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OPTIMAL REGULARITY AND THE LIOUVILLE PROPERTY
FOR STABLE SOLUTIONS TO SEMILINEAR ELLIPTIC EQUATIONS
IN R" WITH n > 10

FA PENG, YI RU-YA ZHANG AND YUAN ZHOU

Let 0 < f € C%'(R). Given a domain Q C R", we prove that any stable solution to the equation
—Au = f(u) in Q satisfies

» a BMO interior regularity, when n = 10,

e a Morrey M Pn4+2/(Pn=2) jnterior regularity, when n > 11, where

_2(n—2vn—-1-2)
b 14

This result is optimal as hinted by, e.g., Brezis and Vazquez (1997), Cabré and Capella (2006), and
Dupaigne (2011), and answers an open question raised by Cabré, Figalli, Ros-Oton and Serra (2020). As
an application, we show a sharp Liouville property: any stable solution # € C2(R") to —Au = f (1) in R"
satisfying the growth condition

o(log |x1) as |x| - 400, whenn =10,
()| = S
o(|x|7M3HVn=142y a5 |x| - +o00, whenn > 11,

must be a constant. This extends the well-known Liouville property for radial stable solutions obtained by
Villegas (2007).

1. Introduction

Let €2 be a bounded domain of R" with n > 2. Given any local Lipschitz function f: R — R (for short
feC 0.1(R)), we consider the semilinear elliptic equation

—Au= f(u) in€2, (1-1)

which is the Euler—Lagrange equation for the energy functional
E(u) = f (l|Du|2— Fw)dx, (1-2)
q\2

where F(t) = fot f(s)ds for t € R. A function u € W"2(Q) is called a weak solution to (1-1) if
f(u) e Ll () and

loc

/Du.ngx=/f(u)sdx for all £ € C(RQ),
Q Q
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that is, u is a critical point of the energy functional £. We say that a weak solution u is stable in 2 if
fL(u) e L] (Q)and

/fl(u)gzdng |DE*dx  for all £ € C°(), (1-3)
Q Q

that is, the second variation of the energy functional £ is nonnegative. Here and below,

AR Il A0

forall t € R,
. ora

' () = lim;
fo(@) im in
and note that f’ (t) = f'(¢t) whenever f € C'(R).
The study of stable solutions to semilinear elliptic equations can be traced to the seminal paper [Crandall
and Rabinowitz 1975]. The regularity of stable solutions provides an important way to understand the
regularity of the extremal solution u* to the Gelfand-type problem

—Au=A"f(u) inQ,
u=>0 in 2, (1-4)
u=0 on 0€2

for some positive constant A* > 0. We refer to [Brezis 2003; Cabré 2017; Gelfand 1963] for a compre-
hensive analysis of (1-4) and related topics. Note that the extremal solution u* can be approximated by
stable solutions {u; },<s+; see, e.g., [Dupaigne 2011].

In dimension n < 9, Brezis [2003] introduced an open problem: is the extremal solution u* to (1-4)
bounded for some f and 2? Since u* is approximated by stable solutions {u; }, <,+, it suffices to establish
some a priori bound for stable solutions. In recent years, there were several strong efforts to study
regularity for stable solutions and hence for Brezis’ open problem. In particular, a positive answer was
given by Nedev [2000], when n < 3, and by Cabré [2010], when n = 4 (see also [Cabré 2019] for an
alternative proof).

Very recently, Cabré, Figalli, Ros-Oton and Serra [Cabré et al. 2020] provided a complete answer to
Brezis’ open problem when f > 0 based on certain Morrey-type estimates for n > 3. Throughout this
paper, for p € [1, co) and B € (0, n), we define the Morrey norm as

1/p
lwlesey = sup (rﬂ—” | |w|f’dx> <0, (1-5)
yeQ,r>0 QNB,(y)

where B, (y) denotes the ball with center y and radius r > 0. We simply write B, when the center of the
ball is at the origin. In addition, following the convention, we denote by C(a, b, . ..) a positive constant
depending only on the parameters a, b, ....

In dimension n > 10, in particular, [Cabré et al. 2020, Theorem 1.9] established the following regularity
of stable solutions to (1-1).

Theorem 1.1 [Cabré et al. 2020]. Suppose that f € C O1(R) is nonnegative. IfuecC 2(B)) is a stable
solution to (1-1) in By, then

||u||M!’~2+4/(I’*2)(Bl/2) S C(nv p)”l't”L](Bl) for every p < pn, (1_6)
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where
00 if n =10,
= _ 11— 1-7
Pn 2(n—2vn—1-2) ifn>1l. (1-7)
n—2+n—1-4

Moreover, suppose additionally that f is nondecreasing and Q2 is a bounded domain of class C3. If
u e C*(Q)NCYUQ) is a stable solution to (1-1) in Q with boundary u = 0 on 9, then

lullprr2+aro-2(q) < C(n, p, Dllullpiq) forevery p < pp. (1-8)

We remark that the exponent n — 24/n — 1 — 4 changes sign when n = 10, which has already appeared
in, e.g., [Gui et al. 1992].

However, for the endpoint case p = p,, [Cabré et al. 2020, Section 1.3] pointed out that it is an open
question whether (1-6) holds.

As hinted at by earlier results in the radial symmetric case [Cabré and Capella 2006], when n = 10,
instead of L> = M°2, a more suitable space to consider is a class of functions with bounded mean
oscillations (BMO space), as remarked therein. Indeed, u(x) = —2log|x| is a stable solution to (1-1)
in By, with f(u) =2(n —2)e*. Obviously, u € BMO(B)) but u ¢ L°°(B;). Here and below, the BMO
norm is defined as

lullBmMo(Q) := sup inf][ lu(x) —cldx,
yeQ,r>OCER QNB;(y)

where, fE v dx denotes the integral average of v on a measurable set E.

On the other hand, when n > 11, also hinted at by the results in [Cabré and Capella 2006], the range
p < pp is the best possible in (1-6). Besides, it was proven in [Brezis and Vazquez 1997] that the function
u(x) = |x|~%/@ =D _ 1 is the extremal solution to

—Au=2A+u) inB;, u=0 ondB, (1-9)
with

We note that g, here is exactly the standard exponent in [Joseph and Lundgren 1973]. It is easy to see
that u € MP2+4(P=2(B, ) if and only if p < p,. Recall that, by [Dupaigne 2011, Section 3.2.2], such
an extremal solution can be approximated by stable solutions. We also refer to, e.g., [Farina 2007] for
some earlier work on Lane—Emden equations, which also hints at the optimality of our results.

The first main purpose of this paper is to establish the following regularity at the endpoint p,, for stable
solutions to (1-1), when n > 10, and then answer the above open question in [Cabré et al. 2020].

Theorem 1.2. Suppose f € C 01(R) is nonnegative. For any stable solution u € C 2(B)) to (1-1) in By,
when n = 10, we have

lullemo(B, ) = CM)lullp1(p,) (1-10)
and when n > 11, we have

el pgon2+4on-2 (B, 5y < C () [l L1(By).- (1-11)
/
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Moreover, suppose additionally that f is nondecreasing and 2 is a bounded smooth convex domain.
For any positive stable solution u € C2(Q) to (1-1) with boundary u = 0 on 092, when n = 10, we have

lullBmo() < C(n, )|lullL1(q). (1-12)
and when n > 11, we have

||u||MPn-2+4/(pn—2)(Q) < C(n, Q)”M”LI(Q). (1—13)

As a direct consequence of the above a priori estimates, we have the following result for stable solutions
: 1,2
in W=,

Corollary 1.3. Suppose that Q C R" is a bounded smooth convex domain and that f € CO\(R) is

nonnegative, nondecreasing, convex, and satisfies f(t)/t — 400 ast — +o0. For any stable solution
ue WOI’Z(SZ) to (1-1) with boundary u = 0 on 02, we have (1-12) when n = 10, and (1-13) when n > 11.

Remark 1.4. (i) While writing this paper, we learned via personal communication that Figalli and
Mayboroda have independently proved (1-10) in Theorem 1.2 with n = 10 via a similar argument.

(ii) In Theorem 1.2 and Corollary 1.3 we only consider bounded smooth convex domains so as to avoid
technical discussions on the boundary estimate. We believe that after suitable modifications, it is possible
to relax this assumption to bounded domains of C 3 class, as in [Cabré et al. 2020].

As an application of Theorem 1.2, we prove the following Liouville property for stable solutions to the
equation
—Au=f(u) inR" (1-14)

for f € CO1(R™).

Theorem 1.5. Letn > 10and0< f € CIOO’C1 (R). Suppose that u € C*(R") is a nonconstant stable solution
to (1-14) in R".
If u is nonconstant, then

log R IlR>Ry, ifn=10,
][ |u<x>|dxz{c R gy TR =R, i (1-15)
Bur\Br cR™2HXNn=L forall R > Ry,  if n> 11,
for some Ry > 2 and ¢ > 0.
In particular, if u satisfies the growth condition
o(log |x|) as |x| - 4+oo, whenn =10,
lu(x)| = (1-16)
o(|x|7FHVI=ly g x| > 400, whenn > 11,

then u must be a constant.

This problem has attracted a lot of attention in the literature. First of all, for radial stable solutions,
Villegas [2007] obtained the following sharp Liouville property based on the monotone property by Cabré
and Capella [2004]; see also [Dupaigne 2011; Villegas 2007].
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Theorem 1.6 [Villegas 2007]. Letn > 2 and f € C L(R). Suppose that u € C*(R") is a radial stable
solution to (1-14).
If u is not constant, then

M log |x| whenever |x| > ryg, whenn =10,

1-17
M |x|7MFVn=142 henever |x| > rg,  when n # 10, (1-17)

lu(x)| = i

for some M > 0 and r¢ > 10.
In particular, if u satisfies the growth condition (1-16), then u must be a constant.

Note that for radial stable solutions u(x), the condition (1-15) is equivalent to (1-17). Indeed, by
[Villegas 2007], u(r) = u(re;) is always monotone, and hence

min{|u(4r)|, [u(r)|} < ][ lu(x)| dx < max{|lu(4r)|, lu(r)|} forallr >0,
B4r\Br

which implies the equivalence between (1-15) and (1-17).

Let 8, = —%n +2+4+/n—1. Then B, <0 when n > 11, and B, > 0 when n < 9. The sharpness of
Theorem 1.6 (and also Theorem 1.5) is demonstrated in the following sense by Villegas [2007] (with a
slight modification at n = 10).

(1) When n # 10, the radial smooth function (1+4|x |2)$/2 is a stable solution to the equation —Au = fg, (u)
in R", where, whenn > 11,

) 0 if s <0,
T ()= Bu(By —2)s' P — B, (By+n—2)s' 7P if s >0,
and, whenn <9,
BBy =25 P — B (B A = 2)s' P if s > 1,
Ton ()= —(Bn—2)(n+2)(s — 1) —np, ifs < 1.

See [Villegas 2007, Example 3.1] for details. Note that, when n > 11, by 8, <O and 8, +n —2 > 0, we
have fg, > 0in R, while, when n <9, we have that fz, <0in R.

(i1)) When n = 10, the radial smooth function —% log(1 + |x|?) is a stable solution to the equation
—Au = f(u) in R", where f(s) = (n —2)e* +2¢* > 0 in R. This is a slight modification of [Villegas
2007, Example 3.1] with n = 10. See the Appendix for details.

For general (nonradial) stable solutions u € C 2(R™) to —Au = f(u) in R", it is then natural to ask
if certain Liouville properties similar to Theorem 1.6 hold. Namely, when f satisfies certain regularity
assumptions,

« if u satisfies (1-16), then is it necessary that u is a constant?

« if u is nonconstant, is it possible to give some sharp lower bound for |u| toward co?

Suppose that 0 < f € C'(R) and u € C*(R") is a stable solution to (1-14). When n < 4, Dupaigne and

Farina [2023] proved that if |u| is bounded, then # must be a constant. Recently, with the aid of [Cabré
et al. 2020], Dupaigne and Farina [2022] showed that if n <9 and u(x) > —C[1 4 log|x|]" for some



3340 FA PENG, YI RU-YA ZHANG AND YUAN ZHOU

y>1land C >0, orif n =10 and u > —C for some constant C > 0, then u must be a constant. When
n > 10, our result Theorem 1.5 finally answers the two questions above.

Ideas of the proofs. We sketch the ideas to prove Theorems 1.2 and 1.5. All of them heavily rely on the
following decay estimate on the Dirichlet energy.

Lemma 1.7. Letn>10and f € COY(R). For anyyeR" andt > 0,if u e C2(B2,(y)) is a stable solution
to (1-1) in By (y), one has

r —2(1++/n—1) 2 2
(-) / \Dul?dx < C(n) \Dul?dx forallr < (1-18)
B,

! () B,()\Bi/2(»)

|~

See Section 2 for the proof of Lemma 1.7; the key point is that we take a suitable test function in a
celebrated lemma of [Cabré et al. 2020] (see Lemma 2.1 below). One may compare it with [Cabré et al.
2020, Lemma 2.1] in the case where 3 <n <9.

We also recall the following lemma, which was essentially established in [Cabré et al. 2020, Lemma A.2
and Proposition 2.5] together with the proofs therein. For the convenience of the reader, we give a sketch
of the proof at the beginning of Section 3.

Lemma 1.8. Let 0 < f € COL(R). For any stable solution u € C%(By, () to (1-1) in By (y), one has

1/2
(/ |Du|2dx) §C(n)t_"/2/ |Du| dx (1-19)
Bi2(y) B/ (y)
and
/ |Du|dx < C(n)t—‘/ lu| dx. (1-20)
B2 (y) B:(y)

Applying Lemma 1.7, Lemma 1.8 and some known boundary estimate, we are able to prove Theorem 1.2
and Corollary 1.3. This is clarified in Section 3.

In order to prove Theorem 1.5, an auxiliary and crucial proposition is shown in Section 4, which is
specifically applied in the case n = 10.

Proposition 1.9. Let n > 3. Suppose that u € Wli)’cl

distributional sense. For any 0 <r < R < 00, we have

(R™) is superharmonic, that is, —Au > 0 in R" in the

/ |Du||x|_"+] dxfC(n)][ lu|dz + C(n) |u|dz. (1-21)
Bgr\ B, By 2\By s Bag\Bag

The main idea of showing Proposition 1.9 goes as follows. First, it is known that
Dus(x) = DA™'[A(usm](x) forx € Br\ B,

where ug is a standard smooth mollification of u and 7 is a suitable cut-off function. Next, thanks to the
key fact —Aug > 0, via some subtle kernel estimates and integration by parts, we are able to prove (1-21)
for us, and then a standard approximation gives (1-21) as desired.
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Theorem 1.5 is eventually proved in the last section. The case n > 11 is relatively simple. In fact, by
Lemmas 1.7 and 1.8, one can build up the following:

1/2
r_(1+‘/”_1)(f |Du|2dx> < C(n)RV?*2-vn-1 ][ lu|dx forall0 <r <R < o0
B, B

3R\ B3R/a

for stable solutions, which allows us to conclude Theorem 1.5 for n > 11.
As for the case when n = 10, we first employ Lemma 1.7 and repeat Lemma 1.8 to get

1/2
r“*V"l)(f |Du|2dx) <C(n)
B,

/ |Dul|x|"t'dx forall0<r < R < o0,
log R Jp,\Bs

which, when R > 23 +r > 4 and thanks to Proposition 1.9 with r and R therein replaced by 4 and R?, is
then bounded from above by

1
Cn) (][ |u(z)|dz+][ Iu(z)ldz).
log R\ JB,\5, By \Bypo

From this we conclude Theorem 1.5 when n = 10.

2. Proof of Lemma 1.7

Towards Lemma 1.7 we recall the following a priori bound by [Cabré et al. 2020, Lemma 2.1], which is
obtained by taking the test function (x - Du)n in the stability condition (1-3).

Lemma 2.1. Let u € C*(By) be a stable solution to (1-1) in By, with f € C»'(R). Then, for all cut-off
functions n € C%1(By),
/ |x - Du|?|Dn|? dx

By

> (n—2) |Du|2n2dx+2/ |Du|2(x-D17)ndx—4/ (x - Du)(Du - Dn)ndx. (2-1)
B B B

For convenience, for any 0 <r <t < oo and y € R", we define the annulus A, ;(y) := B;(y) \ B, (y);
for simplicity, we write A, ; = A, ;(0).

Proof of Lemma 1.7. 1t suffices to prove

#\—2(14/n=T) 5 )
(-) / |Dul deC(n)/ \Duldx forall r <
B () A

(2-2)
4 ()

|~

Indeed, applying (2-2) to %t and ¢, one has

1 —2(14++/n—1) 2 2
(-) / \Dul?dx < C(n) \Dul dx. (2-3)
2 B (y) A ()
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If 1t <r < 1t,by B,(y) C Bij2(y) and § <r/t < 1, inequality (2-3) gives

201/ 1) s s
(-) / \Dul?dx < C(n) \Dul? dx. (2-4)
t B.(y) A ()

If0<r< %t, applying (2-2) to r and %t, and noting A, ;2> C By, one gets

r —2(14++/n—1)
<—) / |Dul?dx < C(n)/ |Du|*>dx < C(n) |Du|? dx,
/2 B.(y) Arejp(y) Bija(y)

which together with (2-3) yields

\ —20+V=T) ) s
(-) f \Dul?dx < C(n) \Dul? dx.
t B, (y) A2 ()

From this and (2-4) we conclude (1-18).

To prove (2-2), without loss of generality we may assume that t = 1 and y = 0. Indeed, if u(x) is a
stable solution to —Au = f (1) in By (y), then v(x) = u(tx + y) is the stable solution to —Av =2 f (v)
in B;. Note that, up to a change of variable, u satisfies (2-2) if and only if v satisfies (2-2) with r = 1
and y =0.

Write a =2(1++/n—1). Letr € (O, %] be fixed and set

ra/? ifO0<|x|<r,
n= —a/Z . (2_5)
lx|7<¢ ifr <|x| <1,
where ¢ € C2°(B) satisfies
¢ =1 in B3/4 and |D¢| < 5)(31\33/4. (2—6)

Clearly, n € C?’I(Bl). Since n =r~%/?in B, and hence Dn = 0 in B,, substituting 1 in inequality (2-1)
one has

/ |x-Du|2|Dn|2de(n—2)r“/ |Du|2dx+(n—2)/ |Du|*n* dx
Ar.l B, Ar,l

—1—2/ |Du|2(x-Dn)17dx—4/ (x - Du)(Du - Dn)ndx. (2-7)
Ar.l A’vl

Noting that
Dy =—3alx| ™" Zxp+ |x|72D¢ in A1,

one has

2] |Du|2(x-Dn)17dx—4/ (x - Du)(Du - Dn)ndx
Ar,l Ar,l
:—a/ |Du|2|x|—“¢2dx+2/ |Du|2(x-D¢)¢|x|_“dx+2a/ (x -du)?|x|"*2p* dx
A Ari ar,1

— 4/ (x - Du)(Du-DP)p|x| ™ *dx. (2-8)
Al
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Moreover, by
|Dn|* = 1a®|x| 7“7 2¢* — 2alx| ™" *(x - D) + x| “| Do,
one can write

2
/ (Du-x)2|Dn|2dx:%/ (Du-x)2|x|_“_2¢2dx+f (Du - x)?|x|"*|D¢|* dx
Ar.l Ar,l Ar,l

—a/ (Du - x)?*|x| 7“7 2(x - Dp)p dx. (2-9)
A

Using (2-8) for the left-hand side of (2-7), and (2-9) for the last two terms in the right-hand side
of (2-7), and then moving all terms including D¢ to the left-hand side and all other terms to the right-hand
side, we have

/ |x-Du|2|D¢)|2|x|_”dx—2/ |Du|*(x - D@)p|x|~* dx
Ar.l

Ar,l

+4 (x-Du)(Du-D¢)¢|x|“dx—af Ix|7*"2(x - Du)’¢(x - D$) dx
Ar_] Ar,l

Z(n—Z)r_“/ |Du|2dx+(n—2)/ | Du|?|x| "¢ dx
B, Ar‘l

a?

—a/ |Du|2|x|_”d)2dx+2af (x - Du)?|x| " 2¢? dx — 1
Ar.l Ar,l

[ (Du - x)?|x| 7 2¢? dx
Ar,l

:(n—2)r_a/ |Du|2dx+/ {(n—2—a)|Dul*+(2a—3a*)(Du-x)*|x|?}|x| “¢*dx. (2-10)
B, Ar,l
Note that, by |[D¢| =0in B34 and [D¢| <5 in By as in (2-6) and a > 2,

/ - DuP| D PIx| dx —2/ Dul2(x - D)l dx
Ar,l

Ari

+4f (x - Du)(Du - D$)¢|x| ™ dx—a/ Ix|7*"2(x - Du)’¢ (x - D$) dx
A A

r1

<Cn) |Du?dx. (2-11)
A3a1
Additionally, note that n > 10 implies a = 2(1 + +/n — 1) > 8, and hence

2a —a* =1a(8—a) <0.
By |x|~!|x - Du| < |Du|in A, |, we have
(n—2 —a)|Du|2 + (2a — %az)(Du -x)2|x|_2 > (n —2+a-— %a2)|Du|2.
Since
n—2+a—1a=—(3a—-[1-vn-1)(Ja-[1+vn-1])=0,

we have

(n—2—a)|Dul* + (2a — 1a*)(Du-x)*|x| > >0 in A, (2-12)
which means that the last term in the right-hand side of (2-10) is nonnegative. From this, together with
(2-10) and (2-11), we conclude (2-2). The proof is complete. O
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Remark 2.2. Recall that in [Cabré et al. 2020], the authors used the test function = |x|~%/2& with
& € C°(By), which was not enough to get (2-2).

3. Proofs of Equation (1-1) and Corollary 1.3
In this section we prove Theorem 1.2 and Corollary 1.3. First, we sketch a proof of Lemma 1.8.

Proof of Lemma 1.8. Up to considering v(x) = u(tx 4+ y), we may assume that t = 1 and y = 0.
Inequality (1-20) is given by [Cabré et al. 2020, Lemma A.2]. Inequality (1-19) reads as || Dull12p, ,) <
C(n)||Dul| 11 g,y and will follow from the proof of [Cabré et al. 2020, Proposition 2.5], where the authors
proved that

1Dull 2By, < C)lullL1s,)- (3-1)

In their proof, first they obtained a bound of || Dul|;2, ,) via || Dullr1(,,,) and some other small terms.
Next, they used I Dullpip, ) < C)llullpip,)- Finally, via an iteration argument, they got (3-1). If we
directly apply the iteration argument without using || Dul| 1 (g, ,) < C () l[ull1(p,), We get [| Dull12(p, ,) <
C() || Dull1(s,)- O

Recall that ug = fE u dx denotes the integral average of u on a measurable set £E. The interior
regularity (1-10) and (1-11) in Theorem 1.2 is a consequence of Lemma 1.7 and (1-19), together with a
standard embedding argument.

Proofs of (1-10) and (1-11) in Theorem 1.2. Let u € C2%(B,) be a stable solution to (1-1). Write
B=n—-2—-2yn—1.Forany y € Byp,if r > %, by Lemma 1.8 we have

A [ ipuPar=c f 1DuPdx = Coluli
B, (y)NBi,2

B2

andif 0 <r < % by Lemmas 1.7 and 1.8 again we have
rﬁ"f |Du|2dx5rf‘][ |Du|? dx < C(n) |Du|2dx§C(n)||u||il(Bl).
B, (y)NB12 B, (y) Bia(y)

This means that Du € Mz*ﬁ(Bl/g) with ||Du||Mz,,e(Bl/2) <Cm)ullp(s)-
If n =10, then 8 =2 and 28 /(B — 2) = co. Thanks to the Sobolev—Poincaré inequality, one can easily
check that Du € MZ’ﬂ(Bl/g) implies u € BMO(Bj 2), with a norm bound

”I/l ||BMO(B]/2) = C(n) ||DM ”szﬂ(B]/z)‘

If n>11, then p, =28/(B —2) <oo and B =2+4/(p, —2). By the embedding result in [Adams 1975]
and also [Cabré and Charro 2021, Section 4], Du € M*#(B) ;) implies u € M?P/(F=2-B(B, ), with its
norm bound

”u ||MP)1,/3(B|/2) = C(n) ||Du ||M2‘ﬂ(31/2)‘

This proves (1-10) and (1-11). Il
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To prove the global regularity (1-12) and (1-13) in Theorem 1.2, we need the following a priori
L>®-bound in a neighborhood of < for a C? solution when € is a bounded smooth convex domain; see
[Cabré 2010, Proposition 3.2] and [Chen and Li 1993; de Figueiredo et al. 1982; Gidas et al. 1979]. For
o > 0, we write

Q, = {x € Q:dist(x, 0Q2) < p}.

Lemma 3.1. Suppose that f € C®'(R) is nonnegative and Q is a smooth convex domain in R". There
exist positive constants p and y depending only on the domain Q2 such that, for any positive solution
u € CHQ)NC%Q) to (1-1), one has

1
lullLe@,) < ;||M||L1(sz)- (3-2)

Note that, as f > 0, the maximum principle shows that any solution u € C?(22) N C%() to (1-1) with
zero boundary is always nonnegative, and the strong maximum principle further shows that u is always
positive in the domain €.

Proofs of (1-12) and (1-13) in Theorem 1.1. Let B =n —2 —2+4/n — 1, and let p, y be as in Lemma 3.1.
We first consider the case n > 11. For any y € Q and r > 0, write

rﬂ—"/ |u| P dx:rﬂ—"/ |ue| P dx+rﬂ—”/ |u|P" dx
QNB(y) QpNB-(y) (S\82,)NB; (y)

=01y, r) + D2(y, 7).

To see (1-12), we only need to prove ®(y, r) < C(n, Q)|lul|?”" . and ®»(y,r) < C(n, p, Q)|ju|?"

LY(Q) LY(Q)

forany y € Q and r > 0.

Note that
C(n) whenr <1,

FQ,NB <
IR, r(J’)|_{|Qp| when r > 1,

so by 2 < 8 < n and Lemma 3.1, we have

Qi(y,r) = rﬂ_"lﬂpﬂBr(y)lllulleO(g ) < Cln, D ullfh -

Next, to get Oy (y,r)<C(n, p, Q)||u||p” for any y € 2 and r > 0, we only need to consider y € 2\ 2,
and0<r < 8,0 Indeed, for y € Q,, if r < dlst(y, @2\ Q,), then ®,(y, r) =0, and if r > dist(y, 2\ 2,),
then ®,(y, r) < C(n)P,(y, 2r), where y is the closest point in 2\ 2, and B(y, r) C B(y, 2r). Moreover,
forany y € 2\ Q, and r > %p,

®y(y,r) < pf" /

Q\Q,

N N
JulPr dx < pﬂ—"f ulPrdx = ®(xi, 5p),
; Q\Q2,NB,9(xi) Z

i=1

where {B(x,, 9p)}N is a cover of the compact set 2\ 2, {x,}N | C 2\, and N depends only on €2
and p.
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On the other hand, for any y € Q\Q, and 0 <r < %p, since u is a stable solution in B, (y) C €2, by (1-11)
with a scaling argument, we have u € Mp"’ﬁ(Bp/g(y)) with [[wll pron5(B,500) < C(n, Pl 1B, 5(yy)> 0
particular

B Pn Pn
Doy, ) =7 ]ém'”' dx < Can, Il g

as desired. This proves (1-13).
In the case n = 10, for any y € Q, if r > ép, we have

,,_n/ luldx < C(n, p)|ull -
QNB-(y)

Below we assume that 0 <r < ép. If y € 2\ 2g,/9, we have p < % dist(y, 0€2). Since 0 <r < % dist(y, 0€2)
and u is a stable solution in Byi(y,a0)(y) C £2, by (1-10) with a scaling we have

][ lu —up,yldx < Cn, PIUIL1Byy a0 o = C @, P ullL1(q)-
B (y) ’

For y € Qg,/9, noting 0 <r < %,0 <dist(y, 9€2,), one has QN B, (y) C 2\ £,. Thus

rn/ |u|dx=r"/ lul dx < C(n, p)llull 1 -
QNB,(y) Q,NB,(y)

Combining these estimates, we obtain (1-12). Il
We finally prove Corollary 1.3.

Proof of Corollary 1.3. Let u € WOI’Z(Q) be a stable solution to (1-1) with zero boundary. By [Dupaigne
2011, Corollary 3.2.1] (see also the proof in [Cabré et al. 2020, Theorem 4.1] and [Dupaigne and Farina
2023, Theorem 5]), there is a nonnegative, nondecreasing sequence ( f;) of convex functions in C!(R)
such that f; — f pointwise in [0, o) and a nondecreasing sequence (uy) in C 2@Q)n WOI’Z(Q) such that
uy is a weak stable solution to

—Auy = fr(uy) in L2, ur,=0 onof (3-3)
and

Uy — u in WI’Z(Q) as k — +o0.

If n = 10, applying (1-12) to ug, one has

][ up(x) — ][ updz
QNB,(y) QNB,(y)

Since uy — u in W-2(2) as k — 400, we conclude that lullemo(@) < C(m)llull 1 (q) as desired.
If n > 11, applying (1-13) to uy, we have

dx < |lugllsmo(e) < C(n, Q)/ lux|dx forallr >0 forall y € Q.
Q

rBn / lug|? dx < C(n, 2, ,0)(||uk||L1(Q))p" forall y € Q forallr >0, (3-4)
QNB,(y)
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where 8 =2p,/(pn —2) € (0, n). Since uy — u in WH2(Q) as k — +oo, we deduce that uy € LP" ()
uniformly in £ > 0, and hence uy — u weakly in L?7(€2). Thus, letting k — 400 in (3-4), we conclude
Nullprrns @y < C(M)||ull1(q) as desired. O

4. Proof of Proposition 1.9
Let 0 <r < R <o0. Let n € C2°(A,/4,4r) satisfy
0<n=<1 inA;4ar and n=1 in A;22R, 4-1)
| D> +|D%n| < r% inAyayp  and |Dn* 4Dl < % in Asg 4, 4-2)

where C > 0 is a universal constant.
Let us = u * ¢p5 for § > 0, where ¢; is the standard smooth mollifier and is supported in B(O0, §).
Recall that u € WIL’CI([R{”) and us — u in WIL’Cl([R?"). Since —Au > 0 is a locally finite measure, we have

—Aus = (—Au) x ¢s > 0 everywhere. By usn € C2°(R"), one has

1
usn(x) = A" A @usn))(x) = c(n) mA(uw)(y)dy for all x € R",
R» -
and hence
D(ugm) (x) = DA™ [A@s)]1(x) = e(m) (2 — ) / A dy forallx eR".
R -

Noting
A(usn)(y) = Aus(y)n(y) + An(y)us(y) +2Dus(y) - Dn(y),

for0 <d§ K %r, we write

/ |Dua||x|_"+ldx=f |DGusm) x|+ dx
AR A(r,R)

- \/l;r.R
=< C(n)f
Ar,R

|x|*n+l dx

X—y
/R Ausn)(y)dy

n |x —yl"

|x|*n+1 dx

X =Yy
/ Aus()n(y) dy
n X —yl”

xX—y _
vem [ ] s () An() dy|[x] " dx
ArglJRr [X =]
xX—y _
+C(n)f / —~Dus(y) - Dn(y) dy||x| ™"+ dx
ArglJRe [X =Yl
=L+ 5L+

In order to control /; from above, first by —Augs > 0 and (4-1), one has

I < / ( ) e =y e dx)(—Auw(y)n(y)dy.
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Employing the triangle inequality, for y € R”, we further get

/ |x_y|7n+1|x|fn+l dx Sznlf |x|2n+2dx+2n1/ |x|*n+1|y|7n+l dx
R {Ix|>2[yl} {lxI<lyl/2}
+/ |X _y|fn+l|y|7n+l dx
{Iyl/2=|x|=2|y[}
sC<n>|y|—"+2+C<n>|y|—”+2+/ b — y [y
{ly—x|=3lyl}
< C(n)ly|™"". (4-3)

This together with —Aus > 0 again gives
L=Co) | (—Aus)lyl ™ n(y)dy.
Rn
Via integration by parts and using n € C>°(A,/4,4r), we have
[ aui gy = [ wl-al R+ DIy Do)~ R A1 dy,
R~ Arja4R
Observing that A|y|”_2 =01n A,/4.4r and using (4-1) and (4-2), we arrive at
h=Co [ useI@=miy ™y D)~y an;)ldy
Arja4r

<C) f |u8(y)|[r_nXAy/4,r/2 + R_nXAZR,4R] dy
Arja4R

<C(n) |u5|dz+][ lus|dz.
Arjar2 A2R 4R

For I, by (4-3) and (4-1),

125/ </ |x—y|—"“|x|—"“dx>|ua|<y>|An(y>|dy
n A(r,R)

sC(n)/[R Y2 lus| () 1A ()] dy
< C(l’l) /;g |”8()’)|[’"_nXA,/4,,/2 + R_nXAzRAR] dy

§C(n)][ lus|dz + C(n) lus|dz.
Arjar)2

AdR 4R
Now let us estimate /3. First via integration by parts one gets
|x = yI7"(x — y)Dus(y) - Dsn(y) dy
Rn

=/, lx —yI7"(x = »us(y)An(y)dy + /Rn us(y)D[|x —y|™"(x = y)IDn(y) dy.
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Since
IDllx —y|™"(x =] = Cm)|x —y|™",
we obtain

fR ¥ = 37" (= ) Dus(y) - Dn(y) dy'

<C(n)

/RIx—yl_"“ua(y)An(y)dy‘JrC(n)/[R lx =y lus(WIIDn(y)| dy.

As a consequence,

L<CmL+Cn) ) (/A lx — y| 7" x| dX>|us(y)||Dn(y)|dy = Cn)lL+C(n) 5.

rR

In order to estimate f3, first we note that (4-1) gives
I <C(n) y ( /A e =y 7" x| dx) s~ Xaryarsn + R Xasgan] dy.
rnR

For any x € A, g, if y € A;/4,,/2, we have |x — y| > %|x|, and hence

[ ey < e [ < e

A,_R Ar,R
if y € Asg.4r, then |x —y| > R, and hence
/ Ix —y| x| dx < C(n)R—"/ x| 7"l dx < C(m)R.

ArR AR

Thus it follows that

<o) [ s xa e+ R xampael dy < Cn) ][ usldz+Cmy § lus|dz.
Rn A

P42 A2R 4R
To conclude,

/ |Dua||x|—”+1dxscm>][ wsldze+Cm 4 Jusldz.
ArR Arjarp2

A2R 4R

By letting § — 0 and noting us — u in W,-!, we conclude (1-21). O

5. Proof of Theorem 1.5

Since u satisfies (1-16), we know that u does not satisfy (1-15). We only need to show that if u is
nonconstant, then (1-15) holds. Equivalently, it suffices to show that if u does not satisfy (1-15), then u is
a constant. Namely, there exists a sequence {R;};cn tending toward co such that

][ lu(z)|dz >0 as j— oo, whenn=10, (5-1)
log Rj AR; 4R;
and

RM/F Il lu(x)|dx — 0 as j— co, whenn> 11. (5-2)

J
AR; 4R;
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On the other hand, given any 0 < r < oo, applying (1-18) for any R > 4r, we have

12 1/2
r_(lJN”_l)(/ |Du|2dx) < C(n)R_(lJ“/”_l)(/ |Du|2dx> . (5-3)
B, AR 2R
Observe that the annulus A; > can be covered by {Bl/g(y,-)}f\’:1 with y;,...,yy € Ajpand N < C(n):

N N
XAx = Z XBys(y) = Z XBia(y) = C(n)XA3/4.3'

i=1 i=1
Below we consider the case n > 11 and the case n = 10 separately.

Case n > 11. For each i, applying (1-19) and (1-20), one attains

1/2
(/ |Du|2dx) < C(n)R_(”+2)/2/ lu|dx < C(n)R<"—2>/2][ lu|dx.
Br/s(Ryi) Br/a(Ry;) A3R/43R

Thus by summing over all these balls,

2
/ |Du|? dx < C(n)R“(][ |u|dx) ,
AR2R A3R/4.3R

and we eventually obtain from (5-3) that
172
r—<1+v"—1></ |Du|2dx> < C(n)R"?*2-vn-1 lu|dx.
B, A3R/a3R

Taking R = %R ;> applying (5-2) and letting j — oo, one concludes

/ |Du|* dx = 0.
B,

By the arbitrariness of r > 0, we obtain || Du|| ;2(gsy = 0, which implies that « is a constant.

Case n = 10. For each i, applying (1-19), one attains

1/2
(/ |D”|2dX> = C(H)R"/2/ |Duldx < c(n)R(“)/Z/ | Dul|x| ™" dx.
Br/s(Ry:) Bra(Ry;) AR/2.4R

Thus

2
/ |Du|? dx < C(n)R" 2 </ | Du|x| " dx> . (5-4)
AR,2R AR/2,4R

We therefore obtain from (5-3) that
172
p(vn=D) (/ | Du/? dx) < C(n)RY*2=vn-1 |Dul|x|™" ! dx
B, AR/2.4R

=C(n) | Dul|x| ™"+ dx,

AR/2,4R

where in the last identity we use %n —2—/n—-1=5-2-3=0.
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For R > 2° +r > 4, let m be the largest integer such that m < log, R — 3. Applying (5-4) to 2/ R with
j=1,...,m,one has

1/2 m
r_(lJ“/"_l)(f |Du|2dx) §C(n)l2/ | Dul|x| " dx
B, m j=1 Az.iR/2,4(2.iR)
§C(n)l/ | Dul|x| "+ dxfC(n)l 1 / | Du||x|”" dx.
m AR,2m+2R OgR A4,R2/2

By (1-21), one has

12 1 1
,,—(1+«/n—1)(f |Du|2dx) < C(n)1 ][ lu(z)|dz + C(n) 5 ][ lu(z)| dz.
B, 0gR Ja,, log R* J4

2R2,4R2

Taking R = ,/R; and letting j — o0, by (5-1) one concludes

/ |Du|? dx = 0.
B,

Then the arbitrariness of r > 0 implies || Du/|| ;2g»y = 0, which further implies that u is a constant.  [J

Appendix: A radial stable solution when n = 10

Suppose n = 10 in this appendix. Villegas [2007] proved that % log(1 + |x|?) is a stable solution to the
equation —Au = —(n — 2)e~2* — 2~ in R". Note that —(n —2)e™> —2¢~* <0 in R.
Below, we show that u = —% log(1 + |x|?) is a stable solution to the equation

—Au= f(u) inR",
where f(s) = (n —2)e* +2¢* > 0in R.
First we show that u is a solution. Indeed, for any x € R", a direct calculation gives

n lx|? 1 1

—Au(x) = 1+x2_1x,~x.: +2 =mn-2 +2 .
(0= (i) T+ x2 (14 (x]?)? ( )1+IXI2 (14 ]x[)?

Since e = (14 |x|*)~!, we have
—Au(x) = (n—2)e*™ £ 2% = f(u(x)).

Next, we show that u is stable. Note that f'(s) = 2(n — 2)e* + 8¢* for s € R. Given any x # 0,
2N—1
)

writing 7 = |x| and noting ¢**®) = (1 4 |x|*)~!, we have

2(n—2) 8

/ _ 2u(x) Au(x) _
fu(x)) =2(n—2)e™ + 8™ = T2 +(1+r2)2'

Since n = 10, we have

16r2(1+r2)+8r2  16r*4+24r*  16(14r%)*  (n—2)?

PA+D? PO 2042 AP

fux) =
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By this and the Hardy inequality, we have

flu)E?dx < M/ idx </ |IDE?dx  for all £ € C°(R")
R -4 re [x127 7 Jge ¢ '

Thus u is a stable solution to —Au = f(u) in R".
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