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CONTINUOUS SYMMETRIZATIONS AND UNIQUENESS
OF SOLUTIONS TO NONLOCAL EQUATIONS

MATiAS G. DELGADINO AND MARY VAUGHAN

We show that nonlocal seminorms are strictly decreasing under the continuous Steiner rearrangement.
This implies that all solutions to nonlocal equations which arise as critical points of nonlocal energies
are radially symmetric and decreasing. Moreover, we show uniqueness of solutions by exploiting the
convexity of the energies under a tailored interpolation in the space of radially symmetric and decreasing
functions. As an application, we consider the long-time dynamics of a higher-order nonlocal equation
which models the growth of symmetric cracks in an elastic medium.

1. Introduction

In [Carrillo et al. 2019], Carrillo, Hittmeir, Volzone and Yao used continuous Steiner symmetrization to
show that all critical points of
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local repulsion nonlocal attraction

are radially symmetric and decreasing as long as W : R” — R is isotropic and attractive, meaning
W (z) = w(|z]) with w’ > 0. Noticing that the nonlinear aggregation-diffusion equation

dp=ApP +V-(pVWxp) inR"x(0,T) (1-2)

is the gradient flow of £ in (1-1), they were able to conclude that all steady states of (1-2) are radially
symmetric and decreasing; see also [Carrillo et al. 2018; Huang et al. 2024] for the extension of this
result to more singular potentials. Nonlocal attraction-repulsion of interacting particle models have
recently garnered a lot of attention in the mathematical community, noting in particular the case of the
Patlak—Keller—Segel model [Blanchet et al. 2006; Dolbeault and Perthame 2004; Yao 2014]. Under
an appropriate scaling limit, these models converge towards the higher-order degenerate Cahn—Hilliard
equation [Topaz et al. 2006; Delgadino 2018; Carrillo et al. 2024; 2025; Elbar and Skrzeczkowski 2023],
where the local repulsion potential is given by the Dirichlet energy or the H'! energy.

The main aim of this paper is to extend the methods in [Carrillo et al. 2019] to more singular nonlocal
equations. More specifically, we consider the models that arise when the repulsion potential energy is
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given by a fractional Gagliardo seminorm

_ p
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with s € (0, 1). In the case p = 2, we define H* := W*?2.
As an application, we study the long-time behavior of the fractional thin-film equation

du — divu"V(—A)Yu) =0 inR" x (0, T), (1-4)

where m € R and (—A)*® denotes the fractional Laplacian of order 0 < 25 < 2. It was recently proved
by Lisini that (1-4) with m =1 is the 2-Wasserstein gradient flow of the square of the H* seminorm up
to multiplying by an explicit constant depending on dimension n and s € (0, 1); see [Lisini 2024]. For
m # 1, interpreting (1-4) is an open problem; we reference [Dolbeault et al. 2009] for m € (0, 1). This
equation arises as a model for the propagation of symmetric hydraulic fractures in an elastic medium; see
below for more details.

We finally bring attention to the fact that modeling attraction and repulsion isotropically does not
necessarily imply radial symmetry of steady state solutions. When the repulsion potential is nonlocal
there are several examples of nonradial energy minimizers; see for instance [Kolokolnikov et al. 2011].

1.1. Symmetric decreasing rearrangements. Symmetric rearrangements are invaluable tools in the study
of symmetry of solutions to partial differential equations. Thanks to the famous inequalities of Riesz
[1930], Pélya and Szego6 [1951], Almgren and Lieb [1989], see also [Lieb and Loss 2001; Burchard
2009], we know that the absolute minimizer of many physical energies needs to be radially symmetric
and decreasing. Hence it follows that ground state solutions associated to partial differential equations
that arise as first variations of these energies need to be radially symmetric and decreasing. However, this
does not imply directly the symmetry of nonminimizing critical points, if they exist.

Continuous symmetrizations provide a useful way to deal with critical points; see [Kawohl 1989]. The
continuous Steiner symmetrization f*, 0 <t < 00, is a continuous interpolation between the original
function f and its Steiner symmetrization; see Figure 1. We write the precise definition with more details
in Section 2. Brock [1995; 2000] used this method to show radial symmetry of any positive solution to
the nonlinear p-Laplace equations. More recently, Carrillo, Hittmeir, Volzone, and Yao [Carrillo et al.
2019] revisited this technique to show symmetry of steady states of isotropic aggregation equations;
see also Proposition 3.1 below. We further mention that the continuous Steiner symmetrization is used
in [Bonacini et al. 2022] to establish a discrete isoperimetric inequality in R? for Riesz-type nonlocal
energies.

Our first main result is that the Gagliardo seminorms are decreasing under continuous Steiner sym-
metrizations. It is well known that the Gagliardo seminorms (1-3) are the natural energies associated
to fractional p-Laplacians and thus are linked to free energies arising from fractional equations, such
as (1-4). They also arise in game theory [Caffarelli 2012], anomalous diffusion [Metzler and Klafter
2000], minimal surfaces [Caffarelli et al. 2010], to name only a few. We refer the reader to [Di Nezza
et al. 2012] for more on fractional Sobolev spaces and fractional p-Laplacians.
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Figure 1. The continuous Steiner symmetrization f° for 0 < t; < 1, < 00 as it interpolates
between the function f and its Steiner symmetrization Sf.

Theorem 1.1. Let 0 < s < 1 and 1 < p < oco. For any positive f € L'(R") N C(R") that is not radially
decreasing about any center, there are constants y = y(n,s, p, f) > 0 and 1o = ©o(f) > 0 and a
hyperplane H such that

L Yoy < L Vpsnny —vT forall0 <t < o, (1-5)
where f7 is the continuous Steiner symmetrization of f about H.
Our result extends to a more general class of kernels as highlighted in the next remark.

Remark 1.2. As a direct consequence of the proof, Theorem 1.1 holds for any fractional seminorm of

// | f(x) — f(y)l”dxdy’
nJre K(lx —yl)

where K : [0, co) — [0, oo] is increasing.

the form

To recover the corresponding local results as s — 1~ and s — 0", one must normalize the energy by
multiplying (1-5) by s(1 — s); see [Bourgain et al. 2001; Maz’ya and Shaposhnikova 2002]. We will
showcase in Remark 3.6 that the constant y = y (s) in Theorem 1.1 remains strictly positive and bounded
as s — 01, 17. Consequently, s(1 —s)y — 0 as s — 0", 17. Regarding s = 0, it is known that continuous
Steiner symmetrizations preserve the L” norms; see [Carrillo et al. 2019]. As for s = 1, we have the
following.

Corollary 1.3. Let | < p < oo. For any nonnegative f € L'(R") N C(R") that is not radially decreasing
about any center, there is a constant 1y = to(f) > 0 such that

f ]Wl P (Rm) S [f]pwl,p(Rn) for all 0 S T S 70-

Consequently,
[f Tuiprn) < [flLipwny forall0 <t < 10. (1-6)
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The control on the Lipschitz norm in (1-6) was first established by Brock [1995, Theorem 11] for a
different variant of continuous Steiner symmetrizations but can be adapted to our setting. We echo his
observation in Remark 8 of the same work, which states that Lipschitz continuity is the best regularity one
can expect under continuous Steiner symmetrizations as kinks can form when symmetrizing a C! function
that is not quasiconvex. The inequality in Corollary 1.3 is not strict as a simple counterexample can be
constructed using that the norm is local; see Example 4.9.

Since Steiner symmetrizations are rearrangements in R” with respect to a single direction, the proof of
Theorem 1.1 relies on a corresponding one-dimensional result for characteristic functions (see Lemma 3.4).
In fact, the definition of continuous Steiner symmetrization of a set (and hence a function) is understood
first in terms of open intervals, then finite unions of open intervals, and lastly infinite unions. Accordingly,
we have found it insightful to make a special study of those functions whose level sets can be expressed
as a finite union of open intervals, also known as good functions. We establish an explicit version of
Theorem 1.1 for good functions. Here, we will explain the simplest setting and delay the detailed result
until Section 4.

Let p =2 and consider a function with a simple geometry, that is, a positive function f : R — R whose
level sets are each a single open interval. In particular, for each i > 0, there are at most two solutions
to f(x) = h, which we denote by x_ = x_(h) and x; = x4 (h). Note that if f is radially decreasing,
then each level set (x_, xy) is centered at the origin. We use a continuous Steiner symmetrization with
constant speed towards the origin:

xI=x:—tsgn(xp+x) forall0 <71 <jlxy+x_|. (1-7)

The energy [ f T]%,S(R) is a double integral involving f* over the spatial variables x, y € R. Formally, we
can make a change of variables to write the energy instead as a double integral involving x} and y} over
the heights &, u > 0, where f*(x+) =h and f*(y+) = u; see Lemma 4.14. With this, we can write the
derivative of the energy for f7 in terms of the level sets of f as

dLf By
dt

o0 OO
= Cs f / (sgn(x4 +x-) —sgn(y++y-))
0 Jo
y [Sgn(m —y4)  sgn(xy—y-) sgn(x——yq)  sgn(x——y-)
Iy —yql* Xy —y_|* lx_ —yql* |x_ —y_|?

In the integrand, we see the derivative in 7 of (1-7) multiplied by an antiderivative of the kernel at the

=0

:|dhdu.

endpoints of the corresponding level sets. We will show in the proof of Proposition 4.10 that this product
is negative when the level sets (x_, x;) and (y_, y4) are not centered. We should note that a different
expression for the derivative can already be found in [Carrillo et al. 2019, (2.23)] for more regular kernels.
In Section 4, we also write an explicit formula for the derivative d/dt|V f* |f »; see Proposition 4.6 and
Corollary 4.7.

1.2. Uniqueness. Uniqueness of critical points within the class of positive and fixed-mass functions
does not follow immediately from the fact that these are radially symmetric and decreasing. For the
specific case of the nonlinear aggregation equation (1-2), when p € (1, 2) one can construct an ad hoc
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isotropic attractive interaction potential such that there are an infinite amount of steady state solutions; see
[Delgadino et al. 2022, Theorem 1.2]. On the other hand, in the case p € [2, 00), [Delgadino et al. 2022]
also shows uniqueness of critical points by introducing a height function interpolation curve over radially
symmetric profiles and showing that the associated energy (1-1) is strictly convex under the interpolation.
See Section 5 for definitions and details.

We show that the square of the H*® seminorms are strictly convex under the height function interpolation.

Theorem 1.4. Fix 0 < s < 1. Let fy, f1 € C(R") be two distinct, nonnegative, symmetric decreasing
Sfunctions with unit mass, and let { f;}:c[0,1] be the height function interpolation between fy and f1. Then

2
= || ft ”H‘T(R")

is strictly convex for all 0 <t < 1.

The uniqueness of solutions to fractional Laplace equations is a deep and active area of research;
see for instance [Frank and Lenzmann 2013; Frank et al. 2016; Chan et al. 2020; de Pablo et al. 2011;
Viazquez 2014; Cabré and Sire 2015; Bonforte et al. 2017; Caffarelli and Silvestre 2009]. Currently, the
methods to show uniqueness within the class of radially symmetric states are quite involved and at times
only address the uniqueness of global minimizers and not of general critical points [Frank and Lenzmann
2013; Frank et al. 2016]. The spirit of Theorem 1.4 is to try to simplify the theory, when possible.

The uniqueness methods presented here do not cover the general Gagliardo seminorm W*? for p # 2.
Still, we are able to show the convexity under the interpolant of WP seminorms for p=>2n/(n+1); see
Proposition 5.2. Moreover, we also cover the case of the potential energy when the potential is radial and
increasing, which we use in the next section; see Proposition 5.4.

1.3. Application to fractional thin-film equations. As an application of Theorems 1.1 and 1.4, we study
the uniqueness of stationary solutions and the long-time asymptotic of fractional thin-film equations given
by (1-4). The fractional thin-film equation with exponent s = % and mobility m = 3 was originally derived
to model the growth of symmetric hydraulic fractures in an elastic material arising from the pressure
of a viscous fluid pumped into the opening; see the original references [Geertsma and De Klerk 1969;
Zheltov and Khristianovich 1955]. A practical man-made application of this phenomenon is commonly
known as fracking, which enhances oil or gas extraction from a well. In nature, this process occurs in
volcanic dikes when magma causes fracture propagation through the earth’s crust and also when water
opens fractures in ice shelf.

Nonetheless, due to the nonlocal and higher-order nature of this equation, there is a striking lack of
mathematical analysis regarding solutions to fractional thin-film equations. Indeed, (1-4) is an interpolation
between the second-order porous medium equation (s = 0), see [Vdzquez 2007], and the fourth-order
thin-film equation (s = 1), see [Bertozzi and Pugh 1994; Otto 1998]. We mention that the study of
self-similar solutions was first started by Spence and Sharp [1985], but rigorous existence of solutions
was only recently shown by Imbert and Mellet [2011; 2015].

Even more recently, Segatti and Vazquez [2020] studied the long-time behavior of (1-4) with linear
mobility m (1) = u by studying the rescalings of Barenblatt [1962]. Namely, if « is a solution to (1-4), we
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consider v defined by the rescaling

u(x,t) =

X . "
(1 +t)°‘v<(1 o loed J”)) in R" > (0, 7),

where «, 8 > 0 are given explicitly by
1
O R S
n+2(1+s) n+2(1+s)

The function v = v(y, t) satisfies the rescaled equation

o= (om(caroealh)
v=V-|vV, (—A)v+ﬁ7 , (1-8)

which contains an extra confining term. Under an extra qualitative assumption on the integrability of the
gradient, Segatti and Vazquez [2020, Theorem 5.9] showed that v converges as T — oo to a solution of
{(—A)Sv =Y kixm () = 3Bly2 in supp(v) C R,
(1-9)
v>0 in R”,
where P; are the connected components of supp(v) and A; are the corresponding Lagrange multipliers,
which can change from one connected component to another.

As is the case for higher-order equations, like for instance the classical thin-film equation, uniqueness
results that do not assume strict positivity of the functions are rare. We mention the work of Majdoub,
Masmoudi and Tayachi [Majdoub et al. 2018] as one of the few available examples on uniqueness of
source solutions to the thin-film equation. With respect to the problem at hand, Segatti and Vazquez
showed the solution to (1-9) is unique under the extra assumption that the solution has a single connected
component. In this work, we instead use the rearrangement techniques described above to show that the
solution to (1-9) is first radially symmetric and then unique by using Theorems 1.1 and 1.4, respectively.

Theorem 1.5. Fix0 <s < %, and let v e CO%Y(R™) be a compactly supported solution to (1-9); then v is

radially decreasing. Moreover, up to scaling, it is uniquely given by
1 2y 1+4s
v(x)=m(1—)»|xl )+ (1-10)

where ). > 0 and k = 4°T'(s + 2)I'(s + %n)/ F(%n)
Remark 1.6. The function v in (1-10) belongs to C!**; hence the Lipschitz assumption in Theorem 1.5

is natural, but it is not currently known.

Following [Lisini 2024] (see also [Otto 1998]), (1-8) is the 2-Wasserstein gradient flow of the energy
functional

EW) = cns[Vlip@n + %/3 /R yPdy, (1-11)

where ¢, s >~ s(1 —s) > 0 is a normalizing constant, depending only on n € N and s € (0, 1), such that
cn,s[v]%ls = ((—A)’v, v) 2rn). Hence any steady state is a critical point of (1-11). By Theorem 1.1, we
can show that if v is not radially decreasing, then (1-11) is decreasing to first-order under continuous
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Steiner symmetrization. However, notice from Figure 1 that f* does not necessarily preserve the support
of f, which we need for the proof of Theorem 1.5 since (1-9) is only satisfied in supp(v). To address this
issue, we slow down the speed of the level sets near the base of the solution v. In particular, for z# > 0, if
x4+ = x4 (h) are the boundary of the superlevel set { f > h}, then we replace (1-7) with

XL =xy—Tsgn(xy+x_) min{ 1, hio}
for some small, fixed #¢ > 0. Unlike (1-7), the perturbation only makes sense for superlevel sets. The
regularity assumption on v ensures that the perturbation is well-defined, as in general level sets can fall,
see Figure 5. This idea first appeared in the work of Carrillo, Hittmeir, Volzone, and Yao [Carrillo et al.
2019] and is fundamental for these types of free boundary problems.

We should note that our uniqueness result does not complete the full characterization of the long-time
asymptotic of the fractional thin-film equation. Our methods only cover the range s € (0, %) and require
a Lipschitz regularity assumption, which is not currently known. Moreover, the convergence result of
Segatti and Vazquez [2020, Theorem 5.9] requires an extra qualitative condition on the integrability of
the gradient of the solution, which is also not currently known.

Lastly, we note that the symmetrization methods in Theorem 1.5 hold for any equation that arises as a
positive mass-constrained critical point of energies that are a combination of:

« isotropic local first-order seminorms:

/ G(|Vv|)dx with G : [0, oo] — R convex,

isotropic nonlocal seminorms:

_ P
/ / lv(x) —v(MI” dxdy with K : [0, 0co] — [0, co] increasing,
n n K(|x _yl)

local functionals:

/F(v)dx with F : [0, oo] — R,

isotropic interaction energies:

% f W(x —yhv(x)v(y)dxdy with W :[0, oo] — R increasing,
n Rl‘l

radial potential functionals:
/ U(]xDv(x)dx with U : [0, co] — R increasing.

The uniqueness strategy presented here is a bit more finicky and only holds for a strict subset of these
equations.
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1.4. Organization of the paper. The rest of the paper is organized as follows. Section 2 contains
background and preliminary results on continuous Steiner symmetrizations. Theorem 1.1 is proved in
Section 3. An explicit version of Theorem 1.1 for good functions is discussed in Section 4. Section 5
presents the height function interpolation and proves Theorem 1.4. Finally, Section 6 establishes properties
of truncated continuous Steiner symmetrizations which are then used to prove Theorem 1.5.

2. Continuous Steiner symmetrization

In this section, we present background and preliminaries on continuous Steiner symmetrizations with
constant speed in the direction e € S"~!. For simplicity in the presentation, we will assume that e = e,
and write x = (x', x,,) € R*~! x R.

Given x’ € R"~!, we denote the section of an open subset U C R” in the direction e, by

Uy ={x, eR:(x,x,) eU)}.
The Steiner symmetrization of U with respect to the direction e, is defined by
SU)={x=u"x,) eR":x, €U},

where U7, = {xn eR:|x,| < %|Ux/|} is the symmetric rearrangement of U, in R. Note that |U,| = |Uy|.
To define Sf for a nonnegative function f € L!(R") N C(R"), we denote the & > 0 level sets of f in the
direction of e, by

Ul ={x, eR: f(x', x,) > h}.

Then, the Steiner symmetrization Sf of f in the direction e, is given by

Sf(x) =/O XS(U:,)(xn)dh-

Definition 2.1. The continuous Steiner symmetrization of an open set U C R is denoted by M*(U),
7 > 0, and defined as follows.

(1) Intervals. If U = (y_, y+), then M*(U) = (y*, y7), where
+

{yi =y_—tsgn(y;+y-),
yi=yr—Tsgn(y;+y-)

{yi = =30+ —y-).

forO0 <t < %|y++y7|
and

for > Yy, +y_|.
2
yL=30+—yo)

(2) Finite union of intervals. If U = J/L, I;, m € N, where I; are disjoint, open intervals, then

m
M U) = M) for0<t <1,
i=1
where 7 is the first time that two intervals M7 (1;) touch. At 7|, we merge the two intervals and start
again.
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(3) Countably infinite union of intervals. If U = | ;2 I;, where I; are disjoint, open intervals, then

o0 m
M (U) = U MT(U;), where U, = U I, meN.

i=1 i=1

Definition 2.2. The continuous Steiner symmetrization of a nonnegative function f € L'(R") N C(R") in
the direction ¢, is denoted by f*, t > 0, and defined as

o0
ffx) = /o )(MT(U;I/)(xn) dh for x = (x', x,) e R".

By definition, f7 interpolates continuously between f = f© and Sf = f*°; see Figure 1. As a
consequence of the layer-cake representation, the continuous Steiner symmetrization of f preserves the
L? norm, see [Carrillo et al. 2019, Lemma 2.14],

I fllee@n =11 f llLe@n, 1=<p<oo. (2-1)
We also have the semigroup property presented in the next lemma.

Lemma 2.3 [Carrillo et al. 2019, Lemma 2.1]. The collection of operators (M*).>¢ satisfies the semigroup
property. That is, for each t1, ) > 0 and any open set U C R,

M (M™U)) =M" ().

Consequently, {7 satisfies the semigroup property: (f™)®2 = f9+% for 1, 1, > 0.

A priori, one could define M* with any sufficiently smooth speed V = V(y, h) : R x Ry — R by
replacing sgn(y) with V(y, h) in Definition 2.1(1). With a different speed however, (M");>o will not
necessarily satisfy the desired semigroup property. Instead, one should replace Definition 2.1(1) with
the ODE

D ==VOL+yL ), ©>0, 22)
yi =y, t=0

With this modification, (M) >¢ satisfies the semigroup property, as long as the level sets remain ordered;
see Section 6.1.

Remark 2.4. The continuous symmetrization considered by Brock [2000; 1995] is equivalent to taking
V(y,h)=y.
Lastly, we note the following consequence of the semigroup property.

Lemma 2.5. Let h > 0 and 1, 72 > 0. For a nonnegative function f € LY (R") N C(RY), we have
dist@{f™ > h}, 9{f™ > h}) < |1 — 7al.
Proof. If 1o =0, then it is clear from the definition that
dist(@{f™ > h}, 9{f > h}) < 1.

The result follows from Lemma 2.3. O
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3. On Theorem 1.1

This section contains the proof of Theorem 1.1. We begin by presenting a simplified version of the result
in [Carrillo et al. 2019].

Proposition 3.1 [Carrillo et al. 2019, Proposition 2.15]. Consider W € C Y(R™) an increasing radially
symmetric kernel with associated interaction energy

1= /R ,, /R FOFOWE =y dxdy.

Assume f € L' (R") is positive and not radially decreasing. Then, there exist constants y =y (W, f) > 0
and o = 1o(f) > 0 and a hyperplane H such that

IIfF1<IIfl—yt forall0<Tt <10,
where f* is the continuous Steiner symmetrization about H.

The original result in [Carrillo et al. 2019] allows for more singular kernels, but our prototype kernels
W(x) =~ —|x|~"~*P are too singular to directly apply their result. In fact, for Z( f) to be well-defined
in our setting, one must replace f(x) f(y) by | f(x) — f(y)|?. To see this, consider the case p =2 and
W (x) = cps|x| 7, where c, s > 0 is the normalizing constant for the fractional Laplacian. Using the
Fourier transform, we can formally write

If1= | If&PWE)de,
R)l
but W(S ) is not defined. On the other hand, using the definition of (—A)?,

1 ] A ‘
5/ fG) = fMPWx —y)dydx = | [E)(=A)fx)dx= [ |fEPIE* dE,
n Rn [Ril Rl‘l
which is a well-defined seminorm.
We use an e-regularization of W for which Proposition 3.1 holds. For each 0 < ¢ < 1, we consider the
energy given by
1

e (3-1)

fé”(f)=/ 1700 = FOIPWelx — y) dxdy,  We(x) =
n Rn
Notice that the kernel associated to F? is integrable for each fixed ¢ > 0 and that

3i_r)r(1)}'f(f) = sup F/(f)= [f]l‘;,j,p(Rn)'

O<e<l

Using that W, is radially symmetric, the energy 7 (f) can be written as
FE) =/Rz 1f) = DI =1f @I =1 fWIP)We(x — y)dx dy
+ [ QPP+ 1F I Wt =) dxdy

= /Rzn(lf(x) — fOIP = 1f NP =1 fDIP)We(x —y)dxdy+C8||f||€p(Rn),
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where the constant C, = C,(s, p) satisfies

Co=2| W.(y)dy—> o0 ase— 0", (3-2)
Rn
For convenience, we define

Isp(f) = ]:sp(f) - CS”f”iP(Rn)

(3-3)
= Rzn(lf(X)—f(y)I"—If(X)I”—If(y)lp)Ws(x—y)dxdy-

Consider the continuous Steiner symmetrization f* of f. As a consequence of (2-1),
d d d
PP U = I + Cell 1) = - 12PN

In the special case of p =2, the integrand in IZ( f) simplifies nicely, and we get
i[Fz(f’)] =41 O SfOWelx —y)dxdy | = —2i(fr We s f7) 2y
dt "¢ dr R2 ¢ dt* > ° L*®

Since W, := —2W, € C '(R") is symmetric and increasing along its rays, we apply Proposition 3.1 to
find constants y,, 79 > 0 such that

(T We s f7) oy < (s We s f) 2@ — vet  forall 0 <t < 1.

We will show that y, can be bounded uniformly from below in 0 < ¢ < 1 and also that we can handle all
1 < p < 00. More precisely, we prove the following result.

Proposition 3.2. Let0 <s <1, 1 < p < o0, and f € L'(R") N C(R") be nonnegative. Assume that, up
to translation or rotation, the nonlinear center of mass is at the origin

[ tan~' (x,) f(x)dx =0 (3-4)

and f is not symmetric decreasing across the plane {x,, = 0}. Then, there are constants y =y (n, s, p, f),
10 = 10(f) > 0, independent of ¢, such that

IP(fT) <ZIP(f)—yt forall0 <t <.

Remark 3.3. In the original reference [Carrillo et al. 2019], the condition of the nonlinear center of
mass (3-4) is replaced by the hyperplane {x, = 0} dividing the mass in half. We impose condition (3-4)
to simplify some measure-theoretical aspects of the proof. We chose the function tan~!(x,) because it
is odd, strictly monotone, and bounded, which makes the integral well-defined under the assumption
f e L'(RY.

Since f7 is defined as an integral in terms of the one-dimensional level sets U ;’, C R of f, roughly
speaking, one can reduce the proof of Proposition 3.2 to a one-dimensional setting. For a fixed £ > 0,
consider the one-dimensional kernel

1
(£2+r2)(n+sp)/2+8

Ke(r) =K, o(r) = for0<e <1,
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so that W, (x', x,) = K, |v|(x,). With the layer-cake-type representation

If(X)—f(y)I”—If(JC)I”—If(y)l"’=—p(p—1)/0 /0 |h_M|p72XUi',(xn)XU:",(yn)dhdu»
we write (3-3) as

2(f) = Rzﬂ(lf(ﬁf’,xn)—f(y', YIP = 1F )l =1 f O y)IP) K 1w —y (6 — yu) dx dy

——p(p—1) / 2 / =l () ) K = (5 — 30) d i dy
R2n R+ X y

=—p(p—1) / / |h—u|P™? f Xun (k) Xt (9n)
R2(n—1) Ri R2 x ¥
X K |x—y|(Xp — yn) dXn dyp dh dudx'dy’. (3-5)

Consequently,
L1707 = —p(p—1) =12 e o @) Xage iy ()
dr "¢ R0 JR2 dt R2 MU )\ M(U),,) n
X K¢, jx'—y|(Xn—Yn)] dxn dyn dh dudx’ dy'.

Hence, to establish Proposition 3.2, we first study the corresponding problem in one dimension.
For open sets U, U, C R, define

I.(v) = I,[Uy, U2](7) := /RZ Xmr ) (X)) Xmr ) (V) Ke(x —y)dx dy,

where K, = K, ¢ for a fixed £ > 0. The main lemma of this section establishes that I.(t) is strictly
increasing in T > 0 when U; and U, are sufficiently separated.
For a function g = g(t), we denote the upper and lower Dini derivatives of g respectively by

+ 8) — - S) —
d_g(f) = lim Supg(r-i-—)g(f) and d_g(f) = limsup M (3-6)
dt §—07+ s dt §—>0~ s
Lemma 3.4. Let Uy, Uy C R be open sets with finite measure. Then
dt
Elg(r) >0 forallt>0. (3-7)

If, in addition, there exist 0 < a < 1 and R > max{|U,|, |U,|} such that |U1 N (%|U1|, R)| > a and
U2 N (=R, —3|U2])| > a, then
d* 1 3 1
EIS(T) > @Ca >0 forall0<t < Za, (3-8)
where
c=min{|K{(r)|:r € [%a,4R]}.

To prove Lemma 3.4, we apply Propositions 2.16 and 2.17 in [Carrillo et al. 2019] to I, and show
that the upper Dini derivative of I, can be uniformly bounded below. For the sake of the reader, we first
provide a brief, formal argument in the simplest setting. Indeed, if U; = [¢; — r;, ¢; +1;], i =1, 2, then
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we can write
ri+c1—1 sgn(cy) ra+co—1 sgn(cr)
Lo = | / Ke(x —y)dydx. (3-9)
—ri+c1—tsgn(cy) J —ra4c2—1 sgn(cz)
By the semigroup property, it is enough to take the derivative at T = 0 and estimate

d+ r r+c—cy .
Elg (0) = (sgn(c) — sgn(cy)) K. (x—y)dydx. (3-10)

—r1J—r+c—cy
If ¢; > ¢y, then Q = [—ry,r1] X [—r2 4+ 2 — ¢y, 12 + ¢ — c1] is a rectangle in the xy-plane centered
across {x = 0}. Since K, is increasing in {y > 0} and decreasing in {y < 0}, one can show that
d*/dtI,(0) > 0. The more refined lower bound is roughly controlled by the size of the excess strip
[—r1, 1] % [r24 2(ca —c1), 12+ c2 — c1] and by K.

Proof of Lemma 3.4. First consider when U; = [¢; —r;, ¢; + 1], i =1, 2, are intervals. Then, following
the proof of [Carrillo et al. 2019, Lemma 2.16], we can show that

dt .
Els(o) > de min{ry, r2}|cy — ¢,
where
de = min{|K.(")] :r € [z —erl, ri 42+ le2 —arl]}-
Since "
reN n-rsp 2 25 (n+sp)/2—1
K (r)= (2 4 r2)nsm/2 1 g2 (& +r7) r
for all 0 < ¢ <1, we have
K. (r)| = |K{(r)]. (3-11)

Hence d, > d; and

+
Z_IIE(O) > dy min{ry, rp}|c; —ci| forall0 <e <1.

With this, we follow the proof of [Carrillo et al. 2019, Lemma 2.17] for U;, U, finite open sets to show

ﬂ] (r)>Lc a®>0 fora110<r<la
dr © 7 —128°° - 47
where
Ce =min{|K;(r)| = [}La,4R]} > min{|K{(r)| ir € [%a,4R]} =c. O

Before proceeding with the proof of Proposition 3.2, we will need the following technical lemma for
the case p # 2.

Lemma 3.5. Under the assumptions of Proposition 3.2, for a > 0 small and R > 0 large, define the sets
B, B%:

B ={('" ) e R x (0,00): |ULN (UL, R)| > a and |x'|, h < R}, 12
B ={(x',h) e R" x (0,00) : UL, N (=R, —3|UL|)| > a and |x'|, h < R}.

If BY has positive measure, then there are heights 0 < hy < hy < 00 such that both
BiN{h <h} and B{N{h> hy}

have positive measure. Similarly for B®.
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Proof. Consider a density point (x’, h) € B{ and the rectangles
Recs = {(y',u): |y'| < R, |u—h| < §}.
Note that |Recs| = w,8 R*~!, where w, is the volume of the unit ball in R" . By density,
|Bf NRecs | >0 for every § > 0.
Let 6 <« 1 be small enough to guarantee

| B N (Recs)“| > 0.

For such a small §, it follows that
min(| B NRecsz |, |BS N (Recs)]) > 0.
The lemma holds by choosing iy =h’ —§ and hy =h' — 18, or hy =h'+ 18 and hy = ' + 3. O

Proof of Proposition 3.2. The proof follows along the same lines as the proof of [Carrillo et al. 2019,
Proposition 2.15]. We will sketch the idea in order to showcase where we need Lemma 3.5 and where we
apply the estimates in Lemma 3.4, which we have already established to be independent of 0 < & < 1.
First, since f is not symmetric across H = {x,, = 0}, there exist a > 0 small and R > 0 large enough to
guarantee that at least one of the sets B, B? defined in (3-12) has positive measure. Due to the nonlinear
center of mass condition (3-4), we know that both of them need to have positive measure.
As a consequence of Lemma 3.5, there exist 0 < 2 < hy < 0o and 0 < u; < up < 0o such that the sets

BiN{h <hi}, BiN{h>hy}, BiN{u<u}, BLN{u>us}

all have positive measure. Without loss of generality, assume that | < hy. Otherwise h; < u, and the
proof is analogous.
Next, we use (3-5) and the definitions of f7 and I/ [U;’,, U;,](r) to write

2(fH=-p(p—1 Rz(’ll)/Rz b —uP72 17U}, USI(z) dhdudx' dy'.
+

Using (3-7), we can estimate

d+

——[Z2(f)]= p(p—1) / h—ul? 2 LUt Ut dh dx dudy
dt B4 N{u<uy}J BEN{h>hy) dt
> m,,,f/ / Lo, Ut)(o) dh dx' dudy',
B Nfu<ur)J BEA{h=hy) 4T

where
|hy —u P72 if p>2,
myr:=pp—1 41 if p=2,
(2R)P~2 ifl<p<2.
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Applying now (3-8) and following the proof of [Carrillo et al. 2019, Proposition 2.15], we obtain

dJr D T 1 a a . / 4
O] = Gogg™me s 1BEN U = ol IBLO{u <wi)| _min [Wi(r)la* >0

forall0 <t < %a where, with an abuse of notation, W;(r) is such that W;(|x|) := W;(x). Il
We conclude this section with the proofs of Theorem 1.1 and Corollary 1.3.

Proof of Theorem 1.1. Without loss of generality, assume that H = {x, = 0} coincides with the nonlinear
center of mass condition and that f is not symmetric decreasing across H. For 0 < ¢ < 1, let 7/ and 7/
be as in (3-1) and (3-3), respectively. Using (2-1), we have

FE) = Cell Aoy +Z2(FT)
=T +IZEST) =T
By Proposition 3.2, there are constants y =y (n, s, p, f) and 19 = 79(f) > 0, independent of ¢, such that
FP(fY) <FP(f)—yt forall0 <t <1.
The statement follows by taking ¢ — 0. |

Remark 3.6. Notice from the proof of Proposition 3.2 that

_ . n+ p)yr"tr-1
lim min [W/(r)]= min (ntpr >0
s—1- refa/4.4R] rela/4,4R]  (r"tpP 4 1)2
and also
nr'-1
lim min |[W/(r)]= min — >0.
s—0* refa/4,4R] rela/4,4R] (r" 4+ 1)2

Therefore, we have
lirP y(n,s, p, f)>0,
s—1-

lim y(n,s, p, f) >0,
Jim 7y (n, 5, p, f)

and we have s(1 —s)y — 0 as s — 0", 1. After multiplying both sides of (1-5) by s(1—s) and taking the
limit as s — 17, we obtain Corollary 1.3. Note that if we instead take s — 0", we do not contradict (2-1).

4. Explicit representations for good functions

Here, we define and establish preliminary results for good functions, then we prove an explicit version of
Theorem 1.1 for good functions.

4.1. Good functions and local energies. We begin by presenting the definition of good functions and
highlight their uses, which can be found in the work of Brock [2000; 1995]. We note that Definition 2.1
is broken down into cases for which the open set U C R is either an interval, a finite union of intervals, or
an infinite union of intervals. Good functions are those functions whose sections U ;’, are a finite union of
intervals which allows for explicit computation of both the fractional energy for f* and its derivative in 7.



2340 MATIAS G. DELGADINO AND MARY VAUGHAN

Definition 4.1. A nonnegative, piecewise smooth function f = f(x’, x,), x' € R"™!, x, € R, with
compact support is called a good function if:

(1) for every x’ € R"~! and every i > 0 except a finite set, the equation f(x’, x,) = h has exactly 2m

solutions, denoted by x, = x! (x, h), satisfying x! < x!T1, ¢=1,...,2m, where m =m(x’, h) < oo,
and
) 0
) inf{ f ', x)|:x e R, x, €R, and f x', xp) exists} > 0.
X, Xn

The functions illustrated in Figure 1 and below in Figure 2 are good functions. In general, one might
think of good functions as a collection of peaks, creating a mountain range.

Notation 4.2. We denote the solutions x, to f(x’, x,) = h using subscript notation xp;_; < xy; for

k=1,...,m =my. (This is not to be confused with the subscripts in x’ = (x1, ..., x,_1).) In the case
of m = 1 or when considering an arbitrary interval (xx—_1, x2¢), we will commonly adopt the notation
Xy = xp and x_ := xpr_1. We will also denote solutions y, to f(y', y,) = u by yy_1 < yy for
L=1,....,m=m,.

Remark 4.3. If f is a good function that is symmetric and decreasing across {x, = 0}, then it must be
thatm =1and x_ = —x4 forall 0 < i < || f || oo ().

Just as finite union of intervals can be used to approximate open sets in R, good functions can be used
to approximate Sobolev functions.

Lemma 4.4 (see [Brock 2000]). (1) Good functions are dense in W}r’p (R™) forevery 1 < p < oo.
(2) If f is a good function, then f* is a good function for 0 < T < o0.

Good functions are a powerful tool for continuous Steiner symmetrizations as they allow us to take the
t-derivative directly and expose a quantification of asymmetry. Even in the local setting (see Corollary 1.3),

we can explicitly estimate the derivative in t of || f7|| when f is a good function. This is in

pwl«p([r@n)
contrast to the original approach of Brock [2000], which relies on convexity to estimate the difference in
norms of f and f°.

We present the following discussion for the interested reader to showcase the convenience of using
good functions in computations.

Since the sign function is not differentiable at the origin, fix & > 0, let §; be an e-regularization of the

usual Dirac delta .
= if |x| <e,

8e(x) = {28

0 if |x]| > e,

and consider V, in (2-2) such that V/ =28,. Let M™¢(U) denote the continuous Steiner symmetrization of
an open set U C R with speed V., and let f™¢ denote the corresponding continuous Steiner symmetrization
of f. As the regularization parameter & goes to 0", we recover the original rearrangement:

Lemma 4.5. Let f : R" — R be a good function. For any continuous function g : R" — R, we have

lim fffgdx= | ffgdx.
Rn

e—>0" JRn
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Proof. Step 1. We consider
p
U= U(XZifl,XZi)
i=1

an open set which is the union of r € N intervals. Then, we can show the following bound:
IM®¢(U)AMT(U)| < (r+3)e forall t >0. (4-1)

Proof of Step 1. We start by perturbing the set U by considering
N
U =UU(-¢,¢)= U(xz_l,xé,-),
j=1

with s <r + 1. As we added the set (—¢, ¢), there can exist at most one interval [;, = (xgio_l,xi.o)
satisfying |x§i0_1 + x§i0| < e. We expand this interval to center it; namely we consider the new interval

T _  ze ~e N __ 7.
liy = (Xp;,—1> X)) = Lig U P

such that |P| < ¢ and |)E§l.0_1 — i§i0| = 0. If there are any new nontrivial intersections with /;,
the intervals and repeat the process. This procedure finishes in kg steps with 1 < kg <r + 1, where r is
the original number of intervals. Hence we constructed an open set S(U?) that satisfies U® C S(U?) with

at most r — ko + 2 disjoint intervals and

we relabel

|USAS(U?)| < koe.
The advantage of the set S(U?) is that the rearrangements coincide:
M%4(S(U?) = M"(S(U®)) forall t <1,

where 1) is larger than the first time when two intervals meet. At t;, when there exist an interval
I, = (x3;, _y, x5, ) satisfying |x3; | + x5, | <&, we repeat the procedure of enlargement and centering
from before. This process ends in k; steps with 1 <k; <n—ko+ 1 and produces a new set S(M™ (S(U*?))
that satisfies M™ (S(U?)) C S(M™(S(U?))) with at most r — kg — k1 + 2 disjoint intervals and

M (S(U*)AS(M™ (S(U*)))| < ke.
Again, the rearrangements coincide for the set S(M™ (S(U?))):
MDE(SM™(SWU®) =M (SM™(SWU?))) forall T <1,

where 17 is larger than the time when two intervals meet. Continuing this process inductively, we can
produce a discontinuous family of open set {U; };~¢. Using that the rearrangements preserve containment,
we can obtain

M*(U)UM™*(U) cU; forall T >0.

This process adds at most r 4 3 intervals of size ¢. Hence

IMT(U)AM®*(U)| < IMT(U)AU;| < (r +3)e.
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Step 2. We show that, for any good function f, satisfying that U ;’, has at most r € N intervals for every
x" € R"~! and every h > 0, we have for any g € C(R") that

lim frfgdx= | frgdx.
R)’l

e—=>0" Jmn

Proof of Step 2. Using the representation,

/g(X)f”S(X)dx—/ g(x) f*(x)dx
R R

f (f77 () = fT(x))g(x)dx
supp f

I flloo
/0 f f(XM”(Uf,) - XMr(Ug,))g(X) dx dh‘
supp )
= ”g”Ll(suppf)”f”oo sup |Mt’£(Uf/)AMT(U;Z,)|
x'\h

= ”g”Ll(suppf)”f”OO(r +3)e =0,
where we have used Step 1 for the last bound.

Step 3. To conclude the proof, we can approximate any good function f by a sequence { f;},en of good
functions such that f, satisfies the properties of Step 2. 0

We now present an explicit estimate on the derivative of || f7||

";,L @)’ For simplicity, we will only
state the case of n = 2.

Proposition 4.6. Assume that f = f(x, y) is a nonnegative good function; then

d
E[fr]lvjvl.p(RZ)

=0

0o M -p -p
. 0y 0y2k—1
< -1 f ) )|
= —limin /ﬂ;e/o ; e (Vok + Yok—1) o ‘ o
dya\* PRY 8y (Byax Oyak—1\ | 8yak || 8yau_i |
x| pl|l—=—) +1 +
0x 0x 0x 0x oh oh
+ 0y2%—1 2+1 PRy 1\ (9o n dyok—1\ | 9yar—1 || dyak |”
P\ "ox ax ox | ox on || oh
(-1 0y 2+1 P12\ 3yor_1 [P (| 8yax |92kt
P ax oh oh oh
Iyau—1\ PRy |7 (|9y2k | | 0yakr
—1 _ 1 — dhdx,
P )(( ox > +> oh oh oh *

where f(x,y;(h))=h fori=1,...,2my and m,, =m(x, h).

When p =2, we can further factor the integrand to readily check the sign of the derivative.
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f ./‘T h

Yy 2 5 ViYs o Vi va
Figure 2. Graph of f and f* in Example 4.9 with t = .25, x =0.

Corollary 4.7. Assume that f = f(x, y) is a nonnegative good function; then

d
o A P

=0

o * o avar || dyak—1 |2 (|9vak | | | 9yakt
S—llgégf/[RA ;35()’%4‘)’%—1) o ‘ oh (‘ o —|—' oh )
x [( % - ‘% >2+Ak(h)<a§]§k, ay§i1>‘<aay;k, ay;ilﬂ dhdx <0,
where Ay (h) is the positive semidefinite matrix
Ar(h) = 3y ‘ dy2k-1 | 3y ‘2
ah |1 an oh

Remark 4.8. In the case of p # 2, we have checked numerically that the integrand in the expression
for the derivative is indeed negative, but due to the nonlinearity, we have not been able to analytically
observe the sign as cleanly as in the case of p = 2.

Notice in Corollary 4.7 that the derivative is strictly negative if and only if

dy2x dy2k—1
oh 7 oh
on a set of positive measure. Indeed, as mentioned after Corollary 1.3, the strict inequality does not hold

(4-2)

in general. For instance, the derivative in T can be zero when supp f is not connected but f is radially
decreasing in each connected component. We illustrate this with a simple example.

Example 4.9. Consider the good function f : R> — R given by

Je,y)=1-21C, y+2)1+2 if|(x,y+2D[ =1,
0 otherwise
and illustrated in Figure 2 at x = 0. One can readily check that equality holds in (4-2), so that the integrand
in Proposition 4.6 is exactly zero.
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Proof of Proposition 4.6. Begin by writing the energy as

afT 2 AfT 2\p/2
1P — TP —
[f ]Wl,p(RZ)_/I;2|Vf | dex—ﬁQz(( 8x> +<8y> ) d}’dx

For each fixed x € R, we make the change of variables f(x, y) = h using the coarea formula in the

variable y to write

_ af‘r 2 8fr 2\pr/2
8= [ (50) +(5) )1

dy 3y
af

LG G ) TR

dy ‘{f(x,y)=h}

dydx

dhdx.

Since f is a good function, for each 2 > 0 except a finite set, there are at most 2m, solutions to f(x, y) =h.

We denote these by y; = yi(x, h), i =1, ..., 2my. In the new variables, we have
of ayL\™! f’ ayT\™!
; = 0, = 0 4-3
8y(x y+) (ah < ( y-) = o > 4-3)
and
aff ayT (ayI\' afT Ay~ (9yT\"!
(xy+) ™ <8h : (xy)—ax o
for an arbitrary y_ < y, (recall Notation 4.2). Then, we write
aka Y3 - Y3 2\ Y3y
Tty = Z on ) T\ on dh
n AT g AT _2+ CALTo 2\ AT dhdx
0x oh oh oh '

For simplicity in the proof, let us assume that m;, =1 or mj; = 0 for all & except a finite set and write

/f 3y+ WL\ (R TVl
ooy = dh dh dh
AyT\? /oyt \ 2 Ay 2\?| oyt
“=1dhd
+(<ax><ah> +<ah> ) ah} *

ByfL
oh

-, / [«M) 1)17/2 1_”+((88y;>2+1>p/z o "

We have now arrived at a useful expression for taking the derivative in t. Indeed, let V, be an approximation
of the speed V (y) = sgn(y) such that §, = V.. Then, from (2-2) with speed V;, we obtain

0 0
—8:(y +y_ )(ﬁ+i)

]dhdx.

32Yi
atoh

oh
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and similarly
9%y% dy+ By

= -5, i T
dtax (v - )( + 8x>

With this we can use the lower-semicontinuity of the W!” seminorm to have

f ]WIP(R” =0

< U rrTe
i 720 Ty

=0
o [T ) (5o (3 sl
() ) G Gl
+(p-1) <<88y—x+)2 + 1),,/2 (Lh*) 86y + @L; + %)
(3 | (355 e
Recalling (4-3) and factoring gives the desired expression. O

4.2. Explicit derivative computation for good functions. The objective of this section is to compute the
derivative of the nonlocal energy explicitly. With the same notation as in Section 3, we consider again
FF and T? defined in (3-1) and (3-3), respectively. When f is a good function, we can write each U ;’
in (3-5) as a finite union of open intervals. This provides a useful expression of Z/ which allows for more
explicit computation.

It will be useful to notate the first and second antiderivatives of K (r) = K, |x/|(r) in r respectively by

Ko)i= [ k©de. Koy= [ [ K@ azdp. (44
We now present the main result of this section.

Proposition 4.10. Let ¢ > 0. Assume that f is a nonnegative good function. Then,

d P
drj:s =0
my  mp
=—p(p—1 h—u|P~?
p(p )/R/Rf/ > lh—ul
=1 k=1
X [ K, 1v—y (Xak — y20) — K g vy (xok — Y2u—1)

— K g vy (Xak—1 — y20) + K g v/ —y| (X2k—1 — yae—1)]
X (sgn(xok + x2k—1) — sgn(y2e + y2e—1)) dhdudx'dy’ <0,  (4-5)
where f(x',x;(h)=h, f(y,yiw)=u fori=1,...,2mand m, =m(x', h), m, =m(y', u).
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\\
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L 4

g g g

E. E_ E.

Figure 3. Decomposition of supp f based on the center of mass of the level sets.

Even more, we can explicitly write down the derivative in real variables.
Notation 4.11. For an interval I = (a, b) C R, we write

It ifa+b>0,
I=31° ifa+b=0,
I~ ifa+b<0.

For a fixed x € R", we write the sections as a finite union of intervals:

Ul = Lmj I = (U 1,*) U (Cj 1}’) U (U 1,.—) for h = f(x)
i=1 i=1 i=1

i=1

and where m =my +mo+m_. We define E,, Ey, E_ C BU);(X) as the set of points that belong to a
piece of a boundary of a level set that is moving to the left, centered, and moving to the right, respectively;
see Figure 3. More precisely,

E.={x:x,€0I"), Ey={x:x,€0l°, E_={x:x,€9l7).
The following corollary of Proposition 4.10 follows from undoing the change of variables.

Corollary 4.12. Assume that f is a good function. Then,

d —

dmro| L =wo-n([ [ Roetn-sp w0
T =0 E. JE_UE,

- / / I?S,W_yq(xn—yn)fx,,<x)fyn(y)dxdy). (4-6)
E_JE,UE,

One can view the expression on the right-hand side of (4-6) as a quantification of asymmetry. Indeed,
if f is radially symmetric across {x, = 0}, then £, = E_ = & and the derivative is zero. Note that if
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|Eop| = 0, then (4-6) can be written concisely as
d —
Lra| L =arw-0 [ [ Ktn-mfa@p,odxdy. @)
T =0 E,JE_

Unfortunately the integrand of this expression does not have a clear sign, and the sign only appears when
we are considering the level-set representation. We illustrate this in the following example.
Example 4.13. Consider the good function f : R*> — R given in Example 4.9, and let
B1(0,1) ={(x', xy) € R" X R |(x', 3y =) < 1},
From (4-7), we have

X, +2 Yp—2 J
|(x", X0 +2)[ (Y yn —2)]

Yn—Xn xn +2 yn _2
:—4p(p—1)/ / / Ko |x—y(r) drdxdy
5102 8.0.-2Jo S G e + 211G e —2))

since x, <0 < y, forall |(x’, x, +2)| <1, [(/, y» —2)| < 1. Notice that the sign of the integrand in this

d —
d—Fs”(f’) =4p(p— l)f / K-y (X0 —Yn) xdy
T =0 B1(0,2)J B1(0,~2)

expression is not positive for each fixed (x', x,,), (', y»), and r in the domain of integration. The sign is
instead observed by studying the endpoints of the level sets as done in the proof of Proposition 4.10.

4.2.1. Proof of Proposition 4.10. We begin with an expression for the fractional energy in terms of its
level sets.

Lemma 4.14. Assume that f is a nonnegative, good function. Then,

FLO) = Cell £ 120
my, my

_ B o0 OO B b2
=p(p 1)/{}%/[&/0/0 2.0 lh—ul

=1 k=1
X [1?8,|x/—y/|(x2k —y2) — Es,\x’—y/l(XZk —Y20-1)
- Es,\x’—yw(xzk—l —y2) + I?g,|x’—y’\(-x2k—] — yzg_l)] dhdudx’dy',
where f(x',x;(h)=h, f(y,yiw)=u fori=1,...,2mand m, =m(x', h), m, =m(y', u).
Proof. As in (3-5), we begin by writing
FP(f) - Cs||f||ip(Rn)

=—p(p— 1)/ / |h — ul”_Q/ Xun ) Xy () K, 1x'—y| (Xn — Yn) Xy dy, dh du dx' dy'.
R2(n—1) R%— R2 X y

Fix x/,y € R*~! and let h,u > 0. Since f is a good function, there are at most mj, solutions to
f(x', x,) = h, which we denote by x;_| < xox, k=1, ..., m,. We similarly denote the solutions to
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FO y) =uby ya_1 <y, £=1,...,my,. Then we have

/2 Xuh (xn)XU)h, (yn)Ks,lx’—y’l(xn - yn) dxn dyn
R * '

my  mp

Y2 X2k
= ZZf f Kg"x/_yll(xn — yn) dxn dyn
£=1 k=1 Y217 X2%-1
Mu Mhoeyy B
= Z Z/ [K8,|x’_y/\(x2k - )’n) - Ka,|x/_y/|()C2k_l — yn)] dyn
f=1 k=1 Y Y2t-1
My My ~
= _Z Z[Ks,\x/,yq()@k — ya) — K€q|x/7y/|(x2k — yar—1)
=1 k=1

- Ee,uuyq(xqu —y20) + Ee,\xuyq(xqu —y-]. O
We are now prepared to present the proof of Proposition 4.10.
Proof of Proposition 4.10. First fix ¢ > 0. Since f is a good function, we know that f7 is also a good

function. By Lemma 4.14 for f* and applying (2-1), we have

my  nmp

B =Clf W +oo=0 [ [ [0S h—ur

=1 k=1

T T 7 T T
x [K&Ix/—y’l(xzk — Y20) — Ko jw—y | (X0 — Y2p—1)

— K vy (X1 — ¥3¢) + I?&Ix’—y’l (g — YZTZ—I)] dhdudx'dy'.

From Definition 2.1(1), we have
L —3) = — e+ xo ) —sen(a v ) fori =2k, 2% —1, j=20,20— 1.

Therefore, taking the derivative of FZ (f7) with respect to T gives

d 00 00 m m 2
4 o(fty = p(p— 1)/ / / h— )P~
dt R2=1 Jo Jo ;;

d

X E[Ea,lx/fy’l(xfk = ¥3) — Es,lx/fy’\(xgk — Y30-1)
- I?e,lx/—y/l (Xg—1 = ¥3¢) + I?a,lx/—y/l (X1 — yzte—l)] dhdudx'dy’
o0 o0 m m 2

=—p(p—1)f / / |h—u|P~

X [K e pv—y1 (X3, = ¥3) = Ke -y (X3, = ¥3¢_1)

— Koy (03— ¥30) + Koy 65y — 3, 1)]
X (sgn(xox 4+ x2k—1) — sgn(yae + y2e—1)) dh du dx' dy'.
Evaluating at T = 0, we obtain (4-5).
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We next show that the integrand in (4-5) is positive for each fixed x’, y', h, u, k, £. For this, we use the
simplified notation

Xy =Xk,  X— =X2k—1, Y+ =D, Y- =Y2u-1 (4-8)
and K, (r) = K¢ |x—y|(r). Assume, without loss of generality, that
(et +x-) = (y++y-) > 0.
Then, it is enough to check that
[Ke(xy —yi) — Ke(xy —y-) — Ko(xo —y )+ Ko(xo —y_)] > 0. 4-9)

We break into three cases based on the interaction of the intervals (x_, x4) and (y_, y4). In the following,
we will use the antisymmetry of K. (r) and that K/(r) < 0 for r > 0.
Case 1. Embedded intervals: (y_, y4+) C (x—, x1).

Since x_ < y_ < y4 < x4+, we have

I?s(x—o—_y-i-)_l?s(x—o—_y—)_l?s(x—_y+)+1?s(x—_y—)
:/x+ a Kg(r)dr—/x+ T Krdr

—(x——y-) —(x—=Yy4)
(e t+x-)—=(y++y-)
=/ [Ke(r + (y— —x-)) — Ke(r + (y+ —x-))1dr
0

(e +x_)=(y4+y-) py——x-
=/ / K/(r +&)dé dr
0

Yp—x_
(G tx )= 4y-) pye—y-

=—/ f K +&+y_ —x_)d& dr
0 0

2 [ +x) = O +y )0 —y-)  min |K.(r)| > 0.

_—X_<r<Xy—

Case 2. Separated intervals: (y_, y+) N (x_, x4) = .
Since x_ < y_ < y4 < x4, we have

Ke(xy —y) —Ke(xy —y ) —Ke(xrm —yp) + Ko(xm —y-)
=/ o Kg(r)dr—/ T K dr

—=y+ -

=/ UK Hx—y) — KO+ x—y)ldr
0

_ /XM/XH K/(r +&) dE dr
0 X

,7)’,
Xp—X_ LYY
=—f / K.(r+&+x_—y,)dédr
0 0

> (g —x)(y+ —y-) min |K.(r)] > 0.

X_— Y4 <r<xy—y_



2350 MATIAS G. DELGADINO AND MARY VAUGHAN

Case 3. Overlapping intervals: (y_, y4) ¢ (x—, x4+) and (y—, y4) N (x_, x1) # &.
Since y_ < x_ < y4 < x4, we have

Xp—y- =4 —yp) + Oy —x-) + (x= —y-),
so that

Koy —y ) — Koy —y ) —Ko(xo —yp) + Ke(x— —yo)
X+—)+ V=X X——y- X+—y-
=/ Kg(r)dr—{—/ Kg(r)dr—f—f Ks(r)dr—f K.(r)dr
0 0 0 0

V=X~ X_—y- Xp—y—
/ K. (r) dr-i—/ K .(r)dr —/ K .(r)dr
0 0 X

+— Y+

Y4—x— x_—y- Y4y
/ K(r)dr+/ Ke(r)dr—/ K.(r+xy—yy)dr
0 0 0

Y4—X_ X_—y_
/ Kg(r)dr—i—/ K. (r)dr
0 0

X_—y_ Y+—y-
—/ Ks<r+x+—y+>dr—/ Ko(r+xy —y)dr
0 X_—y_

V=X~

_ Ko(r)dr+ / K dr
0

(=]

X_—Yy— Vy—X_
—/ Kg(r+x+—y+)dr—f Ke(r+xy—yr+x_—y_)dr
0 0

Y4—x— p e tx_)—(y4+y-) X_=Y— LX4—Y+
=—[/ / Ké(r—l—é)dédr—i—/ f Kg(r+§)d§dri|
0 0 0 0

> [0 +x0) = (g +y )0 —x) _min K]

<r<xy—y—

4+ (x_ —y)(xy — min K (")) =0.
( y)(xy y+)0<r<(x++x7)7(y+iyi)| ()]

We have established (4-9) in all possible cases. Recalling (3-11) and a further analysis of the final
expressions in Cases 1-3 shows that they are monotone as ¢ — 0. Moreover, FL(f) = FP(f) as
¢ — 071. Hence, in this case, we can conclude that
NP ypeN R g
sllrg+ drfg (5 =0 drf (9 =0

and that the sign of the derivative is preserved. 0

5. Interpolation between symmetric decreasing functions

Let us now review the interpolation between symmetric decreasing functions of unit mass introduced in
[Delgadino et al. 2022]. Consider a nonnegative, symmetric decreasing function f € L'(R") N C(R")
with mass 1. The associated height function H : (0, 1) — (0, || f||z=®)) is defined implicitly by

min{ f(x), Hm)}dx =m form € (0, 1). (5-1)
Rn
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--------- f(x) = H(m)

Ml cooooo

Figure 4. The height function H (m) associated to f(x).

That is, H (m) is the unique value such that the mass under the plane f(x) = H(m) has mass m € (0, 1);
see Figure 4. The height function H satisfies the following properties.

Lemma 5.1 (see [Delgadino et al. 2022]). Let f € L'(R") N C(R") and H be its associated height
function defined in (5-1). Then:

(1) H=H(@m) € (0, || f|lzo®n)) is continuous, strictly increasing, and convex on (0, 1).

(2) If in addition we assume that f has compact support and is strictly decreasing in the radial variable,
then
lim H'm)=|{f >0}"! and lim H'(m)=+o0.
m—0t m—1-

(3) The function H fully determines f as

1
700 = [ ey 1o COH Gn dm, where ) = o (0. (52)
0
(4) For almost every m € (0, 1), we have

’ 2+1/n
yn L™ 7 ;m)(;) >0, (5-3)
where @ : [0, 00) — [0, 00) satisfies f(x) = P(|x|).

—®' (¢, H'(m))™"™) = ne

Proof. Properties (1)—(3) are established in [Delgadino et al. 2022, Lemma 2.1]. Property (4), established
in [Delgadino et al. 2022, Lemma 4.2], follows from differentiating the identity

(e, H'(m))~Y") = H(m). O

Now, consider two symmetric decreasing functions fy, f] € L'(R") N C(R™"), both with unit mass, and
let Hy, H; denote their associated height functions. Let H;, 0 <t < 1, be a linear interpolation between
Hy and H;:

H,(m) = (1 —t)Hy(m) +tH(m). (5-4)

By Lemma 5.1 statement (3), the height function H; uniquely determines a radially decreasing function
fi € L'(R") N C(R") with unit mass. In particular, { ft}iero,17 1s an interpolation between fj and fj.
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It is shown in [Delgadino et al. 2022, Proposition 2.3] that the p-th power of the L? norms are convex
under this interpolation if and only if p > 2. More precisely,

<0 ifl<p<?2,
LAl gy §=0 if p=2, for0 <1 < 1. (5-5)
>0 ifp>2

d2
dr?

In our next result, we determine when the W!-? seminorms are convex under the height function interpo-
lation.

Proposition 5.2. Fix 1 < p < oco. Let fy, fi € WHP(R") be two distinct, nonnegative, symmetric
decreasing functions with unit mass, and let f;, 0 <t <1, be the height function interpolation between f
and fi. Then,

o L = f IV £1P dx
Rn
is convex if p>2n/(n+1).

Consequently, the following a priori estimate on the interpolation holds when p > 2n/(n+ 1):

trel}g-}][fl]lp;v],p(Rn) S max{[fo]a/].p(Rn)v [fl]a/l,p(Rn)}' (5_6)

Remark 5.3. It is not known if the condition p > 2n/(n+ 1) is sharp for the convexity in Proposition 5.2.

Proof. Given a symmetric, radially decreasing function f € W7 (R"), we let ® : [0, c0) — [0, c0) be
such that f(x) = ®(|x|) and write

o0
VS|P dx =nc, / e ()P dr. (5-7)
R 0

As a consequence of (5-2), the radial variable r can be expressed in terms of the height function H as

r=(cyH'(m))~"",
which gives
" H"(m)

dr = — n H/(m)lJrl/n

Moreover, using (5-3), we can write

®'(r) = —nc," (H'(m))** /"
" H'(m)

Therefore, applying the change of variable r — m in (5-7) gives

(H'(m))?@H1/m e " H (m)
(H'(m)? — n H'(m)'+/n

1
/ IV 17 dx = nc, / (caH'(m))™" /" P/
R~ 0

1
=Cn’p\/k (H/(m))[’(2+l/n)—2(H//(m))l_pdm‘
0
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We consider the function W : R x [0, oo) — [0, c0) given by
W(a, b) =a*b® for fixed k, £ € R.

To check the convexity or concavity of W, we find the Hessian matrix

D*W(a. b) — (k(k—l)ak—zz# kta*k—1pt=1 )

kea 't o0 —1)a*pt?
Momentarily, we will set

k:p<2+%)—2 and £=1-p, (5-8)
so we assume that £ < 0 and k£ > 0 since p > 1. Now, we have two cases, 0 < k < 1 and 1 < k, which
correspondto 1 < p <3n/(2n+ 1) and p > 3n/(2n + 1), respectively. In the case 0 < k < 1, the first
minor is negative; hence if the determinant det D?W is positive, then the matrix D>W is negative definite.
In the case 1 < k, the first minor is positive, so if the determinant is positive, then the matrix D2V is
positive definite.

Hence, to determine the convexity or concavity of W, we need to check the positivity of the determinant
of the Hessian, which is given by

det(D*W(a, b)) = a**Vp2ED (k(k — 1)e€ — 1) — k*€?) = a®* 20> 2kt (1 —k — 0).

Now taking k and ¢ as in (5-8), we find that

k(1 —k —€) = (p<2+%)—2)(1—p)<1—<p(2+%>—2)—(1—p))

(o= ) 0(o(1+1)2)

is nonnegative if and only if

2n
>
p= n+1°
The stated result follows after writing
1
IV f;|>dx = c,,,p/ V(H/ (m), H'(m)) dm. O
R7 0

Strict convexity under the height function interpolation also holds for potential energies with symmetric
increasing potentials.

Proposition 5.4. Consider V a smooth, bounded, increasing radially symmetric potential. Let fo, f1 €
C(R™) be two distinct, nonnegative, symmetric decreasing functions with unit mass, and let f;, 0 <t <1,
be the height function interpolation. Then

t— V(x)fi(x)dx

Rll
is strictly convex for all 0 <t < 1.
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Proof. Let v : [0, c0) — R be such that V (x) = v(|x|). With this and (5-2) for f;, we rewrite

1
/ V(@) fi(x) dx = /R V(@) /0 X myy - (X) H () dim dix

1 (en H] (m))=1/n
:/ (ncnf v(r)r”_ldr)Ht/(m)dm
0 0

1
_ f Fy ((en H/(m)) ™" H (m) dm, (5-9)
0
where we define

§
Fy(§) = ncn/ ()" tdr, £>0.
0
Differentiating this function we obtain

Fy(§) = neau(§)8" ™
so that, differentiating the potential energy (5-9), we obtain

L v f ) dx

dt Jg
B /‘ (_ 1 Fl, (o H/(m))~1/m)
“Jo U n (coH[(m))ln

+ Fv«an;(m))—”"))(H{ (m) — H{(m)) dm

Lv((enH(m) ™) =1\ gy /
= fo (—U : H;(’Z) + Fy (e H(m))~" ))(Hl(m)—Ho(m))dm (5-10)

Differentiating again gives the desired result:

d2 1 1 v/((ant/(m))—l/n) ) /
ar? /R" Vet dx = fo cimy  (H{(m))*+1/n (Hj(m) — Hy(m))* dm > 0. O

Lastly, we turn our attention to the proof of Theorem 1.4. For reference, we state a simplified version
of the result in [Delgadino et al. 2022].

Proposition 5.5 [Delgadino et al. 2022, Proposition 4.5]. Consider W a smooth, bounded, increasing
radially symmetric kernel. Let fy, f1 € C(R") be two distinct, nonnegative, symmetric decreasing functions
with unit mass, and let f;, 0 <t <1, be the height function interpolation. Then

to [ [ @ rowe =y drdy

is strictly convex for all 0 < t < 1. Moreover, the convexity is monotonic on the derivative with respect to
the radial variable W' of the potential.

While the original result in [Delgadino et al. 2022] allows for more singular kernels, the kernels in the
Gagliardo seminorms are not included. We again utilize the e-regularization in (3-1).
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Proof of Theorem 1.4. Fix ¢ > 0 and let ]—'E2 be as in (3-1). Recalling (3-3), we write

P2 = Coll il =2 [ | A0 0 Wetx = y) drdy.

Note that W, = —2W, is a smooth, bounded, increasing radially symmetric kernel. Consequently, we
may apply (5-5) and Proposition 5.5 to obtain

d

dzzfz(f')‘“dzz[f £ £y Wi (x — )dxdy]>0

The convexity now follows by taking ¢ — 07, using the monotonicity with respect to & of W/, and the
monotonicity of convexity under Proposition 5.5. U

6. On Theorem 1.5

In this section, we use Theorems 1.1 and 1.4 to establish Theorem 1.5. Notice from Figures 1 and 2 that
the continuous Steiner symmetrization v® of v does not preserve the support of v, so we cannot directly
compare v and v’ using (1-9) to establish uniqueness. To preserve the support of v, we slow down the
speed of the level sets near 7 = 0 in Definition 2.1.

Before proceeding with the proof of Theorem 1.5, we present truncated continuous Steiner symmetriza-
tions and their properties.

6.1. Truncated symmetrizations. Fix hy > 0 and let vyo(h) = min{1, i /hg} for h > 0. The continuous
Steiner symmetrization truncated at height A of a superlevel set U = {f > h} C R of a function f at
height 7 > 0 is given by M""7(U). The continuous Steiner symmetrization truncated at height 4 of a
nonnegative function f € L'(R") in the direction of e, is denoted by f T and defined as

o0
fT(x) :/o XMU()(/z)f(Ul;}/)(xn) dh forx=(x',x,) eR", h>0.

Given a Lipschitz function f, we know by Corollary 1.3 that f* is also Lipschitz. However, the
corresponding truncated symmetrization, £7, is not necessarily Lipschitz for all T since the level sets
near & = 0 move slower than those above. In particular, the higher level sets may “drop”; see Figure 5.
We will show that, when 7 is sufficiently small, this does not happen and that f7 is Lipschitz with the
same support as f.

f ]/,'T f“-’-[ A h

/i N v N

?

W

Figure 5. The graphs of f, f7, and f* in Example 4.9 at x = 0 with /o = v = .25 illustrating
how the level sets below the line 4 = h( have dropped.
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Proposition 6.1. Let f : R" — [0, 00) be Lipschitz with co = [ f ILip- Then, for each 0 <t < ho/co, the

function {7 is Lipschitz with

x coho
[ lp < ——
f P h() — 0T
and satisfies

suppf’:suppf and f*=fT in{f* > ho).

Consequently, the upper Dini derivative of fT with respect to T satisfies

d+ FTY . C(Z)
dt [f ]Llp =0 = hO‘

First, we prove a characterization of Lipschitz functions with respect to their level sets.

Lemma 6.2. For a function f : R" — [0, 00), we have
hy — Iy

[flLp = 0-iohy diSt@A(f = ). 0(f < h1))’

Proof. For ease, set

hy — Iy
coi= Ssup — )
0<hy<h, dist(A{ f = ho}, o{f < h1})
We will show that co = [ f]Lip.

(6-1)

(6-2)

(6-3)

(6-4)

First, we claim that co <[ f]Lip. If [ f]Lip = +00, there is nothing to show, so assume that f is Lipschitz.

Fix 0 < h; < hy. If x, y € R" are such that f(y) = h; and f(x) = hy, then
hy —hy =1f(x) = fO)I = [flLiplx =yl
Taking the infimum over all x € { f = h} and y € {f = h,}, we have that

hy —hy =1f(x) = fOD)I = [flLip dist@{ f = ha}, 3{f < h1}).

Equivalently,
hy —hy

: <[
dist(@{f > ha}, 0{f < h1})

flp forall 0 < hy < hy,

and we have that co < [ f]Lip.

Let us now show that [ f]ip, < co. We may assume that c¢) < 0o; otherwise we are done. Let x, y € R"

and set 7; = f(y) and hp = f(x). Without loss of generality, assume 0 < #; < hy. Then

[f(x) = fW)|=ha—hy <codist(d{f = ha}, o{f < h1}) < colx — yl,
which shows that f is Lipschitz with [ f]Li, < co. This completes the proof of (6-4).

Remark 6.3. Following the proof of Lemma 6.2, one can show for o € (0, 1) that
hy —hy
sup - .
0<hy<hy [diSt{f = ho}, 3{f < hiDI*

We expect that a result similar to Proposition 6.1 holds for all C*-seminorms.

[flce =
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Note in the following that if f is a good function, then
off =h}=0{f >h}=0{f <h} forh=>0.
Proof of Proposition 6.1. By Corollary 1.3, we have that f7 is Lipschitz with [ f* ], < co. Fix iy > h1 > 0.
By Lemma 6.2, we have that

hy —

dist(@{f* > ha), 3T < hi}) > for all 7 > 0.

Assume for now that f, and consequently f7, is a good function, so that

hy —hy

dist({f* > ha}, 0{fT > h1}) > for all T > 0.

(&)
With this and Lemma 2.5, we have
dist({ £70"2) > ny), 3 FT0") < b))
=dist(3{f70") > hy}, 3 70" > hy))
> dist(@{ f70") > ho}, a{ TN > b)) — dist@{fTO") > o), d{fTH > ho))

hy —hy
> o — |vo(h2)T —vo(h1)T|

hy—h ho \7'
> 12 1—<h2—h1)i=(&) (hy—hy).
Co h() ]’l()—C()‘L'

For each fixed x’ € R"~!, we can similarly show that

coho

-1
dist(@{ M) (x', ) > ho}, 3 fTOM () <)) > <h ) (hy—h1) >0

0—CoT

for all T < hg/cg. Consequently,
MUy ¢ MP®T WY forall 0 < hy < hy and x' € R*L

That is, the sections U f, remain ordered and we have (6-2). Therefore, /7 = f70®") for all T < ho/co

and i > 0, so we have

coho

-1
dist@{f" = ha}, 3 < hi}) = dist@{f™") > o}, 3{f7") < hy})) > ( T) (hy — hy).

ho —co
It follows from Lemma 6.2 that f ¥ is Lipschitz for t < hg/co with (6-1).

Suppose now that f is a Lipschitz function but not a good function. In light of Lemma 4.4, there is an
approximating sequence of functions f; that are both good and Lipschitz with [ fi JLipw) < co. By the
above, we have that fk’ are also good and Lipschitz. Consequently,

[ Iuip@n < LAF — £ uip@n + L Lip@e)

= x coho coho
<[FfF — F liiomn + — as k — oo,
= [fk f ]Llp([R ) ho ot hO ot

and the result holds.
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To prove (6-3), we simply use (6-1) to estimate

+ FTy. . —coho_ _ o 2 9
Z,—t[ff]Lip = lim sup M < lim sup ho—cr T 4y sup % _ %
T

= —, O
= =0+ T 0t T 0+ ho—cot  ho

We will also need the following estimate on the distance between f and f “in L'. See [Brock 2000,
Theorem 4.2] for a similar result in the setting of Remark 2.4.

Lemma 6.4. Let f : R" — [0, 00) have compact support. If f € L (R") is Lipschitz with co = [ f ILip»
then

If = frllzo@n < Tl flup@ forall T < ho/co. (6-5)
Consequently,
If = f o @y < tlfILipwnlsupp | forall T < ho/co.

Moreover, the same bounds also hold for the standard symmetrization fT.

Proof. Assume, up to an approximation, that f is a good function. Fix x = (x’, x,) € supp f and
0<t<hg/co. Let h; = ff (x) and hy = f(x), and assume, without loss of generality, that 0 < h| < hj.
Note that there is a y, € R such that f(x’, x,) = f(x’, y,), which implies that 3{f(x’,-) < h;} is
nonempty. Then, from Lemma 6.2,

|f () = FT)| = (ha — hy) < codist@{f (X', -) > ha}, B f (X', ) <)),
and with Lemma 2.5, we obtain

| £ = fT )| < codist@{ f (', ) > ha}, d{ f (X', ) <hy})
=codist@{ £ (x',-) > ha}, 0{ f(x',) > hy})
<co(dist(@{ f (¥, ) > ha}, 3 fT(x', ) > b ) +dist@{ f7 (', ) > I}, 3 f (', ) > 1))
<co(0+vo(h1)T) <cot.

Hence the L°° estimate holds. With Proposition 6.1, we conclude that

||f_fr||L1(R")=/ | f(x) = fT ()| dx < cot|supp f. u

supp f

We conclude this section with an estimate proving that the H® norms of f* and f7 can be made

arbitrarily close for sufficiently small 4y > 0 and in the case 0 < s < %

Lemma 6.5. Let0 <5 < % Assume that f is Lipschitz with | flLipwe) < co and not radially decreasing
across {x, = 0}. Then, for any ¢ > 0, there is a hg = ho(e, n, s, f) > 0 and 19 = 19(hg, f) > 0 such that

£712 2
L W ey = 1T s ey

Proof. Fix ¢ > 0, and let iy > O to be determined. From Proposition 6.1, we have

<et forall) <t <71

~ C()h() hO
[fT]Lip(R") = m <2¢ forall0<7t=< 2_c0 =IT0.
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Moreover, f7 = f7in {f7 > ho} U ({f* =0} N{fT =0}), so that
. (fTx) = FT )= (fT(x) — fT(»))?
7 By — 1 sy = fR fA dx dy.
n hO

x — y[rt2

where
Apy = ({fT <ho}U{fT <ho}) N (supp f* Usupp f7).

That is, Ap, is the set in which fT # f7. To estimate the integral, we split into short and long-range
interactions. Let R > 0 be such that supp /7 Usupp f* C B, and write

. . (fT) = fTON? = (FT(x) = fT()?
LF s @y = 1 s ey = /A . fx_M Sy dy dx
£t _fT 2 T _pT 2
N / f (fTx) = fT ) (fz‘(x) o)) dyds
AngJ1x—yI=R |x — y|r+s
=:1+1I.

First considering [, notice that the support of the integrand is contained in the set

{(x, ) rIxl <Ror |yl < R}N{(x,y): [x —y| < R}
C{(x,y):|x] <2Rand |y| <2R}N{(x,y):|x —y| < R}.

Therefore,

£t _fT 2 (T _fT 2
I=/ / ST =T =T =) dy dx.
ApgNBor Y BopNBR(x)

|x — ylrtas
With the Lipschitz bounds for £ and f7, we estimate
I(FT@) = FTON? = (fFTx) — )7
=1(fT) = FTON+ () — FFONNFT @) = £T@)) = (T ) — fFo)I
< (L ipny + Lf T Tuip@n)1x — YT () — 7)) — (F7 () — £T ()
<3colx = yI(FT(x) = 1) — (FT () — FTO)I-

Therefore,

1] < 30 / / 0 =) =D = 0N,
AhOmBZR BogrNBR(x)

|X _y|n+2s—1

~ 1
§3CO|:/ |ff(x)—ft(x)|</ T dY) dx
AhomBZR BrNBR(x) |x - y|
1

L VORI ( / S — dx) a’y]. (6-6)
Bor AngNBarNBr(y) 1X — Y|

Since 0 < s < % we have

1 1 1
d))f/ _dy:/ —dZ:C ,‘7R<OO, (6_7)
/BZRQBR(X) |)C - y|n+25—l Breo Ix — y|n+2s—l Bx |Z|n+2s_l n,s
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and similarly

1 1
—,dng ———dX =Cu.p < OO. (6-8)
/AhonBZRmBR(}’) |x — y[rtas=t Br(y) |x — y|r 2t "
Using again that f7 = £7 in R"\ Ap,, we note that
f 1T = ff)ldy = / 17 0) = fT )l dy. (6-9)
Bop AhomBZR

Therefore, from (6-6)—(6-9),

1] < Cos R U |f7(x) = fT(x)|dx +/ NN dy]
ApyNBar Byr

<2Cns in f 7 — fT)] dox.

0
By Lemma 6.4, we arrive at

|I| =< Cn,s,f|Aho|7:-

Regarding /1, we expand the squares to obtain

£t 2 T 2 £t 2 T 2
II:/ / (ST ()" = (fT(x) dydx+/ / (TN =(f"(y) dy dx
Apy/1x=yI=ZR Apy/1IX=yI=R

|x =yl Jx =yl
P / / fT@fT o) - ffz(goff(y) dydx. (6-10)
Ang 1x—yI=R |x — y[rt=s

First observe that

£t 2 (fT 2 5 1
/ / (f7(x)) ,ffzs(x)) dydx = / ((FF ()Y — ( ff(x))z]( / L dy) .
Ang Ix—y|=R lx — vl An lz1=R 12l

0

= Cn,S,R(llfT||%2(Ah0) - ”ft”%](Aho))’ (6_11)

and similarly, using Lemma 6.4,

£t 2 T 2
/ / (TN =) dy dx
Ang 1x—yI=R |x — y|n+2s

o
_ / / O =T
ApgJIx—y|=R |x — y|n+2s

- ~ 1
-/ [(f’(y)—f’(y))(f’(y)+f’(y))]( /| | RW‘ZZ> dy

Ap
< Cus kI Il F7 = FTll Lt capy)
< Cus, 1 Rl AnIT. (6-12)

Consequently, from (6-10)—(6-12),

FrEOWr* fTY(x) — fTx)(Wr* f7)(x) dy dx

Aho

[T < Cps, ,RI1ARIT +

’
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where Wg(x) = |X|_”_25XR*1\BR(0) (x). Using that
IVWr* O < | WrWIVF (x —y)ldy <2co | Wr()dy = cus, frs
R~r Rn

and similarly for |VWg * 7|, we can follow the proof of [Carrillo et al. 2019, Proposition 2.8] to show
that

Fr@ Wk F0) = f7 () (Wg* f1)(x) dy dx

A

< Cus.gr I min{ f, ho}ll 1 gny T-

Summarizing, we have

~T2 2
W gy = 177 e ey

for h sufficiently small. O

< U+ | = Cps, . rR(1Ane| + [l min{ f, ho}l| 1 ge))T < €T

6.2. Proof of Theorem 1.5. The proof relies on two results regarding the nonlocal energy
&) = cnslvlip + | xPo) da,
Rn

where we recall that ¢, s[V]%s = (—A) v, v) r2rny- First, we will show that small perturbations of
stationary solutions v to the fractional thin-film equation that preserve the support of v correspond to
small perturbations in the energy.

Lemma 6.6. Assume that v is Lipschitz and satisfies the stationary equation

(=A)Yv=3 hixp () —2BIy|* in supp(v) C R",
v>0 in R".

(6-13)

Let v* be a perturbation of v which is continuous in the C* norm for every 0 < a < 1 and preserves mass
in each connected component. Then
. Es(vt) - gs (U)
lim ———— =
>0t T
Proof. From the definition of & and the fact that (—A)* is self-adjoint, we have
EW') — &) (" —v)

T

0.

| Gearar o+ danr) " ay

:/ (Carve3pme) dy+%/ (—ay e -V gy,
R - -

T

Using that v solves (6-13) and that v* preserves the mass of v in each P;, we notice that the first term
vanishes:

s 1 (W' —v) 1 .
[ (aros gane) =2 ay =yl @ -vdy=o.

Using Lemma 6.4 and that
(=A@ —v) >0 in COR"),

we take T — 07 in the second term to complete the proof. O



2362 MATIAS G. DELGADINO AND MARY VAUGHAN

Next, we show that if the perturbation is precisely the truncated Steiner symmetrization of v, then the
energy is in fact strictly decreasing.

Proposition 6.7. Assume 0 < s < % and v is Lipschitz, nonnegative with compact support. If v is not
radially decreasing, then there exist constants hy, y, 1o > 0 such that

E@Y) <& () — %c,,,syt forall 0 < 1T < 10,
where V' is the continuous Steiner symmetrization truncated at height hy.
Proof. Begin by writing
~ - 1 -
E@T) — &) = cns ([0 1as mry — [W]Hs @) + 5/3 f Y@ —v) dy.
Rn

Rearranging, we have

oo
Iylz(ﬁt(y)—v(y))dy=/ |y|2/0 Clowr @ty ) = Xy, () dh dy

o0
=/ / (/ |yn|2dyn—/ |yn|2dyn>dhdy/
R=1J0 MYOWEWU) v,
<0,

where the last inequality follows by the definition of the symmetrization. On the other hand, by Theorem 1.1
and Lemma 6.5 with ¢ = %y, there are hg, to > O such that

Rn

0 3 @y — W@ = 0 M@y — 0 @) + W @ — 013 @)

< %)/‘E —yT = —%yr forany r < t9. O
Proof of Theorem 1.5. Assume, by way of contradiction, that v is not radially decreasing, and let v°
denote the continuous Steiner symmetrization of v truncated at height 2o > 0. By Proposition 6.1, we have
that 0" is Lipschitz for sufficiently small O < t < ¢¢/ h¢ and preserves the mass of v in each connected
component. Moreover, by Lemma 6.4, 0* is continuous in t in the C* norm for any 0 < o < 1. Hence
the hypotheses of Lemma 6.6 are satisfied, so that, for all ¢ > 0, there is § > 0 such that

—eT1 <&@ —EW) <te forall0 <t <§.
On the other hand, Proposition 6.7 guarantees that
EW@H) —EW) < —%cn,syt forall0 <71 < 19.

We arrive at a contradiction by choosing 0 < & < ¢, ¢ %y. Therefore, it must be that v is radially decreasing.
Consequently, supp v is a single connected component.

To show uniqueness, up to the scaling, we follow the argument in the proof of [Delgadino et al. 2022,
Theorem 1.1]. Consider two radially symmetric critical points vy and v; that are Lipschitz, and let
{v:}rer0,17 be the height function interpolation presented in Section 5. Using that vy, v; € CO1(RM), we
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can use Proposition 5.2 to conclude that {v;};¢f0,17 is continuous in C*(R") for any 0 < o < 1. Recall the
upper and lower Dini derivatives in (3-6). We claim that

* E(v) — € &) —€ -
ey = tim EEITECD o iy SO ZEQD =<, w)| -
dt =0 >0t t 1—1- 1—1t =1

Following the proof of [Delgadino et al. 2022, Proposition 4.4], it is enough to show that

dvr
/ 8w

as the potential part of the energy follows in the same way. Since (—A)* is self-adjoint,

d+
dt i

dx (6-14)
=0

d+

dr [Uz]Hs

t
d
— lim L (=AY v, 22 dx dr.
=0 =0t 1 Jo Jgn dt

Then, (6-14) holds as long as the pairing

| ar d”’

dx

is continuous in 7. From the Lipschitz a priori estimate, we know that
(=A)’vy — (—A)’vg strongly in continuous functions as T — 0,

so we only need to check that weakly
dv, N dv,
dt dt

=0
This follows directly from [Delgadino et al. 2022, Lemma 4.3], after noticing that both vg and v; are not
degenerate. More specifically, vyp and v; are twice differentiable around zero, and there exists a ¢ > 0
such that

max{Avy(0), Av;(0)} < —c.

This follows because both vy and v; solve a fractional elliptic equation in a neighborhood of zero.

However, by the strict convexity of £(v;), see Theorem 1.4 and Proposition 5.4, we know that
dt d~

Egs(vt) = E‘CJS(UZ) oy

which is a contradiction. Therefore, for any given mass, there is a unique critical point to &, and it is

given by (1-10); see [Dyda 2012]. O
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