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C PARTIAL REGULARITY OF THE SINGULAR SET
IN THE OBSTACLE PROBLEM

FEDERICO FRANCESCHINI AND WIKTORIA ZATON

We show that the singular set ¥ in the classical obstacle problem can be locally covered by a C*
hypersurface, up to an “exceptional” set E, which has Hausdorff dimension at most n — 2 (countable in
the n = 2 case). Outside this exceptional set, the solution admits a polynomial expansion of arbitrarily
large order. We also prove that X \ E is extremely unstable with respect to monotone perturbations of the
boundary datum. We apply this result to the planar Hele-Shaw flow, showing that the free boundary can
have singular points for at most countable many times.
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1. Introduction

1.1. The classical obstacle problem. The classical obstacle problem consists in studying the solutions of
the variational problem

min{%/ |Vw|2:w2(pin B1CR' w=gon 831},
B

where g : dB; — R and ¢ : By — R are given, with ¢ < g on dB;. In two dimensions an intuitive
interpretation of this problem is the following: The graph of the minimizer w represents the shape of a
thin membrane stretched over B; and fixed on 3 B along the profile g. The hypograph of ¢ represents a
solid “obstacle” above which the membrane must lie, possibly touching it. The Dirichlet energy, finally,
corresponds to the linearization of the surface energy of the membrane, which is assumed proportional to
the area of the graph of w.
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It is well known (see for example the exposition in [Ferndndez-Real and Ros-Oton 2022, Chapter 5])
1,1
loc

enough. Furthermore, u := v — ¢ solves the Euler—Lagrange equation

that there exists a unique optimal shape v and that it enjoys C, . regularity, provided that ¢ is smooth

Au = —A(pX{u>0} in B].

One of the most challenging problems is to understand the a priori unknown interface d{u > 0}, called
the “free boundary”. Unless A¢ < 0, simple examples show that the free boundary can be any closed set;
hence it is standard to assume that ¢ is superharmonic. Thus, we deal with solutions of

Au = f x>0y in By,
u>0 in Bj,

(1-1)

where f € C*(B)) is given and positive.
By classical works of Caffarelli [1977; 1998], the free boundary d{u > O} splits into a regular and a
singular part:
dofu > 0} =Reg(u) U X(u).

Points in these sets can be characterized, for example, by density considerations:

X, €Regu) <= |{u=0}NB,(xo)| = %|B,|+0(r"),
Xo € X(u) — |H{u=0}NB,(x,)| =0(").

Caffarelli showed that Reg(u) is relatively open in the free boundary and, locally, is a C' hypersurface
(smoothness and analyticity were proved later in [Kinderlehrer and Nirenberg 1977]). On the other hand,
¥ (1) can always be covered, locally, by a single C' hypersurface (see [Caffarelli 1998, Theorem 8]).
Thus, when we speak about “regularity of X(u#)” we are actually speaking about the regularity of the
manifold covering it. In this paper we will improve the smoothness of this hypersurface. We remark
that X (u) can display a very wild structure, as long as it is contained inside a single hypersurface; see
example (1-2).

1.2. The singular set: important examples and known results. The following simple example shows
that X (1) can be rather wild. Furthermore, it can have Hausdorff dimension equal to n—1, thus it can be
as “large” as Reg(u). Consider the function

u(x) :=x>+h(x’) for(x',x,) e R xR, (1-2)

where h € C®(R""!) is nonnegative. Possibly multiplying # by a small factor, u solves (1-1) (with
some f depending on /) and

Y(u)={x,=0}N{h =0}, Regu)=29.

Hence X (u) can be any closed subset of {x,, = 0}. See the second point below for even wilder examples
due to Schaeffer [1977], where the contact set has nonempty interior. In this paper we show that, locally,
3 (u) is always contained in a C* hypersurface (the hyperplane {x, = 0}, in this example), except for an



C® PARTIAL REGULARITY OF THE SINGULAR SET IN THE OBSTACLE PROBLEM 201

(n—2)-dimensional piece (the empty set, in this example). Before turning to the statements, let us try to
give an overview of what is known about X (u).

» Concerning the pointwise structure, X (u) consists precisely of those points x, € d{u > 0} such that
r_zu(xO +rx) = pry,(x) asr O,

where p» ., is a convex and 2-homogeneous polynomial with Ap; .. = f(x,). Thus, zooming in on x,,
one sees the contact set {u = 0} clustering around the linear space {p> ,, = 0}. When dim{p; ,, =0} =m
for some integer m < n — 1, this suggests that X (u) displays, qualitatively, an m-dimensional structure
at x,.

e Concerning the local structure, when n = 2 and f is real analytic, Sakai [1993] gave a complete
characterization of the possible shapes of the free boundary around a singular point. In brief, X (u) is
locally either an analytic curve, or an isolated point, around which d{u > 0} is the union of at most two
analytic arcs. In particular, ¥ (x) has codimension 1 inside the free boundary. We remark that his approach
relies on complex analysis techniques [Sakai 1991]. On the other hand, Schaeffer [1977] constructed
examples of rather wild free boundaries in the case where f is “just” C°°. He showed that

int(u =0} N{x, =0)) and {u=0}N{x, =0}

can be any nested couple of relatively open and closed subsets of {x, = 0} (the interior part is taken with
respect to the relative topology). In particular, the contact set might form infinitely many cusps, which in
turn produce an arbitrarily closed subset of {x,, = 0} as the singular set. This shows that the sharpness of
Sakai’s results is due to analytic rigidity.

» Despite the counterexamples of Schaeffer, it is still possible to obtain refined statements about the
shape of X (u). Caffarelli [1977; 1998] showed that X (u) is locally contained in a C ! hypersurface. More
precisely, if we partition X () into the strata

Yy = {x, € X(u) :dimker A,, =m} form=0,...,n—1,

then each X,, is locally contained in an m-dimensional C! manifold. Building on Weiss [1999] and
Monneau [2003], Figalli and Serra [2019] extended these results by showing that 3 (u) \ E can be covered
by C L1 manifolds, where the excluded set E has Hausdorff dimension at most n—2.

» By the implicit function theorem, this type of covering result is tightly linked with the fact that # admits
a polynomial expansion around singular points. From this perspective, Caffarelli showed that, at each
Xo € 2(u),

U(x) = pa.x, (X —x0) + 0 (x —x0)[x — x0[%,

with an abstract dimensional modulus of continuity o. This was improved in [Colombo et al. 2018],
showing that o (x — x,) < C|log |x — xo| |_€° for some dimensional C, ¢, > 0. Figalli and Serra [2019]
proved that o (x — x,) < C|x — x,|* when x, € ¥,_1, and also that o (x — x,) < C|x — x,| provided
X, € X(u) \ E, where dimy E < n — 2. Similar results were recovered in [Savin and Yu 2023] with
independent methods. This analysis was pushed further by Figalli, Ros-Oton and Serra [Figalli et al. 2020]
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in the framework of “generic” regularity. They showed that, for all & > 0 small, there is a set £ C X (u)
with Hausdorff dimension at most n—2 such that, if x, € X (u) \ E, then

U(x) = Py, (x) + O(Ix —xo ™) 1-3)
for some polynomial Ps , with AP, =1.

1.3. Main results of this paper. Concerning expansion (1-3), the approach in [Figalli et al. 2020] was
blocked at order 5, and new ideas were needed to go further, as we explain in detail in Section 1.4.2 below.
In fact, the natural question whether such an expansion could be pushed to some order £ > 5 (at most
points) was explicitly raised in [Figalli 2018, p. 22]. The main contribution of this paper is providing a
positive answer to this question: we prove that u admits a C*° polynomial expansion at most points in X.

Theorem 1.1. Letn>2, mu > 0and f € C®°(By) be given, with f > w. Let u € C\-! (By) be a solution of

loc

the obstacle problem (1-1), and let X be its singular set. Then there exists a closed set ¥°° C ¥ such that
(1) dimy (X \ °°) < n —2 (countable if n = 2),
(i) locally, ¥*° is contained in one (n—1)-dimensional C* manifold.

Moreover, at every point x € £°°, the solution u has a polynomial expansion of arbitrarily large order.
That is, for every x € £°° and k € N, there exists a unique polynomial Py , with deg Py » < k such that
the expansion

ju(x +h) = Pex(h)] < Cla[**! forall |h] < 5(1 —|x]) (1-4)

holds with a constant C depending only onn, k, @, || f|lck+1, 1—I|x|. We further have that A Pyy> x = fx.x,
where fi  is the k-th Taylor polynomial of f centered at x. Finally, the map ¥°° > x +— (Pi x)keN IS
smooth in the sense of Whitney.!

We remark that there are solutions in dimension 2 with f = 1 for which 0 € X(u), but where
expansion (1-4) does not hold at O for k > 3 (e.g., see the cusp-type solutions in [Sakai 1993]). In this
sense the dimensional bound in (i) is optimal. Furthermore, example (1-2) shows one cannot hope to show
that X is a smooth manifold, at least when the right-hand sides f are not analytic — this motivates (ii).

Example (1-2) is also a model situation which our result describes effectively: in this case ¥ = X,

In dimension 2, Theorem 1.1 can be also read as an extension of Sakai’s result to nonanalytic right-hand
sides f (see the proof of Corollary 1.4 for a detailed comparison of the two results).

Our analysis further shows that the set X is extremely unstable with respect to monotone perturbations
of the boundary datum. Indeed, following [Figalli et al. 2020], we also prove:

Theorem 1.2. Let {u'};c—1,1) be a family of solutions to (1-1), with f independent from t, which is
“uniformly monotone” in the sense that, for everyt € (—1, 1) and any compact set K C dB; N {u' > 0},
there exists ¢ = c(t, K) > 0 such that

mi}(l(u’“’(x) —u'(x))>ch forall —1 <t <t+h<1. (1-5)
xXe

I'We denote by dimy, the Hausdorff dimension, and we refer to Whitney’s definition of smoothness on a closed set [Whitney
1934, Section 3].
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With the notation of Theorem 1.1, define the singular sets
T = {(Xo, 1) 1 Xo € Z(u)},
TP = {(xo, 1) : X0 € ZF(u")}.
Then, denoting the standard projections by m; : By x (—1,1) - (=1, 1) and m, : By x (—1,1) = By, we
have that X is a graph over 7w, (%), and
(i) dimy (7r,(X°°)) = 0 in any dimension n > 2,
(i1) dimy (7, (X)) = 0 in dimension n = 2,
(iii) dimy (7 (X \ X)) < n — 2 (countable if n = 2).

Remark 1.3. The Hausdorff dimension bound in (i) can actually be improved to zero Minkowski
dimension (see [Mattila 1995, Chapter 5] for the definition).

Combining this result with Sakai’s classification we also get an improvement of [Figalli et al. 2020,
Theorem 1.2] concerning the generic regularity of the free boundary in the planar Hele-Shaw flow.

Corollary 1.4. Let O C R? be an open and bounded set with Lipschitz boundary, and let Q :=R>\ O.
For each t > 0, let u' be a weak solution of

Au' = X{u'>0} in Q,
u' =t on K2, (1-6)
u' >0 in Q.

Then the set of t € (0, 00) such that (u') # & is countable.

1.4. On the proofs of the main results. Let us now explain the main ideas in the proof of Theorem 1.1,
the general outline of the argument being inspired by [Figalli et al. 2020]. As pointed out, the key feature
is the Taylor expansion (1-4). Furthermore, we can work in the top-dimensional stratum X,_1, as the
lower strata X,,,, m € {1, ..., n — 2}, have Hausdorff dimension at most m thanks to Caffarelli’s covering
result.

We will perform a blow-up analysis on the functions u — Py, where the Py are suitable polynomials.
The core of this blow-up analysis is an Almgren-type monotonicity formula for u — P.

1.4.1. Polynomial ansatz. Similarly to [Figalli et al. 2023], we construct Py, the prototypical k-th Taylor
polynomial of u at 0 € X, _;. These polynomials should be approximate solutions of (1-1), that is to say

{Am =f4+0(x*"Y inBy,
Pr > —0(x|k?) in By.

Furthermore, they should have an (n—1)-dimensional zero set (we are in the top-dimensional stratum
¥,—1). Together with nonnegativity, this suggests that P is almost a square:

Pr = (polynomial)2 + O(|x**?).
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The coefficients of P; can be chosen with some freedom, which can be used to modulate the shape of
the hypersurface {P, = 0} around 0. Notice that, by Caffarelli’s analysis, Py = P; = 0 and (in suitable

coordinates) P, = %x,f For example, we will see that ;3 needs to have a more complicated form:

2
Py = (Xn + B +XnR2) + 0 (x|,

Xn
where p3 is any 3-homogeneous harmonic polynomial odd in x,, and Ry = R»[p3] is a 2-homogeneous
polynomial determined uniquely by ps.

1.4.2. Almgren monotonicity formula. In [Figalli and Serra 2019], it was first noticed that the Almgren
frequency function of u — p, that is

IrV(u— p2)(r )2z b u— o). (1-7)
Il — p2)(r )28

is increasing. This property is known to be very powerful and paved the way for most of the results of
[Figalli and Serra 2019]. Similarly, the key observation that allows us to prove expansion (1-4) is that,
for all k > 2, (a version of) the Almgren frequency function is (almost) monotone on functions of the
form u — Py. Proving this crucial fact for all £ is one of the main contributions of this paper. The case
k = 3 was already obtained in [Figalli et al. 2020],% but their approach was blocked and the general case
cannot be obtained by tuning their argument; let us explain why.
By known computations, for every function w,
. 2[5, (@ ww, —x - V) Aw,

d
2w = 7
L2(3By)

(1-8)
r llwe
In [Figalli and Serra 2019], it was shown that the right-hand side is nonnegative if w = u — P, but in
order to carry out our arguments it is enough to prove that the negative part of the right-hand side is
integrable around r = 0 when w = u — P. In trying to do so, the term w, Aw, has (up to some errors)
the right sign, while the main difficulties come from the term (x - Vw,) Aw,.

In order to control this last term in the case k = 3, the following crucial Lipschitz estimate was proved
in [Figalli et al. 2020, Lemma 4.7]:

PV @ —P3)llLes,) < CUlw =P )l 2y +1) 1-9)

for some constant C independent of u, P3, and r € (0, ‘l‘) In order to prove (1-9), one needs to take
incremental quotients of u —7P3 along the flow of some circular vector fields {X ;}, which have the property
that X ; X ;P; = O(|x]?) (see [Figalli et al. 2020, Lemma 4.6]). Now, exploiting that the Laplacian is
invariant under rotations (that such vector fields generate), one can prove (1-9). There is little hope to
make this ingenious argument work for a general u — Py, since the Laplacian does not commute with
more general diffeomorphisms, which, on the other hand, would be needed to ensure X ; X ;P = O (|x|%).

2Actually, as a consequence of the method of proof, the authors also immediately obtain the same monotonicity for u —P3 — P
for some homogeneous harmonic polynomial of order 4. This then leads the expansion up to order 5 — ¢, but to continue on what
is missing is Almgren’s frequency monotonicity for u — P4, where P4 7# P3 + P.
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With a completely different proof, in Section 3.2, we will prove the following weaker Lipschitz estimate,
which — nontrivially — is still enough to get the integrability of the right-hand side of (1-8). For all k£ > 2,
we have

IV — P lloecs,) < CUI@ =P 2, + P, (1-10)

where 8 > 0 can be chosen arbitrarily small, C, # > 1 are constants independent of «, and r € (0, 1/9).
This allows us to prove the monotonicity of a suitable modification of Almgren’s frequency function
introduced in [Figalli et al. 2020]. More precisely, the function

||Vwr||iZ(Bl) + ,J/rZJ/

re— ¢’ (r,u—"P)+Crf, where¢?(r,w):= (1-11)

2 2y
||wr||L2(3B|)+r v
is increasing. Here w, := w(r -), C, ¢ are positive constants and y > k 4 1 is the truncation parameter.

1.4.3. Blow-up analysis. The monotonicity formula allows us to pursue a blow-up analysis to every order.
Similarly to [Figalli and Serra 2019], we classify the possible blowups, that is, we study the possible
limits of the normalized sequence

Uy,

Uy, asre L0, where v, :=u—"P({ ).

lvel? 25,
We show that v,, — g, where g is a nontrivial global solution of a certain PDE: the Signorini problem.
Furthermore, ¢ is homogeneous of degree ¢ (0, v). The blowup can be performed at each point of
Y,—1 of course, but g could be a nonpolynomial function or even have nonintegral homogeneity. At the
points where this happens, there cannot be a Taylor polynomial of order k+1, so the expansion (1-4)
must stop. These points must be shown to be “rare”.

1.4.4. Dimension reduction. We show that ¢” (0", u — P;) = k + 1 outside of a set of dimension at most
n—2 for a suitable choice of Py, and the blowup ¢ is a harmonic polynomial vanishing on {p, =0} (a
particular class of solutions of the Signorini problem). This allows us to determine the next ansatz Py in
terms of P and ¢ and prove the Taylor expansion up to order k+1 with remainder o(r**!). The various
dimension reduction techniques are inspired by [Figalli and Serra 2019], but new barrier arguments are
introduced to deal with the points with even frequency.

1.5. Structure of the paper. In Section 2 we fix the notation and recall some basic results on the obstacle
problem and the Signorini problem. In Section 3.1 we give the construction of the polynomial ansatz P.
In Section 3.2 we prove our Lipschitz estimate (1-10). In Section 4 we prove the almost-monotonicity of
the truncated frequency ¢” (-, u — Px). In Section 5 we perform and classify the blowups. In Section 6
we perform the dimension reductions distinguishing various cases; the proof of Theorem 1.1 is given in
Section 6.4. In Section 7 we give the proof of the instability result Theorem 1.2.

In Appendix A we reprove a result [Figalli and Serra 2019, Remark 2.14] for a general right-hand side.
In Appendix B we explain, line by line, which modifications are needed for a smooth right-hand side in
the previous proofs. Finally, Appendix C contains two technical lemmas.
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2. Preliminaries

2.1. Notation. We work in R" endowed with its Euclidean structure and assume n > 2. We will often
perform blowups: given a function v : By — R, we set v, := v(r -) which is defined in By, ; the parameter
r > 0 is thought to be small. We remark that Vv, = r(Vv),. We will sometimes write X <, ; ¥, meaning
that X < CY for some constant C > 0 which depends only on a and b.

2.2. Known results. Fix yu > 0 and a function f € C*°(By) such that f > u in B;. We will denote by u
any solution of
Au = f)({u>0} in Bl,
u=>0 in By, 2-1)
0 e d{u > 0}.
The last condition is added for normalization purposes, as we want to stay away from 0 B;. We recall

some basic properties of the solution u, relying on the classical theory by Caffarelli [1977; 1998], see
also [Figalli et al. 2020, Section 3] for a summary of the known results. There exists

C=C(n, |l fllie)) >0
such that
(2-2)

als

lullcris,,) <C and  supu >
B>

1,1

Thus we will assume throughout the paper that u € C; .

(B1). We remark that the problem has a natural
scaling; in fact, for any > 0, we have that r~2u, solves

A(r~?uy) = frXu,>0) in By,
u, >0 in By,
0edfu, > 0).

The free boundary d{u > 0} consists of regular points (in the neighborhood of which d{u > 0} is an
analytic hypersurface) and singular points ¥ C d{u > 0} (at which the volume density of {u = 0} is 0). It
is well known that the singular points are characterized by the condition that the blowup

P2, (X) = lin(l)r_zu(xo +rx)
r—

exists and is a convex 2-homogeneous polynomial with Ap; . = f(x,). When x, = 0, we denote the
blowup simply by p>. The singular set X stratifies according to dim{p; ,, = 0}. The strata

Xy i={x, € X :dim{py,, =0}=m} form=0,...,n—1

are locally contained in m-dimensional C' manifolds. As we want to prove a statement “up to sets of
codimension 2”, we will be mostly interested in the top-dimensional stratum X,,_;.

The following lemma is crucial for our analysis. It shows that, in X, _;, the rate of convergence of u to
its blowup is more than quadratic. It was proved in [Figalli and Serra 2019, Remark 2.14] for f = 1; for
completeness we give the proof for a general f € C(B;) in Appendix A.
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Lemma 2.1. Assume that 0 € X,_; and r~>u, — pa. Then there are C, a, > 0 such that

sup |u — po| < Cr2**  forallr € (O, %) (2-3)
B,
In particular, we have
{u, =0}N By C {x :dist(x, {pp =0}) < Cr*} forallr € (0,1). (2-4)

The constants C and o, depend only on n, , 8, || fllcsp,)» where 0 <8 <1 can be freely chosen.

Notice that (2-4) immediately follows from (2-3) because dist( -, {pr» = 0)? = p2since 0 € X, 1.

2.3. Truncated frequency function. We will make extensive use of the following functionals. For

we Chl

1o (B1), 7 € (0, 1) and a parameter y > 0, let us define the nondimensional quantities

D(r,w) :=r>" / Vwl>= [ |Vw,?, H@ w):=r'"" / w? = / w? (2-5)
B, B 9B, 0B,
and the truncated frequency function

D(r, w) + yrz”

Y f—
o) = )

(2-6)

which has been introduced in [Figalli et al. 2020]. By [Figalli et al. 2020, Lemma 2.3], the following
formula is valid for all w € C\;!(By) and r € (0, 1):

2
d ., %(rz_” fB’_ wAw) +E7(r, w)
dr¢ (rw) r (H(r,w)+r?v)? ’

where
EV(r,w):= (rz‘” / wAw)(D(r, w) +yr?) — (rz—" / (X'Vw)AUJ)(H(r, w) +r?).
B, B,

Thus we have
(@Y (r, w)w, —x - Vw,) Aw,
41,y 2 21
dr r H(r,w)+r%

(27

We recall from [Figalli et al. 2020] the following result which says, roughly speaking, that the value of
@Y (-, v) corresponds to the power at which H (-, v) grows. This lemma will be used extensively to pass
from L2 norms over spheres to L? norms over thick shells.

Lemma 2.2 [Figalli et al. 2020, Lemma 4.1, Remark 4.2]. Let R € (0, 1), and let w : Bg — [0, 00) be a

cl! function. Assume that, for some € € (0, 1) and a constant C, > 0, we have

2—n 2
4., o2 (" [ wAw)
ar @ ) = G wy

forallr € (0, R).
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Then the following hold:
(a) Suppose that 0 < h < ¢Y (r, w) < A forall r € (0, R). Then, for any given § > 0, we have

1 /R\2~5 H(R,w)+ RY R\P+3
C_5<7) < oo S 5(7) forallr € (0, R),

where Cs depends onn, vy, ¢, A, Co, 8.
(b) Assume in addition that
r¥n [, wAwW

_ &€
—H(r, w) + 727 > —Cor® forallr € (0, R).

Then, for Ay := ¢? (0", w), we have L, <y and

2
e_co/82<R)2)‘* < H(R, w)+R Y

r) T Hrw) 4

2.4. The Signorini problem. The Signorini problem, called also the thin obstacle problem, consists of
the following system of PDEs
Ag <0 and gAg =0 inR",
Ag=0 in R"\ L, (2-8)
q=>0 onL,

where L C R” is a hyperplane and ¢ is at least continuous. Recall that the following regularity is known
(see [Athanasopoulos and Caffarelli 2004]) for weak solutions: if L = {x, =0} then g € Cllo’cl / 2({xn > 0}).

For each solution ¢ we will consider its singular set,> defined by
Y(q):={xeL:q=1|Vq|=0}. (2-9)

We will be interested in homogeneous solutions, so, for every A > 0 and every hyperplane L C R", let
us define
S, (L):={q € w20 CI%C([R") : g is A-homogeneous and solves (2-8)}. (2-10)

loc
We will use the following characterization of homogeneous solutions.

Lemma 2.3. Letq € wlinc?

oo loc (R") be a weak solution of (2-8), and let A > 0. Then q is A-homogeneous
if and only if

D(r, q)
H(r,q)

Proof. Setting to zero the derivative with respect to r of the left-hand side, one formally gets

=A forallr > 0.

q(x) =2x-Vq(x).
One can make the computation rigorous using the C regularity of ¢; see [Fernandez-Real 2022]. [

3We warn the reader that our singular set has nothing to do with the “singular points” of the free boundary of g. Our
terminology is instead consistent with [Naber and Valtorta 2017].
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Every g € S(v1), with v a unit vector, can be split into its even and odd part with respect to L, namely

g="(x) := 3 () +q(x =2(x - v)v)),  ¢°U(x) = L(g(x) —q(x —2(x - v)V)), (2-11)

even

so that ¢ = g®°" + ¢°%. Tt is easy to show that ¢®*°" and ¢°%¢ solve (2-8) separately, thus it is natural to

define
SN(L) :={q € Sx(L) : q is even with respect to L},

Sfdd(L) :={q € S,(L) : q is odd with respect to L}.
When it is not relevant, we will drop the dependence on L. We gather information on these sets next.
Proposition 2.4. For every m € N, the following hold:
(i) Every element of Syp+1(L) vanishes on the obstacle L.

(i1) Sfdd(L) consists exactly of those A-homogeneous harmonic polynomials that vanish on L, thus it’s
empty when A ¢ N.

(iii) S;"(L) consists exactly of those 2m-homogeneous harmonic polynomials that are nonnegative

on L.

(v) If g € S5, (e)), then q(x) = —|x,|(qo(x") + x2q1 (x)), where qo and q, are polynomials such that
q0 = 0 and A(=x,qo(x") + 531 (x)) = 0.
(v) The (real) values of X for which S;Y°"(L) is not empty are known only in dimension n = 2, in which

casewehavekeNU{Zm—i—%:meN}.

Proof. For (i) see [Figalli et al. 2020, Lemma 5.1]. To show (ii), notice that ¢ is harmonic in a half-space
and coincides with its odd reflection, thus it is harmonic everywhere. The third point is proven in [Garofalo
and Petrosyan 2009, Lemma 1.3.4]. For (iv) see [Figalli et al. 2020, Appendix B]. The last point follows
by separating variables and explicitly solving the resulting ODE. U

Remark 2.5. Using Proposition 2.4, it is easy to check thatif n =2 and A € N, A > 2, then X (¢*'*") = {0}.

3. Lipschitz estimates

For the sake of readability, we deal first with the case f =1 and u = 1. A list of notational changes
needed to address a general f is given in Appendix B. This section is devoted to the derivation of the
Lipschitz estimate (1-10), which contains the most original part of this work.

3.1. Polynomial ansatz. We denote by V; the vector space of homogeneous polynomials of degree j > 1.
We introduce the projection map 7; : R[x] — V;, which sends a polynomial to its j-homogeneous part,
and the map m;, which truncates it at degree j. We define for k > 2 the set P, € V5 x - - - x Vj by saying
that (pa, ..., px) € Py if and only if

(i) pjis a j-homogeneous polynomial for each 2 < j <k,
(i) p2 >0, App =1and dim{p, =0} =n—1,
(iii) Ap; =0and p; vanish on {p, =0} for each 3 < j <k.
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Notice that any p; satisfying (ii) must be of the form p,(x) = %(v -x)? for some unit vector v; of course v
is not unique as we can always choose —v, but that is the only freedom we have. Furthermore, for every
(p2, ..., pr) € V3 x -+ x Vi, we set

(P2 ol i= D 1Ipillr2esy-
2<j<k
Lemma 3.1. Let k > 2 and (pa, ..., px) € Py be given. Then there exists a unique collection of

polynomials
(R, ..., R e Vi x---x Vi

such that the following holds. If p>(x) = %(v -x)? for some unit vector v and we define
)
) ’

k—1 k

A @) = (v-x)+ > (v-x)R;(x) +

j=1 j=3

pjx
(v-x

then A(%Ai’v) =14+ O(|x|X). Furthermore, each R; is determined only by (p>, ..., pj+1) and does not
depend on which v we choose, so that Ay _, = —Ag.,. Finally, %Ag , = D2

Proof. We prove the full statement by induction on &, beginning with k = 2. We compute
A(3A3,) = 1+ ACp2R) + O(x ),

thus R; must solve A(pyR;) = 0; this is true if and only if R} = 0, as we can see with the following
general argument. For m > 1, we consider the linear map §,, : V,,, — V,, given by §,,(q) := A(p2q). We
claim that §,, is a isomorphism. Indeed, if §,,(g) = O, then the polynomial p,g is a harmonic function
that vanishes on the hyperplane {p, = 0} along with its normal derivative, thus p,q = 0 (by reflection,
p2q is both even and odd with respect to { p, = 0}, thus g = 0). As V,, has finite dimension, the map 3§,
is invertible. In particular, R = 81_1(0) =0, regardless of p, and v.

Assume that the full statement is proved up to some k > 2. Fix (pa2, ..., pr+1) € Pr+1 and v, and for
simplicity set x, := (v-x). Notice that, for every (R, ..., Rx), we have A1, = Ak, v +xp Rk + piy1/X0.
A direct computation again gives

AL ) =7 (MGAL)) + e (AGALL)) + Api + AETEL + ACPRO + O ().
Hence we have A3 A7, | =14 O(|x|**') if and only if

{A%Aiv =1+ 0(x[",

T (A3AL ) + Ap3prs1/(2p2) + A2pa R =0,
by inductive assumption the first equation determines uniquely (R, ..., Rx—1) and thus A ,. The second
equation then determines uniquely Ry, indeed, as in the base step, we set

P3 Pk+1>
2p2

R =35 (ma (1, +

Finally, by inductive assumption %Aiv = %A/%,—w thus it is manifest that R; does not depend on the
choice of v. ]
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This lemma shows that we can construct a function %A,% : P — R[x] defined by
AL A2 h =(-x)? 3-1
k - (pZa R ) Pk) = kv where PZ(X) - (V x) . ( )

Definition 3.2. Given k > 2, we define P; : Py — R[x] by

Pi(p2 s pr) =Tz (3A7), (3-2)
where .A,% = A,% 4, are constructed from (p», ..., pr) as in Lemma 3.1.
We now give some simple properties of %A,% and Py; given a unit vector e, we write d,u = e - Vu.

Proposition 3.3. Letk > 2, (p2, ..., pr) € Py and © > 0 be such that |(pa, ..., pr)| < t. Choose some
unit vector v for which pr(x) = %(v -x)%. Then the polynomials %A%(pz, .oy Pr) and Pr(pa, ..., Pr)
satisfy:

(i) APy =1and ae(%A]%) = 0, P + O(|x|**1), for any unit vector e.

(ii) We have Pr(pa, ..., p) = Pe—1(P2, ..., Pk=1) + px + O (Ix[FT1).

(iii) For all |x| < rg, we have % < |0y Ak.v(x)| <2, and thus
SAE)] <100 (3A47()) | < 21 A1,

where ro =ro(n, k, t) € (0, 1).

@iv) If u is a solution as in (2-1),0 € X,_| and r2u(r ) — P2, then by (2-3) we have, forall0 <r < %,

sup |0, Px| < Crltee
B, N{u=0}

for some constant C = C(n, k, t) > 0.
Proof. Point (i) follows immediately from A(1.47) = 1+ O(|x|*) and the fact that P — 347 = O (|x[*+2).
The second point can be easily checked by direct computation using the structure of the polynomial Ay ,.

For (iii), we compute 9, Ax , = 3, (v -x + O(|x|*) =1+ 0(|x|). Lastly, for the fourth point, note that by
construction Py = p, + O(|x|?) and apply Lemma 2.1. (Il

3.2. Regularity estimates near the free boundary. We now turn to the Lipschitz estimate on functions of
the form u — Py.

Proposition 3.4. Let u be a solution of the obstacle problem (2-1) with f =1, u = 1, and suppose
0€e X,_1. Let k > 2 be an integer, T > 0 and B € (0, ag/(k +2)). Let (pa, ..., pr) € Py be such that
[(p2, ..., pr)| < t. Suppose that

-2 1.2
ru(r ) > p2=5x,,
and set
vi=u—"P,

where Py = Pr(pa, ..., pi) is the polynomial ansatz from Definition 3.2. Then:
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(1) there are C > 0 and r¢ € (0, 1), depending on n, k, t, such that, foreach j =1,...,n—1 and
0 <r <ry, we have

190l LB1) < CUvarll L2\ By + 7<) (3-3)
where 0 =60 (n, k) > 1,
(1) there are C > 0 and ry € (0, 1), depending on n, k, t, B, such that, for every 0 <r < ry, we have
19,07 o8y < CUlvorll 2By ) + 7<) 7, (3-4)
where 6 =60 (n, k, B) > 1.

As this result will be crucial let us explain briefly its proof. As p, = %x,%, we split R” into the “tangential”

directions ey, ..., e,—1 and the “normal” direction e,. The idea is to study the quantity
sup [0, Pk
B,.N{u=0}
for small r.

Geometrically this quantity tells us how much the zero set of P is a good approximation of the contact
set {u = 0} around the origin; see Proposition 3.3.

Analytically, supg ~,—gy [0, Px| is crucial because it will be the “pivot” linking Lipschitz estimates
along “tangential” directions with the one along the “normal” direction; let us see how.

First, taking difference quotients along tangential directions, we will prove that when j # n, we have,

0ol Snar > sup 10, Pel + vell2go gy )+ 7
{u=0}NB,
The fact that we have 2 (and not r!) in front of Sup(,—ojna, |9: Pkl is the crucial gain, peculiar to the
tangential derivatives.

Now we have to bound supy,_gynp, 19, Pk| from above. As this is much more complex, we just give
the heuristics. First, notice that, as u is C', we have 9,P; = 9,v in {u = 0}. As v is harmonic in
Q2 := B, N{u > 0}, elliptic regularity suggests that we should be able to control [[3,v]|cos gy With
lvllcrsaq) + IvliLe(e). Furthermore, by Lemma 2.1, 9€2 is close to the hyperplane {x, = 0}, so we
expect that the main contribution in [[v||¢1.6(3) comes from the tangential derivatives [|0;v|co.yq)
for j # n. If we could take 8 = 0 and knew that 02 was regular enough, this argument would give a
bound on supg [3,P| in terms of [|3;v| L~ (p,). But this is too much to ask: Schauder estimates break
down at the Lipschitz scale and 0€2 could be wild, this is why we lose a power g on the right-hand side
of (3-4). The first issue will be fixed choosing 8 small and interpolating, the second will require us to
construct a different set 2 C {u# > 0} through a geometric barrier argument.

We start with a preliminary L?-L* estimate.

Lemma 3.5. In the setting of Proposition 3.4, there exists a constant C = C(n, k, T) such that

vl ey < Cllvrll (s, ) + CFEF2 (3-5)

1
forall0 <r < 5.
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Proof. Recalling AP, =1, we have Av = A(u — Px) = — xu=0y < 0. Using the mean-value inequality
for superharmonic functions, for some z € 9 B, we have

nlin V= U(Z) = f Uy Zl’l _”vV“LZ(Bz\Bl/z)‘
B, B1/2(2)

This provides the estimate from below. Inside {# = 0} N B,, we have

_%A]%_i_ 0(|X|k+2) < Crk+2
for some C = C(n, k, t). Then we “glue” the functions C rk+2

so that

and v, which is harmonic in B, N {u > 0},

V :=max{Cr**?, v} is subharmonic in B,.

Thus to estimate from above v on B, N {u > 0}, we just use the mean-value property on V as above: this
gives the upper bound up to corrections of size Cr¥*2. (]

With a similar technique, we bound the first derivatives of v with sup,_onp, [0, Pkl

Lemma 3.6. In the setting of Proposition 3.4, there exists a constant C = C(n, k, ), such that, for each

j=1,...,n—1and0<r <%, we have

2’

180/l Le(syy < Cr- sup |13 Pel + Cllvel 2y py ) + Cr
{u=0}NB,

1820l ooy < € sup  [rd,Pel 4+ Cllvrll 2y py ) + CrEF2
{u=0}NB,

We remark that ||0¢v, || (B,) =7 |0¢v|| L B,) for all £ and r > 0.
Proof. We address first the case j # n. By construction, we have APy = 1, so Av = —x,=0;. Hence,

djv is harmonic in B, N {# > 0}. On the other hand, in B, N {u = 0}, we have d;v = —9;P%, so by
Proposition 3.3

18 Pel < 18; Ak | Al + O (x| Sk 16118, Pr() | + |x [ FL
Here we crucially used that |0; Ax| Spk,c [x] as Ax(x) = x, + O (x?). Hence,

sup [dv] <Cr*Th 4 Cre sup (8, Pl = K
B,N{u=0} B,N{u=0}

for some C = C(n, k, 7). In order to estimate d;v on B, N{u > 0}, we truncate it at levels K and —K to
obtain that

f=max{K,djv} and g:=min{-K,J;v}

are, respectively, subharmonic and superharmonic in B,. Choose x € 3B, a maximum point of f in B,
and use the mean-value property:

1
sup d; v<supf f(x)<f fr SflK+_||8jvr||L1(B3/z\Bl/2)’
B,N{u>0} B2 (x) r
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where we used that B, 2(x) C B3, /2 \ By2. By standard elliptic estimates we find

|| er ||L1 (B3/2\B1/2) Sl’l ” Avr ”Ll (32\31/2) + ” Uy ||L2(Bz\Bl/2) .
Recalling Av, = —r? X, =0y < 0, we integrate by parts with some smooth cut-off function

XBy\Bi)2 <v = XB3\Bi3»

with ||[Y||c2 <, 1, and we have

/ |Avr| = _/ Avr = _/ Avrw fsn ||Ui’||L2(B3\B]/3)'
By\Bi)2 B\Bi)2 B3\Bi3

The same computation with g instead of f provides an analogous estimate from below on d;v. In
conclusion we proved that, in every case, in B, we have

1
100 Sn K+ llvrll 23181 -

Multiplying by r on both sides we find the first estimate.
The second estimate is proven with the same reasoning, just replacing K with

K :=Ccr*T'+C- sup |0,Pxl,
B,N{u=0}
without the “extra r”. O

We now use global Schauder estimates to bound from above the term supy,_gnp, 179 Pk|-

Lemma 3.7. In the setting of Proposition 3.4, for any B € (0, a2/ (k +2)), there exists C = C(n, k, T, B)
such that, forall0 <r < l, we have

—_ 1—- o
sup  [rdyPel < CrP/ P g0, | Lo, + CrP | Vov |55 + Clvellies,) + Crt2. (3-6)
{u=0}NB, /4

We recall that the dimensional constant o, > 0 has been defined in Lemma 2.1.

Proof. We will split the coordinates x = (x’, x,,) and denote by B, the intersection of B, and {x, = 0}.
First of all, we recall from Lemma 2.1 that

sup |8, Pxl= sup |xu+ O(x]?)| < Cor'™ forall0<r <1 (3-7)
{u=0}NB, {u=0)NB,
for some «,, C, depending only on n and k. It is enough to prove the claim for r € (0, rp), for some
ro whose size will be constrained during the proof in terms of n, k, T (recall that T > |(p2, ..., p3)]).
We will prove in detail only the upper bound, as the lower bound is derived in the same way, with a
“symmetric” argument.
We choose a point z € B, 74 N {u = 0} such that

sup 10, Px =r0,Pr(2).
{u=0}NB, /4
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Step 1. If rg is small enough, then, for all r € (0, (), we can find an open set 2 satisfying the following:
(i) 2 is a smooth domain inside B,,, that is @ N B, = {x, > y(x")} N B, for some y € C°°(B;O).
Furthermore we have the following estimates on y:
Iy llzoesy < Crite, V¥l < Cr®,  [V'ylces) <C (3-8)
for some C =C(n, k, 7).
(ii) © € {u > 0} and there exists z* € QN {u =0} N B, >.
We emphasize that 2, y and z* may depend on 7, but the constant in (3-8) does not.

Proof of Step 1. We fix some r € (0, ry). For all b € R and L = L(n, k, t) to be determined, we define
the domains

Qb)) :={x € B, : 9, Pr(x) > 3, Pr(2) + Lre"x' — 7| + b).

Roughly speaking, 2(b) looks like a perturbed paraboloid with vertex at (z’, z, +b), provided ro S, 1.
Now, starting with b large, we decrease it until €2(b) touches the contact set in B,. That is, define

Q:=Q(b*), whereb* :=inflbeR:Q®b)NB, C {u>0}}.
We start checking that b* is well defined. Thanks to (3-7), if there exists x € {u = 0} N B, N Q2 (b) then
Lreem = 2P 4 b < [0, Pe(x)] +18,Pe(2)] < 2Cor e (3-9)

This shows that b* is well defined and b* < 2C,r!*%; in fact {u = 0} N B, N 2(b) must be empty for
larger b. We also notice that b > 0, as z € {fu =0} N B, N Q(b) for all b < 0.

We now prove (ii). Take b < b*. By definition there exists x;, € {u = 0} N Q2 (b), and inequality (3-9)
shows that |x; — 2’| < %r for an appropriate choice of L 2 C,. Using the triangular inequality and (3-7)
to estimate |(xp), — z.|, we find, for ro small, that

xp €{u=0}NB,NQM) = xp€B,n and b<2C,r' ™. (3-10)

We take z* € E,/z to be any accumulation point of x; as b 1 b*. We clearly have z* € QN {u =0}N l_?,/z.

Let us now prove (i). Consider the map @ : x > (x/, 3,Px(x)). As 9, Pr(x) = x, + O (x?), we have
that @ is a diffeomorphism from B,,, provided ry is small. Let W denote the n-th component of its inverse
which is defined in some ball Bg,. Clearly we have that W (y) =y, + O( |y|?), thus

IV'U3)| Snkr 1yl and 3,9 (y) > 1 forall y € Bg,. (3-11)
Therefore we conclude that x € 2 if, and only if, x € B, and
Xy =W, 8, Pr(x)) > W(x', 8, Pr(2) + Lroe ' — /2 +b*) i= y (x).

We have that y € C Oo(B;O) is well defined as, for ry small,

(x", 05 Pr(2) + Lre~'|x" = 2/|> + b*) € Bg,.
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This proves that €2 is a smooth domain. We remark that, while y depends on r, ¥ only depends on ry.
This observation along with (3-11) easily gives the estimates on y with constants independent of r. For
example, we estimate, for all x" € By,
IV'y (X)) < VW, 0,Pe(2) + Lreetx' — /12 4+ b%)|
+2Lr* T = 2118, W (', 8, Pr(2) + LT = 22 4 )
S X1 100 Pe(@) + Lo x = 2/ 4 0% 4 Lr ™0, W | Loy 16" — 21,
and all the terms on the right-hand side are of order r* or higher thanks to (3-9). The other estimates can
be proven identically, using (3-9) and the fact that ¥ (0, 0) = |V'W¥(0, 0)| = 0.
Step 2. For each 8 € (0, o], there is C = C(n, k, T, B) such that

1
= sup ropPe < [V'(vol) lesesy,) + IvrlliL=),
{u=0}NB, /4

where I" : B/ — R” is the graph of y, that is, ['(x") = (x', y (x')).
Proof of Step 2. We observe that, by definition of z*,

0 Pr(z) < anPk(Z*)’
so we have

sup 10, Pr =10, Pr(2) < ranpk(z*) =< ||anvr||LOC(ag~2rwBl/2),
{(u=0}NB, /4

where we used the rescaled domain Q := /r, whose boundary is the graph of y = y(r-)/r. We now
employ global Schauder estimates in Q (see, e. g., [Gilbarg and Trudinger 1983, Theorem 8.33]) to control
the right-hand side:

||anUr||L00(a§'mBl/2) Sn,ﬁ [V'(wo D)rlessy,) + ||AUr||L00(§) + llvrllLoeBy)- (3-12)

3/4
Note that  lies in {u, > 0}, where Av, = 0. We remark that the previous estimate holds with a constant
which depends on ||V y || ce(p,), which is bounded independently by r from (3-8):
IVV L) =1Vylirem) < Cr and [Vilce ) =r*IIVyllces) < Cre.
Furthermore, we also used that, thanks to (3-8), the graph of y is contained in the strip {|yn| < %} N By,
provided that ry is small.

Step 3. There is C = C(n, k, T) such that

1
EHV/(U o D)rllLoo(sy ) < IV v | Loo(Byy + 71 0nvr [l Lo By

1
z[V’(v o F)V]C“°(B§/4) S }"1+O(o.

Proof of Step 3. Let T denote the graph of 7, that is, I'(y') = (v, 7(»)). We have

V'wol), =V (v,0l) =V, + @,v 0 V7,
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so the first bound follows taking the L°°(B§/4) norms, using F(B§/4) C Bjand |Vy I8}y < Cr®. For
the second bound we use the optimal regularity of u (see (2-2)):

[V'(vo ) lcoe sy, = ' [(V'vo ) (V'T)]cw s,

3r/4)

<" (| V| oo gy [V ¥ 1cee (57) + [Vvlcor gy [Tlces ) IV'Tll Lo sy))

1 o
<y lcemplivlicts,,

Step 4. There is C = C(n, k, T, 8) such that
1 2 _ —BJas
V' @o D) dengy ) <P P g v ey + PPV G (313)

Proof of Step 4. The idea is to bound the C# norm in (3-12) with an interpolation of the L and the C%
norms, which we bounded in Step 3. This gives

’ ’ Blas / 1-B/as
[V'(wo D) lesqa ) < IV' (0o D) 15 [V (0o T), 1)

< CrPHPIe IV v | oo i) 1 19 vrll e sy) 77

< Croe (rP/ P 3,0, || po(y)) TP + CrBHPIe |, | B

1=p/ao

where in the last line we used the subadditivity of ¢ — ¢ . Finally we obtain (3-13) using Young’s

inequality on the first term, with exponent 1/p = /o,
_ _ 2 _
P (P 0y v ooqs) P S P A PO 00 L sy

Combining Steps 2 and 4 and recalling that &/ > k + 2, we obtain (3-6) for all r € (0, rp), as the
constants do not depend on r. O

With the help of the two previous lemmas, we can now prove our main Lipschitz estimate by using
SUP g u=0} |0n Pkl as “pivot”.

Proof of Proposition 3.4. We first address (ii), the estimate in the normal direction. All constants will

depend on n, k, 7, f. Linking Lemma 3.7 with the second estimate of Lemma 3.6, we get

1 _ 1—B /o
Glonvell ey < PP/ P8 vl e sy + P | Voo s + A,

where we set for brevity

A(I") = “v”Loo(Br) +I’k+2.

Notice that A is increasing in r. Now we use trivial bounds and the tangential estimate of Lemma 3.6 to
deal with the central terms on the right-hand side:

1-B/as —
PP Vv 5 < CrPPee (v sy + A Q@) Pe.
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Then, using Young’s inequality with 1/p = B/a, and r%/# < rk+2 we obtain
PP |0y [ Loomy)) P/ = P (reP TP 10,0, | oo y)) P
Saop PPN v, | Loy + 7
Thus, by subadditivity of # — ¢! =#/% and enlarging the constants, we finally arrive at
180V Nl B0y < CroPl =P80, (|0 8y + CA@r) 7P/ (3-14)

We conclude by iteration of this inequality. Let us set

o

@) = 10,v ]l =rllopvlLe,) and §:= .

o, — B
Then (3-14) reads as

f(é—ltr) <Crlf(r)+CAQ@r)'7P/* forall0 <r < %.

Since f and A are increasing functions, we can iterate this inequality N ~ k/§ times (N does not depend
on r), and it becomes

f(r) < CyA@N )l =Pl +C1\/f(‘l1)rkJr2 forall0 <r <47V,

and f (%) is again bounded by a dimensional constant, by optimal regularity. Finally, we use Lemma 3.5
to replace [[vgv,[Ioos,) With [lvgy, Il 22,0\, ,) + rk+2_ We have proved that

k21— /et
1820, | Lo (3, < CNvorll 285y ) + 1) P,

with C =C(n, k, 7, B) and O(n, k, B) =4V, for all r € (0, ro). Since B € (0, a,/(k+2)) we proved (3-4).
We turn to the proof of the tangential estimate (3-3). Combining the previous step with Lemma 3.6,
we have, for C > 0 and r € (0, ry),
1 _
E||3jvr||L°°(Bl) =rlverll2(y\By ) + ity =hlee 4 lvrll 2B\ By o) + rkt?
e e S U TEPRVSE e

We used that 9 is large and Lemma 3.5 to bound

lvrll L2\ 2y < Vel (By) < VorllL2(s)) Snko 1ver 2,8, ))-

Note that with the choice B := a2 /(k +4), we get rid of the B-dependence in the constants and obtain the
claimed estimate. U

4. Monotonicity of the truncated frequency

In this section we show that the truncated frequency function ¢ (r, u — Py) from (2-6) is almost monotone
for y < k + 2, regardless of the ps, ..., px. All the proofs in this section do not change for a generic
smooth f, as we use the inequalities of the previous section as “black boxes”.

The core of the monotonicity is the following computational lemma.
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Lemma4.1. Letk > 2, T > 0, and let u : By — R be a solution of the obstacle problem (2-1), with f =1
and pu = 1. Assume r >u(r -) — P2, and take (pa, ..., pr) € Py such that |(pa, ..., pr)| < t. Consider
v :=u — Py, where Py = Pr(p2, ..., pi) is constructed as in Definition 3.2. For each y € [0, k 4+ 2) and
B €0,a,/(k+2)),set

€ :=minfo, —k+2),k+2—-y} >0,

where the dimensional constant o, is the one of Lemma 2.1. Then there exists ro =ro(k,n, t, ) € (0, 1)
such that, forall 0 <r < ry,

Ly 0) = ~Cr N7 0 + D@ () + ) @D
and /
B, |V Avy| .
Hiroy 4 =@+, (4-2)

where we set
l[ver II?
"WL2(B2\B1)2)
H(r,v)+r¥

Here 6 =60(k, B) and C = C(n, k, T, B) are constants.

g’ (r,v) =

Proof. Throughout the proof, C will be a constant depending on n, k, 7, 8. Up to a rotation of the
coordinate axes, we may assume p, = %x,zl We begin with recalling the estimate on the derivative of ¢,
compare (2-7),

d 7 @Y (r,v) fBl v,Avr—fBI (x - Vv,)Av,

_¢V (ra U) Z - .

dr r H(r,v) +r?

Using supp Av, € {u, =0}, we reduce (4-1) to a bound from below on the quantity

2 l¢7 (r)vy — x - Vur |l Lo (B0 {u, =0} me{u,:O} | Avy|
r H(r,v) +r?

For x € BiN{u, =0} and r < ro(n, k, 7, B), we have
() |x,] < Cr%, see Lemma 2.1;

(i) |v-(x)| < Cr|3,(Py),(x)| + Crk+2, see Proposition 3.3 (ii);

(i) [8;v,(x)| < Cr|3,(Pr),(x)| 4+ Cr**2 for all j # n, see Lemma 3.6;

(iv) 718, P (0)| < C(1vor | 28\ 81,0 + 7 2)' 7P, see Proposition 3.4.

Putting together all these bounds we get, for all x € B; N {u, =0},

|7 (v, —x - V| < (7 (r) + D) (v | + [xn 102 (Pi)r | + | Varvr])

< C(@" (r) + D104 (PO, | LBy, =) + )
< C@" )+ Dr (vl 2\ B,y + 7 P+ C@Y (1) + DrF 2
< C(@" () + DreUlvorl 28,8, + ) + C @7 (r) + DriF2,
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where in the last line we argued

F2)1=8 < p=BEED) (|, 2.

k k
(lverll2(By\By jp) +7 lL2(B3\By ) T 7
Thus, using (H (r, v) +r2)" Y2 <77 and r¥t277 < r€, we get

l¢” (r)v, —x - V|l Loo(B,n{u,=0})
(H(r,v) +r2r)1/2

<r¢@” (r)+ g’ (MO +1).

Now, using (ii) and (iv) to estimate |Vv,(x)| for x € B; N {u, = 0} as above, we get

v Il oo (B, N {u, =0} -
(H(r,v)+r2)l/2 =

ri(g’ (' +1).
Thanks to this observation, to prove both (4-1) and (4-2) we only need to show

me{u,=0} | Avy| -

Ccg” (n)'/2.
(H(r, v+ 72y = 80
As Av, = —rZX{ur:()}, we can integrate by parts with some regular cut-off xp, < ¥ < x3,:
f |Avr|=—/ Avrs—/ AV S 1015
B1N{u,=0} By By
which concludes the proof. U

We now make a specific choice of 8 and derive from these preliminary bounds the monotonicity of the
truncated frequency.

Proposition 4.2. Let k > 2, © > 0, and let u be a solution of the obstacle problem (2-1) with f =1
and pu = 1. Assume r >u(r -) — P2, and take (pa, ..., pr) € Py such that |(pa, ..., pr)| < t. Consider
v :=u — Py, where Py = Pi(p2, ..., pr) is constructed as in Definition 3.2, and, for each y € (0, k +2),
set

e(y) :=min{jao; k+2 -y},

where the dimensional constant o, is the one of Lemma 2.1. Then, there exist C(n,k,t,y) > 0 and
ro(n, k, t) € (0, 1) such that, for all 0 <r < ry, we have

|v, Av,|
Jo lordvrl e (4-3)

i 14 _ 1 14 I/
dr(p ry=-Cr* ", ¢Y(r)y<C and Hio) 32 =

In particular, ¢ (0%, v) =lim, o ¢” (r, v) exists and $¥ (0, v) < y.

Proof. Fix y, € (0, k+2), and let &, = &(y,). Letro =ro(n, k, 7, B = a,/(2(k+2))) be as in Lemma 4.1.
By Lemma 4.1 and estimate (4-1), we only need to show that the functions g”>(-) and ¢?>(-) are uniformly
bounded in the interval (0, ry]. We are going to prove it by increasing iteratively the parameter y, exactly
as in the proof of [Figalli et al. 2020, Lemma 4.3]. Throughout the proof, C, will denote a general
constant depending on n, k, 7, y, and similarly for C, s.
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First notice that by (2-2) the functions #°(-,v) and g°(-) are uniformly bounded in [0, rg]. Fix any
y €10, y,]. The core of the proof is the observation

{¢V +g7 =Cy, in (0, rol,

0<55<e ¢ +g" " < Cps in (0. 70]. (4-4)

We iterate this observation to reach the conclusion. Define the sequence yp =0, yj11:=y; + %80, where
Jj = 0. With a finite number of iterations we get closer than %80 to ¥, and applying (4-4) once more with
an appropriate 6 we get to ..

We prove (4-4) for a generic y. Keeping in mind r, § < 1, we estimate

iy = DEDEGHDT L Dty |
 H(r,v) 4 r2rt2 % H@r,v)+r —r2
and
2 2
g)/+8(r) _ ||U9’||L2(B3\Bl/2) - 1 ||U6r||Lz(Bz\Bl/2) - C)/

H(r,v) +r2v+2 = 2 H(r v)+r2r — 52’

Now we apply Lemma 4.1 with 8 :=«a,/(2(k+2)) and y — y +§:
j—rw”m = —Crl @M+ D@ ) + 1) = —Cpr P = =0t

where we used € (B, y +38) > &, and the smallness of 8. Integrating this inequality and using C'! estimates,
we obtain

YT (r) < "o (r0) + Cyri /8 Sk Cys

for all r € (0, rg]. The uniform boundedness of g”*‘S is now a consequence of Lemma 2.2 (a), as we can
take A = C, 5. Indeed, for any 0 < 20r < ro and any R € (%r@, 29r), we have

=Cys.

H(R,v)+R2V+25< (R)Cy,a
H(r, v) + r2r+2 ke

Thus, for all r € (0, ro/(20)], we have

llvgr 113, 260
(B,\Bi2) (R,v)dR
gy+8(r) = 2\2 1/225 Sl’l,k,‘[ f 2 25 S C)/,B'
H@r,v)+r2v+ orj2 H(r,v) +rart
Finally g”*? is clearly bounded in [r(/(20), ro] by (2-2). This concludes the proof. O

The following is an immediate corollary of Proposition 4.2.

Corollary 4.3. With the same notation from Proposition 4.2, we have that, for all r € (0, ry),

% log(r " 2*(H (r, u — Py) +r?)) = —Cr¢71, (4-5)

provided ). < ¢¥ (0T, v). Here ro, C, € are the same positive numbers from Proposition 4.2.
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Proof. Computing the derivative and using Proposition 4.2, we obtain

i —o 2y _Z y _ gM
drlog(r (H(r,v)+r ))_r(¢ (r,v) )L)+rH(r,v)+r2V

.
> —Cf sslds—cri-t > —cre . O
0

5. The sets %" and higher-order blowups

The estimates obtained in the previous two sections did not assume any relationship between u and Py,
beside the crucial fact that p, was the blowup of u at 0. In this section, instead, we define the set of points
at which u admits a polynomial expansion of order k. This expansion will identify the polynomial Py up
to order k, leaving some freedom for the k+1 terms (compare Proposition 3.3 (ii)).

The results of this section never use explicitly the simplifying assumption f = 1; they use it implicitly,
though, employing the results of the previous two sections. Hence for a generic smooth f, all the results
of this section apply without change.

Recall that Py was defined at the beginning of Section 3.1.

Definition 5.1. Let u : By — [0, co) solve (2-1) and x, € ¥,_;. We say the following:
() =Md=%, .
(i) x, € 23 if
PR ) = P, (r)) = pax, in Wil (RY) NP (RY)

loc

as r | 0, where ps ., is some 3-homogeneous harmonic polynomial vanishing on {p; ,, = 0}. Thus
we have (p2.x,, P3.x,) € P3.

(iii) x, € >kth for some integer k > 4, if x, € > k=D-th 5pq

r o +7 ) = Pio1a,(r ) = prx,  in WEAERH N CY (R

asr | 0, where Pr_1 x, = Pr—1(P2.x.s - - - » Pk—1.x,) 1s the polynomial ansatz from Definition 3.2 and
the limit pi . is some k-homogeneous harmonic polynomial vanishing on {p; ,, = 0}. Thus we
have (pg,xo, ey pk,xO) € Py.

When x, = 0, we simply drop x, from pj; ...
Remark 5.2. Let u : By — [0, o0) solve (2-1) and suppose 0 € >kt for some k > 2. Then

(i) @Y (0T, u — Py) exists for all y € [k, k + 2), see Proposition 4.2;

(ii) for every § > 0, we have P27 07 u=P+s H(r,u—"P;) =o0(r*) as r | 0. The lower bound follows
by Lemma 2.2, the upper bound by continuity of the embedding W'2(B;) — L?(3By).

With help of Corollary 4.3, we prove a Monneau-type monotonicity formula; see [Monneau 2003].
The argument is an adaptation of [Figalli and Serra 2019, Lemma 4.1].
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Proposition 5.3 (Monneau-type monotonicity). Let u : By — [0, 00) solve (2-1). Suppose 0 € ¥ for
some k > 3. Let g be any polynomial such that (p2,0, ..., Pk—1,0,9) € Px, with |(p2.0, ..., Pk—1.0. @) <7
for some number t > 0. Set

w:i=u—"Pr(p20, ..+ Pk=1,0-9)-

Then there exists ro = ro(n, k, ©) such that, for all r € (0, ry),

L2, wy) = —Cre!
dr

for some constants C = C(n, k, ) and e(n, k) > 0.

r_QkH(r, w)<C and

Proof. For the sake of the proof, letus fix y =k + 1+ %; all constants are allowed to depend on n, k, y,
even if not explicitly stated, and can change value from line to line. We begin by showing ¢? (07, w) > k.
By construction of the P, (see Proposition 3.3), we have

w=u—"Pro— pro+q+O0Eh,

so using 0 € 4™ we find
Hr,w)'? < Hru =P 2+ H@r p)'? + He, '+ Hr, 0(x )2 = 00"+ 005).
If ¢ (0%, w) < k were true, then Lemma 2.2 would give, for r < 1,
207 0N+ o (w47 < 2k

which would be a contradiction for § > 0 small. Hence, ¢” (0", w) > k, and we can apply Corollary 4.3
withy =k+ 1+ % to find that the function

f@r) = log(r_Zk(H(r, w) +r2)) +Crf

is increasing in (0, ry) for appropriate ro, C, ¢ depending on n, k, 7. Using Equation (2-2) we have that
lwllzs,) < C, and so f(ro) < C. Thus, by monotonicity of f,

r K H @, w)+ 1)< C

for r € (0, rp). Inserting again this estimate in Corollary 4.3, we get

%(r*z"(H(r, w) +r2) = =Cr* TR H G, w) 1Y) = —Crf

and as (d/dr)r*"=0 « r*=! we conclude. O

The following result proves the continuity of the map x > P ., defined on ¥, for k > 2. Our
argument is a direct adaptation of [Figalli and Serra 2019, Proposition 4.5] for the case k = 3.

Proposition 5.4. Let u: By — [0, 00) solve (2-1) and k > 2. Then the map Tkt 5 x > Pk.x IS continuous.
Furthermore, there exists a constant T(n, k) such that

sup{|(paxs - - -» Prx)l 1 X € XA By p} < T(n, k). (5-1)
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Proof. We first prove the bound on 7(n, k). Since x € ¥ implies x € /" for j < k, we proceed by
induction on k. The inductive step follows from Proposition 5.3 applied to the functions u(x 4 -) and
g =0, which allows us to deduce that py 1 . is bounded in terms of n, k and t(n, kK — 1). We can take as
the base step k = 2, for which |(p2,)| < 3.

Let us prove continuity at 0. Again, we proceed inductively and suppose that the statement is true for
k—1 (see [Figalli and Serra 2019] for k — 1 = 2). Let (x;)¢en € 5™ N By, with x, — 0, and choose
a sequence of rotations (Ry)¢eny € SO(n) mapping {p> ,, = 0} to {p2,0 = 0} for each £ and satisfying
R, — id. We apply Proposition 5.3 to the functions u(x, + -) and the polynomials g, := px.0o R, and
since

uGe+Y) = P, (P2xes -+ Phetixes @) = u(xe +¥) — Pectx, ) + qe () + Oy,

we find that the function

r|—>/
9B

is increasing in (0, rp) for all £ € N, for some ry and C uniform in £. Using this information for the

2

N . . 0 k+1
uxg+r-)—Pioixr-) Odrx|"") do +Cr® (5-2)

— Proo Re+ X

rk

constant sequence xp, = 0, we find that, for any § > 0, there is rs < min{rg, 6} such that

u(rs ) — Pr_1.0(rs - O(|rsx|Ft1y |2
/ (rs-) kk 1,0(rs )—Pk,0+ (1 5k| ) do <. (5-3)
9B, T Ts
Using (5-2) we estimate, for each ¢,
. w(xg+r-) = Pioi g, (r-) 2
/ |pk,xg_pk,O°R€|2:hm/ T = —prooRe| do
3B 0 JyB, r
) — Py . 2
E/ u(xe+rs-) ' =1, (75 )—pk,ooRz—l-O(i”s) do +Crt.
9B, Ts

As Px_1,x, = Pi—1,0 by inductive assumption, taking the upper limit in £ on both sides and using (5-3),
we find
imsup | |pis ~ prol <
¢ 3B
and letting § | O we conclude. U

The following definition is useful to quantify the rate at which P approximates u.

Definition 5.5 (frequency). For u : B; — [0, 00) a solution to (2-1) and k > 2, define the k-th frequency
A DM s [k, k+2] by
Me(x) :=sup{@” (0", u(x + ) —Pry) 1 ¥ €[k, k+2)}.
At x =0, we write A, := A (0).
We comment that in the definition above we indeed have A (ZXM) C [k, k + 2]. First, the fact that
@7 (0%, u — Py) > k holds for every y € [k, k +2) was observed in Proposition 5.3. Second, we always

have ¢¥ (0", u — P;) < y, as observed in Proposition 4.2. The following lemma shows that indeed ¢ is
a truncation of the frequency, that is ¢” (0T, u — P;) = min{\y, y}.
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Lemma 5.6. For u : By — [0, 00) a solution to (2-1) and k > 2, consider x, € Skth  Then, for all
v € (A, k+2),
M(x6) = @7 (07, u(xo+ ) — Prx,) = liﬁ)@(n uxo+ ) — Prx,)s
r

where ¢ (r, v) := D(r, v)/H (r, v) is the (nontruncated) Almgren frequency function.

Proof. For simplicity, let x, = 0 and set v := u — P;. By Lemma 2.2, for each § > 0, there is a constant
cs and a radius rs such that Csr?*+% <« H(r, u — Py) +r?” for every 0 < r < rs. Hence, after picking
0<é< %(y — Ax), we find

Lo ¢v)t+o(l) i
() ,v)_lrl¢r8—1+0(1) _1r1&)1¢(r, V) =: A,

where X does not depend on the choice of y € (A, k +2). On the one hand, X <y holds for any such y,
implying A < Ax; see Proposition 4.2. On the other hand, A; > ¢” (0", v) = ):, by definition. O

We now give a more flexible characterization of £,
Lemma 5.7. For every solution u : By — [0, o0) to (2-1) and k > 2, we have
it = BFh = {x e B¢ I(qa, ... q) € P,
3re | 0 such that r7* (u — Pe1 (g2, - -, qe1))r, = qi in W2 (RM)}.

Proof. We just need to show that Skth ¢ skt pecause the other inclusion follows by definition. Let

0 € Skt We know that

rp = Peo1(q2y -y Gr-1))r, — gk in WIL’CZ(R")

for a certain (g2, ..., qx) € P and a certain sequence r¢ |, 0.
We first show that necessarily g; = p; o forall 2 < j < k — 1. To prove this we reason inductively and
exploit the fact that 0 € /-"; in particular, we have the uniform convergence

lim 7=/ (u = Pj(p2.0, - Pj.0))r = 0.
Suppose (p2,0,---, Pj—1,0) = (g2, - .., qj—1) holds for some j > 2. By Proposition 3.3 (ii), we have
. (w—="Pi(q2, ..., 9j))r,
m .

0=1
¢ vl
— lim (u —771(172,0,.- ca D0 n (P;j(p2,0s---5Pj0) _—Pk(éh, e Q)
e | ]
— 0+ lim (Pi—1(P2,0s - +s Pj=1,0) + Pj.o — Pj—1(q2, - - .. qj—1) —q; + O(Ix|7 1)),
= ! r{
=Pjo0—4j,

in L2(dBy). This completes the inductive step. The same computation gives also the base step g2 = p2.0.
Now let Py =Pr(p2, - - ., Pk—1, gk)- Then Py = Px_1+qi+ P for some (k+1)-homogeneous harmonic
polynomial P (see (ii) in Proposition 3.3). We set v = u — P, and notice that by assumption r,” k vy, =~ 0
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in WIL’CZ
range r |, 0, which in turn implies that 0 € T4,

Take ry as in Proposition 4.2 and fix some y € (k+ 1, k 4+ 2). As in (ii) in Remark 5.2, we obtain
H(@re,v)= o(rfk ), which as in Proposition 5.3 implies A :=lim,_.o ¢? (r, v) > k. Since by Proposition 4.2

¢” (-, v) is bounded by C,, in (0, ry), we have

(R™). We will show that this convergence is strong, locally uniform and happens along the full

r_Zk/ |V, 1? < r2¢7 (Rr, v)(H (Rr, v) + (Rr)?) < C,r 2 (H(Rr, v) + (Rr)?),
Br

provided Rr < rg. We now exploit that the logarithm of the right-hand side is almost monotone in r
thanks to Corollary 4.3 and get

1imsuplog(r2k/ |Vv,|2> <log C, +limlog(s *(H (s, v) 4+ 5*"))
r10 By 540

=log C; + lim log(r; ¥ (H (r¢, v) +7}7)) = —o0,
—00

thus lim, o Il ~* Vol 12(Bg) = 0 for all fixed R > 0. The proof of local uniform convergence is very
similar: namely, using Lemma 3.5 and then Lemma 2.2, we have

lor L (8g) < Cllvrrll 2By 8, 0) + C(RF T2 < CH(Rr, v)'/? + C(Rr)! 2,
provided Rr is small, thus we can divide by r* and argue as before exploiting the log-monotonicity. [J

With the same kind of reasoning we can prove the following basic lemma.

Lemma 5.8. Letu : By — [0, 00) be a solution to (2-1) and k > 2, and suppose 0 € SE vith ae > k+ 1.
Then 0 € X*+D and proy =0.

Proof. Set v :=u — Py, and pick any y € (A, k +2), so that ¢¥ (0T, v) > k+ 1. Arguing as in the proof
of Lemma 5.7, we find

r—2<’<+1>/ Vo, ? S r 2 D (H(Rr, v) 4 (R,
Br

provided Rr < ro < 1. On the other hand, as ¢” (0", v) > k+1, we have ¢” (r, u — Py) > k+1 forr < 1.
Thus, with Lemma 2.2 we deduce H (r, u — Px) = o(r2*+D), Taking the above estimate into account, we

conclude r 2*+Dy, — 0 in WIL’CZ(R”), thus by Lemma 5.7, we have 0 ¢ £ *+D-th, O

Finally, we study the blowups of u — P, when Lemma 5.8 does not apply. Our argument is an
adaptation of [Figalli and Serra 2019, Proposition 2.10]. We will study the sequence of functions
U= H@ru—P) V2 u—P)r-)asr | 0. Any limit of v, will be a Ax-homogeneous solution of a
certain PDE (the Signorini problem (5-4)) but not necessarily a polynomial.

Proposition 5.9. Let 0 € =K with Ay < k + 1. Let (r¢)een be an infinitesimal sequence, and let
xp € Tk B,,. For every €, set vy, := u(x¢ + -) — Pk x,, and suppose that Ay (x;) — Ar. Consider the
sequence

_ Ux, (re+)

© H(re, ve)'?

Ure,xg -
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Then:
(i) (Br,.x,)een is bounded in W,">(R") and CO:1 "D (R,

loc loc
(ii) If Uy, —~q € Wllo’cz(lR"), then the convergence is in fact strong and q must be a nontrivial \i-

homogeneous solution of the Signorini problem with obstacle {p, = 0}, that is
Ag <0 and gAq =0 inR",
Ag=0 in R"\ {p2 =0}, (5-4)
q=0 on {p> = 0}.

Finally, if Ay < k+ 1, then q is even with respect to the thin obstacle.

Proof. For the sake of readability, we set vy := vy, and vy := v, y,. Furthermore, we will omit the
dependence of the constants on n and k, and set § := ﬁs, where e(n, k) is the same as in Proposition 5.3.
Without loss of generality, assume £ is large enough that x; € B/, and Ax(x¢) < Ax + 6. Within this

proof we fix y :=k+ 1+ %, so by Lemma 5.6 we have that A (x¢) = ¢? (0T, v,) for all £.

Step 1. We claim that there are ¢, rg € (O, %) and Cy, co > 0, all independent of £ and £, such that if we
define

fo(r) =7 (r,ve) + Cor® and  hy,(r) :=r"**H(r, v) + Cor®,
then:

* fx, and h,, are continuous and increasing on [0, ro] and converge uniformly in this interval to fy
and hy, respectively. Furthermore, h,,(0") = 0 identically.

« We have f,(r) <At +28 and H(r, v) > cor? % for all r € [0, o] and all £ > €.

The fact that, for each ¢, both f,, and h,, are increasing is a consequence of Proposition 4.2 and
Proposition 5.3, respectively. By Proposition 5.4 we can choose t := t(n, k) such that ry and Cy can be
taken uniform in €. Since x; € X1 we already observed in Remark 5.2 that &,, (0") = 0. Furthermore,
by assumption, fy,(07) = Ax(x¢) = Ak = fo(0T), thus fy, = fo and hy, — hg pointwise. As they are
monotone and the limit functions are continuous, the convergence must be uniform, and thus (a) is proved.
We turn to (b): possibly taking a smaller ry, we have that fy < A; + 6 in [0, rg], and thus by uniform
convergence there is £ such that fy, < A; +25. Now the last statement follows if we apply Lemma 2.2
with w = v, R=ro, A=A +38, 8 = 55¢.

We will use many times through the proof that
cor® < H(r,v)r'/? in [0, o), (5-5)

uniformly in ¢ > £¢. This is a direct consequence of (b) and the fact that 2y — % > 2Ar +56.

Step 2. We prove (i). Fix some R > 1 and for Rry; < ro write

H(Rry, Rro) H(Rry, P2
(Rr¢, ve) + (Rre) <Cx (Rre¢, ve) Cpt < Cp+o(D),
H(re, ve) H(r¢, ve) H(re, ve)

where we used (5-5) and Lemma 2.2 to find the second and the first addendum, respectively. Thus

D(R, vg) < ¢” (Rry, ve)

Vel L2, is bounded in £.
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Now we want to combine the uniform L2 bound on V3, and the Lipschitz estimate on V,/ 1, to produce

uniform Holder bounds. Fix some £ and choose coordinates so that p; , = %x,% By Proposition 3.4, we
have, for 20 Rry < rg and j # n,

rk+2

C——.
H(rg, vp)'/?
The second term is o(1) in £ again by (5-5), while for the first we employ again Lemma 2.2 to find

19 VellLoBr) = CllVellL2(Bogg\Bor)2) T

20R
H (srg, vo)s" ' ds < CrH (r, vg). (5-6)

2
||v£(r€')”LZB B, =
(Bagr\Bor/2) 0R)2

Hence, [|0;v¢||1~(Bg) < Cg forall j #n. By Lemma C.1, this gives the Holder bound
[Velconmin gy ) < CRUIVe Vel Losry + IV Vel L2(8y)) = Cr-

This concludes the proof of (i).

Step 3. We turn to (ii) and prove that g solves (5-4). Since Avy = — X{u(x,+-)=0) < 0, we have that Ag <0
weakly in R". Furthermore, integrating by parts with some cut-off function xp, < ¥ < xs,, leads to

f |Av,| < —/ AveYr < CrllVell 12(Byg\Br) < CR>
Bp Rn

where in the last step we argued as in (5-6). Hence by compactness Aty BN Agq in C.(R™)*. On the other
hand, by (i), v, — ¢ locally uniformly, and so

Ty ATy 2 gAg  in C.(R™)*.
We now apply Proposition 4.2 to v, with our particular choice of y and recall that by (4-3) we have, for
Rr¢ < 1o,

o H(rg, ve) ¢
[ve Avy| 5 = Crry =o(D).
Bx H(Rrg, ve) 4+ (Rrp)*

Notice that the constants are independent of £ as, by Proposition 5.4, we can choose a uniform t =t (n, k)
for all x, € ¥ N By ». Sending ¢ 1 oo, we get gAg = 0. In order to show Ag = 0 outside {p,¢ = 0},
we exploit once again Lemma 2.1 to find

BR/2 N supp(Avy) C {dist({p2.x, =0}, ) < CRFgO},

and as p» x, = p2,0 and R can be taken arbitrarily large, we deduce that supp Ag € {p> o = 0}. It remains
to show that g is nonnegative on the thin obstacle. Up to a rotation we can assume p; o = %x,zl Pick
X4 € {x, = 0} and consider some sequence (y¢)¢cn such that

ye € {Akx, (re-) =0}, ye — Xy
Thus, by locally uniform convergence and (5-5),

u(reye) — %A,%,xz(l’zye) + 0(’”?”) -
H(rg, ve)'/? B

q(xy) = lign U, (ye) = lign
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To construct such a sequence set y, := ®,(x,), where &, € C*°(Bg,) are the inverse functions of
Yo x = (x/, r[l(Ak,xl)N). Notice that W, — id in C| _and that R, 1 400 as £ — oco. So ®; — id and

loc
X« € Bg, eventually, thus y, — x.. Therefore

qg>0 on {x,=0}
Hence we proved that ¢ is a global solution of the Signorini problem (5-4).

Step 4. We show that vy — ¢ in Wll’2

ocC

(R") and that g is Ax-homogeneous. Fix any n € C°(R") and
exploit as before that ||v,, AV, | 11(p,) — 0 and integrate by parts in R":

/ Vi = — / DAy = — / (52 A + 205,V - Vg + 20 A

< / (NANT? + 2050V - Vi) + C(0) 156 ATell 11 5.

2
loc

(R") and ¥y — ¢ in C? _(R"), we get

loc

Taking the upper limit and using Viy, — Vg in L

1imsup/ IV (nie)|? < —/(nAnqz+2ann-Vq+n2qu) =f|V(nq)|2,
V4

where we used g Ag = 0. By weak lower semicontinuity we always have the converse inequality, thus
V(nde) — V(nq) strongly in L>(R"). This in particular gives, for every R > 0,

#(R,q) = li?ld)(R, V) = 1il§n¢(Rre, V) = 1i§n¢y(Rre, Vo),
where in the last line we used (5-5). On the other hand, (a) in Step 1 implies
1igl¢y(Rre, ve) = li?l fe (Rre) = fo(0F) = A,

thus ¢ (R, q) = Ay for all R > 0. As a standard consequence, we have that g is Ag-homogeneous; see
[Athanasopoulos et al. 2008].

Step 5. We finally prove that, for Ax < k + 1, we have ¢°% = 0. Notice that by Proposition 2.4 ¢°¥ is
harmonic and thus has integral homogeneity; hence the only nontrivial case is when Ay = k. We need
to show that ¢ is orthogonal in L?(3B)) to every k-homogeneous harmonic polynomial P vanishing on
{p2.0 =0}. Fix such a P and apply Proposition 5.3 with

we :=u(xg+ ) —Pr(Paxys s Ph—t,x» Pkoxy — P o Ry),

where R, are rotations sending {p» r,=o} to {p2,0 =0} and R, — id. Thus, with constants uniform in ¢

(P is fixed),
ok o e ve(r ) |x|k+] :
rY=H@r wy)+Cr-=Cr*+ — +PoR+0 -
9B r r

> lim r 2 H(r, w)) + Cré = / P2,
r—0 331
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Now divide by the sequence &, := (H (r¢, ve)r, 2k)l/ 2, which by Step 1 (b) satisfies (recall A; = k)

r® < &2 <hy,(r)) = o(1).

We compute the squares and rearrange the terms to get
r 58/2
/ 17@2854-2/ 5@POR(Z—C—ZZ—C7‘§_ /.
3B, 9B &

Since § < ﬁs, we can send £ — oo and get

[ gP >0.
3B

The conclusion follows by linearity in P. O

Remark 5.10. An important application of Proposition 5.9 is when the sequence x, is identically equal
to 0.

Remark 5.11. Step 1 of the proof shows that the function T s x> @Y (ux + ) — Py.x» 07) is upper
semicontinuous. In fact, with the same notations we have, for each r < ry,

limsup " (u(x¢ + ) — Pix,, 07) < limsup ¢” (u(xe + -) — Pix,. 1) + Cr® =" (u — Py, r) + Cr®,
¢ ¢

and the conclusion follows letting r |, 0.

Proposition 5.9 shows that in order to pursue our analysis further we need to have some basic knowledge
about homogeneous solutions of the Signorini Problem (5-4). In the next chapter we will use extensively
the results reported in Section 2.4.

6. Estimating the size of the sets X"t \ x k+D-th

Throughout this section # will be a solution of (2-1) with f =1 and u = 1. We will show that, for all
k>?2,

dimy (TFM\ £ *+Dhy §g Jess than or equal to n — 2 and is countable if n = 2.

In the last subsection we will show how this constrains the geometry of . We remark that, by Caffarelli’s
analysis, X\ »2nd hag locally finite H"~? measure (see, e. g., [Caffarelli 1998, Theorem 8 (c)]).

In this chapter we repeatedly use the facts and notation concerning the Signorini problem recalled
and/or established in Section 2.4. In particular, we will use S, S®°", g®°", q"dd, X(g),....

We need to understand the nature of points in ¥\ X *+D-th  Therefore, suppose 0 € ¥ and
0 ¢ S ktD-th e necessarily have Ay < k + 1; see Lemma 5.8. Notice that, with the notation of
Proposition 5.9 and Lemma 2.2, we have

w—P)r)  Heu—P)"? w—P))
rk+l o rk+1 H(r,u—"P)l/2

— O(r)»k—(k-i-l))ﬁrO.
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As every accumulation point of v, o equals some nonzero g € Si+1({p2 = 0}) (see Proposition 5.9), in
order to conclude 0 ¢ XL *+D-th (see the flexible definition of this set from Lemma 5.7), either we must
have Ay < k+ 1 or Ay = k+ 1 and every accumulation point g satisfies g®*" = 0.

These observations inspire the following trichotomy. If x € XK\ £ *+D-! then exactly one of the
following happens:
(1) Ae(x) =k,
(2) re(x) € (k,k+1),
(3) Ax(x) =k -1, but every accumulation point of rm® D e+ ) — Pk.x)(r -) has a nonzero even part.

We rephrase these cases with a notation closer to that adopted in [Figalli and Serra 2019; Figalli et al.
2020]. Namely, for each k > 2, define

=2k n s k), 2= Ay > k1)
So we have the descending chain of inclusions

Zn—l — Ean — 2>2 2 . 2 Ek—'[h 2 2>k 2 22k+1 2 E(k-‘rl)—th 2 . 2 m Ej—th = EOO
Jj=2

With this notation case (1) corresponds to the set yk-th \ >~k case (2) to ==k \ »Z%+1 and case (3) to
Rkt pk+D-th Tn the next subsections we will address separately each case.

We point out that, in cases (1) and (3), the parity of k will play a role in our arguments. This is related
to the different shape of the functions in S§;**" according to the parity of k (see Proposition 2.4).

6.1. The size of %"\ ©>k We start by showing that when k is even, the set =¥\ £>* is in fact
empty. This is a simple consequence of the following monotonicity formula, which is an extension of
[Figalli et al. 2020, Lemma 4.14] to higher values of k.

Lemma 6.1. Let u solve (2-1), and let 0 € %" for some k > 2. Let v := u — Py, and let P be any
k-homogeneous harmonic polynomial such that P > 0 on {p, = 0}. Then there exists ¢, ro > 0 depending
on n and k such that, for all r € (0, ry),

i(r_k/ vrP) < cre!
dr 9B

Jfor some constant C depending only on n, k, || Pll12¢p,)-

Proof. The proof is identical to in [Figalli et al. 2020, Lemma 4.14]; we give it nevertheless for the
reader’s convenience. Integration by parts and the fact that P is harmonic lead to

4 vrP=l<f vrBUP—I—/ AvrP)=l(k/ vrq—i—/ Av,P),
dr Jyp, r'\JaB, B r 3B B,

where we used the homogeneity of P to deduce that 0,P = kP on 0B;. As Av, = —r? X{u, =0}, W€ can

1
i(r_k/ UrP):—ﬁ‘/ P.
dr 3B, r B1N{u, =0}

rewrite this as
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‘We have
—k ~ —2k 1/2
r M el z2esy) = e 2y " H (r, v) 2 < C(n, k)

for r < 1 sufficiently small, thanks to Proposition 5.9 (i) and Proposition 5.3. Combining this estimate
with the Lipschitz bounds from Proposition 3.4 (ii), with 8 € (0, 1/(k 4+ 2)) to be chosen, we find

{u, =0yN By C {x € By : 7]8,Pi|(rx) = r*|x, + O(|x|H)| < CriI=Py,

with some constant C depending on n and k only (as we can choose t = t(n, k) from Proposition 5.4).
This shows that |{u, = 0} N B;| < Cr*=A)=2_ On the other hand, by the maximum principle, we have
—P < Clx,| in B;. Hence, using Lemma 2.1, we obtain

—f P < Cr*|{u, =0} N By| < Critee—t=2,
B1N{u,=0}

and the lemma follows choosing = o, /(2k). ([
As a simple corollary we get our claim.
Corollary 6.2. For every even integer k > 2, we have X"\ ©7k = .

Proof. Let us assume, on the contrary, that 0 € X%\ ¥ >* that is A; = k. Then, by Proposition 5.9, any
accumulation point g of ¥, = (u — Px),/H (r, u — P;)'/? lies in Sg¥"({p2 = 0}) \ {0}. Furthermore, by

b k-th

Proposition 2.4, any such ¢ satisfies the assumptions of Lemma 6.1. As 0 € , we moreover have

v, /r¥ — 0, thus after combining this with Lemma 6.1 with P = ¢, we find

r_k/ v,q < Crf
3B,

for small » < 1. Dividing by H (r, u — P;)'/? leads to

k+e

/5 <C &l
red = .
0B, H(re,u—"Py)'/?

Thanks to (ii) in Remark 5.2, we deduce that the right-hand side vanishes as ¢ 1 oo, implying |, 3B g> <0
and contradicting ||gll.25p,) = 1. O

Let us now consider an odd k. We point out that, for k = 3, we still have X34\ ©=* = &, but the proof
is more refined; see [Figalli et al. 2020, Proposition 5.8]. We will instead rely on a more robust argument
which will be also employed later to deal with the case A =k + 1 (see Lemma 6.10). The main step is
contained in the following lemma, based on a barrier argument.

Lemma 6.3. Let k > 3 be odd. For all x € X"\ £>% and ¢ > 0, there is 0 = o(e, x) > 0 such that, for
each 0 <r < g, there exists g € S{""({ p2,» = 0}) such that

X (u) N Br(x) € X(q) + Ber (x). (6-1)

Recall that ¥ (q) :={q = |Vq| =0} N {pa.x = 0} was defined in (2-9).
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Proof. Up to an isometry, suppose x =0 and p, = %xﬁ We argue by contradiction and (rescaling the
space) suppose that there are ¢, > 0 and r; |, 0 such that

X(ur,)N{y € By : dist(y, £(q)) > &,} #@ forall g € S&*".

Thanks to Proposition 5.9, we can extract a subsequence (that we do not rename) such that

(u _Pk)rg
H(re,u—Pp)'/?

— G €SP\ {0} inC) (R"). (6-2)
Thus, there are y, € B; such that

ve € (uy,), dist(ye, £(q)) > &, Yo —> Yoo € {x, =0}.

By Proposition 2.4 we can write g(x) = —|x,|(go(x") + x,fql (x)) for some polynomials g¢ and g, with

172 and remark that réf’L‘S < Cohy K ré‘ for some constants

qo > 0. For brevity, we set hy := H (rg, u — Py)
Co and § (see Remark 5.2).

As y; — Yoo, in order to reach a contradiction, it suffices to show that, for some small radius R > 0
and all ¢ large,

X(ur) NBRr(Yoo) = @. (6-3)

The rest of the proof is devoted to showing (6-3) for a suitable R independent of £.

We start by choosing a radius p as follows. As y € {x, =0} \ 2(g) < {go > 0}, we can find some
small p, m € (0, 1) such that
q(x) = —mlx,| forx € Bsp(yoo), (6-4)
1

nm
100"
Let us introduce some notation. Define the set of points that admit a barrier as

and we can also require that p <

Zy:={z € By(yoo) : A, ¢ Of class C? in a neighborhood of B, (z) solving (6-5)},

where
¢2.0(2) =0,
¢0>0 in Bp(Z)a (6-5)
A¢.o<r?  in B,(2),
u(re-) <¢,e¢ ondB,(2).
We also set

Fg = {Ak(l’g-):O}mBz.

For ¢ large in terms of n, k and t, we have that I'; is a smooth hypersurface inside B,, which converges
to the hyperplane {x,, = 0}, say, in the C?> norm. Furthermore, combining Lemma 2.1 and the fact that
Ap(x) = x, + O(|x|?), we get

({ur, =0yUT ) N By S {|xy| < C1r°} N By (6-6)

for some constant C; = Cy(n, k) > 0.
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Claim. There is ¢ such that, for £ > £, the following hold:
(i) All points in B,(y~) belonging to the hypersurface I'; admit a barrier, that is, 'y N B, (y0) € Zy.
(i) The function u vanishes on Z,. Moreover, Z, is open and contained in the interior of the contact set
{u(re-) =0}
(iii) There is a dimensional constant N (n) > 0 such that (X (u,,) N B,/2n (Yoo)) \ e = 9.

The combination of these three claims will give (6-3) with R = p/(2N). In fact, as there are no singular
points in the interior of the singular set, (i) and (i1) give X(u,,) N B,/on (Yoo) N Ty = &. We conclude
with (iii). O
Proof of the Claim. We begin by proving (ii). First, for any z € Z, and any & close to z, we can define

Pe,0(x) 1=z e(x + (2 = §)).

By continuity of translations, ¢z , solves (6-5) on B, (&) for |§ — z| small enough; hence Z, is open. We
now apply the comparison principle, using the last two properties of the barrier in (6-5) to find u|z, = 0.
Notice that, for z € Z;, two cases arise: either for all ¢ > 0 we have u(r¢-) < ¢, ¢+ c on B,(z), or there
exist the largest ¢, > 0 such that u(rex,) = ¢, ¢(x4) + ¢4 for some x, € m. In the first case, evaluating
at z and sending ¢ | 0, we get u(r,z) = 0. In the second case, we notice that by (6-5) we must have
Xy ¢ 0B,(2), thus we get

P Xy =0) () = Aty (x2) < Ao (xs) <72 = xi & {u(re-) > O}

Then 0 = u(rexy) = ¢;.e(x4) + ¢« > ¢ > 0, a contradiction.
Next, we turn to the proof of (iii). First recall that there exists a dimensional modulus of continuity
(see [Caffarelli 1998, Theorem 8 and Corollary 11]) such that, for all x € X (1), we have

lu(x + -) — paxlliLs,) < rior).

Suppose by contradiction that we can find

yi € (Z(ur) N Byan (o)) \ Te

for arbitrarily large £. We set for brevity p, := P2reyy- As py is convex and Apy > 1, for every such ¢,
we choose a unit vector ¢; such that

1 2
> .
pe(x) = zn(ez x)°.
Now by item (ii), we have, for all z € B,y (yo0) NI,
0=u(rez) =u,,(y; + @z —y)) = pe(z—yi) — Iz — yiPw(z — yi|)
1
> 5 (e 2=y =z =y oz = ¥

From this inequality we reach a contradiction: On one hand we have |z —y;| < 1/N, so we can require N

to be large enough that w(|z — y;|) < 1/(100n). On the other hand we can choose z in such a way that

the nonzero vector z — y; is almost aligned with ey, thus we get a contradiction dividing by [z — y; 2.
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In order to prove (i) we need to construct a barrier for all z € B,(yoo) N I'y. Set
he1 o he 2
¢z0(x) 1= <1 - g) 5 A re) + Elx/ — 7%

We have to check that ¢, , indeed satisfies (6-5) for € large. The first two equations in (6-5) are clearly
fulfilled for any £. For the third condition, let us compute, for x € B,(z),

n—1
Ao =r}—he+Cory ™+ (4n )he <ri—3hy+ CoCarehy,

where we used, for some C, = C(n, k), that A%A,% <14 C|x|F and ré‘“ < Cohy. Hence, A¢, ¢ < ré2
as soon as £ is large enough.
We turn to the last condition of (6-5). For any fixed n < p> /(100n), we have, by uniform convergence
of (6-2) for £ large,
Ur, < SAZ(re ) +heG + hen

in B;. As for some constant C3 = C3(n, k) > 0, we have, in By,

TAR() < Axf 4+ CalxP,

and recalling the choice of p from (6-4), we get, for x € B,(z),
w(rex) < 3 A7 (rex) — hem|x, | +hen

h
S(l e> Ak(rzx)-l- x 2 — hym|x,| + Cshere|x|* + hen
’”z

= 62,00+ he (562 = ml| + CarelP 1 — 13 = 2P)).

2 rl
We show that, whenever x € dB,(z), the term between parentheses is negative. Using (6-6) and the fact
that [x| < 2, we get, for all x € 9B,(z),

2
1 5 3 1 2 1 2, 12 3 P
3% = mIxal + Carelxl” +n — | = 217 = lxn = 2al” 4 5o —mlxal + Carelx] +n—
02
<xz—m|xn|—f—C2 2“°+8C3rg+n—ﬂ.
We claim that this quantity is negative as soon as
re < min L '72’
C] 8C3 C
In fact by (6-6), we have, uniformly in z,
2
|xn|S|xn_Zn|+|Zn|§p+clrg0§2)0§%,
thus x,% —m|x,| <0 and
2 2 2 2
P P 37 p
C 8C —— =<3 ——< — <. O
1 +8Cyre 0 — <3 1000 4n =
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Exploiting some recent volume estimates for the tubular neighborhood of the critical set of harmonic
functions from [Naber and Valtorta 2017], we can now deduce the following.

Lemma 6.4. Given By > n —2 and k > 3 odd, there exists an € = &(n, B1) small such that the following
holds. Let E C R" be any set satisfying

E C B, (x) N (X%(q) + By (x))

for somer € (0,1), x e R" and g € S*"(L) \ {0} for some hyperplane L. Then E can be covered with
Ly =P | balls of radius yr centered at points of E fory = %é

Proof. By translation and scaling we can recover the general case from the case r = 1, x = 0. Let
¢ € (0, 1) be a parameter to be fixed later, and take ¢ as in the statement, recalling that ¢ vanishes on L
(see Proposition 2.4). For simplicity we assume L = {x, = 0} and consider Q, the odd (with respect to L)
extension of g|(y,~0) to R". Q is harmonic, and it is easily checked that £(q) C{Q =|V Q| =0} =: Z(Q);
hence a fortiori

E C ByN{dist(-, X(Q)) <é&}.

As Q is harmonic and nonzero, we can apply the volume estimates in [Naber and Valtorta 2017, Theo-
rem 1.1] to find

H"(By N {dist(-, £(Q)) <1}) < C(m)t*

for all ¢ € (0, 1). Now, consider a covering of E of the form {B;(x)},cg. By Vitali’s covering lemma,
there exists a disjoint subcollection {B;(x;)};e; such that

EC U B:(x) C U Bs;(x;).
xekE iel

We need to estimate the cardinality of /. Denoting by w, the volume of the unit ball in R” and using that
B;(x;) C(E+ B; € X(Q) + By:) N By, we have

wnEH = H" (U B; (x,->> < H(dist(-, £(0)) = 28)) = Cm)i?,
iel
and thus #1 < C(n)8>7". As B; > n — 2, choosing &(n, B1) small enough, we find #/ < (%é)fﬁl, which
finishes the proof. U

We employ Lemma 6.4 to get a Reifenberg-type result. We need to incorporate the lower-semicontinuous
function 7 into the statement, as we will use this result in the next section.

Proposition 6.5 [Figalli et al. 2020, Proposition 7.5]. Let T : E — R be a lower-semicontinuous function
and E C R" be a measurable set with the following property. For any ¢ > 0 and x € E, there exists
o = o(x, &) > 0 such that, for all r € (0, 0), there exist a hyperplane L, an odd integer k > 3 and
q € S (L) \ {0} such that

ENB.(x) Nt~ ([t (x), +00)) € T(q) + Be, (x).
Then dimy (E) <n —2.
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Proof. The result follows by iterating Lemma 6.4, and we skip the details. See for example the proof of
Propositions 7.3 or 7.5 in [Figalli et al. 2020]. O

This finally gives the desired dimensional estimate.

Corollary 6.6. Let k >3 be odd. Then dimy, (X*"\ £>%) <n—2. Furthermore, if n =2, then ¥\ £.>k
is discrete in X.

Proof. Recall that if n = 2, then E(g) = {0} for every g € S\ {0}. Pick any x € =%\ £>* and apply
Lemma 6.3 with ¢ := % Then, for all r < Q(x, %), we have

LN (Br(x)\ Brp(x)) = 2.

This clearly implies that ¥ N B, (x) = {x}, thus x is isolated in X.
For the case n > 3 we apply Proposition 6.5 to E := %™\ $>* and the constant function = 1. The
hypothesis are satisfied thanks to Lemma 6.3. U

6.2. The size of X~ \ XZ¥*1 The key idea behind this dimensional reduction is that at an accumulation
point of £~ \ £=k*1the blowup gains a translation symmetry along the direction of the approaching
sequence. This observation corresponds to Lemmas 6.8 or 6.9 in [Figalli et al. 2020].

Lemma 6.7. Let 0 € X%\ =%+ for some k > 2. Suppose there exists an infinitesimal sequence ry |, 0
and points x; € ykth By, x¢ # 0 such that Ax(xp) — Ag. Assume further that, as £ — oo, we have

(i) x¢/r¢ = Yoo € B,

(i) Oy, = =P /H(re,u —P)'* — q in C}, (R") for some g € S, ({p2 =0})\ {0},

loc
Then yo € {p> =0} and g = q(yoo + -).
Proof. Consider a sequence (x¢)¢eny € 5™ N B,, as in the statement of the lemma. We begin by recalling
that yo € {p2 =0} because r,” 2u(r¢-) — po uniformly in B,. Then we apply Proposition 5.9 with varying
centers (x¢)¢en, and after passing to a subsequence (denoted again with r,) we have
5 u(xg+re-) = Prx,(re-)
T G+ ) = Praorl2om)

-0

< A0
in C)..

(R") for some Q € Sy, ({p2 =0}) \ {0}. On the other hand, by uniform convergence,

u(xg+re-) —Pr(xe+re-)
H(re,u —Pp)l/?

R .
qYoo+ ) = hmvr[<—g + ) = lim
12 ry 14
So putting everything together we can write

~ (X ~
Urg (r_Z + ) = vrg,xg . If + Jfa (6_7)
4

where
. H(ro,u(xe+ ) = Pea, (NDY? 0 NuCxe+re-) — P, (re Il 2y
¢ = =

H(r¢, u —Pp)'/? lu(re-) —Pr(re )llL2s,)
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is a numerical sequence and
_ Prx(re-) = Pr(xe+re-)

H(re, u—Pp)'/?

is a sequence of harmonic polynomials of degree at most k£ 4+ 1. Now two cases arise:

Jz:

either suply <oo or Iy 1 oo forsome subsequence £, — oo.
¢

Let us begin with the first case. Up to a subsequence that we do not rename, we have I, — « for some
o > 0. Equation (6-7) then implies that J, — J locally uniformly to some harmonic polynomial J of
degree at most k + 1. Thus, sending £ 1 oo in (6-7), we obtain

g(Yoot+ )= Q+J. (6-8)
We exploit homogeneity: for large R > 0, we have

Riq(Z+ ) = R*aQ+J(R-).

so limgqoo R~ J(Rx) exists for every x € R". As A is not an integer and J is a polynomial, the only
possibility is that limgqso R~ J(Rx) =0 for all x, and so deg J < k. Hence the last identity reads
q=0aQ.

Inserting this back in (6-8), we find g (y» + ) = ¢ + J. Now, using again that g is homogeneous, for
any R > 0, we have

R(q()%o—l- ) —q(-)) — R"MJI(R-).

Sending R — oo, the left-hand side converges to y~ - Vg, but as before the right-hand side can only
converge to 0, so yoo - Vg = 0.
The second case is simpler. We divide (6-7) by I, and find, after passing to a subsequence of ¢,,, that

0=0+J

for some harmonic polynomial J of degree at most k + 1. This is a contradiction, since Q # 0 is a
M € (k, k+ 1) homogeneous function and hence not a polynomial. This finishes the proof. (I

Lemma 6.7 triggers a Federer-type dimension reduction, exactly as in [Figalli and Serra 2019].
Proposition 6.8 [Figalli et al. 2020, Proposition 7.3]. Let E CR", f: E - Randm € {1, ...,n}.

Assume that, for any ¢ > 0 and x € E, there exists 0 = o(x, €) > 0 such that, for all r € (0, 9), we have

ENB)NfHIf (@) =0, f(x)+0]) € My + Ber
for some m-dimensional plane 11, , passing through x (possibly depending on r). Then dimy(E) < m.
We combine Lemma 6.7 and Proposition 6.8 to prove the dimensional estimate.

Proposition 6.9. For every k > 2, we have dimy (2% \ >kl < — 2. Moreover, if n =2, then
YK\ =K consists of isolated points if k is odd and is empty if k is even.



C® PARTIAL REGULARITY OF THE SINGULAR SET IN THE OBSTACLE PROBLEM 239

Proof. We want to apply Proposition 6.8 with E := >\ X%+ =5 — 2 and the function f given
on E by x — Ar(x) € (k, k+ 1). It suffices to show that, for all x € E and for all ¢ > 0, there exist
o0 =o(x, &) > 0 and an (n—2)-dimensional plane IT, , passing through x such that

ENB,(x,) ﬂk,:l([kk(x) —0, M (x)+o]) S {x :dist(x, [T, ) <er} forallr e (0,0).

We argue by contradiction. Assume that, for x = 0 and some ¢, > 0, the above does not hold. Then
we make the following simple geometric claim. For each ¢ there exists r, € (0,27%) and n — 1 points
xe(l), .. ,xén_l) in E N B,, such that

e A Ax T =8 ) =l =27

for all j € {1,...,n — 1} and for some § = é(n, &) € (0, 1). In particular, {xél), .. .,xé"_l)} span a
hyperplane and, for each fixed j, the sequence (xé] )) ten lies in E € XX with

() = A
We extract a finite number of subsequences to ensure xéj ) /re — yéé) for each j. Exploiting the lower
bound on the exterior product, we again have that

dim span{ycg), ey yc(,g_l)} =n—1.

Now we apply Proposition 5.9 to each (xéj )) ¢en and get

~ (M_Pk)rg

vV, = — in CO
" HGu—poi2 1 e

for some g € S),. Notice that, taking at each time a subsequence, g can be taken the same for all j’s.
By Lemma 6.7, we conclude that g is translation-invariant in the directions yéé) foralll<j<n-—1;
hence ¢ is a 1-dimensional homogeneous solution to the obstacle problem vanishing at the origin. Thus,
after a rotation of coordinates, we must have g(x) = —A|x,| + Bx, for some constants A > 0 and B € R,
which contradicts A > 1.

Let us sketch the geometric argument needed to construct such {xél), cee, xénﬁl)}. Fixing ¢, we pick any
(n—2)-plane ITp and any xWe(En B,,)\ (ITp+ Bg,). Then we choose any plane IT; containing xM and
any x@in(EN B,,)\ (I1; + B,,). We can go on in this way and construct the whole set {(x®, ., x®=D),

Finally, we notice that, by compactness,
§:=minf{lz; A---Azy—1|1zj € R", Vj dist(z;, span{z; :i # j,1 <i <n—1}) > &} > 0.

We are left with the case n = 2. Recall that if g is a A-homogeneous solution to the thin obstacle problem,
then A € Ny U{2m — 1 :m e N} } (see Proposition 2.4). Thus, having in mind Proposition 5.9, we find that
¥ >k \ 22K is empty for k even. If k is odd, we find A (x,) =k + 5 for every x, € £~k \ £=F+1_If this
set was not discrete, we could apply Lemma 6.7 and reach a contradiction, obtaining a one-dimensional
and (k + %)—homogeneous solution of the thin obstacle problem. U
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6.3. The size of L =k+1\ xk+D-th

Lemma 6.10. Let k > 2, x € 2%\ &+Dh gpd ¢ > 0. Then there exists 0 = o(¢, x) > 0 such that,
for eachr € (0, 0), there is q € S\ ({p2.x = 0}) \ {0} such that

X(u) N Br(x) € X(q) + Ber(x). (6-9)
Recall that ¥(q) = {g = |Vq| =0} N {p2.x = 0} was defined in (2-9).

Proof of the case (k+1) even. Up to an isometry, we can assume x = 0 and p; = . We argue by
contradiction and rescale everything: we find ¢, > 0 and a sequence r,; | 0 such that

ye € Z(u(r¢-))N By and  dist(ye, (¢") > o

for all ¢" € SZY'({x, = 0}). Up to taking subsequences, we can assume y; — Yoo € {x, = 0}, and by
Proposition 5.9,

(u—=P)(re-)
AL A
Ty
in CI%C(IR”). Since 0 ¢ X *+D-h 'we have g®¥°" # 0. Rearranging the terms we can equivalently write
1 42 godd
u—sA e , r
wy 1= ( 2 k+1(p270 k+1 Pk.0, 4 ))( ) q—even in CI%C(R”).

Ty

even

Now recall that, k + 1 being even, we have X (g®*") = {g®°" = 0}, thus 7 := §"(yoo) > 0, as y lies
on the thin obstacle. So we can find a small radius § > 0 and a large ¢( such that, for all £ > £(, we have

1

—even 1 1
L®(By) = 3N — gz = z1-

~cven ”

inf w,> inf ¢"¥*" — |lwe —¢q

Bs(¥oo) Bs(yoo)

However, eventually we will have y, € Bs(y~), and this is a contradiction as

A2 (reye)
0> —ZH* 27wy > inf we > L.
2rfH PV = e =41
We remark that we only used that y, € {u,, = 0}, not that the y, were singular points. ]

Proof of the case (k+1) odd.. Arguing by contradiction as in the even case, we find &, > 0 and a sequence
re 4 0 such that, for each £,

ye€ X(u(re-))N By and  dist(ye, X(g)) > &, forall g € S{15 ({x, =0})\ {0}.
We can also assume that y, — y € {x, = 0} and

(= 3A2(P20. - -+ Pr0- %) (re ) s geven

S|
Ty

wy = in C _(R").

From this point the proof is conducted analogously to the proof of Lemma 6.3; it suffices to replace k
with k + 1 and /¢ with rf . 0
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Remark 6.11. In the case k 4+ 1 even the proof actually gives a stronger result: as we only used that
ve € {u = 0}, we can replace X (u) with the full contact set. In other words we can replace (6-9) with

{u=0}N B, (x) S X(q) + Ber(x). (6-10)
We can conclude now exactly as in the case A, = k for k£ odd.

Corollary 6.12. Suppose k > 2. Then dimy (2=*T1\ x*+D1hy < 5 2 Furthermore, if n = 2, then
Rk mktD-th i discrete in the full 2.

Proof. Recall that if n = 2 then £(gq) = {0} for every g € S&". Pick x € £=¢+1\ g*+D1h and apply

Lemma 6.10 with & := 1. This gives that, for all r < o(x, 1), we have
()N (Br(x)\ Byj2(x)) = 2.

This clearly gives X (u) N B, (x) = {x}, thus x is isolated in X (u).
For n > 3, we argue as in Corollary 6.6; namely, we apply Proposition 6.5 to E := =K\ n¢k+D-th,
The assumptions are satisfied thanks to Lemma 6.10. (I

In particular we notice that in dimension 7 = 2 this forces the sets X*" to be closed.
Corollary 6.13. If n =2, then the sets X% are closed for all k > 2.

Proof. We prove the assertion by induction on k. Let (x¢)¢en S »*k+D-thy 10} be a sequence with x; — 0.
In particular, we have x; € £=**!. By inductive assumption we can assume 0 € X" and by the upper
semicontinuity of the truncated frequency we get Ax(0) > k4 1 (see Remark 5.11). But by Corollary 6.12
the origin cannot lie in X=%+1\ £*+D-h hecayse it is an accumulation point of the sequence of singular
points x,. Since X?™ = ¥, _; is closed, by lower semicontinuity of the rank, the proof is finished. [J

6.4. The geometry of X°°. Let us put together the results obtained so far. By definition,

r® =) =k,
k>2

In the last three subsections we proved the following.

Proposition 6.14. We have dimy (X \ ¥°) <n —2. If n =2, then ¥\ X*° is countable.

Proof. By definition we have that

S\E®=(E\Z,o DU UEMETHu UET\EHU U EH M.
jz2 j=2 j>3
But now

o dimy (X \ X,_1) <n — 2 (discrete if n = 2), by [Caffarelli 1998, Theorem 8§];

o dimy (T/M\ ©>/) < n —2 (discrete if n = 2), by Corollaries 6.2 and 6.6;

o dimy (T/M\ ©>/) < n —2 (discrete if n = 2), by Proposition 6.9;

o dimy (227 \ £/ < — 2 (discrete if n = 2), by Corollary 6.12. O
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At each point of £°° we have Taylor polynomials of every order, and they vary smoothly in the sense
of Whitney. This also gives that ¥°° locally is contained in a smooth hypersurface. Let us first phrase a
suitable statement.

Theorem 6.15. Let E C R" be any set, and, for each k € N, consider a collection of polynomials { Py x }xcE
of degree at most k. Suppose that these polynomials satisfy

(1) Prx =7<k(Pigex) forallk, eNand x € E,

(i1) for each k € N, there is a constant C (k) such that, for each multi-index «, || < k, we have
109 Prc(0) — 3% Py (x — )| < CR)|x —y[***Y forallx,y e E.
Then there exists a function F € C*°(R") such that, for each x € E and k € N, we have
F(x +h) = Pec(h)+ O(hI*™) as|h| — 0.

Proof. This is just a restatement of Whitney’s extension theorem for smooth functions. The interested
reader can find in Appendix C how to derive this formulation from the original, namely [Whitney 1934,
Theorem IJ. 0

Lemma 6.16. Let u be a solution to the obstacle problem (2-1). Then £ is closed and locally covered
by one smooth manifold of dimension n—1.

Proof. The main idea is to combine the implicit function theorem and Whitney’s extension theorem
(Theorem 6.15). We will first prove the covering and then the closeness.

As the statement is local we can assume that 0 € X and that u solves (2-1) in B,(0) € R”. We want
to apply Whitney’s extension theorem (Theorem 6.15) with E := X°° N B; and the polynomials

Py :=7<x(Pry) forallx € E*°NB;, k>0.

Assumption (i) holds because Py, and Py agree up to order k (see also Lemma 5.7). We need to show
that (ii) holds. It is not restrictive to do it only for some fixed k > 3. To do so we exploit our previous
analysis on X *+D-h More precisely, combining Lemma 3.5 with the uniform estimate in Proposition 5.4
and growth estimates from Proposition 4.2 and Lemma 2.2, we find R = R(n, k) and C = C(n, k) such
that, for all x e Z**D" N By and 0 <7 < R < 1, we have

lu(x + -) = PexllLoes, o) < Crit. (6-11)

Thus this must hold, a fortiori, for all x € X°° N B;. Let now x1, x» € X°° N B such that |x; — x| < %R.
Then, since By, —x,|(X1) € B4jx,—x,|(x2), by (6-11) applied at x; with 1 = 2|x; — x2| and at x, with
ry = 4|x; — x2|, together with the triangle inequality, we find

1Pey (- = %1) = Phy (- = X2) 2By, ) < Clrt = x2 [ (6-12)

If we consider the polynomial Q = Py ,, (- —x1) — Px.x,(- —x2), equation (6-12) reads

1Q(x1 +2|x1 — x2| )l s,y < Clxg — x2F,
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hence by the equivalence of norms on the space of polynomials of degree bounded by &, we conclude
18% @) (x1 +21x1 = x2| )lle(py) < Clxy —xof 171
for all multi-index || < k, with some C = C(n, k). In particular, looking at the center of B, we get
8% P, (x2 = x1) = 8 Piy (0)] < C (1, ) |xy — o 17, (6-13)

and this proves that assumption (ii) holds. By the Whitney extension theorem, there exists a C* function
F : R" — R for which

F(x) = Piy,(x = xo) + O(Ix = x[*1)
at every x, € XN Bj.

We now conclude as in [Figalli et al. 2020, Proposition 8.1c)], using the implicit function theorem. As
Y® C {VF =0} and V>F(x;) = V?ps_,, (0) has rank 1, we conclude with the implicit function theorem
that {VF =0} is a smooth hypersurface in some neighborhood of x;.

Let us now prove that X is closed. Suppose 0 € X2, so there exists x, € > such that x;, — 0. First
observe that 0 € X since the full singular set X is closed, and hence p; exists. We define by continuity
Py :=limg Py, for all k > 3; this is a well-posed definition as by Lemma 6.16 the map x — Py , is
Lipschitz on ¥*° and hence admits a unique extension to the closure. Now, by Proposition 5.3, for some
constants C, ¢ > 0 and a radius rg, both independent of £, we have, for all r € (0, ry),

L u+ ) = Pee) 2 —Cr ™ and R H( ulxe+ ) = Pe) < C.
We can pass both these inequalities to the limit £ — oo and apply the same reasoning to Proposition 4.2
to show that the sequence r~%(u—P), is uniformly bounded in WIL’CZ([R"). Hence it is immediate that

0 e S*=Dth (see Lemma 5.7); as k was arbitrary we conclude 0 € X*°. U
We conclude this section proving Theorem 1.1.

Proof of Theorem 1.1. The bound on the dimension of X \ £ is given by Proposition 6.14 and the
covering by Lemma 6.16. The polynomial expansion has been shown in (6-11) above, we simply take
Py x, =<k (Pi x,). Although we often assumed f =1 and p = 1 to simplify the notation, essentially no
modifications are needed for a general f. The reader can find a complete account of the modifications
needed in the statements and in the proofs in Appendix B. ([l

In the following section we aim to explain in which sense the set X*° is unstable and disappears after
a slight perturbation of the boundary data in the obstacle problem.

7. Extension to a monotone family of solutions

In this section we aim to prove Theorem 1.2 and Corollary 1.4. For simplicity we take f = 1. This allows
us to use verbatim some lemmas from [Figalli et al. 2020] and shortens the notation, without affecting the
proofs. We list the changes needed in Appendix B.

We remark that in Sections 7.1 and 7.2 we only assume to have a monotone family of solutions, while
in Section 7.3 we work under the “uniform monotonicity” assumption (7-8).
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7.1. Setup and strategy. For the rest of the section, we let u : B x[—1,1]— R, u > 0, be a monotone
1-parameter family of solutions of the obstacle problem, namely

{Au(-,t) = X{u(-.0)>0}s (7-1)

O<u(-,s)<u(-,t) in Byfor —1<s<r¢t<l.

We will also use the notation u’ := u( -, ). We will assume in addition that u € C°(B; x [—1, 1]). We
remark that this continuity property in ¢ follows by the maximum principle whenever u|yp, x[—1,1] 1S
continuous.

We will often think of ¢ as the time parameter, as intuitively we imagine lifting the boundary datum of
a solution of (2-1). However, no equation in ¢ is given.

For each fixed ¢, we can apply the results of the previous sections, so we introduce further notation for
the following subsets of B; x [—1, 1]:

Y= {(xo, 1) 1 X0 € B(u(-,1,))},
Y1 =1{(xo, ) 1 X0 € 1 (u(-, 1))},
T = (o, 1) 1 X6 € BN (U(-, 1)), > 2,
T = (o 1) 1 X0 € 2R (-, 1))}, k22,

sz+l ={(Xo, 1) : X0 € Eszrl(M( L)), k=2,
EOO = {(xo, to) L Xo € EOO(M( T to))}

(7-2)

This setup (up to kK =4) has already been considered in [Figalli et al. 2020]. As we use the same notation,
we begin recalling two important lemmas from [Figalli et al. 2020] about the set X.

Lemma 7.1 [Figalli et al. 2020, Lemma 6.2]. Let u € C°(B| x [—1, 1]) solve (7-1). Then
i) X OEQ X [—1, 1] is closed for any o < 1, and
ENByx[—1, 113 (X, k) = (Xoos too) = Prxpt = P2oxooiton-

(1) If (xo,t1) and (xo, ty) both belong to X and t| < tp, then there exists r > 0 such that u(x,t) is
independent of t for all (x,t) € B, (x,) X [t1, t2].

The next result concerns the quantitative behavior of the first blowup ps x := p2 x,.,, With respect to
the convergence x; — 0 (here it is assumed (xg, #;) € X for some sequence of times).

Lemma 7.2 [Figalli et al. 2020, Lemma 6.3]. Let u € CY%B; x [—1, 1]) solve (7-1), let (xx, 1) € X,
(0, 0) € X and assume that x; — 0. If we set p> := p3.0.0, then we have

Xk
P2k—p2l — + -
||

for some dimensional modulus of continuity w. In addition,

= CoQlxx|) and |p2k— p2ll~s) = Co2lxi)
Leo(By)

dist(x—k, {p> = 0}) -0 ask— oo.
|xk |
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Our strategy follows the one exhibited in [Figalli et al. 2020]. For each (x,, #,) € Z=**!, we first prove
the approximation
luCxo + -+ t0) = Phoxy, Lo,y < Crith, (7-3)

where the polynomial Py . , of degree at most k is unique and A Py ., = 1. Using the fact that the
polynomials above are almost positive together with barrier-type arguments (see Lemma 7.11), we are
able to conclude a “cleaning property” in space-time in the following sense. For each (x,, f,) € £=¥*1,

there exist o > 0 and C > 0 (depending on n, k, x,) such that
{(x,1) € Bo(xo) X (t, 1) 1t —1t, > Clx — % N{u=0=02. (7-4)

This property expresses the instability of £=**! (") with respect to increments of the ¢ parameter. From
here, we will conclude with the next geometric measure theory result, that the set 7;(X°°) has zero
Hausdorff dimension.

Proposition 7.3 [Figalli et al. 2020, Corollary 7.8]. Let E C R" x [—1, 1], let (x, t) denote a point in
R* x [—1, 1], and let T, : (x,t) — x and 7; : (x,t) — t be the standard projections. Assume that, for
some 3 € (0,n] and s > B, we have:

o dimy (7, (E)) < B.

e Forall (x.,1,) € E and ¢ > 0, there exists 0 = 0y, 1, - > 0 such that
{(x,1) € Bo(xo) X [-1, 1]t — 1o > |x —x, " *}NE = @.
Then dimy (r,(E)) < B/s.

To obtain Corollary 1.4 we also need to take care of the points where the expansion (7-3) fails for
some k. To this end we need to generalize to one-parameter solutions some of the previous results.

7.2. Adaptation of previous sections to family of solutions. In this section we establish an analog of
Theorem 1.1 for monotone families of solutions. The generalization of the polynomial expansion is
obvious in the set 7, (X°°), so the only nontrivial task is to show that 7, (X \ £*°) has again Hausdorff
dimension at most n—2. We will show this by repeating the arguments of Section 6. While the arguments
of Sections 6.1 and 6.3 adapt immediately by exploiting monotonicity, the arguments of Section 6.2
require a bit more care. Specifically, we have to check Lemma 6.7 for varying times.

We start observing that in Proposition 5.9 one can also consider the varying time parameter.

Proposition 7.4. Let u € CO(By x [—1, 1]) solve (7-1) and (0, 0) € T*™ with r; = h0(0) <k + 1. Let
(re)eenN be an infinitesimal sequence, and let x; € skt tey N B,,. For every ¢, set

Vg := M(X[ + - ) t[) - Pk,xg,l‘w
and suppose that A ;,(x¢) — Ax. Consider the sequence

- ()
‘o H (re, ve)'/?



246 FEDERICO FRANCESCHINI AND WIKTORIA ZATON

Then:
(i) (De)een is bounded in WE2(R™) and Cr V"V (R,

loc
(i) If vy —~q € WIL’CZ([R”), then the convergence is strong and q must be a nontrivial Ap-homogeneous
solution of the thin obstacle problem (5-4) with obstacle {p, = 0}, that is
Ag <0 and gAg=0 inR",
Ag=0 in R"\ {p, =0},
q=0 on {p> = 0}.
Finally, if Ay < k+ 1 then q is even with respect to the thin obstacle.

Proof. Given the convergence assumption A ;, (x¢) — Ax and Lemma 7.2, the proof is almost identical to
Proposition 5.9. U

We now turn to the time-dependent version of Lemma 6.7.
Lemma 7.5. Letu € C°(B| x [—1, 1]) solve (7-1), let k > 2 and suppose (0, 0) € ¥ >k \ YK+ that is
Ak = dk,0(0) € (k, k4 1). Suppose there exists an infinitesimal sequence rp |, 0 and (x¢, t;) € hoth B,,
such that Ay, (x¢) — Ag. Assume further that, as £ 1 0o, we have
(i) x¢/re = Yoo € By,
(i) By, = (o — Pr,0,0)r/H (re, to — Pr0,0)'/? — q in C) (R") for some g € Sy, ({p2,0.0 =0} \ {0}.
Then yo € {p2,0,0 =0} and g = q(yoo + ).

Proof. Whenever x =t = 0, we simplify the notation by dropping the indices, e.g., p2.0.,0 = p2. Consider
a sequence (x¢, tp)gen < yhthn B,, as in the statement of the lemma. Note that y,, € {p> = 0} due to
Lemma 7.2. Applying Proposition 7.4 with varying centers (x;)¢en and respective sequence of times
(te)een, we find (after passing to a subsequence)

5 u(xe+re-,te) = Proxy,(re )
¢ =
” (u(xﬁ + - 5 t@) - Pk,xl,tg)rg ||L2(3Bl)

-0

in C]%C([R”) for some Q € S, ({p2 =0}) \ {0}. On the other hand, by uniform convergence,
u(xe+re-) —Prlxetre:)

H(re, u—"Py)1?

q (Yoo + ‘)=1i£n
We write
uxe+re) —Prxe+re-)  ulxe+re) —ulxe+re-, 1)
H(rg,u—"Pp)'/? l(u(xe+ -5 1) = Prxpr)rel 28y

~aply + 0 - boly + Jy,

where
_ ||(M(X( + - ) tf) - ,Pk,x(,tg)r( ||L2(B]) + H(”E» “(xe + - ’ te) - Pk,xg,tg)l/z
H(re, u—Pp)'/?

Ig:

is a numerical sequence and
_ Prx(re-) = Prlxe+re-, te)

Jy:
‘ H(r¢, u—Pr)l/?




C® PARTIAL REGULARITY OF THE SINGULAR SET IN THE OBSTACLE PROBLEM 247

is a sequence of harmonic polynomials of degree at most k+1. The numerical sequences

_ ||(M(.7C( + -, tﬂ) - Pk,xg,tg)re ”LZ(BI)
(e + - te) = Prxpt)r |12y + Hre, ulxe + - te) — Prxyr)'/?

ay .

and
_ H(rﬁ’u(x@-i_ 'stﬁ)_Pk,xg,tg)l/Z
[ (uCxe+ - t0) = Proxpi)re L2y + H e, u(xe + -, 10) — Proxpi) V2

bg .
are both bounded by 1 and hence, up to a subsequence, converge to some a and b, respectively, in [0, 1].
Now two cases arise:
(1) sup, I; < oo.
(i1) I, 1 oo for some subsequence £,, — 0.

Let us begin with the first case. Up to a subsequence that we do not rename, we have I, — «, and passing
to the limit as £ — oo in (7-5) in L?(B;) implies that J, converges to some harmonic polynomial J of
degree at most k + 1. We find that

q4(Yoo + -) =aqw +baQ +J (7-5)

in L? for some function w having a constant sign. Combining this fact and exploiting the homogeneity
of g and Q, as in Proposition 5.9, we find

q(-)<aaQ(-)+R™J(R-) or g>aaQ+R™MJ(R"). (7-6)

Next, we remark that J does not have a constant sign, as it is harmonic and vanishes somewhere on
the line segment —y.,0. The last property is seen as follows. First, note that, for large ¢, we have
H(@re,u—Po)?> ré\" +o > ré‘“. On the other hand, we calculate

H(re,u—P0)'"27,0) < Cri™ and  H(re,u —Pr)' 2, (—ﬂ) > —Crit2.
re

Hence, there exists a sequence of points y, € —(x;/r¢)0 with |Je(y¢)| < Cr¢, and so J vanishes at some

point in the line segment — y»,0.
As J does not have a constant sign, there are directions x+ € "' with J(Rx+) — 400 as R — oo.
Combining this with (7-6), we thus find deg J < k and

g<axQ or g>axQ.

Thus, in any of the cases, we have found two ordered A;-homogeneous solutions to the thin obstacle
problem, and they must be equal, see [Figalli et al. 2020, Lemma A.4]. Inserting this back in (7-5), we
find ¢ (Yoo + ) = g + J. Therefore, for any R > 0, we have

R(g(Z2+:)—a()) =R'™MIR) or R(q(Z+)—a() = RTHIR).
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As the left-hand side is bounded (and converges to yo. - Vg) as R — oo, we exploit the fact that J does
not have a constant sign to find that the k-th coefficients must vanish. And so

Yoo Vg <0 or ys-Vg=>0.

Reasoning as in Step 3 in the proof of [Figalli et al. 2020, Lemma 6.5], we find that in any of the cases
we must have y. - Vg =0, as otherwise yo - Vg would be a multiple of an eigenfunction to some elliptic
problem on a subset on the sphere, which contradicts the high homogeneity of y., - Vg.

The second case is simpler. We divide (7-5) by I;, and find, after passing to a subsequence of £,

O=aw+bQ+J

for some harmonic polynomial J of degree at most k+1. This is a contradiction, as the three functions
J, w and Q are not linearly dependent. Indeed, w has a sign, Q # 0 is a A € (k, k + 1) homogeneous
function and J a harmonic polynomial with no constant sign. The fact that J vanishes somewhere can be
checked as we checked that J vanishes somewhere, using that

I > H(re,u(xe+ -, t0) — Prxpn)/? rf“
- H(re,u—"Py)'/? H(re,u—Pp)l/2

In order to perform the necessary dimension reductions we need some adaptations of Section 6. We

O

start with the following variation of Proposition 6.5, taken from [Figalli et al. 2023].
Proposition 7.6 [Figalli et al. 2023, Proposition 7.6]. Let k > 2 and E C R" x R. Suppose that
V(x,t) € E, Ye>0, 30>0, Vre(0,0), AL hyperplane, g € §"(L)
such that
73 (E N (B, (x) % (=00, 11)) € T(q) + By (x).
Then dimy(E) <n —2.

We want to apply this proposition to E = £¥®\ 3 *+D-th e check in the next two lemmas that this
is possible.

Lemma 7.7. Letk > 2 and (0, 0) € XX\ T*+Dh gnd suppose & := 1 (0, 0) is an even integer. Then,
Ve>0, 30>0, Vre(0,0), 3q €S ({p2.0.0=0})

such that
7 ({u =0} N (B, (x) x [0, 1])) € X(g) + Ber(x).

Proof. Notice that, by Lemma 6.1, . = k + 1. Further we have by monotonicity
7 ({u =0} N (Br(x) x [0, 11)) € {u(-,0) =0} N B, (x).

Now by Lemma 6.10, and taking Remark 6.11 into account, the set {u( -, 0) = 0} N B, (x) can be covered
with a tubular neighborhood of the singular set of a Signorini solution, provided r is small enough. [

For odd frequencies we use a control “in the past”.
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Lemma 7.8. Let k > 2 and (0, 0) € T\ T*+Dand suppose A = 1,(0, 0) is an odd integer. Then,

Ve>0, 30>0, Vre(0,0), 3q €S ({p2.0.0=0})
such that
(XN (Br(x) x [—1,0])) € X(q) + Ber(x).

Proof. Notice that either A = k or A = k + 1. In the first case, we reproduce the proof of Lemma 6.3. In
the second case, we reproduce the proof of Lemma 6.10 for the odd case. In both cases, it suffices to
replace u with u( -, 0), and the argument for a single solution can be applied. The key point is that, by
monotonicity, the barriers {¢, (} will work for all u( -, ¢) for ¢ <0. Indeed, following the proof with the
same notation, one arrives at

{Ak0,0(re-) =0YNB,(yoo) € Z¢ S int{u(re -, 0) =0} S int{u(re -, 1) = 0}.

Hence the contact set of u( -, ) is fat around yo,. This gives X (u(r¢ -, 1)) N By/n(Yoo) = & for some
dimensional constant N and for all # < 0 (see [Caffarelli 1998, Theorem 7] or the proof of [Figalli et al.
2020, Lemma 9.4]). This is the desired contradiction as y; — y«, Where y, € X(u(ry -, t¢)). U

Putting all these results together, we can prove the main theorem of this section. It is an extension of
the fifth-order approximation result [Figalli et al. 2020, Theorem 8.7] to every order. For a fixed solution,
this is just the content of our main Theorem 1.1.

Theorem 7.9. Let u € C°(B; x [—1, 1]) solve (7-1). Then dimy (7 (X \ X)) < n — 2, and the set is
countable if n = 2. Moreover, for every k > 2, there exist constants C = C(n, k) and p = p(n, k) such
that

(o + - 1) = Pl Lo,y < Cr'H! (7-7)

holds with a unique polynomial Py ., ; of degree at most k and APy, ;. =1, forall 0 <r < p and
(X6, 1) € XN Byjp x (=1, 1).
Proof. We recall from [Figalli et al. 2020, Proposition 8.1] that dimy (7, (% \ X,—1)) < n — 2 and that
dimy (7, (X \ X,—1)) is countable if n = 2. Thus we need to show that, for all k > 2,
(i) dimy (7, (X=F\ T4 1)) < n — 2 (countable if n = 2),
(i) dimy (e (ZFM\ £>%)) < n —2 (countable if n = 2),
(iii) dimy (7t (5 \ T=F1)) < n — 2 (countable if n = 2).
By Lemmas 7.8 and 7.7, to prove (i) and (ii) we can use Proposition 7.6 (or an obvious version of it for
future times) with E = =%\ 2% and E = KM\ £>F respectively.
We turn to the proof of (iii). We can apply Proposition 6.8 to the set E = m,(X>%\ £=k+1) using the
function f(x,) := Ak 7(x.,)(Xo), Where 7 : 7 (X) — [—1, 1] is defined by
T(xo) :=min{t € [—1, 1] : (xo, 1) € X}.

The assumptions of Proposition 6.8 hold for such E: if not we could argue by contradiction and blow up
exactly as in Proposition 6.9. The only difference is that we have to use Lemma 7.5 above, instead of
Lemma 6.7. U
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7.3. Cleaning lemmas in the time variable. Following [Figalli et al. 2020], in this section we consider
any monotone family of solutions {u’};¢(—1,1) of (2-1) in By, which additionally satisfy the following
“uniform monotonicity” condition:

For every t € (—1, 1) and any compact set K, € 9B; N {u’ > 0},

there exists ck, > 0 such that inlg ' (x) —u' (x)) > ck, (' —1)forall —1 <t <t <1. (7-8)

XEK;

This condition rules out the existence of regions that remain stationary as we increase the parameter ¢.
Combining this observation with (iii) in Lemma 7.1, one gets that X is a graph above Bj in the sense that

xeXWHNZW') = s=t.

We now turn to the “cleaning lemmas”, namely Lemmas 7.10 and 7.11. Using a barrier argument, we
show that if u° is O (r*)-close to a polynomial ansatz in B,, then u! is positive in B, as soon as t ~ r*:
thus the contact set was “cleaned” from B,. The larger the «, the faster this cleaning takes place. Then
we combine this reasoning with the polynomial expansions given by the P.

Lemma 7.10. Let u € C°(B x [—1, 1]) solve (7-1) and satisfy the uniform monotonicity condition (7-8).
Assume (0, 0) € X, and let P be a solution of AP =1 such that

lu(-,0)—P| < Cr* inB, forallr € (0, })
for some C, k > 0. Then there exist r,, ¢ > 0 such that
u(-,t)=P+crt —Cr* in By forallr € (0,71,).

Proof. This is a combination of Lemmas 9.1 and 9.2 in [Figalli et al. 2020]. (Il

The next result shows that, if (xo, 7,) € £=*T!, then the contact set surely disappears from B, (x,) after

k

t —t, ~ r* units of time.

Lemma 7.11. Let u € C°(B| x [—1, 1]) solve (7-1) and satisfy the uniform monotonicity condition (7-8).
Suppose (0, 0) € =% for some k > 2. Then there exists r, Co > 0 depending on n and k such that

{((x,t) € B, x (0,1): 1> Colx|*}N{u=0}=2.
Proof. Since 0 € X=**+1(u"), there exists C(n, k) > 0 such that, for every r € (O, %),
lu(-,0) =P <Crf*! in B,.
Moreover, recall from Proposition 3.3 that Py is almost positive, in the sense of
Pe > —C(n, k)|x|* in By.
Combining this with Lemma 7.10 with P =P, and x =k + 1, we get
u(-,t) > Py +ert —Cr*tt > —Cr** ert in B,y forall r € (0, r,) forall £ > 0

for some r,, c > 0. Now evaluating this at (x, ) € B, x (0, 1), with t > Cor*, we getu(x,t) >0 as
soon as r is small enough and Cy is large enough in terms of ¢ and C. ]
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We finally prove Theorem 1.2, combining Lemma 7.11 with Proposition 7.3.

Proof of Theorem 1.2. For any k > 2, we can apply Proposition 7.3 to the set £ = X=**! with g = n and
s =k + 1, as the assumptions are satisfied thanks to Lemma 7.11. Hence, we get

dimy; (77, (2%)) < dimg, (o, (25+1)) < kn?

and (i) follows letting k 1 co. As noted in Remark 1.3, this bound can be improved to a Minkowski
dimension bound by directly applying Lemma 4.2 in [Ferndndez-Real and Ros-Oton 2021], which is a
refinement of Proposition 7.3.

For (ii) it suffices to show that 7, (X \ ¥*°) has zero Hausdorff dimension. By Proposition 6.14, the set
7, (X \ T®) is countable, provided n = 2. On the other hand, by the strict monotonicity condition (7-8),
¥ is a graph above the space variables and hence X \ X*° is also countable; this finishes the proof. Finally,
(iii) is contained in Theorem 7.9. O

We turn to the proof of Corollary 1.4. We remark that, for analytic f, we have at most countable many
singular times (combining Theorem 1.2 with [Sakai 1993, Theorem 1.1]). For smooth f, Theorem 1.2
gives that singular times have zero Hausdorff dimension.

Proof of Corollary 1.4. We divide the proof into two steps.

Step 1. The set X (u') \ ¥*°(u’) is not empty at most for countably many times.
The result follows directly from Theorem 1.2 (iii) provided we show that {u'} satisfies the uniform
monotonicity condition (7-8). For completeness we give the argument: fix 7, 2 > 0 and K € {u’ > 0}. For

t+h _ ot

brevity, we work with the assumption that €2 is connected and thus unbounded. Notice that w :=u
is harmonic in {¢’ > 0}, which is connected. By Schauder estimates and Lipschitz regularity of 92, we
have that dist({u’ =0}, O) > 8 for some § = §(n, 92, t) > 0. Hence we can build an open and connected

set V with Lipschitz boundary such that
OUK CV e{u >0}
By comparison we have w > h - ¢, where ¢ solves
Ap=0 inV\O,
=1 on 90 =02,
¢=0 inadV.
As ¢ > 0in V\a, we have ¢ := ming ¢ > 0, so, for all 2 > 0 and x € K, we have

W) —ul (x) > hming = ch.

We used that V, and hence ¢, did not depend on 4.

Step 2. The set £ (u') is not empty for at most countably many times.

Assume 0 € £ (1°). Then we will show that we have an instantaneous cleaning of the zero set, that is:
there exists a universal § > 0 such that BsN{u’ =0} = & for all 7 > 0. In fact, referring to the classification
provided in [Sakai 1993, Theorem 1.1], we have that 0 must be a “degenerate” point (case 2a), that is:
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{u® = 0} N Bs must be an analytic arc (it cannot be an isolated point). In particular, Au® =1 in B;s and
u' — uY is harmonic and nonnegative in Bj, thus it is strictly positive in B; /2 since, by assumption (7-8),
it cannot be the zero function.

We explain how to prove that 0 is not a “double point” (case 2b) nor a “cusp” (case 2c). If O was
a double point, it would be the tangency point of two distinct analytic arcs, but since the expansion
of u holds at any order these two arcs should have the same Taylor expansion; hence they are the same
arc (so we are in case 2a). If 0 was a cusp point, the cusp should be of the form given in [Sakai 1993,
Proposition 4.1]; in particular, up to a rotation, we would have two different functions «, g : [0, §) — R
such that

{u® =0}NBs ={(x, y) :a(x) <y < B(x), x = 0} N Bs.
But by the Lipschitz estimate (1-10), we get, for all k£ > 2,

A (e, Q)|+ [ Ak (x, BOOIS sup 13, Pl S x €10, 9).
{u0=0)NB,
This shows that the graphs of o and 8 are both tangent to the manifold {4y = O} up to order k — 1. As k
was arbitrary, this forces o and 8 to have the same polynomial expansions. By Proposition 4.1 in [Sakai
1993], this requires that « = 8, a contradiction. O

Appendix A: Proof of Lemma 2.1

We quickly prove Lemma 2.1 for a solution of (2-1) with f € C (By) for some 8 € (0, 1]. This is just an
adaptation of the argument given in [Figalli and Serra 2019].

In this section we will call “universal” any constant depending on n, w, 8, || fllcs(p,)- We also assume
that 0 € d{u > 0} and 0 € X (1), meaning that there exists a sequence ry | 0 such that

{u=0}NB,|
By,

— 0 ask— oo.

Lemma A.1. There is a universal constant C such that, for all r € (0, %)

r*<Csupu, |ullr=m,) <Cr®, |Duli~s,) <Cr. [D*ullL~, <C. (A-1)
3B,
Proof. See [Caffarelli 1998, Theorem 2 and Lemma 5]. O

From this we classify all possible blowups.
Lemma A.2. Up to subsequences, we have that
rulre) = fO)p2 in Cgl R, (A-2)

where p is a 2-homogeneous nonnegative polynomial with Ap, = 1. We denote with P the set of such
polynomials.
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Proof. Set vy 1= rk_zu(rk ) e Cl’l(Bl/rk). By weak* compactness, vy has a limit point v € Cllo’c1 (R™) with
v>0, v(0)=0and

2 L 2 2
Vvl Loormy < 11rr}(1nf||V VkllLo(By o) < IV Ul LBy 0) = C.

Since 0 € ¥ (u), we also have that f(ry - ) x{,=0) = f(0) in L}OC([R{"). A nonnegative entire function with

Laplacian f(0) and bounded Hessian must be in P. (I

Now we show that the blowups are unique using the Weiss monotonicity formula for the adjusted
energy; see [Weiss 1999]. We set

Wi (r, v) := r2X{D(r, v) — AH (r, v)}.
Lemma A.3. There is a universal constant C such that, forall p € P and r € (0, 1), we have

LWs,u— fOp) = —Cri. (A3)

Proof. Set v :=u — f(0)p, and directly compute

2
in(r,u—f(O)p) > — | Quv,—x-Vuv,)Av,.
dr r Jp,

Notice that |Av, + 72 f; x(u,=0)| < r*supg | f — f(0)|. And thus

v, — x - V) Av, > —r? / Qur—x V) f, = C [ 120, —x -V, [r?*
B1N{u=0}

B B

ZrZ/ Q2pr—x-Vp,) fr—Cr4+52—Cr4+5. O
BiN{u=0) ———————

We deduce uniqueness of blowups and Monneau’s almost-monotonicity formula.

Lemma A4. Forall p € P, we have W>(0%, u — f(0)p) = 0 and
j—r(r*4H(r, u— fO)p) >—Cr°=' forallr (0, 1), (A-9)
with C universal. In particular, the blowup is unique at singular points and there exists a universal
modulus of continuity @ : (0, 1) — R, @ (0") = 0, such that
r 4 H (ru — fO)p2) <w(@) forallr € (0,1),
provided p; is the blowup.

Proof. Choose some subsequence rx |, 0 and p € P such thatr, Zurk — p. Then, by Lemma A.3 and (A-2),
we have

Wa(0F. u = £(0)p) =lim Wa(r, u — £ (0)q) =lim D(1., reup, — fO)g) —2H(, r uy, — £(0)q)

= V-9 -2 (p-¢*=0,
B 8Bl

where in the last step we used that p and ¢ are 2-homogeneous and Ap = Agq.
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Integrating (A-3) we get Wa(r, v) > —Cr?, so by direct computation

r

L1 u— fO)p) = 2{W2<r, v) + rl4 /B vrAvr}

> %{—Crs + / fOpf(r-) —Cr‘s}
r BmW;O}T
> i1, B

This immediately gives uniqueness of the blowups, let us prove the existence of a universal rate of
convergence of u to such blowups. Arguing by contradiction, one finds € > 0 and u;, such that

retH (re, ug — £(0)pag) > €.

Setting vy := rk_zuk(rk -) and arguing as in Lemma A.2, one finds ¢ € P such that vy — f(0)g in Cl (RM).

loc
Now we get a contradiction using Monneau’s monotonicity on u; and gq:

e<H(,ve— f0)p2x) SH, ve— f(0)q) + H(1, f(0)g — f(O)p2s)
< H(1,ve— f(O)q) +r; *H(ry, ux — f(0)g) +Crf
<2H(1,v — f(0)q) +Crl =0

as k — oo. |

From now on we will denote with f(0) p, the unique blowup. Let us give several preliminary estimates
on the function v :=u — f(0) p>.

Lemma A.5. Take any p € P and set v, := (u— f(0) p),. Then the following estimates hold with universal
constants for all r € (O, %)

Av, = =1 fr X =0y + O (F*F),
vl S Norllz2By\ By ) + ¥,
P2{ur =040 Bil S vl 2 my ) + 71
v Av, = r* £(0) fr p2Xiu,=0) + 0,007 F),
IVUrllL2sy) S Torllz2esy\ By ) + 2t
[vrlcosiestn—n S lorll 2,0\ By ) +r28 provided dim{p =0} =n — 1.

Proof. The first is a direct computation exploiting Holder continuity of f.
For the second we notice that

e« Av<Cr®in B, and Av > —Cr? in B, N{u > 0}.
e v<0in B, N{u=0}.

Hence sub- and superharmonic comparisons give the result as in Lemma 3.5.
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For the third, we choose xp, <n < xp, and compute

| (uy = 0} By| sf

r? fr Xu=0) < C72+5—/ Av,
B B

Cratd|x|? Criti|x|?
=] Al—F——v])=| Al—F——v]n
B, 2n B> 2n

>0
2
=< Cn(||vr||L2(Bz\Bl)+r +5)‘

The fourth is a direct computation.
Since v, Av, > —Cr?9|v,|, for the fifth we can use the Caccioppoli inequality:

/ nZIer|2=—2f nervr‘Vn—f v, Avy
B B B

2
<4nVurl 2y llvrl L2\ B,y +Cr H/ [vr]
B>

< HVorlZag, + CR2 505, + 722,

where 7 is as above.
For the sixth, assume p; = %xrzl and consider, for 0 <t < 1, j # n, the function

v (x £tej) —vp(x) ur(x tirej) — u,(x)
1 10

wy(x) =

Notice that, with constants uniform in ¢, we have

- +5
”w:l:”Lz(Bz\Bl/z) S t ||vvr||L2(B4\B1/4) ||vr||L2(Bg\Bl/g) +r

255

On the other hand, in {u, > 0} N By we have Awy < r2t8 and in {u, = 0} N B; we have wy > 0. Thus

the function

1— 2
min{wjE + Cr2+3i|; 0}
2n

is superharmonic in Bj. Using the minimum principle and the previous estimate, we get

min wt = —C([|vrll 22\, ) +7 20y,

B

By the symmetry wy(x F7e;) = —w+(x), we also have the upper bound on a smaller ball. Since all the

constants are uniform in ¢, we conclude, using the following estimate (see Lemma C.1),

[f]1co.s/@s+n- D(By) Sns Z |f(x +1ej) — f(0)]

S + ”anf”Lz(Bz)’
= lxéBl |t|<1 |t|

valid for every f € Lip(B,).

O

Since the blowup is well defined, we can from now on assume to be in the top-dimensional stratum,

that is pp = 5x2. Arguing as is Section 4, we exploit the truncated frequency ¢” with some y (§) > 2.
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Lemma A.6. Letpe Pandy =2+ é(S, and set v :=u — f(0)p. Then there is ¢ = €(8) > 0 such that

the following inequalities hold for all r € (0, 1):
0 22-Crf, ) <C () 2 —Cr
with C universal. Furthermore, we also have

—fB] br Aty > —Cr®.
H(r,v)+r¥ —
Proof. For the first inequality in (A-5), we employ Lemma A.3 and get

_ D(r)—2H(r) + (y —2)r¥
¢ (r,v) =2 = 2O 377

Wa(r) > _Crs_z(y_z)
T r4H@) +rv—4 — ’

SO we can set € := %8 . For the second, we need to estimate from below with —Cr¢~! the term

2

_— ArVy —x - Vu)Av, dx,
FCH ) T r7) Jy 0 T Yo B

where for brevity A, := ¢ (r, v) (see Proposition 4.2). Recall that
|Av, 477 fr X =0y | < Cr7°,

and estimate each term recalling that p, is 2-homogeneous:

/ (Arvy —x - Vu)Av, = —r2/ Arvr —x Vo) fr — Cr2+5/ A v —x - V|
B| Blﬂ{u,:O}

B

> 12 f (o pr = 2p) fO) f — CF¥3 a4 1)
BN {u, =0}

>r* (A —2) pfO)f, —CrHHG, + 1)
~——"J BiN{u, =0}
>—Cr®
>0

> —Cri(rf +r°(A + 1)),
so with crude bounds the frequency solves the ODI

A= —Cra @ 4, 4+ 1) = —Cr3 2 (o, + 1.

(A-5)

(A-6)

(A7)

From here we see that log(1 + A,) is almost monotone and bounded above by some constant, provided

y <2+ %8. Thus plugging this back into (A-7), we get

)\‘/ > _Cr3+8—2y

r —

which was the claim up to redefining &. Equation (A-6) follows as in the proof of Lemma A.4 above. [
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Hence ¢” (07, v) > 2 exists for all p, and we want to show that there is a universal number a, > 0
such that ¢ (0%, u — £(0)p2) > 2 + 2a,, provided p; is indeed the blowup at 0. Let us show how to
conclude from here. Up to universal constants we have the following: By Lemma A.5, we have

248
lvllze) S NvrllL2By\By0) +7 .

But ¢ < C in (0, 1), so by Lemma 2.2, we have in turn
2 1 2
e 72,08, ) < H(37) +177
and y > 2. Now, since ¢? (0T, v) = 2 + 2a,, we have, again by Lemma 2.2, that
H(r) +r2y < r2(2+2a0)’

hence putting everything together we obtain Lemma 2.1:

242,
vl ooy Srotee.

So we are left to show that
22(0) :=¢" (0T, u — f(0)p2) =24 20, (A-8)

and it is also clear that we can work under the assumption that 1,(0) <2+ 1—166 , otherwise (A-8) holds
with o, = é& The following proposition is crucial and the proof follows the same line of Proposition 5.9
(or also of [Figalli and Serra 2019, Proposition 2.12]). As the only technical complications are settled by
the bounds gathered in Lemma A.5, we omit the proof.
Lemma A.7. Assume Q€ X,_1 and Ay <2+ %601. Then the sequence

~ Uy

T lvrllz208))

is bounded in Wli)’cz(lR{") N Cfo/ C(ZH"*I)
Signorini problem (5-4) and is d,-homogeneous.

(R™). Furthermore, every accumulation point of {v,},~¢ solves the

The following combination of Monneau monotonicity and the characterization of blowups will
prove (A-8). The proof is in fact very similar to Step 5 in the proof of Proposition 5.9.

Lemma A.8. There cannot be sequences uy, fx, pi, o, with 0 € 9{uy > 0} and

1 1
Sup<||f£”C5£(Bl) + 5, + —> < 400,
¢ ¢ M

such that )Lék) 4 2, where
15 1= PO, e — fu(0)pS),

In particular, (A-8) holds for some a, = ao(n, k, 8, || fllcs(s,)) € (0, 1).

Proof. Step 1. If v,, — ¢ in Wli’cz then, for all p € P, we have

/ q(p2—p) =0. (A-9)
2B,
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Proof of Step 1. Define 81% := H (r¢, v) and notice that, by the growth Lemma 2.2 and the compactness of
the trace operator, we have, for k large,

r,f L & — 0,

where we used that ¢¥ (r;) <2+ ﬁé for all k large enough. By Monneau monotonicity (Lemma A.4)

applied to p instead of p,, we have

(exVp + P2 — P> +Cri = [ (p2—p)%
JdB dB

computing the squares and dividing by &, we get

b
" 242 B.(pm—p+CEso
k v, + U (P2 — p)+ >0,
9B 9B, Ek

and sending k 1 co we obtain (A-9). We remark that all the constants in these computations are universal.

Step 2. If g is a 2-homogeneous harmonic polynomial such that (A-9) holds for all p € P, then ¢ <0 on
the hyperplane {p, = 0}.

Proof of Step 2. This is exactly [Figalli and Serra 2019, Lemma 2.12].

Step 3. For each uy, fi, ik, O as in the assumptions, Lemma A.6 gives g, a )Lék)—homogeneous solution
of the Signorini problem with ||gx|lz235,) = 1. It is easy to see that, by compactness, gx — ¢, where
q is a 2-homogeneous solution of Signorini with ||g|lz235,) = 1. Thus, g is a harmonic polynomial,
nonnegative on the thin obstacle (see Proposition 2.4). But this contradicts Step 1, up to taking a diagonal
subsequence. A careful verification that all the bounds are uniform is the same as Step 1 in the proof of
Proposition 5.9, and it is not repeated here. U

Appendix B: Adaptations for general right-hand sides

In this section we collect the modification needed to work with a general f and .

The main difference is that u — P; will not be harmonic in {u# > 0} N B, but its Laplace operator will
be of size O (r¥). This is the size of the error we would have in every estimate. Keeping this in mind,
it is clear that all the arguments go through with the same proof, provided we can indeed construct Py
with the same properties as before. This is not a hard task. We will, for completeness, list also the other
modifications needed. Let us remark that all constants that in the case f = 1 depend on n and k& will now
also depend on p and || || c«.

In the following, we provide a generalization of Section 3.1. We begin with the respective polynomial
ansatz, which will additionally depend on the Taylor expansion of f and on the center of expansion. We
will denote by Fy , the k-th Taylor polynomial of f at x, that is

o
Fea(h) =Y S o

o!

lee| <k

The sets P, and V; are the same as in Section 3.1.
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LemmaB.1. Letk >2, f € C*"'(By), x € By and (p3, ..., px) € Py be given. Let v be any unit vector
such that py(h) = %(h -v)2. There exists a unique collection of polynomials

(Ri,....,Re—) eVix---x Vi

such that if we define the polynomial
k—1

h
A kv(h) = (- h)+Z(U MR, (y)_|_Z p]( )

j=1

then

( f(X)Ax kv)(B) = Fr_i < (h) + O(lh[*).
Furthermore, each R; is determined (analytically) only by (pa, ..., pj+1) and the coefficients of Fi . In
particular, each R; does not depend on v, so Ay ,—y = —Ax k,v.

Proof. The proof is almost identical to the proof of Lemma 3.1, the only difference being that we have
to take into account the Taylor expansion of f. Let us work out explicitly the case k = 2. By a direct
computation we find

A3 ()AL, ) () = f(x)+ AQRS(x)paR) () + O(h]).

Thus, the right (and unique) choice for R; is

Ry = YF1y),

1
2w
where the linear isomorphisms §,, : V;,, = V,, were introduced in the proof of Lemma 3.1. O

Using Lemma B.1, we can define the polynomial ansatz functions A,%, Py : By x P, — R[Ah], which
now depend explicitly also on the center of expansion x. We set

Ak(xa va ceey pk 1) - )C k Rl Pk(x7 p27 L] pk—l) = nfk-ﬁ-l(%f(x)'A)zc,k’v)v

and notice that the dependence on f is hidden in the dependence on x. Once again any norm of Py is
bounded by constants depending on n, k, || fllck-1(p,) and |[(p2, ..., pr)|. Furthermore, the function
Pr(x; -) is injective.

With this construction we obtain

AP(xX; P2y o, p)(B) = f(x+h)+O(RIY) and  Pi(x; pa, ..., pr)(h) = —Clh*2, (B-1)

where the big O is a C* function of x and /. Here comes the only difference with the case in which
f = 1. When we apply the Laplace operator to the function v := u(x, + - ) — Pr(xo; p2, ..., Pk), We get,
in B, (x),

v=—f (X + ) Xutr+ =0, + O "), (B-2)

while in the case f =1 we had Av = — x{y(x+.)=0} exactly.
We now state an analog of Proposition 3.3, which contained all crucial properties of the ansatz.
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Proposition B.2. Letk > 2, (pa, ..., pr) € P, and © > 0 be such that |(pa, ..., pr)| < t. Choose some
unit vector v for which pr(x) = %(v -x)2. Let fe Ck=1L1(B)), and let |x.| < % Then the polynomials
A2(xo3 P ..., p) and Pi(xo; pa, . .., pr) satisfy:

() APy = f(xo+ )+ 0(- %) and ae(%Ai) =3, Pr + O(| - K1) for any unit vector e.

(ii) We have Pi(xo; pa, ..., Pk) = Pi—1(Xo, P2, -, Pi—1) + i+ O(| - [FF1).

(iii) For all |h| < rg, we have % < |0y Ay, k.v(h)| <2, and thus
HAm)] < |8, (AT ()| < 21 A1,

where ro =ro(n, k, 7, || flcxs,)) € (0, D.

(iv) If u is a solution as in (2-1),0 € X,_1 and r ~>u(r -) — pa, then by (2-3) we have, forall 0 < r < %

sup 3, Py| < Cr'*
B, (xo)N{u=0}
for some constant C = C(n, k, T, || f || c+)-

Now that the polynomial ansatz has the right formal properties (i.e., (B-1), (B-2) and those collected in
Proposition B.2), it is simple to check that the rest of the arguments go through. The rest of this section is
a list of the modifications needed to obtain Theorem 1.1 in its full generality.

e Lemmas 3.5 and 3.6 are the same: even if, in B, N {# > 0}, the function u — P is not harmonic,
pointwise we have A(u — Px) = O (r*). The comparison principle we use remains valid in this case.

o The proof of Lemma 3.7 is identical, except for the fact that in €2 our function is not harmonic. This is

used only in (3-12), where we have the term || Av, || L« (gnp,), but it can be absorbed into the term Crk+2,

o In Lemma 4.1, we also pick up an extra term, which, however, is much smaller than the one we are
estimating. Indeed we have

lv, Avy| < M lo.| +Cr* [ vl
B B1N{u=0} B

The first integral is treated as in Lemma 4.1. Since we have |v,| < r? around a contact point, for the

second term we estimate i
+

l Cr < rk+17y — refl

rH(r,v)+r2 ™~

As |x-Vu,| < r2 in B,, the same reasoning applies to the term fBl [(x - Vv,)Av,|.
The rest of Section 4 goes on with exactly the same proofs.

» Section 5 essentially uses the statements of two previous sections as black boxes. The only modification
is in the very definition of the sets X", namely, for x, € Z*, we use the ansatz
Pr,xo = Pr(Xo} P2.xos -+ -5 Phoxn)s

which is again continuous in the x, variable. Notice that, to use our argument, we need it to make sense
to construct P in LM hence we require that, at a minimum, f € C k(Bl).
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» Concerning Section 6, note that we can no longer use that AP, =0 in {# > 0}. Thus in Lemma 6.1 we
introduce a small modification, namely in the term

/ PAU,:—/ fP+o@* > | P,
B B N{u,=0} B

but we underline that the extra factor O (r**2) does not affect any subsequent computation.

o In Lemma 6.3, the definition of the barrier function needs to be adapted. Namely (6-5) must be replaced
with

¢Z,£(Z) == 05
¢Z,[ Z 0 in Bp(z)v
A¢. o <rif(re-) inB,y(2),
u(re ) <¢z,£ on aB,o(Z)v
so that the proofs of Claim (ii) and Claim (iii) are the same. For Claim (i) we must use the following
barrier:
. he\ fO) 5 hy )
Gz e(x) = (1 - g)TAk(WX) + 4anxl -2

 Sections 6.1, 6.2, 6.3 do not require further modifications.
« In the proof of Lemma 6.16, the constant of (6-11) depends on ||V f|| .
o As they are based on Section 6, Sections 7.1 and 7.2 do not require any modification.

e In Section 7.3, it is easily checked that Lemma 7.11 works if we assume that AP = f 4+ O(r“) instead
of AP =1, and the cleaning works just as before.

Appendix C: Auxiliary lemmas

Lemma C.1. For everyu € Lip(B;), 1 < j <nand B € (0, 1], define

lu(x +te;) —u(x)|
[8julp:= sup . |t]|ﬂ

x€eBy,|t|<1

Then, forall p > 1,

[u]coo g,y < C( Z [8ulp + ||3nM||LP(Bz)),

1<j<n
where C =C(n, B, p)ando = B(p—1)/(Bp+n —1).

Proof. By homogeneity we can assume that the right-hand side is 1. Set h = (0, ..., 0, r), and consider
A, := BJ. x [0, r], where 0 > 0 is small. By Fubini’s theorem, we can find some z’ € B; » such that

;
0(1— 0(1—
/(; |0pu(2, )17 ds < r® N Bul] ), < rOUT.
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The fundamental theorem of calculus and Holder’s inequality give
u(0) —u(m)| < [u(0) —u(@', 0)| +|u(z’, 0) —u(@', )|+ lu(@', r) —u(0,r)|
r
<20+ [ 10 )l ds
0

<, % 4 00=m/p 10

Since |h| = r, u is o-Holder continuous for every o < min{68,60(1 —n)/p + 1/p’}, and maximizing
with respect to the interpolation parameter 6 > 0 we get the optimal value for o. ]

Let us finally give, for completeness, the proof of our statement of Whitney’s theorem for C*° functions.

Proof of Theorem 6.15. Let us define the functions f, : E — R for each multi-index o € N" by
fa(x) :=0%Pigx () (= 0% Pgj4¢,x(0) for all £ € N).
Assumption (ii) with k = || immediately gives

| fa () = fa (W] = 10% P x(0) — 3% Py (x — y)| < Clet])|x — yl.

Thus each f,, admits a canonical Lipschitz extension to E, which we don’t rename.
For each x, y, € E, m € N and |a| < m, define the remainder

fot-i—ﬂ )

5 (x —y)~. (C-1)

Rio(x,y) = fult) = >

|Bl<m—]|a|

If we show that each remainder satisfies | Ry, (x, y)| < C(m)|x — y|[l*I="*1 for all x, y € E, then we

can extend it by continuity, so that it holds in the full £ x E, and conclude by applying [Whitney 1934,

Theorem I] verbatim. To check this, notice that the left-hand side of assumption (ii) is just (C-1) in
disguise:

Bax
Rya(x,y)=0"Py (0)— Y W
|Bl<m—|a|
= 0% Py x(0) = 8% Py y (x — y) = O(lx — y|" 711D,

(x —y)*

where we used that polynomials equal their Taylor expansion of sufficiently high degree (and here
deg 0% P,y < m — |a). This concludes the proof. O
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