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THE 3D STRICT SEPARATION PROPERTY FOR THE
NONLOCAL CAHN-HILLIARD EQUATION WITH SINGULAR POTENTIAL

ANDREA POIATTI

We consider the nonlocal Cahn—-Hilliard equation with singular (logarithmic) potential and constant
mobility in three-dimensional bounded domains and we establish the validity of the instantaneous strict
separation property. This means that any weak solution, which is not a pure phase initially, stays uniformly
away from the pure phases £1 from any positive time on. This work extends the result in dimension two
for the same equation and gives a positive answer to the long-standing open problem of the validity of the
strict separation property in dimensions higher than 2. In conclusion, we show how this property plays
an essential role to achieve higher-order regularity for the solutions and to prove that any weak solution
converges to a single equilibrium.

1. Introduction

The diffuse interface theory, also called the phase field method, is one of the oldest and most efficient
approaches to multiphase problems. This approach is characterized by the notion of diffuse interface,
meaning that the transition layer between the two phases or components has a narrow finite size. The
interface is not explicitly tracked as in boundary integral and front-tracking methods. On the other hand,
the phase state is incorporated into the macroscopic equations and the internal microstructures arise from
the competition between the diffusion and aggregation mechanisms included in the free energy. The
fundamental advantage of this theory is the natural representation of singular interfacial behaviors, such
as topological change, self-intersection, merger and pinch-off.

Consider a mixture of two incompatible substances A and B, which is homogeneously distributed and
isothermal. Under certain circumstances, namely if the temperature is above a critical threshold 6., this
configuration is stable; however, if suddenly cooled down and kept at 6 < 6., the initially (macroscopically)
homogeneous alloy evolves in a way such that A-rich and B-rich regions appear and grow. The Cahn—
Hilliard equation was introduced in [Allen and Cahn 1979; Cahn and Hilliard 1958] to model this
phenomenon in iron alloys, and it has now become a widespread model, since phase separation has
become a paradigm also in cell biology (see, e.g., [Dolgin 2018]). Let Q be a bounded domain in R?,
d =2, 3, filled with a binary solution consisting of A and B atoms, and let us fix a time horizon T > 0.

The present research has been supported by mur grant dipartimento di eccellenza 2023-2027.

MSC2020: 35B40, 35B65, 35Q82, 35R09.

Keywords: three-dimensional nonlocal Cahn—Hilliard equation, singular potential, strict separation property, regularization of
weak solutions, convergence to equilibrium.

© 2025 MSP (Mathematical Sciences Publishers). Distributed under the Creative Commons Attribution License 4.0 (CC BY).
Open Access made possible by subscribing institutions via Subscribe to Open.


http://msp.org/apde/
https://doi.org/10.2140/apde.2025.18-1
https://doi.org/10.2140/apde.2025.18.109
http://msp.org
https://creativecommons.org/licenses/by/4.0/
https://msp.org/s2o/

110 ANDREA POIATTI

We define their relative mass fraction difference as ¢, which is the phase-field variable, whose smooth
but highly localized variation is associated with the (diffuse) interface. If the mixture is isothermal and
the molar volume is uniform and independent on pressure, the system evolves in order to minimize the
free energy functional

— [ (Sive? -
U@ .—fg(zwm +W(@))dr, (-1
where W(¢) is the Helmholtz free energy density
o oy 5 ao o
\I—‘(s)=5((l+s)1n(l+s)+(l—s)ln(l—s))—?s =F(s)—?s foralls e [—1,1], (1-2)

with & such that 0 < & < «g, constants related to the temperature of the mixture. The term € is called
capillary coefficient, related to the thickness of interfaces. The potential defined in this way is called
singular, whereas many authors (see, e.g., [Fife 2000]) considered a proper approximation, which avoids
the fact that W’ is unbounded at the pure phases —1 and 1: namely, the significant potential is considered to
be still a double-well, but with the two local minima coinciding with the pure phases. The most common
choice is polynomial of even degree, like the case W (s) = }l(s2 — 1)2. However, in the case of polynomial
potentials, it is worth recalling that it is not possible to guarantee the existence of physical solutions, that
is, solutions for which —1 < ¢ (x, t) < 1. Following, e.g., [Lowengrub and Truskinovsky 1998], we get
a differential description of the phenomenon of the phase separation as

o¢p+divJ =0 inQ2x(0,T), (1-3)

where ¢ is the order parameter and J is the diffusional flux given by Fick’s law,

SU(P) /
J= —M(d))VW =—M(P)V(—eAp+V'(9)),
where 6L (¢) /8¢ is the variational derivative of U/ (¢). The function M (¢) is the mobility of the substances
and in this work will be considered as a unitary constant (see, for instance, [Cherfils et al. 2011; Elliott
and Garcke 1996] for an analysis of the case of nonconstant and degenerate mobility, i.e., vanishing at

the pure phases). The Cahn-Hilliard equation with constant mobility then reads

00 =Au in Q2 x (0,7), (1-4)
p=—€eAp+ WV (p) inQx(0,T),
with the initial condition ¢y and two boundary conditions which are generally the following:
0 =0, 9dpu=0, onad2x(0,T7), (1-5)

with n as the outer normal vector. The former condition means that no mass flux occurs at the boundary,
while the latter requires the interface to be orthogonal at the boundary.

It is worth noticing that the free energy U/ in (1-1) only focuses on short range interactions between
particles. Indeed, the gradient square term accounts for the fact that the local interaction energy is spatially
dependent and varies across the interfacial surface due to spatial inhomogeneities in the concentration.
Going back to the general approach of statistical mechanics, the mutual short and long range interactions
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between particles is described through convolution integrals weighted by interactions kernels. Following
this approach, Giacomin and Lebowitz [1996; 1997; 1998] observed that a physically more rigorous
derivation leads to nonlocal dynamics, which is the nonlocal Cahn—Hilliard equation. In particular, this
equation is rigorously justified as a macroscopic limit of microscopic phase segregation models with
particles conserving dynamics. In this case, the gradient term is replaced by a nonlocal spatial interaction
integral, namely, the energy is defined as

1
£@) = fQ /Q TG = (09 () dxdy + fQ F(g(x)) dx, (1-6)

where J is a sufficiently smooth symmetric interaction kernel. Note that this functional is characterized by
a competition between the mixing entropy F and a nonlocal demixing term. As shown in [Giacomin and
Lebowitz 1997] (see also [Gal et al. 2017; 2023a]), the energy U can be seen as an approximation of &£,
as long as we suitably redefine F as F (x,s)=F(s)— %(J % 1)(x)s%. In particular, we can rewrite £ as

a(x)

1
f@ = / f I =) 1() — ()P dxdy + f (F(¢(x))—7d>2(x)) dx
QJIQ Q

1 ~
= [ [ 100 -pwPady+ [ Fowax
QJQ Q

with a(x) = (J * 1)(x). If we formally interpret F as the potential W of (1-1), we realize that the (formal)
first approximation of the nonlocal interaction is §|V¢|2, for some k > 0, as long as J is sufficiently
peaked around 0. In the case Q2 = T (see, e.g., [Giacomin and Lebowitz 1998]), the term J % 1 is a
constant: thus £ and U appear to be very similar. In particular, in this case, corresponding to set a(x) = «g,
nonlocal-to-local asymptotics results have been obtained in [Davoli et al. 2021a; 2021b] (see also [Gal
and Shomberg 2022]) for the nonlocal equation (1-7) below: namely, the solution to the nonlocal equation
converges, under suitable conditions on the data of the problem, to the weak solution of (1-4)—(1-5).
The resulting nonlocal Cahn-Hilliard equation then reads (see [Gal et al. 2017; 2023a])

o —Aun=0 in 2 x (0,7),

u=F(@)—Jx¢ inQx(0,T), (1-7)
Oy =0 on o2 x (0, 7),

¢(-,0)=do in €2.

From now on we will refer to problem (1-4)—(1-5) as the local Cahn—Hilliard equation, in order to
distinguish it from the nonlocal one in (1-7).

The well-posedness theory of Cahn—Hilliard equations with logarithmic (or singular) potential has been
widely studied. The local Cahn—Hilliard equation (1-4)—(1-5) has been studied in [Abels and Wilke 2007;
Debussche and Dettori 1995; Elliott and Luckhaus 1991; Giorgini et al. 2017; Londen and Petzeltova
2018; Miranville and Zelik 2004] (see also [Cherfils et al. 2011; Gal et al. 2023a] for a review and an
insight analysis about this topic). Concerning the nonlocal Cahn-Hilliard equation, the physical relevance
of nonlocal interactions was already pointed out in the pioneering paper [van der Waals 1982] (see also
[Emmerich 2003, 4.2]) and studied for different kind of evolution equations, mainly Cahn—Hilliard and
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phase-field systems (see, e.g., [Bertozzi et al. 2007; Colli et al. 2007; Gajewski and Zacharias 2003; Gal
and Grasselli 2014; Krejci et al. 2007]). In particular, regarding the nonlocal system (1-7), the existence
of weak solutions and their uniqueness, and the existence of the connected global attractor were proven in
[Frigeri et al. 2016; Frigeri and Grasselli 2012a; 2012b]. Moreover, well-posedness and regularity of weak
solutions are studied in [Gal et al. 2017], namely, in this work the authors establish the validity of the strict
separation property in dimension two for the nonlocal Cahn—Hilliard equation (1-7) with constant mobility
and singular potential. This means that if the initial state is not a pure phase (i.e., ¢g =1 or ¢pg = —1),
then the corresponding solution stays away from the pure states in finite time, uniformly with respect to
the initial datum. Exploiting this crucial property in dimension two, the authors derive straightforward
consequences, such as further regularity results as well as the existence of regular finite-dimensional
attractors and the convergence of a weak solution to a single equilibrium point. In [Gal et al. 2023a], the
same authors propose an alternative argument to prove the strict separation property in dimension two,
relying on a De Giorgi’s iteration scheme (see [Gal et al. 2023a, Theorem 4.1]).

In the present work we extend the results of [Gal et al. 2023a] to the case of three-dimensional bounded
domains, namely we prove the validity of the instantaneous strict separation property in dimension three for
the system (1-7) with singular potential F. Our main result is the following: given a weak solution to (1-7),

for all T > O there exists § > 0 such that [¢(x,t)| <1—§ fora.e. (x,1) € Q x (1, +00), (1-8)

where § depends on the parameters of the problem, the initial datum ¢y and t. Furthermore, we show
that, if the initial datum ¢q is more regular and already strictly separated from the pure phases, then (1-8)
also holds with T =0, i.e., the solution is uniformly strictly separated at almost any time ¢ > 0. To assess
the importance of property (1-8), similarly to [Gal et al. 2017], we infer some additional regularization
results for any weak solution and we prove that each weak solution converges to a single stationary state.

As far as we are aware, this is the first time the instantaneous strict separation property is shown in
three-dimensional bounded domains for the Cahn—Hilliard equation with constant mobility and singular
(logarithmic) potential. Indeed, the only available result in dimension three regards the nonlocal Cahn—
Hilliard equation with degenerate mobility and singular potential; see [Londen and Petzeltova 2011].
For the local Cahn—Hilliard equation the instantaneous separation property was first proven to hold in
[Miranville and Zelik 2004], but only in dimension two. Concerning dimension three, only the asymptotic
(i.e., from some positive time on, depending on the specific initial datum) separation property was
proven in [Abels and Wilke 2007] for the local Cahn—Hilliard equation, but nothing is known about its
instantaneous (i.e., from any positive time on) counterpart. The main issue which so far seemed to be
hard to overcome in dimension three for both local and nonlocal cases is the use of the Trudinger—Moser
inequality (see, e.g., [Nagai et al. 1997]), which, in dimension d = 2, 3, reads

d

/ e Dy < CeMvide)  forall fewhdQ), (1-9)
Q

for some positive constant C independent of f, but depending on the dimension d and on the Lebesgue
d-dimensional measure of 2. In dimension two this inequality is easy to be handled, since it concerns
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only the H 1(€) norm of f. Indeed, if one assumes that
F'(s) < CeS1T'@1 foralls € (—1, 1), (1-10)

for some constant C > 0 (see, e.g., [Gal et al. 2023a, (E2)] or [Gal et al. 2017]), which is satisfied by the
logarithmic potential

F(s) = %((1 +s5)In(145)+ (1 —s)In(1 —s)) foralls e[—1,1], (1-11)

then, exploiting (1-9) as done in [Gal et al. 2017] or adopting an argument as in [Gal et al. 2023a,
Theorem 3.1], one can control the quantity || F” (¢ (¢))|lLr(q), for any p > 2, uniformly in time and this is
the key tool to prove the validity of the separation property in two dimensions for example of the nonlocal
Cahn-Hilliard equation with constant mobility and singular potential. In the case of three-dimensional
bounded domains, (1-9) leads to the necessity of a control of the W13(Q) norm of f and this does not
seem to be feasible in this context. Thus the proof proposed in [Gal et al. 2017] does not hold in dimension
three. Moreover, also the alternative proof in [Gal et al. 2023a] to allow the control of || F” (¢ (1)) r(q)
is not viable in dimension three, due to the fact that the embedding H'(2) < L4(Q) holds only for
g € [2, 6], so that a result like [Gal et al. 2023a, (3.3)—(3.6)] cannot be obtained.

Here we are able to establish the (strict) separation property in three dimensions by avoiding the control
of the quantity F"”(¢(¢)) in any L?(2) space. We do not assume condition (1-10) on F any more (see
assumptions (H»)—(H3) and Remark 4.2 below), but we only rely on some natural growth conditions
of F/ and F” near the endpoints +1. The idea is to perform a De Giorgi’s iteration scheme on each
interval of the form (T — 7, T), with T > 0 arbitrary and 7 suitably chosen, similarly to the proof of
[Gal et al. 2023a, Theorem 4.1], but modifying the argument in order to fully exploit the property that
F"(1-28)"*=0(8*, for$ >0 sufficiently small (see (4-32)). This is possible in the estimates by
treating in a suitable way all the terms leading to the presence of a quantity of the kind F”(1 —28)77,
with 0 <y < 4 (see, e.g., the term Z in the proof of [Gal et al. 2023a, Theorem 4.1]). To this aim, we
first show the validity of a novel Poincaré-type inequality (Lemma 3.1), which is applied to a particular
family of truncated functions obtained from the weak solution ¢ (namely, a family ¢, = (¢ — p)T, for
some suitable p € (0, 1)). This can be obtained heavily relying on the conservation of total mass (i.e.,

/d)o(x)dx:/¢(x,t)dx
Q Q

for any ¢ > 0), that is one of the most important properties of the solution. By means of this Poincaré-
type inequality, in the De Giorgi’s scheme we get, at the end of the estimates, a term of the kind
F"(1—=28)"%67> = O(6~") and this, together with the use of the growth condition of F’ near 1, permits to
obtain the strict separation property by choosing a suitably small T depending on 8. Since the size of § and
the related quantity T do not depend on 7, we repeat the same argument on each time interval (T — 7, T)
for arbitrary T > 0, extending the result of the separation property on the entire interval (z, +00), for
7 > 0 arbitrarily fixed at the beginning, completing in this way the proof of the validity of (1-8).
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As future work, it is worth noticing that the strict separation property could pave the way for the
study of other related problems with logarithmic potential in dimension three. For example, one
could study the nonlocal Cahn—Hilliard—Oono equation (see, e.g., [Della Porta and Grasselli 2015]),
the nonlocal Cahn—Hilliard—Hele—Shaw system (see, e.g., [Della Porta et al. 2018]) as well as other
hydrodynamic phase-field models for binary fluid mixtures of incompressible viscous fluids (see also
Remark 4.7).

The paper is organized as follows. In Section 2 we introduce the functional setting. Section 3 is
devoted to the presentation some preliminaries, which are essential in the proofs, in particular the new
Poincaré-type inequality. In the same section we also recall some already-known results concerning
well-posedness of the nonlocal Cahn—Hilliard equation and we present a Lemma on geometric convergence
of numerical sequences, which is a key tool for De Giorgi’s type arguments. Section 4 contains the
main result concerning the strict separation property in dimension three for the system (1-7), together
with its proof. In conclusion, in Section 5 we present some consequences of the validity of the strict
separation property, namely we show some regularization results and we prove that any weak solution
to (1-7) converges to a single equilibrium.

2. Mathematical setting

Let Q be a smooth bounded domain in R>. The Sobolev spaces are denoted as usual by W7 (), where
keNand 1 < p < oo, with norm || - || yyr.(q). The Hilbert space W*2() is denoted by H*(£2) with
norm || - || g () In particular, we will adopt the notation

H=L*Q), V=H'YQ), Va={veH*Q): 8,v=0o0n93%}.

Moreover, given a space X, we denote by X the space of vectors of three components, each one belonging
to X. We then denote by (-, -) the inner product in H and by || - || the induced norm. We indicate by
(+,-)y and | - ||y the canonical inner product and its induced norm in V, respectively. We also define the
integral mean of a function f as

- Jo f(x)dx
fi= T

where |2| stands for the three-dimensional Lebesgue measure of the set 2. We then introduce

_ _ 1
Hy={veH:f=0}, Vo={veV:f=0} Vé:{veV/:%=O},
endowed with the norms of H, V and V’. Thanks to the Poincaré-Wirtinger inequality, it follows that
(IVu ||%2(Q) +1u|*)'/? is a norm on V equivalent to ||u||y. The Laplace operator Ag : Vo — V|; defined by
(Aou, v) = (Vu, Vv) is an isomorphism. We denote by A its inverse map and we set || f|l« := [|[VN f]],

which is a norm on V{j equivalent to the canonical one. Moreover, we recall that

If = FlIz+1f1? (2-1)
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is a norm V' which is equivalent to the standard one. Next, we recall the following Gagliardo—Nirenberg
inequality (see, e.g., [Brezis 2011, Chapter 9]):

6—p 3(p=2)

lull o) < C(P) Nl 2 flully,*  forallu eV and p €[2, 6], (2-2)

where the constant C(p) depends on €2 and p. From this inequality, in the case p = ? we get

~ 2 3
||u||L10/3(Q) < C|lul||3 ||u||‘5, forallu eV, (2-3)

with C > 0 depending on 2.

3. Preliminaries

Here we present some preliminary results, which are essential for the proof of our main theorem.

3.1. A Poincaré-type inequality. First we state the following generalized version of the well known
Poincaré’s inequality:

Lemma 3.1. Let I be either a compact interval or an interval of the kind [t, +00), with T > 0. Let
K C R be a set of indices and { f,}pexc C L°(I; V)N C(I; H). Assume also that, for any p € K and
foranyt el, f,(t) =0 on the set E(t) :={x € Q:g(t,x) <1-28} C Q, withg € C(I; L1(2)),
g>1l,andé e (0, %) Moreover, for a fixed € > O sufficiently small, assume that for any t € I the set
{x e Q:g(t,x) <1—25—¢&} C E(t) has strictly positive Lebesgue measure. In the case the interval 1
is [T, +00), assume additionally that for any sequence {t;};, such that t; — oo as | — oo, there exists a
(nonrelabeled) subsequence {t;};, a function g* € L" (), r > 1, and & > 0, such that g(t;) — g* strongly
in L" () as | — oo and the set {x € Q: g*(x) < 1 —28§ — &} has strictly positive Lebesgue measure.
Then there exists a uniform (in p and t) constant Cp > 0 such that

IfoOI = CrIV,OI forallt €l andp € K. (3-1)

Remark 3.2. Since {f,,}, CC(I; HYNL*>®(I; V)~ C,(I; V), where Cy,(I; V) denotes the V-valued
weakly continuous functions (see, e.g., [Boyer and Fabrie 2013, Lemma I1.5.9]), it makes sense to ask for
conditions at any time t € I.

Proof. Due to {f,}, C Cy(I; V), f,(t) € V forany p € K and any t € I. Assume by contradiction that
(3-1) is false. Then there exist a sequence {0, },en C K and a sequence {t,,},en C I such that

I fou @)l > IV fp, (8|l foralln e N.

We then set
_ )
e @

n with ||w,] = 1.
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We need to consider two cases:

(1) Either the interval I is compact or there exists a nonrelabeled subsequence of {z,}, which is entirely
contained in the set [t, M] C I, for some M < +o00. In this case there exists another nonrelabeled
subsequence of times and t* € I, with t* < 400, such that ¢, — ¢*.

Now notice that, since g € C(I; L1(R2)), g = 1, we get g(t,) — g(t*) in L9(£2). Therefore, there exists
a subsequence {g(#,;)}; such that, as j — o0,

g(tn;) — g(t*) ae.in Q.
Let us now set D :={x € :g(*, x) <1 —25 — ¢}, and
a=|D|>0,

which is possible by assumption. Then by the Severini—-Egorov theorem (notice that €2 has finite measure,
so this theorem can be applied), there exists a measurable subset B C €2 such that |B| < 7 and such that,
as j — oo,

g(ty;) — g(*)  uniformly on Q\ B.
Therefore, we also deduce that |D \ B| > % > (0 and that also

g(t,;) — g(t*)  uniformly on D\ B.
This means that there exists a J € N such that, for any x € D\ B,

|g(tn;, x) —g(t*, x)| <& forall j>J,
implying that, for any x € D \ B, by definition of the set D,
g(tn;, x) :g(t,,j,x)—g(t*,x)+g(t*,x) <e+1-25—e=1-25 forall j> J.

This means, by the assumptions, that

D\ B CE(ty;)) C{x € Q:w,,(x)=0} forall j>J,
implying

D\BC ({x€Q:w,,(x)=0}, |D\B|>%.
=

(2) The interval [ is of the form [t, +00) and there are no bounded subsequences of {t,},, i.e., t, = +00
as n — oo. In this case we have by assumption that, up to a nonrelabeled subsequence, there exists
g* € L' (), r > 1, such that g(7,) — g* strongly in L"(£2). Thus there exists a subsequence {g(#,;)};
such that

gty;) > g* ae.inQ.

Asincase (1),weset D:={x € Q:g*(x) <1—25—¢}, and

a=|D|>0,
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which is again possible by assumption. Then we can repeat exactly the same arguments as in case (1) to
obtain again that

D\ B CE(ty,) C{x €Q: wy,,(x) =0} forall j>J,

implying
o
D\BC ({xeQ: w,,(x)=0}, |D\B|> >
j=J
Clearly notice that in this case the set B will be such that there exists a J € N such that, for any x € D\ B,

|g(tn;, x) —g"(x)| <& forall j > J.

In both cases (1) and (2), since wy; is uniformly bounded in V, there exists w € V such that, by the
Rellich—Kondrachov theorem, as j — oo,

w, —w inV, w, — w in H, Vw,, = Vw in H,
J J J

up to a nonrelabeled subsequence. Moreover, since ||Vwy, || < 1/n;, we deduce, by weak lower sequential
semicontinuity of the L?-norm, that Vw = 0 almost everywhere in 2 and thus, being Q connected, w = «
almost everywhere in €2, with « constant. Therefore, since also, up to another subsequence, Wy, —> W
almost everywhere in €2, we have w =0 on D \ B (of positive Lebesgue measure) up to a zero measure
set. But this clearly implies that « = 0, which is a contradiction, since |w|| =1 (because [[wy,|| =1
and Wy, —> W in H as j — oo). This concludes the proof. O

3.2. The state of the art for the three-dimensional nonlocal Cahn—Hilliard equation. For the sake of
completeness we state here the already-known results concerning the nonlocal Cahn—Hilliard equation
with constant mobility and singular potential in three-dimensional bounded domains. We first consider
the following assumptions:

(Hy) J € WEHR3), with J(x) = J(—x).

loc

(Hy) FeC(—1,1)NC?(—1,1) fulfills

lim F'(s) = —oo0, limlF/(s)=+oo, F'(s)>a>0 forall se(—1,1).
§—>

s——1

We extend F(s) = 4oo for any s ¢ [—1, 1]. Without loss of generality, F(0) =0 and F'(0) =0. In
particular, this entails that F(s) > 0 for any s € [—1, 1]. Also, we assume that there exists y € (0, 1)
such that F” is nondecreasing in [1 — y, 1) and nonincreasing in (—1, —1 4 y].

Theorem 3.3. Assume that (H|)—(H) hold and also that ¢y € L*®(2) such that ||¢ollr~ < 1 and
|po| = m < 1. Then there exists a unique weak solution to (1-7) such that, for any T > 0,
peL®(Qx(0,T): foralt>0, |p(t)| <1, ae inS,
$eL*0,T;V)NH' 0, T; H),
pelLl’0,T;V), F'(¢)eL*O0,T;V),
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such that

(0:, V) +(Vu,Vv) =0 forallveV, ae in(0,T), (3-2)
w=F(p)—Jx¢p ae inQ2x(0,T), (3-3)

and ¢ (-,0) = ¢o(-) in Q. The weak solution also satisfies the energy identity (£ is defined in (1-6))
t
E(P()) +/ ||V//V(r)||2 dt =&(¢p(s)) forall0<s <t < o0. (3-4)

Moreover, for any t > 0,

0
sup [|0:¢ ()|l v +sup ||9 <—, 3-5
IZIT)H (1) llv IZIT)” i dllL2q i1, m) = NG (3-5)

Ko
sup |u(@)|lv +supll¢@®llv < —=, (3-6)

1>7 1>t ﬁ
IF @)l evy Mkl 2 gn, vy < K1 forallt >z, (3-7)

. 3p—6 2

IVillLa@erer @) HIVOl a0 ) < Ko if Zp = . forallpel2,6]landt>1, (3-8)

where the positive constant Ko depends only on the initial datum energy E(¢o), ¢o, Q2 and the parameters
of the system, whereas K| = K(t) and K, = K»(t) also depend on t. Furthermore K, depends on
also q, p. In conclusion, there holds the following continuous dependence estimate: for every two weak
solutions ¢ and ¢ to (1-7) on [0, T, with initial data ¢po; and ¢ga, respectively, we have, forallt €[0, T,

l1(2) — ()13 < llpor — Poally + Kl o1 — doaleC”,

where C is a positive constant and

K=C(IF ()10 @)+ I1F @)lL0.7:L1 @)

Remark 3.4. The proof of the above theorem can be found in [Gal et al. 2017, Theorems 3.4, 4.1,
Proposition 4.2] and [Della Porta et al. 2018, Proposition 3.1]; see also [Gal et al. 2023b, Theorem 4.1]
and [Poiatti and Signori 2024, Theorem 2.2] for a comprehensive result in the more general case of an
advective nonlocal Cahn—Hilliard equation in two and three dimensions, respectively. In particular, we
refer to [Gal et al. 2023b, Theorem 4.1, (4.4)] and [Della Porta et al. 2018, Proposition 3.1, (3.53)], which
still hold in the nonadvective case u = 0, for the validity of the energy identity (3-4), whereas (3-5) is
shown in [Gal et al. 2017, Theorem 4.1, (4.2)]. Estimates (3-6)—(3-8) can be found in Theorem 4.1, (4.3),
Proposition 4.2, (4.7), and Proposition 4.2, (4.9) of [Gal et al. 2017], respectively.

Remark 3.5. If we assume additionally that V F'(¢g) € H we can actually extend (3-5)—(3-8) to T =0,
since the initial datum is more regular and one can argue as in [Della Porta et al. 2018, Section 4] to
obtain the desired regularity departing from the initial time. This means that the solution ¢ with initial
datum ¢y is indeed a strong solution to problem (1-7).
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Remark 3.6. Notice that from condition (3-7) we can also deduce by Sobolev embeddings that

| F (@)l Loo(r,00: L0 20y < K3(t, p) forall p €1, 6], (3-9)
where K3(t, p) depends on K1, 2 and p.

Remark 3.7. We highlight that the previous theorem and our following main result concerning the strict
separation property in dimension three heavily rely on the assumption ¢ € (—1, 1) (see also [Kenmochi
et al. 1995] for the local Cahn—Hilliard equation). This is physically reasonable since ¢o = 1 (or g = —1)
means that the initial condition is a pure phase, so that no phase separation takes place in €2, unless we
assume the existence of a source or reaction term (see, for instance [Grasselli et al. 2023]).

3.3. A lemma on geometric convergence of sequences. We present here one of the key tools for the
application of De Giorgi’s iteration argument. This lemma can be found, e.g., in [DiBenedetto 1993,
Chapter I, Lemma 4.1], [LadyZenskaja et al. 1968, Chapter 2, Lemma 5.6], and it has also been proposed
in [Gal et al. 2023a, Lemma 4.3].

Lemma 3.8. Let {y,},enugoy C R satisfy the recursive inequalities

Ynp1 < Cb"y*¢ foralln >0, (3-10)
for some C >0,b > 1ande > 0. If
1 _ 1
Yo<0:=C"¢b ¢, (3-11)
then
Yo <0b" % foralln >0, (3-12)

and consequently y,, — 0 for n — oo.

Proof. The proof can be easily carried out directly by induction. Indeed, the case n = 0 is trivial. Then
assume that (3-12) holds for n. We prove that it also holds for n 4 1. In particular we have by (3-10) and
recalling (3-11),

+1

n n n 1 n+1
Vsl < Cb"y,lﬂ < Cbn01+8b*;(l+e) — Cel—’—sb*g —0b~ ¢ CObs < QbfT,

where we exploited the definition of 6 in (3-11). This means that (3-12) also holds for n + 1, concluding
the proof by induction. 0

We now present our main results, concerning the instantaneous strict separation property in three-
dimensional bounded domains.

4. Main results

Let us assume, additionally to (H»), the following hypotheses on the singular potential F':

(H3) As 8§ — 0" we assume

L__:o( ! ) L _ow, (4-1)
F'(1—25) @) F'(1—28)
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and analogously

! :0( ! ) ;zom (4-2)
|F'(—1+428)| IIn(8)| F"(—1+28)

Remark 4.1. Notice that these conditions are verified by the logarithmic potential (1-11). Indeed,

/ _g 1+s i _ & .
F(s)_zln( ), F(s)_—l_sz,

1—s
thus
, a. (1-36 , @
F'(1=28)=—=1In , F'1=-28)=———,
) ) 48(1 —8)
F'( 1+28)—&ln d F'(—14268) = o
2 1-6) T 48(1=96)’

clearly implying assumption (H3).

Remark 4.2. As already pointed out in the Introduction, assumption (H3) does not make any explicit
reference to the typical extra condition (1-10). Indeed, as far as we know, this is the first proof of the
instantaneous separation property concerning nonlocal Cahn—Hilliard equation with constant mobility
and singular potential (problem (1-7)) in which it is not exploited any constraint on || F" (¢ (1)) 4(2),
for some g > 2 and for almost any ¢ > 7, with T > 0. Indeed, in our proof we simply rely on some
natural growth conditions of F’ and F” near the endpoints 1. Note that assumptions (H,)—(H3) on the
potential F are somehow minimal, in the sense that the proof of the separation property in dimension
three works only in this case (or for more singular potentials than the logarithmic one). This seems to
suggest that the use of the logarithmic potential when modeling phase separation phenomena with the help
of the nonlocal Cahn—Hilliard equation with constant mobility could be a good choice, since it preserves
all the basic physical properties expected from the solution.

We can now state our main theorem.

Theorem 4.3. Let Q2 C R? be a smooth bounded domain and let assumptions (Hy)—(H3) hold. Assume
that ¢ € L*® () such that ||¢oll1~ < 1 and |¢po| = m < 1. Then for any v > 0 there exists § € (0, 1),
depending on t, m and the initial datum, such that the unique weak solution to problem (1-7) given in
Theorem 3.3 satisfies

lp(x, )| <1—6 forae. (x,t)€ Q2 x(1,400),
i.e., the instantaneous strict separation property from the pure phases =1 holds.

Remark 4.4. Observe that the quantity § given in the theorem strongly depends on the specific entire
trajectory, therefore, by the uniqueness of the solution, on the initial datum ¢g. This means that we cannot
have an explicit dependence of §, e.g., on the initial datum energy.
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As a byproduct of the main theorem, we also prove that, if the initial datum ¢ is more regular and
already separated from the pure phases, i.e., there exists §y € (0, 1] such that
llgoll () < 1 = do,

then the unique solution ¢ departing from ¢g, which is now strong from the time t = 0 (see Remark 3.5),
is strictly separated on [0, +00), i.e., it remains separated from the pure phases uniformly for almost any
time ¢ > 0.

Corollary 4.5. Under the same hypotheses of Theorem 4.3, if we assume additionally that V F'(¢o) € H,
and that ¢y is strictly separated, i.e., there exists 8y € (0, 1] such that
ldollL=) < 1—do,
then there exists § € (0, 1), depending on t, m, 8y and the initial datum, such that the unique strong
solution to problem (1-7) given in Remark 3.5 satisfies
lp(x,t)| <1—=68, fora.e (x,t)€ R x][0,+4+00),
i.e., the instantaneous strict separation property from the pure phases 1 holds for almost any time t > Q.

Remark 4.6. Observe that, since by Theorem 4.3 the solution ¢ in Corollary 4.5 is strictly separated on
time sets of the kind (7, 400), for any t > 0, it is enough to show that there exists an interval [0, 7]
(T1 > 0) on which the solution is separated to obtain the strict separation over [0, +00), choosing T = T7.
As it will be clear from the proof of Corollary 4.5, T} can be explicitly computed as a function of the
parameters of the problem and the initial datum.

4.1. Proof of Theorem 4.3. We divide the proof into two steps. In the first we show that we can apply
Lemma 3.1 to a specific family of functions, which will be of essential importance in the second step, when
we adopt a De Giorgi’s iteration scheme (as in [Gal et al. 2023a, Theorem 4.1]) to obtain the desired result.

Step 1. Application of Lemma 3.1 to a family of truncated functions. Let us consider the unique
solution ¢ departing from ¢, whose existence and regularity is stated in Theorem 3.3. We make the
following observations: first fix any t > 0.

« Since |$o| <m < 1, there exists § > 0 and an & > 0 such that
m<1-28—se. (4-3)

In particular we may choose ¢ := (1 —m)/2 > 0 and = (1 —m)/4 > 0. Thanks to the conservation of
total mass, we have that for any p € RT, p > 1 — 23, and for any ¢ € [0, +00), the function

bp(x,1) = (p(x,0) — p)* (4-4)
vanishes on the set (independent of p)
E(t):={xeQ:p(x,1)<1—28}, (4-5)

which is such that
HxeQ:¢(x,1)<1—25—¢}| >0 forallz>D0. (4-6)
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Proof. To prove this observation, let us assume by contradiction that, for some >0,
HxeQ:p(x,D)<1—28—¢}| =0.
By the conservation of total mass we get, for any ¢ > 0,
(1-25-eiizmiol = [ gdr= [ o nax
Q Q

but then we get a contradiction, since |Q| = |{x € Q: ¢ (x,7) > 1 — 28 — e}| and

(1-25—¢)|9 z/ d(x,Ddx>(1—=25—e)[{xeQ:¢(x,7)>1—25—¢}. O

Q

« We aim to apply Lemma 3.1 with K = [1 — 25, 11, {f,}pexc = (#p)pexcs I = [1, +00), g = ¢, § =6,
& = ¢. Indeed we verify all the assumptions:
e We have {¢,}, CL®(; V)NC(; H),¢$ € C(I; H), and (4-5) and (4-6) hold for any ¢ € I.
o Let {#}; be any sequence such that #; — oco. By (3-6), there exists a constant C(7) > 0 such that

sup pllv < C ().

t>7

Therefore, since V is reflexive, there exist a (nonrelabeled) subsequence {f;}; and a function g* € V
(which could depend on the subsequence) such that, as [ — oo,

() —~g" iV,
implying by compactness that
o)) — g* in H. 4-7)

Now notice that this strong convergence also implies, by the conservation of total mass, that

/¢o(x)dx:/d)(x,tz)dx—)/‘g*(x)dx,
Q Q Q

and thus also g* enjoys the same total mass as the initial datum ¢y:

/ ¢t () dx = / Jo(x) dx.
Q Q

This means that we can repeat exactly the same argument as the one adopted to get (4-6) to infer
HxeQ:g*(x) <1—-28—¢}| >0, (4-8)

so that, having chosen & = ¢ and g = ¢, thanks to (4-7)—(4-8), we have completed the verification of the
assumptions of Lemma 3.1.

In the end we can conclude that there exists a uniform (in p and ¢) constant Cp 4 > 0 such that

9o (DI = Cp 411V, (D] (4-9)

for any t € [t, +00) and any p € [1 —23, 1].
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« Since in the last part of the proof we need to reproduce all the arguments on the functions
Gpx, 1) 1= (@ (x, 1)+ p)” =(—¢p(x, 1) —p)", (4-10)

with p > 1 — 28, we observe that (4-5) and (4-6) still hold substituting ¢ with —¢, simply because, again
by the conservation of mass, m|Q2| > fQ —¢(x, t)dx for any r > t. Therefore again the assumptions
of Lemma 3.1 are satisfied (with g = —¢), and thus that there exists a uniform (in p and ¢) constant
Cp._ > 0 (which is possibly different from Cp ;) such that

g, () < Cp IV, 0l (4-11)

for any ¢ € [t, +00) and for any p € [1 — 23, 1]. Thus we introduce the constant Cp := max{Cp 4, Cp _}
so that both (4-9) and (4-11) hold with the same constant Cp, i.e.,

lpo DIl < CrlIVP, D, g ()] < CplIIV, DI, (4-12)

forany t > v and any p € [1 — 25, 1]. Note that the constant Cp depends on the specific solution ¢ we
used, thus, since ¢ is uniquely determined by ¢(, we have that Cp depends in a nontrivial way on the
initial datum.

Step 2. De Giorgi’s iteration scheme. We perform a De Giorgi’s iteration scheme following the one
presented in [Gal et al. 2023a, Lemma 4.1]. Let us fix § sufficiently small such that § < 8, so that (4-12)
holds for any p € [1 — 26, 1]. Set then T > 0 such that

272083 (F"(1 —28))*F'(1 — 28)

5 "\é 2 i’
3COIVII 4, C2(1+C3)2

T =

(4-13)

where Cp is given in (4-12), C is defined in (2-3) and B, is a ball centered at 0 of radius r > 0 sufficiently
large such that x — Q C B, for any x € Q (see also [Giorgini 2024] for this observation on B,). Now
observe that, since, by (4-1), there exists a positive constant Cr > 0 such that, for § sufficiently small,

1 1 Cr

0<——— <Cpé d 0 < ,
STFEd—2s) =P A VS0 228) S )]
we have
88* s A3 53
2 1682 F" (1 —28) 3C@IV 715, C2 (1 +Cp)2
VI35, VIG5, 27298°(F"(1—28))*F'(1 - 26)
2F"(1-20) e X
3COIVIIG 5, C2(L+CE)2 o
= r < -0 asd— 0",
2-2483(F"(1 —28))3F'(1 —28) ~ |In(3)]
where

3COIVIIP, . C2(1+C2)ick
5. 3COIVIIG,C2 A +CRCE

2—24 ’
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so that
85°

()
VI, In(8)! )
2F"(1-26)

This means that we can find a sufficiently small § > O so that

2 2
. { VT2, 8_82}_ VT2,

X = . (4-14)
2F"(1—28)" % 2F"(1—26)

Choose now 7' > 0 such that 7' — 37 > 3 (for example, one can start with 7' = 37 + %) Up to reducing
the size of §, and thus of 7, we can find T such that
24z <. 4-15)

Let us then fix § > 0 (and thus T > 0) so that also (4-14) and (4-15) hold. Notice that the choice of §
and T does not depend on the specific T, but clearly depends on t.
We now define the sequence
)
kn:1—6—2—n foralln >0, (4-16)
where

1-20 <k, <kpy1<1—6 forallm>1, k,—-1—-86 asn— oo, 4-17)

and the sequence of times

T —37 ifn=-1, A
= z -18
N USE SO (19)
which satisfies
)<ty <ty <T—7 foralln=>0.
We now introduce a cutoff function 5, € C'(R) by setting
0 ifr<t,_, , 2nt
t) = d 1] < , 4-19
M (1) {1 ifr>1, and [0, (1) =< z 4-19)
on account of the above definition of the sequence {t,},. Recalling (4-4), we then set p = k,,,
Pn(x, 1) := (¢ — k)™, (4-20)

and, for any n > 0, we introduce the interval I, = [t,—1, T] and the set

A,t) ={xeQ:¢d(x,t)—k, >0} forallzel,.

Clearly, we have
Iy1 C1I, for all n > 0,

Apr1(t) CA,(t) forallm>O0andt e 4.
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In conclusion, we set

yn:// l1dxds foralln=>0.
I}’l A)l(s)

Now, for any n > 0, we consider the test function v = ¢, n%, and integrate over [#,_1,t],t, <t <T. Then

t t t
| wooiias+ [ [ oo vomtaras= [ [ aisee)ve,dxds @)
th—1 th—1 J Ap(s) th—1 J Ap(s)
since VF'(¢(t)) = F"(¢)V(t), for almost every x €  and for any ¢ > 5, which can be proven, e.g.,
by a truncation argument as in [He and Wu 2021, Lemma 3.2], applied for any ¢ > 7. Indeed, as in [He
and Wu 2021, (3.5)], we obtain VF'(¢(¢)) = F"(¢)V¢(¢) in the sense of distribution and thus, since

VF'(¢) € LOO(%, oco; H ), we immediately infer that the equality holds also almost everywhere in €2, for
any t > % Now, as in [Gal et al. 2023a], for é sufficiently small we obtain

t t
/ 77,21/ F'"(¢)Ve -V, dxds > F'(1 - 25)/ Ml Véul* ds, (4-22)
th—1 An(s) In—1

and, for the right-hand side of (4-21), recalling that |¢| < 1 a.e. in  x (0, +00), we find

t
/ / (VJ *¢)-V¢nn2 dx ds
th—1 An (Y)

<Lpr —25)/t n2||v¢,,||2ds+”;/t / n2\VJ % ¢|? dx ds
2 th—1 2F (1 - 28) Tn—1 An(S)
<Lprq —25)/t 172||V¢n||2ds+;/[ IVJ %2 / dx ds
~2 bt 2F"(1=28) Ji, @ Jao
2
J ! 2 2 ”VJ”L'(Br)
< =-F"(1-26) NVl ds + ——————= dx ds
2 Ih—1 ! ! 2FN(1 - 28) Ih—1 An(s)
2
1 "y 2 VL 3,)
<=F"(1-26 \% ds + —————"v,, 4-23
< L1F )L_Inn|| Bl ds+ 5 L, (4-23)
where we have applied (see, e.g., [Brezis 2011, Theorem 4.33])
IVJ s @llLe@) < IVIIlLiyll@lice@ < IVIllLis,)- (4-24)
Moreover, we have
t 1 t
f (0, uiy) ds = 5l (O]* = / 60 (5) 1718y 1n dis. (4-25)
th—1 In—1
Note that, since |¢| < 1 a.e. in 2, for any ¢ > %,
0<¢,<25 ae. in2 forallt > % (4-26)
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Then, by the above inequality,
t t
/ ||¢n<s)||2nna,nnds—f /¢> (s)nnamndxds—/ @7 (5)1n ;1 dx ds
th—1 th—1 th—1 An(s)

2n+l 2n+362
< f / (28)*?"—dxds < =—y,. (4-27)
An(s) T T

Plugging (4-22), (4-23), (4-25) and (4-27) into (4-21), we find

”v']”Ll(B) 882
2F"(1=28)" % |7

1 1 ’
S @I” + 5 F"(1-25) / Ml Vgn(s)]? ds < 2"+ max{
tn—1

for any ¢ € [t,, T]. Thanks to the choice of § and 7, we recall (4-14), implying

max ||, ()|I* < X,, F"(1 —25)f IV, l*ds < X, (4-28)
€lpt1 n+1
where
— 2"+1M
’ F’(1—-26)

On the other hand, for any ¢ € I, and for almost any x € A, (¢), we get

211

5 11 5
=900 —|1=8— o | 48| o — oo | 2 o

Gnt1(x,0)=0

Gn(x, 1) = (x, 1) — [1 —5— i]

which implies

6 |3dxdsz/ / 6 |3dxdsz( ) / / dxds=(—>y )
‘/[n-H \/S:Z ! Ins1 Y Apyr(s) ! 2n+l In1 Y Appa(s) 2n+1 "

Then we have
6 3
yﬂs/ /mem=/ / 6l® dx ds
<2n+1 ) " n+l ! n+1 An (5) !
(f f |pn| 3 3 dx ds) (/ / dx ds) . (4-29)
n+l rH»l A (S)

Notice that, thanks to (2-3) and (4-12) (which holds thanks to (4-17)), we get

o|“

/ /|¢n|3dxds<6/ ||¢n||%||¢n||§dsséf (16012 + V1) 6113 ds

In+1 1n+1

Ca+c )/ IVull® |I¢n||3dS
n+l
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where we have chosen an equivalent norm on V. Observe now that, by (4-28),

/ /|¢nl3 dxds<C(1+Cp)/ IV pl? ||¢n||*ds

<Ca+ch ™ 8,01 [ 190,17 as
In+1

n+1

C(1+C ) y /‘
<— P x F 1-28 \% d
<P o A= | 1 $ull® ds
10
<C(1+CP)X,§<23 3||VJ||L1(B)C(1+C )yn;
— F'(1-=26) - " 8
(F (1—25))3
Coming back to (4-29), we immediately infer
(20) = ([ [ asa)”
s ot ([ ], )
) " It ! It J Ans)
2z"+z||vj|| %( )1 301
L) y2y0
— 1 }’l n
(F"(1— 28))
22"+z||w|| 5, COA+CHT s
o i (4-30)
(F"(1 - 25))?
In conclusion, we end up with
~9 9
22n+2||VJ||L1(B)C10(1+C%)10 8
Vnt1 < > y, foralln > 0. (4-31)
83(F'"(1—-28))5
Thus we can apply Lemma 3.8. In particular, we have
~9
9 VI, CTO(1+CHT0 3
b=21>1, C= AN >0, e=1.

S3(F"(1—28))5

to get that y, — 0, as long as
2

5
yo<C 3b 9,

W

that is,

27208%(F" (1 —26))*
Yo < S D (4-32)

~3 3
IVJI3 cz(1+c,%,)i

LY(B)
We are left with a last estimate: thanks to (3-7), we know that || F’(¢) | ooz /2,00; 21 (2)) < C(7) and F'is
monotone in a neighborhood of +1, so that we infer

IF @) 3C()T
Yo = ldxds < ldxds < — o drds < ————.
Io J Ao(s) Io JixeQ: ¢(x,5)>1-25) Io J ag(s) F/(1 —26) F'(1—26)
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Therefore, if we ensure that
3C(1)t - 272085 (F" (1 —28))*

[— A3 3 9
F'(1-26) ”vJ”il(Br)Ci(l_i_C%)g

then (4-32) holds. Having fixed 7 in (4-13) such that
272083 (F"(1 —28))*F'(1 — 28)

5 A§ 2 g,
3C(T)||VJ||L1(Br)C2(1 + CVP)2

T =

(4-33)

we obtain the result. Notice that § is fixed, so T > 0 is not infinitesimal, but it depends on ¢ in a nontrivial
way (thus not only on the initial energy) through Cp.
In the end, passing to the limit in y, as n — oo, we have obtained that

(@ — (1 =N lLo@xr—z.1) =0,
since, as n — 0o,
o= [, 1) €QXI[T =%, T1: ¢(x,1) > 1 -8} =0.

We now repeat exactly the same argument for the case (¢ — (—1+68))~ (using ¢, (t) = (¢ (t) + k) 7).
Notice that also for this second case we have the same constant Cp (see (4-12)). Moreover, the argument
is exactly the same due to assumption (4-2), which implies that

F’'(—1+426) |F'(—1428)] [In(5)|

for 8 sufficiently small. We can then choose the minima between the § and T obtained in the two cases, to
get in the end that there exists a couple é > 0, T > 0 such that

—14+8<¢p(x,0)<1-5, ae. inQx(T—7%,T). (4-34)

Finally, notice that, due to the choice of T, we have T — 7 =27 + % < t; therefore we can repeat the same
procedure on the interval (T, T 4+ 7) (this means that the new starting time willbe t_) =T — 27 > %)
and so on, reaching eventually the entire interval [z, +00). Clearly § and T are always the same, since
the constant Cp is uniform over the entire interval [z, +00) and the time horizon T does not enter in any
of the estimates. The proof is thus concluded.

Remark 4.7. We point out that the same proof holds for the case of convective nonlocal Cahn—Hilliard

equation
00p+u-Vo—Au=0 inQx(0,7T),
=F'(¢)— in T
n=F@)—Jxp  nQx(OT), 39
onpt =0 on 02 x (0, T),
¢(-,0)=¢o in Q,

where u is a sufficiently regular divergence free vector field, such that # -n =0 on 92 x (0, T'). Indeed,
Theorem 3.3 can be mostly extended also to this case (see, e.g., [Gal et al. 2017, Section 6], in which a
related system, the nonlocal Cahn—Hilliard—Navier—Stokes system, is analyzed). Moreover, in the proof of
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Theorem 4.3 the term u - V¢ does not appear, since in (4-21) we should get an additional (u - V¢, ¢, n,zl),
which is zero thanks to the assumptions on u. Therefore, the separation property could a priori be obtained
also in the couplings of the nonlocal Cahn—Hilliard equation with some hydrodynamic models, like
Navier—Stokes equations (see, e.g., [Abels and Terasawa 2020] or [Gal et al. 2017, Section 6] for some
examples of such models).

Remark 4.8. One might think that the proof of Theorem 4.3 could be adapted also to the conserved
Allen—Cahn equation

hp+u—pp=0 1inQ2x(0,7T),

uw=v(@)—Ap inQx(0,T),

onp =0 on Q2 x (0, T),

¢(-,0)=¢o in €2,
where W is defined in (1-2). Indeed, this has been obtained in [Grasselli and Poiatti 2024] in the case
of multicomponent conserved Allen—Cahn equation in two and three dimensions, and it is valid also

(4-36)

for (4-36). In the proof one loses the term

t
/ / F/($)Veb - Vebun? dlx s,
th—1 An(s)

which is substituted by ftfH / a5y F (@) n n2dxds > F'(1—29) ftfH / 4, (s) Pn n2 dx ds: the presence of
the first derivative of F instead of the second derivative, since F’(1 —28) — 400 as § — 0T, is still
enough to carry out the De Giorgi’s iteration scheme, by heavily exploiting estimate (4-26). We also
mention the fact that in two-dimensional bounded domains the instantaneous strict separation property
for (4-36) was proven before in [Giorgini et al. 2022], by a completely different argument.

Remark 4.9. Assumption (H3) shows that the strict separation property also holds for more general
and singular potentials F than the logarithmic one (1-2). Furthermore, by slightly adapting the proof of
Theorem 4.3, one can show that the same property also holds for more general double well potentials
than F. For instance, one could deal with a chemical potential © = V' (¢) + (J * 1)¢p — J * ¢, with ¥
defined in (1-2) and obtain an analogous result. Notice that in this new setting the nonlocal term J % ¢ is
related to diffusion effects (see [Gal et al. 2023a]). Also, in the case of nonconstant mobility M (¢), the
proof should work well as long as it is nondegenerate (i.e., bounded below by a strictly positive constant)
and the existence of strong solutions is given. In conclusion, another possible extension could be in the
case of dynamic boundary conditions (see, e.g., [Knopf and Signori 2021]): first one needs to assess the
existence of strong solutions and the instantaneous regularization of weak solutions, and then apply a De
Giorgi’s iteration scheme, which seems harder due to the presence of boundary terms which have to be
carefully handled.

4.2. Proof of Corollary 4.5. Observe that, due to Remark 4.6, we only need to prove that the unique
solution ¢ departing from ¢y is strictly separated from the pure phases in a neighborhood of the initial
time. To this aim we perform again a De Giorgi’s iteration scheme, in this case without the use of a
cutoff function of the form (4-19). Indeed, the necessity of the cutoff function is merely to eliminate the
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presence of the initial datum in the estimates, but in our case, up to choosing & < §y/2, this problem does
not appear any more, as we shall see. Again the Step 1 of the proof of Theorem 4.3 is still valid, and we
adopt the same notation. Clearly, thanks to Remark 3.5, we can choose 7 = 0, so that again

I8, (DI <CrIV, D, 16, <CrIIV,()ll, for almost any 1>0 and for any p € [1-25,1]. (4-37)

We then start from Step 2. Let us fix é sufficiently small such that § < min{3, 8 /2}, so that (4-37) holds
for any p € [1 — 2§, 1]. Set then T > 0 such that (4-43) below holds. As in Theorem 4.3, we define the
same sequence (4-16), but we do not need to consider any sequence of times, since we will always use
the same, fixed, interval I := [0, T]. Then we define again

Pn(x, 1) :=(p —kn)™, (4-38)
and, for any n > 0, we introduce the set

A,(t) ={xeQ:¢p(x,t)—k, >0} foralltel,
so that
Ayp1(t) CA,(t) forallm>0andt e l.

yn:f/ ldxds foralln>0.
I JAu(s)

Now, for any n > 0 we consider the test function w = ¢,,, and integrate over [0, ¢], t < T. Then we have,

We thus set

as in Theorem 4.3,

oo+ [ F@ve-veaas= [ [ (@rcp) o aras+ Lin,oR
0 JA,(s) 0 JAu(s)

Note that, due to the choice of § < 8g/2, thanks to the strict separation of the initial datum, we immediately
infer that ||¢, (0)|| = O for any n > 0. Following the same arguments as in the proof of Theorem 4.3, we
obtain
2
1 2 1 ' 2 IV s,
— — — < =
S0P+ 31 =20) [ 196, 0)Fds < o H Oy,

for any ¢ € [0, T]. Observe that we do not see the presence of the term related to 1/7 (estimated in (4-27)),
since it is a consequence of the use of the cutoff function (4-19). This implies

max [lg, (O 1* < Zy,  F"(1-25) / IVull® ds < Z,, (4-39)
1
where
TR —28)0"

Observe that, for any ¢ € I and for almost any x € A,4+1(¢), we get

[ 5] [1 1} P
¢n(x’t):¢()€,t)— 1—-6———|+6 | >

n+l on T on+l

Gn1(x,1)20
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which implies

5\’ 5\’
) |3dxds2// [) |3dxdsz< > // dxds:( )y 1.
/I/Q ! 1 270 I Jani il ) T

Then we have, as in (4-29),

5\ 1 L
<2n+1> yn+1<<// |¢n|* dXdS) (/I/A()dxds) . (4-40)

Again thanks to (2-3) and (4-37), we have

// I¢n|3 dxds <C(1+C3 )/I|V¢nll ||¢n||*ds
so that, by (4-39),

f/ (oIS dx ds

C(1+C )
_F”(l 26)

)/uw)nn Inl1¥ ds = CC1+C) max ||¢n||3f||V¢n|| ds
10
C(1+C3) 3 IIVJIILI(B)C(HC ) 3
n

il AU Z” - Y-
Fr(1-29 (F"(1—28))3

F”(1—23)/IIV¢nII ds

Therefore, we immediately infer from (4-40) that

(20 o= ([ [ asa) ([ [ wsar)”
= ([ [t aca)’([ [ asa)
o+t ) 1o An(s)

~9 ~9 9
_ IV, C 000 LCHT 3 1 VIR, C+CHT
< B vyl = o Vi (44D
(F"(1— 25))? (F"(1-28) 5
In conclusion, we end up with
~9 9
23n+3||VJ||L1(B) _0(1 +C%7)]_0 §
Vg1 < yi foralln >0,

12
S(F"(1-28))5
and we can apply Lemma 3.8. In particular, we have
2 2
0(1+Cp)10

23”VJ||L1(B )

3
b=23>la >0, 8:§,

12
SB(F"(1-28))5

to get that y, — 0, as long as
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ie.,

2—?55(17”(1 28))*
Yo < . (4-42)

IVJ|3 C2(1+C )2

L(B)

In conclusion, since we know by (3-7) and Remark 3.5 that || F'(¢)|| L(0,00:L1 () = C, we infer

IF @) C?
Yo = ldxds < — o drds < ———.
Ao(s) Ao(s) F'(1=26) F'(1 —26)

Having fixed 7 so that

40
273 8(F(1—28)*F'(1—26)
~3 3

Ci(1+C3)2

, (4-43)

SN
Il

C”v‘l”Ll(B)

we have
@
Ct - 273 8(F"(1—28))*
~3 3
Fri—26) C2(14C2)2

”v‘I”Ll(B)

so that (4-42) holds. In the end, passing to the limit in y, as n — oo, we have obtained that
(@ — (1 =) Il L=(@x(0.7) = O.

We now repeat exactly the same argument for the case (¢ — (—1+68))~ (using ¢, (t) = (¢ (¢) +k,)7), to
get in the end that there exist § > 0, T > 0 such that

—14+38<¢x,1)<1-6, ae.inQx(0,7). (4-44)
Notice that T can be explicitly computed as a function of the parameters of the problem and the initial

datum (see (4-43)). The proof is then concluded, recalling Remark 4.6 with T} = 7.

5. Some consequences of the strict separation property

In this section we collect some results which are straightforward consequences of the strict separation
property proven in Theorem 4.3.

5.1. Regularization in finite time. First we show that the weak solution given by Theorem 3.3 actually
regularizes more. Indeed, we have a first immediate consequence:

Corollary 5.1. Under the same assumptions of Theorem 4.3, for any © > 0, there exists a constant
C = C(t) > 0 such that

IF ()@ + )o@ < C  forallt > .

Proof. The proof is immediate, since by the strict separation property we deduce || F'(¢ (1)) ||z~ < C
for any # > 7 and then by comparison we get the L°°- control on w. U

Furthermore, we can also obtain the Holder regularity of the weak solutions:
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Corollary 5.2. Under the same assumptions of Theorem 4.3, for any © > 0, there exists C = C(t) >0
and k =« (1, 8) € (0, 1) such that

YT

). (5-1)
) (5-2)

lp(x1, 1) — @ (x2, )| < C(Ix1 — x2/ + |t — 12

l(xr, 1) — p(x2, )| < C(lx) — x2|* + |11 — 12

[S]Ee

forall (x1, 1)), (x2, ) € Q, where Q; = [t, t + 1] x Qandt > .

Proof. We can argue as in [Gal and Grasselli 2014, Lemma 2.11]. In particular, we rewrite the system (1-7)
in the form

d¢ =div(a(x, ¢, V), (alx,¢,Ve)-n)e=0,
with
ax,¢,Ve):=F' @)V —VJx¢.
Since by (H;) we have J € W2 (R®), F"(s) > a for any s € (—1, 1) by (Ha) and [|VJ * ¢l 1) <
IVJ LB,y by (4-24), by Young’s inequality we get
a(x,$,Ve) Vo =F"($)|V|* — (VI %) V¢
> alVol* = IV 15,V

> Vel — v
_§| d)l _EH ”LI(B,)’

and, similarly, by Corollary 5.1 and (4-24),

la(x, , V) < IF" (@)@ VOl + IV # By < CLIVOI+ IV I I L1s,)

for some positive constant C| depending on t, §. Therefore we infer the desired estimate (5-1) applying
[Dung 2000, Corollary 4.2]. Then, by the regularity of F, we immediately deduce the same result for u,
concluding the proof. 0

In order to obtain higher-order spatial regularity for the phase variable ¢, we need to strengthen the
assumptions on the interaction kernel J. In particular, we assume

(Hy) Either J € W>!(Bg), where By := {x € R? : |x| < R}, with R ~ diam(2) such that Q C By and
x — 2 C Bp for any x € 2, or J is admissible in the sense of [Bedrossian et al. 2011, Definition 1].

Remark 5.3. As noticed in [Gal et al. 2017, Remark 5.9], we observe that Newtonian and second-order
Bessel potentials satisfy assumption (H4), namely they are admissible in the sense of [Bedrossian et al.
2011, Definition 1].

Lemma 5.4. Under the same assumptions of Theorem 4.3, assuming also that J satisfies (H4) and
F e C3(-1, 1), for any t > 0 there exists C = C(t) > 0 such that

||¢||L4/3(I,Z+I;H2(Q)) <C fOl" all t >T. (5-3)
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Proof. We first observe that, since we can apply Theorem 3.3, by (3-7)—(3-8) we deduce that

VOl L i+1: 14 + 1Ml L2 41,5y < C(z)  forall 7 >, (5-4)

for some positive constant C (7). Then, as in [Frigeri et al. 2016, Theorem 5], we proceed formally
(these computations could be justified in a suitable approximating scheme, see, e.g., [Frigeri et al. 2016,

Theorem 5, Step 3]) defining
2

-
02 = fori, j=1,2,3.
l]¢ 8xi3x]' orE. J

We now apply 81.2]. to the equation for the chemical potential i and integrate on €2, to infer

/ 07 ;b dx :/ F//(¢)(81-2/-¢)2dx—/ a,-(a,-J*¢)a,.2j¢dx+/ F"($)0i0;007¢, i.j=1,2,3.
Q Q ' Q Q
We now recall assumption (Hy), so that, by [Bedrossian et al. 2011, Lemma 2],

10;(3;J P12 < Clldll 2@ < C(7).

Therefore, by Cauchy—Schwartz and Young’s inequalities, we infer, recalling that F”(s) > « for any
s € (—1, 1), and exploiting the separation property of Theorem 4.3, for any t > 7,

o .o
Ena,%qbnzsC<1+||a§ju||2+f9|a,-¢|2|a,~¢|2dx> < C(1+IulFpgy T IVOI aq), i=1,2,3,
which implies (5-3), thanks to (5-4). Il

5.2. Convergence to equilibrium. We conclude the results of our paper by showing that the strict
separation property is essential to study the longtime behavior of the single trajectory. In particular, we
can follow [Della Porta et al. 2018, Section 6.2]: for the sake of completeness we give here a sketch of the
proofs. We employ the typical strategy based on the Lyapunov property of the associated system (see (3-4))
and the well known Lojasiewicz—Simon inequality. Let us consider the set of admissible initial data

Hp = {p € L¥(R) : |9l < 1, 1] =m),

with m € [0, 1), and fix an initial datum ¢g € #,,,. Let then ¢ be the unique weak global-in-time solution
departing from ¢y, whose existence and uniqueness is ensured by Theorem 3.3. We introduce the w-limit
set associated to ¢y, i.e.,

w(¢o) = {¢ € H,, : A1, — 00 such that ¢ (1,) — ¢ in H}.

By (3-6), ¢ is uniformly bounded in V, which is compactly embedded in H. Therefore, by standard
results related to the intersection of nonempty, compact (in H), connected and nested sets, we infer that
w(¢o) is nonempty, compact and connected in H,,. We now characterize the set w(¢o), showing that it
is composed by equilibrium points (i.e., stationary solutions) associated to (1-7), which are defined as:
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Definition 5.5. ¢, is an equilibrium point to problem (1-7) if ¢ € H,, NV satisfies the stationary
nonlocal Cahn—Hilliard equation

F'(poo) = J ¥ oo = foo  in Q, (5-5)
where (o € R is a real constant.

As noticed also in [Della Porta et al. 2018], the existence of a (not necessarily unique, see, e.g., [Bates
and Chmaj 1999]) solution to (5-5) can be proven by means of a fixed point argument. Moreover, as
shown in [Della Porta et al. 2018, Lemma 6.1], any ¢, € V NH,, satisfying (5-5) is strictly separated
from the pure phases, i.e., there exists § > 0 such that

oo llLoo() < 1—34.
If we now introduce the set of all the stationary points of the nonlocal Cahn—Hilliard equation,
S = {0 € Hn NV : ¢ satisfies (5-5)},

we can easily prove that w(¢y) C S. Indeed, let us consider a sequence f, — oo such that ¢ (t,,) — ¢3
in H, (,5 € w(¢o). We then define the sequence of trajectories ¢, (1) := ¢ (¢t +1,) and w, (t) := p( +t,).
Thanks to (3-6), we get, up to a nonrelabeled subsequence, that ¢, = ¢* in L*°(0, co; V). Passing to
the limit in the equations for ¢,, exploiting the results of Theorem 3.3, we infer that also ¢* satisfies
(3-2)—(3-3) (we denote the corresponding chemical potential by ©*), with initial datum ¢*(0) = q7> This
last consideration follows from the fact that ¢,,(0) = ¢(t,,) — $ strongly in H. Moreover, we clearly
have lim,,_, oo £(¢, (1)) = E(¢p*(2)) for all > 0. By the energy identity (3-4), we infer that the energy
E(¢(-)) is nonincreasing in time, thus there exists E, such that lim;_, oc £(¢(t)) = E~. This means that
this convergence also holds for the subsequence {¢ + t,,},,, thus

E@ (1) = lim £(@(D) = lim £ +1,)) = Exc,

entailing that £(¢*(-)) is constant in time. Passing then to the limit in (3-4), which is valid for each ¢,,
we obtain

t
Eoo—i-/ IV (0)||?dt < Ese forall0<s <t < oo,
N

implying Vu* = 0 almost everywhere in €2, and thus, by comparison in (3-2), also 9,¢* = 0 almost
everywhere in €2, for almost every ¢ > 0. Therefore, we infer that ¢* is constant in time, namely ¢*(¢) = é
for all r > 0. Thus q~5 satisfies (5-5) with some constant o, € R, and then q,’; € S, implying, being (,5 € w (o)

arbitrary, w(¢p) C S. Notice that in this way we have shown that, for any ¢ € w(¢o),
E(Poo) = Eco = lim E(P(s)) = in(f)é’(d)(s)) <&(p(t)) forallt>0. (5-6)
§—>00 s>

We can then conclude by showing that w(¢y) is a singleton. For the sake of clarity we present here the
main tool, which is the Lojasiewicz—Simon inequality (see, e.g., [Della Porta et al. 2018, Proposition 6.2]
or [Gajewski and Griepentrog 2006]):
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Proposition 5.6. Let Py : H — Hy be the projector operator. Assume that F satisfies (Hy) and is real
analytic in (—1,1), ¢ € VN L®(Q) is such that —1 +y < ¢(x) < 1 —y, for any x € Q, for some
y € (0, 1) and ¢ € S. Then there exists 0 € (0, %), n > 0 and a positive constant C such that

1E(D) — E(Poc) '™ < CIPo(F'(¢) — T % @) l.s (5-7)
whenever ||¢ — ¢l < 1.

Remark 5.7. We observe that the logarithmic potential F is indeed real analytic in (—1, 1), thus the
assumption of the foregoing proposition is satisfied.

Theorem 5.8. Under the same assumptions as in Theorem 4.3, suppose additionally that F is real analytic
in (—1, 1). Then the weak solution ¢, departing from the initial datum ¢y € H,, converges to a single
equilibrium point ¢ (depending on ¢g) and w(po) = {P0}. In particular we have

Tim [1¢(1) = gooll = 0. (5-8)

Proof. Thanks to (5-6), we infer that £(¢ (1)) > E(Pxo), E(P (1)) = E(Poo), aS t — 00, for any ¢ € w ().
Without loss of generality we can assume £(¢(¢)) > £(po) for all £ > 0. Indeed, if there exists 7 > 0
such that £(¢ (7)) = E(¢oo), then clearly ¢ () = ¢(¢) for any ¢ > ¢ and the claim follows, since then
¢ (t) = oo for any t > 7. Let us now fix 6 € (0, %) and n > 0 given in Proposition 5.6, where we have
chosen y equal to the value of § given in Theorem 4.3. By a contradiction argument as in [Frigeri et al.
2013, Theorem 4] it is possible to show that there exists t* > 0 such that ||¢(t) — doo|| < 7, for all > t*.
Therefore, since the solution ¢ enjoys the separation property (by Theorem 4.3) and thanks to the choice
of y, by Proposition 5.6 we get, for any ¢ > t*,

(E@) — E@Do))' ™ < | Py(F' (@) — T % P)lls < Cl Pope]l < C[|Vpul,

where C > 0 depends on C and on the Poincaré—Wirtinger constant. Therefore, by means of the energy
identity (3-4), we deduce, for any ¢ > ¥,

_9 o o _ _ -1 d oIV _ ~
41 € @)~ £ = —6E@) @)™ ZE@) = Z0 = TVl

where C > 0 is a positive constant independent of 7. An integration over (t*, +00), for t* sufficiently
large, implies that Vi € L'(t*, 00; H). By comparison, we deduce that also d;¢ € L'(t*, 00; V'), so that

t

¢<z>=¢<z*>+f dp(0)dr =% G iV,

t*

for some ¢ € V'. Then we infer that ¢ () converges in V' as t — 0o. By uniqueness of the limit in V',
we can then conclude that w(¢y) is a singleton, i.e., w(¢g) = {(]3}. From now on we will denote $ by ¢oos
since any ¢, € @ (¢g) coincides with d; Thanks to (3-6), we then get (5-8) by interpolation:

1/2 172 1/2 t—>+00

¢ (1) = booll = Cll¢ (1) — doolly " 1@ (1) — doolly” = CliPp(1) — ool —— 0,

concluding the proof. O



3D STRICT SEPARATION PROPERTY FOR NONLOCAL CAHN-HILLIARD EQUATION 137

Acknowledgments

The author thanks the referees for their appropriate comments and useful remarks. The author is also
grateful to Andrea Giorgini and Maurizio Grasselli for several helpful comments on a preliminary
version of this article and to Giorgio Meretti for the fruitful discussion about the lemma on the Poincaré-
type inequality. Moreover, the author has been partially funded by MIUR-PRIN Grant 2020F3NCPX
“Mathematics for Industry 4.0 (Math414)”.

References

[Abels and Terasawa 2020] H. Abels and Y. Terasawa, “Weak solutions for a diffuse interface model for two-phase flows of
incompressible fluids with different densities and nonlocal free energies”, Math. Methods Appl. Sci. 43:6 (2020), 3200-3219.
MR Zbl

[Abels and Wilke 2007] H. Abels and M. Wilke, “Convergence to equilibrium for the Cahn—Hilliard equation with a logarithmic
free energy”, Nonlinear Anal. 67:11 (2007), 3176-3193. MR Zbl

[Allen and Cahn 1979] S. M. Allen and J. W. Cahn, “A microscopic theory for antiphase boundary motion and its application to
antiphase domain coarsening”, Acta Metallurg. 27:6 (1979), 1085-1095.

[Bates and Chmaj 1999] P. W. Bates and A. Chmaj, “An integrodifferential model for phase transitions: stationary solutions in
higher space dimensions”, J. Stat. Phys. 95:5-6 (1999), 1119-1139. MR Zbl

[Bedrossian et al. 2011] J. Bedrossian, N. Rodriguez, and A. L. Bertozzi, “Local and global well-posedness for aggregation
equations and Patlak—Keller—Segel models with degenerate diffusion”, Nonlinearity 24:6 (2011), 1683-1714. MR Zbl

[Bertozzi et al. 2007] A. L. Bertozzi, S. Esedoglu, and A. Gillette, “Inpainting of binary images using the Cahn-Hilliard
equation”, IEEE Trans. Image Process. 16:1 (2007), 285-291. MR Zbl

[Boyer and Fabrie 2013] F. Boyer and P. Fabrie, Mathematical tools for the study of the incompressible Navier—Stokes equations
and related models, Appl. Math. Sci. 183, Springer, 2013. MR Zbl

[Brezis 2011] H. Brezis, Functional analysis, Sobolev spaces and partial differential equations, Springer, 2011. MR Zbl

[Cahn and Hilliard 1958] J. W. Cahn and J. E. Hilliard, “Free energy of a nonuniform system, I: Interfacial free energy”, J. Chem.
Phys. 28:2 (1958), 258-267. Zbl

[Cherfils et al. 2011] L. Cherfils, A. Miranville, and S. Zelik, “The Cahn—Hilliard equation with logarithmic potentials”, Milan J.
Math. 79:2 (2011), 561-596. MR Zbl

[Colli et al. 2007] P. Colli, P. Krej¢i, E. Rocca, and J. Sprekels, “Nonlinear evolution inclusions arising from phase change
models”, Czechoslovak Math. J. 57(132):4 (2007), 1067-1098. MR Zbl

[Davoli et al. 2021a] E. Davoli, L. Scarpa, and L. Trussardi, “Nonlocal-to-local convergence of Cahn—Hilliard equations:
Neumann boundary conditions and viscosity terms”, Arch. Ration. Mech. Anal. 239:1 (2021), 117-149. MR Zbl

[Davoli et al. 2021b] E. Davoli, L. Scarpa, and L. Trussardi, “Local asymptotics for nonlocal convective Cahn—Hilliard equations
with W11 kernel and singular potential”, J. Differential Equations 289 (2021), 35-58. MR Zbl

[Debussche and Dettori 1995] A. Debussche and L. Dettori, “On the Cahn—Hilliard equation with a logarithmic free energy”,
Nonlinear Anal. 24:10 (1995), 1491-1514. MR Zbl

[Della Porta and Grasselli 2015] F. Della Porta and M. Grasselli, “Convective nonlocal Cahn—Hilliard equations with reaction
terms”, Discrete Contin. Dyn. Syst. Ser. B 20:5 (2015), 1529-1553. MR Zbl

[Della Porta et al. 2018] F. Della Porta, A. Giorgini, and M. Grasselli, “The nonlocal Cahn—Hilliard—Hele-Shaw system with
logarithmic potential”, Nonlinearity 31:10 (2018), 4851-4881. MR Zbl

[DiBenedetto 1993] E. DiBenedetto, Degenerate parabolic equations, Springer, 1993. MR Zbl
[Dolgin 2018] E. Dolgin, “What lava lamps and vinaigrette can teach us about cell biology”, Nature 555 (2018), 300-302.

[Dung 2000] L. Dung, “Remarks on Holder continuity for parabolic equations and convergence to global attractors”, Nonlinear
Anal. 41:7-8 (2000), 921-941. MR Zbl


https://doi.org/10.1002/mma.6111
https://doi.org/10.1002/mma.6111
http://msp.org/idx/mr/4085477
http://msp.org/idx/zbl/1454.35251
https://doi.org/10.1016/j.na.2006.10.002
https://doi.org/10.1016/j.na.2006.10.002
http://msp.org/idx/mr/2347608
http://msp.org/idx/zbl/1121.35018
https://doi.org/10.1016/0001-6160(79)90196-2
https://doi.org/10.1016/0001-6160(79)90196-2
https://doi.org/10.1023/A:1004514803625
https://doi.org/10.1023/A:1004514803625
http://msp.org/idx/mr/1712445
http://msp.org/idx/zbl/0958.82015
https://doi.org/10.1088/0951-7715/24/6/001
https://doi.org/10.1088/0951-7715/24/6/001
http://msp.org/idx/mr/2793895
http://msp.org/idx/zbl/1222.49038
https://doi.org/10.1109/TIP.2006.887728
https://doi.org/10.1109/TIP.2006.887728
http://msp.org/idx/mr/2460167
http://msp.org/idx/zbl/1279.94008
https://doi.org/10.1007/978-1-4614-5975-0
https://doi.org/10.1007/978-1-4614-5975-0
http://msp.org/idx/mr/2986590
http://msp.org/idx/zbl/1286.76005
https://doi.org/10.1007/978-0-387-70914-7
http://msp.org/idx/mr/2759829
http://msp.org/idx/zbl/1220.46002
https://doi.org/10.1063/1.1744102
http://msp.org/idx/zbl/1431.35066
https://doi.org/10.1007/s00032-011-0165-4
http://msp.org/idx/mr/2862028
http://msp.org/idx/zbl/1250.35129
https://doi.org/10.1007/s10587-007-0114-0
https://doi.org/10.1007/s10587-007-0114-0
http://msp.org/idx/mr/2357581
http://msp.org/idx/zbl/1174.35021
https://doi.org/10.1007/s00205-020-01573-9
https://doi.org/10.1007/s00205-020-01573-9
http://msp.org/idx/mr/4198717
http://msp.org/idx/zbl/1456.76139
https://doi.org/10.1016/j.jde.2021.04.016
https://doi.org/10.1016/j.jde.2021.04.016
http://msp.org/idx/mr/4248454
http://msp.org/idx/zbl/1465.45014
https://doi.org/10.1016/0362-546X(94)00205-V
http://msp.org/idx/mr/1327930
http://msp.org/idx/zbl/0831.35088
https://doi.org/10.3934/dcdsb.2015.20.1529
https://doi.org/10.3934/dcdsb.2015.20.1529
http://msp.org/idx/mr/3356542
http://msp.org/idx/zbl/1335.35096
https://doi.org/10.1088/1361-6544/aad52a
https://doi.org/10.1088/1361-6544/aad52a
http://msp.org/idx/mr/3856121
http://msp.org/idx/zbl/1395.35163
https://doi.org/10.1007/978-1-4612-0895-2
http://msp.org/idx/mr/1230384
http://msp.org/idx/zbl/0794.35090
https://doi.org/10.1038/d41586-018-03070-2
https://doi.org/10.1016/S0362-546X(98)00319-8
http://msp.org/idx/mr/1764028
http://msp.org/idx/zbl/0969.35034

138 ANDREA POIATTI

[Elliott and Garcke 1996] C. M. Elliott and H. Garcke, “On the Cahn-Hilliard equation with degenerate mobility”, SIAM J.
Math. Anal. 27:2 (1996), 404-423. MR Zbl

[Elliott and Luckhaus 1991] C. M. Elliott and L. Luckhaus, “A generalized equation for phase separation of a multi-component
mixture with interfacial free energy”, preprint 195, Univ. Bonn, 1991.

[Emmerich 2003] H. Emmerich, The diffuse interface approach in materials science, Lecture Notes in Phys. Monogr. 73,
Springer, 2003. Zbl

[Fife 2000] P. C. Fife, “Models for phase separation and their mathematics”, Electron. J. Differential Equations 2000 (2000),
art.id. 48. MR Zbl

[Frigeri and Grasselli 2012a] S. Frigeri and M. Grasselli, “Nonlocal Cahn-Hilliard—Navier—Stokes systems with singular
potentials”, Dyn. Partial Differ. Equ. 9:4 (2012), 273-304. MR Zbl

[Frigeri and Grasselli 2012b] S. Frigeri and M. Grasselli, “Global and trajectory attractors for a nonlocal Cahn—Hilliard—Navier—
Stokes system”, J. Dynam. Differential Equations 24:4 (2012), 827-856. MR Zbl

[Frigeri et al. 2013] S. Frigeri, M. Grasselli, and P. Krej¢i, “Strong solutions for two-dimensional nonlocal Cahn—Hilliard—
Navier—Stokes systems”, J. Differential Equations 255:9 (2013), 2587-2614. MR Zbl

[Frigeri et al. 2016] S. Frigeri, C. G. Gal, and M. Grasselli, “On nonlocal Cahn-Hilliard—Navier—Stokes systems in two
dimensions”, J. Nonlinear Sci. 26:4 (2016), 847-893. MR Zbl

[Gajewski and Griepentrog 2006] H. Gajewski and J. A. Griepentrog, “A descent method for the free energy of multicomponent
systems”, Discrete Contin. Dyn. Syst. 15:2 (2006), 505-528. MR Zbl

[Gajewski and Zacharias 2003] H. Gajewski and K. Zacharias, “On a nonlocal phase separation model”, J. Math. Anal. Appl.
286:1 (2003), 11-31. MR Zbl

[Gal and Grasselli 2014] C. G. Gal and M. Grasselli, “Longtime behavior of nonlocal Cahn—Hilliard equations”, Discrete Contin.
Dyn. Syst. 34:1 (2014), 145-179. MR Zbl

[Gal and Shomberg 2022] C. G. Gal and J. L. Shomberg, “Cahn-Hilliard equations governed by weakly nonlocal conservation
laws and weakly nonlocal particle interactions”, Ann. Inst. H. Poincaré C Anal. Non Linéaire 39:5 (2022), 1179-1234. MR Zbl

[Gal et al. 2017] C. G. Gal, A. Giorgini, and M. Grasselli, “The nonlocal Cahn-Hilliard equation with singular potential:
well-posedness, regularity and strict separation property”, J. Differential Equations 263:9 (2017), 5253-5297. MR Zbl

[Gal et al. 2023a] C. G. Gal, A. Giorgini, and M. Grasselli, “The separation property for 2D Cahn-Hilliard equations: local,
nonlocal and fractional energy cases”, Discrete Contin. Dyn. Syst. 43:6 (2023), 2270-2304. MR Zbl

[Gal et al. 2023b] C. G. Gal, A. Giorgini, M. Grasselli, and A. Poiatti, “Global well-posedness and convergence to equilibrium
for the Abels—Garcke—Griin model with nonlocal free energy”, J. Math. Pures Appl. 178 (2023), 46—109. Zbl

[Giacomin and Lebowitz 1996] G. Giacomin and J. L. Lebowitz, “Exact macroscopic description of phase segregation in model
alloys with long range interactions”, Phys. Rev. Lett. 76:7 (1996), 1094-1097.

[Giacomin and Lebowitz 1997] G. Giacomin and J. L. Lebowitz, “Phase segregation dynamics in particle systems with long
range interactions, I: Macroscopic limits”, J. Stat. Phys. 87:1-2 (1997), 37-61. MR Zbl

[Giacomin and Lebowitz 1998] G. Giacomin and J. L. Lebowitz, “Phase segregation dynamics in particle systems with long
range interactions, II: Interface motion”, SIAM J. Appl. Math. 58:6 (1998), 1707-1729. MR Zbl

[Giorgini 2024] A. Giorgini, “On the separation property and the global attractor for the nonlocal Cahn—Hilliard equation in
three dimensions”, J. Evol. Equ. 24:2 (2024), art.id.21. MR Zbl

[Giorgini et al. 2017] A. Giorgini, M. Grasselli, and A. Miranville, “The Cahn—-Hilliard—Oono equation with singular potential”,
Math. Models Methods Appl. Sci. 27:13 (2017), 2485-2510. MR Zbl

[Giorgini et al. 2022] A. Giorgini, M. Grasselli, and H. Wu, “On the mass-conserving Allen—Cahn approximation for incom-
pressible binary fluids”, J. Funct. Anal. 283:9 (2022), art.id. 109631. MR Zbl

[Grasselli and Poiatti 2024] M. Grasselli and A. Poiatti, “Multi-component conserved Allen—Cahn equations”, Interfaces Free
Bound. 26:4 (2024), 489-541. MR Zbl

[Grasselli et al. 2023] M. Grasselli, L. Scarpa, and A. Signori, “On a phase field model for RNA-protein dynamics”, SIAM J.
Math. Anal. 55:1 (2023), 405-457. MR Zbl


https://doi.org/10.1137/S0036141094267662
http://msp.org/idx/mr/1377481
http://msp.org/idx/zbl/0856.35071
https://doi.org/10.1007/3-540-36409-9
http://msp.org/idx/zbl/1039.74001
https://elibm.org/article/10003039
http://msp.org/idx/mr/1772733
http://msp.org/idx/zbl/0957.35062
https://doi.org/10.4310/DPDE.2012.v9.n4.a1
https://doi.org/10.4310/DPDE.2012.v9.n4.a1
http://msp.org/idx/mr/3019479
http://msp.org/idx/zbl/1280.35089
https://doi.org/10.1007/s10884-012-9272-3
https://doi.org/10.1007/s10884-012-9272-3
http://msp.org/idx/mr/3000606
http://msp.org/idx/zbl/1261.35105
https://doi.org/10.1016/j.jde.2013.07.016
https://doi.org/10.1016/j.jde.2013.07.016
http://msp.org/idx/mr/3090070
http://msp.org/idx/zbl/1284.35312
https://doi.org/10.1007/s00332-016-9292-y
https://doi.org/10.1007/s00332-016-9292-y
http://msp.org/idx/mr/3518604
http://msp.org/idx/zbl/1348.35171
https://doi.org/10.1007/BF02607064
https://doi.org/10.1007/BF02607064
http://msp.org/idx/mr/2199441
http://msp.org/idx/zbl/1141.90500
https://doi.org/10.1016/S0022-247X(02)00425-0
http://msp.org/idx/mr/2009615
http://msp.org/idx/zbl/1032.35078
https://doi.org/10.3934/dcds.2014.34.145
http://msp.org/idx/mr/3072989
http://msp.org/idx/zbl/1274.35399
https://doi.org/10.4171/aihpc/29
https://doi.org/10.4171/aihpc/29
http://msp.org/idx/mr/4515095
http://msp.org/idx/zbl/1511.35360
https://doi.org/10.1016/j.jde.2017.06.015
https://doi.org/10.1016/j.jde.2017.06.015
http://msp.org/idx/mr/3688414
http://msp.org/idx/zbl/1400.35178
https://doi.org/10.3934/dcds.2023010
https://doi.org/10.3934/dcds.2023010
http://msp.org/idx/mr/4562643
http://msp.org/idx/zbl/1514.35039
https://doi.org/10.1016/j.matpur.2023.07.005
https://doi.org/10.1016/j.matpur.2023.07.005
http://msp.org/idx/zbl/07738545
https://doi.org/10.1103/PhysRevLett.76.1094
https://doi.org/10.1103/PhysRevLett.76.1094
https://doi.org/10.1007/BF02181479
https://doi.org/10.1007/BF02181479
http://msp.org/idx/mr/1453735
http://msp.org/idx/zbl/0937.82037
https://doi.org/10.1137/S0036139996313046
https://doi.org/10.1137/S0036139996313046
http://msp.org/idx/mr/1638739
http://msp.org/idx/zbl/1015.82027
https://doi.org/10.1007/s00028-024-00953-y
https://doi.org/10.1007/s00028-024-00953-y
http://msp.org/idx/mr/4718612
http://msp.org/idx/zbl/1543.35031
https://doi.org/10.1142/S0218202517500506
http://msp.org/idx/mr/3714635
http://msp.org/idx/zbl/1386.35023
https://doi.org/10.1016/j.jfa.2022.109631
https://doi.org/10.1016/j.jfa.2022.109631
http://msp.org/idx/mr/4459002
http://msp.org/idx/zbl/1504.35225
https://doi.org/10.4171/ifb/513
http://msp.org/idx/mr/4794136
http://msp.org/idx/zbl/07926854
https://doi.org/10.1137/22M1483086
http://msp.org/idx/mr/4543430
http://msp.org/idx/zbl/1512.35151

3D STRICT SEPARATION PROPERTY FOR NONLOCAL CAHN-HILLIARD EQUATION 139

[He and Wu 2021] J. He and H. Wu, “Global well-posedness of a Navier—Stokes—Cahn—Hilliard system with chemotaxis and
singular potential in 2D”, J. Differential Equations 297 (2021), 47-80. MR Zbl

[Kenmochi et al. 1995] N. Kenmochi, M. Niezgddka, and I. Pawlow, “Subdifferential operator approach to the Cahn—Hilliard
equation with constraint”, J. Differential Equations 117:2 (1995), 320-356. MR Zbl

[Knopf and Signori 2021] P. Knopf and A. Signori, “On the nonlocal Cahn—Hilliard equation with nonlocal dynamic boundary
condition and boundary penalization”, J. Differential Equations 280 (2021), 236-291. MR Zbl

[Krejéi et al. 2007] P. Krejci, E. Rocca, and J. Sprekels, “A nonlocal phase-field model with nonconstant specific heat”, Interfaces
Free Bound. 9:2 (2007), 285-306. MR Zbl

[LadyZenskaja et al. 1968] O. A. LadyZenskaja, V. A. Solonnikov, and N. N. Uralceva, Linear and quasilinear equations of
parabolic type, Transl. Math. Monogr. 23, Amer. Math. Soc., Providence, RI, 1968. MR

[Londen and Petzeltovd 2011] S.-O. Londen and H. Petzeltov4, “Regularity and separation from potential barriers for a non-local
phase-field system”, J. Math. Anal. Appl. 379:2 (2011), 724-735. MR Zbl

[Londen and Petzeltovd 2018] S.-O. Londen and H. Petzeltovd, “Regularity and separation from potential barriers for the
Cahn—Hilliard equation with singular potential”, J. Evol. Equ. 18:3 (2018), 1381-1393. MR Zbl

[Lowengrub and Truskinovsky 1998] J. Lowengrub and L. Truskinovsky, “Quasi-incompressible Cahn—Hilliard fluids and
topological transitions”, Proc. A 454:1978 (1998), 2617-2654. MR Zbl

[Miranville and Zelik 2004] A. Miranville and S. Zelik, “Robust exponential attractors for Cahn—Hilliard type equations with
singular potentials”, Math. Methods Appl. Sci. 27:5 (2004), 545-582. MR Zbl

[Nagai et al. 1997] T. Nagai, T. Senba, and K. Yoshida, “Application of the Trudinger—Moser inequality to a parabolic system of
chemotaxis”, Funkcial. Ekvac. 40:3 (1997), 411-433. MR Zbl

[Poiatti and Signori 2024] A. Poiatti and A. Signori, “Regularity results and optimal velocity control of the convective nonlocal
Cahn—Hilliard equation in 3D”, ESAIM Control Optim. Calc. Var. 30 (2024), art.id.21. MR Zbl

[van der Waals 1982] J. D. van der Waals, “Thermodynamische theorie der capillariteit in de onderstelling van continue
dichtheidsverandering”, Verhandel. Konik. Akad. Weten. Amsterdam 1:8 (1982), 1-56. Translated in J. Stat. Phys 20:2 (1979),
197-244. Zbl

Received 7 Aug 2022. Revised 3 May 2023. Accepted 20 Aug 2023.

ANDREA POIATTI: andrea.poiatti@polimi.it
Dipartimento di Matematica, Politecnico di Milano, Milano, Italy

mathematical sciences publishers :.msp


https://doi.org/10.1016/j.jde.2021.06.022
https://doi.org/10.1016/j.jde.2021.06.022
http://msp.org/idx/mr/4278119
http://msp.org/idx/zbl/1470.35362
https://doi.org/10.1006/jdeq.1995.1056
https://doi.org/10.1006/jdeq.1995.1056
http://msp.org/idx/mr/1325801
http://msp.org/idx/zbl/0823.35073
https://doi.org/10.1016/j.jde.2021.01.012
https://doi.org/10.1016/j.jde.2021.01.012
http://msp.org/idx/mr/4207300
http://msp.org/idx/zbl/1465.35286
https://doi.org/10.4171/IFB/165
http://msp.org/idx/mr/2314062
http://msp.org/idx/zbl/1129.74035
http://msp.org/idx/mr/241822
https://doi.org/10.1016/j.jmaa.2011.02.003
https://doi.org/10.1016/j.jmaa.2011.02.003
http://msp.org/idx/mr/2784354
http://msp.org/idx/zbl/1221.35085
https://doi.org/10.1007/s00028-018-0446-2
https://doi.org/10.1007/s00028-018-0446-2
http://msp.org/idx/mr/3859453
http://msp.org/idx/zbl/1401.35167
https://doi.org/10.1098/rspa.1998.0273
https://doi.org/10.1098/rspa.1998.0273
http://msp.org/idx/mr/1650795
http://msp.org/idx/zbl/0927.76007
https://doi.org/10.1002/mma.464
https://doi.org/10.1002/mma.464
http://msp.org/idx/mr/2041814
http://msp.org/idx/zbl/1050.35113
http://www.math.kobe-u.ac.jp/~fe/xml/mr1610709.xml
http://www.math.kobe-u.ac.jp/~fe/xml/mr1610709.xml
http://msp.org/idx/mr/1610709
http://msp.org/idx/zbl/0901.35104
https://doi.org/10.1051/cocv/2024007
https://doi.org/10.1051/cocv/2024007
http://msp.org/idx/mr/4727532
http://msp.org/idx/zbl/1540.35423
https://doi.org/10.1007/BF01011513
https://doi.org/10.1007/BF01011513
http://msp.org/idx/zbl/24.0967.02
mailto:andrea.poiatti@polimi.it
http://msp.org




Analysis & PDE
msp.org/apde

EDITOR-IN-CHIEF

Clément Mouhot ~Cambridge University, UK

c.mouhot@dpmms.cam.ac.uk

BOARD OF EDITORS

Massimiliano Berti

Zbigniew Btocki

Charles Fefferman

David Gérard-Varet

Colin Guillarmou

Ursula Hamenstaedt

Peter Hintz

Vadim Kaloshin

Izabella Laba

Anna L. Mazzucato

Richard B. Melrose

Frank Merle

Scuola Intern. Sup. di Studi Avanzati, Italy
berti @sissa.it

Uniwersytet Jagielloniski, Poland
zbigniew.blocki@uj.edu.pl

Princeton University, USA
cf@math.princeton.edu

Université de Paris, France
david.gerard-varet@imj-prg.fr

Université Paris-Saclay, France
colin.guillarmou @universite-paris-saclay.fr
Universitit Bonn, Germany
ursula@math.uni-bonn.de

ETH Zurich, Switzerland
peter.hintz@math.ethz.ch

Institute of Science and Technology, Austria
vadim.kaloshin@gmail.com

University of British Columbia, Canada
ilaba@math.ubc.ca

Penn State University, USA

alm24 @psu.edu

Massachussets Inst. of Tech., USA

rbm @math.mit.edu

Université de Cergy-Pontoise, France
merle @ihes.fr

William Minicozzi IT

Werner Miiller

Igor Rodnianski

Yum-Tong Siu

Terence Tao

Michael E. Taylor

Gunther Uhlmann

Andrds Vasy

Dan Virgil Voiculescu

Jim Wright

Maciej Zworski

PRODUCTION
production@msp.org

Silvio Levy, Scientific Editor

Cover image: Eric J. Heller: “Linear Ramp”

Johns Hopkins University, USA
minicozz@math.jhu.edu

Universitit Bonn, Germany
mueller@math.uni-bonn.de

Princeton University, USA

irod @math.princeton.edu

Harvard University, USA
siu@math.harvard.edu

University of California, Los Angeles, USA
tao@math.ucla.edu

Univ. of North Carolina, Chapel Hill, USA
met@math.unc.edu

University of Washington, USA
gunther @math.washington.edu
Stanford University, USA

andras @math.stanford.edu

University of California, Berkeley, USA
dvv@math.berkeley.edu

University of Edinburgh, UK
j-r.wright@ed.ac.uk

University of California, Berkeley, USA
zworski @math.berkeley.edu

See inside back cover or msp.org/apde for submission instructions.

The subscription price for 2025 is US $475/year for the electronic version, and $735/year (4$70, if shipping outside the US) for print and
electronic. Subscriptions, requests for back issues from the last three years and changes of subscriber address should be sent to MSP.

Analysis & PDE (ISSN 1948-206X electronic, 2157-5045 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840, c/o Univer-
sity of California, Berkeley, CA 94720-3840, is published continuously online.

APDE peer review and production are managed by EditFlow® from MSP.

PUBLISHED BY

:l mathematical sciences publishers

nonprofit scientific publishing

http://msp.org/
© 2025 Mathematical Sciences Publishers


http://msp.org/apde
mailto:c.mouhot@dpmms.cam.ac.uk
mailto:berti@sissa.it
mailto:zbigniew.blocki@uj.edu.pl
mailto:cf@math.princeton.edu
mailto:david.gerard-varet@imj-prg.fr
mailto:colin.guillarmou@universite-paris-saclay.fr
mailto:ursula@math.uni-bonn.de
mailto:peter.hintz@math.ethz.ch
mailto:vadim.kaloshin@gmail.com
mailto:ilaba@math.ubc.ca
mailto:alm24@psu.edu
mailto:rbm@math.mit.edu
mailto:merle@ihes.fr
mailto:minicozz@math.jhu.edu
mailto:mueller@math.uni-bonn.de
mailto:irod@math.princeton.edu
mailto:siu@math.harvard.edu
mailto:tao@math.ucla.edu
mailto:met@math.unc.edu
mailto:gunther@math.washington.edu
mailto:andras@math.stanford.edu
mailto:dvv@math.berkeley.edu
mailto:j.r.wright@ed.ac.uk
mailto:zworski@math.berkeley.edu
mailto:production@msp.org
http://msp.org/apde
http://msp.org/
http://msp.org/

ANALYSIS & PDE

Volume 18 No. 1 2025

Mathematics of internal waves in a two-dimensional aquarium
SEMYON DYATLOV, JIAN WANG and MACIEJ ZWORSKI

Large sets containing no copies of a given infinite sequence

MIHAIL N. KOLOUNTZAKIS and EFFIE PAPAGEORGIOU
The 3D strict separation property for the nonlocal Cahn—Hilliard equation with singular po-
tential

ANDREA POIATTI

The Kato square root problem for weighted parabolic operators
ALIREZA ATAEI, MORITZ EGERT and KAJ NYSTROM

Small scale formation for the 2-dimensional Boussinesq equation
ALEXANDER KISELEV, JAEMIN PARK and YAO YAO

C° partial regularity of the singular set in the obstacle problem
FEDERICO FRANCESCHINI and WIKTORIA ZATON

Dimensions of Furstenberg sets and an extension of Bourgain’s projection theorem
PABLO SHMERKIN and HONG WANG

93

109

141

171

199

265



	1. Introduction
	2. Mathematical setting
	3. Preliminaries
	3.1. A Poincaré-type inequality
	3.2. The state of the art for the three-dimensional nonlocal Cahn–Hilliard equation
	3.3. A lemma on geometric convergence of sequences

	4. Main results
	4.1. Proof of 0=theorem.531=Theorem 4.3
	4.2. Proof of 0=theorem.551=Corollary 4.5

	5. Some consequences of the strict separation property
	5.1. Regularization in finite time
	5.2. Convergence to equilibrium

	Acknowledgments
	References
	
	

