, H*, 0)). (A-1)

Let us fix (X, d, m) an RCD(K, N) space of essential dimension n. Let E C X be a set of locally finite
perimeter. Now by Theorem 3.3 and the first part of the argument of Theorem 3.4, we have:

(1) IDxe|(X\R;) =0, and hence |Dy| is concentrated on FE.

(2) #H"~'L_FE is a o-finite Borel measure that is mutually absolutely continuous with respect to [Dx /.
Notice that, for the precise computation of the density of |Dx x| with respect to H"~! L FE in
Theorem 3.4, we needed the rectifiability of FE, which we will not use in the following argument.

Hence let us call f € Ll (|IDxg|) the function such that H"~'_FE = f|Dxg/|, and let D C FE

loc

be the set of the Lebesgue points of f with respect to the asymptotically doubling measure |D x|
that are also differentiability points of 7"~' L FE with respect to |Dxg]|, i.e., for every x € D,

tim f |f = f()]dIDxe| =0 (A-2)
r=UJB, (x)
and "
 HILFEB(x)
=1 . A-3
T = o D 1B, () &-3)
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Notice that |Dyz|(X\D) =H"~'(FE\D) =0 due to the Lebesgue differentiation theorem [Heinonen
et al. 2015, p. 77], and the Lebesgue—Radon—Nikodym theorem [Heinonen et al. 2015, p. 81 and
Remark 3.4.29]. Notice, moreover, that since |D y g| is mutually absolutely continuous with respect to
H"'_FE, we have f(x) > 0 for [Dxg|-almost every x € X, or equivalently for H'~ ' F E-almost
every x € X.

Let us now prove that FE is (n—1)-rectifiable by exploiting Theorem A.1. Let us verify item (2) there.
By the third line in (2-10) together with the fact that x € R and (A-3), we get that ©,_1(FE, x) > 0 for
every x € D, and hence for #"~!-almost every x € FE. Let us now verify the second part of item (2).
Let us fix x € D, and let us take an arbitrary sequence r; — 0. We have that, up to subsequences,

Xi == (X, r; ', m7, x, E) = (R, de, £", 0, {x, > 0})

and, in a realization of the previous convergence, we have that the |D xg|x; weakly converge to |Dxx,~0l-
For the sake of clarity, we denoted by |Dyg|x, the perimeter measure of E in the rescaled space X;. Notice
that |[Dxg|x, = (r;/CH|DxE|, where |Dxg| is the perimeter measure on X. Let g € Cps(Z), where Z is a
realization of the previous convergence. Hence we have

rH"ILFE
gd————
Xi Cxl

:/);.gfd|DXE|X,- =‘/;(.g()’)f(x)d|DXE|X,~(}’)‘i“/x.g()’)(f(y)_f(x))d|DXE|X,~(y),

and hence, by using (A-2) and the fact that
(n+ 1w, C_;l

IDxEl(By, (x)) ~
Wy r
as a consequence of the second and third line of (2-10), we conclude that?
riH"'_FE
o

in the realization Z. This immediately implies that

= f()IDx(x,>0 (3-4)

H'V_FE

N n—1|_ -
A TLFEGB, oy F Hle=0

because H" 'L {x, = 0} is the surface measure on {x, = 0} that gives measure 1 to the unit ball.
Hence we have shown that, for every x € D and every sequence r; — 0, there is a realization Z in
which one has the convergence

d H' Y FE
<x

b _’ 9 Rn_l7d 77—[”_1’0 9
i H =1L FE(B, (x)) x) B ¢ )

which is exactly what one needed to show in order to verify (A-1) (recall [Bate 2022, Proposition 2.13]).
Hence the application of Theorem A.1 gives the (n—1)-rectifiability of FE.

2Notice that in the following equation we are considering H"~'_ FE in the original space X and not in the rescaled space
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We propose a new approach to the Fourier restriction conjectures. It is based on a discretization of the
Fourier extension operators in terms of quadratically modulated wave packets. Using this new point of view,
and by combining natural scalar and mixed norm quantities from appropriate level sets, we prove that all
the L2-based k-linear extension conjectures are true up to the endpoint for every 1 <k < d + 1 if one of the
functions involved is a full tensor. We also introduce the concept of weak transversality, under which we
show that all conjectured L2-based multilinear extension estimates are still true up to the endpoint, provided
that one of the functions involved has a weaker tensor structure, and we prove that this result is sharp. Under
additional tensor hypotheses, we show that one can improve the conjectured threshold of these problems in
some cases. In general, the largely unknown multilinear extension theory beyond L? inputs remains open
even in the bilinear case; with this new point of view, and still under the previous tensor hypothesis, we
obtain the near-restriction target for the k-linear extension operator if the inputs are in a certain L? space for
p sufficiently large. The proof of this result is adapted to show that the k-fold product of linear extension
operators (no transversality assumed) also “maps near restriction” if one input is a tensor. Finally, we exploit
the connection between the geometric features behind the results of this paper and the theory of Brascamp-—
Lieb inequalities, which allows us to verify a special case of a conjecture by Bennett, Bez, Flock and Lee.
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1. Introduction

Given a compact submanifold S € R?+! and a function f : R4*! > R, the Fourier restriction problem
asks for which pairs (p, ¢) one has
I f1sllLacsy S NS e @a+1y,

where f |s is the restriction of the Fourier transform f to S. This problem arises naturally in the study
of certain Fourier summability methods and is known to be connected to questions in geometric measure
theory and in nonlinear dispersive PDEs. The interaction between curvature and the Fourier transform
has been exploited in a variety of contexts since the works [Hormander 1973; Fefferman 1971; Stein
and Wainger 1978] in the study of oscillatory integrals. For a more detailed description of the restriction
problem we refer the reader to the classical survey [Tao 2004]. In this paper we work with the equivalent
dual formulation of the question above (known as the Fourier extension problem), and specialize to the
case where S is the compact piece of the paraboloid parametrized by I'(x) = (x, |x|?) € R+ with
x € [0, 1]%. In this setting, the Fourier extension operator is initially defined on C([0, 1]¢) by

Eag(X1,...,Xxq,1) =/[ y g(fl,---,Sd)e_zm(&xl+'"+$"x")e_z”i’(5%+"'+§3)dE. (1)
0,1

E. Stein [1993, Chapter IX] proposed the following conjecture:
Conjecture 1.1. The inequality

”gdg”Lq(Rd+1) <p.q.d ”g”Lp([O’l]d) )
holds if and only if q > w and q > —(d;z) p.

Multilinear variants! of Conjecture 1.1 arose naturally from the works [Klainerman and Machedon
1993; 1995; 1996] on wellposedness of certain PDEs. Given 2 < k < d 4 1 compact and connected
domains U; C RY, 1 < j <k, define

Swg@J)ﬁi/ g(§)e 2 E,2mitlER ge (¢ 1) e RY xR (3)
. U,
Taking the product of all k such operators associated to a set of transversal U; leads to the following
conjecture (see Appendix A):

Conjecture 1.2 [Bennett 2014]. If the caps parametrized by U; are transversal, then
k k 2(d +k+1)

1_[ ng &

ji=1

<s[Jlgillz foratlp=
Roughly, transversality means that any choice of one normal vector per cap is a set of linearly

. “kd+k—1)

independent vectors, as shown in Figure 1.

Remark 1.3. From now on, we shall refer to Conjecture 1.1 as the case k = 1. It was settled only for
d =1 in [Fefferman 1970; Zygmund 1974]. In higher dimensions we highlight the case p = 2 solved in
[Strichartz 1977], which is equivalent to the Tomas—Stein theorem [Tomas 1975] in the restriction setting.

I'Multilinear extension estimates also play a fundamental role in Bourgain and Demeter’s decoupling theory [2015].
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Figure 1. A choice of normal vectors to the caps parametrized by U; via x > |x|%.

Progress beyond these two results was made in many works over the last decades through a diverse set of
techniques: localization, bilinear estimates, wave-packet decompositions and more recently polynomial
methods. We mention [Bourgain 1991; Tao and Vargas 2000; Tao 2003; Moyua et al. 1996; Wang 2018;
Guth 2018; Hickman and Rogers 2019]. Analogous problems for other manifolds were studied in [Wolff
2001; Strichartz 1977; Ou and Wang 2022].

Remark 1.4. Guth [2018] proved a weaker version of Conjecture 1.2 for all 2 <k < d + 1 and up to the
endpoint, which is known as the k-broad restriction inequality. This estimate plays a central role in his
argument in [Guth 2018] to improve the range for which Conjecture 1.1 is known. In Lemma A.3 of
[Bourgain and Guth 2011], the authors proved an L2-based k-linear estimate for an exponent p slightly
larger than the conjectured threshold in Conjecture 1.2.

Only three cases of Conjecture 1.2 are well understood:

(i) Tao [2003] settled the case k = 2 up to the endpoint inspired by [Wolff 2001] for the cone. Lee
[2021] obtained the endpoint for k = 2.

(ii) Bennett, Carbery and Tao [Bennett et al. 2006] settled the case k = d + 1 up to the endpoint.
(iii) Bejenaru [2022] settled the case k = d up to the endpoint.

The goal of this paper is to propose a new approach to these problems based on a natural discretization
of the operators in terms of scalar products against quadratically modulated wave-packets. Our main
theorem reads as follows:

Theorem 1.5. Conjectures 1.1 and 1.2 hold up to the endpoint if one (any) of the functions involved is a

full tensor?

Remark 1.6. The endpoint (p, q) = (w, @) is not included in the range where (2) is supposed
to hold; therefore our main theorem implies the case k = 1 when g is a full tensor.

Remark 1.7. For 2 < k < d + 1, Theorem 1.5 can be proved if the caps are assumed to be weakly
transversal, which is defined in Section 3. We will prove that transversality implies weak transversality
(up to dividing the caps into finitely many pieces), the latter being what is actually exploited in this paper.

2A function g in d variables is a full tensor if it can be written as g(x7, . . ., xg)=g1(x1)----- g4 (xg). We refer the reader

to [Igari 1986; Tanaka 2001] for other results related to the restriction problem involving tensors, and we thank Terence Tao for
pointing these papers out to us.
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Under weak transversality, Theorem 1.5 holds if one (any) of the functions has a weaker tensor structure.
This will be made precise in Section 9.

Remark 1.8. For 2 <k <d 4+ 1, Theorem 1.5 is sharp under weak transversality in the following sense:
if all functions g1, ..., gx are generic, it does not hold if the caps are assumed to be weakly transversal.
This is explained in Appendix A.

Remark 1.9. For 2 <k <d + 1 we do not use the tensor structure explicitly. It is used in an implicit
way when comparing the sizes of natural scalar and mixed norm quantities that appear in the proofs.

Remark 1.10. For 2 <k < d, if all functions involved are full tensors, one has more estimates than those
predicted by Conjecture 1.2 assuming extra degrees of transversality, as proven in Section 11.

It is natural to try to generalize the statement of Conjecture 1.2 for L? inputs rather than just L2. A
motivation for that is to deeply understand the role played by transversality; as we will see, the farther
our inputs are from L2, the less impact the configuration of the caps on the paraboloid has in the best
possible estimate (with a single exception to be detailed soon). The general statement of the k-linear
extension conjecture for the paraboloid is (as in [Bennett 2014]):

Conjecture 1.11. Let k > 2 and suppose that Uy, . . ., Uy parametrize transversal caps of the paraboloid
x> |x2 in REFL [f
1 d 1 d+k—-11 1 d—-k+11 k—1
- <— —-<———— and -Z< —+ ,
q 2d+1) q d+k+1p q d+k+1p  k+d+1
then
k k
1—[ €u; 8j Sp.a 1—[ lgjllLrw))-
j=1 Lq/k(Rd-‘rl) j=1
For 2 <k <d+1, to recover the interior of the conjectured range, it is enough? to prove Conjecture 1.2 and
k k
1_[ Eu; & ¢ 1_[ lgjllz2@+vraw;) 4)
j=1 L2(d+1)/(kd)+8(Rd+l) j=1
for all £ > 0.

Remark 1.12. Observe that (4) covers the case (p,q) = (w, w +8) of Conjecture 1.11.

Notice also that this case would follow from the case (p,q) = (@, w +¢&

) of the linear
extension of Conjecture 1.1 and Holder’s inequality. This means that the closer we get to the endpoint
extension exponent, the fewer improvements transversality yields in the multilinear theory. The exception
to this is the k = d + 1 case, for which L? functions give the best possible output for the corresponding
multilinear operator (rather than L2d+1D)/ d). Indeed, when one function is a tensor, the best result in this

case is obtained in Section 10.

By adapting the argument that shows the case 2 < k < d + 1 of Theorem 1.5, we are able to prove the
following weaker version of (4):

3The interior of the full range of estimates follows by interpolation between these two cases and the trivial bound
(p.q) = (1, 00).
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Theorem 1.13. Let2 <k <d + 1. If g1 is a tensor in addition to the hypotheses of Conjecture 1.11, the
following estimate holds:

k k
Eu,; gj < j , . 5
1'1:[1 Ui 8i L2W@+D/(kd)+eRd+1) 8}:[1 I8 lwo o )
for all € > 0, where

Ad+D)  en g4

plk,d) = d+k+1 2
Ad+D) ed g
2d —k+1 2~

Remark 1.14. Notice that w < p(k,d), so Theorem 1.13 is not optimal on the space of the input
functions. On the other hand, the output L2d+D)/kd)+e (for al] & > 0) is the best to which one can hope
to map the multilinear operator on the left-hand side. The case k = d + 1 of the theorem above coincides
with the case k = d + 1 of the L?-based theory, which is covered in Section 10.

Remark 1.15. Bounds such as the one from Theorem 1.13, i.e., in which one needs p big enough (and
not sharp) to map L2 inputs to a fixed L4, are common in linear extension theory. For example, Wang
[2018] showed that & maps L®([—1, 1]?) to L4(R3) for g > 3 + % As mentioned in [Wang 2018],
this implies the (seemingly stronger) bound

€28 L3y Zq 18 lLa(—1,112)
forg >3+ % via the factorization theory of Nikishin and Pisier (see [Bourgain 1991]).

Remark 1.16. The multilinear extension theory for inputs near L2@d+D/d remains largely unknown in
general (except for the almost optimal result in the £k = d + 1 case in [Bennett et al. 2006]). In fact, it is
not fully settled even in the k = 2, d > 1 case (whose L2-based analogue is known). We refer the reader
to [Oh 2023] for partial results in this direction.

Remark 1.17. As the reader may expect, any function can be taken to be the tensor in the statement of
Theorem 1.13.

The linear and multilinear theories studied in this paper meet very naturally once more in the context
of the techniques we use: the simplest multilinear variant of a linear operator 7" is given by the product
of a certain number of identical copies of it:

k
Too(g1.---.g0) =[] Ts;-
ji=1

Proving that 7" maps L?(U) to L9(V') is equivalent to proving that 7,y maps L?(U) to Li'k V), as
one can easily check with Holder’s inequality. Multilinearizing £; without any regard to transversality
yields the operator

k
Ea,a)(&1,-...8k) = l_[gdgj- (6)
j=1
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Combining the previous observation with the factorization theory of Nikishin and Pisier, Conjecture 1.1
follows from the bound

Kk
Se [ llgsllzoe qo.174)- @
j=1

k
l_[ €agj
j=1

The proof of Theorem 1.13 can be adapted to show the following:

L2d+1)/(kd)+e

Theorem 1.18. Let2 <k <d + 1. If g1 is a tensor, the inequality

X k
1 <e [T187leaqon0) ®)
j=1 =t

L2(d+1)/(kd)+e(Rd+1)
holds for all ¢ > 0.
Remark 1.19. Since the inputs g; are compactly supported, Theorem 1.18 implies (7).

Remark 1.20. Given that the proof of Theorem 1.18 has the L*-L*"¢ bound for &; as its main building
block, it is not surprising that we have a product of L# norms in the right-hand side of the statement above.

We finish this introduction by highlighting the close connection between our results and the theory of
linear and nonlinear Brascamp-Lieb inequalities. The concept of weak transversality that we introduce
can be characterized in terms of certain Brascamp—Lieb data, and by exploiting the geometric features
arising from this fact we are able to verify a special case of a conjecture by Bennett, Bez, Flock and Lee.

The paper is organized as follows: in Section 2 we present the linear and multilinear models that
we will work with in the proof of Theorem 1.5. We also highlight the main differences between the
linearized models that are used in most recent approaches and ours. In Section 3 we define the concepts
of transversality and weak transversality, and state in what sense the former implies the latter. Section 4
presents what we refer to as the building blocks of our approach. Sections 5, 6 and 7 establish these
building blocks: in Section 5 we revisit the case k = 1 and p = 2 for our model, in Section 6 we revisit
Zygmund’s argument and recover the case k = 1 for d = 1, and in Section 7 we deal with the case k = 2
and d = 1. In Section 8 we settle the case k = 1 of Theorem 1.5, and in Section 9 we show the cases
2 <k <d + 1. Section 10 covers the endpoint estimate of the case k = d + 1. In Section 11 we discuss
how one can improve the bounds of Conjecture 1.2 under extra transversality and tensor hypotheses.
Theorem 1.13 (our partial result beyond the L2-based k-linear theory) is presented in Section 12 along
with its “nontransversal” counterpart Theorem 1.18. In Section 13 we establish a connection between the
classical theory of Brascamp-Lieb inequalities and our results, and give an application of this link to a
conjecture made in [Bennett et al. 2018]. In Section 14 we make a few additional remarks. Appendix A
contains examples that show that the range of p in Conjecture 1.2 is sharp, and also that one cannot obtain
this range in general under a condition that is strictly weaker than transversality. Appendix B contains
technical results used throughout the paper.

2. Discrete models

A common first step of the earlier works is to linearize the contribution of the quadratic phase x > |x|2.
One starts by studying £; g on a ball of radius R (hence |(x,?)| < R) and splits the domain of g into
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balls 6 of radius R~1/2. Let us consider d = 1 here for simplicity. If
86 = 8 P>
where @g, is a bump adapted to [kR™Y/2 (k +1)R™1/2], the quadratic exponential
ex1(§) = &2 I¥E 2T ©)

behaves in a similar way to a linear exponential e’ when restricted to this interval. Indeed, the phase-
space portrait of ey ; is the (oblique if ¢ # 0) line

Ut x+2tu,

as is explained in more detail in Chapter 1 of [Muscalu and Schlag 2013b]. When we evaluate this line at
the endpoints of the support of gg, (taking into account that || < R), we see that the phase-space portrait of

Doy " €x,t
is a parallelogram that essentially coincides with the rectangle
IxJ=[kR™2,(k+1)R™2] x [x +2tkR™2, x + 2tkR™% + RZ]. (10)
Observe that / x J has area 1. On the other hand, the phase-space portrait of ¢g, is a Heisenberg box

of sizes R™1/2 and R/ 2 and the linear modulation

eZm'S(x+2th_1/2) (11)

shifts it in frequency to J. The conclusion is that the phase-space portrait of

06 .ezmg(x+2th—1/2)
k

is the Heisenberg box (10); hence the effect of the quadratic modulation ey ; in this setting is essentially
the same as the linear one in (11).

Using bumps such as ¢g to decompose the domain of g and expanding each gy into Fourier series
allows us to write

26 (%) go.v(x)
— ~
g(x) = > g(x)@g (x) Po(x) = > > e G (x).
feR—-1/274n[0,1]4 0eR~1/274n[0,1]9 veR!'/274

where ¢g is = 1 on the support of ¢g and decays very fast away from it. Applying £; and using the
previous intuition gives rise to the wave packet decomposition

Eq8 = > Eq(80,v),

(B,v)eR~1/274N[0,1]¢ xR'/274

where £ (gg,,) is essentially supported on a tube in R¥+1 of size R1/2 x ---x R'/2 x R whose direction
is determined by 6 and that is translated by a parameter depending on v. With this linearized model at
hand, one can study the interference between these tubes pointing in different directions (both in the
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linear and multilinear settings) and take advantage of orthogonality both in space and in frequency. This
leads to local estimates of type

I€agllLa(B(o,R)) Se RN fllp foralle>0

and multilinear analogues of it that are later used to obtain global estimates via e-removal arguments (as
in [Tao 1999]). The reader is referred to [Guth 2016] for the details of the decomposition above. This
approach has given the current best L? bounds for £;.

In our case, we do not linearize the contribution of the quadratic phase. Instead, we consider a discrete
model that keeps the quadratic nature of £; intact.

2A. The linear model (k = 1). We consider d = 1 for simplicity, but the discretization process is
analogous for all d > 1. Recall that the extension operator for the parabola defined for functions supported
on [0, 1] is given by

1
E1g(x.1) = / g (§)e™ v g ~2miHE g, (12)
0

We can insert a bump ¢ in the integrand that is equal to 1 on [0, 1] and supported in a small neighborhood
of this interval. Tiling R? with unit squares with vertices in Z? and rewriting &1,

Eigx. )=y [ / g () (u)e 22w du]xn () m (0).

n,mez

where yn := X[n,n+1)- For a fixed (x, ), one can write
_ . _ . 2 _ . _ . 2 _ . _ _ . _ 2
e 2mx§'e 2mwité (,0(%-) —e 27nn$e 2mwimé e 2mwi(x n).f;'e 2mwi(t—m)é (p(%-)

— e—Zm‘nEe—Zniméz . Z(e—Zm'(x—n)(-)e—2m'(t—m)(-)2’ (pﬁ),l]> . wﬁ),l](é)
uez

_ e—Zm‘nEe—Zniméz . Z C;,maxa’ . @ﬁ),l](‘;)’
ue’z

—2mi(t

i (x— —m)E2 . :
where we expanded e 271 (x—m)E, m)E&” as a Fourier series at scale 1,

C]f,m,x,t = (e—Zni(x—n)(~)e—2ni(t—m)(~)2’ (ﬂ[%,l]>,
O, &) = P01 (€) e~

and @, 1] is a bump adapted to [0, 1] (and compactly supported) just like* . Plugging this in (12),

figlx,n)= ) [ / g(E)p(E)e2mixE T2t dé]xn () xm ()

n,mez

=y [ / g(é)(e—z’”"se—z’”'m‘fz-Zc,:”’"’x”-w"@)) ds}xn(mm(z)
n,mez uez

=) > Cz:”’"”“’-[ [ g(é)e_z”inée_z”img2-w"(é)dé]xn(X)xm(t)-
ueZ n,mez

4We will not distinguish between ¥[o,1] and ¢ from now on.
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5 ¢3,1 g qJB,]
¢2,1 (00,3
qol,l
400’1 ‘p3,72
' X ' X
0 1 0 1

Figure 2. The phase-space portrait of ¢y s.

For the expression defining £ to be nonzero, (n, m) must satisfy |x —n| <1 and |t —m/| < 1; hence the
Fourier coefficients C,;”"™*" decay like O(|u|~19). In addition, the extra factor ¢* in the integral simply
shifts the integrand in frequency, and this does not affect in any way the arguments that follow. In order
to obtain the final form of our linear model, let us introduce the following notation: if ¢ is a compactly
supported bump (say, in a very small open neighborhood of [0, 1]¢) with ¢ = 1 on [0, 1]¢, we set

G (¥) 1= (x) 2R, (13)

Due to the fast decay of C/”* and CJ*, it is then enough to bound the u = v = 0 piece of the sum
above, which leads to the discretized model:>

Ev(g) = Z (. 0nm)(Xn @ Xm)-
(n,m)ez?
With the appropriate adaptations, one proceeds in the exact same way in dimension d to reduce matters
to the study of the following model operator:

Definition 2.1. Let E; be defined on C([0, 1]¢) given by

Eq(@ = D (& im)Xi® xm)-

nezd¢ mez

where y; and y,, are the characteristic functions of the boxes [ny,n1 + 1) X -+ X [ng,ng + 1) and
[m,m + 1), respectively.®

The wave packets (13) have a natural phase-space portrait that consist of parallelograms in the phase
plane. See Figure 2.

SThere is a slight abuse of notation here: observe that 7, (x) #m () := C(;l Mok Xn(X) xm(t) is a smooth function supported

in [n,n 4 1) x [m,m + 1), which is all that is needed in the proof. We will continue to call it y, (x) ym (¢) to lighten the notation.
SMorally speaking, the discrete model and the original operator are “comparable”, but we were not able to prove that
rigorously. For that reason we included the proof of known extension estimates for E ;.
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By keeping the quadratic nature of E; intact we take advantage of orthogonality in different ways.
For example, for a fixed m the wave packets ¢, ;; are almost orthogonal, as suggested by the fact that the
corresponding parallelograms are (almost) disjoint.

2B. The multilinear model (2 < k <d 4+ 1). We recall the definition of the k-linear extension operator:

Definition 2.2. For Q={01,..., O} atransversal set of cubes, the k-linear extension operator is given by
k
Méra(gr.....g0) =[] €0, (14)
j=1
where

€0, (x.1) = f gj(E)e 2 ¥E72mE gg - (x 1) e RY xR,

J
By an analogous argument to the one we showed in Section 2A, it is enough to prove the corresponding
bounds for the following model operator:

Definition 2.3. Let MEy 4 be defined on C(Q1) x---x C(Qk) by

k
MEgq(g1.....8K) == D H(gjv‘ﬂ,l,’m)()(ﬁ@)(m)-
(n,m)ezd+1j=1
where

d
J 1,j 1,j _ LJ 27i 2mimx?
gDl‘t,m = ®‘p”1{m’ gDnzj,m(xl) = @'/ (xp)e T XL =TI
=1
and (pl’j (x) is = 1 on the /-coordinate projection of the domain of g; defined above and decays fast away

from it.

Remark 2.4. It is clear that the discretization process does not depend on whether the collection Q is
made of transversal cubes or not. In particular, it will be of interest in Section 12B to study the operator
given by the right-hand side of (14), but without the assumption that the cubes Q; are transversal. The
model for such operator is also given by MEy 4, but without that hypothesis.

3. Transversality versus weak transversality

We recall the following definition from [Bennett 2014]:

Definition 3.1. Let2 <k <d+1andc >0. A k-tuple Sy, ..., Si of smooth codimension-1 submanifolds
of Rt is c-transversal if
[vi A-s AV >

for all choices vy, ..., v; of unit normal vectors to Sy, ..., Sk, respectively. We say that Sy,..., S are
transversal if they are c-transversal for some ¢ > 0.

In other words, if the k-dimensional volume of the parallelepiped generated by vy, ..., vg is bounded
below by some absolute constant for any choice of normal vectors v;, the submanifolds are transversal.
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From now on, we will say that a collection of k cubes in R? is transversal if the associated caps defined
by them on the paraboloid are transversal in the sense of Definition 3.1.

One can assume without loss of generality that the U; in the statements of Conjecture 1.2 are cubes
that parametrize transversal caps on P4 via the map x — |x|2. Even though these conjectures are known
to fail in general if one does not assume transversality between the caps (see Section AB), the theorem
that we will prove holds under a weaker condition, since one of the functions is a tensor.

Definition 3.2. Let Q = {01, ..., O} be a collection of k (open or closed) cubes’ in R%. The collection
Q is said to be weakly transversal with pivot Q; if there is a set of k—1 distinct directions &; =
{ei;,....ej,_,} (depending on j) of the canonical basis such that

7Ti1(Qj) m”il(Ql) =g,

i (Qj) Nmi;_ (Qj-1) = 2,
7i; (@) Nmi; (Qj+1) = 2,

(15)

i1 (@) N7wip_ (Qk) = 2,
where 717 is the projection onto e;. We say that Q is weakly transversal if it is weakly transversal with
pivot Q; forall 1 < j <k.®

Remark 3.3. For each 1 < j <k, from now on we will refer to a set? & above as a set of directions
associated to Q ;. Notice that there could be many of such sets for a single j. Also, if ji # j», it could
be the case that no set of directions associated to Q, is associated to Q;,.

Let us give a few examples to distinguish between Definitions 3.1 and 3.2. Consider the case d = 2,
k=3, 01 =[0,1]%, Q> =[2,3]? and Q3 = [4,5]?. The line y = x intersects Q1, Q> and Q3; then it
follows from Definition 3.1 that they are not transversal. However, observe that

m1(01) Nm1(Q2) = 2,
m2(01) Nm2(03) = 2,

so {e1, ea} is a set associated to Q1 (and similarly one can verify that it is also associated to Q, and Q3).
This shows that the collection defined by Q1, Q» and Q3 is weakly transversal.

Consider now the cubes K| = [0,1]%, K, = [4,5] x [0,1] and K3 = [2,3]%. Not only are they
transversal in the sense of Definition 3.1, but also weakly transversal.

This is not by chance: a given transversal collection of k cubes can be “decomposed” into finitely
many collections of k cubes that are also weakly transversal.

7The word cube will be used throughout the paper to refer to any rectangular box in RY, regardless of the sizes of its edges,
and they always refer to the supports of the input functions of our linear and multilinear operators. In this paper, it will not be
relevant whether the sides of a box have the same length or not; therefore this slight abuse of terminology is harmless.

8The estimates that we will prove depend on the separation of the projections in Definition 3.2, just as they depend on the
behavior of ¢ from Definition 3.1 in the general case for transversal caps.

9The typeface &} is being used to distinguish this concept from the previously defined operators £; and E ;.
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D

0 2 4 6 0 2 4 6

Figure 3. Transversality versus weak transversality.

Claim 3.4. Given a collection Q ={Q1,..., Q} of transversal cubes, each Q; € Q can be partitioned
into O(1) many subcubes

0=

so that all collections Q made of picking one subcube Q 1.i per Qp

O={01,....0k}, 01€{01:}i,

are weakly transversal.
Proof. See Claim B.4 in Appendix B. O

As a consequence of Claim 3.4, to prove the case 2 <k < d + 1 of Theorem 1.5 it suffices to show it
for weakly transversal collections. To simplify the exposition, we will present our results for the cubes

01 =1[0.1]9,
Qj =23V x[4,5]x [0, 11"/, 2<j <k

The associated directions to Q1 are {eq,...,er_1}, and we will use it as the pivot. Any other weakly
transversal collection of cubes can be dealt with in the same way.

4. Our approach and its building blocks

Notice that the operators £; and ME 4 are pointwise bounded by E; and MEy 4, respectively; therefore
we cannot directly conclude any result about the models from the fact that they hold for the original
operators. Some of these results will be reproven for the models in this paper, and they will act as building
blocks in the proof of Theorem 1.5, which is presented in Sections 8 and 9. More precisely, Theorem 1.5
relies on the following:

(1) Mixed norm Strichartz/Tomas—Stein (k = 1, p = 2). In Section 5 we show the following:

.l 2(d+2)
Proposition 4.1. Forall p > ==7=,

IEaglly <p llgl2-
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As a consequence, we have:

Corollary 4.2. Forall e > 0,

Eq(g) ||L2(d—l+2)/(d—l)+sL2
X[ seees Xg.t X1

, Sellgl. (16)

Proof. Apply Minkowski’s inequality and Proposition 4.1 in dimension d — /. Notice that, after taking
L? norm in the first / variables, we can use Bessel to bound the left-hand side of (16) by

Po_ L
AR
|: Z ( Z |((g, Pniyqye., nd,m)»(/’nl ..... nl,m)| ) ]
N]41550g M “N],....n] 1
) 2(d —1+2)
5 |: Z ||(gv §0n1+1 ..... nd,m>||go:| 5 Where Po = T
Ni415-..0g,m
This is how we will use Corollary 4.2 in (56). O

We will use Corollary 4.2 in Conjecture 1.2 to prove Theorem 1.5 for 2 < k < d + 1. It will not be
needed when k =d + 1.

(2) Extension conjecture for the parabola (k = 1,d = 1, p = 4). In Section 6 we prove the following:

Proposition 4.3. For all ¢ > 0,
IE1glla+e <c llglla- (17)

One can show by interpolation that Proposition 4.3 implies Conjecture 1.1 for d = 1. We will use it in
Section 8 to settle the case k = 1 of Theorem 1.5.

(3) Bilinear extension conjecture for the parabola (k = 2, d = 1). In Section 7 we show that the model

ME, ; in Definition 2.3 maps L?([0, 1]) x L2([4, 5]) to L?(R?).

Proposition 4.4. The following estimate holds:

ME2,1(f.@)ll2 < 1 fll2- lIgll2- (18)

Transversality will be captured in Section 9 through (18).
By combining scalar and mixed norm stopping times'® performed simultaneously, we are able to put

together the key estimates (16), (17) and (18). In the 2 <k < d + 1 case, the tensor structure is used in
an implicit way to allow us to better relate these scalar and mixed norm stopping times.

Remark 4.5. The tensor structure g = g1 ® --- ® g4 in the k = 1 case allows us to write

d

(€ 0im) =] [(2  0njm). (19)
j=1

10This is not meant in a literal probabilistic sense; strictly speaking, the argument combines the level sets of various scalar
and mixed norm quantities that appear naturally in our analysis.
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We then obtain the following multilinear form by dualization'

Aa(gr.....ga.h)=(Eq(g).h)= ) l"lg, Onjm) - (B X © Xm), (20)

nezd, mez j=1

The goal in the kK = 1 case is to show that

d
Aa(gr,- - ga- WIS hllg- T Igi 1,
j=1
for appropriate exponents p; and g. Interpolation theory shows that it suffices to obtain
d
|Aa(g1....ga. M| Se |[FI7att - T T1E; 1 1)
j=1

foralle >0, |g;| < xg;. |hl < xr.'' Ej C [O 1] and F C R3 measurable sets such that y; (1< <d)

and Y41 are in a small neighborhood of and y Té respectively.!? We refer the reader to

2(d +1) 2(d + 1
[Thiele 2006, Chapter 3] for a detailed account of multilinear interpolation theory. To keep the notation

simple, all restricted weak-type estimates we will prove in this paper will be for the centers of such
neighborhoods. For example, we will show that

d
d+2
Ad(81..... ga. )| Ss | FI2ai0 e [ | E; | 27D 22)
j=1
for all ¢ > 0, but it will be clear from the arguments that as long as we give this ¢ > 0 away, a slightly
different choice of interpolation parameters yields (21). The restricted weak-type estimates that we will
prove in the 2 < k < d 4+ 1 case will also be for the centers of the corresponding neighborhoods.

5. Proof of Proposition 4.1: Strichartz/Tomas—Stein for E; (k =1, p =2)

Our proof is inspired by the classical 7' T* argument. It is possible to prove the endpoint estimate directly
for the model E; by repeating the steps of this argument (see for example [Muscalu and Schlag 2013a,
Section 11.2.2]), but we chose the following approach because of its similarity with the one we will use
to prove Theorem 1.5. By interpolation with the trivial bound for ¢ = oo, it is enough to prove the bound

IEqgllzwsn ,, Sellgll2
a T
for all € > 0.
We start by dualizing E; to obtain a bilinear form A ;:

Aa(g.h) = (Eq(@).h) = Y (& @im)- (b Xi ® 1m)-

nezd mez

HThere is an overlap of classical notation here that we hope will not compromise the comprehension of the paper: we chose
the typeface E; to represent the discrete model of the official extension operator £. On the other hand, the classical theory of
restricted weak-type multilinear interpolation usually labels the measurable sets involved in the problems by E; or F;. The
context will make it clear which object we are referring to.

12Rigorously, this only verifies the case k = 1 near the endpoint (
estimates in the full range. For details, see [Mattila 2015, Theorem 19.8].

2(d+1) 2(d+1)
d °  d

), but this is known to imply the desired
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Let £; C R? and E» C R?*! be measurable sets of finite measure with |g| < E, and |h| < yE,.
Split 71 in two ways:

74+ = U Al where (i, m) € All > (g 5.m)| ~ 2
lLez

74+ = U B2, where (ii,m) € B? <= |(h, 17 ® ym)| ~ 2752,
16X=VA

Define X122 := Al N B’2 and observe that

[Ag(g, h)| < Z 2~lip=l ydislz
l,lrez

Notice that, for all (i1, m) € X/1:2,

275 [ 1l (0] s < min 4l 13

275 [ 11239 g (0] dx < min {|E] 1)

R
In particular, /1, /> > 0 in the sum above. Now we bound #X/2 in two different ways and interpolate
between them:
(@) L'-type bound: Exploit h:
#xIvl <apl <2 3 |(hp@am) <2 ) / |h| =22||h|ly <22|E,|.  (23)
(,m)eBl2 (@myezd-+1 7 Qiim

where Q5 := 0% [ni,ni + 1 x[m,m+1], 5= (n1,...,nq).
(b) L?-type bound: Exploit g:

#xItl <22 N (g g )

(n,m)ex’1:12

< Z (8, ©ii.m) Piim> g>'

(n,m)ex’1-2
> (8 Cim)Pim
(n,m)ex’1-12

(%)

— 2211

<22 g2 (24)

2

For each set X/1"22 define 7, := {5t € Z%; (i1, m) € X'1"2}. Observe that

2= D > D D& bam) & 0 ) P O )

Mm: A #2 M wn# D nen,, lzen,;,

U805 mDiicrom (805t mDiten)

m
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We will estimate U in two ways. Let aj; ,, := (g, 95 n,)- First, by the triangle inequality and the
stationary phase Theorem B.3

1
U@ miiem: @ iien )| = Do D 18 G| (8 0 i)l ———7

A€ femy, {m —m)
(& 0 m)ler ) - 1085 @ m) ler ()

{m —m)

[N}

[N}

Another possibility is
U@ )i @ ) keny)]

o " B
<\ (X teomme ™) (3 teg e omptare i mie
nET, -

Sy 73
S g o m) 2y - 148 @i le2 ()
by Cauchy—Schwarz and orthogonality on the sets 7, and 75 (recall that i and 2 are fixed). Interpolating
between these bounds for 1 < p <2,

(g, ¢-.m)ler e,y - 118> @) €2 ()
|U((a'_ism);l€7fm’ (aﬁ,rﬁ)éen,ﬁ)| S T[~ 4 L_Lm - ’
(m—m)2tr v

Back to (x):

2 (g, @ m)ler () - 1485 0 ler ()
O N DS T
MU #S M, #0 (m—m)2tr 2

g 03 ler g
= Y levmlem Y ST

m: i #2 iAo (m—m

g 0 lercen
<z o) leramlera| S m )

- Q(L_L/)
R Pt (m—m)2*r »r

£’ (2)

< l{g. -m)lermller@ - Mg ©-m)ler ) ler @)

= 11 (g 0-am 2 Gem) 20 2y
as long as

1 1 d 1 1 2 2 d r__2d+4

———:1——(———) _——_—— = — _—= — = —,

p p 2\p p’ = p P d+2 = p' d+2 = 7 d
by discrete fractional integration. Plugging this back in (24),

1
#xl2 <22 E 12| 1(g, @-m) ler Gy e 2)

1
=22“|E1|2( 3 |<g,<p,~,,m>|f’)

1,m)ex’1-2

N

<22 By 2@ Pl

which implies
#xtib <2+ g 1+G (25)
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Interpolating between (23) and (25):
Aa(g.m s Y. 2727 RHDN By 1+ E)0 (22| By )2

11,1b>0
- (Z 2—11(1—(z+;;>el)) (Z z—zz(l—ez)) 1E;|0+3)01 £, 02
11>0 >0 (26)

5 2—l~1 (1_(2+%)01)2_l~2(1_02)|E1 |(1+%)91 |E2|02
< min{|E;|=CHD) 1y min {|E,|' 0%, 13| E; |+ | E,|%
<|E; |a1(1—(2+§)01)+(1+§)91 |E2|a2(1—02)+02

forall0 <oq,02 <1, 61 +6, =1, with0 < (2+ %)91 <1, 0<6, <1, where [ is the smallest possible
value of /; for which A1 # & and [, is defined analogously. Picking oy = %, oy =0, 0] =
and 6, = % + & gives

d
2d+2) — ¢

d+4
|Aa(g. )| Se |Ea|2 | Ep|2avo e
for all € > 0, which proves the proposition by restricted weak-type interpolation.
6. Proof of Proposition 4.3-Conjecture 1.1 for £q (k =1,d =1,p =4)
The following argument is inspired by Zygmund’s original proof of this case. Define

Zm'(s—t)neZm'(sz—tz)m

O (5.1) = |t —s|2@(s)p(1)e

1
Claim 6.1. Dy m, i) =0
. (S350 = O o)

for any natural N if n # i and m # m.
Proof. We have

e // I — 5] ()] 2] ()22 6D =) 21 (s>~12)(m—1) 4 gy
[0,1]2
_ / Hw(u v)€2niu(n—ﬁ)62m'v(m—rh) du dv,

where R is the region that we obtain after making the change of variables s —¢ = u, s> —¢? = v, and

v+u2 v —u?
w(u,v>=<p®<p( , )
u u

The claim follows by the nonstationary phase Theorem B.2. O
We now prove the following:

Lemma 6.2. For G smooth supported on [0, 1] x [0, 1],

Z (G, onm @ @nm)(n ® Xm)

n,mez

(// |G (s. z)|2d dt)z.
[0,1]2 |S—l|
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Proof. Define
G(s,t)

G(s,t) = 1
ls —1]2

on [0, 1]2\{(x,x); 0 < x < 1}. Observe that

2
Z (G, 0n.m @ Onm)(Yn ® ym)| = Z (G, on.m ®‘/_’n,m)|2 = Z G, ®n,m)|2 < ||G||%7
n.mez 2 n,mez n.mez
by the almost orthogonality of the ®, ,, proved in the previous claim. O

Remark 6.3. By the triangle inequality,

Z (G, 0nm @ Gnm)(Yn ® xm)

n.mez

5f/ G (s, 7)| ds dr.
00 [0,1]2
1
G(s,0)|” 7
// 166 DI @7)
[0 1]2 |S—t|p _1

Let £ C R? be a measurable set of finite measure with lg| < xE- Using Remark 6.3 and Lemma 6.2

Hence by interpolation we obtain

Z (G, On,m @ ‘pn,m)()(n X Xm)

n.mezZ

for 2 < p < 0.

for G = g ® g, we have

2

2
e T are
[ Z |(gv‘/’n,m)|4+8:| = /2( Z (g §0n,m>|4+6()(n®)(m))i|
n,mez LJ/R n,mez
= /2( Z |(gv‘/’n,m>|2()(n ®Xm)) i|
L/ R n,mez
= Z (g, on, m>| (xn ® xm)
n.mezZ +%

1

r r 4
5(// lg6)I” g1 ddt)  where p/ = 412
[01]2 |s—[|P1 2+8

To bound this last integral, we proceed as follows:

e lp@)] Ip(S)I
// T s—t)7 dsdr = / lp (t)I/ S dsdt = / lp(®)]- (Ipl*w)(t)dz

S R y) < lolpaan| ol = sclol2
|51 J L qary sy
if % = %— (1—7), by Theorem B.1. In our case, p = |g|?, y = p’ — 1 and
, (4+e)?

PP =50y e
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Then
42+¢)

1,1 p . P L 1 , =, 1 )2 02
// gOI” 1O 4} < / ig0)P? dr)” = / 1g(0)|HEES =) g\
0Jo |s —zP=1 0 0

1 i:f—fz) 4Q2+e)
&
([ tewora) ™ < aEE,
0

Observed that in the second line of the chain of inequalities above we used the fact that |g| < 1. Finally,

1
TFe 202+e) |
|Erglare = [ 3 Il son,m>|4+8} < |E|an? <|EJ}.

n,mez

This shows that £1 maps L*([0, 1]) to L4 (R?) for any ¢ > 4 by restricted weak-type interpolation.

7. Proof of Proposition 4.4-Conjecture 1.2 for ME; 1 (k =2,d =1)

The model to be treated is
MEy1(f.8):= > (f-@nm) (& P m)(in® Xm)-
(n,m)ez?

Since d = 1, we do not have to deal with the multivariable quantity

d
4 L
(prit,m = ® (pnlj,m
=1
from Definition 2.3, so we will simplify the notation by taking go,l’m = (p,ij,ln and <p,%’m = (p,%j,%. We also
replaced (g1, g2) by (f, g) here to reduce the number of indices carried through the section.
We provide a simple argument involving Bessel’s inequality. After a change of variables to move the

domain of ¢? to be the same as the one of ¢!, we have
IME2 1 (£ 1S 3 [0 ml (&)~ Oy gmm|n ® m)
(n,m)ez?
= > K ®(®)-40pm ®Phsgmm)|(ln ® xm).
(n,m)ez?

where!3 (g)_4(y) = g(y + 4). Observe that

(f ®(g)-4. (pii,m ® ¢;+8m,m>
— // F)gly + 4)(p1(x)(p1(y)e—Zm'nxe—Zm'mx2eZJri(n+8m)ye2nimy2 dx dy
— / f(x)g(y + 4)62m'n(y—x)eZm'm(y—x)(y—i—x)e16m'my dx dy

%/ [/f(v;u)g(v —;u +4)eznimuv68m'm(u+v) dv:| eZm’nu du = ﬁm(—n)

13This was done to bring the support of (p,%’m to the one of (p,% +8m.m- Ihe price to pay is the +4m shift in the linear
modulation index of the bump.
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Hence

IME2 1 (£ I35 YD [Hu(—m)* = [ Hnl3.

mezZnez meZz

by Bessel. On the other hand,

| Hm |3 = /‘/ f(U;u)g(v -;M +4)e2nimuve8ﬂim(u+v) dv
v—u vtu 2wimv(u+4)

H,(v)

2
du

2 =
du:/|Hu(m(u+4))|2du.

Transversality enters the picture here through the factor (4 + 4) above: the +4 shift in ¥ comes from
the fact that the supports of ¢! and ¢? are disjoint and far enough from each other; hence u + 4 > ¢ > 0.
This way,

I ME21 (/. 9)13 < / (Z | B +4))|2) du

mez

s/ )2 dvdu < 1L/ 121g]2.

by Bessel again.

8. Case k =1 of Theorem 1.5

In this section we start the proof of Theorem 1.5. There are two main ingredients in the argument for the
case k = 1: Proposition 4.3 and the fact that the wave packets

271ix~7162ni|x|2m

Piin (X) 1= @(x1) -+ - @(xg)e

are almost orthogonal for a fixed m and 7 varying in Z9. The latter fact will be exploited through Bessel’s
inequality whenever possible. Recall from Remark 4.5 that, since g = g1 ® --- ® g4, it suffices to study
the multilinear form

d
Ad(gl"”’gdvh): Z H(gjv(pn,,m)<h’)(ii®)(m),

nez4, mez j=1
Now we focus on obtaining (22). Let E; C [0,1],1 < j <d,and F C R4+ be measurable sets for
which |g;| < xg; and |h| < y F. Define the sets

Iy —I; .
AV ={(nj.m) € 2% :|(gj. pn;m)| 277}, 1< <d.

Bla+1 .= {(ii,m) € Z9F1: |(h, x5 ® ym)| ~ 271411,

Hence,
Ag(g1s... g4 h)| < Z =l o~ larigycliseolatr
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As in Section 5, we know that [y, ...,/741 > 0. We can estimate #X1esla+ using the function /:
cielart g lert N T |G o ® m)| S 24| F . (28)
(n,m)ezd+1
Alternatively, many bounds for #X!ola+1 can be obtained using the input functions g1, ..., g4:
el s Y0 Lnom) 1, (ng.m)
(n,m)ezd+1
=22 2 Lulmim) Ly (ngogam) 30 1 (ig.m) 29
mezZni€Z ng_1€Z ! a1 ny€z d
%d.m

Observe that ag , = #{n; (n,m) € Aild} and (n,m) € Aild = 1<2%4 (g4, @n.m)|?. Adding up in n,
Cam S22 Y0 (g pnm)? S22 | Eq
n:(n,m)eAldd

by orthogonality. Notice that this quantity does not depend on m; therefore we can iterate this argument
for d — 2 of the remaining d — 1 characteristic functions:

#Xlla...,ld-‘rl s 221d |Ed| Z Z 1&11 (nl?m)"“.lA;dle (nd_z’m) Z 1A1dd*11 (nd_l’m)

meZn\€Z ng—1€Z
od—1.m
21 20—
SPMNEG 2 Eg | Y0 Y L (m)L iy s (ng—3,m) Y L,y (ng_y,m)
meZn| €7 ! d=3 ng_-€7Z d=2

$22ap?lat 2RI Ey | |Epl Y Y 0 (nr,m). (30)

meZn€Z !

#all

To bound #Alll we can use Proposition 4.3. For ¢ > 0 we have

mm)eAll = 1520+ (g g, )[4
= #Alll S 2(4+8)ll Z |<g1’ (pn’m>|4+8 SS 2(4+8)ll |E1 |

l
(n,m)e,&ll
Using this above,

#Xll""’ld+l <e 221d221d—1 . _22122(4+5)ll |Ed| . |E2| |E1 | (31)

We could have used the L*-L4*¢ bound for any g 7 and a Bessel bound for the remaining ones. More
precisely, if o € S5 is a permutation, we have

#xliolart g p2low@ o= .. 2o@ @A E |- | Eg )l | Egr)l. (32)
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This amounts to exactly d different estimates. Interpolating between all of them with equal weight 5,

we obtain A1)t 2(d—1) 44+
Iy ST DA
#xlolatr < 9 d 1...2 d 4|Eq]--

|Eql
=2+ 7+ T+ By Byl (33)
Finally, we interpolate between bounds (28) and (33):

IAg(g1,.-., 8a,h)|
s Y ot o—lat1gpxctslat

< Y a2 ylav @+ G+ G+ g (.. | Ey))0 (2la+ | F )2

lyenlg1€24
d
—(1-62)1 9 —(1-(2+2+£)61)1; 0
5( Z 7—( 2)d+1|F| 2)1_[ Zz (1-2+32+%) 1)’|Ej|1
la+120 J=11;>0

< |E1 |a(1—(2+%+§)91)+91 . |Ed|(x(1—(2+%+§)91)+01 |F|92
for any 0 <o« < 1. On the other hand, for several of the series above to converge we need (2 + % + 5)91 >1.

By choosing the appropriate @ and 6 close to (2 + %)_1, one concludes this case.

9. Case2 <k <d + 1 of Theorem 1.5

Recall that we fixed a set of weakly transversal cubes @ = {Q1,..., Ok} in Section 3 and let g; be
supported on Q;. The averaged k-linear extension operator!# in R is given by

. SN
ME} e g0 = Y ( |<gj,<oﬁ,m>|) (i @ 1m)-
(n,m)ezd+1 j=1

The conjectured bounds for it are
k

IME 481 80 o <[T1s I, foratp= G0 o
As done in the case k = 1, it’s enough to prove certain restricted weak-type bounds for its associated
form B ‘ | L
Reaeh= 3 (1‘[ |<gj,¢,1,,m>|) (h 23 ® ). (35)
(n,m)ezd+1 “i=1

where g := (g1,..., gr) by a slight abuse of notation.

14We consider this averaged version of MEy, 4 for technical reasons. The conjectured bounds for it have a Banach space as
target, as opposed to the quasi-Banach space (for most k and d) L2d+k+D/(k(d+k=1)) that is the target of Conjecture 1.2.
The fact that L? for p > 2(d + k 4+ 1)/(d + k — 1) is Banach lets us use (49) effectively in the interpolation argument, since it
forces the final power y on | F|Y to be positive.

When k = d =2, Conjecture 1.2 has L5/3 as target. We will discuss this case first to help digest the main ideas of the general
argument, and since this space is Banach, we can work directly with ME5 > instead of considering the averaged operator ME;/ 22 .
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Remark 9.1. We will prove (34) up to the endpoint assuming that g is a full tensor, but the argument
can be repeated if any other g; is assumed to be of this type. As the reader will notice, the proof depends
on the fact that we can find k — 1 canonical directions associated to Q;, which is the defining property of
a weakly transversal collection of cubes with pivot Q;. In what follows, we are taking {ej,...,ex—_1} to
be the set of directions associated to Q1.

Remark 9.2. As we mentioned in Remark 1.7, under weak transversality alone we do not need g; to be
a full tensor to prove the case 2 <k < d of Theorem 1.5. In fact, the following structure is enough in this
section:

g1(x1,....xg) =g1,1(x1) - g1,2(x2) -+ -+ 81k—1(Xk—1) 81,k (Xks - .., Xg).

Notice that we have k — 1 single-variable functions and one function in d — k + 1 variables. The single-
variable ones are defined along k — 1 canonical directions {eq, ..., ex—;} associated to Q1, and gy ¢ is a
function in the remaining variables.

In general, if we are given a weakly transversal collection O, for a fixed 1 < j <k — 1 we have a set
of associated directions &; = {e;,,...,e;,_, } (see Definition 3.2). Denote by X the vector of d —k + 1
entries obtained after removing x;,, ..., x;,_, from (x1,...,x4). Assuming that the functions g; for
[ # j are generic and that g; has the weaker tensor structure

8 (X1, xg) = g (Xiy) e 8 k—1(Xig ) - 8ag (Xse) (36)
will suffice to conclude Theorem 1.5 for O through the argument that we will present in this section.

Remark 9.3. As a consequence of Claim 3.4, a collection @ = {Q1,..., O} of transversal cubes
generates finitely many subcollections O of weakly transversal ones (after partitioning each Q; into small
enough cubes and defining new collections with them). However, for a fixed 1 < j < k, the associated
k — 1 directions in &; can potentially change from one such weakly transversal subcollection to another,
and this is why we assume g; to be a full tensor under the transversality assumption.

In this section we will use the following conventions:

e The variables of g; are x1, x2, ..., x4, but we will split them in two groups: k —1 blocks of one variable
represented by x;, 1 <i <k — 1, and one block of d —k + 1 variables X3 = (Xg, Xk+15---»Xd—1,Xd)-

e Theindex x; in (-, - ) x; indicates that the inner product is an integral in the variable x; only. For instance,

{8/ 9)x: 3=/jo(xh---axd)@(xl,---,xd)dm (37)

is now a function of the variables x5, ..., x4. The vector index xj in {-,-) x, 1s understood analogously:

(8j>9) 5, 12/ gi(x1,. . Xq) @(x1,..., xg) dxg (38)
Rd—k—+1
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e The expression ||{g;, " )x; || is the L? norm of a function in the variables x;, 1 </ <k —1, [ #i. To
illustrate using (37),

2 !
() @)xi ll2 = [/Rdl'/jo(xh...,xd)-¢(xl,...,xd)dx1 dxz---dxd]

The quantity [|(g;, "), Il2 is defined analogously as

2 3
”(gj,(p)x—»k ||2 — |:/ gj(xl, .. ‘7xd)'§b(x1’ .. .,Xd)dfk dxq ...ka_1:|
Rk—l Rd—k-}—l
e Forn = (ny,...,ng), define the vector
ﬁi = (nl,...,ni_l,ni+1,...,nd).

In other words, the hat on 7; indicates that n; was removed from the vector 7. For f : 74 — C, define

If@lg = 2 1@

fj€zd—1

That is, ||f(n)||el is the £! norm of f overall ny,...,ng, except for n;. Hence ||f(n)||£1 is a function
of the remaining "Variable n; ;. The quantity || f(n)|| ¢1 is defined analogously as

If@lg = Y G
g
Finally, the integral [ g d%; means

/g(xl,...,xd)dfc,- ::/g(xl,...,xd)dxl---dx,-_ldx,-+1---dxd.

In what follows, let Eq 1, ..., Ey 1 C[0,1], E;x C[0,1197 k1 E; c Q; 2<j <k)and F CR?*!
be measurable sets such that [g ;| < yg,, for 1 </ <k—1, |g1 x| < XE,«» 18| S xE; for2<j <k
and |h| < x . Furthermore, E1 := Ej1 XX Ej g1 X Eq .

A rough description of the argument in one sentence is: the proof is a combination of Strichartz in
some variables and bilinear extension in many pairs of the other variables. In order to illustrate that, we
will first present the simplest case in an informal way, which means that we will avoid the purely technical
aspects in this preliminary part. Once this is understood, it will be clear how to rigorously extend the
argument in general.

9A. Understanding the core ideas in the k = d = 2 case. Consider the model

ME;5(g1,82) = Y (21,04 ,,)(22.07 ) (i © xm)

(n,m)ez3
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and its associated trilinear form!®

Rop(grg2.h) = Y (81,05 ,)(82. 07 ,.) (X ® Ym)-

(n,m)ez3
Assuming that g; = g1,1 ® g1,2, we want to prove that
= 1 1 2
|A2,2(81.82)| Se |E1]2+|E2|2 - |FI5¢

for all & > 0. The L2 x L2 > L5/3%¢ bound will then follow by multilinear interpolation and Remark 4.5.
Given the expository character of this subsection, we adopt the informal convention

+

XxT means x + §, where § > 0 is arbitrarily small,

X~ means x — §, where § > 0 is arbitrarily small.

We will always be able to control how small the § above is, so we do not worry about making it precise
for now.
The first step is to define the level sets of the scalar products appearing in ME; »:

1 - —
AY =1, m) (g e )~ 27,

I - _
AZ = {(,m): (g2, 95 ,) ~ 272,

Transversality will be captured by exploiting the sizes of “lower-dimensional” information: in fact, we
want to make the operator ME, 1 appear, and this will be possible thanks to the interaction between the
quantities associated to the level sets

BY' = {(n1,m): (g1, 00 e 2 ~ 2711,
C}' = {(n1.m) 2 (g2, @2 )xi ll2 ~ 27511

Since there is only one direction along which one can exploit transversality, we will use the L? theory
for £y (i.e., Strichartz) along the remaining one. In order to do that, the following level sets will be used:

BY = {(n2.m): | {g1. 02 p)xsll2 2 2772},

C2 = {(n2.m) : [(g2. 9p}m)xall2 = 27°2}.
The size of the scalar product involving / will be captured by the set
D = {(im) 1 [(H. x5 ® xm)| ~27F}.

We will also need to organize all the information above in appropriate “slices” and in a major set that
takes everything into account. The sets that do that are

X2 = AR O {GEm); (n1,m) € T},
XIZ:SZ = AIZZ N {(ifi’m)’ (nz,m) € C;Z}’
TSk — Alll ﬂ&lzz N{(@m, m): (n1,m) € B NC}', (n2,m) e B2 NCP}IN D*,

15There is a slight abuse of notation here: we are using Kz’z for the form associated to ME3 > and not for its averaged
version MEy », as established in the beginning of this section.
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where we are using the abbreviations [ = (I1,13), 7 = (r1,r2) and § = (s1, 52). This gives us

R22(g1.g2. M| S Y 27halapkyx!F3k,
7.5,k
For the sake of simplicity, let us assume that g1 = 1g, , ® 1g, ,, g2 = 1g, and h=1F.'"° We will need

efficient ways of relating the scalar and mixed-norm quantities above. A direct computation (using the
definition of X'»"5:K) shows that

2—r . p—r2
rh=2 = (39)
|Eq]2
Using Bessel along a direction, for (n7,n2,m) € X251 we have
l bl
1~ 222 (g2, 02 WP = #X20 ~ 222 3" (22,02 )1
noex 2l
l 2 ]
= #X2) S 220 e, 0020 13
—S1 —S51
= 272< % = 272< i . (40)
2,91 5 1
(#X(r“,m))2 ”1X]2’S1 ”62201 m£;112
by taking the supremum in (n1,m). Analogously,
—s
272 g s 41)

1
2
||1x1213'2 ”K’c;cz).m&ll]

Relations (39), (40) and (41) play a major role in the proof. The last major piece is a way of bounding
#X575k that allows us to exploit transversality and Strichartz along the right directions, as well as the
dual function s. We start with the simplest one of them:

#XTSE <2k N ((h x5 ® )| = 2| F ). (42)
(n,m)ez3 R

By dropping most of the indicator functions in the definition of X 5k and using Holder, we obtain
IF3k P :
#X < Z 1X12’S1 (l’l, m) qul ncil (nl, m) < ||1X12'S1 ”e’?c;.meilu “lB'l“l ﬂCil ”eth,m .
(n,m)ez3

The second factor of the inequality above will be bounded by the one-dimensional bilinear theory:

2 2 1,1 2 1,2 2
#BY NCY S22 N (g1 0p ) 13- 11082 0n 7 2m) i 113

niy,mez

= 22r1+2s1 /[ ( > |<g1,<p,1;{m>x1|2-|<g2,<o,1;2,m>x1|2) dxy di,

ni,mez

2 2 2 2 =~ 2 2 2 2
=2 [z, leal?, andn <2020 013 el

16These indicator functions actually bound g1 and go, but this does not affect the core of the argument.
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by Proposition 4.4 since the supports of ¢! and ¢!-? are disjoint (this is equivalent to transversality in
dimension one). This gives us
#xIk < | 22TV By |- B (43)

| 1X/2’S1 “Eﬁ‘l’mdtz

Alternatively,

175k -
#xlrak < R 1B;2m:;2(n2,m)Z1X12,x2(n,m)-1B11(n1,m)

(n2,m)ez2 ni1€zZ
1 1
2 . 2 . ;
E ||1Xl2~»"2 ||£S§me}ll ||1B11 ||€%oe}111 ||1[B;2 ﬂ@;z ||Z,112!m :

We can treat the last two factors appearing in the right-hand side above as follows: For a fixed m € Z,
Y e (nm) S2°7 ) lgn opndn 13 <27 - a3
ni€Z ni€z

by Bessel (recall that the modulated bumps go,i’llgm are almost-orthogonal if n; varies and m is fixed), and

then we take the supremum in m. As for the other factor, observe that!’

5 2,1 5 2,2
#B2 NCY $2°72%2 3" (g1 om x5 - 1482, 020 ) xall2

na,mez 5 i
3 6
5 2,1 6 2,2 6
52'2“2( > ||<g1,¢>n2,m>x2||2) ( > ||<g2,¢n2,m>x2||2)
no,mez na,mez

5 5
<2222 g1[13 - llg2ll2

by Corollary 4.2. These last to estimates give the following bound on #XTSk,
%
45 mny

#XETSE < 110y | B2 252 B3 By, (44)

1
>’ 5
We also take an appropriate of combination between (40) and (41), and use (39):

In what follows, we interpolate between (43), (44) and (42) with weights %_ ~ and %Jr, respectively.

1

2—r1 _2_7'2 2—%5‘[ 2—552

|A22(g1,82,h)]“<” Z .k

1 1
Pk B2 ¢

||1x12v51 ”23?,’116,112 ”1X1s-52 “é

1
n.mbn

-
2r1+2 5
'(||1xlz~n ||eg<l>.me}12 -2 ritas -|E1|-|E2|)5
1 1 5 1,1 2~
1 5 El 1 k 2
(g gy -2 1B 27242 B3| Ef2) 5 4 FD
1 1 2+
SIELZ - |Ea|2-|F|5
which is the estimate that we were looking for.!8

17Here we are also ignoring the fact that we do not prove the endpoint L2-L° estimate for the model Eq. It will not
compromise this preliminary exposition.

18This bound on Kz,z is of course informal, which is why we wrote “<”. Observe that we also removed the sum in I ; it
contributes with a term that depends on ¢ in the formal argument. Later in the text we will see why we can assume 7,5,k > 0 in
the sum above.
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9B. The general argument. Roughly, this is a one-paragraph outline of the proof: we split the sum in
(35) into certain level sets, find good upper bounds for how many points (7, m) are in each level set using
the weak transversality and Strichartz information, and then average all this data appropriately.

First we will prove the bound

1 k 1 k 1
IMES ; ()l 2w@+krv/si—v+e@a+ry Se | [ 1Eval?% - ] 1Ej 17 (45)
I=1 j=2

for every ¢ > 0. As we remarked at the end of Section 4, this is the restricted weak-type bound that will
be proved directly; all the other ones that are necessary for multilinear interpolation can be proved in a
similar way, as the reader will notice.

We will define several level sets that encode the sizes of many quantities that will play a role in the
proof. We start with the ones involving the scalar products in the multilinear form above:

A = {(.m) €27 1 (g ph VA2V 1<) <k

The sizes of the (g;, ¢ ,,) are not the only information that we will need to control. As in the previous
subsection, some mixed-norm quantities appear naturally after using Bessel’s inequality along certain
directions, and we will need to capture these as well:

Bl'i' = {(ni.m) € Z2 ¢ (g1 0 ) 2 ~ 27701, l<i<k—1.
B::;fll ={(n;,m) € 7> {gi+1, (P;;,,—ir;zl>xi |2~ 27T+, 1<i<k-1,
By = (k. m) € 2972 1 (g 0t Vg lam2TRTY 1<) <k

Set Blr’j] := @ for any other pair (i, j) not included in the above definitions. Observe that g; (the
function that has a tensor structure) has k sets B associated to it: k — 1 sets Bri ! and one set Brk 1. The
other functions g;, j # 1, have only two: one set B; - 1. ]’ and one set B J for eachl <j < k The
idea behind the sets B; e ' and B. ’l ’:11 is to isolate the ‘piece” of each functlon that encodes the weak
transversality 1nf0rmat10n from the part that captures the Strichartz/Tomas—Stein behavior, which is in
the set B,rck J’ . Foreach 1 <i < k — 1, we will pair the information of the sets B. ’11 and Blr’l’fll and
use Proposition 4.4 to extract the gain yielded by weak transversality. The information contained in the
sets [B,rck]’ will be exploited via Corollary 4.2.

The last quantity we have to control is the one arising from the dualizing function h:
C' = {(,m) €29 1 |(h, x5 ® xm)| ~ 271},

In order to prove some crucial bounds, at some point we will have to isolate the previous information

for only one of the functions g;. This will be done in terms of the following set:19

it — Aj/’ N{@H.m) € 7%t : (nj,m) € B;i}j :

19Many of these sets are empty since we set B;i ]’ = @ for most (i, j), but only the nonempty ones will appear in the
argument.
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In other words, X% "i. contains all the (1, ...,ng,m) whose corresponding scalar product (g, ¢ )
has size about 27 and with (1;, m) being such that ||(g;, (pi,lj m)x; |2 has size about 277/,

Finally, it will also be important to encode all the previous information into one single set. This will
be done with

xR = N A ﬂ{(n m) € 297 < (ni.m) € (B 1<z<d§ﬂ@’

1<j< <k j
where we are using the abbreviations [= (!1,...,lx)and R:=(r; ;);,;. Hence we can bound the form A k.d
as follows: P
= P
Aka(g.< Y 27 []2 tuxRe, (46)
I.Rt>0 =

Observe that we are assuming without loss of generality that [;,r; j,¢ > 0. Indeed,

275 S gy e M < lgilloo el S 1,

so /; is at least as big as a universal integer. The argument for the remaining indices is the same.

The following two lemmas play a crucial role in the argument by relating the scalar and mixed-norm
quantities involved in the stopping-time above. Lemma 9.4 allows us to do that for the quantities associated
to g1, the function that has a tensor structure. We remark that this is the only place in the proof where the
tensor structure is used.

Lemma 9.4. If X\R! o &5 then

I 27 Tr1..... 2~ Tk.1
)5
Proof. Observe that
k k
22 e T g o b 2 = [ ] (810 © -+ ® g1.kes 005 ) |12
i=1 i=1
k

=11 |<g1,l~,¢:;,.‘,m>x,-|-||g1,1 ® - ®81i® gkl
i=1

-1 k—
= (g1 op ) lgal5™" ~ 270 g5,
and this proves the lemma. O

Lemma 9.5 gives us an alternative way of relating the quantities previously defined for the generic
functions g5, ..., gk-

Lemma 9.5. If X! £ &5 then

) 2 Tii+1
27l < : 47)
1
| cli417i,i 41 ”Zo? mel
) 2_rk,l+1
2l < . (48)
||1Xli+1irk.i+1 ||zog oL
nk,m iik

foralll <i <k-—1.
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Proof. Inequality (47) is a consequence of orthogonality: for a fixed (n;, m), define

Xli—i-l;"i,i-i-l = {f; 1 (ii,m) € Xli-‘rl,ri.i-i-l}'

(n;,m)
This way,
livvriivr 52l i+1y,2
#X(ni,m) A 270 Z |<gi+1’(pfi,m>|
PR ER RS |
n,‘GX(ni’m)
.. . 2 . 2
< 221i+1 Z /(gi—i-l»(p;lf,-l—’r;ll)xi _e—2n1m(2j#,- xj) . l_[e—annjxj d)%i

7 J#i

21; ji+1 2 qa
<2 l+1f||<gi+1,<p,a,.’j;, s |7 df

21; —2r;
%2 i+1 2 l,l+1,

where we used Bessel’s inequality from the second to the third line. The lemma follows by taking the
supremum in (n;, m). Equation (48) is proven analogously. O

The following corollary gives a convex combination of the relations in Lemma 9.5 that will be used in
the proof.

Corollary 9.6. For 1 <i <k —1 we have

2k . _@d—k+D . .
] 2T dFkF1 i+ 2T W@FhFD Tk.i+1
AL < .
2 ~ k d—k+1) °
||1 Lo | d+k+1 ”1 L ” 2(d+k+1)
X413 i +1 gﬁ?!mg}li X417k i+1 Zg,meék

Proof. Interpolate between the bounds of Lemma 9.5 with weights

2k d d—k+1
— an —
d+k+1 d+k+1’

respectively. O

We now concentrate on estimating the right-hand side of (46) by finding good bounds for #XLRE The
following bound follows immediately from the disjointness of the supports of y; ® xm:

RS 3 [ xq ® xm)| S2VF. (49)

(n,m)ezd+1

By definition of the set xRt
- k
#x Rt < Z l_[ 1Alj (n,m)- 1_[ 1[3("'/' (nj,m). (50)
amesrii=t e

We will manipulate (50) in k different ways: k — 1 of them will exploit orthogonality (through the

one-dimensional bilinear theory after combining the sets B;i il and B;ilf’:ll , 1 <i <k—1) and the last one
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will reflect Strichartz/Tomas—Stein in an appropriate dimension. The following lemma gives us estimates

for the cardinality of X/>®-* based on the sizes of some of its slices along canonical directions.2°

Lemma 9.7. The bounds above imply:

(a) The orthogonality-type bounds:*!
xR < 1 it lgge ot <22 gy 3 lgia 3, 1<i<k—1. (51

(b) The Strichartz-type bound:

k
e N N P e 12 l_lllglllz» 52
=2 kM ity =2
where
_2d+k+1) o (d+k+])
T k(d—k+1) " k(d—k+3)
2 o (d—k+1
,8:=_ SQ’
k' k(d—k+3)

with §,8 > 0 being arbitrarily small parameters to be chosen later.*>

Proof. For each 1 <i <k — 1 we bound most of the indicator functions in (50) by 1 and obtain

xRt < Z lAl'—H(n m)-1 Vz 1(nj,m)-1 Bl i|-+11 (nj,m)
l i
(,myezd+1 1!
= Z 1xli+]3ri,i+l (n,m)- 1B:f'ilﬂB;‘f£3r4rll (ni,m)

(n,m)ezd+1

= Z 1 r, ‘mBr‘ ,Jrl(n,,m)21xz,4rl it (n,m)

n;.m i,i+1
= ||1X[l+l~rt,z+1 ”z;’ﬁsme%[ ||1B;filﬂB;fl:z_i_4il ||g,11[!m- (53)
Transversality is exploited now: the cube Q1 with {eq,...,er_1} as associated set of directions satisfies

(15), which allows us to apply Proposition 4.4 for each 1 <i <k —1 since weak transversality is equivalent

to transversality in dimension d = 1. By definition of the sets B; ’11 and [EBlr’l **1. Fubini and Proposition 4.4

20The reader may associate this idea to certain discrete Loomis—Whitney or Brascamp-Lieb inequalities. While reducing
matters to lower-dimensional theory is at the core of our paper, we do not yet have a genuine “Brascamp-Lieb way” of bounding
#X!:R:! for which our methods work. For instance, no “slice” of X/-R: given by fixing a few (or all) n; and summing over m
appears in our estimates, which breaks the Loomis—Whitney symmetry.

21Weak transversality enters the picture here.

220ne should think of § and § as being “morally zero”. They will be chosen as a function of the initially given & > 0, and the
only reason we introduce them is to make the appropriate up to the endpoint Strichartz exponent appear in (56). The main terms
of o and B are also chosen with that in mind.
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we have
2ri 1 +2ri i1 2 1
I AL A DR Ll N (AR
(n; m)eB; ! ng; !
2 2 i1 1 2 A ~
< 227iat2riiti //( gh(prlz’i,m)x,l “gi+1- ‘/’;zll,-ir;z )yl )dxi dy;
(n;,m)ez?

< 92ri 12141 // ||g1||22 “|lgi+1 ||212 d; dyi
L%, vi
=22t 2riit . ||81||%' ||gi+1||§'

Using this in (53) gives (a). As for (b), bound #Xi Rt a5 follows:

bR = N1 m)
(n, m)eld'H
< Z Hl;r,”(n m)nlrm(nz,m) lekl("k m)
(1, m)ezd+11 =2 i=1
= Z 1_[1 rkz(llk m) Z Hlxlj:rk,j('_i,m)l_[1Bfiil(”i,m)
ny, ml—l Nselg—1 j=2 i=1
<> Hl rkz(nk,m>1‘[ 12yt erc.; (G, m)n Hl ri1 (i,
nk, ml=1 ! " i=1 '
1
= l_[ ||1Xl./';rk~_i ”k Zl 1_[ ||1 r, 1 “Zooel Bkl ) (54)
j=2 b g =1
where we used Holder’s inequality from the third to fourth line. Next, notice that
15751 ey, < sup2”" Z g1, of ), 13
—Sup22”‘/2| g1 @kt ) [ d%i
<20 g3 (55)

by orthogonality. Now let

k(d —k +3) _ k(d—k+3)

, =————= forall2 </ <k
d+k+n PTGy TSRS

Pk,1 =

and notice that
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2873
This way, by definition of B kl’ and by Holder’s inequality with these py ; we have
k
1 Tkl
l=1_[1 By i

k
: k1
<@k i+ =2 BTk Z K1, 0, )% ||g.l_[ g7, (pnk m)xk 18

(n)c,m) I=2
k k B #/
§2a-rk,1+21=2ﬂ-rk,1( Z (g1, (pnk m)Xk “oc Pk, 1) 1_[( Z ” g1, (pnk . Xk” Pk, 1)
(nyc ,m) 1=2 (i}

2(d—k+3) Dr 1
et Y =2 B rkl( Z (g1, i m>xk @D +5)Dkl

(ny. ,m)

1
2(d—k+3) | ¢
Ta—kF1) T8 \7k 1
||( > ng%%mg%ﬂ( i

1=2 “(n).,m)

. k

<o@mitXi=a BT gy )3T gl (56)
=2

by the up to the endpoint mixed-norm Strichartz bound in Corollary 4.2.23 Using (55) and (56) in (54)
yields (b).

O
Given ¢ > 0 small,>* we interpolate between k + 1 bounds for #Xi »Rot with the following weights
0 1 ©1=i<k—1, for(51)
= 5 T T 7 - 4 or ’
"Tdtk+1 kT
d—-k+1) ¢
= — for (52),
kT 2@+k+) & or (52)
d+k-1)
) =(1-—— for (49),
k+1 [ 2d+k+1) +e& or (49)
which leads to
|Ak,a(g.h)l
<

I,R,t>0 Jj=1

=3 - 2r; 142r 5 L e
Z 2" XHZ l_[ ||1x11+1:r1.1+1||1gg<l>!me}ll.2 L2 gy 12 gg g [|3) TR K

k
X(H 1 Lytjers s “zoo 0! 2R Xiziria ||81||
j=2

Sy — £
Y g B gy 2. H ||gz||2)
(2| FI=2rhl+e,

23See the footnote related to Corollary 4.2

24Perhaps it is helpful for the reader to think of &, § and § as equal to zero to focus on the important parts of the proof. The pres-
ence of these parameters here is a mere technicality, except of course for the fact that £ > 0 makes us lose the endpoint in this case.
250bserve that Y 1= k+1 | 01 = 1. These weights are chosen so that the correct powers of the measures | £ | and | F| appear in (58)
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Using Lemma 9.4 and Corollary 9.6 to bound the 2% in the form A k,a yields
|Ak.a(g. 1)l

1_ e
> 2l kln )
= G 8
_ _ 1—F
. el = QAT+ )RR TR+ g
13
Xl_[2 %2 xl_[ d_Hl(_H . T
L 2k(d+k+1)
i=1 ||1X/i+1iri.i+1 ”eoq 41 ”1X11+1 TRi+1 ” 0L
k—1 "k g
2 2 -
T8 g e 22752 g Bl 13) 747 F
= i st
(H||1 I S 2= LN PN et CRER L AN P 1‘[||gz||2)
nkm ﬁk l 2

= HE

Developing the expression above,

% U=D o (=D

k 1_
~ _ & | . k k2 e—
Ralg s Y 27 =27l (TP ) Nl
j=1

I,R,t>0
kol —e 1, k=l g _ =kt e
X l_[ 2 k2 i+ X 1_[[2 d¥k¥1Tii+1 .27 k@FK+D k,z+1]
i=1 i=1
k—1 1 (£-1) @kt (2 1)
X l_[[”l ) o ||d+k+1 k ||1 ||2k(d+k+l) k ]
Xll-l—l Tii+1 eoc; £¥ X’z—i—l Tri+1 1
—1 "k M rg
! k—1 , 5
i _z&
[l_[ 1L sctrrirri ”Zo—gk?1 k] [H(2r1’1+rl'l+l)d+k+' K ]
=1 l 1
d2$(k+1)l Z(k = d+k+1 Tg
x[lg1ll l_[ lgr+1ll
(d— k+l e —k+1)
x 1_[ [NNIEE, ||£c>o Z(CZTHI) %) (zk Tzt i QX 1+ B rk1)2(d+k+ll) 13
j 2 nk m nk

k _
(2(k 1)+ ) (2((6514’1(/(—:11)) Ii) . 1_[ ||g] ||ﬂ(2((dd+kk—:11))_%)

x (g1l
x (2| F)1- 2@ hl+e,

At this point we set the values of § and § (as functions of ) to be such that?®
|:(d—k+1) (d+k+1)8i|_1[ € 2(d+k+1)e]

=3|-5
- d—k+1)2 d—k+De] 12 (d—k+De
'Lud+k+nu—k+$_k%d—k+a}_Ehi_k%d+k+n]

k(d—k+3) k2d—-k+3)] 2 k2(d—k+1)]

26We emphasize that these particular choices are just for computational convenience, and we have not developed the
expressions because this is exactly how we use them to simplify the previous calculations.
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Simplifying (and using the expressions that define o and 8 in Lemma 9.7),

~ k—1 e & Gkt s
Ak (g.h)] < [Z 2‘52"Hl_[( > 2‘(k+k2)’-’*l)} [ S o ol kﬂ}

11>0 j=1 “r;j1=0 rk.1>0
k1 (d+k—1)
H( 5 o ]
i=1 li+120 t>0
k—1 k—1
2 1 L (d—k+1)_
X[H( E 2_15(1_M)r1,z+1)1|x|:1_[( E 2~ kz(l 2(d+k+1))rkl+l)]
i=1 ‘r;;+1>0 i=1 “rg,i+1=0
_%(1_d+llc+l) 2(1 2((dd:-kk—i—_i-ll))
Tk
Xl_[ sup ”1Xli+1:"i,i+1“€,c1x_:>mzl ~osup Ly ’k1+1|| /! ]
i=1 li+1:Tiit1 Ry Liv1rki+1 "km g
2(d+k+1) k (d—k+1)
e 2ot s (- S T kgz) % 1)

~%+tizGarern -
x| g1lly H|| 1||2

x|F| [T +e
Observe that

Y ol g 07l

11>0

where [ | is the smallest index /; such that X/-Rf # &. Hence there exists some (1? ,m) such that

27~ {g1.pp < |E].

Therefore

2.2 2l <, |Eye

[1>0
Notice also that
(284 &)y (284 &)y,
Z 2 (k"‘kz)rj.l <.2 (k+k2)r.1.1’
r;1=>0

where 7 1 is defined analogously. We can then find (n;, m) such that

—r i1 1
27 S g1 o m)xs 12 S 1 EA 2.
Therefore
> oI g,y
r;1=0
We can estimate all other sums in the bound above analogously. Observe that since the cardinalities

appearing in

i ~$Gg7ber) 5 (1- S
1_[[ sup ||1x1i+1iri.i+1||g?lqme;++ © sup ||1X1,+1rkl+1|| e 0 ] (57)

i=1 li+1sTiit1 M hg Liv1srk.i+1 "k mi
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are integers, the whole expression (57) is O(1). Using these observations and the fact that | E; | < 1 gives us

Aka(g, b Se |[F|'3askante. H |Ej|2F. (58)
j=1
To simplify our notation, set g :=(g1,1,£1,2+- - -+ &1,k—1-&1.k>&2- - - - » &k )- To rigorously use multilinear

interpolation theory, one can run the argument above for the following averaged multilinearized version
of MEy 4:

1

. k-1 Lk N
TEf )= (1‘[|<g1,z,¢,’,;{m>|) Merae e ) k-(l"[|<gj,<o,1,,m>|) (1 @ 1m).
=2

(n,m)ezd+1 ~l=1

with associated dual form?2’
i 1

k—1 k
~ L k
Keaehy= Y (1‘[|<g1,z,<o,i;{m>|) Neraev ) k(l"[ 8.0l ) (B 15 ® gm).
j=2

(n,m)ezd+1 “l=1

Hence (58) gives us

k k
1 1 €1
| ME 4(8) |l p2@+k+D/@+k—1+ea+1) Se l_[ |Eq,1]2F - l_[ |Ej |, (59)
I=1 j=2
which is (45) for ME k.d- Finally, observe that
I M\Ek’d () L2t +k+1)/ (@ +h—1)+e R +1)
k times
P 1 — 1
<| MEk 4(g)% ||L2(d+k+1)/(d+k—1)+ka(Rd+1) ----- | MEg q(g)% ”L2(d+k+1)/(d+k—1)+ka(Rd+l)
[ H E; |2k] LT iE (60)
I=1 I=1 j=2

which finishes the proof of the case 2 <k < d + 1 by restricted weak-type interpolation.

10. The endpoint estimate of the case k = d + 1 of Theorem 1.5

Letg1:01—R, gj: 0 > Rfor2 < j <d 41 be continuous functions. Recall that the multilinear
model for k = d + 1 is given in Section 2 by
d+1

MEg 14(g1.... 8a+1) = . l_[(gjafp,{,’m)(Xﬁ@Xm),
(ii,m)ezd+1 j=1

27TThere is a slight difference between the forms A k,q and A k.d: the latter is 2(k — 1)-linear, whereas the former is k-linear.
We cannot apply multilinear interpolation theory with inequality (58) directly, because all we proved is that it holds when g1 is a
tensor. In order to correctly place our estimates in the context of multilinear interpolation, we need to consider a form that has
the appropriate level of multilinearity, which is A k.d-
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where
: 2
I L.j L,j — b 2wingx; 2wimx
bam = ®<pn1{m’ (pnlj,m(xl) ="/ (x1)e Xl r,
=1

and ¢’/ (x) was defined in Section 2. From now on, we will assume without loss of generality that gy is

the full tensor. To simplify our notation, set g := (g1,1.-..,&1,4- 82 ---&d+1)- Define
d d+1 .
MEga@:= Y [[ternen'n) [ e, ta® xm)-
(n,m)ezdt11=1 j=2

We will show that ME d+1,d maps
L2([0,1]) x -+ x L2([0, 1]) x L*(Q2) x - x L*(Qd+1)

2d times

to L.2/4, which implies the endpoint estimate of the case k = d 4 1 in Theorem 1.5.

Endpoint estimate of the case k = d + 1. Notice that we have d factors in the first product and d factors

in the second. We will pair them in the following way:
d+1

MEgia():= ) [l 0h,) (gni—t.0n’ ) Ui © xm)
(i,m)ezd+1 j=2
Now observe that

d+1
—_— 2 _ i _ 2
IMEqi1a@ls = Y []He®a1-1.0),, ®@, w7
C (Gmyezd+1 j=2
d+1 . 5
<TIl > e ®g1,j—1,<p,;,m®¢,1;‘_1,m>|2) : (61)

J=2 Y(n,m)ezd+!
Let us analyze the j = 2 scalar product inside the parentheses (the others are dealt with in a similar way):

(gj ®§1,1,<P,g,,m ® Gnm)
= /d l(gz’l ® gl,l, (pl’ll,lz,m ® @;11,’") (l—[ (pu,Z(xu))e—Zﬂim(lez xlz)e_zni(lez nlxl) a;l
Rd—

u=>2
- Hnl’m(nz, e ,I’ld),
where
H . - 1,2 -1,1 u,2 —2mim( Y =0 x7)
nm (X250, Xq) = (82,1 ® &1,1, ¥p ) m ® Pl m) @ (xy) |e 220,
u=>2
We can then use Plancherel if we sum over ns, ..., n 4 first:

Y e ®&u-19h,, @0 ml
(n,m)ezd+1 ~
= Z Z |Hn1,m(n2’---’”d)|2 = Z ||Hn1m||%

ni,mny,...,.ng ni,m

-/ (H wu’z(xu))(z (028 Z1ro 02 ®¢,1;{m>|2) T

u=>2 ni,m
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By our initial choice of cubes, supp(gonl’ll,m) N supp(go,,l;z,m) = @, so the sum in (n1,m) is actually M> ;
(we are freezing d — 1 variables of g5 in this sum). Our results from Section 7 imply

Yo Hg®&u-1.¢l, 00" W =@z}

(n,m)ezd+1
Arguing like that forall 2 < j <d + 1, (61) gives us
. ,  d+l d+1
| MEq11,a(2)13 H lg2® 1,115 = H I 15
and the result follows. O

11. Improved k-linear bounds for tensors

In this section we investigate the following question: can one obtain better bounds than those of
Conjecture 1.2 if one is restricted to the class of tensors??® The answer depends on the concept of
degree of transversality. The extra information that the input functions are supported on cubes that
have disjoint projections along many directions leads to new transversality conditions, and we can take
advantage of it in the full tensor case. This is the content of Theorem 11.2.

Let {e; }1<;<q be the canonical basis of Re.If QO C R? is a cube, 7; (Q) represents the projection
of Q along the e; direction.

Definition 11.1. Let {Q1, ..., Oy} be a collection of k closed unit cubes in R¢ with vertices in Z%. We
associate to this collection its transversality vector

T=(T1,...,74),

where 7; = 1 if there are at least two distinct intervals among the projections 7;(Q;), 1 <[ <k, and

7; = 0 otherwise. The fotal degree of transversality of the collection {Q1, ..., Qk} is
|t|:= Z 7.
1<l<d

The k-linear extension model for a set of cubes {Q;}1<;<x as in Definition 11.1 is initially given on

C(Q1) x-+-xC(Qk) by

k
MEZ; (g1 g = D [T{gj 05 ,,) 00 ® zm). (62)
(n,m)ezd+1j=1
where the bumps (pq are analogous to the ones in Section 9 but now adapted to the cubes Q.
From now on we w111 assume that g; is a full tensor g Q- ® gj for 1 < j < k and that the
transversality vector of the collection {Q1,..., Ok} is T. To s1mp11fy the notation, we will replace the
superscripts Q; in (62) with 7 and define

g::(g%,...,gf,...,g},...,g]'?l,...,g,i,...,g,f).

28Extension estimates beyond the conjectured range have been verified in [Mandel and Oliveira e Silva 2023] for a certain
class of functions when the underlying submanifold is S9=1; [Shao 2009] also contains results of this kind for the paraboloid.
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‘We are then led to consider

k d
MEf ,(8):= Y. ﬂ H gh okl ) O ® am). (63)
(n,m)ezd+! j=1[=1

where
l,j 2wingx 2mwimx> l,j .
wn, T () = 9"/ (x)e e ., supp(p™’) C i (Q)).

As was the case in Section 9, we will deal first with an averaged version of ME ; for technical reasons.
Define

ME; ()= Y ]_[ ]_[I gh ol K (i ® o), (64)

(n,m)ezd+1j=11=1

and consider its dual form

d
R ehy= Y 1‘[1‘[ gk @b E - (x5 ® xom).

(n,m)ezd+1 j=11=1

Let E£;;, 1 <j <kand 1</ <d, be measurable sets such that |ng.| < xg;, - Let F C RI+1 be a
measurable set such that |#| < y r. Under these conditions we have the following result:

Theorem 11.2. ME IE 4 Satisfies
k d

IMEE ;) Lo@a+vy <p [[ [T 118512 forall p> p.
j=1l=1

_2(d +]t]+2)
~ k(d+e)

Proof. 1t is enough to prove that

k d
—_—T 1
I ME () Lr@a+rvy <p [ []1Esa17.
j=1l=1

holds for every
2(d + |t|+2)
d+1c))
Define the level sets
AT = {(ng,m) € 7% (gh, ghm)| A 2770,
B’ := {(n,m) € 74+, (M, x5 @ xm)| ~ 2~ n.
Set R .= (I’i,j),',j and
k

xR = {(iz',m) ez (ny,m) € ij’f/, 1<l< d} NnB.
j=1
We then have

k d )
KL e s 3 2 T [T2 % -#x®e.

R,t>0 j=11=1
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As in the previous section, we can assume without loss of generality that r;;,7 > 0. We can estimate
#XR using the function A:

#XRE <2t N (R 25 ® xm)| S 2. (65)
(n,m)ezd+1

Alternatively, by the definition of X®7,

#wxRr< ) ]‘[ ]‘[1 r,l(n, m) (66)

(n,m)ezd+1 j=11=1
There are many ways to estimate the right-hand side above. We will obtain d different bounds for it,
each one arising from summing in a different order. Fix 1 </ <d and leave the sum over (n;, m) for last:

d k
#RO= 3 [1‘[ 1 o (n;. m):| I1 [Z I1 lArjj(ni,m)]
(n;,m)ez2~j o I=1,i#1- " j=1 7! 67
d viji
= > [Magm m)] 1 T[Zem]™
i_ 17 T_ ny
where we used Holder(s 1ngq§ah{y in the last line an )/1 G Ldre generlc parameters such that

j=1

forall 1 <[,/ <d with [ # [ fixed. Let us briefly explain the labels in these parameters that we just
introduced:

[ indicates that the last variables to be summed are (r;, m),
Vil Z corresponds to the | —th~function g5
[ # 1 corresponds to the /-th variable n;.

We will not make any specific choice for the y, 7 since condition (68) will suffice. Now observe that
for a fixed m € Z we have

Zl g 1<n,,m><22’112| &b TP <2700 B (69)

ny

by Bessel’s inequality. Usmg (69) back in (67):

d k
#XR,tE l—[ 1_[2271,],7r],i.|Efj|yl,]',7. Z [1_[1 rj,(nl m)}

I=1,l#1 j=1 (n;,m)ez2-j=1
d k
1, I#1

We simply used the fact that 12 = 1 in the last line above. Our goal is to pair the scalar products in

22yl-f~f’f~f~|E;,;l”ff- > [ [T 1um)L, z,l(nl»m):|- (70)

~ ~ .. . j 1 j l
I= 1j= (ny,m)ez2=(j1,j2), 1 #j2 ' 2

(63) corresponding to the functions gjl.l and gjl.z. There are two kinds of such pairs:
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(a) A pair (j1, j2) with j1 # ja is [-transversal if supp(p’/1) N supp(¢!~2) = @.
(b) A pair (j1, j2) with ji # j» is non-I-transversal along the direction ¢; if supp(¢’/1)Nsupp(p’72) # @.

Thus we have by Holder’s inequality for generic parameters o; j, ;, and By ;, .,
d k

&l j1.Jo
Rt 2y, 75757 il
xRt < TT [ 2% BT Es 7T 1 > L (ngm)-1 rjy ("l’m))
~ ~ ’ .. 1.1 2.1
I=1j=1 (1,42) (n;,myezz 7! 2
l~7él [-transversal, j| #j»
Bl.jl,jz
x I1 Y Loalumy-l o, (”l’m)) - D
U1,J2) (nymyezz 1! 2!
non-/-transversal, j1 % j»
Define

a1, j,.j, =0 if (j1, j2) is non-/-transversal,
Bi,ji,j» =0 if (j1, j2) is [-transversal.

Hence Holder’s condition is

Z al’j17j2+ﬂlajl:j2 :2’ (72)
U1,2)
1</1,j2<k
1#j2
since we are counting each «; ;, ;, and f; j, ;, twice, for all 1 </ <d. The labels in the parameters «
and B track the following information:

[ indicates that we are summing over (1, m),
ar,jy,j> and By j . . e .
J1 and j; correspond to two distinct functions g;, and gj,.
We can then use Proposition 4.4 for the transversal pairs and a combination of one-dimensional

Strichartz/Tomas—Stein with Holder for the nontransversal ones:

d k
R 2 =P s - 2 P . . .. P
#X ’tfl | | | 2 Vz,/,z’j,1.|Ejj|Vz,/,1. | | 2 az,Jl,/2(r11,1+r12,1).|Ej1,l|a1,/1.12.|Ej2,l|a1,/1,12)

f=1j=1 Gi,j2)
T4l [-transversal, j1# j>
3B, 1 o (ri T 38171 3B1jy.
« l_[ 2 Bijy. i (rjya+rjn.0) |Ej1,l|2ﬂl’“”2 . |Ej2’1|2’3"“”2)- (73)
(J1,J2)

non-/-transversal, jj 7 j»
As mentioned earlier in this section, we have d estimates like (73). We will interpolate between them
with weights 6;:

d
#XRJ — l_[ (#XRJ)OI ,
. I=1
with
d
S o =1 (74)
.. =1
This yields

k d

#j.1

#XRJ S 1_[ Hz#j!l-rj‘[ . |EJ’I|IT
j=11=1

(75)
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where
#.]71 = [Z (Zalajajl + 3ﬂl:]:]l)] : 91 + Zz)/iyjal ) ei
J17J I#1
In order to prove an estimate like L2 x---x L%+ LP, we will need all these coefficients # .1 to be
equal. Let us call them all X for now and sum over j:
k k - k

> x = [ @ 30| o+ D2 Y] 0

j=1 J=1j1#] : I# =1
By (68) and (72)

k -
X:%[6—Zzal,m -9;+Z%-01~ (76)

J=1jh#j I#1
for all 1 </ < d. Together with (74), (76) gives us a linear system of d equations in the d variables
01, ...,6,. The solution is

d 4k v g7
91=|:Z ZJ—IZJ#JO‘I,/,M] ' a7

k
i AT = X %,
Plugging (77) back in (76) gives us

X = %[1 + (Z oy lel#j ” ])_1] (78)

laj:jl

To minimize X we must maximize
k
PIDILINE
J=1n#]
This is achieved by choosing f; ;, ;, = 0 for all (j1, j2) if there is at least one /-transversal pair
(J1, j2). In other words, choose

/31’]'1’]'2 =0 forall (jl,jz) if T = 1.
Hence by (72),
a 2 ifr=1,
Zzaijjlzo fl_O
=Lt raET
This choice of parameters gives us
_2(d + [ +2)
k(d+t)

which implies the following estimate for #X&-!:

k d
ke < TT T 2% |E; |7, (79)
j=11=1
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Finally, we interpolate between (79) with weight ﬁ — ¢ and (65) with weight (1 - ﬁ) + & to bound
the form A} ;:

d X Fx e 1
l‘[ 2 XTin |Ej’l|2i| 2 F(O-ex) e,
11=1

k

d .
Afag s > 27 T] l—lz_fij[

k
R,t>0 j=1l=1 =

Developing the right-hand side:

Kk d kK d
[Aka(g-MI< (22_(/&‘8)’) I1 1_[( > 2_8X"f-1) x [1_[ I1 |Ej’l|zlk—£§(]|F|(1—;<“>()+8.
j=11=1

t>0 j=11=1 ‘rj ;>0
As in the previous section, these series are summable. We have
—eXr; eX
E 2 e [Ej 7.
1,120

For the series in ¢ we can just bound it by an absolute constant depending on &. This leads to

k d k d
1 4ex 1 1 1
AL 4(8.M)] Se [1_[ H |Ej |26+ ]|F|(1 Fx)+e < [1‘[ 1‘[ |Ej’l|2k] (F|(-7x)+e,
j=11=1 j=11=1

since |E; ;| < 1, which finishes the proof by multilinear interpolation. O

Remark 11.3. If ; =0 for 1 <[ <d, then
_2(d+2)
P = —k R
which could have been proven in general with Holder and Strichartz/Tomas—Stein. This is because there
is no transversality to exploit; therefore the best bounds we can hope for in the multilinear setting come
from the linear one.

Remark 11.4. If there are exactly kK — 1 indices / such that 7; = 1, then
_2d+k+1)
Pr= @y k=1

which is consistent with Theorem 1.5.

Remark 11.5. Finally, if one has more than k — 1 indices / such that t; = 1, then

2(d +k+1)
Pe = kd+k—1)

which clearly illustrates the point of this section. The extreme case is when t; = 1 for 1 </ <d, which gives

_2(d+1)

Pt = “id

This can be seen as an improvement upon the linear extension conjecture itself in the following sense: if
we take the product of k extensions F U & 1 < j <k, and combine the linear extension conjecture with
Hoélder’s inequality, we obtain an operator that maps L2EdFD]d oy [ 20dHD]d o [ 20d+1)/(kd)te
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On the other hand, if we are in a situation in which we have as much transversality as possible and all
g; are full tensors, we obtain L2 x ---x L2 to L2(+1)/(kd)+e,

12. Beyond the L2-based k-linear theory with and without transversality

Given a collection @ ={Q1,..., O} of cubes, the purpose of this section is to investigate near-restriction
k-linear estimates associated to Q. In other words, we study bounds of the form

k k
H‘Sngj
j=1

Se [T gilzrco)) (80)
for all £ > 0 and for some p > 1. There are two cases of interest here:

L2(d+1)/(kd)+8(Rd+l) j=1
e O is a collection of transversal cubes.

e All cubes in Q are the same.

It will be clear that all cases in between these two can be studied in the same framework that we now
present.

12A. Near-restriction estimates with transversality. We start by restating (4). For 2 <k <d + 1,
to recover the whole range of the generalized k-linear extension conjecture, it is enough to prove
Conjecture 1.2 and

k k
1_[ &u, 8j Se 1_[ lgjllL2@+vraw;) (81)
j=1 L2(d+1)/(kd)+£(Rd+l) j=1 ]
for all £ > 0.
Let Q ={Q1...., Q) be our initially fixed set of cubes.?’ In what follows, we recast the statement

of Theorem 1.13 in terms of this set:

Theorem 12.1. If Q is a collection of transversal cubes and g1 is a tensor, the operator MEy 4(g1,.-..8k)

satisfies

k

[MEk.a(gr,- -\ &) llL2@+v/kartega+1y Se 1_[ Igj lLrt.ar@;): (82)
j=1
where Md 1 J
edy— 1A TR 2
] 4d +1 d
@+D e d gy,

2d —k +1 2~
As anticipated in the Introduction, we prove it by adapting the argument from Section 9.

Remark 12.2. As in Section 9, the theorem above holds under the assumption that the given set of cubes
is weakly transversal and any other g;, j # 1, can be assumed to be the tensor.

29Gee Section 3.
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Remark 12.3. Roughly speaking, the difference between the proof of Theorem 12.1 and the one done in
Section 9 is in the building blocks we use: instead of Strichartz/Tomas—Stein (in the form of Corollary 4.2),
we will use the best extension bound for the parabola (in the form of Proposition 4.3). One can think of
the argument in this section as a rigorous way of replacing the former piece by the latter in our machinery.

Proof of Theorem 12.1. We work in the same setting as in Section 9. Even though there are some slight
differences between the level sets from that section and the ones that we will define here, the approach is
very similar.

It is convenient to recall a few important points from Section 9:

¢ The form of interest here is (in its averaged form):

i} SN
Keaehy= 3 (1‘[|<gj,¢,1,,m>|) (h. 15 ® ). ®3)

(1,m)ezd+1 Ni=1
* The tensor g; has the structure g1 = 21,1 @+ - ® g1,4-

e E11,....E14C[0,1], E;CQ; 2= j <k) and F C R?+! are measurable sets such that g1l = XE,,
forl1<l=<d, |gj| < XE; for2<j < k and |h| < y F. Furthermore, E1 := E11 x--- X Ey 4.
We start by encoding the sizes of the scalar products appearing in (83):
1l > —1; .
A = {Gim) €77 (g g A 270Y, 1<) <k

Now we see the first difference between the argument in this section and the one in Section 9: the
mixed-norm quantities here are all of the same kind, in the sense that the inner products inside the
L? norms are all one-dimensional:

B/ = {(1.m) € 221 (g @) s la 22770 Y, 1 <i<d, 1<j <k,
The remaining sets are defined just as in Section 9, and with the exact same purpose:
C = {(@.m) € 7% 1 (h, )5 ® xm)| ~ 271},
XUt = A 0 {(G,m) € 29 (n;m) € B ),

xbRE= M A?ﬂ{ﬁim)eld+1%ﬁpm)e (| B/, 1<i<dinC,

1<j<k 1<j<k
where we are using the abbreviations [ = (1, ...,l;) and R := (r; ;);,;. Hence,
= k =
A — L
|Ak,a(g. M| < ZZ ’1_[2 Fax Rt
IRt Jj=1

The analogue of Lemma 9.4 is the bound

27T ..... 2=rd.1

lgllg~!

_ll ~

(84)
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which is proven in the same way. By an argument entirely analogous to that of Lemma 9.5, we can show
2T
27l < - foralll <i<d,2<j <k. (85)

2
|| 1X/j Tij ||£?l?me,1§l

The following corollary of the estimates above will give us the appropriate convex combination of

such relations:3°

Corollary 12.4. For 1 <i <k —1 we have

1
2~ d+1 Tii41 2_m'ru,i+l

d
2~lit+1 < 1_[
I Lstipririig | 2("*”1 u=k || 1yt i ig 2’“‘”'{
i i.i Zoo e Xi+1Tui+1 ZO?A mé .
Proof. Interpolate between the bounds in (85) Wlth one weight equal to -+ for (i, j) := (i,i + 1) and
d+1
d —k + 1 weights 2 for (i, j) == (u,i + 1), k <u<d. O
We can estimate #X!-R! using the function #:

xRS S (@ xm)| S 2'F). (86)
(n,m)ezd+1

PR < Y ]‘[1 G, m)]‘[ Hl iy (1, m). (87)

(n,m)ezd+1j=1 A i=1j=1
Similarly to what was done in Section 9, we will manipulate the inequality above in d ways: k — 1

Alternatively,

of them will exploit orthogonality (from the combination of the sets B 11 and Blr’l ’:11, 1<i<k-1),
but now the other d — k + 1 ones will reflect the linear extension problem in dimension 1. The following
lemma is the appropriate analogue of Lemma 9.7 in this section:

Lemma 12.5. The bounds above imply:
(a) The orthogonality-type bounds: forall 1 <i <k —1,

#x! R S W tigririign ||Kﬁf’m€,11 A P ”% lIgi+1 ||% (83)
(b) The extension-type bounds: forallk <u <d,
- k Z(d 1)
RS T Wins I o 2R g )
j=2 g @
x 20w + s B (1‘[ g, ||2) Nenul-TT el 9
ju 1=
where 2k+1) . (k+1) 2 1
+ + g
= g- , =468 —,
i T PEr T g

with §,8 > 0 being arbitrarily small parameters to be chosen later.

30Notice that instead of using just two mixed quantities for each scalar one (as in Corollary 9.6), we are using d —k + 2
many of them here.
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Proof. Part (a) is the same as in Lemma 9.7(a). As for (b), fix kK <u < d and bound #XR a5 follows:

#XI,RJ — Z 1XT,R,z (’jl" m)

(n,m)ezd+1
k
=< Z l_[ 1X1_;2"u F (n,m) 1_[ 1B'1 1(nj,m)- 1_[ 1 ’u l (nu,m)
(n, m)eZd+1j_2 iFu =1
= Z 1_[ 1B’“1(”u’m)z 1_[ lxl L (n,m) 1_[ 1 r, l(n,,m)
Ry, ml 1 nu j=2 i#u
< Z l_[ 1 rul(nu,m) l_[ 1Ly s (1, m)|| 1_[ 1B(,~i1(ni,
ny ml—l itu
1 1
< 1_[ ||1Xl_i¥"u.j ”gﬁftme}l : l_[ ||1Blrtll ”2%06;11 : 1_[ 1B;ul,l , (90)
j=2 Y oiFu ' toli= L Wy m
where we used Holder’s inequality from the third to fourth line. Next, notice that
||1 ria legoes, < sup22’l 1 Z g1, okt m)xi I3
oD
= sup 227" / Zl (81 @it m)xi > 45 S 22700 - g1 3
by orthogonality. Now let
2k
Du,1 = k + 1),
Pug =2k forall2<I[<k
and notice that
k
1
> Loy
=1 Pu,l
This way, by the definition of B;’f; and by Holder’s inequality with these p, ; we have
elllu.m
X k
S D D [N M R ) NN e 4
(ny,m) 1=2
k , u,l1 k ﬂ %
. . o Py, u,
< 2%Tuati= B ru,z( Z (g1, ‘Pnu,m)xu” p 1) l_[( Z ”(glvwr’f{,l,m)xu” p 1)
(ny ,;m) 1=2 *(ny,m)
2 1
. k . Pu,1
= 2otz Bt (N gy, gl L), ||4+8) ( > et emlmx ||4+5) . 92)
(ny,m) 1=2 “(ny,m)
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At this point we see another difference between this proof and the argument in Section 9: We do
not obtain a pure L? norm when using the near-L* extension analogue of Corollary 4.2 for [ =d — 1.

Alternatively, we use Holder in the term involving g; once more:

g1 g w1470 = [ / (1‘[ |g1,,~|2(x,-))-|<g1,u,¢z;{m>xu|2dm}

448

JFu
4+8
<(TThenslle)  Henw ettt
JFu
For the remaining g; we simply use Holder and the fact that they are compactly supported:3!
5 §
et ol ) 1570 S g, o3t ) 1470
These observations imply
48 1
@1+ Bru Pu.1 u,1 448\ 7!
]‘[ Ly goerertiiz=brer (TTlglz) (Y Herw 0 dxl
el lehy J#u CIED)
k 1
§\Pu.l
-H( S g @ e I )
l=2 (nuam)
K o k
<zerertshatrar. (T lesla) -levl - TT el ©3)
JFu =2

where we used Minkowski for norms and the L4—L4""§ one-dimensional extension estimate from the
second to third line above. Part (b) follows from applying (91) and (93) to (90). O

Given & > 0, we bound the multilinear form A k,4 using the estimates from (84) and Corollary 12.4 (with
the appropriate e-losses for later convenience), and the ones from Lemma 12.5 with the following weights:

1 e

0, = m -7 1 </ <d forthe d estimates in (88) and (89),

gp1=1——<+¢ for (86).
d+1 2d + 1) (86)
Hence,
1_@iDe
N @+
|Ak,d(g,h)|§ Z 2_tX2 desl (” ”d 1 1_[ 277 1)
I,R,1>0 &1
k—1 e k-1 2 T d 2_k(d1+1)'ru-i+1 | (dtDe
X 1_[ 27 kad i+l x l_[ 1—[
i=1 i=15|11t; 0 yori s ”2(d+1) u=k |1os; s ||2k(d+1)
Xi+1Tii4+1 eoo el i1 ui41 ellm

31'We use this crude estimate for the remaining g; because they do not have the same structure that allows “pulling out” the
one-dimensional functions g1, ;, like g1 does. There is a clear loss here and it is reflected in the fact that p(k, d) is not the best

exponent for which (82) holds.
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2889
k—1 .
2 2 a
o I O o e PV N1
=1
L s 261 @
1_[ (1_[ ||1X/j;ru,j ”[’30 mtl 2k izl g, )
k<us=d “j=2 R
&
k 2(d+l) -da
< T (2wru-1+21=zﬂrusf~(1‘[||g1,,-||2) Ngral?- 1‘[||gz||")
k<u<d jFu 1=2
x(2’|F|)1_2(dd+1>+8.
Developing the expression above,
|Ak,a(g.h)l
=Sk @+ d=De _(d—1)
“De_ (d—
S > 2k %dWIX(IIZ ”1) xllgully > :
lR >0
— k—1 1_(d£i-d1)s
xHZ_(dz—/tcli)gllJrlxn[z_d-l—l Tiil, l_[ 2~ E@TD ’ul+l]
i=1 i=1 u=k

k—1

@ (e 2k(d+1)( Fpe—_1)
XH 1Lyt primiign “Koc_) ¢! 1_[ I Lsti1imin ||
i=1 R

kl_ll @ I_l ra+r Lo —2¢ (/};ll 2k e kl ll E=is
T - a [
X|: ||1Xll+1:rl.l+1 ”ego mel ]X|: (2 1.1 /.1+l)d+l d :|X||g || ||gl+l||
1+ ny
=1 =1

=1

d k 1 1 & _ 1 _ &
| | | | E'(m—ﬁ) 25, . . k g, 2d+1D) " d
* |:( ”1Xl/;rusj ||£2Z merli ).(2k21¢u Ti1.0% rua+X1=2Bru
. N u
u=k =

2 =k+ D=1 ( ) L.
x|l g1 ||2 @ q 1_[ [( ullar J |2)0‘(2(d+1) d)]
k<u<d j#u

(94)

Observe that the product of the blue factors above (for k < u < d) is>?

k—1 d
I (||g1,u||4~1‘[ g ||2) - [ ] [T 141 ula]
k<u=<d JFu =1 u=k
d k—1 d
- [1‘[ ||g1,j||§‘k].[ 2][

32Recall that |g1| = |g1.1 ® - ®g4l<1lg ® - ®1lg , <1g,.

_ 1
}sngluz’ k.
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Notice that the previous step was lossy, which also reflects in the suboptimal final exponent p(k, d).
Now we set the values of § and § (as functions of ¢) to be such that

5.(k+1)( 1 8):(d+1)8

2k \2d+1) d kd

5 1 1 ey _ ¢
2k\2(d +1) d) kd’

Simplifying the expression above with this choice of § and 8,

|Ak,a(g,h)l
k—1
_d4De _3d+De .. _d+De
(e (e A )
11>0 Jj=1"r;j1=0 u=k “ry,1>0
k1 (d+1) d
£
X[H( 2: 2= ka 'l[+l)]x|:z2_t(2(d+l)_8)]
k—1 d
Z —3e .. —E
Xl_[|:( 27 2d t,l+l).l_[( E 27 2kd u,l+l)]
i=1-"rii+1=0 u=k “ry,i+1>0
d
—a
Xl_[|: sup ”lxll—f—l rll—i—l”eoo ﬁl '1_[ sup ||1Xll+l rul+1|| m(l ]
j=1Llit1sriitt i ymflittrit
(d—k) _2(d—Kk)(k+De | (d—k)(d+1De |, (d+1)(d—De _2(k—De _2(d—k+1)(d—1)e
+ + — — (k+1) d+1e
k(@F1) kd kd 2kd a kd +
X||g || |E1|4k(d+1) 4kd
d+k+1) d—k+1) (d—k+1) d
—a— 2kt Taka SX|F|[1—2(d+1)]"‘€_ (95)

NI

By considerations identical to the ones in the end of Section 9, this implies

-1
+
A (g, h) Se |F' 50+ | By @D [ | Epg 50, (96)
I=1

To make all exponents of |E;| (1 < j < k) the same, we have to take

L f2d—k+1 dik+]
plk.d) 4k(d + 1) 4k(d + 1)

Again by the same considerations from Section 9, (96) implies®> Theorem 12.1. O

12B. Near-restriction estimates without transversality. To make the notation lighter, let us omit the
index Q and set £; be the extension operator associated to a fixed cube Q C R?. Recall the k-product

33Notice that we obtain something slightly better than Theorem 12.1 if one is looking for asymmetric estimates: (96) implies
abound of type LP1 x LP2 x LP2 x ... x LP2 — [2(d+D/kd)+e 5. £ pyand py, pr < p(k,d), if g1 is a tensor.
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operator obtained from &; defined in (6)

k
Ea,k) (&1, 8k) = 1_[ Eagj-
i=1
In this subsection we prove Theorem 1.18, which we restate here for the convenience of the reader.

Theorem 12.6. Let2 <k <d + 1. If g1 is a tensor, the inequality

k k
[]¢ag So. [ [ 1gillz4c0) 97)
j=1 Jj=1

L2d+1D)/(kd)+e(Rd+1)
holds for all ¢ > 0.

Remark 12.7. As in the previous subsection, the difference between the proof of Theorem 12.6 and the
one done in Section 9 is in the building blocks used: since there is no transversality to be exploited, we
only use the best extension bound for the parabola (in the form of Proposition 4.3).

Proof of Theorem 12.6. The framework is the exact same as in the proof of Theorem 12.1. We have to
bound #X5 R 10 effectively estimate3*

k

Rea(g s 3 27 [T 2 EadRe
IRt =1

in terms of the measures of the sets Ey ¢, 1 <{ <d, E;, 2 < j <k, and F. This will be done by the

following analogue of Lemma 12.5:

Lemma 12.8. The two following extension-type bounds for the cardinality #XERE pold:
(@) Forall1 <i <k —1andall®® A >0,

I,R, 24 M) (i 147
IR S i e g -20FD0FTD gy
'l

243, (H lene

|§iﬁ) g2 ©98)
L#i

® Ifk<d+1, forallk <u <d,

k
. ] 2d—1)
I,R, 3 F inuli
#XHRT < | | (11)r ”2‘;" v SOk ZiFulin, lgill,
u.mtp,

Jj=2 k a k
X2(¥~ru.l+2]:2ﬂ'ru,l . (1_[ ||g1’j ||2) . ||g1’u||(3‘l.l_[ ||gl||£’ (99)
jtu =2
where 2k+1) . (k+1) 2 L1
+ + -
= g- =4+ —
o P Tl PeEr i

with §,8 > 0 being arbitrarily small parameters to be chosen later.

Remark 12.9. We highlight that (99) is only going to be used if k < d + 1. The argument that follows
will make it clear what changes in the case k = d + 1 if we only use (98).
34Rigorously, we are dealing with a different operator here, but we will keep the notation unchanged for simplicity.

35The parameter A will be chosen later. It should be regarded as morally zero, and we only introduce it to be able to use
Proposition 4.3 since it does not hold at the endpoint.
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Proof. We only prove (98), since (99) is identical to (89). From (53),
Xi Rt < [ ||zg<l?’mer£li .HlB;,ii] nB:f;ﬂrJrll ||e,11i.m
We bound the second factor in the right-hand side above as follows:
Mot onis Vb

1,i+1

i1 2+ 241
”(gl’%lzl—,m)xi”z Mgir1.op HNy 15T

< 7@+ (ria+riiv) Z
(ni,m)eB;’; il giit

i.i+1
< 2@+ (ri 1+ i41) Z 2+ " l+1)yl ||2+A

i1
”(gl’(p;l”,m)xi||2+,1'”(gl'+1’(pn,,m 244
(n; ,m)e[Bf"'1 ﬂBr'AIH'l

<2(2+A)(r, 147, 1+1)//( glv‘sz’,-l,m)xi|2H'|(gl+1’¢;11,l+1) i|2+x) d%; d;

(n; ,m)ez?
< oG+ ,+1)//(
(n; ,m)ez?

2(2+A)(7’1 1+ri, z+1)/ ”gl ||2+)L ||gi+1 “i—é_k d)%l d)A’z

SO g, 2+ (H A Ese) A
LF#i
where we used Holder’s inequality from the second to third lines, Fubini from the third to fourth, Holder
again twice, Proposition 4.3 and the fact that g; is a tensor. This finishes the proof of the lemma. O

1 1
. 2 2
gl,so:;,.{m>x,-|4+”) ( S lgisrgiithy ,-|4+2*) d: df;

(n; ,m)ez?

As in the previous subsection, given ¢ > 0, we bound Kk,d using the estimates from (84) and
Corollary 12.4, and the ones from Lemma 12.8 with the exact same weights>® we used in the proof of
Theorem 12.1:

0 ! ® 1<l<d, forthed estimates in (98) and (99)
= > <1l <d, forthed estimates in an ,
2d+ 1) d
d
0 =l-——+¢ for (86).
d+1 2d+ 1) (86)
Hence,
1_tbe
= (d+1)e
Ara(g s Y 27'x27 zka l ( T 11_[ "/1)
I R0 lg1ll5
k—1 k—1 TP d _ 1 it 1_{d+De
x [ 2~ %t x 2 7 1—[ 27 K@D } 22
i=1 ”1 . ||2(d+1) _ “1 ”2k(d+1)
Xli-l—l’ri.i-i-l eoo el - Xlt-i—l Tui+1 6’11

301tk = d + 1, we give weight d to each one of the d estimates in (98) only.

2(d+1)
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k—1 1 &
2@+ " d

2 A 24+A

x| |( * (l [ llgs £||2+,1)‘||gl+1||4+ )

=1 L#£]

k 1 S 2(d D\ Z@FD
I (n Ity 2T il )
k<u<d “j=2 R
a k _1 &
k 2(d+1) d
< T1 (zwusl+21=zﬂru’f-(1‘[||g1,,-||2) -||g1,u||z‘-1'[||gz||£’)
k<u<d J#u I=2
x (2! |F|)! o e,
Developing the expression above3’,
|Ak,a(g.h)l
d 1_(d+De
. d+De; —r k 2kd (d+12)k("é_l)s_(dl:l)
< D 2xam R | [T x|lg1ll
I,R,t>0 =1
k2l (d+1) . 1 d 1 1
xl_[ 2" Fka li+ xl_[ |:2‘d+1”i,i+1.1_[ 2—k(d+|)'ru.i+1]
k—1 1 d+De L (d+De
sy (e 1), drn (Ghe-1)
1 ) e ” 2(d+1)° 2d ”1 ||2k(d+1) 2d
X || Xll+]'rl,l+l {0 (l Xlt+1rur+1 KOO el
i=1 i u==k e
o1 k-1 1 .
[1_[ ”1x11+1 1,141 ||;<ig+1()l d:|x|:1_[(2”’1+r1‘l+l)(2+k).(w_;):|
=1 =1

k—1

d _
X|:1_[ |E1,l|(2-!_4A+(k_2))'(2((1l-s—1)_5):|.|: l_[ |E1,u|(2<(1]+1)_3)'(k_1):| 1_[ El+1|( 2 (e~ d):|
u=k I1=1

i

d k . L.
X l_[ [(l_[ ||1le:ru,j eoo(z(éz]i’l) d)) (2k Zl;éurl 1 20( Tu, 1+Zl 2'3 T, 1)
u=k .=

g) 1 _£
“TT | ngrallaTT grsllz )2 Gaen—a
k<u<d jFu

X1_[|| gl VT ot Dl (100)

2d=ktDE=D (1
x|l g1ll

Observe that we highlighted a few factors in red in (100); this is just to compare them to the red terms
in (94): the red terms are the only ones that differ in the right-hand sides of (94) and (100). On the other
hand, we will bound the product of the blue factors® in (100) in a slightly better way than we did in the

37The products in the fourth and fifth lines above are void if k = d + 1. We can think of them as being 1.
38The seventh and eighth lines are void if k = d + 1, hence the blue factors do not contribute at all in this case.
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proof of Theorem 12.1:

[T (1evats- TT ten12) - [ﬁ[ g, ||§—k] - ﬁj ||g1,1||2] - [ﬁ[ ||g1,u||4]

k<u<d JjFu

k—1 d
d—k+1 d—k ; 1
s[]‘[lEl,zl 2 ]-[]‘[|E1,u| 2 +4] (101)
=1 u==k

Setting § and § exactly as in the previous subsection and using the observations we just made, we
conclude that the final bound for |[~\k,d (g, h)| compares to (96) exactly as follows:
* The coefficients of the “r; 1 power” is now

2[_3(3;41)8 +A(2(dl+]) _5)]0,1 ,

whereas in (96) it was

2240

e For 1 </ <k—1,(101) gives | Ey ;| an extra power of>°

1 1 1 e (d+1e
(§+ﬁ)'(2(d+1)_3)+ wd

On the other hand, still for 1 </ <k —1, the red factors in (100) produce a power of | E ;| that is exactly

2-21) 1 e
4 '(2(d+1) _E) (102)

less than the one produced by the corresponding red factors in (94). If k < d + 1, these provide a net

1 A 1 e n (d+1)e

2k 4 2d+1) d dkd
in the final power of |E; ;|. If k = d + 1, we just lose (compared to (96)) (102) in the final power
of |E1’l|.

gain of

e For k <u <d, the powers of the measures | E1 | are exactly the same in both (94) and in (100).

e For 2 <[ <k, the red factors in (100) produce a power of | E;| that is exactly

(2-1) 1 £
4 (2(d +1) E)

less than the one produced by the corresponding red factors in (94).

¢ All other factors are precisely the same.

39Here we are using the explicit choice of §.
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By choosing A small enough compared to ¢ and by the same considerations made in the end of Section 9,
this implies

k—1
= d—k
Kb (g, )| Se |[F|' 504 | By [HGTD [T )%

=1

fork <d + 1 and

~ k
Aka(g. )| e [F|1 @m0 [T |Ey 3
=1
for k = d + 1. Again by the same considerations from Section 9, these imply Theorem 12.6. O

13. Weak transversality, Brascamp-Lieb and an application

We were recently asked by Jonathan Bennett if there was a link between our results and the theory
of Brascamp—Lieb inequalities. The motivation for that comes from the fact that, assuming g1 =
21,1 ®---® g1,4, one can see the operator ME .1 4 as the 2d-linear object

T(g1,1,---,81,d:82,-+,8d+1) = MEg11,4(811® - ®g1.d:82---:8d+1)

and given that such a link exists in the theory of M& 44 4 (see [Bennett 2014]), it is natural to wonder
if boundedness for T is related somehow to the finiteness condition of certain Brascamp-Lieb constants
BL(L, p).

The purposes of this section are to make this connection clear and to give a modest application of our
results to the theory of restriction-Brascamp—Lieb inequalities.

13A. A link between weak transversality and Brascamp-Lieb inequalities. We start with some classical
background. Let L; : R” — R™ be linear maps and p; >0, 1 < j < m. Inequalities of the form

m m Dj
/Rn [[ieLpPwydvscC ]_[(/Rni fj(yj)dyj) (103)
j=1 j=1 MR

are called Brascamp-Lieb inequalities. Bennett, Carbery, Christ and Tao [Bennett et al. 2008] established
for which Brascamp-Lieb data (L, p) the inequality above holds, where L = (L1,...,L,;) and p =
(P1,---» Pm)- The best constant for which (103) holds for all nonnegative input functions f; € L!(R"/)
is denoted by BL(L, p).

Theorem 13.1 [Bennett et al. 2008]. The constant BL(L, p) in (103) is finite if and only if for all
subspaces V C R"*

m
dim(V) < > p; dim(L; V) (104)
ji=1
and
m
> pjnj=n. (105)
j=1

Remark 13.2. By taking V' =R" in (104) it follows that each L ; must be surjective for (105) to hold as well.
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We will work with explicit maps L; and use Theorem 13.1 to establish a link between the concept of
weak transversality and inequalities such as (103).4% These maps will be associated to the submanifolds
relevant to the problem at hand: the d-dimensional paraboloid P4 in R¢*+! and some “canonical” two-
dimensional parabolas.

In order to define L;, we fix standard parametrizations for the submanifolds mentioned above. Let

F:Rd —)Rd+l, (106)
(xl,...,xd)|—>(xl,...,xd,Z?;lxiz), (107)

parametrize P4 and
yi R — RITL, (108)
xr—>(x‘81j,...,x'8dj,x2), (109)

parametrize a parabola in the two-dimensional canonical subspace generated by e; and ey (§;; is the
Kronecker delta). Their differentials are given by

10 0 |
0 1 0
dFiRd —>M(d+1)xd’ (xl,...,xd)|—> : .. :
0 o0 ... 1
_2x1 2X3 ... 2xd_
and
d)/j 3R—>M(d+1)x1, )H—)[(Slj 52]' de 2X]T.
For d + 1 points x/ = (x{,...,xé;) eR?, 1< j <d +1, define the linear maps*!
Xl
Ly = (dye(x}))* forall 1 <€ <d, (110)
gc:el = (dI‘(fo, . ,xﬁ“))* forall1 <{<d.

It is important to emphasize that L ;¢ depends on xt*1 (and similarly, Ly depends on x L})' The main
result of this subsection is:

Theorem 13.3. Let Q={0Q1,..., Q4+1} be a collection of closed cubes in R4, If Q is weakly transversal
with pivot Q1, then for any choice of points x/ = (x{, cees xcjl) € Qj, the linear maps in (110) satisfy

x1 d+1 1 1
BL(L(x), p) <oo for L(x)=(L}',....L3; )and p= (3”3 . (111)
Conversely, if (111) is satisfied by the linear maps in (110) for any choice of points x/ = (x{ e xé) €
Q;, then Q can be decomposed into O(1) weakly transversal collections Q' of d+1 cubes, each one
having a cube Q) C Q1 as pivot.
40From now on, we will replace 1 by d + 1 when referring to the dimension of the euclidean space.
4lwe highlight that the superscript j in xi’ denotes the point, whereas the subscript i denotes the i-coordinate of the

corresponding point. Notice also that we are identifying the adjoint operator 7* with the transpose of the matrix that represents 7'
in the canonical basis.
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Remark 13.4. If Q can be decomposed into O(1) weakly transversal collections Q" of d +1 cubes (in
the sense of Claim 3.4), each one having a cube Q| C Q1 as pivot, then the conclusion of the first part of
the theorem above also holds for Q. Some important examples to keep in mind are the ones of transversal
configurations that are not weakly transversal by themselves, but that are decomposable into such: for
instance, {Q1, 02, 03}, where Q1 = [1,4] x [2,3], Q2 =[0,2] x[0,1] and Q3 = [3,5] x[0,1] is a
transversal collection of cubes in R?, but not weakly transversal with pivot Q; since 1 (Q) intersects
both 71(Q2) and 71(Q3).

Remark 13.5. We can of course obtain a similar statement if Q is weakly transversal with any other
pivot Q;, j # 1. The linear maps L and L4, would have to be changed accordingly.

Proof of Theorem 13.3. Suppose that Q is weakly transversal with pivot Q. We can then assume without
loss of generality that

71(Q1) Nm1(Q2) = 2,
: (112)

7g(Q1) N7 (Qa+1) = 2.
The strategy is to apply Theorem 13.1. Condition (105) is trivially satisfied, so we just have to
check (104). Fix the points x/ = (x{, e, xé) €0, l=j= d. To avoid heavy notation, we will

+1 . Xy £+1 . . .
*1 when referring to L . and L% 4y » Tespectively, but these points will

omit the superscripts x } and x
be referenced whenever they play an important role. We emphasize that the maps Ly, 1 <{ <d, are

being identified with the row vector
[61¢ 020 ... Squ¢ Zxé],
whereas the maps Ly, 1 <{ <d, are identified with the d x (d +1) matrix
10...02xtH!
01...02x¢"!
00...12x5H
IfVcRtlisa subspace of dimension k, we have to verify that

d d
dk < dim(L;V)+ Y dim(LgyV). (113)
j=1 (=1
Suppose that there are exactly m > 0 indices j € {1,...,d} such that dim(L; V) =0. If m =0, we
must have L;V =R forall 1 < j <d;hence
d
> dim(L; V) =d. (114)
j=1
Surjectivity of Lgy4¢, 1 < £ < d, implies dim(ker(Lyz4+¢)) = 1, which gives the lower bound
dim(Lg4¢V) >k — 1. We then obtain
d
> dim(Lg4V) = d(k —1). (115)
(=1
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It is clear that (114) and (115) together verify (113) in the m = O case. If m > 1, assume without loss
of generality that

LyW=---=L,V =0, (116)
Ly V=...=LsV =R 117)
This gives us
d
> dim(L;V)=d —m. (118)
—
We will show that
d
> dim(LgyeV) = (d —m)(k —1) + mk. (119)
{=1
Observe that (118) and (119) together verify (113) in the m > 1 case.

We claim that there are at least m maps Ly, among Ly, ..., Log such that dim(Lg, V) = k. If not,
there are d —m+ 1 maps Ly, ..., Ly, , ., with dim(ng V) <k —1. Since dim V = k, the rank-nullity
theorem implies the existence of

0#£vY eker(Ly,) NV, 1<j<d-m+]l. (120)
By (116),
LY =v) +2xbvd, =0, 1<r<m, (121)
and by (120) we have
10... 0260741 [ oW oy + 227 NG
Li—d+1 L £ Li—d+1 {;
Lejvzj _ 0 l 0 2x2"‘ v?’ v,’ +2x2" Vi1 —0 (122)
00 ... 127 L] Doy 4y

for1 < j <d—m+ 1. For each 1 <r < m, combining the information from (121) and (122) gives us

¢ C—d+1
vd"+1-(xr1—xr" ) =0.
If vf;g_l = 0, then (122) also implies vﬁj =0forallne{l,...,d}; thus v&% = 0, which contradicts
(120). Then we must have
x,l =xfj_d+1, 1<r<m.

Let us now see why this cannot happen. We have just shown that there are d —m + 1 values of « for

which
m1(Q1) Nm1(Qa) # 9,

: (123)
Tm(Q1) Ntm(Qa) # 9.

On the other hand, (112) tells us that o ¢ {2,3,...,m + 1}; hence there are at most d — m possible
values for o (we cannot have o = 1 either), which is a contradiction.
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Hence there are at least m maps Ly, among Ly, ..., Lag such that dim(Lg, V) = k. The remaining
d —m maps have kernels of dimension 1, so the image of V' through them has dimension at least k — 1
(again by surjectivity of Ly, and the rank-nullity theorem). This verifies (119).

For the converse implication, suppose that (111) is satisfied by the linear maps in (110) for any choice
of points ()c1 yeees X d) € Q;. As a consequence of the proof of Claim B.4, each Q; € Q can be partitioned
into O(1) subcubes

=Jou
1

so that all collections O made of picking one subcube Q 1,i per Qg

={01.....0us1}. Q1€{Q1}i.

satisfy the following:
(a) For any two Qr, Qs € O, either ﬂj(ér)mﬂj(Q;:g) =g, or nL(Qr) = Jrj(QS), or nj(Qr)ﬂnj(Qs) =
{Pr,s}, where p; is an endpoint of both 7; (Q;) and 7; (Qy).

(b) All 7; (Q s) that intersect a given 7 (Q ») (but distinct from it) do so at the same endpoint.*?

By a slight abuse of notation, let Q denote one such subcollection that has the two properties above.
Suppose, by contradiction, that Q is not weakly transversal with pivot Q1 (recall that this is a cube
obtained from the original Q). The strategy now is to construct a subspace V C R?*1 that contradicts
(104) for a certain choice of one point per cube in Q. This construction will exploit a certain feature of a
special subset of Q, which is the content of Claim 13.6.

For simplicity of future references, let us say that a subset A C Q has the property (P) if:

(1) 01 € A
(2) Ais not weakly transversal with pivot Q.

We say that a subset A C Q is minimal if A" C A has the property (P) if and only if A" = A. It is clear
that, since Q has the property (P) itself, it must contain a minimal subset of cardinality at least 2.

Claim 13.6. Let A={Q1, K>, ..., Ky} be aminimal set of n cubes.*> There is a set D of d—n+2 canon-
ical directions v for which

m(Q1) Nmy(Kj) # D forall2 < j <n. (124)
Proof of Claim 13.6. See Claim B.6 in Appendix B. O
We know that Q has a minimal subset of cardinality 2 <n < d + 1. By the previous claim and by

conditions (a) and (b) of our initial reductions, if A’ = {Q1, K2, ..., K,} is a minimal subset of Q, for

42In other words, all 7; j (Q s) that intersect a given 7; (Q ) (but distinct from it) do so on the same side. In short notation,
let S; be the set of s for which 7 ( Q )N (Q ) # @. The conclusion is that there is some real number y; such that

Vi e7TJ(Q )ﬂmses - ”j(Qs)

430bserve that Q1 is the only “Q” cube in this collection. The others are labeled by K.
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every v € D there is a number y,, such that

n
yo € mp(Q1) N [ mo(K)).
j=2
Indeed, , (Q1) intersects each 7, (Q ;) “on the same side”, so the intersection above must be nonempty
(the existence of these y, is the only reason why we may need to decompose the initial collection Q into
subcollections that satisfy (a) and (b)).

For simplicity and without loss of generality, assume that A = {Q1, Q3. ..., Q,} is minimal** and
D ={ey,...,eq_p+2}. Consider the points
J J ;
(yl,...,yd_n+2,xd_n+3,...,xd) €Q;, 1=<j=<n,

(xi,...,xfi)GQla n+l<i<d+1.

By hypothesis, BL(L(x), p) < oo for the following collection of linear maps and exponents:

LY (vi,....0441) =Vr +2Vr0441, 1=<r=<d-n+2,
1
Ly (V1,---,Vg+1) = Vs +2xs1vd+1, d—n+3<s<d,
V1 + 2Y104+41
G1veeerVa—nt2:X g gy T _ _
L d—n+2:X5 43 d 1y Vg11) = Vg—n+2 +2Yd—n+2Vd+1 o l<r<n—l.
d+r o) r+1
Vd—n+3 12X, 1 3Vd+1
vag +2x5 v
U1 +2X{+lvd+1
X+ : <l<4 _ 1 1
d+l_ . ’ n_ — ’ p— E,--.,E .
I+1
Vg +2x,; V441
Define
d—n+2
Vi= () ker(L)).
r=1
Observe that dim(}') = n — 1. Indeed, if we start with a vector v = (vy,...,v441) of d + 1 “free

coordinates”, we lose one degree of freedom for each kernel in the intersection above, since L} (v) =0
gives a relation between v, and vg4+;. We have d —n + 2 many of them; hence the total degree of
freedom is (d + 1) — (d —n 4+ 2) = n — 1, which is the dimension of V. On the other hand, for every
v € V we have by definition

LY"(v)=0, 1<r<d-n+2.

Hence
d

> dim(L;jV) <n-2.
j=1

44Here we are assuming K; = Qj, 2<j<n.



A NEW APPROACH TO THE FOURIER EXTENSION PROBLEM FOR THE PARABOLOID 2901

Also,
_ 0 -
(YIy---,yd— 2axrtl a"'9xr+l) 0
L m2td—ngseta gy . 4ot , 1<r<mn-1.
d—n+3 Xd—n+3Vd+1
+1
- vg +2x; vger
us

dim(Lg4+,V)<n—-2, 1<r<n-—1.
Since dim(V') = n — 1, we have the trivial bound
dim(Lg;V)<n—1, n<l<d.

Altogether, these bounds imply

d d
5(2 dim(L; V) + Zdim(LdHV)) < é[(n )+ =) =2+ (d—n+D)n—1)
= - - %[(n—l)d—l] <n—1=dim(V).

Our initial hypothesis, however, is that BL(L (x), p) < oo; therefore by Theorem 13.1 we must have
d

d
1
dim(V) < - (J; dim(L; V) + ; dim(L g4 V)),
which gives a contradiction. We conclude that Q is weakly transversal with pivot Q1. O

13B. An application to Restriction-Brascamp—-Lieb inequalities. The following conjecture was proposed
in Bennett, Bez, Flock and Lee [Bennett et al. 2018]:

Conjecture 13.7. Suppose that, for each 1 < j <m, X; : U; — R" is a smooth parametrization of a
nj-dimensional submanifold S; of R" by a neighborhood U; of the origin in R"/. Let

§6©)i= [ Oy ) ax
i

be the associated (parametrized) extension operator. If the Brascamp—Lieb constant BL(L, p) is finite

for the linear maps L; := (dX;(0))* : R" > R™/, then provided the neighborhoods U; of 0 are chosen to

be small enough, the inequality

m m
o |2Pj 2P
/ 0 < T, (125)

holds for all gj € L>(U;), 1 < j <m.
Remark 13.8. The weaker inequality

m m
. 2pj
€igi 17 < R | | lgill7%s,,. (126)

involving an arbitrary & > 0 loss was established in [Bennett et al. 2018].



2902 CAMIL MUSCALU AND ITAMAR OLIVEIRA

d.45

Remark 13.9. Very few cases of Conjecture 13.7 are fully understoo Recently, Bennett, Nakamura

and Shiraki settled the rank-1 case ny = --- = n,, = 1 as an application of their results on fomographic

Fourier analysis.*®

Given their hybrid nature, estimates such as (125) are called restriction-Brascamp—Lieb inequalities.

Our goal here is to verify Conjecture 13.7 in a special case. We chose to state the main result of this
subsection in a way that does not emphasize the origin in the domains of X ;. The reason for this choice
is that it brings to light key geometric features of the problem.

We will need a result from [Bennett et al. 2018] on the stability of Brascamp-Lieb constants*”:

Theorem 13.10 [Bennett et al. 2018]. Suppose that (L°, p) is a Brascamp—Lieb datum for which
BL(L®, p) < 0o. Then there exists § > 0 and a constant C < oo such that

BL(L,p)=C
whenever |L — L°|| < 8.

Now we are ready to state and prove our result:

Theorem 13.11. Let I' and y; be the parametrizations from (106) and (108), respectively. If, for
x/ = (x{, .. ,xé) € R?, the linear maps in (110) satisfy

x! cd+1 1 1
BL(L(x),p) <oo for L(x)=(L}'.....L5; )andp = 7 g ) (127)
then there are small enough cube-neighborhoods U; C R (1 <i < d) of xl.1 and Vy C R4 of xt
2 <t <d +1) for which (125) holds.

Remark 13.12. Rephrasing Theorem 13.11 in terms of the original statement, it says that Conjecture 13.7

holds for*8
Y =yi—Gu-x}, .. 8qi-x},0), 1<i<d.

S, =T—x"10), d+1<e<2d.

1 1
m=2d, p:(E,,E)

Proof of Theorem 13.11. The argument is just a matter of putting the pieces together. By (127) and
Theorem 13.10, there are small enough cube-neighborhoods U; CR (1 <i <d) of xl.l and Vy C RY of
xt (2 <€ <d +1) for which (127) still holds*®. Define

01:=U; x---x Uy, Qu:=Vy 2<€<d+1.

4>Most of them being very elementary situations, as mentioned in [Bennett et al. 2018].

46See [Bennett and Nakamura 2021] for a more detailed exposition of this approach.

4TTheorem 13.10 says that the map L — BL(L, p) is locally bounded for a fixed p, and this is enough for our purposes. On
the other hand, it was shown in [Bennett et al. 2017] that the Brascamp-Lieb constant is continuous in L. It was later shown in
[Bennett et al. 2020] that BL(L, p) is in fact locally Holder continuous in L.

48Observe that we are just translating the domain of the =’s back to the origin.

490ur maps L ; are sufficiently smooth for the stability theorem to be applied. The entries of the matrices that represent them
are polynomials.
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Figure 4. Unveiling the geometric features of the problem when d = 2. The cubes we
find from Theorem 13.10 are weakly transversal, which gives us access to our earlier
results.

Now we apply Theorem 13.3 to conclude that the collection @ = {Q1,..., Q4 4+1} can be decomposed
into O(1) weakly transversal collections Q' of d + 1 cubes, each one having a cube Q] C Q; as pivot.
To each such subcollection we apply the endpoint estimate from Section 10 (all we need to apply it is
weak transversality), which finishes the proof. O

14. Further remarks

Remark 14.1. It was pointed out to us by Jonathan Bennett that the d -dimensional estimates (2) for
tensors are equivalent to certain one-dimensional mixed norm bounds. We present this remark in the
following proposition:

Proposition 14.2 (Bennett). For all p,q > 1, the estimate

< ligllp (128)
d—+1
holds for tensors g(x) = g1(x1)----- g4(xq) if and only if

||51f||de1Lq < ||f||p (129)
&y &
holds.
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Proof. Assume first that (128) holds for tensors. Then
— d qu
le1gary =| [ [l 7661 a0 ] et
~ g L
-/ 1‘[[ / |51f(nj»€z)lqdnj} d§2i|

= fl_[/wd(m ®f)(771,---,7)d)|qd77d52]d

=& (f ®-- ®f)||qd Slfe- ®f||1§’ S ps
which proves (129). Conversely, assuming that (129) holds for all f € L?(]0, 1]) yields

I€a(g1® - ®@ga)llE = / 118151, 6+ )|+ 1€18d(a.6a+1)|T d&r - dq+1

d
:/H[/ €18 (). Ea+DI? dg,-] dEgiq
j=1

d d %
< €18/ (&), € )qué} d§ ]
11:[1[/[/ 185j\Sj>Sd+1 J d+1

—1‘[||51gj||qu Lo <1’[||gJ 19 =lglg. O

Ea+17¢)

Estimates such as (129) can be verified directly by interpolation. Taking sup in &, gives

||‘€1f”L§§L§l Se 1./ lL2(jo,17)- (130)

Conjecture 1.1 for d = 1 follows from

||51f||Lg+§ e I/ lL4qo,17) (131)
251

for all £ > 0. Using mixed-norm Riesz-Thorin interpolation with weights ~ d T L for (130) and ~ T +1 for
(131), one obtains (129) for p = 2(d+1) and g = 2(d+1) + &/, which shows (128) by the previous claim.

The reader will notice that our proof for the case k =1 of Theorem 1.5 has a similar idea in its core:
we interpolate (at the level of the sets X!1:-:la) between two estimates similar to (130) and (131). On
the other hand, we have not found an extension of Bennett’s remark to the case 2 < k <d + 1, in which
we still need to interpolate locally instead of globally and assume that only one function has a tensor
structure.

Remark 14.3. In [Tao et al. 1998] the authors obtain the following off-diagonal type bounds:
Theorem [Tao et al. 1998]. ME&, 4 satisfies

IMExa(g1.22)l12 5 gl lgallass,
IMExa(g1, 82)ll2 < 1 f g - gl
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In general, under the extra hypothesis that either g1 or g5 is a full tensor, one can obtain all k-linear
off-diagonal type bounds like LP! x --- x LPk > L? by a straightforward adaptation of the argument
presented in Section 9. We chose not to include them in this manuscript.

Remark 14.4. Under the assumption that g; are full tensors

gi(x1,...,xg) =gj1(x1)----- gj.a(xq), 1=j <=k,

the methods of this work allow to prove Conjecture 1.11. We will not cover the details of this result here,
but the idea is simply to interpolate between the p = 2 result and the case k = 1 for tensors.

Appendix A: Sharp examples

The goal of this first appendix is to discuss the sharpness of Theorems 1.5 and 11.2. We remark that sharp
examples already exist in the literature, notably in the context of the bilinear problem for the sphere in
[Foschi and Klainerman 2000], and in the multilinear case for surfaces of any signature in [Hickman and
[liopoulou 2022]. Our examples, however, exploit different ideas than those present in those works in the
sense that they are robust enough to address weakly transversal configurations of caps and give sharp
results in such cases as well.

The first part of this appendix is about Theorem 11.2, whereas in the second one we prove that, to
attain the sharp range of Conjecture 1.2 in general, transversality cannot be replaced by the concept of
weak transversality that we introduce.

AA. Range optimality. The main result of this subsection is the following:

Proposition A.1. The condition
- 2(d + 1| +2)
T k(d+]z])

is necessary for Theorem 11.2 to hold.

Our examples are constructed based on one-dimensional considerations. For the benefit of simplifying
the notation, smoothing the exposition to the reader and to establish a clear link with Conjecture 1.2, we
present them in the |t| = k — 1 case, which is the smallest possible value for the corresponding |z| of
a given collection of transversal cubes (up to decomposing it into weakly transversal collections, see
Claim B.4). It will be clear, however, how to work out the general case of arbitrary |t|, and we will point
that out along the proof of Claim A.3.

Consider the caps that project onto the following transversal domains via x — |x|?:

Ur=[0.1)%,
Ui = 2,372 x[4,5]x[0,1197/F 2<j <k
1;50

Observe that these caps are transversal as wel therefore the following argument for the case

|t| = k — 1 of Proposition A.1 also shows that the range of Conjecture 1.2 is necessary.

50For general || we would have to start with a different collection of cubes with the appropriate total degree of transversality.
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“ =

Figure 5. Cases k =3 and k = 4 when d = 3.

|

We present the examples separately to distinguish their features. For k = d + 1 we will take appropriately
placed cubes, whereas for 2 < k < d we will take slabs (boxes with edges of two different scales).

Claim A.2. Letk =d + 1, > 0 small and let Af be given by
A8 =10,8)4,
AT =224 87 7 x[4.4 48] x 0,81 /F, 2<j<d+1.
Define fj‘g :=1,s. Then
! d+1 8
Hnj=1 Eu; 1 ”p > g @+

7 .
S

Therefore, letting § — 0 implies p > % is a necessary condition for the (d+1)-linear extension

conjecture to hold for this choice of the U; and for all f; that are full tensors.
Claim A3. Let2 <k <d + 1, § > 0 small and let B}g be given by
Bis — [0, 82151 x [0, §]9k+1,
BY =22+ 8%/ 72 % [4,4+ 6% x [0, 821K x[0,6]4 7 2<j <k.

Define gg :=1gs. Then
J

k 8
” Hj:l £, 8j ”p > 5%(d+k—1)—%(d+k+1)
k ~ :
Hj:l ”g}s”z
Therefore, letting § — 0 implies
2(d+k+1)
P25
k(d +k—-1)
is a necessary condition for the k-linear extension conjecture to hold for this choice of the U; and for all
gj that are full tensors.

Before proving the claims, we need the following lemma:
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Lemma A .4 (scale-1 phase-space portrait of ezﬂixz). There exists a sequence of smooth bumps (¢y)nez
such that

(1) supp(py) Cn—1,n+1], n e 7,
(ii) |g0,, )(x)| < Cy uniformly in n € Z and such that

2mx Ze4mnx(p (x)

nez
Proof. See [Muscalu and Schlag 2013b, Proposition 1.10, page 23]. O

Rescaling with ¢ > 0, the corresponding phase space portrait of 27! x? g

€2Jritx2 _ eZni(ﬁx)z _ Ze4ninﬁx¢n(ﬁx).
nez
Observe that ¢;(x) = ¢, (+/7x) is adapted to the Heisenberg box |

supported on [ 271 f ”}1] This way, we can write

P =N @, (x), (132)

nez

where @, ; is adapted to the Heisenberg box [ NG ”}1] X [2n+/t, (2n 4+ 1)4/1].

Proof of Claim A.2. Motivated by the uncertainty principle, the first step is to analyze the behavior of the

] [0, /1], but strictly

Wi

extension operator £y; applied to f 5 on a box whose sizes are reciprocal to the ones of supp( f ). More
precisely, we will show that |Ey; ( f )| = 84 on such boxes.

If8<ﬁ,
d 8

fo, (D& 1) = 1‘[[/0

j=1
d § )
_ l—[ |:/ o2k X; [ Po,e(x)) + P (x))] dx]'],
; 0
Jj=1

since supp(®,,) N[0,8] = @ if n € Z\{0, 1}. If |§;x;| < % (N is a big number to be chosen later), we
then have

v, (F)Er .. Eau))]

zjlj(

where N is picked so that [e 27§ %/ — 1] is close enough to zero to make

27rl§,x]e 27ntxj dx]i|

eT2EIN L [ Do ¢ (x7) + i e (x7)] dx; |,

8 8
[@o,r(x)) + P1,r(x;)]dx; | — '/0 [e™278% — 1]+ [@o,4(x;) + ‘P1,t(xj)]D, (133)

)
Aj = '/(; [Po,:(x) + P, (x;)] dx;
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dominate each factor above. Since A; % § (recall that ®¢ ; and ®; ; are adapted to Heisenberg boxes of
size % X 4/t and § < f) we conclude that if |§;| < % for1 <j <d and |t]| < 52, then

o, (FD)ErL ... Ea )] > 87
If ¢ is a bump supported on [—1, 1], we have just proved that
v, (FD)Er. 80 D] 2 895 (E1) -+ 5 (Ea)ds2 (1), (134)
where ¢5(£) := ¢ (6x). Analogously, if § < JL;

Eu, (D). 60, 0)

446 _ . d 8
|:/ e—2m§1xle—2mtxl dxl] . l_[ |:/ 2nl$,xje 2nltxj dos i|
4 0

Jj=2

4+8 . d 8 .
[L eT2mifixn (Z q)n,t(xl)) d)Cli| : l_[ [/() e 2T xs [@o,r (x7) + P1,r(x))] dx;] .
j=2

nez

I I;

There are at most O(1) integers n such that supp(®, ;) N [4,4 + 5] # &, and they cluster around
|44/t |. Without loss of generality, one can assume that 7 = 4./¢ so that the main contribution for I,
comes from ®, ;, whose Heisenberg box is [4 4 4 ﬁ] [8¢,8¢ + +/t]. The modulation e~2%! §ixi
shifts this box vertically by —&1, and /; is negligible if the boxes [4 4+ f] [8t — &1, 8t + A/t —&1]
and [0, §] x [ , 5] are disjoint in frequency, so we need |1 — 8¢ < 8 to have a significant contribution

to /1. In that case,

4+8 .
111l 2 / e 2B, Lo (x1)dxy| 2 6.
4

The analysis of I; for j > 2 is the same as the one for the factors of Ey, ( fls). We conclude that if
61—81] S 5. 16| S5 for2<j <dand|f| <5, then

€y (S Er ... Eq )| = 89
As before,
€0, () G150 D 2 875 (61 —80) - $5(62) -+ B3 (Ea) b2 (0.

The extensions £y, ( fj‘g) for 3 < j <d + 1 are treated in the same way we treated £y, ( fz‘g). The
conclusion is that

Eu, (fH)ErL ... 8.0
289581 —41) s (Ej—2— A1) - P5 (51 — 81) - ps (§)) - - Ps(Ea)ps2 () (135)

forall2<j <d+1.
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Let &£ = (&1,...,&4). From (134) and (135) we obtain

d+1
[Tl (fP)E 0l >5d(d+1)[¢52(l)1_[¢8(51)}
j=1

[1‘[%(&—40 ----- D5 (&7 —2—41 )by (&)1 —81) b5 (£ ) ¢s<sd>¢sz(r>]. (136)

j=2

Now we analyze the support of the product of the right -hand side of (136). Notice that we have at least
one bump like ¢5(§;) forevery 1 < j <d + 1, so [§; 3 is a necessary condition for the product not to
be zero. On the other hand, the conditions

1

1
< - Q< =
|§j|~8v |€; 8Z|N8

together imply |¢| < 5, which is much more restrictive than the |¢| < 82 that comes from the support of
the bump ¢42 (t). We conclude that the right-hand side of (136) is supported on the box

1 1 )
Ry =11 .ea.) RS < G| S5 1) =d.
Finally,
d+1 § 1
[1i21 €u f §4@d+1) | R¥|» dd+1)
| H"“ 121 : 2 —d<d+|n8| > §57 TpHD (137)
§ 2
and the claim follows. O

Proof of Claim A.3. The outline of the following argument is the same as the one used in previous proof.

Let&=(£,...,87). If 8% < \Lﬁ

k—1 §2 d 5
gUl (g(f)(g’z) — 1_[ [/ e 2m§jx,e thxj dx i| l_[ |:/ e—2m$1x1e—2mtx,2dxli|
j=170 1=kL'0
k—1 §2 . d § .
- 1‘[[ / ¢TI [d>o,t<xj>+<1>1,t<xj)1dxj}-l"[ [ / e Rt (Z cbn,t(xz)) dxl],
Jj=1 0 =k 0 nez

(*)
since supp(®, ;) N[0,8%] = @ ifn € Z\{0,1}. If § < Lt (which is stronger than the previous condition
§? < %) we can eliminate most @, ; in (x) as well:
Eu, (gD (E. 1)
k—1r .82 8
=1 [/ e 2 IE N D 4 (x)) + D1 (x))] dxj] 11 [/ e PTIEN L (D4 (x7) + Pt (x1)] dxli|»
1 LJo 0

I=k
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If & x| < % (for N big enough), we then have

Eu, (89)(E.1)]

k—1
Jj=1
> §20k=D)+(d—k+1) _ gd+k—1

d

1

]
/ eT2TEX L [Dg 4 (x7) + 1 ¢ (x7)] dxy |,
0
=k

§2
/ o 2mEjX; [@o,r(x;) + D1, (x;)] dx;
0

by the same argument presented when we analyzed (133). We conclude that if |§;| < 8%

61| < 5 fork <l <d and |t| < 55, then®®

forl <j<k-—1,

€0, (g2) (€, 1)| 2 89HF1,

Using the same notation from the proof of Claim A.2, we have just proved that

€v, (8D(E DI 2 87 P52 (51) -+ P52 (G5 (xi0) -+~ B3 (xa) - G52 (1), (138)
where ¢g(§) := ¢(6x) and ¢ is a bump supported on [—1, 1]. Analogously, if § < %,

Eu,(g3)(E.1)

4+62 k—1r- .52 d 8
— |:/ e—2m’$1xle—2m'tx% dx1:|-1_[ |:/ e—27ri$jxje—2nitxj2-dxj:|‘l_[ |:/ e—Zm'Slee—Zm'tx,z dxl:|

4 j=2170 1=k-"0

4482 k=1 .52
_ [ [ e (Z <I>n,t(x1)) dxl] TI [ [ e )+ o) dxj]

4 nez j=2L/0

M, 4 5 M;
<[] [ f e 2TIEXL @y, (x)+ @11 (x7)] dxl]. (139)
1=k &0
M;

As in the proof of Claim A.2, the main contribution for My comes from ®, / ,, whose Heisenberg
box is [4,4+ %] x [8¢, 8¢ + +/1]. The modulation e ~27!&i%i shifts this box vertically by —&;, and Mj is
negligible if the boxes [4, 4 + %] x [81 —&1.81 4+ v/t —£1] and [0, 82] x [0, 55 ] are disjoint in frequency,
so we need |&; — 81| < 8% to have a significant contribution to Mj. In that case,

4482 ,
|M1|2/ e_zmélxlq’zﬁ,t(xl)dxl > 82
4

The analyses of M; for 2 < j <k —1and of M; fork </ <d —k + 1 are the same as the one for
the factors of Ey, (g2). We conclude that if |£; — 8¢] < SLZ’ €] < SLZ for2<j<k—-1, |&| < % for
k<Il<dand|f] < 55, then

v, (g3) (5, 1) > 89+,

31For general ||, we would have |t| conditions of type &1 < 8% and (d —|7|) like |&] < %
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As before,
€0, (83) (5. 1) 2 89 s (E1 —81) g2 (E2) -+ bs2(Ex—1) - Ps () - ¢s(Ea)gs2(1).

The extensions y; (gjs-) for 3 < j <k are treated in the same way. The conclusion is that

|5u,-(g}$)(§,f)| > 895 (1 —41)----- ¢5(Ej—2—41) Ps(§j—1 —8t) - ps(&j) -+ ¢s(Ea)ps2(t) (140)
for all 2 < j < k. From (138) and (140) we obtain

k
|BEEACHIED]
j=1

k—1 d
> s+ [¢5z(t) [T #s2@0-T] # (sn)]
=1 n=k

d j—2 k—1 d
x [1‘[ (TT #5260 ~40) - 12061 —30) ( [T ¢s26)) - (TT 94660 ~¢5z(r)]. (141)

Notice that we have at least one bump like ¢52(&;) for every 1 < j <k —1 and at least one ¢s(§;) for
k<l<d,so|&|< 5% and & < % are necessary conditions for the product not to be zero. On the other

hand, the conditions
1 1
|5j|§8—2, |5j—8f|§8—2

together imply |¢| < 5%’ which does not add any new information compared to the one coming from the

bump ¢g2(¢) (this is the main difference between the analysis in Claims A.2 and A.3). We conclude that
the right-hand side of (141) is supported on the box

1 1 . 1
S;: (%-1""’Edvt)€Rd+l:|t55_2; |§]|§8_2’ lfffk_lv |él|sg? k<l=<dg.
Finally,
k § _ 1
: L Err. 09 (d+k—1)k | ¢* _
HH/—I U;§; ”p - § 1S5 17 L gl @ikt (142)
d+1, s ~ (@+k—Dk ~
j=1 ”gj P 8 2
and the claim follows. O

AB. Transversality as a necessary condition in general. A natural question is: given k cubes U;,
1 < j <k, is it possible to prove

k k
ng,-gj < l—[ g2
j=1 P j=1

2(d +k +1)
pz——
k(d +k—1)

for

and all g; € L*(U ;)if the U; are assumed to be weakly transversal?
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The answer is no and we will address it in this second part of the first appendix. As a consequence, we
conclude that Theorem 1.5 is sharp under weak transversality, as observed in Remark 1.8.

We will treat the case k = 3 and d = 2 for simplicity, but a similar construction holds in general. If
three boxes Uy, U,, Us C R? are not transversal, there is a line that crosses them. Assume without loss of
generality that Uy = [0, 1], U, = [2, 3]? and Uz = [4, 5]%. We will show that

IEu, (h1) - Eu,(h2) - Eus (h3)llp < (A1 ll2- [122]l2 - A3]l2

only if p > %. The trilinear extension conjecture for d = 2 states that p > 1 is the sharp range under the

transversality hypothesis.

Claim A.S. Define the sets D]‘3 by

Ds__«/i—Sz \/_—|—82 )
YL o2 v 2'2
D 513 & 5f+52 5 8
2 2 272
s CNGE 9«/_+82} [ 8 5]
D5 = x|—=.=
i 2 2°2
Define hf = 10;3. Then
ITG=1 130, _ 5 s
’\/ 2 P,
1= ||h8||2
Proof. The proof is analogous to the ones of Claims A.2 and A.3. O

Let the rhombuses D ; be given by

51=cOnv((o,0);(£,£);(“/_ I) (V2, 0))

22 2
D2—Conv((2\/_ 0); (5“2/_ {)(% —i) (3+/2, 0))
COHV((4\/_ 0): (9“/_ {)(9%[ —i_) (52, 0))

Observe that D]‘? ch ; for 6 > 0 small enough. Extend the domain of hf to D j so that itis 0 on D i \D;?.
Let T be a % counterclockwise rotation and let

HS(x):=h} o T7 ().

Notice that T takes D i to Uj, as shown in the picture below.
Since L? norms are invariant under rotations, we have

!IH?:ISU_,- HY|, . 55
[ 1A ]2

S
p
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Uy
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Rl

/1 H il Ly
N N\ AN

Figure 6. Left: The function hf-. Right: H J§ is supported on U;.

from Claim A.5. Letting § — 0 shows that we need p > 12, so the sharp range p > 1 cannot be obtained
if the boxes Uj, U,, U3 are not transversal.

Remark A.6. As expected, the functions H ;g do not have a tensor structure with respect to the canonical
basis. If this was the case, our methods would have allowed us to prove that the corresponding trilinear
extension operator maps L% x L2 x L2 to L!.

Appendix B: Technical results

Here we collect a few technical results used throughout the paper.

Theorem B.1. ForO<y <d, 1 <p<g < oo,and% = %—dd;y,wehave
If * Uy a@ay = Apg - ILf lLr@way- (143)
Proof. See Proposition 7.8 in [Muscalu and Schlag 2013a]. O

Theorem B.2 (nonstationary phase). Leta € C§*° and

I\ = /R ) 2T g () de.

If V¢ # 0 on supp(a), then
I = C(WN.a.p)r~Y

as A — oo for arbitrary N > 1.
Proof. See Lemma 4.14 in [Muscalu and Schlag 2013a]. O

Theorem B.3 (stationary phase). If Vo (&) = 0 for some & € supp(a), V¢ # 0 away from &y and the
Hessian of ¢ at the stationary point £q is nondegenerate, i.e., det D2¢ (&y) # 0, then for all A > 1

[I()] < C(N.a. )A%.
Proof. See Lemma 4.15 in [Muscalu and Schlag 2013a]. 0
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We now restate and prove the main claim from Section 3:

Claim B.4. Given a collection Q = {Q1, ..., Q} of transversal cubes, each Q; € Q can be partitioned
into O(1) many subcubes

0=\ 0

so that all collections O made of picking one subcube Q| ; per Q

0={01.....0k}. 0,€{0}i.

are weakly transversal.

Proof. For each 1 < j <d, consider the set A; of endpoints of the intervals 7;(Q1), ..., m; (Qf). Using
these endpoints to partition this collection of intervals, one can assume that there are three cases for two
cubes O, and Qg:

(D) 7 (Qr) N7 (Qs) = .
(2) 7j(Qr) = 7;(Qs).
(3) 7j(Qr)Nm;j(Qs) = {pr,s}, Where p, is an endpoint of both 7; (Q,) and 7; (Qy).

We can go one step further and assume that all 7; (Q,) that intersect a given m;(Q,) (but distinct
from it) do so at the same endpoint. Indeed, if 7; (Qy,) N7 (Qr) = {p}, 7;(Qs,) N7; (Qr) = {g} and
;i (Qr) = [p, q], we can simply split 7z; (Q) in half and obtain intervals that satisfy this property.

Now we choose a point x; , in every interval 7; (Q,):

(D) If i (Qr) Nmj(Qs) = @ forall s # r, let x; , be ¢;r, the center of ; (Q;).

(2) If m; (Qr) intersects some ;(Qy,) at p, any other 7;(Qy,) that intersects 7; (Q) also does it at p.
In this case choose x; = xj s = p for all s such that 7; (Q,) N 7; (Qy) # 2.

Let us now show that, after the reductions above, the transversal set of cubes Q is weakly transversal.
More precisely, for a fixed 1 </ <k, we will show that there is a set of k—1 canonical directions that
together with Q; satisfy (15). Let x; € Q; for 1 <i <k be given in coordinates by

Xi= (X1, X0,0,....X4,).
The normal vector to P9 at X; is
Ui = (—2x1,i, —2X2,i, ..., —2Xxg;.,1).

Then the cubes in Q are transversal if and only if the matrix

—2)C1,1 —2X1’2 —2x1,k
—2x2,1 —2Xx22 -0 —2Xpk
—2xd,1 —2xd52 e —2xd,k

has rank k forall x;; e m;(Q;), 1 <j <d, 1<i <k.
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By Lemma B.5 (proven at the end of this appendix), there are k—1 rows
R,’n = (—2xl~n,1, ey —2x,~”,k)
of the above matrix, 1 <n <k — 1, such that

xil,l # xilsl

Xij_1,l # Xip_q,0-1
Xig 1 5& Xip 141

Xig—1.l # Xig—1,k-
Because of the choices we made, x;, ; # X;,,» implies
7, (Q1) N7, (Qr) = 2,
which finishes the proof. O

Finally, we state and prove the auxiliary linear algebra lemma used in the proof of Claim B.4.

Lemma B.5. Let M be the (d+1) x k matrix

ai, diz 0 arg
az,1 dzp2 - Ak
M= . R .
g1 442 *+* 44k
1 1 ... 1
and assume that it has rank k. For each column Cj = (ay,j,....aq,;,1) there are k — 1 rows R;, =
(@ij1,---5ai, k), 1 <1 <k—1, such that
aiy,j #ail,ll

Aj,j # iy 1,

Qig_1,j 7 Aig_y x>
where (11,12, ..., lx_1) is some permutation of (1,2,...,j—1,j+1,...,k).
Proof. Let us first consider the case k = d + 1. We have to show that for all columns C; the first k —1 rows
satisfy the property of the lemma. Observe that the product

1 1 --- 1 11
a1 a1z 0 Ak 10 --- 0 0 0
az, 422 v Aok 0 —1--- 0 0 0
MA = : s : ST
ak_l’l ak_laz e ak_l’k 6 (.) ..: _‘1 (‘) O
1 b 0 0 - 0 —10

kxk matrix A
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is a rank k matrix equal to

(a1,1 —ai2) (@a1n1—ai3) -+ (ar1—ajk—1) (a1,1—ap k) ai,n
(az,1 —azp) (a2 —az3) -+ (az2;1—azx—1) (az2,1 —az k) as,y
(a3,1—as;) (a3 —asz) -+ (az1—azg—1) (a3,1 —ask) as,
(ak—1,1—ak-1,2) (k—1,1—ak-1,3) **+ (@k—1,1 —Ak—1,k—1) (k1,1 —Ak—1,k) dk—1,1
0 0 0 0 1

By computing the Laplace expansion with respect to the last row, we conclude that det (M A) is equal to

(a1,1 —ai,2) (ar,1—arz) -+ (ar,1—apkg—1) (ar,1—aik)

(az,1 —azp) (a21—az3) -+ (az2;1—azk—1) (a2,1 —az k)

det (az,1 —as;) (a3,1—aszz) -+ (as1—aszg—1) (a3,1 —ask)
(ak—l,l —ak—l,z) (ak—l,l —ak—1,3) (ak—1,1 _ak—l,k—l) (ak—l,l _ak—l,k)

The entries of this matrix are
Xiji=aj1—a;jj+1, 1=i,j<k-—1

The column C; has the property of the lemma if and only if there is some permutation m of
(1,2,...,k —1) such that

X1,7(1) = 41,1 —d1,z(1)+1 Z 0
X2, x(2) = 02,1 —A2,7(2)+1 7 0

Xk—1,7(k—1) = Ak—1,1 — Ak—1,x(k—1)+1 7 0.

If this was not the case, for all such permutations 7 of (1,2,...,k —1) at least one among X1 (1),
X2 7(2)s - -+ » Xk—1,7(k—1) Would be zero. Hence

det(MA)= Y sgn(m) X121y Xk—1,m(-1) = 0.

weSK—1

a contradiction. A similar argument shows that any other column also has this property.
The case k < d + 1 can be reduced to the previous one. Indeed, the rank-k condition guarantees that
there is a k x k minor of M that has rank k. There are two possibilities:

(1) There is a k x k minor of rank k that has a row of 1s. This is identical to the case k = d + 1 and we
conclude that the rows that generate this minor are the ones that satisfy the property of the lemma.
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(2) No k x k minor of rank k has a row of 1’s. Here the rows of all nonsingular minors are among the
first d ones of M. Let R;,, 1 <! <k, be k rows of M that generate such a minor M:

ail,l ai1,2 ai],k

aiz,l ai2,2 te aiz,k
aik*lal aik*l’z e aik*l’k

aikal aikaz e aikak

Proceed as in the case k = d + 1 and multiply M by the matrix A to obtain

(@i 1 —ai 2) (@iy,1—aiy3) - (@1 —ai k) dig

(@i —aiy,2) (@ain—ai3) - (air,1 — iy k) Qis,1

MA _ (ai3,1 _ai3,2) (ai3,1 _ai3,3) e (ai3,1 _ai3,k) diz,1
(@i 0 =gy 2) @ig_y,1 = Aig_y,3) 0 (@i 0 =iy k) Qig_y,1

(@i 1 —aiy 2) (@iga—aig3) - (@1 —aip k) Qi

By computing the Laplace expansion along the last column of M A, we conclude that at least one
(k—1) x (k—1) minor obtained from the first k—1 columns of M A is nonsingular. We argue again as
in the k = d + 1 case to find the k—1 rows that satisfy the property of the lemma for the column Cj.
An analogous argument works for any other column of M, but these k—1 special rows may vary from
column to column. O

Let us recall some of the terminology from the proof of Theorem 13.3 in Section 13. A subset A C Q
has the property (P) if:
(1) 01 €A
(2) A is not weakly transversal with pivot Q1.

We say that A C Q is minimal if A" C A has the property (P) if and only if A" = A. Since Q itself has
the property (P), it must contain a minimal subset of cardinality at least 2.

Claim B.6. Let A = {Q1. K>, ..., Ky} be a minimal set of n cubes.”> There is a set D of d—n+2
canonical directions v for which

m(Q1) Nmy(Kj) # D forall2 < j <n. (144)

Proof of Claim B.6. If n = 2, then Q1 N K, # @ and the claim follows directly. If n > 2, observe
that A’ = {01, K>, ..., Ky—1} is weakly transversal with pivot Q1; otherwise .A would not be minimal.
Hence there are 1 < jy, ..., jn—2 < d distinct such that

7j, (Q1) N7y (K2) = 2,
: (145)

njn—Z(Ql) N Trjn—Z (Kn_l) =d.

520bserve that Q1 is the only “Q” cube in this collection. The others are labeled by K e
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Let D :={eq,...,eq}\{€j,.....ej,_,}. In what follows, we will show that (144) holds for this set of
directions. Notice that if

7(Q1) Ny (Kp) = @ (146)

for some [ € D, then A would be weakly transversal with pivot Q; (because (145) together with (146)
verify the definition of weak transversality), which is false by hypothesis. Hence (144) holds for j = n.

Let us argue by induction that, if (144) holds for 1 <m <n —1 cubes K, Ky, , ..., Kq,,_,, then it’s
possible to find a new one Ky, for which (144) also holds®>? This will be achieved by the following
algorithm: consider the set

.A” = {Ql, Kn, Ka]7 oo 7K(¥m71}'

By the minimality of A, we know A” is weakly transversal with pivot Q1; hence there are 1 <
r1,...,rm <d distinct such that

7w (Q1) Ny (Ky) = 2,
r r2 Ka1 = ’
7T (Ql)ﬂﬂ( ) =9 (147)
Ty, (Q1) N7y, (Keyyy ) = 2.

Property (P) for A implies 71 € {j1,..., jn_2}.>*

g, (Q1) Nmjg (Kp,4+1) = 2,
jg, (Q1) N7jg (Kn) = 2.

Since Kg, 1 appears in (145), it is one among K>, ..., Ky—1; hence Kg, 11 # K, . We are done if
Kg,+1 ¢ A”: indeed, if

Then there is jg, such that ry = jg,; therefore

(148)

7 (Q1) N (Kg,41) =9 (149)

for some [/ € D, then
T, (Ql) N Ty (KZ) =4,

g, 1 (Q1) Ny (Kp,) =2,
7 (Q1) N (Kg,+1) = 2,

(150)
g +1 QN Tjg,+1 (Kﬂ1+2) =4,

T[./In—2(Q1) m n/n_z(Kn—l) = @.
jg, (Q1) N7jg (Kn) = 2,

and A would be weakly transversal with pivot O (by definition again), which contradicts property (P).

This way, we would find a new (nor in A”) cube K g1+1 for which (144) also holds.

53We are done if there are m = n — 1 for which (144) holds, therefore we assume the strict inequality m < n — 1.
54Otherwise we face the same problem that appeared in (146).
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On the other hand, if Kg, +.1 = Kq,, for some Ko, € A”\{Kp}, then we simply switch the projections
Tjg, and 7y, , in (145) (they are distinct because jg, = rq # rg,+1) and consider the conditions

Ty (Ql) N Ty (KZ) =4,

njﬁl—l(Ql)mnjﬁl—l(Kﬂl) =,
Trg 1 Q) N7ry, 1 (Key ) =9,

(151)
Tjgy+1 QN Tig +1 (K131+2) =g,

Wju—(Q1) N 1)y, (Kn—1) = &
g, (Q1) N1jy (Kn) = 2,

where the last condition is taken from (148). Since jg, # r4,+1. property (P) for A again implies that
Tq1+1 = jp,- Notice that B> # B because r1 = jg, and r1 # rg, +1. This way, from (145),

{ﬂjBZ(Ql) N7jg, (Kpy+1) = 2.
Tjg, (Q1) N7jg, (Kay, ) = 2.
The index jg, is one of the elements in the set {/1,..., jg,—1.jg,+1----» Jn—2}; hence Kg, 1 isin
the set {K>,..., Kg,. Kg, 42, ..., Kn—1}. As before, we are done if Kg, 1 ¢ A”. If not, Kg, 11 = Ko,
for some Ko[q2 € A"\{K,, Ko,q1 } and we switch the projections Tjg, and Tray41 in (151) to find some

B3 ¢ {B1. B2} such that

(152)

{njﬂ3(Ql)m7Tjﬁ3(Kﬂ3+1) =g, 153

JTjﬁ3(Q1) N Tjg, (K“qz) =Q.
We keep doing that until we find some Kg,; ¢ .A”. This is guaranteed to happen since there are n — 1
cubes K, but only m < n — 1 of them in .A”. The conclusion is that

m <n—1 cubes K; satisfy (144) == m + 1 cubes K satisfy (144);
therefore (144) holds for 2 < j <n. O
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A POINCARE-STEKLOV MAP FOR THE MIT BAG MODEL

BADREDDINE BENHELLAL, VINCENT BRUNEAU AND MAHDI ZREIK

The purpose of this paper is to introduce and study Poincaré—Steklov (PS) operators associated to the
Dirac operator D,, with the so-called MIT bag boundary condition. In a domain Q C R?, for a complex
number z and for U, a solution of (D,, — z)U, = 0, the associated PS operator maps the value of I'_U, —
the MIT bag boundary value of U, —to I' . U,, where 'y are projections along the boundary 9$2 and
('~ +T'y) =ty is the trace operator on 92.

In the first part of this paper, we show that the PS operator is a zeroth-order pseudodifferential operator
and give its principal symbol. In the second part, we study the PS operator when the mass m is large, we
prove that it fits into the framework of 1/m-pseudodifferential operators, and we derive some important
properties, especially its semiclassical principal symbol. Subsequently, we apply these results to establish
a Krein-type resolvent formula for the Dirac operator Hy = D,, + MB1g3\g for large masses M > 0 in
terms of the resolvent of the MIT bag operator on 2. With its help, the large coupling convergence with a
convergence rate of O(M ") is shown.
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1. Introduction

Motivation. Boundary integral operators have played a key role in the study of many boundary value
problems for partial differential equations arising in various areas of mathematical physics, such as
electromagnetism, elasticity, and potential theory. In particular, they are used as a tool for proving the
existence of solutions as well as for their construction by means of integral equation methods; see, e.g.,
[Fabes et al. 1978; Jerison and Kenig 1981a; 1981b; Verchota 1984].

The study of boundary integral operators has also been the motivation for the development of various
tools and branches of mathematics, e.g., Fredholm theory and singular integral and pseudodifferential
operators. Moreover, it turned out that the functional analytic and spectral properties of some of these
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operators are strongly related to the regularity and geometric properties of surfaces; see for example
[Hofmann et al. 2009; 2010]. A typical and well-known example which occurs in many applications is
the Dirichlet-to-Neumann (DtN) operator. In the classical setting of a bounded domain Q ¢ R with a
smooth boundary, the DtN operator, N/, is defined by

N :HY?0Q)—> H'?0Q), g Ng=TyU(g),

where U (g) is the harmonic extension of g (i.e., AU(g) =01in Q and 'pU = g on d2). Here 'p and 'y
denote the Dirichlet and the Neumann traces, respectively. In this setting, it is well known that the DtN
operator fits into the framework of pseudodifferential operators; see, e.g., [Taylor 1996]. Moreover, from
the point of view of the spectral theory, several geometric properties of the eigenvalue problem for the DtN
operator (such as isoperimetric inequalities, spectral asymptotics, and geometric invariants) are closely
related to the theory of minimal surfaces [Fraser and Schoen 2016] as well as the problem of determining
a complete Riemannian manifold with boundary from the Cauchy data of harmonic functions; see [Lassas
et al. 2003] (see also the survey [Girouard and Polterovich 2017] for further details).

The main goal of this paper is to introduce a Poincaré—Steklov map for the Dirac operator (i.e., an
analogue of the DtN map for the Laplace operator) and to study its (semiclassical) pseudodifferential
properties. Our main motivation for considering this operator is that it arises naturally in the study of the
well-known Dirac operator with the MIT bag boundary condition, Hyr(m), defined rigorously below.

Description of main results. In order to give a rigorous definition of the operator we are dealing with in
this paper and to go more into details, we need to introduce some notation. Given m > 0, the free Dirac
operator D, on R3 is defined by Dy, := —ia -V +mf, where

0 o _ L 0 10
i = f =1,2 = I =
a] (O_I O) Or.] ’ ’37 ﬁ (0 —12)’ 2 (O 1)7
01 0 —i 1 0
and or={y o) 2=\; o) ==\o

are the family of Dirac and Pauli matrices. We use the notation - x = Z§= pajxjforx =(xy,x2,x3) € R3.
We refer to the Appendix, where we recall some important properties of Dirac matrices for the convenience
of the reader. We recall that D,, is self-adjoint in L?(R3)* with dom(D,,) = H'(R*)?* (see, e.g., [Thaller
1992, Section 1.4]), and for the spectrum and the continuous spectrum, we have

Sp(Dm) = Spcont(Dm) = (—OO, _m] U [ma —|—OO)

Let Q C R’ be a domain with a compact smooth boundary 9, let n be the outward unit normal to €2,
and let I'x and Py be the trace mappings and the orthogonal projections, respectively, defined by

Fy=PiTp: H(Q'—> PLH?OQ* and  Poi=Li(LFi(a-n(x), xedQ.

In the present paper, we investigate the specific case of the Poincaré—Steklov (PS for short) operator, 7,
defined by
y: P_H'?OQ)* > PLH'?0)*, g a,(g) =T U.,
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where z belongs to the resolvent set of the MIT bag operator on €2 (i.e., z € p(Hmir(m))) and U, € H )4
is the unique solution to the elliptic boundary problem

{(Dm —2)U.=0 inQ,

(1-1)
r-v,=g¢ on 0€2.

Here and also in what follows, z or any complex number stands for z/, with [ the identity.

We point out that, in the R-matrix theory and the embedding method for the Dirac equation, similar
operators linking on 92 values of the upper and lower components of the spinor wave functions have
been studied in [Agranovich 2001; Agranovich and Rozenblum 2004; Bielski and Szmytkowski 2006;
Szmytkowski 1998]. There it corresponds to a different boundary condition (the trace of the upper/lower
components) which is not necessarily elliptic. As far as we know, such operators for the MIT bag boundary
condition have not been studied yet.

Let us now briefly describe the content of the present paper. Our results are mainly concerned with the
pseudodifferential properties of <7, and their applications. Thus, our first goal is to show that .7, fits into
the framework of pseudodifferential operators. In Section 4, we show that, when the mass m is fixed and
z € p(Dy,), the Poincaré—Steklov operator <7, is a classical homogeneous pseudodifferential operator of

order 0, and that
Voo An

VATAVTS)

where § = %i(a A @) is the spin angular momentum, Vg and Ajyq are the surface gradient and the

Ay =S - < )P_ mod Op S~ (8L),

Laplace—Beltrami operator on 02 (equipped with the Riemann metric induced by the Euclidean one
in R?), respectively, and Op S~! is the classical class of pseudodifferential operators of order —1 (see
Theorem 4.5 for details). For Dyu — the extrinsically defined Dirac operator introduced in Section 2D —
we also have

Ay = Dya(—Aya) > P_ mod OpS~1(8Q).

The proof of the above result is based on the fact that we have an explicit solution of the system (1-1) for
any z € p(Dy,), and in this case the PS operator takes the following layer potential form:

= =P B(3B+Cm) P, (1-2)

where % ,, is the Cauchy operator associated with (D,, —z) defined on 92 in the principal value sense (see
Section 2B for the precise definition). So the starting point of the proof is to analyze the pseudodifferential
properties of the Cauchy operator. In this sense, we show that 2%, ,, is equal, modulo Op S~!(3), to
o (Vya(=Ayq)~17?). Using this, the explicit layer potential description of .«7,, and the symbol calculus,
we then prove that <7, is a pseudodifferential operator and catch its principal symbol (see Theorem 4.5).

The above strategy allows us to capture the pseudodifferential character of .«7,, but unfortunately it does
not allow us to trace the dependence on the parameter m, and it also imposes a restriction on the spectral
parameter z (i.e., z € p(D,,)), whereas ., is well defined for any z € p(Hyit(m)). In Section 5, we
address the m-dependence of the pseudodifferential properties of <7, for any z € p(Hwmit(m)). Since we
are mainly concerned with large masses m in our application, we treat this problem from the semiclassical
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point of view, where h = 1/m € (0, 1] is the semiclassical parameter. In fact, we show in Theorem 5.1
that .71/, admits a semiclassical approximation, and that

hDaQ

V=h?Ngo+1+1

The main idea of the proof is to use the system (1-1) instead of the explicit formula (1-2), and it is based
on the following two steps. The first step is to construct a local approximate solution for the pushforward

oy = P_ modh Op" S1(3Q).

of the system (1-1) of the form

UM, x3) = Op (A" (-, -, x3))g =

/ AN R, hE, x3)e 3 (E) dE, (R x3) € B2 x [0, 00),
@77 Joo

where A" belongs to a specific symbol class and has the asymptotic expansion

AME 8, x3) ~ Y hIAjE £, x3).

j=0

The second step is to show that, when applying the trace mapping I'; to the pullback of U” (-, 0), it
coincides locally with <71, modulo a regularizing and negligible operator. At this point, the properties
of the MIT bag operator become crucial, in particular the regularization property of its resolvent which
allows us to achieve this second step, as we will see in Section 5. The MIT bag operator on €2 is the
Dirac operator on L%(Q)* defined by

Hyir(m)yr = D for all ¥ € dom(Hyr(m)) == {¢ € H'(Q)*: T_y¥ =0 on 9K).

It is well known that (Hyr(m), dom(Hyrr(m)) is self-adjoint when €2 is smooth; see, e.g., [Ourmigres-
Bonafos and Vega 2018]. In Section 3, we briefly discuss the basic spectral properties of Hynr(m),
when €2 is a domain with compact Lipschitz boundary (see Theorem 3.1). Moreover, in Theorem 3.4
we establish regularity results concerning the regularization property of the resolvent and the Sobolev
regularity of the eigenfunctions of Hyr. In particular, we prove that (Hyr(m) — z)~! is bounded from
H™"(Q)* into H"T1(Q)* Ndom(Hyyr(m)) for all n > 1.

Motivated by the natural way in which the PS operator is related to the MIT bag operator and to
illustrate its usefulness, we consider in Section 6 the large mass problem for the self-adjoint Dirac operator
Hy = D, + MB1y, where U = R3 \ Q. Indeed, it is known that, in the limit M — oo, every eigenvalue
of Hyr(m) is a limit of eigenvalues of Hyy; see [Arrizabalaga et al. 2019; Moroianu et al. 2020] (see
also [Barbaroux et al. 2019; Benhellal 2019; Stockmeyer and Vugalter 2019] for the two-dimensional
setting). Moreover, it is shown in [Barbaroux et al. 2019; Benhellal 2019] that the two-dimensional
analogue of H), converges to the two-dimensional analogue of Hyyr(m) in the norm resolvent sense with
a convergence rate of O(M —1/2y.

The main goal of Section 6 is to address the following question: Let My > 0 be large enough
and fix M > My and z € p(Hyir(m)) N p(Hy). Given f € L*(R*)* such that f = 0 in R*\ Q and
U € H'(R*?*, what is the boundary value problem on  whose solutions closely approximate those of
(D +MBlgs\ g —2)U = f?
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It is worth noting that the answer to this question becomes trivial if one establishes an explicit formula
for the resolvent of Hy;. Having in mind the connection between the Dirac operators Hy; and Hygr(m),
this leads us to address the following question: for M sufficiently large, is it possible to relate the
resolvents of Hyy and Hyyr via a Krein-type resolvent formula? In Theorem 6.2, which is the main
result of Section 6, we establish a Krein-type resolvent formula for Hy, in terms of the resolvent of
Hyirr(m). The key point to establish this result is to treat the elliptic problem (Hy; —z)U = f € L*(R3)*
as a transmission problem (where 'L U|q = '+ Ujps\  are the transmission conditions) and to use the
semiclassical properties of the Poincaré—Steklov operators in order to invert the auxiliary operator Wy, (z)
acting on the boundary 02 (see Theorem 6.2 for the precise definition). In addition, we prove an adapted
Birman—Schwinger principle relating the eigenvalues of Hy, in the gap (—(m + M), m + M) with a
spectral property of Wy,(z). With their help, we show in Corollary 6.5 that the restriction of U on
satisfies the elliptic problem

(D — Z)Ulﬂ =f in €2,
I Uq=2ul'+ Rmir(2) f on 0€2,
F'iU=T+Rwit(@) f +4,'_v onod€2,

where %) is a semiclassical pseudodifferential operator of order 0. Here, the semiclassical parameter
is 1/M. Moreover, we show that the convergence of Hy; to Hyyr(m) in the norm resolvent sense indeed
holds with a convergence rate of O(M '), which improves previous works; see Proposition 6.9. The
most important ingredient in proving these results is the use of the Krein formula relating the resolvents
of Hys and Hyyr(m), as well as regularity estimates for the PS operators (see Proposition 6.4) and layer
potential operators (see Lemma 6.10 for details).

Organization of the paper. The paper is organized as follows. Sections 2 and 3 are devoted to preliminaries
for the sake of completeness and self-containedness of the paper. In Section 2, we set up some notation,
and we recall some basic properties of boundary integral operators associated with (D,, — z). Section 3
is devoted to the study of the MIT bag operator, where we gather its basic properties in Theorem 3.1
and we establish the regularization property of its resolvent in Theorem 3.4. In Section 4 we establish
Theorem 4.5, proving that the PS operator is a classical pseudodifferential operator. Then, in Section 5,
we study the PS operator from the point of view of semiclassical pseudodifferential operators, the main
result being Theorem 5.1. Finally, Section 6 is devoted to the study of the large mass problem for the
operator Hy,. There, we prove Theorem 6.2 regarding the Krein-type resolvent formula and we solve the
large mass problem, and we prove Proposition 6.9 on the resolvent convergence.

2. Preliminaries

In this section we gather some well-known results about boundary integral operators. We also recall some
properties of symbol classes and their associated pseudodifferential operators. Before proceeding further,
however, we need to introduce some notation that we will use in what follows.

2A. Notations. Throughout this paper we will write a < b if there is C > 0 such that a < Cb. As usual,
the letter C stands for some constant which may change its value at different occurrences.
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For a bounded or unbounded Lipschitz domain  C R?, we write 32 for its boundary, and we
denote by n and o the outward-pointing normal to 2 and the surface measure on 92, respectively.
By L2(R%)* := L*(R?; C* and L*(Q)* := L*(Q2, C*), we denote the usual L?-space over R and €,
respectively, and we letrq L*(R3)* — L%(2)* be the restriction operator on 2 and egq : L?(Q)*— L*(R3)*
be its adjoint operator, i.e., the extension by zero outside of €2.

For a function u € L?(RY), its Fourier transform is defined by the formula

(&) =/ e Eu(x)dx forall £ € RY.
Rd
For s € [0, 1], we define the usual Sobolev space H* (R4 as
H* (R := {u e L’ R*: f (415177 1a(§) 1> dE < oo},
Rd

and we shall designate by H*(2)* the standard L>-based Sobolev space of order s. We denote the
usual Lz—space over 0Q2 by L20Q)* := L2(0R, do)*. If Q is a C2-smooth domain with compact
boundary 9<2, then the Sobolev space of order s € (0, 1] along the boundary, H*(9R)%, is defined using a
local coordinate representation on the surface dQ. As usual, we use the symbol H~*(3Q)* to denote the
dual space of H*(3Q2)*. We denote by t;q : H'(Q)* — H'/2(dQ)* the classical trace operator, and by
Eq: H2(0Q)* — H'(Q)* the extension operator, that is,

tsalal f1=f forall f e HY?(0Q)*.
Throughout the current paper, we denote by P, the orthogonal projections defined by
Py = %(14 Fif(a-n(x))), xedf. (2-1)
We use the symbol H («, 2) for the Dirac—Sobolev space on a smooth domain €2 defined as
H(x, Q) ={p € L*(Q)*: (a- V)p € L2 ()%}, (2-2)

which is a Hilbert space (see [Ourmieres-Bonafos and Vega 2018, Section 2.3]) endowed with the scalar
product

(0. V@) = (@ V)2 + (@ Vg, (a-V)Y) 294, ¢, ¥ € H(a, ).

We also recall that the trace operator t3g extends into a continuous map f3q : H(a, Q) —> H —12Q)%.
Moreover, if v € H(a, Q) and tyqv € H'/2(dQ)*, then v € H'(Q)*; see [Ourmieres-Bonafos and Vega
2018, Propositions 2.1 and 2.16].

2B. Boundary integral operators. The aim of this part is to introduce boundary integral operators
associated with the fundamental solution of the free Dirac operator D,, and to summarize some of their
well-known properties.

For z € p(D,,), with the convention that Im v/z2 — m? > 0, the fundamental solution of (D,, — z7) is

l\/z2—m x|

G ()=~ o (z—l—mﬁ—i—(l—l\/z — m2|x|)ic - —2> forallx e R3\ {0}.  (2-3)
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We define the potential operator d>§m (L2(Q)* — L2(Q)* by

OInlgl) = | dn(x=y)g()do(y) forallx e (2-4)
and the Cauchy operator €, ,,, : L*>(dQ2)* — L?(32)* as the singular integral operator acting as

Coml f1(x) = lim ¢5,(x —y) f(»)do(y) foro-ae. x €dQ, feL*BQ)". (2-5)
PNOSx—yl>p

It is well known that CIJEfm and %, ,, are bounded and everywhere defined (see, for instance, [Arrizabalaga
et al. 2014, Section 2]) and that

(@ MECm)* = Goml@-n)? =—4 forall z € p(Dy) (2-6)
holds in L2(8 9)4; see [Arrizabalaga et al. 2015, Lemma 2.2]. In particular, the inverse

Co) = —4(a- )G m(a-n)

exists and is bounded and everywhere defined. Since we have ¢ (y —x)* = ¢,§1 (x —y) forall z € p(Dp,),
it follows that ¢, and %z, are equal as operators in L2(Q)*. In particular, €, , is self-adjoint in
L2(3Q)* for all z € (—m, m).

Next, recall that the trace of the single layer operator S, associated with the Helmholtz operator
(—A +m? — z?)14 is defined, for every [ € L?(32)* and z € p(D,n), by
ol V2—m?lx—y|

| f(»)do(y) forx edQ.

S, = —
L£1x) /m ye P

It is well known that S. is bounded from L?(3$2)* into H'/?(32)* and it is a positive operator in L*(3€2)*
for all z € (—m, m); see [Arrizabalaga et al. 2015, Lemma 4.2]. Now we define the operator A%, by

AL = %13 +%,m forall ze€ p(Dy),

which is clearly a bounded operator from L2(3)* into itself.

In the next lemma we collect the main properties of the operators <I>§fm,

Czms and A% .

Lemma 2.1. Assume that Q is C?>-smooth. Given z € p(D,,), let Cl)gm, Czm> and A%, be as above. Then
the following hold:

(1) The operator CDSm is bounded from H'/?(3Q)* to H'(Q)* and extends into a bounded operator from
H™20Q)* to H(a, Q). Moreover,

te @2, f1= (—3i(@-m) + ) f1 forall f e H/? @) 2-7)

(ii) The operator €, ,, gives rise to a bounded operator €, ,, - H'/?(3Q)* — H'?(9Q)*.
(iii) The operator A%, : H'2@Q)* — H'2(dQ)* is bounded invertible for all z € p(D,,).
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Proof. (i) The proof of the boundedness of @i?m from H'/2(d2)* into H'(2)* is contained in [Behrndt
and Holzmann 2020, Proposition 4.2], and the jump formula (2-7) is proved in [Arrizabalaga et al. 2014,
Lemma 3.3] in terms of the nontangential limit which coincides (almost everywhere in d€2) with the trace
operator for functions in H 1(©)*. The boundedness of Cng from H~Y2(3Q)* to H(w, Q) is established
in [Ourmieres-Bonafos and Vega 2018, Theorem 2.2].

Since n is smooth, it is clear from (i) that € ;, is bounded from H 172(3Q)* into itself, which proves (ii).
As consequence we also obtain that A%, is bounded from H!/2(32)* into itself. Now, the invertibility of A%,
in H'/2(32)* for z € C\R is shown in [Behrndt et al. 2019, Lemma 3.3 (iii)]; see also [Behrndt et al. 2020,
Lemma 3.12]. To complete the proof of (iii), note that if f € L?(32)* is such that AL lfle H'2(Q)4,

then a simple computation shows that
H'2@0)" 5 (AL)[f1= (§+ @m)’ + m+28)S:) [ f],

which means that f € H'/?(3Q)*. From the above computation, we see that A%, is invertible from
H'2(3Q)* into itself for all z € (—m, m), since ((‘fz,m)2 + (m 4 zB)S;) is a positive operator. O

Remark 2.2. Note that if 2 is a Lipschitz domain with a compact boundary, then, for all z € p(D,,),
the operators ¢ ,, and A%, are bounded from L?(32)* into itself (see, e.g, [Arrizabalaga et al. 2014,
Lemma 3.3]), and since A% is an injective Fredholm operator (see the proof of [Benhellal 2022a,
Theorem 4.5]), it follows that it is also invertible in L2(3Q)*. Note also that, thanks to [Behrndt et al.
2021, Lemmas 5.1 and 5.2], we know the mapping ®$* defined by (2-4) is bounded from L%(3Q)* to

z,m

H'2(Q)%, 1yq®%,,[g] € L*(32)*, and the formula (2-7) still holds true for all g € L2(39)*.

2C. Symbol classes and pseudodifferential operators. We recall here the basic facts concerning the
classes of pseudodifferential operators that will serve in the rest of the paper.

Let .#4(C) be the set of 4 x 4 matrices over C. For d € N*, we let S” (R¢ x R?) be the standard symbol
class of order m € R whose elements are matrix-valued functions a in the space C (R x RY; .#4(C))
such that

EN afa(x, £) < Cop(1+1E[H™P1 forall (x,&) e RY x R?, forall @ € N, forall B e N/,

Let .7 (R%) be the Schwartz class of functions. Then, for each a € S”(R? x RY) and any h € (0, 1], we
associate to it a semiclassical pseudodifferential operator Oph (@) : S(RH* - 7 (R)* via the standard
formula

op” (a)u(x) =

271)d /Rd e“a(x, h&)i(E)de  forallu € (R

If a € SO(R? x RY), then the Calderén—Vaillancourt theorem (see, e.g., [Calderén and Vaillancourt 1972])
yields that Oph (a) extends to a bounded operator from L?(R%)* into itself, and there exists C, N¢ > 0
such that

h
10p™ (@)l 22 < C ‘afglag[vcllaﬁ’ 3§alle- (2-8)

By definition, a semiclassical pseudodifferential operator Op”(a), with a € S(RY x RY), can also be
considered as a classical pseudodifferential operator Op1 (ap), with a;, = a(x, h&), which is bounded with



A POINCARE-STEKLOV MAP FOR THE MIT BAG MODEL 2931

respect to i € (0, hg), where hg > 0 is fixed. Thus the Calderén—Vaillancourt theorem also provides the
boundedness of these operators in Sobolev spaces H* (R?)* = (D)™ L*(R%)*, where (D) = ~/—A +1.
Indeed, we have

10" (@) 15— 1 = I1{Dx)* Op" (an){Dy) ™ ll 12— 12, (2-9)

and since (Dy)* Op1 (ap){Dy)™* is a classical pseudodifferential operator with a uniformly bounded
symbol in ¥, we deduce that Op” (a) is uniformly bounded with respect to 4 from H* into itself.

Consider a C*°-smooth domain £ C R* with a compact boundary ¥ = 8. Then X is a 2-dimensional
parametrized surface, which, in the sense of differential geometry, can also be viewed as a smooth
2-dimensional manifold immersed into R?. Thus X can be covered by an atlas (i.e., a collection of smooth
charts)

A={U;,Vj,p9j):jel{l,...,N}}, where N e N*.

That is
N
»=[Ju,
j=1
and foreach j € {1, ..., N}, we have that U; is an open set of X, V; C R? is an open set of the parametric

space R?, and ¢ ;1 Uj — V; is a C*-diffeomorphism. Moreover, by the definition of a smooth manifold,
it U; N Uy # @ then

oo (9)) " € C¥(g; (U NUL; (U N UY).
As usual, the pullback (goj_l)* and the pushforward go}“ are defined by
(goj_l)*u =u O(pj_l and @jv=vog;

for u and v functions on U; and V;, respectively. We also recall that a function « on X is said to be in
the class C*(X) if, for every chart, the pushforward has the property ((pj_1 Y'ueC k(Vj).
Following [Zworski 2012, Part 4], we define pseudodifferential operators on the boundary X as follows.

Definition 2.3. Let o7 : C®°(%)* — C*®(%)* be a continuous linear operator. Then .7 is said to be a
h-pseudodifferential operator of order m € R on ¥, and we write &/ € Op" 8™ (%), if,

(1) for every chart (U;, V;, ¢;), there exists a symbol a € S™ such that
Y1/ (You) = Y195 Op" (@) (9} )* (Yau)
for any 1, Y2 € C°(U;) and u € C®(2)*,
(2) for all vy, Y, € C°°(X) such that supp(r;) Nsupp(y,) = & and for all N € N, we have
V1 Y2l g sy an sy = O).
For h fixed (for example & = 1), < is called a pseudodifferential operator.

Since the study of a given pseudodifferential operator on % reduces to a local study on local charts, we
recall below the specific local coordinates and surface geometry notation used in the rest of the paper.
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We always fix an open set U C X, and we let x : V — R be a C*°-function (where V C R? is open) such
that its graph coincides with U. Here and in the following, we omit the possible composition with a rotation
that allows this, since changes of variables take i-pseudodifferential operators to s-pseudodifferential
operators modulo smoothing operators and leave the principal symbol invariant. Set ¢(X) = (X, x (X)).
Then for x € U we write x = ¢(X) with X € V. Here and also in what follows, d; x and 9, x stand for the
partial derivatives 0z, x and 0z, x, respectively. Recall that the first fundamental form, I, and the metric
tensor G (X) = (gjx(x)), have the following forms:

1= g1 d¥} +2g12 ¥ dF + g20 33,

5 . g g2~ L+ 101> 91x d2x ) .
G(x) = (X)) = X) .= X).
(x) = (gjr(x)) <g21 g22>( ) <31X32X 1+ 922 (x)

As G (x) is symmetric, it follows that it is diagonalizable by an orthogonal matrix. Indeed, let

[02 x| 01X 02X
- IVxl [02x 11V x| (1 0 )~
X) = X), 2-10
Q=1 ayax 1o |\og2)® 2-10)
[02x 11V x| IVxl

where g stands for the determinant of G. Then, it is straightforward to check that
0'GoM =h, Q0'M=GH"=(g/" @), det(Q)=det(Q") =g /% (2-11)

2D. Operators on the boundary ¥ = 0€2. As above, we consider X = 92 the boundary of a smooth
bounded domain €. On X equipped with the Riemann metric induced by the Euclidean one in R?, we
consider the Laplace—Beltrami operator — Ay and the surface gradient Vy, =V —n(n - V), where n is the
unit normal to the surface pointing outside 2. Note that, for (e;, e2) an orthonormal basis of the tangent
space, Vy = e V,, +e2V,,, where Ve, stands for the tangential derivative in the direction e;. With the
notation of the previous section, in local coordinates, —Ay and Vy are pseudodifferential operators with
respective principal symbols

G@™'s ) (2-12)

(Vx (), G@®)~'¢)

Let us now introduce Dy, the extrinsically defined Dirac operator. To any x € R} we associate the

P-as (X, 6) = (G g, 8), pvs(X,8) =&c i=(

matrix «(x) = « - x, where o = (&1, a2, @3). For Hy, the mean curvature of X, Dy, is given by
Dy = —a(ma(Vz) + y Hi

(for more details see [Moroianu et al. 2020, Appendix B]). It is a pseudodifferential operator with principal
symbol

pps (X, ) = —ia(n®(¥)ae),

where n?¥ = ¢*n. We now define the spin angular momentum S as

S-X=—ys(e-X) forall X e R, where ys 1= —iajor03 = <? %) . (2-13)
2
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Using properties (A-1) and (A-2) and the fact that n - £ = 0, we then have
pps (X, &) = —ia-n?(X)a & = S - (6 An¥(X)).

Moreover, for & := (é3

0), we have & = &5 + (£ - n¥)n?. Thus, in local coordinates, the principal symbol

of Dy, is also
poy(X.6) =S (E An?(X)). (2-14)

Let us also point out the relationship between the principal symbols of Ay and Dy:

EARY @) = (GF) g, £). (2-15)

3. Basic properties of the MIT bag model

In this section, we give a brief review of the basic spectral properties of the Dirac operator with the
MIT bag boundary condition on Lipschitz domains. Then, we establish some results concerning the
regularization properties of the resolvent and the Sobolev regularity of the eigenfunctions in the case of
smooth domains.

Let &/ C R? be a Lipschitz domain with a compact boundary /. Then, for m > 0, the Dirac operator
with the MIT bag boundary condition on U, (Hprr(m), dom(Hygr(m))), or simply the MIT bag operator,
is defined on the domain

dom(Hyir(m)) :={y € H'2(U)*: (- V) € L>(U)* and P_ty =0 on dU}

by Hyrr(m)y = Dy, for all ¥ € dom(Hyrr(m)) and where the boundary condition holds in L20U)*.
Here P. are the orthogonal projections defined by (2-1).

The following theorem gathers the basic properties of the MIT bag operator. We mention that some of
these properties are well known in the case of smooth domains; see, e.g., [Arrizabalaga et al. 2017; 2019;
2023; Behrndt et al. 2020; Ourmieres-Bonafos and Vega 2018].

Theorem 3.1. The operator (Hyyr(m), dom(Hyr(m))) is self-adjoint, and we have
(Hvirr(m) —2) ™" = ru(Dyy — 2) " ey — @Y, (ML) ' t90(Dyy —2)'ey forallz € p(Dy).  (3-1)
Moreover, the following statements hold.:
() If U is bounded, then Sp(Hyit(m)) = Spy;sc (Hmrr(m)) C R\ [—m, m].

(1) If U is unbounded, then Sp(HyiT(m)) = SPegs (HMmIT(M)) = (—00, —m]U[m, 400). Moreover, if U
is connected, then Sp(Hwyr(m)) is purely continuous.

(ili) Let z € p(Hwir(m)) be such that 2|z| < m. Then, for all f € L*(U)*,

_ 1
I (Hvirr(m) = 2) 7" Fll 2yt S ;l||f||L2(u)4-

Proof. Let ¢, ¥ € dom(Hyr(m)). Then by density arguments we get the Green formula

(=ia- V)@, ) 2yt — (@, (mio- V)Y) 204 = (i - m)taup, taur) 12904 (3-2)
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Since P_tyy¢ = P_tyyy =0 and Pi(a-n) = (o -n) Py (see Lemma A.3), it follows that

(=i - V)@, U2yt — (@, (—ia - V)Y) 20)4 = (Pr(—ia-n) Pytyu, Prtyulr) 120yt = 0.
Consequently, we obtain

(Hvir(m)@, ) 20yt — (@, Hr(m)¥) 2@t = (D@, ¥) 2@t — (@5 Din¥) 12yt
= ((—ia- V)@, V) 2yt — (@, (i - VYY) 1244 =0.

Therefore (Hyirr(m), dom(Hyrr(m))) is symmetric. Now, thanks to [Benhellal 2022a, Proposition 4.3],
we know that the MIT bag operator defined on the domain

2 ={y =u+®f,lgl, ue H U, ge L*@U)*: P_ty )y =0 on U} (3-3)

by Hyir(m) (u + CIDSfm [gD) = D,,u for all (u + CD(me [g]) € 2 is a self-adjoint operator. Since Hyyr(m)
is symmetric on dom(Hwr(m)), we can deduce that dom(Hpyr(m)) C 2. Now, from Remark 2.2,
we also get that ¥ C dom(Hmyr(m)), which proves the equality 2 = dom(Hwmr(m)), and thus that
(Hymrr (m), dom(Hyrr(m))) is self-adjoint. Next, we check the resolvent formula (3-1). Let f € L>(U)*
and z € p(D,;), and set

¥ =ry(Dm—2) " ey f — ¥, (ML) 1y (D — 2) e f-

Since (D, —z) ey is bounded from L?(¢/)* into H'(R*)* and (AZ)~! is well defined by Remark 2.2,
it follows that

u:=ry(Dy—2)"teyf e HU)* and g:=—(A%) 'ty (D —2) er f € L2(3U)*,

which gives that ¢ € H'/?>(1/)* and that (« - V)y € L?(U4)*. Next, using Lemma 2.1(i) and Remark 2.2,
we easily get

_ . —1 _
touy = toe (D —2) e f + (51 -n) =€) (58 +Com)” tou(Dm —2) " 'euf
= P B(AL)  tau(Dy —2) " eu f.
thus P_ty,y = 0 on dU, which means that ¢ € dom(Hyr(m)). Since (D,, — z)dDZLfm [¢]=01in U, it
follows that (Hyr(m) — z)¥ = f, and formula (3-1) is proved.

We are now going to prove assertions (i) and (ii). First, note that, for 1 € dom(Hmr(m)), a straight-
forward application of the Green formula (3-2) yields

T (m) Y 172000 = 1@ - VO 12008 M0 172000 + Ml Pitor 1725000 (3-4)

Thus || Emrr (m)¥ 75,6 = m* 1 1172,4,4» Which yields Sp(Hwrr(m)) C (—00, =m]U [m, +00). Note
that this can be seen immediately from (3-1). Next, we show that {—m, m} ¢ Spy.. (Hvmir(m)). Assume

that there is 0 # ¢ € dom(Hpr(m)) such that (Hyr(m) —m)y = 0 in U. Then, from (3-4), we have

(=i V)18 + Ml Pitore¥r 72 00 = O-
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Since m > 0, it follows that P, 3,4 = 0 and thus that 3,44 = 0. Using this and the above equation, an
integration by parts (using density arguments) gives

IV 200yt = (=i - V)Yl 12094 = 0.

From this we conclude that i/ vanishes identically, which contradicts the fact that ¥ # 0, and thus
m & Spgisc (AmiT(m)). Following the same lines as above we also get that —m ¢ Spy;.. (Hvrr(m)). Thus,
if U is bounded, then the above considerations and the fact that dom(Hyr(m)) € HY2(U)* is compactly
embedded in L?(U)* yield Sp(Hmrr(m)) = Spgisc (Hnir(m)) C R\ [—m, m], which shows assertion (i).
To finish the proof of (ii), suppose U is unbounded. We first show (—oo, —m] U [m, +00) is contained
in Sp.(HwviT(m)) by constructing Weyl sequences as in the case of half-space; see [Benhellal 2022b,
Theorem 4.1]. As U is unbounded, there is R; > 0 such that the half-space {x = (x1, x2, x3) € R3:x3 > R}
is strictly contained in ¢/ and R*\ & C B(0, R;). Fix A € (—oo0, —m) U (m, +00), and let & = (£, &) be
such that |£]> = A2 — m?. We define the function ¢ : R} — C* by
§1—i&

A—m’

t
w@wﬂ:( que%a with ¥ = (x{, x2).

Clearly we have (D,, — A)¢ = 0. Now, fix Ry > Ry, and let n € C§°(IR€2, R) and x € C°(R, R) be such
that supp(x) C [R;, Rz]. For n € N*, we define the sequences of functions

on (%, x3) =n2p(%, x3)n (% /n)x (x3/n)  for (¥,x3) € U.

Then, it is easy to check that ¢, € HO1 (U) C dom(Hprr(m)), (@n)nen converges weakly to zero, and

0;

n—oo

(D — M) @ull L24)*
I@nllZ 2004 = ——— 10122 g 1 1122 ) > O,
RN - TR a2y

for more details see the proof of [Benhellal 2022b, Theorem 4.1]. Therefore, Weyl’s criterion yields
(—OO, _m) U (m7 +OO) C Spess(HMIT(m))‘

Since the spectrum of a self-adjoint operator is closed, we then get the first statement of (ii). Now, if we
assume in addition that I/ is connected, then using the same arguments as in the proof of [Arrizabalaga
et al. 2015, Theorem 3.7] (i.e., using Rellich’s lemma and the unique continuation property), one can
verify that Hyyr(m) has no eigenvalues in R\ [—m, m]. As {—m, m} ¢ Sp ;.. (HvrT(m)), it follows that
Hyirr(m) has a purely continuous spectrum.

Now we prove (iii). Let v € dom(Hmyr(m)). Then (3-4) yields that || Hyr (m) ¢ ||%2(Q)4 >m?|| v ||%2(Q)4,
and thus

m|| ¥z < IHEMr(m) Y | 2t < 1HMir(m) — DY | 2ot + 121 2200y -
Therefore, for 2|z| < m with z € p(Hwmir(m)), we get that ||| L2 < 2m Y| (Hyrr (m) — DV L2240y
Thus, (iii) follows by taking ¢ = (Hmir(m) — )7 U

Remark 3.2. We mention that the above statement on the self-adjointness can also be deduced from
[Behrndt et al. 2021, Theorem 5.4]. We also mention that the MIT bag operator defined on the domain 2
given by (3-3) is still self-adjoint for less regular domains; see [Benhellal 2022a] for more details.
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Remark 3.3. Note that if I/ is in the class of Holder’s domains C"%, with w € (%, 1), then Hyr(m) is self-
adjoint and dom(Hpr(m)) :={y € H'(U)*: P_tyyr =0 on dU}; see [Benhellal 2022a, Theorem 4.3]
for example.

Now we establish regularity results concerning the regularization property of the resolvent and the
Sobolev regularity of the eigenfunctions of Hyy(m). The first statement of the following theorem will be
crucial in Section 5 when studying the semiclassical pseudodifferential properties of the Poincaré—Steklov
operator.

Theorem 3.4. Let k > 1 be an integer and assume that U is C***-smooth. Then the following statements
hold:

() The mapping (Hyir(m)—z)~': HX(U)* — H*1(U)* N dom(Hyrr (m)) is well defined and bounded
forallm > 0 and all z € p(Hyrr(m)). Moreover, for any compact set K C C, there exist mg, C > 0
such that, forallm > mgyand z € K,

(e (m) = 2) ™M gty s < Cm*
(i1) If ¢ is an eigenfunction associated with an eigenvalue 7 € Sp(Hyit(m)), i.e., (Hyt(m) —2)¢ =0,
then ¢ € H'T*(U)*. In particular, if U is C*®-smooth, then ¢ € C*®(U)*.
To prove this theorem we need the following classical regularity result.

Proposition 3.5. Let k be a nonnegative integer. Assume that U is C3**-smooth and u € H'(U). If u
solves the Neumann problem
—Au=feHYU) and du=geH* ™ OU),
then u € H* ).
Proof. First, assume that k =0. As U is C3-smooth we know the Neumann trace 9, : H2(U) — H'/2(3U)

is surjective. Thus, there is G € H 2(U) such that 3,G = g in 0U. Note that the function t = u — G
satisfies the homogeneous Neumann problem

—Aiu=f+AG inlU and dyu=0 onadld.

Therefore, it € H*(U) by [Mikhailov 1978, Theorem 5, p. 217], which implies that u € H 2(U), and this
proves the result for k = 0. If k£ > 1, then the result follows by [Grisvard 1985, Theorem 2.5.1.1]. O

Proof of Theorem 3.4. We prove the theorem by induction on k. First, we show (1), so fix z € p (Hmir(m))
and assume that k = 1. Let ¢ = (¢1, )| € dom(Hyr(m)) be such that (D,, — z)¢ = f in U, with
f=(f1, fz)T e H'(U)*. By assumption we have (A +m?—z%)¢ = (D, +2z)fin D'(U)*, and then also
in L2(U)*. We next prove that 3,¢ € H'/2(3U)*. To this end, consider U, := {x € R?: dist(x, dU) < €}
for € > 0. Then, for § > 0 small enough and 0 < € < §, the mapping W : 90U x (—e¢, €) — U, defined by

W(xau, t) = Xou +tn(Xyy), Xy € 0U, t € (—€,€), (3-5)

is a C2—diffeomorphism and U, :={x+tn(x):x €dlU,t € (—¢,€)}.
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Let P_: L*(U. NUY* — L>(U. NU)* be the bounded operator defined by
P_p(W(x, 1) =31 +ifla-n())Ne(W(x, 1), W(x,1)eUNU.

Let xgu be an arbitrary point on the boundary o/, fix 0 < r < %e, and let ¢ : R? — [0, 1] be a C*°-smooth

and compactly supported function such that £ =1 on B(xgu, r)and ¢ =0on R\ B(xgu, 2r). We claim
that 13_4“ ¢ satisfies the elliptic problem

{—A(ﬁ_;¢>=g in ,
tau(P_c¢)=0 on dU,

with g € L?(U)*. Indeed, set B(x) = iB(« - n(x)) for x € dU, and observe that
(D —2)(P_¢§) = (P_¢f + (D, £10) + 3 [Din. ¢ Blp =: 1(¢. f) + 3[Din. ¢ Blg.

Since n is C2-smooth, ¢ is an infinitely differentiable scalar function, and ¢, f € H L4, it is clear
that I (¢, f) € H' (U)* and [D,,, ¢Bl¢ € L*(U)*. Now, applying (D,, + z) to the above equation yields
—A(P_¢¢) = g, with

8= —m*)P_Lp+ (D +2)I(¢. f)+ 32[D. t Bl + 5 D[ Dy £ Bl
As before, it is clear that the first three terms are square integrable. Next, observe that
Do[Do, £ Bl¢ = {Do, [Do, {Bli¢ —[Do, §B1Dogp = [—A, {Blg — [Do, E BI(Dy — 2)¢p — (mp — 2)¢),

where {A, B} =: AB 4+ BA is the anticommutator bracket. Using this, the smoothness assumption on 7,
the facts that (D,, — 2)¢ = f € H'(U)* and that [Dy, ¢B] and [—A, ¢B] are first-order differential
operators, we easily see that Dg[ Dy, ¢ B]¢ € L*>(U)*. Hence, D,,[ D, ¢ B¢ is square integrable, which
means that g € L*>(U)*. As P_tyy¢ =0 and tgu(ﬁ_g“qﬁ) =ty ¢ P_tyyu = 0 on 0U, by [Gilbarg and
Trudinger 1983, Theorem 8.12], it follows that F_g“qﬁ e H*(U. NU)*, which implies

c(pr+i(o-n)py) € HH(B(xY,, 2r)NU)?  and  ¢(—i(o -n)py + o) € H*(B(x),,, 2r) NU)%.
Consequently, we get
¢1+i(o -n)py € HA(B(xY,, r)NU)? and  —i(o -n)p1 +¢o € HA (B, r)NU?.  (3-6)

Since —i(o - V)¢ = (z — m)¢p1 + f1 and —i(o - V)¢ = (z +m)¢r + f> hold in H'(U)?, it follows
from (3-6) that

(0-V)p;j e H (B(xdy,,r)? and (0-V)(o-n)p;j e H (B(xdy,,r)?, j=1,2.
Using this and the fact that n is C?-smooth, we easily get
(0-n)(0-V)p;+(0-V)(o-m$;=(n-V)p;+ Fj € H (B(xyy, ),

with F; € H'(B(x3,,, r) NU)?. As a consequence, we get (n - V)p; € H' (B(x3,, r) NU)?>. Since this
holds true for all xz(a)u € dU, using the compactness of di/, it follows that d,¢p € H 1/ 2(81/{ )*. Therefore,
Proposition 3.5 yields ¢ € H>(U)*.
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Next, assume k > 2, U is CZtF-smooth, and ¢, f € Hk(Z/{)4. Since n is C'*t*-smooth and W defined
by (3-5) is a C'**-diffeomorphism, following the same arguments as above we then conclude that
d,¢p € H=12(3U)*. Note also that —A¢p = (zZ —m>)p + (D,, —z) f € H*"'(U4)*. Therefore, thanks to
Proposition 3.5, we conclude that ¢ € H k1 ()*, which proves the first statement of (i).

Now, the second statement of (i) is a consequence of the first one, Theorem 3.1(iii), and the Garding-type
inequality

111 0yt S N0 W3ge 00 + 1D0 78 000 (3-7)
which holds for any ¢ € dom(Hyyr(m)) N H k1), k e N. Indeed, suppose for instance that (3-7)
holds true. Fix a compact set K C C, and let z € K. Note that if z € p(Hyrr(m)) then, for ¢ € H*(U)?,
k > 0, we have

I Do(Hmrr(m) — 2) "' Wl gkt < 1 1 geays + (m+ 12D 1 (Hyirr (m) — 2) 7 9 [ ge e (3-8)

Let us also remark that Theorem 3.1(iii) gives that there is my > O such that z € p(Hymrr(m)) for any
m > mo and, for any ¢ € Hk(L{)4, k>0,

| Do(Hyrr (m) — Z)_1¢||L2(u)4 S ||W||L2(u)4 = ||W||Hk(u)4- (3-9)

Hence, by iterating the Garding inequality and taking into account (3-8) and (3-9), we get

I Do(Hyirr (m) — 2) ™' W | gyt S m 1 1l eyt

and the conclusion follows by applying again the Garding inequality. We now return to the proof of (3-7).
Let ¢ € dom(Hyr(m)). Then [Arrizabalaga et al. 2017, Theorem 1.5] yields

D01 = IV g+ [ Hiltupl do, (3-10)
ou

where we recall that H;(x) is the mean curvature at x € dU{. Recall that, for any € > 0, there is Cc > 0
such that

Itae@ll 20uyt < €IVONT2 g0 + Cellpllzagyys  forallg € H' (U)*;

see [Barbaroux et al. 2019, Remark 1]. Using this inequality with € sufficiently small and estimating
(3-10) we get, for all 9 € H' ()%,

2 2 2 2 2
||(pI|H1(u)4 = ||¢||L2(Z/{)4 + ”ngHLZ(u)At S |I¢||L2(Z/{)4 + ||DO¢||L2(U)4’

which shows (3-7) for kK = 0. Note that by local arguments one has

[ 1 P S 1T e
J
and since [d;, D] = 0, (3-7) easily follows by induction for any k > 1.
Finally, the proof of the first statement of (ii) follows the same lines as the one of (i). In particular, if U
is C*-smooth, we then get ¢ € H**!(1/)* for any k > 0, which implies that ¢ is infinitely differentiable
in U, and the theorem is proved. U
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Remark 3.6. Note that the estimate in Theorem 3.4(i) is certainly not sharp, but it will be enough for our
purposes.

4. Poincaré-Steklov operators as pseudodifferential operators

The main purpose of this section is to introduce the Poincaré—Steklov operator <7, associated with the
MIT bag operator and to prove that it fits into the framework of pseudodifferential operators.

Throughout this section, let 2 be a smooth domain with a compact boundary X, and let Py be as
in (2-1). Let us start by giving the rigorous definition of the Poincaré—Steklov operator, which is the main
subject of this paper.

Definition 4.1 (PS operator). Let z € p(Hyir(m)) and g € P_H'Y?(Z)*. We denote by ES(z) :

P_H'2(£)* - H'(Q)* the lifting operator associated with the elliptic problem
(Dm_Z)UZZO in Q, (4_1)
P_tsU,=¢g on X.

That is, E,ff (z)g is the unique function in H'(Q)* satisfying the equations (D,, — Z)Ensf (z)¢g =01in  and

P_ty Ef,f(z)g = g on X. Then, the Poincaré—Steklov (PS) operator <7, : P_H'2(2)* > P+H1/2(2])4

associated with the system (4-1) is defined by

iy (g) = Prts ES(2)g.

Recall the definitions of <I>§m and A% from Section 2B. Then, the following proposition justifies
the existence and the uniqueness of the solution to the elliptic problem (4-1), and gives in particular
the explicit formula of the PS operator in terms of the operator (A§1)_1 when z € p(D,,). The second
assertion of the proposition will be particularly important in Section 5 when studying the PS operator
from the semiclassical point of view. In the last statement, we use the notation 7, (z) to highlight the
dependence on the parameter z € p (Hyyt(m)).

Proposition 4.2. For any z € p(Hynr(m)) and g € P_H 12(2)4, the elliptic problem (4-1) has a unique
solution E,Sn2 (2)[g] € H'()*. Moreover, the following hold:

(i) (Ex(2))* = —BPyts(Hvir(m) —2)~".
(ii) For any compact set K C C, there is my > 0 such that, for all m > mg, we have K C p(Hyt(m))
and, for all 7 € K, we have

IES @8l @ S —=lgliy forall g e P-HVA(E)
NG
(iii) If z € p(Dy,), then E,Ef (z) and <, are explicitly given by
EX(z) = 0%, (A} 'P_ and oy =—P B(AS) ' P_. (4-2)

(iv) Let z € p(Hymrr(m)), and let E,ff (z) be as above. Then, for any & € p(Hyr(m)), the operator E,S,f &)
has the representation

E5€) = s+ (& —2)(Hvir(m) —§) D ES(2). (4-3)
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In particular, we have
Ay (€) — A (2) = (2 — E)BE ()" EL(2). (4-4)

(v) For any z € p(Hyir(m)), the operator E ,512 (z) extends into a bounded operator from P_H —1/2(x)*
to H(x, 2).

Proof. We first show that the boundary value problem (4-1) has a unique solution. For this, assume that
u1 and u, are both solutions of (4-1). Then (D, —z)(u; —uz) =01in Q and P_tx(u; —u) =0 on X.
Thus, (#; —uy) € dom(Hyrr(m)) holds by Remark 3.3, and since Hyyr(m) is injective by Theorem 3.1
it follows that u; = u;, which proves the uniqueness. Next, observe that the function

ve = Eq(P-g) — (Hyrr(m) —2) ™ (D — 2)Ea(P-g)

is a solution to (4-1). Indeed, we have £q(P_g) € H 1(€)* and thus v €H 1(€)*, moreover, we clearly
have that P_tsv, = g and (D,, — z)v, = 0. Since we already know that the solution to (4-1) is unique,
it follows that v, is independent of the extension operator £q, and hence there is a unique solution in
H'(Q)* to the elliptic problem (4-1).

Let us show the assertion (i). Let v € P_ H'/?>(£)* and f € L?(Q)*. Then, using Green’s formula
and the fact that P, (—i«a-n) = (—ia-n)P_ = —BP_, we get

(Ex @V, fr2qp
= (EX(2)¥, (Hyir(m) — 2) (Hyir (m) — Z)_1f>L2(Q)4
= (EX()V, (D — 2) (Hyrr(m) — 2" f) 120
= (D — D Eq (¥, (Hyir(m) —2) ™' f) 2y + ((—ia- m)is E5 (), 15 (Hvrr(m) —2) ™' f)2eep
= ((—ia-n) P_ts ES{(2)¥, Pits (Hvrr(m) —2) 7' f) 2z
= (Y, —BPsts(Hvrr(m) —2) ' f) 12z,

which gives that —B Py ts (Hyr(m) —Z)~! is the adjoint of E$(z) and proves (i).

Now we are going to show assertion (ii). So, let K be a compact set of C, and note that, for all
m > sup{|Re(z)| : z € K}, we have that K C p(D,,) C p(Hyit(m)). Hence v := Ef,f(z)g is well defined
for any z € K and g € P_H'/>(£)*. Then a straightforward application of Green’s formula yields

0= [(Dn—=2)vlI72gys
= i@V =2)vl|72 s +m* [VlI75 g +m (i@ -m)isv, Bizv)amys —2Re(2) (v, Bv) 2p). (4-5)
Observe that
<_l(a ' ”)fZU, ﬂt2v>L2(E)4 = ((P-‘r - P—)t2v7 IEU>L2(E)4 = ”P-‘rtEU”%Z(E)At - ”P—IEU”%‘Z(Z)At-

Since P_txv = g and P.tyv = 7, (g) hold by definition and

—Re(2)(v, Bv) 2@ = —Re@Iv]72(qp
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holds by the Cauchy—Schwarz inequality, it follows from (4-5) that

2 2 2 2
“g”LZ(E)At 2 m||v||L2(Q)4 - 2|RC(Z)| ”v||L2(Q)4 + ”'Q{m (g)”LZ(Z)At-

Thus, if we take mq > 4 sup{|Re(z)| : z € K}, then
1 (@172 51 + 31V 112 s < 817250

for any m > mg, which proves the desired estimate for Efnz (2).
Let us now show the assertion (iii). Let z € p(D,,), and recall that CDSM (A§1)_l cH'2(2)* = HY(Q)*
is well defined and bounded by Lemma 2.1. Since ¢7, is a fundamental solution of (D,, — z),

(D —2)92,,(A3) '[gl=0 in L*(@)*  forallge H'*(D)"
Now, observe that if g € P_H'/?(X)*, then a direct application of the identity (2-7) yields

2L, (ML) gl = (=i (@ m) + G (M) 8] = g — PLB(AL) ' [g).
Consequently, we get

P_ts®%, (A3 '[gl=g and Pyts®f, (AL '[g]=—PiB(AL) 5],

m

which means that E,S,f @legl= CDSm (Afn)_1 [g] is the unique solution to the boundary value problem (4-1)
and proves the identity <7, = — Py B(A%) "1 P_.

We now prove assertion (iv). Fix z, & € p(Hyvit(m)), and let g € P_H 172(£)*. Then, by the definition
of E(z), we have

(D — &)1+ (5 — 2)(Hyar(m) — €) " HESH(2)g
= (D —2DEX(2)g — (6 — 2)ES(2)g + (£ —2) (D — &) (Hyar(m) — &) ' ESH(2)g
= (t —2)EX(2)g — (6 —2)EX(2)g = 0.

Since (Hyur(m) — &)"'E®(z)g € dom(Hyr(m)), and hence P_tx(Hyar(m) — €)'ESH(2)g = 0, it
follows that P_rts (1 + (§ — z) (Hyir(m) — &) "D ESH(2)g = P_ts ES(z)g = g, which prove identity (4-3).
Now, (4-4) follows by applying Pty to the representation (4-3) and using assertion (i).

It remains to prove item (v). We first consider the case z € p(D,,). For z € p (Hyir(m)) \ p(Dy,), the
claim follows by the representation formula (4-3). Fix z € p(Dy,), and recall that the operators % »,
and AZ, are bounded invertible in H'/2(2)* by Lemma 2.1(ii)—(iii) and (2-6). Since €, = % m, by
duality it follows that A%, admits a bounded and everywhere defined inverse in H~!/2(X)*. This together
with Lemma 2.1(i) and item (iii) of this proposition show that E,gf (z) admits a continuous extension from

P_H~'2(2)* to H(a, ). This completes the proof of the proposition. O

Remark 4.3. The proof above gives more, namely that, for all mo > 0, K C p(D,,) a compact set,
and z € K, there is m >> 1 such that

sup |l p_mir2sysp 2yt S 1-
mz=mi
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Remark 4.4. Thanks to Theorem 3.1 and Remark 2.2, if Q2 is a Lipschitz domain, then Engf (z) is the
unique solution in H 172()* to the system (4-1) for datum in L*(2)*. Moreover, the PS operator
Sy = — Py B(AZ) "1 P_ is well defined and bounded as an operator from P_L2(X)* to Py L3 (%)™

In the rest of this section, we will only address the case z € p(D,,), and we show that the Poincaré—
Steklov operator <, from Definition 4.1 is a homogeneous pseudodifferential operators of order 0 and
capture its principal symbol in local coordinates. To this end, we first study the pseudodifferential
properties of the Cauchy operator %, ,,. Once this is done, we use the explicit formula of <7, given
by (4-2) and the symbol calculus to obtain the principal symbol of <,.

Recall the definition of ¢, from (2-3), and observe that

G (x —y)=k(x —y) +w(x —y),

where
ivZ=m2lx—y| _ iVZ=mllx—y| _ |
kz(x—y)=e—(z+m,3+\/z2—m2a- o y>+_e o (x—y),
4r|x —y| lx — yl 4r|x —y|
i
wx —y) = ma'(X—y)-
Using this, it follows that
.l £100) = lim w(x =) f() do () + / (=) £(3) do(y)
PN\O [x—=y|>p X
=W[flx)+K[f1(x). (4-6)

As [k3(x — )| = O(|lx — y|~!) when |x — y| = 0, using the standard layer potential techniques (see, e.g.,
[Taylor 2000, Chapter 3, Section 4] and [Taylor 1996, Chapter 7, Section 11]), it is not hard to prove
that the integral operator K gives rise to a pseudodifferential operator of order —1, i.e., K € OpS~!'(%).
Thus, we can (formally) write

C..m =W mod OpS~1(%), 4-7)

which means that the operator W encodes the main contribution in the pseudodifferential character of €, ,,.
So we only need to focus on the study of the pseudodifferential properties of W. The following theorem
makes this heuristic more rigorous. Its proof follows similar arguments as in [Ando et al. 2019; Miyanishi
2022; Miyanishi and Rozenblum 2019].

Theorem 4.5. Let €, , be as in (2-5), W as in (4-6), and <, as in Definition 4.1. Then ¢, ,,, W and <7y,
are homogeneous pseudodifferential operators of order 0, and we have

Gom = =0t ——— mod OpS~' (%),
—Asx
1 —1 Dy -1
Gy = S (Vs An)P_ mod OpS™ (X) = P_ mod OpS™ (2).

—Ay V—Ax
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Proof. We first deal with the operator W. Let ¥ : ¥ — R, k=1, 2, be a C*°-smooth function. Clearly, if
supp(¥») Nsupp(yr;) = @, then y» W gives rise to a bounded operator from H ~/ ()% into H/ (2)*
for all j > 0.

Now, fix a local chart (U, V, ¢) as in Section 2C, and recall the definition of the first fundamental form
I and the metric tensor G (x). That is, up to a rotation, for all x € U, we have x = ¢(X) = (x, x (X)) with
x € V, where the graph of x : V — R coincides with U. Notice that if we assume that v is compactly
supported with supp(¥) C U, then, in this setting, the operator i, W1/ has the form

wzwwlf](x)wz(x)p.v.f o PO =D ) FeG)VEG) dF

v Anle(E) — ()P

= (08 (@) p.v. / ja- POy (5 £ (0(5)) 05
v Arle(x) —e()

() =)
47 |p(x) — ()
where g is the determinant of the metric tensor G. Since g( - ) is smooth, it follows that

IV8() —vVE&@®I S 1x =yl

Therefore, the last integral operator on the right-hand side of (4-8) has a nonsingular kernel and does

) fv i SICOEE) —Ve@ds, @-8)

not require us to write it as an integral operator in the principal value sense. Thus, a simple computation
using Taylor’s formula shows

e =y =lp@) =P = (¥ =7, GEE = 7)) (1 +O0IF =3,
where the definition of I was used in the last equality. It follows from the above computations that

1
(F=3, GO E—y))?

x—y| 7 = + ki (%, §),

where the kernel k; satisfies |k (%, )] = O(|X — §|72) when |¥ — | — 0. Consequently, we get

Xj—Yj S -
Xj=Yj -3, GHE 7))~ + (& —ypki(F,§) for j=1,2,
e —yP (Vy.%— )

G5 GG —jpn ) for j =3,

with [ka (%, §)| = O(|X — ¥|~!) when |¥ — 7| — 0. Note that this implies

o - _a.(

< _ -l
lx —yI3 i—j},G(i)(j_);)p/z—'_Oﬂx Y.

Combining the above computations and (4-8), we deduce that
Yo Wiy f1(x)

. o
= 2()Vg@ pov. /V i 4715;_ : é;(;()();_yy§)>3/2f(<p(y))dy+wz(x)L[1mf](x), (4-9)
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where L is an integral operator with a kernel /(x, y) satisfying
I, ) =0(x = y[™")  when |x —y| - 0.

Thus, similar arguments as the ones in [Taylor 1996, Chapter 7, Section 11] yield that L is a pseudodiffer-
ential operator of order —1. Now, for & € LZ([RQ) and k =1, 2, observe that if we set

RulhD) = V5D [ k= 5mG) )
where, for (¥, 7) € R? x R?\ {0},
Tk
(r. G(X)T)3/%

Then the standard formula connecting a pseudodifferential operator and its symbol yields

rk(i, T) =

- 1 e B N _
RhID) = /R 2 /R TG () dé a5,
where
qr(x, &) = @/ e (R, w) do.
47T R2

Recall the definition of Q from (2-10) and set w = Q(x)t. Also recall that

/ et 2 qoy = i k=12 (4-10)
R2 |l €]
Thus, the above change of variables together with the properties (2-11) and (4-10) yield
(%, &) = L / i@ QX)) dr = (G_l()z)g)k _ gk1é1 + g2
R 4n Jge Iz 2G-1(0)E, 6)12 2GH(H)E, £)

which means that g, (X, &) is homogeneous of degree 0 in &. Therefore, R; is a homogeneous pseudodif-
ferential operators of degree 0. From the above observation and (4-9) it follows that

VoW =Yoo - (Ry, Ry, 01 x (X)R1 4 02 x (X)Ro) Y1 + Yo Ly

Since L is a pseudodifferential operator of order —1, we deduce that W is a homogeneous pseudodiffer-
ential operator of order 0, and exploiting (2-12), we obtain

\Y

2% oAy

Thanks to (4-7) and (4-11), we deduce that the Cauchy operator % ,, has the same principal symbol as

mod OpS~'(%). (4-11)

the operator W.
Now we are going to deal with the operator «7,,. Note that we have

l( b2 )2—1 (4-12)
S\Bta: ) =h -

and, as <7, is given by the formula
~1
JZ7m:_P+IB(%:8+C€Lm) P_,
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using (4-12) and the standard mollification arguments, it follows from the product formula for calculus of
pseudodifferential operators that, in local coordinates, the symbol of <7, denoted by ¢, has the form

m

G, (X, 8) = —P+,3(,3 +a- ((G_éﬁ))l)_ +p(x, ),

where p € S1(X2) and &g defined in (2-12) is the principal symbol of V. Therefore, we get

Qo (X, 6) = =Py o - EG(G'E,6) 12 P_+ p(%, £).

Hence, using the fact that Py are projectors and Lemma A.3, we obtain

Qo (X, 8) = —ic-n? (B - EG(G '€, )12 P_+ p(X, £).

Finally, from results of Section 2D, we deduce

- oo (o nn?(X) .
q&zfm(x’s) =S < (G_1§,§> >P +P(x, g)
and b .
Ay = \/—LAEP_ mod OpS™(T) = ms-(vz An)P_ mod OpS~!().

This satisfies the claim that <7, is a homogeneous pseudodifferential operator of order O and completes
the proof of the theorem. U

5. Approximation of the Poincaré-Steklov operators for large masses

The technique used in the last section allows us to treat the layer potential operator <7, as a pseudo-
differential operator and to derive its principal symbol. However, it does not allow us to capture the
dependence on m. The main goal of this section is to study the Poincaré—Steklov operator, <7,, as an
m-dependent pseudodifferential operator when m is large enough. For this purpose, we consider 2 =1/m
as a semiclassical parameter (for m > 1) and use the system (4-1) instead of the layer potential formula
of «7,. Roughly speaking, we will look for a local approximate formula for the solution of (4-1). Once
this is done, we use the regularization property of the resolvent of the MIT bag operator to catch the
semiclassical principal symbol of «7,.

Throughout this section, we assume that m > 1, z € p(Hwmit(m)), and that € is smooth with a
compact boundary ¥ := 9Q. Next, we introduce the semiclassical parameter 4 = m~! € (0, 1], and
we set /" := a7,. The following theorem is the main result of this section; it ensures that /" is an
h-pseudodifferential operator of order O and gives its semiclassical principal symbol.

Theorem 5.1. Let h € (0, 1] and z € p(Hyur(m)), and let </" be as above. Then, forany N € N, there
exists an h-pseudodifferential operator of order 0, MIG € Oph SO(), such that, for h sufficiently small
andanyOflfN—l—%,

o™ — il 12wy sz = OH 1),

and WD
= > P_ modhOp" S7!(X).

V—h*As +1+1
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Figure 1. Change of coordinates

Let us consider A ={(Uy,, Vy;, ;)1 j €{1,---, N}} anatlas of ¥ and (U, Vi, ¢) € A. As previously,
without loss of generality, we consider only the case where U,, is the graph of a smooth function yx, and
we assume that €2 corresponds locally to the side x3 > x (x1, x2) (see Figure 1). Then, for

Up = {(x1, x2, x (x1, x2)) : (x1, x2) € Vpo},  9((x1, x2, x (x1, x2)) = (x1, X2),
Voo :=11, y2, 3+ x (1, ¥2)) : (1, ¥2, y3) € V, x (0, 8)} C L,
with ¢ sufficiently small, we have the homeomorphism
@ Ve > Vo x(0,8),  (x1,x2,x3) > (x1, X2, X3 — X (X1, X2)).

Then the pullback
@ CP(Vyx(0,8) > C¥WVye), vi> @ v:i=vog

transforms the differential operator D,, restricted on V, . into the following operator on V,, x (0, €):
5% = (¢_1)*Dm(¢)* = _i(alay] +a28y2 - (Ollaxl)( +0623x2X - a3)8y3) +m:3
= —i(a1dy, +0dy,) + v 1+|Vx[2Gia - n*)(F)dy, +mp,

where j = (y1, y2) and n? = (¢~')*n is the pullback of the outward-pointing normal to 2 restricted
on V,:
O, X

. 1
n?(y) = ——= | dux | O1.)2).
V1+|Vyl|? 1
For the projectors PL, we have
P{:=(p™")*Pe(p)* = 3(Is Fipa - n*(3)).
Thus, in the variable y € V,, x (0, ¢), equation (4-1) becomes

~o ,
{(Dm Du=0 in V, x (0, ¢), 5-1)

Mu=g%=gop™! onV,x{0},
where I'Y = PLt(y,—0).
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By isolating the derivative with respect to y; and using that (ia - n%)~! = —ia - n?, the system (5-1)
becomes
ia-n?(y) . , .
Oy = ———————(—i010y, —i2dy, +mB—2)u 1in V, x (0, &),
VI+HIVI (5-2)
Iu=g¢ on V, x {0}.

Let us now introduce the matrix-valued symbols

. i -n?(y) - —iza -n?(y)
Lo, 6) = £+ ), Li(F) = (5-3)
VI+HIVXI VI+HIVY)I
with & = (&, &) identified with (£, &, 0). Then, for h = m~!, (5-2) is equivalent to
{h 8y3u = Lo(y, hDy)u +hLi(y)u in Vo x 0, &), (5-4)
Iu=g* on V,, x {0}.

Before constructing an approximate solution of the system (5-4), let us give some properties of L.

5A. Properties of L. The following proposition will be used in the sequel; it gathers some useful
spectral properties of the matrix-valued symbol Ly(y, &) introduced in (5-3). The spectral properties
of lo(n, &) = i(a-n)(x - & 4+ B) given in Proposition A.2 (from the Appendix) provides the following
properties for

Lo(y, §) = lo(n®(3), §).

1
VI+IVX)I?

Proposition 5.2. Let Lo(y, &) be as in (5-3). Then we have

Lo(y,8) = (& -n?()+S- ) AE) —ifa-n*(3))

—)”(i’ §) 1'[+()7 £) — &
1+ [Vx()2 ’ 1+ |Vx()I2

1
VIV
=i&-n%() + M-y, 8),

where

1G.8) = \[In*G) AEP +1= /(G 6. 8) + 1.

— o~ 1 N
nw()’) = Twnw(y)’ (5_5)
S (3 s
M.(5, £) ;:%<,4i n*(5) Af()y ;)ﬂ(a n (y))>’

with G the induced metric defined in Section 2C.
In particular, the symbol Lo(¥, £) is elliptic in S' and it admits two eigenvalues p+(-,-) € S' of
multiplicity two, which are given by

in?(3)-& A,
2G5 E) = in?(y)-§ Ay E)’ (5-6)
1+|Vx|?
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and for which there exists ¢ > 0 such that

(o —p-)(y, 8)
2

uniformly with respect to y. Moreover, T1L(¥, &), the projections onto Kr(Ly(y, &) — p+ (3, &) 14), belong
to the symbol class S° and satisfy

=+Rep+(,§) > c(§) (5-7)

PN (3, 6)PL =kL(3.6)PL and PLNZ(3,8)PY =FO4(,6)PY, (5-8)

with

KL(5.6) = %(l + ) O4(3.£) = (S (n* (5) A D). (5-9)

Ay, 6) 20(y, &)
That is, kﬁ is a positive function of SO, (kfﬁ)*l € 8%, and ©% € 8°.

Remark 5.3. Thanks to property (5-8), a 4 x 4-matrix A is uniquely determined by P¥ A and IT A, and
we have

1 P{m Py

_ p? @A _ DO (] YA _ ++ @ +
A_P_A+P+A_P_A+k—(pP+1'I+P+A_< — G )P_A—Fk—q,l'hrA.

+ + +

Proof of Proposition 5.2. By definition it is clear that Ly(7, £) belongs to the symbol class S', and all the
formulas follow from those of [y (n, §) proved in the Appendix (see Proposition A.2 and Lemma A.3),

mainly taking n = n?(3) and multiplying by 1/1/1 4 |V x(3)|?. Next, using (2-15),
VIt AEP+1 _ VGG)T'E 6) +1
V1+Vx? V1I+[Vy[?

which gives (5-7) and shows that p. are elliptic in S'. Consequently, we also get that Lo (7, £) is elliptic
in S! and that the functions I, k%, (k%)~! and ©¥ belong to the symbol class S°. O

+Repi(y,8) = > c(1+ €],

5B. Semiclassical parametrix for the boundary problem. In this section, we construct the approximate
solution of the system (1-1) mentioned in the introduction. For simplicity of notation, in the sequel we
will use y and P instead of y and P{, respectively.

We are going to construct a local approximate solution of the first order system

hd.u = Lo(y, hDy)uh —{—hLl(y)uh in R? x (0, +00),
Pu'=f on R? x {0}.

To be precise, we will look for a solution «” in the form

u(y, 1) = 0p"(A"(-, -, 1)) f =

)2 /Rz AM(y, hg, T)eVE f(§) d§, (5-10)

with A"(-, -, 1) € 8° for any t > 0 constructed inductively in the form

Al(y, &, 1) ~ Zthj(y,%" 7).

j=0
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The action of h d; — Lo(y, hDy) —hL1(y) on A"(y, hD,, 7) f is given by T"(y, hDy, 7) f, with

T"(y, & 1) =h@:A)(y, & 1) — Lo(y, ) Ay, &, ) — R(LI(A(y, §, T) —i de Lo(y, £) - 9y A(y, &, ).

Here we exploited the particular form of L, (independent of &) and of L (first order polynomial in &).
Then we look for Ag satisfying

{h 8TA0(y7 5»T)=L0(y’§)AO(}’» E’T)’ (5_11)
P_(y)Ao(y, &, 1) = P_(y),
and, for j > 1,
{h 31A1(}’, g’ 7:) = LO(y’ %-)Aj(y? "E’ T)+L1(}’)AJ—1()’» 5’ T)_l 33;‘[40(% 5)'3ij—1(y, S’ T)7
P_(y)Aj(y,§, 1) =0.
(5-12)

Let us introduce a class of parametrized symbols in which we will construct the family A ;:
={b(-,-, 1) €S :Vk, ) eN?, T 3lb(-, ., ) e WISy mez.

More precisely, b € P," means that, for all (k, [) € N2, the function (z, h) — (h~'0)*(h 3,)!b(-, -, T) is
uniformly bounded with respect to (7, i) € (0, +00) x (0, 1) in Sk,
Proposition 5.4. There exists Ay € 77,? a solution of (5-11) given by

M h~'zp_(y.6)
kE(y, €)

Proof. The solutions of the differential system h 3; Ag = LoAg are Ag(y, &, ) = e TLo0) Ao (v, £, 0).
By definition of p+ and I, we have

AO()’, %-’ T)

e/l*lfLo(y,%’) — ehflf/?—(ysf)n_(y’ £)+ e/flf,0+(y’§)n+(y’ £). (5-13)

It follows from (5-7) that Ag belongs to SO for any t > 0 if and only if [T, (y, &) Ao(y, &, 0) =0. Moreover,
the boundary condition P_Ag = P_ implies P_(y)Ao(y, &, 0) = P_(y). Thus, thanks to Remark 5.3, we
deduce that

PO, P
k‘ﬂ

Py n P_
Ao(»,§,0)=P_(y)——— 0. =P-(MN+—(5— ( S)— >, ).

The properties of p_, T1_, P_, and k4 given in Proposition 5.2, imply that (k¥ )~ 1l'[ P_ € 8% and that
el -6 ¢ 772. This concludes the proof of Proposition 5.4. O

For the other terms A;, j > 1, we have the following.

Proposition 5.5. Let A be defined by Proposition 5.4. Then, for any j > 1, there exists A; € h' P, Ia
solution of (5-12) which has the form
2
Aj(y 6. 1) =" 0O N T gD B (y, £), (5-14)
k=0
with Bj ;. € h/S™.



2950 BADREDDINE BENHELLAL, VINCENT BRUNEAU AND MAHDI ZREIK

Proof. Let us prove the result by induction. Thanks to Proposition 5.4, the claimed property holds for
j = 0. Now, assume that there exists A; € h/P, ’, a solution of (5-12) satisfying the above property,
and let us prove that the same holds for A;;;. In order to be a solution of the differential system
h 37Aj+1 = L()Aj.H + LlAj —1i 35L() . aij, for Aj+1 we have
T
A =eh1fL°Aj+1|r:0+ethL°/ e SLO(L A; —i 9 Lo+ 0yA;) ds, (5-15)
0
where L1 A; has still the form (5-14), and we have
2j

0,A; =" (h T dypo +0,) ) (' T(E) By
k=0

Thus, thanks to the properties of p_ and B, the quantity (L1A; —i ¢ Lo-3yA;)(y, &, s) has the form

2j+1
0O N s (6) By, ©). (5-16)
k=0

with B ik € h’S~J. So, using the decomposition (5-13), for the second term of the right-hand side
of (5-15), we have

T . _ .
eh‘lfLO/ e SL(L A; —i 0Ly 0yAj)ds =" T IY (x) 4" P TIL I () (5-17)
0
with
2j+1

. T _ ~
ch(r)zf s (——ps) > (s (E) Bk ds.
0 k=0

For I’ the exponential term is equal to 1, and by integration of s¥, we obtain

SN A hig)™!
o)=Y o leg) =B . (5-18)
; k+1 7

For I _{, let us introduce Py, the polynomial of degree k such that

T 1
/0 sk ds = Y (€™ Pr(tA) — Pi(0))

for any A € C*. With this notation in hand, we easily see that the term et .7 i(r) has the form

) - AR AT , ,
e LI (1) =11 B (e" " P(t" (p— — p1)) — €" P Pr(0)), (5-19)
i " g (p— — p)kt1 77 "
where 7/ := h~!z. Thus, combining (5-18) and (5-19) with (5-15), (5-17) and (5-13) yields
2(j+1)

—1 ~ -1 _ ~_
Ajpr=e" I Ao = Bf ) + e fﬂ-(H_AjHl,:ﬁ > ‘r<s>>"B,-+1,k),
k=0
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where
2j+1 h(

J+1 =T Z (o — )k+1

and B 1.4 € hf“S /=1 as a linear combination of products of I1_e SO of h(£)~! (or h(é)k(p,—er)_k_l)
belonglng to hS™!, and of B],k ehiS.
Now, in order to have A, € S, we let the contribution of the exponentially growing term vanish by

2 P(0)B;; € /Tl !

choosing
H+A,-+1(y, £,0)= B;_+1(ya £).

Then, thanks to Remark 5.3, the boundary condition P_(y)A;1(y, §,0) =0 gives

P TII
Aj1(3,£,0) = ZHBL( v.8).
Finally, we have

2(j+1)

-1 H_P+H+ ~_
Ajri(y,E, 1) =¢ ”’@f)(k—@ B (3. &)+ Y (h 't &) B 40, s>),
+ k=0
and Proposition 5.5 is proven with
NPTl o,
Bji10= T Tt B]+1 0’

and, fork > 1, Bj;1x = BT

J+LE U

Remark 5.6. The computation of each term B; o can be done recursively, but this leads to complicated
calculations. For example Bj ¢ has the form

M_PiIiag | ((z+ia-0dy) 4 io-dyp_
k% 22 4).2

Bio(y,§) =h[1‘l+a0+ )H—Ao(y,é),

with ap(y) = ia - n% ().

Thanks to the relation (5-10), to any Al € 7?2 we can associate a bounded operator from L?(R?) into
L?(R? x (0, +00)). The boundedness in the variable yE R?isa consequence of the Calderon—Vaillancourt
theorem (see (2-8)), and in the variable 7 € (0, +00), it is essentially multiplication by an L°°-function.
Moreover, for A; of the form (5-14), we have the following mapping property which captures the Sobolev
space regularity.

Proposition 5.7. Let Aj, j >0, be of the form (5-14). Then, for any s > — j — 5, the operator A; defined
by
1 e oA
Ay f o A0 = s [ A e e ds
2n)* Jre
gives rise to a bounded operator from H*(R?) into H**IT1/2(R? x (0, 400)). Moreover, for any

€0, j+ 3] we have
1A | g5 - gs+ivra-1 = (’)(hl_m). (5-20)
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Proof. First, let us prove the result for s =k — j — %, k € N, between the semiclassical Sobolev spaces

HZ,y(R%) := (hDy) " L*(R?),
HE (R? x (0, +00)) := {u € L? : (hD,)"1 (h 8y,)"2u € L* for (ky, ka) € N?, ki + ko =k},

where (hDy) = \/—h?Ag2 + 1. Then, for f € H* (R*)*, we have

2 k k 2
1A 7 W o 0. 00m = D MADY (3 A F 12 g2 0,0
ki+ky=k

+oo
= Y. / (D)) (1 3,,) (A; ) y) 72 g2y A (5-21)

ki+hko=
Thanks to the ellipticity property (5-7), for A; given by Proposition 5.5, we have
(h 0,2 A5y, & y3) = Wb (v, & yp)e " 02 gy
with b; satisfying the following: for any («, B) € N? x N2 there exists Cy, g > 0 such that
109 90b;(y. & y3)| < Cap forall (y,&: y3) € R x R? x (0, +00).
Consequently, thanks to the Calderén—Vaillancourt theorem (see (2-8)), we can write
(hDy)* (h 8,,)*2 Ay = W B; (y3) (h Dy 1+ e seh D2,

with (B;(y3))y;~0 a family of bounded operators on L?(R?), uniformly bounded with respect to y3 > 0.
Then, for f € H*(R*)*, we have

(A Dy (h 8,2 (A ) 33) 22y S HY IR Dy Yl neh D2 g2,
and from (5-21) we deduce that

o2 < p2j+1 k—j—1/2 2j+1
AT Wt 0.0 ST IRD T2 oy = T I i

1-1/2

where we used that, for any / e N and f € H (R?),

||(hDy)le_h_1y3C<hD)'>/2f||iz(Rz) — (e_h_ly3"<hD~">(hDy)lf, (hDy)lf)Lz
h o -1, -
=05 e D) T f DY) ) 12
3

. . _ 1

By interpolation arguments we thus deduce that, for any j e Nand s > —j — 3,
j+1/2

||Aj||HSxd_)H:d+j+1/2 = O(h/T1/?),

This means that, for y := (y, y3),

(R D5 24 (R Dy) ™ | 262) - 1260 0,100y = OBT2). (5-22)
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In order to prove (5-20) (in classical Sobolev spaces), let us estimate (Dy)sﬂ +/2=l g i(Dy)™* from
L%(R?) into L?(R? x (0, 400)). The inequalities, for all £ € R?, d =2, 3, and h € (0, 1),

1< @& <hhg), &) '=me)™, E =1
imply, for j + % > [, s = max(s, 0), and s_ = s — 5, the estimates

(g)HITN2l < pmJ =1 2H =S pg)sHIH12 gy =S < pS- (pg) S
We deduce

(D5 2 AUDY " oy o SHTTTPH R RS IR Ds) 2 A (DY) N2 2.
Then estimate (5-20) follows from (5-22) using s+ —s_ = |s|. O

Proposition 5.8. Let f € H*(R?) and Aj, j =0, be as in Propositions 5.4 and 5.5. Then, for any
N>—-s—3 thefunctzon u}]’v = Z?’ZO thjf satisfies

{h dcity — Lo(y. hDy)ujy —hLi(yuy =hNHRY £ in R x (0, +00)., 5:23)

Poul = f on R? x {0},
with

Riy:fr / (L1Ay —i 9 Lo~ ,AN)(y, h&, 7)™ f (&) d&

(2m )2
a bounded operator from H*(R?) into H**NT1/2(R? x (0, +00)) satisfying, for anyl € [0, N+ %],

IRAN s prsenipt = ORI, (5-24)

Proof. By construction of the sequence (A ) je(o,...n—1}, We have the system (5-23) with

REy =0p" (1 (-, -,7)) and ri(y,& 1) =—(LiAy —idsLo-3,AN)(¥, £, T)

(see the beginning of Section 5B). As in the proof of Proposition 5.5, r;(, has the form (5-16) (with j = N).
Then, as in the proof of Proposition 5.7 we obtain the estimate (5-24). Ol

5C. Proof of Theorem 5.1. In this section, we apply the above construction in order to prove Theorem 5.1.
Let g € P_H'2(0Q)*, let (Uy, V,, ¢) be a chart of the atlas A, and let ¥, ¥, € C°(U,). Then
f = (p~)*(¥2g) is a function of H'/2(V,)* which can be extended by 0 to a function of H!/2(R?)*.
Then, for h =1/m and any N € N, the previous construction provides a function u};\, e H'(R? % (0, +00))*
satisfying _
(D, —ul, = AWNFIRE £ in R? x (0, ¢),
{F_u’;, =f on R? x {0},

with ufl, = Z "_oh/ A f (see Proposition 5.7) and R” f e HV*t1(R? x (0, ¢)) with norm in HVN 1,
le [0, N+5 ] bounded by (’)(hl 172y, Consequently, vN = qb*uN, defined on V, ,, satisfies

(D — 2V =WV TLY*(RE £) in Ve,
F_v?\, =g on U,.
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Now, let ESX(2)[y2g] € H'(Q)* be as in Definition 4.1. Since I'_v, = T_E2(2)[yg] = ¥g, the
following equality holds in V,, ,:

vy — Eg(@) 28] = WM T (Hyirr(m) — 2) 7' ¢* (R (0™ * (¥29)).
From this, we deduce that
Y1 2(8) = YT En(D[¥2g] = 1Tl — hY 1y Ty (Har — 2) 7' (R (07 ) * (¥22)).
Since ¢ |y, = ¢, for any u € H'(V,, x (0, £))*, we have that
Ty¢*w) = ¢*(Pyu Ly xq0), 1T 10k = Y19* Op” (@) (™) g,
with

N N
an(3.8) =) hPLAj(y,£0)=Y hiPiB;o(y, %),
Jj=0 j=0

where Bj o € h’S~J are introduced in Proposition 5.5. Thus, from Proposition 5.4, in local coordinates,
the principal semiclassical symbol of 7, is given by

P II_P_
P Boo(y,§) = P1Ao(y,§,0) = k—w()’, £).
+
Thanks to property (5-8) it is equal to
S-(EAn®(y)
—OYP_(y,£) = 2P (y.8).

VG e, 6) +1+1

We conclude the proof of Theorem 5.1 from results of Section 2D and by proving the following lemma
which is a consequence of the above considerations, the regularity estimates from Theorem 3.1(iii),
Theorem 3.4(i), and Proposition 4.2.

Lemma 5.9. Let 1, ¥y € C®°(X) be such that supp(yr1) Nsupp(¥2) = &. Then, for mg > 0 sufficiently
large, m > my, and for any (k, N) € N* x N¥,

11 Vol p_mi2csy s poakesys = Om ™).

Proof. Let ¢y, Y, € C°°(X) with disjoint supports. Thanks to Theorem 3.1(iii) and Theorem 3.4 (i),
to prove the lemma it suffices to show that, for any (N, N) € N2, there exists Cy,.N, such that, for
ge P_H'2 (D),
Cn.N _
||(wlézfm‘ﬁz)g||p+yl\’z+l/2(>:)4 =< ﬁ(n?go”(HMlT(m) —2) 1||H"(Q)4»H"+1(Q)4)
x| (Haair(m) = 27 13 gy paape I8 p_mgeys. (5-25)

For this, let us introduce ®; € Cgo(ﬁ) such that ®; = 1 near supp(¥;) and ®; = 0 near supp(yr2). Thus
for g € P_HY?(X)* and E,Ef(z)[xﬂzg] € H'(R) as in Definition 4.1, the function u1 » := ®; Efnz(z)[l/fzg]

satisfies o )
{(Dm —2uip =[Do, ®11E,;(2)[Y2g] inQ,
F_l/t1’2=q)][2¢2g20 on X.
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Then, u1» = (Hyir(m) —z) "' [Do, ®11EL(2)[¥2¢], and, for any @ € C$°() equal to 1 near supp(¥y),
we have

Y1 2(8) = Y1 T4 @1 (Hyrr (m) — )~ [ Do, ©11Eg (2)[¥28]-
Moreover, by choosing &31 such that 1 < @, thatis &; =1 on supp(&s 1), both functions o 1 and
[Dg, ®1] have disjoint supports, and we can then apply the telescopic formula
@ (Hyr(m) —2)~ (1 = x1) = @1 (Hyrr(m) —2) "' [ Do, xs1- - (Hwrr(m) — )~ [ Do, x2]
x (Hnrr(m) —2)~' (1 = x1)

for (x;)1<i<s afamily of compactly supported smooth functions such that 51 <AJ=<XJ_1 =< =<1 <Dy,
J = N1+ N,. Since [Dg, 1] = (1 — x1)[ Do, ©1], the above telescopic formula allows us to write
Y1, Pa(g) as a product of J cutoff resolvents of Hyyr(m). Now, by Proposition 4.2, we have

Q
I E, @) [V28]ll2@p S T”g”LZ(E)“
Thus, using the continuity of I'y from H™2T1(Q) to HN2*1/2(%), we then get the estimation (5-25),
finishing the proof of the lemma taking N> = k and N; such that Ny > N + %NQ(NQ —1). O

Remark 5.10. Note that, for any m > 0 and z € p(Hwr(m)), the parametrix we have constructed for .27,
is valid from the classical pseudodifferential point of view. Actually, Lemma 5.9 is the only result where
the assumption that m is big enough has been assumed, and it is exclusively required to ensure that away
from the diagonal the operator 7, is negligible in 1/m. In the same vein, if m is fixed then the proof of
Lemma 5.9 still ensures that away from the diagonal <7, is regularizing. Consequently, we deduce that,
for any m > 0 and z € p(Hwmrr(m)), the operator <7, is a homogeneous pseudodifferential operator of

order 0, and that
Dy

V=Ax

which is in accordance with Theorem 4.5.

Ay = P_ mod OpS~ (D),

Remark 5.11. If Q is the upper half-plane {(x], x3, x3) € R3 : x3 > 0}, we easily obtain that 7, is a
Fourier multiplier with symbol

o) = @ E=D)
&[> +m?+m
6. Resolvent convergence to the MIT bag model
In the whole section, 2 C R? denotes a bounded smooth domain, we set
Q=0 Q=R\Q ad T =92,

and we let n be the outward (with respect to €2;) unit normal vector field on X.
Fix m > 0, and let M > 0. Consider the perturbed Dirac operator

Hy o = (D, +MBlg,)g forall ¢ € dom(Hy) := H'(R*)*,
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where 1q, is the characteristic function of €2,. Using the Kato—Rellich theorem and Weyl’s theorem, it is
easy to see that (Hys, dom(Hyy)) is self-adjoint and that

Spess (Hy) = (—00, —(m + M)]U[m + M, +00)
and

Sp(Hy) N (—(m + M), m 4+ M) is purely discrete.
Now, let Hyr(m) be the MIT bag operator acting on L2(;)%, that is
Hyiir(m)v = D,,v  for all v € dom(Hyr(m)) :={v € HI(Q,»)4 :P_tsv=0o0n X},

where fx and P are the trace operator and the orthogonal projection from Section 2A.

The aim of this section is to use the properties of the Poincaré—Steklov operators carried out in the
previous sections to study the resolvent of Hy; when M is large enough. Namely, we give a Krein-type
resolvent formula in terms of the resolvent of Hyr(m), and we show that the convergence of Hj, toward
Hyirr(m) holds in the norm resolvent sense with a convergence rate of O(1/M), which improves the
result of [Barbaroux et al. 2019].

Before stating the main results of this section, we need to introduce some notation and definitions.
First, we introduce the Dirac auxiliary operator

ﬁMu = Dppyu forallu e dom(ﬁM) ={u e Hl(Qe)4 : Pitsu=0o0n X}

Notice that Hy; is the MIT bag operator on €2, (the boundary condition is with P, because the nor-
mal 7 is incoming for €2,). Since €2, is unbounded, Theorem 3.1 together with Remark 3.2 imply that
(Hy, dom(Hyy)) is self-adjoint and that

SP(Hr) = Spess (Hyr) = (=00, —(m + M)] U [m + M, +00).
In particular, p(Hy) C p(Hy)). Let z € p(Hyr(m)) N p(Hy), g € P-HY2()* and h € PLH'/2()*.
We denote by E,i,z" (z): P_HY?>(2)* - HY(Q;)* the unique solution of the boundary value problem

{(Dm —2v=0 in;,

6-1
P_tsv=g in X. -1

Similarly, we denote by Efnzi y@):PLH 12()* > H'(Q,)* the unique solution of the boundary value
problem
(Dm-i-M - Z)l/l =0 %Il Qe’ (6-2)
Pitsu=nh in X.
Define the Poincaré—Steklov operators associated to the above problems by

dpy=PitsEyi()P- and o, ), = P—IEEZiM(Z)PJr'

Notation 6.1. In the sequel we shall denote by Ry, (z), §M (2), and Ryt (2) the resolvent of Hyy, I-IM,
and Hyr(m), respectively. We also use the notation

e 'L =Pitsand I’ = F_,_I‘Q[ +F_7"Qe,
e Ev(2) = eq,En' () P— +eq ES, 1y (2) Py,

e Rvir(z) = e, Rmir(2)ro; + eﬂgﬁM(Z)rQe-
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With these notations in hand, we can state the main results of this section. The following theorem is
the main tool to show the large coupling convergence with a rate of convergence of O(1/M).

Theorem 6.2. There is My > 0 such that, for all M > My and all z € p(Hyrr(m)) N p(Hyy), the operator
V() =U - d’ MeJrM) is bounded invertible in H'/*(X)*, the inverse is given by

W, (@) = s — Al g — Aoy @)U+ A+ ),
and the following resolvent formula holds:

Ry (2) = Rwir(2) + En (@) ), T Ry (2). (6-3)
Remark 6.3. By Proposition 4.2(i), we have that
(Efi ()" = =BTy Ruir(@) and  (Ep () = =BT Ry (3)
for any z € p(Hyvrt(m)) N p(Hyy). Thus, the resolvent formula (6-3) can be written in the form

Ry (z) = Rvir(2) — (ﬁrﬁMIT(Z))*qja}l ()T Rt ().

Before going through the proof of Theorem 6.2, we first establish a regularity result that will play a
crucial role in the rest of this section. It concerns the dependence on the parameter M of the norm of an
auxiliary operator which involves the composition of the operators <7 and .«7¢

m+M-
Proposition 6.4. Let </ and oy v be as above. Then, there is My > 0 such that, for every M > My
and all z € p(Hyvitr(m)) N p(Hyy), the following hold:
(1) For any s € R, the operator Ep(2) : HS(Z)* - H(2)* defined by
En(@) =y — Aol — Ay Ti) ! (6-4)
is everywhere defined and uniformly bounded with respect to M.

(ii) The Poincaré-Steklov operator, <7y, ;. satisfies the estimate

—1
||”Q{m+M||P+HS+1(Z)4~>P,HS(E)4 S M for all s S R.

Proof. (i) Set T := (m + M). Then the result essentially follows from the fact that E,,(z) is a 1/t-
pseudodifferential operator of order 0. Indeed, fix z € p (Hmir(m)) N p(Hyr) and set h = 7~ 1. Then, from
Theorem 4.5 and Remark 5.10, we know that 7! is a homogeneous pseudodifferential operator of order 0.
Thus ! can also be viewed as a h-pseudodifferential operators of order 0. That is, 7! € Op" S%(%),
and, in local coordinates, its semiclassical principal symbol is given by

S- (& Anx))P_
|E An(x)]

where we identify & € R? with & = (&, &, 0)' € R?, and, for x = ¢(X) € =, we let n(x) stand for n?(¥).
Similarly, thanks to Theorem 5.1, for A sufficiently small (and hence M big enough) and all 4 < hg, we

ph,d,f, ()C, S) =
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also know that <77, is a h-pseudodifferential operator and that

S-(EAn(x)Py

ph,,rz%,ﬁ+M(x, 5) = — .
VIEAnR)]2+1+1

oy €O0p" SU(E),

Therefore, the symbol calculus yields, for all & < h, that (Is — <} /¢ M= Dy wh) is a 1/t-
pseudodifferential operator of order 0. Now, Lemmas A.3 and A.1 yield
S-EAnX)PLS-EAnx) Py |§AnX)| Py

EARIVIEARDPE+T+1)  VIEARGP+1+1

Thus
Iy — P,y (X, ) phere, (X, 8) — P e

m+M

(X2 )P gy (3, 6)
Al VIEAR@PF I+ L+ EARMI

=I4—|— >
EAR)2P+1+1 lEAR)2+1+1

From this, we deduce that (I — o/,.7¢. \, — /¢, ) is elliptic in Op” (). Thus, Ex(z) €
Op” §°(2), and, in local coordinates, its semiclassical principal symbol is given by

VIEARX)P+1+1
PhiEy (X, §) = - :
VIEARM)IT+ 1+ 1418 An(x)
As Epy(2) is an h-pseudodifferential operator of order 0, it follows from the Calderén—Vaillancourt
theorem (see (2-9)) that E,,(2) : H*(2)* — H*(X)* is well defined and uniformly bounded with respect
to M for any s € R proving assertion (i) of the theorem.

The proof of assertion (ii) exploits also the Calderén—Vaillancourt theorem which shows that, for
any s € R, any operator in 4 Op” S%(X) is uniformly bounded by O(h), with respect to &z =t~ € (0, 1),
from H*T!1(X)* into H*(X)* (see (2-9)). Thus, for any s € R,

| = Los(/=e a5+ T+ D)7y

uniformly with respect to t large enough. Then we conclude the proof of assertion (ii) by using that
(v/—t72Ax + I+ 1)~" is uniformly bounded from H**!(X)* into itself and that Dy is bounded from
HT ()% into H*(X)* (as a first order differential operator). O

< 'L'_] s
Hs+H1 (D)4 — Hs ()* ~

We can now give the proof of Theorem 6.2.

Proof of Theorem 6.2. Let My be as in Proposition 6.4 and M > My. Fix z € p(Hyvir(m)) N p(Hyr), and
let f € L2(R%)*. We set
v=ro,Ry@)f and u=rq Ry (2)f.

Then u and v satisfy the system

(Dm—2v=f in €2;,

(Dm4m —2u=f in L,

P_tsv= P_tsu on X,

Pitsv=Pitsu on X.
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Since E "(z) and Em 4 (2) give the unique solution to the boundary value problem (6-1) and (6-2),
respectively, and
I_Rwir(@re, f =0 and TRy (2)re,f =0,
if we let
p=T_u and ¢y =TI,v,
then it is easy to check that

{v = Ruir(@)re, f + Ex' (29, (6-5)

u=Ryu@)ro,f+ Em+M(Z)W-
Hence, to get an explicit formula for Ry;(z), it remains to find the unknowns ¢ and . For this, note that
from (6-5) we have

{w =Tyro,Ru(@) f =Ty Rair(@re, f + Ty En' (2)g), 66

¢ =T_ro Ry(2)f =T_Ry(@re,f +T_Epn (D[]
Substituting the values of i and ¢ (from (6-6)) into the system (6-5), we obtain
Ry (2) = eq, Rmir(2)ra, + eq, Ry (2)ra, + (eq, ESi(2)T_rg, + eQeEn?iM(Z)F+’”S2,-)RM(Z)
= Rwir(2) + Em ()T Ry (2). (6-7)
Note that, by definition of the Poincaré—Steklov operators, (6-6) is equivalent to

{Vf =Ty Rurr()re, [+ 7, (9),
¢ =T_Ry@ra, [+ 2y ().
Thus, applying I' to the identity (6-7) yields

(6-8)

TRt (2) = (I = ey, — oy y )T Ry (2) = W (T Ry (2).
Now, we apply (I + o/ + </¢ 'nia) to the last identity and get
I —i—,ng’ +,Q%6+M)FRMIT(z) (I —ﬂnzﬂfrﬁ_kM de MEQ{!)FRM(Z) = (Em(@))~ IFRM(Z)

where E,/(z) is given by (6-4). Then, thanks to Proposition 6.4, we know that, for M > M, the operator
(Ep(2))~" is bounded invertible from H'/>(£)* into itself, which actually means that W, is bounded
invertible from H'/?(£)* into itself, and that

o' = En@U + A+ A ).
From this, it follows that
TRy (2) = ¥y, ()T Rurr (2).

Substituting this into formula (6-7) yields
Ry (2) = Rwir (@) + En ()W}, ()T Ruir (2),
which achieves the proof of the theorem. (I

As an immediate consequence of Theorem 6.2 and Proposition 6.4 we have the following.
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Corollary 6.5. There is My > 0 such that, for every M > My and all 7z € p(Hyrr(m)) N p(Hyy), the
operators Eﬁi,l(z) : PLHS(2)* > PLHS(X)* defined by
B @ =U—-g,di )™ and Ey(2) = — i)

are everywhere defined and bounded for any s € R, and

123 @l py s (syi Py syt S 1
uniformly with respect to M > M.
Moreover, if v € HY(R** solves (D,, + MBlg, —z2)v = eq, f, for some f € L%(Q;)*, then rQ, v
satisfies the boundary value problem
(D —2rqu=f in ;,
F_v=Ey@) T+ Rr@) f on (6-9)
Fiv=T4yRuir(x)f + T v on .
Proof. We first note that Eﬂi,,(z) = Py E)(z) P+. Thus, the first statement follows immediately from
Proposition 6.4 . Now, let f € L*(Q:)*, and suppose that v € H'(R*)* solves (D, +MBlg,—z)v=egq, f.
Thus (D,, — z)rg,v = f in €;, and if we set
¢=P_tyv and ¢ = Pityv,
then, from (6-8), we easily get

¢ =Ey@ T+ Ruir(@) f and ¥ =Ty Rurr(2) f + 9,9,
which means that ro, v satisfies (6-9). U

Remark 6.6. Notice, from (6-8) and Corollary 6.5, we have

(F+’"Q,-RM(Z)JC):<EL(Z) 0 )( I szn‘;><F+R341T(Z)rQif>
[ _ro Ru(2) f 0 Ey@/\dy iy Ia T Ru@re.f )’

With this observation, we remark that the resolvent formula (6-3) can also be written in the following
matrix form:

<rgiRM<z>) B (RMIT@m,,) N (Ef,ff @DE @,y Emw(DEy Q) )(MRMT(z)mi)

re.Ru(2) Ru@re, EX L (DELG@)  EX ,@EL @)\ T-Ry(re,

An inspection of the proof of Theorem 6.2 shows that, for any M > 0, z € p(Hwmrr(m)) N p(Hy), and
f € L*(R%)*, one has

T Rwvir(2) f = Wa ()T Ry (2) f- (6-10)

When f runs through the whole space L*(R3)*, then the values of FﬁMIT(z) f and T'Ry;(2) f cover
the whole space H'2(£)*, which means that Rn(¥y,(z)) = HY?(Z)*. Hence, if one proves that
Kr(Wy(z)) = {0}, then Wy, (z) would be boundedly invertible in H'/?(X)*, and thus (6-3) holds without
restriction on M > 0. The following theorem provides a Birman—Schwinger-type principle relating
Kr(Hy — z) with Kr(Wy,(z)) and allows us to recover the resolvent formula (6-3) for any M > 0.
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Theorem 6.7. Let M > 0, and let Vy; be as in Theorem 6.2. Then, the following hold:
(i) Foranya € (—(m+ M), m + M) N p(Hyrr(m)), we have a € Spp(HM) < 0e€ Spp(\IJM(a)) and

Kr(Hy —a) ={Eu(a)g : g € Kr(Vy(a))}.

In particular, dim Kr(Hy; — a) = dim Kr(Wys(a)) foralla € (—(m+ M), m + M) N p(Hyrr (m)).

(i1) The operator WV y;(2) is boundedly invertible in H'2(2)* for all z € p(Hyrr(m)) N p(Hyy), and the
following resolvent formula holds:

Ry (2) = Rvrr(@) + En (25, )T Ryir (2). (6-11)

Proof. (i) Let us first prove the implication (=). Leta € (—(m 4+ M), m + M) N p(Hyrr(m)) be such
that (Hy; —a)e = 0 for some 0 # ¢ € H'(R*)*. Set ¢, = ¢, and ¢_ = ¢|q,. Then, it is clear that ¢
solves the system (6-1) for z =a with g = '_¢, and ¢_ solves the system (6-2) with 7 = " ¢. Thus,
Yy = E,,Sz" (@)T_¢and ¢p_ = EnsfiM(a)FJrgo. Hence, ¢ = Ep(a)tsp and 'L # 0, as otherwise ¢ would
be zero. Using this and the definition of the Poincaré—Steklov operators, we obtain

I+ Z)T_g =itz =tz =t59_ = (L4 + g ), )T 10,
and, since ty ¢ # 0, it follows that
W@tz = (Is — oy — ) )ng =0,

which means that 0 € Spp(\IlM (a)) and proves the inclusion Kr(Hy —a) C {Ey(a)g : g € Kr(Wy(a))}.
Now, we turn to the proof of the implication («). Leta € (—(m + M), m + M) N p(Hyyr(m)) and
assume that 0 is an eigenvalue of Wy, (a). Then, there is g € H'2(2)*\ {0} such that ¥;(a)g =0 on .

Note that this is equivalent to
(P + )8 = (Py+ )8 (6-12)

Since a € (—(m + M), m + M) N p(Hyur(m)), the operators E5 (a) : P_H'/2(£)* - H'(Q:)* and
E;fiM(a) : PJFHI/Z(E)4 — H'(Q.)* are well defined and bounded. Thus, if we let ¢ = Ey(a)g =
(ESi(a)P_g, ES¥ ,,(a) P+g), then ¢ # 0 and we have that (D,, —a)p =0 in ; and that (D, 1y —a)p =0
in Q.. Hence, it remains to show that ¢ € H'(R*)*. For this, observe that, by (6-12), we have

tEE;S;Ei (a)P_g = (P- +«527ni1)g =(Py+dpy )8 = tzEnsz;M(a)PJrg.

Thanks to the boundedness properties of E,S,,z" (a) and E 512; y (@), it follows from the above computations
that ¢ = Ey(a)g € H'(R*)*\ {0} and ¢ satisfies the equation (Hy; —a)p = 0. Therefore, a € Spp(HM),
and the inclusion {Ey(a)g : g € Kr(Wy(a))} C Kr(Hy — a) holds, which completes the proof of (i).

(i) Let z € p(Hyvut(m)) N p(Hyy), and note that the self-adjointness of Hy, together with assertion (i)
imply that Kr(W¥y,(z)) = {0}, as otherwise Kr(Hy; — z) # {0}. Since Rn(¥y;(z)) = H'/?(X)* holds for
all z € p(Hvrr(m)) N p(Hyy), it follows that Wy, (z) admits a bounded and everywhere defined inverse
in H'/2(2)*. Therefore, (6-10) yields T'Ry (z) = ¥;,' (z)T' Rvrr(z), and the resolvent formula (6-11)
follows from this and (6-7). [l
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Remark 6.8. Note the different nature of Theorems 6.2 and 6.7: the second ensures the invertibility of Wy,
and yields the resolvent formula (6-11) without assumption, while the first is based on a largeness assump-
tion that allows us (thanks to the semiclassical properties of PS operators) to obtain the explicit formula
of the operator (W)~!. Note that in Theorem 6.7 we do not know a priori whether (W)~ Lis uniformly
bounded when M is large, and hence (6-11) is not suitable for studying the large coupling convergence.

In the next proposition we prove the norm convergence of R (z) toward Ryr(z) and estimate the
rate of convergence.

Proposition 6.9. For any compact set K C p(Hyr(m)), there is My > 0 such that, for all M > My, we
have K C p(Hy) and, for all z € K, the resolvent Ry admits an asymptotic expansion in L(L2(R3)% of
the form

Ru(z) = eq, Rmit(D)ro; + %(KM(Z) + Lu(2)), (6-13)

where Ky (2), Ly (z) : LA(R3)* — L2(R*)* are uniformly bounded with respect to M and satisfy

ro, Ky (eq, =0=rq,Ky(2egq,.

In particular, .

|Ru (@) — e, Rurr(@re, ey 2oy = (57 )- (6-14)

Before giving the proof, we need the following estimates.

Lemma 6.10. Let K C C be a compact set. Then, there is My > 0 such that, for all M > My, we have
K C ,o(ﬁ m) and, for every z € K, the following estimates hold.:

~ 1 ~ 1
IRy (@) fll 20t + —M||F_RM<z>f||Lz(z>4 S ey forall f e L*(Q.)%,

T

~ 1
IT-Ru @ fllirremp S 371 2 forall f € L*(Q.)%,
1
IEZ @DV 2t S =Vl forall y € PLLA(D),

1
Q,
I @V 2@t S IV lmaey forall yr € P HYA (D)

Proof. Fix a compact set K C C, and note that, for M; > sup_x {|Re(z)| —m}, we have K C p(Dpyum,),
and hence, K C p(ﬁM) for all M > M;. We next show the claimed estimates for EM (z) and F_ﬁM (2).
For this, let z € K, and assume that M > M. Let ¢ € dom(Hy,). Then a straightforward application of
Green’s formula yields

HHM @720, = 1@ V@I F2q, s + n+ M0l 2 0 s + A+ M) Ptz 75 5
Using this and the Cauchy—Schwarz inequality we obtain
|| (HM - Z)(/J “%2(9()4 = || HMq)”%Z(Qe)ét + |Z|2 ||(P||i2(98)4 - ZRC(Z)<HM§0, (p>L2(Qe)4
> | Hu@l 72,0 + 122101720, — 3 1HM@ T2 00 = 2R PNl 72 10
> (50m+M)* + Im@)1* = Re@) )19l 72, s + 3MI P-159117 5 0-
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Therefore, taking Ry @) f=¢pand M > M, > supzeK{\/lRe(z) |2 — |Im(z)|2—m}, we obtain the inequality

~ 1 ~ 1
| Rm (@) f 2t + _M”FfRM(Z)f”LZ(Z)“ < M”]CHLZ(QE)“'

NeTi

Since I'_ is bounded from L%(2,)* into H~/2(X)%, it follows from the above inequality that

~ ~ |
IT-Ru (@) fllg-12my¢ S MU=l 2@t = a-12m)4 1RM (D) fll 20t S Mllf”LZ(szE)4

for any f € L*(2,.)*, which gives the second inequality.
Let us now turn to the proof of the claimed estimates for Eﬁi y(@)- Let ¥ € PLL*(X)*. Then, from

the proof of Proposition 4.2, we have

Q <
1K ||%2(>:)4 =z (m+M) ||Em+M(Z)w“%2(Qe)4 - 2|Re(z)|||Em+M(Z)1ﬂ||iz(Qg)4-

Thus, for any M > M3 > sup_ g {4|Re(z)| — m}, we get

Q2 2 2
M”Em+M(Z)¢‘”L2(QE)4 < 2||W||L2(2)4’

Q.
m+M

one and Proposition 4.2. Indeed, from Proposition 4.2(ii), we know that g T_Ry(Z) is the adjoint of

the operator Engf;M (z): PLH'*(2)* = L*(Q.)%. Using this and the estimate fulfilled by F,ﬁM (2), we

and this proves the first estimate for £ (z). Finally, the last inequality is a consequence of the first

obtain
Q. s
S E @) 2@t = KD Ru (D) f, BY) u-12(5)4, 112 (54
~ 1
SIT-Ru@ fla-r2e IVl mrsy S M”f”LZ(QL,)“”w”Hl/z(Z)“-

Since this is true for all f € L?(2,)*, by duality arguments, it follows that

Q. 1
IEy @V Izt S 371V ey forally € PLHYA()Y
which proves the last inequality. Hence, the lemma follows by taking My = max{M;, M», M3}. ]

Proof of Proposition 6.9. We first show (6-14) for some M) > 0 and any z € C\ R. So, let us fix such
az,and let f € L>(R*?. Then, it is clear that z € p(Hyr(m)) N p(Hy), and, from Theorem 6.2 and
Remark 6.6, we know that there is M > 0 such that, for all M > M),

| (Rum(2) — eq; Rvit(2)ra;) f 1 2@y
<IEZ(2) 8y (@ T Ruir@)re, £l 12t + I ES (D) By (T Ry (e, fll 200y
FIES (@B @ Rurr(@re, fll 2@t + 1 En (D) B @i TRy (2)ra, 20
+ ||§M(Z)rszef||L2(sz,_,)4
=i+ h+B+J+ s

From Lemma 6.10 we immediately get J5 < M~! Il 1. Now notice that I' . Ryrr(2) : L*(Q)*— H'2(2)4,
A HV2(2)* - H'Y2(S)* and Eyi () : H-V/A(2)* — H (o, i) C L2(2)* (where H (a, ;) is defined
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by (2-2)) are bounded operators and do not depend on M. Moreover, thanks to Corollary 6.5, we know
that, for all s € R, there is C > 0 independent of M such that

’-‘:‘:
| &% @I pebs sy = porszy* < C.
Using this and the above observation, for j € {1, 2, 3, 4}, we can estimate J; as follows:

I SVES @l p_ 122yt 20 19 op lm2csy o a2z 1T+ Rurr @7, £l iz sy
DS ||E,§lzi (Z)||H—'/2(Z)4—>L2(Q,-)4||F—§M(Z)FQEf||H—'/2():)4,

NEDS ||EngfiM(Z)||H1/2(2)4—>L2(Qe)4||F+RMIT(Z)’”Q,-f||H1/2(2)4’

Ja S ||E,iziM(Z)”LZ(E)4—>L2(Qe)4”fdril||L2(2)4—>L2(2)4”F—ﬁM(Z)rQefHL?(E)“-

Therefore, Proposition 6.4 (ii) together with Lemma 6.10 yield
TS 4l iy forany j €{1,2,3,4)
Thus, we obtain the estimate

C
| (Rum(2) — eq; Rmit(2)ra;) fll 2@y < Ml|f||L2(R3)4- (6-15)
Moreover, the asymptotic expansion (6-13) holds with

Ly (2) = M(eg, Ru(2)ra, +eq, ES (2) By (2) 8y Tt Ruim(Drey
+eq, Ep 1y E (@7 T_Ry (2)ra,).
and
Ky (z) = M(eg, ES (2) By ()T - Ry (2)rg, +eq, Ef,f:’rM(z) By T Ruir(D)re,),

and we clearly see that ro, Ky (2)eq, =0=rq, Ky (2)egq,.

Finally, since (6-15) holds true for every z € C\ R, for any fixed compact subset K C p(Hmir(m)),
one can show by arguments similar to those in the proof of [Barbaroux et al. 2019, Lemma A.1] that
there is Mo > M|, such that K C p(Hy). The proposition follows from the same arguments as before. [J

6A. Comments and further remarks. In this part we discuss possible generalizations of our results and
comment on the usefulness of the pseudodifferential properties of the Poincaré—Steklov operators.

(1) First note that all the results in this article which are proved without the use of the (semi) classical
properties of the Poincaré—Steklov operator are valid when X is just C!“-smooth with € (%, 1), and
can also be generalized without difficulty to the case of local deformation of the plane R? x {0} (see
[Benhellal 2022b] where the self-adjointness of Hyyr(m) and the regularity properties of CD?M, Cem>s

and A%, were shown for this case). We mention, however, that in the latter case the spectrum of the MIT
bag operator is equal to that of the free Dirac operator; see [Benhellal 2022b, Theorem 4.1].

(2) It should also be noted that there are several boundary conditions that lead to self-adjoint realizations
of the Dirac operator on domains (see, e.g., [Arrizabalaga et al. 2023; Behrndt et al. 2020; Benhellal
2022a]) and for which the associated PS operators can be analyzed in a similar way as for the MIT
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bag model. In particular, one can consider the PS operator %,,(z) associated with the self-adjoint Dirac
operator

Hyir(m)v = Do for all v € dom(Hyr(m)) := {v € H'(Q)*: Pytsv=00n T}.

According to the previous considerations, this operator can be viewed as an analogue of the Neumann-to-
Dirichlet map for the Dirac operator. Moreover, the same arguments as in the proof of Theorem 4.5 show

that
Ds

S- (Vg An)P, mod OpS~1(Z) =
/_AZ

B (2) = P, mod OpS~1(%)

1
/—A):
for all z € p(Dy) N p(Hyirr(m)).

(3) As already mentioned in the introduction, in [Barbaroux et al. 2019], it was shown that (in the two-
dimensional massless case) the norm resolvent convergence of Hys to Hyyr(m) holds with a convergence
rate of M ~!/2. Their proof is based on two main ingredients: the first is a resolvent identity (see [Barbaroux
et al. 2019, Lemma 2.2] for the exact formula), and the second is the inequality

1
IT-Rum(2) fllrasy S \/—||f||L2(R*)4’ (6-16)

which is a consequence of the lower bound

IV 1720, + M2V 112 g0 = (M = Ollts 1725y

which holds for all ¥ € H'(R3)* and M large enough (see [Stockmeyer and Vugalter 2019, Lemma 4]
for the proof in the two-dimensional case, and [Arrizabalaga et al. 2019, Proposition 2.1(i)] for the
three-dimensional case). Note that the resolvent formula (6-7) together with (6-16) yield the same result.
Indeed, from (6-6) and (6-16), we easily get the inequality

1T+ R (2) fllr2sys S I Il2eys-

This together with (6-7) and Lemma 6.10 yield

|(Rum(2) — eq; Rvit(2)ra;) f 1 L2@meye
<NES ()T —ro, Ru(@) fll 2 + IR (2)re, Szt + ||Em+M(Z)F+rsz,-RM(Z)f||L2(Q,_,)4

1
S I 122 mya-
\/— (R?)

(4) Finally, let us point out that a first order asymptotic expansion of the eigenvalues of Hj, in terms of
the eigenvalues of Hyr(m) was established in [Arrizabalaga et al. 2019] when M — oo. In their proof,
the authors used the min-max characterization and optimization techniques. Note that it is also possible
to obtain such a result using the properties of the PS operator, the Krein formula from Theorem 6.2,
and the finite-dimensional perturbation theory (see [Kato 1966] for example); see, e.g., [Benhellal
2019; Bruneau and Carbou 2002] for similar arguments. Note also that the asymptotic expansion of the
eigenvalues of Hj; depends only on the term Ef,,z" (&) (), n u '+ Rwvit(2)rg,. Indeed, let Ayt be
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an eigenvalue of Hyyr(m) with multiplicity /, and let (f1, ..., f;) be an L?*(Q;)*-orthonormal basis of
Kr(Hymrr(m) — Amrrls). Then, using the explicit resolvent formula from Remark 6.6, we see that
(Ru(2)eq; fr, e fj)L2(|];e3)4 = (E,S,,Zi (2) E;,,(Z)ﬂfni+MF+RMIT(Z)fk, fj)LZ(Q,-)4
= (B @ T+ RviT (@) fir =BT+ RMIT(2) f) 1203y
1 _

= m(DM(Z)%i+MF+fk, —BU4 fi) 22y
which means that E,izi (2) By () T+ RmiT(2)rg; is the only term that intervenes in the asymptotic
expansion of the eigenvalues of Hy,. Besides, recall that the principal symbol of E),(z), , ,, is given by

B S-(E An(0) Py
VIEARE)Z+ (m+ M2+ An()| + (m+ M)

and, for M > 0 large enough, one has

qm(x,§) =

1 S | _
g, €)= =S EAnIPLY g P 6Py, presT.
=1
Using this, we formally deduce that, for sufficiently large M, Hj, has exactly [ eigenvalues ()»,’!” )i<k<]
counted according to their multiplicities (in B(Amrt, 17), With B(Amrr, 7) N Sp(HAvrt(m)) = {Amrr}) and
these eigenvalues admit an asymptotic expansion of the form

N
1 1 i _
A = At + a7t E WM;J( +OM~ Ny, (6-17)
=2

where (i) 1<k< are the eigenvalues of the matrix M with coefficients
mij = 5(BOP(S - (€ AnCONT 4 fi, T fi) 12(5)6-
Appendix: Dirac algebra and applications

In this appendix, we recall the anticommutation relations of Dirac matrices and give formulas used in the
paper. Consider the 4 x 4-Hermitian Dirac matrices «j, j = 1,2, 3, and B, whose possible representation
is given at the beginning of the paper. These Dirac matrices satisfy the anticommutation relations

{aj,ax} =28uls, {aj, B}=0, B=1L, j ke{l,2,3}, (A-1)

where we recall that { -, - } is the anticommutator bracket.

Recall the definition of the spin angular momentum S and the matrix ys (see (2-13)), and note that,
by (A—l), we have S = (i()[za3, —ia1a3, ial()lz).

Using the anticommutation relations (A-1), we easily get the following identities for all X, Y € R3:

ila-X)(a-Y)=iX-Y+S-(XAY), [ys,a-X]=0,

(A-2)
(S-X,a-Y}=—2(X-Y)ys, [S-X,B]=0.

Let us now give some relations we have used for #, a normal vector field to a smooth domain 2 C R3,
and for 7, a tangent vector, in particular for T = n A &, where £ is a Fourier variable.
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Lemma A.1. Let n € R3, and let T € R? be such that T L n. Then the following identity holds:
(S-t+it@-mp)’ =t +Inl*)La.
Proof. Using the relations (A-1) and (A-2), we get

(S-0)=ys(a-1)ysa 1) = (y5)° (@ - 1)* = |7 Lu.
Then we have

(S t+il@ -mp)’ =1t = (a-mp)> +i{S 1, (@-mp} = (t* +n) L +i{S -7, (-8B},
and since t -n =0, by (A-2), we obtain
{S-t,(a-nB}={S-t,a-n}p+a-n[S-1,8]=0,
and the conclusion follows. O
Proposition A.2. For & € R and n € R? such that |n| = 1, we define the matrix-valued function
lo(n, &) =i(a-n)(e-§+p).
Then ly(n, &) has two eigenvalues given by
pir(n, &) i=in-E£r(n, &), withi(n,&)=+/|n AEX+ 1.

The associated eigenprojections (onto Kr(lo(n, §) — p+(n, £)14)) are given by

S-(n/\S)—i—i(a-n)ﬂ)
An, &) '

[Mi(n, &) := %(14:&
Proof. By applying (A-2) for (X, Y) = (n, &), we get
lon, &) =in -EL4+S-nANE)+i(a-n)p.
Thanks to Lemma A.1, the Hermitian matrix h(n, £) ;=S - (n A &) +i(x - n)B satisfies
h(n,§)* = (In A&+ 1) 1a = A(n, ).

Therefore, h(n, &) has the eigenvalues £A(n, §), and the associated eigenprojections are given by

1 h(n,§)
Mi(n,&)==(L4x ,
21, ) 2<4 e
which proves the claimed results since lo(n, &) =in-§l4+h(n, §). O

Lemma A.3. Given n € R? such that |n| =1, let P+ =T14(n, 0) = %(14:&1'(0: -n)B) be the eigenprojections
onto Kr(i(« - n)B F 14). The following properties hold:

() For any v € R3 such that t 1 n, we have

PL(S-t1)=(S-1)Px, Pi(a-n)=(ax-n)Px and Pip=pP.
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(ii) For any & € R3, the projections T+ (n, &) defined in Proposition A.2 satisfy

Pil'IiPi = k+P:|:, P:FH:EP = k,P:t and P:tH;FP = :F®P , (A-3)
with
1
kr(n,&)==|1x , Om,&)=—S-(nn§). A-4
+(n, §) 2( X(mé‘)) (n,§) 2. E) (nn§) (A-4)
Proof. The relations of (i) follow from (A-2). For the proof of (ii), let us write [T+ (n, £) as
1 i 1
Ni(n, &) =Pyt ——S-nAE)P- £+ = (- —1).
+(n,§) =Py . ) (nA§)Px 2(05 n)ﬁ<x(n,f§) )
Then, using item (i) of this lemma (with T =n A §) and the fact that Pri(a -n)B = Py, we get
1 1
Pl = P:|::|:—S-(l’l/\%‘)P:F-f-l ——1 Pi=k+P:|::|:®P:F,
2\ 2\ X
Pl'I—j:IS(/\S)P L(! 1)P-=k_P-+0OP
FHET I MASIET AL FEAEREE
with k+ and © as in (A-4). Hence, (A-3) directly follows from the above formulas and the fact that Py
are orthogonal projections. O
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We study a system of semilinear wave equations on Kerr backgrounds that satisfies the weak null condition.
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1. Introduction
The semilinear system of wave equations in R!*3

Up = 0[3¢p, 0¢],  Pli—o = o, 0:dli=0 = @1,

where Q is a quadratic form, for small initial data has been studied extensively. For the scalar equation, it
is known that the solution can blow up in finite time for (¢ = (9;¢)?; see [John 1979]. On the other hand,
if the nonlinearity satisfies the null condition by Klainerman [1984], e.g., ¢ = (3;0)% — |0:p|?, it was
shown independently in [Christodoulou 1986] and [Klainerman 1986] that the solution exists globally.
This result was extended to quasilinear systems with multiple speeds, as well as the case of exterior
domains; see, for instance, [Metcalfe et al. 2005; Metcalfe and Sogge 2005; 2007; Hidano 2004; Lindblad
et al. 2013; Klainerman and Sideris 1996; Alinhac 2003; Lindblad 1992; 2008; Sideris and Tu 2001;
Facci and Metcalfe 2022]. There have also been many works for small data in the variable coefficient case.
Almost global existence for nontrapping metrics was shown in [Bony and Héfner 2010; Sogge and Wang
2010]. Global existence for stationary, small perturbations of Minkowski was shown in [Wang and Yu
2014], for nonstationary, compactly supported perturbations in [Yang 2013], and for large, asymptotically
flat perturbations that satisfy the strong local energy decay estimates in [Looi and Tohaneanu 2022]. In
the context of black holes, global existence was shown in [Luk 2013] for Kerr space-times with small
angular momentum, and in [Angelopoulos et al. 2020] for the Reissner—Nordstrém backgrounds.
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Written in harmonic coordinates, the Einstein equations take the form

Ueguv = Pl0,ug, 0vgl + Ouvldg, 9g],

where U, is the wave operator on the background of the Lorentzian metric g, and P and Q,,, are quadratic
forms with coefficients depending on the metric. Unfortunately the nonlinear terms do not satisfy the null
condition. Yet Christodoulou and Klainerman [1993] were able to prove global existence for Einstein
vacuum equations R, =0 for small asymptotically flat initial data. Their proof avoids using coordinates
since it was believed the metric in harmonic coordinates would blow up for large times. However, later
Lindblad and Rodnianski [2003] noticed that Einstein’s equations in harmonic coordinates satisfy a
weak null condition, and subsequently used it to prove stability of Minkowski in harmonic coordinates
[Lindblad and Rodnianski 2005; 2010]. Whereas it is still unknown if general equations satisfying the
weak null condition have global existence for small initial data, there have been a number of results in
that direction, including detailed asymptotics of the solution; see for example [Alinhac 2003; Lindblad
1992; 2008; 2017; Keir 2018; Deng and Pusateri 2020; Yu 2021a; 2021b].

There has recently been a lot of activity in proving asymptotic stability of black holes. As a first step
people have proved decay of solutions to wave equations on Schwarzschild and Kerr background [Blue and
Soffer 2003; 2005; Blue and Sterbenz 2006; Marzuola et al. 2010; Dafermos and Rodnianski 2009; Tataru
and Tohaneanu 2011; Dafermos et al. 2016; Andersson and Blue 2015]. People have also studied semilinear
perturbations [Luk 2013; Ionescu and Klainerman 2015] satisfying the null condition, but apart from
our recent papers [Lindblad and Tohaneanu 2018; 2020], and a global existence result for the Maxwell—-
Born-Infeld system on a Schwarzschild background [Pasqualotto 2019], little is known about quasilinear
perturbations or semilinear perturbations satisfying the weak null condition. There has more recently been
progress on the nonlinear stability of Schwarzschild and Kerr [Klainerman and Szeftel 2022a; 2022b;
2023; Dafermos et al. 2021; Giorgi et al. 2022]. These proofs are very long, using sophisticated geometric
constructions. We hope that studying models of Einstein’s equations in wave coordinates will simplify
the proofs and lead to a better understanding and extensions as it did for the stability of Minkowski space.

Finally we remark that there are several recent works on the cosmological case. Hintz and Vasy
[2018] proved the stability of Kerr—de Sitter with small angular momentum; see also [Fang 2021; 2022]
for an alternative proof. More recently there have been works on the wave equation on Kerr—de Sitter
background for large angular momentum assuming there are no growing modes [Peterson and Vasy 2021;
Mavrogiannis 2022].

1.0.1. The semilinear Einstein model. An example of a simple semilinear system satisfying the weak
null condition, but not the classical null condition, is the system

O¢1 = (3,¢2)%,  Og¢n =0.

It is trivial to see that this has global solutions, and moreover that ¢; decays slower than 1/¢. A less
trivial example is the semilinear system

O¢1 = (342)° + Q13¢, 9], D¢ = 0239, 391,
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where Q; are null forms. These systems have the advantage that the components ¢; and ¢, decouple to
highest order. For Einstein’s equations there is the additional difficulty that this decoupling can only be
seen in a null frame, and contractions with the frame do not commute with the wave operator as far as the
L? estimate. Hence a more realistic model is the system is

D¢/LV = P[a,u(p’ 8v¢] + Q,w[3¢, 8¢],

where P is assumed to have a certain weak null structure. Contracting with a nullframe this resembles
the decoupled systems with ¢, in place of ¢, where L*0, = d; — 9,, and ¢, replaced by the other
components ¢7y, where T is tangential to the outgoing light cones. The only really bad component is
d¢. 1 but this one does not show up quadratically in P for Einstein’s equations. It shows up linearly but
multiplied with a component d¢y ; that has vanishing radiation field due to the wave coordinate condition.

With the goal of understanding Einstein’s equations in (generalized) harmonic coordinates close to Kerr
with small angular momentum, we will focus on the following system, which resembles the semilinear
part of Einstein’s equations:

Ok v = Pl3u. 0,01+ Qp[0¢. 081, 7>0. ¢limg=do. Tlico= 1. (1-1)

Here Ok denotes the d’ Alembertian with respect to the Kerr metric, and Tisa smooth, everywhere
timelike vector field that equals , away from the black hole. The coordinate 7 is chosen so that the slices
{ = const. are space-like and 7 = ¢ away from the black hole. For simplicity we will consider compactly
supported smooth initial data, but suitably weighted Sobolev spaces of large enough order would suffice.
Moreover, Q,,, are null forms and P is a symmetric quadratic form:

Plp, Y] = PP (x /1) puptrys,

with coefficients with a certain weak null structure. We remove the component d¢y;, by imposing the
condition

PLL* (x /7)) = P*PLL (x JT) = 0.

For this system we cannot have different energy estimates for different components because the null
structure is only seen in a null frame and contractions with the frame do not commute with the wave
operator. Because of this, one cannot get the decay estimates directly from the L? estimates but one has
to use the equations again to get improved decay estimates. As a result, the proof is more involved. The
method we develop avoids boosts vector fields and combines local energy decay in a compact set with
estimates in characteristic coordinates at the light cone. It gives an essentially optimal decay of almost 7,
which is an improvement over 7~!/2, which can be obtained more easily from energy estimates. The
method in particular works close to Minkowski where it gives the optimal decay without using boosts.

Finally we remark that this system can be combined with the quasilinear system that we previously
studied [Lindblad and Tohaneanu 2018; 2020] (see also [Looi 2022] for improved pointwise bounds) to
resemble also the quasilinear part of Einstein’s equations

Oep10un = Pl3ud, 3,01+ Q[0 041,
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where
¢Plp] = K°P + H*P[¢], where H*?[¢p] = H*P*’(x /i), and HELW (x /) =0,

1.0.2. Statement of the results. We are now ready to state our main result. We define 7 to be some
function that equals r near the event horizon, and r} away from it; see Section 2 for more details. We
also fix r, satisfying r_ < r, < ry, and define (x) = (2 + |x|>)!/2.

Theorem 1.1. Let Ry > r,, and assume that ¢, ¢ are smooth and compactly supported in ¥ < Ry. Then
there exists a global classical solution to the system (1-1) (on a Kerr metric with |a| < M) provided that,
for a certain €y < 1 and large enough N, we have

EN(0) = [[(d0. PO av+1 v = €o.

Moreover, for some fixed positive integer m, independent of N, we have for any § > 0

En (O){In((#)/ (i — 7))
(7) ’

(0p70)<N-—m| S

En O)(In((7)/(f — 7))

<
|¢§N—m| ~ r(f—f}

10¢<n—m| <

En(0)
r{f —7r)l=8"

’

Note that is an improvement of the decay estimates we previously proved essentially by a factor of 7~1/2.
Note also the structure here, that a derivative decreases the homogeneity, but because the homogeneous
vector fields we can use together with the wave operator do not span the tangent space at the origin or at
the light cone, a derivative only improves by a power of r close to the origin and a power of 7 — 7 close to
the light cone. Note also that close to the light cone we have a better estimate for the good components
which is due to the weak null structure.

1.0.3. Structure of the proof. The starting point is the local energy estimate in Section 2. The local
energy scales like the energy, which is consistent with a decay 7~!/? of order —% for ¢ and —% for the
derivatives, and this is also the decay we were able to obtain in our previous paper from a bound of the
local energy applied to scaling and rotation vector fields; see Section 3. Assuming these decay estimates,
one can go back into the equation and get improved decay estimates. In fact from these decay estimates
the total decay of the inhomogeneous term would be —3, which would be consistent with a solution of
the wave equation with decay of order —1. We prove this using L*> estimates for the wave operator from
Section 5. However the first improved estimates we obtain have the improved decay in r or f — 7 and we
need improved decay in 7. For this we have other estimates turn decay in r or 7 — 7 into decay in 7; see
Section 4. The whole argument is put together in the last section.

The paper is structured as follows. In Section 2 we introduce the Kerr metric, the vector fields we will
use, and the local energy estimates which will play a key role in the proof. Sections 3, 4, 5, and 6 contain
various estimates that will allow us to extract the necessary pointwise bounds for (vector fields applied to)
the solution. Finally, Section 7 contains the bootstrap argument.
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2. The Kerr metric and local energy estimates
2.1. The Kerr metric. The Kerr geometry in Boyer—Lindquist coordinates is given by
ds® = gl dt* + gigdtde + gfdr’® + g5, de” + ghd6”,

where t € R, r > 0, (¢, 0) are the spherical coordinates on S? and

K A —a?sin’ 6 K 2Mr sin® 0 K 0>
81t Z_T’ 819 =~ “T’ 8rr =7
(r* +a®? —a*A sin?6
8y = e sin 0, gy = p,

with
A=r’=2Mr+a* p?=r*+a*cos’6.

Here M represents the mass of the black hole, and aM its angular momentum.
A straightforward computation gives us the inverse of the metric:

tt__(r2+a2)2—a2Asin29 0 _ 2Mr rr_é
K — IOZA ) gK_ apzAv gK_pzv
g¢,¢:A—a2sin29 g%:i
K p2Asin2e = K T p?

The case a = 0 corresponds to the Schwarzschild space-time. We shall subsequently assume that a is
small 0 < a < M, so that the Kerr metric is a small perturbation of the Schwarzschild metric. Note also
that the coefficients depend only r and 6 but are independent of ¢ and ¢. We denote the d’ Alembertian
associated to the Kerr metric by Cg.

In the above coordinates the Kerr metric has singularities at » = 0, on the equator # = 7, and at the
roots of A, namely ry = M 4 +/M? — a2. To remove the singularities at r = r1. we introduce functions
ry =rg(r), vy =t+rg and ¢, = ¢ (¢, r) so that (see [Hawking and Ellis 1973])

dri =(*+a>)A N dr, dvy =dt+dr}, do, =dp+aA""dr.
Note that when a = 0 the r}-coordinate becomes the Schwarzschild Regge—Wheeler coordinate
r*=r+2Mlog(r —2M).
The Kerr metric can be written in the new coordinates (v, r, ¢, 0),
ds? = —(1= 227\ 42 4 2drdv, —dap>Mr sin? 0dvsdgs — 2a sin® Odrde. + p2d6
= pe i + P r sin vydp4 — 2a sin rdgs +p
+p2[(r* +a*)* — Aa” sin® 0] sin® 6 d g7,

which is smooth and nondegenerate across the event horizon up to but not including » = 0. We introduce
the function

f:U+—,bL(}’),
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where 1 is a smooth function of r. In the (7, r, ¢, 6)-coordinates the metric has the form
2M 2M ~ -
ds® = (1 — —zr) di* + 2(1 —(1- —zr),u/(r)) di dr —4ap~*Mrsin® 0 di do .
p p

+(2 / _ _2& 1 2 2 _ -2 ’ i 2
w(r) 1 2 (uw () )dr-—2a(1+2p “Mru/'(r)) sin“ 0 dr do

+p*d6* + p2[(r* +a*)* — Aa®sin” 0] sin” 0 g3 .
On the function p we impose the following two conditions:
(i) w(r) = rg for r > 2M, with equality for r > %M.

(ii) The surfaces 7 = const. are space-like, i.e.,

, 2Mr\ ,
wr)y=0, 2-— 1—7 w(r)=0.

As long as a is small, we can use the same function p as in the case of the Schwarzschild space-time in
[Marzuola et al. 2010].
We also introduce

¢ =c(r)ps+ (1= (),

where ¢ is a cutoff function supported near the event horizon.

We fix r, satisfying r_ < r, < r. The choice of r, is unimportant, and for convenience we may simply
use 7, = M for all Kerr metrics with a/M < 1. Let M ={f>0:r >r.,}, Z(T)=MN{f =T}, and
dX kg be the induced volume element on X (7).

Let 7 denote a smooth strictly increasing function (of r) that equals r for » < R and r¢ for r > 2R for
some large R. We will use the coordinates (7, x’), where x' = 7. Note that, since r & 7, we can use rk

and 7¥ interchangeably when defining our spaces of functions in what follows.
2.2. Vector fields and spaces of functions. Our favorite sets of vector fields will be
delo;,d), Qel{x'd—x'd), S=7d;+7d,

namely the generators of translations, rotations and scaling. We set Z = {9, €2, S}.
We also denote by ¢ the angular derivatives,

and let
56(8Uaa)’ 8U=8f+af

denote the tangential derivatives. We also let L = 9; — 0;.
For a triplet o = (i, j, k), we define |o| =i + 3 + 3k and

Uy = 9'Q S*u, U<m = (UA)|A|<m-
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The notation is borrowed from [Lindblad and Tohaneanu 2018], and takes into account the loss of
derivatives that occurs when applying weak local energy estimates to vector fields.
Given a norm || - || x, we write

lu<mllx =" llualx.

[Al<m
We define the classes SZ(r¥) of functions in Rt x R3 by
festth = 1Z/fa.nl=cnt j=0.
Given a family of functions G, we will also use the notation
festihg
to mean that

f=Y higi. hieS*h), geg.

We will also use the notation U for an element of $%(1)Z, and T for an element of S%(1) 3.
An important observation is that, since

i—F 1 4
0y=——0+=5, §$eS 7Ha,
we have
- F—F 1
dw] S ——dw| + —|Qu|. (2-1)
r r
Moreover, an easy computation gives
[Ok, dlp € S2(r~2)00='¢p, [Dk, Qe € S%(r~%) 30='9,
[Ok, Slp € S“(H0xd + S“(r 21 dp + S*(r21) 3Qp + S*(r ) 39='9,
and thus by induction we obtain that
Ok, Z%1¢p = F1+ F>, Fi e S“?()(OkP)<p)y,  F2 € S“r*) d¢p<ia). (2-2)

‘We now claim that
[Z,d] € SZ(1)a+ S?rHa. (2-3)

Indeed, we compute

(07, 91=0, 18,01 =17, 91 € S, (8, 71 S“¢™ N,
[Q.0,]=0, [Q.71€S*(D7, [S.8,]=0,. [S. 91eS*(Dy.

This proves (2-3).
Given vector fields X and Y, we define

dxy = X YPyp.
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Similarly, we can write the coefficients P with respect to the vector frame {L, 3} as
papvs — pLLySpayp 4 Z pTUysTayB,
paBrs paﬂLLLVLS + Z peBTUTY 8
The assumptions on the coefficients P*/7? are the following:
PPY? € §7(1), (2-4)
pLLap _ paBLL _ (2-5)

Equation (2-5) means that terms like L¢r; d¢ do not appear on the right-hand side of (1-1).
The assumption on the null forms Q,, is that

03¢, 3p] € S (1) 3. (2-6)

2.3. Local energy estimates. We consider a partition of R? into the dyadic sets Az = {R < () < 2R}
for R > 1.
We now introduce the local energy norm LE

—1/2
lullLe = sup 1)~ 2l L2 virmxcag) -
R

—1/2
lulligg, ) = sup P ™ 20l L2 vt 1)

its H' counterpart
—1
lull gt = 0ulle + 1{r) " ullLE,

—1
el gy, g = 10ullro, + 107) ™ wlLEgo, ..
as well as the dual norm

I e =D 1Y Fllzgunmsae:
R

I F L o.01 = Z 1) 2 £ 1l L2, 1xm)-
R
We also define similar norms for higher Sobolev regularity

lu<mllg = D luallg

l|<m
||u<m||LE1[o 1= Z ”I’t‘)‘”LE1 lo.1]
||<m
lt<mllLEL, 1 = Z luallLEr. s
la|<m

respectively,

I g = D 19 fller,

lo| <k

I gy = D 10 FlILEfo..-

|| <k
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Finally, we introduce a weaker version of the local energy decay norm
luellp g = 111 = xps) Buellie + 18,ullie + 114r) ™ ullie,
lllLg! .01 = K1 = Xps) OuellLEfo.s1 + 119 ulILE..] + 14y~ el LEg.. -

To measure the inhomogeneous term, we define

- = in (L = s .
I/ llLEs ‘fﬁfz:fllflllum 11— xps) f2llLE

I FIILE: (6.1 = ; il}zf ; I filligg, ez + 1L = Xps) f2llLE (o, 41-
o

Here yx,, is a smooth, compactly supported spatial cutoff function that equals 1 in a neighborhood of
the trapped set. We also define the higher-order weak norms as above.
We define the (nondegenerate) energy

1/2
E[ul(®) = (fm |8u|2d2K) :
t

We now fix some §; < 1, and define, for a large enough constant R; (so that in particular y,; = 0
when r > Ry):

EN(T) = sup Elp<n1@) +ll¢<nliigr 071+ 167 = YTyl 20 1i202m) 2-T)

0<i<T
We will need the following local energy estimates for the linear problem:

Lemma 2.1. Assume that Ug¢ = F, and N is any nonnegative integer. We then have for any T > 0 that
EN(T) S ENQO) + I F<nlILEx 0,715 (2-8)
where the implicit constant is independent of T.

Proof. We start by proving the base case N = 0, that is,

sup E[@1D) + 191l o,y + I1E =7 0280 o0 7902200 S ELS1O) + 1 Flles o - (2-9)

0<i<T

Theorem 4.1 from [Tataru and Tohaneanu 2011] gives the desired bound for the first two terms on the
left-hand side. On the other hand, Lemma 4.3 in [Lindblad and Tohaneanu 2018] and Cauchy—Schwarz
yield

I = 7)1 20280 210, 710202 R0 S 1Mt 0,77 + I F lLes 0,71

We now commute the equation with the vector fields in Z. Applying the base case estimate (2-9) to ¢y

for some |a| = N yields
Sup E[¢O{](f) + ||¢0l ”LElIU[O’T] + ” (f - f>(_1_81)/25¢a ”LZ[O,T]LZ(I'ZRI)

0<i<T
S @allig 0,7y + 1 Fallies 0.1 + 10k, Z€19lILe; 077
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We are left with bounding the last term on the right-hand side. By (2-2) we have

2
I0x, Z*1p ez 0,71 S 1 F<jel e 0,71+ I1r > 8b<jai ILeg 10,71 S Il F<lal ILeg 10,71 + 10 <jet gt 0,7
We now sum over all |o| = N. ]

The first estimate of this kind was obtained by Morawetz for the Klein—Gordon equation [Morawetz
1968]. In the Schwarzschild case, similar estimates were shown in [Blue and Soffer 2003; 2005; Blue and
Sterbenz 2006; Dafermos and Rodnianski 2009; 2007; Marzuola et al. 2010]. The estimate for Kerr with
small angular momentum was proven in [Tataru and Tohaneanu 2011] (see also [Andersson and Blue
2015; Dafermos and Rodnianski 2013] for related works). For large angular momentum, see [Dafermos
et al. 2016] (Ja| < M) and [Aretakis 2012] (|a| = M).

3. Pointwise estimates from local energy decay estimates

The goal of this section is to show how to extract (weak) pointwise estimates from local energy norms.
These bounds will serve as the starting point in an iteration that will yield strong enough pointwise bounds
to close the bootstrap argument in Section 7.

Let

Cr={T <f<2T:F <t}

We use a double dyadic decomposition of C7 with respect to either the size of £ — 7 or the size of r,
depending on whether we are close or far from the cone,

Cr= L-JlngTMC%e U U1§U<T/4C¥’
where for R, U > 1 we set
CR=Crn{R<r<2R}, C{=Crn{U<i-F<2U},
while for R =1 and U = 1 we have
Crl=crn{o<r<2), C¥-'=cCrn0<i—7<2}.

The sets Cﬁ and C}] represent the setting in which we apply Sobolev embeddings, which allow us to
obtain pointwise bounds from L? bounds. Precisely, we have (see Lemma 3.8 from [Metcalfe et al. 2012]
and Lemma 6.2 in [Lindblad and Tohaneanu 2018]):

Lemma 3.1. For any function w and all T > 1and 1 < R, U < JTT we have

1 . 1 o
||w”Loo(lef) 5 W Z ”Sl QjW”U(C?) + W Z ||Sl Q] 8w||L2(C$), (3-1)
i<1,j=<2 i<l1,j<2
respectively,
! i v iQi
lwlise) S Tapgr 2o ISR wlien + o Do I8 0wl G2

i<1,j<2 i<1,j<2
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Using the lemma above, we prove the following pointwise bound:

“n—1,7 =\1/2
lwllecry S O =A P llwerallgrom- (3-3)

Indeed, in the region CR, this is an immediate application of (3-1). On the other hand, in the region C}J
this follows from (3-2) and Hardy’s inequality; see (6.7) in [Lindblad and Tohaneanu 2018].

We also need an L* bound on the derivative that is better than (3-3) for large r. This is the content of
the following, which is essentially Proposition 3.5 in [Looi and Tohaneanu 2022]

Proposition 3.2. Let

w:=min((7), (f — F) /2.

Assume that ¢ solve (1-1) fort € [T, 2T1. Then for any dyadic region C € {CX, Cg} and m > 0 we have

— 1/1
10¢<m L) < Cm; (m + ||8¢§(m+10)/2”L°°(C)) Ip<m+sllLgt 7,21 (3-4)

Here the crucial estimate was the following Klainerman—Sideris-type estimate; see Lemma 5.4 in
[Lindblad and Tohaneanu 2018] (for Schwarzschild) combined with the remarks after (5.13) in [Lindblad
and Tohaneanu 2020]:

Lemma 3.3. For any w and multiindex A we have in the region r > 2R, that

t
——[dw<a+3] + 7= [Uxkw) <l
r{t—r)

Pwal S -
[07wal S =7
We now apply (3-2) to d¢ for any |A| < m. We obtain

1 . U'/? -
190alinct) S Tagm 2o 1S 00nliaeyy + 5 Do 1S°R7 9l

i<l,j<2 i<l,j<2

| (DK¢)§|A|+10||L2((;¥)-

1
lp<iar+13llLgtr 2 + T

<
~ TU1/2
Since

|Oxd)<iaj+101 S 10P<|al/2+45! [0D<|A|+10]

the conclusion follows in the region C g . A similar computation yields the result in C 713.

4. Improved pointwise bounds

We will use three lemmas that will help us improve our pointwise bounds. The first one is Proposition 3.14
from [Metcalfe et al. 2012], which will allow us to turn r-decay into ¢-decay in the region r < %t.

Lemma 4.1. The following estimate holds for all m > 0 and some fixed (m-independent) n:

-1
” U<m ”LEl (C;T/z) 5 T || <r>”5m+n ||LE1(CT<T/2) + ” (DK”)§m+n ”LE*(C;T/Z)'
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The second lemma is a slight modification of Lemma 3.11 from [Metcalfe et al. 2012], the difference
being that we may not enlarge our regions in time. The role of the lemma is to gain a factor of 7/ (r (f — 7))
for the derivative.

We let C 5 and C g denote enlargements of C 113 and C g in space (but not in time) that contain all the
integral curves of the scaling vector field S (i.e., if (¢, x) € Cﬁ then (st, sx) € 5}? aslong as T < st <2T
and similarly for C¥). More precisely, let

5R={T<f<2T:§1<f<22—T} Crry=CRni{i=1}
T - - 102R — 710 R | T T ’
5U={T<f<2T:EL<£<£ 2T } clry=C¥Ynif=1}.
r == 07T -2U0 —7F—-102T-U|" T T

An important observation here is that 7 ~ R and 1 — 7 ~ U in c }? and C g respectively.
Lemma 4.2. For1 < U,R < JTT we have
respectively,
l8wll 2ty S U Wwll 2@y + 1wl 2w, + 182wl 2w + T IOk wll ). (4-2)

Proof. The proof is similar to the one in Lemma 3.11 from [Metcalfe et al. 2012], except that we need to
estimate the boundary terms at 7 = T and 7 = 27T.

To keep the ideas clear we first prove the lemma with g replaced by [J. We consider a cutoff

function x supported in [280 10] which equals 1 on [290 %(1)] Let

7 rT
si.0=x(15)

Note that 8 = 1 on CX, and that the restriction of 8 to T <7 < 2T is supported in CX.
Integrating %,BII]w2 = B(wOw +m* 8, w dgw) by parts twice gives

2T
/ B3 w|* — |8, w|?) dx dt
4 2T | 2T ) .
:/ /Dw.lgwdxdt——/ @ap)w dxdt—/(ﬁw8,w —ﬁ,w )dx| .
T 2 )7

Since we can write w, = (Sw — x'9;w) /t it follows after integration by parts that
1 1 ,
/ﬁwa,wdx == f BwSw dx + 2—t~/w28,-(x’,3) dx.
Since |9; (x'B)| +7]3; 8] < C on the support of B, it follows that the boundary terms are bounded by

CT ' (Iw@T. 2 @rary, + ISWRT. 2w ary, + 10T 2@y, + 1SWT D@ er)-
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Let x(z/T) be another smooth cutoff such that x (2) =1 and x (1) = 0. We write

1
w(2T, x)2=/ i(xwzxszT, sx)ds
/2

2T
_ 2 ds _ 2(; 1 2) 4t
_//ZS(Xw )(s2T, sx) _/T S(xw )(t,tzT) t

and thus
2 1 2 2 1 2 2
1wC@T. )o@y S FISGWE D2 ry S 7 Uw g +1SwI5Gn)-

A similar argument holds for 27 replaced by 7', and for w replaced by Sw. Hence the boundary term can
be estimated by

2
1 .
_§ : Tl ~
T2 ”S w“LZ(Cf)'
j=0

To estimate dw we use the pointwise inequality

|Sw|® + ~_~(|3 wl* = [3w|?), (4-3)

|dw|? <C( 72

which is valid inside the cone C for a fixed large constant C. Hence

1
/ﬂ|aw|2dxdt§/ (E_F)zﬁlSwl +— ~|D,3|w —i—T,BIDwIledxdt (4-4)

where all weights have a fixed size in the support of 8. The function 8 also satisfies |[J8| < R~2. Then
the conclusion of the lemma follows by applying Cauchy—Schwarz to the last term.
The argument for C ? is similar. We now consider

(.7 = (t—rT
B, r ; U>'

We multiply by Bw and integrate by parts as above. The boundary terms are now controlled by

cU (lw@T, )If; +ISw@T, )|} +llw(T, I} + I1Sw(T, )l

L2(CY 1)) L2(CY 2T)) L2(CY(T)) L2<C”<T)>)

which in turn is controlled, by using the scaling S as above, by
! 2
— Japll? . -
70 2 18Tl gy
Jj=0
The estimate now follows from (4-4), using the fact that |08 < T~-1U L.

Now consider the above proof but with [J replaced by Uk . Integrating

10k w? = Bwgw + g% duw dpw)
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by parts twice gives

2T
—/ /ﬂg%ﬁ dew dpw+/| gk | dx dr
T

2T 2T
— [ [ (poxw - 5Ocpw?)isxl anar — 5 [ (el duw? - 0 0.8 lexld

First we estimate the boundary term. The terms with & = 0 are handled as before and so is the second
term with o > 0. For the first term with & > 0 we integrate by parts and see that it is bounded by a term
of the same form as the second term plus a term of the form

3 [ Bt Viskhurax < [ prte?

which can be estimated as above. To estimate the interior term we just note that

VIgk 18 dgw dpw = 18, w|*> — [dw]* + 0~ "aw/?,

where the error term can be absorbed in the left of (4-3) for large enough R.
This finishes the proof of (4-1), and (4-2) follows in a similar manner. O

Applying Lemma 4.2 to w,, for some multiindex ¢, and using (2-2), we obtain the higher-order version
of the estimates:

||3woz||L2(C§) S R™! ||w\a|+n”L2(57’?) + R||(DKw)|a|+n||L2(5§), 4-5)
18wall 2cty S U™ Nwiagenll 2@y + THOKWjagenl 2@0)- (4-6)
Combining the two estimates above (4-5) and (4-6) with the Sobolev embeddings from Lemma 3.1

and the pointwise estimate for second-order derivatives in Lemma 3.3 we obtain:

Corollary 4.3. ForallT > 1and1 <R, U < lT we have for some n independent of o

||awa||LOO(CR) ~R ||w<|a\+n||LOO(CR + R”([]Kw)lal-i-n”Loc(CR),

respectively,
1
||8wa||L00(C¥) < E||w§|a|+n||Loo(5¥) + T||(DKw)|a|+n||Loo(5¥)-
Finally, we will derive a sharp estimate for the bad first-order derivative, following [Lindblad 1990].

Lemma 4.4. Let D, = {x 0<r—|x| < }lt}, C! ={x :t—|x| = q), and let w(q) be any positive
continuous function, where q =t — r. Suppose that U¢p = F. Then the following holds in D,, t > 1:

110, x)w(g)| S sup (||q8¢(r, Wl ooty + le\il 1Z1g(z, .)zz)llLoo<cz)>

dg<t<t
t
/ (< NE@ Bl + D0, >—1||a’s2’q><r,-)wnm@))dr.

4q
Proof. We write
1 1
U = _; 0y 0y (rop) + r_zAw¢»



THE WEAK NULL CONDITION ON KERR BACKGROUNDS 2985

where 9, = d; — 9, and 9, = 9; + 9,. Hence in D,
9,0, <|rO -1 alQ’ ¢ < (1O -1 . 4-7
0N S IO+ 7'y RIS 10D 07y 19Tl @)

Integrating this along the flow lines of the vector field 9, from the boundary of D = J,., D to any

>0
point inside D, for ¢ > 1. Using that w is constant along the flow lines, and (4-7), we obtain

B (6, X)) ()]
< 10, (4. 3) ()] + L

t

(( MNIF(z, )w||Lm(Cq)JFZMW|<2 >—1||a’szJ¢(r,.)wan(Cg))dr.

q
Moreover
110, (1, X)w(g)| S 10 (re (t, x))w(g)| + ¢ (1, X)w(q)]
and
04 (r$) (49, 3¢)w()| < 1q0.9 (4q, 3g)w(g)| + ¢ (4q, 3g)w(q)|.

The last three inequalities yield

10,9, Vw(@| S sup (Ig¢ (T, Wl poo(cry + 19(T, W Loo(cy)

dg<t<t
t
F - —1 IQ] NN oo .

q
The lemma follows from also using that r|d¢| < [rd,¢| + [So| + [Q24]. ([l

5. Pointwise estimates from the Minkowski fundamental solution

In this section, we translate pointwise bounds on the inhomogeneous terms into pointwise bounds for the
solution by using the fundamental solution of the Minkowski metric.
For any 8, y, n € R, we define the weighted L norms

2
IGlLz,, =N (=) H@ Dlle,  H,r) =) I1QGE, ro)lls.
0

We use the following lemma (see Section 6 of [Tohaneanu 2022]).

Lemma 5.1. Let i solve

Uy =6, v¢(0)=0, 4vy(©0) =0,

where G is supported in {|x| <t + Ry}. Assume also that2 < 8 <3 and n > —%. We define, for any

arbitrary § > 0,
- n—686—-2, n<l,
7=, n>1.

(1) If y =0, we have

1
< - 0 -
ry(t, x) S (t —r)pry+i-1 G, ,- e-D
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@) If y <0, we have
6y

ry(t,x) S TR

Gy, - (5-2)

>iii) If n > 1, we have
(r)
(t—r)
Proof. Note first that, after a translation in time, we may assume that Ry = 0.
We use the ideas from [Metcalfe et al. 2012]. Define
2

H(t.r)=) |G ro)l s
0

ry(t,x) S <1n >||G||L§1°0'n- (5-3)

By Sobolev embeddings on the sphere, we have |G| < H. Let v be the radial solution to
Ov=H, v[0]=0.
By the positivity of the fundamental solution, we have that [/| < |v|. On the other hand, we can write
v explicitly:

rv(m)=%/ pH (s, p)ds dp,
Dtr

where Dy, is the rectangle
Dy =0<s—p<t—r,t—r<s+p=<t+r}
We partition the set D;, into a double dyadic manner as

D, =|JDf. Df=D,Nn{R<r<2R)

tr?
R<t

and estimate the corresponding parts of the above integral.
We clearly have

[ pdsdo<iGlug,, [ o' p) M dp s
DR DR

tr tr

‘We now consider two cases:

i) R< %(t —r). Here we have p ~ R and s & s — p &~ (t — r); therefore we obtain
/ PP s) (s — p) M dpds < R (L — )T,
Dff
and after summation, using that 8 < 3, we obtain

In(t —r){t —r)3>=P 1
> [ emasaps M o .
R<(i—r)/8" Dir (¢ —ryrn (¢ —r)fti

which is the desired bound in all cases.
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(i1) %(t—r)<R<t. Here we have p ~ Randt>s 2 R. Letu =s — p.
Assume first that y > 0; then

t—r
/ p' P(s) V(s —p) "dpds S R*FY f ()" du < RPPY (¢ — )P,
DR 0

where

(1) = l—n, n<l,
HAD = 0, n>1.

If B+ y > 2, we obtain after summation

Z / ,oHdsd,o<(t—r)2 B- V+u(n)
R>(t—r)/8

which is (5-1).
Assume now that § =2 and y = 0. Equation (5-3) is obvious when ¢ < 1. When ¢ > 1, we see that
there are In(¢/(t — r)) dyadic regions when %(t —r) < R <, so we obtain (5-3) after summation.
Finally, if ¥ < 0 we obtain

[t =pdpds SRP O [ w0 R0 -
DR 0

Since B > 2, we obtain after summation

> /pHdsdp ()7 (1 — )P,

R>(t—r)/8
which is (5-2). O
6. Setup for pointwise estimates

In this section, we will slightly adjust (g to an operator closer to [J (with respect to the (7, x)-coordinates).

Indeed, we let
P =lgx|*(—giH) 720k (—gl) Ik TV,

P is self-adjoint with respect to df dx. More importantly, a quick computation yields that

P =0a(g¥ (—g)dp) + V.V =lgx|"(—gi) " Ok (=i~ Plgx ™).

It is easy to see that V € SZ(r—3).
Let us first consider the Schwarzschild metric. In this case we have that, for large r, —g§ = gg*’* and
gg’* = (0. We thus have

P = |:| + P Irs
where the long-range spherically symmetric part P;, has the form

Pr=g,(NA,+V, g,eS“tr™), VeSiur). (6-1)
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For the Kerr metric, we use the fact that the metric coefficients have the following properties:
g — g e S0, (6-2)
dgk € SE(r %), gk € SE(r ). (6-3)
Using (6-1) and (6-2) we see that we can write
P =0+ P, + Py, (6-4)
where the short-range part Py, has the form
Py = 0,830 0p, g3 € SP(r7?). (6-5)
Using (6-3) we see that for any function ¢ we have
P = (—g)Tkp+mo+h2dp, hieS“(r™), hyes? ). (6-6)

Now pick any multiindex «. After commuting with vector fields, using (6-4), (6-1), and (6-5), we
obtain

Py € SZ()(Oxd)<ia) + S ) P<iar6 + SZ 2 0P<al 45,
which in turn implies, using (6-4),
Ope € SZ(1)(Ox D) <ja] + S22 P<ialr6 + SZ (2 dP<ja)+5- (6-7)

Moreover, by finite speed of propagation, and the assumption on the support of the initial data, the
right-hand side is supported in the forward light cone {|x| <+ Ro}.
We will use (6-7) in the next section to extract more decay for the solution.

7. The bootstrap argument for the Einstein model
We now prove Theorem 1.1 by using a bootstrap argument. We first write

En(0) = une,

where puy > 0 is a fixed, small N-dependent constant to be determined below (see (7-5), (7-6)).
Let Ny = %N . We will assume that the following a priori bounds hold for some large constant c
independent of € and 7, and a fixed small § > 0:

En(@) < Cune(r)’, (7-1)

In((6)/{(f = F In({(£)/{f —
b 5e<n(<r></;<>r D g s““(r”(l/(ﬂ) a)) 72
O70)<ni 2] < — (7-3)

(1)
Clearly (7-1), (7-2) and (7-3) hold for small times. We assume now that the bounds hold on some time
interval 0 <7 < T, and we improve the constants by % By the continuity method this implies that the
solution exists globally, and that the bounds also hold globally.
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In order to improve (7-1), we show that, for small enough e, there is C independent of T so that
EnN(D) < Cn (D) En(0), 0<i<T. (7-4)
If we now additionally take C=2C v and € < §/Cy, we thus improve the a priori bound for Ey (f) to
En(D) < 3Cpneli)’.

In order to improve the pointwise bounds, we will show that, for some fixed positive integer m,
independent of N, we have

En (O){In((#)/(f —F)))
(7)

(0p70)<N-—m| S

En O)(In((7)/(f — 7))

r{t —r)

lp<N-m| S o 10¢<n—ml S

En(0)
r{f —r)l=8"

: (7-5)

(7-6)
We can now pick a small uy to improve (7-2) and (7-3).

7.1. The energy estimates. We will now use assumptions (7-2) and (7-3) to show (7-4) for small enough €.
By Gronwall’s inequality and (2-8), it is enough to show that

t
Uk @) <nllLEx 0,71 S/

o (T

€

>5N(t) dt +€En (7). 7-7)
We can write, using (2-4), (2-5) and (2-6),

Ok¢ € S“(1)@prv)* + S%(1)dpds.

After commuting with vector fields, and using (2-3), we also get that

Oxd)<n S @drv)<n, 3prv)<n + dd<n, dp<n + dd<n, dP<n + 7' dp<n, dp<n—1. (7-8)

The first term is easy. By (7-3) we have

10pr0)<n, Bbrv)<nllpione: < /O <j—>5N<r>dr.

Similarly, the last term can be estimated in L'L2. Indeed, we note that (7-2) implies

1 €
0 < —,
lr=—"0¢<n | S @
and thus )
t
€
||”_13¢5N13¢§N—1||L1[o,z"]L2f,/ HgN(T)dT-
0

For the second term, we divide it into two parts. When r < R| we have by (7-2)

_ I e
||3¢§N13¢5N||L1[o,f]L2(r<R])5/ —

) <t><91v(1’) dr.
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When r > Ry, we use (7-2) and the last term in (2-7):

f 2268
10¢<n, 3D<N 1251011 S f f T gnIPdV
B B [0.7] 0 r>R; I"(‘L’ _r>2+28 -

~\ (—1-81)/27 2 ~\2
Sle@ =T N 170 12es ry S €EN D)

For the third term, note that (2-1) and (7-2) imply that
€

A <
100<n | S )

(7-9)

Using (7-9) gives
e

10¢<n,dp<n L1072 S / En(r)dr.

o (T)

Putting all these together we obtain (7-7).

7.2. The decay estimates. We now show that (7-5) and (7-6) hold.
The proof uses an iteration procedure. The most important part here is to obtain pointwise decay rates

of 1! near the trapped set for all components. We start with a weak decay rate of 7~ 1/2+C¢

given by the
slow growth 7€¢ combined with the results of Section 3. We then use Lemma 5.1 to improve decay in r,
followed by Corollary 4.3 to improve the decay of derivatives. Lemma 4.1 then allows us to turn the

r-decay into 7-decay. This yields an improved global decay rate of 7~1+¢¢

, which is barely not enough.
We then use Lemma 4.4 to improve the decay of the derivative of the good components d¢7y to 7! near
the cone. We can now go back to the iteration procedure, and use the improved bounds combined with
Lemma 5.1, Corollary 4.3 and Lemma 4.1 to improve the decay rate of all components to 7~! away from
the cone. This finishes the proof.

Let Ny = N — 13. We first note that (3-3) and (3-4), combined with the energy bounds (7-4), yield the

weak pointwise bounds

(H)““En(0) (T =F)'2En (0)

m, |p<n, | SJ (f)l—C€

10¢<n,| S (7-10)

We now need to improve the decay of ¢<ny_,, and d¢p<n_,,. To that extent, we will use Lemma 5.1,
followed by Lemma 4.1 and Corollary 4.3.

We cannot apply Lemma 5.1 directly. On one hand, we have no control on the solution for r < 2M,
and on the other hand, the initial data is not trivial. Instead, let

X = x1(F) x2(D).

Here x; = 1 for 7 > R 3> M and supported in 7 > 1R, while x, =1 for 7 > 1 and supported in 7 >
We now consider Y45 = x ¢op. Using (6-7), we see that ¢ satisfies the system

N —

O@W<n) =Gn, Gp€ S“(r 2)dp<pis +S“(r ) p<nto+ S“(1)(3p<n)?,
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with trivial initial data, and G, supported in the region r > %R. Using (7-10), we see that, for all
n < N3 := N, — 12, we have

Gnie S S SN(O)( ( >1/2 <t>1—Ce rl(f_ )

We now apply Lemma 5.1. The first term on the right-hand side is controlled by the other two terms.

For the second term we use (5-1) with § =3, y =1—-Ce and n = —%. For the third term, we use (5-1)
with 8 =2, y = —Ce and n = 1 — Ce. We obtain

(i‘)Ce

(f)Ce (; ”;)1/2 <lT>Ce )

(A En(0). (7-11)

We now plug in the bounds (7-11) and (7-10) into Corollary 4.3. We thus obtain for Ny = N3 —n
with n from Corollary 4.3:

1 TC TCE 2 TCs
1 TC TCG 2 TCe
0 o0 ——=&En(0 En(0).
The last two inequalities can be written as
(”‘)H-Ce
10¢<n,] S mgN(O)- (7-12)

We now use Lemma 4.1. Note that (7-11) and (7-12) yield

1) $<Nll gy S TV2FEN ).
Moreover, (7-10) implies that

1Ok )il gy S THHEEN(O).

The two inequalities above and Lemma 4.1 with Ns = N4 —n give us

1o=nsll g1 =7y S T2HCCEN ),

which combined with the Sobolev embeddings from Lemma 3.1 give for Ng = N5 — 13
|p<ns| S ()7 TEN(0). (7-13)

We now plug in the bounds (7-13) and (7-10) into Corollary 4.3. We thus obtain for N; = Ng —n

Ce TCe 2 Ce
10p<n; ll Lo (cry S T En(0) + R< 7172 51v(0)) RT En(0).
Combined with (7-12), this gives
<lT>Ce
10p<n;| S En(0). (7-14)

r(f —7)
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Note also that (2-1), (7-13) and (7-14) give

(7)Ce

r(t)
Equations (7-13) and (7-14) almost finish the proof of (7-5), except that we need to replace (F)Ce

by (In((2)/(f —7))).

We now prove the fact that Y7y actually satisfies better decay estimates. Indeed, note first that

[0p<n,—2| S

En(0). (7-15)

O(T*UP op) — T*UPOgup € S“(r ) g<1.
Using (6-4) and (6-6) we obtain

O¢ry € S*() Ok d)ru + 5% (r ).
Moreover,
OxP)rv € S*(1)3pog,
and thus
Oory € S2(1)dgdp + S (r—2)¢<s.

After commuting with vector fields (in particular using (2-3)) and applying the cutoff we thus obtain
OWr0)m = Hn:  Hu € S0 Dzmrs + 57 (10 <mdp<m + 57 (r™ ) (<)
Using (7-13), (7-14) and (7-15), we see that

En(0)
[Hpl S )

W, m§N7—2 (7-16)

Let Ng = N7 — 6. We now apply Lemma 4.4 with w(g) = (@)% to (¥ru)<ng. Note first that, due to
(7-14) and (7-13) we have

II\51”

sup <||CI 0P<Ng (T, )Wl Loo(ce) + Z

dg<t<i

ZI¢§N3 (t, ')U_)”Loo(c?)) S En(0).

Moreover, (7-13) implies that

‘ . _ L) N (0)
Aq Zmﬁm 1||9’¢5N8<r,-)wan(cg)dt5Aq<t> IW—_CGdrsst).

Finally, we obtain by (7-16) that

t 7 1=8¢.(0
f(f)lle(r,-)w||Lm(C;,)§/ <T><q> '~ (0)
4 "

AL dr < En(0).
g (T>3—Ce N

Lemma 4.4 thus implies, in conjunction with (7-14), that

En(0
19 (rv) <yl S ﬁ (7-17)

This finishes the proof of (7-6).
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Finally, to obtain a decay rate of 1/7 in the interior, we see that, using (6-7) and (7-8), we can write
our system as

D<) = I,
I € SE(r™ NP <mss + S <mys + SE(D(@drv)L,, + SE(D)P<mdp<m + S (0P <),

and J,, is supported in the region {f > %, F> %R} Due to the improved bounds (7-13), (7-14) and (7-17)

we obtain 3
<l ) Ce 1
= +

r3t—7)  r¥t—r

|Jm+6|5sN<0>( )2_25) m < No:=Ng — 8.

We now apply Lemma 5.1 and in particular (5-3) to control the last term. We obtain

yenl < PO g, (7-18)

Corollary 4.3 thus implies, with Njg = Ny — n,

(In((2)/{t —7)))
0yl < =T e ). (7-19)
r{t—r)

Equations (7-18) and (7-19) finish the proof of (7-5) when 7 > %f .

All that is left is to replace r by 7 in the region 7 < %f. Note first that (7-18) and (7-19), combined
with (7-13) and (7-14), yield the (relatively weak) bound

(7-20)

»| 2

1 1 -
|¢§N10| S ;gN(O)v 8¢§N10 S r_ZEN(O)v r<
We now use Lemma 4.1. Note that (7-20) gives
“ <r>¢§N10 ”LEI(C;T/Z) S Tl/ng(O)
Moreover, (7-14) implies that
” (DK¢)SN10 ||LE*(C7<_T/2) ,S T_I/ZSN (0)
The two inequalities above and Lemma 4.1 give us, for Nj; = Njg —n,
<l g czr2y S T72EN(0),

which, combined with the Sobolev embeddings from Lemma 3.1 with N, = Nj; — 13, gives

EnO)
|¢§N12|N N~ s r<

(t)

Finally, one last application of Corollary 4.3 with N3 = N1, —n gives

En(0)
r(f)

This finishes the proof of (7-5) if we pick N large enough so that N3 > Nj.

|a¢§N13| 5

’
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