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MINKOWSKI INEQUALITY ON COMPLETE RIEMANNIAN MANIFOLDS
WITH NONNEGATIVE RICCI CURVATURE

LucCA BENATTI, MATTIA FOGAGNOLO AND LORENZO MAZZIERI

We consider Riemannian manifolds of dimension at least 3, with nonnegative Ricci curvature and Eu-
clidean volume growth. For every open bounded subset with smooth boundary we establish the validity of
an optimal Minkowski inequality. We also characterise the equality case, provided the domain is strictly
outward minimising and strictly mean convex. Along with the proof, we establish in full generality
sharp monotonicity formulas, holding along the level sets of p-capacitary potentials in p-nonparabolic
manifolds with nonnegative Ricci curvature.

1. Introduction

1A. Statements of the main results. Given an open bounded convex domain with smooth boundary
Q CR", n> 3, the classical Minkowski inequality, originally proven in [Minkowski 1903], gives a sharp
lower bound for the average of the mean curvature H of 92 in terms of the inverse of its surface radius,

that is,
Ea nl—1<f H o,
el )~ Jlan—1""

with the equality satisfied if and only if €2 is a ball. It was clear to many authors that such inequality
deserved to be further investigated. For example one would like to relax the convexity assumption on one
hand, and to prove that the inequality holds on more general ambient manifolds on the other.

The first question has been positively answered using techniques based on geometric flows [Huisken
2009], optimal transport [Chang and Wang 2013; Castillon 2010], and recently also nonlinear potential
theory [Fogagnolo et al. 2019; Agostiniani et al. 2022a]. The latter method actually provides the most
general statement available so far, namely the extended Minkowski inequality

109*| %< 1
1S =1 S Joe

holding for every open bounded domain 2 € R" with smooth boundary. Here Q* denotes the strictly
outward minimising hull of Q. The precise definition of Q* is reported in (4-12) below and analysed in
full detail in [Fogagnolo and Mazzieri 2022]. However, in this preliminary discussion, we just point out

H

n—1

do (1-1)

that Q* minimises the perimeter among bounded subsets containing 2.
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Many improvements can be found in the literature also concerning the question of extending the
Minkowski inequality to more general settings. Firstly Gallego and Solanes [2005] established quer-
massintegral inequalities for convex domains in the hyperbolic space. Using the inverse mean curvature
flow (IMCEF for short), de Lima and Girdo [2016] extended the result to star-shaped and strictly mean-
convex domains lying in the same ambient manifold. The IMCF has been also employed to establish a
Minkowski-type inequality for outward minimising sets sitting in the Schwarzschild manifold by Wei
[2018], in the anti-de Sitter—Schwarzschild manifold by Brendle, Hung and Wang [Brendle et al. 2016],
and on asymptotically flat static manifolds by McCormick [2018].

A natural context in which to test the validity of a Minkowski inequality is provided by complete
noncompact Riemannian manifolds with nonnegative Ricci curvature. A very recent work [Brendle
2023] actually points in this direction. Indeed, choosing f = 1 in Corollary 1.5 of that work a nonsharp
Minkowski inequality can be deduced for complete Riemannian manifolds with nonnegative sectional
curvature and Euclidean volume growth. In the present paper, we prove the following theorem.

Theorem 1.1 (extended Minkowski inequality). Let (M, g) be a complete Riemannian manifold with
Ric > 0 and Euclidean volume growth. Let Q C M be an open bounded set with smooth boundary. Then

n—2
n—1

921\ R e o !
B 8 =1 g

H

n—1

do, (1-2)

where AVR(g) is the asymptotic volume ratio of (M, g), H is the mean curvature of 0<2 with respect to
the outward normal unit vector and Q* is the strictly outward minimising hull of <.

In the case a strictly outward minimising €2 C M with strictly mean-convex boundary achieves the
identity in (1-2), we show that M ~ Q splits as a (truncated) cone.

Theorem 1.2 (rigidity for the Minkowski inequality). A bounded strictly outward minimising subset
Q C M with smooth strictly mean-convex boundary satisfies

19Q| \"1 N 1 H
BT AVR(g)»T = do

if and only if (M \ 2, g) is isometric to

1

2 1
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Some comments are in order about the above statements. First, we recall for the reader’s convenience
that the asymptotic volume ratio of (M, g) is given by

AVR(g) = lim 20l

r—+oo r|B"|

for some o0 € M. The fact that, on complete manifolds with nonnegative Ricci curvature, the above limit is
well-defined and does not depend on the base point o, is a consequence of the classical Bishop—Gromov
volume comparison theorem. Moreover, one has that 0 < AVR(g) < 1, with AVR(g) =1 if and only if
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(M, g) is the standard n-dimensional Euclidean space. Beside the intrinsic fundamental role played by
manifolds with nonnegative Ricci curvature with Euclidean volume growth in geometric analysis, this class
includes a diversity of explicit manifolds naturally arising from different fields, such as asymptotically
locally Euclidean spaces (ALE for short) gravitational instantons. These are noncompact hyperkhiler
Ricci flat 4-dimensional manifolds playing a role in the study of Euclidean quantum gravity theory, gauge
theory and string theory (see [Hawking 1977; Eguchi and Hanson 1979; Kronheimer 1989a; 1989b;
Minerbe 2009; 2010; 2011]).

It is worth noticing that inequality (1-2) is sharp and it provides the optimal Minkowski inequality on
manifolds with nonnegative Ricci curvature for outward minimising subsets, see Corollary 4.6. These
subsets are mean-convex and satisfy |0Q2*| = |9€2], so that the Minkowski inequality reads

1982 %AVR()%N : f H
Bl O =] ign—1°7

in this case. In addition to the Euclidean spaces, where it is immediately seen that balls achieve the identity

in (1-2), the sharpness of this inequality is checked in far greater generality, as specified in Remark 4.7
below.

Combining Theorem 1.1 with the sharp isoperimetric inequality for manifolds with nonnegative Ricci
curvature, first proved in dimension 3 in [Agostiniani et al. 2020, Theorem 1.4] and recently extended
to any dimension in [Brendle 2023] (see also [Fogagnolo and Mazzieri 2022; Johne 2021; Balogh and
Kristaly 2023]), reading

|§n—1|n |89*|n
BT AVR() =

|Q* |n71 ’
we get the following sharp volumetric version of the Minkowski inequality.

Theorem 1.3 (volumetric Minkowski inequality). Let (M, g) be a complete Riemannian manifold with
Ric > 0 and Euclidean volume growth. Let Q2 € M be an open bounded set with smooth boundary. Then

(IQI )2 AVR(2)} < 1 /
g)" =
|B” | 1S"1 Jaq

where AVR(g) is the asymptotic volume ratio of (M, g), H is the mean curvature of 92 with respect to

H
do, (1-3)
n—1

the outward normal unit vector. Moreover, the equality is satisfied if and only if (M, g) is isometric to the
flat Euclidean space and <2 is a ball.

As for the extended Minkowski inequality, (1-3) is easily recognised to be sharp, while the rigidity
statement directly follows from the rigidity of the isoperimetric inequality. We finally point out that earlier
contributions to the volumetric Minkowski inequality were given in [Chang and Wang 2011; Qiu 2015],
holding in the flat Euclidean space and under stronger geometric assumptions on the boundary of €2.

1B. Outline of the proof. We now describe the main features of our approach, which is in line with
[Agostiniani and Mazzieri 2020; Agostiniani et al. 2020; 2022a; Fogagnolo et al. 2019]. Given (M, g) a
Riemannian n-manifold, n > 3, with nonnegative Ricci curvature, and an open bounded subset Q2 € M
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with smooth boundary we consider, for every 1 < p < n, the p-capacitary potential associated to €2. This
is the solution u to the problem
A(gp)uzo on M~ Q,
u=1 on 092, (1-4)
u(x) >0 asdg(x,0) - +00,

where A(gp ) is the p-Laplace operator associated with the metric g, and d, (-, 0) is the distance induced by g
to some fixed reference point 0. Provided the manifold (M, g) is p-nonparabolic (see Definition 2.5 below,
as well as [Holopainen 1990; 1999]), the solution to problem (1-4) exists and is unique. Such a solution
is commonly referred to as the p-capacitary potential associated with 2. It is worth specifying that
manifolds with Euclidean volume growth (i.e., AVR(g) > 0) do satisfy the p-nonparabolicity assumption
for 1 < p < n by the characterisation given in [Holopainen 1999, Proposition 5.10]. As a crucial step
in our method, we will establish families of monotonicity formulas, holding along the level sets of the
p-capacitary potentials associated with 2. More precisely, for every ¢ € [1, +00), we set

(=1)(p=1)
Fi(@n) = P / |Du|B+DP=D g, (1-5)
{u=1/1)
and we show that for
n—p
B> ——
(p—D@r—1)

the above quantity admits a nonincreasing ¢! (1, +-00) representative.

Some remarks are mandatory at this stage. First of all, let us point out that the monotonicity statement
provided here for the functions F 5 holds in full generality and with no restriction on the geometry of 2.
As such, it is also new for domains sitting in R", where the same conclusions were provided in [Fogagnolo
et al. 2019] only for convex domains, and in fact for smooth level sets flows. In the general case, it is
well known that the level sets flow of p-harmonic functions might present a much less regular behaviour
since no general bound is available for the Hausdorff dimension of the critical set. To overcome these
difficulties, the authors in [Agostiniani et al. 2022a] settled for the effective inequalities

tliinwFf(t)fFf(l) and (F;;")’(l)go. (1-6)

The derivation of these two bounds, however, heavily relied on the compactness of the critical set of u,
that is a particular feature of spaces with finite topology, and as such it is not directly viable in our setting
(see [Menguy 2000]). In contrast with this, the present treatment provides the desired extension to the
nonlinear setting and to the general framework of nonnegatively Ricci curved p-nonparabolic manifolds
of the monotonicity formulas discovered in [Colding 2012; Colding and Minicozzi 2014b; Agostiniani
and Mazzieri 2020; Agostiniani et al. 2020] for harmonic functions. As a second remark, to let the
reader appreciate the ¢! -regularity result, we observe that in principle even the fact that formula (1-5)
yields a well-posed definition is not granted for free. The most serious difficulty here is that the set of
singular values cannot be controlled through Sard’s theorem, since p-harmonic functions only enjoy a
mild — though optimal — %A -regularity. We managed to solve these problems also taking advantage of
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recent insights given in [Gigli and Violo 2023]. The full statement of the monotonicity theorem is found
in Theorem 3.1 below.
Through the monotonicity of F 4 , with B = (p — 1)~!, we arrive at the following L”-Minkowski

inequality
p

1 1
do, (1-7)

n—p—1
C,(2) » AVR(g)"r <
i 1S"=1 Joe

where C,(€2) is the normalised p-capacity of 2 defined in (2-5) below. A major advantage we draw out

H

n—1

=

of the full monotonicity of F ,’,3 is the bypassing of the computation of its limit as t — +o00 when reaching
for (1-7). Indeed, this step is now replaced by a suitable contradiction argument that combines the full
monotonicity of our quantities with the sharp iso- p-capacitary inequality (see Theorem 4.1 below)
M AVR(g)? < M‘ (1-8)
B =P |Q|=r
Such a statement is of independent interest in our opinion and can be achieved by taking advantage of
the already-mentioned sharp isoperimetric inequality in manifolds with nonnegative Ricci curvature and
Euclidean volume growth, following rather classical arguments (see, e.g., [Jauregui 2012]).
With the L?”-Minkowski inequality (1-7) at hand, the extended Minkowski inequality (1-7) simply

follows by letting p — 171 since
102"

IS

as proven in [Fogagnolo and Mazzieri 2022, Theorem 1.2]. This particular feature of our approach,

lim C,(S) =
p—>1t

namely the fact that the Minkowski inequality is obtained as the limit of its L”-versions, makes the rigidity
statement a particularly nontrivial task, although we show that (1-7) holds with equality only on cones.
This leads us to prove the rigidity statement, Theorem 1.2, through an argument involving the study of the
IMCEF starting at boundaries of domains that saturate the Minkowski inequality (1-1). More precisely, we
first show that the flow is smooth and given by constantly mean-curved totally umbilical hypersurfaces
for a short time. This crucially exploits the nonnegativity of the Ricci curvature (Lemma 4.8). Then,
a splitting procedure along such flow, inspired by [Huisken and Ilmanen 2001], shows that an outer
neighbourhood of 9€2 is isometric to a truncated cone with the same volume ratio as AVR(g), and this
allows us to conclude (Lemma 4.9).

1C. Further monotonicity-rigidity results. Beside the monotonicity-rigidity properties of F' 5 discussed
above, we also establish analogous ones for the function

n—1
F;O(t)=t"—!’ sup |Du|.
{u=1/1}

This is the content of Theorem 3.2, which is again proved in the general setting of p-nonparabolic
manifolds with nonnegative Ricci curvature, extending [Fogagnolo et al. 2019, Theorem 1.3]. As geometric
consequences of this statement, we provide a rigidity result under pinching conditions and a sphere
theorem for smooth boundaries in manifolds with Ric > 0 (see Theorems 4.11 and 4.12 below) and
Euclidean volume growth. It is worth mentioning that the monotonicity of F° also leads to a new insight
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on the critical set of the p-capacitary potential, which we believe deserves some further investigation.
Namely, it turns out that every level set of u displays some nonempty relatively open region, where Du
does not vanish, and where in particular u is smooth (see Corollary 3.3).

1D. Summary. In Section 2 we report, for the ease of the reader, some relevant facts from the theory
of p-harmonic functions on Riemannian manifolds, focussing on the regularity theory as well as on
the existence and uniqueness of solutions to (1-4). Some important—though already well known —
estimates and identities are also recalled in this section. Section 3 is devoted to the proof of monotonicity-
rigidity theorems (see Theorems 3.1 and 3.2). After having introduced a convenient conformally related
setting, we restate them in this framework and we conclude the section with their proofs. In Section 4,
after having provided (1-8), we make use of these tools to prove the L”-Minkowski inequality (see
Theorem 4.3), deduce the extended Minkowski inequality Theorem 1.1 and some rigidity results under
pinching conditions as consequences of the monotonicity-rigidity theorems.

2. The p-capacitary potential in Riemannian manifolds

We have collected here, for the sake of future reference, some substantially well-known results that will
be repeatedly applied in our arguments. Before considering the specific case of problem (1-4), we recall
the definition of p-harmonic functions, as well as their regularity estimates. We then analyse the existence
and uniqueness of the solution u,, to (1-4) on complete Riemannian manifolds. It turns out that these
questions are intimately related to the notion of p-nonparabolicity, and p-nonparabolic manifolds will
then constitute the natural setting for the monotonicity-rigidity theorems. We afterwards recall some
global standard estimates on u, and its gradient as well as a Kato-type identity for p-harmonic functions.

2A. p-harmonic functions and regularity. Given an open subset U of a complete Riemannian manifold
(M, g), we say that v € WP (U) is p-harmonic if

/(|Dv|f’2Dv | Dy )dp =0 (2-1)
U

for any test function ¥ € €>°(U). With (-|-) we denote as usual the scalar product induced by the
underlying Riemannian metric g on the tangent space at each point. Regularity results for p-harmonic
functions (see [Tolksdorf 1984; DiBenedetto 1983; Lieberman 1988]) ensure that v belongs to ‘flf)’cﬂ )
for some B € (0, 1) and is smooth around each point where |Dv| > 0.

Since the €!-#-regularity is not sufficient to employ Sard’s theorem, we are going to heavily rely on
the coarea formula. We report it here for ease of further references. The statement below follows from
[Maggi 2012, Lemma 18.5 and Theorem 18.1] coupled with standard approximation results.

Proposition 2.1 (coarea formula). Let (M, g) be a complete Riemannian manifold. Consider a locally
Lipschitz function v : U — [0, +00) on some open subset U € M such that v="([a, b]) is compact for
every la, b] C (0, +00). Then the following hold:

(1) [{fv =t} NCrit(v)| =0 for almost every t € [0, +00).
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(2) For every measurable f such that f|Dv| € L1 (U) we have f € L'({v = t}) for almost every

t € (0, +00) and

loc

/ ¥ (v) fIDv|dp = / lﬁ(t) f do dr (2-2)
for every r bounded measurable function compactly supported in (0, +00). In particular,

= fdo e L}.(0,+00),
{v=t}

and its equivalence class does not depend on the representative of f.

Remark 2.2. If 1 LIIOC(U ) and & = 0 almost everywhere on Crit(v), the function f = h|Dv|~ !, satisfies
the assumptions of Proposition 2.1(2). Clearly, if f € L'(U), then (2-2) holds for every ¥ bounded
measurable, even without compact support.

With the idea of applying the previous result for f = [D|Dv|”~!|, a higher integrability degree of
p-harmonic functions is required. We refer the reader to [Lou 2008, Lemma 2.1] for a self-contained
proof of the following lemma in the Euclidean case. The general case follows in the same way, as it
is ultimately due to a careful integration of the Bochner identity. Indeed, computations are the same
provided a lower bound on the Ricci tensor is in force, which is always true locally (see [Benatti 2022,
Appendix C] for a complete proof).

Lemma 2.3. Let (M, g) be a complete Riemannian manifold and U C M be an open subset. Given
ve WLP(U) a p-harmonic function, then |Dv|P~! € wh 2(U).

loc

Given U C M with Lipschitz boundary, a p-harmonic function u € W!?(U) attains some Dirichlet
data g € L?(dU) if u coincides with g on dU in the sense of the trace operator.

2B. p-nonparabolic manifolds and the p-capacitary potential. Given a noncompact Riemannian mani-
fold M, we consider the p-capacitary potential of a bounded set with smooth boundary 2 C M, that is,
a function u € WhP(M ~ Q) solving (1-4). The function u belongs to ¢ LB(M < Q) (see [Lieberman
1988]) and it is smooth near the points where the gradient does not vanish. In particular, by the Hopf
maximum principle in [Tolksdorf 1983, Proposition 3.2.1] the datum on 9€2 is attained smoothly.

We now focus on some classical sufficient conditions to ensure the existence of the p-capacitary
potential, which turns out to be related to the notion of p-Green’s function we are going to recall.

Definition 2.4 (p-Green’s function). Let (M, g) be a complete Riemannian manifold. Let Diag(M) =
{(x,x) e M x M |x € M}. For p > 1, we say that G, : M x M \ Diag(M) — R is a p-Green’s function
for M if it weakly satisfies A ,G (o, -) = —§, for any o € M, where §, is the Dirac delta centred at o, that
is, if it holds

/M (IDG (0. 1”2 DG (0. -) | DY) dut = ¥ (0)
for any ¢ € €>°(M).

The notion of p-Green’s function calls for that of p-nonparabolic Riemannian manifold.
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Definition 2.5 (p-nonparabolicity). We say that a complete noncompact Riemannian manifold (M, g)
is p-nonparabolic if there exists a positive p-Green’s function G, : M x M ~\ Diag(M) — R. With the
expression p-Green function we are in fact referring to the positive minimal one.

The notion of p-nonparabolicity is intimately related to the existence of a solution to (1-4), in that
if the positive p-Green’s function of a p-nonparabolic Riemannian manifold vanishes at infinity, then
such a solution exists for any open bounded subset 2 C M with smooth boundary. A complete and
self-contained proof of this fact is provided in the Appendix of [Fogagnolo and Mazzieri 2022]. We
report the statement of such basic thought fundamental result.

Theorem 2.6 (existence of the p-capacitary potential). Let (M, g) be a complete noncompact p-
nonparabolic Riemannian manifold. Let @ C M be an open bounded subset with smooth boundary.
Assume also that the p-Green’s function G, satisfies G (0, x) — 0 as dy(0, x) — +00 for some o € M.
Then, there exists a unique solution u, to (1-4).

If (M, g) is a complete noncompact Riemannian manifold with Ric > 0 and Euclidean volume growth,
then it is in fact p-nonparabolic for every 1 < p < n and the p-Green’s function satisfies

G (0, x) <Cdg(o,x) 7 (2-3)

for some constant C. This is a direct consequence of [Holopainen 1999, Proposition 5.10].
We find convenient to recall here the definition of p-capacity of an open bounded subset 2 C M
together with a normalised version of it which turns out to be more advantageous for our computations.

Definition 2.7 ( p-capacity and normalised p-capacity). Let (M, g) be a complete noncompact Riemannian
manifold, and let 2 be an open bounded subset of M. For 1 < p < n, the p-capacity of 2 is defined as

Cap,(Q) = inf{/ [Dv|? du
M

veEE(M), v>1on Q} (2-4)

On the other hand, the normalised p-capacity of €2 is defined as

Cp( @) = — P\ Q) (2-5)
SRENEETLVEYY S '

A function u solving (1-4) realises the p-capacity of the initial set €2, and actually one can also

characterise such quantity with a suitable integral on 0€2. We resume these facts in the following statement.

Proposition 2.8. Let (M, g) be a complete noncompact p-nonparabolic Riemannian manifold for some
1 < p <n. Let 2 C M be an open bounded subset with smooth boundary. Then the solution u , to (1-4)

realises
1 (p-1\""! )
CP(Q) = |§n—l| H M §|DMP| d[/L (2‘6)
AN
Moreover, we have that
1 (p—1\"" '
C,(2) = < ) f |Du,|P~" do (2-7)
P 1S \n—p =10

holds for almost every t € [1, +00), including any 1/t that is a regular value for u .
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Proof. The function u, can be approximated in WP (M \ Q) by functions ¢ in €>°(M) which satisfy
¢ > 1 on 2. Then

Cap, () < / IDut, |7 die.
M~Q

On the other hand, the weak formulation in (2-1) can be relaxed in duality with functions in Wo1 PMNQ).
Hence, taking any competitor € €°°(M) with ¢ > 1on Q, u, —y € WO1 P(M . Q), we get that

/|Dup|pd,u=/ (|Dup|p2Dup,Dup)d,u=/ (|Du,|P*Du,, DY) dps.
M~Q M~Q M~Q

Applying the Holder inequality to the right-hand side, we are left with

/ IDvl”dMSf Dy | dy
M~Q M~Q

for every competitor v in (2-4), proving (2-6). Since |Du,| € L (M ~ Q), applying the coarea formula
(2-2) with f = |Du 1,,|“’_1 to (2-6) (see Remark 2.2) one can obtain that

1
Cap,(Q) = / / |Du,|P~" do dr. (2-8)
0 JHup=t}

Employing again the coarea formula (2-2) with f = [Du,,|? ~! and integration by parts we get

1
/ o [ Du, " dodr = / /() Dut,p|? dpp = — / 1Duy [P~ (Duty, Dig ()} dpt
0 {up=t} M~Q M~ Q

:/ @(u,) div(|Du,|”~*Du,) du = 0
M~Q
for every ¢ € €°°(0, 1), which gives that
T [Du,|” “ldo
{”p:T}
admits a constant representative; that coupled with (2-8) yields (2-7), letting t = 1/. O

In particular, evaluating (2-7) at + = 1, which is a regular value by the Hopf maximum principle
[Tolksdorf 1983, Proposition 3.2.1], we have that

1 (p—1\""
C,(Q) = £ - Du,|?~" do.
p() |§”‘1I<n—p> /aszl wpltdo

Moreover, one can actually relate the capacity of 2, = {u > 1/¢} U Q to the capacity of Q2. The proof
of the following lemma is contained in [Holopainen 1990, Lemma 3.8].

Proposition 2.9. Let (M, g) be a complete noncompact p-nonparabolic Riemannian manifold for some
1 < p <n. Let Q C M be an open bounded subset with smooth boundary. Then a solution u, to (1-4)
realises

Cp(Q) =1""1CH(Q) (2-9)

foreveryt € [1,+00), where Q; = {u > 1/t} U Q. In particular, the map t — C,(82;) is smooth.
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2C. Li-Yau-type estimates. We provide a sharp lower estimate for the p-Green’s function, extending the
well-known

dg (0, x)*™" < G (0, x) (2-10)

holding true for any couple of points o, x belonging to a 2-nonparabolic Riemannian manifolds with
nonnegative Ricci curvature. The proof of (2-10) builds on the Laplacian comparison, which applies to
showing that

Adg(o, )™ >0

in the sense of distributions. This amounts to saying that

—/ (Ddy (0, -)*™" medM:/ de(o, ) " Ayrdpn >0 (2-11)
M M

for any test function v € €°°(M). This leads to (2-10) substantially through the maximum principle. We
refer the reader to [Agostiniani et al. 2020, Lemma 2.12] for details. The nonlinear version of (2-10),
that, to our knowledge, has not been explicitly pointed out in literature yet, actually relies on (2-11) too.

Proposition 2.10 (sharp lower bound for the p-Green’s function). Let (M, g) be a complete p-nonparabolic
Riemannian manifold, 1 < p < n, with Ric > 0. Let o € M. Then, we have

dy(0.x) 71 < G (0, x) (2-12)
forany x € M ~ {o}.

Proof. Fix for simplicity 0 € M, and let r(x) = d, (0, x). We first show that A ,r~®@=P)/(P=D > ( holds in
the weak sense, that is,

| aor 2o Dy au <0
M

for any ¢ € €>°(M). In fact, we have

n—p n— - p_l
/ (|Dr_v—11|p2Dr_p—7,Dlﬂ)d/L:—(n P) | 77 Dv
M M

p—1
1 —p\!
_ i 4 / (Dr™", Dyr) dp < 0,
n—2 p—] M

where the last inequality is the Laplacian comparison theorem (2-11).

Let now be § > 0. Since both r==P)/(*=D and G, vanish at infinity, we have r~"=P/(P=1 <
G, + 8 on dB(o, R) for any R > 0 big enough. On the other hand, the general result [Serrin 1964,
Theorem 12] ensures that G (0, x) is asymptotic to r(x)~ =P/ (=1 a9 dy(0, x) — 0%, and thus we also
get r~=P/ (=D < G, + 6 on dB(o, ¢) for any £ > 0 small enough. Thus, applying the comparison
principle to the subsolution ~*=P)/(P=1) and to the solution G , + 8 (with respect to the p-Laplacian), in
the annulus B(o, R) ~ B(o, ¢), we get r~1=P/ (=1 < G + 4 on such an annulus. Letting ¢ — 0" and
R — 400, we deduce that the same holds on the whole M ~ {0}. Finally, letting § — 0T, we are left
with (2-12). O
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Coupling (2-3) and (2-12) with the comparison principle, we deduce the following important estimate
for the p-capacitary potential.

Theorem 2.11. Let (M, g) be a complete p-nonparabolic Riemannian manifold for some for some
1 < p <n,withRic > 0. Let 2 C M be a bounded subset with smooth boundary, and let u, be its
p-capacitary potential. Then, there exists a positive constant Cy such that

Cidg(0.x) 71 <up(x) (2-13)

forany x € M . Q. If in addition (M, g) has Euclidean volume growth, then there also exists another
positive constant Cy such that

n—

upy(x) <Codg(o,x) »-1. (2-14)

3S]

Proof. In light of (2-12) and (2-3), this one holding true if (M, g) satisfies the additional Euclidean
volume growth assumption, it suffices to show that there exist positive constants C; and C, such that
CiG, =up < CyG. Choose any Cy < 1/ supyq u,. Then, C1G, < u, on 9S2. Moreover, since both
u, and G, vanish at infinity, for any § > O we have C{G, < u, + 6 on dB(o, R) for any R big enough.
The comparison principle applied to the p-harmonic functions u, + 6 and G, in B(o, R) Q shows that
Ci1G ) < u+ 4 in the latter subset. The radius R being arbitrarily big, this implies that, by passing to the
limit as R — 400, that C;G, < u,, + & in the whole M ~ Q. Letting § — 07 leaves us with C1 G, <u,,
and consequently with (2-13). The inequality u, < C,G, yielding (2-14), is shown the same way. [

We now couple (2-13) with the general Cheng—Yau-type inequality for p-harmonic functions on
manifolds with nonnegative Ricci curvature provided in [Wang and Zhang 2011]. It asserts that a
p-harmonic function v, with 1 < p < n defined in a ball B(o, 2R) C M, where M is endowed with a
Riemannian metric such that Ric > 0, satisfies the estimate

|Dv| C
sup —— < — (2-15)
B(o,R) V R
for a constant C depending only on the dimension of the ambient manifold and p. With these tools we
immediately obtain:

Proposition 2.12. Let (M, g) be a p-nonparabolic Riemannian manifold for some 1 < p < n, with
Ric > 0. Let 2 C M be a bounded subset with smooth boundary, and let u, be its p-capacitary potential.
Then, there exists a positive constant C such that

n—1

IDuplu,”” <C (2-16)

holds on the whole M . Q.

Proof. By the ¢'-regularity of u p» it clearly suffices to show that (2-16) holds outside some compact
set containing Q. Let then 0 €  and R > 0 be such that 2 C B(o, R), and let x € M . B(o, 4R). With
this choice, we have B(x, 2dg(0,x) —2R) C M ~ B(o, 2R). Thus, applying inequality (2-15) to the
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function u,, on B(x, dg(0, x) — R), we get
_p—1

|Duty | up(x) -5 ()
_p <octr W)
= =0, )—R” ek dg (0, x)
up "
and the rightmost-hand side is bounded by means of (2-13). O

2D. Kato-type identity and a warped product splitting theorem. Finally, we give the statement of the
refined Kato-type identity for p-harmonic functions obtained in [Fogagnolo et al. 2019, Proposition 4.4],
which will be at the core of the monotonicity and rigidity of F ,’,3 .

Definition 2.13 (geometry of level sets and orthogonal decomposition). Let (M, g) be a Riemannian
manifold and v be a smooth function on M. At any point where |Dv| 7= 0 we denote by h and H respectively
the second fundamental form and the mean curvature of the level set of # with respect to the unit normal
Dv/|Dv| and g " the metric induced by g on the level set of u. Finally, for a given differentiable function f,
we denote by D' f the tangential part of the gradient, according to the orthogonal decomposition

1 Dv T, L

In particular, the following formula holds:
IDIDf|I> = DT Df|*+ DD f].
We are now ready to state the Kato-type identity for p-harmonic function.

Proposition 2.14 (Kato-type identity). Let (M, g) be a Riemannian manifold and let v be a p-harmonic
function on some subset of M, p > 1. Then, in an open neighbourhood of a point where |Dv| # 0, the

following identity holds:
2 2 2
—1
IDDv|? — (1 + (p=D >|D|Dv||2 = T+ (1 — %)mﬁmnz,
n [e—

according to the notation in Definition 2.13. Moreover, if, for some tg € R, |Dv| > 0 and

H

2

he —
n—lg

2
=0, [DT|Dv|*=0

H
po e
n—1

hold at each point of {v > ty}, then the Riemannian manifold ({v > ty}, g) is isometric to the warped
product ([tg, +00) X {v =1y}, dt ®dt + nz(t)g{v=to}), where the relation between v, n and t is given by

_ (V' () =T
n(t)—(v,(t)) . 2-17)

3. Monotonicity-rigidity theorems

In this section we are going to prove our monotonicity formulas in the p-nonparabolic setting. The
results we present here are the natural extensions of the ones shown in [Agostiniani and Mazzieri 2020;
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Agostiniani et al. 2020], as well as of the ones obtained in [Fogagnolo et al. 2019; Agostiniani et al.
2022a]. In the first two mentioned papers the authors established the monotonicity in the case of the
harmonic potential, respectively in R” and in a general 2-nonparabolic manifold with nonnegative Ricci
curvature, whereas an analogous theory has been developed in the case of the p-capacitary potential in the
Euclidean setting in the second two papers. More precisely, in [Fogagnolo et al. 2019], the authors worked
out the smooth computations and took advantage of the fact that the p-capacitary potential associated
with a convex domain is smooth and has no critical points (see [Colesanti et al. 2015; Lewis 1977]),
whereas the main technical achievement in [Agostiniani et al. 2022a] is the treatment of the general case,
when the critical points are present and even possibly arranged in sets of full measure. On the other hand,
the approach presented in that work only produces effective inequalities (1-6), that are anyway sufficient
to prove Theorem 1.1 in the flat setting, as mentioned in the Introduction. Here, we extend these results
to the setting of p-nonparabolic manifolds and we improve them, establishing the full monotonicity of
the integral quantities defined in (3-1) along the p-capacitary level sets flow.

As usual, the main difficulty amounts to ensuring that the monotonicity survives the singular values
of u, that, as far as we know, could even form a set of positive measure. Inspired by the analysis in [Gigli
and Violo 2023], where the authors were forced to face severe technical problems caused by the typical
low regularity of the nonsmooth setting, we compute the derivative of our integral quantities (3-1) in the
distributional sense, appealing to the full strength of the coarea formula in Proposition 2.1, and exploiting
the integrability properties of the p-harmonic functions in Lemma 2.3.

From now on, except where it is necessary, we fix 1 < p < n and we drop the subscript p when we
consider a solution u to the problem (1-4).

3A. Statement of the monotonicity-rigidity theorems. Let u: M ~ Q2 — R be a solution of (1-4). For
B € [0, +00) we consider the function

(n—D(p—D
Ff() = rﬂw—/”»/ IDu|FHDP=D 4o (3-1)
{u=1/t}

defined for every ¢ > 1 such that |{u = 1/¢} NCrit(u)| = 0, which is fulfilled for almost every ¢ € [1, +00)
by Proposition 2.1. We also set

Fe(W) =177 sup |Dul, (3-2)
(=11

which is defined on the whole [1, 4-00). If 1/t is a regular value for u, then F f is differentiable at ¢ for
every B € [0, +00) and its derivative is

(FPY (1) = —ptP i 2 Dy 0e-0-1(y =D =D by Ve, 33
p g
(u=1/1} (n—p)

As said before, the aim of this section is to prove monotonicity-rigidity theorems for ¢ — F ,’,3 (t) and
1 F(1).

Theorem 3.1 (monotonicity-rigidity theorem for F ,’,3 ). Let (M, g) be a p-nonparabolic Riemannian
manifold with Ric > 0. Let 2 C M be a bounded open subset with smooth boundary. Let F 5 be the
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function defined in (3-1) with
n—p

—n—l)(p—l) < B < +o0.

Then F,’,g belongs to W>1(1, +-00) and the identity

B+ (p—1)
(Fg)%t):—ﬁ(%) / 2 ﬁ(ﬂ(nl)(z) U|Du|(ﬂ+l)(17 Ho1
n—p {u<1/1}\Crit(u)

1 ] 2

2 T 2
. p—27IDT|Dull> . [ Du Du
1 R , d 3-4
- )[ﬂ+' 1] Du TR ipu) Dy Jj O

H
+'h——g
n—1

holds for every t € [1, +00) and

(B+D(p-1)
(F’S)”(t)=ﬂ<—( n—2)p 1)) T pen 2/ Dy B+D (=D =2
' (n—p) w=1/1)

T2+( 1 ﬂ—i—p —27ID7IDu|” e ( Du DuAl, (3-5)
ic , -
P 1| Dup? Dul” Dul }|

H
+lh———¢
n—1
holds for almost every t € [1, +00). In particular, F ,’f admits a convex and monotone nonincreasing €'
representative. Moreover, (F ,’,8 ) (o) = 0 at some ty > 1 such that 1/ 1ty is a regular value for u if and only
if {u <1/to}, g) is isometric to

Hu=UmH)#g

2
T
([IO’ Foopxlu=1/n) dr@ det ( ) $1u= 1““) where o = (AVR(g)lS"—ll

In this case {u = 1/ty} is a connected totally umbilical hypersurface with constant mean curvature in
(M~ Q,9).

We also highlight that the rigidity statement is expressed in terms of the derivative. However, if
F ,’? t)=F ,’f (T)for1 <t <T <+4oosuchthat 1/t and 1/T are regular values for u, the rigidity statement
still triggers. Indeed, since the set of regular values is open, monotonicity ensures the existence of a
decreasing sequence (%;) jen such that z; — ¢ as j — 400, 1/1; is regular for u and (Ff)’(tj) = 0. Since
t— F f (¢) is smooth in a neighbourhood of ¢, this implies that (F 5 )'(t) = 0; hence the splitting of
{u <1/t}.

Theorem 3.2 (monotonicity-rigidity theorem for F°). Let (M, g) be a p-nonparabolic Riemannian
manifold with Ric > 0. Let 2 C M be a bounded open subset with smooth boundary. Let F Ifo be the
function defined in (3-2). Then F ;0 is a continuous monotone nonincreasing function. Furthermore, we
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have
(n—D(p—1 0 |Dulg
H,— — DI =—(p—-1—1 >0, 3-6
|: g (n—p) IDlogulg|(x:) (p )81), og u% (xr) > (3-6)
where x; € {u = 1/t} is the point where sup{u:m}|Du|g/u("_1)/("_”) is achieved and v; = —Du /|Du|, is

the unit normal to {u = 1/t}. Moreover, Flfo (tg) = F;O(T)for some ty < T or the equality holds in (3-6)
for some ty such that 1/ T and 1]ty are regular for u if and only if ({u < 1/t9}, g) is isometric to

lu = 1/10}] )

2
T
([TOa +o0) x {u =1/}, dt ® dr + (T_O> g{u:l/to})’ where 7o = (AVR(g)IS”_II

In this case {u = 1/ty} is a connected totally umbilical hypersurface with constant mean curvature in
(M~ €, g).

A direct consequence of the monotonicity of F,° is the following regularity theorem for the p-capacitary
potential.

Corollary 3.3. The function F ;;o is strictly positive. In particular, every level of u has at least one regular
point.

We want also to emphasise that these theorems can be applied in particular in R" for every 2 open
bounded with smooth boundary, where they naturally extend the monotonicity-rigidity theorems in
[Fogagnolo et al. 2019; Agostiniani et al. 2022a].

We conclude this introduction by rewriting the functions F' ,’,3 and F ;O defined in (3-1) and (3-2) in a
different formulation. We make use of this tool only to simplify computations, but as shown in [Agostiniani
and Mazzieri 2020; Fogagnolo et al. 2019; Agostiniani et al. 2022b] monotonicity-rigidity theorems have
their counterpart in this framework. Let (M, g) be a complete p-nonparabolic Riemannian manifold with
Ric > 0 and u : M . Q — R be the solution of the problem (1-4). We consider the conformally related
Riemannian manifold (M \ 2, g), where g is given by

It is also convenient to consider the new variable
—D(n-2
_ =@z (3-8)
(n—p)
so that the metric g can be equivalently rewritten as
. 2
g=¢ n—=2 g.
With the same formal computation as in [Fogagnolo et al. 2019], one can prove that Ag ¢ =0on
M ~ Q where Ag is the p-Laplace operator with respect to the metric g.

From now on, given (M, g) a p-nonparabolic manifold with Ric > 0 and u a solution to (1-4), ¢ will
be the function obtained by u through (3-8), whereas g will indicate the metric on M \ Q obtained from u
and g through (3-7).
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The gradient of ¢ is related to the one of u by

(n=2)(p — 1) |Dul,

(n’_p) un-r

Volz = (3-9)

where V is the Levi-Civita connection associated to the metric g. We can observe that if ¢ is a regular
value for u then s = —[(p — 1)(n — 2)/(n — p)]logt is a regular value for ¢, thanks to (3-8) and the
previous relation. Moreover, we recognise from the above expression and the estimate (2-16) that the
fundamental property of [Vg|; is uniformly bounded, that is, there exists a constant C such that

IVpls =C (3-10)

on the whole M ~ Q.

Using (3-9), the family of functions ¢ — Fg (t) for B € [0, +00] defined in (3-1) and (3-2) can be
rewritten in terms of g and ¢ obtained through (3-8) and (3-7). For any 8 € [0, 4-00) we can now consider
the function

B+D(p—1)
Dh(s) = f Vol dog, (3-11)
{p=s}
whenever s > 0 is such that |{¢ = s} N Crit(¢)|. Correspondingly we set

®7°(s) = sup [Volg, (3-12)
{p=s}

which is defined on the whole [0, +-00). The function <I>§ can be obtained from F' 5 through a change of
variable, that is,

(n=p)
<D/I5; (s) = Fllf (e-Du-2%),
For B < +o00 it thus holds that

(n—p)
(p—1Dn-2)

for almost every s € [0, 4-00). The previous relations reveal how proving the monotonicity results for F ,’,3

(n=p) (n=p)
(cpf))’(s) = e(p—l)(n—2>s(Flf)/(ew—l)(n—ms)

and F ;O, stated in Theorems 3.1 and 3.2, are equivalent to show the same one for d>f, and <I>[°)°. The same
argument applies for the regularity of F ,’? .

3B. Proof of monotonicity-rigidity theorems. A basic property we will need is the essential uniform
boundedness of CD’;; of CI>;’,° defined in (3-11) and (3-12).

Lemma 3.4. Letbe 1 < p <n,and (M, g) be a p-nonparabolic Riemannian manifold. Let 2 C M be a
open bounded subset with smooth boundary. For every B € [0, +00), CDﬁ is essentially uniformly bounded,
namely CID’f7 (s) < C for almost every s € [0, +00), including any s that is regular for ¢. Moreover, the
function CIDEO is uniformly bounded.
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Proof. It suffices to write de; as

+1D(p—1 — -1
oh6 = [ IVl dog <0V [ vl
{p=s} {p=s}

p—1
:cﬂ<p—1>[(”—_ 2P - 1)} / IDul”~" do,

(n—p) {u=1/1)
where C is the constant in (3-10), the last identity is due to (3-9) and (3-8) taking

[(p — D —2)]

§=—| ———  |logt.
n—p

By (2-7) we have that the integral on the rightmost-hand side coincides with Cap,(€2) for almost any 7,

including any of those such that 1/¢ is a regular value for u. This settles the boundedness of @g for
finite . On the other hand the uniform boundedness of @77 is a direct consequence of (3-10) alone. [J

From now on, we will drop the subscript g whenever it is clear to which metric we are referring.

Suppose by now that 8 € [0, +00) and consider the vector field
(n—p)
X =& T 0| Vel VIVl 4 (p — 2)VH Vg D), (3-13)

defined in a neighbourhood of each point such that |[V¢| > 0, where the function ¢ is actually smooth,
being p-harmonic with respect to the metric g. This vector field is related to the derivative of <I>f, through
the following identity.

Proposition 3.5. Let (M, g) be a p-nonparabolic Riemannian manifold with Ric > 0. For every B €
[0, 4+00), the function s — CDg (s) defined in (3-11) belongs to w1 (0, +00) and its derivative is given by

loc

EEOTAY 1 Vo
e~ =2(p-D (q)p) (s) = —— X, — )do (3-14)
w=s)\ Vol

for almost every s € [0, +00), where X is the vector field defined in (3-13).

Before starting the proof, observe that the quantity appearing in the left-hand side of (3-14) is actually
well-defined for almost every s € (0, +00) even if X is a priori defined only where |Vg| > 0. Indeed, by
Proposition 2.1 |Critg N {¢ = s}| = 0 for almost every s € (0, +00).

Proof. By the definition of X, it is easy to check that

e_w(g)—(z)l)(g<|v(p|p—2vlv¢|ﬂ([’—l)’ |§¢|>= 1 1<X, |Z§D|>
ol p— ¢

holds around each point such that [Vg| # 0. Hence, it remains only to prove that qu (s) € wl! 0+ 00)

loc
and that
By _
(@5 (5) = /

(19617291900, 2 )ao
lp=s}

"Vl
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holds for almost any s € (0, 00). Let n € €°(0, +00). Since |Vg| < C by (3-10), applying the coarea
formula (2-2) with f = [Ve|#+D®=D and the chain rule we obtain that

+00 +0o0
0 0 {p=s}

:/ 7 (5)(Vg, V)| Ve|PHD=D=14,
M~Q

= / (V(n(g)), V) |Ve|PTDP=D=1q,,
M~Q

Integrating by parts the right-hand side, AP ¢ = 0 yields

+00
/ 0 (s)®h(s)ds = — / _n(@){IVel"*V|VelfP~D Vo) du.
0 M~Q

Thanks to (3-10) and Lemma 2.3, we are in position to apply the coarea formula in Proposition 2.1 with
f={(V|P72V|Ve|PP~D V) /|Ve| (see Remark 2.2) to get

+00 1
/ n'(s) @b (s)ds = — / n(s)
0 0

which ensures both that QD’Z € Wl’l(O, +00) and (3-14). O

loc

Vo

IVp|P~2V |Vl
< Vol

> do ds,
{p=s}

The nonnegative divergence of X is what substantially rules the monotonicity of @ and this is true
when S ranges in a suitable set of parameters.

Lemma 3.6 (divergence of X). Let (M, g) be a p-nonparabolic manifold and X be the vector field defined
in (3-13). Then

. __(n=p)
divX =e @20-10YQ

holds at any point such that |V¢| > 0, with

2 _ T 2
Q:ﬁ(p_1)|v(p|ﬂ(pl)+p2{ h_igT +(P-U|:ﬂ+p 2] |V |V(/2>||
n—1 p—1] |V
(n—p) JIVEVel? . ([ Vo Vg
+(p—1 2|: _ i| +R ( ,_)}, 3-15
PP e ) ver T wer ) O

where h and H are respectively the second fundamental form and the mean curvature of the level sets of ¢
with respect to the unit normal Vo /|V|, V1 is defined in Definition 2.13 and Ric, denotes the Ricci
tensor of the background metric. In particular,

—-p
n—1(p—
Proof. The proof follows the same lines of [Agostiniani et al. 2022a, Lemma 4.1], replacing accordingly
the vector fields W = |V |?72V|V|#P~D and Z = (p —2)|Ve|P2V+|Ve|PP~D, The Ricci curvature
term appears computing the divergence of W thanks to the Bochner identity for p-harmonic functions, as

div(X) >0 for ( D < B < 4o0.

the reader can see following [Fogagnolo et al. 2019, Proposition 4.3]. O
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Suppose that [Vg| # 0 everywhere. We can apply the divergence theorem in the domain {s < ¢ < S}

to obtain
Vo Vo ,
X, —)do — X, ——)do = divXdu > 0. (3-16)
{p=S} |V§0| {p=s} |V(p| {s<p<S}

Using (3-14) we deduce that
— T (P (5) < e TS (D) (S
e T2 (DF) (5) < e TS (@) (8).
This almost concludes the proof of the monotonicity theorem for cI)ff, with

n—p
—<
(n—=D(p—-1

assuming the absence of critical points. Indeed, by integrating it, monotonicity will follow as in [Fogagnolo

B < o0,

et al. 2019, Theorem 3.4]. This case lies in the same trail blazed in [Agostiniani and Mazzieri 2020] since
if [Vg| # 0, the p-Laplace operator is elliptic nondegenerate, and thus the techniques used for harmonic
functions fit perfectly.

If we want to pursue the previous path, even when the critical set of ¢ is not empty, we are first
committed to providing a version of (3-16) that holds even in presence of critical values. The main
issue is that div(X) does not belong to LlloC
Proposition 4.6], testing s > e ~$("—P)/((2=2)(p=1)) (CDf;)’ (s) against nonnegative functions n € €.°(0, 4+-00)
and using the coarea formula Proposition 2.1 for f = (X, Vo /|V¢|)(1 — xcrity), One gets

a priori. Following the same lines of [Gigli and Violo 2023,

+00 n—p
(p— 1)/ n’(s)e*4<n—(z><p>fl>s(cbf;)’(s) ds = / (X, VIn(p)]) du.
0 M~Crit(p)

We now would like to integrate by parts and use the nonnegativity of div(X) outside the critical set of ¢.
In doing this, we are hampered by the fact that div(s crity X) is actually a measure that is possibly
not absolutely continuous. Hence we can aim to prove that s — e~**=P)/ (("*2)(P*1))(d>g)’(s) belongs to
BVioc (0, +00), but not the absolute continuity. Differently from the nonsmooth case, we can here employ
the higher regularity of ¢ outside its critical set to refine the result.

Proposition 3.7. Let (M, g) be a p-nonparabolic Riemannian manifold with Ric > 0. Let Q@ € M be an
open bounded subset with smooth boundary. For every
n—p
(n—=D(p—-1
the function s +— ¢S ("—P)/(1=2(p=1) (CIJ’,S,)’(S) defined in (3-14) belongs to Wlf)’cl (0, +00) and its derivative
is given by

< B <400,

(n

__=p) 1 div X
(e~ T2 (9P (5)) = ——
P —1 \Y
p {o=s} | §0|

do (3-17)

for almost every s € [0, 4+00), where X is the vector field defined in (3-13).

We remark again that the quantity appearing in the left-hand side of (3-17) is actually well-defined for
almost every s € (0, +00) even if X is a priori defined only where |Vg| > 0. Indeed, by Proposition 2.1
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|Critp N {¢ = s}| = 0 for almost every s € (0, +00). Moreover, since ¢ € € around each point where
V| > 0, the field X is smooth around such points; thus its divergence can be classically computed.

Proof. Proposition 3.7 follows if we prove that div(X)(1 — xcrit(p)) belongs to L (M~ ) and

loc
+oo __(n=p) 5
(p— 1)/ n'(s)e” w20’ (<I>f;)’(S) ds = —/ n(p) div X du (3-18)
0 M~ Critg

holds for every n € €°(0, +-00). By the coarea formula in Proposition 2.1, with f = div(X) (1 — Xcrit(e))»
we would get

. 0 div X
/ n(p)divXdu = / n(s) do dt,
M~Critg 0 o=s} Vol

which implies both that e~ =P)/(=2(=D by e W11 (0, +-00) and (3-17).

loc
Step 1: proof for nonnegative n. Let n € 4°°(0, +00) be nonnegative. For any given ¢ > 0 consider the
smooth nonnegative cut-off function ;. : [0, +00) — R defined as

Xe(t) =0 int< %e,
0<x\(t)<2e7! inle<t<ie,
xXe(t) =1 int> %s.

Consider accordingly the vector field X, = x.(|Ve|f?~D)X, where X is the vector field given in (3-13).
Let n € €°(0, +00) be nonnegative. We notice that [(X,, V)| < |(X, Vg)| which is in L2 (M~ Q) by

loc

(3-10) and Lemma 2.3. Hence (3-14), the coarea formula with f =n'(¢)(X, V¢/|V¢|) and the dominated
convergence theorem imply

oo / — e ¢ BN/ . 1 /
n(s)e @207 (Pry (s)ds = lim —— | n'(¢)(Xe, Vo) du.
0 P e—~>0t p — 1 M

Employing the coarea formula in (2-2) with f = (X, V¢/|V¢|) and integration by parts, we obtain that

+00 , VQD
n (s) X,, — }do ds
0 {p=s} |V§0|

= / n'(@)(Xe, Vo) du = —f div(X:)n(e) du
M M
__ / 1(@)xe (VPP div X dju — / (@, (VlPP D) (X, VIVlFPD) du,
M~ N N3g/2\Nej2

where N5 = {|Vg|fP~D < §} for every § > 0. By the monotone convergence theorem, the first integral
in the rightmost-hand side gives

lim 1(@) e (Vo PPD) div X du = / 1) div X d > 0.
e—0t M~N; ) M~ Crit(p)

To achieve Step 1, it thus remains to prove that the second integral vanishes as ¢ — 0. Observe that
the integral in question is always nonnegative, as (X, V|Vg|#?~D) >0, n > 0 and X, > 0. Hence, we
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only need to estimate it from above with a quantity that vanishes as ¢ — 0%, Since |Vg|#?~1 > ¢/2 on
N3g/2\ Ng /2, @ is smooth in such a region. The coarea formula in Proposition 2.1 and x, <2/e would give

(n(p) X, V|Vg|PP=D)
[V|Vg|fr=D]|

3¢e/2
/ @)L (VelPPD) (X, V|V PP Dy dp < = f / dods. (3-19)
N3e/2\Nej2 AN,

However, to apply Proposition 2.1 without further specifications, the set N3¢/ \ N¢ /> should be compactly
contained in M ~. Q for every ¢ > 0 small enough. Since |[Vg| > 0 on d€2 and ¢ € 6, ﬂ(M N Q), it is
clear that the set N3¢/2 . N; /> does not touch 9€2. Nonetheless, it could be unbounded. This is not a real
issue since we are integrating 1(¢), which has compact support. More rigorously, choose S > 0 such that
n(s) =0 for every s > S. Let £ : R — [0, 1] be a smooth cut-off function such that £ =1 on [0, S] and
£ =0 on [2S, +00). Observe that the function £(¢)|Ve|fP~1 4 (1 — £(¢)) is smooth outside Crit ¢, its
sublevels Nj are compact for § < 1 and its gradient coincides with V|V¢|#?~D on the support of 1 ().
Moreover, one can replace Ns with Njs in both sides of (3-19) without changing the value of the integrals.
Indeed, such sets coincide on the support of 1(¢), where integrations are actually performed. Hence,
(3-19) holds. Up to the end of this step, we will implicitly use this truncation argument when the coarea
formula is applied.
Let 0 < R < 1 be a regular value for |Vg|. Define H as

(@)X, V[Ve|PP=D)
H(r) = —
an,  |V|Vg|Pr=D]

for every r € (0, R) that is a regular value of |V¢|, hence for almost every r € (0, R) thanks to Sard’s
theorem applied to the smooth function |V¢|. We claim that 2 (r) vanishes as r — 0. This is enough
for Step 1, since it would give

dods <2 sup H(r)—0

FE[F 38]

/38/2/ (@)X, VIVe|#r~D)
v, IVIVelPP=D]

as & — 0t
Let 0 <t <r < R be two regular values for |Vg|, applying the divergence theorem to the smooth
vector field X on N, \. N, we get

’H(r)—H(t):/ (n(@)X, V[Ve[PP~1) _/ (@)X, V|Ve|FP=D)
an,  |VIVe|Pr=D| on, |VIVelFP=D]

=/N NdiV(n(so)X)dM=/ n(w)diV(X)du+/ (X, Vo)n'(p)du.  (3-20)

Since Ric > 0 and
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by (3-15) we have that

(n—p)
divX > B(p — 1)2e” 7 rn¥ |V Pr—Dtr—4
p—2 (n—p)
x ([ﬁ+—]|VT|w||2+<p— 1)[/9 ——}Wﬂwnz)
p—1 (p—D@n—1)
___(n=p) _ _
> Cp%p(p— 1?e” 7 12? |V fP= D=4V |V + VT |Vg|*)
o IVOIP2IVIVeIPP D2 (X, V| VelPPTh)
|[Vg|fr—D - [Vg|Br—D

1 p—2 _ . (n—=p)
C‘ﬁmm{[“p—l]’(p 1)[’3 <p—1><n—1>”>0'

If we plug the above estimate into (3-20) and use the coarea formula in Proposition 2.1 with f =
|v(p|—ﬂ(p—1)+p—2|v|v(p|ﬂ(p—l)|, we get

Uy ))
>Cpe @Du-2

’

where

(X, Vo) (¢) dp = C f TR g

t S

H(r)—’H(t)—f

N~ N;

(3-21)

On the other hand, the map
(=60 = [ XV
N ~\Critg

is a well-defined bounded function in €°([0, R]). Indeed, 1’ (¢) has compact support and

(X, V)| < B(p — D|VelPP~V|V|Ve|P~!| € L}, (Ng \ Crit )

loc

by Lemma 2.3. Equation (3-21) states that # — H(¢) —G(¢) is monotonically increasing, whereas H(s) > 0
for almost every s € (0, 7). Thus, ¢ — H(t) = H(t) — G(¢) + G(¢) admits a limit as t — 0T, being the
sum of a monotone and a continuous function. Denote by #(0) such a limit. Since G(t) — 0 as t — 0T,
by dominated convergence theorem and 4 (0) > 0, we have

H(s) ds.

s

R
H(R) —G(R) = [H(R) —G(R)] - [H(0) —=G(0)] = C/O

Hence H(s) — 0 as s — 07; otherwise H(s)/s would not belong to L'(0, R), contradicting the bound-
edness of H(R) — G(R).

Step 2: conclusions. In the previous step we proved (3-18) for every nonnegative function n € €°°(0, +00).
Let be K C M ~ Q. Then, there exists an ng € 6.°(0, +00), nxg > 0, such that ng(¢) > 1 on K. In
particular, since div(X) > 0 outside Crit(¢) we have

/ div(X) (1 — Xcritp)) A 5/ nk (¢) div(X) du
K M~ Crit(p)

+oo ___—p
=== [ T @) ) ds
0
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which is finite thanks to Proposition 3.5. This ensures that div(X)(1 — xcrit()) belongs to LlloC (M~ Q).
Approximating the positive and the negative part of a general n € ¢.°(0, +00), that are nonnegative

Lipschitz with compact support, we can conclude. (|

Proof of Theorem 3.1. We use an argument due to [Colding and Minicozzi 2014a]. By Propositions 3.7
and 3.5, ®) is W21 (0, +00). By (3-17), s > e =P/ (=2(=1) (P (5) is nondecreasing. Then for
every 0 <s < § < +o00o we have

_(n=p) ¢_
em25-1S S)(CD"Z)’(S) < (ch;)/(S).

Integrating the above inequality, we get

(n—=2)(p—1)

(n—p)
for every 0 <5 < § < 4-00. Suppose, by contradiction, that (CDg)’(s) > 0 for some s € [0, +00). Passing
to the limit as S — +o00 in (3-22) we would get that QDf; (S) = 400 against the boundedness property
ensured by Lemma 3.4. Hence, (@g)’(s) < 0 and in particular s @,ﬁ, (s) is nonincreasing. Notice that
CDf; is a bounded, nonincreasing ¢! (0, +-00) function. Then (d>’g)’ (s) = 0 as s — +oo. Coupling this

(3157 _ 1) (@B (5) < D($) — DL(s) (3-22)

with the coarea formula in Proposition 2.1 for f = div(X)(1 — xcritp))/| V| one gets that

(n (n

T (BB () = lim e m T (DF) () — e w1 (BB)'(S)
S— 400
= lim — / divXdu =— / div X du (3-23)
S=>400 Jis<p<S)I\Crit(p) {p=s)\Crit(p)

for almost every s € [0, +00), which also ensures that div X € L' (M ~ (QUCrit(¢))). We also observe
that (3-23) holds actually for every s € [0, +00) and this is why (3-4) is in turn true for every ¢ € [1, 00).
Indeed, the left-hand side is continuous by the statement. By the locality of the gradient, {¢ = s} N Crite
is negligible with respect to the volume measure 1, since ¢ is a 4'!# function. The integration in (3-23)
can be thus performed on {¢ > s} N Crit ¢. This shows that the right-hand side is right-continuous (hence
continuous) by the monotone convergence theorem.

One can now obtain (3-4) rewriting (3-23) in terms of u. The proof proceeds through direct computations.
The main ones are contained in [Fogagnolo et al. 2019, Section 3.3], the only difference is the Ricci term
that can be computed as

(p—D(r=2)

2 _pntp=2
u “ n-r Ric(Du, Du).
(n—p)

Ric(Vy, V) = [
Consequently, (3-5) follows by (3-4) and coarea formula.
For the rigidity statement, suppose that (F 5 ) (o) =0 for some #( € [1, +00) regular for u. Then by (3-4)

=0 and |D'[Dul,l,=0

H
-
n 8

hold on {u < 1/19} \ Crit(u). By Proposition 2.14, ({u < 1/1y}, g) splits to a warped product near the
level set {u = 1/1p}. In particular, the mean curvature H depends only on u. By (3-3) also |Du| depends
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only on u and

H — 1 |Du
2 puly = = 1 P
u p—1 n—p u
Integrating it, we get that for some A(fy) > O the identity
n—1
|Dulg = ur=T A(to)

holds, which gives that [Du|, never vanishes on {u < 1/1p} by the continuity of gradient. Recalling the
relation between u, n and ¢ in (2-17), we obtain that n(t) = B(ty)tpt + (1 — B(tp)) for some B(tg) > 0.
If we define the new coordinate as

1 — B(tp) 1
—— and HHp=————,
B(to)1o to(B(to) — 1)
we have that {t > 1o} = {u < 1/%}, n(t) = t/79 and dtr = —d¢. To sum up, we have proven that

(fu < 1/1y}, g) is isometric to

2
T
([ro, +00) x {u =1/1p}, dt ® dr + (T_o) g{u:l/to})’

leaving us only to characterise 7yp. Observe that, by the conical splitting, the measures of the level sets
of T satisfy

R n—1
I{T=R}|=<—> {u = 1/10}].
To

One can easily prove that on a cone
1 l{r < R} . =R}
= lim ———= lim ———,
R—+400 |B(0, R)| R—+400 |3B(0, R)|
which can be used to compute the claimed value of 7,

AVR(g) = lim Hr =R} _ [{u=1/n}

= . O
R—+00 R”71|§"71| 1’6’_1|§”_1|

We conclude this section by sketching the proof of the monotonicity-rigidity theorem for ®°, which
does not require much more effort than in R"” [Fogagnolo et al. 2019].

Proof of Theorem 3.2. Lemma 5.1 in [Fogagnolo et al. 2019] holds also in this setting. The only difference
in proving that |[Vg|? is a subsolution of the nondegenerate uniformly elliptic operator

Vo V(p) n—
Vol Vol ) n—

2(f)=Af +(p —Z)VVf< (V1. V).

acting on smooth f in a neighbourhood of points such that |[V¢| > 0, is that the curvature term that appears
when the Bochner identity for p-harmonic functions is applied can be controlled by Ric > 0. We claim that

|IVo[(x) < sup [Vg (3-24)
{p=s}
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for every s € [0, +00) and x € {¢ > s}, which is the main ingredient in the proof of [Fogagnolo et al.
2019, Theorem 3.5]. Firstly suppose that ®7°(s) > 0 and let be 0 < § < ®7°(s). By (3-10), [Vp| <C
uniformly in M \ Q. For some S > s let
w=|Ve|” - sup |Vg|? — CPem @5
{p=s}

be defined on {s < ¢ < S}~ Ns, where N5 = {|V¢| < §}. Since w <0 on the boundary of {s <¢ < S}~ Ns
and .Z(w) > 0 in its interior, by the maximum principle we have that

IVo|? < sup [Vg|? +CPewairn ¥ (3-25)

{p=s}

on {s < ¢ < S}~ Ns. Moreover, since |[Vp| < § on Ns, (3-25) is thus satisfied in the whole {s < ¢ < S}.
Passing to the limit as § — 400, (3-24) is proven for s € [0, 4+00) such that CI>°°(s) > 0.

We now prove Corollary 3.3, namely that @b »(s) > 0 for every s € [0, +00), which in particular yields
(3-24) proving the monotonicity. Suppose by contradiction that ®7°(s) = 0 for some s € [0, +00). By
Proposition 2.1 there exists a sequence of (s;)jen, s; — s as j — +00 and QDZO(sj) > 0. If, up to
a subsequence, we can assume that d>§’7°(s ;) — 0, then we can conclude. Indeed, <I>;°(s i) = Vel(x)
for every x € {¢ > s} and <I>°°(sj) — 0 as j = 4o00; hence |[V¢| = 0 on {¢ > s}, contradicting the
unboundedness of ¢. Suppose now that every subsequence of <I>°°(s ;) does not vanish. Then there would
be ad > 0and J € N such that ®7°(s;) > & for every j > J. Since level sets of ¢ are compact, dJﬂ (s7)
is actually achieved at some point x;; € {¢ = s;}. Moreover, (x;,) jen is bounded, since it is contained
in {¢ <s}. Hence, we can assume that there exists x € {¢ < s} such that x;, — x as j — +00. Since
pise, I we obtain that ¢(x) =s and |V¢|(x) > §, contradicting the fact that <I>°°(s)

Using a similar argument we can infer that s — QDﬂ (s) is left continuous. Indeed, by COHtI'adICtIOIl there
would be a § > 0 such that CI>;’,°(S) > @;O(so)—i-S forany s < s9. Let x; € {¢p =} such that dD;O(s) =|Vo|(xy).
By the compactness of {¢p < so}, there exists a sequence (s;) jen and a point x € {¢ < so} such that
sj <80, 8; —> so and Xs; = X. Since ¢ € %!, we have @(x) =50 and |Vo|(x) > CDZO(S()) + 8, contradicting
the definition of ®°. To prove the right continuity it is the enough to prove that s — ®7°(s) is lower
semicontinuous. Since CD;O > 0, the maximum of |V¢| on {p = s} is achieved at a regular point x. Let
() jen be a sequence such that s; — s as j — +00. Seeing as |Vg| is continuous, there exists a sequence
of points (ij)jeN such that Xs5; € {¢ =5} and Xs; — X as j — +00. Since |V(p|(xsj) < CID?,O(sj) for
every j € N, we complete the proof.

We turn to prove the second part of Theorem 3.2. Since x; is a point of maximum for the function
|Du|g/u("_1)/("_1’) on {u < 1/t}, its derivative with respect to the normal unit vector v, = —Du /|Dul|, is
nonpositive. Hence (3-6) follows by direct computations. To conclude, both rigidity statements follow in
the same way as in [Fogagnolo et al. 2019, Theorem 3.5], since |Du| g JuP=D/(=P) ig also a subsolution
of £ f =0, thanks to (3-9). Il

4. Geometric consequences of the monotonicity theorems

In this section, we prove the geometric implications of the monotonicity-rigidity theorems, which are
the Minkowski inequalities, a rigidity result under a pinching condition and a sphere theorem. The proof
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of these theorems follows, along with the monotonicity already mentioned, by a contradiction argument
that involves the iso- p-capacitary inequality, which we are going to state and prove immediately since
we believe it to be of independent interest.

4A. Iso- p-capacitary inequality. We provide the sharp iso- p-capacitary inequality in complete noncom-
pact Riemannian manifolds with nonnegative Ricci curvature and Euclidean volume growth. As for the
standard iso- p-capacitary inequality in the Euclidean setting, the proof fully relies on the isoperimetric
inequality combined with a P6lya—Szeg6 principle. In particular, the sharpness of the inequality that
follows is a direct consequence of the sharp isoperimetric constant in this setting, which has been found
first in dimension 3 in [Agostiniani et al. 2020] and later extended to all dimensions in [Brendle 2023]. See
also [Fogagnolo and Mazzieri 2022; Balogh and Kristdly 2023; Johne 2021] for related results. The proof
below is classical, and it is inspired by [Jauregui 2012], where it is illustrated for the 2-capacity in R"

Theorem 4.1 (iso- p-capacitary inequality). Let (M, g) be a complete, noncompact Riemannian manifold
with nonnegative Ricci curvature and Euclidean volume growth. Let be Q C M open bounded subset with

smooth boundary. Then
Cap,(B")"

Cap, (€2)"

VR@)" = <505 (@-1)

Moreover, if the equality holds then (M, g) is isometric to the Euclidean space and <2 is a ball.

Proof. By (2-6) and the coarea formula in Proposition 2.1 we have that

1
Capp(Q)zf |Du|”d,u=/f |Du|”_1dadr. 4-2)
M~Q 0 J{u=t}

The Holder inequality with exponents a = p and b = p/(p — 1) gives

p—1
Hu=1t}P < (/ |Du|P~! da) (f ! da) (4-3)
{u=1) {u=r} |Du|

for almost every 7 € (0, 1]. Let V' : (0, 1] — R be defined as

ron 1
Vi(r) = [uzf} Dal do. (4-4)

Moreover, let V : (0, 1] — R be the primitive of V'(t) chosen as

1
V(r) = Q| —/ V'(s)ds = | ~ Crit(u)], (4-5)

where the second identity is obtained coupling (4-4) with the coarea formula (2-2) applied with f =
(1 — Xcrita)) |Du| ™! (see Remark 2.2).
By the isoperimetric inequality in [Brendle 2023, Corollary 1.3] we have that

u =1} > 02| > |2|"" AVR(g)"n|B"|» > V(z)"" AVR(g)#n|B"|r. (4-6)
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Let R(t) be the radius of the ball in R" which has volume V(r). Then V(r) = |B"|R(r)" and
V(1) =|S"'|R(r)""'R'(r). Coupling (4-6) with (4-2), (4-3) and (4-4) we obtain

1 1 pn=1)

i =)|7 / V(D)™
C Q) > ————dr > n?(|B"| AVR n _
2Py (D _/0 vt 47 = ARG | 4
1 R(‘E)n_l
—————dr.

o [-R(D)]r~!
Let now v : {|x| > R(1)} C R" — (0, 1] be the function which is 7 on {|x| = R(t)}. By (4-6) and (2-16)
there exists a positive constant C = C(p, n) such that

= |S""'| AVR(g)"

n—p
—1

1 .
V(1) :/ — do>CIQ Ty
(

u=r} |DM|
Seeing as
Rn—l
Dol = ——— = s =0,
R'(1) V/(7)
the function v is locally Lipschitz. Since IS NR(T)" ! = |{lx| = R(D)}| = [{v =T}, by the coarea
formula (2-2) applied with f = |Dv|? ~I(see Remark 2.2) we have
) R n—1 ) 1
1S""!| AVR(g) L_l dr = AVR(g)i/ / IDv|P~! do dt
o [-R'(D)]P 0 Jv=r}
= AVR(g)" IDv|” dx > AVR(g) " Cap,, ({|x| < R(D)}),

{lxI=R(1)}
where the last one is by the definition of the p-capacity (2-4) in flat R"”. Using (2-9) and the fact that
{lx] < R(D}| = V(1) =1L|, we finally obtain

Cap, (B")

AVR(g)" Cap,({|lx| < R(1)}) = AVR(g)" Cap,,(B")R(1)" 7 = AVR(g)" 5 Q"

|5

and consequently (4-1).

Clearly, if the equality holds in (4-1) then also the equality holds in the use of the isoperimetric
inequality, and [Brendle 2023, Theorem 1.2] forces the rigidity both of the ambient manifold and 2. [J

We conclude this subsection with the following remark, whose importance will be clarified in the
very proof of the L”-Minkowski inequality (Theorem 4.3 below), where a sharp lower bound for the
p-capacity of the superlevel sets of the p-capacitary potential of €2 will be needed.

Remark 4.2. We observe that, replacing €2 and u with Q; = {# > 1/¢} U and u, = tu respectively and
defining V : (0, 1] — R in (4-5) as

1
1
V(t) =192 U{u; =1} +/ / do ds = |QT/, N (Crit(w) N{t < u; < 1})],
7 J{u;=s) |Du,|

we obtain that Cap. (B")" Cap. (2"
aj aj
Pp— AVR(g)? < L
| |=r [€2; " =P
holds for every ¢ € [1, +00).
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4B. Minkowski inequality. We are now ready to prove the L”-Minkowski inequality in our setting. Let
(M, g) be a noncompact, complete Riemannian manifold with Ric > 0 and Euclidean volume growth.
Consider the function # — F,(¢) defined in (3-1) as F ﬁ with 8 =1/(p — 1). By (2-9) we can rewrite
F, in a more geometric fashion as

n—p-—1

n-1 C,(2)\

F,(@t) = t";f |Du|? do = (M) p/ |Du;|? do, 4-7)
{u=1/1) Cp(€2) fu=1)

where u, =tu and 2, = {u > 1/t} U Q.

Theorem 4.3 (L?-Minkowski inequality). Let (M, g) be complete Riemannian manifold with Ric > 0
and Euclidean volume growth. Let 2 € M be a open bounded subset with smooth boundary. Then, for
every 1 < p < n, the following inequality holds:

p
do. (4-8)

H
n—1

n—p— 1
Cp(Q) 77 AVR(g)77 < —— /
IS"H Jag

Moreover, the equality holds in (4-8) if and only if (M \ 2, g) is isometric to
2 1
([,oo, +00) x 02, dp ® dp + (ﬁ) 839)» where py = (L)H .
0 AVR(g)|S"|
Proof. We first show that

n—p—1 1
Cp( @7 T AVR(Q) 7 < 1

—1\?
(p ) IDu|? do (4-9)
n—p aQ

holds for any open subset 2 € M with smooth boundary.
Let then & < AVR(g) and suppose by contradiction that there exists an open subset Q2 € M with
smooth boundary such that

nep=l 1 1 p—1Y
Cp(Q) 7 Omr > ——— | —— |Du|? do.
IS"= " \n—p/) Josq
Define T = 1/t € (0, 1]. By Theorem 3.1, the function T — F,(7) is nondecreasing for t € (0, 1].
Exploiting this monotonicity as in (4-7) we have

n— n—p—1
n—p

_ P o
(” p) 15" gir zc,,(sz)n’plf IDu|” do sz(Qr)/ IDu,|? do, (4-10)
p—1 0 {u=t}

where u, = u /7. The Holder inequality with conjugate exponents a = (p +1)/p and b = p + 1 yields

@0 = ([ ) ([ i)
ap < u o ol .
P {u=t} ! {u=t} |Du|

Therefore, plugging it into (4-10), we get

) - 1
1S"11C (@) 7 < (” p)enfp/ do
p—1 fu=r} |Duz]|
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Using (2-9) and integrating both sides we obtain

1 n —
|S”—1|cp(gz)npf s s < ( ) // 1 o ds,
T {u=s} |DL£|

which, together with the coarea formula (2-2) with f = (1— xcritw)) 1Du| ~1 (see Remark 2.2), leaves us with

IS” 'l

(Cp(Q)T7 —Cp(Q)77) <0772 \ (U Crit(u))|

for every 7 € [0, 1). Applylng the sharp iso-p-capacitary inequality (4-1) to the left-hand side we obtain

p n L
AVR(g) "7 (|Q2:| = Cp(§2)m=r) < 0= |2].

Dividing both sides by |€2;| and passing to the limit as T — 0, we get a contradiction with 8 < AVR(g),
proving that for any 6 < AVR(g)

nep-1 1 1 p—1Y
Cp( @7 077 < —— IDu|? do
S"H\n—=p/) Jog

holds for every any bounded open 2 C M with smooth boundary. Letting 6 — AVR(g)™ yields (4-9).
To conclude observe that Theorem 3.1 implies (F,,)(1) < 0 and thus, thanks to (3-3), we have

H
/ (p )|Du|Pdo</ IDu|?~! —— do.
ao\n—p n—1

By the Holder inequality with conjugate exponents a = p/(p — 1) and b = p, we get

NP
|Du|”d0§(u)/ H
IQ p—1 IQ

n—1
which coupled with (4-9) concludes the proof of (4-8).

p
do, (4-11)

If we now assume that the equality holds in (4-8), then the two sides of (4-11) are identical too. In
particular, by (3-3), F’ [/) (1) =0 and the rigidity statement in Theorem 3.1 applies. 0

Remark 4.4 (a sharp bound on F [’,3 and other geometric inequalities). The previous proof combines a
lower bound on F),(+00) with F ;,(1) < 0. Such an argument can be generalised for every

n—p
Pz D=

In fact, with a similar reasoning one can get

—_ \f—D _ »
lim FF(t) > (H) C,02) P75 AVR(g)! 7,

t——+00

and couple it with (F [’,3 )'(1) < 0 to obtain the family of inequalities

B+D(p—=1)
‘ do

C (aQ)l_ﬂEAVR( )ﬂL*l < 1 /
n—p n—p
’ NI

Ql’l—l
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depending on parameters
n—p
B> ——
(n—D(p—-1
(see [Benatti 2022, Theorem 4.2.1] and its proof for the details). Among them, we have the above-

and l<p<n

mentioned LP-Minkowski inequality for 8 = 1/(p — 1) and the Willmore-type inequality proved in
[Agostiniani et al. 2020, Theorem 1.1] for 8 = (n — p)/(p — 1).

In order to derive the extended Minkowski inequality we want to briefly recall the definition of outward
minimising sets and the notion of strictly outward minimising hull in accordance to [Huisken and Ilmanen
2001] and some related properties that the interested reader can find in [Fogagnolo and Mazzieri 2022].
We are denoting with 9*E the reduced boundary of a finite perimeter set E.

Definition 4.5 (outward minimising and strictly outward minimising sets). Let (M, g) be a complete
Riemannian manifold. Let £ C M be a bounded measurable set with finite perimeter. E is outward
minimising if for any F O E we have |0*E| < |0*F|, where by 0* F we denote the reduced boundary of
a set F. We say E is strictly outward minimising if it is outward minimising and whenever [0*E| = |0* F |
for some F O E we have that |F \ E| =0.

We can define the strictly outward minimising hull Q* of an open bounded subset 2 with smooth
boundary as

Q*=IntE for some bounded E containing 2 such that |E| = inf |F, 4-12)
FeSOMBE(R)

where by SOMBE(2) we denote the family of all bounded strictly outward minimising sets containing €2
and Int E is the measure-theoretic interior of E. As a consequence of [Fogagnolo and Mazzieri 2022,
Theorem 1.1], if (M, g) is a manifold with nonnegative Ricci curvature and Euclidean volume growth,
then Q* as defined above is unique and it is a maximal volume solution to the problem of area minimisation
with obstacle €2, that is,
|0*Q*| =inf{|0*F| | F is bounded and Q C F}.
Outward minimising sets can be characterised as those satisfying
02| = |02 (4-13)
The relation between the strictly outward minimising hull of a bounded set with smooth boundary €2 and
its p-capacity in the family of manifolds we are working on is resumed in the limit
lim C,(Q) 982"
im =—-.
p—>1t P |§n71 |
Such a result is contained in the far more general [Fogagnolo and Mazzieri 2022, Theorem 1.2], having in
mind the relation between the p-capacity and the normalised p-capacity given in Definition 2.7. Letting
p — 17 in the LP-Minkowski inequality (4-8) and employing the dominated convergence theorem
complete the proof of the extended Minkowski inequality of Theorem 1.1,

1982°] %AVR( YT < ! /
E&d T

H
do. (4-14)
n—1
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Outward minimising sets are mean-convex, as a simple variational argument immediately shows, and
satisfy (4-13). As a corollary, the Minkowski inequality can be simplified for this particular class of
subsets as in the following statement.

Corollary 4.6 (Minkowski inequality for outward minimising sets). Let (M, g) be complete Riemannian
manifold with Ric > 0 and Euclidean volume growth. Let Q C M be a bounded outward minimising
subset with smooth boundary, then

952 %AVR( YT < ! / H 4 (4-15)
E O 218 Jagn =1 _

Remark 4.7 (sharpness of the Minkowski inequality for outward minimising sets). The sharpness of

the Minkowski inequality for outward minimising sets (4-15) is not difficult to check even in nonflat
spaces. In fact, in a %'-asymptotically conical manifold, where the metric g approaches the cone metric
dp ® dp + p*g; in the ©'-topology, big level sets of p are outward minimising (see, e.g., [Benatti et al.
2024, Lemma 4.3]) and is straightforward to check that {p = R} saturates (4-15) in the limit as R — +o0.

Going beyond asymptotically conical spaces, one can infer the sharpness of the Minkowski inequal-
ity for outward minimising sets in manifolds of nonnegative Ricci curvature and Euclidean volume
growth of dimension n < 7. Indeed, the proof of [Fogagnolo and Mazzieri 2022, Theorem 1.3] can
be readapted by exploiting (4-15) in place of the Willmore-type inequality [Agostiniani et al. 2022b,
Theorem 1.1]. This would allow showing that the infimum among all outward minimising smooth sets
of [9Q|~=2/(=1) /. 2 H is the lower bound given by (4-15), exactly in the same way [Fogagnolo and
Mazzieri 2022, Theorem 1.3] provides the sharpness of the Willmore-type inequality.

4C. Rigidity statement. We finally characterise the subsets Q2 that saturate the inequality (4-14). We are
getting this rigidity result evolving 92 by smooth IMCEF, proving that, in an outer neighbourhood of 92,
the manifold is a truncated cone with the same volume ratio of (M, g). The conclusion then follows from
a generalisation of the Bishop—Gromov theorem.

Going into more detail, since a2 is strictly mean-convex, we can consider a sequence of sets 2; with
t € [0, T) such that 02, = F;(052), where F; : 92 — M satisfies

d 1

aF,(aQ) = Evt’ (4-16)
where v, and H; are respectively the outer unit normal and the mean curvature of d€2;. The conical
splitting we aim for is inspired by an argument contained in [Huisken and Ilmanen 2001, Section 8]. The

first step consists in the following fundamental lemma.

Lemma 4.8. Let (M, g) be a complete Riemannian manifold with Ric > 0 and ¥ C M a totally umbilical
closed hypersurface such that Ric(v, v) = 0 where v is the normal unit vector field to . Then X has
constant mean curvature.

Proof. The (traced) Codazzi—Mainardi equations and the totally umbilicity yield

. n—2
Rlev :Dihij —DjH = _nT]DjH
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forany j =1,...,n — 1. Consider, at a fixed point on X, the vector n, = A DT"H + v, with A € R. Since
Ric(v, v) =0, we have

. L ] . .
0 < Ric(n;, 1) = 2Ric;, n)n} +Ric;j nin] = —an—1|DTH|2 + A% Ric;; D'HD’H
n_

for every A € R. This can happen only if [DTH| =0, so that H is constant on X. 0

The following straightforward but very important consequence of the Bishop—Gromov monotonicity
ensures in particular that if an outer neighbourhood of a bounded open set with smooth boundary 2 C M is
isometric to a truncated cone, then the whole complement of €2 is isometric to a truncated cone based at 9<2.

Lemma 4.9. Let (M, g) be a complete noncompact Riemannian manifold with Ric > 0. Let K C M be
a bounded open set. Suppose there exists an outer neighbourhood A C M ~ K of K such that (A, g) is
isometric to

2
([po, p1l x 0K, dp® dp + (%) gaK>

for 0 < pg < py. Then
10K | > py~'1S""'| AVR(g), (4-17)

and the equality holds if and only if (M \ K, g) is isometric to

2
([po, +00) x 0K, dp® dp + (pﬁ) gak).
0

Proof. Consider the cone (C, g) given by

2
((0, p1) x 0K, dp® dp + (%) gaK),

and the Riemannian manifold, with a conical singularity, obtained by gluing (C, &) with (M ~ (K UA), g)
along {p = p;}. By our assumptions, such a manifold is well-defined with nonnegative Ricci curvature
outside of the tip o of C, and coincides with (M, g) in the complement of K. In C, the geodesic distance
from o is given by p, and in particular, by Bishop—Gromov monotonicity,

=r

A = AVR()
for any r € (0, p1). Since [{p = po}| = |0K]|, setting r = po proves (4-17). If equality holds, then,
by the rigidity statement in the Bishop—Gromov theorem for manifolds with a conical singularity, the
whole manifold we constructed is isometric to a cone, and in particular, (M \ K, g) splits as claimed.
This well-known, slightly enhanced version of the Bishop—Gromov rigidity statement can be readily
deduced from its classic proof, or seen as a very special case of its version for nonsmooth metric spaces
[De Philippis and Gigli 2016]. 0

We finally have at our disposal all the tools we need to work out the splitting argument leading to
Theorem 1.2.
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Proof of Theorem 1.2. Suppose that some strictly outward minimising 2 C M with strictly mean-convex

19|\
Eal

Since €2 is by assumption strictly mean-convex, we can evolve it by (smooth) IMCF 9€2; defined in
(4-16) for ¢ € [0, T'). By the [Huisken and Ilmanen 2001, Smooth Start Lemma 2.4], up to shortening
the time interval, we can assume that €2, is strictly outward minimising for any ¢ € [0, T'). Indeed, since

boundary satisfies

=l

AVR(g)7T ! / L (4-18)
n—-1 — O. .
8 "] Jygn—1

Q is strictly outward minimising, the flow coincides for a short time with the weak notion of IMCEF,
which exists in our setting by [Mari et al. 2022, Theorem 1.7]. The sublevel sets of the weak IMCF being
strictly outward minimising is a basic and fundamental property illustrated in [Huisken and Ilmanen 2001,
Minimizing Hull Property 1.4]. Consider then the function Q : [0, T) — R defined by

Q) = |as2t|'n"?/ H, do.

082,

By evolution equations for curvature flows derived for example in [Huisken and Polden 1999, Theorem 3.2],
a straightforward computation shows that

EO’

- h,|2 +Ri
el
9% H,

where by ﬁ, we denote the trace-free part of the second fundamental form h; of d€2;. On the other hand,
the strict inequality for some ¢ € [0, 7') would result in a contradiction to the Minkowski inequality. Thus
Q'(¢) vanishes for any ¢ € [0, T) and, in particular 32, satisfies (4-18) for any ¢ € [0, T'). Hence, 9$2;
is totally umbilical and satisfies Ric(v;, v;) = 0 for every ¢ € [0, T). By Lemma 4.8 92, has constant
mean curvature for every ¢ € [0, T').

On {0 <t < T}, the solution to the weak level set formulation of the IMCF w, which in our smooth
case just means {w = t} = 9€2,, satisfies the relation

Dw

H; = diV< )(xt) = [Dw](x)

|Dw|
at any x; € 0€2;. Hence, since H, > 0, a well-known extension of the Gauss’ lemma yields
8= % t 80, = dt%zdt + 80, (4-19)
The evolution equation (see [Huisken and Polden 1999, Theorem 3.2(1)]) satisfied by g,q, is
9 h, 2
57802 = 2Egas2, = mgasz,7
where the last identity is due to the total umbilicity of d€2,. Integrating such equation we deduce

2t
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On the other hand, the evolution equation for the mean curvature along the IMCF (see [Huisken and
Polden 1999, Theorem 3.2(v)]) gives

H,
n—1’

O H, = —Ang, () = ——[hy 2 + Ric(vy, )] =
57 1 = 9 H, H, t 1C(Vs, Vi) | =

where the last identity is due to the fact that d€2, is totally umbilical, Ric(v;, v;) = 0 and the mean
curvature H; of 0€2; depends only on z. Integrating it we obtain that
H, = e #1H), 4-21)

where Hy is the mean curvature of 02.
Plugging (4-20) and (4-21) into (4-19), we deduce that ({0 <t < T}, g) is isometric to

. dt dr I
([o, T) x 09, ei1 o +e"21839>-
HO

Performing the change of variables

(n— l)emgl)’
Ho

the metric can be written as

(n—1)

2
P
([po, p(T)) x 382, dp ® dp + (—) gasz), where pg =
Po Hop

On the other hand, since by assumption €2 saturates the Minkowski inequality, that is, (4-18) holds, we
immediately get

B 102 P
=\ AVRg)Is 1)

and we conclude by the rigidity statement in Lemma 4.9 that the whole M ~ 2 is isometric to a truncated
cone. g

In the following remark, we briefly discuss how the assumptions for the rigidity can be relaxed in
small dimensions.

Remark 4.10. In dimension 3 < n <7, an open bounded subset 2 with smooth strictly mean-convex
boundary satisfying

Ji

1982°] ﬁAVR( YT = ! H
= O T g n =17

is a priori strictly outward minimising, and thus, in this case, such an assumption can be dropped. Indeed, by
approximating €2 via mean curvature flow with smooth strictly outward minimising domains, as described
in [Huisken and Ilmanen 2001, Lemma 5.6], we deduce that (4-14) holds also for ¢ l’l-hypersurfaces.
In particular, the Minkowski inequality holds also for the strictly outward minimising hull of 2 (see
the regularity results recalled in [Huisken and Ilmanen 2001, Regularity Theorem 1.3] and [Fogagnolo
and Mazzieri 2022, Theorem 2.18]) for every Q2 with smooth boundary, provided the dimensional bound
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holds. We can then argue by contradiction. Suppose that Q* does not coincide with 2. Then
19<2°| %AVR( YT ! / H 4 : H
n-1 = o > ——do,
S| O T N g n =17 T 18T Jagen—1
where the last inequality is due to the fact that H = 0 on 02* ~. 9€2. But this contradicts the Minkowski
inequality for *; hence Q2 = Q*.

4D. A pinching condition and a sphere theorem. In this subsection, we exploit the monotonicity of
the function ¢ +— F°(t) defined in (3-2) to prove a couple of rigidity statements involving a pinching
condition on the mean curvature of €2 and an a priori bound on the gradient of the p-capacitary potential
associated to 2. These results without any convexity assumption are also new in R”, and they constitute
the complete nonlinear generalisation of [Borghini et al. 2019, Corollary 1.4 and 1.9]. For convex subsets
of the Euclidean space they are the content of [Fogagnolo et al. 2019, Corollary 2.16 and 2.17].

Theorem 4.11. Let (M, g) be a complete Riemannian manifold with Ric > 0 and Euclidean volume
growth. If there exists an open bounded subset 2 C M with smooth boundary satisfying

AVR(g) ,,+,,< H _[AVR@) =
C,(Q) “n—1"1CyR)

on every point of 02, then (M ~ 2, g) is isometric to
<[ +)89d®d+<p>2 ) h < 19<2] )"11
L0, +00) X , dp ol — g , Wwhere pg=\ —————"— .

po) 7% AVR(g)|S"|

In this case 02 is a connected totally umbilical hypersurface with constant mean curvature in (M . 2, g).

(4-22)

Proof. We can argue by contradiction as in Theorem 4.3 to prove that
1
— AVR n=p
(n p)[ (g)] ’ < sup|Du/|.
p—1/L Cp(2) 99

Indeed, we can follow the same lines replacing the consequence of the monotonicity of F, with the

corresponding of F°, which thanks to (2-9) can be rewritten as

1
n— C.(Q)\i7
FE@® =117 sup |Du|=( 2 ’)) " sup [Du,l,
fu=1/1) Cp(€2) (1,=1)

where u; = tu and Q; = {u > 1/¢} U Q. Accordingly, we employ the Holder inequality with conjugate
exponents a = +00 and b = 1, that is,

Cap,(Q)7 < sup |Dut|</ da)l).
{u=1/1) fu=1/1) |Duy|

In the end, by Theorem 3.2 we get

(n—p)
sup|Du| < ———————— sup|H]|
90 (p—Dn—1) sg
and the equality holds if and only if (M \ €2, g) splits as in the statement. Condition (4-22) easily implies

the equality. O
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The above result is a rigidity theorem under a pinching condition on the mean curvature of 92 with
respect to its p-capacity. From the proof above we can also get that

1 [AVR(g):|n—p — w23
Q2

p—1L Cp(2)

Du
n—p
and the equality is satisfied only on metric cones. The previous inequality gives a lower bound on the

gradient of # on €2 in terms of the p-capacity of €2 that, when attained, forces (M, g) to be (isometric
to) R" with © a Euclidean ball.

Theorem 4.12. Let (M, g) be a complete Riemannian manifold with Ric > 0 curvature and Euclidean
volume growth. Let 2 C M be an open bounded subset with smooth boundary, u the p-capacitary
potential associated to Q2 and assume that

Du
n—p

sup

Q2

- vk (S (424
[ p— . -
I 09|

Then (M, g) is isometric to R" with the Euclidean metric and Q2 is a ball.

Proof. Under the assumption (4-24), we get

BV SN
=2 Dul? do < AVR(g)( 21} ",
P n—p) 19" Jie EXe]

which yields
S\ _ AVR(g) " ey (1" \
( ) < <(p—1"""sup 5AVR<g>w( ) NS
921 Cp() v |n—p 92

where we used (4-23) together with the condition (4-24). Thus, we obtain that AVR(g) = 1, and hence,
by the Bishop—Gromov theorem, that (M, g) is isometric to R” with the Euclidean metric. Since all
inequalities in (4-25) become equalities, by the second one we can apply the rigidity statement in
Theorem 3.2 which ensures that €2 is a compact connected and totally umbilical hypersurface of R",
that is, €2 is a ball. O
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