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MATHEMATICS OF INTERNAL WAVES IN A TWO-DIMENSIONAL AQUARIUM

SEMYON DYATLOV, JIAN WANG AND MACIEJ ZWORSKI

Following theoretical and experimental work of Maas et al. (Nature 288:6642 (1997), 557-561) we
consider a linearized model for internal waves in effectively two-dimensional aquaria. We provide a
precise description of singular profiles appearing in long-time wave evolution and associate them to
classical attractors. That is done by microlocal analysis of the spectral Poincaré problem, leading in
particular to a limiting absorption principle. Some aspects of the paper (for instance Section 6) can be
considered as a natural microlocal continuation of the work of John (Amer. J. Math. 63 (1941), 141-154)
on the Dirichlet problem for hyperbolic equations in two dimensions.

1. Introduction

Internal waves are a central topic in oceanography and the theory of rotating fluids — see [Maas 2005;
Sibgatullin and Ermanyuk 2019] for reviews and references. They can be described by linear perturbations
of the initial state of rest of a stable-stratified fluid (dense fluid lies everywhere below less-dense fluid and
the isodensity surfaces are all horizontal). Forcing can take place at linear level by pushing fluid away from
this equilibrium state either mechanically, by wind, a piston, a moving boundary, or thermodynamically,
by spatially differential heating or evaporation/rain.

The mechanism behind formation of internal waves comes from ray dynamics of the classical system
which underlies wave equations — see Section 1.1 for the case of nonlinear ray dynamics relevant to the
case we consider. When parameters of the system produce hyperbolic dynamics, attractors are observed
in wave evolution — see Figure 1. This phenomenon is both physically and theoretically more accessible
in dimension 2. The analysis in the physics literature, see [Maas 2005; Troitskaya 2017], has focused on
constructions of standing and propagating waves and did not address the evolution problem analytically.
(See, however, [Bajars et al. 2013] for an analysis of a numerical approach to the evolution problem.)
In this paper we prove the emergence of singular profiles in the long-time evolution of linear waves for
two-dimensional domains.

The model we consider is described as follows. Let Q@ C R? = {x = (x1, x2) : x j € R} be a bounded
simply connected open set with C* boundary d<2. Following the fluid mechanics literature we consider
the following evolution problem, sometimes referred to as the Poincaré problem:

(OfA+07)u= f(x)cosrt, ul—o=0ul—o=0, ulsg=0, (1-1)
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u(t = 50)

Figure 1. Contour plots of a numerical solution to (1-1) for Q2 given by a unit square tilted
by % (see Section 2.5), with f(x) = 6*5”2(“’“0)2, where x° is the center and A = 0.8. In
that case the rotation number of the billiard ball map is % (see Figure 9) and the classical
attractor is given by a parallelogram on which u develops a singularity — see Theorem 1.3.

Figure 2. Experimental results of [Hazewinkel et al. 2010]: horizontal component of the

observed perturbation buoyancy gradient projected onto a field that oscillates at the forcing

frequency, thus reducing the time series to an amplitude field (left) and a phase field (right).

In terms of our Theorem 1.3 this corresponds to amplitude and phase of u™. The arrows

indicate directions of phase propagation in agreement with our analysis, shown in Figure 4.
where AL € (0, 1) and A := 8)%' + 8%2; see [Sobolev 1954, equation (48); Ralston 1973, p. 374; Maas et al.
1997; Brouzet 2016, §1.1.2-3; Dauxois et al. 2018; Colin de Verdiere and Saint-Raymond 2020; Sibgatullin
and Ermanyuk 2019]. It models internal waves in a stratified fluid in an effectively two-dimensional
aquarium 2 with an oscillatory forcing term (here we follow [Colin de Verdiere and Saint-Raymond
2020] rather than change the boundary condition). The geometry of 2 and the forcing frequency A
can produce concentration of the fluid velocity v = (dy,u, —9y,u) on attractors. This phenomenon was
predicted by Maas and Lam [1995] and was then observed experimentally by Maas, Benielli, Sommeria
and Lam [Maas et al. 1997]; see Figure 2 for experimental data from the more recent [Hazewinkel et al.
2010]. (See also the earlier work [Wunsch 1968], which studied the case of an internal wave converging
to a corner, along a trajectory of the type pictured in Figure 7.) In this paper we provide a mathematical
explanation: as mentioned above, the physics papers concentrated on the analysis of modes and classical
dynamics rather than on the long-time behavior of solutions to (1-1).
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Figure 3. Left: the involutions y* and the chess billiard map b. Right: a forward
trajectory of the map b on a trapezium with rounded corners, converging to a periodic
trajectory. We remark that the effect of smoothed corner on classical dynamics was
investigated by Manders, Duistermaat and Maas [Manders et al. 2003], see also Section 2.4.

1.1. Assumptions on R and A. The assumptions on 2 and A which guarantee existence of singular
profiles (internal waves) in long-time evolution of (1-1) are formulated using a “chess billiard” — see
[Nogueira and Troubetzkoy 2022; Lenci et al. 2023] for recent studies and references. It was first
considered in similar context by John [1941] (see also the later work of Aleksandrjan [1960]) and was
the basis of the analysis in [Maas and Lam 1995]. It is defined as the reflected bicharacteristic flow for
(1 —22)&7 — A%€7, which is the Hamiltonian for the 1 + 1 wave equation with x, corresponding to time
and the speed given by ¢ = A/+/1 — A2 — see Figure 3 and Section 2.1. This flow has a simple reduction
to the boundary, which we describe using a factorization of the quadratic form dual to (1 — AZ)SZZ — A% 12:

2 2
X X
I Dt e h), A = 2

221 =22 PV v

We often suppress the dependence on A, writing simply £ (x). Same applies to other A-dependent objects

(1-2)

introduced below.

Definition 1.1. Let 0 < A < 1. We say that  is A-simple if each of the functions 922 3 x — £%(x, 1)
has only two critical points, which are both nondegenerate. We denote these minimum/maximum points

by xi}n ()\’)7 xiax ()\‘)'
Under the assumption of A-simplicity we define the following two smooth orientation-reversing
involutions on the boundary (see Section 2.1 for more details):

yE(e,0):0Q — 0Q, ) =EpEW)). (1-3)

These maps correspond to interchanging intersections of the boundary with lines with slopes F1/c,
respectively — see Figure 3. The chess billiard map b( e, 1) is defined as the composition

b=y oy~ (1-4)

and is a C* orientation-preserving diffeomorphism of 9€2.
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Figure 4. A visualization of the Lagrangian submanifolds (1-9) corresponding to attrac-
tive and repulsive cycles of b given in (1-4). The parallelogram represents the projection
of the attractive (4) and repulsive (—) Lagrangians A* (1) and the arrows perpendicular
to the sides represent the conormal directions distinguishing the two Lagrangians. We
also indicate the corresponding sets on the boundary: Ef are the attractive (4) and
repulsive (—) periodic points of b given by (1-4) and the arrows indicate the sign of the
conormal directions.

Denoting by b" the n-th iterate of b, we consider the set of periodic points
¥ i ={x €0 |b"(x,A) = x for some n > 1}. (1-5)

If X, # @, then all the periodic points in X, have the same minimal period; see Section 2.1.
We are now ready to state the dynamical assumptions on the chess billiard:
Definition 1.2. Let 0 < A < 1. We say that A satisfies the Morse—Smale conditions if:
(1) Qis A-simple.
(2) The map b has periodic points, that is, 3, # .
(3) The periodic points are hyperbolic, that is, 9" (x, A) # 1 for all x € X, where n is the minimal period.

Under the Morse—Smale conditions we have X; = E;r X, , where EZF, >, are the sets of attractive,
respectively repulsive, periodic points of b:

E;f ={xeXy|ob"(x,1) <1}, X, ={xeX;|ob"(x,1)>1}. (1-6)

Moreover, each of the involutions y* exchanges Ef with X,°; see (2-2).
For y € 022, let

() = {x € Q| €5 (x, 1) = 5y, A)} (1-7)

be the open line segment connecting y with yi(y, A). Define Iy (y) := Ff(y) UT, (y). Then T'; (23)
gives the closed trajectories of the chess billiard inside €2.
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For y € dQ which is not a critical point of £, we split the conormal bundle N *F; (y) into the
positive/negative directions:

N*TF()\0= NIy (»)UNTI(y),

(1-8)
NIT; (p) = {(x, 7d€" (x)) | x € T} (), (3L ()T > 0}

and similarly for N*I'; (y). Here 0 is the derivative with respect to a positively oriented (that is,
counterclockwise when 2 is convex) parametrization of the boundary 9€2. Note that the orientation
depends on the choice of y and not just on Fit(y): we have Nj‘rF;t(yi(y)) = NfF;t(y).

We now define Lagrangian submanifolds AT (1) C 7*Q\ 0 by

AEQ) == NIT (ZH)UNTHE); (1-9)
see Figure 4. We note that 7(A* (%)) = [.(Z;) and N*T{(2)) = NiTE(E)).

1.2. Statement of results. The main result of this paper is formulated using the concept of wave front set;
see [Hormander 1990, §8.1; 1994, Theorem 18.1.27]. The wave front set of a distribution, WF(u), is
a closed subspace of the cotangent bundle of 7*Q2 \ 0 and it provides phase space information about
singularities. Its projection to the base, m (WF(u)), is the singular support, sing supp u.

Theorem 1.3. Suppose that Q and A € (0, 1) satisfy the Morse—Smale conditions of Definition 1.2. Assume
that f € C°(2; R). Then the solution to (1-1) is decomposed as

u@) =Re(ut)y+r@)+e@), ut e HYP7(Q), WFut) c AT,

(1-10)
r)e H'(Q), Ir®lm@ <C, lle®llgan-g —0 ast— oo,

where AT (A) C T*Q\O0 is the attracting Lagrangian — see (1-9) and Figure 4. In particular, sing supp u™
is contained in the union of closed orbits of the chess billiard flow. In addition, u™ is a Lagrangian
distribution, u™ € I™1(Q, AT(L)) (see Section 3.2) and u™t|yq = 0 (well-defined because of the wave

front set condition).

For a numerical illustration of (1-10), see Figure 1. We remark that numerically it is easier to consider
polygonal domains — see Section 2.4 for a discussion of the stability of our assumptions for smoothed
out polygonal domains.

Theorem 1.3 is proved using spectral properties of a self-adjoint operator associated to the evolution
equation (1-1). To define it, let Ag be the (negative definite) Dirichlet Laplacian of 2 with the inverse
denoted by Ag' : H~1(Q) — H/}(Q). Then

P:=03]Ag'  H ' (Q > H Q). (u,w)y1(9) = (VAg'u, VAG W) 2q), (1-11)

is a bounded nonnegative (hence self-adjoint) operator studied in [Aleksandrjan 1960; Ralston 1973] —
see Section 7.1. Studying the spectrum of P is referred to as a Poincaré problem.
The evolution equation (1-1) is equivalent to

(02 + P)yw= fcosht, wl—o=0wl—o=0, feCOQ:R), u=Agw. (1-12)
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Figure 5. Numerical illustration of Theorem 1.4: contour plots of |u(x)| for
u = (3, — (A +ie)Ag)~'f, where ¢ = 0.005 and f(x) = e~ 10G=(1/2.1/2)% 4pq
Q = Tos (see Section 2.5). On the left, the rotation number is given by % and we see
concentration on an attractor; on the right, the rotation number is (nearly) irrational and, as
& — 0+, u is expected to be uniformly distributed [Maas 2005]. Morse—Smale assumptions
do not hold, at least not on scales relevant to numerical calculations and trajectories are
uniformly distributed in the trapezium. In the contour plots of |u(x)| black corresponds to O.

This equation is easily solved using the functional calculus of P:

. t Qi . _ —it(A£2)
w(t) =Re(e™ W, ,(P)f), where W, ,(z) = f Mf“dmzl ‘ (1-13)
0

2 D)

Using the Fourier transform of the Heaviside function (see (3-26)), we see that for any ¢ € C°(R) we
have

1_ —itg ! t—o0 . o° A A —
/Lw(z)déﬂf @(n)dn—H/ w(n)dn:/(é—lo) 'o(¢)d¢
R e 0 0 R

and thus for any A € (0, 1) we have the distributional limit
W;5(2) = (z—A*+i0)"" ast— oo, inD.((0, 0)). (1-14)

This suggests that, as long as we only look at the spectrum of P near A” (the rest of the spectrum
contributing the term r(¢) in Theorem 1.3), if the spectral measure of P applied to f is smooth in the
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spectral parameter z, then W, ;, (P) f — (P — A2 +i0)"' fast — oo. By Stone’s formula, it suffices
to establish the limiting absorption principle for the operator P near A% and that is the content of the
following:

Theorem 1.4. Suppose that J C (0, 1) is an open interval such that each A € J satisfies the Morse—Smale
conditions of Definition 1.2. Then for each f € C°(R2) and A € J the limits

(P=22+i0)" ' f= mg (P—QFie)) ' f inD(Q) (1-15)
e—>0+4
exist and the spectrum of P is purely absolutely continuous in J° := {A*> | A € J}:

o(PYNT* = 0pe(PYNT. (1-16)
Moreover,
(P—=22+i0)"' f e I'(Q, AT(V) c H O~ (Q), (1-17)

where A*()) are given in (1-9) and the definition of the conormal spaces I' (2, AT (L)) is reviewed in
Section 3.2.

Remarks. (1) The proof provides a more precise statement based on a reduction to the boundary — see
Section 7. We also have smooth dependence on A which plays a crucial role in proving Theorem 1.3 as in
[Dyatlov and Zworski 2019b, §5] —see Section 8. This precise information is important in obtaining
the H1/2~ remainder in (1-10). The singular profile in Theorem 1.3 satisfies

ut = A (P =22 +i0)7'f,
which agrees with the heuristic argument following (1-14).

(2) As noted in [Ralston 1973], o (P) = [0, 1] but as emphasized there and in numerous physics papers
the structure of the spectrum of P is far from clear. Here we only characterize the spectrum (1-16) under
the Morse—Smale assumptions of Definition 1.2.

Rather than working with P, we consider the closely related stationary Poincaré problem

(32, — 0’ Muy=f €C®, uulsa=0, Rewe(0,1), Imw>0.

Then uy,;e € C®°(RQ) has a limit in D’(Q) which satisfies u; ;0 € I~'(2, A~())), and we have
(P =22 —=i0)~" f = Ausio.

1.3. Related mathematical work. Motivated by the study of internal waves, results similar to Theo-
rems 1.3 and 1.4 were obtained for self-adjoint Oth order pseudodifferential operators on two-dimensional
tori with dynamical conditions in Definitions 1.1 and 1.2 replaced by demanding that a naturally defined
flow is Morse—Smale. That was done first in [Colin de Verdiere and Saint-Raymond 2020; Colin de
Verdiere 2020], with different proofs provided in [Dyatlov and Zworski 2019b]. The question of modes
of viscosity limits in such models (addressing physics questions formulated for domains with boundary —
see [Rieutord and Valdettaro 2018]) were investigated by Galkowski and Zworski [2022] and Wang [2022].
Finer questions related to spectral theory were also answered in [Wang 2023]. Unlike in the situation
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considered in this paper, embedded eigenvalues are possible in the case of Oth order pseudodifferential
operators [Tao 2024].

The dynamical system (1-4) was recently studied in [Nogueira and Troubetzkoy 2022; Lenci et al.
2023]. We refer to those papers for additional references and dynamical results.

After this paper was accepted for publication we learned of significant contributions to the spectral
theory of the operator P (see (1-11)) in the Russian literature. The study of its spectrum was known there
as the Sobolev problem. We are grateful to Sergey Denisov for pointing this out to us. The most relevant
(and translated to English) papers are those of [Fokin 1993; Troitskaya 2017]. The main result announced
in Fokin’s paper (proved in the longer Russian-language papers cited there) was the existence of singular
continuous spectrum for some 2: any €2p with smooth boundary for which P has HO1 eigenfunctions
(such as the disk) can be perturbed to obtain €2 with a smooth boundary and nonempty singular continuous
spectrum for P. Troitskaya showed that the spectrum for any triangle is continuous. Both papers presented
interesting results about long-time behavior of solutions of the Cauchy problem but did not seem to
address the questions studied in this paper. These two papers and the papers cited by them contain
however a wealth of ideas which may well have applications to our problem.

We should also mention that recently Li [2024] succeeded in providing analogues of Theorems 1.3
and 1.4 in the case of domains with corners. The statements are similar but more complicated as additional,
weaker, singularities emanate from the corners.

1.4. Organization of the paper. In Section 2 we provide a self-contained analysis of the dynamical
system given by the diffeomorphism (1-4). We emphasize properties needed in the analysis of the operator
(1-11): properties of pushforwards by £ and existence of suitable escape/Lyapunov functions. Section 3 is
devoted to a review of microlocal analysis used in this paper and in particular to definitions and properties
of conormal/Lagrangian spaces used in the formulations of Theorems 1.3 and 1.4. In Section 4 we describe
reduction to the boundary using 1+ 1 Feynman propagators which arise naturally in the limiting absorption
principles. Despite the presence of characteristic points, the restricted operator enjoys good microlocal
properties — see Proposition 4.15. Microlocal analysis of that operator is given in Section 5 with the key
estimate (5-19) motivated by Lasota—Yorke inequalities and radial estimates. The self-contained Section 6
analyses wave front set properties of distributions invariant under the diffeomorphisms (1-4). These results
are combined in Section 7 to give the proof of the limiting absorption principle of Theorem 1.4. Finally,
in Section 8 we follow the strategy of [Dyatlov and Zworski 2019b] to describe long-time properties of
solutions to (1-1) —see Theorem 1.3.

2. Geometry and dynamics

In this section we assume that  C R? is an open bounded simply connected set with C* boundary 92
and review the basic properties of the involutions y* and the chess billiard b defined in (1-3), (1-4). We
orient d<2 in the positive direction as the boundary of €2 (that is, counterclockwise if 2 is convex).

2.1. Basic properties. Fix A € (0, 1) such that € is A-simple in the sense of Definition 1.1. We first

show that the involutions y* defined in (1-3) are smooth. Away from the critical set {xiin, xﬁax} this is
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immediate. Next, we write

) =05 (= ) +6E () for x near x

min’ (2_1)
() =6t ) —0E (x)* for x near xT_,
where 6 6% are local coordinate functions on 2 which map x= . xX  to 0. Then for x near x_
the point y*(x) satisfies the equation
+ +
Onnin () = =055, (x)
and similarly near x .. ThlS shows the smoothness of 32 > x > % (x) near the critical points.
Next, note that since y* are involutions, b is conjugate to its inverse:
b '=y*oboy®. (2-2)

Therefore Er = i(E; ), where Zit are defined in (1-6). Since xE ,xE  are fixed points of y*, the

min’ max

Morse—Smale conditions (see Definition 1.2) imply that there are no characteristic periodic points:
NG =2, where 6 =6 UC,, ¢ ={x5, (L), xE (M)} (2-3)
2.1.1. Useful identities. For x € 02 and A € (0, 1) we define the signs
vE(x, &) 1= sgn dglE(x, 1), (2-4)

where dj is the derivative along 92 with respect to a positively oriented parametrization.

Lemma 2.1. Assume that Q2 is A-simple. Then for all x € 02

sgn ¥ (¥ (x) —x) = 0™ (x), (2-5)
vEGEX) = —vE), (2-6)

+ _ B + F _
LT (x, \) = (=10 _)\2)6 (x, M)+ BT _)\2)6 (x, A). (2-7)

Proof. To see (2-5), we first notice that it holds when x € {xmm, ax
Now, assume that y*(x) # x (that is, x ¢ {xmm, max}) Denote by v(x) € R? the velocity vector of the
parametrization at the point x € 3. The vector y*(x) — x € R? is pointing into  at the point x € 3.

}, as then both sides are equal to O.

Since we use a positively oriented parametrization, the vectors v(x), y ¥ (x) — x form a positively oriented
basis. We now note that £+, £~ form a positively oriented basis of the dual space to R?, and hence

JANCIED)) £+<yi(x>—x>)
det (wv(x)) T ) A

Since dp£* (x) = £*(v(x)), this gives (2-5). The identity (2-6) follows from (2-5), and (2-7) is verified by
a direct computation. O

The next statement is used in the proof of Lemma 4.9.

Lemma 2.2. Assume that 2 is A-simple. Then for all y € 02 and x € Q2
vIOe(x—y)>0 or v ()T (x—y) <0 (orboth). (2-8)
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Proof. Let Ff(y) be the sets defined in (1-7) and recall that they are open line segments with endpoints
Y, 7*(y). Then by (2-5),

QNRE(y) =@, where RE(y) :={x e R? | £ (x —y) =0, 2vE()EF(x —y) <0}.

The sets R*(y) are closed rays starting at y when v=(y) # 0 and lines passing through y when v (y) =0.
Any continuous curve starting at the set of x € R? satisfying (2-8) and ending in the complement of this
set has to intersect R*(y) U R~ (y), as can be seen (in the case v*(y) # 0) by applying the intermediate
value theorem to the pullback to that curve of the function x — max(vt ()¢~ (x —y), —v~ (V)€ (x —y)).
Thus, since 2 is connected and contains at least one point x satisfying (2-8) (for instance, take any point
in Fit (y)), all points x € €2 satisfy (2-8). O

2.1.2. Properties of pushforwards. We next show basic properties of pushforwards of smooth functions
by the maps dQ 3 x — £ (x, 1), which are used in the proof of Lemma 4.8. Fix A € (0, 1) such that Q

is A-simple and define
O = (i

Coin =05 () Lo

min

max) (2_9)

so that £% maps 2 onto the interval (¢ ]. We again fix a positively oriented coordinate 6 on 9€2.

min’ max

Lemma 2.3. (1) Assume that f € C*°(9<2) and define H;Jf f € E'(R) by the formula
/ Hff(s)(p(s) ds = f f(x)w(ﬁi(x)) dO(x) forall p € C*(R). (2-10)
R aQ

Then supp Hitf ClE L eE Jand

min’ “max

Vs — 0 )e*

min max

— ) [I f(s) € C®(IEE, | €F

min’ mdx])

(2-11)

(2) Assume that f € C*°(0L2) and define the functions Ti f on (£ by

min’ max)

T)itf(s) = Z fx), se€ ( min’ Erzgdx)

x€dQ, (£ (x)=s

Then TifeCoo( D).

rnm ’ “max

Proof. (1) The support property follows immediately from the definition: if supp ¢ N [£=
then ¢ 0 £* =0 on 9 and thus [ ([T f)g = 0.
To show (2-11), we compute

min’ max]

M5 f(s) = Z S forall s € (¢, ¢E ). (2-12)

a Z:I: X in’ “max
xeag,ei(x)=s| b £ ()]

It follows that l'IjE f is smooth on the open interval (Z ). Next, note that (2-11) does not depend

on the choice of the parametrization 6 since changing the parametrization amounts to multiplying f by a

min’ max

smooth positive function. Thus we can use the local coordinate 6 = anfm near x , introduced in (2-1).



MATHEMATICS OF INTERNAL WAVES IN A TWO-DIMENSIONAL AQUARIUM 11

With this choice we have ¢+ (x) = ¢~ + 62 and the formula (2-12) gives for s near Eiin

fs—ta )+ f(—Vs— I)

Hi f( S) — m1n m1n
’ 2Vs — Zmin
where we view f as a function of 6. It follows that v/s — } 1'[i f(s) is smooth at the left endpoint of

). Similar analysis shows that v/ £ 1'[i f(s) is smooth at the right endpoint

the interval (¢£ hax

min’ maX
of this interval.

(2) This is proved similarly to part (1), where we no longer have |dg £*(x)| in the denominator in (2-12). O

2.1.3. Dynamics of the chess billiard. We now give a description of the dynamics of the orientation-
preserving diffeomorphism b = ™ oy~ in the presence of periodic points.

Lemma 2.4. Assume that ¥, # & (see (1-5)). Then:
(1) All periodic points of b have the same minimal period.
(2) For each x € L2, the trajectory bk (x) converges to X, as k — £00.
(3) If 0,b™ # 1 on X, where n denotes the minimal period, then the set %, is finite.

Proof. See for example [de Melo and van Strien 1993, §1.1] or [Walsh 1999] for the proof of the first
two claims. The last claim follows from the fact that ¥, is the set of solutions to " (x) = x and thus
d;b" (x) # 0 implies that it consists of isolated points. (]

We finally discuss the rotation number of b. Fix a positively oriented parametrization on 0<2 which
identifies it with the circle S' = R/Z and denote by 7 : R — 9 the covering map. Consider a lift of
b(e, X)) to R, that is, an orientation-preserving diffeomorphism b(e, 1) : R — R such that

(b, ))) =b(@@),r) foralldeR.
Denote by b (s, ) the k-th iterate of b(s, A). Define the rotation number of b(s, 1) as

bk, ) -0
r(A) = lim ———~—" modZ € R/Z. (2-13)
k—00 k

The limit exists and is independent of the choice of 8 € R and of the lift b. We refer to [Walsh 1999] for
a proof of this fact as well that of the following.

Lemma 2.5. The rotation number r () is rational if and only if 3, # . In this case r(\) =q/n mod Z,
where n > 0 is the minimal period of the periodic points and q € Z is coprime with n.

We remark that b( e, A) cannot have fixed points: indeed, if x € Q2 and b(x) =x, then y T (x) =y~ (x),
which is impossible. We then fix the lift b for which

0<b(0,1) < 1. (2-14)

With this choice we have 0 < b*(0, 1) < k for all k > 0 and thus (2-13) defines the rotation number r(X)
which satisfies 0 < r(A) < 1.
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2.2. Dependence on .. We now discuss the dependence of the dynamics of the chess billiard map b(e, 1)
on A. We first give a stability result:

Lemma 2.6. The set of A € (0, 1) satisfying the Morse—Smale conditions (see Definition 1.2) is open.
Moreover, the maps y*(x, 1) and b(x, 1), as well as the sets X, depend smoothly on A as long as A
satisfies the Morse—Smale conditions.

Proof. Assume that A satisfies the Morse—Smale conditions. We need to show that all A close enough
to A satisfy this condition as well. From (1-2) we see that the functions 0 (x, A) depend smoothly on
x €9, A € (0, 1). Therefore, Q is A-simple for A close to Ag. Moreover, y*(x, 1) and b(x, A) depend
smoothly on X as long as €2 is A-simple.

Next, let m > 0 be the number of points in X, and let n be their minimal period under b(e, Ap). Since
dxb" (x, Ap) # 1 on X, by the implicit function theorem for A close to Ag the equation b" (x, A) = x has ex-
actly m solutions, which depend smoothly on A. It follows that A satisfies the Morse—Smale conditions. [

Lemmas 2.5 and 2.6 imply in particular that when X satisfies the Morse—Smale conditions, the
rotation number r is constant in a neighborhood of Aq: indeed, the rotation number is determined by the
combinatorial structure of the map b on each closed orbit (if the rotation number is equal to g /n with g, n
coprime, then each closed orbit has period n and the action of b on this orbit is the shift by g points), which
varies continuously with A. A partial converse to this fact is given by the second part of the following.

Lemma 2.7. Assume that 7 C (0, 1) is an open interval such that Q2 is A-simple for each ) € J. Then:
(1) r()) is a continuous increasing function of A € J.
(2) If r is constant on J, then this constant is rational and the Morse—Smale conditions hold for Lebesgue
almost every A € J.
Proof. (1) Fix a positively oriented coordinate 8 on d<2. Using (1-3), (2-7) we compute
. 0 0F (x —yF(x,2), 1) (o —y* @, ), 1)
hy (x,A) = T 1 = YW :
Ipl=(y=(x, 1), 1) 2A(1 =A%) 0pL=(y=(x, 1), 1)

By (2-5) and (2-6) we have
oyt >0, gy <O.
We then compute
b, ) =8y (", 1), W) + 8y (v (@, ), WY (L),
Since 92 > x > YT (x, A) € 3L is orientation-reversing, this gives
b(x,A)>0 forallx €9, LeJ. (2-15)

Fix the lift b(0, A) satisfying (2-14). Then (2-15) gives 9, b(6, 1) > 0. This implies that for each two-points
Al <Xy in J and every k > 1
b (6, 1) < B0, 1).

Recalling the definition (2-13) of r(X), we see that r(1;) < r(X,); that is, r(A) is an increasing function
of A € J.
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(2) We now show that r(A) is a continuous function of A € J. Fix arbitrary Ao € J and ¢ > 0; since r is
an increasing function it suffices to show that there exists § > 0 such that

r(A+96) <r(rg)+e, r(hog—235)>r(ky) —e.

We show the first statement, with the second one proved similarly. Choose a rational number g /n €
(r(xo), r(ro) +¢), where n € N and g € Z are coprime. Since r(Ag) < g/n, the definition (2-13) implies

that there exists kg > 0 such that
b5 (0,0) ¢
e — <

’

nko n

that is, b5 (0, 1o) < kog. Since bk (0, 1) is continuous in A, we can choose § > 0 small enough so that

b (0, 1o +8) < kog. (2-16)

By induction on j we see that
b/*0"(0, 1o+ 8) < jkog forall j > 1. (2-17)

Here the inductive step is proved as follows: using b”(r) = b?(0) +r, r € Z (b? is a lift of the
orientation-preserving diffeomorphism b”; we dropped Ag + § in the notation),

pUtDkon () = phon (p7kom(0)) < ¥ (jikog) = BX"(0) + jkog < (j + Dkog.

Now, the definition (2-13) and (2-17) imply that r (Ao +8) < g/n < r(rg) + € as needed.

(3) Assume now that r is constant on 7. We first show that this constant is a rational number. Assume
the contrary and take an arbitrary Ag € J. By (2-15) (shrinking 7 slightly if necessary) we may assume
that 0,b(x, A) > ¢ > 0 for some ¢ > 0 and all x € 02, A € J. Then 0,b" (x, A) > ¢ for all n > 0 as well.
Fix & > 0 such that A := X9+ ¢/c lies in J. Then " (0, A1) > b" (0, Lo) + ¢ for all 6 € R.

Fix arbitrary xo = mw(6p) € 9€2, 6y € R. Since r(Ag) is irrational and b( e, Ag) is smooth, by Denjoy’s
theorem [de Melo and van Strien 1993, §1.2] every orbit of b(e, X¢) is dense; in particular the orbit
{b" (x0, L0)}n>1 intersects the e-sized interval on d€2 whose right endpoint is xo. That is, there exist n € N,
m € Z such that

Bo+m —e < b"(6y, o) <6y +m.
It follows that
b" (8o, ro) <6y +m < b" (0, ro) +& < b" (6, 11).

By the intermediate value theorem, there exists A € [Ag, A;] C J such that " (6y, A) = 6y + m. Then
xo = () is a periodic orbit of b(e, 1), which contradicts our assumption that r(A) is irrational for
all r € J.

(4) Under the assumption of step (3), we now have r(A) = g/n mod Z for some coprime g € Z, n € N
and all A € J. By Lemma 2.5, for each A € J the set of periodic points X, is nonempty and each such
point has minimal period n. Define

Sr={x,A)|red, xe T} ={(x,1) €dQx T |b"(x, A) =x}.
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From (2-15) we see that 9,b" (x, 1) > 0 for all x € €2, A € J. Shrinking J if needed, we may assume
that X 7 is a one-dimensional submanifold of 7 x 9€2 projecting diffeomorphically onto the x-variable,
that is, ¥ 7 = {(x, ¥ (x)) | x € U} for some open set U C 92 and smooth function ¢ : U — 7,
0¥ (x) =(1—0,b"(x,1))/0,b"(x, A), A =1 (x). Then A € J satisfies the Morse—Smale conditions if
and only if X is a regular value of v, which by the Morse—Sard theorem happens for Lebesgue almost
every A € J. (I

2.3. Escape functions. We now construct an adapted parametrization of d<2 and a family of escape
functions, which are used in Section 5 below. Throughout this section we assume that A € (0, 1) satisfies
the Morse—Smale conditions of Definition 1.2. Recall the sets Eki of attractive/repulsive periodic points of
the map b( e, A) defined in (1-6). Let n € N be the minimal period of the corresponding trajectories of b.

We first construct a parametrization of 9€2 with a bound on 3,b|5+ rather than on the derivative of the
n-th iterate 9,0" |+

Lemma 2.8. Let Ef be given by (1-6). There exists a positively oriented coordinate 6 : 3Q — S' such
that, taking derivatives on 952 with respect to 0,

b(x,A) <1 forallx € X},

(2-18)
Oxb(x, ) >1 forallx € &, .
Proof. Fix any Riemannian metric gg on d<2 and consider the metric g on 02 given by
n—1
lgw) == Y 10:b? ()V]gypiceyy  forall (x, v) € T(IX).
j=0
We have for all (x, v) € T(9R2)
|axb(x)v|g(b(x)) - |v|g(x) = |8xbn(x)v|go(b"(x)) - |v|go(x)-
Thus by (1-6) we have for v # 0
0B ()] gb(x)) < [V]gr), Whenx € ),
[0xb(X)V]gb(x)) > [VIgx), Whenx € X, .
It remains to choose the coordinate 6 so that |dy|, is constant. [l

We next use the global dynamics of b(e, 1) described in Lemma 2.4 to construct an escape function in
Lemma 2.9 below. Fix a parametrization on 92 which satisfies (2-18) and denote by

2E(6) C o

the open §-neighborhoods of the sets Zf with respect to this parametrization. Here 6 > 0 is a constant

small enough so that the closures E;(S) and X, () do not intersect each other. We also choose § small
enough so that

b(ZH() C =58, bHE6) C 2L (6); (2-19)

this is possible by (2-18) and since Eit are b-invariant.
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Figure 6. The escape function g constructed in Lemma 2.9 and the function g o b, where
for simplicity we replace X ;t by fixed points of the map b. The shaded regions correspond
to Zit (8) and the dashed lines correspond to o

Lemma 2.9. Let ay < a— be two real numbers. Then there exists a function g € C*°(0€2; R) such that:
(1) gb(x)) < g(x) forall x € 02
(2) g(b(x)) < g(x) forall x € 92\ (ZZF(S) UZX, (8)).
(3) g(x) > a4 forall x € 0L2.
4) gx)>a_ forallx € 02\ Zf((S).
(5) g = a4 on some neighborhood of E;r.
(6) For M > 1, we have M(g(b(x)) — g(x)) + g(x) < ay forall x € 9Q\ X, (8).
See Figure 6.
Remark. We note that the same construction works for b~! with the roles of Ef reversed. Hence for
any real numbers o < o4 we can find g € C*°(9€2; R) such that:
(1) g(x) <g(b(x)) forall x € 9L2.
(2) g(x) < g(b(x)) forall x € 02\ (2;(8) U X, (8)).
(3) g(x) > a_ for all x € IQ2.
4) g(x) > ay forall x € 902\ X, (9).
(5) g = a_ on some neighborhood of X, .
(6) For M >> 1, we have M(g(x) — g(b(x))) + g(b(x)) < a_ for all x € IR\ ;" (5).

Proof. In view of (2-19) there exists 0 < §; < § such that
b(ZF(8)) C = (6. (2-20)
(1) We first show that there exists N > 0 such that

PN (IQ\ Z;(8) C T} (81). (2-21)
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We argue by contradiction. Assume that (2-21) does not hold for any N. Then there exist sequences
x; €IQ\Z, (), mj— o0, bM(x;)¢gT(61). (2-22)

Passing to subsequences, we may assume that x; — x for some xo, € 0€2. Since x; ¢ ¥, (), we have
Xoo & X, (8) as well. Then by (2-19) the trajectory b*(xs0), k > 0, does not intersect %, (). On the
other hand, by Lemma 2.4 this trajectory converges to X, = X, LI Zf as k — oo. Thus this trajectory
converges to X;; in particular

there exists k > 0 such that b* (X00) € EZF (81).
Since x; — X0, We have bk (x )= b*(xs0) as j — o0o. Since Z;’ (81) is an open set, there exists j > 0 such
that m; > k and b*(x;) € =;5(8,). But then by (2-20) we have b™i (x;) € £, (8;) which contradicts (2-22).
(2) Choose N such that (2-21) holds and fix a cutoff function

X+ €CE(EF(9): 0,1, x4+ =1 on 1 (3).

Define the function g € C*°(9€2; R) as an ergodic average of y:
{ N-1
g) = ZO x+ (b’ (x)) forall x € 9S2.
]:
It follows from the definition and (2-20) that
0<gkx)<1 forallx €0g,
gx)=1 forallx € Z;(8)), (2-23)
gx)<1-— % for all x € 92\ =, (8).
Next, we compute

GO = @) = 106 6N (0) = 14 ().

It follows that
g(b(x)) > g(x) forall x €dQ,
- - 1 B (2-24)
b)) =g(x)+ v for all x € 3Q\ (T, (8) U X, (8)).

Indeed, take arbitrary x € €2. We have x4 (x) =0 unless x € Zf (8). By (2-21), we have x4 BV x) =1
unless x € X, (). Recalling that 0 < x4 <1 and E;((S) N, (8) =g, we get (2-24).
(3) Now put

gx):=Na_— (N —1Dog — N(a- —ay)g(x). (2-25)

Using (2-23) and (2-24), we see that the function g satisfies the first five properties, with the following
quantitative versions of parts (2) and (5):

gb(x) —gx)=ar —a_ <0 forallx € dQ\ (T, (6)UZ; (),

(2-26)
gx)=a; forallx e X (8)).
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To prove part (6) we first use (2-25) and (2-26) to see that, for all M > N and x € 922\ (Ei|r B)UZ, (9)),

M(g(b(x)) —g(x)) +g(x) < ay. (2-27)

To establish (2-27) for x € Ef((S) we use (2-20) and the fact that g|2;(51) = a4 by (2-26). Then, for
M>1and x € E;(&), property (1) gives

M(g(b(x)) —g(x)) +g(x) < g(b(x)) = ay,
which completes the proof of the lemma. O

Remark. We discuss here the dependence of the objects in this section on the parameter A. The
parametrization 6 constructed in Lemma 2.8 depends smoothly on A as follows immediately from its
construction (recalling from the proof of Lemma 2.6 that the period # is locally constant in A). Next, for
each A € (0, 1) satisfying the Morse—Smale conditions there exists a neighborhood U (Ag) such that we
can construct a function g(x, A) for each A € U (}¢) satisfying the conclusions of Lemma 2.9 in such
a way that it is smooth in A. Indeed, the sets Ziﬁ depend smoothly on A by Lemma 2.6, so the cutoff
function x4 can be chosen A-independent. The function g(x, 1) is constructed explicitly using this cutoff,
the map b(e, 1), and the number N. The latter can be chosen A-independent as well: if (2-21) holds for
some A, then it holds with the same N and all nearby A.

2.4. Domains with corners. We now discuss the case when the boundary of d€2 has corners. This includes

the situation when 92 is a convex polygon, which is the setting of the experiments. Our results do not

apply to such domains; however, they apply to appropriate “roundings” of these domains described below.
We first define domains with corners. Let  C R? be an open set of the form

Q=xeR?|F(x)>0,..., F(x) >0},
where Fi, ..., F; : R2 —> R are C* functions such that:
(1) The set Q :={F; >0, ..., Fy > 0} is compact and simply connected.
(2) For each x € €, at most two of the functions F1, ..., F; vanish at x.

If only one of the functions Fi, ..., Fy vanishes at x € Q, then we call x a regular point of the bound-
ary 0Q2 := Q \ Q. If two of the functions Fi, ..., Fy vanish at x € Q, then we call x a corner of Q. We
make the following natural nondegeneracy assumptions:
(3) If x € 92 1s a regular point and F;(x) =0, then d F;(x) # 0.
(4) If x € 90 is a corner and F;(x) = Fj(x) = 0, where j # j’, then dF;(x), dFj(x) are linearly
independent.
We call 2 a domain with corners if it satisfies the assumptions (1)-(4) above.

Since €2 is simply connected, the boundary 92 is a Lipschitz continuous piecewise smooth curve. We
parametrize d€2 in the positively oriented direction by a Lipschitz continuous map

0eS''=R/Z — x(0)€dQCR?, (2-28)
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Figure 7. Left: a domain with corners and its e-rounding (in blue). The circles have
radius ¢. Right: a trajectory on a trapezium which converges to a corner.

where the corners are given by x(6;) for some 6; < --- < 6,, and the map (2-28) is smooth on each
interval [0, 0;41]. See Figure 7.

We next extend the concept of A-simplicity to domains with corners. Let £ € C ®(R%; R) and x = x (0 i)
be a corner of 2. Consider the one-sided derivatives dy (£ o x)(6; == 0). There are three possible cases:

(1) Both derivatives are nonzero and have the same sign — then we call x not a critical point of £.

(2) Both derivatives are nonzero and have opposite signs — then we call x a nondegenerate critical point
of £.

(3) At least one of the derivatives is zero —then we call x a degenerate critical point of ¢£.

If x =x(0) is instead a regular point of the boundary, then we use the standard definition of critical points:
X is a critical point of £ if 99(£ ox)(6) = 0, and a critical point is nondegenerate if 892 (Lox)(@) £#0. With
the above convention for critical points, we follow Definition 1.1: we say that a domain with corners €2 is
A-simple if each of the functions £* (e, 1) defined in (1-2) has exactly two critical points on 92, which
are both nondegenerate.

If Q is A-simple, then the involutions yE(e, 1) :9Q — 9K from (1-3) are well-defined and Lipschitz
continuous. Thus b =y oy~ is an orientation-preserving bi-Lipschitz homeomorphism of 9$2. We now
revise the Morse—Smale conditions of Definition 1.2 as follows:

Definition 2.10. Let Q2 be a domain with corners. We say that A € (0, 1) satisfies the Morse—Smale
conditions if:

(1) 2 1is A-simple.

(2) The set X, of periodic points of the map b(e, 1) is nonempty.

(3) The set X, does not contain any corners of €.

(4) For each x € X;, we have d,b" (x, A) # 1, where n is the minimal period.

The new condition (3) in Definition 2.10 ensures that b is smooth near the y *-invariant set X, so
condition (4) makes sense. Without this condition we could have trajectories of b converging to a corner;
see Figure 7.
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We finally show that if €2 is a domain with corners satisfying the Morse—-Smale conditions of
Definition 2.10 then an appropriate “rounding” of €2 satisfies the Morse—Smale conditions of Definition 1.2:

Proposition 2.11. Let Q be a domain with corners and A € (0, 1) satisfy the Morse—Smale conditions
for Q. Then there exists € > 0 such that for any open simply connected Q C R? with C® boundary and
such that

« Qisan e-rounding of Q in the sense that, for each x € R? which lies distance > ¢ from all the
corners of 2, we have x € Q if and only if x € Q,

e the domain S is A-simple in the sense of Definition 1.1, and
the Morse—Smale conditions are satisfied for . and Q.

Proof. Fix a parametrization x(0) of 92 as in (2-28). Take a parametrization
6eS!' > £0)eiQ,

which coincides with x (6) except e-close to the corners:

m
X(©0)=x(®) forallf ¢ Ulj(e), Ii(e):=[0; —Ce,0; +Cel]. (2-29)
j=1
Here C denotes a constant depending on €2 and the parametrization x (6), but not on Q or &, whose precise
value might change from place to place in the proof.
Denote by y*, 7* the involutions (1-3) corresponding to 2, Q, and consider them as homeomorphisms
of S! using the parametrizations x, £. Then by (2-29)

yE0)=9*©0) ifto,y©O) ¢ J . (2-30)
j=1

Letb=ytoy™, b= 7T 09~ be the chess billiard maps of €2, Q and let 2y, f,\ be the corresponding
sets of periodic trajectories. Choose ¢ > 0 such that the intervals /;(¢) do not intersect X, ; this is
possible since X, does not contain any corners of Q. Since X, is invariant under y*, we see from (2-30)
that b = b in a neighborhood of ¥, and thus X, C ¥,. That is, the periodic points for the original
domain €2 are also periodic points for the rounded domain €, with the same period n. It also follows that
3" (x, 1) = dxb"(x, 1) £ 1 forall x € ;.

It remains to show that &, C X, that is the rounding does not create any new periodic points for b.
Note that all periodic points have the same period 7, and it is enough to show that

b"©)#0 foralloe| I;(). (2-31)
j=1

From (2-30), the monotonicity of y*, ¥, and the Lipschitz continuity of y* we have

lyE@®) —pE(@) < Cs foralld €S
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Figure 8. Left: the chess billiard for €2, in Example 2.12. The numbers in bold mark
the values of the coordinate 6 at the vertices. Right: rotation numbers as functions of A
for Q2 /10.

Iterating this and using the Lipschitz continuity of y* again, we get
1b"(0) —b"(0)]| < Ce foralld eS'.
Since b"(0;) #0; forall j =1, ..., m, taking ¢ small enough we get (2-31), finishing the proof. O

2.5. Examples of Morse—Smale chess billiards. Here we present two examples of Morse—Smale chess
billiards.

Example 2.12. For « € (0, %), let Q, C R? be the open square with vertices (0, 0), (cosa, sinw),
V2(cos(a + Z), sin( + Z)), (cos(ex + Z),sin(ex + Z)). (See Figure 8.) We parametrize 32, by
0 € R/4Z so that the parametrization x (6) is affine on each side of the square and the vertices listed
above correspond to 8 =0, 1, 2, 3 respectively. For A € (0, 1), we define

B e (0, %), tanB =+1—22/A, 1 :=tan(B—a), 1 :=tan(B+a).

‘We will show that if

b1 4 b1
0<C{<§, Z—Ol<ﬂ<z+05,
or equivalently

O<a<%, cos(§+a)<ir<cos(f—a), (2-32)

then A and €2, satisfy the Morse—Smale conditions (Definition 2.10). Moreover, for o, A satisfying (2-32),
we have (identifying 6 with x(6))
1—1¢ tH(tr—1 1—1¢ H(t, —1
ZA:{ | 1_|_1(2 ) | 3_1_1(2 )}’

b 72+ 9
h—1 Hh—1 Hh—1 Hh—1

(2-33)

and the rotation number is r (1) = %
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In fact, assume «, A satisfy (2-32); then £7 (s, A) has exactly two nondegenerate critical points x (0),
x(2) on 0L2,, and £~ (e, A) also has two nondegenerate critical points x (1), x(3) on d€2. This shows that
Q, is A-simple.

We have the following partial computation of the reflection maps y* (note that 0 < #; < 1 <, < 00
by (2-32)):

-1
t, 2—-0)+2, 1<0<2, _ Hl-0)+1, 0<6<l,
y T (o) = { 2, Yy~ () ={1 (2-34)
t, (4-10), 3<0 <4, n@B3-0)+3, 2<60<3
This in particular implies that we have the mapping properties
- + - +
[0,1]1 Y= [1,2] Y= [2,3]1 L= [3,4] L= [0, 1]. (2-35)
Recall that b = y* o y~. We compute
2
t t H)(1—t
b (6) = (—1> gy LERUZN) g g ) (2-36)
15 l‘2
By solving b(0g) = 6y, 0 € [0, 1], we find 8y = (1 — ;) /(t — t;) and
{60, ¥~ (60). b(Bo), ¥ (60)} C Ty
This shows that the right-hand side of (2-33) lies in X, and that the rotation number is r(}) = % On the

other hand, suppose 6; € R/4Z and 6, € %,. If 6; € [0, 1], then 8; = 6y by (2-36). If 6, € [2, 3], then
b(#) € %, N[0, 1] and thus 8; = b(6p). If 6, € [1, 2], then y () € T, N[2, 3] and thus §; =y~ (6p).
Finally, if 6, € [3, 4], then y*(6;) € £, N[0, 1] and thus §; = y*(0). This shows (2-33).

Using (2-36) and the fact that b> commutes with b and is conjugated by y* to b=> we compute
1213 <1, 6 € {6y, b))},
t5/1f> 1, 6€{y (), r* ().
We have now checked that under the condition (2-32), 2, and A satisfy all conditions in Definition 2.10.

dpb%(0) = {

Example 2.13. Let 7; C R2 be the open trapezium with vertices (0, 0), (1+4d, 0), (1, 1), (0, 1),d > 0.
(See Figure 9.) We parametrize 07; by 6 € R/4Z so that the parametrization x (¢) is affine on each side
of the trapezium and the vertices listed above correspond to 8 =0, 1, 2, 3 respectively.

For 1 € (0, 1), we put c = A/m. We assume that

max(l,d) <c<d+1. (2-37)

Under the condition (2-37) we know £7 (e, A) has exactly two nondegenerate critial points x (0), x(2);
£~ (», 1) also has two nondegenerate critical points x (1), x(3). Hence 7, is A-simple.

We have the following partial computation of the reflection maps y*:
14+d
24 (c—d)2-0), 1<0<2, Cj_——d(l—e)+1, 0<6=<1,
y (0= (2-38)

ytory=1 . |
a4 =9 3=0=4 SG-6)+3, 2653,
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A

Figure 9. Left: the chess billiard for 7; in Example 2.13. Right: rotation numbers as
functions of A for 77 2.

This in particular implies that we again have the mapping properties (2-35). From here we compute

2 c—d 2c(c—1)
b=(0) = 0 , 0€l0,1].
c+d (1+d)(c+d)
The fixed point of this map is
clc—1)
)= —-0>r.
d(1+d)
Arguing as in Example 1, we see that 7, A satisfy the conditions of Definition 2.10, with
-1 -1 -1 —1
5, = c(c ),2_0 ,3_C+C® X4_c .
d(1+d) d d d

3. Microlocal preliminaries

In this section we present some general results needed in the proof. Most of the microlocal analysis in
this paper takes place on the one-dimensional boundary 92; we review the basic notions in Section 3.1.
In Section 3.2 we review definitions and basic properties of conormal distributions (needed in dimensions 1
and 2). These are used to prove and formulate Theorem 1.3: the singularities of (P — A Fi0)Lf using
conormal distributions. In our approach, this structure of (P — A2 Fi0)~! f is essential for describing the
long-time evolution profile in Theorem 1.4. Finally, Sections 3.3-3.4 contain technical results needed
in Section 4.

3.1. Microlocal analysis on 3. We first briefly discuss pseudodifferential operators on the circle
S =R /Z, referring to [Hormander 1994, §18.1] for a detailed introduction to the theory of pseudodiffer-
ential operators. Pseudodifferential operators on S! are given by quantizations of 1-periodic symbols.
More precisely, if 0 <6 < % and m € R, then we say that a € C*®(R?) lies in Sé"(T*Sl) if (letting

(&) :=V1+1&%

a(x+1,8) =a(x,£), [009fa(x, &) < Cap()"He=019%, (-1
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For brevity we just write S§" := S(’S"(T*Sl). Each a € S§" is quantized by the operator Op(a) : Cc>®(SH -
Cc>®(S"), D'(S') — D'(S") defined by

Op(@u(x) = 5= /R e ax, uly) dy dé, (3-2)

where u € C*(R) is 1-periodic and the integral is understood in the sense of oscillatory integrals
[Hormander 1990, §7.8]. We introduce the following spaces of pseudodifferential operators:

={Op(@):aesy), wit=()wy, w=)9.

m'>m 8§'>48

spt= () Sy, sp=() s

m'>m §'>6
We remark that S5’ C Ser moreover, a € Ser lies in S5 if and only if a(x, §) = O({§)™). We henceforth
define W := W{'. The space ¥~ :=["),, W" consists of smoothing operators.
In terms of Fourier series on S', we have

Op(@u(x)= Y " a, i (kyuy,
1 k',nel | | (3-3)
ae (k) i=/ a(x,2wk)e” " dx,  u :=/ u(x)e 7R gx.
0 0

This shows that Op(a) does not determine a uniquely. This representation also shows boundedness on
Sobolev spaces Op(a) : H*(S!) — H*™(S"), seR, a S§'. Indeed, smoothness of a in x shows that
ae(k) = O(€)~°°(k)™) and the bound on the norm follows from the Schur criterion [Dyatlov and Zworski
2019a, (A.5.3)]. Despite the fact that A := Op(a) does not determine a uniquely, it does determine its
essential support, which is the right-hand side in the definition of the wave front set of a pseudodifferential
operator:

WEF(A) ::C{(x, £):& #0, there exists p > 0 such that a(y, n) = O((n)~>°) when |x —y| < p, g >O};

see [Dyatlov and Zworski 2019a, §E.2]. We refer to that section and [Hormander 1994, §18.1] for a
discussion of wave front sets. We also recall a definition of the wave front set of a distribution,

WF@u):= [ Char(A),
AueC®, AcwY
Char(A) := B{(x, £): £ £0, there exists p, ¢ > 0 such that [a(y, n)| > ¢, |x—y| < p, g >0, | > %}

The symbol calculus on S! translates directly from the symbol calculus of pseudodifferential operators
on R. We record in particular the composition formula [Hérmander 1994, Theorem 18.1.8]: for b; € Sg“,
b2 € sz,

Op(b1) Op(b2) =Op(h), b e S5,

b(x, ’;‘)—exP( 10y ) [b1(x, Mb2(y, )]l (y.m=(x.8) (34)
b(x’ s) = Z ( kl) bl(x’ s) ajlccb2(x7 s) "Jl_bN(X, S), bN S Sgn—N(l—Z(S)’
0<k<N :

where expanding the exponential gives an asymptotic expansion of b.
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We record here a norm bound for pseudodifferential operators at high frequency:

Lemma 3.1. Assume that a € S(?, re S~ and sup |a| < R. Then, forall N,v > 0, and u € L%(S") we
have

| Op(a +rjullz2 < (R+v)|lullz2 + Cllull g-~, (3-5)
where the constant C depends on R, v, N, and some seminorms of a and r but not on u.

Proof. By [Grigis and Sjostrand 1994, Lemma 4.6] we can write
(R+v)*I =Op(a+r)* Op(a+r)+Op(b)* Op(b) + Op(q)
for some b € § é) and g € S~°°. The bound (3-5) follows. O
Although a in (3-3) is not unique, the principal symbol of Op(a) defined as
o (Op(@)) =[a] € S3'/ S5~ 7% (3-6)

is, and we have a short exact sequence 0 — \Ilé"’”z‘s — Wy AN Sgt/ S(;’“Hz‘s — 0. Somewhat informally,
we write o (Op(a)) = b for any b satisfyinga — b € S?_H%.

In our analysis, we also consider families & > a,, & > 0, such that a, € S™° for ¢ > 0 and a9 € S§'.
In that case, for A, = Op(a.),

o(Ag) =1[bel, be—a. € Sy~ uniformly for & > 0. (3-7)

Again, we drop [ | when writing o (A) for a specific operator.
We will crucially use mild exponential weights which result in pseudodifferential operators of varying
order — see [Unterberger 1971], and in a related context [Faure et al. 2008].

Lemma 3.2. Suppose that (in the sense of (3-1)) m; € § 0 myg is real-valued, and

G(x,§) :=mo(x,§)log(§) +mi(x,§), mo(x,18§) =mo(x,§), 1, [§|=1. (3-8)
Then
e“esy, e Cesyl M :=maxmo(x. ), m:=minmo(x,$), (3-9)

and there exists rg € S™'F such that
Op(e®)Op(e (1 4+rg)) —1I, Ope “(1 +rg)) Op(e®) — T € W=, (3-10)

Also, if Gj(x, &) are given by (3-8) with mo and m replaced by mq;, myj, respectively, then, fora; € SO,
rj € ST, j=1,2, there exists ry € S™'* such that

Op(e“" (a1 4 r1)) Op(e*(az +r2)) = Op(e“' %> (araz + 13)). (3-11)
Proof. Since log(&) = O ((£)?) for all ¢ > 0, (3-9) follows from (3-1). In fact, we have the stronger bound

020 (=] < Copee™ @D ()T, 6> 0. (3-12)
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This gives (3-11). Indeed, the remainder in the expansion (3-4) is in SM1+M2=N+ and the k-th term is
in e¥17C2§7k+ by (3-12); it suffices to take N > M + M, + 1.

To obtain (3-10) we note that (3-11) gives Op(e=%) Op(eT¢) = I — Op(ry), r+ € S~!'*. We then have
parametrices for the operators I —Op(r4+) [Hormander 1994, Theorem 18.1.9], I 4+Op(b..), which give left
and right approximate inverses (in the sense of (3-10)) ( + Op(b-)) Op(e_G), Op(e_G)(I + Op(by)).
Those have the required form by (3-11) (where one of G, G, is equal to —G and the other one is
equal to 0). (I

We also record a change of variables formula. Suppose f : R/Z — R/Z is a diffeomorphism with a
lift f:R—> R, f(x+1)= f(x) %1 (with “+” for orientation-preserving f and “—” otherwise). For
symbols 1-periodic in x we can use the standard formula given in [Hérmander 1994, Theorem 18.1.17]
and an argument similar to (3-11). That gives, for G given by (3-8), and r € S~'*,

f*o0p(ef(1+r)) =0p(e® (1+rp)) o f*,
Gr(x,8):=G(f(x), f'(®)'§), rpes'

In Section 4.6 below we will use pseudodifferential operators acting on 1-forms on S'. Using the

(3-13)

canonical 1-form dx, x € S' =R /Z, we identify 1-forms with functions, and this gives an identification
of the class W§" (S'; T*S") (operators acting on 1-forms) with v (S!) (operators acting on functions).
This defines the principal symbol map, which we still denote by o.

Fixing a positively oriented coordinate 6 : 92 — S, we can identify functions/distributions on dQ with
functions/distributions on S'. The change of variables formula used for (3-13) also shows the invariance
of o (A) under changes of variables and allows pseudodifferential operators acting on section of bundles —
see [Hormander 1994, Definition 18.1.32]. In particular, we can define the class of pseudodifferential
operators W' (0€2; T*0€2) acting on 1-forms on 0<2 and the symbol map

o W OQ; THIQ) — Sy (T*aQ)/Sr 2 (T*3Q), (3-14)
with the class W§" and the map o independent of the choice of coordinate on 9<2.

3.2. Conormal distributions. We now review conormal distributions associated to hypersurfaces, referring
the reader to [Hormander 1994, §18.2] for details. Although we consider the case of manifolds with
boundaries, the hypersurfaces are assumed to be transversal to the boundaries and conormal distributions
are defined as restrictions of conormal distributions in the no-boundary case.

Let M be a compact m-dimensional manifold with boundary and ¥ C M be a compact hypersurface
transversal to the boundary (that is, X is a compact codimension-1 submanifold of M with boundary
0X=%XN0M and T, X # T, 0M for all x € 0 X). We should emphasize that in our case, the hypersurfaces X
take a particularly simple form: we either have M = Q and X given by straight lines transversal to 92
(see Theorems 1.3 and 1.4) or M = dQ ~ S' and X is given by points (see Propositions 7.3 and 7.4).

The conormal bundle to X is given by N*X = {(x,&) e T*M : x € X, &|7,» = 0}, which is a
Lagrangian submanifold of 7*M and a one-dimensional vector bundle over ¥. For k € R, define the
symbol class SK(N*X) consisting of functions a € C*°(N*X) satisfying the derivative bounds

10990 a(x, )] < Cap(6) 1P, (3-15)
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where we use local coordinates (x,0) € R"~! x R >~ N*X. Here x is a coordinate on £ and 6 is a
linear coordinate on the fibers of N*X; (0) := /1 + |0|2. The estimates (3-15) are supposed to be valid
uniformly up to the boundary of X. In other words we can consider a as a restriction of a symbol defined
on an extension of X.

Denote by I°(M, N*¥) C D/(M°) the space of extendible distributions on the interior M° (see
[Hormander 1994, §B.2]) which are conormal to ¥ of order s € R smoothly up to the boundary of M. To
describe the class I* we first consider two model cases:

o If M =R™ we write points in R as (x1, x’) € RxR”~! and ¥ = {x; = 0}, then a compactly supported
distribution u € £&'(R™) lies in I°(M, N*X) if and only if its Fourier transform in the x;-variable, it (&, x’),
lies in §™/4=1/2+5(N*X), where N*Z = {(0, x/, &,0) | x' e R"!, & e R}.

o If M =R, x[0, 00)y, X R;",,_z and ¥ = {x; =0, x, > 0}, then a distribution u € D’'(M°) with bounded
support lies in I*(M, N*X) if and only if u = |y for some i € £'(R™) which lies in I*(R™, N*f]),
with & := {x; =0} C R™. Alternatively, i (&1, x’) lies in §"/4~1/2¥5(N*X), where the derivative bounds
are uniform up to the boundary.

In those model cases, elements of I°(M, N*X) are given by the oscillatory integrals (where we use the
prefactor from [Hormander 1994, Theorem 18.2.9])

u(x) = (2n)—’"/4—1/2/ eSa(x', E)dE, ae SMATIPE(N*(x = 0)). (3-16)
R

We note that in both of the above cases the distribution u is in C°°(M) (up to the boundary in the second
case) outside of any neighborhood of X.

For the case of general compact manifold M and hypersurface ¥ transversal to the boundary of M, we
say that u € I°(M, N*X) if (see [Hormander 1994, Theorem 18.2.8])

(1) uisin C*°(M) (up to the boundary) outside of any neighborhood of ¥, and

(2) the localizations of u to the model cases using coordinates lie in /° as defined above.

Note that the wavefront set of any u € I°(M, N*X), considered as a distribution on the interior M°, is
contained in N*X.
In addition we define the space

't (M, N*Y) := ﬂ I¥' (M, N*%).
s/>s

Such spaces are characterized in terms of the Sobolev spaces (where for simplicity assume that M has no

boundary, since this is the only case used in this paper), H*~ (M) :=) H s/(M ), as follows:

s/ <s

ue I''(M,N*Y) <
for any vector fields X, ..., X, on M tangent to X, we have X --- X,u € H_m/4_s_(M); (3-17)

see [Hormander 1994, Definition 18.2.6 and Theorem 18.2.8].
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Assume now that the conormal bundle N*¥ is oriented; for (x, &) € N*X \ 0 we say that & > 0 if £ is
positively oriented and & < O if & is negatively oriented. This gives the splitting

N*S\0=N*SUN*S, NI¥:={(x,§) eN*S|+E >0} (3-18)

Denote by I°(M, N1 X) the space of distributions u € I*(M, N*X) such that WF(u) C NI Z, up to the
boundary. Since X is transversal to the boundary this means that an extension of u satisfies this condition.
In the model case (and effectively in the cases considered in this paper) M = R", ¥ = {x; =0} they can
be characterized as follows: i (&1, x) lies in $”/4~1/2+S(N*%) and i1(&, x') = O((£1)~®) as & — Foo.

In the present paper we will often study the case when M = 9, identified with S' by a coordinate 6,
and we are given two finite sets ¥, ¥~ C 92, with ET N T~ = &. We define

POQ NI UN TSN :=IQQ,NiZ)+1°(0Q, N =), (3-19)

Put ¥ := £* U X" Then I*(dQ, NfX~ UN*E™T) consists of the elements of I°(92; N*X) with
wavefront set contained in Nji STUN*ZT

Assume that ¥ has an even number of points (which will be the case in our application) and fix a
defining function p € C*(3Q; R) of X: thatis, ¥ = p~'(0) and dp # 0 on . Fix also a pseudodifferential
operator Ay € W9(3Q) such that WF(Ax)N (NIX UN*E") =@ and Ay is ellipticon N* X~ UNF XY
Using (3-17), we see that u € D'(3Q2) lies in I*T(9€2, Ni¥x~u N*%%) if and only if the following
seminorms are finite:

1p3) N ull y-1/4-s-s, IlAsullgy forall N e Noy, B> 0. (3-20)

Choosing different p and Ay leads to an equivalent family of seminorms (3-20). In particular, if p, Ay
are as above and Ay, € W0(9Q) satisfies WE(Ax) N (NIE-UN*ET) = & then WF(Ay,) lies in the
union of {p # 0} and the elliptic set of Ay; thus by the elliptic estimate we have for No > N + le +s+pB

IAsull gy < CUAsull gy + 1(000)Vul g-1-s-p + lull g-vs-s-s). (3-21)

Moreover, the operator pdyg is bounded with respect to the seminorms (3-20), as are pseudodifferential
operators in W0(9Q) [Hérmander 1994, Theorem 18.2.7].

We will also need the notion of conormal distributions depending smoothly on a parameter — see
[Dyatlov and Zworski 2019b, Lemma 4.4] for a more general Lagrangian version. Here we restrict
ourselves to the specific conormal distributions appearing in this paper and define relevant smooth families
of conormal distributions in Proposition 7.4 and Lemma 8.3.

We will not discuss principal symbols of general conormal distributions to avoid introducing half-
densities; however, we give here a special case of the way the principal symbol changes under pseudodif-
ferential operators and under pullbacks:

Lemma 3.3. Assume that u € £ (R) lies in I (R, {0}), that is, it € $*~V*(R). Then:
(1) If a(x, &) € SUT*R) is compactly supported in the x-variable and Op(a) is defined by (3-2), then

Op(@)u(€) = a(0, H)a(€) + S /*[R). (3-22)
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(2) If f is adiffeomorphism of open subsets of R such that f(0) =0 and the range of f contains supp u,
then

= 1§ 5—5/4
* — S R). 3-23
Fru@) If/(0)|u<f/(0))+ ® 529

Proof. Since these statements are standard, we only sketch the proofs, referring to [Héormander 1994,
Theorems 18.2.9 and 18.2.12] for details. To see (3-22) we use the formula

Op(@u(®) = 5 /R e ae, mi(n) dn dx.

Assume that [£] > 1. Using a smooth partition of unity, we split the integral above into two pieces: one
where [n — &| > %|S | and another one where |n — &| < %|§ |. The first piece is rapidly decaying in &
by integration by parts in x. The second piece is equal to a(0, £)i(£) + S*~>/4(R) by the method of
stationary phase.

To see (3-23) we fix a cutoff x € CZ°(R) such that supp x lies in the range of f and x = 1 near supp u.
Using the Fourier inversion formula, we write

Fu®) = 5 [ IO (it dn .

Now (3-23) is proved similarly to (3-22). Here in the application of the method of stationary phase,
the critical point is given by x =0, n = &/f’(0) and the Hessian of the phase at the critical point has
signature 0 and determinant — f’ (0)2. U

3.3. Convolution with logarithm. In Section 4 we need information about mapping properties between
spaces of conormal distributions on the boundary and conormal distributions in the interior. In preparation
for Lemma 4.8 below we now prove the following:

Lemma 3.4. Let f € C°(R) and define

gx):= fwlog [x — y|M dy, x>0. (3-24)
0

vy

Then g € C*°([0, 00)).

Remark. In general g is not smooth on (—o0, 0]. In fact, changing variables y = s|x|, we obtain (see

(3-25) below)

* f(s7IxD) J
———ds

1+s2 x <0,

g (x)=—2[x|7'2
0

which blows up as x — 0— if f(0) # 0. This, and the conclusion of Lemma 3.4, can also be seen from
analysis on the Fourier transform side.

Proof. Let xil/z := H(x)x~ /2, where H (x) is the Heaviside function: H(x) =1 for x > 0and H(x) =0
for x < 0. Since g is the convolution of log |x| and x;l/ 2 f (x), which are both smooth except at x =0, the
function g is smooth on (0, co). Thus it suffices to prove that g is smooth on [0, 1] up to the boundary.
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[ ——
[ ——

Figure 10. The contour I" used in the proof of Lemma 3.4. The dashed lines are the cuts
needed to define the function ¥, (z).

(1) Assume first that f is real-valued and extends holomorphically to the disk {|z| < 4}. Making the
change of variables y := ¢, we write

(e8]
g(x) = 2/ log |12 — x| f(t*) dt = / log |12 — x| f (%) dt. (3-25)
0 R
Assume that x € (0, 1] and consider the holomorphic function

2 (2) 1= log(z — vX) +logz + v3),  z€C\ ((Wx —i[0, 50)) U (—v/x — i[0, 50))).

where we use the branch of the logarithm on C\ —i[0, co) which takes real values on (0, o). Then
Re . (t) =log |t> — x| for all t € R\ {/x, —/X}.

Fix an x-independent contour I' = {r +iw(¢) | t € R} C C such that w(t) > 0 everywhere, w(t) =0
for |t] > % [t +iw(t)] <2 for|t| < % and w(t) > 0 for |¢] < 1. (See Figure 10.) Deforming the contour
in (3-25), we get

glx)= Re/ WX(Z)f(Zz) dz forall x € (0, 1].
r

Since 3, Y, (z) = (x —z>) ™!, the function ¥, (z) and all its x-derivatives are bounded uniformly in x € (0, 1]
and locally uniformly in z € I'. It follows that g is smooth on the interval [0, 1].

(2) For the general case, fix a cutoff x € C°(R) such that x = 1 near [—4, 4]. Take arbitrary N € N.
Using the Taylor expansion of f at 0, we write

f)=fi)+ f2x),  filx) =pKx)x(x),

where p is a polynomial of degree at most N and f> € C°(R) satisfies f>(x) = O(|lx|N+1y as x — 0. We
write g = g1 + g2, where g; are constructed from f; using (3-24).

By step (1) of the present proof, we see that g; is smooth on [0, 1]. On the other hand, xll/ 2 fr(x) e
C"Y(R); since log | x| is locally integrable we get g» € C N ([0, 1]). Since N can be chosen arbitrary, this
gives g € C°°([0, 1]) and finishes the proof. |

We also give the following general mapping property of convolution with logarithm on conormal
spaces used in Lemma 4.9 below:
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Lemma 3.5. Let ¥ C R be a finite set and put log, x :=log(x £i0). Then

log, xf € I'"'(R, N1 X),

log_ *f € CP(R).

Proof. Assume that f € I°(R, N} X) N E'(R) (the case of N* X is handled similarly). We may reduce to
the case ¥ = {0}. Since 9, is an elliptic operator, the local definition (3-16) (with no x’-variable) shows

fEFR NIDNER) = {

that it is enough to prove
Oy log xf € I'(R, N} {0}), dclog_xf e C™(R).

It remains to use that d, log, = (x & i0)~! and we have the Fourier transform formula (see [Hormander
1990, Example 7.1.17]; here H is the Heaviside function)

uio(x) = (x£i0)7 = dipo(§) = F2iH(EE), (3-26)
completing the proof. (I
3.4. Microlocal structure of (x £ iey(x))~L In this section we study the behavior as ¢ — 04 of
functions of the form
X()C,S)(x:l:ié‘l/f(x,é‘))_l e C®(J), 0<e < s, (3-27)
where J C R is an open interval containing 0 and
X, ¥ € C®(J x [0, &); C), Rey >0 onJ x [0, &). (3-28)

We first decompose (3-27) into the sum of r(x £ iez) !, where r, z € C depend on & but not on x, and a
function which is smooth uniformly in &:

Lemma 3.6. Under the conditions (3-28) we have for all € € (0, &g)
x(x,e)(x £iey(x, &) =rf(e)(x iezt(e)) T +¢F(x, €), (3-29)

where r*, zt € C*®([0, o)) and qi e C®(J x [0, &) are complex-valued, Rezt > 0 on [0, &),
z5(0) = (0, 0), and x(x,0) = xg* (x, 0) + r*(0).

Proof. Since (x X iey(x, ¢))~! is a smooth function of (x, €) € J x [0, gy) outside of (0, 0), it is enough
to show that (3-29) holds for |x|, € small enough.

The complex-valued function F t(x,e):=x+iey(x, ) is smooth in (x, €) € J x [0, &) and satisfies
F*(0,0) = 0 and 8, F£(0,0) = 1. Thus by the Malgrange preparation theorem [Hormander 1990,
Theorem 7.5.6], we have for (x, ¢) in some neighborhood of (0, 0) in J x [0, &)

x=qF(x, &) (x £iey(x, ) +ri(e),

where qli, rljE are smooth. Taking ¢ =0 we get rfc (0) =0 and qfc(x, 0) = 1; differentiating in ¢ and then
putting x = ¢ =0 we get Bgrli(O) = Fiy(0,0). We put 2 (e) = :i:is_lrli(z-:), so that when & > 0

(xiey(x,e) ' =g (x,e)(x £iezF(e)) . (3-30)
Note that z¥(0) = v (0, 0) and thus Re z*(¢) > 0 for small ¢.
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Now, we use the Malgrange preparation theorem again, this time for the function F*(x, ¢) 1= x &
iez*(e), to get for (x, ¢) in some neighborhood of (0, 0) in J x [0, &g)

X (x, g (x, &) = ¢ (x, &) (x £iezt(e)) +rE(e),

where qi, r* are again smooth. Taking & = 0 we get x (x, 0) = xg¥ (x, 0) + r£(0). Together with (3-30)

this gives the decomposition (3-29). (Il
As an application of Lemma 3.6, we give:

Lemma 3.7. Assume that v satisfies (3-28). Then we have for all s < —%

(x+iv(x,e) ' = x+i0)" ase— 0+ in H.(J). (3-31)

Proof. Put x =1 and let z*(¢), r=(¢), g% (x, &) be given by Lemma 3.6; note that 1 =xg*(x, 0) +r*(0);
thus r*(0) = 1 and ¢g*(x, 0) = 0. We have

(x+iezt @)™ > (x+£i0)"! in H*(R).

Indeed, the Fourier transform of the right-hand side is equal to F27i H (££) by (3-26) and the Fourier
transform of the left-hand side is equal to F27i H (j:é,*)e_“i(g)IS | by

ui,(x):=@x+iz)”", Rez>0 = fi4,(§) = F2miH(£&)e I (3-32)

We have convergence of these Fourier transforms in L2(R; (£)* d&) by the dominated convergence
theorem.
By (3-29) this implies that the left-hand side of (3-31) converges in H}] (/) to

rEO)(x +£i0) T 4+ g% (x, 00 = (x £i0) 7,
which finishes the proof. O

The functions r*, z*, ¢* in Lemma 3.6 are not uniquely determined by x, v/; however, they are unique

up to O(e™):
Lemma 3.8. Assume that rji, zj.c € C*™([0, &9)), j = 1,2, are complex-valued functions such that
Rez; > 00n 0, &), ri(0) #0, and
GE(x, e) i=r(e)(x £iezi(e)) ™ —rf(e)(x £iezd (e)) ™' € C(J x [0, &9)).

Then rli(e) — r2i(8), zft(s) — zzi(e), and G*(x, €) are O(e™), that is all their derivatives in & vanish
ate =0.
Proof. Differentiating k — 1 times in x and then putting x = 0 we see that for all k > 1

rie) e

sszt(s)k B ekzzi(s)k € €70, £0)).

Therefore

+ +
3f|a=o( L (8)k _ L (8)k> —0 forall0<¢<k. (3-33)
7, (&) z3(e)
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Taking £ =0 and k = 1, 2, we see that rli(O) = r2jE (0) and zli 0) = zgt (0). Arguing by induction on £
and using k = €+ 1, £+ 2 in (3-33) we see that 3/r;°(0) = 8‘r5°(0) and 8¢z (0) = 825 (0). Thus
ri(e) —ri (e) and 77 () — 25 (¢) are O(e™), which implies that ¥ (x, &) is O(™) as well. O

Remark. If x and ¥ depend smoothly on some additional parameter y, then the proof of Lemma 3.6
shows that r*, z%, g& can be chosen to depend smoothly on y as well. Lemma 3.7 also holds, with
convergence locally uniform in y, as does Lemma 3.8. In Section 4.6 below we use this to study
expressions of the form

X©6.6,6)0—0 £iey (6,6, €) ", (3-34)
where (6, 6’) is in some neighborhood of 0 and we put x := 6 —6’, y :=6.

For the use in Section 4 we record the fact that operators with Schwartz kernels of the form (3-34) are
pseudodifferential:

Lemma 3.9. Assume that cX(0") and z=(0') are complex-valued functions smooth in 0’ € S' := R/Z and
g €0, &9) and such that Re zX > 0. Let x € C®(S' x S") be supported in a neighborhood of the diagonal
and equal to 1 on a smaller neighborhood of the diagonal. Consider the operator A;t on C*®(S") given by

AZfO)= / KE©.00 0 dv,
S (3-35)

K*(0.6) — x(©,0)cEO)O -0 LiezE @), &>0,
T x(6,8)cEO) 6 -6 £i0)7, e=0.
Then ASjE € WO(SY) uniformly in & and we have, uniformly in ¢,
. P
WF(A) C{+E >0}, o(A)6,8) =F2mic O)e = PEIH (+8), (3-36)

where for ¢ > O the principal symbol is understood as in (3-7) and H is the Heaviside function (with the
symbol considered for |&| > 1).

Remark. We note that the definition (3-7) of the symbol of a family of operators and Lemma 3.8 show

that the principal symbol is independent of the (not unique) ¢, zsi.

Proof. Using the formulas (3-26) and (3-32), we write the kernel K Ei (0, 0) as an oscillatory integral
(where a. (0, ', &) is supported near {# = 0’} where 6 — 0" € R is well-defined)

KE0,0) = = f ¢ O=% 0, (0,0, €) ds,
2r Jg
a:(0.0',8) = F2mix (0, 0)cE (0)e™ " OV H (+8).

Fix a cutoff function x € C°(R) such that y = 1 near 0 and split a, = x (§)a. + (1 — x (§))a.. The integral
corresponding to x (§)a. gives a kernel which is in C* in 6, 6, and ¢ € [0, &9). Next, (1 — 3 (§))a. is a
symbol of class §9: for each «, B there exists Cyp such that for all 6, 6', & and ¢ € [0, &9), we have

188 4,9L (1 — X (6))ax (6. 6", £))| < Cap(&) .
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Therefore (see [Hormander 1994, Lemma 18.2.1] or [Grigis and Sjostrand 1994, Theorem 3.4]) we see
that Agt € WO uniformly in &, its wavefront set is contained in {#-£ > 0}, and its principal symbol is the
equivalence class of a.(0, 6, &). O

Remark. The fine analysis in Section 3.4 is strictly speaking not necessary for our application in Section 4.6:

+
€

and zZ to depend on both 6 and 6’. Moreover, ultimately one just uses that the exponential in (3-36)

indeed, in the proof of Proposition 4.15 one could instead use a version of Lemma 3.9 which allows ¢

is bounded in absolute value by 1; see the proof of Lemma 5.2. However, we feel that using the
results of Section 3.4 leads to nicer expressions for the kernels of the restricted single layer potentials in
Sections 4.6.5-4.6.6 which could be useful elsewhere.

4. Boundary layer potentials

In this section we describe microlocal properties of boundary layer potentials for the operator P — w* =
832 Ag_zl — w?, or rather for the related partial differential operator P(w) defined in (4-1). The key issue
is the transition from elliptic to hyperbolic behavior as Imw — 0. To motivate the results we explain
the analogy with the standard boundary layer potentials in Section 4.2. In Section 4.3 we compute
fundamental solutions for P(w) on R? and in Section 4.4 we use these to study the Dirichlet problem for
P (w) on 2. This will lead us to single layer potentials: in Section 4.5 we study their mapping properties
(in particular relating Lagrangian distributions on the boundary to Lagrangian distributions in the interior)
and in Section 4.6 we give a microlocal description of their restriction to d€2 uniformly as Im w — 0,
which is crucially used in Section 5.

In Sections 4—7 we generally use the letter A to denote the spectral parameter when it is real and the
letter w for complex values of the spectral parameter, often taking the limit w — A 0.

4.1. Basic properties. Consider the second-order constant coefficient differential operator on [R?)%] o
P(@):=(1—-0"d; —0*d;, whereweC, 0 <Rew<1. -1
Formally,
P(w)=(P—w’)Aq, P '=A5"(P -’ (4-2)
We note that P (w) is hyperbolic when w € (0, 1) and elliptic otherwise. We factorize P(w) as
P)=4L}L,, LE = Fwd, +vV1-0?dy,). 4-3)

Here /1 — w? is defined by taking the branch of the square root on C \ (—o0, 0] which takes positive
values on (0, c0). We note that for A € (0, 1) the operators Lic are two linearly independent constant
vector fields on R2. For Imw # 0, sz are Cauchy—Riemann-type operators.

The definition (1-2) of the functions £*(x, 1) extends to complex values of A:

X2

V1I—o?

o w) =+ 4 Xx=(x.x)€R, weC, 0<Rew< 1.
w
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Then the linear functions £* (e, w) are dual to the operators Li:
LEtF(x,0)=1, LFF(x,0)=0. (4-4)
We record here the following statement:

Lemma 4.1. Assume that Im @ > 0. Then the map x € R? — (*(x, w) € C is orientation-preserving in
the case of £+ and orientation reversing in the case of £~. If Im w < O then a similar statement holds with
the roles of £+ switched.

Proof. This follows immediately from the sign identity

1)
sgenlm —— =sgnlmw, weC, 0<Rew <1, (4-5)
o e E

which can be verified by noting that Re v/1 — @? > 0 and sgnIm /1 — @w? = — sgnIm w. ]

4.2. Motivational discussion. When Im w > 0 the decomposition (4-3) is similar to the factorization of
the Laplacian,
A=43.0:, 3, =150 —idy), 08 =150 +idy).

The functions z = x +iy and Z play the role of £*(x, w) for + respectively (which matches the orientation
in Lemma 4.1) and 9, 9 play the role of L}, L. Hence to explain the structure of the fundamental
solution of P(w) and to motivate the restricted boundary layer potential in Section 4.6 we review the
basic case when 2 = {y > 0} and P(w) is replaced by A. The fundamental solution is given by (see, e.g.,
[Hérmander 1990, Theorem 3.3.2])

AE =8, E:=clog(zz), #E=-, &E= g c=—.
We consider the single layer potential S : C2°(R) — D'(R*) N C®(R?\ {y = 0}),
Sv(x,y) = /R E(x—x",yv(x)dx', veCX R).
We then have limits as y — 04,

Civ(x) =Cv(x) := L/ log |x — x'|v(x") dx’,
2 Jg
and we consider
0:Cv(x) = yl_l)r(r)li 0xSv(x, y) = yl_lf(r)li(az +9z)Sv(x, y).

Then (Where we recall ¢ = %)

c c
lim 9,Sv(x,y)= li —/d/:/— "Ydx,

y—1>r(l)l:|: SV (X, ) y—1>r<l)li Rx—x/—i—iyv(x) * Rx—x/:I:iOv(x) *
and similarly,

- c Cc
lim 9.Sv(x,y)= li EEEr— ’d’=/— "dx,
y—1>r(I)1:|: Z U(X )’) y_l)I(I)I:t Rx_x/_iyv(x) X Rx_x/:FiOv(X) X
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where the right-hand sides are understood as distributional pairings. This gives
3,Cv(x) = % /R ;(x —x' £i0) lo(x) dx’, (4-6)

which is % times the Hilbert transform, that is, the Fourier multiplier with symbol —i sgn(£). (We note
that >, (x —x’ £i0)~! = 29, log |x| which is the principal value of 2/x.)

In Section 4.6 we describe the analogue of 9,C in our case. It is similar to (4-6) when Im w > 0 but when
Im w — 0+, it has additional singularities described using the chess billiard map b(x, 1), . = Re w, or
rather its building components . The operator becomes an elliptic operator of order O (just as is the case
in (4-6) if we restrict our attention to compact sets) plus a Fourier integral operator — see Proposition 4.15.

4.3. Fundamental solutions. We now construct a fundamental solution of the operator P (w) defined
in (4-1), that is, a distribution E,, € D'(R?) such that

P@)E, = 8. “n
For that we use the complex-valued quadratic form
2 2
X X
A(X, Cl)) = £+(x, a))g_(x, a)) e —_1 + —2
w? 1—ow?

Since 0 < Rew < 1, we have sgn Im(—w™?) = sgnIm((1 — wH) ) = sgn Im w; thus
sgnlmA(x, w) =sgnlmw forall x € R? \ {0}. (4-8)

4.3.1. The nonreal case. We first consider the case Im w # 0. In this case our fundamental solution is
the locally integrable function
isgnlmw
E,(x) :=culog A(x, ), xeR>\{0}, cpi=—o—on—. (4-9)
o e *T droVT—a?
Here we use the branch of logarithm on C\ (—o0, 0] which takes real values on (0, c0). Note that the
function E,, is smooth on R?\ {0}.

Lemma 4.2. The function E,, defined in (4-9) solves (4-7).
Proof. We first check that P(w)E,, = 0 on R?\ {0}: this follows from (4-3), (4-4), and the identities

1
LElogA(x, w) = oy forallxe R?\ {0}. (4-10)

Next, denote by B, the ball of radius € > 0 centered at 0 and orient d B, in the counterclockwise direction.
Using the divergence theorem twice, we compute for each ¢ € CCOO(Rz)

-
/ E,(x)(P(w)p(x))dx =4 lim E,(x)(LI L, ¢(x))dx = —4c, lim ﬂ dx
R2 e—>0+ R2\ B, e—>0+ R2\ B, E-F(x’ a))
) / P(xX) (V1 —w?dx; +wdx;)
= —2¢, lim
e—~>0+ Jyp, £ (x, w)

+
= 2epodT—wtp0) tim [ YLD o)

e—~>0+ Jop, L (x, w)
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which gives (4-7). Here in the last equality we make the change of variables z = £ (x, w) and use
Lemma 4.1. u

4.3.2. The real case. We now discuss the case A € (0, 1). Define the fundamental solutions E) ;o €
Ll (R?) as

I
E,+io(x) :==xc)log(A(x, M) £i0), ¢)i=——F——,
A0 ). 108 A 4nkm i
log A(x, A), Alx, ) >0,

log(A(x, 1) £i0) = {10g(—A(x, M) Eim, A(x, i) <O.

The next lemma shows that E; +;, — Ej+i0 in D'(R?) as € — 0+. In fact it gives a stronger convergence
statement with derivatives in A. To make this statement we introduce the following notation: if 7 C (0, 1)
is an open interval then

O(J +i[0, 00)) C C*(J +i[0, 00)) (4-12)

consists of C* functions on J + i[0, co) which are holomorphic in the interior 7 + i (0, co). Similarly
one can define (7 —i[0, 00)).

Lemma 4.3. The maps

E,, Imw #0,
Ejxio, o=21€(0,1),

lie in 0((0, 1) £ i[0, 00); D' (R?)) in the following sense: the distributional pairing of (4-13) with any
e C§°([R§2) lies in 0((0, 1) [0, 00)).

w € (0,1)£i[0, c0) > { (4-13)

Proof. We consider the case of Im w > 0, with the case Im w < 0 handled similarly. Fix ¢ € C° (R2).

(1) We will prove the following limiting statement: for each A € (0, 1)

/ Ey, px)dx — f E,yio)e(x)dx forallw; — A, Imw; > 0. (4-14)
R2 R2

We write w; =A;+ig;, where A; — A and £; — 0+. We first show a bound on Ey, (x)= Co; log A(x, wj)
which is uniform in j. Taking the Taylor expansion of £ (x, A +ig) in &, we get

EF(x, ) =7 (x, hj) +ig;0,67 (x, 1) + O(e7|x]),
where the constant in O( ¢ ) is independent of j. Since 3; £ (x, A ;) is real, we bound
€5 (v, @) = 50167 0, 3 213,70 (x, 4] — CeFlxl. (4-15)
As €T (x, A i)s 001 (x, & ;) are linearly independent linear forms in x (see (2-7)), we have
x| < COeT(x, A1+ 1027 (x, 2. (4-16)
Together (4-15) and (4-16) show that for j large enough

17 (x, )] = 5167 (x, 1)) (4-17)
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The same bound holds for £7. Since A(x, w;) = 0t (x, w;j)l™ (x, w;), we then have
C7HA@, 2)] < [A(x, 0] < Clx P,
which implies the following bound for j large enough, some j-independent constant C, and all x € R?:
|Ew; ()| < C(1E3 +i0(x)| +1og(2 + |x])). (4-18)

(2) To pin the zero set of A(x, A;), which depends on A ;, we introduce the linear isomorphism &, :
R2 — RZ such that ®; ' (x) = (€+(x, ), £~ (x, 1)). Then A(®;(y), A) = y1y2. so the pullback of Ej, ;o
by @, is given by

3, Ex+io(y) = ¢, log(y1y2 +i0), (4-19)
which is a locally integrable function on R.

We can now show (4-14). For each y € R2, we have A(CIJ,\J. ), wj) = A(®;(y),A) = y1y2 and
P(@y;(¥)) = ¢(Ps(y)). Using (4-8) we then get the pointwise limit

OF (Ew,9)(y) = D5 (Extiop)(y) forall y € R?, yiys #0.

Now (4-14) follows from the dominated convergence theorem applied to the sequence of functions
d)jj (Ew,;9), where the dominant is given by the locally integrable function C(1 + |log(y1y2 +i0)|) as
follows from the bound (4-18) and the identity (4-19).

(3) Denote by F,(w) the pairing of (4-13) with ¢. Since A(x, w) is a quadratic form depending holomorphi-
cally on w € (0, 1) +i(0, 00), which has a positive definite imaginary part by (4-8), we see that F, is holo-
morphic on (0, 1) +i(0, 00). Moreover, the restriction of F;, to (0, 1) is smooth, as can be seen by writing

Fo(d) = /Rz Ej4io(x)@(x) dx = c;|det @, ./Rz log(y1y2 +i0)p(®i(y)) dy, *€(0,1),

and using that the function (y, A) = @(®;,(y)) is smooth in (y, 1). By (4-14) F,, is continuous at the
boundary interval (0, 1). Since F, is holomorphic, it is harmonic, so by boundary regularity for the
Dirichlet problem for the Laplacian (see the references in the proof of Lemma 4.4 below) we see that
Fy, € C*((0,1) +i[0, 00)). ]

Passing to the limit in (4-7) we see that
P\ Ej+io=0809 forall A €(0,1). (4-20)

Note that E;1;o(x) is smooth except on the union of the two lines {£*(x, A) = 0} and {£~ (x, A) = 0}.
We remark that E; ;o are the Feynman propagators in dimension 1; see [Hérmander 1990, (6.2.1) and
p. 141] for the formula in all dimensions.

4.4. Reduction to the boundary. We now let  C R? be a bounded open set with C* boundary and
consider the elliptic boundary value problem

Pu=f ulpa=0, Rewe(0,1), Imw#O. (4-21)
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Lemma 4.4. For each f € C°(R2), the problem (4-21) has a unique solution u € C®(Q).

Remark. The proof shows that if f is fixed, then u € C*°(Q) depends holomorphically on w € (0, 1) &
i(0, 00).

Proof. (1) We first show that for each u € C\ [1, o0) and s > 2, the map
HY(Q) 3 u > (A—pd})u, ulye) € H Q) & H™'(09) (4-22)

is a Fredholm operator. (Here H*(2) denotes the space of distributions on © which extend to H*
distributions on R%.) We apply [Hormander 1994, Theorem 20.1.2]. The operator A — ,uagz is elliptic,
so it remains to verify that the Shapiro—Lopatinski condition [Hérmander 1994, Definition 20.1.1(ii)]
holds for any domain €2. (An example of an operator for which this condition fails is (9y, +i BXZ)Z.) In
our specific case the Shapiro—Lopatinski condition can be reformulated as follows: for each basis (&, 1)
of R?, if we denote by M the space of all bounded solutions on [0, c0) to the ODE

pE —indu(t) =0, p(€) =&+ (1 — )&

then the map u € M +— u(0) is an isomorphism. This is equivalent to the requirement that the quadratic
equation p(& + zn) = 0 have two roots, one with Im z > 0 and one with Im z < 0. To see that the latter
condition holds, we argue by continuity: since A — ,u,f)fz is elliptic, the equation p(& + zn) = 0 cannot
have any real roots z, so the condition either holds for all i, &, 1 or fails for all u, &, n. However, it is
straightforward to check that the condition holds when u =0, £ = (1, 0), n = (0, 1), as the roots are =+i.

(2) We next claim that the Fredholm operator (4-22) is invertible. We first show that it has index 0,
arguing by continuity: since the operator (4-22) is continuous in u in the operator norm topology, its
index should be independent of . However, for i = 0 we get the Dirichlet problem for the Laplacian,
where (4-22) is invertible.

To show that (4-22) is invertible it remains to prove injectivity, namely

ueH*(Q), (A—pd)u=0, uljp=0 = u=0. (4-23)
Multiplying the equation (A — /Lafz)u = 0 by u and integrating by parts over €2, we get ||Vu||i2 @ =
M||ax2u||’iz(m. Since 0 < ||ax2u||§2(m < ||Vu||iz(m and u € [1, 00), we see that || Vul| ;2 = 0, which

implies that u = 0, giving (4-23).
(3) Writing
_ a2 20 2 2 =2
P@)=0;, —0"A=—-0"(A—pdy), p=ow "€ C\[1, c0),

and using the invertibility of (4-22), we see that, for each s >2 and f € H*72(), the problem (4-21) has a
unique solution u € H*(2). When f € C(2), we may take an arbitrary s which gives thatu € C Q). O

We will next express the solution to (4-21) in terms of boundary data and single layer potentials. Let
us first define the operators used below. Let 7*9<2 be the cotangent bundle of the boundary d€2. Sections
of this bundle are differential 1-forms on 02 (where we use the positive orientation on 9€2); they can be
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identified with functions on <2 by fixing a coordinate 6. Define the operator Z : D'(92; T*d2) — &’ (R?)
as follows: for v € D/(32; T*3R) and ¢ € C®(R?),

fIv(x)@(x)dx::/ Q. (4-24)
R2 QR

Note that supp(Zv) C 92 and we can think of Zv as multiplying v by the delta function on d€2. Next, let
E,, be the fundamental solution constructed in (4-9) and define the convolution operator

R, : & (R*) — D'(R*), R,g:=E,*g. (4-25)

Using the limiting fundamental solutions E; ;o constructed in (4-11), we similarly define the operators
R 1o for A € (0, 1) which will be used later. Finally, for o € (0, 1) 4+ iR, define the “Neumann data”
operator

Ny : C¥(Q) > CPOR T*IQ),  Nou = —2wv'1 —o? j*(LEudtt (e, w)), (4-26)

where j : 9Q — Q is the embedding map and j* is the pullback on 1-forms. We can now reduce the
problem (4-21) to the boundary:

Lemma 4.5. Assume that u € C*®(Q) is the solution to (4-21) for some f € CX(R2). PutU :=1lque
E'(R?) and v := Nyu. Then

P(w)U = f —Tv, 4-27)
U=R,f—R,Tv. (4-28)

Remark. Note that we also have
v=20V1—w?j (L udl (s, w)).
Indeed, 0 = j*du = j*(LZju det + L_ udt™) since ulyo =0 and by (4-4).
Proof. Let ¢ € C°(R?). Then by (4-3)
/ (P(w)U)pdx =4/ ML:;L;(p dx = —4/ (LIu)(L;(p) dx
R? Q Q
:/ f(pdx—4f L, (oL u)dx
Q Q
=/ fodx+2wy/1 —w2/ ¢Lgudz+:/(f—zv)¢dx,
Q Q Q

which gives (4-27). The identity (4-28) follows from (4-27), the fundamental solution equation (4-7), and
the fact that U is a compactly supported distribution: E, * P(w)U = (P(w)E,)*U = U. U

In the notation of Lemma 4.5, define S,v := (R,Zv)|q € D'(2). Then (4-28) implies that

u=(Rof)la = Swv. (4-29)
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Since R, f € C*®(R?), we have S,v € C*®(R2). Denote by Cyv := (S,v)|sq its boundary trace; then the
boundary condition u|3o = 0 gives the following equation on v:

Cov = (Ro flaq- (4-30)
This motivates the study of the operator S, in Section 4.5 and of the operator C,, in Section 4.6.

4.5. Single layer potentials. We now introduce single layer potentials. For w € C with 0 < Rew < 1 and
Im w # 0 the single layer potential is the operator S, : D'(92; T*9Q2) — D'(2) given by

Spv:=(E,*ZIv)|g, veD(0Q; T*IQ). (4-31)

Here E,, € D' (R?) is the fundamental solution defined in (4-9) and the operator Z: D' (3R2; T*9R2) — £'(R?)
is defined in (4-24). Similarly, if A € (0, 1) and €2 is A-simple (see Definition 1.1) then we can define
operators

Sy+i0 : D'(0Q; T*9Q) — D'(Q) (4-32)

by the formula (4-31), using the limiting distributions E) ;o defined in (4-11).
If we fix a positively oriented coordinate & on 32 and use it to identify D'(9€2; T*92) with D'(9%2),
then the action of S, on smooth functions is given by

Sw(f dO)(x) = /m Eo(x =) f(»db(y), [feCT0Q), xeQ, (4-33)

and similarly for S 4;0.
We now discuss the mapping properties of S,,, in particular showing that S,v, Sy+jov € C*(2) when
v e C®0OR; T*9R2). We break the latter into two cases:

4.5.1. The nonreal case. We first consider the case Imw # 0. We use the following standard result,
which is a version of the Sochocki—Plemelj theorem:

Lemma 4.6. Assume that Qo C C is a bounded open set with C* boundary (oriented in the positive
direction). For f € C*(0%y), define u € C* () by

d
u(z) = Jw)dw w, 7€ Q.
a9, W—<2

Then u extends smoothly to the boundary and the operator f +— u is continuous C*(02y) — C Qo).
Remark. In the (unbounded) model case 29 = {Imz > 0}, we have for each f € C°(R)

f()dt

—, > 0.
RI—X—1iy

u(x +iy) =

We see in particular that the function x — lim,_, o4 8;‘ u(x +iy) is given by the convolution of f with
(=D ik (x +i0) %1
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Proof. Let f € C°(C) be an almost analytic extension of f; that is, f lag, = f and 0z f vanishes to

infinite order on 2. (See for example [Dyatlov and Zworski 2019a, Lemma 4.30] for the existence of

such an extension.) Denote by dm the Lebesgue measure on C. By the Cauchy—Green formula (see for
instance [Hormander 1990, (3.1.11)]), we have

- 3 f(w

u(z) =2mi f(z) —|—2i/ ZEAC))

Qo w—2z

dm(w), z € Qo,

and this extends smoothly to z € C: indeed, the second term on the right-hand side is the convolution of
the distribution —2iz~' € L. (C), with 1g, 3: f € C>(C). O

loc

We now come back to the mapping properties of single layer potentials:

Lemma 4.7. Assume 0 <Rew < 1 andImw #0. Then S, is a continuous operator from C*(9<2; T*92)
to C®(Q).

Remark. With more work, it is possible to show that S,, is actually continuous C®(32; T*92) — C®(Q)
uniformly as Im w — 0, with limits being the operators S, 1,9, . = Re w. However, our proof of Lemma 4.7
only shows the mapping property for any fixed nonreal w. This is enough for our purposes since we
have weak convergence of S)+;. to Sy+;0 (Lemma 4.3; see also Lemmas 4.10 and 4.16 below) and
in Section 4.6 we analyze the behavior of the restricted single layer potentials uniformly as Im w — O.

Proof. Let v € C®(0Q; T*3K). Since E,, is smooth on R? \ {0} and Zv is supported on 32, we have
S,v € C*(R2). It remains to show that S,,v is smooth up to the boundary, and for this it is enough to verify
the smoothness of the derivatives LiSwv, where Lif are defined in (4-3). By (4-10) we have (suppressing
the dependence of £* on w in the notation)

v(y)
Qlr(x—y)

Since Imw # 0, the maps x — £%(x) are linear isomorphisms from R? onto C (considered as a real

Lijwv(x) = cw/ x € Q.
3

vector space). Using this we write

Sr(w) dw
I, < —W '

LES,v(x) = £ sgn(Im w)c,, 7:=05(x) € Qu, (4-34)

where we put Q. := £*(Q) C C and define the functions fi € C*°(dQ24) by the equality of differential
forms v(y) = f+(£*(y)) d€*(y) on dS2. Here 924 are positively oriented and the sign factor + sgn(Im w)
accounts for the orientation of the map ¢*; see Lemma 4.1.

Now LES,v extends smoothly to the boundary by Lemma 4.6. (I

4.5.2. The real case. We now consider the case A € (0, 1):

Lemma 4.8. Assume that ) € (0, 1) and Q2 is A-simple (see Definition 1.1). Then Sy are continuous
operators from C®(3; T*3Q) to C*(RQ).

Proof. (1) We focus on the operator S) 1,9, noting that S,_;q is related to it by the identity

Sy_io0 = Syiov forallv e D'(0Q2; T*0Q).
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We again suppress the dependence on A in the notation, writing simply £%(x) and A(x). Denoting by
H(x) = 10,00)(x) the Heaviside function, we can rewrite (4-11) as

log(A(x) +i0) =log [£T(x)| +log |~ (x)| +im H(—A(x)).
We then take the decomposition
Sitio = (S + Sy +inSy), (4-35)

where for all x € Q and v € C®(02; T*0L2)
S0 = [ toglt¥ = ),
IQ

SOu(x) = / H(=AG = y)(y).
02

(2) Let v € C*(02; T*9R2). Fix a positively oriented coordinate # on 92 and write v = f df for some
f € C®(0R2). We first analyze S;tv, writing it as

SFu(x) = ge(tE(x)),  g+(t) == fR (I3 £)(s) log |t — 5| ds,

where Hf f € £ (R) are the pushforwards of f by the maps £+ defined in (2-10). Let Zfﬁn < tE  be
defined in (2-9). By part (1) of Lemma 2.3, Hff is supported in [¢£ % ]and

min’ ~max

Vs — 6= (0, — ) TIE f(5) e CO(IeE, £ ).

min max min’ ~max

Using Lemma 3.4, we then get
g+ € Co ([l G

min’ max])’

which implies that S;v € C®(Q).

(3) It remains to show that va € C*®(£2). We may assume that v = d F for some F € C*®(3<2), that is,
/ 9o U = 0. Indeed, if we are studying Sf v near some point xq €  then we may take yo € dQ such that
A(xg — yo) > 0 and change v in a small neighborhood of yq so that S f v(x) does not change for x near xg
and v integrates to 0.

For s € (Cy, Uy define xj) (s), x5, (5) € 9 by

min’

CE () () = 50y () =5, LT () () < €7 (x5 ().

Then for any x € €2, the set of y € 9€2 such that A(x — y) < 0 consists of two intervals of the circle 0€2,
from x;{) £t (x)) to x(_z) (€~ (x)) (with respect to the positive orientation on 9€2) and from xa) LT (x)) to
xa)(ﬁf(x)) —see Figure 11. Since v = dF, we compute for x € Q2

Spv() = F_ (€ (x) = Fe (€7 (), Fi(s) = F(afj)(9) + F (x5, (5)).

By part (2) of Lemma 2.3, we have Fy = T;tF € C“([Eiin, Eiax]). Thus va € C®(Q) as needed. O
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Figure 11. A point x € Q and the corresponding projections x(j;)(ﬁi(x)) € 0Q2. The
shaded region is the set of y € R? such that A(x — y) < 0.

4.5.3. Conormal singularities. We now study the action of S, ;9 on conormal distributions (see Section 3.2):

Lemma 4.9. Assume that A € (0, 1) and 2 is L-simple. Fix yy € 02\ 6, where the characteristic set 6,
was defined in (2-3). Then for each v € D' (02; T*0Q) we have
ve 'R Nily)) = Sipiov € I'HQ, NITE (o).

Here the positive/negative halves of the conormal bundle N {yo} C T*92 are defined using the positive
orientation on 052, the line segments Fki (yo) C 2 are defined in (1-7) and transverse to the boundary 0€2,
and NiFiE (yo) are defined in (1-8).

Proof. (1) By Lemma 4.8 and since v is smooth away from yg, we may assume that

suppv C U :={y € 32 [ v (y») =vF (), v_(») =v~ o)}, (4-36)
where vE(y) = sgn d£F(y); see (2-4). We define v := vt (yp), v := v~ ().
We claim that for all y € U and x € Q\ I')(y), where [, (y) := F;r(y) ur, (»,
log(A(x —y) +i0) =log(¢T(x — y) +ivT0) +log(£™ (x —y) —iv0) + co,
2wi, ifvt=—landv™ =1, (4-37)
co = .
0, otherwise.

(Here as always we use the branch of log real on the positive real axis.) Indeed, fix x and y. By Lemma 2.2,
we have

v (x—y)>0 or v £T(x—y) <0 (orboth).
Then there exista™, o~ > 0 such thata v ¢~ (x —y) —a~ v~ €T (x —y) = 1. This implies that for all £ > 0
Ax —y)+ie=LT(x —y) (x —y) +ie
==y +iaTvte) (x —y) —iav7e) + O(?).
Letting ¢ — 04, we obtain (4-37).
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(2) Fix a coordinate 8 on d€2 and write v = f(6) d6. Similarly to step (2) in the proof of Lemma 4.8
we get from (4-37)

Srtiov(x) = ¢y <g+(f+(X)) +g-(6"(x)+co | f(O) d0>,

Elo)
where, letting log, x :=log(x +i0), log_ x :=log(x —i0) and using (2-10),
g+ = (I} f)*log,+, g :=(I, f)*log_, . (4-38)

(Here, £v* is meant as = if v* = 1 and = when v* = —1.)
By (4-36), we have supp v C U, where £* : U — R are diffeomorphisms onto their ranges. Since
v e I*(02, Ni{yo}) and recalling (2-12), we then have

Iy fe 'R, NI A OG0, T f e PR, NL,-{£ (o)D)

By Lemma 3.5, we see that
g € TR NI (00D, g7 € C™.

Using the Fourier characterization of conormal distributions reviewed in Section 3.2, we see that
Sitiof € IF75/*(Q, NATE (y0)) as needed. O

Remark. In Section 7 we will apply this result to elements of /°(d€2, Ny X, UN* E;), defined in (3-19),
where Ef are defined in (1-6). Lemma 4.9 gives

Sitio: IFQQ, NEZ, UN* ) — IF4(Q, A~ (L), (4-39)

where A™(A) = N*T(Z) U NI (2) = NiT](27) U N*T'; () is defined in (1-9). Here we
define the conormal spaces on the right-hand side similarly to (3-19):

F(Q,A~() = I(Q, NiT; () + I°(Q, N T, ().
4.6. The restricted single layer potentials. We now study the restricted operators
Co: C®0R; T*IQ) —> C(0RQ), Cuv:=(Syv)lsa, (4-40)

given by the boundary trace of S,v € C*®(R2); see Lemma 4.7. When A is real and  is A-simple (see
Definition 1.1), we have two operators Cj 19 obtained by restricting Sy+;0; see Lemma 4.8. From (4-33)
we have for v € C*(0Q2; T*0Q2)

Cov(x) = / E,(x—y)v(y), xe€0, (4-41)
a0

with the integration in y, and same is true for w replaced with A £i0. Later in (4-77) we show that C,,
and Cy 4,0 extend to continuous operators D'(0€2; T*9Q2) — D' (3R).
Composing C,, with the differential d : C*°(d2) — C*°(0R2; T*92) we get the operator

dCy : C®(0Q; T*IQ) — CT(Q; THIQ).
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In this section we assume that
w=A+ig, &£>0, (4-42)

where A € (0, 1) is chosen so that 2 is A-simple. Our main result here is a microlocal description of dC,,
uniformly as € — 0+; see Proposition 4.15 below. (This description is also locally uniform in A; see
Remark (1) after Proposition 4.15.)

For convenience, we fix a positively oriented coordinate 6 € S! on 9 and identify 1-forms on 9Q
with functions on S! by writing v = £(6)df. Let x : S' — 3Q be the corresponding parametrization
map. Let

St = Sl yF@®),h) =x(r©)). (4-43)
be the orientation reversing involutions on S! induced by the maps y* (e, 1) defined in (1-3).

4.6.1. A weak convergence statement. Before starting the microlocal analysis of dC,, we show that
Co+ie = Citio as € — 04 in a weak sense in x, y but uniformly with all derivatives in A. A stronger
convergence will be shown later in Lemma 4.16. We use the letter & (7 + i[0, o0)) for spaces of
holomorphic functions that are smooth up to the boundary interval 7, introduced in (4-12) and in the
statement of Lemma 4.3.

Lemma 4.10. Let 7 C (0, 1) be an open interval such that Q2 is A-simple for all A € J. Then the Schwartz
kernel of the operator

Co, Imw > 0,

w € J+i[0, 00) > { (4-44)

Cotio, w=Ar€J,
lies in O0(J +i[0, 00); D' (02 x 9L2)).
Proof. (1) The holomorphy of (4-44) when Im @ > 0 follows by differentiating (4-41) (one can cut away
from the singularity at x = y and represent the pairing of (4-44) with any element of C*° (92 x 9<2) as the
locally uniform limit of a sequence of holomorphic functions). The smoothness of the restriction of (4-44)
to J can be shown using the decomposition (4-35) and the A-dependent local coordinates introduced in
step (2) of the present proof. Arguing similarly to step (3) in the proof of Lemma 4.3 and recalling (4-41),
we then see that it suffices to show the following convergence statement for all ¢ € C*° (92 x 0L2):

/ Eo,(x —y)o(x, y)do(x)do(y)
02x0Q2
— f Eytiolx —y)p(x,y)do(x)do(y) forallw; - A e J, Imw; > 0.
IQAxIQ ' '
Similarly to (4-35) we take the decomposition
E,=Ef+E,+E%, Ef(x):=c,loglt*(x,0)|, E:=ic,ImlogA(x,w),

and similarly for E, ;;o. It suffices to show that for e = 4, —, 0 we have

f E;, (x = y)o(x, y)do(x) do(y) — E5 io(x —y)o(x, y)do(x) do(y). (4-45)
INxIQ INx IR
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(2) We have E;)j (x —y) = E;_;o(x —y) for almost every (x, y) € 9€2 x 9€2, more specifically for all
(x, y) such that y & {x, y T (x, A), ¥y " (x, A)}. This gives (4-45) for « = 0 by the dominated convergence
theorem since |Imlog A(x, w;)| <.

To see (4-45) for « = + (a similar argument works for e = —), we follow step (2) of the proof of
Lemma 4.3. Instead of the family of linear isomorphisms @, used there we choose a specific local
coordinate 6; on d$2 which depends on A; = Re w;. More precisely, using a partition of unity we see
that it suffices to show that each (xg, yp) € 92 x <2 has a neighborhood U such that (4-45) holds for all
¢ € C(U). Now we consider four cases (corresponding to Sections 4.6.3—4.6.6 below):

o €T (x0, 1) # £ (y0, A): we can use the dominated convergence theorem since E ;j], (x —y) is bounded
uniformly in j and in (x, y) € U by (4-17).

e yo=x0 # ¥yt (x0, 1): we choose the coordinate & = £ (x, A ;) near xo. Then the argument in the proof
of Lemma 4.3 goes through, using that log |§ — 6’| is a locally integrable function of (4, 6’) € R2.

e yo = ¥ (x0, A) # xo: we again choose the coordinate 0; = £ (x, Aj) near xo and near yp, and the
argument goes through as in the previous case.

+

e X0 = yo = y T (x0, A): assume that xo = x,". (1) is the minimum point of £* (s, 1) on 9 (the case

when x( is the maximum point is handled similarly). We choose the coordinate 6; near x( given by (2-1):

e, a) =0t (), A) +0;(x0)%

min

Then the argument in the proof of Lemma 4.3 goes through, using that log |6% — (9")?] is a locally
integrable function of (6, 6) € R>. O

4.6.2. Decomposition into TX. Since the linear functions £*(x, ) are dual to the vector fields LE
(see (4-4)), we have

dC, =T +T,, (4-46)
where the operators T£ : C®(0Q; T*32) — C®(dQ; T*3R) are given by (with j the embedding map)
Ty = j*(LES,v)deF), j: 09— Q. (4-47)

Let K£(0,0") € D'(S' x S!) be the Schwartz kernel of T£, that is,

TEv(0) = (9p€*(x(0), @) LES,v(x(6)) db = (/ KX6,0)f©®) de/) de, (4-48)
sl

where we put v = f(6) d6. Recalling the integral definition (4-33) of S, the formula (4-9) for E,, (which
in particular shows that E,, is smooth on R2\ {0}), and the identity (4-10), we see that K jf is smooth on
(S' x SH\ {0 #6'} and

dplE(x(0), w)
“eEx@O) —x6), )’

KX06,0)=c 0#6. (4-49)
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4.6.3. Away from the singularities. Define the sets
Diag := {(6,6) | 0 € S'},

4-50
Ref :={(6, y“(9)) | 6 € S'}. (+0)

Note that the intersection
DiagNRef ={(6,0) |8 € S', 3p¢F(x(8), 1) = 0} (4-51)

corresponds to the critical points x= (L), xE, (1) of £X (e, 1) on IS (see Definition 1.1). At these points

min max
the operator P (A) is characteristic with respect to 0€2.

We start the analysis of the uniform behavior of K as ¢ = Im w — 0 by showing that the singularities
are contained in Diag U Refjt:

Lemma 4.11. We have
K181 x81)\(Diag Uret) € CF((S' x S1) \ (Diag URef))
smoothly in & up to e = 0.

Proof. This follows immediately from (4-49). Indeed, for (0, 6") ¢ Diag U Ref i, we have ££(x(0), A) =
£%(x(0), 1) and thus the denominator in (4-49) is nonvanishing when ¢ = 0. |

4.6.4. Noncharacteristic diagonal. We next consider the singularities of K f (@, 0') near the diagonal but
away from the characteristic set Diag N Ref;t. In that case the structure of the kernel is similar to the
model case (4-6):

Lemma 4.12. Take 6y € S' such that yAi (6o) # 6p. Then, for 6,0’ in some neighborhood U of 6y and
e =Imw > 0 small enough, we have

KX0,0") =c,(0 —0'+i0)"' +.26,0", (4-52)
where Jifwi € C®(U x U) is smoothin 0,0', & up to ¢ = 0.

Proof. (1) Fix some smooth vector field v(6) on 92 which points inwards. We have for all v = f(6) d0 €
C>®(0R2; T*0R2),

/ KZ6,0)f(0)do' = (3£ (x(6), w)) 511%1+ LES,v(x(0) +8v(8))
§1 —

— (3 LE(x(0), w)) lim / A de’
@ P so0r Jei £E(x (@) —x(0) +6v(0), )

where the limit is in C°(S'). Here in the first equality we use the definition (4-48) of K j (recalling that
Spv € C®(Q) by Lemma 4.7). In the second equality we use the definition (4-33) of S, the formula (4-9)
for E,,, and the identity (4-10).
Since dp£F (x(0), 1) # 0 at 6 = 6, we factorize for 6, 6’ in some neighborhood U of 6y and & = Im w
small enough
£ (x(0) —x(0"), 0) =G (60,6)(6 -6,
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where Gf (0, 0) is a nonvanishing smooth function of 6, 6’, & up to ¢ = 0 and
GE6,0) =0t (x (), w), HeU. (4-53)
Therefore, for (0,0’) € U x U we have

W0 ) (9 —0'+35

4-54
G5(0,0)  s>0+ (3>

Ei(v(G), w) -1
+ / it
Ko ©.9) Gi(@,e/) ) ’

with the limit in D/(U x U).

(2) We next claim that if U is a small enough neighborhood of 6y, then for all (6,60") € U x U and
Imw = ¢ > 0 small enough
=),
L YOO, (4-55)
G (9,0
When w = A is real, the expression (4-55) is equal to 0. Thus it suffices to check that for all (0,0") e U x U
=), L +ie)
1o (0,0))

49, |e—o Im (4-56)

It is enough to consider the case & = 6" = 6, in which case the left-hand side of (4-56) equals

w6y, A +ie)

49,0, o1 .
ele=0 Im o G0y A 1 12)

By (2-7) and since £* is holomorphic in w it then suffices to check that
£(€F (v(00), M) €F(px (00), 1) — £ (v(00), )T (dpx (Bp), 1)) > 0. (4-57)

The inequality (4-57) follows from the fact that x — (£1(x, L), £~ (x, A)) is an orientation-preserving
linear map on R? and dgx (6p), v(6p) form a positively oriented basis of R? since the parametrization x (8)
is positively oriented and v(0) points inside €2. This finishes the proof of (4-55).

(3) By Lemma 3.7 (see also (3-34)), with § taking the role of &, the distributional limit on the right-hand
side of (4-54) is equal to (f — 6" £ i 0)~!. Therefore

Ccwdp ™ (x(0), )

GE@.9) 6 —06'£i0)~". (4-58)

KX,0") =

By (4-53) we can write for some .#(0, 8’) which is smooth in 6, 6’, ¢ up to & = 0,

Cwaegi(x(e)v (1)) + / /
=cy+#,(0,0)0 -0,
60 W+ HEO,6)6 )

which gives (4-52) since (8 —0')(0 —6' £i0)~' =1. O

4.6.5. Noncharacteristic reflection. We now move to the singularities on the reflection sets Ref;t, again
staying away from the characteristic set Diag N Ref;t:
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Lemma 4.13. Take 6y € S' such that yf (o) # 0. Then there exists neighborhoods U, U' = yf U) of
]/)ft (6o), Oy such that, for (0,0") € U x U’ and ¢ = Imw > 0 small enough, we have

KX0,0) =50 (r50) -6 +isz2(0)) " + 46,0, (4-59)

where £ € C®°(U x U') is smooth in 0, 0', & up to & = 0, the functions ¢=(0') and z£(6") are smooth in
0, euptoe=0,and

Cw

~+
0)y=—2<
Cw( ) 89/]/)?:(9/)

+0(e), Rez(@)=>c>0, (4-60)

where c is independent of ¢, 0.

Proof. (1) Recall that w = A + ie. We take Taylor expansions of £*(x, w) at ¢ = 0, using its holomorphy
in w:
5 (x, ) = €50, M) el (x, A+ 8265 (x, A, 8), 6 (x, A) 1= 3,05 (x, A), (4-61)

where the coefficients of the linear maps x — Ezzt(x, A, &) are smooth in € up to ¢ = 0. Since we have
T (x (), 1) # 0 at 6 = 6, we factorize for 6, 6" in some neighborhoods U, U" = yf:(U) of yf:(éo), 6o
£ (x(0) —x(©0"), 1) = L5 (x(y;7(0)) —x(0'), 1) = G560, 6") (v (0) — 0,
where Git € C*(U x U’; R) is nonvanishing and
Gy (v (0)),0") = 9 (x(8), ). (4-62)
Hence for (0,0’) e U x U’
£ (x(0) —x(6"), 0) = G5 (60, 0") (v, (0) — 0" £iey; (6,0"),

CEx(0) —x(8), 1) —ielF(x(@) —x(@), 1, €)

+ Ni==
Vo ©.0) G5 (0,6"

By (4-49) we have for (0,0’) € U x U’

- dlE(x(0),
KE0,0)=F0,0)(y0) -6 £isy26,0))"", Fi6,0):=coog—tm i(x( ) )

G; (0,0
Note that (9, 0') and FX(6, 6’) are smooth in 6, 0', & up to & = 0.

(2) We next claim that Re /2(0, 6) > ¢ > 0O for & small enough and (8,60") € U x U, if U, U’ are
sufficiently small neighborhoods of yf (00), 0y. For that it suffices to show that
G G0 = x(00), )
G5 (5 (60), 60)

By (2-7) and (4-62), and since £*(x ()/)\i (60)) — x(6y), A) =0, the left-hand side of (4-63) has the same
sign as

0. (4-63)

EF(x(yE(00)) — x(60), 1)
dlEXxO), Mlog=g,

which is positive by (2-5) with x := x(6p).
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(3) Now (4-59) and the second part of (4-60) follow from Lemma 3.6, see also the remark follow-
ing Lemma 3.8 where we replace 6 with yki (6). Finally, by (4-62) and differentiating the identity
Ex(yE0')), A) = £5(x(0'), 1) in 6’ we compute
9= (x(6), Mgy Co
T B L Oe) = — 2 1 Oe),
dpr€=(x(0"), ) 3y, (0)
which gives the first part of (4-60). (I

FE(y=0),0) =co

4.6.6. Characteristic points. We finally study the singularities of KX near the characteristic set Diag N Ref; -

Recalling (4-51), we see that this set consists of two points (Grfm, Qrffm) and (Omax, max) where x(@rfm) =
mln(A) x( maX) maX()L) are the critical points of £* (e, 1) (see Definition 1.1).

Lemma 4.14. Assume that 6y € { ax}. Then there exists a neighborhood U = yki (U) of 6y such

that, for (0,0") € U x U and ¢ = Imw > 0 small enough, we have

min’

KE0,0") =c,(0—0' £i0) ' + 50 (v 7(0) —0' £ iszj(e’))‘l +.256,0), (4-64)

where 4= € C®(U x U) is smooth in 0,0, & up to ¢ = 0, ¢=(0") and zZ(0") are smooth in 0', & up
to ¢ =0, and (4-60) holds.

Remarks. (1) Note that Lemma 4.14 implies Lemmas 4.12 and 4.13 in a neighborhood of the character-
istic set, since the first term on the right-hand side of (4-64) is smooth away from the diagonal Diag and
the second term is smooth (uniformly in ¢) away from the reflection set Reff.

(2) Since keeping track of the signs is frustrating we present a model situation: £ (x) = x; + isxy,
€7 (x) = xp +iex; (which is compatible with Lemma 4.1) and 02 which near (0, 0) is given by

x1=q(x2), q0)=q'0)=0, ¢"(0) <0.

This corresponds to the point 67 ., since when ¢ = 0 the function £*(x) = x| has a nondegenerate

max?
maximum on 9£2.
We can use 6 = x, as a positively oriented parametrization of a2 near (0, 0). In that case the involution
y1(0) is given by
q(yt©)=q©), y*O)=—-6+00.
This gives

q6) —q0) = 06,6706 -0y () —6), 00,0 =~ > 0.

q"(0)
2

The Schwartz kernel of the model restricted single layer potential C is given by (with Q = Q(6, 6’) and
neglecting the overall constant c,, in (4-9))

K(0,0") =log(£"(x(0) —x(8")€ (x(0) —x(6")))
=1log((g(0) —q®) +ie(® —0))(6 — 6" +is(q(0) —q(©))))
=log((0 —0)*(Q(yT(0) — 6" +ie)(1+icQ(yT(0) —0)))
=2log|0 —0'|+log(y T () —0' +icQ~ ) +1log(1 +icQ(y T () —0")) +1og Q.
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Hence (see Section 4.2) the Schwartz kernel of 94C is

pytO)+icdy 010,60

yH(O)—0'+icQ-10,0) +.2(0,0),

K(©.0)=> (0—0£i0)"" +
+
where Q(0, 0) > 0 and ¢ € C* uniformly in ¢. This is consistent with (4-64) and (4-60), where we use

Lemma 3.6 and recall that by (4-46) we have 99K = K+ + K.
Proof of Lemma 4.14. (1) Recall that o = A +ie, € > 0 and consider the expansion (4-61):
0 (x, w) = €5 (x, M) Fieli(x, 1)+ 6265 (x, A, 8).
We have for 6, 6’ in a sufficiently small neighborhood U of 6y € {6, , 6 )
£ x(0) —x(©0), 1) = Go(0, 0") (v, (0) —0)(0 — 6,
Zli(x(e) —x(0),0) =G 10,006 -6, (4-65)
Ef(x(@) —x(0"),1,8)=G20,0, )0 -0,

where Gy, G1, G, are smooth in 6, 6’,¢ up to ¢ = 0, and Gy, G are real-valued and nonvanishing.
Indeed, the first decomposition follows from (2-1) and the second one, from (2-7) and the fact that
LT (x(0), 1) # 0 at 6 = ). We have now (with G; = G;(0,0"))

Ex©) —x©0), ) =6 — 9’)(G0(yf:(0) —0)+ieG| +£°G»). (4-66)

(2) The argument in the proof of Lemma 4.12 (see (4-58)) shows that for any fixed small ¢ > 0

w09 *(x(6),
KEO.0) = 0Pt x0),0) 6 —0'+i0)". (4-67)
Go(y;-(0) —0) +ieG +&2G,

To apply this argument we need to check the condition (4-55), which we rewrite as

Go(y;£(0) —0') +ieG +2G,
(*(v(9), w)

for 6, 0" near 6y, ¢ = Imw > 0 small enough, and v(#) an inward-pointing vector field on 2. Here the

+1Im <0 (4-68)

denominator is separated away from zero since £*(v(6), ) # 0.
For ¢ = 0, the expression (4-68) is equal to 0. Thus it suffices to check the sign of its derivative in € at
¢ =0and 0 =0’ = 0, that is, show that (where we use (2-7))

+0%(v(60), M)LF (39x(Bo), 1) < 0. (4-69)
The latter follows from the fact that £ (3gx(0p), 1) = 0, x — (£F(x, A), £~ (x, 1)) is an orientation-
preserving linear map on R2, and dgx (6y), v(Hp) form a positively oriented basis of R2.
(3) Differentiating (4-66) in 6 to get a formula for dl*(x(9), ) and substituting into (4-67) we get the
following identity for 6,6’ € U:

0o (Go(yE(0) —0") +ieG +€2Ga)
Go(y; (0) —0') +ieG) + 2G>

KZ(0,0) =c,(0—0' £i0)~" + : (4-70)
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where, as before, G; = G; (0, 0’). Dividing the numerator and denominator of the last term on the right-
hand side by G, we see that the second term on the right-hand side of (4-70) is equal to F, j 6,0 ()/AjE 0)—
o' +ieyE(6,0))", where the functions

G1(0,0)—icG,(0,0', ¢)
Go(0,6)

cwdo (Go(0,0") (v () —0') +ieG1(0,0") +e2G2(0, 6, &)

Go(6,0")

UE@0,0) ==+

9’

F0,0) =

are smooth in 6, 0’, ¢ up to ¢ = 0 and ¥ is real and nonzero when & = 0.

To get (4-64) we can now use Lemma 3.6 (and the remark following Lemma 3.8) similarly to step (3)
in the proof of Lemma 4.13. Here the sign condition Re = > ¢ > 0 and (4-60) can be verified by a direct
computation using (2-7), definitions (4-65) and (4-69); note that for the sign condition it suffices to check
the sign of G1/Gq at 0 = 6" = 6. O

4.6.7. Summary. We summarize the findings of this section in microlocal terms. Consider the pullback
operator by y;= on 1-forms on S',

5 c=(sh 78 — =8 T*sh).
In terms of the identification of functions with 1-forms, f +— f d6, we have

(V5 (f dO) = ((f o y)dey;E) db. (4-71)

Proposition 4.15. Assume that w = A + ie, where A € (0, 1), ¢ > 0, and Q2 is A-simple in the sense
of Definition 1.1. Let C, be the operator defined in (4-40), where for ¢ = 0 we understand it as the
operator Cy_1io. Using the coordinate 6, we treat dC,, as an operator on C*(S'; T*S"). Then for all ¢
small enough, we can write

EudCo =1+ (y, ) AT+ (r))* AL, (4-72)
where £,, AL are pseudodifferential operators in WO(S: T*SY bounded uniformly in & and such that,
uniformly in ¢ (see (3-7)),

5 (E,) (0. §) = l;fné

. WE(AD) C {££ >0}, 0(AD)(©0.8) = aL(O) H(E)e @l
where H (&) denotes the Heaviside function, aai) and zi are smoothin 0, e up to e =0, Re zjf @) >c=>0,
and a£(0) = —1+ O(e).

Remarks. (1) Proposition 4.15 is stated for a fixed value of A = Re w. However, its proof still works
when A varies in some open interval 7 C (0, 1) such that €2 is A-simple for all A € 7. The conclusions of
Proposition 4.15 hold locally uniformly in A € 7 and the functions ajf ), ch (0) can be chosen depending
smoothly on 6 € S!, » € 7, and & = Im w > 0. Moreover, the operators AZ and &, depend smoothly on A
and all their A-derivatives are in W uniformly in &; the same is true for the pseudodifferential operators
featured in the decomposition (4-75) below.
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(2) One can formulate a version of (4-72) directly on d<2 which does not depend on the choice of the
(positively oriented) coordinate 6, using the fact that the principal symbol (3-14) is invariantly defined.

Proof. (1) Recall from (4-46) that dC,, = T, + T, where Twi are defined in (4-47). As with dC,, we
use the coordinate 6 to think of 7.* as operators on C*®(S'; T*S!). We will write 7.F as a sum of a
pseudodifferential operator and a composition of a pseudodifferential operator with (y/\i)*; see (4-75)
below. The singular supports of the Schwartz kernels of these two operators will lie in the sets Diag and
Ref: defined in (4-50).

Fix a cutoff xpjas € C>®(S' x S!) supported in a small neighborhood of the diagonal Diag and equal
to 1 on a smaller neighborhood of Diag. Define the (w-dependent) operator

T : C(S' T*SY) — €>(S'; T*Sh),

with the Schwartz kernel c,, xpiag (6, 6')(6 — 6" i 0)~!. Here Schwartz kernels are defined in (4-48). By
Lemma 3.9 we have

Tj:

Diag € YOS T*SY), 0 (T55,)(0, &) = F2mic, H(£E). (4-73)

(2) Next, define the reflected operators

+ . + +
TRef = Ta) — 1T

Tt . Bkt
Diag’ TRef T (VA ) TRef’

Denote by Kﬁtef, I’(\}if the corresponding Schwartz kernels. Combining Lemmas 4.11, 4.12, 4.13, and 4.14
we see that, putting XRief(Q, 0 := )(Diag(yxjE ), 9,
Kii0,0") = x5 0,0)E@) (vEO) — 60 iezE @) +.2506,6), 0<e<eo,

where 7. is smooth in 6, €', & up to & =0, ¢=(0’) and z(6’) are smooth in &', £ up to £ =0, Re z=(¢") >
¢ > 0 for some constant ¢, and Z‘zf ©) = co/ 89/yf(9’ ) 4+ O(¢e). Here we use a partition of unity and
Lemma 3.8 to patch together different local representations from Lemmas 4.13 and 4.14 and get globally
defined ¢, 7. Recalling (4-71), we have

w
K 0,0)) = 0y (0) Kty (5 (0), 0).
Thus by Lemma 3.9 the operator Téf is pseudodifferential: we have uniformly in & > 0

T e WS T*SY,  WER(TE) c {£& > 0},

. (4-74)
o~ R —
o (Tpep) (0, &) = F2mic, (0) 0y, (0))e @I H (+£).
(3) We now have the decomposition for & > 0
dCy = Tify + T + Vi) T + () Ty (4-75)

Taking the limit as ¢ — 0+ and using Lemma 3.7 (see also (3-34)) and Lemma 4.10 we see that the same
decomposition holds for ¢ = 0, where we have

Ki (0,0 = g0, 0)EEO) (= (0) — 0’ £i0) ' + #(6,6'), when e =0,

and by Lemma 3.9 the properties (4-74) hold for ¢ = 0.
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The operator Tpjsg := T];riag + T, lies in wO(S!; 7*S') and has principal symbol —27ic, sgn& (away

iag
from & = 0), which is elliptic. Let &, be the elliptic parametrix of Tpjag, 50 that £, Tpiag = 1 + W™ (see
[Hormander 1994, Theorem 18.1.9]). We have o (£,,) = 1/0 (Tpiag) =i sgn& /(2mc,,). Multiplying (4-75)

on the left by &, we get (4-72) where the operators A~ have the form

AL = ) i) Ty
By [Hormander 1994, Theorem 18.1.17], (yf)*é’w(yf)* e WO(S!; 7*S') has the principal symbol
—isgn&/(2me,) (as y,\jE is orientation-reversing), so from (4-74) we get the needed properties of Azf, with

& (0)

at®)=— dy=(0) = —140(). 0

[0

4.6.8. A strong convergence statement. A corollary of Lemma 4.10 and Proposition 4.15 is the following
limiting statement:

Lemma 4.16. Assume that ) € (0, 1), Q2 is A-simple, k € Ny, and s +1 > t. Then
185Cw, — 85 Catioll ik o 99— 19y — O forall w; — &, Imw; > 0. (4-76)
Proof. (1) Fix k. We first show the following uniform bound: for each s there exists Cy such that, for all
large j,
”85;ij | frs+x a0 T*a)— H5+1 (90) < Cs- 4-77)
Indeed, Proposition 4.15 (more precisely, (4-75)) and Remark (1) after it imply that
||d8f)ij | 55+ (9 Ta0)— Hs (90 T+a) < Cs  for all s, (4-78)

where the loss of k derivatives comes from differentiating the pullback operators yl\jE in A =Rew. On
the other hand Lemma 4.10 shows that, for each ¢ € C®(9Q x ), and denoting by 3*C,,(x, y) the
Schwartz kernel of the operator 8!300), the sequence

/ 0 Cuy (X, V)@ (x, y) dO(x) d6 (y)
0R2x0Q

converges (to the same integral for achio) and thus in particular is bounded. By the Banach—Steinhaus
theorem in the Fréchet space C*° (92 x 9€2), we see that there exists N; such that

”af,cwj”HS(EJSZ;T*BQ)—)Hf(aQ) <C,, foralls> Ni, t <—Nj. (4-79)

(Another way to show (4-79), avoiding Banach—Steinhaus, would be to carefully examine the proof of
Lemma 4.10.)

Together (4-78), (4-79), and the elliptic estimate for dg imply that (4-77) holds for all s > Ny — k. The
operator 85)ij is its own transpose under the natural bilinear pairing on C*°(9<2; T*02) x C*°(92).
Since H~* is dual to H® under this pairing, (4-77) holds for all s < —N; — 1. Then (4-79) holds for
all s, ¢t such that + < min(s + 1 — k, —Ny). Together with (4-78) and the elliptic estimate for 9y, this
implies that (4-77) holds in general. Same bound holds for the operator 81‘6”,-0.
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(2) We now show that
3£ Coyv — 3 Cipiov  in C®(dQ), for all v e CP(IQ; T*IQ). (4-80)

Indeed, by (4-77) the sequence 8£ijv is precompact in H* for every s, and any convergent subsequence
has to converge to afcmov since af)ijv — BfCAJriov in D’ by Lemma 4.10.

Since C* is dense in H**X, we get from (4-77), (4-80), and a standard argument in functional analysis
the strong-operator convergence

9ECw,v = 0 Copiov  in HT1(AQ), forall v e HPF(0Q; T*Q). (4-81)

We are now ready to prove (4-76). Let s+1 > ¢. Assume that (4-76) fails; then by passing to a subsequence
we may assume that there exists some ¢ > 0 and a sequence

v, € O T*9Q),  lvjllgse =1, [05C0; — 3 Corio)vjllar > c.

Since H*** embeds compactly into H'~'*X passing to a subsequence we may assume that v j — Vo in
H'~1** But then

1(05Ca; — 5 Catio)vjll e < I1(B5Cw, — 85 Catio) (v — vo) |t + [ (Cur; — 5 Crgio) ol 1

Now the first term on the right-hand side goes to 0 as j — oo by (4-77), and the second term goes to 0
by (4-81), giving a contradiction. O

4.6.9. Action on conormal distributions. We finish this section by showing that C,, is bounded uniformly
as Imw — 0+ on conormal spaces I°(0€2; Ny %, U NiEf) defined in (3-19), where E;t are the
attractive/repulsive sets of the chess billiard b( e, 1) defined in (1-6) and . = Re w —see Lemma 4.17
below. Moreover, we get similar estimates on all the derivatives 9XC,. This is used in the proof of
Proposition 7.4 below.

Since the conormal spaces above depend on A, we introduce a A-dependent system of coordinates which
maps Zit to A-independent sets. Assume that 7 C (0, 1) is an open interval such that the Morse—Smale
conditions hold for each A € J (see Definition 1.2). Recall from Lemma 2.6 that the points in the sets Ef
depend smoothly on A € 7. Fix any finite set % C S! with the same number of points as X, = E; ux,
and a family of orientation-preserving diffeomorphisms depending smoothly on A

0::S' =82, reJ, O,()=3;.
We may take the decomposition Y =3tu%", where F are A-independent sets and
0, (%) =xF forallreJ. (4-82)
Note that for any fixed A € J the pullback ®} gives an isomorphism
OF : I*(0Q, NIZ, UN* T — IS(S!, N*E-uN*ET)

and the space on the right-hand side is independent of A.



56 SEMYON DYATLOV, JIAN WANG AND MACIEJ ZWORSKI

For w € 7 +i(0, oo) define the conjugated operator (here ®; ™ is the pullback by @;1)
Copi= O;C,O; ™ : C®(S": T*S" — C>®(S'), where A :=Rew. (4-83)

We write w = A + i¢ and define 8,’\‘5(,) by differentiating in A with ¢ fixed. (Note that C,, is holomorphic
in w by Lemma 4.10 but C,, is not holomorphic.)
We say that a sequence of operators
Tj: (S, NIETUN*ET) » 'S, NIZUN*ET)

is bounded uniformly in j if for each sequence v; € I* (S, Nf';f]_ LUN* §]+) with every seminorm (3-20)
bounded uniformly in j, the sequence T;v; also has all the seminorms (3-20) bounded uniformly in ;.
Similarly we consider operators acting on differential forms on S', which are identified with functions
using the canonical coordinate 6.

Lemma 4.17. Assume that . € J and w;j — A, Imw; > 0. Then for each k and s, the sequence of operators
WCy, TS, NIETUN*EY) - IS, NIETUNET)
is bounded uniformly in j.

Proof. (1) From (4-77) we see that for each r, afﬁwj is bounded H" — H"k+1 uniformly in j. By
elliptic regularity, it then suffices to show that the sequence of operators
ddfC,, : 'T(S" NI E uUN*ET) —» IFH(S!, NIETUN*EY)

is bounded uniformly in j. Using the decomposition (4-75), we write

dCo = Toing.o + ) Taog o + ) Tt o (4-84)
where w = A +i¢,

TDiag,a) = ®I<T];;ag + T])_iag)(a;*’ TRief,w = ®i fRief@)t*

are families of pseudodifferential operators in oS! 7*S!) smooth in A € J uniformly in ¢ (see
Remark (1) following Proposition 4.15), and

vi=05 oy (s, 0)00;

is a family of orientation-reversing involutive diffeomorphisms of S' depending smoothly on A € 7 and
such that by (2-2) and (4-82)

FEEH =%, FFEH =% (4-85)
(2) Differentiating (4-84) in A = Re w, we see that it suffices to show that for each k and s the sequences
of operators

0 Toiag.oj» 9 Ter oy 0N (F0)* i IH(S!, NIETUNZEY) > PT(S', NIE T UNTET)

are bounded uniformly in j. The operators 8,’{ TDiag,w_/. and 8/’{ Téf’w/_ are bounded in WO uniformly in j and

thus bounded on any space of conormal distributions [Hormander 1994, Theorem 18.2.7], so it remains
to show the boundedness of 8§ (J?fj)*.
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Instead of pullback on 1-forms we study pullback on functions, since the two differ by a multiplication
We then have forall A € J

(T =X GO,

where X Ai is the vector field on S' given by

operator which can be put into TRef "

X50) = EZ; d.

We note that Xic vanishes on 3. by (4-85).
It follows that 8/’{()7%)* is a linear combination with constant coefficients of operators of the form

@ X5 @UXHTH. kit ke l=k.
Thus it remains to show that for all k the operators
X T PTS NIETUNIE D) - TS NIETUNEEY) (4-86)

are bounded uniformly in j.

Each 8)’“ X )jf is a vector field which vanishes on ¥ and thus can be written in the form apdy for some
a € C*®(S") depending smoothly on A and p which is a defining function of ¥ (see the discussion
preceding (3-20)). Thus akxf is bounded on the spaces (4-86) uniformly in ] Finally, (yA )* is bounded
on these spaces umformly in j by the mapping property (4-85) and since y)\ is orientation reversing, its
symplectic lift maps N7 £~ and N*E7 to each other. O

5. High frequency analysis on the boundary

In this section, we take
wo=A+ig, O<ekl,

where A € (0, 1) satisfies the Morse—Smale conditions on €2 (see Definition 1.2), and consider the elliptic
boundary value problem (4-21):
P(C())Mw:f, uw|8§2=0-

Here f € C°(R2) is fixed and the solution u,, lies in C ©(Q) (see Lemma 4.4). Our goal is to prove
high-frequency estimates on u,, which are uniform in the limit ¢ — 0+, when the operator P () becomes
hyperbolic. To do this we combine the detailed analysis of Section 4.6 with the dynamical properties
following from the Morse—Smale conditions.

5.1. Splitting into positive and negative frequencies. Fix a positively oriented coordinate 6 : 3Q — S'
to identify 02 with S'. Recall from (4-30) that

vaw:Gw = (wa)|89- (5'1)

Here the 1-form v,, ;=N u, € C*(S'; T*S") is the “Neumann data” of u,, defined using (4-26); however,
we do not have uniform bounds on v, in C*® as ¢ = Imw — 0+. The function G,, lies in C*®(S")
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uniformly in € since f € CZ° and R, is the convolution operator with the fundamental solution E,,, which
has a distributional limit as ¢ — 04 by Lemma 4.3.
Let yki be defined in (4-43). By Proposition 4.15 we have

Ewd Gy = EpdCovey = Vo + (¥, ) Al V0 + (v, ) AL Ve
We rewrite this equation as
Vo = _vaw —I—E'dew, Aa) = (V;)*AZ + (V)L_)*A; (5'2)

The operator A, exchanges positive and negative frequencies, since AZ are pseudodifferential and the

maps yki are orientation reversing. We thus study the square of .4,,, which maps positive and negative fre-

quencies to themselves. It is expressed in terms of the pullback of the chess billiard map b=y oy~ to S':
bi=yoy . b=y onl (5-3)

which is an orientation-preserving diffeomorphism of S'. Denote the pullback operators by b, and b;l
on 1-forms by
by, b " : C*(S'; T*S") — (8" T*S).
Lemma 5.1. We have
A2 = B}b} + B, b; ¥, (5-4)

where ij are pseudodifferential; more precisely we have uniformly in ¢ > 0 (see (3-7))

BE e wO(s!; 7*s"), WF(BE) c (£ >0}, 5-5)
o (BE)0,8) =ak @) H(Eg)e Ok,

where H denotes the Heaviside function, the functions &aﬂf 0), Zf{f (0) are smooth in 6 € S' and ¢ > 0,
RezE>c>0,andat(@)=1+0().

Remark. From Remark (1) after Proposition 4.15 we see that ij are smooth in A (where w = A +i¢g),
with A-derivatives of all orders lying in W° uniformly in ¢.

Proof. From Proposition 4.15 and the change of variables formula for pseudodifferential operators
[Hormander 1994, Theorem 18.1.17] we see that (yf)*Ai(yf)* lies in WO(S!; 7*S!) and has wavefront
set inside {F& > 0} uniformly in €. Since products of pseudodifferential operators with nonintersecting
wavefront sets are smoothing, we see that

(yDH*AE)? e w=°(S!; 7*S')  uniformly in & > 0.
Recalling (5-2) we see that (with W ~>° denoting smoothing operators uniformly in ¢)
AL = (AL () AL + () AL () AL +
This gives the decomposition (5-4) with

By = (i) AT D@ A 0 ) + v
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Using the properties of AZ in Proposition 4.15 together with the product formula and the change of
variables formula for pseudodifferential operators, we see that ij e vO(s!; 7*S') and WF(ij) C
{££ > 0} uniformly in ¢. This also gives

S + +1 S
G(Baf)(e,é)—a(ﬁ)( (), )0(Aw) by 0), ———
v, () * dbE'(0)
in the sense of (3-7), which implies the formula for the principal symbol in (5-5), with
T O) | 5B 0)
00T (O 35" (6)

where a z are given in Proposition 4.15. [l

ag(0)=al (T (0)at ' ©), Z50O)=

Applying (5-2) twice, we get the equation

Vo = BEbv, + B, b, Ve + g (5-6)
where

8w :=U—AL)EWdG,,

is in C*(S!; 7*S!) uniformly in & > 0.
We now split v, into positive and negative frequencies. Consider a pseudodifferential partition of unity

[=0"+0", 0O%few’s' r*sh,

(5-7)
WE(IT®) C {+£ > 0}, o (IT*)(6, §) = H (&£).
Put
vjf = l'[ivw, gai) = Higw, (5-8)
with g% in C>(S!; T*S!) uniformly in &, and apply IT* to (5-6) to get
vi = BEEY vE + 7, + g, (5-9)

where the operator
<%:t ([H:i: Bi] + B:l:(nj: (b):f:l)*ni(bfl)*))(bitl)* + I—I:EBCI})Z(b)Tl)*
is in W~°°(S'; 7*S!) uniformly in &, as follows from (5-7) and the fact that WF(ij) C {££ > 0}

5.2. Microlocal Lasota—Yorke inequalities. We now show that B;f (bkil)* featured in (5-9) are con-
tractions at high frequencies on appropriately chosen inhomogeneous Sobolev spaces, and use this to
prove a high-frequency estimate on v,,; see Proposition 5.3 below. This is reminiscent of Lasota—Yorke
inequalities (see [Baladi 2018]) and could be considered a simple version of radial estimates (see [Dyatlov
and Zworski 2019a, §E.4.3]) for Fourier integral operators. It is also related to microlocal weights used
by Faure, Roy and Sjostrand [Faure et al. 2008].

Unlike applications to volume-preserving Anosov maps in [Baladi 2018; Faure et al. 2008], where
critical regularity is given by L2, for us the critical regularity space is H~!/2. This can be informally
explained as follows: if we have vzf = df* for some functions f* then the flux Im fgl fEAf*Eis
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invariant under replacing f* with the pullback (bj\tl)* f* and is well-defined for f* € H'/2. When
WF(f*) C {&£ > 0}, the flux is related to ||fi||§11/2 ~ EI3, -
To simplify notation, we only study in detail the case of the “4” sign. The case of the

handled similarly by replacing b, with b;l, switching Ef with £, and using the escape function in

“—" sign is
Lemma 2.9 (rather than in the remark following it).

We identify dQ with S! using the adapted coordinate 6 constructed in Lemma 2.8, which satisfies for
8 > 0 small enough

TFlogdgh, >0 on Ti(8), (5-10)

where Ziﬁ C S! are the attractive (4) and repulsive (—) periodic points of b; defined in (1-6), and Zf (%)
are their open §-neighborhoods.
Take arbitrary o < a4 and small § > O (in particular, so that (5-10) holds). Let g € C *(s!; R) be
the escape function defined in the remark following Lemma 2.9. We have
a_ <g(@) <Ny forsome Ny. (5-11)
Define the symbol
G(0.8):=gO)(1— xo¥)) log|g|, (0.£) e T*S', (5-12)

where xo € C°((—1, 1)) is equal to 1 near 0. We use Lemma 3.2 to construct

Eg:=0p(e%) e ¥)°(S"; T*S"), E_g:=0p(e %(1+rg)) € ¥y (S'; T*SY),

T (5-13)
rg € S s E GEg—I1,EGE_g—1€V .

By property (4) in the remark following Lemma 2.9 we have g > a; on S'\ X, (8). Therefore by (3-11)

XxE_g e ¥y (S'; T*S") forall x € C*(S"), suppx NI, (5 =2. (5-14)
We now apply E¢ to (5-9) (with the “+” sign) to get

v = Tovg + ZGve + g6, Wwhere v = Egv}, gc = Ecg.,

9 - (5-15)
Tg == EGB}biE_G, %G :=EGB}bi(I—E_GEg)1T +Eg%}.

Here gg € C®(S!; T*S') and #Zg € W~>°(S!; T*S"), both uniformly in e. The function vg lies in
C>®(S!; T*Sh) for ¢ > 0, but it is not bounded in this space uniformly in e. We also have the following
bounds for each N, which follow from (5-13) and (5-14) (writing v} = E_GUG + (- E_GEG)v;;):

lvg Ime- < Clvg 2 + Cnllvell g-v, (5-16)

Ixvsllmes < Cllvgllz2 +Cnllvelig-~ if supp x N Z;(8) = 2, (5-17)

lgcliz2 = Cligwll go- (5-18)

The key result in this section is the following lemma. The point is that for o_ < —% < o4, We can

obtain a contraction property of the microlocally conjugated operator T¢:
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Lemma 5.2. Suppose that G is given by (5-12) (using a coordinate 6 in which (5-10) holds) with g defined
with parameters a_ < o, 8 > 0, and that T is defined in (5-15). Define the norm on L>(S'; T*S")
using the coordinate 6. Then for any N and v > 0 there exists Cy such that, for all small e =Imw > 0
and all w € C*(S'; T*S"),

I Towll 2 < (miax sup (Bpby) /2o V)llwllz2 + Cnllwll g-». (5-19)
IO

Proof. (1) Recalling the formula (4-71) for pullback operators on 1-forms, we see that the operator
(b; ") (3pby)'*: L2(S'; T*S") — L*(S'; T*S1)
is unitary. Multiplying T by this operator on the right, we see that it suffices to show that
ITwlz> < (max sup (3b;)" 7 +v)wllz + Cuvllwll v,
= where T := Eg B b E_gb*(3pbs) /2. (5-20)

By (3-13) we have b;f_(;b;* =0p(e 9 (14r)) for G,(8, §) := G (b;.(9), & /99b;(0)) and some r € S~ .
Recalling the definition (5-12) of G, we compute for |£| large enough

G0,8)—Gp0,8) = (8(0) — g(b1(0))) log |§| + g(5:.(0)) log dp b, (6). (5-21)

Since g(0) — g(b,(0)) < 0 by property (1) in the remark following Lemma 2.9, we see that G — Gy,
is bounded above by some constant. By (3-11) and Lemma 5.1 we then see that TG € \Ilg 0 (S'; T*Sh
uniformly in ¢ and its principal symbol is (in the sense of (3-7))

0 (T6) (0, &) =} (0)H ()e D% (9 (6))/2eT@O=EH g > 1,
Thus (5-20) follows from Lemma 3.1 once we show that there exists C| > 0 such that for all £ > C

Gt (0) e # R D% (95b;. (9)) 120 @H=rO) < max sup (8pby)"/>+=. (5-22)
DRIE))
(2) Since a} () = 14 O(e) and ReZ}(0) > ¢ > 0, for § > C; and C; large enough we have
ja@ (0)|e e ReZ©@F < 1. Thus (5-22) reduces to showing that for all & > C;
o 1
GO, < mfx sup (i +ozi) log 99 b;,,

O] -
where G(0, £) := (g(0) — g(b,.(0))) log & + (5 + g(b1.(0))) log db;.(8).  (5-23)

This in turn is proved if we show that there exists c¢g > 0 such that for £ large enough
—cologé, 6 € S'\ (Z; (5) UZ; (8)),
G0,8) < 1 (3+ay)logdehr(0), 6 €37, (5-24)
(3 +a_)logdh.(8), 6 € X (5).

We now prove (5-24) using properties (1)—(6) in Lemma 2.9 (or rather the remark which follows it). The
first inequality follows from property (2), since g(6) — g(b,(0)) < —2cq for some co > 0. The second
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inequality follows from properties (1) and (4) together with (5-10). Finally, the third inequality follows
from property (6) with M := (log&)/(log dpb, (0)) > 1, where we again use (5-10). O

With Lemma 5.2 in place we give a basic high-frequency estimate on solutions to (5-6) which is
uniform as Imw — 0. An upgraded version of this estimate (Proposition 5.4) is used in the proof of the
limiting absorption principle in Section 7 below.

Proposition 5.3. Fix 8 > 0, N, and some functions x= € C*®(S") such that supp x* N T =o. Then
there exist Ny and C such that for all small ¢ =Im o > 0 and each solution v,, € C*®(S'; T*Sh to (5-6)
we have

lvollg-12-8 < CUIgwll Mo + Vol -¥), (5-25)

Ix = v, gy < CUlgwll gvo + Vel g-n)- (5-26)

Remarks. (1) The a priori assumption that v,, is smooth (without any uniformity as ¢ — 0+) is important
in the argument because it ensures that the norm ||vg|| ;2 is finite.

(2) Using the notation (3-18), we see that (5-26) implies that, assuming that the right-hand side of this
inequality is bounded uniformly in ¢ for each Ny and some N, we have WF(v,) C NI X, UN* Zf
uniformly in ¢.

Proof. (1) Fix a4 satisfying

—%—,8501_<—%<oz+, or > N.

Next, fix 6 > 0 in the construction of the escape function g small enough so that (5-10) holds and

supp x T N =, (§) = &. By (5-10) and since a_ < —% < a4 we may choose t such that

max sup (dgby)"/*T% <1 < 1.
E©)

Take Ny so that (5-11) holds. We use (5-15) and (5-18) to get
lvglize = ITgvgllr2 + CUIgwll gro + Vol m—v)-

Applying Lemma 5.2 to w := vg, we see that

ITGvg 2 < Tlvgll2 + Cllvell g-~.
Since T < 1, together these two inequalities give

lvgll2 < CUIgwll gro + Ve ll -v)- (5-27)
(2) From (5-27) and (5-16) we have

lvg =128 < CUUIgoll gr¥o + Vel ). (5-28)

The bound (5-26) for the “+” sign follows from (5-27) and (5-17). Similar analysis (replacing b, with b;l,
switching the roles of E; and ¥,", and using Lemma 2.9 instead of the remark that follows it) shows
that (5-28) holds for v, and (5-26) holds for the “~—” sign. Since v, = v;t +v,,, we obtain (5-25). [
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5.3. Conormal regularity. We now upgrade Proposition 5.3 to obtain iterated conormal regularity uni-
formly as Im w — 0+. We also relax the assumptions on the right-hand side g,: instead of being smooth
uniformly in ¢ it only needs to be bounded in a certain conormal space uniformly in ¢. This is the
high-frequency estimate used in the proof of Lemma 7.1 below.

As before we identify 2 with S! and 1-forms on S' with functions using the coordinate 6 constructed
in Lemma 2.8, which in particular makes it possible to define the operator dy on 1-forms. Fix some
defining function p of X, = E; L ¥, and an operator Ay, € wO(S!: 7*S!) such that WF(Ax,) N
(NIZ, UN* Z;) = & and Ay, is elliptic on N*X," UNY Ef. The estimate (5-29) below features the
seminorms (3-20) for the space /(1/+(S!, NiX, UNZ* Zz’) defined in (3-19). The proposition below
applies to any v, g, € C* solving (5-6), not just to v,, discussed in Section 5.1.

Proposition 5.4. Fix 8 > 0, k € Ng, and N. Then there exist No = No(B, k) and C = C(B, k, N) such
that for all small ¢ = Im w > 0 and any solution v, € C®(S'; T*S) to (5-6) we have

16080) vall -2 + 1 A, vl e < C( max [1(080) goll-17- + 1 Az, goll o + vl g-v)- (5-29)
<£=No

Remark. From the Remark at the end of Section 2.3 we see that the statement of Proposition 5.4 holds
locally uniformly in A. More precisely, assume that 7 C (0, 1) is an open interval such that each A € J
satisfies the Morse—Smale conditions of Definition 1.2. We may choose the coordinate 6, the defining
function p of ¥, and the operator Ay, depending smoothly on A. Then for each compact set X C J we
may choose constants Ny and C so that (5-29) holds for all A =Re w € K. This can be seen from the remark
following Lemma 5.1 and the fact that the escape function g can be chosen to depend smoothly on A.

Proof. (1) By the discussion following (3-20) it suffices to show (5-29) for one specific choice of p. We
choose p such that
p(O) =%, [depl=1 onZ;. (5-30)
Recalling the formula (4-71) for pullback on 1-forms we have the commutation identity of operators on
C>® (gl . T*Sl)
p(0)9b; () p(6)95b:.(6)
pdpby = @by pdg + by, ¢O)=——"1-—, YO)=——""—"—
e g p(b1.(6)) 3pb1 (6)
By (5-30) and since b, (X,) = X, we have |p| =1 on ;.
Asin (5-8), let v :=T*v, and g£ :=M*g,,. Since WF(Ax, ) NN E =@, we may fix x* e C(S!)
such that

(5-31)

suppx*NEF =2, xT=1near{feS'|(®,+1)ec WF(Ay,)}.
We will show that there exist No = No(B, k) and x* € C®(S!) such that supp ¥ = N X7 =@ and
1630 5l rv-s + X =05 e < € max 11(000) &35l pr-va-s + X85 oo + vl =) (5-32)
Adding these together and using that v, = v + v, we get

11(036) Voo ll -1 + 1 x T+ x v, e
< C(Oglgliik 1(030) goll g-1/2-5 + 11X T &b o + 117%™ 80 I agvo + 1Vl 7).
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Since xtIIT + x I~ is elliptic on WF(Ay,), we may estimate ||Asx, vyl z« in terms of ||x v} +
X v, lzx. Since WR(x*IT*) N (NI Z; U N*E)) = @, we may estimate | xgE| 45 by (3-21).
Thus (5-32) implies (5-29) (possibly with a larger value of Ny).

(2) It remains to show (5-32). We show an estimate on v, with the case of v, handled similarly. We start

with the case k = 0. Let Eg, E _¢ be constructed in (5-13), where the escape function g is constructed
using parameters «¢_ < o4, § > 0 such that

a-=—3—B, suppx T NE;(6) =2, (5-33)
op >0, max sup (dpby)'/?To < 1. (5-34)
DRIE))

Using (5-15) and Lemma 5.2 similarly to the proof of Proposition 5.3, we get the inequality
lvgllz < CUIg6 N2 + vl g-~), (5-35)
where vg := Egv}, g6 := Egg}. By (5-16) and (5-17) we have
o 128 4+ 1 v ll2 < Cllvg e + Vol g-—).- (5-36)

By property (5) in the remark following Lemma 2.9 we have g = «_ on some neighborhood of X,". Thus

we can choose ¥+ € C*®(S') such that supp ¥ "N ; = & and
g =a_ near supp(l — x ).

Then Eg(1 — x7) € \Pg; by (3-11). Fix Np such that (5-11) holds, so that Eg € \II(I)\ZS. Writing
ge=Ec(1—xDgl + EcxTgl, we get

lgGll2 < Clligg 125 + 1T 8 Il o) (5-37)

Putting together (5-35)-(5-37), we get (5-32) for k = 0.
(3) We next show (5-32) for k = 1. Put for j € Ny

vl = (pdp) v € CX(SL T*SY), vl = Ecv!. gl = Ec(pds) ).

We apply pdy to (5-9) and use (5-31) to get a similar equation on vl =pdy ng which also involves v¥ = v:f:
v! = Bl obiv! + Q3 biv® + pdg (%) v, + g1,
QF =[pdg. BX1+ By € WO(S'; T*S')  uniformly in e. -39
Applying Eg to (5-38), we get similarly to (5-15)
v = Thvg + Qv + Zivw + 86 (5-39)

where ,%’(1; € W~ uniformly in ¢ and

T} :=EGB ob'E_g, Q¢ :=EcQIbE g.
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We fix the parameters a4, § in the construction of the escape function g such that we have (5-33) and the
following strengthening of (5-34):

ar >1, max sup max(l, |p])(dgby) /> < 1. (5-40)
SI0)

This is possible by (5-10) and since |¢| =1 on Ef.
Arguing similarly to the proof of Lemma 5.2, we get the bounds for some v < 1

ITgvile < Tlvgllie + Clvollgx,  1Q6v¢llze < Clvglle.
Combining these with (5-39) and recalling (5-35) we get

1 0 1
lvgllz = Cllvglie + llgg 2 + lvoll g-v).

N 0 (5-41)
lvglizz < CAlgelizz + 1voll g-n).
Similarly to (5-36)—(5-37) we have for j =0, 1
107 | r=12=s + I x o7 I < CUL 2 + Vol =)
H-1/2-8 X H! GIIL wllH-N (5-42)

gz 12 < CAUl(0B6) g I r-12-s + 1% T8 Il o)
Together (5-41)—(5-42) give (5-32) for k = 1.

(4) The case of general k is handled similarly to k = 1. We write similarly to (5-38)
k—1
vf = BIo bt + ) 0F b + (080) (v + gh).
j=0

Here QI, kj € WO yniformly in ¢ is defined inductively as

Qz,k,j = ([,080, BZ)_‘/’k_l] + B:)_‘/’k_IW)aj,k—l + Q:;k_l,j_ﬁp + [0, QZ,k—],j] + Ql_,k_],jw

and we use the notation §, , = 1 if a = b and 0 otherwise, and Q;k_l’j =0when j € {—1,k —1}. The

argument in step (3) of this proof now goes through, replacing (5-40) with

ar >k, max sup max(l, |p/F)(Bgby)"/* T <1 (5-43)
zE6)

and gives (5-32) for any value of k. (Il

We will also need a refinement concerning Lagrangian regularity. Let B;im be the operators B from
Lemma 5.1 with ¢ := 0.

Lemma 5.5. Suppose that v e D'(S'; T*S!) satisfies (5-6) with & = 0:
v= B;:Liob:v + B, ;0b; "v+g  for some g € C>®(S': T*Sh. (5-44)
Similarly to (5-8) define v¥ := IT*v. Then

vEe VTS NEF) = vE el N ET). (5-45)
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Proof. (1) Let us consider v, with v~ handled similarly. Similarly to (5-9) we have from (5-44)

vt =By obivt +g1, where g € Cc>®(S'; T*sh.

Iterating this n times, where 7 is the period of the closed trajectories of b,, we see that
vF=Bf*v"+g, where f:=b!:S' > S!, gy eC®(S!; T*Sh), (5-46)
and the pseudodifferential operator

.— R+t
B:= B)\.Jl'i

satisfies o (B) = H(£) by Lemma 5.1.
Take arbitrary xo € £, and assume that the coordinate 6 is chosen so that 6 (xo) = 0. Note that f(0) =0.
Fix x € C*°(R) supported on a small neighborhood of 0 which does not contain any other point in X, ,

o B3 B, L iohy ) - <<bi_l>*3f+io(bﬁ_1>‘*) e w(st; r*sh

and such that y = 1 near 0. We write
xvt =u(@®)do for some u € £'(R).
Then u € I+ (R, N*{0}) and by (5-46) we have
u=Bf*u+gs, wheregseCXR) (5-47)

and B is a compactly supported operator in WO(R) such that a(ﬁ) (0, &) = f/(0)H (&). Here in (5-46) the
operator f* is the pullback on 1-forms, and in (5-47) the same symbol denotes the pullback on functions,
with the two related by the formula (4-71). We can take arbitrary B which is equal to Bf’ near 6 =0,
since u is smooth away from 0.

It suffices to show that u € I'/#(R, N*{0}), which (recalling (3-16)) is equivalent to iz € S 9(R). Note
that (&) is rapidly decaying as &€ — —oo since WF(v") C {§ > 0}, so it suffices to study what happens
for & > 1.

(2) We now use the invariance of the principal symbol of # coming from (5-47). More precisely, by
Lemma 3.3, and since the Fourier transform g3 is rapidly decaying, (5-47) implies for & > 1

aE) =iaE/R) +qE), where R:=f'(0)>1, g ST (R).
Iterating this, we see that for any k € Ny and n > 1
k
AR ) =a0m+Y_ q(Rn). (5-48)
=1

We now estimate (using for simplicity that ¢ € S~!/? rather than g € S~!1)

o.¢]
sup (6)| = sup sup |a(Rn)| < sup la(n)|+C Y R™ < oo,
§>1 keNp 1<n<R 1<n<R P

Differentiating (5-48) m times in 7, we similarly see that sups, gm|ag"ﬁ(g )| < oo. This gives @i € S°(R)
and finishes the proof. U
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6. Microlocal properties of Morse—-Smale maps

Here we prove properties of distributions invariant under Morse—Smale maps (see Definition 1.2). We
start with a stand alone local result about distributions invariant under contracting maps. The quantum
flux defined below (6-3) is reminiscent of similar quantities appearing in scattering theory — see [Dyatlov
and Zworski 2019a, (3.6.17)]. The wave front condition (6-16) is an analogue of the outgoing condition in
scattering theory — see [Dyatlov and Zworski 2019a, Theorem 3.37]. Although technically very different,
Lemma 6.1 and Proposition 6.3 are analogous to [Dyatlov and Zworski 2017, Lemma 2.3] and play the role
of that lemma in showing the absence of embedded eigenvalues — see [Dyatlov and Zworski 2019b, §3.2].

6.1. Local analysis. In this section we assume that f :[—1, 1] = (=1, 1) is a C* map such that
fO)=0, 0< f'(x)<l. (6-1)
We also assume that
ueD((—1,1)), singsuppu C {0}, f*u=wuon(—1,1). (6-2)
For x e CZ°(f(—1, 1)), x =1 near O we then define the flux of u (understood as an integral of a differential
1-form):
F(u) :=i/ (f*x — x)udu. (6-3)
=L
The integral is well-defined since u is smooth on supp(f*x — x) C (=1, 1)\ {0}.

We note that F (1) is independent of x. In fact, if x; € C°(f (=1, 1)), x1 = x2 near 0, then the difference
of the fluxes defined using x;’s in place of x, is given by (6-3) with ¥ = x1 — xo € C°(f (=1, 1)\ {0})
in place of x. Since x is supported away from O we can split the integral:

| orr=padu= [rpad- [ rGado = [ @ @i <o
-LD

Here in the first equality we made a change of variables by f : (—1, 1) = f(—1, 1) and in the last equality
we used (6-2). In fact, this argument shows that we could take x in (6-3) to be the indicator function of
some interval f(a_,ay) with —1 <a_ <0 < ay < 1, obtaining

F(M)=if udu. (6-4)
[a—, f(a-)lulf(at),a4]

Similarly we see that F (u) is real. For that we take y real-valued so that

2Im F(w) =2/ (f*X — %) Re(iidu) = /(f*x — 0 d(uP)

(=11
= [wPac- 0= [t~ [wkrax=o
where in the last line we used (6-2) and the fact that x’ = 0 near 0.
The key local result is given in:
Lemma 6.1. Suppose that (6-1) and (6-2) hold. Then
WFu) c {0} xR, F(u)>0 = u=const. (6-5)
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Remark. The wavefront set restriction to positive frequencies is crucial: for example, if u is the Heaviside
function, then (6-2) holds and F(#) = 0. A nontrivial example when (6-1), (6-2), and the wavefront set
condition in (6-5) hold is f(x) =e " x, u(x) = (x+i0)¥, k € Z\ {0}, where F (u) =27k(e "% —1) <O0.

To prove Lemma 6.1 we use a standard one-dimensional linearization result [Sternberg 1957]. For the
reader’s convenience we present a variant of the proof from [Yoccoz 1995, Appendice 4].

Lemma 6.2. Assume that f satisfies (6-1). Then there exists a unique C* diffeomorphism h : [—1,1] —
h([—1, 1]) C R such that for all x € [—1, 1]

h(f(x) = f'(Oh(x), h0)=0, K(O)=1. (6-6)

Proof. (1) We first note that any C! diffeomorphism satisfying (6-6) is unique. In fact, suppose
that 2, j = 1,2, are two such diffeomorphisms. With a = f(0) € (0, 1), ahj = hj o f we have
ahyohy'(x) = hyo fhy'(x) = hy o hy ' (ax) for all x € ha([—1, 1]), so that

hiohy'(x)=a"hyohy'(@"x) = lim a"hjohy'(a"x) = (hyoh3") (0)x = x.
n—oo

Hence it is enough to show that for every n there exists a C" diffeomorphism satisfying (6-6).

Using the fact that a = f'(0) € (0, 1) we can construct a formal power series such that (6-6) holds for the
Taylor series of f as an asymptotic expansion. Using Borel’s lemma [Hormander 1990, Theorem 1.2.6]
we can then construct a diffeomorphism 4¢ of [—1, 1] onto itself with that formal series as Taylor series
at 0. Then hgo f o hal =ax(1+ g(x)), where g € C* vanishes to infinite order at 0. Hence we can
assume that

f(x) =ax(1+gx)).

We might no longer have f’ < 1 but f is still eventually contracting: there exists m > 0 such that the
m-th iterate f™ satisfies
9, (f"(x)) <1 foralxe[—1,1]. (6-7)

(2) We are now looking for i (x) = x(1 + ¢(x)), ¢(0) = 0 such that h(ax(1 4 g(x))) = ah(x), that is,
ax(1+g(x)(1+¢(f(x))) =ax(1+¢(x)), or
(I+g()+e(f(x)) =1+¢x).

A formal solution is then given by 1+ ¢(x) = ]_[zio(l + g(f%(x))). Rather than analyze this expression,
we follow [Yoccoz 1995, Appendice 4] and use the contraction mapping principle for Banach spaces, B,
of C" functions on [—§, §] vanishing to order n > 2 at 0: we look for ¢ € B, such that

g+ +g(x))e(f(x) =¢k), xe[=5,3] (6-8)
We claim that for § > 0 small enough,
p(x) > (Te)(x) == 1+ gx)e(f(x))
is a contraction on Bj,. The norm on B, is given by

lells, == sup [3"p(x)|, sup |8/p(x)| < C,8" /ll@llp,, @€ By j<n, (6-9)

[x|<é [x|<é
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where the last inequality follows from Taylor’s formula. Since f(x) =ax(1 + g(x)), we have f’'(x) =
a+0O(x>®)and £ (x)=0O(x>) for j > 1. Hence, we obtain for |x| <8, using (6-9) and with homogenous
polynomials Q;,

n—1

"l (f )] = "p(f(X)@f )"+ Y p(fF(x))Q;(Of (x), ... 8" T f(x))

1
J n—1

= 0" (f(X)a"(1+0,(8) + Y 0x(8" gl s,.
j=l1

It follows that || T¢|| 5, < (a" + O, (8))|l¢| B,, which for § small enough (depending on n) shows that T
is a contraction on B,,. That gives a solution ¢ to (6-8). Consequently, we have shown that for every n
there exist § > 0 and ¢ € C"([—$§, &]) such that, for 2(x) = x(1 4+ ¢(x)),

h(f(x)) =ah(x), |x| <8, heC"([-4,38]).
By (6-7), there exists N > 0 such that fN([—l, 1]) € [-6,8]. We extend i to [—1, 1] by putting
h(x) :=a Nh(fN(x)) to obtain a C" diffeomorphism % : [—1, 1] — h([—1, 1]) satisfying (6-6). O

Proof of Lemma 6.1. (1) We first note that if u € C*°((—1, 1)) then u is constant as follows from (6-2): for
each x € (—1, 1) we have u(x) = u(f" (x)) — u(0) as N — co. Since we assumed that singsupp u C {0}
it suffices to show that u is smooth in a neighborhood of 0.

Making the change of variable given by Lemma 6.2, we may assume that f(x) = ax for small x,
where a := f'(0) € (0, 1). Restricting to a neighborhood of 0, rescaling, and using (6-4) we reduce to the
following statement: if

ueD(—a',a™h)), WFu) c{0} xRy, wulax)=ux), |x|<a ', (6-10)

F(u) ::i/ udu >0 (6-11)
[—1,—alula.1]
then u € C*°((—1, 1)).
(2) We next extend u to a distribution on the entire R. Fix

Y eCP((—a ' a Y\ [-a,al), Y v@Fx)=1, x#0.

keZ
Then Yu € C°(R\ {0}). Define
v(x) =) (Yu)(a ™ x) € CX(R\ (0)). (6-12)
kez
Since u(ax) = u(x) for |x| <a~', we have u = v on (—a~',a™") \ {0}. Thus we may extend v to an
element of D'(R) so that u = V(g1 4-1)- We note that
ve . (R), viax)=v(x), xR,
(6-13)
WF(@) Cc {0} xRy, F@w)=Fu)=>0.

It remains to show that v € C*°; in fact, we will show that v is constant.



70 SEMYON DYATLOV, JIAN WANG AND MACIEJ ZWORSKI
(3) Fix x € C°(R) such that x =1 near 0 and write

v=v]4+v, v:i=xv, v2:=(1-—x)v.
From (6-12) we obtain uniformly in x # 0,

v =x" > () (Yw) )@ Fx) = 0™,

keZ

since (o) (Yu)® : x > xt(Yu)?P(x) € CX(R\ {0}) and the sum is locally finite with a uniformly
bounded number of terms. Hence Bf va(x) = O((x)~%), which implies that 9,(£¢) (and thus 0(§)) is
smooth when & € R\ {0} and

02(E)=0(§)"%), [§] - oo

On the other hand the assumption on WF(v) and [Hormander 1990, Proposition 8.1.3] shows that
01(8) = O((§)™™), as & — —o0. From (6-13) we obtain for £ < 0 and k € N,

0@ =a 0@ =a 0@ =00 = Blr =0 (6-14)
(4) It follows from (6-14) that the distributional pairing
V(z) :=0(*")/2n), Imz>D0, (6-15)

is well-defined and holomorphic in {Imz > 0} and |V (z)| < C(z)"¥/(Imz)™, Im z > 0 (with more precise
bounds possible). We also have v(x) = V(x +i0) for x € R\ {0}, and V(az) = V(z) when Imz > 0,
which follows from (6-15). We will now use V to calculate F(v). We have

F(v):if V(2)0.V(2)dz, vo:=[-1,—alUla, 1],
Yo

where the curve yy is positively oriented. Let y,, o > 0, be the half circle |z| = o, Imz > O oriented
counterclockwise. Since V(az) = V(2),

/ V(2)8.V(z)dz = / V(az)(0,V)(az)d(az) = / V(2)0,V(z)dz.

Vi 4! a

If " is the semiannulus bounded by oI := yp+y| — ¥, (see Figure 12) it follows from the Cauchy—Pompeiu
formula [Hormander 1990, (3.1.9)] that (with z =x +1iy)

F(v)zi?g V(2)3.V(z)dz = —2/ 3:(V(2)d,V(z))dxdy = —2/ 10,V (2)|* dx dy.
ar r r

Since we assumed F (v) > 0 it follows that V is constant on I" and thus on the entire upper half-plane,
which implies that v is constant on R\ {0}. Since functions supported at O are linear combinations of
derivatives of the delta function and cannot solve the equation v(ax) = v(x), we see that v is constant
on R, which finishes the proof. U
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1

Ya

Figure 12. The domain I" used in the proof of Lemma 6.1.

6.2. A global result. We now use the local result in Lemma 6.1 to obtain a global result for Morse—Smale
diffeomorphisms of the circle.

Proposition 6.3. Let b : 02 — 02 be a Morse—Smale diffeomorphism (see Definition 1.2). Denote by
T+, X7 C0Q the sets of attractive, respectively repulsive, periodic points of b, and define Nt %% C T*9Q
by (3-18). Suppose that u € D'(d2) satisfies

b*u=u, WFu)CN{ZTUN*T". (6-16)
Then u is constant.

Remark. The same conclusion holds when the wavefront set condition in (6-16) is replaced by WF(u) C
NiX~UN*XT, as can be seen by applying Proposition 6.3 to the complex conjugate if.

Proof. We introduce fluxes associated to g := b", where n is the minimal period of periodic points of b.
For that we take two arbitrary cutoff functions

X+ € C®(0R), supp(l—x£)NZF =2, suppy+NZF=2.

Assume that u satisfies (6-16) and define the fluxes (where we again use positive orientation on 92 to
define the integrals of 1-forms):

F+(u):=i/ (& X+ — x4) i du,
Q2

F_<u>:=i/ (g% — x-)idu.
02

The integrals above are well-defined since g* x4 — x+ and (g~')* x_ — x_ are supported in dQ\ (ZTUX ),
where u is smooth. Moreover as in the case of F'(u#) defined in (6-3), Fy(u) are real and do not depend
on the choice of x4. We also note that (by taking x. real-valued)

Fi(@) = —F(u) = —Fs(u). (6-17)

Since F.(u) are independent of x4, we may choose x4 := 1 — (g7")* x_ to get the identity
Fi(u)=F_(u). (6-18)
Let =7 = {x]", ..., x;}}. By taking x4 = x} + -+ x’', where each Xi is supported near x;.L, we can
write Fy (1) = FJ]r (u)+---+ FY'(u). We may apply Lemma 6.1 with f defined by g in local coordinates
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near x;f ~( to see that F _{(u) < 0 with equality only if u is constant near x;.r. Adding these together, we
see that F (u) < 0 with equality only if u is locally constant near X ™.

Arguing similarly near ¥, using f :=g_1 and replacing u by u, with WF(u)={(x, —§)|(x,§) e WF(u)},
we see that F_(u) > 0 with equality only if u is locally constant near X . By (6-18) we then see that u is
locally constant near £ L1 ¥~ and hence u € C*°(32). Since for x € 3Q\ X7, g"(x) — xo for some x
in 7, we conclude that u € C™ takes finitely many values and hence is constant. (Il

7. Limiting absorption principle

In this section we consider operators
P:=32A5" 1 HT\(Q) — HT\(®), -1
P(®):=0; —w’A=(P—0)Aq: H)(Q) - H ().

We prove the limiting absorption principle for P in the form presented in Theorem 1.4. To do this we
follow Section 4.4 to reduce the equation P (w)u, = f to the boundary 9€2. We next analyze the resulting
“Neumann data” v, = N, u,, (see (4-26)) uniformly as & = Im w — 0+, using the high-frequency estimates
of Section 5 and the absence of embedded spectrum following from the results of Section 6. This is
slightly nonstandard since the boundary has characteristic points and the problem changes from elliptic to
hyperbolic as Im w — 0+.

7.1. Poincaré spectral problem. We recall (see for instance [Davies 1995, Chapter 6]) that A = 831 + 8)%2
with the domain H*(Q) N H () (Hj () is the closure of CX°(2) with respect to the norm || ¢ Iz
below) is a negative definite unbounded self-adjoint operator on L2(£2). Its inverse is an isometry,

Ag't HH(Q) — Hy (),

with inner products on these Hilbert spaces given by
(U, w) g1 () = /Q Vu-Vwdx, (U, W)y-119) :=(Ag'U, AEZIW)H(}(Q).

Since 8%2 : HO1 (Q) > H Q) the operator P in (7-1) is indeed bounded on H Q).
Let {eq}aeca be an L2(Q)-orthonormal basis of eigenfunctions of —Agq:
—Agey = 1aeas  ealsa =0, (ea.ep)2) = dup-

Then {ityeq}aca is an orthonormal basis of the Hilbert space H ~1(Q). The matrix elements of P in this
basis are given by

(PlaCas pep) 1 = (AG 05 g eas g ep) gy = =10 1151 (95 eas €p) 12
= M;lﬂgl <axzea» axzeﬂ>L2(Q)a

where the last integration by parts is justified as eg|yp = 0. This shows that P is a bounded self-adjoint
operator on H~'(Q). This representation is particularly useful in numerical calculations needed to
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produce Figure 1. Testing P against A2(Y(x)e! )y, e CX(Q), ne 72, shows that
Spec(P) =[0, 1];

see [Ralston 1973, Theorem 2]. In particular, for w* e C\ [0, 1],

1

d(@?,[0,1])
Limiting absorption principle in its most basic form means showing we have limiting operators acting on

1P @) 1@y mi@ = 1P =) 1@ n-1@ = (7-2)

smaller spaces with values in larger spaces: for A € (0, 1) satisfying the Morse—Smale conditions

(P—2*—i0):CX(Q) - H P (Q), PRL+i0)':Cc®Q) — HYP~(Q). (7-3)

7.2. Regularity of limits as ¢ — 0+. In this section we use the results of Section 5 to get a conormal
regularity statement for weak limits of boundary data. In Section 7.4 below we apply this to the Neumann
data v, = Nyuy, P(w)u, = f.

Since the conormal spaces used below depend on A = Re w, we need to define what it means for
a sequence of distributions to be bounded in these spaces uniformly in A. Assume that 7 C (0, 1)
is an open interval such that each A € J satisfies the Morse—Smale conditions of Definition 1.2. Let
Eit be defined in (1-6) and X, = Er L X, . Fix a defining function p; € C*(022; R) of X and a
pseudodifferential operator Ay, € w0(3Q) such that WF(Ag,) N (NIX, UN* Z;’) = & and Ay, is
elliptic on N* X,  LINY Z;“. We choose both p; and Ay, depending smoothly on A € J.

Given two sequences A; — A € J and v; € C*(9R2), we say that

v; is bounded in I°* (382, N T, UNZ Ezrj) uniformly in j
if each of the seminorms (3-20) is bounded uniformly in j. We can similarly talk about uniform

boundedness of sequences of 1-forms v; € C*°(9d2; T*32), identifying these with scalar distributions
using a coordinate 6.

Lemma 7.1. Assume that w; — A € J, Imw; > 0, and the sequence v; € C*(02; T*0K2) has the
following properties:

vj — Vo in H*Nfor some N, (7-4)
Co;v; is bounded in [~ G/, NY E;j UN* 2;;) uniformly in j, (7-5)
where }.j = Re w; and C,,; was defined in Section 4.6. Then we have
vj — voin H-V27P forall > 0, (7-6)
vo e IV @Q, NI T, LN T, (7-7)

Remark. In fact we have v; — vg in 1 /9t ¢, Ni E;j UN* E;j ) where convergence is defined using
the seminorms (3-20) — see the last paragraph of the proof below.

Proof. The function v; satisfies (5-6):
vj = B:)_]bxj vj+ B;jb;j*vj +g;, &= I — ij)ijdej vj. (7-8)

Here the operator A,,;, = ()/):F )*AL + (Vx:)*A;,- is defined in (5-2).

J
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Applying Proposition 5.4 to v, := v; we see that for each k € Ny and B8 > 0 there exist Ny, C
independent of j such that

1102,0) vl -1~ s 1A, vl g <C( max ||(,0A 00) 8l 1725 +11Ax, 81l v +11vj 1l -n). (7-9)

The pseudodifferential operators AX ., &, are bounded on / 1/M+5, NiX, UN* E+) uniformly
in j, as are the pullback operators (yA )* (see Remark (1) after Propos1t10n 4.15 and the end of
the proof of Lemma 4.17). Thus by (7 5) we see that g; is bounded uniformly in j in the space
19/9%Q, NY EM UN* EZFJ_). Moreover, by (7-4) ||v; || -~ is bounded uniformly in j as well. It follows
that the right-hand side of (7-9), and thus its left-hand side as well, is bounded uniformly in j for any
choice of k e Ny, 8 > 0.

Take arbitrary 0 < B’ < B. Then ||v}]l ;124 is bounded in j. Using compactness of the embedding
H~ Y2 <5 H~1/2-F we see that each subsequence of {v;} has a subsequence converging in H~1/2-F,
the limit of this further subsequence has to be equal to vy by (7-4). This implies (7-6).

A similar argument using again the boundedness of the left-hand side of (7-9) shows that (p; d)kv; — i
(pr99)*vo in H=V2=P for all k € Ny, B > 0 and AgA vj — Ay, vg in C*. In particular, this implies that
(03.99) v € H=1/2~ and Ax, vy € C*, which by (3-20) gives (7-7). O

7.3. Uniqueness for the limiting problem. We next use the analysis of Section 6 to show a uniqueness
result for the restricted single layer potential operator C, ;o (see Section 4.6) in the space of distributions
satisfying additional conditions. This will give us the lack of embedded spectrum for the operator P in
the Morse—Smale case. To formulate this result, we recall the operators R 1o : g — Ej+io * g defined
in (4-25) and Z : D'(32; T*3Q) — £'(R?) defined in (4-24).

Lemma 7.2. Let A € (0, 1) satisfy the Morse—Smale conditions of Definition 1.2. Assume that v €
D'(3K2; T*9RQ) lies in I° (2, N1 X, UN* Ezr)for some s (see (3-19)), where E;{t are defined in (1-6).
Then

Cotiov =0, supp(Ry+ioZv) C Q = v=0. (7-10)
Proof. (1) Put U := Ry+0Zv € D'(R?). Since P(A) E; +i0o = o by (4-20), we have
P)U =Tv. (7-11)
We first show that

suppU C 92. (7-12)

By the second assumption in (7-10) we have supp U C ; thus it suffices to show that u = 0, where
u:=Ul|g = S,+iov and S, ;o is the limiting single layer potential defined in (4-32).
Since suppZv C 9€2, from (7-11) we have P(A)u = 0. As 1 € (0, 1), P(A) is a constant coefficient

hyperbolic operator. In view of (4-3) and (4-4) we then have, letting 0E(x) = 0% (x, 1), Eim = Ei(xmm)
Erzi:lax = Ei(xmax)
u@) = u (@) —u_ ("W). x € Q. ux € D((EE,. 65,). (7-13)
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From (4-39) we see that u € I >/4(Q, A~ (1)), in particular by (2-3) u is smooth up to the boundary

near the characteristic set ;. It follows that #4 are smooth near the boundary points er;m, Eiax

up to the
boundary. Define the pullbacks of u- to dQ by the maps £%,

wi =us(lEX)) s € D'0R), (H*we=ws.

From the proof of conormal regularity of u in Lemma 4.9 we see that WF(w+) C N7 X, UN* E;.
The restriction u|ygq is equal to both wy — w_ and C;y;ov. Thus by the first assumption in (7-10) we
have wy = w_. Defining w := wy = w_, we have

+ —
yH*w=w, WF(w)CNIZ, UN )

This implies that »*w = w and we can apply Proposition 6.3 to see that w is constant. But then u are
constant and u = 0, giving (7-12).

(2) We now show that v = 0 away from the characteristic set % of P(X) on 92 (see (2-3)). For each
xo € 32\ €. we can find a neighborhood V C R? of xq and coordinates (y;, y») on V such that for some
open interval .# C R

02NV =y =0, mes}), PMWly= )Y a3, ano#0.
loe|<2
(The noncharacteristic property means that the conormal bundle of {y; = 0} is disjoint from the set
of zeros of Z\a\:Z agn®.) Now, by [Hormander 1990, Theorem 2.3.5] we see that (7-12) implies
Uly = Zkgl{ ur(y2)8% (1), ux € D'(#). Hence, for some ity € D'(.¥),

POIUly = az00ux )8 )+ D di(y2)s® ().
k<K+1
By (7-11) we have P(M)U |y = Zvly = a(y2)v(y2)8(y1), a # 0. Thus ug = 0. (Here we use y; as a
local coordinate on 92 to identify v|3ony with a distribution on .#.) Iterating this argument shows that
Uly =0, which means v|ynyq = 0.

(3) We have shown supp v is contained in the finite set ;. On the other hand, v € I° (32, N} X, UN* Er)
is smooth away from X,. Since X, N%, = I by (2-3), we get v = 0. O

Remark. The proof would be simpler if we knew that the limiting single layer potential operators S +io
were injective acting on the conormal spaces (4-39) —this would imply the injectivity of C;1;o on
(0, NTX, UN* E;) without the support condition in (7-10) as follows from step (1) of the proof
above. However, that is not clear. Under the dynamical assumptions made here, the proof of Proposition 5.4
shows that ker S, 1,90 C ker Cy ;o is finite-dimensional but injectivity seems to be a curious open problem.

7.4. Boundary data analysis. Fix f € C°(2) and let 7 C (0, 1) be an open interval such that each
A € J satisfies the Morse—Smale conditions of Definition 1.2. Consider the solution to the boundary-value
problem (4-21):

Uy €CP(Q), P@uw=f tslpa=0, weT+i(0,0o0).
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In this section, we combine the results of Sections 7.2—7.3 to study the behavior as Im w — 04 of the
“Neumann data” defined using (4-26):

Vo i= Ny, € C®(0Q2; T*0RQ).
We first show the following convergence statement:
Proposition 7.3. Assume that w; — A € J, Imw; > 0. Then for all B > 0
Vo; = Upgio  in H™'2780Q; T*3R), as j — oo, (7-14)
where vy 10 € H-U2=Q; T*9Q) is the unique distribution such that

Vitio € IYYT@Q, NS, UNTED),

Crti0Vi+i0 = (Ragio o, supp Rutio(f — Tvitio) C L. (1)
Moreover, v;1io € I'/*(3%2, NiX, u Nfo).
Proof. (1) We start with a few general observations. Recall (5-1):
CoVo = (Rulse, Rof =Euxf € COR). (7-16)
Moreover, by (4-28) we have
lgu, = Ry(f —Zvy). (7-17)
By Lemma 4.3, Ey; = Ei+io in D'(R?). Passing to the limit in (7-16) we see that
Co;V; = (Ratio f)lag  in CF(0Q). (7-18)

(2) We now show a boundedness statement: for each 8 > 0 there exists a constant C (depending on f
and ) such that for all j

Vo, | g-172-8 9, 7+00) < C.- (7-19)

We proceed by contradiction. If (7-19) fails then we may pass to a subsequence to make || vy, || g-1/2-s = 00.
We then put

0= Uy g, 1 5= e V0 | 1.
By (7-18) we have
Co;vj—> 0 in C® (). (7-20)

By compactness of the embedding H~'/?7# < H~N, where we fix N > 1 + B, we may pass to a
subsequence to make

vj = vp in H™ for some vo € HN(92; T*9Q).
Now Lemma 7.1 applies and gives

vj = v in H™'27P@Q; T*0Q), vy e IVPHYOQ, Nt 2, uN* T, (7-21)
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By Lemma 4.16 and passing to the limit in (7-17) using Lemma 4.3 we get
Cw;vj = Crtiovo in D'(3€2), lou; - —R;4i0Zvy in D' (R?).
Thus by (7-20) and since supp(liq u ;) C Q for all j we have
Cotiovo =0,  supp(Rr1i0Zvo) C Q.

Now Lemma 7.2 gives vy = 0. On the other hand the first part of (7-21) and the fact that ||v; || g-12-s =1
imply that ||vg|| g-1/2-s = 1, which gives a contradiction.

(3) Fix g > 0 and take an arbitrary subsequence v,,;, which converges to some v in H ~1/2-f, By Lemma 7.1
and (7-18) we have v € I/Y*(5Q, NiX, U NfE;r). By Lemma 4.16 and (7-18) we have C_jov =
(Ry+i0 f)|aq. Finally, passing to the limit in (7-17) using Lemma 4.3 we have supp R, +;o(f —Zv) C Q.
Thus v satisfies (7-15). By Lemma 7.2 there is at most one distribution which satisfies (7-15). This
implies that all the limits of convergent subsequences of v,,; in H ~1/2=F have to be the same.

On the other hand by (7-19) and compactness of the embedding H /2" < H~1/2-F when0 < g’ <
we see that the sequence v,,; is precompact in H ~1/2=8 Together with uniqueness of limit of subsequences
this implies the convergence statement (7-14).

We finally show that vy ;o € I'/4(3<2, Ni%X, UNZ* E;). From (7-15) we get similarly to (5-6)

Vp4i0 = B)::_i()b:v)»-i-io + B, i0b; “vitio + &avio.  Where  giiio € C®(S'; T*Sh).
It remains to apply Lemma 5.5. ]

We now upgrade Proposition 7.3 to a convergence statement for all the derivatives 8Xv,. Here
vy € C®(02; T*02) is holomorphic in w € J +i(0, 00): indeed, u,, € C®(Q) is holomorphic by the
Remark following Lemma 4.4 and the operator A\, defined in (4-26) is holomorphic as well.

As in the proof of Proposition 7.3 we will use the spaces I°(02, NT X, LUN* Ezr) which depend on
A = Re w. We recall from Section 4.6.9 the family of diffeomorphisms

©,:S' -39, e,EH =3 ireJ,
Witl}vthe pullBack operator ®} mapping (02, Ny X,” UN* Ef) to the A-independent space I°(S!,
NiX~UN*E™). Define
o = Ofv, € C°(SY; T*SY), weT+i(0,00), Ar=Reow.
If vy ti0 is defined in (7-15), then we also put
Diti0 = Ofvppio € IVYH(S, N* S UN*E), reJ.

Writing w = A + i¢g, denote by Bf v, the £-th derivative of v, in A with ¢ fixed. (Note that unlike v,,, the
function v,, is not holomorphic in w.)

We are now ready to give the main technical result of this section. The proof is similar to that of
Proposition 7.3 (which already contains the key ideas), using additionally Lemma 4.17 which establishes
regularity in A of the operators C, conjugated by ®;.
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Proposition 7.4. We have
itio € CO(T; IVHH(S! NIE-UNEY)), (7-22)

where the topology on 11/Y+(S!, Nii_ U fofr) is defined using the seminorms (3-20). Moreover, for
each A € J and £ we have as ¢ — 0+

W iie = o in [VYT(S, NIZ-UNED), (7-23)
with convergence locally uniform in A.

Remarks. (1) From (7-22) we get a regularity statement for v; ;0 = @;*ﬁHio:
isio € CH(T; H™'V27(09; T*39Q))  for all £.

Here the loss of ¢ derivatives comes from differentiating ©; * in A.

(2) The property (7-22) can be reformulated as follows: the distribution (A, x) > vy4;0(x) lies in
1T x 0%, NiZ U NfZ}), where E}E ={AMx)|A€eT, x€ Ef} and we orient the conormal
bundles N *E}E using the positive orientation on 9 £2.

Proof. (1) We start with a few identities on v, w € J 4+i(0, 00). Let 50) = @icw(a;*, A =Rew, be the
conjugated restricted single layer potential defined in (4-83). Applying ®7 to (7-16) we get
Colo =Gy, where G, := O} ((Ryf)ls2)- (7-24)
From (7-17) we have
lguy = Ry(f —IO; " T,). (7-25)

Differentiating these identities £ times in A = Re w, we get

-1
~ . ~ Y] o~ _
Codl By = 0!G — Z(r)(af "8 (8] D), (7-26)
r=0 -1 .
R, IO *3! %, = 0 Ry f — g 851, — Z(r>(af—’(sz(a;*))(aAﬁw). (7-27)
r=0

(2) Take an arbitrary sequence w; = A; +ig; — A € J, Imw; > 0. We show that for each £ € N
afﬁw_,, is bounded uniformly in j, in 7/¥*(S!, Nii_ LUN*S). (7-28)
We use induction on £, showing (7-28) under the assumption
9} ¥, is bounded uniformly in j, in IV/YF(S', N¥ETUN*ET), forall r <. (7-29)
Fix arbitrary 8 > 0; the main task will be to show that

1850, Il y-1/2-¢ is bounded in ;. (7-30)
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We argue by contradiction: if (7-30) does not hold then we can pass to a subsequence to make
||3f17wj | g-12-p — o0©. Define

5 = 000, /1000 s 151l ms = 1. (7-31)

Since H~!/2~# embeds compactly into H~", where we fix N > % + B, we may pass to a subsequence to
get
Uj — Up in H™Y for some 9y € H N (S!; T*S1). (7-32)

We now analyze the right-hand side of (7-26) for = w;. Since R, f = E, * f, 0,Ey; — 0; Ex+io
in D'(R?) by Lemma 4.3, and f € C2°(Q) is independent of j, we see that

af&w/. is bounded uniformly in j, in COO(SI). (7-33)
By Lemma 4.17 and (7-29) we next have for all r < ¢
(af*’é“wj)(ax Uw;) is bounded uniformly in j, in [~ G/H+ (st Nj';fl_ LUN*S). (7-34)
Dividing (7-26) by ||8f f)wj |l 7-12-5, we then get
CoyB; — 0 in I7/HH(S NIE-UN*ED). (7-35)
We now apply Lemma 7.1 to

vj = @;j*ﬁj, Vo 1= @;*50, ijvj = @;j*gwjﬁj
and get
vi—>v in H V2P v e 1YY RQ, NIE UNEED). (7-36)

By Lemma 4.16 and (7-36) we have Cy,;v; — Ci.+iovo in D' (3R2); thus by (7-35)
Catiovo = 0. (7-37)

We now obtain a support condition on R;;0Zvg by analyzing the right-hand side of (7-27) for v = w;.
Similarly to the proof of (7-33) we have

85)ij f 1is bounded uniformly in j, in C OO([F\Rz).
By a similar argument using additionally (7-29) we get for all r < £
(affr(ijI®;j*))(8A6w_,.) is bounded uniformly in j, in D'(R?),

where we define Bf(ijIG);j*) = Bf(RwI®;*)|w:wj.
By Lemma 4.3 and (7-36) we get

Ry, I0; "0 — RivioZvg in D' (R?).
Now, dividing (7-27) by ||8f Vo, || p-1/2-5 and using that supp(lg Bf,uw_/) C Q for all j we obtain

supp(R;.+i0Zvo) C Q. (7-38)
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Applying Lemma 7.2 and using (7-36)—(7-38) we now see that vy = 0. This gives a contradiction
with (7-36), since ||v;|| g-12-4 is bounded away from 0 by (7-31). This finishes the proof of (7-30).

The bound (7-30) implies the stronger boundedness statement (7-28). Indeed, the proof of Lemma 7.1

(more precisely, (7-9) and the paragraph following it) shows that any seminorm of @;{*Bfﬁwj in
19+ Q, NjE;j UN* E;fj) (see (3-20)) is bounded in terms o~f ||8fﬁwj | z-12-¢ (for any choice of 8)
and of some I~-%/Y*(5Q, N¥ DA N* Ezrj)—seminorm of ®;j*ij 8fﬁwj. The former is bounded in j
by (7-30) and the latter is bounded in j by (7-26), (7-33), and (7-34).
(3) From (7-28) we see that (as before, using the seminorms (3-20)), the family of distributions
Uj4ie is bounded uniformly in & € (0, 1] in the space C*°(7; I 1/Y+(S!, Nj‘;f)_ LU N*$1)). By the
Arzela—Ascoli theorem [Munkres 2000, Theorem 47.1] and since any sequence which is bounded in
J/H+H(s!, Nji_ L N*S1) is also precompact in this space (following from (3-20) and the com-
pactness of embedding H® C H' for s > t), it follows that ¥, is also precompact in the space
Co(J; IV/HH(S!, Nif)_ LI N*$+)). Moreover, .4ip — U440 in the space C*(J; H_%_(Sl; T*Sh))
by Proposition 7.3. Together these two statements imply that as ¢ — 04

Brpie = Dagio  in CO(T; IVYH(S!, NIETUNTEYY),
giving (7-22) and (7-23). O
7.5. Proof of Theorem 1.4. Fix f € C°(2),letw=A+ie, where A € J and 0 < ¢ < 1. Without loss of
generality we assume that f is real-valued. It suffices to show existence of the limit of (P — (A +ig)?) ! £,

since (P — (A —ig)?)~! f is given by its complex conjugate.
Let u, € C*®(Q) be the solution to the boundary-value problem (4-21). Recalling (7-1) we see that

(P -7V f = Au, € C¥(RQ).
Next, by (4-29) we have
Uy =Ry fla — Swvw, (7-39)

where the “Neumann data” v,, := Nu, € C*(9$2; T*3Q) is defined using (4-26).
By Proposition 7.3 we have

Vitie = Uagio  in H-Y/P7(0Q; T*3Q), as & — 0+,

with convergence locally uniform in A € 7. Using Lemma 4.3 and recalling that R, f = E, * f and
SeVew = (RyZv,)|q, we pass to the limit in (7-39) to get

Upyie = Uiio = (Riyio f)l@ — Satiovario in D'(Q), as e — 0+,
with convergence again locally uniform in A € J. This gives the convergence statement (1-15) with
(P =32 —i0)"" f = Ausrio.

Next, since R; i0f € C®(R?) and vy,;0 € 14022, NiZ, u N*%7), we apply the mapping prop-
erty (4-39) to get uy ;0 € I~ (2, A~())), which implies

(P=22—i0) el (Q, A~ ().
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Since C°(£2) is dense in H ~1(Q) (see for instance [Ralston 1973, Lemma 5]), it is then standard (see
for instance [Cycon et al. 1987, Proposition 4.1]) that the spectrum of P in 72 is purely absolutely
continuous. [l

8. Large time asymptotic behavior

We will now adapt the analysis of [Dyatlov and Zworski 2019b, §5, 6] and use (1-13) to describe
asymptotic behavior of solutions to (1-1), giving the proof of Theorem 1.3. Assume that A € (0, 1)
satisfies the Morse—Smale conditions of Definition 1.2 and fix an open interval 7 C (0, 1) containing A
such that each w € J satisfies the Morse—Smale conditions as well (this is possible by Lemma 2.6). We
emphasize that in this section, in contrast with Sections 4—7, we denote by A the fixed real frequency
featured in the forcing term in (1-1) and by w an arbitrary real number (often lying in 7).

8.1. Reduction to the resolvent. Fix f e C°(2; R) and let u be the solution to (1-1). We first split (1-13)
into two parts. Fix a cutoff function

e CXI(TJ;10,11), ¢=1on[r—8,1+38] for some § > 0. (8-1)

By (1-13) we can write
u(t) = Ag' Re(e™ (wi (1) +r1(1))), (8-2)
where, with W; ; defined in (1-13),
wi () =p(VPYWiu(P)f.  ri(t) = —o(VP)W,1(P)f. (8-3)
The contribution of r; to u is bounded in H' () uniformly as t — oo as follows from:
Lemma 8.1. We have
i 2
IRe(e™ ri(t)l g-1(q) < rgllfllH—l(Q) Jorallt > 0. (3-4)
Proof. We calculate Re(e'*'r((t)) = R, ;(P) f, where

_ (cos(ty/z) —costM)) (1 = ¢(+/2)

22—z

R, ;(2) =Re(e W, 1(2)(1 — 9(/2)))

Since ¢ = 1 near A, we see that supyg 1; |R; x| <2/(A5). Now (8-4) follows from the functional calculus
for the self-adjoint operator P on H~'(Q). U

Define for w € J the limits in D’'(2) (which exist by Theorem 1.4; see Section 7.5)
ut(w) = Ag' (P —w®+i0)7' 1. (8-5)

Here u™ (w) is the complex conjugate of u~ (w) since f is real-valued.
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By Stone’s formula for the operator P (see for instance [Dyatlov and Zworski 2019a, Theorem B.10])
and a change of variables in the spectral parameter we have

Aglwi(t) = % /R (@)W, (@) (U™ (@) — ut (@)wdw

_ L /t/ (p(w)(ei(w—k).s _ e—i(“’+’\)“)(u+(w) —u (w)dwds. (8-6)
21 0JR

8.2. Global geometry. The proof of Theorem 1.4 in Section 7.5 shows that u™ (w) are smooth families
of conormal distributions associated to w-dependent lines in R?, more precisely

ut(w) e I7N(Q, AT (w)), (8-7)

where AT (w) are defined in (1-9). To understand the behavior of Agzlwl (t) as t — oo we present an
explicit version of (8-7), relying on Proposition 7.4. The most confusing thing here are the signs defined
in (1-8). Figures 4, 13, and 14 can be used for guidance here.

Let w € J and Ef C 0S2 be the attractive/repulsive sets of the chess billiard b( e, w) defined in (1-6).
Recall that b = y T oy~ and the involutions y* (e, w) map £} to X . Let n be the minimal period of the
periodic points of b. To simplify notation, we assume that each of the sets X consists of exactly n points,
that is, it is a single periodic orbit of b (as opposed to a union of several periodic orbits), but the analysis
works in the same way in the general case. We write (with the cyclic convention that fo (w) = xli(a)),
x5 (@) = x5 ()

=@l v ) =x. v =x5 (8-8)

and b*! (x,zIE (w), w) = x,irl. By Lemma 2.6, we can make x,ic (w) depend smoothly on w € J.
In the notation of (1-8) and (1-9),

A~ (@) =] | NiT, (e @) u] | N T3 05 (@),
k=1 k=1
NiT,(x (@) = {(x, tde,) 1 £, (x —x; (0)) =0, v, 7 >0}, (8-9)
N TH (o () = {(x, tde)) - ef (x — xH (@) =0, viT <0},
vE = vE(E (), 0) 1= sgn dpE (xF (w)),
where Zi (x) := £ (x, w). We note that v,ﬁc are independent of w € 7. To obtain AT (w) we switch the
sign of 7 in (8-9) —see Figure 4.
We need the following geometric result (see Figure 14):

Lemma 8.2. With the notation above we have for all w € J
xeQ, Gx—xf@)=0 = sgn[o,(l5(x —x; (@))]=Fv. . (8-10)
Proof. (1) We note that the definition (1-3) of yj and (8-8) give

U= x5 (@) = 6 (x —xf (@), L= {’;_ b - (8-11)
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Ly

Figure 13.

Ve

ri(w) af(w+e)

Figure 14. An illustration of Lemma 8.2, showing the periodic trajectory of the chess
billiard for » and for w + &, & > 0. In this example v = v, =1, v = v = —1.
Lemma 8.2 shows in which direction the blue and red segments move as w grows. For
example, the entire red segment {x € Q | Z:g(x — xf(a))) = 0}, which connects xfr(a))
to x, (), lies inside the half-plane {x | EZ L — xfr(a) + ¢)) < 0}, which is consistent
with (8-10).

We also note that (2-6) implies

sgn dplE (xF () = vEQF (), 0) = v (), w) = —vF,

xeQ, L —xf@)=0 = sgnd,(;x—xF(@)]=Fv.

(2) Using (2-7) and the condition on x in (8-13) we see that

F(x — x[ (w))

00 5 F _
9ol (x —x (@)] = Yol — o)

— d lE(Bux [ ().

83

(8-12)

where 6 — x(6) € 92 is a positive parametrization of <2 by 55. It is sufficient to establish (8-10) with
xkjE replaced by x5, where £ is given in (8-11):

(8-13)

(8-14)
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We start by considering the sign of the second term on the right-hand side:
—sgnd, £ (9px] (@) = — sgn[dp €y 1(x] (©))3,0 (x] (@) = v sgn 9,0 (x] (@)1, (8-15)

where we used (8-12).
We now put f :=6 ob" 00~ !, with n the primitive period. Then (2-15) and (1-6) give

FOOCT (@), ) =07 (@),  of(x, @) >0, F(1—-[3f1OGF (@), w)) > 0.
Differentiating the first equality in w gives
0u10 (xF (@)] = 0y f (O(X), )|y _y7 )/ (1 = [0 F1O (5 (@), ),
and hence sgn d,,[0 (x,?F (w))] = F1. Returning to (8-15) we see that
—sgnd £, (9,x7 (@) = T
(3) We next claim that
x€Q, L —xf()=0 = sgnll(x—xf(w)e{FvF, 0. (8-16)

Combined with (8-14) and the conclusion of step (2), this will give (8-13) and hence (8-10). Since the
set on the left-hand side of (8-16) is given by x = (1 — 1)x; (@) + t)/jE (x/ (w)), 0 <t <1, it suffices to
establish the conclusion in (8-16) for x = yj (sz (w)). For that we use (2-5) and (8-12), which give

sgn €5 (v, (0 () =27 () = 27 (1] (), 0) = Fvp,
completing the proof. (I

In the notation of this section, Theorem 1.4 is reformulated as follows. Note that henceforth in this
section, ¢ denotes a sign (either + or —) in contrast with its use in the statement and proof of Theorem 1.4.

Lemma 8.3. In the notation of (8-5), (8-9) and with ¢ € {+, —},
n
ur )=y Y gf L (r, o) +uf(x, ), ufeCPQxT), g oD R,

k=1 (8-17)

. +
gr+(x,0) = % / Tl X @af  (r,w)dT, (x,0)€R*xJ,
R

where a,‘ii e ST (T, x R,) is supported in {t : :l:ev,ft > 1}

Proof. We consider the case of ¢ = —, with the case ¢ = + following since u™ (w) = u~(w). Recall
from Section 7.5 that

U= (w) = Uptio = (Rotio f) e — Sw+i0Vw+i0s
where R, 1io f € C®(R?* x J) by Lemma 4.3 and

Varrio € C¥(T; IYVTOQ, NI, UNFED)),
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with smoothness in w understood in the sense of Proposition 7.4. By the mapping property (4-39) we
have
So+iovorio € C (T I7H(Q, A7 ())).

Here smoothness in w is obtained by following the proof of Lemma 4.9, which writes S,;ov for
v e C®(T; 1VYT(9Q, Ni{x[ (®)})) as a sum of a function in C*®(Q x J) and the pullback by ¢
of a conormal distribution to Ejt(x(Z (w)) = Ei(xk (w)), with k, £ related by (8-11). This gives the
representation (8-17). Here we can follow (1-9) and (8-9) to obtain an explicit parametrization of the
conormal bundles N;Fai) (x,iIE (w)) = NI Fajf (x/ (w)) and check that a,i 4 can be written as a sum of a
symbol supported in {7 : :I:ev,itr > 1} and a symbol which is rapidly decaying in 7, with the contribution
of the latter lying in C*®(Q x 7). ]

The next lemma disposes of the term ug:

Lemma 8.4. Suppose that u*(x, w) € C®°(Q x J). If wy is defined by (8-6) then, for any k, there
exists Cy such that, for all t >0, | Ag'wi (1)l cx @) < Cr-

Proof. Recalling (8-6), we see that it suffices to prove that for any u € C*°(Q x J)

t
sup lw()llce@ < Cr,  where w(t) := // () (! @M — T @Yy () dw ds.
0 JR

>0
Integrating by parts in w, we get
t
w(x, 1) =/f p(@ux, o) [(1+5)7" (14 D)™ — e M) dwds
0JR
t
= [ [ a+ D2teute o — e 42 dws,
0JR

which is bounded in C*°(2) uniformly in # > 0. O

Returning to (8-6) we see that we have to analyze the behavior of

t
wiii(X»ﬂr:%/Oerp(w)g,i,i(x,w)el’s@’w—“dwds, e, & €{+, -}, (8-18)

as t — 00. More precisely, if the term ug in the decomposition (8-17) were zero, then

Aglw(x, t)—ZZ Z ee'wi (x,1). (8-19)

k=1 * ¢¢e{+,—)

8.3. Asymptotic behavior of wi’i. For t # 0, define
t
Api(x,t, 1) = % /f g Tlu (i )i O p(w)af L (t, ) dods
0JR

t/t ) + ,
_ T / / ol TG (—xi (@) +(e w—)t)r)w(w)aii(t, w)dwdr
0 R
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in the notation used for g; , in Lemma 8.3, where in the second line we made the change of variables
s = tr. We then have

w,f:i(x,t):% / ALY (x 1, T) d, (8-20)
R

in the sense of oscillatory integrals (since Bxﬂi (x— x,ﬁt (w)) = dﬂj # 0 the phase is nondegenerate — see
[Hormander 1990, §7.8]). From the support condition in Lemma 8.3 we get

AL, D) #£0 = xevir=1. (8-21)
The lemma below shows that we only need to integrate over a compact interval in r:

Lemma 8.5. There exist x € C°((0, 00)) and ¢ satisfying (8-1) such that for

~ / T f/T . ’
AL 1T = o [ f FEECTEOIHEDIN (| y (ke'vEr)g(w)af (T, w) dodr,
0 R

~ ’ 1 ~ ’
Wy (e, 1) === | AVS(x, 1, 7)dT,
9 27T R 9

we have ”l;)]i:i(t)nck(ﬁ) < Cy for every k and uniformly as t — oo.
Proof. (1) Put F(x, w) := Ei(x — x,ﬁ‘(w)). Lemma 8.2 shows that for all w € J
xeQ, Fx,0)=0 = :Fv,fawF(x,a)) > 0.

Fix a cutoff function ¢ € C§°(§_2) such that ¢ = 1 in a neighborhood of {x € Q| F(x,x) =0} and
:Fv;IE 0, F (x, ) > 0 for all x € supp . Choosing ¢ supported in a sufficiently small neighborhood of A,
we see that there exists y € C°((0, 00)) such that for all @ € supp ¢

xeQnNsupp(l—¥) = F(x,w)#0, (8-22)
xeQNsuppy = FvFd,F(x,w) ¢ supp(l — x). (8-23)

(2) Using the singular support property of conormal distributions (see Section 3.2) and (8-22), we have
(1 =Y (x)p(w)gf . (x, w) € CP(Q x R).

The proof of Lemma 8.4 shows that ||(1 — W(x))ﬁ),izi(t) ||ck(§) < Cy, uniformly as t — oo.
On the other hand, (8-23) implies that for some constant ¢ > 0

wesuppy, x € QNsuppy, r e supp(l — )((:I:e:’vkjE ¢) = |0 ,F(x,0)+&r|>c(r).
Integration by parts in @ shows that
0%y ()AL, (x, 1, )] = O((1) ™),

uniformly in #. But that gives uniform smoothness of w(x)ﬁ),f:i(x, t), finishing the proof. U
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The lemma shows that in the study of (8-18) we can replace A in (8-20) by
Bl (x 1, 1) = AP (x, 1, 1) — A (x, 1, T)
t/t ) 4 ,
= é f f T =X @)+ w_x)’)x(:i:e/v,fr)(p(a))a,‘ii(r, w)dwdr.
0o JR

(sgnt)oo
0
defined thanks to the cutoff x (&’ v,fr), where we recall that x € CZ°((0, 00)). The next lemma describes

Define the limit B,f:i(x, o0, T) by replacing the integral fot /" dr above by dr, which is well-

the behavior of this limit as T — oo

Lemm_a 8.6. Define F(x, w) := Ejf (x — x,ﬁt (w)). Then e~ 'TFx1) B,f:i(x, o0, T) lies in the symbol class
S~H(Q, x R,) and

XEFVERF(x, ))af L (1.0)+ S H@QxR), e=¢ =+,

e—irF(x,k)Bs k-
STX(Q2 x R), otherwise.

k’i(x’ o0, T) € {

Proof. We first note that if :I:e/vkir < 0 then B,f:i(x, 00, 7) = 0. Hence we can assume that
sgnt = +&'vE. (8-24)

In that case we can replace limits of integration in » by (—o0, 00), with t replaced by || in the
prefactor 7/(2m). The method of stationary phase (see for instance [Hormander 1990, Theorem 7.7.5])
can be applied to the double integral |; g2 dwdr and the critical point in given by

w=¢xr, r=—¢03,F(x,w).

Since w = —A lies outside of the support of ¢, if & = — then (by the method of nonstationary phase) we
have B,i’i(x, 00, 7) € §7°(Q x R). We thus assume that ¢’ = +, which by (8-24) gives j:v,i‘r > 0. If
& = — then the support property of a,ﬁ) 4 in Lemma 8.3 shows that B,fi (x, 00, ) =0. Thus we may assume
that ¢ = ¢/ = +. In the latter case the method of stationary phase gives the expansion for B,fi (x,00,7). U

We now analyze the remaining term given by

up (x, 1) r=%/ CoY(x. 1, T)dr, (8-25)
R

where

’ T (sgnr)oo . + + / /
C]f’i(x, t,7)= E f / elr(fw(x—xk (w)+(e w—k)r)X]f,i(r)go(w>a]?i(r’ w)dodr,
t R

T
and le,/i (r) = X(j:s’v,fr) € CX(R\ {0}). The last lemma deals with this term:
Lemma 8.7. For v,ii given by (8-25) we have, for every B > 0,

IS )l sy — 0 as 1 — oo, (8-26)
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Proof. (1) We put ¢’ = + as the other case is similar and simpler. To simplify notation we will often
drop ¢ and k. Fix a cutoff function

¥ e CE(R), (EF)*y =1 near Q for all ® € supp . (8-27)
For x € R2, t > 0, and w € 7, define

Ur(x,t, 0) =Y (LF(x) Vel (x), t, »),

where (in the sense of oscillatory integrals)

T (sgnt)oo ot (o . _
Vi(y,t, o) I=/ —/ e POl i @) H =0 2 (b (T, w) dr d,
SR 27[ t/t (8_28)

a
bi= e ST (I, xRe). T o= ks € CER\O).

Then we have for x € Q
vzfji(x,f)=/w(w)Ui(x,t,w)dw,
R

which together with the Fourier characterization of the Sobolev space H'/2~#(R?) implies the following
bound, where ﬁi denotes the Fourier transform of U in the x-variable:

2
/ (@)U (E,t, ) do| dE. (8-29)
R

||U]§:I(t)”i11/2—ﬂ(9) < / <$>1—2f3
RZ

(2) Thinking of L(f (see (4-3)) as elements of the dual R? of (R?)* we have by (4-4)
R)*3&=LIENS + L6, L5 ®)

Hence, since det d(xy, x2)/3(€}, £3) = sov/1— 02,
Feoe(fUE () g, (x))) = f e ILa®EO=ILL O £t (x)) g (65 (x)) dx
R2

= Lov1 = w? f(LEE)E (L, ).
Consequently,

+

UeE. 1, 0) = LEE)DLEE), 1, 0 — VP LFE))e  Lo@LOE @ p(LE (), ), (8-30)

where we absorbed the Jacobian into b and put

(sgnt)oo )
D(t,t,p) ::f x(r)e'™ dr, t#0.
t

T

Since x € C°(R), we have D(t, T, p) — 0, for fixed 7 # 0 as t — oo, uniformly in p. In view of the
support condition in Lemma 8.3 (which implies that |L$(§)| > 1 on the support of ﬁi) we then get

/(p(w)l/]\i(é,t,a))dwao as t — oo, (8-31)
R
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for all £ € R2. Using the dominated convergence theorem and (8-29) we see that to establish (8-26) it
is enough to show that the integrand on the right-hand side of (8-29) is bounded by a z-independent
integrable function of &.

(3) We have

ID(z. 1, p)| < C{zp) ™" (8-32)
Indeed, since the support of ¥ is bounded, we have D = O(1). On the other hand, when |7p| > 1 we can
integrate by parts using that /™" = (itp)~',e*", which gives the estimate.

Recalling (8-30), (8-32) and using that 1/} € Z(R) by (8-27) and b(r, w) = O((t)~1+h/2) by (8-28),
we get

1Us(€, 1, w)| < CLEE) ULEE@)P 2 (0 -1 LEE)

Thus is remains to show that

Using the integral version of the triangle inequality for Lz(Rg), this reduces to

<oo, where H(E, w):=(&)"*P(LTE)ULEE)) > (w—1LE®E) ™"
L2R})

/Rw(w)H(E,w)dw

f p(w) | H(, w)”LZ(Rg) dw < 0. (8-33)
R
Fix w € supp ¢ and make the linear change of variables & — n = (94, n-), nt = ch(é). Then we see

that

HG gy <€ [ 00 0 = 2yma)

Integrating out n+ and making the change of variables ¢ := (v — A)n+, we get (for @ bounded and
assuming B < 1)

1HE 2, = C [ 0120 = Rn) 2 dns = Clo =272
R
Thus

1
/ p(w)|| H (&, 60)||L2(R§) do < C/ lw— AP dw < oo,
R 0
giving (8-33) and finishing the proof. (]

8.4. Proof of Theorem 1.3. We now review how the pieces presented in Sections 8.1-8.3 fit together to
give the proof of Theorem 1.3.
In view of (8-2), Lemma 8.1, and (8-7) it suffices to show that

A wi(t) = ut (L) +ra(t) + (1),

- (8-34)
2l g1 @) = O(1), el ga-@) — 0 ast— oo.
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We use the formula (8-6) which expresses A§1w1 (t) as an integral featuring the distributions u®(x, w),
¢ € {+, —}. Lemma 8.3 gives a decomposition of u® into the conormal components g; ;. and the smooth
component ug. Lemma 8.4 then shows that the contribution of uj to ASEI w1 (¢) can be absorbed into 1, (7).

The contribution of conormal terms g; . to A{lel () is then given by (8-19). Restricting integration
in r using the cut-off 1 — x in Lemma 8.5 produces other terms which can be absorbed into r»(¢). The
limit of the remaining terms as t — 400 is described in Lemma 8.6: summing over k and =% gives the
leading term as ™ (1) (as seen by returning to Lemma 8.3, where the cutoff x does not matter by (8-22)
and (8-23)) and terms which again can be absorbed in r, ().

What is left is given by a sum of (8-25). Lemma 8.7 shows that those terms all go to 0 in H 172 ()
as t — oo and their sum constitutes e(z).
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