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NONLOCAL OPERATORS RELATED TO NONSYMMETRIC FORMS
II: HARNACK INEQUALITIES

MORITZ KASSMANN AND MARVIN WEIDNER

Local boundedness and Harnack inequalities are studied for solutions to parabolic and elliptic inte-
grodifferential equations whose governing nonlocal operators are associated with nonsymmetric forms.
We present two independent proofs, one based on the De Giorgi iteration and the other on the Moser
iteration technique. This article is a continuation of work of Kassmann and Weidner (2022), where Holder
regularity and a weak Harnack inequality are proved in a similar setup.
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1. Introduction
The aim of this work is to prove local boundedness estimates and a Harnack inequality for weak solutions
to parabolic equations of type
du—Lu=f inIg(fy) x Bog C R, (PDE)

where Byp C Q is some ball, Iz(ty) := (fo — R%, to + R%) C R, and f € L>*°(Ig(tp) X Bar). Equation
(PDE) is governed by a linear nonlocal operator of the form

—Lu(x)=2p.v. /Rd(u(x) —u(y)K(x,y)dy. (1-1)

Such operators are determined by jumping kernels K : R? x R? — [0, oo], which are allowed to be
nonsymmetric. We also investigate solutions to the equation

dqu—Lu=f inlIg(ty) x Bog C RIT!, (PDE)
which is driven by the dual operator L associated with L.

The authors gratefully acknowledge financial support by the German Research Foundation (SFB 1283 - 317210226 resp. GRK
2235 - 282638148).

MSC2020: 31B05, 35B65, 35K90, 47G20, 60J76.

Keywords: nonlocal operator, energy form, nonsymmetric, regularity, Harnack inequality, De Giorgi, Moser.

© 2024 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/apde/
https://doi.org/10.2140/apde.2024.17-9
http://msp.org
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

3190 MORITZ KASSMANN AND MARVIN WEIDNER

In this work, we prove local boundedness of weak solutions to (PDE) and (P/Iﬁi) via an adaptation of
the De Giorgi method to nonlocal operators with nonsymmetric jumping kernels. We also provide an
alternative proof of local boundedness via the Moser iteration. Finally, combined with the weak Harnack
inequality from [Kassmann and Weidner 2022], we obtain a full Harnack inequality.

The novelty of our result consists in the lack of symmetry of the underlying operator. Let us write the
decomposition K = K + K, where the symmetric part K and antisymmetric part K, are given by

Ko(x.y)=3K(x, )+ K(y.x), Ka(x,y)=3K(x,y)—K(y.x), x,yeR%
Note that the nonnegativity of K implies
|Ka(x, y)| = Ks(x, y). (1-2)
We can write for the nonsymmetric bilinear form associated with L

Eu,v) = 2/ ux)—u(y)vx)K(x, y)dydx =: EXsu, v) + EXeu, v),
Rd J Rd

where

55 (u, v) = /Rd/wwu) — U W) — v()K, (x, y) dy dx,

eXa(u, v) = /Rd/Rd(u(X) —u(y) &) +v(y)Ka(x, y)dydx.

In order to treat the antisymmetric part of the bilinear form, a refinement of the existing techniques for
symmetric operators is required.
We have in mind the following three prototypes of kernels K for o € (0, 2):

Ki(x, y) = g(x, y)lx —y[777, (1-3)
where g : RY x R? — [A, A] is a suitable nonsymmetric function for 0 < A < A < o0,
Ko(x,y) = 1x =y ™7+ (V@) = VO Layi=2y 6 Mx = 177, (1-4)
where L € (0, c0]and V : R?Y — R? is a suitable function, and
K3(x,y) =l = y[™ ™ 1p(x — y) + lx =y 7 PLe(x — ), (1-5)

where C C R? is a cone, D C R? is a double-cone such that CND =@, and 0 < B < %a.

1.1. Main results. Our first main result is the following Harnack inequality for weak solutions to (PDE).
We state and discuss our assumptions in Section 2.

Theorem 1.1. Assume (K2), (cutoff), (K.), (Sob), and (Poinc) for some o € (0, 2). Let f € LI x Q).

loc

(1) Assume that (K1) holds for some 0 € [d /o, o0). Then there exist c >0and0<c| <cy<c3<cy <1

such that, for every 0 < R < 1 and every nonnegative, weak solution u to (PDE) in Ir(ty) X Bag,

sup u
(to—c2R*,to—c1 RY) x BRy4 : o
<c in u—+c sup Tailg o (4, R) +cR”|| flL=, (1-6)
(to+c1 R*,to+c4 RY) x BR)2 (to—c3 R, 1g—ci R®)

where Bog C Q C RY.
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(i1) Assume that (Klgiob) holds for some 6 € (d /a, o0]. Then there existc >0and 0 <c; <cy <c3<cy <1

such that, for every 0 < R <1 and every nonnegative, weak solution u to (IﬁD\E) in Ig(t9) X Bag,
sup u

(to—c2 R¥,to—c1 R*) X B/

u+c  sup  Tailg o, R)+cRY|| fllp=. (1-7)

<c in
(to+c1R¥,to+c4 R*) x Bg /> (to—c3 R®,tg—c1 R)

The aforementioned Harnack inequality for nonnegative weak solutions # to (PDE) is a direct conse-
quence of a weak Harnack inequality as it was proved in [Kassmann and Weidner 2022] (see Theorem 6.3)
and an L®°-L!-estimate of the form (see Theorem 3.6 or Theorem 4.8)

sup u< c(][ u+ sup Tailg o (u, R) + R"‘||f||Loo>. (1-8)
(to—(R/8)%,10) X BR/2 (to—(R/4)%,10) x Bg (to—(R/4)%,10)

Therefore large parts of this paper are dedicated to proving (1-8). Given 0 < R < 1, the nonlocal tail term

is defined as

lv(y)l

Tailg o (v, R, x0) := RO‘/ T

dy+  sup / WOIK (x, y) dy.
Bar(x0)\Br/2(x0) lxo — Bag(x0)¢

x€B3g/2(x0)

For a detailed discussion of nonlocal tail terms, we refer the reader to Section 2.3.

Remark 1.2 (time-inhomogeneous kernels). It is possible to extend Theorem 1.1 to time-inhomogeneous
jumping kernels & : I x R x R? — [0, oc] by following an approach similar to that in [Kassmann and
Weidner 2022]. For k;, we may assume pointwise comparability with a time-homogeneous jumping
kernel satisfying (cutoff), (£s), and (K =

loc

k TS 2
‘/ k(-5 -, ¥)I dy
By, J(vy)

for a suitable symmetric jumping kernel J : R? x R¢ — [0, oo]. The parameters (i, 6) have to satisfy

). In place of the first estimate in (K1joc), we need

<C
L (1% Byy)

the compatibility condition

4.1y (CP)
o u

Then, if suitable time-inhomogeneous analogs to (K2) and (UJS), or (ITJ\S), hold, we can prove a Harnack
inequality of the form (1-6) and (1-7) for nonnegative, weak solutions to the corresponding parabolic
equations (PDE) and (P’l.)\E), respectively. For solutions to (PDE) we can also allow for equality in (CP)
if 8 > d/a. The range of exponents prescribed by (CP) align with the important classical results from the
local theory; see [Aronson and Serrin 1967; Ivanov et al. 1966; Ladyzhenskaya et al. 1968]. Note that, by

scaling arguments, one can see d/(«x6) + 1/u = 1 is the limit case for regularity results in Holder spaces.

Remark 1.3. We observe that there is a positive distance of size 2(1 — 27%) R* between the two time
intervals in the estimates (1-6) and (1-7). The existence of such time delay in the parabolic Harnack
inequality comes from the method of proof we employ; see [Moser 1964]. For nonlocal equations, as for
example the fractional heat equation, it can be neglected; see [Bonforte et al. 2017; Dier et al. 2020].
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The second main result of this article concerns the corresponding stationary problems

—Lu=f in By, (ell-PDE)
—Lu=f in B, (ell-PDE)

where f € L°°(B,g). We obtain the following elliptic Harnack inequality for weak solutions.
Theorem 1.4. Assume (K2), (cutoft), and (€5) for some o € (0, 2). Let f € L>().
(1) Assume that (Klyo.) and (UJS) hold for some 6 € [d /o, o0). Then there exists ¢ > 0 such that, for
every 0 < R <1 and every nonnegative, weak solution u to (ell-PDE) in By,

nfu—l—R"‘||f||Loo>, (1-9)

supu < c(i
Bg2

Bra
where Byr C Q C R,

(i1) Assume that (Klgop) and (ITJ\S) hold for some 0 € (d /o, 00]. Then there exists ¢ > 0 such that, for
every 0 < R <1 and every nonnegative, weak solution u to (ell—P’I-)\E) in Bag, estimate (1-9) holds.

As in (1-9), for elliptic equations, we are able to estimate the supremum of u by local quantities only.
To this end, we prove a suitable estimate of the nonlocal tail term (see Corollary 5.3).

In the parabolic case, the situation is more complicated since we require the tail estimate to be uniform
in . The same difficulty occurs in the symmetric case. We comment on possible corresponding extensions
of Theorem 1.1 in Section 6.3.

Remark 1.5. All constants in Theorems 1.1 and 1.4 depend only on d, «, 6 and the constants in (K1),
(K2), (cutoff), (Poinc), (Sob), (UJS), (K.), (£).

loc

Remark 1.6. Theorems 1.1 and 1.4 remain valid for solutions u to (PDE), (Iﬁ), and (ell-PDE), (ell—Iﬁ)
if f e L®(g(ty); L®(Bag)) and f € L®(B,g), respectively, for some 6 € (d /o, o) with only marginal
manipulations in the proofs. We exclude more general source terms in this work.

The contributions of this work can be summarized as follows:

(i) The main accomplishment is the extension of elliptic and parabolic regularity results — including
full Harnack inequalities — for nonlocal problems to operators with nonsymmetric jumping kernels. In
light of example (1-4), the operators under consideration include nonlocal counterparts of second-order
differential operators in divergence form with a drift term

—Lu = —ai(a,-,jaju) +b;0;ju and —2u = —8,‘(611',]‘3]'1/! + b;u),
respectively. Our results align with the corresponding theory for local operators; see [Aronson and Serrin

1967; Gilbarg and Trudinger 1983; Ladyzhenskaya et al. 1968; Stampacchia 1965].

(i) As nonsymmetric kernels require a careful treatment, several parts of the energy methods for nonlocal
operators are refined in this work. For instance, we give a new proof of local boundedness using the
Moser iteration for positive exponents (see Section 4).
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Moreover, as illustrated in example (1-5), nonsymmetric jumping kernels might naturally involve terms
of lower-order, causing a difference between the growth behavior at zero and infinity. We introduce tail
terms which take into account this phenomenon (see Section 2.3).

(iii) Technical issues of minor importance in other works are clarified, e.g., the treatment of Steklov
averages (see the Appendix).

1.2. Related literature. The study of Harnack inequalities for symmetric nonlocal operators has become
an active field of research in the past 20 years. It has been observed that a classical elliptic Harnack
inequality of the form
supu <cinfu (1-10)
B, B,
fails even for harmonic functions u with respect to the fractional Laplacian (—A)%/? in B,, if one merely
assumes u to be nonnegative in the solution domain Bj,; see [Kassmann 2007]. Indeed, due to the
nonlocality it is necessary either to assume u to be globally nonnegative — as in [Riesz 1938] and in this
article— or to add the nonlocal tail of u_ to the right-hand side of (1-10). Such an estimate was proposed
in [Kassmann 2011]. We refer to both estimates as a Harnack inequality in the context of this article.

A lot of research activity has centered around the challenge to establish a Harnack inequality for a
larger class of nonlocal operators. First, we comment on corresponding elliptic regularity results for
symmetric nonlocal operators related to energy forms. A Harnack inequality and Holder estimates were
proved in [Di Castro et al. 2014; 2016] for operators with a jumping kernel that is pointwise comparable
to the kernel of the fractional p-Laplacian by a nonlocal De Giorgi-type iteration. This method was
refined in [Cozzi 2017] to allow for more general nonlinearities. [Schulze 2019] considers a class of
linear integrodifferential operators governed by jumping kernels satisfying an average integral bound
instead of a pointwise lower bound.

However, it is well known that for the deduction of interior Holder regularity estimates a weak Harnack
inequality (see Theorem 6.3) is sufficient. Such inequalities hold for a much larger class of operators.
In fact, only comparability of the energy forms to the H%/>-seminorm on small scales and a suitable
upper bound for the probability of large jumps are required; see [Dyda and Kassmann 2020]. That is
why operators with singular jumping measures that may be anisotropic (see [Chaker and Kassmann 2020;
Chaker et al. 2019]) also satisfy Holder regularity estimates. However, the Harnack inequality may fail
for singular operators as was already observed in [Bogdan and Sztonyk 2005]. Hence it is an exciting
(and still open) question to find equivalent conditions on the jumping kernel for which a (weak) elliptic
Harnack inequality will hold. For «-stable translation-invariant operators, conditions on the jumping
kernel are established in [Bogdan and Sztonyk 2005] that are equivalent to a Harnack inequality.

Second, we comment on parabolic Harnack inequalities of the form

sup u <c inf u (1-11)

1ExB, I®x B,
for globally nonnegative solutions u to (PDE). Note that such results imply corresponding estimates for
weak solutions to the stationary equation (ell-PDE). So far, parabolic Harnack inequalities have not been
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obtained via purely analytic methods, not even in the symmetric case. A major challenge in the parabolic
case seems to be the correct treatment of the time-dependence in the nonlocal tail terms. For a discussion
of this issue, we refer the reader to Section 2 and Section 6.3.

Parabolic Holder estimates and local boundedness have been obtained via an adaptation of the nonlocal
De Giorgi method in [Ding et al. 2021; Kim 2019; 2020; Stromqvist 2019b]. A proof of Holder estimates
based on Moser’s technique can be found in [Felsinger and Kassmann 2013].

Using the corresponding Hunt process and its heat kernel, parabolic Harnack inequalities of the
form (1-11) were first proved for symmetric Dirichlet forms with jumping measures pointwise comparable
to the «-stable kernel in [Bass and Levin 2002; Chen and Kumagai 2003]. The authors also obtain two-
sided heat kernel bounds. Numerous articles have analyzed the exact relationship between parabolic and
elliptic Harnack inequalities, heat kernel bounds, and Holder regularity estimates for nonlocal operators
in connection to the geometry of the underlying metric measure space. Such a program was carried out in
a series of papers [Chen et al. 2019; 2020; Grigor’yan et al. 2014; 2015; 2018]. On R? it turns out that
(1-11) is equivalent to a Poincaré inequality (see (Poinc)), a pointwise upper bound of the jumping kernel,
and (UJS).

In contrast to the symmetric case, for nonlocal operators associated with nonsymmetric forms, pointwise
estimates have not yet been studied systematically. Some results have been obtained making use of a
sector-type condition. Well-posedness of the Dirichlet problem is proved in [Felsinger et al. 2015]. In
the present article and in [Kassmann and Weidner 2022], we provide Harnack inequalities and interior
Holder regularity estimates for nonlocal operators that contain a nonlocal drift term of lower-order. These
results can be regarded as nonlocal counterparts of the famous regularity results for local equations by
Aronson and Serrin [1967] and Ladyzhenskaya, Solonnikov, and Ural’tceva [Ladyzhenskaya et al. 1968]
in the linear case. Holder estimates for kinetic integrodifferential equations including certain nonlocal
operators with nonsymmetric jumping kernels are established in [Imbert and Silvestre 2020] using an
adaptation of the De Giorgi iteration. The class of nonsymmetric kernels in their work does not contain
the class of kernels in our work, and vice versa.

Note that, as an application of the regularity estimates in [Kassmann and Weidner 2022], it is possible
to establish Markov chain approximation results not only for diffusion processes with drift terms, but
also for certain nonsymmetric jump processes; see [Weidner 2023]. In light of [Chen et al. 2020] and
[Grigor’yan et al. 2018], we consider it an interesting problem to establish heat kernel estimates for
nonlocal operators associated with nonsymmetric forms, and to investigate their stability on general
doubling metric measure spaces, as well as their connection to Harnack inequalities.

1.3. Outline. This article is structured as follows: In Section 2 we state and discuss our assumptions and
the notion of a weak solution to (PDE) and (PDE). A Caccioppoli-type estimate for nonsymmetric forms
and an a priori L>°-L?-estimate involving the nonlocal tail is proved in Section 3 using a nonsymmetric
version of the De Giorgi iteration. An analogous result is established in Section 4 using a nonlocal
adaptation of the Moser iteration technique for large positive exponents. Note that Sections 3 and 4 are
fully independent of one another. In Section 5 we establish an upper bound for the nonlocal tails of
supersolutions to (PDE) and (P/D\E). Our two main results, Theorems 1.1 and 1.4, are proved in Section 6.
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2. Preliminaries

In this section we state and discuss the assumptions in our main results (see Section 2.1). Moreover, we
provide the notion of a super- or subsolution to (PDE) and (PDE), as well as the corresponding stationary
equations (ell-PDE) and (ell—Iﬁ)\E) (see Section 2.2). Another goal of this section is to introduce nonlocal
tail terms which suit the class of nonsymmetric operators under consideration and are designed in such a
way that they are compatible with the iteration techniques carried out in the remainder of this article (see
Section 2.3).

We introduce the following notation: First of all, given a, b € R, we write a A b = min{a, b} and
a Vv b :=max{a, b}. Moreover, given a set M C R? x R?, we write

Emu,v) = //M(u(x)—u(y))U(X)K(x,y) dx dy.

Analogously, we define 51§s and EAI,(I“. If M := B, x B, for a ball B, C R?, we write Ep, =EB.xB,-

2.1. Discussion of main assumptions. In this section, we list and discuss the assumptions which are
imposed on the jumping kernels K in the course of this article. Except for (UJS), all other assumptions
have already been discussed in detail in [Kassmann and Weidner 2022].

First, we assume throughout this article that K satisfies the Lévy-integrability condition

(x > [ (x = yP A DK (x, y) dy) € Ly (RY). (2-1)
Rz
In the following, let Q C R? be an open set. Let us now fix @ € (0, 2) and 0 € [d/«a, oo]. The first two

assumptions were introduced and discussed in [Kassmann and Weidner 2022].

Assumption (K1). Let J : RY x RY — [0, oo] be a symmetric jumping kernel satisfying (cutoff) and let
0 eld/a, oo].

o K satisfies (K1) if there is C > 0 such that, for every ball B, C Q withr <1,

/ |Ka(',)’)|2d
5 a4y
B, J(?.y)

K satisfies (Klgjop) if there is C > 0 such that, for every ball By, C Q with r <1,

<C, &, () <CE (v,v) forallve L*(By).  (Klig)
L (Bay)

Ka.(-,»)?
/ Rl IE dy‘ <C, & (v,v)<CE (v,v) forallve L*(By).  (Klgob)
re  J(-,y) L (RY) ” i

Assumption (K2). There exist C > 0, D < 1, and a symmetric jumping kernel j such that, for every ball
By, C Q with r < 1 and every v € L*(By,) with &5 (v, v) < 00,
K(x,y)z(1=D)j(x,y) forallx,yeBy, & (v,v)<CE (,v). (K2)

Remark 2.1. (i) (K1jo) ensures that the quantities in (2-6) and (PDE) are well defined (see Lemma 2.9)
and simultaneously requires that £X¢ is a term of lower-order. It gives rise to a nonlocal drift,
analogous to (b, Vu), where b € L?(RY) with 0 € [%d, oo].
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(i1) (K2) is only needed in the proof of the weak Harnack inequality (see Theorem 6.3). It ensures that
the symmetric kernel K — |K,| is locally coercive with respect to £Xs.

(iii) For a detailed discussion of (K1) and (K2) including their redundancy, we refer the reader to
[Kassmann and Weidner 2022]. Equations (K1j,.) and (K2) are verified for the examples K, K»,
and K3 from above in Section 8 of that paper.

(iv) In the simplest case, (Kljoc) (and (Klgp)) and (K2) hold with J = j = K. However, allowing for
general symmetric kernels J and j significantly increases the class of admissible operators.

The following two assumptions on K only depend on the symmetric part. They are standard in the
regularity for nonlocal operators associated with symmetric forms.

Assumption (cutoff). There is ¢ > 0 such that, for every 0 < p <r <1 and z € Q such that B, ,(z) C €2,
there is a radially decreasing function t =7, , , centered at z € R? with supp(t) C B,1,(2), 0<7 <1,
t=1onB.(2), [Vt| < 3p~! and

sup T'Ss(r, 0)(x) <cp™, (cutoff)

X€B4,(2)

where
&z, 0)(x) == /Rd(r(X) —T(y))*K(x, y)dy

is the carré du champ associated with £X.

Note that I'%s(z, 7) can be interpreted as the density of the energy £X:(z, 7). Such an object is often
called “carré du champ” in the literature.

Assumption (€>). There exists ¢ > 0 such that, for every ball B, C Q2 and every v € L?(By,),
£ (0,0) = c[Vung, - (&)

Remark 2.2. (i) A sufficient condition for (cutoff) to hold for every 1, , is (see [Kassmann and
Weidner 2022]): there is ¢ > 0 such that, forevery 0 < ¢ <p <r<landze€ R? with B, ,(2) C L,

sup ( / Ks(x,y)dy) <cg™ . (2-2)
X€Br1,(2) \JRI\ B, (x)

(i1) (&>) is a classical coercivity condition on K. It is significantly weaker than a pointwise lower bound
of the form K(x, y) > c|x — y|_d_“ since it allows for non-fully-supported kernels such as K3 (see
(1-5)).

(ii1) Under (&5 ), we have the following Poincaré and Sobolev inequalities: there is ¢ > O such that, for
everyball B, , CQwithO<p<r<landve LZ(B,H,),

2 K, a2
10 Ml Lara—ep,y < €5, () +co™* [V llL1(B,,,), (Sob)

/ (v(x) — [v]p,) dx < cr"ng(v, v), (Poinc)
Br
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where [v]p, = fB v(x) dx. Equation (Poinc) is not explicitly needed in any of the proofs of this
article. Nevertheless it is required for Theorem 6.3 to hold and therefore appears in the assumptions
of our main result Theorem 1.1.

The following assumption did not appear in [Kassmann and Weidner 2022] and is designed to estimate
nonlocal tails of supersolutions to (PDE) from above. It is required for the proof of the Harnack inequality.

Assumption (UJS).  « K satisfies (UJS) if there exists ¢ > 0 such that, for every x, y € R? and every
r< (}‘ A %|x —yl) with B, (x) C €,

K(x,y) < c][ K(z,y)dz. (UI1S)
B, (x)

e K satisfies (ITJ\S) if there exists ¢ > 0 such that, for every x, y € R4 and every r < (‘l1 A ‘l‘lx — y|)
with B, (x) C €,

K(y,x) < c][ K(y,2)dz. TT9)
B, (x)

Remark 2.3. (i) If K satisfies both conditions (UJS) and (UJS), then K, satisfies (UJS).

(i1) Also for symmetric kernels the conditions (cutoff), (Poinc), and (Sob) are known to be insufficient
for a Harnack inequality to hold; see [Bogdan and Sztonyk 2005].

(iii) Analogs to (UJS) for symmetric jumping kernels appeared in [Chen et al. 2020; Schulze 2019]. A
pointwise version of (UJS) was considered in [Bass and Kassmann 2005].

Remark 2.4. (i) (UJS) clearly holds if K (x, y) is pointwise comparable to |x — y|~?~% for every
X,y € R?. However, (UJS) neither implies nor is implied by (€>).

(i) Assume a global version of (K2), namely
|Kqo(x, )| < DK(x,y) forall x € Q, yeRd. (2-3)

Then (1 — D)K; < K <2Kj, and therefore (UJS) is equivalent to

Ks(xay)fcf Ky(z,y)dz
B, (x)

forx,yeR?and r < (}L A %lx — y|) with B, (x) C €, i.e., it remains to verify (UJS) for K.
(iii) In [Schulze 2019] it was proved that kernels of the form
K(x,y) =1s(x — y)lx —y| 77

satisfy (UJS) if S = —S, and there exists ¢ > 0 such that, for every x € S and r < (Alf|x| A }‘), we
have that | B, (x)| < c|B,(x) N S]|.

We provide sufficient conditions for (UJS) to hold for the examples K|, K>, K3 in (1-3)—(1-5).
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Example 2.5. (i) Let K;(x, y) = g(x, y)|x — y|7¢~® be as in (1-3). It was shown in [Kassmann and
Weidner 2022] that (2-3) holds for K1 with D = (A —A)/(A+ 1) < 1. As

2K, (x, y) = (8, ») + (v, ) |x —y[ 77,
it follows that (UJS) holds for K.
(i1) Let K; be as in (1-4). Then, the antisymmetric part of K> is given by
Ka(x,y) = (V) = VD Lxoyi=n) (6, Ix =y 77 < Ko(x, y) = [x =y 747
Therefore, (UJS) holds if there exists ¢ > 0 such that, for every x, y € R? and r < (‘—ilx —ylA ‘—1‘)

with B, (x) C Q,

14+ (V(x) = V) jx—y<r) < C][B o 1+ (V(2) = V(¥)){z—y<L) dz. (2-4)

(iii)) We claim that (UJS) holds for K3. Let us prove the following more general statement: Let S C R4
with 0 € S and ¢ > 0 such that, for every x € S and r < %, we have |S N B, (x)|/r¢ > c. Then,

K(x,y)=1s(x—y)lx—y ™™
satisfies (UJS) and (ITJ\S).

In fact it suffices to prove that

1s(r—y) <c ][ 15(z — y) dz (2-5)
By (x)

in order to deduce (UJS). Note that ([TJ\S) follows by consideration of —S. We compute

B.(x—y)NS B.(x)N(y+S$
16—y < PEEDONABOODEI_ [ 156y
rd re B ()

Finally, we introduce the assumption of an upper bound of the jumping kernel which will be used
only to prove an L*-L? + Tail estimate (see Theorem 3.6) and is not required for the proof of the main
theorems. However it follows from (UJS) and (cutoff).

Assumption (Klic). There exists ¢ > 0 such that, for every ball By, C Q with r <1 and every x, y € By,

<

K(x,y) <clx —y|74™. (Kige)

Remark 2.6. Note that (K>.) follows from (UJS) and (cutoff). Indeed, for any x, y € R? with |x —y| < 4

loc
and r = {c|x — y| < (3 A §lx — y]), we have B,(x) C B,(y)°, and therefore

Ky <a ][

K(z,y)dz <cpr™@ / K(z,y)dz <car 7% <cqlx —y| ™97
B, (x) B, (y)©

for some constants ¢y, ¢3, 3, ¢4 > 0.
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2.2. Weak solution concept. We introduce the following function spaces for Q C R:
V(QIRY) = {v:R! = Rs.t. v|g € L*(R) and (v(x) —v(y)K}/?(x, y) € L*( x R},
Ho(RY) ={ve VR |RY) s.t. v=0o0n R?\ Q}
equipped with
191 e = 0y [ [ 000 00Kt ) dy
111, @y = 10172y + €5 (v, ).

We emphasize that both spaces are completely determined by the symmetric part of the jumping kernel K.
Moreover, for a € (0,2), we define V*(Q2|R?) and Hg (R?) as the corresponding function spaces
associated with K (x, y) = |x — yl_d_“.

We are ready to define the notion of a weak solution to (PDE) and (P’D\E). Let us define 0" :=6/(0 — 1)
as the Holder conjugate exponent of 6.

Definition 2.7. Let Q C R be a bounded domain, I C R a finite interval, and feL® x Q).

(i) We say that u € L2 (I; V(QIRY)) is a weak supersolution to (PDE) in I x 2 if the weak L*(Q)-

loc

derivative d,u exists, d,u € L} (I; L*(RQ)), and

loc

Bu(t), ) +Ew®), d) < (1), ¢) forall s eI and for all ¢ € Ho(R?) with ¢ < 0. (2-6)

We call u a weak subsolution if (2-6) holds for every ¢ > 0. We call u a weak solution, if it is a
supersolution and a subsolution.

(i) We say that u € L> (I; V(QIRHN Lze/(Rd)) is a weak supersolution to (P’D\E) in I x Q if the weak

loc
L?(Q2)-derivative 9,u satisfies the same properties as before and

Bu(t), ) +E(t), ¢p) < (f(t), ) forallt e I and for all ¢ € Ho(R?) with ¢ < 0.
Weak (sub-)solutions to (P/D\E) are defined in analogy with (i).
Next, we introduce the solution concept for stationary equations.
Definition 2.8. Let 2 C R be a bounded domain and f € L®(Q).
(i) We say that u € V(2] RY) is a weak supersolution to (ell-PDE) in € if
Eu, ) < (f,¢) forall ¢ € Ho(R?) with ¢ <O0. 2-7)

We call u a weak subsolution if (2-7) holds for every ¢ > 0. We call u a weak solution if it is a
supersolution and a subsolution.

(i) We say that u € V(|RY) N L% (RY) is a weak supersolution to (ell-PDE) in € if
Ew,¢) < (f,¢) forall p € Ho(R?) with ¢ <O0.

(Sub)solutions to (ell—lﬁ) are defined in analogy with (i).
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Let us point out that the solution concept also makes sense under much weaker assumptions on u
without any change in the proofs being needed; see [Felsinger and Kassmann 2013]. In particular, one
can drop the condition that the weak time derivative d,u exists.

We will only consider solutions on special time-space cylinders g (tp) x Bogr, where Bog C 2 is a ball,
Ir(t9) = (to — R%, 1o+ R%), 0 < R <1, and 1ty € R. Moreover,

IR (o) == (to — R, 19), I (to) := (to, to + R®).

Recall the following lemma, which was proved in [Kassmann and Weidner 2022]. It ensures that the
expressions in Definitions 2.7 and 2.8 are well defined.

Lemma 2.9 [Kassmann and Weidner 2022, Lemma 2.2]. Let 0 < p <r <1 and By, C 2.

(i) Assume that one of the following is true:
o (Kljoc) holds with 6 = oo,
e (Klijoe) holds with 6 € [d /o, 00) and (Sob) holds.
Then &(u, ¢) is well defined for u € V (B4, |R?) and ¢ € Hg,,, (R).
(i) Assume that (Klgop) holds with 6 € [d /o, o0]. Then ?(u, ¢) is well defined for ¢ € Hpg,,, /Z(Rd ) and
u € V(Bryp2| R N LY (RY).
The following lemma is of central importance in the proofs of the Caccioppoli estimates for nonsym-
metric nonlocal operators. Note that the proof in the special case 8 = oo is trivial.

Lemma 2.10 [Kassmann and Weidner 2022, Lemma 2.4]. (i) Assume that (K1) holds for some
0 € [d/a, o0]. Moreover, assume (Sob) if 0 < co. Then, there exists ¢y > 0 such that, for every
8 > 0, there is C(8) > 0 such that, for every v € Lz(Br+p) with supp(v) C B, ,/2 and every ball
By, CQwith0 < p <r <1, we have

f v2(x)(/ Mdy)dx < 85§f (v, v)+cl(C(8)—{—8,0_"‘)||v2||L1(Br+ ). (2-8)
Br+p Br+p J('x7 y) e i
Moreover, if 6 € (d/a, oo], the constant C(8) has the following form:
Wil B, ), 6 = oo, |Ka(x, y)I?
Cc() = i _ where W (x) := / ——dy. (2-9)
{6d/<d—9“>||W||i‘;‘(gfjp;”, 0 € (d/a,o0), B, 06

(i) Assume that (Klgop) holds for some 0 € [d /a, o0]. Moreover, assume (Sob) if 6 < oo. Then (2-8)
and (2-9) hold with

Ka(x, y)[? Ka(x, y)?
/ —| @, Yl dy instead of / —| *, y)l dy
R4 J(xay) By i) J(x’)’)

2.3. Nonlocal tail terms. Due to the nonlocality of the problems under consideration, certain nonlocal
tail terms naturally enter the picture. For references concerning the treatment of tail terms in the study of
symmetric nonlocal operators, we refer the reader to [Chen et al. 2020; Di Castro et al. 2014; 2016]. It is
crucial for our analysis to make sure that the respective tail terms are finite for any weak solution under
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reasonable assumptions on K and that the tail terms are compatible with the iteration techniques carried
out in the remainder of this article.
Given any ball By, (xg) C 2, a function v € V (B, (x¢) | RY), and 0 < r; < ry < 2r, we define

Tailg (v, r1, 72, X0) :== sup f lv(y)IK (x,y)dy,
Brz(xo)c

XEBrl (x0)

Tailg (v, r1, 72, X0) :=  sup / lw(»)|K (y, x)dy.
Brz(x())c

XEBq (x0)
Remark 2.11. (i) For 0 < p; <ry and 0 < py < rp, we have Tailg (v, p1, r2) < Tailg (v, r{, p2).

(i) Note that Tailx has been introduced in [Schulze 2019] for symmetric kernels.

We would like to point out that Tailg will naturally appear in the proofs of the Caccioppoli estimates
in Sections 3 and 4. However, it is not suitable for De Giorgi-type and Moser-type iteration arguments.
Therefore, we introduce another nonlocal tail term defined as follows:

. lu(y)l
Tailg o (u, R, x0) := R“f e dy+  sup lu(y)IK (x, y)dy,
B2 (x0)\ Br/2(x0) |xo — ¥l X€B3R/2(x0) Y Bar (x0)©
_ lu(y)l
Tailk o (i, R, x0) = R / Tyt sup (K (v, x) dy.
Bar(x0)\Br/2(x0) lxo — ¥l x€B3r/2(x0) Y Bag (x0)¢

Tailg , can be regarded as a hybrid between a tail term for general kernels introduced in [Schulze
2019] and a tail term for rotationally symmetric kernels as in [Chen et al. 2020; Di Castro et al. 2016].

The advantage of Tailg , is that it fits the iteration schemes, since, for short connections, the weight
is a radial function. Moreover, it still takes into account the correct decay of the jumping kernel K for
long jumps, which might be of lower-order due to the presence of a nonlocal drift term (see K3 in (1-5)).
Since we do not want to impose any pointwise upper bound on K for long jumps, the second summand
contains the supremum in x.

We have the following connection between Tailx and Tailg 4.

Lemma 2.12. Assume (K_.). Let 0 < p<r<r+p<R<I1,xp€ R4, and v € V (Bg(xo) |R?). Then

loc

we have
r+p d
Tailg (v, r, r + p, x0) < Cp“( ) Tailg o (u, R, xo), (2-10)
o r+p dA
Tailg (v, r, r + p, x0) 56/)“( > Tailg (4, R, xo). 2-11)

Proof. We use that, for
x € By(x0), ¥y € Bri,(x0)NBygr(xg), and 2z € Bry,(x0)° N Bagr(x0) = Bar(x0)©,

we have

r+p
|y —xol < le—XI, |z —xo0l <2]z—x],
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=<
loc

/ v(y)K (x,y)dy
Brip (x0)¢

which implies upon (K .) that, for every x € B, (xo),

<

v(Y)K(x,y) dy+f v(z)K(x,2)dz

Bag (x0)¢

d+o
r—+ —d—
561( p) f v(y)lxo—yI ™ “dy+61/ v(2)K (x,z)dz
P By (x0)°NB2g (x0) Bog(x0)¢

d
r+ .
<cp (Tp) Tailg (v, R),

~/B,_,./J (x0)°N B2 (x0)

where c1, co > 0. This proves (2-10), as desired. The proof of (2-11) works in the same way. O

Moreover, Tailg o (4, R, xo) and Tail k.« (U, R, xo) are finite for any u € V(Bagr(x0) | R?) under natural
and nonrestrictive assumptions on K. This property is of some importance to us since it allows us to
work with the natural function space V (Byg(xo) | R4) associated with K.

Lemma 2.13. Assume (cutoff) and (€>).
(1) If (UIS) holds, then Tailg ,(u, R, xo) < 0o for every u € V(Bar(xp)| R%),
i) If (ﬁJ\S) holds, then faTlK,a (u, R, xg) <00 foreveryu € V(Bar(xo) ]| R%).

Proof. We restrict ourselves to proving (i). The proof of (ii) follows via analogous arguments. By (cutoff),
it clearly suffices to prove that

/ lu()*lxo—yI™"*dy+ sup / lu(y)|*K (x, y)dy < oc. (2-12)
Bag (x0)\Br2(x0) X€B3ry2(x0) Y Bag(x0)¢

We start by proving finiteness of the first summand. This can be achieved by the same argument as in the
proof of Proposition 12 in [Dyda and Kassmann 2019]. Since |x — y| < 3|xo — y| for every x € Bg/4(x¢)
and y € R4 \ Br/4(x0), we compute

f ()P lxo — % dy
Bar (x0)\Br/2(x0)

53/ ][ ()Pl — y| 4= dx dy
B (x0)\ Br/2(x0) ¥ Br/a(x0)

EC/ ][ u(y) —u(0)]Plx — y| =" dx dy
Bag(x0) J Brja(xo)

+c][ |u<x>|2(f e —y| = dy)dx
BRrya(xo) Bag(x0)\Br2(x0)

< eR™E, )+ f |u<x>|2< [ ey dy)dx
BRry4(xo) Bpra(x)©

<CcR™EY oy 1)+ R™ ull3, < 0.

(BRrya(x0))

Finiteness of the quantity on the right follows from (£5) and since u € V (Bag(xo) | R%).
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For the second summand in (2-12), we estimate using (UJS) and (cutoff) that, for every x € B3g,2(xo),

/ WO)PK (x, y) dy
Byr(x0)¢

5/ ][ WO)IPK (2, ) dz dy
Bar(x0)¢ J Brya(x)

ScR_d/ ][ |u<y>—u(z>|21<s<z,y)dzdy+2][ |u<z>|2(f Ks<z,y)dy)dz
Bag(x0)¢ J Bag (x0) Bra(x) Bag(x0)°

< cR™ul}, 5, ooy 1y F € ]é e Iu(z)lz( /B i K (z, y) dy)dz

—dp, 12 —d—a 112
= CRTTTy gy gy ety TR g gy < 00
Here we used that Bg/4(x) C Bagr(xo) for every x € B3g/2(x0). O

Remark 2.14. Note that (UJS) and (ITJ\S) are not necessary for Tailg ,(u, R, xo) and Tail k.«(, R, xg)
to be finite, respectively. Consider for example a jumping kernel K whose symmetric part satisfies global

versions of (£>) and (K,), namely;
EX(u,u) = clulfyupny, forallve L*(B,), r >0, K(x,y)<clx—y|™4® forallx, y e R,
then we have that V (Bag |R?) = V¥(B,g |R?). Therefore,
Tailg o (u, R, x0) < ¢ Taily (1, R, xo) = R* / lu)||lxo—y|™**dy <oco forall u € V(Byg|R?).
Bpr/2(x0)

Remark 2.15. (i) Later, we will require finiteness of Tailg ,(u, R, x¢) and faTlK,o, (u, R, xp) in order
to deduce local boundedness of weak solutions to (ell-PDE) and (ell—P/D\E) from Theorem 3.6 and
Theorem 4.8, respectively. The above lemma shows that under the natural assumptions (cutoff), (£5),
and (UJS) or (ﬁfS), finiteness of the tail terms for weak solutions follows already from the solution
concept.

(ii) For parabolic equations, the aforementioned assumptions merely imply finiteness of
Tailg,q (u(r), R, xo) and Tailg o (u(t), R, x0)

for a.e. ¢, but do not yield a uniform upper bound in z.

(iii) Since parabolic tails of the form sup,; Tailx (u(t), r, r + p, xo) and sup,; "l{aTlK (u(@), r,r+p, xo)
naturally appear in the analysis of solutions to (PDE) and (PDE), respectively, it is an important
research question to investigate these quantities and to derive suitable estimates. First results have
been obtained in [Strémqvist 2019b], where an estimate for sup,.; Tailg (u(?), r, r + p, xo) is derived
for global solutions u# to (PDE) in the symmetric case under pointwise bounds for K. Another
attempt has been made in [Kim 2019] for solutions to a parabolic boundary value problem with
given continuous, bounded data. However, the proof of [Kim 2019, Lemma 5.3] is not complete.
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3. Local boundedness via De Giorgi iteration

The goal of this section is to prove that the supremum of a weak subsolution u# to (PDE), or to (P’D\E), can
locally be estimated from above by the L2-norm of « and a nonlocal tail term (see Theorem 3.6). Under
the assumption that the tail term is finite, this result is the key to proving the Harnack inequality. The
strategy of proof is based on the De Giorgi iteration for nonlocal operators, as adopted in [Cozzi 2017;
Di Castro et al. 2014; 2016].

3.1. Caccioppoli estimates. In this section nonlocal Caccioppoli estimates are established. They are
derived by testing the weak formulation of (PDE), or of (P’Iﬁi), with a test function of the form 72 (u —k)g.
The lack of symmetry of the jumping kernel K calls for a refinement of the existing proofs for symmetric
operators. The main technical ingredient is Lemma 2.10. Such estimates will be used in Section 3.2 to
set up a De Giorgi-type iteration scheme which allows us to prove Theorem 3.6.

The following lemma can be regarded as a generalization of Proposition 8.5 in [Cozzi 2017] to
nonsymmetric jumping kernels.

Lemma 3.1. Assume that (K1oc) and (cutoft) hold for some 6 € [d/a, o0]. Moreover, assume (Sob) if
0 < oo. Then there exist c|, ¢y > 1 such that, for every 0 < p <r <1, everyl € R, and every function
ueV(Brypl R4), we have

K,
é’Br‘H(rer, twy)—Ep. (W_, Tw,)

r+p
<&, Twy) +cp Iwilpis,,, +2llwilliis,,) Tailk (wy, r+30,r+p),  G-1)

where By, CQ, w=u—I[,and T =1, 5.

Proof. Step 1: We claim that there exists a constant ¢ > 0 such that

K K K 2 — 2
Ei, (Twa, Twe) =5 (W Twy) EF° (w,Tws) +op~wl s (3-2)

r4p)
Observe that by the algebraic identities
a-b=(a-Dy—-0b-Dy)—(a=DH-—(>b-=1)-),
(w1 — wy) (tw) — Twy) = (Tyw) — Lw2)* — wiwy (11 — 1),
we have that

K, ok,
é’Br+p(rw+, TWy) €Br+p(w_, TWy)

ey e+ [ ww 00w -0 K ) dy .

r+p r+p
Thus, (3-2) follows immediately from (cutoff).
Step 2: For every 6 > 0, there exists ¢ > 0 such that
“

K, K, K -
Ep' W, ?wy) > —E (w_, 2wy) — 8, (Tw., Twy) —cp w3l s,.,)- (3-3)

For the proof, we first observe the algebraic identity

2 2 2.2 2.2 2 2
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Thus, we obtain

8;1/) (u, rzw+) = —Egip (w—, r2w+) —i—/B /;3 (rzwi(x) — rzwi(y))Ka(x, y)dydx

r+p r+p

+ f f W (Dws M@ Q) — () Ko (x, y) dydx =: I} + I + I5.
Br+,0 Br+p

For I, we estimate, using (K1) and (2-8),

1Ko (x, y)?
L>—186% (twy,Tw )—cf 2 (x)w? (x)(/ =7 )dx
2 27%Bryp + + B, + = J(.X, y)

Brip

> =8 (twy, Twy) —cp willpis,,,)-
For I3, using the standard estimate
(T2(x) — T2()) < 2(t(x) —T(M))? +2(z (x) — T()(T(X) AT(Y)), (3-4)

estimate (1-2), (cutoff), and (K1joc), we get

> -2 /B /B (W2 () v wi (M) (T(x) — () Ky (x, y) dy dx

_2/3 /B (w2 (x) Vw2 (M)(T(x) A T()]T(x) — T(3)] 1K (x, y)|dy dx

o s | Ka(x. y)I?
> —cp “Ilw+||L1<Br+p>_f ¢ (x)w+(x)</3r+p J(x—,y)dy .

r+p
_ K,
> —cp NwilLis,,,) =8, (Twe, Tws).
This proves (3-3).
Step 3: Next, let us show how to prove

_g(Br+ﬂXBr+p)C(u’ T2w+) =< 2<f w+(x) dx) TaﬂK (w+’ r—+ %pv r—+ IO) (3_5)
B,

r+p
We estimate

sy s TPy =2 / / () —u(x)Pws (K (x, y) dy dx
Br+p/2 By

r+p

A

2 fB /B @) = u())4 7w (0K (v, y) dy de
ri0/2 Y By p

IA

2 / / () — D)4 72wy (0K (x, y) dy dx
Brip2 Y By

r+p

52/ w4(x) sup (/
Brypp 2€Br4pp \J By

wy (YK (z,y) dy>dx,

where we used that K is nonnegative and t =0 in By 2
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Step 4: We will now combine (3-2), (3-3), and (3-5). Observe

K, 2 2 K, 2 2
EB'_;p(u,t wy) =&, t w+)—€Br“+p(u,r W) = EByypxBryp)e (U, T"W4).

Altogether, we immediately obtain the desired result by choosing § > 0 from Step 2 small enough. [J

Note that =&, (w—, t2w+) > 0 since K > 0. Thus, we have the following corollary of Lemma 3.1.

Corollary 3.2. Assume that (K1o.) and (cutoft) hold for some 6 € [d/a, o). Moreover, assume (Sob) if
0 < oo. Then there exist c|, ¢y > 0 such that, for every 0 < p <r <1, everyl € R, and every function
ueV(Brypl R4), we have
5{;’# (tws, Twy)

<&, Twy) +cp Iwilpis,,, +2llwilliis,,) Talk (wy, r+30,r+p),  (3-6)
where By, C Q, w=u—1[,and t =1, ).

Remark 3.3. Let us point out that both Caccioppoli-type inequalities (3-1) and (3-6) appear in the
literature for symmetric jumping kernels. Inequality (3-1) was introduced in [Cozzi 2017] (see also
[Caffarelli et al. 2011; Cozzi 2019]) and is used to prove Holder estimates for small «. For our purposes,
inequality (3-6) is sufficient.

Next, we present a Caccioppoli inequality that is tailored to subsolutions to (PDE). Due to the different
shape of the bilinear form, we obtain an additional summand on the right-hand side of the estimate.
Lemma 3.4. Assume that (K1o.) and (cutoff) hold for some 6 € [d/a, o0]. Moreover, assume (Sob) if

0 < 0o. Then there exist c1, cy > 1 such that, for every Q0 < p <r <1, everyl € R, and every function
ueV(Brypl R4), we have

K,
gB:er (twy, Twy) — €, (W, TWY)

r+p 1 ,
|A(, r+p>|> /9}

<cr€u, Twy) +ep lwilpis,,,) +c212p“[|A(z, r+p)l+ |Br+p|< T
r+p
+eallwillis,.,) Tailg (u, 7 + Lo, r +p),  (B-7)
where By CQ, w=u—1, T =14, and A(l,r + p) = {x € B4, : wy > O}
Proof. The proof follows the structure of the proof of Lemma 3.1.

Step 1: As before, there exists a constant ¢ > 0 such that

K K K 2 - 2
Ep, (Twa, Twe) = €5 (wo Twy) €, Tws) +ep wd s (3-8)

r+p)'
Step 2: We claim that, for every § > 0, there exists ¢ > 0 such that

oK, 2 oKq 2 Ky —o 2

5B,+,, (u, 77w4) > —SBr+p(w_, T W) — 853,+p (twy, Twg) —cp ||w+||L1(Br+p)

u A7+ p) [\
—clPo [ |AL r+ o)+ Bripl | ———) | (39
|Br+p|

This is the main part of the proof, and it differs from Step 2 in Lemma 3.1. First, we observe

5K, 2 K, 2 K 2 K, 2 K 2
SB)ip(u, Twy) = SBr‘irp(r Wy, U) = _‘SB,HH(T W, W_) +8Br"+p(r Wy, Wq) +‘€B,a+,,(f wq, [).
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To estimate the second term, observe
2 2 2.2 2.2 2 2
(tiw1 — yw2)(wy +w2) = (Tfwy — Ty w3) +wiwa(ty —13).

Thus, we note that, for every § > 0, there exists ¢ > 0 such that
e, Cucwn= [ [ @l - el 0K, dyds
Br+p r+p
+ / f wy (Dwy (N (xX) — T2(y) Ko (x, y) dy dx
r+p r+p

K, — 2
> —88p" (twy, Twy) —cp “llwilipis,,,)-

The estimate in the last step works exactly as in the estimation of I, and /3 in the proof of Lemma 3.1.
The estimate of the remaining term & gri ) (r2wy, [) goes as follows:

e, o =2 [ [ @unw - Pus )kt ) dyds
=2t [ [ @ - r o+ T (D)K. ) dy dx

+21/ / () + (M) (Twe(x) —Twi(¥)Ka(x, y)dy dx
_. Jl + Jz. r+p r+p
To estimate J;, we apply (cutoff) and (2-8):

le—41/ / I7(6) — T Tws (1) Ko (x, y)] dy dx
Alr+0) By,

K 2
Z—c12/ I (z, 7)(x) dx — ¢ / PNLCICIR VIR
AlLr+p) Ar+p) By J(x, y)

—cp ™ PIAW r +p)| = 8" (twy, Twy) —cp Wil s, ).

J> can also be estimated with the help of (cutoff) and (K1j,c):

J22—41/ / (T() + T rws (6) — Tws ()] [Ka(x, )| dy d
Al,r+p) I B

r+p

2—81/ / 2() = T JTws (¥) — T ()] 1Ky (x, )] dy d
A(l,r+p) Y Bryp

—8lf / (00) AT Tws () — Tws (]| Ka (. )] dy dx
Alr+0) I,

> —c12/ I (r, 1) (x) dx — 865", J(wy, Twy)
A(Lr+p) "
|Ka(x, y)I?
J(x,y)

1A, r+p)|>1/9’
| B 40 '

8513+ (twy, Twg) —012/
A(l,r+p)

/ (T2 (x) AT3(y)) dy dx

> —cd€y’, (twy, Twy) —cl?p Al 1 + )| —clzp—“|Br+p|<
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Here, we used that, by (K1j,.) and Holder’s inequality,

Ka(x, y)2 Ka(x, y)?
12/ / (rz(x) /\12(),))M dydx < 12/ rz(x)(/ Mdy)dx
A.r+p) I Bysy J(x,y) Al r+p) B, J(x.¥)

202
=l 1o aqr+p))

|A(l,r+p)|)”6'

SClzp_alBr+p|( 1By
r+p

since
1< C|Bryp| T < cp| By |71
for some constant ¢ > 0 because 6 > d/«, which implies that

o 1 o
—3+1—@e[—3,0) and p<r<l.

Step 3: Next, let us demonstrate how to prove

_?(Br+p><3r+ﬂ)c(u,‘[2w+)52(/ w+(x)dx> "fa\ilK(u,r+%,o,r+,o). (3-10)
B

r+p
We estimate

(u, r2w+)

:2[ / r2w+(y)u(x)K(x,y) dy dx —2/ / r2w+(x)u(x)K(x,y) dydx
Bl d Bripp Brip2 Y B

< 2/ w+(y></ UK (x, y) dx)dy,
Bripp2 RAB, 1,

where we used that K is nonnegative and T =0 in By /2" Note that the second summand in the first step

—EB

r+p X Brip)©

is negative since w4 (x)u(x) > 0, and can therefore be neglected.

Step 4: We will now combine (3-8), (3-9), and (3-10). Observe that
5§;+p (u, T2wy) = Eu, Tw,) —’g‘gf;p (U, T W) = EByyx By (U, T2 W),
Altogether, we immediately obtain the desired result by choosing § > 0 from Step 2 small enough. [J

Corollary 3.5. Assume that (Klgop) and (cutoff) hold for some 6 € [d /o, 00]. Moreover, assume (Sob)
if 0 < 00. Then there exist c1, co > 0 such that, for every 0 < p <r <1, everyl € R, and every function
ueV(Bryipl RY), we have

5113(,10 (w4, Twy)
A, 7 +p>|)”9}

<ci€u, TPwp) +op wilis,.,, + czlzp—“[ma, r+p)l+ |Br+p|( Bro]

+ellwy i, Tailg (we.r+ 50,7 +p),  (3-11)

where By, C Q, w=u—1,and T =1, 3.
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3.2. Local boundedness. The following theorem is the main result of this section. It yields a priori local
boundedness of subsolutions to (PDE), or to (ﬁD\E), if the nonlocal tail is finite.

Theorem 3.6. Assume that (K:.), (cutoff), and (Sob) hold.

loc

(1) Assume that (K1) holds for some 0 € [d/a, 00]. Then there exists ¢ > 0 such that, for every
0 < R <1,every$ € (0, 1], and every nonnegative, weak subsolution u to (PDE) in I,? (t9) X Byp,

sup  u < 5~/ ( ][
19

1]?/8XBR/2 R/4

172
][ uz(t,x) dx dt) + 6 sup Tailg o(u(t), R) +8R%| fl L,
Br

telg),

where By C Q.

(i) Assume that (Klgop) holds for some 6 € (d/a, o0]. Then there exists ¢ > 0 such that, for every
0 < R <1, every§ € (0, 1], and every nonnegative, weak subsolution u to (PT)TE) in II? (t9) X Byp,

y / 176/ \1/2 -
sup u < C(S_"/Z(][ <][ u?? (t, x)dx) dt) + 68 sup Tailg o(u(t), R) +SR*|| f L,
IRe/SXBR/z 11?/4 Bg tEII?/4

where Bop C Qandk =14+o/d—1/0 > 1.

Proof. We first explain how to prove (i). Let / > 0, and define w; := (u —[)4. Let r, p > 0 such that
%R <r<Randp<r <r+p=<R. Lett =1,,/,. Moreover, we define x € C'(R) to be a function
satisfying

0<x <1l IXllo 16(r+p)* =17, Xo—(r+p)/H) =0, x=1  inlF,0).

Since u is a weak subsolution to (PDE), Lemma A.1 yields, for any ¢ € Ire/ 4(10),

t
/ X2 T2 (x)wi (e, x) dx + / X2 ()E(s), T>w(s)) ds
B 1y to—((r+p)/4H*
t t
< / x2($)(f(s), T2wi(s)) ds +2 / x(S)x'(s)] / 2 (x)wi (s, x) dx ds
to—((r+p)/4)% to—((r+p)/4)* Br1p
<Ifles / o @iz, ds e+ o) —rH)! / o i@z, ds
1 oy Iy pya

for some constant ¢; > 0. Applying Corollary 3.2, we obtain

supf w}(t,x)dx+/e £y’ (Twi(s), Twi(s)) ds

t€[r6/4 /4

< Vo = [ RO,
levo

+cz||w,||L1(,(?W4X3r+p)( sup TailK(u(t),r+%p,r+p)+||f||Loo> (3-12)

[S]
Tl pya
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for some ¢, > 0. Recall «k =14 «/d > 1. Holder interpolation and the Sobolev inequality (Sob) yield

1/k
2 2 -1 2
llw; ||LK(1,?4><B,) = (SUP [|w (f)||'zl(3r) /19 lwi ()|l pasa-w (p,) ds)

t€1r9/4 /4

2
< c3o(r, p)llw; ||L1(1(?+p)/4><3,+p)

+eslwnllpige,, e ( Sup Tailk(u@)r+ 30,7 +0) 1/ lix), (3-13)

)
le[(r+ﬂ)/4

where c3 > 0 and we used that there is ¢ > 0 such that

PNV ((r+p)* =r) ) e D+ p) DV =0 (r, p).
Furthermore, set

|A(l, )| :=f {x € B, :u(s, x) > 1}|ds.
[6

r/4

Then, by application of Holder’s inequality, with « and «/(k — 1) both in time and in space, and (3-13),

2
[l w ||L1(lr6/4xB,)

1/k’ 2
< 1AC DM N7 x4, 8,

1/« 2
<yl A, )|V* |:U(”, p) llw; ”LI(I(?H7)/4><B,+,,)

+llwill 1o XBr+p)( sup TaﬂK(u(f)»r+%,0,r+P)+||f||L°C):|, (3-14)
e

(r+p)/4 /
1€l p)/a

where ¢4 > 0 is a constant. Let now 0 < k < [ be arbitrary. Then the following hold:
2 2
“wl ||Ll(l(?+p)/4XBr+p) = ”wk”Ll(l(?er)MXB’ﬂ’)’

2
w
lwill g1 e < | k”LlU&p)MXBWﬂ)
! Ll(l(r+p)/4><Br+p) - 1 —k ’ (3-15)

2
lwill UG pyja>Brip)

AL = —— 28

By combining (3-14) and (3-15), we obtain

2
[|w; ||L1(1re/4xB,)

: 1
, sup e, Tailg (u(®),r+ 50,7 +p) + | fllze
< cslAd D' (a (r, p) + ——00 - )ilwilluugﬂ)ﬂxg,ﬂ,)
: 1
, sup,cje  Tailg (u(@), r+3p.r+p) + | fll= ,
< 1—k —2/k : (r+p)/4 2, 1+1/k
= ¢ol ) (0 (r,p)+ | —k ”wk ||L1(1<?+p)/4><Br+p)

for some cs, cg > 0. The plan for the remainder of the proof is to iterate the above estimate. Recall (2-10),
which we will apply in the sequel. Let us now set up the iteration scheme. For this purpose, we define two
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sequences [; = M (1 —27") and p; = 2771R, i e N, where M > 0 is to be determined later. We also set
i+1
r():R, Vigl =¥ — Pit+1 :%R(]-l—(%)l-i_ ), and l():().

Then r; N\ %R andl; /' M asi — oo.
Note that o (ri, pi) < c7R™*2% for some ¢7 > 0. Define A; = ||w12,- ||L|(,e_/4X3P). Then

1
(i = Li—)*/¥

ALK

i—1

sup,e o, Tailk (u(®). 7 + 301, ri + i) + 1 f
Ai <cg :

li =11
1 e d Superg, Tailg o (u(t), R) + R*|| f ||

<co—— Y : o

_09 (ll—llfl)z/lc/ (G<r19 ,01)"":0, (pl) ll—llil )
22i/k' 192 p(+a+d)i sup,cso Tailg o (u(t), R) + R¥|| fllLe

< 6‘10—(— + RA )
MZ/K’ R« R M

1 o
<1 i (1 N sup;e; e, Tailg o u(?), R) + R ||f||L°°)
- Re M2/ M

(U(Fi,/)i)-i-

1+1/x’
Ai—l

1+1/k'
Ay

AT (3-16)
for cs, c9, c10, c11 > 0, y > 1. Note that here we also applied (2-10). If, given é € (0, 1], we choose

M = 5( sup Tail,(u(), R)+ R| 1|1 )

teIR9/4

then,
, €12 i 141/
A = Sgape © Aici

where C := 22/*'+2 5 1 and c12 > 0. We choose

’

M :=§( sup Tailgq(u(t), R)+ R|| £ Loo) 4 2 s 2 R 2 412

©
tely),

It follows that

—x’

and therefore we know from Lemma 7.1 in [Giusti 2003] that A; \ (0 as i — o0, i.e.,

sup u<M = 5( sup Tailg o (u(), R) + R £|| Loo) O P52 R/ 4 ) )

Iggx Bry relg),
1/2
/ uz(t, x)dx dt)
Br
for ¢13 > 0. Note that, by the definition of «, we have ax’ = « + d. Therefore,

1/2
][ uz(t, x)dx dt)
Bg

= o sup Tl o (e), R)+ R l1=) + 136~ (R-“K’ /
Ie

tEIRG/4 R/4

sup u <8 sup Tailgo(u(t), R)+ SR flli +c148‘”72(][
Ie

IRG/SXBR/Z IEIR9/4 R/4

for some cy4 > 0. This proves (i).
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To prove (ii), observe that, instead of (3-12), applying Corollary 3.5 to a weak subsolution u to (PDE)
yields

sup/ wlz(t,x)dx-i-/ Ex (wy(r), Twy () dr
B, 1) r+p

tel, B 4
<cio(r, ,0)||wl (t)||L1(1( ; )/4X3r+p)+cllzp—a|:|A(l, r+p)|+|B,+p|1/9 /e | B4 pN{u(t, x) >\ dl]
I5spya
+C]||wl(t)||Ll(I( +p)/4XBr+p)<telsup Tall[((u(t) r+ 2)0 r+,0) + ||f”Loo>
(r+p)/4

for some c¢; > 0. Proceeding as in the proof of (i), we derive the following estimate as a replacement of
(3-14), where k :==x —1/6 > 1:

2
|G

r/4

1/k
/&'
<A, 1) (/1 ||w1(t)||LK9f(B)>

r/4

-, 1/k
<|Ad, r)|"* (sup lwf O, /  NwF )l oo a,) ds)
1

telr/4 r/4

(r+p)/4 % Brp)

< Al r 4 p)|V* {o—(r AN

+zzp—“[|A<l,r+p>|+|Br+p|”9 / |Byyp N {u(t, x) > 1}V dt]

1G4
Flwillpige, ) xm o sup Tailg (u@),r+ 50,7+ p) + 11l
tEIG 4
. 1
P l 2 supl‘el? TallK(u(t)vr—i_Ep’r—i_p)+||f||L°O
<c3|Brip| 1AW r ) o (r, ) 14 + e
I—k I—k
% / i Wil o,
Iy
1/6 2 sup, ;e Tailg (u(@), r+3p,r+p)+ Il
§C4—|B’+p | —lo(r, p)(1+ l 4 e ( : )
(I — k)% [ —k l—k
1+1/%
2
X wi (¢ / dr
(/ L WO, )
for some ¢y, ¢3, ¢4 > 0, and we used
/e 1Bry, N {u(t, x) >3V dr < (1 — k)2 /9 WOl o, (3-17)
I<r+/>)/4 I(r+p)/4

and applied (3-15). From here, the proof basically proceeds as before. We define sequences (/;), (0;),
and (r;) as before, write A; = /19/4 Ilwy, (t)IILg/(Br.) dr, and deduce that, for any § € (0, 1], by choosing

M = 5( sup Tailg o (u(D), R)+ R| fl1),

telg),
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we deduce that

A ciAltE,

Cs
i = o da e
SRo—d/0 p2/7

where C > 1 and c¢5 > 0 are constants. We choose

M= 8( sup Taﬂ[(,a(u(l‘), R) + Ra”f”LOO) +C/?/Z/QC?/ZS—IZ,/ZR—(Ol—d/e)lz//QAé/Z.

tel,?/4

It follows that

—K
Ao = 5" o RO = (8 o Md'/k/) s

and therefore we know from Lemma 7.1 in [Giusti 2003] that A; \(0 as i — oo, i.e.,

sup u<M= 3( sup Tailg o (u(t), R) + R“||f||Loo>  CR2E 2572 plamd]OR2 g 12
S

Ig)gxBry2 telg),
y / 1/6' \1/2
= 5( sup Tailg o (u(r), R) + R ||f||Loo) T e <][ (][ W2 (1, x) dx) dt)
l€]§/4 1]?/4 Bgr
for ¢ > 0, where we used (« —d/0)k’' =a +d /6. O
Remark 3.7. Let us comment on the appearance of the L,zf % _norm of u in the estimate (ii) for subsolutions

to (lﬁi). In fact, this term appears since we iterate the Ltz,’fe/—norms of wy, in the proof of (ii). In fact,
upon estimating

Braal [ 1By O utrex) = D1V dr <l % B 1AG 4 o)
Tospya
instead of (3-17), we could iterate the L>2-norms of wy, as in the proof of (i), however, only as long as

1 1 o 1

This means that we would have to restrict ourselves to the suboptimal range 6 € ((d + «)/«, 0o]. In the
local case, an analogous phenomenon appears in Chapter VI.13 in [Lieberman 1996].

Note that, for subsolutions (ell-PDE), the analogous condition reads u :=«/d —1/6 > 0, which allows
us to estimate the supremum of u by the L?-norm, as expected for the full range 6 € (d/a, 00].

We now state the analog to Theorem 3.6 for stationary solutions.

Theorem 3.8. Assume that (K:.), (cutoff), and (Sob) hold.

loc

(i) Assume that (K1) holds for some 0 € [d/a, 00]. Then there exists ¢ > O such that, for every
0 < R <1,every$ € (0, 1], and every nonnegative, weak subsolution u to (ell-PDE) in Byg C €,

1/2
supugcs—d/@“)(][ uz(x)dx) + 8 Tailg o (1, R) + R*|| f || 1. (3-18)
Bry2 Bg
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(i1) Assume that (Klgop) holds for some 6 € (d/a, o). Then there exists ¢ > 0 such that, for every
0 < R <1,every$ € (0, 1], and every nonnegative, weak subsolution u to (ell—ﬁ)\E) in Byr C 2,

172
supu < 8~ 1/CH <][ u’(x) dx) + & Tailg o (u, R) + R*|| f |l Loo,
Br2 Br

where u:=a/d —1/6 € (0, a/d].

The first estimate can be read off from Theorem 3.6 (i). The proof of (ii) works similar to the proof of
Theorem 3.6 (ii) up to small modifications in the sense of the aforementioned remark. The factor §—d/Qx)

in (3-18) stems from defining k = d/(d — @) and k¥’ = d /« in the stationary case.

4. Local boundedness via Moser iteration

The goal of this section is to give another proof of Theorem 3.6 via the Moser iteration for positive
exponents (see Theorem 4.8). For our main result there is no need of a second proof. However, we
consider this independent approach interesting due to the wide range of applicability of the Moser iteration.
While local boundedness for symmetric nonlocal operators has been established in numerous works by
the De Giorgi iteration technique, the following proof of local boundedness (see Theorem 4.8) using a
Moser iteration scheme seems to be new.

The Moser iteration for positive exponents is arguably more complicated than for negative exponents
for the following two reasons: Roughly speaking, one would like to use test-functions of the form
¢ = t*u?~! for ¢ > 1. Unfortunately, ¢ a priori does not belong to the correct function space unless u is
bounded. Since boundedness of u is one of the main goals of this section, such an assumption is illegal.
2a=1 in an adequate way, similar to [Aronson and Serrin 1967]. The
second reason concerns the appearance of nonlocal tail terms (see Section 3) due to the nonlocality of the

Instead, we truncate the monomial u

equation. These quantities require special treatment in order to make the iteration work.
Note that Sections 3 and 4 are fully independent of each other.

4.1. Algebraic estimates. The first step is to establish suitable algebraic estimates, which can be seen and
will be used as nonlocal analogs to the chain rule. Note that an estimate similar to (4-1) was established
in [Brasco and Parini 2016]. We also refer to [Kassmann and Weidner 2022], where the Moser iteration
schemes were established for negative and small positive exponents for the same class of nonsymmetric
nonlocal operators.

Lemma 4.1. Let g : [0, 00) — [0, 00) be continuously differentiable. Assume that g is increasing and
that g(0) =0. Set G(t) := fot g’(t)l/2 dt. Then, for everys,t >0,

(t —5)(g(1) — g(s)) = (G(1) — G(s))*, (4-1)

(g(t) ANg(s))|t —s|
GO GOl <G@)AG(s), (4-2)
18 — g _ gt v )2, (4-3)

|G(t) = G(s)| —
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Proof. Note that, by assumption, 7 — G'(t) = g’ "% is nonnegative. Let us assume without loss of
generality that s < ¢. First, we compute, with the help of Jensen’s inequality,

t t t 2
(I—S)(g(t)—g(S))=(t—S)/ g/(f)df=(t—5)/ G'(r)*dr > (f G/(T)df> =(G(1)—G(5))*,

which proves (4-1). Next,
G@) -G _
|t — s

][ G'(r)dr > G'(s).

Moreover, we compute

g(s) = / S g (v)dr < g'(s)'? / s g dt = G'(5)G(s).
0 0

This implies
G -Gl _ 8()
|t —s| ~G(s)’

which proves (4-2). For (4-3), we compute, using the chain rule and again that G'(z) = g’ ("% is
nondecreasing,

_ G@)
- | e @) e =g o' O

G(s)

G()
][ [go G~ (r)dt
G(s)

The following lemma has already been established and applied in [Kassmann and Weidner 2022] (see
Lemma 3.2 therein).

Lemma 4.2. Let G : [0, 0c0) — R. Then, forany 1,70 > 0andt,s > 0,

(T ATDIGH) = G$)* = F11G1) — G — (11 — ) (G (1) Vv G2(5)), (4-4)
(TEVIHIGH) — Gs)* <2116 (1) — G () |* +2(t1 — 1) (G(1) v G2 (5)). (4-5)

From now on, let us define the functions g : [0, co) — [0, 00) and G(¢) = Otg’(s)l/2 ds for M >0
and g > 1 via

12— t<M,
g(t) = B
MY 4 Qg —DM>M 2t —M), t>M,
JV2¢—1
q—tq’ l‘fM,
q
G@)=
JV2g—1
N a4 J2g =T — MYMIT, 1> M.
q

One easily checks that g is continuously differentiable, increasing, and satisfies g(0) = 0. Therefore g
satisfies the assumptions of Lemma 4.1. Moreover, note that g is convex.
The following lemma is a direct consequence of the definition of g.
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Lemma 4.3. For everyt > 0,
G(t
Gt)y=g@t)'"*< q¥, (4-6)
2

gt < qu—_le(t). (4-7)

Proof. Let us start by proving the first estimate. In the case t < M, a direct computation shows,

V2 —1 G(t
g’(t)l/z =.2q — 1741 =qq—tq,1 =q£.

q t
Fort > M, we use \/2q — 1 < g to compute
LM+ (1 = M)M™!)

g0\ =2q— 1M =q t

\/ZZTIML]—’_ /2q—1(t—M)Mq_1 G(t)
<q T
¢ t

This proves (4-6). For (4-7), in the case t < M, we compute
2

2 1 ;2
Ht=t" = G“(1).
g(®) 2 —10°®
In the case t > M, we use v/2g — 1 < g to compute
2 2 2
V2 —1
eyt =Pm2a-2 = 14 =2 M7+ — myme ) <L G2). O
2g —1 q 2g —1

Remark 4.4. Note that (4-6) already implies a slightly weaker version of the estimate in (4-7). Indeed,

by (4-6),
G (1) = (G'(H1)* = g/ (1> > gt

where we used convexity and g(0) = 0 in the last estimate.

Lemma 4.5. Let g > 1. Then, for every s,t > 0, we have

(G(1) — G(5))2 7 zq—;l(zq s asM /oo,

Proof. Clearly,
2g — 1
q2

(G(t) — G(s))* — (1 — 57)?

as M — oo, since, for t, s < M, we already have

2 —1
19— 59,

(G(t) — G(s))* =

It remains to prove that the convergence is monotone. Let us fix # > s > 0. First, we observe that
M — (G(t) — G(s))? is continuous. Now, clearly, for M <t < s, we have

(G(t) — G(s))* = (2q — HM* 2(t — 5)?,
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which is increasing in M. In the case s < M < t,

2
(G(t) — G(s))? = (—Vz‘ﬁ]_qu +(t— M)/2g —1M97! — —V2‘1_1s4> .

q

This expression is clearly monotone in M as long as t > M, since

dilv‘; MY+ (t — M)\/2g —1M9™" = (g — 1)y/2q — 1(t — M)M9™2 > 0.

This proves the desired result. O

4.2. Caccioppoli estimates. Now, we are in the position to prove the following Caccioppoli-type estimate.

We emphasize that t2g(1) € Hp . (R?) in the lemma below, where i = u + R%|| f||1~, Whenever

r+p
ueV(Bryipl R?). This is a direct consequence of the definition of g.

Lemma 4.6. Assume that (K1) and (cutoff) hold for some 6 € [d/a, o). Moreover, assume (Sob)
if 8 < oo. Then there exist ¢y, co > 0 such that, for every 0 < p <r <1, every nonnegative function
u€V(Bripl R?), and every q > 1, we have

£y, (G (i), TG (@)
<€, T7g(@) +c2p G @) 1p,, ) + 2l @@ 11 (s, ) Tailk (u, r + 50,7+ p),
where By, C Q, T =71, 2, and i =u + R*|| f || ~.
Proof. We define
M :={(x,y) € Bryp X Bryp:u(x)>u(y)}.

Note that, for (x, y) € M, we have g(u(x)) > g(u(y)) and G(u(x)) > G(u(y)). The proof is divided into
several steps.

Step 1: First, we claim that, for some ¢y, ¢ > 0,

By, (U, T g(u))>615 L, @G, TG (@) —c2p NG @)l 1 (4-8)

Hr,D)'

For the symmetric part, we compute the following using the symmetry of K (see also Lemma 2.3 in
[Kassmann and Weidner 2022]):

£y, (u, g (i) =2 f ()~ A (T (D)) = (g @(y))) Ky (x, y) dy dx
=2 / | (@) = A(5))(8(@) - 2@ T () Ky (x, y) dy dx

+2 f (@ (x) — a(Y)g @) (t*(x) — 2 (y)) K (x, y) dy dx
M
=1L+ J;.
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For the nonsymmetric part, we compute, using the antisymmetry of K, and with the help of Lemma 2.3
in [Kassmann and Weidner 2022],

exe, e =2 [ [ @00 =000 + () EONK(x. ) dy e
M
= 2//M(’3(x) —ii(y)(g(ii(x)) — g(@(»)))T2(x)Ka(x, y) dy dx

+2 f /M (@ (x) — ()@ (T*(x) + T2 (»)) Ko (x, y) dy dx
=1,+J,.

By adding I + I, and using (4-1), (4-4), as well as (cutoff), we obtain
Lt=2 [ /M () — () (@) — g @)K (x, y) dy d
> / /M (G@) — G@MNAT (@) A T2 (K (x, y) dy dx
> 3&5 (@G@), TG@) — cp ™G @’ s,

_%f / (TG(x) = TG @)))*Ka(x, y)| dy dx.
B, B,

r+p r+p

For the nonsymmetric part, using (K1j,.) and (2-8), we find that, for every ¢ > 0, there is ¢ > 0 such that

/B fB (TG @(x) — 1G@()))*Ka(x, y)| dy dx

e K ~ 2 2, ~ |Ka(X,)’)|2
5853;10(1'G(ﬂ),t6(u))+c/ °(x)G (u(x))(/ J—dy)dx
Brsp B, J(x.)
<2e€p" (G (@), TG (@) +cp G @) 15,
Consequently,

Ii+1, = 365" (G, TG(@) —cp |G @l 1(s,..,)-

For J;, we use (4-2), (4-5), and (cutoff) to prove that, for every ¢ > 0, there exists ¢ > 0 such that
Jy = — /f |G ((x)) — GGyt x) —tMI(Tx) VT (y)Ks(x, y)dydx
M

= / /M(G(ft(x)) — G (T (x) V T () Ky (x, y) dy dx — co G (@)l 113,
= —e€’ (1G (i), TG(@) = cp G @) |15

r+p) :

Next, we estimate J, and prove, using (3-4), (1-2), (4-2), (cutoff), and (4-5), that, for every ¢ > 0,
there is ¢ > 0 such that

Jo > —8 /fM i (x) — ii(y) g (@(3)) (T*(x) A T* (1) Kq(x, y) dy dx

—8//M i (x) — @(y)|g @) (T (x) = T(y))*K;(x, y) dy dx
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> —¢ / /M (G (x)) — GaN)*(T*(x) A T2 (¥))J (x, y) dy dx

|Ka(x, y)I?

dy dx — co~ |G (i1)?
TG, y) ydx —co "Gl L1a,,,)

—c / /M G@())(T*(x) AT3(y))

> —2e€y" (tG(i), TG@) — cp G @)l 1(s

r+n) ’
where we used (K1j,c) and (2-8) in the last step to estimate
|Ka(x, Y)I?
J(x,y)
and used Lemma 2.6 in [Kassmann and Weidner 2022], (K1;oc), (4-4), and (cutoff) to estimate

c / fM GHa(y) (@) AT () dydx <2665 (tG (@), TG@) +cp G @15

r+p)

/ fM (G@@(x)) — G (T*(x) AT () J (x, y) dy dx

= C/l; fB (G(i(x) — G (T2 (x) AT* () Ky (x, y) dy dx

<c€y' (tG@), TG@) +cp G @ 15, (4-9)
Altogether, we obtain
Es,.,(, T°g(@) = [[ —2¢]€5" TG@), 1G@) —cp *IG@ I3,
The desired estimate (4-8) now follows by choosing ¢ > 0 small enough.
Step 2: In addition, we claim
&84y w8y (0, T2 (@) < 20| g@) 115, SUP ( / UMKz, ) dy). (4-10)
2€Brp2 \V Bl

To see this, we compute
~E(Bypx By (1, T2 ()

— /( )~ )P EOK (5, 3) dy by
By pXBryp)©

=—2/ fz(x)u(x)g(ﬁ(x))</ K(x,y) dy)dx+2f
Brip c B,

r+p
< 2@, sup ( /
B,

ZE€Br1pp2

Cwe( [ oK)

r+p r+p

u(y)K(z,y) dy)

f
using u, K > 0 and supp(t) C B,1,)2.
Step 3: Observe that
Ky 2050 — 2,(5 2, (5
g, T7g(m) = Eu, t°g () — &b, ,x B,y ) (U, T°8(U)).

Therefore, combining (4-8) and (4-10) yields the desired result. [l
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The following Caccioppoli-type estimate is designed for the dual equation.

Lemma 4.7. Assume that (Klgop) and (cutoff) hold for some 60 € (d/a, 00]. Moreover, assume (Sob) if
0 < oo. Then there exist c1, cp, ¥y > 0 such that, for every 0 < p <r <1, every nonnegative function
ueV(Brypl R4 N LY (RY), and every g > 1, we have

K, ~ ~
gBrer (tG), tG())

< c1&u, T°g(@) +c2q” P~ |G @)l 13,y + 2l 8@ 113, Tailk (u,r + 50,7+ p).
where BZr C Q’ T = Tr,p/2a dl’ldﬁ =u-+ Ra||f||L°°~

Proof. Step 1: We claim that there exists ¢ > 0 such that, for some y > 1,

., (u, @) = 1y’ (1G@), TG @) — 297 p™ G @)l (5 (4-11)

r+p) :

Let M be as in the proof of Lemma 4.6. Moreover, we observe the algebraic identity
(a+b)(x7g(@ — 13g(B)) = @—b)(g(@ — BN +2b(g(@ — gB)7 + (a+b)gB) (] —13).

We use again Lemma 2.3 in [Kassmann and Weidner 2022] to estimate
&gty =2 [ fM () — () (@) — gEN (D Ko (x, ¥) dy dx

+a [ /M w() (@) — g (T () Ka(x, y) dy dx

+4 [ | @+ a0 = 0Kt ) dy s
> 2 / /M (@) — A (@) — g ()T Ky, ) dy dx
- 4//M F(0) 18 @(0) — g @) T2 () Kalx, )| dy dx

—8// Q@0 () [72() — 22| Ka (5, )| dy dx
M
=1+ Mg+ Ng,

where we used that u(x) > u(y) and g(u(x)) > g(u(y)) on M, as well as u < u. As in the proof of
Lemma 4.6, we can write the decomposition

Ep', (u, T7g(@) = Iy + Js.
Then, using (4-1), (2-8), and (cutoff), we estimate
Ii+1, = 2//M(ﬁ(X) — () (g (x)) — g@NT*()K (x, y) dy dx

> €5, (GG@), TG@) —cp G @ 15,
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For M, we use (4-3), (4-6), (4-5), and (cutoff) to obtain
M, > —4q / . |G (i (x)) — G(i(y)|G (i (x))T*(x)| Kq(x, y)| dy dx

> —¢ / M(G(ﬁ(x)) — G@)))* (T (y) v T3(x))J (x, y) dy dx

2
—cq /f 2(0) G2 (@) Kele E (( y))' ydx

> —cefy’ L, @G@), TG (@) —cq" p NG @) L1 (s,,,)

for some y; > 0, where we used that, by (Klgjop) and (2-9) applied with some 6 < ¢/ (cqz)

2
cq // £2(0) G2 i () e (( y))'

<egp L @G@), TG@) +¢qg* @ +8)p G @Il 1p (4-12)

Hrp)

for some y, > 0, and moreover, by (3-4), (cutoff), and using the same argument as in (4-9),
£ / | (G - G(@(y)*(x*(y) v T2(@))J (x, y) dy dx
<2 | + / (G = G0 AP 4 )y e+ I G v,
< ces;f,;:uG(;), tG@) +cp  IG@> N 1(s,,,)-
For N,,, we compute, using (4-7), (3-4), and (1-2),
Nuzcq | fM G2 (@()) (2 (x) — T (1)) Ky (x, ) dy dx

—cq// G2 () (t(x) A TONITE) — 1] K, )] dy d

|Ka(x, p)I?

dy dx
Ty

> —cqp G @) || 11s,,,) — cq / / T* ()G (i (x))
H—p r+p
> —cq” p IG@ L s,,,) — €5, (tG(@), TG (@)

for some y3 > 0, where we applied (cutoff) and used the same argument as in (4-12) to estimate the
second summand in the last step. Altogether, we have shown

s, (u, T2g(@) = [§ —3e]ey (tG@), TG @) —cq” p ™ IG@ I3,

Thus, by choosing ¢ > 0 small enough, we obtain (4-11), as desired.

Step 2: Moreover, we have

—EBypx By (U, T°g(@0) < cllg@ L1 ,,,) Sup (/B M(y)K(y,Z)dy)- (4-13)

2€Brypp2 4o



3222 MORITZ KASSMANN AND MARVIN WEIDNER
The proof works similar to the proof of Step 2 in Lemma 4.6:

- 9
—E&B, 1 x By (U, T7G (1))

=2 f( ) (t2g(@i(x)) — T2g(@(y)))u(x)K (x, y) dy dx
By pXBrip)©

= —2/ tz(x)u(x)g(ﬁ(x))(/
Brip B;

r+p
§2||g(b~l)||L1(B,+p) sup (/
B

ZEBH—,O/Z

K(x.y) dy)dx 12 fB r%y)g(ﬁ(y))( /B UK (x, y)dx)dy

.
r+p rp

u(y)K(y, z) dy)

c
r+p

using u, K > 0 and supp(t) C B,1,)2. O

4.3. Local boundedness. Now, we will show how to prove Theorem 3.6 via the Moser iteration. Note
that we get a slightly better bound for subsolutions to (PDE) compared to Theorem 3.6 (ii).

Theorem 4.8. Assume that (Kz.), (cutoff), and (Sob) hold.

loc

(1) Assume (Kloc) holds for some 6 € [d/a, o0). Then there exists ¢ > 0 such that, for every ) < R <1
and every nonnegative, weak subsolution u to (PDE) in II? (tp) X Bag,

sup u §c<][
=]
1;?/8XBR/2 1

R/4

12
][ uz(l‘, x)dx dl‘) +c sup Tailg o (u(t), R) + cRY|| flLee, (4-14)
Bg

telg),
where Byr C 2.

(i1) Assume (Klgop) holds for some 6 € (d /o, o). Then there exists ¢ > 0 such that, for every 0 < R <1
and every nonnegative, weak subsolution u to (P’I-D\E) in II? (t9) X Bypg,

sup u=<c (][
(S
Il?/ngR/z 1

R/4

1/2
][ uz(t,x) dx dt) + ¢ sup Tailg o (u(t), R) +cR*|| fl L, (4-15)
Bg

teI,?/4

where By C 2.
Proof. We will only demonstrate the proof of (ii). The proof of (i) follows via the same arguments, but

uses Lemma 4.6 instead of Lemma 4.7. Let 0 < p <r <r+p < R and ¢ > 1. By applying Lemma 4.7,
we obtain

C/ T2 (x)du(t, x)g(@(t, x)) dx +€§:+p (tGm), tGu))
Brip

< c[@u(), T?g @) + E(t), T (1)))]

+eq? p G0 113, +cllg@E) 15, Taillk (u(t). r + Sp. 7 + p)
<c(f (1), T°g(@t) +cq” p NG @) s, + clg @A) s, Tailg (u(t), r + 50,7+ p)
< cq? p |G @) 118, +clg@EN I Lis, ) Taillk (), r + So.7 + p), (4-16)

r+p
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where ¢ > 0 is the constant from Lemma 4.7 and we tested the equation with t2g(u), where 7 = Trp/2-
Moreover, by the definition of i, we used

(f (). T°g(@(1))) < co™*G@0) Il 1(s,,,)-
We observe that
La@),  u<M,
(B0)g (i) = § 24

2
Next, we define x € C!'(R) to be a function satisfying

M?21723,(a%), u> M.

0<x <1l IxXllo <16(r+p)* =17 x(to—(Gr+p))=0, x=1  inl3,(0).

By multiplying (4-16) with x? and integrating over (to — (%(r + ,0))“, t) for some arbitrary ¢ € IS 4(10),
we obtain

t

/ X2 (O () H (i (t, x)) dx +/ K©)Eg, (TGi()), TG i(s))) ds
Brip to—((r+p)/4)*
t
<crg?p f OIG@E L1, ds
1o—((r+0)/4)"
t
o [ X O [ P HGs ) b
fo—((r+p) /4% Brip
t
tor / KOG 15, Tail (u(s), 7 + Lo, r + p) ds
to—((r+p)/4H*
for some ¢, > 0, where
L2, 1< M,
H(t)=1{2%

L,

Consequently,

sup/ H(ﬁ(t,x))dx—i—/ ng (tG(u(s)), tG(u(s))) ds
B, = r+p

l€1r6/4 r/4
- -1 ~ -2
<caq"(p vV ((r+p)* —r% )(”H(”)||L1(1<?+p)/4><3,+p) + G @) ||L1(1(?+p)/4><3,+p))

sup  Tailg (u(r).r + 0.7+ p)

S}
el pya

+c3 ||g(u)||L1(1(?+p)/4xB,+p)
for some c3 > 0. Now, we take the limit M ' co. By monotone convergence, the definitions of g, G,
and H, and Lemma 4.5,

sup / 724(t, x) dx + / . Egip(rﬁq(s),rﬁq(s))ds
B,

t€1r6/4 /4

] o a—1\r2q
<caq" (p "V ((r+p)" =r%) )la ||L1(1(?+p)/4><3,+p)
+C4q||b72q71||L1(,<§+m/4xBr+p) sup TailK(u(t),r+%p,r+p)

<)
te[(r+p)/4
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for some c4 > 0. Recall k = 1+a/d > 1. By Holder interpolation and Sobolev inequality (Sob), we have
1

||u lzcexm) = (SUP ||u2q(f)||L1(B )/ ||M2q(S)||Ld/<d w(B)dS)

tel?

<cq” (0™ V ((r+p)* = r Y DIE N pge, x,.»

+cq @ IILI(,&WX&H) . Isup Tailg (u@),r+3p,r+p). @-17)
(r+p)/4
We will now demonstrate how to perform the Moser iteration for positive exponents for nonlocal equations.
Inequality (4-17) is the key estimate for the iteration scheme. The main difficulty compared to the classical
local case is the treatment of the tail term.
Let us define ¢; = 2-0+D@+e)/e 1 for ¢ > 0 to be determined later and i € N. By Holder’s and
Young’s inequalities we have, for each i € N, the estimate

gl ”Ll(l( s % Brin) Sup TallK(”(f) V+2,0 7’+,0)

1€1C 04

< (q(cip) ™| (](+p)/4><3r+p)) K ( 24 (c;ip)” E (r+p) ) s;lp TailK(u(t),r+%p,r+,0))
1€l gy )
_ q
<q(cip)” HuqHuuHﬁﬂx&w)+( 2 (cip)” 2‘1(r+10)2‘1 sup ’hﬂKOMQ,r+%p,r+p))
1€l ipya

Combining this estimate with (4-17) and taking both sides to the power 1/(2¢) yields

||L~t||qu,((IexB)_C2‘4q2’ic q(P % V((r+p)*—r")" 2")”””1}1(14r xBri))

+02qq2f1(c 0)* 24 r+p) 2 £ sup @K(u(t),r—i-%,o,r-i-p)
L 1(?4-,0)/4

2q

TV () - )

d+a T
X<||u||quu,%pr,+p>+<c,~p)“<r+p> W sup Tailg (u), 7+ 1.1 +p)).

S
el pya

1
<clqx

Recall that, by (2-11), we have the estimate
d
Tailg (u(t), r + 1p. 7+ p) sm“(”—”) Tailg o (u(t), R).
0

Fix g0 > 1 and ¢; = qok’, and set p; = 2-=1R and riv1 =1 — pi+1, Yo = R. Note that r; N\ %R. For

every i € N, using
a i+1

(p;” Tt vV ((ri + p)* —rf ) 2‘1: 1)<CZq, 1R 24141

we obtain

Y o d+s+2
241, i1 ) 5 (i+1)
”””L%(IGXB )<Cdz ]C] l R 2i-12 24—

. dta —
x (||u||qul-,l(,,e ey T2 GE RIS sup Tailg (u(0). i+ bpis i+ 1) )
N 1€l 44

1 st— o de+2(; ]
<C2ql lq 2qi— IR 2q; _ 122q l(l+)

x (il 2 g e,y + RICT270FD8 sup Tallg a(u(0), R) ). (4-18)

teIR/4




NONLOCAL OPERATORS RELATED TO NONSYMMETRIC FORMS, II 3225

Consequently,
o d+?+2
~ i (i+1) ~
Sup < <l_[C2(1t 1ql‘1 IR 2gi -1 12211 )”u”quO(II?XBR)
L)% Bry2 i=1
x® s X 1 v o diet2;
377 M- p T3, —=(j+1) +1 T
+|:Z<l_[c2qflqj_’1 R %-12%-1 )qu o= (+De sup Taily o (u(1), R).
i=1 “Nj=i telgy,

Note that Y ok~ = (d +«)/a and also Y o i/k' =: c3 < co. Therefore,

v ¥ oyoo i
[ Jcai-n) ™= < (cqo)™ Ry X0 < (g, e, ) < oo,
i=1

d+;+2 d+e+2 d+et2)ey
i+1 —4
2 2q; ( + ) < 2 240 Z =0 Kl < 2 290 < OO,

i=1

o
__a o 00 —j _ d+a
| | R %j-1 = R i 2j=0k =R %i-1,

As a consequence,

oo
a d+F+2( ) _d+a  d4e+2 Z z+k+2
=0

l_[ zq, g ‘h VR 24,510 %) <c(qo, k, d)R™ % 2 %

i=1 dta  (d+et2)cs

<c(qo,k,d)R 202 20

)4

a d+e+2 - (d+e+2)c
Z(ncij quq, IR_ijflzqurjjl (]‘H))qu “io- (i+1)e <622T5(l+1)2 (i+De
i=1

(d+e4+2)cq > .
<2 22—(14-1)8
i=1
<c(d, qo, &, &),

where we used that (i + 1) /k*~! is bounded from above by some constant cg = c¢ (k). Therefore, choosing
¢ =1 and g9 = 1, we deduce that, for some ¢ > 0,

1
sup u < c(][ ][ i (t x)dx dt) + ¢ sup TallK «(t), R).
Ly X Bry2 Br 1€l
As a consequence, using the definition of i as well as the triangle inequality for the L?-norm, we deduce
1
sup u < (][ ][ 2(t x)dx dt) +c sup TallK a@@®), R) + cR| fll L.
18, % Br)2 13 J B telg),

This proves the desired result. U
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5. Local tail estimate

In this section, local tail estimates for supersolutions to (PDE) and (P’D\E) (see Corollary 5.3) as well as
the corresponding stationary equations (ell-PDE) and (ell-P’I-)\E) (see Corollary 5.4) are established. The
main auxiliary results are Lemmas 5.1 and 5.2, whose proofs use similar ideas as in Lemmas 3.1 and 3.4.
Central ingredients in the proof are the assumptions (UJS) and (GJ\S), which allow us to derive local tail
estimates without having to assume a pointwise lower bound of the jumping kernel. They are applied in a
similar way as in [Schulze 2019], where symmetric nonlocal operators are considered.

Lemma 5.1. Assume that (K1), (cutoff), and (UJS) hold for some 6 € [d /o, o0]. Moreover, assume
(Sob) if 6 < oo. Then there exist ¢y, co > 0 such that, for every 0 < p <r <1, every nonnegative function
u e V(B | [Rd), and every S > Q with § > supg, . u,we have

l d
Tailk (i, 7, r + p) < €1 ——Eu, T2( — 25)) + 2 [ - te 07Os,
Sp4 P
where By, C Q and © =1, .

Proof. We define w = u — 2. Note that, by definition, w € [-2S§, —S] in B, ,. We separate the proof
into several steps.

Step 1: First, we claim that, for some ¢ > 0, we have

55,_’# (tw, Tw) < sgi;p(u, ?w) + ¢S (r 4 p)p~°. (5-1)
We compute
gg'ip(”’fzw):/ / @) — w2 = Pw)K, (x, ) dy dx
Brip Brip
e cwrw) - [ [ weow;) @ - o) Ko ) dyd
Brip Brip

We estimate, using (cutoff),
/ / wEwy) (EE) -t K (¥, ) dy dx <48°€5" (1. 1) <182+ p)p ™"
Br+p Br+p

for some c¢; > 0, which directly implies (5-1).
Step 2: Next, we claim that there exists ¢ > 0 such that
—5{;;/) (u, T*w) < %gg»;p(rw, tw) + ¢S (r+ p)p¢. (5-2)

For the proof, we use the same arguments as in the proof of the Caccioppoli estimate:

—efe wPw = [ [ o) - w) @ + R ue) Kl ) dy ds

r+p r+p

:/B /B (tw(y) —twx)(tw(y) +Twx))K,(x, y)dy dx

+ /; /B wE@)w ) (T3 (x) — 2 () Ka(x, y) dy dx
—. Jl + ]2. r+p r+p
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Using Holder’s and Young’s inequalities as well as (K1joc) and (2-8), we obtain, for every § > 0,

2
.]1 S(Sgérﬂ,(tw’rw)_*—CZ/ f (fw(y)_i_rw( ))2%

Kq(x,y)?
< cs&ks (tw, Tw) +2c2 rzwz(x) M dy )dx
Breo B By, J(X,¥)
r+p r+p

< 2C(S<€§:+p (tw, Tw) +382(r + p)ip™@

dydx

for ¢y, c3 > 0 depending on §. Again, by Holder’s and Young’s inequalities as well as (K1), (cutoff),
and (2-8), we estimate

h< // W wO)I(T () — 7())2I (x. y) dy dx

|Ka(x, y)I?
f / lw@)[w[(T(y) +T(x ))ZJ— dy dx
Brip Y Brip (X, y)
K 2
<282 (r.7) +852/ ( Z(x)/ [Kalx, DI7 )dx
e B, J(x,¥)
2 Ks 2 —o

<S8 (T, 1)+ a8 (r + p)p

<csS2(r+p)p™@
for ¢4, ¢cs > 0. From here, (5-2) directly follows.
Step 3: We claim that there exist constants ¢, ¢’ > 0 such that

— &y, xByy e (U, TPW) < 82 (r + p) 0% — ¢/ Sp? Tailg (u, r, 7 + p). (5-3)

First, we rewrite the term on the left-hand side of the above line:

—EBy 1y Bpye (U, TPW) = =2 // ((x) —u(y)*wx)K (x, y)dy dx
xB

B pXBrip)©

2—2/ / (u(y) —u(x))T*(x)(2S —u(x))K (x, y) dy dx
Byip d BY, ,N{u(y)=S}

+2f / ((x) —u(y)T*(x)(2S —u(x)K (x, y) dy dx
r+p r+pm{u(})<s}

= 11 +12. (5'4)

For I,, we obtain

I <4S/ / (u(x) —u(y)+ T @)K (x, y) dy dx

BS, ,N{u(y)<5)

=38 [ [ ww-ronK ey

§8S2/ % (7, 7)(x) dx
B

r+p

<ceS r+p)ip®
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for some cg > 0, where we used (1-2), (cutoff), and that K > 0 and u > 0 globally. We treat /| in the
following way (see [Schulze 2019]):

I <-28 f / W(y) — )T (K (x, y) dy dx
Br1p r+p N{u(y)=S}
<o [ / () = @K, y) dydx

/ f U ()T (x, y)dydx+zs2f / (t(0) — ()’ K (x, y) dy dx
V+p/4 r+p Bryp r+p

IA

—/ / u(K (x, y)dy dx +¢78%(r + p)? o™
r+p/4 -

for some ¢7 > 0, where we used that u, K >0, u < Sin B, 2> 1 1n B, /4, (1-2), and (cutoff).
Finally, note that, due to (UJS),

! Tail u, 7, r + p) = o sup/ UK (x, y) dy
B

X€B, f+p

<o sup/ u(y)(/ K(z,y>dz)dy
x€B, J B Bp/4(x)

r+p

§csf u(y)</ K(x,y)dX)dy
- Brip/a

r+p
o[ [ umkedyas (5-5)
r+p/4 ;
for some cg > 0. Consequently,
Iy < —coSp Tailg (u, 1.7 + p) + 1087 (r + p) ™%,

where cg, c19 > 0 are constants.

Step 4: Now, we want to combine (5-1), (5-2), and (5-3). First, we observe that

5113(,’1p (u, T°w) = E(u, T°w) — EByypx By Uy ?w) — 5};3/) (u, T’w).
Together, we obtain
ggélp(fw’ tw) < E, T?w) + 1182 (r + p) p™% — c128p? Tailg (u, r, r + p) + 5 Ks L (Tw, Tw)

for ci1, ¢12 > 0. Since L > 0, we conclude
+,0 a
Tailg (u, r, r+p)<c13S—€(u T w)+c14S oY,
Jo

where c13, c14 > 0 are constants. This yields the desired result. |

Next, we prove a similar estimate for the dual form.
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Lemma 5.2. Assume that (Klgp), (cutoff), and (I./I:I\S) hold for some 6 € [d/a, 00]. Moreover, assume
(Sob) if 6 < co. Then there exist ¢, co > 0 such that, for every 0 < p <r <1, every nonnegative function
u e V(By|RHN L29’(Rd), and every S > supp, ., U, we have

_ 1 - d
Tailg (u, r,r +p) < Clﬁg(u, 2 (u —25)) +cz(r +'0> 0 %S,
2 o

where By, C Q, T =1, .

Proof. As in the proof of Lemma 5.1, we define w = u — 25 and observe that w € [—S, —25] in B, .
The proof is separated into several steps.

Step 1: First, we recall from Step 1 in the proof of Lemma 5.1 that, for some ¢ > 0, we have
5§;ﬂ(rw, Tw) < 5{5);/) (u, T2w) +cS2(r + p)ip 2. (5-6)
Step 2: In analogy with Step 2 in the proof of Lemma 5.1, we claim that, for some ¢ > 0,

—&K(u, TPw) < 3E5° (Tw, Tw) + 87 (r + p)? p. (5-7)

+

To see this, we estimate

—&Ka(u, ?w) = fB /B (2w (x) — 2w () (wx) + w() K, (x, y) dy dx

r+p r+p
145 / / (2w(x) — Pw(y))Ka(x, y) dy dx
Br+p Br+p
=L+ 1.

For I}, we compute
I — / / (@ (x) — (1)K, (x, y) dy dx
Bryp Y Bryp

4 /B fB w@w() (@) — 12 () Ka(x, y) dy dx,

r+p r+p

and from the same arguments as in the proof of Step 2 in the proof of Lemma 5.1, we conclude
I < ngg;p (tw, Tw) 4+ cS2(r + p)4p~?,

using (Klgjop) and (cutoff). For I, we observe

I =28 /B /B (rw(x) = TwN)(E () + 1) Ka(x, y) dy dx

r+p r+p

+2Sf / (tw(x) +Tw()(r(x) — T(¥)Ka(x, y)dy dx
Br+p Br+p

=D+ Dy
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Now, using (Klgep), (2-8), and (cutoff),

K, (x, y)?
L < %ng (tw, Tw) +c52/ rz(x) (/ M dy)dx
e By Bryp ](x’ y)

< §€p. (Tw, Tw) +cS°Ey" (T, r)+c52p—“/ 2 (x) dx

Br+,0
K _
< gng (tw, Tw) +cS2(r+ p)?p~¢,

and, again using (Klgop), (2-8), and (cutoff),

Ka ’ 2
Lo <cS%ER (r1)+ f tzwz(x)( / [Kalx, I dy)dx
e B,-+p Br+p KS ('xv y)

<cS*r+p)ip ™ + és{fr‘;p (tw, Tw) +cp™“ / 2w?(x) dx

Bry)
< %Egrip(tw, tw) +cS*(r+ p)ip .
Altogether, we have proved (5-7).

Step 3: Moreover, we claim that, for some constants ¢, ¢’ > 0,

~& (u, °w) < cS*(r + p)*p~" — ¢’ Sp? Tailg (u, r. 7 + p). (5-8)

o X Brip)©

First, we write the decomposition

(rzw, u)

_ f
Br+p

= Ji1+ .

—&B

o X Brip)©

/ rzw(x)u(x)K(x,y) dy dx+2/ f tzw(y)u(x)K(x,y) dydx
B§+p B:er B

r+p

For J1, using the definition of w, nonnegativity of u, and (1-2), we compute

Ji :2/ f rz(x)(2S—u(x))u(x)K(x,y) dydx
BripY By

<42 /B /B ((0) — (1)) Ky (x, y) dy da

c
r+p

<cS*(r+p)p°

For J,, using that 2> 11—6 in B, ,/4, we observe

h=2 / / 2 (y) = 29)u()K (x, y) dy dx
Bl Brip

<28 / f 2(u) K (x, y) dr dy
Br+p /B

c
r+p

/ / u(x)K(x,y)dxdy.
Brip/a Bf+p

<5
- 8
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Finally, using (L’I-J\S) and the same argument as in (5-5), we can prove that
,od"fa'lTlK(u,r,r—l-,O) SC/ f u(x)K (x, y)dxdy.
Bripsad By,
Altogether, we have established (5-8), as desired.

Step 4: Combining (5-6), (5-7), and (5-8), we obtain
51[3<,S+p(fw, Tw) < 551‘7(14, 2w) 4+ ¢S (r + p)ip
=&, ’w) _?lli(rip (u, Tw) —?(Br+px3,+,3)c(u, 2w) +¢S2(r + p)ip~@
< g(u, ‘L'zw) + CS2(7' + /O)dp*(x + %Egr:p(l—wa .[w) _ CSpd Tﬁ[{(u, rr + ,0)

Consequently,

_ 1~ d
TailK(u,r,r—i-,o)§c—5(u,12w)+c rte 0 %S,
Sp4 o
as desired. O

Lemma 5.1 can be used to bound Tailg (u, r, r + p) from above by the supremum of u. First, we
provide such an estimate for weak supersolutions to the stationary equations (ell-PDE) and (ell-fﬁ),

which is a direct corollary of Lemma 5.1 applied with S = sup By, U-

Corollary 5.3. Assume that (cutoff) holds.

(1) Assume (K1) and (UJS) hold for some 6 € [d/a, o0]. Moreover, assume (Sob) if 0 < co. Then
there exists ¢ > 0 such that, for every 0 < p <r <1 and every nonnegative, weak supersolution u to
(ell-PDE) in B,,, we have

d
o —a
) (p supu+||f||Loo),

l?rﬁ-p

. r—+
Tailg (u, r,r +p) < c(

where By, C Q.

(i1) Assume (Klgop) and (GJ\S) holds for some 0 € [d/a, 00]. Moreover, assume (Sob) if 0 < co. Then
there exists ¢ > 0 such that, for every 0 < p <r <1 and every nonnegative, weak subsolution u to
(ell—f’/D\]E) in By, we have

d
o\
) (07 supu+11£l12).

lgrﬁ»p

— r+
Tailg (u, r,r +p) < c(
where By, C Q.

One can also deduce an estimate for the L'-parabolic tail,

/ Tailg (u(t), r,r + p) dt,
S]

Ir/2

for supersolutions to (PDE) and (P/Iﬁi) from Lemma 5.1.
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Corollary 5.4. Assume that (cutoff) holds.

(i) Assume (K1) and (UJS) hold for some 6 € [d/a, o0]. Moreover, assume (Sob) if 0 < co. Then
there exists ¢ > 0 such that, for every 0 < p <r <1 and every nonnegative, weak supersolution u to
(PDE) in 18(y) x By, we have

r+p d I"+,0 aVvl
/ Tailg (u(t), r,r + p) dt §c< ) (( > sup u+(r+,0)a||f||Loo),
15 P P I

r/2

12 Brao
where By, C Q.
(i1) Assume (Klgop) and (ITJ\S) hold for some 6 € [d/a, o). Moreover, assume (Sob) if 6 < co. Then

there exists ¢ > 0 such that, for every 0 < p <r <1 and every nonnegative, weak supersolution u to
(PDE) in I2(t9) x Bay, we have

o r4p d F4p avl
f TailK(u(t),r,r+,0)dt§c< ) (( ) sup u+(r+,0)°‘||f||Loo),
1° o o i

r/2

S}
r+p /2% Brip

where By, C Q.

Proof. We only explain the proof of (i). The proof of (ii) works in the same way, but relies on Lemma 5.2
instead of Lemma 5.1. We write S = sup 18, 2% Brap U and define w = u —25. We also observe that
r+p r

3;(w?) = 2wd;u. From Lemma 5.1 and the fact that u is a supersolution to (PDE), we deduce

C/ 2(x) 3, (W) (1, x) dx + Tailg (u (), r, r + p)
25p1 Bryp
c—[(atu(t) T w(t))+5(u(t) T w(t))]—l—cS( :'0> o ¢
(f(t) T w(t))+cS< J;p) o
d
Sc(r;") (1f 1 + S0,

where ¢ > 0 is the constant from Lemma 5.1 and we tested the equation with 72w, where t = 7, ,. Let
x € C'(R) be a nonnegative function with

X(to=(Gor+m)) =0, x=1in13, lxllo=<1, lIx'llc<8r+p*—r9~".

Multiplying by x? and integrating over (to - (%(r + p)) ) for some arbitrary 7 € I; /2, we obtain

t
Cdf Xz(t)rz(x)wz(t,x)dx—l—/ x2(s) Tailg (u(s), r, r + p) ds
25p% JB,., to—((r+p)/2)"

! r+p\? r+
561/ xz(S)S(—p> p~® ds+C1< i
to—((r+p)/2)* P

t
+C1/ <2 X®)x (S)I/ 2 (x)w?(s, x) dx ds,
to—((r+p)/2)* SP Brip

d
) (r+p)*If s
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where ¢; > 0 is a constant. Consequently, using that w? < 452,

sup Cd/ wz(t,x)dx+/ Tailg (u(s), r,r + p)ds
P” JB, 1°

etz 25 " d+(@v1) d
+(aVv
r—+p r+p
562( p ) sup u+62( p )(r+p)"||f||mo,
I

e
r+p)/2% Brip

where ¢; > 0 and we used that, for some ¢ > 0,

((r+p)* =r) " <ep= @D 4 p)@vh—e,
This concludes the proof. ]

6. Harnack inequalities

The goal of this section is to complete the proofs of our main results: Theorem 1.1 and Theorem 1.4. In
Section 6.1, we give improved versions of the local boundedness estimates from Sections 3 and 4, which
do not involve tail terms. These results make use of the tail estimates obtained in Corollary 5.3 and are
the key ingredients in the proof of Theorem 1.4. In Section 6.2 we combine local boundedness estimates
with the weak Harnack inequalities from [Kassmann and Weidner 2022] and obtain our main results.

We point out that the proof of Theorem 1.1 does not rely on the tail estimates from Section 5. It is an
open question — even in the symmetric case — how to derive a parabolic Harnack inequality involving
only local quantities from suitable tail estimates, as one does in the stationary case. Section 6.3 is
dedicated to this issue.

6.1. Local boundedness without tail terms. We obtain local L°°-LP-estimates for solutions to (ell-PDE)
and (ell-PDE) (see Theorem 6.2). In comparison with Theorem 3.6, the estimates only contain purely
local quantities. The underlying procedure works exactly as for symmetric forms. However, note that we
need to redo the iteration in Theorem 3.6 in order to prove Theorem 6.1 since the quantities Tailg and
Tailg o are in general not comparable.

The following theorem is the key result on our path towards L°°-L7”-estimates for nonnegative solutions
to (ell-PDE) and (ell-P’l-)\E) since it no longer involves nonlocal quantities.

Theorem 6.1. Assume that (cutoff) and (Sob) hold.

(1) Assume that (K1) and (UJS) hold for some 6 € [d /o, o0]. Then, for every § € (0, 1], there exists
¢ > 0 such that, for every 0 < R <1 and every nonnegative, weak solution u to (ell-PDE) in B C €2,
we have

1/2

supufc(][ uz(x)dx) +8supu+ cR| fllpe. (6-1)

Br)2 Br Br

(i1) Assume that (Klgp) and ([/IJ\S) hold for some 0 € (d/a, 00]. Then, for every § € (0, 1], there exists
¢ > 0 such that, for every 0 < R <1 and every nonnegative, weak solution u to (ell—P/D\E) in Bog,
estimate (6-1) holds.
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We present two proofs of this theorem based on the De Giorgi iteration and the Moser iteration. Both
proofs rely on a combination of the iteration schemes established in Sections 3 and 4 and the tail estimate
from Corollary 5.4.

Proof of Theorem 6.1 (based on De Giorgi iteration). The proof of (i) is analogous to the proof of
Theorem 3.6 (i). We define (;);, (0i)i, (ri)i, (w;); in the same way. Moreover, we set A; = [|w; || .1(p, ).
Note that

(}’i + pi )d _ ((1 + (%)i) + (%)i)d < oli+2d

2 Ol
Consequently, Corollary 5.3 (i) —applied with r = r; + % pi and p = %pi —yields
Taili (i, 7+ bop, 71 + pi) < €12 DR (supu+ RO £l 1) (6-2)
Bg

for some c; > 0. Moreover, by following the arguments in the proof of Theorem 3.6 (i), we derive the
following analog of (3-16):

1
(i —1i-1)*/¥

i 1
A <co TallK(M,Fi+§pi’ri+,0i)+||f||Loo)Al+1/K,

(U(ri» pi) + LT i (6-3)

for some ¢, > 0, where we can choose k¥ = d/(d — «) using that u is a subsolution to the stationary
equation (ell-PDE) in (3-13). We combine (6-2) and (6-3) and obtain

3 ; supg, u+ R\ flle 141
A < sz (l + K M Ai—l ,

where c3 > 0 and y > 1 are constants. We proceed as in the proof of Theorem 3.6 (i) and choose
M =6 (supu+ | fll ) + €72 Po 2R 2 42,
Bg

where C := 27 > 1 and conclude

!

—K
Cc3 —?
Ao = <5RaM2/K’) «

and therefore we obtain from Lemma 7.1 in [Giusti 2003]

1/2
supu <M = a(supu + R“||f||m) +c38”2(][ u?(x) dx)
Bg B

BR/Z R

for some ¢3 > 0, as desired.
In order to prove (ii), we follow the arguments in the proof of Theorem 3.6 (ii) and derive the following
analog of (6-3):

RA(/K=1) [; 2 Tailg (u, r; + 301, i + pi) + o0
(U(I"i,p,‘)<1+( ) )+ K( i 3 Pis Ti IOI) ”f”L )Agj_iu

i=<¢
Y=L li —1i li—1i
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for some ¢4 > 0, where u = 1/k' — 1/6 and k = d/(d — ). As before, by Corollary 5.3 (ii) — applied
withr =r; + %pi and p = %pi — we prove

Tailk (u, ri + i, i+ 1) = €12 DR (supu+ R f 1) (6-4)
Bg

By combining (6-4) with the previous estimate, we deduce

) Cs yi I+u

A= Sgudpg € i
for some c5 > 0 and y > 1. From here, the desired result follows by the same arguments as in the proof
of (1). O

Proof of Theorem 6.1 (based on Moser iteration). We explain how to prove (ii). The proof of (i) follows
exactly the same arguments. Our proof is based on the Moser iteration and works in a similar way to the
proof of Theorem 4.8. Let us define (p;);, (ri)i, and (g;); in the same way, but set k =d/(d — o).

Note that by following the arguments of the proof of Theorem 4.8, but using that u is a subsolution to
the stationary equation in (4-17), we can derive the following analog of (4-18):

1 L @ dtet2 gy
”M”qu(B )<C2‘h lq 2i— 1R 2‘71 122q 1

. d
) (Il s g, 27O RETS Tl (w7 + Lo+ i)
Ti—1

By combining this estimate with (6-4), we obtain

1 A o d+e+2
@i+1)
||M||qu(B)<Cz‘1’ 1qq’ 'R 24i-1Q 241

x (Il o, )+ RFT27 DD (supu 4 RO £ ).
Bg

From here, the proof follows in a similar manner to the proof of Theorem 4.8. First, we observe that

00
~ 1 ~
sup i < (1_[ 2q, g ‘h 'R™ 2q, 122!1, 2 i+ )> ||M||L2q0(BR)

Bry2 i=1
o d+e+2 (- d .
|:Z (chq] lqjq/ 1 qu71 qujfl (J+1))R2qil 2—(1+1)(8+(X—2)j| (Supu + Ra”f”LOO)

Br

Moreover, by similar arguments as in the proof of Theorem 4.8,

(d+e+2)cs .
00 00 died? T(H_l)

o
o d .
Z(l_[ Ty R T2 R < Y S

i=1 Nj=i i=l

using that

> d
ZK*’.=E and Z—<oo
i=0

where k =d/(d — @).
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Now, choose ¢ > 1 large enough that

- 5
Z p-+h=5=2 - 90
i=1 2

Then, let us choose gy > 1 large enough that

(d+e+4+2)cs - e4+a—2

2q0 - 2
In that case,
X (dtetes ) © s (eta—2)
62272% (+D oD (eta—2) < Z 27D < g,
i=1 i=k+1

Therefore,

~ =240 % 1 o
supu <c u(x)dx +§8<supu+R ||f||Loo).
BR BR

Br2

As a consequence, using the definition of i as well as the triangle inequality for the L2%°-norm, we deduce

2q0 ﬁ 1 o
supu <c u(x)dx + 38supu+cR| fllL~.
Bg2 Br Bg

It remains to prove the desired estimate (6-1) in the case gy > 1. This follows from Young’s inequality:

) e 292 , w8 ) :
(][ u qo(x)dx) <supu o (][ u (x)dx) < —supu—i—c(][ u (x)dx) . O
Br Br Bgr 2c Bgr Bgr

By a standard iteration argument one can deduce local boundedness of nonnegative solutions to
(ell-PDE) and (ell-PDE) from Theorem 6.1.

Theorem 6.2. Assume that (cutoff) and (£5) hold.

(1) Assume that (Klyoc) and (UJS) hold for some 6 € [d /o, o0]. Then there exists ¢ > 0 such that, for
every 0 < R <1, every p € (0, 2], and every nonnegative, weak solution u to (ell-PDE) in Byg, we
have

supu < c<][ u?(x) dx)p +cRY| flLo, (6-5)
Bgr2

BRrya
where By C Q.
(i) Assume that (K1gp) and (I/JTS) hold for some 6 € (d /o, o0). Then there exists ¢ > 0 such that, for
every 0 < R < 1, every p € (0, 2], and every nonnegative, weak solution u to (ell—P/D\E) in Bag,
estimate (6-5) holds.

Proof. We restrict ourselves to proving (i). The proof of (ii) follows in the same way. The proof works
as in [Di Castro et al. 2014, pp. 1828-1829]. Let us point out that this proof crucially relies on local
boundedness of u, i.e.,

sup u < oo, (6-6)
Bg)2
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which follows from Theorem 3.6 and Theorem 4.8, since Tailg (4, R) and "l’"e-li\lK’a(u, R) are finite

under the assumptions of this theorem due to Lemma 2.13 (i) and Lemma 2.13 (ii), respectively. Let

}‘ <t<s< % We conclude from Theorem 6.1 and a classical covering argument

1/2
sup u fcl(s—t)_d/2<][ uz(x) dx) + 2R fllLe + c28 sup u,
Bir Byr Bsr

where c1, co > 0 are constants. By Young’s inequality (applied with 2/p,2/(2 — p) > 1),
1/2
supu < ci(s — 1)~4? sup u?=p72 (][ u? (x) dx) +cadsupu+crRY|| fl oo
B Byr Bsr Bsr

1/p
< (c23 + ‘l‘) supu + c3(s —1)~4/P <][ u? (x) dx) + R\ fllz=
Bsg Byr

for some c3 > 0. By choosing § = 1/(4c;), we obtain
1/p
supu < % sup u + c4(s —1)~4/P <][ u? (x) dx) +c4R¥|| f || L
BtR B.yR BR/Z
for ¢4 > 0, and the result follows from the application of Lemma 1.1 in [Giaquinta and Giusti 1982]

using (6-6). ]

6.2. Proofs of main results. In this section we provide the proofs of our main results: Theorem 1.1 and
Theorem 1.4. Let us recall the following theorem from [Kassmann and Weidner 2022].

Theorem 6.3 (weak Harnack inequality). Assume (K2), (cutoff), (Poinc), and (Sob).

(1) Assume that (K1joc) holds for some 6 € [d/a, 0o]. Then there is ¢ > 0 such that, for every0) < R <1
and every nonnegative, weak supersolution u to (PDE) in Ig(ty) X Bag, we have

in u Zc(][ u(t, x)dx dl—Ra”f”Loo), (6-7)
(to+R*—(R/2)*,to+R¥)x Br/2 (to—Ra,tQ—R"‘+(R/2)"‘)XBR/z

where Byr C 2.

(i1) Assume that (Klgop) holds for some 6 € (d/c, 00]. Then there is ¢ > 0 such that, for every 0 < R <1
and every nonnegative, weak supersolution u to (P’l.)\E) in Ig(t9) X Bag, estimate (6-7) holds.

Now we prove Theorem 1.1 and Theorem 1.4. Both results require the weak Harnack inequality
Theorem 6.3.

Proof of Theorem 1.1. We only prove (i) since the proof of (ii) follows the same line of arguments. Part (i)

follows from a combination of Theorem 6.3 and Theorem 3.6 (or Theorem 4.8). First, we deduce from

Theorem 3.6 (or Theorem 4.8) and a classical covering argument that, for every + <¢ <s <1

1
Z 2
sup  u <ci(s—r)"“4ro? <][
19

1,913/2XB:‘R sR/2

172
][ u%x)dxdr) + sup Tailg o (u(t), R) + 2R f I <.
Byr

©
telg,
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By a similar iteration argument as in the proof of Theorem 6.2, we deduce
sup u<c (][ u(t, x)dx dt) + ¢y sup Tailg o (u(t), R) + c2R*|| f | Lov- (6-8)
Il?/sXBRM IRy % BRry2 zel,?/4

Next, Theorem 6.3 yields

inf u>c (][ u(t,x)dxdr — R* ”f”Loo) (6-9)
(to+(1-2"%)R¥, 10+ R*) X Br 2 (to—R®,tg—(1—2"*)R*)x Bg >

for some ¢; > 0. Note that
(to— R, 1o — (1—27)R%) = I, (tg — (1 —2)R®).

Consequently, by (6-8),

sup u
1,?/3(10—(1 —27*)R*)x BRy4

= <][ u(t, x) dx dt) +c2 sup Tailg o (u(1), R) + c2R*| fll >
Raltlo—(1=27*)R¥) X B2 1€l (lo—(1-27*)R%)

<c3 (][ u(t, x)dx dt) +c3 sup Tailg o (u(t), R) + c3R*|| f |l =
(to—R*,to—(1-2"*)R*)x Br 2 eI%Am—(l—Z*“)R"‘)

<c4 inf +cq sup Tailg o (u(t), R) +caR”| f L=
(l‘()+(1—2*°‘)R°‘,lo+R°‘)><BR/2 te(to—(1—2-9+4-)Re to—(1—2-%)RY)

for some ¢, c3, ¢4 > 0. The proof is finished upon noticing that
I,?/g(tg —(1=2"9RY)=(to— (1 —=2"%4+8 *)R*, 1o — (1 —27%)R%). O

Proof of Theorem 1.4. This result follows directly by combining Theorems 6.2 and 6.3, where we apply
Theorem 6.2 with p = 1. O

6.3. Challenges in the parabolic case. Let us assume that (cutoff), (€5 ), (Kljc), (K2), and (UJS) hold
for some 6 € [d/a, oo]. The goal of this section is to discuss the validity of a parabolic version of
Theorem 1.4, i.e., to investigate the estimate
sup "< c( inf w+ R fIl Loo) (6-10)
(to—c1R® tp—caR*) X Br/4 (to+c2 RY,t0+RY)x Br 2

for some C > 0 and 0 < ¢ < ¢; < 1 for nonnegative, weak solutions « to (PDE) in I,? X Bog, where
Byr C Q. In order to keep the presentation short, we will not discuss weak solutions to (P/D\E) here.

As in the elliptic case, the general strategy to establish (6-10) would be to first prove an L°°-L?-estimate
of the form (given any p € (0, 2])

1/p
sup u<c(][ ][ up(t,x)dxdt> +cRY|| f L= (6-11)
IGSXBR/4 BR/2

IRs

and to deduce (6-10) after combination with the weak parabolic Harnack inequality of Theorem 6.3 as in
the proof of Theorem 1.1.
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A natural approach in order to show (6-11) would be to proceed as in the proof of Theorem 3.6 but to
apply Corollary 5.4 in order to estimate the nonlocal tail by a local quantity. However, as Corollary 5.4
only provides an estimate for f I8, Tailg (u(t), r, r + p) dt but not for supye, Tailg (u(t), r,r + p), one
needs to come up with a new idea to bridge the gap between

sup Tailg (u(t), r,r +p) and / Tailg (u(t), r, r + p) dt.

132 1r6/2
Note that the same issue appears in the symmetric case and has not been solved so far. There seems to be
no proof of a parabolic Harnack inequality (6-10) for jumping kernels K (x, y) = |x — y|~¢~¢ that uses
only analytic arguments. Note that via probabilistic methods, an estimate of the form (6-10) has been
proved in the symmetric case in [Bass and Levin 2002; Chen and Kumagai 2003].

Let us explain how to deduce (6-11) under the condition that u satisfies the following two additional
assumptions:

(a) There exists cg > 0 such that, for every %R <r<RandO<p<r<r+4+p<R,

sup TailK(u(t),r+%p,r+p) <co sup u. (6-12)
TEIC 4 151 /22% Brio

(b) We have suplg/4(t0) Tailg o (u(t), R) < oc.
Remark 6.4. (i) Naturally, the constant ¢ in (6-11) will depend on c¢j.
(i1) (6-12) holds for global solutions to (PDE) in the symmetric case (see [Stromqvist 2019b]).

(iii) It has been proposed in [Kim 2019] to establish (6-12) for every weak solution u to (PDE) in I x Byg
with prescribed nonlocal parabolic boundary data g € LI x RY) N C(I x RY), with ¢ depending
only on g. The proof of [Kim 2019, Lemma 5.3] is not complete.

(iv) Note that (b) is an additional restriction and does not naturally follow from our weak solution concept.

We refer to Section 2.3 for a more detailed discussion of finiteness of tail terms.

In order to establish (6-11), we need to prove an analog of (6-1). As in the proof of Theorem 3.6, we
derive (3-16), and by combining it with (6-12), we deduce, for every § > 0,

il ) SR A RENS ey
,_Wz 1+ i AL

for some ¢; > 0 and y > 1. Here, k =14 «/d. By choosing

A

M:8< sup u+RO(||f”LOO)+CK /2 K/Z(S I{/ZR 0{K/2A1/2

Iy Br

where C := 2% > 1, we can deduce

12
sup u<8( sup wt R Fllie) +ead “/2<][ ][ u2<r,x>dxdr) (6-13)
II?/gXBR/Z IG/ZXBR R/4 B

for some ¢, > 0. This estimate is a parabolic analog of (6-1). Note that (6-13) can also be established via
the arguments from the proof of Theorem 4.8 using the Moser iteration.
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Next, we intend to prove (6-11) by adapting the arguments in the proof of Theorem 6.2 to the parabolic
setting.
As in the elliptic case, a standard covering argument yields, for every % <t<s< %,

sup  u < c3(s — 1)@/ (][
Ie

It?e/zXBtR SR/2

12
][ uz(t,x)dxdt> + 4R || fllpe +c48  sup u,
BSR

e
I3 /2 % Bsk

where c3, c4 > 0 are constants. By Young’s inequality and choosing 6 = 1/c4, we arrive at

R/4

1/p
Sup w<j sup u+c4<s—z)—<d+“>/P<][ ][ uP(nx)dxdz) +caRY| L,
15, % Bik 1% Bar I3y /By

where p € (0, 2] can be chosen arbitrarily.
Now, (6-11) follows from [Giaquinta and Giusti 1982, Lemma 1.1], but this only applies if
sup  u < oQ. (6-14)
1,?/4><BR/2
In order to obtain (6-14), we apply Theorem 3.6 (or Theorem 4.8) and use condition (b) on u. This
concludes the proof of (6-11) under the additional assumptions (a) and (b).

Appendix

The following lemma justifies the way we deal with the weak formulation of (PDE), or (P’D\E), in the proof
of Theorem 3.6 after testing with ¢ (¢, x) = 2(x) (u(t, x) — k)+ for some k > 0, where u is a subsolution
to the respective equation. In fact, ¢ is a priori not differentiable in ¢, which prevents us from integrating
by parts. The idea of the proof is to test the equation with an auxiliary function having the required
smoothness properties in ¢. This can be achieved with the help of Steklov averages. For symmetric
nonlocal equations, such lemmas are well known (see [Felsinger and Kassmann 2013; Stromqvist 2019a]).
We adapt the idea of the proof of [Felsinger and Kassmann 2013] to the nonsymmetric case. Note that
Lemma A.2 in [Felsinger and Kassmann 2013] is not sufficient for the proof of (A.4) in [Felsinger and
Kassmann 2013]. Our proof fixes the gap in their argument.

Lemma A.1. Assume (cutoff).

(1) Assume that (K1) holds for some 6 € [d /o, o0]. Moreover, assume (Sob) if 0 < co. Let u €
V(B4 R?) be a weak subsolution to (PDE). Then, for every [t1, 2] C I, every 0 < p <r < 1 with
B,y, C 2, everyk >0, and every x € Ccl, (R),

x2(t2) / (u(tz) — k)2t dx — x2(1) / (u(t) — k)it dx
Br1p Bryp

t n
- / 3 (x*(1) / (u(r) — k)2 t%dx dr + / X2OEW(t), T u(t) —k)y) dt
131 B

r+p 1

5/2X2(T)f f(t,X)rz(x)(u(t,x)—k)+dxdt,
1] Br1p

where T =1, 2.
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(i1) Assume that (Klgop) holds for some 6 € [d/a, 00]. Moreover, assume (Sob) if 6 < oo. Let u €
V(B4 R4 be a weak subsolution to (IﬁD\E). Then, for every [t1, 1] C I, every 0 < p <r <1 with
B, , CQ,everyk >0, and every x € CCl (R),

(1) /B W(ty) — K)%e2 dx — x2(1) /B Wt — k)21 dx

r+p r+p

- f zat<x2<r>) / (u(r) — k)2 o> dx dr + f 2x2<t>’é(u(r>,r2<u<r>—k)+>dr
1 Br+p

I

5]
5/ Xz(f)/ £, x)T> () (u(r, x) — k)4 dx dr.
N B,~+/,

Proof. Given v € L'((0, T); X) for some Banach space X, we define its Steklov average vy, (t, x) =
£z+h v(s,-)dsifr+h € I and v, (¢, x) = 0 otherwise. Observe that

1 t+h
oup(t, x) = E(u(t +h,x)—u(,x)) = ][ osu(s, x)ds.

According to Lemma A.1 in [Felsinger and Kassmann 2013], we have

lon() —v(®)ll2 = 0 as h \ 0 if ve C((0, T); L*(Br4p)), (A-1)
lvn = vl 200100 = 0 as A0, (A-2)
Norll L2y 00 x) < 102 000 %) - (A-3)

We first explain how to prove (i). Let + € I. We use the test function ¢ = 2 (up(t) — k)+, and after
integrating over (¢, t + h) for some & > 0 such that # + 4 € [ and dividing by &, we obtain

/B dup (L, ) (1, x) dx + Eun(1), ¢(1)) = (f (1), p(1)).

Note that ¢ — u; (¢, x) is differentiable for a.e. x € B, ,, and therefore
O (£, ) (2, x) = 50, [ (un(t, x) — k)3 1T (x).

We multiply by x2(¢) and integrate over (1, t;). Integration by parts yields

/ Xz(tz)(uh(tz)—k)ifzdx—/ X2 () up () — k)% t* dx
Brip By p

- f / 3 (X)) (un () — k)2 t* dx dt + / 2x2<r>£(uh<t>,r2<uh<r>—k>+>dr
151 Brer

n

5]
5/ x2<r>/ F(t, x)T(x) (up(t, x) — k)4 dx dt.
1 Br+p
Since [|[(un(1) — k)4 — (@) = k) 4172l 125,y < lun(®) —u(®)ll 2, ) it follows by (A-1) that

/ (uh(t)—k)itzdx%/ u(t) —k)it>dx fort et tal.
) B,

r+p
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Moreover, (A-2) implies

%) 5]
/ 3 (x*(1)) / (up(t) — k)2 t?dx dt — / / ¥ (X2 (u(t) — k)2t dx dr,
151 B,—er 151 Br+p

ftzxzm / £t 072 a1, x) — k) de dr — /tzx%) / £t 072 u(t, x) — k)5 dr dr
n Brip h B

r+p

as i\ 0. It remains to prove that

/ C2OEn (), T2un () — k)2 dr — / COEWE), W) — k) dr. (A-4)

In Lemma A.2 in [Felsinger and Kassmann 2013], the authors established a related convergence property
for symmetric energy forms. However, their proof has a gap, since Lemma A.2 does not suffice to deduce
the desired result (even in the symmetric case), since, if ® = f(u), it does not hold in general that

D) = fup).
We define
V(tax’ )’) — M(Z,X) —M(Z, )’),

W(t, x,y) = t2(x)(ut,x) —k)y — T2 (ut, y) — k),
W(t, x,y) = T2 @) (un(t, x) — k) — T2 (¥) (un(t, y) — k).

Our goal is to show that

/ EGun(t) — u(t), T2n (D) — k)3 d = O, (A-5)

n

/ ), T up — k) — ) —k)4)|dt — 0. (A-6)

n

To establish (A-5), we split

/ EGun(t) — u(), T2un (D) — k)| dt

KA' 2 Kll 2
<€, n—u, T un = k)l +1E7 Wn —u, Tn = K) )l 11,00

+ €8,y pxByyp)e (Un — 1, w2 (up — k)L .00
=L+ DL+,

and establish the convergence of each term separately. For /|, we estimate

%) ~
I 5// / Vit x, y) = V(t, x, NIIW(E, x, y)|K(x, y) dy dx dr
1 Br+p Br+p

12 = 1/2
<I(Va = V)K,/ ||L2([t1,tz]XB,+p><B,+p)”WKS/ 22111, 021% By p x Brs )

Ko .2 2 12
< llun = ull L2, 00:v By p iR NER, (7 = K)o, T Cun = )OI, 1)

2
< llun —ull 2,01 v By RN N T U L2111, 127 V (B4, |RDY)

— 0,
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where we used (A-2) and (A-3), that
u, ¢ € L2([11, 12]; V(Bryp |RD),
and the fact that, due to the Markov property of £X5 and (A-3),
Ep (W=l 1, Ty —k)y) < Ep (TPun, Tup)

=&y (Wul [Pud) < 1F°ulll, 5 oy (A7)

For I,

15}
.y
1 JB

f Vint, x, y) = V&, x, 0|7 @) un(t, x) — k) | Kq(x, y)| dy dx de
B

r+p r+p
2
|Ka(x, y)? Y
< Vi = VI 2 2y 1% By 4 x By ) / wn(-,x)— k)% ( f )
Bripp2 Br+p (X s y) LY([t1.12])
<cllup— u”Lz([tl,tz];V(B,.ﬂ,IRd)) ||”||LZ([t.,zZ];L”’(Br+p/z>)
< cllun = ullL2.00:v (B, RO U L2111 127V (B, |RDY)
— 0,
where ¢ > 0 might depend on p, and we used (K1joc), (A-2), (A-3), that
we L2 ([0, tal; V(Briy IRY),
and (Sob). For I3, we obtain
15)
B2 [ W) - Ve P w0 — 0K dy dr
1Y By f—%—p
172
<20 (Vi = VYKl 21010 By S ) / (-, x) —k)3T5 (z, 7)(x) dx
Brip)2 L'([t1,12])

—a)2
<cp™*||up =l 2,01 v By 1R 18 L2111 121x B, 1)

— 0,
where we used (1-2), (cutoff), (A-2), (A-3) and that
ue L2([t. tal; V(Brip |RY).

It remains to prove (A-6). Again, we split

f EGur), 2 — k)4 — T2t — k) )] dt

41
Ky
<€, G, T2 @n = k)+ = T =)D L1 s )
Kq
1R, T un = k) = T2 =)D L1 1y,

F N EB, 4 px By (W, T2 — k) — T — )l L1 1,00
=:J1+ o+ J3,
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Convergence of J; can be proved as follows. First, by Holder’s inequality,

12
Ji = ull 2y 01 v (8,4, 1RO H/ / W, x,y)—W(,x, y)[*Ks(x, y)dy dx
Br+/7 Br+p

L([11,2])

Since u € LZ([tl, Bl V(Brip| [R{d)), it suffices to prove that the second factor converges to zero in order
to conclude that J; — 0. For this, we claim that there exist £(¢, x, y), §(t, x,y) € [0, 1] such that

T2t x) — k) — 2O wt, y) — k) =&, x, DIFE,x) = £, ],
T2 Ui t, x) = k) — T2 wn(t, y) — k) = E(t, x, W fu(t, x) — fult, Y],

where we define f(¢, x) = t2(x)(u(t, x) — k). In fact, it is easy to see that

1, u(t, x), u(t, y) > k,

O’ u(t’x)’u(t’ y) Sks
E(t,x,y) = f(t, x)

f(t,;)(_f)(t,y), u(f,x)>k214(t,y),

Ly

f(t,y)—f(t,x)’ u(t,y)>k>u(,x),

1, up(t, x), up(t,y) >k,

0’ Mh(t,.x),l/lh(t, y)fk,
E(f,x,y) = | fu(t, x)

fh(t’-x)_fh(f,y)’ Mh(ta-x)>k2uh(l,y),

Su(t, y)

up(t,y) >k >up(t, x)

fnt, )= fu(t, x)’

have the desired properties. We estimate

172

/ f |W('vX,Y)_W(',X,Y)PKs(X,y)dydx
Br+,a Br+p

L ([11,2])
12
<2

/B fB ECx PRI ) — £ 0) = ity ) — £t yDP Ky (x, y) dy d

L([t1,12])

5 12
/B fB ECx, ) —EC .t DPLAE ) — £ )P Ky (x, y) dy d

r+p r+p

+2‘

L([t1,12])
<Jii1+Ji2.

For J; 1, note that

Ji1 =200 = flle2qnnnv s, , vty = 0,
where we used that |§| <1, fe L*([11, t]; V(B4 R4)), and (A-2). For J1 2. we observe that
IE(t, x,y)—&E(t,x,y)|— 0 ash\ 0 forae.t,x,y.

Since f € L*([t1, t]; V(Br1p| R%)), it follows from dominated convergence that Ji ; also goes to 0.
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For J,, we estimate

5]
st//B /B V(22 D20 W2 )= k)4 — (@t ) —K) 4 || Ko (x, )| dy i dr
13 r+p r+p

Ka ) 2
‘/ l(”h("x)_k)+—(u(-,X)—k)+|2(/ Mdy)dx
Brsp By, J(X,¥)

172

< llullz2qr.00:v (B, | REY)
Li([11,5])

< cllull 2y v By p 1r) 1n =1l 21, 1072208, , )

— 0,

where we used (Kljoc),
|n(t. %) = k)4 = @t x) =) < lun(t, 0) —u(t.x)|. u e L2([(n. 0] V(B [RD),

(Sob), and (A-2). To prove convergence of J3, we proceed as follows:

15}
e[
©hJB

=< 2”” ||L2([11,t2J;V(Br+p |Rd))

[ W IRl 0 =0 = e, =0 1K) dydrds
r+p r+p 1/2

VB [(n (-, x) —k)s —u(-, x) —)IPTE (7, 1) (x) dx
r+p/2

LY([n,n])
/2
< cp™ P ull 211030V By ) 00 = Ul L2111 11 B,

— 0,

where we used (cutoff), (A-2), and
e L*([t1, ) V(Bryy |IRY).

Altogether, this proves (A-4), and we deduce the desired result. Let us now prove (ii). In analogy to
the proof of (i), it is only left to show

[2 Eun ), T2 un(t) —k);) dt — /ZZ Eu@), T2 u(t) —k)y) dr. (A-8)

We will establish (A-IS) by proving the following two pr:)perties:
/tl @) — o), )~ k) )l di - 0, (A-9)
/ttz 1E(t), T2 (up — k)4 — T2 (u(t) —k)4)| dr — 0. (A-10)

Let us first prove (A-9). In analogy to the proof of (A-5), we split

153 .
f 1Eup(t) — u(t), T (un(t) —k)4)| dt

n

KS 2 AKH 2
=€, n—u, T un = k)l q,n + €7 Wn —u, T n =)l (1,00

A 11EB,0, % By e n — 1, T W = KD L1y 1)
=5L+5L+15.
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In (i), we already showed that Tl — 0. Let us estimate E as follows:
12 = ” (l’”’l - M)WlKa | ||L1([t1,l‘2])
K, 2 2 1/2
= ”5Br+p (T (uh - k)+9 T (Mh - k)+) ||L1([Il,lz]) ”I/lh —u ||L2([11,t2];L20,(Br+%))

2
< cliz®ull 2o n1v (8,4, 1wy lten = wll 212y 1 v (B, 1RE))

— 0,
where we used (Klgop), (A-2), (A-7), and (Sob). Moreover, E can be treated as follows:
K 2
< €5, B, Wn—u, T Wn =)l L1 111,00

+

/B /B (n (-, x) —u(, XNT2E) Up (-, x) — k)| Ka(x, y)| dy dx
r+p/2 ¥ Brip

J

The proof of convergence for E,l goes exactly like for 3. For E,z, we estimate using the assumptions
(K1gob) and (cutoff):

L([11,12])

+‘ / (-, ) —u(-, XNT2O)wn (-, y) — k)11 Kq(x, )| dy dx
oY Braps2 L([t1,12])

= 1A3,1 —l—@,z +75,3-

2 1/2
12,2+T3,35Hf |uh<-,x>—u(-,x>|2(f Mdy)dx
R re J () L1, ])
1/2
x/ (up (-, x) — k)3T (7, 7)(x) dx
Bripp2 L([t1,12])

—a/2

< cp™ P llun —ull oy g 12 @y Il s — k) 1221y, 101% By )
—a/2

=cp of lun — ”||L2([t.,z2];L29’(Rd)) ||”||L2([t1,tz]xBr+p)

— 0,

where we used (A-2), (A-3), and
ue L[, l; L (RY).

We have established (A-9). To prove (A-10), let us again split

/ Bu), 2 un — k)5 — T2t — k) )| dt

K
<€, @, T2 n = k)+ = T =)D 111, )
/\Ka
F1ER (T — k) = 2 = k)DL 1y

B, 1%y (0 T = K4 = T2 = )DL (1,02
= Jl + J2 + J3‘
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Note that fl =J; — 0. For fz, we estimate
1/2
Jo = Ml 2oy 0,22 (5,4,

’

L([t1,12])

ff W x )= W, x, ) 2K, (x, ) dy d
Bripd Bryp

where we used (K1gop) and that u € L%([t1, ]; L29/(Br+p)). We conclude that fz — 0 since the second
factor converges to zero, as we proved already when dealing with J;.
To estimate J3, we proceed as follows:

A K 2 2
J3 < ||5(Br+pXBr+p)C(u’ T (up—k)y — 77 (u— k)-i—)“Ll([tl,tz])

+

/B /Br2<x>|<uh—k>+(x>—(u—k>+<x>|u(x>|1<a<x,y>|dydx
r+p/2

c

r+p

L([t1,12])

+ fB/B () (n — k)4 (y) — (0 — k)£ ()| Ka(x, y)| dy dx
r+p r+p/2

L([11,2])
=1+ 52+ J33.

Note that f3,1 — 0 follows similarly to the proof of J3 — 0. 73,2 and 73,3 are estimated as follows, using
similar arguments as in the estimates of E,z and Eg:
R R 1/2
S+ B33 < ([(up — k) — (u— k)+||L2([tl,t2];L20/(Rd)) H/; uz(X)FKS (7, 7)(x) dx

r+p/2

Li([t1,02])
—a/2
=cp of llun _M”LZ([tl,tz];Lze/([R{d))||u||L2([ll,t2]><Br+p)

— 0,

where we used (cutoff) and (K1giob), as well as (A-2) and u € L?([t1, t2]; L** (B,+,)). This proves (ii). O

Remark A.2. We point out that the above proof can be extended to more general test functions ¢ of the
form ¢ = :I:rzg(u), where g : [0, co) — [0, co). This way, it would be possible to generalize the notion
of a weak solution to (PDE), or to (P/D\E), in I x €2, in the sense that the assumption d,u € Llloc(l ,L2(Q)),
where 9,u is the weak L2(§2)-derivative of u, can be replaced by u € C(/; L3()).
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